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Abstract

We investigate the behavior of viscoelastic fluids both from a macro-
scopic and a microscopic perspective, with a special focus on inter-
facial phenomena.
First, experiments on viscoelastic droplet spreading were carried out
in microgravity, in a regime where surface tension significantly gov-
erns the spreading behavior. These experiments were complemented
by simulations of the Navier-Stokes equation, using a modified ver-
sion of the Oldroyd-B model. The experiments and simulations
allowed to test scaling laws derived from a thin-film solution of the
Navier-Stokes equation.
Secondly, we investigated the surface tension between glass-forming
fluids and vacuum using Molecular-Dynamics simulations, and
found a pronounced shear-rate dependence of the surface tension.
For experiments, this is highly relevant, as it explains a possible mi-
croscopic mechanism behind phenomena like hysteresis during sur-
face tension measurements.
We conclude our studies by performing Molecular-Dynamics simu-
lations of viscoelastic fluids, which were confined on the nanoscale.
Here, we found pronounced non-local e!ects, which do not occur on
the macroscale.
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Kurzzusammenfassung
der Doktorarbeit

In der vorliegenden Arbeit untersuchen wir das Verhalten scher-
verdünnender viskoelastischer Flüssigkeiten aus sowohl makroskopi-
scher als auch mikroskopischer Perspektive, mit einem besonderen
Schwerpunkt auf oberflächeninduzierten E!ekten.

Im ersten Teil der Arbeit analysieren wir die Ausbreitung visko-
elastischer Tropfen unter Schwerelosigkeit. Eine solche Versuchsan-
ordnung erweitert nicht nur den zugänglichen Parameterraum er-
heblich, sondern erlaubt auch eine gezielte Untersuchung der Rolle
der Oberflächenspannung. Ergänzend zu den Experimenten füh-
ren wir Simulationen der Navier–Stokes-Gleichungen durch, in de-
nen eine modifizierte Variante des Oldroyd-B-Modells zum Einsatz
kommt. Mit diesen Experimenten und Simulationen können Ska-
lengesetze überprüft werden, die aus einer Dünnfilm-Näherung der
Navier-Stokes Gleichung hergeleitet wurden.

Motiviert durch die experimentellen Ergebnisse, die darauf hinwei-
sen, dass die Oberflächenspannung viskoelastischer Fluide deutlich
komplexer ist als diejenigen Newtonscher Fluide, widmen wir uns
im zweiten Projekt der mikroskopischen Beschreibung der Oberflä-
chenspannung. Mithilfe von Molekulardynamik-Simulationen un-
tersuchen wir glasbildende Fluide und bestimmen deren Oberflä-
chenspannung. Dieses Projekt zeigt, dass viskoelastische Fluide ei-
ne scherratenabhängige Oberflächenspannung aufweisen, deren Aus-
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wirkungen auch experimentell nachweisbar sind. Darüber hinaus
identifizieren wir Beiträge sowohl aus dem Oberflächenbereich als
auch aus dem Bulkbetrag.

Abschließend präsentieren wir Simulationen viskoelastischer Flüs-
sigkeiten auf der Nanoskala. Dabei beobachten wir ausgeprägte
nichtlokale E!ekte, die auf größeren Längenskalen nicht auftreten.
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Chapter 1

Introduction

Complex fluids are omnipresent in both everyday life and industrial
applications. They occur in a wide range of di!erent materials,
including pastes, gels, emulsions, foams, and various other biological
and industrial suspensions [5–7]. One of the most widely recognized
applications of these fluids is additive manufacturing. There, the
rheological properties of the filament are critical for controlling the
flow and deposition processes [8–11]. A very prominent example
where complex fluids are used as a filament can be found in the field
of bioprinting [12, 13]. Beyond additive manufacturing, complex
fluids play a crucial role in numerous other emerging technologies.
To mention only a few, applications related to food processing, to
pharmaceutical formulations and to energy storage, often rely on the
knowledge of the fluid’s rheological properties to control spreading,
coating, or solidification [14–18].

From a physical point of view, complex fluids can be divided into
two groups: Viscoelastic fluids and non-linear fluids. Viscoelastic
fluids occupy an intermediate regime between liquids and solids: on
short timescales, they exhibit solid-like elasticity, whereas on long
timescales they flow like viscous fluids. On the microscopic level,
viscoelasticity arises from the deformation and relaxation of mi-
crostructures such as polymer chains, colloidal networks, or particle
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2 CHAPTER 1. INTRODUCTION

contacts. The characteristic timescales of these relaxation processes
determine the transition from elastic to viscous response. Motivated
by this separation of timescales, viscoelastic fluids are often modeled
using the Maxwell or Oldroyd-B model, which describe the superpo-
sition of a Newtonian fluid and a Hookean spring [19, 20]: on small
timescales compared to the material-specific relaxation time their
constitutive law has the structure of the one of a Hookean spring,
on large timescales, it has the structure of the one of a Newtonian
fluid. In the case of a vanishing relaxation time, they reduce to a
Newtonian fluid. While in these fluids, the viscosity is a constant,
which particularly does not depend on the shear-rate, the viscosity of
non-linear fluids depends on the shear-rate. Fluids with a viscosity
which decreases with increasing shear-rate are called shear-thinning
fluids. If the viscosity is increasing with increasing shear-rate the
fluid’s behavior is called shear-thickening. These rheological proper-
ties are widely used in applications. For example, only the fact that
paint is showing a shear-thinning behavior, makes it possible to both
get it out of the bucket, and paint a wall with it. Another class of
non-linear fluids are yield-stress fluids. These fluids behave like an
elastic solid, if the applied stress is below a certain stress, the yield
stress, and they start to flow if the stress is above this threshold
[21–23]. All these categories are idealized classifications. In reality
the phenomena often overlap, e.g. many of the fluids we discuss in
the following are viscoelastic, shear-thinning, and yield-stress flu-
ids to some extent. Despite decades of research, many fundamental
aspects of both viscoelastic and non-linear fluids, particularly near
interfaces, remain poorly understood [24–28].

The primary goal of this thesis is to advance the understanding of
complex fluids from both macroscopic and microscopic perspectives,
with a special focus on interfacial phenomena. In particular, we
study fluids which are a combination of the two groups described
above: By investigating the behavior of viscoelastic fluids with a
shear-rate dependent relaxation time, we cover both the property of
the viscoelasticity and of the non-linearity. A schematic representa-
tion of the topics of this thesis can be seen in figure 1.1.
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We start our investigations at the macroscale, studying spreading
viscoelastic droplets in microgravity. The use of microgravity is es-
sential in this study, as this allows us to study the influence of surface
tension, without interferences of gravitational forces. These exper-
imental results were complemented with simulations of the Navier-
Stokes equations, which model the fluid from a continuum perspec-
tive, using the aforementioned Oldroyd-B model with a shear-rate
dependent relaxation time. A strong agreement was observed be-
tween the experimental measurements and the simulation results.
The experiments were primarily determined by two dimensionless
numbers: The Bond-number B, which quantifies the relative im-
portance of gravitational forces compared to capillary forces aris-
ing from surface tension; and the plasto-capillary number J , which
compares the capillary forces with the e!ect of the yield-stress of a
material. By performing the experiments in microgravity, we signif-
icantly enhanced the parameter space of the available data. Addi-
tionally, these experiments suggested that the value of the surface
tension of yield-stress fluids is hard to determine, which is also in
accordance to literature [29, 30].

As the property of the surface tension is not only important for
studying droplets, but also in many industrial applications, like
wetting and lubrication, we investigated the phenomenon of sur-
face tension in more detail, using a microscopic approach, namely
Molecular-Dynamics simulations. The aim of this study is to mea-
sure the surface tension, while the surface is moved, i.e. while we
impose a shear-rate on the system. The underlying idea behind this
problem is as follows: While complex fluids are normally charac-
terized by the viscosity (or similarly the relaxation time) and their
shear-rate dependence, it should be investigated, whether also other
material properties like the surface tension show a shear-rate de-
pendence. The results of this study also have a huge experimental
relevance: By showing that there is indeed a shear-rate dependence
of the surface tension, we also progress in understanding the hys-
teresis e!ects which are present in experimental measurements [29,
30].
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This microscopic study, which has many implications for macro-
scopic processes, raises the question about the lengthscales until
which the fluid can be described with the same model as for large
lengthscales. Hence, we further investigated a viscoelastic fluid con-
fined to the nanoscale. It is known that hydrodynamic laws are
valid also on very small scales, but at these lengthscales, some other
e!ects come into play. For example, the viscosity on these length-
scales cannot be modeled as a constant anymore, but as a spatially
dependent variable. The key idea of this project was to study the
relaxation behavior of a viscoelastic fluid in a nanochannel. Using
a continuous model of a viscoelastic fluid with a spatial-dependent
relaxation time, we were able to identify non-local e!ects in the
nanofluid. Similar to the other projects, this part of the thesis has
a wide range of applications in technological applications ranging
from the biomedical sector to the industrial one [31–36].

The structure of the thesis is as follows:

• Chapter 2 provides the theoretical background and details the
simulation methods used throughout the thesis, covering both
macroscopic and microscopic approaches.

• Chapter 3 presents the investigation of droplet spreading
under microgravity, including a comparison between experi-
ments and macroscopic simulations, showing good agreement,
and follows Ref. [1]

• Chapter 4 focuses on a free surface under shear from a micro-
scopic perspective, demonstrating the shear-rate dependence
of surface tension and its relevance for experimental measure-
ments and hysteresis e!ects, and follows Ref. [2]

• Chapter 5 examines viscoelastic fluids in nanoscale confine-
ment, highlighting the emergence of non-local e!ects, and fol-
lows Ref. [3]

• Chapter 6 concludes the thesis and outlines directions for fu-
ture research.
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z

[2]

Figure 1.1: Scope of the thesis, highlighting the main overlaps
between the di!erent projects. While the first two projects
investigate the role of surface e!ects, also the role of length
scales is investigated.





Chapter 2

Theoretical Background

In this chapter, the theoretical framework of the thesis is presented.
The first, more physically oriented part derives the fundamental
equations of hydrodynamics. Here, we discuss both perspectives:
the macroscopic one, based on field-theoretical methods, and the
microscopic one, described by fluctuating hydrodynamics. In the
second, more technically oriented part, we present numerical meth-
ods related to both macroscopic (continuous) investigations (e.g.,
Volume-of-Fluid (VOF) to solve the Navier–Stokes equations) and
to microscopic (particle-resolved) ones (e.g., Molecular-Dynamics
(MD) simulations).
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8 CHAPTER 2. THEORETICAL BACKGROUND

2.1 Hydrodynamics

2.1.1 Macroscopic view: Field equations

2.1.1.1 Conservation Equations

Before deriving the conservation equations, we first make a brief
remark on how to describe the flow of a fluid. In principle, there are
two ways to characterize fluid motion: either by following a single
fluid element as it moves and deforms over time (the Lagrangian
description), or by considering a fixed control volume and analyzing
what flows in and out of it (the Eulerian description).

As it is simpler for many applications the Eulerian description is
often chosen. For the conversion between those two points of view,
let us assume that we want to follow some scalar quantity a of
one fluid element. Let r = (x, y, z) be the position vector, u =
(ux, uy, uz) the flow velocity and t the time. The change of a in
time while following the fluid element, and expressed in the fixed
coordinate frame a(r, t) can be written as

da

dt
= lim

dt↑0

a(r + udt, t + dt)
dt

=
φa

φt
+

∑

i

ui
φa

φxi
=

φa

φt
+ u · ↑a

(2.1.1)

Motivated by this equation, in fluid-dynamics, one defines the “ma-
terial derivative” (also called “convected derivative”) as:

D

Dt
=

φ

φt
+ u · ↑ (2.1.2)

Now, we derive the conservation equations using the following strat-
egy: first, we derive a general relation for a conserved quantity, and
from this, we get the corresponding specific conservation laws.

We derive an expression for the conservation of the hydrodynamic
quantity ↼ = ↼(r, t). A general conservation equation for this quan-
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tity can be written as

d

dt

∫

!

↼d” = ↓
∫

”

↼u · nd# ↓
∫

!

sd” (2.1.3)

Here, ” denotes the control volume, # its boundary, n the outward-
pointing normal vector, u the flow velocity, and s are the sinks (or
sources, depending on the sign). In words, this relation states that
the rate of change of ↼ within the control volume equals the net
flux of ↼ across its boundary plus the contributions from sources
and sinks.
According to the divergence theorem [37], one then can derive:

d

dt

∫

!

↼d” = ↓
∫

!

↑ · (↼u)d” ↓
∫

!

sd” (2.1.4)

With Reynolds transport theorem [37] and the assumption that ”

does not change in time, one then gets:

∫

!

φ↼

φt
d” = ↓

∫

!

↑ · (↼u)d” ↓
∫

!

sd” (2.1.5)

Since this relation must hold for any arbitrary control volume ”, we
finally obtain the following conservation equation:

φ↼

φt
= ↓↑ · (↼u) ↓ s (2.1.6)

This relation can now be applied to derive an equation for the con-
servation of mass. Here, we set ↼ = ϱ(r, t), with ϱ being the mass
density. Since we do not assume any sources or sinks of mass, we
set s = 0. The mass conservation equation then becomes:

φϱ

φt
+ ↑ · (ϱu) = 0 (2.1.7)

For incompressible fluids, i.e. D
Dtϱ = 0, this equation reduces to

↑ · u = 0 (2.1.8)



10 CHAPTER 2. THEORETICAL BACKGROUND

To derive the momentum conservation equation, we set ↼ = ϱu in
equation 2.1.6:

φ

φt
(ϱu) + ↑ · (ϱuu) = s (2.1.9)

With the property of the divergence of a dyadic product ↑ · (ab) =
(↑ · a)b + a · (↑ ↔ b), we can reformulate equation 2.1.9 to

u
φϱ

φt
+ ϱ

φu

φt
+ u↑ · (ϱu) + ϱu · ↑u = s

↗ u

(
φϱ

φt
+ ↑ · (ϱu)

)
+ ϱ

(
φu

φt
+ u · ↑u

)
= s

↗ ϱ
Du

Dt
= ϱ

(
φu

φt
+ u · ↑u

)
= s

(2.1.10)

Finally, one gets the momentum-conservation equation as:

ϱ

(
φu

φt
+ u · ↑u

)
= s (2.1.11)

Finally, the source term s in the general momentum equation can
now be defined explicitly. This term represents the total force act-
ing on a fluid element, which can be divided into two contributions:
First, there are body (external) forces, such as gravity or electro-
magnetic forces, denoted by ϱ f

ext
, where f denotes the acceleration

density caused by the forces. Secondly, there are internal forces,
which arise from the interactions between adjacent fluid elements.

The internal forces are described by the Cauchy stress tensor $,

which represents the force per unit area on internal surfaces. This
tensor can be decomposed into the isotropic pressure p and the vis-
cous stress tensor ϑ:

$ = ↓p I + ϑ (2.1.12)

Here, we used I as the identity matrix. Substituting this relation

into the general momentum balance yields the Navier-Stokes equa-
tion:

ϱ

(
φu

φt
+ u · ↑u

)
= ↓↑p + ↑ · ϑ + ϱ f

ext
. (2.1.13)
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2.1.1.2 Constitutive law for a shear-thinning yield-
stress fluid

With the balance equations which were derived in the previous sec-
tion (equation 2.1.8 and 2.1.13), we obtain an underdetermined sys-
tem of equations. In order to close this system, additional relations
are required. These are provided by the so-called constitutive equa-
tions, which describe the material-specific relationship between the
stress tensor ϑ and the strain-rate tensor ↽̇. The latter is defined as

↽̇ij = φiuj + φjui, (2.1.14)

and characterizes the local deformation rate of the fluid elements
due to velocity gradients. One of the simplest constitutive equations
assumes a linear dependence:

ϑ = ε · ↽̇ +
1
2

(
εb ↓ 2

3
ε

)
I : ↽̇ (2.1.15)

Fluids with such a behavior are called “Newtonian” fluids with the
viscosity ε and the bulk viscosity εb [38]. Note that εb is irrelevant
for incompressible flows.
In this case, the incompressible Navier-Stokes equation reduces to

ϱ

(
φu

φt
+ u · ↑u

)
= ↓↑p + ε↑2u + ϱ f

ext
. (2.1.16)

Prominent examples of Newtonian fluids are water, air and glycerin
[39].
Nevertheless, in nature there exist many fluids with a di!erent, so-
called “non-Newtonian” behavior: Fluids, whose viscosity is decreas-
ing with increasing shear-rate, are called shear-thinning fluids. An
example of this class of fluids are paints [40]. Those, whose viscosity
is increasing with increasing shear-rate are called shear-thickening.
For example, corn starch suspensions show this behavior [41].

Another important phenomenological e!ect is the yield-stress: If the
stress is below a certain value, the so-called yield-stress, such fluids
behave like a solid. Above this stress, they are behaving like a fluid.
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There is a wide amount of di!erent models describing such fluids.
One very famous model is the Herschel-Bulkley model. This model is
defined for one component of the stress tensor. The underlying idea
is that in simple shear, the shear-rate has only one non-vanishing
component ↽̇xy. Then, it is su"cient to write the model in terms of
↽̇xy = ↽̇ and ϑxy = ϑ. The model can be formulated as [42]

↽̇ = 0 if ϑ < ϑ0

ϑ = ϑ0 + k↽̇n if ϑ ↘ ϑ0

This model explicitly defines the yield-stress ϑ0. k is called a
consistency factor, and n is called flow index, which is assumed
to be a positive number. For n < 1, one gets a shear-thinning
behavior, and for n > 1, one gets shear-thickening behavior.

The viscoelastic fluid is here described by using a stress ϑ,
which is the superposition of a Newtonian contribution ϑN and a
polymeric contribution ϑP , which shows non-Newtonian behavior.

ϑN = εN · ↽̇
(

1
ς

+ φt

)
ϑP = G→↽̇

ϑ = ϑN + ϑP

(2.1.17)

Here, ς denotes the relaxation time, and G→ the shear modulus.
The physical idea of this model is that the polymeric stress behaves
like a solid on short timescales compared to ς and like a fluid on long
timescales, i.e., it combines the features of Hooke’s law for elastic
solids and Newton’s law for viscous fluids. From this, it follows that
the total constitutive law can be written in the following form:

(
1
ς

+ φt

)
ϑ = εN

(
G→
εN

+
1
ς

+ φt

)
↽̇ (2.1.18)

Figure 2.1 shows schematically how the viscosity depends on the
shear-rate for a shear-thinning fluid. For low and for high shear-
rates, the viscosity approaches constants, ε0 = G→ς +εN and ε→ =
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εN , respectively. Between these constants, the viscosity decays with
1/↽̇. Hence, to model a shear-thinning fluid, we use formula 2.1.18,
with a shear-rate dependent relaxation time ς↓1 ≃ ς↓1 + ↽̇/↽c.
Here, ↽c is a constant with a value inspired by microscopic theories
[43].

Finally, to model an apparent yield-stress, the low-shear-rate region,
in which the viscosity is constant, should vanish. Hence, in this case,
the relaxation time should go to infinity. The resulting yield-stress
is related to the occurring quantities as ϑ0 = G→ · ↽c.

This model can be extended by replacing the time-derivative of the
constitutive equation with the so-called “upper-convected” deriva-
tive. This derivative is defined for an arbitrary tensor A as

↭
A = φtA + u · ↑A ↓ ((↑u)T · A + A · (↑u)) (2.1.19)

The constitutive equation of the Oldroyd-B model is then given as

(
1
ς

+ ↭.
)

ϑ = εN

(
G→
εN

+
1
ς

+ ↭.
)

↽̇ (2.1.20)

The advantage of this model in comparison to (2.1.18) is that this
model fulfills the principle of material objectivity [44]. This means
that the constitutive law is independent of time-dependent rotations
and motion of the fluid.

2.1.1.3 Lubrication Theory

The idea of lubrication theory is to derive an approximation of the
Navier-Stokes equations that is valid for thin films.
Since in chapter 3 we investigate the spreading process of droplets,
we here employ lubrication theory to derive a partial di!erential
equation describing the height profile of a spreading droplet.

Such calculations have already been performed for Newtonian fluids
(as presented here) [45, 46], Bingham fluids, which account for a
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Shear Rate, log(ω̇)

Viscosity, log(ε)

ε0

ε→

⇐ 1/ωc

Figure 2.1: Schematic illustration of the viscosity of a shear-
thinning fluid.

no-slip: u=0

n surface tension:

(ϑ ↓ p1) · n = 2ϑ̂ϖ · n

kinematic boundary
condition:

φth = ↓φx ·
∫ h

0 dzux H

L

h(x, t)

Figure 2.2: Illustration of the setup of the sessile droplet and
the corresponding boundary conditions.
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yield stress [47], and Je!rey fluids, which model viscoelastic behav-
ior [48]. Motivated by these results, we are interested in deriving
a thin-film equation for a viscoelastic fluid that also incorporates a
yield stress. This derivation is presented in the appendix of chap-
ter 3.

Let us first recall the principles of the thin-film approximation. We
assume the droplet or thin-film, which is spreading on a pre-wetted
surface, to have a height of the order of H, and a width of order
L, as shown in figure 2.2. The height profile is described by the
function h(x, t).

For simplification we reduce our calculations to the 2-dimensional
case, but an extension to 3 dimensions would be straightforward.
For the spreading process of a droplet, several boundary conditions
should be fulfilled:

1. At the substrate, we assume a no-slip boundary condition,
such that u|z=0 = 0.

2. At the free surface, the droplet is subject to a surface tension
ϑ̂, which gives rise to the boundary condition.

(ϑ ↓ p1) · n = 2ϑ̂ϖ n (2.1.21)

Here, n denotes the outward-pointing normal vector of the
fluid surface, and ϖ represents the curvature of the droplet’s
surface. To facilitate working with this boundary condition,
it is convenient to introduce a tangential vector t in addition
to the normal vector n, defined as

n =
1√

1 + (φxh)2

(
↓φxh

1

)
and t =

1√
(1 + (φxh)2

(
1

φxh

)

such that |n|2 = |t|2 = 1 and n · t = 0.

3. We make use of the kinematic boundary condition which re-
lates the time evolution of the droplet’s height with the ve-



16 CHAPTER 2. THEORETICAL BACKGROUND

locities inside the droplet

φth = ↓φx

∫ h

0
dzux (2.1.22)

This equation can be derived by considering a small slice in
x-direction of width dx. The volumetric flux inside this slice
can be written as Q(x, t) =

∫ h(x,t)
0 dzux. As the change of the

droplet height at a point x depends on how much of the fluid
is flowing in or out of the slice, we get: φth = ↓φxQ(x, t),
which is in fact the kinematic boundary condition.

The boundary conditions are also illustrated in figure 2.2.

The next step is to non-dimensionalize all equations, using the small
aspect ratio ω = H/L ⇒ 1. Once this is done, each equation can be
approximated by neglecting terms of order ω or higher. This leads
to a simplified set of equations that captures the behavior of the
thin film. A detailed summary on which variable is scaled in which
way can be found in table 2.1.

First, one can see that the mass-conservation equation (2.1.8) is
already non-dimensional. Secondly, we can treat the momentum
equation (2.1.13) component-wise. The non-dimensional formula-
tions of the x- and z-component are

ω2Re ·
dux

dt
= ω2 · φxϑxx + φzϑxz ↓ φxp

ω4Re ·
duz

dt
= ω2(φxϑxz + φzϑzz) ↓ φzp

(2.1.23)

Here, the Reynolds-number was defined as Re = ωUL
ε

by using the
characteristic velocity U = L/T . We assume this number to be of
order 1, since we assume the flow to be laminar.
The constitutive law for a Newtonian fluid can be written for each
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component individually, using the non-dimensional viscosity ε↔:

ϑxx = ε↔φxux

ϑzz = ε↔φzuz

ϑxz/ω = ϑzx/ω = ε↔
(

ωφxuz +
1
ω

φzux

) (2.1.24)

The no-slip boundary condition is also non-dimensional.
The surface tension is treated by first multiplying relation (2.1.21)
with the normal vector n from the left, which gives:

1
1 + (ωφxh)2

· [ϑzz ↓ 2 · ϑxzφxh + ω2ϑxx(φxh2)] ↓ p

ω2
(2.1.25)

=
ϑ̂

ω2
·

φ2
xh

(1 + (ω · φxh)2)3/2

Similarly, we can multiply the tangential vector from the left, which
gives:

[1 ↓ ω2(φxh)2] · (ϑxzφxh) + ω2 · [ϑzz(φxh)2 ↓ ϑxx(φxh)2] = 0
(2.1.26)

In the next step, we use that all terms which are at least of order ω

can be neglected.
With this, the momentum equations become:

φzϑxz = φxp

0 = φzp
(2.1.27)

Up to here, the calculation is generally valid for every kind of fluid.
For this section, we choose the constitutive law of a Newtonian

fluid. In chapter 3, we also show a similar calculation for a shear-
thinning viscoelastic fluid. From the Newtonian constitutive law
(2.1.24), we get

ϑxz = ε↔φzux (2.1.28)
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From the boundary condition, which includes the surface tension
(equation (2.1.25)), we get

p = ↓ϑ̂ · φxh (2.1.29)

From equations (2.1.27), we find that p is independent of z. Hence,
we can integrate the relation for ϑxz from z to h with respect to z
and get:

ϑxz = (z ↓ h)φxp (2.1.30)

Using the constitutive law 2.1.28, we then get

ε↔φzux = (z ↓ h)φxp (2.1.31)

This can be integrated one time more with respect to z from 0 to z,
using the boundary conditions at the substrate.

∫ z

0
dzε↔φzux =

∫ z

0
dz(z ↓ h)φxp ⇑

(
z2

2
↓ hz

)
φxp = ε↔ux

(2.1.32)

A further integration from 0 to z = h gives:

∫ h

0
dz

(
z2

2
↓ hz

)
φxp = ε↔

∫ h

0
dzux ⇑ ↓h3

3
· φxp = ε↔

∫ h

0
dzux

(2.1.33)

Finally, we can include the kinematic boundary condition, intro-
duced in equation (2.1.22):

↓φx

{
↓h3

3
· φxp

}
= ε↔φth (2.1.34)

We get the final result by using the relation from the free surface
(2.1.25):

↓φx

{
h3

3
· φ3

xh

}
=

ε↔

ϑ̂
φth (2.1.35)
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An application of this equation is the derivation of “Tanner’s” law,
which describes the spreading behavior of a cylindrical-symmetric
droplet. First, equation (2.1.35) is formulated for a cylindrical-
symmetric system, using the radial coordinate r:

ε↔

ϑ̂
φth +

1
r

φr

{
r ·

h3

3
· φ3

r h

}
= 0 (2.1.36)

The droplet’s height is then defined as H(t), its radius is given by
R(t). We assume the time-dependence of these functions to be:

R(t) ⇓ tϑ and H(t) ⇓ t↓ϖ (2.1.37)

For axisymmetric droplets, during the whole spreading process it
holds that HR2 is constant due to conservation of volume. With
(2.1.37), it follows:

⇀ = 2⇁ (2.1.38)

Additionally, we can include this ansatz into the thin-film equation
(2.1.36) to get:

t↓ϖ↓1 ⇓ t↓4ϖt↓4ϑ (2.1.39)

Hence, it holds that

4⇁ + 3⇀ = 1 (2.1.40)

Equations (2.1.38) and (2.1.40) can be solved. Its solution is given
by ⇁ = 1/10. This is refereed to as Tanner’s law, stating that

R(t) ⇓ t1/10 (2.1.41)
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quantity scaling

lengths x, z, h L · x↔, ϑLz↔, ϑLh↔

velocities ux , uz U · u↔
x, ϑU · u↔

z

pressure p P · p

surface tension ϖ̂
Uε
ϱ3 ϖ̂

↔

stress tensor




ϖxx ϖxz

ϖzx ϖzz


 ε

T




ϖ
↔
xx ϖ

↔
xz/ϑ

ϖ
↔
zx/ϑ ϖ

↔
zz




time t T · t↔

Table 2.1: Summary of how the di!erent variables are scaled
in the lubrication approximation.
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2.1.2 Overview over non-dimensional num-
bers

At this point, we got to know a wide range of di!erent non-
dimensional numbers which play a large role in hydrodynamics.
The aim of the following section is to give a detailed overview over
the most important numbers, their definitions and their physical
meaning.

Abbr. Name Def. Meaning

Re Reynolds number ωuL
ε

compares viscous forces
and inertial forces

B Bond number ωgL2

ς̂

compares gravitational
forces with surface ten-
sion induced forces

J plastocapillary number ς0L
ς̂

compares yield stress with
surface tension

Oh Ohnesorge number ε↗
Lως̂

compares inertial forces
with surface tension

Pe Péclet number ↽̇ · ς0
compares advection with
di!usion

Ca Capillary number εU
ς̂

compares the viscous
forces with the surface
tension

Ma Mach number U
cs

compares the flow veloc-
ity with the speed of
sound
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2.1.3 Microscopic view: Hydrodynamics on
the nanoscale

Until now, we have assumed that in hydrodynamics all quantities
vary smoothly in both space and time, an assumption known as the
continuum hypothesis [49]. This is also the reason why all variables
have so far been treated as field quantities.

However, when studying fluids on the nanoscale, this assumption no
longer strictly holds. For instance, when considering a very small
fluid element, it becomes clear that, due to thermal motion, fluid
particles continuously enter and leave the element. As a result, the
mass contained within this volume fluctuates in time. From this
example, it follows that the field theory explained above, only holds
at su"ciently large volumes. It turns out — as also demonstrated
by the results in chapter 5 — that the precise meaning of this break-
down is not obvious a priori, and that hydrodynamics can in fact be
applied on surprisingly small length scales. When studying hydro-
dynamics on the nanoscale, three main assumptions can be made:

1. Advective forces can be neglected, as the fluid velocity nor-
mally does not exceed 0.1m/s (see for example Whiteby and
Quirke [50]) . Hence, the Reynolds number is in practice al-
ways below 0.01 [51].

2. Compressibility e!ects can be ignored. This is normally quan-
tified by the Mach number, defined as Ma= U/cs, with cs be-
ing the speed of sound. If Ma ↫ 0.3, the fluid can be treated
as an incompressible fluid [52]. For water at ambient condi-
tions, and cs being in the order of 103m/s, the Mach-number
is smaller than 0.1.

3. It is still possible to describe the fluid’s motion by the con-
tinuous equations, which were derived above, but they have
to be extended by some corrections. It turns out that these
corrections can be modelled in terms of non-local variables.



2.1. HYDRODYNAMICS 23

2.1.3.1 Introductory example

A wide range of phenomena are characterized by confinement at
the nanoscale. Prominent examples include slip velocities of flows
through nanochannels [53, 54], capillary rise [55, 56], and anisotropic
behavior of confined dielectrics [57, 58].

In this section, we focus on the e!ect of the non-local viscous re-
sponse, which is highly relevant for the analysis of the simulation
data presented in chapter 5. This e!ect was first found by Todd et
al. [59]. In this paper, the authors study a fluid, which is infinite in
extent, and impose a sinusoidal force, which acts in x-direction:

F ext = ϱg0 cos(kz)ex (2.1.42)

Here, ϱ is the density, g0 is a constant and k is the wavelength of
the force and ex is the unit vector in x-direction.

For symmetry reasons, the only non-zero stress-tensor component
in this system is ϑxz. Hence, in this example, we set ϑxz = ϑ. First,
we can write the momentum balance equation in the steady-state:

φϑ

φz
= ↓ϱg0 cos(kz) (2.1.43)

For ϑ(z = 0) = 0, we get by integrating

ϑ(z) = ↓ϱg0

k
sin(kz) (2.1.44)

Using Newton’s law for the viscosity, one can also predict the stress
by

ϑ(z) = ↓2ε0↽̇(z) (2.1.45)

Where ↽̇ is the shear-rate (which is for symmetry reasons simply
φzvx). Due to the functional form of the applied force, we get that
the shear-rate in this example is given by ↽̇ = ˜̇↽(k) sin(kz)/2. So,
the stress can also be written as

ϑ(z) = ↓ε0 ˜̇↽(k) sin(kz) (2.1.46)
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Figure 2.3: Shear-stress profiles from a fluid, which is subjected
to a sinusoidal force. Figure replotted from Ref. [51].

In Figure 2.3, the stress values obtained from the balance equation
and from Newton’s law of viscosity are shown for both small and
large wavelengths. For large wavelengths, Newton’s law accurately
predicts the stress values from the balance equation. However, for
small wavelengths, comparable to the atomic spacing, a significant
stress reduction is observed. This phenomenon is believed to origi-
nate from the non-local response of the fluid to shear forces [51].

As a solution, one can model the viscosity as a function, which
depends on the distance between the particle and all other points in
the system.

2.1.3.2 Fluctuating hydrodynamics

The concept of fluctuating hydrodynamics extends the field-
theoretical approach described above, but now we also take into
account the fluctuations of the observables. So, we write the quan-
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tities as

ϱ(r, t) = ϱav + δϱ(r, t)

ϱ(r, t)u(r, t) = (ϱav + δϱ(r, t)) · (uav + δϱ(r, t)) ⇔ ϱavδu(r, t)
(2.1.47)

As we assume being in the steady-state, we set uav = 0. Addi-
tionally, we treat fluctuations only until the first order. To de-
rive an equation for the mass balance, we start at the relation
φω(r,t)

φt = ↓↑ · (ϱ(r, t) · u(r, t)) (see equation 2.1.7) and insert the
terms with fluctuations:

φ[ϱav + δϱ(r, t)]
φt

= ↓↑ · [(ϱav + δϱ(r, t)) · δu(r, t)] (2.1.48)

Keeping only the first order of fluctuations, we get:

φδϱ(r, t)
φt

= ↓↑ · (ϱavδu(r, t)) (2.1.49)

Similarly, we can derive the momentum-balance equation. To do
so, we start with the momentum-conservation equation 2.1.13, and
write it as:

φ

φt
(ϱu) ↓ u

φϱ

φt
+ ϱu · ↑u = ↓↑ · ϑ + f(r, t) (2.1.50)

Using the mass-balance equation, we get

φ

φt
(ϱu) + u(↑ · ϱu) + ϱu · ↑u = ↓↑ · ϑ + f(r, t) (2.1.51)

Inserting the relations 2.1.47, we finally get the momentum-balance
equation for fluctuations

ϱav
φ

φt
(δu) = ↓↑ · ϑ + f(r, t) (2.1.52)

As a constitutive law, we here make use of the Newtonian constitu-
tive law, formulated as [51]:

ϑij = ε0↽̇ij +
(

εb ↓ 2
3

ε0

)
δijφkuk (2.1.53)
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εb is here the abbreviation for the bulk viscosity.
To conclude this section, the classical fluctuating hydrodynamic
equations are given by

φδϱ(r, t)
φt

= ↓ϱav↑ · (δu(r, t)) (2.1.54a)

ϱav
φ

φt
(δu) = ↓↑ ·

[
δp(r, t) +

(
εb +

1
3

ε0

)
↑ · δu


I + ε0↑2δu ↓ ↑ · δP

(2.1.54b)

Often, their Fourier-transformation, which is defined as
f(k, t) =

∫
f(r, t)e↓ik·rdr, is used:

φ

φt
δϱ(k, t) = ↓iϱ0k · δu(k, t)

(2.1.55a)

ϱav
φ

φt
δu(k, t) = (2.1.55b)

↓ik

[
δp(k, t) ↓

(
εb ↓ 1

3
ε0

)
[ik · δu(k, t)]1


↓ ε0k2δu(k, t) ↓ ik · δP (k, t)

2.1.3.3 Transverse dynamics

As it is a very important for the understanding of nanoscale hy-
drodynamics, we here explain the main features of the transverse
dynamics. Since it is not used much in the rest of the thesis, we
only give a short overview about this topic. A more in-depth ex-
planation can be found for example in [51]. For the transverse dy-
namics, we assume having a wave-vector k, which is directed along
the z-axis, hence k = (0, 0, kz). The transverse momentum density
is then defined as

C↘(k, t) = ↖δux(k, t) · δux(↓k, t)↙ (2.1.56)

From the equations above (equation (2.1.55a)), we get in this case:

ϱav
φ

φt
δux(k, t) = ↓ε0k2δux(k, t) ↓ ikPxz (2.1.57)
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For the correlation function, we can derive:

ϱav
φ

φt
C↘(k, t) = ↓ε0k2C↘(k, t) (2.1.58)

This di!erential equation can be solved by using the equipartition
theorem (C↘(kz, 0) = ϱ0kBT ):

C↘(k, t) = ϱavkBTe↓ε0k2t/ω0 (2.1.59)

From this, one can conclude that the transverse momentum of a
Newtonian fluid is predicted to relax exponentially.

2.1.3.4 Velocity relaxation in a nanochannel

In chapter 5, we performed a spectral analysis of the velocity relax-
ation in nanoscale channels. To prepare for this, we first discuss the
general relaxation behavior that can be expected without a mode
analysis. A detailed derivation can be found in [60]. For times t < 0,
the system is subjected to an external driving force of the form

Fext = ϱA sin(knz), (2.1.60)

with ϱ denoting the fluid density, A the amplitude, and kn = 2πn/h
the corresponding wavevector. Here, h represents the channel width,
and n ∝ N+. One can assume no-slip Dirichlet boundary conditions.
The steady-state profile can then be derived from the momentum
balance equation, hence

ϱ
φu

φt
= Fext ↓ φϑxz

φz
(2.1.61)

For abbreviation, we denote the velocity in x-direction as u. In
the steady-state, it is a good assumption to take the fluid to be
Newtonian, hence

ϑxz = ↓2ε0↽̇ = ↓ε0
φu

φz
(2.1.62)
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With this and the momentum conservation equation, we get

d2u0

dz2
= ↓Aϱ

ε0
sin(knz) (2.1.63)

Using the boundary condition, it directly follows that

u0(z) =
Aϱ

ε0k2
n

sin(knz) := Un sin(knz) (2.1.64)

Note that this steady-state velocity profile should be understood as
the “ideal” one. In the simulations, it turns out that also other
modes are excited, see [60] and chapter 5. To study the relaxation
behavior, which is a time-dependent process, it turns out that we
need a time-dependent constitutive law, formulated as the Maxwell
model

φu

φz
= ↓ 1

ε0

(
1 + ς

φ

φt

)
ϑxz (2.1.65)

Here, ς is the relaxation time. For a detailed description of the
physical meaning of this equation, the reader is referred to section
2.1.1.2. Note that for the steady-state this model reduces to a New-
tonian fluid.
In Laplace space, this equation can be written as

φû

φz
= ↓ 1

ε0
(1 + ςs)ϑ̂xz +

ς

ε0
ϑxz(z, 0) (2.1.66)

Here, the variable s comes from the Laplace transformation, which
is defined as

f̂(s) = L{f}(s) =
∫ →

0
dtf(t)e↓st (2.1.67)

The initial condition can be obtained by using the steady-state pro-
file:

φ

φz
ϑxz(z, 0) = ϱA sin(knz) (2.1.68)
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Finally, one obtains

φ2û

φz2
↓ s(1 ↓ ςs)ϱ

ε0
û =

A

ε0

ςε0k2
n ↓ (1 + ςs)ϱ

ε0k2
n

(2.1.69)

This equation can be solved analytically. One gets [60]:

u(z, t) = u0(z) · exp(↓#t)%(t) (2.1.70)

using # = 1/(2ς) and

%(t) =





1↓2↼µ↗
1↓4↼µ

sinh(▷0t) + cosh(▷0t), if ς ′ 1/(4µ)

1↓2↼µ↗
1↓4↼µ

sin(▷0t) + cos(▷0t), if ς > 1/(4µ)

with µ = ε0k2
n/ϱ and ▷0 =

√
|1 ↓ 4ςµ|/(2ς). As a consistency-

check, one can see that for a Newtonian fluid (ς ≃ 0), one gets a
simple exponential decay.

2.2 Methods

2.2.1 Microscopic simulations: MD Simula-
tions

MD simulations are based on a simple idea: by numerically solving
the classical equations of motion, one can track how particles move
and interact over time. From these microscopic trajectories, macro-
scopic properties are then obtained by averaging over the particles
and/or over long time spans.

Since its inception, MD simulations became more and more impor-
tant and were applied to a wide range of systems such as crystals,
amorphous solids and liquids [61–68]. In the following section, we
will provide a brief overview of the method. Because of its impor-
tance for this thesis, we will specifically explain the setup of MD
simulations for free surfaces (used in chapter 4) and confined sys-
tems (used in chapter 5), as well as the use of a Graphics Processing
Unit (GPU) to accelerate the simulations.
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Initialization
Calculation
of forces

Solving Newton’s
equations
of motion

Analysis,
if necessary

Iteration over timesteps

Figure 2.4: Schematic overview of the MD algorithm.

2.2.1.1 Algorithm of MD simulations

The basic idea of MD simulations is illustrated in figure 2.4.
In the first step, one initializes the system. A more in-depth discus-
sion of this step can be found below.

Once an initial configuration is set, the forces can be calculated from
the particle positions. These forces are derived from the interaction
energy between the particles. In its most general form, this is given
by [69, 70]

V (r) =
∑

i<j

Vij(ri, rj) +
∑

i<j<k

Vijk(ri, rj , rk)

+
∑

i<j<k<l

Vijkl(ri, rj , rk, rl) + ...
(2.2.1)

Here, V is the interaction energy, r are the particle positions and
ri, rj , rk, and rl represent the individual particle positions. In
most systems, the interaction energy is dominated by contributions
from pairs of particles. Therefore, MD simulations typically use
pair potentials to describe these interactions, which simplifies the
calculations.

The choice of the functional form of the pair potential is not obvi-
ous in itself. For liquids, one often makes use of the Lennard-Jones-
potential (LJ-potential), see figure 2.5, which was first used in 1924
[71]. The idea behind this potential is that at large distances, at-
tractive interaction due to van-der-Waals forces becomes dominant.
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The attraction, which is also called London dispersion force, scales
with 1/r6. At small distances, Pauli repulsion becomes dominant
due to overlapping electrons. This exponent of this repulsion is em-
pirically chosen, and the repulsion scales with 1/r12. From this, one
gets a functional form of the LJ-potential as

VLJ(r) = 4ω

((
ϑ

r

)12

↓
(

ϑ

r

)6
)

(2.2.2)

using the distance ϑ, which is often associated with the particle di-
ameter and the energy scale ω. Working with this potential, one
often makes use of the unit system associated with these two quan-
tities, a timescale ς and a mass ω = mς2

↼2 . This unit system is
summarized in table 2.2. The LJ-potential is a model potential for
Argon and noble gases [72]. In the case of Argon, the values are
normally set to ϑ = 3.405Å and ω/kB = 119.8K [69].

To reduce computational cost, interactions are typically calculated
only for particles within a cuto! distance r < rcut, rather than con-
sidering all particles in the system. In terms of potential, this means
that V (r) = VLJ(r) for distances smaller than rcut, and V (r) = 0
for distances larger than rcut. To avoid the discontinuity at rcut,
one well-established way is to make use of a “truncated and shifted”
LJ-potential, formulated as

Vshifted LJ(r) =

{
VLJ(r) ↓ VLJ(rcut) if r < rcut

0 else
(2.2.3)

Another often used potential is the Weeks-Chandler-Andersen po-
tential (WCA-potential), which is simply given by the repulsive part
of the LJ-potential, shifted to rcut:

VWCA(r) =

{
VLJ(r) + ω if r < rcut

0 else
(2.2.4)

Alternative choices for describing interactions include machine-
learning potentials, which are trained to reproduce reference data
from experiments [73, 74].
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quantity unit
distance ϖ

mass m

time ϱ = ϖ


m/ϑ

energy ϑ

velocity ϖ/ϱ

force ϑ/ϖ

temperature ϑ/kB

pressure ϑ/ϖ
3

density m/ϖ
3

surface tension ϑ/ϖ
2

viscosity ϑϱ/ϖ
3

Table 2.2: Units derived
from the Lennard-Jones sys-
tem for 3 dimensions.

Figure 2.5: Plot of the Lennard-
Jones potential.

The challenge is now to e"ciently determine the neighbors. Since
particles only interact with others within a distance r < rcut, a
widely used approach is to employ neighbor lists. One common
method is the Verlet list, in which each particle keeps a list of neigh-
bors within a distance rcut +rskin [75, 76]. This list can then be used
for multiple timesteps, as long as the particles do not move too fast.

Another approach which increases the e"ciency of this algorithm is
the Cell-linked list. In this approach, the entire simulation box is
divided into subboxes. The neighbors of a given particle are then
searched for only within its own subbox and the adjacent ones.

In the next step of the simulations, Newton’s equations of motion
are solved:

mi · r̈i = f
i

and f
i

= ↓↑V (ri) (2.2.5)

The solution method is based on a finite-di!erence scheme, and in
fact, many algorithms from numerical mathematics could be used to
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solve such a problem [77]. However, the algorithms employed in this
context must satisfy certain conditions, such as the conservation of
physical laws, even when relatively large timesteps are used. Popular
algorithms include the Störmer-Verlet method [78, 79], the Leap-frog
algorithm [80] and the Velocity-Verlet integration scheme [81, 82].

The basic idea of all these algorithms is that the position r, velocity
u = ṙ and acceleration a = v̇ can be expanded in Taylor-series:

r(t + &t) = r(t) + &t · u(t) +
1
2

(&t)2 · a(t) +
1
6

(&t)3 · ȧ(t)

+
1
24

(&t)4 · ä(t) + ...

(2.2.6a)

u(t + &t) = u(t) + &t · a(t) +
1
2

(&t)2 · ȧ(t) +
1
6

(&t)3 · ä(t) + ...

(2.2.6b)

a(t + &t) = a(t) + &t · ȧ(t) +
1
2

(&t)2 · ä(t) + ... (2.2.6c)

ȧ(t + &t) = ȧ(t) + &t · ä(t) + ... (2.2.6d)

The idea of the Störmer-Verlet algorithm is then to evaluate r at
t + &t and t ↓ &t:

r(t + &t) = r(t) + &t · u(t) +
1
2

(&t)2a(t) (2.2.7a)

r(t ↓ &t) = r(t) ↓ &t · u(t) +
1
2

(&t)2a(t) (2.2.7b)

Adding up these equations, one gets:

r(t + &t) = 2r(t) ↓ r(t ↓ &t) + (&t)2a(t) (2.2.8)

One disadvantage of this algorithm is that the velocities are not
directly accessible, as they are eliminated in the integration scheme.
If needed, they can be reconstructed using u(t) = r(t+#t)↓r(t↓#t)

2#t .

One modification of this algorithm is the Leap-frog algorithm, which
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calculates the velocities at di!erent times than the positions:

r(t + &t) = r(t) + &t · u

(
t +

1
2

&t

)
(2.2.9a)

u

(
t +

1
2

&t

)
= u

(
t ↓ 1

2
&t

)
+ &ta(t) (2.2.9b)

Another modification is the Velocity-Verlet algorithm, which obtains
positions and velocities at the same times:

r(t + &t) = r(t) + &tv(t) +
1
2

(&t)2a(t) (2.2.10a)

v(t + &t) = v(t) +
&t

2
[a(t) + a(t + &t)] (2.2.10b)

Finally, one integration method, which also has a very high accu-
racy, is the Gear-predictor method. This method essentially consists
of 3 steps. First, on the basis of the current positions, one makes
a prediction of the new positions, velocities and accelerations aP ,
using standard Taylor-expansions, see formula 2.2.6a. Secondly, us-
ing the new positions, one then calculates the new forces and the
corresponding accelerations aC . One can then define an error as

&a(t + &t) = ac(t + &t) ↓ ap(t + &t) (2.2.11)

Thirdly, the predicted positions are corrected according to the cal-
culated error. A more in-depth discussion of this method can be
found in [83–86].

The numerical integration of these classical equations of motion con-
serves the total energy of the system, which means that a micro-
canonical ensemble is simulated (particle number N , volume V and
energy E are conserved). Nevertheless, it is often an aim to obtain
thermodynamic variables corresponding to a di!erent ensemble. For
example, one may wish to couple the simulation to a heat bath at
temperature T or to a piston at pressure P [87].

One simple method to couple the system to a heat bath is velocity
rescaling. The idea is to introduce a scaling factor ◁ and, at each
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timestep, scale the velocities of all particles by this factor:

unew
i = ◁vold

i (2.2.12)

while the scaling factor is obtained by the temperature of the bath
T bath and the temperature of the system T (t):

◁ =


T bath

T (t)
(2.2.13)

One should note that this method is rarely used in MD simulations,
as with this algorithm all fluctuations in the kinetic energy are sup-
pressed.

Using the Berendsen thermostat [88], one modifies the scaling factor
◁ to solve the above mentioned problems. In this approach, we
suppose, that the system is coupled to an external bath. Hence, the
change of the temperature can be formulated as

φT (t)
φt

=
1
ς

(Tbath ↓ T (t)) (2.2.14)

using ς as the user defined strength of coupling. The scaling factor
◁ can then be written as

◁ =



1 +
&t

ς

(
Tbath

T (t)
↓ 1

)
(2.2.15)

Here, one can see that for a weak coupling (large ς), we do not scale
the velocities anymore.
Another thermostat was proposed by Andersen [89], who made use
of the idea of random collisions. The particles’ trajectories are in-
tegrated, at each timestep random atoms are chosen. These atoms
get a new velocity from the Maxwell-Boltzmann distribution of the
desired velocity. The time interval &t between two velocity reas-
signments of the same atom follows a Poisson distribution

P (&t) = 0 · e↓↽·#t (2.2.16)



36 CHAPTER 2. THEORETICAL BACKGROUND

where 0 is the coupling strength to the bath.
One popular way to couple the system to a temperature bath is
the use of the Nosé-Hoover-thermostat, introduced by Nosé [87] and
Hoover [90]. The idea is to introduce an additional variable to couple
the system to the heat bath. One gets the Nosé-Hoover equations
of motion as:

ṙi = vi (2.2.17a)

ui =
f

i

mi
↓ 1 · ui (2.2.17b)

1̇ =
1
Q

(
i miui

3NkBT
↓ 1

)
(2.2.17c)

Here 1 and Q are the parameters, which couple the system to the
bath. Similarly, one can couple the system to a pistol, i.e. a fixed
pressure. Here, instead of scaling the velocities, we scale the volume
and the positions respectively:

V new = V old · ◁ (2.2.18)

rnew
i = rold

i · ◁1/3 (2.2.19)

The Berendsen barostat, for example, is completely analogous to the
above mentioned Berendsen thermostat. One assumes that the time
evolution of the pressure is given by

φP (t)
φt

=
1
ς

(Pbath ↓ P (t)) (2.2.20)

and the corresponding scaling is given by

◁ =
(

1 ↓ k · &t

ς
(P (t) ↓ Pbath)

)
(2.2.21)

where we introduced k, a constant specifying the compressibility of
the substance.
The approach of the Andersen barostat consists of scaling all the po-
sitions with the volume: ri = V 1/3si. With this, one can introduce
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a new Lagrangian, which also models the movement of the volume
V :

L =
∑

i

1
2

mi(V 2/3s2
i ) ↓ V (rN ) +

W

2
V̇ ↓ Pbath · V (2.2.22)

The parameter W is here control parameter of the coupling to the
bath. Finally, the Parrinello-Rahman barostat [91] is a generaliza-
tion of this barostat, which can also deal with di!erent box geome-
tries (which for example occur under shear). Here, the box is written
as a matrix

h = [abc] (2.2.23)

and the particle positions are rescaled as ri = hsi. Then, the La-
grangian can be written as

L =
∑

i

1
2

mir
T
i ri ↓ V (rN ) +

W

2
Tr(ḣT ḣ) ↓ Pbath · det(h) (2.2.24)

Since usually, the particle numbers that can be achieved by MD
simulations are much smaller than the particle number in a real
experiment, one often makes use of the concept of periodic boundary
conditions. This means that the small simulation box is replicated
in all directions and if a particle leaves the box on one side, it is
replicated on the other side. To avoid artificial interactions of a
particle with itself, one should always make sure that the interaction
cut-o! distance is smaller than the half-size of the simulation box.

Furthermore, as the procedure consists only of integrating the clas-
sical equations of motion, quantum e!ects are obviously neglected.
This is justified by the de-Broglie wavelength, which should be much
smaller than the characteristic length to neglect quantum e!ects. In
liquids, the characteristic length scale can be set to 3 ↓ 4Å [51, 92].
The de-Broglie wavelength is defined as [93]

◁Br =
1∞
mT

10↓22m
√

kgK (2.2.25)
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For water at ambient conditions (m = 2.99·10↓26kg, T = 300K), the
de-Broglie wavelength is consequently 0.33Å, which is much smaller
than the characteristic wavelength.

2.2.1.2 Initialization

As shown in figure 2.4, before starting the simulation, one first has
to initialize the system. For simulations of solids, the positions of
the particles are normally the ones of the associated crystal struc-
ture. For simulations of liquids, one either takes a crystal structure
or a random configuration of atoms. Particles are in this context
assumed to be spherical point masses.

The velocities are normally chosen such that the kinetic energy of
the system fits to the desired temperature: The kinetic energy Ekin

and the temperature T are related via the equipartition theorem
of classical statistical mechanics, namely Ekin = 3

2NkBT and the

kinetic energy of the system can be calculated via Ekin =
N

i
miu

2
i

2 .
Velocities are normally set according to the Boltzmann distribu-

tion: P (ui) =


mi

2⇀kBT

1/2
e

↓ miu2
i

kBT . One should notice that most of

the observables should be measured in equilibrium. Hence, before
starting the so-called production run, in which the observables are
measured, one has to run an equilibration. The equilibration should
normally take around 10 ↓ 50 relaxation times of the liquid. Here,
the relaxation time is defined as the time, for which the interme-
diate scattering function is approaching 0. The (self) intermediate
scattering function is defined as the correlation function between
Fourier-transformed densities and can be written as

F (k, t) =
1
N

· ↖
N∑

i=0

eik(ri(t)↓ri(0))↙ (2.2.26)

Here, we use k as a wavevector, and N as a number of particles.
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2.2.1.3 Evaluation of quantities

In nearly all applications of MD-simulations, one wants to extract
some observables from the obtained trajectories. In this section,
we briefly explain the quantities, which are used in the scope of
the thesis. To calculate the viscosity, one can can make use of the
Green-Kubo-approach, evaluating the o!-diagonal components of
the stress tensor [69]:

ε =
V

kBT

∫ →

0
dt↖ϑxy(t0) · ϑxy(t0 + t)↙ (2.2.27)

In an isotropic liquid, the di!erent o!-diagonal components xy, xz,
and yz, can be used equally, and averaged over to improve the statis-
tics.
In systems with a free surface, the surface tension can be calculated
by using the anisotropy of the stress tensor [94, 95]:

ϑ̂ =
1
2

∫
dz

[
pz(z) ↓ 1

2
(px(z) + py(z))


(2.2.28)

Similarly, the surface tension can be estimated from the width of
the density profile by fitting the fluid’s density distribution to

ϱ(z) =
ϱ0

2
↓ ϱ0

2
· tanh

(
2(z ↓ z0)

&

)

and using the relation [96]

&
2 = &

2
0 +

kBT

2πϑ̂
ln

(
L

B0

)
(2.2.29)

Here, B0 is a characteristic length scale, and L is related to the
system size.

2.2.1.4 Modeling a Glass-Forming Fluid

In this thesis, we focus on the description of glass-forming liquids. A
glass-forming fluid is characterized by avoiding crystallization when
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it is cooled down. Instead of forming crystals, it becomes more and
more viscous. When the viscosity exceeds a certain threshold, the
fluid is called a glass, and the corresponding temperature is called
glass-transition temperature. An important aspect of the glass tran-
sition is that it is not s sharp transition (like for example crystal-
lization), but the viscosity is continuously increasing. The molecular
mechanism behind this phenomenon is still not understood [97–99].

A widely used model in this context is the Kob-Andersen binary
Lennard-Jones mixture, introduced by Walter Kob and Hans C.
Andersen in 1994 [100]. The system consists of two particle species,
A (80%) and B (20%), interacting via the LJ-potential with a cuto!

radius of rcut = 2.5. The interaction parameters are chosen asym-
metrically in order to avoid crystallization, namely

ωAB

ωAA
=

ωBA

ωAA
= 1.5,

ωBB

ωAA
= 0.5,

ϑAB

ϑAA
= 0.8,

ϑBB

ϑAA
= 0.88.

In the canonical (NVT) ensemble, the density is typically fixed at
ϱ = 1.2. Under these conditions, the glass transition temperature is
found to be at T ⇔ 0.435. This model will be employed in Chapter 4
and Chapter 5.

One of the key features of the Kob–Andersen mixture is its strong
tendency to avoid crystallization upon cooling, which makes it a
prototypical glass-former. The model has been extensively used to
investigate the glass transition and, for instance, to test predictions
of Mode-Coupling Theory, which is a first-principle theory for the
description of the glass-transition [64].

2.2.1.5 Simulation Setups

In this thesis, we make use of di!erent simulation setups. In chap-
ter 4, we investigate the influence of shear-rate on the surface ten-
sion. To model a free surface, the system is first equilibrated in bulk
under periodic boundary conditions. After that, the simulation box
is extended in the z-direction, thereby creating a free surface. This
approach is similar to the ones used in [101–103].
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Additionally, we impose a shear-rate on the system. This is done
by deforming the simulation box, using the SLLOD-equations [104–
108]. With these equation, it is possible to perform non-equilibrium
molecular dynamics simulations. The equations of motion in this
case are given by

ṙi = ui + ri · ↑u (2.2.30)

u̇i = F
(V )
i ↓ miui · ↑u ↓ 1miui (2.2.31)

Here, ↑u is the velocity-gradient tensor, and F
(V )
i represents the

force arising from the intermolecular potential. Here, the terms,
which include ↑u couple the motion to the shear, while the term
1miui is a thermostat term to control the temperature. The latter
one is needed as the shear in principle could heat the system.

In chapter 5, we model a fluid, which is confined in a nanochannel.
Here, the setup is chosen, such that the wall atoms form a bcc-
crystal, and are interacting via tethering potentials, which bound
them to their lattice positions. The interaction of the walls plays a
large role for the density profile and it turms out that near the wall,
one can observe oscillations in the density profile [109].

2.2.1.6 Accelerating the simulations by GPUs

In the procedure of the MD-simulations, many coupled di!erential
equations have to be solved every timestep. Because of this, both
the number of particles and the number of timesteps is limited.

Increasing computational power makes it possible to let the systems
grow and grow. For example, in 2013, the SuperMUC supercom-
puter was able to simulate a system of 4.2 · 1012 particles, using 40s
of wall-time per timestep [110].

However, in our applications, we normally do not have the challenge
of having as many particles as possible, but of reaching realistic
timescales. This is, where GPUs come to play: With the software
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“Roskilde-University Molecular Dynamics (RUMD)”, a predecessor
of gamdpy, which is used in this thesis, Bailey et. al were able
reach 2 · 104 integration time steps per second, using a relatively
small system of 103 particles [111]. This is the reason why we used
gamdpy [112].

GPUs in general consist of many cores, which are optimized for
parallel numerical calculations. This is exactly what is used during
a MD simulation: There, one wants the integration step to be done
for every particle. Hence, if every thread calculates the interaction
of one particles and we have very many threads, we get an enormous
acceleration of the code.

2.2.2 Macroscopic simulations of the Navier-
Stokes equation

In chapter 3, we show simulation results, obtained from simulations
done with the open-source software basilisk c [113]. The aim of
this section is to briefly discuss the main features of the numerical
scheme, which is used there.

2.2.2.1 Solving the Navier-Stokes equation

In a first step, the domain, on which the Navier-Stokes equation
should be solved numerically, is discretized. This is done by using
square (or in 3D cubic) finite volumes. To increase the e"ciency,
they are organized as a quadtree (or octree in 3D). In fact, this
means that the the finite volumes do not all have the same side
length, such that domains with a more complex flow are treated
more accurately.

To model multiphase flow, one makes use of the VOF type approach.
This means that every finite volume is assigned to a number a ∝
[0, 1], which represents the volume fraction of the fluid. For example,
if a finite volume is completely filled by the fluid a = 1, if there is no
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Figure 2.6: Schematic representation of the volume-of-fluid
method. The blue area represents the occupation of the fluid.
The numbers in the cells correspond to the volume fraction of
the fluid in the respective cell.

fluid in it, it is a = 0, and if the cell contains the interface 0 < a < 1.
An illustration of this method can be found in figure 2.6.

Time is discretized using a Courant-Friedrichs-Lewy (CFL)-
condition [114]. This condition makes sure that the timestep is
small enough to obtain numerical stability and it is often used in
the field of advection equations. For the general advection equation,
describing the quantity q

φq

φt
+ u

φq

φx
= 0 (2.2.32)

the condition states that

u
&t

&x
< C (2.2.33)

with C being a constant smaller than 1.

The advective part of the Navier-Stokes equation is calculated by
the Bell-Collela-Glaz (BCG) advection scheme [115], which is a sec-
ond order accurate algorithm in space and time. For a detailed
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explanation of this method, the reader is referred to Refs. [115,
116]. The principal idea of this scheme is that one wants to solve
the (general) advection equation 2.2.32. qn

i is the cell averaged value
of the quantity q in cell i at time tn.
From a given time n (including qn

i , un
i ), we want to determine the

values of time n + 1.

Inside each cell, q is treated as a linear function:

qi(x) = qn
i + ϑi(x ↓ xi)

with a slope, which is obtained by the values of neighbor cells.

ϑi = min
(

qi ↓ qi↓1

&x
,
qi+1 ↓ qi

&x

)

For stability reasons, one always takes the smaller value. Then, a
half-time step is calculated using a predictor-corrector approxima-
tion:

q
n+1/2
i+1/2 =





qn
i + 1

2(1 ↓ Ci)(qn
i ↓ qn

i↓1) if un
i+1/2 > 0

qn
i+1 ↓ 1

2(1 + Ci+1)(qn
i+2 ↓ qn

i+1) if un
i+1/2 < 0

(2.2.34)

using the Courant-number Ci = ui
#x
#t .

In the next step, the numerical flux is calculated as

Fi+1/2 = ui+1/2q
n+1/2
i+1/2

Finally, the cell averages are calculated using the net flux in the cell.

qn+1
i = qn

i ↓ &t

&x
(Fi+1/2 ↓ Fi↓1/2)

For the di!usive contributions, one makes use of the implicit viscos-
ity solver [117]. The equation, which should be solved in this part,
can be written as

ϱ
φu

φt
= ↑ · [ε(↑u + (↑u)T )] (2.2.35)
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Discretization and rearranging brings:

↓ ϱ

&t
uu+1 + ↑ · [ε(↑un+1 + (↑un+1)T )] = ↓ ϱ

&t
un

With this equation, a linear operator can be defined as

L(a) = ↑ · [ε(↑a + (↑a)T )] ↓ ϱ

&t
a (2.2.36)

The problem can be reformulated, using b = ↓(ϱ/&t)un as

L(un+1) = b

The approach is then not to solve this equation directly, but to
take an iterative method. With an initial guess ã, one calculates a
residual

res = L(da) = b ↓ L(ã) (2.2.37)

If the residual is smaller than a pre-defined threshold, the procedure
stops and ã is taken as a solution. Otherwise, one solves L(da) = res
and adds da to ã. The new guess is hence ã + da.

2.2.2.2 Treatment of viscoelastic fluids

One problem we face in our simulations is the so-called “high-
Weissenberg problem” [118, 119], which describes numerical insta-
bilities in the stresses due to high elasticity. To come up with these
problems, basilisk c makes use of the log-conformation-method,
explained in Refs. [120, 121]. For implementing this method, one
needs to formulate the viscoelastic constitutive equation based on
the conformation tensor A rather than the polymeric stress. The

conformation tensor is related to the polymeric stress as follows:

ϑP =
εPfs(A)

◁
(2.2.38)
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Here, we used the polymeric viscosity εP , and a relaxation param-
eter ◁. The evolution of the conformation tensor is given by the
following di!erential equation:

D

Dt
A ↓ A · ↑u ↓ ↑uT · A = ↓

fR(A)

◁
(2.2.39)

using the relaxation function fR(A).

In our simulations, we make use of the Oldroyd-B-model for which
the two functions are given by

fS(A) = fR(A) = A ↓ 1

It is easy to show that in this case, one can combine the equations
such that

ϑP + ◁(
D

Dt
ϑp ↓ ϑP · ↑u ↓ ↑uT · ϑP) = 2µP↽̇ (2.2.40)

The principal idea is then to take the logarithm of the conformation
tensor, hence we write:

’ = log

A


(2.2.41)

Then, the velocity gradient is decomposed in the following form,
using the antisymmetric matrix ”:

(↑u)T = ” + B + NA↓1 (2.2.42)

Using these definitions, one can write the constitutive law for the
logarithm of the conformation tensor as

D

Dt
’ = (” · ’ ↓ ’ · ”) + 2B +

e↓$fR(e⇁)
◁

(2.2.43)

This equation is then solved in 3 steps:

1. Solving the upper-convected part φt’ = 2B + (” · ’ ↓ ’ · ”):
In short, this is done by calculating B and ”, and evaluating
&’ = &t[2B +(” ·’↓’ ·”)]. ’ at the next timestep is then
given by ’n+1 = ’n + &’
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2. Solving the advection part φt’ + ↑ · (’u): This is done by
using the Bell–Collela–Glaz scheme, which is explained above.

3. Calculation of model term φtA = ↓
fr(A)

λ
: As this term is

only available in terms of A, one first has to retransform via

A = e$.

Finally, one can get ϑP by inserting in

ϑP = ↓εP

◁
fS(A) (2.2.44)

and insert the divergence from it into the Navier-Stokes equa-
tion. While we have described the log-conformation method for
the Oldroyd-B model here, this method can also be applied to other
types of constitutive equations that su!er from the high-Weissenberg
number problem, see for example [122, 123].





Chapter 3

Spreading droplets of
yield-stress fluids with
and without gravity

Except for Appendix B, this chapter has been published as Heit-
meier, L., D’Angelo, O., Jalaal, M., and Voigtmann, Th. “Spread-
ing droplets of yield-stress fluids with and without gravity.”
J. Rheol. 70, 631–643 (2026)

We investigate the e!ect of gravity on the spreading of droplets of
yield stress fluids, by performing both microgravity experiments (in
a drop tower) and experiments under terrestrial gravity. We study
the dependence of the final droplet shape on yield stress and grav-
ity. Droplets are deposited on a thin film of the same material,
mimicking a fully wetting surface, and allowing to directly test scal-
ing laws derived from the thin-film equation for viscoplastic fluids,
in this limit. Microgravity conditions allow to vary independently
the two relevant dimensionless numbers, the Bond number, B, and
the plastocapillary number, J , and thus to disentangle the influence
of surface tension from that of the yield stress on the final droplet
shapes. Simulations using a visco-elastic model with shear thinning

49
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complement the experiments and show good agreement regarding
the droplet shapes. Possible deviations arising in the regime of non-
negligible elastic e!ects and large plastocapillary numbers (large
yield stress) are discussed.
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3.1 Introduction

Yield-stress fluids (YSFs) are characterized by their dual rheologi-
cal response: they flow like (complex) fluids only when the applied
stress exceeds a threshold (the yield stress). Below this threshold,
their deformation behavior becomes solid-like [5, 124]. This invites
a wide range of applications: many commonly used materials such
as pastes, gels, emulsions, foams, and a variety of biological and
industrial suspensions exhibit a yield stress [125]. As a result, the
spreading of YSFs (and in general non-Newtonian fluids) is central
to many processes in sectors including food processing, cosmetics,
pharmaceuticals, construction, and energy. For example, the pres-
ence of a yield stress in 3D-printing materials ensures that extruded
filaments or droplets retain their shape after deposition, enabling
the controlled, layer-by-layer fabrication of complex structures [126–
130].

Despite this practical importance, some fundamental aspects of the
spreading of YSFs have only been established recently [4, 131–139].
A defining characteristic of YSFs is that their droplets reach a fi-
nite size even on fully wetting substrates. Unlike Newtonian fluids,
which would theoretically spread indefinitely into an infinitesimally
thin film, YSFs balance hydrostatic pressure and surface tension
against the yield stress, resulting in droplets of finite radius. This
principle underpins direct-ink writing technologies, and notably bio-
printing [140–142] both on ground and in space [143]. We are there-
fore interested in how the asymptotic droplet size – achieved at long
times, t ≃ ∈ after extrusion – depends on parameters such as the
deposited fluid volume, material properties, and gravity.

Since the formation and spreading of YSF droplets is mainly gov-
erned by three factors – yield stress, surface tension, and hydrostatic
pressure – (at least) two dimensionless groups are needed to charac-
terize their flow properties [4]. The Bond number, B, quantifies the
importance of gravity over surface tension, and is well known from
the spreading of Newtonian fluids. The existence of a yield stress
implies another relevant dimensionless quantity, the plastocapillary



52 CHAPTER 3. DROPLETS OF YIELD-STRESS FLUIDS

number, J , to quantify the importance of yield-stress e!ects over
surface-tension ones. For a droplet of typical length-scale L (to be
defined more precisely further below) and fluid mass density ϱ, one
defines

B =
ϱgL2

ϑ̂
, J =

ς0L

ϑ̂
. (3.1.1)

Here, ς0 is the yield stress, ϑ̂ the surface tension, and g the gravita-
tional acceleration.

Specifically, scaling laws were derived for the standard viscoplastic
Bingham model [4] that predict the asymptotic droplet final radius,
R, as a function of the dimensionless numbers B and J .

A particularly intriguing aspect of these laws is the emergence of
distinct scaling exponents when B = 0, highlighting this regime as
one where further experimental studies are desired.

To vary the dimensionless numbers B and J , the length scale L is
arguably the parameter that is most easily changed in Eqs. (3.1.1).
However, this does not allow to change both numbers independently.
Especially realizing the limit B ≃ 0 via L ≃ 0, i.e. in infinitely
small droplets, implies both J ≃ 0 and obvious experimental limi-
tations. To access a broader range of the parameter space and vary
B and J independently, we opt to vary the e!ective gravitational ac-
celeration, g. This allows us to probe the limit B ≃ 0 while keeping
J finite.

The study of droplets in the regime g ≃ 0 has hitherto mostly
focused on Newtonian fluids. Surface tension measurements on
droplets under such e!ective microgravity conditions have a long-
established history [144]. Sessile droplets have also been studied at
g ≃ 0 to asses variations in contact angles and wettability [145–
148]. The coalescence of sessile water drops has been studied on the
International Space Station (ISS), investigating the contact line mo-
tion at small Bond numbers, while taking advantage of the enhanced
optical resolution brought by large droplets [149, 150].
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Non-Newtonian droplet studies in the limit g ≃ 0 have been pro-
posed as a promising way to investigate fluid parameters, such as
surface tension and viscosity, by means of levitation and droplet
oscillations [151]. However, to date, nearly all studies have been
conducted under Earth gravity, primarily focusing on the spread-
ing of sessile and impacting droplets [133, 152–155]. More applied
studies include experimental setups mimicking inkjet printing [156]
or Leidenfrost droplets [157].

We present results from microgravity experiments, that is, experi-
ments performed in a freely falling setup where gravitational accel-
eration e!ectively vanishes. In this regime, we test the scaling laws
for the final droplet radius that were predicted by [4]. While pre-
vious experimental and simulation studies have explored these laws
[130, 133], the ability to independently vary both B and J in our
microgravity experiments enables a far more stringent test of the
theoretical predictions. Our findings show agreement with the theo-
retical power laws, including their predicted asymptotic prefactors.
Small systematic deviations appear, and we discuss possible reasons
in terms of corrections to the surface tension and the influence of
visco-elastic e!ects. Note that the e!ects of other dimensionless
groups might also come into play, like the Ohnesorge and Deborah
numbers [133], Oh = ε/

∞
Lϱϑ̂ and De = ς

√
ϑ̂/ϱL3, with the fluid’s

(zero-shear) viscosity ε and structural relaxation time ς . While
we focus on the asymptotic regime where Oh/J and De/J can be
considered irrelevant, we employ simulations using a shear-thinning
pseudo-yield-stress fluid with finite relaxation time,

The paper is organized as follows: we give a brief review of the
experimental and computational methods in Sec. 3.2, including the
rheological model studied. We present our experimental findings
and comparison with simulation in Sec. 3.3, before we conclude in
Sec. 3.4. A key point of the microgravity experiments is to signifi-
cantly expand the accessible parameter regime in the (B, J ) plane;
for illustration the range of values covered in our experiments is
compared to that of previous ground-based studies [4] in Fig. 3.1.



54 CHAPTER 3. DROPLETS OF YIELD-STRESS FLUIDS

Figure 3.1: Parameter space in terms of Bond number, B,
versus plastocapillary number, J .Our experiments on ground
and in microgravity are represented by open and filled square
symbols, respectively; the nominal values of B and J are given
(see text for details). The parameter space accessed in previous
experiments by Jalaal et al. [4] (circle symbols) is indicated by
a grey shading.
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(a) drop tower (b) full experimental setup

experiment
platform

support
systems

Figure 3.2: Platform used to conduct microgravity experi-
ments. (a) Schematic of the ZARM drop tower, including cat-
apult system below. (b) Full experimental capsule, including
experimental platform and support systems. Pictures repro-
duced from D’Angelo et al., Rev. Sci. Instrum., Vol. 93, Article
115103, 2022; licensed under a Creative Commons Attribution
(CC BY) license.

3.2 Methods

3.2.1 Experiments

We conducted microgravity experiments (g ≃ gµ ⇔ 0) comple-
mented by ground-based experiments (in nominal Earth gravita-
tional acceleration, gE = 9.8 m s↓1). Experimental campaigns were
performed at the Center of Applied Space Technology and Micro-
gravity (ZARM) drop tower in Bremen, Germany [158–160] (see
Fig. 3.2). Taking advantage of its catapult system, the ZARM drop
tower provides a total of 9.3 s of microgravity (gµ < 10↓4 m s↓1).
Ground reference experiments were conducted in the same setup,
using the same sample batches as the corresponding microgravity
experiment, and usually on the same day, a few hours prior. A de-
tailed description of the hardware is provided elsewhere [161]. Be-
low, we summarize the main steps of the experimental procedure.
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t = 0.4 s t > 1.4 s 8mm

(a) thin film deposition (b) droplet deposition (c) shadowgraphy result

LED panel

needle (droplet deposition)

deposition substrate

rotating stage for
thin film deposition

Figure 3.3: Experimental setup and procedure for one droplet.
(a) The thin film is deposited by rotating the substrate under-
neath a disposal blade (red arrow). (b) The droplet is deposited
though a needle. (c) Exemplary shadowgraphy result.

The experiment consists of the deposition of a droplet of complex
fluid on a pre-wetted glass substrate covered by a thin film of the
same fluid (see Fig. A.25). The initial wetting of the substrate is
done by rotating a rotary stage onto which the substrate is mounted,
underneath a custom-designed nozzle-and-blade system. The latter
is designed to cover the glass surface with a thin fluid film. Impor-
tantly, for the microgravity experiments, the thin film and droplet
are both deposited during the microgravity phase [161]. Subse-
quently, a droplet is extruded through a nozzle placed in the center of
the droplet (inner diameter 0.8 mm, placed at 0.8 mm above the sub-
strate). The glass surfaces are chemically treated to avoid slip [162].
The droplet volume, V , is controlled by a linear motor driving the
extrusion syringe. The volumes deposited are V = 0.5 mL, 1.8 mL,
4.2 mL, and 5.6 mL. Di!erent extrusion speeds were used, but found
to have no influence on the asymptotic droplet shapes discussed
here. For later reference, unless otherwise specified, we give the
corresponding length scale L as the diameter of a sphere with the
same volume, i.e., L = (6V/π)1/3. The corresponding values are
L = 1.0 cm, 1.5 cm, 2.0 cm and 2.2 cm. We omit the unit when
quoting L values where convenient in the following. Note that, other
than in Ref. [4], L here refers to the diameter of the equivalent sphere
rather than its radius.

Pre-wetting takes around 1.4 s, and we find that the droplets attain
stationary final shapes well within the remaining microgravity time
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label composition yield stress

c1 0.3 wt% 6.5 Pa
c2 0.35 wt% 9 Pa
c3 0.4 wt% 14 Pa
c4 0.45 wt% 21 Pa
c5 0.5 wt% 35 Pa
c6 0.55 wt% 55 Pa

Table 3.1: Concentration and yield-stress values of the Car-
bopol aqueous solutions used in the experiments, with the la-
bels used in the text and figure captions as reference.

for these parameters. While we do not control for evaporation of
the liquids, the droplets show no obvious sign of evaporation being
relevant over the relatively short time span of the experiments. The
video recordings from all experiments are available online [163, 164].

The droplets’ spread is measured using shadowgraphy, a straightfor-
ward method for extracting the temporal evolution of axisymmetric
droplet shapes. For this, the droplet is illuminated from one side
using a custom-made LED panel, and observed from the opposite
side using a high-speed camera. The resulting images are subject to
a standardized image-analysis technique described in Appendix 3.4.
We specifically extract the final droplet radius, R, and final height,
h, from these images. For the radius, two values are extracted from
the left- and right-hand part of the images, and both values are
shown to indicate the precision of the measurement.

The complex fluids used as experimental materials are Carbopol
aqueous solutions, widely studied as model viscoplastic fluids [4, 5,
165–170]. Six di!erent concentrations (labels c1 to c6) were used,
ranging from 0.3 wt% to 0.55 wt%, corresponding to yield stresses,
ς0, between 6.5 Pa and 55 Pa (see Table 3.1 for the precise values).

Experiments cover a large (but not complete) set of combinations
of droplet sizes and concentrations. All solutions were produced by
dilution from a 1 wt% stock solution. The latter was prepared by
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dispersing poly acrylic acid (PAA) powder (Sigma Aldrich) in Milli-
Q water using a four-blade marine impeller rotating at 1000 rpm
to 1500 rpm at room temperature. The mixture was then pH-
neutralized with triethanolamine (TEA; Sigma Aldrich). Bubbles
were removed from the sample by centrifuging the fluids at 2200 rpm
for 20 min. The yield stress values of the solutions were obtained
using an Anton Paar rheometer (MCR-502), measuring flow curves
by increasing the shear rate from 0.01 s↓1 to 1000 s↓1 and fitting a
Herschel-Bulkley model through the flow-curve data.

Note that from Eq. (3.1.1) one infers the droplet sizes for which grav-
itational e!ects become relevant. This is usually expressed through
the capillary length 2κ =

√
ϑ̂/ϱg, such that B = (L/2κ)2 ∋ 1 if

L ∋ 2κ. For a typical liquid density of ϱ ⇔ 1 · 103 kg m↓3, and with
a the surface tension of water, ϑ̂ = 0.072 N m↓1, as a reference, we
obtain 2κ ⇔ 2.7 mm. All our experimental data is in the regime
L ∋ 2κ.

3.2.2 Simulations

The experiments are complemented by fluid dynamics simulations,
carried out using the open-source software language basilisk c [113,
171].

In basilisk, the volume of fluid technique is used to track the inter-
face between the droplet fluid and a surrounding low-density, low-
viscosity fluid (representing ambient air). A color function f is used
(where f = 1 in the liquid and f = 0 in the gas), which satisfies the
scalar-advection equation. One solves the governing equations using
a one-fluid approximation [172, 173], using adaptive mesh refine-
ment based on wavelet estimated discretization errors. The solver
has been extensively used for various Newtonian and non-Newtonian
problems with deformable interfaces [4, 133, 155, 174–176].

The governing equations are given by the mass-conservation equa-
tion for incompressible fluids, ↑ ·3v = 0, and the momentum conser-
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vation equation,

ϱ
D

Dt
3v = ↓↑p + ↑ · ϑ + 3fext , (3.2.1)

where 3fext is an external force density representing gravitational
force, if present. For the stress tensor, ϑ, we use the constitutive
equation of a shear-thinning viscoelastic fluid that is representative
of a glass-forming fluid with a dynamical yield stress that emerges
at the glass transition [177, 178].

Specifically, we set ϑ = εN↽̇ + ϑp, where εN is a Newtonian back-
ground viscosity, and ↽̇ = (↑3v) + (↑3v)T the symmetrized shear-
rate tensor. The non-Newtonian contribution is modeled in a form
known as a White-Metzner model from rheology [179, 180],

1
ς(△↽̇△)

ϑp +
↭
ϑp = G→↽̇ . (3.2.2)

For fixed relaxation time ς = ςeq, this is the standard upper-
convected Maxwell model (Oldroyd-B model including the Newto-
nian background viscosity). The symbol ↭ indicates the upper-
convected time derivative, defined by

↭
A =

d

dt
A ↓ (↑3v)T · A ↓ A · (↑3v) (3.2.3)

for a twice-contravariant tensor A such as the stress tensor [181].

The Oldroyd-B model describes viscoelastic stress relaxation: for
time scales t ⇒ ςeq, the response is that of an elastic solid, while for
t ∋ ςeq, viscous flow sets in, with a non-Newtonian contribution to
the viscosity εp = G→ςeq.

To include the e!ect of shear-thinning, we introduce a shear-rate
dependent relaxation rate: We set

ς↓1 = ς↓1
eq +

△↽̇△
↽c

(3.2.4)
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in Eq. (3.2.2). This form is inspired by microscopic approaches to
the rheology of glass-forming colloidal suspensions and has been re-
ferred to as a “nonlinear Maxwell model” [177, 178]. In the limit
ςeq ≃ ∈, this model describes a YSF, with a yield stress ς0 = G→↽c.
For finite ςeq, the model describes a quasi-YSF, regularizing the in-
finite zero-shear viscosity by a finite one. For the numerical simula-
tions considered here, we set ςeq = 50 s, large enough to consider our
simulations to be in the YSF regime. Asymptotic droplet shapes are
measured in a time window where the initial relaxation of the fluid
has passed, but on a time scale t < ςeq before viscous relaxation sets
in. (See below for specific examples.)

The simulations consider droplet spreading in cylindrical symmetry,
assuming the z-axis to be the symmetry axis (and transforming the
Navier-Stokes equations into the corresponding coordinate system).
Cross-sections are thus obtained in the (x, z)-axis, and gravity, if
present, acts in the negative z-direction. The initial conditions are
that of a rotation ellipsoid, given by

x2 + (1z)2 = R2
0 , (3.2.5)

with 1 = 3 to allow for the relaxation of prolate droplets to flatter
shapes. The conversion between experimental values L and simu-

lated radius R0 is thus L = R0 ·


4
▷

1/3
. Further, a pre-wetted film

of thickness h→ = 1 mm is added to the simulations for numerical
stability.

The final heights of the droplets were obtained from an analysis of
the long-time behavior of the droplet height h(t): Since the simula-
tions introduce a finite relaxation time ςeq, the final evolution is that
of a Newtonian fluid, given by Tanner’s law [182], h(t) ⇓ t↓1/10. We
thus fit the long-time part of the height curve as h(t) = h0 ↓Ct↓1/10

using C and h0 as fit parameters and the latter as a proxy for the
asymptotic droplet height for a true yield-stress fluid.

As further simulation details, the fraction of densities is fixed
as ϱair/ϱfluid = 0.001, and the fraction of Newtonian viscosities
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εair/εfluid = 0.1. A box of side length Lx = 0.1 m (large enough
to prevent finite size e!ects), and a resolution level of 8 for adap-
tive mesh refinement in basilisk were chosen for the simulations.
The value of the surface tension ϑ̂ = 0.07 N m↓1 mimics that of
a typical non-surfactant aqueous suspension. For the constitutive
equation, Eq. (3.2.2), ↽c = 1/5 is fixed; this sets a typical strain
scale where plastic yielding starts to dominate over elastic response
in the model, and values of that order are to be expected on the
grounds of microscopic theory [177]. To adjust the yield stress,
we vary the Maxwell shear modulus, G→ = 32.5 Pa, 45 Pa, 70 Pa,
105 Pa, 175 Pa, and 275 Pa, such that the simulated fluids have the
same yield stress values as determined for the Carbopol solutions
used in the experiment. Note that in this model, elasticity and
yield stress are linked; the addition of elastic e!ects is an extension
of the simpler Bingham viscoplastic model used in the theory [4].
Our viscoelastic shear-thinning model is also distinct from elasto-
viscoplastic models that incorporate an ad-hoc, explicit yield stress,
and that have recently been used to study droplet spreading [133].

3.3 Results

3.3.1 Droplet shapes

We begin by analyzing the droplet shapes obtained in the experi-
ments. Figure A.12 shows exemplary height functions obtained from
the image analysis, for a fixed concentration (fluid c4, cf. Tab. 3.1)
and di!erent droplet sizes, for microgravity [Fig. A.12(a)] and Earth
gravity [Fig. A.12(b)] experiments. One can observe that the droplet
shapes are clearly di!erent depending on g. For the concentration
and range of parameters shown in the figure, the droplets in mi-
crogravity are taller due to the lack of hydrostatic pressure, and
therefore consequently less wide at the same volume than under
Earth gravity.
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Figure 3.4: Experimental droplet shapes for di!erent volumes
(L = 1 cm, 1.5 cm, 2 cm and 2.2 cm from bottom to top) for
concentration c4. Solid lines are reconstructed from image anal-
ysis, shown for (a) microgravity experiments and (b) experi-
ments in Earth gravity. (Note that L = 2.2 cm is missing in
the latter.) In (a), dashed lines correspond to half-spheres as a
comparison. In (b), a dotted line replicates the L = 1 cm result
from (a) to ease comparison.
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All droplets considered here correspond to non-negligible Bond num-
ber. For L = 1 cm (smallest droplet), we get B ⇔ 14 in Earth
gravity, or Bh = B/42/3 ⇔ 5.4 if we calculate the Bond number
from the expected height of the droplet. Comparing the droplet
shapes in gµ and gE (Fig. A.12(a) to (b)), we see that in this case,
the droplet shapes are still little influenced by g. For larger L, the
gravity-induced flattening of the droplets becomes more and more
apparent. The largest droplets in microgravity (Fig. A.12(a)) are
reasonably close to half-spheres, indicated by dashed lines. How-
ever, while this is true for this specific fluid, it does not generalize
to other concentrations – we return below to a discussion of the
concentration-dependence of droplet shapes.

While the droplet volume is in principle fixed by the automated
deposition system, we account for possible deviations in the finally
extruded volume. To this end, the droplet cross-sections extracted
from the image analysis are numerically integrated to obtain their
volume. Assuming cylindrical symmetry around the z axis, we ob-
tain Vexp = 2π

∫
x↬0 x z(x) dx. In the experiments, we confirmed by

shadowgraphy also from below for some droplets their cylindrical
symmetry (see Appendix 3.4 for details and images). The integral is
taken over either positive x or negative x, resulting in two estimates
for Vexp. Note that the image analysis tends to systematically un-
derestimate z(x): reflections from the light source sometimes cause
bright features inside the shadowgraphy projection of the droplet.
We thus obtain Vexp as the larger of the two integrals. This estimate
of the extruded volume defines the experimentally corrected droplet
length scale, Le! = (6/π)Vexp.

The resulting Le! are compared with the nominal L in Fig. 3.5. We
see that in particular in Earth gravity (open symbols), the recon-
structed droplet volumes sometimes show large deviations from the
expected ones, droplets often appearing smaller than expected. The
microgravity data is much closer to the expected trend.

Discrepancies between L and Le! arise from two main sources apart
from poor reconstruction by image analysis. In the experiments,
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Figure 3.5: Verification of the extruded volumes: equivalent
sphere diameter Le! = (6/ς)Vexp from the numerically recon-
structed droplet volumes, as a function of their nominal size
L. Full symbols correspond to droplets in microgravity exper-
iments, open symbols to those under Earth gravity; symbol
shapes indicate the various Carbopol concentrations as labeled.
The dotted line is the expected Le! = L. Outliers identified
from visual inspection of the images are marked with grey cir-
cles.
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great care was taken to avoid air inclusions in the fluids, and the
syringes were driven by precisely controlled linear motors. However,
the tubing connecting the syringes and extrusion needles has finite
sti!ness, which can result in a quantity of extruded material that
is lower than expected. There may also be fluid loss into the pre-
wetting film. Both these sources of error are compatible with a
systematic under-estimation of L.

3.3.2 Scaling laws

[4] derived scaling laws for the dependence of the final droplet radius
on the dimensionless numbers B and J . These scaling laws arise
from an asymptotic analysis of the thin-film equations, using the
Bingham model as a constitutive equation for the stress tensor. One
obtains for the final radius of the droplet

R

L
▽





1
2


25
32

1/5
B1/5J ↓1/5 , B ∋ 1,

⇀ · J ↓1/7 , B ≃ 0,
(3.3.1)

with ⇀ ⇔ 0.87 (converting the results of Ref. [4] to our convention
that introduces a factor of 2 in L, as we define L as the diameter of
the equivalent sphere, not its radius). Accounting for conservation
of fluid volume, in three dimensions, this implies

h

L
⇓





4⇁


32
25

2/5
B↓2/5J 2/5 , B ∋ 1,

⇁⇀↓2J 2/7 , B ≃ 0.
(3.3.2)

with a prefactor ⇁ that depends on the droplet shape and is
⇁ = (3/2π)(π/6) = 1/4 for droplets of ellipsoidal shape with a
volume equal to a sphere of diameter L.

These scaling laws are in principle free of fit parameters. However,
they require knowledge of the surface tension in the case B ≃ 0,
entering through the definition of the plasto-capillary number J . In
the following we assume a fixed value of ϑ̂ = 72 mN m↓1, assuming
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Figure 3.6: Test of the scaling laws of Ref. [4] for final droplet
sizes as a function of viscoplastic number J , for di!erent sizes
L. Filled symbols correspond to the experimental data (L =
1.0 cm to 2.2 cm as labeled), open symbols to simulations for
height (top row) and radius (bottom row); (a) and (b) refer to
microgravity data, B ⇔ 0, while (c) and (d) refer to data for
B ∋ 1. Lines in all panels correspond to the expressions given
in Eqs. (3.3.1) and (3.3.2); for the height values, hemi-spherical
droplets were assumed in evaluating a global prefactor. In (b)
and (d) light-filled symbols indicate spearate estimates for the
radii to indicate image-analysis error.
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that the surface tension of the aqueous solutions is close enough to
that of pure water. We will comment on this assumption in Sec. 3.4.

Figure 3.6 shows the experimentally measured heights and radii of
the droplets in dependence of the non-dimensional number J . Lines
represent the scaling laws. For the case of the droplet radii, the an-
alytically calculated prefactors have been used, thus there are no
free fit parameters in this comparison. We observe that all data are
compatible with the two predicted power laws, R ⇓ J ↓1/7 without
gravitational acceleration, and R ⇓ J ↓1/5 for the ground experi-
ments. The height data follow the respective power laws, however
especially in the ground experiments, stronger deviations are seen,
including also the simulation data of L = 1 cm. Note that the the-
oretical predictions for the height have to assume a certain droplet
shape, so that potentially some deviations can be attributed to this.
Specifically, we assume ellipsoidal shapes as discussed in conjunction
with Eq. (3.3.2), ⇁ = 1/4. Possible sources of error coming from the
experiment include the fact that the droplets are extruded through
a needle that remains fixed in the center of the droplet. Hence capil-
lary rise of the fluid around the needle cannot be completely avoided.
This influences both the droplet height and its determination in im-
age analysis. However, this would likely lead to an over-estimation
of the true height, whereas the deviations we observe in Fig. 3.6(c)
are systematically towards lower values.

In the data from the microgravity experiments, we observe a system-
atic deviation most notably in the droplet radii: the experimentally
determined values fall below the analytical prediction. This e!ect
had also been seen in Ref. [4] where the limit B ≃ 0 could only be
realized by letting L ≃ 0. Indeed, also in our microgravity experi-
ments, deviations appear to be most pronounced for the smallest L
[blue triangles in Fig. 3.6(b)], while the L = 2.2 cm data appears to
be somewhat closer to the prediction (green circles). However, the
quality of our data does not allow to conclude a systematic e!ect.
In the simulations (open symbols) the predicted analytical law is
quantitatively fulfilled for all L; this would attribute deviations for
small L in the experiment to the details of the extrusion mechanism
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and highlight the di"culty of analyzing small droplets.

Let us investigate the deviations in more detail. Figure 3.7(a) re-
peats the radii obtained from the microgravity experiments, but in
the fully non-dimensionalized form suggested by Eq. (3.3.1), i.e.,
R/L as a function of J . This confirms the data collapse predicted
by the scaling law to within 20 %, and highlights the systematic
overestimation of the radii by the theory.

We do not expect evaporation from the droplet itself to play a signifi-
cant role. The pre-wetting film, which has a much larger surface area
exposed to the ambient atmosphere, is deposited immediately before
droplet deposition [161], minimizing possible evaporation time.

Another possible experimental source of error is incomplete extru-
sion. It is indicated by the fact that we consistently find Le! < L by
image analysis (see Fig. 3.5). This is consistent with a systematic
deviation towards lower radii. We thus show in Fig. 3.7(b) a com-
parison of the data from the microgravity experiments to the scaling
prediction, where we also correct the nominal droplet sizes L to the
measured ones Le! (symbols with error bars). Note that this also
shifts the dimensionless numbers to corrected ones, Je! (and Be!

in the presence of gravity). This indeed reduces the deviations to
around 15 %, but a systematic di!erence remains.

Two physically relevant parameters can be considered to contribute
to the observed deviation. First, note that in the preparation of
the Carbopol suspensions, TEA is added for charge neutralization.
TEA can reduce the surface tension of water, by what we estimate
to be at most 20% for the low concentrations used [183]. A change
in surface tension would introduce a prefactor ↽ = (ϑ̂≃/ϑ̂)1/7 to
the scaling law. Indeed such a modified scaling law is compatible
with our data (dashed line in the figure), and from a fit we obtain
↽ ⇔ 0.87. This would imply a surface tension reduction from the
standard value of water, ϑ̂ ⇔ 72 mN m↓1, down to ϑ̂≃ ⇔ 30 mN m↓1;
this is still significantly lower than what one expects from the e!ect
of TEA.

Another source of deviation is suggested by theoretical considera-
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Figure 3.7: Scaling plot for the droplet radii in the regime
B ≃ 0: normalized radii R/L are shown as a function of the
plasto-capillary number J . Filled and open symbols correspond
data from microgravity experiments and simulations, respec-
tively. Experimental data is shown using (a) nominal L and
(b) corrected Le! accounting for the experimentally extruded
volume in separate panels for clarity. A solid line represents
the theoretical result, Eq. (3.3.1). Dashed lines represent the
theory with an ad-hoc adjusted prefactor as noted in the leg-
end, obtained from a fit of the experimental data.
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tions of an elasto-viscoplastic model [133]. There one concludes that
elastic e!ects that are not considered in the Bingham model behind
Eq. (3.3.1) should suppress spreading. In the limit of weak elastic-
ity in this model, the leading-order correction can be captured by a
reduction of the prefactor of the visco-plastic power law.

Let us note that attributing these deviations to finite elasticity is
subtle: our simulations employ a model that also contains elastic-
ity, but in the form of a visco-elastic liquid-material model, with
a dynamical yield stress that emerges as the flow rate drops below
the relaxation rate of the material. The asymptotic droplet shapes
obtained from the model agree well with the prediction based on
the Bingham model, except for systematic deviations in the L = 1
case, that can be attributed to the finite h→; for a more detailed ex-
planation of the simulation analysis we refer to Sec. 3.3.3 below. In
contrast, in Ref. [133], an elasto-viscoplastic solid-material model
with a static yield stress was studied. For the model used in the
simulations here, no in-depth theoretical analysis is available yet.

Also the gravity-based data collapses onto a master curve. Accord-
ing to Eq. (3.3.1), the normalized radii R/L become a unique func-
tion of (J /B) for all droplet sizes. This is verified with our data
in Fig. 3.8 for which we observe the predicted collapse to within
experimental errors. The possible correction to the nominal L com-
ing from our image analysis plays a sub-leading role here, as both
data sets, R/L as a function of J /B (filled symbols in Fig. 3.8), and
R/Le! as a function of Je!/Be! (symbols with error bars), do not
show any systematic deviation from the prediction.

The shape of the droplets, for fixed volume, depends on their yield
stress and on the presence of absence of gravity. We have extracted
the aspect ratio of the droplets, ! = h/R, from the experiments. A
value of ! = 1 indicates a hemi-spherical droplet, while for ! < 1,
droplet shapes are oblate, and ! > 1 indicates prolate droplets.

Combining the scaling laws, Eqs. (3.3.1) and (3.3.2), one easily ob-
tains analytical predictions for the aspect ratio, ! ⇓ J 3/7 for the
microgravity case B ≃ 0, and ! ⇓ (J /B)3/5 in the presence of
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Figure 3.8: Scaling plot for the droplet radii in the regime
B →= 0: normalized radii R/L as a function of J /B. Filled and
open symbols correspond to data from experiment and sim-
ulations, respectively. A solid line represents the theoretical
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gravity, B ∋ 1. We show these predictions together with the aspect
ratios from our experiments in Fig. 3.9. For the analytical predic-
tion, we assumed ellipsoidal droplet shapes (setting ⇁ = 1/4) but
used no fitting parameter otherwise. Both these asymptotes imply
! ∋ 1 for large enough J . For the microgravity conditions, our ex-
perimental values span the regime of both ! < 1 and ! > 1. In the
ground-based experiments, we observe ! < 1 for all droplets, i.e.,
they are all oblate even for those combinations of ς0 and L where
the scaling laws suggest to reach the regime of prolate droplets also
under gravity.

Note that the numbers J and J /B are proportional to the yield
stress ς0. Thus from the droplets’ aspect ratio shown in Fig. 3.9,
we confirm previous results by [184]: a higher yield stress always
increases droplets’ aspect ratio. This correlation can be attributed
to the fact that a higher yield stress results in a larger immobile
regions inside the droplet, which can be lifted up while remaining
immobile during deposition. The final droplet shape hence becomes
elongated upwards.

3.3.3 Comparison to simulations

Figure 3.10 shows exemplary cases of droplets for L = 2.2 cm and
di!erent yield stresses (Carbopol concentrations). In the micrograv-
ity experiment one clearly sees the evolution towards more prolate
droplets with increasing yield stress.

Also shown in Fig. 3.10 are simulation results for asymptotic droplet
shapes (red lines). They confirm that our viscoelastic shear-thinning
fluid model is able to capture the specific droplet shapes well. Devia-
tions are seen towards to bottom. But note that the simulations use
a rather high background-fluid layer for numerical stability, which
results in droplet shapes that are much more “rounded” than the
ones in experiment towards the bottom, missing a clearly defined
contact line. In fact, in the experiment the apparent contact an-
gles increase with increasing yield stress [161], and they increase in



74 CHAPTER 3. DROPLETS OF YIELD-STRESS FLUIDS

Figure 3.10: Illustration of droplet shapes for droplets with size
L = 2.2 cm: The top row shows images from microgravity ex-
periments; the bottom row the corresponding results on ground.
Di!erent Carbopol concentrations are shown, with increasing
yield stress from left to right (concentrations c1, c4, and c6).
The white scale bar in the top left panel represents 1 cm. Red
lines indicate results from simulations with a shear-thinning
Maxwell fluid, using various shear moduli G→ to match the ex-
perimental yield-stress values. The large deviation in the center
bottom panel is attributed to an experimental problem during
droplet extrusion.
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Figure 3.11: Height evolution as a function of time in the simu-
lations; shown for a yield stress of ϱ0 = 6.5 Pa (c1), and di!erent
droplet sizes L as labeled. Dashed lines correspond to the fit
comprising a yield-stress plateau and the expected t↓1/10 long-
time asymptote (Tanner’s law).

the microgravity experiment compared to the one in Earth gravity.
For the largest yield stress shown in Fig. 3.10, the apparent contact
angle exceeds 90°; an e!ect not observed in the simulation.

To illustrate how the asymptotic droplet shapes are extracted from
the simulation, we show in Fig. 3.11 exemplary results for the evo-
lution of the droplet height in the simulation. Results are shown
for fixed yield stress without gravity, and di!erent L. Typically for
a visco-elastic fluid model, the height shows an initial decrease at
short times, driven by surface tension adjusting the shape of the
droplet from the arbitrarily chosen initial configuration. For large
droplets, this evolution hints at some oscillations (around t = 0.2 s
in the figure for L = 2.0 and L = 2.2), indicative of elastic restoring
forces. After this initial decay, a plateau is observed in the height-
versus-time plot. Recall that our model always allows flow on time
scales t ∋ ς , but acts like a yield-stress fluid for t ⇒ ς . We thus
extract the asymptotic droplet shape that represents the balance of
the yield stress with the other forces (surface tension and gravity)
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Figure 3.12: Shape of a droplet for G→ = 32.5 Pa and R =
0.02m. Red: simulation results for the case without shear-
thinning, blue: simulation results for the case with shear-
thinning (ωc = 1/5). The case without shear thinning, but
e!ective reduced shear modulus Ge!

→ = G→ωc is shown as a
dashed line for comparison. The red plot exhibits slight wig-
gles due to the finite numerical resolution.

in the plateau regime that is (within the limits that we checked)
independent of the precise initial conditions and not yet a!ected by
the ultimate liquid-like flow of the model.

To unambiguously determine the plateau values, we have fitted
the simulation results for h(t) with a combination of a yield-stress
plateau and Tanner’s law (as described in Sec. 3.2). This is exem-
plified by the dashed lines in Fig. 3.11. The extraction of a plateau
value in this way e!ectively considers the limit of zero Deborah
number (observation time much smaller than the fluid’s structural
relaxation time).

The simulation allows to address the role of the fluid rheology in
determining the droplet shapes. Recall that the scaling laws were
obtained for a model viscoplastic fluid, where a yield stress is in-
corporated in an ad-hoc manner. The good agreement with our
simulations of a refined model of a visco-elastic shear-thinning fluid
is encouraging: in the asymptotic long-time regime that we analyze,
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only the value of the (dynamic) yield stress ς0 enters.

On purely dimensional grounds, also elastic e!ects might be consid-
ered, i.e., the balance of elastic restoring forces (quantified by the
shear modulus G→ of the viscoelastic fluid) compared to surface-
tension forces. However, the droplet shapes observed in experiment
are clearly determined by the dynamic yield stress. To assert this,
we compare in Fig. 3.12 droplet shapes obtained from the simula-
tion with and without shear thinning. We observe that the purely
viscoelastic droplet (red line in Fig. 3.12) remains taller and less
spread compared to the one with shear-thinning: shear-thinning
initially aids the flow of the material in response to the surface ten-
sion forces. The forces opposing the complete spread of the droplet
are then given by the yield stress, ς0 = G→↽c, and these are not
equivalent to a simply reduced elastic force Ge!

→: as the compari-
son with the model without shear thinning, but Ge!

→ = G→↽c shows
(dashed line), the droplet shapes are not identical with and without
shear thinning.

This e!ect can be understood by recalling that in our model, stress
relaxation in the regime t ⇒ ςeq is incomplete. The droplet thus
contains inner “residual stresses” that are the result of a dynamical
balance between arrested relaxation (ςeq ≃ ∈) and shear-thinning
e!ects. As such, the residual stresses are a non-equilibrium phe-
nomenon and can depend on the dynamical pathway of the spread-
ing, and not only on the mechanical balance of elastic forces.

3.3.4 Note on Surface Tension

A potential cause of deviations from the scaling laws could be hid-
den in the role of the surface tension. In our analysis, we have
assumed all our Carbopol solutions to have the same surface ten-
sion as water, irrespective of their yield stress. This is in line with
recent experiments [185], and the interpretation that Carbopol as
a non-surfactant polymer should not drastically change the surface
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tension of the solvent. Note however that the determination of sur-
face tension in the presence of a yield stress is intricate [29, 30], as
the YSF approaches solid-like behavior and one in principle needs
to distinguish surface tension and surface energy.

Making use of the scaling laws for the case B = 0 one could in
principle determine the surface tension from a measurement of the
droplet radii or heights,

ϑ̂R =
(

R

⇀

)7

L↓6ς0 (3.3.3)

respectively

ϑ̂h =

(
1

2⇀
∞

h

)7

L9/2ς0 , (3.3.4)

where ϑ̂R = ϑ̂h = ϑ̂ holds if the scaling laws are obeyed. In principle,
data from microgravity experiments would be uniquely suited to
determine ϑ̂ this way, because the expected variation with L can
be tested for fixed ς0 and not leaving the required B ≃ 0 regime.
However, the high powers of R and h entering the equations cause
large uncertainties. For our data, the obtained values of ϑ̂ are still
compatible with the value of the pure solvent.

To illustrate the point, we show in Fig. 3.13 the deviations from the
theoretical scaling law in the form 4ς̂ = (ϑ̂R ↓ ϑ̂)/ϑ̂. Both experi-
mental values, with and without correction for the e!ective droplet
size, are shown alongside deviations observed in our simulations.
The latter data indicate the level of accuracy that can be expected
if the surface tension is known. One observes that the simulation
data has a systematic error of around 10%, slightly increasing with
increasing yield stress. Assuming that read-o! errors are small in
the simulation, this can be interpreted as the influence coming from
finite elasticity. The experimental data deviate much more and sys-
tematically to lower values. If one were to interpret this as due to
an e!ective surface tension, one would obtain ϑ̂h ⇔ 30 mN m↓1, rel-
atively independent of the yield stress within errors. Such a strong
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Figure 3.13: Deviation of droplet radius from the viscoplastic
scaling law expressed in deviations converted to units of a sur-
face tension, as a function of yield stress. Symbols show results
from our microgravity experiments (both using the nominal, L,
and the corrected droplet size, Le!), and from simulation (as la-
beled in the legend). Dotted lines connect the estimated mean
values as a guide to the eye. Gray symbols correspond to values
converted from surface-tension measurements of Ref. [30].
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decrease of the surface tension in the yield-stress fluid can be re-
garded as surprising. We note that these values are compatible with
those reported earlier from dedicated surface-tension measurements
in Carbopol by Jørgensen et al. [30] (gray symbols in Fig. 3.13).

3.4 Conclusion

We studied the spreading of droplets of Carbopol suspensions, a
model yield stress fluid, both with and without gravitational accel-
eration. The droplets spread on a pre-wetted thin film, and eventu-
ally attain a finite shape, due to a balance between surface tension,
their yield stress, and hydrostatic pressure in the presence of gravity.
Conducting microgravity experiments at the ZARM drop tower, we
were able to separate the limit B ≃ 0 from the limit J ≃ 0 by
decoupling B from the droplet size, L. We could hence verify scal-
ing laws by [4] for both the gravity-dominated case (characterized
by finite Bond number, B ∋ 1) and the surface-tension dominated
case (B ≃ 0, at finite plastocapillary number J ). We complemented
our experiments by simulations using a model including a dynam-
ical yield stress together with visco-elasticity, and found that the
simulations obey the scaling predictions very well.

The scaling laws predict a power-law dependence of the final droplet
size on the plastocapillary number, J . For the experimental droplet
radii we find good agreement with the predictions, while the droplet
heights show somewhat larger deviations, especially in the gravity-
dominated case.

Using a standard viscoplastic constitutive equation, viz. the Bing-
ham model, Jalaal et al. also derived the numerical values of the
prefactors in the scaling laws. Our experimental results confirm
these prefactors, but show that in order to observe them, the limit
L ≃ 0 should be avoided if B ≃ 0. Systematic deviations could
point to finite elasticity e!ects as discussed more recently by França
et al. There, an extension of the Bingham model to include both a
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static yield stress and solid elasticity was studied, and corrections
to the scaling laws coming from finite Ohnesorge and Deborah num-
ber would be compatible with our experimental data. Note however
that our simulations show good agreement with the theoretical pre-
dictions based on the Bingham model, even though our simulation
model includes visco-elastic e!ects. This is a subtle point: our model
is ultimately a liquid-like model, with a regularized dynamical yield
stress. The model of França et al. in contrast has a static yield
stress and included elasticity in a solid-like model. The connection
between these di!erent constitutive modeling approaches will have
to be investigated further.

As discussed above, the deviations we observe from the scaling laws
in the microgravity case can be connected to previous experimental
investigations of yield-stress-induced changes of the surface tension.
While the high sensitivity to experimental error prevents definite
conclusions, our results still sugest that the role of surface tension
in YSF remains to be further explored.

Data Management

The data associated to this study is available on Zenodo repositories
15806543 and 15806731 [163, 164].

Appendix

Appendix A: Data analysis of the experimen-
tal data

We briefly summarize our image analysis procedure to obtain the
droplet shapes. We analyze the images from the experiment in 5
di!erent steps, as sketched in Figure 3.14.
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Figure 3.14: Steps in the image analysis. See text for a descrip-
tion.

From the video recording of the experiment, we extract the raw
image of the droplet in the late stage of the experiment (just before
impact in the microgravity case), as in Fig. 3.14(a). We first identify
all edges in the images with a canny-edge filter (standard OpenCV
implementation in python, cv2.Canny, using thresholds of 48 %
and 52% of the maximal image pixel. This step is illustrated in
Fig. 3.14(b). To keep only the outer shape of the droplet, all edges
detected inside the droplet (typically from small air inclusions or
reflections) are removed. This is done by deleting, for every x-
values, every y-value except the highest value. The outer shape of
the droplet thus found is marked yellow in Fig. 3.14(c). As the
deposition needle, which is part of the experimental images, should
not be part of our analysis, we then delete all values which have an
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x-value in the range of that of the needle. The resulting image can
be seen in Fig. 3.14(d).

Finally, we perform the analysis of the extracted droplet shape. The
bottom of the droplet (thin film of pre-wetting fluid), placed at
height h0, is found by taking the minimum value of the y-values
of the droplet shape. This is marked by the dashed yellow line
in Fig. 3.14(e). The height of the droplet, h, can be extracted by
taking the maximum value of the y-values of the droplet’s shape.
The height of the droplet is drawn as a green line in Fig. 3.14(e).
The radius is determined by defining a new height, hradius, given by
h0 + (h ↓ h0) · 0.1, which is drawn in red in Fig. 3.14(e). This rise of
10% of the droplet’s height from its bottom allows us to capture the
droplets’ radii without the wetting angle. We identify the x-values
at which the shape of the droplet crosses this point to capture the
droplet’s extremities (blue lines in Fig. 3.14(e)).

The center of the image is defined by the position of the needle.
To convert the values of the heights and radii obtained in image
processing, before each experiment calibration images with a 2 mm
grid were taken; the resolution of the setup is typically 15 px mm↓1.

We verified the circularity of the droplets by pictures taken from
below the glass substrate (example in Figure 3.15(a)).

Another concern in the volume reconstruction by image analysis is
the fact that light reflections sometimes a!ect the detection of the
droplet’s contour. One such example is given in Figure 3.15(b): on
the right side of the image, the image analysis algorithm picks up a
light reflection instead of the true droplet’s shape. In such case, we
used the well reconstructed half of the droplet (left half here) and
determined its volume by mirroring it.
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(a) (b)

Figure 3.15: Experimental images. (a) Image of a droplet of
concentration c4 and size L = 2.2, taken from below. (b) Exem-
plary image where the shape detection did not work properly.

Appendix B: A thin-film equation for shear-
thinning viscoelastic fluids

In this section, we aim to derive a thin-film equation for shear-
thinning viscoelastic fluids. The underlying idea behind the deriva-
tion of a thin-film equation is described in chapter 2. Instead of
taking the constitutive law of a Newtonian fluid, we here describe
the fluid as a shear-thinning viscoelastic fluid [43]. Hence, the con-
stitutive law can be formulated as

(
1
ς

+ φt

)
ϑ = εN

(
G→
εN

+
1
ς

+ φt

)
↽̇ (3.4.1)

For a more in-depth discussion of this model, the reader is referred
to chapter 2.1.1.2.
In contrast to the well-established scaling laws, which were also
introduced in chapter 2, in this case it is necessary to introduce
two time-scales and treat the two regimes individually. Hence, the
time is scaled with T , representing an “inner droplet time”, and a
timescale T+, which can be understood as the outer timescale. As
for yield-stress fluids, which we aim to describe here, the relaxation
time is very large, we can assume that T < T+. In terms of this
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new time-scaling, the time derivative is scaled as φt ≃ 1
T φt + 1

T+
φt.

Using this scaling, the xz-component of the constitutive law can be
written as

(
1

T+ · ς
+

1
T+

φt +
1
T

φt +
1
T

∞
2|φzvx|

ω↽c

)
·

ϑxz

ω

=

(
1
T

G→
εN

+
1

T+ς
+

1
T+

φt +
1
T

φt +
1
T

∞
2|φzvx|

ω↽c

)
φzvx

ω

(3.4.2)

For a further analysis, the two timescales are treated individually.
The terms that depend on the timescale T , are given by

(
φt +

∞
2|φzvx|

ω↽c

)
ϑxz

ω
=

(
G→
εN

+ φt +

∞
2|φzvx|

ω↽c

)
φzvx

ω
(3.4.3)

To leading order in ω, this relation reduces to

|φzvx|ϑxz = |φzvx|φzvx (3.4.4)

Hence, we can conclude that in this regime, either φzvx = 0 or
ϑxz = φzvx. Physically speaking, this means that either the droplet’s
height is not moving, or the droplet is behaving like a Newtonian
fluid.
The terms, which are dependent on the timescale T+ are given by

(
1
ς

+ φt

)
ϑxz =

(
1
ς

+ φt

)
φzvx (3.4.5)

This relation also reduces to the constitutive law of a Newtonian
fluid. Finally, we can also identify the transition time ttrans, where
the behavior changes from the regime described by T , and by T+.
At this time, both T , and T+ are of equal order. From equation
(3.4.2), we can infer that at this time scale, it holds that

1
ς

⇓ 1
ω↽c

≃ ς

↽c
⇓ ω (3.4.6)

From this estimation, one can conclude that ttrans ⇐ ς , and ttrans ⇐
↽↓1

c . This is exactly in agreement with the expected behavior: If
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the relaxation time ς is very large, the regime of a constant droplet
height is very long. This is in fact what is found by the calcula-
tion, using the Bingham-model. Additionally, if the shear-thinning-
contribution vanishes, i.e. ↽↓1

c ≃ 0, there is no yield-stress anymore,
and the regime of constant droplet height disappears. This result
also motivated the fit in figure 3.11.







Chapter 4

Shear-rate dependent
surface tension of
glass-forming fluids

This chapter has been published as Heitmeier, L., and Voigtmann,
Th. “Shear-Rate Dependent Surface Tension of Glass-Forming Flu-
ids.” Phys. Rev. Lett. 136, 068203 (2026)

We investigate the interface of a glass-forming fluid showing non-
Newtonian rheology. By applying shear flow in the interface, we
observe that the surface tension depends on the shear rate. Impor-
tantly, the standard way of determining surface tension from the
pressure anisotropy caused by the interface can give rise to an e!ec-
tive surface tension in the non-Newtonian fluid that mixes bulk and
interface properties. We show how the pressure anisotropy can be
used to clearly define the bulk and interface regions and extract a
genuine shear-rate dependent surface tension. The results have im-
plications for measurement techniques related to interfacial rheology
of complex fluids.
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The surface of glass-forming fluids is home to many intriguing dy-
namical phenomena. Glasses are covered by layers of enhanced
molecular mobility [186, 187], providing an amorphous analog to
surface melting, the physical mechanism conjectured to facilitate
ice skating at low temperatures. The highly mobile layers near the
surface enable the fabrication by layerwise deposition of ultrastable
glasses with unique mechanical properties [188–190], and are a ma-
jor factor in determining the properties of polymer films [191]. The
surface induces a dynamical penetration depth into the bulk that
changes non-monotonically with temperature and allows to disen-
tangle the change in mechanisms of relaxation close to a dynamical
cross-over temperature Tc [102].

Surface tension is a key parameter characterizing interfaces of com-
plex fluids [192], but not many theoretical studies address it in the
dynamical cross-over regime close to the kinetic arrest transition.
This is despite the significance in applications for films and coat-
ings, in interfacial rheology in general [24], for certain 3d-printing
techniques [193], and also for theoretical concerns: The surface ten-
sion of amorphous structures in contact with each other is posited
by some theories to play a key role in the dynamical cross-over from
supercooled liquid to glass [194, 195].

Glass formers typically are shear-thinning and yield-stress fluids,
i.e., their viscosity strongly decreases with the flow rate, and they
flow only above a certain threshold stress close to Tc as the struc-
tural relaxation rate of the quiescent fluid drops below the imposed
flow rate [43, 196]. Reliable experimental data for the surface ten-
sion of such non-Newtonian fluids are rare, since the emerging yield
stress impedes measurements [30]. Due to the associated slow re-
laxation time scale of the fluid, typical measurements [29, 30] are
prone to hysteresis e!ects. For example, Jørgensen et al. [30] used a
liquid-bridge tensionmeter and found the apparent surface tension of
carbopol dispersions to be systematically higher in expansion than
in compression. They rationalized this finding with an elastoplastic
model of the fluid, and attributed it to the existence of a yield stress.
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Figure 4.1: Snapshots of the simulation setup without (left)
and with (right) imposed shear. Only the central part of the
box along z is shown for clarity. We impose ’in-plane’ shear,
as shown by the arrows in the coordinate system. Particles are
colored according to ”p = pz ↓ (px + py)/2 normalized to the
interval [↓1, 1], see Fig. 4.3.

This poses a number of questions: first, how does the surface ten-
sion, a parameter that is typically evaluated from “static” pressure
di!erences across an interface, couple to the non-Newtonian rheol-
ogy of highly viscoelastic fluids, a typical “dynamic” e!ect in the
bulk? Second, since the bulk rheology of the shear-thinning fluid
depends very sensitively on the shear rate, what is the e!ect of fluid
flow on the (apparent) surface tension?

We address these questions by MD simulations of a prototypical
model of a glass-forming fluid (involving no polymeric or suspen-
sion e!ects), in a simple setup involving a planar surface. Our
simulations reveal how an apparent surface tension arises in non-
Newtonian fluids that is a mixture of bulk rheology and genuine
surface e!ects.

We consider the standard Kob-Andersen binary LJ-potential mix-
ture [64] at fixed number density ϱ = 1.2 using the open-source
package LAMMPS [197]. Units of length, ϑ, time, ς0, and energy
are all in standard LJ-potential units related to the larger particles.
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The simulations start from bulk liquids in the NV T ensemble, that
are equilibrated at Ti = 2.0 for at least 500ς0, cooled to the target
temperature T , and then equilibrated again for up to 106ς0 (depend-
ing on T ). We use N = 5000 (N = 10000) particles corresponding
to a cubic box of size L = Lx = Ly = 13ϑ and Lz = 24.6ϑ (49.2ϑ)
for the small (large) system. For the determination of the surface
tension from capillary theory, alongside the small system, a wide
system with L = 18ϑ with N = 9564 particles was used.

After equilibration, the simulation box was enlarged to Lz = 160ϑ

keeping the fluid in the center of the box where around z = 0, bulk
properties are recovered [102]. The interfaces were then relaxed
for 250ς0, before measurements were performed. Shear flow with
rate ↽̇ is imposed in the (x, y)-plane tangential to the surface (see
Fig. A.19) using the SLLOD equations; this is also motivated by
the tangential character of the surface tension [95, 198–201]. Note
that our shear protocol keeps the total surface area constant, which
is conceptually important for viscoelastic fluids [201]. Surface ten-
sion values were averaged over at least 2000ς0. Inspection of the z-
dependent density profiles revealed no particle-species segregation.

We use two independent methods to determine the surface tension
ϑ̂: the first is by ad hoc extending the expression from equilibrium
statistical physics [94] to our nonequilibrium setting, evaluating the
pressure di!erence

ϑ̂ =
1
2

∫
dz

[
pz(z) ↓ 1

2
(px(z) + py(z))


, (4.1)

In our simulation setup there are two interfaces that contribute
equally (see also Fig. 4.3 below) to the integral, and thus a factor
1/2 is included in Eq. (4.1). Some remarks are in order: The defini-
tion of a spatially resolved pressure tensor requires care, as discussed
in detail in Ref. [202]. A crucial requirement is that the pressure
pz(z) normal to the interface is constant as a function of z; this we
have checked to be fulfilled in our calculations [203]. Equation (4.1)
also assumes the integrand to vanish in the bulk regions. This is no
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longer the case for a non-Newtonian fluid under shear, where shear-
dependent normal-pressure di!erences arise. We will discuss this in
more detail below. The use of Eq. (4.1) outside equilibrium is not
a priori justified.

We thus also determine the surface tension via the width of the
density profile & [204–206]:

&
2 = &

2
0 +

kBT

2π · ϑ̂
· ln(L/B0) , (4.2a)

where we fit the density profile according to

ϱ(z) =
ϱl

2
↓ ϱl

2
· tanh

(
2 · (z ↓ z0)

&

)
, (4.2b)

with the bulk liquid density ϱl, and z0 a fit parameter for the position
of the interface. In Eq. (4.2a), &0 and B0 are unknown prefactors
determined from fits for two di!erent L (small and wide system).

We checked that our results recover the surface-tension values for the
one-component quiescent LJ-potential fluid reported in Ref. [207].
For reference, the bulk viscocity was determined using the standard
Green-Kubo relation [208] in simulations of the bulk fluid, using a
correlation time of up to 100ς0.

We begin by summarizing the temperature dependence in the qui-
escent system. As the glass transition is approached, the viscosity
of the bulk fluid strongly increases; for around two orders of mag-
nitude in the interval T = [0.5, 1] studied here (stars in Fig. 4.2).
The data is in the regime of the Mode Coupling Theory (MCT):
close to the cross-over temperature Tc of MCT, the viscosity shows
power-law growth, ε ⇓ |T ↓ Tc|

↓◁ from which deviations would set
in at lower temperatures (a dashed line in Fig. 4.2 indicates the
power law with Tc = 0.4 and ↽ = 2.35). In the same temperature
interval, the surface tension (circles) increases by almost a factor
of 4. An empirical relation that links the surface tension and the
viscosity has been proposed [209, 210]: ln(ϑ̂) = ln(A) + B/ε with
fitting parameters A and B. We observe this to hold reasonably
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Figure 4.2: Bulk viscosity (star symbols) and surface tension
(circles) of the quiescent system as function of inverse temper-
ature. Solid lines are guides to the eye. A dashed line indicates
the power-law predicted by mode-coupling theory, and crosses
indicate the surface viscosity (see text). Inset: logarithm of the
surface tension as a function of inverse viscosity (circles) and
inverse surface viscosity (crosses).

well (only) in the no-too-viscous regime (ε ↫ 50; inset of Fig. 4.2).
For lower temperatures, we see deviations that we attribute to the
slow structural relaxation a!ecting the viscosity: while the viscosity
strongly grows, the surface tension appears to saturate (or grow less
strongly) as the MCT transition is approached.

Particles close to the surface of a glass-forming fluid retain higher
mobility than in the bulk [186, 187, 211]. It hence suggests itself
to define a “surface viscosity” that might bear a closer connection
to the surface tension since it will grow less strongly than the bulk
viscosity.
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We have defined a surface viscosity by constraining the Green-Kubo
integral to particles starting in z-layers close to the surface. The no-
tion of “close” can be made precise by looking at the normal-stress
di!erences, &pϑϖ = pϑ ↓ pϖ , where ⇁, ⇀ ∝ {x, y, z}. Recall that in
the isotropic bulk, all &pϑϖ = 0. Close to the surface, the values
for ⇀ = z, ⇁ ∝ {x, y}, deviate from zero since the surface induces
an anisotropy. This allows to clearly distinguish a surface layer (cf.
Fig. 4.3a). Note that this surface layer is significantly wider than the
width of the density profile (Fig. 4.3c and d). The surface-layer vis-
cosity thus defined indeed follows the empirical relation to the sur-
face tension more closely (crosses in Fig. 4.2), although approaching
to Tc a decoupling still appears to occur. (note that the lowest-T
data point in our simulation deviates). We leave this question for a
future study.

Now we turn to surfaces with in-plane shear flow. Glass formers are
non-Newtonian fluids, featuring non-vanishing normal-stress di!er-
ences in the bulk.

In particular, the first normal stress di!erence in the bulk, in our
setup is defined as N1 = ϑyy ↓ ϑxx = &pxy

1 and is expected to
be positive according to standard rheological models. This is ob-
served in the center of the liquid slab (Fig. 4.3b, around z = 0) and
confirmed by separate bulk simulations.

Crucially, the surface-near region remains di!erent: here, pressure
di!erences are related to the surface tension, and separate from the
bulk. The changes in these regions will be related to a change in
surface tension under shear. They become more pronounced at lower
temperatures, as Tc is approached, while at higher temperatures the
e!ect vanishes (lower panels of Fig. 4.3). As shown by the density
profiles (gray lines in Fig. 4.3) we do not observe systematic density
changes in the system, and thus the surface-tension and viscosity
e!ects that we discuss here are not related to a change in density.

1We use the “tensile” convention common in rheology, noting that some
authors use a “compressive” convention with the opposite sign, noting
ϑωω = ↓pω.
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However, the bulk values give non-trivial contributions to the
surface-tension integral that are specific to non-Newtonian fluids,
and need to be taken into account when determining the surface
tension of the sheared fluid from Eq. (4.1). If not disentangled,
an apparent surface tension is obtained that shows a pronounced
system-size e!ect (Fig. 4.4, green symbols). Larger systems are
more strongly influenced by the non-Newtonian bulk rheology, to
the point that the apparent surface tension might even vanish at
large shear rates. It should be noted that this is not a destabiliza-
tion of the interface; it is rather a non-equilibrium signature of the
driven system, similar to what has been observed in active fluids
[212, 213].

It is thus crucial to separate the two regions in z – the surface
layer identified by positive &pϑz, and the bulk liquid where these
quantities have oppositve sign (blue and orange symbols in Fig. 4.4).
Both depend quadratically on the shear rate, as is expected from
the symmetry of the problem under reversal of the flow direction.

Intuitively, it is the pressure drop across the surface layer that re-
lates to the surface properties. We confirm this by determining the
surface tension from an analysis of the density profile, Eq. (4.2).
Since this procedure determines ϑ̂ only up to a prefactor, we have
adjusted this to match the value obtained from Eq. (4.1) at zero
shear rate. The results for the ↽̇-dependence then are in very good
agreement with each other (dashed black line in Fig. 4.4).

These results show that there is a genuine shear-rate dependence
of the surface tension in the non-Newtonian fluid that can be dis-
tinguished from the bulk rheology, but is still coupled to it. (In
the Newtonian fluid represented by T = 1, we do not observe a
significant shear-rate e!ect, as shown by Fig. 4.3c.) The change in
surface tension is not just a consequence of a change in viscosity, as
the empirical scaling relation discussed around Fig. 4.2 might have
suggested. This is clearly seen by comparing the shear-rate depen-
dences (Fig. 4.5). By symmetry, the shear-thinning viscosity should
decrease as 1/|↽̇| [43]; a somewhat weaker decay is observed in the
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simulation, consistent with earlier results [214]. Also the surface-
layer viscosity that we defined follows this trend (circle symbols in
Fig. 4.5). The onset of shear thinning is at ↽̇ς0 ⇒ 1, indicating
that it is the slow structural relaxation time (ς ∋ ς0) that sets the
relevant time scale for shear thinning. The surface tension, properly
disentangled from the bulk rheology, follows a 1/↽̇2 “shear thinning”
law, but importantly with an onset at much higher ↽̇ς0 (and thus
higher than expected for the bulk normal-stress di!erences [215]).

In summary, we have shown that the surface tension of a typical
glass-forming viscoelastic fluid shows a strong shear-rate depen-
dence. In non-Newtonian fluids, normal-stress di!erences in the
bulk and surface anisotropy of the stress tensor contribute to an
e!ective surface tension that is measured using standard techniques
that are based on the pressure drop across a liquid film and mix two
di!erent contributions. One contribution is a genuine surface contri-
bution, and it comes from the pressure anisotropy in the layers near
the surface. In the simulation they can be clearly identified through
the di!erent sign of &pϑz with respect to the bulk. In addition,
there is a non-trivial bulk contribution arising from non-vanishing
normal-stress di!erences, a typical non-Newtonian fluid e!ect.

This might explain why the determination of surface tension values
from pressure balances of bulk viscoelastic samples is di"cult, as in
experiments it will be di"cult to disentangle the pure surface from
a bulk contribution. Also, hysteresis e!ects as previously reported
might be arising from a non-Newtonian bulk contribution: we have
monitored the transient evolution of the pressure di!erences after
switching on the shear flow, and found no sign of slow relaxation
in the surface contribution. But the bulk quantities are known to
exhibit patterns of slow relaxation. Also, a changing volume-to-
surface ratio, as in techniques where a fluid droplet is expanded or
compresses, might see e!ects from di!erent mixing of surface and
bulk contributions.

Our findings should be relevant to various techniques measuring in-
terfacial rheological properties in films of complex fluids [216–218]
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and even for the printability of bio-inks in surface-tension assisted
3d-printing techniques [219]. For example, biofilms are known to
exhibit complex rheology, and characterization of their mechanical
surface properties is an important aspect in their growth and re-
moval [220, 221]. The complex interactions in such films can render
the surface tension anisotropic [24], and our method of imposing in-
plane shear flow in di!erent directions might be a straight-forward
way to interrogate the characteristics of the interface in such cases.

We expect our results to be generic and applicable to a wide range of
non-Newtonian fluids, including e.g., polymer melts. So far we are
not aware of systematic studies, although in the rheology of foams
a flow-rate dependent surface tension has been discussed [222, 223].
Also a recent study of soft silicone gels [224] found a change in sur-
face tension as the material was deformed. Understanding the link
of liquid-state surface tension and emergent elastic contributions
across the glass transition will be a future field of study that also
might help to understand the nature of kinetic arrest further.

On a more theoretical note, it has been shown that the surface of
glass-forming fluids reveals non-monotonic changes in the dynami-
cal correlation length governing glassy dynamics [102, 186]. A cru-
cial point there was to distinguish a static length scale linked to
the density profile, from a much larger dynamic one linked to the
structural-relaxation dynamics. To explore the link between this dy-
namic length scale and the depth of the surface layers inferred from
the pressure anisotropy remains an interesting open question, as it
links inherent features of glassy dynamics to surface properties, and
thus might provide further insight into theories of dynamical het-
erogeneities. Also, we leave for further discussion the fate of the
surface tension in the deeply supercooled regime (below the MCT
transition): eventually, the visco-elastic nature of the glass-forming
fluid will be felt, and as one approaches the soft solid state, surface
tension and surface energies need to be distinguished [225]. The
study of the flow-rate dependence in the glassy regime can probe
the di!erent time scales involved in the transition.
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Figure 4.3: Pressure di!erences across the interface: Top pan-
els show ”pϑϖ = pϑ ↓ pϖ (blue: ”pxy; green: ”pxz; orange:
”pyz) for temperature T = 0.6 in (a) the quiescent system and
(b) with shear rate ω̇ = 0.06. Dashed lines in (b) correspond
to normal stresses obtained from separate simulations of a bulk
system. Bottom panels show the relevant pressure di!erence
for the surface tension, ↓(”pxz + ”pyz)/2, for (c) temperature
T = 1, and (d) T = 0.6. Color shadings indicate the z-intervals
identified as bulk and surface regions. All pressure values are
multiplied by the number of particles in the respective z-bin to
mitigate fluctuations from normalization. In the bottom panels,
gray lines (corresponding to right y-axes) show the correspond-
ing density profiles.
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Figure 4.4: Shear-rate dependence of the surface tension, as
a function of the square shear rate ω̇

2, for the Kob-Andersen
mixture at T = 0.6. Blue symbols show values extracted from
the pressure di!erence, a dashed line the trend extracted from
capillary wave analysis. The contribution from the bulk of the
non-Newtonian fluid (orange) leads to a system-size dependent
e!ective surface tension (green), if evaluated by the pressure
di!erence.
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Figure 4.5: Viscosity, surface-layer viscosity, and surface ten-
sion as functions of shear rate for T = 0.6. A dotted line in-
dicates 1/ω̇, the shear-thinning asymptote expected on dimen-
sional grounds. The dashed line is a fit to the surface tension
values that crosses over from a constant to a 1/ω̇

2 behavior.





Chapter 5

Spectral analysis of the
velocity relaxation in
nanoscale channels

This chapter has been published as Heitmeier, L., Voigtmann, Th.,
and Hansen, J.S. “Spectral analysis of the velocity relaxation in
nanoscale channels.”, Phys. Fluids 37, 122019 (2025)

We investigate the fluid velocity relaxation in a nanoscale channel
using molecular dynamics simulations and hydrodynamic modeling.
The relaxation dynamics is described in terms of the spatially re-
solved Fourier modes, and we establish from simulations that only
modes with wave vector equal to or smaller than then external driv-
ing wave vector are excited. The relaxation features a predominantly
viscous behavior for small wave vectors, and becomes more visco-
elastic as the wave vector increases. From the Fourier mode analysis
we can reconstruct the spatial averaged relaxation using particular
modes and we conclude that two modes are governing the dynam-
ics: The system’s largest wavelength mode and the external driving
mode. By comparing model output based on the Maxwell-Wiechert
model and the modified Maxwell model to simulation data we see
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that the later model performs best. Moreover, from this model
we conclude that the system features a wave vector independent
reduced viscous response and a wave vector dependent enhanced
elastic response for the wavelengths studied here.
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5.1 Introduction

Our fundamental understanding of the dynamical properties of fluid
systems on the nanoscale is still far from complete. Direct compar-
ison between atomistic simulations and the Navier-Stokes equation
have shown that the standard hydrodynamic continuum theory is
applicable on surprisingly small length scales, see e.g. Refs. [51,
226–228]. However, as the characteristic length scale decreases to a
few nanometers the standard theory eventually breaks down depend-
ing on the specific system; for example, intrinsic non-local mechani-
cal responses become important on the nanoscale [59, 229, 230], and
coupling phenomena not relevant on macroscopic length scale can
significantly a!ect the system flow properties on the nanoscale [231,
232]. This, of course, calls for new theoretical developments, and
the hydrodynamic description has been extended and generalized to
model the relevant mechanisms [233–236].

Fluids confined in nanoscale channels and tubes pose a particular
challenge because of the static fluid density inhomogeneity that are
present in the wall-fluid interfacial region [237, 238]. Depending
on the actual definition and the system, this interfacial region can
extend 2-3 molecular diameters into the channel, and the density
can vary by a factor of around two. Recently Carlson and Netz
[239] introduced position dependent wall-fluid friction and viscosity
coe"cients from a gradient expansion of the non-local kernels. It was
shown that introduction of these two coe"cients a!ect the boundary
conditions and therefore the system flow properties in the wall-fluid
region. One could expect that the entire flow profile is significantly
a!ected by this, however, the inhomogeneity has been shown to
have a small e!ect on the fluid flow for channel heights above 10
molecular diameters for a Lennard-Jones liquid undergoing Couette
and Poiseuille flows, see for example Bitsanis et al. [240] and Travis
et al. [229]. This is likely due to the non-local response, but other
models have also been proposed like the local average density model
[241]. Importantly, when modeling these confined systems one can
assume homogeneity for channel heights above a certain threshold
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and therefore also constant transport coe"cients.

Recently, Knudsen et al. [242] investigated a fluid system apply-
ing a spatial sinusoidal varying shearing force. In the steady-state
it was found that the velocity and shear pressure feature additional
Fourier modes for su"ciently small wavelength for the force. This is
in agreement with previous studies using synthetic non-equilibrium
simulations [243, 244]. Knudsen et al. also investigated the spatially
averaged relaxation dynamics at di!erent zones in the channel after
the field was switched o!. It was shown that in the wall-fluid in-
terface zone the relaxation is characterized by an enhanced elastic
process, see also Ref. [245], whereas in the channel center zone the
relaxation is mainly viscous (bulk-like) as expected. Interestingly,
there is a zone between these two, which initially features a fast ex-
ponential relaxation, but transitions into a very slow decay with un-
known functional form. It is not clear what underlying processes are
behind the relaxation in this zone, but the authors concluded that
the purely viscous Newtonian model and the viscoelastic Maxwell
model cannot account for this relaxation.

We here extend the work by Knudsen et al. by performing a spectral
analysis of the relaxation from a steady-state profile to the zero flow
situation. The analysis is based on molecular dynamics simulations
of the system and two models: (i) a two element Maxwell-Wiechert
model and (ii) a single element modified Maxwell model. These two
models are extensions to the classical Newtonian and Maxwell mod-
els by including (i) additional relaxation modes and (ii) length scale
dependent corrections to the elastic and viscous processes, respec-
tively. The models will give predictions for the relaxation in Fourier
space (spectral relaxation), and these predictions are compared to
the simulation data.

The spectral relaxation analysis serves two purposes, namely, to gain
a deeper understanding of the multiscale viscoelastic relaxation in
nanoscale confinement through comparison of model predictions to
simulation data, and to test the two models. We choose to simu-
late a confined binary Lennard-Jones fluid, because the viscoelas-
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tic properties can be probed more carefully compared to the single
Lennard-Jones fluid used in Ref. [242]. Moreover, we focus on the
relaxation dynamics from a single steady-state profile, where the
wavelength is su"ciently large such that non-local transport phe-
nomenon can be ignored, while the di!erent relaxation zones are
still resolved.

5.2 The models

We follow the system setup given in Knudsen et al. [242]. A fluid is
confined between two parallel walls with normals in the z-direction,
see Fig. 5.1. For time t < 0 an external sinusoidal driving force
is applied to the fluid in the x-direction resulting in a local force
density

Fext(z) = ϱA sin(d3z) , (5.2.1)

where ϱ is the mass density, A the acceleration amplitude, d3 = 3π/h
the external force wave vector, and h the system half height such
that ↓h ′ z ′ h. In the Appendix we list the symbols.

Due to density inhomogeneities in the wall-fluid interfacial zone, the
steady-state velocity profile u0 = u0(z) features other modes than
that of the external force given by d3 [242–244]. In general, we then
write u0 in terms of a sine Fourier series

u0(z) =
→∑

m=1

um sin(kmz) , (5.2.2)

where um is the velocity Fourier coe"cient and km = mπ/h. The
Fourier transform of u0 is given by the inner product over the inter-
val [↓h; h]; for km we have

ũ0(km) =
∫ h

↓h
um sin(kmz)e↓iknz dz = ↓ihumδn,m = ↓ihum ,

(5.2.3)



108CHAPTER 5. NANOSCALE VELOCITY RELAXATION

z

y

x

(a)

(b)

Figure 5.1: (a): Snapshot of the molecular dynamics simula-
tion. White and red particles are A and B particles, respec-
tively, and brown particles are wall particles. (b): Schematic
illustration of the system steady-state velocity profile and spa-
tial zones.

where δn,m is the Kronecker delta. In the steady-state we have a
purely viscous response and the steady-state shear pressure, P0, we
model by Newton’s law of viscosity P0 = ↓ε0φzu0, where ε0 is the
zero frequency shear viscosity, i.e.,

P0(z) = ↓ε0

→∑

m=1

kmum cos(kmz) . (5.2.4)

The Fourier transform is

P̃0(km) = ↓ε0kmhum. (5.2.5)

Some time after the steady-state is reached the external force is
removed (this defines t = 0) and we investigate the viscoelastic re-
laxation. To ease the reading we will from hereon write the wave
vector km simply as k omitting the subscript m with a few excep-
tions.
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The relaxation dynamics depends on the wave vector, or equiva-
lently, the length scale we study. The spectral modeling we perform
here is limited to length scales larger than the density variations
in the wall-fluid zone, and we will therefore, as an approximation,
assume that the density is constant and given by the bulk density,
ϱ = ϱ0. Moreover, at these length scales we ignore non-local trans-
port phenomena. Thus, the method applied will not be applicable
for (i) systems where the density variation extends far into the chan-
nel such that the di!erent wave lengths cannot be studied using the
constant density assumption, or (ii) where the characteristic length
scale for the non-local transport properties become comparable with
the wave length, e.g., in glassy systems [230].

5.2.1 Maxwell-Wiechert relaxation

As mentioned above, the single element Maxwell model does not
capture correct dynamics for the relaxation [242]. Therefore, we first
derive the relaxation dynamics using a two element Maxwell model
(or an Maxwell-Wiechert element [246]). The model introduces two
partial shear pressures P1 and P2, and associated relaxation times,
ς1 and ς2, and viscosities, ε1 and ε2; these are also referred to as
slow and fast coe"cients [247]. The shear pressure is the sum of
the partial shear pressures P = P1 + P2. For ⇁ = 1, 2 we have the
constitutive relation

φu

φz
= ↓ 1

εϑ

(
1 + ςϑ

φ

φt

)
Pϑ , (5.2.6)

which relates the partial shear pressures to the local strain rate.
Notice that u = u(z, t) is the spatio-temporal dependent velocity.
In Fourier space it reads

iku = ↓ 1
εϑ

(
1 + ςϑ

φ

φt

)
Pϑ (5.2.7)

or by re-arranging

ςϑ
φ Pϑ

φt
= ↓ikεϑu ↓ Pϑ . (5.2.8)
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For t ↘ 0 the external force is zero and the momentum balance is
simply ϱ0φtu = ↓φzP from the assumption of constant density. In
Fourier space we have

ϱ0
φu
φt

= ↓ik( P1 + P2) (5.2.9)

in terms of the partial shear pressures. Equation (5.2.8) with ⇁ =
1, 2 and Eq. (5.2.9) form a closed linear problem ˙̃x = Hx̃, where we
have used the dot-notation for the time derivative, x̃ = (u, P1, P2),
and H is the hydrodynamic coe"cient matrix given by

H = ↓




0 ik
ω0

ik
ω0

ikε1

↼1

1
↼1

0
ikε2

↼2
0 1

↼2


 . (5.2.10)

The general solution reads x =
3

n=1 cnvne0nt , where cn are inte-
gration constants, vn = (vn,1, vn,2, vn,3) the eigenvectors, and ▷n the
eigenfrequencies of H. In particular, for the velocity relaxation we
have

ũ(k, t) =
3∑

n=1

cnvn,1e0nt . (5.2.11)

In our simulations we do not have values for P̃1(k, 0) and P̃2(k, 0)
and we therefore let c1 and c2 be free fitting parameters and de-
termine c3 from the initial condition for the velocity

3
n=1 cnvn,1 =

u(k, 0) = ↓ihum. Hence, the model parameter set consists of the
two relaxation times, ς1 and ς2, the two viscosities, ε1 and ε2, as well
as c1 and c2. From the treatment here, we expect that the relax-
ation times and the viscosities are independent of the wave vector k,
however, we will allow them to vary with respect to k in the fitting
procedure explained below; this also follows Ref. [247].
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5.2.2 Single-element modified Maxwell re-
laxation

We alternatively model the relaxation using a single-element modi-
fied Maxwell model [248]

↓ε0

∫
f(z ↓ z≃)

φu

φz≃ dz≃ = P (z, t) + ςM
φ

φt

∫
g(z ↓ z≃)P (z≃, t) dz≃.

(5.2.12)

Here ςM is the Maxwell relaxation time defined by ςM = ε0/G→,
G→ being the modulus of rigidity. The kernels f and g are length
scale dependent corrections to the direct interpolation between the
purely viscous and elastic behaviors; these corrections relax the
attenuation-frequency locking phenomenon present in the original
Maxwell model [248]. Notice, that the kernels phenomenologically
measure the e!ect of the di!erent microscopic processes for momen-
tum di!usion (viscosity) and the elastic deformation, however, they
do not reveal the underlying details of the molecular motions behind
the e!ects. The original Maxwell model is re-captured in the limit
where f and g are given by the Dirac delta. Importantly, f and g
are in this treatment not standard transport kernels as used in Ref.
[248] and for which the viscosity can be evaluated from independent
simulations, e.g., by using the transverse current autocorrelation
function. Here the kernels model the length scale dependent cor-
rections to the direct interpolation. In Fourier space Eq. (5.2.12)
is

↓iε0k f̃ ũ =
(

1 + ςM g̃
φ

φt

)
P̃ . (5.2.13)

Note that if f̃ = g̃ = 1 for a given wave vector k we obtain the
original Maxwell model for this characteristic length scale. It is also
clear from Eq. (5.2.13) that if f̃ or g̃ is less than unity the system
features a reduced viscous or a reduced elastic response, respectively.
Vice-versa, if f̃ or g̃ is greater than unity the system features an
enhanced viscous or elastic response.
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Now, Laplace transforming with respect to time gives

↓iε0kf̃ û = P̂ + ςM g̃ (s P̂ ↓ P̃0) , (5.2.14)

where û = û(k, s) is the Laplace transform

û(k, s) =
∫ →

0
ũ(k, t)e↓st dt , (5.2.15)

and s is the Laplace coordinate. The Laplace transform for
P̂ = P̂ (k, s) follows the transform Eq. (5.2.15). Re-arranging Eq.
(5.2.14) gives the equation for the shear pressure

P̂ =
ςmg̃P̃0 ↓ iε0kf̃ û

1 + ςM g̃s
. (5.2.16)

One can eliminate the shear pressure by application of the momen-
tum balance equation as above. Recall, in real space and in absence
of an external force we have ϱ0φtu = ↓φzP ; in Fourier-Laplace space
it becomes

ϱ0 (sû ↓ ũ0) = ↓ikP̂ . (5.2.17)

Substitution of Eqs. (5.2.3), (5.2.5) and (5.2.17) into Eq. (5.2.16)
we obtain after some re-arranging

(
s +

ε0k2f̃

ϱ0(1 + ςM g̃s)

)
û = ih

(
1 +

ςM ε0k2g̃

ϱ0(1 + ςM g̃s)

)
um . (5.2.18)

It is instructive to highlight a special case before treating the general
situation. In the purely viscous regime ςM = 0 and Eq. (5.2.18)
reduces to (

s +
ε0k2f̃

ϱ0

)
û = ihum .

Introducing the kinematic viscosity 00 = ε0/ϱ0 we get

û =
ihum

s + 00k2f̃
(5.2.19)
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or in the time domain

ũ(k, t) = ihume↓↽0k2f̃(k) t . (5.2.20)

This gives the well-known exponential and purely k2-dependent vis-
cous relaxation. In this special case, we obtain the same functional
form for the relaxation if the f -kernel is the viscosity transport ker-
nel [51].

In the general case, ςM →= 0, we get by re-arranging Eq. (5.2.18)

û = ih

(
1 + 00k2ςM g̃ + ςM g̃s

00k2f̃ + s + ςM g̃s2

)
um . (5.2.21)

It is important to note that the second term in the nominator on
the right-hand side depends on the viscosity, but not the f -kernel;
this comes from the initial shear pressure P̃0 = ε0kh. On the other
hand, ςM and g̃ always appear as product, hence, we treat ςM g̃ as
a single function. We identify two poles, s1 and s2, given by

s1,2(k) = ↓1 ±
∞

D

2ςM g̃
, (5.2.22)

where D = 1 ↓ 400k2ςM g̃f̃ . The relaxation in time is then

ũ(k, t) = Pes1t + Qes2t , (5.2.23)

where

Q =
A + Bs2

ςM g̃(s2 ↓ s1)
and P =

Bs1 ↓ A

ςM g̃(s2 ↓ s1)
(5.2.24)

with the coe"cients

A = ih(1 + 00k2ςM g̃)um and B = ihςM g̃ um . (5.2.25)

For complex poles, s1,2 ∝ C, we have 1 < 400k2ςM g̃f̃ corresponding
to large values for ε0 and ςM . In this case Q and P have the relations
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that Re(Q) = ↓Re(P ) and Im(Q) = Im(P ). From Eq. (5.2.23) we
then have

ũ(k, t) = i2be↓”t cos(▷0t) , (5.2.26)

where # = 1/(2ςM g̃) is the attenuation coe"cient and

▷0 = 1
2↼M g̃


400k2ςM g̃f̃ ↓ 1 the characteristic frequency. Notice

that in the limit of zero wave vector we have 1 > 400k2ςM g̃f̃ and
s1,2 are real.

As stated above, ςM and g̃ appear as the product ςM g̃ and we treat
this as a single wave vector dependent fitting parameter. 00 (or
equivalently ε0) and f̃ are term-wise separated and we will use these
two as separate fitting parameters; that is, this model has three free
fitting parameters.

5.3 Molecular dynamics method

We perform the simulations with the GPU-accelerated software
package gamdpy developed in-house [112]. The system is composed
of N = 5700 fluid particles of type A and B confined between two
planar body-centered-cubic (bcc) crystal walls. A few crystal defects
are introduced in the wall in order to avoid fluid crystallization in
the wall-fluid interface. All particles interact via the Kob-Andersen
binary Lennard-Jones potential [100]

U(rij) = 4ωϑϖ


(ϑϑϖ/rij)12 ↓ (ϑϑϖ/rij)6


, (5.3.1)

where rij is the distance between particle i and j, and ωϑϖ and
ϑϑϖ depend on the particle types and define the energy and length
scales, respectively. Any mechanical property can be expressed in
units of ϑ, ω, and mass m; as it is common practice we omit writing
these units. We use the standard Kob-Andersen values with the
A particles as reference, that is, ϑAA = 1.0, ϑBB = 0.88, ϑAB =
0.8, ωAA = 1, ωBB = 0.5, and ωAB = 1.5. The fluid mixture is the
standard NA : NB = 4 : 1. The wall particles are A particles, and
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they are tethered to the bcc lattice site with a restoring Hookean
spring force with spring constant k = 300. The wall density is
set to ϱ = 1 and the temperature is controlled by thermostating
the walls with a simple relaxation-type thermostat [249]; we have
here simulated temperatures T = 0.9 and 2.0. In all simulations
the equations of motion are integrated forward in time using the
standard leap-frog algorithm with time step of 0.005 [250].

In accordance with the theory, each simulation consists of two
phases. In the first phase we apply a force in the x-direction to
each fluid particle with sinusoidal variation along z, F = A sin(d3z)
with A = 0.056. This force amplitude is su"ciently low to ensure
linearity and neglectable viscous heating e!ect such that the temper-
ature is constant in the channel and given by the wall temperature
[251]. The choice of maximum amplitude A is based on previous
work by Knudsen et al. in a very similar simulation setup [242].

After reaching the steady state, the force is removed and the system
relaxes to the zero flow situation. The velocity profile is calculated
using a bin method for the particle momenta

u(z, t) =


i mivx,i(t)1Z(zi)
i mi1Z(zi)

, (5.3.2)

where mi is the mass of particle i, vx,i the x-component of the par-
ticle velocity, and 1Z is the indicator function, Z = [z ↓ &z/2; z +
&z/2[ such that 1Z(zi) = 1 if zi ∝ Z and &z = 0.13 is the bin
width; if zi /∝ Z we have 1Z(zi) = 0. The relaxation dynamics is
characterized by a very large noise-to-signal ratio and we therefore
average the profiles over 15000 runs. For the steady-state an addi-
tional time average is performed.
The code was tested by using a Lennard-Jones fluid and comparing
with Ref. [242].
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Figure 5.2: (a) Density profiles for particles A and B (circles),
and the total density profile (full line). Profiles are normalized
with their bulk values φ0. (b) The steady-state velocity profile.
Circles represents simulations data, dashed line is the single
sine velocity profile, Eq. (5.4.1), and full line the sine Fourier
series, Eq. (5.2.2), using three terms. In both figures T = 0.9.

5.4 Results and Discussion

Figure 5.2 (a) shows the density profiles for A and B particles as well
as the total density. We note that the density distribution of A and B
particles are di!erent, which is expected since the di!erent Lennard-
Jones parameters e!ect the particle packing both in the bulk fluid
and in the wall-fluid zone. The total density, which is the relevant
density here, is also shown and features the well-known layering
phenomenon in the wall-fluid zone. Importantly, the system does
not crystallize and a bulk fluid zone is present, hence, it is relevant to
describe the system through hydrodynamics. The density profile is
a very good approximation independent of the operating conditions
used here.

In Fig. 5.2 (b) we plot the steady-state velocity profile u(z, 0) =
u0(z); it is clearly seen that the profile exhibits additional Fourier
modes than the excited d3 mode. The prediction using the classical
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Navier-Stokes equation reads [242]

u0(z) =
A

00d2
3

sin(d3z) , (5.4.1)

and this fails to capture the di!erent modes; Eq. (5.4.1) is shown
as dashed line. The Fourier coe"cients can be extracted from data
using a straightforward Fourier sine integral

um =
1

2h

∫ h

↓h
u0(z) sin(kmz) dz , (5.4.2)

where we highlight the wave number dependency of the wave vector
k = km = mπ/h. From Fig. 5.3 we observe that the magnitude of
um rapidly decays for wave vectors larger than d3. The long wave-
length modes m = 1 and m = 2 contribute significantly to the overall
signal. This is not observed for homogeneous flows [243] and must
therefore be to the confinement. Since the characteristic wavelength
for the density variations in the wall-fluid zone is smaller than the
wavelengths probed here, we conjecture that this system size wave-
length excitation is due to the additional shear force exerted by the
walls as a result of the non-zero fluid velocity gradient present in
the wall-fluid boundary region. A truncated sine Fourier series us-
ing three terms with m = 1, 2, 3 is plotted Fig. 5.2 (b) capturing
the steady-state flow profile very well and we will only consider the
long wavelengths (small wave vector) modes where km ′ d3. Note
that the excitation of modes of longer wavelength than the excited
one is more pronounced for the lower temperature T = 0.9. This
demonstrates that for lower temperature, the fluid’s response be-
comes more non-local in space.

For the relaxation dynamics, the Fourier transformed velocity profile
ũ(k, t) is calculated from the velocity profile data by

ũMD(k, t) = ↓i

∫ h

↓h
u(z, t) sin(kz) dz. (5.4.3)

The normalized imaginary part of the Fourier transforms are plotted
in Fig. 5.4 for m = 1, 2, 3, and for T = 0.9 and 2.0. First, we ob-
serve the expected behavior, namely, that for small wave vectors the
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Figure 5.3: The spectrum for the steady-state velocity profile
for temperature T = 2.0 and T = 0.9.

relaxation quickly enters a monotonous decay after approximately
t > 1.0 consistent with a viscous response. As the wave vector
increases, i.e., the characteristic wavelength decreases, the elastic
process becomes more pronounced depending on the temperature.
This is consistent with the homogeneous case, where the elasticity is
observed as anti-correlations (or negative correlations) in the trans-
verse current correlation function on small length scales. Moreover,
it is in agreement with the behavior of the Hermite expansion for the
moments of the particle distribution function, see Refs [252, 253].
For T = 2.0 and m = 1, 2 there is an initial increased response as
the external force is removed. Note however that Fig. 5.4 shows the
amplitudes of the Fourier modes normalized to their steady-state
value at each m; the total velocity decreases. The reason for this
initial response may be due to non-hydrodynamic coupling between
modes and thus redistribution the shorter-wavelength contributions
into longer-wavelength ones or the presence of generalized collective
modes on these length scales [254].

We also plot the fits to the Maxwell-Wiechert model, Eq. (5.2.11),
and the modified Maxwell model, Eq.(5.2.26). The fitting algorithm
used is the Levenberg–Marquardt algorithm [255], where the initial
parameters were all unity; other initial parameter sets were tested
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Figure 5.4: Relaxation of the Fourier modes m = 1, 2, 3 and fits
to data using the Maxwell-Wiechert model (top row) and the
modified single-element Maxwell model (bottom row). The first
column corresponds to T = 0.9, the second column T = 2.0.
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T m ε1 ε2 ς1 ς2 c1 c2 52 ε0 ςM

1 4.7 0.4 0.3 0.6 -2.2 1.7 1.0
0.9 2 2.2 2009 0.5 860 26.9 -26.0 0.8 22.4 1.6

3 1.3 994 0.1 591 5.9 -5.8 0.4
1 18.8 32.8 0.2 4.4 -0.5 0.1 0.4

2.0 2 16.5 1.3 0.4 0.7 -5.3 4.6 2.6 6.6 0.30
3 2.8 1476 0.1 1744 324 -323 0.02

Table 5.1: Fitting parameters for the Maxwell-Wiechert model.
For reference the shear viscosity, ε0(m = 0), and Maxwell relax-
ation time, ϱM(m = 0), are also listed in the two last columns;
taken from Ref. [248].

giving the same resulting parameter values. The cost function is the
standard 52-function

52(ω) =
∑

i

[ũMD(k, ti) ↓ ũ(k, ti; ω)]2

ũMD(k, ti)
, (5.4.4)

where ũMD is given in Eq. (5.4.3), ũ(k, ti; ω) is the predicted (model)
value for the parameter set ω, and i is the sample index. The re-
sulting fitting parameters can be seen in Tables 5.1 and 5.2. For
reference we have included the shear viscosity and the Maxwell re-
laxation time taken from Ref. [248], which are evaluated from the
stress-stress autocorrelation function.

Recall, the Maxwell-Wiechert model is fitted with six fitting pa-
rameters. We here also allow these to be wave vector dependent,
otherwise the agreement will be very poor. From the fitted param-
eter values, we clearly see that the large parameter space results
in a sloppy model [256] due to the over-parameterization, and the
parameter values become nonphysical. One way to decrease the
parameter space, would be to model the initial values for the two
stresses, however, we will not pursue this further here.

The modified Maxwell model has only three free fitting parameters
and it is evident that the model is less sloppy compared to the
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Maxwell-Wiechert model. Also, we note that the fitted value for ε0 is
close to the value found from independent simulations, in particular
for T = 0.9, which gives confidence in our fitting procedure. For
T = 0.9 the model, very accurately, captures the relaxation for
the mode m = 3 which is the external mode, whereas the model
predictions for m = 1 and m = 2 are less satisfactory.

T m ε0 ςkg̃ f̃ 52 ε0 (m = 0) ςM (m = 0)
1 22.8 2.5 0.075 0.012

0.9 2 24.3 1.8 0.072 0.022 22.4 1.6
3 24.6 0.9 0.092 0.003
1 7.0 4.1 0.095 0.014

2.0 2 8.6 3.8 0.085 0.049 6.6 0.30
3 9.6 0.7 0.082 0.005

Table 5.2: Fitting parameters for the modified Maxwell model.
For reference the shear viscosity, ε0, and Maxwell relaxation
time, ϱM , are also listed in the two last columns; taken from
Ref. [248].

It is relevant to investigate the parameter correlations for the modi-
fied Maxwell model and to this end we perform a Metropolis Monte-
Carlo analysis [257]. Let ωn = (ε0, ςM g̃, f̃) for some parameter val-
ues and δω be a uniformly distributed increment with zero mean.
We then define the Monte-Carlo move by ωn+1 = ωn + δω. If
52(ωn+1) < 52(ωn) the new parameter set is always accepted, oth-
erwise if 52(ωn+1) ↘ 52(ωn) the new parameter set is accepted only
if R < exp


52(ωn+1)/52(ωn) ↓ 1


, where R is a random number

picked from a uniform distribution between 0 and 1. If the move is
accepted the new parameter set is incremented, and in this way we
perform a random walk in the parameter space. The initial param-
eter set is chosen from the best fit found above, and the increment
magnitude is such that around half the moves are accepted giving
104 sets. From this we can form the covariance matrix and cal-
culate the Pearson correlation coe"cient, P . Table 5.3 shows the
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correlation coe"cients, and except for Pε0,f̃ we observe small param-
eter correlations. This, in turn, indicates a model with identifiable

T m Pε0,ϑM g̃ P
ε0,f̃ P

ϑM g̃,f̃

1 0.67 0.85 0.75
0.9 2 0.08 0.54 0.18

3 -0.02 0.28 0.17
1 0.23 0.32 0.20

2.0 2 0.14 0.41 0.12
3 0.32 0.49 0.37

Table 5.3: Pearson correlation coe"cients for the modified
Maxwell model parameters.

parameters and also justifies the separate corrections term for the
elastic and viscous element in the modified Maxwell model.

From the values of f̃ we can now conclude that the viscous response
is significantly reduced for the wave vectors studied here when com-
pared to the predictions from the standard Maxwell model. From
Table 5.2 we have ε0f̃ ⇔ 1.6 for T = 0.9 and ε0f̃ ⇔ 0.5 for T = 2.0.
Thus, while the response is reduced it is independent of the three
wave vectors and the viscous response is the same. In contrast to
this, the elastic response is enhanced since ςM g̃ > ςM except for
m = 3 and T = 0.9. Moreover, the elastic correction changes with
wave vector. Importantly, the elastic corrections are also observed
for homogeneous systems [248], hence, while we must expect that
the large density in the wall-fluid zone will a!ect the corrections
quantitatively, the corrections are not only a result of the density
inhomogeneity.

Having the Fourier transform ũ(k, t) we can reconstruct the veloc-
ity profile by using the inverse transformation of Eq. (5.4.2) and
from this evaluate the average velocity relaxation in each zone by
↖u(t)↙zone = 1

#z

∫
zone u(z, t) dz, where &z is the width of the zone;

see the zone indices in Fig. 5.1. Due to symmetry, we can aver-
age over zones A1 and A2, B1 and B2, and C1 and C2; the average
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Figure 5.5: Velocity relaxation in the di!erent zones of the
channel. Colors are the simulation data, the black lines corre-
spond to the reconstructed velocity relaxations using the three
lowest Fourier modes. The images on the left-hand side corre-
spond to T = 0.9, the images on the right-hand side correspond
to T = 2.0.

zones we denote A, B and C. For T = 0.9 the averaged relaxation
dynamics is captured very well, see Fig. 5.5, in particular the modi-
fied Maxwell model predicts the spatial non-monotonicity which the
standard Maxwell model cannot. For T = 2.0 the agreement is not
as good which is to be expected from the spectral fits, however, we
still capture the non-homogeneous behavior.

In Fig. 5.6 the relaxation dynamics for T = 0.9 is reconstructed by
inclusion of di!erent modes. From (a) and (b) one clearly observes
that the modes m = 2 and m = 3 fail to capture the short time
dynamics, in particular, the local maximum around t = 1 in zone
B is absent. In Fig. 5.4 (c) modes m = 1 and m = 3 are included
and the di!erent features are captured quite well, hence, we con-
clude that the non-monotonic behavior is due to the system longest
wavelength response.
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Figure 5.6: Velocity relaxation dynamics in the di!erent zones
for T = 0.9. Symbols connected with lines are simulation data
and lines are predictions from the modified Maxwell model us-
ing the modes (a) m = 1, (b) m = 2, (c) m = 3, (d) m = 1 and
m = 3, (e) m = 2 and m = 3.
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5.5 Conclusion

In this paper we performed a spectral analysis of the relaxation
dynamics of a visco-elastic fluid in a nano-scale channel. This was
done by molecular dynamics simulations of a system relaxing from
a sinusoidal velocity profile with characteristic wave vector d3 to
the zero flow state. The simulation results were compared with
two di!erent models, namely, the two element Maxwell-Wiechert
model and a modified Maxwell model introducing separate spatial
non-locality for the viscous and the elastic response.

The initial steady-state profile features excited long wavelength
modes, i.e. for wave vectors km ′ d3, and non-excited modes when
km > d3. This is in agreement with the findings in Ref. [242]. We
conjecture that the long wavelength modes are due to shear force
modes exerted by the walls in the flow situation. To elucidate this
further, di!erent surface morphologies should be tested, as was re-
cently done in a related context [109].

For the relaxation of the Fourier modes the modified Maxwell model
fits data better than the Maxwell-Wiechert model. Moreover, the
Maxwell-Wiechert model has a large parameter space since we did
not have information about the partial shear pressures, and this
leads to a sloppy model. We therefore focused on the modified
Maxwell model. For this model, it is found that both the viscous
and elastic elements should be corrected and that these corrections
are length scale dependent for the elasticity. Specifically, we observe
a reduced viscous response, but an increased elastic response for the
length scales studied here.

It is clear from the spectral analysis that two modes govern the av-
eraged relaxation dynamics: One is the external mode, given by d3,
and the other is the mode given by the system’s longest wavelength
with wave vector k1 = π/h.

In general, we find that the modified Maxwell model performs bet-
ter for T = 0.9 than T = 2.0, that is, in the more viscoelastic state.
Recall that Maxwell-type models are usually designed to describe
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viscoelastic relaxation, rather than kinetic short-time contributions
that become more prominent at higher temperatures. This could
be a physical mechanism why we observe better performance of the
modified Maxwell model for T = 0.9. For T = 2.0, the spectral re-
laxation predictions are not accurate and the model fails to capture
the local maximum at t = 2 and m = 2. However, this maximum
has an insignificant e!ect on the averaged relaxation curves. The
maximum is featured in the Maxwell-Wiechert model, which is not
surprising considering the large parameter space, and the physical
interpretation of the maximum is still unknown.

The two hydrodynamic models applied here were both based on the
fundamental assumptions of constant density and local mechanical
responses, and were not able to capture all the dynamical features
in the relaxation process, in particular, for T = 2.0 the agreement
is poor. To improve the modeling one should therefore relax the
assumptions, or alternatively, use di!erent underlying descriptions
like the generalized collective mode formalism, see Refs. [254] and
[258]. Moreover, the hydrodynamic treatment entails a decoupling
of modes; to investigate the validity of this assumption in detail one
could approach the problem using mode coupling theory [259].







Chapter 6

Summary and Outlook

In the scope of this thesis, we investigated viscoelastic fluids both
from a macroscopic and a microscopic perspective. In the first
project, we studied the spreading process of droplets in microgravity.
There, experimental results, which were obtained in microgravity,
were complemented with Volume-of-Fluid simulations, and a strong
agreement between these data was found. Both experimental and
simulation results were compared to well established scaling laws,
which predict how the height and the radius depend on the plasto-
capillary number [47]. Surprisingly, our results show a much better
agreement with the scaling laws in the case of ground experiments
than in the case of microgravity. Since the main di!erence between
the two cases lies in the extent to which surface tension influences
the system, we propose that the surface tension of viscoelastic flu-
ids exhibits a behavior that remains poorly understood. This is also
supported by measurements of the surface tension of viscoelastic flu-
ids, which show that the value obtained is not constant but shows
pronounced hysteresis e!ects [29, 30].

Motivated by this deviation, the surface tension of viscoelastic fluids
was investigated from a microscopic perspective, using molecular-
dynamics simulations. There, we found a pronounced shear-rate

129



130 CHAPTER 6. SUMMARY AND OUTLOOK

dependence of the surface tension, which can be split into two con-
tributions: One contribution stems from the bulk of the fluid, and
can be related to the theory of normal stresses in fluids, whereas an-
other contribution originates from the surface region itself. In both
regions, one can observe a quadratic dependence on the shear-rate,
but in the case of the surface, this dependence is much weaker. With
this result, our microscopic results are also highly relevant for exper-
iments: From an experimental point of view, this would mean that
the value of the measured surface tension depends on the amount of
material which is used. This at least should be taken into account
when experiments are conducted.

In the last chapter, we investigated the e!ect of relevant length
scales in viscoelastic fluids. It is known that a fluid which is confined
on the nanoscale cannot be fully described by constitutive laws
which are established for macroscale descriptions. For example, the
viscosity on these lengthscales is not seen as a constant anymore,
but as a spatially dependent variable. Also, we identify that due to
non-local e!ects in fluids, we get a pronounced mode dependence
in the fluid, which is not seen either on the macroscale. In this
last project, we investigated the properties of viscoelastic fluids
on the nanoscale in more detail and by analyzing how di!erent
modes of the fluid are relaxing, we related this to the Maxwell model.

Each of the projects presented in this thesis opens up new and in-
teresting research questions. Starting with the spreading process of
viscoelastic droplets in chapter 3, one particularly intriguing aspect
that was not investigated within the scope of this thesis concerns
the internal stresses. During the VIPDROP campaign, in addi-
tion to shadowgraphy experiments presented here, particle-image
velocimetry (PIV) and stress-optical measurements were also con-
ducted [161]. In principle, these data allow for the extraction of
both the temporal and spatial evolution of velocities and stresses
inside the droplets. Such information could also be obtained from
the numerical simulations that we already conducted for the study
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in chapter 3. A combined experimental and computational study
of this kind would not only provide deeper insights into the phys-
ical mechanisms governing droplet dynamics, but also improve our
understanding of droplet stability under various gravitational con-
ditions.

For this study, it is essential to further improve the analysis of stress-
birefringent images. The main challenge lies in reconstructing the
stress field, which is a three-dimensional tensor field, from its two-
dimensional projections. While the reconstruction of scalar fields
from projections is a well-established mathematical problem with
applications also in medicine, only a few studies have addressed the
corresponding problem for tensor fields [260–263].

Another promising direction for future research concerns the exper-
imental setup itself. At present, the focus lies on the investigation
of single droplets. However, for industrial applications such as 3D
printing, it would be of great interest to study the coalescence of
multiple droplets, as this process is much more relevant to practical
applications.
Another possible experimental setup would be the that of an oscil-
lating bubble. Possible research directions in this field would be to
first derive a Rayleigh-Plesset-like equation for the bubble radius,
using a similar constitutive law as in chapter 3. As bubble oscilla-
tions strongly depend on the surface tension [264, 265], from such a
setup and a proper comparison to experiments, one could gain many
insights regarding the surface tension of viscoelastic fluids.

Also, chapter 4 opens up several new research directions. A first
question concerns the range of validity of the observed shear-rate
dependence of the surface tension. It would be interesting to per-
form similar simulations for more realistic materials instead of the
model system used in this work. In this context, one should also em-
phasize potential applications to active materials. A central ques-
tion would be whether a comparable shear-dependent behavior of
the surface tension can be observed in active systems and how the
density profile of active particles look like. I.e. it would be of high
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interest to find a relation between the properties of active particles
and their behavior near the surface. (When do they behave like a
surfactant? Is the surface still flat?) A possible application of this
could be an investigation on how droplets are spreading, if their ma-
terial includes active material. Such a project would also have many
applications in medicine, where fluids, which contain bacteria, are
used [266, 267].

Furthermore, the definition of surface tension in non-equilibrium
systems remains an open problem. Although various definitions of
surface tension exist, it is still unclear which of them remain valid
under non-equilibrium conditions. This question becomes partic-
ularly relevant for active systems, which are by definition out of
equilibrium, and where even negative values of the surface tension
were reported [101, 268–271].

In chapter 4, we identified a distinct interfacial region that we re-
ferred to as the “surface region”. Future work should include a
detailed investigation of its temperature dependence. The physical
motivation stems from glassy systems, where it has been observed
that near surfaces, characteristic length scales increase with temper-
ature [102].

Another promising direction would be to relate our findings to the
Mode-Coupling Theory of the glass transition (MCT). In MCT, it
has been shown that the normal stresses exhibit a ↽̇2-dependence
[272, 273]. Developing an analogous theoretical framework for the
surface tension could provide further insight into the mechanisms
behind this shear-rate dependence.

Finally, these e!ects should be explored experimentally. While
progress has been made in this direction [274, 275], a precise de-
termination of the surface tension under shear conditions is still
lacking.

Finally, chapter 5 also leaves room for several open research ques-
tions. As in the previous chapter, the present investigation was
limited to a model fluid. For practical applications, it would be
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highly interesting to perform simulations with more realistic fluids,
such as water or alkanes. Additionally, in this project, we observed
that, under steady-state conditions, a variety of di!erent modes were
excited. The underlying physical mechanisms responsible for this
behavior, however, remain to be clarified.
Moreover, in the interpretation of the data, a Gaussian shape was
assumed for the kernel of the viscosity. This choice is a simplifica-
tion and may not fully capture the true behavior of the system. A
promising direction for future work would therefore be to investigate
the actual form of the kernel and assess its impact on the observed
dynamics.
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Molecular Dynamics
simulations of Al-Ti
metallic alloy melts using
a transferable machine-
learning potential

We investigate the structural and dynamical properties of binary
metallic alloys, consisting of Aluminum and Titanium, in depen-
dence of temperature and composition. For this, we make use of
MD-simulations, using a transferable machine-learning potential,
developed by Song et al. [1] and compare our results to experimental
data.
Although this potential was initially trained on solid properties, we
find a very good agreement between the experimental data and the
simulation results for the liquid state.
Specifically, we find a qualitative agreement in the study of the ex-
cess volume, which shows that the mixing mechanisms between the
di!erent atoms can be reproduced by the potential. Also for dy-
namical properties like the viscosity and the di!usion coe"cient, we
obtain a qualitative agreement.
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Introduction

As alloys are produced from their melts, exact knowledge of the
thermophysical properties of the melts is important [2–4]. Owing
to their low density and high tensile strength, Al-based alloys play
a key role in aeronautic and automotive applications [5–8]. The bi-
nary aluminum alloys where Al is combined with a semi-noble metal
provide good reference systems, and thus have been the focus of ex-
perimental and computational studies: for example AlNi and AlFe
[9], AlAg and AlCu [10], AlAu [11, 12], or AlTi [13, 14]. Especially
AlTi is an exciting material due to its high melting temperature,
strong chemical bonding, and technological relevance in lightweight,
high-strength applications.

Molecular Dynamics simulations access the relevant length- and
time scales to predict thermophysical and transport properties of
melts, in particular as input quantities for further coarse-grained
simulations of material properties. However, they rely on ultimately
empirical interaction potentials between the atoms to describe a spe-
cific system. The search for a suitable interaction model is generally
laborious and time consuming. Traditional approaches include the
EAM or similar empirical fits to force fields determined in quantum-
mechanical calculations.

A more modern approach is to use machine-learning methods for
the task of approximating the interparticle forces as functions of
the atomic positions. Typically ab initio simulation data are used
to train a neural network representing the interaction potential, in-
cluding also solid-state experimental properties. This approach is
increasingly gaining traction in the description of alloy melts [15–
18]. In principle, neural network potentials can be transferrable:
once trained on a su"ciently large training set, a suitably large
neural network has the capability of describing not just a specific
alloy but rather a larger set of materials. However, the performance
in comparison to experimental data related to the melt remains to
be checked, since also a neural-network-based potential can only be
as good as the underlying ab initio calculation.
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In the present study we investigate the predictive capabilities of a re-
cent proposal of a very broadly transferable machine learning poten-
tial, the NEP-potential NEP89 [19], for the dynamics of AlTi alloy
melts. The model has been trained on a large basis of data, and mod-
els of the same architecture have demonstrated success in the sim-
ulation of nanostructures [20], diamonds [21], and HCP-zirconium
[22]. By performing MD-simulations using NEP89 for AlTi melts
and comparing key thermophysical properties and transport coe"-
cients with the available experimental data, we provide a stringent
test for the transferability of the potential in a highly application-
relevant context. This provides a key validation for the potential for
AlTi systems.

We evaluate both structural and dynamical properties of AlTi melts
for di!erent compositions and temperatures. We observe good
agreement with experimental data in general, emphasizing the gen-
erality of the NEP potential.

The paper is structured as follows: We start by investigating the
composition dependent atomic volumes of the binary alloys, and
especially the atomic excess volume which quantifies the deviation
from the ideal-solution behavior which is identical to the linear com-
bination of the atomic volumes of the pure unmixed elements. Simi-
lar to other Al-composites [11], the excess volume becomes negative,
and its minimal value corresponds to the same concentration in both
experiment and simulations. The fact that with the potential, we
can reproduce this data, shows that the potential also covers the
mixing mechanism, which depend on chemical interactions between
the two kinds of particles. We also study the structure of the liq-
uid microscopically. We also get a quantitative agreement between
the structure factors from the simulations and the structure factors,
which were measured experimentally by using neutron di!raction
[23]. We find that the mixing behavior of the alloy significantly
derivatives from the expectations of hard-spheres, but they can be
well compared to the soft-sphere model.

In terms of dynamical properties, we studied the behavior of the
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viscosity, where also an agreement between simulations and experi-
ments was found. Specifically, we see that the qualitative behavior
of the concentration-dependence of the viscosity is similar to the one
found in other alloys, which include Al, like AlAu [11].

We conclude the paper by a discussion of the di!usion coe"cients.

Methods

Computer simulations

We perform Molecular-Dynamics simulations using the open-source
software LAMMPS [24]. As an interatomic potential, we employ the
models developed by [1] and [19]. Unless stated otherwise, all simu-
lations are carried out with N=10000 atoms and periodic boundary
conditions in all three spatial directions. The equations of motion
are integrated using the standard velocity-Verlet algorithm with a
time step of 0.001 ps.

Each simulation run is first equilibrated at 2000 K for 500 ps and
then cooled down to the desired temperature in the NPT ensemble
(constant particle number, zero external pressure, and linearly de-
creasing temperature) for 10 ps. After further equilibration at the
desired temperature, production runs are performed for a time of
200 ps. Temperatures considered in this work are T = 1550, 1650,
1720, 1800, 1873, 1950, 2000, 2100, and 2200 K, Compositions, i.e.,
the Aluminium mole fractions, are given in units of atomic-%, and
include xAl = 0%, 10%, 20%, 30%, 40%, 50%, 60%, 70%, 80%, 90%,
and 100%.

The density is obtained by

ϱ =
N · (xAl · mAl + xTi · mTi)

V
(A.1)

where xi is the concentration of the respective element, mi is the
corresponding atomic mass, N is the number of particles in the box,
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and V is the volume of the system.
For the atomic masses, we used values of mTi = 47.86u and mAl =
26.98u.

The viscosity ε is determined by the Green-Kubo-relation, using
the stress-autocorrelation function of the o!-diagonal stress tensor
elements:

ε =
V

kBT
·

∫ →

0
dt≃↖Pj(0)Pj(t≃)↙j⇐{(xy),(xz),(yz)} (A.2)

where T is the temperature, kB is the Boltzmann constant, t≃ is
the time, and the P ’s are the o! diagonal elements of the stress
tensor. The di!usion coe"cient D was calculated using the long-
time behavior of the mean-squared displacement (MSD) in three
dimensions, according to the Einstein relation:

D =
↖|r(t) ↓ r(0)|2↙

6t
, (A.3)

where r(t) is the position vector of an atom at time t. The radial
distribution function (RDF) was calculated by

g(r) =
1

4πr2&rϱN

N∑

i=1

∑

j ⇒=i

5[r,r+#r)(rij) (A.4)

where ϱ is the number density, &r is the width of the bin, and 5(x)
is 1 when x ∝ [r, r + &r) and 0 otherwise. The function qualifies
the probability of finding a particle at a distance r from a reference
particle, normalized by the average density.

The coordination number (CN) was evaluated using two di!erent
approaches following the calculation of the radial distribution func-
tion (RDF). The first method is based on the integration of the first
peak of the radial distribution function g(r). With this method, the
coordination number is given by

CN = 4πϱ

∫ rc

0
r2g(r) dr, (A.5)
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where ϱ is the atomic number density and rc is the cuto! distance
corresponding to the first minimum of g(r). This integration yields
the average number of neighboring atoms within the first coordi-
nation shell. The second method utilizes atomic configurations ob-
tained from the simulations. For each atom i, the number of neigh-
boring atoms j within the cuto! radius rc was directly counted as

CNi =
∑

j ⇒=i

((rc ↓ rij), (A.6)

where rij is the distance between atoms i and j, and ( is the Heav-
iside step function. The average coordination number was then ob-
tained by averaging over all atoms and sampled configurations.
We also calculate the static structure factor S(q), assuming that the
system is isotropic:

S(q) =
1
N

 N∑

j=1

N∑

k=1

e↓iq|rj↓rk|
〉

(A.7)

In our calculation, for each q, we choose 120 di!erent directions
and sum up the atomic distances directly. For e"ciency reasons,
we only sum up those distances, which are smaller than a cuto!-
distance rc = 15Å.

Experiments

The experimental data shown in this work is all taken from litera-
ture. As liquid Ti alloys are chemically highly reactive, containerless
processing techniques, such as electrostatic or electromagnetic lev-
itation is the method of choice in order to avoid pollution of the
samples due to reactions with a substrate or a crucible. The data
of density, molar volume and the structure factor are measured con-
tainerless. Density and molar volume shown here [25] are measured
in electromagnetic levitation [26] using a shadow graph technique
sometimes referred to as optical dilatometry [27]. In this technique,
a shadow of the levitating droplet is projected from the side onto
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the sensor of a camera. After recording a series of images, the sam-
ple volume is determined by integration of the time-averaged edge
curve. Rotational symmetry regarding the vertical axis is assumed
for the equilibrium shape. The uncertainty of this method is ±1.5%
The experimental structure factor S(q) is measured at ILL by the
neutron scattering method [23] in electrostatic levitation [27, 28].
The viscosity data shown in this work is measured by Takeda [29]
using the oscillating cup technique [27]. Very good care has been
taken here in order to avoid crucible reactions in the latter case. In
the oscillating cup technique, the melt is inside a cylindrical cru-
cible which is suspended by a torsion wire and performed angular
oscillations which decay with time due to the inner friction of the
liquid. The decay time is measured by an optical arrangement and
the viscosity is calculated from it by numerically solving the Navier-
Stokes equations for that problem. The uncertainty of this method
can vary up to ±20% .

Results

Densities

Figure A.1 shows the mass density and the corresponding molar vol-
ume as a function of the composition, at fixed temperature. Over-
all, the simulation results are in good agreement with experimental
data, although a systematic overestimation of the density (and cor-
responding underestimation of the molar volume) is seen on the
Ti-rich side. The error is on the order of 5% and becomes notice-
able for xAl ↫ 0.5. Still the simulation captures well the fact that
in this regime, the molar volume remains almost independent of
concentration, while for xAl ⊜ 0.5 the molar volume increases with
increasing Al content noticeably. Possible causes for the deviation
on the Ti-rich side include limitations of the interatomic potential
training set [19], which may underrepresent Ti-rich configurations.
Alternatively, although the experimental values are supported by
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Figure A.1: Panel a) shows the mass density of the AlTi melts
at T = 1873 K as a function of Aluminium concentration. Black
circle symbols joined by dotted lines are simulation data, blue
squares represent experimental data from Ref. [30]. Panel b)
shows the corresponding molar volume.
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Figure A.2: Excess volume as a function of Al concentration at
fixed temperature T = 1873 K. Circle symbols joined by dashed
lines represent the simulation data, squares the experimental
data from Ref. [30].

multiple literature sources [25, 31], a systematic experimental error
cannot be fully ruled out.

A convenient measure to quantify non-ideal mixing of the two com-
ponents of the melt is the excess volume, defined as

Vexcess = V ↓ (xAlVAl + xTiVTi) , (A.8)

where V is the volume of the mixture, and VAl and VTi, respectively,
are the volumes of the pure systems. By this, the excess volume
measures the derivation from the ideal-mixing behavior.

Figure A.2 compares the simulation results with available experi-
mental data. Due to an unexpected change of sign in the experimen-
tal data at low Al-concentrations, we can estimate the experimental
error to be in the order of 0.3 cm3/mol.

Within the estimated experimental uncertainty, the simulation re-
produces the general trend observed in experiments. A negative
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Figure A.3: Static structure factor for pure Aluminium. Blue:
1745K, lightblue: 1845K, orange: 1900K, red: 1965K, black:
simulation at 1950K. Experimental data taken from [23]

excess volume is found, most pronounced at a concentration of
xAl ⇔ 0.6 ± 0.1 in both experiment and simulation.

Static structure factor

The MD-simulation allows to connect the composition dependence
of the transport coe"cients and thermophysical properties to the
changes in microscopic structure. Figure A.3 shows the static struc-
ture factor for pure Ti at di!erent temperatures obtained from sim-
ulations and experiments. Overall, the agreement between simula-
tions and experiment is very accurate. One can observe that the
peak positions are recovered by the simulations very well. Never-
theless, derivations in the height of the first peak can be found. A
possible explanation for this behavior could be a shifted tempera-
ture scale in the simulations, which still has to be investigated.
Similarly, we can compare the inverse coordination number, ob-
tained from simulations, with the experimental volume in figure
A.4. Also there, we see a nice agreement between simulations and
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Figure A.4: Inverse coordination number from simulations (red
and black), and experimental volume (blue)

experiment. Also, the partial radial distribution functions gϑϖ(r) are
natural quantities to characterize this structure. Figure A.5 shows
the evolution of this quantity for a constant temperature, and dif-
ferent concentrations. Interpreting the peak positions, one can con-
clude that there occurs some compression in the second-neighbor
Ti-shells, when the Al-concentration increases. A comparison of the
functions for AlAl and TiTi shows that the e!ective radii of the
atoms are rather close. This could also explain why there is not a
lot of structural change.

A common model for mixing e!ects in metallic melts is that of hard
spheres of di!erent sizes, where each atomic species is assigned an
e!ective size. One way of estimating this size is via the position of
the first peak in the pair distribution functions. We show the compo-
sition dependence of these quantities in Fig. A.6. Note that for the
hard-sphere model, the peak positions would be solely given by the
sizes of the spheres, and be independent of composition. Instead, we
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Figure A.5: Partial and total radial distribution functions g(r)
at fixed temperature T = 1873. Color codes the Al concentra-
tion from dark (xAl = 0%) to bright (xAl = 100%).
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Figure A.6: Solid line: First-peak position of pair correlation
function against concentration with 10000 particles at 1873K.
Dashed line: First-peak position from Soft-sphere model /HNC-
closure.
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(a) xAl = 70% (b) xAl = 90%

Figure A.7: Temperature dependence of the viscosity for di!er-
ent concentrations. Red symbols correspond to experimental
data points. We show the concentration, where we got the best
agreement between simulations and experiments (70%), and the
one with the worst agreement (90%).

observe a monotonous increase of both the AlAl and the TiTi peak
positions with increasing Al concentration. A similar trend has been
seen in AlAu and was interpreted as a local compression. For the
AlTi melt studied here, the compositional changes in microstruc-
ture are in fact well explained by a simple soft sphere model, the
so-called HNC-closure, first established by Verlet and Hansen in the
1970s [32, 33]. This approximation generally describes fluids with
soft or long-range interactions, such as ionic or metallic liquids, and
serves as a key tool for predicting structural and thermodynamic
properties from microscopic potentials. In figure A.6, one can see
that with this model, we get a precise agreement between simula-
tions and theoretical prediction.

Viscosity

Figure A.7 shows the temperature dependent viscosity for selected
compositions where experimental data is available. In the temper-
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Figure A.8: Viscosity of the Al-Ti melts as a function of Al
concentration, for fixed temperature T = 1873 K. Black sym-
bols connected by dashed lines are the simulation results, blue
squares represent experimental data.

ature range considered in this work, the viscosity closely follows
an Arrhenius law, as corresponding fits (dashed lines in the figure)
show. With the exception of pure Al, we observe that the NEP po-
tential predicts slightly lower activation energies and slightly lower
overall viscosities than those measured in experiment. The largest
discrepancy occurs at xAl = 0.9, where the experimental viscosity is
significantly larger than in the simulation.

The reason for this strong deviation is unclear. By comparing the
data for xAl = 0.8 and xAl = 1.0 , we note that in these cases, the
agreement between simulation and experiment is much better.

To investigate more clearly the concentration dependence of the vis-
cosity, we show results at fixed temperature in Fig. A.8. The viscos-
ity displays are clear maximum at intermediate composition; this is
an e!ect quite robustly found in various binary alloy systems such
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Figure A.9: Concentration-dependent di!usion coe"cients of
the Al-Ti melt at T = 1720 K.

as HgNa, PbTi [34], and AlNi [35].

In the case of AlTi, the NEP simulation predicts a maximum at
around xAl ⇔ 0.3 for the chosen temperature, i.e., at somewhat lower
Al concentrations as the one where the cross-over in the atomic vol-
ume and the minimum of the excess volume are seen. The available
experimental data on the Al-rich side agree well with our simulation
results.

Di!usion coe"cient

Figure A.9 shows the di!usion coe"cient as a function of concentra-
tion. The overall di!usion coe"cient, L, is defined as the weighted
average

L = xAl DTi + xTi DAl, (A.9)
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Figure A.10: Di!usion coe"cients as a function of temperature.
Green lines represent DAl, orange lines represent DTi, and blue
lines represent DAll. Solid lines correspond to xAl = 100%,
dashed lines to xAl = 50%, and dotted lines to xAl = 0%.
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Figure A.11: Concentration-dependent hydrodynamic radius
rSE from the Stokes–Einstein (SE) relation of the Al-Ti melt
at T = 1873 K.

where x is the Ti atomic fraction. This quantity provides a refer-
ence for the average mobility of the liquid mixture. Since di!usivity
and inverse viscosity are both measures of the fluidity of a system,
from the maximum in the viscosity one expects the di!usion coef-
ficients to show a mixing-induced minimum. This is indeed seen
in Fig. A.9. The minima in the self-di!usion coe"cients occur at
slightly di!erent concentrations.

The temperature dependence of the di!usion coe"cient can be seen
in figure A.10. As expected, the di!usion becomes larger at larger
temperatures. To further understand the relation between atomic
di!usion and viscous flow, we estimated the e!ective hydrodynamic
radius rSE from the Stokes–Einstein (SE) relation, rewritten here
with rSE as the dependent variable:

rSE =
kBT

6πDiε
(A.10)

where Di is the self-di!usion coe"cient of each species and ε is the
dynamic viscosity of the liquid at T = 1873 K. The resulting values
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are shown in Fig. A.11 as a function of composition. It is evident
that rSE varies considerably with composition, despite the fact that
the first peak position of the radial distribution function, rG(r)/2,
remains nearly constant.

Conclusion

In conclusion, we investigated the thermophysical properties of Al-
Ti-melts and by this validated the NEP89 potential.
In our study of static properties, we observed very good agreement
between simulation-derived densities and experimentally measured
densities. We found that in the Ti-rich case, deviations between
these methods are much more pronounced. Future work will focus
on a detailed investigation of this phenomenon. Specifically, one
intriguing research question would be how the density and volume
are a!ected by contamination, which is omnipresent in experiments.
Such contaminations could in principle be modeled by the same
potential as the one we used in these simulations.

Moreover, in the comparison of structural properties, such as the
static structure factor and pair-correlation function, we observed
very good agreement between simulations and experiments. This
indicates, that the structure of the real material is well reproduced
by the simulations. By tracking the first-peak-position of the pair-
correlation function, we found that the peak-position is changing,
when changing the concentration. This indicates that the particles
are not behaving like hard spheres. We showed that they behave like
soft spheres by comparing our results to a HNC-closure calculation.
From this, we can conclude that also chemical reactions play a key
role in the interaction.

Furthermore, the investigation of dynamical properties revealed very
good agreement between simulations and experiments. As the po-
tential is mainly trained on solid properties and also the applications
of this potential are mainly related to properties of a solid material,
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this is not trivial. When for example investigating the concentration
dependence of the viscosity, it turns out that experiment and simu-
lation are in very well agreement. Nevertheless, we observe that the
temperature dependence of viscosity does not agree well across all
compositions. The phenomenon that machine-learning potentials do
not recover the temperature dependence of the material exactly, is a
phenomenon which also occurred in other studies [36]; and future re-
search will include the investigation of this temperature dependence,
especially in the region of the glass-transition temperature.







A thin-film analysis of
viscoelastic
shear-thinning fluids
using a droplet geometry

We study the thin-film behaviour of shear-thinning viscoelastic flu-
ids. As an analytical approach, we make use of the lubrication
approximation, i.e. we approximate the governing equations of mo-
tion such that they describe the behaviour of a thin film.
It turns out that we have to make use of a two-parameter scaling
law in order to describe the droplet’s behaviour on all timescales
correctly.
We also present simulations, which describe the spreading of shear-
thinning viscoelastic droplets and find a very accurate agreement
between simulations and analytical prediction.
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Introduction

Viscoelastic fluids, owing to their unique rheological properties, find
extensive use across various industrial applications, spanning ink-
jet printing [37], spray coatings [38], diesel injections [39], additive
manufacturing [40], pesticide deposition [41], and surface cooling
[42], among others. Understanding the intricacies of wetting and
spreading phenomena within these applications remains paramount
for optimizing performance and e"ciency.

On the theoretical front, the spreading behavior is often elucidated
through thin-film equations, which rely on the lubrication approxi-
mation derived from hydrodynamic equations of motion, first done
by Reynolds in 1886 [43]. This theory was then extended to both
di!erent flow geometries and generalized Newtonian fluids (see for
example [44–48]). Over recent years, significant progress has been
made in formulating thin-film equations tailored to both viscoelastic
and shear-thinning fluids individually [49–55]. However, an unad-
dressed gap persists in deriving thin-film equations capable of accu-
rately capturing the behavior of fluids exhibiting a combination of
these rheological properties.

This paper endeavors to bridge this gap by introducing a novel
approach. Our investigation reveals the necessity of employing a
two-parameter scaling law to appropriately describe the spreading
behavior across all relevant timescales, a novel method within the
domain of lubrication approximation.

The focus of our study revolves around the behavior of a viscoelastic
droplet spreading on a pre-wetted surface, with emphasis placed on
measuring the droplet’s height along the z-axis. In order to simplify
the problem, we confine our analytical analysis to the 2-dimensional
scenario.

The structure of the paper is as follows: We commence with
the derivation of thin-film equations tailored to viscoelastic shear-
thinning droplets. Subsequently, leveraging simulations, we delve
into an in-depth exploration of the droplet’s spreading dynamics.
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Finally, we culminate our investigation with a comprehensive com-
parison between the simulation results and a Finite-Element anal-
ysis of the derived thin-film equation, thereby providing a rigorous
validation of our proposed framework.

A thin-film equation for the general-

ized Maxwell-model

Governing equations

Here, we introduce the hydrodynamic conservation laws for vis-
coelastic media. In this part, we reduce ourselves to the 2-
dimensional case due to cylindrical symmetry of the droplets.
We assume having an incompressible liquid with mass density ϱ.
Hence, the law of mass conservation can be written as:

↑ · v = 0 (A.11)

Here, v = (vx, vz) is the velocity field.
Neglecting external forces, the equation of momentum conservation
is expressed by

ϱ
dv

dt
= ↓↑p + ↑ · ϑ (A.12)

with the pressure p and the deviatoric stress ϑ. In this equation,
the operator d

dt represents the material derivative, defined as d
dtA =

φtA + (v · ↑)A.
The deviatoric stress is related to the shear rate ↽̇ (defined as ↽̇ij =
φivj + φjvi for i, j ∝ (x, z)) in the following way:

(
1
ς1

+ φt +
|↽̇|

↽c

)
ϑ = ε

(
1
ς1

+
G→
ε

+ φt +
|↽̇|

↽c

)
↽̇ (A.13)

Here, ς1 is the relaxation time, ↽̇ is the L2-norm of the shear-rate
tensor, ↽c is a (nondimensional) constant, ε is the viscosity and
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G→ is the shear modulus. Note that this equation is similar to the
one discussed in [50]. The principal di!erence is that we included
a shear-rate dependent relaxation time ς↓1 ≃ ς↓1 + |↽̇|/↽c as de-
scribed by [56]. Physically, with this modification, we include the
phenomenon of shear-thinning.
As boundary conditions, we make use of no-slip boundaries at the
solid-liquid interface (vx|z=0 = vy|z=0 = 0) and the Laplace pressure
at the gas-liquid interface:

(ϑ ↓ p1) · n = 2ϑ̂ϖ · n (A.14)

Here, ϑ̂ is the surface tension, n is the normal vector pointing out
of the fluid and ϖ is the curvature of the interface.
As the fluid is incompressible, the height-function can be coupled to
the velocity field:

φth = ↓↑⇑ ·

∫ h

0
dzvx (A.15)

This is the so-called kinematic boundary condition.

Scaling laws

All quantities in x-direction are scaled with a length scale L, the
quantities in z-direction are scaled with the length scale H. Their
ratio H/L = ω is assumed to be small due to the fact that we work
with a thin film.
In contrast to the existing lubrication approximations, we make use
of two timescales, similar to methods described in [57, 58]: Physi-
cally, this means that we observe di!erent processes at small and at
large times.
The small timescale is called T↓, the large timescale is called T+.
We assume them to be related via a small parameter δ: δ ·T+ = T↓.
As we assume having large relaxation times, the relaxation time is
scaled with T+, the other quantities are scaled with T↓. In fact, the
timescale T↓ can be understood as an ’inner droplet-time’.
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Velocities in x-direction are scaled with L/T↓, velocities in z-
direction are scaled with H/T↓. Similar to [50], the pressure is
scaled with P = ε/T↓ · ω2 and the surface tension is scaled with
L · ε/T↓ · ω3. The shear modulus G→ is scaled similar to the relax-
ation time, with ε/T+.
The stress-tensor is scaled as

(
ϑxx ϑxz

ϑzx ϑzz

)
=

ε

T↓
·

(
ϑ↔

xx ϑ↔
xz/ω

ϑ↔
zx/ω ϑ↔

zz

)

Dimensionless equations

Note: Due to notation’s brevity, until now, we write the non-
dimensional quantities without the "*".
With the aid of the scaling laws derived in the previous section, we
can formulate the governing equations in a non-dimensional form.
The mass conservation is already non-dimensional.
The non-dimensional momentum equation is given by:

ω2 · Re ·
dvx

dt
= ω2(φxϑxx) + φzϑzx ↓ φxp

ω4 · Re ·
dvz

dt
= ω2(φxϑxz + φzϑzz) ↓ φzp

(A.16)

Here, the Reynolds-number is defined Re = ϱL2/Tε.
The norm of the shear-rate can be formulated in the following non-
dimensional, explicit way, using that this tensor is symmetric by
definition:

|↽̇| =


(2φxvx)2 + (2φzvz)2 + 2 · (ωφxvz + φzvx

ϱ
)2

T↓
(A.17)

Using that the time-derivative appears on both timescales (φt ≃
1

T+
φt + 1

T
→

φt), for the diagonal components of the constitutive law,
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we get the following equations:
(

1
T+ς1

+
1

T+
φt +

1
T↓

φt +
|↽̇|

↽c

)
ϑxx

= 2 ·

(
1

T+

[ 1
ς1

+ 1
]

+
1

T+
φt +

1
T↓

φt +
|↽̇|

↽c

)
· φxvx

(A.18a)

(
1

T+ς1
+

1
T+

φt +
1

T↓
φt +

|↽̇|

↽c

)
ϑzz

= 2 ·

(
1

T+

[ 1
ς1

+ 1
]

+
1

T+
φt +

1
T↓

φt +
|↽̇|

↽c

)
· φzvz

(A.18b)

The o!-diagonal expression is given by
(

1
T+ς1

+
1

T+
φt +

1
T↓

φt +
|↽̇|

↽c

)
1
ω

ϑxz

= 2 ·

(
1

T+

[ 1
ς1

+ 1
]

+
1

T+
φt +

1
T↓

φt +
|↽̇|

↽c

)
·

(ωφxvz +
1
ω

φzvx)

(A.19)

From the Laplace-pressure, we get two equations:
One is obtained by multiplying the condition with the normal vector,
the other with the tangential vector from left:

ϑzz ↓ 2ϑxzφxh

1 + ω2(φxh)2
+ ω2 ϑxx · (φxh)2

1 + ω2(φxh)2
↓ p

ω2

=
1
ω2

φ2
xh

[1 + ω2(φxh)2]3/2

(A.20)

0 = [1 ↓ ω2(φxh)2]φxh · ϑxz + ω2(φxh)2[ϑzz ↓ ϑxx] (A.21)

Here, the normal vector n and the tangential vector t are defined as

n =
1√

1 + (φx)2

(
↓φxh

1

)
(A.22)

t =
1√

(φxh) + (φxh)2

(
φxh

(φxh)2

)
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The curvature of the interface is expressed as:

ϖ =
φ2

xh

(1 + (φxh)2)3/2
(A.23)

The thin-film equation

In this step, we use the non-dimensional equations from section 6
and neglect all terms which are of order ω and higher.
With this, the momentum equation reduces to

φzϑxz = φxp + O(ω) (A.24)

0 = φzp + O(ω)

From the Laplace pressure, we get the following relation:

p|z=h = ↓φ2
xh (A.25)

as well as

0 = φxh · ϑxz (A.26)

As φxh →= 0, from the last equation, it follows that ϑxz|z=h = 0. If
we integrate the momentum equation with respect to z, we get:

ϑxz = (z ↓ h) · φxp (A.27)

A Taylor-expansion around ω = 0 gives the following expression for
the norm of the shear-rate:

|↽̇| =

∞
2

T↓
·

1
ω

|φzvx| + O(1) (A.28)

The o!-diagonal component of the stress tensor can then be written
in the following way:

 1
T+ς1

+
1

T+
φt +

1
δT+

φt +

∞
2|φzvx|

ωδ↽c · T+

1
ω

ϑxz

= 2
 1

T+

[ 1
ς1

+ 1
]

+
1

T+
φt +

1
δT+

φt +

∞
2|φzvx|

ωδ↽c · T+


·

(ωφxvz +
1
ω

φzvx)

(A.29)
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Multiplying by ω and neglecting all terms which are of order ω2 gives
the following equation:

 1
T+ς1

+
1

T+
φt +

1
δT+

φt +

∞
2 · |φzvx|

ωδ↽c · T+


ϑxz

= 2 ·
 1

T+

[ 1
ς1

+ 1
]

+
1

T+
φt +

1
δT+

φt+
∞

2
ωδ↽c · T+

· |φzvx|


· φzvx

(A.30)

Now, we balance all terms which are of the same order of δ individ-
ually:

(
1

δ · T+
φt +

∞
2

ωδ↽c · T+
· |φzvx|

)
ϑxz

= 2 ·

(
1

δ · T+
φt +

∞
2

ωδ↽c · T+
· |φzvx|

)
φzvx

(A.31a)
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[ 1
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+
1

T+
φt

)
φzvx

(A.31b)

In the second step, we take the limit ω ≃ 0. Then our equations can
be written as:

(∞
2|φzvx|

↽c · T+

)
ϑxz = 2 ·

( ∞
2

↽cT+
· |φzvx|

)
φzvx (A.32a)

(
1

T+ς1
+

1
T+

φt

)
ϑxz

= 2 ·

(
1

T+

[ 1
ς1

+ 1
]

+
1

T+
φt

)
φzvx

(A.32b)

Finally, we can solve both equations. The first equation obviously
represents the small-time regime. It turns out that in this regime,
we find two distinct solutions: |φzvx| = 0 and 2 · φzvx = ϑxz.
The thin-film equation which corresponds to the first solution is
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obviously given by φth = 0. The second one corresponds to a New-
tonian thin-film equation.
The second equation represents the large-time regime. There, we
see that this is a known problem, solved by [50]. This describes the
behaviour of a thin-film of a Je!rey’s fluid without shear-thinning.
As we assume having a smooth transition from the small to the large
time regime, we choose the solution φth = 0 as a solution for the
small-time regime.
Finally, we define a transition time ςtran, which describes the time,
in which the behavior of the thin-film changes. From the argumen-
tation above (especially formula A.31a), it follows that this time the
following conditions should be fulfilled: ωδ↽c = O(1) and δ = O(ς1).
It directly follows that ςtrans ⇐ ↽↓1

c and ςtrans ⇐ ς1.
As a consistency check, we note that for ↽c ≃ ∈ the transition time
becomes 0. This corresponds to our expectation because this means
that the ’no-shear-thinning’-behavior is starting at the beginning.
In the case ↽c ≃ 0, the transition time becomes infinite, which
means that we have a finite height in the whole process. This cor-
responds to the research of Jalaal for the Bingham fluid [59].
Furthermore, for an infinite relaxation time, the transition time also
becomes infinite. This also corresponds to the case of the yield stress
[59].

Numerical Analysis

Simulations

Here, we present the simulations, carried out with the open-source
free-software language BASILISK C [60, 61].
With this, we make use of an adaptive mesh refinement based on
wavelet estimated discretization errors. BASILISK C makes use of a
volume of fluid technique to track the interface. It makes use of a
color function f (f = 1 in the liquid and f = 0 in the gas), which
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satisfies the scalar-advection equation. One solves the governing
equations using a one-fluid approximation [62, 63].

All plots, if not mentioned else, present the maximal height of the
droplet in time. A more in-depth description of the individual pa-
rameters can be found in the appendix. In our simulations, we
investigated the spreading of droplets which are described by an
Oldroyd-B fluid, first introduced by Oldroyd in 1950 [64]. More
specifically, we investigated both the case with shear-thinning and
without shear-thinning.
As an initial condition, we made use of a function of Gaussian type:

h(x) = exp

↓x2


+ h→ (A.33)

The governing equations of our simulations were given by the well-
known mass-conservation equation for incompressible fluids

↑ · v = 0 (A.34)

and the momentum conservation equation

ϱ ·
d

dt
v = ↓↑p + ↑ · ϑ + Fext (A.35)

This tensor is defined by a constitutive relation.
One assumes the stress to consist of two di!erent parts, the Newto-
nian part and the polymeric part.
The Newtonian part can be described by ϑ = εN · ↽̇.
To describe the polymeric part, we use Maxwell’s idea, that the fluid
behaves like a solid on small timescales and on large timescales, it
starts to flow. Hence, the polymeric part can be described by

1
ςeq

· ϑ +
↭
ϑ = G→ · ↽̇ (A.36)

or ϑ + ςeq
↭
ϑ = εP · ↽̇

In this definition, one can see that the relation between the shear-
modulus and the polymeric viscosity is given by

ςeq · G→ = εP (A.37)
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The sign ↭ indicates the upper-convected time-derivative, defined
as

↭
A =

d

dt
A ↓ (↑v)T · A + A · (↑v) (A.38)

The total stress is then given by the sum of the Newtonian part and
the polymeric part. Hence, the full constitutive law can be written
in the following form:

(
1

ςeq
+ ↭.

)
ϑ =

(
1

ςeq
+ ↭.

)
(ϑN + ϑP ) (A.39)

= εN

(
1

ςeq
+ ↭.

)
↽̇ + G→↽̇

(
εN

ςeq
+ G→ + ↭.

)
↽̇ = εN

(
1

⇀ςeq
+ ↭.

)
↽̇

To include shear-thinning, we make use of a shear-rate dependent
relaxation time, following [56], such that

1
ς

≃ 1
ς

+
|↽̇|

↽c
(A.40)

Figure A.13 shows a comparison of the height development for dif-
ferent relaxation times. As shown in the figure, for large times we
recover Tanner’s law, a law which predicts the scaling of the height
for a Newtonian fluid (h ⇐ t↓1/10 in 2 dimensions) [65–67]. Fur-
thermore, this plot shows that for large relaxation times oscillations
occur. They can be explained by the elastic nature of the viscoelas-
tic fluid at small times.
Figure A.14 shows how the maximal height of the droplet is changing
for di!erent values of ↽c, i.e. of di!erent strengths of shear-thinning.
These plots can be connected to our analytical approach, as we can
see that the droplets’ height development is a plateau. For a small
relaxation time, i.e. in figure A.14, one can even observe the transi-
tion time, which is inverse proportional to the parameter ↽c.
Finally, we made a scaling analysis of the ’finite height’, which in
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Figure A.12: Shape of the droplet at three di!erent points in
time: The left picture corresponds to t = 0.0, the center picture
corresponds to t = 2.4 and the right picture corresponds to
t = 24. The pictures correspond to the case of ϱ = 1 and
ωc = 1/10.

our case means the height of the plateau: In figure A.15, one can see
how the finite height scales with ↽c. As we assume the yield stress
to be G→ · ↽c, we can recover the scaling law of [59] in this plot.
Similarly, we get the scaling law of the gravitation in figure A.16.
Another free parameter of our simulations is the surface tension. In
figure A.17, one can see the simulation results for di!erent values
of the surface tension, scaled with an e!ective relaxation time ςeff .
As shown in this figure, the only e!ect of the surface tension is the
determination of a timescale. As shown in the inset, this e!ective
relaxation time is inverse proportional to the surface tension.

Finite-Element-Analysis

In addition to the simulations, which solve the full Navier-Stokes
equation numerically, we also solved the thin-film equation for the
Je!rey’s model numerically. To do so, we used the open-source-
package fenics.
A detailed description of these calculations can be found in the ap-
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Figure A.13: Height evolution of the droplets for di!erent re-
laxation times in the case without shear-thinning (ωc ≃ ∈)

Figure A.14: Height evolution of droplets with di!erent shear-
thinning impact for a constant relaxation time of ϱ = 1.



198 THIN-FILM ANALYSIS

Figure A.15: Scaling of the final height with the yield stress
(⇐ ωc). The numerical data corresponds to the case of ϱ = 50
and di!erent values of ωc.

Figure A.16: Scaling of the final height in dependence of the
gravitational force. The numerical data corresponds to the case
of ϱ = 50 with ωc = 0.
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Figure A.17: Evolution of the droplet height for di!erent sur-
face tensions. The relaxation time is in all cases ϱ = 1, and
we used the case without shear-thinning. For each graph, the
time is scaled with an e!ective relaxation time. The e!ec-
tive relaxation time is 10, 2, 1.4 and 1 for the surface tensions
10, 50, 70, 100. The relaxation times fulfill ϱeff ⇐ 1/ϖ̂, see inset
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Figure A.18: Comparison of the numerical solution of the thin-
film equation with the simulations. The golden and orange
points correspond to simulations for ϱ = 50, with ϖ̂ = 50 and
ϖ̂ = 100. The blue and purple points correspond to simulations
with ϱ = 1, also for ϖ̂ = 50 and ϖ̂ = 100. One can observe a
very well correspondence between the two methods. The sim-
ulation data is scaled as shown in figure A.17. Note that the
corresponding simulations were done in 2 dimensions.

pendix.
Figure A.18 shows a comparison of the numerical results with the
simulation results. There, the simulation results are scaled with an
e!ective relaxation time, similar to figure A.17. The initial con-
dition of these simulation was chosen such that the initial height
is 0.3, similar to the numerical initial condition. Furthermore, the
simulations were performed only in 2 dimension to have a proper
comparison. Figure A.18 shows that there is an excellent agree-
ment between numerical data from the thin-film equation and the
simulations.
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Summary and Outlook

In conclusion, our study presents a novel thin-film equation tailored
specifically for viscoelastic shear-thinning droplets. Through rigor-
ous testing against the spreading droplet geometry and subsequent
validation via simulations, we have demonstrated the accuracy of
our model.
Our findings underscore the complexity of viscoelastic fluid behav-
ior, pointing out the inadequacy of a single-parameter approach
in capturing the full spectrum of droplet dynamics across di!erent
timescales.

With our approach, we could identify three di!erent regimes of the
height evolution, related to the initial spreading, the yield-stress
regime, and a final viscous-flow regime.

We discussed the di!erent time scales associated to these regimes
and their crossovers.

Moreover, our study demonstrates a remarkable agreement between
the simulation outcomes and the results obtained from Finite Ele-
ment Method (FEM) analysis of the derived equations, rea"rming
the robustness of our proposed framework.

Looking ahead, experimental verification of our results, such as
through experiment like the VIP-DROP campaign ([68–70]), holds
promise for further validation and refinement of our model.

Appendix

Appendix A: Methods of the Simulations

We performed our simulations with the open-source Navier-Stokes
solver BASILISK [60]. Our code is similar to the one of [71]. We
chose an accuracy level of 9. Our simulations were carried out in
a box of the size 20 ↔ 10 length units to reduce finite-size e!ects.
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The wetting height h→ is in our examples given by 0.001. If nothing
else is mentioned, our simulations were carried out in 3 dimensions,
using a cylindrical symmetry.

The densities of the droplet and the surrounding fluid are given by
ϱfluid = 1 and ϱsurr = 0.001. The viscosities are given by µfluid = 0.1
and µair = 0.0002. The shear-modulus is given by G→ = 10. If we do
not mention anything else, the surface tension is set to ϑ̂ = 10. For
the analysis, we made use of the python-library scipy.interpolate

to interpolate the data with an accuracy of 0.001 on a regular grid.
With this grid, we get the maximal height by reading out the cen-
terline.

Appendix B: Methods of the FEM-analysis

For the Finite-Element analysis, we made use of the open-source
package fenics (version 0.8). As a basis for our numerical analysis,
we take the thin-film equation for Je!rey’s model which was derived
by [50]. The corresponding system of equations can be written in
the following form:

Q⇑ + ς2φtQ⇑ = ↑⇑pR

R⇑ + ς2φtR⇑ = h · ↑⇑pR

(1 + ς2φt)φth + (ς2 ↓ ς1)↑⇑ ·
[h2

2
Q⇑ ↓ hR⇑


φth

]

= ↑⇑ ·
{

(1 ↓ ς1φt)
h3

3
↑⇑pR

}

(A.41)

We identify the shear modulus G→ as ς↓1
1 = ς↓1

2 + G→/ε. Fur-
thermore from the boundary conditions, it follows that pR = ↓↑⇑h.
We assume having a cylindrical symmetric geometry. In order to
numerically analyze the equation, we develop the weak statement
of the system of equations. To so so, we introduce the test func-
tions q, r, v and w. Then, both sides of the equation are multiplied
by a test function and finally one integrates over the volume. To
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simplify the equation, one then makes use of partial integration.
Furthermore, we introduce the function k, defined as φ2

xh = k. For
the first equation we get:

Q⇑ · q + ς2φtQ⇑ · q = ↑⇑pR · q (A.42)

↓≃
∫

!

dxQ⇑ · q + ς2

∫

!

dxφtQ⇑ · q = ↓
∫

!

dxφ3
xh · q (A.43)

↓≃ Q⇑ · q · dx + ς2φtQ⇑ · q · dx + φxk · q · dx = 0 (A.44)

As an initail condition, we chose, similar to our simulations, 0.3 ·
·e↓x2

.
All values were approximated by hmid = (1 ↓ 6)h0 + 6h0, using
6 = 0.5.
The interval, on which the equations were solved, is given by (0, 20).
We used the pre-implemented NewtonSolver of Fenics with Lagrange
Elements. Our timestep was chosen as 0.0001.





Velocity profiles of butane
in a nanochannel

Introduction

Despite decades of intensive research, our understanding of hydrody-
namics at the nanoscale remains incomplete. At such small length
scales, where continuum assumptions may break down, molecular
dynamics (MD) simulations provide a powerful and well-suited tool
for investigation. Numerous MD studies have demonstrated that
classical hydrodynamic laws remain valid down to surprisingly small
length scales, even in strongly confined systems [72–76].

One particularly important nanoscale e!ect is the emergence of spa-
tially inhomogeneous density profiles. As a consequence of confine-
ment, fluid density can vary strongly across the channel, which in
turn influences the flow behavior. Several studies have therefore in-
vestigated hydrodynamics in systems with inhomogeneous density.
For example, Bitsanis et al. [77] and Dalton et. al [78, 79] studied
Poiseuille flow in an infinite system with an imposed density gradi-
ent and observed pronounced deviations from the classical velocity
profile in regions where the density varies spatially.

More recently, Knudsen et al. [80] and Heitmeier et al. [81] per-
formed MD simulations of confined model fluids subjected to a spa-
tially sinusoidal external force. Both studies reported that, in the

205
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steady state, the velocity profile is not dominated solely by the ex-
ternally excited mode; instead, lower modes contribute significantly
to the flow field. However, a detailed analysis of the origin of these
additional modes and their relation to the fluid structure was not
provided.

In the present work, we address this issue by systematically relating
the spectral properties of the velocity profiles to those of the density
profiles. In contrast to previous studies employing model fluids, we
investigate a molecular fluid, namely butane. Butane is of practical
relevance due to its wide range of industrial applications, including
its use as a fuel, refrigerant, and chemical feedstock, and thus serves
as a realistic test system for nanoscale flow phenomena [82–84].

Our analysis is furthermore related to the work by Bitsanis et al.
[77]. While their study focused on spatial deviations of the velocity
profile in regions of varying density, we additionally demonstrate
a clear correspondence between the spectral modes present in the
density and velocity fields.

Furthermore, we show that the observed mode coupling e!ects are
robust with respect to the wall morphology. Specifically, we find
qualitatively identical behavior for both crystalline and amorphous
walls over a range of wall densities. This observation is particularly
important in light of recent findings by Marcelli et al. [85], who
demonstrated that wall morphology can significantly influence the
shape of the density profile.

The remainder of this paper is organized as follows. First, we intro-
duce the theoretical framework underlying our analysis. Next, we
describe the Molecular Dynamics simulation methodology. Finally,
we present and discuss the results for di!erent wall morphologies
and wall densities.
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Theory

The investigated system is butane confined between parallel walls,
which are semi-infinite. We impose the external force

Fext = ϱ(z) · A · sin(knz) (A.45)

Here, ϱ(z) is the density profile, A is the amplitude, and kn = 2πn/h
is the external wavevector, and h is the channel height.

The aim is now to derive the velocity profile predicted from hydro-
dynamics. For su"ciently small Reynolds-numbers, the momentum
balance equation can be written as [86]

ϱ
φu

φt
= Fext ↓ φPxz

φz
(A.46)

Here, u is the velocity of the fluid in x-direction and Pxz is the
relevant component of the pressure tensor. For a Newtonian fluid,
we can assume this tensor to be given by Newton’s law of viscosity:

Pxz = ↓ε0
φu

φz
(A.47)

using the shear viscosity ε0. By substituting, we get the following
relation between the velocity profile u and the density profile ϱ:

d2u(z)
dz2

= ↓Aϱ(z)
ε0

sin(kn · z) (A.48)

As mentioned above, we assume the density of the fluid to be non-
homogenous. Hence, we model it by

ϱ(z) =
∑

i=0

ϱi cos(ki · z) (A.49)

Here, ϱ0 is the bulk density, which in in our case around 1.48 by
definition. We made use of a similar definition for the wavevectors



208 BUTANE IN A NANOCHANNEL

as above, ki = 2πi/h. Additionally, we assume the resulting velocity
profile to also have the form:

u(z) =
→∑

m=0

um sin(kmz) (A.50)

Hence, the second derivative with respect to z is given by:

d2

dz2
u(z) = ↓

→∑

m=0

umk2
m sin(kmz)

Similarly, the density can be written as

ϱ(z) =
∑

i=0

ϱi cos(ki · z) (A.51)

Here, ϱ0 is the bulk density, which in in our case around 1.48 by
definition. The aim is to determine um in dependence of ϱi for a
given kn. Hence, we can insert the approach in equation (A.48):

↓
→∑

m=0

umk2
m sin(kmz) = ↓A

ε

∑

i=0

ϱi cos(kiz) sin(knz)

↗
→∑

m=0

umk2
m sin(kmz) =

A

ε

→∑

i=0

ϱi
1
2

[sin((kn + ki)z) + sin((kn ↓ ki)z)]

↗
→∑

m=0

umk2
m sin(kmz) =

A

2ε

[ →∑

i=0

ϱi sin((kn + ki)z) +
→∑

i=0

ϱi sin((kn ↓ ki)z)

]

(A.52)

From this, one can identify that the velocity modes m couple to the
density modes via m = n ± i.
The velocity mode um can hence be written as umk2

m = A
2ε


ϱi,

with i being the solution(s) of m = n ± i, and noting that i > 0.
This formula can be used to be compared to our simulation data.
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Simulations

Potential and Parameters

We perform MD-Simulations of butane with the open-source code
gamdpy [87, 88]. A snapshot of the simulations can be seen in figure
A.19.

In the following, we make use of Lennard-Jones units, which can be
converted to real units by using ϑ = 3.9Å and ω/kB = 72.1K. The
mass is set to m↔ = 14.5u. Butane is modeled by the Ryckeart-
Bellemann model for alkanes [89–91]. It models torsional (dihedral)
interactions, i.e., the energy associated with rotation around a bond
(like C–C bonds in hydrocarbons). This is crucial for getting real-
istic molecular conformations. The basic idea of this model is that
instead of using a simple cosine series like many dihedral poten-
tials, the RB model expresses the torsional energy as a polynomial
in cos 7:

V (7) =
5∑

n=0

Cn(cos(7))n (A.53)

The exact parameters of our system can be seen in table A.3.
The system is set up in two steps: First, we set N = 8000 molecules
on a regular grid, then we compress it, until it has the desired den-
sity. This system is then equilibrated in the NV E-ensemble. After
that, two types of walls are set: For the case of a crystalline wall, we
simply set particles on an FCC lattice. For the case of an amorphous
wall, we set the particles on an FCC-lattice, and let the material
melt for 500ς at T = 2.0. We checked that the resulting material is
amorphous by investigating the corresponding pair-correlation func-
tion.

The particles are then tethered to their positions by using a spring
constant of k = 500. Finally, wall and fluid system are combined,
such that one models a fluid in a nanochannel of width Lz. Here,
Lz is the distance between the walls.
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Figure A.19: Schematic setup of the simulations. Brown parti-
cles are wall atoms, orange ones correspond to the butane.

Figure A.20: Angle and dihedral distribution of a bulk system
with 200 molecules.

The interaction between walls and C-atoms is modeled with a
Lennard-Jones potential, taking similar values as [81].

The individual molecules are modeled by using a bond, angle and
dihedral potential, with parameters shown in table A.3. A schematic
setup of the simulations can be seen in figure A.19.

To validate the molecular model of butane, we analyzed the angular
and dihedral distributions of the molecules. The resulting distribu-
tions, shown in Fig. A.20, are in good agreement with theoretical
expectations. In particular, the bond angle distribution is centered
around 109⇓, while the dihedral angle distribution exhibits the char-
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quantity value (LJ units)
density φ 1.477
temperature T 4.16
mass mC , mass wall mWall 1, 4.3
bond parameters Lbond, kbond 0.4, 33e3
angle parameters ↼ang, kang 1.9, 866
dihedral parameters 15.5000, 20.3050,

-21.9170, -5.1150,
43.8340, -52.6070

interaction C ↓ C: ϖCC , ϑCC 1,1
interaction C ↓ wall:ϖCW , ϑCW 1,1

Table A.1: Parameters which were used in the simulations. The
atoms of the fluid should represent butane; the ones of the wall
are chosen similar to the values of copper.

acteristic gauche and trans conformations.

As a further validation of our simulation setup, we investigated
Poiseuille flow through a nanochannel. The resulting density pro-
files show the expected behavior, including pronounced layering near
the walls and a homogeneous density in the channel center. Within
the range of external forces and butane densities considered in this
study, no significant changes in the density profile were observed.
After equilibrating, we imposed a sinusoidal force on the system:

Fext(z) = A · sin(knz) (A.54)

Here, A is the force amplitude, and kn is the wavevector, defined by
kn = 2⇀n

h
e!

. Here, he! is the e!ective channelwidth, which is specific
for each system. We measured it by defining the region in which
the density is at least 0.1. A list of e!ective densities can be found
in table A.2. To determine the force amplitude A, we performed
simulations for di!erent A. By checking that u/A is a constant, we
validated that the values we chose were still in the linear regime of
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system φW all Lz = 5.5 Lz = 10 Lz = 15 Lz = 20
amo 0.8 5.10 9.57 14.60 19.55
amo 1.0 4.76 9.28 14.21 18.28
FCC 1.0 – 8.81 13.65 19.12
FCC 2.2 – 8.05 12.94 17.82

Table A.2: E!ective channel widths of the di!erent wall mor-
phologies and wall distances Lz. The systems where we do not
report an e!ective channel width are not included in the anal-
ysis of velocity profiles.

viscosity. The values we chose for the production run were then in
the range between 0.05 to 0.35.

Results

Figure A.21 shows the density profiles of butane confined in a
nanochannel for di!erent wall morphologies and channel widths. In
agreement with previous studies [85], pronounced density oscilla-
tions are observed in the vicinity of the walls. The figure further
demonstrates that the wall morphology strongly influences the shape
of the density profile. While crystalline walls lead to sharply defined
layering, the density profile near amorphous walls increases more
gradually toward the channel center.

Figure A.22 illustrates the density profile for the case of an amor-
phous wall together with a fit using Eq. (A.49) with 50 terms. By
varying the number of terms, we checked that the obtained results do
not rely specifically on the number of fitting parameters. The fitted
profile reproduces the simulation data very accurately. The central
panel of the figure displays the individual density modes ϱi, which
correspond to the modes previously identified in Ref. [92]. The right
panel shows the di!erence between the actual force density and the



213

Figure A.21: Density profile of the C-atoms in the nanochannel
for a constant force of strength A = 0.05. We checked that the
density profile does not change, if a di!erent force is applied
(A ′ 0.35). Solid lines correspond to FCC with φ = 2.2 (dotted:
φ = 1.0), dashed lines correspond to an amorphous wall with
φ = 1.0 (dashdot: φ = 0.8).
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force density expected for a homogeneous system, defined as

ϱ(z) A sin(knz) ↓ ϱbulk A sin(knz). (A.55)

It is evident that deviations from the expected force, and conse-
quently from the ideal velocity profile, become increasingly pro-
nounced near the walls. This e!ect must therefore be taken into
account when interpreting velocity profiles in confined systems.

Figure A.52 presents the steady-state velocity profiles for di!er-
ent wall morphologies (crystalline and amorphous), external forcing
wavelengths kn, and channel widths. The black solid lines represent
fits obtained from Eq. (A.52), where the density modes extracted
from the density profile fits are used as input. In this fitting proce-
dure, the viscosity is the only adjustable parameter. Remarkably, a
single value of ε = 3.8 provides an excellent description of all cases
considered.

Finally, Fig. A.24 compares velocity profiles obtained for di!erent
wall morphologies. These results indicate that the wall structure
has a stronger influence on the velocity profile than the wall den-
sity. In particular, for amorphous walls the contribution of the first
velocity mode is significantly weaker than in the crystalline case.
We attribute this behavior to di!erences in the slip properties of
the walls. This trend is also clearly reflected in the corresponding
spectral representations shown in the figure.

Discussion and outlook

In this paper, we have investigated the steady-state velocity pro-
files of butane confined in nanochannels. In contrast to previous
studies of fluid flow under nanoconfinement, which predominantly
focused on model fluids, we considered a molecular fluid with direct
technological relevance. We demonstrated that the velocity profiles
exhibit contributions from multiple modes and showed that these
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Figure A.22: Illustration of the fitting procedure. Left: Density
profile with fitted modes, using 50 terms. Center: Modes of the
density profile. Right: Force density of the problem.

Figure A.23: Fitted velocity profiles, using formula (A.52). (a):
Lz = 15, n = 3 for an amorphous wall with φ = 1.0. (b): Lz =
15, n = 3 for an FCC wall with φ = 2.2. (c): Lz = 20, n = 2
for an amorphous wall with φ = 1.0. (d): Lz = 20, n = 3 for an
amorphous wall with φ = 1.0.
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Figure A.24: Comparison of the velocity profiles for di!erent
wall morphologies. One can observe that only modes smaller
than the excited mode contribute to the profile. From top to
bottom: Lz = 10, n = 2; Lz = 15, n = 3; Lz = 20, n = 2 and
Lz = 20, n = 4
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additional modes can be directly related to oscillations in the den-
sity profile induced by confinement. By relating the density modes
to the modes of the velocity, we also showed that hydrodynamic
laws are still valid on these lengthscales, as also discussed by [74].

Furthermore, we developed a systematic procedure that allows for
an accurate prediction of the velocity profile in a nanochannel based
solely on the corresponding density profile. We demonstrated that
this approach is robust with respect to variations in both wall mor-
phology and channel width, yielding consistent results for crystalline
and amorphous walls alike.

Future work will extend this study to other molecular fluids and ex-
plore a more direct theoretical connection to the Yvon–Born–Green
equation. This framework o!ers the possibility to determine den-
sity profiles analytically using a limited set of approximations [77].
Ultimately, such an approach could enable the prediction of veloc-
ity profiles without the need for prior density measurements, which
would be of considerable technological interest.





Particle Dynamics in
Vibrated Granular
Systems: A DEM Study

We perform Discrete-Element simulations of granular particles,
which are shaken inside a finite box. Specifically, we study the
evolution of the packing fraction for di!erent shaking amplitudes,
as well as the Mean-Squared Displacements. By this, we relate the
system’s behavior to the behavior of glassy systems. A comparison
with experiments shows that the MSDs from the simulations are
significantly higher than the measured ones in [93]. We propose two
explanations for this derivation: Either the amplitude of the exper-
iment is smaller than expected, or the experiment is measuring the
rotational MSD instead of the translational MSD. We show that
also from simulations, we obtain rotational MSDs, which are much
smaller than the translational ones.
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Introduction

Granular matter has a wide range of applications in both biological
and industrial processes. Some examples include snow, nuts, coal,
and rice [94–97]. One of the most important applications is additive
manufacturing, where the flow properties of the filament, which can
be granular matter, are of high importance for the resulting printing
quality [98–100].
The research of the last years showed that the behavior of dense
granular matter can be well compared to the one of dense liquids,
showing a behavior similar to the one of a glass-forming fluid [101–
104]. In contrast to fluids, where for the energy supply thermal ex-
citation can be used, for the investigation of granular systems the
main challenge is the way how energy can be brought into the sys-
tem. One common way to come up with this challenge is the use
of a vibration of the system. Experimentally, this method has for
example been used in Refs. [93, 105–107], but simulations of this
setup are still lacking [108–110].
The aim of the following work is to fill this gap, and to perform
Discrete-Element simulations of a vibrated granular system. Dur-
ing the shaking process, we track both statical and dynamical prop-
erties: We investigate the volume fraction, and the Mean-Squared
Displacement (MSD) during the process. By this, we can also re-
late the density to the dynamics of the system. Similar to glassy
systems, we find that even very small changes in the density can
significantly change the dynamics of the system.
We get a qualitative agreement to experimental findings, but re-
garding quantities, there are still di!erences between simulations,
experiments, and theoretical prediction. In simulations, we find
caging e!ects at a distance of around 0.01d, where d is the particle
diameter. This is in agreement with a theoretical prediction from
Mode-Coupling Theory, which predicts the caging to occur at 7% of
the particle diameter In contrast, in experiments, caging was found
to be at 0.07% of the particle diameter [93].
We conclude our paper by shortly discussing the rotational MSD
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(rMSD), as its order of magnitude is fitting to the order measured
in the experiments. We note that investigations of the rMSD are
rare in literature, for example they are discussed in [111, 112]. For
granular systems, this property has not been investigated and is
strongly dependent on the tangential components of the interparti-
cle interactions.

Simulations

We performed Discrete-Element simulations (DEM) using the open-
source software LAMMPS [113]. The interactions between particles
were modeled using a Hookean contact law, where particles expe-
rience a force only when they overlap. The corresponding pairwise
force is given by [102, 114, 115]:

FHooke = (kn δ nij ↓ m ↽n vn) ↓ (kt &st + m ↽t vt), (A.56)

where δ is the overlap between two particles, kn and kt denote the
elastic constants in the normal and tangential directions, respec-
tively, and ↽n and ↽t are the corresponding damping coe"cients.
The variable m represents the particle mass, while vn and vt are
the normal and tangential components of the relative velocity. The
vector &st =

∫
dtvt accounts for the tangential displacement be-

tween two particles and includes the history of tangential contacts.
In some cases, we also made use of the static yield criterion. If not
mentioned else, it is set to 0.

Initially, N particles were placed randomly within a rectangular box
of dimensions Lx ↔ Ly ↔ Lz. A gravitational force of magnitude mg
was applied in the negative z-direction to induce particle settling and
segregation. The boundaries of the simulation box were modeled
as walls interacting with the particles through the same Hookean
potential, but with di!erent interaction parameters (see Table A.3).
The setup after the segregation is illustrated in figure A.25.



222 VIBRATED GRANULAR MATTER

Subsequently, a sinusoidal excitation was imposed by oscillating all
walls with amplitude A and angular frequency ▷, such that the z-
position of the walls wz were at time t given by

wz(t) = wz(0) + A sin
(

2πt

▷

)
(A.57)

During the shaking process, we monitored the evolution of the
volume fraction, and the mean-squared displacement (MSD). For
the beginning of the process, we also tracked the rotational mean-
squared displacement (rMSD).

The volume fraction 7 was determined as the ratio of the number of
particles N to the “e!ective” system volume, defined by the minimal
and maximal particle coordinates in each direction:

7 =
N∏

c=x,y,z cmax ↓ cmin
(A.58)

We checked that the results, we obtain from this method are con-
sistent with an alternative approach, which calculates the density of
the system in dependence of the z-coordinate.
The translational mean-squared displacement was calculated as

MSD(t) = ↖ |r(t) ↓ r(0)|2 ↙, (A.59)

where r(t) denotes the particle position at time t, and the brackets
↖·↙ indicate an ensemble average over all particles. For the calcula-
tion of this quantity, we made use of the in-build methods of LAMMPS,
which calculates the MSD [116].
The rotational mean-squared displacement was obtained from the
time-integrated angular velocity ε(t) of each particle, scaled by the
particle diameter d:

RMSD(t) =
d

2
π

180

∫ t

0
|ε(t≃)| dt≃. (A.60)

This quantity provides a measure of the particle’s reorientation due
to rotational motion.
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quantity value

particle diameter d 140 ↔ 10→6

density ϱ 1600
number of particles N 20000
box lengths Lx, Ly, Lz 0.004, 0.004, 0.004

gravitational acceleration g 9.81
elastic sti!ness kn, kt 33.81, 4.52

damping constant ↽n, ↽t 1.01 ↔ 104, 9.08 ↔ 103

wall sti!ness kwall
n , kwall

t 90.55, 1.22 ↔ 104

wall damping ↽wall
n , ↽wall

t 1.97 ↔ 104, 1.77 ↔ 104

shaking frequency ▷̂ 100
shaking amplitude A 1 ↔ 10→5 to 3 ↔ 10→5

dynamic yield criterion 0, 1

Table A.3: Parameters used in the simulations. Interpreted in
SI-units, the values are comparable with those of polysterene,
but a precise mapping between material properties and param-
eters in the model is still lacking [121].

All results are the average over at least 5 di!erent initial configura-
tions.

The simulation parameters are summarized in Table A.3. The ma-
terial properties were chosen to resemble those of polystyrene par-
ticles (Dynoseeds 140), adopting parameter values consistent with
previous studies [117–120]. Note that despite of decades of research,
the exact parameters, which should be used in the Hookean spring
model, are still unknown [121].

Results

Density development

During the shaking process, we tracked the volume fraction of the
particles. This can be seen in figure A.26. It turns out that the
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Fg

(A, ↽)

Figure A.25: Schematic representation of the simulation setup
after the segregation. The gravitational force Fg acts down-
ward, while the container walls oscillate vertically with ampli-
tude A and frequency ↽.

densification highly depends on the shaking amplitude. For very
small amplitudes, the system densifies very slowly, for intermediate
ones, it densifies more fastly, and for large amplitudes we do not
see densification anymore. This behavior can be explained by the
following thoughts: Shaking a system means inserting energy into
it. If we insert much energy into it, all particles are fluidized, if
the energy is smaller, the particles can use the energy to reorder
themselves and by this, approaching the most favorable state.

Mean-Squared Displacement

During the shaking process, we also track the MSD. Here, we see a
phenomenon, which is well established in the physics of glasses. The
MSD consists of two di!erent time regimes: For small timescales,
the system shows a ballistic behavior,i.e. the MSD is behaving like
⇐ t2. For large timescales, the system is behaving di!usive, i.e.
the MSD is linear in time. We can identify both regimes in the
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Figure A.26: Density evolution of the system for A = 3 ↔ 10↓5

(blue), A = 2 ↔ 10↓5 (green), and A = 1 ↔ 10↓5 (orange). The
light lines correspond to single configurations, the dark ones
to the mean value. The black data points correspond to the
experimental data from [93]. The timescale is normed, such
that ϱsim = 1000ϱexp = 11 s. The gray lines correspond to cases
with finite xµ.
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Figure A.27: MSDs of the particles during the shaking process.
Light lines correspond to earlier times, while dark ones corre-
spond to late times. We show the MSDs for di!erent shaking
amplitudes A = 3 ↔ 10↓5 (blue), A = 2 ↔ 10↓5 (green), and
A = 1 ↔ 10↓5 (orange). As indicated in the legend, the gray
lines for orientation correspond to t, and t2 respectively. The
lower image shows that there is not a unique relation between
MSD and packing fraction. This indicates that the MSD is
history-dependent.
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Figure A.28: Comparison of translational MSD and rotational
MSD for di!erent values of xµ (static yield criterion), i.e. tan-
gential forces play a role here. It turns out that for our choice of
parameters, the rotational MSD di!ers from the translational
MSD with a factor of 1 ↔ 104. A super-di!usive behavior was
also observed by Scalliet et al. in [112]. The extend of super-
di!usivity is dependent on the static yield criterion.

MSDs from the simulations. As the time progresses, which means
that the density is increasing, the MSD shows a plateau, which can
be related to the caging-phenomenon. This caging becomes more
and more pronounced when the system is denser. A decrease of the
amplitude makes the dynamics slower, i.e. the MSDs are becoming
smaller.

Comparison to experiments

Notably, a comparison to experiments [93] shows that the order
of the MSD, which is obtained in experiment di!ers for around
a factor of 100, although the simulation parameters were chosen
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such that they are similar to the expected values for the same
material. From our simulations, we do not only get information
about the particle positions and center-of-mass velocities, but also
about the angular velocities. From this, we determined the rMSDs,
as explained in the section above. It turns out that the rMSD is
indeed smaller than the MSD, and the order of the rMSD is fitting
to the measured one. From this, we propose that the method used
by Kunzner et al does not measures the translational MSD as
stated in their work [93], but the rotational MSD.
Due to computational limitations, we are not able to study the
rMSD for the whole process. Additionally, one should note that the
behavior of the rMSD strongly depends on the parameters kt and
↽t, which are to large parts unknown.

Summary

In this paper, we investigated the dynamics of granular matter dur-
ing vibration by means of DEM-simulations. First, in agreement
to both experiments and expectation, we found that the density of
the system increases during the shaking process. This increase is
characterized by the amplitude of the vibration. We find that the
final values of the density di!er from amplitude to amplitude.
After that, we studied the dynamics of the system during the vibra-
tion by studying the MSD during the densification. Here, it turns
out that the qualitative behavior of the system is very similar to the
behavior observed in experiments. We propose a few hypotheses for
the derivations regarding the quantities: Firstly, experimental errors
cannot be completely ruled out. For example, the determination of
the amplitude is very challenging. A di!erent shaking amplitude
would clearly change the exact numbers of the MSD. Additionally,
the exact parameters of the model used in the simulations are still
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unclear [121]. Also, di!erent parameters for the spring constants or
damping coe"cient would in principle change the MSD.
The most likely reason for the derivation is also investigated in the
current paper. We find that the order of magnitude of the rMSD
is similar to the MSD measured in the experiment. This similarity
lets us suspect that in the experiments, the rotation of the particles
was characterized, instead of the translational motion.
In a future project, the authors will investigate the rotational MSD
in detail. Additionally, the influence of the strength of gravitational
forces and of the wall interactions will be studied. Specifically, the
segregation of granular particles under various gravitational forces
is still poorly understood.
Also the behavior of the rMSD should be studied in detail. Specif-
ically, until now it is not fully understood in which cases superdif-
fusion occurs. A detailed analysis of this would significantly en-
hance the underlying processes. Finally, the exact parameters which
should be used to perform simulations of polysterene should be de-
termined.
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