
Dynamics of colloids in external potentials

Inaugural thesis presented to the Faculty of Mathematics and Natural Sciences
of Heinrich Heine University Düsseldorf

for the degree of Doctor of Natural Sciences

by

Yasamin Mohebi Satalsari

from Rasht, IRAN.

Düsseldorf, December, 2025



from the institute for Experimental Softmatter Group
at the Heinrich Heine University Düsseldorf

Published by permission of the
Faculty of Mathematics and Natural Sciences at
Heinrich Heine University Düsseldorf

Examiners:
1. Prof. Dr. Manuel A. Escobedo-Sanchez
2. Prof. Dr. Hartmut Löwen
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Summary

Soft matter systems include materials composed of microscopic components,
namely colloids, polymers, gels, foams, and liquid crystals, dispersed in a contin-
uous medium that strongly responds to thermal fluctuations and external fields.
Among these systems, colloidal samples have served as an ideal model due to their
tunable interactions, optical accessibility, and relevance to both fundamental and
applied research. When external energy landscapes are imposed, such as periodic
light fields created by interfering laser beams, the motion of colloidal particles
becomes highly structured, providing a platform for exploring complex transport
phenomena.

In this thesis, we investigate the dynamics of colloidal particles confined to two
dimensions and subjected to one-dimensional periodic light fields. By combining
trajectory analysis, Brownian dynamics simulations, and analytical models, we
systematically characterize particle motion in these confined environments. Fur-
thermore, we examine how geometric factors, specifically the ratio of periodicity
to particle diameter, influence the effective potential experienced by the particles.

In the non-equilibrium regime, we investigate the dynamics of colloids driven
across the periodic potential by applying an externally imposed driving velocity
via stage translation.

The combination of experimental data, simulation results, and theoretical pre-
dictions provides a comprehensive framework for understanding colloidal transport
in optical potential environments.
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I would like to thank Prof. Hartmut Löwen and Prof. Jürgen Horbach for their
valuable support and insightful feedback during my PhD.

My heartfelt thanks go to Dr. Mahnoosh Madani, who always listened to me with
genuine attention and supported me with kindness and friendship throughout this
journey.

I am grateful to all the members of our research group, Patrick and Marcell for their
assistance, insightful discussions, and the friendly and supportive environment they
have provided throughout these years.

I would also like to thank our former group members, Alejandro, Debasish, and
Marisa, whose contributions and presence during the earlier stages of my PhD
were equally valuable and appreciated.

I am also grateful to Bianka, our group secretary, who was always kind and helpful,
supporting me in both academic matters and practical issues beyond the university.

My deepest gratitude goes to my beloved parents. Their unconditional love,
support, and countless sacrifices have been the foundation of everything I have
achieved. I am also deeply thankful to my dear brother, whose presence and
encouragement have meant so much to me throughout this journey.



Lastly, I would like to thank all my friends outside the university. Thank you for
being my anchor when things felt overwhelming. Your constant encouragement,
patience, and shared frustration meant more than you know. I truly appreciate
all the laughter, distractions, and reminders that life exists beyond the lab.





Contents

1 Introduction 1

2 Theoretical Background 3
2.1 Colloidal particles . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3
2.2 Colloid–colloid and colloid–potential interactions . . . . . . . . . . . 4
2.3 Colloidal particles dynamics . . . . . . . . . . . . . . . . . . . . . . 6

2.3.1 Brownian motion . . . . . . . . . . . . . . . . . . . . . . . . 6
2.3.2 Colloids in two-dimensional geometries . . . . . . . . . . . . 7
2.3.3 Langevin equation . . . . . . . . . . . . . . . . . . . . . . . 9
2.3.4 Langevin equation in reduced units . . . . . . . . . . . . . . 11
2.3.5 Fokker-Planck Equation . . . . . . . . . . . . . . . . . . . . 12
2.3.6 Reciprocal space . . . . . . . . . . . . . . . . . . . . . . . . 13

3 Overview 15
3.1 Experimental system . . . . . . . . . . . . . . . . . . . . . . . . . . 15

3.1.1 Colloidal sample . . . . . . . . . . . . . . . . . . . . . . . . 15
3.1.2 Colloidal sample cell . . . . . . . . . . . . . . . . . . . . . . 16
3.1.3 Sample characterization . . . . . . . . . . . . . . . . . . . . 17

3.2 Experimental setup . . . . . . . . . . . . . . . . . . . . . . . . . . . 17
3.3 Calibration methods of the optical potential . . . . . . . . . . . . . 19

3.3.1 Light field intensity profile . . . . . . . . . . . . . . . . . . . 20
3.3.2 Boltzmann . . . . . . . . . . . . . . . . . . . . . . . . . . . 21
3.3.3 Long-time diffusion coefficient . . . . . . . . . . . . . . . . . 24
3.3.4 Intermediate scattering function (ISF) . . . . . . . . . . . . 27

3.4 Simulation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28
3.5 Influence of σ/L on the potential amplitude . . . . . . . . . . . . . 30
3.6 Driven colloidal dynamics in a periodic light field . . . . . . . . . . 32

4 Scientific Contributions 37
4.1 Intermediate scattering function of colloids in a periodic laser field . 37



4.2 Precisely controlled colloids: a playground for path-wise non-equilibrium
physics . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 55

4.3 Colloidal transport in periodic potentials: the role of modulated-
crowding . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 68

5 Conclusions 81



Chapter 1

Introduction

Soft matter plays a significant role across everyday, technological, and biological
contexts. Everyday examples include food products such as milk and chocolate,
cosmetic creams, and household cleaning agents [1]. In technology, liquid crystals
form the foundation of modern display screens [2], while in biology, the principles
of soft matter underpin the behaviour of cells, proteins, and membranes [3].

Understanding the broad spectrum of behaviors observed in soft matter requires
studying model systems and unraveling their fundamental physical structure and
interactions. These systems include colloids, polymers, emulsions, foams, and
liquid crystals. They are characterized by length scales ranging from nanometers to
micrometers and interaction energies on the order of thermal energy kBT [4], where
kB is the Boltzmann constant and T is the absolute temperature. As a result, soft
matter systems are highly susceptible to thermal fluctuations and external forces,
leading to a wide range of equilibrium and non-equilibrium behaviors.

In soft matter physics, colloidal samples are particularly well-suited as model
systems. Colloidal particles typically range in size from a few nanometers to several
micrometers and can be visualized and tracked using optical microscopy. Their
interactions can be finely tuned by modifying the solvent, adjusting the particle
surface chemistry, or applying external fields [5]. Furthermore, their Brownian
motion provides an experimentally accessible analogue to molecular or atomic
systems, enabling direct testing of theoretical models from statistical mechanics [6].

Among experimentally implemented fields, periodic optical potentials have
proven to be powerful tools for probing colloidal dynamics in structured envi-
ronments [7]. These potentials are created by the interference of coherent laser
beams, forming well-defined energy landscapes with tunable amplitude and pe-
riodicity. Colloids in periodic light fields provide a powerful model system for
studying particle interactions and self-organization under controlled and tunable
conditions. By using laser beams to create optical potentials, colloidal particles can
be trapped, manipulated, and assembled with high precision. This enables system-
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atic investigations of fundamental processes such as phase transitions, transport in
periodic potentials, and non-equilibrium dynamics. The non-invasive nature and
real-time controllability of optical fields make them particularly valuable tools in
soft matter physics, microrheology, and the development of reconfigurable materi-
als.

In this thesis, we explore the behaviour of colloidal particles restricted to a
two-dimensional plane and subjected to a one-dimensional periodic light field. The
periodic light field is generated using a Kösters prism setup [8], which allows for
adjustment of the amplitude and periodicity of the periodic light field. We combine
particle tracking analysis, Brownian dynamics simulations, and analytical model-
ing to investigate the interplay between external potentials and particle dynamics.
This thesis also builds on results from three research articles, each focusing on
distinct aspects of colloidal dynamics: One paper focuses on using the intermedi-
ate scattering function to extract dynamic information [9]. In another, we ana-
lyzed first-passage and transition-path statistics under external driving based on
path-wise observables [10]. The third study examines how particle concentration
influences transport in a periodic light field [11]. These publications complement
and extend the results presented in the following chapters.

To complement these studies, we calibrate the periodic light field by compar-
ing experimental results with Brownian dynamics simulations, thereby enabling
an accurate estimate of the potential amplitude (Sect. 3.8). We then explore the
behavior of the driven system, highlighting the impact of external driving velocity
on transport through the periodic potential. (Sect. 3.14). Altogether, this thesis
presents a comprehensive view of colloidal motion in periodic light fields by bridg-
ing theoretical predictions with experimental observations, and it addresses the
roles of external light fields, external driving velocity, and crowding in governing
particle dynamics.
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Chapter 2

Theoretical Background

2.1 Colloidal particles

Colloidal particles are widely used as model systems in soft matter physics due to
their intermediate size, which allows for real-time, real-space observation and ma-
nipulation [12]. In particular, two-dimensional (2D) systems composed of relatively
large colloidal particles, on the order of micrometers, offer a versatile platform for
studying collective phenomena, including phase transitions, crystallization, and
glassy dynamics[13]. When modeled as hard spheres, these particles interact solely
through excluded volume effects, making them an ideal realization of purely en-
tropic systems and enabling direct comparisons with statistical mechanical theories
of hard-disk models [14].

A particularly rich area of investigation arises when 2D colloidal systems are
exposed to externally imposed optical potentials[15, 16]. These structured fields
can be experimentally realized using periodic light fields, which allow for precise
control over the symmetry, amplitude, and spatial periodicity of the light field [17].
The interaction between particles and these fields establishes a structured energy
potential that modulates their Brownian motion, influencing transport properties,
time-dependent diffusivity, and spatial organization under non-equilibrium condi-
tions [18].

The time evolution of particles under 2D confinement and/or external opti-
cal potentials can be effectively described by the overdamped Langevin equation,
which accounts for the balance between stochastic thermal forces, viscous damping,
and any deterministic external forces acting on the particles [19]. Alternatively,
the same dynamics can be formulated in terms of the Fokker-Planck equation,
which describes the evolution of the probability density function associated with
particle positions over time [19]. Together, these frameworks provide a consistent
and comprehensive description of both equilibrium and non-equilibrium behavior
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in systems influenced by external fields.
Altogether, 2D colloidal systems under periodic optical potentials serve as well-

controlled experimental models for investigating the interplay between thermal
fluctuations and external fields. In the subsequent chapters, we focus on how these
interactions shape the transport dynamics and lead to emergent non-equilibrium
behaviors that can be quantitatively compared with theoretical frameworks.

2.2 Colloid–colloid and colloid–potential inter-

actions

The interactions between colloidal particles are often modeled as hard-sphere re-
pulsions. In this idealized representation, colloidal particles are treated as perfectly
rigid, impenetrable spheres that experience an infinite repulsive force upon contact
but no interaction at larger separations. This simplification captures the essen-
tial feature of excluded volume without invoking any long-range forces. The hard
sphere interaction potential UHS is defined as

UHS(r) =

{
∞, r ≤ σ

0, r > σ
(2.1)

where σ denotes the diameter of a colloidal particle and r is the centre-to-centre
distance between a pair of particles. This model enforces a strict no overlap condi-
tion and is widely used in theoretical and computational studies to understand the
role of packing and entropic effects in dense suspensions. However, in many exper-
imental and simulated systems, especially those involving soft or polymer coated
colloids, the abruptness of the hard-sphere potential can present challenges. To ad-
dress this, the Weeks–Chandler–Andersen(WCA) [20] potential is often employed
as a more realistic alternative. It retains the key feature of steric repulsion while
introducing a smooth and differentiable force profile that decays to zero beyond a
finite range. The WCA potential is defined as:

UWCA(r) =

Aε

[(σ
r

)γ

−
(σ
r

)γ−1
]
+ ε, r < σB

0, r ≥ σB
(2.2)

where

A = γ

(
γ

γ − 1

)γ−1

, B =

(
γ

γ − 1

)
. (2.3)

In this expression, ε is the energy parameter that characterizes the strength
of the repulsion between two particles. In this work, we used γ = 50 to ensure a
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sufficiently sharp repulsion that closely resembles the behavior of hard disks and
ε = 0.6816 kBT [11].

In addition to inter-particle interactions, colloidal particles can be subjected to
an externally imposed energy landscape. A periodic optical potential, generated
by the interference of two coherent laser beams, introduces energy barriers that
modulate particle dynamics. The result of interfering two coherent laser beams at
an angle θ is the formation of a fringe pattern with a spatially modulated intensity
profile. This interference pattern creates a periodic distribution of light intensity
across space, described by [21, 17]:

I(x) = 2I0 {1 + cos [2kx sin(θ/2)]} e−2x2 cos2(θ/2)/R2

, (2.4)

where I0 is the intensity of each beam, k = 2π/L is the fringe wave vector, L is the
periodicity of the potential, and x is the spatial coordinate perpendicular to the
fringes. The cosine term produces the regular fringe structure, while the Gaussian
envelope (exponential term) arises from the finite beam radius R and describes
the gradual decrease of intensity away from the beam center. In this thesis, the
Gaussian envelope varies less than 15% radeally across the field of view and is thus
neglected in the analysis.

Building on the intensity distribution described above, the external potential
experienced by colloidal particles in experiments involves additional complexities.
These arise from factors such as the finite beam radius of the light field, the fi-
nite particle size, and the light-scattering properties of the particles, primarily
determined by their refractive index contrast with the surrounding medium. In
addition, the potential depends on the laser power Lp and on the wave vector.
These factors are crucial for accurately describing the periodic potential experi-
enced by the colloidal particles. The analytical expression used in this work is
[17]:

Uext(x) = gαLp

(
1 + 3

j1(ka)

ka
cos(kx)

)
. (2.5)

Here, g is a setup-dependent calibration factor, Lp is the laser power, α =
a3n2

S(n
2−1)

n2+2
is the particle polarizability, and a is the particle radius. Additionally,

the refractive index ratio n = nc/ns accounts for the contrast between the colloid
nc and the solvent ns. The function j1 is the spherical Bessel function of the first
kind (order one), which appears due to the spatial averaging of the cosine potential
over the particle’s finite size.

Although the actual external potential is more complex, the light field can be
reasonably approximated by a spatially periodic optical potential, described as:

Uext(x) = V0 cos(kx) + Vbg, (2.6)
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where V0 is the potential amplitude and Vbg = gαLp is a constant offset. Since Vbg

is position independent, it does not enter the external force experienced by the
particles. The amplitude V0 can be expressed as [7, 18]

V0 = 3gαLp
j1(ka)

ka
. (2.7)

Here, we can clearly see the influence of the particle size and the periodicity of the
optical field, expressed by the wave vector k = 2π/L, on the amplitude.

2.3 Colloidal particles dynamics

2.3.1 Brownian motion

The study of particle motion in colloidal systems originated with the experimen-
tal observations of Robert Brown in 1828, who reported the random movement
of pollen grains suspended in water under a microscope [22]. Albert Einstein
provided the theoretical explanation in 1905, deriving a quantitative relation be-
tween the mean squared displacement (MSD) and the diffusion coefficient, thereby
linking Brownian motion to thermal fluctuations [23]. The first experimental cal-
culation of MSD was carried out by Jean Perrin, who recorded colloidal particle
trajectories and provided direct experimental confirmation of Einstein’s theoretical
predictions [24].

Shortly thereafter, Langevin (1908)[25] and Smoluchowski (1916)[26] developed
complementary methodologies to characterize the motion of colloidal particles. We
will discuss the Brownian motion framework and the Langevin approach in detail,
covering the background, mathematics, and physical consequences.

To characterize the motion of colloidal particles, various observables are com-
puted from experimentally obtained particle trajectories, typically acquired via
video microscopy and analyzed using particle tracking algorithms. These observ-
ables are broadly categorized into two types: those analyzed directly in sample
space, based on particle displacements, and those analyzed in reciprocal space us-
ing Fourier-based correlation functions, as commonly applied in scattering exper-
iments. Each approach provides complementary insights into how thermal fluc-
tuations impact particle dynamics. The following presents a description of the
system’s dynamics in sample space.

The displacement of a particle over a delay time τ is defined relative to a
starting time t0 as:

∆x(τ ; t0) = x(t0 + τ)− x(t0), (2.8)

where x(t) is the particle position at time t. This displacement arises from random
collisions between solvent molecules and the particle, leading to a Brownian tra-
jectory. The probability density function P (x, τ), which describes the probability
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of finding a particle at a position x at a delay time τ , is governed by the diffusion
equation[27]:

∂P (x, τ)

∂τ
= D

∂2P (x, τ)

∂x2
, (2.9)

where D is the diffusion coefficient. For a particle starting at x = 0, the solution
to this equation is a Gaussian distribution:

P (x, τ) =
1√

4πDτ
exp

(
− x2

4Dτ

)
. (2.10)

This solution shows that the distribution of particle positions spreads over time.
The width of the distribution is characterized by MSD, which reflects how far
particles move, on average, over time. The MSD is a key measure of Brownian
motion, quantifying the average distance a particle moves over a delay time. It is
defined as

⟨∆x2(τ)⟩ = ⟨[x(t0 + τ)− x(t0)]
2⟩. (2.11)

Einstein’s analysis of Brownian motion for dilute systems, demonstrated that the
MSD is directly proportional to time and the diffusion coefficient [28]:

⟨∆x2(τ)⟩ = 2dDτ. (2.12)

where d is the number of spatial dimensions (e.g., d = 2 for 2D motion) and D is
the diffusion coefficient. This linear relationship is a fundamental feature of dif-
fusive processes, setting Brownian motion apart from other types of motion. For
instance, in ballistic motion, MSD scales as τ 2, corresponding to motion with a
constant velocity, whereas in Brownian motion, the MSD increases linearly with
time as a result of random thermal fluctuations.

2.3.2 Colloids in two-dimensional geometries

Colloidal particles in 2D geometries, where motion is effectively restricted to a
plane, exhibit diffusion dynamics that differ substantially from those in three-
dimensional systems. Such systems are common in experiments where particles
move in thin fluid layers or between closely spaced surfaces, conditions that en-
hance hydrodynamic interactions with nearby boundaries. These effects often play
a dominant role in determining the effective diffusion coefficient. In the absence of
boundaries, the diffusion of a spherical particle in a viscous fluid, here called the
bulk diffusion coefficient Db, is well described by the Stokes–Einstein–Sutherland
relation [23, 29, 30]:

Db =
kBT

ξ
=

kBT

6πηa
, (2.13)
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where kB is the Boltzmann constant, T the absolute temperature, η the dynamic
viscosity of the fluid, and a the particle radius. The term 6πηa corresponds to
the Stokes friction coefficient, ξ. Db assumes that the particle is in an unbounded
medium. However, in experimental systems, especially in two-dimensional geome-
tries such as particles confined between two glass surfaces (Fig. 2.1), hydrodynamic
interactions with the nearby walls significantly reduce the particle’s mobility. As
a result, the measured diffusion coefficient is reduced compared to Db [31, 32, 33].

Ƹ𝑧

ො𝑥

ො𝑦 2𝑎
𝓏

Figure 2.1: Schematic of a colloidal particle of diameter 2a restricted between two
parallel walls, with its vertical position close to the bottom wall (z ≈ a). The
motion is restricted to the xy-plane and influenced by near-wall hydrodynamic
effects.

To characterize how particle dynamics evolve over time, the time-dependent
diffusivity is introduced as:

D(τ) =
1

2

d

dτ
⟨∆x2(τ)⟩. (2.14)

In a dilute 2D system without external forces, referred to as free diffusion, D(τ)
remains constant for all delay times. In contrast, in systems under external forces,
it varies with time, indicating different dynamical regimes.

The anomalous diffusion exponent, µ(τ), characterizes the scaling of the MSD
with time and is defined as [34]:

µ(τ) =
d log⟨∆x2(τ)⟩

d log τ
. (2.15)

This quantity provides insight into the temporal evolution of MSD (⟨∆x2(τ)⟩ ∼ τµ)
and enables the distinction between different transport regimes. Normal diffusion
corresponds to µ(τ) = 1, subdiffusion to µ(τ) < 1, and superdiffusion to µ(τ) > 1.
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While MSD provides a basic measure of diffusion, it does not capture deviations
from Gaussian behavior. A more detailed characterization comes from the fourth
moment, from which the Non-Gaussian Parameter (NGP) is defined as[35]:

α2(τ) =
⟨[∆x(τ)]4⟩
3⟨[∆x(τ)]2⟩

− 1. (2.16)

For purely Gaussian diffusion, this parameter is zero, whereas positive values in-
dicate anomalous diffusion.

These observables (MSD, D(τ), µ(τ), and NGP) provide a consistent frame-
work for describing the dynamics of particles, allowing us to link statistical mea-
sures of motion to the underlying physical processes and identify different transport
regimes.

2.3.3 Langevin equation

We now extend our description to the case of colloidal particles in two dimensions
subjected to an external field. The Langevin equation describes the trajectories
of individual particles under the combined influence of random thermal forces
and deterministic forces arising from external potentials [25]. In such a picture,
the motion of a particle with a mass m, according to Newton’s second law, is
determined[19],

mẍ(τ) = −ξẋ(τ)− d

dx
Uext(x) + Frand(τ), (2.17)

where the left-hand side represents the inertial term. ξ is the Stokes friction co-
efficient, d

dx
Uext(x) represents the force due to an external potential. These forces

can arise due to gravity, optical trapping, electric or magnetic fields, fluid flow,
or interactions between particles. Frand(τ) denotes the stochastic force exerted
by the surrounding fluid molecules on the particle. According to the fluctua-
tion–dissipation theorem, the statistical properties of Frand(τ) are:

⟨Frand⟩ = 0, ⟨Frand(τ)Frand(τ
′)⟩ = 2kBTξδ(τ − τ ′), (2.18)

where δ(τ−τ ′) is the Dirac delta function ensuring the independence of fluctuations
at different delay times.

In experimental systems, colloidal particles are often subjected to external
forces, which significantly modify their dynamics. In the presence of an external
force, the motion of a Brownian particle is a combination of stochastic fluctuations
and the effect of that force. The transition from inertial to overdamped motion is
characterized by the ballistic time τballistic = m/ξ. For τ ≫ m/ξ, the inertial term
mẍ(τ) in Eq.(2.17) becomes negligible, and viscous and stochastic forces dominate
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the motion. In this regime, the Langevin equation simplifies to what is known as
the overdamped Langevin equation[19]:

ẋ(τ) = −1

ξ

d

dx
Uext(x) +

1

ξ
Frand(τ). (2.19)

In the absence of an external potential, but in the presence of constant velocity
vdriven, the overdamped Langevin equation takes the form

ẋ(τ) = vdriven +
1

ξ
Frand(τ). (2.20)

that gives rise to a systematic displacement of the particles in the direction of
vdriven. As a result, this driven motion adds a deterministic term to the MSD
alongside the stochastic Brownian contribution:

⟨∆x2(τ)⟩ = 2Dτ + v2drivenτ
2. (2.21)

Where D is the free diffusion coefficient. At short delay times, the motion is domi-
nated by thermal fluctuations, and MSD follows the typical diffusive relation in Eq.
2.12 As the delay time increases, the deterministic contribution from the driven
motion becomes dominant, and the motion gradually shifts from random diffusion
to directed motion. In this regime, the MSD exhibits ballistic-like behavior.

⟨∆x2(τ)⟩ ≈ v2drivenτ
2. (2.22)

We now consider the case where colloidal particles are subjected to an external
periodic potential. Such potentials can be generated, for instance, by optical lat-
tices or standing-wave light fields, where interference between laser beams creates
a periodic optical potential. To describe the motion of a Brownian particle in a
periodic potential, we use the Langevin equation (Eq. 2.19), where the external
potential takes the form Uext(x)

Uext(x) = V0 cos(kx) + Vbg, (2.23)

where V0 is the potential amplitude, k is the wave vector, and is related to the
periodicity of the potential L = 2π/k. The constant term Vbg = gαLp represents
an offset in the potential. The corresponding external force is:

Fext(x) = − d

dx
Uext(x) = kV0 sin(kx). (2.24)

Substituting this external force into the overdamped Langevin (Eq.2.19) equation
yields:

ẋ(τ) = −kV0

ξ
sin(kx) +

1

ξ
Frand(τ). (2.25)
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At this point, we have introduced the influence of external forces on Brownian
motion. To further comprehend these dynamics, solving the Langevin equation
is essential, utilizing both analytical and numerical approaches. In section 3.8,
we focus on solving the Langevin equation for both a constant driving velocity
and a periodic potential, and explore how these forces modify particle trajectories.
Furthermore, we will address the experimental realization of the periodic potential,
focusing on its implementation with an optical laser field. This will provide further
insight into how external forces influence colloidal motion.

2.3.4 Langevin equation in reduced units

The Langevin equation can be reformulated in reduced units to simplify its mathe-
matical treatment and enhance computational efficiency. Expressing the equation
in reduced units form eliminates redundant physical constants and reduces the
number of independent parameters, yielding a more universal representation of
the system’s behavior. We consider the particle diameter σ as the unit of length
and define the dimensionless coordinate [36, 37]:

x∗(τ) =
x(τ)

σ
, (2.26)

where (*) denotes the quantities expressed in reduced units. For Brownian motion,
the MSD in reduced units can be expressed as

⟨∆x∗2(τ)⟩ =

〈[
x(t0 + τ)

σ
− x(t0)

σ

]2〉
=

1

σ2
⟨∆x2(τ)⟩ = 2

D

σ2
τ. (2.27)

From which a characteristic diffusion time, referred to as the Brownian time (τB),
is defined as:

τB =
σ2

D
. (2.28)

The reduced time scale is defined in terms of the delay time as:

τ ∗ =
τ

τB
=

Dτ

σ2
. (2.29)

By substituting the reduced variables x∗, τ ∗ in the overdamped Langevin equation,
Eq.2.19, and using the relation ξ = kBT/D we get:

dx∗

dτ ∗
=

V0

kBT
σk sin(kσx∗) + F ∗

rand(τ
∗). (2.30)

The wave vector and potential amplitude can be expressed in reduced units as

k∗ = kσ, V ∗
0 = V0/kBT. (2.31)
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The dimensionless random force is defined as

F ∗
rand(τ

∗) =
σ

kBT
Frand(τ), (2.32)

and satisfies the requirements

⟨F ∗
rand(τ

∗)F ∗
rand(τ

∗′)⟩ = 2 δ(τ ∗ − τ ∗
′
). (2.33)

Hence, the full overdamped Langevin equation in reduced units is

dx∗

dτ ∗
= V ∗

0 k
∗ sin(k∗x∗) + F ∗

rand(τ
∗). (2.34)

This reduced formulation of the overdamped Langevin equation emphasizes the
key dimensionless parameters that govern the particle dynamics in a periodic po-
tential, the reduced potential amplitude V ∗

0 and the reduced wave vector k∗. By
eliminating explicit dependencies on system-specific quantities such as particle
size, temperature, or viscosity, the rescaled equation provides a universal frame-
work that is well-suited for analytical studies and numerical simulations.

2.3.5 Fokker-Planck Equation

The Fokker-Planck equation is a fundamental partial differential equation that
describes the time evolution of the probability density function, p(x, τ), of the
position or momentum of a colloidal particle under the influence of external forces
[38, 19]. It is a continuity equation for the probability density, ensuring the con-
servation of probability. In the context of colloidal systems, it provides a robust
framework for understanding the collective behavior and spatial distribution of
particles [38, 19], while the overdamped Langevin equation (Sec. 2.3.3) describes
the trajectories of individual particles influenced by random forces and external
potentials. The Fokker–Planck equation is particularly useful for systems in the
overdamped limit, where inertial effects are negligible, and it is equivalent to the
Langevin description for equilibrium dynamics[38].

For a single Brownian particle at position x, subject to a potential Uext(x), and
evaluated at delay time τ , the Fokker-Planck equation is given by[38]:

∂τp(x, τ) = −∂x

{[
−D/kBT

dUext(x)

dx
−D∂x

]
p(x, τ)

}
, (2.35)

here, the terms have the following physical significance: p(x, τ) represents the
probability density function of the particle’s position at delay time τ . D is the free
diffusion coefficient, directly related to temperature and viscosity by the Stokes-
Einstein equation (Eq. 2.13). When the diffusivity is constant and the system

12



is considered stationary, the Fokker–Planck equation is also referred to as the
Smoluchowski equation [38, 39]. dUext(x)/dx is the force derived from the ex-
ternal potential Uext(x). Eq. 2.35 is a continuity equation for the probability

density, ensuring the conservation of probability. The term −D/kBT
dUext(x)

dx
p(x, τ)

represents the drift current, which arises from the force exerted by the external
potential on the particles. The second term, −D∂xp(x, τ), represents the diffusive

current, driven by random thermal fluctuations. dUext(x)
dx

is the force derived from
the external potential U(x).

The Fokker-Planck equation is central to understanding how external poten-
tials and thermal noise collectively shape the spatial distribution and dynamics of
colloidal particles. By solving this equation, one can obtain the full statistical de-
scription of particle motion, including the steady-state probability distributions in
both equilibrium and non-equilibrium steady-states. In this thesis, this equation
serves as a theoretical basis for analyzing particle dynamics in periodic light fields.
It complements the single-particle trajectories generated through numerical inte-
gration of the Langevin equation, offering a comprehensive picture of the system’s
behavior.

2.3.6 Reciprocal space

In addition to analyzing particle motion in sample space, an alternative and com-
plementary approach is to study the system’s dynamics in reciprocal space. These
space observables provide insight into spatial correlations and density fluctuations
by employing Fourier transforms of sample space quantities. A key quantity in re-
ciprocal space analysis is the self-intermediate scattering function (self-ISF), which
describes the time-dependent decay of density fluctuations at a given wave vector
q. It is defined as

f(q, τ) =
〈
eiq·(r(τ)−r(0))

〉
. (2.36)

It is a key observable in the study of colloidal and soft matter systems, providing a
direct measure of a single particle’s motion in reciprocal space. In systems with a
spatially periodic potential, the Self-ISF remains useful but does not fully capture
the rich spatial structure and mode coupling induced by the periodic landscape.
It is advantageous to consider a generalized ISF, which incorporates correlations
between different reciprocal lattice modes. It is defined as

Fµν(q, τ) =
〈
e−i(q+Qµ)x(τ) ei(q+Qν)x(0)

〉
, (2.37)

where q is a wave vector in the first Brillouin zone, and Qµ = 2πµ/L (and analo-
gously Qν) are the reciprocal lattice vectors, with the mode indices µ, ν ∈ Z. This
generalized formulation extends self-ISF by resolving off-diagonal correlations in
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reciprocal space (Fµ ̸=ν). These off-diagonal components contain critical informa-
tion about the interference between different periodic modes and are particularly
sensitive to the structure of the potential and the particle’s localization behavior.
To gain further insight into the behavior of Fµν(q, τ), it is useful to consider its
limiting cases at short and long times. For a periodic potential system, Eq. 2.37
in the short time limit reduces to [9]:

Fµν(q, τ = 0) = ⟨exp(−iQµ−νx(0))⟩ (2.38)

= (−1)µ−ν Iµ−ν(V0/kBT )

I0(V0/kBT )
, (2.39)

and in the long time limit for q = 0

Fµν(0, τ → ∞) =
(−1)ν+µIµ(V0/kBT )Iν(V0/kBT )

I20(V0/kBT )
, (2.40)

where Iµ, Iν represents the modified Bessel function of the first kind. In our analy-
sis, we use both the short- and long-time limits of the generalized ISF to character-
ize key properties of the external potential. The long-time limit of the generalized
ISF allows us to determine the amplitude of the periodic potential by compar-
ing the asymptotic values with theoretical predictions, See [9] for further details.
In contrast, the short-time limit reflects the spatial structure of the equilibrium
distribution and is sensitive to the periodicity of the potential.
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Chapter 3

Overview

3.1 Experimental system

This section first describes the preparation of the colloidal samples used in the
experiments, including particle selection, concentration adjustment, and solvent
conditions to ensure long term stability. Special consideration is given to selecting
materials for the cell walls, spacers, and sealing of the sample cell, as well as
defining the assembly procedures, since these factors play a crucial role in ensuring
sample stability and experimental reproducibility. The system is then dynamically
characterized in the absence of an external periodic optical potential by measuring
its time-dependent diffusion.

3.1.1 Colloidal sample

For this study, polystyrene sulfate latex particles with diameters of 3µm (∼ 5%
polydispersity, Invitrogen, Batch. No.1838504), 4µm (∼ 4% polydispersity, Batch.
Molecular Probes, Batch. No.1259392), and 5µm (∼ 6% polydispersity, Invitro-
gen, Batch. No.853189) were dispersed in ultrapure water with a resistivity of
18.2 MΩcm (Purelabs Flex system, Elga).

Depending on the particle size under study, spacers with diameters of 4 µm, 5
µm, or 6 µm were employed, corresponding to particle sizes of 3 µm, 4 µm, and 5
µm, respectively. The spacers defined a well-controlled gap between the coverslips,
creating a 2D geometry in which the particles could move freely in the plane while
being confined vertically. This configuration maintained a stable spacing between
the coverslips, preventing capillary forces from narrowing the gap and compressing
the particles.
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3.1.2 Colloidal sample cell

The sample cell was assembled on a microscope slide using a rectangular coverslip
(24×50 mm, thickness No.1, VWR, product no. 631-0146) and a smaller square
coverslip (22×22 mm, thickness No.1.5, VWR, product no. 631-0125). This config-
uration was chosen to ensure that both walls in contact with the colloidal sample
were made of the same borosilicate glass, thereby reducing particle adhesion to
the surfaces.

Before assembly, the cover slips were thoroughly cleaned using a 2% Hellmanex
solution in ultrapure water and sonicated for 30 minutes. They were then rinsed
and sonicated three times with ultrapure water to ensure complete removal of
residual surfactants, with each step lasting 15 minutes. After rinsing, the coverslips
were placed in an oven at 85 ◦C for 2 hours to promote quick and uniform drying.

b) c)a) Cover slips
No.1, 24 × 𝟓𝟎 𝐦𝐦

Microscope
Slide

Glue

Cover slips 
No.1.5, 22 × 𝟐𝟐mm Dilute 

Sample

d)
Spacer

e)

Figure 3.1: Step-by-step assembly of the sample cell used for 2D samples. a)
A rectangular coverslip (No. 1) is attached to a microscope slide using Norland
Optical Adhesive 61. b) A small droplet of the colloidal sample is deposited at the
center using a pipette. A square coverslip is placed on top to enclose the sample. c)
The edges are sealed with UV-curable adhesive. d) A photograph of the assembled
sample cell, showing the sealed region containing the dilute sample. e) Schematic
illustration of the cell interior.

After cleaning and drying, the sample cell assembly was performed. The rect-
angular coverslip was glued to a microscope slide using a UV-curing adhesive
(NOA61, Norland Products) and then cured under a UV lamp for 1 minute to
form the base of the sample cell (Fig.3.1a). After curing, 2.5µL of the colloidal
sample was carefully placed at the center of the coverslip (Fig.3.1b). The smaller
square coverslip was then placed on top, gently pressed to bring the two coverslips
closer together, ensuring that the spacing corresponded to the height of the spac-
ers without compressing the particles. This allowed the liquid to spread evenly
and remain free of air bubbles (Fig.3.1b). The edges of the assembled cell were
then sealed with a UV-curing adhesive cured under a UV lamp in three cycles of
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3 minutes each. Between curing cycles, the adhesive layer was carefully checked
to ensure the proper sealing of the cell, (Fig.3.1c). The final sample cell, with
the glued region and enclosed volume, is shown in Fig.3.1d. Each cell was labeled
with the particle size, dilution conditions, and preparation date for reference. A
schematic representation of the sample cell interior is shown in Fig. 3.1e, where
the colloidal particles are randomly distributed within the sample, and the gap
between the two coverslips is determined by the size of the spacer particles. After
assembly, the sample cell was left in the laboratory for 48 hours to equilibrate, al-
lowing the solvent and particles to relax and establish a stable configuration with a
uniform distribution and steady Brownian motion, free of aggregation or thermal
drift. Following equilibration, the sample cell was mounted on the microscope,
and regions with a uniform particle distribution were selected for measurements.
All observations were carried out in regions where the particle area fraction was
approximately 0.01, ensuring dilute conditions.

3.1.3 Sample characterization

Despite our efforts to prepare all samples under comparable restriction conditions,
measurable variations were observed in time-dependent diffusivitiesD(τ), as shown
in Fig. 3.2a. The short-time regime of D(τ) was used to extract the diffusion
coefficients, whose distribution is displayed in Fig. 3.2b. The observed variation
is primarily due to the manual assembly of the cells, where small differences in
how much the upper coverslip was pressed down resulted in variations in sample
height and, consequently, in particle mobility. The distribution shown in Fig. 3.2b
reveals a coefficient of variation of approximately 12%, underscoring how variations
in sample geometry can affect diffusivity.

Additionally, we observed that each sample gradually ages after approximately
10 days, as particles begin to stick to the walls. Since our analysis focuses on
the dilute regime, reliable statistics can only be obtained when particle motion
remains stable and consistent throughout the series of measurements. Therefore,
to ensure data quality and reproducibility, we periodically replaced the samples
during the series of measurements.

3.2 Experimental setup

This section describes the experimental setup used to create the periodic light
field for studying the dynamics of colloidal particles in the periodic potential. The
setup enables precise control over the fringe spacing and intensity of the periodic
light field at the sample plane.
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a) b)

Figure 3.2: Time-dependent diffusivity D(τ) obtained from multiple 2D experi-
mental samples using particles with 3µm diameter and spacers of 4µm diameter.
Each dataset corresponds to a different sample prepared under similar confinement
conditions. b) Distribution of the diffusion coefficientsD extracted from these sam-
ples. The fitted Gaussian yields a mean value of D = 0.0435± 0.0053µm2/s with
a coefficient of variation of 12%. The observed spread primarily reflects the hand-
made nature of the samples, leading to small variations in the spacing between the
confining coverslips.

The experimental setup combines a periodic light field generator and an imag-
ing system (Microscope) as shown in Fig.3.3a. A 532 nm wavelength laser (Cobolt
05-01 Samba, 1.5 W) is expanded using two lenses (L1 and L2) acting as a beam
expander. The expanded beam is then directed using two mirrors (M1 and M2)
toward a Kösters prism (KP). In the KP prism, the beam is split into two parallel
beams of equal intensity. These beams are then focused by lens L3 and reflected
by a dichroic mirror (D1) onto the sample plane, where they interfere to generate
a one-dimensional periodic light field. The periodicity of the light field is tuned
by adjusting the KP prism, and its amplitude is controlled by varying the laser
power.

The imaging system is based on an inverted Nikon Ti-E microscope equipped
with a 20× objective (NA=0.5, Nikon Plan Flour). Uniform illumination is pro-
vided by a blue LED (Thorlabs M455L4), and the particle motion is recorded with
a CMOS camera (Mako U-130B), a sensor of 1280×1024 pixels, each pixel having
a size of 4.8 µm. This corresponds to a pixel pitch of 0.24 µm/px. To eliminate any
laser light contamination reaching the camera, a dichroic mirror (D2) directs the
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transmited laser light into a beam dump (BD), and a notch filter (NF) provided
additional suppression before the light reached the detector. This configuration al-
lowed for high-precision measurements under well-controlled optical confinement.
The resulting interference pattern with periodicity L and the corresponding cosine
potential experienced by the particles are illustrated in Fig.3.3b.

L1 L2
M1

KP L3

D1
Sample on
piezo stage

Objective

BD

Collector

D2

NF

Tube lens

M3

Imaging system 
(Microscope)

M2

Condenser

CMOS

Laser

20 X

0.5 NA

LED

Beam Expander

Piezo stage

Sample cell
D1

L = 4.16 μmy

x

b)

a)

Light Field Generator

Figure 3.3: (a) In the light field generator, the laser beam is expanded (L1, L2),
split (KP), and focused (L3) to form interference fringes at the sample plane. The
imaging system features LED illumination, a 20× objective lens, and a CMOS
camera for particle imaging. Dichroic mirrors (D1, D2), a notch filter (NF), and
a beam dump (BD) ensure clean separation of imaging and trapping paths. (b)
Schematic representation of the interference pattern with periodicity L and the
corresponding cosine potential experienced by the colloidal particle.

3.3 Calibration methods of the optical potential

Accurate calibration of the periodic light field is essential for ensuring precise
control over the potential landscape experienced by the colloidal particles. The
modulation of the periodic light intensity translates directly into a spatially peri-
odic potential, which must be characterized in terms of both amplitude and spatial
periodicity.
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For the calibration procedure, 3µm particles were used, when needed, in a 2D
sample cell with a dilute sample corresponding to an area fraction of approximately
0.01, as described in Sec.3.1. The experimental data were recorded at 25 frames
per second (fps) over a total of 180,000 frames (approximately 2 hours). For
each laser power, approximately 400 to 1500 individual particle trajectories were
collected from multiple measurement runs. At higher laser powers, around 20%
of the particles were pushed out of the observation plane due to stronger optical
forces, requiring measurements from multiple sample cells to obtain a sufficiently
large dataset.

Three complementary methods are employed to calibrate the periodic potential:
the light-field intensity profile method (Sec. 3.3.1), providing the periodicity L of
the light field; the Boltzmann method (Sec. 3.3.2), yielding both the potential
amplitude V0 and the periodicity L from equilibrium particle distributions; and
a dynamics-based approach consisting of two techniques, the long-time diffusion
coefficient method (Sec. 3.3.3), determining both V0 and L, and the intermediate
scattering function (ISF), used to extract V0.

The particle motion parallel to the fringes is purely Brownian and not affected
by the external field. Therefore, we focus on the motion perpendicular to the
fringes, where the influence of the periodic potential becomes apparent, and all
observables in this thesis are calculated along the x-direction.

3.3.1 Light field intensity profile

The periodicity of the light field was determined by directly imaging the inter-
ference pattern. As shown in Fig. 3.4a, the intensity profile was calculated by
averaging the intensity distribution along the fringes within the selected rectangu-
lar region indicated by the purple box. The intensity profile exhibits a sinusoidal
modulation of gray values, corresponding to alternating bright and dark fringes.
The spatial periodicity L was calculated by measuring the average distance be-
tween adjacent intensity maxima (or minima) and converting the distance from
pixels to micrometers using the pixel size described in Sec. 3.1.

For the configuration shown in Fig. 3.4b, the periodicity was determined to be
L = (4.16±0.01)µm, where the uncertainty represents the standard deviation. By
adjusting the position of the Köster prism, this periodicity can be tuned, allowing
for precise control of the optical lattice spacing. A key advantage of this method is
that it provides real time feedback during the optical alignment process, enabling
immediate adjustments to achieve the desired periodicity. However, this method
measures the intensity distribution rather than the true potential amplitude acting
on the particles. For this reason, additional methods are required to determine V0.
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a)

b)

Figure 3.4: a) Microscopy image of the fringe pattern generated by the optical
setup. The purple rectangle indicates the region selected for analysis. b) Intensity
profile plot extracted along the selected region, showing a periodic modulation
used to determine the periodicity L of the periodic light field.

3.3.2 Boltzmann

This method is based on the Boltzmann density distribution. It provides the
periodicity and amplitude of the periodic light field by analyzing the equilibrium
distribution of particle positions within the potential landscape. When colloidal
particles are in equilibrium within a periodic potential, their positions are not
uniformly distributed, instead, they follow a probability distribution that reflects
the underlying energy landscape. More particles are found in low energy regions,
while fewer occupy areas of higher potential energy. This equilibrium distribution
is governed by the Boltzmann relation, which describes the connection between
the local particle density and the potential energy at a given position[40]:

⟨ρ(x)⟩ = ρ0e
−Uext(x)/kBT , (3.1)

where ⟨ρ(x)⟩ represents the average local particle density at position x, and ρ0 is
a normalization constant that depends on the total number of particles.

Taking the natural logarithm and the derivative of the Boltzmann distribution,
Eq.3.1, we obtain:

d

dx
ln⟨ρ(x)⟩ = − 1

kBT

dUext(x)

dx
. (3.2)

The advantage of taking the derivative of the logarithmic particle density is that
it eliminates the normalization constant (ρ0). For the periodic potential given in
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Eq. 2.6, Uext(x) = V0 cos(kx) + Vbg, and substituting this expression into Eq.3.2,
we obtain the following

d

dx
ln⟨ρ(x)⟩ = V0

kBT
k sin(kx), (3.3)

The Eq. 3.3 provides a practical method for extracting the potential amplitude
V0 and periodicity L = 2π/k.

Figure 3.5: Derivative of the logarithmic particle density, for Lp=250mW. The
purple region marks a representative window within the full field of view. This
provides a direct estimation of the potential shape, amplitude, and periodicity.

Two complementary methods based on the Boltzmann method were employed
to determine the periodic potential amplitude and periodicity: the Boltzmann
method with fitting and the Boltzmann method with min and max.

In the Boltzmann method with fitting, the derivative of the logarithmic particle
density is fitted to a sinusoidal function within windows spanning two periods of
the potential, as indicated by the purple region in Fig. 3.5. This procedure was
repeated across all windows in the field of view, and the results were averaged
to obtain a reliable estimate of both the periodicity and the amplitude of the
potential.

In the Boltzmann method with min and max, the amplitude was extracted
directly without fitting. Within each window, the maximum and minimum values
of the derivative were identified, and half of their difference was taken as the
amplitude. Averaging over all windows then provides an alternative estimate of
the potential amplitude.

In Fig. 3.6a, the periodicity L extracted from the Boltzmann with fitting
method from each window is shown. The average periodicity was found to be
⟨L⟩ = (4.15 ± 0.01)µm, where the error represents the standard deviation across
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all windows in the field of view. This result shows excellent agreement with the
periodicity obtained from the light field intensity profile method (see Sec. 3.3.1)
and the reliability of the Boltzmann distribution calibration method to extract the
periodicity of the optical potential.
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Figure 3.6: Example of Boltzmann analysis with fitting for Lp=250mW, per-
formed over different windows along the field of view. a) Extracted periodicity L
in each window, with an average value of ⟨L⟩ = (4.15±0.01)µm. b) Corresponding
potential amplitude V0, showing a mean value of ⟨V0⟩ = (0.89 ± 0.10) kBT . Red
dashed lines indicate the respective average values.

From the same analysis, the corresponding potential amplitude V0 for Lp=250mW,
was obtained for all windows in the field of view, as shown in Fig. 3.6b. The
average amplitude was determined to be ⟨V0⟩ = (0.89 ± 0.10) kBT , where the
error represents the standard deviation. This value quantifies the amplitude of
the periodic potential experienced by the particles at this particular laser power.
The results obtained using the min and max method have been previously shown
[9], yielding a periodicity of L = (4.15 ± 0.01)µm and a potential amplitude of
V0 = (1.03± 0.10) kBT at this laser power.

The dimensionless amplitude of the potential, V0/kBT , obtained from the
Boltzmann fitting methods and min and max over the accessible range of laser
powers, are shown in Fig.3.8 as orange squares and blue circles, respectively. At
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low laser powers, particles are weakly tramped and sample multiple minima. As
a result, spatial heterogeneities of the optical landscape (e.g., beam envelope) are
effectively averaged out, leading to smaller uncertainties and consistent V0 values
from both Boltzmann methods. At higher powers, deeper wells confine particles
to fewer minima, so these heterogeneities no longer average out, the potential ex-
perience by the particles becomes more location dependent, which is reflected in
broader error bars and an increased spread between the two determinations, even
though the overall trend with power remains consistent.

3.3.3 Long-time diffusion coefficient

This section describes the calibration methods used to determine the potential
amplitude from the normalized long-time diffusion coefficient of the particles. The
normalized long-time diffusion coefficient method is one of the two dynamic anal-
yses used in this thesis. The second method, based on the ISF, is presented in
the next section. Unlike the Boltzmann method, which is based on equilibrium
distributions, this approach infers the potential from the dynamical behavior of
the particles. In this thesis, we study the particle dynamics perpendicular to the
fringes (x-direction).

The first long-time diffusion coefficient method used here was introduced by
Dalle-Ferrier et al. [41], and here referred to as the Egelhaaf method. They derived
an analytical relationship between the normalized long-time diffusion coefficient
and the potential amplitude.

a) b)

Figure 3.7: Time-dependent observables characterizing particle dynamics in a
periodic potential at varying potential amplitude. a) mean squared displacement
⟨∆x2(τ)⟩, b) normalized time-dependent diffusivity D(τ)/Ds for different laser
powers.

24



In this method, the potential amplitude V0 is determined by extracting the
normalized long-time diffusion coefficient DL/Ds from the particle trajectories
through the MSD and solving the expression [41]:

DL/Ds = π
2V0

kBT
e−2V0/kBT , (3.4)

where DL and Ds are the long- and short-time diffusion coefficients, respectively.
The MSD, shown in Fig.3.7a, was calculated from the particle trajectories us-
ing Eq.2.11, the corresponding time-dependent diffusivity D(τ) was then obtained
according to Eq.2.14 and subsequently normalized by the short-time diffusion co-
efficient Ds, as shown in Fig.3.7b. The normalized long-time diffusion coefficient
DL/Ds was determined from the plateau value of D(τ)/DS. The relationship
between the normalized long-time diffusion coefficient, DL/Ds, and the potential
amplitude V0 follows directly from Kramers’ escape rate theory, which describes
the rate at which particles hop between neighboring wells in a periodic potential.
The escape rate depends exponentially on the barrier height:

ν ∼ e−2V0/kBT . (3.5)

It has been shown that this expression is valid in the large barrier limit, where
[11]:

V0/kBT ≤ 2. (3.6)

This condition ensures that particles are predominantly confined within individual
potential wells.

When the dimensionless potential amplitude V0/kBT ≤ 2, the energy barriers
are comparable to the thermal energy and the assumptions of the Egelhaaf model
start to break down, making the relation between DL/DS and V0 less accurate.
However, for higher potential amplitudes (V0/kBT > 2), corresponding to inter-
mediate and strong laser powers, the Egelhaaf approach provides consistent and
reliable estimates of V0, as shown in Fig. 3.8, where the results are represented by
green triangles.

Another long-time diffusion coefficient method was introduced by Festa et al.
[42], who provided a generalized framework for describing diffusion in periodic
potentials. They derived an expression for the normalized long-time diffusion
coefficient by analyzing the Smoluchowski equation, which describes Brownian
motion in the overdamped limit, given by

DL/Ds =
1

⟨eUext(x)/kBT ⟩ ⟨e−Uext(x)/kBT ⟩
. (3.7)

This equation accounts for the interplay between thermal fluctuations, friction, and
the periodic potential, making it applicable even when the potential amplitude is
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comparable to the thermal energy. Substituting Uext(x) = V0 cos(kx) + Vbg from
Eq.2.6 into Eq.3.7 and evaluating the spatial average, ⟨·⟩, over one period of the
potential L = 2π/k, gives:

〈
e±Uext(x)/kBT

〉
=

1

L

∫ L

0

e±Uext(x)/kBT dx = I0

(
V0

kBT

)
. (3.8)

Here, I0 is the modified Bessel function of the first kind. Now, substituting this
average into Eq. 3.7 and using the property I0(−x) = I0(x), they obtain the
following:

DL/Ds =

[
I0

(
V0

kBT

)]−2

, (3.9)

known as the Festa relation, which establishes a direct connection between the
normalized long-time diffusion coefficient DL/Ds and the potential amplitude V0.
From this relation, the potential amplitude V0 was determined based on the mea-
sured values of DL/Ds, as presented by purple diamonds in Fig. 3.8.
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Figure 3.8: Comparison of the extracted dimensionless potential amplitude
V0/kBT as a function of laser power (Lp[mW]) using different analysis meth-
ods. Closed blue circles represent the min and max Boltzmann estimation, orange
squares correspond to Boltzmann fitting, green triangles to the Egelhaaf method,
and purple diamonds to the Festa method. Error bars indicate the standard devi-
ations. All approaches show a consistent increase of V0 with laser power.
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3.3.4 Intermediate scattering function (ISF)

The second approach from dynamic analysis for extracting the potential amplitude
is the ISF method, which provides a novel dynamic analysis framework in reciprocal
space. This method is based on the generalized ISF, in particular on its behavior
in the long-time limit for q = 0 (Eq. 2.40) for µ = ν = 1, i.e.,

F11(q = 0, τ → ∞) =
I21 (V0/kBT )

I20 (V0/kBT )
. (3.10)

Under these conditions, the generalized ISF represents the self-ISF evaluated at
the characteristic wave number imposed on the system by the periodic potential,
Qµ = Qν = 2π/L, making the selection of µ and ν the natural choice to improve
statistics to determine V0.

As shown in Fig.3.9a, F11(q = 0, τ → ∞) presents a well-defined plateau
which exhibits an opposite trend to D(τ)/Ds, with higher plateaus as laser power
increases. Increasing Lp leads to slower relaxation and higher long-time plateaus,
indicating enhanced particle trapping within the periodic potential.
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Figure 3.9: a) Generalized ISF for q = 0 and µ = ν = 1. Increasing Lp leads to
slower relaxation and higher long-time plateaus, indicating enhanced particle trap-
ping within the periodic potential. b) Estimated dimensionless potential amplitude
V0/kBT as a function of Lp, extracted from the long-time limit of F11(0, τ → ∞)
(red stars), and compared with independent values obtained from the Festa cal-
ibration method (purple diamonds). The agreement between the Festa approach
and the ISF analysis confirms the reliability of the methods in determining the
potential amplitude.

For clarity, in Fig. 3.9b, the extracted V0 values from the ISF method are
compared with those obtained using the Festa method (same shown in Fig.3.8).
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Both methods yield the same results, validating the ISF method as a new approach
to calibrate periodic potentials.

Each method offers advantages and limitations for calibrating the periodic light
field. The light field intensity profile method provides a quick and real-time mea-
surement of spatial periodicity; however, it does not measure the amplitude of
potential experienced by the particles. The Boltzmann method enables the ex-
traction of the potential amplitude from equilibrium distributions; nevertheless, it
requires a large statistical dataset to achieve reliable results due to fluctuations in
particle density. Egelhaaf’s method, based on the relationship between the nor-
malized long-time diffusion coefficient and the potential amplitude, provides an
indirect yet effective means of calibration. It assumes the system remains in the
high-barrier regime, where the periodic potential significantly hinders diffusion.
At lower potential amplitudes, where thermal fluctuations allow particles to move
more freely between wells, the method loses accuracy.

In contrast, the Festa method provides a comprehensive analytical framework
that is independent of equilibrium measurements and remains applicable in both
the high-barrier and low-barrier limits, making it suitable for a broader range of
conditions. By directly linking the normalized long-time diffusion coefficient to the
periodic potential amplitude, Festa avoids the statistical limitations of the Boltz-
mann approach and the regime constraints of Egelhaaf’s method. Alongside Festa,
the ISF approach provides a complementary, reciprocal space analysis that relies
on particle correlations rather than long-time diffusion. Although the two meth-
ods are based on different dynamical observables, they yield consistent estimates
of the potential amplitude. In this thesis, the Festa method is used to calibrate
the light field, providing a robust, broadly applicable framework consistent with
the results from the ISF approach.

3.4 Simulation

To capture the dynamical behavior of the system, Brownian dynamics simulations1

were carried out for a dilute sample of hard disks particles chosen to reproduce the
experimental area fraction of 0.01. The particle interactions followed the descrip-
tion provided in Section 2.2. The simulations contained 1024 particles confined
within a two-dimensional rectangular domain with periodic boundary conditions
applied along both the x- and y-directions.

The particle dynamics were simulated according to the reduced overdamped
Langevin equation, Eq.2.34, with a time step of dτ ∗ = 2×10−4. The dimensionless
wave vector was set to k∗ = 1.388, and the dimensionless potential amplitude

1The simulations were conducted by Dr. Manuel A. Escobedo-Sánchez. The author performed
the analysis presented in this work.
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V0/kBT was determined from the Festa method (Section 3.3.3). Each simulation
was run in 1.0×106 steps to ensure steady-state conditions and collect statistically
reliable particle trajectories.

The observables calculated from Eqs. 2.11, 2.14, 2.15, and 2.16 using the exper-
imental trajectories are shown in Fig. 3.10, together with the corresponding results
obtained from Brownian dynamics simulations for several laser powers. The tra-
jectories obtained from the simulations were analyzed using the same procedure
as for the experimental data to ensure a consistent comparison. The close cor-
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Figure 3.10: Experimental (symbols) and simulation (lines) results for time-
dependent observables of particle dynamics in a periodic potential at different laser
powers. a) Mean squared displacement ⟨∆x2(τ)⟩. b) Normalized time-dependent
diffusivityD(τ)/Ds. c) non-Gaussian parameter α2(τ), and d) anomalous diffusion
exponent µx(τ).

respondence between the experimental and simulated observables indicates that
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the experiments were well calibrated and conducted under stable, controlled con-
ditions. This consistency observed across different laser powers confirms that the
potential amplitudes determined via the Festa approach accurately represent the
imposed light field, ensuring that the extracted dynamical parameters can be re-
liably compared with theoretical predictions.

3.5 Influence of σ/L on the potential amplitude

In colloidal systems confined within periodic potentials, the ratio between the
particle diameter (σ) and the periodicity of the external potential (L) plays a
decisive role in the system’s response, as reflected in the effective amplitude.

V0 = 3gαLp
j1(ka)

ka
, k = 2π/L. (3.11)

Here, α =
a3n2

S(n
2−1)

n2+2
is the polarizability of the particle and a its radius. The

term j1(ka)/ka = J explicitly incorporates the dependence on the particle size
relative to the potential periodicity, ka = 2πa/L = πσ/L. This geometric factor
defines the degree of coupling between the particles and the applied potential,
determining whether the modulation is perceived as a significant variation or,
conversely, averaged over the spatial extent of the particles. When the diame-
ter is much smaller than the periodicity, particles directly experience the periodic
structure of the field, whereas, as the relative particle size increases, the effective
interaction is attenuated due to the smoothing introduced by the finite particle
extension. Analyzing this dependence provides insight into how the relative geom-
etry governs both the effective strength of the potential and the resulting collective
dynamics.

To systematically study this effect, we used two different periodicities, L =
4.20µm and L = 4.86µm, and three particle sizes, σ = 3.0µm, σ = 4.1µm, and
σ = 5.0µm. This yields the r values reported in Table3.1.

σ [µm] L [µm] r = σ/L
3.0 4.20 0.71
4.1 4.20 0.98
5.0 4.20 1.19
3.0 4.86 0.61
4.1 4.86 0.84

Table 3.1: Combinations of particle diameter σ and periodicity L together with
the resulting ratio r = σ/L
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a) b) c)

Figure 3.11: a) Potential amplitude V0 as a function of laser power Lp for different
values of the ratio σ/L, each symbol corresponds to a specific value of r, as indi-
cated in the legend. b) Normalized potential amplitude V0/(a

3J) as a function of
Lp. The dashed line represents a linear fit. c) Dimensionless potential amplitude
V0/kBT as a function of the size ratio r = σ/L for different laser powers Lp. The
color scale, from dark to light, indicates decreasing laser power. Each solid line
corresponds to a specific particle size σ and represents the theoretical prediction,
using the same color as the experimental data points for direct comparison. Error
bars indicate the standard deviation across multiple independent measurements.

Fig. 3.11a shows the extracted normalized potential amplitude V0/kBT as a
function of the laser power for the five different ratios r. The amplitudes were
obtained using the Festa method (see Sec.3.3.3). The results reveal a systematic
influence of the ratio r on the effective amplitude of periodic potentials experienced
by the particles. Among the different ratios, r = 0.84 (σ = 4.1µm, L = 4.86µm)
yields the highest potential amplitude. For the same particle size (σ = 4.1µm),
a smaller periodicity (L = 4.20µm, r = 0.98) results in a reduced amplitude.
Similarly, keeping the periodicity fixed at L = 4.86µm but decreasing the particle
size (σ = 3.0µm, r = 0.61) also leads to lower amplitudes. The largest ratio,
r = 1.19, exhibits the weakest effective amplitude, as expected when the particle
size is smaller than the periodicity. This general trend is consistent with the
size and periodicity dependence described in Eq. (3.11) As discussed above, when
the amplitudes are plotted as a function of laser power for different particle sizes
and potential periodicities, the resulting curves exhibit a strong dependence on
the ratio of particle diameter to lattice spacing. However, when the amplitude
is normalized by the factor a3J this explicit geometrical dependence is effectively
removed. In such a representation, the data corresponding to different particle
sizes and periodicities are expected to collapse onto a single curve, indicating
that the underlying scaling is primarily governed by the laser power, as shown
in Fig.3.11b. Any residual deviations from this collapse would then highlight
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secondary contributions, such as optical absorption or experimental imperfections,
rather than the intrinsic particle potential coupling. In Fig. 3.11c, we compare
the theoretical prediction from Eq. 3.11 with the experimentally measured V0/kBT
values obtained from the Festa approach for the different ratios r.

3.6 Driven colloidal dynamics in a periodic light

field

Colloidal particles driven through a periodic light field represent a well-established
model system for studying non-equilibrium dynamics. In this section, we investi-
gate such a situation, focusing on the interplay between an external driving force,
the optical potential, and thermal fluctuations. To achieve controlled motion, the
entire sample cell was dragged through the light field using a piezo nanopositioner
stage (Mad City Labs, Nano-BioS300). As a first step, the motion of colloidal par-
ticles was characterized in the absence of the light field to confirm the accuracy of
the driven velocity. Four different velocities along the x-direction (perpendicular
to the fringes) were programmed in the stage controller (Vs), and the correspond-
ing particle trajectories were analyzed to compute the MSD and, from this, the
normalized diffusivity D(τ)/Ds (Fig. 3.12a,b) was calculated using Eq2.14. The
effective particle velocity vdriven, obtained using Eq. 2.21, exhibited a linear rela-
tionship with the programmed Vs (Fig. 3.12c), confirming that the imposed stage
motion was faithfully transmitted to the particles.
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Figure 3.12: Calibration of the piezo stage. (a) MSD along the x-direction
(perpendicular to the fringes) ⟨∆x2(τ)⟩ for different programmed stage velocities
Vs. (b) Normalized time-dependent diffusivity D(τ)/Ds, showing an upturn at
long times due to driven velocity. (c) Comparison between the driven velocity
vdriven extracted from the particles, inferred from the long-time behavior of D(τ),
and the programmed stage velocity Vs. The dashed line with slope 1 confirms the
consistency between the stage velocity and the driven velocity extracted from the
particles.
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With this baseline behavior characterized, we then conduct measurements in
the presence of a periodic light field to investigate its effect on particle transport
under constant driving velocity imposed by the piezo stage. To characterize the
interplay between the imposed driving and diffusion motion, we define the dimen-
sionless Péclet number (Pe) and defined as

Pe =
Vsσ

Ds

, (3.12)

where Vs is the stage velocity, σ is the particle diameter, and Ds is the short-time
diffusion coefficient. SinceDs exhibits variations between individual measurements
(Sec.3.1.3), expressing the results in terms of Pe accounts these differences and
allows for a consistent comparison under experimental conditions.

In the following, we use the Pe number as the key control parameter to define
the initial state of the system. By varying the stage velocity, different values of Pe
were realized.

The piezo stage moves the sample a defined distance in one direction (forward
motion) and then returns it to its starting position (backward motion) at the
same programmed velocity, repeating this cycle throughout the experiment. Each
segment of the motion, either forward or backward, spans approximately 65,000
frames, recorded at 25 frames per second. During this motion, the sample experi-
ences a periodic light field with an amplitude of about 1.4 kBT and the periodicity
L = 4.135µm, chosen to be comparable to the thermal energy so that stochastic
fluctuations remain significant relative to the periodic potential. All experiments
were performed with 2D sample cells containing 3µm dilute colloidal particles.

The effect of driving velocity was examined at two Péclet numbers, Pe = 1.5
and Pe = 4.0, corresponding to distinct stage velocities. Since the short-time diffu-
sion coefficient Ds showed minor variations between measurements (see Sec.3.1.3),
the stage velocity Vs was adjusted in each case to keep the Pe constant. The aver-
age stage velocities obtained from all measurements were Vs = (22.4 ± 2.4) nm/s
and Vs = (53.5 ± 1.7) nm/s for the two conditions, respectively. These velocities
were selected to cover the range from thermally dominated dynamics (Pe = 1.5) to
a strongly driven regime (Pe = 4.0), allowing a systematic investigation of particle
behavior under varying driving conditions.

To exclude the non-steady dynamics of the particles, which arise during the
acceleration and deceleration phases of the piezo stage’s motion, the particle tra-
jectories were selected and analyzed only within the time interval where the stage
velocity remained constant. The complete forward and backward image sequences
were divided into eight overlapping time windows (listed in Table 3.2) to exam-
ine the temporal stability of the particle dynamics during the experiment. Each
window defines a specific frame range representing the time interval used for trajec-
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tory analysis. For each window, we computed the diffusivity along the x-direction,
D(τ), normalized by the short-time diffusion coefficient Ds, as shown in Fig. 3.13.

Window Frame Range
Window 1 1–15000
Window 2 7500–22500
Window 3 15000–30000
Window 4 22500–37500
Window 5 30000–45000
Window 6 37500–52500
Window 7 45000–60000
Window 8 52500–67500

Table 3.2: Window definitions based on frame ranges used for trajectory analysis.
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Figure 3.13: Window analysis for Pe = 1.5. a) Normalized time-dependent diffu-
sivity D(τ)/Ds for forward motion, and b) for backward motion.

In the forward motion, windows 1 and 2 correspond to the initial acceleration
phase, during which the stage velocity approaches its programmed value and the
particle dynamics have not yet reached steady conditions. In the backward mo-
tion, windows 1 and 2 were also excluded because they capture the early stage of
the reversed translation, when the system is again accelerating and has not yet
reached steady motion. Additionally, window 8 corresponds to the deceleration
phase. Therefore, for both forward and backward motion, only windows 3 to 7,
corresponding to frames 15,000 to 60,000, were used for the steady-state analysis.
Differences between windows 3 to 7 are attributed to measurement uncertainties,
such as variations in the number of particles contributing to each window as the
stage moves and different regions of the sample enter the field of view, as well as
to minor nonuniformities in the light field across the observation area.
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Figure 3.14: Comparison of dynamic observables for Pe = 1.5 and 4.0, corre-
sponding to different driving velocities. a) Mean squared displacement ⟨∆x2(τ)⟩,
b) normalized time-dependent diffusivity D(τ)/Ds. The black symbols represent
particles driven at the same stage velocity as Pe = 4 but in the absence of the pe-
riodic potential. The inset in panel b) highlights the short-time regime, where all
curves overlap at D(τ)/Ds = 1, showing that the motion is dominated by thermal
fluctuations. At longer delay times, the influence of the light field becomes evi-
dent, as the diffusivity curves for Pe = 1.5 and Pe = 4.0 deviate from the reference
obtained without the light field.

In Fig. 3.14, the dynamic observables of the colloidal particles are compared for
two different Pe. At short delay times, all diffusivity curves coincide, meaning that
thermal fluctuations dominate the motion and are not yet affected by the external
drive or the periodic potential. At short delay time the normalized diffusivity
converges to 1, indicating that thermal fluctuations dominate the dynamics of the
particles which are not yet significantly influenced by the external driving or the
periodic potential. This confirms that the motion is purely diffusive in this regime.

At intermediate delay times, a clear distinction emerges between the two driv-
ing velocities. For Pe = 1.5, the particle motion is strongly influenced by the
periodic potential, as seen in the diffusivity plot by a pronounced minimum, in-
dicating transient trapping of particles within the potential wells. In contrast,
for Pe = 4, the higher stage velocity enables particles to overcome the potential
barriers more frequently, leading to a shallower minimum and a faster transition
toward the long-time diffusive regime. The continuous increase of the diffusivity
at long delay times for both Pe numbers clearly reflects the driven character of the
motion.

In conclusion, comparing different Pe numbers shows that the balance among
thermal fluctuations, the periodic potential, and the external driving force governs
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particle dynamics. Since the driving strength can be systematically tuned through
Pe, this setup provides a well-controlled framework for studying non-equilibrium
transport processes.
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Intermediate scattering function of colloids
in a periodic laser field†

Regina Rusch, ‡a Yasamin Mohebi Satalsari, ‡b Angel B. Zuccolotto-Bernez,b

Manuel A. Escobedo-Sánchez b and Thomas Franosch a

We investigate the dynamics of individual colloidal particles in a one-dimensional periodic potential

using the intermediate scattering function (ISF) as a key observable. We elaborate a theoretical

framework and derive formally exact analytical expressions for the ISF. We introduce and analyze a

generalized ISF with two wave numbers to capture correlations in a periodic potential beyond the

standard ISF. Relying on Bloch’s theorem for periodic systems and, by solving the Smoluchowski

equation for an overdamped Brownian particle in a cosine potential, we evaluate the ISF by numerically

solving for the eigenfunctions and eigenvalues of the expression. We apply time-dependent perturbation

theory to expand the ISF and extract low-order moments, including the mean-square displacement, the

time-dependent diffusivity, and the non-Gaussian parameter. Our analytical results are validated through

Brownian-dynamics simulations and experiments on 2D colloidal systems exposed to a light-induced

periodic potential generated by two interacting laser beams.

1 Introduction

Colloidal particles suspended in fluids serve as a powerful
model system in soft matter and biological physics. Their
microscopic size makes them easy to manipulate, allowing
researchers to explore fundamental physical principles in a
controlled environment.1–7 A major breakthrough in this field
was the invention of optical tweezers by Ashkin et al., which
enabled the precise trapping and manipulation of individual
particles using focused laser beams.8–10 Building on this advance-
ment, scientists have since developed laser interference patterns to
create structured external potentials, offering a unique way to
study how particles behave under spatially periodic forces. These
optical potentials arise from the interaction between light and
particles with a refractive index different from that of the sur-
rounding medium, creating highly tunable energy landscapes.11,12

In order to understand how colloidal particles move within
these periodic potentials, researchers have analyzed the prob-
ability distribution, the first-passage time, and low-order
moments, such as the mean-square displacement, the long-
time diffusivity, and the non-Gaussian parameter.4,6,13,14

Although these observables provide valuable information, most
theoretical studies have focused only on diffusion coefficients
in the short- and long-time limits.15–17 More recent work has
expanded on these studies by analytically exploring tilted wash-
board potentials,18,19 comparing theoretical predictions with
experimental results,20 and investigating memory effects in
such systems.21,22 These low-order moments are useful for
identifying deviations from free Brownian motion, revealing
effects such as trapping and non-Gaussianity.23,24 However,
they offer only a limited perspective of the system dynamics,
as they do not capture the full spatial-temporal evolution of
particle motion. To achieve a more complete description, it is
necessary to adopt a framework that incorporates both spatial
and temporal correlations.

One such framework emerges naturally in Markovian sys-
tems, where the future state depends only on the present and
not on the past. In these systems, all relevant dynamical
information is contained in the propagator, which describes
the probability of a particle transitioning between states over a
given time interval. Although the propagator provides a full
statistical description of particle motion, it is often challenging
to access experimentally. A more practical and experimentally
accessible alternative is the intermediate scattering function
(ISF), which encodes both spatial and temporal correlations
in particle motion. Unlike traditional low-order moments,
the ISF offers a more comprehensive characterization of
the system and can be directly measured using techniques
such as dynamic light scattering,25,26 differential dynamic
microscopy,27 and single-particle tracking.28
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Furthermore, upon a small-wave-vector expansion of the ISF
the low-order moments are recovered. Analytical derivations of
the ISF have been achieved for various systems, including
anisotropic active Brownian particles,23,29 Brownian circle
swimmers in gravitational fields,30–32 anisotropically diffusing
colloidal dimers,33 and run-and-tumble agents.34,35 Notably,
experimental validations have been conducted for colloidal
dimers and active colloids.

In this work, we extend the traditional ISF by introducing a
generalized version that incorporates two wave numbers, allow-
ing us to investigate the correlations in periodic systems in
reciprocal space. The central question we address is twofold.
First, we develop a theoretical framework to gain analytic
insight into the dynamics of colloidal particles in general
periodic potentials. Second, we compare our predictions with
experimental results, exploring a spatio-temporal regime that
has not yet been fully investigated.

To develop the theoretical framework, we solve the Smolu-
chowski equation for a single, overdamped Brownian particle
in a cosine potential. Reformulating the problem as a Hermi-
tian Schrödinger equation allows expressing the solutions in
terms of eigenvalues and eigenfunctions.36 Taking advantage of
the systems periodicity, we apply Bloch’s theorem, which provides
a systematic way to expand the ISF using time-dependent pertur-
bation theory and extract key dynamical moments. These methods
are based on previous work31,32,37 and have been successfully
applied to bistable periodic potentials.38,39 To validate our theore-
tical predictions, we compared our theoretical framework with
Brownian dynamics simulations.

Experimentally, we track individual colloidal particles con-
fined between two walls in a two-dimensional configuration,
subjected to a periodic potential created by the interference of
two laser beams. By systematically varying the laser power, we
control the potential amplitude and record particle trajectories
under different conditions. The generalized ISF, along with its
associated moments, is then extracted from these experimental
data and directly compared with our theoretical predictions,
enabling a precise evaluation of the Brownian motion des-
cription in periodic optical fields. By integrating theoretical
modeling, experimental measurements, and computational
simulations, this work aims to provide a comprehensive under-
standing of colloidal motion in structured environments. Our
approach bridges the gap between fundamental stochastic
dynamics and experimentally accessible observables, offering
new insights into the interplay between Brownian motion and
periodic potentials.

This work is organized as follows. In Section 2 the experi-
mental materials and methods are described. In Section 3, we
introduce the analytical model, and derive the theoretical
framework and observables. Readers more interested in the
results rather than the theoretical derivation may skip this
section and jump directly to Section 4, where we present our
findings, compare experimental results with theoretical predic-
tions, and discuss their implications. Finally, we summarize
our findings, concluding with an outlook on future research
directions in this field in Section 5.

2 Material and methods

This section describes the employed numerical methods and
the used experimental setup to study colloidal dynamics in
periodic potentials. We describe the processes of preparing
two-dimensional colloidal samples and explain our custom-
built optical setup that generates periodic laser fields. Also, the
experimental protocol, including data acquisition parameters
and particle tracking methodology, is described. Our experi-
mental design allows us to systematically investigate the beha-
vior of colloidal particles under varying potential strengths
while maintaining high spatial and temporal resolution, which
is essential for a rigorous comparison with the theoretical
framework presented in Section 3.

2.1 Numerical methods

To complement our analytical and experimental approach, we
conducted Brownian-dynamics simulations of single particles
in a one-dimensional cosine potential. We implemented the
Euler–Maruyama method40 for numerically solving the differ-
ential equation of motion. For efficient sampling of observa-
bles, we used the extended order-n algorithm of Frenkel and
Smit, which enables equidistant sampling on a logarithmic
time scale.41–43

To numerically solve the equation of motion, as it will be
explained in detail in the theory Section 3, we employed a
spectral method. Specifically, we expanded the equation in its
Fourier basis to obtain its operator form. Numerically, we
truncated the expansions to form a finite-dimensional matrix
eigenvalue problem. We used the scipy.linalg.eig function from
the SciPy library44 to compute the eigenvalues and eigenvectors
of the resulting matrix. The convergence of our results was
verified by systematically increasing the truncation order until
the eigenvalues stabilized to the desired precision.

2.2 Sample preparation

The experiments were performed with two-dimensional (2D)
colloidal systems to ensure controlled particle motion mainly
in the horizontal plane. We prepared a dilute suspension of
monodisperse polystyrene sulfate latex particles (radius 1.5 mm,
4% polydispersity, Thermo Fisher Scientific, batch number
1660463) in ultra-pure water (resistivity 18.2 MO cm, Purelabs
Flex, Elga). To build the sample cells chamber, we first attached
a rectangular coverslip (Thickness No. 1, 24 � 50 mm, VWR
631-0146) to a microscope slide using UV-curing adhesive
(NOA61, Norland Products Inc.). We then carefully deposited
2.5 mL of the particle suspension at the center of this base
coverslip. A smaller square coverslip (Thickness No. 1.5, 22 �
22 mm, VWR 631-0125) was gently placed on top to create a thin
chamber. We sealed the edges with UV-curing adhesive to
prevent evaporation during long observation periods. To ensure
enough space between the coverslips, particles with a radius of
2 mm were added to the colloidal suspension to act as spacers.
These spacers ensure a sufficient gap between coverslips that
counteracts the pull of capillary forces, preventing the cover-
slips from coming close to each other and squeezing the main
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particles. The resulting configuration reached an area fraction
of 0.01. The completed cell was positioned on the microscope
stage for observation.

2.3 Experimental setup

Our experimental setup consists of a laser field generator and
an imaging system, as illustrated in Fig. 1. The laser field
generator creates the periodic potential experienced by the
colloidal particles. A 532 nm laser (Cobolt 05-01 Samba, 1.5 W)
beam passes through a beam expander and is directed by
mirrors (M1 and M2) to a Köster prism (KP). This prism splits
the incoming beam into two parallel beams of equal intensity,
which are then focused by lens L1 and directed by a dichroic
mirror (D1) into the sample plane. At the sample plane, the
beams interfere to generate the laser field inducing a periodic
potential, with a periodicity of L = (4.15 � 0.07) mm.
By adjusting the position of the Köster prism, we can fine-
tune this periodicity. Additionally, by controlling the laser
power, we can precisely modulate the amplitude of the potential
experienced by the particles. The relationship between the ampli-
tude of the potential as a function of laser power (calibration) is
presented in Appendix A.

The imaging system is an inverted bright-field microscope
(Nikon Ti-E) with a 20� objective (Nikon Plan Flour, 0.5 NA).
We illuminate the sample with a blue LED (Thorlabs M455L4)

and capture images using a CMOS camera (Mako U-130B) at a
resolution of 1280 � 1024 pixels, with a pixel pitch of 0.24 mm
per px. To prevent laser light from reaching the camera sensor,
we employed a second dichroic mirror (D2) that redirects the
laser beams to a beam dump (BD), with any residual laser light
being filtered out by a notch filter (NF). This optical arrange-
ment allows us to simultaneously apply the periodic potential
and observe particle dynamics with high precision.

2.4 Experimental realization

We conducted all experiments in a temperature-controlled
laboratory environment maintained at 20 1C. Before measure-
ments, samples were allowed to equilibrate for 48 hours to
ensure thermal stability. For each experiment, we recorded
180 000 images over 2 hours, using a frame rate of 25 Hz and
an exposure time of 1 ms. These parameters represent a
balance between temporal resolution and the need to collect
sufficient data for robust statistical analysis. We collected
between 400 and 1500 individual particle trajectories for each
laser power from several measurements. At the highest laser
power, the pressure radiation pushed approximately 20% of
particles out of the field of view, requiring us to sample multi-
ple regions within each sample cell to obtain statistically
meaningful datasets. To extract particle positions with high
precision, we employed a custom MATLAB-based tracking
algorithms adapted from the work of D. Blair and E. Dufresne45

together with the Michalet algorithm,46 achieving a localization
uncertainty of approximately 3 nm. Trajectories are openly avail-
able in Zenodo at https://doi.org/10.5281/zenodo.14931759.

This exceptional spatial resolution is crucial for accurately
capturing the subtle dynamics of particles within the periodic
potential, particularly when comparing experimental results
with theoretical predictions. The observables are computed
for each measurement and averaged over all the measurements.
Results in Section 4, represent the mean values and the error bars
their standard deviation.

3 Theory and observables

In this section, we introduce the model and the theoretical
framework. Further, we derive the generalized ISF and low-
order moments. From the expansion of the ISF, we compute
exact expressions of the mean-square displacement, diffusivity,
and non-Gaussian parameter.

3.1 Model

We model the interaction of the colloid and the interfering
laser beam by a one-dimensional periodic potential U(x) =
U(x + L) with period L. We assume a simple cosine potential

U(x) = U1 cos(Q1x), (1)

where Q1 = 2p/L is the wave number associated with the period
L. We introduce the dimensionless amplitude u = U1/kBT where
kBT is the thermal energy scale. The colloid is assumed
to undergo Brownian motion in the presence of the spatially

Fig. 1 Illustration of the experimental setup. The laser field generator
utilizes a 532 nm laser beam to create a periodic light field through a
Köster prism (KP). The two parallel beams from KP are focused on the
sample plane using lens L1 and their interference creates the fringe
pattern. The imaging system, consisting of a microscope with a 20�
objective and a CMOS camera, captures the sample’s particle trajectories.
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periodic force �qxU(x). Then the equation of motion for its
position x(t) is provided by the Langevin equation

:
x(t) = DQ1u sin(Q1x(t)) + Z(t). (2)

Here, D denotes the short-time diffusion coefficient such
that D/kBT is the mobility as derived by the Einstein relation.
The stochastic term Z(t) represents a centered Gaussian white
noise with a delta-correlated variance hZ(t)Z(t0)i = 2Dd(t � t0).

We identify three quantities which set the characteristic
units of the system: The period L of the potential is the
fundamental unit of length. The time a free particle needs to
diffuse the distance of a period is L2/D and will be used as a
time unit. Energies are compared to the thermal energy kBT.
Therefore, the problem displays the dimensionless amplitude u
as a single control parameter.

3.2 Smoluchowski equation

To make analytic progress, we rely on the Smoluchowski
equation which is equivalent to the Langevin description in
eqn (2) in the case of equilibrium dynamics. Here, the funda-
mental quantity is the propagator P := P(x,t|x0), defined as the
conditional probability of finding the particle at position x at
time t, given its initial position was x0 at time zero. The initial
condition is therefore provided by P(x,t = 0|x0) = d(x � x0).
By standard methods36 one derives the Smoluchowski equation
governing the time evolution of the propagator

qtP = �qx[DQ1u sin(Q1x)P] + Dqx
2P =: OP. (3)

A stationary solution is provided by

peqðxÞ ¼ 1

Z1
exp �UðxÞ=kBT½ �; (4)

with a normalization factor Z1. Since in the infinite system no
stationary solution exists, we choose Z1 as the normalizing
factor for a unit cell ðL

0

dxpeqðxÞ ¼ 1: (5)

Explicitly

Z1 ¼
ðL
0

dxe�u cos Q1xð Þ ¼ LI0ðuÞ; (6)

where In(�) denotes the modified Bessel function of the first
kind to order n.

We replace our infinite system with a finite system by
dividing it into N A N unit cells of length L and apply periodic
boundary conditions. The limit N - N will be performed at
the end of the calculations.

In order to find non-trivial solutions of eqn (3) we first
perform a separation ansatz

P = E(t)c(x), (7)

and find the solution for the time-dependent part immediately
as E(t) = e�lt. For the position-dependent part, we have to solve
an eigenvalue equation. As the Smoluchowski operator O is

non-Hermitian, we distinguish between right and left eigen-
functions

OcR
l ðxÞ ¼ � lcR

l ðxÞ;

OycL
l ðxÞ ¼ � l�cL

l ðxÞ;
(8)

and O† is the adjoint operator with respect to the scalar product

hfjci : ¼ 1

N

ðNL

0

fðxÞ�cðxÞdx: (9)

Left and right eigenfunctions to different eigenvalues are
orthonormal, satisfying

cl cl0jh i ¼ 1

N

ðNL

0

cL
l ðxÞ�cR

l0 ðxÞdx ¼ dll0 : (10)

Therefore, only the product of left and right eigenstates to
identical eigenvalue is normalized. Furthermore, the eigen-
functions are complete, fulfilling the condition

1

N

X1
l

cR
l ðxÞcL

l x0ð Þ� ¼ d x� x0ð Þ: (11)

By comparing eqn (3) and (8) for the stationary state, we identify
that the eigenfunction cR

0(x) to eigenvalue zero has to be propor-
tional to the equilibrium distribution cR

0(x) p peq(x). We choose

cR
0(x) = peq(x), cL

0(x)* = 1, (12)

which fulfills the normalization conditions eqn (5) and (10).
The formal solution of the Smoluchowski, eqn (3), can be

written as P = eOtd(x� x0). We can insert the completeness relation,
eqn (11), and apply the eigenvalue equation, eqn (8), and obtain

P x; t x0jð Þ ¼ 1

N

X1
l

e�ltcR
l ðxÞcL

l x0ð Þ�: (13)

3.3 Schrödinger form

It is favorable to transform the Smoluchowski equation, eqn (3),
into a Schrödinger-like equation using the ‘gauge transform’36

P = e�U(x)/2kBTP0. (14)

A straightforward calculation reveals that this yields in
general to

@tP0 ¼ D@x
2P0 �D

½U 0ðxÞ�2

4 kBTð Þ2
P0 þ

DU 00ðxÞ
2kBT

P0: (15)

By specializing to the potential given in eqn (1), we find

@tP0 ¼
D

L2
2p2u cos Q1xð Þ � p2u2 sin2 Q1xð Þ
� �

P0

þD@x
2P0¼ :L0P0: (16)

We note that the operator L0 is Hermitian with respect to the
standard scalar product in eqn (9). Equivalently to the procedure of
finding solutions of the Smoluchowski operator, to find the non-
trivial solution of eqn (16) we perform again a separation ansatz

P0 = E(t)C(x), (17)
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with E(t) = e�lt and for the position-dependent part, we have to
solve an eigenvalue equation

L0Cl(x) = �lCl(x), (18)

where l represents the eigenvalue and Cl(x) the eigenfunction.
We note that the transformation of the eigenfunctions of the
Schrödinger operator to the Smoluchowski operator eqn (8) is
provided by

cR
l ðxÞ ¼ ClðxÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
peqðxÞ

p
; cL

l ðxÞ ¼ ClðxÞ
. ffiffiffiffiffiffiffiffiffiffiffiffiffi

peqðxÞ
p

: (19)

As L0 is an Hermitian operator, the eigenvalues are real and
two eigenfunctions with different eigenvalue are orthonormal,
equivalently to eqn (10). The eigenfunctions are complete,
fulfilling the completeness relation, similarly to eqn (11). The
eigenfunction to eigenvalue zero can be easily found using
eqn (12) and (19)

C0ðxÞ ¼ C0ðxÞ� ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
peqðxÞ

p
: (20)

3.4 Bloch representation

For periodic systems we make use of the Bloch representation
of the eigenfunctions in terms of the discrete wave vector
q A (2p/NL)Z, with �p/L o q r p/L and the discrete band
index n. The wave vector can be restricted to the first Brillouin
zone (BZ) because of the periodicity of the systems. The
eigenfunctions are of the form

Cnq(x) = eiqxunq(x), (21)

where the Bloch function unq(x) = unq(x + L) is periodic, and the
wave functions obtain a second index q, representing the wave
number. The associated eigenvalue will be denoted by lnq.
The orthonormality relation for the Bloch functions can be
expressed as ðL

0

dxunqðxÞ�umqðxÞ ¼ dnm; (22)

see Apendix C for the detailed derivation. Also, the complete-
ness relation still holds

d x� x0ð Þ ¼
X
n

unqðxÞunq x0ð Þ�; (23)

where x and x0 are within the same unit cell. Finally, we obtain
the probability density using eqn (13) and transforming the
eigenfunction of the Smoluchowski operator to the eigenfunc-
tions of the Schrödinger operator with eqn (19). Lastly, insert-
ing the Bloch form of the eigenfunctions we find the probability
density

P x; t x0jð Þ ¼ 1

N

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
peqðxÞ
peq x0ð Þ

s X
q2BZ

X
n

e�lnqtCnqðxÞCnq x0ð Þ�

¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
peqðxÞ
peq x0ð Þ

s ð
BZ

Ldq

2p

X
n

e�lnqteiq x�x0ð ÞunqðxÞunq x0ð Þ�;

(24)

where in the last step the thermodynamic limit N - N was
performed and therefore, the sum over the wave numbers can
be replaced by an integral over the Brillouin zone (BZ).

3.5 Dirac notation

To make further progress, we introduce the compact Dirac
notation where we rely on the isomorphism between the
periodic square-integrable functions unq(x) A L2[0,L] and the
abstract kets |unqi in a separable Hilbert space H. We intro-
duce the generalized position basis |xi, such that unq(x) =
hx|unqi. In particular, the set of associated eigenstates is ortho-
normal

unq
��umq

� �
¼
ðL
0

dx unq
��x� �

x umq

��� �
¼ dnm; (25)

and complete X
n

unq
�� �

unq
� �� ¼ 1; (26)

for a given wave number q. From the completeness relation in
real space

d x� x0ð Þ ¼
X
n

X
q2BZ

x unq
��� �

unq
��x0� �

; (27)

we infer hx|x0i = d(x0 � x). From eqn (25) the (over-) complete-
ness relation for the basis states |xi followsðL

0

dxjxihxj ¼ 1: (28)

For the actual computation of the eigenfunctions we use the
Fourier modes as orthonormal basis {|ni: nA Z} in H with real-

space representation hxjni ¼ exp iQnxð Þ
� ffiffiffiffi

L
p

. It is favorable to
express the Bloch functions unq(x) in terms of their Fourier
decomposition, and we express our eigenmodes in Dirac nota-
tion

unqðxÞ ¼ x unq
��� �

¼
X
n2Z

hxjni njunq
� �

; (29)

where the corresponding Fourier coefficients are provided by
the integral

n unq
��� �

¼
ðL
0

dxffiffiffiffi
L
p e�iQnxunqðxÞ: (30)

This is possible because all Bloch functions are lattice
periodic.

3.6 Intermediate scattering function: definition and
properties

We aim to analyze the characteristic function of the random
displacements Dx(t) := x(t)� x(0), which corresponds to the self-
ISF and provides full spatio-temporal resolution of the particle
dynamics. Making use of the periodicity of the system, we
introduce the Bravais lattice, defined as L := {nL: n A Z}. The
reciprocal lattice is similarly defined as L* := {Qm = (2pm/L):
m A Z}. Any wave vector k can be uniquely decomposed as
k = q + Qm, where q A BZ lies within the first Brillouin zone (BZ)
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and Qm A L* is a reciprocal lattice vector. We define the
generalized ISF

Fmn(q,t) := he�i(q+Qm)x(t)ei(q+Qn)x(0)i, (31)

with the mode indices m,n A Z. In the following we refer to this
quantity as the ISF. The brackets h� � �i indicate an ensemble
average. The conventional ISF to wave number q + Qm then
corresponds to F(q + Qm,t) := Fmm(q,t) and probes diagonal
correlations in reciprocal space. The off-diagonal elements
Fmn(q,t), m a n, encode Umklapp-processes where wave vectors
differ by a reciprocal lattice vector Qn � Qm. These Umklapp-
processes enter by scattering from the periodic modulation,
while they are absent in the homogeneous case. Thus, Fmn(q,t)
corresponds to a matrix-valued correlation function: for a set of
complex numbers bm(q) A C the weighted sum

bðq; tÞ�bðq; 0Þh i ¼
X
m;n2Z

bmðqÞ�Fmnðq; tÞbnðqÞ; (32)

forms an autocorrelation function, with bðq; tÞ ¼P
m
bmðqÞei q�Qmð ÞxðtÞ. In particular, autocorrelation functions dis-

play non-negative spectra.47 Notably, the diagonal elements,
Fmm(q,t), are autocorrelation functions. For the case of purely
relaxational dynamics, for example, Smoluchowski dynamics,
autocorrelation functions are completely monotone, i.e., all
time derivatives exist and satisfy the inequality (�1)mqm

t hb(q,t)*
b(q,0)i Z 0 for m A N0 and t 4 0,48 ensuring monotonically
decaying, non-oscillatory behavior. In contrast, the individual
off-diagonal elements, m a n, can exhibit non-monotonic
behavior, including local minima or maxima.

Further, we note that the wave number q is identical in both
exponentials and that the diagonal elements, Fmm(q,t), corre-
spond to the conventional ISF evaluated at wave vector q + Qm.
In translationally invariant systems only the diagonal elements
are non-vanishing, since shifting the trajectory of a particle by
an arbitrary displacement leads to an equally likely trajectory.
For our case, the discrete symmetry is reflected in the sense
that a common shift x(t) / x(t) + R for all times by a lattice
vector R A L leaves the ISF invariant. The brackets h� � �i indicate
an ensemble average.

Using the conditional probability density, the ISF of eqn (31)
can be expressed as

Fmnðq; tÞ ¼
ðNL

0

dx

ðL
0

dx0e
�i qþQmð Þxei qþQnð Þx0

� P x; t x0jð Þpeq x0ð Þ:
(33)

Here, we used that without restriction, the initial position of
the particle can be chosen to be in a definite cell and is sampled
from the equilibrium distribution for this single cell.

Reversely, we can compute the probability density by the
backward Fourier transform

P x; t x0jð Þpeq x0ð Þ ¼
1

L2N

X
m;n2Z

X
q2BZ

Fmnðq; tÞei qþQmð Þxe�i qþQnð Þx0 :

(34)

see Appendix D for the derivation. The previous relation also
reveals that the conventional ISF is not sufficient to reconstruct
the full probability density unless the system is fully transla-
tionally invariant.

The explicit form of eqn (33) in terms of the Bloch functions
is obtained by inserting eqn (24) and simplifies to express the
stationary solution in terms of the eigenfunctions of the
Schrödinger operator, using eqn (25). After some algebra and
rearranging the terms, we find the final expression

Fmnðq; tÞ ¼
X
n

e�lnqt
ðL
0

dxe�iQmxunqðxÞu00ðxÞ�
	 


�
ðL
0

dx0e
�iQnx0unq x0ð Þu00 x0ð Þ�

	 
�
;

(35)

see Appendix D for more details.
To determine the functions unq(x) we introduce the operator

Lq for which the eigenvalue equation

Lqunq(x) = �lnqunq(x), (36)

holds. Straightforward substitution leads to

Lq : ¼
Dp2

L2
2u cos Q1xð Þ � u2 sin2 Q1xð Þ
� �

þD@x
2 þ 2iqD@x �Dq2;

(37)

which can be abbreviated as Lq = L0 + dLq. Here, the operator
L0 (first three terms) encodes the interaction of the diffusive
particle with the potential and the q-dependent operator dLq

(last two terms) contains a drift or advection-like term, linear in
the wave number, and a diffusion-like term proportional to q2.

The matrix representation of the operator, is given by

m L0j jnh i ¼
ðL
0

dx

L
e�iQmxL0e

iQnx

¼ Dp2

L2
u dm;nþ1 þ dm;n�1
� ��

þ u2

4
dm;nþ2 � 2dm;n þ dm;n�2
� �

� 4m2dm;n



;

(38)

and

hm|dLq|ni = (�4pqDn/L � Dq2)dm,n. (39)

The matrix L0 is a Hermitian matrix and pentadiagonal in
the Fourier basis, i.e., it has non-zero elements only on the
main diagonal and the two diagonals above and below it. The q-
dependent matrix is diagonal in the Fourier basis. The eigen-
value problem Lq|unqi = �lnq|unqi is computed numerically by
diagonalizing the (truncated) Hermitian matrixX

n2Z

m Lq

�� ��n� �
n unq
��� �

¼ �lnq m unq
��� �

: (40)

The time evolution of the ISF is encoded in the eigenvalues
and eigenfunctions of the operator Lq. The eigenvalues lnq

form continuous bands as the number of cells goes to infinity,
N - N, see Fig. 2. All eigenvalues are non-negative, and the
only zero eigenvalue is in the center of the Brillouin zone at the
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lowest band. Only the lowest bands are significantly affected by
the potential U(x). For l \ p2Du/L2 the bands correspond to a
particle freely diffusing without underlying potential modula-
tion. Albeit the bands come very close at the edges of the
Brillouin zone, we checked numerically that they do not touch.
For symmetric potentials the avoided crossing theorem does
not apply and in principle bands can cross. For the simple
cosine potential, one can actually show that all eigenvalues for
q = 0 except for l00 = 0 are twofold degenerate, see Appendix C.

Finally, the ISF in eqn (35) can be conveniently expressed in
a spectral representation using the Fourier basis

Fmnðq; tÞ ¼
X
n

e�lnqt
X
s;t2Z

u00jsh i sþ m unq
��� �

unq
��tþ n� �

t u00jh i;

(41)

see Appendix D for the derivation. The previous relation reveals
that

P
m;n

bmðqÞ�Fmnðq; tÞbnðqÞ is completely monotone.

Of particular interest is the conventional ISF with wave
vector in the first Brillouin zone, F(q,t) := F00(q,t), which
simplifies upon exploiting the completeness of the Fourier basis

Fðq; tÞ ¼
X
n

e�lnqt u00junq
� �

unq
��u00� �

¼ u00 eLqt
�� ��u00� �

: (42)

Since all eigenvalues are strictly larger than zero, except for
l00 = 0 in the lowest band and in the center of the Brillouin
zone, F(q,t) decays to zero for large time, t - 0 for q a 0.

3.6.1 Symmetry relations. The symmetries of the general-
ized ISF are derived following the same arguments as in ref. 49.
For equilibrium dynamics, time inversion symmetry holds and
the ISF is even in time. Time-translation invariance then reveals
the relations

Fmn(q,t) = Fmn(q, �t) = Fnm(q,t)*. (43)

For symmetric potentials U(�x) = U(x), space-inversion sym-
metry implies

Fmn(q,t) = Fmn(q,t)* = F�m,�n(�q,t). (44)

In particular, the ISF is a real quantity and symmetric upon
interchanging its mode indices. At the edge of the Brillouin
zone we have the additional relation

Fmn(p/L,t) = Fm+1,n+1(�p/L,t) = F�(m+1),�(n+1)(p/L,t).
(45)

3.6.2 Short- and long-time limits. For the simple cosine
potential, eqn (1), the short-time limit of the ISF can be
calculated explicitly

Fmnðq; t ¼ 0Þ ¼ exp �iQm�nxð0Þ
� �� �

¼
ðL
0

e�iQm�nxpeqðxÞdx

¼ ð�1Þm�nIm�nðuÞ
I0ðuÞ

:

(46)

From eqn (35) and u00ðxÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
peqðxÞ

p
, one infers that for q = 0

the ISF displays a non-vanishing long-time limit

Fmn(0,t - N) = he�iQmx(t)iheiQnx(0)i. (47)

The factorization of the limit can be interpreted as the
system being ergodic. For the simple cosine potential,
eqn (1), the limit can be calculated explicitly

Fmnð0; t!1Þ ¼
ð�1ÞnþmImðuÞInðuÞ

I02ðuÞ
(48)

An equivalent formal expression for the long-time limit
follows from eqn (41)

Fmnð0; t!1Þ

¼
X
s2Z

u00jsh i sþ m u00jh i
" # X

t2Z

u00jtþ n u00jh i t u00jh i
" #

:

(49)

Since u00ðxÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
peqðxÞ

p
and employing the Jacobi–Anger

expansion,50 the Fourier coefficients hm|u00i can be calculated
explicitly

m u00jh i ¼ ð�1Þ
mImðu=2Þffiffiffiffiffiffiffiffiffiffi
I0ðuÞ

p : (50)

With Neumann’s addition theorem for modified Bessel
functions50 the sums in eqn (49) can be performed and we
recover eqn (48). Note that eqn (46) and (48) represent static
quantities that only depend on the potential amplitude.

3.7 Mean-squared displacement and non-Gaussian parameter

The goal of this subsection is to elaborate the low-order
moments of the fluctuating variable Dx(t). They can be derived
from the conventional ISF, F(q,t) = F00(q,t), which is the char-
acteristic function of the random displacements. As moments
of odd order vanish by symmetry, we compute only the even
moments. The lowest nontrivial is the time-dependent mean-
squared displacement h[Dx(t)]2i. We also define the time-dependent
diffusion coefficient via the derivative of the mean-squared

Fig. 2 Eigenvalues lnq of the operator Lq for U1 = 1.0kBT are shown, for
the five lowest bands in the first Brillouin zone.
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displacement (MSD)

DðtÞ : ¼ 1

2

d ½DxðtÞ�2
� �

dt
: (51)

The long-time dynamics is diffusive, in particular, the long-
time limit DN := D(t - N) 4 0 is finite and defines the long-
time diffusion constant. An analytic expression for arbitrary
periodic potentials is known.15,16,18,22,51 In particular, for the
simple cosine potential it evaluates to

D1 ¼
D

I02ðuÞ
¼ 2pDe�2u½uþOð1Þ� for u!1: (52)

The exponential suppression of the diffusion constant
reflects Kramers’s rule for hopping over a potential barrier.36

A convenient measure to discuss deviations from simple diffu-
sion is the non-Gaussian parameter47,52

a2½DxðtÞ� : ¼
½DxðtÞ�4
� �
3 ½DxðtÞ�2h i � 1: (53)

The derivation for extracting the moments from the ISF is
similar to ref. 31 and 32 with only the essential steps presented
here. The key idea is to apply perturbation theory for small wave
numbers q and compare it to the Taylor series of the ISF, which
yields the moments

Fðq; tÞ ¼ 1� q2

2
½DxðtÞ�2
� �

þ q4

4!
½DxðtÞ�4
� �

þ � � � ; (54)

where we already exploited that all odd-order moments vanish.
The ISF, eqn (42), will be expanded in powers of q by Lq = L0 �
Dq2 + dL1

q with dL1
q = 2iqDqx. We rely on the Dyson representation

e L0þdL1
qð Þt ¼ eL0t þ

ðt
0

dseL0ðt�sÞdL1
qe

L0þdL1
qð Þs: (55)

Replacing the time-evolution operator in the integral on
the right-hand side iteratively generates the Born series, see
ref. 32. The main simplification steps are to make use of the
fact that eL0t|un0i = |un0i and also hun0|eL0t = hun0| and to insert
complete basis sets, eqn (26), for q = 0. Occurring integrals can
be formally evaluated and the terms are simplified to obtain the
final result, which is similar to the result in ref. 32, but slightly
changed for our operator and eigenvectors. We find the formal
expression

Fðq; tÞ ¼ e�Dq2t u00 e L0þdL1
qð Þt

��� ���u00D E

¼ e�Dq2t 1þ q2

2
~F2ðtÞ þ

q4

4!
~F4ðtÞ þO q6

� �	 

;

(56)

with

~F2ðtÞ ¼
2

q2

X
n

e�ln0t þ ln0t� 1

ln02
u00 dL1

q

��� ���un0D E
un0 dL1

q

��� ���u00D E

and,

~F4ðtÞ ¼
24

q4

X
n

X
m

X
p

e�ln0t þ ln0t� 1

ln02 ln0 � lm0ð Þ ln0 � lp0
� �

"

þ e�lm0t þ lm0t� 1

lm0
2 lm0 � ln0ð Þ lm0 � lp0

� �

þ e�lp0t þ lp0t� 1

lp02 lp0 � lm0

� �
lp0 � ln0
� �

#

� u00 dL1
q

��� ���un0D E
un0 dL1

q

��� ���um0

D E

� um0 dL1
q

��� ���up0D E
up0 dL1

q

��� ���u00D E
:

(57)

Here, all sums over n, m, p include all bands and therefore
formally the expression causes divisions by zero if a band index
corresponds to the lowest band or two band indices correspond
to the same band. In both cases the corresponding numerators
also vanish. The appearance of the zero divisors can be avoided
in the first place by handling these case separately before
performing the integrals in the simplification steps. Here we
follow a different route to keep the expressions simple by
analytically continuing the expression for the case of zero
numerators/denominators.

A further complication arises in the case of a simple cosine
potential, since all eigenvalues ln0 are, additionally, twofold
degenerate, except for the ground state causing additional zero
divisors. However, as in degenerate perturbation theory, one
can choose basis states such that the matrix elements of dL1

q

coupling different states to the same eigenvalues vanish. Since
L1

q anticommutes with space inversion, only states of different
parity couple, however, because un0 are either even or odd, no
zero divisors occur.

The low-order cumulants of the random variable Dx(t) are
generated upon expanding the logarithm of the ISF in powers
of the wave number q

lnFðq; tÞ¼�q
2

2
h½DxðtÞ�2þq4

4!
½DxðtÞ�4
� �

�3 ½DxðtÞ�2
� �

2

 �

þO q6
� �

:

(58)

To order O(q2) we find the mean-square displacement as
first nonvanishing cumulant

½DxðtÞ�2
� �

¼ 2Dt

� 2

q2

X
na0

e�ln0tþln0t�1

ln02
u00 dL1

q

��� ���un0D E
un0 dL1

q

��� ���u00D E
;

(59)

where no contributions from n = 0 as intermediate state arises
since the transition matrix element vanishes

u00 dL1
q

��� ���u00D E
¼ 2iqD

ðL
0

u00ðxÞ�@xu00ðxÞ¼ 0; (60)

where the last equality follows by integration by parts
and observing that u00(x) is real. The time-dependent
diffusion coefficient, eqn (51), can be computed using the
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time-derivative of eqn (59).

DðtÞ ¼Dþ 1

q2

X
na0

e�ln0t�1

ln0
u00 dL1

q

��� ���un0D E
un0 dL1

q

��� ���u00D E
: (61)

For the fourth cumulant we need to collect terms of order
O(q4) and we obtain

h[Dx(t)]4i � 3h[Dx(t)]2i2 = F̃4(t) � 3[F̃2(t)]2. (62)

For completeness, let us argue explicitly that all odd powers
in q in the expansion of F(q,t), eqn (56), vanish. A term linear in
q corresponding to a mean drift would involve the matrix
element hu00|dL1

q|u00i which is shown to vanish in eqn (60).
This vanishing of the mean drift is, of course, a general
property in equilibrium. For any symmetric potential all odd
moments vanish. The expansion of F(q,t) in eqn (56) generates
a chain hu00|dL1

q|un0i hun0|. . .|up0i hup0|dL1
q|u00i in eqn (57) of

products of matrix elements. By parity and the property of the
operator dL1

q a matrix element is non-vanishing only if the
states are of different parity. Thus, for the chain to yield a non-
vanishing contribution, the first intermediate state has to be
odd, the second even, and so on. However, the last state is the
ground state again which is even. Therefore, only even powers
of q are generated.

4 Comparison of the theoretical
framework with experimental and
simulation results

In this section, we analyze the observables and compare the
theoretical predictions with the experimental results. First, we
examine the diagonal and off-diagonal elements of the ISF
for various wave numbers and potential amplitudes. Next, we
discuss the mean-square displacement (MSD), time-dependent
diffusivity, and the non-Gaussian parameter for different
potential amplitudes. To facilitate the comparison with the
experimental results, we restore units; in particular, we use the
amplitude of the modulation U1, eqn (1), as a control para-
meter. The presented experimental results correspond to the
mean of multiple measurements, with error bars indicating the
standard deviation. Each measurement consisted of a suffi-
ciently large number of recorded trajectories, from which the
observable of interest was computed as an average. To enable
comparison with theoretical predictions, we established the
relationship between the potential amplitude U1 and laser
power (LP) (see Appendix A for details). Additionally, length
and time scales were calibrated by determining the short-time
diffusion coefficient D and the characteristic period L from the
experimental data. We determined from the initial slope of the
mean-square displacement an average short-time diffusion
coefficient of (0.050 � 0.002) mm2 s�1.

4.1 Diagonal ISF, l = n

The diagonal ISF is computed from our experimental data
relying on the definition given in eqn (31) for m = n. We have

checked that its imaginary part is in deed negligible reflecting
the mirror symmetry of the potential. We compare the experi-
mental results to the numerical ones relying on the spectral
representation in eqn (41). Last, all results are corroborated by
Brownian-dynamics simulations. The ISF is displayed in Fig. 3
for a range of different wave numbers Qm A L* and q A BZ for
three distinct amplitudes U1.

We first focus on the behavior for q a 0, where all ISF
eventually relax to zero. For moderate potential amplitudes
U1 E kBT, the potential is not high enough to significantly
inhibit hopping between different potential valleys, yielding
a single-step relaxation. For larger amplitudes, a two-step
process occurs. The particle initially freely diffuses with short-
time diffusion coefficient D until the potential forces become
dominant. For U1 \ kBT the motion occurs essentially at the
bottom of the potential, which can be approximated by a
harmonic well

UðxÞ � �U1 þ
U1Q1

2ðx� L=2Þ2
2

: (63)

The particle then locally equilibrates on the time scale of the
harmonic relaxation time, t = (L2/4p2D)(kBT/U1), and the ISF
saturates at a plateau value, see Fig. 3. The ISF within the
harmonic approximation can be calculated explicitly, see
Appendix E. For large barriers, Fig. 3(c), the harmonic approxi-
mation quantitatively describes the relaxation to the plateau
value for wave numbers resolving smaller length scale than a
period L. The relaxation from the plateau occurs on a much
larger time scale provided by Kramers’ theory tK p exp(2U1/
kBT). Once the particle overcomes the barrier and reaches
additional minima, the ISF eventually decays to zero. For small
wave numbers and long times, the hydrodynamic regime is
reached F00(q,t) = exp(�DNq2t). In this regime, the wave num-
bers only resolve the motion over many periods at time scales
much larger than Kramers’ escape time. Our analytical predic-
tions as well as the simulation results within the Smoluchowski
picture of a simple cosine potential show excellent agreement
with the experimental results.

For the wave number in the center of the BZ, q = 0, the ISF
does not decay to zero in the long-time limit t - N, rather
approaches a finite value, as computed in eqn (48). In Appendix
A we used this feature to calibrate the laser power of the
experiment to the theoretical kBT value.

4.2 Off-diagonal ISF, l a n

For the off-diagonal ISF, m a n, we present results for different
modes corresponding to |m � n| = 1 and |m � n| = 2. The results
are shown for three different wave numbers q and the ampli-
tude U1 = 0.99kBT, see Fig. 4. The general symmetries of the ISF
for symmetric potentials are summarized in eqn (43) and (44).

For wave numbers at the edge of the BZ q = p/L additional
symmetries of the ISF, eqn (45), hold. For example, the curves
for (m, n) = (1, �1) and (0, �2), or (1,0) and (�1, �2) are
identical.

For q = 0 both the initial value and the long-time limit are
non-zero. As soon as q a 0 the curves decay to zero for long
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times. If |m � n| is odd, the initial value is negative and for even
differences the initial value of the ISF is positive, eqn (46). And
also according to eqn (48) for odd (or even) values, the long-
time limit is negative (or positive, respectively). In contrast to

the diagonal elements of the ISF, we find no longer strictly
monotone behavior but minima and maxima, see eqn (32).

Results from the experimental data of the off-diagonal ISF
closely follow the shape of the analytical predictions and
simulation results at long times. However, a clear deviation is
observed at short and intermediate times, as shown in Fig. 4.
We attribute these discrepancies to experimental factors not
implemented in the theoretical model. We consider the pri-
mary factor to be the spatial inhomogeneities in the periodicity
and amplitude of the light-induced potential across the field
of view, which slightly deviates from the ideal cosine form
assumed in the theoretical model. As a result, individual
particles effectively experience slightly different periodicities
and amplitudes across the field of view. A detailed charac-
terization of the amplitude and periodicity in the field of view is
shown in Appendix B. Additionally, confinement effects due to
the two-dimensional nature of the system and inertial effects
not considered in the theoretical framework are factors that
might also contribute to these discrepancies. Despite these
differences, experimental results for the indices m and n with
equal |m � n| collapse into a common intercept (short-time
limit), capturing the expected phenomenology from the theo-
retical predictions given by eqn (46), though with a noticeable
shift respect to theory.

Theoretically, each Fourier component of the ISF is defined
in terms of a well-defined lattice wavenumber 2p/L. However, in
experiments, achieving this level of precision is challenging
because of variations in how individual particles interact with
the optical field. To allow a more accurate comparison between
theory and experiment, a normalization procedure is applied,
an approach that is further examined in Fig. 5.

Fig. 5 illustrates the normalized ISF, Fmn(q,t)/Fmn(q,0), for
different potential amplitudes U1/kBT, three different m, n
combinations and, for all of them, qL = p. The choice of qL =
p is particularly insightful, as it balances, for the measurements
time window, sensitivity to both free diffusion and potential-
induced localization, providing a clear distinction between different
transport regimes. As it can be seen in Fig. 5, after normalization,
the agreement between experimental results, the theoretical frame-
work and computer simulations is remarkable, confirming that the
model effectively captures full description of the system.

The most striking feature in the off-diagonal elements is the
emergence of a maximum at intermediate times, t { t { tK as
seen in Fig. 5(b) and (c). For larger times, the curves decay to
zero for q a 0. From the harmonic approximation we anticipate
the development of a plateau, whose value can be determined
from eqn (77). If (Qm + q)(Qn + q) o 0, the plateau corresponds to
a maximum, which is nicely approached for large potential
amplitudes, see Fig. 5(b) and (c). If (Qm + q)(Qn + q) 4 0, the
curves look similar to the diagonal elements of the ISF, where a
simple plateau emerges, see Fig. 5(a). The slowing down of the
relaxation towards the plateau or maximum as the potential
amplitude grows, is captured as well by t p 1/U1.

Finally, it is important to emphasize that, although experi-
mental factors cause deviations at short and intermediate
times, normalization effectively accounts for these variations,

Fig. 3 Diagonal ISF for various mode indices m = n and wave numbers q
and three different amplitudes U1, (a)–(c). Full colored lines correspond to
the theory and colored squares to the experimental results. Black circles
represent the simulation results. The dotted lines represent the harmonic
approximation.
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leading to excellent agreement between theory, simulations
and experiments.

4.3 Low-order moments of Dx(t): MSD, diffusivity and non-
Gaussian parameter

The dynamics previously discussed in terms of the ISF, can also
be found in the standard observables. Therefore, the discussion

Fig. 4 Off-diagonal ISF for n a m and U1 = 0.99kBT for different mode
indices (m, n) and wave numbers q, (a)–(c). Full colored lines correspond to
the theory and squares to the experimental results. Black circles represent
the simulation results. In panel (a) at the edge of the Brillouin zone, q = p/L,
for (m, n) = (1, �1) and (0, �2) coincide, as well as the ones for (1, 0) and (�1,
�2). In panel (c) for wave numbers q - 0 the curves of (m, n) and (�n, �m)
approach each other, where m, n A Z.

Fig. 5 Off-diagonal ISF for different amplitudes U1 for wave number q = p
three different mode indices (m, n), (a)–(c). Full colored lines correspond to
the theory and squares to the experimental results. Black circles represent
the simulation results and dotted lines the harmonic approximation.
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will be kept rather brief. The MSD, Fig. 6(a), is plotted for
various amplitudes U1 of the external potential. For short times,
t { (L2/4p2D)(kBT/U1), with U1 \ kBT or for times t { L2/4p2D
for very low amplitudes, U1 { kBT, we observe the expected
linear increase of the MSD, characteristic of free diffusion. For
higher potential barriers, however, a plateau emerges around
t E (L2/4p2D)(kBT/U1), corresponding to the time scale at which
the particle becomes temporarily trapped. At longer times, p
exp(2U1/kBT), the particle eventually overcomes the barrier and

resumes diffusion, with a reduced diffusion constant for higher
amplitudes compared to lower ones. This behavior is
further highlighted in the time-dependent diffusion coefficient,
eqn (51). We find that the long-time diffusion coefficient
decreases as U1 increases, see Fig. 6(b). There we also report
good agreement with the known values of the long-time diffu-
sion coefficient. As expected, the harmonic approximation
captures the behavior of the relaxation towards the plateau
increasingly better for higher amplitudes.

Furthermore, we analyze the non-Gaussianity of the particle
displacements using the parameter defined in eqn (53).
As expected, for higher barriers, the particle dynamics become
increasingly non-Gaussian, see Fig. 6(c). We observe that both
very small and very large amplitudes pose challenges in experi-
ments. For small amplitudes, it is difficult to distinguish the
dynamics from those of a free particle, as the external potential
has little effect. Conversely, for very large amplitudes, the low
diffusivity makes it challenging to sample a sufficient number of
particles that successfully hop over a barrier within the experimental
observation time. However, the experimental results show excellent
agreement with both simulations and analytical predictions.

5 Conclusion

In this work, we investigated the dynamics of dilute colloidal
suspensions in the presence of a periodic potential. Our approach
combined theoretical analysis, Brownian-dynamics simulations,
and experimental measurements. By evaluating the spatio-
temporal dynamics, we demonstrated that the behavior of a
colloid in a periodic potential can be accurately described by
analytical solutions of the Smoluchowski equation. This was
achieved through the analysis of a generalized ISF, which captures
how particle positions are correlated in a periodic system. Low-
order moments were derived, with a focus on the MSD, time-
dependent diffusion coefficient, and non-Gaussian parameter.

Based on the Smoluchowski equation reformulated in a
Hermitian Schrödinger form, we found formal expressions in
terms of a spectral-theoretical approach. The eigenfunctions
were expressed in Bloch form, to make use of the periodic
nature of the system. We found an analytic expression for the
generalized ISF, Fmn(q,t). By using the time-dependent perturba-
tion theory and Taylor expansion of the ISF we computed lower-
order moments. In our system, without memory effects, the ISF
effectively captures the full dynamics of colloidal particles in
periodic potentials, revealing both short- and long-time diffu-
sive behavior and trapping at intermediate times.

We performed experiments on 2D dilute colloidal suspen-
sions subjected to a periodic potential generated by two inter-
fering laser beams. Using particle tracking, we obtained particle
trajectories and averaged them to extract relevant observables.
The laser power was calibrated to its corresponding amplitude
value using two theoretical predictions (eqn (48) and (52)).
From our experimental data, we extracted the observables of
interest and compared them to our analytical solutions and
Brownian-dynamics simulations. We compared the results for

Fig. 6 (a) MSD, (b) time-dependent diffusion coefficient, and (c) non-
Gaussian parameter for different potential amplitudes U1. Full colored lines
correspond to the theory and squares to the experimental results. Black
circles represent the simulation results and dotted lines the harmonic
approximation. The dashed lines in (b) display the theoretical long-term
limit.
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various strengths of the amplitude of the potential and found
excellent agreement between the theoretical description and
experiments. The most sensitive observables were the off-
diagonal elements of the generalized ISF, where slight differ-
ences in the experimental setup were amplified in the curves. It
was crucial to ensure equivalent experimental conditions,
minimizing variations in periodicity, potential amplitude, and
confinement effects. To obtain good agreement with the analy-
tical predictions, a normalization was necessary.

We have carried out a comprehensive test of the underlying
fundamental dynamics of colloidal dynamics in a structured
environment, combining theory, simulations, and experiments.
By analyzing the generalized ISF, we identified new observables
with distinct features, including a non-vanishing long-time
limit. We provide a detailed theoretical framework and ratio-
nalize our findings through a harmonic approximation. Devel-
oping an explicit formula for the whole-time dependence of the
ISF allowing for a comprehensive description of colloidal
motion across all time scales. Furthermore, we introduced a
new approach for calibrating the experiment using these obser-
vables, offering a reciprocal space alternative to conventional
calibration methods. Comparing the results to a harmonic
approximation, we confirm that the Brownian particle first
diffuses freely, before it is temporarily trapped in the minima
of the periodic cosine potential. For these times the dynamics
are well approximated by a harmonic potential for large enough
amplitudes, and only at longer times it hops over the potential
barriers and once again exhibits diffusive behavior.

The analytical and experimental framework presented can be
extended to more complex systems. Although this work focused
on dilute suspensions, exploring more dense systems would allow
us to study particle interactions and many-body effects. A possible
other extension is the study of periodic lattices, where higher-
dimensional effects and collective behavior become important.
Investigating tilted washboard potentials could provide further
insight into driven transport. Our framework is also applicable to
a wide range of periodic systems beyond simple cosine potentials.
Experimentally, the new observables could also be measured
using differential dynamic microscopy.
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Appendices
A. Calibration

The precise determination of the periodic potential amplitude
(U1/kBT) as a function of laser power is a fundamental step
in experiments involving colloidal particles confined in optical
potentials. In this work, we perform both the traditional
diffusion-based calibration and a novel approach utilizing the
generalized intermediate scattering function (ISF). The conven-
tional approach to calibrating periodic potentials relies on
measuring the normalized long-time diffusion coefficient
(DN/D) as a function of laser power. As shown in the central
panel of Fig. 6, the diffusivity of particles decreases as the
potential amplitude increases, since energy barriers progres-
sively hinder diffusive motion. For a simple cosine potential,
U(x) = U1 cos(2px/L), the analytical relationship between the
normalized diffusion coefficient and the potential amplitude is
given by eqn (52).

Our alternative calibration method utilizes the generalized
ISF, specifically its asymptotic behavior, which explicitly
depends on the potential amplitude. For a simple cosine
potential and q = 0, the long-time limit of the generalized ISF
is analytically described by eqn (48), where the dependence on
the potential amplitude, U1, is evident. Specifically, for m = n = 1,
eqn (48) (F11(0,t)) evaluates the characteristic wave number
imposed on the system by the periodic potential, i.e., Qm =
Qn = 2p/L. In the top panel of Fig. 7 we plot F11(0,t), which
exhibits an opposite trend to diffusivity, with higher plateaus as
laser power increases. It is important to note that this approach
utilizes equilibrium correlation properties instead of transport
characteristics, providing complementary insights into the system.

The calibration is performed for both methods by extracting
plateau values as a function of laser power and solving eqn (48)
and (52) for the diffusivity and generalized ISF methods,
respectively. The calibration results from both methods are
presented in Fig. 7(b), showing the relationship between laser
power and dimensionless potential amplitude U1/kBT. The
remarkable agreement between these independent approaches
validates both the theoretical framework and the experimental
implementation, as seen in the central panel of Fig. 6 and 7(a).
This strong consistency confirms the theoretical predictions
and demonstrates the reliability of this method for calibration
purposes.

B. Light-field spatial characterization

This appendix provides a detailed look at the spatial character-
istics of the laser-induced periodic potential, as observed through
the motion of particles across the experimental field of view. To
determine the spatial periodicity, we follow a similar approach as
described in ref. 53. However, for the estimation of the amplitude,
we used a more direct estimation. Rather than fitting a sine wave
to the derivative of the logarithmic particle density, we extracted

Soft Matter Paper

O
pe

n 
A

cc
es

s A
rti

cl
e.

 P
ub

lis
he

d 
on

 1
2 

m
ag

gi
o 

20
25

. D
ow

nl
oa

de
d 

on
 1

2/
06

/2
02

5 
08

:1
8:

26
. 

 T
hi

s a
rti

cl
e 

is
 li

ce
ns

ed
 u

nd
er

 a
 C

re
at

iv
e 

C
om

m
on

s A
ttr

ib
ut

io
n 

3.
0 

U
np

or
te

d 
Li

ce
nc

e.

View Article Online



Soft Matter This journal is © The Royal Society of Chemistry 2025

the amplitude in each window by identifying its maximum and
minimum values. The extracted amplitude of the periodic
potential as a function of the position along the field of view
is shown in Fig. 8(a). The amplitude displays a clear spatial
dependence, which arises from the Gaussian envelope of the
beam.6,54,55 The mean amplitude was measured to U1 = (1.03 �
0.08) kBT, with a coefficient of variation (CV) of 7.76%. The inset
histogram shows the distribution of the measured amplitude
values. Fig. 8(b) shows the spatial periodicity of the laser field in
the same region. In contrast to the amplitude, the periodicity
remains remarkably consistent throughout the field of view, as it
is unaffected by the Gaussian beam envelope. It maintains an
average value of L = (4.15� 0.07) mm, with a very low CV of 1.68%.
The inset histogram confirms this stability by showing a narrow,
normally distributed spread of periodicities. The error bars in
both figures represent variations between different experimental
runs in the same spatial regions.

C. Properties of the Bloch functions

In this appendix, we repeat the argument that the Bloch
function unq(x) to the same wave vector q are orthonormal.

Furthermore, we recall some properties of the Bloch functions,
in particular, for the case of a symmetric potential.

Orthogonality of Bloch functions. The overlap of two wave
function can be simplified using the periodic Bloch functions
and splitting the integral in cells

Cnq0
��Cmq

� �
¼ 1

N

ðNL

0

dxeiðq�q
0Þxunq0 ðxÞ�umqðxÞ

¼ 1

N

XN�1
j¼0

ðð jþ1ÞL
jL

dxeiðq�q
0Þxunq0 ðxÞ�umqðxÞ

¼ 1

N

ðL
0

dxeiðq�q
0Þxunq0 ðxÞ�umqðxÞ

XN�1
j¼0

eiðq�q
0ÞjL:

(64)

Fig. 7 Panel (a) shows the ISF for the wave numbers (m, n, qL) = (1, 1, 0) and
for different amplitudes U1. The markers represent experimental results,
while the solid lines correspond to analytical predictions, with the ampli-
tudes calibrated to match the experimental data. Panel (b) compares two
different calibration methods. One based on the long-time diffusivity DN

and the other on the long-time limit of the ISF, F11(0, t - N). The laser
powers (LP) used in the experiments, for which the calibration was
performed, were 130 mW, 250 mW 400 mW, 500 mW, 800 mW,
1000 mW, 1300 mW, and 1550 mW.

Fig. 8 Panel (a): The spatial variation of the extracted potential amplitude
U1 (orange squares) along the field of view, showing a mean value of U1 =
1.03kBT (red dashed line) with a standard deviation of 0.08 (orange error
bar). Inset: Histogram of the extracted amplitude values fitted with a
Gaussian distribution (red curve). Panel (b): The spatial variation of the
extracted periodicity L (green squares), with a mean value of L = 4.15 mm
(blue dashed line) with a standard deviation of 0.07 (green error bar). Inset:
Histogram of the extracted periodicities fitted with a Gaussian distribution
(blue curve).
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Since

XN�1
j¼0

eiðq�q
0ÞjL ¼

expðiNðq� q0ÞLÞ � 1

expðiðq� q0ÞLÞ � 1
for qaq0

N else

8><
>:

¼ Ndqq0

(65)

for the discrete wave vectors in the Brillouin zone and because
the wave functions are orthonormal hCnq0|Cmqi = dqq0dnm, Bloch
functions to the same wave vector are orthogonalðL

0

dxunqðxÞ�umqðxÞ ¼ dnm:

Symmetric band structure. The Hermitian operator L0 is
real. We introduce the eigenfunction Cl(x) to L0Cl(x) =
�lCl(x). Taking the complex conjugate of both sides reveals
that Cl(x)* is again eigenfunction to the same eigenvalue.
Bloch theorem states that eigenfunctions can be expressed as
Cnq(x) = exp(iqx)unq(x) with unq(x) periodic. Hence, un,�q(x)
coincides with unq(x)* up to a phase factor. Without restriction,
the phase factor can be chosen to be real. Therefore, the
corresponding band structure is symmetric with respect to
flipping the sign of the wave vector, ln,q = ln,�q. Furthermore,
the eigenfunctions in the center of the Brillouin zone are real
un0(x) = un0(x)*.

Degeneracies for symmetric potentials. We define the parity
operator P acting on functions PC(x) = C(�x). For a symmetric
potential PU(x) = U(�x) = U(x) and the parity operator commu-
tes with L0. Then, with Cl(x) eigenfunction, we find lPC(x) =
PL0Cl(x) = L0PCl(x). Hence, PCl(x) = Cl(�x) is again eigen-
function to the same eigenvalue. For the Bloch representation
this implies unq(�x) = �un,�q(x). In particular for q = 0 we find
un0(x) is either even or odd. As a consequence all matrix
elements hum0|L0|un0i vanish if the eigenfunctions um0(x),
un0(x) have different parity. In particular, the avoided crossing
theorem does not apply, the eigenvalues at the center of the
Brillouin zone can be twofold degenerate.

Peculiarity of the cosine potential. In general, band cross-
ings at the center of the BZ are allowed for symmetric potentials
since the avoided crossing theorem does not apply, but usually
only some band crossings appear while other bands still avoid
each other. The simple cosine potential is special in the sense
that all eigenvalues to q = 0 are twofold degenerate except for
the ground state l00 = 0.

This property is somewhat hard to see in the representation of
the time-evolution operator in the Schrödinger representation in
the Fourier basis hm|L0|ni. However, the property can be easily
deduced, omitting the gauge transform in the first place, i.e.
representing the dynamics in terms of the non-Hermitian matrix

hmjOjni ¼ �4p
2D

L2
m2dmn þ

m
2
dm;nþ1 � dm;n�1
� �h i

: (66)

This matrix displays the symmetry h�m|O|�ni = hm|O|ni*.
The argument now follows the one of Appendix A of ref. 32.
The matrix hm|O|ni displays a zero row for m = 0 and splits into

a part with entries for m 4 0, n Z 0 and an identical one for
m o 0, n r 0.

The only entries preventing the matrix to split into blocks
with positive/negative m, n are the matrix elements h�1|O|0i.
However, as hl0| = h0| is a left eigenvector to eigenvalue 0,
all eigenvectors |rn0i to non-zero eigenvalues have a zero entry
in their Fourier representation by orthogonality of eigenvectors
0 = hl00|rn0i = h0|rn0i. Therefore, the blocks with both m,n
positive do not communicate with the blocks with both indices
negative. In particular, one can choose eigenvectors with
hm|rni = 0 for m _ 0 or symmetric and antisymmetric eigenfunc-
tions to the twofold degenerate eigenvalue ln0 4 0.

D. ISF and probability density

Starting with the general definition of the ISF, eqn (33), and
inserting the expression for the probability density, eqn (24),
we obtain

Fmnðq;tÞ ¼
ðL
0

dx0

ðNL

0

dxe�i qþQmð Þxei qþQnð Þx0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
peqðxÞ
peq x0ð Þ

s

� 1

N

X
q02BZ

X
n

e�lnq0 teiq
0 x�x0ð Þunq0 ðxÞunq0 x0ð Þ�peq x0ð Þ

¼
ðL
0

dx0

ðNL

0

dxe�i qþQmð Þxei qþQnð Þx0

� 1

N

X
q02BZ

X
n

e�lnq0 teiq
0 x�x0ð Þunq0 ðxÞu00ðxÞ�unq0 x0ð Þ�u00 x0ð Þ

¼
X
n

e�lnqt
ðL
0

dxe�iQmxunqðxÞu00ðxÞ�
	 


�
ðL
0

dx0e
�iQnx0unq x0ð Þu00 x0ð Þ�

	 
�
:

(67)

Here in the second equality we used that the Bloch function to
wave vector zero at the lowest band is related to the equilibrium

density u00ðxÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
peqðxÞ

p
. Furthermore, we observed that the inte-

gral vanishes for q a q0 due to the periodicity of the Bloch functions.
We can make further progress by using the Fourier modes as

basis functions, eqn (29). By expanding the Bloch functions
we obtainðL
0

dxe�iQmx0unqðxÞu00ðxÞ� ¼
ðL
0

dxe�iQmxunq x0ð Þ
X
s2Z

eiQsxffiffiffiffi
L
p s u00jh i

" #�

¼
X
s2Z

u00jsh i
ð
dxffiffiffiffi
L
p e�iQmþsxunqðxÞ ¼

X
s2Z

u00jsh i mþ s unq
��� �

:

(68)

Collecting terms, we find the expression for the ISF

Fmnðq; tÞ ¼
X
n

e�lnqt
X
s;t2Z

u00jsh i mþ s unq
��� �

unq
��n þ t

� �
t u00jh i:

(69)

This relation is eqn (41) in the main text.
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We also derive how the probability density can be obtained
from the intermediate scattering function

1

NL2

X
mn2Z

X
q2BZ

Fmnðq; tÞei qþQmð Þxe�i qþQnð Þx0

¼ 1

NL2

X
mn2Z

X
q2BZ

e�i qþQmð Þ½xðtÞ�x�ei qþQnð Þ xð0Þ�x0½ �
D E

¼ 1

NL2

X
mn2Z

X
q2BZ

X
q02BZ

e�i qþQmð Þ½xðtÞ�x�ei q0þQnð Þ xð0Þ�x0½ �
D E

¼ N

ð
dq

2p

ð
dq0

2p
e�iq½xðtÞ�x�eiq

0 xð0Þ�x0½ �
D E

¼ N d½x� xðtÞ�d x0 � xð0Þ½ �h i ¼ peq x0ð ÞP x; t x0jð Þ:

(70)

This is eqn (34) of the main text.

E. Harmonic approximation

The harmonic approximation of the Langevin equation, eqn (2),
is given by

d

dt
�xðtÞ ¼ �DuQ1

2�xðtÞ þ ZðtÞ; (71)

where the first term on the right-hand side is the restoring
force, and the second term is the random force of the Brownian
motion. The equation is expressed by the shifted position, %x :=
x � L/2, so that the potential minimum is at the center. The
Smoluchowski equation to solve for the propagator P := P(%xt|%x0)
is given by

@tP ¼
@

@�x
DuQ1

2�xP
� �

þD
@2

@�x2
P (72)

with the harmonic-well relaxation time t = 1/DuQ1
2. The

solution is known as the Ornstein–Uhlenbeck process36 and
we find the propagator

P �xt �x0jð Þ ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2pVðtÞ

p exp �
�x� �x0e

�t=t� �2
2VðtÞ

" #
; (73)

with V(t) = Dt[1 � exp(�2t/t)], and the stationary solution as the
long-time limit of the propagator

peq �x0ð Þ ¼
1ffiffiffiffiffiffiffiffiffiffiffi
2pDt
p e��x0

2=2Dt: (74)

We can readily compute the generalized ISF by using the
definition of the main text, eqn (33), and by extending the
integrals to infinity

Fmnðq; tÞ ¼
ð1
1
d�x

ð1
1
d�x0e

�i qþQmð ÞðxþL=2Þei qþQnð Þ x0þL=2ð Þ

� P �x; t �x0jð Þpeq �x0ð Þ:
(75)

Solving the integrals then yields the ISF

Fmnðq; tÞ ¼ exp �Dt
2

qþQm
� �2�2 qþQm

� �
qþQnð Þe�

t
t

h	

þ qþQnð Þ2
i
� iL

2
Qm �Qn
� �


:

(76)

We further calculate the ratio

Fmnðq; t!1Þ
Fmnðq; tÞ

¼ exp � kBT

U1Q1
2
qþQm
� �

qþQnð Þ
	 


: (77)

We also readily find the MSD

DxðtÞ2
� �

¼
ð1
1
d�x

ð1
1
d�x0 x� x0ð Þ2�P �x; t �x0jð Þpeq �x0ð Þ

¼ 2Dt 1� e�t=t
� �

;

(78)

and time-dependent diffusion coefficient

D(t) = De�t/t. (79)
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Precisely controlled colloids: a playground for
path-wise non-equilibrium physics
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Stefan U. Egelhaaf, b Manuel A. Escobedo-Sánchez *b and Aljaž Godec *a

We investigate path-wise observables in experiments on driven colloids in a periodic light field to dissect

selected intricate transport features, kinetics, and transition-path time statistics out of thermodynamic

equilibrium. These observables directly reflect the properties of individual paths in contrast to the

properties of an ensemble of particles, such as radial distribution functions or mean-squared

displacements. In particular, we present two distinct albeit equivalent formulations of the underlying

stochastic equation of motion, highlight their respective practical relevance, and show how to

interchange between them. We discuss conceptually different notions of local velocities and interrogate

one- and two-sided first-passage and transition-path time statistics in and out of equilibrium. Our

results reiterate how path-wise observables may be employed to systematically assess the quality of

experimental data and demonstrate that, given sufficient control and sampling, one may quantitatively

verify subtle theoretical predictions.

1 Introduction

Colloidal particles, due to their high susceptibility to external
fields, can be precisely manipulated using light,1–12 electrical and
magnetic fields,1,13–15 or microfluidic devices.16 This makes them
an ideal platform to validate fundamental physical theories of soft
matter with a high degree of accuracy. Over the years, substantial
effort has been made in colloidal soft matter to explore various
aspects of both stochastic dynamics17–20 and stochastic
thermodynamics.21,22 In fact, colloidal systems have always served
as a paradigm for stochastic thermodynamics,21,22 which gener-
alizes the notion of thermodynamic observables to individual
stochastic paths. Many fundamental kinetic and thermodynamic
properties have been discovered and verified using colloids,
including the statistics of work performed on23,24 and heat
dissipated by24 a driven colloid, detailed25 and transient26 fluctua-
tion theorems, realizations of heat engines,6,11,12 as well as first-
passage8,27,28 and transition-path time statistics,29–33 to name a
few. Notably, these are properties of individual stochastic paths,
so-called functionals, which inherently provide much deeper
insight into the underlying dynamics than their ensemble-average
counterparts.34–40

Despite decades of intensive research leading to numerous
significant discoveries, the potential of driven and controlled

colloids to reveal fundamental physical laws remains far from
exhausted. On the one hand, this may be because advances in
abstract theory (e.g., functional fluctuation relations,39,41,42

speed limits,43–46 thermodynamic uncertainty relations45,47–56)
do not so easily proliferate to experiments or require excellent
statistics. On the other hand, reciprocal-space-based techniques
(e.g., dynamic light scattering, neutron or X-ray scattering, differ-
ential dynamic microscopy and variants)57–60 are only beginning
to be considered in the theory of stochastic thermodynamics.46

To go beyond the state-of-the-art in particle-tracking analysis
we focus on path-wise observables that directly reflect properties of
entire individual paths rather than properties of the probability
density of an ensemble of particles, such as radial distribution
functions or mean-squared displacements. Path-wise refers to those
functionals of particular realizations of trajectories that map entire
trajectories (Xt)0rtrt or large parts of them to some f [(Xt)0rtrt], as
opposed to observables depending only on the value at some fixed
set of times, e.g., f (Xt1

,Xt2
). A particular class of insightful path-wise

observables is first-passage time,61,62 which is the stochastic time it
takes for a trajectory to reach a prescribed target (position) for the
first time, e.g., f [(Xt)0rtrt] = arg min0rtrN(Xt = a) for a target at a.
For example, first-passage time statistics have been shown to
provide a deeper understanding of the origin of sub-diffusion than
mean-squared displacements.63 Moreover, they can distinguish
processes with equal transition probability densities,64 unravel
the number of intermediate states,28 and reveal fractal dynamics of
colloids.8 Related, albeit quite different, path-wise observables are
transition-path times defined as the stochastic duration of success-
ful transitions, whereby ‘‘successful’’ reflects that the particle does
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not return to its original position before arriving at a predefined
target point.65–68 Under typical conditions, transition-path times
obey a surprising symmetry,65 and violations of this symmetry may
be used to gain intriguing insights.31

The ‘‘inherent’’ sensitivity of the selected observables is such
that they can be systematically used to assess and critically verify
the quality of experimental data. In this study, we conduct precise
experiments on colloids driven through a periodic light field to
investigate fundamental and complex aspects of transport, along
with first-passage and transition-path times in out-of-equilibrium
conditions. Our results reiterate how given sufficient control and
sampling even the most subtle theoretical predictions may be
verified quantitatively, which will hopefully reinforce the motiva-
tion in the field of experimental soft matter to test and further
increase the quality of experimental data.

1.1 Structure of the paper

In the first part, we present two different ways to write the
underlying stochastic equation of motion on a trajectory-based
level and show how to interchange between the two in theory
and practice. We highlight the necessity of knowing both
representations by connecting them to essential dynamic and
thermodynamic properties. Based on these representations, we
discuss conceptually different notions of local velocities, whose
interrelations are a priori not obvious. Next, we investigate first-
passage time statistics for barrier-crossing events and show
how these are linked to the local mean velocity (using ref. 69).
Finally, we verify (and slightly extend to periodic systems) the
transition-path time symmetry predicted in ref. 65,68. All of
the aforementioned aspects are confirmed and supported by
experimental data on both equilibrium (passive) and driven
experiments. We conclude with a perspective on further
research directions and open questions.

2 Materials and methods

In this study, the applied potential is periodic in the x-direction
and originates from the optical force resulting from the inter-
action of particles with a periodic light field with period
L = 4.135 mm.

2.1 Sample preparation

We prepared a dilute colloidal dispersion containing polystyr-
ene Sulfate latex particles of 1.5 mm radius with a polydispersity
of 4% (Thermo Fisher Scientific, batch number 1660463). The
particles were suspended in ultra-pure water with a resistivity of
18.2 MO cm (Purelabs Flex, Elga). The dispersion was confined
to quasi-two-dimensional (2D) sample cells, which were
assembled as follows: 2.3 mL of the dilute colloidal dispersion
was placed on top of a 22� 50 mm cover slip, then a 22� 22 mm
cover slip was carefully placed on top, and the slides were glued
together using UV-curing glue (NOA61, Norland Products Inc.).
We mounted the assembled cell on a microscope slide. To avoid
the two glasses to get too close to each other (by capillary forces)
and pinning the particles, we have used the polydispersity of the

sample, i.e., the larger sizes in the dispersion (particles of around
2 mm in radius), as spacers. All sample cells were left to reach
equilibrium in a laboratory environment at 20 1C for two days.
The area fraction was ja C 1%.

2.2 Experimental setup

In this study, the periodic light field is created by the inter-
ference of two laser beams.70 A laser beam (Cobolt 05-01 Samba
1.5 W) of 532 nm wavelength, is expanded and then split into
two parallel beams using a Köster prism. Using a lens and a
dichroic mirror the beams are guided to interfere on the
microscope sample plane, creating a fringe pattern. The period
(L, dark-bright fringe) can be changed by moving the Kösters
prism position. The laser beams are removed from the image
path (with a dichroic mirror) and a CMOS camera (Mako U-130B)
is used as sensor to record images. The sample cell sits on a
piezo nanopositioner stage (Mad City Labs, Nano-BioS300),
which is used to move the sample. A schematic representation
of the experimental setup is shown in Fig. 1. For details on the
extraction of the period L and amplitude of the potential, see
Appedix A.

2.3 Optical microscopy and particle tracking

All experiments were performed with the colloidal particles
under the effect of the periodic light field.

Equilibrium state (not driven). We used an inverted bright-
field microscope (Nikon, Ti-E) with a 20� objective (Nikon, Plan
Flour, 0.5NA) and a light-emitting diode (Thorlabs M455L4) as
an illumination source. The images were recorded with a CMOS
camera (Mako U-130B) at a resolution of 1280� 1024 pixels

Fig. 1 Schematic representation of the experimental setup. A laser beam
is expanded using a beam expander (BE) and directed to a Kösters prism
(KP) to create two parallel beams. The laser beams are focused (using L1
and D1) in the sample plane to create the periodic light field. Dichroic
mirrors D1 and D2 transmit the LED and reflect the laser wavelength. The
sample cell is mounted on a piezo nanopositioner stage (S).
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utilizing the full field of view of the camera. The pixel pitch was
0.24 mm px�1. The data acquisition was performed at 25 frames
per second and an exposure time of 1 ms, with 90 000 images
per measurement. This corresponds to a total measurement
duration of 1 hour. We conducted several experiments that
reached a total collection of 1224 trajectories. We used modified
MATLAB-based particle tracking routines based on those of
D. Blair and E. Dufresne71 to accurately determine the position of
the colloids. Additionally, by following the Michalet algorithm,72

we estimated the localization uncertainty to be �2 nm. For a
direct comparison to the driven state experiments, we treated
the 1224 trajectories as 2448 trajectories with a duration of
30 minutes each.

Driven state. We used a piezo nanopositioner stage to apply
a driving force to the colloids by dragging the sample cell
through the potential. The stage was programmed to move
139 mm in 65 500 steps, with a 40 ms pause between each step.
Optimizing these values allowed us to drag the sample cell at a
controlled velocity of v0 = (0.053 � 0.002) mm s�1. We recorded
images at 25 frames per second, each measurement containing
45 000 images, for a total measurement time of 30 minutes.
In total, we acquired 1168 trajectories.

3 Overdamped Langevin dynamics
in a periodic drift field
3.1 Equilibrium dynamics

The dynamics of colloidal particles are generically overdamped
on the observed scales.17 Thus, we consider the stochastic
dynamics in one-dimensional space of a colloidal particle with
position Xt connected to a thermal bath with temperature T,
governed by the overdamped Langevin equation

dXt ¼ �
D

kBT
@xU Xtð Þdtþ

ffiffiffiffiffiffiffi
2D
p

dWt; (1)

where kB denotes the Boltzmann constant, D p T is
the diffusion constant, dWt is the increment of the fluctuating
thermal force (Wiener process), and U(x) is a potential,
with units of energy. The force arising from the potential is
�qxU(x) which results in the drift field �DqxU(x)/kBT (i.e., the
fluctuation–dissipation theorem yields the mobility m � D/kBT).
On the level of probability densities of particle positions, the
dynamics in eqn (1) is described by the Fokker–Planck
equation73,74 qtp(x,t) = �qx{[�DqxU(x)/kBT � Dqx]p(x,t)}. How-
ever, we mainly use eqn (1) to stay closer to the path-wise
description.

As mentioned in Section 2, in this study, the potential U(x) is
periodic in the x-direction with a period L. An experimental
trajectory is shown in Fig. 2. Note that the motion in the
y-direction will only correspond to a free Brownian motion, as
there is no force coming from U(x) in this direction. The latter
is illustrated in Fig. 2(a) where the effect of U(x) constrains the
movement in the x-direction, contrary to the y-direction where
it is allowed to move freely.

In Fig. 2(b) and (c), we therefore focus onXt, where in (c) we show
xt which is defined as Xt projected onto a single period [0,L), i.e.,
xt� Xt mod L. Accordingly, for U(x) = U(x + L) we may view eqn (1) as L-

periodic dynamics for xt, i.e., dxt ¼�D@xUðxtÞdt=kBT þ
ffiffiffiffiffiffiffi
2D
p

dWt

with the definition xt+dt � (xt + dxt)mod L ensuring that xt remains
confined to [0,L).

If projected on [0,L), the system settles into a Boltzmann
equilibrium density peq(x) p exp(�U(x)/kBT).73

More generally, not all systems settle into equilibrium steady
states. For sufficiently confined systems and drifts without
an explicit time dependence, a steady state is approached for
t - N. Similarly, for space-periodic dynamics treated as if they
evolve in a single period, i.e., projected onto a single period, a
steady state is approached for long times, assuming no explicit
time dependence in the drift and diffusion. However, here, a
stationary current emerges if the system is driven out of equili-
brium by a non-conservative drift; see below.

3.2 Driven dynamics

While equilibrium dynamics are interesting and important,
they are relatively well understood. However, they do not apply

Fig. 2 Exemplary trajectory (a), and corresponding projection onto the
x-axis (b) and (c) where time runs from dark to bright. (c) The period is always
chosen as L = 4.135 mm. The dataset comprises 2448 such trajectories.
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to irreversible (e.g., living) systems since these are inherently
out of equilibrium, e.g., driven by non-conservative flows (i.e.,
shear) or ATP hydrolysis. Note that the theory presented here is
not new but is simply presented in a comprehensive manner
and in a potentially new logical order to stay close to the
experiment. To address driven dynamics, we consider the
simplest situation in which we add a constant bare velocity v0

in the x-direction to the Langevin eqn (1), yielding

dxt ¼ � D

kBT
@xU xtð Þ þ v0

� �
dtþ

ffiffiffiffiffiffiffi
2D
p

dWt: (2)

In the experiments, v0 is introduced by dragging the sample
cell with a constant velocity �v0 along the periodic direction of
U(x) using the piezo nanopositioner stage. For a sample trajec-
tory in this driven setting, see Fig. 3. Note that, as before, the
motion in the x- and y-directions decouples and that the
motion in the y-directions remains equilibrium Brownian
motion only, see Fig. 3(a).

What can we say about the driven dynamics? First, the
dynamics projected onto a single period, see Fig. 3(c), still

settles into a steady state—a non-equilibrium steady state
(NESS)—with density ps(x), which, however, no longer has a
Boltzmann form. Instead, the shape of ps(x) is skewed in the
direction of sign (v0).

The first question that arises is, given eqn (2), what is ps(x)
for a given bare velocity v0 a 0? The second question refers to
the movement (i.e., probability current) of the driven particle;
see Fig. 3(b). This question is non-trivial, and compared to the
bare velocity v0, the particle is expected to slow down by the
barriers of U(x). Thus, one naturally wonders what theoretical
velocity is implied by the equation of motion in eqn (2).

Both questions can be answered by rewriting eqn (2) into an
alternative form

dxt ¼ D@x ln ps xtð Þ þ
js

ps xtð Þ

� �
dtþ

ffiffiffiffiffiffiffi
2D
p

dWt: (3)

In the following subsection, we will show how to derive it.
First, we will discuss the properties and usefulness of this
rewriting. Here, js is the steady-state probability current and
ns(x) � js/ps(x) is the ‘‘local mean velocity’’.22 The latter has to
fulfill qx[ns(x)ps(x)] = 0 to ensure that ps(x) is indeed the steady
state density, which is seen by requiring that qtp(x,t) = 0 for
p(x,t) = ps(x), where p(x,t) is the probability density goverend by
the Fokker–Planck equation,73,74

qtp(x,t) = �qx{[�DqxU(x)/kBT + v0 � Dqx]p(x,t)}

= �qx{[Dqxln p(x,t) + n(x,t) � Dqx]p(x,t)}

= �qx[n(x,t)p(x,t)]. (4)

In one-dimensional space, this directly implies that there is
a constant probability current js with ns(x) = js/ps(x). For
equilibrium dynamics v0 = 0, js = 0, and thus both presentations
eqn (2) and (3) agree, since for the equilibrium density peq(x) we
have qxln peq(x) = �qxU(x)/kBT. Thus, both can be seen as a
direct extension of eqn (1).

Eqn (3) is particularly insightful when considering micro-
scopic reversibility (i.e., detailed balance) and its generaliza-
tions. Namely, if we let Gns(x,t|x0) denote the two-point
conditional probability density of xt (which is the Green’s
function of the Fokker–Planck eqn (4), i.e., qtG

ns = �qx[�Dqxln
ps(x) + ns(x)]Gns with Gns(x,0|x0) = d(x � x0)), then detailed
balance corresponds to

G0(x,t|x0)ps(x0) = G0(x0,t|x)ps(x). (5)

This indeed holds if and only if ns(x) = 0 (i.e., js = 0). In
contrast, the generalization of eqn (5)–the so-called ‘‘dual
reversal’’ symmetry-corresponds to40

Gns(x,t|x0)ps(x0) = G�ns(x0,t|x)ps(x). (6)

Note that the dual reversal symmetry eqn (6) and symmetries
of dynamical functionals of xt (see ref. 40) are only applicable to
the steady-state local mean velocity ns(x) in eqn (3) but not to
the bare velocity v0 in eqn (2). On the other hand, the potential
U(x) that enters thermodynamic potentials only appears in the

Fig. 3 Example of a trajectory that is driven by n0, see eqn (2), (a), and
corresponding projection onto the x-axis (b) and (c) where time runs from
dark to bright. (c) The period is always chosen as L = 4.135 mm. The dataset
comprises 1168 such trajectories.
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first form (2). The main difference between the representations
eqn (2) and (3) is that the additional term ns(x) = js/ps(x)
(unlike v0) does not alter the steady-state density ps(x), irrespec-
tive of the value of the constant steady-state current js.

When discussing the velocity of the driven system, we must
note that :xt does not exist in a mathematical sense for overdamped
motion as in eqn (2) and (3) [technically Prob(|:xt| o C) = 0 for all
C o N] and that there are, in fact, different notions of velocity.
The bare velocity v0 and the drift velocity vdrift(x) (where h�|xt = xi
denotes the average conditioned on xt = x for any t A [0,t]),

dxtjxt ¼ xh i
dt

¼ vdriftðxÞ � D@x ln psðxÞ þ nsðxÞ
¼ �@xUðxÞ=kBT þ v0; (7)

are directly accessible from eqn (2). In contrast to v0 and vdrift(x),
the local mean velocity ns(x) and the mean velocity �n,

�v � dxth is
dt

¼
ðL
0

dx D@x ln psðxÞ þ nsðxÞ½ �psðxÞ

¼
ðL
0

dx D@xpsðxÞ þ js½ � ¼ Ljs;

(8)

[where h�is denotes the expectation over paths generated by eqn (2)
evolving from ps(x0)], are obtained from the second form of the
equation of motion (3). Note that for initial conditions other than
ps(x0), a mean velocity defined as hdxti/dt would not be constant in
time but only relaxes towards the above �n as t - N. Moreover,
note that for a periodic U(x) (with known period L), the mean
velocity is equivalently characterized by the following expressions
(recall that Xt is the full dynamics and xt � Xtmod L),

�v � dxth is
dt

¼ vdrift xtð Þh is¼ nsðxtÞh is¼ Ljs

¼
Xt2 � Xt1

� �
s

t2 � t1
¼ L

tðx! xþ LÞh is
;

(9)

for any times t1, t2 and for any x, and we used @x ln ps xtð Þh is¼

Ð L
0

@xpsðxÞ
psðxÞ

psðxÞdx ¼ psðLÞ � psð0Þ ¼ 0 to show hvdrift(xt)is = hns(xt)is

as well as Xt2 � Xt1

� �
s
¼

Ð t¼t2
t¼t11 � dXt

D E
s
¼
Ð t
0dt
Ð L
0 dx1js ¼ tLjs

(see, e.g., ref. 40 for details). The term t(x - x + L) in eqn (9)
denotes the first-passage time from x to x + L, i.e., the (stochastic)
time that a trajectory (Xt)0rtrt starting at position x takes to reach
position x + L for the first time, see also Fig. 7. The last equality in
eqn (9) is shown in ref. 69 and will be revisited later in this work.
Before we demonstrate and verify the different notions of velocities
from the experimental data, we first need to find a way to swap
between the representations, that is, from eqn (2) to eqn (3) and vice
versa.

3.3 Swapping representations: From eqn (2) to eqn (3)

On a general note, we emphasize that determining eqn (3)
analytically in a high-dimensional space is generally not feasi-
ble (i.e., it requires solving the stationary Fokker–Planck equa-
tion qtp(x,t) = 0; in practice, one would need to simulate long

trajectories and estimate ps(x) as histograms). However, in the
given one-dimensional scenario with constant bare velocity v0

there is a way to obtain ps(x) and, consequently, eqn (3) from
eqn (2), see ref. 73, which we follow here.

Define the auxiliary function c(x) (here 0 is the left side of
the periodic interval, and x A [0,L]) as

cðxÞ � exp
1

D

ðx
0

vdrift x
0ð Þdx0

� �
¼ exp

Uð0Þ �UðxÞ
kBT

þ v0x

D

� �
:

(10)

The result for ps(x) is

ps(x) = ps(0)c(x)(1 � r(x)[1 � c(L)�1]), (11)

where we introduced

rðxÞ �
Ð x
0c x0ð Þ�1dx0Ð L
0c x0ð Þ�1dx0

2 ½0; 1� for x 2 ½0;L�;

psð0Þ ¼
ðL
0

cðxÞ 1� rðxÞ 1� 1

cðLÞ

� �� �
dx

� ��1
:

(12)

As a consistency check, we note that for v0 = 0 we should
recover the Boltzmann distribution, and indeed we find

Fig. 4 (a) ps(x) in eqn (11) inferred from equilibrium (passive) experiments
and using the value n0= 0.053 mm s�1 of the experimentally fixed velocity,
where we deduced U(x)/kBT up to a constant offset from ln peq, where peq

was estimated as a histogram of the equilibrium dynamics with 60 bins in
[0,L) (setting a limited spatial resolution for the rest of the analysis). Note
that for our experimental setting, U is technically known but involves a
convolution with a Bessel function75,76 and is prone to experimental inac-
curacies. We thus prefer to infer U directly from the equilibrium data. The
diffusion coefficient D = 0.04 mm2 s�1 was fitted from var(dxt)/2dt averaged
over [0,t] and over all trajectories, see eqn (14). The equilibrium density peq is
only shown for comparison and we stress that it, as expected, does not agree
with ps(x). (b) Probability current inferred from the equilibrium data using the
value n0 = 0.053 mm s�1 of the experimentally prescribed velocity as
described in eqn (13) and below. The comparison to the measured value in
the driven data, see eqn (15), shows slight deviations.
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c(x) = exp([U(0) � U(x)]/kBT) such that c(L) = e0 = 1 and ps(x)/
ps(0) =c(x) provides it. Additionally, in Fig. 4(a), we also verify
eqn (3) as its resulting ps (dashed line) overlaps with the ps

measured from a histogram of the driven dynamics (red line)
with experimental data.

To obtain the representation in eqn (3) in full, we are also
required to fit the constant js = ns(x)ps(x). This may be done
either from

js ¼ Dpsð0Þ
cð0Þ�1 � cðLÞ�1Ð L

0c x0ð Þ�1dx0
; (13)

or by equating �DqxU(x)/kBT + v0 in eqn (2) with D@x ln psðxÞ þ

js

psðxÞ
in eqn (3). With ps and js (eqn (11) and (13)) we can finally

transform eqn (2) into eqn (3), as done for the experimental
data in Fig. 4. We stress again that this transformation was only
analytically feasible since we deal with a one-dimensional
system and a constant bare velocity v0. While the inferred
density ps (x) in Fig. 4(a) fits the measurement very well, there
are slight deviations between the current js in Fig. 4(b) inferred
from the equilibrium measurements using the input value of v0

(orange line) compared to the driven measurement (red line) or
to inferring the current by equating the drifts in eqn (2) and (3)
using the input v0 and peq(x) and ps(x) as in Fig. 4(a) (blue line
in Fig. 4(b); note that the blue line should, in principle, be
constant). We speculate that the deviations may be due to very
slight imperfections in the periodicity L that become amplified
since the field of view comprises many periods (about 60L, see
Fig. 10 in the appendix).

3.4 Swapping representations: from eqn (3) to eqn (2)

For completeness, we also consider the reversed mapping, where
we measure the driven data and want to infer the underlying
potential U(x) and bare velocity v0. Note that this is only possible
if we know that the driving arises purely from a constant drift
velocity v0, and we can only infer U(x) up to a constant. Knowing
U(x) is very relevant for stochastic thermodynamics (i.e., for
determining free energy, internal energy, and work, but not
the heat and entropy production or the dynamics). In the present
case, transforming in the reverse direction mainly serves as a
consistency check.

As for peq(x) in the equilibrium setting before, we estimate
ps(x) from an ensemble of NESS trajectories as a histogram with
60 bins, and the diffusion coefficient D from the short-time
fluctuations

D ¼ 1

t

ðt
0

dt
dxt

2
� �

s

2dt
¼ 1

2t

ðt
0

dxt
2

� �
s
: (14)

It turns out (at least from our trajectories length) that the
easiest and most reliable way to obtain js from NESS trajectories
appears to be to use [see eqn (9)]

js ¼
Xt � X0h is

Lt
; (15)

which together with ps(x) yields the form (3). To transform into

eqn (2) we compute the bare velocity v0 [comparing eqn (2) and (3);
note that U(x) is not yet known at this point, but it drops out
upon integration] as

v0 ¼
1

L

ðL
0

dx D@x lnpsðxÞþ
js

psðxÞ
�D@xUðxÞ=kBT

� �

¼ 1

L

ðL
0

dxnsðxÞ ¼
js

L

ðL
0

dx
1

psðxÞ
:

(16)

Now, we can obtain the potential (up to an additive con-
stant) from its derivative [obtained by equating drift terms in
eqn (2) and (3)]

@xUðxÞ ¼ �
kBT

D

D@xpsðxÞ þ js

psðxÞ
� v0

� �
: (17)

This way, one can transform back from eqn (3) to eqn (2). In
practice, this allows us to check whether the driving v0 intro-
duced in the experiment is what we expected (i.e., it serves as
another consistency check in addition to Fig. 4). The potential
U(x) [we set the additive constant to zero, i.e., we chose
minU(x) = 0] and v0 computed this way are compared to the
measured equilibrium (i.e., v0 = 0) and the results are shown in
Fig. 5. As before, we observed slight deviations in velocity and
current, probably connected to slightly washed-out barriers
over the large field of view in the experiment (a tiny error in

Fig. 5 (a) Inferred n0 from driven experimental data compared to the
desired input value n0. Though there are some statistical deviations in the
values for n0 (related to Fig. 4(b)), both obtained values for n0 are well
distinguishable from the mean velocity �n (grey line). (b) The potential U(x)
inferred from the driven data via eqn (17) (black line) matches the potential
measured from the equilibrium data projected on one period [0,L) using
U(x) = �ln(peq(x)) � const. (red line) quite well. The barrier height (difference
between minimum and maximum) is 2.76kBT in the red line and 2.65kBT in
the black line, respectively. It deviates from � log(ps) (grey line) since the
driven data set does not obey a Boltzmann density [see eqn (2) and (3)].
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the value of L can become relevant when projecting on [0,L) via
xt = Xt mod L since the range of Xt comprises a range of about
60L, see Fig. 10 in the Appendix. However, in general the
consistency check gives excellent results.

4 Different notions of velocity

To provide more insight into the different notions of velocity in
our system, we compute the bare velocity n0, the drift velocity
vdrift(x) in eqn (7), and the mean velocity �n = hXt � X0is/t in
eqn (9) from the measured trajectories of the driven system.
The results are shown in Fig. 6.

As mentioned above, two constants constitute a notion of
velocity: the bare velocity n0 and the mean velocity �n, see
eqn (9). In addition, there are also local, x-dependent notions
like the local mean velocity ns(x), as well as the drift velocity
vdrift(x) = hdxt|xt = xi/dt, see eqn (7). In equilibrium, only the
drift velocity vdrift(x) deviates from 0. The mean velocity �n can be
computed in different ways; see eqn (9), some of which are also
equivalent from a practical/numerical point of view (depending
on how we choose to infer js). Note that generally, ns(x) a
hns(xt)is a vdrift(x) a hvdrift(xt)is, that is, the different kinds of
velocities indeed have a quite strikingly different meaning,
which must be taken into account when characterizing and
comparing transport properties.

5 First-passage times

In this section, we evaluate the mean first-passage times, that
is, the average time it takes for a particle to reach a certain
point [see Fig. 7; in our case, the average time to cross the
barrier in the potential U(x)] for the first time given some initial
condition,61 using experimental data. The first-passage time for
barrier crossing is an insightful observable, important, for
instance, in the study of chemical reactions kinetics.77 Perhaps
more important in the present context, first-passage observa-
bles are generally much more sensitive dynamics indicators
than propagators, currents, or mean-squared particle
displacement.8,63,64 As such, they are particularly suitable for
critically assessing whether inferred properties of the dynamics
(e.g., the parameters in the equations of motion) are appro-
priate. In particular, first-passage observables may distinguish
between processes with identical transition probability
densities,64 and, in contrast to mean-squared particle displace-
ments, provide insight into the microscopic origin of anom-
alous dispersion in complex media.8,63

Here we focus on two particular first-passage observables,
namely the mean-first passage to transverse a distance equal to
the period length L, ht(x - x + L)i and the two-sided mean exit
time from the interval [x � L,x + L], htE(x � L)i. Note that we do
not consider periodic boundary conditions here, i.e., we con-
sider trajectories (Xt)0rtrt which evolve on the entire space and
not only on [0,L). The chosen first-passage observables have two
advantages. First, for a periodic potential U(x), they are inde-
pendent of the initial position x,69 making them very practical
to infer from experimental data. Second, the mean of its

Fig. 6 (a) Different space-dependent and constant velocities in the NESS.
See eqn (9) for different representations of the mean velocity �n. In
equilibrium, only ndrift(x) deviates from zero. Quantities denoted by
averages over xt are independent of t in the steady state and are here,
for practical reasons to improve statistics, averaged over all t A [0,t].
(b) While �n = hxt+Dt�xtis/Dt for all t and Dt, see eqn (9), the approximation

vN;DtðtÞ ¼
1

N

PN
i¼1ðxitþDt � xitÞ=Dt of this quantity over the finite number of

trajectories N = 1168 as a function of t, as expected, exhibits large
fluctuations for small Dt.

Fig. 7 Pictorial definition of the first-passage time (a) and transition time
(b) to go from x = 126 mm to x = 129 mm. (a) For the trajectory starting at x =
126 mm at t = 0 s, the first time it reaches x = 126 mm is after 46.7 s which is
the value of the first-passage time for this trajectory snippet. (b) A transition
time from x = A to x = B (will be considered in Section 6; here A = 126 mm
and B = 129 mm) is the time from hitting A for the last time before reaching B.
In this example one transition A - B happens, which takes 15.0 s.
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one-sided version, ht(x - x + L)is is directly related to the mean
velocity ht(x - x + L)is = L/�n, see eqn (9).

To recapitulate where the independence comes from, con-
sider t(0 - L) and t(x-x + L) for some xA [0,L]. Since we have
one-dimensional trajectories, x is necessarily crossed in the
transition 0 - L, and by the renewal theorem78,79 (note that we
are dealing with a time-homogeneous Markov process with
continuous paths) we immediately have statistical equality on
the level of t for t(0 - L) = t(0 - x) + t(x - L). Moreover, by
periodicity we obtain t(0 - x) + t(x - L) = t(L - x + L) + t(x - L) =
t(x - L) + t(L - x + L) = t(x - x + L), therefore t(x - x + L)
(and therefore ht(x - x + L)i) is independent of x, and similarly for
tE(x � L). We will exploit this in the notation and drop the
dependence on x, i.e., ht(x - x + L)i- ht(L)i.

The x-invariance helps to check the data for short-time bias
due to under-sampling (see Appendix of ref. 8). Namely, when-
ever we infer t from finite trajectories, say of duration t, starting
at an arbitrary point x0, we estimate a conditional mean first-
passage/exit time, ht(L)|t(L)oti,8 i.e.,

tðLÞjtðLÞo th i �
Ð t
0
tPLðtÞdtÐ t
0PLðtÞdt

; (18)

where PLðtÞ is the probability density of t(L), and the same
holds for the two-sided exit time htE(L)|tE(L) o ti. Obviously,
lim
t!1

tðLÞjtðLÞo th i ¼ tðLÞh i. For a periodic U(x) in the equili-

brium setting n0 = 0, ht(L)i unlike the exit time htE(L)i o N is
infinite, ht(L)i = N since the particle can escape to �N and
thereby may not reach the target at any finite time. However,
by the fundamental property of Brownian motion, in the
equilibrium setting all trajectories eventually hit the target.
Moreover, in the driven setting, we consider a bias towards the
target, such that almost all trajectories reach the target in a
finite time. Hence, we expect ht(L)is o N

61 (this would, of
course, not be the case of a particle biased away from the
target).

Any substantial deviations between the conditional and
unconditioned first-passage (and exit times, respectively) reflect
that a significant fraction of trajectories did not yet cross the
barrier to the right of the initial condition and that the
estimated mean first-passage time is statistically unreliable.
The manifestation of this short-time bias in the equilibrium
and driven setting is demonstrated in Fig. 8, where we mimic
the effect of a progressively larger measurement time t in the
experiment by disregarding long-time data. We find substantial
effects of a finite duration of trajectories. In the equilibrium
case, both the mean first-passage and the exit time increase with
the duration t of trajectories, while in the driven case, the mean
first-passage time is progressively approaching the predicted
value. Based on the Langevin dynamics in eqn (2) or (3), the
one-sided mean first-passage time (blue line) is known to diverge
as t - N in the equilibrium setting [see, e.g., �n - 0 in eqn (9)],
while the two-sided version (orange line) must converge. In the
non-equilibrium setting (green line), the mean first-passage time
must converge, and we observe a quantitative agreement with
the theoretical prediction L/�n in eqn (9) (grey line), where the

equality ht(L)is = L/�n is approached for large t. If the deviation of
the green and grey dashed line in Fig. 8(a), does not (approxi-
mately) vanish. We could immediately infer that the measure-
ment time is too short. Equivalently, the fraction of successful
trajectories (see Fig. 8(b)) ought to converge to 1 for the exit from
the interval and generally for the driven setting (and asymptoti-
cally approach 1 for the one-sided first-passage in the equili-
brium setting) if we are to infer a reliable estimate for ht(L)i.
However, note that the additional test with the mean velocity
�n may still be meaningful even if the fraction is already one
(e.g., if one has a limited number of trajectories available or if
one puts in the requirement of crossing the barrier as an
additional condition).

Note that a short-time bias is, in fact, typical. Specifically,
whenever not (almost) all observed trajectories reach the target,
the estimated mean first-passage time (or its inverse, the rate)
will suffer from this bias. This occurs because the first-passage
and the exit time are controlled (essentially dominated) by the
long-time behaviour of PðtÞ.61,80,81

6 Symmetry of transition-path times

An essential and closely related, but fundamentally quite
different, concept to first-passage times is transition-path
times.65–68,82 The transition-path time T A! Bð Þ from a point
A to a point B in (here considered in one-dimensional space) is
defined as the time span between the last time that a trajectory
(xt)tZ0 hits A before hitting B for the first time, see Fig. 7(b).
This observable is deeply related to the concept of mile-stoning

Fig. 8 (a) Conditional mean first-passage times (mFPT) and (b) fraction of
trajectories where the barrier crossing event was realized conditioned on
times until t (i.e., we cut the data at time t to mimic shorter measurements).
The green line approaches 148.8 s, which roughly agrees with the grey line at
146.4 s, confirming the last equality in eqn (9). Shaded regions show the
sample standard deviation over the 11 (equilibrium ‘‘EQ’’) or 13 (NESS) data sets.
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(see, e.g., ref. 68,83–86) and Fig. 7(b), (where the crosses
indicate hits of the milestones). The important difference to
first-passage times t(A - B) is thus that the transition time
T A! Bð Þ does not contain the dwell time around A (see, e.g.,
ref. 68 for details). A practical difference for our analysis is that
we had 0 or 1 samples per trajectory for the first-passage time
(since we always started at t = 0) while a single trajectory
may contain several transitions A - B and B - A, see Fig. 7.

Moreover, we again consider the periodicity in space for the
transition times.

Transition-path times encode subtle and important infor-
mation about violations of the Markov property31,67,68 and are
essential for consistent thermodynamics of non-Markovian
processes.31,68,85,86 A particularly subtle, and at first glance
surprising, property of transition-path times is the forward–
backward symmetry for reversible Markov dynamics discovered in
ref. 65 (for extensions, see ref. 32,68,87,88). It states that for a Markov
process obeying detailed balance, we have the equality in time-
distribution of transition paths, p T A! Bð Þð Þ ¼ p T B! Að Þð Þ.
The surprising aspect is that if A is located in a potential minimum
and B on a potential barrier, the duration of transition paths
‘‘uphill’’’ and ‘‘downhill’’ are statistically identical for any potential.
Note that this symmetry does not hold for first-passage times (since
the dwell times in A and B can be arbitrarily different).

The transition-path time symmetry has seemingly not yet
been experimentally verified (although its violations in multidimen-
sional non-equilibrium systems have already been observed
experimentally31 and by computer simulations88). Here we evaluate
the transition times between two milestones (here points) A and B
(see Fig. 9(a) and (e)) and evaluate frequency histograms of
transition-path times as an estimator of their probability
density for equilibrium (see Fig. 9(a)–(d)) and NESS dynamics
(see Fig. 9(e)–(h)). Note that since the original transition-path time
symmetry does not concern periodic systems, it only holds for
transitions A - B and B - A either passing through the middle
(around x = 2 mm) or passing through the periodic boundary
(x = 0 mm), see overlap of blue and orange in Fig. 9(c) and (d),
respectively. Note that the symmetry is equally expected to hold in
one-dimensional NESS,87 as confirmed in Fig. 9(g) and (h) (it only
breaks down in multidimensional NESS, see ref. 31). Nevertheless,
we see in Fig. 9(b) that the symmetry also holds for ‘‘mixed’’’
transitions between A and B, i.e., if we consider all transitions
indifferent to whether they do or do not make use of the periodic
boundary. This is generally the case for periodic equilibrium
dynamics (given 1d Markov) since orange and blue in Fig. 9(b) are
a weighted average of orange and blue in Fig. 9(c) and (d) where both
colours are weighted with the same proportions [different weights
cannot occur in equilibrium since this would lead to a contraction as
it implies directed motion ( js a 0)]. The symmetry is violated for
mixed transitions in Fig. 9(f), since the weighting of Fig. 9(g) and (h)
to obtain Fig. 9(f) is not the same for orange and blue.

To summarize, Fig. 9 demonstrates the validity of the predicted
transition-path time symmetry between two milestones (Fig. 9(c),
(d), (g) and (h)). While the transition-path time symmetry does not
apply to periodic NESS dynamics (Fig. 9(f)), it holds true (in
addition to the ‘‘unmixed’’ transitions in Fig. 9(c), (d), (g) and (h))
for periodic equilibrium dynamics (Fig. 9(b)).

7 Conclusions

We interrogated path-wise properties of driven colloids in a
periodic light field to experimentally demonstrate some highly
intricate and insightful features of transport, kinetics, and

Fig. 9 (a) Periodic potential for the equilibrium data and chosen mile-
stones A and B. (b) Probability of transition times for A - B and B - A,
respectively. Error bars show the sample standard deviation over the
different data sets. (c) and (d) As in (b) but resolving for the direction of
transitions. For both A - B and B - A, about 70% of the transitions belong
to panel (c) and 30% to panel (d). Since the histograms in (c) and (d)
contribute to A - B and B - A with equal weights, the symmetry also
holds in (b). (e)–(h) As in (a)–(d) but for the driven data. The black line in (e)
is now only a pseudo potential. The symmetry of (g) and (h) does not imply
symmetry in (f) since the weights of (g) and (h) are 96% and 4% for A - B,
and 12% and 88% for B - A, respectively.
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transition-path time statistics out of equilibrium. Our main goal
was to emphasize how these observables can be systematically
utilized to critically assess and verify the quality of the experi-
mental data. We have reiterated that, with sufficient control and
sampling, even subtle theoretical predictions can be rigorously
tested and quantitatively validated. We hope this will motivate
the experimental soft-matter community to undertake such tests
and further enhance the quality of experimental data.

Beyond the previous analyses of first-passage observables in
experimental data8,28 we compared the mean particle velocity with
the corresponding first-passage result69 to check for short-time
biases in non-equilibrium steady states. Despite the measure-
ment time being long enough for trajectories to equilibrate
within one period [0,L), we illustrate that observables, such as
the one-sided mean first-passage time in equilibrium, (have not
yet converged, highlighting the intricate features of first-passage
times and more generally, path-based observables). That is,
small statistical fluctuations (i.e., small error bars) do not
necessarily imply a sufficient quality of data as exemplified by
the short-time biases in Fig. 8. From a practical perspective, our
results show that first-passage analysis can be used to system-
atically test experimental data for short-time biases.

Moreover, we verify and extend predicted symmetries for the
more subtle transition-path times. By showing that the symmetry
persists in effectively one-dimensional non-equilibrium systems, we
underscore the usefulness of violations of the transition-path-time
symmetry to infer simultaneously broken time-reversal symmetry
and the presence of multiple transition pathways.31,87

We also highlighted two well-established but distinct,
yet mathematically equivalent, formulations of the Langevin
equation of motion for colloidal particles. Notably, the second
formulation, while less commonly employed in experiments,
provides a more thermodynamically expressive framework. We
hope this will encourage further integration between soft-
matter experiments and stochastic thermodynamics, particu-
larly in advancing thermodynamic inference using speed limits
and thermodynamic uncertainty relations.
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Appendix
Details on the periodic potential

For the above analysis, we determined period L by comparing
histograms for xt � Xt mod L over the left and right half,
respectively, of particles in the field of view. The chosen value
correct value of L was optimized such that the two histograms
optimally agree. While this does not rely on any assumptions
about the exact shape of the potential (the shape was only later
inferred from histograms; we only assumed that there is one
barrier per period to remove ambiguity, since any L-periodic
system is, e.g., also 2L-periodic), this procedure may generally
only serve as a fine-tuning for the value for L. Therefore, we here
also present an alternative, more systematic, approach to infer
L using an approximation for the shape of U(x). Moreover,
while the theory and inference of U(x) in the main part of the
paper address general periodic potentials, the experimentally
realized U(x) is well approximated by a cosine. To elaborate on
the discussion of the inference of U(x), and to show the spatial
variation that is not investigated in the paper (since it is lost
after projecting onto one period; as done, e.g., to arrive at
Fig. 5(b)), in this Appendix we also show a complementary
approach, where we assume a cosine-shape and infer the
amplitude and its spatial variation. Following earlier experi-
ments with comparable setups, we assume that the effective
potential induced by the periodic light field can be well
approximated by,2,70 U(x) = U0cos(kx) + Ubg, with k = 2p/L, U0

the potential amplitude and Ubg a constant background con-
tribution. The potential background Ubg becomes irrelevant as
it is neglected by the derivative in eqn (1). Over the whole field
of view, particle density profiles r(x) for the equilibrium trajec-
tories were analyzed to extract the periodicity and amplitude of
an underlying potential via r(x) p exp[�U(x)/kBT]. The natural
logarithm of the density, ln(r(x)), was evaluated, and its deri-

vative,
d

dx
lnðrðxÞÞ, to remove any background contributions.

We used a sinusoidal function to fit the derivative for a window
consisting of two periods and performed the same analysis for
the entire dataset, covering 30 windows. Averaging the results
across all windows we estimate the periodicity and potential
amplitude of the light field. The insets in Fig. 10 show histo-
grams of the periodicity and amplitude values, with the fre-
quency count plotted versus the extracted periodicity and
amplitude for all measurements. The red curve represents a
Gaussian fit to the histogram. This allows for a statistical
summary with the mean and standard deviation extracted from
the fit, and in particular shows the spatial variation. The error
bars in the plot represent the standard deviation of the
extracted periodicity values within each window. The results
of the inference of L in Fig. 10(a), based on approximating U as
a cosine, are in excellent agreement with the value L = 4.135 mm
chosen in the main part by matching histograms in different
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parts in the field of view without assuming the shape of U(x).
Moreover, the amplitude inferred in Fig. 10(b) match closely
with the barrier heights of 2.76kBT and 2.65kBT in Fig. 5(b),
keeping in mind that the barrier (difference of maximum and
minimum) in the cosine potential is 2V0.
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Colloidal transport in periodic potentials:
the role of modulated-crowding†

Ramón Castañeda-Priego, ‡a Erick Sarmiento-Gómez, ab

Yasamin Mohebi Satalsari, b Stefan U. Egelhaaf b and
Manuel A. Escobedo-Sánchez ‡*b

The transport properties of colloids in external potentials are often studied at low concentrations

to avoid particle–particle interactions. However, the impact of concentration on colloidal dynamics

under external potentials has received limited attention. We examine the effect of concentration on the

diffusivity of a quasi-2D colloidal dispersion subjected to a light-induced sinusoidal potential (inter-

ference fringes). By measuring particle diffusivity perpendicular to the fringes at various concentrations

and laser powers, we find how the particle transport is governed by concentration and the structural

organization induced by the external potential. Specifically, we introduce the concept of modulated-

crowding for this physical scenario and characterize its influence on the long-time self-diffusion

coefficient. These findings are confirmed using Brownian dynamics simulations.

1 Introduction

Soft materials, such as colloidal suspensions, are known to be
susceptible to relatively weak external potentials,1 that is, the
potential has a magnitude around the thermal energy,2 kBT,
with kB and T being the Boltzmann constant and the absolute
temperature, respectively. Understanding the material response
to such potentials has been utilized to design tools that allow us
to precisely control or manipulate the material constituents.
Colloidal manipulation through different types of external poten-
tials has attracted interest during the last two decades due to its
potential technological applications.3,4 Several simulation, theore-
tical, and experimental studies have found that one simple
and effective way to control the properties of a colloidal suspension
is to use geometric confinement.4,5 Walls or boundaries act as
external potentials that can modify the thermodynamic properties
of the suspension. Furthermore, colloids between two parallel
plates,6 circular cavities,7 parallel charge colloidal layers8

and even one-dimensional colloidal systems9–11 have been
extensively investigated because structural and diffusive prop-
erties are strongly influenced by confinement.4,6,12 Thus,

confinement has become an important physical mechanism
in many different areas of science and technology. Recent
reviews highlighting the use and understanding of colloids
under confinement can be found in ref. 1, 2, 4, 5 and 13, and
references therein.

The confinement of a colloidal dispersion between walls can
be treated as Brownian particles interacting with an arbitrarily
large external potential placed in the position of the confining
walls, effectively hindering the movement of the particles out of
a given region.4,14,15 Decreasing the energy barrier and adding
some spatial variation to the external potential produces an
energetic landscape that could induce, for example, freezing-like
transitions.6 Furthermore, a directional external field, i.e., gravita-
tional or electric, can produce sedimentation or electrophoretic
mobility, leading to interesting non-equilibrium thermodynamic
states or transport phenomena not typically seen under homo-
geneous conditions.16–18 Moreover, a spatially inhomogeneous
external field can also promote modifications in the phase beha-
vior of the colloids, e.g., laser-induced phase transitions.6,19–21

The optical force imposed on a dielectric particle by the
refraction of light at the particle’s interface, known as pressure
radiation, is one of the experimental methods to create external
potentials to interact with colloidal particles. This mechanism
led to the development of optical tweezers.22 It is a suitable
option due to the flexibility to induce different spatially depen-
dent light potentials.3,5,13 Inspired by the pioneering work of
Ashkin,22 optical tweezers are now a widely used tool in physics
and biology.13 This type of light potential has been used to
induce structural changes and explore both the influence of
external potentials on the diffusion of individual colloidal
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particles23,24 and the hydrodynamic correlations between a few-
body colloidal system.25–28 Currently, arbitrary light potentials
are created by manipulating the wavefront of the incident laser
using a spatial light modulator, even with a temporal evolution,
thus opening the opportunity for spatio-temporal manipulating
scenarios.3,5

Although the phase behavior of colloids under the influence
of a periodic potential is currently well understood,19–21,29–31 it
is interesting to note that much less is known about the particle
dynamics of colloidal suspensions under the action of modu-
lated potentials. For example, the dependence of the particle
transport of highly charged colloids on the strength of the
sinusoidal potential was theoretically reported;23 in that case,
the area fraction was fixed B0.153 and an interesting non-
monotonic variation of particle diffusion emerged due to the
competition between particle–particle and particle–potential
interactions.23 Moreover, the behaviour of weakly charged
dilute colloidal suspensions under the influence of periodic
potentials has been experimentally reported.24 In the latter
case, the authors focused on how the periodicity and laser
power influenced the diffusive properties, specifically the
amplitude of the modulated potential and the size of the
particles. However, none of the previous contributions dealt
with crowding effects. Nevertheless, recent studies have
focused on understanding the physical phenomena that arise
from the crowding of microparticles suspended in fluids
subjected to periodic potentials, see, e.g., ref. 32–40.

In this contribution, we report experimental findings that
enhance the understanding of the dynamic behaviour of a
confined colloidal dispersion influenced by a periodic energy
landscape created by the interference patterns produced by the
convergence of two laser beams. Varying the concentration
of the sample from very dilute to moderate and adjusting
the amplitude of the energetic landscape, we elucidate the
impact of concentration on particle transport in periodic light
potentials. The periodicity of the external potential was fixed
and selected to be greater than the particle size. Specifically,
attention has been focused on the effects of concentration
(crowding) and amplitude of the modulated periodic potentials
on diffusivity. The competition of both mechanisms allows
us to introduce the concept of modulated-crowding for this
physical scenario. We identify that modulated-crowding effects
in the diffusion coefficient can be completely separated into
distinct factors. Then, an appropriate external-potential-
dependent normalization results in a universal dynamical
behavior that is entirely described by the particle concentration
and the structure induced by the external light field. This
dynamical scenario is accurately described and corroborated
by Brownian dynamics simulations.

2 Materials and methods
2.1 Brownian dynamics simulation and external potentials

In Brownian dynamics (BD) simulations, the configuration
space of the N particle trajectories is composed of successive

displacements -
ri(t + Dt) � -

ri(t), i = 1,. . .,N, generated from the
following stochastic equation,41

-ri(t + Dt) = -ri(t) + bD0
-

fi(t)Dt + d-ri(Dt), (1)

where b = 1/kBT, and d-ri(Dt) a random displacement such that
hd-ri(Dt)i = 0 and hd-ri(Dt)d-rj (0)i = 2D0dijDt, with D0 being
the free-particle diffusion coefficient26 and dij the Kronecker
delta. In eqn (1),

-

fi(t) represents the total external force acting
on particle i, which includes the particle–particle and particle–
potential interactions. The equation does not explicitly include
hydrodynamic interactions. The particle–particle interaction is
considered a hard-core potential, which is represented by the
WCA potential,42

uWCAðrÞ ¼
Ae

s
r

� �g
� s

r

� �g�1� �
þ e rosB

0 r � sB;

8><
>: (2)

where

A ¼ g
g

g� 1

� �g�1
;B ¼ g

g� 1

� �
: (3)

with e being the energy parameter, which is a measure of the
repulsive strength between two colloidal particles. We have
chosen g = 50, and to reproduce the dynamics of hard disks,
the reduced energy parameter is chosen to be e* � e/kBT =
0.6816.42 Using these potential parameters and without exter-
nal modulation, we successfully reproduced the experimental
long-time self-diffusion coefficients of quasi-two-dimensional
colloidal hard spheres for area fractions ranging from 0.001 to
0.68, and consistent with previous studies conducted using
dynamic Monte Carlo simulations of hard disks.14 More speci-
fically, in Appendix A we evaluate the precision of the hard-core
potential model to replicate the particle dynamics across
varying particle concentrations without the influence of an
external field.

The particle–potential coupling is considered to be a peri-
odic field, which can be regarded as a potential that generates
energy barriers along the x-direction. Particles must overcome
these barriers to move along this axis. This potential is math-
ematically described by23,24

uextðxÞ ¼ V0 cos
2px
l

� �
; (4)

where V0 is the potential amplitude and l its periodicity.
A comprehensive explanation of the connection between
eqn (4) and the experimental conditions is introduced in
Section 2.4.

The dynamics of the colloidal dispersion is then simulated
as follows. We consider a random initial configuration of N =
1024 colloidal particles placed in a rectangular box of dimen-

sions Lx � Ly with Ly ¼
ffiffiffi
3
p

2
Lx. This condition is required in

order to correctly reproduce the density fluctuations of a hard
disk suspension.43 Periodic boundary conditions are applied in
each direction, with Lx and Ly being the sides of the simulation
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box along the x and y directions, respectively. We investigated
particle concentrations that ranged from extremely low to
moderate densities. The number of particles used in the
simulations is large enough such that the results are indepen-
dent of the system size; in most cases reported, every obser-
vable is the result of averaging over 5 independent realizations.
Then, the particles move according to eqn (1), and the simu-
lated colloidal system evolves from a non-equilibrium state to
the equilibrium one.

The time step, Dt, in eqn (1) is chosen not to be too large to
ensure that the force acting on the particle is approximately
constant throughout its duration, but it must not be too small
to ensure that we can use the description given by eqn (1),
which is valid in the so-called diffusive regime. To do this, we
have used a reduced time step of Dt* � DtD0/s2 = 1 � 10�4,
where s is the diameter of the particles. The time window used
in the BD simulations was set to Dt�max ¼ 1� 102. Fig. 1(c) and
(d) shows representative snapshots of the Brownian dynamics
computer simulations designed to replicate the experimental
conditions.

2.2 Observables

The mean square displacement (MSD) is a key quantity used to
characterize particle motion in systems ranging from simple
liquids to soft materials and arrested states.4 The MSD provides
a detailed statistical picture of particle motion and bridges the

gap between microscopic trajectories and macroscopic trans-
port properties. The trajectories of particles within a periodic
potential exhibit pronounced anisotropy. Under such condi-
tions, particles diffuse mainly along the fringes (y-direction)
because their movement across (x-direction) them is impeded
by potential energy barriers.5,23,31 In this contribution, we do
not present data on the motion of particles parallel to the
fringes since the external field does not influence particle
displacement along this axis. Instead, our focus is on the
particle movement perpendicular to the fringes. Hence, we
determine the MSD in the x-direction, through a temporal
average over all initial times t0 and an ensemble average over
all particle trajectories (denoted by E) represented by the
following expression:

hDx2(t)i = h[x(t0 + t) � x(t0)]2it0,E, (5)

where x(t) is the position in the x-direction of any particle at
time t and t is a delay time. Due to possible drift effects in the
experiments, the contribution corresponding to the center-of-
mass motion was removed from the MSD.

Two observables are derived from the MSD. First, the time-
dependent diffusivity, D(t), which describes how the rate of
particle displacement evolves with time, capturing dynamic
heterogeneity and complex interactions within the system.
Second, the anomalous diffusion exponent, a(t), that shows
the scaling of MSD with time, quantifying the transitions
between normal, sub-, and super-diffusive behavior. Both
quantities are obtained using the following expressions:

DðtÞ ¼ 1

2

d Dx2ðtÞ
	 


dt
; (6)

aðtÞ ¼
d log Dx2ðtÞ

	 

d log t

: (7)

Therefore, the information obtained from the MSD, time-
dependent diffusivity and the anomalous diffusion exponent
provides a comprehensive framework for understanding particle
transport,44 including transitions between dynamical regimes and
the effects of confinement, crowding, or external potentials in
complex systems. Despite this, studying directed self-assembly
at finite concentrations and its connection to colloid dyna-
mics is far from trivial. This work focuses on unraveling how
crowding affects particle transport in colloids subjected to
different amplitudes of an external periodic potential, provid-
ing evidence that the structure arising from the interplay
between crowding and the potential determines long-time
diffusivity.

To quantify the structure arising from the interplay between
crowding and the external potential, at least two different types
of pair-correlation functions can be calculated:23,45 (a) the pair
correlation function along the y-direction, g(y); it describes the
spatial organization along any fringe, (b) the pair correlation
function along the x-direction, g(x); it provides information on
the spatial correlation of particles in the direction perpendi-
cular to the fringes.

Fig. 1 Panels (a) and (b): regions of interest from experimental realizations
of a colloidal suspension at area fractions Z = 0.20 and Z = 0.45,
respectively, subjected to a light-induced sinusoidal potential (interference
fringes) at a laser power of 3 W. The horizontal bar indicates a scale of
15 mm. Panels (c) and (d): snapshots of the simulated colloidal dispersion at
Z = 0.20 and Z = 0.45, respectively, subjected to a periodic light field with
amplitude V0 = 3.96kBT. The box size and particle number in panel (c) (455
particles) were adjusted to match the box length of panel (d) (1024
particles) for enhanced visual comparison.
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2.3 Sample preparation, experimental setup and particle
tracking

The colloidal suspensions were prepared using polystyrene
sulfate latex particles with a radius of 1.48 mm and a polydis-
persity of r10% (Invitrogen Molecular Probes, Cat. No.
S37222). The particles were suspended in ultra-pure water with
a resistivity of 18.2 MO cm (Purelabs Flex, Elga). The suspen-
sions were loaded into custom-made capillary cells of thickness
B160 mm, and sealed with UV curing glue (Norland Optical
Adhesive 61, Norland Products Inc.). Due to their size, the
particles settled to the bottom of the sample cell, forming a
monolayer and creating a quasi-two-dimensional (quasi-2D)
colloidal system. The area fractions (Z) studied in this work
ranged from 0.015 to 0.45. All samples were allowed to equili-
brate for one day prior to measurements. At moderate and
higher concentrations, particle interactions occasionally led to
vertical stacking, which caused the particles to leave the focal
plane. However, this effect disappeared when the particles were
subjected to the laser light potential, as the optical force pushed
them against the bottom glass plate.

The experimental implementation of the periodic external
potential is based on the interference of two coherent beams, as
detailed in a previous study.46 In summary, light coming from a
laser source (Coherent Verdi V5, wavelength = 532 nm, beam
diameter 2.25 mm) is expanded 3 times using a telescope and
directed to a Köster’s prism, providing two beams of almost
equal intensity traveling parallel to the optical axis. These
beams are focused onto the focal plane of an inverted micro-
scope using a biconvex lens. The periodicity of the potential,
determined by the crossing angle of the two beams and thus
independent of the laser power, was set to l = 3.8 mm.
To determine the amplitude of the potential V0 as a function
of the laser power, the interaction between the particles and the
potential must be characterized (see Section 2.4).

Bright-field images of colloidal suspensions were captured
using an inverted microscope (Nikon, Ecplise Ti2-U) equipped
with a 20� objective (Nikon, CFI Plan Fluor, NA 0.5) and a
CMOS camera (Mako U-130, Allied Vision) with pixels of 4.8 �
4.8 mm2. This leads to a pixel pitch of 0.24 mm per px. Images of
1024 � 1024 pixels were acquired at a frequency of 10 Hz. The
field of view size was 246 � 246 mm2. Fig. 1(a) and (b) shows
representative regions of interest extracted from the experi-
ments. The effective recording time for each concentration and
the laser power was carefully limited to ensure that concen-
tration fluctuations, caused by particles entering or leaving the
field of view, remained below 10%. The recording durations
ranged between 1200 s and 3600 s. To determine the position of
the colloidal particles, a modified MATLAB-based particle
tracking routines based on the ones from D. Blair and E.
Dufresne47 was implemented, which combined with the Micha-
let algorithm48 led to a localization uncertainty of �10 nm. The
number of extracted trajectories ranged from B150 for an area
fraction of 0.015 to B4000 for an area fraction of 0.45. The
trajectories are openly available in Zenodo at https://doi.org/
10.5281/zenodo.14514294.

2.4 Connection between laser power and potential amplitude

The external potential defined along the x-direction, uext(x),
experienced by the particles is controlled by adjusting the laser
power, LP. Its analytical expression is given by13,21,49

uextðxÞ ¼ gaLP 1þ 3
j1ðqaÞ
qa

cosðqxÞ
� �

exp �2x2 cos2ðy=2Þ
�
R2

� 

;

(8)

where g is a parameter dependent on the setup, a = a3nS
2(n2 � 1)/

(n2 + 2) is the polarizability of the particles (with a the radius of
the particle, n = nC/nS the ratio of the refractive indices of the
colloid nC and solvent nS) and j1 is the first-order spherical
Bessel function. The Gaussian shape of the laser beams gives
rise to the factor exp(�2x2 cos2(y/2)/R2), with R being the radius
of the beam and y the cross angle and the wavevector q = 2p/l.
It is possible to define a simplified external potential as,24

uext(x) = V0 cos(qx) + Vbg, (9)

which is basically the one used in the BD simulations; see
eqn (4) with amplitude V0 p LP and a potential offset Vbg that
does not contribute to the force felt by the particle due to the
external field (see eqn (1)).

To determine V0 for a series of laser powers, we have used
two dynamical approaches based on the long-time self-
diffusion coefficient, DL. As a first approach, we employed the
one proposed by Festa et al.,50 here referred to as Festa’s
approach, who solved the Smoluchowski equation for a
Brownian-like particle in a periodic potential and obtained
the following analytical expression,

DL

D0
¼ 1

exp uextðxÞ=kBT½ �h i exp �buextðxÞ=kBT½ �h i; (10)

where D0 is the free diffusion coefficient, and h	 	 	i denotes an
average over a period of the external periodic potential. Then,
by solving eqn (10), using eqn (4), one gets50–53

DL

D0
¼ 1

I0 V0=kBTð Þ½ �2
: (11)

where I0(x) is the modified Bessel function of the first kind.
Note that in this context, Vbg has no effect on DL. In the second
approach, based on Kramers escape rate theory, Egelhaaf
et al.24 derived the following analytical expression for the
long-time self-diffusion coefficient, DL, of a colloid trapped in
a sinusoidal potential,

DL

D0
¼ p

2V0

kBT

� �
exp �2V0=kBT½ �: (12)

Within this approach, a Brownian particle has to overcome
an energetic barrier of magnitude 2V0/kBT to escape from the
potential well. Interestingly, eqn (12) can also be derived from

eqn (11) considering that I0ðxÞ 
 ex
� ffiffiffiffiffiffiffiffi

2px
p

for x c 1.54 There-
fore, eqn (12), here referred to as Egelhaaf’s approach, becomes
the exact solution of the Smoluchowski equation for a Brownian-
like particle diffusing in a sinusoidal potential in the limit of
strong coupling, i.e., V0 c kBT.
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To validate the BD simulation scheme with an external field,
we have calculated, for a given V0, the normalized long-time
self-diffusion coefficient (DL/D0), described by the limit t - N

of eqn (5), represented as a continuous line in the top panel of
Fig. 2. In the same figure, the results of the BD simulation
(closed symbols) are shown. The excellent agreement found
validates our simulation scheme. Additionally, in the top panel
of Fig. 2, the dashed line displays the results from the
Egelhaaf’s approach (eqn (12)), which clearly performs well
for external potential barriers of two times the thermal energy
of the particles. Then, eqn (12) can be confidently used when
V0 4 2kBT, that is, when DL o 0.2D0.

From the previous results, a clear connection emerges
between the laser power and the amplitude of the potential
experienced by the particles. This connection is mediated
through DL/D0. In summary, determining DL/D0 and using
Festa’s or Egelhaaf’s (with its respective limitations) approach,
V0 can be experimentally estimated for a given LP in a specific
experimental configuration. In general, this relationship is
instrument-dependent and varies with the experimental
configuration; such dependence is accounted for by the term g

in eqn (8).24 The previous description represents the calibration
protocol that we have used for our setup.

Finally, the open symbols in the top panel of Fig. 2 corre-
spond to the experimental results for an area fraction of Z =
0.015 used as calibration for the periodic light field. The
calibration was performed for six different laser powers. These
results show excellent agreement with the theoretical predic-
tions from eqn (11) and (12). The explicit dependence of V0 on
LP is presented in the bottom panel of Fig. 2. Applying a simple
linear regression, we have obtained the following relationship
between LP and V0: V0/LP = (1.41 � 0.01)kBT/W.

It is important to note that in the experiments, D0 is not the
bulk diffusion coefficient, as it includes hydrodynamic effects
due to particle–wall interactions,14,55 which could be factorized
by replacing D0 with the short-time self-diffusion coefficient
Ds.

15 To simplify the notation and facilitate a direct comparison
between the experimental results and the BD simulations,
we used the short-time diffusion coefficient Ds instead of D0

from the calibration experiments. This point will be discussed
in more detail in Section 3.2. The good agreement between
experiments, simulations, and theory allows us not only to
highlight the equivalence between the BD simulations and the
analytical solution provided by the Smoluchowski equation, but
also to make evident that in the dilute limit, the diffusivity is
basically driven by the external modulation.

2.5 Mean squared displacement, time-dependent diffusivity
and anomalous diffusion exponent: experiments vs. Brownian
dynamics simulations

The particle trajectories of a colloidal suspension, with an area
fraction of Z = 0.015, were analyzed across the fringes
(x-direction) to extract the mean squared displacement (MSD,
eqn (5)), the time-dependent diffusivity (D(t), eqn (6)), and the
anomalous diffusion exponent (a(t), eqn (7)). The experimental
data was acquired for several values of the laser power, LP, and
BD simulations were performed for V0 values calculated with
the Festa approach for each LP. In Fig. 3, results from experi-
ments (symbol) and BD simulations (lines) are summarized,
showing a very good agreement.

As expected for these experiments, the MSD (Fig. 3, top
panel) exhibits diffusive behavior at short and long times that
depends on LP. In general, at short-time scales, the MSDs
increase linearly with time, reflecting the Brownian motion of
the particles in the fringes, before the influence of the potential
becomes significant. At intermediate-time scales, the MSDs
deviate from linearity as particles interact with the barriers
formed by the potential, showing sub-diffusive behavior. Finally,
at long-time scales, when the particles can overcome the potential
barriers (due to thermal fluctuations), the MSD exhibits again a
linear dependence on time but with a reduced effective diffusion
coefficient. These coefficients are related to the local slope of the
MSD, which can be easily quantified through D(t). In the middle
panel of Fig. 3, the values of D(t) normalized by D0 are explicitly
shown. The reduction in the long-time diffusion coefficient is a
clear indication of the effect of the particle jumping between
fringes.

Fig. 2 Top panel: Long-time self-diffusion coefficient, DL, of a single
spherical colloid in a periodic potential as a function of V0 for several
laser powers, LP. Experiments (open symbols), Brownian dynamics simula-
tions (black symbols), Festa’s approach eqn (11) (solid line) and Egelhaaf’s
approach (12) (dashed line); experiments and BD simulations were per-
formed at an area fraction of 0.015. Bottom panel: Dependence of the
potential amplitude, V0, on the laser power, LP. The dashed line was
obtained by applying a simple linear regression that allowed us to establish
the following relationship V0/LP = (1.41 � 0.01)kBT/W.
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Furthermore, these time-dependent behaviors are related to
the time dependence of the MSD, quantified through a(t). The
results of the analysis of a(t) are shown in Fig. 3 (bottom panel),
where the full dynamical transition from short-time to long-time
diffusion (a(t) = 1) can be observed. Similarly, as before, for
intermediate times the dynamics of the particles is subdiffusive,
i.e. a(t) o 1. The observed downward shift in short-time is partially
due (particle–wall effects are discussed in Section 3.2) to the
increasing restriction in the movement of the particles in the
potential minimum, which becomes more attractive with LP.
It should be emphasized that although it is widely accepted that
when a(t) = 1 a long-time diffusion coefficient can be obtained, the
diffusivity analysis reveals a flattening behaviour for D(t) where
a(t) o 1 without any significant change for more of an order of
magnitude in t. This ensures that simulations and experiments
were conducted under comparable temporal conditions.

3 Particle dynamics: coupling with the
external field and concentration effects

Understanding particle dynamics in complex systems, such as
crowding in periodic potentials, requires a multifaceted analy-
tical approach. The combined analysis of dynamic and static
observables provides valuable insights into particle transport
phenomena, revealing how particles navigate through different
dynamic regimes.

3.1 Pair-correlation-like functions, g(x) and g(y)

As stated above, in this contribution, we investigate the effects
of crowding on particle dynamics in a quasi-2D colloidal system
subjected to a modulated potential. To explicitly characterize
modulated-crowding effects, it is essential to understand how
the external potential may affect the spatial organization of
particles and, consequently, their transport properties. To achieve
this, we investigate the arrangement of particles along the x- and
y-axis (with respect to the laboratory frame of reference) at various
laser powers. We define pair-correlation-like functions, g(x) and
g(y), to analyze spatial particle correlations in directions perpendi-
cular and parallel to the optical fringes, respectively. The pair
correlation-like function g(y) was determined for the particles in
each potential minima and averaged over all fringes, providing
information on the spatial organization of particles within
potential wells.

Analyzing g(x) and g(y) reveals how particle density fluctua-
tions affect the spatial particle arrangement within the
potential landscape. For illustrative purposes, in Fig. 4 and 5,
g(x) and g(y), respectively, are shown for LP = 2.5 W and area
fractions ranging from 0.015 (dilute) up to 0.45 (intermediate).
Our findings reveal that spatial correlations in the direction
perpendicular to the fringes (Fig. 4) make it evident that the
particles are, on average, pinned to the fringes. Additionally,
one can see that the characteristic distance of the particles
in the x-direction is determined by the periodicity of the light
field (long-dash arrow) and not by the size of the particles s
(short-dash arrow). This is because the periodicity is larger than
the diameter of the particles, l 4 s. To facilitate comparison
between different area fractions, we have normalized g(x) by

Fig. 3 Top panel: Mean-square displacement, hDx2(t)i, middle panel:
time-dependent diffusivity, D(t), and bottom panel: anomalous diffusion
exponent, a(t), of a colloidal dispersion with an area fraction of Z = 0.015
and several values of the laser power, LP, or external potential amplitude, V0,
as indicated. Symbols denote experiments and solid lines Brownian dynamics
simulations.

Fig. 4 Pair-correlation-like function, g(x), for a laser power LP = 2.5 W
and several values of the area fraction, Z, as displayed. Arrows indicate the
values at x = s and x = l.
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g(x = l). The same phenomenology is also observed for the
other laser powers and area fractions (data not shown).

In the direction parallel to the fringes, g(y) illustrates the
effect of a structured system; see Fig. 5, which presents density
correlation peaks that grow in magnitude with increasing
concentration and extend over long ranges, as indicated by
the arrow. In particular, the contact value, g(y = s), becomes
more pronounced at higher area fractions. A summary of the
contact values, g(y = s), for all laser powers and area fractions is
presented in Fig. 6. As seen, g(y = s) shows a systematic increase
with Z for all laser powers, revealing the structural evolution of
the particles under the effect of the external potential. At low
area fractions (Z o 0.2), g(y = s) shows minimal variation
between different laser powers, suggesting that direct parti-
cle–particle interactions primarily govern particle correlations.
However, as Z increases beyond 0.2, we observe a marked
differentiation in g(y = s) values across different laser powers.
Higher powers (LP Z 1.5 W) lead to significantly higher contact
values, indicating strong spatial correlations and local ordering
induced by the combination of particle crowding and the
external periodic potential.

The nonlinear growth of g(y = s) with increasing Z, especially
seen at higher laser powers, suggests a combined effect between
the external field and particle concentration in promoting local
structure formation, fundamentally altering the system’s spatial
organization compared to the unperturbed case (LP = 0.0 W).
In other words, g(y = s) contains both effects that we define here
as modulated-crowding, which will be essential to establish a
connection between the spatial organization and the particle
dynamics, as we discussed further below.

3.2 Long-time self-diffusion coefficient and modulated-
crowding effects

The normalized long-time self-diffusion coefficient, DL/D0, is
directly obtained from the normalized time-dependent self-
diffusivity, D(t)/D0, for t 4 20 s. As shown in Fig. 7, all
functions reach a plateau for t 4 20 s, indicating that the
long-time regime has been achieved. In Fig. 7, we present D(t)/
D0 for laser powers ranging from 0 W to 3 W and three area
fractions: 0.08, 0.30, and 0.45, corresponding to panels (a), (b),
and (c), respectively. Importantly, BD simulations (solid lines)
quantitatively capture the experimental data (symbols).
However, minor discrepancies are always present, leading to

Fig. 5 Pair-correlation-like function, g(y), for a laser power LP = 2.5 W
and several values of the area fraction, Z, as displayed. Arrow indicates the
increase in the particle concentration.

Fig. 6 Contact values, g(y = s), as a function of the area fraction, Z, for all
laser powers, LP, as indicated.

Fig. 7 Time-dependent self-diffusivity, D(t), for different laser powers or
external field amplitudes, as indicated, and an area fraction of (a) Z = 0.08,
(b) Z = 0.3 and (c) Z = 0.45. Symbols represent experiments and solid lines
Brownian dynamics simulations.
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reasonable deviations between experiments and BD simulations.
Possible sources of these small discrepancies include: (1) in the
simulations, we employ a model pair potential – a short-range
repulsive and continuous potential – which, in principle, reproduces
the thermodynamic properties of hard disks.42 (2) Simulations do not
include hydrodynamic interactions, which mainly influence and
reduce the short-time self-diffusion coefficient. However, their
effects can be effectively factorized and disentangled from
particle–particle contributions at long times; see ref. 14 and
55. Despite these minor approximations, the agreement
between experiments and BD simulations remains noteworthy.

D(t) shows the expected and previously reported dynamical
behaviour, which can be explained as follows: for short times,
the particle moves freely, sampling short distances around a
potential minimum with a short-time diffusion coefficient Ds.
This is found to be 35% lower than the bulk value (D0) due to
the hydrodynamic interaction of the particle with the wall.15

In the dilute case, the short-time diffusion coefficient shows
slight variations with laser power. An increase in laser power
results in a more pronounced force effect on the particles,
pushing them closer to the wall and slowing their dynamics
due to the wall–particle hydrodynamic interactions. Therefore,
to factor in these effects and establish a connection with the BD
simulations,55 D0 is considered to be Ds for each corresponding
LP in Z = 0.015, with the same values used for the dilute case
applied to higher concentrations. For higher concentrations, Ds

also includes contributions from particle–particle interactions.
At intermediate times, the particles become localized due to
their interaction with the laser field. This localization resem-
bles the well-known caging effect, where D(t) decays faster as
the laser power increases. However, at long times, normal
diffusion is recovered, i.e., D(t) reaches a plateau, but with a
self-diffusion coefficient, DL, smaller than D0 (i.e., DL o D0),
which clearly depends on both laser power and particle concen-
tration. Interestingly, the time at which the particles reach the
plateau—transitioning from localization to delocalization—is
essentially the same in all cases, with ttrans B 20 s (see also
Fig. 3). This regime is related to particle hopping across
minima, as discussed in other works,23,24,31 resembling a
random walk and thus leading to a diffusive regime once again.

The long-time self-diffusivity behavior reveals a complex
interplay between laser power (LP) and area fraction (Z). Our
analysis of D(t)/D0 at long-time demonstrates that increasing
the laser power from 0.0 W to 3.0 W systematically reduces the
long-time diffusion coefficient, with the most dramatic effects
observed at higher area fractions. At Z = 0.45, the normalized
long-time diffusivity decreases by three orders of magnitude
when exposed to the maximum laser power (3.0 W), indicating
strong particle localization within the periodic potential wells.
This effect is less pronounced at lower area fractions (Z = 0.08),
where reduced particle–particle interactions allow greater
mobility even under strong field conditions. The relationship
between laser power and long-time diffusivity follows a non-
linear trend, with a critical threshold around 1.5 W where
significant mobility reduction begins to manifest. Notably,
the area fraction acts as a mobility-limiting factor, enhancing

the confinement effect of the laser-induced potential landscape.
This combined interaction between laser power and area fraction
suggests that particle crowding amplifies the effectiveness of the
external field in restricting long-time particle diffusion, providing
a tunable mechanism for controlling colloidal dynamics in con-
fined geometries.

To quantify the effect of both particle–particle and particle–
field interactions on particle transport, we extracted the ratio
DL/D0 for all laser powers. In Fig. 8 we summarized the
experimental results (open symbols) for DL/D0 as a function of
area fraction (Z) for several laser powers (LP) of the applied
periodic potentials. BD simulations for the corresponding
amplitude of the potential are shown as closed symbols with
solid lines. Again, BD simulations demonstrate excellent agree-
ment with experimental results. The data reveal two key physi-
cal mechanisms: first, a systematic decrease in particle mobility
with increasing area fraction for all laser powers, evidencing
the role of crowding effects; second, a marked reduction in
diffusion as the laser power increases from 0 to 3.5 W (corres-
ponding to V0/kBT from 0 to 3.96), demonstrating the enhanced
confinement of particles within the optical potential wells.

Notably, at the highest laser power (LP = 3.5 W), the
diffusion coefficient drops by two orders of magnitude com-
pared to the particle–potential-free case (LP = 0.0 W), while the
impact of crowding becomes more pronounced as evidenced by
the steeper decline in DL/D0 with increasing Z.

The variation in the data trend is now discussed. As seen in
Fig. 9, DL/D0 exhibits a notable deviation from the reference
case (particle–potential-free, LP = 0.0 W) as both the area
fraction (Z) and the laser power increase. This behavior is
evidenced by the deviation of the experimental data and the
BD simulation results, which are parallel to the particle–
potential-free case. It reveals a nontrivial coupling between
particle concentration and the periodic potential landscape.
At low laser powers (r1.0 W), the system maintains a trend similar
to the particle–potential-free case, where crowding effects domi-
nate the reduction of the particle mobility. However, as the laser
power increases (41.5 W), we observe a pronounced deviation

Fig. 8 Long-time self-diffusion coefficient, DL/D0 as a function of the
area fraction, Z, obtained from experiments (open symbols) and Brownian
dynamics simulations (closed symbols with solid lines) for several values of
the laser power, LP, or external potential amplitude, V0, as indicated. The
dotted lines are parallel to the particle–potential-free case (LP = 0.0 W).
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from this trend, particularly at higher area fractions (Z 4 0.3),
where the diffusion coefficient drops more steeply than predicted
by simple crowding effects. Furthermore, these variations appear
to be similar across all cases, indicating a consistent trend
regardless of the specific conditions, much like the behavior of
the contact value of g(y) (Fig. 6). This enhanced reduction in
particle mobility suggests a combined, synergistic effect between
particle–particle (entropy-driven) and particle–potential (energy-
driven) interactions, where crowding amplifies the localizing effect
of the periodic potential. Brownian dynamics simulations corro-
borate these experimental findings, accurately capturing the tran-
sition from a crowding-dominated regime to one where the
interplay between spatial confinement and particle interactions
results in a more dramatic dropping of the long-time diffusion.
This behavior indicates that the presence of neighboring particles
enhances the trapping efficiency of the potential wells, resulting in
a nonlinear response to increasing area fraction that becomes
more pronounced at higher potential amplitudes.

The results presented in Fig. 8 reveal a remarkable finding
in the behavior of the long-time self-diffusion coefficient of
colloidal particles confined in a quasi-2D geometry under the
combined influence of many-body interactions (crowding) and
an external modulated potential; a physical scenario that we
refer to as ‘‘modulated-crowding.’’ To analyze the concen-
tration effects in this context, we introduce the normalized

long-time self-diffusion coefficient, DL

.
D

V0
L , where D

V0
L repre-

sents the long-time diffusion coefficient of a dilute suspension
under the influence of the modulated potential (eqn (11)). This
quantity is presented as a function of the area fraction, Z,
for different amplitudes of the periodic potential, V0, and is
mathematically expressed as:

DL

D
V0
L

¼ D
Z
L

D0
; (13)

This kind of factorization has been useful for separating or
estimating the effects of the direct interactions, i.e., particle–
particle interactions, from the indirect ones, i.e., hydrodynamic
interactions (see ref. 14, 15 and 55–57).

In Fig. 9, the ratio DL

.
D

V0
L as a function of the area fraction

for all the considered laser powers (open symbols) is displayed.
In this representation, the deviation of the data from the LP =
0.0 W case (blue open squares), discussed in the previous
section, is evident. As mentioned above, this deviation results
from the competition between particle–particle and particle–
potential interactions, which a priori cannot be considered
decoupled. However, this competition must, in some way, be
related to the structure, which should incorporate concen-
tration effects and a contribution from the periodic potential.
The latter disrupts the homogeneity of the material distribu-
tion, as we have quantified and demonstrated in Section 3.1.

Interestingly, we found that an excellent approximation for
quantifying the effects of local structure on diffusivity is the one
proposed by Brady,57 which provides a simple relation-
ship between the long-time self-diffusion coefficient, DL, the

short-time self-diffusion coefficient, D0, the local structure,
g(y), and the concentration, Z. It has the following mathe-
matical form:

D
Z
L

D0
¼ 1þ 2ZgðsÞð Þ�1; (14)

where g(s) is the contact value of g(y). Again, it is important
to emphasize that g(y) incorporates both the effects of
concentration, Z, and the periodic field (see Fig. 5 and 6),
which means that g(s) quantifies the mechanism defined as
modulated-crowding. Thus, as we will see later, the factor
2Zg(s) carries the physical information of both crowding
effects and the periodic field.

We then determined DZ
L/D0 for all measurements using

eqn (14). The results (spheres) are plotted in Fig. 9. Surpris-
ingly, despite the quasi-2D nature of the colloidal system,
eqn (14) reproduces the experimental data (open symbols) with
remarkable accuracy, which was originally derived for three-
dimensional systems. This agreement is particularly significant
given that the colloidal system is strongly confined and subject
to a periodic external potential. Our physical interpretation
of this unexpected behavior is that by imposing spatially
periodic energy barriers, the laser potential effectively restricts
the configuration space accessible to the particles. This con-
straint reduces the effective dimensionality of the transport
problem by preferentially confining the particles within the
potential minima. It is important to note that when the
measurements of DL for V0 = 0.00kBT are compared directly
with those using eqn (14), do not quantitatively reproduce

Fig. 9 Ratio DL

.
D

V0
L as a function of the area fraction for all the

considered laser powers, as indicated. Open symbols are the results from
the experiments, closed symbols are the results from Brownian dynamics
simulations, and spheres are determined using eqn (14). Inset shows the

product
DL

D
V0
L

1þ 2ZgðsÞð Þ 
 1 as a function of the particle concentration for

V0 a 0.
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the experimental data. This aspect was previously noted and
reported by Thorneywork et al.14

The inset of Fig. 9 highlights the fact that in the presence of

a sinusoidal potential, the product
DL

D
V0
L

1þ 2ZgðsÞð Þ 
 1 for all

particle concentrations confirms our description. The black
closed symbols correspond to the average of all LP values for
the same area fraction, with an error bar representing the
standard deviation, indicating variations of less than 10 per-
cent. These observations have important implications for
understanding and controlling particle dynamics in confined
systems, confirming that the imposition of periodic external
potentials can be used as a tool to systematically modify
transport properties in quasi-2D colloidal dispersions.

By replacing eqn (14) in eqn (13), the expression becomes,

DL

D
V0
L

¼ 1þ 2ZgðsÞ½ ��1: (15)

The preceding equation accurately describes the diffusivity
in the direction perpendicular to the fringes of a colloidal
dispersion subjected to a periodic field, allowing us to identify
the underlying physical mechanism, called modulated crowd-
ing. However, it remains important to clarify the limits of
applicability of eqn (15). To address it and motivated by the
strong agreement between Brownian dynamics (BD) simulations
and experimental data, we conducted an extensive analysis using
BD simulations (see Appendix B). Our analysis confirms that
eqn (15) quantitatively describes particle dynamics up to an area
fraction of approximately Z B 0.50. Furthermore, a closer exam-
ination of certain limiting cases (also discussed in Appendix B)
reveals that at low concentrations (up to Z B 0.20), eqn (15)

reduces to:
DL

D
V0
L


 1� 2Z, indicating that, in this dilute regime,

diffusivity is essentially determined by the modulation introduced
by the periodic potential, as described by eqn (11).

4 Concluding remarks and
perspectives

In this work, we have provided experimental and theoretical
evidence on the role of crowding in the diffusivity of confined
colloids subjected to a light-induced sinusoidal potential with
fixed periodicity and variable amplitude. We have also reported
and explicitly discussed the dynamical properties along the
perpendicular direction of the fringes as a function of the
particle concentration and laser power, having introduced
the concept of modulated-crowding for this physical scenario.

In particular, we focused on the long-time particle dynamics.
Our results indicate that, after an appropriate renormalization,
the long-time self-diffusion coefficient, crowding effects on particle
transport can be fully explained in terms of two main contribu-
tions: particle concentration and the structural correlations
imposed by the external modulation. This finding highlights that
the effects of modulated-crowding on the long-time self-diffusion
coefficient of colloids interacting via short-range repulsive forces

can be entirely disentangled from the contributions of the external
field. A particularly significant aspect of our findings is that, due
to particle trapping induced by the periodic potential at any
concentration, the Brady relation, originally developed for three-
dimensional systems and particularly effective in concentrated
regimes, accurately reproduced the experimental results even in
low-concentration conditions. This suggests that the underlying
dynamics in the presence of modulated-crowding closely resemble
those of highly concentrated three-dimensional systems, offering a
new perspective on the role of spatial structuring in the diffusion
of confined colloidal systems.

Last but not least, we should stress that exploring other
types of external potentials, i.e. periodic with other symmetries
or nonperiodic potentials, will allow us to better understand
the relationship between the static properties and the transport
of colloids in well-controlled heterogeneous environments.
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Appendices
A Appendix: comparison between dynamic Monte Carlo and
Brownian dynamics simulation schemes

To assess the validity of the hard-core potential (eqn (2)),42 we
have chosen g = 50, and e* � e/kBT = 0.6816 to reproduce the
dynamics of hard disks. The Brownian Dynamics simulations
were performed as described in Section 2.1. In Fig. 10, we
compare the normalized long-time self-diffusion coefficients of
quasi-two-dimensional colloidal hard spheres for area fractions
ranging from 0.001 up to 0.68 with previous studies conducted
using dynamic Monte Carlo simulations of hard disks.14 The
long-time diffusion coefficient was determined following the
procedure described in Section 3.2 of the main text. As seen in
Fig. 10, excellent agreement between both methods is obtained.
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B Analysis of the modulated-crowding approach: testing the
limits of Brady’s diffusivity formula

As discussed in Section 3, eqn (15) quantitatively describes the
long-time diffusion behaviour (along the perpendicular direc-
tion of the fringes) of colloids subjected to a light-induced
sinusoidal potential up to an area fraction of ZB 0.5. To gain a
deeper understanding of the physical mechanisms driving this
transport behaviour, one should analyze certain intriguing
limiting cases of the eqn (15).

Let us consider the case where 2Zg(s) { 1. In that limit,
eqn (15) simply reduces to,

DL

D
V0
L


 1� 2ZgðsÞ; (16)

which results from neglecting all terms of the order O(Z2) and
higher. In that limit, Z is very low, so g(s) is expected to be close

to unity because it does not depend strongly on either Z nor V0.

Hence, eqn (15) reduces to DL

.
D

V0
L 
 1� 2Z. By explicitly

comparing with Brownian dynamics simulations, we conclude
that the previous equation is a good estimate up to Z o 0.2 and
V0 o 4kBT. This means that particle dynamics is given at low
concentrations by modulation of the periodic potential,
eqn (11), as expected.

By means of Brownian dynamics simulations (under the
same conditions as previously written), we investigated the
limits of validity of eqn (15). Fig. 11 clearly illustrates that for
area fractions exceeding 0.50, eqn (15) ceases to be valid. This
threshold area fraction ensures sufficient spacing between
the fringes, allowing the particles to jump from one fringe to
another.
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Condens. Matter Phys., 2025, 16, 41–59.

5 F. Evers, R. D. L. Hanes, C. Zunke, R. F. Capellmann,
J. Bewerunge, C. Dalle-Ferrier, M. C. Jenkins, I. Ladadwa,
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E:Stat., Nonlinear, Soft Matter Phys., 2009, 79, 041407.
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and G. I. Guerrero-Garcı́a, Front. Phys., 2021, 9, 635269.

32 D. Lips, A. Ryabov and P. Maass, Phys. Rev. Lett., 2018, 121,
160601.

33 D. Lips, A. Ryabov and P. Maass, Phys. Rev. E, 2019, 100,
052121.

34 D. Lips, R. L. Stoop, P. Maass and P. Tierno, Commun. Phys.,
2021, 4, 224.

35 A. Ryabov, D. Lips and P. Maass, J. Phys. Chem. C, 2019, 123,
5714–5720.

36 A. P. Antonov, A. Ryabov and P. Maass, J. Chem. Phys., 2021,
155, 184102.

37 A. P. Antonov, A. Ryabov and P. Maass, Phys. Rev. Lett., 2022,
129, 080601.
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Gómez, S. Herrera-Velarde, J. L. Arauz-Lara and
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Chapter 5

Conclusions

In this thesis, we have explored the dynamics of colloidal particles subjected to spa-
tially periodic light fields by combining precise experiments, theoretical modeling,
and numerical simulations. In our experimental system, particles were confined in
2D geometries and subjected to well controlled cosine optical potentials generated
by laser interference patterns.

As part of this work, the periodic light field was calibrated to enable systematic
studies of particle dynamics in periodic light fields. For calibration, we employed
four independent approaches. First, direct imaging of the fringe pattern provides
the periodicity of the potential from the intensity profile of the fringes. Second,
analysis of the Boltzmann equilibrium distribution yields both the periodicity and
the amplitude from the particle probability density in equilibrium. Third, long-
time diffusion analysis following the Festa and Egelhaaf approaches determines
the amplitude from the normalized long-time diffusion coefficient. Finally, the
ISF-based calibration represents a novel approach, offering an additional method
to extract the potential amplitude from equilibrium correlation properties in the
long-time regime.

We systematically studied how the potential amplitude V0 depends on the
geometric ratio σ/L, where σ is the particle diameter and L is the periodicity of the
optical potential. We observed that V0 is not determined only by the laser intensity
but is also influenced by this ratio, reflecting how the relative size of the particles
to the spatial period affects the effective amplitude of the potential. Variations
in σ/L therefore lead to measurable differences in the effective amplitude at the
same laser power.

Furthermore, we studied the dynamics of particles driven at external velocities
using a nanopositioning stage. By varying the stage velocity, we tuned the Péclet
number (Pe) and thereby controlled the balance between driven transport and
periodic potential. At low Pe, the particle motion is strongly modulated by the
periodic potential, with clear signs of localization near potential minima, while at
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high Pe, the potential’s influence diminishes and enhanced transport dominates.
Overall, this work establishes a consistent and quantitative framework for

studying colloidal dynamics in periodic optical potentials. It provides robust
experimental calibration protocols, clarifies the interplay between geometry and
effective potential amplitude, and examines how external driving influences the
particle motion in the presence of the light field.

The following section presents three collaborative publications that constitute
the core of this work.

Intermediate scattering function of colloids in a periodic laser field [9]

In this study, we applied the generalized intermediate scattering function (ISF)
to investigate colloidal dynamics in periodic optical potentials. The generalized
ISF, obtained from experimental trajectories, captures the full dynamical behav-
ior of the particles. We determined the mean squared displacement (MSD), time-
dependent diffusivity D(τ), and non-Gaussian parameter (NGP) from experimen-
tal data and compared them with theoretical results from a perturbative expansion
of the generalized ISF, finding consistent agreement. Together, these results estab-
lish the generalized ISF as a sensitive and reliable framework for probing particle
dynamics in periodic optical potentials.

Precisely controlled colloids: a playground for path-wise non-equilibrium
physics [10]

In this work, both equilibrium and driven experiments with colloidal particles were
performed, providing trajectory data with sufficient resolution to access path-wise
observables such as first-passage and transition-path times. These experimental
results, together with theoretical analysis, confirmed key predictions of stochastic
thermodynamics by demonstrating how nonequilibrium driving modifies trajectory
statistics.

Colloidal transport in periodic potentials: the role of modulated-crowding
[11]

In this study, we investigated how increasing the concentration of particles and
varying the amplitude of the optical potential influence the colloidal dynamics.
We showed that these two factors jointly modify the long-time diffusivity, as both
interparticle interactions and external potential play a role in determining the
transport behavior of the particles. In addition, we studied our system within
the framework of the Brady relation. Our results show that the Brady relation
provides an accurate description of the quasi-two-dimensional system, remaining
valid even at low concentrations, where trapping by the optical potential becomes
relevant.
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[4] R. Castañeda-Priego, “Colloidal soft matter physics,” Revista Mexicana de
F́ısica, vol. 67, p. 050101, 2021.

[5] W. Poon, P. Pusey, and H. Lekkerkerker, “Colloids in suspense,” Physics
World, vol. 9, p. 27, apr 1996.

[6] M. D. Haw, “Colloidal suspensions, brownian motion, molecular reality: a
short history,” Journal of physics: condensed matter, vol. 14, no. 33, p. 7769,
2002.

[7] C. Bechinger, M. Brunner, and P. Leiderer, “Phase behavior of two-
dimensional colloidal systems in the presence of periodic light fields,” Physical
review letters, vol. 86, no. 5, p. 930, 2001.

[8] R. Capellmann, J. Bewerunge, F. Platten, and S. Egelhaaf, “Note: using a
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