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Abstract
We show that the sign of the Euler characteristic of an 𝑆-
arithmetic subgroup of a simple algebraic group depends
on the 𝑆-congruence completion only, except possibly in
type 6𝐷4. Consequently, the sign is a profinite invariant
for such 𝑆-arithmetic groups with the congruence sub-
group property. This generalizes previous work of the
first author with Kionke–Raimbault–Sauer.
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1 INTRODUCTION

The purpose of this article is to prove a stability result for the sign sgn𝜒(Γ) of the Euler char-
acteristic of 𝑆-arithmetic groups, where sgn(𝑎) is defined to be −1, 0, 1 if 𝑎 < 0, 𝑎 = 0, 𝑎 > 0,
respectively.

Theorem 1. For 𝑖 = 1, 2, let 𝑘𝑖 be number fields and let 𝑆𝑖 be finite sets of places of 𝑘𝑖 containing
the infinite ones. Let Γ𝑖 ⩽ 𝐆𝐢 be 𝑆𝑖-arithmetic subgroups of simply connected simple non-triality 𝑘𝑖-
groups with commensurable congruence completions. Then sgn𝜒(Γ1) = sgn𝜒(Γ2).

Bynon-triality, wemean that𝐆𝐢 is not of type 6𝐷4. This assumption can be dropped if𝑘𝑖 = ℚ.We
will however discuss in Section 6 why this exception might be essential for certain number fields.
Here is some background and motivation for the theorem. A group invariant 𝛼 is called profi-

nite among a class of groups  if for any two Γ1, Γ2 ∈  with isomorphic profinite completions
Γ̂1 ≅ Γ̂2, we have 𝛼(Γ1) = 𝛼(Γ2). While it was observed in [3, Corollary 3.3] that the first 𝓁2-Betti
number [11, 20], denoted 𝑏(2)

1
(Γ), is profinite among finitely presented residually finite groups, it
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is shown in [15] that no higher 𝓁2-Betti number 𝑏(2)𝑛 (Γ) for 𝑛 ⩾ 2 is profinite among 𝑆-arithmetic
groups. The examples of [15] leave however the possibility that sgn𝜒(Γ) is determined by Γ̂ for 𝑆-
arithmetic Γ. Since 𝜒(Γ) =

∑
𝑛⩾0(−1)

𝑛 𝑏(2)𝑛 (Γ), this would imply that some information on higher
𝓁2-cohomology is reflected in Γ̂, even though the individual 𝓁2-Betti numbers are not. While the
main result in [14] gave confirmation for arithmetic groups with the congruence subgroup property
(CSP), we can now handle the case of 𝑆-arithmetic groups with CSP.

Theorem 2. For 𝑖 = 1, 2, let 𝑘𝑖 be number fields and let 𝑆𝑖 be finite sets of places containing the
infinite ones. Suppose Γ𝑖 ⩽ 𝐆𝐢 are 𝑆𝑖-arithmetic subgroups of simply connected simple non-triality
𝑘𝑖-groups with CSP such that Γ̂1 and Γ̂2 are commensurable. Then sgn𝜒(Γ1) = sgn𝜒(Γ2).

We should emphasize that the absolute value of the Euler characteristic is not profinite
among 𝑆-arithmetic groups [14, Theorem 1.2]. In fact, profiniteness of group invariants among
𝑆-arithmetic groups seems to fail more often than not, so positive results are valuable. In particu-
lar, one can find pairs of profinitely commensurable 𝑆-arithmetic groups illustrating that neither
group homology (in degree ⩾ 2), nor geometric dimension, nor Kazhdan’s property (𝑇) [2],
nor Serre’s property FA [4], nor bounded cohomology [5], nor the Bohr compactification [10]
are profinite.
Theorem 2 gives the generalization that was asked for in [14, section 1.3] where the arithmetic

case of Theorem 2 was proven, when 𝑆𝑖 consists of the infinite places only. The CSP, meaning
𝐆𝐢 has finite 𝑆𝑖-congruence kernel, implies that the congruence and profinite completions are
commensurable, so that Theorem 2 is immediate from Theorem 1. According to a conjecture
of Serre, all higher rank 𝑆-arithmetic groups should have CSP. The status of this conjecture is
advanced [24]: It is known to hold true for all isotropic forms and is currently open only for certain
anisotropic forms of type 𝐴𝑛, 𝐷4, and 𝐸6.
Let us give some comments on the methods to prove Theorem 1. The previous proof of the

arithmetic case of Theorem 2 with 𝑘𝑖 = ℚ in [14] used that sgn𝜒(Γ𝑖), if nonzero, can be identified
with dim𝑋𝑖

2
mod 2 where 𝑋𝑖 is the symmetric space with isometry group 𝐆𝐢(ℝ). Equality of the

signs was then concluded from a Gauss sum formula, applied to the Killing form, which shows
that the signature mod 8 is determined by the ℚ𝑝-completions of the form only.
The argument, however, does not extend to the 𝑆-arithmetic case in any apparent way because

an 𝑆-arithmetic group actswith finite covolume on a product of symmetric spaces andBruhat–Tits
buildings. This implies that sgn𝜒(Γ𝑖), if nonzero, is the same as the mod 2 invariant

𝑑(𝐆𝐢) =
∑
𝑣 real

dim𝑋𝑣
𝑖

2
+

∑
𝑣∈𝑆𝑖, 𝑣∤∞

rank𝑘𝑖𝑣 𝐆𝐢 mod 2,

where 𝑋𝑣
𝑖
denotes the symmetric space associated with 𝐆𝐢(𝑘𝑖𝑣). So we have to understand the

interplay of the local forms of𝐆𝐢 at archimedean and non-archimedean places. To do so, we follow
anewapproach and rely onPoitou–Tate duality, a local–global principle for theGalois cohomology
of finite abelian modules, from which we establish a relation of the local Brauer–Witt invariants
of the groups 𝐆𝟏 and 𝐆𝟐 at the places 𝑣 ∈ 𝑆𝑖 . The exact form of this relation differs depending on
the outer type of 𝐆𝐢 and we go through the census of quasi-split groups to check that the relation
indeed implies 𝑑(𝐆𝟏) = 𝑑(𝐆𝟐) except possibly in type 6𝐷4.
The results on Brauer–Witt invariants are also of independent interest as they imply necessary

and sufficient conditions under which a family of prescribed local isomorphism types is realized
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ON THE EULER CHARACTERISTIC OF 𝑆-ARITHMETIC GROUPS 3 of 21

by a global group, see, for example, Theorem 7 below for type 2𝐴2𝑛−1. This makes some of the
results in [25] more precise.
As part of the case-by-case study, we single out the types of𝐆𝐢 in which some value of sgn𝜒(Γ𝑖)

can be excluded right away. We gather this information in the following theorem, as we could not
find this being worked out in the literature.

Theorem 3. 𝑆-arithmetic subgroups of simple 𝑘-groups of type

(i) 1𝐴𝑛 (𝑛 ⩾ 2), 1𝐷2𝑛+1 (𝑛 ⩾ 2), 1𝐸6 have zero Euler characteristic,
(ii) 2𝐴4𝑛 (𝑛 ⩾ 1), 𝐶4𝑛 (𝑛 ⩾ 1), 1𝐷4𝑛 (𝑛 ⩾ 1), 3𝐷4,

2𝐸6, 𝐸8, 𝐹4, 𝐺2 have either zero or positive Euler
characteristic,

(iii) 𝐴1,
2𝐴𝑛 (4 ∤ 𝑛 ⩾ 2), 𝐵𝑛 (𝑛 ⩾ 2), 𝐶𝑛 (4 ∤ 𝑛 ⩾ 3), 1𝐷4𝑛+2 (𝑛 ⩾ 1), 2𝐷𝑛 (𝑛 ⩾ 4), 6𝐷4, 𝐸7 can have

zero, positive, or negative Euler characteristic.

So the core value of Theorem 1 lies in case (iii) of the theorem.
Let us point out that in light ofMargulis arithmeticity, we obtain a version of Theorem 2 inmore

geometric terms. By a higher rank Lie group 𝐺, we refer to the type of generalized Lie groups to
which the arithmeticity theorem applies. This means 𝐺 =

∏
𝛼∈𝐴 𝐆𝛼(𝑘𝛼) where 𝐴 is a finite and

non-empty set, where 𝑘𝛼 for 𝛼 ∈ 𝐴 is a local field of characteristic zero (so 𝑘𝛼 is either ℝ, ℂ, or
a finite degree extension of ℚ𝑝), where 𝐆𝛼 is a connected and simply connected semisimple 𝑘𝛼-
group without 𝑘𝛼-anisotropic factors, and where

∑
𝛼∈𝐴 rank𝑘𝛼 𝐆𝛼 ⩾ 2. For such 𝐺, we can define

that a lattice Γ ⩽ 𝐺 is irreducible if no finite index subgroup of Γ is a direct product of two infi-
nite subgroups. The Margulis arithmeticity theorem says that such Γ ⩽ 𝐺 determines uniquely
a number field 𝑘, a connected and simply connected absolutely almost simple 𝑘-group 𝐆, and a
finite set of places 𝑆 of 𝑘 containing the infinite ones, such that

∏
𝑣∈𝑆 𝐆(𝑘𝑣) surjects onto 𝐺 with

compact kernel and such that every 𝑆-arithmetic subgroup of𝐆 is commensurable with Γ. We say
that Γ ⩽ 𝐺 has CSP if 𝐆 has CSP with respect to 𝑆. With these explanations, Theorem 2 gives the
following consequence.

Theorem 4. For 𝑖 = 1, 2, let Γ𝑖 ⩽ 𝐺𝑖 be an irreducible lattice with CSP in a higher rank Lie group
with no factor of type 𝐷4. Suppose Γ̂1 is commensurable with Γ̂2. Then sgn𝜒(Γ1) = sgn𝜒(Γ2).

The outline of this article is as follows. In Section 2, we collect some preliminaries. In particu-
lar, we recall the definition of the 𝑆-congruence completion, we explain how Theorem 1 implies
Theorem 2, and we discuss why the invariant 𝑑(𝐆𝐢) gives essentially the sign of the Euler char-
acteristic. In Section 3, we present the Galois cohomological methods of the proof of Theorem 1,
establishing that “the sum” of local Brauer–Witt invariants of𝐆𝟏 and𝐆𝟐 over the places in 𝑆𝑖 must
agree “mod 2.” In Section 4, we discuss some consequences of this principle which hold for the
groups𝐆𝟏 and𝐆𝟐 in general. Finally, Section 5 completes the proof of Theorem 1 by verifying that
in all relevant inner and outer Cartan–Killing types, our assumptions give 𝑑(𝐆𝟏) = 𝑑(𝐆𝟐). We also
point out in which types the Euler characteristic is always zero and in which types we exclusively
have 𝑑(𝐆𝐢) = 0 from which Theorem 3 follows.

2 PRELIMINARIES

Let 𝑘 be a number field, meaning a finite degree extension of the rational numbers ℚ. Consider
a finite set 𝑆 of places of 𝑘, where a place is an equivalence class of absolute values on 𝑘, and we
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4 of 21 KAMMEYER and SERAFINI

agree that 𝑆 should always contain all archimedean (real and complex) places. The set 𝑆 defines
the ring of 𝑆-integers 𝑘,𝑆 ⊂ 𝑘 consisting of all elements 𝑥 ∈ 𝑘 which have absolute value ⩽ 1 at
places outside 𝑆. In the special case that 𝑆 consists of the archimedean places only, 𝑘,𝑆 is the
ordinary ring of integers 𝑘 of 𝑘.
Let 𝐆 be a simply connected, absolutely almost simple, linear algebraic 𝑘-group. The group

of 𝑘-rational points 𝐆(𝑘) comes with two natural Hausdorff topologies: The arithmetic topol-
ogy has all finite index subgroups as a unit neighborhood base. The 𝑆-congruence topology has
all principal 𝑆-congruence subgroups as unit neighborhood base. Principal 𝑆-congruence sub-
groups are of the form ker(𝐆(𝑘,𝑆) → 𝐆(𝑘,𝑆∕𝔞)) for a nonzero ideal 𝔞 ⊴ 𝑘,𝑆 . Here, we have
fixed an embedding 𝐆 ⊂ 𝐆𝐋𝐧 of which the 𝑆-congruence topology is independent. As topo-
logical groups have a natural uniform structure, we obtain completions 𝐆̂ and 𝐆 of 𝐆(𝑘) with
respect to the arithmetic and 𝑆-congruence topology, respectively. Since the arithmetic topology
is a priori finer than the 𝑆-congruence topology, we have a canonical map 𝐆̂ → 𝐆 whose ker-
nel 𝐶(𝐆, 𝑆) is called the 𝑆-congruence kernel of 𝐆 with respect to 𝑆. We say that 𝐆 has the CSP
with respect to 𝑆 if 𝐶(𝐆, 𝑆) is finite. The congruence kernel 𝐶(𝐆, 𝑆) also lies in the short exact
sequence

1 ⟶ 𝐶(𝐆, 𝑆) ⟶ 𝐆(𝑘,𝑆) ⟶ 𝐆(𝑘,𝑆) ⟶ 1,

where the completions of the last two groups are defined as before. We see that any finite index
subgroup of𝐆(𝑘,𝑆)which intersects𝐶(𝐆, 𝑆) trivially ismapped isomorphically onto a finite index
subgroup of 𝐆(𝑘,𝑆), so CSP implies that the profinite and 𝑆-congruence completions of 𝐆(𝑘,𝑆)

are commensurable. Similarly, CSP gives the commensurability of profinite and 𝑆-congruence
completions for every 𝑆-arithmetic group, meaning any group Γ ⊂ 𝐆(𝑘)which is commensurable
with 𝐆(𝑘,𝑆) (this condition again being independent of the chosen embedding 𝐆 ⊂ 𝐆𝐋𝐧). This
shows that Theorem 1 implies Theorem 2.
Any 𝑆-arithmetic subgroup Γ of𝐆 is a lattice in the locally compact group given by the product

𝐺 =
∏
𝑣∈𝑆

𝐆(𝑘𝑣).

Such a group is known to carry an Euler–Poincaré measure 𝜇𝐺 . This measure satisfies 𝜒(Γ) =
𝜇𝐺(𝐺∕Γ) for all 𝑆-arithmetic subgroups Γ ⊂ 𝐆 as explained in [26, Théorème 10]. In particular, the
sign of 𝜇𝐺 in {−1, 0, 1} agrees with the sign of the Euler characteristic of any Γ. The measure 𝜇𝐺 is
in fact a product measure 𝜇𝐺 = ⊗𝑣∈𝑆 𝜇𝐆(𝑘𝑣)

corresponding to the above product decomposition.
At each archimedean place 𝑣 in 𝑆, the measure 𝜇𝐆(𝑘𝑣)

is nonzero if and only if the fundamental
rank 𝛿(𝐆(𝑘𝑣)) = rankℂ(𝔤 ⊗ℝ ℂ) − rankℂ(𝔨 ⊗ℝ ℂ) vanishes, where 𝔤 and 𝔨 denote the Lie algebras
of 𝐆(𝑘𝑣) and of a maximal compact subgroup 𝐾 ⩽ 𝐆(𝑘𝑣), respectively. Consequently, the funda-
mental rank is always positive if 𝑣 is complex so that 𝜇𝐺 vanishes unless the number field 𝑘 is
totally real. If on the other hand 𝑣 ∈ 𝑆 is a real place such that 𝐆(𝑘𝑣) has vanishing fundamental
rank, then the dimension of the symmetric space 𝐆(𝑘𝑣)∕𝐾 is an even number 2𝑟 and the sign of
𝜇𝐆(𝑘𝑣)

is (−1)𝑟. If 𝑣 is finite, then 𝜇𝐆(𝑘𝑣)
is always nonzero and the sign is equal to (−1)𝑟 where this

time 𝑟 is the 𝑘𝑣-rank of 𝐆. Thus, the sign of 𝜇𝐺 , if nonzero, is given by (−1) to the power of

𝑑(𝐆) =
∑
𝑣 real

dim𝑋𝑣

2
+

∑
𝑣∈𝑆, 𝑣∤∞

rank𝑘𝑣 𝐆 mod 2.
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ON THE EULER CHARACTERISTIC OF 𝑆-ARITHMETIC GROUPS 5 of 21

To prove Theorem 1, we will first show (in Corollary 18) that 𝜒(Γ1) = 0 if and only if 𝜒(Γ2) =
0. In view of the above formula, the proof of Theorem 1 will then be completed by showing in
Section 5 that 𝑑(𝐆𝟏) = 𝑑(𝐆𝟐) under the assumption that 𝑘 is totally real and that for every real
place 𝑣 of 𝑘, we have 𝛿(𝐆𝐢(𝑘𝑣)) = 0.

3 BRAUER–WITT INVARIANTS AND POITOU–TATE DUALITY

Still let𝐆 be a simply connected, absolutely almost simple, linear algebraic 𝑘-group and let𝐆𝟎 be
the up to 𝑘-isomorphism unique 𝑘-quasi-split group of which 𝐆 is an inner 𝑘-twist. We obtain a
finite 𝑘-group 𝐀𝟎 defined as the factor group in the short exact sequence

1 → Ad𝐆𝟎 → Aut𝐆𝟎 → 𝐀𝟎 → 1,

whereAd𝐆𝟎 is the adjoint form of𝐆𝟎. Note that𝐀𝟎 is either trivial or the constant group scheme
ℤ∕2 unless𝐆 has type𝐷4. As explained in [27, section I.5.5], we obtain an induced exact sequence
in Galois cohomology and the group 𝐆 corresponds to a unique class 𝜉 in the image of the map

𝐻1(𝑘, Ad𝐆𝟎) ⟶ 𝐻1(𝑘, Aut𝐆𝟎).

The fiber of 𝜉 is an 𝐀𝟎(𝑘)-orbit 𝜂 in the set 𝐻1(𝑘, Ad𝐆𝟎). The interpretation of Ad𝐆𝟎 as inner
automorphism group yields the short exact sequence

1 → 𝑍(𝐆𝟎) → 𝐆𝟎 → Ad𝐆𝟎 → 1,

where𝑍(𝐆𝟎) denotes the center of𝐆𝟎. By [27, section I.5.5], we obtain a coboundarymap inGalois
cohomology

𝛿1 ∶ 𝐻1(𝑘, Ad𝐆𝟎) ⟶ 𝐻2(𝑘, 𝑍(𝐆𝟎)).

Observing that 𝐀𝟎(𝑘) acts on 𝑍(𝐆𝟎), we obtain an induced 𝐀𝟎(𝑘)-action on 𝐻2(𝑘, 𝑍(𝐆𝟎))

and 𝛿1 is 𝐀𝟎(𝑘)-equivariant. Let 𝛿1 denote the corresponding orbit map. Then 𝛽 = 𝛿1(𝜂) ∈

𝐻2(𝑘, 𝑍(𝐆𝟎))∕𝐀𝟎(𝑘) is a well-defined invariant of the group 𝐆. We adopt the terminology used
by G. Harder in [7, section 3.2] and call 𝛽 the Brauer–Witt invariant of 𝐆. We have a diagram

where the lower map is surjective by [23, Theorem 6.20, p. 326]. Endowing the upper two Galois
cohomology sets with the diagonal action of 𝐀𝟎(𝑘) via the embeddings𝐀𝟎(𝑘) ⊂ 𝐀𝟎(𝑘𝑣), all maps
are equivariant.
Since 𝑍(𝐆𝟎) is a finite commutative group scheme, the 𝑘-points form a finite commutative

Galois module by functoriality, so that we obtain a description of the image of 𝑠 from Poitou–
Tate duality [6, Theorem 17.13.(c), p. 265]. To explain this, we set for short 𝑍 = 𝑍(𝐆𝟎) and we
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6 of 21 KAMMEYER and SERAFINI

let 𝑍′ = Hom(𝑍,𝐆𝐋𝟏) be the Cartier dual of 𝑍. Then we have perfect local Tate duality pairings
induced by the cup product

𝐻0(𝑘𝑣, 𝑍
′) ⊗ 𝐻2(𝑘𝑣, 𝑍) ⟶ ℚ∕ℤ

for finite places 𝑣 of 𝑘 and

𝐻0(𝑘𝑣, 𝑍
′) ⊗ 𝐻2(𝑘𝑣, 𝑍) ⟶

1

2
ℤ∕ℤ

for real places 𝑣 of 𝑘. Here only for real places 𝑣, the notation 𝐻0(𝑘𝑣, 𝑍
′) denotes the Tate coho-

mology group, meaning the quotient of the invariants 𝑍′Gal(𝑘𝑣) by the norms𝑁Gal(𝑘𝑣)
𝑍′. The local

duality pairings sum up to the perfect Poitou–Tate pairing

∏
𝑣

𝐻0(𝑘𝑣, 𝑍
′) ⊗

⨁
𝑣

𝐻2(𝑘𝑣, 𝑍) ⟶ ℚ∕ℤ. (5)

The image of 𝑠 is precisely the annihilator under this pairing of the image of 𝑡 ∶ 𝐻0(𝑘, 𝑍′) ⟶∏
𝑣 𝐻

0(𝑘𝑣, 𝑍
′). Since 𝑠 is moreover injective as proven in [23, Lemma 6.19, p. 336] or [25, p. 658],

we thus have a short exact sequence

0 ⟶ 𝐻2(𝑘, 𝑍)
𝑠
XX→

⨁
𝑣

𝐻2(𝑘𝑣, 𝑍)
𝑡∗

XXX→ 𝐻0(𝑘, 𝑍′)∗ ⟶ 0, (6)

where 𝑡∗ is the Pontryagin dual of 𝑡 obtained by applying the functor ( ⋅ )∗ = Hom( ⋅ , ℚ∕ℤ) and
the local duality isomorphisms𝐻0(𝑘𝑣, 𝑍

′)∗ ≅ 𝐻2(𝑘𝑣, 𝑍). Recall that the action of an element 𝜎 ∈

Gal(𝑘) on 𝑓 ∈ 𝑍′ is given by (𝜎𝑓)(𝑧) = 𝜎𝑓(𝜎−1𝑧) so that

𝐻0(𝑘, 𝑍′) = 𝑍′Gal(𝑘) = HomGal(𝑘)(𝑍, 𝐆𝐋𝟏),

meaning a 𝑘-defined character is just a Gal(𝑘)-equivariant character.
Returning to our Brauer–Witt invariant, the sequence (6) tells us that every element in the

𝐀𝟎(𝑘)-orbit 𝛽maps under 𝑠 to a family in
⨁

𝑣 𝐻
2(𝑘𝑣, 𝑍)which sums to zero under 𝑡∗. Wewill next

work out what this condition says explicitly for different types of the occurring Galois modules
𝑍 = 𝑍(𝐆𝟎).
If 𝑍(𝐆𝟎) = 𝜇𝑛, then 𝐻2(𝑘, 𝑍) ≅ Br𝑛(𝑘) is the subgroup of the Brauer group of 𝑘 consisting of

those elements whose order divides 𝑛 and the short exact sequence (6) becomes

0 ⟶ Br𝑛(𝑘) ⟶
⨁
𝑣

Br𝑛(𝑘𝑣) ⟶ ℤ∕𝑛 ⟶ 0

which is also immediate from the classical Albert–Brauer–Hasse–Noether theorem.We have sim-
ilar results when𝑍 ≅ 𝜇2 × 𝜇2 or𝑍 ≅ 𝐑𝑙∕𝑘(𝜇2)where𝐑𝑙∕𝑘 denotes the restriction of scalars functor
for a quadratic extension 𝑙∕𝑘. However, one more difficult case, which occurs in particular if 𝐆𝟎

has type 2𝐴2𝑛−1, stands out. In that case, we have that 𝑍 is 𝑘-isomorphic to the kernel 𝐑(1)

𝑙∕𝑘
(𝜇2𝑛)

of the norm map

𝑁∶ 𝐑𝑙∕𝑘(𝜇2𝑛) ⟶ 𝜇2𝑛
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ON THE EULER CHARACTERISTIC OF 𝑆-ARITHMETIC GROUPS 7 of 21

for a quadratic extension 𝑙∕𝑘. It will turn out that only the case when 𝑙∕𝑘 is a CM-field, meaning
𝑘 is totally real and 𝑙 is totally imaginary, needs consideration. There we have the following result.

Theorem 7. Let 𝑙∕𝑘 be a CM-field which defines the Galois module 𝑍 = 𝐑(1)

𝑙∕𝑘
(𝜇2𝑛). Then we have

a split short exact sequence

0 ⟶ 𝐻2(𝑘, 𝑍) ⟶
⨁
𝑣

𝐻2(𝑘𝑣, 𝑍) ⟶ ℤ∕2 ⟶ 0

with 𝐻2(𝑘𝑣, 𝑍) ≅ ℤ∕2𝑛 if 𝑣 splits in 𝑙 and 𝐻2(𝑘𝑣, 𝑍) ≅ ℤ∕2 if 𝑣 is non-split. The map to ℤ∕2 sums
up the ℤ∕2-reductions of all coordinates.

Note that it was shown in [25, Theorem 3] that in general, the map 𝐻2(𝑘, 𝑍) ⟶⨁
𝑣≠𝑣0

𝐻2(𝑘𝑣, 𝑍) is injective if and only if 𝑣0 does not split in a certain extension 𝑙∕𝑘 defined by
the quasi-split type. The theorem makes this statement quantitative in type 2𝐴2𝑛−1: If 𝑣0 splits in
𝑙, then the map is 𝑛 to one. We start the proof by determining the abelian groups𝐻2(𝑘𝑣, 𝑍) for the
various places 𝑣 of 𝑘.

Proposition 8. If the place 𝑣 of 𝑘 splits in 𝑙, then 𝐻2(𝑘𝑣, 𝑍) ≅ ℤ∕2𝑛. If 𝑣 is inert or ramified in 𝑙,
then𝐻2(𝑘𝑣, 𝑍) ≅ ℤ∕2.

Proof. First, we recall that for every 𝑙-group𝐇, we have

𝐑𝑙∕𝑘(𝐇) ≅
∏
𝑤∣𝑣

𝐑𝑙𝑤∕𝑘𝑣
(𝐇)

as Gal(𝑘𝑣)-modules. This is stated in [23, p. 50] without proof, so let us quickly say that this holds
because for every extension 𝐸∕𝑘𝑣, we have a chain of natural isomorphisms

𝐑𝑙∕𝑘(𝐇)(𝐸) ≅ 𝐇(𝑙 ⊗𝑘 𝐸) ≅ 𝐇((𝑙 ⊗𝑘 𝑘𝑣) ⊗𝑘𝑣
𝐸) ≅ 𝐇((

∏
𝑤∣𝑣 𝑙𝑤) ⊗𝑘𝑣

𝐸)

≅ 𝐇(
∏

𝑤∣𝑣(𝑙𝑤 ⊗𝑘𝑣
𝐸)) ≅

∏
𝑤∣𝑣 𝐇(𝑙𝑤 ⊗𝑘𝑣

𝐸) ≅
∏

𝑤∣𝑣 𝐑𝑙𝑤∕𝑘𝑤
(𝐇)(𝐸).

In the special case𝐇 = 𝜇2𝑛, we obtain

𝐻1(𝑘𝑣, 𝐑𝑙∕𝑘(𝜇2𝑛)) ≅
∏
𝑤∣𝑣

𝐻1(𝑘𝑣, 𝐑𝑙𝑤∕𝑘𝑤
(𝜇2𝑛)) ≅

∏
𝑤∣𝑣

𝐻1(𝑙𝑤, 𝜇2𝑛)

by Shapiro’s lemma [23, p. 20 and below Lemma 2.3, p. 73]. Therefore,

𝐻1(𝑘𝑣, 𝐑𝑙∕𝑘(𝜇2𝑛)) ≅
∏
𝑤∣𝑣

𝑙∗𝑤∕(𝑙
∗
𝑤)

2𝑛.

Similarly, we have an isomorphism

𝐻2(𝑘𝑣, 𝐑𝑙∕𝑘(𝜇2𝑛)) ≅
∏
𝑤∣𝑣

Br2𝑛(𝑙𝑤).
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8 of 21 KAMMEYER and SERAFINI

Thus the short exact sequence

1 → 𝐑(1)

𝑙∕𝑘
(𝜇2𝑛) → 𝐑𝑙∕𝑘(𝜇2𝑛) → 𝜇2𝑛 → 1

induces an exact Galois cohomology sequence

∏
𝑤∣𝑣

𝑙∗𝑤∕(𝑙
∗
𝑤)

2𝑛
𝑁𝑣
XXX→ 𝑘∗𝑣∕(𝑘

∗
𝑣)

2𝑛 → 𝐻2(𝑘𝑣, 𝑍) →
∏
𝑤∣𝑣

Br2𝑛(𝑙𝑤)
𝑁𝑣
XXX→ Br2𝑛(𝑘𝑣)

which can take one of two forms. On the one hand, if 𝑣 splits in 𝑙, meaning 𝑙 ⊂ 𝑘𝑣, then the norm
maps

𝑁∶
∏
𝑤∣𝑣

𝑙∗𝑤 ⟶ 𝑘∗𝑣 and 𝑁∶
∏
𝑤∣𝑣

Br2𝑛(𝑙𝑤) ⟶ Br2𝑛(𝑘𝑣)

reduce to the maps 𝑘∗𝑣 × 𝑘∗𝑣 ⟶ 𝑘∗𝑣 and Br2𝑛(𝑘𝑣) × Br2𝑛(𝑘𝑣) → Br2𝑛(𝑘𝑣) given by multiplication.
Exactness of the sequence thus shows that

𝐻2(𝑘𝑣, 𝑍) ≅ {(𝑥, 𝑥−1)∶ 𝑥 ∈ Br2𝑛(𝑘𝑣)} ≅ Br2𝑛(𝑘𝑣),

so abstractly 𝐻2(𝑘𝑣, 𝑍) ≅ ℤ∕2𝑛 if 𝑣 is split. Note that real places of 𝑘 do not split because 𝑙 is
a CM-field.
On the other hand, if 𝑣 is inert or ramified in 𝑙, then 𝑣 extends to a unique valuation𝑤 on 𝑙. We

obtain the corresponding unique quadratic extension 𝑙𝑤∕𝑘𝑣. If 𝑤 is non-archimedean, then the
norm map 𝑁𝑣 ∶ Br2𝑛(𝑙𝑤) ⟶ Br2𝑛(𝑘𝑣) is an isomorphism because it extends to the corestriction
map Br(𝑙𝑤) ⟶ Br(𝑘𝑣) which is well-known to be an isomorphism for extensions of local fields,
see, for instance, [19, Satz 10, p. 311]. Of course, if 𝑤 is complex, then Br2𝑛(𝑙𝑤) is trivial, so 𝑁𝑣

has trivial kernel, too. Since 𝑙𝑤∕𝑘𝑣 is quadratic, we have (𝑘∗𝑣)
2𝑛 ⊆ 𝑁(𝑙∗𝑤), hence exactness of the

sequence and local Artin reciprocity show that

𝐻2(𝑘𝑣, 𝑍) ≅ 𝑘∗𝑣∕𝑁(𝑙∗𝑤) ≅ Gal(𝑙𝑤∕𝑘𝑣) ≅ ℤ∕2. □

Next, we want to determine the group of 𝑘-characters

𝐻0(𝑘, 𝑍′) = HomGal(𝑘)

(
𝐑(1)

𝑙∕𝑘
(𝜇2𝑛), 𝐆𝐋𝟏

)
.

To this end, we need to understand the action Gal(𝑘) ↷ 𝐑(1)

𝑙∕𝑘
(𝜇2𝑛).

Proposition 9. The Galois module 𝐑(1)

𝑙∕𝑘
(𝜇2𝑛) is given by the abelian group 𝜇2𝑛(𝑘) on which 𝜎 ∈

Gal(𝑘) acts functorially and in addition by inversion if 𝜎 ∉ Gal(𝑙).

Proof. Pick 𝛼 ∈ 𝑘 such that 𝑙 = 𝑘(
√
𝛼) to compute

𝑙 ⊗𝑘 𝑘 ≅ 𝑘[𝑥]∕(𝑥2 − 𝛼) ⊗𝑘 𝑘 ≅ 𝑘[𝑥]∕(𝑥2 − 𝛼)

≅ 𝑘[𝑥]∕(𝑥 −
√
𝛼) × 𝑘[𝑥]∕(𝑥 +

√
𝛼) ≅ 𝑘 × 𝑘,
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ON THE EULER CHARACTERISTIC OF 𝑆-ARITHMETIC GROUPS 9 of 21

where the last isomorphism is the product of the evaluation maps in
√
𝛼 and −

√
𝛼, respectively.

Thus the Galois action on the étale algebra 𝑙 ⊗ 𝑘 has the following description under this isomor-
phism. Every 𝜎 ∈ Gal(𝑙) ⊂ Gal(𝑘) acts diagonally on 𝑘 × 𝑘 while every 𝜎 ∈ Gal(𝑘) ⧵ Gal(𝑙) acts
diagonally and by swapping the two coordinates. We thus have

𝐑𝑙∕𝑘(𝜇2𝑛)(𝑘) ≅ 𝜇2𝑛(𝑙 ⊗𝑘 𝑘) ≅ 𝜇2𝑛(𝑘) × 𝜇2𝑛(𝑘),

where again 𝜎 ∈ Gal(𝑘) acts diagonally and by swapping if 𝜎 does not fix 𝑙 pointwise. Under this
isomorphism, the inclusion𝐑𝑙∕𝑘(𝜇2𝑛)(𝑘) ⊂ 𝐑𝑙∕𝑘(𝜇2𝑛)(𝑘) becomes the diagonal inclusion 𝜇2𝑛(𝑙) ⊂

𝜇2𝑛(𝑘) × 𝜇2𝑛(𝑘) induced by the two embeddings of 𝑙 in 𝑘. Hence the norm map

𝑁∶ 𝐑𝑙∕𝑘(𝜇2𝑛)(𝑘) ⟶ 𝜇2𝑛(𝑘)

corresponds to the product map

𝜇2𝑛(𝑘) × 𝜇2𝑛(𝑘) ⟶ 𝜇2𝑛(𝑘)

and 𝐑(1)

𝑙∕𝑘
(𝜇2𝑛)(𝑘) is the subgroup of 𝜇2𝑛(𝑘) × 𝜇2𝑛(𝑘) given by pairs of conjugate (equivalently

inverse) roots of unity. □

Still assuming that 𝑙∕𝑘 is a CM-field, we abbreviate for simplicity 𝜇(𝑙)
2𝑛

= 𝐑(1)

𝑙∕𝑘
(𝜇2𝑛) in what

follows. Let us compute the 𝑘-character group

𝐻0(𝑘, 𝑍′) = HomGal(𝑘)(𝜇
(𝑙)
2𝑛
, 𝜇2𝑛).

Since Hom(𝜇(𝑙)
2𝑛
, 𝜇2𝑛) consists of the maps 𝑓(𝜁) = 𝜁𝑘 for 𝑘 = 0,… , 2𝑛 − 1 and 𝜁 = exp(𝜋i∕𝑛), the

Gal(𝑘)-equivariance condition𝑓(𝜎(𝜁)) = 𝜎(𝑓(𝜁)) for all𝜎 ∈ Gal(𝑘) gives 𝜁−𝑘 = 𝜁𝑘 or equivalently
𝑘 ∈ {0, 𝑛}. Thus

𝐻0(𝑘, 𝑍′) = {𝜁 ↦ 1, 𝜁 ↦ −1} ≅ ℤ∕2

and accordingly𝐻0(𝑘𝑣, 𝑍
′) = HomGal(𝑘𝑣)

(𝜇(𝑙)
2𝑛
, 𝜇2𝑛) is isomorphic to eitherℤ∕2𝑛 orℤ∕2 depending

on whether 𝑣 splits (meaning 𝑙 ⊂ 𝑘𝑣 so that 𝜇
(𝑙)
2𝑛

= 𝜇2𝑛 over 𝑘𝑣) or does not split in 𝑙, respectively.
If 𝑣 is a real place, recall that we adopted the usual convention that𝐻0(𝑘𝑣, 𝑍

′) denotes in fact the
Tate cohomology group 𝐻̂0(𝑘𝑣, 𝑍

′) defined as the quotient of the invariants 𝑍′Gal(𝑘𝑣) by the norms
𝑁Gal(𝑘𝑣)

𝑍′. Since in a CM-field extension all real places of 𝑘 become complex in 𝑙, we have

𝐻0(𝑘𝑣, 𝑍
′) ≅ {𝜁 ↦ ±1}∕{1} ≅ ℤ∕2

for each real place 𝑣. We are now readily prepared to prove the theorem.

Proof of Theorem 7. By Proposition 8 and the above calculations, the local Tate duality pairings

𝐻0(𝑘𝑣, 𝑍
′) ⊗ 𝐻2(𝑘𝑣, 𝑍) ⟶ ℚ∕ℤ
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10 of 21 KAMMEYER and SERAFINI

are perfect parings of the form

ℤ∕2𝑛 ⊗ ℤ∕2𝑛 ⟶ ℤ∕2𝑛 ⊂ ℚ∕ℤ if 𝑣 is split,

ℤ∕2 ⊗ ℤ∕2 ⟶ ℤ∕2 ⊂ ℚ∕ℤ if 𝑣 is non-split.

Hence global Poitou–Tate duality takes the form that the image of

𝑠 ∶ 𝐻2(𝑘, 𝑍) ⟶
⨁
𝑣

𝐻2(𝑘𝑣, 𝑍)

is the annihilator of the element ((𝑛, 𝑛, …), (1, 1, …)) in the product

∏
𝑣

𝐻0(𝑘𝑣, 𝑍
′) ≅

∏
𝑣 split

ℤ∕2𝑛 ×
∏

𝑣 non-split
ℤ∕2

with respect to the pairing (5). Equivalently, it is the annihilator of the element (1, 1, …) if we com-
pose the pairings ℤ∕2𝑛 ⊗ ℤ∕2𝑛 ⟶ ℤ∕2𝑛 ⊂ ℚ∕ℤ with the canonical projection ℤ∕2𝑛 → ℤ∕2.
Together with the injectivity of 𝑠 that we already mentioned, this completes the proof. □

4 ADELICALLY ISOMORPHIC GROUPS

In this section, we collect some properties that two simple algebraic groupsmust share if they con-
tain 𝑆-arithmetic subgroupswith isomorphic congruence completions.We denote by𝔸𝑘,𝑆 the ring
of 𝑆-adeles of 𝑘, meaning the subring of the product

∏
𝑣∉𝑆 𝑘𝑣 consisting of those elements which

have almost all coordinates in the valuation ring𝑣 ⩽ 𝑘𝑣.Wehave a diagonal embedding 𝑘 ⩽ 𝔸𝑘,𝑆 .
It is a well-known consequence of strong approximation [23, Theorem 7.12, p. 427] that the con-
gruence completion Γ of any infinite 𝑆-arithmetic subgroup Γ ⩽ 𝐆(𝑘) coincides with the closure
of Γ in 𝐆(𝔸𝑘,𝑆) along the embedding Γ ⩽ 𝐆(𝑘) ⩽ 𝐆(𝔸𝑘,𝑆), and this closure is an open compact
subgroup of 𝐆(𝔸𝑘,𝑆).
Returning to the setting of Theorem 1, the commensurability of the congruence completions Γ1

and Γ2 thus effects that a finite index subgroup of Γ1 embeds into𝐆𝟐(𝔸𝑘2,𝑆2
) such that the closure

of the image has non-empty interior and vice versa. Thus, the assumptions of adelic superrigid-
ity [12, Theorem 3.2] are satisfied and we conclude as in [12, Theorem 3.4] that there exists an
isomorphism 𝜙∶ 𝔸𝑘1,𝑆1

≅
X→ 𝔸𝑘2,𝑆2

over which𝐆𝟏 and𝐆𝟐 are isomorphic. In fact, loc. cit. states this
in case 𝑆𝑖 consists of the infinite places only. But the extension to general finite sets of places 𝑆𝑖 is
explained in [13, Appendix A]. Note that there we require that 𝑆𝑖 contains no finite places at which
𝐆𝐢 is anisotropic which we may assume replacing Γ𝑖 with a finite index subgroup if need be. In
fact, by construction the isomorphism 𝜙 is assembled from local isomorphisms 𝜙𝑣 ∶ 𝑘1𝑣

≅
X→ 𝑘2𝑗(𝑣)

where 𝑗 ∶ 𝑆𝑐
1

≅
X→ 𝑆𝑐

2
is a bijection between the complements of 𝑆1 and 𝑆2, and the isomorphism

𝐆𝟏 ≅𝜙 𝐆𝟐 splits into isomorphisms𝐆𝟏 ≅𝜙𝑣
𝐆𝟐 for 𝑣 ∈ 𝑆𝑐

1
. This shows in particular that𝐆𝟏 and𝐆𝟐

have the same Cartan–Killing type.
Let 𝐆𝟎,𝐢 be the unique quasi-split 𝑘𝑖-group of which 𝐆𝐢 is an inner 𝑘𝑖-form. As we explained in

the previous section, we have a corresponding finite group scheme𝐀𝟎,𝐢 of outer automorphisms of
𝐆𝟎,𝐢. The group𝐆𝐢 determines a well-defined Brauer–Witt invariant 𝛽𝑖 ∈ 𝐻2(𝑘𝑖, 𝑍(𝐆𝟎,𝐢))∕𝐀𝟎,𝐢(𝑘𝑖).
Since𝐆𝟏 ≅𝜙𝑣

𝐆𝟐 for 𝑣 ∈ 𝑆𝑐
1
, we have isomorphisms𝐆𝟎,𝟏 ≅𝜙𝑣

𝐆𝟎,𝟐 for 𝑣 ∈ 𝑆𝑐
1
such that the induced
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ON THE EULER CHARACTERISTIC OF 𝑆-ARITHMETIC GROUPS 11 of 21

isomorphisms

𝐻2(𝑘1𝑣, 𝑍(𝐆𝟎,𝟏))∕𝐀𝟎,𝟏(𝑘1𝑣)
≅
XXX→ 𝐻2(𝑘2𝑗(𝑣), 𝑍(𝐆𝟎,𝟐))∕𝐀𝟎,𝟐(𝑘2𝑗(𝑣)) (10)

send the localizations 𝛽1𝑣 to 𝛽2𝑗(𝑣).
For what comes next, we single out the case when 𝐆𝟏 and 𝐆𝟐 have type 2𝐴2𝑛−1 or 2𝐷𝑛. In that

case, we always have 𝐻0(𝑘𝑖, 𝑍(𝐆𝟎,𝐢)) ≅ ℤ∕2 and we verify in the next proposition that the local
Tate duality homomorphism descends to a map

𝐻2(𝑘𝑖𝑣, 𝑍(𝐆𝟎,𝐢))∕𝐀𝟎,𝐢(𝑘𝑖𝑣) ⟶ 𝐻0(𝑘𝑖, 𝑍(𝐆𝟎,𝐢)
′)∗ ≅ ℤ∕2 (11)

on𝐀𝟎,𝐢(𝑘𝑖𝑣)-orbits. So we obtain well-defined “mod 2 reductions” 𝛽𝑖𝑣 ∈ ℤ∕2 of local Brauer–Witt
invariants such that 𝛽1𝑣 = 𝛽2𝑗(𝑣) for 𝑣 ∈ 𝑆𝑐

1
:

Proposition 12. Let𝐆𝟏 and𝐆𝟐 be of type 2𝐴2𝑛−1 or 2𝐷𝑛. Then for all 𝑣 ∈ 𝑆𝑐
𝑖
, the isomorphism (10)

and the maps (11) form a well-defined commutative triangle

Proof. If𝐆𝟏 and𝐆𝟐 are of type 2𝐴2𝑛−1 or 2𝐷2𝑛+1, we have 𝑍(𝐆𝐢) ≅ 𝐑(1)

𝑙∕𝑘
(𝜇2𝑛) or 𝑍(𝐆𝐢) ≅ 𝐑(1)

𝑙∕𝑘
(𝜇4),

respectively. Suppose 𝐆𝐢 and hence 𝐆𝟎,𝐢 remains an outer form at 𝑣 ∈ 𝑆𝑐
𝑖
. Then we saw in

Proposition 8 that 𝐻2(𝑘𝑖𝑣, 𝑍(𝐆𝟎,𝐢)) ≅ ℤ∕2. This implies that the 𝐀𝟎,𝐢(𝑘𝑖𝑣)-action (by group auto-
morphisms!) is trivial and the triangle just consists of the unique isomorphisms between two
cyclic groups of order two.
If on the other hand 𝐆𝟎,𝐢 splits at 𝑣, then Proposition 8 says that 𝐻2(𝑘𝑖𝑣, 𝑍(𝐆𝟎,𝐢))) ≅ ℤ∕2𝑛 is

cyclic, so the map

𝐻2(𝑘𝑖𝑣, 𝑍(𝐆𝟎,𝐢)) ⟶ 𝐻0(𝑘𝑖, 𝑍(𝐆𝟎,𝐢)
′)∗ ≅ ℤ∕2 (13)

must be the unique surjective homomorphism. It is explained in [17, p. 254] that the 𝐀𝟎,𝐢(𝑘𝑖𝑣)-
action on 𝐻2(𝑘𝑖𝑣, 𝑍(𝐆𝟎,𝐢)) is given by inversion so the map is well-defined on 𝐀𝟎,𝐢(𝑘𝑖𝑣)-orbits. By
uniqueness, the triangle commutes.
Now assume 𝐆𝟏 and 𝐆𝟐 are of type 2𝐷2𝑛. Then 𝑍(𝐆𝐢) ≅ 𝐑𝑙∕𝑘(𝜇2). If 𝐆𝟎,𝐢 is an outer form

at 𝑣 ∈ 𝑆𝑐
𝑖
, then 𝐻2(𝑘𝑖𝑣, 𝑍(𝐆𝟎,𝐢)) ≅ ℤ∕2 so the same arguments as above apply. If 𝐆𝟎,𝐢 splits at

𝑣, then decoding the definition of local Tate duality via cup products, the map (13) can be
canonically identified with the addition ℤ∕2 ⊕ ℤ∕2 → ℤ∕2. The 𝐀𝟎,𝟏(𝑘𝑖𝑣)-action swaps the two
coordinates, so the map is well-defined on 𝐀𝟎,𝐢(𝑘𝑖𝑣)-orbits. The triangle commutes because

the horizontal isomorphism is induced by a ℤ∕2-equivariant isomorphism 𝐻2(𝑘1𝑣, 𝑍(𝐆𝟎,𝟏))
≅
X→

𝐻2(𝑘2𝑗(𝑣), 𝑍(𝐆𝟎,𝟐)). □

In the types of the proposition, we have seen that the map 𝑡∗ in the Poitou–Tate sequence (6)
just sums up the mod 2 reductions, so we obtain the following corollary.
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12 of 21 KAMMEYER and SERAFINI

Proposition 14. Let 𝐆𝟏 and 𝐆𝟐 be of type 2𝐴2𝑛−1 or 2𝐷𝑛. Then

∑
𝑣∈𝑆1

𝛽1𝑣 =
∑
𝑣∈𝑆2

𝛽2𝑗(𝑣)

in𝐻0(𝑘𝑖, 𝑍
′) ≅ ℤ∕2.

Proof. By Poitou–Tate duality, the sum of all reduced local Brauer–Witt invariants is zero for 𝐆𝟏

and 𝐆𝟐. By the previous proposition, the same number of nontrivial summands occur in 𝑆𝑐
1
and

𝑆𝑐
2
. □

As another consequence of the isomorphism 𝐆𝟏 ≅𝜙 𝐆𝟐, we record the following observation.

Proposition 15. We have |𝑆1| = |𝑆2|. Let moreover 𝑛𝑖 be the number of non-archimedean places in
𝑆𝑖 at which 𝐆𝐢 is an outer form of order two. If 𝐆𝐢 is of triality type 6𝐷4, assume that 𝑘𝑖 = ℚ. Then
𝑛1 = 𝑛2.

Proof. Since we have𝔸𝑘1,𝑆1
≅ 𝔸𝑘2,𝑆2

, the number fields 𝑘1 and 𝑘2 have the same unordered tuples
of inertia degrees over almost every rational prime 𝑝. It then follows that they have the same
unordered tuples of inertia degrees over every prime 𝑝 [16, Theorem III.1.3, p. 77], meaning 𝑘1
and 𝑘2 are arithmetically equivalent. This shows in particular that every rational prime splits into
the same number of primes in 𝑘1 and 𝑘2. Additionally, arithmetically equivalent number fields
have the same signature [16, Theorem III.1.4.h), p. 79], meaning the same number of real and
complex places, respectively. So the bijection 𝑗 ∶ 𝑆𝑐

1
→ 𝑆𝑐

2
can be extended to a bijection 𝑆1 → 𝑆2

which shows |𝑆1| = |𝑆2|.
Let 𝐆 be the unique simply connected simple ℚ-split group of the same Cartan–Killing type as

𝐆𝟏 and 𝐆𝟐. Let Δ be the Dynkin diagram of 𝐆. The symmetry group SymΔ of the diagram can
be identified with the outer automorphism group of 𝐆. Then 𝐆𝐢 corresponds to a unique class
[𝑎𝑖] ∈ 𝐻1(𝑘𝑖, Aut𝐆) and we let [𝑏𝑖] be the image of [𝑎𝑖] in𝐻1(𝑘𝑖, SymΔ). Since SymΔ is a trivial
Galoismodule, the cohomology class [𝑏𝑖] is in fact a conjugacy class of homomorphismsGal(𝑘𝑖) →
SymΔ. The Galois extension 𝑙𝑖∕𝑘𝑖 determined by the corresponding kernel is minimal with the
property that 𝐆𝐢 becomes an inner form over 𝑙𝑖 . We claim that also 𝑙1 and 𝑙2 are arithmetically
equivalent to one another. Indeed, for each 𝑣 ∈ 𝑆𝑐

1
, the fact that 𝐆𝟏 is isomorphic to 𝐆𝟐 over the

isomorphism 𝜙𝑣 means that 𝜙𝑣 induces a commutative square

such that the vertical maps send [𝑎1] to [𝑎2] and [𝑏1] to [𝑏2], respectively. It follows that for each
𝑣 ∈ 𝑆𝑐

1
, we have 𝑙1𝑤 ≅ 𝑙2𝑤′ for all places 𝑤 ∣ 𝑣 and 𝑤′ ∣ 𝑗(𝑣), so 𝑙1 and 𝑙2 are arithmetically equiv-

alent. Now if [𝑙𝑖 ∶ 𝑘𝑖] equals one or three, we have 𝑛1 = 𝑛2 = 0. If [𝑙𝑖 ∶ 𝑘𝑖] = 2, then 𝐆𝐢 is an outer
form of order two at a non-archimedean place 𝑣 ∈ 𝑆𝑖 if and only if 𝑣 is inert or ramified in 𝑙𝑖 . Let
𝑚𝑖 be the number of non-archimedean places of 𝑘𝑖 in 𝑆𝑖 and let 𝑟𝑖 be the number of places of 𝑙𝑖
that lie over non-archimedean places of 𝑘𝑖 in 𝑆𝑖 . Then 𝑛𝑖 = 2𝑚𝑖 − 𝑟𝑖 . We have 𝑚1 = 𝑚2 by what
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ON THE EULER CHARACTERISTIC OF 𝑆-ARITHMETIC GROUPS 13 of 21

we discussed above. Since 𝑙1 and 𝑙2 are arithmetically equivalent, we also have 𝑟1 = 𝑟2, hence
𝑛1 = 𝑛2.
Finally, if [𝑙𝑖 ∶ 𝑘𝑖] = 6, then𝐆𝐢 has type 6𝐷4, so by assumption 𝑘𝑖 = ℚmeaning 𝑙𝑖 has degree six

over ℚ. It is then a result of Perlis [21] that all number fields of degree six or less over ℚ are arith-
metically solitary, meaning arithmetical equivalence implies isomorphism. So 𝑙1 ≅ 𝑙2, whence
𝑛1 = 𝑛2. □

The fact that the fields 𝑙1 and 𝑙2 from the last proof are arithmetically equivalent allows the
following conclusion.

Proposition 16. The Lie groups
∏

𝑣∣∞ 𝐆𝟏(𝑘1𝑣) and
∏

𝑣∣∞ 𝐆𝟐(𝑘2𝑣) have the same number of inner
real, outer real, and complex factors.

Proof. Recall that arithmetically equivalent fields have the same signature. Denote the common
signature of 𝑘1 and 𝑘2 by (𝑟, 𝑠) and denote the common signature of 𝑙1 and 𝑙2 by (𝑅, 𝑆). Then the
number of inner real factors in the above Lie group is 𝑅∕2, the number of outer real factors is 𝑆 − 𝑠

and the number of complex factors is 𝑠. □

Proposition 17. The Lie groups
∏

𝑣∣∞ 𝐆𝟏(𝑘1𝑣) and
∏

𝑣∣∞ 𝐆𝟐(𝑘2𝑣)have the same fundamental rank.

Proof. By [14, Proposition 2,9], all inner real forms of the same Cartan–Killing type have the same
fundamental rank and the sameholds for the outer real forms. The complex factors are isomorphic
of course. □

Corollary 18. We have 𝜒(Γ1) = 0 if and only if 𝜒(Γ2) = 0.

Proof. As we saw in Section 2, we have 𝜒(Γ𝑖) = 0 if and only if the Lie group
∏

𝑣∣∞ 𝐆𝐢(𝑘𝑖𝑣) has
positive fundamental rank. □

5 THE SIGN OF THE EULER CHARACTERISTIC BY CARTAN TYPE

In this section, we will go through all inner and outer Cartan–Killing types to see that the rele-
vant sum formula for the local Brauer–Witt invariants implies the equality 𝑑(𝐆𝟏) = 𝑑(𝐆𝟐). It will
turn out that in some types, this will be automatic because 𝑑(𝐆𝐢) has to vanish anyway and so
this section gives the proof of Theorem 3 along the way. As we explained at the end of Section 2,
Corollary 18 allows us to assume 𝑘𝑖 is totally real in what follows and that 𝐆𝐢 has no real form of
positive fundamental rank at any real place. We will freely use the classification theory of simple
algebraic groups by Tits indices as outlined in [28]. Recall that the fields 𝑙1 and 𝑙2 introduced in
the proof of Proposition 15 are arithmetically equivalent, so they have same degree over 𝑘1 and 𝑘2,
respectively. Therefore, both 𝐆𝟏 and 𝐆𝟐 have the same inner or outer Cartan–Killing type, so we
can proceed case by case through the types as follows.
Type 𝐸8, 𝐹4, 𝐺2. If 𝐆𝟎,𝐢 has type 𝐸8, 𝐹4, or 𝐺2, then 𝑍(𝐆𝟎,𝐢) is trivial, and hence so are all local

and global Brauer–Witt invariants. TheDynkin diagrams of these types do not have symmetries so
that for non-archimedean 𝑣, the set 𝐻1(𝑘𝑣, Aut𝐆𝟎,𝐢) ≅ 𝐻1(𝑘𝑣, Ad𝐆𝟎,𝐢) is a singleton by Kneser’s
theorem [17], meaning that there exists only the split form of these types over 𝑘𝑖𝑣. In particular,
all forms have even 𝑘𝑖𝑣-rank. We infer, for instance, from [8, table V, p. 518] that the dimension
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14 of 21 KAMMEYER and SERAFINI

of each symmetric spaces corresponding to a real form of one of these types is a multiple of four.
Therefore, we always have 𝑑(𝐆𝐢) = 0.
Type 1𝐴𝑛 for 𝑛 ⩾ 2, 1𝐷2𝑛+1 for 𝑛 ⩾ 2, 1𝐸6. The inner real forms of these types are (up to isogeny)

the groups SL𝑛+1(ℝ), SU∗(𝑛 + 1) for 𝑛 odd, SO0(𝑝, 𝑞) with 𝑝, 𝑞 both odd and 𝑝 + 𝑞 ≡ 2 mod 4,
𝐸6(6), and 𝐸6(−26). All these groups have positive fundamental rank. Note in particular that the
anisotropic real forms are not listed as they are outer forms in these Cartan–Killing types. Hence
there is nothing left to show in this case.
Type 2𝐸6. Since the inner real forms of type 1𝐸6 have positive fundamental rank, only the outer

real forms 𝐸6(2), 𝐸6(−14) (and the compact form 𝐸6(−78)) of type 2𝐸6 can occur at the real places of
𝑘. The corresponding symmetric spaces have dimension 40 and 32 (and 0), so half the dimension
is always even. According to the Tits tables [28], at the non-archimedean places, either the split
form (of rank six) the quasi-split form (of rank four) or a certain inner form of rank two can occur.
So we always have 𝑑(𝐆𝐢) = 0.
Type 2𝐴2𝑛 for 𝑛 ⩾ 1. The inner real forms of this type have positive fundamental rank, so only

the outer ones can occur at archimedean places. These are (up to isogeny) the groups SU(𝑝, 𝑞)with
𝑝 + 𝑞 = 2𝑛 + 1. Hence 𝑝 and 𝑞 cannot both be odd, so the dimension of the symmetric space 2𝑝𝑞
is always amultiple of four. At any non-archimedean place, the form can either be the outer quasi-
split form, which has 𝑘𝑖𝑣-rank 𝑛, or it is an inner form of 𝑘𝑖𝑣-rank

2𝑛+1

𝑑
− 1 for some 𝑑 ∣ (2𝑛 + 1).

So in the latter case, the 𝑘𝑖𝑣-rank is even. Thus, 𝑑(𝐆𝐢) = 0 if 𝑛 is even. If 𝑛 is odd, then 𝑑(𝐆𝐢)

equals (mod 2) the number of non-archimedean places 𝑣 ∈ 𝑆 at which 𝐆𝐢 is the outer quasi-split
form. But this is just the number of non-archimedean places 𝑣 ∈ 𝑆 where 𝐆𝟎,𝐢 remains outer, so
𝑑(𝐆𝟏) = 𝑑(𝐆𝟐) by Proposition 15.
Type 2𝐴2𝑛−1 for 𝑛 ⩾ 2. Again, the inner real forms have positive fundamental rank, so only the

outer forms SU(𝑝, 𝑞)with 𝑝 + 𝑞 = 2𝑛 can occur at real places. This means in particular that each
real place of 𝑘𝑖 becomes complex in 𝑙𝑖 . In other words, 𝑙𝑖∕𝑘𝑖 is a CM-field. The dimension of the
symmetric space 2𝑝𝑞 is 0mod 4, or 2mod 4, depending on whether 𝑝 and 𝑞 are both even or both
odd. At any non-archimedean place 𝑣, the form can either be one of the two outer forms with Tits
indices

of 𝑘𝑖𝑣-rank 𝑛 and 𝑛 − 1, respectively, or it is an inner form of 𝑘𝑖𝑣-rank
2𝑛

𝑑
− 1 for some 𝑑 ∣ 2𝑛. So

each place possibly affects the outcome of 𝑑(𝐆𝐢).
We first verify that the local Brauer–Witt invariant at a real place 𝑣 of 𝑘𝑖 determines half the

dimension of the associated symmetric space mod 2. By what we just said, the quasi-split group
𝐆𝟎,𝐢 is isomorphic to the unique quasi-split real form 𝐒𝐔(𝑛, 𝑛) at every real place. Hence at each
real place, the exact Galois cohomology sequence takes the form

𝐒𝐔(𝑛, 𝑛)(ℝ)
𝜋0
ℝ

XXX→ 𝐏𝐒𝐔(𝑛, 𝑛)(ℝ)
𝛿0
ℝ

XX→ 𝐻1(ℝ, 𝑍) → 𝐻1(ℝ, 𝐒𝐔(𝑛, 𝑛))
𝜋1
ℝ

XXX→

→ 𝐻1(ℝ, 𝐏𝐒𝐔(𝑛, 𝑛))
𝛿1
ℝ

XX→ 𝐻2(ℝ, 𝑍)

with 𝑍 = 𝑍(𝐒𝐔(𝑛, 𝑛)) denoting the center. The Lie group 𝐒𝐔(𝑛, 𝑛)(ℝ) is connected while
𝐏𝐒𝐔(𝑛, 𝑛)(ℝ) has two connected components. Thus, 𝛿0

ℝ
is surjective because𝐻1(ℝ, 𝑍) ≅ {±1}, as
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ON THE EULER CHARACTERISTIC OF 𝑆-ARITHMETIC GROUPS 15 of 21

we infer from [23, (6.30), p. 332]. It follows that 𝜋1
ℝ
has trivial kernel but it is not injective. In fact,

the set𝐻1(ℝ, 𝐒𝐔(𝑛, 𝑛)) classifies isometry classes of nonsingular hermitian forms on the complex
vector space ℂ2𝑛 with discriminant one [18, p. 403] (note the sign convention implemented there
gives that the split hermitian form (𝑛, 𝑛) has discriminant one). The map 𝜋1

ℝ
sends a hermitian

form to the class of the corresponding unitary group, hence precisely the forms with signature
(𝑝, 𝑞) and (𝑞, 𝑝) have the same image. Since we saw above that 𝐻2(ℝ, 𝑍) ≅ ℤ∕2, we conclude
from exactness that 𝛿1

ℝ
sends the class of the real form 𝐒𝐔(𝑝, 𝑞) to the discriminant of the under-

lying hermitian formwhich is (−1)𝑝 = (−1)𝑞 = (−1)𝑝𝑞 because 𝑝 + 𝑞 = 2𝑛 is even. Thus, at each
real place, the Brauer–Witt invariant of a real form agrees mod 2 with the middle dimension of
the symmetric space of the real form.
Now let 𝑣 be a non-archimedean place. If 𝑣 does not split in 𝑙, there exist only two 𝑘𝑖𝑣-forms

whose 𝑘𝑖𝑣-rank differs by one. So we see that the Brauer–Witt invariant also determines the 𝑘𝑖𝑣-
rank mod 2 at such places.
Finally, for a split non-archimedean place 𝑣, it can be inferred for instance from [22, 17.10, Corol-

lary a.(iii), p. 339] that the Brauer–Witt invariant 𝛽𝑖 ∈ 𝐻2(𝑘𝑖𝑣, 𝑍) ≅ Br2𝑛(𝑘𝑖𝑣) ≅ ℤ∕2𝑛 is 2𝑛

𝑑
where

𝑑 is the Schur index of the 𝑘𝑖𝑣-division algebra 𝐷 in the corresponding 𝑘𝑖𝑣-form 𝐒𝐋𝑟+1(𝐷) where
(𝑟 + 1)𝑑 = 2𝑛. Thus the Brauer–Witt invariant determines the 𝑘𝑖𝑣-rank 𝑟 = 2𝑛

𝑑
− 1 mod 2𝑛 and

hence the Brauer–Witt invariant reduced to ℤ∕2 determines the 𝑘𝑖𝑣-rank mod 2. In conclusion,
we obtain 𝑑(𝐆𝟏) = 𝑑(𝐆𝟐) from Proposition 14.
Type 2𝐷2𝑛+1. In this case, we have 𝑍(𝐆𝟎,𝐢) ≅ 𝐑(1)

𝑙𝑖∕𝑘𝑖
(𝜇4). The inner real forms of this type have

positive fundamental rank. Hence, we can again assume that 𝑙𝑖∕𝑘𝑖 is a CM-field, so Theorem 7
applies with 𝑛 = 2. The outer real forms are the groups SO0(𝑝, 𝑞)with 𝑝 + 𝑞 = 4𝑛 + 2 and both 𝑝

and 𝑞 even and the form SO∗(4𝑛 + 2). In the first case, the dimension of the associated symmetric
space 𝑝𝑞 is thus a multiple of four, whereas in the second case, the dimension is 4𝑛2 + 2𝑛, so half
the dimension is 𝑛 mod 2. At a non-archimedean place 𝑣 of 𝑘𝑖 that is inert or ramified in 𝑙𝑖 , the
group 𝐆𝐢 is either the quasi-split form or a certain non-quasi-split outer form:

At a non-archimedean place 𝑣 that splits in 𝑙, the form has either of the following three Tits
indices:

If 𝑛 is even, we thus see that the 𝑘𝑖𝑣-rank is even for outer forms and odd for inner forms and half
the dimension of the symmetric space is even. Thus, 𝑑(𝐆𝐢) counts (mod 2) the number of non-
archimedean places in 𝑆 where𝐆𝟎,𝐢 becomes an inner type, so 𝑑(𝐆𝟏) = 𝑑(𝐆𝟐) by Proposition 15. If
𝑛 is odd, then the two outer forms at a non-split 𝑣 are distinguished by the Brauer–Witt invariant.
At a split place 𝑣, the group 𝐀𝟎(𝑘𝑖𝑣) ≅ ℤ∕2 acts on 𝐻2(𝑘𝑖𝑣, 𝑍(𝐆𝟎,𝐢)) ≅ ℤ∕4 by inversion and the
split form has Brauer–Witt invariant 0, the second form has Brauer–Witt invariant 2, and the third
form has Brauer–Witt invariant ±1. This is immediate from the calculation in [18, Example 31.11,
p. 428]. The same calculation shows that the real form SO∗(4𝑛 + 2) has nontrivial Brauer–Witt
invariant while the real forms SO0(𝑝, 𝑞) with 𝑝 + 𝑞 = 4𝑛 + 2 have trivial Brauer–Witt invariant.
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16 of 21 KAMMEYER and SERAFINI

Thus the mod 2 reduction of the Brauer–Witt invariant determines the 𝑘𝑖𝑣-rank mod 2 at all non-
archimedean places and half the dimension of the symmetric space at all real places. So 𝑑(𝐆𝟏) =

𝑑(𝐆𝟐) follows from Proposition 14.
Type 1𝐷2𝑛. The real forms of this type are the forms SO0(𝑝, 𝑞) with 𝑝 + 𝑞 = 4𝑛 and 𝑝, 𝑞 even

and the form SO∗(4𝑛). In the first case, the dimension of the symmetric space 𝑝𝑞 is a multiple of
four whereas in the second case the dimension is 4𝑛2 − 2𝑛 so that half the dimension equals 𝑛
mod 2. At non-archimedean places, the possible forms have Tits indices:

In the first two cases, the 𝑘𝑖𝑣-rank is even and in the last case, it is 𝑛. So if 𝑛 is even, then
𝑑(𝐆𝟏) = 𝑑(𝐆𝟐) = 0. If 𝑛 is odd, we argue as follows. The center in type 1𝐷2𝑛 is given by 𝑍 =

𝑍(𝐆𝟎,𝐢) ≅ 𝜇2 × 𝜇2. At a non-archimedean place 𝑣, the group 𝐀𝟎(𝑘𝑖𝑣) ≅ ℤ∕2 acts on 𝐻2(𝑘𝑖𝑣, 𝑍) ≅

Br2(𝑘𝑖𝑣) × Br2(𝑘𝑖𝑣) ≅ ℤ∕2 × ℤ∕2 by swapping the two factors. Again, [18, Example 31.11, p. 428]
shows that the Brauer–Witt invariant of the first Tits index is (0, 0), for the second one it is
(1, 1) and for the third one it is {(1, 0), (0, 1)}. Similarly as before, the real form SO∗(4𝑛) has
Brauer–Witt invariant {(1, 0), (0, 1)} while the other real forms have Brauer–Witt invariant (0, 0)
or (1, 1). Poitou–Tate duality now shows that the local Brauer–Witt invariants (𝛽𝑖)𝑣 have to be
annihilated by the diagonal image of the multiplication homomorphism 𝜇2 × 𝜇2 → 𝜇2 under
𝐻0(𝑘, 𝑍′) →

∏
𝑣 𝐻

0(𝑘𝑣, 𝑍
′). In other words the sum of all coordinates of all local Brauer–Witt

invariants has to be zero. Note that this condition is well-defined. Since the Brauer–Witt invari-
ant determines the 𝑘𝑖𝑣-rank mod 2 at non-archimedean places and the middle dimension of the
symmetric space mod 2 at real places, we conclude 𝑑(𝐆𝟏) = 𝑑(𝐆𝟐).
Type 2𝐷2𝑛. We have 𝑍(𝐆𝟎,𝐢) = 𝐑𝑙𝑖∕𝑘𝑖

(𝜇2). The outer real forms of this type are the groups
SO0(𝑝, 𝑞) with 𝑝 + 𝑞 = 4𝑛 and 𝑝, 𝑞 odd. We can discard them as they have positive funda-
mental rank. So 𝑙𝑖 is a totally real extension of 𝑘𝑖 . The inner real types were described above.
At non-archimedean places, the inner types are listed above. There are two outer types at
non-archimedean places with Tits indices:

If 𝑛 is even, we thus see that 𝑑(𝐆𝐢) counts mod 2 the non-archimedean places where𝐆𝟎,𝐢 remains
outer, so 𝑑(𝐆𝟏) = 𝑑(𝐆𝟐) by Proposition 15. If 𝑛 is odd, we see one more time that the local Brauer–
Witt invariants determine the dimension of the symmetric space mod 2 at real places and the
𝑘𝑖𝑣-rank mod 2 at non-archimedean places. We conclude 𝑑(𝐆𝟏) = 𝑑(𝐆𝟐) from Proposition 14.
Type 3𝐷4. Clearly, such a form cannot become a 2𝐷4-formover any field extension. So only inner

types can occur at real places. The inner real forms of type 𝐷4 are the groups SO0(4, 4), SO0(6, 2),
SO(8) with symmetric spaces of dimension 16, 8, and 0, respectively. Over a non-archimedean
place 𝑣, the following Tits indices can occur:

The first has 𝑘𝑖𝑣-rank four, the second and third have 𝑘𝑖𝑣-rank two. Thus, always 𝑑(𝐆𝐢) = 0.
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ON THE EULER CHARACTERISTIC OF 𝑆-ARITHMETIC GROUPS 17 of 21

Type 6𝐷4. As opposed to the last case, this type can reduce to a type 2𝐷4-form locally. This
means that a priori, the real forms SO0(5, 3) and SO0(7, 1) can occur but these have fundamental
rank one, so they can be discarded. In addition to the three Tits indices depicted above, also the
following two indices can occur at a non-archimedean place 𝑣:

These have 𝑘𝑖𝑣-rank 3 and 1, respectively. Hence 𝑑(𝐆𝐢) equals mod 2 the number of non-
archimedean places 𝑣 ∈ 𝑆 at which 𝐆𝐢 is of type 2𝐷4. We conclude 𝑑(𝐆𝟏) = 𝑑(𝐆𝟐) from
Proposition 15 if 𝑘𝑖 = ℚ.
Type𝐴1, 𝐵𝑛 for 𝑛 ⩾ 2, 𝐶𝑛 for 𝑛 ⩾ 3, 𝐸7. In that case, we have that 𝑍(𝐆𝟎,𝐢) = 𝜇2 and𝐀𝟎 is trivial.

Accordingly, 𝐻2(𝑘𝑖, 𝑍(𝐆𝟎,𝐢)) ≅ Br2(𝑘𝑖) is the subgroup of the Brauer group of elements of order
one or two. Aswe alreadymentioned, Poitou–Tate duality thus reduces to the short exact sequence

1 → Br2(𝑘𝑖) →
⨁
𝑣

Br2(𝑘𝑖𝑣) → ℤ∕2 → 1 (19)

which also follows from the Albert–Brauer–Hasse–Noether theorem. So the local Brauer–Witt
invariants (𝛽1𝑣) and (𝛽2𝑣) in

∏
𝑣∈𝑆 𝐻

2(𝑘𝑖𝑣, 𝑍(𝐆𝟎,𝐢)) have the same coordinate sum in ℤ∕2. We
distinguish the cases even further.
Type 𝐴1. If 𝐆𝟎,𝐢 has type 𝐴1, then for all places 𝑣, archimedean or not, each coordinate 𝛽𝑖𝑣 ∈

𝐻2(𝑘𝑖𝑣, 𝑍(𝐆𝟎,𝐢)) ≅ ℤ∕2 represents either the unique split or the unique ramified quaternion alge-
bra over 𝑘𝑖𝑣 according towhether𝛽𝑖𝑣 is trivial or nontrivial. Correspondingly,𝐆𝐢 is the unique split
or the unique anisotropic form over 𝑘𝑖𝑣. In particular, the 𝑘𝑖𝑣-rank of 𝐆𝐢 differs by one in these
two cases. If 𝑣 is real, we have moreover rankℝ 𝐆𝐢 = rankℝ 𝔤𝑖 =

dim𝔭𝑖
2

where 𝔤𝑖 ≅ 𝔨𝑖 ⊕ 𝔭𝑖 is a Car-
tan decomposition of the Lie algebra 𝔤𝑖 of 𝐆𝐢. Thus 𝑑(𝐆𝟏) = 𝑑(𝐆𝟐) because the local Brauer–Witt
invariants for 𝑣 ∈ 𝑆𝑖 have the same sum mod 2 for 𝐆𝟏 and 𝐆𝟐.
Type 𝐵𝑛. If 𝐆𝟎,𝐢 has type 𝐵𝑛 and 𝑣 is non-archimedean, then similarly, 𝛽𝑖𝑣 ∈ 𝐻2(𝑘𝑖𝑣, 𝑍(𝐆𝟎,𝐢)) ≅

ℤ∕2 corresponds to the unique split or the unique non-split type 𝐵𝑛 form over 𝑘𝑖𝑣 which has Tits
index:

So again, the 𝑘𝑖𝑣-rank differs by one in these two cases. Let us now specify that 𝐆𝟎,𝐢 = Spin(𝑞)

where 𝑞 denotes the quadratic form 𝑞 = ⟨1⟩𝑛+1 ⊕ ⟨−1⟩𝑛. With this model for 𝐆𝟎,𝐢, we can make
the boundary map 𝛿1 ∶ 𝐻1(𝑘𝑖, Ad𝐆𝟎,𝐢) → 𝐻2(𝑘𝑖, 𝑍(𝐆𝟎,𝐢)) explicit as 𝛿1(𝛼) = 𝑤2(𝑞𝛼) − 𝑤2(𝑞),
where 𝑤2 denotes the Br2(𝑘𝑖)-valued Hasse–Witt invariant [27, Example 3.2.b, p. 141]. Here 𝑞𝛼
is the quadratic form obtained from 𝑞 by twisting with 𝛼, noting that Ad𝐆𝟎,𝐢 = 𝐒𝐎(𝑞) and hence
𝐻1(𝑘𝑖, Ad𝐆𝟎,𝐢) classifies quadratic forms over 𝑘𝑖 of rank 2𝑛 + 1with discriminant (−1)𝑛. So if 𝑣 is
real and 𝛼 ∈ 𝐻1(𝑘𝑖𝑣, Ad𝐆𝟎,𝐢) is such that 𝑞𝛼 ≅ ⟨1⟩2𝑛+1−𝑝 ⊕ ⟨−1⟩𝑝 with 𝑝 ≡ 𝑛 mod 2, then 𝛿1𝑣(𝛼)
is trivial if and only if 𝑝(𝑝−1)−𝑛(𝑛−1)

2
is even and we have 𝑝(𝑝 − 1) − 𝑛(𝑛 − 1) ≡ 𝑝 − 𝑛 mod 4. The

symmetric space associated with the Lie group 𝐒𝐎(𝑞𝛼)(ℝ) has dimension (2𝑛 + 1 − 𝑝)𝑝 and

(2𝑛 + 1 − 𝑝)𝑝 ≡ 𝑝 mod 4
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18 of 21 KAMMEYER and SERAFINI

if 𝑛 and 𝑝 are even whereas

(2𝑛 + 1 − 𝑝)𝑝 ≡ 𝑝 + 1 mod 4

if 𝑛 and𝑝 are odd. So in any case, the integers 𝑝(𝑝−1)−𝑛(𝑛−1)

2
and (2𝑛+1−𝑝)𝑝

2
have constant difference

mod 2. We conclude 𝑑(𝐆𝟏) = 𝑑(𝐆𝟐).
Type 𝐶𝑛. If 𝐆𝟎,𝐢 has type 𝐶𝑛 and 𝑣 is non-archimedean, then 𝛽𝑖

𝑣 ∈ 𝐻2(𝑘𝑣, 𝑍(𝐆𝟎,𝐢)) ≅ ℤ∕2

informs us on whether the corresponding 𝑘𝑖𝑣-form is split or the unique non-split form with Tits
index

depending onwhether 𝑛 is even or odd. The non-split real forms of type𝐶𝑛 are the groups Sp(𝑝, 𝑞)
and the corresponding symmetric space has dimension 4𝑝𝑞 so that half the dimension is always
even. The split real form Sp𝑛(ℝ) has a symmetric space of dimension 𝑛(𝑛 + 1). We now treat the
cases 𝑛 ≡ 0, 1, 2, 3 mod 4 separately. If 𝑛 ≡ 0mod 4, we see that always 𝑑(𝐆𝐢) = 0. If 𝑛 ≡ 1mod 4,
then 𝑛(𝑛+1)

2
is odd. For non-archimedean 𝑣, the 𝑘𝑖𝑣-rank of the split form is odd while the 𝑘𝑖𝑣-rank

of the non-split form is even. In type 𝐶𝑛, the local Brauer–Witt invariant is trivial if and only if the
corresponding group splits, both for archimedean and non-archimedean places, as can be inferred
for instance from [1, section 10] and [23, Corollary to Theorem 6.20, p. 326]. Since the number of
places in 𝑆where𝐆𝐢 is split (or non-split) is thus equalmod 2 for 𝑖 = 1, 2, we have𝑑(𝐆𝟏) = 𝑑(𝐆𝟐). If
𝑛 ≡ 2mod 4, then again 𝑛(𝑛+1)

2
is odd. For non-archimedean 𝑣, the 𝑘𝑖𝑣-rank of the split form is even

and the 𝑘𝑖𝑣-rank of the non-split form is odd. Thusmod 2, the invariant 𝑑(𝐆𝐢) is equal to the sumof
[𝑘𝑖 ∶ ℚ] and the number of places in 𝑆𝑖 where 𝐆𝐢 is non-split. Again we conclude 𝑑(𝐆𝟏) = 𝑑(𝐆𝟐).
Finally, if 𝑛 ≡ 3mod 4, then 𝑛(𝑛+1)

2
is even and for non-archimedean 𝑣, both the split and non-split

form have odd 𝑘𝑖𝑣-rank. Thus 𝑑(𝐆𝐢) is always equal to the number of non-archimedean places in
𝑆𝑖 , so 𝑑(𝐆𝟏) = 𝑑(𝐆𝟐) by Proposition 15 because 𝑘1 and 𝑘2 have the same signature, hence the same
number of archimedean places. This completes the discussion of type 𝐶𝑛.
Type 𝐸7. If𝐆𝟎,𝐢 has type 𝐸7 and 𝑣 is non-archimedean, then 𝛽𝑖𝑣 ∈ 𝐻2(𝑘𝑖𝑣, 𝑍(𝐆𝟎,𝐢)) is nontrivial

if and only if the corresponding 𝑘𝑖𝑣-form has Tits index

Hence the 𝑘𝑖𝑣-form has odd rank if the Brauer–Witt invariant is trivial and has even rank if the
Brauer–Witt invariant is nontrivial. If on the other hand 𝑣 is real, then it is, for instance, explained
in [5, Proposition 4] that 𝛽𝑖

𝑣 ∈ 𝐻2(𝑘𝑣, 𝑍(𝐆𝟎,𝐢)) is trivial if the 𝑘𝑖𝑣-form is split or has Tits index

and is nontrivial if the 𝑘𝑖𝑣-form is anisotropic or has the same index as the non-split non-
archimedean form above. In the former case, the symmetric space has dimension 70 or 54, so
half the dimension is odd. In the latter case, the symmetric space has dimension 0 or 64, so half
the dimension is even. Hence 𝑑(𝐆𝟏) = 𝑑(𝐆𝟐) follows again from the equality mod 2 of the sum of
local Brauer invariants for 𝑣 ∈ 𝑆.
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ON THE EULER CHARACTERISTIC OF 𝑆-ARITHMETIC GROUPS 19 of 21

6 FULL TRIALITY TYPE

In this section, we discuss how the equality 𝑛1 = 𝑛2 in Proposition 15 might fail if𝐆𝐢 has type 6𝐷4

over a general number field 𝑘𝑖 . As a consequence, the 𝑆𝑖-arithmetic subgroups of 𝐆𝐢 would be
profinitely commensurable but have opposite sign of the Euler characteristic.
Let 𝑘 be a totally real number field of degree 𝑑 ⩾ 6 and let 𝑝 be a rational primewhich is unram-

ified in 𝑘 and such that at least one place 𝑣0 of 𝑘 over 𝑝 has inertia degree three and at least three
places 𝑣1, 𝑣2, 𝑣3 of 𝑘 over 𝑝 have inertia degree one. For 𝑖 = 1, 2, let 𝑙𝑖∕𝑘 be a totally real Galois
extension with Galois group isomorphic to 𝑆3. Assume that 𝑝 remains unramified in 𝑙1 and 𝑙2.
Suppose moreover that 𝑣0 decomposes into three primes in 𝑙1 and each of 𝑣1, 𝑣2, 𝑣3 decomposes
into two primes in 𝑙1. In contrast, suppose that 𝑣0 splits into six primes in 𝑙2 while 𝑣1, 𝑣2, and 𝑣3
are inert in 𝑙2. Finally assume that all other 𝑣 ∣ 𝑝 decompose equally in 𝑙1 and 𝑙2. Note that then
𝑝 has the same unordered tuple of inertia degrees in 𝑙1 and 𝑙2 which leaves the possibility that 𝑙1
and 𝑙2 are arithmetically equivalent. The field extension 𝑙𝑖∕𝑘 defines a unique conjugacy class of
surjective homomorphisms Gal(𝑘) → SymΔ where Δ is the Dynkin diagram of a 𝑘-split group 𝐆
of type 𝐷4. In other words, we obtain unique elements 𝛽𝑖 ∈ 𝐻1(𝑘, SymΔ) that determine quasi-
split 𝑘-groups 𝐆𝟏 and 𝐆𝟐 of type 6𝐷4. Let 𝑆 be the set of all places of 𝑘 dividing either ∞ or 𝑝
and let 𝑆𝑖 be the set of all places of 𝑙𝑖 lying over places in 𝑆. Assuming 𝔸𝑙1,𝑆1

≅ 𝔸𝑙2,𝑆2
over some

automorphism of 𝔸𝑘,𝑆 , the 𝑘-groups 𝐆𝟏 and 𝐆𝟐 are 𝑆-adelically isomorphic but 𝑛1 = 𝑛2 + 1.

Proposition 20. Suppose there exist number fields 𝑙1, 𝑙2 ∕ 𝑘 and sets of places 𝑆, 𝑆1, 𝑆2 as above. Let
Γ𝑖 be an 𝑆-arithmetic subgroup of the 𝑘-quasi-split group 𝐆𝐢 of type 6𝐷4 defined by 𝑙𝑖 . Then Γ1 is
profinitely commensurable with Γ2 but sgn𝜒(Γ1) ≠ sgn𝜒(Γ2).

Proof. The condition that 𝑙1, 𝑙2 ∕ 𝑘 are totally real gives that the corresponding quasi-split groups
𝐆𝟏 and 𝐆𝟐 become the real Lie group SO0(4, 4)with fundamental rank zero and symmetric space
of dimension 16 at all infinite places of 𝑘. By the description in the previous section, 𝑑(𝐆𝐢) equals
mod 2 the number of non-archimedean places 𝑣 ∈ 𝑆 such that𝐆𝐢 has type 2𝐷4 at 𝑣 or, equivalently,
such that 𝑣 splits into precisely three places in 𝑙𝑖 (each defining a quadratic extension of 𝑘𝑣). Thus
indeed𝑑(𝐆𝟏) ≠ 𝑑(𝐆𝟐)hence sgn𝜒(Γ1) ≠ sgn𝜒(Γ2). The isomorphismΦ∶ 𝔸𝑙1,𝑆1

≅
X→ 𝔸𝑙2,𝑆2

over the

automorphism 𝜙∶ 𝔸𝑘,𝑆

≅
X→ 𝔸𝑘,𝑆 induces an isomorphism from 𝐆𝟏 to 𝐆𝟐 over 𝜙 which shows that

Γ1 and Γ2 have commensurable congruence completions. Finally, 𝐆𝐢 has 𝑘-rank two and thus is
known to satisfy the CSP. So Γ1 and Γ2 have commensurable profinite completions. □

In order to try and find such number fields 𝑙1∕𝑘 and 𝑙2∕𝑘, one can translate the situation into
group theoretic terms via Galois correspondence. Let 𝐺 ⩽ 𝑆6𝑑 be a transitive permutation group
with 𝑑 ⩾ 6 and let 𝐻 be the stabilizer subgroup of any of the 6𝑑 permuted points. Suppose that
some conjugacy class of 𝐺 has cycle type containing three cycles of length six and six cycles of
length three. Suppose moreover that𝐻 has a nontrivial almost conjugate subgroup𝐻′ in𝐺, mean-
ing a non-conjugate subgroup that intersects each conjugacy class of 𝐺 in the same number of
elements as𝐻 does. Assumemoreover that there exists a subgroup𝐺 ⩾ 𝑈 ⊵ 𝐻,𝐻′ such that𝑈∕𝐻

and 𝑈∕𝐻′ are isomorphic to 𝑆3.
If 𝐺 is realizable as Galois group of a totally real Galois extension of ℚ, then such a realization

defines a totally real number field 𝑘 of degree 𝑑 over ℚ as the fixed field of 𝑈 whereas 𝐻 and
𝐻′ correspond to the totally real field extensions 𝑙1∕𝑘 and 𝑙2∕𝑘. The almost conjugacy of 𝐻 and
𝐻′ translates into 𝑙1 and 𝑙2 being arithmetically equivalent [16, Theorem III.1.3, p. 77]. The condi-
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tion on the cycle type of some conjugacy class in 𝐺 ensures by Chebotarev’s density theorem that
infinitely many primes 𝑝 have the decomposition behavior in 𝑙1 and 𝑙2 that would result from the
particular decomposition prescribed as above. One could then check whether the desired decom-
position actually occurs over some 𝑝 and whether 𝔸𝑙1,𝑆1

≅ 𝔸𝑙2,𝑆2
over an automorphism of 𝔸𝑘,𝑆 .

With Magma, we have checked that for 𝑑 = 6 there exists precisely one and for 𝑑 = 7, there
exist precisely two transitive permutation groups 𝐺 ⩽ 𝑆6𝑑 with subgroups 𝐺 ⩾ 𝑈 ⊵ 𝐻 such that
𝑈∕𝐻 ≅ 𝑆3 and such that 𝐻 has a nontrivial almost conjugate subgroup. Unfortunately, none of
these has a conjugacy class with the required cycle type. The standard Magma distribution only
comes with a database of transitive permutation groups up to degree 47, so that we could not
check the next case 𝑑 = 8. We remark, however, that recently all 195 826 352 conjugacy classes of
transitive permutation groups of degree 48 have been enumerated in Magma [9]. The database
requires more than 30 GB of disk space. We have not checked it for the groups we are looking for
as this would conceivably take an enormous amount of computation time.
As the number of permutation groups with nontrivial almost conjugate subgroups grows with

𝑑, we see no reason why the alleged fields 𝑙1, 𝑙2 ∕ 𝑘 would not exist. Moreover, the ad hoc example
of the decomposition behavior of 𝑝 in 𝑘 and 𝑙𝑖 is only one of many possibilities to potentially
obtain 𝑛1 ≠ 𝑛2. Using ramified primes 𝑝, there are even more ways in which the phenomenon
𝑛1 ≠ 𝑛2 might arise despite 𝔸𝑙1,𝑆1

≅ 𝔸𝑙2,𝑆2
. So at the time of writing, we have no indication that

the non-triality condition in Theorem 1 could be removed.
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