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Summary

We introduce a version of cellular homology for non-strictly cellular schemes that builds
on ideas of Morel-Sawant. By allowing cohomologically trivial cells, instead of affine
spaces, we ca fit m, the moduli space of stable, genus 0 curves with n marked points,
in this framework. The major benefit of our approach is the computability of this cellular
complex. Additionally, we show that the (co)homology of this complex computes the
(co)homology for strictly Al-invariant sheaves. Most computations are carried out for
the Milnor-Witt K-theory sheaf. Classical invariants that can be deduced from our
computations are Chow groups, singular cohomology of the complex points, and singular
cohomology of the real points (with twisted coefficients).
Additionally, we study the range in which the real cycle class map
Hyo (X, (L)) = Ho(X(R), Z(L))

sing

is an isomorphism for linear schemes. This extends the previous known results about

strictly-cellular schemes of Hornbostel-Wendt-Xie-Zibrowius.



Introduction

Motivic homotopy theory introduces tools from algebraic topology to the realm of alge-
braic geometry. The main objective of this thesis lies in developing computational tools
for schemes that are ‘sufficiently close to affine spaces’, paralleling classical computations
in algebraic topology. The moduli space My, of stable, genus 0, n-marked curves will
be the example we are interested in.

The space My, is the Deligne-Mumford compactification of the space of isomorphism
classes of n distinct ordered points in P}, called M ,,. Its complex points W(C) are well
(My.(C), Z) was computed
in [Kee92|. This was done by first finding a way to describe M_o,n as an iterated smooth

understood. For example the singular cohomology ring Hg,,
blow-up of (P})*3) describing the behavior of Chow rings under blow-ups (coming
from the projective bundle formula) and using the isomorphism coming from the cycle
class map CH(X) — HZ2 (My,(C),Z). This can be used to define Gromov-Witten

sing

invariants and furthermore to compute the number of degree d curves passing through
3d — 1 general points in P, see [FP97].

Lots of enumerative questions, like ‘How many lines does a smooth cubic surface in
P? contain?’, can be solved over algebraically closed fields using Chow rings, see [EH16].
In the case of curves on a cubic, the answer is 27. But over the reals this does not
need to be true. There can be 3, 7, 15 or 27 lines. Quadratically enriched enumerative
geometry allows us to get signed counts to enumerative questions for non-algebraically
closed fields. One possible way to do this is by replacing Chow rings with Chow-Witt
rings. The results are not integers anymore, but quadratic forms. In [KW21] this is used
to show that there are 15(1) + 12(—1) € GW(k) curves on a smooth cubic. By taking
the rank, one recovers the 27 lines over C and using the signature, one gets a signed
count of 3 curves over R. In particular, this shows that there at least 3 curves over R.

The invariants we are going to consider are (co)homology groups of strictly Al-invariant
sheaves. One such example is the Chow-Witt group GHZ(—, L) = Hi (—, KMY(L)). Tt
might seem that we just introduced completely new invariants, but Chow groups also fit
in this formalism as CH*(—) = Hi; (—, KM). There is another group of classical origin,

the cohomology of fundamental ideal powers Hi; (—, I?), sharing a close connection to the
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singular cohomology of the real points HZ ,(—(R),Z). For My, the singular cohomology

sing

ring H,, (Mo (R), Z) was computed in [EHKR10]. In cases where the scheme of interest
is defined over R and the Chow ring contains no 2-torsion the Chow-Witt group can be
seen as a non-trivial gluing of singular cohomology of the real and complex points. More

precisely, this becomes
6?11()(, L) = le\hs(—,iz(ﬁ)) XCH(X)/Q ker (85: CH(X) — le\]—il_sl(_7lz+1(£))) y

which is the key diagram in [HW19].

The very first attempt to compute Chow-Witt groups of My, would be to imitate
Keel’s computation of the Chow groups. This does not work so well, as Chow-Witt
groups do not satisfy the projective bundle formula [Fas13]. One way to see the failure
is to compute the cohomology of P} and see that it is not free over the cohomology of
Spec(k), see the computations in Chapter 5.

To do the computation, we consider a cellular structure on My, following [MS23]. The
difference to classically used strict cellular structures, where one stratifies the space by
cells isomorphic to A}, is that we allow cells that are smooth, affine and cohomologically
trivial, where the latter means cells for which Hy, (—, M) vanishes for ¢ > 0 and strictly
Al-invariant sheaves of abelian groups M. This extra flexibility allows one to use cells
like G4, x A7 and this is necessary as there does not seem to be a known strict cellular
structure, see Remark 4.1.12. More concretely, we stratify My,, by products of My,
These are smooth, affine and cohomologically trivial because they are complements of
hyperplanes, see Lemma 4.1.9. With these cellular structures one can set up a version of
cellular homology, very similar to the classical setting [Hat02], and perform computations.
This complex is more suited for computations as it only requires knowledge about finitely
many residues as opposed to the Rost-Schmid complex which, a priori, requires residues
at all points, just like in ordinary topology. The other main ingredient is the computation
of the differentials of the chain complex. This is done by restricting to smooth rational
curves in Mpy,, (meaning 1-dimensional subschemes of the space), which we have an
abundance of, and computing individual residues for enough of those. This is the main
part of the thesis.

Another class of schemes that is close enough to affine spaces, are linear schemes.
These are schemes that can be iteratively constructed via localization sequences from
affine spaces. We consider two notions of linear schemes: one following [Jan90] and a
more restrictive notion of [Tot14]. By studying the behavior of the multiplication map
(—1): HY(X, I'(L)) — HY(X,’**(L)) in parallel to what was done in [HWXZ21] for

strictly cellular schemes, we are able to extend their results. The difference lies in weaker

il
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bounds depending on the non-cellularity appearing. This extension was already used in
[IMW24] to give new bounds of torsion exponents in the singular cohomology of oriented
flag manifolds.

The thesis is structured in the following way. Chapter 1 starts with an introduction
to Milnor-Witt K-theory for fields and its residue maps. Chapter 2 starts with an
introduction to the Rost-Schmid complex in homological and cohomological notation
together with the necessary functorialities. This complex provides a way to compute the
cohomology of strictly Al-invariant sheaves, which are introduced in the second section
of the chapter. A key tool in computations is Lemma 2.1.13, as it allows to compute
differentials by restricting to curves. Chapter 3 introduces m, the moduli space of
stable, genus 0 curves with n marked points, alongside some standard facts. The second
section collects two facts, that are used later. The first one is Lemma 3.2.2, which
concretely give enough curves meeting boundary divisors in a prescribed way, and the
second one is Proposition 3.2.6, which concretely computes the canonical bundle as an
element of Pic(M,,) with respect to a specific basis. This presentation of the canonical
bundle allows us to switch between homology and cohomology. Chapter 4 introduces
cellular structures and the cellular homology. It is shown in Proposition 4.2.4 that this
cellular complex actually computes the sheaf (co)homology. In Remark 4.1.12 we see
that this added generality is necessary, as My, does not come with a strictly-cellular
structure. Chapter 5 starts with various computations for projective spaces. Section 2 is
the main computation for My,,. In chapter 6 we introduce two notions of linear schemes
X(R),Z(L))

and study in which range the real cycle class map Hy (X, /(L)) — H,,(

is an isomorphism for those.

v
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1. Milnor-Witt K-theory

In this chapter the base field £ is of characteristic not 2.

1.1. Preliminaries

Definition 1.1.1. Let & be a field. Define the Milnor-Witt K-theory KW (k) to be the
Z-graded ring (not necessarily commutative) generated by symbols [a] of degree 1 for
a € k™ and an additional symbol 7 in degree —1 satisfying the following relations:

(i) [a][l —a] =0¢€ KMW(k) for a,1 —a € k*
(ii) [ab] = [a] + [b] + n[a][b] € K7 (K) a,b € k*
(iii) n[a] = [aln € K}V (k) for a € k>
(iv) (2+n[-1])n=0e K2V (k)

Notation: [aq,...,a,] = [a1]. .. [an].

Remark 1.1.2. Taking the quotient by the ideal generated by 7, immediately gives us the
definition of Milnor K-theory, i.e. KMW (k)/(n) = KM (k).

Remark 1.1.3. The Grothendieck-Witt ring GW(k) of a field k is the group comple-
tion of isomorphism classes of non-degenerate symmetric bilinear forms on k, where
the addition is given by the direct sum and the multiplication by the tensor prod-
uct. It is generated, as an abelian group, by symbols (a) for a € k* (correspond-
ing to the form k x k — k, (z,y) — axy) satisfying the relations (ab®) = (a) and
(a) + (b) = (a+b) + (ab(a + b)), see [Lam05, Theorem 4.1]. Using the isomorphism
GW(k) — KMW (k) given by (a) — 1+ nla] we will write (a) = 1 + nla] in K}V (k).
For ease of notation set (a,b) = (a) + (b) and ¢ = —(—1).

More about symmetric bilinear forms can be found in [LamO05].
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Remark 1.1.4. Another way to define KMW (k) is as the fiber product

KMW (k) » K (k)

|

K (k) /2

e
I"(k) ——— I"(k)/ 1" (k)

where ["(k) are the powers of the fundamental ideal (k) = ker(rank: GW(k) — Z).
We extend this to non-positive degrees by setting I"(k) = W(k) = GW(k)/(1 + (—1))
for n < 0. The isomorphism KM (k)/2 — I"(k)/I"™ (k) induced by [u] — (—1,u) comes
from the resolution of the Milnor conjecture on quadratic forms, see [OVV07, Theorem

4.1] for a proof in characteristic 0 or [Dug04] for a survey. The left vertical map is
Ny U] (L un) (=1 U € TPT(R) C T (E).
This way we have the following commutative diagram

KM (k) — KMV (k)

| J

I (k) ——— I1"(k)
and set ["(k) = I"(k)/I"* (k) = KM (k)/2, which is 2-torsion.

Lemma 1.1.5. Let k be a field. The following relations hold in KMW (k):

(i) [ab] = [a] + (a)]b)], (;}Zj) [Ejg_:a][cﬂ; <%>[b];
(1) 0 =[1], 1= (1), S
(iii) {ab) = {a) (D), (v) el-1] = [-1],
) oy (zi) la]la] = [a][-1] = [-1][a],
oyt = (). (oid) (oY) = ela]
(v) la][b] = e[b][a] f@;_;g“
(vi) {(@)[b] = [bl{a)., e
(vii) (a=1) = (a)~}, (ziv) (a)la] = (—1)[a].
Proof. See [Morl2, Section 3.1]. O
Lemma 1.1.6. Let k be a field and n € Z. The abelian group KMW (k) is generated by
symbols of the form n"[ay, ..., anr] for r >0 and a; € k* modulo the relations:
(i) a1, ..., aner] =0 if a; +a;1 =1 for some i
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. . r r
(ZZ) n [al,. .. ,ai_l,aibi,aiﬂ,. .. aan—i-r] =17 [(11, B ¢ 7 P 0 7 0 T ,an+r]
T
—|—77 [al,...,ai_l,bi,ai+1,...,an+r]
r+1
+T} [al,...,ai,l,ai,bi,aiﬂ,...,anJﬂ,}
(Z”) TIT [ah sy i1, _17ai+17 s 7an+7‘+2] - _27]1” [ala ey (i1, Qg1 - - aan+r+2]-

Proof. By the defining relation, n is central. Therefore, any element can be written as

a sum of these generators. The relations are verbatim the homogeneous relations for
KMW(E). O

Remark 1.1.7. The set of generators of KMW (k) can be further reduced. One way to
do this for n > 1 is to reduce the n-power to 0 using n|a][b] = [ab] — [a] — [b], and for
n < 0 to rewrite nja] = (a) — (1) noting that a product of these elements is a Z-linear
combination of forms (a). This results in the following set of generators:

(i) n > 1: the group KMW (k) is generated by the elements [ay, ..., a,] with a; € k*.

(ii) n < 0: the group KMW (k) is generated by the elements n~"[a] with a € k.

Another way to reduce the set of generators, in the case of a discretely valuated field,
is to pick a uniformizer 7 and rewrite elements a; = 7(@)y; € k* for some units u; € Or.
Start by using the product relation, separating everything into single uniformizers and
units. Now, using [a|[a] = [a][—1] and graded-commutativity, reduce to at most one
entry containing the uniformizer. This way every element can be written as a sum of

symbols of the form n"[m, ug, ..., Ups,| and 0" [ug, . .., Upy,] for u; € OF.

Proposition 1.1.8. Let k be a field with discrete valuation v: k — Z U {—oc} with
valuation ring O,, mazimal ideal m, and residue field k(v). Fiz a uniformizer w. There
is a unique homomorphism of abelian groups 07 : KMW (k) — KMV (k(v)) of degree —1
such that

(i) 97 (na) =0} (a), for o € KMV (k),

(11) O ([m,ug, ..., uy]) = [z, ... ,Unl, for us,...,u, € O),
(111) O ([u1, ..., u,]) =0, foruy,...,u, € OF.

Moreover, there is a unique ring homomorphism s™: KMV (k) — KMW(k(v)) given

on generators by sT(n) =n and sT([7"u]) = [a] for u € OF.
Proof. This is [Mor12, Theorem 3.15]. O

Lemma 1.1.9. Let « € KMW (k) and u € OF. Then:
(i) Op ([=mla) = (=T)s}(a),

(i1) O ([ula) = —(=D) [0} (ar),

(iii) O] ((u)ar) = ()T (cv),
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(iv) Oy™(a) = (u=1)J] (a).

Proof. 1t suffices to check this on generators n"[m, us, ..., Uny,| and 7" [ug, ...

u; € O by Remark 1.1.7.
(1) Oy ([=nln"Tur, - - unr]) = 0" 05 (([7] + [=1] + nlx][=1)[ua, - - ungr])

=0 (4=, .. W] = (D', - ] = (C1)sp(a)

G ([=rln"[m, uz, ... unr]) = 0" O ([=7][m, uas - Ungy]) = 0
:<__1>77TSZ([7TD 33([7127" un-H’]) < > (nr[ﬂ-au%"'?un-i—r])
~[1]=0

(1) OF ([uln"[ur, - ungr]) = 0707 ([u]fun, - tngs]) = 0 = (=D)[@]OF (0" [u, - ..

85([“]777"[% Uy .. 7un+r]) = ﬁrag(@@[u% SR ’un-l-?“])
[][ule
= (s, ne]) — O (] el )
=[—1][u]

Uz, s Upr) = — (= 1) [@07 (0" [ug, . . ., Unis])

= 1 m 071— — _aﬂ-
+ e 1)) = @)
=n
(iv) O™ (0" [u, ...y Ungr]) =0 =05 (0" [us, ..., Unir))
O™ (0" [m, Uy« .y Upgr]) = O (" [ur - ™t g, . Upgr])

1

= (w1 (" [, ug, . . ., Upgr])-
This finishes the proof.

)
=" (8;” ([wr,uz, U] T g, U] Fpfum uT U,

n
— ([u—2, T + e[, - W]) - (1 +n[F]) 7@, . ..
(

, Upr] for

) unJrT])

a) = d7(a) +nd(lula) = I () + n(—=(=1)[ulg;(a))

 Untr]))

) Un+r]

]

The additional term in the product relation for Milnor-Witt K-theory, in contrast

to Milnor K-theory, causes the differential to depend on a choice of uniformizer, see

Lemma 1.1.9(iv). To remedy this, we will introduce a twisted version of Milnor-Witt

K-theory as a way to record the choice of uniformizer and get a choice-independent

differential.

Remark 1.1.10. Let k be a field and L a one-dimensional k-vector space. The units £* act
on KMW (k) by multiplication with a form (a) and on Z[L\ {0}] by scalar multiplication.
As the forms (a) lie in the center of KMW (k) it does not matter whether we multiply

with them from the left or right.
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1.2. Residues

Definition 1.1.11. Let k be a field and L a one-dimensional k-vector space. Define the
Milnor-Witt K-theory of k twisted by L as

MY (k, L) = KM (k) @) ZIL {0},

Remark 1.1.12. For varying L, all the groups KMW (k, L) are non-canonically isomorphic
by picking an element ¢ € L\ {0}, we get an isomorphism KMW (k) — KMW(k L),
a +— a ® L. These choices of non-canonical isomorphisms play a crucial role in the
upcoming computations.

If L is oriented (compare Definition 4.1.6), meaning we have chosen an isomorphism
N®, N = L for some N, then L admits a canonical choice of isomorphism KW (k, L) =
KMW (k). Pick any element n € N\{0} and consider n®;n € L. This induces a canonical
isomorphism because for any other element n’ € N we have n’ ®; n’ = (un) ® (un) =
u?(n @ n) € L for some u € k*. As squares act trivially via 1 = (u?) on KMW(k), this
isomorphism is independent of the choice of n.

This is the reason why we are interested in the classes of line bundles in Pic/2.

1.2. Residues

We would like to use the definition of the residues from the untwisted case to define
a residue in the twisted case. The appearing reparametrization is necessary because a

given non-zero section might vanish along divisors we want to compute the residue at.

Definition 1.2.1. Let k& be a field with discrete valuation v: k — Z U {—oo} with
valuation ring O,, maximal ideal m, and residue field x(r). Additionally let £ be a line
bundle on Spec(O, ) = {Spec(k), Spec(k(r))}. For an £ € L\ {0} = L|specr) \ {0} there
exist {p € L\ {0} and ¢ € k* such that £ = ¢y, ®¢, c. Define

Oy KMV (k, Ly,) = KMV (k(v), (my,/m2)* Qpw) Law)) »
a®l 0:((0)0&) ® (ﬁ* ®Ii(l/) (EO ®n(1/) 1/-@(1/)))

for some uniformizer 7, where 7 € m,/m? is the image of m and 7* is the dual of 7.
Lemma 1.2.2. The homomorphism
Oy: KM (k, Li) — KMV (k(v), (m,/m3)" @pio) Luw)

defined above is well-defined, i.e. independent of the choice of uniformizer m and section
.
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Proof. Let ' € O, be another uniformizer. There is a unit v € O, such that 7’ = ur.
The element 7T € (ill,/m?,)* = Hom,,,) (ml,/_ml%,f-@(u)) is c_haracteriied by 7 (%) = 1.
Therefore, we have 7 (7) = 7 (u=ln’) = u~! and thus u=17* = 7/". Together with

Lemma 1.1.9 this gives the desired independence of choice of uniformizer:

o (@) 07 = 0 (0) @ ur = (w)I(a) @ (v
= (w120 () @7 =0 (a) @T".

To see the independence of the choice of section, let ¢ = /[ ®; ¢’. The two sections
Uy and ¢ differ by a unit u € O, i.e. £y = u - £;. This satisfies uc = ¢ € k and hence

v

e = ¢ € k(v). This shows the well-definedness by Lemma 1.1.9. O

Remark 1.2.3. The reparametrization of sections is necessary in computations. Consider
the function field k(f) together with the valuation associated to the uniformizer —i
(geometrically this describes the valuation at the point at infinity in P}). A line bundle
over P} can be trivialized over P} \ {co} via some section u and over P} \ {0} via some
v. The transition map, for a line bundle £, is given by u = (%)deg(ﬁ)v. When computing
the residue at ¢t (i.e. 0 € P}), one has to use the section u and for the residue at 1
(i.e. 0o € P}) the section v. Note that depending on the degree of the line bundle, this

introduces a symbol containing the uniformizer, influencing the residue.
The following computations will be used later as they will describe what residues at

infinity look like.

Lemma 1.2.4. Let k be a field. The residue 0t : KMV (k(t)) — KMW (k) associated
with the uniformizer % satisfies:

(i) 0t ([t —a)) = ¢ € KMY(k) Vaek,

(ii) 97 (1) [t —a]) = -1 € KM (k) Vac€k,
(iii) 07 ((1)) =n € KMW(k) Vac€k.

Proof. Rewrite the symbol [t — a], using [zy] = [y] + [2](y), as:
[t —a] = [(%)‘1 (t—ta>] _ {t—ta} . G)‘l] <t_ta>

=0 —e(l)=¢

(i) 07 ([t —a]) = e since 52 =1 —

Slls]

=1 mod % is a unit.
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(ii) Rewriting

)= (el

_|t—a 4 1 1 t—a
Lt t t t
\“,—/ - -~ 7 -~ -~ i
=0 —e —ne[1]=0 :ns[%][71]<’577“>»—>175[71}
gives 0¢ ([t —a] (})) = (L +n[-1]) =& (1) = 1.
(iii) Obvious by (a) =1+ n|al.
This finishes the proof. n

Proposition 1.2.5. Let F be a field. For n € 7Z there is a split short exact sequence of
KMW(F)-modules

>, 01

0 —— K"W(F) —— KMV(F(2)) == @; K, (Fla]/f) — 0,

where the sum is taken over all monic irreducible polynomials f € Flx|. The first
homomorphism comes from the inclusion F C F(x), and the second is the residue ho-

momorphism associated to the f-adic valuation on F(x) with uniformizer f.
Proof. This is [Mor12, Theorem 3.24]. O

Definition 1.2.6. Let f € F[z] be a monic irreducible polynomial. Define the geometric

transfer as the composition

T]I;[x]/f: K%W(F[m]/f) — @Ké”W(F[x]/g) — Krjz‘i[kvlv(F(x)) 78;:;;% KTJLVIW(F)’

where s is some section of ;05 and the sum is taken over all monic irreducible poly-

nomials g € Flx].

Flz]/f

Proposition 1.2.7. The geometric transfers are well-defined, i.e. independent of

the choice of section s.

Proof. Suppose s": @, K}V (Flz]/g) — K} (F(x)) is another section of 3 97. Then
for any element a € @, K" (F[z]/g) we have }° 09(s(a) — s'(a)) = 0. Therefore,
s(a) — s'(a) € ker(3_, 09) = im(KMY(F) — KMW(F(x))) and we obtain the desired
equality (—8x")(s(a)) — (—0x")(s'(a)) = 0, i.e. 7" is independent of the choice

of section. []

7



1. Milnor-Witt K-theory

Definition 1.2.8. Let F' C L be a finite field extension that is finitely generated over
k. Denote by €, and Qp/, the Kéhler differentials over k. Pick a sequence of field

extensions ' = Ly C L; C --- C L, = L such that L;;;/L; are simple extensions and
define

Trp =Trpm o+ oTry%: KN (L, det(Qr ) — K" (F, det(Qpyi)).
The transfer maps for simple extensions are defined by
Trpt o Ko™ (Liga, det(Q, ) — K™ (Li, det(Q, )
a® (@, u) = 74 ((uya) @1

where we used det(€Qy,,,/x) = det(Q, k) @1, Liy1-
Let £ be a line bundle on Spec(F') and define by

Trp: KYW(L,det(Q ) ® L)) — KXY (F, det(Qpi) ® L)
a®l— Trhk(a)® ¢

the twisted transfer map.

Proposition 1.2.9. The transfer maps Trk are well-defined, i.e. independent of the

choice of sequence of simple extension and their generators.

Proof. This is [Morl2, Section 4.2] in the case of trivial twists and char(k) # 2, and

[Mor12, Section 5.1] in the case of arbitrary twists and characteristic. O



2. The Rost-Schmid complex

General references for this chapter are [Morl2], [Fas07], [Fas08], and [Fas20]. In this
chapter the base field k is of characteristic not 2 and perfect.

2.1. Preliminaries

Definition 2.1.1. Let X be a separated, finite type k-scheme and L a line bundle on
X. Define the Rost-Schmid complex Crs(X, K" (L)) of weight j € Z in degree i by

Crs(X, KM(L))i = @ KMV (k(x), det(Quiay k) © Lagay),

IGX(,L')

where X ;) denotes the points of dimension 7. For x € X(;) and y € X(;_1) the differential
dy: K (k(2), det(Quy/n) © L)) = K1 (5(y), det(Qugy/m) © Lagy))

is defined as follows. If y ¢ {x}, then set d,=0.Ity e {z}, let Z be the normalization
of my. There are finitely many points yi,...,y, € Z above y. The differential dj is
defined to be the composition » ;" , "o 9

K(y) Yy
Remark 2.1.2. Note that for fixed z € X(;) and o € KM} (k(z), det(Quizy/e) @ Lia))
there are only finitely many y € X;_1) with dj () # 0.
The normalization of my is necessary, because m might not be regular at y. So
{z}, might not be a regular local ring.
Alongside the points lying above y € {z} there is a unique point zq € Z lying above
x. As the normalization map is birational, we have an isomorphism x(z) = k(zo). The

first map in the definition of the differential is
l@l aVyl : K%W(’f(xo)? det<Qf€(’Jvo)/k) & Lﬁ(wo)) - 591 Kj]\iyil(’f(yl)v det(QH(yz)/k) ® £H(yz))7

where 8Vyl is the residue map coming from the valuation associated with the point y; on
the curve Z, see Definition 1.2.1. The twist bundle on the right det(€2,.,,)/x) is the same

as (my, /m2))* ®y(a) det(Quz)/i) by the conormal sequence for smooth morphisms.



2. The Rost-Schmid complex

The second map is the sum of all the traces

;Tr“@”: Z@K;Vi%( K1), det(Qgu/n) @ Lag) = KW (5(y), det(Quiyy/e) @ Lagy))-

k(y)

Theorem 2.1.3. Let k be a field with char(k) # 2, X be a separated finite type k-scheme,
j €Z and L be a line bundle on X. Then (Crs(X, K}V (L)),d) is a chain complex.

Notation 2.1.4. We will write H/* (Y, KMV (L)) instead of H; (Crs (Y, KM (L))).

Definition 2.1.5. If X is a smooth equidimensional scheme with line bundle £, we
define

CH(X, K™ (L)) = @ KM (k(x), det(my/m2) ™' @ Ligm))-

zeX (@)
and write H' (Y, KMV (L)) instead of H' (CF (Y, KMV (L))).
Remark 2.1.6. Note that with this definition we have

C™ (X, K™ (det(Qx/p) ® L))" = Crs(X, KM (£)) dim(x)—i

which should be treated as an index rearranging. The change in twist bundle is there
to make this definition compatible with other identifications and dualities. It does not

carry any mathematical content. This definition results in

dim

HY (X, K" (det(Qxn) @ L)) = Hio x4 (X, K0 (£).

There are multiple complexes appearing in the literature with slightly varying nota-
tions. The complex we call Crs(X, K3'") is called Cpar(X, K x).,) in [BCD*22].
For smooth schemes X the isomorphism [BCD*22, Theorem 4.2.11 in Chapter 6] gives
Hi(Coum (X, Kiihixy ) = HImX) = (x| K _n1wx/k}), where the latter is the sheaf
cohomology. More on this will be in the next sectlon. This explains why we add the

twist by wy/, = det(Qx/x) when defining the cohomological version C** above.

Remark 2.1.7. For i: Z — X a closed immersion with open complement j: U — X and

a line bundle £ on X, we have a short exact sequence of complexes
0 — Crs(Z, KMW(i*L)) — Crs(X, KMW(L)) — Crs(U, KMW (5*L)) — 0

and hence a long exact sequence in homology called the localization sequence. Concretely,

this looks like:

Hf™(Z, K™ (L)) = H™ (X, KW (L) — Hf* (U, K™ (L)) = Hi¥S(Z, K, (L)),

10



2.1. Preliminaries

where we dropped the restriction of twists from the notation. Note that when looking
at the analog for the cohomology there is an index shift in the cohomological degree and
the KMW sheaf degree, because the closed subscheme Z might have lower dimension.

If we assume smoothness and set ¢ = codimy(Z), the same localization sequence looks
like:

HT(Z, K5 (=) = HUX K™ (=) = HOU K (=) = B2, K (=),
where the twists at X and U are £ and j*£, and at Z it is det(Q2x/z) @ i*L.

Definition 2.1.8. Let f: X — Y be a proper morphism and £ a line bundle on Y. For
r € X and f(x) =y € Yy define

(fo)p: K (k(2), det(Quayn) @ L) = K (£(Y), det(Qpy)/n) © Liy))

T

to be trivial if the field extension k(y) C x(x) is infinite and to be Trzgyg if it is finite, in

which case we have 7 = ¢'. Define
fe: Crs (X, KM (f5(L))) = Crs (Y. K" (L))
to be the sum of all the (f,)Y.

Theorem 2.1.9. Let k be a field with char(k) # 2, f: X — Y a proper morphism and
L a line bundle on'Y. Then

s a morphism of complezxes.

Theorem 2.1.10. Let k be a field with char(k) # 2, f: X — Y a smooth morphism and
L a line bundle on Y. Then there exists a pull-back

f*Z CRS (Y, K;VIW(E))Z — CRS (X, K%I;V(det(Qy/X)il X f*(ﬁ)))z—r’
where r = dim(Y) — dim(X).
Proof. This is [BCD"22, Proposition 2.2.5. and 4.2.4 in Chapter 6]. ]

Theorem 2.1.11. Let k be a field with char(k) # 2, f: X = Y a regqular embedding and
L a line bundle on'Y . Then there exists a pull-back

FrHES (VM (£)) o HES (X, KMV det(@y0) " @ £7(2))
where r = dim(Y) — dim(X).

11



2. The Rost-Schmid complex

Proof. This is [Fas20, Theorem 3.10 and Remark 3.12] or [BCD"22, Chapter 6, Section
2.9] O

Remark 2.1.12. The pull-back for regular embeddings is constructed as usual by the
deformation to the normal cone construction. Together with the pull-back for smooth
morphism this gives a general pull-back morphism by pulling back along the projection
pry: X x Y — Y and the graph I'y: X — X x Y.

In the case of X and Y smooth, and taking i = dim(Y’), this recovers the sheaf pullback
for K}"W(L), see [AF16, Theorem 2.11]. These sheaves will appear again in the next

section.
The following technique I learned from Matthias Wendt.
Lemma 2.1.13. Let Z < X be a reqular embedding of codimension 1 and d = dim(X).

Let 1: C'— X be a reqularly embedded curve meeting Z transversally in point p. Then

the following diagram (—1)-commutes

HFS(X\ 2, KMV (L)) 2 » HES (2, KMV (L))

H{(C\ p, K1 (det(Neyx) ™ @ Llo)) —5— Hi® (0, K531 (£)),
where the horizontal morphisms come from the appropriate localization sequences.

Proof. This is done in [AF16, Section 2.3.1], compare [Fel20, Proposition 6.6]. O

Remark 2.1.14. The statement in the previous lemma is also true in the other degrees
but we do not need that.

The sign comes from the fact that the pullback along regular embeddings is a compo-
sition of pullbacks along smooth morphisms, multiplication by [t] € KMW (—) for a unit ¢
and differentials from localization sequences. The differential commutes with pullbacks,
(—(—1))-commutes with the multiplications, see Lemma 1.1.9 (ii), and (—1)-commutes
with differentials from the localization sequence, see [Fel20, Proposition 6.6).

We can completely ignore the sign if all our computations are done by the previous

lemma as this changes the differential by (—1), i.e. a unit.

Remark 2.1.15. Our goal is to compute differentials in localization sequences. Let Z — X
be a closed embedding and U the open complement. A form defined on a u € Uy is
first lifted to a form on u € X(;), then one computes the Rost-Schmid differential d; and

restricts to Z. Therefore, we can treat the form on u as a form on {u} and compute the

12



2.2. Al-invariant sheaves

differential at a codimension 1 point. This can be done by restricting to curves due to
Lemma 2.1.13. This way we can compute the whole form by computing its restriction
to enough points. The amount of points needed depends on the concrete description of
the cells. For affine spaces A}, forms are essentially constant so that a residue at a single

point suffices to determine the differential.

2.2. Al-invariant sheaves

Remark 2.2.1. We defined Milnor-Witt K-theory KMW for fields. By the framework
of unramified sheaves in [Mor12] we obtain a sheaf K" on Sm;, more precisely the
category of essentially smooth k-schemes, whose evaluation on Spec(F) is KXW (F) for
every field F' with finite transcendence degree over k.
If X is irreducible with function field F, then KXW (X) € KMW(F) is the intersection
of all kernels of residue maps at codimension 1 points of X. Also compare [Col95].
Analogously, this works for other constructions like K ,IY ,I™and I", and their respective

twists by line bundles.

Definition 2.2.2. Let M be a sheaf of abelian groups on Smy, in the Nisnevich topology.
It is called
(i) Al-invariant: if M (U) — M(U x Al)
(ii) strongly Al-invariant: if Hi. (U, M) — Hi. (U X AL M) fori=0,1
(iii) strictly Al-invariant: if Hi, (U, M) — Hi (U x AL, M) for i > 0
via the map induced by the projection U x Aj — U for all U € Smy.

Theorem 2.2.3. Every strongly Al-invariant sheaf of abelian groups is already strictly

Al-invariant.
Proof. This is [Mor12, Corollary 5.45, Theorem 5.46]. O

Theorem 2.2.4. The sheaf KMV is the free strongly A'-invariant sheaf generated by
the pointed scheme (G,,)"" forn > 1.

In particular, K. ﬁ/[ Wis strictly A'-invariant.
Proof. This is [Mor12, Theorem 3.37] O

Definition 2.2.5. For any presheaf of groups G on Smy denote by G_; the presheaf of
groups defined by

({1}xidy)”
U +— ker (G(Gm xU) — G(U))

13



2. The Rost-Schmid complex

called the contraction of G. Iteratively define G_,, = (G_p+1)-1-
Lemma 2.2.6. If G is a strongly A'-invariant of abelian groups, then so is G_;.
Proof. This is [Mor12, Lemma 2.32]. O

Remark 2.2.7. The sheaves we are considering are K ,]‘L/[ W K 2/[ ., I"™ and I" which are all
Z-graded and strictly Al-invariant, by [Mor12, Theorem 2.46, Example 3.33, Example
3.34]. This grading is compatible with contractions by [Morl2, Section 2.3] and we

analogously define Rost-Schmid complexes for these sheaves, see [Mor12, Chapter 5.

Theorem 2.2.8. For any essentially smooth k-scheme X and any strongly A'-invariant

sheaf of abelian groups M there are canonical isomorphisms

H'(C™(X,M)) = H,

Zar

(X, M) = Hy (X, M).
Proof. This is [Mor12, Corollary 5.43]. O

Remark 2.2.9. As all these notions coincide we will drop decorations and write H'(X, M).
This is in line with Definition 2.1.5.

14



3. The moduli space My

In this chapter the base field %k is arbitrary. Later in Section 3.2 we will restrict to k

being infinite.

3.1. Construction of the space

This section on the moduli space of stable, genus 0, n-marked curves can be extended
indefinitely. There is so much one can write and we only need a fraction of the theory,
that is why this section contains only the very basics needed for the later parts. The
original construction was done in [Knu83a]. This is not the one we are going to use. In
[Kee92] the space My, is described via iterated blow-ups of (Pf)"~% along smooth centers,
which leads to a description of CH*(Mj.,), see Lemma 3.2.2 and Theorem 3.1.12. More

information along with a summary of this construction can be found in [ACG11].

Definition 3.1.1. A stable curve (C;py,...,p,) of genus 0 with n marked points is a
curve C' with closed points p1,...,p, € C such that:
(i) C has finitely many irreducible components C;, which are all isomorphic to P,
(ii) for ¢ # j the intersection C; N C; is either empty or an ordinary double point,
(iii) the graph of C, which has the irreducible components as vertices and their inter-
sections as edges, is a tree,
(iv) the points py,...,p, € C are distinct,
(v) each marked point p; lies on exactly one component Cj,
(vi) each component C; contains at least 3 special points, i.e. markings or intersection
points with other components.
An isomorphism of stable curves f: (C;p1,...,pn) = (C';qu, - .., qn) is an isomorphism
of curves f: C'— C" such that f(p;) =¢; fori=1,... n.

Remark 3.1.2. The first three conditions ensure that the curve C' has arithmetic genus

0 and the last condition guarantees that it has trivial automorphism group.

15



3. The moduli space M,

Definition 3.1.3. The moduli problem for M, is

7 is proper and flat, o; are sections of 7,
every geometric fiber of 7 is a stable
S {(r:C—=8 (0 S~ C)Z-:L‘,,,n) v

genus 0 n-marked curve, where the

markings are defined by the sections

Notation 3.1.4. Denote by M, ,, the (fine) moduli space of stable, genus 0, n-marked

curves.

When writing M ,(R) we means the set of R-points endowed with the euclidean

topology.

Theorem 3.1.5. Let n > 3 be an integer, then
(i) My, is a smooth projective variety of dimension n — 3.

(1)) Mp,(R) is a connected, compact, smooth manifold of dimension n — 3.

Proof. See [Knu83a, Theorem 2.7], [Knu83b], [ACG11, Chapter XIV, Theorem 5.1] and
[Has03, Theorem 2.1]. O

Remark 3.1.6. There are also the moduli spaces M, of smooth, genus 0, n-marked
curves. These consists of isomorphism classes of P with n distinct points on it. As
an isomorphism of marked curves respects the order of markings, we can send the first
3 points via Mébius transformation to {0, 1,00} and use the rest as coordinates. This

shows

Mo, = (Ph\ {0,1,00})" 7"\ Athick

n—3"

where AMY = {(z1,...,2,-3) € (PL\{0,1,00})"3 | Ji # j : x; = x;} is the thick
diagonal. Note that this isomorphism already depends on the choice of three markings
(and their order).

Remark 3.1.7. The manifold Mj5(R) is isomorphic to the connected sum of 5 real pro-

jective planes [Kol01, Proposition 86], and not orientable.

Remark 3.1.8. The points in M—M corresponding to smooth curves are exactly those
stable curves having exactly one irreducible component. To better describe the curves
in Mo, \ My, we introduce the following notation. Let S C {1,...,n} be a subset such
that 2 < |S| < n — 2. The boundary divisor D® is the divisor whose generic element is
a curve consisting of two components with all markings from S lying on one component

and the ones from the complement S¢ on the other. Clearly, we have D = D%, The

16



3.1. Construction of the space

condition on the size of S ensures that this defines a stable curve. Each boundary divisor

is smooth and itself isomorphic to a product D° = Mo,|s141 X My, sej+1 by treating each
component individually and the node as an additional point on both components, see
[Kee92, Fact 2]. This recursive structure allows to stratify and study M, in a very

combinatorial way.

c S\T
S/ S deg?{lirate \ ge
/ g
T 7

generic element of
D% TCS

generic element of D% N DT

For example we quickly see that for D® N DT to be non-empty one of the following con-
ditions has to be satisfied SCT, SCT¢, T C SorT<CS

To avoid counting divisors twice, we occasionally assume |SN{1,2,3}| < 1. There are
2™ — 2n — 2 subsets having at least 2 elements and at most n — 2, resulting in each divisor
D% appearing twice. This way we see that there are 2"~! —n — 1 different boundary

divisors in M ,,.

Example 3.1.9. A stable curve needs at least 3 markings, so the first cases are:
(i) Moz = Mpyz = {*} is a single point,
(ii) Mos = P},
(iii) M_(L5 is a degree 5 del Pezzo surface, i.e. the blow-up of P? in 4 general points or

equivalently, the blow-up of P; x P; in the points (0,0), (1,1) and (oo, 00).

D{O,)\} D{l,)\} D{oo,)\}
oo (0. @] oo — XX
A oA
1 — KX 1 1
1A
XX 0 0 0
0\
Mys = IP’,];
0 1 A o0

17



3. The moduli space M,

To see that My, = P}, send the first three points via a Mobius transformation to
{0,1, 00} and use the third marking as a parameter. Calling the free parameter \ gives
the previous picture.

The bottom P} describes the moduli space and the stable curves above the points
{0,1, ), 00} are the curves corresponding to the point in My 4. Note that each boundary
divisor is a single point, as each irreducible component contains exactly three special
points and the curve corresponding to A ¢ {0, 1, 00} is a smooth 4-marked curve.

The following figure shows My 5 as a blow-up of P; x P} with its 10 boundary divisors.

The divisors D0+ DAY and DI1%0AE} gre the exceptional divisors of the blow-up.

DoAY DA} DoAY Dixn
00 Dioon}
| D{w»@/
1 ‘ Dt}
‘ D{l,)\,,u,}
0 ‘ D{O’/J}
D0}
0 1 o0

The picture is not an honest picture of My5. It is an irreducible surface and there is
no point living in the intersection of more than two divisors. For example, D{0A D{0#}

and DM do not intersect in a single point, despite the picture suggesting they do.

Remark 3.1.10. In [Knu83a] it is shown that there are well-defined contraction morphisms

My, = My—1. These morphism are given on geometric points by forgetting a chosen
marking and contracting unstable components, i.e. components with less than three
special points. Picking four markings P = {pi,...,ps} and composing these morphisms
results in a morphism cp: My,, — M4 = P!, where the isomorphism My, = P! is given
by taking cross-ratios, compare previous example.

Picking three markings qo, ¢1, ¢oo and using the others as coordinates results in a mor-
phism [T aro 000y Clanangeen) Moy, — (P£)"=3. This morphism precisely contracts the
divisors D* satisfying 3 > |S|, assuming the convention |{qo, q1, o} N S| < 1.

Remark 3.1.11. We will use Keel’s construction of My,,, which we very briefly recall.
Even though [Kee92] assumes the base field to be algebraically closed, this assumption

is not necessary. The construction already works over Spec(Z) (e.g. compare [Has03]).

18
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By universality of the moduli space there exists a morphism from Keel’s construction
to the moduli space, which becomes an isomorphism after base change to the algebraic
closure [Kee92] and hence has to be an isomorphism over every field, by fpqc descent.

Consider S C {1,...,n} with |SN{1,2,3}| < 1 and write D5 € M, to avoid confusion
where divisors live. The space M—M can be inductively constructed, by blow-ups BY), in
the following way. Note that this again depends on a choice (and order) of three special
markings, here {1, 2, 3}.

eH)

(k1)

Mo,{l,...,n+1} —— BW®W » B = Mo,{l,...,n} X Mo,{1,2,3,n+1}

- Tl 7

- o; ~< \

The map 7 forgets the last marking for the first factor, and all but the first three and
the last for the second factor, contracting components with less than three special points
if necessary. The map o; replaces the i-th marking by a new component with markings
¢ and n + 1. Define O'Z(I) = noo; This is a section for pry: BY — My . Let
7M: B® — BM be the blow-up of B along all 6\ (D5) for some i € S and |5°| = 2.
The map 7 factors through 7(1). Use this to define 052) and repeat the process by blowing
up along 0.7 (D) for some i € S and |S¢| = 3. Repeat this until k = n — 2.

To prove that this construction works one needs to prove:

(i) the definition of afk)(D;? ) is independent of ¢ € S, and smooth of codimension 2,

(ii) n factors through all the blow-ups 7(*) (this is the hard part),
(iii) ™ : Mo (1. np1y — B® contracts only DSﬁnH} for |S¢| > k + 1.

This describes My, as an iterated blow-up of (P1)"~3 along smooth codimension 2

n—3

subschemes by factoring the contraction map [[,4 95 ¢f123p) 1 Mon — (P})

Using this description, Keel computed the Chow ring of M.

Theorem 3.1.12. The Chow ring CH*(M,,,) has the following presentation in terms of

boundary divisors:
CH*(My,) = Z[D*|S C {1,...,n}, 2 <|S| < n — 2] /relations

with each D° in degree 1 and subject to the following relations:

(i) D% = D",

(ii) 3> D¥= 3 D= 3 D7,
i,j€S i,keS iles
k¢S s GikgS
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3. The moduli space M,

(iii) DSDT =0 unless SCT, TCS,SCTY orT° CS.
Proof. This is [Kee92, Theorem 4.1]. ]

Remark 3.1.13. These are exactly the expected relations. The first and third are clear
from the geometry of the D, as the third captures when exactly two different divisors
intersect. The second one comes from the pullbacks along the maps My,, — My 4 = P}
forgetting all labels except 4, j, k, [ and the fact that any two points on P} are rationally

equivalent.

3.2. Canonical bundles and curves

The goal of this section is twofold. We would like to have a description of the canonical
divisor Ky— € CHl(MO,n) in the given presentation using boundary divisors, because

this twist allows us to move from homology to cohomology, see Remark 2.1.6. The second

one is that we will use rational curves in M, ,,, meaning one dimensional subschemes,
for the computation later on, see Remark 2.1.15. Writing down such curves is not a
problem as we have an abundance of rational curves in (P})"~% and can take their strict
transforms. Due to the concrete description of the blow-up this is doable as there are no
higher tangency condition to consider.

In this section we will assume that the field k£ we are working over is infinite. We could

weaken this by requiring it to have enough elements, but decided to not do that.

Lemma 3.2.1. Let C = P}, be a smooth rational curve in a smooth k-scheme X, then
det(NC/X) = (WX/k)|c - PIC(P}g)/Q
Proof. Follows immediately from the adjunction formula and wp1 =0 € Pic(P})/2. O

By a “smooth” point of D® we mean a point in D\ (UT;AS DT), i.e. a smooth point
of U, DT.

Lemma 3.2.2. Let S C {1,...,n} with 2 < |S| < n — 2. Then there exists a rational
curve C in My, such that |CND%| =1 and CNDENDT = for all R, T with D® # DT.
Moreover, the point C N D% can be chosen to be any smooth point of D° except for

finitely many exceptions.

Proof. The statement is obvious for M4 = P. = C, so assume n > 5 from now on. We

n—3

will construct C' C My, as the strict transform of a curve in (P')"~3. More precisely,

20



3.2. Canonical bundles and curves

we will use the strict transform of a curve in (P')"~2 and then forget the marking gu..
Consider P}, with points [0: 1] =0, [1: 1] =1 and [1 : 0] = co. To simplify the notation
consider the markings to be {qo, g1, Goo, P1, - - - » Pn_2}. At least one of S and S¢ contains
three elements, so by replacing S by S¢ if necessary and reordering the other labels, we
can assume S = {pi,...,p,} without changing the actual divisor D°.

Consider the following rational curve D in (P})"2:

[t:s]— ([t+613 28]y [t Bess] [ s 1, s 1]) c (P})" 2,

for pairwise distinct ; € k and pairwise distinct v; € &\ {0, 1} such that the collection
consisting of

(i) v; — Bi € k for all (4, j),

(ii) —p; for all 4,

(iii) 1 — G; for all 4,
does not contain any duplicates. By assumption, k is infinite. Therefore such a collection
of B; and v, in k always exists as each condition only imposes finitely many exceptions.

Define C' as the strict transform of D under the blow-up My, 1 — (P£)"~2. To check
the desired properties, we need to understand the points where D meets (P)" 2\ My 11,
i.e. where a coordinate is 0, 1 or oo, or two coordinates coincide. The conditions above
correspond to the following cases:

() b+ Bis ) = 1y : 1],

(i) [t+Bis:s]=1[0:1]=0,

(iii) t+ Bis:s]=[1:1] =1
The only other point where coordinates agree or are equal to 0, 1 or cois [t : s] = [1:0].
There the first r coordinates are all equal to oo = [1 : 0]. With the exception of
[t : s] = [1:0], the assumptions guarantee that if one coordinate is in {0, 1,00} no other
is and all coordinates are distinct, and that at most two coordinates agree at a time.

For all points except [t : s] = [1 : 0] the point of D meeting (P})" 2\ My ,41 lies away
from the blow-up centers, i.e. inside the locus where the blow-up My, — (P5)"~2 is

an isomorphism. Therefore the curve C' meets the following divisors in a smooth point:
(i) Dipit over [t:s] = [y; — Bi: 1],

(ii) Diworid over [t : s] = [—p; : 1],
(iii) Diavred over [t : s] = [1 — B; : 1].
The last thing we need to see is which stable curve lies over the point [t : s] = [1 : 0].

To determine the curve we are going to use the following two observations. Firstly,
if the images of a point under the contractions ¢y ¢ .g0p: Mo — (Moa) = Py for

p ¢ {qo, q1, ¢} are all distinct and not 0, 1 or oo, the point corresponds to a smooth
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3. The moduli space M,

stable curve, i.e. an element of M, ,. Secondly, studying one side of a node can be done

by considering the following map

AT S ~ 1\|S]|—2
II  ctrsmsen: Mo 2 D = Mgy x Myjsern = Migia — (P
pES\{s1,52}

for fixed s1, 80 € S and s¢ € S°.

By the projection to (P1)"2, we know the curve meets the divisor Di%<P1-Pr} This
means that there exists a node separating the labels 7' = {qoo,p1,-- -, Pr} = S U{¢0}
and T° = {qo, q1,Pr+1, - - -, Pn—2}-

We start with the easier case of showing that there is no further node on the side of
T = {q0,q1, Prs1,- - -, Pn_2}. Consider the contraction map given by the product of the
maps forgetting all markings except ¢oo, qo, ¢1 and one of p, 11, ..., p,_9, i.e. the product
of ¢{ge qo.q.p}y for i € {r+1,...,n—2}. Each of these maps is the cross-ratio of the four
points. This results in [; : 1] for p;, which is constant in the family, distinct and not in
{0,1,00}. Therefore there is no further node on the 7 side.

Next, we will treat the T side. Similarly, we consider the contraction map given by the
product of the maps ¢4, g0.p,.p;} forgetting all markings except goo, qo, psi, p;. Computing
the cross-ratio over the point [t : s] = [1 : 0] gives 1. The cross-ratio we chose for
M_0,4 =~ P! here sends the first marking to infinity, the second to 0 and the third to

(wa—z2)(z3—71)
(za—x1)(T3—22)

separating g from all other py,...,p,. Considering the contraction maps g p; popi}s

1, i.e. thinking of it as a function in x4. This shows that there is a node

give the cross-ratios

(t+Bi) — (t+ Br) _ Bi — B
(t+Bs) = (t+pP1) Ps—5

As all of those are constant in the family, distinct and not in {0,1,00}. There is no

further node separating elements in S. The curve over [t : s] = [1 : 0] therefore looks like
Qoo
S

T° /
and forgetting the marking ¢., gives the desired curve. O]

Remark 3.2.3. The above construction allows one to construct a curve through any given
smooth point of D?, except finitely many. The finitely many exceptions come from the

condition that v; — 3; € k are distinct. If this condition is omitted the construction above
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3.2. Canonical bundles and curves

gives a curve through any given smooth point in D but meeting some exceptional divisor

elsewhere.

The marking ¢, might look special in the construction, but it is not. The only reason
we do it this way is to simplify the cross-ratios appearing. One could do the same
argument for any intersection of the markings py,...,p, which is not one of 0,1, cc.
Temporarily adding this point as a marking in the family, to see which curve lies over

the intersection point, works too.

The following is [ACG11, Proposition 7.5]. As we will need part of the proof, we will

recall it here.

Proposition 3.2.4. Let n > 4 and fix distinct elements i,j,k € {1,...,n}. A basis of
Pic(My,,) is then given by

D* with (teS and 2<|S|<n-3) or S={jk}

Proof. Consider D® with i ¢ S and |S| > 3, then D°° = D satisfies the first condition
for S¢. Therefore, the boundary divisors not satisfying the conditions above are exactly
the divisors D&% with i ¢ {s,t} # {j,k}. The following two relations, obtained from
the presentation of CH*(M,,,) in Theorem 3.1.12, can be used to rewrite D{*t}.

D{s,t} _|_D{Z,k} + Z DS — D{i,t} +D{s,k} + Z DS

i,keS ites
s,t¢S s,kgS
|S1,5¢[>3 S],|S¢1=3
Disk L plid} E DS = plist . plik} E DS,
i,j€S i,s€S
s,k¢S j,k¢S
|S1,15¢[>3 |S1,5¢[>3

This immediately shows that this collection is a generating set for Pic(Mj.,,).

For a proof of their linear independence see [ACG11, Proposition 7.5]. O

Remark 3.2.5. Rewriting D!} in the above way results in an expression that is not
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3. The moduli space M,
symmetric in s,t and in 7, k. Symmetry can easily be achieved.

D{S’t} — D{ivt} + D{’L',S} + D{J7k} — D{’L:k} — D{lv.j}

+ Z DS—{— Z DS_ Z DS_ Z DS

i,s€S ites ikeS ijes
J,k¢S s,k¢S s,t¢S s,k¢S
[S],15¢1=3 IS||15¢1=3 IS]15¢1=3 [S],15¢1=3

— plitt 4 plist . plk} _ plikl _ plid}

+ Y DY+ > DY+ Y DS—.Z D¥— 3 DS- > D*

1,8,tES 1,8€S i,teS 3,5,k€S i,keS 1,JES
]’k¢s J7k7t¢s j7k7s¢s S7t¢‘s j751t¢5 k7s’t¢S
8>3 KES 51>3 56123 I51>3 i5]>3

Start by splitting the first sum into parts containing ¢ and not containing ¢. Similarly,
split the the third sum into into parts containing j and not containing j. Removing sum-
mands that appear both in the second and fourth sum, gives the remaining summands

three and six.

Proposition 3.2.6. Fiz distinct elements i,j,k € {1,...,n} and therefore, a basis of

Pic(My,,). The canonical divisor Kyz— can be written in that basis as ) g cs DS with

C{jkt = 2 — n, Clij} = Clik} = N — 4, Cli,s} = —2 with s € {1, . ,TL} \ {i,j, ]C},
n—2-18), [, k}nS > 1

€S, 3<|5<n-3: cs = .
=151, {s.kynSI=0

In particular, writing every divisor as D° for some S such that |S N {i,j, k}| < 1 and
replacing cs by cse accordingly, we have cs = |S| € Z/27.

Proof. By [Pan97, Proposition 1] we have Ky~ = ZJL%J (J(:%f) — 2) > 1s|=j D%, To
express this element in the basis coming from Proposition 3.2.4 we need to rewrite some

DS with |S| =2 and i ¢ S # {j,k}:

Cljky = (%—% (2(n—3)+(n;3)+1)=2—n
Clijy = Clik}y = (%—2) (—(n—3)— (n;3)+1) =n—4

2(n —2
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3.2. Canonical bundles and curves

To ease notation set dg = (W — 2). Fori € S and 3 <|S| < |2] we have

st =2ses=ds+ (X2 -2} (-(1)) =219
ks = ies = ds+ (K22 2) (<(F ) - ) <2

n—1
Gy ] =05 es = s+ (2222 o) (W71 s - i) =18

For i € S and |2| < |S| < n — 3 we get the same results, because ds = dg- and the

counting is the same. O]

Remark 3.2.7. Consider the markings {1,...,n} and fix (¢, j,k) = (3,1,2). We perform

a quick check in low dimensions:
Ky— = —2D12 = _opi34)
0,4 )

Ky— = —3D"3 4 plt3h 4 pi2st _opt34) _ o pi85)
— —3D{3’4’5} + D{2,4,5} + D{1’4’5} o 2D{3,4} . 2D{3’5}.

In the n = 4 case one needs to be careful to not count divisors too many times, as
D2} = D4} This is exactly what it should be, because My 4 = P;.

In the n = 5 case, the summands of D345} 4 D{245} 1 D{L45} are the three exceptional
divisors of the blown up points. The —4D{&45} — 2pB4r _ 2 D35} comes from the
pullback of the canonical divisor on Pj. x P}. The coefficient —4 for exceptional divisor
D345} appears, because the divisors {oo} x P and P} x {00} on P} x P} meet the

corresponding blow-up center and each appear with a coefficient —2 in Kpiyp:1.
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4. Cellular structures and cellular
homology

The following definition comes from [MS23]. Despite following their ideas, the cellular
homology defined below differs from their A'-cellular homology. In [MS23], the differen-
tial is defined using cofiber sequences €; — Q; 11 — Q;41/€; and the motivic homotopy
purity theorem to express the latter in terms of spheres and ;. \ €;, [MS23, For-
mula (2.2)]. Instead, we are using a description via localization sequences, using the
knowledge of the residue maps to our advantage. Both variants can be used to compute
H} (—, M) for strictly Al-invariant sheaves. The main benefit of our definition is the
computability as demonstrated in Chapter 5. We will directly compute the differentials
for multiple cellular structures on P}. In [MS23], the homology of P} is computed by
considering A7\ {0} as a G,,-torsor on P, computing the differential for A7\ {0}
and identifying the G,,-action, [MS23, Section 2.5].
In this chapter the base field k is of characteristic not 2 and perfect.

4.1. Cellular structures

Definition 4.1.1. Let X € Sm; be an irreducible smooth k-scheme of dimension n. A

strict cellular structure on X is an increasing filtration
P=0,CQQHRCHC---CQ, =X,

with open subschemes ; such that the reduced closed subschemes X; := €; \ Q,_; are

k-smooth and each irreducible component of X; is isomorphic to A’,Z_i.

Definition 4.1.2. A smooth k-scheme X € Smy is called cohomologically trivial if
HL (X, M) = 0 for every strictly Al-invariant sheaf of abelian groups M and every
n > 1.
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4.1. Cellular structures

Definition 4.1.3. Let X € Sm; be an irreducible smooth k-scheme of dimension n. A

cellular structure on X is an increasing filtration

P=0,CQCHC---CA =X

)

with open subschemes 2; such that the reduced closed subschemes X; := €; \ Q,_; are

k-smooth, affine, everywhere of codimension ¢ and cohomologically trivial.

Remark 4.1.4. The idea is that all arguments for strict cellular structures that only use
the cohomological vanishing of the ‘cells” A}* will also work for cohomologically trivial
cells. Tt might still be complicated to compute Hy,,(—, M) for the cells.

Lemma 4.1.5. Let X be a cohomologically trivial smooth affine scheme over a perfect

field, then every vector bundle on X is trivial.
Proof. This is [MS23, Lemma 2.13]. O

Definition 4.1.6. Let £ a line bundle on a scheme X. Then L is called orientable, if
there exists an isomorphism N ® N = £ for some line bundle A on X.

A fixed choice of such an isomorphism is called an orientation for L.

Remark 4.1.7. The previous lemma shows that every vector bundle over a cohomologi-

cally trivial smooth affine scheme is orientable.

Lemma 4.1.8. Let U = A} \ (U,_, Vi) be the complement of affine hyperplanes V;, then

U 1is cohomologically trivial.
Proof. Proceed by induction on the number of hyperplanes 7.
r = 0: Strict A'-invariance immediately shows that A? is cohomologically trivial.

r = 1: Consider the localization pair A} ™! =V} < A? with complement U = A7\ V;.

As Vi is of codimension 1 the localization sequence from Remark 2.1.7 reads
Hl%is(AZ7 M) B Hl%is(U7 M) L) Hl%is(‘/l? M—1)7

where both outer terms vanish by strict Al-invariance of M and M_;. So the middle

term vanishes, showing that U = A} \ V; is cohomologically trivial.

r ~> 7+ 1: Consider the localization pair V,41 \ (U_, Vi) — AP\ (U_, Vi) with
complement U = A} \ (U:;rll V;). Writing Vi1 \ (Ui_, Vi) = Via \ (U, ViN Viia)
and using that V; NV, is either empty or isomorphic to AZ’Q, shows that this is a
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4. Cellular structures and cellular homology

complement of at most r hyperplanes in V,,; = A7~ and therefore, cohomologically

trivial by induction hypotheses. The localization sequence reads
H (AP \ (Ui Vi) . M) —— Hi, (U, M) —"= Hi (Vo \ (Ui, Vi), M)

where both ends vanish by induction hypothesis, showing that U = A} \ (U:;l Vi) is

cohomologically trivial.
This finishes the proof. O

Lemma 4.1.9. Let U = A7\ (U;_, Vi) be the complement of affine hyperplanes V;, then

Hyo (U 5™) 2= ) (K1 ()™
i=0
where mg = 1 and m; = ’{J C{l,....r}| [J| =1, Nies Vi # (Z)}’ is the number of non-
empty intersections of i hyperplanes.

The isomorphism, @._, (KXW (k)™ — HR (U, KMY) C KMY(k(ty,....t,)), is
given by picking defining equations {f; = 0} = V; and multiplying a summand K{%m(l{)
corresponding to J = {j1 <--- <jin} S{L,....r} by [fj, |- [fiul
Proof. Proceed by induction on 7.

r = 0: Strict A'-invariance of K" shows that Hy (Ay, K}") = KXW (k).

r = 1: Consider the localization pair AZ’l = V) — A} with complement U = A7\ V;.
Then the localization sequence reads

0—— HIQHS(ATI:*?KéVIW) BE— Hl(\)lis(Ua Ké‘lw) 1%1 HI(\)hs(‘/laKé\@{V) — 07

where the right zero comes from the cohomological triviality HY (Ay, K}") = 0, by
Lemma 4.1.8. The second term is isomorphic to K} (k) and the fourth term to
Ké‘@{v(k) Let f € k[x1,...,x,] be a linear polynomial defining V;, then a splitting of
the sequence is given by multiplying with the symbol [f], which shows the claim.

r ~> 7+ 1: Consider the localization pair V41 \ (U_, Vi) — AP\ (U, Vi) with
complement U = A7 \ (U V7). Waiting Vioa \ (U, Vi) = Vit \ (Ul_y Vi N Vi)
and using that V; NV, is either empty or isomorphic to AZ’Q, shows that this is a

complement of at most r hyperplanes in V,.,; = AZ‘I. Therefore,

it (o (U)o ) = D ™

1=0
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4.1. Cellular structures

for my = 1 and m; = ‘{J C{1,....r} | I =4, Vi 0 (Njes Vi) #(/)}’ The local-
ization sequence gives a short exact sequence

Hl(\JIis (AZ \ (U;:l ‘/Z) ’KéWW) — Hl(\]lis (U7 K(}MW) 1% Hl(\)fis (‘/’"4-1 \ (U;‘nzl ‘/Z) ) Ké\/—ﬂ{v) ’

and the splitting is again given by multiplying with a defining equation of V1. Adding

the corresponding exponents m; +m;_1 for © = 1,... 7 + 1 gives exactly the stated
exponents.
This finishes the proof. O

Example 4.1.10. Consider A7 \ {zy = 0} with order V; = {z = 0} and V;, = {y = 0},
then

Hyse (Af\ oy = 0}, Kg™) = K (k) & [2] K1Y (k) & [y KTV () @ [y] [ K0y (k)

as a subgroup of KW (k(z,y)). For the other order, the last summand is [2][y] KM (k)
and thus differs from [y][z] K"} (k) by a factor of ¢, i.e. up to a sign on the K} (k)

summand, the two isomorphisms agree.

Remark 4.1.11. Note that the isomorphism above depends not only on the choice of
defining equations, but also on the order of hyperplanes. The ordering of hyperplanes is
used to get an unordered basis. All of this does not concern the order of basis elements,
which we do not care too much about unless we want to express the differential as a
matrix.

Another way to get the above isomorphism is to look at the corresponding position in
the Rost-Schmid complex for A} and realize that this is exactly the group one gets if one
omits the codimension 1 points corresponding to the r hyperplanes. The different number
of summands depending on how the hyperplanes intersect comes from the observation,
that [f][g] € [f]KMY (k) @ [g] KMW (k) if and only if they do not intersect, i.e. f = g+a
for a € k*. By expanding [%H%a_a)] one sees [f|[f —a] = [f][—a] + [f — a]e[a] and the
other direction by computing residues at f.

Remark 4.1.12. We need to deal with non-strictly cellular schemes because we do not
know a strictly cellular structure for My ,, except in very low dimensions.

The basis coming from Proposition 3.2.4 does, in general, not correspond to a strictly
cellular structure. This can already be seen for M—M,. The closure of the five 1-cells has
three connected components, but this contradicts the fact that CHO(M—%) = 7.
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4.2. Cellular homology

As mentioned in the beginning of this section, the cellular homology used here is different
from the one used in [MS23].

Lemma 4.2.1. Let0 =Q_; CQy C O C--- C Q= X be a cellular structure, then
Hi (2, M) =0, i<dim(X)-—k-—1,

for any strictly A'-invariant sheaf M.

Proof. Proceed by induction on 1.

1=0: Qy = Q \ Q_; is cohomologically trivial, so the only non-trivial homology

group can appear in degree k = dim(§2y) = dim(X).

© — 1 ~» 4 : Consider the localization pair €;\Q;_; < €; with open complement €; ;.

The localization sequence from Remark 2.1.7 reads
Hk(Qz \ Qi—la M) E— Hk(Qz, M) e Hk:(Qi—la M)

The left group vanishes by cohomological triviality for & # dim(X) — ¢ and the right
one vanishes for £ < dim(X) — ¢ by induction. Therefore, the middle term vanishes
for £ < dim(X) —¢ — 1.

This finishes the proof. 0

Lemma 4.2.2. Let0 =Q_1 CQy C QO C--- C Q= X be a cellular structure, then
Hi (2, M) =2 H (X, M), i>dim(X)—k+1

for any strictly A'-invariant sheaf M.

Proof. Consider the localization pair €; \ ;1 < Q; with open complement €; ;. The

localization sequence from Remark 2.1.7 reads
Hi (4 \ Qioy, M) —— Hp(Q, M) —— Hp(Qi1, M) —— Hp_1(Q\ Qim1, M).

The left term vanishes for k£ # dim(X) — ¢ and the right term for £ — 1 # dim(X) — 1,
both by cohomological triviality. Therefore,

which shows Hy(Q2;, M) = H,(X, M) for j > dim(X) — k + 1. O
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Definition 4.2.3. Let ) = Q_; C Qy C Q; C--- C Q, = X be a cellular structure and

M a strictly Al-invariant sheaf. Define the cellular complex
CfM(X, M) = Haim(x)~i(€ \ Qim1, M)
with differential dgim(x)—; given by the composition
Haim(x)—i (2 \ Qi1, M) — H gim(x)—i (2, M) 2, Hgim(x)—i—1(Qig1 \ Qi M),
coming from the two appropriate localization sequences.

Proposition 4.2.4. Let 0 =Q_; C Qg C --- C Q, = X be a cellular structure and M a
strictly At-invariant sheaf. The cellular complex C<Y(X, M) is a complex and for all k:

Hk<X7 M) = Hk<C:eu(X7 M))
Proof. Set n = dim(X). The two localization sequences fit into the following diagram

Hy i1(Qi—2, M) =0

/

Hn—i—i—l (Qi—b M)

dnfi
Hn—i—l—l(Qi—l\Qi—ZaM) ““““ ey Hn—i<Qi\Qz 1>M) “"> Hyio1 (i1 \ 4, M)

A

n z(Qz M

/\

anl(X, M) Lemma 4.2.2 Hn,Z(QZ+17 M) Z(Ql 1’ M) — O

/

0= Hp i(Qiy1\ L, M)

where the vanishing is due to Lemma 4.2.1 or the dimension of the respective scheme.
The cellular complex is in fact a complex because ¢, 09 = 0, as those are two consecutive
maps in a localization sequence.

By injectivity of j*, we have Hy (X, M) = im(j*) = ker(9,_;) and by surjectivity of
L, we have v, (ker(d,—;)) = ker(0,—;) and im(d,—;+1) = im(0,—;+1). This means ¢, gives
an isomorphism

Hy(CMN(X, M)) = ker(d,_;)/im(d,_i11) = ker(d,_;)/ ker(s.)
= . (ker(d,—;)) = ker(0,—;) = im(j*) = Hy—i(X, M).
This finishes the proof. O
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4. Cellular structures and cellular homology

Remark 4.2.5. This is exactly the dual argument to the standard proof that cellular

homology computes singular homology, as for example found in [Hat02, Theorem 2.35].
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In this chapter the base field & is of characteristic not 2, infinite and perfect.

5.1. Computations for projective spaces

Example 5.1.1. To start computations there are quite a few choices we need to fix.
Start by writing P} = Proj(k[z,y]) with co = [1 : 0] and complement A} = Spec(k[z]).
Consider the standard (strict) cellular structure given by @ C A} C P}, where the two
differences are A} and {oo}. Denote the localization pair by i*: {oc} — P} <= A} : 7,
and the line bundle Op1 (d) by L. Moreover, set Uy = Spec(k[y]), the open complement
of 0 and U, = Spec(k[z]), the open complement of co. The gluing map on P}, is given by
UoNUy — Uy NUp,  +— y~ ! and the one on L is given by L]y = k[z]-u, L|y, = kly]-v
gluing u — y~%.
The differential we want to compute is

Y d Y
Hy(AL, KYW) = KXV (k) —— KM (k) = Ho(Spec(k), K;"V).

Picking orientations in 0 and oo gives L]0y =, k and L|{s} =, k. From the localization

sequence we get the differential as (note ¢t = z and ¢t~! = y):

dq

- Al /p -
KMW(/{:) = K(%I{V(k,ﬁ‘{o}) — Mk, Ké\/[w(k,woo ®£|{oo}> =y @ Kéww(k)

g+1 Uy
| %

K (k(t), Loy @ k(1))

Note that here there is no pushforward along the inclusion ¢, : €p\Q_; — Qg appearing,
because Q_; = (). The differential d; can be decomposed into four parts:
(i) KMV (k) =, KMV (K, Lloy) = Hi(A), K} (L]y,,)) via choice of orientation and

homotopy invariance,

(i) lifting the element along the inclusion j: A} — Py,
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5. Computations

(iii) the boundary map 9% giving the differential at the 0-cell oo € P},
(iv) the choice of orientation for the O-cell, as in (i).

In general, steps (i) and (iv) are the homological description of the cells depending on
the choices made. Steps (ii) and (iii) describe the differential in the localization sequence
and depend on the geometry and positioning of the cells relative to one another (see
Definition 4.2.3).

In this case the differential dy: K}V (k) — K" (k), which depends on £ = Op: (d),
can be written explicitly as

av&a@u

Dao@el)=ae (el = () evel)

i % ((yHa)®(yowv)
na, d odd,

4 a1, () ) = 92 (o ™ 2) ) =
0, d even.

This computes H;(Py, K}V (L)):

KEMW(E).  dodd,
i, (B K2 (0(a))) = & "ot )

KMV (k), d even,

KYW(k)/n, dodd,

Hy (P}, ;" (0(d))) =
o (P Ky ) KW (k), d even,

where , KMV (k) = ker(KMV (k) =% KMW(k)). As the canonical bundle of P} is

wpt = Opt(=2) = 0 € Pic(P})/2, the difference between homology and cohomology is

only present in the change of degree and not in the twists, see Remark 2.1.6:

S (), d odd,

H? (P, K" (O(d))) =
(B K, ) KXW (k), d even,

KMV (k)/n, dodd,

H' (P, KY'™(0(d))) =
(B K, ) KMV (k), d even.

Remark 5.1.2. This computation for P} encapsulates multiple classical invariants.

The singular cohomology of the complex points, CP! ~ S? can be computed by
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5.1. Computations for projective spaces
considering the quotient map K" (O(d)) — K"

Z, q=0,1,
H (CPL,Z) = CHY(PL) = H9(PL, KM) = e

sing .
0, otherwise.

The first isomorphism uses that P} is strictly cellular and the second isomorphism holds
in general, by definition. By considering the quotient map KMV (O(d)) — I(O(d)) we
similarly get

0, d odd,

HO®L I9(0@) = {
I°(k), d even,

(k) /21°(k), d odd,

H(BLINO@) =
I°(k), d even.

and further specializing to k = R, RP* ~ S!, we obtain:

A 0,1,
HY, (RP',Z) = HY(PL, ) = !
0, otherwise,
0, q=0,
HY,,(RPLZ(O(-1))) = HY(PR, 1°(O(-1))) = { Z/2Z, q=1,
0, otherwise.
where H .(—,Z(L)) denotes singular cohomology with twisted coefficients, see e.g.

[BT82, Chapter I1.10 and Exercise 11.10.7], and the real cycle class maps, see [HWXZ21]
or Theorem 6.2.14, provide the isomorphisms HY(X,19(L£)) = HL (X(R),1%(L)) for

sing
strictly cellular smooth R-schemes X.

Example 5.1.3. Now consider the cellular structure on P} given by removing more k-

rational points, i.e. ) C P} \ {00, pa,...,pn} C Pi. The chain complex for coefficients in
K} (L) is then given by

KMW (k) & (KM (k)™ — KMW (k) @ (K2 (k)"

Note that to describe the first group we fixed an ordering of the points and used
Lemma 4.1.9. Also compare with Remark 4.1.11.
The upper left entry in the (n X n)-matrix associated to d; is the differential from

the previous computation. To get the rest of the first column we need to compute the
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differentials of o € K|V (k) at the other points. Pick orientations in p; for i = 2,...,n
by L|,, =, k. The differential can then again be described by (note t = z = y~):
0,1

1
al/p

KXWV () =2, KMV (k, Lloy) ——— K} (k,wp, @ Llpy) Zp—piloou. K (F)

U
l 8})’;*%]

K (k(t), Loy @ k(1))

but this time the map vanishes because aﬁ"’ g (a) = 0, since there is no (y=¢) factor
appearing as no change of charts is necessary, and « has trivial valuation at {ps,...,p,}.

Geometrically this means that the constant form has no residues except at oo.

To compute the upper row of the differential consider:

Oyt 51

KYW(k) =, K} (k, L]y — K} (k, Woo ® Ll{o0}) Zyogu. K (K)

|

K (k(t), L,y @k k(1))
given by

ar—a@u
—t—pla®wel)=[t—pla® (yvel)={y ) [t-ple)®@ve1)
= 0% ((y™) [t — pila) @ (y @ v)

o O () [t = pida) = 9% (™ e =pa) = { @ 00

ea, d even,

where the last equality comes from the computation of the differential in Lemma 1.2.4.
Geometrically this corresponds to the fact that a function with a zero on Aj has a pole

at oo.

To complete the description of the differentials, we need to deal with the summands
coming from a point p; and their residues at some pj, i.e. the (n—1) x (n —1) lower right
subblock of the differential d;. This is the identity matrix because 9 =Pil([t — p;]) = 6, ;
and no coordinate changes are necessary.
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5.1. Computations for projective spaces

The complete description of the differential for P} and £ =2 O(d) is hence:

di: KMV (k) @ (KM (k)T — KM (k) @ (KM (k)"

n —1 ... —1 0 ¢ ... ¢
0 1 0

, d odd ) _ , d even
0 1 0 1

This gives an alternative way to compute H;(IP, K"V (L)). Because we did not use a
strict cellular structure, the 0-th cohomology groups of the cells were more complicated,
adding more K, éww(k) summands. The additional relations we see encode the linear

equivalence of any two points on P}, now with GW (k) coefficients.

Next we will do the computation for P}. Instead of directly computing the differential
by pushforward along the inclusion and boundary map, we are going to restrict to curves,
as described in Remark 2.1.15. As those curves are P}’s, we can directly apply the
computation from the previous example. Note that for d; it is exactly the same situation
as above.

Example 5.1.4. Consider the standard strict cellular structure on P} given by fixing a
complete flag of subspaces () C IP’% C ]Pﬁ,lC C .- C P}. The chain complex for coefficients
in KW (L) is then given by

dn dn— d di
KMW(k) —=— KMW (k) — ... —== KMV (k) —— KMW(k).

To compute the differential d;: K} (k) = K}{}V, (k) we consider the cell of dimension
i, whose closure is a P}. There exists a rational curve meeting the boundary stratum in
a single point. The determinant of the normal bundle of such a curve is Op1 (—i + 1).

Let £ = Opr (7) be the twist and observe that restricting to cells keeps the parity, i.e.
Opr(7)

prt = Oszl (7). Therefore, the differential d; is given by multiplication with:

n, for j —i—1 odd,

0, for j —7 — 1 even.
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5. Computations

This results in
(KM (k),  i=0,

KMW(E), 2<i<mnandieven,
(g gy = i (B2 s ey
KMV (k)/n, 1<i<nandiodd,
KMW(E),  i=mnodd,

\ " g+n

(
nKé‘fr‘i’V(k), 1 <i<nandiodd,

H; (P, Ké‘/IW(O(—l))) = KMV(k)/n, 0<i<nandieven
\K%ZLV(k), i =n even.

Writing this in terms of cohomology requires twists by the canonical bundle of P}, which
is Opp(—n — 1). Therefore the parity of n plays a role in reading off the cohomology,
resulting in

MW L
Kq (k)7 L= 07

MW . .
K% (k)/n, 2<i<mnandieven,
AV (K),  1<i<mnandiodd,

MW L
K5 (k), i =mn odd,

)

H' (P, K;™) =

)
Kq]‘f‘;‘/(/{ /n, 1<i<mnandiodd
H' (PZ, KéMW(O(—l))) = ,IK;‘{ZV(k), 0 <i<mnand i even,

KMV (k),  i=neven.
\

This was previously computed in [Fas13, Theorem 11.7].

Remark 5.1.5. As for P, we get similar descriptions for the classical invariants of P}.

The singular cohomology of the complex points is:

2 Z, q=0,...,n,

sing

(CP",Z) = CH(Pg) = H(PL, K') = ,
0, otherwise.

The I9-cohomology is given by:

Io(k>’ q — O’
0 0
HQ(PZ, ]q) _ I (k)/QI (k)7 2< q <n and q even,
0, 1 < g <n and q odd,
\Io<k>7 qznodd,
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5.1. Computations for projective spaces

and further specializing to k = R we see:

Z, q=0,

7)27, 2<q<mnand q even,
H,o(RP", Z) = H* (P, I) =

0, 1 <q < n and q odd,

| Z, g =n odd,

and similarly for 17(O(—1))-cohomology and singular cohomology with twisted coeffi-

cilents.

Example 5.1.6. To showcase the choice of orientations involved and the effects of non-
strictly cellular structures, start with the cellular structure coming from the four lines
{p} x P}, P} x {p} C P} x P} for p € {0,00}. Cover P} x P; by the four open sets
Uap = (P} \ {a}) x (P} \ {b}) = AZ for a,b € {0,00}. Pick orientations on those four,
following the notation we used for IP}C, by wuy,us on Upg, v1,us on Us g, 1,02 on Uy
and vy, v on Uy o. As before note u; = t; and v; = ¢, ! Fix orientations on the four
intersection points by t; ®t, on (0,0), t;' @ty on (00,0), t; ®t; " on (0,00) and ;' @ ;"
on (00,00). A change of order of generators, such as for example picking to ® t; on (0, 0)
instead, differs from the previous choice by a —1 on the section side or equivalently a
(—1) on the form side.

The chain complex for this cellular structure and coefficients in K75 (L) is
2 d 4 d 4
KM (k) & (K1Y (k)™ @ KT (k) = (K10 (k) © KLy (k) — (K1Y (K)) "

where the 2-cell summands come from A7 \ (Al x {0} U {0} x A}), i.e. it is a hyper-
plane complement so A? contributes a K, éw W (k) summand, the axes each contribute one
KMV (k), and their intersection point (0,0) contributes the K1 (k). The 1-cell sum-
mands all come from the four A} \ {*} = G,, and the 0-cell summands are the four
intersection points of the four lines. Again this representation of the groups depends on
a fixed ordering of the four lines.

Now we start with the computation of the differentials for the twists by £ = O(ey, e5)
for ey, e; € Z. Beginning with dy and the K" (k) summand, i.e. the first column of dy,

we have:
KMW (k) — KMW(k(ty, t2), £ ®y, k(t1, t2)) N KMV (k) & KMY (),

where the first map sends o € K} (k) to

1\“ 1\“
a® (nuy®1) = <t_> a® (nuy®1) = <t_> a® (uvs ® 1)
1 2
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5. Computations

Together with the residue map this can be summarized as follows:

0, for all differentials at t; = 0,
do(a) =<0, for t; = oo and e; even,
na, for t; = oo and e; odd.
Continuing with the summand from ¢; = 0 (analogously for ¢, = 0) we get:
KXY (k) — K™ (k(t, 1), £ @ k(h, 1)) 2 KLY (k) @ K1Y (),

where the first map sends a € K1V (k) to [t1]a® (u1u;®1) and the composition becomes

multiplication by

1, for all differentials at t; = 0,
0, for all differentials at t, = 0,
g, for t; = oo and e; even,

-1, for t; = 0o and e; odd,

0, for ty = 0o and ey even,
(7[t1], for ty = co and e, odd.

Geometrically, the last one means that the element is mapped to the K é‘f W summand of
to = oo having a simple zero at (0, 00). To finish the computation, consider the K é\f V(k)

summand corresponding to (0,0):
KM (k) — K™ (K, 1), £ @ k(t, 1)) 2 KXY (k) @ K1Y ().
The first map sends a € K" (k) to

[ti]lte)a ® (wuz 1) = (=) [t][t2]a ® (v1uz ® 1) = (=1) [ta] o) © (wyve ® 1)
= (=17 [1)][ta]o ® (v102 ® 1),

where we use the equality [a|(a) = [a](—1). The composition becomes

(

[to], for all differentials at ¢; = 0,
elt), for all differentials at ¢t = 0,
eltal, for t; = 0o and e; even,
—[ta], for t; = co and e; odd,
[t1], for to = 0o and e,y even,

L (—=1)[t1], for t5 = 0o and ey odd.
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5.2. Computations for My,

The differential d; is almost a straightforward copy of the P} \ {oo,0} computation
four times, one for each of {t; = 0}, {t; = oo}, {t2 = 0} and {t2 = co}. There is an
additional (—1) factor for all differentials coming from {t; = 0} and {t; = oo} as the
section part looks like t3! @ ¢! which is not the chosen orientation from the start of the
example.

Fix an order of summands in the chain complex to represent the differentials by ma-
trices in the following way. The summands corresponding to the 2-cell are in this order
AZ {t; =0}, {t» = 0} and (0, 0), the 1-cell summands are {t; = oo}, {ts = oo}, {t; = 0}
and {to = 0}, and the 0-cell summands are (0o, 00), (0,00), (00,0) and (0,0). This gives
the matrices in Appendix A.

To see that those maps define differentials use the equality (14 (—1))n = 0.

Remark 5.1.7. Note that the complexity of this computation only arises because we
picked an unnecessarily complicated cellular structure. For products of projective spaces
P? x P} one can take the standard strict cellular structure coming from the factors and
the resulting computation for twists by the canonical bundle Wpn P = O(—n—1,—m—1)
looks identical to the computation of Hj, (RP; x RP}*, Z), replacing the multiplication
by £2 with the multiplication by (£1)n, see [Hat02, 3.B.Exercise 1]. The twists change

whether all these multiplications appear in even or odd degrees.

5.2. Computations for M,

Convention 5.2.1. Fix the cellular structure ) = Q_; CQy C O C --- C Q,,_3 = My,
given by

Qi = M07n\ U (ﬂD‘&),
[T|=i+1 i€l
i.e. the points lying in at most ¢ boundary divisors. This way we have Qy = M ,, and
Qi1 \ Q; are the points lying in exactly i boundary divisors.
This is the only cellular structure on M, that we will consider.
Remark 5.2.2. Note that the intersection of m divisors, if non-empty, is isomorphic to a
product of the form Mg, X --- X Moy, ,, see [Kee92, Fact 2]. If one removes all points
lying in other boundary divisors one gets Mg, X --- X My, .,, which is a hyperplane

complement.

Convention 5.2.3. Consider the space M, and write the boundary divisors D° according

the usual convention |SN{1,2,3}| < 1. Define an order < on the set of boundary divisors
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5. Computations

by first ordering by size and then reverse lexicographically. This means for S # T"
DS DT = S| < T
or (|S| = |T'| and max(S) < max(T))
or (|S| = |T| and max(S) = max(T) and D% \{max(S)} < pT\{max(T)}y

For example D{L789} < DBASTS) < DlL2678} 4 D{123456}

This also induces an order on m-fold intersections of boundary divisors by reverse
lexicographically ordering those subsets, i.e. D51 N DTt < D% N D™ for D% < DT
means D™t < D™ or (DT1 = D™ and D' < DS2).

Remark 5.2.4. There are multiple different ways of viewing M, as a complement of
hyperplanes in AZ‘3. We want to fix such an isomorphism.

Picking three markings, e.g. {qo, ¢1, ¢ }, fixes a blow-up description : My, — (P5)" !,
see Remark 3.1.10 and Remark 3.1.11. The contraction ¢ restricts to an open embed-
ding to AZ‘3 after removing all exceptional divisors, i.e. D with |S| > 3 assuming
1S N {qo, q1, s }| < 1, and lines at infinity, i.e. DI%? for X\ ¢ {qo, ¢1, ¢oo }. The remain-
ing boundary divisors DA DAt and DM for A, p ¢ {qo, q1, ¢} are mapped to
the hyperplanes {z) = 0}, {x), = 1} and {x) = 2, } respectively. Therefore ¢ restricts

to an isomorphism

©: Moy, — (A \{0, 1)\ {(21,...,2n3) | i £ j:ai = z;}.

We order the hyperplanes (D) removed from A}~ in terms of S according to Con-
vention 5.2.3.

In the same way we can write | Jg D\ Usr DN DT as a disjoint union of hyperplane
complements in A}™*. For this we will write D\ [Jg 4T D% N DT as such a hyperplane
complement. Write S = {s1 < s < -+ < s} and 5¢ = {sf < -++ < sg}. As
before, fix a description of D¥ = My 141 X My |se|+1 as a blow-up of (P},)I9172 x (P})15°1=2

corresponding to the markings {x, s1, so} and {x, s{, s5} respectively, where * is the node

separating S and S¢. In this case the hyperplanes removed from (A})/%1=2 x (A})I5°1-2
correspond to D°N DT for T one of {s1, A}, {s2, A}, {\, i}, {s§, A}, {85, A}, or {\¢, uc},
where A\, 1 € {s3,...,55} and X\°, u® € {s5,..., S|CSC|}' They are again ordered according

to Convention 5.2.3.

Definition 5.2.5. Let £ be a line bundle on M, ,,. Fix a basis of Pic(M,,)/2 associated
to (3,1,2) by Proposition 3.2.4. Define

7£(S) = coeff(D®) € 7/27,
to be the coefficient of D® in this representation.
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5.2. Computations for My,

Example 5.2.6. Consider the canonical bundle Wil of Mys. From Remark 3.2.7 we
know that it is represented by D345} 4 D{245} 4 D145} € Pic(M, 5)/2 with respect to
the basis associated to (3,1,2). Therefore,

1, S=1{3,4,5},{2,4,5},{1,4,5},

Torg—(5)
Mo.5 0, otherwise,

in other words, we have T%(S) =|S| € Z/2Z.

Remark 5.2.7. The choice of basis in the definition of 7, corresponds to fixing an inclusion
My, — My, hence a trivialization of the bundle £ on that M.

Notation 5.2.8. Let U = A} \ (J,_, Vi) be the complement of affine hyperplanes V.
By Lemma 4.1.9 we have an explicit description of

HRo (U, K™W) 2= @ (55 (k)™
i=0
where mg = 1 and m; = ’{JQ {1,....r} | I =1, ﬂjGJ‘/}#(Z)}

empty intersections of 7 hyperplanes. As each summand corresponds to an intersection

is the number of non-

of hyperplanes, denote the respective generator by [, V;] and choose [(] for the mq
summand.

As we will need to deal with multiple different spaces at the same time, we will use
subscripts to which one the classes belong. For instance, [D° N DT] will appear as a
summand for D% and DT, so we write [D® N DT]ps and [D® N DT]pr for the respective
summands.

Call the intersection of 7 divisors an i-intersection for short.

Remark 5.2.9. We think of the summand belonging to [D® N DT]ps as forms defined on

DS that have a simple zero at DS N DT or none at all if it is ()] ps.

All further computations are a task of bookkeeping all the non-canonical choices in-
volved. The curves we restrict to come from strict transforms of curves C in (P')"3
with prescribed residues along some divisors. These same curves C' can be used for the
computation of the (co)homology of (P!)"~3 with respect to the cellular structure cho-
sen on My,. We can lift the (P')"® computation by understanding which boundary
divisor the strict transform meets and its normal bundle. The behavior of the strict
transform we understand from Lemma 3.2.2 and the normal bundle by Lemma 3.2.1 and
Proposition 3.2.6. The higher codimension case is reduced to the codimension 0 case of
a My, for smaller n/, by considering the same curves in one of the My, factors of the

intersection of divisors, see Remark 5.2.2.
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Proposition 5.2.10. Let £ be a line bundle on My,,. The top degree differential in the

cellular complex for My, is

dy s Hy s <M—M\ (UDT>,KqMW(£)> s Hy, (U p™\ | <DS N DT),K;WW(L))

T S£T

and is given by

KX (k) [0z —>ZKMW 0]

na B pr, 72(T)+ |T| =1 mod 2, for T ={3,\} or|T| > 3,
a—>
0, otherwise

on the 0-intersections. For the 1-intersections consider some S = {1, A}, {2, A}, {\, u}

and the differential becomes

K (k) (D3 — Z KMV (k)0 pr + Z KXY (k)[D¥ N D" pr

r <(_1)m(T)+|T\>a [@]DT, IS C T

—((=1)eMFTHY o (] pr, (S = {1,A} or S = {2,A}) and {3,\} C T,
or S ={\u} and ({3,A\} CT or {3,u} CT)

o —>
na [DY N DT pr, 72(T) 4+ |T| = 1 mod 2 and
DT meets D5 over D°
0, otherwise

\

Proof. To compute the differential we can restrict to a curve and compute it on there, see
Lemma 2.1.13 and Remark 2.1.15. The restriction map for smooth curves is the pullback
for sheaves, i.e. evaluation of forms at that point, see Remark 2.1.12. By Lemma 3.2.2
we can pick a rational curve C' meeting a boundary divisor DT, where T is arbitrary.
The twist bundle of the differential on those curves is £ ® we by Lemma 2.1.13. All
possible situations of the P; case were carried out in Example 5.1.3.

A constant non-zero form on My, i.e. the elements in K M W(l{:)[@]m, can only have
a residue at some divisor DT if that divisor appears with an odd multiplicity in the
expression of the twist bundle £ ® we, i.e. 72(T) + |T| = 1 mod 2 by Lemma 3.2.1 and

Proposition 3.2.6. Compare all computations for constant forms in Section 5.1.

A form with prescribed residues at D?, i.e. the elements in Kq]\f‘{v(k’)[DS]MO —, can only
have residues at points lying over the hyperplane corresponding to .S, i.e. S C T the first

case in the description of the differential, points over the parallel lines at infinity, i.e. the
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5.2. Computations for My,

second case, or over points where a divisor DT appears with an odd multiplicity in the
twist bundle, i.e. the third case. In the first two cases the form is constant along the
divisor DT, hence the differential has the form a[DS]m — +(+1)a[d]pr for S C T,
having no further residues along DT. In the third case, the form is not constant along
DT having further residues along the divisors D over D* and only there.

To determine the signs +1, —1, (—=1), —(—1), note that the curve we restrict to is
the same curve that can be used to do the computation for (P})"~3 where the cellular
structure is induced by M, and the i-intersection of the complementary hyperplanes,

compare Example 5.1.6. O
Corollary 5.2.11. Forn > 3 and q € 7 we have

_ KMW(k), L =wi;—,
Hn—3(MO,n7KéWW(’C)) = qM ( ) ]\.40771
AW (k) otherwise,

and in particular CT{O(MOW) = GW(k).

Proof. Except for K}V (k)[@l37 -, no element can be in the kernel of the differential as
cach summand K}V (k)[D>'0- - -ND|5—is the only one mapping to K3 (k)[0] psir...psm
and does so by a unit.

The computation of wy— from Proposition 3.2.6 shows that TwW(S ) = |S|. There-
fore, the differential is trivial on the summand K™ (k)[0]5m— — > K MV (k)[0] ps when

twisted by wyr— and otherwise multiplication by 7 to at least one summand, showing

the claim.

The additional statement follows since

~0

CH (Mo,n) = Hys(Mon, K3™) 22 Hy3(Mon, Ko™ (wiz5)
~ KW (k) = GW (k).

This finishes the proof. n

Proposition 5.2.12. Let £ be a line bundle on My,,. The degree n — 4 differential in

the cellular complex for My, is

dn—4: Hn—4 (Ql \ Q(), Ké\/[W(,C)) — Hn—5 (QQ \ Ql, K(?/_”{V(L)) .
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On D% with S = {s1 < s3 < -+ < s} it is given by

Ké\JW @DSHZKMW DSODT

((£1)na [0 psapr, {s1,8} C T C S and 72(T) +72(S) + |S\ T| + 1= 1 mod 2
or {s1,85} €T C S and 72(T) + |T| = 1 mod 2

a orTNS =0 and 7.(T)+|T| =1 mod 2
or {s5,s5} €T DS and |T\ S|+ 72(S) + 72(T) = 0 mod 2
L0, otherwise

on the 0-intersections within D°. Where the sign is given by (+1) if D% < DT and (—1)
if DT < DS. For the 1-intersections within D consider a T = {s1, A}, {s2, A}, {\, u} or
T = {s§, X}, {5, A}, {\, uc} if the intersection happens in the My se+1 factor of D®

KMY(k)[DS N D" ps — Z KMV () 0] psapr + Z KMY (k)[D® 0 D™ 0 DY]pspu

'((—1)T£<U>+lUl>a[@]DstU, TCUCS orTCUC S
—((=1)eOHTED QO] psppu, (T = {s1,A} or {s5,A}) and SCU{\} CU
orT={\pu},S*CUand (A€ U orpelU)
or (T = {s§, X} or{s5,A°}) and SU{I} CU
or T ={Xu},S CUand (XN € U or u € U)
na [DS N DT N DYpsqpr,  72(T) +|T| =1 mod 2 and
DY meets D' over DT N D3
0, otherwise

\

all of which are multiplied by (—1) if DY < D%, as above.

Proof. The proof is basically identical to the proof of Proposition 5.2.10 because each

computation happens solely within one of the factors of D = Mo, 5141 X Mo |ge|+1-
Although, it requires slightly more care to treat the two factors, because the condition
|T N {s1, s2,83}| < 1 determines whether one collapses the points of 7" or sends S\ T to
the additional marking when making the transition from D® to D° N DT. Additionally
one needs to determine the sign coming from the fact that there are two ways to arrive at
D3N DT, namely one via first going to D and one via first going to DT. The difference
is a sign on the section side, so a (—1) on the form side, depending on the order of D?
and DT. This is the same situation as in Example 5.1.6.

As before, taking a constant form on one D®, i.e. an element of K} (k)[0]ps, it can

only have residues at divisors D° N DT if that appears with an odd multiplicity in the
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5.2. Computations for My,

twist bundle. The possibilities of T such that D° N DT is not empty are T C S, T C S¢,
S C T¢ and S C T. The middle two together form the case SNT = (). In the case
of {51,585} C T C S the curve we pick, to degenerate from D* to DS N DT, moves all
markings of S\ T to the node. Therefore the twist bundle is 7. (T)+7,(S)+|S\T|+1. The
second and third case collapses all markings of 7', and the fourth moves all markings
of T\ S to the node just as the first one did. This explains all the twist conditions
appearing in the statement.

The case of prescribed residues on D% N DT for the D® summand, i.e. elements in
KMV (k)[D®ND™]ps, behaves the same as for the codimension 0 situation. The difference
is that there are now two possibilities whether the additional node is on the S part or

the S¢ part, resulting in exactly the same conditions as before once for S and once for

Se. [l

Corollary 5.2.13. For n > 3 we get the known description of CHI(MOW) from Theo-
rem 3.1.12.

Proof. We know that CH'(M,,) = H,_o(My,, KM,) and as KMV (L)/n = KM, there
are no line bundles to consider. The markings are {1,2,3,...,n} and fix (i,5,k) =

(3,1,2). The chain complex here looks as follows.

K{W(k) [(D]M(m N‘

B KYE)D g — s @ KN (k)] ps
3¢S, |S|=2 S

P KM (K)[D° N D )y — @ EM(K)[D N D] ps — @ KM (K)[0]psnpr
S, T

ST ST
> NS > NS >
vV vV vV

There are more rows appearing but all groups are K} (k) for i < 0 and thus vanish.
So the homology group in the middle is the cokernel of
(£1)

D K (B)[Da — DKy (k)0 ps.
3¢S, |S|=2 S
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By Proposition 5.2.10 this map is given by
KMV (k) D)5 — Z KMV (k)0] 5

a [0]pr, SCT
—a [@pr, (S={1,A}or S={2,A}) and {3,A\} C T,

o —
or S={\u}and ({3,A\} CTor{3,u} CT)
0, otherwise
which yield exactly the relations between the boundary divisors. O]

Remark 5.2.14. The relations in the Chow ring of My, all arise from pullbacks along
projections to P} coming from forgetting all but four of the markings. Restricting to
curves parallels this behavior.

Computing the Chow groups this way is somewhat silly. Strictly speaking, our argu-
ment used a presentation of the Picard group from Proposition 3.2.4 to get the description
of the canonical class as in Proposition 3.2.6. This is not really necessary, as one could
have counted how many blow-up centers a curve in (P})""® meets during the iterated
blow-up towards My,. Another way to avoid this is to note, that the description of
the canonical and normal bundles does not matter at all for the (co)homology with
coefficients in K™, as the sheaf is independent of twists. So we could have done the
computation for Milnor K-theory first, get the Picard group this way and continue from
there.

The silliness comes from the fact that we definitely used Keel’s construction from

which the Chow ring description follows easily from the projective bundle formula [Kee92,
Theorem 4.1].

Remark 5.2.15. Specializing the computation for My 5 and twist by wgz— we get:

HO(Mo,saKéVIW) Kéww(k)a
H' (Mos, K;") = K1V (k) @ (K'Y (k)

H? (Mo, K,") = K55 (k) /.

This already shows the different behavior of the singular cohomology of the complex
points HL (My5(C),Z) = Z°, and of the real points H}  (My5(R),Z) = Z*. We can

sing sing

also see the non-orientability HZ ,(Mos,Z) = Z/2Z. The more interesting 2-torsion
phenomena are not yet visible for MO75, see [EHKR10]. They completely determine the
2-torsion, which grows exponentially in n, whereas the rank grows polynomially.

We decided to not print the (30 x 12)-matrix for dy and the (15 x 30)-matrix for dj.
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5.2. Computations for My,

Remark 5.2.16. The two propositions, Proposition 5.2.10 and Proposition 5.2.12, com-
pletely describe how to compute all the differentials in the cellular complex. For any
necessary choice of orientation in the computation, it is easy to find one and to express
the elements with respect to that choice. The problem is that currently there are too
many choices to give a nice uniform answer. Given any integer n > 3 the computation for
m is, from this point on, purely combinatorical and does not requires any additional

geometric input.
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6. Linear schemes and the real cycle
class map

A different class of schemes that is well-suited for arguments using localization sequences
is the class of linear schemes. The goal of this chapter is an extension of the real cycle
class isomorphism for strictly cellular schemes, see [HWXZ21], to the more general class

of linear schemes.

6.1. Linear schemes

The following definition of linearity comes from [Jan90]. As we will later deal with
another version of linearity we will call these ones J-linear (for Jannsen) and the other,

more restrictive notion, T-linear (for Totaro).
Definition 6.1.1. Let Y be a scheme. Then Y is called:
0-J-linear if Y =0 or Y = AY for some N > 0.
n-J-linear if there exists a triple (Z, X, U) of k-schemes with closed immersion Z < X
and open complement U = X \ Z such that:
Y =U: Zand X are (n — 1)-J-linear or
Y=X: ZandU are (n — 1)-J-linear.
A scheme Y is called J-linear, if it is n-J-linear for some n > 0.
Remark 6.1.2. Any closed immersion is allowed in the definition of J-linear, so in par-

ticular non-regular ones.

Remark 6.1.3. The first construction option means that open complements of J-linear
schemes in J-linear schemes are again J-linear. The second option will be used to show

that stratifications by J-linear schemes are J-linear.
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6.1. Linear schemes

Definition 6.1.4. A stratification of a scheme X is a partition X = [J,.; U;, with
U; C X locally closed, for which the following ‘boundary condition” holds:

UunU,#0 = U;CU,.
A finite stratification is a stratification with finite index set I.

Remark 6.1.5. Two observations will help in the following proof. The boundary condition
ensures that U; = UU&@_ U; and that there is at most one stratum U; with X = U;.

To see that the second assertion holds assume there are two strata U and V' whose
closure is X. Then U and V are open in X, as they are locally closed. So X \ U C X is
a closed set containing V. This is a contradiction as X =V C X \ U C X. Hence there

can only be one.

Lemma 6.1.6. Let X be a scheme admitting a finite stratification by locally closed J-

linear schemes, then X s J-linear.

Proof. Write the stratification as X = (J_, U; with n = |I| and U; locally closed J-linear.

Proceed by induction on the number of strata n.
n =1: X = U is J-linear by assumption.

n ~» n + 1: In the stratification X = |JI' U; pick one U; with X \ U; # 0 (exists by

previous observation and n + 1 > 2). Using the other observation write

X=Uux\ty=| Ju|ul Uu

UiCU; UigU;

Now both parts are J-linear by induction hypothesis, since they are stratified by at
most n strata. Thus X is J-linear as the disjoint union of a closed J-linear scheme and

its J-linear complement.
This concludes the proof. O

Remark 6.1.7. Instead of picking an arbitrary U; with X \ U; # () in the previous proof,
it is possible to pick a closed stratum. For this start with an arbitrary U; and consider
the closure 73 = UUigUﬁ U;. Repeating the process with any U; C Fj\ U; will terminate
after finitely many steps, because in each step there are strictly less strata available and
there are only finitely many to begin with. For the last stratum we necessarily have
U, =U,.
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6. Linear schemes and the real cycle class map

Lemma 6.1.8. Let X be a scheme and A, ..., A, closed irreducible J-linear subschemes
of X with (", Ai irreducible and J-linear for every subset I C {1,...,n}, then |J;_, A;

1s J-linear.

el

Proof. Proceed by induction on n. The idea is to find an appropriate stratification of the
union | J;_; A; by splitting it into 2" — 1 parts, according to which of the A; an element
belongs to.

n = 1: A; is J-linear by assumption.

n~n -+ 1: Write

UA—G U (ﬂ&)\ U404

i=1 JC{1,..,n+1}, \jeJ ¢ jeJ

|J]=i

Using the J-linearity of the closed subschemes (J;; <A NNy
hypotheses, since |J¢| < n) and (;; A;

(ﬂjeJ Aj) \ <Uj¢J AN ey Aj) are all J-linear.

To see that this actually is a stratification the boundary condition needs to be checked.
Picking a stratum means picking U = (ﬂjej Aj> \ <Uj¢JA NNjes A > for some non-
empty J C {1,...,n}. The stratum U is open in the closed and irreducible mjeJ Aj,

ey ) (by induction

(by assumption) shows that the strata

hence this is the closure of U.

Claim: Strata U’ (corresponding to a J') meeting U = Njes Aj satisty J C J".
Suppose this is not the case and there is a k € J \ J', then there cannot be an element
both in T = (), 4; C A and U’ = (mjeJ, Aj) \ (Uj¢J, AN, A ) C A

But J C J" implies the wanted boundary condition U’ C ﬂje}, A; C ﬂjeJ A= U. O

Remark 6.1.9. Taking n = 3 in the previous lemma gives the decomposition of the
classical Venn diagram in its 7 parts. Explicitly the stratification will be:

AN Ay N As,

(A1 N Ag) \ A3, (A1N A3\ A2, (AaNAz)\ A,

A\ (A2 U A3), Ay \ (A1 UA;3), A3\ (A1 UA,).
The need for induction comes from the fact that for J-linearity the set differences of
strata are written slightly different as (e.g. for A; \ (Ay U A3)):

A\ (AN A2)\ (410 A3 0 40) [ (A1 0 A3) \ (A1 0 420 Ag)) | (41 0 420 4y))
Lemma 6.1.10. Let X be n-J-linear and Y be m-J-linear, then X XY is (n+m)-J-linear.
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6.2. The real cycle class map for linear schemes

Proof. Let X be n-J-linear and Y be m-J-linear. The idea is to iteratively build the
product, since the construction steps for J-linear schemes are stable under taking a

product with a fixed scheme. For (n,m) = (0,0) we have X = Azim(x) and YV = Agim(y),

so their product is X x Y = Azim(x)’Ldim(Y) and hence 0-J-linear.

The claim is that X x Y is (n 4+ m)-J-linear. For X there exists a triple (Z, X', U)
with a closed immersion Z < X’ and open complement U = X'\ Z, such that:

X =U: Zand X" are (n — 1)-J-linear or
X =X" Zand U are (n — 1)-J-linear,

by definition of n-J-linearity. By taking products with Y we get a triple with a closed
immersion Z x Y < X’ x Y and open complement U x Y = (X' x Y) \ (Z x Y), such
that:

XxY=UxY: ZxYand X'xY are (n— 1+ m)-J-linear or
XxY=X'"xY: ZxYandU xY are (n— 1+ m)-J-linear.
This shows the induction step (the respective statement for Y follows by symmetry). [J
Corollary 6.1.11. The schemes A} x G¢, are d-J-linear.

Proof. The scheme A7} is 0-J-linear by definition and G,, = Aj \ {0} is 1-J-linear. [

6.2. The real cycle class map for linear schemes

All statements in this section are direct analogs of the corresponding statements in
[HWXZ21, Chapter 5], with changed bounds. Only the more detailed look at T-linear

schemes in Lemma 6.2.10 has no analog.

Lemma 6.2.1. Let X be a n-J-linear scheme over R, then the multiplication
(1) H® (X, F) — H*(X, )

s an isomorphism for all i > —j +n and injective fori = —j+n — 1.

Proof. Proceed by induction on n. For n = 0 we have X = A%im(X). By Al-invariance

both sides vanish for ¢« > 0 and for ¢ = 0 the map becomes
2 = <<—1>>: 207, — jJ(R) [t Hé%S(X, jj) N H(?S(X, jj+1) ~ jjJrl(R) _ 2j+1Z,
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6. Linear schemes and the real cycle class map

which is an isomorphism.
Suppose we have a closed immersion Z < X’ with open complement U = X'\ Z then

the localization sequence becomes

Hﬁ—si(Uv fj) . HZRS(Zﬂ f]) — HzRS(X,aI_j) . HzRS(Ua [_j) B Hﬁsl(Z> I_])

l((—l» l«*l» l«*l)} l«*l» l((—l»

HES (U, P*Y) — HFS(Z, P4 — HFS(X', ) — HES(U, YY) — HES(Z2, 77,

where the diagram commutes as a diagram of W(R)-modules.

If X = X', and Z,U are (n—1)-J-linear the first, second and fourth vertical morphisms
are isomorphisms (i > —j +n — 1) and the fifth is injective (: =1 > —j +n — 2) by
induction. Therefore, the morphism in the middle is an isomorphism by the 5-lemma for
alli > —7+n—1.

For the other case of X = U, and Z,X’ are (n — 1)-J-linear the part of the localization

sequence is

Hz'RS(Z7 I_J) — HiRS(Xlu‘[_j) B HZRS(U7 I_]) — Hz]isl(Zu ]_j) — Hﬁ%(X/7I_J)

l<<—1>> l«—l» l<<—1>> l«—l» l«—l»

Hf(Z, P4 — HES(X', P —» HES(U, P = HES(Z, ) — HE(X, D).

For i > —j+n the first, second, fourth and fifth vertical morphisms are isomorphisms and

the 5-lemma gives the middle isomorphism again. For © = —j+4mn —1 the first and second
are still isomorphisms, but the fourth is in general just injective (i —1 = —j+mn —1) so
the 4-lemma shows, that the middle morphism is injective. O

Remark 6.2.2. The notation Hf*(X, ') = H;(Crs(X, 7)) can unfortunately be mis-
leading. The sheaves [/ vanish for j < 0, but the groups H?*(X, I7) do not, as the
fundamental ideal power appearing in degree i is I'*7. The vanishing in this degree
happens therefore, for i + 7 < 0.

Compare this with Remark 2.1.6. The reason we choose this indexing is to not clutter
our notation even more. The Borel-Moore and cohomological notation both have index

shifts in the localization sequences due to the dimensions involved.

Remark 6.2.3. The possible failure of surjectivity can already be seen at the end of the

localization sequence. The upper row vanishes one degree before the lower one.

HPS(2,17) ——— HFS(X',I7) ——— HFS(UT7) ——— 0

l((* ) l«*l» l((* 1) l((— L)

HIS(Z, 1) —— HfS(X ) —— BS(U, ) —— HS(Z, 177,
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6.2. The real cycle class map for linear schemes

For the use in a concrete example the bounds could be improved by keeping track of
which construction steps are used in making the n-J-linear scheme. For example schemes

with stratifications by affine spaces have the full range ¢+ > —j where the multiplication
(—1): HFS(X, ') — HES(X, [’*!) is an isomorphism.

Remark 6.2.4. The requirement to be defined over R is somewhat necessary, because for
general fields the ¢ = 0 case does not hold. For finite fields F, (or more generally fields in
which every binary quadratic form is universal) we have I(F,) = F;/(IF})* = Z /27 and
I?(F,) = 0, so there cannot be an isomorphism from I'(F,) & Z/27Z to I*(F,) = 0.

The proof works for any field where the ¢ = 0 case holds.

Corollary 6.2.5. Let X be a smooth, n-J-linear scheme over R, then the multiplication
<<_1>> H1<X7 jj) — H1<X7 jj+1)
s an isomorphism for all 37 > i+ n and injective for j =1 +n — 1.

Proof. For X smooth we have H(ﬁi(x)fi(X, Pdm(X)y — gi(CRS(X, ) = HY(X, D)

and therefore,

Hi(X, [_J) — Hﬁi(x)_i(X’ fjfdim(X)) i RS (X)—i(Xa I_jfdim(X)Jrl) _ Hi<X, fj+1),

dim

since dim(X) —i > —j + dim(X) + n, which holds by assumption j > i + n. The
injectivity part holds for dim(X) —i = —j + dim(X) +n — 1. O

Corollary 6.2.6. Let X be a smooth scheme over R which s stratified by at worst

d-J-linear schemes, then the multiplication
(=1): HY(X, ) — H'(X, [’*)
s an isomorphism for all 7 > i+ d and injective for j =i +d — 1.

Proof. In the proof of Lemma 6.2.1 the stratification step keeps the bounds, where the

multiplication is an isomorphism, unchanged. O

Remark 6.2.7. Using Corollary 6.1.11 together with Corollary 6.2.6 shows that smooth
schemes stratified by cells of the form A} x GZ with all @’ < d satisfy the above property.

The following variant of linear schemes comes from [Tot14].
Definition 6.2.8. Let Y be a scheme. Then Y is called:
0-T-linear if Y =0 or Y = A} for some n > 0.
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6. Linear schemes and the real cycle class map

n-T-linear if one of the following holds:

(i) there exists a triple (Z, A},Y") of k-schemes with closed immersion Z < A} and
open complement Y = AN \ Z, where Z is (n — 1)-T-linear
(ii) Y is stratified by (n — 1)-T-linear schemes.

A scheme Y is called T-linear, if it is n-T-linear for some n > 0.

Remark 6.2.9. The difference between J-linear and T-linear schemes is that J-linearity
is stable under open complements of linear schemes in arbitrary linear schemes, not just
affine spaces A} as it is for T-linearity. Lemma 6.1.6 shows that all T-linear schemes are

J-linear. The author does not know any J-linear scheme that is not already T-linear.

In the more restrictive notion of T-linearity one can get a precise description of the

influence the non-strictly cellular part has.

Lemma 6.2.10. Let (Z, AR, X) be a triple of R-schemes with closed immersion Z — AR
and open complement X = AR\ Z # 0, then the multiplication

(—1): HES(X, ) = HFS(X, )
is an isomorphism for (i,7) in the following cases:
i+3 =0: if and only if HES(Z, I771) =0
i+ 3 > 1: if and only if this holds for (i — 1,5) on Z

Proof. The case distinction is necessary because of the previously mentioned vanishing
in the localization sequence. Note that dim(Z) < n — 1 (otherwise Z = A} and X = 0)).

The localization sequence here is:
HzRS<Zu jj) — HZRS(Aﬁ7j]) E— HZRS(X7 j]) E— H'Esl(zv j]) E— HESI(A]I%VTJ)

l«—l» l<<—1>> l«—l» l«—l» l«fl»

HES(2, /1) - HES(AR, DY) » HFS(X, ) — HES(2,0%) » HES(Ag, D).

n =1t = —j: The diagram becomes
0 —— I°(R) —— HES(X, ™) > 0 > 0
l l((—l» l((—l» l l
0 —— IYR) —— HES(X ) —— HES(Z, ") —— 0,

by dim(Z) < n, homotopy invariance and the vanishing of H®% in that range. The
second vertical map is an isomorphism, so by the five lemma the middle morphism is

an isomorphism if and only if the fourth one is.
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6.2. The real cycle class map for linear schemes

n —1 > 1= —j: The diagram becomes

* y HES (X, T7) ;

> 0
J l l<<—1>>
> 0

0
‘ » HES(X, I s HES(Z, 1) ——

— O

e}

Y

by the same reasoning. Now we have H*(X, I~%) = 0 from the upper exact sequence
and HIFS(X, [7Y) = HES(Z, ['+1) from the lower one. Therefore, the middle map is

an isomorphism if and only if HS(Z, I*+!) = 0.
t+ 3 > 1, 1 = n: The diagram becomes

0 —— I"I(R) —— HES(X, V) ——— HES (Z, 1)) ——

0
l l((*l» l((*l» l((—1>> l

0 —— ["H(R) —— HES(X, ['*Y) —— HES (Z, [+ —— 0,

by the same reasoning. The second map is an isomorphism, so the third map is an

isomorphism if and only if the fourth is.

1+3 > 1, 1 <n — 1: The diagram becomes

? HzRS(X7j]) — Hﬁ%(zaj]> —

* > 0 0
l l l«—l» l«*l» l
* > 0 0

 HIS(X, ) — HE(Z,1%) —

Y

again by the same reasoning. Now we have isomorphisms H* (X, I7) =~ HES(Z, [Y)

and HS(X, '+ = HFS(Z, '), showing the assertion in the last case.
This finishes the proof. O]

Remark 6.2.11. Assuming X and Z to be smooth in the previous lemma means for
the i + j = 0 case: (—1): H(X,I') — H(X,I**!) is an isomorphism if and only if
Hi="H(Z, I'=e*1) = 0 for ¢ = codimyp (Z) = n — dim(Z).

Proposition 6.2.12. Let X be a smooth scheme over R for which the multiplication
(—1): H(X, ) —» H'(X, ')
is an isomorphism for all j > 1+ n, then
(=1): H'(X, (L)) — H'(X, I"*(L))
s an isomorphism for all 7 > i+ n and all line bundles L on X.

o7



6. Linear schemes and the real cycle class map

Proof. The n = 0 case is treated in [HWXZ21, Proposition 5.5] and this proof is verbatim
the same, with exactly one difference. The proof goes by downward induction, starting
with the case j > dim(X)+1 which holds by [Jac17, Corollary 8.11]. Here the downward

induction terminates n steps earlier. O

When writing X (R) we means the set of R-points endowed with the euclidean topology.

Remark 6.2.13. Let X be a smooth scheme over R. For non-negative integers ¢,j € Z,
and a line bundle £, there is a real cycle class map H'(X, (L)) — H%,,(X(R),Z(L)).
This was defined in [Jacl7] and further studied in [HWXZ21].

Theorem 6.2.14. Let X be a smooth scheme over R and L a line bundle such that
(=1): H'(X, (L)) — H'(X, 7H(L))
1s an isomorphism for all 7 > i+ n, then the real cycle class map

HY(X, (L)) — H'

sing

(X(R), Z(£))
gives:
j >i+n: agroup isomorphism H'(X, (L)) = H, (X (R),Z(L)).
j=14+n—1: a group isomorphism to a subgroup of the singular cohomology
H'(X, (L)) = 2+ Hy,y(X(R), Z(L)) € Hyo(X(R), Z(L)).
j <i+n—1: amap to the singular cohomology H’;, (X (R), Z(L)) with image
im (H'(X, /(L)) — Hiyo(X(R), Z(L))) = 277 - iy (X(R), Z(L)).

Proof. The proof is again verbatim the same downward induction as in [HWXZ21, The-

orem 5.7] just terminating a little bit earlier. ]

Remark 6.2.15. In particular the statement of Theorem 6.2.14 holds for smooth J-linear
varieties over R, by Corollary 6.2.5 and Proposition 6.2.12.
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A. Differentials

dy do
0 ¢
€
0 -1 0 ¢ 0 €
10 -1 1
ey even (1) 0 - )
€9 even (1) ) .
1
€
n —1
-1
0 -1 n -1 0 €
e, odd 1 0 -1 1
(-1) n —1 1
€9 even (1) ) )
1
€
0 ¢
€
(-)np e 0 ¢ n -1
e even (=m = Ui (=1)
¢ odd (-1) 0 ¢ 1
(-1) 1 1
1
€
n —1
n -1
(- e n -1 n -1
e odd L (=In = U (—1)
ey odd (1) no—1 L
(—1) 1 1
1

in the case of IP}C X IP}C
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