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ARTICLE INFO ABSTRACT
Dataset link: https:// Incorporating interaction effects is essential for accurately modeling complex underlying relation-
doi.org/10.5281/zenodo.14593699, https:// ships in many applications. Often, not only strong predictive performance is desired, but also the

doi.org/10.24432/C5NK6X, https://

' interpretability of the resulting model. This need is evident in areas such as epidemiology, in which
codalab.lisn.upsaclay.fr/competitions/7363

uncovering the interplay of biological mechanisms is critical for understanding complex diseases.
Classical linear models, frequently used for constructing genetic risk scores, fail to capture inter-

eywords:
I]fi;,:lr interaction models action effects autonomously, while modern machine learning methods such as gradient boosting
Penalized regression often produce black-box models that lack interpretability. Existing linear interaction models are
Machine learning largely limited to consider two-way interactions. To address these limitations, a novel statisti-
Polygenic risk scores cal learning method, BITS (Boosting Interaction Tree Stumps), is introduced to construct linear

models while autonomously detecting and incorporating interaction effects. BITS uses gradient
boosting on interaction tree stumps, i.e., decision trees with a single split, where in BITS this split
can possibly occur on an interaction term. A branch-and-bound approach is employed in BITS to
discard weakly predictive terms. For high-dimensional data, a hybrid search strategy combining
greedy and exhaustive approaches is proposed. Regularization techniques are integrated to pre-
vent overfitting and the inclusion of spurious interaction effects. Simulation studies and real data
applications demonstrate that BITS produces interpretable models with strong predictive perfor-
mance. Moreover, in the simulation study, BITS primarily identifies truly influential terms.

1. Introduction

In genetic epidemiology and statistical genetics, statistical models are constructed and studied for investigating how genetics
influence the manifestation of complex diseases. Often, genetic/polygenic risk scores (GRS) are constructed that summarize parts of
the genome with respect to a considered disease outcome (Dudbridge, 2013; Lau et al., 2023). The input variables for constructing
GRS are usually SNPs (single nucleotide polymorphisms) that are single base-pair alterations in the DNA. SNPs are coded as {0, 1,2},
as they count the occurrences of the respective minor allele (i.e., the genetic variant that occurs less often in the reference population)
in humans, which are diploid organisms that carry two complete chromosome sets.

For constructing GRS, generalized linear regression models or regularized variants are popular (see, e.g., Mavaddat et al., 2019;
Privé et al., 2019), as they are easy to fit and interpret. The underlying assumption is that genetic loci influence the disease risk
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independently on the considered phenotype scale. However, it is well known that genetic loci can interact with each other (Che and
Motsinger-Reif, 2013). Moreover, genetic risk factors can also interact with environmental risk factors with regard to the considered
phenotype (Ottman, 1996). Thus, procedures that construct more sophisticated models and can take interactions into account such
as random forests produce more accurate models (Lau et al., 2022). However, these models are usually black boxes. Compared to
linear models, they lose most of their interpretability.

Recently, statistical learning methods have been proposed that try to achieve both a high predictive ability and a high interpretabil-
ity. These methods either lack scalability to high-dimensional problems, interpretability due to still fitting too complex models, or
the ability to properly model the underlying relationships due to modeling assumptions that might not be true.

In this work, a novel statistical learning method is proposed that employs gradient boosting for fitting interpretable linear models
with modeling flexibility by allowing the terms to be interactions between input variables. Potential interactions are identified in
each boosting iteration by searching for the main or interaction effect that leads to the best model. This base learning method is called
interaction tree stumps, as only a single term is fitted. The total model complexity is controlled by penalizing both long interactions
and complex models consisting of many terms.

The structure of this paper is as follows. Before introducing the proposed methodology in detail in Section 3, related approaches
are discussed in Section 2. In Section 4, BITS and related methods are evaluated in simulations considering multiple realistic data
scenarios. In Section 5, two real-world data applications involving a genetic data set and a chemical data set are performed, in which
BITS and related methods are also applied. Concluding discussions and remarks are provided in Section 6.

2. Related work

Decision trees are among the most frequently used statistical learning concepts and recursively partition the space of input variables
(Breiman et al., 1984). At each inner node, the space is divided based on the value of, usually, a single input variable (multivariate
splits have been, nonetheless, also proposed, see, e.g., Murthy et al. (1994)). However, single decision trees tend to be unstable, i.e.,
small training data set modifications might lead to large changes in the resulting model (Bertsimas and Digalakis, 2023). Hence,
decision tree ensembles such as random forests (Breiman, 2001) or linear combinations of decision trees obtained using gradient
boosting (Friedman, 2001) have been proposed that improve stability and often yield higher predictive performances. These decision
tree ensembles are, however, no longer inherently interpretable, especially if deeper decision trees are fitted.

Many interpretability-focused statistical learning methods have been proposed in the past. Friedman (1991), e.g., proposed MARS
(multivariate adaptive regression splines) that constructs model of the form

F(X)=py+pim(X)+ ... + fpmp(X),

where X is a p-dimensional random vector of input variables and m;, i € {1, ..., B}, are hinge functions max(0, (X j—c))or products
of hinge functions with ¢ € R being a constant and X; a selected input variable. This model is fitted in a greedy fashion finding the
terms that minimize the error and pruning the resulting model to avoid overfitting. By also considering products of hinge functions,
MARS can model interactions between input variables.

Logic regression (Ruczinski et al., 2003) is a statistical learning procedure specifically tailored to SNP data. Logic regression
assumes that all input variables are binary, e.g., SNPs divided into dominant and recessive modes of inheritance. Logic regression

builds models of the form

FX)=py+pLi(X)+ ... + ppLp(X),

where L;, i € {1, ..., B}, are logic expressions of X using Boolean operators A (and), V (or), and ¢ (negation). These logic expressions
are identified through a global stochastic search employing simulated annealing (Kirkpatrick et al., 1983). Logic regression is able to
model each possible prediction function for binary input data. However, the identified logic expressions might be overcomplicated
and hard to interpret. Moreover, continuous covariables can only be taken additively into account, i.e., interactions with the binary
input variables cannot be modeled.

Rule-based methods identify decision rules such as X3 > 0A X, < 1. Usually, the decision rules are extracted from fitted decision
tree ensembles. An established rule-based method is RuleFit (Friedman and Popescu, 2008) which constructs a boosted decision tree
ensemble to generate the decision rules and employs the lasso (Tibshirani, 1996) to fit a linear model consisting of the most important
identified rules and marginal terms. More recently, alternative rule-based methods that employ random forests for generating decision
rules have been proposed (Meinshausen, 2010; Bénard et al., 2021; Boruah et al., 2023).

A similar class of methods fits regression trunk models, which are linear combinations of main effects and decision rules designed
to capture interaction effects. These decision rules are derived from a regression trunk, i.e., a small regression tree. A specific method
within this class is STIMA (simultaneous threshold interaction modeling algorithm, Dusseldorp et al., 2010). STIMA begins with fitting
an ordinary linear regression model and iteratively adds interaction terms extracted from an expanding regression trunk. Subsequently,
a cross-validation-based procedure prunes the resulting regression trunk to retain the most predictive interaction terms.

Lately, there has been a focus on methods that try to identify pairwise hierarchical interactions (Bien et al., 2013; Lim and Hastie,
2015; Yan and Bien, 2017; She et al., 2018; Wu et al., 2018; Hazimeh and Mazumder, 2020; Zhang et al., 2023). An interaction effect
d; ; between input variables X; and X is said to be strongly hierarchical if for the corresponding main effects §; and §; it holds that

6;;#0 = [;#0A;#0
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(Bien et al., 2013). Similarly, weak hierarchy is defined by

5,;#0 = B#0Vp; #0.

Many approaches enforce hierarchy through regularization. An established approach is glinternet (Lim and Hastie, 2015) that employs
a specific group lasso regularization that overlaps between main and interaction effects. Lim and Hastie (2015) also considered an
interaction detection algorithm based on boosting decision trees of depth two. This alternative approach, however, was not able to
compete with glinternet in their experiments.

Recently, methods have been proposed that do not rely on the hierarchy assumption, as it might be too restrictive (Yu et al.,
2019; Wang et al., 2021). For identifying interactions in the (for pairwise interactions) quadratically growing search space, Yu et al.
(2019) replace the hierarchy assumption with the reluctance principle, which simply states that main effects should be preferred over
interaction effects if the induced predictive performance is equal. Yu et al. (2019) proposed the sprinter algorithm for identifying
reluctant interactions, which first fits a full model of main effects and searches all pairwise interactions for the highest absolute
correlation with the residual of the initial model. Subsequently, a regularized model is fitted using all main effects and the identified
interactions.

Note that these approaches and the discussed approaches based on hierarchy can only take pairwise interactions into account.
Higher order interactions are so far not considered due to computational challenges with the polynomially increasing number of
possible interaction terms.

Another recent class of interaction detection methods is given by procedures that employ the concept of pure interactions
(Lengerich et al., 2020; Sun et al., 2022). An interaction effect is said to be pure if the outcome variance cannot be explained
by any subset of the interacting input variables (Lengerich et al., 2020). In this context, functional ANOVA (analysis of variance)
decompositions are used that are constructed recursively and yield an additive model consisting of marginal and interaction effects
(Hooker, 2004).

Interaction detection methods that also enable the performance of statistical inference on the identified terms have been recently
proposed as well (Suzumura et al., 2017, 2021; Das et al., 2022). Suzumura et al. (2017, 2021) study an algorithm based on orthogonal
matching pursuit that chooses in each iteration the term that yields the highest absolute inner product with the current residual. Since
screening all possible interactions in each iteration could be computationally infeasible, the interaction terms are gathered in a tree
structure and, through an upper bound of the considered score for descendants in the tree, the interaction term search can be locally
terminated if this upper bound is below the highest computed score of the current iteration.

3. Boosting interaction tree stumps

In the following, a data set D = {(x;,y;)}_, consisting of n iid observations from the joint distribution of (X,Y) is considered,
where X is a p-dimensional random vector. First, it is assumed that Y is a continuous outcome. In Section 3.8, it is discussed how
the proposed methodology can be generalized to other types of outcome such as binary outcomes.

3.1. Interaction tree stumps

Gradient boosting (Friedman, 2001) and modern variants such as XGBoost (Chen and Guestrin, 2016) or LightGBM (Ke et al.,
2017) produce state-of-the-art prediction models. However, due to constructing decision tree ensembles, the resulting model is no
longer human-readable. For fitting interpretable models via boosting, decision tree stumps, i.e., decision trees of depth one that only
contain one split, can be fitted in each boosting iteration instead of deep decision trees. Fig. 1a shows two ordinary decision tree
stumps that split on two different input variables. Such two stumps are summed up in boosted models, yielding in this case the model

¥ =(0.25+0.09) + (0.55 - 0.25) - X, + (=0.12 = 0.09) - X,.

However, stumps that split on single input variable can only capture marginal effects. In Fig. 1b, a decision tree of depth two is
depicted that splits on the same two input variables as the stumps in Fig. 1a. Such deeper decision trees are able to also capture
interaction effects. However, sums of these deeper trees are no longer easily interpretable. Moreover, the decision tree from Fig. 1b
must also implicitly include the marginal effect of X, as this decision tree induces the model

¥ =025+(0.75-0.25)- X, +(0.25—-0.75) - X, - X,.

This might be undesirable if the variables contained in the interaction do not exhibit any marginal effects. Furthermore, ordinary
decision tree induction procedures employ greedy algorithms that might miss interaction terms if the marginal effects of the contained
variables are negligible (see, e.g., Lau et al., 2024).

To overcome these drawbacks, interaction tree stumps are proposed that, as ordinary tree stumps, contain exactly one split, but
this split could potentially be performed on an interaction term, directly revealing interaction effects. An exemplary interaction tree
stump, that was fitted to the same data as the trees in Fig. 1a-b, is illustrated in Fig. 1c. This stump splits on the interaction term
X, - X3, where X7 denotes the negation of X,. This interaction term is binary, since the individual input variables X, and X, are
binary. As for conventional decision trees, the leaves of this stump contain direct predictions of the outcome. This interaction tree
stump captures the isolated interaction effect from the decision tree of depth two in Fig. 1b.
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a b c

X X, X X, - Xg

‘ 0.25 ‘ ‘ 0.55 ‘ ‘ 0.09 ‘ ‘—0.12‘ ‘ 0.75 ‘ ‘ 0.25 ‘ ‘ 0.25 ‘ ‘ 0.75 ‘

Fig. 1. Different types of decision trees fitted to the same data set. In a, two decision tree stumps splitting on the marginal effects of X, and X,, respectively, are
shown. In b, a decision tree of depth two is shown that splits on X, and X, and captures their interaction. In ¢, an interaction tree stump is presented that splits on
the interaction of X, and X and captures the same interaction effect as the decision tree in b. The superscript ¢ in X denotes the negation of X,.

To enable the modeling of all possible interaction effects, i.e., the exploration of all possible decision tree branches, interactions
of both the original predictors (e.g., in the above example, X; and X,) and their negations (X| and X7) need to be considered (see
Section 3.1.2).

3.1.1. Modeling linear effects

SNPs can exhibit different MOIs (modes of inheritance), i.e., different ways of influencing the outcome (Scherer et al., 2021). A
SNP could exhibit an additive MOI such that the effect of the presence of minor alleles on both chromosomes is doubled compared
to the presence of one minor allele. In this case, the SNP variable can be directly used in linear models. Moreover, a dominant MOI is
also possible such that the effect is present if at least one minor allele is present and two minor alleles do not modify the effect over
one minor allele. Here, the SNP variable can be coded as 1(SNP > 0). A recessive MOI is another possibility, in which the effect is
only present if minor alleles are present on both chromosomes, i.e., the SNP would be coded as 1(SNP =2).

Decision trees can directly model a dominant or recessive MOI by splitting on SNP > 0 or SNP > 1, respectively, which is equivalent
to using the corresponding variable codings 1(SNP > 0) or 1(SNP = 2) in linear models. However, for modeling the additive MOI,
a conventional decision tree would need to perform two consecutive splits on the same SNP. To also properly consider the additive
MOI and to generalize interaction tree stumps to continuous input variables, simple linear regression models

E[Y | T(X)] =y + a; T(X)

are, therefore, considered, where the term 7'(X) is a function that either consists of a single input variable corresponding to a main
effect, i.e., T(X)=X ;» or consists of multiple input variables corresponding to an interaction effect, i.e., T(X) = X e X Ix For
binary input variables, decision tree stumps and simple linear regression models are thus equivalent.

For properly including SNPs as input variables in interaction tree stumps, the MOI of each SNP is identified prior to model fitting.
Similarly to Scherer et al. (2021) and Petersen et al. (2012), this is done by evaluating for each SNP which MOI is most plausible.
More precisely, for each SNP and each MOI, likelihood-ratio tests are performed testing the association of the respective SNP with
the outcome using the considered MOI. The MOI that yields the minimum p-value is used for potentially transforming the SNP for
the model fitting and prediction steps.

3.1.2. Variable negations

SNPs are coded based on the minor and major allele definition. The minor/major allele is the allele that is present in less/more
than 50% of the reference population. Thus, the encoding of the input variable is not associated with the outcome or the correspond-
ing effect direction, i.e., the minor allele is not necessarily also the risk-increasing allele, so that the encoding of the input variable
only depends on its marginal distribution. By considering the complement/negated version SNP¢ :=2 — SNP, the allele definitions
are swapped. Hence, in the fitting of interaction tree stumps, negations of input variables are also considered, which removes the im-
portance of including the correct SNP coding beforehand. Negations can be generalized to upper bounded variables X ; by considering
XJ‘.’ =max(X;) — X; so that a binary 0-1-variable X; (such as a SNP with a dominant or recessive MOI) is negated by Xj? =1-X;.

Negations are non-trivial in interaction terms due to inducing a shift on participating variables. Consider, e.g., the model m(X) =
a X X5 =a;X; — a; X, X, for binary input variables X, and X,. As can be seen on the right-hand side, the negation X7 creates a
marginal shift by a; X. Thus, theoretically, the interaction X X, is considered in this model, but only with an additional consideration
of the marginal term X,. Therefore, the need to include additional (marginal) terms could be avoided and a simpler model could be
obtained by not only considering the input variables themselves, but also their negation.

3.1.3. Fitting interaction tree stumps

Interaction tree stump fitting is a discrete optimization problem, which has the goal to identify an ideal set of input variables.
As in ordinary gradient boosting, the score/error of the base learner to be minimized is the empirical L, loss, i.e., the MSE (mean
squared error)
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1 n
Simyp) := - m x-—-2,
1) =2 D) = )
i=1
where the stump my is based on the term T and given by

mp(X) = g + &, T(X)

with &, and &, being the ordinary least squares estimates. Note that if the considered outcome type is not continuous, the optimization
objective of the base learner of gradient boosting or interaction tree stumps, respectively, remains to be the L, loss, as the base learner
receives the quantitative gradients of the boosting loss function (that incorporates the type of outcome) as target variable.

If negations are also considered, the exact number of possible interaction terms that need to be considered in the optimization
process is given by

k k
2p 2(p-1)
2(7)-2(7%")
where k is the maximum considered interaction order. In the first sum, all subsets from p input variables and their p negations are
gathered, and in the second sum, implausible interaction terms are removed such as X - X{. This number scales in the magnitude of
o (@p)).

For p =50 and k =3, e.g., the number of possible terms is given by 161,800. For this setting, it might be feasible to perform a
complete search over all possible interaction terms to guarantee that the empirically optimal stump is identified.

When considering, e.g., p = 1000 and k = 3, the number of possible terms increases to 1,331,336,000. Here, it might no longer
be computationally feasible to perform a complete search over all interaction terms. Therefore, in this scenario, a hybrid between a
greedy search and a complete search is conducted for fitting interaction tree stumps that keeps evaluating terms based on the best
evaluated term thus far until a maximum iteration number is reached (see Section 3.4.2). A pure greedy search would execute a
maximum of 2kp iterations. The drawback of a greedy search, however, is that it might miss important interaction terms due to
corresponding marginal effects being negligible or masking the interaction effect.

More details on fitting interaction tree stumps are provided in Section 3.4.

3.2. BITS model

In BITS (Boosting Interaction Tree Stumps), interaction tree stumps are used as base learner trained in gradient boosting. More
precisely, in each boosting iteration, the gradient of the current loss with respect to the next model is computed and the negative
gradient is used as outcome in a new interaction tree stump. This new submodel, i.e., this stump, is added to the total model. Basically,
gradient boosting performs gradient descent in the space of base learners and is based on the fact that the negative gradient points
in the direction of steepest descent when minimizing a convex function such as the mean squared error for regression tasks or the
negative binomial log-likelihood for binary outcomes.

The resulting model is given by

F(X)=py+npym(X)+... +npgmpg(X),

where B is the number of boosting iterations, # is the learning rate considered in gradient descent, p; € R, j € {0, ..., B}, are the
boosting coefficients, and m A {1,..., B}, are the trained base models. This BITS model is a sum of linear models, since the
interaction tree stumps are linear models (linear in dependence of potential interaction terms). Hence, this model can be transformed
into a linear model

FX)=fo+BTi(X)+ ... + fpe T (X), 2

where T}, j € {1,..., B*}, are the identified terms and B* < B is the number of uniquely identified terms.

The resulting BITS model in Eq. (2) is inherently interpretable, as the types of effects, i.e., main effect or interaction effect, and
their magnitudes are directly revealed. Moreover, for interaction effects, it can also be directly derived in which way the involved
predictors interact with each other. For example, the term f; T} (X) = —2.42- X 5 X7 X3, would have a decreasing effect on the response,
only if X, =0, X; = 1, and X5, =0 for binary predictors X,, X, and X3,. For continuous predictors X; and Xs, the term f,7,(X) =
1.89 - X3 X¢ could be interpreted as an interaction effect that increases the effect of X; with decreasing values of Xs.

In Section 3.6, the complete algorithms for fitting interaction tree stumps and BITS models along with a theoretical time complexity
analysis are presented.

3.3. Controlling model complexity

BITS aims at fitting multiple different stumps. Thus, simply restricting the stumps to contain exactly the same number of input
variables might not lead to ideal models, since, e.g., the true model might be given by

E[Y | X1= 6y + 51 X, + B X, X}
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so that one boosting iteration should ideally find X, while another boosting iteration should yield X, X}. Therefore, it must be
ensured that each boosting iteration can yield a model with a different model complexity. For small to moderately large data sets,
simply setting the maximum number of variables without any further restrictions is not a practicable solution, since generally more
complex models are preferred by statistical learning algorithms for minimizing the training loss.

Thus, in BITS, a penalizing approach similar to the one used in the lasso (Tibshirani, 1996) or the cost-complexity penalty in
pruning decision trees (Breiman et al., 1984) is employed. For fitting interactions tree stumps, the score being minimized is thus
adjusted by adding a penalty for terms that include more variables. Instead of the original, unadjusted score S(my) for the model
my, the adjusted score

S*(my) = S(myp)+yllmrlly 3)

is minimized, where ||my ||, is the number of variables contained in the term 7" of the corresponding model m; and y > 0 is the penalty
parameter. Ideally, this penalty should lead to stopping adding unnecessary variables to the term, while uncovering exactly those
responsible for the variation in the outcome. In Section 3.7, it is discussed how plausible candidate values for y can be computed.

Penalizing interactions of higher order and preferring main effects, if the induced prediction performances are (nearly) equal,
is also in line with the reluctance principle for main and interaction effects that was proposed by Yu et al. (2019) for detecting
interactions (see Section 2).

The complexity of BITS models is not only regularized by considering the adjusted score .S* from Eq. (3), but also by pruning the
resulting BITS model from Eq. (2) to the important terms. This pruning is achieved by employing a lasso regularization, i.e., fitting a
model

2
n

B
. 1
(IﬂI(EII’}) ;Z(yi—ﬁo—;ﬁjTj(xi)> + Bl s

i=1

where = ( py ... Pps ) is the vector of regression coefficients and 4 is the regularization parameter or term inclusion penalty. In
BITS, a relaxed lasso fit (Meinshausen, 2007; Hastie et al., 2020) is used that separates the problems of term selection and coefficient
estimation by considering predictions

Yetaxed = K Vagso + (1 = K)Yqrs,

where Y}, is the ordinary lasso estimate, ¥ g is the ordinary least squares estimate computed using only the variables selected
by the lasso, and « € [0, 1] is a hyperparameter controlling the balance between these two estimates. The relaxed fit is designed for
obtaining an optimal term selection while also yielding a strong predictive performance.

3.4. Detailed interaction tree stump fitting procedure

For fitting interaction tree stumps, the objective to be optimized is the (penalized) mean squared error of simple linear regression
models, since interaction tree stumps consider regression tasks. Minimizing the mean squared error of a simple linear regression
model with respect to the variable is equivalent to maximizing the absolute empirical correlation, i.e.,

" - _
1 N 2 ‘zi=1xi,jyi—"'x~,j'y|
arg min —Z(yi—ao—alxij) = arg max ,
jell,..pp i | j€(l,....p) \/ n - 2\/ n -2
' Yy (ki =%,) VEL (=)
where x._; is the n-dimensional vector of observations for input variable X; and X, ; is its arithmetic mean. Thus, estimates of the
regression coefficients &, and &; do not need to be determined to evaluate the performance of a certain input variable. See Appendix A
for more details on the derivation of the fitting objective in interaction tree stumps.
Since the outcome vector y is fixed in the fitting procedure of interaction tree stumps and it is assumed, without loss of generality,

that y is centered, i.e., y = 0, the objective is to maximize
1
" ZL] T(xi)yi|

n

Vi (reo -y

for fitting interaction tree stumps, where the optimal term 7 is identified that exhibits a maximum interaction order of k.

—7lIT1los (€]

3.4.1. Complete branch-and-bound search

To reduce the computational burden of a complete search, a branch-and-bound strategy can be employed that discards interaction
terms that cannot lead to a better objective value than the currently best value without fully evaluating these terms.

Similar to Suzumura et al. (2017), it is proposed to structure the search space as a tree (see Fig. 2). The root node consists of the
empty model and the children of each node are created by adding one input variable (or its negation) to the term in the considered
node. Fig. 2 illustrates the search space structure for p =4 input variables and a maximum interaction order of k = 4. For simplicity,
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Fig. 2. Interaction tree stump search space for p =4 input variables and a maximum interaction order of k = 4. Variable negations are not considered for simplicity.

variable negations are not included in this illustration that can be also interpreted as a Hasse diagram. The purpose of this structure
is that at a considered node with term 7' an upper bound for the score of all possible descendant nodes is computed so that it can be
concluded that no descendant node can yield a better term if this upper bound is smaller than the current maximum observed score.
In this case, the search can, therefore, be locally terminated and descendants of the considered node can be discarded.

For applying a branch-and-bound search, Suzumura et al. (2017) consider the objective | 3", T(x;)y;| and assume X ; €10, 1] for
every j € {1,...,p}. It is further assumed by Suzumura et al. (2017) that a term Ty (x) = x;, - ... - x; was just evaluated and the search
continues by evaluating terms that include 77, i.e., terms T) - T,, where the term T, consists of input variables that are not included
in T} so that further input variables are added to T;. In this situation, it holds that

< max{ Z Ty (x)y;, — Z Tl(xi)yi}’ )

ity >0 i1y;<0

D Tix)T(x )y
i=1

since x; - x; < x; and x; - x < x; for x;,x ;€ [0, 1]. However, optimizing this score instead of the adjusted score (4), i.e., ignoring
the standard deviation of the term T; - T,, might lead to identifying or neglecting terms not due to their correlation with Y, but due
to their scale (see Appendix B). Hence, in the following, an upper bound for the adjusted score (4) is derived that incorporates the
standard deviation of the term.

To keep the notation concise,

(T,y):= Y T(x)y,
i=1

denotes the inner product between an evaluated term 7" and y,
U(T,y) :=max { Y Ty, — Y Ty, }
iry;>0 i1y;<0

denotes the upper bound from Eq. (5), and

! —\2
sd(T) 1= 4| 1 Y (T(xi) - T(x)>
i
denotes the empirical standard deviation of an evaluated term 7.
Since the individual boosting iterations do not modify the input variables, but only the outcome, it is proposed for the training
of the interaction tree stumps to compute the interaction features and corresponding standard deviations of all eligible interaction
terms as an initialization step for BITS. These standard deviations can then be used in the inequality

1 1
" |<T1 'Tz,)’>| ;U(TpY)
—ylITy - TLlly <

_— — —7y|IT 6
sd(T - T,) - ‘ZeCnrrInl[a;z(Tl,k) sd(%) 7I1%lo ©)

to obtain an upper bound for the optimization objective (4), where

Comp (T}, k) :={Terms T | |[|Z]|lp<kand T, CT}

is the set of all terms with a maximum interaction order of k that contain 7). If this upper bound is less than the best score that has
been observed so far, all descendants of T} can be discarded and do not have to be evaluated.



M. Lau, T. Schikowski and H. Schwender Computational Statistics and Data Analysis 213 (2026) 108247

To efficiently calculate this maximum, the initialization step also computes for each term/node the minimum standard deviation
of descendant nodes for each possible interaction order, since

LU,y LU,y

7T = max _— -
7%l ¢ ||Tyllg<t<k min sd(%)
FTeComp_(Ty,7)

max - y-C¢, 7)
TeComp (T} .k) sd(%)

where

Comp_(T}.?) :={Terms T | ||T||p=¢and T, C T}

is the set of all terms with an interaction order equal to ¢ that contain 7.
Moreover, it also holds that

%|(T1~T2,y>| %U(TM’)

W—}’HT]'TMO < m_YHTI'TZHOs (8
where the upper bound only depends on pre-computed quantities. Therefore, if the upper bound in (6) is not lower than the best
score observed so far, the evaluation of the single term 7} - T, might still be skipped, if the best score is greater than the upper bound
in (8), as, in this case, T} - T, cannot yield a better score than the best term that was evaluated so far.

Due to discarding terms if a corresponding upper bound is less than the best score observed so far, the overall search procedure
acts in a greedy fashion by first evaluating direct descendants of terms that exhibit the highest scores. This is done to achieve a
relatively high score early on in the search procedure to discard as many terms as possible.

In Appendix C, it is empirically evaluated in a simulation study in which scenarios how many terms can be discarded by this
search approach.

If a term 7} - T cannot be discarded and has to be fully evaluated, only the absolute inner product |(T} - T,, y)| between the term
T, - T, and y has to be computed, since the interaction feature itself and the corresponding standard deviation were already computed
in the initialization step. Moreover, since the features do not change over boosting iterations or for different values of the interaction
length penalty y, the once initialized search space can be reused for the complete fitting and validation procedure of BITS models.

3.4.2. Limiting computational resources

If the complete search space considering all possible interactions of up to a maximum interaction order k cannot be traversed and
the proposed branch-and-bound technique cannot prune off enough terms, a hybrid between a greedy search and a complete search
is conducted in BITS, in which the number of iterations in the search, and hence, the number of evaluated terms, is limited.

First, this search screens all p variables for the optimal score. Next, the search evaluates all descendants of the (marginal) variable
with this optimal score that are given by all two-way interactions consisting of this and another of the p — | remaining input variables.
The search continues by selecting the best unevaluated term so far and evaluating all descendants of this terms that are, again, given
by all terms with incremented interaction order that contain this term. The search continues until the maximum number of iterations
is reached or the complete search space has been evaluated.

Using the tree search space structure from Fig. 2, the idea is to evaluate all children nodes of a considered node, where the
considered node is chosen so that it exhibits the maximum observed score among all evaluated nodes whose children have not
been evaluated yet. Therefore, this kind of search carries out a greedy search, but does not terminate unless a maximum number
of iterations has been reached or the complete search space has been evaluated. Also in contrast to a conventional greedy search,
the search is also allowed to go back one level in the search space. As an example, consider the situation in which the two-way
interactions X; X,, X; X3, and X, X, have been evaluated, since their parent node X, exhibits the largest score among all p input
variables. If now X, yields a higher score than any of these two-way interactions, the next step in the search would not be to evaluate
three-way interactions, but to evaluate all (non-evaluated) children of X,, i.e., X, X3 and X, X, (as XX, was already evaluated).

Since the complete search space cannot be traversed in this case, the term initialization step, that would compute all interaction
features with corresponding empirical standard deviations, is not performed. Thus, the branch-and-bound approach cannot be em-
ployed in the hybrid search, as the empirical standard deviations of descendant terms that are mandatory for the computation of the
upper bound (6) are unknown.

3.5. Dismissing spurious interactions

Due to locally searching for single terms, it might happen that if, e.g., two variables have strong main effects, their interaction—
despite the interaction length penalty—might be included in the model before including the variables as main effects. Thus, whenever
a term [] ;Xj,le, astump ag + a 11 ; X, consisting of more than one variable is identified as the best term to include, its linear
counterpart ag + Y. ;&;X; is evaluated as well. If this counterpart consisting of multiple terms yields a better score than the single
interaction term, the individual terms comprising this counterpart are added to the model to prevent including spurious interactions.

If an interaction consisting of more than two variables is identified, all of its possible partitionings are investigated. For example,
when the term X X, X3, i.e., the stump o + a; X; X, X3, has been identified, the models

ag+ o X +a, X, + a3 X3,



M. Lau, T. Schikowski and H. Schwender Computational Statistics and Data Analysis 213 (2026) 108247

ag+ o X +a, X, X5,
a0+a1X2 +a2X1X3,
ag+ o X3+ a, X X,

are evaluated. This adjustment procedure is carried out to avoid including interaction effects that are in fact not present, but lead to
a lower error, as the effects of variables participating in the interaction term are not included in the model so far.

Vice versa, if only the interaction between several features influences the outcome, the interaction term should be preferred to
the individual variables, and hence, be chosen, since the considered interaction term carries all important information in this case.

3.6. BITS algorithm

Algorithm 1: Fitting interaction tree stumps.

1 function fitInteractionTreeStump (Training data D, interaction length penalty y, maximum interaction length k, maximum number of search iterations I,
search space S):

2 Normalize all input variables X to [0,1] in D; Center the outcome Y in D
3 Thest = D5 Prest =0
4 s = Empty stack; Push empty term T to s
5 i=0
6 while i < I and |s| >0 do
7 T,q = Get and remove top element from s
8 Pupper = Score upper bound of Ty
9 if pypper < Prey then
10 Continue to next while loop iteration
11 end
12 Trew = Empty list; P, = Empty list
13 for Every modification T,.,, of T, ;4 do
14 Pumpupper = Temporary upper bound for the score of 7., using Eq. (8) and S
15 if pipupper > Poest then
16 Pnew = Score of T, using Eq. (4) and S
17 Append T, to T,.,; Append p,.,, to P,
18 Pupper = Upper bound for the score of T;,, using Eq. (7) and S
19 Increment i
20 if i =1 then
21 | Break the for loop
22 end
23 end
24 if ||T,.y |l < k then
25 | Push T}, to s
26 end
27 end
28 Prew = Max(P,oy)
29 T,y = Term in 7, with score p,,,
30 if ppew > Pres then
31 Thest = Thews Phest = Prew
32 end
33 end
34 Revert normalizing all input variables X in D; Revert centering Y in D
35 Myess = Fit {¥ =g + & Ty (X) }
36 my = Screen additive combinations of participating terms of 7, (see Section 3.5)
37 return .
38 end

In the following, the algorithm of fitting BITS models is summarized and its computational complexity is derived.

In Algorithm 1, the algorithm for fitting interaction tree stumps is presented in pseudocode. The body of the inner for loop, which
is executed for every modification of a considered term, i.e., for every addition of a variable (or its negation), is executed for at most
I times, where [ is the maximum number of search iterations. In this for loop, all the computationally intensive calculations of fitting
interaction tree stumps are carried out.

For a complete search, computing the temporary upper bound in Line 14 of Algorithm 1 amounts to a complexity of (1), since
the search space with all considered interaction features and corresponding empirical standard deviations has already been initialized
and the score of an ancestor term is already known. For a hybrid search, the interaction features and corresponding empirical standard
deviations have to be computed first, which amounts to a complexity of O(nk). Computing the score of the currently investigated
model in Line 16 amounts to a complexity of ©(n), since only the inner product between the new term and the outcome has to be
computed. The upper bound in Line 18 is computed in O(k), because the minimum standard deviations of descendant terms were
already determined in the search space initialization, the score was already computed, and the maximum is taken over at most k term
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Algorithm 2: Boosting interaction tree stumps.

1 function BITS (Training data D, boosting iterations B, learning rate 1, interaction length penalty y, maximum interaction length k, maximum number of search
iterations 1) :

2 S=0
3 if Complete search (I > Size of the search space using Eq. (1)) then
4 | S = Initialize search space by computing all interaction features and corresponding empirical standard deviations
5 end
6 Fy(x) = argmin, g Z:':] LY, y)
7 forbe {l,...,B} do
0
Frey FECOI e
8 V= :
)
—— L(F
arey LG 2) Fx)=F,, (x,)
9 m, = fitInteractionTreeStump ( {x,.,—V,};':l, v, k, I,S)
10 pp =argmin ., 27=1 L(Fy_(x;) + pmy(x,),y;)
11 Fy(x) = Fy_ (X) + 7 pym,(x)
12 end
13 F = Fit a (generalized) linear model { g¥)=p, + Zf:l BT,X )} consisting of the B** most influential identified terms T} using the relaxed lasso and
an appropriate link function g
14 return F
15 end

lengths. Therefore, the complexity of fitting an interaction tree stump is given by O(I(n + k)) for the complete search and O(1nk) for
the hybrid search.

In Algorithm 2, the procedure of fitting BITS models is presented. The search space initialization in case of a complete search
in Line 4 amounts to a complexity of @ ((2p)knk), since the size | S| of the search space scales, as discussed in Section 3.1.3, in the
magnitude of @ ((2p)k ) and the interaction features are computed in O(nk) steps. The line search in Line 10 has a closed-form solution
for continuous outcomes. Therefore, the complexity of the line search is in this case given by O(n). Similarly, computing the gradient
in Line 8 and computing the model update in Line 11 also amount to O(n).

As discussed by Efron et al. (2004), fitting lasso models by the LARS (least angle regression) algorithm amounts to a complexity
of O(np* + p*). In BITS, the lasso is applied to at most B terms, which translates the complexity of the lasso fit to O(B%*n + B3).

Hence, if a complete search is performed, and therefore, the number I of search iterations is chosen as the size of the search space,
ie., I =S| € O((2p)r), the total complexity of BITS is given by

O((Zp)knk + B2 (n+k) + B*n+ 33) = (9((2p)k(nk +B(n+k)+B*n+ 33).

If a hybrid search between a greedy search and a complete search is performed, the computational complexity of BITS is given by

O (BInk+ B*n+ B3).

If a greedy search is performed, and therefore, the number I of search iterations is chosen as I « kp, the computational complexity
of BITS, hence, becomes

O (Bnpk2 +B%n+ B3) .
Thus, assuming that the number B of boosting iterations and the maximum interaction order k are fixed, the complexity of BITS
employing a complete search is polynomial in p and the complexity of BITS employing a greedy search is linear in p.
Alternatively, if it is assumed that the number of predictive terms is not fixed, but increases linearly with the total number of input
variables, i.e., if it is assumed that B scales linearly with p, the computational complexity of BITS is given by O ((Zp)k(nk +p(n+ k))),
if a complete search is used, and @ (npzk2 + p3), if a greedy search is employed.

3.7. Computing a y-path

Lasso models are usually fitted for an entire path of potential values for the term inclusion penalty 4. Similarly, a path of reasonable
values for the interaction length penalty y can be determined and evaluated so that y and A can be jointly optimized in an efficient
way in BITS. First, the maximum value y,,,, is computed by deriving the minimum value that would lead to an empty model, i.e.,
that fulfills

S(mo) = S(ml) + }'max“mlHO = S(ml) + Ymax>

where m, is the optimal model among all models consisting of a single variable and the optimal model m, not containing any variables
is given by the average m, = % Y ¥i- The minimum value y,,, can, e.g., be chosen as 0.001 - ,,,,. The complete y-path is then
given by equidistant steps on the logarithmic scale between y;, and y,;.-

10
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As described in Section 3.4, computed interaction features and corresponding standard deviations can be reused for quickly
determining the complete y-path.

For tuning the hyperparameters of BITS, the combined y- and A-paths can be determined using training data and evaluated using
independent validation data. Besides using single training-validation data splits, k-fold cross-validation may also be employed to
choose the (y, 4) pair that minimizes the cross-validation error or to promote model parsimony and make use of the one-standard-
error rule by selecting the simplest model (largest y and its corresponding largest A) whose induced error is within one standard error
of the minimum error.

3.8. Generalized linear models

BITS can also be generalized from linear models to generalized linear models, and therefore, be applied to other than continuous
outcomes. For this, the loss employed in gradient boosting has to be chosen appropriately and the model pruning with the relaxed
lasso has to be performed using an appropriate link function.

If a continuous outcome is considered, the linear model

B

E[Y | X1=F(X)=py+n Y, p;m;(X)
Jj=1

should be fitted. The squared error L(F(x),y) = (F(x)— y)? /2 is usually chosen as the corresponding loss function, which leads to
the residuals

0
—— L(F(x),y)=F(x)—
F@) (F(x),y)=F(x) -y
for computing the gradient.
Another example is a binary outcome, in which case the logistic model

B
= F(X)=py+1Y, pjmy(X)

logit(E[Y | X]) = logit(P(Y = 1| X)) : = log (
Jj=1

P(Y=1|X)
1-PY =1]|X)

should be fitted (Friedman, 2001; Friedman et al., 2000). In this case, the negative binomial log-likelihood is used as loss function
which leads to

L(F(x),y) = ~log ([logit™ (FG)]” - [1 = logit™ (Fex] ™)
=log(1 + exp(F(x))) — y - F(x)

for the true value y € {0, 1} of the outcome. The gradient can then be calculated using

0 -
—— L(F(x),y) =logit™ " (F -y
9F D) (F(x),y) =logit™ (F(x)) -y
Other types of outcome with distributions that belong to the exponential family can be also fitted in BITS, as they can be fitted
with gradient boosting procedures in general (Biihlmann and Hothorn, 2007).

4. Simulation study

In the following, BITS is applied to different simulation scenarios to empirically investigate its applicability. Moreover, comparable
approaches that also fit interpretable models involving interactions between input variables are applied to compare BITS to these
methods. More precisely, glinternet (Lim and Hastie, 2015), sprinter (Yu et al., 2019), MARS (Friedman, 1991; Milborrow, 2021),
RuleFit (Friedman and Popescu, 2008; Fokkema, 2020), and logic regression (Ruczinski et al., 2003) are considered in this comparison.
In addition, random forests (Breiman, 2001; Wright and Ziegler, 2017) is also applied as a machine learning method that induces
state-of-the-art prediction models, which are black-box models, and thus, do not provide an (easy) interpretation. All analyses are
carried out using R version 4.0.3 (R Core Team, 2020).

4.1. Simulation setup

Since BITS is motivated by applications to genetic association studies in which a selection of genetic variants from, e.g., different
genes or pathways is analyzed, the input variables are simulated as SNPs that can take the values 0, 1, or 2, counting the numbers of
minor alleles.

The application to data from SNPs that are pruned based on linkage disequilibrium, i.e., correlation structures between SNPs, is
of particular interest, as this is common practice in genetic epidemiology (see, e.g., Calus and Vandenplas, 2018; Hiils and Czamara,
2020). Therefore, 50 SNPs are simulated as independent variables. A minor allele frequency of 0.25 is used for all SNPs. In the
following, a dominant mode of inheritance is denoted by SNP? := 1(SNP > 0), and a recessive mode of inheritance is denoted by
SNPR :=1(SNP =2).

11
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For the application of glinternet, sprinter, and logic regression, the binary input variables SNP? and SNP® are used so that these
methods can also identify the correct modes of inheritance. For MARS, RuleFit, and random forests, the raw variables SNP € {0, 1,2}
are used as input variables, as these tree-based methods are directly able to capture dominant and recessive modes of inheritance
using discrete splits (see Section 3.1.1).

In addition, a continuous environmental variable E is simulated by drawing from a rectified normal distribution with a mean of
20 and a standard deviation of 10. This is achieved by first sampling E’ from the Gaussian distribution A(20, 10?) and subsequently
truncating negative values to zero, i.e., E = max(0, E’). This ensures that the values of E are non-negative, which is usually the case
for exposures to environmental risk factors such as air pollution.

Four different simulation scenarios are considered. First, a linear model

E[Y | SNP] = SNP; + SNP, + SNPY" + SNP’ + SNP{ + SNP{ C)

without any interaction effects is considered to investigate whether BITS identifies spurious interactions and fits overly complex
models in this scenario or if BITS correctly mainly identifies main effects.

Next, two simulation scenarios involving interactions are considered that were also used by Lau et al. (2024) to evaluate, besides
other methods, RuleFit, logic regression, and random forests. In the first of these scenarios, a model

2
E[Y | SNP] = [\/log(l.S) -SNPP + /log(2) - SNP (1 — Spr)] . (10)
is employed in which a two-way interaction and a three-way interaction have an effect on the outcome (on the considered scale) due

to the quadratic function. In the other scenario, a model

E[Y | SNP, E] =log(2) - SNPP +log(4) - SNP? (1 — SNP?) %, (11)

is considered in which a two-way SNP interaction is involved in a gene—environment interaction with E.
Lastly, a more complex model

p__ E
2134910

D E D D
+2- SNPLSNPg ——=— —2- SNPP (1 - SNPP) SNP

E[Y | SNP, E] = SNP{ + 1.5 - SNP — SNPY — SNP,

12)

is investigated that consists of main effects, two-way interactions, three-way interactions, different modes of inheritance, and different
effect directions. Here, E is standardized to have an (approximate) interquartile range of one, as the effect sizes of gene—environment
interactions are often specified per interquartile range of the considered environmental risk factor (see, e.g., Hiils et al., 2017).

For every simulation scenario, nine different simulation settings are considered. More precisely, the total training sample size
n is varied between 500, 1000, and 2000, corresponding to small, medium, and large data sets. For deriving precise prediction
performances, independent test data sets with a sample size of 10,000 are utilized. Furthermore, the signal-to-noise ratio (SNR)
is varied between 0.5, 1, and 2 by adding random noise from the Gaussian distribution N (0, Var(Signal)/SNR) to the prediction
functions in the four simulation scenarios.

For every simulation setting, 100 independent replications are carried out, i.e., 100 independent data sets are randomly gener-
ated. For tuning the hyperparameters of the statistical learning methods considered in the comparison, the training data set of each
replication is randomly divided into 75% training data and 25% validation data. For evaluating the performance of the different
statistical learning methods, the models are trained with these procedures again on the complete training data set (including the
validation data) using the optimized hyperparameter settings.

4.2. Hyperparameter optimization

The hyperparameters of all considered methods are optimized to yield the lowest MSE on the validation data sets.

A complete term search is conducted by BITS in all simulation settings. The number of boosting iterations is fixed to 50, the
learning rate to 0.1, and the maximum interaction order to 3. Moreover, a grid of 50 different values for the interaction length
penalty y and 100 different values for the lasso regularization parameter A is investigated.

Fig. 3 shows exemplarily for the complex simulation scenario with the medium setting of n = 1000 and SNR =1 the validation
data error for different values of the two hyperparameters. As depicted in this figure, a value of about exp(—2) seems to be optimal
for y, which is in the middle of the considered y-path. For A, smaller values seem to be preferred such that BITS already seems to
identify mostly predictive terms that do not have to be pruned.

For all methods that make use of lasso, i.e., BITS, glinternet, sprinter, and RuleFit, the penalty parameter A is tuned using the
corresponding validation data set in each replication to enable fair comparisons between the methods. For all evaluated methods, the
set of tuned hyperparameters with corresponding descriptions and considered values can be found in Appendix D.

4.3. Predictive performance

The predictive performance of all fitted models F is assessed on independent test data using the coefficient of determination R?.
This metric can be determined on a data set (x;,;), i =1,...,n, by

12
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Fig. 3. Validation data error in the complex simulation scenario considering the setting with » = 1000 and SNR = 1 for BITS and different values of the interaction
length penalty y and the term inclusion penalty A. (For interpretation of the colors in the figure(s), the reader is referred to the web version of this article.)
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Fig. 4. Predictive performance of BITS and the comparable procedures in the simulation study considering the setting with » = 1000 and SNR = 1.
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where @r(y) = %2?:1()’:‘ —7)? is the empirical variance of Y1s---» Y, While R? is equivalent to the MSE, as it is a rescaled (and
inverted) modification of the MSE, it has the advantage that it provides a standardized interpretation. R? = 0 implies that the predic-
tions of the fitted model are on average no better than simply taking the mean over the values of the outcome as constant prediction,
and R? =1 corresponds to perfect predictions with no error.

In Fig. 4, the predictive performances of BITS and the compared methods are displayed for the four considered simulation scenarios
and the medium setting with n = 1000 and SNR = 1. The predictive performances in all other considered simulation settings can be
found in Appendix E.

For the linear scenario, sprinter is expected to yield the highest predictive power, as it follows the reluctance principle for inter-
actions. Therefore, its most important goal is to prefer main effects if all else is equal. BITS, however, performs slightly better than
sprinter and logic regression in this linear scenario, suggesting that BITS is also applicable to scenarios, in which no interaction effects
between the input variables are present. The other considered approaches lead to inferior predictive performances, indicating that
they fit overly complex models.

In the simple interaction scenarios, BITS outperforms the other considered methods and yields performances close to the true
underlying model for a high SNR.

In the complex simulation scenario, BITS also induces relatively high R? values. However, even for a high SNR and a large sample
size, the true model cannot be fully attained due to the complexity of this scenario. In the complex scenario, glinternet, RuleFit, and
logic regression yield similar, but slightly lower performances than BITS.

4.4. Term identification performance

In the following, it is investigated how often correct or wrong terms are identified depending on the simulation scenario and the
number of identified terms. For this purpose, the lasso penalty 4 is varied in BITS and glinternet to obtain optimal models for various

13
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Fig. 5. False discovery rate of identified terms with asymptotic 95% confidence intervals in the simulation study considering the setting with » = 1000 and SNR =1
for BITS, glinternet, and logic regression.

numbers of identified terms. In logic regression, the optimal number of variables that minimizes the validation data error is used
for every number of trees. For determining whether an identified term is influential, the mode of inheritance and variable negations
are not considered. It is thus only investigated if the correct input variable are identified in a term. Moreover, the environmental
covariable E is not considered, as glinternet is not able to capture three-way interactions and logic regression is not able to capture
interactions with continuous input variables. Thus, it is sufficient to identify the SNPs participating in a gene-environment interaction.

Fig. 5 shows the false discovery rate (FDR), i.e., the fraction of identified terms that are not included in the true underlying model,
for the medium setting with n = 1000 and SNR = 1 in the four simulation scenarios. For all scenarios and numbers of identified terms,
BITS leads to the lowest FDR, except for the complex scenario and six identified terms, in which logic regression yields a slightly
better FDR.

For the linear scenario, the FDRs of BITS and logic regression decrease with the number of identified terms. This might be
unintuitive, since the number of remaining (strongly) influential terms decreases with an increasing number of identified terms, as
in general important terms are detected first. However, this phenomenon is presumably caused by BITS and logic regression trying
to include multiple input variables into one interaction term if only one term should be identified. For BITS, this behavior does not
seem to be severe and is presumably alleviated by the adjustment for spurious interactions that was designed for these situations (see
Section 3.5). For the other considered simulation scenarios, the FDR of BITS increases, as expected, with the number of identified
terms.

The FDRs for all other considered simulation settings can be found in Appendix F and show analogous results to the simulation
setting discussed above. In addition, the identification of terms is also analyzed in more detail in Appendix F, including the comparison
of false discovery and false negative rates of the optimal models, the number of identified terms, and how often main effects and
interaction effects are correctly detected. As can be seen in this analysis, BITS tends to identify slightly more terms than logic
regression, but also leads to detecting more terms from the true underlying models. Moreover, BITS leads to low error rates in
identifying interaction effects, but detects slightly more false main effects than logic regression.

5. Real data application

BITS and the procedures considered for comparison are also applied to two real data sets, on the one hand, to a medium-
dimensional genetic data set from an epidemiological cohort study, and on the other hand, to a high-dimensional toxicological
data set that was used in the NeurIPS 2003 feature selection challenge.

5.1. SALIA study

The SALIA study (Study on the Influence of Air Pollution on Lung, Inflammation and Aging, Schikowski et al., 2005) is a German
cohort study, in which 4874 women were initially recruited in the period between 1985 and 1994. In follow-up examinations,
epidemiological outcomes such as the status of different diseases and risk factors such as the genetic makeup were recorded. More
details on the SALIA study can, e.g., be found in Kréamer et al. (2010).

In the evaluation of BITS and the other methods, the outcome of interest is the presence of at least one rheumatic disease and is,
therefore, binary. The subset of the data from the SALIA study that is considered in this evaluation consists of data from 517 women
with available information on rheumatic diseases as well as genetic information. 123 study participants had (at least) one rheumatic
disease so that 394 study participants did not have a rheumatic disease. 77 SNPs from the HLA-DRB1 gene are available, which
showed significant associations with the development of rheumatoid arthritis in prior analyses (see, e.g., Clarke and Vyse, 2009).
This data set from the SALIA study was also analyzed by Lau et al. (2024).
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Fig. 6. Predictive performance of BITS and the comparable procedures in the application to data from the SALIA study.

To consider, similar to the simulation study discussed in Section 4, 100 replications, the data set from the SALIA study is 100 times
randomly partitioned into training, validation, and test data sets. In each of these replications, 30% of the data set is used as test
data, while the remaining 70% of observations are split into 75% training data and 25% validation data. As in the simulation study,
the final models are then fitted on the combined training and validation data set using the respective optimal hyperparameter setting
of the statistical learning method in the respective iteration. The hyperparameters of all considered procedures are optimized for the
highest AUC (area under the receiver operating characteristic curve). In this application, sprinter is not considered, since sprinter is
not implemented for non-continuous outcomes.

In Fig. 6, the distribution of the values of the AUC are shown for BITS and the other methods in their application to the SALIA data.
BITS, glinternet, MARS, RuleFit, and logic regression all induce similarly high AUCs. The corresponding median AUCs are between
0.53-0.55. Random forests yields a slightly higher median AUC of approximately 0.57. However, random forests is also the only
considered method that does not yield (directly) interpretable prediction models. All induced median AUCs are below 0.60, which
indicates that the signal in the considered data set is relatively weak.

To interpret the resulting models, the median of each optimal hyperparameter value over the 100 replications was used to fit
one model on the complete SALIA data for BITS, glinternet, and logic regression, respectively. BITS yields a model consisting of 18
terms, from which 4 are main effects, 10 are two-way interactions, and 4 are three-way interactions. For the full model displayed
in Appendix H, it can be directly seen how predictions are composed. For example, the term —4.17 - rs41288045 indicates that the
SNP rs41288045 seems to decrease the risk of rheumatic diseases if its minor allele is present on both chromosomes (due to the
recessive mode of inheritance as denoted by the subscript ). Moreover, the term 7.90 - rs1060176 - rs151025335 4 indicates that the
simultaneous presence of the minor allele of SNP rs1060176 on both chromosomes seems to increase the risk for rheumatic diseases
if the SNP rs151025335 is present on at least one chromosome and this risk is further increased if rs151025335 is present on both
chromosomes (due to the additive mode of inheritance as denoted by the subscript ,).

glinternet identifies a model consisting of 11 terms. All of these terms are two-way interactions. Logic regression detects a model
consisting of 4 terms from which 3 terms are two-way interactions and one term is a three-way interaction. Hence, two-way interac-
tions dominate all three models.

5.2. Dorothea data set

The Dorothea data set is a high-dimensional drug discovery data set that was used in the NeurIPS 2003 feature selection challenge
(Guyon et al., 2004). It was also used by the authors of glinternet for comparing glinternet to similar procedures (Lim and Hastie,
2015). The data set contains 100,000 binary input variables that represent structural molecular features of chemical compounds.
Half of the input variables are artificial noise features that do not influence the binary outcome, which is the binding ability to
thrombin (an important enzyme in blood clotting). 1950 observations are available with a fixed split into 800 training observations,
350 validation observations, and 800 test observations. Since the Dorothea data set is part of a data science competition, the labels
of the test data set are not public and the test data performance can only be assessed by submitting the test data predictions for the
outcome to the competition website.

BITS and glinternet are the only considered procedures that are able to directly handle the complete data set of 100,000 input
variables. However, it is not possible for BITS to consider the complete search space of more than 10'3 terms for a maximum interaction
order of k = 3. Thus, the hybrid search approach between a greedy and a complete search (see Section 3.4.2) was employed in BITS
with a maximum number of search iterations of 4k(2p) = 2,400,000, which is four times as many search iterations as would be carried
out by a pure greedy search. Moreover, in contrast to the previous experiments with at most p =77 input variables, 100 (instead of
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Table 1

Predictive performance of BITS and the comparable procedures in the application to the Dorothea data set.
Method BITS glinternet MARS RuleFit Random Forests Logic Regression
AUC 0.895 0.890 0.729 0.813 0.901 0.799

50) boosting iterations are conducted in the application of BITS to the Dorothea data with p = 100,000 input variables to enable BITS
to detect more (true positive) effects in this high-dimensional data set.

Analogously to Lim and Hastie (2015), glinternet was restricted to consider interactions with the highest 1,000 main effects in the
application to the Dorothea data.

MARS, RuleFit, random forests, and logic regression cannot be applied to the whole data set, as they either do not allow that
many input variables or the software for applying the respective method crashes when trying to fit models with this vast number of
input variables. Thus, for applying MARS, RuleFit, random forests, and logic regression to the Dorothea data, a variable selection
using the lasso was performed, resulting in 155 input variables. This selection was used as input variables in the application of these
procedures.

In Table 1, the AUCs of BITS and the other methods determined on the Dorothea test data are depicted. BITS, glinternet, and
random forests yield the highest AUCs. The superior predictive performance induced by BITS and glinternet compared to the other
interpretability-focused methods is presumably partially caused by these methods being the only methods that could directly utilize
all input variables.

To analyze the effect of considering all input variables in this application, BITS and glinternet were also evaluated using only the
155 variables selected by the lasso. With this preselection, BITS and glinternet yield similar AUCs of 0.867 and 0.875, respectively,
which are slightly lower than the AUCs without preselection. Thus, this preselection leads to a slight performance loss.

BITS yields a model containing 48 terms, from which 38 terms correspond to main effects and 10 terms correspond to effects
of two-way interactions. The full model can be found in Appendix I. In contrast, the application of glinternet results in a model
consisting of 80 terms, which all correspond to two-way interactions. The application of random forests leads to a model consisting
of 2000 trees with a median number of terminal nodes of 119. Hence, BITS yields the best interpretable model among the three best
performing methods, as the BITS model contains less terms with fewer interaction terms compared to the glinternet model and the
random forests model is not (directly) interpretable.

6. Conclusion and discussion

BITS is a novel statistical learning method for fitting linear models that can autonomously incorporate interaction effects. By
penalizing long interactions and dismissing spurious interactions that are only detected because of main effects of variables included
in the considered interaction term, BITS adheres to the reluctance principle for interactions, preferring main effects over interaction
effects, and thus, simpler models, if the induced predictive performances are (almost) equal.

In a simulation study, it could be seen that BITS is able to construct simple models that do not contain many interaction terms
if the underlying model does so as well. However, in more complex scenarios, BITS is able to fit correspondingly complex models
involving higher order interaction terms. This was confirmed by the high predictive performance and low false discovery rate yielded
by BITS in the simulation study. In the real data applications, BITS also showed comparatively strong predictive performances.

Most methods that fit linear interaction models, e.g., glinternet and sprinter, are restricted to detecting pairwise interactions, i.e.,
interactions of two variables. In contrast, BITS can detect interactions of up to a specified maximum interaction order, which was
set to three in all applications. The maximum interaction order k could in principle be set to higher values. However, the increased
computational burden for increasing k has to be taken into account.

The computational complexity of BITS was derived and is even for a complete search considering all possible interaction terms
polynomial in the number p of input variables. To further reduce the computational burden, a branch-and-bound technique was
proposed that discards interaction terms based on an appropriate upper bound for their scores and the best score so far. For problems
with a huge number of input variables, such as the analysis of the Dorothea data, a hybrid between a greedy and a complete search
can be employed that scales linearly in p. In Appendix G, actual model fitting and prediction times of BITS and procedures with which
BITS was compared are presented and compared. As expected, BITS with a complete search is the most computationally intensive
method. However, the hybrid search significantly reduces computation, making BITS faster to fit and evaluate than glinternet, RuleFit,
random forests, and logic regression.

As mentioned in Section 3.7, k-fold cross-validation can also be used for hyperparameter tuning in BITS. This cross-validation
procedure is expected to require about k times the computational effort of a typical single data split. This is because the training
data slightly changes across the k folds, preventing the reuse of initialized search spaces for interaction terms in the complete search
(see Section 3.4.1) between the folds. However, parallelizing the k folds could reduce this computational burden if the necessary
hardware is available.

Many recent interaction detection methods assume weak or strong hierarchy in interaction terms, which is a reasonable assumption
in many applications. BITS does not directly make hierarchy assumptions. Only weak hierarchy is implicitly assumed, if a pure greedy
search is employed, as in this case detectable marginal effects are necessary for the identification of interactions. If one wishes to
explicitly enforce weak or strong hierarchy, the interaction stump search can be modified so that effects participating in identified
terms are carried on in the search. For example, if the search identifies the term X X, based on X, i.e., because X induced a low
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model error which lead to investigating terms that include X, then both terms X; X, and X, are added in the boosting iteration
for achieving weak hierarchy. For strong hierarchy, all terms X X,, X, and X, would be added to the model. In the final step of
BITS in which the terms are pruned using the relaxed lasso, marginal terms will be pruned off again if only the interaction terms
seem to have an effect. The hierarchy notion can be generalized to interactions of higher order, leading to including all participating
effects for strong hierarchy (i.e., considering all subsets of variables of the interaction term). Weak hierarchy for higher interaction
orders can be defined recursively by requiring that at least one participating term with one less variable fulfills weak hierarchy. For
example, X X, X; fulfills weak hierarchy if X5 and X X5 have marginal effects.

Global optimization over integers (here, indices of input variables) seems to be a natural task solved by mixed-integer optimization.
However, since, in the context of BITS, the search is performed over products of the form 7T'(X) = X e X i the optimization
objective also consists of products of potentially continuous variables. In mixed-integer optimization, transforming a product between
two continuous variables into a linear objective involves piecewise linear approximations of every considered product with a fixed
number of bins (Asghari et al., 2022). Therefore, mixed-integer optimization does not seem to be an appropriate solution to the
considered optimization task.

Statistical learning methods that aim to fit a highly predictive decision tree, such as optimal decision tree procedures (Bertsimas
and Dunn, 2017), also yield well-interpretable models. However, effect sizes or variable importances of individual terms in decision
trees cannot be directly accessed. Moreover, statistically testing whether the detected terms actually influence the outcome using
independent test data is also no longer straightforward. In contrast to single decision tree procedures, BITS and other methods that fit
linear interaction models are able to provide summary statistics such as estimates of effect sizes and potentially confidence intervals
and p-values (that can be obtained using independent test data). Such summary statistics are usually published as a result of genome-
wide association studies (Uffelmann et al., 2021). However, such publications, typically, contain only information on marginal effects
of genetic variants. Therefore, in contrast to conventional linear methods that are limited to marginal effects, BITS can be used to
also detect interaction effects and determine corresponding summary statistics.

Statistically testing the importance of detected terms in BITS would require fitting the model to training data and performing the
statistical tests on independent test data. This is because BITS must first generate the hypotheses to be tested by identifying influential
input variables and interactions between input variables. To avoid using one random data split and trying to leverage the whole data
set for both model fitting and testing, one idea for future research might be to employ multisplitting (Meinshausen et al., 2009; Dai
et al., 2024), where the complete data set is randomly divided into training and test data sets multiple times and the test results are
aggregated using quantiles of the observed p-values.
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Appendix A. Equivalence between minimizing the mean squared error and maximizing the absolute empirical correlation

If a simple linear regression model ¥ = &, + &, X is fitted, the coefficient of determination R? and the sample correlation coefficient

% are equal (see, e.g., Section 6.4, Rencher and Schaalje, 2007). Therefore, assuming y is centered so that 2,'; 1 ¥i =0, it holds that
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for the mean squared error
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and a constant C that does not depend on x. Thus, minimizing the mean squared error (with respect to the chosen variable x) is
equivalent to maximizing
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In the context of BITS, this means that
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Appendix B. Covariance versus correlation

To see that standardization of the terms by their standard deviation is important for identifying the most predictive terms, consider
the exemplary data set

X1 X2 y
1 00|-1
n 0 0] -1

D= nt1 ] 6 1 1

o | 6 1 1
b1 | 1 1| O

for 6 € (0,1). The value vectors x; and x, of both input variables X; and X, (that can be also interpreted as terms here) are scaled
to [0, 1] and the value vector y of the outcome Y is centered. Considering the observations 1, ...,2n, both x; and x, are perfectly
correlated with y. Taking also observation 2n+ 1 into account, the absolute inner products are given by [(x;,y)| =é-nand [(x,, )| =n.
Hence, if 6 is small, the absolute inner product score would clearly prefer x, over x,. Moreover, if 6 is small enough, any other term
with a non-zero score would be preferred over x;. The reason for this is the mainly small range of values of x; and the outlier
Xops11 = 1.

By considering the correlation objective (4), terms are corrected for their standard deviation. In the above example, the asymptotic
empirical standard deviation of x; is given by

sd(x,) = 62n+1_<5n+1>2 oo §
YTV 2n+1 0 \2n41 2
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Therefore, the correlation objective (4) without considering the interaction length penalty would be (asymptotically) equal to 1 for
both x; and x,.

Appendix C. Efficiency of the branch-and-bound search

In Section 3.4.1, a branch-and-bound approach for reducing the complete search space of interaction terms was presented. In the
following, it is analyzed how many terms can be discarded by this approach.

Fig. C.7 depicts the fraction of discarded interaction terms depending on the boosting iteration, the interaction length penalty y,
and the SNR, where here the complex simulation scenario presented in Eq. (12) and a medium sample size of n = 1000 are exemplarily
considered. Not surprisingly, the fraction of discarded terms is the largest for high values of y, since the upper bound for the branch-
and-bound approach bounds descendant terms that exhibit a higher number of variables per interaction. For increasing SNRs and
decreasing numbers of boosting iterations (which are equivalent in the sense that with increasing boosting iterations the signal in the
gradient decreases due to identifying the most important terms early on), the fraction of discarded terms increases. An explanation
for this is that a high SNR also induces a higher discrepancy between the score of influential terms and non-influential terms, which
leads to more non-influential terms with upper bounds below the best total score so far.

SNR =0.5 SNR =1 SNR =2

N

0 10 20 30 40 5 0 10 20 30 40 5 0 10 20 30 40 50
Boosting Iteration

Fraction of Discarded Interaction Terms

Fig. C.7. Fraction of terms that are discarded by BITS and its branch-and-bound approach in the complex simulation scenario with n = 1000 for different SNRs, boosting
iterations, and interaction length penalties y.

For weak signals, the fraction of discarded terms does not seem to be substantially high. However, this fraction is positive in all
cases so that at least some terms can be discarded.

Appendix D. Optimized hyperparameters

Table D.2

Optimized hyperparameters with corresponding descriptions. The names of the hyperparameters are the names of the corresponding arguments in the respective R
packages. For the min.node . size parameter of random forests in the ranger package, the default setting of 5 observations for regression tasks and 10 observations
for probability estimation tasks has been evaluated as well. The design of this table is adapted from Lau et al. (2024).

Method Software package Hyperparameter Description Considered realizations
gamma Interaction length penalty 50 log-equidistant values in the y-path
BITS [Yumins Ymax]
BITS lambda Term inclusion penalty 100 log-equidistant values in the A-path
(Lau, 2024)
[Amin> Amax]
learning.rate Learning rate 0.1
boosting.iter Number of boosting iterations 50
max.vars Maximum interaction order 3
glinternet glinternet lambda Term inclusion penalty 50 log-equidistant values in the
(Lim and Hastie, 2021) A-path [Ai, A (default)
sprinter sprintr lambda Term inclusion penalty 100 log-equidistant values in the
(Yu, 2019) A-path [Ai1, A ] (default)
MARS earth degree Maximum interaction order 3

(Milborrow, 2021)

(continued on next page)
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Table D.2 (continued)

Computational Statistics and Data Analysis 213 (2026) 108247

Method Software package Hyperparameter Description Considered realizations
sampfrac Subsample fraction for {0.5,0.75,1.0}
drawing samples without
RuleFit pre replacement for each tree
Fokk 2020
(Folkema, 2020) minbucket Minimum number of 1{0.01,0.05,0.1} - N |
observations per leaf
learnrate Learning rate 0.1 (same as in BITS)
ntrees Number of boosting iterations 50 (same as in BITS)

penalty.par.val

Term inclusion penalty

100 log-equidistant values in the A-path

[Amins Amae] (default)

ranger
Random Forests J

mtry

Number of randomly drawn
input variables at each split

[(05,1,2} - |/pl]

(Wright and Ziegler, 2017)
Minimum number of
observations per leaf

min.node.size

5, regression
[{0.01,0.05,0.1} - N| U { 10, probability }

num. trees

Number of trees grown

2000

. . LogicRe
Logic Regression I I

(Kooperberg and Ruczinski, 2023)

(nleaves, ntrees)

anneal.control

Maximum number of (total)
leaves and maximum number
of trees

Simulated annealing cooling
schedule

(@, nell,.... 12} x ({1,

Experimental

02}

Appendix E. Predictive performance

See Fig. E.8.
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Appendix F. Term identification performance

In Fig. F.9, the FDRs for all considered simulation scenarios are presented corresponding to the results depicted in Fig. 5 and
discussed in Section 4.4.

F.1. Number of identified terms

Fig. F.10 shows how many terms are identified in the optimal models generated by BITS, glinternet, and logic regression. This
figure reveals that glinternet includes the highest number of terms in all scenarios. BITS and logic regression identify fewer terms,
thus more closely reflecting the true underlying model sizes (Linear: six terms, Interactions I: three terms, Interactions II: two terms,
Complex: six terms; see Section 4.1). BITS tends to identify slightly more terms than logic regression, which may be also caused by
the hyperparameter optimization for logic regression being restricted to include at most six terms (see Table D.2). This limit, derived
from the hard-coded maximum of five trees in the LogicReg software package (Kooperberg and Ruczinski, 2023), was raised from
five to six to ensure logic regression could accurately reflect the true underlying models in the simulation study.

F.2. False discovery and false negative rates of optimal models

In Fig. F.11, the corresponding false discovery rates (FDRs) and false negative rates (FNRs) of terms identified by the optimal
models are presented. As in Section 4.4, the FDR is calculated as the ratio between the number of falsely identified terms and the
number of all identified terms, and the FNR is determined by the ratio between the number of undetected terms in the true model and
the number of all terms in the true model. For the linear simulation scenario and the two simple interaction scenarios, BITS induces
the lowest FDRs and the lowest FNRs in most settings. By contrast, glinternet leads to relatively high FDRs in all scenarios, since
its corresponding optimal models contain more identified terms (as discussed in Appendix F.1). In the complex simulation scenario,
BITS induces higher FDRs than logic regression when the SNR is low or the data set is small. However, BITS also induces lower FNRs
in these settings, as it misses true terms less frequently.

F.3. Identification of main effects and interaction effects

Considering the complex simulation scenario that comprises both main and interaction effects, it is also investigated how often
main effects and interaction effects are correctly detected. For this purpose, FDRs and FNRs are computed by exclusively considering
either main effects or interaction effects in the resulting models and the true underlying model. Fig. F.12 depicts the results of this
analysis. While glinternet almost exclusively identifies interaction effects, BITS and logic regression detect both main and interaction
effects in a balanced manner. BITS yields in all settings the lowest FDRs and FNRs for detecting interaction terms. In the detection
of main effects, BITS leads to higher FDRs than logic regression, which explains the slightly higher total FDR of BITS in the complex
scenario that could be seen in Appendix F.2. Falsely detecting main effects, however, does not degrade the model interpretability as
severely as falsely detecting interaction effects, due to the relative simplicity of the former. Nonetheless, BITS also induces the lowest
FNRs for detecting main effects.
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Fig. F.11. False discovery rate and false negative rate of terms identified by the optimal (hyperparameter-tuned) models with asymptotic 95% confidence intervals in

the simulation study for BITS, glinternet, and logic regression. The values displayed above the confidence intervals indicate the median number of identified terms in

the respective optimal models.
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Fig. F.12. False discovery rate and false negative rate of identified main effects and interaction effects by the optimal (hyperparameter-tuned) models with asymptotic
95% confidence intervals in the complex simulation scenario for BITS, glinternet, and logic regression. The values displayed above the confidence intervals indicate
the median numbers of identified main effects and interaction effects, respectively, in the corresponding optimal models.

Appendix G. Computation times

For the complex simulation scenario considering a medium sample size of n = 1000 and a medium signal-to-noise ratio of SNR = 1,
times for model fitting and prediction were collected. The computations were performed using an Intel Xeon Gold 6136 CPU clocked
at 3.0 GHz. For this computation time experiment, parallel computing was disabled to gather realistic single model evaluation times.

In Table G.3, the mean model evaluation over 100 repetitions are presented. BITS using a complete search takes the longest time
for a full model fitting and prediction cycle due to considering all possible interactions of up to an interaction order of three. However,
using a hybrid search, that was also employed in the application to a high-dimensional real data set in Section 5.2, the time reduces
considerably from 283.8 s to 8.1 s. The computation times required by glinternet, RuleFit, random forests, and logic regression are
between the computation times of BITS using a hybrid and a complete search. In this experiment, sprinter and MARS are the fastest
methods. These two methods, however, yielded inferior predictive performances in the simulation study.
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Table G.3
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Mean model evaluation times in seconds for the com-
plex simulation scenario with n = 1000 and SNR = 1.

Method

Time

BITS Complete
BITS Hybrid
glinternet
sprinter

MARS

RuleFit

Random Forests
Logic Regression

283.8
8.1
114.2
0.7
2.7
21.2
25.2
64.1

In the following model constructed by BITS, the subscripts 4, p, and  denote, as defined in Section 3.1.1, additive, dominant,
and recessive modes of inheritance, respectively. The superscript ¢ denotes variable negations, as defined in Section 3.1.2. This model

fitted in the application to the SALIA data discussed in Section 5.1 is given by

logit(P(Y = 1)) =

- 1.85
+0.41
-4.17

+ 0.60 -

+0.67

+7.90 -
+7.42-

—4.58
+ 1.41
—-0.93

+1.62-

+0.13

-0.36-

+2.28

+1.14-
+7.12-

+2.08
+0.48
+5.65

Appendix I. Dorothea model

- 15142402365

- 1541288045

rs9269815,

-1517885382

rs1060176 - rs151025335 4

rs1064701%) - rs113505515
-1541287215 4 - rs149121504

- 15142402365 1, - r$9269910¢

-1592697997, - rs74626234%

rs112796209% - rs113322920
-159269831 4 - r$9270143¢,

rs35789108 p - rs17884945%
-1rs149121504, - rs34578704
192701439 - rs188759419 4

rs1064701%) - rs112353158 p - 19270303
- 159269693 - 1535789108, - rs145244672

- 1535789108 - rs36101847 - 1517884945
- 1535789108, - rs17884945 - rs17885382,.

Main effects

> Two-way
interaction effects

Three-way
interaction effects

The model fitted by BITS in the application to the Dorothea data discussed in Section 5.2 is given by

logit(P(Y = 1)) =

2.50

+0.25-
X129 +0.43
+1.12-

-0.37

+ 0.08
+0.85

+0.21
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Data availability

The code for generating the simulated data sets is publicly available on Zenodo (Lau, 2025). The Dorothea data is available at the
UCI Machine Learning Repository (https://doi.org/10.24432/C5NK6X). The website for assessing the test data performance for the
Dorothea data (https://codalab.lisn.upsaclay.fr/competitions/7363) was accessed in July 2023.
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