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Zusammenfassung

Quantencomputer haben das Potenzial, bestimmte Rechenprobleme wesentlich schneller zu lösen
als klassische Computer. Um das volle Potenzial der Quantenhardware auszuschöpfen, müssen
wir in der Lage sein, komplexe Quantenalgorithmen effizient in lauffähige Sequenzen von Quan-
tenoperationen zu übersetzen, die den spezifischen Anforderungen einer bestimmten Hardware
gerecht werden, eine Aufgabe, die als Quantenkompilierung bekannt ist. Eine der vielver-
sprechendsten Anwendungen ist die Simulation von Quantensystemen, z.B. in der Quanten-
chemie, wo skalierbare, fehlerresistente und experimentell durchführbare Simulationstechniken
unerlässlich sind.

Im ersten Teil dieser Arbeit werden die neuesten Fortschritte auf dem Gebiet der Quan-
tenkompilierung vorgestellt, wobei der Schwerpunkt auf effizienter Gatterzerlegung und Schal-
tungsoptimierung liegt. Insbesondere analysieren wir Techniken für die Zerlegung von Clifford-
Operationen und allgemeine Ein-Qubit-Rotationen. Clifford-Operationen spielen eine zentrale
Rolle in der Quantenfehlerkorrektur, der Charakterisierung von Quantenhardware und der Quan-
tenkryptografie. Wir untersuchen asymptotisch optimale Zerlegungsmethoden, einschließlich
Konstruktionen, die entweder Zwei-Qubit-Gatter oder globale Verschränkungsoperationen ver-
wenden, wobei letztere besonders gut für Plattformen wie Ionenfallen geeignet sind. Für Ein-
Qubit-Rotationen diskutieren wir Approximationsverfahren, die die theoretisch optimale Skalierung
der Gatteranzahl in Bezug auf die gewünschte Präzision erreichen. Über die Gattersynthese hin-
aus untersuchen wir verschiedene hardwarenahe Optimierungsstrategien, die darauf abzielen, die
Tiefe der Schaltung und die Anzahl der Gatter zu verringern. Dazu gehören Techniken für
das Qubit-Routing in Systemen mit begrenzter Konnektivität sowie Methoden zur Beseitigung
redundanter Operationen.

Der zweite und primäre wissenschaftliche Beitrag dieser Arbeit konzentriert sich auf die Imple-
mentierung effektiver Vielkörper-Interaktionen auf Quantenhardware durch die Kombination der
systemeigenen Dynamik mit Kontrolloperationen, die wir als Hamiltonian Engineering bezeich-
nen. Motiviert durch die zentrale Rolle der Hamiltonian-Simulation in Quantenwissenschaften,
stellen wir einen allgemeinen und effizienten Ansatz für die Synthese beliebiger Hamiltonians
unter milden Lokalitätseinschränkungen vor. Wir schlagen einen neuartigen Ansatz der linearen
Programmierung (LP) vor, der Pulssequenzen berechnet, die aus π- oder π/2-Rotationen auf
einem Qubit bestehen, die zu bestimmten Zeitpunkten während der Evolution unter dem na-
tiven Hamiltonian des Systems angewendet werden. Unser LP-basierter Ansatz bietet mehrere
Vorteile. Erstens hängt seine klassische Laufzeit nur von der Anzahl und der Lokalität der Inter-
aktionen im System-Hamiltonian ab und nicht direkt von der Gesamtgröße des Systems. Zweitens
erweitern wir die Methode um die Robustheit gegenüber häufigen Fehlerquellen wie der Puls-
dauer und systematischen Kontrollfehlern, indem wir Werkzeuge aus der "average Hamiltonian"
Theorie und robusten zusammengesetzten Pulsen nutzen. Unser Ansatz ermöglicht die effiziente
Realisierung der Hamiltonian-Dynamik mit hoher Genauigkeit und minimalem experimentellem
Aufwand. Die Skalierbarkeit des Ansatzes wird durch Simulationen demonstriert, einschließlich
der Generierung eines zufälligen Zweikörper-Hamiltonians auf einem 225-Qubit-Gitter in weniger
als einer Minute klassischer Berechnungszeit.

Zusammenfassend lässt sich sagen, dass diese Arbeit sowohl theoretische Erkenntnisse als
auch praktische Werkzeuge liefert, die die Lücke zwischen dem Entwurf von Algorithmen und
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der experimentellen Implementierung im Quantencomputing schließen. Die hier entwickelten
Techniken sind direkt auf eine Vielzahl von Plattformen anwendbar, darunter Ionenfallen, neu-
trale Atome und supraleitende Schaltkreise. Indem sie die Grenzen des Hamiltonian Engineering
erweitert, ermöglicht diese Arbeit effizientere, robustere und skalierbare Quantensimulationen
auf Geräten in naher Zukunft. Schließlich bringt sie uns der Verwirklichung von Quantentech-
nologien näher, die eventuell in der Lage sein werden, nützliche Probleme zu lösen.



Abstract

Quantum computers hold the promise of solving certain computational problems significantly
faster than classical computers. Unlocking the full potential of quantum hardware depends
on our ability to efficiently translate high-level quantum algorithms into executable sequences of
quantum operations tailored to the specific constraints of a given device, a task known as quantum
compilation. Among the most promising applications is the simulation of quantum systems, such
as in quantum chemistry, where scalable, error resilient, and experimentally feasible Hamiltonian
simulation techniques are essential.

In the first part of this thesis, we present recent advances in the field of quantum compi-
lation, emphasizing on efficient gate decomposition and circuit optimization. In particular, we
analyze compilation techniques for Clifford circuits and general single-qubit rotations. Clifford
operations play a central role in quantum error correction, the characterization of quantum de-
vices and quantum cryptography. We explore asymptotically optimal decomposition methods,
including constructions using either two-qubit gates or global entangling operations, the latter
being especially well-suited for platforms like trapped ions. For single-qubit unitaries, we discuss
approximation schemes that achieve the theoretically optimal scaling of gate count with respect
to the desired precision. Beyond gate synthesis, we examine various hardware-aware optimiza-
tion strategies aimed at reducing circuit depth and gate overhead. These include techniques for
qubit routing in systems with limited connectivity, as well as methods for removing redundant
operations.

The second and primary, scientific contribution of this thesis focuses on implementation
of effective many-body interactions on quantum hardware by combining the system’s native
dynamics with control operations, which we call Hamiltonian engineering. Motivated by the
central role of Hamiltonian simulation in quantum science, we introduce a general and efficient
framework for synthesizing arbitrary target Hamiltonians under mild locality constraints. We
propose a novel linear programming (LP) approach that computes pulse sequences consisting of
single-qubit π or π/2 rotations applied at certain times during free evolution under the system’s
native Hamiltonian. Our LP-based framework offers multiple advantages. First, its classical
runtime depends only on the number and locality of the interactions in the system Hamiltonian,
not directly on the overall system size. Second, we extend the method to include robustness
against common error sources such as finite pulse time effects and systematic control errors,
leveraging tools from average Hamiltonian theory and robust composite pulses. Our approach
enables the efficient realization of high-fidelity Hamiltonian dynamics with minimal experimental
overhead. The scalability of the approach are demonstrated through simulations, including the
engineering of a random two-body Hamiltonian on a 225 qubit lattice in under a minute of
classical preprocessing.

In conclusion, this thesis contributes both theoretical insights and practical tools that bridge
the gap between algorithm design and experimental implementation in quantum computing. The
techniques developed here are directly applicable to a variety of platforms, including trapped
ions, neutral atoms, and superconducting circuits. By advancing the frontiers of Hamiltonian
engineering, this work enables more efficient, robust, and scalable quantum simulations on near-
term devices. Finally, it brings us closer to realizing quantum technologies, which are possibly
capable of solving meaningful problems.
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Chapter 1

Introduction

The field of quantum computing originated from the intersection of physics and computer sci-
ence, first formalized during the 1981 conference on the “Physics of Computation”. At this event,
Richard Feynman delivered his seminal talk “Simulating physics with computers” [1], propos-
ing the use of controllable quantum systems to simulate other quantum systems, a task that
classical computers struggle with due to the exponential scaling of the quantum state space.
Building on this perspective, other researchers articulated the limitations of classical simulation
for quantum dynamics and suggested using quantum systems themselves to simulate quantum
phenomena [2]. Deutsch formalized the first model of universal quantum computation in the
late 1980s [3], which led to further breakthroughs, including Shor’s algorithm for factoring large
integers [4] and Grover’s search algorithm for unstructured databases [5]. These theoretical ad-
vancements demonstrated that quantum computers could offer exponential or quadratic speedups
over classical methods for specific classes of problems. Simultaneously, efforts began to transition
these theoretical models into physical realizations. Early proposals for implementing quantum
gates appeared in 1995 [6], followed closely by experimental demonstrations with trapped ions [7].
This period marked the start of quantum computation.

Today, quantum computers are being developed using a variety of physical platforms, includ-
ing superconducting circuits, neutral atoms, trapped ions, and photonic systems [8]. Although
the ultimate goal remains the development of large-scale, fault-tolerant quantum computers,
current devices are constrained in size and accuracy. These so-called noisy and intermediate
scale quantum (NISQ) devices [9] typically feature tens to hundreds of qubits, with limited con-
nectivity and coherence times, which restrict the design and duration of quantum operations.
Despite these limitations, the field has made remarkable progress. Notably, recent experiments
have demonstrated early forms of quantum error correction on physical platforms [10, 11], repre-
senting a milestone toward fault-tolerant computation. However, the broader goal of establishing
“quantum advantage”, where a quantum computer outperforms any classical computer on a well-
defined task, remains elusive [12–14].

A central requirement for quantum computation, and particularly for achieving quantum
advantage, is the translation of high-level quantum algorithms into executable sequences of
hardware-native operations. A process, known as quantum compilation. Digital quantum com-
puting is typically built around a small, universal set of gates. A gate set is considered universal
if any unitary operation can be approximated to arbitrary precision by a finite sequence of gates
from the set. The Solovay–Kitaev algorithm [15] was among the first general-purpose methods
for compiling arbitrary operations with polylogarithmic overhead. Among universal gate sets,
the Clifford+T set holds special importance, particularly in the context of fault-tolerant quan-
tum computation [16]. Compilation strategies targeting this gate set have been widely studied
and optimized over the years [17–20]. Beyond gate decomposition, quantum compilation must
account for architectural constraints, such as qubit connectivity, coherence time, and available
gate primitives. On NISQ devices, where circuit depth and gate fidelity are major limitations,
efficient compilation must minimize the overhead due to hardware limitations. This demands
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2 CHAPTER 1. INTRODUCTION

careful optimization of gate count, routing of quantum information, and resilience to device-
specific imperfections.

Alongside the digital model of quantum computation, alternative paradigms have emerged.
In 1996, Lloyd demonstrated that quantum systems governed by local Hamiltonians could effi-
ciently simulate the dynamics of other quantum systems [21], laying the foundation for quantum
simulation. This observation led to the exploration of using physical quantum systems as sim-
ulators, early work in this direction included liquid-state nuclear magnetic resonance (NMR)
systems [22], which, along with trapped ions [23], formed some of the first viable experimental
quantum platforms. In NMR-based quantum computers, nuclear spin states in molecules serve
as qubits. These systems were also responsible for the first experimental demonstrations of quan-
tum algorithms [24–26]. Research in this area continues to yield valuable insights into quantum
control and simulation [27, 28]. Out of this line of research emerged the concept of designing
effective system dynamics by interleaving native Hamiltonian evolution with tailored single-qubit
gates. Dodd et al. [29] showed that any fixed two-body interaction, when supplemented with ap-
propriate single-qubit operations, can simulate the dynamics of any other two-body Hamiltonian.
This result was later generalized to higher-dimensional systems [30], establishing a theoretical
foundation for programmable analog quantum simulation, which we call Hamiltonian engineer-
ing. Around the same time efficient methods to engineer individual interactions terms has been
proposed [31]. The central idea of Hamiltonian engineering is to construct an effective dynamic
by exploiting naturally available interactions and controlling them via fast and accurate single-
qubit operations. This makes it particularly attractive for quantum platforms where entangling
gates are often slower or more error-prone than single-qubit gates. By carefully timing and se-
lecting these operations, one can synthesize complex Hamiltonians without resorting to digital
decomposition, thereby reducing circuit depth and possibly improving fidelity.

1.1 Overview of Results

This thesis presents a selection of state-of-the-art quantum compilation methods. Central to
the investigation is the synthesis of quantum circuits within the universal Clifford+T gate set.
The thesis addresses the efficient decomposition of Clifford circuits and arbitrary single-qubit
unitaries into this gate set, alongside hardware-aware optimizations aimed at minimizing circuit
depth and gate count under constraints such as qubit connectivity, decoherence times, and gate
fidelity.

Beyond digital quantum compilation, the main scientific contribution of this work lies in
the development of a novel Hamiltonian engineering technique based on linear programming
(LP). It is based on our publications [32–34]. The research concentrates on the engineering of
arbitrary Ising-type interactions, which naturally arise in various physical platforms, including
superconducting qubits [35, 36], neutral atoms [37], and, in particular, trapped ions [38–40]. In
this context, we focus on ion-trap devices that implement native Ising couplings through magnetic
gradient induced coupling (MAGIC) [39]. To efficiently implement any target Ising Hamiltonian
from native Ising-type interactions, we introduce a framework based on linear programming.
This approach identifies sequences of single-qubit pulses and associated durations of evolution
under the system’s fixed Ising Hamiltonian, such that the overall evolution reproduces a desired
Ising Hamiltonian. The approach minimizes the total evolution time required to achieve the
target Hamiltonian, which is beneficial for NISQ devices, where limited coherence times pose
a significant constraint. We analyze the linear programming approach in detail, considering
both its complexity and practical implementation. It is shown that finding the globally optimal
solution, i.e., the minimum evolution time, is NP-hard [33]. Despite this, we propose a heuristic
method that efficiently generates pulse sequences that still implement the target Hamiltonian
exactly, although not necessarily with minimal evolution time. We study the scaling behavior
of the minimal evolution time as a function of system size, and provide evidence, supported by
both numerical experiments and theoretical arguments, that the required evolution time grows
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at most linearly with the number of qubits. This favorable scaling makes the approach attractive
for mid-scale quantum processors.

The linear programming framework is then extended to encompass the engineering of general
many-body Hamiltonians beyond the Ising model [34], which we present in section 4.3. The gen-
eralized scheme employs π and π/2 pulses, exploiting the commutation relation of these pulses
with certain interaction terms. We demonstrate that the classical runtime required to compute
the pulse sequence depends not directly on the number of qubits, but only on the number and
locality of interaction terms in the native system Hamiltonian. This enables the method to scale
efficiently with system size. We further enhance the method to account for and mitigate several
experimental imperfections, including the finite duration of control pulses, which can otherwise
introduce significant errors in practice. To validate the scalability of the method, we consider
a system with 225 qubits arranged in a 2D-lattice with two-body interaction and engineer ran-
domly chosen two-body interactions. The pulse sequence required to engineer the corresponding
Hamiltonian is computed in under one minute on a classical computer, demonstrating the compu-
tational efficiency. To assess robustness, we simulate the time evolution of the system, confirming
that the engineered dynamics retain high fidelity even in the presence of experimental imper-
fections. These results suggest that the proposed techniques are well-suited for implementation
on current quantum devices and provide a practical path toward Hamiltonian engineering for
quantum computation and simulation.

In summary, this thesis develops a class of Hamiltonian engineering methods grounded in
linear programming, providing a robust and scalable way to synthesize arbitrary Hamiltonians
using native system dynamics and local control pulses. These methods are designed to be efficient
in terms of both classical runtime and quantum evolution time, flexible in their applicability to
different target interactions, and robust against common sources of experimental error. More-
over, the pulse sequences they generate are directly implementable in many physical systems
without requiring further compilation steps. The results presented in this thesis bridge the gap
between high-level algorithm design and hardware-specific implementation, contributing both to
the theory of quantum compilation and to its practical realization on NISQ-era quantum devices.

1.2 Structure of the Thesis

This thesis is structured to guide the reader from the fundamental concepts of quantum compu-
tation to advanced methods in quantum compilation and Hamiltonian engineering. The content
is organized across three chapters, where chapters 3 and 4 can be read independently of each
other.

1. In chapter 2, we begin by introducing the mathematical tools and formalism necessary for
the remainder of the thesis. Section 2.1 defines the mathematical notation used throughout
the work, along with basic concepts from convex analysis and quantum computing. Sec-
tion 2.3 covers the most commonly used quantum gates, starting with single-qubit opera-
tions and their effect on quantum states, followed by two-qubit controlled gates and global
multi-qubit operations. Section 2.4 provides an overview of the stabilizer formalism, which
offers an efficient framework for representing and manipulating Clifford circuits. Following
that, section 2.2 introduces the fundamentals of linear programming, including duality and
standard algorithms for solving linear programs. Section 2.5 discusses well-known product
formulae, both deterministic and randomized, that are used for approximating quantum
dynamics. Section 2.6 presents average Hamiltonian theory (AHT), a technique for approx-
imating the evolution of a time-dependent Hamiltonian with an effective time-independent
one. Finally, section 2.7 introduces robust composite pulses, which enable high-fidelity
quantum operations even in the presence of systematic errors.

2. In chapter 3, we turn to the topic of quantum compilation, which encompasses gate decom-
position and circuit optimization. This chapter addresses both theoretical and practical



4 CHAPTER 1. INTRODUCTION

aspects relevant to compiling quantum algorithms on real hardware.

• Section 3.1 begins with the state-of-the-art methods for decomposing Clifford uni-
taries, as described in section 3.1.1. Subsequently, section 3.1.2 explores optimal de-
composition strategies for arbitrary single-qubit unitaries, with a focus on minimizing
the number of elementary gates.

• Section 3.2 surveys various optimization techniques used in modern quantum compil-
ers. Section 3.2.1 introduces typical quantum platforms and their constraints from
a compilation perspective. Section 3.2.2 addresses strategies to overcome hardware-
imposed connectivity limitations. Finally, section 3.2.3 presents techniques for reduc-
ing the overall gate count.

3. In chapter 4, we present Hamiltonian engineering methods that form the core scientific
contribution of this thesis.

• Section 4.1 provides an overview of relevant prior literature and the development of
Hamiltonian engineering techniques.

Following the background and literature review chapters, we present the principal research results
developed during the course of this doctoral work:

• Section 4.2 is based on our publications [32, 33] and investigates time-optimal Hamil-
tonian engineering using native Ising-type interactions. The section introduces a linear
programming framework for synthesizing target Ising Hamiltonians with minimized
evolution time. It analyzes the scaling behavior of the approach with system size, es-
tablishes the NP-hardness of finding time-optimal solutions, and presents an efficient
heuristic that enables exact synthesis with reduced computational cost. Several appli-
cations are discussed, including their integration into quantum compilation strategies
and algorithm design.

• Section 4.3, based on our recent work [34], extends the previous methodology to
support the engineering of arbitrary many-body Hamiltonians. We develop an effi-
cient synthesis scheme using π and π/2 pulses, whose classical computational cost
depends only on the locality and number of interactions rather than the total sys-
tem size. The section further introduces techniques from average Hamiltonian theory
to suppress common experimental errors, particularly those arising from finite pulse
durations. Numerical simulations demonstrate the efficiency and robustness of the
proposed methods.



Chapter 2

Theoretical background

This chapter provides the theoretical foundations underlying the methods developed throughout
the thesis. We begin by introducing notation and mathematical preliminaries from convex anal-
ysis, and quantum computing. We then discuss the basics of linear programming, which are key
to the optimization techniques employed in our research in chapter 4. We introduce the standard
form of a linear program (LP), the sparsity of solutions, the concept of duality and methods to
solve a LP. In section 2.3, we introduce the basic quantum gates, which form the building blocks
of quantum circuits and algorithms. When appropriately combined, a small set of gates can
approximate any quantum operation, constituting what is known as a universal gate set. This
universality is the foundation of quantum compilation, the process of decomposing a quantum
operation into a sequence of gates and optimizing it. In section 2.4, we introduce the stabilizer
formalism, which is a useful framework in quantum information theory to efficiently describe
and manipulate a class of quantum states, known as stabilizer states, particularly those relevant
to quantum error correction and quantum computing. This formalism simplifies the description
of quantum error-correcting codes [41–43], and also underpins the theory of the Clifford group,
which is central in many areas in quantum information theory, and allows the development of
efficient quantum compilation methods [19, 44]. This is followed by an introduction to product
formulae, which form the basis for simulating quantum dynamics. Furthermore, we outline the
principles of AHT, an analytical framework for describing time-dependent quantum systems.
AHT will be used to achieve the robustness of our Hamiltonian engineering approach against
control errors. Finally, we present the design of robust composite pulses, which enable precise
quantum operations even in the presence of systematic imperfections.

2.1 Mathematical preliminaries and notation

Throughout this thesis, we adopt the following notational conventions. Vectors are denoted
by bold letters, such as x, while matrices are denoted by uppercase letters unless otherwise
specified. The identity matrix or operator is written as 1, and the all-zero matrix as 0, where
a subscript 1k indicates the dimension. The all-ones vector is denoted by 1 = (1, . . . , 1), and
similarly the all-zeros vector by 0 = (0, . . . , 0). For a positive integer n, we define the index set
[n] := {1, 2, . . . , n}. For a vector x ∈ Cs, the ℓp-norm is defined as ∥x∥ℓp := (

∑s
i=1 |xi|p)

1/p for
1 ≤ p < ∞, and as ∥x∥ℓ∞ := maxi |xi|. The Schatten 2-norm or Frobenius norm for a matrix
A ∈ Cs×s is defined as ∥A∥Fr := ∥A∥2 := ∥σ(A)∥ℓ2 , where σ(A) denotes the vector singular values
of A. The finite field with two elements is denoted by F2 = {0, 1}, where addition is performed
modulo 2.

Many concepts in this thesis rely on concepts from convex analysis. A set C is said to be
convex if for every pair of points x1, x2 ∈ C the line segment λx1 + (1− λ)x2 parameterized by
λ ∈ [0, 1] also lies in C. A convex combination of elements x1, . . . , xk is an expression of the form∑k

i=1 λixi, where each λi ≥ 0 and the coefficients sum to one, i.e.,
∑k

i=1 λi = 1. A set C is called

5



6 CHAPTER 2. THEORETICAL BACKGROUND

a cone if for every x ∈ C and λ ≥ 0, the point λx belongs to C. If C is both a cone and convex,
it is called a convex cone. A conic combination refers to a sum

∑k
i=1 λixi where all λi ≥ 0. The

convex hull of a set C is the set of all convex combinations of its elements

conv(C) :=

{
k∑

i

λixi

∣∣∣∣∣ xi ∈ C, λi ≥ 0, i ∈ [k],

k∑

i

λi = 1

}
. (2.1)

Similarly, the conic hull is the set of all conic combinations

cone(C) :=

{
k∑

i

λixi

∣∣∣∣∣ xi ∈ C, λi ≥ 0, i ∈ [k]

}
. (2.2)

A set defined as the solution set of a finite number of linear equations and inequalities,

P := {x ∈ Rr |Wx = a, V x ≤ b,a ∈ Rs, b ∈ Rm} , (2.3)

for matrices W ∈ Rs×r and V ∈ Rm×r, is called a polyhedron. If such a set is bounded, it is
referred to as a polytope.

Quantum information systems are modeled using finite-dimensional complex Hilbert spaces.
For a system of n subsystems, each with local dimension q, the total Hilbert space is H := Cqn .
In this work, we focus exclusively on qubit systems, where each subsystem has local dimension
q = 2, and hence H = C2n . The space of linear operators acting on H is denoted by L(H).
The subset of unitary operators, those U ∈ L(H) satisfying U †U = 1, is denoted by U(H).
For n qubit systems, we write U(2n) to emphasize the dimension. The special unitaries acting
on a single qubit, denoted SU(2), consists of 2 × 2 unitary matrices with determinant equal to
one. We use the Dirac notation to represent quantum states: a state vector is denoted by a ket
|ψ⟩ ∈ H, and its dual by a bra ⟨φ| ∈ L(H). The computational basis states of an n qubit system
is the standard orthonormal basis {|e⟩ : e ∈ Fn

2}, where each e is a binary string of length n
indexing the standard basis vectors of C2n . We use the symbol “≡” to denote equality up to a
global phase. That is, for two operators U and V , we write U ≡ V if there exists a real number
θ such that U = eiθV .

The Pauli operators are defined as follows

I := σ0 :=

(
1 0
0 1

)
, X := σx :=

(
0 1
1 0

)
, Y := σy :=

(
0 −i
i 0

)
, Z := σz :=

(
1 0
0 −1

)
. (2.4)

A Pauli string on n qubits is a tensor product of Pauli operators, i.e., P1 ⊗ · · · ⊗ Pn with
Pi ∈ {I,X, Y, Z} for each i ∈ [n]. The set of all such strings forms an orthogonal basis of the
space of linear operators on H, namely L(H). The Pauli group Pn on n qubits consists of all
Pauli strings including a global phase of the form ik with k ∈ Z4, that is,

Pn :=

{
ik

n⊗

i=1

Pi

∣∣∣∣∣ k ∈ Z4, Pi ∈ {I,X, Y, Z}, i ∈ [n]

}
. (2.5)

In many scenarios, global phases are physically irrelevant, since it does not affect measurement
outcomes, and so the projective Pauli group is defined by factoring out the global phase Pn :=
Pn \ ⟨i⟩.

The Clifford group is defined as the unitary normalizer of the Pauli group, that is

Cln :=
{
U ∈ U(2n)

∣∣∣ UPU † ∈ Pn, P ∈ Pn ⊂ Pn
}
\ U(1) , (2.6)

which is a finite group without the global phases U(1).
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2.2 Linear programming

Linear programs, also known as linear optimization problems, aim to minimize or maximize a
given linear objective function subject to linear constraints. Here, we discuss the basic notations
and important results from the theory of linear programming [45]. A linear program (LP) in
standard form is given by:

minimize cTx

subject to Wx = a

x ≥ 0 ,

(standardLP)

where x ∈ Rr
≥0 is an entry-wise non-negative variable, and c ∈ Rr, a ∈ Rs, and W ∈ Rs×r

are given constants. We focus on the case s ≤ r, which leads to an underdetermined system of
equations. The goal is to determine a vector x that minimizes the objective function cTx while
satisfying the constraints. Since maximizing the objective function is equivalent to minimizing
its negative, we restrict our discussion to minimization problems without loss of generality. A
vector x that satisfies both constraints Wx = a and x ≥ 0 is called a feasible solution. If no
such solution for the LP exists, the LP is said to be infeasible. Among all feasible solutions x,
those that minimize the objective function are referred to as optimal solution. We denote an
optimal solution by x∗. In linear, and more generally, convex, optimization problems, an optimal
solution exists and the optimal objective function value is unique if a feasible solution exists.

Any LP can be transformed into the standard form given in (standardLP). To illustrate this,
consider the general form of a LP:

minimize cTx

subject to Wx = a

V x ≤ b ,

(2.7)

where b ∈ Rm and V ∈ Rm×r define a set of inequality constraints in addition to the equality
constraints. To convert this general LP into standard form, we proceed in two steps. First,
introduce the slack variables s ∈ Rm

≥0 to replace the inequality constraints with equalities V x+
s = b. Then, ensure non-negativity of all variables by expressing each component of x as the
difference of two non-negative variables x = x+ − x− with x+,x− ∈ Rr

≥0. Substituting these
transformations into the original problem yields the equivalent LP

minimize cTx+ − cTx−

subject to Wx+ −Wx− = a

V x+ − V x− + s = b

x+ ≥ 0 , x− ≥ 0 , s ≥ 0 .

(2.8)

To express this in standard form, we define a new variable vector x̃ := (x+,x−, s) and updated
parameters c̃ := (c,−c,0), ã := (a, b) and the constraint matrix

W̃ :=

(
W −W 0

V −V 1

)
. (2.9)

This construction shows that any LP, regardless of the presence of inequality constraints or
unconstrained variables, can be recast as a standard form LP. Such a transformation is funda-
mental in both theoretical analysis and the implementation of general-purpose LP solvers, which
typically operate on problems in standard form.

2.2.1 Sparse solutions

A solution to the (standardLP) is called sparse if it contains only a few non-zero entries. In
many applications, such as compressed sensing, data compression, and machine learning, finding
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a sparse solution is highly desirable [46–48]. Note, that the left-hand side of the constraint
Wx = a in the (standardLP) generates a cone in Rr. In this context, a fundamental result from
convex geometry, Carathéodory’s theorem, provides a useful bound on the number of non-zero
components in feasible solutions.

Theorem 1 (Carathéodory, [49, 50]). If a ∈ cone(C) ⊂ Rs, then a can be written as a convex
combination of at most s points in C.

Applied to our setting, this implies that if a feasible solution exists, then there is one with
at most s non-zero components in x ∈ Rr

≥0. In other words, the feasible region of (standardLP)
always contains a sparse solution with support size no greater than the number of equality
constraints. However, finding the sparsest optimal solution is generally a computationally hard
problem.

To ensure sparsity explicitly, one might consider minimizing the so-called ℓ0-norm, defined
as ∥x∥ℓ0 := #{i | xi ̸= 0}, which counts the number of non-zero entries in x. However, this is
not a true norm and is not even convex. Unfortunately, optimization problems involving the ℓ0-
norm are NP-hard in general [51], making them impractical for large-scale problems. A common
relaxation replaces the ℓ0-norm with the convex ℓ1-norm. In particular, if we set the cost vector
c = 1, the objective function becomes

1Tx =
∑

i

|xi| =: ∥x∥ℓ1 , (2.10)

which is convex and can be minimized efficiently using standard LP solvers, i.e. with the simplex
method. This leads to a tractable LP whose solution often closely approximates the sparsest
possible solution. In the context of compressed sensing, it has been shown that in many cases
ℓ1-minimization not only approximates but in fact exactly recovers the sparsest solution [52, 53].

2.2.2 Duality

An important principle in optimization theory is duality, which states that an optimization prob-
lem can be examined from two complementary perspectives: the primal and the dual problem.
Duality offers insights into the structure of optimization problems and often leads to more efficient
solution methods, as well as theoretical guarantees such as bounds and optimality conditions.

In many cases, the term “dual problem” refers specifically to the Lagrangian dual problem.
We begin with a general (possibly non-convex) constrained optimization problem

minimize f0(x)

subject to fi(x) ≤ 0 , i = 1, . . . ,m

hi(x) = 0 , i = 1, . . . , s ,

(opt)

where x ∈ Rr is the optimization variable, fi : Rr 7→ R are inequality constraint functions,
and hi : Rr 7→ R are equality constraint functions. To analyze this problem using duality,
we construct the Lagrangian associated with (opt), which incorporates the constraints into the
objective function

L(x,λ,ν) := f0(x) +

m∑

i

λifi(x) +

s∑

i

νihi(x) , (2.11)

where λ ∈ Rm
≥0 and ν ∈ Rs are known as the dual variables or Lagrange multipliers for the

inequality and equality constraints, respectively. The intuition behind this approach is closely
related to the principle of least action in Lagrangian mechanics, where physical systems evolve
to minimize an action functional. Similarly, we seek to minimize the Lagrangian over x, while
adjusting the multipliers to enforce constraint satisfaction. The Lagrange dual function is then
defined as the pointwise infimum of the Lagrangian over x

g(λ,ν) := inf
x∈Rr

L(x,λ,ν) . (2.12)
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This dual function provides a lower bound on the optimal value of the primal problem for all
λ ≥ 0 and any ν. The Lagrange dual problem is to maximize this bound

maximize g(λ,ν) , subject to λ ≥ 0 . (2.13)

Solving the dual problem often yields useful information about the primal problem. Under
Slater’s condition, such as convexity of the objective function and constraints, strong duality
holds, meaning that the optimal values of the primal and dual problems are equal [54].

This duality framework not only provides theoretical insight but also plays a critical role
in many modern optimization algorithms, including interior-point methods [55], support vector
machines [56], and dual decomposition techniques [57].

2.2.3 Algorithms for solving linear programs

Two major classes of algorithms are widely used: the simplex method and interior-point methods.
While both solve the same class of problems, they do so in different ways.

The simplex method operates on the vertices (or corner points) of the feasible region defined
by the constraints. Since the feasible region of a linear program is a convex polyhedron, the
optimal solution, if it exists, is guaranteed to occur at one of its vertices. The method begins at
an initial vertex and moves along the edges of the polyhedron to neighboring vertices that improve
the objective function. This is repeated until no further improvement is possible, indicating that
an optimal solution has been found. In practice, the simplex method is highly efficient, even
though its worst-case runtime is exponential [58, 59]. It naturally returns sparse solutions, since
vertices of the feasible region correspond to solutions where many variables are zero.

In contrast to the simplex method, interior-point methods traverse the interior of the feasible
region rather than moving along its boundary. These methods have polynomial-time worst-
case guarantees and are particularly effective for solving large-scale and sparse problems [55].
However, interior-point methods typically produce dense solutions, with many small but non-
zero variable values. This can be a drawback in applications where sparsity is important.

2.3 Quantum gates

Quantum computation in the circuit model, also referred to as digital quantum computation, is
structured around the formalism of quantum circuits. A quantum circuit describes the evolution
of an initial state of a quantum system composed of multiple qubits on which a finite sequence
of unitary operators, referred to as quantum gates, act on. An example quantum circuit is
depicted in figure 2.1. These gates manipulating the quantum state, and are designed to exploit
quantum mechanical phenomena such as superposition and entanglement. Quantum circuits
usually culminate in a measurement stage, where one or more qubits are measured.

In the field of quantum compilation, one of the fundamental results is the notion of univer-
sality. A gate set is said to be universal for quantum computation if, given any unitary operator
U ∈ U(2n), there exists a quantum circuit consisting solely of gates from this set which ap-
proximates U to within any desired accuracy ε > 0 [60]. This is analogous to the classical case
where the NAND gate forms a universal basis for Boolean computation. However, the quan-
tum case involves continuous unitary transformations rather than discrete logical functions, and
thus approximation becomes a central concern. A well known universal set of gates, called the
Clifford+T gate set, consists of the Hadamard gate H, the controlled-X gate CX, and the T
gate.

In what follows, we introduce the most commonly used quantum gates. These include single-
qubit gates, which act on individual qubits, and multi-qubit gates, also referred as entangling
gates, which involve two or more qubits.
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|ψ⟩

Figure 2.1: Example quantum circuit with an input state |ψ⟩ on n = 3 qubits. Each
qubit is represented by a horizontal line and time increases from left to right. Unitaries
are represented by boxes or special symbols, with input and output qubits. Measurements
are depicted on the right end of the qubits.1

2.3.1 Single-qubit gates

Single-qubit gates are unitary operators belonging to the group U(2). A central tool for vi-
sualizing single-qubit operations is the Bloch sphere representation, where single-qubit states
correspond to points on the surface of the unit sphere in R3, see figure 2.2. In this framework,
single-qubit gates correspond to rotations of the state vector around a chosen axis. The most
fundamental single-qubit gates are the Pauli gates X, Y, Z, which correspond to π-rotations
around the x-, y-, and z-axes of the Bloch sphere, respectively. These gates are self-inverse,
meaning that P2 = I. Another class of gates are the single-qubit Clifford gates, which includes
the Hadamard gate and the phase gate defined as

H =
1√
2

(
1 1
1 −1

)
and S =

(
1 0
0 i

)
, (2.14)

respectively. The Hadamard gate performs a rotation that maps the basis state to the X-
eigenbasis, generating uniform superpositions. Specifically, H |0⟩ = 1/

√
2(|0⟩ + |1⟩) and H |1⟩ =

1/
√
2(|0⟩−|1⟩). Therefore, it has the conjugation relations HXH = Z and HZH = X, illustrating

its role as a basis transformation. When applied to the j-th qubit of a computational basis state
|x⟩, the Hadamard gate produces a local superposition

Hj |x⟩ =
1√
2
|x1, . . . , xj−1⟩

(
|0⟩+ (−1)xj |1⟩

)
|xj+1, . . . , xn⟩ . (2.15)

The phase gate S, also known as
√
Z, corresponds to a π/2 rotation around the z-axis. Its action

on a computational basis state introduces an additional phase factor

Sj |x⟩ = ixj |x⟩ . (2.16)

Similar to the phase gate, the square-root Pauli gates are denoted by
√
P for P ∈ {X,Y, Z}, and

correspond to π/2 rotations around different axis. Moreover, all square-root Pauli gates belong
to the Clifford group.

In addition to Clifford gates, non-Clifford gates are necessary for universal quantum compu-
tation. The most commonly used non-Clifford gate is the T gate, which performs a π/4 rotation
around the z-axis and satisfies T2 = S =

√
Z. Its matrix form is

T =
1√
2

(
1 0

0 ei
π
4

)
. (2.17)

1All quantum circuits in this work are constructed using the Quantikz Latex package [61].
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x

y

z

|0⟩

|1⟩

|ψ⟩

Figure 2.2: Bloch sphere representation of the single-qubit state |ψ⟩. The action of
single-qubit gates can be visualized as rotations in the Bloch sphere.

Together, the H and T gates form a universal gate set for single-qubit operations, allowing
the approximation of any unitary in SU(2) to arbitrary precision, which we will discuss in
section 3.1.2. However, it might be useful to also define the π/4 rotations around the x-, y-
and z-axis and denote these gates as Tx, Ty and Tz respectively. More generally, rotations of
arbitrary angle θ ∈ [0, 2π) around the Bloch sphere axes can be implemented using the continuous
families of rotation gates defined as

Rx(θ) := e−i θ
2
X =

(
cos(θ/2) −i sin(θ/2)
−i sin(θ/2) cos(θ/2)

)
,

Ry(θ) := e−i θ
2
Y =

(
cos(θ/2) − sin(θ/2)
sin(θ/2) cos(θ/2)

)
,

Rz(θ) := e−i θ
2
Z =

(
e−iθ/2 0

0 eiθ/2

)
.

(2.18)

Finally, the most general single-qubit unitary transformation can be written in exponential form
as a rotation by an angle θ around an arbitrary axis n ∈ R3, with |n| = 1,

R(θ,n) := e−i θ
2
n·σ = cos(θ/2)I + i sin(θ/2)n · σ , (2.19)

where σ = (X,Y, Z) denotes the vector of Pauli matrices.

2.3.2 Multi-qubit gates

While single-qubit gates enable rotations in the Bloch sphere and the generation of superposition,
another important feature of quantum computing emerges from entangling operations given as
multi-qubit gates. Fundamental multi-qubit operations are the controlled Pauli gates, which
condition the application of a Pauli operation on the state of another qubit. Two examples
within the Clifford gate set are the controlled-X (CX) gate and the controlled-Z (CZ) gate.
These gates are defined by

CXi,j :=




1 0 0 0
0 1 0 0
0 0 0 1
0 0 1 0


 ≡

i

j
and CZi,j :=




1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 −1


 ≡

i

j
, (2.20)
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where the subscripts on gates indicate on which qubits they act on. The CX gate flips the state
of the target qubit j conditional on the control qubit i, effectively acting on the computational
basis state as

CXi,j |x⟩ = |x1, . . . , xj−1, xj ⊕ xi, xj+1, . . . , xn⟩ . (2.21)

The CZ gate applies a conditional phase flip, and its action is diagonal in the computational
basis

CZi,j |x⟩ = (−1)xixj |x⟩ . (2.22)

Notably, CZ gates do mutually commute, where CX gate do not necessarily.
The controlled Pauli gates generalizes naturally to a family of controlled rotations. One such

generalization is the controlled-Rz (CRz) gate, defined for any angle θ ∈ [0, 2π) by

CRz(θ)i,j :=




1 0 0 0
0 1 0 0

0 0 e−iθ/2 0

0 0 0 eiθ/2


 . (2.23)

This gate acts on basis states as CRz(θ)i,j |x⟩ = eiθxixj |x⟩, and reduces to the CZ gate when
θ = π. When extended to all pairs of qubits in a system, the global controlled-Rz gate, can be
expressed using a symmetric real-valued matrix A ∈ Rn×n as

GCRz(A) :=
∏

i<j

CRz(Aij)i,j . (2.24)

The order of the product does not matter since the CRz gates mutually commute. Another
important two-qubit gate is the SWAP gate, which exchanges the quantum information of the
two qubits

SWAPi,j :=




1 0 0 0
0 0 1 0
0 1 0 0
0 0 0 1


 ≡

i

j

. (2.25)

While not entangling on its own, the SWAP gate plays a crucial role in “routing” the quantum
information, necessary in quantum computing architectures with only short-range interactions,
see section 3.2.2.

Gates generated by Ising-type interactions play a central role in our research, as explained
in section 4.2. Such gates corresponds to the evolution under the Ising Hamiltonian, and are
defined as

ZZi,j(θ) := e−iθZiZj =




e−iθ 0 0 0
0 eiθ 0 0
0 0 eiθ 0
0 0 0 e−iθ


 . (2.26)

These gates commute with each other and can be applied simultaneously across all qubit pairs.
The global ZZ (GZZ) gate, is defined analogously to the global CRz gate

GZZ(A) := e−i
∑

i<j AijZiZj ≡
∏

i<j

ZZ(Aij)i,j , (2.27)

with a symmetric matrix A ∈ Rn×n. The GZZ gate is a representation of the dynamics under
an Ising Hamiltonian. These gates are equivalent to the GCRz up to single-qubit rotations, and
the identity

GCRz(A) ≡ GZZ(A/2)
n∏

i=1

Rz(bi/2)i (2.28)

holds, with bi :=
∑n

j=1Aij .



2.4. STABILIZER FORMALISM 13

2.4 Stabilizer formalism

The stabilizer formalism is a useful mathematical framework that provides a compact and effi-
cient means of describing a class of quantum states, called stabilizer states. Originally developed
in the context of quantum error correction, it has since become a useful tool in quantum infor-
mation processing, particularly due to its capacity to efficiently describe stabilizer states, certain
quantum error-correcting codes, and operations within the Clifford group [41–43]. The stabilizer
formalism enables the manipulation of stabilizer states, not through their exponentially large
state vectors, but via the generators of a subgroup of the Pauli group. These states are de-
fined as +1 eigenstates of a set of mutually commuting Pauli operators, which form a subgroup
called the stabilizer group. This subgroup is Abelian and can be generated by a set of at most
n independent generators on a n qubit system. Moreover, the stabilizer formalism underpins
the efficient classical simulation of Clifford operations, a fact formalized in the Gottesman-Knill
theorem [44]. The theorem states that quantum computations composed solely of Clifford gates,
Pauli measurements, and stabilizer state preparation can be simulated efficiently on a classical
computer. This result arises from the symplectic structure that underlies the representation
of Clifford unitaries, a structure that we now proceed to develop. For a broad and in depth
exposition, see the thesis by Heinrich [62].

Let us begin by considering the n qubit Pauli group Pn, consisting of tensor products of Pauli
matrices X, Y , Z, and the identity I, up to a global phase. For an efficient representation and
manipulation of these operators, each element of the Pauli group can be mapped to a binary
vector in F2n

2 . We define the binary vector representations of Pauli strings as follows. Let
ax,az ∈ Fn

2 denote binary vectors indicating the positions of X and Z operators in the tensor
product, respectively. Then, the Pauli X and Z strings are defined as

X(ax) := Xax,1 ⊗ · · · ⊗Xax,n , Z(az) := Zaz,1 ⊗ · · · ⊗ Zaz,n . (2.29)

An arbitrary Pauli string Pa ∈ Pn can then be written as

Pa = P(ax,az) = iax·azX(ax)Z(az) , (2.30)

where a := (ax,az) ∈ F2n
2 , and the complex phase factor ensures Hermiticity. This encoding

defines a group isomorphism (up to global phase) between the projective Pauli group and the ad-
ditive group F2n

2 . The multiplication of Pauli operators under this map follows the commutation
relation

PaPb = (−1)⟨a,b⟩PbPa , (2.31)

where the binary symplectic form on F2n
2 is defined as

⟨a, b⟩ := ax · bz + az · bx = aTJb with J =

(
0 1n

1n 0

)
, (2.32)

and the sum is taken in F2, i.e., modulo 2. Similar as the symplectic manifolds in classical
mechanics describing the phase space of the system, here, F2n

2 is often referred to as phase space.
A stabilizer state is a state |ψ⟩ ∈ C2n that is uniquely characterized as the +1 eigenstate

of an Abelian subgroup S ⊂ Pn, where −1n /∈ S, i.e. U |ψ⟩ = |ψ⟩ for all U ∈ S. Instead of
storing the full state vector of |ψ⟩, the stabilizer formalism encodes |ψ⟩ using a generating set
of the stabilizer group S. This provides an exponential compression in representation, enabling
efficient analysis. There are at most n generators for S, which follows from the fact that |S| = 2n

and that the number of generators for a group is at most log2 |S| [44]. Each generator can be
represented by 2n + 1 bits, 2n bits for the Pauli string Pa with a ∈ F2n

2 and one bit for an
additional phase of ±1. Stabilizer states can be represented by a binary matrix augmented with
phase bits, this structure is known as the stabilizer tableau [44]. The tableau contains both
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stabilizer and destabilizer generators, which generate the full Pauli group. The stabilizer tableau
can be written as 



b1,x b1,z a1
...

...
...

bn,x bn,z an
bn+1,x bn+1,z an+1

...
...

...
b2n,x b2n,z a2n




, (2.33)

where rows 1, . . . , n represent the destabilizer generators, rows n + 1, . . . , 2n represent the sta-
bilizer generators and each bi = (bi,x, bi,z) represents a Pauli string. The pair (S,a), with
a := (a1, . . . , a2n) ∈ F2n

2 and S ∈ F2n×2n with rows b1, . . . , b2n, provides a complete specification
of the state.

The Clifford group Cln consists of unitaries that normalize the Pauli group, i.e., for every
U ∈ Cln and Pb ∈ Pn, the conjugation UPbU

† is again a Pauli operator. Gate representations of
Clifford elements include the Hadamard gate H, phase gate S, and the entangling gates CX and
CZ. Under conjugation, Clifford unitaries induce an action on the phase space F2n

2

UPbU
† ∝ PSb , (2.34)

where S is an invertible linear map on the phase space. We denote the set of such invertible
maps by GL(F2n

2 ) :=
{
S : F2n

2 → F2n
2

∣∣ S is invertible
}
. The group of all such transformations

that preserve the symplectic form in eq. (2.32) is the symplectic group

Spn :=
{
S ∈ GL(F2n

2 )
∣∣ STJS = J

}
. (2.35)

The map S ∈ Spn corresponds to the matrix S in the stabilizer tableau since the induced action
of a Clifford unitary also changes the set of stabilizer generators. Each Clifford unitary U ∈ Cln

thus corresponds to a pair (S,a), where a ∈ F2n
2 tracks the overall phase.

The action of Clifford gates can be explicitly captured through their associated symplectic
matrices. We want to provide an intuition behind the structure of the symplectic matrices for
specific Clifford gates. The update rules for the phase space element a ∈ F2n

2 in the stabilizer
tableau are omitted, but can be found in ref. [44]. Let us denote the first n columns of such
matrices as the x-part and the latter n columns as the z-part, since these columns represent the
Pauli X and Z strings, respectively.

Hadamard gate A Hadamard gate H on qubit k performs a basis change and swaps the k-th
column with the (n + k)-th column in S, i.e. exchange the x-part with the z-part. Therefore,
the symplectic matrix corresponding to the action of Hadamard gates is a permutation matrix,
permuting between the set of columns 1, . . . , n and n + 1, . . . , 2n. Note, that a permutation of
the qubits, i.e. a SWAP gate, corresponds to a permutation matrix within each x-/z-part. For
example a Hadamard gate on qubit 2 has the symplectic matrix




0 0 1 0
0 1 0 0

1 0 0 0
0 0 0 1


 . (2.36)

Phase gate The phase gate leaves Pauli Z operators invariant and maps X 7→ Y . A phase
gate on qubit k effectively adds column k, from the x-part, to column n + k, from the z-part,
modulo 2. For example a phase gate on qubit 2 has the symplectic matrix




1 0 0 0
0 1 0 1

0 0 1 0
0 0 0 1


 . (2.37)
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CX gate A CX gate with control qubit i and target qubit j updates the tableau by adding
column j to column i in the x-part and adding column n+ i to column n+ j in the z-part. For
example a CX1,2 gate has the symplectic matrix




1 0 0 0
1 1 0 0

0 0 1 1
0 0 0 1


 . (2.38)

CZ gate Since the CZi,j gate can be written as Hj CXi,j Hj , its symplectic matrix can be
obtained by a product of the symplectic matrices of those gates. Therefore, we obtain for a
CZ1,2 gate the symplectic matrix 



1 0 0 1
0 1 1 0

0 0 1 0
0 0 0 1


 . (2.39)

These gate-specific symplectic matrices provide a practical method for tracking Clifford trans-
formations on stabilizer states, and they will be used in section 3.1.1 to develop systematic
decompositions of arbitrary Clifford circuits.

2.5 Product formulae

Simulating quantum systems is one of the most promising applications of quantum computing.
It plays a central role in quantum algorithms such as quantum phase estimation (QPE) [63] and
solving linear differential equations [64, 65]. Hamiltonian simulation is the task of approximating
the unitary time evolution operator generated by a given Hamiltonian H. The challenge in
Hamiltonian simulation arises when the Hamiltonian is expressed as a sum of non-commuting
terms

H =

L∑

i=1

hiHi , (2.40)

with [Hi, Hj ] ̸= 0. In such cases, the exact time evolution operator e−itH cannot be decomposed
into a simple product of exponentials e−itHi . Therefore, approximation methods must be em-
ployed. One widely used approach is the Suzuki-Trotter decomposition, which approximates the
full evolution by a sequence of short evolutions under the individual terms [66, 67].

More advanced simulation techniques include linear combinations of unitaries (LCU) [68]
and quantum signal processing (QSP) [69, 70], which offer improved asymptotic scaling in terms
of simulation error and gate complexity. However, for simulating the Heisenberg Hamiltonian
the resources required are comparable to product formulae [71]. A detailed discussion of these
methods are out of the scope of this work. For a comprehensive treatment of quantum algorithms,
specifically Hamiltonian simulation algorithms, we refer the reader to the survey by Dalzell [72].

Hamiltonian simulation also imposes practical constraints on quantum hardware. Many of
the simulated interactions do not directly correspond to native gate operations, requiring further
decomposition into the native gate sets. Moreover, minimizing circuit depth, i.e. total evolution
time, is crucial to mitigate the effects of noise and decoherence on current NISQ devices.

A product formula approximates the time evolution under a Hamiltonian of the form as in
eq. (2.40) by decomposing the exponential operator into a sequence of exponentials of simpler
terms

e−itH ≈ e−iαqhiqHiq . . . e−iα1hi1
Hi1 , (2.41)

where q is the total number of evolution steps, and the indices i1, . . . , iq ∈ [L] specify which term
is used at each step, where each term possibly occurs multiple times. We say that a product
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formula is deterministic if the sequence of indices i1, . . . , iq is computed using a deterministic
algorithm. If the sequence involves randomness, we call the formula non-deterministic.

The best-known deterministic product formulae are the Suzuki–Trotter formulae. The first-
order (also known as Lie–Trotter) formula is

e−itH ≈
(

L∏

i=1

e
−i t

nTro
Hi

)nTro

=: S1(t/nTro)
nTro (2.42)

and the second-order formula is

e−itH ≈
(

1∏

i=L

e
−i t

2nTro
Hi

L∏

i=1

e
−i t

2nTro
Hi

)nTro

=: S2(t/nTro)
nTro , (2.43)

where nTro is the number of Trotter cycles. Increasing nTro improves the accuracy of the sim-
ulation at the cost of a longer sequence of exponentials. We adopt the convention

∏L
i=1Ai :=

AL . . . A1 and
∏1

i=LAi := A1 . . . AL to indicate the order of the products of non-commuting
operators. Higher-order approximations are obtained recursively using Suzuki’s method [67, 73].
The 2k-th order Suzuki-Trotter formula (for k > 1) is defined as

S2k(t) := S2k−2(ukt)
2S2k−2((1− 4uk)t)S2k−2(ukt)

2 , (2.44)

with the coefficient
uk :=

1

4− 41/(2k−1)
. (2.45)

The approximation error of the 2k-th order Suzuki-Trotter formula is bounded as

∥S2k(t/nTro)nTro − e−itH∥ ≤ O



(
t

L∑

i=1

∥Hi∥
)2k+1

nTro
−2k


 , (2.46)

with the spectral norm ∥Hi∥ [74].
A prominent non-deterministic product formula for Hamiltonian simulation is the qDrift

method [75]. Unlike deterministic methods that apply each Hamiltonian term in a fixed order,
qDrift selects Hamiltonian terms randomly according to a probability distribution weighted by
the interaction strength hi. Then, the time evolution under the selected terms are applied in a
randomized sequence of length N . Assume, that hi ≥ 0, and define the sum over all interaction
strengths λ :=

∑
i hi. In qDrift, each term Hi is selected with probability pi = hi/λ, and

evolved for a short time τ = tλ/N . The resulting evolution is represented by a quantum channel
describing a mixture of unitaries

E(ρ) =
∑

i

pie
iτHiρe−iτHi , (2.47)

where ρ is the input quantum state. Applying this randomized channel N times approximates
the ideal unitary evolution channel

U(ρ) = eitHρe−itH . (2.48)

The diamond-norm error between the exact and approximate channels is bounded as

∥U − EN∥⋄ ≤
2λ2t2

N
. (2.49)

This upper bound highlights one of qDrift’s advantages: the error depends on λ, the sum of
the coefficients hi, and not on the number of terms L. As a result, qDrift scales favorably in
Hamiltonians with many small terms and can require fewer steps than traditional Trotter-based
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methods in such cases. However, qDrift also has limitations. Since qDrift approximates the time
evolution channel, rather than the unitary it can be difficult to incorporate qDrift as a subroutine
in algorithms that seek to manipulate the unitary directly.

Product formulae are attractive for their simplicity and low circuit overhead. They are
especially useful when the individual Hamiltonian terms Hi are local, or otherwise easy to ex-
ponentiate. Deterministic product formulae, such as Suzuki–Trotter expansions, are well-suited
when deterministic circuit generation is desired. In contrast, non-deterministic formulae, such as
qDrift, might scale better for large systems. However, the limitations of product formulae arise in
cases where strong non-commutativity leads to large approximation errors, requiring very small
evolution time steps [74, 75].

2.6 Average Hamiltonian theory

Given a time-dependent Hamiltonian H(t), it is sometimes advantageous to approximate the
dynamics using a time-independent effective Hamiltonian, commonly referred to as the average
Hamiltonian, denoted by Hav [76]. This approximation is particularly useful when analyzing
systems under periodic driving or in perturbative regimes [77, 78]. The idea is to approximate
the full time evolution over a fixed interval of duration T by a unitary evolution generated by a
constant Hamiltonian

U(T ) ≈ e−iTHav , (2.50)

where U(T ) is the time evolution operator governed by the Schrödinger equation

dU(t)
dt

= −iH(t)U(t) , and U(0) = 1 . (2.51)

A method to construct such an average Hamiltonian is provided by the Magnus expansion, which
expresses the effective generator of the evolution in a series expansion

HAV = H(1)
av +H(2)

av + . . . , (2.52)

where each term captures progressively higher-order corrections due to the non-commutativity
of H(t) at different times [79]. An advantage of the Magnus expansion is that exponentiation of
the truncated series still yields a unitary operator. The first-order term of the Magnus expansion
corresponds to the averaged Hamiltonian

H(1)
av :=

1

T

∫ T

0
H(τ)dτ , (2.53)

while the second-order term accounts for the leading-order non-commutativity effects

H(2)
av :=

1

2iT

∫ T

0

∫ τ

0
[H(τ), H(τ ′)]dτ ′dτ . (2.54)

Higher-order terms involve increasingly complex nested commutators. The convergence of the
Magnus expansion is guaranteed under certain conditions, notably if the integral of the operator
norm of H(t) satisfies [80] ∫ T

0
∥H(τ)∥2dτ < π . (2.55)

In practice, a useful rule of thumb for ensuring rapid convergence is

max
τ∈[0,T ]

∥H(τ)∥2T ≪ 1 , (2.56)

where ∥·∥2 denotes the Schatten 2-norm, also known as the Frobenius norm [81]. In many
applications, only the first order approximation is considered, yielding the average Hamiltonian
Hav = H

(1)
av .
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The convergence of the Magnus expansion can often be significantly improved by transform-
ing H(t) into a suitable interaction frame, also known as the interaction picture in quantum
mechanics textbooks. This transformation effectively removes a dominant part of the Hamilto-
nian, leaving a remainder that is smaller in norm and therefore more amenable to perturbative
treatment. Assume that the Hamiltonian can be split into two parts

H(t) = HA(t) +HB(t) , (2.57)

where both HA(t) and HB(t) may be time-dependent and non-commuting. We assume that
HA(t) dominates in norm, i.e. ∥HA(t)∥2 > ∥HB(t)∥2 for all t ∈ [0, T ], and that the propagator
UA(t) associated withHA(t) is analytically computable. Moreover, this propagator UA(t) satisfies

dUA(t)
dt

= −iHA(t)UA(t) , and UA(0) = 1 . (2.58)

Consider the ansatz to express U(t) from eq. (2.51) as the product

U(t) = UA(t)Ũ(t) , (2.59)

where Ũ(t) is the so-called interaction frame propagator. Inserting this into the Schrödinger
eq. (2.51) yields

dŨ(t)
dt

= −i
(
U†
A(t)H(t)UA(t)− iU †

A(t)

(
dUA(t)
dt

))
ŨA(t) , (2.60)

where the interaction frame Hamiltonian H̃(t) is defined as

H̃(t) := U†
A(t)H(t)UA(t)− iU †

A(t)

(
dUA(t)
dt

)
= U†

A(t)HB(t)UA(t) , (2.61)

where we used eq. (2.58) to simplify the expression. The total propagator at time T can then
be expressed as U(T ) = UA(T )Ũ(T ), and the interaction frame propagator Ũ(T ) can itself be
approximated using the Magnus expansion

Ũ(T ) ≈ e−iTH̃av . (2.62)

Since H̃(t) is related to HB(t) by a unitary transformation, and the Schatten 2-norm is invariant
under such a transformation, we have ∥H̃(t)∥2 = ∥HB(t)∥2 < ∥H(t)∥2 for all t ∈ [0, T ]. Thus, the
interaction frame reduces the effective norm of the Hamiltonian entering the Magnus expansion,
leading to faster convergence and better accuracy with fewer terms. The choice of the interaction
frame depends on the physical context and the structure of the Hamiltonian. It is often guided
by identifying a dominant, analytically tractable part of the Hamiltonian that can be "absorbed"
into the frame transformation.

2.7 Robust composite pulses

Robust composite pulses are a class of control techniques specifically designed to perform precise
quantum operations even in the presence of systematic errors. These errors, which stem from
imperfections in the calibration or stability of control parameters, can significantly reduce the
fidelity of quantum gates by introducing coherent deviations in the system’s evolution [82, 83]. In
the context of quantum computing, where the accurate execution of gate operations is essential
for algorithmic reliability, such deviations pose a challenge. Robust composite pulse sequences
address this challenge by replacing a single, idealized control pulse with a designed sequence of
pulses. Each pulse within the sequence is engineered with specific relative phases and durations,
such that the errors introduced by individual pulses interfere destructively, while the desired op-
eration accumulates constructively. More advanced composite pulse schemes offering protection
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against a broader range of experimental imperfections. These include not only rotation angle
and detuning errors but also phase and control waveform distortions, crosstalk between qubits,
and certain classes of non-Markovian noise [84–91].

A variety of composite pulse families exist, each optimized for resilience against a particular
subset of errors. Here, we focus on well-established families: BB1 and SCROFULOUS. The
BB1 (Broadband 1) sequence is a widely used composite pulse that achieves robustness against
rotation angle (pulse length) errors [92]. It suppresses such errors to second-order, making it
particularly effective in systems where amplitude fluctuations dominate. However, this comes
at the cost of increased pulse sequence duration. In contrast, the SCROFULOUS (Short Com-
posite Rotation For Undoing Length Over and Under Shoot) sequence offers a shorter pulse
sequence [93]. It corrects for first-order rotation angle errors while maintaining a shorter to-
tal duration compared to BB1. This makes SCROFULOUS attractive in experimental settings
where gate speed is a constraint. However, like BB1, it does not provide protection against
off-resonance errors. To address this limitation, the SCROBUTUS (Short COmposite Rotation
BUffering Two Undesirables with Switchback) sequence was developed as an improved version of
SCROFULOUS [85]. It extends the SCROFULOUS scheme by incorporating robustness to both
rotation angle and off-resonance errors, while maintaining a relatively short total pulse duration.
This makes it particularly suited for scenarios in which both detuning and amplitude fluctuations
coexist. Higher-order generalizations of the BB1 and SCROFULOUS sequences have also been
proposed. For instance, these extensions can achieve cancellation of higher-order error terms,
albeit with increased execution time [94].

Robust composite pulse techniques are important tools in quantum control, enabling precise
manipulation of quantum systems in the presence of unavoidable experimental imperfections. By
carefully selecting pulse families and tailoring them to the error landscape of a given hardware
platform, one can significantly enhance gate fidelity and contribute to the overall reliability of
quantum information processing.



Chapter 3

Quantum compilation

Quantum compilation is an important component of the quantum software stack, serving as the
translation layer between high-level quantum algorithms and the low-level control instructions
that can be physically realized on a quantum processor. This process is analogous to classical
compilation in some respects, yet it introduces new challenges due to the fundamental differences
between classical and quantum computation, as well as the constraints of current quantum
hardware.

In the standard model of digital quantum computation, algorithms are represented as quan-
tum circuits, which consist of sequences of quantum gates acting on qubits, as illustrated in
figure 2.1. Each gate corresponds to a unitary operation, and the full circuit implements a global
unitary transformation that evolves an initial quantum state into a desired output state. How-
ever, quantum hardware does not support the implementation of arbitrary unitary operations.
Every physical quantum processor is restricted to a specific set of native quantum gates, known
as the native gate set. In addition to limitations on the gate set, quantum hardware imposes a
range of architectural and operational constraints that significantly complicate the compilation
process. These include limited qubit connectivity, which restricts the ability to apply two-qubit
gates between arbitrary pairs of qubits, variable gate fidelities, which result in certain operations
being noisier than others, and finite coherence times, which constrain the duration over which
quantum information can be maintained. We will examine such physical constraints for different
quantum architectures in section 3.2.1. Due to these limitations, quantum compilation is neces-
sary, which transforms high-level quantum algorithms to the specific characteristics of the target
device.

The compilation process involves several steps. The first step is gate decomposition, in which
abstract quantum operations are translated into sequences of gates that belong to the native gate
set of the hardware. This is followed by qubit mapping and routing, where logical qubits are
assigned to physical qubits in a way that respects the device’s connectivity constraints. Because
two-qubit gates are often only feasible between physically adjacent qubits, additional operations,
such as SWAP gates or qubit shuttling, may be required. Throughout this process, circuit
optimization techniques are applied to reduce gate count and circuit depth, thereby improving
the fidelity and efficiency of quantum computations.

This chapter provides an overview of quantum compilation techniques, structured in two
main parts. The first part focuses on methods for decomposing quantum circuits into native
gate sequences. In section 3.1.1, we explore a decomposition strategy for Clifford unitaries. We
then turn to the approximate synthesis of arbitrary single-qubit gates using a discrete gate set
in section 3.1.2. The second part of the chapter addresses the challenges posed by hardware
constraints and discusses strategies for optimizing quantum circuits. In section 3.2.2, we review
approaches for qubit mapping and routing, which are essential for reducing overhead caused by
limited connectivity. Finally, in section 3.2.3, we survey techniques for identifying and eliminating
redundant or suboptimal operations in quantum circuits, with the goal of minimizing circuit size
and improving overall execution performance.

20
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3.1 Decomposition and gate synthesis

A central task in quantum compilation is gate synthesis, which refers to the decomposition of
a unitary operator into sequences of native gates. Different quantum hardware platforms, such
as superconducting qubits, trapped ions, neutral atoms, and photonic systems, support different
gate sets and topologies. For example, superconducting qubit platforms support the controlled-Z
(CZ) or cross-resonance (CR) gate as two-qubit entangling gates, but only between qubits that
are physically coupled [95–97]. In contrast, trapped-ion systems may allow all-to-all connectivity
and have access to global entangling operations such as the Mølmer-Sørensen (MS) gate [98].

When the target operation belongs to a known family, such as Clifford circuits or circuits
composed of Clifford and T gates, efficient synthesis algorithms may be available [44, 99, 100].
However, synthesizing general unitaries is substantially more challenging. A generic unitary
acting on n qubits is specified by 4n real parameters, reflecting the exponential growth of the
Hilbert space dimension with system size. Indeed, the asymptotic lower bound on the number of
CX gates required to decompose a generic n qubit unitary into a sequence of CX and single-qubit
gates is Ω(4n) [101]. To solve this, compilers exploit structure in the unitary operator, such as
sparsity, or tensor product structure, to simplify the decomposition [102, 103]. Techniques from
group theory and numerical optimization are frequently employed in this context. For example,
the Bruhat decomposition is used to factor Clifford unitaries into simpler components [18], while
the ZX-calculus provides a general framework for synthesis of multi-qubit gates [100, 104, 105].

In some cases, approximate synthesis is used to trade off precision for shorter circuits. A
common example is the simulation of Hamiltonian dynamics using Trotter-Suzuki product for-
mulae, where the evolution operator is approximated by a sequence of implementable gate layers,
see section 2.5. Another prominent method is the Solovay–Kitaev algorithm, which enables the
approximation of any single-qubit unitary using a finite gate set with polylogarithmic overhead
in the desired precision [15], which has been extended to qudit systems and generalized to multi-
qubit operations.

Gate synthesis also includes a variety of specialized tasks. For example, the decomposition
of multiple-controlled gates, such as the Toffoli gate, or the transformation of logical gates (e.g.,
the logical T gate) into a fault-tolerant implementation under a given quantum error correction
scheme [106, 107]. While these are important in broader compilation efforts, here we narrow our
focus to the synthesis of Clifford and single-qubit gates due to their important role in quantum
computation.

3.1.1 Decomposing Clifford unitaries

Clifford unitaries constitutes a central class of operations in quantum computing, both from a
theoretical and a practical standpoint. As elements of the Clifford group, defined in eq. (2.6), they
map Pauli operators to Pauli operators under conjugation, a property essential to the stabilizer
formalism and quantum error correction. Moreover, Clifford circuits often serve as the backbone
for more general quantum protocols [16, 108, 109]. In fault-tolerant computing, for example,
Clifford operations can typically be implemented transversally, while non-Clifford gates like T
or Toffoli gates require more expensive procedures such as magic state injection and distillation
[110, 111].1 Clifford unitaries also possess valuable statistical properties. Notably, the Clifford
group forms a unitary 3-design [114], meaning that random Clifford operations approximate the
Haar measure up to the third moment. This property makes Cliffords suitable for a variety of
randomized protocols, including randomized benchmarking [109], quantum process tomography
[108], and applications in quantum cryptography [115].

The efficient decomposition of Clifford unitaries into native gate sets is therefore essential
for practical implementations on quantum devices. Unlike general unitaries, Clifford operators

1However, recent improvements shows that logical non-Clifford gates might require comparable recources as
Clifford gates [112, 113].
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admit compact circuit representations and benefit from a rich algebraic structure. In particular,
the Clifford group is finite up to global phase and can be described using symplectic matrices
over finite fields, see section 2.4, enabling fast classical algorithms for simulation, synthesis, and
optimization [19, 20, 116]. These structural properties can be exploited to produce efficient
decompositions, with a gate count that only scales quadratic with the number of qubits [44].
However, the decomposition strategy must be tailored to the target architecture. On hardware
with native two-qubit gates such as CX or CZ and limited qubit connectivity, synthesizing
Clifford circuits while minimizing gate count becomes a nontrivial optimization problem [117].
In other settings, such as trapped-ion systems that support global entangling gates, alternative
decomposition methods that leverage the global nature of these operations can offer significant
resource savings [116, 118].

In this section, we review methods for decomposing Clifford unitaries, with an emphasis on
exploiting the underlying algebraic structure of the Clifford group. We also discuss strategies that
map these decompositions to native gate sets with minimal overhead, with a focus on utilizing
global entangling operations.

The Bruhat decomposition

A powerful tool for synthesizing Clifford unitaries efficiently is the Bruhat decomposition, a
well-known factorization originating in the theory of Lie groups [119]. This decomposition has
been adapted to the symplectic group Spn over the finite field F2 [120, 121]. As established in
section 2.4, any Clifford unitary on n qubits can be represented by a stabilizer tableau (S,a),
where S ∈ Spn is a 2n× 2n symplectic matrix over F2, and a ∈ F2n

2 encodes phase information.
The goal is to decompose S into a sequence of native gate layers using the Bruhat decomposition.
This decomposition is constructive, making it a useful subroutine in many efficient algorithmic
approaches to Clifford synthesis [18, 19]. The decomposition expresses any symplectic matrix as
a product of elements from two subgroups: the Weyl group and Borel group. These subgroups
correspond to the action of standard Clifford gates. To abstract away from the specific structure
of individual quantum circuits, we adopt a notation in which a layer of G gates, denoted as -G-,
indicating that multiple G gates are applied to any subset of qubits. For example, -CX- refers
to any possible quantum circuit consisting of CX gates. A sequence of layers is represented by
the concatenation of their labels, such as -CX-H- for a CX layer followed by a H layer.

We begin by defining the Weyl and Borel subgroups of Spn in terms of their generators
represented as gates and then state the Bruhat decomposition.

Definition 2 (Weyl group). The Weyl group Wn on n qubits is a subgroup of Spn and generated
by the action of SWAP and H gates on the computational basis state |0⟩ on n qubits.

Definition 3 (Borel group). The Borel group Bn on n qubits is a subgroup of Spn and generated
by the action of CX and S gates on the computational basis state |0⟩ on n qubits.

Proposition 4 (Bruhat Decomposition [18]). Any symplectic matrix S ∈ Spn can be expressed
as a product

S = B1WB2 , (3.1)

where B1, B2 ∈ Bn and W ∈Wn.

In the following, we explain in detail how the factors in eq. (3.1) can be decomposed further
and represented as a sequence of gate layers from the gate set {CX,CZ, S,H,P}, where P denotes
arbitrary Pauli gates. To this end, we use the symplectic representation of the gates as explained
in section 2.4. Elements in the Borel group Bn have the matrix representation of the form

(
A AB

0 (A−1)T

)
, (3.2)
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where A ∈ GL(Fn
2 ), and B ∈ GL(Fn

2 ) is symmetric. Note, that the lower left block has to be
(A−1)T to satisfy the symplectic relation STJS = J . The Borel group can be further decomposed
into a subgroup generated by CX gates and a subgroup generated by CZ and S gates. We denote
the subgroup generated solely by CX gates by Cn ⊂ Bn. The matrix representation of elements
in Cn have the form (

A 0

0 (A−1)T

)
. (3.3)

Therefore, a CX gate layer can be represented by a binary invertible matrix A ∈ GL(Fn
2 ).

Similarly, we denote the subgroup generated by CZ and S gates by B0
n ⊂ Bn. The matrix

representation of elements in B0
n have the form

(
1 B

0 1

)
, (3.4)

where B ∈ GL(Fn
2 ) is symmetric. More Precisely, if Bjj ̸= 0, then there is a S gate on the j-th

qubit, and if Bij = Bji ̸= 0 for a i ̸= j, then there is a CZi,j gate on the (i, j) qubit pair. Thus,
any element in the Borel group can be written as the product

(
A 0

0 (A−1)T

)(
1 B

0 1

)
, (3.5)

leading to a gate sequence -CX -CZ -S - or -CX -S -CZ -. Elements from the Weyl group corre-
spond to a gate sequence - SWAP -H -, implementing qubit permutations and basis transforma-
tions.

Combining the above, any Clifford unitary can be decomposed as

-P -CX -CZ -S - SWAP -H -CX -CZ - S - , (3.6)

where -P- is a Pauli gate layer. Using known gate identities and commutation relations, this
sequence can be further simplified. In particular, one -CX- can be absorbed into an adjacent
-CZ- at the cost of an additional -H- layer [19]. This yields the more compact decomposition

-P - S -CX -CZ -H -CZ -H - S - , (3.7)

This reduction is advantageous because single-qubit gates (e.g. H, S) are typically faster and
less error-prone than two-qubit gates on most platforms. An information theoretic asymptotic
optimal gate count, for the standard Clifford gate set, is O(n2/ log(n)) [44].

In the next section, we explore how access to native multi-qubit entangling gates can reduce
execution time even further. We emphasize, however, that circuit depth/gate count is not the
best metric for comparing implementations involving two-qubit vs. multi-qubit gates. Execution
time and parallelization must also be taken into account for a fair comparison.

GZZ gates as entangling gates

We now discuss how the entangling operations of the gate sequence (3.7) can be consolidated
into a small number of multi-qubit GZZ gates. These gates, or equivalently layers of ZZ gates,
are generated by Ising interactions, which are ubiquitous in quantum computing platforms. For
an overview of their physical realization, see section 3.2.1.

A layer of CZ gates, represented as the off-diagonal entries of a symmetric matrix B ∈ GL(Fn
2 )

from (3.4), can be expressed using a single GZZ gate and single-qubit phase gates. Specifically,
one can show that

∏

i<j

CZ
Bij

i,j =
∏

i<j

CRz(πBij)i,j ≡ GZZ(π/2B)

n∏

i=1

Sbii , (3.8)
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where CZ1
i,j or CZ0

i,j indicates a CZ or identity gate, respectively, between qubits i and j, bi :=∑n
j=1Bij mod4, and we have used eq. (2.28).
Next, we consider the more complex case of decomposing a CX gate layer into GZZ gates and

single-qubit gates. Recent results established that any CX layer can be constructed using at most
26 GZZ gates and some single-qubit gates, regardless of the number of qubits n [118]. However,
a more efficient decomposition for current devices with n < 8192 qubits has been proposed [116].
This construction requires only 2 log2(n) GZZ gates, which we now describe in detail.

Proposition 5 ([116], eq. (4)). Any CX gate layer on n qubits can be decomposed into 2 log2(n)
GZZ gates, single-qubit Clifford gates and a permutation of the qubits.

Proof. Let A ∈ GL(Fn
2 ) be the binary matrix representation of the CX gate layer. We first

perform a PLU decomposition over the finite field F2, writing A = PLU , where P is a permu-
tation matrix, and L and U are lower and upper triangular matrices, respectively. The matrix
U corresponds to a circuit in which all CX gates have the indices of their control qubits lower
than the indices of their targets, while L corresponds to the complementary configuration. More
precisely, there is a CXi,j gate for i < j, if Lij = 1, and there is a CXi,j gate for i > j, if Uij = 1.
We show that each L and U can be implemented with at most log2(n) GZZ gates.

To decompose U , we proceed recursively by partitioning the qubit register into two approxi-
mately equal halves: the first ⌈n/2⌉ qubits and the remaining ⌊n/2⌋ qubits. Let U1 ∈ F⌈n/2⌉×⌈n/2⌉

2 ,
U2 ∈ F⌊n/2⌋×⌊n/2⌋

2 be upper triangular submatrices, and let F ∈ F⌈n/2⌉×⌊n/2⌋
2 be an arbitrary bi-

nary submatrix such that

U =

(
U1 F
0 U2

)
. (3.9)

This matrix can be factored as

U =

(
U1 0
0 1

)(
1 0
0 U2

)(
1 U−1

1 F
0 1

)
. (3.10)

The last matrix corresponds to a circuit in which all CX gates have control qubits in the second
half and target qubits in the first half. This CX circuit can be transformed into a CZ circuit by
conjugating the target qubits with Hadamard gates

(
1 U−1

1 F
0 1

)
≡

⌈n/2⌉

⌊n/2⌋ ≡
⌈n/2⌉

⌊n/2⌋
H H

. (3.11)

Using eq. (3.8), such a layer can be implemented with a single GZZ gate plus single-qubit phase
gates. Since the above decomposition can be applied recursively to U1 and U2, the total GZZ
gate count required to decompose U is log2(n), and the same holds for L. Thus, the entire CX
layer can be implemented with 2 log2(n) GZZ gates, along with single-qubit Clifford gates and a
qubit permutation.

Combining this result with the Clifford decomposition in (3.7), we find that any Clifford
operation on n qubits can be decomposed into single-qubit gates and at most 2(log2(n) + 1)
GZZ gates.

However, GZZ gates are challenging to implement in practice. Realizing an arbitrary GZZ
gate requires precise, simultaneous control over multiple Ising couplings, a capability not natively
available in current hardware architectures. Engineering these interactions efficiently with high
fidelity and low execution time is an interesting challenge and a key research direction in this
thesis. We address these implementation aspects in more detail in section 4.2, where we propose
protocols for time-optimal synthesis of GZZ gates under certain hardware constraints.
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3.1.2 Decomposing Single-qubit unitaries

Single-qubit unitary operations lie at the center of quantum computation. They correspond
to arbitrary rotations on the Bloch sphere and serve as the building blocks from which more
complex quantum circuits are assembled. Implementing quantum algorithms such as variational
quantum algorithm (VQA), quantum approximate optimization algorithm (QAOA), and QSP,
relies on the ability to realize single-qubit unitaries with arbitrary rotation angles [69, 122, 123].
Arbitrary single-qubit gates can be represented continuously, typically parameterized by three
rotation angles (e.g., Euler angles). However, in practice, quantum processors can only natively
implement a small, finite set of elementary gates due to memory constraints in control electronics.
Moreover, it is not possible to implement a continuously parameterized gate in a fault-tolerant
way due to small imperfections in any quantum experiment. Therefore, it becomes necessary to
approximate arbitrary single-qubit unitaries using finite sequences of gates from a universal set.

A commonly used universal set is the single-qubit Clifford+T gate set, defined as G :=
{H, S,T}. While Clifford gates (generated by H and S gates) can be efficiently simulated clas-
sically and implemented transversally in many error-correcting codes, they do not suffice for
universal quantum computation. The inclusion of the T gate, a π/4 rotation around the z-axis,
makes the Clifford gate set universal. However, from a fault-tolerant perspective, the T gate is
considerably more expensive than Clifford gates, primarily because it cannot be implemented
transversally and must be injected through magic state preparation and distillation techniques
[110, 111]. Consequently, a critical metric in gate decomposition is the T-count, the total number
of T gates used in the decomposition of a unitary.

The Solovay-Kitaev algorithm provides a general method for approximating arbitrary uni-
taries to within precision ε, with gate complexity of O(logc(1/ε)) for c ≈ 3.97 [15]. However, this
is suboptimal relative to the information-theoretic lower bound of O(log2(1/ε)) [124].2 Mod-
ern synthesis techniques achieve this lower bound and offer explicit construction algorithms
[17, 126, 127], which we survey in this section. Similar techniques have also been generalized to
single-qutrit unitaries [128].

The general goal of single-qubit gate decomposition is to approximate a target unitary U ∈
SU(2) using a finite sequence of gates from G, up to a prescribed accuracy ε. A general U ∈
SU(2) can be written in matrix form as

U =

(
u −v∗
v u∗

)
, (3.12)

for u, v ∈ C with |u|2 + |v|2 = 1 .

Definition 6 (Single-qubit unitary approximation problem). Given a target unitary U ∈ SU(2),
a gate set G, and the precision ε > 0, find a finite sequence g1, . . . , gk ∈ G such that

∥U − g1 . . . gk∥ ≤ ε . (3.13)

This problem can be simplified using the Euler angle decomposition of SU(2) operators.
Every U ∈ SU(2) can be written as

U = Rz(α)Rx(β)Rz(γ) = e−iα
2
Ze−iβ

2
Xe−i γ

2
Z , (3.14)

where α, β, γ ∈ [0, 2π). Conjugation of the x-axis rotation Rx(β) in eq. (3.14) with Hadamard
gates yields

U = Rz(α)HRz(β)HRz(γ) . (3.15)

Thus, the task of approximating arbitrary single-qubit unitaries reduces to approximating three
diagonal unitaries Rz up to a precision ε/3. The rest of this section focuses on efficient strategies
for approximating Rz(θ) with arbitrary angle θ ∈ [0, 2π). Modern decomposition methods divide
the single-qubit approximation problem into three subproblems [17, 126, 127]:

2While writing up this thesis, there was a new result implementing single-qubit gates in constant T-depth
utilizing a catalyst state [125].
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1. Identify a set of unitaries V that approximate the target U within error ε.

2. From this set, select a V that admits an exact decomposition in the Clifford+T gate set.

3. Find an exact decomposition using k gates such that V = g1 . . . gk with g1, . . . , gk ∈ G.

We begin by addressing the first subproblem. The following result provides conditions on a
unitary operator to approximate a diagonal rotation gate with arbitrary angle.

Lemma 7 ([126, 127]). Given a diagonal target unitary Rz(θ) with angle θ ∈ [0, 2π) and a special
unitary

V =

(
u −v∗
v u∗

)
, (3.16)

then the spectral norm distance is

∥Rz(θ)− V ∥ =
√
2− 2Re(ueiθ/2) . (3.17)

Proof. Recall from section 2.3.1, that

Rz(θ) =

(
e−iθ/2 0

0 e+iθ/2

)
, (3.18)

and define z := e−iθ/2. Then,

∥Rz(θ)− V ∥2 = |u− z|2 + |v|2
= (u− z)∗(u− z) + v∗v

= u∗u− u∗z − z∗u+ z∗z + v∗v

= 2− 2Re(uz∗) ,

(3.19)

where we used that Rz(θ) and V are special unitaries, i.e. u∗u+ v∗v = 1 and z∗z = 1.

Im

Re

z = e−iθ/2

ϵ2

2
≈ 2ϵ

Figure 3.1: Feasible candidates of u ∈ C in the colored area yield a unitary matrix V as
in lemma 7, approximating the diagonal unitary Rz(θ) up to precision ε [126].

With lemma 7 a region in the complex plane can be defined for feasible candidates u ∈ C as
the first entry in the matrix V . This region can be expanded, thereby reducing the required gate
count, by incorporating mid-circuit measurements [127]. We represent the complex numbers as
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2D vectors in the complex plane, i.e. for a u ∈ C we write u = (Re(u), Im(u))T . From lemma 7
we get the condition

∥Rz(θ)− V ∥ ≤ ε ⇐⇒ Re(ueiθ/2) ≥ 1− ε2

2
⇐⇒ u · z ≥ 1− ε2

2
, (3.20)

which defines a halfspace. The other condition on u ∈ C is that it is within the unit circle in the
complex plane, i.e. |u| ≤ 1 or |u| ≤ 1.

Next, we tackle the second subproblem: identifying a unitary operator V that can be exactly
synthesized from the Clifford+T gate set. To do so, we first define the rings

Z[ω] =
{
aω3 + bω2 + cω + d

∣∣ a, b, c, d ∈ Z
}

and

Z[
1√
2
, i] =

{
s
√
2
k

∣∣∣∣∣ k ∈ N, s ∈ Z[ω]

}
,

(3.21)

with ω := eiπ/4 = (1+ i)/
√
2. Any unitary with entries in Z[1/

√
2, i] can be exactly decomposed

into a finite sequence of gates from the Clifford+T gate set [129]. Each value of k corresponds
to a grid of points in the complex plane with spacing 1/

√
2
k, see figure 3.2. The larger k, the

finer the grid, and the more densely packed the candidates u are. Moreover, the gate count can
be directly identified as k. Specifically, if an entry in V has the form u = û/

√
2
k for a û ∈ Z[ω],

then the gate count is k, i.e. V = g1 . . . gk with g1, . . . , gk ∈ G [17, 126, 127, 130]. Efficient search
techniques, including numerical optimization [127], can identify grid points in the intersection of
this ring with the valid region defined by the approximation constraint depicted as colored region
in figure 3.1. The minimal such k corresponds to the optimal T-count for the approximation.
However, most methods propose a lower bound on k to guarantee (at least with high probability)
the existence of a feasible candidate u [17, 126, 127].

Im

Re

z = e−iθ/2

Figure 3.2: Example representation of candidates u ∈ Z[ 1√
2
, i], exactly decomposable by

a gate sequence of length k (large grey dots) and by a gate sequence of length k+1 (small
black dots). The three feasible candidates (small orange dots) also fulfill the approximation
criterion in lemma 7.

Once a feasible u = û/
√
2
k is identified, the corresponding v must satisfy the normalization

condition u∗u + v∗v = 1 and lie in the same ring. This corresponds to solving the Diophantine
equation in Z[ω]

v̂∗v̂ = 2k − û∗û , (3.22)

with û, v̂ ∈ Z[ω]. The Diophantine equation in Z[ω] can be solved efficiently by a randomized
algorithm using techniques from number theory [17, 126]. Once both u and v are determined,
the matrix V is fully defined.
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Finally, the last subproblem is to decompose the unitary V . The goal of exact synthesis is
to determine a gate sequence g1 . . . gk, with gi ∈ G, such that V = g1 . . . gk [127, 129]. The
procedure is specific to the chosen gate set but follows the systematic rules:

1. Select a gate g from the gate set such that g†V has a lower gate count k than V .

2. Set V ← g†V .

3. Repeat the two previous steps until the gate count of V is zero.

When the gate count is zero, this means the remaining gate is a single-qubit Clifford gate. To
find a suitable gate g to reduce the gate count k ← k− 1, one can simply try each gate from the
small gate set.

This concludes the decomposition process: starting from an arbitrary target unitary, the
algorithm approximates it to within precision ε, constructs a rational approximation in an alge-
braic ring, and finally translates it into an explicit sequence of gates from the Clifford+T gate
set. Moreover, these single-qubit decomposition techniques achieve optimal T-counts, which is
important for scalable quantum circuit synthesis.

3.2 Quantum circuit optimization

After decomposition, the resulting circuit can often be further optimized to reduce gate count,
depth or increase fidelity. Hardware-aware optimization rewrites circuits to favor gates and
patterns that are more efficiently implemented on the specific target device, such as convert-
ing sequences of CX gates to CZ gates when these are natively supported with higher fidelity.
Moreover, a quantum circuit might also optimize to circumvent the limitations by the hardware
architecture, such as limited connectivity. These transformations not only reduce the size of
a quantum circuit but are also essential for minimizing the effects of noise, decoherence, and
crosstalk on current NISQ devices [131].

Moreover, quantum circuits frequently contain substructures that can be simplified via cir-
cuit identities, commutation rules, or template matching [132–135]. These transformations help
reduce redundancy, combine gates, and eliminate unnecessary operations. One common opti-
mization involves gate cancellation and merging, where consecutive gates that cancel each other
(for instance, Rz(θ)Rz(−θ) = I) are removed, or multiple gates are fused into a single, equiva-
lent operation. Another method leverages commutation-based optimization, whereby gates are
reordered to expose additional simplification opportunities or to increase parallelism, thereby
reducing circuit depth. Peephole optimization, which examines small patterns of gates and re-
places them with more efficient equivalents based on a library of known simplifications, is also
used.

3.2.1 Quantum hardware and native operations

This section provides an abstract overview of some leading quantum computing platforms, with
emphasis on their relevance to quantum compilation. Rather than detailing specific experimen-
tal realizations, the discussion centers on the native quantum operations, that each platform
can directly implement. The most adopted and promising architectures include trapped ions,
neutral atoms, and superconducting qubits. Each architecture exhibits a unique combination of
capabilities and limitations, which influence both algorithm design and compiler strategies. In
the following, we examine these three hardware platforms, highlighting their native gate sets,
architectural constraints, and implications for quantum compilation.

Trapped ions

Trapped ion devices use ions confined in an electromagnetic trap, typically using linear Paul
traps or surface-electrode traps. Qubits are encoded in internal electronic states of ions, such
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as hyperfine Zeeman states. These systems benefit from high-fidelity gate operations and long
coherence times, often on the order of seconds [136].

Single-qubit gates are implemented using microwave or laser pulses governed by the Rabi
Hamiltonian

HRabi(Ω, ϕ) =
ℏΩ
2

(
cos(ϕ)X + sin(ϕ)Y

)
, (3.23)

where Ω is the Rabi frequency, proportional to the pulse amplitude, and ϕ denotes the phase
difference between the driving field and the qubit’s Larmor precession. The native gates are
arbitrary Rx (ϕ = 0) and Ry (ϕ = π/2) single-qubit rotations. The typical entangling operations
are commonly realized using the Mølmer-Sørensen scheme [98], or via native Ising interactions
yielding ZZ gates, introduced in section 2.3.2 [32, 137]. Both MS and ZZ gates can be mapped
to standard CX or CZ gates via local rotations, making them useful for compilation.

A key advantage of trapped ion systems is their intrinsic all-to-all connectivity, allowing
arbitrary pairs of qubits to be entangled without additional overheads. This simplifies the circuit
mapping process, as discussed further in section 3.2.2. However, this flexibility comes at the cost
of slower gate speeds, typically on the order of tens of microseconds, and increased susceptibility
to noise such as crosstalk as system size grows [138].

From a compilation standpoint, the high gate fidelities and all-to-all connectivity enable
efficient circuit layouts without qubit routing overhead. Nevertheless, optimizing pulse sequences
remains critical to mitigate errors such as crosstalk [131]. Furthermore, scaling to larger numbers
of qubits while preserving full connectivity remains challenging [139, 140].

Neutral atoms

Neutral atom platforms encode qubits in internal electronic states of atoms confined in optical
tweezers. These architectures are promising due to their long coherence times and scalability
[141, 142]. Additional advantages include potential all-to-all connectivity, support for native
multi-qubit gates [143, 144], and the ability to rearrange atoms with high fidelity [145].

Single-qubit gates can be implemented with lasers, for ground-Rydberg state transitions [146],
or microwaves, for Rydberg-Rydberg state transitions [147], that drive Rabi oscillations, simi-
lar as in eq. (3.23). Fast entangling gates rely on the Rydberg blockade effect, which prevents
simultaneous excitation of nearby atoms to Rydberg states due to strong dipole-dipole inter-
actions. Common entangling operations are typically arbitrary controlled single-qubit gates,
which are used to implement CZ gates utilizing the Rydberg blockade mechanism [141]. Recent
developments have also demonstrated the native implementation of fast multi-qubit gates that
resemble many-body interactions [143, 144, 148]. While entangling gates operate on microsecond
timescales, coherence during these operations is limited by the short lifetimes of the Rydberg
states [141]. Nonetheless, computational basis states retain relatively long coherence times, and
recent advances have improved entangling gate fidelities to levels comparable to those achieved in
trapped ion and superconducting platforms [143, 144]. A key feature of neutral atom platforms is
their reconfigurable connectivity, atoms can be dynamically rearranged to enable quasi all-to-all
connectivity [145]. This property presents significant opportunities for compilation optimization.

Compilation for neutral atom systems involves optimizing gate placement to reduce interac-
tion distances, managing limited parallelism due to Rydberg blockade constraints, and mitigating
errors from atomic motion, dephasing, and Rydberg decay [149]. The architecture’s tunable con-
nectivity offers considerable flexibility but also requires careful coordination to fully leverage its
potential.

Superconducting qubits

Superconducting qubits are fabricated using Josephson junctions, with quantum information
encoded in the discrete energy levels of anharmonic oscillators. Among the most widely used
qubit types are the transmon and flux qubits [35, 150]. These systems benefit from fast gate
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(a) (b) (c)

Figure 3.3: Example connectivity graphs of superconducting qubits for the (a) 20-qubit
Rigetti Acorn [159], (b) 53-qubit ibmq_rochester [160] and (c) 8x8 grid architecture.3

times (on the order of tens of nanoseconds) and compatibility with CMOS-based fabrication
techniques [151].

The native gates typically include arbitrary single-qubit rotations implemented via microwave
pulses, again described by eq. (3.23). The choice of native entangling gates depends on the specific
architecture. In tunable-frequency transmon arrays, the iSWAP or controlled-phase gates are
directly implemented through parametric frequency modulation [152, 153], while architectures
with fixed qubit frequencies support directly the cross-resonance (CR) gate [96, 154]. The iSWAP
gate swaps the states of two qubits while also introducing a phase factor. It is defined as
iSWAPi,j := e−iπ

4
(XiXj+YiYj), i.e. the unitary operator generated by XY interactions, and serves

as a building block for other entangling operations such as CZ or CX gates. However, the CR
gate is more efficient, requiring only one CR gate and two single-qubit π/2 rotations to implement
a CX gate [35].

Superconducting qubits are typically arranged in a 2D grid with nearest-neighbor coupling,
which imposes significant limitations on connectivity, see figure 3.3. Consequently, implementing
long-range entangling gates requires additional SWAP operations to bring qubits into proximity.
Despite limited connectivity, superconducting platforms are among the most mature and widely
deployed, with large-scale systems (e.g., 100+ qubits) already demonstrated [155, 156].

Compilation techniques must account for crosstalk, calibration drift, and device-specific fi-
delity variations across the chip [131, 157, 158]. Optimizations such as topology-aware qubit
mapping are essential for enabling the computational performance on superconducting platforms.

3.2.2 Qubit mapping and routing

In the execution of a quantum program on real hardware, a crucial step involves mapping the
logical qubits, those defined by the high-level quantum algorithm, to the physical qubits avail-
able on the quantum processor, known as qubit mapping. However, the physical constraints of
quantum hardware impose limitations: a physical qubit can typically interact directly only with
a fixed set of neighboring qubits, as defined by the device’s coupling topology. As a result,
the two-qubit operations prescribed by the high-level quantum algorithm can only be executed
directly if the corresponding physical qubits are coupled. Consequently, a transformation of the
circuit is required to make it executable on the given device. This transformation generally
involves modifying the circuit so that two-qubit gates are only applied between physical qubits
that are connected in the coupling graph. To achieve this, additional gates, typically SWAP
gates, are inserted to bring the information stored in the qubits into the appropriate proxim-
ity, and the sequence of gates is adjusted accordingly. The resulting transformation preserves
the functionality of the original circuit while ensuring compatibility with the device constraints.
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This task, although entirely classical, is computationally challenging and has been proven to be
NP-complete [117], which limits the scalability of optimal methods for large circuits.

Existing techniques for solving this problem fall into two categories. The first consists of
exact methods, which aim to find an optimal solution via a mathematical formulation of the
problem, such as an integer linear program or boolean satisfiability problem, and solving it
using classical optimization techniques [162, 163]. These approaches yield minimal circuit depth
and gate count but are generally restricted to small or moderately sized circuits due to their
exponential runtime. Notably, recent advances have demonstrated the feasibility of optimal
mapping for circuits with up to 100 qubits in certain configurations [164], improving in the
practical applicability of these methods. The second category consists of heuristic approaches,
which sacrifice optimality for scalability. One of the most widely adopted heuristic methods is
SABRE (SWAP-based BidiREctional routing) [165, 166], which globally optimizes the initial
mapping using a reverse traverse technique. SABRE has become the de facto standard in many
quantum compilers due to its efficiency and robustness. More recently, new heuristics, including
divide-and-conquer strategies, have demonstrated improved performance on specific topologies
[167].

The formal specification of the qubit mapping problem begins with two inputs. The first is
a quantum circuit composed of a sequence of L gates, denoted as g1, g2, . . . , gL, acting on M
logical qubits labeled q1, q2, . . . , qM . These gates are assumed to be either single-qubit or two-
qubit operations and are native to the target hardware platform, although they might not satisfy
the connectivity constraints. The second input is the coupling graph of the quantum device,
defined as (V,E), where the vertex set V = {v1, v2, . . . , vN} corresponds to the physical qubits,
and the edge set E = {e1, e2, . . . , eK} specifies the allowable two-qubit interactions between
them, as depicted in figure 3.3. The fidelity of a circuit can also be optimized by considering
a weighted graph, where each weight represents the fidelity and incorporating these weights in
the objective function of the optimization. The output of the qubit mapping procedure is a
transformed circuit composed of L′ gates acting on the N physical qubits, where L′ ≥ L due to
the possible insertion of routing operations such as SWAP gates. This new circuit is functionally
equivalent to the original but adheres to the connectivity constraints of the coupling graph. In
addition, the procedure yields a final permutation that maps each logical qubit to the physical
qubit from which its measurement outcome should be extracted. This ensures that, despite
the intermediate transformations and remapping, the logical interpretation of the computation
remains consistent.

Qubit mapping for the neutral atom platform Qubit mapping takes on a distinct charac-
ter in neutral atom architectures. In this setting, qubits are encoded into the states of individual
atoms confined in optical tweezers, and two-qubit interactions are mediated by proximity, atoms
can only interact when brought sufficiently close to one another [149]. A powerful feature of
neutral atom systems is the ability to dynamically reposition the optical tweezers during com-
putation without disturbing the quantum state or entanglement between qubits [145].

Typically, atoms are initialized in a static array defined by a regular grid of optical traps
generated by a spatial Light Modulator (SLM). During execution, these atoms can be rear-
ranged using auxiliary traps produced by an acousto-Optic Deflector (AOD). This dynamic
rearrangement, often referred to as shuttling, enables the physical implementation of qubit rout-
ing by relocating atoms rather than by applying SWAP operations as done in other architectures.
While shuttling can be performed with high fidelity, it is considerably slower than native quan-
tum gate operations. Consequently, minimizing the number and distance of atom movements is
a key consideration in the neutral atom qubit mapping process. Moreover, shuttling via AODs
introduces specific hardware-level constraints. Each AOD defines two orthogonal sets of control
coordinates: {x1, . . . , xa} along the horizontal axis and {y1, . . . , yb} along the vertical. Each in-
tersection (xi, yj) corresponds to a potential trapping site where an atom may be confined. Atom

3We used the connectivity graphs from Ref. [161].
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movement is achieved by dynamically modifying the values of these coordinates, thereby relocat-
ing the associated optical traps. Importantly, changing a single coordinate affects all atoms along
that axis simultaneously. For example, adjusting xi shifts the entire i-th column of atoms in the
same direction and by the same amount. This global behavior implies that individual atoms
within a single AOD cannot be repositioned independently. A second key constraint arises from
the physical limitations of the optical trapping system: adjacent coordinates within each axis
must maintain a minimum separation distance. Violating this constraint can cause overlapping
trap potentials, leading to undefined behavior or even atom loss. As a consequence, the coordi-
nate sets must preserve their ordering, e.g., x1 < x2 < · · · < xa, throughout the process, which
prohibits coordinate lines from crossing. These constraints can be partially alleviated by incor-
porating multiple AODs. Multi-AOD systems offer greater flexibility by enabling overlapping or
independent control regions, allowing for more complex and localized rearrangement strategies.
However, this comes at the cost of increased system complexity.

In summary, qubit mapping plays a significant role in bridging the gap between abstract
quantum algorithms and their physical realizations on constrained quantum hardware. As quan-
tum processors scale and the connectivity topology in the architectures diversify, the efficiency
of this compilation stage becomes increasingly important to overall performance.

3.2.3 Minimize redundant operations

Quantum circuits often contain structural redundancies that can be eliminated through a variety
of optimization techniques. These include the application of circuit identities, commutation rules,
and pattern-based simplifications such as template matching [132–135]. The primary objective
of these transformations is to reduce the overall gate count and circuit depth, therefore minimize
the number of noisy operations.

An optimization technique involves gate cancellation and merging, where adjacent gates
that algebraically cancel each other are removed, or sequences of gates are fused into a single,
functionally equivalent operation. For example, two consecutive Pauli X gates on the same qubit
can be eliminated, and a series of rotation gates around the same axis may be merged into a
single gate with the combined angle. Another strategy is commutation-based optimization, which
reorders gates that commute in order to expose further cancellation opportunities, or enable
parallel execution. This often contributes to reducing the circuit depth, as seen in eq. (3.7) [19].
Peephole optimization is a local transformation technique where small subcircuits are matched
against a library of known patterns and replaced with more efficient ones. This technique can be
applied iteratively and at multiple scales to uncover simplifications that may not be immediately
apparent.

The success of these techniques relies on the choice of circuit representation, as different
representations highlight different structural features of the quantum circuit. One such repre-
sentation is the directed acyclic graph, where each vertex corresponds to a quantum gate and
each edge represents a “qubit wire”. The direction of the edges encodes the temporal ordering
of operations. The graph has to be acyclic since there are no closed timelike curves allowed.
This structure allows for an easy check if adjacent gates cancel. Another representation is the
sum-over-paths formalism, which is a representation for circuits over the non-universal gate set
{CX,T}, which enables efficient classical simulation [168, 169]. In this framework, a unitary
operation acting on an n qubit basis state |x⟩ is represented as

U |x⟩ = ei2πf(x) |Ax⟩ , (3.24)

where f : Fn
2 → R is called a phase polynomial, and A ∈ GL(Fn

2 ) is an invertible boolean matrix.
This representation separates the linear component A, representing CX circuits, from the phase
polynomial, which can represent arbitrary diagonal unitary operations [32]. This enables alge-
braic manipulations and optimizations, especially for Clifford+T circuits. A third representation
is the ZX-calculus, a category-theoretic and graphical language for quantum computation [170].
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In the ZX formalism, quantum processes are represented as diagrams composed of interconnected
dots of X- or Z-type, sometimes called “spiders”, with well-defined rewrite rules. ZX-diagrams
provide a complete language for reasoning about quantum operations, making structural trans-
formations both intuitive and algebraically rigorous. This formalism enables simplifications via
diagrammatic rewrites, many of which are visually apparent but not easily seen in gate-based
or matrix-based representations. However, the expressiveness of the ZX-calculus introduces a
significant challenge: not all diagrammatic transformations preserve unitarity. This necessitates
a non-trivial process known as circuit extraction, whereby a valid quantum circuit is recovered
from the optimized diagram. While recent work has made progress in this area, circuit extraction
remains computationally hard in the general case [105, 171].

Quantum circuit optimization can be distinct into two primary classes of compilers. The first
consists of manually designed optimizers that are based on rewrite rules tailored to specific gate
sets and hardware architectures. These compilers are often inspired by traditional compiler design
and resemble the use of gate identities. Such optimizations are typically fast, but are limited to
the known circuit transformations. The second class of compilers adopts an automated approach.
These compilers aim to generate and verify circuit transformations automatically, reducing the
need for hand-crafted rules [134]. They regularly employ methods, such as semantics-preserving
rewrite rules and symbolic reasoning, to ensure correctness while exploring a broader space of
transformations. Recent tools use probabilistic verification techniques to determine equivalence
between quantum circuits by transforming them into canonical forms [135]. Furthermore, these
compilers have been developed to automatically construct an optimizer tailored to the native
gate set of a given quantum device.

Minimizing redundant and potentially noisy operations has direct implications for reducing
execution time and improving fidelity on quantum hardware. By exploiting structural features
exposed by various circuit representations, these techniques enable the systematic elimination of
unnecessary gates and the compression of circuit depth. Future work might focus on unifying
these approaches within flexible, device-aware compilers that can dynamically adapt optimization
techniques to the characteristics and constraints of specific quantum platforms [172].

3.3 Outlook and Challenges

As quantum computing continues to evolve, the importance of quantum compilation is poised
to grow correspondingly. The increasing sophistication of quantum algorithms, coupled with
ongoing advancements in hardware platforms, necessitates the development of more refined and
efficient compilation strategies. While certain aspects of quantum compilation, such as single-
qubit compilation with minimal T-count, seems to be matured, other areas remain at a nascent
stage. In particular, compilation techniques for emerging architectures like the neutral atom
platform have recently begun to attract more research focus.

With the field progressing toward scalable fault-tolerant quantum computing, the compilation
process must adapt to accommodate the complexities of error-corrected quantum architectures.
Circuits must be mapped to logical qubits protected by quantum error-correcting codes, and
logical operations must be compiled into fault-tolerant gate sequences, often involving costly
processes such as magic state distillation. As a result, the compilation stack must combine
additional layers for error correction scheduling, logical gate synthesis, and optimization under
hardware constraints. Moreover, as error correction schemes are sensitive to different noise mod-
els, incorporating noise-aware compilation into the workflow is beneficial [173]. A promising
avenue for future research is the development of application-specific fault-tolerant compilation
techniques. For instance, quantum algorithms with potential practical relevance, such as quan-
tum simulation, optimization, and the quantum Fourier transform (QFT), could benefit from
tailored compilation strategies that exploit their structural properties [174, 175].

Another challenge stems from the growing diversity of quantum hardware platforms, which
makes the need for architecture-aware compilation increasingly apparent. In this context, the
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neutral atom platform has recently gained interest, driven by its remarkable progress in demon-
strating small-scale fault-tolerant protocols and implementing fast, high-fidelity multi-qubit gates
[10]. These advances open up new possibilities for quantum compilation, including the exploita-
tion of reconfigurable interactions, and parallelism unique to this platform.

In summary, the road ahead for quantum compilation must navigate a rapidly changing
landscape shaped by technological breakthroughs and shifting algorithmic frontiers. Addressing
these challenges will require a confluence of insights from quantum information theory, computer
architecture, classical compilation, and experimental physics.



Chapter 4

Hamiltonian engineering

Hamiltonian engineering refers to the design and control of quantum dynamics such that a
physical system governed by a fixed system Hamiltonian can effectively simulate the evolution
of a desired target Hamiltonian. This is a central objective in quantum simulation [176–179] and
quantum computation [144, 180, 181], where physical interactions are constrained by hardware
limitations, but the desired dynamics often require more flexible or non-native interactions.
In quantum simulations, it enables the realization of complex spin models beyond the native
interactions, and in digital quantum computations, it allows for efficient gate decomposition
strategies, see section 3.1.1. The core idea is to exploit a combination of the system’s natural
evolution, determined by its native Hamiltonian, and applied control pulses, most commonly
single-qubit pulses. Through appropriate design of pulse sequences, the joint effect can be tailored
to approximate the desired unitary evolution. This concept has its roots in the nuclear magnetic
resonance (NMR) community, where early work laid the foundation for modern Hamiltonian
engineering approaches [22, 31].

However, such modern approaches vary significantly in the assumptions they make about
available control resources. At a minimum, it is typically assumed that the system evolves nat-
urally under a fixed system Hamiltonian, and that certain simple single-qubit pulses can be
applied during the evolution. One key distinction between methods lies in the choice of single-
qubit pulses. Some methods assume global control, i.e. an identical single-qubit pulse applied
to all qubits [182–184]. This assumption simplifies experimental implementation, particularly in
platforms like neutral atoms or cold atom clouds with limited addressability [148, 185–187]. On
the other hand, assuming local control, i.e. independent single-qubit pulses on each qubit, opens
the door to more flexible Hamiltonian engineering methods [29–34, 188–191]. Some frameworks
further assume the ability to switch the system Hamiltonian on and off instantaneously at ar-
bitrary times [189, 191]. However, this level of control is not available in current experimental
platforms, limiting the accuracy of such methods. Moreover, previous methods relying on local
control suffer from poor scalability. In particular, the number of single-qubit pulses required to
implement the target evolution often scale poorly with system size, rendering them impractical for
near-term devices [29–31, 188, 192]. Furthermore, on current NISQ devices, gate fidelities remain
limited, and control pulses are subject to systematic errors such as over-rotation, off-resonance
detuning, and finite pulse time effects [9, 193, 194]. These imperfections can significantly degrade
the fidelity of engineered evolutions, especially when long sequences are required [195].

In sections 4.2 and 4.3, we give an overview of our work done on the development of time-
optimal, efficient and robust Hamiltonian engineering strategies respectively, methods that not
only approximate the target evolution in an idealized setting, but also tolerate common error
sources and require minimal implementation time. In particular, these sections are based on our
publications [32, 33] about time-optimal protocols, and our work [34] about general, robust, and
efficient methods.

35
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4.1 A brief history of Hamiltonian engineering

As mentioned before, the idea of Hamiltonian engineering, has deep roots in the field of NMR.
Nearly twenty-five years ago, the work in the NMR community laid the theoretical foundation
for modern Hamiltonian engineering techniques. Early contributions demonstrated that the
time evolution generated by an arbitrary two-local Hamiltonian can be simulated using a dif-
ferent two-local Hamiltonian in conjunction with properly chosen local control pulses [29, 30].
These results were important in proving that the interplay between natural system dynamics
and local operations can yield effective interactions that are otherwise not directly available on
the physical platform. At about the same time, researchers aimed to develop π pulse (Pauli
operator) sequences that could decouple all interactions in a two-local Hamiltonian except for
one, a technique referred to as selective coupling [31, 188]. The central idea was to interleave
the natural time evolution of the system with layers of π pulses, such that undesired interaction
terms were effectively canceled out via sign flips, while selected terms accumulated coherently.
Specifically, π pulses that anti-commute with a given interaction term flip its sign, and averaging
over multiple such flips cancels the term. It was recognized that these sign-flipping patterns
follow the combinatorial structure of Hadamard matrices, orthogonal matrices with entries in
{+1,−1}, which enabled a systematic construction of decoupling sequences [188]. However,
these early schemes suffered from scalability challenges. In a system of n qubits with r = O(n2)
possible two-local interaction terms, their construction required up to r layers of control pulses
to engineer a single desired interaction. This introduces a quadratic overhead for engineering all
interaction terms, yielding a total of up to r2 pulse layers. Moreover, when the system Hamilto-
nian contains non-commuting terms (as is typical in many-body physics), the resulting sequence
must be further broken into short-time product formula (Trotter) approximations.

In 2014, an alternative approach was proposed based on linear programming, which aimed
to efficiently determine pulse sequences for Hamiltonian engineering [189]. This method refor-
mulated the engineering task as a linear program, searching for sign-flip sequences that produce
the desired effective Hamiltonian. While promising in its efficiency, this method was limited to
specific classes of system Hamiltonians, primarily one-dimensional spin chains, and could not be
generalized easily.

A renewed interest of research around 2020 focused on Hamiltonian engineering using global
control, where the same single-qubit gate is applied uniformly across all qubits [182–184]. Though
these methods cannot selectively manipulate individual interaction terms, they have proven
highly effective in reshaping the global dynamical behavior of the system. Importantly, these
techniques have been successfully demonstrated in several experimental settings [187, 196], and
their robustness against certain classes of errors (e.g., over-rotations and detuning) further en-
hances their appeal for near-term experiments.

At the same time, a paradigm known as digital-analog quantum computing (DAQC) was
introduced [190]. This approach attempts to engineer an Ising Hamiltonian by determining ap-
propriate π pulse sequences through the solution of a linear equation system, which takes into
account the sign flips induced by the pulses. However, DAQC suffers from a critical drawback:
the solutions to the linear system often involve negative evolution times under the system Hamil-
tonian.1 Since negative time evolution cannot be directly implemented, this presents a major
obstacle. Despite this limitation, the DAQC approach was further developed in follow-up work,
which generalized the framework to engineer arbitrary two-local Hamiltonians [191]. In order to
circumvent the problem of negative evolution times, this extended method introduces a classical
preprocessing step that involves solving an NP-hard optimization problem to determine the pulse
sequences and associated evolution times.

1In ref. [190, App. A], they try to resolve this issue. But only solved it for qubit numbers n ∈ {3, 5, 6}.
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4.2 Time-optimal Ising Hamiltonian engineering

In this section, we present our Hamiltonian engineering scheme based on linear programming for
modifying arbitrary Ising Hamiltonians with minimal evolution time. It is based on the publica-
tions [32, 33], which are listed in appendices A and B. In section 2.3.2, we defined the GZZ(A)
gate as the time evolution under an Ising Hamiltonian determined by a symmetric coupling ma-
trix A ∈ Rn×n. In section 3.1.1 we highlighted the role of GZZ gates in the decomposition of
Clifford unitaries. More broadly, implementing the time evolution under a desired Ising Hamil-
tonian is a key component in various quantum compilation strategies [32, 197–199]. The ability
to engineer arbitrary interaction strengths in Ising models is therefore essential, especially given
the prominence of Ising-type couplings in quantum hardware platforms such as ion traps [38–40]
and superconducting qubits [35, 36].

First, we derive the LP to find the time-optimal single-qubit pulse sequence. Second, we
discuss the bounds on the total evolution time required to implement a GZZ gate. Then, we
show that solving the time-optimal LP is NP-hard and provide an efficient heuristic. Finally, we
present applications of our scheme in quantum compilation methods and quantum algorithms.

4.2.1 Conjugation of Ising Hamiltonians

We consider the Ising Hamiltonian as the native system Hamiltonian, defined on n qubits as

HS := −
n∑

i<j

JijZiZj , (4.1)

where Jij ∈ R represents the coupling strength between qubits i and j which we collect in a
symmetric coupling matrix J ∈ Rn×n, and Zi denotes the Pauli-Z operator acting on qubit i. We
assume to have access to the time evolution under HS , i.e. the unitary e−itHS can be implemented
natively. To express single-qubit operators, we use the shorthand notation Pi := I⊗i−1⊗P⊗I⊗n−i

for a unitary operator P ∈ U(2) acting non-trivially only on the i-th qubit. A Pauli-X gate (also
known as a π pulse around the x-axes or just π pulse) is implemented as the unitary operator
e−iπ

2
X , where X is the generator. A layer of such gates applied in parallel to a subset of qubits

is denoted by
Xb := e−i

∑n
i (

π
2
Xi)

bi

, (4.2)

where b = (b1, . . . , bn) ∈ {0, 1} is a binary vector indicating on which qubits the Pauli-X gate is
applied (bi = 1) and where it is skipped (bi = 0). Conjugating the time evolution under HS by
such a layer of Pauli-X gates yields

Xbe−itHSXb = e−itXbHSX
b
, (4.3)

using the identity U †e−itHU = e−itU†HU , valid for arbitrary unitary operators U , and the fact
that Pauli operators are self-inverse. To evaluate the effect of conjugation more explicitly, we
compute

XbHSX
b = −

n∑

i<j

JijX
biXbj (ZiZj)X

biXbj

= −
n∑

i<j

Jij(−1)bi(−1)bjZiZj

= −
n∑

i<j

JijmimjZiZj =: H(m) ,

(4.4)

where we used the anti-commutation relation XZ = −ZX, and defined the encoding m := (−1)b
entrywise. Each element mi = (−1)bi takes values ±1, indicating whether a Pauli-X gate has
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flipped the sign of the Zi operator. We refer to H(m) as the encoded Hamiltonian, which differs
from the original Hamiltonian HS by a sign pattern applied to the interaction terms. The
modified coupling matrix of H(m) can be written as J⊙mmT , where ⊙ denotes the Hadamard
(entry-wise) product, and mmT is the outer product of the encoding vector with itself. The
original coupling matrix J is symmetric, and the diagonal entries are zero, which is preserved
under the encoding. This scheme allows us to invert the signs of a subset of interaction terms in
the Ising Hamiltonian, enabling Hamiltonian engineering via local Pauli-X gates.

4.2.2 The linear program approach

We now describe how encoded Hamiltonians H(m) can be employed to simulate the time evo-
lution under an arbitrary target Ising Hamiltonian. The core idea is to express the desired
evolution as a linear combination of evolutions under the encoded Hamiltonians H(m), which
can be generated via conjugation by layers of local Pauli-X gates. Let λm > 0 be the relative
evolution time associated with the encoded Hamiltonian H(m). We consider unitary evolutions
of the form ∏

m

e−itλmH(m) = e−it
∑

m λmH(m) = e−itH , (4.5)

where we have used the fact that all encoded Hamiltonians H(m) mutually commute. This holds
because they involve only ZiZj terms and are therefore diagonal in the computational basis. Due
to the symmetry (−m)(−m)T = mmT , we only have to consider half of the encodings, reducing
the total number of encodings from 2n to 2n−1. We collect all relative evolution times λm in
a vector λ ∈ R2n−1 . This aggregates in the time evolution under the effective Hamiltonian
H = −∑n

i<j AijZiZj with the modified coupling matrix A ∈ Rn×n given by

A := J ⊙
∑

m

λmmmT . (4.6)

The sum accumulates the contributions of all encoded evolutions, each scaled by its respective
time coefficient λm. By construction, A is a symmetric matrix with zero diagonal, since these
properties are inherited from the original coupling matrix J . To formalize this, we define the
space of such matrices as the

(
n
2

)
-dimensional subspace of symmetric real n × n matrices with

vanishing diagonal entries

Sym0(Rn) := {M ∈ Sym(Rn) |Mii = 0 ∀i ∈ [n]} . (4.7)

Let v : Rn×n → R(
n
2) denote the row-wise vectorization of the upper triangular part of a

matrix. We now define the matrix

V ∈ {−1,+1}(n2)×(2n−1) , (4.8)

whose columns are given by v(mmT ) for all 2n−1 relevant encodings m. Each column thus
represents how a particular encoding contributes to sign flips in the pairwise coupling terms. To
describe only the non-zero coupling terms present in the native Hamiltonian, we define the index
set

nz(J) := {(i, j) | Jij ̸= 0, i < j} . (4.9)

Using eq. (4.6) and definition (4.8), we formulate the LP that finds the time-optimal decompo-
sition of a target Hamiltonian in terms of encoded evolutions

minimize 1Tλ

subject to V λ = v(M) , λ ∈ R2n−1

≥0 ,
(IsingLP)

where the matrix M ∈ Sym0(Rn) is defined as the element-wise division

M := A⊘ J , with (A⊘ J)ij :=
{
Aij/Jij , if (i, j) ∈ nz(J)

0 , otherwise.
(4.10)
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The (IsingLP) finds the set of relative evolution times λ that reproduce the desired coupling
matrix A, while minimizing the total evolution time.

4.2.3 Bounds on the minimal evolution time

The scaling of the total evolution time required to implement the target Ising evolution is given
by the sum of the relative evolution times 1Tλ∗ =

∑
m λm, where λ∗ denotes an optimal solution

to the (IsingLP). This total time directly determines the duration of the corresponding GZZ gate,
and hence has implications for the overall runtime of quantum circuits containing GZZ gates.
Minimizing the gate time is especially critical for NISQ devices, where coherence time impose
limitations on the allowable circuit depth [9]. Understanding the bounds on the total evolution
time is therefore essential for designing implementable quantum algorithms and compilation
strategies.

Theorem 8 (Ref. [33]). The optimal total gate time of GZZ(A) with A ∈ Sym0(Rn) is lower
and upper bounded by

∥M∥ℓ∞ ≤ 1Tλ∗ ≤ ∥M∥ℓ1 , (4.11)

where M := A ⊘ J . Equality holds for the lower bound for all matrices M = CmmT for any
m ∈ {−1,+1}n and C ≥ 0.

The lower bound ∥M∥ℓ∞ is determined by the largest difference between the original and
target coupling matrix with Jij ≪ Aij , while the upper bound ∥M∥ℓ1 reflects the total magnitude
of all entries in M . However, the upper bound can be quite loose, particularly for dense matrices
M , and it scales as the number of entries, i.e. O(n2), in the worst case. This quadratic scaling
is often pessimistic and does not reflect the typical instances encountered in practice. Based
on numerical results and analytical constructions, we propose a tighter upper bound that scales
linearly with the system size:

Conjecture 9 (Ref. [33]). The optimal gate time of GZZ(A) with A ∈ Sym0(Rn) is tightly
upper bounded by

1Tλ∗ ≤ ∥M∥ℓ∞ ·
{
n , for odd n ,
n− 1 , for even n .

(4.12)

This conjectured bound is supported by instances where equality is achieved. Specifically, we
proofed, that when M = CmmT with C ≤ 0, then the upper bound is exactly attained. Such
cases mirror the structure of the lower-bound matrices, which also take the form M = CmmT ,
but with C ≥ 0. These constructions highlight a potential symmetry in the extremal cases
depending on the sign of the scalar prefactor C. We now briefly outline the proof strategy for
these extremal cases for more details we refer to [33]. Consider the instance M = −mmT with
m set to be the all-ones vector 1. In our work, we first explicitly construct feasible solutions for
both the primal problem (IsingLP) and its dual (see section 2.2.2). Next, we show that these
solutions yield the same objective value, it follows by strong duality that both solutions are
optimal [54]. This approach can then be extended to matrices of the form M = CmmT for any
C ≤ 0, establishing that the conjectured upper bound is tight in these cases.

The conjectured linear upper bound, if proven in full generality, would imply that any target
Ising coupling matrix can be synthesized with a time overhead that grows at most linearly with
the number of qubits, regardless of the complexity of the target interaction pattern. This would
mark an important insight in the total runtime of quantum algorithms and scalable quantum
compilation strategies, as it directly impacts the feasibility of implementing large-scale Clifford
circuits and more general quantum algorithms, see section 4.2.5.
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4.2.4 Complexity and efficient heuristic

As quantum devices continue to scale, increasing the number of qubits demands faster and more
efficient algorithms for synthesizing GZZ gates. However, a major computational bottleneck
arises from the fact that the size of the (IsingLP) grows exponentially with the number of qubits
n, due to the 2n−1 possible encodings m. In fact, we showed that solving the decision version
of (IsingLP) is NP-complete [33]. The proof leverages a connection to graph theory, specifically
the problem of finding cuts in weighted graphs. This correspondence allows one to encode the
optimization over Ising couplings as a combinatorial decision problem, highlighting the inherent
hardness of the task.

To address this challenge, we develop an efficient heuristic method that circumvents the
exponential blow-up by restricting the set of encodings m used in the (IsingLP). The key idea
is to construct a matrix basis that is guaranteed to span the space of all symmetric coupling
matrices with zero-valued diagonals Sym0(Rn). In the following, we briefly mention the steps of
constructing such a basis. We begin by noting that the sum over outer products can be expressed
in terms of a matrix multiplication

d∑

k=1

mkm
T
k = HTH , (4.13)

where H := (m1, . . . ,md)
T ∈ {−1,+1}d×n is a matrix whose rows are the encoding vectors.

Note, that we can realize arbitrary encoding vectors m ∈ {−1,+1}n by appropriate positions of
the Pauli-X gates. If the matrix H consists of n distinct columns taken from a d× d Hadamard
matrix, then the orthogonality of the rows/columns of a Hadamard matrix ensures that

HTH = d1n . (4.14)

For each index pair i, j ∈ [n] with i < j, we define a matrix H(i,j) ∈ {−1,+1}d×n by replacing
the i-th column with the j-th column (or vice versa) in H. The resulting matrix satisfies

HT
(i,j)H(i,j) = de(i,j) , (4.15)

where e(i,j) := 1n +Eij +ET
ij , and Eij is the standard matrix basis element with a 1 in position

(i, j) and zeros elsewhere. By taking a conic combination of such matrices HT
(i,j)H(i,j), we can

exactly reach any target matrix M ∈ Sym0(Rn) with non-negative entries and without the
diagonal. We therefore define the restricted set of encodings on n qubits as

E(2)n :=
{
mmT

∣∣m ∈ rows(H(i,j)), ∀i, j ∈ [n], i < j
}
, (4.16)

where the superscript (2) refers to the fact that two columns in each matrix H(i,j) are identical.
This construction can be generalized. For k ≥ 2, we define matrices H(i1,...,ik) obtained from a
d× d dimensional Hadamard matrix in which k selected columns are identical, and use these to
build the extended set

E(k)n := E (k−1)
n ∪

{
mmT

∣∣m ∈ rows(H(i1,...,ik)), ∀i1, . . . , ik ∈ [n], i1 < · · · < ik
}
. (4.17)

This yields a hierarchy of sets of increasing size but still tractable subsets of encodings. Corre-
spondingly, we define the restricted LP’s

minimize 1Tλ

subject to V (k)λ = v(M) , λ ∈ Rh
≥0 ,

(restrLP)

where V (k) contains the vectorized outer products from E (k)n , similar as in eq. (4.8), and the
number of considered encodings h = |E (k)n | is polynomial for a fixed k. Even though we previously
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Figure 4.1: Comparing the per-
formance of the original (optimal)
(IsingLP) and the (restrLP) for k =
2, 3, 4. For each line we let the LP’s
run for a fixed time. The black
dashed line is the upper bound for
the original (IsingLP) from conjec-
ture 9. The reddish lines show the
total GZZ times for the (restrLP)
for k = 2, 3, 4. The data points
and error bars show the mean and
the standard deviation over 100 uni-
formly sampled matrices Mij =
Mji ∈ [−1, 1].

showed that (restrLP) with E (2)n guarantees feasibility only for non-negative matrices M , we have
been proven that the (restrLP) remains feasible for any matrix M ∈ Sym0(Rn) [33]. This is an
essential result, as it shows that despite the exponential nature of the full (IsingLP), efficient
heuristics exist that capture all Ising Hamiltonians. Note, that the heuristic still yields an exact
decomposition of the target evolution, however the evolution time is no longer time-optimal.

This encoding hierarchy provides a trade-off between the classical runtime required to solve
the (restrLP) and the quality of the resulting solutions in terms of evolution time. As illus-
trated in figure 4.1, increasing the parameter k leads to solutions that rapidly converge toward
the optimal evolution time. This demonstrates that even low levels of the hierarchy can yield
near-optimal results with significantly reduced computational effort compared to solving the full
(IsingLP). It is important to emphasize that, despite the suboptimality in evolution time at
lower levels of the hierarchy, all solutions obtained from (restrLP) still correspond to exact de-
compositions of the target unitary. In other words, the approximation lies solely in the duration
of the evolution, not in the fidelity of the implemented operation.

4.2.5 Applications

The control and implementation of Ising-type evolutions are not only crucial to quantum com-
pilation strategies [32, 197–199], but also play a central role in several key quantum algorithms.
These include variational quantum algorithm (VQA) [123] such as the quantum approximate op-
timization algorithm (QAOA) [200], implementations of the quantum Fourier transform (QFT)
[201, 202], and even methods in quantum chemistry [203]. In this section, we provide an overview
of how GZZ gates might be used to implement the latter two applications, following the method-
ology of our work [32].

The QFT is the quantum analog of the classical discrete Fourier transform, and it maps
quantum states from the computational basis into the frequency domain. It plays a pivotal
role in many quantum algorithms, most notably as a subroutine of QPE, which in turn is a key
component of Shor’s factoring algorithm for efficiently finding the prime factors of an integer on a
quantum computer [204]. Beyond factoring, quantum phase estimation (QPE) is also applied in
quantum chemistry, particularly for estimating eigenvalues of molecular Hamiltonians [205, 206].
To efficiently implement the QFT using GZZ gates, we start by expressing computational basis
states |x1, . . . , xn⟩, where xj ∈ F2, as binary-encoded integers, i.e. x =

∑n
j=1 xj2

n−j . The action
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of the QFT on these states can be written as

QFT |x⟩ = 1

2n/2

n⊗

j=1

(
|0⟩+ ei2πx2

−j |1⟩
)
. (4.18)

This operation is typically realized through a sequence of controlled phase rotations Rj :=
Rz(2π/2

j) interleaved by Hadamard gates, as depicted in the standard QFT circuit diagram:

|x1⟩
|x2⟩
|x3⟩

|xn−1⟩
|xn⟩

H R2 R3 . . .

. . .

. . .

. . .

Rn

H R2 . . .

. . .

. . .

. . .

Rn−1

H R2

H

...

,

where the output qubits are in reversed order. Many of the controlled rotations can be com-
muted past the Hadamard gates and grouped into more efficient multi-qubit gates such as global
controlled-Rz gates GCRz. This yields the compiled QFT circuit

|x1⟩
|x2⟩
|x3⟩
|x4⟩

|xn−1⟩
|xn⟩

H S

H

GCRZ(A1)

H S

H
GCRZ(A3)

. . .

. . .

. . .

. . .

S

H .

Each GCRz gate can be implemented using a single GZZ gate and additional single-qubit oper-
ations, see eq. (2.28). This transformation reduces the total number of GZZ gates required to
implement the QFT to just ⌊n−1

2 ⌋, yielding a significant resource saving for large n.
We now turn our attention to applications of GZZ gates in quantum chemistry beyond the

full QPE. One promising approach is the use of quantum filtering techniques, particularly the
combination of quantum filter diagonalization (QFD) with double factorization (DF), tailored for
electronic structure problems [203]. QFD is a variational algorithm designed to extract spectral
features of a Hamiltonian [207], while DF provides an efficient approximation of the electronic
structure Hamiltonian [208, 209]. To simulate the time evolution under the compressed electronic
structure Hamiltonian given by DF, a Trotter decomposition is employed. This approximates
the total unitary evolution by a product of simpler unitaries over m− 1 Trotter steps, where m
is chosen according to the desired approximation accuracy. The unitary operator can be written
as

Ut ≈ UExt Ĝ(φm)

[
m−1∏

k=1

GZZ(Ak) Ĝ(φk)

]
R̂Z(θ0,1) Ĝ(φ0) , (4.19)

where Ĝ(φ) denotes a layer of two-qubit Givens rotations, and UExt represents the contribution
from the nucleus-nucleus Coulomb interaction, which is constant in time. Each Givens rotation
layer Ĝ(φ) can be realized using two GZZ(−φA) gates and appropriate single-qubit Clifford
gates [32]. Here, the matrix A ∈ Sym0(Fn

2 ) encodes nearest-neighbor couplings. Notably, each
GZZ(−φA) gate can be implemented in constant depth, independent of n, leveraging our recent
results on explicit constructions for time-optimal GZZ gates [33].
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4.3 General, efficient, and robust Hamiltonian engineering

This section is based on our publication [34], which is listed in appendix C. Previously, we dis-
cussed Hamiltonian engineering techniques tailored specifically for Ising-type interactions. These
methods focused on synthesizing target evolutions using only two-body ZZ interactions, which
are commonly available on many quantum computing platforms [35, 36, 38–40]. However, quan-
tum devices might possess more complex native dynamics in practice [142, 150, 210]. Each device
naturally evolves under a system Hamiltonian HS , which may contain many-body interaction
terms beyond simple Ising-type couplings, such as ZZ, XX or Y Y . In light of this, we extend
the LP framework introduced in section 4.2 to encompass arbitrary many-body Hamiltonians
[34]. This generalization allows for broader applicability of the method across diverse quantum
architectures, including superconducting qubits, trapped ions, and neutral atoms, each of which
may exhibit different native couplings. The generalized method improves upon the efficiency
of the original Ising Hamiltonian engineering in classical runtime and in the robustness against
typical errors in an experimental setting.

As in the Ising case, we interleave intervals of free evolution under the native system Hamil-
tonian with single-qubit π or π/2 pulses, chosen from the set of single-qubit Pauli or Clifford
gates. The underlying LP formulation again seeks to minimize the total evolution time required
to implement the evolution under the target Hamiltonian. However, as the number of qubits
increases, solving the full LP exactly becomes computationally intractable due to the exponen-
tial scaling in the number of degrees of freedom. To address this, we introduce a relaxation of
the optimization problem that circumvents the exponential overhead. Instead of scaling directly
with the number of qubits, the relaxed formulation depends only on the number and locality
of interaction terms present in the system Hamiltonian. Consequently, the runtime becomes
manageable even for larger quantum systems. Once a decomposition is obtained via the relaxed
LP, the actual time evolution under the target Hamiltonian is implemented using established
product formula techniques, such as Trotter-Suzuki methods, as reviewed in section 2.5.

In addition to efficiency, robustness is a key consideration in practical implementations. In
real devices, single-qubit pulses used to engineer the Hamiltonian are not instantaneous and may
overlap non-trivially with the system Hamiltonian. This leads to coherent errors during the pulse,
as the system evolves under both the control pulse and the system Hamiltonian simultaneously.
To mitigate these effects, we incorporate tools from average Hamiltonian theory (AHT) to analyze
and correct these finite pulse time errors. Building on this analysis, we extend our method to
support arbitrary robust composite pulses. These specially designed pulse sequences can suppress
a broad range of coherent error sources, such as amplitude miscalibrations or off-resonant driving,
making them robust in experimental settings [85, 93].

In section 4.3.1, we examine how single-qubit Pauli and Clifford gates affect many-body
Hamiltonians through conjugation. Section 4.3.2 introduces an efficient LP formulation for
Hamiltonian engineering. We then briefly address cases with incomplete knowledge of the system
Hamiltonian in section 4.3.2. In section 4.3.3, we present a robust extension of the method that
accounts for coherent control errors. Finally, section 4.3.4 showcases numerical simulations that
validate the efficiency and robustness of our proposed techniques.

4.3.1 Conjugation of many-body Hamiltonians

To understand how single-qubit gates can transform and control interactions in a quantum sys-
tem, we represent many-body Hamiltonians in terms of Pauli operators. Any quantum Hamil-
tonian acting on n qubits can be written as a weighted sum of Pauli strings, tensor products of
single-qubit Pauli operators like I, X, Y , and Z. Each Pauli string specifies a particular type of
interaction, and its corresponding weight determines the strength of that interaction. The total
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system Hamiltonian is then described by

HS =
∑

a∈F2n
2

JaPa , (4.20)

where we used the phase space notation from section 2.4 to label tensor products of Pauli
operators Pa and their corresponding interaction strength Ja with a binary vector a ∈ F2n

2 .
To describe which qubits are involved in each interaction, we denote the locality of a Pauli
string as the set of qubits it acts on non-trivially. For example, a Pauli string that involves
only two qubits is called 2-local, and the structure of such interactions can be visualized using
an interaction graph, where nodes represent qubits and edges represent two-qubit interactions.
When more than two qubits are involved in a single term (for example, 3-local or higher), we
use interaction hypergraphs, where edges can connect more than two nodes.

Our objective is to simulate the time evolution under a target Hamiltonian HT , using the
native evolution of a system Hamiltonian HS interspersed with layers of single-qubit gates S.
Specifically, we reshape the system dynamics by conjugating the system Hamiltonian, according
to the identity

S†e−itHSS = e−itS†HSS . (4.21)

This allows us to effectively synthesize a new Hamiltonian by alternating between periods of free
evolution under HS and applying chosen single-qubit gate layers. Ideally, we want to express HT

as a weighted sum of conjugated versions of HS

HT :=
∑

a∈F2n
2

AaPa =
L∑

i=1

λiS
†
iHSSi , (4.22)

where Aa are the target interaction strengths and λi controls the relative time spent evolving
under the transformed Hamiltonian. When the resulting terms commute with one another, this
process allows for an exact implementation of the time evolution:

e−itHT =
L∏

i=1

S†
i e

−itλiHSSi (4.23)

Otherwise, we can use approximation techniques, such as product formulae (discussed in sec-
tion 2.5), to simulate the desired dynamics.

The key challenge lies in finding a good decomposition, ideally one that uses as little total
evolution time as possible and keeps the number of gate layers minimal. As in the Ising case, we
can frame this task as a linear programming problem. To this end, we capture the effect on the
interaction term in HS labeled by a conjugated by the single-qubit gate layer Si by

Wa,i =
1

2n
Tr
(
Pa

(
S†
iHSSi

))
, (4.24)

which can be collected in a matrix W ∈ Rr×s, where r is the number of interaction terms
expressible by the conjugation and s is the number of considered single-qubit gate layers. This
matrix takes on different values depending on the single-qubit gates, which will be elaborated in
section 4.3.1. With that, we can formulate the LP

minimize
∑

i

λi

subject to Wλ = A , λ ∈ Rs
≥0 ,

(LP)

where A is the vector of the target interaction strengths.
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Conjugation with Pauli gates

In this section, we explore how simple layers of Pauli gates (π pulses) can be used to transform
the system Hamiltonian into a desired target form. When a Hamiltonian is conjugated by a
Pauli string Pb, the effect is to flip the sign of certain interaction terms while leaving others
unchanged. This behavior follows directly from the Pauli commutation relations, as expressed
in eq. (4.25), and changes the system dynamics as

P †
bHSPb =

∑

a∈F2n
2 \{0}

(−1)⟨a,b⟩JaPa . (4.25)

This sign-flip pattern is captured by the well-known Walsh-Hadamard transform. Crucially,
Pauli conjugation does not alter the type of interaction (i.e., the specific Pauli string involved),
but only changes the sign of its coefficient. As a result, the target Hamiltonian must consist
of the same set of Pauli interactions as the system Hamiltonian, albeit with possibly different
interaction strengths. To describe this transformation compactly, we define the matrix WP with
entries (−1)⟨a,b⟩Ja, which records the sing-flips of the coefficients Ja in the system Hamiltonian
introduced by the Pauli gate layer labeled by b. Since only the non-zero terms in HS can be
modified through this procedure, the interactions of the target Hamiltonian must be a subset of
that of the system Hamiltonian

nz(A) ⊆ nz(J) . (4.26)

So, rather than working with the full matrix WP , we focus on a partial version that includes
only the non-zero interaction terms. Let there be r non-zero interaction terms in HS and s Pauli
gate layers considered in the (LP), then we denote the partial matrix capturing the effect of
conjugation by W

(r×s)
P ∈ Rr×s. We use this notation to highlight the number of interactions

that can be individually engineered and the number of considered Pauli gate layers. Given
this setup, an appropriate sequence of Pauli gates, interleaved with free evolution under the
system Hamiltonian, can be determined by solving (LP), using W (r×s)

P as the constraint matrix.
Although the full set of Pauli operators on n qubits consists of s = 4n possible gate layers, this
number can be significantly reduced. In section 4.3.2, we show that it suffices to consider a
subset with s > 2r, enabling a more scalable and efficient approach.

Conjugation with Clifford gates

In the previous section, we introduced a method for Hamiltonian engineering based on conjuga-
tion with Pauli gates. While this approach is general and applies to any system Hamiltonian,
it only allows changes in the strength of existing interaction terms. We now extend the frame-
work to include a broader class of single-qubit operations, specifically, single-qubit Clifford gates,
which correspond to π/2 pulses. These gates provide significantly more flexibility: in addition
to flipping signs, they can rotate one type of Pauli term into another (e.g., turning an X in-
teraction into a Z interaction). This expansion makes it possible to engineer a wider variety of
target Hamiltonians, subject only to the locality constraints imposed by the system Hamiltonians
interaction structure.

We consider a specific set of single-qubit Clifford gates

CXY := P ∪
{√

X
√
Y ,
√
X
√
Y

†
,
√
X

†√
Y ,
√
X

†√
Y

†
,
√
Y
√
X,
√
Y
√
X

†
,
√
Y

†√
X,
√
Y

†√
X

†}
,

(4.27)
where P denotes the set of Pauli operators, and the square-root operators represent π/2 rotations
around the x- and y-axes. This gate set is chosen to resemble the sign-flipping structure of Pauli
conjugation while introducing the ability to permute interaction types.

We label a Clifford gate layer on n qubits as S(p,b) ∈ C⊗n
XY , where p determines the change in

interaction type and b encodes sign flips. For convenience, we combine these into a single label
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c := (p, b). When the system Hamiltonian HS is conjugated by a Clifford layer Sc, the resulting
transformed Hamiltonian takes the form

S†
cHSSc =

∑

a∈F2n
2 \{0}

(−1)⟨πp(a),b⟩Jπp(a)Pa . (4.28)

Here, πp is a permutation that maps each original Pauli term to a new type according to p,
while the symplectic form ⟨·, ·⟩ with b determines the sign of each term. This transformation
is compactly captured by a matrix WC with entries (−1)⟨πp(a),b⟩Jπp(a), whose structure closely
resembles that of the Walsh-Hadamard matrix used in the Pauli conjugation case. As before,
we focus on a reduced version of this matrix, denoted W (r×s)

C ∈ Rr×s, where r is the number of
interaction terms consistent with the locality structure of HS , and s is the number of Clifford
gate layers under consideration. One of the key advantages of Clifford conjugation is that a
k-local term in HS can now be transformed into any other k-local Pauli term acting on the same
qubits and with arbitrary interaction strength. For example, a ZZ interaction can be mapped
to any of the other 2-local interactions, such as XX, XY , or Y Z, on the same pair of qubits.
As in the Pauli case, we can determine the Clifford gate layers and the corresponding relative
evolution times by solving (LP), but now using W (r×s)

C as the constraint matrix.
Although the number of all possible Clifford layers scales as s = 12n, we show in the next

section how this can be efficiently reduced. In particular, we propose a scalable relaxation of the
problem that works with a subset of Clifford layers, requiring only s > 2r.

4.3.2 The efficient linear program approach

We present an efficient approach to reduce the number of columns s in the matrices W (r×s)
P and

W
(r×s)
C , while still ensuring the feasibility of the (LP). This reduction significantly improves

classical runtime without compromising the exactness of the decomposition. A central result
relating W to LP feasibility is as follows:

Proposition 10 (Proposition III.2 [34], informal). Let W ∈ Rr×s. If 0 ∈ conv(W ), then

minimize
∑

i

λi

subject to Wλ = A , λ ∈ Rs
≥0

(LP)

has a solution for any A ∈ Rr.

This result motivates a randomized strategy: instead of using the full matrix, we randomly
sample a subset of s columns from a larger matrix to form the reduced matrix W ∈ Rr×s.
The key question is: how large does s need to be to ensure that 0 ∈ conv(W ) holds with high
probability? If the columns of W are drawn from a distribution that is spherically symmetric
around the origin, Wendel’s Theorem [211] sates that

P(0 ∈ conv(W )) = 1− 1

2s−1

r−1∑

k=0

(
s− 1

k

)
. (4.29)

This distribution shows a sharp transition from ≈ 0 to ≈ 1 at s = 2r. Although, the columns
of W (r×4n)

P and W
(r×12n)
C are not drawn from a spherically symmetric distribution. However,

numerical experiments suggest they exhibit similar transition behavior [34]. This transition
behavior also occurs for any set of rows in W (r×4n)

P and W (r×12n)
C , i.e. any set of interactions in

the system Hamiltonian HS . Based on these observations, we conclude that sampling

s > 2r (4.30)
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columns is sufficient to ensure LP feasibility with high probability. The decomposition of the
target Hamiltonian HT obtained from such a relaxed LP is still exact, however the total relative
evolution time is not minimal anymore. The quality of the relaxation can be improved by
increasing s, thus expanding the search space. This provides a flexible trade-off between the
classical runtime for solving the LP and the “quantum runtime”, i.e. the optimality of

∑
i λi.

Hamiltonian engineering with unknown Hamiltonians

In practice, some system Hamiltonian coupling coefficients in J may be unknown. For instance,
when an experiment targeting two-body interactions unintentionally introduces three-body terms
of unknown strength. Nevertheless, such system Hamiltonians with partially known couplings
can still be used for Hamiltonian engineering via the Pauli conjugation method from section 4.3.1.
Solving (LP) for a vector M ∈ Rr yields the target Hamiltonian

∑

a∈F2n
2 \{0}

MaJaPa = HT , (4.31)

where M ⊙ J modifies the system couplings element-wise. By choosing Ma = −1 or 0, one
can invert or cancel terms Pa without knowing Ja. Each term can be treated individually:
known interactions can be engineered via Ma = Aa/Ja, while unknown ones can be suppressed
or inverted. Thus, even with incomplete knowledge of J , one can design M to selectively
manipulate the effective Hamiltonian. Dummy values for unknown Ja can be used in (LP) to
carry out this procedure.

4.3.3 Error robustness

To reliably implement Pauli or Clifford conjugation in practice, it is essential that the resulting
pulse sequences are robust against dominant experimental imperfections. In this section, we
present low-overhead error mitigation strategies tailored to our efficient conjugation methods,
with particular focus on finite pulse time errors, i.e. errors arising from the simultaneous action
of the system Hamiltonian and finite duration of single-qubit control pulses.

In addition, we extend our Clifford conjugation method to incorporate robust composite
pulses, which enhance resilience against a wide variety of experimental noise sources, including
rotation angle errors, off-resonance effects, phase errors, pulse shape distortions, non-Markovian
noise, and crosstalk [84–91]. To analyze and mitigate the finite pulse time error, we employ
average Hamiltonian theory (AHT) [77, 78], as outlined in section 2.6. A key insight is that the
finite pulse time error preserves the locality of the system Hamiltonian, enabling cancellation
strategies within our efficient LP framework.

Investigation of finite pulse time errors

We begin by examining the errors that arise when applying sequences of single-qubit pulses to
a system governed by an always-on Hamiltonian HS . Although our main focus is on Clifford
conjugation, the similar principles apply to Pauli-based sequences (a detailed analysis of which
is given in our work [34]).

We consider single-qubit pulses that applies a rotation around one of the Bloch sphere axes.
In practice such a pulse has a finite duration tp > 0. When such pulses are applied in parallel
across multiple qubits, we refer to the collective operation as a single-qubit pulse layer. Each layer
is associated with a local Hamiltonian Hc and a sequence of layers (indexed by ℓ = 1, . . . , nL)
defines a pulse block

Sc :=

nL∏

ℓ=1

e−it
(ℓ)
p H

c(ℓ) . (4.32)
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e−itHT ≈

U(tλc)

S†
c(nL) S†

c(1)
Sc(1) Sc(nL)

. . . . . . . . . . . . . . .

. . . . . . . . . . . . . . .

. . . . . . . . . . . . . . .

e−itλcHS U(tλ2) U(tλm)

Figure 4.2: Exemplary quantum circuit for approximating the target evolution. We only
implement simple single-qubit pulses in the presence of an always-on system Hamiltonian
HS .

Ideally, we would like to treat these pulse blocks as instantaneous transformations, where conju-
gation of the system Hamiltonian HS leads to a change in interaction type and sign. Under this
assumption, the evolution would be




1∏

ℓ=nL

e−i(−t
(ℓ)
p H

c(ℓ)
)


 e−itλcHS

(
nL∏

ℓ=1

e−it
(ℓ)
p H

c(ℓ)

)
= S†

ce
−itλcHSSc = e−itλcS

†
cHSSc , (4.33)

where λc is the relative evolution time under the transformed Hamiltonian. However, in practice,
the system Hamiltonian HS remains active during the pulse durations. This overlap introduces
an unwanted deviation from the ideal behavior. The full evolution now includes the combined
effect of the pulses and the background system dynamics, and is described by

U(tλc) :=




1∏

ℓ=nL

e−it
(ℓ)
p (HS−H

c(ℓ)
)


 e−itλcHS

(
nL∏

ℓ=1

e−it
(ℓ)
p (HS+H

c(ℓ)
)

)
. (4.34)

A visual representation of this circuit is shown in figure 4.2. Using tools from average Hamiltonian
theory, specifically the first-order Magnus expansion, we can approximate the resulting evolution
as

U(tλc) ≈ e−itλcS
†
cHSSc+Herr,c , (4.35)

where Herr,c is an effective error Hamiltonian capturing the unwanted impact of finite pulse
durations. Crucially, this error term preserves the locality of the original Hamiltonian. This
means that we can incorporate it directly into our LP-based optimization scheme to mitigate its
influence. To formalize the correction scheme, we define a matrix of error coefficients E(r×s) ∈
Rr×s with the entries

E
(r×s)
ac :=

1

2n
Tr (PaHerr,c) , (4.36)

which captures the finite pulse time error contributions. These coefficients can be computed
efficiently for any local system Hamiltonian HS . We can then efficiently solve a modified linear
program

minimize 1Tλ

subject to W
(r×s)
C λ+ E(r×s)1 = A ,

λ ∈ Rs
≥0 .

(robustLP)

This approach enables us to simultaneously approximate the target dynamics and suppress
leading-order errors due to finite pulse durations, enhancing the reliability of Hamiltonian engi-
neering in realistic settings.
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Robust Clifford conjugation

We now integrate the Clifford conjugation technique described in section 4.3.1 with the general
robust framework introduced in section 4.3.3. In that setting, each Clifford operation is realized
through two sequential single-qubit π/2 pulses, corresponding to a total of nL = 2 single-qubit
pulse layers per single-qubit pulse block Sc. To enhance robustness against systematic control
errors such as pulse amplitude or detuning errors, each π/2 rotation can be replaced by a robust
composite pulse sequence, as outlined in section 2.7. In this case, nL is twice the length of
the robust composite pulse sequence. Importantly, these robust composite pulses are designed
such that they preserve the ideal unitary evolution. Therefore, the ideal conjugation effect on the
system Hamiltonian remains unchanged. That is, the coefficient matrixW (r×s)

C , as in (robustLP),
remains identical to the one derived for non-robust Clifford conjugation. By constructing a
sufficiently large set of single-qubit Clifford pulse blocks Sc with s > 2r, we can ensure with high
probability that the (robustLP) is feasible, as detailed in section 4.3.2.

However, one practical challenge arises when seeking sparse solutions to reduce experimental
overhead. Each column of the coefficient matrix E(r×s) corresponds to the finite pulse time error
introduced by a specific pulse block Sc. In cases where the relative evolution time λc = 0,
the ideal contribution to the target evolution vanishes, but the physical pulses still need to be
implemented. If not, then the term E(r×s)1 in the constraint of the (robustLP) would take into
account too many finite pulse time error terms. To address this, we introduce a sparsity-aware
formulation by replacing the all-ones vector 1 in the constraint of (robustLP) with a binary
indicator vector z ∈ {0, 1}s, where each entry zc = 1 indicates that the corresponding pulse
block is active (i.e. λc > 0). This yields a mixed-integer linear program (MILP) that jointly
optimizes for the total evolution time, and the number of activated pulse blocks [212]

minimize α1Tλ+ (1− α)1Tz
subject to W

(r×s)
C λ+ E(r×s)z = A ,

clz ≤ λ ≤ cuz ,
λ ∈ Rs

≥0 , z ∈ {0, 1}s .

(MILP)

Here α ∈ [0, 1] is a user-defined weight that trades off between minimizing total evolution time
1Tλ and minimizing the number of pulse blocks 1Tz. The constants 0 ≤ cl < cu provide lower
and upper bounds on the non-zero entries of λ. Although solving MILPs is in general a hard task
due to their combinatorial nature, a wide range of powerful heuristics and commercial solvers
are available for practical problem sizes [213, 214].

4.3.4 Numerical simulations

To evaluate the performance and robustness of our proposed methods, we perform numerical
simulations that model the dominant coherent error sources encountered in experimental imple-
mentations. Our simulations focus on the robust Clifford conjugation scheme introduced above.

For a given target Hamiltonian specified by the interaction strength vector A ∈ Rr, we first
solve the (robustLP) (or the (MILP)) to obtain the relative evolution times λ. The time evolu-
tion of our simulation is then computed by explicitly computing products of matrix exponentials
of the form described in eq. (4.34), which include contributions of finite pulse time errors. To
approximate the target evolution over time t, we employ a second-order Trotter-Suzuki decom-
position

Usim =

(←−∏

c

U

(
tλc
2nTro

)−→∏

c

U

(
tλc
2nTro

))nTro

, (4.37)

where nTro is the number of Trotter cycles and the arrows indicate the order of the product. Note,
that if the (MILP) was solved, then only the conjugation blocks U(tλc) with non-zero λc has
to be implemented. To capture the effects of control imperfections, we consider a perturbation
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of the ideal single-qubit pulse Hamiltonian Hc. Specifically, the imperfect control Hamiltonian
takes the form

Hc,(ε,f) =
1

tp

n∑

i=1

((1 + εi)hi + fiZi) , (4.38)

where hi is the ideal generator of the single-qubit pulse, εi
i.i.d.∼ unif([0, ε]) is the relative angle

error and fi
i.i.d.∼ unif([0, f ]) is the off-resonance error on the i-th qubit. To quantify the accuracy

of the simulated implementation Usim relative to the ideal target evolution UT = e−itHT , we
compute the average gate infidelity

1− Favg(Usim, UT ) = 1− Tr(U †
TUsim) + 1

d+ 1
, (4.39)

where d = 2n is the dimension of the Hilbert space.

Simulation of Heisenberg Hamiltonians with an ion trap model

We numerically simulate the implementation of time evolution under Heisenberg Hamiltonians
using a model of a trapped-ion quantum processor. Specifically, we consider a linear chain of
Ytterbium ions confined in a harmonic trapping potential and subjected to an external magnetic
field gradient [202]. The native interaction between the ions is modeled by the Ising Hamiltonian

HS =
n∑

i̸=j

JijZiZj , (4.40)

where the coupling coefficients Jij are computed based on realistic experimental parameters. For
further details on the computation of Jij , we refer the reader to ref. [32, App. A]. We assume a
finite π pulse duration of tp = 2µs, rotation angle errors of strength ε = 10−1 and off-resonance
errors of strength f = 10−1, modeled as described in eq. (4.38). The coherent error parameters
are sampled once per simulation instance. This models static, spatially inhomogeneous errors,
such as calibration drifts or hardware imperfections that remain approximately constant during
a typical experiment. As a target Hamiltonian, we choose the general Heisenberg Hamiltonian

HT =

n∑

i̸=j

(
Ax

ijXiXj +Ay
ijYiYj +Az

ijZiZj

)
, (4.41)

with coupling coefficients Ax
ij , A

y
ij , A

z
ij

i.i.d.∼ unif([10−1, 1] ·Hz) and all-to-all connectivity.
The results of our numerical simulations are presented in figure 4.3, where we plot the average

gate infidelity (as defined in eq. (4.39)) as a function of the number of Trotter cycles nTro, for
a total evolution time of t = 1 s. The data represent the sample mean and standard deviation
over 50 randomly generated Heisenberg Hamiltonians on n = 8 qubits. The simulations compare
several implementations of the robust Clifford conjugation scheme under different levels of error
robustness. The non-robust naive Clifford sequences (red curves) quickly accumulates errors as
the number of Trotter cycles increases, particularly due to the finite pulse durations and uncor-
rected pulse control inaccuracies. In contrast, the robust Clifford method (green curve), which
only compensates for finite pulse time effects, significantly improves fidelity and maintains perfor-
mance even for large nTro. Further improvements are achieved by combining Clifford conjugation
with robust composite pulse sequences: SCROFULOUS (dark blue) and SCROBUTUS (light
blue), which additionally suppress rotation angle errors and both rotation angle & off-resonance
errors, respectively [85, 93], as outlined in section 2.7. These results highlight the effectiveness
of combining our Clifford conjugation method with robust composite pulses. Remarkably, the
robust sequences achieve fidelities comparable to, or even slightly exceeding, the ideal Trotterized
evolution in the absence of errors. This may be attributed to beneficial averaging effects inherent
in the robust design.
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Figure 4.3: Top Left: The Clifford conjugation robust against finite pulse time errors
(dark green) is compared to the non-robust Clifford conjugation (red). Top Middle:
The Clifford conjugation in combination with the SCROFULOUS pulse sequence [93]
robust against finite pulse time errors and rotation angle errors (dark blue) is compared
to the non-robust Clifford conjugation (red). Top Right: The Clifford conjugation in
combination with the SCROBUTUS pulse sequence [85] robust against finite pulse time
errors, rotation angle errors and off-resonance errors (light blue) is compared to the non-
robust Clifford conjugation (red). Bottom: Table indicating which error types are present
for the different simulations.

4.4 Summary of results

This section summarizes the key findings of our publication [34], emphasizing on their required
resources and providing a guide on how to apply our method for simulating the dynamics of a
desired target Hamiltonian on quantum hardware. We begin by outlining the naive, non-robust
method and subsequently extend the discussion to the robust variant developed in the course of
this work.

The fundamental requirement for applying our method is knowledge of two ingredients: the
system Hamiltonian HS of the quantum hardware and the desired target Hamiltonian HT , pro-
vided as a sum of interactions as Pauli terms and their corresponding interactions strengths.
Our linear programming approach enables an exact and efficient decomposition of the target
Hamiltonian into the sum

HT =
r∑

i=1

λiS
†
iHSSi , (4.42)

where each λi ≥ 0 represents the relative evolution time under HS , and Si denotes parallel single-
qubit pulses, either π or π/2. The number r reflects the number of interaction terms, which can
be individually modified, and which are considered in the LP formulation. For the Pauli method
(π pulses), r equals the number of interaction terms present in the system Hamiltonian. In
contrast, the Clifford method (π/2 pulses), expands the available basis to include all interactions
of the same locality, thereby increasing r accordingly.

Each term in the decomposition of HT can be implemented on the hardware by the following
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procedure: apply π or π/2 pulses, let the system evolve under HS for a time given by λi, apply
inverse π or π/2 pulses. A product formula can then be used to simulate the complete dynamics
governed by HT . This is the only source of approximation in our non-robust method, as the
LP provides an exact decomposition. When evaluating the gate cost of our approach, we only
count the number of conjugation terms, i.e., the number of S†

iHSSi terms, which have to be
implemented and omit the overhead introduced by the product formula, since this overhead
applies equally across our methods.

One major error source in an actual implementation is finite pulse time error. To mitigate this,
we extend our LP framework to incorporate an additional constraint term that approximately
models this error source. The modified LP also allows us to include robust composite pulses,
making our method robust against several control errors. The challenge is that the precise
impact of the finite pulse time error depends on the specific sequence of pulses used, which are
not known a priori. To address this, all s considered pulses in the LP have to be implemented,
even if λi = 0. Since we can choose s > 2r, the overhead in the number of pulses remains low,
especially when compared to the minimal r pulses required for the non-robust version. Again,
we want to highlight, that in the robust implementation, the only approximations arise from the
approximation in modeling the finite pulse time error via the Magnus expansion, and the use of
a product formula to simulate the time evolution.

In terms of computational complexity, for r considered interactions, the LP size and therefore
the runtime scales as O(r2). The number of terms in the decomposition ofHT to be implemented,
i.e. the gate cost, is r for the non-robust case and s for the robust case, where s > 2r.



Chapter 5

Conclusion

The ability to efficiently compile large-scale quantum algorithms is a foundational requirement
for quantum computing. As quantum devices grow in size and complexity, and as quantum
algorithms become more sophisticated, the role of quantum compilation becomes ever more im-
portant. Compilation serves as the interface between abstract algorithm design and the physical
constraints of quantum hardware, determining whether a theoretical advantage can be translated
into an actual experiment. Among the most promising applications of quantum computing is
the simulation of quantum systems, a task first emphasized by Richard Feynman in 1981, who
famously remarked that “if you want to make a simulation of Nature, you’d better make it quan-
tum mechanical” [1]. Simulating the dynamics of a quantum system underpins a wide range of
applications. As such, methods that allow for flexible, efficient, and hardware-aware Hamiltonian
simulation are of substantial practical and theoretical interest.

In the first part of this thesis, we examined core principles and recent advances in quan-
tum compilation, with particular focus on Clifford circuits and arbitrary single-qubit gate de-
compositions. These two classes of operations form the backbone of many quantum algorithms
[69, 122, 123], and they are integral to fault-tolerant quantum computation [110, 111] and charac-
terization of quantum devices [108, 109]. For Clifford unitaries, we reviewed both asymptotically
optimal and practically efficient decomposition strategies, including constructions that require
only O(n2) two-qubit gates [19] or a constant number of global entangling gates [118], which
are especially relevant for architectures like trapped ions. For single-qubit gates, we discussed
decomposition schemes that achieve optimal scaling in the approximation error ε, requiring
O(log2(1/ε)) gates [17, 126, 127]. Beyond gate synthesis, we addressed a variety of optimization
techniques aimed at minimizing resource overhead in quantum devices. These included strate-
gies for qubit routing on constrained architectures and methods for eliminating redundant gates,
thereby reducing the overall circuit depth and improving fidelity under hardware noise.

The second and major contribution of this work lies in the field of Hamiltonian engineering,
where we developed a versatile and scalable approach for implementing tailored many-body
interactions on quantum hardware. Our method builds on the native time evolution of the
quantum system and well-timed, parallel single-qubit pulse sequences. The key innovation is a
linear programming LP framework that determines the single-qubit pulses and the associated
evolution times under the system Hamiltonian to synthesize an effective target Hamiltonian. A
distinguishing feature of our approach is that its classical runtime depends only on the number
and locality of the system interactions, and not on the total number of qubits, making it especially
well-suited for large quantum systems with few local interactions. In addition, the method
inherently supports robustness against common experimental imperfections, such as finite pulse
time effects, through the incorporation of techniques from average Hamiltonian theory and robust
composite pulses. We demonstrated numerically that this framework can be used to engineer a
wide range of Hamiltonians with high fidelity and low experimental overhead, enabling practical
quantum simulations on current NISQ devices. The methods developed herein are not only
of theoretical interest but are also directly implementable on existing experimental platforms,
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including ion traps, neutral atoms, and superconducting qubits.
Looking ahead, several compelling research directions emerge from this work. One natural

extension is the generalization of the LP based Hamiltonian engineering approach to systems
beyond qubits, such as qudits, higher-dimensional quantum state space that make use of multiple
excited states. This generalization could open new possibilities for encoding and manipulating
information more compactly. Another promising yet challenging direction is the adaptation
of our framework to fermionic systems, which are central to quantum chemistry applications.
Incorporating fermionic commutation relations into the synthesis process will likely require novel
formulations, but the potential benefits are significant. Beyond these structural extensions,
further gains in robustness and error mitigation remain an important goal. Future work may
explore the integration of tailored robust pulses or maybe even closed-loop control based on
real-time feedback to enhance performance in noisy environments.
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Synthesis of and compilation with time-optimal multi-
qubit gates
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We develop a method to synthesize a class of entangling multi-qubit gates for a quan-
tum computing platform with fixed Ising-type interaction with all-to-all connectivity.
The only requirement on the flexibility of the interaction is that it can be switched on
and off for individual qubits. Our method yields a time-optimal implementation of the
multi-qubit gates. We numerically demonstrate that the total multi-qubit gate time
scales approximately linear in the number of qubits. Using this gate synthesis as a
subroutine, we provide compilation strategies for important use cases: (i) we show that
any Clifford circuit on n qubits can be implemented using at most 2n multi-qubit gates
without requiring ancilla qubits, (ii) we decompose the quantum Fourier transform in
a similar fashion, (iii) we compile a simulation of molecular dynamics, and (iv) we pro-
pose a method for the compilation of diagonal unitaries with time-optimal multi-qubit
gates, as a step towards general unitaries. As motivation, we provide a detailed discus-
sion on a microwave controlled ion trap architecture with magnetic gradient-induced
coupling (MAGIC) for the generation of the Ising-type interactions.

1 Introduction
In order to run a program on any computing platform, it is necessary to decompose its higher-level
logical operations into more elementary ones and eventually translate those into the platform’s
native instruction set. This process is called “compiling.” Both for classical and quantum comput-
ers, this is a non-trivial task. The performance of the compiled program depends not only on the
optimizations done by the compiler but also on the available instructions and their implementation.

Especially in the era of noisy and intermediate-scale quantum (NISQ) devices, quantum algo-
rithms are limited by the coherence time of the noisy qubits and the number of noisy gates needed
to run them [1]. Thus, it is imperative not only to improve the current quantum devices but also to
design fast gates and optimized compilers that use the specific architecture’s peculiarities to reduce
the circuit depth. Moreover, these endeavors help to reduce the noise-levels of physical gates and
are thus also important for reducing the overhead in quantum error correction [2].

Quantum compilation is further complicated by the fact that the type and performance of the
native instructions depend severely on the available physical interactions and the extent to which
they can be controlled. Most of the compiling literature has focused on native instructions given
by single and two-qubit gates. Two-qubit gates are arguably the simplest entangling gates that
can be experimentally realized and dominate in most quantum computing architectures, such as
supercomputing qubits.

In contrast, ion trap quantum computers naturally involve all-to-all interactions and thus al-
low for the realization of multi-qubit gates which entangle multiple qubits simultaneously [3, 4].
Consequently, there has been a growing interest in studying compilation with multi-qubit gates,
and advantages over the use of two-qubit gates have been demonstrated [5–10].

P. Baßler: bassler@hhu.de
M. Kliesch: science@mkliesch.eu
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The experimental realization of multi-qubit gates in ion trap quantum computers remains an
active field of research. Recent proof-of-principle experiments have demonstrated such gates acting
on up to 10 qubits [11–13]. These rely on precomputing and controlling rather complicated laser
pulse shapes to physically implement the desired interactions.

In this work, we propose a simple method that uses some all-to-all interaction to emulate
arbitrary couplings. We use this idea to synthesize time-optimal multi-qubit gates under minimal
experimental setup and control hardware assumptions.

Concretely, we consider a quantum computing platform that satisfies the following requirements:

(I) single-qubit rotations can be executed in parallel, and

(II) it offers Ising-type interactions with all-to-all connectivity.

We also develop compilation strategies with these gates, for which we additionally require that

(III) there is a way to exclude specific qubits from participating in the interaction.

This assumption is sufficient to guarantee that unitaries can be compiled in a circuit depth de-
pending only on the size of their support.

The requirements (I)–(III) are satisfied, for example, in ion trap platforms [11–13]. The mo-
tivation for our research originates from working with an ion trap where all gate control is based
on microwave pulses and where Ising-type interactions with all-to-all connectivity are mediated
through magnetic gradient-induced coupling (MAGIC) [14–21], see Section 1.4.

For concreteness, we assume that all Ising interactions are of ZZ type, and we call the multi-
qubit gates generated by arbitrary ZZ couplings ‘GZZ gates ’. Furthermore, by requirement (II),
there is an Ising Hamiltonian H with fixed ZZ interactions We then present a synthesis method
which realizes an arbitrary GZZ gate as a sequence of time evolutions under H, interleaved with
suitable X layers. The purpose of these X layers is to temporarily flip the signs of some ZZ coupling
terms in H to accumulate the desired coupling over the sequence. We show that such a sequence
can always be found and use a linear program (LP) to find a time-optimal realization of the desired
GZZ gate. The resulting gate time scales approximately linear with the number of participating
qubits n and requires at most n(n− 1)/2 X layers.

This method may produce very short evolution times that can lead to problematically crammed
single-qubit rotations in practice. We address this issue with a variation of our approach that
extends the LP to a mixed integer program (MIP).

We proceed by developing several compiling strategies with GZZ gates. We show that any
Clifford circuit on n qubits can be implemented using at most n + 1 GZZ gates, n two-qubit
gates and few single-qubit gates. As an example for non-Clifford unitaries, we decompose the
quantum Fourier transform (QFT) in a similar fashion into n/2 GZZ gates, n/2 two-qubit gates
and single-qubit gates. An important application of quantum computers is the simulation of
molecular dynamics. We present a method to tailor the approximate simulation in Ref. [22] to
our setup by compiling layers of Givens rotations into time-optimal GZZ gates. This method
significantly reduces the required number of single-qubit rotations with arbitrary small angles,
which are challenging to implement in practice. Moreover, we propose a compilation method for
diagonal unitaries as a step toward compilation strategies for general unitaries.

1.1 Comparison to previous works
Synthesis of multi-qubit gates. Previous works [11–13] have mainly focused on implementing
multi-qubit gates on ion trap quantum computers using the laser-controlled Mølmer-Sørensen (MS)
mechanism [23–25]. This setup requires segmented, amplitude-modulated laser pulses, the shape
of which can be efficiently precomputed using the efficient, arbitrary, simultaneously entangling
(EASE) gate implementation [13].

Here, the novelty of our work is that we only require the engineering of a single, fixed Ising
Hamiltonian, which can be calibrated and fine-tuned to high accuracy. This situation can be
found in MAGIC ion traps [14–21] but may also serve as a practical design principle for other
architectures. With our synthesis method, multi-qubit GZZ gates can be realized using only ad-
ditional X gates, resulting in a sequential series of simple pulses. Arguably, this requires less
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fine-grained control of the pulse shapes than the EASE gate protocol [13] and may thus be more
implementation-friendly. However, we leave a detailed comparison of the approaches for future
experimental work.

Furthermore, we introduce gate time, instead of gate count, as the central metric for our
synthesis of multi-qubit gates. This metric is meaningful, especially for NISQ devices, since the
execution of circuits is limited by the coherence time of the qubits. As we show, a side effect of our
method is that it also produces rather short circuits, but not necessarily the shortest ones. From
our numerical studies, we expect that the gate time of our approach scales at most linear with
the number of participating qubits n. Hence, we expect our method to produce faster multi-qubit
gates than the EASE gate protocol, which additionally scales linearly in the total number of qubits
N .

A conceptually related approach to our synthesis method was presented in Ref. [26] in the
context of digital-analog quantum computing (DAQC). There, the gate synthesis is based on
solving a system of linear equations and is inherently restricted to X layers acting on at most
two qubits. In contrast, our work optimizes for the total gate time of the sequence and, to this
end, allows for layers with arbitrary support. In this way, we avoid the problem of negative times
encountered in Ref. [26] and observe a gate time scaling approximately linear in n, in contrast to
the quadratic scaling in Ref. [26].

Compilation with GZZ gates. A strategy to decompose general unitaries with multi-qubit GZZ
gates is presented in Ref. [6]. It is based on maximizing the fidelity while using as few multi-qubit
gates as possible. This optimization is computationally costly, so the numerical results in Ref. [6]
cover only up to 4 qubits.

Different compiling strategies with multi-qubit GZZ gates have recently been investigated for
Clifford unitaries. In Ref. [7], an implementation with 12n− 18 GZZ gates is reported, which has
been improved to 6n−8 GZZ gates in Ref. [8]. Subsequently, it was shown that 6 log(n)+O(1) GZZ
gates are enough if n/2 ancillary qubits are used [9]. Here, our ancilla-free approach reduces the
prefactor because it requires at most n + 1 multi-qubit GZZ gates and n two-qubit gates. Shortly
after publishing the preprint of this work, it was shown in Ref. [10] that any Clifford unitary on
n qubits can, in fact, be implemented with at most 26 so-called GCZ gates which are equivalent
to GZZ up to single-qubit Z rotations. In Ref. [10], the authors also pointed out that the results
in Ref. [27] can be used to obtain an ancilla-free implementation with 2 log(n) + O(1) GZZ gates.
The constant-depth scheme of Ref. [10] can be readily combined with the time-optimal synthesis
of GZZ gates discussed in Section 2 to show that any Clifford unitary can be realized in linear
time on a platform satisfying the requirements (I)–(III). For large n this would further reduce the
number of required GZZ gates. However, for small n ≤ 13 the compilation method presented in
Section 3.2 may still be advantageous.

Refs. [19, 28] propose a hand-tailored implementation of the quantum Fourier transform on
three qubits that uses simultaneous Ising-type interactions to achieve a speed-up. We use the
same interactions, but our scheme can be applied to systems of arbitrary size and employs our
time-optimal multi-qubit gates (cf. Section 3.3.)

1.2 Outline
The remainder of the paper is structured as follows: We close this introductory section with a
brief introduction to the computational primitives obtained from the requirements (I)–(III) and
how these are realized in microwave controlled ion traps with MAGIC. In Section 2, we introduce
our GZZ gate and the time-optimal gate synthesis method. Also, we define the MIP to solve the
problem of too short Ising-evolution times and support our claim of time-optimality with numerical
results. In Section 3 we present compiling strategies with our multi-qubit gate for Clifford circuits,
the QFT, molecular dynamics, and general diagonal unitaries. Moreover, we demonstrate the
performance of these compilation schemes with numerical results for the Clifford circuits and the
QFT.
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Figure 1: Schematics of a MAGIC ion trap. Left: six ions in linear configuration, with the plot below indicating
the confining trap potential Vext in axial direction and magnetic gradient field B. There is Coulomb repulsion
between any two ions (only indicated for next neighbors). Right: the transition frequencies of the hyperfine
sublevels of the 171Yb+ ground statedepend on the magnetic field strength (Breit-Rabi diagram [29], Zeeman
effect exaggerated). The transitions on the right correspond to σ−, π and σ+ qubit, respectively.

1.3 Computational primitives
On the abstract quantum computing platform with N qubits specified by the requirements (I)–(III)
above, interactions between the qubits are generated by the Ising-type Hamiltonian

H0 := −1
2ZT JZ = −

N∑

i<j

JijZiZj , (1.1)

where the vector Z = (Z1, . . . , ZN )T collects all local Pauli Z operators. The coupling matrix
J ∈ RN×N is a symmetric matrix which encapsulates the physical properties of the platform. Since
the diagonal entries of J merely generate a global and hence unobservable phase, we henceforth
assume that J has vanishing diagonal. By requirement (III), we can assume that H0 acts only on
the n ≤ N relevant qubits, and we thus assume w.l.o.g. that J is a n× n matrix.

Letting the system evolve under the Hamiltonian (1.1) for some time t generates a unitary
operation on the qubits. Our gate synthesis method is based on the observation that layers of local
X gates can be used to emulate the evolution under a modified Hamiltonian: For any binary vector
s ∈ Fn

2 , set

Xs :=
n⊗

i=1
Xsi , (1.2)

and define the qubit encoding m = (−1)s ∈ {−1, +1}n (to be understood entry-wise). We then
have the following modified time evolution:

Xs exp(−itH0) Xs = exp
(
− itH(m)

)
. (1.3)

Here, H(m) := − 1
2 ZT J(m)Z is the modified Hamiltonian with coupling matrix J(m) := J◦mmT ,

and ◦ denotes the Hadamard (entry-wise) product.
If we apply multiple time evolution operators with different encodings in succession, we can

further simplify this scheme. For two encodings m = (−1)s and m′ = (−1)s′
, we can combine the

adjacent X layers in Eq. (1.3) and obtain

Xs e−itH0 Xs Xs′
e−it′H0 Xs′

= Xs e−itH0 Xs⊕s′
e−it′H0 Xs′

. (1.4)

Hence, a change of encoding can be performed with a number of X gates equal to the number of
sign flips needed to obtain m′ from m. The total number of X layers needed to traverse a sequence
of encodings is only one more than the length of the sequence.

1.4 Experimental motivation: Ion trap quantum computing with microwaves
Let us give a brief overview of a physical platform on which our computational primitives can be
realized. For details, we refer the reader to Appendix A and Ref. [15].
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The energy difference between hyperfine sublevels of some atomic state typically falls into the
microwave regime of the electromagnetic spectrum, which makes pairs of such hyperfine states
natural candidates for microwave-controlled qubits. For example, the “ground state” of ions with
nuclear spin I = 1

2 and total electron angular momentum J = 1
2 (e.g. Ytterbium-171 ions, 171Yb+)

exhibits four hyperfine sublevels. They group into a singlet with F = 0 and a triplet with F = 1,
where F is the quantum number specifying the magnitude of total angular momentum F = I + J .
The triplet states are energetically degenerate, but can be distinguished by their value of the
magnetic quantum number mF ∈ {−1, 0, +1}. The non-degenerate singlet state has mF = 0.
There is an energy gap between the multiplets, which for 171Yb+ corresponds to a microwave
frequency of about 12.6GHz, see also Figure 1b.

We use one ion to implement a single qubit and choose the singlet state as the computational
zero state |0⟩ := |F = 0, mF = 0⟩. We then have the freedom to encode the computational
one state |1⟩ into any of the triplet states, and indicate this by the magnetic quantum number
mF ∈ {−1, 0, +1} of the chosen |1⟩ := |F = 1, mF ⟩.

In ion traps, magnetic fields can be used to lift the degeneracy of the triplet through the Zeeman
effect, see Figure 1b. This separates the different qubit encodings in frequency space and enables
single-qubit operations through microwave-driven two-level Rabi oscillations. Certain sequences
of pulses on different transitions in the multilevel system can also be used to change the qubit
encoding coherently (see Appendix A). However, this possibility only plays a minor role in our
analysis, as we will explain below.

We now extend our scope to multiple ions in the same trap. They are stored in a linear
configuration and form a “Coulomb crystal” due to their mutual repulsion. In the MAGIC scheme,
the eponymous magnetic gradient along the crystal axis leads to different field strengths for the
different ion positions, see Figure 1a. The consequence are different Zeeman splittings, which
make the qubits distinguishable in frequency space. Thus, addressability is achieved, although the
microwaves cannot be focused onto single ions. Additionally, the ions experience a “dipole force” in
the inhomogeneous field, which couples internal and external degrees of freedom (s. Appendix A).
This effect can be interpreted as an Ising-like interaction between the qubits, which we use in this
work to generate multi-qubit gates.

To sum it up, the abstract requirements (I)–(III) are realized in microwave-driven ion traps
exposed to inhomogeneous magnetic fields as follows: (I) single qubit rotations are realized by
microwave-driven Rabi oscillations which can be executed in parallel through digitally generated
microwave signals [30]. (II) the Ising-type interaction is the natural interaction in this setup. (III)
selected ions can be taken out of the interaction by encoding them into the magnetic insensitive
state with mF = 0.

2 Synthesizing multi-qubit gates with Ising-type interactions
In this section, we investigate the set of gates which is generated by all possible time evolution
operators of the Hamiltonians H(m) defined in Eq. (1.1). Given time steps λm ≥ 0 during which
the encoding m is used, we thus consider unitaries of the form

∏

m

e−iλmH(m) = e−i
∑

m
λmH(m), (2.1)

where we used that the diagonal Hamiltonians H(m) mutually commute. For all possible encodings
m ∈ {−1, +1}n we collect the time steps λm in a vector λ ∈ R2n

and interpret t =
∑

m λm as the
total time of the unitary e−iH .

We interpret the generated unitary as the time evolution operator under the total Hamiltonian

H := −1
2ZT AZ , (2.2)

where we defined the total coupling matrix

A :=
∑

m

λmJ(m) = J ◦
∑

m

λmmmT (2.3)
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and used the linearity of the Hadamard product.
Since the mmT are symmetric, A inherits the symmetry and the vanishing of the diagonal

of J , see Section 1.3 and Appendix A. We wish to make our description of the coupling matrix
independent of the platform dependent details given by J . Therefore, we define the Hadamard
quotient M with entries

Mij :=
{

Aij/Jij , i ̸= j ,

0, i = j .
(2.4)

The implicit assumption that J has no vanishing non-diagonal entries is commonly met by experi-
ments. Our objective is to minimize the total gate time and the amount of m’s needed to express
the matrix M . To this end we formulate the following linear program (LP):

minimize 1T λ

subject to M =
∑

m

λmmmT ,

λ ∈ R2n−1

≥0 ,

m ∈ {−1, +1}n.

(2.5)

As above, 1 = (1, 1, . . . , 1) is the all-ones vector such that 1T λ =
∑

m λm. Moreover, we use the
symmetry (−m)(−m)T = mmT to reduce the degree of freedom in λ from 2n to 2n−1.

This LP has the form of a ℓ1-norm minimization over the non-negative vector λ. As such, it
is a convex relaxation of minimizing the number of non-zero entries of λ, sometimes called the
ℓ0-“norm”. Heuristically, it is thus expected that the LP (2.5) favors sparse solutions. As we shall
see shortly in Theorem 2.2, the LP (2.5) always has a feasible solution (i.e. there are variables λ
such that all constraints are satisfied) for any symmetric matrix M with vanishing diagonal. The
theory of linear programming then guarantees the existence of an optimal solution with at most
n(n− 1)/2 non-zero entries, see Proposition 2.3.

For any symmetric n×n matrix A with vanishing diagonal, we define an associated multi-qubit
gate GZZ(A), where GZZ stands for “global ZZ interactions”,

GZZ(A) := ei 1
2 ZT AZ . (2.6)

Here, the decomposition of A is found using the LP (2.5) and involves at most n(n− 1)/2 different
encodings m. Recall from Section 1.3, that these encodings can be emulated with suitable X layers
and hence GZZ(A) can be implemented using at most n(n−1)/2+1 such layers. We call the exact
number of X layers the encoding cost of GZZ(A), and 1T λ the total GZZ time. For this derivation,
we have intentionally been agnostic of the physical details of the ion trap but note that the values
of λm and therefore t depend on the (physical) coupling matrix J .

Finally, given an optimal decomposition of A, it is also possible to minimize the total number of
X gates needed for the implementation. Since every X gate introduces noise, such a minimization
improves the fidelity of GZZ gates in practice. By Eq. (1.4), the number of X gates needed to
change the encoding from m to m′ is exactly the number of signs in m that have to be flipped to
obtain m′. Since the resulting gate e−iH does not depend on the order of encodings m, one can
minimize the total number of sign flips over all possible orderings. However, finding an optimal
ordering generally corresponds to solve a traveling salesman problem on the support of λ and is
thus NP-hard [31]. Nevertheless, there are good heuristic algorithms, e.g. Christofides’s algorithm
introduced in Ref. [32].

Before demonstrating how to use the flexibility and the all-to-all connectivity of GZZ gates
for compiling, we discuss some theoretical aspects as well as limitations and extensions of the
above approach. We conclude by presenting numerical results for the synthesis of GZZ(A) gates
for randomly chosen matrices A.

2.1 Theoretical aspects
First, we show the existence of a solution for the LP (2.5) via frame theoretic arguments, then
we investigate the sparsity of optimal solutions from a geometrical viewpoint. Let us define the
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n(n− 1)/2-dimensional subspace of symmetric matrices with vanishing diagonal by

Sym0(Rn) := {M ∈ Sym(Rn) |Mii = 0 ∀i ∈ [n]} . (2.7)

Moreover, we denote the set of outer products generated by all possible encodings by

V :=
{

mmT
∣∣ m ∈ {−1, +1}n, mn = +1

}
. (2.8)

Due to the symmetry mmT = (−m)(−m)T we can uniformly fix the value of one of the entries
of m. We chose the convention mn = +1.

Definition 2.1. Let V be a (finite-dimensional) Hilbert space. A set of vectors v1, . . . , vN ∈ V is
called a frame if their linear span is V . A frame is said to be tight if there exists a > 0 such that
for all v ∈ V

a∥v∥2 =
N∑

i=1
|⟨v, vi⟩|2 . (2.9)

Moreover, a frame is said to be balanced if
∑N

i=1 vi = 0.

With this definition, we obtain the following:

Theorem 2.2. The set V is a balanced tight frame for Sym0(Rn). In particular, the LP (2.5) has
a feasible solution for any M ∈ Sym0(Rn).

The proof that V is a balanced tight frame can be found in Appendix B, along with other
properties of V. Since V is a frame for Sym0(Rn), any matrix M ∈ Sym0(Rn) can be decomposed
as M =

∑
m λmmmT . In other words, the LP (2.5) has a feasible solution for any M ∈ Sym0(Rn).

Then, a standard linear programming argument shows that there is always an optimal solution
with sparsity at most n(n − 1)/2. Such a solution can be numerically found by using variants of
the simplex algorithm (see e.g. Ref. [33] for more details). We formulate this fact as the following
proposition and defer the proof to Appendix C, where we also show some geometric properties of
optimal solutions of a more general class of LP’s.

Proposition 2.3 (Sparsity of optimal solutions). There exists an optimal solution to the LP (2.5)
with sparsity ≤ n(n − 1)/2 for every M ∈ Sym0(Rn). The simplex algorithm is guaranteed to
return such an optimal solution.

2.2 Practical limitations
In the previous section we showed how to implement a GZZ gate through the Ising-evolution time
under at most n(n− 1)/2 different encodings. However, in an actual ion trap, practical limitations
might occur for very short evolution times. For this work, we neglect the potential error introduced
by a finite recoding time, i.e. the time needed to perform X gates. During recoding we have
additional Hamiltonian terms corresponding to the X gates simultaneously with the “always-on”
Ising Hamiltonian (1.1). These cause unwanted effects and the introduced errors become non-
negligible when the Ising-evolution time approaches the recoding time, see also Appendix A.3.
Below we observe in our numerical results for the LP that some λm are below that recoding time.
In this section, we address these problems and propose extensions to our approach to mitigate
them. First, we discuss the amount of error we would make in an appropriate norm by ignoring
too small λm, i.e. by defining a threshold ε and setting λm ≡ 0 if λm < ε. To avoid small evolution
times in the first place, we then define a mixed integer program (MIP) which can solve the problem
exactly with a lower (and upper) bound on the λm.

2.2.1 Truncation error

Suppose the target Hamiltonian H is decomposed as in Eq. (2.2). Given a threshold ε > 0 for the
λm, we define C := {m | λm ≤ ε} and approximate H by the Hamiltonian

H ′ = −
∑

m/∈C

λmZT (J ◦mmT )Z . (2.10)
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Figure 2: The error scaling, from Eq. (2.11), introduced by truncating all λm < εl = 27µs from the solution of
the LP is displayed. The error bars show the minimum/maximum deviation from the mean over 20 randomly
sampled binary A matrices.

The diamond norm error made by replacing the time evolution operator of H with the one of H ′,
is upper bounded by half their spectral norm distance (see e.g. Ref. [34]):

1
2

∥∥∥e−iH − e−iH′
∥∥∥

∞
= max

x∈Fn
2

∣∣∣∣sin
(1

2(Hx,x −H ′
x,x)

)∣∣∣∣ . (2.11)

Here, we used that H and H ′ are diagonal in the computational basis with diagonal entries Hx,x :=
⟨x |H |x⟩ and, moreover, that |1− eiφ| = 2 |sin(φ/2)|. The difference of the diagonal entries is

Hx,x −H ′
x,x = −

∑

i̸=j

Jij

∑

m∈C

λmmimj(−1)xi+xj . (2.12)

Since | sin(θ)| ≤ |θ| for all θ ∈ R, we find that
1
2

∥∥∥e−iH − e−iH′
∥∥∥

∞
≤ 1

4
∑

i̸=j

|Jij |
∑

m∈C

λm . (2.13)

Hence, the truncation error scales with the total truncated time and the interaction strength. Both
depend on the number of participating qubits n, however not in a straightforward way. The scaling
of the truncation error under realistic assumptions is showed in Figure 2.

2.2.2 The mixed integer program approach

To avoid small λm without introducing an additional error as above, we propose to add a lower
bound on their values to the LP (2.5). To this end, we introduce additional binary variables b, as
in Ref. [35], which renders the optimization into the following mixed integer program (MIP):

minimize α1T λ + (1− α)1T b

subject to M =
∑

m

λmmmT ,

εlb ≤ λ ≤ εub,

λ ∈ R2n−1

≥0 ,

m ∈ {−1, +1}n,

b ∈ F2n−1

2 .

(2.14)

Here 0 ≤ εl < εu are bounds on the entries of λ: The lower bound εl can be set to the minimal
Ising-evolution time which can be realized in practice. The upper bound εu can be chosen freely,
but small values of εu are favorable since the runtime of the MIP is generally shorter for smaller
intervals [εl, εu] as explained in Ref. [35]. Since max(λ) depends on maxi<j(Mij) one can select
εu ∝ maxi<j(Mij). The parameter α ∈ [0, 1] is used to assign weights to the optimization of 1T b
(sparsity) and 1T λ (total GZZ time), respectively.
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Figure 3: An example coupling matrix J for an ion trap with 10 ions and harmonic trap potential. J is
determined by the physical parameters of the trap, see Section 2.3 for the concrete values, and can be computed
by Eq. (A.12).

2.3 Numerical results
We investigate how well the proposed methods for the synthesis of GZZ(A) gates performs in
practice. To this end, we solve the LP (2.5) and the MIP (2.14) numerically for randomly chosen
matrices A and compare the solutions to a naive approach. As explicated above, our goal is to
minimize the total GZZ time 1T λ subject to A/J = M =

∑
m λmmmT . The numerical results

in this section show the performance of GZZ gates on all qubits, i.e. n = N .
To demonstrate the performance of our approach in a realistic setting we consider the ion trap

architecture of Appendix A with a harmonic trap potential. Concretely, we take Ytterbium 171Yb+

ions with Rabi frequency Ω = 2π 100kHz, magnetic field gradient B1 = 100T/m and axial trap
frequency ωz = 2π 100kHz. This determines the coupling matrix J via Eq. (A.12), see Ref. [36]
for more details. An example coupling matrix J for 10 ions is shown in Figure 3. We made the
Python code for its computation available on GitHub [37].

On a logical level, we consider a symmetric binary matrix A ∈ Sym0(Fn
2 ) defined in Eq. (2.3),

which indicates where the ZZ gates are located: For all i < j, Aij = 1 if there is a ZZ gate between
qubits i and j. We simulate a random ZZ gate layer by sampling the entries of the lower/upper
triangular part of A uniformly from {0, 1}.

We compare the results of the LP and the MIP with a “naive approach”, which corresponds to
a sequential execution of the ZZ gates. As before, we neglect the gate time for single-qubit gates.
Moreover, “total gate time” refers to the total GZZ time, i.e. 1T λ, for the LP and the MIP. For
the naive approach, the “total gate time” is the time needed to execute the sequence of ZZ gates,
i.e.

∑
i<j Aij/Jij , and the encoding cost is the number of ZZ gates

∑
i<j Aij .

Figure 4 shows the numerical results for solving the LP (2.5) and the MIP (2.14). The encoding
cost for the naive approach scales roughly with n2/4 since on average half of the randomly chosen
n(n−1)/2 entries of the lower triangular part of A do not vanish. In Figure 4 we find that the total
GZZ time scales linearly with the number of participating qubits. In contrast, by Proposition 2.3
the number of encodings needed to implement a GZZ gate increases quadratically with the number
of participating qubits. Thus, the time between the encodings becomes shorter and shorter, which
results in arbitrarily small evolution times λm for many qubits, see also Section 2.2. Hence, the
more qubits we consider, the more solutions λm of the LP are smaller than the lower bound εl,
see Figure 2. This explains the deviation of the encoding cost of the MIP from that of the LP.

Figure 4 also shows that the MIP can be solved in practice and, similar to the LP, yields nearly
time-optimal GZZ gates. Thus, even when taking practical limitations into account, GZZ gates can
be implemented in linear time and an encoding cost of approximately n(n− 1)/2.
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Figure 4: Comparing the performances of the LP and the MIP to the naive approach for the implementation
of a random ZZ layer. The error bars show the minimum/maximum deviation from the mean over 20 randomly
sampled binary A matrices. Left: The encoding cost to implement a random ZZ layer on n qubits. The naive
approach only costs half as much as the LP, see Section 2.3. For many qubits, the LP approaches the upper
bound (red dashed line) of Proposition 2.3, whereas the MIP exceeds this upper bound. Right: The total gate
time of the naive approach scales quadratically with the number of qubits due to the quadratic scaling of the
number of possible ZZ gates. The total gate time of both the LP and the MIP scales approximately linear. The
inset shows a zoomed in version of the plot. One can see that the LP and the MIP roughly take twice as long
as the slowest two-qubit ZZ gate (green dashed line).

Details of computer implementation. We use the Python package CVXPY [38, 39] with the
GNU linear program kit simplex solver [40] to solve the LP, and the MOSEK solver [41] for the
MIP. We change one parameter of MOSEK to improve the runtime at the expense of not finding
the optimal solution. Concretely, we set the MOSEK parameter MSK_DPAR_MIO_TOL_REL_GAP to
0.6.

For the MIP we choose the lower bound 27µs = εl ≤ λm for all m, which is motivated by
the concrete ion trap setup: the duration of a robust X gate is about five times longer than the
duration of a X gate (i.e. a π-pulse), which is roughly π/Ω = 5µs [42]. We further pick the upper
bound εu = 3/2 maxi<j |Mij |. Note that if the interval [εl, εu] is too narrow, we might not be able
to find any feasible solution. If it is too wide, the runtime of the solver might increase [35]. We
observed in our numerical studies (not shown) that both the total gate time and the encoding
cost are essentially constant in α as long as α is not too close to the extremal values 0 and 1.
We therefore, deliberately put equal weights on the two terms in the objective function and set
α = 0.5.

In practice, the simplex algorithm has a runtime which is polynomial in the problem size [43].
Since the LP (2.5) has 2n−1 variables, the runtime is exponential in n. For moderate n, this is
however still manageable on modern hardware – a Laptop with Intel Core i7 Processor (8x 1.8
GHz) and 16 GB RAM needs on average only 20 seconds to solve the LP for n = 13. This is about
the size of most ion trap quantum computers nowadays. The runtime of mixed integer programs
is exponential in the worst case. Nevertheless, solving MIP (2.14) for n = 13 qubits using the
MOSEK solver took on average about seven minutes on the same hardware.

An implementation of the LP and MIP used to generate Figure 4 is provided on GitHub [37].

3 Compilation with GZZ gates
The GZZ gates defined in Eq. (2.6) can be used in compilation schemes to improve multi-qubit
gate counts over previous results [7, 8, 26]. Our main result is that we can implement any Clifford
circuit on n qubits using only n + 1 GZZ gates, n two-qubit gates and single-qubit gates.
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First, we introduce the notation used in later sections and derive some gate equivalences that
will help us later. Then, we study the practically relevant case of compiling global Clifford unitaries.
These ubiquitous unitaries play an important role as basic building blocks of quantum circuits,
especially in fault-tolerant quantum computing, and are of major importance for cryptographic and
tomographic protocols due to their statistical properties. For the compilation of Clifford unitaries,
we make use of their Bruhat decomposition, also used in Ref. [44], and compile the entangling
layers into GZZ gates. Interestingly, this compilation scheme for entangling Clifford layers can be
generalized beyond pure Clifford circuits. As an example, we show how it can be used to compile
an n-qubit QFT. Finally, we propose a compiling scheme for general diagonal unitaries which may
be used as a step towards decomposing general unitaries.

3.1 Notation
We introduce some notation and link our GZZ gate from Eq. (2.6) to other known entangling gates.
Subscripts on gates indicate on which qubits they act. For x ∈ Fn

2 and α ∈ [0, 2π) we thus have

Z rotation: RZ(α)j |x⟩ = eiαxj |x⟩ ,
ZZ gate: ZZ(α)i,j |x⟩ = eiα(xi⊕xj)|x⟩ ,

Controlled Z rotation: CRZ(α)i,j |x⟩ = eiαxixj |x⟩ ,
Controlled X gate: CXi,j |x⟩ = |x1, . . . , xj−1, xj ⊕ xi, xj+1, . . . , xn⟩ ,

Hadamard gate: Hj |x⟩ = 1√
2
|x1, . . . , xj−1⟩

(
|0⟩+ (−1)xj |1⟩

)
|xj+1, . . . , xn⟩ ,

(3.1)
where ⊕ denotes addition modulo 2. In particular, we denote the phase gate and the controlled-Z
gate as

Sj := RZ(π/2)j and CZi,j := CRZ(π)i,j , (3.2)

respectively. Note that in the definition of the ZZ gate α can be identified with entries of the matrix
A in Eq. (2.3). In terms of integer arithmetic , we have 2xy = x + y − (x ⊕ y) for x, y ∈ {0, 1}
which yields

CRZ(α)i,j ≡ RZ(α/2)i RZ(α/2)j ZZ(−α/2)i,j . (3.3)

Since the GZZ gate from Eq. (2.6) consists only of ZZ gates, we can express it as

GZZ(A) = eia
∏

i<j

ZZ(−2Aij)i,j , (3.4)

where A ∈ Sym0(Rn) is a symmetric matrix with vanishing diagonal and a :=
∑

i<j Aij . Similarly,
a layer of arbitrary controlled RZ rotations is characterized by A ∈ Sym0(Rn) via

GCRZ(A) :=
∏

i<j

CRZ(Aij)i,j = e− i
4 a GZZ(A/4)

n∏

i=1
RZ(bi/2)i , (3.5)

where we used Eq. (3.3) and abbreviated bi :=
∑

j Aij . A general CX layer is given by

GCX(B)|x⟩ := |Bx⟩ , (3.6)

with a matrix B ∈ GLn(F2). We call GCX(B) a directed CX layer if B is lower or upper triangular.

3.2 Clifford circuits
The Clifford group Cln is a finite subgroup of the unitary group U(2n) that is generated by the
single-qubit Hadamard gate Hj and phase gate Sj , as well as the two-qubit CXi,j gate. Conversely,
it is a natural task to decompose an arbitrary Clifford unitary U ∈ Cln into these generators. This
task is solved by a number of algorithms, see e.g. Refs. [45–47], with the same asymptotic gate
count, but a differently structured output circuit .
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Here, we make use of the so-called “Bruhat decomposition” [44, 46]. This decomposition has
the advantage that the entangling gates are grouped either in CZ gate layers or directed CX layers,
which both can be directly compiled into GZZ gates. More precisely, the algorithm in Ref. [44]
writes any Clifford unitary in the form -X-Z-CX-CZ-S-H-CX-CZ-S-, where

• -X-Z- is a layer of Pauli gates,
• -CX- are layers of directed CX gates,
• -CZ- are layers of controlled Z gates,
• -S- are layers of phase gates S and
• -H- is a layer consisting of Hadamard gates H (and permutation operations).

In the following, we concentrate on the decomposition of the CZ and CX layers as the remaining
layers consist of local gates with straightforward implementation. As we show, the compilation of
a directed CX layer is a lot more expensive than the compilation of a CZ layer.

As a corollary of CZ layer compilation, we show how to efficiently prepare multi-qubit stabilizer
states with GZZ gates, i.e. states of the form U |0⟩ where U ∈ Cln is a Clifford unitary. Stabilizer
states are important e.g. for the construction of mutually unbiased bases, or more generally, infor-
mationally complete positive operator valued measures (POVMs), and their preparation is thus of
practical relevance for tomographic protocols, see e.g. Refs. [48, 49].

First we transform the directed CX layer by conjugating the CX gate targets with Hadamard
gates. Then we use the structure of the resulting gate layer to reduce the encoding cost with the
GZZ gate. Furthermore, we use the same method to reduce the encoding cost of the QFT. We
underpin the advantages of our method with numerical simulations.

3.2.1 Implementing CZ layers

Since CZ gates commute, we can rewrite any CZ circuit, using Eqs. (3.2) and (3.5), as

GCZ(A) :=
∏

i<j

CZAij

i,j =
∏

i<j

CRZ(πAij)i,j

= GCRZ(πA)

= e− iπ
4 a GZZ

(π

4 A
) n∏

i=1
RZ

(π

2 bi

)
i

= e− iπ
4 a GZZ

(π

4 A
) n∏

i=1
Sbi

i ,

(3.7)

where A ∈ Sym0(Fn) is again a symmetric matrix with zero diagonal and a and bi are defined as
in Section 3.1. Note that the phase gate S has order 4, so effectively only bi mod 4 plays a role
and the single-qubit gates are from the set {I, S, Z, S†}.

3.2.2 Stabilizer state preparation

Although any stabilizer state can be written as U |0⟩ for some Clifford unitary U ∈ Cln, not the
full Clifford group is needed to generate all stabilizer states. In fact, it is well known that any
stabilizer state can be obtained by acting with local Clifford gates on graph states [50, 51]. Graph
states are defined as

|A⟩ :=
∏

i<j

CZAij

i,j |+n⟩, (3.8)

where A ∈ Sym0(Fn
2 ) and |+n⟩ = H⊗n|0⟩. Hence, by the above, any stabilizer state can be

prepared by an initial global Hadamard layer, a GZZ gate, and a final layer of single-qubit Clifford
gates.

Accepted in Quantum 2023-03-30, click title to verify. Published under CC-BY 4.0. 12

82 CHAPTER 6. APPENDIX



3.2.3 Decomposing directed CX layers

Let us now consider the two directed CX layers in the Bruhat decomposition [44]. With the notation
introduced in Eq. (3.6), a fan-out gate with the following action on a state x ∈ Fn

2 ,

GCX(BF O)|x⟩ = |x1, x2 ⊕ x1, . . . , xn ⊕ x1⟩ , (3.9)

has the binary matrix

BF O =




1 0 · · · 0
1
... 1n−1
1


 . (3.10)

From the structure of the matrix BF O it can be seen that any directed CX layer can be realized
by at most n − 1 fan-out gates. Each fan-out gate is equivalent to a GCRZ gate, conjugated with
Hadamard gates on the target qubits. Since by Eq. (3.5) each GCRZ can be realized with one GZZ
gate, we need at most n−1 GZZ gates to realize a directed CX layer, see Eq. (3.11) for an example.
Concretely, the total encoding cost for a directed CX layer, implementing each of the n− 1 fan-out
gates with one GZZ gate scales as O(1/6n3). Below Eq. (3.11) we show that ⌊n−1

2 ⌋ GZZ gates are
enough to implement a directed CX layer. Therefore, one requires n − 1 (if n is odd) or n − 2
(if n is even) GZZ gates, for the two directed CX layers appearing in the Bruhat decomposition
of Ref. [44]. Since we can realize the CZ layer with exactly one GZZ gate, each Clifford circuit
requires only n + 1 or n GZZ gates and only n − 1 or n two-qubit CZ gates for n odd or n even,
respectively.

Fully directed CX layer. We call a directed CX layer fully directed if the corresponding gate
GCX(B) is characterized by a n× n matrix B with zeros in the upper triangular matrix and ones
everywhere else. Fully directed CX layers are related to the textbook QFT, see Section 3.3 below.

Remember that we can represent any directed CX layer as a concatenation of n−1 fan-out gates.
Commuting Hadamard gates through each target of the fan-out gate transforms the controlled X
to a controlled Z gate by HXH = Z. This converts a fan-out gate into a CZ-type fan-out gate, which
we also call fan-out gate for short. We can thus transform a fully directed CX layer by applying
1 = H2 from the left and commuting one of the Hadamard gates to the right until it hits a control:

. . .

. . .

. . .

. . .

. . .

=

. . .

. . .

. . .

. . .

. . .

H Z H

H Z Z H

H Z Z H

H Z Z Z H

(3.11)

Note that such a transformation obviously works also for an arbitrary directed CX layer. The
locations of the resulting H and CZ gates can be represented as tables

TH =




0 0 0 · · · 0
1 1 0 · · · 0

1 0 1
...

...
...

. . . 0
1 0 · · · 0 1




and TCZ =




1 0 · · · 0
1 1 · · · 0
...

...
. . .

...
1 1 · · · 1


 , (3.12)

where TCZ has the same form as the matrix B for the fully directed CX layer. The row index
of these tables indicates the qubit on which the corresponding gate acts, while the column index
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indicates the “time step”, i.e. the horizontal position in the circuit diagram. Thus, TCZ[i, j] = 1 if
qubit i is either a control or a target of a CZ at time step j, and TCZ[i, j] = 0 if qubit i is idle
at time step j. Similarly, TH[i, j] = 1 if a Hadamard gate acts on qubit i at time step j, and
TH[i, j] = 0 if qubit i remains unchanged. For a fully directed CX layer, TH and TCZ always have
this form. To locate the components of the circuit on the right-hand side of Eq. (3.11) one starts
with reading the first column of TH, then the first column of TCZ and so on.

We now aim at reducing the encoding cost of the fully directed CX layer on n qubits. To this
end, we reduce the supports m of the GZZ gates implementing the fan-out gates in the CX layer,
since the encoding cost of a GZZ gate scales as m(m−1)/2, see Section 2. Consider an odd column
i in TCZ which corresponds to a CZ-type fan-out gate with control on qubit i. We split column i
into two columns as follows: The first one representing a two-qubit CZ gate on qubits i and i + 1,
and the second column is the same as the original one except that it does not target qubit i + 1.
This splitting increases the number of columns in TCZ by one. For example, for n = 5 and i = 1 we
split the column [1, 1, 1, 1, 1]T into [1, 1, 0, 0, 0]T and [1, 0, 1, 1, 1]T , where we keep in mind that the
first nonzero entry in a column denotes the control qubit and hence has to appear in both parts.
Furthermore, we update the Hadamard table TH by inserting a zero column after column i + 1 to
account for the new column in TCZ. The fan-out gate resulting from the split of the odd column i
of TCZ together with the even column i + 1 can be implemented with one GZZ on i qubits.

Note that we can not move parts of columns of TCZ to the left since there is always a Hadamard
gate on the left of the control qubit of that column that blocks it. Therefore, we only split odd
columns i and move them to the right.

This splitting of columns of TCZ corresponds to moving the Hadamard gate on the i + 1 qubit
to the left or, equivalently, moving all CZ gates except the one acting on the i + 1 qubit to the
right, as exemplified in the following for n = 5 qubits:

H Z H

H Z Z H

H Z Z Z H

H Z Z Z Z H

=

H Z H

H Z Z H

H Z Z Z H

H Z Z Z Z H

(3.13)

For general n, the scheme works exactly the same as in this example.
The circuit before the splitting on the left-hand side of Eq. (3.13) can be implemented with

n − 1 GZZ gates each acting on n, . . . , 2 qubits respectively, where n is the number of qubits of
the directed CX layer, and thus have an encoding cost of

∑n
i=2 i(i− 1)/2 = n3/6 + O(n2). On the

right-hand side we need ⌈n−1
2 ⌉ CZ gates and ⌊n−1

2 ⌋ GZZ gates, resulting in an encoding cost of

⌈
n− 1

2

⌉
+

⌊ n−1
2 ⌋∑

i=0

n− 2i

2 (n− 2i− 1) = 1
12n3 + O(n2) . (3.14)

The first term comes from the encoding cost of the CZ gates, which is one per CZ gate. The second
term comes from combining a GZZ gate on n qubits with a GZZ gate on n − 1 qubits resulting
in a GZZ gate on n qubits. The encoding cost in Eq. (3.14) has the same cubic scaling with n as
before combining GZZ gates, but we were able to improve the coefficient from 1/6 to 1/12. Recall
from Section 2.3 that the encoding cost of the naive approach scales only quadratic, so we trade
higher encoding cost for faster gates. Each CZ gate can be implemented as described in Eq. (3.3)
for α = π by a single ZZ gate and two additional single-qubit RZ(π/2) ≡

√
Z = S gates on the

control and target qubit, respectively. Since the S gates do commute with ZZ and GZZ gates but
do not commute with Hadamard gates, we can combine most of the S gates to an Sk gate, where
k ∈ {0, 1, 2, 3}. There are two Hadamard gates on n−1 qubits and none on the first qubit, therefore
we have 2(n− 1) + 1 Sk gates. To summarize, in addition to ⌈n−1

2 ⌉ CZ gates and ⌊n−1
2 ⌋ GZZ gates

we need 2n− 1 Sk gates to implement a fully directed CX layer on n qubits.
Our method optimizes both the encoding cost and the total gate time of the directed CX layer.

We expect to lose time-optimality for a fully directed CX layer if we split any GZZ gate into
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smaller pieces and therefore reduce the encoding cost. In the extreme case, we would split all GZZ
gates into two-qubit ZZ gates and thereby would end up with the naive approach explained in
Section 2.3. Our method combines parts of the i-th column of TCZ with the i + 1-th column to a
GZZ gate on n− i + 1 qubits. One could think that moving parts of the larger GZZ gate farther to
the right might improve the encoding cost. But the support of the part left behind, and therefore
the encoding cost increases the farther we push the other part to the right. In the extreme case
of pushing all parts as far as possible to the right we end up with a “transposed” table where the
lower triangular part is zero, and we did not achieve any reduction of the encoding cost.

Algorithm 1 Moving Hadamard gates.
Input: TCZ

Initialize TH as in Eq. (3.12)
hmax ← 0 ▷ Position of the rightmost H that has already been moved left
for i = 1, . . . , n− 1 do

TH[i, i]← 0 ▷ H on i-th qubit leaves its position
c← max{j = 0, . . . , i− 1|TCZ[i, j] = 1}+ 1 ▷ Find position directly after first CZ to the left
if c = NaN then ▷ No CZ found (max was taken on an empty set)

TH[i, 0]← 0 ▷ Cancel H in the first layer
else if c = i then ▷ Unable to move left, attempt to move right

if {j = i, . . . , n− 1|TCZ[i, j] = 1} = ∅ then ▷ If no CZ is to the right...
TH[i, n− 1]← 1 ▷ ...move H to the last layer, ...

else
TH[i, i]← 1 ▷ ...otherwise remain in place.

else
hmax ← max{hmax, c} ▷ Find the more restrictive condition (either CZ on current qubit

or H on previous)
TH[i, hmax]← 1 ▷ Move H to the target layer

Output: TH

Arbitrary directed CX layer. Until now, we considered only fully directed CX layers which in
practice is a very special case. More common are arbitrary directed CX layers which corresponds
to a GCX(B) with B ∈ Fn×n

2 still being lower/upper triangular but more sparse. This sparsity,
which translates to the table TCZ, can be used to further reduce the encoding cost. One might be
able to move the Hadamard gates to the left/right which changes the support of the GZZ gates.
We explain three different scenarios which can be easily verified by the simple structure of TCZ and
TH. Obviously, the two Hadamard gates on any qubit i > 1 cancel if they are seperated only by
identities. Similarly, if there is no control or target of a CZ gate to the right of a Hadamard gate
H, one can move H to the last position of the circuit (without cancellation). Otherwise, it might
still be possible to push the Hadamard gate on qubit i to the left until it hits a target of some CZ
gate. However, one needs to be careful to not disrupt any previously generated GZZ gates with
qubit i in its support. This can be accomplished by disallowing the Hadamard gate to move across
other Hadamard layers. Algorithm 1 implements these moves of the Hadamard gates by updating
the table TH accordingly.

Algorithm 2 pools multiple columns of TCZ together into a single GZZ gate similar as for fully
directed CX layers. This takes into account the sparsity of TCZ and the positions of the Hadamard
gates, i.e. TH generated by Algorithm 1. As for fully directed CX layers, we can split a column of
TCZ into a two-qubit CZ gate and a GZZ gate if necessary. The algorithm starts from the left and
tries to move columns of TCZ, or parts of it, to the right. The following cases occur: If a column
of TCZ has a Hadamard gate left to the first nonzero entry, i.e. the control of the fan-out gate,
then it can only be moved to the right. If a column of TCZ has no Hadamard gate left to the first
nonzero entry, then this column can be combined with the previous column. If a column has one
Hadamard gate to the right, then the column can be split into a two-qubit CZ gate whose target
is the qubit on which the Hadamard gate acts, and a GZZ gate which can be moved to the right.
Due to the structure of TCZ and TH there is never a Hadamard gate to the right of the first nonzero
entry, i.e. the control of the fan-out gate, of a column.
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Algorithm 2 Moving CZ gates.
Input: TCZ, TH

for i = 1, . . . , n− 1 do
if TH[:, i] ∧ TCZ[:, i] has at least one 1 then ▷ TCZ[:, i] has Hadamard gates to the left

if TH[:, i + 1] has exactly one 1 then ▷ TCZ[:, i] has one Hadamard gate to the right
Split TCZ[:, i] into:
T 1

CZ := TH[:, i + 1]⊕ ei and ▷ ei = [0, . . . , 0, 1, 0, . . . , 0]T with 1 at the ith position.
T 2

CZ := TH[:, i + 1]⊕ TCZ[:, i]
if T 2

CZ has at least two 1’s then ▷ Check that T 2
CZ is not trivial

Move T 2
CZ to the right.

else ▷ TCZ[:, i] has no Hadamard gates to the left
Move TCZ[:, i] to the left.

Output: TCZ (modified)

Example. Consider the following circuit implementing an arbitrary directed CX layer on n = 5
qubits where the first two fan-out gates do not target qubits 2 and 3, respectively:

H H

H Z H

H Z Z Z H

H Z Z Z Z H

Algorithm 1=⇒ H Z H

H Z Z Z H

H Z Z Z Z H

Algorithm 1 cancels two Hadamard gates on the second qubit which is not targeted by the first
fan-out gate, i.e. TCZ[2, 1] = 0. On the third qubit, Algorithm 1 moves the rightmost Hadamard
gate one layer to the left since TCZ[3, 2] = 0 but TCZ[3, 1] = 1.

Algorithm 2 takes the output of Algorithm 1 and splits GCZ1 into CZ1 and GCZ′
1 since it has

Hadamard gates to the left and right. Then it pools GCZ′
1, GCZ2 and GCZ3 together into a single

gate GCZ5:

H Z H

H Z Z Z H

H Z Z Z Z H

GCZ1 GCZ2 GCZ3 GCZ4

Algorithm 2=⇒ H Z H

H Z Z Z H

H Z Z Z Z H

CZ1 GCZ5 CZ2

Note that any GCZ gate is equivalent to a GZZ up to single-qubit RZ rotations. The total encoding
cost of the compiled circuit is 2 + n/2(n − 1) = 12 whereas the original circuit has the encoding
cost 6 + 3 + 3 + 1 = 13.

In this section we discussed how to implement the entangling operations of a Clifford unitary.
We only need one GZZ gate to implement one fan-out gate, as one can see in Eq. (3.5), (3.10) and
Hadamard gate commutation, instead of two multi-qubit gates used in the compilation schemes
in Refs. [7, 8]. We further showed that we only require n + 1 GZZ and n two-qubit CZ gates
to implement a Clifford unitary on n qubits. Due to the flexibility of our GZZ gate, we further
optimized the implementation of a directed CX layer to reduce the encoding cost.

The compilation of directed CX circuits via Algorithms 1 and 2 is available as a Python imple-
mentation on GitHub [37].

3.2.4 Numerical results for the directed CX layer

We demonstrate the performance of Algorithms 1 and 2 for compiling an arbitrary directed CX
layer. Since the CX layer is the most costly gate layer, in the Bruhat decomposition we only present

Accepted in Quantum 2023-03-30, click title to verify. Published under CC-BY 4.0. 16

86 CHAPTER 6. APPENDIX



3 4 5 6 7 8 9 10 13
Nr. of participating qubits

10 1

100

101

En
co

di
ng

 c
os

t
Alg. 1&2
fan-out
naive

3 4 5 6 7 8 9 10 11 12 13
Nr. of participating qubits

0

10

20

30

To
ta

l C
X 

la
ye

r t
im

e 
[m

s] Alg. 1&2
fan-out
naive

3 4 5 6 7 8 9 10 13
Nr. of participating qubits

101

102

En
co

di
ng

 c
os

t

Alg. 1&2
fan-out
naive

3 4 5 6 7 8 9 10 11 12 13
Nr. of participating qubits

0

50

100

To
ta

l C
X 

la
ye

r t
im

e 
[m

s] Alg. 1&2
fan-out
naive

Figure 5: Comparing the performances of Algorithms 1 and 2, fan-out and the naive approach for the imple-
mentation of a random directed CX layer. The error bars show the variance over 100 samples. The numerical
values are obtained using the hardware specific parameters from Section 2.3. Top and bottom: Sparse and
dense TCZ with the probability 0.2 and 0.8 for picking a “1”, respectively. Left: The encoding cost of a random
directed CX layer on n qubits. In the top left the large variance in the encoding cost is due to the sparsity of
TCZ. In contrast, for dense TCZ (bottom left) Algorithms 1 and 2 lead to a reduced encoding cost compared
to the fan-out approach. Right: Neglecting local gates, for both sparse and dense TCZ the Algorithms 1 and 2
yields the lowest total CX layer time.

the compilation of this layer.
Consider a directed CX layer with randomly chosen entries of the lower triangular part of TCZ,

and TH as in Eq. (3.12). We distinguish between the naive implementation, the implementation
of the fan-out gates directly as a GZZ gate (and local gates) and the application of Algorithms 1
and 2 to TCZ and TH. Like in Section 2.3, the naive implementation corresponds to the sequential
execution of two-qubit ZZ gates. Therefore, the encoding cost and the total gate time for the naive
approach is

∑
i<j TCZ[i, j] and

∑
i<j TCZ[i, j]/Jij , respectively.

Implementing the fan-out gate directly associates one GZZ gate with each column of TCZ.
We further take advantage of the sparsity of TCZ. If we consider the fan-out gate represented
by the i-th column of TCZ, then for all j with TCZ[i, j] = 0 we can exclude all the j-th qubits
from the participation in that GZZ gate, reducing the encoding cost. Thus, for the fan-out gate
implementation we have n− 1 symmetric matrices A with ones in the first row/column and zeros
everywhere else. The total encoding cost for the fan-out approach is therefore the sum of the
encoding costs for the n− 1 GZZ(A) gates. The same holds for the total CX layer time as the sum
of the total GZZ times.

Algorithms 1 and 2 take a different advantage of the sparsity of TCZ by commuting Hadamard
gates and combining parts of multiple fan-out gates to one GZZ gate. As stated above, we need at
most ⌊n−1

2 ⌋ GZZ gates. If k fan-out gates are combined, the resulting GZZ gate is characterized
by a symmetric matrix A where the first k rows (and also columns) can have non-zero values. The
total encoding cost for the Algorithms 1 and 2 is the sum of the encoding costs of the ⌊n−1

2 ⌋ GZZ
gates plus the encoding cost of the ⌈n−1

2 ⌉ ZZ gates. The same holds for the total CX layer time as
the sum of the total GZZ times and the times for the ⌈n−1

2 ⌉ ZZ gates. Note that we neglect local
gates in our considerations.
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|xn−1⟩
|xn⟩

H R2 R3 . . .

. . .
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. . .

Rn

H R2 . . .

. . .

. . .

. . .

H R2

H

...

Figure 6: The quantum Fourier transform (with reversed order of the output qubits, i.e. without the swapping
gates at the end).

Figure 5 shows that for a dense directed CX layer Algorithms 1 and 2 have a significant advan-
tage in the total CX layer time over the naive and the fan-out implementation. Also, the encoding
cost is reduced compared to the fan-out implementation. For sparse TCZ the advantage is still
visible in the total CX layer time, but the difference between the approaches is less substantial.

3.3 Quantum Fourier transform
The quantum Fourier transform is an essential ingredient in many quantum algorithms. To define
the corresponding unitary operator on an n-qubit register, we identify the elements of the compu-
tational basis |x1, . . . , xn⟩ for xj ∈ F2 with integers in binary representation, i.e. x =

∑n
j=1 xj2n−j .

The QFT is then given as

QFT|x⟩ = 1
2n/2

2n−1∑

y=0
e2πixy2−n |y⟩ = 1

2n/2

n⊗

j=1

(
|0⟩+ e2πix2−j |1⟩

)
. (3.15)

The latter form immediately leads to the efficient quantum circuit in Figure 6 which uses n(n−1)/2
controlled RZ-rotations with angles 2π/2j for j = 2, . . . , n and n Hadamard gates. For convenience,
we introduce the shorthand notation Rj := RZ(2π/2j), in particular Z := R1, S := R2 =

√
Z, and

T := R3 = 4
√

Z. In the QFT circuit in Figure 6 we can collect for each j < n the subsequent
controlled Rn−j , . . . , R1 to a (multi-qubit) GCRZ(A) gate specified by the (n− j + 1)× (n− j + 1)
symmetric matrix

A = 2π




0 2−1 . . . 2−n+j

2−1 0 . . . 0
...

...
. . .

2−n+j 0 0


 . (3.16)

Since our compilation scheme for the fully directed CX layer in Section 3.2.3 is agnostic of the
rotation angles, up to local RZ rotations, we can apply it directly to the QFT circuit. This yields
the compiled QFT circuit:

H S
H

GCRZ(A1)
H S

H GCRZ(A3)
. . .

. . .

. . .

. . .

S
H

Note that we are able to achieve this form without any Hadamard gate obstructing the required
movement of CRZ gates. The combination of diagonal multi-qubit gates across non-diagonal local
gates has been carried out for small systems e.g. in Refs. [19, 28]. However, this approach requires
numerics in unitary groups beyond SU(2), which we avoid to ensure scalability (w.r.t. the Hilbert
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Figure 7: Left: The encoding cost, i.e. the different encodings, we need to implement GZZ(A1) on n qubits.
For the naive approach the encoding cost only increases with 2(n − 2), since that is the number of non-zero
entries in A1. Right: Due to the exponentially small non-zero entries in A1 even the naive approach seems to
have an asymptotic linear scaling of the total gate time. As before, the numerical values are obtained using the
hardware specific parameters from Section 2.3.

space dimension). We also do not address the compilation of local RZ rotations here, see e.g.
Ref. [52] which covers that topic.

After our compilation scheme we have ⌈n−1
2 ⌉ CS gates (controlled-

√
Z gates) and ⌊n−1

2 ⌋ GCRZ
gates characterized by the symmetric matrix

Aj := 2π




0 0 2−2 · · · 2−n+j

0 0 2−1 · · · 2−n+j+1

2−2 2−1 0 · · · 0
...

...
...

. . .
2−n+j 2−n+j+1 0 0




. (3.17)

A GCRZ(Aj) gate can be implemented as described in Section 3.1 using a GZZ(Aj) and additional
single-qubit RZ gates on the qubits they act on. For the QFT, we can push the resulting RZ gates
on the target qubits to the end of circuit, and likewise we can push the ones on the control qubits
to the beginning.

In conclusion, we can apply the fully directed CX layer compiling scheme to implement a QFT
circuit with the same amount of GZZ gates and the same encoding cost. The most difficult part
in the QFT are the local RZ rotations with exponentially small angles. Due to the small values in
the matrices Aj one can also expect a practical issue in the implementation with too small λm,
see Section 2.2.

Numerical results for the QFT

We provide the numerical results for the performance of the GZZ(Aj) gate with Aj from Eq. (3.17)
in Figure 7. It is a priori unclear how the exponentially small entries in Aj effect the time spent in
each encoding λm. We set j = 1 since GZZ(A1) acts on n qubits and is therefore the most costly
GZZ gate in the QFT. As in Section 2.3 we compare the result of the GZZ gate implementation via
the LP (2.5) against the naive approach, i.e. the sequential implementation of two-qubit controlled
Rj gates. As before, we neglect the finite recoding time, i.e. the time for executing the X gate
layers, and only consider the time needed to execute a GZZ(A1) gate or the naive approach. Note
that in Figure 7 we consider only a single GZZ(A1) gate, while the total QFT circuit consists of
⌊n−1

2 ⌋ GZZ(Aj) gates.
Due to the exponentially small entries in A1 we might in practice run into the problem of too

small λm for a QFT on a moderate amount of qubits.
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3.4 Circuit reduction for quantum chemistry applications
Simulating molecular dynamics is probably one of the main applications for quantum computations.
Molecular dynamics are governed by the Coulomb Hamiltonian, consisting of the kinetic energy
terms and of the Coulomb interactions between the electrons and the nuclei. It is common to
neglect the kinetic terms of the nuclei which is called “Born-Oppenheimer approximation” [53].

The determination of approximate ground and excited eigenstates of the remaining electronic
Hamiltonian is a hard task even on a quantum device [54]. Since simulating the time-dependent
Schrödinger equation is more natural on a quantum computer there has been much effort to approx-
imate eigenstates by solving the time-dependent Schrödinger equations [55–57]. The corresponding
time evolution can be approximated by factorizing the time dependent interactions into m−1 layers
[22]:

Ut ≈ UExt Ĝ(φm)
[

m−1∏

k=1
GZZ(Ak) Ĝ(φk)

]
R̂Z(θ0,1) Ĝ(φ0) , (3.18)

where the hat denotes layers of the gates and G(φ) is a Givens rotation on two qubits. UExt

represents the constant nucleus-nucleus Coulomb interaction and corresponds to a global phase
which we henceforth omit. Ak ∈ Sym0(Rn) denotes the total coupling matrix, characterizing the
GZZ gate. The right-hand side can then be represented as the circuit

G(φ0)

G(φ0)

RZ(θ0)

RZ(θ1)

RZ(θ0)

RZ(θ1)

G(φ1)

G(φ1)

GZZ(A1)

G(φ2)

G(φ2)

GZZ(A2)

. . .

. . .

. . .

. . .

...
...

. (3.19)

The implementation of the GZZ gates is straightforward, see Section 2, and we again do not address
the compilation of local RZ(θ) rotations in this work. Therefore, we focus on the decomposition of
the Givens rotation

G(φ) =




1 0 0 0
0 cos(φ) sin(φ) 0
0 − sin(φ) cos(φ) 0
0 0 0 1


 ≡

S RY(−φ) S†

S H RY(−φ) H S†
(3.20)

where RY(φ) = e−iY φ/2 is a rotation around the y-axis. Using the Euler decomposition, up to
global phases we can express RY(φ) as

RY(φ) ≡
√

X
†

RZ(φ)
√

X ≡ S† RX(φ) S . (3.21)

Inserting this into Eq. (3.20) we obtain

G(φ) ≡
S

√
X RZ(−φ) √

X† S†

S H S RX(−φ) S† H S†

. (3.22)

Using the commutation rule
CX2,1 RZ(φ)1 ≡ ZZ1,2(φ) CX2,1 (3.23)

twice, first we commute the RZ gate with the right CX, then conjugate the RX gate and the left
CX with Hadamard gates and commute them. This gives

G(φ) ≡
S

√
X H

ZZ(−φ)
H

ZZ(−φ)

√
X† S†

S H S H H S† H S†
. (3.24)
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Since any layer of ZZ gates can be implemented with only one GZZ gate, see Eq. (3.4), we can
collect the parallel ZZ(−φ) gates of the Givens rotation layer Ĝ(φ) into a single GZZ(−φANN )
gate. Overall, this results in two GZZ gates per Givens rotation layer. Here, ANN ∈ Sym0(Fn

2 )
denotes the total coupling matrix that pairwise couples next-neighbor qubits, i.e. qubits 1 and 2,
qubits 3 and 4, etc. Concretely, ANN takes the form

ANN =




0 1
1 0

. . .
0 1
1 0




. (3.25)

Usually, the subdiagonal of the hardware-given coupling matrix J contains the largest values and
thus corresponds to the fastest ZZ gates. This results in very fast GZZ(−φANN ) gates.

A straightforward implementation of the Givens rotation layer with Eq. (3.20) results in n
local RY rotations with arbitrary angle. On a quantum computer with a finite native gate set the
rotations with arbitrary angle might be challenging to implement. Although there are methods to
decompose rotations with arbitrary angle into a native gate set, see e.g. Refs. [58–60], they always
come with a considerable encoding cost.

To sum up, to approximate molecular dynamics as described by the circuit (3.19) one needs
2(m + 1) GZZ(−φkANN ) gates, (m − 1) GZZ(Ak) gates, n local RZ(θ0,1) gates and some local
Clifford gate.

3.5 Decomposing general diagonal unitaries
Since the GZZ gate is diagonal, it is natural to look for a compilation procedure to implement
general diagonal unitaries using the GZZ gate together with local RZ and Hadamard gates. We
assume that we are able to implement RZ gates with arbitrarily small angles which in practice
might be difficult. Yet, there are algorithms to approximate any RZ-angle using only Clifford+T
gates [59] or Clifford+

√
T [52]. This compilation scheme leads us beyond Clifford circuits and

should be understood as a stepping stone towards more general compilation schemes.
First we introduce the representation of diagonal unitaries by phase polynomials [61, 62]. Then

we show how certain terms of the phase polynomial can be implemented in parallel. We optimize
the order of these parallelized layers such that the encoding cost and the total GZZ time is reduced.

Any diagonal n-qubit unitary acts as

Uf |x⟩ := e2πif(x)|x⟩, (3.26)

with x ∈ Fn
2 for some pseudo-Boolean function f : Fn

2 → R. Such a function can be uniquely
expressed as a multilinear phase polynomial [63, Theorem 1.1],

f(x) =
∑

y∈Fn
2

αyχy(x) (3.27)

with coefficients or phases αy ∈ R and parity function x 7→ χy(x) = y1x1 ⊕ · · · ⊕ ynxn for each
parity y ∈ Fn

2 . Additionally taking into account basis state transformations |x⟩ 7→ |g(x)⟩ the above
extends to the so-called sum-over-paths representation, which was used in Refs. [61, 62].

Terms in the expansion of f of the form αxi and α(xi ⊕ xj) can directly be implemented as
RZ(α)i and ZZ(α)i,j gate, respectively, and are therefore easy. We thus only consider terms with
more than two variables xi.

We define the unitary representing one term in f(x) by

Ui,y|x⟩ := e2πiαyχy(x)|x⟩ , (3.28)

where i is a qubit index. The role of the subscript i gets apparent in the circuit representation of
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the unitary Ui,y

Ui,y ≡

. . . . . .

...

. . . . . .

. . . . . .

xl1

xlm−1

xi = xlm RZ(αy)

=

. . . . . .

...

. . . . . .

. . . . . .

xl1

xlm−1

xi = xlm H H RZ(αy) H H

(3.29)

where l = (k ∈ [n] : yk ̸= 0) ∈ [n]m is a sequence containing the m non-zero components of y
and with the conjugating Hadamard gates, the RZ gate and all the CX gate targets on the i-th
qubit. Note that we omit αy in Ui,y since the following discussion is agnostic of the phase αy. The
domain of Ui,y is given by the support of the parity supp(y) := {k | yk ̸= 0}. Since the unitaries of
the two CX layers conjugating the RZ gate in Ui,y are permutation matrices one has the freedom
in choosing any i ∈ supp(y). That is, for any i, j ∈ supp(y), Ui,y and Uj,y implement the same
unitary. Applying Eq. (3.5) to the right-hand side of Eq. (3.29), we find that each Ui,y can be
implemented with two GZZ gates, one RZ(αy) gate, four Hadamard gates and some RZ(π/2) gates.

Clearly, two such diagonal unitaries Ui,y and Ui,y′ can be implemented in parallel if their
supports are disjoint, i.e. if supp(y) ∩ supp(y′) = ∅. Since our GZZ gates are time-optimal, this
results in a time-optimal implementation of those unitaries, assuming as above a time-optimal
implementation of the single-qubit RZ gates. Denote by S := {supp(y) | y ∈ Fn

2 , |y| > 2} the set
of all supports of the parities without the easy terms. Algorithm 3 is a heuristic algorithm, which
parallelizes Ui,y with disjoint supports such that the resulting support is as large as possible.

Algorithm 3 Parallelizing supports.
Input: S ▷ Set of supports
L ← ∅
while S ̸= ∅ do

Choose sk ∈ S
S ← S \ {sk} ▷ Remove sk from S
s← {sk}
while There exists si ∈ S s.t. s ∩ si = ∅ and maxsi∈S |s ∪ si| do

s← s ∪ {si} ▷ Append disjoint support with maximal union size
S ← S \ {si}

L ← L ∪ s ▷ Append to set of parallelized layers
Output: L ▷ Set of parallelized layers

Between any two consecutive unitaries Ui,y and Ui′,y′ with support overlap o := supp(y) ∩
supp(y′) = s ∩ s′ ̸= ∅ two types of cancellation can happen. First, the Hadamard gates cancel,
provided that they act on the same qubit. This is achieved by choosing the qubit i on which the
Hadamard gates act, concretely by demanding i = i′ ∈ o. Thereafter, one can combine the two
CZ layers of Ui,y and Ui′,y′ and implement them with just one GZZ gate, see Eq. (3.5). Doing so,
a second cancellation happens automatically: One can see from the right-hand side of Eq. (3.29)
that between Ui,y and Ui,y′ , 2|o| CZ gates cancel and therefore |o| less qubits participate in the
GZZ gate. This leads to a quadratic reduction O(|o|2) of the encoding cost, which for a n qubit
GZZ gate is n(n− 1)/2.

Let Lr := {u ∈ L | |u| = r}, where L is the set of all parallelized layers returned by Algorithm 3,
be the subset of all parallelized layers that contain r disjoint supports of unitaries Ui,y. The set
Lr is important for the placement of the Hadamard gates. For example, if two parallelized layers
u, u′ ∈ Lr are executed consecutively and there exist i and j for all s1, . . . , sr ∈ u and s′

1, . . . , s′
r ∈ u′
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such that si ∩ s′
j ̸= ∅, then all interleaving Hadamard gates cancel if they are placed on the qubits

contained in si ∩ s′
j .

We now extend this argument to all parallelized layers u(k) ∈ Lr. If there is a qubit contained
in the repeated overlap of the r supports of all consecutive parallelized layers, all Hadamard gates
between the parallelized layers cancel. Concretely, for the cancellation of all Hadamard gates there
must exist indices ik ∈ {1, . . . , r} for all s

(k)
1 , . . . , s

(k)
r ∈ u(k) such that

⋂|Lr|
k s

(k)
ik
̸= ∅. We further

note that if we apply u ∈ Lr and v ∈ Lr′ successively for r ̸= r′, then it is impossible that all
interleaving Hadamard gates cancel.

The next lemma gives the encoding cost for the set of parallelized layers Lr and deals with the
placement of the Hadamard gates by introducing few ancilla qubits.

Lemma 3.1. The set of parallelized layers Lr can be implemented using 2r Hadamard gates, |Lr|r
non-Clifford RZ rotations and |Lr|+ 1 GZZ gates by introducing at most r ancilla qubits.
Proof. Each u(k) ∈ Lr contains 2r Hadamard gates. The position of the 2r Hadamard gates can
be chosen freely on the r supports s

(k)
1 , . . . , s

(k)
r ∈ u(k). So we want to find qubits qi in the overlap

of all supports, i.e. qi ∈
⋂|Lr|

k s
(k)
ik

with for each i = 1, . . . , r. If this is not possible for qubit qi,
i.e.

⋂|Lr|
k s

(k)
ik

= ∅, we add an ancilla qubit to all supports containing qi and set qi to that qubit.
One sees that in the worst case, setting all q1, . . . , qr to the ancilla qubits and adding them to the
supports s1, . . . , sr for all u ∈ Lr results in the cancellation of all interleaving Hadamard gates,
leaving only 2r Hadamard gates. The GZZ gate count results from combining the two GZZ gates
of subsequent u’s as discussed above.

Note that the r ancilla qubits can be reused by different Lr since we do not encode any
information on them. For an n-qubit diagonal unitary one needs r ≤ ⌊n

3 ⌋ ancilla qubits to ensure
that all Hadamard gates cancel. The upper bound comes from the fact that we consider only
supports with |y| > 2 so at most ⌊n

3 ⌋ many supports can be in parallel.
Assume now, that we have r ancilla qubits or that all interleaving Hadamard gates cancel.

Then one can freely permute the order of the parallelized layers. Such reordering does not change
the GZZ gate count, but it possibly reduces the amount of qubits participating in the GZZ gates
and therefore the encoding cost. We thus want to find an order such that the cancellation of CZ
gates is maximized, i.e. we want to maximize the overlap of the supports of consecutive parallelized
layers. We define the shared support size between two parallelized layers u, u′ ∈ Lr with r elements
as Su,u′ :=

∑r
i=0 |si ∩ s′

i|, where si ∈ u and s′
i ∈ u′. Choose the ordering of elements in Lr that

maximizes the shared support size Su,u′ over all pairs of parallelized layers u, u′ ∈ Lr. This relates
to the traveling salesman problem in the formulation of Ref. [64] with each parallelized layer as a
vertex and weights Su,u′ on the edge between u and u′. Hence the reordering of the parallelized
layers cannot be solved efficiently. However, there are heuristic algorithms, e.g. the Christofides
algorithm [32] which only takes O(|Lr|3) steps and guarantees that the solution is within a factor
3/2 of the optimal solution.

In the worst case of the proposed compiling method for general diagonal unitaries, we consider
the set of all supports S without easy gates, i.e., without single- and two-qubit gates. This set
has |S| = 2n − (n + n(n − 1)/2) = 2n − n(n + 1)/2 elements, and contains for every element
s ∈ S also the complement s̄ with |s ∪ s̄| = n. Therefore, we can always parallelize two gates,
the one corresponding to s and that corresponding to s̄. We thus only have L2 which has size
|L2| = |S|/2 = 2n−1 − n(n + 1)/4. Using Lemma 3.1, this requires only two ancilla qubits and
|S|/2 GZZ gates.

In this section we proposed a method to decompose arbitrary diagonal unitaries into local gates
and GZZ gates. We showed that this leads to an optimization problem which in general is NP-hard.
Using heuristic algorithms might still achieve a significant reduction in the encoding cost.

Example. We illustrate the compilation scheme explained above on a diagonal unitary on five
qubits. Let x ∈ F5

2 and define a diagonal unitary as in Eq. (3.26) with

f(x) =1
2

(
x1 ⊕ x2 + x3 ⊕ x4 + x4 ⊕ x5

+ x1 ⊕ x2 ⊕ x3 + x2 ⊕ x4 ⊕ x5

+ x2 ⊕ x3 ⊕ x4 ⊕ x5
)

.

(3.30)
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The factor 1/2 is chosen for convenience and yields a RZ(π) = Z gate in the circuit representation
of Eq. (3.29) for each term in f . Conjugating these Z gates with Hadamard gates as in Eq. (3.29)
we get one HZH = X gate for each term.

Note that in the above we considered only si = supp(yi) > 2, since all terms with si = 2 can
be implemented with a single GZZ gate. To keep this example short we here also allow si = 2 since
this gives more non-trivial possibilities to parallelize layers. We illustrate the diagonal unitary with
the supports si in the circuit diagram below. Applying Algorithm 3 yields

x1

s1

s5x2 s4

s7

x3

s2

s6x4

s3

x5 s4

=

x1

s1

s5x2 s4

s7

x3

s6

s2

x4

s3

x5 s4

u1 u2 u3 u4

. (3.31)

We now group the parallelized layers ui together in the sets L2 = {u1, u2, u3} and L1 = {u4}. In
this example we do not make use of ancilla qubits. One can see that the placement of the Hadamard
gates should be on s1 ∩ s5 ∩ s4 = {x2} for the supports s1, s5, s4 and on s6 ∩ s3 ∩ s2 = {x4} for the
supports s6, s3, s2 such that all the interior Hadamard gates cancel. For s7 the Hadamard gate can
be placed on x2 or x4. Since |s4 ∩ s7| = |s2 ∩ s7| both choices are equally good for the cancellation
of CZ gates. We chose the Hadamard position for s7 to be x4. The shared support size Sui,uj

between two parallelized layers for the set L2 can be calculated and expressed as the matrix

S =



∗ 4 3
4 ∗ 2
3 2 ∗


 (3.32)

With Su2,u1 = 4 and Su1,u3 = 3 we get the optimal order for L2 as u2, u1, u3, and 2(Su2,u1 +
Su1,u3) = 14 CZ gates cancel. Using Eq. (3.29) and HZH = X, the resulting circuit is

x1

x2 H X X X H

x3

x4 H X X X X H

x5

GZZ1 GZZ2 GZZ3 GZZ4 GZZ5 GZZ6

. (3.33)

One needs six GZZ gates to implement the diagonal unitary. The encoding cost for each GZZi in
Eq. (3.33) with support si is |si|(|si| − 1)/2, such that the total implement cost is 10 + 3 + 6 +
1 + 3 + 6 = 29. For the circuit on the left-hand side of Eq. (3.31) we require two GZZ gates for
each support si. We have 7 supports si, i.e. 14 GZZ gates which leads to the total encoding cost
is 2(2 + 2 + 2 + 2 + 3 + 3 + 6) = 40. Thus, in this example our compilation scheme reduces the
encoding cost by ≈ 25%.

4 Conclusion
In this work, we showed how to synthesize a time-optimal multi-qubit gate, the GZZ gate, on
an abstract quantum computing platform. The only requirements on the platforms are that (I)
single-qubit rotations can be executed in parallel, (II) it offers global Ising-type interactions with
all-to-all connectivity, and (III) that there is a way to exclude certain qubits from the participation
in the multi-qubit gate. We showed that and how to realize these requirements in a microwave
controlled ion trap using magnetic gradient-induced coupling (MAGIC).
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Arbitrary couplings between the qubits can be generated via X gate layers interleaved by the
Ising-type evolution. The required X gate layers as well as the durations of the evolution times
are determined by solving an LP. In numerical experiments we showed that the gate time of the
resulting GZZ gates scales approximately linear with the number of participating qubits under
reasonable assumptions on an implementing physical platform. Based on these time-optimal GZZ
gates, we presented an improved compiling strategy for Clifford circuits, and applied this strategy
to compile the QFT. Moreover, we applied the GZZ gates to the simulation of molecular dynamics,
and presented a compiling strategy for general diagonal unitaries. This can be thought of as a step
towards compilation strategies for arbitrary unitaries.

In the future, it will be interesting to investigate how the GZZ gates perform on a real-world
ion trap, and how robust they can be made against errors similar to the error mitigation scheme
for the DAQC setting [65]. Moreover, we hope that our time-optimal gate synthesis method will
be applied to small ion trap registers which are embedded in a quantum processing unit (QPU)
module.
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Appendices

A Ion trap quantum computing with microwave control
In this section we explain in more detail how qubits are encoded into cold ions stored in a trap,
how MAGIC can be used to tailor interactions between these qubits, and how microwaves perform
single-qubit gates. A full in-depth treatment can be found in Refs. [15, 36].

In short, pairs of hyperfine states of ions are interpreted as the computational basis states of
qubits. These ions are cooled down to form a “Coulomb crystal”, a stable configuration confined by
the trap potential. An inhomogeneous magnetic field superimposed with the trap makes the crystal
equilibrium depend on the internal state (the qubits). Changes in the internal state hence lead to
excitations (phonons), which can be interpreted as interactions between the qubits. The position-
dependent Zeeman effect makes individual qubit transitions addressable. Microwaves drive Rabi
oscillations on these transitions to perform single-qubit gates.

A.1 Ytterbium ions and qubits
We consider ions with nuclear spin I = 1

2 and total electron angular momentum J = 1
2 , for

example single-ionized Ytterbium-171 (171Yb+). These values imply that the “ground state” (the
lowest main quantum number) is spanned by four “hyperfine” sublevels. Since nuclear spin and
electron angular momentum couple to each other through an interaction term ∝ I · J , the full
Hamiltonian is not diagonal in the naive product basis |mI , mJ⟩. One instead introduces the total
angular momentum F := I + J . The corresponding quantum numbers F and mF = −F, . . . , F
can be used to label the hyperfine eigenstates, which group into a singlet |F = 0, mF = 0⟩ and a
triplet |F = 1, mF = −1, 0, +1⟩. The singlet forms the overall ground state and is separated by an
energy gap from the triplet states, which all have the same energy. The energy difference is called
the “hyperfine structure constant” of the ion. This quantity is usually determined experimentally
and typically lies in the microwave regime. For 171Yb+, it corresponds to a frequency of f0 =
12.642812118466(2)GHz [66].
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Placing the ion in an external magnetic field B yields new dipole terms ∝ B · I and ∝ B · J
in the Hamiltonian. Since these new terms do not preserve F , the |F, mF ⟩ basis is no longer an
eigenbasis. However, they still preserve mF , so the new energy eigenstates are superpositions of
states with equal mF . The “outer” triplet states |F = 1, mF = ±1⟩ remain basis states due to their
unique mF , but

∣∣F = 0, mF = 0
〉
and |F = 1, mF = 0⟩ form two orthogonal linear combinations

with amplitudes depending on the field strength B := |B|. Also the eigenvalues of the Hamiltonian
become B-dependent, and the previous triplet degeneracy is lifted. For the present case of four
states, the problem can be solved analytically leading to the Breit-Rabi formula [29]. We are mainly
interested in the weak field limit B → 0, commonly known as the Zeeman effect. The energy shift
of the states |F = 1, mF = ±1⟩ is exactly proportional to B (“linear Zeeman effect”), while the
other two eigenvalues are field-independent to first order (“magnetic insensitive”). However, they
do have a higher-order dependence starting from ∝ B2, which is known as the “quadratic Zeeman
effect”, see also Figure 1b. Not only are these eigenvalues close to the zero-field values, but also the
linear combinations have a dominant component of either |F = 0, mF = 0⟩ or |F = 1, mF = 0⟩.
So although this is technically wrong, one casually keeps the |F, mF ⟩ nomenclature for the basis
states even in the presence of a small magnetic field.

We now wish to “encode” a qubit into this four-dimensional state space, i.e. to pick two of
the energy eigenstates as computational basis states |0⟩ and |1⟩. A priori, there are six possible
choices. The Zeeman splitting between the F = 1 states is typically on the order of MHz, so orders
of magnitude smaller than the hyperfine splitting. Also, the transitions between |F = 1, mF = 0⟩
and the other two triplet states are degenerate to first order in B. This is why one usually chooses
|0⟩ := |F = 0, mF = 0⟩ and only considers the three remaining possibilities which we refer to as

σ+ qubit with |1⟩ := |F = 1, mF = +1⟩,
π qubit with |1⟩ := |F = 1, mF = 0⟩,

σ− qubit with |1⟩ := |F = 1, mF = −1⟩.

One may also label the qubits by the mF of their |1⟩ state. The B-dependent transitions frequencies
between |0⟩ and |1⟩ can then be written

ω(mF , B) = 2πf0 + mF
µB

ℏ
+ O(B2), (A.1)

where µ has units of a magnetic moment (µ ≈ µB, the Bohr magneton, for 171Yb+). This reflects
both the quadratic (mF = 0) and the linear (mF = ±1) Zeeman effect.

A.2 Trap Hamiltonian and MAGIC
So far, we only considered a single ion. In an ion trap quantum computer, N such ions are
confined in an (effective) potential generated by DC and RF electrodes. We assume that the
potential geometry and N have been selected such that the ions form a “linear Coulomb crystal”,
i.e. a one-dimensional chain stabilized by the external trap potential and the mutual Coulomb
repulsion of the ions, see Figure 1a. If the crystal has been cooled sufficiently, we can disregard
the radial dynamics and focus on the direction of the ion chain which we choose as the z axis. The
system is described by a Hamiltonian with three contributions: the kinetic energy T (p) ∝ p2 of
the ions with momenta p = (p1, . . . , pN )T , and the external and Coulomb potentials

Vtot(z) :=
N∑

i=1
Vext(zi) + K

N∑

i<j

1
|zi − zj |

, (A.2)

with ions positions z := (z1, . . . , zN )T and Coulomb constant K. Again, after sufficient cooling it
is reasonable to assume that the system is close to an equilibrium configuration z̄. The potential
can then be expanded in terms of the elongation q := z − z̄. The first order term vanishes due to
equilibrium, such that

Vtot(z̄ + q) = Vtot(z̄) + 1
2qT HV (z̄)q + O(|q|3), (A.3)
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where HV is the Hessian matrix of Vtot. We drop the constant term and neglect the higher-
order terms in the following (harmonic approximation). This results in a quadratic many-body
Hamiltonian with a well-known spectrum of phonon excitations.

We add two more ingredients to the system: An inhomogeneous magnetic field with constant
gradient B1 in z direction,

B(z) = B(z)êz, B(z) = B0 + B1z, (A.4)

and the internal dynamics of ionic qubits with chosen bases specified by mF := (mF,1, . . . , mF,N )T .
Plugging Eq. (A.4) into Eq. (A.1) yields a qubit-specific transition frequency that depends on both
zi and mF,i. In the Hamiltonian, the splitting can be expressed using the Pauli Z operator of the
qubit. Expanded to first order in q, the corresponding term reads

−ℏ
2

N∑

i=1
ω(mF,i, B(zi))Zi = −ℏ

2

N∑

i=1

(
ω

(0)
i + mF,i

µB1
ℏ

qi

)
Zi

= −ℏ
2

N∑

i=1
ω

(0)
i Zi −

µB1
2 qT (mF ◦Z) ,

(A.5)

with Z := (Z1, . . . , ZN )T the local Z operators and frequencies ω
(0)
i that depend on mF,i, z̄i and

various constants. The first term of the result is a typical Zeeman term involving only the qubits,
while the second term couples external (q) and internal (Z) degrees of freedom. This last term is
the central ingredient of magnetic gradient-induced coupling (MAGIC).

Collecting all contributions gives the Hamiltonian

H = T (p) + 1
2qT HV (z̄)q − µB1

2 qT (mF ◦Z)− ℏ
2

N∑

i=1
ω

(0)
i Zi . (A.6)

It is still second-order in the external degrees of freedom, but no longer purely quadratic. We fix
this by completing the square in q,

H = T (p) + 1
2

(
q − µB1

2 H−1
V (z̄)(mF ◦Z)

)T

HV (z̄)
(

q − µB1
2 H−1

V (z̄)(mF ◦Z)
)

− ℏ
2

N∑

i=1
ω

(0)
i Zi −

1
2

(
µB1

2

)2
(mF ◦Z)T H−1

V (z̄)(mF ◦Z) .

(A.7)

The existence of the inverse Hessian H−1
V (z̄) is guaranteed by the assumption of a stable equilibrium,

which implies that HV is positive definite. Note also that HV and its inverse are symmetric matrices.
In Eq. (A.7), it is evident that the first line is quadratic in the external degrees of freedom “up to a
state dependent translation”, while the second line only involves the qubits. Formally, this means
that we can conjugate the Hamiltonian with the unitary

U := exp
(

i µB1
2ℏ pT H−1

V (z̄)(mF ◦Z)
)

(A.8)

to separate external and internal dynamics. Noting that U commutes with all terms of H except
for the one involving q, this results in

H̃ := UHU † = Hphonons(p, q) + Hqubits(Z), (A.9)

with Hphonons(p, q) being a standard many-body phonon Hamiltonian that is easily solvable in
normal coordinates. The internal part is simply the second line of Eq. (A.7), which we rewrite as

Hqubits(Z) = −ℏ
2

N∑

i=1
ω

(0)
i Zi −

ℏ
2 ZT J(mF )Z. (A.10)
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Here, we used the Hadamard product identity (for vectors a, b and a matrix C)

(a ◦ b)T C(a ◦ b) = aT (C ◦ bbT )a (A.11)

and defined
J(mF ) := J ◦mF mT

F ,

J := 1
ℏ

(
µB1

2

)2
H−1

V (z̄).
(A.12)

The two terms of Eq. (A.10) commute, so we can treat them separately, or remove the first one
entirely by another unitary transformation. In any case, the local operators Zi do not entangle
the qubits, so we focus our analysis on the second term. The diagonal entries of J(mF ) simply
generate a constant term −ℏ

2 Tr[J(mF )]1, which amounts to a global and hence unobservable
phase. Without loss of generality, we can thus set the diagonal terms of J to zero. Finally, for
the discussion on the logical layer, we choose units in which ℏ = 1. After these simplifying steps,
Eq. (A.10) becomes the Hamiltonian (1.1) on which our analysis is based.

We provide Python code for the computation of coupling matrices based on the trap potential
and physical parameters on GitHub [37].

A.3 Microwaves and single-qubit gates
A comprehensive discussion of the physics of microwave-controlled single-qubit gates, in particular
within the MAGIC scheme, goes even beyond the scope of this appendix. It involves common
concepts from quantum optics like the rotating wave approximation and Lamb-Dicke parameter,
extended to the situation with a permanent inhomogeneous magnetic field. This extension is
crucial, because it is the magnetic gradient that enables reasonable gate times even for microwave
radiation which are otherwise much slower than optical gates. We recommend Refs. [15, 36] for
more details.

Important for our analysis is that resonant microwave excitation of a hyperfine transition in-
duces a Rabi Hamiltonian on the corresponding qubit,

HRabi(Ω, ϕ) = ℏΩ
2

(
cos(ϕ)X + sin(ϕ)Y

)
. (A.13)

Here, X and Y are Pauli operators, Ω is the Rabi frequency which is proportional to the microwave
amplitude, and ϕ is a parameter controlled by the relative phase between the microwave and es-
sentially the qubit’s Larmor precession. Resonant excitation means that the microwave frequency
matches the transition frequency ω(mF , B) of the targeted qubit. While the microwave is switched
on, one (or several, if the experimental setup allows for multitone signals) Hamiltonian(s) of the
form (A.13) act simultaneously with (A.10), potentially with different Rabi frequencies Ωi. As
these Hamiltonians do not commute, the time evolution of the system usually eludes exact analyti-
cal treatment. However, in applications one aims to make the Rabi frequencies orders of magnitude
larger than the entries of J , which govern the entangling dynamics. This allows for the approxi-
mation that the gates induced by the Hamiltonian (A.13) are instantaneous, or equivalently that
the Hamiltonian (A.10) is negligible while the microwave is on. The validity of this approximation
and the errors introduced by it are discussed in Section 2.2 and Ref. [26]. Time evolution under
the Rabi Hamiltonian (A.13) for a time θ/Ω implements a family of Bloch rotation gates,

R(θ, ϕ) := exp
(
− iθ
ℏΩHRabi(Ω, ϕ)

)
. (A.14)

On the Bloch sphere, they rotate by an angle θ around an axis in the xy-plane specified by azimuth
ϕ. The X and H gates necessary for our analysis are generated by

X = i R(π, 0), H = i R(π, 0) R
(π

2 ,
π

2

)
. (A.15)
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A.4 Physical and virtual recoding
As mentioned before, the π qubit with mF = 0 is called “magnetic insensitive” because it depends
on B only in second order. This can be used to exclude (up to quadratic corrections) qubits
from the interaction and perform “subset operations”. Corresponding rows and columns in the
coupling matrix J(mF ) in Eq. (A.12) manifestly vanish. However, insensitivity also means that all
π qubits have roughly the same transition frequency, see Eq. (A.1). Hence, they are not separately
addressable, and we cannot perform independent single-qubit operations on them. The advantages
and disadvantages of π qubits naturally pose the question, whether one can change the qubit basis
during computation.

This can be answered in the affirmative, but one intermediately has to consider (at least) three-
dimensional subspaces instead of qubits. Let X± denote the X gate on the σ± qubit of the same
ion. These gates “swap” the two states on which they act, and one can easily confirm that the
local sequences X+ X− X+ and X− X+ X− both effectively swap the states |F = 1, mF = +1⟩ and
|F = 1, mF = −1⟩. Thus, they “recode” between the σ+ and σ− qubit.

Coding into and out of the π qubit is slightly more complicated due to the mentioned degenerate
transitions. Yet we can use the global swap-like operation X⊗N

0 , which applies an X gate to all π
qubits at once (assuming that shifts due to the quadratic Zeeman effect do not become prohibitive).
Sequences of the form

X⊗N
0

(
. . .⊗ I⊗ . . .⊗ X+⊗ . . .⊗ X−⊗ . . .

)
X⊗N

0 , (A.16)

i.e. with an arbitrary combination of local X± and idle gates in between two global X⊗N
0 gates,

achieve a recoding between π and σ± qubits (for an X± gate) or just swap back and forth, effectively
doing nothing (for an idle gate).

The described sequences of three rounds of microwave gates are able to physically manipulate
the way quantum information is encoded in the ions. However, our main concern is not how
information is stored, but how it can be processed. To that end one usually does not need to
recode between the physical σ+ and σ− qubits, but can instead use single layers of X gates (on the
physical qubit in use) to emulate the opposite encoding. This can significantly reduce the number
of single-qubit gates in a circuit, and we make heavy use of this possibility. Using the notation of
Eq. (1.3), a detailed derivation of this technique reads

Xs exp
(

it
2 ZT J(mF )Z

)
Xs = exp

(
it
2 XsZT XsJ(mF )XsZXs

)

= exp
(

it
2 ((−1)s ◦Z)T

J(mF ) ((−1)s ◦Z)
)

= exp
(

it
2 ZT

(
J(mF ) ◦

(
(−1)s ((−1)s)T

))
Z

)

= exp
(

it
2 ZT J

(
(−1)s ◦mF

)
Z

)
,

(A.17)

where we used that Pauli strings Xs are self-inverse and applied the Hadamard product identity
Eq. (A.11). Negative signs in (−1)s exchange, from the perspective of the J coupling, the σ qubits,
but leave π qubits invariant. If this technique is used consecutively, subsequent X gate layers can
be combined into a single one,

Xs Xs′
= Xs⊕s′

, (A.18)
saving even more single-qubit gates, as detailed in the main text.

B Frame theory
In this section we connect our approach to frame theory, which is concerned with spanning sets
for Hilbert spaces, i.e. with generalizations of the notion of a basis, see e.g. Ref. [67].

We consider the space of symmetric matrices with vanishing diagonal that is defined by

Sym0(Rn) := {M ∈ Sym(Rn) |Mii = 0 ∀i ∈ [n]} . (B.1)
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Moreover, we denote the set of outer products of all possible encodings m = (−1)b, where b ∈ Fn
2 ,

by
V :=

{
mmT

∣∣ m ∈ {−1, +1}n, mn = +1
}

. (B.2)

We further define what it means for a frame to be harmonic:

Definition B.1. [67, Definition 11.1] Let G be a finite abelian group, and let Ĝ be the set of
irreducible characters of G. A tight frame {ϕi}i∈J for Rk is called a harmonic if it is unitarily
equivalent to

(ξ|J)ξ∈Ĝ ⊂ R|J| ≡ Rk, (B.3)

where J ⊂ G and |J | = k.

The following theorem extends Theorem 2.2 and shows that V is a frame with certain properties.

Theorem B.2. V is a balanced equal-norm harmonic tight frame for Sym0(Rn).

Proof. Let k = n(n − 1)/2 = dim(Sym0(Rn)) and l = 2n−1 = |V|. We denote the synthesis
operator of V by V : Rl

≥0 → Sym0(Rn) : λ 7→∑
m λmmmT which can be represented by a matrix

V ∈ {−1, +1}l×k. We further denote the column v(m) of V , containing the lower triangular
elements of mmT . First we want to show that each row of V corresponds to a row of a Hadamard
matrix. Since the elements of any Hadamard matrix Hy,x (with normalization factor) are given
by Walsh functions Hy,x = 2−n/2Wy(x) = 2−n/2(−1)y·x for y, x ∈ Fn

2 , this amounts to showing
that the rows of V correspond to Walsh functions Wy(x) := (−1)y·x, where y · x =

∑n
i yixi.

Writing m = (−1)b, the components of the matrix mmT are (mmT )gh = (−1)bg⊕bh . Then
the entries of the columns v(m) are v(m)gh = (−1)bg⊕bh = (−1)b·(eg⊕eh), where the tuple g, h is
the index of the row of V and ei ∈ Fn

2 denotes the i-th standard unit vector.
This shows that v(m)gh = Wb(eg ⊕ eh). So the eg ⊕ eh encodes the row indices and the

b encodes the column indices of the Hadamard matrix. Since we consider all b ∈ Fn
2 we have

all columns of the Hadamard matrix. This shows that each row of V corresponds to a row of a
Hadamard matrix.

Since the rows/columns of a Hadamard matrix form an orthonormal basis one can use the
row construction of tight frames from orthogonal projections [67, Theorem 2.3] to get an equal-
norm tight frame. Furthermore, the Hadamard matrix is the character table of the cyclic group
Cn

2 = C2×· · ·×C2 which is abelian. This can be seen by its recursive definition Hn = H1⊗Hn−1,
where H1 is the character table of C2. Thus, Ref. [67, Theorem 11.1] implies that this equal-norm
tight frame is also a harmonic.

It is balanced if
∑

b(−1)bg⊕bh = 0 for all g, h = 1, . . . , n with g ̸= h. Since we only consider the
lower/upper triangular matrix without the diagonal g = h, our frame is indeed balanced.

Corollary B.3. The normalized frame {mmT /
√

k}m∈{−1,+1}n for Sym0(Rn) forms a spherical
2-design.

Proof. The normalized frame elements mmT /
√

k form a set of unit vectors in Rk and {mmT /
√

k}m∈{−1,+1}n

is a normalized balanced tight frame by Theorem B.2. Then, by Refs. [68, Proposition 1.2] and
[67, Proposition 6.1], {mmT /

√
k}m∈{−1,+1}n is also a spherical 2-design.

Theorem B.4. The entries of the Gram matrix P = V T V are given by

Pm,m′ = ⟨v(m), v(m′)⟩ = n

2 (n− 1)− 2∆b,b′(n−∆b,b′) , (B.4)

where v(m) are the columns of V , containing the lower triangular elements of mmT , and ∆b,b′ :=
|b⊕ b′| is the Hamming distance between b and b′.

Proof. As in the proof above, write the (g, h)-th entry of the column v(m) as

v(m)gh = (−1)bg⊕bh . (B.5)
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This yields
⟨v(m), v(m′)⟩ =

∑

g<h

(−1)bg⊕bh(−1)b′
g⊕b′

h

=
∑

g<h

(−1)bg⊕b′
g⊕bh⊕b′

h

=
∑

g<h

(−1)cg⊕ch ,

(B.6)

where we set c := b ⊕ b′. The summand after the last equation is the outer product m̃m̃T for
m̃ ∈ {−1, +1}n and m̃ = (−1)c. If the Hamming distance ∆b,b′ vanishes, then m̃ = (+1, . . . , +1)
and ⟨v(m), v(m′)⟩ = n(n − 1)/2 which is the maximal entry of the Gram matrix located at the
diagonal. If ∆b,b′ ̸= 0, m̃ contains ∆b,b′ -many summands −1, such that the lower triangular part
of m̃m̃T contains ∆b,b′(n−∆b,b′)-many summands −1. Therefore,

⟨v(m), v(m′)⟩ = n

2 (n− 1)− 2∆b,b′(n−∆b,b′) . (B.7)

C Convex optimization arguments for the linear program (LP)
We investigate the sparsity and geometric properties of the optimal solutions of the LP (2.5). First,
we prove Proposition 2.3, which is a standard result in linear programming:

Proposition C.1 (Sparse optimal solutions). There is an optimal solution to the LP (2.5) with
sparsity ≤ n(n − 1)/2 for every M ∈ Sym0(Rn). The simplex algorithm is guaranteed to return
such an optimal solution.

Proof. The LP (2.5) has m = n(n− 1)/2 equality constraints. The feasible polytope is the convex
polytope obtained by intersecting the (n − m)-dimensional subspace defined by those with the
positive cone x ≥ 0. To define a vertex of the feasible polytope, a point x has to saturate at least
n −m many inequalities xi ≥ 0, hence, it has at most n − (n −m) = m many non-zero entries.
The optimal solutions are obtained by minimizing over the feasible polytope and thus correspond,
in general, to a face of this polytope. Any vertex of this face defines an optimal solution which has
to be at least m = n(n− 1)/2-sparse. The last statement follows since the simplex algorithm only
returns vertices of the feasible polytope.

Alternative algorithms like interior point methods should be avoided. Since those are not
guaranteed to return vertices of the feasible polytope if there is an entire face of optimal solutions,
their solution will generally be a dense vector.

We can say a bit more about the solutions of the LP (2.5) by geometrical observations. These
observations hold more generally for LPs of the following form.

Definition C.2. Suppose that vectors v1, . . . , vN ∈ Rd are the vertices of a full-dimensional poly-
tope P and the origin is contained in the convex hull of P , i.e. 0 ∈ conv(P ). Given a vector u ∈ Rd,
we define the following linear program:

minimize ⟨1, x⟩ =
N∑

i=1
xi

subject to u = V x,

x ≥ 0

(C.1)

where V =
∑N

i=1 vie
⊤
i ∈ Rd×N .

Lemma C.3. In the setting of Definition C.2, the following holds:

(i) The point u ∈ Rd lies in a cone generated by a face F of P . In particular, there is a feasible
solution x of the LP (C.1) with support only on the vertices of F .
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(ii) Every feasible solution with support on the vertices of F has the same objective value, namely
⟨f, u⟩ where f is a normal vector of F , i.e. F ⊂ {y ∈ Rd | ⟨f, y⟩ = 1}. This value does not
depend on the choice of normal vector.

(iii) There is a feasible solution with sparsity ≤ dim F + 1 ≤ d and objective value ⟨f, u⟩.
(iv) The optimal solutions of the LP (C.1) correspond exactly to the possible conical combinations

of u in cone(F ∗) := {∑i xivi | vi ∈ F ∗, xi ∈ R≥0} where F ∗ is the lowest-dimensional face of
P such that u ∈ cone(F ∗). In particular, the minimum is given by ⟨f, u⟩ where f is some
normal vector of F ∗.

Proof. Statement (i) follows from the observation that given a point u ∈ Rd \ 0, there is a unique
λ > 0 such that λu lies on a face F of P . Thus, cone(F ) contains u. More precisely, the cones
spanned by the facets of P form a partition of Rd where the intersections between any two cones
is either {0} or a cone spanned by a lower-dimensional face of P .

For statement (ii), let w.l.o.g. v1, . . . , vs be the vertices that lie in F . By assumption, u ∈
cone(v1, . . . , vs) and hence u =

∑s
i=1 xivi. We find

⟨f, u⟩ =
s∑

i=1
xi⟨f, vi⟩ =

s∑

i=1
xi = ⟨1, x⟩. (C.2)

Note that the objective value ⟨f, u⟩ is necessarily the same, for any choice of normal vector.
Statement (iii) follows by triangulating the face F with simplices. These simplices have dim F +1

vertices and u has to lie in the cone spanned by one of those. Thus, there is a feasible solution
with sparsity at most dim F + 1 ≤ d and objective value ⟨f, u⟩.

Finally, let x∗ be an optimal solution. Suppose that there is a i ∈ supp(x∗) such that the vertex
vi is not in F . Then, we can find a supporting hyperplane of F with normal vector f such that
⟨f, vi⟩ < 1. We thus have

⟨f, u⟩ =
∑

j ̸=i

x∗
j ⟨f, vj⟩+ x∗

i ⟨f, vi⟩ <
∑

j

x∗
j = ⟨1, x∗⟩. (C.3)

According to (ii), ⟨f, u⟩ is the objective value of a feasible solution with support on F . Hence, x∗

could not have been optimal, and all optimal solutions have to have support on F . Clearly, all
previous arguments still hold if we find a face F ′ ⊂ F of P such that u ∈ cone(F ′) and hence the
statement follows.

D Acronyms
DAQC digital-analog quantum computing . . . . . . . . . . . . . . . . . . . . . . . . . . . 3
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LP linear program . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2

MAGIC magnetic gradient-induced coupling . . . . . . . . . . . . . . . . . . . . . . . . . . 1
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MS Mølmer-Sørensen . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2

NISQ noisy and intermediate-scale quantum . . . . . . . . . . . . . . . . . . . . . . . . . 1

POVM positive operator valued measure . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12

QFT quantum Fourier transform . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2
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References
[1] J. Preskill, Quantum computing in the NISQ era and beyond, Quantum 2, 79 (2018),

arXiv:1801.00862 [quant-ph].

Accepted in Quantum 2023-03-30, click title to verify. Published under CC-BY 4.0. 32

102 CHAPTER 6. APPENDIX



[2] D. A. Lidar and T. A. Brun, Quantum error correction (Cambridge University Press, 2013).
[3] X. Wang, A. Sørensen, and K. Mølmer, Multibit gates for quantum computing, Phys. Rev.

Lett. 86, 3907 (2001), arXiv:quant-ph/0012055 [quant-ph].
[4] T. Monz, P. Schindler, J. T. Barreiro, M. Chwalla, D. Nigg, W. A. Coish, M. Harlander,

W. Hänsel, M. Hennrich, and R. Blatt, 14-qubit entanglement: Creation and coherence, Phys.
Rev. Lett. 106, 130506 (2011), arXiv:1009.6126 [quant-ph].

[5] N. M. Linke, D. Maslov, M. Roetteler, S. Debnath, C. Figgatt, K. A. Landsman, K. Wright,
and C. Monroe, Experimental comparison of two quantum computing architectures, PNAS 114,
3305 (2017), arXiv:1702.01852 [quant-ph].

[6] E. A. Martinez, T. Monz, D. Nigg, P. Schindler, and R. Blatt, Compiling quantum algorithms
for architectures with multi-qubit gates, New J. Phys. 18, 063029 (2016), arXiv:1601.06819
[quant-ph].

[7] D. Maslov and Y. Nam, Use of global interactions in efficient quantum circuit constructions,
New J. Phys. 20, 033018 (2018), arXiv:1707.06356 [quant-ph].

[8] J. van de Wetering, Constructing quantum circuits with global gates, New J. Phys. 23, 043015
(2021), arXiv:2012.09061 [quant-ph].

[9] N. Grzesiak, A. Maksymov, P. Niroula, and Y. Nam, Efficient quantum programming using
EASE gates on a trapped-ion quantum computer, Quantum 6, 634 (2022), arXiv:2107.07591
[quant-ph].

[10] S. Bravyi, D. Maslov, and Y. Nam, Constant-cost implementations of Clifford operations
and multiply controlled gates using global interactions, Phys. Rev. Lett. 129, 230501 (2022),
arXiv:2207.08691.

[11] C. Figgatt, A. Ostrander, N. M. Linke, K. A. Landsman, D. Zhu, D. Maslov, and C. Monroe,
Parallel entangling operations on a universal ion-trap quantum computer, Nature 572, 368
(2019), arXiv:1810.11948 [quant-ph].

[12] Y. Lu, S. Zhang, K. Zhang, W. Chen, Y. Shen, J. Zhang, J.-N. Zhang, and K. Kim, Global
entangling gates on arbitrary ion qubits, Nature 572, 363 (2019), arXiv:1901.03508 [quant-ph].

[13] N. Grzesiak, R. Blümel, K. Wright, K. M. Beck, N. C. Pisenti, M. Li, V. Chaplin, J. M. Amini,
S. Debnath, J.-S. Chen, and Y. Nam, Efficient arbitrary simultaneously entangling gates on a
trapped-ion quantum computer, Nat. Commun. 11, 2963 (2020), arXiv:1905.09294.

[14] F. Mintert and C. Wunderlich, Ion-trap quantum logic using long-wavelength radiation, Phys.
Rev. Lett. 87, 257904 (2001), arXiv:quant-ph/0104041 [quant-ph].

[15] C. Wunderlich, Conditional spin resonance with trapped ions, in Laser Physics at the Lim-
its , edited by H. Figger, C. Zimmermann, and D. Meschede (Springer, 2002) pp. 261–273,
arXiv:quant-ph/0111158 [quant-ph].

[16] N. Timoney, I. Baumgart, M. Johanning, A. F. Varon, C. Wunderlich, M. B. Plenio, and
A. Retzker, Quantum Gates and Memory using Microwave Dressed States, Nature 476, 185
(2011), arXiv:1105.1146 [quant-ph].

[17] C. Ospelkaus, U. Warring, Y. Colombe, K. R. Brown, J. M. Amini, D. Leibfried, and
D. J. Wineland, Microwave quantum logic gates for trapped ions, Nature 476, 181 (2011),
arXiv:1104.3573 [quant-ph].

[18] A. Khromova, C. Piltz, B. Scharfenberger, T. Gloger, M. Johanning, A. Varón, and C. Wun-
derlich, Designer spin pseudomolecule implemented with trapped ions in a magnetic gradient,
Phys. Rev. Lett. 108, 220502 (2012), arXiv:1112.5302.

[19] C. Piltz, T. Sriarunothai, S. S. Ivanov, S. Wölk, and C. Wunderlich, Versatile microwave-
driven trapped ion spin system for quantum information processing, Sci. Adv. 2, e1600093
(2016), arXiv:1509.01478.

[20] B. Lekitsch, S. Weidt, A. G. Fowler, K. Mølmer, S. J. Devitt, C. Wunderlich, and W. K.
Hensinger, Blueprint for a microwave trapped-ion quantum computer, Sci. Adv. 3, e1601540
(2017), arXiv:1508.00420 [quant-ph].

[21] S. Wölk and C. Wunderlich, Quantum dynamics of trapped ions in a dynamic field gradient
using dressed states, New J. Phys. 19, 083021 (2017), arXiv:1606.04821 [quant-ph].

[22] J. Cohn, M. Motta, and R. M. Parrish, Quantum filter diagonalization with compressed double-
factorized Hamiltonians, PRX Quantum 2, 040352 (2021), arXiv:2104.08957 [quant-ph].

[23] A. Sørensen and K. Mølmer, Spin-spin interaction and spin squeezing in an optical lattice,
Phys. Rev. Lett. 83, 2274 (1999), arXiv:quant-ph/9903044.

Accepted in Quantum 2023-03-30, click title to verify. Published under CC-BY 4.0. 33

A. PAPER - SYNTHESIS OF AND COMPILATION WITH TIME-OPTIMAL MULTI-QUBIT GATES103



[24] A. Sørensen and K. Mølmer, Entanglement and quantum computation with ions in thermal
motion, Phys. Rev. A 62, 022311 (2000), arXiv:quant-ph/0002024.

[25] T. Choi, S. Debnath, T. A. Manning, C. Figgatt, Z. X. Gong, L. M. Duan, and C. Mon-
roe, Optimal quantum control of multimode couplings between trapped ion qubits for scalable
entanglement, Phys. Rev. Lett. 112, 190502 (2014), arXiv:1401.1575 [quant-ph].

[26] A. Parra-Rodriguez, P. Lougovski, L. Lamata, E. Solano, and M. Sanz, Digital-analog quantum
computation, Phys. Rev. A 101, 022305 (2020), arXiv:1812.03637 [quant-ph].

[27] D. Maslov and B. Zindorf, Depth optimization of CZ, CNOT, and Clifford circuits, IEEE
Transactions on Quantum Engineering 3, 1 (2022), arXiv:2201.05215 [quant-ph].

[28] S. S. Ivanov, M. Johanning, and C. Wunderlich, Simplified implementation of the quantum
Fourier transform with Ising-type Hamiltonians: Example with ion traps, arXiv:1503.08806
(2015).

[29] G. Breit and I. I. Rabi, Measurement of nuclear spin, Phys. Rev. 38, 2082 (1931).
[30] S. Bourdeauducq, whitequark, R. Jördens, D. Nadlinger, Y. Sionneau, and F. Kermarrec,

ARTIQ 10.5281/zenodo.6619071 (2021), Version 6.
[31] I. Dumer, D. Micciancio, and M. Sudan, Hardness of approximating the minimum distance of

a linear code, IEEE Trans. Inf. Theory 49, 22 (2003).
[32] N. Christofides, Worst-case analysis of a new heuristic for the travelling salesman problem ,

Tech. Rep. (Defense Technical Information Center, 1976).
[33] H. Karloff, Linear Programming (Birkhäuser Boston, 1991) pp. 23–47.
[34] M. Kliesch and I. Roth, Theory of quantum system certification, PRX Quantum 2, 010201

(2021), tutorial, arXiv:2010.05925 [quant-ph].
[35] N. B. Karahanoğlu, H. Erdoğan, and Ş. İ. Birbil, A mixed integer linear programming for-

mulation for the sparse recovery problem in compressed sensing, in 2013 IEEE International
Conference on Acoustics, Speech and Signal Processing (2013) pp. 5870–5874.

[36] M. Johanning, A. F. Varón, and C. Wunderlich, Quantum simulations with cold trapped ions,
J. Phys. B 42, 154009 (2009), arXiv:0905.0118 [quant-ph].

[37] P. Baßler and M. Zipper, Source code for “Synthesis of and compilation with time-optimal
multi-qubit gates” , https://github.com/matt-zipp/arXiv-2206.06387 (2022).

[38] S. Diamond and S. Boyd, CVXPY: A Python-embedded modeling language for convex opti-
mization, J. Mach. Learn. Res. 17, 1 (2016).

[39] A. Agrawal, R. Verschueren, S. Diamond, and S. Boyd, A rewriting system for convex opti-
mization problems, J. Control Decis. 5, 42 (2018), arXiv:1709.04494.

[40] Free Software Foundation, GLPK (GNU Linear Programming Kit) (2012), version: 0.4.6.
[41] MOSEK ApS, MOSEK Optimizer API for Python 9.3.14 (2022).
[42] S. Kukita, H. Kiya, and Y. Kondo, Short composite quantum gate robust against two common

systematic errors, J. Phys. Soc. Japan 91, 104001 (2022), arXiv:2112.12945 [quant-ph].
[43] D. A. Spielman and S.-H. Teng, Smoothed analysis of algorithms: Why the simplex algorithm

usually takes polynomial time, Journal of the ACM 51, 385 (2004), arXiv:cs/0111050 [cs].
[44] S. Bravyi and D. Maslov, Hadamard-free circuits expose the structure of the Clifford group,

IEEE Trans. Inf. Theory 67, 4546 (2021), arXiv:2003.09412 [quant-ph].
[45] S. Aaronson and D. Gottesman, Improved simulation of stabilizer circuits, Phys. Rev. A 70,

052328 (2004), arXiv:quant-ph/0406196 [quant-ph].
[46] D. Maslov and M. Roetteler, Shorter stabilizer circuits via Bruhat decomposition and quantum

circuit transformations, IEEE Trans. Inf. Theory 64, 4729 (2018), arXiv:1705.09176 [quant-
ph].

[47] R. Duncan, A. Kissinger, S. Perdrix, and J. van de Wetering, Graph-theoretic simplification of
quantum circuits with the ZX-calculus, Quantum 4, 279 (2020), arXiv:1902.03178 [quant-ph].

[48] R. Kueng and D. Gross, Qubit stabilizer states are complex projective 3-designs,
arXiv:1510.02767 [quant-ph].

[49] H.-Y. Huang, R. Kueng, and J. Preskill, Predicting many properties of a quantum system from
very few measurements, Nat. Phys. 16, 1050 (2020), arXiv:2002.08953 [quant-ph].

[50] D. Schlingemann, Stabilizer codes can be realized as graph codes, arXiv:quant-ph/0111080
[quant-ph] (2001).

[51] D. Schlingemann and R. F. Werner, Quantum error-correcting codes associated with graphs,
Phys. Rev. A 65, 012308 (2001), arXiv:quant-ph/0012111 [quant-ph].

Accepted in Quantum 2023-03-30, click title to verify. Published under CC-BY 4.0. 34

104 CHAPTER 6. APPENDIX



[52] V. Kliuchnikov, K. Lauter, R. Minko, A. Paetznick, and C. Petit, Shorter quantum circuits,
arXiv:2203.10064 [quant-ph] (2022).

[53] M. Born and R. Oppenheimer, Zur Quantentheorie der Molekeln, Ann. Phys. 389, 457 (1927).
[54] J. Kempe, A. Kitaev, and O. Regev, The complexity of the local Hamiltonian problem, SIAM

J. Comput. 35, 1070 (2006), arXiv:quant-ph/0406180 [quant-ph].
[55] R. M. Parrish and P. L. McMahon, Quantum filter diagonalization: Quantum eigendecompo-

sition without full quantum phase estimation, arXiv:1909.08925 (2019).
[56] K. Klymko, C. Mejuto-Zaera, S. J. Cotton, F. Wudarski, M. Urbanek, D. Hait, M. Head-

Gordon, K. B. Whaley, J. Moussa, N. Wiebe, W. A. de Jong, and N. M. Tubman, Real time
evolution for ultracompact Hamiltonian eigenstates on quantum hardware, PRX Quantum 3,
020323 (2022), arXiv:2103.08563.

[57] N. H. Stair, R. Huang, and F. A. Evangelista, A multireference quantum Krylov algorithm for
strongly correlated electrons, J. Chem. Theory Comput. 16, 2236 (2020), pMID: 32091895.

[58] V. Kliuchnikov, D. Maslov, and M. Mosca, Fast and efficient exact synthesis of single qubit
unitaries generated by Clifford and T gates, Quantum Inform. Comput. 13, 607 (2013),
arXiv:1206.5236 [quant-ph].

[59] N. J. Ross and P. Selinger, Optimal ancilla-free Clifford+T approximation of z-rotations,
Quantum Inform. Compu. 16, 901 (2016), arXiv:1403.2975.

[60] A. Bouland and T. Giurgica-Tiron, Efficient universal quantum compilation: An inverse-free
Solovay-Kitaev algorithm, arXiv:2112.02040 [quant-ph].

[61] M. Amy, P. Azimzadeh, and M. Mosca, On the CNOT-complexity of CNOT-PHASE circuits,
Quantum Sci. Technol. 4, 015002 (2018), arXiv:1712.01859 [quant-ph].

[62] M. Amy, D. Maslov, and M. Mosca, Polynomial-time T-depth optimization of Clifford+T
circuits via matroid partitioning, IEEE Trans. Comput.-Aided Des. Integr. Circuits Syst. 33,
1476 (2014), arXiv:1303.2042 [quant-ph].

[63] R. O’Donnell, Analysis of Boolean Functions (Cambridge University Press) arXiv:2105.10386
[cs.DM] .

[64] G. Dantzig, R. Fulkerson, and S. Johnson, Solution of a large-scale traveling-salesman problem,
Operations Research Society of America 2, 393 (1954).

[65] P. García-Molina, A. Martin, and M. Sanz, Noise in digital and digital-analog quantum com-
putation, arXiv:2107.12969 [quant-ph].

[66] P. T. Fisk, M. J. Sellars, M. A. Lawn, and G. Coles, Accurate measurement of the 12.6 GHz
“clock” transition in trapped 171Yb+ ions, IEEE Transactions on Ultrasonics, Ferroelectrics,
and Frequency Control 44, 344 (1997).

[67] S. F. D. Waldron, An Introduction to Finite Tight Frames , Applied and Numerical Harmonic
Analysis (Springer New York, New York, NY, 2018).

[68] R. B. Holmes and V. I. Paulsen, Optimal frames for erasures, Linear Algebra Its Appl. 377,
31 (2004).

Accepted in Quantum 2023-03-30, click title to verify. Published under CC-BY 4.0. 35

A. PAPER - SYNTHESIS OF AND COMPILATION WITH TIME-OPTIMAL MULTI-QUBIT GATES105



106 CHAPTER 6. APPENDIX

B Paper - Time-optimal multi-qubit gates: Complexity, efficient
heuristic and gate-time bounds

Title: Time-optimal multi-qubit gates: Complexity, efficient
heuristic and gate-time bounds

Authors: Pascal Baßler, Markus Heinrich, Martin Kliesch

Journal: Quantum

Publication status: Published

Contribution by PB: Main author (input approx 70%)

A summary of this publication is presented in section 4.2.
The research objective was devised by MK and me as a continuation of our previous work

[32]. MK and I proofed the complexity results of the linear program approach. MH and I worked
together trying to prove Conjecture 16 on the total gate time bounds, and we derived the proof
for Theorem 15 together. I derived all results from section 5, 6 and 7.1 with the help from
regular discussions with MH and MK. I developed the Python code and carried out all numerical
simulations. I wrote an initial draft for the main text, which was then extended by my co-authors
and finally rewritten and proofread in joint meetings by all authors.
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Multi-qubit entangling interactions arise naturally in several quantum computing
platforms and promise advantages over traditional two-qubit gates. In particular, a
fixed multi-qubit Ising-type interaction together with single-qubit X-gates can be used
to synthesize global ZZ-gates (GZZ gates). In this work, we first show that the synthesis
of such quantum gates that are time-optimal is NP-hard. Second, we provide explicit
constructions of special time-optimal multi-qubit gates. They have constant gate times
and can be implemented with linearly many X-gate layers. Third, we develop a heuristic
algorithm with polynomial runtime for synthesizing fast multi-qubit gates. Fourth,
we derive lower and upper bounds on the optimal GZZ gate-time. Based on explicit
constructions of GZZ gates and numerical studies, we conjecture that any GZZ gate
can be executed in a time O(n) for n qubits. Our heuristic synthesis algorithm leads to
GZZ gate-times with a similar scaling, which is optimal in this sense. We expect that
our efficient synthesis of fast multi-qubit gates allows for faster and, hence, also more
error-robust execution of quantum algorithms.

1 Introduction
Any quantum computation requires to decompose its logical operations into the platform’s native
instruction set. The performance of the computation depends heavily on the available instructions
and their implementation in the quantum hardware. In particular for early quantum devices a
major challenge is posed by their short decoherence times, which limits the runtime of a quantum
computation significantly. Therefore, it is not only necessary to optimize the number of native
instructions but also their execution time.

Ising-type interactions give rise to an important and rich class of Hamiltonians ubiquitous in
several quantum computing platforms [1–5]. Previously, we have utilized these Ising-type interac-
tions in a new synthesis method [6]. In particular, we have considered the problem of synthesizing
time-optimal multi-qubit gates on a quantum computing platform that supports the following basic
operations:

(I) single-qubit rotations can be executed in parallel, and

(II) it offers a fixed Ising-type interaction.

The corresponding synthesis of global ZZ-gates (GZZ gates) is given by the minimization of the
overall gate time, which can be written as a linear program (LP) [6]. This LP is exponentially large
in the number of qubits. It has been unclear whether such multi-qubit gates can be synthesized in
a computationally efficient way while keeping the gate time optimal.

In this work, we prove that this synthesis problem is NP-hard and provide a close-to-optimal
efficient heuristic solution. To establish this hardness result, we draw the connection between the
synthesis problem and graph theory. The cut polytope is defined as the convex hull of binary vectors
representing the possible cuts of a given graph [7]. We provide a polynomial time reduction of the

P. Baßler: bassler@hhu.de
M. Kliesch: martin.kliesch@tuhh.de
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membership problem of the cut polytope to the synthesis of time-optimal multi-qubit gates. Since
this membership problem is NP-complete [8], the synthesis of time-optimal multi-qubit gates is
NP-hard. This is akin to the NP-hardness of finding an optimal control pulse for multi-qubit gates
using the Mølmer-Sørensen mechanism [4, 5].

We provide several ways to circumvent the hardness of time-optimal GZZ-gates. First, we
provide explicit constructions of time-optimal multi-qubit gates realizing nearest-neighbor coupling
under physically motivated assumptions. Such constructed nearest-neighbor multi-qubit gates
exhibit a constant gate time and can be implemented with only linearly many single-qubit gate
layers. We then use these ideas to define relaxations of the underlying linear program, leading to a
hierarchy of polynomial-time algorithms for the synthesis of fast multi-qubit gates. By increasing
the level in the hierarchy, this heuristic approach can be adapted to provide substantially better
approximations to the optimal solution at the cost of higher polynomial runtime. For a small
number of qubits, numerical experiments show that the so-obtained gate times are close to the
optimal solution and come with significant runtime savings.

Among others, we prove bounds on the minimal multi-qubit gate time, and conjecture that it
scales at most linear with the number of qubits. This claim is supported by a class of explicit
constructions of time-optimal multi-qubit gates achieving the linear upper bound. Moreover, we
provide numerical evidence that these explicit solutions in fact yield the longest gate time for a
small number of qubits.

We expect our results to be useful for the implementation of time-optimal multi-qubit gates in
noisy and intermediate scale quantum (NISQ) devices and beyond. The polynomial-time heuristic
algorithm makes it possible to efficiently synthesize fast multi-qubit gates for a growing number of
qubits. The here considered multi-qubit gates have been useful in a number of different applications,
some of which we investigated in previous work [6]. Furthermore, they are the main building blocks
for a class of Instantaneous Quantum Polynomial time (IQP) circuits which might be classically
hard to simulate [9]. More recently, it was shown that quantum memory circuits and boolean
functions can be implemented with a constant number of GZZ gates and additional ancilla qubits
[10]. Moreover, there is an ancilla-free construction of multi-qubit Clifford circuits using at most 26
GZZ gates [11]. As noted in Ref. [11], there is also a shorter implementation for n ≤ 212, requiring
only 2(log2(n) + 1) GZZ gates. This implementation is based on a decomposition in Ref. [12] and
the log-depth implementation of a CX circuit in formula (4) of Ref. [13].

This paper is structured as follows: We first give a brief introduction to the synthesis of time-
optimal multi-qubit gates [6]. In Section 4 we proof that the time-optimal multi-qubit synthesis
problem is NP-hard. However, in Section 5 we explicitly construct a certain class of time-optimal
multi-qubit gates with constant gate time. The heuristic algorithm based on the ideas of the
previous section is introduced in Section 6. Section 7 provides gate time bounds for time-optimal
multi-qubit gates. Finally, Section 8 presents numerical evidence for the conjectured linear gate-
time scaling and numerical benchmarks for the heuristic algorithm.

2 Synthesizing multi-qubit gates with Ising-type interactions
In this section, we give a short introduction to the synthesis of time-optimal multi-qubit gates. For
more details we refer to the first two sections of Ref. [6].

On the abstract quantum computing platform with n qubits specified by the requirements (I)
and (II) above, interactions between the qubits are generated by an Ising-type Hamiltonian

HZZ := −
n∑

i<j

Jijσi
zσj

z , (1)

where σi
z is the Pauli-Z operator acting on the i-th qubit. Note, that diagonal terms, where i = j,

are excluded since they only change the Hamiltonian by an energy offset. By J we denote the
symmetric matrix with entries Jij in the upper triangular part and vanishing diagonal. We call J
the physical coupling matrix.

Conjugating the Hamiltonian HZZ with X gates on the qubits indicated by the binary vector
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b ∈ Fn
2 yields

σb
xHZZσb

x = −
n∑

i<j

Jijσbi
x σbj

x σi
zσj

zσbi
x σbj

x

= −
n∑

i<j

Jij(−1)bi(−1)bj σi
zσj

z

= −
n∑

i<j

Jijmimjσi
zσj

z =: H(m) ,

(2)

where we define the encoding m := (−1)b entry wise. The sign of the interaction between qubit i
and j is given by mimj ∈ {−1, +1}. We call H(m) the encoded Hamiltonian.

Given time steps λm ≥ 0 during which the encoding m is used, we consider unitaries of the
form ∏

m

e−iλmH(m) = e−i
∑

m
λmH(m) =: e−iH , (3)

where we used that the diagonal Hamiltonians H(m) mutually commute. For all possible encodings
m ∈ {−1, +1}n we collect the time steps λm in a vector λ ∈ R2n

and interpret t =
∑

m λm as
the total gate time of the unitary e−iH , implemented by the sequence of unitaries (3). Moreover,
we use the symmetry

(−m)(−m)T = mmT (4)
to reduce the degrees of freedom in λ from 2n to 2n−1 by adding up λm + λ−m to a single time
step.

The so generated unitary is the time evolution operator under the total Hamiltonian

H = −
n∑

i<j

Aijσi
zσj

z , (5)

where we have defined the total coupling matrix

A := J ◦
∑

m

λmmmT , (6)

and used the linearity of the Hadamard (entry-wise) product ◦. By construction, A is a symmetric
matrix with vanishing diagonal. Let us define the

(
n
2
)
-dimensional subspace of symmetric matrices

with vanishing diagonal by

Sym0(Rn) := {M ∈ Sym(Rn) |Mii = 0 ∀i ∈ [n]} . (7)

For A ∈ Sym0(Rn), we define an associated multi-qubit gate GZZ(A), where GZZ stands for “global
ZZ interactions”,

GZZ(A) := exp


i

n∑

i<j

Aijσi
zσj

z


 . (8)

To determine which matrices can be decomposed as in Eq. (6), we denote the non-zero index
set of a symmetric matrix as nz(M) := {(i, j) |Mij ̸= 0, i < j}. Then, the subspace of matrices A ∈
Sym0(Rn) that can be decomposed as in Eq. (6) is exactly given by the condition nz(A) ⊆ nz(J),
which we assume to hold from now on. Thus, all-to-all connectivity enables to decompose any
coupling matrix A ∈ Sym0(Rn) but is not strictly required by our approach. We call the number
of encodings m needed for the decomposition the encoding cost of GZZ(A), and

∑
m λm the total

GZZ time. Note, that both quantities depend on the chosen decomposition.
It is convenient to abstract the following analysis from the physical details given by J . For a

matrix A ∈ Sym0(Rn) with nz(A) ⊆ nz(J), its possible decompositions are in one-to-one corre-
spondence with the decompositions of the matrix M := A⊘ J ∈ Sym0(Rn) where

(A⊘ J)ij :=
{

Aij/Jij , i ̸= j and Jij ̸= 0 ,

0, otherwise .
(9)
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We further define the linear operator

V : R2n−1

≥0 → Sym0(Rn),

λ 7→
∑

m

λmmmT ,
(10)

represented in the standard basis by a matrix

V ∈ {−1, +1}(n
2)×(2n−1) . (11)

Let v : Sym0(Rn) → R(n
2) be the (row-wise) vectorization of the upper triangular part of the

matrix input such that the columns of V are given by v(mmT ). Our objective is to minimize the
total gate time and the amount of m’s needed to express the matrix M ∈ Sym0(Rn). To this end
we formulate the following linear program (LP):

minimize 1T λ

subject to V λ = v(M),

λ ∈ R2n−1

≥0 ,

(12)

where 1 = (1, 1, . . . , 1) is the all-ones vector such that 1T λ =
∑

m λm. A feasible solution is an
assignment of the variables that fulfills all constraints of the optimization problem and an optimal
solution is a feasible solution which also minimizes/maximizes the objective function. Throughout
this paper, we indicate optimal solutions by an asterisk, e.g. λ∗. Note, that the LP (12) has a
feasible solution for any symmetric matrix M with vanishing diagonal [6, Theorem II.2]. The
theory of linear programming then guarantees the existence of an optimal solution with at most(

n
2
)
non-zero entries [6, Proposition II.3].
A standard tool in convex optimization is duality [14] which will be used in Section 7. The

dual LP to the LP (12) reads as follows:

maximize ⟨M, y⟩

subject to V T y ≤ 1,

y ∈ R(n
2) ,

(13)

with the inner product ⟨ · , · ⟩ : Sym0(Rn) × R(n
2) → R, ⟨M, y⟩ 7→ v(M)T y. Here, inequalities

between vectors are to be understood entry-wise. A simple, but important fact is the following: If
λ∗ is an optimal solution to the primal LP (12), then any feasible solution y to the dual LP (13)
provides a lower bound as ⟨M, y⟩ ≤ 1T λ∗. Moreover, the feasibility of the LP (12) implies that we
have strong duality : if y∗ is a dual optimal solution, then we have equality between the optimal
values, ⟨M, y∗⟩ = 1T λ∗.

3 Main results
We want to highlight our main contributions. First, we provide the hardness results for the
synthesis of time-optimal GZZ gates.

Theorem (Theorem 6). The decision version of the LP (12), is NP-complete.

We say that the synthesis of time-optimal multi-qubit gates (solving LP (12)) is NP-hard in
the sense of the function problem extension of the decision problem class NP [15]. We circumvent
the hardness of the time-optimal multi-qubit gate synthesis by providing an explicit construction
of GZZ gates realizing next neighbor coupling with constant gate time and linear encoding cost.
The assumption of a constant subdiagonal of J is physically motivated and can be realized in an
ion trap [16].
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Theorem (Theorem 10, informal). Let the subdiagonal of J and A be a constant with values c
and φ respectively. Then GZZ(A) on n qubits has the encoding cost of d ≤ 2n and constant total
GZZ time 2φ/c. This total gate time is optimal.

In Section 6 we define Algorithm 3 and introduce LP (41), a polynomial time heuristic to
synthesize GZZ gates with small, but not necessarily minimal, gate time. This heuristic does not
rely on any further assumptions and is applicable for arbitrary J, A ∈ Sym0(Rn). In Section 8 we
show numerically that this heuristic leads to GZZ gate times close to the optimum while solving
the synthesis problem much faster.

Furthermore, we proof lower and upper bounds on the GZZ gate time.

Theorem (Theorem 15). The optimal total gate time of GZZ(A) with A ∈ Sym0(Rn) is lower and
upper bounded by

∥A⊘ J∥ℓ∞ ≤ 1T λ∗ ≤ ∥A⊘ J∥ℓ1 . (14)

Here, the upper bound scales quadratic in n for a constant matrix M = A ⊘ J . This upper
bound is loose in the sense that it also holds for the GZZ gates constructed by the heuristic in
Section 6. Therefore, we tighten the upper bound to a linear scaling in n.

Conjecture (Conjecture 16). The optimal gate time of GZZ(A) with A ∈ Sym0(Rn) is tightly
upper bounded by

1T λ∗ ≤ ∥A⊘ J∥ℓ∞ ·
{

n , for odd n ,

n− 1 , for even n .
(15)

We provide evidence for this conjecture using an explicit construction (Theorem 21) that re-
alizes the conjectured upper bound for any n, as well as numerical evidence for n ≤ 8 (Fig. 1).
Unfortunately, we were not able to prove this result and state the challenges in Appendix A.

4 Synthesizing time-optimal GZZ gates is NP-hard
In this section, we investigate the complexity of solving the gate synthesis problem stated as
LP (12). We observe that LP (12) is an optimization over the convex cone generated by

En :=
{

mmT
∣∣ m ∈ {−1, +1}n, mn = +1

}
, (16)

which is the set of outer products generated by all possible encodings m. Due to the symmetry
Eq. (4) we can uniformly fix the value of one entry of m. We chose the convention mn = +1.
In the literature En is also known as the elliptope of rank one matrices [17]. In the following, we
consider the polytope

conv(En) :=
{∑

i

λiri

∣∣∣∣∣
∑

i

λi = 1, λi ≥ 0, ri ∈ En

}
, (17)

and show the connection to graph theory, in particular to the cuts of graphs.

Definition 1 (cut polytope [7]). Let Kn = (Vn, En) be a complete graph with n vertices. Denote
δ(X) the set of all edges with one endpoint in X ⊂ Vn and the other endpoint in its complement
X̄, i.e., δ(X) defines the cut between X and X̄. Let χδ(X) ∈ {0, 1}|En| denote the characteristic
vector of a cut, with χ

δ(X)
e = 1 if e ∈ δ(X) and χ

δ(X)
e = 0 otherwise. We define the cut polytope

as the convex hull of the characteristic vectors

CUTn := conv
{

χδ(X) ∈ {0, 1}|En|
∣∣∣ X ⊆ Vn

}
. (18)

Lemma 2. For all n, CUTn is isomorphic to conv(En).

Proof. For each X ⊂ Vn we set mi = +1 if i ∈ X and mi = −1 if i ∈ X̄. Note, that there are
2n−1 different pairs of X and X̄. We then have mimj = −1 if i ∈ X and j ∈ X̄ (or the other way
around), and mimj = +1 if i, j ∈ X or i, j ∈ X̄. So the characteristic vector can be written as
χ

δ(X)
e = (1−mimj)/2 for each edge e ∈ En connecting vertices i and j. This is clearly a bijective

affine map between the vertices and thus CUTn is isomorphic to conv(En).
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The following decision problems are membership problems, where the task is to decide if a
given element x belongs to a set or not. In our case x is a vector and the set is a polytope.

Problem 3 (CUTn membership).
Instance The adjacency matrix M ∈ Sym0(Qn

≥0) of a weighted undirected graph with non-negative
weights.

Question Is M ∈ CUTn?

Problem 4 (conv(En) membership).
Instance The matrix M ∈ Sym0(Qn).
Question Is M ∈ conv(En)? That is, does there exist a decomposition M =

∑
i λiri with ri ∈ En

such that λi ≥ 0 and
∑

i λi = 1?

It is well known that the membership problem of the cut polytope, Problem 3, and Problem 4
are NP-complete [8, 18, 19]. Next, we state the decision version of our gate synthesis optimization.

Problem 5 (time-optimal multi-qubit gate synthesis).
Instance The matrix M = A⊘ J ∈ Sym0(Qn) and a constant K ∈ Q≥0.
Question Is there a decomposition M =

∑
i λiri with ri ∈ En such that λi ≥ 0 and

∑
i λi ≤ K?

Theorem 6. Problem 5, which is the decision version of the LP (12), is NP-complete.

Proof. A solution of Problem 5 can be verified in polynomial time since there always exists a
decomposition

∑
i λiri of M with minimal

∑
i λi which has at most

(
n
2
)

= n/2(n − 1) non-zero
terms [6, Proposition II.3]. Therefore, Problem 5 is NP.

To show that Problem 5 is NP-hard, we construct a polynomial-time mapping reduction from
Problem 4 to Problem 5. Given the matrix M ∈ Sym0(Qn) and a constant K ∈ Q≥0 as an instance
for Problem 5, let λi ≥ 0 be the positive coefficients of the decomposition. If we find

∑
i λi < K,

then we can always add additional λ’s such that equality holds. We choose the additional λ’s as the
coefficients of the decomposition for the all-zero matrix, see e.g. Lemma 8 below with k = 1n for an
explicit construction. We define the matrix M ′ := M/K and the positive coefficients λ′

i := λi/K.
Then M ′ =

∑
i λ′

iri with ri ∈ En and
∑

i λ′
i = 1.

5 Time-optimal GZZ synthesis for special instances
Although, solving the LP (12) is NP-hard we present explicit optimal solutions for certain families
of instances which is equivalent to constructing time-optimal GZZ gates. The constructions of
this section yield a qubit-independent total GZZ time which satisfies the optimal lower bound of
Lemma 7 below. Moreover, we show that some GZZ gates can be synthesized with an encoding cost
independent of the number of qubits. However, most of these constructions assume constant values
for the elements of the band-diagonal of the physical coupling matrix J . These assumptions are
relaxed throughout this section providing explicit optimal solutions for physically relevant cases.
These results build the foundation for the heuristic algorithm for fast GZZ gate synthesis in the
next section.

By ∥M∥ℓp we denote the ℓp-norm of a symmetric matrix M , which is given as the ℓp-norm of a
vector v(M) containing all lower/upper triangular matrix elements in some order. First, we proof
a lower bound on the optimal total GZZ time which can be used to verify time-optimality.

Lemma 7. For any M ∈ Sym0(Rn) the optimal objective function value of the LP (12) is lower
bounded by

∥M∥ℓ∞ ≤ 1T λ∗ . (19)

Proof. The lower bound can be verified by the fact that the matrix representation V of the linear
operator in Eq. (10) only has entries ±1 and that λ∗ is non-negative. Thus, it holds that ∥M∥ℓ∞ =
∥V λ∗∥ℓ∞ ≤ 1T λ∗.

Next, we provide calculation rules for the coupling matrix A ∈ Sym0(Rn) of the GZZ(A) gate.
These rules are inherited from matrix exponentials. Let A1, A2, A3 ∈ Sym0(Rn) then
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(i) GZZ(A1 + A2) = GZZ(A1) GZZ(A2),
(ii) GZZ(A1 ⊕A2) = GZZ(A1)⊗ GZZ(A2) and
(iii) GZZ(A1 ◦A2) = GZZ(A3), where the coupling matrices can be decomposed as

A1 :=
d1∑

k=1
λmk

mkmT
k , A2 :=

d2∑

k=1
βvk

vkvT
k , A3 :=

d3∑

k=1
γwk

wkwT
k ,

with d3 = d1d2, wk = (mi ◦ vj)k=d2i+j and γwk
= (λmiβvj )k=d2i+j for j = 1, . . . , d2 and

i = 0, . . . , d1 − 1.
In Item (iii) we can also express γ = λ⊗β with the Kronecker product. Note, that these generated
GZZ gates are not necessarily time-optimal.

We denote the k × k identity matrix by 1k, the k dimensional all-ones vector by 1k and the
k × k matrix of ones with vanishing diagonal by Ek := 1k1T

k − 1k. With the next two lemmas,
we bound the encoding cost and total gate time for special cases of Item (i) and Item (ii), where
the total gate time is constant. These results will provide a basis for all other constructions. The
following result constructs total coupling matrices A ∈ Sym0(Rn) on arbitrary subsets of qubits.

Lemma 8. Let the coupling matrix J be constant, i.e. Jij = c ∈ R≥0 for all i, j ∈ [n] with i ̸= j.
For any φ ∈ R and s ∈ Z≥0 the GZZ(A) with the matrix

A = φ
s⊕

i=1
Eki

, (20)

with ki ≥ 1 for i = 1, . . . , s has the encoding cost of d = 2⌈log2(s)⌉ ≤ 2s and constant total GZZ
time φ/c. This total gate time is optimal.
Proof. W.l.o.g. we set c = φ = 1. We have n :=

∑s
i=1 ki qubits. Note, that Eki

= E1 = 0 only
contributes to an entry in the diagonal of A, and hence this qubit does not participate in the
GZZ(A) gate. We denote the d×d Hadamard matrix by Hd×d and the matrix consisting of its first
s columns by Hd×s where s ≤ n. The orthogonality of the columns of any Hadamard matrix yields
(Hd×s)T Hd×s = d1s. Replacing each i-th column by ki copies of it we obtain the d × n-matrix
Hd×n

k from Hd×s. Then, we attain the diagonal block matrix structure

(Hd×n
k )T Hd×n

k − d1n = d

s⊕

i=1
Eki . (21)

We set the diagonal elements on the left-hand side to zero, since they only contribute to an energy
offset in the Hamiltonian. Take each row of Hd×n

k as a possible vector m ∈ {−1, 1}n to construct
the total coupling matrix

A = 1
d

∑

m∈rows(Hd×n
k

)

mmT , (22)

i.e., the time steps have been chosen as λm = 1
d [m ∈ rows(Hd×n

k )], with the Iverson bracket [ · ].
Clearly, we have

∑
m λm = 1. If we take the constants c and φ into account, we just multiply

Eq. (22) by φ/c which gives a total GZZ time of φ/c. Furthermore, this total GZZ time is optimal
since ∥M∥ℓ∞ = ∥A⊘ J∥ℓ∞ = φ/c satisfies the lower bound of Lemma 7.

The encoding cost of GZZ(A) considered in this lemma can be reduced if redundant encodings
m = m′ ∈ {−1, 1}n are present by adding the corresponding time steps λm + λm′ . It can be
further reduced by using the Hadamard conjecture [20, 21]. If the Hadamard conjecture holds, then
there exists Hadamard matrices of any dimension divisible by 4. It is known that the Hadamard
conjecture holds for dimensions s ≤ 668 [22, 23], thus the encoding cost can be reduced to d =
4⌈s/4⌉ ≤ s− 4 in this regime. The encoding cost of the following Lemma 9, Theorems 10 and 11
and the efficient heuristic in Section 6 can be reduced in the same fashion.

The assumption in Lemma 8 of a constant coupling matrix, Ji̸=j = c, is physically unreasonable.
Therefore, we relax this assumption for block sizes ki = 2 which corresponds to pairwise next
neighbor couplings. We use Lemma 8 to construct time-optimal GZZ gates for a certain family of
coupling matrices.
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Lemma 9. Let n be even and the coupling matrix J be constant on the first subdiagonal (the other
elements are arbitrary), i.e. Jij = c for i ∈ [n− 1] and j = i± 1. Then

GZZ(A) =
n/2⊗

i=1
GZZ(φE2) , (23)

has the encoding cost of d = 2⌈log2(n)−1⌉ < n and constant total GZZ time φ/c. This total gate
time is optimal.

Proof. Since the matrix E2 only has non-zero entries in the first subdiagonal, the coupling matrix
J only needs to be constant there. The claim follows immediately from Lemma 8 by setting
k1 = · · · = kn/2 = 2. Clearly, the total GZZ time is optimal since it saturates the lower bound of
Lemma 7.

Lemma 9 guarantees an encoding cost of d < n, which is a quadratic saving compared to the
general LP solution with encoding cost

(
n
2
)
. We note, that

A = φ

n/2⊕

i=1

(
0 1
1 0

)
(24)

corresponds to parallel ZZ(φ) gates, which find applications in simulating molecular dynamics [24].
The assumption of a constant subdiagonal of J can be realized in an ion trap platform by applying
an anharmonic trapping potential [16].

By combining (i), Lemma 8 and Lemma 9 we obtain the GZZ gate for next neighbor coupling.

Theorem 10. Let the subdiagonal of J be constant, i.e. Jij = c for i ∈ [n−1] and j = i±1. Then
GZZ(A) on n qubits with

A = φ




0 1
1 0 1

1 0 1
1 0 1

. . .




, (25)

has the encoding cost of d ≤ 2n (for n > 4) and constant total GZZ time 2φ/c. This total gate
time is optimal.

Proof. We set c = φ = 1 w.l.o.g. For now, we assume that n is even. Then

A =
n/2⊕

i=1
E2 + E1

⊕



n/2−1⊕

i=1
E2


 ⊕

E1

=




0 1
1 0

0 1
1 0

. . .




+




0
0 1
1 0

0 1
1 0

. . .




=




0 1
1 0 1

1 0 1
1 0 1

. . .




(26)

Again, the diagonal entries do not contribute to the interactions. The first term can be imple-
mented, using Lemma 9, with the encoding cost d1 = 2⌈log2(n)−1⌉ and the GZZ time of 1. The
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second term can be implemented, using Lemma 8, as
s⊗

i=1
GZZ(φEki

) , (27)

where s = n/2 + 1, k1 = ks = 1 and ki = 2 for i = 2, . . . , n/2, with the encoding cost d2 =
2⌈log2(n+2)−1⌉ and the GZZ time of 1. Adding the encoding costs d = d1 + d2 and GZZ times of
both terms yields the desired result. If n is not even, then repeat the previous steps for n + 1 but
in the end reduce the dimension of all the resulting m by discarding the last entry.

This construction corresponds to a feasible solution of the primal LP (12) with the objective
function value 2. To show optimality it suffices to construct a feasible solution for the dual LP (13)
with the objective function value of 2. First, consider the case n = 3 with the total coupling matrix

A =




0 1 0
1 0 1
0 1 0


⇒ v(A)T = (1, 0, 1) , (28)

and the matrix representation of the linear operator

V T =




1 1 1
1 −1 −1
−1 1 −1
−1 −1 1


 , (29)

as in Eq. (10). A feasible dual solution satisfying V T y ≤ 1 is y = (1,−1, 1)T . Thus, we can verify
optimality for n = 3 since the objective function value is ⟨A, y⟩ = v(A)T y = 2. Now, we consider
arbitrary n > 3. Extending the dual solution for the case n = 3 with zeros y = (1,−1, 1, 0, . . . , 0)T

does not change the objective function value ⟨A, y⟩ = v(A)T y = 2. Such an extended dual
solution is still feasible since V T restricted to the first three columns only has rows which are
already contained in Eq. (29) due to the symmetry of Eq. (4).

Algorithm 1 is the pseudocode implementation of Theorem 10. It takes the number of qubits n,
the constant value c of the subdiagonal of J and the factor φ of A as input and returns the sparse
vector λ, containing the time steps. The encodings m are given by the indices of the non-zero
elements λm ̸= 0.

Algorithm 1 Synthesize GZZ(A) as in Theorem 10.
Input: n, c, φ

Initialize λ = 0 ∈ R2n

is_odd ← false
if n odd then

n← n + 1
is_odd ← true

Let Hd1×d1
1 be a Hadamard matrix ▷ With d1 = 2⌈log2(n)−1⌉ as in Lemma 9

H
d1× n

2
1 ← n

2 columns of Hd1×d1
1 ▷ It does not matter which columns

Hd1×n
1 ← duplicate columns i = 1, . . . , n

2 of H
d1× n

2
1

Let Hd2×d2
2 be a Hadamard matrix ▷ With d2 = 2⌈log2(n+2)−1⌉

H
d2×( n

2 +1)
2 ← n

2 + 1 columns of Hd2×d2
2 ▷ It does not matter which columns

Hd2×n
2 ← duplicate columns i = 2, . . . , n

2 of H
d2×( n

2 +1)
2

for j ∈ {1, 2} do
if is_odd then

Delete one column of H
dj×n
j ▷ It does not matter which column

for m ∈ rows(Hdj×n
j ) do

λm ← φ
djc

Output: λ ▷ Can efficiently be saved in a sparse data format
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The following theorem does not require any additional assumptions on J . It shows, how the
LP (12) can be supplemented with the explicit solution to exclude certain qubits.

Theorem 11 (Excluding qubits). Let N be the total number of qubits on the quantum hardware
and n = N − s be the participating qubits in the GZZ gate. Synthesize the GZZ(A) gate with A ∈
Sym0(Rn), using the LP (12). Then, the total encoding cost (on N qubits) is at most

(
n
2
)
2⌈log2(s+1)⌉

and the total GZZ time, 1T λ∗, (on N qubits) is the same as for the LP run on n qubits.

Proof. Assume w.l.o.g. that all qubits to be excluded are at the end of the qubit array. Let k1 = n
and k2, . . . , ks+1 = 1. Using Lemma 8 we obtain an encoding cost of d1 = 2⌈log2(s+1)⌉ and total
GZZ time 1 to generate the matrix

A1 =
(

En 0
0 0

)
. (30)

Solving the LP (12) for a matrix A ∈ Sym0(Rn) yields the encoding cost d2 =
(

n
2
)

and the total
GZZ time 1T λ∗. We define the extension of A ∈ Sym0(Rn) by A2 ∈ Sym0(RN ). The extension
can be done by appending s arbitrary elements in {−1, +1} to all vectors m ∈ {−1, +1}n given
by the LP (12). Clearly,

A1 ◦A2 =
(

En 0
0 0

)
◦

(
A ∗
∗ ∗

)
=

(
A 0
0 0

)
. (31)

By (iii), the total encoding cost is d1d2 and the total GZZ time is

d1∑

i=1

d2∑

j=1
1/d1λ∗

j = 1T λ∗ . (32)

Consider now an arbitrary coupling matrix J . Then

J ◦A1 ◦A2 = J ◦
(

En 0
0 0

)
◦

(
Ã ∗
∗ ∗

)
=

(
A 0
0 0

)
, (33)

where Ã = A⊘ J is decomposed by the LP (12).

Algorithm 2 takes the total number of qubits N , the total coupling matrix A (on n qubits) and
the set Z := {i ∈ [N ] | exclude qubit i} as input and returns the sparse vector γ, containing the
time steps. The encodings w are given by the indices of the non-zero elements γw ̸= 0.

Algorithm 2 Excluding qubits.
Input: N, A,Z (set of qubit indices to be excluded)

Initialize γ = 0 ∈ R2N

s← |Z|
Z ← {i ∈ [N ] | i /∈ Z}
Let Hd1×d1

1 be a Hadamard matrix ▷ With d1 = 2⌈log2(s+1)⌉

H
d1×(s+1)
1 ← s + 1 columns of Hd1×d1

1 ▷ It does not matter which columns
Hd1×N

1 ← duplicate one column of H
d1×(s+1)
1 n− 1 times and place them at indices i ∈ Z

λ∗ ← Solve A =
∑

m λmmmT ▷ using LP (12)
for v ∈ rows(Hd1×N

1 ) do
for m ∈ {m | λ∗

m ̸= 0} do ▷ There are at most
(

n
2
)

such m
m̃← extend m with arbitrary elements from {−1, +1} at indices i ∈ Z.
w ← v ◦ m̃
γw ← λ∗

m

d1

Output: γ ▷ Can efficiently be saved in a sparse data format

We showed explicit constructions of time-optimal GZZ gates for total coupling matrices A ∈
Sym0(Rn) with diagonal block structure and next neighbor couplings. The resulting GZZ gates
have a constant gate time and require only linear many encodings to be implemented.
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6 Efficient heuristic for fast GZZ gates
In this section, we build on the results of Lemma 8 to derive a heuristic algorithm for synthesizing
GZZ(A) gates with low total gate time for any A ∈ Sym0(Rn). This algorithm runs in polynomial
time as opposed to the general LP (12), which we have shown in Theorem 6 to be NP-hard. The
runtime saving is due to the restriction of the elliptope En in Eq. (16), with exponential many
elements, to a set with polynomial many elements. This restriction yields a polynomial sized LP
which can be solved in polynomial time. In practice, the simplex algorithm has a runtime that
scales polynomial in the problem size [25].

Recall the modified Hadamard matrix Hd×n
k defined in the proof of Lemma 8, where we used

the rows of Hd×n
k as encodings m to generate block diagonal target coupling matrices under some

assumptions. Here, s is the number of block matrices on the diagonal of the target matrix, k ∈ Ns

contains the dimensions for each block and d = 2⌈log2(s)⌉ is the required number of encodings to
construct such a block diagonal matrix. From now on, we only consider k = (j, 1 . . . 1) ∈ Ns such
that

(Hd×n
k )T Hd×n

k − d1n = d (Ej ⊕ E1 ⊕ · · · ⊕ E1) , (34)

see Eq. (21). The requirement that
∑

i ki = n implies that such a vector k has s = n − j + 1
entries. Permuting the columns of Hd×n

k results in the same permutation of the rows and columns
of the right-hand side of Eq. (34). We denote the set of all column-permuted Hd×n

k by C(j). A
specific element of C(j) is denoted by Hd×n

r , where r ∈ Nj is an ordered multi-index r1 < · · · < rj

indicating which columns of Hd×n
r are identical. For example, r = (2, 5, 6) indicates that the

columns of Hd×n
r with indices 2, 5 and 6 are identical, i.e. replacing column 5 and 6 with column

2. This notation will be useful later.

Definition 12. For any j ∈ {2, 3, . . . , n}, we define the restricted elliptope

E(j)
n :=

{
mmT

∣∣∣ m is a row of Hd×n
r ∈ C(j)

}
. (35)

Further we define

E [j]
n :=

j⋃

i=2
E(i)

n . (36)

We choose the definition in Eq. (35) similar as in Eq. (16). Next, we show the size scaling of
the restricted elliptopes. This directly translates to the size and runtime of the heuristic synthesis
optimization.

Proposition 13. For any j ∈ {2, 3, . . . , n}, the number of different encodings m generating the
restricted elliptope E [j]

n scales as O(nj+1).

Proof. Note, that |C(j)| =
(

n
j

)
since there are j duplicate columns in Hd×n

r . The binomial coefficient
can be bounded by

(
n
j

)
≤ nj/j!. Since there are d = 2⌈log2(n−j+1)⌉ < 2(n − j + 1) rows of

Hd×n
r we have a rough upper bound of the number different encodings generating the restricted

elliptope,
∣∣E(j)

n

∣∣ ≤ d
(

n
j

)
< 2(n − j + 1)

(
n
j

)
< 2nj+1/j!. The first inequality is due to possible

redundant encodings in the definition of E(j)
n . Similarly, we can upper bound

∣∣E [j]
n

∣∣ ≤∑j
i=2

∣∣E(i)
n

∣∣ <

2
∑j

i=2 ni+1/i! which is a polynomial of order j + 1.

We denote the convex cone generated by a set V by

cone(V ) :=
{∑

i

λivi

∣∣∣∣∣ λi ≥ 0, vi ∈ V

}
. (37)

With that, we are ready to present the main result of this section.

Theorem 14. cone(E(2)
n ) = Sym0(Rn).
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Proof. W.l.o.g. we can assume d = n and denote Hd×d
r ∈ C(2) by Hd

(r1,r2) with the property

(Hd
(r1,r2))T Hd

(r1,r2) − d1d = d e(r1,r2) , (38)

where e(r1,r2) is an element of the standard basis for symmetric matrices with vanishing diagonal.
By Eq. (38) it holds Sym0(Rn

≥0) ⊆ cone(E(2)
n ), i.e., symmetric matrices with non-negative entries

are in the convex cone.
It is left to show that Sym0(Rn

<0) ⊆ cone(E(2)
n ), i.e., that also symmetric matrices with negative

entries are in the convex cone. To show this inclusion we define Hd
(r1,−r2) similar as Hd

(r1,r2) except
the duplicate column at r2 is multiplied by −1 such that

(Hd
(r1,−r2))T Hd

(r1,−r2) − d1d = −d e(r1,r2) . (39)

We have to show that for each row m ∈ rows(Hd
(r1,−r2)) there exist r̃1 and r̃2 such that m ∈

rows(Hd
(r̃1,r̃2)). This can be verified straightforwardly for d = 4 by checking all rows. W.l.o.g.

we show that the hypothesis holds for any H2d
(r1,−r2) by assuming it holds for Hd

(r1,−r2). The
Sylvester-Hadamard matrix is constructed inductively according to

H2d =
(

Hd Hd

Hd −Hd

)
. (40)

We consider three cases for H2d
(r1,−r2).

Case 1. For a H2d
(r1,−r2) with identical columns, up to minus sign, at indices r1, r2 ∈ [d] or r1, r2 ∈

[d + 1, 2d] the hypothesis holds by our assumption by choosing r̃1, r̃2 ∈ [d] or r̃1, r̃2 ∈ [d + 1, 2d]
respectively.

Case 2. Considering the first d rows of H2d
(r1,−r2) with identical columns, up to minus sign, at

indices r1 ∈ [d] and r2 ∈ [d + 1, 2d]. This case is equivalent to Case 1. with r1, r2 ∈ [d + 1, 2d] since
only the column at r2 is negated.

Case 3. Considering the last d rows of H2d
(r1,−r2) with identical columns, up to minus sign, at

indices r1 ∈ [d] and r2 ∈ [d + 1, 2d]. These rows are included in the last d rows of H2d
(r̃1,r̃2) with

r̃1, r̃2 ∈ [d+1, 2d] and r̃2 = r2 since the column r2 is negated which is equivalent to just duplicating
a column of −Hd.

We have shown that for each row m ∈ rows(Hd
(r1,−r2)) there exist r̃1 and r̃2 such that m ∈

rows(Hd
(r̃1,r̃2)). Therefore, Sym0(Rn

<0) ∪ Sym0(Rn
≥0) = Sym0(Rn) = cone(E(2)

n ). The last equality
follows from the definition of cone and E(2)

n .

Theorem 14 shows that the constraint of LP (12) can always be fulfilled only considering
mmT ∈ E(2)

n . Similar to Eq. (10) we define the restricted linear operator V [j] : Rs
≥0 → Sym0(Rn) :

λ 7→∑
m λmmmT for all mmT ∈ E [j]

n with h = |E [j]
n |, represented by a matrix V [j] ∈ {−1, +1}((n

2))×h.
We define the restricted LPj to be

minimize 1T λ

subject to V [j]λ = v(M),
λ ∈ Rh

≥0 .

(41)

Algorithm 3 summarizes the steps to construct E [j]
n and therefore the matrix representation of the

restricted linear operator V [j]. In practice, Algorithm 3 has to be executed only once per number
of qubits n since the constraints of LP (41) can be fulfilled for all M ∈ Sym0(Rn). This is due
to the fact that E(2)

n ⊆ E [j]
n for any 2 ≤ j ≤ n and cone(E(2)

n ) = Sym0(Rn) (Theorem 14). The
time and space complexity of Algorithm 3 scales polynomially in n as shown in Proposition 13.

Accepted in Quantum 2024-03-04, click title to verify. Published under CC-BY 4.0. 12

118 CHAPTER 6. APPENDIX



Therefore, the restricted LPj is also of polynomial size for a fixed j. Increasing j leads to better
approximations due to the enlarged search space for the optimal solution. Note, that the runtime
of the mixed integer program (MIP) defined in [6, Section 2.2.2] also benefits from using E [j]

n .
As mentioned in Section 5 the dimension of the Hadamard matrices in Eq. (34) can be reduced

to d = 4⌈(n − 1)/4⌉ ≤ n − 5 if we assume that the Hadamard conjecture holds. Therefore, the
runtime of the restricted LPj is reduced as well if such Hadamard matrices are used. In Section 8
we numerically benchmark the heuristic algorithm with and without the reduced runtime of the
restricted LPj .

Algorithm 3 Constructing E [j]
n .

Input: n, j

Initialize E [j]
n = ∅

for i = 2, . . . , j do
Initialize E(i)

n = ∅
Let Hd×d be a Hadamard matrix ▷ With d = 2⌈log2(n−i+1)⌉

Hd×(n−i+1) ← n− i + 1 columns of Hd×d ▷ It does not matter which columns
for all r such that 1 ≤ r1 < · · · < ri ≤ n do ▷ There are

(
n
i

)
such r

Hd×n
r ← duplicate one column of Hd×(n−i+1) i− 1 times to indices r1, . . . , ri

E(i)
n ← E(i)

n ∪
{

mmT
∣∣ m is a row of Hd×n

r

}

E [j]
n ← E [j]

n ∪ E(i)
n

Output: E [j]
n

7 Bounds on the total GZZ time
Our main analytic result (Theorem 15) is that the optimal total GZZ time 1T λ∗ is lower and upper
bounded by the norms ∥M∥ℓ∞ and ∥M∥ℓ1 , respectively. Note, that for a dense matrix M , its norm
∥M∥ℓ1 scales quadratic with the number of qubits n. We conjecture an improved upper bound
on the total GZZ time for dense M that scales at most linear with the number of qubits n. We
support this conjecture with explicit solutions for the LP (12) reaching this bound for any n and
numerical results validating the conjecture for n ≤ 8.

Theorem 15. The optimal total gate time of GZZ(A) with A ∈ Sym0(Rn) is lower and upper
bounded by

∥M∥ℓ∞ ≤ 1T λ∗ ≤ ∥M∥ℓ1 , (42)

where M := A ⊘ J . Equality holds for the lower bound for all matrices M = CmmT for any
m ∈ {−1, +1}n and C ≥ 0.

Proof. The lower bound has been shown in Lemma 7. Equality in the lower bound holds for
M = CmmT by setting λm = C = ∥M∥ℓ∞ and λm′ = 0 for all m′ ̸= m. We use the explicit
construction of the standard basis elements for symmetric matrices from the proof of Theorem 14
to show the upper bound. To be precise, we have

|Mij |
d

(Hd×n
r )T Hd×n

r − d1n = Mije(i,j) , (43)

where r = (i, j) if Mij ≥ 0 or r = (̃i, j̃) if Mij < 0 as in Eqs. (38) and (39), respectively. We
define λ(i,j) with the entries λ

(i,j)
m := |Mij |

d [m ∈ rows(Hd
r )]. According to Lemma 8 we have

1T λ(i,j) = |Mij |. Adding λ(i,j) for all i < j yields the upper bound ∥M∥ℓ1 .

These bounds get tighter the sparser M is. If M has only one non-zero value, then clearly
∥M∥ℓ∞ = 1T λ∗ = ∥M∥ℓ1 . Furthermore, these bounds also hold for the heuristic, which we
presented in Section 6.

Next, we state our conjecture that the optimal gate time of GZZ(A) scales at most linear with
the number of qubits.
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Conjecture 16. The optimal gate time of GZZ(A) with A ∈ Sym0(Rn) is tightly upper bounded
by

1T λ∗ ≤ ∥M∥ℓ∞ ·
{

n , for odd n ,

n− 1 , for even n .
(44)

Hence, it provides a tighter bound for dense M than Theorem 15. To support the claim of
Conjecture 16 we first construct explicit dual and primal feasible solutions for the case M = −En for
the LP’s (12) and (13), respectively. Then optimality is given by showing equality of the objective
function values of the primal and dual problem. We further show that the case M = −En leads
to the same objective function value as M = −mmT for any m ∈ {−1, 1}n. Finally, we provide
numerical evidence that the conjecture holds for n ≤ 8.

For practical purposes it is important to keep in mind that the platform given J matrix might
also scale with the number of qubits resulting in a qubit dependent constant ∥A⊘Jn∥ℓ∞ = ∥Mn∥ℓ∞ .

7.1 Explicit solutions for M = −mmT

The following lemma will be used in the proof of the explicit feasible solution of the dual problem
for M being of the form M = −mmT . We can identify m ∈ {−1, 1}n with b ∈ Fn

2 via m = (−1)b

as explained in Section 2.

Lemma 17. It holds that

Pb :=
n∑

i<j

(−1)bi⊕bj =
(

n

2

)
− 2|b|(n− |b|) , (45)

for any binary vector b ∈ Fn
2 . We denote the Hamming weight by |b|.

Proof. Let m = (−1)b. If the Hamming weight |b| vanishes, then m = (+1, . . . , +1) and Pb =
(

n
2
)

which is the maximal value. If |b| ̸= 0, m contains |b| entries −1, such that the upper triangular
part of mmT contains a rectangle of −1’s with length |b| and width n − |b| so the total amount
of −1’s is |b|(n− |b|). Therefore,

Pb =
(

n

2

)
− 2|b|(n− |b|) . (46)

Lemma 18 (explicit dual feasible solution). Let M = −En, then there is an explicit feasible
solution y to the dual LP (13) with

⟨−En, y⟩ =
{

n , for odd n ,

n− 1 , for even n .
(47)

Proof. We assume that y = y1 = y2 = . . . . Therefore, it suffices to show that

y
n∑

i<j

(−1)bi⊕bj ≤ 1 . (48)

From Lemma 17 we know that y = 1/ min(Pb)1 satisfies the constraint in Eq. (48). The minimum
min(Pb) = −⌊n/2⌋ is reached for |b| = ⌈n/2⌉ or |b| = ⌊n/2⌋ which can be verified from the
expression of Pb in Lemma 17. Thus, we obtain y = −1/⌊n/2⌋1. The objective function evaluates
to

⟨−En, y⟩ = −1T y =
(

n
2
)

⌊n/2⌋ =
{

n , for odd n ,

n− 1 , for even n .
(49)

For the construction of a feasible solution to the primal problem we first require the following
result.
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Lemma 19. Let k < n be natural numbers. Then
∑

b∈Fn
2 :|b|=k

|bi ⊕ bj | = 2
(

n− 2
k − 1

)
(50)

for all i, j ∈ [n] with i ̸= j.

Proof. Consider the case n = 4 and k = 2. We get
(4

2
)

= 6 binary vectors with |b| = 2. It can be
easily verified that

∑
|b|=2 |bi ⊕ bj | = 4 = 2

(2
1
)
. Now, we assume that for a given n and k < n the

Eq. (50) holds. It suffices to verify Eq. (50) for i ≤ n and j = n + 1. We fix k, define n′ := n + 1
and take a b ∈ Fn′

2 . We have
(

n+1
k

)
binary vectors with |b| = k.

For the case bn+1 = 0 we have
(

n
k

)
such vectors and

∑

|b|=k
bn+1=0

|bi ⊕ bn+1| =
∑

|b|=k

|bi| =
(

n− 1
k − 1

)
, (51)

for all i ≤ n. There are
(

n−1
k−1

)
different ways in placing k − 1 1’s.

For the case bn+1 = 1 we have
(

n
k−1

)
such vectors and

∑

|b|=k
bn+1=1

|bi ⊕ bn+1| =
∑

|b|=k

|bi ⊕ 1| =
(

n− 1
k − 1

)
, (52)

for all i ≤ n. There are
(

n−1
k−1

)
different ways in placing k − 1 0’s.

Combining the two cases bn+1 = 0 and bn+1 = 1 we obtain
∑

|b|=k

|bi ⊕ 0|+ |bi ⊕ 1| = 2
(

n− 1
k − 1

)
= 2

(
n′ − 2
k − 1

)
, (53)

for all i ≤ n.

We motivate the next lemma with the result of the explicit dual feasible solution for M =
−En from Lemma 18 and the complementary slackness condition. The complementary slackness
condition for a linear program states that if the i-th inequality of the dual problem is a strict
inequality for a feasible solution y, then the i-th component of a feasible solution of the primal
problem λ is zero:

(V T y)i < 1⇒ λi = 0 . (54)
We use this in the following lemma to construct a feasible solution for the primal LP (12).

Lemma 20 (explicit primal feasible solution). Let M = −En, then there is an explicit feasible
solution λ to the primal LP (12) with

1T λ =
{

n , for odd n ,

n− 1 , for even n .
(55)

Proof. For this proof we define

k :=
{

n , for odd n ,

n− 1 , for even n .
(56)

We only consider binary vectors of the set S := {b ∈ Fn
2 | |b| = ⌈n/2⌉, ⌊n/2⌋ and bn = 0}. This set

is motivated by the complementary slackness condition and Lemma 18. It can be calculated that
|S| =

(
k

⌊k/2⌋
)

using the recurrence relation
(

n

k

)
=

(
n− 1

k

)
+

(
n− 1
k − 1

)
(57)
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for the binomial coefficients. We show that
∑

b∈S

(−1)bi⊕bj = −Dn , (58)

for a constant Dn > 0, which we calculate later. If not explicitly stated, all equations in this proof
containing i, j hold for all i, j ∈ [n], i ̸= j. We denote λS by all λm = λb corresponding to the
encoding m = (−1)b with b ∈ S. If Eq. (58) holds, we can choose a λS = 1/Dn1 resulting in

∑

b∈S

λb(−1)bi⊕bj = −1 , (59)

which implies feasibility for M = −En. It is left to show Eq. (58) and determine Dn.
First, we consider odd n. By definition of S we have that bn = 0 for all b. Therefore, we

obtain
(

n−1
⌊n/2⌋

)
+

(
n−1

⌈n/2⌉
)

binary vectors with |b| = ⌈n/2⌉ or |b| = ⌊n/2⌋ respectively. Counting the
occurrences of “−1” in the sum of Eq. (58) is equivalent to counting the occurrences of “1” in the
sum ∑

b∈S

|bi ⊕ bj | = 2
((

n− 3
⌊n

2 ⌋ − 1

)
+

(
n− 3
⌈n

2 ⌉ − 1

))

= 2
(

n− 2
⌊n

2 ⌋

)
,

(60)

where we used Lemma 19, the recurrence relation for the binomial coefficients and ⌈n/2⌉ − 1 =
⌊n/2⌋. Counting the occurrences of “+1” in the sum of Eq. (58) yields

(
n− 1
⌊n

2 ⌋

)
+

(
n− 1
⌈n

2 ⌉

)
− 2

(
n− 2
⌊n

2 ⌋

)
=

(
n

⌊n
2 ⌋

)
− 2

(
n− 2
⌊n

2 ⌋

)
. (61)

where we used
(

n
⌊n/2⌋+1

)
=

(
n

⌊n/2⌋
)

for odd n. We now evaluate Eq. (58) for odd n

−Dn =
∑

b∈S

(−1)bi⊕bj =
(

n

⌊n
2 ⌋

)
− 4

(
n− 2
⌊n

2 ⌋

)

=
(

n

⌊n
2 ⌋

)
− n + 1

n

(
n

⌊n
2 ⌋

)

= −1
n

(
n

⌊n
2 ⌋

)
.

(62)

The case for even n follows the same steps as for odd n, resulting in

−Dn =
∑

|b|= n
2

(−1)bi⊕bj =
(

n− 1
n
2

)
− n

n− 1

(
n− 1

n
2

)

= −1
n− 1

(
n− 1

n
2

)
.

(63)

Equations (62) and (63) show that Dn = 1/k
(

k
⌊k/2⌋

)
and that Eq. (58) holds. Since |S| =

(
k

⌊k/2⌋
)

the objective function value is

1T λS =
(

k

⌊k/2⌋

)
1

1
k

(
k

⌊k/2⌋
) = k . (64)

From the equality of the objective functions for the primal and dual problem from Lemma 20
and Lemma 18 respectively we know that the proposed dual/primal feasible solutions for M = −En

are in fact optimal solutions. Now, we show that the GZZ gate time with M = −mmT for any
m ∈ {−1, +1}n is the same as for the case M = −En.
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Theorem 21. If A⊘ J =: M = −C(mmT ) for any m ∈ {−1, +1}n and C ≥ 0, then the optimal
gate time of GZZ(A) is

1T λ∗ = ∥M∥ℓ∞

{
n , for odd n ,

n− 1 , for even n .
(65)

Proof. The statement has been shown for the case M = −En by constructing an explicit solution.
It is left to show that the cases M = −C(mmT ) for a constant C ≥ 0 yield the same objective
function value. Since the objective function and the constraints are linear we can w.l.o.g. assume
C = 1. It is clear, that sign(Mij) = sign(−mimj) = −(−1)ci⊕cj for all i < j, with m = (−1)c.
Let y = −y sign(v(M)) for a y ∈ R, then each constraint of V T y ≤ 1 of the dual LP (13) reads as

y
∑

i<j

(−1)bi⊕bj⊕ci⊕cj = y
∑

i<j

(−1)b̃i⊕b̃j ≤ 1 , (66)

with b̃ := b⊕ c element wise. Consider the ordered set of all b ∈ Fn
2 with bn = 0, then b̃ is just a

permutation of that set. Due to the permutation symmetry of the qubits the optimal value of the
LP (12) for any M = −(mmT ) is the same as for the case M = −En. Setting y = −y sign(v(M))
with y = 1/⌊n/2⌋ as in the proof of Lemma 18 yields an optimal solution to the dual LP (13) for
the case M = −(mmT ).

Note that, trivially, the lower bound 1T λ∗ = ∥M∥ℓ∞ is reached if M = C(mmT ) for any
m ∈ {−1, +1}n and C ≥ 0.

One possibility to prove Conjecture 16 is to show, that the matrix M = −En maximizes the
value of the LP (12) among all matrices M ∈ Sym0([−1, +1]n). To this end, consider the LP

maximize ∥y∥ℓ1

subject to V T y ≤ 1,

y ∈ R(n
2) ,

(67)

which is independent of M ∈ Sym0([−1, +1]n). It holds that

max
V T y≤1

(
max

∥M∥ℓ∞ ≤1
⟨M, y⟩

)
= max

V T y≤1
∥y∥ℓ1 (68)

according to ∥x∥ℓ1 = max∥p∥ℓ∞ ≤1 pT x. Therefore, the optimal objective value of LP (67) is an
upper bound on all optimal objective values of LP (12). Clearly, the constructed solution in
Lemma 18 is feasible for LP (67). Unfortunately, proving that this constructed solution is optimal
is quite challenging, as we discuss in Appendix A.
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Figure 1: The optimal objective function value of the dual LP (13) over the number of qubits. Blue: The range
of optimal values for all binary M ∈ Sym0({−1, +1}n). Orange: The range of optimal values for all binary
M ∈ Sym0({−1, +1}n) without M = ±(mmT ) for any m ∈ {−1, +1}n.
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Figure 2: Comparing the performance of the original (optimal) LP (12) and the restricted LPj (41) for j = 2, 3, 4.
For each line we let the LP’s run for a fixed time. The black dashed line is the upper bound for the original
LP (12) from Conjecture 16. The reddish lines show the total GZZ times for the restricted LPj (41) for
j = 2, 3, 4. The blueish lines show the total GZZ times for the restricted LPj (41) using Hadamard matrices of
dimension d = 4 k to construct the restricted linear operator V [j]. Left: Average case scaling of the total GZZ
times. The data points and error bars show the mean and the standard deviation over 100 uniformly sampled
matrices Aij = Aji ∈ [−1, 1] for i < j. Right: Conjectured worst-case scaling of the total GZZ times. The
data points and error bars show the mean and the standard deviation over 100 binary matrices A = −mmT

with uniformly sampled encodings m ∈ {−1, 1}n.

8 Numerical results
8.1 Numeric validation of Conjecture 16 for small n

For the numeric validation of the conjecture for small n we solve the dual LP (13) for all binary
M ∈ Sym0({−1, +1}n) of which there are 2(n

2). For n = 3 there are only binary matrices of the form
M = ±(mmT ) and by Theorem 21 the conjecture holds. Figure 1 shows that Conjecture 16 holds
for n ≤ 8. For odd n ≤ 8 the cases M = −(mmT ) are in fact the only cases reaching the upper
bound. This can be seen in Fig. 1 by the blue area exceeding the orange area, which only consists
of the optimal values for all binary matrices without M = ±(mmT ) for any m ∈ {−1, +1}n.

8.2 Numerical benchmark for the heuristic
We compare the performance of the restricted LPj (41) to the original LP (12). To this end we
provide numerical results on the average-case and the conjectured worst-case scaling of the total
GZZ time. The left plot in Fig. 2 shows the average-case scaling of the total GZZ time. GZZ(A)
gates with uniformly sampled matrix elements Aij = Aji ∈ [−1, 1] for all i < j and i, j ∈ [n]
are synthesized. For the worst-case scaling of the right plot in Fig. 2, GZZ(A) gates with binary
matrices A = −mmT with uniformly sampled encodings m ∈ {−1, 1}n are synthesized. We note
that these are the matrices with the conjectured worst-case scaling for the LP and that the LPj

might have different worst-case matrices A. For convenience, we have set M = A, i.e. setting
J = En which omits the hardware specific time units given by the quantum platform. For realistic
J ’s and GZZ(A) gate times we refer to [6]. The Python package CVXPY [26, 27] with the GNU
linear program kit simplex solver [28] is used to solve the LP (12) and the restricted LPj (41).

Figure 2 shows the total GZZ time over the number of qubits n for the restricted LPj (41) and
LP (12). We assigned a fixed runtime (20 minutes) for each LP to synthesize GZZ(A) gates for all
sample matrices A and as many n as possible. Clearly, the runtime of the heuristic algorithm is
much shorter than the runtime of the optimal LP (12). Increasing the hierarchy of the heuristic
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j > 2 reduces the total GZZ time significantly while still maintaining a short runtime. The total
GZZ time obtained from the heuristic also seems to scale linear with the number of qubits although
with a different scaling constant. As mentioned in Sections 5 and 6 the size of the restricted
LPj (41), and therefore the runtime, can be further reduced. This reduction is achieved by using
Hadamard matrices of dimension d = 4 k with k ∈ N instead of Sylvester-Hadamard matrices of
dimension d = 2k in the construction of the restricted linear operator V [j]. This is based on the
Hadamard conjecture, which is known to be true for d ≤ 668 [22, 23]. Surprisingly, using these
Hadamard matrices with d = 4 k not only yields shorter runtime of the heuristic algorithm but
also a significant reduction of the total GZZ time compared to the original restricted LPj (41).

Our numerical results show that the heuristic algorithm approximates well the optimal total
GZZ time, while maintaining a short runtime. This holds true for both, the average-case and the
conjectured worst-case scaling. Therefore, we hope that this heuristic will prove to be an important
tool to implement fast GZZ gates in practice.

9 Conclusion
We investigated the time-optimal multi-qubit gate synthesis introduced in Ref. [6]. We show that
synthesizing time-optimal multi-qubit gates in our setting is NP-hard. However, we also provide
explicit solutions for certain cases with constant gate time and a polynomial-time heuristics to
synthesize fast multi-qubit gates. Our numerical simulations suggest that these heuristics provide
good approximations to the optimal GZZ gate time. Furthermore, tight bounds on the scaling of
the optimal multi-qubit gate times were shown. More precisely, we showed that the optimal multi-
qubit gate time scales at most as ∥A⊘ J∥ℓ1 , the ℓ1-norm of the element-wise division of the total
and physical coupling matrices A and J , respectively. We also conjectured that the optimal GZZ
gate time scales at most linear with the number of qubits. Our results are practical to estimate
the execution time of a given circuit, where the entangling gates are implemented as GZZ gates.
The execution time is a crucial parameter, in particular, in the NISQ era since it is limiting the
length of a gate sequence due to finite coherence time.

It is our hope to proof the conjectured linear scaling of the optimal GZZ gate time in the
near future. Moreover, we would like to test and verify our proposed time-optimal multi-qubit
gate synthesis methods in an experiment. Depending on the quantum platform we would like
to develop adapted error mitigation schemes for the GZZ gates and investigate their robustness
against errors.
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Appendices

A Challenges in proving Conjecture 16
In this section, we want to discuss some obstacles encountered trying to proof Conjecture 16. Con-
jecture 16 holds, if we show that our constructed solutions from Section 7.1 are optimal solutions
for LP (67). Meaning that there is no other feasible solution resulting in a larger objective function
value compared to our constructed solution.

We tried an inductive proof which turned out to be intricate due to the additional degrees of
freedom in each induction step. Furthermore, we utilized the connection to graph theory from
Lemma 2 to transform the LP (67) to a LP over the cut polytope. There, the challenge is the
affine mapping between the elliptope and the cut polytope in Eq. (16) and Definition 1, which
alters the optimization problem crucially. In the following, we discuss another approach based on
showing the sufficiency of the Karush–Kuhn–Tucker (KKT) conditions in more detail.

A.1 Concave program
A convex linear program in standard form minimizes a convex objective function over a convex
set. But LP (67) maximizes a convex objective function over a convex set. Such optimizations are
called concave programs. It is known that the maximum is attained at the extreme points of the
polytope V T y ≤ 1 and therefore might have many local optima [29]. There are several equivalent
sufficient conditions for optimality [30]. Here, we investigate one in detail. First, we define the
conjugate function for a function f : Rn → R

f∗(x) := sup
{

xT y − f(y)
∣∣ y ∈ D(f)

}
, (69)

with D(f) the domain of f . Furthermore, we need the support function hA : Rn → R for a closed
convex set A

hA(x) := sup
{

xT y
∣∣ y ∈ A

}
. (70)

Then the sufficient optimality condition in our case is

∥y∗∥ℓ1 = sup
{

hA(x)− (∥x∥ℓ1)∗
∣∣∣ y ∈ R(n

2)
}

, (71)

with A =
{

x ∈ R(n
2)

∣∣∣ V T x ≤ 1
}
. The conjugate function of ∥x∥ℓ1 is

(∥x∥ℓ1)∗ =
{

0 , if ∥x∥ℓ∞ ≤ 1 ,

∞ , otherwise .
(72)

Then we have
∥y∗∥ℓ1 = sup{hA(y) | ∥y∥ℓ∞ ≤ 1}

= sup
{

xT y
∣∣ ∥y∥ℓ∞ ≤ 1, V T x ≤ 1

}

= sup
{
∥x∥ℓ1

∣∣ V T x ≤ 1
}

,

(73)

which is the same formulation as the original LP (67).

A.2 Dualization
If we can formulate the dual LP to the primal LP (67) and find a feasible solution, then the dual
objective function value upper bounds the primal objective function value by weak duality [31].
The standard form of an optimization problem with only linear inequality constraints is

minimize f(y)

subject to Ay ≤ b.
(74)

Then, the Lagrange dual function is given by

g(λ) = −bT λ− f∗(−AT λ) , (75)
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where f∗ denotes the conjugate function [14]. For LP (67) we have f(y) = −∥y∥ℓ1 (minus sign
due to the minimization in the standard optimization form).

(−∥x∥ℓ1)∗ = sup
{

xT y + ∥x∥ℓ1

∣∣∣ y ∈ R(n
2)

}

= sup
{

xT y + xT z
∣∣∣ y ∈ R(n

2), ∥z∥ℓ∞ ≤ 1
}

= sup
{

xT y
∣∣∣ y ∈ R(n

2)
}

,

(76)

which clearly is unbounded if x ̸= 0. Therefore, we cannot formulate the dual to LP (67).

A.3 Invexity
The KKT conditions are optimality conditions for non-linear optimization problems. Invexity is a
generalization of convexity in the sense that the KKT conditions are necessary and sufficient for
optimality [32]. By invexity we mean that the objective and constraint functions of the optimization
problem are Type 1 invex functions.

Definition 22. Consider the standard form of an optimization problem

minimize f(y)

subject to g(y) ≤ 0,

y ∈ S,

(77)

where S ⊆ Rm is defined by g(y) ≤ 0. Then f and g are called Type 1 invex functions at point
y∗ ∈ S w.r.t. a common function η(y, y∗) ∈ Rm, if for all y ∈ S,

f(y)− f(y∗) ≥ η(y, y∗)T∇f(y∗),
−g(y∗) ≥ η(y, y∗)T∇g(y∗)

(78)

hold. It suffices to consider only the active constraints, i.e. the constraints, where equality holds
g(y∗) = 0. [32]

Let K be the scaling factor of the conjectured upper bound, i.e.

K :=
{

n , for odd n ,

n− 1 , for even n .
(79)

In the case of LP (67) we have S =
{

y ∈ R(n
2)

∣∣∣ V T y ≤ 1
}
and want to show that y∗ = −1/⌊n/2⌋

is a global optimum. Furthermore, we have

f(y) = −∥y∥ℓ1 , f(y∗) = −K , ∇f(y∗) = 1 ,

g(y) = V T y − 1 , g(y∗) = 0 , ∇g(y∗) = V |a ,
(80)

where V |a are the columns of V such that (V |a)T y∗ = 1, i.e. the active constraints. To show
invexity we have to find a common η(y, y∗) ∈ Rm such that

∥y∥ℓ1 ≤ K − ηT (y, y∗)1 and

(V T |a)η(y, y∗) ≤ 0 ,
(81)

for all y ∈ S. It is quite challenging to find a η(y, y∗) ∈ Rm satisfying both inequalities. In
particular, ansätze motivated from the geometry in small dimensions eventually fail for larger n.
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IQP Instantaneous Quantum Polynomial time . . . . . . . . . . . . . . . . . . . . . . . 2

KKT Karush–Kuhn–Tucker . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20

LP linear program . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1
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General, efficient, and robust Hamiltonian engineering
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Implementing the time evolution under a desired target Hamiltonian is critical for various appli-
cations in quantum science. Due to the exponential increase of parameters in the system size and
due to experimental imperfections this task can be challenging in quantum many-body settings.

We introduce an efficient and robust scheme to engineer arbitrary local many-body Hamiltoni-
ans. This is achieved by applying simple single-qubit gates simultaneously to an always-on system
Hamiltonian, which we assume to be native to a given platform. These sequences are constructed
by efficiently solving a linear program (LP) which minimizes the total evolution time. In this way,
we can engineer target Hamiltonians that are only limited by the locality of the Pauli terms in the
system Hamiltonian. Based on average Hamiltonian theory and by using robust composite pulses,
we make our schemes robust against errors including finite pulse time errors and various calibration
errors.

To demonstrate the performance of our scheme, we provide numerical simulations. In particular,
we solve the Hamiltonian engineering problem for arbitrary two-body Hamiltonians on a 2D square
lattice with 225 qubits in only 60 seconds. Moreover, we simulate the time evolution of Heisenberg
Hamiltonians for smaller system sizes with a fidelity larger than 99.9%, which is orders of magnitude
better than non-robust implementations.

I. INTRODUCTION

Simulating a target Hamiltonian on a quantum system
is a central problem in quantum computing, with appli-
cations in general gate-based and digital-analog quan-
tum computing, as well as quantum simulations [1–6]
and quantum chemistry [7–9]. It is commonly believed
that simulating the dynamics of a quantum system is one
of the most promising tasks for showing a practical ad-
vantage of quantum computers over classical computers
[7, 10, 11], perhaps already on noisy and intermediate
scale quantum (NISQ) devices [12, 13]. Especially for
the latter, it is essential to have an efficient and fast
implementation of the target Hamiltonian due to short
coherence times.

The idea to engineer a target Hamiltonian by inter-
leaving the evolution under a fixed system Hamiltonian
with single-qubit gates originated in the nuclear mag-
netic resonance (NMR) community. However, the first
approaches require additional single-qubit gates to de-
couple interactions, rescale them, and couple them again,
resulting in long pulse sequences [14–18]. Recently, there
has been a renewed interest in designing pulse sequences
to change the effective dynamics governed by a given
Hamiltonian. In particular, there has been impressive
progress in the design of robust global pulses, identical
pulses on each qubit, to change the global properties of a
given Hamiltonian [19]. This approach has already been
generalized to qudit systems [20, 21] and implemented in
experiments with ultracold atomic Rydberg gas and NV
centers in diamond [22, 23]. In our work, we design ro-

∗ bassler@hhu.de
† martin.kliesch@tuhh.de
‡ markus.heinrich@uni-koeln.de

bust sequences of local pulses to change any interaction
coupling in a given Hamiltonian, with similar robustness
properties as for global pulses [19]. However, due to the
local pulses in our method we are able to implement the
dynamics of a much larger family of target Hamiltonians.

So far, other approaches utilizing local pulses have cer-
tain limitations. They either require NP-hard classical
pre-processing to find the pulse sequence [24], rely on
specific structures in the system Hamiltonian [25], or re-
quire an infinite single-qubit gate set which might be
a problem for the fast control electronics in an experi-
ment [26–28]. These works are also limited to two-body
interactions, and to the best of our knowledge, no gen-
eral scheme has been developed for efficiently engineer-
ing individual many-body interactions. Since there has
been an increasing effort in realizing the latter in ex-
periments [4, 29–32], such a general scheme would al-
low to simulate quantum chemistry Hamiltonians with
genuine many-body interactions. Moreover, some re-
cent Hamiltonian learning schemes rely on “reshaping”
unknown many-body Hamiltonians to diagonal Hamil-
tonians which can be efficiently done with our proposed
method [33–35].

In previous works, we have proposed a Hamiltonian
engineering method for Ising Hamiltonians based on lin-
ear programming and applied it to multi-qubit gate syn-
thesis and compiling problems [36, 37]. A related lin-
ear program approach for commuting Ising and next-
neighbour interactions with an efficient relaxation was
introduced in Refs. [38, 39].

In this work, we generalize the linear programming
method to a significantly larger family of local Hamil-
tonians and make it substantially more efficient. More
concretely, our method allows to efficiently engineer arbi-
trary target Hamiltonians, the interaction graph of which
agrees with the one of the system Hamiltonian. To this
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end, free evolutions under the system Hamiltonian are
interleaved with Pauli or single-qubit Clifford gates. A
crucial feature of our method is that it minimizes the
total evolution time, leading to a fast implementation of
the target Hamiltonian. For larger systems, optimally
solving the minimizing linear program is, however, no
longer efficiently possible. To this end, we introduce a
relaxation that only scales with the number of interac-
tion terms and not directly with the system size, and
thus, provides an efficient method to engineer Hamilto-
nians. This relaxation still yields an exact decomposition
of the target Hamiltonian, but the total evolution time
may no longer be minimal. The latter can, however,
be decreased by expanding the search space for the re-
laxed problem, providing a trade-off between the runtime
of the classical pre-processing and the evolution time of
the implementation. For r interactions in the interaction
graph of the system Hamiltonian (r free parameters), we
propose an efficient method for finding the single-qubit
gate sequence which only scales linear with r, i.e. not
directly dependent on the number of qubits. To imple-
ment the target evolution with a product formula, we
therefore only require 2Cr single-qubit gate layers, where
C is a constant only depending on the chosen product
formula. Note that similar previous approaches require
O(r2) single-qubit gate layers [14–18] or are classically
hard to solve [24]. We also observe that the total evo-
lution time to implement the dynamics under the target
Hamiltonian scales only sublinear with the number of
qubits.

We also investigate the effects of dominant experi-
mental error sources and introduce a general framework
to cancel them. To this end, we generalize a method
by Votto et al. [18] based on average Hamiltonian the-
ory (AHT) to mitigate these errors. As a result, we are
able to make our methods robust against finite pulse
time and single-qubit rotation angle errors. We leverage
the generality of our method to combine it with robust
composite pulses, making it robust against many exper-
imental error sources.

In section III we provide a general framework for en-
gineering Hamiltonians using a linear program (LP). In
sections IIIA and III B the efficient Hamiltonian engi-
neering method by Pauli and Clifford conjugation are
presented. In section IV we provide methods to investi-
gate and mitigate the effect of errors on both, the Pauli
and Clifford conjugation methods. Finally, in section V
we show the efficiency and robustness of our methods in
numerical simulations of a realistic setting.

II. PRELIMINARIES

We denote by Pn the set of n-qubit Pauli operators,
which can be indexed by binary vectors a = (ax,az) ∈
F2n

2 such that

Pa = P(ax,az) = iax·azX(ax)Z(az) . (1)

Here, X(x) := Xx1 ⊗ · · · ⊗ Xxn and Z(z) := Zz1 ⊗
· · ·⊗Zzn where X, Z are the single-qubit Pauli matrices.
Sometimes, we also call Pa a Pauli string. They satisfy
the following commutator relation

PaPb = (−1)⟨a,b⟩PbPa , (2)

for any a, b ∈ F2n
2 with the binary symplectic form on

F2n
2 defined by ⟨a, b⟩ := ax · bz + az · bx, where the sum

is taken in F2, i.e., modulo 2. We refer to the identity
as I ∈ C2×2 and Pauli matrices as X,Y, Z ∈ C2×2. The
identity operator on n qubits is denoted by 1n ∈ C2n×2n ,
and often we write 1 instead of 1n.

The set Pn forms a basis for the complex matrices,
i.e. any H ∈ C2n×2n can be written as

H =
∑

a∈F n 

JaPa , (3)

with Ja ∈ C. If H is a Hermitian operator, which we
denote by H ∈ Herm(C2n), then Ja ∈ R. We collect
all Ja in a vector J ∈ R4n with indices a ∈ F2n

2 . We
define the support of a Pauli string Pa as supp(Pa) :=
supp(a) := {i ∈ [n]|axi ̸= 0 or azi ̸= 0}, i.e. the qubit
indices on which Pa acts non-trivially. For any constant
k, we call the Hamiltonian

H =
∑

a∈F n 

JaPa . (4)

k-local if Ja = 0 whenever |supp(a)| > k. If H is 2-local,
its interaction graph is the graph with the sites/qubits
as vertices and two vertices are connected by an edge
iff H has a corresponding interaction term. For higher
localities, edges are replaced by hyperedges given by the
supports of the Pa, resulting in an interaction hyper-
graph.

III. HAMILTONIAN ENGINEERING BY
LINEAR PROGRAMMING

We wish to implement the time evolution of a target
Hamiltonian HT by having access to some simple gates
(e.g., certain single-qubit gates) plus the time evolution
under some system Hamiltonian HS . The system Hamil-
tonian can be an arbitrary Hamiltonian that is native to
the considered quantum platform. That is, we wish to
change HS to achieve an effective Hamiltonian HT . To
this end, we write HS and HT in their Pauli decomposi-
tions

HS =
∑

a∈F n \{0}
JaPa , HT =

∑

a∈F n \{0}
AaPa , (5)

with Ja, Aa ∈ R. We exclude the term P0 = P(0,...,0) =

I⊗n, leading to a global and thus unobservable phase.
Our goal is to simulate the time evolution under HT

by the one under HS interleaved with layers of single-
qubit gates. Recall that we have the identity e−itU†HU =
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U†e−itHU for any Hamiltonian H and unitary U . Hence,
we seek a decomposition of the form

HT =
L∑

i=1

λiS
†
iHSSi , (6)

with λi > 0 and Si = S
(1)
i ⊗ · · · ⊗ S

(n)
i representing a

layer of single-qubit gates, which we later set to be either
Pauli or Clifford gates. Indeed, if all terms in eq. (6)
mutually commute, then the time evolution under HT

for time t can be implemented exactly by the time evo-
lution under HS interleaved with layers of single-qubit
gates SiS

†
i−1 at times t′ = t

∑i−1
j=1 λj for i ≥ 1 (setting

S0 = SL+1 = 1). In this way, the time evolution un-
der Hamiltonians S†

iHSSi is effectively implemented for
consecutive times tλi with i = 1, 2, . . . and leads to the
overall time evolution under HT . If the terms in eq. (6)
do not commute, then the time evolution under HT can
be approximated in a similar fashion as for the com-
muting terms, utilizing suitable Hamiltonian simulation
methods (e.g. product formulas).

The suitability of this approach depends highly on the
decomposition (6). We base our Hamiltonian engineer-
ing method on linear programming, which allows us to
both minimize the total evolution time and reduce the
number of terms, i.e. layers, in Eq. (6). To this end, we
consider the effect of HS 7→ S†

iHSSi on the Pauli co-
efficients Ja which can be captured by a column vector
Wi ∈ Rr with elements

Wa,i =
1

2n
Tr
(
Pa

(
S†
iHSSi

))
. (7)

Here, r is the number of Pauli terms {Pa} we can gen-
erate from the ones in HS by any Si. Let s be the
number of possible single-qubit layers on n qubits, and
define the matrix W ∈ Rr×s by taking all vectors Wi

as columns. Then, a decomposition (6) can be found
by solving the following LP minimizing the total relative
evolution time:

minimize 1Tλ

subject to Wλ = A , λ ∈ Rs
≥0 ,

(LP)

where 1 = (1, 1, . . . , 1) is the all-ones vector such that
1Tλ =

∑
i λi and A ∈ Rr represents the Pauli coef-

ficients of the target Hamiltonian HT . Conjugation of
HS with arbitrary single-qubit gates yields a r which is
limited by the interaction graph of HS .

(LP) is central for our approach to Hamiltonian engi-
neering and its analysis plays an important role in this
work. For this purpose, we require some basic notions
and properties from the theory of linear programming
[40] which we will briefly introduce in the following. A
feasible solution λ is a vector which satisfies all con-
straints of (LP). An optimal solution is a feasible so-
lution that also minimizes the objective function and is
indicated by an asterisk as λ∗. If (LP) has a feasible so-
lution, then there also exists a r-sparse optimal solution

λ∗ [41], corresponding to a decomposition as in eq. (6)
with only r terms. Such a r-sparse optimal solution can
be found using the simplex algorithm which, in practice,
has a runtime that scales polynomial in the problem size
r × s [42, 43].

The first main contribution of our work is a hierarchy
of relaxations of (LP) with drastically reduced size that
still allows for an exact decomposition as in eq. (6). For
this, we need general sufficient conditions on the matrix
W such that (LP) has a feasible solution for any A ∈ Rr.

Definition III.1. We say that a matrix W ∈ Rr×s is
feasible if for each A ∈ Rr there exists a λ ∈ Rs

≥0 such
that Wλ = A.

This definition captures the constraints in (LP). There
is a simple sufficient condition for the feasibility of the
matrix W:

Proposition III.2. LetW ∈ Rr×s such that ker(WT ) =
{0}. If there exists x ∈ Rs such that Wx = 0 and
x > 0, then for any A ∈ Rr there exists x′ ∈ Rs such
that Wx′ = A and x′ ≥ 0.

This proposition follows directly from two well-known
results in convex analysis.

Lemma III.3 (Farkas [44]). LetW ∈ Rr×s and A ∈ Rr.
Then exactly one of the following assertions is true:

1. ∃x ∈ Rs such that Wx = A and x ≥ 0.

2. ∃y ∈ Rr such that WTy ≥ 0 and ATy < 0.

Lemma III.4 (Stiemke [45]). Let W ∈ Rr×s. Then
exactly one of the following assertions is true:

1. ∃x ∈ Rs such that Wx = 0 and x > 0.

2. ∃y ∈ Rr such that WTy ⪈ 0.

Proof of Prop. III.2. We show that the second asser-
tion of Farkas lemma is not possible. By lemma III.4,
there does not exist a y such that WTy ⪈ 0. From
ker(WT ) = {0} it follows that if WTy = 0, then y = 0

which contradicts ATy < 0 in the second assertion of
lemma III.3. Finally, the case WTy < 0 directly contra-
dicts the second assertion of lemma III.3.

To provide a geometric interpretation of proposi-
tion III.2 we first define the convex hull of the column
vectors of W

conv(W) :=

{
u ∈ Rr

∣∣∣∣∣Wx = u,x ≥ 0,
∑

i

xi = 1

}
,

(8)
and the interior of a polytope P

int(P ) :=

{u ∈ P | ∃ε > 0 s.t. ∥u− x∥ < ε ∀x ∈ Rr ⇒ x ∈ P} .
(9)

(LP) is feasible if the convex hull of the column vec-
tors of W has an interior that contains the origin, 0 ∈
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int(conv(W)). The conditions of proposition III.2 can
be efficiently verified: If the LP

minimize 1Tx

subject to Wx = 0,

x ≥ 1

(10)

has a feasible solution and W has full rank, then W is
feasible. Note that proposition III.2 applies to general
matrices and will be useful for the efficient relaxations.

Numerical implementation All LPs and mixed inte-
ger linear programs (MILPs) in our work are modelled
with the Python package CVXPY [46, 47] and solved
with the MOSEK solver [48] on a workstation with
130GB RAM and the AMD Ryzen Threadripper PRO
3975WX 32-Cores processor. Furthermore, we made the
code to reproduce all figures in this work publicly avail-
able on GitHub [49].

A. Pauli conjugation

Conjugation of a system Hamiltonian HS with a Pauli
string Pb leads to

P †
bHSPb =

∑

a∈F n \{0}
(−1)⟨a,b⟩JaPa , (11)

which follows from the commutation relations (2). We
seek a decomposition of HT of the form

HT =
∑

a∈F n \{0}
AaPa

=
∑

b∈F n 

λbP
†
bHSPb

=
∑

a̸=0,b

λb(−1)⟨a,b⟩JaPa , (λb ≥ 0) .

(12)

The 4n×4n matrix with entries Wab = (−1)⟨a,b⟩ is called
the Walsh-Hadamard matrix. Here, we only need a sub-
matrix W (r×s) ∈ {−1, 1}r×s defined by choosing r row-
indices a ∈ F2n

2 and s column-indices b ∈ F2n
2 . We call

W (r×s) a partial Walsh-Hadamard matrix. By eq. (12),
it is clear that only the Pauli terms with Ja ̸= 0 con-
tribute to the target Hamiltonian HT . Therefore, we de-
fine nz(J) :=

{
a ∈ F2n

2 \ {0}
∣∣ Ja ̸= 0

}
, and require that

the Pauli coefficients satisfy

nz(A) ⊆ nz(J) . (13)

This requirement can be eliminated with single-qubit
Clifford conjugation, which we will discuss in detail in
section III B. In addition to the restriction a ∈ nz(J)
given by the system Hamiltonian, we may also restrict
the set of Pauli strings b ∈ F ⊆ F2n

2 , as long as there is
still a solution to eq. (12). Comparing the Pauli coeffi-
cients in eq. (12), we can write this as

Aa = Ja
∑

b∈F
W

(r×s)
ab λb ∀a ∈ nz(J) , (14)

with the number of non-zero Pauli coefficients r :=
|nz(J)| and s = |F|. Hence, the constraint in (LP) be-
comes A = J ⊙ (W (r×s)λ), where ⊙ denotes element-
wise multiplication and A,J ∈ Rr are restricted to
a ∈ nz(J). For the following analysis, it is convenient
to set M := A ⊘ J using the element-wise division
(A ⊘ J)a := Aa/Ja for all a ∈ nz(J). This results
in the following LP:

minimize 1Tλ

subject to W (r×s)λ = M , λ ∈ Rs
≥0 .

(PauliLP)

The runtime of a LP scales with its size, i.e. the num-
ber of constraints r and the number of variables s. We
discuss in detail the existence of a solution λ ∈ R4n

≥0 and
bounds on the total relative evolution time 1Tλ in ap-
pendix A. Here, r = |nz(J)| ≤ 4n − 1 is fixed by the
system Hamiltonian and a priori s = 4n, thus solving
(PauliLP) becomes computationally intensive already at
moderate system size. To overcome this, we propose
a simple and efficient relaxation of (PauliLP) in sec-
tion IIIA 1: For any r = |nz(J)|, we sample s ≥ 2r
Pauli strings at random, leading to a feasible LP with
high probability. As we have r = poly(n) for local Hamil-
tonians, this indeed yields an efficient relaxation in the
system size n. Note that this relaxation still leads to
an exact decomposition; however, the relative evolution
time 1Tλ may not be minimal anymore.

1. Efficient relaxation

We provide an efficient method to construct a feasi-
ble matrix W (r×s) with r = |nz(J)| rows and s ≥ 2r
columns. The construction is rather simple and consists
of sampling s vectors b ∈ F2n

2 uniformly at random and
taking the corresponding partial Walsh-Hadamard ma-
trix with entries W

(r×s)
ab = (−1)⟨a,b⟩ where a ∈ nz(J).

Thus, engineering a Hamiltonian with r non-zero Pauli
terms leads to a (PauliLP), whose number of constraints
and variables both scale linearly with r.

To ensure feasibility of the sub-sampled matrix, we
invoke proposition III.2. Thus, we have to check
that conv(W (r×s)) has a non-empty interior and 0 ∈
conv(W (r×s)). First, we state general results for i.i.d.
copies x1, . . . ,xs of a random vector x. Then, we
relate the results to the partial Walsh-Hadamard ma-
trix W (r×s). Here, we assume that s is large enough
and that x1, . . . ,xs are in general position such that
conv(x1, . . . ,xs) always has non-empty interior. Thus,
we focus on the condition 0 ∈ conv(x1, . . . ,xs).

Definition III.5. Let x1, . . . ,xs be i.i.d. copies of an
arbitrary random vector x in Rr and define

ps,x := P(0 ∈ conv(x1, . . . ,xs)) . (15)

Intuitively, one would expect that the probability
should increase quickly with the number of samples s,
and taking s of the order of r should make ps,x reason-
ably large.
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Figure 1. Select r rows of the Walsh-Hadamard matrix to obtain the partial Walsh-Hadamard matrix W (r×4n), then randomly
sample s columns to obtain W (r×s). (a) and (b): For a k-local system Hamiltonian with k ≤ 2 and k ≤ 3 respectively, resulting
in r =

∑k
i=1 3

i
(
n
i

)
Pauli terms. (b): We stopped the numerical experiments at n = 13 due to the large amount of all-to-all

interactions with support k ≤ 3. (c): For random Hamiltonians with r = n2 Pauli terms selected uniformly at random. Left:
The plots show the success frequency for “W (r×s) is feasible” over 50 samples (yellow) for n = 3, . . . , 30 and s/r = 1.5, . . . , 2.5.
There is a sharp transition at s/r = 2 in all cases. Right: The difference of our numerical observation to Wendel’s formula
(17).

Lemma III.6 ([50], Proposition 4). Let x ∈ Rr be an
arbitrary random vector with E[x] = 0 and P(x ̸= 0) > 0.
Then we have

0 < pr+1,x < pr+2,x < · · · < pr+l,x → 1 for l→∞ ,
(16)

and ps,x = 0 if s ≤ r.

Indeed, letting w be the r-dimensional random vector
drawn uniformly from the columns of the partial Walsh-
Hadamard matrix W (r×4n), we can readily verify E[w] =
0 and thus lemma III.6 applies. However, the question
of how large s shall be taken still remains. In the convex
geometry literature, we find an elegant solution, at least
for spherically symmetric random vectors, in the form of
Wendel’s theorem [51]: If the random vector x has
a spherically symmetric distribution around 0, then the
probability (15) is given by

ps,x = 1− 1

2s−1

r−1∑

k=0

(
s− 1

k

)
. (17)

This distribution shows a sharp transition from ≈ 0 to
≈ 1 at s = 2r. Wendel’s theorem does however not apply
to the random columns w of W (r×4n) because of the
lack of spherical symmetry (see appendix B for details).
Instead, the result (17) of Wendel’s theorem provides
an upper bound on the probabilities ps,w [50, 52], and
adequate lower bounds prove to be tricky to derive.

Nevertheless, we numerically observe that the ran-
dom columns w of W (r×4n) follow the behavior that
we would expect from Wendel’s theorem: We observe a
sharp transition of ps,w at the same position as for spher-
ical symmetric distributions, approximating the upper

bound (17). In this sense, ps,w is optimal, maximizing
the success probability for finding a feasible W (r×s).

Numerical Observation III.7 (figure 1). Let W (r×4n)

be a partial Walsh-Hadamard matrix with r = |nz(J)|,
and let w be a r-dimensional random vector drawn uni-
formly from col(W (r×4n)). Then, we numerically ob-
serve that Wendel’s statement (17) approximately holds,
i.e. the random submatrix W (r×s) is feasible with high
probability provided we take s ≥ 2r samples of w.

LetW (r×s) be the partial Walsh-Hadamard matrix ob-
tained from W (r×4n) by randomly sampling s columns
b

i.i.d.∼ unif(F2n
2 ) with s ≥ 2r. As W (r×s) is feasible

with high probability, it can be used in (PauliLP) to
engineer any target Hamiltonian with a Pauli decompo-
sition compatible with the system Hamiltonian, i.e. with
nz(A) ⊆ nz(J). One W (r×s) can be reused for different
Hamiltonians with a Pauli decomposition with r terms,
since the construction of W (r×s) is independent of the
choice of a ∈ F2n

2 \ {0}. As r = poly(n) for local Hamil-
tonians, the relaxed (PauliLP) can be solved efficiently,
and it provides an exact decomposition of the target
Hamiltonian. The evolution time 1Tλ may however not
be minimal anymore. The quality of the relaxation can
be improved by increasing s, thus expanding the search
space. This provides a flexible trade-off between the run-
time of (PauliLP) and the optimality of λ, see figure 2.
The number of interactions r in figure 2 grows quadratic
for (a) and (c) and even cubic for (b) with the number of
qubits n. However,

∑
λ = 1Tλ grows only linear with

n.
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Figure 2. Solving (PauliLP) for 50 uniform random samples M = A ⊘ J from [−1, 1]r. For each sample a feasible W (r×s)

is generated as in numerical Observation III.7 with s = 3r, . . . , 6r. The average objective function value
∑

λ = 1Tλ over the
number of qubits n is shown. The error bars represent the sample standard deviation. The r interactions of the plots (a), (b)
and (c) are chosen the same way as in figure 1.

B. Clifford conjugation

In section IIIA, we introduced the Hamiltonian engi-
neering method based on conjugation with Pauli gates.
In this section, we extend this method to a certain set
of single-qubit Clifford gates. This extension allows us
to change the Pauli terms in the system Hamiltonian,
such the only restriction in engineering a target Hamil-
tonian comes from the interaction (hyper)graph of the
system Hamiltonian HS . The same restriction also holds
for conjugation with arbitrary single-qubit gates, making
Clifford conjugation a powerful Hamiltonian engineering
method. The simplest set of single-qubit Clifford gates
with full expressivity are the square-root Pauli gates ( π2
rotations)

√
X =

1

2

(
1 + i 1− i
1− i 1 + i

)
,
√
Y =

1

2

(
1 + i −1− i
1 + i 1 + i

)
,

√
Z =

(
1 0
0 i

)
.

(18)

S†PS
√
X

√
Y

√
Z

√
X

† √
Y

† √
Z

†

X X Z −Y X −Z Y
Y −Z Y X Z Y −X
Z Y −X Z −Y X Z

Table I. Conjugation of Pauli gates P ∈ P with square-root
Pauli gates S ∈ {

√
X,

√
Y ,

√
Z,

√
X

†
,
√
Y

†
,
√
Z

†}.

As displayed in table I, the conjugation of a Pauli
gate with a square-root Pauli gate does not only flip
the sign but also changes the interaction type (rotation
axis). The change of the interaction type increases the
set of Hamiltonians reachable by Clifford conjugation
compared to the Pauli conjugation. In the following,
we consider a gate set that behaves very similar to the

conjugation with Pauli gates:

CXY := {Z} ∪
{
QD

∣∣∣Q,D ∈ {
√
X,
√
Y ,
√
X

†
,
√
Y

†}
}
.

(19)
Likewise, we can define gate sets CZY and CXZ , for
which conclusions analogous to the following ones may
be drawn. Conjugation of Pauli terms with the Clifford
gates

√
X
√
Y or

√
Y

†√
X

†
changes the interaction type

and leaves the sign of the Pauli coefficient unchanged.
The signs of the conjugated Pauli terms depend on the
rotation direction, i.e. the placement of “†”, of the square-
root Pauli gates; see table II for examples. Therefore,
we label an element in CXY by c := (p, b) ∈ F3 × F2

2,
where p ∈ F3 represents the changes in the interaction
type and b ∈ F2

2 captures the sign flips similar to the
Pauli conjugation. Denote C⊗nXY a string of single-qubit
gates on n qubits from the gate set CXY . We label each
Sc ∈ C⊗nXY with c = (c1, . . . , cn) = (p, b) ∈ Fn3 × F2n

2 ,
where ci ∈ F3 × F2

2 represents the single-qubit Clifford
gate from CXY on the i-th qubit. In table II, we show the
effect of conjugating a Pauli gate Pa ∈ P with Sc ∈ CXY .
Conjugation of HS with Sc ∈ C⊗nXY leads to

S†
cHSSc =

∑

a∈F n \{0}
JaS

†
cPaSc

=
∑

a∈F n \{0}
(−1)⟨a,b⟩Jπp(a)Pa ,

(20)

with c = (p, b) ∈ Fn3 × F2n
2 and the permutation πp :

F2n
2 → F2n

2 with πp(a) := (πp1(a1), . . . , πpn(an)) given
by the local permutations π0, π1, π2 : F2

2 → F2
2 in the
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c a (ax, az) (0, 0)(1, 0)(1, 1)(0, 1)

p b Sc
Pa I X Y Z

0

(0, 0) I I X Y Z
(1, 0) X I X −Y −Z
(1, 1) Y I −X Y −Z
(0, 1) Z I −X −Y Z

1

(0, 0)
√
X
√
Y I Z X Y

(1, 0)
√
X

†√
Y I Z −X −Y

(1, 1)
√
X

†√
Y

†
I −Z X −Y

(0, 1)
√
X
√
Y

†
I −Z −X Y

2

(0, 0)
√
Y

†√
X

†
I Y Z X

(1, 0)
√
Y
√
X I Y −Z −X

(1, 1)
√
Y
√
X

†
I −Y Z −X

(0, 1)
√
Y

†√
X I −Y −Z X

Table II. The coloured cells show the conjugated Pauli gates
S†
cPaSc for Pa ∈ P conjugated by the single-qubit Clif-

ford gate Sc ∈ CXY . We label an element in CXY by
c := (p, b) ∈ F3 × F2

2, where p ∈ F3 captures the permu-
tation of the conjugated Pauli terms, and b captures the sign
flips similar to the Pauli conjugation. This can be easily ver-
ified with table I.

two-line notation

π0 :=

(
(0, 0) (1, 0) (1, 1) (0, 1)
(0, 0) (1, 0) (1, 1) (0, 1)

)
,

π1 :=

(
(0, 0) (1, 0) (1, 1) (0, 1)
(0, 0) (1, 1) (0, 1) (1, 0)

)
,

π2 :=

(
(0, 0) (1, 0) (1, 1) (0, 1)
(0, 0) (0, 1) (1, 0) (1, 1)

)
.

(21)

We want to find a decomposition of HT with λc ≥ 0 such
that

HT =
∑

a∈F n \{0}
AaPa =

∑

c∈Fn3×F n 

λcS
†
cHSSc . (22)

We define the matrix W (J) ∈ R(4n−1)×12n with entries

W (J)ac := (−1)⟨πp(a),b⟩Jπp(a) , (23)

for a ∈ F2n
2 \ {0}, excluding the identity term Pa =

I⊗n with a = 0, and c ∈ Fn3 × F2n
2 . Similar to the

Pauli conjugation we define the submatrix W (J)(r×s) ∈
Rr×s with entries given in eq. (23) for r row-indices a ∈
F2n

2 \ {0} and s column-indices c ∈ Fn3 × F2n
2 . Up to

the permutation of J , the same Walsh-Hadamard matrix
structure as in W (r×s) from section IIIA is present in
W (J)(r×s). In terms of the matrix W (J) it follows that

HT =
∑

a∈F n \{0}

∑

c∈Fn3×F n 

λcW (J)acPa . (24)

Due to the permutation in eq. (23) we are no longer
restricted by the non-zero coefficients as in the Pauli
conjugation. From eq. (24) it follows that for each

Aa ̸= 0 there has to be at least one Jâ ̸= 0 such that
supp(â) = supp(a). Therefore, we define

suppnz(J) :=
{
a ∈ F2n

2 \ {0}
∣∣∃â ∈ nz(J),

supp(â) = supp(a)} ,
(25)

and require that the Pauli coefficients satisfy

nz(A) ⊆ suppnz(J) . (26)

In physical terms, this means that we are only restricted
by the interaction graph of the system Hamiltonian HS

and have full flexibility in the kind of interactions and the
interaction strength. In addition to the restriction a ∈
suppnz(J), given by the system Hamiltonian, we can also
consider a restricted set of conjugating Clifford strings
c ∈ F ⊆ Fn3 ×F2n

2 , as long as there still exists a solution.
Then, the restricted eq. (24) can be reformulated as

Aa =
∑

c∈F
W (J)(r×s)ac λc ∀a ∈ suppnz(J) , (27)

with r := |suppnz(J)| and s = |F|. The constraint in
(LP) then reads A = W (J)(r×s)λ, with A,J ∈ Rr re-
stricted to a ∈ suppnz(J). With that, we define the
following LP

minimize 1Tλ

subject to W (J)(r×s)λ = A , λ ∈ Rs
≥0 .

(CliffLP)

There always exists a feasible solution of (CliffLP) with
W (J)(r×12n), which follows similarly to corollary A.1
from the Walsh-Hadamard structure in W (J)(r×12n). In
general, we have s ≤ 12n and r ≤ 4n − 1. In the next
section, we propose a simple and efficient relaxation of
(CliffLP), where s ≥ 2r can be chosen for arbitrary
r = |suppnz(J)|.

1. Efficient relaxation

The size of (CliffLP) scales as O(12n) if all possible
Clifford layers are considered. Therefore, a relaxation
is necessary to solve this LP in practice. Analogous to
the Pauli conjugation method, section IIIA 1, sampling
s ≥ 2r columns at random from W (J)(r×12n) results in
a feasible matrix W (J)(r×s) with high probability. As
in section IIIA 1, we test this statement numerically by
checking the feasibility conditions of proposition III.2 for
random submatrices.

Numerical Observation III.8 (figure 3). Let
W (J)(r×12n) be a matrix with r = |suppnz(J)| and en-
tries as in eq. (23), and let w be a r-dimensional random
vector drawn uniformly from col(W (J)(r×12n)). Then,
we numerically observe that Wendel’s statement (17) ap-
proximately holds, i.e. the random submatrix W (J)(r×s)

is feasible with high probability provided we take s ≥ 2r
samples of w.
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Figure 3. Select r rows of W (J) to get the partial martrix W (J)(r×12n), then randomly sample s columns to obtain
W (J)(r×s). (a) and (b): For a k-local system Hamiltonian with k ≤ 2 and k ≤ 3 respectively, resulting in r =

∑k
i=1 3

i
(
n
i

)

Pauli terms. (b): We stopped the numerical experiments at n = 13 due to the large amount of all-to-all interactions with
support k ≤ 3. (c): For each k = 1, . . . , 5 choose randomly 10 different supports supp(a) and consider all possible interactions
on these supports. This results in r ≤ 10

∑5
k=1 3

k (“≤”, since for k = 1 there are only n different supports). This represents
a sparse random 5-local Hamiltonian. (a), (b), (c): For a k-local interaction term Pa there exist 3k distinct Pauli terms
Pa′ with the same support supp(a) = supp(a′), i.e. corresponding to the same (hyper)edge in the interaction graph. For
each (hyper)edge the set of non-zero interactions is sampled randomly both in the interaction strength Ja

i.i.d.∼ unif([−1,+1])
and the interaction type (index a is chosen randomly). So, the amount, index, and values of the non-zeros in J are random.
Left: The plots show the success frequency over 50 samples for “W (J)(r×s) is feasible” (yellow) for each n = 3, . . . , 30 and
s/r = 1.5, . . . , 2.5. There is a sharp transition at s/r = 2 in all cases. Right: The difference of our numerical observation
from Wendel’s statement (17).
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Figure 4. Solving (CliffLP) for 50 uniform random samples A from [−1, 1]r. For each sample a feasible W (J)(r×s) is generated
as in numerical Observation III.8 with s = 3r, . . . , 6r. The average objective function value

∑
λ = 1Tλ over the number of

qubits n is shown. The error bars represent the sample standard deviation. The r interactions and J of the plots (a), (b)
and (c) are chosen the same way as in figure 3.

From the definition of feasibility, we know that
(CliffLP) always has a solution for arbitrary A, i.e. ar-
bitrary J ,A such that nz(A) ⊆ suppnz(J). Further-
more, the quality of the relaxation can be improved by
increasing s, which leads to an expanded search space,
see figure 4. This provides again a flexible trade-off be-
tween the runtime of (CliffLP) and the optimality of
λ. The scaling of 1Tλ in figure 4 (c) is independent of

n since r ≤ 10
∑5

k=1 3
k is independent of n. For the

Clifford conjugation, the sample standard deviation is
larger compared to the Pauli conjugation. This is due to
the increased set of target Hamiltonians which are reach-
able by the Clifford conjugation. Here, we also randomly
sample the number and the position of the non-zero val-
ues in J .
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C. Hamiltonian engineering with unknown
Hamiltonians

In practice, sometimes not all coupling coefficients in
J might be known. For example, when an experiment
aims to realize two-body interactions but also acquires
unwanted three-body terms of unknown strength. Such
system Hamiltonians with unknown or only partially
known coupling strengths can still be used for engineer-
ing based on the Pauli conjugation method from sec-
tion IIIA. Solving (PauliLP) for an M ∈ Rr yields the
target Hamiltonian

∑

a∈F n \{0}
MaJaPa = HT . (28)

The potentially unknown coefficients Ja are modified
by an element-wise multiplication M ⊙ J . Interesting
choices for Ma are −1 and 0, inverting the sign of or can-
celing the term Pa, respectively, without the knowledge
of Ja. For each term in the system Hamiltonian, a dif-
ferent Ma can be chosen. Therefore, engineering known
terms Ma = Aa/Ja in the Hamiltonian while canceling
or inverting other (potentially unknown) terms Ma = 0
or Ma = −1 is possible. Using such a M in (PauliLP)
with dummy values for the unknown Ja inverts the signs
or cancels the interactions.

In section VA we apply the approach to cancel un-
known 3-body terms in a 2D lattice Hamiltonian.

D. Hamiltonian engineering with 2D lattice
Hamiltonian

The scaling of our method is independent of the sys-
tem size and only depends on the number of interactions.
To highlight this fact, we consider a system Hamiltonian
with a 2D square lattice interaction graph. Our Hamilto-
nian with constant couplings between neighboring qubits
is motivated by experimental quantum platforms such as
interacting superconducting qubits or cold atoms in op-
tical lattices [53–55].

We consider a system and target Hamiltonian

HS = J
∑

i,j∈E
PaiPaj , HT =

∑

i,j∈E
AaPaiPaj , (29)

with supp(a) ∈ E, representing all possible two-body
interactions on a 2D square lattice interaction graph with
the set of edges E, and constant interaction strength in
the system Hamiltonian.

Figure 5 shows that a target Hamiltonian HT with
arbitrary couplings A with this interaction graph can be
engineered for 225 qubits in about 60 seconds of classical
runtime using the Pauli conjugation method (PauliLP).

IV. ERROR ROBUSTNESS AND MITIGATION
TECHNIQUES

To successfully apply the Pauli or Clifford conjugation
in practice it is necessary to make the resulting pulse se-
quences robust against dominant errors. In this section,
we provide mitigation techniques for our efficient conju-
gation methods, which come with little overhead. The
simultaneous action of the single-qubit pulse and system
Hamiltonian is called the finite pulse time error. It has
been shown that this error is detrimental to approaches
similar to ours [56]. Therefore, our focus lies on the er-
ror due to a finite single-qubit pulse duration. Further-
more, we provide a modification to combine our Clifford
method with robust composite pulses, making it robust
against many different errors occurring in experiments.
We achieve robustness against finite pulse time effects
and rotation angle errors using a similar approach as
in Votto et al. [18]. Their study focuses on specifically
designed π-pulse sequences (i.e. Pauli gates), so-called
Walsh sequences, for engineering XY-Hamiltonians. In
our work, we generalize their approach to general local
system Hamiltonians and arbitrary single-qubit pulses.

AHT is a well-known approach in NMR that allows to
investigate the dynamics under a time-dependent Hamil-
tonian by approximating it with the one of a time-
dependent Hamiltonian [57, 58]. This approximation is
done by a low order Magnus expansion [59]. We utilize
AHT to investigate the error due to a finite single-qubit
pulse time. We will heavily use that the error term in
the average Hamiltonian has the same interaction graph
as the system Hamiltonian.

In the following, we give an explicit form of the finite
pulse time error in the average Hamiltonian when in-
terleaving a system Hamiltonian with arbitrarily many
layers of single-qubit pulses. For the Clifford conjugation
method, we find that the finite pulse time error can be
exactly cancelled by a slight modification of (CliffLP).
This general investigation enables us to also mitigate fi-
nite pulse time error in combination with other pulse
errors by replacing the single-qubit Clifford pulses in
our Clifford conjugation method with robust compos-
ite pulses. The latter are designed to compensate for
experimental errors by implementing a gate with a spe-
cific pulse sequence. In this way, dominant error sources
can be cancelled or suppressed, which includes rotation
angle error (Rabi frequency errors), off-resonance errors
[60, 61], phase errors [62], pulse shape errors [63–65],
or non-stationary, non-Markovian noise [66] or crosstalk
[67].

For the Pauli conjugation method, the finite pulse time
error on the interaction graph of the system Hamiltonian
can only be partially mitigated by modifying (PauliLP).
However, the freedom in choosing the rotation direction
in the π pulse can be leveraged in addition to the modi-
fied (PauliLP) to completely cancel the finite pulse time
error term in the average Hamiltonian. Moreover, this si-
multaneously cancels first order effects of rotation angle
errors in the single-qubit pulses.
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Figure 5. A two-body system Hamiltonian on a 2D square lattice with n = 4, . . . , 225 qubits as in eq. (29) and a constant
J = 1. The number of interactions is r = 32|E| with the set of edges E of a 2D square lattice. We sample 50 target Hamiltonians
with uniform random samples A from [−1, 1]r. For each sample, a feasible W (r×s) is generated with s = 3r, . . . , 6r, using the
efficient method from section IIIA 1. Left: The average and the sample standard deviation of the objective function value∑

λ = 1Tλ over the number of qubits n is shown. Right: The average and the sample standard deviation of the runtime for
solving (PauliLP) over the number of qubits n is shown.

We introduce basic concepts required for the following
chapters in section IVA. Then, in section IVB, we start
with the investigation of the finite pulse time error when
conjugating a system Hamiltonian with arbitrary many
general single-qubit pulses. In section IVC, we apply the
general results to present our robust Clifford conjugation
methods. Finally, in section IVD, we present our robust
Pauli conjugation method.

A. Preliminaries

For our robust methods, we require two well-known
approaches to approximate the time evolution under
non-commuting Hamiltonians. First, we present general
Trotter product formulae to approximate the time evo-
lution under a linear combination of time-independent
Hamiltonians. Recently, the performance of the Suzuki-
Trotter approximation has been greatly improved [68].
Second, we present the Magnus expansion to approxi-
mate the time evolution under a time-dependent Hamil-
tonian by a time-independent Hamiltonian.

1. Product formula

The time evolution under a HamiltonianH =
∑L

i=1 Hi

can generally be approximated by a product formula

e−itH ≈ e−iαqHiq . . . e−iα1Hi1 , (30)

with the number of evolution steps q and i1, . . . , iq ∈ [L].
We call a product formula deterministic if i1, . . . , iq can
be found by a deterministic algorithm. For our methods
we do not require, that α1, . . . , αq ∈ R are chosen de-
terministically. The best known deterministic product
formulae are the Suzuki-Trotter formulae [69, 70]. The

first- and second order approximations are given by

e−itH ≈




L−→∏

i=1

e
−i t

nTro
Hi



nTro

=: S1(t/nTro)
nTro (31)

and

e−itH ≈




L←−∏

i=1

e
−i t

 nTro
Hi

L−→∏

i=1

e
−i t

 nTro
Hi



nTro

=: S2(t/nTro)
nTro ,

(32)

respectively, with the number of Trotter cycles nTro. The
number of Trotter cycles can be increased to improve the
accuracy. Throughout our work we use the convention
−→∏L

i=1 Ai := AL . . . A1 and
←−∏L

i=1 Ai := A1 . . . AL to indi-
cate the order of the products of non-commuting opera-
tors. The 2k-th order Suzuki-Trotter formula for k > 1
is defined recursively by

S2k(t) := S2k−2(ukt)
2S2k−2((1− 4uk)t)S2k−2(ukt)

2 ,
(33)

with uk := (4− 4(2k−1)−1

)−1. For a 2k-th order Suzuki-
Trotter formula the approximation error in spectral
norm is bounded by

∥S2k(t/nTro)
nTro − e−itH∥

≤ O



(
t

L∑

i=1

∥Hi∥
)2k+1

nTro
−2k


 ,

(34)
with the spectral norm ∥Hi∥ [71].

2. Average Hamiltonian theory and the Magnus expansion

Given a time-dependent Hamiltonian H(t), it is some-
times useful to consider a time-independent effective or
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average Hamiltonian Hav satisfying

U(T ) ≈ e−iTHav , (35)

where U(T ) is the time evolution operator defined by the
differential equation

dU(t)
dt

= −iH(t)U(t) , and U(0) = 1 . (36)

This average Hamiltonian can be expressed by the Mag-
nus expansion as follows

HAV = H(1)
av +H(2)

av + . . . , (37)

where the first and second order terms are explicitly
given by

H(1)
av :=

1

T

∫ T

0

H(τ)dτ (38)

and

H(2)
av :=

1

2iT

∫ T

0

∫ τ

0

[H(τ), H(τ ′)]dτ ′dτ . (39)

The Magnus expansion converges if
∫ T
0
∥H(τ)∥2dτ < π

[72]. As a rule of thumb, the Magnus expansion con-
verges rapidly if

max
τ∈[0,T ]

∥H(τ)∥2T ≪ 1 , (40)

where the Schatten 2-norm is used [73]. Throughout this
work we only consider the first order approximation and
write Hav = H

(1)
av .

B. General robust conjugation method

We start with a general discussion of the finite pulse
time error when conjugating a system Hamiltonian HS

with multiple layers of general single-qubit pulses. To
this end, we define the Hamiltonian of a general single-
qubit pulse layer and the operators relevant for the fol-
lowing discussion.

Definition IV.1. Let G ⊂ Herm(C2) be a set of single-
qubit pulse generators. A single-qubit pulse layer is

given by a local generator hi chosen from G for each qubit
i ∈ [n], the (single-qubit) rotation directions s ∈ Fn2 and
the finite pulse time tp > 0. The Hamiltonian generating
the single-qubit pulse layer on n qubits is given by

H(tp, s,h) :=
1

tp

n∑

i=1

(−1)sihi , (41)

with h := (h1, . . . , hn). The single-qubit pulse layer
Hamiltonian is completely specified by the tuple c :=
(tp, s,h), and we write Hc := H(tp, s,h). This generates
the evolution operator for one single-qubit pulse layer

Sc(t) := e−itHc , and Sc := Sc(tp) . (42)
More generally, we consider a sequence of nL single-qubit
pulse layers and introduce the layer index ℓ ∈ [nL]. The
evolution for the ℓ-th single-qubit pulse layer is specified
by the tuple c(ℓ) := (t

(ℓ)
p , s(ℓ),h(ℓ)), and we define the tu-

ple c := (c(1), . . . , c(nL)). Moreover, we define the single-
qubit pulse block and the partial single-qubit pulse block
as

Sc :=

nL−→∏

ℓ=1

Sc(ℓ) , (43)

and

Sc≥D :=

{−→∏nL

ℓ=D Sc(ℓ) , 1 ≤ D ≤ nL
1 , otherwise ,

(44)

respectively. Similarly, we define the pulse time for the
single-qubit pulse block Tp :=

∑nL
ℓ=1 t

(ℓ)
p and for the par-

tial single-qubit pulse block T≤D
p :=

∑D
ℓ=1 t

(ℓ)
p .

To illustrate definition IV.1 we provide the Hamilto-
nian for the single-qubit Pauli pulses from section IIIA.
The Hamiltonian for a single-qubit Pauli pulse layer is
given by the π pulse time tp, an arbitrary rotation direc-
tion s ∈ Fn2 and the generators hi = π

2Pi, with the Pauli
operator Pi given by Pbi from eq. (11).

Recall from section III that ideally, we would
like to implement the conjugation S†

ce
−itλcHSSc =

e−itλcS
†
cHSSc , with the system Hamiltonian HS and the

relative evolution time λc associated with a single-qubit
pulse block Sc. However, due to the finite duration of
the single-qubit pulse we get the time evolution

U(tλc) =




nL←−∏

ℓ=1

e−it(ℓ)p (HS−Hc(ℓ)
)


 e−itλcHS




nL−→∏

ℓ=1

e−it(ℓ)p (HS+H
c(ℓ)

)


 , (45)

with the finite duration of the ℓ-th single-qubit pulse
layer t

(ℓ)
p > 0, see figure 6. First, we provide the aver-

age Hamiltonian for one conjugation with a single-qubit

pulse block to investigate the effect of the finite pulse
duration.

Lemma IV.2. The approximation of U(tλc) in first or-
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e−itHT ≈

U(tλc)

S†
c(nL) S†

c(1)
Sc(1) Sc(nL)

. . . . . . . . . . . . . . .

. . . . . . . . . . . . . . .

. . . . . . . . . . . . . . .

e−itλcHS U(tλ2) U(tλm)

Figure 6. Exemplary quantum circuit for approximating the target evolution. We only implement simple single-qubit pulses
in the presence of an always-on system Hamiltonian HS .

der Magnus expansion is given by e−iHav,c(t) with

Hav,c(t) = tλcS
†
cHSSc +Herr,c, (46)

where
Herr,c :=

2

nL∑

ℓ=1

S†
c≥(ℓ+1)

∫ t(ℓ)p

0

S†
c(ℓ)

(t)HSSc(ℓ)(t)dtSc≥(ℓ+1) .
(47)

The average Hamiltonian Hav,c(t) has the same interac-
tion graph as HS. Moreover, the error for truncating the
Magnus expansion after the first order can be bounded in
spectral norm by

∥U(tλc)− e−iHav,c(t)∥ ≤ O((2Tp + tλc)
2∥HS∥2) . (48)

We define the matrices capturing the effect of the ideal
evolution and the finite pulse time error to state a LP
that cancels the finite pulse time error in the average
Hamiltonian (in first order).

Lemma IV.3. Let W (J)(r×s), E(J)(r×s) ∈ Rr×s be the
matrices representing the ideal conjugation and the fi-
nite pulse time error in the Pauli basis respectively. The
entries are given by

W (J)(r×s)ac :=
1

2n
Tr
(
Pa

(
S†
cHSSc

))
, (49)

and

E(J)(r×s)ac :=
1

2n
Tr (PaHerr,c) , (50)

and can be calculated in polynomial time in the number
of qubits for a local system Hamiltonian HS.

The proofs of lemma IV.2 and lemma IV.3 can be
found in appendix C. Let W (J)(r×s) be feasible (as in
definition III.1) and let

∑
c λcS

†
cHSSc be able to mod-

ify all interaction terms in the interaction graph of HS .
Then, the LP

minimize 1Tλ

subject to W (J)(r×s)λ+ E(J)(r×s)1 = A ,

λ ∈ Rs
≥0

(robustLP)

always has a solution for any A ∈ Rr. This follows
directly from definition III.1. Now, we are ready to state
the main result of this section.

Theorem IV.4. The target time evolution e−itHT can
be efficiently approximated by a deterministic product
formula implementing a product of U(tλc), with λc from
(robustLP). Moreover, this approximation is robust
against the finite pulse time effect. The only approxi-
mation errors are given by the ones from the Magnus
approximation (lemma IV.2) and the approximation er-
ror from the deterministic product formula.

Proof. The chosen product formula determines the num-
ber of implemented single-qubit conjugations U(tλc) for
each c. Let this number be nc. The finite pulse time
error term in (robustLP) has to be rescaled to account
for nc since each implementation of U(tλc) causes the
associated finite pulse time error. This can be done by
multiplying the c-th column of E(J)(r×s) by nc.

For simplicity, we assume the first order Trotter ap-
proximation in eq. (31). To account for the number
of implemented single-qubit conjugations we have to
rescale E(J)(r×s) by nc = nTro for all c. Let tHav :=∑s

cHav,c(t), with λc from (robustLP). Let the target
Hamiltonian be

HT =
∑

a∈F n \{0}
AaPa . (51)

By the constraint of (robustLP), we have Hav = HT .
The time evolution governed by the target Hamiltonian
HT can be approximated with

e−itHT = e−itHav

≈
(−→∏

c

e
−iHav,c

(
t

nTro

))nTro

≈
(−→∏

c

U(tλc/nTro)

)nTro

,

(52)

where the first approximation is given by the Trotter
scheme and the second approximation is given by the
first order Magnus expansion from lemma IV.2.
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Remark 1. The Trotter approximation error can be
bounded as in eq. (34) and depends on the evolution
time t

∑
c λc. The approximation error for truncating

the Magnus expansion increases with the finite pulse du-
ration, see eq. (48). Note, that the truncation error
bound in eq. (48) is not tight and might be improved
[74].

Remark 2. The (robustLP) is efficiently solvable with
the relaxation from section III B 1 if s ≥ 2r with r the
number of interaction terms that can be modified. To
approximate the evolution under the target Hamiltonian
HT with nTro Trotter cycles we have to implement at
most nTros evolution blocks U(tλc), even if λc = 0. Since
the finite pulse time errors for all single-qubit pulse lay-
ers are taken into account in (robustLP). Each evolution
block contains 2nL single-qubit pulse layers (possibly be-
ing part of a robust composite pulse sequence). Then,
the total number of single-qubit pulse layers is at most
2nLnTros.

The number of single-qubit pulse layers can be reduced
by formulating the (MILP), which we explain in sec-
tion IVE. This (MILP) reduces the number of evolution
blocks in one Trotter cycle from s ≥ 2r to s ≈ r. How-
ever, MILP’s are in general hard to solve. The size of
(MILP) is drastically reduced due to our efficient relax-
ation, and solving it for small instances is still feasible.

To summarize, our efficient relaxation plays a central
role in both cases for solving the (robustLP) and (MILP).
The (MILP) is feasible only for small instances whereas
the (robustLP) is efficiently solvable at the cost of more
single-qubit pulse layers.

In the next sections, we leverage the general robust
conjugation method to robustify the Clifford and Pauli
conjugation methods.

C. Robust Clifford conjugation method

For the Clifford conjugation method we have two
single-qubit pulse layers nL = 2 of π/2 pulses, splitting
the Pauli pulses into two pulses.

Definition IV.5 (Single-qubit Clifford pulse block).
The single-qubit Clifford pulse block Sc is specified
by the tuple c = ((t

(1)
p , s(1),h(1)), (t

(2)
p , s(2),h(2))), with

the finite pulse times of one π/2 pulse, and we have
t
(1)
p = t

(2)
p . The rotation direction s(ℓ) is fixed, and we

set s(ℓ)
i = 1 if on the i-th qubit and the ℓ layer we have√

( · )† and s
(ℓ)
i = 0 if we have

√
( · ). The generators are

hi =
π

4t
(ℓ)
p

P
(ℓ)
i , with the Pauli operators from the square-

root Pauli gates P
(ℓ)
i .

The Clifford method can be made robust against the
finite pulse time error by direct application of theo-
rem IV.4. Our results for the efficient relaxation of the
Clifford conjugation method in section III B 1 ensures
that (robustLP) is feasible and that all interaction terms
in the interaction graph of HS can be modified.

Corollary IV.6 (Robustness against finite pulse time
errors). Let there be two layers of π/2 pulses, represent-
ing the single-qubit pulses for the Clifford conjugation as
in definition IV.5. Then, the finite pulse time effect can
be suppressed using theorem IV.4.

The Clifford conjugation method can also be made
robust by taking advantage of the rich field of robust
composite pulses. The π/2 pulses in each of the two
layers in the Clifford conjugation method can be made
robust by replacing each pulse with robust composite
pulses of length nL/2. Then, the finite pulse time error
is different but can still be corrected using theorem IV.4.

Corollary IV.7 (Robustness against pulse errors). Let
there be a robust composite pulse sequence for π/2 pulses
of length nL/2. Replacing each π/2 pulse in the Clif-
ford conjugation method by such robust composite pulses
yields nL single-qubit pulse layers. Then, the finite pulse
time effect is different from corollary IV.6 but still can
be suppressed by theorem IV.4.

The ability to modify any interaction in the interaction
graph of HS and the combination with robust compos-
ite pulses makes our Clifford conjugation robust against
a wide range of different errors in experiments. Note,
that composite pulses with a short overall duration are
more beneficial due to the faster convergence of the Mag-
nus expansion eq. (40). In section VB we combine the
SCROFULOUS pulses [75] and the SCROBUTUS pulses
[61] with the robust Clifford conjugation to implement
arbitrary Heisenberg Hamiltonians.

D. Robust Pauli conjugation method

The Pauli conjugation can only change the Pauli co-
efficients in the system Hamiltonian but not modify the
type of interactions. Consequently, the general robust
conjugation method is not directly applicable. There-
fore, we generalize the robustness conditions of Votto et
al. [18] to arbitrary local Hamiltonians.

Definition IV.8 (Single-qubit Pauli pulse layer). The
single-qubit Pauli pulse layer Sc is specified by the tuple
c = (tp, s,h), with the finite pulse time tp of one π pulse.
The rotation direction is s ∈ Fn2 and can be chosen freely
for π pulses. The generators are hi = π

2Pi, with the
Pauli operator Pi given by Pbi from eq. (11).

For the Pauli conjugation U(tλc) simplifies to

U(tλc) = e−itp(HS−Hc)e−itλcHSe−itp(HS+Hc) . (53)

Next, we provide the average Hamiltonian for the con-
jugation of the system Hamiltonian with a single-qubit
Pauli pulse layer to investigate the effect of the finite
pulse time.

Lemma IV.9. Consider all labels a ∈ F2n
2 for the non-

zero interactions Ja ̸= 0 in the system Hamiltonian.
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Then, the approximation of U(tλc) for the Pauli con-
jugation in first order Magnus expansion is given by
e−iHav,c(t) with

Hav,c(t) = tλcS
†
cHSSc +Herr,c , (54)

where

Herr,c =
∑

a∈F n \{0}

(
JaE

(r×s)
a,c Pa +Ra,c

)
. (55)

We call the first term in eq. (55) the interaction term,
with

E(r×s)
a,c :=

4tp
π

∫ π
 

0


 ∏

i∈supp(a)

(cos2(θ) + (−1)⟨ai,bi⟩ sin2(θ))


 dθ ,

(56)
which we collect as entries of the matrix E(r×s) ∈ Rr×s.
We call the second term Ra,c the rest term, and it is
proportional to (−1)ea·s, with s ∈ Fn2 representing the
chosen rotation direction of the π pulses and ea ∈ Fn2
encodes the sign flips due to the finite pulse time error
such that ea,i = 0 for all i /∈ supp(a).

All proofs in this section can be found in appendix D.
We define the LP similar to (robustLP)

minimize 1Tλ

subject to W (r×s)λ+ E(r×s)1 = M ,

λ ∈ Rs
≥0 ,

(robustPauliLP)
with W (r×s) ∈ Rr×s and M ∈ Rr from section IIIA
and E(r×s) ∈ Rr×s from lemma IV.9. Similar to the-
orem IV.4 we can cancel the effect of the interaction
terms in eq. (55) by implementing U(tλc), with λc from
(robustPauliLP). However, there still remains the rest
terms Ra,c in eq. (55) which can be cancelled by selecting
the π pulse direction appropriately.

Proposition IV.10 (Robustness against finite pulse
time errors). The target time evolution e−itHT can be
approximated by a deterministic product formula im-
plementing U(tλc), with λc from (robustPauliLP), and
choosing the rotation directions s ∈ Fn2 of the π pulses
such that

∑
s(−1)ea·s = 0 for all ea ∈ Fn2 with ea,i = 0

for all i /∈ supp(a) for any a with Ja ̸= 0, as in
lemma IV.9. The only approximation errors are given by
the ones from the Magnus approximation (lemma IV.2)
and the approximation error from the deterministic prod-
uct formula.

Proof. Similar as in the proof of theorem IV.4 the
columns of E(r×s) in (robustPauliLP) has to be rescaled
by the number of implementations U(tλc) which we de-
note by nc. For simplicity we assume the first order
Trotter approximation in eq. (31).

We start with the rest term in the average Hamil-
tonian in eq. (55) which is proportional to (−1)ea·s.

Let’s assume we require κ different rotation directions
s(1), . . . , s(κ) ∈ Fn2 such that

∑κ
j=1(−1)ea·s(j) = 0 for

all ea ∈ Fn2 with ea,i = 0 for all i /∈ supp(a) for any
a with Ja ̸= 0. A non-optimal choice of s(j) are all
possible binary combinations without the all-zero vec-
tor, then κ = 2n − 1. An efficient choice is provided in
proposition IV.12 below. To indicate the used rotation
direction, we specify the single-qubit Pauli pulse layer by
the tuple c(j) = (tp, s(j),h). Note, that the generators
do not change. Let the partial average Hamiltonian be
the average Hamiltonian without the rest error term

H̃av,c(t) :=

κ∑

j=1

Hav,c(j)

(
t

κ

)

= tλcS
†
cHSSc + κ

∑

a∈F n \{0}
E(r×s)
a,c JaPa .

(57)
The evolution under the partial average Hamiltonian can
be approximated by

e−itH̃av,c(t) ≈
κ−→∏

j=1

e
−iHav,c(j)(

t
κ ) ≈

κ−→∏

j=1

U(tλc(j)/κ) , (58)

where the first approximation is given by a first or-
der Trotter scheme where we set nTro = 1 for sim-
plicity, and the second approximation is given by the
first order Magnus expansion from lemma IV.2. Let
tHav :=

∑s
c H̃av,c(t), with λc from (robustPauliLP). Let

the target Hamiltonian be

HT =
∑

a∈F n \{0}
AaPa . (59)

By the constraint of (robustPauliLP), we have Hav =
HT . The time evolution governed by the target Hamil-
tonian HT can be approximated with

e−itHT = e−itHav

≈
(−→∏

c

e
−iH̃av,c(j)

(
t

nTro

))nTro

≈



−→∏

c

κ−→∏

j=1

U

(
tλc(j)
κnTro

)

nTro

,

(60)

where the first approximation is given by the Trotter
scheme. To account for the number of implemented Pauli
conjugations U(tλc) we have to rescale E(r×s) by nc =
κnTro for all c.

Note, that even if λc = 0 the evolution block U(tλc)
still has to be implemented with zero free evolution time.
The number of evolution blocks can be reduced by for-
mulating a MILP, which we explain in section IVE.

The robustness against finite pulse time errors simulta-
neously implies robustness against the first order effects
of rotation angle errors.
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Proposition IV.11. Let the rotation directions s ∈ Fn2
of the π pulses such that

∑
s(−1)ea·s = 0 for all ea ∈ Fn2

with ea,i = 0 for all i /∈ supp(a) for any a with Ja ̸= 0,
as in lemma IV.9. Then, the rotation angle errors in the
first order Taylor approximation cancels.

Given a system Hamiltonian with only two-body inter-
actions, i.e. only interactions Pa with | supp(a)| = 2, a
good choice for the π pulse rotation directions s(j) ∈ Fn2
for j = 1, . . . , κ can be found by utilizing the orthogo-
nality property of Walsh-Hadamard matrices.

Proposition IV.12. Let κ = 2⌈log (n+1)⌉ ≤ 2n and let
W (κ×κ) be the κ× κ dimensional Walsh-Hadamard ma-
trix. Choose n distinct columns from W (κ×κ) without
the first column and define the resulting partial Walsh-
Hadamard matrix as W (κ×n). Let (−1)s(j) be the j-th
row of W (κ×n). Then, for a ∈ F2n

2 and ea ∈ Fn2 with
| supp(a)| = 2 and ea,i = 0 for all i /∈ supp(a) we obtain∑κ

j=1(−1)ea·s(j) = 0.

E. Reducing the number of single-qubit pulses

Let W,E be either W (J)(r×s), E(J)(r×s) or
W (r×s), E(r×s) as in (robustLP) or (robustPauliLP)
respectively. In these LPs the sum of the finite pulse
time effects for all considered evolution blocks U(tλc)
is given by the vector E · 1 ∈ Rr. The solution λ
in the (robustLP) and (robustPauliLP) is sparse [41].
However, when mitigating the finite pulse time errors
as in theorem IV.4 and proposition IV.10 then all the
single-qubit pulse conjugations have to be implemented
(with zero free evolution time if λc = 0). The LP’s can
be extended with additional binary variables z ∈ {0, 1}s
and an additional constraint to only consider the
finite pulse time errors for the single-qubit pulses with
non-zero free evolution time [76]. This yields the mixed
integer linear program (MILP)

minimize α1Tλ+ (1− α)1Tz

subject to Wλ+ Ez = M ,

clz ≤ λ ≤ c z ,

λ ∈ Rs
≥0 , z ∈ {0, 1}s .

(MILP)

The free parameter α ∈ [0, 1] assigns weights to the
minimization of the free evolution times α = 1 or the
minimization of the number of single-qubit pulse layers
α = 0. 0 ≤ cl < c are lower and upper bounds on the
entries of λ. The interval [cl, c ] has to be large enough
such that (MILP) has a solution. Although (MILP) is in
general hard to solve, there are many powerful heuristics
and software packages to solve such optimizations [48].

If not otherwise stated, we used the parameters cl =
10−6, c = 103 and α = 10−2. We used MOSEK to solve
(MILP) with parameter MSK_DPAR_MIO_TOL_REL_GAP
set to 1.0 [48].

V. NUMERICAL HAMILTONIAN
SIMULATIONS

To benchmark our methods, we perform numerical
simulations that model the most relevant error sources
occurring in practice. We consider a device with 2D
lattice interactions, motivated by superconducting qubit
platforms, and one with all-to-all connectivity modelling
an ion trap. However, the presented methods are also
applicable to other platforms such as cold atoms.

We numerically simulate the time evolution given by
the robust Pauli and Clifford conjugation methods by
explicitly computing products of matrix exponentials.
More precisely, the decomposition of the target Hamil-
tonian is implemented using the first- or second-order
Trotter formula,

Usim =

(−→∏

c

U

(
tλc
nTro

))nTro

(61)

or

Usim =

(←−∏

c

U

(
tλc
2nTro

)−→∏

c

U

(
tλc
2nTro

))nTro

, (62)

where a single evolution block U(tλc) consists of the
time evolution under the system Hamiltonian conjugated
by single-qubit pulses as in eq. (45), and thus explicitly
models finite pulse time errors.

We model the rotation angle and off-resonance errors
of one single-qubit pulse layer, similar to definition IV.1,
as

Hc,(ε,f) =
1

tp

n∑

i=1

((1 + εi)(−1)sihi + fiZi) , (63)

where εi
i.i.d.∼ unif([0, ε]) is the relative angle error and

fi
i.i.d.∼ unif([0, f ]) is the off-resonance error on the i-th

qubit. The relative angle error is sampled once and rep-
resents faulty and inhomogeneous control of the single-
qubit pulses.

To capture the quality of the implementation, Usim is
compared to the target evolution UT = e−itHT . As a
measure of quality, we use the average gate infidelity

1− Favg(Usim, UT ) = 1− Tr(U†
TUsim) + 1

d+ 1
, (64)

with the Hilbert space dimension d.

A. Simulation of a 2D lattice model

We consider a quantum platform with a native 2 × 3
lattice Hamiltonian with n = 6 qubits as an abstract
model for interacting superconducting qubits,

HS = J
∑

ij

ZiZj +
∑

ijk

EijkXiXjXk . (65)
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Figure 7. Left: The sample mean and standard deviation of the average gate infidelities eq. (64) for implementing the time
evolution of e−itHT with HT from eq. (66) and t = 1 s over the number of Trotter cycles nTro is shown. The sample mean
and standard deviation are calculated over 50 random samples of the target Hamiltonians HT . Note, that each Trotter cycle
contains κ = 8 evolution blocks U(tλc) with different rotation directions for the π pulses. Top Right: Table indicating which
error types are present for the different simulations. Bottom right: Example 2 × 3 2D square lattice on n = 6 qubits with
the two-body interactions, solid black lines, and the three-body interactions for the lower left qubit, colored areas.

We assume that there are unwanted three-body interac-
tions of unknown strength, where we consider all possible
nearest neighbor three-body interactions. An example of
the considered two- and three-body interactions are de-
picted in figure 7 as solid black lines and colored areas
respectively. The two-body coupling coefficients are con-
stant, J = 103 Hz. The three-body coupling coefficients
are uniformly sampled Eijk

i.i.d.∼ unif([−102, 102] · Hz)
after the design of the pulse sequences and therefore
considered as unknown. The finite π pulse time is
tp = 10−7 s. We want to implement the Ising Hamil-
tonian

HT =
∑

ij

AijZiZj , (66)

with coupling coefficients Aij
i.i.d.∼ unif([10−1, 1] · Hz).

The pulse errors are modeled as in eq. (63) with ε = 10−1

and no off-resonance error.
In figure 7 we compare the naive Pauli conjugation

from section IIIA to the robust Pauli conjugation from
section IVD to generate the target Hamiltonian HT .
For the robust Pauli conjugation the relative evolu-
tion times λ are the solutions of the (MILP) for the
(robustPauliLP). We use the π pulse rotation directions
as in proposition IV.12, canceling all two-body terms in
the average Hamiltonian. Therefore, for n = 6 qubits
κ = 2⌈log (n+1)⌉ = 8 different rotation directions are re-
quired. To cancel the unwanted and unknown three-
body interaction terms we apply the results from sec-
tion III C to both approaches. In the angle error and
exact (Trotter) data we apply the same sequences as for
the naive but with different errors, see table in figure 7.
To approximate the time evolution under HT we use
the first-order Trotter formula from eq. (61) for all se-
quences. Increasing the number of Trotter cycles nTro

improves the accuracy of the Trotter approximation in
absence of other errors. However, an increased number

of Trotter cycles nTro also yields an increased number of
evolution blocks U(tλc). From figure 7 it is clear that
the finite pulse time errors and angle errors in the naive
sequences quickly accumulate even for small number of
Trotter cycles. However, the robust Pauli sequences con-
verge as quickly as the Trotter sequences without any
errors.

B. Simulation of Heisenberg Hamiltonians with an
ion trap model

We consider an ion trap with Ytterbium ions in an ex-
ternal magnetic field gradient [77]. The effective system
Hamiltonian is

HS =

n∑

i̸=j
JijZiZj , (67)

where the coupling coefficients Jij are calculated for a
harmonic trapping potential affecting the equilibrium
positions of the ions in the magnetic field gradient
(cf. Ref. [36, App. A]). We consider all-to-all connec-
tivity, thus the number of reachable interactions is r =
n
2 (n − 1) for the Pauli conjugation and r = 32 n

2 (n − 1)
for the Clifford conjugation. The coupling coefficients
Jij are proportional to (B1/ω)

2, with a magnetic field
gradient of B1 = 40T/m and a trap frequency of
ω = 2π500 kHz. The finite π pulse time is tp = 2µs,
which is proportional to π/Ω with the Rabi frequency
Ω = ω/2. Moreover, we consider the rotation angle er-
rors of strength ε = 10−1 and off-resonance errors of
strength f = 10−1, which are modeled as in eq. (63).

As a target Hamiltonian, we consider the general
Heisenberg Hamiltonian

HT =

n∑

i̸=j

(
Ax
ijXiXj +Ay

ijYiYj +Az
ijZiZj

)
, (68)
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Error: finite pulse time rotation angle off-resonance
robust Clifford X
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naive (middle) X X
naive (right) X X X
angle error X
off-resonance error X
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Figure 8. Top: The sample mean and standard deviation of the average gate infidelities eq. (64) for implementing the time
evolution of e−itHT with HT from eq. (68) and t = 1 sec over the number of Trotter cycles nTro is shown. The sample mean
and standard deviation are calculated over 50 random samples of the Heisenberg Hamiltonians HT on n = 8 qubits. Top
Left: The Clifford conjugation robust against finite pulse time errors (dark green) is compared to the non-robust Clifford
conjugation (red). Top Middle: The Clifford conjugation in combination with the SCROFULOUS pulse sequence [75] robust
against finite pulse time errors and rotation angle errors (dark blue) is compared to the non-robust Clifford conjugation (red).
Top Right: The Clifford conjugation in combination with the SCROBUTUS pulse sequence [61] robust against finite pulse
time errors, rotation angle errors and off-resonance errors (light blue) is compared to the non-robust Clifford conjugation (red).
Bottom: Table indicating which error types are present for the different simulations.

with coupling coefficients Ax
ij , A

y
ij , A

z
ij

i.i.d.∼ unif([10−1, 1]·
Hz) and all-to-all connectivity.

In figure 8 we compare the naive Clifford conjugation
from section III B to the robust Clifford, CPSCROFULOUS

and CPSCROBUTUS Clifford conjugations from sec-
tion IVC to generate the target Hamiltonian HT . The
robust Clifford method is robust against the finite pulse
time error. The CPSCROFULOUS method is addition-
ally robust against rotation angle errors. It is given as
a combination of our robust Clifford conjugation with
the SCROFULOUS composite pulses [75]. Finally, the
CPSCROBUTUS method is robust against the finite pulse
time error, rotation angle errors and off-resonance errors.
It is given as a combination of our robust Clifford conju-
gation with the SCROBUTUS composite pulses [61]. For
the robust Clifford, CPSCROFULOUS and CPSCROBUTUS

Clifford conjugation the relative evolution times λ are
the solutions of the (MILP) version of (robustLP). For
the angle error, off-resonance error and exact (Trotter)
data we apply the same sequences as for the naive data
but with different errors, see table in figure 8. To approx-
imate the time evolution under HT we use the second-
order Trotter formula from eq. (62) for all sequences. As
for the Pauli conjugation method in section VA, we can
observe that the finite pulse time errors and angle errors
in the naive sequences quickly accumulate even for mod-

erate number of Trotter cycles. However, the robust Clif-
ford, CPSCROFULOUS and CPSCROBUTUS sequences con-
verge as quickly as the Trotter sequences without any
errors, and seem to be even more accurate at moderate
numbers of Trotter cycles.

Note, that the rotation angle error robustness in the
CPSCROFULOUS Clifford conjugation is stronger than in
the robust Pauli conjugation in section VA. Since each
π/2 pulse (replaced by robust composite pulses) is robust
against different angle errors whereas in the robust Pauli
conjugation the angle errors are assumed to be constant
over several implementations of U(tλc).

VI. DISCUSSION AND OUTLOOK

We consider a quantum computing or quantum simu-
lation platform that has one single entangling Hamilto-
nian as system Hamiltonian and provide efficient, general
and robust methods to engineer arbitrary local Hamil-
tonians with the same interaction graph from it. Our
methods only rely on the use of Pauli or single-qubit
Clifford gates and explicitly allows for robust compos-
ite pulses. They can be directly used in experiments by
applying the pulse sequences generated by the provided
Python code [49].
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The pulse sequences for the single-qubit gates are ob-
tained by solving a suitable linear program (LP), the
classical runtime of which depends polynomially only
on the number of Pauli terms in the system Hamilto-
nian and its interaction graph and can thus be efficiently
solved for local Hamiltonians. The Pauli conjugation
method is even applicable if only partial knowledge of
the system Hamiltonian is available, and can be used to
cancel unwanted, but unknown interaction terms. More-
over, the quantum simulation runtime can be reduced at
the cost of a higher classical runtime, which provides a
flexible trade-off.

Another major advantage of our methods is the ro-
bustness against experimental imperfections. Simulation
errors introduced by finite pulse times can be explicitly
compensated in the computation of the pulse sequence.
The Clifford conjugation method can be combined with
robust composite pulses, making it robust against ma-
jor experimental errors. We discuss in detail the ef-
fect of finite pulse time errors and rotation angle errors
and show that these can be fully mitigated by modified
pulse sequences in combination with robust composite
pulses. Due to their generality and efficiency, we expect
that our methods will find many applications in quan-
tum computation and quantum simulation, such as the
fast synthesis of multi-qubit gates, or analogue quantum
simulation for problems arising in many-body physics.
Furthermore, some recent Hamiltonian learning schemes
rely on “reshaping” an unknown Hamiltonian to a diag-
onal Hamiltonian which can be done efficiently and in a
robust way with our Pauli conjugation method [33–35].

In the future, we would like to extend the efficient

Hamiltonian engineering method to fermionic systems
for digital and analogue quantum simulations. Another
promising future research direction could be the investi-
gation of finite pulse time effects for continuous robust
pulses similar to section IVB. Moreover, the design of
robust pulses tailored to the conjugation methods might
be another interesting direction.
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APPENDIX

Appendix A: Properties of solutions of (PauliLP)

In this section, we show the existence of solutions, provide lower and upper bounds on the relative evolution time,
and discuss the tightness of these bounds. First, a direct consequence of proposition III.2 is that (PauliLP) is feasible
or arbitrary Hamiltonians HS and HT satisfying nz(A) ⊆ nz(J).

Corollary A.1 (existence of solutions). Let

HS =
∑

a∈F n \{0}
JaPa and HT =

∑

a∈F n \{0}
AaPa , (A1)

with nz(A) ⊆ nz(J). Then the partial Walsh-Hadamard matrix W (r×4n) with r = |nz(J)| leads to a feasible
(PauliLP).

Proof. We know that all rows of the Walsh-Hadamard matrix are linearly independent. Furthermore, each row of
the Walsh-Hadamard matrix sums to zero, thus x = 1 > 0 is a solution to W (r×4n)x = 0. By proposition III.2 we
know that (PauliLP) always has a feasible solution even if we consider an arbitrary subset of rows.

To bound the optimal solutions 1Tλ∗ of (PauliLP) we define the dual LP

maximize MTy

subject to (W (r×4n))Ty ≤ 1 , y ∈ Rr .
(A2)

As in the previously considered case of two-body Ising interactions [37], we have the following bounds on the value
of (PauliLP):

Theorem A.2 (bounds on solutions). The optimal objective function value of (PauliLP) with a partial Walsh-
Hadamard matrix W (r×4n) is bounded by

∥M∥ℓ∞ ≤ 1Tλ∗ ≤ ∥M∥ℓ1 . (A3)

Proof. The lower bound can be verified by the fact that W (r×4n) in (PauliLP) only has entries ±1 and that λ∗ is
non-negative. Thus, it holds that ∥M∥ℓ∞ = ∥W (r×4n)λ∗∥ℓ∞ ≤ 1Tλ∗.

To show the upper bound, we first define the set of feasible solutions for the dual LP (A2)

F :=
{
y ∈ Rr

∣∣∣ (W (r×4n))Ty ≤ 1
}
. (A4)

Next, consider the partial Walsh-Hadamard matrix W ((4n−1)×4n) without the first row, corresponding to the identity
Pauli term Pa = I⊗n with a = 0. We show that

S :=
{
y ∈ R4n−1

∣∣∣ (W ((4n−1)×4n))Ty ≤ 1
}

(A5)

is a simplex. A simplex is formed by affine independent vectors. Vectors of the form (1,vi)
T are linearly dependent

if and only if the vectors vi are affine dependent. From linear dependence it follows that there is a vector t ̸= 0 such
that

∑
i ti(1,vi)

T = 0. Thus
∑

i ti = 0 and
∑

i vi = 0, and the vectors vi are affine dependent. For any n, the Walsh-
Hadamard matrix W = (1, (W ((4n−1)×4n))T ) has linearly independent rows and columns. Therefore, W ((4n−1)×4n)

has affine independent columns, and S forms a simplex. With H = {y ∈ R4n−1|∥y∥ℓ∞ ≤ 1} we denote the 4n − 1
dimensional hypercube. Note that the rows of W (r×4n) are rows of the 4n×4n dimensional Walsh-Hadamard matrix.
We define the embedding g : Rr → R(4n)−1 by appending zeros, such that (W (r×4n))Ty = (W ((4n−1)×4n))T g(y).
Therefore the objective value of the dual LP (A2) can be upper bounded as follows

max
y∈F
⟨M ,y⟩ = max

g(y)∈S
⟨g(M), g(y)⟩

≤ max
x∈S
⟨g(M),x⟩

≤ max
x∈H
⟨g(M),x⟩ = ∥M∥ℓ1 .

(A6)

The upper bound for 1Tλ∗ follows by strong duality.
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Next, we show a (not complete) set of instances of (PauliLP), yielding solutions λ∗ which satisfy the upper bound
of theorem A.2. Such M constitute the worst cases.

Proposition A.3. If M ∈
{
−wi

∣∣wi is the i-th column of W ((4n−1)×4n)
}
, then 1Tλ∗ = ∥M∥ℓ1 .

Proof. Let y = −wi be a negative column of W ((4n−1)×4n). Then, by orthogonality of the rows/columns of the
Walsh-Hadamard matrix, we obtain

(
(W ((4n−1)×4n))T (−wi)

)
j
=

{
−(4n − 1) , i = j

1 , otherwise .
(A7)

Therefore, y = −wi is a feasible solution (W ((4n−1)×4n))Ty ≤ 1 to the dual LP (A2). The dual objective function
value is MTy = ∥wi∥ℓ1 = 4n − 1. Next, we show a feasible solution of (PauliLP). For a M = −wi define

λj =

{
0 , i = j

1 , otherwise .
(A8)

Clearly, this satisfies W ((4n−1)×4n)λ = −wi. Furthermore, the primal objective function value 1Tλ = 4n − 1 is the
same as for the dual objective function value, which shows optimality. It is easy to see that ∥M∥ℓ1 = 4n − 1.

Appendix B: Comments on the efficient relaxation for the Pauli conjugation

As mentioned in the main text, Wendel’s theorem is applicable to spherical symmetric distributions. This would
imply that sampling a certain column from W (r×4n) has the same probability as sampling the same column with a
flipped sign. Recall that for a partial Walsh-Hadamard matrix W

(r×4n)
ab = (−1)⟨a,b⟩, with ⟨a, b⟩ = ax · bz + az · bx.

It holds that

W
(r×4n)
ab = −W (r×4n)

ab̄
∀a, b ∈ F2n

2 , (B1)

for |a| = 1mod 2 and with the binary complement b̄ is given element-wise given by x̄ := 1 − x for any x ∈ {0, 1}.
If the decomposition of HS has only terms JaPa with odd |a|, then we can apply Wendel’s theorem directly. In
this case, we have a success probability of 1/2 to find a feasible W (r×2r) (with r interactions) if we sample 2r many
b ∈ F2n

2 uniformly random. However, an example of such a Hamiltonian with two-body interactions is

H =
n∑

i=1

(
JXi Xi + JYi Yi

)
+

n∑

i̸=j

(
JXZ
ij XiZj + JY Zij YiZj

)
, (B2)

and with commuting interactions is

H =
n∑

i=1

JXi Xi +
n∑

ijk

JXXX
ijk XiXjXk , (B3)

with arbitrary coupling constants. Unfortunately, for a general Hamiltonian, we cannot use Wendel’s theorem to
construct a relaxation for (PauliLP).

Recently, lower bounds on ps,x have been proposed for arbitrary distributions [50]. However, their results rely on
the halfspace depth (or Tukey depth), which is hard to compute. It is a measure of how extreme a point is with
respect to a distribution of random points.

Definition B.1 (halfspace depth). Let x be an arbitrary r-dimensional random vector. Then, the halfspace depth
at the origin is defined as

αx := inf
∥c∥=1

P(cTx ≤ 0) . (B4)

The halfspace depth αx is the minimum (fraction) number of points in a halfspace with the origin on the boundary.

Theorem B.2 ([50, Theorem 14]). Let x be an arbitrary r-dimensional random vector. Then, for each positive
integer s ≥ 3r/αx, we have

ps,x > 1− 1

2r
. (B5)
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Let w be a r-dimensional random vector drawn uniformly from col(W (r×4n)). From corollary A.1, we find the
trivial lower bound 1/4n ≤ αw, since at least one point is in an arbitrary halfspace with the origin on its boundary.
Finding a constant lower bound 1/β ≤ αw would imply that for s ≥ 3rβ we find a feasible W (r×s) with high
probability. One needs to show that at least 4O(n) points are contained in an arbitrary halfspace with the origin on
its boundary.

Appendix C: Proofs for the general robust conjugation method

We provide the proofs for section IVB. Some proofs provide more technical details which aims for an easy im-
plementation into a programming language. For the sake of easy readability we repeat the definitions of the main
text.

Definition IV.1. Let G ⊂ Herm(C2) be a set of single-qubit pulse generators. A single-qubit pulse layer is given
by a local generator hi chosen from G for each qubit i ∈ [n], the (single-qubit) rotation directions s ∈ Fn2 and the
finite pulse time tp > 0. The Hamiltonian generating the single-qubit pulse layer on n qubits is given by

H(tp, s,h) :=
1

tp

n∑

i=1

(−1)sihi , (41)

with h := (h1, . . . , hn). The single-qubit pulse layer Hamiltonian is completely specified by the tuple c := (tp, s,h),
and we write Hc := H(tp, s,h). This generates the evolution operator for one single-qubit pulse layer

Sc(t) := e−itHc , and Sc := Sc(tp) . (42)

More generally, we consider a sequence of nL single-qubit pulse layers and introduce the layer index ℓ ∈ [nL]. The
evolution for the ℓ-th single-qubit pulse layer is specified by the tuple c(ℓ) := (t

(ℓ)
p , s(ℓ),h(ℓ)), and we define the tuple

c := (c(1), . . . , c(nL)). Moreover, we define the single-qubit pulse block and the partial single-qubit pulse block as

Sc :=

nL−→∏

ℓ=1

Sc(ℓ) , (43)

and

Sc≥D :=

{−→∏nL

ℓ=D Sc(ℓ) , 1 ≤ D ≤ nL
1 , otherwise ,

(44)

respectively. Similarly, we define the pulse time for the single-qubit pulse block Tp :=
∑nL

ℓ=1 t
(ℓ)
p and for the partial

single-qubit pulse block T≤D
p :=

∑D
ℓ=1 t

(ℓ)
p .

We consider the time evolution

U(tλc) =




nL←−∏

ℓ=1

e−it(ℓ)p (HS−Hc(ℓ)
)


 e−itλcHS




nL−→∏

ℓ=1

e−it(ℓ)p (HS+H
c(ℓ)

)


 , (C1)

with the finite duration of the ℓ-th pulse layer 0 < t
(ℓ)
p .

Lemma IV.2. The approximation of U(tλc) in first order Magnus expansion is given by e−iHav,c(t) with

Hav,c(t) = tλcS
†
cHSSc +Herr,c, (46)

where

Herr,c :=

2

nL∑

ℓ=1

S†
c≥(ℓ+1)

∫ t(ℓ)p

0

S†
c(ℓ)

(t)HSSc(ℓ)(t)dtSc≥(ℓ+1) .
(47)

The average Hamiltonian Hav,c(t) has the same interaction graph as HS. Moreover, the error for truncating the
Magnus expansion after the first order can be bounded in spectral norm by

∥U(tλc)− e−iHav,c(t)∥ ≤ O((2Tp + tλc)
2∥HS∥2) . (48)
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Proof. We consider the time evolution during the ℓ-th layer of single-qubit pulses in the interaction frame with respect
to the single-qubit pulse Hamiltonian Hc(ℓ) [57, 73]

e−it(ℓ)p (HS±Hc(ℓ)
) = e∓it(ℓ)p H

c(ℓ)U (ℓ)
± (t(ℓ)p ) = S±1

c(ℓ)
U (ℓ)
± (t(ℓ)p ) , (C2)

with the interaction frame propagator U (ℓ)
± (t

(ℓ)
p ). The interaction frame propagator has to fulfill

dU (ℓ)
± (t)

dt
= −i

(
S∓1
c(ℓ)

(t)HSS
±1
c(ℓ)

(t)
)
U (ℓ)
± (t) . (C3)

Inserting eq. (C2) into eq. (C1) yields

U(tλc) =




nL←−∏

ℓ=1

S−1
c(ℓ)
U (ℓ)
− (t(ℓ)p )


 e−itλcHS




nL−→∏

ℓ=1

Sc(ℓ)U (ℓ)
+ (t(ℓ)p )


 . (C4)

We define Ũ (ℓ)
− (t) as

dŨ (ℓ)
− (t)

dt
:= S−1

c≥ℓ

dU(ℓ)−(t)
dt

Sc≥ℓ = −i
(
S−1
c≥ℓSc(ℓ)(t)HSS

−1
c(ℓ)

(t)Sc≥ℓ

)
Ũ (ℓ)
− (t) , (C5)

and Ũ (ℓ)
+ (t) as

dŨ (ℓ)
+ (t)

dt
:= S−1

c≥(ℓ+1)

dU(ℓ)+(t)
dt

Sc≥(ℓ+1) = −i
(
S−1
c≥(ℓ+1)S

−1
c(ℓ)

(t)HSSc(ℓ)(t)Sc≥(ℓ+1)

)
Ũ (ℓ)

+ (t) ; (C6)

where Ũ (ℓ)
− (t) and Ũ (ℓ)

+ (t) are defined such that we can commute the exact evolution of the single-qubit pulse layers
to the free evolution under HS . It directly follows that

U(tλc) =




nL←−∏

ℓ=1

Ũ (ℓ)
− (t)


 e−itλcS

−1
c HSSc




nL−→∏

ℓ=1

Ũ (ℓ)
+ (t)


 . (C7)

The Hamiltonian governing the evolution of U(tλc) is defined piecewise as

Hc(t̃) :=





S−1
c≥(ℓ+1)S

−1
c(ℓ)

(t̃)HSSc(ℓ)(t̃)Sc≥(ℓ+1) , T
≤(ℓ−1)
p ≤ t̃ < T≤ℓ

p

S−1
c HSSc , Tp ≤ t̃ < Tp + tλc

S−1
c≥ℓSc(ℓ)(t̃)HSS

−1
c(ℓ)

(t̃)Sc≥ℓ , Tp + T
≤(ℓ−1)
p + tλc ≤ t̃ < Tp + T≤ℓ

p + tλc .

(C8)

The effective Hamiltonian is approximated by the first-order term in the Magnus expansion up to time T = 2Tp+tλc,
yielding the time independent average Hamiltonian

Hav,c(t) =

∫ T

0

Hc(t̃)dt̃

= tλcS
−1
c HSSc +

nL∑

ℓ=1

S−1
c≥(ℓ+1)

∫ t(ℓ)p

0

S−1
c(ℓ)

(t)HSSc(ℓ)(t)dtSc≥(ℓ+1) + S−1
c≥ℓ

∫ t(ℓ)p

0

Sc(ℓ)(t)HSS
−1
c(ℓ)

(t)dtSc≥ℓ

= tλcS
−1
c HSSc + 2

nL∑

ℓ=1

S−1
c≥(ℓ+1)

∫ t(ℓ)p

0

S−1
c(ℓ)

(t)HSSc(ℓ)(t)dtSc≥(ℓ+1) .

(C9)
We denote the term corresponding to the finite pulse time error by

Herr,c := 2

nL∑

ℓ=1

S−1
c≥(ℓ+1)

∫ t(ℓ)p

0

S−1
c(ℓ)

(t)HSSc(ℓ)(t)dtSc≥(ℓ+1) . (C10)

Then, the average Hamiltonian is

Hav,c(t) = tλcS
−1
c HSSc +Herr,c . (C11)
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Note, that conjugation of the system Hamiltonian HS with single-qubit operations as in S−1
c HSSc and Herr,c always

preserves the locality and thus the interaction graph of HS .
Finally, we prove the error bounds on the truncation of the Magnus expansion after the first order. The k-th order

term of the Magnus expansion can be written as

H(k)
av =

∑

σ∈Sk
(−1)db da!db!

k!

∫ T

0

dτ1

∫ τ1

0

dτ2· · ·
∫ τk−1

0

dτkHc(τσ(1))Hc(τσ(2)) . . . Hc(τσ(k)) , (C12)

where T = 2Tp + tλc, Sk denotes the group of permutations σ of the set [k] the number of ascents da and descents
db are defined as

da := |{i ∈ [k − 1] | σ(i) < σ(i+ 1)}| and db := |{i ∈ [k − 1] | σ(i) > σ(i+ 1)}| , (C13)

and it holds that da + db = k [78]. Finally, we argue that

∥H(k)
av ∥ ≤ O

(
(2Tp + tλc)

k∥ max
τ∈[0,2Tp+tλc]

Hc(τ)∥k
)

= O((2Tp + tλc)
k∥HS∥k) , (C14)

where the equality follows from the definition of Hc(τ) = U−1HSU for some unitaries U and the invariance of the
spectral norm under unitary transformation. The error bound in spectral norm follows from the Duhamel principle
in Ref. [74, App. A]

∥U(tλc)− e−iHav,c(t)∥ ≤
∞∑

k=2

∥H(k)
av ∥ = O((2Tp + tλc)

2∥HS∥2) , (C15)

assuming that ∥H(2)
av ∥ >

∑∞
k=3 ∥H

(k)
av ∥, i.e.}the Magnus expansion converges.

Lemma IV.3. Let W (J)(r×s), E(J)(r×s) ∈ Rr×s be the matrices representing the ideal conjugation and the finite
pulse time error in the Pauli basis respectively. The entries are given by

W (J)(r×s)ac :=
1

2n
Tr
(
Pa

(
S†
cHSSc

))
, (49)

and

E(J)(r×s)ac :=
1

2n
Tr (PaHerr,c) , (50)

and can be calculated in polynomial time in the number of qubits for a local system Hamiltonian HS.

Proof. Recall, that the system Hamiltonian has the form

HS =
∑

a∈F n \{0}
JaPa . (C16)

Let Hc(ℓ) = θ(ℓ)

t
(ℓ)
p

∑n
i=1(−1)s

(ℓ)
i h

(ℓ)
i be an arbitrary layer of single-qubit rotations, with the rotation angle θ(ℓ), the

pulse duration t
(ℓ)
p the generators h(ℓ)

i := p
(ℓ)
x,iX + p

(ℓ)
y,iY + p

(ℓ)
z,iZ and the rotation direction s

(ℓ)
i ∈ F2. For the sake of

a clear notation we omit the layer index (ℓ) for now. The single-qubit pulse on the i-th qubit can be written as

Sci(t) := e
−it θ

tp
hi = cos(t

θ

tp
)I − i(−1)si sin(t θ

tp
)hi . (C17)

Then, Sc(t) = e−itHc =
⊗n

i=1 Sci(t). The conjugation with a single-qubit pulse layer changes the interaction term as

S−1
c (t)JaPaSc(t) = Ja

n⊗

i=1

S−1
ci (t)PaiSci(t) . (C18)

The effect of such a conjugation on the i-th qubit is given by

S−1
ci (t)PaiSci(t) = cos2(θ̃)Pai + sin2(θ̃)hiPaihi + i[hi, Pai ](−1)si sin(θ̃) cos(θ̃) , (C19)
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with θ̃ := t θtp . Equation (C19) can be further decomposed into Pauli terms S−1
ci (t)PaiSci(t) = gx,i(θ̃)X + gy,i(θ̃)Y +

gz,i(θ̃)Z, with

gx,i(θ̃) :=





cos2(θ̃) + (p2
x,i − p2

y,i − p2
z,i) sin

2(θ̃) , if Pai = X

2px,ipy,i sin
2(θ̃) + 2pz,i(−1)si sin(θ̃) cos(θ̃) , if Pai = Y

2px,ipz,i sin
2(θ̃)− 2py,i(−1)si sin(θ̃) cos(θ̃) , if Pai = Z ,

gy,i(θ̃) :=





2px,ipy,i sin
2(θ̃) + 2pz,i(−1)si sin(θ̃) cos(θ̃) , if Pai = X

cos2(θ̃) + (p2
y,i − p2

x,i − p2
z,i) sin

2(θ̃) , if Pai = Y

2py,ipz,i sin
2(θ̃)− 2px,i(−1)si sin(θ̃) cos(θ̃) , if Pai = Z ,

gz,i(θ̃) :=





2px,ipz,i sin
2(θ̃)− 2py,i(−1)si sin(θ̃) cos(θ̃) , if Pai = X

2py,ipz,i sin
2(θ̃) + 2px,i(−1)si sin(θ̃) cos(θ̃) , if Pai = Y

cos2(θ̃) + (p2
z,i − p2

x,i − p2
y,i) sin

2(θ̃) , if Pai = Z ,

(C20)

and if Pai = I, then S−1
ci (t)PaiSci(t) = I. Assume, that the interaction JaPa is k-local, i.e. the interaction acts on

the qubits i ∈ supp(a) and | supp(a)| = k. Applying A ⊗ (B + C) = A ⊗ B + A ⊗ C the conjugation in eq. (C18)
yields

n⊗

i=1

S−1
ci (t)PaiSci(t) =

∑

ã∈Fn 
supp(ã)=supp(a)

(∏

i∈ã
gãi,i(θ̃)

)
Pã , (C21)

where we identify g(1,0),i = gx,i, g(1,1),i = gy,i and g(0,1),i = gz,i. This sum has at most 3k terms, which is constant
for a system Hamiltonian HS with a fixed interaction graph.

With that we are ready to compute E(J)
(r×s)
ac by calculating the Pauli coefficients of

Herr,c = 2

S∑

ℓ=1

S−1
c≥(ℓ+1)

∫ t(ℓ)p

0

S−1
c(ℓ)

(t)HSSc(ℓ)(t)dtSc≥(ℓ+1) . (C22)

We start with the integral

∫ t(ℓ)p

0

S−1
c(ℓ)

(t)HSSc(ℓ)(t)dt =
∑

a∈F n \{0}
Ja

∫ t(ℓ)p

0

n⊗

i=1

S−1

c
(ℓ)
i

(t)PaiSc(ℓ)i
(t)dt

=
∑

a∈F n \{0}

∑

ã∈Fn 
supp(ã)=supp(a)

Ja
t
(ℓ)
p

θ(ℓ)

∫ θ(ℓ)

0

(∏

i∈ã
gãi,i(θ̃)

)
dθ̃Pã

=:
∑

a∈F n \{0}
E(ℓ)
a Pa ,

(C23)

where E(ℓ)
a can be efficiently calculated by integrating trigonometric polynoms and summing all contributions from the

terms with the same support supp(ã) = supp(a). Next, the conjugation S−1
c≥(ℓ+1)(·)Sc≥(ℓ+1) in eq. (C22) corresponds

to applying eq. (C21) for each ℓ̃ = 1, . . . , ℓ+ 1 to E
(ℓ)
a Pa with t = t

(ℓ̃)
p or θ̃ = θ(ℓ̃). Then, we obtain

Herr,c =
∑

a∈F n \{0}
E(J)(r×s)ac Pa . (C24)

The entries of W (J)(r×s) can be calculated similarly by applying eq. (C21) for each ℓ = 1, . . . , nL to JaPa with
t = t

(ℓ)
p or θ̃ = θ(ℓ). Together, we obtain

S−1
c HSSc =

∑

a∈F n \{0}
W (J)(r×s)ac Pa . (C25)
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Appendix D: Proofs for the robust Pauli conjugation method

Lemma IV.9. Consider all labels a ∈ F2n
2 for the non-zero interactions Ja ̸= 0 in the system Hamiltonian. Then,

the approximation of U(tλc) for the Pauli conjugation in first order Magnus expansion is given by e−iHav,c(t) with

Hav,c(t) = tλcS
†
cHSSc +Herr,c , (54)

where

Herr,c =
∑

a∈F n \{0}

(
JaE

(r×s)
a,c Pa +Ra,c

)
. (55)

We call the first term in eq. (55) the interaction term, with

E(r×s)
a,c :=

4tp
π

∫ π
 

0


 ∏

i∈supp(a)

(cos2(θ) + (−1)⟨ai,bi⟩ sin2(θ))


 dθ ,

(56)

which we collect as entries of the matrix E(r×s) ∈ Rr×s. We call the second term Ra,c the rest term, and it is
proportional to (−1)ea·s, with s ∈ Fn2 representing the chosen rotation direction of the π pulses and ea ∈ Fn2 encodes
the sign flips due to the finite pulse time error such that ea,i = 0 for all i /∈ supp(a).

Proof. From lemma IV.2 with nL = 1 and Hc = Hc(1) we get the Hamiltonian corresponding to the finite pulse time
effect

Herr,c := 2

∫ tp

0

eitHcHSe
−itHcdt . (D1)

Recall, that the system Hamiltonian has the form

HS =
∑

a∈F n \{0}
JaPa . (D2)

Before we compute Herr,c we investigate the conjugation eitHcHSe
−itHc for a single-qubit. A π pulse on the i-th

qubit can be written as

Sci(t) := e
−it π

 tp
(−1)siPbi = cos

(
π

2

t

tp

)
I − i(−1)siPbi sin

(
π

2

t

tp

)
= cos(θ)I − i(−1)siPbi sin(θ) , (D3)

with the Pauli generator Pb from eq. (11) and θ(t) := π
2
t
tp
. Then the effect of the conjugation on the i-th qubit is

given by

S−1
ci (θ)PaiSci(θ) =

(
cos2(θ) + (−1)⟨ai,bi⟩ sin2(θ)

)

︸ ︷︷ ︸
=:αai,bi (θ)

Pai + (−1)si cos(θ) sin(θ)︸ ︷︷ ︸
β(θ)

i[Pbi , Pai ]

= αai,bi(θ)Pai + (−1)siβ(θ)i[Pbi , Pai ] ,
(D4)

with the binary symplectic form ⟨ · , · ⟩ from eq. (2) and the commutator [ · , · ]. Let

F (e) :=

{
Paαai,bi(θ) , e = 0

i[Pbi , Pai ]β(θ) , e = 1 .
(D5)
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Inserting HS in eq. (D1) and applying A⊗ (B + C) = A⊗B +A⊗ C yields

Herr,c =
4tp
π

∑

a∈F n \{0}
Ja

∫ π
 

0


 ⊗

i∈supp(a)

(Paiαai,bi(θ) + i[Pbi , Pai ]β(θ)(−1)si)


 dθ

=
4tp
π

∑

a∈F n \{0}


Ja

∫ π
 

0

∏

i∈supp(a)

αai,bi(θ)dθPa +
∑

e∈Fn \{0}
ei=0 ∀i/∈supp(a)


 ∏

i∈supp(a)

(−1)ei+si



 ⊗

i∈supp(a)

F (ei)







=
∑

a∈F n \{0}
JaE

(r×s)
a,c Pa +

∑

e∈Fn \{0}
ei=0 ∀i/∈supp(a)

(−1)e·s
⊗

i∈supp(a)

F (ei) .

(D6)
Moreover, we define E

(r×s)
a,c :=

4tp
π

∫ π
 

0

(∏
i∈supp(a) αai,bi(θ)

)
dθ. To conclude, we have the average Hamiltonian

Hav,c(t) = tλcS
†
cHSSc +Herr,c , (D7)

from lemma IV.2, and we calculated the finite pulse time error term

Herr,c =
∑

a∈F n \{0}

(
JaE

(r×s)
a,c Pa +Ra,c

)
, (D8)

with

E(r×s)
a,c :=

4tp
π

∫ π
 

0


 ∏

i∈supp(a)

(cos2(θ) + (−1)⟨ai,bi⟩ sin2(θ))


 dθ (D9)

and

Ra,c :=
∑

e∈Fn \{0}
ei=0 ∀i/∈supp(a)

(−1)e·s
⊗

i∈supp(a)

F (ei) , (D10)

which proofs the lemma.

Proposition IV.11. Let the rotation directions s ∈ Fn2 of the π pulses such that
∑

s(−1)ea·s = 0 for all ea ∈ Fn2
with ea,i = 0 for all i /∈ supp(a) for any a with Ja ̸= 0, as in lemma IV.9. Then, the rotation angle errors in the
first order Taylor approximation cancels.

Proof. We model the rotation angle error of a perfect π pulse e−i(−1)si π Pbi with the rotation direction (−1)si and
si ∈ F2 by

S̃ci = e−i(−1)si
π+εi
 Pbi = −εi

2
Id−i(−1)siPbi +O(ε2

i ) , (D11)

where we used the first-order Taylor expansion of sine and cosine. Conjugating a Pauli operator with an imperfect
Pauli pulse results in

S̃†
ciPai S̃ci = PbiPaiPbi + i(−1)si εi

2
[Pai , Pbi ] + O(ε2

i ) . (D12)

We use the identity U†e−itHU = e−itU†HU to compute the effective Hamiltonian of a system Hamiltonian HS

conjugated with a layer of imperfect Pauli pulses S̃c =
⊗n

i=1 S̃ci ,

S̃
†
cHSS̃c =

∑

a∈F n \{0}
Ja

n⊗

i=1

(
S̃†
ciPai S̃ci

)

=
∑

a∈F n \{0}
Ja

n⊗

i=1

(
PbiPaiPbi + i(−1)si εi

2
[Pai , Pbi ] + O(ε2

i )
)

=
∑

a∈F n \{0}


JaPbPaPb +

∑

e∈Fn 
ei=0 ∀i/∈supp(a)


 ∏

i∈supp(a)

(−1)ei+siεeii




 ⊗

i∈supp(a)

F (ei) + O(ε2
i )





 ,

(D13)
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where we used A⊗ (B + C) = A⊗B +A⊗ C and

F (e) :=

{
PbiPaiPbi , e = 0

i 12 [Pai , Pbi ] , e = 1 .
(D14)

The second term in the sum is the first-order angle error contribution, and has the same sign structure (−1)ei+si
as the rest term Ra,c in eq. (D6). Therefore, choosing the signs s ∈ Fn2 , such that the rest term Ra,c cancels,
simultaneously cancels the first order angle error contribution in eq. (D13).

The proof of the following result is similar as the proof in [37, Lemma 8].

Proposition IV.12. Let κ = 2⌈log (n+1)⌉ ≤ 2n and let W (κ×κ) be the κ × κ dimensional Walsh-Hadamard matrix.
Choose n distinct columns from W (κ×κ) without the first column and define the resulting partial Walsh-Hadamard
matrix as W (κ×n). Let (−1)s(j) be the j-th row of W (κ×n). Then, for a ∈ F2n

2 and ea ∈ Fn2 with | supp(a)| = 2 and
ea,i = 0 for all i /∈ supp(a) we obtain

∑κ
j=1(−1)ea·s(j) = 0.

Proof. From the choice of (−1)s(j) it directly follows that
∑κ

j=1(−1)e·s(j) = 0 for all e ∈ Fn2 with |e| = 1, since the sum
over all rows of a Walsh-Hadamard matrix especially W (κ×n) is zero. We now have to show that

∑κ
j=1(−1)e·s(j) = 0

for all e ∈ Fn2 with |e| = 2. For any e ∈ Fn2 with |e| = 2 we can write (−1)e·s = (−1)si(−1)sk =
(
((−1)s) ((−1)s)T

)
ik

with i, k ∈ [n] and i ̸= k. Then, we obtain

κ∑

j=1

(−1)e·s(j) =
κ∑

j=1

(
((−1)s(j)) ((−1)s(j))T

)
ik

, (D15)

with i, k ∈ [n] and i ̸= k. The orthogonality property of the Walsh-Hadamard matrix yields

κ∑

j=1

((−1)s(j)) ((−1)s(j))T = (W (κ×n))TW (κ×n) = κI , (D16)

where the non-diagonal entries i ̸= k correspond to the sum eq. (D15) and are zero.
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