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Abstract
We study to what extent the second real bounded cohomology is a profinite
invariant. First, we construct pairs of residually finite groups with isomorphic
profinite completions where one has non-vanishing second real bounded
cohomology while the other one does not. These examples are lattices in
higher rank simple Lie groups.

Using Galois cohomology, we actually classify all higher rank Lie groups
admitting such examples. The complete list consists of those groups isogenous
to SO0(𝑛, 2) for 𝑛 ≥ 6 and the exceptional groups E(−14)

6 and E(−25)
7 . For

the classification, we use results from number theory and class field theory,
Margulis arithmeticity and adelic superrigidity, as well as the classifications
of semisimple algebraic groups and semisimple Lie groups.

Additionally, we introduce and study the notion of natural profinite
invariants. These are functorial group invariants sending every Grothendieck
pair to an isomorphism. We prove that there is no logical connection to the
usual notion of profinite invariants. For this purpose we give examples of
functorial invariants that are profinite, but not naturally profinite, as well
as the other way around. Moreover, we also prove that the second (exact)
bounded cohomology is not a natural profinite invariant.
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Introduction

When studying groups, it proved to be fruitful to not only consider them as isolated objects,
but to also study their actions on certain other mathematical objects. Representation
theory for example is the study of groups via actions on vector spaces by linear maps. Lie
groups can be studied via the action on the associated symmetric space. Similarly, 𝑝-adic
Lie groups can be studied using the action on the Bruhat–Tits building. In geometric
group theory, one examines the relationship of algebraic properties of groups and the
properties of the geometric spaces they act on.

Taking a step back, the simplest objects a group can act on are finite sets via permuta-
tions. As the permutation groups of finite sets are finite themselves, this leads to the
following, very broad, question.

Question. What can be inferred about a group from studying its finite quotients?

In order to ensure the existence of “enough” finite quotients, we usually assume groups
are residually finite, i.e. every non-trivial element stays non-trivial in some finite quotient.

One way of systematically studying all finite quotients of a group 𝐺 simultaneously
uses the profinite completion 𝐺. By a theorem of Dixon, Formanek, Poland, and Ribes,
the profinite completions of two finitely generated groups 𝐺 and 𝐻 are isomorphic as
topological groups if and only if the set of isomorphism classes of finite quotients of 𝐺
and 𝐻 are equal [23]. In fact, one can even drop the condition that 𝐺 and 𝐻 need to
be isomorphic as topological groups and just ask for them to be isomorphic as abstract
groups. This is due to an important result of Nikolov and Segal proving that every
homomorphism of finitely generated profinite groups is automatically continuous [71].

Hence, we can make our question above precise as follows.

Question (Profinite properties). Which properties or invariants of finitely generated
residually finite groups only depend on the profinite completion?

This question can be asked not only in absolute terms for all finitely generated residually
finite groups, but also among smaller classes of groups, such as finitely presented residually
finite ones, for example.
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Introduction

There have been some results establishing the profiniteness of certain properties. For
example, it is easy to see that the abelianization is a profinite invariant. In combination
with Lück’s approximation theorem [63], this proves that the first ℓ2-Betti number is a
profinite invariant of finitely presented groups. Moreover, Sabbagh and Wilson proved
that being polycyclic is a profinite property [92], Kionke and Schesler proved that being
uniformly amenable is profinite [55, Theorem 1.2], and Kammeyer, Kionke, Raimbault,
and Sauer proved that the sign of the Euler characteristic is a profinite invariant for
arithmetic groups [50]. The last result has recently been improved by Kammeyer and
Serafini to include most 𝑆-arithmetic groups [52].

However, more often than not, it turns out that properties are not profinite. For
example Kazhdan’s property (T) [3], property FA [19] and other fixed-point properties
[12], finiteness properties [61], higher ℓ2-Betti numbers [51], and being amenable [55] are
all not profinite.

Besides properties of groups, we can also ask whether a group is already determined
by its finite quotients.

Question (Profinite rigidity). Which finitely generated residually finite groups are
determined by the profinite completion?

Again, this question can be asked not only in absolute terms, but also for smaller
classes of groups. Many results on profinite rigidity often only give us that the profinite
genus is finite, i.e. there are only finitely many groups (in the given class) with isomorphic
profinite completion. For example, in the class of 𝑆-arithmetic subgroups of higher rank,
the groups with the congruence subgroup property have finite genus [2], in the class of
finitely generated 3-manifold groups, the finite volume hyperbolic 3-manifold groups have
finite genus [60] and in the class of Coxeter groups, the right-angled Coxeter groups are
profinitely rigid [21].

One of the guiding questions in profinite rigidity is due to Remeslennikov.

Question (Remeslennikov). Are non-abelian free groups profinitely rigid?

So far we have only discussed the case where the profinite completions are isomorphic,
without any control on the isomorphism. But, as taking the profinite completion is
functorial, we could also consider group homomorphisms inducing an isomorphism of
profinite completions. This leads to the notion of Grothendieck pairs. These were first
studied by Grothendieck in a paper where he proved that the two groups in a Grothendieck
pair have the same representation theory [37]. In the same paper, the question of the
existence of non-trivial Grothendieck pairs was raised. The first such examples of finitely
generated groups were constructed by Platonov and Tavgen’ [79]. With similar techniques,
Bridson and Grunewald later constructed the first finitely presented examples [13]. Since
then, Grothendieck pairs have often been used to prove that properties are not profinite.
For example the proof of Bridson that property FA and other fixed point properties are
not profinite [12] and the proof of Kionke and Schesler showing that being amenable is
not profinite [55] both constructed Grothendieck pairs exhibiting these behaviors.
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The content of this thesis
In this thesis, we will study the profiniteness of bounded cohomology, a functional
analytical variation of group cohomology. Whereas in group cohomology one considers
all cocycles, in bounded cohomology only the uniformly bounded ones are considered.
This invariant was already considered by Johnson in order to study Banach algebras [48].
Only later on, when Gromov extended the theory and proved many of its fundamental
properties [36], bounded cohomology became an independent field of research with
applications in geometry and group theory.

The first counterexample to the profiniteness of bounded cohomology can be found as
arithmetic subgroups in certain Spin-groups. It is similar in spirit to Aka’s counterexam-
ples to the profiniteness of property (T) [3].

Proposition. There are arithmetic subgroups Γ ≤ Spin(7, 2)(ℤ) and Λ ≤ Spin(3, 6)(ℤ)
such that Γ and Λ have isomorphic profinite completions Γ̂ ≅ Λ̂, and 𝐻2

𝑏 (Γ;ℝ) ≅ ℝ
while 𝐻2

𝑏 (Λ;ℝ) ≅ 0.

This example led us to investigate in detail how often, or how rarely, such pairs of
groups occur among higher rank lattices. For our purpose, we agree that by a higher rank
Lie group, we mean the group of real points 𝐺 = 𝐆(ℝ) of a connected almost ℝ-simple
affine algebraic ℝ-group 𝐆 with rankℝ 𝐆 ≥ 2.

The main result of the thesis is a complete classification.

Theorem. Let 𝐺 be a higher rank Lie group. There exist lattices Γ ≤ 𝐺 and Λ ≤ 𝐻 in
another higher rank Lie group 𝐻, with Γ̂ ≅ Λ̂, 𝐻2

𝑏 (Γ;ℝ) ≇ 0 and 𝐻2
𝑏 (Λ;ℝ) ≅ 0 if and

only if 𝐺 is isogenous to

SO0(𝑛, 2) with 𝑛 ≥ 6, E(−14)
6 , or E(−25)

7 .

Due to a theorem of Monod and Shalom, the only lattices in higher rank Lie groups
with non-trivial second bounded cohomology are the ones where the surrounding Lie
group has a Hermitian symmetric space [69]. Thus, we can immediately restrict to the
case of 𝐺 being one of these groups.

In order to prove the theorem, our task is twofold. On the one hand, for a higher
rank Lie group 𝐺 isogenous to one listed in the theorem, we need to construct another
higher rank Lie group 𝐻, which does not have a Hermitian symmetric space, as well as
lattices Γ ≤ 𝐺,Λ ≤ 𝐻 with isomorphic profinite completions. On the other hand, for
every remaining higher rank Lie group 𝐺 with Hermitian symmetric space, we need to
show that every possible higher rank Lie group 𝐻, which admits a lattice profinitely
isomorphic to one in 𝐺, also has to define a Hermitian symmetric space.

In both cases, by passing to finite index subgroups, we only need to consider one Lie
group for every isogeny class.

For the first part, we use the following. Given two affine algebraic ℚ-groups 𝐆 and 𝐇,
both satisfying the congruence subgroup property and strong approximation, the existence
of arithmetic subgroups Γ ≤ 𝐆(ℚ) and Λ ≤ 𝐇(ℚ) with isomorphic profinite completions
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is ensured by having isomorphisms 𝐆 ≅ℚ𝑝
𝐇 over every local completion ℚ𝑝. This, in

turn, is a problem of classifying forms of algebraic groups, which can be solved using
Galois cohomology. Starting with a suitable algebraic group 𝐆0 defined over ℚ, we need
to find elements in 𝐻1(ℚ;Aut𝐆0), corresponding to two forms of 𝐆0, with the same
image under the diagonal embedding

𝐻1(ℚ;Aut𝐆0) ⟶ ⨁
𝑝 prime

𝐻1(ℚ𝑝;Aut𝐆0).

If moreover, over the reals one of these forms corresponds to a Lie group with Hermitian
symmetric space, while the other one does not, this gives the example we desire.

Conversely, for the remaining Lie groups with Hermitian symmetric space, we first apply
Margulis arithmeticity to get that the lattices Γ and Λ are already arithmetic subgroups
of algebraic groups 𝐆 and 𝐇, respectively. Moreover, these groups are anisotropic at
all real places except for one, where they are isomorphic to the Lie groups 𝐺 and 𝐻.
However, these algebraic groups might be defined over different number fields 𝐾 and
𝐿. Yet, adelic superrigidity proves that the two number fields are locally isomorphic,
and that 𝐆 and 𝐇 are isomorphic as algebraic groups over these local isomorphisms [49].
Now in order to obtain that, over the one relevant real place, 𝐇 defines a Lie group with
Hermitian symmetric space as well, we again resort to Galois cohomology. This time, we
need to infer enough information on the image of 𝐇 under the map

𝐻1(𝐿;Aut𝐆0) ⟶ 𝐻1(ℝ;Aut𝐆0),

induced by the inclusion 𝐿 → ℝ. Here, 𝐆0 is the split group over ℚ with the same
Dynkin type as 𝐆 and 𝐇.

Both of these proofs rely on various tools from number theory and class field theory,
as well as the classification of semisimple algebraic and Lie groups.

When studying bounded cohomology, the kernel of the comparison map

𝐻𝑛
𝑏 (Γ;ℝ) → 𝐻𝑛(Γ;ℝ),

induced by the inclusion of bounded cocycles, is of interest. This kernel is usually called
the exact bounded cohomology and is denoted by 𝐸𝐻𝑛

𝑏 (Γ;ℝ). In degree two, the exact
bounded cohomology detects non-trivial quasi-morphisms. These are maps 𝑓∶ Γ → ℝ
with

sup
𝑔,ℎ∈Γ

|𝑓(𝑔ℎ) − 𝑓(𝑔) − 𝑓(ℎ)| < ∞,

that are not of bounded distance from an honest homomorphism.
For our examples of lattices in higher rank Lie groups, Burger and Monod showed that

the comparison map in degree two is always injective [17, Theorem 21]. Hence, our above
examples do not prove that the second exact bounded cohomology is not a profinite
invariant.

However, for lattices in rank one groups, the situation is quite different. A result of
Fujiwara shows that, the space of quasi-morphisms is infinite dimensional [33]. But in this
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case, an important ingredient for constructing profinitely isomorphic lattices is missing:
the congruence subgroup property. Serre conjectured that such lattices should not have
the congruence subgroup property. Yet, lattices in the rank one groups Sp(𝑛, 1) and
F(−20)
4 share many properties with higher rank lattices, like property (T), arithmeticity,

and superrigidity, which might suggest that they also have the congruence subgroup
property [62, Section 4]. If this were the case for F(−20)

4 , we could once again use our
toolbox from Galois cohomology in order to construct profinitely isomorphic lattices
where one group has trivial second exact bounded cohomology and the other one does
not.

In a joint paper with the author’s PhD advisor on the above result [26], we raised
the question of whether the second exact bounded cohomology is a profinite invariant
or not. Very recently, this question was answered by Fournier-Facio by constructing a
Grothendieck pair 𝑁 → 𝐺 where 𝐸𝐻2

𝑏 (𝐺;ℝ) is infinite dimensional, while 𝐸𝐻2
𝑏 (𝑁;ℝ) is

trivial [31, Theorem B]. However, this construction does not give new counterexamples
to the profiniteness of the second bounded cohomology.

Closely related to quasi-morphisms is the notion of uniformly stable groups. For a
discrete group Γ and a metric group (𝐺, 𝑑𝐺), an 𝜀-homomorphism is a map 𝜑∶ Γ → 𝐺
such that the defect

𝐷(𝜑) ≔ sup
𝑔,ℎ∈Γ

𝑑𝐺(𝜑(𝑔ℎ), 𝜑(𝑔)𝜑(ℎ))

is less than 𝜀. Given a class of metric groups 𝒢, a group Γ is uniformly 𝒢-stable if for
every 𝜀 ≥ 0 all 𝜀-homomorphisms Γ → 𝐺, with 𝐺 ∈ 𝒢, are at uniformly bounded distance
from actual group homomorphisms Γ → 𝐺. Taking 𝒢 to be the class of unitary operators
on finite-dimensional Hilbert spaces, equipped with the operator norm, one obtains the
notion of Ulam stability.

In a recent paper, Glebsky, Lubotzky, Monod, and Rangarajan study the stronger
condition of uniform stability with respect to the class 𝔘 of groups of unitary operators
on finite-dimensional Hilbert spaces, with metrics induced from sub-multiplicative norms
on matrices [35]. For non-compact semisimple Lie groups, they define the technical
condition “Property-𝐺(𝒬1, 𝒬2)” and prove that it implies uniform 𝔘-stability, and thus
Ulam stability, of lattices in these Lie groups [35, Theorem 0.0.5]. They actually entertain
the idea that Property-𝐺(𝒬1, 𝒬2) might be necessary for Ulam stability [35, Section 7].

Interestingly, the Lie groups SO0(𝑛, 2) with 𝑛 ≥ 6, E(−14)
6 , and E(−25)

7 in our the-
orem all fail to have Property-𝐺(𝒬1, 𝒬2). If it actually turned out to be true that
Property-𝐺(𝒬1, 𝒬2) is necessary for Ulam stability, our theorem would have the corollary
that Ulam stability is not a profinite property.

In addition to studying bounded cohomology, we will also investigate Grothendieck
pairs more closely. As a variation of profinite invariants, we introduce natural profinite
invariants, functorial group invariants that induce isomorphisms for every Grothendieck
pair. One such example can already be found in the original paper of Grothendieck. If 𝐴
is a commutative ring, sending a group 𝐺 to the category of finitely presented 𝐴-modules
with 𝐺-action is a natural profinite invariant [37, Theoreme 1.2].
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Introduction

For adjoint functors, we give a useful characterization of being a natural profinite
invariant. Using this we will then be able to prove that there is no logical connection
between the notions of profinite invariants and natural profinite invariants.

Functor profinite invariant natural profinite invariant

( ⋅ )ab ∶ Group → Ab 3 3

𝐻𝑛≥2( ⋅ ; ℤ) ∶ Group → Ab 7 7

𝐻2
𝑏 ( ⋅ ; ℝ) ∶ Group → Vectℝ 7 7

𝐸𝐻2
𝑏 ( ⋅ ; ℝ) ∶ Group → Vectℝ 7 7

Forget ∶ Group → Set 3 7

Bohr ∶ Group → CHGroup 7 3

𝐿𝑆 ∶ Group → Group[𝑆−1] 7 3

In this table, Forget is the forgetful functor, Bohr the Bohr compactification, and 𝐿𝑆
the localization at the collection of all Grothendieck pairs.

For showing that the higher homology groups and the second (exact) bounded coho-
mology are not profinite invariants, we use the construction of Grothendieck pairs by
Bridson and Grunewald. Choosing the correct “seed group” 𝑄, a Rips construction gives
us a short exact sequence

1 𝑁 𝐺 𝑄 1

of groups, where 𝑁 → 𝐺 is a Grothendieck pair. We then use the Hochschild–Serre
spectral sequence in (bounded co)homology, in order to deduce that 𝑁 → 𝐺 does not
induce an isomorphism in (co)homology.

Conversely, in order to prove that both the abelianization and the Bohr compactification
are natural profinite invariants we use our characterization for adjoint functors being
natural profinite invariants. Finally, the example showing that the Bohr compactification
is not a profinite invariant is again similar to Aka’s counterexample for the profiniteness
of property (T).

While not part of this thesis, it would be interesting to identify cases in which being a
natural profinite invariant implies being a profinite invariant or the other way around.

The structure of this thesis
In Chapter 1, we recall some notions from the theory of algebraic groups and group
schemes. In particular, we will discuss how Galois cohomology can be used to classify
forms of algebraic groups. This allows us to take a schematic approach to the theory
of algebraic groups, and thus in particular to consider the adèle points of an algebraic
group.
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Chapter 2 introduces some basics from number theory as well as the notion of 𝑆-
arithmetic subgroups. For this purpose, we also construct integral models of algebraic
groups. This enables us to give a more modern definition of the integral points of
an algebraic group, in the language of schemes. Moreover, this chapter discusses the
congruence completion as well as the congruence subgroup property.

In Chapter 3 we will finally come back to the question of profinite invariants. In
particular, we will give the construction of how to get profinitely isomorphic arithmetic
groups from locally isomorphic algebraic groups. Additionally, we also include the
construction of Platonov and Tavgen’ for non-trivial Grothendieck pairs, which becomes
useful when discussing natural profinite invariants.

The heart of this thesis are Chapter 4 and Chapter 5. In Chapter 4, we prove the first
of our main results. As already alluded to before, this uses the whole theory introduced in
the previous chapters: the congruence subgroup property, the construction of profinitely
isomorphic arithmetic groups, and the classification of forms of algebraic groups via
Galois cohomology.

Chapter 5 introduces the notion of natural profinite invariants and discusses some
examples. This chapter also contains our second main result on the connection between
profinite invariants and natural profinite invariants and the necessary arguments involving
spectral sequences. For the most part, this chapter is independent of the previous chapters
on algebraic and arithmetic groups, it mostly builds on Chapter 3.

In Appendix A, the reader can find a brief introduction to the various kinds of
cohomology appearing in this thesis. Besides the definition of group cohomology and
bounded cohomology, this also contains some of the properties of bounded, non-abelian
and Galois cohomology.

Some general assumptions
All rings appearing in this thesis are assumed to be commutative and unital. The natural
numbers include 0. Algebraic groups are usually denoted by bold face letters (G,H,… ),
while we use capital Roman letters (𝐺,𝐻,… ) for groups and group schemes. In case we
want to emphasize that a group is countable and discrete, e.g. for arithmetic subgroups
or lattices, we use capital Greek letters (Γ,Λ,… ).

Statement on personal contribution
Chapter 4 is based on the article “Bounded cohomology is not a profinite invariant”
previously published in Canadian Mathematical Bulletin 67.2 (2024), co-authored with
my advisor Holger Kammeyer. The results and original proofs were developed in close
collaboration with equal contributions by both authors. Due to our scientific backgrounds,
the necessary parts related to bounded cohomology were contributed by myself, while
Holger Kammeyer gave the input on the Galois cohomological methods. The presentation
in Chapter 4, however, was fully revised and rewritten.
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Chapter 1
Algebraic groups

The theory of algebraic groups lives at the intersection of group theory and algebraic
geometry. It has applications in many fields like algebraic topology, number theory,
cryptography as well as theoretical physics. Classically linear algebraic groups are
subgroups of GL𝑛(𝐾) defined as the zero sets of polynomial. In a more modern setup
algebraic groups are schemes which carry a group structure.

In this chapter we discuss some basic theory of algebraic groups, while ignoring most
of the subtleties. Mostly we will focus on the theory of affine algebraic groups and will
not discuss topics like elliptic curves or abelian varieties, which are in themselves huge
fields of research.

The goal of this chapter is to give a rough overview of the theory of affine algebraic
groups, which we will use in the following chapter discussing arithmetic subgroups. By no
means is this an exhaustive treatment of the theory. There is a large collection of excellent
literature doing so in much more detail, for example the books of Borel [8], Milne [67],
Platonov and Rapinchuk [77], or the expository article by Tits on the classification of
semisimple algebraic groups [100] and the references contained therein.

Overview of this chapter
1.1 Group schemes and algebraic groups . . . . . . . . . . . . . . . . . . . . . 2

1.1.1 Subgroup schemes . . . . . . . . . . . . . . . . . . . . . . . . . . . 7
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1.2.1 Semisimple and almost simple groups . . . . . . . . . . . . . . . . 25
1.2.2 Algebraic tori and rank . . . . . . . . . . . . . . . . . . . . . . . . 28
1.2.3 On the classification of semisimple algebraic groups . . . . . . . . . 29
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1 Algebraic groups

1.1 Group schemes and algebraic groups
In this section, we introduce some terminology on algebraic groups. We begin with
a rather abstract definition but then give a more hands on description for the affine
algebraic groups we are interested in.

Definition 1.1.1 (Group object). Let 𝒞 be a category with finite products and ter-
minal object 1. A group object in 𝒞 is an object 𝐺 ∈ Ob(𝒞) together with morphisms
𝑒 ∈ Hom𝒞(1,𝐺), 𝑚 ∈ Hom𝒞(𝐺 × 𝐺,𝐺) and 𝜄 ∈ Hom𝒞(𝐺,𝐺) such that the diagrams

𝐺×𝐺×𝐺 𝐺×𝐺

𝐺×𝐺 𝐺

(id,𝑚)

(𝑚,id) 𝑚

𝑚

𝐺 𝐺×𝐺

𝐺×𝐺 𝐺

id×𝑒

𝑒×id id 𝑚

𝑚

𝐺 𝐺×𝐺

𝐺×𝐺 𝐺

id×𝜄

𝜄×id 𝑒 𝑚

𝑚

commute. Here we also write 𝑒 for the composition 𝐺 → 1
𝑒
−→ 𝐺.

For two group objects 𝐺,𝐻 ∈ 𝒞, a morphism of group objects 𝐺 → 𝐻 is a morphism
𝜑 ∈ Hom𝒞(𝐺,𝐻) such that

𝐺×𝐺 𝐺

𝐻 ×𝐻 𝐻

𝑚𝐺

(𝜑,𝜑) 𝜑

𝑚𝐻

commutes.

This definition abstracts the definition of a group by reformulating the defining
properties in the language of category theory. Similarly, we can also reformulate what it
means for a group to be commutative.

Definition 1.1.2 (Commutative group object). Let 𝒞 be a category with finite products
and terminal object 1. A group object 𝐺 in 𝒞 is said to be commutative, if the diagram

𝐺×𝐺 𝐺×𝐺

𝐺×𝐺 𝐺

swap

id 𝑚

𝑚

commutes. Here swap ∶ 𝐺 × 𝐺 → 𝐺×𝐺 is the canonical map swapping the two factors.

As the definitions came from the defining properties of groups, it is not surprising that
groups are just one example of group objects.
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1.1 Group schemes and algebraic groups

Example 1.1.3 (Group objects).

1. A group object in the category of sets is just a group. Morphisms between groups
are just group homomorphisms.

2. A commutative group object in the category of sets is an abelian group.

3. A group object in the category of groups is an abelian group. This is due to the
Eckmann–Hilton argument [64, Chapter III.6, Exercise 4]. Morphisms in this case
are again just group homomorphisms.

4. A group object in the category of topological spaces is a topological group. In this
case the morphisms are continuous group homomorphisms.

5. In the category of smooth manifolds, a group object is a Lie group. Morphisms
between Lie groups are smooth group homomorphisms.

The following lemma will often be useful.

Lemma 1.1.4 (Group objects as functors). Let 𝐺 be a group object in a category 𝒞.
Then there is an induced group structure on Hom𝒞(𝐴,𝐺) for each object 𝐴 ∈ Ob(𝒞),
which turns Hom𝒞( ⋅ , 𝐺) into a functor 𝒞 → Group. If 𝐺 is commutative, every induced
group structure is in fact abelian and thus Hom𝒞( ⋅ , 𝐺) turns into a functor 𝒞 → Ab.

Moreover, if 𝜑∶ 𝐺 → 𝐻 is a morphism of group objects, then

𝜑∗ ∶ Hom𝒞(𝐴,𝐺) ⟶ Hom𝒞(𝐴,𝐻),
𝑓 ⟼ 𝜑 ∘ 𝑓

for all 𝐴 ∈ 𝒞, gives a natural transformation Hom𝒞( ⋅ , 𝐺) → Hom𝒞( ⋅ ,𝐻) of functors
𝒞 → Group.

Proof. The contravariant functor Hom𝒞(𝐴, ⋅) preserves finite products. Thus, the defining
diagrams of a group object give us that Hom𝒞(𝐴,𝐺) is a group object in the category of
sets. Obviously this is functorial. Similarly, the commutativity of 𝐺 translates to these
groups being abelian.

For the second part, we only need to see that 𝜑∗ ∶ Hom𝒞(𝐴,𝐺) → Hom𝒞(𝐴,𝐻) is a
group homomorphism. But this is due to 𝜑 being a morphism of group objects.

Conversely, one can show that an object 𝐺 ∈ Ob(𝒞), together with morphisms 𝑚, 𝑒
and 𝜄, is a (commutative) group object if for every 𝐴 ∈ Ob(𝒞) the induced maps endow
Hom𝒞(𝐴,𝐺) with a (commutative) group structure [64, Chapter III.6, Proposition 1,
Exercise 3.].

Definition 1.1.5 (Group scheme). Let 𝑅 be a ring. A group scheme over 𝑅 is a group
object in the category of schemes over 𝑅. More explicitly, a group scheme over 𝑅 is
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1 Algebraic groups

a scheme 𝑋 over 𝑅 together with morphisms 𝑒∶ Spec𝑅 → 𝑋, 𝑚∶ 𝑋 ×𝑅 𝑋 → 𝑋 and
𝜄 ∶ 𝑋 → 𝑋 of schemes over 𝑅 such that the diagrams

𝑋 ×𝑅 𝑋 ×𝑅 𝑋 𝑋 ×𝑅 𝑋

𝑋 ×𝑅 𝑋 𝑋

(id,𝑚)

(𝑚,id) 𝑚

𝑚

𝑋 𝑋 ×𝑅 𝑋

𝑋 ×𝑅 𝑋 𝑋

id×𝑅𝑒

𝑒×id id 𝑚

𝑚

𝑋 𝑋 ×𝑅 𝑋

𝑋 ×𝑅 𝑋 𝑋

id×𝑅𝜄

𝜄×id 𝑒 𝑚

𝑚

commute.
A group scheme is called affine (respectively of finite type) if the underlying scheme is

affine (respectively of finite type over 𝑅).
A morphism of group schemes is a morphism of group objects in the category of

schemes over 𝑅.

More generally, one could also define group schemes over some base scheme. However,
we will not make use of this more general definition, as later on we will mostly be
interested in (affine) algebraic groups.

Definition 1.1.6 (Algebraic group). Let 𝐾 be a field. An algebraic group over 𝐾 is
a group scheme of finite type over 𝐾. Such an algebraic group is called affine if the
underlying group scheme is affine.

A morphism of algebraic groups is a morphism of the underlying group schemes.

Example 1.1.7 (Trivial group scheme). Let 𝑅 be a ring. Since Spec𝑅 is (by definition)
terminal in the category of schemes over 𝑅, there is a unique way of turning Spec𝑅 into
a group scheme over 𝑅. This group scheme is called the trivial group scheme over 𝑅,
and we denote it by {𝑒} or simply 1.

We will give two more, useful descriptions of group schemes in terms of the associated
functor of points and the Hopf algebra. Both of these viewpoints can be useful to specify
the group object structure on a given affine scheme.

Remark 1.1.8 (Group schemes as functors). Let 𝑅 be a ring. By the Yoneda lemma,
every scheme 𝑋 over 𝑅 can be identified with the functor of points

𝑋( ⋅ ) = Hom𝑅( ⋅ ,𝑋)∶ Aff𝑅 ⟶ Set,

from the category of affine schemes over 𝑅 to the category of sets [28, Proposition VI-2].
Moreover, using the duality of categories

Alg𝑅 ⟷ Aff𝑅

𝐴 ⟼ Spec𝐴
Γ(𝑌 ,𝒪𝑌) ⟻ 𝑌
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1.1 Group schemes and algebraic groups

we can further identify 𝑋 with the covariant functor

𝑋( ⋅ ) ∶ Alg𝑅 ⟶ Set
𝐴 ⟼ Hom𝑅(Spec𝐴,𝑋).

If now 𝑋 = 𝐺 is a group scheme over 𝑅, we get by Lemma 1.1.4 that the functor of
points is in fact a covariant functor

𝐺( ⋅ ) ∶ Alg𝑅 ⟶ Group.

Finally, if 𝐺 = Spec𝑆 is an affine group scheme, we get that this functor is given by

𝐺( ⋅ ) = HomAlg𝑅(𝑆, ⋅ ) ∶ Alg𝑅 ⟶ Group.

So equivalently, we could have defined a group scheme (respectively an affine group
scheme) over 𝑅 to be a functor 𝐺∶ Alg𝑅 → Group represented by an 𝑅-scheme (respec-
tively an 𝑅-algebra).

From this point of view, a morphism 𝜑∶ 𝐺 → 𝐻 of group schemes over 𝑅 is a natural
transformation 𝜑∶ 𝐺( ⋅ ) → 𝐻( ⋅ ) of functors Alg𝑅 → Group.

By the Yoneda Lemma, every such natural transformation, between the functor of
points of two affine group schemes 𝐺 = Spec𝑆 and 𝐻 = Spec𝑇, is given by an 𝑅-algebra
homomorphism 𝑇 → 𝑆.

Note that while every such algebra homomorphism 𝑇 → 𝑆 induces a natural trans-
formation of 𝐺( ⋅ ) → 𝐻( ⋅ ) as functors Alg𝑅 → Set, not every such transformation
gives a natural transformation as functors Alg𝑅 → Group. A necessary and sufficient
condition for an algebra homomorphism to induce a morphism of the associated affine
group schemes can be given as follows.

Remark 1.1.9 (Group schemes as Hopf algebras). Let 𝑅 be a ring and let 𝐺 = Spec𝑆
be an affine group scheme over 𝑅. Using the duality of categories

Alg𝑅 ⟷ Aff𝑅

𝐴 ⟼ Spec𝐴
Γ(𝑋,𝒪𝑋) ⟻ 𝑋

we get that the 𝑅-algebra 𝑆 satisfies axioms dual to the ones in the definition of a
group object. There are maps 𝑚∗ ∶ 𝑆 → 𝑆 ⊗𝑅 𝑆, 𝑒∗ ∶ 𝑆 → 𝑅 and 𝜄∗ ∶ 𝑆 → 𝑆, called
comultiplication, counit and antipode respectively, making the diagrams

𝑆 ⊗𝑅 𝑆 ⊗𝑅 𝑆 𝑆 ⊗𝑅 𝑆

𝑆 ⊗𝑅 𝑆 𝑆

(id,𝑚∗)

(𝑚∗,id) 𝑚∗

𝑚∗

𝑆 𝑆 ⊗𝑅 𝑆

𝑆 ⊗𝑅 𝑆 𝑆

id⊗𝑅𝑒∗

𝑒∗⊗𝑅id 𝑚∗

𝑚∗

id
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1 Algebraic groups

𝑆 𝑆 ⊗𝑅 𝑆

𝑆 ⊗𝑅 𝑆 𝑆,

id⊗𝑅𝜄∗

𝜄∗⊗𝑅id 𝑚∗

𝑚∗

𝑒∗

where we also write 𝑒∗ for the composition 𝑆
𝑒∗
−→ 𝑅 → 𝑆, commute. This turns 𝑆 into a

so-called Hopf algebra.
Conversely, every Hopf algebra 𝑆 over 𝑅 gives Spec𝑆 the structure of an affine group

scheme over 𝑅.
From this point of view, if 𝐺 = Spec𝑆 and 𝐻 = Spec𝑇 are affine group schemes over

𝑅, then the morphism 𝜑∶ 𝐺 → 𝐻 of affine group schemes correspond precisely to the
morphism 𝑇 → 𝑆 of Hopf algebras over 𝑅, i.e. an 𝑅-algebra morphism that is compatible
with the comultiplications.

Obviously, an affine group scheme over 𝑅 is of finite type if and only if the associated
Hopf algebra is finitely generated as 𝑅-algebra.

Using the interpretation as functor of points, we finally give examples of group schemes.

Example 1.1.10 (Group schemes). Let 𝑅 be a ring and let 𝑛 ∈ ℕ.

0. The trivial group scheme {𝑒} we introduced in Example 1.1.7 corresponds to
the functor sending every 𝑅-algebra to the trivial group. By construction, it is
represented by the ring 𝑅.

1. The additive group scheme is given by the functor

𝐆𝑎 ∶ Alg𝑅 ⟶ Group
𝐴 ⟼ (𝐴,+).

It is represented by the polynomial ring 𝑅[𝑇 ] and is, moreover, commutative.

2. The multiplicative group scheme is given by the functor

𝐆𝑚 ∶ Alg𝑅 ⟶ Group
𝐴 ⟼ (𝐴×, ⋅ ).

It is represented by 𝑅[𝑇 , 𝑇−1] = 𝑅[𝑇 , 𝑇 ′]⟋(𝑇𝑇 ′ − 1) and is again commutative.

3. The group scheme of 𝑛-th roots of unity is given by the functor

𝜇𝑛 ∶ Alg𝑅 ⟶ Group
𝐴 ⟼ {𝑥 ∈ 𝐴 | 𝑥𝑛 = 1}.

It is represented by 𝑅[𝑇 ]⟋(𝑇𝑛 − 1).
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1.1 Group schemes and algebraic groups

4. The general linear group of degree 𝑛 is given by the functor

GL𝑛 ∶ Alg𝑅 ⟶ Group
𝐴 ⟼ GL𝑛(𝐴).

It is represented by

𝑅[𝑇1,1,… , 𝑇𝑛,𝑛,det(𝑇𝑖,𝑗)−1] = 𝑅[𝑇1,1,… , 𝑇𝑛,𝑛, 𝑑′]⟋(det(𝑇𝑖,𝑗)𝑑′ − 1).

Notice that GL1 = 𝐆𝑚.

5. The special linear group of degree 𝑛 is given by the functor

SL𝑛 ∶ Alg𝑅 ⟶ Group
𝐴 ⟼ SL𝑛(𝐴).

It is represented by 𝑅[𝑇1,1,… , 𝑇𝑛,𝑛]⟋(det(𝑇𝑖,𝑗) − 1).

Notice that all of these group schemes are both affine and of finite type, as the
corresponding representing algebras are finitely generated. In particular, over a field they
also give the first examples of (affine) algebraic groups.

Example 1.1.11 (Morphisms of group schemes). Let 𝑅 be a ring, let 𝑛 ∈ ℕ and let 𝐴
be an 𝑅-algebra.

1. By construction, we have the natural inclusion SL𝑛(𝐴) ↪ GL𝑛(𝐴). This gives a
natural transformation, i.e. a morphism of group schemes, SL𝑛 → GL𝑛.

2. The determinant

det ∶ GL𝑛(𝐴) ⟶ 𝐴× = 𝐆𝑚(𝐴)

𝑀 ⟼ ∑
𝜎∈𝑆𝑛

sgn𝜎
𝑛
∏
𝑖=1

𝑀𝑖,𝜎(𝑖)

is a group homomorphism natural in 𝐴. Thus, it induces a morphism of group
schemes det ∶ GL𝑛 → 𝐆𝑚.

1.1.1 Subgroup schemes
The example that SL𝑛(𝐴) is a subgroup of GL𝑛(𝐴) might suggest saying that SL𝑛 is a
subgroup scheme of GL𝑛. For this to make sense in our general setup of group schemes,
we agree on the following definition.

Definition 1.1.12 (Subgroup scheme). Let 𝑅 be a ring and 𝐺 a group scheme over 𝑅.
A subgroup scheme of 𝐺 is a group scheme 𝐻 over 𝑅 such that 𝐻 is a closed subscheme
of 𝐺 and the inclusion 𝐻 → 𝐺 is a group homomorphism.

7



1 Algebraic groups

This also gives the definition of an algebraic subgroup.

Definition 1.1.13 (Algebraic subgroup). Let 𝐾 be a field and let 𝐆 be an algebraic
group over 𝐾. An algebraic subgroup of 𝐆 is a subgroup scheme of 𝐆.

Note that some authors would use “closed subgroup scheme” for what we call a
subgroup scheme. However, this does not change the definition of algebraic subgroups,
as these are automatically closed [67, Proposition 1.41].

For an affine scheme 𝑋 = Spec𝐴, there is a bijective correspondence between the
ideals 𝐼 of 𝐴 and the closed subschemes of 𝑋 given by 𝐼 ↦ Spec(𝐴/𝐼) [40, Chapter II,
Corollary 5.10]. Thus, we immediately get the following corollary.

Corollary 1.1.14 (Subgroups of affine group schemes). Let 𝑅 be a ring, 𝐺 = Spec𝑆
an affine group scheme over 𝑅, and 𝐻 a subgroup scheme of 𝐺. Then there is an ideal
𝐼 ⊆ 𝑆 such that 𝐻 = Spec(𝑆/𝐼).
In particular, algebraic subgroups of affine algebraic groups are again affine.

Remark 1.1.15 (Subgroup schemes as functors). Let 𝑅 be a ring, let 𝐺 = Spec𝑆 be an
affine group scheme over 𝑅 and let 𝐻 be a subgroup scheme of 𝐺. Then 𝐻 is of the form
𝐻 = Spec(𝑆/𝐼) for some ideal 𝐼 ⊆ 𝑆 and the closed immersion 𝐻 → 𝐺 is induced by the
quotient map 𝑝∶ 𝑆 → 𝑆/𝐼. Thus for any 𝑅-algebra 𝐴, we get that the canonical map

𝐻(𝐴) = HomAlg𝑅(
𝑆⟋𝐼,𝐴) ⟶ HomAlg𝑅(𝑆,𝐴) = 𝐺(𝐴)

𝑓 ⟼ 𝑓 ∘ 𝑝

is an injective group homomorphism.
Conversely, let 𝐺 = Spec𝑆 and 𝐻 = Spec𝑇 be two affine group schemes over 𝑅, and

let 𝐻 → 𝐺 be a morphism inducing injective group homomorphisms 𝐻(𝐴) → 𝐺(𝐴) for
every 𝑅-algebra 𝐴. By the above correspondence of ideals and closed subschemes, the
induced map 𝑆 → 𝑇 needs to be surjective for 𝐻 to become a closed subscheme of 𝐺.

Using the functorial point of view, we can also define what a normal subgroup scheme
is supposed to be.

Definition 1.1.16 (Normal subgroup scheme). Let 𝑅 be a ring, let 𝐺 be a group scheme
over 𝑅 and let 𝐻 ≤ 𝐺 be a subgroup scheme. Then 𝐻 is said to be normal if for every
𝑅-algebra 𝐴 the group 𝐻(𝐴) is a normal subgroup of 𝐺(𝐴).

Remark 1.1.17 (Subgroup schemes as Hopf ideals). Let 𝑅 be a ring, let 𝐺 = Spec𝑆 be
an affine group scheme over 𝑅 and let 𝐻 = Spec(𝑆/𝐼) be a subgroup scheme of 𝐺. Then
both 𝑆 and 𝑆/𝐼 are Hopf algebras over 𝑅 and, as 𝐻 is a subgroup scheme of 𝐺, the Hopf
algebra structure on 𝑆 induces the one on 𝑆/𝐼. Thus, the ideal 𝐼 ⊆ 𝑆 has to satisfy

𝑚∗(𝐼) ⊆ 𝑆 ⊗𝑅 𝐼 + 𝐼 ⊗𝑅 𝑆,
𝑒∗(𝐼) = 0,

and 𝑖∗(𝐼) ⊆ 𝐼.
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1.1 Group schemes and algebraic groups

An ideal satisfying these three properties is called a Hopf ideal. It is easy to see that
Hopf ideals 𝐼 ⊆ 𝑆 are precisely those ideals such that the quotient 𝑆/𝐼 inherits a Hopf
algebra structure. So subgroup schemes of affine group schemes are in 1:1-correspondence
to the Hopf ideals of the associated Hopf algebra.
Example 1.1.18 (SL𝑛 ≤ GL𝑛). Let 𝑅 be a ring and let 𝑛 ∈ ℕ. For every 𝑅-algebra 𝐴
we have the natural inclusion

SL𝑛(𝐴) = {𝑀 ∈ Mat𝑛(𝐴) | det𝐴 = 1} ⊆ GL𝑛(𝐴),

given by the additional equation det = 1. Thus, it is easy to see that these group
homomorphisms are induced by the quotient map

𝑅[𝑇1,1,… , 𝑇𝑛,𝑛, 𝑑′]⟋(det(𝑇𝑖,𝑗)𝑑′ − 1) ⟶
𝑅[𝑇1,1,… , 𝑇𝑛,𝑛]⟋(det(𝑇𝑖,𝑗) − 1)

𝑇𝑖,𝑗 ⟼ 𝑇𝑖,𝑗
𝑑′ ⟼ 1.

Hence, SL𝑛 is indeed a subgroup scheme of GL𝑛.
Example 1.1.19 (𝜇𝑛 ≤ 𝐆𝑚). Let 𝑅 be a ring and let 𝑛 ∈ ℕ. For every 𝑅-algebra 𝐴 we
have the natural inclusion

𝜇𝑛(𝐴) = {𝑥 ∈ 𝐴× | 𝑥𝑛 = 1} ⊆ 𝐆𝑚(𝐴),

given by the additional equation 𝑥𝑛 = 1. Thus, we obtain that these natural homomor-
phisms are induced by the quotient map

𝑅[𝑇 , 𝑇 ′]⟋(𝑇𝑇 ′ − 1) ⟶
𝑅[𝑇 ]⟋(𝑇𝑛 − 1),

𝑇 ⟼ 𝑇
𝑇 ′ ⟼ 𝑇 𝑛−1

and so 𝜇𝑛 is a subgroup scheme of 𝐆𝑚 = GL1.
Example 1.1.20 (𝐆𝑎 ≤ GL2). Let 𝑅 be a ring. For every 𝑅-algebra 𝐴, we can consider
𝐆𝑎(𝐴) as a subgroup of GL2, via the natural map

𝜑𝐴 ∶ 𝐆𝑎(𝐴) ⟶ GL2(𝐴)

𝑎 ⟼ (1 𝑎
0 1) .

Here the additional equations needed to be satisfied by elements in 𝜑𝐴(𝐆𝑎(𝐴)) ⊆ GL2(𝐴)
are 𝑀1,1 = 𝑀2,2 = 1 and 𝑀2,1 = 0. Thus, we get that the above natural group
homomorphisms are induced by

𝑅[𝑇1,1, 𝑇1,2, 𝑇2,1, 𝑇2,2, 𝑑′]⟋(det(𝑇𝑖,𝑗)𝑑′ − 1) ⟶ 𝑅[𝑇 ],

𝑇1,1, 𝑇2,2 ⟼ 1
𝑇2,1 ⟼ 0
𝑇1,2 ⟼ 𝑇

implying that 𝐆𝑎 is a subgroup scheme of GL2.
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1 Algebraic groups

The examples above show that every affine group scheme we have seen so far can be
realized as a subgroup scheme of some GL𝑛. For affine algebraic groups this is in fact
always the case.

Theorem 1.1.21 ([67, Corollary 4.10]). Every affine algebraic group is isomorphic to
an algebraic subgroup of GL𝑛 for some 𝑛 ∈ ℕ.

This result is the reason why affine algebraic groups are often referred to as linear
algebraic groups.

Kernels

Given a group homomorphism 𝑓∶ Λ → Γ, its kernel ker 𝑓 = {𝑥 ∈ Λ | 𝑓(𝑥) = 𝑒} will be a
normal subgroup of Λ. Now given a morphism 𝜑∶ 𝐻 → 𝐺 of group schemes over 𝑅 we
obtain for each 𝑅-algebra 𝐴 a group homomorphism 𝜑(𝐴)∶ 𝐻(𝐴) → 𝐺(𝐴). By taking
kernels we get a functor Alg𝑅 → Group, 𝐴 ↦ ker(𝜑(𝐴)). The question is whether this
functor is representable by a scheme, i.e. if it gives a group scheme.

Proposition 1.1.22 (Kernel of morphisms of group schemes). Let 𝑅 be a ring, let 𝐺
and 𝐻 be group schemes over 𝑅 and let 𝜑∶ 𝐻 → 𝐺 be a morphism of group schemes over
𝑅. Defining ker(𝜑) by the pullback square

ker(𝜑) = 𝐻 ×𝐺 {𝑒} 𝐻

{𝑒} 𝐺

𝜑

𝑒

gives a normal subgroup scheme of 𝐻, such that there is a natural isomorphism

ker(𝜑)(𝐴) ≅ ker(𝜑(𝐴))

for every 𝑅-algebra 𝐴.

Proof. Let 𝐴 be an 𝑅-algebra. As {𝑒} = Spec𝑅 is terminal in the category of schemes
over 𝑅, we obtain from the universal property of the pullback a natural isomorphism

ker(𝜑)(𝐴) = Hom𝑅(Spec𝐴, ker(𝜑))
≅ {𝑔 ∈ 𝐻(𝐴) | 𝜑 ∘ 𝑔 = 𝑒}
= {𝑔 ∈ 𝐻(𝐴) | 𝜑(𝐴)(𝑔) = 𝑒}
= ker(𝜑(𝐴)),

where we also write 𝑒 for the composition Spec𝐴 → Spec𝑅
𝑒
−→ 𝐺. This shows that ker(𝜑)

is a group scheme over 𝑅 with the desired property. By construction, ker(𝜑) is a closed
subscheme of 𝐻, so that it is indeed a subgroup scheme of 𝐺. Finally, as ker(𝜑)(𝐴) is a
normal subgroup in 𝐻(𝐴) for every 𝑅-algebra 𝐴, we have that ker(𝜑) is also a normal
subgroup scheme.
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1.1 Group schemes and algebraic groups

Example 1.1.23. Let 𝑅 be a ring and let 𝑛 ∈ ℕ. We consider the morphism of group
schemes det ∶ GL𝑛 → 𝐆𝑚 given by

det ∶ GL𝑛(𝐴) ⟶ 𝐆𝑚(𝐴)

𝑀 ⟼ ∑
𝜎∈𝑆𝑛

sgn𝜎
𝑛
∏
𝑖=1

𝑀𝑖,𝜎(𝑖)

for every 𝑅-algebra 𝐴. Then ker(det) = SL𝑛, as this holds on the functor of points.

1.1.2 Exact sequences and quotients
As usual in algebraic geometry, defining images and quotients requires more effort than
defining kernels. From the functorial point of view, for a group scheme 𝐺 and a normal
subgroup scheme 𝑁 one would like to define the quotient 𝐺/𝑁 to be given by the functor
𝐴 ↦ 𝐺(𝐴)/𝑁(𝐴). However, in general this is not possible as this functor might not be
representable [80, Example 5.1.16]. This can for example be resolved by considering fppf 1
group schemes and defining the quotient to be the fppf sheafification of the above functor
[80, Section 5.2.2].

However, as we are mostly interested in the theory of algebraic groups, we make an ad
hoc definition of exactness for sequences of algebraic groups.

Definition 1.1.24 (Short exact sequence of algebraic groups). Let 𝐾 be a field. A
sequence

1 𝐍 𝐆 𝐐 1𝑖 𝑞

of algebraic groups over 𝐾 is called a short exact sequence, if 𝑖 is an isomorphism from 𝐍
to ker(𝑞) and 𝑞 is faithfully flat, i.e. flat and surjective.

We note that, as in the case of classical group theory, every normal subgroup arises as
the kernel of a quotient (i.e. a faithfully flat) morphism.

Theorem 1.1.25 ([67, Theorem 5.14]). Let 𝐾 be a field and 𝐆 an algebraic group over
𝐾. Every normal algebraic subgroup 𝐍 ⊴ 𝐆 arises as the kernel of a quotient map
𝐆 → 𝐐.

In case 𝐆 (and thus also 𝐍) is affine, 𝐐 will be affine as well [67, Proposition 5.18].
Moreover, as quotients are unique (up to isomorphism) [67, Proposition 5.13], we can
define the quotient of 𝐆 by 𝐍 as 𝐆/𝐍 = 𝐐.

Remark 1.1.26 (Checking exactness). In the above definition, surjectivity can simply
be checked on the points of the algebraic closure. In general, showing flatness is more
involved. However, in case the algebraic group 𝐐 is reduced, the assumption of flatness
on 𝑞 is automatic by the surjectivity [67, Proposition 1.70].

This is in particular useful if 𝐾 is of characteristic zero as we only need to show
surjectivity.
1fppf is an abbreviation of the French “fidèlement plat de présentation finie” meaning “faithfully flat of
finite presentation”.
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1 Algebraic groups

Theorem 1.1.27 ([67, Corollary 8.39]). Every algebraic group over a field of characteristic
zero is smooth, and thus in particular reduced.

The notion of quotients also allows us to define when a normal algebraic subgroup is
of finite index. First let us define what a finite algebraic group is.

Definition 1.1.28 (Finite algebraic group). Let 𝐾 be a field. An algebraic group 𝐆
over 𝐾 is said to be finite if for every field extension 𝐾′|𝐾 the group 𝐆(𝐾′) is finite.

Note that it is not sufficient for 𝐆(𝐾) to be finite in order for 𝐆 to be finite. For
example, consider the additive group 𝐆𝑎 over the finite field 𝔽2. Here 𝐆𝑎(𝔽2) is finite,
but 𝐆𝑎 is not, as 𝐆𝑎(𝔽2sep) is infinite.

Definition 1.1.29 (Normal subgroup of finite index). Let 𝐾 be a field, 𝐆 an algebraic
group over 𝐾, and 𝐍 ⊴ 𝐆 a normal algebraic subgroup. Then 𝐍 has finite index in 𝐆 if
the quotient 𝐆/𝐍 is a finite algebraic group.

1.1.3 Extension and restriction of scalars
Given a group scheme 𝐺 over a ring 𝑅, we would like to turn it into other group schemes
over possibly different rings. Here we want to discuss two such constructions: extension
of scalars and restriction of scalars.

Example 1.1.30 (Extension of scalars for modules). Let 𝑅 be a ring, let 𝑆 be an
𝑅-algebra and let 𝑀 be an 𝑅-module. Then the extension of scalars of 𝑀 to 𝑆 is the
𝑆-module

𝑀𝑆 ≔ 𝑀 ⊗𝑅 𝑆.

Now let 𝐾|𝑘 be a field extension and let 𝑉 be a 𝑘-vector space. Given a 𝑘-basis (𝑏𝑖)𝑖∈𝐼
of 𝑉 we have a canonical 𝑘-linear isomorphism 𝑉 ≅𝑘 𝑘(𝐼). Thus, for the extension of
scalars we get

𝑉𝐾 = 𝑉 ⊗𝑘 𝐾 ≅𝐾 𝑘(𝐼) ⊗𝑘 𝐾 ≅𝐾 (𝑘 ⊗𝑘 𝐾)(𝐼) ≅𝐾 𝐾(𝐼).

So in other words, the extension of scalars 𝑉𝐾 is a 𝐾-vector space with the same basis as
the 𝑘-vectors space 𝑉.

Example 1.1.31 (Restriction of scalars for modules). Let 𝑅 be a ring, let 𝑆 be an
𝑅-algebra via a ring homomorphism 𝑓∶ 𝑅 → 𝑆 and let 𝑀 be an 𝑆-module. Then the
restriction of scalars of 𝑀 to 𝑅 is the 𝑅-module Res𝑆|𝑅 𝑀, with the same underlying
abelian group as 𝑀 and the 𝑅-module structure given by

𝑀 ×𝑅 ⟶ 𝑀
(𝑚, 𝑟) ⟼ 𝑚 ⋅ 𝑓(𝑟).

Let us again consider the case of a field extension 𝐾|𝑘 and a 𝐾-vector space 𝑉. Then
the restriction of scalars Res𝐾|𝑘 𝑉 is just the vector space 𝑉 considered as a 𝑘-vector space.
In terms of bases we have the following description. Let (𝑏𝑖)𝑖∈𝐼 be a 𝐾-basis of 𝑉 and
(𝑎𝑗)𝑗∈𝐽 be a 𝑘-basis of 𝐾. Then Res𝐾|𝑘 𝑉 is the 𝑘-vector space with basis (𝑎𝑗𝑏𝑖)𝑗∈𝐽,𝑖∈𝐼.
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1.1 Group schemes and algebraic groups

Both of these constructions are functorial in the modules.

Remark 1.1.32 (Adjointness of extension and restriction of scalars). Let 𝑅 be a ring
and let 𝑆 be an 𝑅-algebra via 𝑓∶ 𝑅 → 𝑆. Let 𝑀 be an 𝑅-module and let 𝑁 be an 𝑆-
module. For an 𝑅-module homomorphism 𝜑∶ 𝑀 → Res𝑆|𝑅 𝑁, we can define an 𝑆-module
homomorphism 𝑀𝑆 → 𝑁 as the composition

𝑀𝑆 = 𝑀 ⊗𝑅 𝑆
𝜑⊗id𝑆−−−−→ Res𝑆|𝑅 𝑁 ⊗𝑅 𝑆 ⟶ 𝑁.

𝑛 ⊗ 𝑠 ⟼ 𝑛 ⋅ 𝑠

This gives a natural (in both 𝑀 and 𝑁) map Hom𝑅(𝑀,Res𝑆|𝑅 𝑁) → Hom𝑆(𝑀𝑆, 𝑁).
Conversely, given an 𝑆-module homomorphisms 𝜓∶ 𝑀𝑆 → 𝑁, we can construct an

𝑅-module homomorphism 𝑀 → Res𝑆|𝑅 𝑁 as

𝑀 ⟶ 𝑀 ⊗𝑅 𝑅
id𝑀 ⊗𝑓
−−−−→ 𝑀 ⊗𝑅 𝑆 = 𝑀𝑆

𝜓
⟶ 𝑁.

𝑚 ⟼ 𝑚⊗ 1

Again, we get a natural map Hom𝑆(𝑀𝑆, 𝑁) → Hom𝑅(𝑀,Res𝑆|𝑅 𝑁). It is easy to see
that these two maps are mutually inverse and thus give an adjunction

Hom𝑆(( ⋅ )𝑆, ⋅ ) ≅ Hom𝑅( ⋅ ,Res𝑆|𝑅 ⋅ ).

Let us now discuss these two constructions in the setting of group schemes.

Extension of scalars

Lemma 1.1.33 (Base change of group schemes). Let 𝑅 be a ring, let 𝐺 be a group
scheme over 𝑅 and let 𝑆 be an 𝑅-algebra. Then

𝐺𝑆 ≔ 𝐺×𝑅 𝑆 = 𝐺×𝑅 Spec𝑆

is a group scheme over 𝑆.
If 𝐺 is affine (respectively of finite type over 𝑅), then 𝐺𝑆 will be affine (respectively of

finite type over 𝑆) as well.

Proof. As base change preserves products, it is easy to see that 𝐺𝑆 is again a group
scheme over 𝑆. Moreover, base change preserves being of finite type, so if 𝐺 is of finite
type over 𝑅, then 𝐺𝑆 will also be of finite type over 𝑆. Finally, if 𝐺 = Spec𝐴 is affine we
get that

𝐺𝑆 = Spec𝐴×𝑅 Spec𝑆 = Spec(𝐴 ⊗𝑅 𝑆)

is affine as well.

Example 1.1.34. We consider the real algebraic group 𝐆∶ Algℝ → Group given by

𝐆(𝐴) = {(𝑥 −𝑦
𝑦 𝑥 ) ∣ 𝑥, 𝑦 ∈ 𝐴, 𝑥2 + 𝑦2 = 1} ≤ SL2(𝐴).
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1 Algebraic groups

The base change to ℂ is isomorphic to 𝐆𝑚, via the mutually inverse natural isomorphisms

𝜑𝐴 ∶ 𝐆ℂ(𝐴) ⟶ 𝐆𝑚(𝐴) = 𝐴× and 𝜓𝐴 ∶ 𝐆𝑚(𝐴) ⟶ 𝐆ℂ(𝐴),

(𝑥 −𝑦
𝑦 𝑥 ) ⟼ 𝑥− 𝑖𝑦 𝑎 ⟼ (𝑥 −𝑦

𝑦 𝑥 )

where in the second map 𝑥 = 1
2(𝑎 + 𝑎−1) and 𝑦 = 1

2(𝑎 − 𝑎−1).
However, 𝐆 ≇ℝ 𝐆𝑚 as for the groups of real points we have

𝐆(ℝ) ≅Group {𝑧 ∈ ℂ | |𝑧| = 1} = 𝕊1 ≇ ℝ× = 𝐆𝑚(ℝ).

Viewing affine group schemes as functors, applying base change is just pre-composition
with the inclusion functor Alg𝑆 ↪ Alg𝑅,

Alg𝑆 Alg𝑅 Group.

𝐺𝑆

𝐺

This is formalized by the following corollary.

Corollary 1.1.35 (Base change as functors). Let 𝑅 be a ring, let 𝑆 be an 𝑅-algebra
and let 𝐺 be a group scheme over 𝑅. Restricting 𝐺 to the subcategory of 𝑆-algebras and
considering it as a functor Alg𝑆 → Group, we have a natural isomorphism 𝐺( ⋅ ) ≅ 𝐺𝑆( ⋅ ).

Proof. By the universal property of the pullback, we have a natural isomorphism

Hom𝑆( ⋅ , 𝐺𝑆) = Hom𝑆( ⋅ , 𝐺 ×𝑅 𝑆) ≅ Hom𝑅( ⋅ , 𝐺).

Now precomposing with Spec gives the claim.

Restriction of scalars

Let 𝑅 be a ring, 𝑆 an 𝑅-algebra, and 𝐺 a group scheme over 𝑆. Using the structure map
𝑅 → 𝑆 of 𝑆 as an 𝑅-algebra, we can, via the composition

𝐺 Spec𝑆 Spec𝑅,

consider 𝐺 as a scheme over 𝑅. However, this construction is in general not compatible
with products and thus will in general not give 𝐺 the structure of a group scheme over 𝑅.
So for the restriction of scalars, we have to use a different construction.

Using the adjointness of extension and restriction of scalars in the case of modules as
motivation, we can ask for the restriction of scalars to be right-adjoint to extension of
scalars. Thus, we ask for

Res𝑆|𝑅 𝐺( ⋅ ) = Hom𝑅( ⋅ ,Res𝑆|𝑅 𝐺) ≅ Hom𝑆( ⋅ ×𝑅 𝑆,𝐺) = 𝐺( ⋅ ×𝑅 𝑆),

or, from the viewpoint of functors Alg𝑅 → Group

Res𝑆|𝑅 𝐺(𝐴) = 𝐺(𝐴 ⊗𝑅 𝑆),
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1.1 Group schemes and algebraic groups

for all 𝑅-algebras 𝐴. Using this as a definition, we always obtain a functor Alg𝑅 → Group
and in order to obtain a group scheme over 𝑅, only the question of representability
remains.
Definition 1.1.36 (Restriction of scalars). Let 𝑅 be a ring, 𝑆 an 𝑅-algebra, and 𝐺 a
group scheme over 𝑆. A scheme over 𝑅 is called restriction of scalars of 𝐺 to 𝑅 if it
represents the functor

Alg𝑅 Alg𝑆 Group.⋅ ⊗𝑅𝑆 𝐺

If it exists, we denote such a scheme by Res𝑆|𝑅 𝐺. It is unique up to isomorphisms by
the Yoneda lemma.

In the case of algebraic groups and finite Galois extension, the restriction of scalars
always exits and is known as Weil restriction.
Theorem 1.1.37 (Weil restriction [67, Section 2.i]). Let 𝐾|𝑘 be a finite Galois extension
and let 𝐆 be an algebraic group over 𝐾. Then the restriction of scalars Res𝐾|𝑘 𝐆 exists.
Remark 1.1.38 (Base change of restriction). Let 𝐾|𝑘 be a finite Galois extension and
let 𝐆 be an algebraic group over 𝐾. The restriction of scalars Res𝐾|𝑘 𝐆 is an algebraic
group over 𝑘, so we can apply base change back to 𝐾. For a 𝐾-algebra 𝐴 we then have

(Res𝐾|𝑘 𝐆)𝐾(𝐴) ≅ Res𝐾|𝑘 𝐆(𝐴) = 𝐆(𝐴 ⊗𝑘 𝐾),

where we have used Corollary 1.1.35. Now as a 𝐾-algebra

𝐴⊗𝑘 𝐾 ≅𝐾 ∏
𝜎∈Gal(𝐾|𝑘)

𝐴𝜎,

giving
(Res𝐾|𝑘 𝐆)𝐾(𝐴) ≅ ∏

𝜎∈Gal(𝐾|𝑘)
𝐆(𝐴𝜎).

So as an algebraic group over 𝐾 we have Res𝐾|𝑘 𝐆 ≅ ∏𝜎∈Gal(𝐾|𝑘) 𝐆𝜎, where 𝐆𝜎 is the
algebraic group 𝐴 ↦ 𝐆(𝐴𝜎).

1.1.4 Models of group schemes
In Example 1.1.34 we have seen that different group schemes can have isomorphic base
changes. This explains the following definition.
Definition 1.1.39 (Model of a group scheme). Let 𝑅 be a ring, let 𝑆 be an 𝑅-algebra
and let 𝐺 be a group scheme over 𝑆. An 𝑅-model of 𝐺 is a group scheme 𝐻 over 𝑅, such
that there is an isomorphism 𝐻𝑆 ≅𝑆 𝐺 of group schemes over 𝑆.

From the viewpoint of affine group schemes as representable functors, we thus have
that 𝑅-models of an affine group scheme 𝐺 over 𝑆 are just possible extensions of
𝐺∶ Alg𝑆 → Group to Alg𝑅,

Alg𝑆 Group.

Alg𝑅

𝐺
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1 Algebraic groups

Example 1.1.40. The algebraic group given in Example 1.1.34 is a real model of the
complex algebraic group 𝐆𝑚. More generally, let 𝐾 be a field, let 𝑎 ∈ 𝐾× and consider
the algebraic group 𝐆𝑎 ∶ Alg𝐾 → Group given by

𝐆𝑎(𝐴) = {(𝑥 𝑎𝑦
𝑦 𝑥 ) ∣ 𝑥, 𝑦 ∈ 𝐴, 𝑥2 − 𝑎𝑦2 = 1} ≤ SL2(𝐴).

If 𝑎 is square free, then 𝐆𝑎 is not isomorphic to 𝐆𝑚. However, its base change to 𝐾(
√
𝑎)

is isomorphic to 𝐆𝑚.
In fact, one can show for 𝑎, 𝑏 ∈ 𝐾×, that the algebraic 𝐾-groups 𝐆𝑎 and 𝐆𝑏 are

isomorphic if and only if 𝑎𝑏−1 is a square in 𝐾. In particular, over the algebraic (and
even the separable) closure of 𝐾, all these groups are isomorphic to 𝐆𝑚 ≅ 𝐆1.

As noticed in Lemma 1.1.33, being affine and of finite type is preserved under base
change. We can now ask whether the same is true for models. Let 𝐺 be a group scheme
over 𝑆 and let 𝐻 be an 𝑅-model of 𝐺, where 𝑅 ⊆ 𝑆. If 𝐺 is affine/of finite type, is then
𝐻 also affine/of finite type? Moreover, if 𝐺0 ≤ 𝐺 is a subgroup scheme and 𝐻0 is an
𝑅-model of 𝐺0, is 𝐻0 a subgroup scheme of 𝐻?

Proposition 1.1.41 (Group schemes and descent). Let 𝑅 be a ring, let 𝑆 be a faithfully
flat 𝑅-algebra, let 𝐺 be a group scheme over 𝑆 and let 𝐻 be an 𝑅-model of 𝐺.

1. If 𝐺 is affine, then 𝐻 is affine as well.

2. If 𝐺 is of finite type over 𝑆, then 𝐻 is also of finite type over 𝑅.

3. If 𝐺0 ≤ 𝐺 is a subgroup scheme, and 𝐻0 is an 𝑅-model of 𝐺0, then 𝐻0 is a subgroup
scheme of 𝐻.

In particular, this holds for field extension and algebraic groups.

Proof. By assumption, we have that Spec𝑆 → Spec𝑅 is faithfully flat. As morphisms
between affine schemes are always quasi-compact, this gives that Spec𝑆 → Spec𝑅 is a
fpqc2-morphism. Since being affine, being of finite type, and being a closed immersion
are stable under fpqc-descent [80, Section C.2, Table 1], we get the claim.

1.1.5 Galois cohomology and forms of algebraic groups
Above we discussed models of group schemes, i.e. group schemes that give a certain
other group scheme when base changed to some extension. For algebraic groups, it is
in particular useful to study algebraic groups that become isomorphic over some field
extension.

Definition 1.1.42 (Forms of algebraic groups). Let 𝐾|𝑘 be a field extension and let 𝐆 be
an algebraic 𝑘-group. A 𝐾|𝑘-form of 𝐆 is an algebraic 𝑘-group 𝐇 such that 𝐆𝐾 ≅𝐾 𝐇𝐾.

In case 𝐾 = 𝑘sep is a separable closure of 𝑘, we simply talk about 𝑘-forms instead of
𝑘sep|𝑘-forms.
2fpqc is an abbreviation for the French “fidèlement plate et quasi-compacte” meaning “faithfully flat and
quasi-compact”.
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1.1 Group schemes and algebraic groups

Using our previous definition of models, we could alternatively say a 𝐾|𝑘-form of an
algebraic 𝑘-group 𝐆 is a 𝑘-model of the algebraic group 𝐆𝐾.

The goal of this section is to present the classification of 𝐾|𝑘-forms of affine algebraic
groups in terms of Galois cohomology.

Theorem 1.1.43 (Classification of 𝐾|𝑘-forms). Let 𝐾|𝑘 be a Galois extension and let 𝐆
be an affine algebraic group over 𝑘. Denote by 𝐸(𝐾|𝑘,𝐆) the set of equivalence classes
of 𝐾|𝑘-forms of 𝐆 up to 𝑘-isomorphism. Then there exists a natural bijection

𝐸(𝐾|𝑘,𝐆) ⟶ 𝐻1(𝐾|𝑘,Aut(𝐆)),

sending the equivalence class of 𝐆 to the class represented by the trivial cocycle.

Galois cohomology is a special case of non-abelian cohomology, in this case

𝐻∗(𝐾|𝑘;Aut(𝐆)) = 𝐻∗(Gal(𝐾|𝑘);Aut𝐾(𝐆𝐾)),

for some affine algebraic group 𝐆 over 𝑘. For the definition and some basic properties
of non-abelian cohomology we refer the reader either to Serre’s book on the topic [95,
Chapter I, §5] or Section A.3, where all the lengthy computations omitted by Serre are
spelled out.

Remark 1.1.44 (Inner forms). Let 𝐾|𝑘 be a Galois extension and let 𝐆 be an affine
algebraic group over 𝑘. The above theorem associates to a 𝐾|𝑘-form 𝐇 of 𝐆, a cocycle
Gal(𝐾|𝑘) → Aut𝐾(𝐆𝐾). This cocycle might only take values in Inn(𝐆𝐾), or, more
generally, might be equivalent to one with values in Inn(𝐆𝐾). In this case we call 𝐇 an
inner form of 𝐆. Otherwise, we say 𝐇 is an outer form of 𝐆.

It is not hard to see that inner forms of 𝐆 are precisely the ones in the image of

𝐻1(𝐾|𝑘; Inn(𝐆)) ⟶ 𝐻1(𝐾|𝑘;Aut(𝐆)).

The Galois action

In order to make sense of the above Galois cohomology, we first need to describe the
action of the Galois group Gal(𝐾|𝑘) on the automorphism group Aut𝐾(𝐆𝐾).

Remark 1.1.45 (Abstract description of the action). Let 𝐾|𝑘 be a separable extension
and let 𝑋 be a scheme over 𝑘. For 𝜎 ∈ Gal(𝐾|𝑘) we consider the commutative diagram

𝑋𝐾 Spec𝐾

𝑋𝐾 Spec𝐾

𝑋 Spec 𝑘,

𝜋

𝜎∗ ≅ Spec𝜎

𝜋
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1 Algebraic groups

where both the upper and lower square are pullbacks. By the pasting law for pullbacks,
the outer square is also a pullback. Moreover, since 𝜎 is an automorphism over 𝑘, we in
fact have that the outer and lower pullbacks are isomorphic over 𝑘. So, in particular, we
can indeed assume that the upper morphism is given by the same structure morphism
𝜋∶ 𝑋𝐾 → Spec𝐾. Note that, although 𝜎∗ ∶ 𝑋𝐾 → 𝑋𝐾 is an isomorphism of 𝑘-schemes,
it is in general not an isomorphism of 𝐾-schemes.

By naturality of pullbacks, we get that this construction is compatible with composition,
i.e. that for 𝜎, 𝜏 ∈ Gal(𝐾|𝑘) we have (𝜎 ∘ 𝜏)∗ = 𝜏∗ ∘ 𝜎∗. So Gal(𝐾|𝑘) acts on 𝑋𝐾 via
𝑘-automorphisms.

Now let 𝑌 be another scheme over 𝑘. Similarly as above, we obtain for 𝜎 ∈ Gal(𝐾|𝑘) a
𝑘-isomorphism 𝜎∗ ∶ 𝑌𝐾 → 𝑌𝐾. Hence, for every morphism of schemes 𝜑 ∈ Hom𝐾(𝑋𝐾, 𝑌𝐾),
we have a commutative diagram

𝑌𝐾 Spec𝐾

𝑋𝐾 Spec𝐾

𝑌𝐾 Spec𝐾.

𝑋𝐾 Spec𝐾

𝜎∗
Spec𝜎

(𝜎∗)−1∘𝜑∘𝜎∗

𝜎∗
𝜑

Spec𝜎

Here the horizontal maps are the structure morphisms of 𝑋𝐾 and 𝑌𝐾, respectively. The
commutativity of the bottom square encodes that 𝜑 is a morphism over 𝐾. Similarly,
the commutativity of the top square gives that

𝜎𝜑 ≔ (𝜎∗)−1 ∘ 𝜑 ∘ 𝜎∗ ∶ 𝑋𝐾 ⟶ 𝑌𝐾

is a morphism over 𝐾. As before, it is easy to see that this is compatible with composition,
such that we obtain a group action Gal(𝐾|𝑘) ↷ Hom𝐾(𝑋𝐾, 𝑌𝐾).

Moreover, by construction it is also easy to see that if 𝜓∶ 𝑌 → 𝑍 is another morphisms
of 𝑘-schemes, we get 𝜎(𝜓 ∘𝜑) = 𝜎𝜓∘ 𝜎𝜑 for all 𝜎 ∈ Gal(𝐾|𝑘), and thus the action restricts
to one on Aut𝐾(𝑋𝐾).

Finally, as pullbacks preserve products, it is also easy to see that this is compatible
with the structure of an algebraic group, giving a group action of the Galois group on
the (auto)morphisms of algebraic groups.

Let us also give a more hands-on description of this action in the case of affine algebraic
groups.

For affine schemes 𝑋,𝑌 over 𝑘, a morphism 𝑋𝐾 → 𝑌𝐾 is essentially defined by finitely
many polynomials with coefficients in 𝐾. The action of 𝜎 ∈ Gal(𝐾|𝑘) on such a morphism
is then simply given by applying 𝜎 to all the coefficients of the polynomial, to get another
morphism 𝑋𝐾 → 𝑌𝐾. Let us see that this is actually the correct description of the action
above.
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1.1 Group schemes and algebraic groups

Remark 1.1.46 (Explicit description of the Galois action). Let 𝐾|𝑘 be a separable
extension and let 𝑋 = Spec𝑆 be an affine scheme of finite type over 𝑘. Then we can
write

𝑆 = 𝑘[𝑇1,… , 𝑇𝑛]⟋(𝑓1,… , 𝑓𝑟),

for some 𝑛, 𝑟 ∈ ℕ and 𝑓1,… , 𝑓𝑟 ∈ 𝑘[𝑇1,… , 𝑇𝑛].
For 𝜎 ∈ Gal(𝐾|𝑘), the morphism 𝛼𝜎 ∶ 𝑋𝐾 → 𝑋𝐾 is induced by the morphism

id𝑆 ⊗𝑘𝜎∶ 𝑆 ⊗𝑘 𝐾 → 𝑆 ⊗𝑘 𝐾.

Under the canonical identification

𝑆 ⊗𝑘 𝐾 ≅𝐾
𝐾[𝑇1,… , 𝑇𝑛]⟋(𝑓1,… , 𝑓𝑟),

this morphism is given by

𝛽𝜎 ∶ 𝐾[𝑇1,… , 𝑇𝑛]⟋(𝑓1,… , 𝑓𝑟) ⟶
𝐾[𝑇1,… , 𝑇𝑛]⟋(𝑓1,… , 𝑓𝑟).

[∑
𝐼

𝑎𝐼𝑇 𝐼] ⟼ [∑
𝐼

𝜎(𝑎𝐼)𝑇 𝐼]

Now let 𝑌 = Spec𝑆′ be another affine scheme of finite type over 𝑘. Again we can write

𝑆′ = 𝑘[𝑇1,… , 𝑇𝑚]⟋(𝑔1,… , 𝑔𝑠)

for some 𝑚, 𝑠 ∈ ℕ and 𝑔1,… , 𝑔𝑠 ∈ 𝑘[𝑇1,… , 𝑇𝑚]. Every morphism 𝜑∶ 𝑋𝐾 → 𝑌𝐾 of schemes
over 𝐾 corresponds to a 𝐾-algebra homomorphism

𝜓∶ 𝐾[𝑇1,… , 𝑇𝑚]⟋(𝑔1,… , 𝑔𝑠) ⟶
𝐾[𝑇1,… , 𝑇𝑛]⟋(𝑓1,… , 𝑓𝑟),

[𝑇𝑖] ⟼ [ℎ𝑖]

for polynomials ℎ1,… , ℎ𝑚 ∈ 𝐾[𝑇1,… , 𝑇𝑛] with 𝑔𝑗(ℎ1,… , ℎ𝑚) = 0 for all 𝑗 ∈ {1,… , 𝑠}.
So we obtain that 𝜎𝜑∶ 𝑋𝐾 → 𝑌𝐾 corresponds to the composition

𝛽𝜎 ∘ 𝜓 ∘ (𝛽𝜎)−1 = 𝛽𝜎 ∘ 𝜓 ∘ 𝛽𝜎−1 .

This composition is just given by

𝜓∶ 𝐾[𝑇1,… , 𝑇𝑚]⟋(𝑔1,… , 𝑔𝑠) ⟶
𝐾[𝑇1,… , 𝑇𝑛]⟋(𝑓1,… , 𝑓𝑟),

[𝑇𝑖] ⟼ [𝜎ℎ𝑖]

where 𝜎ℎ𝑖 is the polynomial obtained from ℎ𝑖 by applying 𝜎 to all coefficients, as for
𝑖 ∈ {1,… ,𝑚} we have

𝛽𝜎 ∘ 𝜓 ∘ 𝛽𝜎−1([𝑇𝑖]) = 𝛽𝜎 ∘ 𝜓([𝑇𝑖])
= 𝛽𝜎([ℎ𝑖])
= [𝜎ℎ𝑖].
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As in Section A.4 we will now work with a functor 𝐴 from the category of field
extensions of 𝑘 to the category of groups with the following properties:

(1) For an extension𝐾|𝑘 we have 𝐴(𝐾) = lim−→𝑖
𝐴(𝐾𝑖), where𝐾𝑖 are all finitely generated

field extensions of 𝑘 with 𝑘 ⊆ 𝐾𝑖 ⊆ 𝐾.

(2) If 𝐾 → 𝐾′ is a morphism of field extensions, the induced morphism 𝐴(𝐾) → 𝐴(𝐾′)
is injective.

(3) If 𝐾′|𝐾 is a Galois extension, we have 𝐴(𝐾) = 𝐻0(Gal(𝐾′|𝐾);𝐴(𝐾′)).

Let us verify that 𝐾 ↦ Aut𝐾(𝐆𝐾) actually satisfies these properties. We start with
the second property.

Proposition 1.1.47. Let 𝑘 be a field, let 𝐆 = Spec𝑆 be an affine algebraic group over 𝑘
and let 𝜎∶ 𝐾 → 𝐾′ be a morphism of field extensions of 𝑘. Then the induced morphism
Aut𝐾(𝐆𝐾) → Aut𝐾′(𝐆𝐾′), given by pullback, is injective.

Proof. Since field extensions are faithfully flat, we have that

⋅ ⊗𝐾 id𝐾′ ∶ HomAlg𝐾(𝐴,𝐵) ⟶ HomAlg𝐾′(𝐴 ⊗𝐾 𝐾′, 𝐵 ⊗𝐾 𝐾′)

is injective for all 𝐾-algebras 𝐴,𝐵. In particular, the induced map

Aut𝐾(𝑆 ⊗𝑘 𝐾) ⟶ Aut𝐾′((𝑆 ⊗𝑘 𝐾) ⊗𝐾 𝐾′) ≅ Aut𝐾′(𝑆 ⊗𝑘 𝐾′)
𝜑 ⟼ 𝜑⊗𝐾 id𝐾′

of Hopf algebra automorphisms is injective as well.

Proposition 1.1.48. Let 𝐾|𝑘 be a field extension, let 𝐆 be an affine algebraic group
over 𝑘 and let (𝐾𝑖)𝑖 be all finitely generated subextensions 𝑘 ⊆ 𝐾𝑖 ⊆ 𝐾. Then there is a
canonical isomorphism

Aut𝐾(𝐆𝐾) ≅ lim−→
𝑖

Aut𝐾𝑖
(𝐆𝐾𝑖

).

Proof. First we have that 𝐾 can be written as the ascending union of the subextensions
𝐾𝑖. Moreover, considering the groups Aut𝐾𝑖

(𝐆𝐾𝑖
) as subgroups of Aut𝐾(𝐆𝐾) we get

that the direct limit of the groups Aut𝐾𝑖
(𝐆𝐾𝑖

) is an ascending union

lim−→
𝑖

Aut𝐾𝑖
(𝐆𝐾𝑖

) = ⋃
𝑖
Aut𝐾𝑖

(𝐆𝐾𝑖
) ⊆ Aut𝐾(𝐆𝐾)

as well.
Now let 𝜑 ∈ Aut𝐾(𝐆𝐾). As already used in Remark 1.1.46, 𝜑 is defined by finitely

many polynomials with coefficients in 𝐾. If we take 𝐾0 to be the field generated by these
finitely many coefficients, we obtain a finitely generated subextension 𝑘 ⊆ 𝐾0 ⊆ 𝐾. By
construction, 𝜑 is already defined over 𝐾0, showing that 𝜑 ∈ ⋃𝑖 Aut𝐾𝑖

(𝐆𝐾𝑖
).
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1.1 Group schemes and algebraic groups

Finally, let us also verify the last property.

Proposition 1.1.49. Let 𝑘 be a field, let 𝐆 be an affine algebraic group over 𝑘, let 𝐾|𝑘
be an extension of 𝑘 and let 𝐾′|𝐾 be a Galois extension. Then we have

𝐻0(Gal(𝐾′|𝐾);Aut𝐾′(𝐆𝐾′)) = Aut𝐾(𝐆𝐾).

Proof. By considering 𝐆𝐾 instead of 𝐆, we can without loss of generality assume that
𝐾 = 𝑘. Now, by definition, we have

𝐻0(Gal(𝐾′|𝑘);Aut𝐾′(𝐆𝐾′)) = Aut𝐾′(𝐆𝐾′)Gal(𝐾′|𝑘),

so we only need to show Aut𝐾′(𝐆𝐾′)Gal(𝐾′|𝑘) = Aut𝑘(𝐆), where we consider Aut𝑘(𝐆) as
a subgroup of Aut𝐾′(𝐆𝐾′) using Proposition 1.1.47.

“⊇”: Let 𝜑 ∈ Aut𝑘(𝐆) and 𝜎 ∈ Gal(𝐾′|𝑘). As described in Remark 1.1.46, 𝜎𝜑 is given
by applying 𝜎 to the coefficients of the polynomials defining 𝜑. Since 𝜑 is defined
over 𝑘, all of these coefficients are Gal(𝐾′|𝑘)-invariant. So 𝜎𝜑 = 𝜑.

“⊆”: Now let 𝜑 ∈ Aut𝐾′(𝐆𝐾′)Gal(𝐾′|𝑘). Again 𝜑 is defined by polynomials over 𝐾′.
Since 𝜑 is Gal(𝐾′|𝑘)-invariant, we get that the defining polynomials are Gal(𝐾′|𝑘)-
invariant as well. But then all the coefficients are already in 𝐾′Gal(𝐾′|𝑘) = 𝑘. So 𝜑
is defined over 𝑘, i.e. 𝜑 ∈ Aut𝑘(𝐆).

The proof of Theorem 1.1.43

Construction 1.1.50. Let 𝐾|𝑘 be a separable field extension, let 𝐆 be an algebraic
group over 𝑘 and let 𝐆′ be a 𝐾|𝑘-form of 𝐆, i.e. another algebraic group over 𝑘 such
that there is a 𝐾-isomorphism Θ∶ 𝐆𝐾 → 𝐆′

𝐾. Then the map

𝜑∶ Gal(𝐾|𝑘) ⟶ Aut𝐾(𝐆)
𝜎 ⟼ Θ−1 ∘ 𝜎 ⋅ Θ

is a cocycle. For 𝜎, 𝜏 ∈ Gal(𝐾|𝑘) we have

𝜑(𝜎𝜏) = Θ−1 ∘ (𝜎𝜏) ⋅ Θ
= Θ−1 ∘ 𝜎 ⋅ (𝜏 ⋅ Θ)
= Θ−1 ∘ 𝜎 ⋅ (Θ ∘ Θ−1 ∘ 𝜏 ⋅ Θ)
= Θ−1 ∘ 𝜎 ⋅ Θ ∘ 𝜎 ⋅ (Θ−1 ∘ 𝜏 ⋅ Θ)
= 𝜑(𝜎) ∘ 𝜎 ⋅ 𝜑(𝜏).

Moreover, the class represented by this cocycle in 𝐻1(𝐾|𝑘;Aut𝐾(𝐆)) is independent
of the chosen isomorphism 𝐆𝐾 ≅𝐾 𝐆′

𝐾. If Φ∶ 𝐆𝐾 → 𝐆′
𝐾 is another 𝐾-isomorphism, we

have
Φ−1 ∘ 𝜎Φ = (Θ−1 ∘ Φ)−1 ∘ Θ−1 ∘ 𝜎Θ ∘ 𝜎(Θ−1 ∘ Φ)
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for all 𝜎 ∈ Gal(𝐾|𝑘) where Θ−1 ∘ Φ ∈ Aut𝐾(𝐆𝐾). Thus, the two cocycles defined by Θ
and Φ are cohomologous, and we obtain a well-defined map

{𝐇 algebraic group over 𝑘 ∣ 𝐆𝐾 ≅𝐾 𝐇𝐾} ⟶ 𝐻1(𝐾|𝑘;Aut𝐾(𝐆𝐾)).

Finally, if 𝐆″ is another algebraic group over 𝑘, isomorphic to 𝐆′ via a 𝑘-isomorphism
Φ∶ 𝐆′ → 𝐆″, then 𝐆″ is also a 𝐾|𝑘-form of 𝐆 by the 𝐾-isomorphism

Φ𝐾 ∘ Θ∶ 𝐆𝐾 ⟶ 𝐆′
𝐾 ⟶ 𝐆″

𝐾.

Since Φ𝐾 is Gal(𝐾|𝑘)-invariant, we get for all 𝜎 ∈ Gal(𝐾|𝑘) that

(Φ𝐾 ∘ Θ)−1 ∘ 𝜎(Φ𝐾 ∘ Θ) = Θ−1 ∘ Φ−1
𝐾 ∘ 𝜎Φ𝐾 ∘ 𝜎Θ

= Θ−1 ∘ Φ−1
𝐾 ∘ Φ𝐾 ∘ 𝜎Θ

= Θ−1 ∘ 𝜎Θ.

So the cocycles defined by 𝐆′ and 𝐆″ are the same. Hence, we in fact obtain a map

Ω∶ 𝐸(𝐾|𝑘,𝐆) ⟶ 𝐻1(𝐾|𝑘;Aut𝐾(𝐆𝐾)).

Notice that by construction the image of 𝐆 under Ω is the trivial cocycle.

Proposition 1.1.51. Let 𝐾|𝑘 be a Galois extension and let 𝐆 be an algebraic group
over 𝑘. The map Ω constructed above is injective.

Proof. Let 𝐆′,𝐆″ be two 𝐾|𝑘-forms of 𝐆 whose associated cocycles are cohomologous.
This means that for 𝐾-isomorphisms Θ∶ 𝐆𝐾 → 𝐆′

𝐾 and Φ∶ 𝐆𝐾 → 𝐆″
𝐾, there exists

𝑎 ∈ Aut𝐾(𝐆𝐾) such that

Φ−1 ∘ 𝜎Φ = 𝑎−1 ∘ Θ−1 ∘ 𝜎Θ ∘ 𝜎𝑎,

for all 𝜎 ∈ Gal(𝐾|𝑘). Equivalently, we have for all 𝜎 ∈ Gal(𝐾|𝑘) that

Θ ∘ 𝑎 ∘ Φ−1 = 𝜎Θ ∘ 𝜎𝑎 ∘ 𝜎Φ−1 = 𝜎(Θ ∘ 𝑎 ∘ Φ−1).

So Θ∘𝑎∘Φ−1 ∶ 𝐆″
𝐾 → 𝐆′

𝐾 is a Gal(𝐾|𝑘)-invariant 𝐾-isomorphism and thus already given
by a 𝑘-isomorphism 𝐆″ ≅𝑘 𝐆′.

Proposition 1.1.52. Let 𝐾|𝑘 be a Galois extension and let 𝐆 be an affine algebraic
group over 𝑘. The map Ω constructed above is surjective.

Sketch of proof. Since every affine algebraic group and every automorphism of such an
algebraic group is defined by finitely many polynomials, we may assume without loss of
generality that we are working over a finite Galois extension 𝐾|𝑘.

Let
𝜑∶ Gal(𝐾|𝑘) → Aut𝐾(𝐆𝐾)
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be a cocycle representing an element in 𝐻1(Gal(𝐾|𝑘),Aut𝐾(𝐆𝐾)). Using this cocycle,
we define

𝜑∶ Gal(𝐾|𝑘) ⟶ Aut𝑘(𝐆𝐾)
𝜎 ⟼ 𝜑(𝜎) ∘ (𝜎∗)−1,

where 𝜎∗ ∶ 𝑋𝐾 → 𝑋𝐾 is the 𝑘-isomorphism constructed in Remark 1.1.45. This is in fact
a group homomorphism, as for 𝜎, 𝜏 ∈ Gal(𝐾|𝑘) we have

𝜑(𝜎 ∘ 𝜏) = 𝜑(𝜎 ∘ 𝜏) ∘ ((𝜎 ∘ 𝜏)∗)−1

= 𝜑(𝜎 ∘ 𝜏) ∘ (𝜏∗ ∘ 𝜎∗)−1

= 𝜑(𝜎 ∘ 𝜏) ∘ (𝜎∗)−1 ∘ (𝜏∗)−1

= 𝜑(𝜎) ∘ 𝜎𝜑(𝜏) ∘ (𝜎∗)−1 ∘ (𝜏∗)−1 (by the cocycle condition)
= 𝜑(𝜎) ∘ (𝜎∗)−1 ∘ 𝜑(𝜏) ∘ 𝜎∗ ∘ (𝜎∗)−1 ∘ (𝜏∗)−1

= 𝜑(𝜎) ∘ 𝜑(𝜏).

Here we have used the description of the Gal(𝐾|𝑘)-action given in Remark 1.1.45.
Since Gal(𝐾|𝑘) is a finite group, we can now form the quotient

𝜎𝐆 = Gal(𝐾|𝑘)⟍
𝐆𝐾.

In our setting of affine algebraic groups, it is actually feasible to describe this quotient.
Write 𝐆 = Spec𝑆, where 𝑆 is the Hopf algebra of 𝐆. Then 𝐆𝐾 = Spec(𝑆 ⊗𝑘 𝐾)
and the Galois action on 𝐆𝐾 (as a 𝑘-scheme) gives an action on 𝑆 ⊗𝑘 𝐾 by 𝑘-algebra
homomorphisms. Then, as a scheme, we have 𝜎𝐆 = Spec((𝑆 ⊗𝑘 𝐾)Gal(𝐾|𝑘)). Since
Gal(𝐾|𝑘) is finite, the 𝑘-algebra (𝑆 ⊗𝑘 𝐾)Gal(𝐾|𝑘) is again of finite type [72][27, Theorem
13.17] and thus 𝜎𝐆 is a 𝑘-scheme of finite type.

Moreover, one can check that the action of Gal(𝐾|𝑘) is compatible with the 𝐾-Hopf
algebra structure of 𝑆 ⊗𝑘 𝐾, which is due to the fact that 𝐾Gal(𝐾|𝑘) = 𝑘. This gives a
𝑘-Hopf algebra structure on (𝑆 ⊗𝑘𝐾)Gal(𝐾|𝑘) and thus the structure of an algebraic group
over 𝑘 on 𝜎𝐆.

By construction, one can show that (𝜎𝐆)𝐾 ≅𝐾 𝐆𝐾, i.e. that 𝜎𝐆 is a 𝐾|𝑘-form of 𝐆.
Finally, we also have by construction that the cocycle associated with 𝜎𝐆 is cohomologous
to 𝜑, which shows the desired surjectivity. “ ”

We note that while we only gave an argument for the case of affine algebraic groups
this is more generally true for all algebraic groups [95, Chapter III, §1.3].

1.2 Affine algebraic groups
In the following, we will introduce some notions from the theory of affine algebraic groups.
This will by no means be a comprehensive treatment of the theory, but is just intended
to introduce the required terminology we will use later on.
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From now on we assume that all algebraic groups are affine. Moreover, in order to avoid
some subtleties one would need to care for in positive characteristic, we will also assume
that all algebraic groups are smooth and thus in particular reduced. In characteristic
zero this condition is automatically satisfied.

Connected algebraic groups

Recall that a topological space 𝑋 is said to be connected if it cannot be decomposed into
a disjoint union of non-empty open subsets. This definition can in particular be applied
to algebraic groups. In fact, there are multiple equivalent conditions for an algebraic
group 𝐆 = Spec𝑆 over a field 𝐾 to be connected [67, Summary 1.36]:

1. 𝐆 is connected.

2. 𝐆 is geometrically connected.

3. 𝐆 is irreducible.

4. 𝑆 is an integral domain.

In case 𝐆 is not connected, one can always consider the connected component 𝐆0 of
𝐆 containing the identity. Let us gather some properties of this identity component.

Proposition 1.2.1 ([67, Proposition 1.34, Proposition 1.52]). Let 𝐆 be an algebraic
group over a field 𝐾. The identity component 𝐆0 of 𝐆 is a normal algebraic subgroup
of 𝐆. Its formation commutes with extension of the base field, i.e. for every field extension
𝐾′|𝐾 we have (𝐆0)𝐾′ ≅ (𝐆𝐾′)0.

Moreover, a subgroup of 𝐆 has finite index if and only if it contains 𝐆0 [67, Section
6.b]. In particular, connected algebraic groups have no proper algebraic subgroups of
finite index.

Lie algebra of an algebraic group

Let us recall the definition of a Lie algebra.

Definition 1.2.2 (Lie algebra). A Lie algebra over a field 𝐾 is a (finite dimensional)
𝐾-vector space 𝔤 together with a 𝐾-bilinear map

[ ⋅ , ⋅ ] ∶ 𝔤 × 𝔤 ⟶ 𝔤,

called the Lie bracket, such that
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1. [𝑥, 𝑥] = 0 for all 𝑥 ∈ 𝔤 and

2. [𝑥, [𝑦, 𝑧]] + [𝑦, [𝑧, 𝑥]] + [𝑧, [𝑥, 𝑦]] = 0 for all 𝑥, 𝑦, 𝑧 ∈ 𝔤.

The second relation satisfied by the Lie bracket is called the Jacobi identity.

To every algebraic group one can always associate a Lie algebra.

Definition 1.2.3 (Tangent space). Let 𝐾 be a field and 𝐆 an algebraic group over 𝐾.
The tangent space of 𝐆 (at the neutral element) is

𝑇 (𝐆) = ker(𝐆(𝐾[𝜀]) ⟶ 𝐆(𝐾)),

where 𝜀2 = 0 and the map 𝐾[𝜀] → 𝐾 is given by 𝜀 ↦ 0.

It is easy to see that there is an isomorphism

𝑇 (𝐆) ≅ Hom𝐾(𝐼𝐆⟋𝐼2𝐆
,𝐾),

where 𝐼𝐆 is the augmentation ideal, the kernel of the counit 𝐾[𝐆] → 𝐾 [67, Section 10.b,
10.6].

Definition 1.2.4 (Lie algebra of an algebraic group). For an algebraic group 𝐆 over a
field 𝐾, we define the Lie algebra of 𝐆 to be

Lie(𝐆) = Hom𝐾(𝐼𝐆⟋𝐼2𝐆
,𝐾).

While we did not specify the Lie bracket, there is actually a unique functorial way of
defining a bracket on the Lie algebra of an algebraic group [67, Section 10.d].

This associated Lie algebra is a pretty good invariant of the algebraic group. For
example, we have the following properties.

Proposition 1.2.5 ([67, Proposition 10.15]). Let 𝐾 be a field, 𝐆 a connected algebraic
group of 𝐾, and 𝐇 ⊆ 𝐆 a (smooth) algebraic subgroup. If Lie(𝐇) = Lie(𝐆), then 𝐇 = 𝐆.

Proposition 1.2.6 ([67, Corollary 10.17]). Let 𝐾 be a field, 𝐆 a connected algebraic
group over 𝐾, and 𝐇1,… ,𝐇𝑛 (smooth) algebraic subgroups of 𝐆. If the Lie algebras of
the 𝐇𝑖 generate Lie(𝐆) as a Lie algebra, then the 𝐇𝑖 generate 𝐆.

The connectedness assumption is essential as Lie(𝐆0) = Lie(𝐆).

1.2.1 Semisimple and almost simple groups
We now come to an important definition in the theory of affine algebraic groups: the
notion of a semisimple algebraic group.

As in classical group theory, one can define the notion of a solvable algebraic group.
This is done by copying the classical definition.
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Definition 1.2.7 (Solvable algebraic group). Let 𝐾 be a field. An algebraic group 𝐆
over 𝐾 is solvable if it admits a subnormal series

{𝑒} = 𝐆𝑟 ⊴ 𝐆𝑟−1 ⊴ … ⊴ 𝐆0 = 𝐆,

such that each quotient 𝐆𝑖/𝐆𝑖+1 is commutative.

Similar as in the classical theory, subgroups, quotients, and extensions of solvable groups
are again solvable [67, Proposition 6.27]. Using this, one can show that every algebraic
group contains a unique largest connected solvable normal subgroup [67, Proposition
6.42]. This will be relevant in the following definition.

Definition 1.2.8 (Semisimple algebraic group). Let 𝐾 be a field and let 𝐆 be a connected
algebraic group over 𝐾. The largest connected solvable normal subgroup 𝑅(𝐆) of 𝐆 is
called the radical of 𝐆. We call the algebraic group 𝐆 semisimple if the radical over the
algebraic closure is trivial.

Similar to solvability and semisimplicity of algebraic groups, one can also define
solvability and semisimplicity of Lie algebras. Over a field of characteristic zero, a
connected algebraic group is semisimple if and only the associated Lie algebra is [67,
Lemma 23.68].

Example 1.2.9 (GL𝑛 is not semisimple). Let 𝐾 be a field and 𝑛 ∈ ℕ. We consider the
algebraic group GL𝑛. Since scalar multiples of the identity matrix form a connected
solvable normal subgroup isomorphic to 𝐆𝑚, we see that the radical 𝑅(GL𝑛) has to be
non-trivial. In fact, it is easy to see that the radical is indeed isomorphic to 𝐆𝑚. Hence,
GL𝑛 is not semisimple.

In classical group theory there are also simple groups: groups that do not contain
any non-trivial normal subgroups. This definition can also be made for algebraic groups.
However, it is often more useful to only restrict to almost simple groups.

Definition 1.2.10 (Almost simple algebraic group). Let 𝐾 be a field. An algebraic
group 𝐆 over 𝐾 is almost simple, if it is semisimple, non-commutative and every proper
normal algebraic subgroup is finite. If moreover, 𝐆 remains almost simple over 𝐾sep it is
called absolutely almost simple or geometrically almost simple.

Isogenies

First let us define the center of an algebraic group.

Definition 1.2.11 (Center of an algebraic group). Let 𝐾 be a field and 𝐆 an algebraic
group over 𝐾. The center 𝑍(𝐆) of 𝐆 is the algebraic group given by

𝑍(𝐆)(𝐴) = {𝑔 ∈ 𝐆(𝐴) ∣ 𝑔 ∈ 𝑍(𝐆(𝑅)) for all 𝐴-algebras 𝑅},

for all 𝐾-algebras 𝐴. Here 𝑍(𝐆(𝑅)) is the center of the group 𝐆(𝑅), i.e. the subgroup
of elements commuting with every other element.
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One actually needs to verify that the above indeed defines an algebraic group. A
proof can for example be found in the book by Milne [67, Proposition 1.92]. Note that
in general, the center of a smooth algebraic group does not need to be smooth again.
For example, over 𝔽𝑝 the center of SL𝑝 is the non-reduced group 𝜇𝑝. This will not be
relevant for us, but should be kept in mind when working with algebraic groups in positive
characteristic.

Since the center of an algebraic group is always commutative, centers of semisimple
algebraic groups are finite.

Definition 1.2.12 (Isogeny). Let 𝐾 be a field. A surjective homomorphism 𝐆 → 𝐇
of connected algebraic groups over 𝐾 is an isogeny if it has finite kernel. Moreover, an
isogeny is called central if the kernel is contained in the center of 𝐆. If 𝐆 → 𝐇 is an
isogeny we also say that 𝐆 covers 𝐇.

For fields of characteristic zero, every isogeny is central [80, Proposition 5.6.15]. In
case the algebraic group 𝐇 is semisimple, one can show that 𝐆 is also semisimple [67,
Proposition 19.14]. Moreover, it is easy to see that an isogeny of algebraic groups induces
an isomorphism of the corresponding Lie algebras.

By definition, one can think of isogenies as finite sheeted coverings. With this picture
in mind we give the following definition.

Definition 1.2.13 (Simply connected and adjoint groups). Let𝐾 be a field. A semisimple
algebraic group 𝐆 over 𝐾 is simply connected if every central isogeny 𝐇 → 𝐆 is an
isomorphism. Conversely, a semisimple algebraic group 𝐆 over 𝐾 is adjoint if every
central isogeny 𝐆 → 𝐇 is an isomorphism. Equivalently an adjoint group is one with
trivial center [80, Proposition 5.6.19]

So in some sense simply connected groups are precisely those that do not admit non-
trivial finite sheeted coverings and adjoint groups are the ones not covering any other
group.

Proposition 1.2.14 ([80, Proposition 5.6.21][67, Proposition 18.8, Remark 18.27]).
Let 𝐾 be a field and 𝐆 a semisimple group over 𝐾.

1. Among all semisimple groups that centrally cover 𝐆, there is a maximal one 𝐆̃ that
centrally covers all others. This 𝐆̃ is unique up to isomorphism (as a group with
central isogeny to 𝐆) and is simply connected. It is called the simply connected
covering or universal covering of 𝐆.

2. Among all semisimple groups that 𝐆 centrally covers, there is a minimal one Ad𝐆
that is centrally covered by all others. This Ad𝐆 is unique up to isomorphism (as
a group with a central isogeny from 𝐆 to it) and is adjoint. It is called the adjoint
group of 𝐆.

Both the formation of 𝐆̃ and Ad𝐆 commute with extending the base field.

It is easy to see that 𝐆/𝑍(𝐆) has trivial center and thus Ad𝐆 ≅ 𝐆/𝑍(𝐆).
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Corollary 1.2.15. For a semisimple group, being simply connected or adjoint is stable
under extension of the base field.

A special case of an isogeny is an almost direct product.

Definition 1.2.16 (Almost direct product). Let 𝐾 be a field and 𝐆 an algebraic group
over 𝐾. For algebraic subgroups 𝐆1,… ,𝐆𝑟 ≤ 𝐆 we say that 𝐆 is the almost direct
product of the subgroups 𝐆1,… ,𝐆𝑟 if the multiplication map 𝐆1 ×⋯×𝐆𝑟 → 𝐆 is an
isogeny.

Semisimple groups can always be expressed as an almost direct product of almost
simple normal subgroups.

Theorem 1.2.17 ([67, Theorem 21.51]). Let 𝐆 be a semisimple algebraic group over
a field 𝐾. Then 𝐆 has only finitely many almost simple normal algebraic subgroups
𝐆1,… ,𝐆𝑟, and it is the almost direct product of them. Every connected normal subgroup
of 𝐆 is the product of those 𝐆𝑖 that are contained in it and is centralized by the remaining
ones.

The 𝐆𝑖 in the above theorem are called the almost simple factors of 𝐆.

Corollary 1.2.18. Let 𝐾 be a field of characteristic zero and let 𝐆 be a simply connected
semisimple algebraic group over 𝐾. Then 𝐆 is the direct product of its almost simple
factors.

Proof. By the above theorem we have an isogeny

𝐆1 ×⋯×𝐆𝑟 ⟶ 𝐆.

As we are in characteristic zero, this isogeny is automatically central. Thus, 𝐆 being
simply connected gives that this isogeny is an isomorphism.

1.2.2 Algebraic tori and rank

Definition 1.2.19 (Split torus, algebraic torus). Let 𝐾 be a field. A split torus over 𝐾
is an algebraic group over 𝐾 isomorphic to 𝐆𝑛

𝑚 for some 𝑛 ∈ ℕ. An (algebraic) torus
over 𝐾 is an algebraic group that is a 𝐾-form of a split torus, i.e. isomorphic to 𝐆𝑛

𝑚
over 𝐾sep for some 𝑛 ∈ ℕ. In both cases we call 𝑛 the rank of the torus.

Example 1.2.20. Let 𝐾 be a field. In Example 1.1.40, we have seen that the algebraic
groups 𝐆𝑎 ∶ Alg𝐾 → Group given by

𝐆𝑎(𝐴) = {(𝑥 𝑎𝑦
𝑦 𝑥 ) ∣ 𝑥, 𝑦 ∈ 𝐴, 𝑥2 − 𝑎𝑦2 = 1} ≤ SL2(𝐴),

for 𝑎 ∈ 𝐾×, are 𝐾-forms of 𝐆𝑚. Hence, these give first examples of algebraic tori of rank
1 over 𝐾.
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Example 1.2.21. Let 𝐾|𝑘 be a finite Galois extension. As seen in Remark 1.1.38, the
base changed restriction (Res𝐾|𝑘 𝐆𝑚)𝐾 is isomorphic to ∏𝜎∈Gal(𝐾|𝑘) 𝐆𝜎

𝑚. Now over the
separable closure every factor is again isomorphic to 𝐆𝑚, thus showing that Res𝐾|𝑘 𝐆𝑚
is an algebraic tori.

In a given algebraic group, we can consider subgroups that are algebraic tori.

Definition 1.2.22 (Rank of an algebraic group). Let 𝐾 be a field and 𝐆 an algebraic
group over 𝐾. The (absolute) rank of 𝐆, denoted by rank𝐆, is the rank of a maximal
torus in 𝐆𝐾sep. The 𝐾-rank of 𝐆, denoted by rank𝐾 𝐆, is the rank of a maximal split
torus of 𝐆.

For the notion of rank to be well-defined we need the rank of maximal tori to always
be the same. In fact, any two maximal tori are conjugate to one another [67, Theorem
17.10]. Obviously, the 𝐾-rank is always less than or equal to the absolute rank. If the
two are equal the algebraic group is called split.

Definition 1.2.23 (Split group). Let 𝐾 be a field and 𝐆 a semisimple algebraic group
over 𝐾. We call 𝐆 split if it contains a split maximal torus, i.e. if rank𝐆 = rank𝐾 𝐆.

If one would like to be more precise, we should actually call such groups splittable and
only call them split once we chose a split maximal torus. This is also the convention
some authors, like Milne [67, Definition 19.22] for example, use.

As the “opposite” of split groups, with maximal 𝐾-rank, there are also anisotropic
groups of minimal 𝐾-rank.

Definition 1.2.24 (Anisotropic group). Let 𝐾 be a field. A semisimple algebraic group 𝐆
over 𝐾 is called anisotropic if it has 𝐾-rank rank𝐾 𝐆 = 0.

Over the reals every semisimple algebraic group has a unique anisotropic form.

Theorem 1.2.25 (Cartan [67, Theorem 25.56]). Every semisimple algebraic group over
the reals has an anisotropic form, which is unique up to isomorphism.

1.2.3 On the classification of semisimple algebraic groups

Above we have seen that every semisimple algebraic group admits a central covering by
a simply connected semisimple algebraic group. Thus, our classification will only be up
to isogeny.

Definition 1.2.26 (Isogenous). Let 𝐾 be a field and 𝐆,𝐆′ be two semisimple algebraic
groups over 𝐾. We say 𝐆 and 𝐆′ are (strictly) isogenous if there are central isogenies
𝐇 → 𝐆 and 𝐇 → 𝐆′, i.e. if they have the same simply connected covering.
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The case of algebraically closed fields of characteristic zero

Let us first assume that we are working over a field of characteristic zero. Here we can use
that a connected algebraic group is semisimple if and only if its Lie algebra is. Moreover,
for every semisimple Lie algebra 𝔤 one can construct a simply connected semisimple alge-
braic group 𝐆(𝔤), having 𝔤 as Lie algebra [67, Theorem 23.70]. Hence, classifying simply
connected semisimple algebraic groups is precisely the same as classifying semisimple Lie
algebras.

For algebraically closed fields of characteristic zero there is a well-known classification
of semisimple Lie algebras in terms of their root systems and thus Dynkin diagrams.
This is for example extensively discussed in the book of Humphreys [44, Chapter II–V].
So here simply connected semisimple groups can also be classified in terms of Dynkin
diagrams.

A𝑛

B𝑛

C𝑛

D𝑛

E6

E7

E8

F4

G2

Figure 1.1: The connected Dynkin diagrams

The case of algebraically closed fields

Now let us assume that the field 𝐾 we are working with is algebraically closed. In contrast
to the characteristic zero case, algebraic groups do not need to be semisimple if and only
if the associated Lie algebra is semisimple. Even if this were the case, there is not such a
nice classification of semisimple Lie algebras in terms of their Dynkin diagrams as in the
characteristic zero situation.

However, surprisingly, one can still classify semisimple algebraic groups in terms of
root systems and Dynkin diagrams. For that purpose let 𝐆 be a semisimple algebraic

30



1.2 Affine algebraic groups

group over 𝐾, let 𝐓 ≤ 𝐆 be a maximal (split) torus and let 𝔤 be the Lie algebra of 𝐆.
Then one can consider the so-called adjoint representation [67, Section 10.d]

Ad ∶ 𝐓 ⟶ GL𝔤 .

As 𝐓 is isomorphic to 𝐆𝑛
𝑚, this representation can be diagonalized to give a finite

decomposition
𝔤 = 𝔤0 ⊕ ⨁

𝛼∈Φ(𝐆,𝐓)
𝔤𝛼,

which can be used to define a root system of (𝐆,𝐓) [67, Section 21.a, Section 21.c].
These root systems completely classify simply connected semisimple groups [67, Theorem
23.58, Proposition 23.59] and can in turn again be classified by Dynkin diagrams.

The general case

Finally, let us consider the case where 𝐾 does not need to be algebraically closed. The
constructions used in the case of algebraically closed fields only relied on the maximal
torus being split. Thus, the same arguments can also be applied for split groups with a
chosen split maximal torus.

Theorem 1.2.27 ([67, Theorem 23.62, Proposition 24.1]). Let 𝐾 be a field. Two split
semisimple groups over 𝐾 are strictly isogenous if and only if they have the same Dynkin
diagram. Every Dynkin diagram arises from a split simply connected semisimple group
over 𝐾. Such a group is absolutely almost simple if and only if its Dynkin diagram is
connected.

This theorem only deals with the classification of split semisimple groups. For a general
simply connected semisimple group 𝐆 defined over 𝐾, the base change to the separable
closure 𝐆𝐾sep is always split. Thus, we obtain a corresponding Dynkin diagram associated
to 𝐆. We call the type of the Dynkin diagram (A𝑛,B𝑛,… ) the Cartan–Killing type of 𝐆.
By the classification, there is a unique split simply connected semisimple group 𝐇 over
𝐾 with the same Cartan–Killing type as 𝐆. By uniqueness, we get that 𝐆𝐾sep and 𝐇𝐾sep

have to be isomorphic, so 𝐆 and 𝐇 are 𝑘-forms of one another. We call 𝐇 the split form
of 𝐆.

Remark 1.2.28 (Studying forms of split simply connected semisimple groups). Let 𝐾
be a field and let 𝐆 be a split simply connected semisimple group over 𝐾. Here one can
identify the short exact sequence

1 Inn(𝐆) Aut(𝐆) Out(𝐆) 1,

where Aut(𝐆) is the group of 𝐾-automorphisms of 𝐆 and Inn(𝐆) is the subgroup of
automorphisms that become inner over 𝐾sep, with the split short exact sequence

1 Ad𝐆(𝐾) Aut(𝐆) SymΔ 1,
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where SymΔ is the group of Dynkin diagram symmetries of the Dynkin diagram associated
to 𝐆 [67, Section 24.b]. In particular, over the separable closure 𝐾sep this gives a short
exact sequence

1 Ad𝐆(𝐾sep) Aut(𝐆𝐾sep) SymΔ 1,

which is additionally Gal(𝐾)-equivariant with respect to the trivial action on SymΔ [67,
Section 24.b, 24.7].

Thus, applying Galois cohomology to this exact sequence, gives a short exact sequence
(of pointed sets)

1 𝐻1(𝐾;Ad𝐆) 𝐻1(𝐾;Aut𝐆) 𝐻1(𝐾;SymΔ) 1,

which again splits. Here, the inner forms of 𝐆 (Remark 1.1.44) are precisely the ones in
the image of the first map.

For our purpose, we say that a form of 𝐆 is quasi-split if its corresponding element of
𝐻1(𝐾;Aut𝐆) lies in the image of the splitting. To any form 𝐇 of 𝐆 we can associate a
quasi-split form 𝐇′, called the quasi-split form of 𝐇, by first mapping to 𝐻1(𝐾;SymΔ)
and then going back using the splitting. By twisting the above sequence with the cocycle
representing 𝐇′ one can see that 𝐇 is an inner form of its quasi-split group [67, Theorem
23.51, Corollary 23.53]. Two forms of 𝐆 are inner twists of one another if they have the
same quasi-split form.

The inner forms of a quasi-split form 𝐆′ can in turn be studied by applying Galois
cohomology to the short exact sequence

1 𝑍(𝐆′) 𝐆′ Ad𝐆′ 1

of algebraic 𝐾-groups. On the 𝐾sep-points this sequence stays exact and as 𝑍(𝐆′)(𝐾sep)
is central in 𝐆′(𝐾sep), we obtain a “long” exact sequence of pointed sets

1 𝑍(𝐆′)(𝐾) 𝐆′(𝐾) Ad𝐆′(𝐾)

𝐻1(𝐾;𝑍(𝐆′)) 𝐻1(𝐾;𝐆′) 𝐻1(𝐾;Ad𝐆′) 𝐻2(𝐾;𝑍(𝐆′))

in Galois cohomology from Proposition A.3.10.
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Chapter 2
𝑆-arithmetic groups

Given an algebraic group over ℚ, we would like to be able to talk about its “integral
points”. In case the algebraic group is already defined over ℤ, like GL𝑛 or SL𝑛 for
example, this notion should coincide with the integral points of the corresponding group
scheme, i.e. with GL𝑛(ℤ) or SL𝑛(ℤ) respectively. However, in general it is not obvious
how one can define such a notion. With Section 1.1.4 on models of group schemes in
mind, we would like to define the integral points of an algebraic group to be the ℤ-points
of an integral model of this group. This immediately raises two questions:

1. Do integral models of algebraic groups always exist?

2. How do the integral points differ for different integral models?
For affine algebraic groups, we will answer both of these question in this chapter.

Moreover, in the end we will also discuss the congruence subgroup problem which asks
about the relation between arithmetic and congruence subgroups. As we will do all of
this not only over ℚ, but more generally over any number field, we first include a primer
on some of the necessary notions.

From now on, we will assume that all algebraic groups are affine. Moreover, we also
assume, unless explicitly stated otherwise, that all group schemes are affine and of finite
type over their base.

Overview of this chapter
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2 𝑆-arithmetic groups

2.1 Number fields and adèles
2.1.1 Normed and valued fields
Definition 2.1.1 (Normed field). Let 𝐾 be a field. A norm on 𝐾 is a map | ⋅ | ∶ 𝐾 → ℝ≥0
such that:

1) For all 𝑥 ∈ 𝐾, we have |𝑥| = 0 if and only if 𝑥 = 0.

2) For all 𝑥, 𝑦 ∈ 𝐾, we have |𝑥 ⋅ 𝑦| = |𝑥| ⋅ |𝑦|.

3) For all 𝑥, 𝑦 ∈ 𝐾, we have |𝑥 + 𝑦| ≤ |𝑥| + |𝑦|.

A field together with a norm is called a normed field.

We usually denote the norm of a normed field 𝐾 by | ⋅ |𝐾. If the field is clear from the
context we might also just write | ⋅ |.

Example 2.1.2. The usual absolute value on ℚ,ℝ and ℂ is a norm. For reasons that
will become apparent later on, we denote this norm on ℚ by | ⋅ |∞.

One way of obtaining normed fields is by using valuations.

Definition 2.1.3 (Valuation). Let 𝐾 be a field. A (discrete) valuation on 𝐾 is a
surjective group homomorphism 𝑣∶ 𝐾× → ℤ such that

𝑣(𝑥 + 𝑦) ≥ min(𝑣(𝑥), 𝑣(𝑦))

for all 𝑥, 𝑦 ∈ 𝐾.

By convention, we usually write 𝑣(0) = ∞ and consider a valuation to be a map
𝐾 → ℤ ∪ {∞}.

Example 2.1.4 (𝑝-adic valuation). Let 𝑝 be a prime. We define the 𝑝-adic valuation 𝜈𝑝
on ℚ as follows. For 𝑥 ∈ ℚ× we can decompose its denominator and numerator uniquely
into prime factors to obtain a unique description

𝑥 = 𝜀(𝑥)∏
𝑞 prime

𝑞𝜈𝑞(𝑥),

where 𝜀(𝑥) ∈ {±1} and 𝜈𝑞(𝑥) ∈ ℤ is non-zero for only finitely many primes 𝑞.
It is easy to see that 𝜈𝑝 defines a surjective group homomorphism. To verify the

defining property let 𝑥, 𝑦 ∈ ℚ× and assume without loss of generality that 𝜈𝑝(𝑥) ≤ 𝜈𝑝(𝑦).
Then

𝑥 + 𝑦 = 𝜀(𝑥)∏
𝑞
𝑞𝜈𝑞(𝑥) + 𝜀(𝑦)∏

𝑞
𝑞𝜈𝑞(𝑦)

= 𝑝𝜈𝑞(𝑥) ⋅ ⎛
⎝
𝜀(𝑥)∏

𝑞
𝑞𝜈𝑞(𝑥) + 𝜀(𝑦)𝑝𝜈𝑝(𝑦)−𝜈𝑝(𝑥) ∏

𝑞≠𝑝
𝑞𝜈𝑞(𝑦)⎞

⎠
,

where the last factor can only contain non-negative powers of 𝑝. Thus, we have

𝜈𝑝(𝑥 + 𝑦) ≥ 𝜈𝑝(𝑥) = min(𝜈𝑝(𝑥), 𝜈𝑝(𝑦)).
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2.1 Number fields and adèles

Example 2.1.5 (𝔭-adic valuation). As a generalization of the above example, let 𝑅 be a
Dedekind domain with field of fractions 𝐾 and let 𝔭 ⊆ 𝑅 be a maximal ideal. The 𝔭-adic
valuation on 𝐾 is given as follows. For a non-zero element 𝑎 ∈ 𝑅, we can decompose the
ideal (𝑎) uniquely as a product of maximal ideals

(𝑎) = ∏
𝔮∈mSpec(𝑅)

𝔮𝜈𝔮(𝑎).

Then writing 𝑥 ∈ 𝐾× as a fraction 𝑥 = 𝑎/𝑏 with 𝑎, 𝑏 ∈ 𝑅 ∖ {0} we define

𝜈𝔭(𝑥) = 𝜈𝔭(𝑎) − 𝜈𝔭(𝑏).

Similar as above, one can show that this defines a valuation on 𝐾 [53, Proposition 6.2].

Example 2.1.6 (Normed fields using valuations). Let 𝐾 be a field with a valuation 𝑣
and let 0 < 𝑎 < 1. Using the valuation, one can define a norm on 𝐾 as |𝑥|𝑣 = 𝑎𝑣(𝑥),
where we use the convention 𝑎∞ = 0.

From the defining property of a valuation, we get that | ⋅ |𝑣 not only satisfies the triangle
inequality, but also the strong triangle inequality

|𝑥 + 𝑦| ≤ max(|𝑥|, |𝑦|) for all 𝑥, 𝑦 ∈ 𝐾.

Example 2.1.7 (𝑝-adic norm). Using the 𝑝-adic valuation, for some prime 𝑝, we can
define the 𝑝-adic norm | ⋅ |𝑝 on ℚ. Here one usually uses the base 𝑝−1, such that
|𝑥|𝑝 = 𝑝−𝜈𝑝(𝑥) for all 𝑥 ∈ ℚ. With this definition it is easy to see that

|𝑥|∞ ⋅ ∏
𝑝 prime

|𝑥|𝑝 = 1 for all 𝑥 ∈ ℚ×.

Definition 2.1.8 ((Non-)Archimedean norm). A norm | ⋅ | on a field 𝐾 is called non-
Archimedean if it satisfies the strong triangle inequality

|𝑥 + 𝑦| ≤ max(|𝑥|, |𝑦|)

for all 𝑥, 𝑦 ∈ 𝐾. Otherwise, it is called an Archimedean norm.

In many cases, the strong triangle inequality is very useful.

Proposition 2.1.9 (Norm estimation for zeros of polynomials). Let 𝐾 be a non-
Archimedean normed field. Any zero 𝑥 ∈ 𝐾 of a monic polynomial

𝑝 = 𝑇 𝑛 + 𝑎𝑛−1𝑇𝑛−1 +⋯+ 𝑎1𝑇 + 𝑎0 ∈ 𝐾[𝑇 ]

satisfies
|𝑥| ≤ max{1, |𝑎𝑛−1|,… , |𝑎0|}.
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2 𝑆-arithmetic groups

Proof. If 𝑥 ≤ 1 there is nothing to show, so let us assume |𝑥| > 1. Then 𝑥 is in particular
non-zero, so we can write

𝑥 = 𝑥𝑛𝑥−𝑛+1

= (−1)(𝑎𝑛−1𝑥𝑛−1 +⋯+ 𝑎1𝑥 + 𝑎0)𝑥−𝑛+1

= (−1)(𝑎𝑛−1 + 𝑎𝑛−2𝑥−1 +⋯+ 𝑎2𝑥2−𝑛 + 𝑎0𝑥1−𝑛).

Thus, we obtain

|𝑥| = |𝑎𝑛−1 + 𝑎𝑛−2𝑥−1 +⋯+ 𝑎2𝑥2−𝑛 + 𝑎0𝑥1−𝑛|
≤ max{|𝑎𝑛−1|, |𝑎𝑛−2||𝑥|−1,… , |𝑎2||𝑥|2−𝑛, |𝑎0||𝑥|1−𝑛}
≤ max{|𝑎𝑛−1|, |𝑎𝑛−2|,… , |𝑎2|, |𝑎0|},

as |𝑥| > 1.

Lemma 2.1.10 (Valuation ring). Let 𝐾 be a non-Archimedean normed field. Then

𝒪 = {𝑥 ∈ 𝐾 | |𝑥| ≤ 1} ⊆ 𝐾

is a local ring with maximal ideal

𝓂 = {𝑥 ∈ 𝐾 | |𝑥| < 1}.

It is called the valuation ring of 𝐾.
Proof. Obviously, we have 0, 1 ∈ 𝒪. Moreover, for 𝑥, 𝑦 ∈ 𝐾 with |𝑥|, |𝑦| ≤ 1 we have

|𝑥 ⋅ 𝑦| = |𝑥| ⋅ |𝑦| ≤ 1 and |𝑥 + 𝑦| ≤ max(|𝑥|, |𝑦|) ≤ 1,

proving that 𝒪 is indeed a ring. A similar argument, where we replace “≤” by “<”, shows
that 𝓂 is an ideal.

In order to see that 𝒪 is local with maximal ideal 𝓂, we prove that every element not
in 𝓂 is a unit in 𝒪. Let 𝑥 ∈ 𝒪 with |𝑥| = 1, by multiplicativity

|𝑥−1| = |𝑥|−1 = 1.

So 𝑥−1 ∈ 𝒪, showing that 𝑥 is a unit.

Using Proposition 2.1.9, we immediately see that the valuation ring is always integrally
closed.
Example 2.1.11 (Valuation ring of 𝑝-adic valuation). Let 𝑝 be a prime. Then the
valuation ring of ℚ with respect to the 𝑝-adic norm is

𝒪 = {𝑥 ∈ ℚ | |𝑥|𝑝 ≤ 1} = {𝑥 ∈ ℚ | 𝜈𝑝(𝑥) ≥ 1}.

Thus, 𝒪 consists of only those reduced fractions whose denominators do not contain any
powers of 𝑝. So 𝒪 equals the localization ℤ(𝑝) of ℤ at the ideal generated by 𝑝.

More generally, let 𝑅 be a Dedekind domain with field of fractions 𝐾 and let 𝔭 ⊆ 𝑅 be
a maximal ideal. Then the valuation ring of 𝐾 with respect to the 𝔭-adic norm is

𝒪 = {𝑥 ∈ 𝐾 | |𝑥|𝔭 ≤ 1} = {𝑥 ∈ 𝐾 | 𝜈𝔭(𝑥) ≥ 1}.

So 𝒪 consists of all elements whose denominators do not contain elements in 𝔭, i.e.
𝒪 = 𝑅𝔭, the localization of 𝑅 at 𝔭 [53, Proposition 6.14].
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Complete normed fields

Similarly to how the real numbers can be obtained from ℚ by completing with respect to
the absolute value, one can complete any field 𝐾 with respect to any norm | ⋅ |. This is
achieved by considering the ring of Cauchy sequences (with respect to | ⋅ |) and taking
the residue field 𝐾 of the maximal ideal given by all null sequences. Then 𝐾 can be
embedded densely into 𝐾 as the constant sequences. Moreover, the given norm can be
uniquely extended to a norm on 𝐾 by defining

∣[(𝑎𝑛)𝑛∈ℕ]∣ = lim
𝑛→∞

|𝑎𝑛|.

Finally, one can show that (𝐾, | ⋅ |) is the (up to isomorphism) unique complete normed
field that contains (𝐾, | ⋅ |) as a dense subfield. The details of this process can for example
be found in the book of Keune [53, Section 10.2].

In case the given norm is Archimedean, we have the following surprising result.

Theorem 2.1.12 (Ostrowski [70, Kapitel II, Theorem 4.2]). Let 𝐾 be an Archimedean
normed field. Then, as a normed field, the completion 𝐾 is isomorphic to either ℝ or ℂ.

Remark 2.1.13 (Archimedean norms as embeddings). As a normed field 𝐾 can always
be embedded into the completion 𝐾, the above theorem gives that every Archimedean
norm on a field 𝐾 comes from an embedding 𝐾 ↪ ℂ by restricting the norm on ℂ to
one on 𝐾.

If the image of such an embedding lies in ℝ, the completion with respect to this norm
will be isomorphic to ℝ. If the image does not lie in ℝ, we can apply complex conjugation
to obtain another embedding 𝐾 ↪ ℂ which induces the same norm on 𝐾, and thus will
give the same completion, isomorphic to ℂ.

Example 2.1.14 (Completions of ℚ). Let us take a look at the different completions
of ℚ. Completing with respect to the absolute value | ⋅ |∞ gives the real numbers. For a
prime 𝑝, the completion of ℚ with respect to the 𝑝-adic norm | ⋅ |𝑝 is given by the 𝑝-adic
numbers

ℚ𝑝 =
⎧
⎨⎩

∞
∑
𝑖=𝑘

𝑎𝑖𝑝𝑖 ∣ 𝑘 ∈ ℤ, 𝑎𝑖 ∈ {0,… , 𝑝 − 1} for all 𝑖 ≥ 𝑘
⎫
⎬⎭
.

The norm of a (non-zero) formal power series 𝑠 = ∑𝑎𝑖𝑝𝑖 is |𝑠|𝑝 = 𝑝−𝑘, where 𝑘 is the
smallest integer 𝑖 with 𝑎𝑖 ≠ 0. Thus, the valuation ring is given by the 𝑝-adic integers

ℤ𝑝 =
⎧
⎨⎩

∞
∑
𝑖=0

𝑎𝑖𝑝𝑖 ∣ 𝑎𝑖 ∈ {0,… , 𝑝 − 1} for all 𝑖 ∈ ℕ
⎫
⎬⎭
.

Equivalence of norms and places

Note that, both the notion of a Cauchy sequence and a null sequence do not directly
depend on the given norm, but only on the equivalence class of the norm.
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2 𝑆-arithmetic groups

Definition 2.1.15 (Equivalence of norms). Let 𝐾 be a field. Two norms | ⋅ |1, | ⋅ |2 on 𝐾
are called equivalent if they define the same topology on 𝐾.

Equivalently, there exists an 𝑠 ∈ ℝ>0 such that

|𝑥|1 = |𝑥|2𝑠

for all 𝑥 ∈ 𝐾 [53, Proposition 10.5].

Note that by using the second characterization, the valuation ring (Lemma 2.1.10)
does not change when using an equivalent norm.

In fact, we have already seen equivalent norms. Namely, the ones coming from
valuations.

Example 2.1.16 (Equivalent norms from valuations). Let 𝐾 be a field, 𝑣 a valuation
on 𝐾 and 0 < 𝑎 < 1. In Example 2.1.6 we have seen that |𝑥|𝑣,𝑎 = 𝑎𝑣(𝑥) defines a norm
on 𝐾. This norm will depend on the chosen base 𝑎, but changing the base always gives
an equivalent norm. For 0 < 𝑏 < 1 and 𝑥 ∈ 𝐾 we have

|𝑥|𝑣,𝑏 = 𝑏𝑣(𝑥) = 𝑎log𝑎(𝑏)𝑣(𝑥) = |𝑥|𝑣,𝑎log𝑎(𝑏).

Over the rational numbers, it is not too hard to classify all norms up to equivalence.

Theorem 2.1.17 (Ostrowski [70, Kapitel II, Satz 3.7]). Every norm on ℚ is either
equivalent to the absolute value | ⋅ |∞ or a 𝑝-adic norm | ⋅ |𝑝 for some prime 𝑝.

As equivalent norms define the same topology and the same completion, we are usually
only interested in norms up to equivalence.

Definition 2.1.18 (Place of a field). Let 𝐾 be a field. A place of 𝐾 is an equivalence
class of a norm with respect to equivalence of norms. We call a place finite if some (and
thus every) norm representing it is non-Archimedean. Otherwise, i.e. if some (and thus
every) representing norm is Archimedean, we will call the place infinite.

The set of all places is denoted by 𝑉 (𝐾), the set of finite places by 𝑉𝑓(𝐾) and the set
of infinite places by 𝑉∞(𝐾).

By Example 2.1.16, all norms coming from a valuation are equivalent. Thus, for a
valuation 𝑣 on a field 𝐾 we will usually just write 𝑣 ∈ 𝑉 (𝐾) to denote the equivalence
class given by the norms induced from 𝑣. Moreover, we will also simply write 𝐾𝑣 to
denote the completion of 𝐾 with respect to any of these norms.

Remark 2.1.19 (Real and complex places). By Theorem 2.1.12, we know that the
completion of a field 𝐾 with respect to an Archimedean norm will be isomorphic to either
ℝ or ℂ. Using this, we call an infinite place real if the completion is isomorphic to ℝ and
complex if the completion is isomorphic to ℂ.

By further using our observation in Remark 2.1.13, we can then identify real places
with embeddings 𝐾 ↪ ℝ and complex places with pairs of complex conjugate embeddings
𝐾 ↪ ℂ.
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2.1.2 Number fields
Definition 2.1.20 (Number field, ring of integers). A number field is a finite field
extension of the rational numbers ℚ.

For a number field 𝐾 we define its ring of integers to be

𝒪𝐾 ≔ {𝑥 ∈ 𝐾 | there exists 𝑝 ∈ ℤ[𝑇 ] monic such that 𝑝(𝑥) = 0}.

It is well-known that any number field admits an integral basis, i.e. a ℤ-basis (𝛼1,… , 𝛼𝑛)
of 𝒪𝐾 where 𝑛 = [𝐾 ∶ ℚ] [70, Kapitel I, Satz 2.10][53, Corollary 1.38], and that the ring
of integers is a Dedekind domain [70, Kapitel I, Theorem 3.1][53, Theorem 2.46].

Proposition 2.1.21 (Field of fractions of 𝒪𝐾). Let 𝐾 be a number field with ring of
integers 𝒪𝐾. Then 𝐾 is the field of fractions of 𝒪𝐾.

Proof. Denote by 𝐿 ⊆ 𝐾 the field of fractions of 𝒪𝐾. Now let 𝑥 ∈ 𝐾. Since 𝐾|ℚ is a
finite, and thus algebraic, field extension, 𝑥 ∈ 𝐾 is algebraic over ℚ. Thus, there exists a
polynomial

𝑝 = 𝑎𝑛𝑇𝑛 + 𝑎𝑛−1𝑇𝑛−1 +⋯+ 𝑎1𝑇 + 𝑎0 ∈ ℚ[𝑇 ],

such that 𝑝(𝑥) = 0. By clearing the denominators, we can assume without loss of
generality that 𝑝 ∈ ℤ[𝑇 ]. Then

0 = 𝑎𝑛−1
𝑛 𝑝(𝑥)

= 𝑎𝑛−1
𝑛 (𝑎𝑛𝑥𝑛 + 𝑎𝑛−1𝑥𝑛−1 +⋯+ 𝑎1𝑥 + 𝑎0)

= 𝑎𝑛𝑛𝑥𝑛 + 𝑎𝑛−1𝑎𝑛−1
𝑛 𝑥𝑛−1 +⋯+ 𝑎1𝑎𝑛−1

𝑛 𝑥 + 𝑎𝑛−1
𝑛 𝑎0

= (𝑎𝑛𝑥)𝑛 + 𝑎𝑛−1(𝑎𝑛𝑥)𝑛−1 +⋯+ 𝑎1𝑎𝑛−2
𝑛 (𝑎𝑛𝑥) + 𝑎𝑛−1

𝑛 𝑎0.

So 𝑎𝑛𝑥 is a zero of a monic integral polynomial, i.e. an element in 𝒪𝐾. Using 𝑎𝑛 ∈ ℤ ⊆ 𝒪𝐾
we thus get 𝑥 = 𝑎𝑛𝑥

𝑎𝑛
∈ 𝐿.

Remark 2.1.22. In fact, the above proof shows that already the localization of 𝒪𝐾 at
the subring ℤ gives 𝐾.

Proposition 2.1.23 ([53, Lemma 3.17]). Let 𝐾 be a number field. Every non-trivial
ideal 𝔞 ⊆ 𝒪𝐾 is of finite index, i.e. 𝒪𝐾/𝔞 is finite.

Proof. Let (𝛼1,… , 𝛼𝑛) be an integral basis of 𝐾 and let 𝑎 ∈ 𝔞 ∖ {0}. Then 𝑎𝛼1,… , 𝑎𝛼𝑛
is a ℤ-basis of 𝑎𝒪𝐾 and 𝑎𝒪𝐾 ⊆ 𝔞 ⊆ 𝒪𝐾. Hence, 𝔞 has to be a ℤ-module of rank 𝑛 as well.
Thus, we can choose 𝑎 ∈ 𝔞 ∩ ℕ>0, giving us that the index of 𝑎𝒪𝐾 in 𝒪𝐾 is 𝑎𝑛. Finally,
the index of 𝔞 in 𝒪𝐾 has to divide this number.

Places of number fields

For number fields, the set of finite places is in bijection with the maximal ideals of the
ring of integers. This is also the reason why places of number fields are sometimes called
primes. We will not do so and still refer to them as places. Whenever we speak of primes,
we mean prime numbers.
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Proposition 2.1.24 ([53, Theorem 10.12]). For every number field 𝐾, the map

mSpec(𝒪𝐾) ⟼ 𝑉𝑓(𝐾)
𝔭 ⟼ | ⋅ |𝔭

is a bijection.

Using this proposition, we will usually assume that a finite place of a number field is
given by a maximal ideal, and thus a valuation on 𝐾. Moreover, by abuse of notation we
will often simply write 𝔭 ∈ 𝑉 (𝐾) for both finite and infinite places. However, we will
always denote the norm representing the place by | ⋅ |𝔭.

In combination with Remark 2.1.19, we can thus describe all the places of a number
field.

Remark 2.1.25 (Product formula for number fields). In Example 2.1.7, we have seen
that for every non-trivial rational number, the product of all 𝑝-adic valuations and the
absolute value will always give one. For number fields, we can obtain a similar result by
choosing the correct basis to get a norm from the 𝔭-adic valuation:

For a maximal ideal 𝔭 ⊆ 𝒪𝐾, we define the norm 𝑁(𝔭) to be the cardinality of 𝒪𝐾/𝔭.
As the basis defining the 𝔭-adic norm on 𝐾, we choose 𝑁(𝔭)−1, so that |𝑥|𝔭 = 𝑁(𝔭)−𝜈𝔭(𝑥).
For a real place 𝔭, given by an embedding 𝜎∶ 𝐾 → ℝ, we define |𝑥|𝔭 = |𝜎(𝑥)| and for a
complex place 𝔭, given by an embedding 𝜎∶ 𝐾 → ℂ, we define |𝑥|𝔭 = |𝜎(𝑥)|2 = 𝜎(𝑥)𝜎(𝑥).

Then for every 𝑥 ∈ 𝐾∗ we have

∏
𝔭∈𝑉 (𝐾)

|𝑥|𝔭 = 1.

A proof can for example be found in the book of Neukirch [70, Kapitel III, Satz 1.2] or
the book of Keune [53, Proposition 10.24].

In the following, we will always assume that the 𝔭-adic norms are given in this way, so
that the product formula holds.

Definition 2.1.26 (Saturated set of places). A set 𝑆 of places of a number field 𝐾 is
called saturated if it contains all infinite places, i.e. if 𝑉∞(𝐾) ⊆ 𝑆.

Definition 2.1.27 (𝑆-integers). Let 𝐾 be a number field and let 𝑆 ⊆ 𝑉 (𝐾) be a finite
saturated set of places. Then we define the ring of 𝑆-integers to be

𝒪𝑆 ≔ {𝑥 ∈ 𝐾 | ∀𝔭∈𝑉 (𝐾)∖𝑆 ∶ |𝑥|𝔭 ≤ 1}
= {𝑥 ∈ 𝐾 | ∀𝔭∈𝑉 (𝐾)∖𝑆 ∶ 𝜈𝔭(𝑥) ≥ 0}.

By definition, we have that 𝒪𝑆 is the intersection of the valuation rings of the finite
places not contained in 𝑆. This easily proves that 𝒪𝑆 is indeed a ring and, by using
Proposition 2.1.9, 𝒪𝐾 ⊆ 𝒪𝑆.

40



2.1 Number fields and adèles

Example 2.1.28. Consider 𝐾 = ℚ. We identify the set of all finite valuation on ℚ with
the set of all prime numbers and write ∞ for the infinite place. We have already seen that
the valuation ring of the 𝑝-adic norm is the local ring ℤ(𝑝). Thus for 𝑆 = {∞, 𝑝1,… , 𝑝𝑛}
we obtain

𝒪𝑆 = ⋂
𝑝∉𝑆

ℤ(𝑝) = ℤ[𝑝−1
1 ,… 𝑝−1

𝑛 ],

as the only primes allowed to show up in the denominators are the ones in 𝑆.

Example 2.1.29 (Ring of integers). Let 𝐾 be a number field. By identifying the
set of finite places with the maximal ideals of 𝒪𝐾, and the valuation rings with the
corresponding localizations, we obtain for 𝑆 = 𝑉∞(𝐾) that

𝒪𝑆 = ⋂
𝔭∈mSpec𝒪𝐾

(𝒪𝐾)𝔭 = 𝒪𝐾.

Remark 2.1.30 (Non-Archimedean completions of number fields). Let 𝐾 be a number
field and 𝔭 ⊆ 𝒪𝐾 a maximal ideal. We have already seen how to construct the completion
𝐾𝔭 with respect to the 𝔭-adic valuation. A more algebraic approach would be the
following. First define the valuation ring 𝒪𝔭 to be the inverse limit

𝒪𝔭 = lim←−
𝑛∈ℕ≥1

𝒪𝐾⟋𝔭𝑛 = {(𝑥𝑛𝔭𝑛)𝑛 ∈ ∏
𝑛∈ℕ≥1

𝒪𝐾⟋𝔭𝑛 ∣ 𝑥𝑛+1𝔭𝑛 = 𝑥𝑛𝔭𝑛 for all 𝑛 ∈ ℕ≥1}.

An element 𝑥 in this inverse limit can be interpreted as a sequence (𝑥𝑛)𝑛∈ℕ≥1
in 𝒪𝐾. As

𝑥𝑛 − 𝑥𝑛+1 ∈ 𝔭𝑛, this is a Cauchy sequence and 𝑥 can be considered as the limit, giving
the connection to our previous construction. Then 𝐾𝔭 can be defined to be the field of
fractions of 𝒪𝔭 [53, Alternative construction 10.37].

Formalizing this identification shows that the valuation ring of 𝐾𝔭 is, as a topological
ring, isomorphic to the above inverse limit (where every 𝒪𝐾/𝔭𝑛 carries the discrete
topology) [70, Kapitel II, Satz 4.5]. In particular, as every quotient 𝒪𝐾/𝔭𝑛 is finite
(Proposition 2.1.23), using Tychonoff’s theorem, we see that 𝒪𝔭 is a compact topological
ring. By the definition of 𝒪𝔭, as the closed unit ball in 𝐾𝔭, this additionally shows
that 𝐾𝔭 is locally compact [70, Kapitel II, Satz 5.1].

Remark 2.1.31 (The various kinds of 𝒪’s). To a number field 𝐾 we can associate various
different rings:

• The valuation ring of 𝐾 with respect to a 𝔭-adic norm. This turned out to be the
localization (𝒪𝐾)𝔭.

• The ring of 𝑆-integers 𝒪𝑆 for a finite saturated set of places 𝑆 ⊆ 𝑉 (𝐾). For
𝑆 = 𝑉∞(𝐾), this recovered the ring of integers 𝒪𝐾.

• The valuation ring of the completion 𝐾𝔭, usually denoted by 𝒪𝔭.

The reader should be aware that these are in general all different, and that they should not
be confused with one another. However, in the following we will rarely use the valuation
ring of 𝐾 with respect to a 𝔭-adic norm, thus avoiding possible confusion between (𝒪𝐾)𝔭
and 𝒪𝔭.
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2.1.3 Adèle rings

It is often useful to study not only a single completion of a number field, but all of them
simultaneously. This leads to the notion of the adèle ring.

Definition 2.1.32 (Restricted product). Let (𝑋𝑖)𝑖∈𝐼 be a family of locally compact
topological spaces and for all but finitely many 𝑖 ∈ 𝐼, let 𝑌𝑖 ⊆ 𝑋𝑖 be open compact
subsets. We define the restricted product of (𝑋𝑖)𝑖∈𝐼 with respect to (𝑌𝑖)𝑖∈𝐼 to be

∐∏
𝑖∈𝐼

(𝑋𝑖, 𝑌𝑖) = {(𝑥𝑖)𝑖∈𝐼 ∈ ∏
𝑖∈𝐼

𝑋𝑖 ∣ 𝑥𝑖 ∈ 𝑌𝑖 for almost all 𝑖 ∈ 𝐼} ⊆ ∏
𝑖∈𝐼

𝑋𝑖.

Remark 2.1.33 (Topology on the restricted product). Let (𝑋𝑖)𝑖∈𝐼 be a family of locally
compact spaces and for all but finitely many 𝑖 ∈ 𝐼, let 𝑌𝑖 ⊆ 𝑋𝑖 be open compact subsets.
For 𝑆 ⊆ 𝐼 finite and containing all 𝑖 ∈ 𝐼 for which 𝑌𝑖 is not defined, we consider

𝑋𝑆 ≔ ∏
𝑖∈𝑆

𝑋𝑖 ×∏
𝑖∉𝑆

𝑌𝑖

with the product topology. As a product of finitely many locally compact spaces and
compact spaces, 𝑋𝑆 is itself locally compact [53, Lemma 20.2].

By defining each 𝑋𝑆 to be open in ∐∏𝑖∈𝐼(𝑋𝑖, 𝑌𝑖), we obtain a locally compact topology
on the restricted product. This topology is called the restricted product topology.

In more categorical terms, we can write ∐∏𝑖∈𝐼(𝑋𝑖, 𝑌𝑖) as the direct limit

∐∏
𝑖∈𝐼

(𝑋𝑖, 𝑌𝑖) = lim−→
𝑆⊆𝐼 finite

𝑋𝑆 = lim−→
𝑆⊆𝐼 finite

∏
𝑖∈𝑆

𝑋𝑖 ×∐∏
𝑖∉𝑆

𝑌𝑖,

and the restricted product topology agrees with the direct limit topology. Note that,
in general the restricted product topology does not agree with the subspace topology
induced by the topology on ∏𝑖∈𝐼 𝑋𝑖.

Remark 2.1.34 (Group/ring structures). It is easy to see that, if every 𝑋𝑖 is a locally
compact group (respectively ring) and every 𝑌𝑖 is a compact open subgroup (respectively
subring), then the componentwise multiplication (and addition) gives the restricted
product ∐∏𝑖∈𝐼(𝑋𝑖, 𝑌𝑖) the structure of a locally compact group (respectively ring).

Remark 2.1.35. Let (𝐺𝑖)𝑖∈𝐼 be a family of locally compact groups and for almost all
𝑖 ∈ 𝐼, let 𝐻𝑖 ≤ 𝐺𝑖 be compact open subgroups. By construction, we have

⨁
𝑖∈𝐼

𝐺𝑖 ⊆ ∐∏
𝑖∈𝐼

(𝐺𝑖,𝐻𝑖) ⊆ ∏
𝑖∈𝐼

𝐺𝑖.

This is why Tate suggested using the symbol “∐∏” for the restricted product. It lies in
between the coproduct (direct sum) “∐” and the product “∏”. Some authors use the
symbol ∏′ instead.
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Definition 2.1.36 (Adèle ring). Let 𝐾 be a number field and 𝑆 ⊆ 𝑉 (𝐾) a finite set of
places. We define the 𝑆-adèle ring of 𝐾 (or ring of 𝑆-adèles) to be

𝔸𝐾,𝑆 = ∐∏
𝔭∈𝑉 (𝐾)∖𝑆

(𝐾𝔭, 𝒪𝔭),

where 𝒪𝔭 is the valuation ring of 𝐾𝔭.
We call 𝔸𝐾 ≔ 𝔸𝐾,∅ the adèle ring of 𝐾 and 𝔸𝑓

𝐾 ≔ 𝔸𝐾,𝑉∞(𝐾) the finite adèle ring of 𝐾.

As every element of 𝐾 is in 𝒪𝔭 for almost all 𝔭 ∈ 𝑉𝑓(𝐾), there are diagonal embeddings
of 𝐾 into the various adèle rings of 𝐾. Let us record some properties of these embeddings.

Proposition 2.1.37 ([77, Proposition 1.5]). Let 𝐾 be a number field. The image of the
diagonal embedding 𝐾 → 𝔸𝐾 is discrete.

Theorem 2.1.38 (Strong approximation [77, Theorem 1.5]). Let 𝐾 be a number field.
For every non-empty finite set of places 𝑆 ⊆ 𝑉 (𝐾), the image of the diagonal embedding
𝐾 → 𝔸𝐾,𝑆 is dense.

Interlude: locally isomorphic fields and isomorphic adèle rings

We now want to briefly discuss the connection between two number fields having isomor-
phic adèle rings and other concepts like being arithmetically equivalent and being locally
isomorphic.

Arithmetically equivalent fields are a well-known concept in algebraic number theory.

Definition 2.1.39 (Arithmetically equivalent fields [56, Chapter III, Theorem 1.2]). Two
number fields 𝐾 and 𝐾′ are arithmetically equivalent if they have the same Dedekind
zeta function 𝜁𝐾 = 𝜁𝐾′ .

While arithmetically equivalent fields do not need to be isomorphic, they share many
properties, like for example the degree, roots of unity, and the number of real and complex
places [56, Chapter III, Theorem 1.4].

Arithmetically equivalent fields can also be characterized in terms of the local comple-
tions.

Proposition 2.1.40 ([56, Chapter VI, Remark 2.1 iv)]). Two number fields 𝐾 and 𝐾′

are arithmetically equivalent if and only if there exists a bijection 𝑉𝑓(𝐾) → 𝑉𝑓(𝐾′), 𝔭 ↦ 𝔭′,
such that there are isomorphisms of topological fields

𝐾𝔭 ≅Top 𝐾′
𝔭′ for almost all 𝔭 ∈ 𝑉𝑓(𝐾).

Dropping the assumption of having this isomorphism for only almost all places, gives
the stronger property of being locally isomorphic.

Definition 2.1.41 (Locally isomorphic fields [56, Chapter VI, Definition 2.2]). Two
number fields 𝐾 and 𝐾′ are locally isomorphic if there is a bijection 𝑉𝑓(𝐾) → 𝑉𝑓(𝐾′), 𝔭 ↦
𝔭′, such that

𝐾𝔭 ≅Top 𝐾′
𝔭′ for all 𝔭 ∈ 𝑉𝑓(𝐾).
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2 𝑆-arithmetic groups

Such a bijection and isomorphisms can immediately be combined to give a topological
isomorphism of finite adèle rings 𝔸𝑓

𝐾 ≅Top 𝔸𝑓
𝐾′ . Moreover, as such fields have the same

number of real and complex places, the bijection can be extended to the set of all places,
and thus gives a topological isomorphism of the full adèle rings 𝔸𝐾 ≅Top 𝔸𝐾′ .

In fact, the converse also holds true.

Theorem 2.1.42 (Characterization using (finite) adèle rings [56, Chapter VI, Proposition
2.5]). Let 𝐾 and 𝐾′ be two number fields. A topological isomorphism of the adèle rings
𝔸𝐾 ≅Top 𝔸𝐾′ corresponds uniquely to a bijection 𝑉 (𝐾) → 𝑉 (𝐾′), 𝔭 ↦ 𝔭′ and a family
of isomorphisms 𝐾𝔭 ≅Top 𝐾′

𝔭′.
Similarly, a topological isomorphism of the finite adèle rings 𝔸𝑓

𝐾 ≅Top 𝔸𝑓
𝐾′ corresponds

uniquely to a bijection of all finite places and a family of topological isomorphisms of the
corresponding local fields.

Proof. As already discussed above, such a family of isomorphism can easily be turned
into a topological isomorphism of adèle rings.

For the converse implications, we use that every closed maximal ideal 𝓂 ⊆ 𝔸𝐾 is
given by 𝓂𝔭 = ker(𝔸𝐾 → 𝐾𝔭), the kernel of the projection, for some 𝔭 ∈ 𝑉 (𝐾) [56,
Chapter VI, Lemma 2.4]. Thus, for 𝔭 ∈ 𝑉 (𝐾), the isomorphism 𝔸𝐾 ≅Top 𝔸𝐾′ maps the
closed maximal ideal 𝓂𝔭 ⊆ 𝔸𝐾 to another closed maximal ideal 𝓂𝔭′ ⊆ 𝔸𝐾′ for some
𝔭′ ∈ 𝑉 (𝐾′). Moreover, it induces an isomorphism

𝐾𝔭 ≅Top
𝔸𝐾⟋𝓂𝔭 ≅Top

𝔸𝐾′⟋𝓂𝔭′ ≅Top 𝐾′
𝔭′ .

For the analogous statement in the finite case, we observe that the statement for closed
maximal ideals also holds true for the finite adèle rings. Thus, the same proof as above
applies.

2.2 𝑆-arithmetic subgroups

2.2.1 Integral models

One way of constructing integral models for semi-simple algebraic groups by using their
root systems is due to Chevalley [20]. However, we will use a different construction. We
first learned of this approach, as well as of the proof of the commensurability of the
resulting points (Section 2.2.2), in a minicourse given by Steffen Kionke [54]. Although
this idea can occasionally be found in the literature [30, Section §1], there does not seem
to be a complete proof for our setting, hence we include one here.

Example 2.2.1 (Integral model of GL𝑛). For any number field 𝐾, the algebraic group
GL𝑛 has an 𝒪𝐾-model given by

Spec⎛
⎝

𝒪𝐾[𝑇1,1,… , 𝑇𝑛,𝑛, 𝑑′]
(det(𝑇𝑖,𝑗) ⋅ 𝑑′ − 1)

⎞
⎠

.
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Theorem 2.2.2 (Pullback of model). Let 𝐾 be a number field, let Φ∶ 𝐇 ↪ 𝐆 be an
embedding of algebraic groups over 𝐾 and assume that 𝐺 is an 𝒪𝐾-model of 𝐆. Then
there exists an 𝒪𝐾-model 𝐻 of 𝐇 and an embedding 𝜑∶ 𝐻 → 𝐺 inducing the given
embedding Φ.

Proof. We prove the claim by passing to the corresponding Hopf algebras. For ease of
notation, let us assume that 𝐺𝐾 is not only isomorphic but actually equal to 𝐆, so that
𝐾[𝐆] = 𝒪𝐾[𝐺] ⊗𝒪𝐾

𝐾.
First, we define the 𝒪𝐾-subalgebra

𝐴 ≔ im⎛
⎝

𝒪𝐾[𝐺] → 𝐾[𝐆]
Φ∗

↠ 𝐾[𝐇]
𝑥 ↦ 𝑥 ⊗ 1

⎞
⎠

⊆ 𝐾[𝐇].

By construction, we can factorize Φ∗|𝒪𝐾[𝐺] ∶ 𝒪𝐾[𝐺] → 𝐾[𝐇] as

𝒪𝐾[𝐺] 𝐴 𝐾[𝐇].𝜑∗ 𝑖

As 𝐾 is a localization of 𝒪𝐾, and thus a flat 𝒪𝐾-algebra, we get that the canonical map

𝐴⊗𝒪𝐾
𝐾 → 𝐾[𝐇] ⊗𝒪𝐾

𝐾 = 𝐾[𝐇] ⊗𝐾 𝐾 ≅ 𝐾[𝐇],

induced by the inclusion 𝐴 ⊆ 𝐾[𝐇], is still injective. Moreover, by definition we also
have the commutative diagram

𝒪𝐾[𝐺] ⊗𝒪𝐾
𝐾 𝐴⊗𝒪𝐾

𝐾

𝐾[𝐆] 𝐾[𝐇],

𝜑∗⊗id𝐾

Φ∗

which shows that this canonical map is also surjective and that 𝜑∗ in fact induces Φ∗.
It remains to show that 𝐴 has a Hopf algebra structure over 𝒪𝐾, inducing the given

Hopf algebra structure of 𝐾[𝐇] over 𝐾. For the construction of the counit, antipode and
comultiplication, consider the commutative diagrams

𝐾[𝐆] 𝐾[𝐇]

𝒪𝐾[𝐺] 𝐴

𝐾 𝐾

𝒪𝐾 𝒪𝐾

Φ∗

𝑒∗
𝑒∗

𝜑∗

𝑒∗

𝑖

𝐾[𝐆] 𝐾[𝐇]

𝒪𝐾[𝐺] 𝐴

𝐾[𝐆] 𝐾[𝐇]

𝒪𝐾[𝐺] 𝐴

Φ∗

𝜄∗
𝜄∗

𝜑∗

𝜄∗

𝑖

𝑖
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𝐾[𝐆] 𝐾[𝐇]

𝒪𝐾[𝐺] 𝐴

𝐾[𝐆] ⊗𝒪𝐾
𝐾[𝐆] 𝐾[𝐇] ⊗𝒪𝐾

𝐾[𝐇].

𝒪𝐾[𝐺] ⊗𝒪𝐾
𝒪𝐾[𝐺] 𝐴 ⊗𝒪𝐾

𝐴

Φ∗

𝑚∗

𝑚∗
𝜑∗

𝑚∗

𝑖

𝑖⊗𝑖

In order to see that in the last diagram, 𝑖 ⊗ 𝑖 is injective, we first note that the canonical
map

𝐴 ⟶ 𝐴⊗𝒪𝐾
𝐾 ≅ 𝐾[𝐇]

coincides with the inclusion 𝐴 ⊆ 𝐾[𝐇]. So 𝐴 is a torsion-free 𝒪𝐾-module and, as 𝒪𝐾 is a
Dedekind domain, thus a flat 𝒪𝐾-module. Hence,

𝑖 ⊗ id𝐴 ∶ 𝐴 ⊗𝒪𝐾
𝐴 ⟶ 𝐾[𝐇] ⊗𝒪𝐾

𝐴

is injective. Moreover, it is easy to see that id𝐾[𝐇] ⊗𝑖 is an isomorphism, as

𝐾[𝐇] ⊗𝒪𝐾
𝐴 ≅ 𝐾[𝐇] ⊗𝒪𝐾

𝐾 ⊗𝒪𝐾
𝐴 ≅ 𝐾[𝐇] ⊗𝒪𝐾

𝐾[𝐇].

Thus, 𝑖 ⊗ 𝑖 = (id𝐾[𝐇] ⊗𝑖) ∘ (𝑖 ⊗ id𝐴) is indeed injective.
Now for each diagram, we can use the surjectivity of the front upper morphism and

the injectivity of the lower right morphism, in order to construct a unique morphism
completing the cube. We define these morphisms to be the counit, antipode and
comultiplication on 𝐻.

By construction, it is easy to see that they indeed satisfy the defining relations of a
Hopf algebra. We can replace the vertical morphisms by the corresponding relations in
𝒪𝐾[𝐺],𝐾[𝐆], and 𝐾[𝐇] and then use the same uniqueness of the constructed morphisms.
Moreover, as the “front-to-back” morphisms are all given by tensoring with 𝐾, we also
see that this Hopf algebra structure on 𝐴 induces the one given on 𝐾[𝐇]. Hence, we
obtain that 𝐻 = Spec𝐴 is an 𝒪𝐾-form of 𝐇.

Finally, as 𝐺 is of finite type, we have that 𝒪𝐾[𝐺] is a finitely generated 𝒪𝐾-algebra,
and thus 𝐴 is also finitely generated. So 𝐻 is indeed an affine 𝒪𝐾-group scheme of finite
type.

In Proposition 1.1.41, we have seen that being affine, being of finite type, and being a
subgroup scheme descends for faithfully flat ring extension. While we cannot apply this
proposition to the extension of 𝐾 over 𝒪𝐾, the above theorem provides us with a way of
constructing 𝒪𝐾-models that still satisfy these properties.

Remark 2.2.3 (Generalization). We only used that 𝐾 is the field of fractions of 𝒪𝐾 and
that torsion-free modules over 𝒪𝐾 are already flat. Thus, we can apply the same proof
for any so-called Prüfer domain 𝑃 with field of fractions 𝐾, in order to find 𝑃-models for
algebraic groups over 𝐾.
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Corollary 2.2.4 (Integral models for affine algebraic groups). Let 𝐾 be a number field.
For every algebraic group over 𝐾 there exists an 𝒪𝐾-model.

Proof. By Theorem 1.1.21, every (affine) algebraic group can be realized as an algebraic
subgroup of some GL𝑛. Using the canonical 𝒪𝐾-model of GL𝑛 given in Example 2.2.1,
together with the above theorem, we obtain an 𝒪𝐾-model of the given algebraic group.

Let us investigate the points of the 𝒪𝐾-model constructed above.

Remark 2.2.5 (Points of the 𝒪𝐾-model). Let 𝐾 be a number field, let Φ∶ 𝐇 → 𝐆 be an
embedding of algebraic groups over 𝐾, let 𝐺 be an 𝒪𝐾-model of 𝐆 and let 𝐻 be the affine
𝒪𝐾-model of 𝐇 constructed above. For simplicity, let us again assume that 𝐆 = 𝐺𝐾, i.e.
𝐾[𝐆] = 𝒪𝐾[𝐺] ⊗𝒪𝐾

𝐾.
Now let 𝐵 be a torsion-free 𝒪𝐾-algebra. Then 𝐵 → 𝐵⊗𝒪𝐾

𝐾 is injective and hence𝐻(𝐵)
fits into a commutative square

𝐻(𝐵) 𝐻(𝐵 ⊗𝒪𝐾
𝐾) ≅ 𝐇(𝐵 ⊗𝒪𝐾

𝐾)

𝐺(𝐵) 𝐺(𝐵 ⊗𝒪𝐾
𝐾) = 𝐆(𝐵 ⊗𝒪𝐾

𝐾).

So, as subgroups of 𝐆(𝐵 ⊗𝒪𝐾
𝐾), we have

𝐻(𝐵) ⊆ 𝐺(𝐵) ∩𝐇(𝐵 ⊗𝒪𝐾
𝐾).

We claim that this is in fact an equality. Considering 𝑥 ∈ 𝐺(𝐵) ∩ 𝐇(𝐵 ⊗𝒪𝐾
𝐾) as

algebra homomorphisms 𝑥∶ 𝒪𝐾[𝐺] → 𝐵 and 𝑥∶ 𝐾[𝐇] → 𝐵⊗𝒪𝐾
𝐾, respectively, we obtain

a commutative diagram

𝒪𝐾[𝐺] 𝒪𝐾[𝐻] 𝐾[𝐇]

𝐵 𝐵 𝐵 ⊗𝒪𝐾
𝐾.

𝑥 𝑥

Here, we can uniquely fill in the morphism 𝒪𝐾[𝐻] → 𝐵, showing that 𝑥 represents an
element in 𝐻(𝐵) = Hom𝒪𝐾

(𝒪𝐾[𝐻], 𝐵).
In particular, for an algebraic group 𝐆 with a given embedding 𝐆 ↪ GL𝑛, we can

identify the 𝒪𝐾-points of the constructed 𝒪𝐾-model 𝐺 with the subgroup

𝐺(𝒪𝐾) = GL𝑛(𝒪𝐾) ∩ 𝐆(𝐾),

where 𝐆(𝐾) is considered as subgroup of GL𝑛(𝐾) using the given embedding.

The above already gives a nice description of the points of the integral model. However,
the question of how these points differ depending on the choice of the integral model still
remains. In the next section, we will prove the following, which is sufficient for many
applications.
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Theorem 2.2.6. Let 𝐾 be a number field, let 𝐆 be an algebraic group over 𝐾 and
let 𝐺1, 𝐺2 be two 𝒪𝐾-models of 𝐆. Then, as subgroups of 𝐆(𝐾), the two groups 𝐺1(𝒪𝐾)
and 𝐺2(𝒪𝐾) are commensurable, i.e. the intersection of the two groups is of finite index
in both of them.

In order to prove this theorem, we first need to introduce the notion of (principal)
congruence subgroups.

2.2.2 Congruence subgroups

Definition 2.2.7 (Principal congruence subgroup). Let 𝑅 be a ring, let 𝐺 be a group
scheme over 𝑅, let 𝐴 be an 𝑅-algebra and let 𝔞 ⊆ 𝐴 be a non-trivial ideal. Then we call

𝐺(𝐴, 𝔞) = ker(𝐺(𝐴) → 𝐺(𝐴⟋𝔞))

a principal congruence subgroup of 𝐺(𝐴).

Theorem 2.2.8. Let 𝐾 be a number field, let 𝐆 be an algebraic group over 𝐾 and let
𝐺1, 𝐺2 be two 𝒪𝐾-models of 𝐆. There exists an ℓ ∈ 𝒪𝐾 such that for every torsion-free
𝒪𝐾-algebra 𝐴 and every non-trivial ideal 𝔞 ⊆ 𝐴 we have

𝐺1(𝐴, ℓ ⋅ 𝔞) ⊆ 𝐺2(𝐴, 𝔞)

as subgroups of 𝐆(𝐴⊗𝒪𝐾
𝐾).

Proof. Let 𝑓1,… , 𝑓𝑛 and 𝑔1,… , 𝑔𝑚 be generators of 𝒪𝐾[𝐺1] and 𝒪𝐾[𝐺2] respectively. By
replacing 𝑓 with 𝑓 − 𝑒∗(𝑓), we can assume, without loss of generality, that applying the
counit 𝑒∗ sends all of these generators to zero.

As 𝐺1 and 𝐺2 are 𝒪𝐾-models of 𝐆, we can map the 𝑓𝑖’s and 𝑔𝑗’s to 𝐾[𝐆] by using
the maps 𝒪𝐾[𝐺𝑖] → 𝒪𝐾[𝐺𝑖] ⊗𝒪𝐾

𝐾 ≅ 𝐾[𝐆]. We denote these images by 𝑓𝑖 and 𝑔𝑗,
respectively. Now 𝑓1,… , 𝑓𝑛 generate 𝐾[𝐆] as 𝐾-algebra. Thus, we can find polynomials
𝑝𝑗 ∈ 𝐾[𝑇1,… , 𝑇𝑛], such that

𝑔𝑗 = 𝑝𝑗(𝑓1,… , 𝑓𝑛).

By applying the counit to this equality we obtain

0 = 𝑒∗(𝑔𝑗) = 𝑒∗(𝑝𝑗(𝑓1,… , 𝑓𝑛)

= 𝑝𝑗(𝑒∗(𝑓1),… , 𝑒∗(𝑓𝑛)

= 𝑝𝑗(𝑒∗(𝑓1),… , 𝑒∗(𝑓𝑛))
= 𝑝𝑗(0,… , 0),

i.e. all the constant terms of the polynomials 𝑝𝑗 are zero.
Using Proposition 2.1.21, we can clear out the denominators and find 0 ≠ ℓ ∈ 𝒪𝐾 such

that ℓ ⋅ 𝑝1,… , ℓ ⋅ 𝑝𝑚 ∈ 𝒪𝐾[𝑇1,… , 𝑇𝑛].
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Now, let 0 ≠ 𝔞 ⊆ 𝐴 be a non-trivial ideal and define 𝔟 = ℓ ⋅ 𝔞. As 𝐴 is torsion-free, we
again have 𝔟 ≠ 0. Identify 𝑥 ∈ 𝐺1(𝐴, 𝔟) with an algebra homomorphism 𝑥∶ 𝒪𝐾[𝐺1] → 𝐴
such that 𝑥(𝑓𝑖) ≡ 0 mod 𝔟. Under the inclusion 𝐺1(𝐴) ⊆ 𝐆(𝐴 ⊗𝒪𝐾

𝐾), 𝑥 corresponds
to a morphism 𝑥∶ 𝐾[𝐆] → 𝐴⊗𝒪𝐾

𝐾, such that 𝑥(𝑓𝑖) ∈ 𝔟 ⊆ 𝐴 ⊆ 𝐴⊗𝒪𝐾
𝐾.

In order to see that 𝑥 also defines an element in 𝐺2(𝐴, 𝔞), we need to see that 𝑥(𝑔𝑗) ∈ 𝔞
for all 𝑗. For this, we first use

𝑥(𝑔𝑗) = 𝑥(𝑝𝑗(𝑓1,… , 𝑓𝑛)) = 𝑝𝑗(𝑥(𝑓1)⏟
∈ 𝔟

,… , 𝑥(𝑓𝑛)⏟
∈ 𝔟

).

As 𝔟 = ℓ ⋅ 𝔞, we can write every 𝑥(𝑓𝑖) as ℓ ⋅ ℎ𝑖 for some ℎ𝑖 ∈ 𝔞. Thus, with 𝑝𝑗 = ∑𝐼 𝜆𝐼𝑇 𝐼
∗ ,

we get

𝑥(𝑔𝑗) = 𝑝𝑗(ℓ ⋅ ℎ1,… , ℓ ⋅ ℎ𝑛) = ∑
𝐼

𝜆𝐼(ℓ ⋅ ℎ∗)𝐼 = ∑
𝐼

𝜆𝐼ℓ|𝐼|ℎ𝐼
∗.

Now, the constant term of 𝑝𝑗 is zero, so we always have |𝐼| > 0. Hence, 𝜆𝐼ℓ|𝐼| ∈ 𝒪𝐾, as
ℓ ⋅ 𝑝𝑗 ∈ 𝒪𝐾[𝑇1,… , 𝑇𝑛], and thus 𝑥(𝑔𝑗) ∈ 𝔞. Since this holds for every 𝑗, we obtain

𝐺1(𝐴, 𝔟) ⊆ 𝐺2(𝐴, 𝔞).

Remark 2.2.9 (Generalization). As before, this is again not the most general formulation
of this proposition. We only used that 𝐾 is the field of fractions of 𝒪𝐾 and that the
canonical map 𝐴 → 𝐴⊗𝒪𝐾

𝐾 is injective, i.e. that 𝐴 is a torsion-free 𝒪𝐾-module.

Corollary 2.2.10. Let 𝐾 be a number field, let 𝐆 be an algebraic group over 𝐾 and let
𝑆 ⊆ 𝑉 (𝐾) be a finite saturated set of places. Then for any two 𝒪𝐾-models 𝐺1, 𝐺2 of 𝐆,
we have that 𝐺1(𝒪𝑆) and 𝐺2(𝒪𝑆) are commensurable as subgroups of 𝐆(𝐾).

Proof. We need to prove that 𝐺1(𝒪𝑆) ∩ 𝐺2(𝒪𝑆) is of finite index in both 𝐺1(𝒪𝑆) and
𝐺2(𝒪𝑆). For this, we apply Theorem 2.2.8 twice to obtain ℓ1, ℓ2 ⊆ 𝒪𝐾 with

𝐺2(𝒪𝑆, ℓ2𝒪𝑆) ⊆ 𝐺1(𝒪𝑆, ℓ1𝒪𝑆) ⊆ 𝐺2(𝒪𝑆, 𝒪𝑆) = 𝐺2(𝒪𝑆).

In particular, we obtain 𝐺2(𝒪𝑆, ℓ2𝒪𝑆) ⊆ 𝐺1(𝒪𝑆, ℓ1𝒪𝑆) ⊆ 𝐺1(𝒪𝑆) ∩ 𝐺2(𝒪𝑆).
Now every quotient of 𝒪𝑆 is finite, so 𝐺1(𝒪𝑆, ℓ1𝒪𝑆) and 𝐺2(𝒪𝑆, ℓ2𝒪𝑆) are of finite index

in 𝐺1(𝒪𝑆) and 𝐺2(𝒪𝑆), respectively. Hence, 𝐺1(𝒪𝑆) ∩ 𝐺2(𝒪𝑆) is of finite index in both
𝐺1(𝒪𝑆) and 𝐺2(𝒪𝑆).

Definition 2.2.11 (𝑆-congruence subgroup). Let 𝐾 be a number field, 𝐆 an algebraic
group over 𝐾, and 𝑆 ⊆ 𝑉 (𝐾) a finite saturated set of places. A subgroup of 𝐆(𝐾) is
called an 𝑆-congruence subgroup if it contains a principal congruence subgroup 𝐺(𝒪𝑆, 𝔞),
for some 𝒪𝐾-model 𝐺 of 𝐆 and some non-trivial ideal 𝔞 ⊆ 𝒪𝑆.

In case 𝑆 = 𝑉∞(𝐾), and thus 𝒪𝑆 = 𝒪𝐾, we also speak of a congruence subgroup.

Theorem 2.2.8 shows that this definition is independent of the chosen 𝒪𝐾-model of 𝐆.
Finally, we can define the notion of an 𝑆-arithmetic subgroup.
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Definition 2.2.12 (𝑆-arithmetic subgroup). Let 𝐾 be a number field, 𝐆 an algebraic
group over 𝐾, and 𝑆 ⊆ 𝑉 (𝐾) a finite saturated set of places. An 𝑆-arithmetic subgroup
of 𝐆(𝐾) is a subgroup commensurable with 𝐺(𝒪𝑆) for some 𝒪𝐾-model 𝐺 of 𝐆.

Again, if 𝑆 = 𝑉∞(𝐾) we just speak of an arithmetic subgroup.

Although 𝑆-arithmetic subgroups are only defined up to commensurability, we will
often use the notation 𝐆(𝒪𝑆) to denote an 𝑆-arithmetic subgroup.

Remark 2.2.13 (Classical definition of arithmetic groups). In a more classical setup,
where an algebraic group is defined to be a subgroup 𝐆 ≤ GL𝑛(ℚ) defined by polynomial,
the integral points 𝐆(ℤ) are defined to be 𝐆(ℤ) = 𝐆 ∩ GL𝑛(ℤ). For two embeddings
𝐆 ↪ GL𝑛(ℤ) the two groups might differ, however they will always be commensurable.
Thus, an arithmetic subgroup is defined to be commensurable with 𝐆(ℤ) for some
embedding of 𝐆 into GL𝑛(ℚ).

This is also what is mirrored in the above construction of integral models: We used
an embedding 𝐆 ↪ GL𝑛 of algebraic groups in order to get an integral model of 𝐆.
In Remark 2.2.5, we have seen that the integral points of this model are the same as
in the classical viewpoint. Finally, arithmetic subgroups are again only defined up to
commensurability.

By a theorem of Borel and Harish-Chandra, arithmetic subgroups in a semisimple
algebraic group 𝐆 over ℚ are always lattices in the real points 𝐆(ℝ). This hold more
generally for 𝑆-arithemtic subgroups.

Theorem 2.2.14 (Borel–Harish-Chandra [65, Chapter I, Theorem 3.2.4]). Let 𝐾 be a
number field, let 𝐆 be a semisimple algebraic group over 𝐾, let 𝑆′ ⊆ 𝑉 (𝐾) be a finite set
of places containing all infinite places where 𝐆 is not anisotropic and let 𝑆 = 𝑆′∪𝑉∞(𝐾).

• The diagonal embedding turns 𝐆(𝒪𝑆) into a lattice in ∏𝔭∈𝑆′ 𝐆(𝐾𝔭).

• This lattice is cocompact if and only if 𝐆 is anisotropic over 𝐾.

2.2.3 The congruence subgroup problem
For now, let us fix a number field 𝐾 and an algebraic group 𝐆 over 𝐾 with an 𝒪𝐾-model 𝐺.
By construction the principal congruence subgroups 𝐺(𝒪𝑆, 𝔞) ⊆ 𝐺(𝒪𝑆) are of finite index.
Thus, also every 𝑆-congruence subgroup of 𝐺(𝒪𝑆) is of finite index. Now the congruence
subgroup problem asks for the converse.

Question 2.2.15 (Congruence subgroup problem, classical). Is every subgroup of finite
index of 𝐺(𝒪𝑆) an 𝑆-congruence subgroup?

A more modern approach, first introduced by Serre [96], uses the so-called congruence
kernel. For this, we introduce two topologies on 𝐺(𝒪𝑆). The 𝑆-arithmetic topology is given
by defining finite index subgroups to form an open neighbourhood basis of the identity.
Similarly, the 𝑆-congruence topology is given by defining principal congruence subgroups
𝐺(𝒪𝑆, 𝔞) to be an open neighbourhood basis of the identity. As every 𝑆-congruence
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subgroup is also an 𝑆-arithmetic subgroup, a priori the 𝑆-arithmetic topology is finer than
the 𝑆-congruence topology, and we can reformulate the congruence subgroup problem as
follows.

Question 2.2.16 (Congruence subgroup problem, topological). Do the 𝑆-arithmetic and
𝑆-congruence topology on 𝐺(𝒪𝑆) agree?

In order to define the congruence kernel, we need to briefly discuss the Hausdorff
completion of a topological group. We will not go into detail, but refer the interested
reader to Bourbaki’s book on topology [10, Chapter II, Chapter III].

Remark 2.2.17 (Hausdorff completion of a topological group). In Section 2.1.1, we saw
that a normed field can be completed with respect to the given norm. Similarly, one can
define the completion of a metric space. The most general setup in which this works is the
theory of “uniform spaces” [10, Chapter II]. This theory allows one to speak of uniform
continuity, Cauchy filters (in some sense a generalization of sequences) and convergence
of filters. Thus, one also gets a notion of a complete uniform space: a uniform space in
which every Cauchy filter converges.

For every uniform space 𝑋, there exists a complete Hausdorff uniform space 𝑋 together
with a uniformly continuous map 𝑖 ∶ 𝑋 → 𝑋, satisfying the following universal property:

For every uniformly continuous map 𝑓∶ 𝑋 → 𝑌 to a complete Hausdorff uniform
space 𝑌, there exists a unique uniformly continuous map 𝑓 ∶ 𝑋 → 𝑌 making the diagram

𝑋 𝑌

𝑋

𝑖

𝑓

∃!𝑓

commute [10, Section II.7.3, Theorem 3]. The image 𝑖(𝑋) is always dense in 𝑋 and, if 𝑋
was already Hausdorff, 𝑖 ∶ 𝑋 → 𝑖(𝑋) is an isomorphism of uniform spaces.

Now for a topological group 𝐺, one can define the two-sided uniformity compatible
with the group structure. This gives that the Hausdorff completion 𝐺 carries again a
group structure [10, Section III.3, Theorem 1, Exercise 6]. Here the universal property
reads as follows:

Every continuous group homomorphism 𝑓∶ 𝐺 → 𝐻 into a complete Hausdorff group,
can be uniquely factorized as

𝐺 𝐻,

𝐺

𝑖

𝑓

∃!𝑓

with 𝑓 ∶ 𝐺 → 𝐻 a continuous group homomorphism [10, Section III.3, Proposition 8].

Coming back to the 𝑆-arithmetic and 𝑆-congruence topology on 𝐺(𝒪𝐾). Since the
intersection of all 𝑆-congruence subgroups only contains the identity, we get that both
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the 𝑆-arithmetic and the 𝑆-congruence topologies are Hausdorff. Now, denoting by

𝐺(𝒪𝑆)
𝑆 and 𝐺(𝒪𝑆)

𝑆

the 𝑆-arithmetic and 𝑆-congruence completion, respectively, the universal property gives
a continuous group homomorphism

𝜋𝑆
𝐺 ∶ 𝐺(𝒪𝑆)

𝑆 ⟶ 𝐺(𝒪𝑆)
𝑆.

Lemma 2.2.18 (Identifications of completions). As topological groups we have isomor-
phisms

𝐺(𝒪𝑆)
𝑆 ≅ lim←−

𝑁⊴f.i.𝐺(𝒪𝑆)

𝐺(𝒪𝑆)⟋𝑁,

where 𝑁 runs through all finite index normal subgroups, and similarly

𝐺(𝒪𝑆)
𝑆 ≅ lim←−

𝔞⊴𝒪𝑆

𝐺(𝒪𝑆)⟋𝐺(𝒪𝑆, 𝔞),

where 𝔞 runs through all non-trivial ideals of 𝒪𝑆.

Proof. We only give the argument for the first isomorphism. The argument for the second
isomorphism is essentially the same.

By construction, the inverse limit is a closed subgroup of the product

∏
𝑁⊴f.i.𝐺(𝒪𝑆)

𝐺(𝒪𝑆)⟋𝑁

of discrete finite groups. Hence, it is a compact Hausdorff group and thus, as compact
groups are already complete [10, Section I.4.1, Theorem 1], a complete Hausdorff group.

Moreover, the intersection of all 𝑆-congruence subgroups is trivial, so we can iden-
tify 𝐺(𝒪𝑆) with a dense subgroup of this inverse limit. Thus, the universal property
of the Hausdorff completion gives us that the inclusion of 𝐺(𝒪𝑆) into the inverse limit
extends to an isomorphism [10, Section II.3.7, Proposition 13].

Corollary 2.2.19. The canonical map

𝜋𝑆
𝐺 ∶ 𝐺(𝒪𝑆)

𝑆 ⟶ 𝐺(𝒪𝑆)
𝑆

is surjective.

Proof. First, we note that 𝐺(𝒪𝑆) is dense in 𝐺(𝒪𝑆)
𝑆 and lies, by construction, in the

image of 𝜋𝑆
𝐺. Now, by the above proposition, 𝐺(𝒪𝑆)

𝑆 is compact, so the image of 𝜋𝑆
𝐺 is

compact as well and hence, as a subgroup of a Hausdorff group, in particular closed. But
then the image must already contain the closure of 𝐺(𝒪𝑆), i.e. all of 𝐺(𝒪𝑆)

𝑆.
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Definition 2.2.20 (𝑆-congruence kernel). Let 𝐾 be a number field, 𝐆 an algebraic
group over 𝐾 and 𝐺 an 𝒪𝐾-model of 𝐆. For 𝑆 ⊆ 𝑉 (𝐾) finite and saturated, we define

𝐶𝑆(𝐺) = ker𝜋𝑆
𝐺

to be the 𝑆-congruence kernel of 𝐺.

By definition, the 𝑆-congruence kernel lies in a short exact sequence

1 𝐶𝑆(𝐺) 𝐺(𝒪𝑆)
𝑆 𝐺(𝒪𝑆)

𝑆 0,
𝜋𝑆
𝐺

which gives an alternative formulation of the congruence subgroup problem.

Question 2.2.21 (Congruence subgroup problem, congruence kernel). Is the 𝑆-congru-
ence kernel 𝐶𝑆(𝐺) trivial?

The congruence kernel as an invariant of algebraic groups

The formulations of the congruence subgroup problem we have seen so far were always
dependent on the chosen 𝒪𝐾-model 𝐺. However, the congruence kernel is actually an
invariant of the algebraic group 𝐆, which we want to see in the following.

Similarly to the 𝑆-arithmetic and 𝑆-congruence topology on 𝐺(𝒪𝐾), we can define
an 𝑆-arithmetic and 𝑆-congruence topology on 𝐆(𝐾) by defining 𝑆-arithmetic and 𝑆-
congruence subgroups, respectively to form an open neighborhood basis of the identity.
Again, these give 𝐆(𝐾) two different structures as topological Hausdorff groups, and we
can form the Hausdorff completion to obtain complete Hausdorff groups. As before, we
denote by

𝐆(𝐾)𝑆 and 𝐆(𝐾)𝑆

the 𝑆-arithmetic and 𝑆-congruence completion of 𝐆(𝐾), respectively.
Using again the universal property we obtain a continuous group homomorphism

𝜋𝑆 ∶ 𝐆(𝐾)𝑆 ⟶ 𝐆(𝐾)𝑆.

Lemma 2.2.22. The 𝑆-arithmetic (respectively 𝑆-congruence) completion of 𝐺(𝒪𝑆) can
be identified with the closure of 𝐺(𝒪𝑆) in the 𝑆-arithmetic (respectively 𝑆-congruence)
completion of 𝐆(𝐾). Moreover, this closure is an open subgroup as well.

Proof. The closure of 𝐺(𝒪𝑆) in 𝐆(𝐾)𝑆 is again a complete Hausdorff group [10, Section
II.3.4, Proposition 8]. Thus, using the uniqueness of Hausdorff completions [10, Section
II.3.7, Proposition 13] gives the claim.

Since 𝐺(𝒪𝑆) is open in 𝐆(𝐾) with respect to the 𝑆-arithmetic topology, there is an
open subgroup 𝑉 ≤ 𝐆(𝐾)𝑆 with 𝐺(𝒪𝑆) = 𝐆(𝐾) ∩ 𝑉. As 𝐆(𝐾) is dense and 𝑉 is also
closed, we obtain that the closure of 𝐺(𝒪𝑆) is 𝑉.

The proof for the 𝑆-congruence completion is the same.
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Corollary 2.2.23. Both the 𝑆-arithmetic completion 𝐆(𝐾)𝑆 and the 𝑆-congruence
completion 𝐆(𝐾)𝑆 are locally compact.

Proof. By the lemma above, the compact group 𝐺(𝒪𝐾)𝑆 can be identified with an open
subgroup of 𝐆(𝐾)𝑆, proving local compactness.

Again, the proof for the 𝑆-congruence completion is the same.

Corollary 2.2.24. The canonical continuous group homomorphism

𝜋𝑆 ∶ 𝐆(𝐾)𝑆 ⟶ 𝐆(𝐾)𝑆

is surjective.

Proof. We already know that this holds for the corresponding completions of 𝐺(𝒪𝑆).
Hence, the image of 𝜋𝑆 contains the open subgroup 𝐺(𝒪𝑆)

𝑆, and is thus itself open.
Now, as a subgroup, it then also has to be closed. Since it, moreover, contains the dense
subgroup 𝐆(𝐾), the image has to be all of 𝐆(𝐾)𝑆.

Everything we have discussed so far shows that we have a commutative diagram of
complete topological Hausdorff groups

1 𝐶𝑆(𝐺) 𝐺(𝒪𝐾)𝑆 𝐺(𝒪𝐾)𝑆 1

1 ker𝜋𝑆 𝐆(𝐾)𝑆 𝐆(𝐾)𝑆 1,

𝜋𝑆
𝐺

𝜋𝑆

with exact rows. Going into the definition of the Hausdorff completion, one can show
equality for the kernels.

Proposition 2.2.25. In the above diagram we have 𝐶𝑆(𝐺) = ker𝜋𝑆.

We will not prove this statement and instead refer the reader to either the book of
Humphreys [43, Chapter VI, §17] or the book of Sury [99, Lemma 4-5.1]. Both discuss
only the case of 𝐆 = SL𝑛, but one easily sees that the proofs generalize to all algebraic
groups.

Definition 2.2.26 (𝑆-congruence kernel). Let 𝐾 be a number field, 𝐆 an algebraic
group over 𝐾 and 𝑆 ⊆ 𝑉 (𝐾) a finite saturated set of places. The 𝑆-congruence kernel
of 𝐆 is

𝐶𝑆(𝐆) = ker𝜋𝑆.
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An identification of 𝐆(𝐾)𝑆

Before we continue our discussion on the congruence subgroup problem, we want to give
a description of the 𝑆-congruence completion. In Lemma 2.2.18, we have seen that we
can make the identification

𝐺(𝒪𝑆)
𝑆 ≅ lim←−

𝔞⊴𝒪𝑆

𝐺(𝒪𝑆)⟋𝐺(𝒪𝑆, 𝔞).

Since, by definition, 𝐺(𝒪𝑆, 𝔞) = ker(𝐺(𝒪𝑆) → 𝐺(𝒪𝑆/𝔞)), we can identify 𝐺(𝒪𝑆)/(𝒪𝑆, 𝔞)
with 𝐺(𝒪𝑆/𝔞), provided that the map 𝐺(𝒪𝑆) → 𝐺(𝒪𝑆/𝔞) is surjective. Assuming this
surjectivity for all non-trivial ideals 𝔞 ⊆ 𝒪𝑆 gives the following lemma.
Lemma 2.2.27. Assume that the canonical morphism 𝐺(𝒪𝑆) → 𝐺(𝒪𝑆/𝔞) is surjective
for every non-trivial ideal 𝔞 ⊆ 𝒪𝑆. Then for the 𝑆-congruence completion of 𝐺(𝒪𝑆) we
have

𝐺(𝒪𝑆)
𝑆 ≅ ∏

𝔭∈𝑉 (𝐾)∖𝑆
𝐺(𝒪𝔭).

Proof. From Lemma 2.2.18 in combination with the surjectivity assumption we obtain

𝐺(𝒪𝑆)
𝑆 ≅ lim←−

𝔞⊴𝒪𝑆

𝐺(𝒪𝑆)⟋𝐺(𝒪𝑆, 𝔞) ≅ lim←−
𝔞⊴𝒪𝑆

𝐺(𝒪𝑆⟋𝔞).

Then, using that group schemes are representable functors and thus compatible with
limits, we get

𝐺(𝒪𝐾)𝑆 ≅ lim←−
𝔞⊴𝒪𝑆

𝐺(𝒪𝑆⟋𝔞) ≅ 𝐺( lim←−
𝔞⊴𝒪𝑆

𝒪𝑆⟋𝔞).

By the Chinese remainder theorem, the inverse limit can be decomposed as

lim←−
𝔞⊴𝒪𝑆

𝒪𝑆⟋𝔞 ≅ ∏
𝔭∈mSpec(𝒪𝑆)

lim←−
𝑛∈ℕ≥1

𝒪𝑆⟋𝔭𝑛 ≅ ∏
𝔭∈𝑉 (𝐾)∖𝑆

𝒪𝔭,

where 𝒪𝔭 is the valuation ring of 𝐾𝔭. Thus, we finally obtain

𝐺(𝒪𝑆)
𝑆 ≅ 𝐺( ∏

𝔭∈𝑉 (𝐾)∖𝑆
𝒪𝔭) ≅ ∏

𝔭∈𝑉 (𝐾)∖𝑆
𝐺(𝒪𝔭),

proving the statement.

Remark 2.2.28 (On the surjectivity assumption). Note that the surjectivity assumption
is in general not satisfied. One counterexample is given by 𝐆𝑚 as a group scheme over ℤ.
Here 𝐆𝑚(ℤ) = {±1}, while for every prime 𝑝 we have 𝐆𝑚(ℤ/𝑝ℤ) = (ℤ/𝑝ℤ)×.

However, one can easily see that the canonical embedding

𝐺(𝒪𝑆) ⟶ ∏
𝔭∈𝑉 (𝐾)∖𝑆

𝐺(𝒪𝑝)

induces the 𝑆-congruence topology on 𝐺(𝒪𝑆), such that the characterization of the
Hausdorff completion [10, Section II.3.7, Proposition 13] allows us to identify 𝐺(𝒪𝑆)

𝑆

with the closure of 𝐺(𝒪𝑆) in this product.
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2 𝑆-arithmetic groups

In the case of 𝐆(𝐾)𝑆 we have a very similar result.

Proposition 2.2.29 (Identification of adèle points). Let 𝐾 be a number field, let 𝐆 be
an algebraic group over 𝐾, let 𝐺 be an 𝒪𝐾-model of 𝐆, and let 𝑆 ⊆ 𝑉 (𝐾) be finite. The
𝔸𝐾,𝑆-points of 𝐆 can be identified with the restricted product

𝐆(𝔸𝐾,𝑆) ≅ ∐∏
𝔭∈𝑉 (𝐾)∖𝑆

(𝐺(𝐾𝔭),𝐺(𝒪𝔭)).

Proof. The proof does not depend on the index set, so for the sake of simplicity we only
prove the statement for the adèle ring 𝔸𝐾.

Let 𝒪𝐾[𝐺] be the Hopf algebra of 𝐺. As 𝐺 is of finite type, 𝒪𝐾[𝐺] is finitely generated.
Moreover, being a Dedekind domain, 𝒪𝐾 is in particular Noetherian, so 𝒪𝐾[𝐺] is in fact
finitely presented. Now the Hom-functor Hom𝑅(𝑇 , ⋅ ) commutes with direct limits for
every ring 𝑅 and every finitely presented 𝑅-algebra 𝑇 [98, Tag 00QO]. In particular, this
holds for 𝐺 = Hom𝒪𝐾

(𝒪𝐾[𝐺], ⋅ ). Thus,

𝐺(𝔸𝐾) = 𝐺⎛
⎝

∐∏
𝔭∈𝑉 (𝐾)

(𝐾𝔭, 𝒪𝔭)⎞
⎠

= 𝐺⎛
⎝
lim−→
𝑆

∏
𝔭∈𝑆

𝐾𝔭 × ∏
𝔭∉𝑆

𝒪𝔭⎞
⎠

≅ lim−→
𝑆

𝐺⎛
⎝
∏
𝔭∈𝑆

𝐾𝔭 × ∏
𝔭∉𝑆

𝒪𝔭⎞
⎠

≅ lim−→
𝑆

∏
𝔭∈𝑆

𝐺(𝐾𝔭) × ∏
𝔭∉𝑆

𝐺(𝒪𝔭)

= ∐∏
𝔭∈𝑉 (𝐾)

(𝐺(𝐾𝔭),𝐺(𝒪𝔭)),

where we used that, as a representable functor, 𝐺 commutes with products. Finally,
since 𝐺 was a model of 𝐆 we have 𝐆(𝔸𝐾) ≅ 𝐺(𝔸𝐾), finishing the proof.

Remark 2.2.30 (The choice of 𝒪𝐾-model). In the above statement, we actually do not
need to choose an 𝒪𝐾-model of 𝐆. The algebraic group 𝐆 is defined by finitely many
polynomials, with finitely many coefficients each. Now for almost all 𝔭 ∈ 𝑉𝑓(𝐾), all of
these coefficients are elements of 𝒪𝔭. Thus, using those polynomials, we can still make
sense of 𝐆(𝒪𝔭) for almost all 𝔭 ∈ 𝑉𝑓(𝐾) (which is enough for the restricted product).

Remark 2.2.31 (𝑆-congruence topology using adèles). Under the above identification,
the diagonal embedding 𝐾 → 𝔸𝐾,𝑆 corresponds to the diagonal embedding

𝐆(𝐾) ⟶ ∐∏
𝔭∈𝑉 (𝐾)∖𝑆

(𝐆(𝐾𝔭),𝐆(𝒪𝔭)).

Moreover, if 𝑆 is saturated, one can check that the induced topology on 𝐆(𝐾) is precisely
the 𝑆-congruence topology.
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2.2 𝑆-arithmetic subgroups

By using, once again, the characterization of the Hausdorff completion, we get a
description of the 𝑆-congruence completion.

Corollary 2.2.32. Let 𝐾 be a field, 𝐆 an algebraic group over 𝐾, and 𝑆 ⊆ 𝑉 (𝐾) a
finite saturated set of places. The 𝑆-congruence completion 𝐆(𝐾)𝑆 is isomorphic to the
closure of 𝐆(𝐾) in 𝐆(𝔸𝐾,𝑆).

Knowing that 𝐾 is dense in 𝔸𝐾,𝑆 (Theorem 2.1.38), one might expect that the same
should also be true for the points of 𝐆, i.e. that 𝐆(𝐾) is dense in 𝐆(𝔸𝐾,𝑆). However,
this is in general not the case and is precisely what strong approximation states.

Definition 2.2.33 (Strong approximation). Let 𝐾 be a number field, 𝐆 an algebraic
group over 𝐾, and 𝑆 ⊆ 𝑉 (𝐾) a finite saturated set. We say that 𝐆 satisfies strong
approximation with respect to 𝑆, if the diagonal embedding 𝐆(𝐾) → 𝐆(𝔸𝐾,𝑆) has dense
image.

Corollary 2.2.34. Let 𝐆 satisfy strong approximation with respect to 𝑆. Then

𝐆(𝐾)𝑆 ≅ 𝐆(𝔸𝐾,𝑆),
as well as

𝐺(𝒪𝑆)
𝑆 ≅ ∏

𝔭∈𝑉 (𝐾)∖𝑆
𝐺(𝒪𝔭).

Proof. The first part follows directly from the definition of strong approximation. For
the second part we note that, in 𝐆(𝔸𝐾,𝑆), we have

𝐺(𝒪𝑆) = 𝐆(𝐾) ∩ ∏
𝔭∈𝑉 (𝐾)∖𝑆

𝐺(𝒪𝔭).

Here ∏𝔭∈𝑉 (𝐾)∖𝑆 𝐺(𝒪𝔭) is open in 𝐆(𝔸𝐾,𝑆), so that 𝐺(𝒪𝑆) is dense in it.

The following theorem is usually the one giving strong approximation.

Theorem 2.2.35 (Strong approximation theorem [77, Theorem 7.12]). Let 𝐾 be a
number field, 𝐆 a semisimple algebraic group over 𝐾, and 𝑆 ⊆ 𝑉 (𝐾) finite saturated.
Then 𝐆 has strong approximation with respect to 𝑆 if and only if

1. 𝐆 is simply connected and

2. 𝐆 does not contain any almost simple factor 𝐇 with 𝐇(∏𝔭∈𝑆 𝐾𝔭) compact.

The congruence subgroup property

Coming back to the congruence subgroup problem, we have reformulated the problem
as whether the congruence kernel is trivial. Moreover, we have also seen that the
congruence kernel 𝐶𝑆(𝐆) is an invariant of the algebraic group 𝐆. As a closed subgroup
of a profinite group, the congruence kernel is itself a profinite group and thus either
uncountable or finite. In case it is finite, 𝑆-arithmetic subgroups should still be “close to
being 𝑆-congruence subgroups”.
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Definition 2.2.36 (Congruence subgroup property). Let 𝐾 be a number field, 𝐆 an
algebraic group over 𝐾, and 𝑆 ⊆ 𝑉 (𝐾) a finite saturated set of places. We say that 𝐺
has the congruence subgroup property with respect to 𝑆 if the congruence kernel 𝐶𝑆(𝐆) is
finite.

Obviously, a positive answer to the congruence subgroup problem implies the congruence
subgroup property. We note that in the literature the abbreviation “CSP” is common for
both the congruence subgroup problem and the congruence subgroup property. So when
reading about CSP one should always be aware what the author means precisely. We
will, however, not use this abbreviation in order to avoid this ambiguity.

Due to previous results on the congruence subgroup property, Serre asked whether the
following holds [97, Footnote on p. 489]. Nowadays, this question is usually formulated
as a conjecture.

Conjecture 2.2.37 (Serre). Let 𝐾 be a number field, 𝐆 an absolutely almost simple
simply connected algebraic group over 𝐾, and 𝑆 ⊆ 𝑉 (𝐾) finite saturated. Then the con-
gruence kernel 𝐶𝑆(𝐆) should be finite if rank𝑆 𝐆 ≔ ∑𝔭∈𝑆 rank𝐾𝔭

≥ 2 and rank𝐾𝔭
𝐆 ≥ 1

for all 𝔭 ∈ 𝑆 ∖ 𝑉∞(𝐾). Conversely, the congruence kernel 𝐶𝑆(𝐆) should be infinite if
rank𝑆 𝐆 = 1.

There are many results supporting this conjecture, however there are still some open
cases. Most prominently it is still open whether ℚ-groups whose group of real points is
isomorphic to Sp(𝑛, 1) or F(−20)

4 have the congruence subgroup property [62, Section 4].
Let us only give a single result establishing the congruence subgroup property for some

algebraic groups. For a better overview of the current state, we instead refer the reader
to various survey articles by Rapinchuk [86], Prasad and Rapinchuk [82] or Raghunathan
[85] and the references contained in there.

Theorem 2.2.38 (Raghunathan [84, Theorem D]). Let 𝐾 be a number field, 𝐆 an
absolutely almost simple simply connected algebraic group over 𝐾 with rank𝐾 𝐆 ≥ 2.
Then for any finite saturated 𝑆 ⊆ 𝑉 (𝐾), the congruence kernel 𝐶𝑆(𝐆) is finite.

58



Chapter 3
Profinite invariance

The field of geometric group theory studies on which kinds of geometric spaces certain
groups can act. One might ask what can be learned about a group when studying only
the actions on spaces with finite automorphism group, most notably finite sets.

This inevitably leads to the question of profinite rigidity.
Question. Which groups are determined by the finite quotients?

In case there are two groups with the same finite quotients, one might still ask which
properties they share, yielding the question of profinite properties.
Question. Which group properties are determined by the finite quotients of a group?

Obviously, not every group is determined by its finite quotients, as for example simple
groups do not have any finite quotients at all. So for both of these questions, it is
reasonable to restrict to a class of groups with “many” finite quotients. Usually one
considers residually finite groups.

This chapter will introduce the notions of profinite rigidity, profinite properties and
profinite invariants. Moreover, we provide some first examples of properties and invariants
that are (not) profinite. Finally, we also briefly discuss Grothendieck pairs, which is
another variation of the question of profinite rigidity, and one way of constructing them.

For a nice overview of the topic we recommend the survey articles by Reid [87] and
Bridson [11].

Overview of this chapter
3.1 On the question of profinite properties . . . . . . . . . . . . . . . . . . . . 60

3.1.1 Ensuring finite quotients: residual finiteness . . . . . . . . . . . . . 60
3.1.2 Finite quotients and the profinite completion . . . . . . . . . . . . 61
3.1.3 Profinite invariance: some (non-)examples . . . . . . . . . . . . . . 62

3.2 Profinitely isomorphic arithmetic groups . . . . . . . . . . . . . . . . . . . 66
3.3 Grothendieck pairs . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 70

3.3.1 The construction of Platonov–Tavgen . . . . . . . . . . . . . . . . 73
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3 Profinite invariance

3.1 On the question of profinite properties
3.1.1 Ensuring finite quotients: residual finiteness
As already stated in the introduction of this chapter, it is reasonable to focus on groups
admitting many finite quotients. It turns out that residually finite groups are the natural
class of groups to study profiniteness questions.
Definition 3.1.1 (Residually finite group). A group 𝐺 is called residually finite if for
every 𝑔 ∈ 𝐺 ∖ {1} there exists a group homomorphism 𝜑∶ 𝐺 → 𝐹 to a finite group such
that 𝜑(𝑔) ≠ 1.

For finitely generated groups, or more generally countable groups, being residually
finite is equivalent to the existence of a residual chain.
Definition 3.1.2 (Residual chain). Let 𝐺 be a group. A residual chain in 𝐺 is a family of
finite index normal subgroups (𝐺𝑘)𝑘∈ℕ with 𝐺𝑘+1 ⊆ 𝐺𝑘 for all 𝑘 ∈ ℕ and ⋂𝑘∈ℕ 𝐺𝑘 = {1}.
Proposition 3.1.3 (Characterization of residually finite groups). For a group 𝐺 the
following are equivalent:

1. The group 𝐺 is residually finite.

2. The intersection of all normal subgroups of finite index of 𝐺 is trivial.
If additionally 𝐺 is finitely generated this is equivalent to:

3. There is a residual chain in 𝐺.
Proof. 1. ⇒ 2. First assume 𝐺 is residually finite. For 𝑔 ∈ 𝐺 ∖ {1} there exists a group

homomorphism 𝜑∶ 𝐺 → 𝐹 to a finite group with 𝜑(𝑔) ≠ 1. Thus, 𝑔 is not in the
finite index normal subgroup ker𝜑 and so ⋂𝑁⊴f.i.𝐺 𝑁 = {1}.

2. ⇒ 1. Conversely, assume ⋂𝑁⊴f.i.𝐺 𝑁 = {1}. Then for every 𝑔 ∈ 𝐺 ∖ {1} there exists
a finite index normal subgroup 𝑁 ⊴f.i. 𝐺, such that 𝑔 ∉ 𝑁. Thus, the canonical
projection 𝜋∶ 𝐺 → 𝐺/𝑁 is a group homomorphism to a finite group with 𝜋(𝑔) ≠ 1.

Now assume that 𝐺 is finitely generated.
2. ⇒ 3. For 𝑘 ∈ ℕ let

𝐺𝑘 = ⋂
𝑁⊴𝐺

[𝐺∶𝑁]≤𝑘

𝑁.

Since there are only finitely many subgroups of 𝐺 of index ≤ 𝑘, this intersection
is in fact a finite intersection of normal subgroups of finite index. This gives a
residual chain as

⋂
𝑘∈ℕ

𝐺𝑘 = ⋂
𝑁⊴f.i.𝐺

𝑁 = 1

is trivial by assumption.

3. ⇒ 2. Conversely, let (𝐺𝑘)𝑘∈ℕ be a residual chain. Since every 𝐺𝑘 is a normal subgroup
of finite index we get

⋂
𝑁⊴f.i.𝐺

𝑁 ⊆ ⋂
𝑘∈ℕ

𝐺𝑘 = {1}.
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3.1 On the question of profinite properties

3.1.2 Finite quotients and the profinite completion

The profinite completion combines all finite quotients of a group into a single object.

Definition 3.1.4 (Profinite completion). Let 𝐺 be a group. The collection of all finite
index normal subgroups of 𝐺 form an inverse system. We define the profinite completion
of 𝐺 to be the topological group

𝐺 = lim←−
𝑁⊴f.i.𝐺

𝐺⟋𝑁 = {(𝑥𝑁𝑁)𝑁 ∈ ∏
𝑁⊴f.i.𝐺

𝐺⟋𝑁 ∣ 𝑥𝑁𝑀 = 𝑥𝑀𝑀 for every 𝑁 ⊆ 𝑀}.

We have a canonical map 𝐺 → 𝐺 given by 𝑔 ↦ (𝑔𝑁)𝑁. This map has dense image by
construction.

Remark 3.1.5 (Universal property [88, Lemma 3.2.1]). Let 𝐺 be a group. The profinite
completion 𝐺, together with the canonical map 𝜄 ∶ 𝐺 → 𝐺, has the following universal
property:

For every profinite group 𝐻 and every group homomorphism 𝜑∶ 𝐺 → 𝐻 there exists a
unique continuous group homomorphism 𝜑∶ 𝐺 → 𝐻 with 𝜑 = 𝜑 ∘ 𝜄.

𝐺 𝐻

𝐺

𝜄

𝜑

∃!𝜑̂

It suffices to check this universal property only for finite groups 𝐻.

Example 3.1.6. The profinite completion of a finite group is the group itself. This can
easily be checked using the universal property.

Example 3.1.7. Consider the group of integers ℤ. By the Chinese remainder theorem,
every finite quotient of ℤ is a product of cyclic groups ℤ/𝑝𝑛ℤ, for some prime 𝑝 and
𝑛 ∈ ℕ≥1. From this, it is easy to see that the profinite completion of ℤ is given by the
product of all 𝑝-adic completions

ℤ̂ = ∏
𝑝 prime

ℤ𝑝.

Corollary 3.1.8 (Profinite completion and residual finiteness). Let 𝐺 be a group. Then
𝐺 is residually finite if and only if the canonical map 𝐺 → 𝐺 is injective. In particular,
the profinite topology on 𝐺 coincides with the subspace topology induced by 𝐺.

Proof. By construction, the kernel of the canonical map 𝐺 → 𝐺 is ⋂𝑁⊴f.i.𝐺 𝑁. According
to Proposition 3.1.3, this intersection is trivial if and only if 𝐺 is residually finite.

For finitely generated groups, the profinite completion is in fact already determined by
the finite quotients of the group.
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3 Profinite invariance

Theorem 3.1.9 ([23, Main Theorem]). Let 𝐺 and 𝐻 be finitely generated groups. Then 𝐺
and 𝐻 are isomorphic as topological groups if and only if the set of isomorphism classes
of finite quotients of 𝐺 is equal to the set of isomorphism classes of finite quotients of 𝐻.

By the work of Nikolov and Segal [71, Theorem 1.1], one can moreover drop the
condition that the profinite completions need to be isomorphic as topological groups and
can instead only require that they are isomorphic as abstract groups.

This allows us to formulate the questions on profinite rigidity and profinite properties
in terms of profinite completions.

Definition 3.1.10 (Profinite rigidity). Let 𝐺 be a finitely generated residually finite
group. We say 𝐺 is profinitely rigid if for every finitely generated residually finite group 𝐻
with 𝐺 ≅ 𝐻 we have 𝐺 ≅ 𝐻.

Example 3.1.11. Finite groups are profinitely rigid, as they are equal to their own
profinite completions.

Definition 3.1.12 (Profinite property, profinite invariant). Let 𝑃 be a property of finitely
generated residually finite groups. We say that 𝑃 is a profinite property if for all finitely
generated residually finite groups 𝐺 and 𝐻 with 𝐺 ≅ 𝐻 we have that 𝐺 has 𝑃 if and only
if 𝐻 has 𝑃.

Similarly, an invariant 𝐼 of finitely generated residually finite groups is a profinite
invariant, if for all finitely generated residually finite groups 𝐺 and 𝐻 with 𝐺 ≅ 𝐻 we
have that 𝐼(𝐺) agrees with 𝐼(𝐻).

3.1.3 Profinite invariance: some (non-)examples

The first and easiest example of a profinite property is satisfying a law.

Lemma 3.1.13 (Satisfying a law is profinite). Let 𝑛 ∈ ℕ and let 𝑤 ∈ 𝐹𝑛. If 𝐺 and 𝐻
are finitely generated residually finite groups with 𝐺 ≅ 𝐻 and 𝐺 satisfies 𝑤, i.e. for all
𝑎1,… , 𝑎𝑛 ∈ 𝐺 we have 𝑤(𝑎1,… , 𝑎𝑛) = 1, then 𝐻 satisfies 𝑤 as well.

Proof. Assume that 𝐻 does not satisfy 𝑤. Then there are 𝑏1,… , 𝑏𝑛 ∈ 𝐻 such that
𝑤(𝑏1,… , 𝑏𝑛) ≠ 1. Since 𝐻 is residually finite, this gives a finite quotient 𝐹 of 𝐻 such that
𝑤(𝑏1,… , 𝑏𝑛) is non-trivial in this finite quotient. However, as 𝐺 and 𝐻 have isomorphic
profinite completions, they have the same finite quotients by Theorem 3.1.9. So 𝐹 is also
a quotient of 𝐺. But then 𝐹 satisfies 𝑤 as well, giving a contradiction.

Corollary 3.1.14 (Being abelian is a profinite property). Let 𝐺 and 𝐻 be finitely
generated residually finite groups with 𝐺 ≅ 𝐻. If 𝐺 is abelian, then 𝐻 is as well.

Proof. Apply the above lemma to the word [𝑎, 𝑏] = 𝑎𝑏𝑎−1𝑏−1 ∈ 𝐹2.

Using the classification of finitely generated abelian groups, one can use this in order
to prove that finitely generated abelian groups are profinitely rigid.
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Lemma 3.1.15 (Abelian groups are profinitely rigid). Let 𝐺 and 𝐻 be finitely generated
residually finite groups with 𝐺 ≅ 𝐻. If 𝐺 is abelian, then 𝐺 ≅ 𝐻.

Proof. We have already seen that in this case 𝐻 needs to be abelian as well. Thus, we
can write 𝐺 ≅ ℤ𝑛⊕𝑇1 as well as 𝐻 ≅ ℤ𝑚⊕𝑇2, where 𝑇1 and 𝑇2 are finite abelian groups.

First we can prove that 𝑛 = 𝑚. Assume 𝑛 > 𝑚 and let 𝑝 be a prime large enough such
that 𝑝 does not divide |𝑇1| and |𝑇2|. Then (ℤ/𝑝ℤ)𝑛 is a quotient of 𝐺 which cannot be a
quotient of 𝐻, giving a contradiction.

Now, if 𝑇1 is not isomorphic to 𝑇2, then without loss of generality 𝑇1 is not a quotient
of 𝑇2. Take again 𝑝 a prime not dividing |𝑇1| and |𝑇2|. Then (ℤ/𝑝ℤ)𝑛 ⊕ 𝑇1 is a finite
quotient of 𝐺 which cannot be a quotient of 𝐻. Again a contradiction.

The proof in fact already shows that the abelianization is a profinite invariant.

Corollary 3.1.16 (Abelianization is profinite). The abelianization is a profinite invariant.

Moving away only slightly from abelian groups, one loses profinite rigidity.

Proposition 3.1.17 ([4][87, Theorem 3.3]). There are two non-isomorphic extensions
of ℤ/25ℤ by ℤ which have isomorphic profinite completions.

Sketch of proof. Consider the two groups 𝐺 = ℤ/25ℤ ⋊𝛼 ℤ and 𝐻 = ℤ/25ℤ ⋊𝛽 ℤ, where
𝛼 is the automorphism 𝑥 ↦ 6 ⋅ 𝑥 and 𝛽 is the automorphism 𝑥 ↦ 11 ⋅ 𝑥. One can directly
verify that these two groups are not isomorphic.

However, we have 𝐺 × ℤ ≅ 𝐻 × ℤ, which gives us that 𝐺 and 𝐻 have isomorphic
profinite completions [4, Section 2, Proposition]. “ ”

Using Lück’s approximation theorem [63], Corollary 3.1.16 shows that the first ℓ2-Betti
number is a profinite invariant of finitely presented groups. First let us discuss a canonical
choice of a residual chain and some properties.

Definition 3.1.18 (Canonical residual chain). Let 𝐺 be a finitely generated residually
finite group. We call the residual chain

𝐺𝑘 = ⋂
𝑁⊴𝐺

[𝐺∶𝑁]≤𝑘

𝑁,

constructed in the proof of Proposition 3.1.3, the canonical residual chain of 𝐺.

Proposition 3.1.19. Let 𝐺,𝐻 be two finitely generated, residually finite groups with
𝐺 ≅ 𝐻. Then for the canonical residual chains (𝐺𝑘)𝑘∈ℕ and (𝐻𝑘)𝑘∈ℕ we have that

𝐺⟋𝐺𝑘
≅ 𝐻⟋𝐻𝑘

and 𝐺𝑘 ≅ 𝐻𝑘

for all 𝑘 ∈ ℕ.
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Proof. It is well-know that for a residually finite group Γ the assignment

𝜑Γ ∶ {𝑁 | 𝑁 ≤ Γ, [Γ ∶ 𝑁] < ∞} ⟶ {𝑈 | 𝑈 ≤ Γ̂ open}

𝑁 ⟼ 𝑁

is a bijection preserving both the index and being normal. In case 𝑁 ⊴ Γ is a normal
subgroup of finite index, we have Γ/𝑁 ≅ Γ̂/𝑁 [88, Proposition 3.2.2]. Moreover, it is
also well-known that, for each 𝑁 ≤ Γ of finite index, 𝜑Γ(𝑁) = 𝑁 is (isomorphic to) the
profinite completion of 𝑁.

Since 𝐺 ≅ 𝐻, using that both 𝜑𝐺 and 𝜑𝐻 preserve the index and being normal, it is
easy to see that 𝜑−1

𝐻 ∘ 𝜑𝐺 maps 𝐺𝑘 to 𝐻𝑘, and so 𝐺𝑘 = 𝐻𝑘. In particular, we obtain

𝐺⟋𝐺𝑘
≅ 𝐺⟋𝐺𝑘

≅ 𝐻⟋𝐻𝑘
≅ 𝐻⟋𝐻𝑘

,

as well as
𝐺𝑘 ≅ 𝐺𝑘 = 𝐻𝑘 ≅ 𝐻𝑘.

Corollary 3.1.20 (First ℓ2-Betti number is profinite). Let 𝐺 and 𝐻 be finitely presented
residually finite groups. If 𝐺 and 𝐻 are profinitely isomorphic, then 𝑏(2)1 (𝐺) = 𝑏(2)1 (𝐻).

Proof. By Lück’s approximation theorem, we have

𝑏(2)1 (𝐺) = lim
𝑘→∞

𝑏1(𝐺𝑘)
[𝐺 ∶ 𝐺𝑘]

,

where (𝐺𝑘)𝑘∈ℕ is the canonical residual chain of 𝐺. Similarly, this holds for 𝐻. Now as 𝐺
and 𝐻 are profinitely isomorphic, so are 𝐺𝑘 and 𝐻𝑘 for every 𝑘 ∈ ℕ by Proposition 3.1.19.
As the abelianization is a profinite property (Corollary 3.1.16), so is the first Betti number
𝑏1( ⋅ ) = dimℚ(( ⋅ )ab ⊗ℤ ℚ). Thus, making again use of Proposition 3.1.19, we get

𝑏1(𝐺𝑘)
[𝐺 ∶ 𝐺𝑘]

=
𝑏1(𝐻𝑘)
[𝐻 ∶ 𝐻𝑘]

for all 𝑘 ∈ ℕ and thus 𝑏(2)1 (𝐺) = 𝑏(2)1 (𝐻).

In contrast to the first ℓ2-Betti number, Kammeyer and Sauer proved that none of the
higher ℓ2-Betti numbers are profinite invariants [51]. Again using Lück’s approximation
theorem, one can use this to prove that the higher homology groups are not profinite
invariants.

Corollary 3.1.21 (Non-profiniteness of higher homology groups). Let 𝑛 ∈ ℕ≥2. The
𝑛-th homology 𝐻𝑛( ⋅ ; ℚ) group with coefficients in ℚ is not a profinite invariant.
In particular, 𝐻𝑛( ⋅ ; ℤ) is not a profinite invariant either.
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Proof. Let 𝐺 and𝐻 be finitely generated residually finite groups of type 𝐹 with isomorphic
profinite completions exhibiting the non-profiniteness of 𝑏(2)𝑛 , i.e. 𝑏(2)𝑛 (𝐺) ≠ 𝑏(2)𝑛 (𝐻). Such
groups are given by the examples of Kammeyer and Sauer [51], after passing to finite
index subgroups when necessary.

By Lück’s approximation theorem [63] we can compute the ℓ2-Betti numbers using
any residual chain. In particular, for the canonical residual chains (𝐺𝑘)𝑘∈ℕ and (𝐻𝑘)𝑘∈ℕ
of 𝐺, respectively 𝐻, we get that

lim
𝑘→∞

𝑏𝑛(𝐺𝑘)
[𝐺 ∶ 𝐺𝑘]

= 𝑏(2)𝑛 (𝐺) ≠ 𝑏(2)𝑛 (𝐻) = lim
𝑘→∞

𝑏𝑛(𝐻𝑘)
[𝐻 ∶ 𝐻𝑘]

.

Thus there is some 𝑘 ∈ ℕ with

𝑏𝑛(𝐺𝑘)
[𝐺 ∶ 𝐺𝑘]

≠
𝑏𝑛(𝐻𝑘)
[𝐻 ∶ 𝐻𝑘]

.

But, by Proposition 3.1.19, we have [𝐺 ∶ 𝐺𝑘] = [𝐻 ∶ 𝐻𝑘], so

dimℚ(𝐻𝑛(𝐺𝑘; ℚ)) = 𝑏𝑛(𝐺𝑘) ≠ 𝑏𝑛(𝐻𝑘) = dimℚ(𝐻𝑛(𝐻𝑘; ℚ))

and thus 𝐻𝑛(𝐺𝑘; ℚ) ≇ 𝐻𝑛(𝐻𝑘; ℚ). Finally, again by Proposition 3.1.19, we have that
𝐺𝑘 ≅ 𝐻𝑘 which shows that 𝐻𝑛( ⋅ ; ℚ) is not a profinite invariant.

For the statement concerning homology with integral coefficients, we use the natural
isomorphism 𝐻𝑛( ⋅ ; ℤ) ⊗ℤ ℚ ≅ 𝐻𝑛( ⋅ ; ℚ) to see that also 𝐻𝑛(𝐺𝑘; ℤ) ≇ 𝐻𝑛(𝐻𝑘; ℤ).

Remark 3.1.22. There are alternative proofs showing that the higher homology groups
are not profinite. For example, Bridson and Reid constructed two groups that are
profinitely isomorphic where one is finitely presented, and thus has finite dimensional
𝐻2( ⋅ ; ℚ), and the other has infinite dimensional second homology [14, Theorem B]. Then
a kind of “dimension shifting” argument can be used to get similar statements for the
other higher homology groups. We will see how this can be done in Section 5.2.1.

Remark 3.1.23 (Some more (non-)examples). There are many other examples of
properties which are (not) profinite. Let us name just a few.

1. Pickel proved that nilpotent groups have finite genus among nilpotent groups,
i.e., given a nilpotent group, there are only finitely many isomorphism classes of
nilpotent groups with isomorphic profinite completion [76].

2. Sabbagh and Wilson proved that being polycyclic is a profinite property [92].

3. Aka constructed profinitely isomorphic arithmetic groups where one has Kazhdan’s
property (T) and the other does not [3].

4. As a strengthening of this result, Cheetham-West, Lubotzky, Reid, and Spitler
proved that having property FA is not profinite [19]. Recently Fournier-Facio
further improved the result by showing that property NL is not profinite [31].
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5. Lubotzky proved that being of type 𝐹𝑛 is not a profinite property [61].

6. For arithmetic groups with the congruence subgroup property, Kammeyer, Kionke,
Raimbault, and Sauer proved that the sign of the Euler characteristic is a profinite
property [50]. This was generalized to 𝑆-arithmetic groups, except possibly those
of type 6D4, by Kammeyer and Serafini [52].

7. Liu proved that finite-volume hyperbolic 3-manifold groups have finite genus among
finitely generated 3-manifold groups [60].

8. Kionke and Schesler constructed groups acting on trees which show that being
amenable is not profinite. In the same paper, they also proved that being uniformly
amenable is a profinite property [55].

9. Corson, Hughes, Möller, and Varghese proved that affine Coxeter groups are
profinitely rigid [22]. In a different paper the same authors proved that right-angled
Coxeter groups are profinitely rigid among all Coxeter groups [21].

We conclude this section by stating one of the big open questions in the field of profinite
rigidity.

Question 3.1.24 (Remeslennikov). Are finitely generated (non-abelian) free groups
profinitely rigid?

3.2 Profinitely isomorphic arithmetic groups
In this section, we give a construction of how to obtain different arithmetic subgroups
with isomorphic profinite completions.

Remark 3.2.1 (Profinite vs. congruence completion). Let𝐾 be a number field, 𝑆 ⊆ 𝑉 (𝐾)
a finite saturated set of places, and 𝐺 an 𝒪𝐾-model of an algebraic 𝐾-group 𝐆. The
𝑆-congruence kernel 𝐶𝑆(𝐆) measures precisely the difference of the profinite and 𝑆-
congruence completion of 𝐺(𝒪𝑆),

0 𝐶𝑆(𝐆) 𝐺(𝒪𝑆) 𝐺(𝒪𝑆)
𝑆 0.

If the 𝑆-congruence kernel is trivial, the profinite completion and 𝑆-congruence completion
agree. In Corollary 2.2.34 we have seen that the 𝑆-congruence completion is given by

𝐺(𝒪𝑆)
𝑆 ≅ ∏

𝔭∈𝑉 (𝐾)∖𝑆
𝐺(𝒪𝔭)

if 𝐆 satisfies strong approximation with respect to 𝑆. Thus, given another 𝒪𝐾-model 𝐻 of
an algebraic group 𝐇 over 𝐾 with trivial 𝑆-congruence kernel and strong approximation
with respect to 𝑆, it suffices to prove

𝐺(𝒪𝔭) ≅ 𝐻(𝒪𝔭) for all 𝔭 ∈ 𝑉 (𝐾) ∖ 𝑆,

in order to obtain 𝐺(𝒪𝑆) ≅ 𝐻(𝒪𝑆).
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In the more general setting that the congruence kernels are only finite, this condition is
still enough to find finite index subgroups of 𝐺(𝒪𝑆) and 𝐻(𝒪𝑆) with isomorphic profinite
completions.

Proposition 3.2.2 (Profinitely isomorphic arithmetic groups). Let 𝐾 be a number
field, let 𝑆 ⊆ 𝑉 (𝐾) be a finite saturated set of places and let 𝐺,𝐻 be 𝒪𝐾-models of
algebraic 𝐾-groups 𝐆 and 𝐇, respectively. Moreover, assume that both 𝐆 and 𝐇 have
the congruence subgroup property, as well as strong approximation, with respect to 𝑆 and
that for every 𝔭 ∈ 𝑉 (𝐾) ∖ 𝑆 we have an isomorphism 𝐺(𝒪𝔭) ≅ 𝐻(𝒪𝔭).

Then there are 𝑆-arithmetic subgroups Γ ≤ 𝐆(𝐾), Λ ≤ 𝐇(𝐾) with isomorphic profinite
completions Γ̂ ≅ Λ̂.

Proof. As the 𝑆-congruence kernel 𝐶𝑆(𝐆) is finite, we can find a finite index open
subgroup Γ̂0 ≤ 𝐺(𝒪𝑆) which intersects the congruence kernel trivially. This subgroup
is the profinite completion of a finite index subgroup Γ0 ≤ 𝐺(𝒪𝑆) [88, Proposition
3.2.2]. As Γ̂0 intersects the congruence kernel trivially, it agrees with the closure in the
𝑆-congruence completion Γ0

𝑆 ≤ 𝐺(𝒪𝑆)
𝑆. Moreover, Γ0

𝑆 is of finite index in 𝐺(𝒪𝑆)
𝑆, so

as a finite index closed subgroup it is open as well.
Similarly, we can find a finite index subgroup Λ0 ≤ 𝐻(𝒪𝑆) such that the profinite

completion Λ̂0 agrees with the closure in the 𝑆-congruence completion Λ0
𝑆 ≤ 𝐻(𝒪𝑆)

𝑆.
Now, under the identification

𝐺(𝒪𝑆)
𝑆 ≅ ∏

𝔭∈𝑉 (𝐾)∖𝑆
𝐺(𝒪𝔭) ≅ ∏

𝔭∈𝑉 (𝐾)∖𝑆
𝐻(𝒪𝔭) ≅ 𝐻(𝒪𝑆)

𝑆

the intersection Γ0
𝑆 ∩ Λ0

𝑆 is a finite index open subgroup in both 𝐺(𝒪𝑆)
𝑆 and 𝐻(𝒪𝑆)

𝑆.
Hence, this intersection corresponds to finite index open subgroups Γ̂ ≤ Γ̂0 and Λ̂ ≤ Λ̂0.
Again, these are the profinite completions of finite index subgroups Γ ≤ Γ0 and Λ ≤ Λ0.

So both Γ and Λ are of finite index in 𝐺(𝒪𝑆) and 𝐻(𝒪𝑆), respectively, and thus are
𝑆-arithmetic subgroups. Finally, we have

Γ̂ ≅ Γ𝑆 = Γ0
𝑆 ∩ Λ0

𝑆 = Λ𝑆 ≅ Λ̂

by construction of Γ and Λ.

Aka used this idea in order to construct two arithmetic subgroups of Spin-groups with
isomorphic profinite completion, where one has Kazhdan’s property (T) and the other
one does not.

Lemma 3.2.3 ([3, Lemma 2]). For any prime 𝑝, the two quadratic forms

𝑞1 = 𝑥2
1 + 𝑥2

2 + 𝑥2
3 + 𝑥2

4 and 𝑞2 = −𝑥2
1 − 𝑥2

2 − 𝑥2
3 − 𝑥2

4

are isometric over ℤ𝑝.

67



3 Profinite invariance

Proof. In case 𝑝 ≡ 1 mod 4, there is 𝑖 ∈ ℤ𝑝 with 𝑖2 = −1. Hence, already the quadratic
forms 𝑥2

1 and −𝑥2
1 are isometric.

If 𝑝 ≡ 3 mod 4, there are 𝑎, 𝑏 ∈ ℤ𝑝 such that 𝑎2 +𝑏2 = −1. Thus, the quadratic forms

𝑥2
1 + 𝑥2

2 and − 𝑥2
1 − 𝑥2

2

are isometric via the transformation matrix ( 𝑎 𝑏
𝑏 −𝑎 ).

Finally, for 𝑝 = 2 there is 𝑎 ∈ ℤ2 with 𝑎2 = −7. Using the orthogonal transformation
matrix

⎛⎜⎜⎜⎜
⎝

2 1 1 𝑎
−1 2 −𝑎 1
−1 𝑎 2 −1
−𝑎 −1 1 2

⎞⎟⎟⎟⎟
⎠

,

one gets the claimed isometry of 𝑞1 and 𝑞2.

For standard quadratic forms of signature (𝑛,𝑚), i.e.

𝑥2
1 +⋯+ 𝑥2

𝑛 − 𝑥2
𝑛+1 −⋯− 𝑥2

𝑛+𝑚,

this lemma allows us to always flip four signs simultaneously over every ℤ𝑝.

Corollary 3.2.4. Let 𝑛,𝑚 ∈ ℕ≥2. There are arithmetic subgroups

Γ ≤ Spin(𝑛 + 4,𝑚)(ℚ) and Λ ≤ Spin(𝑛,𝑚 + 4)(ℚ)

with isomorphic profinite completion Γ̂ ≅ Λ̂.

Proof. The simply connected simple algebraic groups Spin(𝑞), with 𝑞 a quadratic form
over ℤ, can already be defined over the integers. Moreover, this construction is functorial
in the quadratic form 𝑞 [51, Section 3]. Thus, by using the above Lemma 3.2.3, we
immediately see that we have isomorphisms

Spin(𝑛 + 4,𝑚)(ℤ𝑝) ≅ Spin(𝑛,𝑚 + 4)(ℤ𝑝)

for every prime 𝑝.
Additionally, the ℚ-ranks of Spin(𝑛 + 4,𝑚) and Spin(𝑛,𝑚 + 4) are min(𝑛 + 4,𝑚)

and min(𝑛,𝑚 + 4), respectively. So our assumption 𝑛,𝑚 ≥ 2 ensures the congruence
subgroup property by Theorem 2.2.38. Thus, using Proposition 3.2.2, we obtain Γ and Λ
as desired.

Remark 3.2.5 (Different fields of definition). Let us note that the proof of Proposi-
tion 3.2.2 did not use that 𝐆 and 𝐇 were defined over the same number field 𝐾.

In fact, let 𝐆 and 𝐇 be defined over 𝐾 and 𝐾′ respectively and let 𝑆 ⊆ 𝑉 (𝐾)
and 𝑆′ ⊆ 𝑉 (𝐾′) be finite saturated sets of places. Assume that there is a bijection
𝑉 (𝐾) ∖ 𝑆 → 𝑉 (𝐾′) ∖ 𝑆′, 𝔭 ↦ 𝔭′, and that 𝐆 and 𝐇 have both the congruence subgroup
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property as well as strong approximation with respect to 𝑆 and 𝑆′, respectively. If there
is an isomorphism

𝐺(𝒪𝐾,𝔭) ≅ 𝐻(𝒪𝐾′,𝔭′) for every 𝔭 ∈ 𝑉 (𝐾) ∖ 𝑆,

then the same arguments show that there is an 𝑆-arithmetic subgroup Γ ≤ 𝐆(𝐾) and an
𝑆′-arithmetic subgroup Λ ≤ 𝐇(𝐾′) with Γ̂ ≅ Λ̂.

This can in particular be applied to arithmetically equivalent or locally isomorphic
number fields, where 𝐆 and 𝐇 come from the same algebraic group over ℚ.

Example 3.2.6. Let 𝐾 = ℚ( 8√7) and 𝐾′ = ℚ( 8√112). A result by Komatsu [59] shows
that 𝐾 and 𝐾′ are locally isomorphic but not isomorphic. Hence, there is a bijection
of places of 𝐾 and 𝐾′ such that the local completions are isomorphic (Theorem 2.1.42).
In particular, the valuation rings at all finite places are also isomorphic. Thus, we can
find arithmetic subgroups in SL𝑛(𝐾) and SL𝑛(𝐾′), for 𝑛 ≥ 3, with isomorphic profinite
completions. Here the condition of 𝑛 ≥ 3 ensures the congruence subgroup property
using Theorem 2.2.38.

A slight variation of Proposition 3.2.2, which does not use 𝒪𝐾-forms explicitly, is the
following.

Proposition 3.2.7 (Profinite isomorphism using congruence completions). Let 𝐾 be a
number field, 𝑆 ⊆ 𝑉 (𝐾) a finite saturated set of places and 𝐆, 𝐇 two algebraic groups over
𝐾 satisfying the congruence subgroup property with respect to 𝑆. If there is an isomorphism
𝐆(𝐾)𝑆 ≅ 𝐇(𝐾)𝑆 of the 𝑆-congruence completions, then there are 𝑆-arithmetic subgroups
of 𝐆(𝐾) and 𝐇(𝐾), respectively, with isomorphic profinite completions.

Proof. After choosing 𝒪𝐾-models 𝐺,𝐻 for 𝐆 and 𝐇, respectively, the proof is essentially
the same as the one of Proposition 3.2.2. The only difference is that we do not necessarily
have 𝐺(𝒪𝑆)

𝑆 ≅ 𝐻(𝒪𝑆)
𝑆. However, the intersection of Γ0

𝑆 and Λ0
𝑆, as subgroups of

𝐆(𝐾)𝑆 ≅ 𝐇(𝐾)𝑆, still gives finite index subgroups of 𝐺(𝒪𝑆)
𝑆 and 𝐻(𝒪𝑆)

𝑆, respectively.

Recall from Corollary 2.2.34, that in case 𝐆 satisfies strong approximation with respect
to 𝑆, we get a more hands-on description of the 𝑆-congruence completion as

𝐆(𝐾)𝑆 ≅ 𝐆(𝔸𝑓
𝐾,𝑆) ≅ ∐∏

𝔭∈𝑉 (𝐾)∖𝑆
(𝐆(𝐾𝔭),𝐆(𝒪𝔭)).

This allows us to give a criterion in terms of forms of algebraic groups, and thus in
terms of Galois cohomology, when two algebraic groups have isomorphic 𝑆-congruence
completions.

Proposition 3.2.8 (Isomorphic adèle points). Let 𝐾 be a number field, let 𝑆 ⊆ 𝑉 (𝐾)
be a finite saturated set of places and let 𝐆,𝐇 be two algebraic groups over 𝐾. If 𝐆 and
𝐇 are isomorphic over 𝐾𝔭 for every 𝔭 ∈ 𝑉 (𝐾) ∖ 𝑆, then there exists an isomorphism

𝐆(𝔸𝐾,𝑆) ≅ 𝐇(𝔸𝐾,𝑆).
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Proof. Since 𝐆 and 𝐇 are isomorphic as algebraic groups over 𝐾𝔭, we have in particular
an isomorphism 𝐆(𝐾𝔭) ≅ 𝐇(𝐾𝔭). Thus, in order to get the statement for the adèle
points, we only need to see that for almost all 𝔭 ∈ 𝑉 (𝐾) ∖ 𝑆, this isomorphism restricts
to one of 𝐆(𝒪𝔭) ≅ 𝐇(𝒪𝔭).

Let 𝐺 and 𝐻 be 𝒪𝐾-models of 𝐆 and 𝐇, respectively. For almost all places 𝔭 ∈ 𝑉𝑓(𝐾)
both 𝐺(𝒪𝔭) and 𝐻(𝒪𝔭) are so-called hyperspecial subgroups of 𝐆(𝐾𝔭) ≅ 𝐇(𝐾𝔭) [101, p. 55,
3.9.1]. Any two hyperspecial subgroups are isomorphic via a unique inner automorphism
of 𝐆(𝐾𝔭) ≅ 𝐇(𝐾𝔭) [81, Proposition 4.5]. Hence, we can modify the given isomorphism
𝐆(𝐾𝔭) ≅ 𝐇(𝐾𝔭) by an inner automorphism in order to obtain one that maps 𝐺(𝒪𝔭)
to 𝐻(𝒪𝔭). Doing so for almost all places suffices to get an isomorphism of the adèle
points.

The author would like to thank Will Sawin for his MathOverflow answer providing us
with the above proof [93].

Remark 3.2.9 (Different fields of definition II). As noted before in Remark 3.2.5, we
did not use that 𝐆 and 𝐇 were defined over the same number field 𝐾 in any essential
way.

Recall, that two number fields 𝐾 and 𝐾′ are called arithmetically equivalent if there
is a bijection 𝑉𝑓(𝐾) → 𝑉𝑓(𝐾′), 𝔭 ↦ 𝔭′ such that for almost all 𝔭 ∈ 𝑉𝑓(𝐾), we have
isomorphisms 𝐾𝔭 ≅ 𝐾′

𝔭′ . Choosing 𝑆 ⊆ 𝑉 (𝐾) finite saturated, such that we have these
isomorphisms for every 𝔭 ∉ 𝑆, we have 𝔸𝐾,𝑆 ≅ 𝔸𝐾′,𝑆′ . Moreover, we can still ask for 𝐆
and 𝐇 to be isomorphic over every 𝔭 ∈ 𝑉 (𝐾) ∖ 𝑆, in the sense that 𝐆𝐾𝔭

≅ 𝐇𝐾′
𝔭′

over
the isomorphism 𝐾𝔭 ≅ 𝐾′

𝔭′ .
In this setup, the same proofs as above apply to give similar results.

For future reference, let us gather what we have seen in this section.

Corollary 3.2.10 (Profinite isomorphism from local isomorphisms). Let 𝐾 be a number
field, let 𝑆 ⊆ 𝑉 (𝐾) be a finite saturated set of places and let 𝐆,𝐇 be two algebraic groups
over 𝐾. Assume that both 𝐆 and 𝐇 have the congruence subgroup property as well as
strong approximation with respect to 𝑆.

If for every 𝔭 ∈ 𝑉 (𝐾) ∖ 𝑆, the algebraic groups 𝐆 and 𝐇 are isomorphic over 𝐾𝔭,
then there exist 𝑆-arithmetic subgroups of 𝐆(𝐾) and 𝐇(𝐾) with isomorphic profinite
completions.

Proof. Using the local isomorphisms, Proposition 3.2.8 gives an isomorphism of the finite
𝑆-adèle points of 𝐆 and 𝐇. Since both 𝐆 and 𝐇 have strong approximation with respect
to 𝑆, these finite adèle points are just the 𝑆-congruence completions of 𝐆(𝐾) and 𝐇(𝐾),
respectively (Corollary 2.2.34). Finally, this allows us to apply Proposition 3.2.7, in order
to obtain the desired 𝑆-arithmetic subgroups.

3.3 Grothendieck pairs
When studying profinite rigidity, one is looking at groups with the same profinite
completion. Such groups are only known to have isomorphic profinite completions
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without control of this isomorphism. However, it is also interesting and relevant to study
the situation where the isomorphism of profinite completions is induced by a morphism
of the groups. Such morphisms were first studied by Grothendieck [37], hence they are
now called Grothendieck pairs.

Definition 3.3.1 (Grothendieck pair). Let 𝐺,𝐻 be finitely generated, residually finite
groups. A group homomorphism 𝑢∶ 𝐻 → 𝐺 defines a Grothendieck pair if 𝑢̂ ∶ 𝐻 → 𝐺 is
an isomorphism. If 𝑢 is not an isomorphism, we say that 𝑢 is a non-trivial Grothendieck
pair.

One first easy observation is that 𝑢∶ 𝐻 → 𝐺 always has to be injective. Using this, we
will usually assume that 𝐻 is a subgroup of 𝐺.

Lemma 3.3.2. Let 𝑢∶ 𝐻 → 𝐺 be a Grothendieck pair. Then 𝑢 is injective.

Proof. Since both 𝐺 and 𝐻 are residually finite, we have a commutative diagram

𝐻 𝐺

𝐻 𝐺,

𝑢

𝑢̂

with injective vertical morphisms. Now, by assumption, 𝑢̂ is an isomorphism, so the
restriction 𝑢 has to be injective as well.

In his original paper [37], Grothendieck asked whether there are non-trivial Grothendieck
pairs consisting of finitely presented groups. The first non-trivial finitely generated
Grothendieck pairs were given by Platonov and Tavgen’ [79], using a construction we will
discuss in Section 3.3.1. By a similar construction, Bridson and Grunewald were able to
construct non-trivial finitely presented Grothendieck pairs [13].

Before we give examples of Grothendieck pairs, let us first discuss when a group homo-
morphism of finitely generated residually finite groups induces an injection, respectively
surjection, on profinite completions.

Lemma 3.3.3 ([78, Lemma 1]). Let 𝑢∶ 𝐻 → 𝐺 be a group homomorphism of finitely
generated residually finite groups. The induced map 𝑢̂ ∶ 𝐻 → 𝐺 of profinite completions is

1. surjective if and only if the image 𝑢(𝐻) is, with respect to the profinite topology,
dense in 𝐺, and

2. injective if and only if 𝑢 is injective and the profinite topology on 𝑢(𝐻) coincides
with the one induced by the profinite topology of 𝐺.

Proof. We consider the commutative diagram

𝐻 𝐺

𝐻 𝐺.

𝑢

𝑢̂
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3 Profinite invariance

Here the two vertical arrows are injective as both 𝐻 and 𝐺 are assumed to be residually
finite.

We begin by proving that, as subspaces of 𝐺, 𝑢(𝐻) is dense in 𝑢̂(𝐻). As the image of
a compact space, 𝑢̂(𝐻) is compact in 𝐺. With 𝐺 being Hausdorff, we get in particular
that 𝑢̂(𝐻) is closed. Denoting the by ( ⋅ ) the closure in 𝐺 and 𝐻, we thus have

𝑢̂(𝐻) = 𝑢̂(𝐻) = 𝑢̂(𝐻) = 𝑢̂(𝐻) = 𝑢(𝐻)

where we used that 𝐻 is dense in 𝐻. So 𝑢(𝐻) is actually dense in 𝑢̂(𝐻).

1. First assume that 𝑢(𝐻) is dense in 𝐺. Since 𝐺 is dense in 𝐺 and the profinite
topology on 𝐺 agrees with the subspace topology, 𝑢(𝐻) is dense in 𝐺 as well. But
the closure of 𝑢(𝐻) in 𝐺 is 𝑢̂(𝐻), so 𝑢̂(𝐻) = 𝐺, proving surjectivity.

Conversely, let 𝑢̂ be surjective. Since 𝑢(𝐻) is dense in 𝑢̂(𝐻) = 𝐺 and 𝑢(𝐻) is
already a subspace of 𝐺, it already has to be dense in 𝐺.

2. Let 𝑢̂ be injective. Since 𝐻 is compact and 𝐺 is Hausdorff, the usual compact–
Hausdorff argument gives that 𝑢̂ is a homeomorphism onto its image, i.e. an
embedding. Restricting to the subspaces 𝐻 and 𝐺 gives the claim.
Now let 𝑢 be an embedding, i.e. 𝑢 is injective and the profinite topology on 𝑢(𝐻)
coincides with the subspace topology induced by the profinite topology on 𝐺. Both
𝐻 and 𝑢̂(𝐻) are compact and thus in particular complete [10, Section III.3.3,
Corollary 1]. So the homeomorphism 𝑢∶ 𝐻 → 𝑢(𝐻) of dense subsets can be
uniquely extended to a continuous homomorphism 𝐻 → 𝑢̂(𝐻), which will also
be a homeomorphism [10, Section III.3.3, Proposition 5]. Obviously, 𝑢̂ is such
a continuous extension. So it is a homeomorphism onto its image, and thus in
particular injective.

Let us reformulate these conditions in terms of finite index subgroups. Since later on
we will only be interested in the case where 𝐻 is a subgroup of 𝐺, we will already make
this additional assumption to declutter the statement.

Corollary 3.3.4 ([78, Corollary p. 91]). Let 𝐻 ≤ 𝐺 be groups and denote by 𝑢∶ 𝐻 → 𝐺
the inclusion.

1. The map 𝑢̂ is surjective if and only if 𝐻 is not contained in any proper finite index
subgroup of 𝐺.

2. The map 𝑢̂ is injective if and only if for every finite index subgroup 𝐻1 ≤ 𝐻, there
exists a finite index subgroup 𝐺1 ≤ 𝐺 with 𝐺1 ∩𝐻 ⊆ 𝐻1.

Proof.

1. Let 𝑢̂ be surjective and let 𝐺1 ≤ 𝐺 be a finite index subgroup with 𝐻 ⊆ 𝐺1. As 𝑢̂
is surjective, we know that 𝐻 is dense in 𝐺. Thus,

𝐺 = 𝐻 ⊆ 𝐺1 ⊆ 𝐺,
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and so 𝐺1 = 𝐺. But using the canonical bijection of finite index subgroups of 𝐺
and open subgroups of 𝐺, this already proves 𝐺1 = 𝐺.
Now let us assume that 𝑢̂ is not surjective, i.e. 𝐻 ≠ 𝐺. Then there is 𝑔 ∈ 𝐺
and an open normal subgroup 𝑈 ≤ 𝐺 such that 𝑔𝑈 ∩ 𝐻 = ∅. As the union of
open cosets, 𝑈𝐻 is an open subgroup of 𝐺. So by the subgroup correspondence, it
corresponds to a finite index subgroup of 𝐺 containing 𝐻. Since 𝑔−1 ∉ 𝑈𝐻, it has
to be a proper subgroup of 𝐺.

2. This is just a reformulation that the profinite topology on 𝐻 coincides with the one
induced by the one on 𝐺.

3.3.1 The construction of Platonov–Tavgen
We now come to the construction of non-trivial Grothendieck pairs due to Platonov and
Tavgen’ [79].

Definition 3.3.5 (Fiber product). Let 𝜑∶ 𝐺 → 𝑄 be a surjective group homomorphism.
Then the fiber product of 𝜑 is defined to be

𝑃 = {(𝑔, ℎ) ∈ 𝐺 ×𝐺 ∣ 𝜑(𝑔) = 𝜑(ℎ)} ≤ 𝐺×𝐺.

It is easy to see that if 𝐺 is finitely generated and 𝑄 is finitely presented, then 𝑃 is
finitely generated as well. The following theorem is more involved.

Theorem 3.3.6 ([5, 1-2-3 Theorem]). Let 1 → 𝑁 → 𝐺
𝜑
−→ 𝑄 → 1 be a short exact

sequence of groups and denote by 𝑃 the fiber product of 𝜑. If 𝑁 is finitely generated
(type 𝐹1), 𝐺 is finitely presented (type 𝐹2), and 𝑄 is of type 𝐹3, then 𝑃 is finitely presented.

Platonov and Tavgen’ used the characterization for surjectivity and injectivity in
Corollary 3.3.4 and essentially proved the following.

Theorem 3.3.7 ([13, Theorem 5.1]). Let 1 → 𝑁 → 𝐺 → 𝑄 → 1 be a short exact
sequence of groups and let 𝑃 ≤ 𝐺 × 𝐺 be the associated fiber product. If 𝐺 is finitely
generated, 𝑄 has no finite quotients, and 𝐻2(𝑄; ℤ) = 0, then the inclusion 𝑢∶ 𝑃 ↪ 𝐺×𝐺
induces an isomorphism 𝑢̂ ∶ 𝑃 → 𝐺×𝐺.

The same arguments also prove this slight variation.

Proposition 3.3.8 ([12, Lemma 4.4]). Let 1 → 𝑁 → 𝐺 → 𝑄 → 1 be an exact sequence
of finitely generated groups. If 𝑄 = 1 and 𝐻2(𝑄; ℤ) = 0, then 𝑁 ↪ 𝐺 induces and
isomorphism of profinite completions.

Remark 3.3.9 (The construction of Platonov and Tavgen’). The original construction
of non-trivial Grothendieck pairs of finitely generated groups by Platonov and Tavgen’
worked as follows:

Let
𝑄 = ⟨𝑎, 𝑏, 𝑐, 𝑑 ∣ 𝑎−1𝑏𝑎 = 𝑏2, 𝑏−1𝑐𝑏 = 𝑐2, 𝑐−1𝑑𝑐 = 𝑑2, 𝑑−1𝑎𝑑 = 𝑎2⟩
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be the Higman group. This group has no finite quotients [42] and is acyclic [24]. So, in
particular, 𝐻2(𝑄; ℤ) = 0. Now, consider the short exact sequence

1 𝑁 𝐹4 𝑄 1,

where the map 𝐹4 → 𝑄 sends the four generators of 𝐹4 to the generators of 𝑄. Then
Theorem 3.3.7 shows that the inclusion of the fiber product 𝑃 ↪ 𝐹4×𝐹4 is a Grothendieck
pair.

Remark 3.3.10 (The refinement by Bridson and Grunewald). Bridson and Grunewald
used the same idea to construct the first examples of non-trivial Grothendieck pairs of
finitely presented groups. However, to obtain a short exact sequence to start with, they
used a variation of the Rips construction [89] due to Wise which produces residually
finite groups:

Theorem 3.3.11 (Wise–Rips construction [103]). There is an algorithm that associates
with every finite group presentation a short exact sequence of groups

1 𝑁 𝐺 𝑄 1,

where 𝑄 is the group with the given presentation, 𝑁 is generated by three elements, and
the group 𝐺 is a torsion-free, residually finite, hyperbolic (and thus finitely presented)
group.

Applying this variant of the Rips construction to the Higman group gives a short exact
sequence with finitely presented fiber product 𝑃. Hence, this time Theorem 3.3.7 proves
that 𝑃 ↪ 𝐺×𝐺 is a Grothendieck pair of finitely presented groups.
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Chapter 4
Bounded cohomology is not a profinite
invariant

We will now study an example of an invariant which is not profinite: bounded cohomology.
Bounded cohomology is a functional analytical variation of (group) cohomology, where,
instead of all cochains, only the uniformly bounded ones are considered. This gives
functors 𝐻𝑛

𝑏 ( ⋅ ; ℝ) ∶ Group → Vectℝ. For the definition and some basic results we refer
the reader either to Section A.2 in the appendix or (for more details) to the books by
Frigerio [32] and Monod [68].

As it turns out, there are lattices in Lie groups with isomorphic profinite completion
but different bounded cohomology. We will in fact give a full classification of which
higher rank Lie groups this phenomenon can occur in. The classification makes heavy
use of the classification of forms of algebraic groups in terms of Galois cohomology, as
discussed in Section 1.1.5.

This chapter is based on joint work with the author’s PhD advisor Holger Kam-
meyer [26].

Overview of this chapter
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4 Bounded cohomology is not a profinite invariant

4.1 Bounded cohomology of lattices in Lie groups
The second bounded cohomology of a lattice in a simple Lie group can actually be
computed in terms of the surrounding Lie group. This is due to the following theorem by
Monod and Shalom, which extends a previous result of Burger and Monod [17, Corollary
1.6].
Theorem 4.1.1 ([69, Theorem 1.4]). Let 𝐾 be a local field, 𝐆 be a connected almost
simple algebraic group over 𝐾 with rank𝐾 𝐆 ≥ 2 and let Γ ≤ 𝐺 = 𝐆(𝐾) be a lattice.
Then we have

𝐻2
𝑏 (Γ;ℝ) ≅ℝ

⎧
⎨⎩

ℝ if 𝐾 = ℝ and 𝜋1(𝐺) is infinite
0 in all other cases.

An analogous statement holds for the continuous bounded cohomology of 𝐺.
Remark 4.1.2 (The rank one case). The above theorem gives no information about
lattices in rank one groups. In fact, here the situation is quite different. Lattices in Lie
groups of rank one act on hyperbolic spaces and thus have infinite dimensional second
bounded cohomology [33].

It is well-known that for simple Lie groups, the condition of having infinite fundamental
group is equivalent to having a Hermitian symmetric space [41, Chapter VIII, Theorem
6.1]. By the classification of real simple Lie groups, these are isogenous to

SU(𝑛,𝑚) for 𝑛,𝑚 ≥ 2, SO0(𝑛, 2) for 𝑛 ≥ 3,
SO∗(2𝑛) for 𝑛 ≥ 4, Sp(𝑛;ℝ) for 𝑛 ≥ 2,

E(−14)
6 or E(−25)

7

[41, Chapter X, §6.3]. Note that we have the accidental isogenies

SO0(3, 2) ≈ Sp(2; ℝ), SO0(4, 2) ≈ SU(2, 2) and SO0(6, 2) ≈ SO∗(8).

4.1.1 A first example: Spin(𝑛, 2)

In Section 3.2 we have already seen some examples of profinitely isomorphic arithmetic
groups.
Lemma 4.1.3. Let 𝑛 ∈ ℕ≥7. There are arithmetic subgroups Γ ≤ Spin(𝑛, 2)(ℚ) and
Λ ≤ Spin(𝑛 − 4, 6)(ℚ) with Γ̂ ≅ Λ̂ and 𝐻2

𝑏 (Γ;ℝ) ≅ ℝ while 𝐻2
𝑏 (Λ;ℝ) ≅ 0.

Proof. Making use of Corollary 3.2.4, we find arithmetic subgroups Γ ≤ Spin(𝑛, 2)(ℚ)
and Λ ≤ Spin(𝑛 − 4, 6)(ℚ) with isomorphic profinite completions.

In order to compute the bounded cohomology, we use the theorem by Monod and
Shalom. The two arithmetic subgroups Γ and Λ are lattices in 𝐺 = Spin(𝑛, 2)(ℝ) and
𝐻 = Spin(𝑛 − 4, 6)(ℝ), respectively. Both of these groups have higher ℝ-rank and 𝐺,
being isogenous to SO0(𝑛, 2), has a Hermitian symmetric space, while 𝐻, being isogenous
to SO0(𝑛− 4, 6), does not. Thus, we get 𝐻2

𝑏 (Γ;ℝ) ≅ ℝ and 𝐻2
𝑏 (Λ;ℝ) ≅ 0 as desired.

This already provides the first counterexample to the second bounded cohomology
being a profinite invariant.
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4.2 The full classification of examples

4.2 The full classification of examples
Having seen the first examples of the non-profiniteness of the second bounded cohomology,
we now want to give the complete classification of such examples in the class of lattices
in higher rank Lie groups.

Definition 4.2.1. Let 𝐺 be a higher rank Lie group, i.e. the real points 𝐺 = 𝐆(ℝ) of a
connected almost ℝ-simple linear algebraic ℝ-group 𝐆 with rankℝ 𝐆 ≥ 2. We say that 𝐺
exhibits non-profinite second bounded cohomology if there exists a lattice Γ ≤ 𝐺 as well as
a lattice Λ ≤ 𝐻 in another higher rank Lie group 𝐻, such that Γ̂ ≅ Λ̂ and 𝐻2

𝑏 (Γ;ℝ) ≇ 0
while 𝐻2

𝑏 (Λ;ℝ) ≅ 0.

Theorem 4.2.2. Let 𝐺 be a higher rank Lie group. Then 𝐺 exhibits non-profinite second
bounded cohomology if and only if it is isogenous to

SO0(𝑛, 2) for 𝑛 ≥ 6, E(−14)
6 , or E(−25)

7 .

Due to Theorem 4.1.1, the only higher rank Lie groups we need to consider are the
ones with Hermitian symmetric space. Moreover, by possibly passing to finite index
subgroups, we also only need to consider one Lie group for every isogeny class.

The next sections provide the constructions of lattices exhibiting the non-profiniteness
of second bounded cohomology in the cases of E(−25)

7 , E(−14)
6 , and SO0(𝑛, 2).

Afterwards, we will show that the remaining Lie groups with Hermitian symmetric
space do not exhibit non-profinite second bounded cohomology.

4.2.1 E(−25)
7

Let E7 be the unique simply connected absolutely almost simple ℚ-split algebraic ℚ-group
of type E7. As the Dynkin diagram of type E7 does not have any symmetries, the short
exact sequence

1 AdE7 AutE7 SymΔ 1

gives AdE7 ≅ AutE7, and thus 𝐻1(ℚ;AdE7) classifies all ℚ-forms of type E7.
In order to study this Galois cohomology set, we consider the short exact sequence

1 𝑍(E7) E7 AdE7 1

of Gal(ℚ)-groups. Here the center 𝑍(E7) is isomorphic to the group of second roots of
unity 𝜇2 [77, Table on p. 332]. For 𝑝 a prime or 𝑝 = ∞, using the functoriality of Galois
cohomology and the naturality of the “long” exact sequence, we get an induced diagram

𝐻1(ℚ;E7) 𝐻1(ℚ;AdE7) 𝐻2(ℚ; 𝜇2)

𝐻1(ℚ𝑝;E7) 𝐻1(ℚ𝑝;AdE7) 𝐻2(ℚ𝑝; 𝜇2),

𝜋 Δ

𝑓𝑝 𝑏𝑝

𝜋𝑝 Δ𝑝

with exact rows. Here we agree on the convention ℚ∞ = ℝ. Let us collect some
information about these diagrams.
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4 Bounded cohomology is not a profinite invariant

Lemma 4.2.3. Let 𝑝 be a prime. Then Δ𝑝 has trivial kernel.

Proof. By a result of Kneser [58] the Galois cohomology 𝐻1(ℚ𝑝;E7) is trivial. So 𝜋𝑝 has
trivial image and thus, by exactness, Δ𝑝 has trivial kernel.

Proposition 4.2.4. The image of 𝜋∞ ∶ 𝐻1(ℝ;E7) → 𝐻1(ℝ;AdE7) consists of two
elements, corresponding to the real forms E(7)

7 and E(−25)
7 .

Proof. The map 𝜋∞ is part of an exact sequence

E7(ℝ) AdE7(ℝ) 𝐻1(ℝ; 𝜇2) 𝐻1(ℝ;E7) 𝐻1(ℝ;AdE7) 𝐻2(ℝ; 𝜇2).
𝜑 𝛿∞ 𝜋∞ Δ∞

Since 𝜇2 is an abelian group, 𝛿∞ is a group homomorphism [95, Chapter I, §5.6, Corollary
2]. So using exactness we have

im 𝛿∞ ≅ AdE7(ℝ)⟋𝜑(E7(ℝ)).

Being defined by the real points of a simply connected semisimple ℝ-group, E7(ℝ) is a
connected Lie group [67, Theorem 25.54]. However, AdE7(ℝ) has two connected compo-
nents [1, Table 5], so im 𝛿∞ has two connected components as well. Since𝐻1(ℝ; 𝜇2) ≅ ℤ/2,
this proves that 𝛿∞ is surjective, and thus exactness shows that 𝜋∞ has trivial kernel.
As 𝐻1(ℝ;E7) has only two elements [1, Table 3], we obtain that 𝜋∞ is actually injective.

Now let [𝑎] ∈ 𝐻1(ℝ;E7) be the non-trivial class. The action of the twisted group
𝑎 AdE7(ℝ) on 𝐻1(ℝ; 𝜇2) ≅ ℤ/2 needs to be transitive [95, Chapter I, §5.5, Corollary 2].
So 𝑎 AdE7(ℝ) has to be disconnected. However, the only non-split disconnected form of
type E7 is the Hermitian form E(−25)

7 [1, Table 5]. This shows that 𝜋∞([𝑎]) ∈ 𝐻1(ℝ;AdE7)
corresponds to the real from E(−25)

7 .
Obviously, the unit class 1 ∈ 𝐻1(ℝ;E7) corresponds to the split form E(7)

7 .

Now fix a prime 𝑝0. Taking the direct sum of the above diagram over all primes
excluding 𝑝0, while including ∞, we obtain the diagram

𝐻1(ℝ;E7) ⨁
𝑝≠𝑝0

𝐻1(ℚ𝑝;AdE7) ⨁
𝑝≠𝑝0

𝐻2(ℚ𝑝; 𝜇2)

𝐻1(ℚ;E7) 𝐻1(ℚ;AdE7) 𝐻2(ℚ; 𝜇2)

{∗} 𝐻1(ℚ𝑝0
;AdE7) 𝐻2(ℚ𝑝0

; 𝜇2),

𝜋∞ ⊕Δ𝑝

𝜋 Δ

𝑓𝑝0

𝑓

𝑏𝑝0

𝑏

Δ𝑝0

with exact rows. Here only 𝐻1(ℝ;E7) remains in the left-hand column, as the sets
𝐻1(ℚ𝑝;E7) are trivial for every prime 𝑝 by Kneser’s theorem [57]. Moreover, the map
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4.2 The full classification of examples

𝑓 is surjective by the work of Prasad and Rapinchuk [83, Proposition 1]. So, using
Proposition 4.2.4, we can find 𝛼 ∈ 𝐻1(ℚ;AdE7) which splits at every prime 𝑝 ≠ 𝑝0
and corresponds to the real form E(−25)

7 at 𝑝 = ∞. Moreover, we may assume that the
algebraic ℚ-group 𝐆 defined by 𝛼 has rankℚ 𝐆 = 3 [83, Theorem 1].

Proposition 4.2.5. The class 𝛼, and thus 𝐆, splits at 𝑝0 as well.

Proof. As E(−25)
7 is in the image of 𝜋∞, using exactness we get ⊕Δ𝑝(𝑓(𝛼)) = 1. By

commutativity, this gives 𝑏(Δ(𝛼)) = 1.
The Albert–Brauer–Hasse–Noether Theorem from global class field theory gives a short

exact sequence

1 Br(ℚ) ⨁
𝑝≤∞

Br(ℚ𝑝) ℚ⟋ℤ 1,𝑠

where 𝑠 sums up local invariants [39, Theorem 14.11]. Now 𝐻2( ⋅ ; 𝜇2) is the subgroup of
Br( ⋅ ) consisting of order two elements [39, Proposition 6.12]. So, in particular, we get the
injectivity of 𝑏 ∶ 𝐻2(ℚ; 𝜇2) → ⨁𝑝≠𝑝0

𝐻2(ℚ𝑝; 𝜇2). Hence, 𝑏(Δ(𝛼)) = 1 gives Δ(𝛼) = 1
and thus also Δ𝑝0

(𝑓𝑝0
(𝛼)) = 𝑏𝑝0

(Δ(𝛼)) = 1. As we have seen in Lemma 4.2.3, Δ𝑝0
has

trivial kernel, so that 𝑓𝑝0
(𝛼) = 1 ∈ 𝐻1(ℚ;AdE7), i.e. 𝛼 splits at 𝑝0.

By the above proposition, 𝐆 and E7 become isomorphic over ℚ𝑝 for every prime 𝑝.
Moreover, as rankℚ 𝐆 = 3 and rankℚ E7 = 7, both 𝐆 and E7 have the congruence
subgroup property. Hence, applying Corollary 3.2.10 gives arithmetic subgroups Γ ≤
𝐆(ℚ), Λ ≤ E7(ℚ) with isomorphic profinite completions.

Both Γ and Λ are lattices in the corresponding real points. By construction, these
are E(−25)

7 and E(7)
7 . As only E(−25)

7 has a Hermitian symmetric space, the theorem of
Monod–Shalom (Theorem 4.1.1) gives 𝐻2

𝑏 (Γ;ℝ) ≅ ℝ and 𝐻2
𝑏 (Λ;ℝ) ≅ 0.

4.2.2 E(−14)
6

Fix a prime 𝑝0 and denote by 2E6 a simply connected absolutely almost simple quasi-split
ℚ-group which splits neither at 𝑝0 nor ∞. That such a group exists can either be seen by
using the result of Prasad and Rapinchuk, which allows prescribing the local behaviour
almost everywhere [83, Proposition 1], or already the previous work of Borel and Harder,
which allows this prescription at only finitely many places [9, p. 58, Proposition].

Again we consider the short exact sequence

1 𝑍(2E6) 2E6 Ad 2E6 1

of Gal(ℚ)-groups. (In this case the center 𝑍(2E6) is a so-called norm one torus [77,
Table on p. 332] however, this does not really matter for us.)
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4 Bounded cohomology is not a profinite invariant

As before, we obtain for any prime 𝑝 an induced diagram

𝐻1(ℚ; 2E6) 𝐻1(ℚ;Ad 2E6) 𝐻2(ℚ;𝑍(2E6))

𝐻1(ℚ𝑝; 2E6) 𝐻1(ℚ𝑝;Ad 2E6) 𝐻2(ℚ𝑝; 𝑍(2E6))

𝜋 Δ

𝜋𝑝 Δ𝑝

with exact rows. Again by the result of Kneser [57], we have 𝐻1(ℚ𝑝; 2E6) = 1 for every
prime 𝑝. Moreover, in this case we also have that the Galois cohomology of the center
𝐻1(ℚ𝑝; 𝑍(2E6)) is trivial [77, Proposition 6.14]. Hence, by exactness, we also have
𝐻1(ℚ𝑝;Ad 2E6) = 1 for every prime 𝑝.

According to the tables by Adams and Taïbi [1, Table 3], 𝐻1(ℝ;Ad 2E6) consists of
three elements, corresponding to the quasi-split form E(2)

6 , the Hermitian form E(−14)
6 ,

and the compact form E(−78)
6

So the results of Prasad and Rapinchuk [83, Proposition 1, Theorem 1] already prove
that the natural map

𝐻1(ℚ;Ad 2E6) ⟶ ⨁
𝑝≤∞

𝐻1(ℚ𝑝;Ad 2E6)

is surjective, allowing us to find 𝛼, 𝛽 ∈ 𝐻1(ℚ;Ad 2E6), which become the same in
𝐻1(ℚ𝑝;Ad 2E6) for every prime 𝑝 and correspond to E(−14)

6 and E(2)
6 , respectively, over

the reals. Here we can assume that the corresponding algebraic groups 𝐆1 and 𝐆2 have
rankℚ 𝐆1 = 4 and rankℚ 𝐆2 = 2, such that both have the congruence subgroup property.

As in the above case of E7, applying Corollary 3.2.10 gives lattices Γ ≤ 𝐆1(ℝ) = E(−14)
6

and Λ ≤ 𝐆2(ℝ) = E(2)
6 with isomorphic profinite completions. Again the theorem of

Burger–Monod gives 𝐻2
𝑏 (Γ;ℝ) ≅ ℝ while 𝐻2

𝑏 (Λ;ℝ) ≅ 0.

4.2.3 SO0(𝑛, 2)

As the spin group Spin(𝑛, 2)(ℝ) is isogenous to SO0(𝑛, 2), the examples of Lemma 4.1.3
already prove that the groups isogenous to SO0(𝑛, 2) with 𝑛 ≥ 7 exhibit non-profinite
second bounded cohomology. So only the case of SO0(6, 2) remains to be examined.

Let 3/6D4 be a simply connected absolutely almost simple quasi-split ℚ-group, which
localizes to the quasi-split triality form 3D4 at a fixed prime 𝑝0 and splits over the reals.
As in the previous section, the existence of such a group can be seen using the result of
Borel and Harder [9, p. 58, Proposition].

Again, we have that both 𝐻1(ℚ𝑝0
; 3/6D4) [57] and 𝐻2(ℚ𝑝0

; 3/6D4) [77, Proposition
6.14] are trivial, implying that 𝐻1(ℚ𝑝0

;Ad 3/6D4) is trivial as well. So, as before, the
results of Prasad and Rapinchuk gives us that the canonical map

𝐻1(ℚ;Ad 3/6D4) ⟶ ⨁
𝑝≤∞

𝐻1(ℚ𝑝;Ad 3/6D4)
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4.3 Excluding the remaining possibilities

is surjective. Hence, we can choose (inner) ℚ-forms 𝐆1 and 𝐆2 of 3/6D4 that localize to
the inner forms SO0(6, 2) and SO0(4, 4) over the reals and to the trivial inner twist of
3/6D4 at every finite place. By construction 𝐆1 and 𝐆2 become isomorphic over ℚ𝑝 for
every prime 𝑝.

Again, we can choose both groups in such a way that rankℚ 𝐆1 = rankℚ 𝐆2 = 2 [83,
Theorem 1], ensuring the congruence subgroup property.

As before, Corollary 3.2.10 gives lattices Γ ≤ 𝐆1(ℝ) = SO0(6, 2) and Λ ≤ 𝐆2(ℝ) =
SO0(4, 4) with isomorphic profinite completions and by the theorem of Monod–Shalom
we have 𝐻2

𝑏 (Γ;ℝ) ≅ ℝ while 𝐻2
𝑏 (Λ;ℝ) ≅ 0.

4.3 Excluding the remaining possibilities
We now want to see that the remaining higher rank Lie groups defining Hermitian
symmetric spaces

SU(𝑛,𝑚) for 𝑛,𝑚 ≥ 2, Sp(𝑛,ℝ) for 𝑛 ≥ 2,
SO∗(2𝑛) for 𝑛 ≥ 5, and SO0(5, 2)

do not exhibit non-profinite second bounded cohomology. As before, we only need to do so
for one group in every isogeny class. So let 𝐺 be a group in the above list, and let Γ ≤ 𝐺
be a lattice. By Margulis arithmeticity [65, Chapter IX, Theorem 1.11, pp. 293–294 (∗∗),
Remark 1.6 (i)], there is a totally real number field 𝐾 and a simply connected absolutely
almost simple 𝐾-group 𝐆, such that:

• 𝐆 is anisotropic at all infinite places except one, say 𝑣,

• 𝐆(𝐾𝑣) is isogenous to 𝐺 and thus rank𝐾𝑣
𝐆 ≥ 2, and

• 𝐆(𝒪𝐾) is commensurable to Γ.

Let Λ ≤ 𝐻 be a lattice in another higher rank Lie group 𝐻 with Γ̂ ≅ Λ̂. We have to
show that 𝐻 also defines a Hermitian symmetric space. Again by Margulis arithmeticity,
there is a totally real number field 𝐿 and a simply connected absolutely almost simple
𝐿-group 𝐇, such that 𝐇 is anisotropic at all infinite places except one, say 𝑤, 𝐇(𝐿𝑤) is
isogenous to 𝐻, and 𝐇(𝒪𝐿) is commensurable to Λ.

Proposition 4.3.1. There is a bijection of finite places 𝑉𝑓(𝐾) → 𝑉𝑓(𝐿), 𝔭 ↦ 𝔭′ such that
𝐾𝔭 ≅ 𝐿𝔭′ and 𝐆𝐾𝔭

≅ 𝐇𝐿𝔭′ for every finite place 𝔭 ∈ 𝑉𝑓(𝐾).
In particular, the groups 𝐆 and 𝐇 have the same Cartan–Killing type.

Proof. By adèlic superrigidity [49, Theorem 3.4], there is an isomorphism 𝑗 ∶ 𝔸𝑓
𝐿 → 𝔸𝑓

𝐾
of topological rings and a group scheme isomorphism 𝜂∶ 𝐆 ×𝐾 𝔸𝑓

𝐾 → 𝐇×𝐿 𝔸𝑓
𝐿 over 𝑗.

Using Theorem 2.1.42, the isomorphism 𝑗 corresponds uniquely to a bijection 𝔭 ↦ 𝔭′ of
finite places of 𝐾 and 𝐿 as well as a family of isomorphisms 𝐾𝔭 ≅Top 𝐿𝔭′ .

Moreover, for 𝔭 ∈ 𝑉𝑓(𝐾) we have that 𝐾𝔭 ⊆ 𝔸𝑓
𝐾 is a minimal ideal which is mapped to

𝐿𝔭′ ⊆ 𝔸𝑓
𝐿 when applying 𝑗. Hence, pulling back the isomorphism 𝜂∶ 𝐆×𝐾𝔸𝑓

𝐾 → 𝐇×𝐿𝔸
𝑓
𝐿

gives the desired isomorphisms 𝐆𝐾𝔭
≅ 𝐇𝐿𝔭′ .
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4 Bounded cohomology is not a profinite invariant

Remark 4.3.2. The above proposition shows that 𝐾 and 𝐿 are locally isomorphic. Thus,
we not only have a bijection of finite places, but also that 𝐾 and 𝐿 have the same number
of infinite places (which are all real in our case). Thus, we can extend the bijection to all
places, where we may assume without loss of generality that 𝑣 is mapped to 𝑤.

For ease of notation, in the following we will always use this bijection implicitly to
identify the places of 𝐾 and the places of 𝐿. Moreover, we will also denote the algebraic
groups 𝐆𝐾𝔭

and 𝐇𝐿𝔭
simply by 𝐆𝔭 and 𝐇𝔭 respectively.

Since over the reals, there is only one anisotropic form of every type (Theorem 1.2.25),
we not only have that 𝐆 and 𝐇 are isomorphic over all finite places, but also over all
real places, except 𝑣. So we only need to study to group 𝐇𝑣.

Knowing that 𝐆 and 𝐇 have the same Cartan–Killing type is already enough to cover
the case of SO0(5, 2).

Lemma 4.3.3. The groups 𝐺 ≈ SO0(5, 2) do not exhibit non-profinite second bounded
cohomology.

Proof. As 𝐺 and 𝐻 have to have the same Cartan–Killing type, 𝐻 has to be isogenous to

SO0(7, 0) = SO(7), SO0(6, 1), SO0(5, 2), or SO0(4, 3).

Since we assumed both 𝐺 and 𝐻 to be of higher rank, we can immediately exclude the
cases of SO0(7, 0) and SO0(6, 1) as these have rank 0 and 1, respectively.

In order to also exclude SO0(4, 3), we make use of a profinite invariant: the dimension
of the symmetric space modulo 4 [50, Theorem 2.1]. This result by Kammeyer, Kionke,
Raimbault, and Sauer shows that 𝐻 cannot be isogenous to SO0(4, 3), as its symmetric
space has dimension 12, whereas the dimension of the symmetric space of SO0(5, 2) is 10
[41, Chapter X, §6, Table V].

Hence, 𝐻 needs to be isogenous to SO0(5, 2) and thus also defines a Hermitian symmetric
space.

4.3.1 Sp(𝑛; ℝ)

In the case of Sp(𝑛;ℝ) we again use our, by now, familiar tool of Galois cohomology.

Proposition 4.3.4. The groups 𝐺 ≈ Sp(𝑛;ℝ) with 𝑛 ≥ 2 do not exhibit non-profinite
second bounded cohomology.

Proof. Let Spn be the unique simply connected ℚ-split ℚ-group of type C𝑛. As the
Dynkin diagram of type C𝑛 does not have symmetries, we get AutSpn = AdSpn. So
forms of this group are classified by 𝐻1( ⋅ ;AdSpn). Again, we use the short exact
sequence

1 𝑍(Spn) Spn AdSpn 1

of Gal(ℚ)-groups. Here the center 𝑍(Spn) is isomorphic to the group of second roots of
unity 𝜇2 [77, Table on p. 332].
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This short exact sequence gives an exact sequence

𝐻1(𝐹 ;Spn) 𝐻1(𝐹 ;AdSpn) 𝐻2(𝐹 ; 𝜇2)
𝛿𝐹

in Galois cohomology for every field extension 𝐹|ℚ. By looking at the tables by Adams
and Taïbi [1, Table 1], we get that 𝐻1(ℝ;Spn) has a single element. Using exactness, and
the pointedness of the sequence, we can deduce that ker 𝛿ℝ consist of only one element
corresponding to the split form Sp(𝑛;ℝ).

Moreover, the above sequences combine to a commutative diagram

𝐻1(𝐾;AdSpn) 𝐻2(𝐾; 𝜇2)

⨁
𝔭

𝐻1(𝐾𝔭;AdSpn) ⨁
𝔭

𝐻2(𝐾𝔭; 𝜇2)

⨁
𝔭

𝐻1(𝐿𝔭;AdSpn) ⨁
𝔭

𝐻2(𝐿𝔭; 𝜇2)

𝐻1(𝐿;AdSpn) 𝐻2(𝐿; 𝜇2),

𝛿𝐾

⊕𝛿𝐾𝔭

≅ ≅

⊕𝛿𝐿𝔭

𝛿𝐿

where the sums run over the finite places of 𝐾 and 𝐿. Denoting the classes corresponding
to 𝐆 and 𝐇 by 𝛼 ∈ 𝐻1(𝐾;AdSpn) and 𝛽 ∈ 𝐻1(𝐿;AdSpn), respectively, we get that
𝛿𝐾(𝛼) and 𝛿𝐿(𝛽) map diagonally to corresponding elements in

⨁
𝔭

𝐻2(𝐾𝔭; 𝜇2) ≅ ⨁
𝔭

𝐻2(𝐿𝔭; 𝜇2).

Additionally, since 𝐆 and 𝐇 are anisotropic at every real place except possibly 𝑣, this
still holds true if we include all infinite places except 𝑣 in the direct sums.

Now we again make use of the Albert–Brauer–Hasse–Noether theorem, this time the
number field version. It gives two short exact sequences

1 Br(𝐾) ⨁
𝔭∈𝑉 (𝐾)

Br(𝐾𝔭) ℚ⟋ℤ 1

1 Br(𝐿) ⨁
𝔭∈𝑉 (𝐿)

Br(𝐿𝔭) ℚ⟋ℤ 1,

𝑠

≅

𝑠

where, in both cases, 𝑠 is given by summing up local invariants [39, Theorem 14.11]. Using
the bijection of places and the isomorphisms of local completions given by Proposition 4.3.1
and Remark 4.3.2, we obtain the isomorphism of the middle terms.

Again, 𝐻2( ⋅ ; 𝜇2) corresponds to the 2-torsion of the Brauer group [39, Proposition
6.12]. So by the above, this isomorphism identifies 𝛿𝐾(𝛼) and 𝛿𝐿(𝛽) at all places except 𝑣.
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4 Bounded cohomology is not a profinite invariant

As both 𝛿𝐾(𝛼) and 𝛿𝐿(𝛽) are global elements, the sum of the local invariants has to be
zero. However, the local invariants already agree everywhere except possibly 𝑣. Thus,
they have to agree at the remaining infinite place 𝑣 as well.

Finally, the local invariant over the reals is injective, so we conclude 𝛿ℝ(𝛼𝑣) = 𝛿ℝ(𝛽𝑣).
Now by assumption, 𝐆𝑣(ℝ) ≈ Sp(𝑛;ℝ) is the split form, so 𝛼𝑣 is trivial. Hence, 𝛿ℝ(𝛽𝑣)
is trivial. With the kernel of 𝛿ℝ being trivial, this shows that 𝛽𝑣 has to be trivial as well.
Thus, 𝐻 ≈ Sp(𝑛;ℝ) defines a Hermitian symmetric space.

4.3.2 SU(𝑛, 𝑚)

Above we have established that 𝐆 and 𝐇 have the same Cartan–Killing type. At the one
real place 𝑣 where 𝐆 and 𝐇 might not be anisotropic we can actually say even more.

Proposition 4.3.5. The real groups 𝐆𝑣 and 𝐇𝑣 are inner twists of one another.

Proof. Let 𝐆0 be the up to ℚ-isomorphism unique ℚ-split simply connected absolutely
almost simple ℚ-group of the same Cartan–Killing type as 𝐆 and 𝐇. Then we get a split
short exact sequence

1 Ad𝐆0 Aut𝐆0 SymΔ 1𝑖 𝜋

of Gal(ℚ)-groups.
Being inner twists of one another means that the two elements in 𝐻1(ℝ;Aut𝐆0)

representing 𝐆𝑣 and 𝐇𝑣 have the same image in 𝐻1(ℝ;SymΔ). This holds obviously
true if SymΔ is trivial. The only other symmetry group that can occur in our case is
SymΔ ≅ ℤ/2ℤ, in which case

𝐻1(𝐹 ;SymΔ) ≅ 𝐹×
⟋(𝐹×)2.

Now, denote by 𝛼 ∈ 𝐻1(𝑘;Aut𝐆0) and 𝛽 ∈ 𝐻1(ℓ;Aut𝐆0) the elements represented by
𝐆 and 𝐇, respectively. Using functoriality of Galois cohomology, we get a commutative
diagram

𝛼 ∈ 𝐻1(𝐾;Aut𝐆0) 𝐻1(𝐾;ℤ/2ℤ)

∏
𝔭∈𝑉𝑓(𝐾)

𝐻1(𝐾𝔭;Aut𝐆0) ∏
𝔭∈𝑉𝑓(𝐾)

𝐻1(𝐾𝔭; ℤ/2ℤ)

∏
𝔭∈𝑉𝑓(𝐿)

𝐻1(𝐿𝔭;Aut𝐆0) ∏
𝔭∈𝑉𝑓(𝐿)

𝐻1(𝐿𝔭; ℤ/2ℤ)

𝛽 ∈ 𝐻1(𝐿;Aut𝐆0) 𝐻1(𝐿; ℤ/2ℤ).

𝜋∗

𝜋∗

≅ ≅

𝜋∗

𝜋∗
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Since we have isomorphisms 𝐆𝔭 ≅ 𝐇𝔭 for every 𝔭 ∈ 𝑉𝑓(𝐾), we get that 𝜋∗𝛼 ∈
𝐻1(𝐾;ℤ/2ℤ) and 𝜋∗𝛽 ∈ 𝐻1(𝐿; ℤ/2ℤ) map diagonally to elements corresponding to
one another under the induced isomorphism

∏
𝔭∈𝑉𝑓(𝐾)

𝐻1(𝐾𝔭; ℤ/2ℤ) ≅ ∏
𝔭∈𝑉𝑓(𝐿)

𝐻1(𝐿𝔭; ℤ/2ℤ).

Moreover, 𝐆 and 𝐇 localize to the anisotropic real form at all infinite places except 𝑣, so
this can be extended to all places except 𝑣. In order to conclude that 𝜋∗𝛼 and 𝜋∗𝛽 also
have the same image in

𝐻1(𝐾𝑣; ℤ/2ℤ) ≅ 𝐻1(𝐿𝑣; ℤ/2ℤ) ≅ ℝ×
⟋(ℝ×)2

we make use of Hilbert reciprocity. For 𝔭 a place of 𝐾, denote by

( ⋅ , ⋅ )𝔭 ∶ 𝐾
×
𝔭⟋(𝐾×

𝔭 )2 ×
𝐾×

𝔭⟋(𝐾×
𝔭 )2 → {±1}

the corresponding Hilbert symbol and let (𝑎𝔭)𝔭∈𝑉 (𝐾) and (𝑏𝔭)𝔭∈𝑉 (𝐿) be the images of 𝜋∗𝛼
and 𝜋∗𝛽 in

∏
𝔭∈𝑉 (𝐾)

𝐾×
𝔭⟋(𝐾×

𝔭 )2 and ∏
𝔭∈𝑉 (𝐿)

𝐿×
𝔭⟋(𝐿×

𝔭 )2,

respectively. As they come from global elements, Hilbert reciprocity [70, Kapitel VI,
Theorem 8.1] shows

∏
𝔭∈𝑉 (𝐾)

(−1, 𝑎𝔭)𝔭 = 1 = ∏
𝔭∈𝑉 (𝐿)

(−1, 𝑏𝔭)𝔭.

Moreover, as 𝜋∗𝛼 and 𝜋∗𝛽 correspond over all places, except possibly 𝑣, we know that
the Hilbert symbols at these places have to agree as well. This allows us to conclude that
the remaining Hilbert symbols (−1, 𝑎𝑣)𝑣 and (−1, 𝑏𝑣)𝑣 also have to agree. But then 𝑎𝑣
and 𝑏𝑣 already have to be the same in

ℝ×
⟋(ℝ×)2 ≅ ℤ/2ℤ,

showing that 𝐆𝑣 and 𝐇𝑣 are inner twists of one another.

Remark 4.3.6. We want to make two small remarks:

1. Although we restricted ourselves to the case of SymΔ ≅ ℤ/2ℤ, the statement
is nonetheless true more generally for all types [26, Proposition 8]. Even more
generally, if 𝐆 and 𝐇 are not anisotropic at only one infinite place, one can still
show that they have to have the same number of places where 𝐆 and 𝐇 are inner
(respectively outer) forms [52, Proposition 16].

2. Alternatively, we could have used Poitou–Tate duality in the above proof. The
middle part of the Poitou–Tate sequence [95, Chapter II, §6.3, Theorem C]

⋯ 𝐻1(𝐾;ℤ/2ℤ) ∐∏
𝔭∈𝑉 (𝐾)

𝐻1(𝐾𝔭; ℤ/2ℤ) 𝐻1(𝐾;ℤ/2ℤ′)∗ ⋯

85



4 Bounded cohomology is not a profinite invariant

can be used to make essentially the same argument we made above using Hilbert
reciprocity. However, when using this approach, the difficulty lies in identifying the
second map as the product of the Hilbert symbols.

Proposition 4.3.5 can immediately be applied to deal with one of our cases, this time
the one of SU(𝑛,𝑚).

Proposition 4.3.7. The groups 𝐺 ≈ SU(𝑛,𝑚), with 𝑛,𝑚 ≥ 2, do not exhibit non-
profinite second bounded cohomology.

Proof. The above proposition shows that 𝐆𝑣 and 𝐇𝑣 are inner twists of one another. By
the classification of real simple Lie groups we know that the generalized special unitary
groups SU(𝑛′,𝑚′), with 𝑛′,𝑚′ ≥ 2 and 𝑛′+𝑚′ = 𝑛+𝑚, are the only real outer forms of
type A𝑛+𝑚−1. Hence, 𝐻 has to be isogenous to such a group and thus defines a Hermitian
symmetric space.

4.3.3 SO∗(2𝑛)

In the remaining case of SO∗(2𝑛), 𝑛 ≥ 5, it is not as easy to apply the Galois cohomology
machinery we used so far. Not only does the Dynkin diagram have ℤ/2ℤ as its symmetry
group, but also whether SO∗(2𝑛) is an inner or outer form depends on 𝑛 being even or
odd. Finally, the center of the quasi-split form is not just given by 𝜇2 and also depends
on the parity of 𝑛. [77, Table on p. 332]. Hence, to deal with this final case, we resort to
using the theory of Lie algebras.

Proposition 4.3.8. The groups 𝐺 ≈ SO∗(2𝑛) with 𝑛 ≥ 5 do not exhibit non-profinite
second bounded cohomology.

Proof. Let 𝔤 be the Lie algebra of 𝐆 defined over 𝐾. By a theorem of Jacobson and Weil
[94, Theorem 4.5.10], there exists a central simple 𝐾-algebra 𝐴 with an involution 𝜎 of
the first kind and orthogonal type such that the Lie algebra

Skew(𝐴, 𝜎) = {𝑥 ∈ 𝐴 | 𝜎(𝑥) = −𝑥},

together with the commutator Lie bracket [𝑥, 𝑦] = 𝑥𝑦 − 𝑦𝑥, is 𝐾-isomorphic to the Lie
algebra 𝔤.

Similarly, there exists a central simple 𝐿-algebra 𝐵 with involution 𝜏 such that the Lie
algebra 𝔥 of 𝐇 is isomorphic to Skew(𝐵, 𝜏).

Now, as 𝐆 and 𝐇 are isomorphic at every place 𝔭, except possibly 𝑣, the corresponding
Lie algebras

𝔥𝔭 ≅ Skew(𝐴, 𝜎)𝔭 ≅ Skew(𝐴𝔭, 𝜎𝔭)
𝔤𝔭 ≅ Skew(𝐵, 𝜏)𝔭 ≅ Skew(𝐵𝔭, 𝜏𝔭)

are isomorphic as well. As 𝑛 ≥ 5, a theorem by Jacobson proves that such an isomorphism
can be extended uniquely to an isomorphism of algebras with involution [46, Chapter X,
Theorem 12]

(𝐴𝔭, 𝜎𝔭) ≅ (𝐵𝔭, 𝜏𝔭).
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4.4 On the question of profinite invariance of quasi-morphisms

In particular, 𝐴 and 𝐵 represent the same elements in the Brauer group Br(𝐾𝔭) ≅ Br(𝐿𝔭).
Making again use of the Albert–Brauer–Hasse–Noether theorem

1 Br(𝐾) ⨁
𝔭∈𝑉 (𝐾)

Br(𝐾𝔭) ℚ⟋ℤ 1,

we see that the elements represented by 𝐴 and 𝐵 in Br(𝐾𝑣) have to agree.
Now, as 𝐺 ≈ SO∗(2𝑛), we know that 𝔤𝑣 ≅ 𝔰𝔬∗(2𝑛) is defined by a central simple algebra

over the quaternions. So 𝐴𝑣 and 𝐵𝑣 are the non-trivial element in Br(𝐾𝑣) = Br(ℝ).
However, all other real Lie algebras 𝔰𝔬(𝑝, 𝑞) of type D𝑛 are defined by split central simple
algebras over the reals, and are thus trivial in the Brauer group. So, 𝔥𝑣 needs to be
isomorphic to 𝔰𝔬∗(2𝑛) as well, giving us that 𝐇 is also isogenous to SO∗(2𝑛), finishing
the proof.

4.4 On the question of profinite invariance of quasi-morphisms
Finally, let us discuss whether having non-trivial quasi-morphism, or equivalently having
non-trivial exact bounded cohomology 𝐸𝐻2

𝑏 ( ⋅ ; ℝ) (Proposition A.2.10), is a profinite
property.

First we note that, by a theorem of Burger and Monod [17, Corollary 1.6], the lattices
we constructed above all have trivial exact bounded cohomology. Thus, our strategy
above does not give any examples of exact bounded cohomology not being a profinite
property.

The picture is quite different in the case of lattices in rank one groups. As already noted
in Remark 4.1.2, these lattices have infinite dimensional second bounded cohomology. In
fact, they have infinite dimensional second exact bounded cohomology [33]. However, an
important ingredient for constructing lattices with isomorphic profinite completion is
missing: the congruence subgroup property. Serre conjectured that all groups of rank
one should not have the congruence subgroup property [97, Footnote 1]. This is still an
open question for the rank one groups Sp(𝑛, 1) and F(−20)

4 . As lattices in these groups
exhibit other “higher rank properties” like Kazhdan’s property (T), arithmeticity, and
superrigidity, one might suspect that, contrary to Serre’s conjecture, they also have the
congruence subgroup property [62, Section 4].

As all groups of type F4 split over 𝑝-adic fields [100, p. 60], there is a unique simply
connected absolutely almost simple ℚ-group of type F4, giving the Lie group F(−20)

4
over the reals. Denote this algebraic group by F(−20)

4 . Moreover, let F4 be the unique
absolutely almost simple algebraic split ℚ-group of type F4. As both F4 and F(−20)

4 split
over every ℚ𝑝, assuming the congruence subgroup property for F(−20)

4 , Corollary 3.2.10
gives us lattices Γ ≤ F4(ℝ) and Λ ≤ F(−20)

4 (ℝ) with isomorphic profinite completions. As
a lattice in a higher rank group 𝐸𝐻2

𝑏 (Γ;ℝ) ≅ 0 while 𝐸𝐻2
𝑏 (Λ;ℝ) is infinite dimensional.
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4 Bounded cohomology is not a profinite invariant

So we have the following dichotomy.

Proposition 4.4.1. At most one of the following statements is true:

1) The rank one group F(−20)
4 has the congruence subgroup property.

2) For lattices in simple Lie groups, the vanishing of the exact bounded cohomology
𝐸𝐻2

𝑏 ( ⋅ ; ℝ) is a profinite property.

This would allow us to prove Serre’s conjecture by proving that exact bounded
cohomology is a profinite invariant for lattices. However, as this conjecture has been
open for more than 50 years this seems to be a hard problem.

Conversely, if one were to be able to disprove Serre’s conjecture, this would not only
give examples for the non-profiniteness of the exact bounded cohomology, but also, and
admittedly more interestingly, the existences of a non-residually finite hyperbolic group
[62, Remark 4.2].

Remark 4.4.2 (Other counterexamples?). We briefly want to discuss other possible
sources of counterexamples to the profiniteness of having quasi-morphisms. For con-
structing finitely generated residually finite groups with isomorphic profinite completions,
there are three main sources of examples.

• Arithmetic subgroups in algebraic groups with the congruence subgroup property.
Here we just saw that they (most likely) won’t produce any counterexamples.

• Grothendieck pairs coming from the Platonov–Tavgen construction, usually using
some kind of Rips construction as input. In the Grothendieck pair 𝑁 → 𝐺 directly
obtained from the Rips construction the group 𝐺 will be hyperbolic. As an infinite
normal subgroup, 𝑁 will then be acylindrically hyperbolic [74, Corollary 1.5].
Thus, both 𝐺 and 𝑁 will have an infinite space of non-trivial quasi-morphisms [38,
Theorem A]. Even when applying the fiber product construction, both of the groups
will still have 𝐺 as a quotient, proving that they have many quasi-morphisms.

• Branch groups acting on rooted trees, as used by Kionke and Schesler [55]. These
groups always contain a lot of torsion elements, so it seems unlikely that they have
non-trivial quasi-morphisms.

However, very recently Fournier-Facio gave the first example of a Grothendieck pair
𝑁 → 𝐺, where 𝑁 has no non-trivial quasi-morphisms and 𝐺 has an infinite dimensional
space of non-trivial quasi-morphisms [31, Main Theorem]. Starting with a Grothendieck
pair, coming from applying the Rips construction to the Higman group, one uses iterated
group theoretic Dehn fillings to produce Grothendieck pairs 𝑁𝑖 → 𝐺𝑖 where the stable
commutator length of the 𝑁𝑖 gets smaller and smaller. In the limit this ensures that 𝑁 =
𝑁∞ has vanishing stable commutator length, and thus no non-trivial quasi-morphisms
(Corollary A.2.16). On the other hand, every 𝐺𝑖 and 𝐺 = 𝐺∞ has the Higman group as
quotient and thus lots of quasi-morphisms.
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Chapter 5
Natural profinite invariants

In Section 3.3, we saw the definition of a Grothendieck pair and in Section 3.3.1 we have
seen one way of constructing them. The research on Grothendieck pairs was initiated
by Grothendieck himself, with a paper where he studied the linear representations of
Grothendieck pairs [37]. In this paper he also raised the question for the existence of
finitely presented non-trivial Grothendieck pairs.

Recently, Jaikin-Zapirain and Lubotzky revisited some of these results [47]. In both
papers the authors consider the class 𝒞 of groups 𝐾 such that

𝑢∗ ∶ HomGroup(𝐺,𝐾) ⟶ HomGroup(𝐻,𝐾)
𝑓 ⟼ 𝑓 ∘ 𝑢

is a bijection for every Grothendieck pair 𝑢∶ 𝐻 → 𝐺. This might lead to the following
questions.

1. Which other functors from the category of groups are natural profinite invariants,
meaning they send all Grothendieck pairs to isomorphisms?

2. Are such invariants automatically profinite invariants?

In this chapter we will discuss both of these questions. As it turns out, the notions of
“profinite invariants” and “natural profinite invariants” are logically independent.

Overview of this chapter
5.1 The notion of natural profinite invariants . . . . . . . . . . . . . . . . . . 90
5.2 Some non-examples . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 91

5.2.1 Higher homology groups . . . . . . . . . . . . . . . . . . . . . . . . 95
5.2.2 Bounded cohomology . . . . . . . . . . . . . . . . . . . . . . . . . 97

5.3 Using adjointness . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 98
5.3.1 Adjoint functors and natural profinite invariance . . . . . . . . . . 98
5.3.2 The Bohr compactification . . . . . . . . . . . . . . . . . . . . . . 100
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5 Natural profinite invariants

5.1 The notion of natural profinite invariants

Let us briefly revisit the paper by Grothendieck. A remarkable result is the following
theorem on the class 𝒞.

Theorem 5.1.1 ([37], [47, Theorem 1.1]).

(1) The class 𝒞 is closed under commensurability, inverse limits and direct products,
and contains all nilpotent groups.

(2) If 𝐴 is a commutative ring and 𝐺 is an affine group scheme of finite type over 𝐴,
then 𝐺(𝐴) ∈ 𝒞.

(3) Compact Hausdorff groups are in 𝒞.

(4) Let Λ be a finitely generated residually finite group. If Λ ∈ 𝒞, then Λ is left
Grothendieck rigid, i.e. every Grothendieck pair Λ → Γ is trivial.

Using this Theorem one sees that for every non-trivial Grothendieck pair Λ → Γ we
have Λ ∉ 𝒞, i.e. that the functor HomGroup( ⋅ , Λ) ∶ Group → Set does not map every
Grothendieck pair to a bijection. Another, and far simpler, example is the forgetful
functor Group → Set.

Definition 5.1.2 (Natural profinite invariant). Let Group be the category of groups,
let 𝒟 be any category and let 𝐹∶ Group → 𝒟 be a functor. Then 𝐹 is called a natural
profinite invariant, if for every Grothendieck pair 𝑢∶ 𝐻 → 𝐺 the induced morphism
𝐹(𝑢)∶ 𝑃 (𝐻) → 𝑃(𝐺) is an isomorphism.

This definition seems to be a natural1 variation of the one of profinite invariants. For
an invariant 𝑃 to be called a profinite invariant, we require that whenever two finitely
generated residually finite groups Λ and Γ have isomorphic profinite completions Λ̂ ≅ Γ̂,
they also have the same (or in our context isomorphic) invariant 𝑃(Λ) ≅ 𝑃(Γ). Now, for
natural profinite invariance we not only ask for any isomorphism between the profinite
completions and the corresponding invariants, but instead these isomorphisms should be
induced by the given group homomorphism Λ → Γ.

Example 5.1.3 (Trivial examples).

1. Take the identity functor id ∶ Group → Group. Since not all groups are profinitely
rigid, this is not a profinite invariant. Moreover, not all groups are Grothendieck
rigid, so this is also not a natural profinite invariant.

2. By definition, the profinite completion functor ⋅̂ ∶ Group → Group is both a
profinite and a natural profinite invariant.

1This pun is somewhat intended.
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5.2 Some non-examples

Remark 5.1.4 (Localization). Let 𝑆 be the collection of all Grothendieck pairs and let
Group[𝑆−1] be the localization of the category of groups at this class of morphisms. By
construction, the localization functor 𝐿𝑆 ∶ Group → Group[𝑆−1] is a natural profinite
invariant. Moreover, it is universal in the sense that a functor 𝐹∶ Group → 𝒟 is a
natural profinite invariant if and only if it factors (up to natural isomorphism) through
the localization functor.

Group 𝒟

Group[𝑆−1]

𝐹

𝐿𝑆

The main result of Grothendieck’s original paper gives an astounding example of a
natural profinite invariant.

Theorem 5.1.5 ([37, Theoreme 1.2]). For a commutative ring 𝐴 and a group 𝐺, denote
by Rep𝐴(𝐺) the category of finitely presented 𝐴-modules together with a 𝐺-action. Then
any Grothendieck pair 𝑢∶ 𝐻 → 𝐺 induces an equivalence of categories

𝑢∗ ∶ Rep𝐴(𝐺) ⟶ Rep𝐴(𝐻).

It suggests itself to ask about the relation between profinite invariants and natural
profinite invariants. As already noted above, the forgetful functor is not a natural
profinite invariant, however, it is easy to see that it is a profinite invariant.

Lemma 5.1.6. The cardinality of a group (or in other words the forgetful functor sending
a group to the underlying set) is a profinite invariant.

Proof. Let Λ and Γ be two finitely generated residually finite groups such that Λ̂ ≅ Γ̂.
As both groups are finitely generated, they are either finite or countably infinite. If one
of them, say Λ, is finite we have that Λ = Λ̂ ≅ Γ̂. Thus, Γ has to be the same finite
group as Λ. Otherwise, both are countably infinite, and thus the underlying sets are in
bijection.

In Section 5.3.2 we will see a natural profinite invariant that is not a profinite invariant.

5.2 Some non-examples

After seeing some first examples, we now want to discuss some more invariants for which
we have already discussed the profinite invariance. For this we will study short exact
sequences

1 𝑁 𝐺 𝑄 1,

with 𝑁 → 𝐺 a Grothendieck pair.
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5 Natural profinite invariants

Interlude: spectral sequences and five-term exact sequences

Studying the (co)homological invariants of short exact sequences often leads to arguments
involving spectral sequences. For the basic terminology on spectral sequences and
convergence, we recommend the books by McCleary [66, Part I], Weibel [102, Chapter 5],
and Rotman [91, Chapter 10]. Here we collect some facts about spectral sequences
which we will use later. All spectral sequences are assumed to be first-quadrant spectral
sequences.
Proposition 5.2.1 (General five-term exact sequence). Let 𝑛 ∈ ℕ and let 𝐸𝑝,𝑞

2 be a
cohomological spectral sequence converging towards 𝐻∗. Assume that 𝐸𝑝,𝑞

∞ ≅ 0 for all
𝑝 + 𝑞 = 𝑛 − 1 with 𝑝, 𝑞 > 0. Then there exists a natural five-term exact sequence

0 𝐸𝑛−1,0
𝑛 𝐻𝑛−1 𝐸0,𝑛−1

𝑛 𝐸𝑛,0
𝑛 𝐻𝑛.𝑑0,𝑛−1

𝑛

Similarly, if 𝐸2
𝑝,𝑞 is a homological spectral sequence converging towards 𝐻∗, with

𝐸∞
𝑝,𝑞 = 0 for all 𝑝 + 𝑞 = 𝑛 − 1 with 𝑝, 𝑞 > 0, then there exists a natural five-term exact

sequence

𝐻𝑛 𝐸𝑛
𝑛,0 𝐸𝑛

0,𝑛−1 𝐻𝑛−1 𝐸𝑛
𝑛−1,0 0.

𝑑𝑛
𝑛,0

Proof. Since 𝑑0,𝑛−1
𝑛 is the last non-trivial differential involving 𝐸0,𝑛−1

∗ and 𝐸𝑛,0
∗ , we have

an exact sequence

0 𝐸0,𝑛−1
∞ 𝐸0,𝑛−1

𝑛 𝐸𝑛,0
𝑛 𝐸𝑛,0

∞ 0.𝑑0,𝑛−1
𝑛 (1)

By the convergence towards 𝐻𝑛, we have extension problems

0 0 𝐹 0𝐻𝑛−1 𝐸𝑛−1,0
∞ 0

0 𝐹 0𝐻𝑛−1 𝐹 1𝐻𝑛−1 𝐸𝑛−2,1
∞ 0

⋮

0 𝐹𝑛−2𝐻𝑛−1 𝐻𝑛−1 𝐸0,𝑛−1
∞ 0

and the assumption on 𝐸𝑝,𝑞
∞ gives that most of these extension problems degenerate.

Thus, we obtain another exact sequence

0 𝐸𝑛−1,0
∞ 𝐻𝑛−1 𝐸0,𝑛−1

∞ 0, (2)

where in fact 𝐸𝑛−1,0
∞ = 𝐸𝑛−1,0

𝑛 . Finally, the convergence again gives extension problems

0 0 𝐹 0𝐻𝑛 𝐸𝑛,0
∞ 0

0 𝐹 0𝐻𝑛 𝐹 1𝐻𝑛 𝐸𝑛−1,1
∞ 0

⋮

0 𝐹𝑛−1𝐻𝑛 𝐻𝑛 𝐸0,𝑛
∞ 0,
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5.2 Some non-examples

where 𝐹 0𝐻𝑛 ⊆ 𝐻𝑛. In particular, we get the exact sequence

0 𝐸𝑛,0
∞ 𝐻𝑛. (3)

Combining the three exact sequences (1), (2) and (3) gives the desired sequence

0 𝐸𝑛−1,0
𝑛 𝐻𝑛−1 𝐸0,𝑛−1

𝑛 𝐸𝑛,0
𝑛 𝐻𝑛.𝑑0,𝑛−1

𝑛

The proof of the homological version works similarly. First we have the exact sequence

0 𝐸∞
𝑛,0 𝐸𝑛

𝑛,0 𝐸𝑛
0,𝑛−1 𝐸∞

0,𝑛−1 0.
𝑑𝑛
𝑛,0

The convergence in total degree 𝑛 − 1 and the assumption on 𝐸∞
𝑝,𝑞 gives a short exact

sequence
0 𝐸∞

0,𝑛−1 𝐻𝑛−1 𝐸∞
𝑛−1,0 0,

where 𝐸∞
𝑛−1,0 = 𝐸𝑛

𝑛−1,0. Finally, the convergence in total degree 𝑛 gives, as one of the
extension problems,

0 𝐹𝑛−1𝐻𝑛 𝐻𝑛 𝐸∞
𝑛,0 0.

Again, combining these three sequences, while truncating the last one, gives the desired
five-term exact sequence.

In the case 𝑛 = 2 the assumption on 𝐸𝑝,𝑞
∞ is empty. Thus, we immediately get the

following.
Corollary 5.2.2 (Five-term exact sequence). Let 𝐸2

𝑝,𝑞 be a cohomological spectral sequence
converging towards 𝐻𝑛. Then there exists a natural five-term exact sequence

0 𝐸1,0
2 𝐻1 𝐸0,1

2 𝐸2,0
2 𝐻2𝑑0,1

2

Similarly, if 𝐸𝑝,𝑞
2 is a homological spectral sequence converging towards 𝐻𝑛, then there

exists a natural five-term exact sequence

𝐻2 𝐸2
2,0 𝐸2

0,1 𝐻1 𝐸2
1,0 0.

Corollary 5.2.3 (Inflation-restriction sequence in group (co)homology). Let 𝑅 be a ring,
let

0 𝑁 𝐺 𝑄 0

be a short exact sequence of groups and let 𝑀 be an 𝑅[𝐺]-module. Then there are two
natural five-term exact sequences

0 𝐻1(𝑄;𝑀𝑁) 𝐻1(𝐺;𝑀) 𝐻1(𝑁;𝑀)𝑄 𝐻2(𝑄;𝑀𝑁) 𝐻2(𝐺;𝑀)
and

𝐻2(𝐺;𝑀) 𝐻2(𝑄;𝑀𝑁) 𝐻1(𝑁;𝑀)𝑄 𝐻1(𝐺;𝑀) 𝐻1(𝑄;𝑀𝑁) 0,

where the maps in same degree are induced by the morphisms in the short exact sequence.
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Proof. The two sequences arise as five-term exact sequences of the cohomological and
homological Hochschild–Serre spectral sequences [102, Section 6.8][91, Theorem 10.52]

𝐸𝑝,𝑞
2 = 𝐻𝑝(𝑄;𝐻𝑞(𝑁;𝑀)) ⟹ 𝐻𝑝+𝑞(𝐺;𝑀)

and
𝐸2

𝑝,𝑞 = 𝐻𝑝(𝑄;𝐻𝑞(𝑁;𝑀)) ⟹ 𝐻𝑝+𝑞(𝐺;𝑀).

For the additional statement that the maps in the exact sequence are induced by
the morphisms in the short exact sequence, we use the naturality of both the spectral
sequences and the five-term exact sequence. Consider the diagram

0 𝑁 𝑁 0 0

0 𝑁 𝐺 𝑄 0

0 0 𝑄 𝑄 0

𝑖

𝑖 𝑝

𝑝

with exact rows. By naturality, we then obtain a diagram of five-term exact sequences

0 𝐻1(𝑄;𝑀𝑁) 𝐻1(𝑄;𝑀𝑁) 0 𝐻2(𝑄;𝑀𝑁) 𝐻2(𝑄;𝑀𝑁)

0 𝐻1(𝑄;𝑀𝑁) 𝐻1(𝐺;𝑀) 𝐻1(𝑁;𝑀)𝑄 𝐻2(𝑄;𝑀𝑁) 𝐻2(𝐺;𝑀)

0 0 𝐻1(𝑁;𝑀) 𝐻1(𝑁;𝑀) 0 𝐻2(𝑁;𝑀),

𝑝∗ 𝑝∗

𝑖∗

giving the desired identifications of the maps. The same proof also works for the
homological statement.

Corollary 5.2.4 (Five-term exact sequence in bounded cohomology). Let

0 𝑁 𝐺 𝑄 0

be a short exact sequence of groups. Then there is a natural five-term exact sequence

0 𝐻2
𝑏 (𝑄;ℝ) 𝐻2

𝑏 (𝐺;ℝ) 𝐻2
𝑏 (𝑁;ℝ)𝑄 𝐻3

𝑏 (𝑄;ℝ) 𝐻3
𝑏 (𝐺;ℝ)

where the maps in equal degree are induced by the morphisms in the short exact sequence.

Proof. The existence of this five-term exact sequence uses the Hochschild–Serre spectral
sequence in bounded cohomology. For a short exact sequence of groups as given here, there
exists a spectral sequence 𝐸𝑝,𝑞

2 ⟹ 𝐻2
𝑏 (𝐺;ℝ) such that 𝐸𝑝,𝑞

2 ≅ 𝐻𝑝
𝑏 (𝑄;𝐻𝑞

𝑏 (𝑁;ℝ)) whenever
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𝑝 = 0, 𝑞 = 0 or the induced semi-norm on 𝐻𝑞
𝑏 (𝑁;ℝ) is a norm [68, Section IV.12][25,

Theorem 3.1.17].
Since we have 𝐻1

𝑏 (𝑁;ℝ) ≅ 0, we get 𝐸𝑝,1
2 ≅ 𝐻𝑝

𝑏 (𝑄;𝐻1
𝑏 (𝑁;ℝ)) ≅ 0 for all 𝑝 ∈ ℕ.

In particular 𝐸1,1
∞ ≅ 0. Now the general five-term exact sequence construction in

Proposition 5.2.1 with 𝑛 = 3 gives an exact sequence

0 𝐸2,0
3 𝐻2

𝑏 (𝐺;ℝ) 𝐸0,2
3 𝐸3,0

3 𝐻3
𝑏 (𝐺;ℝ).

Here all the terms on the third page of the spectral sequence are actually isomorphic to
the terms on the second page, as 𝐸𝑝,1

2 ≅ 0. This, and the identification of the second
page on the two axis, gives the desired sequence

0 𝐻2
𝑏 (𝑄;ℝ) 𝐻2

𝑏 (𝐺;ℝ) 𝐻2
𝑏 (𝑁;ℝ)𝑄 𝐻3

𝑏 (𝑄;ℝ) 𝐻3
𝑏 (𝐺;ℝ).

The identifications of the maps again uses the naturality as the proof of Corollary 5.2.3.

5.2.1 Higher homology groups
In Corollary 3.1.21, we have seen that the higher homology groups are not a profinite
invariant. This also holds for natural profinite invariance.

Proposition 5.2.5. The second homology group with integer coefficients 𝐻2( ⋅ ; ℤ) is not
a natural profinite invariant.

Proof. Bridson and Reid constructed a group 𝑄 that is finitely presented, super-perfect,
i.e. 𝐻1(𝑄; ℤ) ≅ 𝐻2(𝑄; ℤ) ≅ 1, has no finite quotients and infinite dimensional 𝐻3(𝑄;ℚ)
[14, Proposition 6.5].

Using this group as input for the Wise–Rips construction (Theorem 3.3.11) we obtain
a short exact sequence

1 𝑁 𝐺 𝑄 1

with 𝐺 residually finite, hyperbolic and 𝑁 finitely generated. As 𝑄 is super-perfect and
has no non-trivial finite quotients, we obtain from Proposition 3.3.8 that 𝑁 → 𝐺 is a
Grothendieck pair.

Now, we want to prove that 𝐻2(𝑁; ℤ) → 𝐻2(𝐺; ℤ) is not an isomorphism. For this we
use the Hochschild–Serre spectral sequence

𝐸2
𝑝,𝑞 = 𝐻𝑝(𝑄;𝐻𝑞(𝑁; ℤ)) ⟹ 𝐻𝑝+𝑞(𝐺; ℤ)

associated with the above short exact sequence. First, since 𝑁 is finitely generated, so
is 𝐻1(𝑁; ℤ) ≅ 𝑁ab. Thus, Aut(𝐻1(𝑁; ℤ)) is a residually finite group. Since 𝑄 has no
non-trivial finite quotients, the 𝑄-action on 𝐻1(𝑁; ℤ) is trivial. This allows us to use the
universal coefficient theorem, in order to identify

𝐸2
1,1 = 𝐻1(𝑄;𝐻1(𝑁; ℤ)) ≅ 0 and 𝐸2

2,1 = 𝐻2(𝑄;𝐻1(𝑁; ℤ)) ≅ 0.
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𝑝

𝑞

ℤ 0 0 𝐻3(𝑄; ℤ)

𝐻1(𝑁; ℤ)

𝐻2(𝑁; ℤ)𝑄

0 0

𝑑2

𝑑2

𝐸2

Figure 5.1: The second page of the spectral sequence

As this implies 𝐸∞
1,1 ≅ 0, Proposition 5.2.1 gives a natural five-term exact sequence

𝐻3(𝐺; ℤ) 𝐸3
3,0 𝐸3

0,2 𝐻2(𝐺; ℤ) 𝐸3
2,0 0.

Using the above identifications of the second page, we can identify this exact sequence
with

𝐻3(𝐺; ℤ) 𝐻3(𝑄; ℤ) 𝐻2(𝑁; ℤ)𝑄 𝐻2(𝐺; ℤ) 0.

Now 𝐻3(𝐺; ℤ) is finitely generated as 𝐺 is hyperbolic, whereas 𝐻3(𝑄; ℤ) is not finitely
generated. Thus, exactness of the sequence gives that 𝐻2(𝑁; ℤ)𝑄 → 𝐻2(𝐺; ℤ) is not
injective. Thus, the composition 𝐻2(𝑁; ℤ) ↠ 𝐻2(𝑁; ℤ)𝑄 → 𝐻2(𝐺; ℤ) is not injective
either.

Remark 5.2.6. The above proposition was basically already proven by Bridson and
Reid. While their theorem does not explicitly state that they construct a Grothendieck
pair, their proof is essentially the same as ours [14, Theorem 6.1, Section 6.3].

Corollary 5.2.7. For every 𝑛 ∈ ℕ≥2, the 𝑛-th homology group with integer coefficients
𝐻𝑛( ⋅ ; ℤ) is not a natural profinite invariant.

Proof. For 𝑛 = 2 this is the statement of Proposition 5.2.5. From here on we can proceed
by induction on 𝑛:

Suppose 𝐻𝑛( ⋅ ; ℤ) is not a natural profinite invariant, i.e. there exists a Grothendieck
pair 𝜑∶ 𝑁 → 𝐻 such that 𝐻𝑛(𝜑; ℤ) ∶ 𝐻𝑛(𝑁; ℤ) → 𝐻𝑛(𝐻;ℤ) is not an isomorphism. We
now consider 𝜑 × idℤ ∶ 𝑁 × ℤ → 𝐻 × ℤ. As taking profinite completion is compatible
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with products, this is still a Grothendieck pair. Moreover, as

𝐻𝑞(ℤ; ℤ) ≅
⎧
⎨⎩

ℤ if 𝑞 ∈ {0, 1}
0 otherwise,

the Künneth theorem [16, Section V.5, Corollary 5.8] gives a commutative square

𝐻𝑛+1(𝑁 × ℤ;ℤ) 𝐻𝑛+1(𝐻 × ℤ,ℤ)

𝐻𝑛+1(𝑁; ℤ) ⊕ 𝐻𝑛(𝑁; ℤ) 𝐻𝑛+1(𝐻;ℤ) ⊕ 𝐻𝑛(𝐻;ℤ),

≅ ≅

where both of the horizontal maps are induced by 𝜑. Now by assumption on 𝜑 the lower
map is not an isomorphism in the 𝐻𝑛-factor. Thus, the upper map is not an isomorphism
either, showing that 𝐻𝑛+1( ⋅ ; ℤ) is not a natural profinite invariant.

5.2.2 Bounded cohomology
One result of Chapter 4 was that the second bounded cohomology is not a profinite
invariant. The answer to whether the second bounded cohomology is a natural profinite
invariant turns out to be “no” as well.

Proposition 5.2.8. Neither the second bounded cohomology 𝐻2
𝑏 ( ⋅ ; ℝ) nor the second

exact bounded cohomology 𝐸𝐻2
𝑏 ( ⋅ ; ℝ) are natural profinite invariants.

Proof. We consider the Higman group

𝑄 = ⟨𝑎, 𝑏, 𝑐, 𝑑 ∣ 𝑎−1𝑏𝑎 = 𝑏2, 𝑏−1𝑐𝑏 = 𝑐2, 𝑐−1𝑑𝑐 = 𝑑2, 𝑑−1𝑎𝑑 = 𝑎2⟩.

As in Remark 3.3.10, applying the Wise–Rips construction Theorem 3.3.11 gives a short
exact sequence

1 𝑁 𝐺 𝑄 1,𝜄

where 𝑁 is generated by three elements and 𝐺 is a torsion-free, residually finite, hyperbolic
group.

Again, since 𝑄 is acyclic [24] and has no finite quotients [42], we obtain from Proposi-
tion 3.3.8 that 𝜄 induces an isomorphism 𝑁 → 𝐺, i.e. that 𝜄 ∶ 𝑁 → 𝐺 is a Grothendieck
pair.

Moreover, the above short exact sequence of groups gives a five-term exact sequence

1 𝐻2
𝑏 (𝑄;ℝ) 𝐻2

𝑏 (𝐺;ℝ) 𝐻2
𝑏 (𝑁;ℝ)𝐻 𝐻3

𝑏 (𝑄;ℝ) 𝐻3
𝑏 (𝐺;ℝ)

𝐻2
𝑏 (𝑁;ℝ)

𝐻2
𝑏 (𝜄)

in bounded cohomology (Corollary 5.2.4). Now, by construction, 𝑄 is a non-trivial
amalgam [42], so we have that 𝐻2

𝑏 (𝑄;ℝ) is non-trivial (in fact, it is infinite dimensional)
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[34]. Hence, by exactness, the map 𝐻2
𝑏 (𝐺;ℝ) → 𝐻2

𝑏 (𝑁;ℝ)𝐻, and thus also 𝐻2
𝑏 (𝐺;ℝ) →

𝐻2
𝑏 (𝑁;ℝ), is not injective.
For the statement concerning the second exact bounded cohomology, we first use the

acyclicity of 𝑄 to obtain a similar five term (in fact, long) exact sequence

1
≅ 0

⏞⏞⏞⏞⏞𝐻2(𝑄;ℝ) 𝐻2(𝐺;ℝ) 𝐻2(𝑁;ℝ)𝐻
≅ 0

⏞⏞⏞⏞⏞𝐻3(𝑄;ℝ) 𝐻3(𝐺;ℝ).

𝐻2(𝑁;ℝ)
𝐻2(𝜄)

By taking the kernels of the comparison maps between these two exact sequences, we get
another exact sequence

1 𝐸𝐻2
𝑏 (𝑄;ℝ) 𝐸𝐻2

𝑏 (𝐺;ℝ) 𝐸𝐻2
𝑏 (𝑁;ℝ)𝐻

𝐸𝐻2
𝑏 (𝑁;ℝ),

𝐻2
𝑏 (𝜄)

where 𝐸𝐻2
𝑏 (𝑄;ℝ) ≅ 𝐻2

𝑏 (𝑄;ℝ) due to the acyclicity of 𝑄. Thus, the same arguments as
above apply.

Remark 5.2.9. By construction, 𝐺 is a non-elementary hyperbolic group. Moreover,
as 𝑁 → 𝐺 is a (non-trivial) Grothendieck pair, we have that 𝑁 is an infinite normal sub-
group of 𝐺. Hence, both 𝐺 and 𝑁 are acylindrically hyperbolic groups [74, Corollary 1.5],
and so both 𝐸𝐻2

𝑏 (𝐺;ℝ) and 𝐸𝐻2
𝑏 (𝑁;ℝ) are infinite dimensional [38, Theorem A].

Thus, the above proof provides neither a new example for the failure of profinite
invariance of 𝐻2

𝑏 ( ⋅ ; ℝ) nor an example for the failure of profinite invariance of 𝐸𝐻2
𝑏 ( ⋅ ; ℝ).

5.3 Using adjointness
As the question of natural profinite invariance only makes sense for functors, we can
use tools from category theory in order to learn more about this property. We have
already seen one of them in Remark 5.1.4, where we used localization in order to describe
natural profinite invariants as those functors that factor through the localization at all
Grothendieck pairs.

5.3.1 Adjoint functors and natural profinite invariance
A useful tool from category theory is the Yoneda lemma. It will give a characterization
of the natural profinite invariance of adjoint functors in terms of the class 𝒞 studied by
Grothendieck.

Theorem 5.3.1 (Natural profinite invariance from adjointness). Let 𝒟 be a locally small
category and let 𝐹∶ Group → 𝒟 be left-adjoint to 𝐺∶ 𝒟 → Group. Then 𝐹 is a natural
profinite invariant if and only if for every 𝑋 ∈ 𝒟 we have 𝐺(𝑋) ∈ 𝒞.
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Proof. Let 𝜑∶ Λ → Γ be a Grothendieck pair. By the adjunction of 𝐹 and 𝐺 we have a
commutative diagram

HomGroup(Γ,𝐺( ⋅ )) HomGroup(Λ,𝐺( ⋅ ))

Hom𝒟(𝐹(Γ), ⋅ ) Hom𝒟(𝐹(Λ), ⋅ )

𝜑∗

≅ ≅

𝐹(𝜑)∗

whose morphisms are natural transformations.
First, assume that for each 𝑋 ∈ 𝒟 we have 𝐺(𝑋) ∈ 𝒞. Then we get in particular that

𝜑∗ ∶ HomGroup(Γ,𝐺(𝑋)) ⟶ HomGroup(Γ,𝐺(𝑋))

is an isomorphism for every 𝑋 ∈ 𝒟. So the upper natural transformation in our diagram is,
in fact, a natural isomorphism. By commutativity, so is the lower natural transformation
and using the Yoneda embedding, we obtain that 𝐹(𝜑)∶ 𝐹(Λ) → 𝐹(Γ) is an isomorphism.
As this holds for every Grothendieck pair, we obtain that 𝐹 is a natural profinite invariant.

Conversely, assume that 𝐹 is a natural profinite invariant. Then 𝐹(𝜑) is an isomorphism,
and thus 𝐹(𝜑)∗ is a natural isomorphism. By commutativity, we get that then 𝜑∗ is also
a natural isomorphism, i.e. for every 𝑋 ∈ 𝒟

𝜑∗ ∶ HomGroup(Γ,𝐺(𝑋)) ⟶ HomGroup(Λ,𝐺(𝑋))

is an isomorphism. Again, as this holds for every Grothendieck pair Λ → Γ, we get that
𝐺(𝑋) ∈ 𝒞.

One first example we could apply this theorem to is the profinite completion. However,
we already know that the profinite completion is, for trivial reasons, a natural profinite
invariant (Example 5.1.3). But more generally, it can be applied to the pro-ℭ completion,
for any formation ℭ of finite groups.

Corollary 5.3.2 (Pro-ℭ completion is a natural profinite invariant). Let ℭ be a formation
of finite groups and denote the category of pro-ℭ groups by Pro-ℭ. Then the pro-ℭ
completion ( ⋅ )ℭ̂ ∶ Group → Pro-ℭ is a natural profinite invariant.

Proof. The pro-ℭ completion is left-adjoint to the forgetful functor Pro-ℭ → Group [88,
Lemma 3.2.1]. Moreover, pro-ℭ groups are compact Hausdorff groups [88, Theorem 2.1.3],
and thus in 𝒞 by Theorem 5.1.1. So we can apply the above theorem to get the natural
profinite invariance.

This result should not be too surprising, as the profinite completion “knows everything
about finite quotients” and the pro-ℭ completion “knows everything about finite quotients
in ℭ”.

One other example where the theorem can be applied is the abelianization.

Corollary 5.3.3 (Abelianization is a natural profinite invariant). The abelianization
( ⋅ )ab ∶ Group → Ab is a natural profinite invariant.
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Proof. The abelianization functor is left-adjoint to the forgetful functor Ab → Group.
Moreover, by Theorem 5.1.1, every nilpotent group is in 𝒞, so in particular every abelian
group is in 𝒞. Hence, Theorem 5.3.1 gives the claim.

Corollary 5.3.4. Let 𝐴 be an abelian group. Then both 𝐻1( ⋅ ; 𝐴) and 𝐻1( ⋅ ; 𝐴) are
natural profinite invariants.

Proof. By the universal coefficient theorem for homology, we have a natural isomorphism

𝐻1( ⋅ ; 𝐴) ≅ 𝐻1( ⋅ ; ℤ) ⊗ℤ 𝐴.

Similarly, the universal coefficient theorem for cohomology gives a natural isomorphism

𝐻1( ⋅ ; 𝐴) ≅ Homℤ(𝐻1( ⋅ ; ℤ),𝐴).

Since 𝐻1( ⋅ ; ℤ) ≅ ( ⋅ )ab is a natural profinite invariant we get the claim.

5.3.2 The Bohr compactification

Another example, where Theorem 5.3.1 can be applied, is the Bohr compactification2.
To our knowledge, Jaikin-Zapirain and Lubotzky were the first to study the profiniteness

of the Bohr compactification. They gave concrete proofs that it is a natural profinite
invariant [47, Corollary 1.3] and that it is not a profinite invariant [47, Proposition 6.1].
In fact, for our proof of Theorem 5.3.1 we abstracted their concrete proof and generalized
it to all adjoint functors.

Definition 5.3.5 (Bohr compactification). Let 𝐺 be a group. The Bohr compactification
of 𝐺 is a pair (Bohr(𝐺), 𝛽), consisting of a compact Hausdorff group Bohr(𝐺) and a
group homomorphism 𝛽∶ 𝐺 → Bohr(𝐺), satisfying the following universal property: for
every compact Hausdorff group 𝐾 and every group homomorphism 𝛼∶ 𝐺 → 𝐾, there
exists a unique continuous group homomorphism 𝛼′ ∶ Bohr(𝐺) → 𝐾 with 𝛼 = 𝛼′ ∘ 𝛽, i.e.
such that the diagram

𝐺 𝐾

Bohr(𝐺)

𝛼

𝛽
𝛼′

commutes.

Theorem 5.3.6 (Existence of Bohr compactification [7, Theorem 4.C.3]). Let 𝐺 be a
group. Then the Bohr compactification Bohr(𝐺) of 𝐺 exists and is unique up to unique
isomorphism.

2Named after mathematician Harald Bohr, who was part of the Danish football team winning the silver
medal at the 1908 Olympic Games. (He was also the younger brother of physicist and Nobel Prize winner
Niels Bohr.)

100

https://en.wikipedia.org/wiki/Harald_Bohr


5.3 Using adjointness

Proof. As usual, the uniqueness of the Bohr compactification follows from the universal
property. Thus, we only need to prove existence.

Let (𝜋𝑖 ∶ 𝐺 → 𝑈(𝑉𝑖))𝑖∈𝐼 be a family of representatives of all equivalence classes of finite
dimensional unitary representations of 𝐺. We consider

𝛽∶ 𝐺 ⟶ ∏
𝑖∈𝐼

𝑈(𝑉𝑖)

𝑔 ⟼ (𝜋𝑖(𝑔))𝑖∈𝐼

and define Bohr(𝐺) = 𝛽(𝐺). Since the product ∏𝑖∈𝐼 𝑈(𝑉𝑖) of compact Hausdorff groups
is again compact Hausdorff we have that Bohr(𝐺) is a compact Hausdorff group as well.

For the universal property, let 𝛼∶ 𝐺 → 𝐾 be a group homomorphism to a compact
Hausdorff group 𝐾 and let (𝜚𝑗 ∶ 𝐾 → 𝑈(𝑈𝑗))𝑗∈𝐽 be a family of representatives of all
continuous finite dimensional unitary representations of 𝐺. As above, let us consider the
continuous group homomorphism

𝐾 ⟶ ∏
𝑗∈𝐽

𝑈(𝑈𝑗)

𝑘 ⟼ (𝜚𝑗(𝑘))𝑗∈𝐽.

By the Peter–Weyl theorem [75], this homomorphism is injective. Since 𝐾 is compact
and ∏𝑗∈𝐽 𝑈(𝑈𝑖) is Hausdorff, we can thus identify 𝐾 with its image in ∏𝑗∈𝐽 𝑈(𝑈𝑗).

Now let 𝑗0 ∈ 𝐽, and denote by pr𝑗0 ∶ ∏𝑗∈𝐽 𝑈(𝑈𝑗) → 𝑈(𝑈𝑗0) the canonical projection.
Then the composition pr𝑗0 ∘𝛼∶ 𝐺 → 𝑈(𝑈𝑗0) is a finite dimensional representation of 𝐺
and thus is equivalent to some 𝜋𝑖(𝑗0) with 𝑖(𝑗0) ∈ 𝐼. Let 𝜑𝑗 ∶ 𝑉𝑖(𝑗0) → 𝑈𝑗0 be a unitary
operator exhibiting this equivalence, i.e. such that

pr𝑗0 ∘𝛼(𝑔) = 𝜑𝑗0 ∘ 𝜋𝑖(𝑗0)(𝑔) ∘ 𝜑
−1
𝑗0

for all 𝑔 ∈ 𝐺. We now define

𝛼′ ∶ Bohr(𝐺) ⟶ 𝐾
(𝜓𝑖)𝑖∈𝐼 ⟼ (𝜑𝑗 ∘ 𝜓𝑖(𝑗) ∘ 𝜑−1

𝑗 )𝑗∈𝐽.

By construction this is a well-defined continuous group homomorphism. Moreover, for
𝑔 ∈ 𝐺 we have

𝛼′ ∘ 𝛽(𝑔) = (𝜑𝑗 ∘ 𝜋𝑖(𝑗)(𝑔) ∘ 𝜑−1
𝑗 )𝑗∈𝐽 = (pr𝑗 ∘𝛼(𝑔))𝑗∈𝐽= 𝛼(𝑔),

i.e. 𝛼′ ∘ 𝛽 = 𝛼.
The uniqueness of 𝛼′ follows as im(𝛽) is dense in Bohr(𝐺).

As the Bohr compactification always exists, it is easy to see that we in fact get a functor
Bohr ∶ Group → CHGroup to the category of compact Hausdorff groups. The universal
property of the Bohr compactification simply states that this functor is left-adjoint to
the forgetful functor CHGroup → Group.
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5 Natural profinite invariants

Corollary 5.3.7 (Bohr compactification is a natural profinite invariant). Denote
by CHGroup the category of compact Hausdorff groups. The Bohr compactification
Bohr ∶ Group → CHGroup is a natural profinite invariant.

Proof. As noted above, Bohr is left-adjoint to the forgetful functor. Moreover, every
compact Hausdorff group is in 𝒞 by Theorem 5.1.1. So, by Theorem 5.3.1, we get that
Bohr is a natural profinite invariant.

In contrast, it turns out that the Bohr compactification is not a profinite invariant. In
order to show this, we use the following theorem due to Bekka.

Theorem 5.3.8 ([6, Theorem 3]). Let 𝐆 be a connected, simply connected, and almost
simple ℚ-group. Assume that the real semisimple Lie group 𝐆(ℝ) is not locally isomorphic
to a group of the form SO(𝑚, 1)×𝐾 or SU(𝑚, 1)×𝐾 for a compact Lie group 𝐾. Let 𝐆nc
be the product of the almost ℝ-simple factors 𝐆𝑖 of 𝐆 for which 𝐆𝑖(ℝ) is non-compact.
Let Γ ⊆ 𝐆(ℚ) be an arithmetic subgroup. We have a direct product decomposition

Bohr(Γ) ≅ Bohr(Γ)0 × Γ̂

and an isomorphism
Bohr(Γ)0 ≅ 𝐆(ℝ)⟋𝐆nc(ℝ),

induced by the natural maps Γ → 𝐆(ℝ)/𝐆nc(ℝ) and Γ → Γ̂.

Proposition 5.3.9 ([47, Proposition 6.1]). Consider the following two quadratic forms

𝑞1 = 𝑥2
1 + 𝑥2

2 + 𝑥2
3 + 𝑥2

4 + 𝑥2
5 + 𝑥2

6 −
√
2𝑥2

7 −
√
2𝑥2

8

and 𝑞2 = 𝑥2
1 + 𝑥2

2 − 𝑥2
3 − 𝑥2

4 − 𝑥2
5 − 𝑥2

6 −
√
2𝑥2

7 −
√
2𝑥2

8.

Then there exist finite-index subgroups Γ ≤ Spin(𝑞1)(ℤ[
√
2]) and Λ ≤ Spin(𝑞2)(ℤ[

√
2]),

with Γ̂ ≅ Λ̂, while Bohr(Γ) ≇ Bohr(Λ).

Proof. By considering Spin(𝑞𝑖) as algebraic groups over ℚ(
√
2) and restricting scalars to

ℚ we obtain almost simple algebraic ℚ-groups 𝐆𝑖.
Similarly to the proof of Corollary 3.2.4, we can use Lemma 3.2.3 to flip four signs

simultaneously over every ℤ𝑝[
√
2] in order to see that 𝐆1(ℤ) = Spin(𝑞1)(ℤ[

√
2]) and

𝐆2(ℤ) = Spin(𝑞2)(ℤ[
√
2]) have isomorphic congruence completions. Since the ℚ-rank

of both 𝐆1 and 𝐆2 is greater than 2, we have the congruence subgroup property by
Theorem 2.2.38. Thus, we can apply Proposition 3.2.2 in order to get finite-index
subgroups Γ ≤ Spin(𝑞1)(ℤ[

√
2]) and Λ ≤ Spin(𝑞2)(ℤ[

√
2]), with Γ̂ ≅ Λ̂.

To compute the Bohr compactification of Γ and Λ we make use of Theorem 5.3.8. The
real points of 𝐆1 and 𝐆2 are given by

𝐆1(ℝ) ≅ Spin(6, 2)(ℝ) × Spin(8, 0)(ℝ)
𝐆2(ℝ) ≅ Spin(2, 6)(ℝ) × Spin(4, 4)(ℝ),
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5.3 Using adjointness

induced by the two embeddings ℚ(
√
2) ↪ ℝ,

√
2 ↦

√
2 and

√
2 ↦ −

√
2. Here the only

compact factor is Spin(8, 0) and thus Theorem 5.3.8 gives

Bohr(Γ)0 ≅ Spin(8, 0)(ℝ) and Bohr(Λ)0 ≅ 0.

So Bohr(Γ) ≇ Bohr(Λ), proving the claim.

Remark 5.3.10. The fact that there is a natural profinite invariant 𝐹∶ Group → 𝒟
which is not a profinite invariant allows us to give another such example: the localization
functor 𝐿𝑆 ∶ Group → Group[𝑆−1] at the class of Grothendieck pairs (Remark 5.1.4).

If 𝐿𝑆 was a profinite invariant, then the factorization of 𝐹 through 𝐿𝑆 would give
that 𝐹 is also a profinite invariant. But this is not the case.

Group 𝒟

Group[𝑆−1]

𝐹

𝐿𝑆

The list of examples we have seen can be summarized in the following table.

Functor profinite invariant natural profinite invariant

⋅̂ ∶ Group → Group 3 3

( ⋅ )ab ∶ Group → Ab 3 3

id ∶ Group → Group 7 7

𝐻2
𝑏 ( ⋅ ; ℝ) ∶ Group → Vectℝ 7 7

𝐸𝐻2
𝑏 ( ⋅ ; ℝ) ∶ Group → Vectℝ 7 7

𝐻𝑛≥2( ⋅ ; ℤ) ∶ Group → Ab 7 7

Forget ∶ Group → Set 3 7

Bohr ∶ Group → CHGroup 7 3

𝐿𝑆 ∶ Group → Group[𝑆−1] 7 3
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Appendix A
Cohomology

Both homology and cohomology proved to be invaluable tools in various fields of math-
ematics. From group cohomology, singular cohomology and cellular cohomology to
𝐿2-cohomology, Čech cohomology, sheaf cohomology and various kinds of 𝐾-theory,
without cohomology many parts of modern mathematics would not be possible in their
current form.

This thesis is no exception. Large parts revolve around two kinds of cohomology:
bounded cohomology and Galois cohomology. Despite neither being a cohomology theory
in the classical sense, they are nonetheless interesting to study.

Bounded cohomology in its current form was introduced by Gromov in a paper where
he studied minimal and simplicial volume [36]. Later on, the theory was generalized by
Ivanov [45] and Noskov [73] to allow for twisted coefficients.

A priori, Galois cohomology is just group cohomology of the Galois group of a Galois
extension. The first Galois cohomology 𝐻1(𝐾|𝑘;Aut𝐆) can be used to classify the
𝑘-forms of an algebraic 𝑘-group 𝐆, as seen for example in Section 1.1.5. However, as the
automorphism group of 𝐆 is in general not abelian, we first need to define non-abelian
cohomology.

Since the definition of both bounded and non-abelian cohomology is based on ordinary
group cohomology, we start with a brief recollection thereof.

Overview of this appendix
A.1 Group cohomology . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 106
A.2 Bounded cohomology . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 107

A.2.1 Exact bounded cohomology and quasi-morphisms . . . . . . . . . . 108
A.2.2 Stable commutator length . . . . . . . . . . . . . . . . . . . . . . . 111

A.3 Non-abelian cohomology . . . . . . . . . . . . . . . . . . . . . . . . . . . . 112
A.3.1 Functoriality . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 113
A.3.2 Exact sequences . . . . . . . . . . . . . . . . . . . . . . . . . . . . 114

A.4 Galois cohomology . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 118
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A Cohomology

A.1 Group cohomology
We will only give the definition of group cohomology and compute examples in degree
zero and one. For a thorough treatment of both group homology and group cohomology,
we refer the reader to the book of Brown [16].

Definition A.1.1 (Bar resolution). Let 𝐺 be a topological group and let 𝐴 be an abelian
group with a continuous action 𝐺 ↷ 𝐴. The bar resolution of 𝐺 with coefficients in 𝐴 is
the following cochain complex:

• The cochain modules are

𝐶𝑛(𝐺;𝐴) ≔ HomTop(𝐺𝑛, 𝐴).

• For 𝜑 ∈ 𝐶𝑛(𝐺;𝐴) the coboundary 𝛿𝑛𝜑 is given by

𝛿𝑛𝜑(𝑔1,… , 𝑔𝑛+1) = 𝑔1 ⋅ 𝜑(𝑔2,… , 𝑔𝑛+1)

+
𝑛
∑
𝑖=1

(−1)𝑖𝜑(𝑔1,… , 𝑔𝑖𝑔𝑖+1,… , 𝑔𝑛+1)

+ (−1)𝑛+1𝜑(𝑔1,… , 𝑔𝑛).

Definition A.1.2 (Group cohomology). Let 𝐺 be a topological group acting continuously
on an abelian group 𝐴. Then the (continuous) group cohomology of 𝐺 with coefficients
in 𝐴 is defined as the cohomology of the corresponding bar resolution

𝐻𝑛(𝐺;𝐴) ≔
ker (𝛿𝑛 ∶ 𝐶𝑛(𝐺;𝐴) → 𝐶𝑛+1(𝐺;𝐴))
im (𝛿𝑛−1 ∶ 𝐶𝑛−1(𝐺;𝐴) → 𝐶𝑛(𝐺;𝐴))

.

Since 𝐴 is an abelian group, there is a canonical group structure on 𝐻𝑛(𝐺;𝐴) inherited
from the group structure on 𝐶𝑛(𝐺;𝐴).

Example A.1.3 (Cohomology in degree 0). It is easy to see that we have a canonical
isomorphism 𝐶0(𝐺;𝐴) ≅ 𝐴, such that for 𝑎 ∈ 𝐴 the coboundary operator is given by
𝛿0𝑎(𝑔) = 𝑔 ⋅ 𝑎 − 𝑎. Since 𝛿−1 is trivial, this gives

𝐻0(𝐺;𝐴) = ker 𝛿0 = {𝑎 ∈ 𝐴 ∣ ∀𝑔∈𝐺 ∶ 𝑔𝑎 = 𝑎} = 𝐴𝐺.

Example A.1.4 (Cohomology in degree 1). Let 𝜑 ∈ 𝐶1(𝐺;𝐴) = HomTop(𝐺,𝐴). Then
we have

𝛿1𝜑(𝑔, ℎ) = 𝑔 ⋅ 𝜑(ℎ) − 𝜑(𝑔ℎ) + 𝜑(𝑔).

So we get
ker 𝛿1 = {𝜑 ∈ HomTop(𝐺,𝐴) ∣ 𝜑(𝑔ℎ) = 𝜑(𝑔) + 𝑔 ⋅ 𝜑(ℎ)},

and hence

𝐻1(𝐺;𝐴) =
{𝜑 ∈ HomTop(𝐺,𝐴) ∣ 𝜑(𝑔ℎ) = 𝜑(𝑔) + 𝑔 ⋅ 𝜑(ℎ)}
{𝜑 ∈ HomTop(𝐺,𝐴) ∣ ∃𝑎∈𝐴 ∶ 𝜑(𝑔) = 𝑔 ⋅ 𝑎 − 𝑎}

.
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A.2 Bounded cohomology

Thus, two cocycles 𝜑,𝜓 ∈ ker 𝛿1 represent the same element in 𝐻1(𝐺;𝐴) if and only if
there exists some 𝑎 ∈ 𝐴 with

𝜓(𝑔) − 𝜑(𝑔) = 𝑔 ⋅ 𝑎 − 𝑎,

or equivalently
𝜓(𝑔) = −𝑎 + 𝜑(𝑔) + 𝑔 ⋅ 𝑎.

In particular, if the group action 𝐺 ↷ 𝐴 is trivial we obtain

𝐻1(𝐺;𝐴) = {𝜑 ∈ HomTop(𝐺,𝐴) | 𝜑(𝑔ℎ) = 𝜑(𝑔) + 𝜑(ℎ)} = HomTopGroup(𝐺,𝐴).

Remark A.1.5 (Functoriality). Using our definition of the bar resolution, it is easy
to see that post-/precomposing yields covariant functoriality in the coefficients and
contravariant functoriality in the group.

A.2 Bounded cohomology

Bounded cohomology is a variant of group cohomology, where instead of all cocycles
only uniformly bounded cocycles are considered. In order to talk about boundedness,
the coefficients need to be endowed with a (semi-)norm. For the sake of simplicity, we
will only consider bounded cohomology of discrete groups with trivial real coefficients.
A more complete picture of the theory can be found in the books by Monod [68] and
Frigerio [32].

Definition A.2.1 (Bounded bar resolution). Let 𝐺 be a discrete group. The bounded
bar resolution of 𝐺 is the following cochain complex:

• The cochain modules are

𝐶𝑛
𝑏 (𝐺;ℝ) = ℓ∞(𝐺𝑛, ℝ).

• For 𝜑 ∈ 𝐶𝑛
𝑏 (𝐺;ℝ) the coboundary 𝛿𝑛𝑏 𝜑 is given by the same formula as before:

𝛿𝑛𝑏 𝜑(𝑔1,… , 𝑔𝑛+1) = 𝜑(𝑔2,… , 𝑔𝑛+1)

+
𝑛
∑
𝑖=1

(−1)𝑖𝜑(𝑔1,… , 𝑔𝑖𝑔𝑖+1,… , 𝑔𝑛+1)

+ (−1)𝑛+1𝜑(𝑔1,… , 𝑔𝑛).

Definition A.2.2 (Bounded cohomology). Let 𝐺 be a group. The bounded cohomology
of 𝐺 is defined as the cohomology of the associated bounded bar resolution

𝐻𝑛
𝑏 (𝐺;𝐴) =

ker (𝛿𝑛𝑏 ∶ 𝐶
𝑛
𝑏 (𝐺;𝐴) → 𝐶𝑛+1

𝑏 (𝐺;𝐴))
im (𝛿𝑛−1

𝑏 ∶ 𝐶𝑛−1
𝑏 (𝐺;𝐴) → 𝐶𝑛

𝑏 (𝐺;𝐴))
.
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A Cohomology

Remark A.2.3 (Bounded cohomology as semi-normed vector spaces). Using the normed
structure of the coefficients, the bounded cohomology groups carry some more information.

Using the ℓ∞-norm, the cochain modules 𝐶𝑛
𝑏 (𝐺;ℝ) = ℓ∞(𝐺𝑛, 𝑅) have a canonical

structure as normed vector spaces. On the bounded cohomology, this induces the structure
of a semi-normed vector space. Sometimes more insight can be obtained by not only
studying the bounded cohomology groups, but also the semi-norm on them. However,
we will ignore this additional structure for the most part.

Example A.2.4 (Bounded cohomology in degree 0). As in the unbounded case, there is
a canonical isomorphism 𝐶0

𝑏 (𝐺;ℝ) ≅ ℝ, such that the differential is given by 𝛿0𝑏𝑎(𝑔) =
𝑎 − 𝑎 = 0 for all 𝑎 ∈ ℝ. Thus, we have

𝐻0
𝑏 (𝐺;ℝ) = ker 𝛿0𝑏 ≅ ℝ.

Example A.2.5 (Bounded cohomology in degree 1). The same computation as in
Example A.1.4 shows that

𝐻1
𝑏 (𝐺;ℝ) = {𝜑 ∈ ℓ∞(𝐺,ℝ) | 𝜑(𝑔ℎ) = 𝜑(𝑔) + 𝜑(ℎ)}.

As every group homomorphism to ℝ is unbounded, we thus get 𝐻1
𝑏 (𝐺;ℝ) = 0.

Remark A.2.6 (Functoriality). As in the case of group cohomology, we have that
bounded cohomology is a functor, which is contravariant in the group.

A.2.1 Exact bounded cohomology and quasi-morphisms
By construction, the bounded bar resolution is a subcomplex of the usual bar resolution
(where 𝐺 acts trivially on ℝ). Thus, the inclusion induces a map

𝑐𝑛 ∶ 𝐻𝑛
𝑏 (𝐺;ℝ) ⟶ 𝐻𝑛(𝐺;ℝ),

from bounded cohomology to group cohomology. This map is called the 𝑛-th comparison
map.

The computations of 𝐻1(𝐺;ℝ) = HomGroup(𝐺,ℝ) and 𝐻1
𝑏 (𝐺;ℝ) = 0 in Example A.1.4

and Example A.2.5, respectively, already show that the comparison map is in general not
surjective. Below we will also see that in general it is not injective either.

Definition A.2.7 (Exact bounded cohomology). Let 𝐺 be a group. The exact bounded
cohomology of 𝐺 is defined to be the kernel of the comparison map,

𝐸𝐻𝑛
𝑏 (𝐺;ℝ) = ker(𝑐𝑛 ∶ 𝐻𝑛

𝑏 (𝐺;ℝ) → 𝐻𝑛(𝐺;ℝ)).

Definition A.2.8 (Quasi-morphism). Let 𝐺 be a group. A quasi-morphism of 𝐺 is a
map 𝜑∶ 𝐺 → ℝ such that

𝐷(𝜑) ≔ sup
𝑔,ℎ∈𝐺

{𝜑(𝑔ℎ) − 𝜑(𝑔) − 𝜑(ℎ)} < ∞.

The constant 𝐷(𝜑) is called the defect of 𝜑. We denote the space of quasi-morphisms of
𝐺 by QM(𝐺).

A quasi-morphism 𝜑 is called homogeneous if it is ℤ-linear, i.e. 𝜑(𝑔𝑛) = 𝑛𝜑(𝑔) for all
𝑔 ∈ 𝐺 and 𝑛 ∈ ℤ. We denote the subspace of homogeneous quasi-morphisms by Q̃M(𝐺).
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A.2 Bounded cohomology

Using the triangle inequality, it is easy to see that the QM(𝐺) and Q̃M(𝐺) are actually
real vector spaces. Moreover, we have the inclusions

HomGroup(𝐺,ℝ) ⊆ Q̃M(𝐺), ℓ∞(𝐺,ℝ) ⊆ QM(𝐺).

Proposition A.2.9 (Homogenization of quasi-morphisms). Let 𝐺 be a group and let
𝜑∶ 𝐺 → ℝ be a quasi-morphism. Then there is a unique homogeneous quasi-morphism 𝜑
such that 𝜑 − 𝜑 ∈ ℓ∞(𝐺,ℝ). This quasi-morphism is given by

𝜑(𝑔) = lim
𝑛→∞

𝜑(𝑔𝑛)
𝑛

.

Proof. We begin by proving uniqueness. Let 𝜓,𝜓′ be homogeneous quasi-morphisms
such that 𝜓 − 𝜑,𝜓′ − 𝜑 ∈ ℓ∞(𝐺,ℝ). Then for 𝑔 ∈ 𝐺 and 𝑛 ∈ ℕ we have

|𝜓(𝑔) − 𝜓′(𝑔)| = 1
𝑛
|𝜓(𝑔𝑛) − 𝜓′(𝑔𝑛)|

= 1
𝑛
|𝜓(𝑔𝑛) − 𝜑(𝑔𝑛) + 𝜑(𝑔𝑛) − 𝜓′(𝑔𝑛)|

≤ 1
𝑛
(|𝜓(𝑔𝑛) − 𝜑(𝑔𝑛)| + |𝜓′(𝑔𝑛) − 𝜑(𝑔𝑛)|)

≤ 1
𝑛
(|𝜓 − 𝜑|∞ + |𝜓′ − 𝜑|∞) .

As the right-hand side tends to 0 as 𝑛 → ∞, we obtain 𝜓 = 𝜓′.
For the explicit description of 𝜑, we first prove the existence of the limit. Let 𝑔 ∈ 𝐺

and 𝑛 ∈ ℕ. Applying the quasi-morphism condition iteratively we have

|𝜑(𝑔𝑛) − 𝑛𝜑(𝑔)| ≤ (𝑛 − 1)𝐷(𝜑) ≤ 𝑛𝐷(𝜑). (∗)

Now, for 𝑛,𝑚 ∈ ℕ we get

∣
𝜑(𝑔𝑛)
𝑛

−
𝜑(𝑔𝑚)
𝑚

∣ = ∣
𝜑(𝑔𝑛)
𝑛

−
𝜑(𝑔𝑚𝑛)
𝑚𝑛

+
𝜑(𝑔𝑚𝑛)
𝑚𝑛

=
𝜑(𝑔𝑚)
𝑚

∣

≤ 1
𝑛
∣𝜑(𝑔𝑛) −

𝜑(𝑔𝑚𝑛)
𝑚

∣ + 1
𝑚
∣𝜑(𝑔𝑚) −

𝜑(𝑔𝑚𝑛)
𝑛

∣

≤ 1
𝑛
𝐷(𝜑) + 1

𝑚
𝐷(𝜑).

So 𝜑(𝑔𝑛)/𝑛 is a Cauchy sequence which converges due to the completeness of ℝ. Thus
dividing (∗) by 𝑛 and letting 𝑛 tend to infinity shows |𝜑 − 𝜑|∞ ≤ 𝐷(𝜑), giving that
𝜑−𝜑 ∈ ℓ∞(𝐺,ℝ). This also proves that 𝜑 is the sum of a quasi-morphism and a uniformly
bounded map, thus itself a quasi-morphism. Finally, by construction 𝜑 is ℤ-linear as

𝜑(𝑔𝑛) = lim
𝑚→∞

𝜑(𝑔𝑚𝑛)
𝑚

= 𝑛 lim
𝑚→∞

𝜑(𝑔𝑚𝑛)
𝑚𝑛

= 𝑛𝜑(𝑔).

So 𝜑 is indeed a homogeneous quasi-morphism with 𝜑 − 𝜑 ∈ ℓ∞(𝐺,ℝ).
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A Cohomology

The definition of a quasi-morphism states precisely that 𝛿1𝜑∶ 𝐺2 → ℝ is uniformly
bounded. Since the differentials used to define bounded cohomology and group cohomology
agree, we obviously have 𝛿2𝑏𝛿

1𝜑 = 0. So 𝛿1𝜑 is, in fact, a bounded cocycle. Moreover, by
construction, it is a coboundary (in group cohomology) and thus trivial as an element in
𝐻2(𝐺;ℝ). Hence, we obtain a well-defined linear map

Θ∶ QM(𝐺) ⟶ 𝐸𝐻2
𝑏 (𝐺;ℝ)

𝜑 ⟼ [𝛿1𝜑].

Proposition A.2.10. Let 𝐺 be a group. The map Θ induces an isomorphism

𝐸𝐻2
𝑏 (𝐺;ℝ) ≅

QM(𝐺)
HomGroup(𝐺,ℝ) ⊕ ℓ∞(𝐺,ℝ)

.

Proof. We first prove that Θ is surjective. Let 𝜑 ∈ ℓ∞(𝐺2, ℝ) be a cocycle representing
an element in 𝐸𝐻2

𝑏 (𝐺;ℝ). As 𝜑 becomes trivial in 𝐻2(𝐺;ℝ), there is 𝜓 ∈ HomSet(𝐺,ℝ)
with 𝜑 = 𝛿1𝜓. Since 𝜑 is uniformly bounded, this shows 𝜓 ∈ QM(𝐺) and thus 𝜑 = Θ(𝜓).
Hence, Θ is indeed surjective.

Using the isomorphism theorem, it now remains to show that

kerΘ = HomGroup(𝐺,ℝ) ⊕ ℓ∞(𝐺,ℝ).

Note that, as there are no non-trivial uniformly bounded group homomorphisms the
right-hand side is actually a direct sum of subspaces in QM(𝐺).

Now for 𝜑 ∈ HomGroup(𝐺,ℝ) we have 𝛿1𝜑 = 0. For 𝜑 ∈ ℓ∞(𝐺,ℝ) we have that
𝛿1𝜑 = 𝛿1𝑏𝜑 is already a bounded coboundary, and thus trivial in 𝐻2

𝑏 (𝐺;ℝ). So obviously
the inclusion “⊇” holds.

Conversely, let 𝜑 ∈ kerΘ. As [𝛿1𝜑] is trivial in 𝐻2
𝑏 (𝐺;ℝ), there is 𝜓 ∈ ℓ∞(𝐺,ℝ) such

that 𝛿1𝜑 = 𝛿1𝑏𝜓. However, then 𝜑 − 𝜓 is a 1-cocycle, i.e. a group homomorphism, and so
we get 𝜑 ∈ HomGroup(𝐺,ℝ) ⊕ ℓ∞(𝐺,ℝ).

Corollary A.2.11. Let 𝐺 be a group. Then there is a canonical isomorphism

𝐸𝐻2
𝑏 (𝐺;ℝ) ≅

Q̃M(𝐺)
HomGroup(𝐺,ℝ)

.

Proof. As every non-trivial homogeneous quasi-morphisms is unbounded, we get from
Proposition A.2.9 that QM(𝐺) = Q̃M(𝐺) ⊕ ℓ∞(𝐺,ℝ). Combining this with the previous
proposition, we get the claim.

For free groups, it is easy to construct quasi-morphisms. One way of construction are
so-called counting quasi-morphisms due to Brooks [15, Section §3].

Example A.2.12 (Counting quasi-morphisms [18, Section 2.3.2]). Let 𝐹 be a free group
on a symmetric generating set 𝑆 and let 𝑤 be a reduced word in 𝑆. We define the counting
function 𝐶𝑤 ∶ 𝐹 → ℕ to be

𝐶𝑤(𝑔) = number of copies of 𝑤 in the reduced word representing 𝑔
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and the counting quasi-morphism 𝐻𝑤 ∶ 𝐹 → ℝ to be

𝐻𝑤(𝑔) = 𝐶𝑤(𝑔) − 𝐶𝑤−1(𝑔).

One can check that this is actually a quasi-morphism.

Another class of examples is given by so-called split quasi-morphisms due to Rolli [90].

Example A.2.13 (Split quasi-morphisms [32, Section 2.6]). Let 𝐹2 be a free group on
two generators {𝑎, 𝑏}. For

𝛼 ∈ ℓ∞odd(ℤ,ℝ) = {𝜑 ∈ ℓ∞(ℤ,ℝ) | 𝜑(−𝑛) = −𝜑(𝑛) for all 𝑛 ∈ ℤ}

we define 𝑓𝛼 ∶ 𝐹2 → ℝ by

𝑓𝛼(𝑔) = 𝑓𝛼(𝑠
𝑛1
1 …𝑠𝑛𝑘

𝑘 ) =
𝑘

∑
𝑖=1

𝛼(𝑛𝑘),

where 𝑠𝑛1
1 …𝑠𝑛𝑘

𝑘 is the (unique!) word in {𝑎, 𝑏} representing 𝑔.
Again, it can be shown that this is indeed a quasi-morphism. Moreover, one can prove

that the map ℓ∞odd(ℤ,ℝ) → 𝐸𝐻𝑏(𝐹2; ℝ), given by 𝛼 ↦ [𝛿1(𝑓𝛼)], is injective.

The above shows, in particular, that 𝐸𝐻2
𝑏 (𝐹2; ℝ) is infinite dimensional. So we see

that the comparison map is in general not injective.
More generally, the infinite dimensionality of 𝐸𝐻2

𝑏 (𝐺;ℝ) is known for (non-elementary)
hyperbolic groups [29], groups acting on hyperbolic space [33], amalgamated free products
of groups [34], as well as for acylindrically hyperbolic groups [38, Theorem A].

A.2.2 Stable commutator length

For the sake of completeness, we also want to mention the connection between quasi-
morphisms and stable commutator length. We will, however, not go into details and
instead refer the interested reader to the book of Calegari [18, Chapter 2].

Definition A.2.14 ((Stable) commutator length). Let 𝐺 be a group. We define the
commutator length of 𝑔 ∈ [𝐺,𝐺] to be

cl𝐺(𝑔) = min{𝑛 ∈ ℕ | 𝑔 = [𝑎1, 𝑏1]… [𝑎𝑛, 𝑏𝑛] for some 𝑎𝑖, 𝑏𝑖 ∈ 𝐺}.

Moreover, we define the stable commutator length of 𝑔 ∈ [𝐺,𝐺] to be

scl𝐺(𝑔) = lim
𝑛→∞

cl𝐺(𝑔𝑛)
𝑛

.

Often the convention cl𝐺(𝑔) = ∞ is used if 𝑔 ∉ [𝐺,𝐺].
Computing commutator lengths is usually difficult. For computing stable commutator

lengths, the following can be used.
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Theorem A.2.15 (Bavard duality [18, Theorm 2.70]). Let 𝐺 be a group. Then for any
𝑔 ∈ [𝐺,𝐺] we have

scl𝐺(𝑔) =
1
2

sup
[𝜑]∈Q̃M(𝐺)∖HomGroup(𝐺,ℝ)

|𝜑(𝑔)|
𝐷(𝜑)

.

Corollary A.2.16. Let 𝐺 be a group. Then 𝐺 has no non-trivial quasi-morphisms, i.e.
𝐸𝐻2

𝑏 (𝐺;ℝ) = 0 if and only if scl𝐺(𝑔) = 0 for all 𝑔 ∈ [𝐺,𝐺].

A.3 Non-abelian cohomology
In Section A.1, we defined the cohomology groups 𝐻𝑛(𝐺;𝐴). This was only possible
due to 𝐴 being an abelian group. Now, we want to weaken the assumptions on our
coefficients 𝐴. Some more details on non-abelian cohomology, for example the approach
via homogeneous spaces that we omit here, can be found in Serre’s book on Galois
cohomology [95, Chapter I, §5].

Definition A.3.1 (𝐺-set, 𝐺-group). Let 𝐺 be a topological group. A 𝐺-set is a set
𝐸 together with a continuous 𝐺-action 𝐺 ↷ 𝐸 (where 𝐸 is endowed with the discrete
topology).

A 𝐺-group is a group 𝐴 together with a continuous 𝐺-action 𝐺 ↷ 𝐴 by group
homomorphisms (where, again, 𝐴 is endowed with the discrete topology).

We now use the computations in the above examples as definitions for non-abelian
cohomology.

Definition A.3.2 (Non-abelian cohomology). Let 𝐺 be a topological group and let 𝐸 be
a 𝐺-set. We define the zeroth non-abelian cohomology of 𝐺 with coefficients in 𝐸 to be

𝐻0(𝐺;𝐸) = 𝐸𝐺.

For a 𝐺-group 𝐴, we define the space of cocycles to be

𝑍1(𝐺;𝐴) = {𝜑∶ 𝐺 → 𝐴 continuous ∣ 𝜑(𝑔ℎ) = 𝜑(𝑔)𝑔 ⋅ 𝜑(ℎ)}.

Two cocycles 𝜑,𝜓 ∈ 𝑍1(𝐺;𝐴) are called cohomologous if there exists an 𝑎 ∈ 𝐴 with

𝜓(𝑔) = 𝑎−1𝜑(𝑔)𝑔 ⋅ 𝑎.

Being cohomologous defines an equivalence relation ∼ on 𝑍1(𝐺;𝐴), and we define the
first non-abelian cohomology of 𝐺 with coefficients in 𝐴 to be

𝐻1(𝐺;𝐴) = 𝑍1(𝐺;𝐴)⟋∼.

If 𝐸 is a 𝐺-set, then 𝐻0(𝐺;𝐸) is in general just a set. If 𝐴 is a 𝐺-group, then both
𝐻0(𝐺;𝐴) and 𝐻1(𝐺;𝐴) are pointed sets, with base point 𝑒 and const𝑒 respectively.

In case 𝐴 is an abelian group, by construction, the non-abelian cohomology agrees
with usual group cohomology.
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Example A.3.3. Let 𝜑 ∈ 𝑍1(𝐺;𝐴) be a cocycle.

• We have
𝜑(𝑒) = 𝜑(𝑒𝑒) = 𝜑(𝑒)𝑒 ⋅ 𝜑(𝑒) = 𝜑(𝑒)𝜑(𝑒),

and thus 𝜑(𝑒) = 𝑒.

• Moreover, we have

𝑒 = 𝜑(𝑒) = 𝜑(𝑔−1𝑔) = 𝜑(𝑔−1)𝑔−1 ⋅ 𝜑(𝑔),

and thus 𝜑(𝑔−1) = (𝑔−1 ⋅ 𝜑(𝑔))−1.

A.3.1 Functoriality

Let 𝐺 and 𝐻 be groups, let 𝐴 be a 𝐺-group and 𝐵 be an 𝐻-group. Moreover, let
𝛼∶ 𝐻 → 𝐺 and 𝛽∶ 𝐴 → 𝐵 be group homomorphisms that are compatible in the sense
that

𝛽(𝛼(ℎ) ⋅ 𝑎) = ℎ ⋅ 𝛽(𝑎)

for all ℎ ∈ 𝐻 and 𝑎 ∈ 𝐴.
Then we also obtain maps in cohomology

𝐻0(𝛼; 𝛽) ∶ 𝐻0(𝐺;𝐴) = 𝐴𝐺 ⟶ 𝐵𝐻 = 𝐻0(𝐻;𝐵)
𝑎 ⟼ 𝛽(𝑎)

and

𝐻1(𝛼; 𝛽) ∶ 𝐻1(𝐺;𝐴) ⟶ 𝐻1(𝐺′; 𝐴′)
[𝜑] ⟼ [𝛽 ∘ 𝜑 ∘ 𝛼].

Let us check that 𝜑 ↦ 𝛽 ∘ 𝜑 ∘ 𝛼 preserves being a cocycle and being cohomologous. First
we have

𝛽 ∘ 𝜑 ∘ 𝛼(𝑔ℎ) = 𝛽 ∘ 𝜑(𝛼(𝑔)𝛼(ℎ)) (𝛼 is a group homomorphism)

= 𝛽(𝜑(𝛼(𝑔))𝛼(𝑔) ⋅ 𝜑(𝛼(ℎ))) (𝜑 is a cocycle)

= 𝛽 ∘ 𝜑 ∘ 𝛼(𝑔)𝛽(𝛼(𝑔) ⋅ 𝜑(𝛼(ℎ))) (𝛽 is a group homomorphism)

= 𝛽 ∘ 𝜑 ∘ 𝛼(𝑔)𝑔 ⋅ 𝛽 ∘ 𝜑 ∘ 𝛼(ℎ), (compatibility of 𝛼 and 𝛽)

so being a cocycle is preserved. Now, for two cohomologous cocycles 𝜑,𝜓 ∈ 𝑍1(𝐺;𝐴),
there exists 𝑎 ∈ 𝐴 with

𝜓(𝑔) = 𝑎−1𝜑(𝑔)𝑔 ⋅ 𝑎.
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Thus,

𝛽 ∘ 𝜓 ∘ 𝛼(ℎ) = 𝛽 ∘ 𝜓(𝛼(ℎ))

= 𝛽(𝑎−1𝜑(𝛼(ℎ))𝛼(ℎ) ⋅ 𝑎)

= 𝛽(𝑎)−1𝛽 ∘ 𝜑 ∘ 𝛼(ℎ)𝛽(𝛼(ℎ) ⋅ 𝑎)) (𝛽 is a group homomorphism)
= 𝛽(𝑎)−1𝛽 ∘ 𝜑 ∘ 𝛼(ℎ)ℎ ⋅ 𝛽(𝑎), (compatibility of 𝛼 and 𝛽)

and so being cohomologous is also preserved.
By construction, it is easy to see that this construction is functorial in both 𝛼 and 𝛽.

Example A.3.4. Let 𝐺 be a group, let 𝐴 be a 𝐺-group and let ℎ ∈ 𝐺. We consider the
group homomorphisms

𝑐ℎ ∶ 𝐺 ⟶ 𝐺 𝑡ℎ ∶ 𝐴 ⟶ 𝐴
𝑔 ⟼ ℎ𝑔ℎ−1 𝑎 ⟼ ℎ−1 ⋅ 𝑎.

These morphisms are compatible as

ℎ−1 ⋅ ((ℎ𝑔ℎ−1) ⋅ 𝑎) = 𝑔 ⋅ (ℎ−1 ⋅ 𝑎),

and thus induce maps 𝐻𝑛(𝑐ℎ; 𝑡ℎ) in cohomology.
In degree 0 we have for 𝑎 ∈ 𝐻0(𝐺;𝐴) that

𝐻0(𝑐ℎ; 𝑡ℎ)(𝑎) = 𝑡ℎ(𝑎) = ℎ−1𝑎 = 𝑎

as 𝐻0(𝐺;𝐴) = 𝐴𝐺, so 𝐻0(𝑐ℎ; 𝑡ℎ) = id. Moreover, for a cocycle 𝜑 ∈ 𝑍1(𝐺;𝐴) we have

𝑡ℎ ∘ 𝜑 ∘ 𝑐ℎ(𝑔) = ℎ−1 ⋅ (𝜑(ℎ𝑔ℎ−1)
= ℎ−1 ⋅ (𝜑(ℎ𝑔)(ℎ𝑔) ⋅ 𝜑(ℎ−1)) (𝜑 is a cocycle)
= ℎ−1 ⋅ (𝜑(ℎ)ℎ ⋅ 𝜑(𝑔)(ℎ𝑔) ⋅ 𝜑(ℎ−1)) (𝜑 is a cocycle)
= ℎ−1 ⋅ 𝜑(ℎ)𝜑(𝑔)𝑔 ⋅ 𝜑(ℎ−1)
= (ℎ−1 ⋅ 𝜑(ℎ))𝜑(𝑔)𝑔 ⋅ (ℎ−1 ⋅ 𝜑(ℎ))−1, (by Example A.3.3)

i.e. the image of 𝜑 is cohomologous to 𝜑, and so we also have 𝐻1(𝑐ℎ; 𝑡ℎ) = id.

A.3.2 Exact sequences

Let 𝐵 be a 𝐺-group and let 𝐴 ≤ 𝐵 be a 𝐺-subgroup, i.e. a subgroup of 𝐵 invariant under
the 𝐺-action. Then the quotient 𝐵/𝐴 is a pointed 𝐺-set, and thus 𝐻0(𝐺;𝐵/𝐴) = (𝐵/𝐴)𝐺
is a pointed space.

Now let 𝑏 ∈ 𝐵 such that 𝑏𝐴 ∈ (𝐵/𝐴)𝐺. Then, for every 𝑔 ∈ 𝐺, there exists 𝑎 ∈ 𝐴 such
that

𝑔 ⋅ 𝑏 = 𝑏𝑎, or written differently 𝑏−1𝑔 ⋅ 𝑏 = 𝑎 ∈ 𝐴.
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In fact, defining 𝜑(𝑔) = 𝑏−1𝑔 ⋅ 𝑏 gives a cocycle: for 𝑔, ℎ ∈ 𝐺 we have

𝜑(𝑔ℎ) = 𝑏−1(𝑔ℎ) ⋅ 𝑏 = 𝑏−1𝑔 ⋅ 𝑏𝑔 ⋅ (𝑏−1ℎ ⋅ 𝑏) = 𝜑(𝑔)𝑔 ⋅ 𝜑(ℎ).

Moreover, for two representatives of 𝑏𝐴, the two cocycles are cohomologous. For 𝑎 ∈ 𝐴
we have

(𝑏𝑎)−1𝑔 ⋅ (𝑏𝑎) = 𝑎−1𝑏−1𝑔 ⋅ 𝑏𝑔 ⋅ 𝑎 = 𝑎−1𝜑(𝑔)𝑔 ⋅ 𝑎.

Thus, we obtain a well-defined map 𝛿 ∶ (𝐵/𝐴)𝐺 → 𝐻1(𝐺;𝐴).

Proposition A.3.5. Let 𝐵 be a 𝐺-group and let 𝐴 ≤ 𝐵 be a 𝐺-subgroup. Then

1 𝐴𝐺 𝐵𝐺 (𝐵/𝐴)𝐺 𝐻1(𝐺;𝐴) 𝐻1(𝐺;𝐵)𝛿

is an exact sequence of pointed sets, meaning that for every map the preimage of the base
point agrees with the image of the previous map.

Proof. Since 𝐴𝐺 → 𝐵𝐺 is simply the inclusion, exactness at 𝐴𝐺 is clear. Also, the
exactness at 𝐵𝐺 is easy to see.

Now let 𝑏 ∈ 𝐵 with 𝑏𝐴 ∈ (𝐵/𝐴)𝐺. Then 𝜑(𝑔) = 𝑏−1𝑔 ⋅ 𝑏 is cohomologous to const𝑒 if
and only if there exists 𝑎 ∈ 𝐴 with

𝑒 = 𝑎−1𝜑(𝑔)𝑔 ⋅ 𝑎 = 𝑎−1𝑏−1𝑔 ⋅ 𝑏𝑔 ⋅ 𝑎 = (𝑏𝑎)−1𝑔 ⋅ (𝑏𝑎),

which is the case if and only if 𝑏𝑎 ∈ 𝐵𝐺. Hence, the sequence is exact at (𝐵/𝐴)𝐺.
Finally, a cocycle 𝜑 ∈ 𝑍1(𝐺;𝐴) is cohomologous to const𝑒 in 𝑍1(𝐺;𝐵) if and only if

there is 𝑏 ∈ 𝐵 such that

𝜑(𝑔) = 𝑏−1𝑔 ⋅ 𝑏, or equivalently 𝑔 ⋅ 𝑏 = 𝑏 ⋅ 𝜑(𝑎)⏟
∈ 𝐴

.

This is the case if and only if 𝑏𝐴 ∈ (𝐵/𝐴)𝐺, and thus shows exactness at 𝐻1(𝐺;𝐴).

If 𝐴 ≤ 𝐵 is moreover a normal 𝐺-subgroup, the quotient 𝐵/𝐴 has a 𝐺-group structure,
and we can extend the exact sequence by one more term.

Proposition A.3.6. Let 𝐵 be a 𝐺-group and let 𝐴 ⊴ 𝐵 be a normal 𝐺-subgroup. Then

1 𝐴𝐺 𝐵𝐺 (𝐵/𝐴)𝐺 𝐻1(𝐺;𝐴) 𝐻1(𝐺;𝐵) 𝐻1(𝐺;𝐵/𝐴)𝛿

is an exact sequence of pointed sets.

Proof. Let 𝜑 ∈ 𝑍1(𝐺;𝐵) be a cocycle that is cohomologous to const𝐴 in 𝑍1(𝐺;𝐵/𝐴).
Then there exists 𝑏 ∈ 𝐵 such that

𝑏−1𝜑(𝑔)𝑔 ⋅ 𝑏𝐴 = 𝐴,

i.e. 𝜑 is cohomologous, in 𝑍1(𝐺;𝐵) to a cocycle in 𝑍1(𝐺;𝐴) so the sequence is exact at
𝐻1(𝐺;𝐵).
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Finally, suppose that 𝐴 ≤ 𝐵 is a 𝐺-subgroup contained in the center

𝑍(𝐵) = {𝑎 ∈ 𝐵 ∣ ∀𝑏∈𝐵 ∶ 𝑎𝑏 = 𝑏𝑎}.

Then 𝐴 is in particular an abelian normal subgroup. So the usual group cohomology
𝐻2(𝐺;𝐴) is defined, and we can extend the sequence by yet another term.

Let 𝜑 ∈ 𝑍1(𝐺;𝐵/𝐴) be a cocycle. We choose a function 𝜑∶ 𝐺 → 𝐵 such that

𝜑(𝑔) = 𝜑(𝑔)𝐴

for all 𝑔 ∈ 𝐺. Since 𝜑 was a cocycle we have

𝜑(𝑔ℎ)𝐴 = 𝜑(𝑔ℎ) = 𝜑(𝑔)𝑔 ⋅ 𝜑(ℎ) = 𝜑(𝑔)𝑔 ⋅ 𝜑(ℎ)𝐴,

i.e. we have 𝜑(𝑔ℎ)−1𝜑(𝑔)𝑔 ⋅ 𝜑(ℎ) ∈ 𝐴.

Lemma A.3.7. Let 𝜑 and 𝜑 be as above. The map 𝑓∶ 𝐺2 → 𝐴 given by

𝑓(𝑔, ℎ) = 𝜑(𝑔ℎ)−1𝜑(𝑔)𝑔 ⋅ 𝜑(ℎ)

is a 2-cocycle.

Proof. We have

𝛿2𝑓(𝑔, ℎ, 𝑘) = 𝑔 ⋅ 𝑓(ℎ, 𝑘)(𝑓(𝑔ℎ, 𝑘))−1𝑓(𝑔, ℎ𝑘)(𝑓(𝑔, ℎ))−1

= 𝑔 ⋅ (𝜑(ℎ𝑘)−1𝜑(ℎ)ℎ ⋅ 𝜑(𝑘))(𝜑(𝑔ℎ𝑘)−1𝜑(𝑔ℎ)(𝑔ℎ) ⋅ 𝜑(𝑘))−1

𝜑(𝑔ℎ𝑘)−1𝜑(𝑔)𝑔 ⋅ 𝜑(ℎ𝑘)(𝜑(𝑔ℎ)−1𝜑(𝑔)𝑔 ⋅ 𝜑(ℎ))−1

= 𝑔 ⋅ 𝜑(ℎ𝑘)−1𝑔 ⋅ 𝜑(ℎ)(𝑔ℎ) ⋅ 𝜑(𝑘)(𝑔ℎ) ⋅ 𝜑(𝑘)−1𝜑(𝑔ℎ)−1𝜑(𝑔ℎ𝑘)
𝜑(𝑔ℎ𝑘)−1𝜑(𝑔)𝑔 ⋅ 𝜑(ℎ𝑘)𝑔 ⋅ 𝜑(ℎ)−1𝜑(𝑔)−1𝜑(𝑔ℎ)⏟⏟⏟⏟⏟⏟⏟⏟⏟

∈ 𝐴 ⊆ 𝑍(𝐵)

= 𝑔 ⋅ 𝜑(ℎ𝑘)−1𝑔 ⋅ 𝜑(ℎ)𝑔 ⋅ 𝜑(ℎ)−1𝜑(𝑔)−1𝜑(𝑔ℎ)𝜑(𝑔ℎ)−1𝜑(𝑔)𝑔 ⋅ 𝜑(ℎ𝑘)
= 𝑔 ⋅ 𝜑(ℎ𝑘)−1𝑔 ⋅ 𝜑(ℎ)𝑔 ⋅ 𝜑(ℎ)−1𝜑(𝑔)−1𝜑(𝑔ℎ)𝜑(𝑔ℎ)−1𝜑(𝑔)𝑔 ⋅ 𝜑(ℎ𝑘)
= 𝑔 ⋅ 𝜑(ℎ𝑘)−1𝜑(𝑔)−1𝜑(𝑔)𝑔 ⋅ 𝜑(ℎ𝑘)
= 𝑔 ⋅ 𝜑(ℎ𝑘)−1𝑔 ⋅ 𝜑(ℎ𝑘)
= 𝑒.

Lemma A.3.8. The class represented by 𝑓 in 𝐻2(𝐺;𝐴) is independent of the chosen 𝜑.

Proof. Let 𝜑,𝜓∶ 𝐺 → 𝐵 be two maps with

𝜑(𝑔)𝐴 = 𝜑(𝑔) = 𝜓(𝑔)𝐴.

Taking
𝜃(𝑔) ≔ 𝜓(𝑔)𝜑(𝑔)−1 ∈ 𝐴
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for each 𝑔 ∈ 𝐺, defines a map 𝜃∶ 𝐺 → 𝐴. With this map we have

𝜓(𝑔ℎ)−1𝜓(𝑔)𝑔 ⋅ 𝜓(ℎ)(𝜑(𝑔ℎ)−1𝜑(𝑔)𝑔 ⋅ 𝜑(ℎ))−1

= 𝜓(𝑔ℎ)−1𝜓(𝑔)𝑔 ⋅ 𝜓(ℎ)𝑔 ⋅ 𝜑(ℎ)−1⏟⏟⏟⏟⏟⏟⏟
= 𝑔 ⋅ 𝜃(ℎ) ∈ 𝐴 ⊆ 𝑍(𝐵)

𝜑(𝑔)−1𝜑(𝑔ℎ)

= 𝜓(𝑔ℎ)−1𝜓(𝑔)𝜑(𝑔)−1⏟⏟⏟⏟⏟
= 𝜃(𝑔) ∈ 𝐴 ⊆ 𝑍(𝐵)

𝜑(𝑔ℎ)𝑔 ⋅ 𝜃(ℎ)

= 𝜓(𝑔ℎ)−1𝜑(𝑔ℎ)𝑔 ⋅ 𝜃(ℎ)𝜃(𝑔)
= (𝜓(𝑔ℎ)𝜑(𝑔ℎ)−1⏟⏟⏟⏟⏟⏟⏟

= 𝜃(𝑔ℎ)

)−1𝑔 ⋅ 𝜃(ℎ)𝜃(𝑔) (see below)

= 𝜃(𝑔ℎ)−1𝜃(𝑔)𝑔 ⋅ 𝜃(ℎ)
= 𝛿2𝜃(𝑔, ℎ).

Here we used that

𝜓(𝑔ℎ)−1𝜑(𝑔ℎ) = (𝜓(𝑔ℎ)𝜑(𝑔ℎ)−1)−1 = (𝜃(𝑔ℎ))−1,
as

𝜓(𝑔ℎ)−1𝜑(𝑔ℎ) 𝜃(𝑔ℎ)⏟
∈ 𝐴 ⊆ 𝑍(𝐵)

= 𝜓(𝑔ℎ)−1𝜃(𝑔ℎ)𝜑(𝑔ℎ)

= 𝜓(𝑔ℎ)−1𝜓(𝑔ℎ)𝜑(𝑔ℎ)−1𝜑(𝑔ℎ)
= 𝑒.

Thus, we obtain a well-defined map 𝑍1(𝐺;𝐵/𝐴) → 𝐻2(𝐺;𝐴). Finally, we also have
that two cohomologous cocycles give the same class in 𝐻2(𝐺;𝐴).

Lemma A.3.9. Let 𝜑,𝜓 ∈ 𝑍1(𝐺;𝐵/𝐴) be cohomologous. Then their images in 𝐻2(𝐺;𝐴)
agree.

Proof. Since 𝜑 and 𝜓 are cohomologous, there exists 𝑏𝐴 ∈ 𝐵/𝐴 such that

𝜑(𝑔)𝐴 = 𝜑(𝑔) = (𝑏𝐴)−1𝜓(𝑔)𝑔 ⋅ 𝑏𝐴 = (𝑏−1𝜓(𝑔)𝑔 ⋅ 𝑏)𝐴.

As the image in 𝐻2(𝐺;𝐴) was independent of the choice of 𝜑, we can without loss of
generality assume that 𝜑(𝑔) = 𝑏−1𝜓(𝑔)𝑔 ⋅ 𝑏. Then we have

𝜑(𝑔ℎ)−1𝜑(𝑔)𝑔 ⋅ 𝜑(ℎ) = (𝑏−1𝜓(𝑔ℎ)(𝑔ℎ) ⋅ 𝑏)−1𝑏−1𝜓(𝑔)𝑔 ⋅ 𝑏𝑔 ⋅ (𝑏−1𝜓(ℎ)ℎ ⋅ 𝑏)
= (𝑔ℎ) ⋅ 𝑏−1𝜓(𝑔ℎ)−1𝑏𝑏−1𝜓(𝑔)𝑔 ⋅ 𝑏𝑔 ⋅ 𝑏−1𝑔 ⋅ 𝜓(ℎ)(𝑔ℎ) ⋅ 𝑏
= (𝑔ℎ) ⋅ 𝑏−1𝜓(𝑔ℎ)−1𝜓(𝑔)𝑔 ⋅ 𝜓(ℎ)⏟⏟⏟⏟⏟⏟⏟⏟⏟

∈ 𝐴 ⊆ 𝑍(𝐵)

(𝑔ℎ) ⋅ 𝑏

= 𝜓(𝑔ℎ)−1𝜓(𝑔)𝑔 ⋅ 𝜓(ℎ)(𝑔ℎ) ⋅ 𝑏−1(𝑔ℎ) ⋅ 𝑏
= 𝜓(𝑔ℎ)−1𝜓(𝑔)𝑔 ⋅ 𝜓(ℎ).

This shows that the above construction gives a well-defined map

Δ∶ 𝐻1(𝐺;𝐵/𝐴) → 𝐻2(𝐺;𝐴).
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Proposition A.3.10. Let 𝐵 be a 𝐺-group and let 𝐴 ≤ 𝐵 be a 𝐺-subgroup contained in
the center of 𝐵. Then

1 𝐴𝐺 𝐵𝐺 (𝐵/𝐴)𝐺 𝐻1(𝐺;𝐴) 𝐻1(𝐺;𝐵) 𝐻1(𝐺;𝐵/𝐴) 𝐻2(𝐺;𝐴)𝛿 Δ

is an exact sequence of pointed sets.

Proof. We only need to check exactness at 𝐻1(𝐺;𝐵/𝐴). For 𝜑 ∈ 𝑍1(𝐺;𝐵/𝐴) we have
that

Δ(𝜑)(𝑔, ℎ) = 𝜑(𝑔ℎ)−1𝜑(𝑔)𝑔 ⋅ 𝜑(ℎ)

is trivial in 𝐻2(𝐺;𝐴) if and only if any lift 𝜑∶ 𝐺 → 𝐵 of 𝜓 is a cocycle. This in turn is
the case if and only if 𝜑 is given by an element in 𝐻1(𝐺;𝐵).

A.4 Galois cohomology
In the following, 𝑘 will always be a field and 𝐴 will denote a functor from the category of
field extensions of 𝑘 to the category of groups with the following properties:

(1) For an extension𝐾|𝑘 we have 𝐴(𝐾) = lim−→𝑖
𝐴(𝐾𝑖), where𝐾𝑖 are all finitely generated

field extension of 𝑘 with 𝑘 ⊆ 𝐾𝑖 ⊆ 𝐾.

(2) If 𝐾 → 𝐾′ is a morphism of field extensions, the induced morphism 𝐴(𝐾) → 𝐴(𝐾′)
is injective.

(3) If 𝐾′|𝐾 is a Galois extension, we have 𝐴(𝐾) = 𝐻0(Gal(𝐾′|𝐾);𝐴(𝐾′)).

One example of functors satisfying these assumptions are algebraic groups over 𝑘.
In the following, we will prove that we can define

𝐻𝑛(𝑘;𝐴) = 𝐻𝑛(Gal(𝑘sep|𝑘); 𝐴(𝑘sep))

independent of the chosen separable closure of 𝑘. Moreover, we will also see that this
definition is functorial in the field 𝑘. We will not prove anything more than these basic
properties. The curious reader should again consult Serre’s book [95].

Proposition A.4.1. Let 𝐾|𝑘 and 𝐿|ℓ be Galois extensions and let 𝜑∶ 𝑘 → ℓ and
Φ∶ 𝐾 → 𝐿 be morphisms of fields such that

𝐾 𝐿

𝑘 ℓ

Φ

𝜑

commutes.
Then Φ induces compatible group homomorphisms

Gal(𝐿|ℓ) ⟶ Gal(𝐾|𝑘) and 𝐴(𝐾) ⟶ 𝐴(𝐿).
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The induced map in cohomology

𝐻𝑛(Gal(𝐾|𝑘);𝐴(𝐾)) ⟶ 𝐻𝑛(Gal(𝐿|ℓ); 𝐴(𝐿))

does not depend on Φ.

Proof. We begin by constructing the map Gal(𝐿|ℓ) → Gal(𝐾|𝑘). For 𝜎 ∈ Gal(𝐿|ℓ) we
have 𝜎(imΦ) ⊆ imΦ:

Let 𝑎 ∈ 𝐾, let 𝜇𝑎 ∈ 𝑘[𝑋] be its minimal polynomial and 𝑛 = deg𝜇𝑎. As 𝐾|𝑘 is
Galois, 𝜇𝑥 has 𝑛 distinct roots in 𝐾. The images of these roots under Φ are the zeros of
𝜑(𝜇𝑥) ∈ ℓ[𝑋]. Now, applying 𝜎 only permutes the zeros of 𝜑(𝜇𝑥), so 𝜎(Φ(𝑥)) is still a
zero of 𝜑(𝜇𝑥) and thus in the image of Φ.

As this holds for all elements in Gal(𝐿|ℓ), we can define

Gal(Φ)∶ Gal(𝐿|ℓ) ⟶ Gal(𝐾|𝑘)
𝜎 ⟼ Φ−1 ∘ 𝜎 ∘ Φ,

which is obviously a group homomorphism. Moreover, by the functoriality of 𝐴, it is easy
to see that this morphism is compatible with 𝐴(Φ)∶ 𝐴(𝐾) → 𝐴(𝐿).

Now let Φ̃ ∶ 𝐾 → 𝐿 be another extension of 𝜑. A similar argument as above proves
that 𝜏 = Φ−1 ∘ Φ̃ ∈ Gal(𝐾|𝑘) and thus

Gal(Φ)(𝜎) = 𝜏 ∘Gal(Φ̃)(𝜎) ∘ 𝜏−1,

i.e. Gal(Φ) = 𝑐𝜏 ∘Gal(Φ̃). By the functoriality of 𝐴, we moreover have

𝐴(Φ) = 𝐴(Φ̃) ∘ 𝐴(𝜏−1) = 𝐴(Φ̃) ∘ 𝑡𝜏.

Finally, using the functoriality of 𝐻𝑛( ⋅ ; ⋅ ) this gives

𝐻𝑛(Gal(Φ);𝐴(Φ)) = 𝐻𝑛(𝑐𝜏 ∘Gal(Φ̃); 𝐴(Φ̃) ∘ 𝑡𝜏)

= 𝐻𝑛(Gal(Φ̃); 𝐴(Φ̃)) ∘ 𝐻𝑛(𝑐𝜏; 𝑡𝜏)

= 𝐻𝑛(Gal(Φ̃); 𝐴(Φ)) ∘ id (by Example A.3.4)

= 𝐻𝑛(Gal(Φ̃); 𝐴(Φ̃)),

and thus the claimed independence of Φ.

Corollary A.4.2. The cohomology

𝐻𝑛(𝑘;𝐴) ≔ 𝐻𝑛(𝑘sep|𝑘; 𝐴) = 𝐻𝑛(Gal(𝑘sep|𝑘); 𝐴(𝑘sep))

is independent of the chosen separable closure 𝑘sep of 𝑘. Moreover, it is both functorial in
the field 𝑘 and in 𝐴.
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Proof. Let 𝐾 be another separable closure of 𝑘. The identity 𝑘 → 𝑘 can always be
extended (in a non-canonical way) to a map 𝑘sep → 𝐾. This induces an isomor-
phism 𝐻𝑛(𝑘sep|𝑘; 𝐴) → 𝐻𝑛(𝐾|𝑘;𝐴), which, by the proposition above, is independent
of the chosen extension 𝑘sep → 𝐾. Thus, we still obtain a canonical isomorphism
𝐻𝑛(𝑘sep|𝑘; 𝐴) ≅ 𝐻𝑛(𝐾|𝑘;𝐴).

The functoriality in 𝐴 is clear from the functoriality of non-abelian cohomology in the
coefficients. For the functoriality in the field we argue similar as above. Let 𝜑∶ 𝑘 → ℓ be
a morphism of fields. Every such morphism can be extended (in a non-canonical way)
to a map 𝑘sep → ℓsep. Due to Proposition A.4.1 this extension induces a canonical map
𝐻𝑛(𝑘;𝐴) → 𝐻𝑛(ℓ; 𝐴). As the proposition also gives uniqueness, this is functorial.
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