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 A B S T R A C T

The Totally Asymmetric Simple Exclusion Process (TASEP) is widely used to study transport on 
networks. Here, we focus on a multiple-input-multiple-output (MIMO) junction with complex 
kinetic rules and develop an innovative numerical method to solve the equation for mean-field 
current conservation at the junction using Constrained Optimisation, that we supplement with 
stochastic simulations following a Gillespie algorithm. We observe that lattices with the same 
ratio of upstream to downstream segments have the same phase diagrams, in the absence of 
bias, and in the absence of bottleneck effect. As soon as a bias is introduced on the side of the 
junction with fewer segments, a bottleneck effect arises, leading to a reduction of the current 
on the segments and at the junction, and a change of the junction current–density relation 
from quadratic to piece-wise quasi-linear. In the absence of bias, the bottleneck effect arises 
in particular in lattices where the rates of absorption into and pumping out of the junction 
lie under a certain threshold, which is dependent on the number of upstream and downstream 
segments, as well as the junction density. As biases are introduced on either or both of the 
upstream and downstream segments, a very complex phenomenology emerges on the overall 
lattice, involving a combinatorial explosion of the phases. Furthermore, particle–hole symmetry, 
well-established for a simple TASEP segment, extends here as well, enabling us to recover the 
phase diagrams for lattices with opposite configurations.

1. Introduction

The Totally Asymmetric Simple Exclusion Process (TASEP) is a widely used and studied stochastic transport model, which, in its 
simplest form, describes the unidirectional motion along a segment, of a gas of particles interacting as hard spheres [1]. In 1968, 
it was first introduced to depict the translation of mRNAs into proteins by ribosome-like hard-sphere particles [2–5]. Since then, 
thanks to its simplistic dynamic rules, TASEP has been extensively used to model many systems in diverse application fields, such as 
the movement of motor proteins along the cytoskeleton of eukaryotic cells [6–12], or that of pedestrians on sidewalks [13,14]. For 
instance, in the traffic flow theory, it enables evaluating the impact of pedestrians’ walking rhythm and velocity, as well as transport 
policy and planning, thereby improving safety, comfort, and congestion, together with reducing cost and emissions [15–18].

TASEP on a single segment is a very simple system, whose exact solution can be obtained with the Bethe-Ansatz technique, 
and remarkably be recovered in the mean-field approximation while considering the thermodynamic limit [19,20]. Transport along 
branched lattices have hence been studied as combinations of TASEP segments with effective entrance and exit rates [21–23]. 
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Although no exact solution can be obtained in such complex cases, the mean-field approximation yields accurate predictions when 
compared to kinetic Monte Carlo simulations [22,24–26]. Structures with junctions are frequent in real-world systems, like road 
maps and eukaryote cytoskeleton. In the latter, the total length of filaments can exceed one metre while being confined in cells 
spanning a few tens of micrometres, resulting in very entangled and complex networks [27,28].

TASEP on branched lattices with either closed or open boundary conditions have already been investigated. For two loops that 
share a common site (the so-called ‘‘figure-of-eight’’), with a bias at the junction, Embley et al. [24] showed a good agreement 
between mean-field analytical calculations and Monte Carlo simulations, which we later extended for any number of loops with 
complex kinetic rules at the junction site [26]. Following an analogous approach, Gupta et al. investigated bidirectional transport 
on a roundabout-like network with a finite particle reservoir [29]. In the case of open boundary conditions, that better reflect real 
systems in which particles can enter and leave the lattice, for instance, we modelled the cytoskeletal transport at the intersection 
of two microtubules. To do this, we first decomposed the trajectories of the molecular motors at the junction into branched 
and asymmetric lattices along which we investigated the transport properties [25]. On similar structures, with two segments 
upstream and one downstream of the junction (noted V(2:1)), the dynamics of the domain wall across the entire lattice has been 
characterised [30], and later extended to fourfold structures V(1:3), V(2:2), and V(3:1) [24]. Besides, a lattice with bidirectional 
segments connected through a bridging one has also been investigated [31]. Interconnecting higher (any) number of segments, Wang 
et al. analysed the TASEP dynamics at a Multiple-Input-Single-Output (MISO, V(m:1)) junction [32], and later at a Multiple-Input-
Multiple-Output (MIMO, V(m:n)) junction [33]. TASEP dynamics on lattices with MIMO junctions have also been explored in other 
studies. For instance, Shao-Da et al. connected 𝑚 upstream segments to 𝑛 downstream ones (with 𝑚 < 𝑛) as all-to-all, and considered 
a slowing down rate 𝑟 when particles cross from upstream to downstream segments [34]. Other studies on MIMO junctions include 
the work of Midhat et al. that utilised a mean-field framework to show that the phases and their boundaries are strongly dependent 
not only on the number of upstream and downstream segments but also on the inter-particle interaction [35]. Later, they extended 
their framework to examine the transport dynamics on TASEP lattices with Langmuir kinetics (that includes particle creation and 
annihilation) [36], and with a finite number of particles [37].

Therefore, it appears that a comprehensive model of multiple upstream and downstream segments connected through a junction 
site where complex kinetic rules allow particles to pause, accelerate, or prefer a particular path is so far lacking. Yet, such a rich 
behaviour has been observed for the cytoskeletal transport of kinesin and dynein molecular motors along microtubules, that have 
for instance been shown to pause, pass, and switch tracks [27,38,39]. At a very distinct scale, pedestrian and motor vehicle traffic 
at road crossings also exhibits complex behaviour in terms of kinetics and trajectories.

To fill this gap, in this study, we focus on a MIMO junction, and specifically introduce generalised kinetic rules at the junction 
site, characterised by bias, absorption, and pumping rates. Given the complexity of such a lattice, we develop an original numerical 
method that includes constrained optimisation (CO), to solve the mean-field expression of the current–density relation, and thereby, 
determine the phase diagram of the lattice for varying parameter values. Additionally, we compare our results to stochastic 
simulations using the Gillespie algorithm with a random-sequential update. We set out by presenting the MIMO junction with 
complex kinetic rules and the formulation of current conservation in the mean-field, together with its numerical solution using a 
Phase Combination Matrix (PCM) and a CO solver. Then, we investigate in detail the transport phenomenology along the lattice. 
We observe that the properties of transport at the junction, typically depicted by the phase diagram, become highly complex and 
reflect the role of the bottleneck effect, itself dependent on the values of the structural and kinetic parameters at the junction.

2. The complex multiple-input-multiple-output (MIMO) junction

We focus on a multiple-input-multiple-output (MIMO) junction connecting any number of upstream and downstream segments, 
through an individual site, the junction (with density 𝜌̃ and current 𝐽 ), shared by all segments of the lattice (see Fig.  1). A reminder 
of previous TASEP results is provided in Appendix  B. At the boundaries of the overall lattice, the upstream segments share a common 

Fig. 1. TASEP on a lattice with a junction site connecting 𝑚 upstream (noted A) and 𝑛 downstream (noted B) segments, also called a multiple-
input-multiple-output (MIMO) junction. 𝛼 and 𝛽 are the entrance and exit rates, at the left and right boundaries of the lattice, respectively. At 
the junction, the density is noted 𝜌̃, and each upstream segment 𝐴𝑖 (with 𝑖 ∈ [1,… , 𝑚]) and each downstream segment 𝐵𝑗 (with 𝑗 ∈ [1,… , 𝑛]) 
is associated with an individual bias value, noted 𝜎𝐴𝑖  and 𝜎𝐵𝑗 , respectively. Additionally, the rates for particles being absorbed into and pumped 
out of the junction, are noted as 𝜇 and 𝜈, respectively. Within the bulk of each of the segments, the jumping rate 𝛾 is equal to 1.
2 
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entrance rate 𝛼 and the downstream segments share a common exit rate 𝛽. Conversely, at segment ends connected to the junction 
site, each upstream segment (noted 𝐴𝑖 with 𝑖 ∈ [1,… , 𝑚]) is characterised by an individual effective exit rate (noted 𝛽𝑒𝑓𝑓𝑖 ) that 
depends on the junction density (𝜌̃), the specific bias (𝜎𝐴𝑖 ) for that segment, and the rate for absorbing particles into the junction 
(noted 𝜇). Analogously, each downstream segment (noted 𝐵𝑗 with 𝑗 ∈ [1,… , 𝑛]) is characterised by an individual effective entrance 
rate (noted 𝛼𝑒𝑓𝑓𝑗 ) that depends on the junction density (𝜌̃), the specific bias (𝜎𝐵𝑗 ) for that segment, and the rate for pumping particles 
out of the junction (noted 𝜈). The biases for the upstream and downstream segments each sum up to 1, i.e. 

∑

𝑖
(𝜎𝐴𝑖 ) =

∑

𝑗
(𝜎𝐵𝑗 ) = 1. (1)

Increasing the bias on an upstream segment (𝜎𝐴𝑖 ) increases the probability that particles exit that segment to the junction. Likewise, 
increasing the bias on a downstream segment (𝜎𝐵𝑗 ) increases the probability that particles leaving the junction enter that segment. 
Opposite effects are implied when instead decreasing the biases. Thus, the bias creates an asymmetry amongst segments, while the 
topology of the whole lattice remains unchanged.

Since we consider that throughout the bulk of the segments, the jumping rate 𝛾 is equal to 1, the transport properties of the lattice 
are controlled by the boundary rates of the individual segments. Based on the well-established results for a single TASEP segment 
(see Table  B.3 in Appendix  B), we introduce the Phase Combination Matrix (PCM) to define a unique combination of phases on 
the distinct individual segments of the overall lattice, in a way that can easily be interpreted numerically. As illustrated in Fig.  2, 
the PCM takes the form of a binary matrix with dimensions 4 × (𝑚 + 𝑛). Each row corresponds to a phase in the following order: 
high density (HD), low density (LD), maximal current (MC), and shock phase (SP). The 𝑚 leftmost columns correspond to the A 
segments, while the 𝑛 rightmost columns correspond to the B segments. For example, if PCM[3][𝑚+2] = 1, then the segment 𝐵2 is in 
the maximal current phase. Since a segment can be in only one single phase depending on its boundary conditions, all the elements 
in each column sum up to 1.

Fig. 2.  The Phase Combination Matrix (PCM) is a binary matrix of dimension 4 × (𝑚 + 𝑛) which defines a unique combination of phases along 
the lattice. Each row represents a phase and each column a segment.

3. Mean-field expression of current conservation at the complex MIMO junction

Our numerical approach to compute the phase diagram is based on the mean-field theory and the effective entrance and exit 
rates of the segments. Detailed calculation steps have been explained in our previous study for threefold lattices [25]. The effective 
exit rate of the 𝑖th upstream segment (𝛽𝑒𝑓𝑓𝑖 ) can be expressed as the product of the absorption rate at the junction (𝜇), the bias of 
the 𝑖th upstream segment (𝜎𝐴𝑖 ), and the density of holes at the junction (1 − 𝜌̃): 

𝛽𝑒𝑓𝑓𝑖 = 𝜇𝜎𝐴𝑖 (1 − 𝜌̃). (2)

Analogously, the effective entrance rate of the 𝑗th downstream segment (𝛼𝑒𝑓𝑓𝑗 ) can be expressed as the product of the pumping 
rate (𝜈), the bias of the 𝑗th downstream segment (𝜎𝐵𝑗 ), and the density of particles at the junction (𝜌̃): 

𝛼𝑒𝑓𝑓𝑗 = 𝜈𝜎𝐵𝑗 𝜌̃. (3)

Then, a necessary condition for a phase combination to arise along the lattice is to fulfil the current conservation at the junction. It 
allows determining the physically feasible value(s) for 𝜌̃ such that the phase combination arises: 

𝑚
∑

𝑖=1
𝐽𝐴𝑖 =

𝑛
∑

𝑗=1
𝐽𝐵𝑗 , (4)

where 𝐽𝐴𝑖  is the current on the segment 𝐴𝑖 and 𝐽𝐵𝑗  the one on the segment 𝐵𝑗 . Hence, the expressions for 𝐽𝐴𝑖  and 𝐽𝐵𝑗  have at most 
one unknown variable 𝜌̃, with a maximum degree of two. Thus, Eq.  (4) can be simplified as a polynomial of at most degree two: 

𝑎𝜌̃2 + 𝑏𝜌̃ + 𝑐 = 0, (5)
3 
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Table 1
Expressions for the coefficients of Eq.  (5) of current conservation at the junction.
 Density A Segments B Segments
 Phase 𝑎𝐴𝑖 𝑏𝐴𝑖 𝑐𝐴𝑖 𝑎𝐵𝑗 𝑏𝐵𝑗 𝑐𝐵𝑗  
 HD −(𝜇 𝜎𝐴𝑖 )

2 2 (𝜇 𝜎𝐴𝑖 )
2 − 𝜇 𝜎𝐴𝑖 𝜇 𝜎𝐴𝑖 − (𝜇 𝜎𝐴𝑖 )

2 0 0 𝛽 (1 − 𝛽) 
 LD 0 0 𝛼 (1 − 𝛼) −(𝜈 𝜎𝐵𝑗 )

2 𝜈 𝜎𝐵𝑗 0  
 MC 0 0 1

4
0 0 1

4
 

 SP 0 0 𝛼 (1 − 𝛼) 0 0 𝛽 (1 − 𝛽) 
 −(𝜇 𝜎𝐴𝑖 )

2 2(𝜇 𝜎𝐴𝑖 )
2 − 𝜇 𝜎𝐴𝑖 𝜇 𝜎𝐴𝑖 − (𝜇 𝜎𝐴𝑖 )

2 −(𝜈 𝜎𝐵𝑗 )
2 𝜈 𝜎𝐵𝑗 0  

where, 𝑎 = ∑

𝑖 𝑎𝐴𝑖 −
∑

𝑗 𝑎𝐵𝑗 ,  𝑏 =
∑

𝑖 𝑏𝐴𝑖 −
∑

𝑗 𝑏𝐵𝑗 ,  and 𝑐 =
∑

𝑖 𝑐𝐴𝑖 −
∑

𝑗 𝑐𝐵𝑗 . The expressions for the coefficients of the quadratic Eq. 
(5) are summarised in Table  1. The detailed calculation steps can be found in Appendix  C.

From Eq.  (5), we determine the value of 𝜌̃, and deduce the effective exit rates 𝛽𝑒𝑓𝑓 𝑖  and the effective entrance rates 𝛼𝑒𝑓𝑓 𝑗  of the 
upstream and downstream segments, respectively (using Eqs.  (2) and (3), respectively). Knowing the conditions on the boundary 
rates of an individual segment for a phase to arise (see Table  B.3), a second necessary condition for a phase combination to arise 
along the overall lattice is that the boundary rates of each segment fulfil the conditions summarised in Table  2. Eventually, certain 
combinations of phases cannot arise due to contradictory conditions on 𝛼 and 𝛽, i.e.:

• ∀ 𝑖, 𝑘 with 𝑖, 𝑘 ∈ [1,… , 𝑚] and 𝑖 ≠ 𝑘, if 𝐴𝑖 is in the MC phase, 𝐴𝑘 cannot be in LD or SP because of contradictory constraints on 
𝛼

• ∀ 𝑗, 𝑙 with 𝑗, 𝑙 ∈ [1,… , 𝑛] and 𝑗 ≠ 𝑙, if 𝐵𝑗 is in the MC phase, 𝐵𝑙 cannot be in HD or SP because of contradictory constraints on 
𝛽

Table 2
Conditions on the boundary rates for the different phases.
 Phase A Segments B Segments 
 HD 𝜇 𝜎𝐴𝑖 (1 − 𝜌̃) < 1

2
𝛽 < 1

2
 

 𝜇 𝜎𝐴𝑖 (1 − 𝜌̃) < 𝛼 𝛽 < 𝜈 𝜎𝐵𝑗 𝜌̃  
 LD 𝛼 < 1

2
𝜈 𝜎𝐵𝑗 𝜌̃ <

1
2

 
 𝛼 < 𝜇 𝜎𝐴𝑖 (1 − 𝜌̃) 𝜈 𝜎𝐵𝑗 𝜌̃ < 𝛽  
 MC 𝛼 > 1

2
𝛽 > 1

2
 

 𝜇 𝜎𝐴𝑖 (1 − 𝜌̃) > 1
2

𝜈 𝜎𝐵𝑗 𝜌̃ >
1
2

 
 SP 𝛼 < 1

2
𝛽 < 1

2
 

 𝛼 = 𝜇 𝜎𝐴𝑖 (1 − 𝜌̃) 𝛽 = 𝜈 𝜎𝐵𝑗 𝜌̃  

4. Numerical approach

4.1. Numerical solutions of the mean-field current conservation equations

In the MIMO TASEP junction with complex kinetic rules, the number of possible phase combinations may blow up exponentially. 
For instance, along a V(2:3) lattice, the number of possible phase combinations becomes 42+3 = 1024. To tackle this challenge for a 
MIMO junction with complex kinetic rules, we develop a generic numerical approach, coded in Python. The algorithm takes as input 
the number of upstream and downstream segments (𝑚 and 𝑛, respectively), the absorption and pumping rates (𝜇 and 𝜈, respectively), 
and the upstream and downstream biases (𝜎𝐴𝑖  and 𝜎𝐵𝑗 , respectively). It provides as output: (i) the phase diagram; (ii) the densities 
at the junction and on the individual upstream and downstream segments (𝜌̃, 𝜌𝐴𝑖 , and 𝜌𝐵𝑗 , respectively); and (iii) the currents at 
the junction and along the individual upstream and downstream segments (𝐽 , 𝐽𝐴𝑖 , and 𝐽𝐵𝑗 , respectively), for each (𝛼, 𝛽) pair.

The algorithm starts by generating a PCM for each potential phase combination, and checking the constraints on 𝛼 and 𝛽 which 
do not depend on 𝜌̃. Next, the current conservation (Eq.  (5)) is solved to obtain the value of 𝜌̃. However, when 𝑎, 𝑏, 𝑐 = 0, Eq.  (5) 
returns no information. To mitigate this, we made use of a Constrained Optimisation (CO) approach [40]. The CO solver tries to 
find a value for 𝜌̃ which satisfies all the constraints on both the entrance and exit rates of all segments, after we defined the problem 
as follows:

minimise 𝜌̃

subject to. 𝑔(𝜌̃) = 0 with 𝑔 ∶ R → R𝑝 for p equality constraints
ℎ(𝜌̃) ≥ 0 with ℎ ∶ R → R𝑞 for q inequality constraints

Both the equality and inequality constraints are listed in Table  2, and depend on the respective phase of each segment. We use 
the Python package ‘‘scipy.optimize’’ and opt for the ‘‘minimize’’ function using the ‘‘COBYLA’’ method which consists in solving 
4 
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the constrained optimisation by linear approximation. For each set of constraints, we verified that only one solution exists for 𝜌̃
since both the ‘‘maximize’’ and ‘‘minimize’’ functions of the ‘‘scipy.optimize’’ package return the same 𝜌̃ value.

Finally, we obtain the value of 𝜌̃ (by solving Eq.  (5) or from the CO solver) and substitute it in the constraints listed in Table  2. 
If all conditions are fulfilled, we affirm that the phase combination occurs for the given (𝛼, 𝛽) pair.

4.2. Stochastic simulations

Stochastic simulations of the transport along the overall lattice are performed in C++, following a Gillespie algorithm [41,42], 
with each segment having a length 𝐿 = 100 sites. We define a 𝑐𝑦𝑐𝑙𝑒 as a time-unit, whose duration depends on the lattice size as: 
𝑐𝑦𝑐𝑙𝑒 = 𝐿(𝑚+𝑛), such that, during a cycle, all particles along the overall lattice are picked once on average. We record the dynamics 
(densities and currents at the junction and along each segment) after each cycle, only in the steady state (i.e. after 104 cycles).

5. Model phenomenology

We define a notation for a combination of phases, as illustrated with the following example: 𝑋.𝑌 ∶ 𝑛𝑍 denotes a phase 
combination for a V(2:n) vertex with upstream segments in phases X and Y, while all 𝑛 downstream segments are in the phase 
Z. X, Y, and Z can be LD, HD, MC, or SP.

5.1. MIMO junction with neutral bias and without bottleneck effect

Fig. 3. Phase diagrams of V(m:n) lattices obtained by numerically solving the mean-field current conservation at the junction, for 𝜆 > 1: (a) 
V(4:1), (b) V(4:2), and (c) V(5:4); and 𝜆 < 1: (d) V(1:4), (e) V(2:4), and (f) V(4:5); with neutral bias and without bottleneck effect.

We define the ratio 𝜆 as: 
𝜆 = 𝑚

𝑛
. (6)

Fig.  3 shows the phase diagrams of the V(𝑚: 𝑛) lattices for 𝜆 > 1 and 𝜆 < 1 obtained from the numerical approach described in 
Section 4.1, with neutral bias (i.e. ∀𝑖 ∈ [1,… , 𝑚], 𝜎𝐴𝑖 = 1

𝑚  and ∀𝑗 ∈ [1,… , 𝑛], 𝜎𝐵𝑗 = 1
𝑛 ) and absorption and pumping rates sufficiently 

high to avoid bottleneck effect (the conditions for the bottleneck effect to arise are presented in the paragraph 5.2.1). We observe 
that lattices with the same 𝜆 value have the same phase diagram, as previously did Liu and Wang [33]. Both Figs.  3(a), (b), and (c), 
and Figs.  3(d), (e), and (f) have 3 distinct phases, including mLD:nLD (grey) and mHD:nHD (green). However, while (a), (b), and 
(c) (𝜆 > 1) show a mHD:nMC phase (yellow); (d), (e), and (f) (𝜆 < 1) show a mMC:nLD phase (pink). In either case, since the MC 
phase occurs on the side of the junction with the lower number of segments, owing to the conservation of current, each segment 
5 
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on the opposite side has a current value of 𝐽 = 1
4
min(𝑚,𝑛)
max(𝑚,𝑛) . When considering the cases 𝜆1 = 1

𝜆2
, i.e. (a) versus (d), (b) versus (e), 

and (c) versus (f), we observe that the surfaces occupied by the mLD:nLD and mHD:nHD phases, respectively, are symmetric with 
respect to the 𝛼 = 𝛽 line of the phase diagram. In other words, if we invert the entrance and exit rates of the overall lattice (𝛼 and 𝛽, 
respectively) and that we also invert the number of upstream and downstream segments, owing to the particle–hole symmetry that 
ensures that moving particles to the right is equivalent to moving holes to the left (explained in further detail in [26]), we recover 
the same diagram.

From Figs.  3(a), (b), and (c), it can be observed that increasing the value of 𝜆 moves the phase boundary separating mLD:nLD 
(in grey) from mHD:nHD (in green), and mHD:nMC (in yellow) closer to the 𝑦-axis (𝛼 = 0), decreasing the area under the mLD:nLD 
phase. For a fixed number of downstream segments, increasing the number of upstream segments (and thereby 𝜆) saturates the 
junction, making it harder for particles to exit the lattice. Thus, for a given 𝛽, the entrance rate 𝛼 must be lower for the whole 
system to be in the LD phase (mLD:nLD). Analogous observations can be made from Figs.  3(d), (e), and (f), with regards to the 
mHD:nHD phase, which moves closer to the 𝑥-axis (𝛽 = 0) as 𝜆 decreases, i.e. the number of downstream segments increases with 
respect to the number of upstream ones, making it easier for particles to exit the lattice. For symmetric lattices (𝜆 = 1) without 
bottleneck effect, the phase diagram remains the same as that of a simple TASEP segment (see Fig.  B.12(b)).

Fig. 4.  Plots of ℎ1 vs 𝜆1, and ℎ2 vs 1
𝜆2
 overlap when 𝜆1𝜆2 = 1. Results are obtained via numerical analysis of lattices V(a:b) with 𝜆1 > 1 and 

V(b:a) with 𝜆2 < 1 with ((𝑎, 𝑏) ∈ [(2, 1), (3, 1), (4, 1)(5, 1), (6, 1)]).

In Fig.  4, we plot the distance (ℎ1) between the 𝑦-axis and the boundary delimiting the mLD:nLD phase from the mHD:nMC one
versus 𝜆1 (𝜆1 > 1), overlaid with the distance (ℎ2) between the 𝑥-axis and the boundary delimiting the mHD:nHD phase from the 
mMC:nLD one versus 1

𝜆2
 (𝜆2 < 1). The complete overlap of the points confirms the particle–hole symmetry.

5.2. MIMO junction with neutral bias and with bottleneck effect

5.2.1. Conditions for the bottleneck effect
We define the bottleneck effect in a V(𝑚: 𝑛) lattice as the scenario when the current is impeded by low absorption (𝜇) and/or 

pumping (𝜈) rates at the junction site (and/or the bias, if present), such that the Maximal Current (MC) phase cannot arise 
simultaneously on all segments on the side of the junction with the lower number of segments. On the side with higher number 
of segments, owing to current conservation at the junction, all segments cannot be in MC phase simultaneously, independent of 
the parameter values at the junction. We introduce the parameter 𝜃, called the bottleneck coefficient, to quantify the reduction of 
current due to the bottleneck effect. 𝜃 is defined (in percentage) as the maximal current achieved by the lattice (𝑗𝑚𝑎𝑥) divided by 
the maximal current achievable in the absence of bottleneck effect: 

𝜃 =
𝑗𝑚𝑎𝑥

𝐽𝑀𝐶 . min(𝑚, 𝑛)
× 100 =

𝑗𝑚𝑎𝑥
1
4 . min(𝑚, 𝑛)

× 100. (7)

We define as 𝜓 the lowest value that ensures 𝜃 = 100%, when 𝜇 = 𝜈 = 𝜓 . The bottleneck effect arises if either one of the three 
following conditions is satisfied: 𝜇, 𝜈 < 𝜓 or 𝜇 ≤ 𝜇∗ or 𝜈 ≤ 𝜈∗. Here, 𝜇∗ and 𝜈∗ are lower thresholds of the absorption and pumping 
6 



A.B. Janete et al. Physica A: Statistical Mechanics and its Applications 693 (2026) 131466 
Fig. 5.  Diagrams delimiting the areas with and without bottleneck effect, depending on the values of the absorption (𝜇) and pumping (𝜈) rates, 
obtained from the numerical solutions of the mean-field equations: (a) 𝜆 < 1 e.g. V(1:2), V(1:5) and V(2:3); (b) 𝜆 = 1 e.g. V(1:1), V(2:2) and 
V(3:3); and (c) 𝜆 > 1 e.g. V(3:2), V(2:1) and V(5:1). For each lattice, the area below the curve represents (𝜇, 𝜈) pairs that result in the bottleneck 
effect, unlike above the curve. The dotted lines show the lower threshold values of the absorption (𝜇∗) and pumping (𝜈∗) rates.

rates, respectively, below which the bottleneck effect appears, irrespective of the values of the other parameters. The bottleneck 
effect also arises for 𝜇∗ < 𝜇 < 𝜓 and 𝜈 > 𝜓 in case 𝜈 is not high enough to compensate for the low absorption rate (𝜇) (and vice 
versa). Fig.  5 shows the (𝜇, 𝜈) pairs resulting in a bottleneck effect for lattices with 𝜆 < 1, 𝜆 = 1, and 𝜆 > 1. In each diagram, the 
curve separating the areas with (below the curve) and without (above the curve) bottleneck effect asymptotically converges towards 
the thresholds 𝜇∗ and 𝜈∗ along the x- and y-axis, respectively.

The expression of 𝜓 depends on 𝑚, 𝑛, and 𝜌̃ as follows (detailed calculation steps are provided in Appendix  D):

• if 𝜆 = 1, 
𝜓 = 𝑚 = 𝑛, (8)

• if 𝜆 < 1, 

𝜓 = 𝑛
2𝜌̃

(1 −
√

1 − 𝑚
𝑛
), (9)

• if 𝜆 > 1, 

𝜓 = 𝑚
2(1 − 𝜌̃)

(1 −
√

1 − 𝑛
𝑚
). (10)

It is worth noting that the value of 𝜓 will be the same for both V(a:b) and V(b:a) ∀ 𝑎, 𝑏 ∈ N. Without loss of generality, we can 
assume that 𝑎 < 𝑏, with 𝜌̃1 being the density at the junction for V(a:b) and 𝜌̃2 the one for V(b:a). Then, the values of 𝜓1 and 𝜓2 can 
be expressed as, 𝜓1 = 𝑏

2𝜌̃1
(1 −

√

1 − 𝑎
𝑏 ) and 𝜓2 = 𝑏

2(1−𝜌̃2)
(1 −

√

1 − 𝑎
𝑏 ), respectively. From particle–hole symmetry, we know that the 

density of particles in V(a:b) equals the density of holes in V(b:a), i.e. 𝜌̃1 = 1 − 𝜌̃2; and thus 𝜓1 = 𝜓2. Eqs. (8), (9), and (10) can be 
expressed in the generalised form as: 

𝜓 =
max(𝑚, 𝑛)

2 ×min(𝜌̃, (1 − 𝜌̃))

⎛

⎜

⎜

⎝

1 −

√

1 −
min(𝑚, 𝑛)
max(𝑚, 𝑛)

⎞

⎟

⎟

⎠

. (11)

5.2.2. Current–density relation at the junction when 𝜆 = 1
Fig.  6 shows the impact of the bottleneck effect on the current–density relation at the junction of a V(1:1) lattice. For the three 

cases considered, the stochastic simulation results and the numerical solutions of the mean-field expressions are in good agreement. 
In panel (a), when the bottleneck effect is caused by a low absorption rate (𝜇 < 𝜈), the density at the junction (𝜌̃𝐽𝑚𝑎𝑥 ) at which 
the maximal value of current is observed is lower than 0.5, and it shifts further left with increasing |𝜇 − 𝜈|. In panel (b), when the 
bottleneck effect is caused by equally low absorption and pumping rates, the maximal value of current is still observed at the density 
𝜌̃𝐽𝑚𝑎𝑥 = 0.5. In panel (c), when the bottleneck effect is caused by a low pumping rate (𝜇 > 𝜈), the density 𝜌̃𝐽𝑚𝑎𝑥  at which the maximal 
value of current is observed is higher than 0.5, and it shifts further right with increasing |𝜇 − 𝜈|. In all three cases, as at least one 
of the rates decreases (𝜇 in (a), 𝜇 and 𝜈 in (b), and 𝜈 in (c)), the maximal value of the current decreases, which corresponds to a 
stronger bottleneck effect.
7 
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Fig. 6.  Current–density relation at the junction of a V(1:1) lattice (with 𝐿 = 100 sites) for varying 𝜇 and 𝜈 values. (a) 𝜇 < 𝜈, the curve becomes 
asymmetric and the maximum current is observed for 𝜌̃ < 0.5. (b) 𝜇 = 𝜈, the curve remains symmetric along 𝜌̃ = 0.5, but is lower for lower values 
of 𝜇 and 𝜈. (c) 𝜇 > 𝜈, the curve becomes asymmetric and the maximum current is observed for 𝜌̃ > 0.5. The points correspond to stochastic 
simulation results based on the Gillespie algorithm, and the lines to the numerical solutions of the mean-field equations.

In panel (a), for a low density at the junction (𝜌̃) the current–density relation is similar to that of the case without bottleneck 
effect (grey curve 𝜇 = 𝜈 = 1). However, when 𝜌̃ reaches a certain value (𝜌̃𝐽𝑚𝑎𝑥 < 0.5), the density at the upstream site before the 
junction saturates, and particles are pumped out of the junction as soon as they enter it (𝜇 < 𝜈), such that the density on the site after 
the junction rapidly increases. Interestingly, the current–density relation at the junction in this regime is not anymore quadratic but 
quasi-linear, suggesting that the current to move particles into the junction becomes only dependent on the density of holes at the 
junction. In panel (c), for a low density at the junction (𝜌̃), the current–density relation is not anymore quadratic but quasi-linear, 
suggesting that the density on the site just after the junction, which depends on 𝜈 < 𝜇, is low enough such that the current to 
move particles out of the junction becomes only dependent on the density of particles at the junction. As the density at the junction 
reaches a certain value (𝜌̃𝐽𝑚𝑎𝑥 > 0.5), the site just after the junction becomes populated, implying that the current–density relation 
recovers a quadratic form, similar to that of the case without bottleneck effect (grey curve 𝜇 = 𝜈 = 1). While in panel (a) the current 
reaches its maximal value for a density below 0.5 because the junction tends to be emptied as soon as it is filled (𝜇 < 𝜈), in panel 
(c) this value is above 0.5 because the junction tends to be filled as soon as it is emptied (𝜇 > 𝜈). In panel (b) the effects observed 
in panels (a) and (c) are combined such that for 𝜌̃ < 0.5 the impact of the reduced pumping rate dominates and the current–density 
relation seems to depend only on the density of particles at the junction, and for 𝜌̃ > 0.5 the impact of the reduced absorption rate 
dominates and the current–density relation seems to depend only on the density of holes at the junction.

Fig. 7. Maximal value of the current at the junction (𝐽𝑚𝑎𝑥) and corresponding density (of particles, 𝜌̃𝐽𝑚𝑎𝑥  and holes, 1 − 𝜌̃𝐽𝑚𝑎𝑥 ) versus 𝜇 − 𝜈, for a 
V(1:1) lattice when max(𝜇, 𝜈) = 𝜓𝑉 (1∶1) = 1 (see Eq.  (8)). Results are obtained by numerically solving the mean-field equations.

Fig.  7 illustrates how the maximal value of the junction current (𝐽𝑚𝑎𝑥, in red) and its corresponding junction density of particles 
(𝜌̃ , in blue) and holes (1 − 𝜌̃ , in black) are affected by the difference between the absorption and pumping rates (𝜇 − 𝜈), 
𝐽𝑚𝑎𝑥 𝐽𝑚𝑎𝑥
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with max(𝜇, 𝜈) = 𝜓𝑉 (1∶1) = 1 (see Eq.  (8)). As 𝜇 − 𝜈 increases, the current 𝐽𝑚𝑎𝑥 follows an inverted parabola profile depending on 
the density 𝜌̃𝐽𝑚𝑎𝑥 , whereas 𝜌̃𝐽𝑚𝑎𝑥  increases in a non-linear monotonic fashion depending on 𝜇 − 𝜈. As a result, the profile of 𝐽𝑚𝑎𝑥
depending on 𝜇 − 𝜈 shown in Fig.  7 deviates from an inverted parabola, with a stronger effect for the intermediate values of 𝜇 − 𝜈. 
On the left, 𝜇 = 0 and 𝜈 = 1, particles cannot enter the junction but could possibly leave it, and so both the particle density and the 
current at the junction are null. In the centre, 𝜇 = 𝜈 = 1, 𝜌̃𝐽𝑚𝑎𝑥 = 0.5, and the maximal current at the junction is equal to that of the 
Maximal Current phase (𝐽𝑚𝑎𝑥 = 𝐽𝑀𝐶 = 1

4 ). On the right, 𝜇 = 1 and 𝜈 = 0, particles can enter the junction but cannot leave it, and 
so the particle density 𝜌̃𝐽𝑚𝑎𝑥 = 1 but the current 𝐽𝑚𝑎𝑥 = 0. When considering the symmetry along the line 𝜇 − 𝜈 = 0, it is apparent 
that exchanging 𝜇 and 𝜈, the current at the junction (𝐽𝑚𝑎𝑥) remains unchanged while the density of particles (𝜌̃𝐽𝑚𝑎𝑥 ) is now equal 
to that of the holes (1 − 𝜌̃𝐽𝑚𝑎𝑥 ). Together, these features are consequences of the particle–hole symmetry at the junction.

5.2.3. Current at the junction when 𝜆 varies
Fig.  8 shows the effect of the number of upstream (𝑚) and downstream (𝑛) segments on the bottleneck coefficient (𝜃) for 

fixed absorption and pumping rates (𝜇 = 𝜈 = 1). When either or both of 𝑚 and 𝑛 equals 1, the maximal value of current at the 
junction is equal to that of the Maximal Current phase on the side of the junction with the lower number of segments, such that 
𝐽𝑚𝑎𝑥 = 𝐽𝑀𝐶 . min(𝑚, 𝑛) =

1
4 . min(𝑚, 𝑛), meaning that the absorption and/or pumping rates are high enough so that no bottleneck 

effect is observed. When either or both of 𝑚 and 𝑛 increases, the absorption and/or pumping rates are not high enough to avoid 
the bottleneck effect, and consequently 𝜃 decreases. While for a fixed number of upstream segments (𝑚) increasing the number of 
downstream segments (𝑛) till 𝑛 = 𝑚 leads to a decrease of 𝜃, increasing 𝑛 even further increases 𝜃 very slightly. A similar behaviour 
is observed when instead 𝑛 is kept fixed and 𝑚 is increased. The slight increase in the 𝜃 value upon increasing either 𝑚 or 𝑛 beyond 
the symmetric configuration, can be attributed to the fact that 𝜓(𝑉 (𝑎: 𝑎)) > 𝜓(𝑉 (𝑎: 𝑏)) ∀𝑏 ≠ 𝑎 (see Eqs. (8)–(11)). In other words, 
when moving away from the diagonal 𝑚 = 𝑛 in Fig.  8, 𝜓 decreases, which leads to a reduction in the bottleneck effect and an 
increase in the bottleneck coefficient (𝜃), for fixed 𝜇 and 𝜈 values less than 𝜓 .

Fig. 8. Impact of the number of upstream (𝑚) and downstream (𝑛) segments on the bottleneck coefficient (𝜃) for fixed absorption and pumping 
rates (𝜇 = 𝜈 = 1). 𝜃 is symmetric across the diagonal (𝑚 = 𝑛) and equals 100% if either or both of 𝑚 and 𝑛 are equal to 1.

5.3. MIMO junction with bias

5.3.1. Methodological limitations
As explained in Section 4.1, phase diagrams are obtained from the numerical solutions of the mean-field equations, using values 

of 𝛼 and 𝛽 on a grid. Because the Shock Phases occur along lines or even points (and not surfaces) and it is not possible to cover all 
the real values between 0 and 1 for 𝛼 and 𝛽, it is not always possible to capture the Shock Phases. Consequently, we acknowledge 
that the phase diagrams (Figs.  9, 10, and F.14) do not cover all the Shock Phases of the system, yet, it is valid that each segment 
transits between LD and HD phases via either a Shock Phase or a Maximal Current phase.
9 
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5.3.2. Lattices with 𝜆 = 1
Fig.  9 shows the phase diagrams for a V(2:2) lattice, with different bias configurations. Panel (a), with neutral bias, is similar to 

that of a simple TASEP segment (see Fig.  B.12) with particle–hole symmetry along the 𝛼 = 𝛽 line, and equal areas for the 2HD:2HD 
and the 2LD:2LD phases, while the Shock Phase lies along the line 𝛼 = 𝛽 < 0.5 and the top-right area is occupied by the 2MC:2MC 
phase. Precisely, for this neutral bias lattice, the Shock Phase consists in a Domain Wall that can be equally likely located on any 
segment of the lattice where it randomly fluctuates.

Panel (b), with biases on the upstream segments (𝜎𝐴 = [0.25, 0.75]), shows that the region previously occupied by the 2MC:2MC 
phase is now by a HD.MC:2LD phase, because particles on the upstream segment with reduced bias (𝜎𝐴𝑖 = 0.25) can less easily exit 
into the junction, turning the segment from MC to HD. As the current entering the junction reduces, the density downstream the 
junction, on B segments, reduces too, which causes them to have a LD phase. For the same reason, when 𝛼 increases or 𝛽 decreases, 
the upstream segment with low bias (𝜎𝐴𝑖 = 0.25) turns into HD, while the one with high bias (𝜎𝐴𝑖 = 0.75) may still sustain LD or 
change to MC. Thus, besides 2HD:2HD, 2LD:2LD, and HD.MC:2LD, three new phases appear, namely HD.LD:2HD, HD.MC:2HD, and 
HD.LD:2LD. One can note that while the upstream segment with a low bias gets filled through a Shock Phase, the favoured one 
reaches a MC phase.

Panel (c), with biases on the downstream segments (𝜎𝐵 = [0.25, 0.75]), can be obtained from panel (a), by particle–hole symmetry, 
exchanging upstream and downstream segments, 𝛼 and 𝛽, and LD and HD phases. In this case, the reduced bias on one B segment 
limits particle entry from the junction, which in turn increases the density on upstream segments.

Panel (d), with equally biased upstream and downstream segments (𝜎𝐴 = 𝜎𝐵 = [0.25, 0.75]), shows that, similar to panel (a), the 
phase diagram is symmetric along the line 𝛼 = 𝛽, which is again a consequence of the particle–hole symmetry. When compared 
with panel (a), panel (d) shows that the 2MC:2MC phase becomes a HD.MC:LD.MC, because MC occurs only on the highly biased 

Fig. 9. Phase diagrams obtained from the numerical solutions of the mean-field equations for a V(2:2) lattice with: (a) neutral bias, (b) bias 
on only upstream segments, 𝜎𝐴 = [0.25, 0.75], (c) bias on only downstream segments, 𝜎𝐵 = [0.25, 0.75], and (d) equal biases on both upstream 
and downstream segments, 𝜎𝐴 = 𝜎𝐵 = [0.25, 0.75]. When both the upstream and downstream segments have the same biases, HD and LD phases 
across the individual segments are symmetric along the 𝛼 = 𝛽 diagonal.
10 
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segments. Whether 𝛼 increases or 𝛽 decreases, the downstream segments undergo a phase transition before the upstream ones, 
despite the bottleneck effect at the junction. Precisely, particles accumulate in the system first on the downstream segments, and 
then on the upstream ones, thereby filling the lattice in the direction opposite the particle flow.

5.3.3. Lattices with 𝜆 > 1
Fig.  10 shows the phase diagrams for a V(3:2) lattice, with different bias configurations. Panel (a), with neutral bias, is similar 

to Figs.  3(a–c), showing the phases 3HD:2HD, 3HD:2MC, and 3LD:2LD. In particular, 3HD:2HD and 3LD:2LD are present in all Fig. 
10 cases, irrespective of the choice of biases across the upstream and/or downstream segments.

Fig. 10. Phase diagrams obtained from the numerical solutions of the mean-field equations for a V(3:2) lattice with (a) neutral bias, (b) bias 
on only upstream segments, 𝜎𝐴 = [0.1, 0.3, 0.6], (c) bias on only downstream segments, 𝜎𝐵 = [0.25, 0.75], and (d) bias on both upstream and 
downstream segments, 𝜎𝐴 = [0.1, 0.3, 0.6] and 𝜎𝐵 = [0.25, 0.75].

Panel (b), with biases on the upstream segments (𝜎𝐴 = [0.1, 0.3, 0.6]) shows that the area previously occupied by the 3HD:2MC 
phase in panel (a), is now by a 3HD:2LD phase, because particles on the upstream segments can less easily enter into the junction, 
and as the current entering the junction reduces, the density downstream the junction, on B segments, reduces too, causing them 
to be in a LD phase.

For different values of 𝛼, decreasing 𝛽 induces a sequence of distinct phase transitions corresponding to the progressive filling of 
the lattice, starting from the downstream segments. For smaller values of 𝛼, the upstream segments get filled in a stepwise manner, 
with the unfavoured ones (low 𝜎𝐴𝑖 ) being filled first. Thus, the effect of the bias is more noticeable as the entrance rate 𝛼 is lower.

For different values of 𝛽, when increasing 𝛼, we observe that, while for high values of 𝛽 (ca. 𝛽 > 0.44), only the upstream 
segments get filled, for lower values of 𝛽 (ca. 𝛽 < 0.44), depending on the value of 𝜎𝐴𝑖 , the order in which upstream and downstream 
segments get filled is intricate. Yet, again, the most unfavoured (𝜎𝐴𝑖 = 0.1) upstream segment is filled first and the most favoured 
one (𝜎𝐴 = 0.6) last.
𝑖

11 
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Panel (c), with biases on the downstream segments (𝜎𝐵 = [0.25, 0.75]), shows that the area previously occupied by the 3HD:2MC 
phase in panel (a), is now by a 3HD:LD.MC phase, where the B segment with the lower bias goes to the LD phase, because particles 
from the junction cannot easily enter it.

For different values of 𝛼, decreasing 𝛽 leads to a progressive filling of the lattice, starting with the most favoured downstream 
segment (𝜎𝐵𝑗 = 0.75). This segment consequently enters either a HD or a MC phase, while the least favoured downstream segment 
(𝜎𝐵𝑗 = 0.25) remains in a LD phase. A similar behaviour is observed for different values of 𝛽 when increasing 𝛼.

Interestingly, for both panels (b) and (c), certain phase transitions involve Shock Phases with a Domain Wall that can be located 
in both upstream and downstream segments, which is consistent with previous observations [43].

In panel (d), as compared to panel (a) with neutral bias, the presence of a bias in all five segments gives rise to ten new 
phases in addition to the 3HD:2HD and 3LD:2LD phases. These new phases appear as a result of the distribution of the biases, such 
that upstream and downstream segments are distinct amongst themselves, and therefore get filled/emptied in a stepwise manner, 
reflected by complex combinations of phases, typically for intermediate values of 𝛼 and 𝛽. Noticeably, the complexity of the phase 
diagram bursts, and is far more intricate than the simple overlay of the panels (b) and (c).

5.3.4. Lattices with 𝜆 < 1
The phase diagrams for a V(2:3) lattice (see Fig.  F.14) can be derived from those shown in Fig.  10 for a V(3:2) lattice by particle–

hole symmetry, exchanging upstream and downstream segments, 𝛼 and 𝛽, and LD and HD phases. Consequently, all qualitative 
conclusions directly extend to this case. The impact of the distribution of either upstream or downstream segment biases on the 
junction current, can be quantified by the bottleneck coefficient (𝜃), which reveals that the bias of the upstream segments has a 
stronger effect than the one of the downstream ones for the studied V(2:3) lattice (see Appendix  E). We can explain this by the 
fact that for an asymmetric lattice with neutral bias, the MC phase appears on the side of the junction with the lower number of 
segments, which is hence most impacted by the reduction of current.

6. Conclusion

Transport along complex one-dimensional lattices is widely prevalent in the real world, on a variety of scales, ranging from 
cellular cytoskeletal transport to nationwide road maps. These large and entangled networks, typically involve junctions where 
several tracks intersect and moving agents obey complex kinetic rules. The Totally Asymmetric Exclusion Process (TASEP) has 
initially been formulated for a single segment, and despite its many extensions, the study of Multiple-Input-Multiple-Output (MIMO) 
TASEP junctions with complex kinetic rules involving absorption, pumping, and biases remains a mathematical challenge calling 
for numerical approaches. In this study, we develop an innovative method involving formulating the combinatorial explosion of the 
phases on the lattice in the form of a matrix, as well as solving the conservation of the mean-field current at the junction using 
Constrained Optimisation, supplemented with stochastic simulations following a Gillespie algorithm.

Our results show that lattices with the same ratio of the number of upstream to downstream segments (𝜆 = 𝑚
𝑛 ) have the same 

phase diagrams, in the absence of a bottleneck effect and with neutral bias. Under these conditions, utilising particle–hole symmetry, 
it is also possible to deduce the phase diagrams for lattices related by 𝜆2 = 1

𝜆1
. For segments with neutral bias, the bottleneck effect 

arises if either one of the three following conditions is satisfied: 𝜇, 𝜈 < 𝜓 or 𝜇 ≤ 𝜇∗ or 𝜈 ≤ 𝜈∗. Here, 𝜇∗ and 𝜈∗ are lower thresholds 
of the absorption and pumping rates, respectively, below which the bottleneck effect appears, irrespective of the values of the other 
parameters. The bottleneck effect also arises for 𝜇∗ < 𝜇 < 𝜓 and 𝜈 > 𝜓 in case 𝜈 is not high enough to compensate for the low 
absorption rate (𝜇) (and vice versa), or if a bias is introduced at the junction.

Depending on the fixed values of the absorption and pumping rates, increasing the number of upstream (𝑚) or downstream 
(𝑛) segments reduces the bottleneck coefficient (𝜃), and increases the bottleneck effect, which impacts both the transport on the 
individual segments and at the junction site, leading to a reduction of the current. For symmetric lattices, if the bottleneck effect is 
caused by equally low absorption (𝜇) and pumping (𝜈) rates, the maximal current occurs for the junction density 𝜌̃ = 1

2 , similar to 
the case without the bottleneck effect. However, if it arises when 𝜇 < 𝜈 or 𝜇 > 𝜈, the maximal current is observed when 𝜌̃ < 1

2  or 
𝜌̃ > 1

2 , respectively. Independent of the values of 𝜇 and 𝜈, the current-density relation at the junction for a bottlenecked lattice is 
no longer quadratic throughout, but becomes piece-wise quasi-linear.

When introducing biases on either or both of the upstream and downstream segments, the phenomenology gets very complex. 
The number of new phases in the phase diagram bursts, and we observe that filling the lattice does not only depend on the rates 
at the junction (absorption, pumping, and biases), and the number of upstream (𝑚) and downstream (𝑛) segments, but also on 
the values of the entrance (𝛼) and exit (𝛽) rates at the boundaries of the overall lattice. Specifically, at intermediate values of 𝛼
and 𝛽, the dynamics of transport becomes intricate, and segments upstream and downstream of the junction both get filled in a 
stepwise manner. As the biases reduce the current, it may lead to the disappearance of the MC phase. Furthermore, particle–hole 
symmetry, well-established for a simple TASEP segment, extends here as well, allowing us to recover the phase diagrams for lattices 
by exchanging upstream and downstream segments, 𝛼 and 𝛽, and LD and HD phases.

This study establishes a new and original method based on numerical solving for deciphering transport at a MIMO junction. 
While it is illustrated with example lattices involving only up to 5 segments, for demonstration purposes, it should be reminded 
that the method is fully generic and allows right-away tackling MIMO junctions with any number of upstream and downstream 
segments, as well as freely-selected values for the kinetic parameters at the junction (absorption, pumping, and bias rates). The 
complexity of the MIMO junction that one can investigate with this method is, hence, only limited by the available computational 
resources. A natural future development for the method would be to extend it to entire networks, which are typically more realistic 
12 
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representations of real-world systems, like vehicular traffic at multi-lane intersections, and data or material transport in branched 
infrastructures. On such highly complex structures, congestion management is crucial, and so, our detailed study of the bottleneck 
effect at the MIMO junction specifically paves the way towards these future and applied investigations.
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Appendix A. Glossary

A.1. List of symbols

 𝛼 Particle entrance rate to TASEP lattice  
 𝛽 Particle exit rate from TASEP lattice  
 𝛾 Particle jumping rate (if next site is available)  
 𝜌 Average particle density in the lattice  
 𝐽 Average particle current in the lattice  
 𝑚 Number of upstream segments  
 𝑛 Number of downstream segments  
 𝜆 Ratio 𝑚𝑛  
 𝐴𝑖 𝑖th segment upstream of junction  
 𝐵𝑗 𝑗th segment downstream of junction  
 𝛽𝑒𝑓𝑓𝑖 Effective exit rate of the 𝑖th upstream segment  
 𝛼𝑒𝑓𝑓𝑗 Effective entrance rate of the 𝑗th downstream segment  
 𝜌̃ Particle density at the junction  
 𝐽 Current at the junction site  
 𝐽𝑚𝑎𝑥 Maximum Current at the junction site  
 𝜌̃𝐽𝑚𝑎𝑥 Junction density corresponding to the maximum junction current  
 𝐽𝐴𝑖 Particle current in the 𝑖th upstream segment  
 𝐽𝐵𝑗 Particle current in the 𝑗th downstream segment  
 𝜇 Absorption rate into the junction  
 𝜈 Pumping rate out of the junction  
 𝜇∗ Lowest threshold of 𝜇 below which bottle neck effect cannot be avoided  
 𝜈∗ Lowest threshold of 𝜈 below which bottleneck effect cannot be avoided  
 𝜃 Percentage of Maximum possible current when there is no bottleneck effect 
 𝜓 Lowest value fulfilling 𝜇 = 𝜈 = 𝜓 and 𝜃 = 100%  
 𝜎𝐴 Bias across the upstream segments  
 𝜎𝐵 Bias across the downstream segments  
 𝑠𝑡𝑑(𝜎𝐴) Standard deviation of 𝜎𝐴  
 𝑠𝑡𝑑(𝜎𝐵) Standard deviation of 𝜎𝐵
13 
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A.2. Abbreviations

TASEP: Totally Asymmetric Exclusion Process, MIMO: Multiple-Input-multiple-Output, MISO: Multiple-Input-Single-Output, HD: 
High Density, LD: Low Density, MC: Maximal Current, SP: Shock Phase, PCM: Phase Combination Matrix, CO: Constrained 
Optimisation.

Appendix B. A brief reminder of TASEP at junctions

TASEP along a single segment (of finite size L with 𝐿 ≫ 1) consists of the stochastic unidirectional movement of a gas of particles 
that interact as hard-spheres, such that two particles or more cannot simultaneously occupy the same site [30]. Particles enter on 
one side of the lattice with an entrance rate 𝛼, move forward in the bulk with a jumping rate 𝛾, and quit it with an exit rate 𝛽. Under 
the mean-field assumption, the steady state values of the phase diagram, the density, and the current have been determined for each 
phase and are summarised in Table  B.3 [19]. The mean-field hypothesis assumes the absence of correlation between subsequent 
sites, which implies that the average density (noted 𝜌) is homogeneous along the lattice, except in the Shock Phase for which a 
Low Density phase on the left side of the lattice co-exists with a High Density phase on its right side, thereby forming a Domain 
Wall that fluctuates through time along the lattice as a random walker. In mean-field, the current (noted 𝐽 ) can be expressed as a 
function of the bulk density as: 𝐽 = 𝜌(1 − 𝜌) (see Fig.  B.11).

Fig. B.11.  A schematic representation of the Totally Asymmetric Simple Exclusion Process (TASEP) on a single segment. Particles enter on 
the left with entrance rate 𝛼 from an infinite reservoir, step along the segment with excluded-volume interactions with a rate 𝛾, and leave the 
segment on the right with exit rate 𝛽 to an infinite reservoir.

Table B.3
Density phases for a TASEP segment with their corresponding boundary rate conditions, average 
densities, and currents values.
 Density phase Conditions Average density Current  
 Low Density (LD) 𝛼 < 1

2 𝜌 = 𝛼 𝐽 = 𝛼(1 − 𝛼)
 

 𝛼 < 𝛽  
 High Density (HD) 𝛽 < 1

2 𝜌 = 1 − 𝛽 𝐽 = 𝛽(1 − 𝛽)
 

 𝛽 < 𝛼  
 Maximal Current (MC) 𝛼 > 1

2 𝜌 = 1
2

𝐽 = 1
4

 
 𝛽 > 1

2
 

 Shock Phase (SP) 𝛼 = 𝛽 𝜌 = 1
2 𝐽 = 𝛼(1 − 𝛼)

 
 𝛼 < 1

2
 

To expand mean-field results to structures with junctions, following the approach by Pronina and Kolomeisky [30], for each 𝑖th 
segment upstream the junction (noted 𝐴𝑖), one should define an effective exit rate 𝛽𝑒𝑓𝑓𝑖  as a function of the density at the junction 
𝜌̃, and analogously, for each 𝑗th segment downstream the junction (noted 𝐵𝑗), define an effective entrance rate 𝛼𝑒𝑓𝑓𝑗 . Thus, each 
branch of the structure can be considered independently as a standalone TASEP segment, with respective boundary rates, that is 
nonetheless connected to the other segments through the junction. Then, each combination of phases occurring on upstream and 
downstream segments, must fulfil current conservation at the junction (i.e. ∑𝑖 𝐽𝐴𝑖 =

∑

𝑗 𝐽𝐵𝑗 ), while ensuring that the associated 
conditions are respected by the boundary rates of the respective individual segments. This allows determining the phase diagram 
of branched lattices, which shows different phase boundaries as compared to that of a simple TASEP segment (see the example of 
threefold lattices in Fig.  B.12) [24,25,30].
14 
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Fig. B.12. The phase diagram of (a) a V(1:2) lattice, (b) a simple TASEP segment, and (c) a V(2:1) lattice in the steady state [25].

Appendix C. Calculation steps coefficients of mean-field expression for MIMO

C.1. A segments

Effective entrance and exit rates:
Entrance rate: 𝛼
Exit rate : 𝜇 𝜎𝐴𝑖 (1 − 𝜌̃)  with 𝜇 absorption rate into the junction and 𝜎𝐴𝑖  bias of segment 𝐴𝑖

C.1.1. If 𝐴𝑖 has phase HD
Conditions on effective entrance and exit rates: 𝛽𝑒𝑓𝑓𝑖 <

1
2 ↔ 𝜇 𝜎𝐴𝑖 (1 − 𝜌̃) < 1

2  and 𝛽𝑒𝑓𝑓𝑖 < 𝛼 ↔ 𝜇 𝜎𝐴𝑖 (1 − 𝜌̃) < 𝛼
Current value: 𝐽𝐴𝑖 = 𝜇 𝜎𝐴𝑖 (1 − 𝜌̃)(1 − 𝜇 𝜎𝐴𝑖 (1 − 𝜌̃)) ⇔ 𝐽𝐴𝑖 = (𝜇 𝜎𝐴𝑖 − 𝜇 𝜎𝐴𝑖 𝜌̃)(1 − 𝜇 𝜎𝐴𝑖 + 𝜇 𝜎𝐴𝑖 𝜌̃) ⇔ 𝐽𝐴𝑖 = 𝜇 𝜎𝐴𝑖 − 𝜇 𝜎𝐴𝑖 𝜌̃ − (𝜇 𝜎𝐴𝑖 )

2 +
(𝜇 𝜎𝐴𝑖 )

2 𝜌̃ + (𝜇 𝜎𝐴𝑖 )
2 𝜌̃ − (𝜇 𝜎𝐴𝑖 )

2 𝜌̃2 ⇔ 𝐽𝐴𝑖 = 𝜌̃2 (−(𝜇 𝜎𝐴𝑖 )
2) + 𝜌̃ (2 (𝜇 𝜎𝐴𝑖 )

2 − 𝜇 𝜎𝐴𝑖 ) + (𝜇 𝜎𝐴𝑖 − (𝜇 𝜎𝐴𝑖 )
2)

For the equation of current conservation: 𝑎𝐴𝑖 = −(𝜇 𝜎𝐴𝑖 )
2 𝑏𝐴𝑖 = 2 (𝜇 𝜎𝐴𝑖 )

2 − 𝜇 𝜎𝐴𝑖 𝑐𝐴𝑖 = 𝜇 𝜎𝐴𝑖 − (𝜇 𝜎𝐴𝑖 )
2

C.1.2. If 𝐴𝑖 has phase LD
Conditions on effective entrance and exit rates: 𝛼 < 1

2 𝛼 < 𝛽𝑒𝑓𝑓𝑖 ↔ 𝛼 < 𝜇 𝜎𝐴𝑖 (1 − 𝜌̃)
Current value: 𝐽𝐴𝑖 = 𝛼 (1 − 𝛼)
For the equation of current conservation: 𝑎𝐴𝑖 = 0 𝑏𝐴𝑖 = 0 𝑐𝐴𝑖 = 𝛼 (1 − 𝛼)

C.1.3. If 𝐴𝑖 has phase MC
Conditions on effective entrance and exit rates: 𝛼 > 1

2 𝛽𝑒𝑓𝑓𝑖 >
1
2 ↔ 𝜇 𝜎𝐴𝑖 (1 − 𝜌̃) > 1

2
Current value: 𝐽𝐴𝑖 = 1

4
For the equation of current conservation: 𝑎𝐴𝑖 = 0 𝑏𝐴𝑖 = 0 𝑐𝐴𝑖 =

1
4

C.1.4. If 𝐴𝑖 has phase SP
Conditions on effective entrance and exit rates: 𝛼 < 1

2 𝛼 = 𝛽𝑒𝑓𝑓𝑖 ↔ 𝛼 = 𝜇 𝜎𝐴𝑖 (1 − 𝜌̃) ↔ 𝜌̃ = 1 − 𝛼
𝜇 𝜎𝐴𝑖

Current value: 𝐽𝐴𝑖 = 𝛼 (1 − 𝛼) = 𝜇 𝜎𝐴𝑖 (1 − 𝜌̃)(1 − 𝜇 𝜎𝐴𝑖 (1 − 𝜌̃))
For the equation of current conservation: 𝑎𝐴𝑖 = 0 𝑏𝐴𝑖 = 0 𝑐𝐴𝑖 = 𝛼 (1 − 𝛼)
Or: 𝑎𝐴𝑖 = −(𝜇 𝜎𝐴𝑖 )

2 𝑏𝐴𝑖 = 2 (𝜇 𝜎𝐴𝑖 )
2 − 𝜇 𝜎𝐴𝑖 𝑐𝐴𝑖 = 𝜇 𝜎𝐴𝑖 − (𝜇 𝜎𝐴𝑖 )

2

NB:
∀ 𝑖 , 𝑙 𝑤𝑖𝑡ℎ 𝑖, 𝑙 ∈ [1..𝑚] 𝑎𝑛𝑑 𝑖 ≠ 𝑙 ,  if 𝐴𝑖 has density phase MC, 𝐴𝑙 cannot have LD or SP because of contradictory constraints on 

𝛼.
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C.2. B segments

Effective entrance and exit rates:
Entrance rate: 𝛼𝑒𝑓𝑓𝑗 = 𝜈 𝜎𝐵𝑗 𝜌̃  with 𝜈  pumping rate out of the junction  and 𝜎𝐵𝑗  bias of segment 𝐵 − 𝑗
Exit rate: 𝛽

C.2.1. If 𝐵𝑗 has phase HD
Conditions on effective entrance and exit rates: 𝛽 < 1

2 𝛽 < 𝛼𝑒𝑓𝑓𝑗 ↔ 𝛽 < 𝜈 𝜎𝐵𝑗 𝜌̃
Current value: 𝐽𝐵𝑗 = 𝛽 (1 − 𝛽)
For the equation of current conservation: 𝑎𝐵𝑗 = 0 𝑏𝐵𝑗 = 0 𝑐𝐵𝑗 = 𝛽 (1 − 𝛽)

C.2.2. If 𝐵𝑗 has phase LD
Conditions on effective entrance and exit rates: 𝛼𝑒𝑓𝑓𝑗 <

1
2 ↔ 𝜈 𝜎𝐵𝑗 𝜌̃ <

1
2 𝛼𝑒𝑓𝑓𝑗 < 𝛽 ↔ 𝜈 𝜎𝐵𝑗 𝜌̃ < 𝛽

Current value: 𝐽𝐵𝑗 = 𝜈 𝜎𝐵𝑗 𝜌̃ (1 − 𝜈 𝜎
𝐵
𝑗 𝜌̃) 𝐽𝐵𝑗 = 𝜈 𝜎𝐵𝑗 𝜌̃ − (𝜈 𝜎𝐵𝑗 )

2 𝜌̃2

For the equation of current conservation: 𝑎𝐵𝑗 = −(𝜈 𝜎𝐵𝑗 )
2 𝑏𝐵𝑗 = 𝜈 𝜎𝐵𝑗 𝑐𝐵𝑗 = 0

C.2.3. If 𝐵𝑗 has phase MC
Conditions on effective entrance and exit rates: 𝛽 > 1

2 𝛼𝑒𝑓𝑓𝑗 >
1
2 ↔ 𝜈 𝜎𝐵𝑗 𝜌̃ >

1
2

Current value: 𝐽𝐵𝑗 = 1
4

For the equation of current conservation: 𝑎𝐵𝑗 = 0 𝑏𝐵𝑗 = 0 𝑐𝐵𝑗 =
1
4

C.2.4. If 𝐵𝑗 has phase SP
Conditions on effective entrance and exit rates: 𝛽 < 1

2 𝛽 = 𝛼𝑒𝑓𝑓𝑗 ↔ 𝛽 = 𝜈 𝜎𝐵𝑗 𝜌̃ ↔ 𝜌̃ = 𝛽
𝜈 𝜎𝐵𝑗

Current value: 𝐽𝐵𝑖 = 𝛽 (1 − 𝛽) = 𝜈 𝜎𝐵𝑗 𝜌̃ − (𝜈 𝜎𝐵𝑗 )
2 𝜌̃2

For the equation of current conservation:
𝑎𝐵𝑗 = 0
𝑏𝐵𝑗 = 0
𝑐𝐵𝑗 = 𝛽(1 − 𝛽)
Or:
𝑎𝐵𝑗 = −(𝜈 𝜎𝐵𝑗 )

2

𝑏𝐵𝑗 = 𝜈 𝜎𝐵𝑗
𝑐𝐵𝑗 = 0
NB:
∀ 𝑗 , 𝑙 𝑤𝑖𝑡ℎ 𝑗, 𝑙 ∈ [1..𝑛] 𝑎𝑛𝑑 𝑖 ≠ 𝑙 ,  if 𝐵𝑗 has density phase MC, 𝐵𝑙 cannot have HD or SP because of contradictory constraints 

on 𝛽.

Appendix D. Calculations details for the bottleneck effect threshold parameter 𝝍

We want to calculate 𝜓 for a V(𝑚: 𝑛) lattice. 𝜓 is the lowest value of absorption and pumping rates so that the MC phase occurs 
on the junction side with the lower number of segments. Thus, if 𝑚 < 𝑛, the system is in the mMC:nLD phase. If 𝑚 = 𝑛, the system is 
in mMC:nMC phase and if 𝑚 > 𝑛, the system is the mHD:nMC phase. Let 𝑎, 𝑏 ∈ 𝐍 with 𝑎 > 𝑏 such that 𝑎 = max(𝑚, 𝑛) and 𝑏 = min(𝑚, 𝑛). 
We know that V(a:b) and V(b:a) share the same value of 𝜓 . We try to find an equation of 𝜓 for V(a:b) and V(b:a) lattices. To begin 
we define the entrance and exit rates of the A and B segments:

• Entrance rate of A segments: 𝛼𝐴 = 𝛼
• Exit rate of A segments: 𝛽𝐴 = (1 − 𝜌̃)𝜓 1

𝑎
• entrance rate of B segments: 𝛼𝐵 = 𝜌̃𝜓 1

𝑏
• exit rate of B segments: 𝛽𝐵 = 𝛽

 aHD:bMC on V(a:b)  
 We denote 𝜌1 as the density at the junction of 
V(a:b).
current conservation:

 

 𝑎𝜓 1
𝑎 (1 − 𝜌1)(1 − 𝜓

1
𝑎 (1 − 𝜌1)) = 𝑏 14  

𝜓 𝑏

 bMC:aLD on V(b:a)  
 We denote 𝜌2 as the density at the junction of 
V(b:a).
current conservation:

 

 𝑏 14 = 𝑎𝜓 1
𝑎 𝜌2(1 − 𝜓

1
𝑎 𝜌2)  

𝑏 𝜓
 𝜓(1 − 𝜌1)(1 − 𝑎 (1 − 𝜌1)) = 4  4 = 𝜓𝜌2(1 − 𝑎 𝜌2)
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Applying the particle–hole symmetry, we know that the density of particles on V(a:b) equals the density of holes in V(b:a), 
i.e. 𝜌1 = 1 − 𝜌2. We have here 2 unknowns, 𝜓 and 𝜌2 and both equations of the current conservation result in one namely:

𝜓2𝜌2
2 1
𝑎
− 𝜓𝜌2 +

𝑏
4
= 0

𝛥𝜓 = 𝜌22 − 4 𝑏4
1
𝑎 𝜌2

2 = 𝜌22(1 −
𝑏
𝑎 ) 𝜓 =

𝜌2(1−
√

1− 𝑏
𝑎 )

2 𝜌2
2
𝑎

=
𝑎(1−

√

1− 𝑏
𝑎 )

2𝜌2
 or 𝜓 =

𝜌2(1+
√

1− 𝑏
𝑎 )

2 𝜌2
2
𝑎

=
𝑎(1+

√

1− 𝑏
𝑎 )

2𝜌2

Since, 𝜓 is by definition the lowest positive value of both pumping and absorption that ensures that 𝜃 = 100%, we select the 
solution: 𝜓 =

𝑎(1−
√

1− 𝑏
𝑎 )

2𝜌2
.

For lattices with 𝑚 > 𝑛, we substitute 𝜌2 with 1 − 𝜌1, such that the equation reads as: 𝜓 =
𝑎(1−

√

1− 𝑏
𝑎 )

2(1−𝜌1)
.

Appendix E. Impact of the bias on the bottleneck effect

Fig.  E.13 shows the bottleneck coefficient (𝜃) depending on the standard deviation amongst the biases of either upstream (A) or 
downstream (B) segments, 𝜎𝐴𝑖  and 𝜎𝐵𝑗 , respectively. The standard deviation of the bias is defined as 𝑠𝑡𝑑(𝜎𝑥) =

√

1
𝑦
∑

(

𝜎𝑥𝑖 −
∑

𝜎𝑥𝑖
𝑦

)2
, 

where 𝑥 = 𝐴, 𝑦 = 𝑚 for the upstream segments and 𝑥 = 𝐵, 𝑦 = 𝑛 for the downstream ones, respectively. The lattice is a V(2:3) with 
𝜇 = 𝜈 = 𝜓 = 1.64, such that with neutral bias amongst the segments, there is no bottleneck effect (𝜃 = 100%), as can be seen on the 
top-left. We observe that when either of the upstream or downstream segments are biased, there is a monotonic decrease of 𝜃 with 
increasing standard deviation of the biases, which is consistent with results found for closed systems [24,26].

Fig. E.13. Bottleneck coefficient (𝜃) versus the standard deviation of the bias (𝑠𝑡𝑑(𝜎𝐴,𝐵)) obtained from the numerical solutions of the mean-field 
equations of a V(2:3) lattice, with 𝜇 = 𝜈 = 𝜓 = 1.64, the lowest value ensuring 𝜃 = 100%, with neutral bias. Either the upstream (A) or the 
downstream (B) segments are biased, while the segments opposite the junction remain neutrally biased.

For the lattice considered, a V(2:3), the decrease of 𝜃 with the increase in the standard deviation of the biases is stronger for the 
upstream segments than for the downstream ones. For a V(2:3) lattice with 𝜇 = 𝜈 = 𝜓 = 1.64, in the absence of a bias (thus without 
the bottleneck effect) the upstream segments accommodate a MC phase and the downstream segments are in the LD phase. Thus, 
the segments accommodating the MC phase, here the upstream ones, are those most impacted by the bottleneck effect.
17 
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Appendix F. Lattices with 𝝀 < 𝟏

Fig. F.14. Phase diagrams obtained from the numerical solutions of the mean-field equations for a V(2:3) lattice with (a) neutral bias, (b) bias 
on only upstream segments, 𝜎𝐴 = [0.25, 0.75], (c) bias on only downstream segments, 𝜎𝐵 = [0.1, 0.3, 0.6], and (d) bias on both upstream and 
downstream segments, 𝜎𝐴 = [0.25, 0.75] and 𝜎𝐵 = [0.1, 0.3, 0.6].

Data availability

The simulation and analysis codes of the model, together with the scripts for reproducing the figures, are provided in the GitLab 
repository accessible via https://gitlab.com/asben100/complex-tasep-mimo-junction.
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