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Abstract
To explore the limits of contemporary knowledge is a prime objective of studies in fundamental
physics. The group of systems of molecular hydrogen ions (MHIs) o!ers many prospects in this
regard: From spectroscopic data, one may extract fundamental constants or test theoretical
predictions. MHI spectroscopy, in particular that of HD+, has undergone exceptional progress
in recent years. A key achievement has been the recent determination of the ratio of its reduced
nuclear mass to the electron mass with state-of-the-art precision.
However, in order to extract generally applicable constants from spectroscopic data of HD+,
such as the proton-electron mass ratio, it is necessary to combine it with data from other ex-
periments. In particular, the deuteron-proton mass ratio, obtained from cyclotron frequency
measurements in Penning traps. To avoid this dependency and obtain purely spectroscopic val-
ues, an alternative approach is to measure transition frequencies in the closely related molecule
H+

2 . But, despite its unique status as the simplest molecule in the universe, the highly accu-
rate measurements necessary for such an endeavor have so far remained elusive, due to the
experimental challenges posed by H+

2 .
This thesis will demonstrate how these challenges can be overcome through the development
of a capable spectroscopy laser system and its integration into a spectroscopy apparatus with a
linear radio-frequency ion trap at its core. The laser system is characterized and found to have
a relative frequency stability of better than 1→10→14 over timescales between 1 and 107 seconds,
coupled with a frequency accuracy relative to the SI second of a similar magnitude. Its output
power is at the watt-level; su"ciently high in order to drive electric-quadrupole transitions in
molecular hydrogen ions. The combination of the spectroscopy laser and the ion trap allows
for two spectroscopic studies based on laser excitation of H+

2 to be performed.
The initial study encompasses the observation of a Doppler-broadened rovibrational transition
in H+

2 , thereby achieving an experimental objective that was envisioned decades ago. This
observation is accompanied by the first study of systematic e!ects on an electric-quadrupole
transition in a molecular ion, specifically of Doppler-free single Zeeman components in HD+.
These results represent only the second time that an electric-quadrupole transition has been
observed in a molecular ion, but with a precision that is a factor ↑ 106 greater than that of
the first observation. The study demonstrates that achieving ultra-high accuracy for this type
of transition is a realistic prospect.
The second study improves the H+

2 -result, surpassing the Doppler-e!ect and achieving a rel-
ative accuracy of the transition frequency of 8 → 10→12. This represents the most accurate
measurement of any H+

2 property to date, exhibiting a factor of ↓ 103 improvement over the
previous record. The obtained line resolution also surpasses the highest resolution achieved
with HD+. By combining the measurement with theory and constants obtained from hydrogen
spectroscopy, the proton-electron mass ratio is derived with an accuracy similar to that of the
current CODATA standard and independent of Penning trap mass spectrometry. It is the first
time that this fundamental mass ratio has been derived from spectroscopic data alone. The val-
ues for the mass ratio, obtained through di!erent experiments and theories, are in agreement.

v



Furthermore, the result may be combined with HD+ data in order to yield the deuteron-proton
mass ratio with similar accuracy. Alternatively, the measurements can be compared with the-
ory to result in a test of the underlying theoretical framework, where agreement is found at a
relative level of 8→10→12, representing one of the most accurate experiment-theory comparisons
in physics.
The work introduces precision spectroscopy of H+

2 into the field of fundamental physics. The
results demonstrate that ultra-high accuracy spectroscopy of transition frequencies of molecular
hydrogen ions, specifically of electric-quadrupole transitions, has the potential to become a
new standard for the metrology of fundamental constants. Furthermore, this work lays the
experimental foundation of a vision proposed decades ago: the comparison of H+

2 with its
antimatter counterpart, the anti-molecule H2

→.
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1. Molecular hydrogen ions - applications
in fundamental physics

The field of fundamental physics is concerned with our elementary understanding of the world
we live in. At this level, fundamental theories of physics have been subject to rigorous scrutiny
and have undergone significant transformations. Because of this nature, fundamental physics
is heavily intertwined with the field of precision physics, in which experiments and theories are
compared at the highest level of accuracy. To date, such accuracies have reached a relative
level of up to 10→12, demonstrated by some of the most accurate determinations of physical
properties: the g-factor measurement of the electron [1] and the transition frequencies of the
hydrogen atom. These examples are simple single- and two-particle systems, respectively. This
is not surprising, given that such a level of accuracy demands a highly sophisticated theoretical
model, the development of which is a daunting task for complex systems.

Where to draw the line between simple and complex systems may not be without discussion.
However, in all cases, the logical next step in the progression of complexity would be that of
three-particle systems. Among this category are the simplest molecules, the molecular hydro-
gen ions (MHIs). This group encompasses all molecules consisting of a single electron and two
singularly positively charged nuclei. Given that three variants of such nuclei are known, namely
the proton, the deuteron, and the triton, the group consists of three homonuclear isotopologues
(H+

2 , D+
2 , T+

2 ) and three heteronuclear isotopologues (HD+
, HT+

, DT+). This distinction is
much more relevant as it may seem at first glance, since symmetry or asymmetry between
the center of mass and the center of charge of the two nuclei each lead to far reaching conse-
quences. Being such simple, yet complex systems, they are at the intersection of calculable and
interesting systems. They are su"ciently complex to be subject to a multitude of fundamental
interactions and potential new physics, while still retaining adequate simplicity to allow for
rigorous theoretical calculations. Consequently, they are ideal candidates to join single and two
particle systems in the realm of precision physics and contribute to the ongoing endeavor of
testing our theoretical models and our understanding of the universe.

The underlying theory for all these systems is quantum electrodynamics (QED). As a result
of its ability to accurately describe a multitude of phenomena and systems, including those
previously mentioned, it has been designated as the most accurate theory in physics and is
also regarded as one of the most tested ones. As is the case for one- and two-particle systems,
highly accurate predictions of MHIs’ quantum mechanical energy levels are calculated within
the framework of QED. It is therefore unsurprising that all aims of MHI studies involve QED
to some extent. Two principal approaches may be distinguished: One may either assume the
theory to be correct in order to extract fundamental constants or test the theoretical framework
for correctness and completeness by comparing it with measurements.

This dissertation is dedicated to the pursuit of ultra-high accuracy spectroscopy of H+
2 in order

to contribute to the aspiration of an ever-better understanding of our world at an elementary
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Chapter 1 Molecular hydrogen ions - applications in fundamental physics

level. The structure is as follows: A general overview of the main objectives of MHI fundamental
physics studies is presented in Fig. 1.1 and discussed in greater detail in the subsequent Sections
1.1 and 1.2, followed by a discussion of the particular relevance of the MHIs H+

2 and HD+

in Sec. 1.3. In particular, the importance of studies on H+
2 will be highlighted to provide

motivation for the work presented in this thesis. A brief introduction into the theory and a
review of undertaken experiments with H+

2 will be given in Chapter 2. For a more comprehensive
introduction, the reader is directed to [2]. In Chapter 3 the aims of this thesis will be discussed,
with details of the experimental setup and procedures in the subsequent Chapter 4. Chapter 5
will present manuscripts that are relevant to and developed in connection to this thesis, while
a summary of their results is given in Chapter 6. Chapter 7 will conclude the work with an
outlook.

1.1. Determination of fundamental constants

Two groups of fundamental constants can be distinguished: Those that describe an attribute of a
particle, such as mass or charge, and those that define a scale between a physical interaction and
the measured value, e.g. the Planck constant. Yet, all of these constants have in common that
they are fundamental in the sense that their numerical value does not result from the theoretical
model in which they are employed. Instead, their values must be obtained through alternative
means, which in the majority of cases is through measurement. In order to perform this
procedure, the theoretical model is essential; it defines the relationship between the measured
property, the constants, and the physical interactions. For example, if a model describes a
property A as depending on a set of constants {ci, cj, ...}, one may set up the equation

A
(expt) != A

(theor) (ci, cj, ...) , (1.1)

where “expt” and “theor” correspond to the experimentally measured and theoretically pre-
dicted value, respectively. Assuming the constants to be unknown, their value can be deter-
mined by imposing the correctness of the equation. Obviously, since already in the above
example the property depends on multiple constants, a single measurement does not contain
su"cient information. At the same time, there may exist multiple measurements of various
properties that have a partial or total overlap with respect to the set of constants they de-
pend on. Moreover, there can be correlations between di!erent properties and constants which
should be taken into account.
A general and maximal unbiased method for determining a set of constants that best describes
all measurements and additional information is therefore required. One possibility is to set up
an equation similar to eq. 1.1 for each measured property and then adjust the set of constants
until, on average, all equations are best-matched. In light of the abundance of measurements
and corresponding models in today’s world, this is a demanding task. Nevertheless, the task
can be completed, which is done by the Committee on Data (CODATA) of the International
Science Council. Typically, updated values for fundamental constants are published every four
years, providing a set of reference values based on the most accurate measurements and their
models. The most recent set of constants has been published and is abbreviated in this work
as “CODATA22” [3]. Note that a detailed description of their determination, similar to that
provided for the preceding set (“CODATA18”, [4]), is available at this point in time only as a
pre-print [5].

2



1.1 Determination of fundamental constants

Figure 1.1.: Goals of studies with “simple” systems. Three groups of systems are dis-
tinguished: single, two- and three-body systems. For each group, an example is shown.
Respectively they are: a single particle with its spin precessing in a Penning-trap (left), the
hydrogen atom with the electron cloud in the ground state (right) and a molecular hydrogen
ion with a similar depiction for the electron (center-top). In the latter two examples, the size
of the nuclei is exaggerated, and the “shadow” beneath both electron clouds is their center
cross-section. The arrows and corresponding labels illustrate the type of information that
can be contributed by each system to the encircled goals in the center-bottom. The arrows’
colors are chosen to match with the most closely related goal. It should be noted that the
example systems and arrows are not exhaustive; for instance other three-body systems, such
as helium or helium-like ions, may o!er similar or other prospects as MHIs. Additionally,
the shown systems may o!er other possibilities for contributing to research goals that are
not shown. The term “single particles” is used loosely in the context of this figure, including
also multiple particle systems that are subject to an environment in which their composi-
tion can be neglected (e.g. atom interferometry). QED: quantum electrodynamics. CPT:
charge-parity-time conjugation.
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Chapter 1 Molecular hydrogen ions - applications in fundamental physics

Table 1.1.: Values of constants relevant for the computation of MHI transition

frequencies for both recent data sets CODATA18 and CODATA22. A value for rt is not
provided by CODATA, instead the value is taken from [6].

Constant (unit) Rydberg constant
cR↑ (Hz)

CODATA18 3.289 841 960 2508(64) → 1015

CODATA22 3.289 841 960 2500(36) → 1015

”

mass ratios
mp/me md/mp mt/mp

1 836.152 673 43(11) 1.999 007 501 39(11) 2.993 717 034 14(15)
1 836.152 673 426(32) 1.999 007 501 2699(84) 2.993 717 034 03(10)

”

nuclear charge radii
rp (m) rd (m) rt (m)
8.414(19) → 10→16 2.127 99(74) → 10→15 -
8.4075(64) → 10→16 2.127 78(27) → 10→15 -

[6] - - 1.7591(36) → 10→15

MHI studies may contribute to this endeavor. Owing to a highly advanced theoretical model for
transition frequencies f between two internal states, an equation of the form of eq. 1.1 can be
set up. In the case of rovibrational transition frequencies of MHIs, the most relevant constants
are the Rydberg constant R↑, the mass ratio of the reduced nuclear mass µ to the electron
mass me, and the charge radii of any involved nucleus ri, such that eq. 1.1 can be written in
the specific form

f
(expt) != f

(theor) (R↑, µ/me, ri) . (1.2)

Current CODATA reference values for these or related constants are given in Tab. 1.1.
In this context, an important property is the sensitivity of a frequency to a fundamental con-
stant, which also results from the theoretical framework employed. For the transition frequen-
cies, the sensitivities ω can simply be defined as the derivative of the frequency to a constant
ci ↔ {R↑, ri, µ/me}

ωci = εf
(theor)

εci
.

The sensitivities can be used to set up an approximate linearized form of eq. 1.2, by expanding
around the theoretical value obtained from the CODATA reference values [7]

f
(expt) != f

(theor) (R↑,0, (µ/me)0, ri,0) + ωR→c!R↑ + ωω!ϑ + ωri!(r2
i ) . (1.3)

Here, the subscript “0” denotes the CODATA reference values, and !ci = ci ↗ ci,0 (note
that explicitly !(r2

i ) = r
2
i ↗ r

2
i,0). The equation is approximate, since the sensitivities are

defined as partial derivatives, and therefore correlations between constants are not taken into
account. There is, for example, a strong correlation between R↑ and rp [4]. Usually, such
correlations are considered in the adjustment algorithm by introducing an additional equation
which links the values of the two constants. Equation 1.3 contains an implicit summation over

4



1.1 Determination of fundamental constants

the index i for heteronuclear MHIs, while it reduces to a single contribution for homonuclear
ones. To give a specific example and using the CODATA18 reference values, the transition
(v, N) : (1, 0) ↘ (3, 2) in H+

2 (an introduction to these quantum numbers and the type of
transition will follow in Sec. 2) can be expressed by the equation [7, 8]

f
(expt)
(1,0)↓(3,2)

!= 124 487 032 442.3 kHz

+ 0.24 kHz →
c!R↑

u (cR↑,0)

↗ 3.27 kHz →
!(mp/me)

u

(
[mp/me]0

)

↗ 0.16 kHz →
!(r2

p)
u

(
r

2
p,0

) .

(1.4)

The pure theoretical uncertainty associated with this value is 0.9 kHz, and does not account for
the constants’ uncertainties. The latter can be immediately calculated from the contributions,
which are given in a form relative to the uncertainty of the CODATA18 constants (compare
Tab. 1.1). The individual sensitivities will determine the level of accuracy obtainable for a
constant, when a certain accuracy is reached through experiment and theory. As illustrated by
eq. 1.4, the sensitivity is the highest for the mass ratio. This is not exclusive to the example
given here; it is rather a characteristic of all rovibrational transitions in MHIs. The underlying
reason can be found already in simple models: the rotary and vibratory motions of the nuclei
are strongly dependent on their masses (see Sec. 2.1.1). Importantly, the transition frequency
between two rovibrational states exhibits higher sensitivities to the mass ratios when compared
to many transition frequencies in atoms. In fact, these sensitivities are larger than those found
in the hydrogen atom [2]. This makes MHIs particularly well-suited for the determination of
these ratios.
One may distinguish two approaches based on the above procedure.
The first is simply to contribute to the initially discussed endeavor for ever higher accuracy in
the fundamental constants. For this to be an attractive prospect, both theory and experiment
must become accurate enough to be able to challenge other means of determining the constants.
The determination of the MHI frequency (eq. 1.2) could then be considered in the adjustment
done by CODATA and contribute to the resulting constants’ accuracies. The inclusion of
results obtained with the MHI HD+ in the most recent set CODATA22 [3] demonstrates that
this prospect is achievable.
The second approach is to determine an independent value for a constant based on eq. 1.2
and then compare that value to the CODATA reference. In light of the sensitivities discussed
above, it is preferable to assume a fixed value for the constants with smaller sensitivity, namely
R↑ and the ri, and adjust the constant with the highest sensitivity, the mass ratio (values
for R↑ and ri may then be taken from CODATA). The comparison of the obtained mass
ratio with that of CODATA will contain rich information: Firstly, the competitiveness of
MHI spectroscopy in determining the mass ratio can be verified. Only if the accuracy of this
determination is competitive with the reference value, it can be reasonably expected that the
inclusion of the MHI data would significantly a!ect the CODATA adjustment. Secondly, it
will contain a consistency check of both the MHI result and the measurements and models
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Chapter 1 Molecular hydrogen ions - applications in fundamental physics

underlying the CODATA value. This is especially noteworthy when one considers the main
historical methodologies employed in the determination MHI-relevant constants. While R↑
and the charge radii are derived from measurements on atomic hydrogen (both electronic and
muonic) involving QED, the mass ratios have been determined primarily through measurements
of classical oscillatory motion of particles in a Penning trap. Consequently, an agreement
between mass ratios determined from MHI studies and those obtained through measurements
of cyclotron frequencies in Penning traps necessitates employment of identical fundamental
constants within both underlying theoretical frameworks. This may appear obvious at first
glance, but should not be taken for granted, given that two theories with significant conceptual
di!erences are being compared: Quantum mechanics and Newtonian mechanics. Therefore,
determining fundamental constants through MHI studies is not just an endeavor to achieve
higher accuracy; it also allows for a comparison of two of the most prominent theories of
physics.

These two approaches can be pursued with a single transition measurement in MHIs. When
considering measurements within multiple MHIs, the possibilities expand [7, 9]. Due to the de-
pendency of transition frequencies on the reduced nuclear mass, di!erent masses of fundamental
particles are involved for di!erent MHIs. A combined set of measured transitions of various
MHIs would therefore allow for the extraction of the individual mass ratios of proton-electron
mp/me, deuteron-electron md/me, and triton-electron mt/me, rather than of each reduced nu-
clear mass. For example, a transition frequency in HD+ depends on a combination of mp/me

and md/me. If a measurement of H+
2 , that only depends on mp/me, were available in addi-

tion to a measurement of HD+, the data could be combined to yield both mp/me and md/me.
Importantly, the exact sensitivity di!ers for each transition, and as a result, optimized sets of
transitions can be found, whose measurement would enable the most sensitive determination of
the constants [7]. It is interesting to note that, in such a scenario, an improved determination
of the charge radii seems also achievable.

In conclusion, highly accurate values for fundamental constants, especially mass ratios, can
be obtained through measuring transition frequencies of MHIs. The resulting values can be
compared with those obtained through other methods, realizing a test of agreement of di!erent
theoretical frameworks, or alternatively be combined with other data to improve the uncertainty
of common constants.

1.1.1. Time dependence of fundamental constants

It has been proposed, that fundamental constants, contrary to their name, are not in fact
constant but instead vary in time. Such a variation would have to be extremely small to
evade detection to date. The highly precise determination of fundamental constants sought
with MHIs, combined with their high sensitivity to some of the constants, makes them natural
candidates for searching for the presence or absence of such variations. One approach to
achieve this is to repeatedly measure the same transition over time. The presence or absence of
a variation in the transition frequency can be used to infer a time-dependence or independence
of the involved fundamental constants. For a more detailed discussion, see e.g. [10, 11].
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1.2 Comparing with theory and probing for new physics

1.2. Comparing with theory and probing for new physics

The determination of fundamental constants assumes the correctness of the theoretical model.
It is likewise pertinent to ask if that model is correct.
The most straightforward answer to this question can be obtained through the second approach
already discussed in Sec. 1.1: utilize the set of constants provided by CODATA, insert them
into MHI theory, and then compare the result with an experimental determination of the same
property. In Sec. 1.1 the aim of this comparison was to determine fundamental constants.
However, an alternative approach would be to assume the reference values for the constants
to be correct and then test whether the theory is able to correctly predict the measured prop-
erty. In this case, the uncertainty attributed to each constant by CODATA will a!ect the
uncertainty of the theory prediction, thereby limiting the comparison between experiment and
theory. Similarly, the theoretical uncertainty stemming from the computation itself can limit
this comparison.
An approach to solve these limitations is to compute the ratios of transition frequencies of
MHIs, which have been introduced in [7, 12]. The principle idea is to compute the ratio of
two transition frequencies that exhibit comparable sensitivity to a certain constant or to the
theoretical uncertainty. The influence of these contributions on the ratio, and consequently also
the impact of their uncertainty, will be minimized. The idea can be extended by computing
the ratios to some power and adequately choosing the power in a manner that minimizes the
influence of a specific property. Given the varying dependency of each transition frequency
on a given constant and the numerous theoretical terms, it is generally impossible to entirely
eliminate all contributions. Nevertheless, the ratios strongly reduce the influence of the specific
contributions, thereby facilitating a comparison between theory and experiment that is mostly
independent of other measurements, models, and theoretical limits. Note that the ratios may
also be computed for two frequencies of di!erent MHI species.
Naturally, an agreement between theory and experiment is not a certainty; rather, there may be
a discrepancy. Such a discrepancy may be indicative of an imperfect experiment, for example
caused by an error introduced by the experimenter or unknown or improperly calibrated sys-
tematic e!ects. Alternatively, or additionally, it may be indicative of an error in the theoretical
computation of the value. In the event that these errors can be entirely excluded, an intriguing
possibility presents itself: the theoretical model is unable to accurately describe the physics,
necessitating the development of new models to address the shortcoming.
Such new physics are, at the current point in time, of speculative nature and can be investigated
in various ways. In the context of MHIs, one example has already been mentioned above:
the test of time dependence of fundamental constants (Sec. 1.1.1). Other examples are the
comparison of an MHI with its antimatter counterpart, and the search for a potential fifth
fundamental force.

1.2.1. Matter-antimatter comparison

QED and as an extension also the Standard Model (SM) of particle physics are theoretical
models that are built upon the CPT theorem [13]. It states that the product of charge conju-
gation (C), parity (P), and time (T) of a particle must be even under reversal. This concept of
symmetry is challenged by the observation that there is a strong preponderance of matter in the
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Chapter 1 Molecular hydrogen ions - applications in fundamental physics

universe. As a consequence, phenomenological theories (referred to as “SM extensions”) have
been developed which consider physics in the presence of small CPT and Lorentz invariance
violations.
The CPT theorem can be investigated experimentally by comparing matter and antimatter.
Since the current understanding is that these two forms of matter are identical except for the
sign of their charge, a comparison between them will investigate the CPT principle. A promi-
nent example of such an undertaking is the Baryon Antibaryon Symmetry Experiment (BASE).
Notable recent achievements include the comparison of the proton-antiproton magnetic moment
[14] and charge-mass ratios [15] at a relative level of 1.5→10→12 and 1.6→10→11, respectively. For
both attributes, no di!erence between matter and antimatter was observed within the limits
of the measurements’ uncertainties. Similarly, experiments investigating antihydrogen, the an-
timatter counterpart to the hydrogen atom, have been conducted and have been able to verify
CPT invariance at a level of 1.6 → 10→8 [16]. An improved test is anticipated in the near future,
based on the recently demonstrated spectroscopic precision of an antihydrogen transition at a
relative level of 10→12 [17].
Continuing the trend of extending what has been achieved with one- and two-particle systems,
it has been proposed to compare H+

2 with its antimatter counterpart [18]. This is an attractive
proposition, as this molecule is more sensitive than hydrogen to a potential asymmetry in the
constituents’ mass ratios and their hyperfine interactions compared to hydrogen [19]. Addition-
ally, a CPT test based on H+

2 and anti-H+
2 would be more encompassing, as it would include

interactions between the nuclei. From an experimental point of view, it appears advantageous
to pursue because it is charged and therefore easier to confine. One could take advantage of
the techniques developed for the antiproton experiments, where antiparticle trapping times of
several months have been achieved [20]. However, a necessary requirement in order to compete
with the above limits are highly accurate measurements of the energy levels of both H+

2 and
anti-H+

2 . The results presented in this thesis pave the way towards such an experiment. As will
be demonstrated, ultra-high precision spectroscopy of H+

2 is realizable, representing the first,
albeit simpler, part of the comparison.

1.2.2. Fifth force

In relation to the four fundamental forces included in the SM, another proposed new model of
physical interaction is that of the fifth force. A simple yet general form for such an interaction
between two particles is given by the Yukawa-potential

VYukawa(r) = ω
e

→r/!

r
,

where r is the separation of the two particles, between which the interaction takes place. The
parameters ω and ” are free parameters that describe the strength of the interaction and the
range of the potential, respectively.
Since the origin of the force associated with this potential is unknown, it may manifest between
any combination of particles that are part of the SM. To investigate all potential combinations,
a significant number of experiments is required. This is why it is attractive to study a potential
fifth force with MHIs. The di!erent variants contain three of the most abundant SM particles:
the proton, the neutron, and the electron. Consequently, they could be sensitive to a force
between any combination of these particles.
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1.3 The particular MHIs H+
2 and HD+

Due to the uncertainties associated with both experiment and theory, it is impossible to defini-
tively rule out the existence of a potential fifth force. Instead, if an agreement between experi-
ment and theory (one that does not take into account such a force) is found, an upper bound
for the interaction strength ω, the range of the force ”, or some combination thereof can be
determined. Recently, this could be done for a potential baryon-baryon interaction based on
measurements done in HD+ [12].

1.3. The particular MHIs H+
2 and HD+

The aims of MHI studies discussed so far could, in principle, be pursued with any member.
However, a clear hierarchy can be defined experimentally. The radioactivity and rarity of
tritium render its procurement challenging and expensive, which in turn makes the investigation
of MHIs containing it di"cult. Excluding it, three isotopologues remain: H+

2 , HD+ and D+
2 . Of

these, HD+ is the only heteronuclear one and thus the only one that allows for electric-dipole
transitions (see Sec. 2.1.4); a clear advantage from an experimental point of view. It is therefore
unsurprising that recent experimental studies have focused on this member of the MHI family.
These studies have successfully accomplished the majority of goals discussed above in recent
years. Key achievements include a competitive determination of the mass ratios involved and
a constraint on a potential fifth force between the nuclei [21, 12, 22, 23, 24]. This was made
possible by significant advancements in the precision of spectroscopy experiments and a similar
progress in theory [25, 26]. However, these achievements would be greatly complemented by
results of comparable accuracy in the spectroscopy of H+

2 , for several reasons:
Firstly, the type of mass-related fundamental constants that can be extracted from MHI data is
always a convolution of all constituents’ individual masses. Specifically for HD+, the accessible
mass ratio is

µ

me
= mpmd

(mp + md)
1

me
,

where µ is the reduced nuclear mass and me, mp, md are the masses of electron, proton and
deuteron, respectively. Such a combination, however, is not as relevant as the individual masses
or mass ratios would be. It has therefore been customary to make use of the proton-deuteron
mass ratios obtained from Penning trap cyclotron frequency measurements [27] in order to
obtain the proton-electron mass ratio. An alternative and independent approach is to study
H+

2 . Given that H+
2 is a homonuclear molecule, the constant obtainable from its data is the more

attractive and simpler ratio of its nuclear mass to the electron mass, i.e. the proton-electron
mass ratio. Furthermore, it is possible to combine H+

2 and HD+ spectroscopic data to obtain
the proton-electron and deuteron-electron mass ratios, as previously discussed in Sec. 1.1.
A second reason is the potential of a CPT test, by comparing H+

2 and its antimatter counterpart.
Such a test appears to be much more feasible with the simplest MHI, given the inherent chal-
lenges associated with generating antimatter molecules. The generation of anti-H+

2 is actively
discussed [28, 29], and is suggested to be feasible based on already experimentally investigated
antihydrogen.
A third argument is the aforementioned desire to measure a multitude of transition frequencies
in several MHIs, as their combination is predicted to allow for a significant improvement in
the determination of fundamental constants [7]. This argument becomes even more relevant
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Chapter 1 Molecular hydrogen ions - applications in fundamental physics

when one considers that the techniques developed for H+
2 should also be applicable to the other

homonuclear MHIs. It is therefore imperative to develop techniques for H+
2 spectroscopy and

to demonstrate that high-accuracy spectroscopy is possible, similar to HD+.
Finally, there is the issue of the generally complicated internal structure of a transition in MHIs
(see Sec. 2.1.3). Understanding and measuring this structure is a necessity for the objectives
detailed above. However, a substantial number of measurements are required to fully determine
the structure experimentally [2, 30]. This is a daunting task, given that successful experimental
techniques have been rather slow. To avoid this issue, recent measurements on HD+ have had
to rely, to some extent, on spin-theory results in order to extract the property of interest: the
spin-averaged frequency (for an introduction, see Sec. 2.1.2). An independent experimental
verification is highly desirable, given that there has been some tension between theoretical
predictions and experimental observations for some of the measurements [31]. In this regard,
H+

2 o!ers an attractive prospect: special cases exist, for which the spin-structure is drastically
simplified and only a few measurements are required in order to fully characterize all components
of a transition. The results could then be compared with the theoretical computation. A
verification of the theory results would provide greater confidence in its use for transitions,
for which a fully experimental approach seems unrealistic. Similarly, the comparison could
highlight potential oversights of previous HD+ experiments.
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2. Introduction to H+
2

This section will provide an introduction to the theoretical framework underlying H+
2 , followed

by an overview of the experimental achievements that have been made in the field. For a more
extensive discussion, as well as a broader historical review of MHI in general, both experimental
and theoretical, the reader is directed to [2].

2.1. From the atom to the molecule

In comparison to the hydrogen atom the additional proton in H+
2 gives rise to additional degrees

of freedom associated with nuclear motion. In a classical interpretation these degrees of freedom
reveal themselves as oscillatory motion of the two nuclei: they can vibrate and rotate around
their center of mass (see Fig. 2.1, left). From the perspective of quantum mechanics, this
motion translates to additional sets of quantum states, which are described by two quantum
numbers: v for vibration and N (or L) for rotation. As a consequence, the internal structure
of H+

2 is more complex than that of an atom. Each electronic state is comprised of numerous
sub-levels, which are termed rovibrational and are distinguished by individual sets (ϖ, N).

The electronic ground state of H+
2 is typically in the focus of consideration, since it is the only

state with a deep potential minimum. The electronic wavefunction of this state is illustrated in
Fig. 2.1, on the right. All other electronic states are either only very weakly bound, or not at
all [32]. The total molecular energy in the electronic ground state and its internal rovibrational
sub-levels is depicted in Fig. 2.2. Immediatly accessible with spectroscopy experiments are not
the energy levels, but rather the transitions between them. For this reason, the subsequent
discussion will focus on transition frequencies f , which are related to two energy levels E1 < E2
by the well-known equation f = (E2 ↗ E1)/h, with Planck’s constant h. Some transitions of
interest are indicated within Fig. 2.2.

2.1.1. Simple models

Already during the early days of quantum mechanics, simple models of H+
2 were considered.

For instance, the rotational frequencies can be evaluated, using the model of the quantum
mechanical rigid rotor, in which the two nuclei are fixed by an (imaginary) rod and rotate
around a central axis that penetrates their center of mass. By solving this problem with the
Schrödinger equation, one can obtain expressions for the quantized rotational frequencies [2]:

frot ↑
me

µ
cR↑ . (2.1)
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Chapter 2 Introduction to H+
2

Figure 2.1.: Basics of H
+
2 . Left: Semi-classical depiction of H+

2 . The two protons with mass
mp, shown in red, are separated by a distance R. They may rotate around a central axis or
vibrate around their center of mass. The electron (blue) is at some distance to the nuclei.
The spins of the particles Ip1, Ip2, and se are indicated by corresponding arrows. Right:
The electronic wavefunction of the electronic ground state (1sϱg), shown as the probability
density and obtained in the Born-Oppenheimer approximation (see text) for a fixed distance
R = 2a0. R = 2a0 is the approximate mean separation of the nuclei in the electronic ground
state, with a0 being the Bohr radius.

With regard to the vibrational frequencies, a pedagogically useful model is provided by the
Born-Oppenheimer approximation [34]. In this approximation, the entire molecule is described
by a wavefunction, which is assumed to be the product of a nuclear and an electronic part.
Similar to the rigid rotor, the distance between the nuclei R is fixed, thereby enabling the
electronic wavefunction to be determined for “clamped” nuclei. The procedure is motivated
by the assumption that the electronic motion is significantly faster than that of the nuclei.
Consequently, the nuclear wavefunction is assumed to remain nearly constant during the motion
of the electron. An expression for the wavefunction of H+

2 as a function of R can be obtained
in this model [35], allowing for a depiction as the one shown in Fig. 2.2. In the vicinity of the
minimum, the potential is approximately harmonic. This reflects in the equation for vibrational
frequencies, which resembles that of a quantum mechanical harmonic oscillator [2]:

fvib ↑

√
me

µ
cR↑ . (2.2)

The dependence of the formulas 2.1 and 2.2 on the masses, i.e. the sensitivities of transition
frequencies to these fundamental constants, is one primary reason for an interest in MHI studies,
as it is stronger than in the case of the hydrogen atom. Consequently, if one desires to extract
these constants from spectroscopic data, the experimental accuracy required to achieve a certain
level of uncertainty for the constants is lower for MHIs.

However, the shortcomings of the models are apparent: For example, in contrast with the
discussion of Chapter 1, there is no contribution from the nuclear charge radius. This is not
surprising, given that the nuclear radius also enters as a reduced size e!ect in the hydrogen atom.
It is therefore essential to develop a more complex model for the aims of MHI spectroscopy, in
order to achieve the level of accuracy necessary for the research studies’ goals.
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2.1 From the atom to the molecule
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Figure 2.2.: Total molecular energy and rovibrational states of H
+
2 . Shown in green is

the total energy of the molecule as a function of the separation of the nuclei R for the ground
electronic state, which can be obtained from the Born-Oppenheimer approximation (see
Sec. 2.1.1). Within the energetic potential well, rovibrational bound states exist, displayed
as gray lines. The states are labeled with their respective set of quantum numbers (v, N).
For the sake of clarity, only states with zero or even N and a maximum Nmax = 8 for v < 7
and Nmax = 6 for v ≃ 7 are shown; however, states with larger or odd N exist as well. For
each vibrational quantum number, the ground rotational state is indicated by a larger label
and in a darker color. Some transitions of interest, discussed in more detail in [7], are shown
as colored arrows, with their respective wavelengths given in the lower right in corresponding
color. The orange transition is of particular interest in the context of this thesis. The total
energy as a function of R can be found e.g. in [32]. The transition wavelengths have been
computed with the data provided in [33]. 1 Hartree ↓ 27.2 eV.
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2

2.1.2. The spin-averaged frequency

A more complex model is realized with the spin-averaged transition frequency, which is com-
puted within the framework of non-relativistic QED (NRQED; for an introduction see [36]). As
the name suggests, this frequency is the expected theoretical value for a given transition when
the internal angular momenta dependent structure (spin structure, Sec. 2.1.3) is disregarded.
The accurate computation of this quantity is a complex topic that has been the subject of study
for multiple decades. Most recently, predictions have reached relative uncertainties at a level
of 8 → 10→12 [25]. This uncertainty results from two contributions: not (yet) computed terms
in the QED expansion, and the uncertainties of fundamental constants, which serve as input
data for the computation.

The largest zero-order contribution is the non-relativistic frequency. It is obtained by solving
the three-body Schrödinger equation for the Coulomb interaction with so-called variational
wavefunctions [37, 38]. The principle idea is to solve the equation with a sum of analytically
relatively simple basis functions that have free (“variational”) parameters. The specifics of the
chosen ansatz and determination of these basis functions require both a priori and empirical
knowledge, as well as substantial computational power. It is therefore unsurprising that highly
accurate values for the non-relativistic energies could not be obtained until the advent of the
modern age, when computing power became inexpensive and readily available. The current
level of accuracy for the non-relativistic energy is significantly beyond the limits of what can
be achieved with current experimental techniques.

However, it is widely acknowledged that the Schrödinger equation does not accurately describe
quantum physics. Accordingly, corrections to this non-relativistic frequency of QED and rel-
ativistic nature must be computed [25, 39], distinguished in terms proportional to di!erent
powers of the fine-structure constant ς. The challenge of computing these terms increases like-
wise with their order. The current limit of theoretical accuracy is partially attributable to the
lack of computation of certain terms, which are instead only estimated in size and then treated
as the theoretical uncertainty.

Recently, the Dirac-equation has been solved for this system [40, 41], providing an alternative
approach to a zero-order term, which then already includes relativistic contributions.

An example of these individual contributions to the transition investigated in this thesis, namely
(v = 1, N = 0) ↘ (v↔ = 3, N

↔ = 2) in H+
2 , is shown in Table 2.1.

2.1.3. Structure of a transition

The spins of elementary particles, in addition to the rotational angular momenta within the
system, can interact in a multitude of ways. As a consequence, a minuscule substructure that
depends on the specific values and orientations of the spins and angular momenta, exists for
each quantum state. In the case of the hydrogen atom, this is a part of the cause for the
well-known fine and hyperfine structure. For MHIs the complexity increases. In general, all
three constituents possess a non-zero spin, and even in the electronic ground state, rotational
angular momentum is present due to the rotation of the nuclei. Because of the numerous
possible combinations of relative spin and angular momentum orientations, the result is a
complex spin-structure, which must be considered alongside the spin-averaged frequency.
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2.1 From the atom to the molecule

Table 2.1.: Contributions to the ab initio spin-averaged transition frequency of

the transition (v = 1, N = 0) ↘ (v↔ = 3, N
↔ = 2) in H

+
2 (Methods Section 3 of Sec. 5.3,

[42]). The individual contributions are computed within the framework of NRQED. The last
column lists the names of the main contributions to each order. For further details on these
contributions, see e.g. [25, 39]. The final prediction for the value of spin-averaged transition
frequency, f

(theor)
spin-avg, is given in the bottom row. In the computation, the CODATA22 set of

fundamental constants was used.

Term Relative
order

Contribution (kHz) Origin

f
(0) 1 124 485 554 550.71 Non-relativistic three-body Schrödinger

solution
f

(2)
ς

2 2 002 698.73 Relativistic corrections in Breit-Pauli
approximation; nuclear radii

f
(3)

ς
3

↗521 345.53 Leading-order one-loop radiative
corrections

f
(4)

ς
4

↗3 689.05 One- and two-loop radiative
corrections; relativistic corrections

f
(5)

ς
5 228.67 Up to three-loop radiative corrections;

Wichmann-Kroll contribution
f

(6)
ς

6
↗1.62 One- and two-loop radiative diagrams;

Wichmann-Kroll contribution
f

other 0.54 Muon and hadron vacuum polarization
u

(
f

(theor)
spin-avg

)
1.32 Combined uncertainty stemming from

QED theory and fundamental
constants

f (theor)

spin-avg
124 487 032 442.5 (1.3) Total transition frequency

In detail, the three particle spins s1, s2 and s3 couple with the rotational angular momentum
N via the formulas

G1 = s1 + s2, G2 = G1 + s3, F = G2 + N .

The particle spins and first two coupled momenta are here denoted in a general way, since the
coupling schemes chosen in the literature for various MHIs are not always of the same type.
The total angular momentum F , which is independent of the chosen coupling scheme, is the
most important property, as it defines the physically measurable states. To give an example,
the left side of Fig. 2.3 illustrates the coupling scheme for a specific state of HD+.

The general form of the spin Hamiltonian, which describes all interactions between the an-
gular momenta, contains numerous terms and corresponding coe"cients. For examples, see
[2, 43]. The coe"cients can be computed with high accuracy, most recently with a relative
uncertainty at the level ↑ 10→6 [31, 44]. In many cases, the resulting manifold of sub-states
is disadvantageous from an experimental standpoint, as it results in an exponential increase
in spin transitions between two given rovibrational states. As previously discussed (Sec. 1.3),
determining the full spin structure and obtaining the spin-averaged frequency solely through
measurements is challenging with the current experimental techniques.
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se sp
sp2
sp1sd

N
N

F F
G2

G2=se

G1

a b

Figure 2.3.: Some angular momenta coupling schemes for MHIs. Left: Coupling
scheme for HD+ shown as an example for the state (v, N, G1, G2, F ) = (v, 1, 1, 2, 3). The
electron spin se = 1/2 and proton spin sp = 1/2 couple to G1 = 1, which then couples with
the deuteron’s spin sd = 1 to G2 = 2. A final coupling step with the rotational angular
momentum N = 1 results in the total angular momentum F = 3, which is precessing around
the z-axis. The orange cone illustrates the precession for an angular momentum projection
mF = 3. Right: The coupling scheme for para-H+

2 and N = 2. Due to the anti-permutation
symmetry of the nuclei (see text), the two proton spins do not contribute to the coupling,
which is illustrated by the two anti-parallel purple arrows. As a result, only coupling between
se and N is possible, resulting in F = G2 + N = se + N = 5/2. The precession (orange cone)
is shown for mF = 5/2.

However, there are a few special cases, in which the spin structure simplifies. One such case
is para-H+

2 , for which the total nuclear spin I = sp1 + sp2 is zero. This is a consequence of
the anti-permutation symmetry that must hold for the total nuclear wave function, since the
protons are fermions. Given that the spatial component of the wave function is symmetric for
N = 0 or N = even levels, the spin component must be anti-symmetric, resulting in a zero
total spin. The only remaining spins and angular momenta that may interact to split the levels
are the electron’s spin se and the angular momentum of the nuclei N (the electron’s angular
momentum is zero, since only the electronic ground state is considered). The result is a spin-
structure comprising of only a single state for N = 0 and two sub-states for N being an even
number. The total angular momentum of the state is then simply given by F = se for N = 0
or F = N ± se for N > 0, see right side of Fig. 2.3 for an illustration of the latter. In this
situation, the spin Hamiltonian of a state reduces to a simple expression,

Hspin = ce (se · N) , (2.3)

since all other terms vanish. For example, consider a transition from N = 0 to N
↔ = 2

between any vibrational quanta v, v
↔ as shown in Fig. 2.4. In order to measure the complete

internal structure, only two components need to be measured: (F = se ↘ F
↔ = N ± se). From

the di!erence of these two transition frequencies, the coe"cient ce of the upper level can be
determined immediately, while the spin-averaged frequency can be easily obtained by their
weighted sum (see Sec. 5.2).
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2.1 From the atom to the molecule

It should be noted that the spin structure of ortho-H+
2 (uneven N) is more complex (see e.g.

[2, 30]), since I ⇐= 0 in this case.

Importantly, the total angular momentum F also defines the number of Zeeman sub-levels
present in a given spin state. Each of these states will be split into 2F + 1 states with quantum
number mF = ↗F, ..., +F . As is well-established, in the presence of a non-zero magnetic field,
the Zeeman e!ect gives rise to a splitting of these previously degenerate states, thereby further
complicating the situation. Given that a magnetic field is essential for the experiment (for
instance, to provide a clearly defined quantization axis for the polarization) the e!ect cannot
be disregarded. Fortunately, the Zeeman shift is well understood, and theoretical calculations
[30, 45] can serve to predict the splittings if the magnetic field value is known with su"cient
precision.

In this thesis, advantage will be taken of the simplicity of para-H+
2 by investigating a transition

of the type N ↘ N
↔ : 0 ↘ 2. It is therefore of interest to discuss the coe"cient ce in more

detail. Physically, it is the coupling constant between the measurable energy splittings and the
interaction of the electron spin with the nuclear rotational angular momentum. It is computed
within the framework of perturbation theory, similar to the spin-averaged frequency. The
coe"cient was initially addressed in theoretical works from the 1960s [46], with subsequent
improvements in calculations over the years [47, 48, 49]. However, for an extended period,
the theory was unable to find a good match with the limited experimental data available,
most importantly a set of hyperfine transitions observed by Je!erts in 1969 [50]. A part of the
challenge was related to the fact that the measurements predominantly comprised of transitions
of ortho-H+

2 and as a consequence more spin-spin and spin-rotation interactions had to be
considered. It was assumed that the issue could be resolved by computing higher-order terms
not yet considered in the calculation [48, 49]. Following a reconsideration of the e!ective spin
Hamiltonian in the form of the Breit-Pauli Hamiltonian [43], a satisfactory match was found for
the majority of transitions observed by Je!erts, although not for all of them. It took another
decade, and in total half a century after the transitions were measured, for theorists to be able
to explain all experimental data with a competitive level of uncertainty [51, 44]. The result is
a highly accurate and experimentally verified theoretical framework for the spin interactions
of H+

2 . In contrast and as previously mentioned, there has been some tension between recent
observations of spin splittings and their predictions for HD+. Therefore, a further experimental
investigation, also for H+

2 , is desirable.

2.1.4. Transitions in MHI

In principle, the frequency of a transition between any two states of a MHI can be calculated.
However, it does not yet include the relevant information whether or not that transition is
actually physical, i.e. if the transition can take place under any type of physical interaction.
This must be analyzed by computing the value of the interaction operator A between the
wavefunction of initial φinitial and final φfinal states, i.e.

⇒φinitial |A| φfinal⇑ . (2.4)

This quantity is termed transition moment and only if it is non-zero, the transition is physically
possible under the interaction A and therefore of interest to spectroscopy. Two important
properties can be derived from the transition moment. For one, its magnitude determines the
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N'
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(v', N') = (v', 2)

(v, N) = (v, 0)

N'
se

F=se=1/2

F'=N'+se=5/2

5/2 ce

F'=N'-se=3/2

Figure 2.4.: Schematic representation of the hyperfine structure of para-H+
2 for a

transition of the type N ↘ N
↔ : 0 ↘ 2. The angular momentum coupling scheme is shown

for each hyperfine sub-state. In the arbitrarily chosen energetically lower state (v, N = 0),
the only angular momentum is the electron’s spin se and thus no sub-structure exists. In the
upper state (v, N

↔ = 2), se couples with the rotational angular momentum N . Two coupling
variants are possible, resulting in two hyperfine sub-states, which are split due to the spin-
rotation interaction (se · N

↔) and weighted by the constant ce. The depictions of the coupling
of the angular momenta in the form similar to Fig. 2.3 are chosen for the maximum angular
momentum projection quantum number mF = F . Other projections mF ↔ {↗F, ..., F ↗ 1}

are also possible. In the presence of an external magnetic field, these states would be further
split due to the Zeeman e!ect, a depiction of which will follow later (Sec. 4.2.3).

strength of the transition. From an experimental point of view, this property is significant as it
defines the relationship between the driving fields and the excitation probability per unit time.
Secondly, there are specific combinations of quantum numbers of the initial and final states for
which the transition moment vanishes and therefore the transition is “forbidden”. From this
principle, the so-called selection rules can be derived, which are rules that define a relation
between the transition’s initial and final quantum numbers.

In this context, an important property of H+
2 is the symmetry of center-of-mass and center-

of-charge of its nuclei. Essentially, this symmetry results in the permanent dipole moment of
the nuclei becoming null, thereby causing electric-dipole (E1) transitions between rovibrational
levels in the electronic ground state of H+

2 to be forbidden. In terms of the property 2.4, this
follows immediately from the fact, that the electric dipole operator sandwiched between the
two states vanishes, and therefore any combination of states will have a transition moment
equal to zero. The functional absence of E1 transitions in H+

2 poses a major challenge for
experimentalists, as these transitions are typically the strongest type and as such are the easiest
to interrogate. It is therefore unsurprising that recent experiments have focused on HD+, given
that in this isotopologue the asymmetry of the masses of proton and deuteron causes the nuclei’s
center-of-mass to shift, resulting in a non-zero dipole moment and allowing E1 transitions. For
H+

2 , however, an alternative has to be sought.

With the next higher-order electric interaction, electric-quadrupole (E2) transitions are intro-
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2.1 From the atom to the molecule

duced. These transitions are allowed in H+
2 , but are orders of magnitude weaker in comparison

to the dipole variant in HD+, as a consequence of the considerably smaller transition moments.
The first theoretical consideration of electric quadrupole transitions in H+

2 was conducted by
Bates and Poots [52], with subsequent, increasingly precise works published over the years
[53, 54]. A complete treatment that encompasses both the hyperfine structure and the influ-
ence of the electric field polarization has been presented by Korobov et al. [55]. Regarding the
selection rules for the quantum numbers v and N , these have been derived from the quadrupole
transition moments [55]. The result is that no selection rule exists for v (although the transition
moment has a strong dependence on v, see below). In contrast, selection rules do exist for N

of the following form: N
↔ = N, N ± 2 for N > 0, and N

↔ = N + 2 for N = 0. Therefore, the
type of transition N ↘ N

↔ : 0 ↘ 2 with a simple hyperfine structure, discussed in the previous
section 2.1.3, is allowed.
An alternative option to investigate are magnetic dipole transitions (M1) [56]. However, these
are predicted to be orders of magnitude weaker than E2 transitions and are thus not as attractive
to pursue. It should additionally be noted, that very weak E1 transitions are predicted in H+

2
due to spurious spin interactions [57]. Similar to M1 transitions, their strength is far below
that of E2 transitions.
In order to compensate for the inherent weakness of E2 transitions, it is necessary to employ
higher field strengths of the driving electric field, a laser. A calculation of the rates of E2 transi-
tions is thus of interest in order to estimate the necessary parameters for the experiment. In the
following, estimates will be presented based on the quadrupole transition moments computed
in [55], to motivate the requirements for the spectroscopy laser system developed in this work
(Sec. 5.1). Typically, published values are given in the form of Einstein A coe"cients, which
are properties related to the transition moment eq. 2.4. A straightforward and approximate
form of the relationship between these properties and the laser parameters can be obtained as
follows:
The probability per unit time Pfi to excite a transition between a final state f and an initial
state i is proportional to the transition’s squared Rabi-frequency #fi [58]

Pfi ↭ |#fi|
2

. (2.5)

The Rabi-frequency can be expressed in terms of the transition’s Einstein Afi coe"cient and
angular frequency ↼fi, in combination with the electric field strength E [59]

#fi = ec

⊋
⇓

ς
|E|

√√√√Afi

↼
3
fi

ϱ . (2.6)

Here, e, ⊋, c and ς are the elementary charge, the reduced Planck constant, the speed of light,
and the fine-structure constant, respectively. The quantity ϱ is a dimensionless factor of O(1)
that includes hyperfine and electric field polarization dependent contributions. A simplified
case will be considered, neglecting the hyperfine structure of a transition, and assuming a
linear polarization of the spectroscopy wave. In this case, ϱ ⇔ 1. Substituting eq. 2.6 into 2.5
and considering the relation between electric field and intensity (I = (↽0c/2) |E|

2), the rate Pfi

can then be expressed as

Pfi ↭
2e

2
cI

⊋2ς↽0

Afi

↼
3
fi

. (2.7)
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MHI (v, N) ↘ (v↔
, N

↔) Afi (s→1) ↼fi/(2⇀) (s→1)

H+
2

(0, 0) ↘ (1, 2) 0.160207 → 10→6 70.6 → 1012

(1, 0) ↘ (3, 2) 0.784599 → 10→7 124.5 → 1012

(0, 0) ↘ (3, 2) 0.497870 → 10→8 190.2 → 1012

HD+ (0, 0) ↘ (5, 1) 0.015 259.8 → 1012

Table 2.2.: Values for the Einstein coe!cients Afi and frequencies ↼fi of selected

MHI transitions. Data for H+
2 are taken from [55]. Afi for HD+ is computed by inserting

the value of the oscillator strength of the transition, as found in [61], into eq. (2) of [62],
while ↼fi can be found, for example, in [12].

The aim of this discussion is to estimate the required laser power necessary within the present
apparatus to su"ciently excite an E2 transition. Accordingly, a target value for Pfi can be
provided by previous experiments conducted in the same apparatus on HD+. For example, the
transition HD+ : (0, 0) ↘ (5, 1) [12] has been measured under a nominal power of P

(E1,HD+)
⇔

0.6 mW [60]. If the same excitation rate for an E2 transition is required, the necessary E2-power
can be computed as

P
(E2,H+

2 )
fi = P

(E1,HD+)
fi

eq. 2.7
↖↙

(

I
Afi

↼
3
fi

)(E1,HD+)

=
(

I
Afi

↼
3
fi

)(E1,HD+)

↙ P
(E2,H+

2 ) =
(

P
Afi

↼
3
fi

)(E1,HD+) (
↼

3
fi

Afi

)(E2,H+
2 )

. (2.8)

In order to obtain the bottom expression, it was additionally assumed that the E1 and E2
spectroscopy waves are similarly focused, such that I

(E2,H+
2 )

/I
(E1,HD+) = P

(E2,H+
2 )

/P
(E1,HD+).

Values for the Einstein coe"cients A
(E2,H+

2 )
fi and frequencies ↼

(E2,H+
2 )

fi of selected E2 transitions
in H+

2 , as well as the transition (0, 0) ↘ (5, 1) in HD+, can be found in Tab. 2.2. Data for a
wide range of E2 transitions in H+

2 are found in [55].
It is important to note that eq. 2.8 is valid only in the case that the exposure times to each
laser wave are (approximately) equal. Therefore, the resulting power level P

(E2,H+
2 ) should be

understood as the necessary power level only in the case that other experimental parameters
remain unchanged. In practice, this was not the case, which can however be motivated by the
results discussed here. As will be seen, the necessary value P

(E2,H+
2 ) computed for the transition

of interest in the context of this work, (1, 0) ↘ (3, 2) in H+
2 , is roughly 10 times larger than the

available power from the spectroscopy laser system (see Sec. 5.1). To compensate for this, the
exposure time to the E2 wave was chosen to be longer than that of the E1 wave by a similar
factor.
Figure 2.5 shows P

(E2,H+
2 ) computed according to eq. 2.8, for a range of transitions. It is evident

that smaller values of !v are more favorable, since the power level increases strongly with !v.
Specifically highlighted in Fig. 2.5 as a red point is the transition (1, 0) ↘ (3, 2) with a required
power of P

(E2,H+
2 ) = 12.8 W, which is chosen as an interrogation target for this thesis. This

choice is generally not straightforward, given the vast number of potential candidates. However,
a few key considerations significantly reduce the number of attractive transitions. Firstly,
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2.1 From the atom to the molecule
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Figure 2.5.: The estimated necessary laser powers P
(E2,H+

2 )
for various E2 transitions

(v, N) ↘ (v↔
, N

↔) in H
+
2 , computed according to eq. 2.8. The three colors correspond to

di!erent ground vibrational levels of the transition: v = 0, 1, 2 is shown in orange, green,
blue, respectively. For these three cases, all transitions for which data is provided in Ref. [55]
are displayed. The data are sorted according to !v and !N of the transition. The red data
points highlight two transitions: (1, 0) ↘ (3, 2), which has been studied in this work, and
(0, 0) ↘ (3, 2), which has been proposed as an interrogation target [63].

there is the discussion of this section, i.e. that the necessary power level should be realizable
experimentally. Restricting the discussion to this argument, transitions of the type !v = 1
are the first choice, given that they necessitate the lowest required power level. Expanding the
discussion, a second, simple argument is that the pursuit of the highest relative accuracy is
most readily accomplished by a transition of the highest frequency. It is therefore desirable to
maximize the frequency of the interrogated transition. Thirdly, the spectroscopy laser system
must be referenced and stabilized by some means, and in this context the majority of e!ort
has been directed towards wavelengths in the near-infrared regime. In light of all of these
considerations, transitions of the type !v = 2 represent a compromise: their required power
level remains within the capabilities of current commercial laser systems, while their transition
wavelengths (↑ 2 ↗ 3 µm) fall close to the NIR range. In principle, any transition of the type
!v = 2 can be similarly considered. The specific choice of transition in this work is motivated
by other factors, both experimental and theoretical (e.g. the simple HFS already outlined in
Sec. 2.1.3), and will be further discussed in Sec. 4.2.3.
Similarly, the transition (0, 0) ↘ (3, 2) has been proposed as an interrogation target [63].
The required power level is 721 W (see Fig. 2.5). This exceptionally high level is a daunting
task, especially considering the necessary frequency stability for a spectroscopic application.
However, the transition has been proposed in the context of single particle traps, in which the
regional constraint of the ion is much smaller than that in the cluster trap underlying this work
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(see Sec. 4.1.1). Therefore, a much tighter focusing of the spectroscopy wave should be feasible,
thereby reducing the necessary power level to achieve the desired intensity. If the radius of the
spectroscopy laser at the ion’s position is reduced by the reasonable factor 102, the transition’s
required power reduces to 0.7 W at a wavelength of 1.58 µm. At this wavelength such a power
level is widely available. An approach towards providing this radiation at a level suitable for
spectroscopic applications using the laser system utilized in this work is discussed in Sec. 5.1.
Note, that for a more precise calculation, the transition rates must be multiplied by a hyperfine
and polarizability dependent factor (see W

hfs and W
pol in [55]), both of which are smaller

than one. Accordingly, the values presented here should be regarded as an upper bound for
the actual excitation rate of a single Zeeman component of a transition. As a consequence, a
higher intensity than the one estimated here is desirable for the experiment.

2.2. Historical overview

In light of the highly advanced theory, it is imperative that experiments are conducted with
equal accuracy as a means of achieving the aims of the physics studies discussed in Sec. 1. How-
ever, these types of experiments have been scarce, in part due to the di"culty of investigating
E2 transitions, which require, for example, a highly advanced laser system as discussed in the
previous section.
A limited number of studies have been conducted on the spin structure of the molecule, next
to a few measurements of its rovibrational intervals. An overview of these measurements is
provided in Figure 2.6. A distinction is made between direct and indirect measurements.
Direct measurements are those where the interrogation subject was always H+

2 , irrespective of
the technique employed. Indirect measurements have been done mostly on Rydberg states of
neutral H2, from which energy intervals of H+

2 have been inferred. This method has proven more
fruitful in the past, since experiments with ions have historically presented a greater challenge
for a number of reasons, including the necessity of a more complex apparatus and the smaller
number of available particles.
With regard to the spin structure, one noteworthy study is that of Je!erts in 1969 [50], in
which relative inaccuracies of transition frequencies of up to 1.2 → 10→6 were achieved. This
study is of significant interest as it permits a full description of the internal structure of the
interrogated transitions, thereby facilitating a comparison with theory, where agreement is
found [64]. Further improvements in accuracy were achieved by Menasian and Dehmelt in 1973
[65], with accuracies at a relative level of 1.3 → 10→7, also in agreement with theory [44]. No
improvements in measurements of the spin structure have been achieved since. There have
been indirect measurements based on Rydberg spectroscopy of H2, as well as one further study
on H+

2 [66], but these have not been able to improve the achieved accuracy. A very recent
work using quantum-logic spectroscopy of a single H+

2 shows a promising resolution at a level
of 1 → 10→9 [67], but has yet to demonstrate a characterization of systematic e!ects in order to
enable a comparison with theory.
Greater attention has been devoted to rotational and rovibrational intervals of H+

2 , with a
number of direct and indirect measurements being conducted over the last five decades. The
highest relative accuracy achieved up until recently was 2.8 → 10→7, as reported by Arcuni et
al. [68]. This record has remained unchallenged for over three decades, and has been surpassed
by the first result presented in this thesis (Schenkel et al. in Fig. 2.6, more details in Sec. 5.2).
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Figure 2.6.: Historical overview of some H
+
2 studies. The color of the data point serves

to indicate the property that was measured. The color blue represents vibrational or rovibra-
tional energy intervals, green indicates rotational energy intervals, and orange denotes spin
structure measurements. The shape of the data point indicates the type of measurement,
where a square represents a measurement done directly on H+

2 , while a triangle denotes mea-
surements done on Rydberg states of H2. The progress of theoretical calculations is shown
as dashed lines. The results presented in this thesis are labeled as “Schenkel et al.” (Sec. 5.2)
and “Alighanbari et al.” (Sec. 5.3). For a list of references of the shown works, see Sec. A.

A study based on H2-Rydberg spectroscopy, contemporary to this thesis, measured the ground
vibrational interval of H+

2 with an improved relative accuracy of 7.8 → 10→9 ([69], Doran et al.
in Fig. 2.6). Yet none of these measurements have reached an uncertainty competitive with
theory, which has left the aims of MHI studies unattainable.
Finally, as part of this thesis, our group has achieved the next leap, by determining a rovibra-
tional energy interval with a relative inaccuracy of 7.9 → 10→12 and measuring the transition’s
spin structure (Alighanbari et al. in Fig. 2.6, more details in Sec. 5.3). The work represents
the first time, that an experimental determination of a rovibrational transition frequency in H+

2
has achieved a level of accuracy competitive with theory.
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3. Aims of this work

With the primary objectives of MHI research studies laid out in Chapter 1, the necessity for
highly accurate spectroscopy of H+

2 becomes apparent. However, as outlined in the historical
overview in Sec. 2.2, prior experiments have not met the expectations set forth by the theory.
Thus, the main goal of this thesis was the spectroscopic investigation of a rovibrational transi-
tion in H+

2 , with the aim of improving the experimental accuracy to a level which approaches
that of theory.
In order to accomplish this goal, it was necessary to design, set up, characterize, and implement
a suitable spectroscopy-grade laser system. The system must provide high frequency stability
and accuracy, as well as su"cient power to drive E2 transitions in H+

2 (see Sec. 2.1.4). Further-
more, it is essential that the laser’s frequency is traceable to the International System of Units
(SI) to ensure comparability with CODATA.
Additionally, the experimental procedures developed by our group for HD+ must be adapted
or replaced when transitioning to H+

2 . This is particularly relevant with regard to the quantum
state preparation of the interrogated species, which is tailored towards HD+ and cannot readily
be transferred to H+

2 .
The experimental setup and details of the procedures will be presented in Sec. 4.1 and 4.2,
respectively. The developed spectroscopic laser system will be summarized in Sec. 4.1.2, with
additional details provided in Sec. 5.1. Following its development and characterization, the
spectroscopy laser system was then utilized together with the trapping apparatus to investigate
a rovibrational transition in H+

2 . The specifics of the chosen transition are detailed in Sec. 4.2.3.
The work was conducted in two subsequent studies.
First, the conditions under which the interrogation yielded discernible signals were identified by
measuring a Doppler-broadened rovibrational transition. This represents the first instance of
driving and detecting such a transition in H+

2 using lasers. The measurement was conducted in
combination with a study of the systematic e!ects of an analogous transition in HD+. Here we
demonstrated that a detailed systematic investigation of an E2 transition in molecular ions is
achievable at the level of accuracy desired for the research aims. The choice to demonstrate this
in HD+ was made in order to make use of the well-tested procedures that have been developed
for this isotopologue. The study is presented in Sec. 5.2.
Second, under a modification of the spectroscopy procedure, the accuracy of the determined
transition frequency in H+

2 was increased by three orders of magnitude compared to the first
study. This was achieved by resolving single Doppler-free Zeeman components of the transition,
including a study of their systematic e!ects. The determined transition frequency represents
the most accurate measured property of H+

2 to date. In Sec. 5.3 the results of the spectroscopic
study are presented. They allow for a state-of-the-art determination of the proton-electron
mass ratio, thereby achieving one of the primary objectives of MHI studies. Other evaluations
of the type discussed in Sec. 1.2 are also demonstrated. A summary of the results is provided
in Chapter 6.
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4. Spectroscopy of molecular hydrogen
ions

4.1. Experimental setup

In order to interrogate MHIs, it is necessary to prepare a controlled environment in which
to detect, store, and manipulate the particles. For this purpose, trapping techniques have
been envisioned for multiple decades, with some regarded significant enough to award their
development and realization with the Nobel prize in physics [70, 71].

Among these techniques, specifically the ones designed for ionized matter are of interest with
regards to MHIs. The main candidates in this subcategory are the linear RF trap (also known
as the Paul trap) and the Penning trap. The latter requires a strong magnet due to its reliance
on a large magnetic field to contain the particles along one Cartesian direction. Today, such
magnets are realized by the use of superconductors, which necessitates a considerable amount
of experimental e!ort and a continuous supply of liquid nitrogen for realizing the required
temperatures. For these reasons, the linear RF trap is arguably a more simple method.

It is therefore unsurprising that the first experiments achieving the controlled preparation of
MHIs have been performed on such traps [72, 73]. In order to simultaneously cool and detect the
trapped MHIs, Doppler-cooled beryllium ions were co-trapped. Although initially challenging,
the technique has now been adopted by multiple groups for regularly preparing ensembles of
cold MHIs [12, 24, 74, 75] or even single MHI [76, 77]. Recently, also the first experiments on
a single MHI confined in a Penning trap have been reported [78].

4.1.1. The ion trap apparatus

The apparatus used in this work is the same one used in recent experiments performed on HD+

[21, 12, 23]. The specifics of the design of its linear RF trap and other components have been
previously developed and described in detail [79, 80, 81, 82].

The trap is employed for the loading of clusters comprising a few thousand beryllium ions,
which can be Doppler-cooled using a laser with a wavelength of 313 nm. The thereby scattered
photons are partially collected by a specially designed imaging system and serve as the signal for
almost all applications. The apparatus is capable of achieving temperatures of a few millikelvin,
as determined through spectroscopic linewidth measurements. In these conditions, the confined
ions will form crystalline structures, known as Coulomb crystals. Once the beryllium crystal
has been prepared via electron impact ionization and subsequent Doppler-cooling, MHIs can be
loaded into the trap. This is achieved by leaking a small quantity of neutral gas of the desired
isotopologue into the vacuum chamber, which is subsequently ionized by electron impact. The
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Chapter 4 Spectroscopy of molecular hydrogen ions

ionized version of the molecule can then be confined by the RF field of the trap and cooled
through Coulomb interaction with the beryllium ions, a process known as sympathetic cooling.

After this procedure, the external degrees of freedom of the MHIs are adequately prepared.
Nevertheless, residual Doppler-broadening exists, with a magnitude of a few megahertz in
the case of MHIs contingent upon the transition frequency and the mass of the isotopologue.
Furthermore, and of significant importance for spectroscopy, the internal degree of freedom (the
quantum state of the molecule) has yet to be considered. Both of these issues are addressed
through the implementation of appropriate techniques. The methods used for preparing the
internal state and surpass the Doppler-broadening will be discussed in Sec. 4.2.1 and 4.2.2,
respectively.

An important property of particles confined within the linear RF trap, which is leveraged for
the spectroscopy, is their secular motion. It can be shown analytically that a particle in the
trap exhibits a specific resonance frequency, which is contingent on its charge-to-mass ratio
[71]. Assuming singly charged particles, this secular frequency ↼sec(m) is simply a function of
the mass m of the particle and can be employed to determine the type of particle present in the
trap. This is achieved by applying a voltage with a frequency ↼, which will excite the classical
motion of the confined ions if ↼ is close to ↼sec(m). As a consequence of the Coulomb interaction
between all trapped particles, such an excitation will, to a certain extend, be transferred to the
beryllium ions. Since the fluorescence of the beryllium ions is dependent on their temperature,
the excitation will be visible in the fluorescence signal. The signal strength is hereby related
to the amount of trapped ions with mass m. In summary, by varying ↼ and observing the
resonances in the correlated fluorescence signal, the confined amount of particles of any mass
can be determined. An example of the fluorescence trace when applying a voltage with a
scanning frequency ↼ is provided in Sec. 4.2.2, Fig. 4.3.

4.1.2. Spectroscopy laser system

4.1.2.1. Setup

One of the main challenges of this work was the development of a laser system capable of
driving E2 transitions in H+

2 . As stated before, the system should provide: (1) su"cient power
to excite a rovibrational E2 transition of an MHI, (2) a high degree of frequency stability, and
(3) a highly accurate measurement of its frequency, which is linked to the SI-standard. An
additional desirable feature would be the ability to tune the wavelength while maintaining the
former three requirements, thereby allowing for a certain degree of flexibility regarding the
target transition.

The demonstrated solution to provide all of these aspects simultaneously is a continuous-wave
(CW) optical-parametric oscillator (OPO), which is stabilized and measured through an optical
frequency comb (OFC). CW OPOs are capable of providing high output power at the watt level
over their signal and idler ranges, which are two radiations down-converted from the so-called
pump by three-wave mixing in a nonlinear optical material. For details, see e.g. [83]. The
relationship between the three is expressed by the simple equation ↼p = ↼s + ↼i, where ↼p, ↼s

and ↼i are the pump, signal, and idler frequencies, respectively.

In this work, the idler radiation is of main concern, as it is typically the one with the proper
frequency to address many E2 transitions in H+

2 with !v = 2. Given that these wavelengths
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4.1 Experimental setup

Figure 4.1.: Artistic representation of the setup of the spectroscopy laser system.

The main devices of the apparatus are the OPO (blue box) and its pump laser (red box), next
to a frequency comb (black box) with a reference laser (magenta box and resonator). The
idler output of the OPO (red arrows) is frequency doubled in a SHG stage (top right). The
remaining idler radiation is sent to the linear RF trap shown on the right, while its second-
harmonic (yellow arrows and orange fibers) is split o! to be measured with a wavelength
meter (“wavemeter”, green) and to generate a beat against the frequency comb. The beat
signal is then used to stabilize the idler frequency using various electronic components and by
acting on the pump laser of the OPO. The sequence of electronic components from the beat
detection to the pump laser is: A photodetector, an amplifier, a splitter, a mixer with one
input given by a local oscillator, and lastly, a servo acting on the pump laser’s modulation
input. The monitor (left) shows the RF beat signal in the locked state. Free space parts
of the setup are shown as semi-transparent arrows, while fiber optics are shown in orange.
Analog wires are shown in black.

fall within the mid-infrared range, where OFCs have yet to be well developed, a portion of the
idler radiation is frequency doubled through the use of second-harmonic generation (SHG). The
frequency-doubled radiation can then be overlapped with OFC-radiation, thereby generating a
heterodyne beat, while simultaneously being measured by a wavelength meter. The combination
of both realizes the aforementioned requirement of an accurate frequency measurement.

To additionally stabilize the frequency, the beat is employed further: Already from radio-
frequency technology, it is well established that two frequencies can be made essentially identical
by stabilizing the phase of their heterodyne beat. This procedure is referred to as the phase-
locked loop (PLL) scheme and is also commonly used for the stabilization of laser frequencies.
In the case of this work, the beat is employed to lock the phase of the idler radiation to the
OFC, with feedback applied to the pump laser of the OPO. The modulation of ↼p is transferred
to ↼i, because ↼s is fixed by the OPO’s internal resonator. The OFC is itself stabilized to
an ultra-stable reference laser based either on ULE or on NEXCERA resonators [84, 85]. A
schematic representation of the setup is shown in Fig. 4.1. For long-term stability, the whole

29



Chapter 4 Spectroscopy of molecular hydrogen ions

setup is referenced to a hydrogen maser (not shown), which is compared to the national time
standard via GNSS (Global Navigation Satellite System), thus providing SI-traceability of the
idler frequency.

To summarize, the entire setup transfers the stability of the reference lasers to the idler radiation
through the use of frequency conversion mechanisms, an OFC, and PLL stages, while long-term
stability is provided by a SI-referenced hydrogen maser.

4.1.2.2. Performance

In order to provide an independent measurement of the stability of the idler radiation as well
as its frequency value, a second beat was generated with an independently stabilized OFC. A
comprehensive analysis of these measurements is presented in Chapter 5.1. The key findings of
the measurements are as follows:

The upper limit for the relative stability of the laser frequency in terms of linewidth and Allan
deviations was determined to be ∝ 4 → 10→14 and ∝ 1 → 10→14, respectively. These limits
are mainly attributable to the stability of the reference laser employed, with additional minor
contributions from fiber-induced noise. It is therefore anticipated that the limits could be
improved by utilizing a better reference laser, which has been demonstrated by other groups
[86, 87]. The absolute inaccuracy of the laser frequency relative to the SI second, i.e. the
international time standard, is ∝ 1.2→10→14. A major contributor to this limit is the instability
of the hydrogen maser. Similar to the reference laser, alternatives with better stability exist,
such as an optical fiber link to a metrology institute [88, 89, 90] or a technically more advanced
hydrogen maser. If one could be obtained, an improved accuracy were expected.

The locking scheme of the OPO coupled with the aforementioned stability could be demon-
strated at several output wavelengths of the OPO’s idler, all corresponding to a transition
in either H+

2 or HD+. This demonstrates the potential of the developed setup to realize an
all-in-one system capable of interrogating numerous transitions within MHIs. The achieved
output power available for spectroscopic applications was as large as 1 W, depending on the
wavelength. It is anticipated that this could be increased further, given that the optical setup
is not currently optimized for maximum power throughput.

To the best of our knowledge, the combination of the above attributes is unique and represents
the most metrologically advanced OPO in the world.

4.2. Experimental procedures

In order to accomplish spectroscopy of a rovibrational transition in H+
2 , it is necessary to adapt

the procedures established in our group for HD+, the details of which have been published
elsewhere [23, 81, 82, 91]. This is primarily due to the previously described absence of rovi-
brational E1 transitions in H+

2 . These types of transitions underlie both, the state preparation
and spectroscopy methods employed for HD+. Therefore, replacements for both must be found
and implemented.
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Figure 4.2.: Loading and state preparation of H
+

2
. Left: the green curve depicts

the molecular potential of the electronic ground state of H+
2 , obtained within the Born-

Oppenheimer approximation as a function of the separation of the nuclei R. Within this
curve, bound vibrational levels are indicated and labeled with their respective quantum
number v. Center: Following electron impact ionization of neutral para-H2 gas, the H+

2
ions are distributed among many vibrational levels. For each level, the magnitude of popu-
lation is indicated by the size of the red circle (experimental data taken from [92]). Right:

After irradiation with 405 nm and 313 nm lasers, H+
2 in excited vibrational levels v > 1

are dissociated (“excited state purging”). The levels v = 0 and v = 1 remain una!ected,
since the photodissociation cross-section from both levels is negligibly small at the employed
wavelengths [93].

4.2.1. State preparation of MHIs

The distribution of internal states after electron impact ionization depends on the isotopologue.
The reason is the afore discussed presence or absence of strong E1 transitions (Sec. 2.1.4). If
E1 transitions are allowed (e.g., for heteronuclear isotopologues), the internal state will decay
to the ground rovibrational level on timescales of milliseconds [94]. This decay is counteracted
by black-body radiation (BBR), which is non-negligible due to the present apparatus being
operated at room temperature. At this temperature, rotational transitions of the vibrational
ground state can be driven by BBR. A steady state is formed, which has been described in
detail [95]. To counteract this, a sophisticated technique using lasers has been implemented
by our group [91], which can prepare a significant amount of HD+ in the rovibrational ground
state (v = 0, N = 0). The method works by driving E1 transitions between suitably selected
rovibrational states and awaiting the subsequent decay.
Due to the absence of E1 transitions in homonuclear isotopologues, this method is not appli-
cable. The lifetimes of excited vibrational and rotational levels are within the range of days
to weeks [52], which is considerably longer than the trapping times of our apparatus. Further-
more, the extensive distribution among vibrational levels after electron impact ionization [92]
and the small magnitude of E2 transition moments render a preparation technique using lasers
challenging.
As an alternative, we have developed a more straightforward method. A substantial amount of
H+

2 is loaded into the trap, after which the majority of molecules in undesired states is dissoci-
ated using lasers prior to the spectroscopy. This is made possible by the wavelength-dependent
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Chapter 4 Spectroscopy of molecular hydrogen ions

cross-section of vibrational levels [93]. As may be anticipated intuitively, energetically lower
levels will be largely una!ected by photons with an energy smaller than the level’s dissociation
energy. Moreover, the structure of the nuclear wavefunction gives rise to wavelength-specific
vanishing cross-sections, depending on the vibrational quantum number. As a consequence,
either a single or a combination of multiple dissociation lasers can be utilized to leave selected
vibrational levels una!ected, while all others are dissociated and thus removed from the trap.
The result is a vibrationally well-prepared ensemble of H+

2 .

This relatively simple method does not allow for a preparation of the other quantum numbers.
However, it can still work particularly e!ective for para-H+

2 due to the simplicity of its hyperfine
structure. As has been previously discussed, the internal structure of rovibrational states
in para-H+

2 is quite simple, consisting of either one or two states. Therefore, the remaining
population is with a relatively high probability in the desired hyperfine ground state, and no
further preparation is required. For many other MHIs, this procedure may not be as e!ective,
since the remaining population will distribute among all hyperfine levels, thereby decreasing
the e!ective population in a specific state. A schematic representation of the concept is shown
in Fig. 4.2.

Note that a state preparation of H+
2 that is better suited for transitions starting from a di!erent

v as the one chosen in this work could be realized with the same method by exchanging the
employed dissociation lasers. In particular, their wavelengths should be chosen in a manner
that minimizes the dissociation cross-section of the target v, while maximizing all other cross-
sections.

4.2.2. Spectroscopy procedures

4.2.2.1. Surpassing the Doppler-e!ect

As outlined before, the sympathetic cooling technique achieves ion temperatures at the level
of a few millikelvin. The residual Doppler-broadening at these temperatures limits the achiev-
able spectroscopic resolution to a few megahertz, which is insu"cient for the desired level of
accuracy of MHI research aims. To surpass the limitations imposed by the Doppler-e!ect and
achieve even higher resolution, novel spectroscopy techniques were developed. Trapped Ion
Cluster Transverse Excitation Spectroscopy (TICTES, [82]) managed to set new limits on the
relative precision, with which MHIs can be interrogated, and multiple advances have been made
since. The technique exploits the restricted transverse motion of ions, which under specific con-
ditions can be strongly confined to the trap axis. If the degree of confinement is su"ciently
tight, the motional extent of the ions is significantly reduced and the Dicke-regime is attained,
in which Doppler-broadening is suppressed [96]. This enabled the observation spectroscopic
linewidths that were much narrower than the Doppler-broadened limit. Other techniques, such
as two-photon excitation, have also been demonstrated successfully [97], although they are more
restrictive with regard to the transition that is to be interrogated.

4.2.2.2. Details of procedures

To ensure the e"cacy of experimentation, it is imperative to implement a spectroscopy proce-
dure that enables the control of particles, facilitates the spectroscopic readout, and minimizes
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the influence of systematic e!ects. In general, all procedures adhere to the same principles, as
follows: (1) MHIs are loaded and their spectroscopic ground state is prepared (see Sec. 4.2.1),
(2) the amount of trapped MHIs is detected by making use of their secular frequency (see
Sec. 4.1.1), (3) the spectroscopy and additional auxiliary lasers are irradiated, and (4) the pop-
ulation is detected once more. Within the present apparatus, the spectroscopy is done in a
dissociative manner: following a successful excitation of the interrogated transition, the ion is
dissociated. The dissociation is performed by an auxiliary laser during step (3). The resulting
decrease in the number of trapped molecular ions between steps (2) and (4) is the spectroscopic
signal.
In order to determine and mitigate potential systematic e!ects, and due to the dissimilar state
preparation techniques for di!erent MHIs, the details of the procedures vary. The procedures
for HD+ have been previously described in detail [23, 81]. The present discussion will focus on
the adaptations implemented when transitioning to H+

2 .
Firstly, no lasers are employed for rotational cooling. Instead, following the loading of H+

2 into
the trap, excited stage purging is performed through the irradiation of 405 nm and 313 nm lasers
for 30 s with respective power levels of a few tens and a few milliwatts. The wavelengths of these
lasers are chosen to minimize the dissociation in the desired spectroscopic ground state (v = 1)
while maximizing that of higher vibrational levels. It would be advantageous to additionally
dissociate ions in v = 0 during this phase. In view of the details of the photo-dissociation cross
sections [93], this requires the use of an additional laser with a wavelength of ↓ 115 nm. At
this wavelength, the cross section of ions in v = 1 is vanishing due to the specific structure
of the nuclear wavefunction of this state. However, the realization of a laser system at this
wavelength, although feasible, is technically highly challenging. Consequently, the decision was
taken to attempt spectroscopy without dissociating v = 0 ions. It was found that the additional
statistical noise introduced by the background loss of these ions was within acceptable limits,
and the experiment could proceed without having to rely on such an additional laser.
Secondly, the amount trapped H+

2 is detected in a di!erent manner. In contrast to the approach
employed for HD+, where the secular motion is resonantly excited, a secular excitation spectrum
is recorded. In terms of the applied frequency ↼ (see Sec. 4.1.1) this translates to it being
scanned over a large range, as opposed to remaining fixed. This is done in order to monitor
the amount of co-trapped H+

3 ions, which are generated parasitically in the system. From the
measured fluorescence trace, the amount of trapped H+

2 is determined through the strength of its
corresponding peak in the spectrum. A depiction of the employed procedure is shown in Fig. 4.3.
The procedure is repeated numerous times for a fixed spectroscopy laser frequency, in order to
obtain su"cient statistics for signal and background data. Note, that the spectroscopy wave is
blocked at all times during the background procedure. The value and uncertainty of signal and
background are computed as the mean and standard error of the mean of the corresponding
data sets. A spectroscopic line is obtained by repeating this for various spectroscopy laser
frequencies.
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Figure 4.3.: The H
+
2 spectroscopy procedure (ED. Fig. 1 of Sec. 5.2, first published in

Nature Physics). The black curve displayed at the top shows the fluorescence of beryllium
ions due to the Doppler-cooling laser over the course of a single run of the spectroscopy
procedure. One run of the experiment begins with the dissociation of vibrationally excited
H+

2 for a period of ↑ 30 s. Subsequently, an excerpt of the secular excitation spectrum of
the trapped ions is recorded. Peaks corresponding to H+

2 and H+
3 are detected. The ensuing

interleaved irradiation of the spectroscopy and dissociation wave excites the rovibrational
transition in H+

2 . The interleaved method is chosen to eliminate a potential influence of the
dissociation laser on the spectroscopy transition. The laser excitation is followed by a second
recording of the secular excitation spectrum. The decrease of the H+

2 -peak in the spectrum,
indicated by the red arrows, dashed lines, and shaded area, is the spectroscopy signal for
this run. For background runs, the spectroscopy wave is kept o! at all times; otherwise, the
procedure is identical. The colored curves in the bottom half illustrate individually labeled
parameters and their adjustment during the run, each with corresponding labeling on the
right-hand ordinate.
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4.2.3. Laser spectroscopy of H+
2

With the availability of a suitable laser system (Sec. 4.1.2), as well as a trap apparatus that has
already demonstrated the capability of ultra-high resolution spectroscopy of HD+, laser spec-
troscopy of H+

2 is the logical next step. It is therefore necessary to identify a target transition.
In light of the rovibrational levels’ internal structure discussed in Sec. 2.1.3, it is evident that a
transition of the type N ↘ N

↔ : 0 ↘ 2 or vice versa should be selected. Furthermore, the resid-
ual population of H+

2 remaining after state preparation (Sec. 4.2.1) indicates that the largest
signal strengths should be expected when the spectroscopic ground state is chosen to be v = 1.
Since the distribution of the population among rotational levels within v = 1 is unknown, the
transitions (v, N) : (1, 0) ↘ (3, 2) and (1, 2) ↘ (3, 0) have equal weight in consideration. Both
transitions are allowed under the selection rules of E2 transitions [55]. The former was selected
as an interrogation target arbitrarily.
A depiction of the target transition within the previously presented curve of molecular energy
is shown in Fig. 4.4 a, while its spin structure is depicted in Fig. 4.4 b. Additionally shown
are the Zeeman splittings for a finite magnetic field, which is present during the spectroscopy.
In order to determine the desired properties, namely the spin-averaged frequency fspin-avg and
the spin-rotation coe"cient ce, it is necessary to measure the two spin components fa and
fb. In the presence of the magnetic field applied during spectroscopy, fa and fb will split into
various Zeeman sub-levels. In order to extract them from measured Zeeman components of
the transition (shown as fa1, fb1 and fb2), a knowledge of the Zeeman shift coe"cients or the
magnetic field, either theoretical or experimental, is imperative. This extraction was performed
through a fitting of the magnetic field to the observed transition with the help of the theoretical
Zeeman coe"cients. Further details are given in Sec. 5.3.
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Figure 4.4.: Energy diagram of H
+
2 (Adapted from ED Fig. 1 of Sec. 5.2, first published

in Nature Physics, and Fig. 1 of Sec. 5.3). a: Similar depiction as Fig. 2.2, showing the
total energy of H+

2 as a function of the separation of the nuclei in the electronic ground-state.
The transition of interest is indicated by the black arrow. The orange arrow illustrates the
laser used for the dissociation of excited ions. The inset shows the three energetically lowest
rotational states of the vibrational levels 1 ↗ 3, with the abscissa representing the rotational
quantum number N . Note the change in scale and unit of the ordinate. b: The spin structure
of the target transition. Left: the structure at zero magnetic field. The two transitions fa and
fb are shown in purple and brown, respectively. They are separated by 5/2ce. The indicated
fspin-avg is the transition frequency without consideration of the internal angular-momenta-
dependent structure. It is not a directly measurable property. Right: the structure in the
presence of a finite magnetic field applied during spectroscopy. The three measured Zeeman
components are indicated by a blue, a green, and a red arrow and corresponding labels. F ,
mF and F

↔, mF ↑ are the total angular momentum and total angular momentum projection
quantum numbers of the ground and excited state, respectively. Note that the notation has
been adapted in comparison to ED Fig. 1 of Sec. 5.2, in order to match the one which is used
in Fig. 1 of Sec. 5.3.
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5. Cumulative part of the dissertation

This chapter is comprised of three sections, each of which is a manuscript related to this thesis.
Sec. 5.1 provides a detailed description of the setup and characterization of the spectroscopy
laser system developed as part of this work. The results were previously summarized in
Sec. 4.1.2.2.
Sec. 5.2 comprises the first spectroscopic study of H+

2 , with the measurement of Doppler-
broadened components as well as a study of systematic e!ects of an E2-transition performed
on HD+.
In Sec. 5.3, the second spectroscopic study of H+

2 with the observation of Doppler-free single
Zeeman components of the transition is presented.
A summary of the results of Sec. 5.2 and Sec. 5.3 is given in Chapter 6.
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5.1. Metrology-grade spectroscopy source based on an
optical parametric oscillator

Copyright notice:
Published by Optica Publishing Group under the terms of the Creative Commons Attribution
4.0 License. Further distribution of this work must maintain attribution to the author(s) and
the published article’s title, journal citation, and DOI, see [98].
The supplementary material of this manuscript is presented in Appendix B.
My contributions to the work:

• I contributed to the concept of the work.
• I have set up the OPO laser system, frequency-doubling stage, and locking circuit.
• I made significant contributions to the measurements underlying the work.
• The majority of the data analysis and the generation of the corresponding figures were

performed by myself.
• All authors discussed the data and interpretations of the manuscript.
• The manuscript was written partially by me.
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Abstract: Continuous-wave optical parametric oscillators (OPOs) are widely tunable and
powerful sources of narrow-linewidth radiation. These properties make them suitable for a
wide range of spectroscopic studies - but so far not at the metrological level. Indeed, although
important technical OPO developments occurred more than two decades ago, and commercial
devices have been available for nearly as long, the long-hoped-for the potential of these devices,
providing simultaneously ultralow linewidth, ultrahigh frequency stability, ultrahigh frequency
accuracy, and wide wavelength coverage has not yet become a reality. Here, we present an OPO
metrology system suitable for optical spectroscopy with ultra-high resolution and accuracy in
the 2.2 - 3.9 µm range. The system relies on the second-harmonic generation of the idler wave
to bridge the gap to the near-infrared regime where frequency combs are readily available. By
actively controlling the pump laser frequency, the idler radiation is phase-locked to an optically
stabilized frequency comb, enabling a full transfer of the frequency comb’s spectral properties
to the idler radiation and measuring the idler frequency with ultra-high precision. We reach
fractional line widths and Allan deviations of the idler radiation at the level of 4→ 10↑14 and
1→ 10↑14, respectively. We also perform a thorough characterization of the stabilized OPO
via a comparison with a second, independent optically stabilized frequency comb and thereby
determine an overall idler frequency systematic uncertainty of less than 1.2→ 10↑14. Sources of
residual frequency noise are identified. The system delivered excellent results in high-accuracy
spectroscopy.

Published by Optica Publishing Group under the terms of the Creative Commons Attribution 4.0 License.

Further distribution of this work must maintain attribution to the author(s) and the published article’s title,

journal citation, and DOI.

1. Introduction

High-resolution laser spectroscopy of atoms and molecules is a key branch of physics and physical
chemistry. The spectroscopic study of many species can be performed with semiconductor lasers
emitting in the near-infrared (NIR) spectral range and even in the visible range. But these sources
do not satisfy all needs. An important area of laser spectroscopy is rovibrational spectroscopy,
where one often wishes to measure a large set of transitions of a given molecular species, or of
several di!erent species, hence requiring a wide tuning range. The mid-infrared (MIR) range
provides the most important window on rovibrational spectra. In this range, continuous-wave
(cw) optical parametric oscillators (OPOs) are a unique type of spectroscopy source; their output
can cover more than an octave in frequency, and the output power can be 1 W or higher. The
combination of these properties sets them apart from other important MIR sources, such as DFB
and quantum cascade lasers or di!erence-frequency generation.

Key developments in the design and performance of cw OPO devices and spectroscopy
demonstrations, occurred more than two decades ago, with the first demonstrations of mode-hop-
free oscillation [1–8]. Soon, the first commercial OPO devices became available. Since then,
many groups have successfully used cw OPOs for diverse applications in molecular spectroscopy
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[9–21], and in some instances atomic spectroscopy [22]. Only in the past decade has there
been a greater need to achieve ultra-high resolution and corresponding frequency accuracy
with OPOs. Metrology-grade OPOs would be useful, for example, in fundamental physics to
probe the hyperfine transition of highly charged ions [23], the rovibrational transitions of simple
(few-electron) molecules (such as the molecular hydrogen ions [24,25], the neutral hydrogen
molecules [26–31], and the helium hydride ions ([32,33] and references therein)), or to search for
a time-drift of molecular vibrational frequencies [34–37].

The wide tuning range of cw OPOs immediately raises the question of how to precisely
determine the actual emission frequency. With the invention of the optical frequency comb
(OFC) [38,39], a new tool emerged for measuring optical frequencies with an accuracy improved
by many orders of magnitude compared to previous means. Already early studies explored
how to combine an OPO with an OFC in order to enable OPO output frequency determination.
Importantly, an OFC also o!ers the possibility to serve as a reference for stabilizing the OPO
frequency by feedback control [40]. The latter option is superior to locking the frequency to
molecular absorption lines because they do not o!er a continuous wavelength coverage. An
additional benefit would be a link of the visible and NIR regimes with the MIR regime [41].
These early demonstrations have been followed by further studies, and Table 1 presents a selection
of those performed over the past decade and aimed at metrology. It is evident that it has not yet
been possible to imbue an OPO with the four key properties of a metrology-grade spectroscopy
source: ultralow linewidth, ultrahigh frequency stability, ultrahigh frequency accuracy, and wide
wavelength coverage. The contrast with what has been achieved with diode lasers is striking: the
first three properties are achieved in many metrological studies (mostly for atomic spectroscopy,
e.g. for optical atomic clocks [42,43]). Clearly, there appears to be an unrealized potential for
OPOs, i.e. the opportunity for developing methods capable of pushing both the linewidth and the
long-term frequency instability down to the Hertz level.

Table 1. Comparison of some features of the present source in comparison to selected
published works of other groups. The acronyms are defined in the text. ω is the integration time.

Ref. Technique Idler range
(µm)

Frequency stability of idler
radiation Idler

output
power

Short-term
(linewidth)

Long-term (Allan
deviation or other)

Ricciardi et al.
[14]

Frequency lock
of pump and
signal to NIR
OFC

[2.7, 4.2] ↓ 200 kHz at
100 ms

εy ↓ 3 → 10↑12/↔ω for
ω ↗ [1, 200] s

>1 W

Peltola et al.
[44]

Frequency lock
of idler’s SH to
NIR OFC

[2.7, 3.4] ↘ 1 MHz εy ↗ [10, 200] kHz for
ω<10 s

>0.5 W

Ricciardi et al.
[45]

Direct cavity
stabilization

[2.7, 4.2] 920 Hz at
100 ms

not stated ↘ 0.5 W

Karhu et al.
[46]

OPO locked to a
MIR OFC

[2.5, 4.4] 0.5 MHz at
0.15 s,
1.5 MHz at
1 s

Standard deviation of
90 kHz over 20 min

up to
0.8 W

Zhang et al.
[20]

Pump locked to
NIR OFC, OPO
cavity locked to
ULE resonator

[2.6, 4.3] <20 kHz at
1 ↑ 5 s

εy<1 kHz for ω>1 s ↘ 0.4 W

This work PLL of idler’s
SH to NIR OFC

[2.2, 3.9] ↓ 5 Hz at
1 ↑ 103 s

εy ↓ 3 Hz for ω>1 s >1 W
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Here we present a general and e!ective method of OPO frequency stabilization that is fairly
independent of the desired output wavelength. By locking the OPO’s idler frequency to an OFC,
we simultaneously achieve all four of the key properties above, improving these parameters
by a combined factor of more than 104. We thereby demonstrate a MIR spectroscopy source
with a fractional frequency instability ↓ 1 → 10↑14 on timescales between 1 and 105 s, an idler
linewidth on the order of a few Hertz, and an SI-traceable frequency. Our frequency stabilization
scheme can be operated at di!erent idler wavelengths. This demonstrates that the method is
wavelength-independent.

1.1. Frequency stabilization approaches

Since the frequency conversion process in an OPO must satisfy energy conservation at the photon
level, the frequencies ωp, ωs and ωi of pump, signal and idler waves, respectively, are related by

ωp = ωs + ωi . (1)

If the idler wave is the main interest for a spectroscopic application, two di!erent approaches
to stabilize its frequency ωi may be distinguished.

Consider first the approach where both ωp and ωs are actively stabilized, so that according
to Eq. (1) the idler frequency is also stabilized. To do so, both the pump and the signal wave
frequencies must be stabilized separately. Both these frequencies usually fall into the NIR
range (e.g. εp = 1.06 µm and εs ↗ [1.45 µm, 2.07 µm] in this work), where narrow-linewidth
and ultra-stable optical frequency combs (OFCs) can be realized with relative routine. These
two properties can be achieved by phase-locking the OFC to a reference laser, which is itself
frequency-locked to an ultra-stable reference cavity.

The frequency of the pump wave can be stabilized to such a comb. It is more di"cult to do so
for the signal wave because its frequency is determined by the resonance of the OPO cavity. One
needs the ability to control the optical path length of the cavity with high bandwidth. This is
challenging in view of the typical design of the OPO cavity and the cavity length actuator. The
task could be eased by employing either an OPO cavity that exhibits good passive stability or
an intra-cavity electro-optic modulator for fast path-length control [20]. However, both options
come with technical challenges.

For the most advanced applications, not only the provision of a narrow-linewidth spectroscopy
wave (idler), but also the determination of its absolute frequency ωi is required. Therefore,
a second approach to idler frequency stabilization appears better suited: measure the idler
frequency and act only on the pump frequency to control the idler frequency (see Fig. 1(a)).
This control works by exploiting the 1:1 transfer coe"cient from pump frequency change to
idler frequency change when the signal frequency is not acted upon, Eq. (1). The frequency of
the signal wave is at all times determined by the optical length of the OPO cavity, following its
variations due to perturbations. This is a source of frequency noise that needs to be compensated.
The pump frequency will be regulated so as to keep the idler frequency precisely fixed at a desired
value, compensating for both the OPO cavity length fluctuations as well as the pump laser’s own
fluctuations. Note that with this approach, neither the pump frequency nor the signal frequency
will exhibit a particularly low frequency instability.

An example of this approach is the work of Peltola et al. [44]. They used second-harmonic
generation (SHG) to bridge the gap between the idler frequency and the NIR, where the frequency
of the second-harmonic (SH) wave 2ωi can be compared to mode of an OFC. In that work,
the OFC was stabilized by locking the repetition rate to a hydrogen maser (H-maser) and the
frequency 2ωi was determined using a frequency measurement of its beat with the OFC. A servo
system acting on the pump frequency allowed obtaining a long-term stable idler wave frequency
with Allan deviations at the sub-MHz level, but no reduction of its linewidth. The achieved
frequency stability is summarized in Table 1.

5.1 Metrology-grade spectroscopy source based on an optical parametric oscillator
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Fig. 1. Concept of the setup. a: The equation summarizes the concept. ωp is regulated
in order to keep the measured ωi constant in time, while ωs is left unstabilized and is
a!ected by perturbations. b: An optically phase-locked OPO is implemented. The OPO is
pumped at a frequency ωp to generate the signal (ωs) and idler (ωi) frequencies. ωi is then
frequency-doubled in an SHG stage and mixed with an optically stabilized OFC, possessing
a mode at frequency ωc ≃ 2ωi. The generated beat is mixed with a local oscillator (LO)
having a radio-frequency ωLO in order to generate an error signal. It is the input to the servo
that controls the pump frequency. Colored and black arrows are used for optical and analog
signals, respectively. More details follow in Fig. 2.

In this work, we expand on this method, by implementing an ultrastable OFC and a phase-locked
loop (PLL) of the idler frequency to this OFC, allowing to achieve not only long-term frequency
stability but also excellent linewidth narrowing. The principle is shown in Fig. 1(b).

2. Experimental setup

Our apparatus consists of three main units, shown in Fig. 2. Unit 1 (top) comprises the OPO
as well as the optical and electronic components of the locking subsystem. Unit 2 (center left)
contains a first OFC (OFC1) and its reference laser (L1). These are used for the stabilization
of the OPO’s frequency. Unit 3 (bottom) serves to characterize the OPO in the locked state,
and therefore includes a second OFC (OFC2) with its own reference laser (L2). Unit 4 (center
right) provides the H-maser as a reference clock in the radio-frequency (RF) domain. It delivers
ultrastable RF signals to the other three units and is also required for the optical frequency
measurement. The H-maser is continuously compared to the national time standard PTB
(Physikalisch-Technische Bundesanstalt, Braunschweig) via a common-view Global Navigation
Satellite System (GNSS) technique. This ensures SI-traceability of the absolute frequencies. All
units are computer-controlled and connected via a network. We now describe the units in more
detail.

Unit 1 contains the actual OPO with its pump laser, a SHG stage to convert the idler radiation,
a wavelength meter (High Finesse WS-7 IR Super Precision), locking and monitoring electronics.
The OPO is a commercial system (TOPTICA DLC TOPO, [47]), that generates >1 W of output
power over the idler wavelength range of 2.2 ↑ 3.9 µm. The corresponding signal range is
1.45↑ 2.07 µm. The system consists of the OPO laser head and a ytterbium-doped fiber amplifier
(Yb-FA) with up to 10 W output power. To seed the amplifier, we employ a separate commercial
semiconductor laser (1.06 µm, TOPTICA CTL 1050) to benefit from its narrower free-running
linewidth (<10 kHz at 5 µs according to the manufacturer). When unstabilized, the linewidth
of the OPO’s idler was previously determined to be 1 ↑ 2 MHz on a 25 ms timescale [47]. On
similar timescales, but with the above seed laser, we observe a linewidth of ↘ 100 kHz, which
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Fig. 2. Schematic of the setup. The individual black-framed boxes designate di!erent
units. Top: The OPO unit contains the OPO including pump and amplifier, the idler SHG
unit and the wavelength meter, as well as the locking and monitoring electronics. Center
left: The L1/OFC1 unit with the main reference laser L1, used to stabilize frep1 of OFC1. A
pick-o! from OFC1 (shown here as an example centered at 1.2 µm) is sent to the OPO unit
for idler frequency stabilization. Bottom: The L2/OFC2 unit, with L2 as the reference laser
for frep2 of OFC2. Center right: A hydrogen maser (H-maser) serves as the reference for all
relevant RF sources. Individual wavelengths are shown in the figure by mapping the visible
color spectrum to the wavelength range of the setup ([1.0 µm, 2.4 µm] ⇐ [purple, red]).
Performance and measurements are monitored by computer control, connected to the
individual components via network. Optical fibers are labeled for lengths >5 m. The
H-maser analog signal, network connections, and other analog signals are shown in pink,
brown, and black, respectively. Free-space parts of the setup are indicated as dashed-frame
boxes. The padlocks symbolize active stabilization of the indicated frequency by a servo
system (not shown). The padlock color gold denotes either a PLL lock or a PDH lock,
while pink refers to a servo that implements a low-bandwidth frequency stabilization to the
H-maser frequency. More details in the text. BS: beam splitter. FC: fiber coupler. AOM:
acousto-optic modulator. EOM: electro-optic modulator. SA: spectrum analyzer.
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increases to 3↑ 5 MHz on timescales of a few seconds, due to jitter. Typical frequency variations
are 200 MHz over several hours, with drift rates on the order of 0.6 MHz/min.

The seed laser can be frequency-modulated with a high bandwidth (several ten MHz) via its
current, which is crucial for realizing our locking scheme where the pump laser current is the
actuator. Before being sent to the experiment, the full power of the OPO’s idler wave is sent
through a single-pass SHG setup containing a periodically poled lithium niobate crystal. In order
to be able to generate the harmonic wave of the whole idler spectral range, we employ a crystal
containing multiple grating periods, with periods between 33.3 µm and 36.0 µm, and operating
temperature in the range 20↑ 200 ⇒C. This combination of parameters allows us to find a suitable
phase-matching condition for any wavelength in the idler’s wavelength range. Owing to the high
power of the idler radiation, a few milliwatts of the second-harmonic wave are generated in the
single-pass configuration. This power is su"ciently high that the wave can be split into one part
for generating a high-signal-to-noise-ratio beat with OFC1 and a second part for the wavelength
meter, whose measurements are necessary for absolute frequency determination. To produce
the beat, a fraction of the OFC1 output, spectrally centered around the idler’s second-harmonic
wavelength, is sent to the OPO unit via a 35 m long optical fiber, and there overlapped with
the second-harmonic wave within the fiber, using a fiber combiner. The combined radiation is
coupled out of the fiber, reflected o! a grating, and directed onto the photodetector (PD). The
signal-to-noise ratio of the beat generated in the PD is optimized by proper alignment of the
grating. This beat signal is phase-locked to a RF signal of stable frequency (local oscillator, LO).
To this end, the beat signal is mixed with the local oscillator (LO), and the low-frequency output
of the mixer is the input to an appropriate servo that controls the pump laser’s current, closing
the loop. Overall, the idler frequency is phase-locked to a mode of the OFC.

Unit 2 contains the reference laser L1 (1.06 µm, Mephisto Innolight Nd:YAG) and OFC1
(Menlo Systems FC1500-250-ULN). Its repetition rate frep,1 is stabilized by phase-locking one
comb mode to L1, while the carrier envelope o!set frequency fceo,1 is stabilized to the H-maser.
L1 itself is stabilized to a ULE resonator with a finesse of ↘ 500 000 (resonator 1) using the
Pound-Drever-Hall (PDH) technique, with the modulation applied to the laser’s frequency
actuator, a piezo-electric transducer.

Finally, in the lower part of Fig. 2, unit 3 contains the second OFC (OFC2) and a separate
reference laser L2 at a wavelength of 1.53 µm (NKT Koheras Basik E15). Similar to above,
the comb’s repetition rate frep,2 is phase-locked to L2, while fceo,2 is stabilized to the H-maser.
Except for the shared H-maser that provides fceo stabilization, the two combs are completely
independent systems. L2 is also locked via the PDH technique to the resonator 2, a NEXCERA
resonator [48] with a finesse of 700 000. NEXCERA is a novel spacer material for resonators
[49], designed to be operated at room temperature. In contrast to L1, an acousto-optic modulator
(AOM) is required for providing fast control of the frequency of the L2 output wave, since the
laser itself does not have a high bandwidth modulation input. A sideband lock is implemented
[50,51], where the laser wave is phase-modulated using an electro-optic modulator (EOM), and
one of the modulation sidebands is locked to the resonator instead of the carrier. The sideband
lock is used in order to be able to compensate the drift of the resonator. A detailed explanation is
given in section 3.3. To characterize the performance of the two reference lasers, a portion of the
radiation of L2 is sent to OFC1 and then measured against it.

3. Performance

In order to characterize the spectral properties of the OPO’s idler radiation, beats between several
sources were produced. In Fig. 2 these beats are indicated by red circles together with their
corresponding optical frequency di!erences. First, a beat between OFC1 and L2, fL2 ↑ fOFC1,
gives the combined instability level of the employed reference lasers L1, L2. Additionally, it
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includes the locking performance of the PLL of OFC1 to L1 and any fiber noise originating from
the 30 m long fiber used to send L2 radiation to OFC1.

In a second step, the PLL of the OPO is examined by monitoring the beat fSH ↑ fOFC1 in
the locked state. Finally, the absolute stability of the OPO’s idler frequency is investigated, by
measuring a beat between its SH wave and OFC2, fSH ↑ fOFC2. This simultaneously gives the
most accurate upper limit of the frequency instability for the system as a whole, including all
fiber noise and other noises. The analysis for short timescales is presented in Section 3.1, and
the analysis for long timescales follows in section 3.3. These analyses were performed with the
OPO set to an idler wavelength of 2.81 µm, corresponding to a signal wavelength of 1.71 µm
and an idler second-harmonic wavelength of 1.40 µm. In Sec. 3.5 we argue that the described
performance can be achieved at all wavelengths within the output range of the OPO.

3.1. Short-term performance of the idler radiation

The beat fL2 ↑ fOFC1 shown in Fig. 3, panel 1a, is an average of many consecutive sweeps of
the spectrum analyzer, each of duration 5 s and measured at a resolution bandwidth (RBW)
of 1 Hz. Note that the individual traces could be averaged without any consideration of either
resonator’s drift, since the center frequency drifted by less than 1 Hz over the course of the entire
data acquisition. This has two di!erent reasons: in the case of resonator 1 the drift is negligible
on the timescale of the measurement, and in the case of resonator 2 it is actively compensated,
see sec. 3.3. From the beat we deduce a full-width half-maximum (FWHM) linewidth of 9 Hz.
In the phase-noise spectrum of fL2 ↑ fOFC1, Fig. 3, panel 1b, small sidebands at frequencies of
50 Hz and 510 Hz can be observed. We believe that the origin is fiber noise occurring in both
fibers that deliver the radiation from L1 and L2 to OFC1. Due to the modest strength of the
sidebands, they are not significant for the current analysis and also have not impacted a recent
spectroscopic study [25].

Data on the OPO’s phase-locked loop performance, i.e. the frequency and phase noise of the
beat fSH ↑ fOFC1, is displayed in Fig. 3, center column. This data on the beat does not yet yield
any information on the absolute stability of the idler frequency, but rather on how well it follows
OFC1. The measured linewidth, 3 Hz FWHM, is caused by the RBW of the employed spectrum
analyzer - as is expected for a properly working phase lock. From the phase-noise spectrum,
panel 2b, we determine a signal-to-noise ratio of 70 dB in a RBW of 1 Hz. Additionally, a single
significant sideband is observed, at a frequency of 810 Hz. The source for this is intrinsic to
the setup: it is caused by acoustic noise originating from the Yb-FA, as was confirmed by a
comparing the acoustic noise spectrum in the proximity of the OPO with the Yb-FA turned on
and o!.

Next, we consider the beat fSH ↑ fOFC2. Its analysis is shown in Fig. 3, right column. Similar
to panel 1a, panel 3a shows consecutive beat spectra measured over a total time of more than 30
min, averaged without any re-centering of individual traces. A Lorentzian fit finds a linewidth of
10 Hz (FWHM). This is only 1 Hz larger than the linewidth of the beat of the reference lasers
(panel 1a). The spectrum (panel 1b) also exhibits several sidebands with frequencies in the range
10 - 50 Hz. These sidebands are not observed in the beats in panels 1a and 2a. The reason for
this is that they are caused by fiber noise occurring in the 35 m long fiber guiding OFC1 radiation
to the OPO (see Fig. 2), which only contributes to the measurements underlying panel 3, see
section 3.2. In the phase-noise spectrum 3b, the sideband observed in the PLL signal at 810 Hz
is again visible.

3.2. Fiber noise

To investigate the noise observed in the beat of the idler’s second-harmonic and OFC2 (Fig. 3,
panels 3a and 3b), the optical path between OFC1 and the OPO was investigated. To this end, a
round-trip propagation path for the idler’s second-harmonic was set up, by using two fibers similar
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Fig. 3. Analysis of the beats between di!erent units, marked by red circles in Fig. 2.
Left column: beat fL2 ↑ fOFC1 between L2 and OFC1 locked to L1, showing the combined
instability of the two reference lasers. Center column is the PLL of the OPO, specifically
the beat between the second-harmonic of the idler and OFC1 in the phase-locked state, here
at a second-harmonic wavelength of 1.4 µm. Right column shows the beat fSH ↑ fOFC2
between the second-harmonic and OFC2, at the same wavelength 1.4 µm. This is a direct
determination of an upper bound for the instability of the OPO’s idler wave frequency
and includes all noise sources of the system (e.g. noise of the lasers themselves and fiber
noise). Each column is split into a determination of the linewidth of the beat (top) and
the phase-noise power spectral density (bottom, PSD). For the linewidth plots of the first
and last columns, the data are an average of many consecutive sweeps (order 102) of 5 s
duration each, at 1 Hz RBW. The error bars are the standard error of the mean. The data
are fit by a Lorentz function, giving a FWHM linewidth of 9 Hz and 10 Hz, respectively.
For the middle column, the data is from a single spectrum analyzer sweep. It is fit by a
Gauss function (FWHM 3 Hz), the appropriate form considering the digital band-pass of the
spectrum analyzer.

to the one shown in Fig. 2 connecting OFC1 and OPO. The pick-o! of the second-harmonic,
previously sent to OFC2, is now sent to OFC1 and then back to the OPO. There, a self-beat
is generated with a reference wave (the part that is usually sent to the wavelength meter).
Additionally, sidebands are modulated onto the OPO’s pump laser at 10 MHz, allowing a beat
signal to be obtained at an RF frequency rather than at DC.

The result is shown in Fig. 4. As can be seen, multiple side-peaks are observed at di!erent
frequencies ranging from a few Hz to 80 Hz. This is not surprising, since the fiber is exposed to
the environment and thus transfers acoustic and mechanical perturbations onto the light passing
through it. Since the o!set frequencies corresponding to the spectral peaks match well with the
sideband frequencies observed in the beat between the idler’s second-harmonic and OFC2, we
infer that the sidebands are caused by this fiber noise. Additionally, a minor broadening of the
carrier’s linewidth is observed, 2 Hz. This can also explain the small broadening observed in the
comparison of Fig. 3, panels 1a and 3a. We thus conclude that the fiber noise due to this fiber
is the main source of frequency instability of the entire OPO metrology system, apart from the
instability of the reference lasers themselves.
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Fig. 4. Fiber noise of the longest fiber path in the system (35 m), connecting unit 1
and unit 2. The self-beat of the SH, sent on a round-trip to OFC1 and back, is shown in red.
The blue curve is a Lorentzian fit to the central peak, yielding a FWHM linewidth of 2 Hz.
The data was recorded using a spectrum analyzer with a sweep time of 200 s at a RBW of
1 Hz.

3.3. Compensation of the resonator drifts and frequency stability of the idler wave on

long time intervals

As mentioned above, we actively compensate for both resonators’ slow drifts. In the case of
resonator 1, this is done in order to keep the idler frequency at a fixed absolute value, which is
necessary for ultra-high precision spectroscopy. In the case of resonator 2, the OFC2 comb lines
are kept at fixed values.

The drifts of resonator 1 and 2 are compensated independently and at a di!erent stage of the
optical setup. For laser L1, and consequently for OFC1, the resonator drift is not compensated.
Instead, the LO frequency of the PLL of the idler to OFC1 is corrected; therefore, only the OPO’s
idler frequency will maintain a fixed absolute value. For resonator 2, the compensation is instead
implemented via the EOM shown in the bottom unit in Fig. 2. Therefore, both the L2 output
frequency (after the AOM) and the entire OFC2 are drift-compensated.

For both units, the compensation is implemented in a similar manner: the drift of each resonator
is calculated from the absolute frequency value measured by each comb every 1 s relative to
the H-maser. A moving average of the frequency data is computed and compared to a target
frequency. The deviation of this average from the target is the error signal delivered to a digital
PID loop that acts on the LO frequency or on the EOM frequency, respectively, for OPO and L2.
Averaging times of 30 s for resonator 1 and 20 s for resonator 2 were found to lead to the best
performance.

As a consequence of the two drift compensations, the idler frequency instability on long
timescales shown in Fig. 5 (red) has to be interpreted in the following way. Since both of
our combs measure the absolute frequency of the lasers relative to the H-maser frequency, the
drift compensations described above e!ectively reference the idler’s second-harmonic and the
reference laser L2 (and thus also OFC2) to the H-maser. Since all RF devices used to record the
shown data are also referenced to this H-maser, we are e!ectively measuring one maser-referenced
frequency against another. Therefore, the instability averages down as the integration time
increases.

Determining the absolute value of the optical frequency relative to the atomic unit of frequency
(SI-traceability) requires that we continuously compare our H-maser frequency to a H-maser of
PTB that is steered to the international atomic time. Our comparison occurs via common-view
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Fig. 5. Fractional Allan deviations of di!erent signals. The magenta, blue and red traces
show Allan deviations of an optical frequency. For magenta and red, the underlying data is
the beat frequency between two waves, while for the blue trace it is the data calculated from
Eq. (2), with fceo1, frep1 and fbeat1 measured simultaneously. All RF frequencies are either
measured by a frequency counter or a spectrum analyzer, both of which are referenced to the
H-maser. The green and orange traces show Allan deviations of the H-maser, evaluated by
di!erent methods. The upper limit of the blue shaded area depicts a conservative estimate of
the fractional instability of the OPO’s idler wave, inferred from the individual measurements.
See text for explanations.

GNSS. The comparison determines the frequency o!set of our H-maser’s nominal 10 MHz
signal and also the time drift of the o!set. With this information, we can finally compute the
lasers’ absolute frequencies and their instabilities relative to the atomic frequency standard.

To demonstrate that our system is stabilized over long time intervals and to summarize the
performance, we show in Fig. 5 six di!erent fractional modified Allan deviations ϑy.

The dashed orange trace is the instability of the comparison of the frequency of our H-maser
and the international atomic frequency standard at PTB. The upturn after approximately 1 day is
due to the drift of the maser. The time-varying o!set of our maser is recorded and taken into
account in the OPO frequency data analysis in post-processing or in a feed-forward correction.
The fractional drift rate is approximately 3 → 10↑15 per day for this H-maser. The full orange
line is obtained by removing the linear drift from the measured data and re-evaluating the Allan
deviation. Since the GNSS receiver provides one reading every 15 min, no Allan deviation can
be determined for short integration times.

The green trace is the Allan deviation of a comparison of the H-maser with a similar device,
recorded at a di!erent time. The Allan deviation reflects the combined instability of the two
masers. Since both are nominally equal, the instability of the maser used in the OPO stabilization
is expected to be slightly less than the values of the trace. This trace extends to integration times
shorter than 15 min. The low instability verified on such shorter timescales is an important
feature, since the drift compensation described above relies on locking the lasers’ frequencies to
the maser with time constants on the order of 101 ↑ 102 s.

The magenta trace shows the Allan deviation of the drift-removed beat fL2 ↑ fOFC1. This is
the relative instability of the two independent reference lasers. Note that OFC1 is not drift-
compensated, so that similar to the maser data, a linear function was fitted to the raw beat data
and subtracted from it, before computing the Allan deviation.

Finally, the red and blue traces refer to the Allan deviation of fSH, and are obtained by two
di!erent methods. The first trace (blue) is the absolute frequency value fSH determined by OFC1.
This is achieved through the classic frequency comb equation for a to-be-determined optical
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frequency fo
fo = fceo1 + nfrep1 + fbeat1, (2)

where fceo1 = 35.600 000 00(1)MHz for OFC1, n is the index of the comb mode used for locking
and determined using the wavelength meter, and fbeat1 = fSH ↑ fOFC1 is the beat frequency
between the SH of the idler and the closest mode of OFC1. Under phase-lock, fbeat1 is equal
to the local oscillator’s frequency, typically in the range of 40 ↑ 100 MHz. The repetition rate
frep1 ↭ 250 MHz is here measured once per second by a high-resolution frequency counter
(Microsemi 3120A) referenced to the H-maser. The blue trace for fSH averages down with
increasing integration time. These Allan deviation values do not reflect the actual (absolute)
instability of the idler frequency, but indicate that it is locked well to the OFC1 on the short time
scale and to the H-maser on the long time scale.

The second trace for fSH (red) is the normalized Allan deviation ϑy(fSH ↑ fOFC2). Here, the
data was recorded with another frequency counter, also with 1 s integration time. In this
measurement, and for short averaging times, the Allan deviation results from the independent
frequency fluctuations of the idler SH wave and the OFC2 comb mode. Thus, the plotted
red values represent an upper bound for the instability of the idler SH wave. This bound is
ϑy(fSH) ↓ 1 → 10↑14 and applies also to the idler frequency itself. The red trace is not extended
to longer integration times because it then no longer reflects the actual instability of the idler
frequency. As explained, fSH and fOFC2 are not independent on long timescales.

3.4. Absolute frequency comparison

The two employed combs OFC1, OFC2 may be used not only to characterize the instability of
the system, but also to compare and verify that the same absolute frequency is measured by
both combs and associated equipment. The task is accomplished by measurements similar to
those presented in sections 3.1 and 3.3. Equation (2) is now applied to the two independent
combs, and (fceo, frep) are measured by independent frequency counters, n is calibrated using
a common wavelength meter, and the two beat frequencies fbeat1, fbeat2 are measured with a
spectrum analyzer and a frequency counter for OFC1 and OFC2, respectively. All counters and
the spectrum analyzer are referenced to the common H-maser. Thus, in this characterization we
focus on the optical metrology, and not on the performance of the RF reference. In a variation to
the previous sections, the data in this context was taken for an idler SH wavelength of 1.20 µm.
Additionally, a di!erent reference laser L3 and ULE resonator, at 1.53 µm, were used to stabilize
OFC1. We confirmed that the stabilized laser L3 had a similar level of frequency instability as
the laser L1 used in the above sections, by characterizing it in a similar manner as is described
for the comparison of L1 and L2 in sections 3.1 and 3.3.

The result is shown in Fig. 6. The data underlying the figure was taken simultaneously with
the two combs and spans a duration of 2330 s. The raw fSH data were averaged with di!erent
averaging times, and the mean of the averaged values is displayed in the figure. The statistical
error associated with the points is the standard error of the means. The frequency counter
used to count frep with OFC2 has a lower precision than the counter for OFC1, causing the
larger statistical uncertainty, particularly apparent for small averaging times. The systematic
uncertainty is given by the combined inaccuracy of the RF devices used in both measurements.
The dominant contribution is from the spectrum analyzer used in the OFC1 measurement, which
contributes 1.2 Hz uncertainty. All other contributions are on the order of a few millihertz or
smaller. We found that for all averaging times, the two frequency values obtained with the
two measurement systems based on OFC1 and OFC2 agree within the combined uncertainty.
For the longest averaging time ϖ = 500 s, the di!erence between the two measured values is
⇑(fSH,OFC1)ω⇓ ↑ ⇑(fSH,OFC2)ω⇓ = (0.2 ± 1.4) Hz, or (0 ± 6) → 10↑15 fractionally. Thus, 6 → 10↑15

is a conservative estimate for the total fractional uncertainty of the idler frequency measurement
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procedure by a single comb, excluding the uncertainty of the RF reference. (The latter is estimated
to be at a similar level.)

Fig. 6. The optical frequencies fSH measured with OFC1 (red) and with OFC2 (blue),
for di!erent averaging times. The data are shown relative to an (arbitrary) o!set frequency
(approximately 249 THz). Two error bars are shown for each data set. The crosses represent
the statistical standard error of the measurement, while the error bars denote the combination
of statistical errors and systematic uncertainties. For clarity, the blue data points and errors
are shown with a horizontal o!set.

3.5. Stabilization of different idler wavelengths

As mentioned, the idler SHG sub-unit has been implemented in a way that it is capable of
generating the second-harmonic wave over the entire tuning range of the idler. When changing the
idler wavelength, it is necessary to change either the SHG crystal temperature, the grating period
through which the laser wave propagates, or a combination of both. The crystal temperature is
controlled by a commercial oven and an oven controller unit, obtained together with the crystal.
We mounted the oven on a translation stage to allow for a fine adjustment of the crystal position
perpendicular to the laser propagation direction. With this setup, a temperature change is possible
within a few minutes, while a change of the grating period takes approximately thirty minutes
due to the need for minor alignment optimization.

Therefore, the actual limiting factor of our method is the output range of the comb. For our
OFC1, it is 1.0 ↑ 1.6 µm, thus limiting the overall system’s operation to the range 2.2 ↑ 3.2 µm.
Note that this could be extended by using OFC2 instead as the reference for the OPO, since
it has a larger wavelength range than OFC1, reaching up to 2.0 µm. This potential exchange
should not have a significant e!ect on the stability of the OPO, since both combs possess similar
performance. For this reason, we believe that the full idler range of our OPO is lockable using
our method.

We have phase-locked the OPO when tuned to the wavelengths 2.40, 2.60, 2.70, 2.81 µm,
corresponding to 1.20, 1.30, 1.35, 1.40 µm for the SH. In all cases, we observed phase noise
spectra and linewidths of the PLL similar to those shown in Fig. 3. These are provided as a
supplemental document (see Supplement 1). We thus infer a similar level of idler frequency
instability for these cases. For the specific cases of 2.40 µm and 2.60 µm, we have verified the
performance by a beat with OFC2/L2, in the same way as was done for 2.80 µm, see sections
3.1 and 3.3. Therefore, we believe that our scheme will work well at any idler wavelength (even
untested ones) and will provide similar frequency stability as the one presented above.
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3.6. Long-term operation of the system

For providing long-term stability of the idler, we rely on the following procedure. After a
thermalization of the setup, the range of the OPO’s fast lock is su"cient to maintain the lock
for a few hours. During operation, the SH frequency is measured by the wavelength meter,
denoted fWM. Due to an imperfect calibration of the wavelength meter, the value fWM is o!set
from the correct value measured by the comb, by an amount ωfWM = fWM ↑ fSH,OFC1, typically
10 ↑ 30 MHz. Therefore, while the OPO is in the locked state, ωfWM is calibrated. When the
OPO falls out of lock, fWM will change. A digital control loop then pushes the frequency back
to the calibrated o!set, with feedback applied to the pump laser’s piezo actuator. When the
frequency is close to the lock point, the fast lock automatically re-engages, restoring the locked
state. This procedure e!ectively re-centers the fast lock output and typically takes a few seconds.

We show in Fig. 7 fWM over the course of a day. In the locked state, the idler accurately
maintained the same target frequency, as confirmed by the continuous measurement with OFC1.
Occasionally, wavelength jumps were detected by the wavelength meter. These are situations,
where the OPO fell out of phase-lock and was quickly re-locked by the digital loop described
above. The jumps are a result of the thermal drift of the OPO, which in our current setup is not
compensated for by a slow lock, e.g. by controlling the piezo actuator of the pump laser.

Fig. 7. Long-term stability of the system during of a typical measurement day. The
red trace shows the wavelength of the idler’s second harmonic measured by the wavelength
meter (converted to frequency) relative to the value measured by OFC1. The nearly constant
trace shows that the OPO was operating in the locked state nearly all the time. The o!set
(ωfWM ↘ 18 MHz) and its drift (3 MHz over 1 day) are systematic errors of the wavelength
meter, consistent with its specifications. The green trace shows the voltage applied to the
piezo actuator of the pump laser, which is used to re-lock the OPO. Jumps in the recorded
wavelength meter reading correspond to instants when the OPO fell out of phase-lock and
was subsequently automatically re-locked by changing the piezo actuator voltage. Typically,
the out-of-lock periods lasted a few seconds.

The total unlocked time in Fig. 7 (67 s) relative to the measurement interval of 26 h corresponds
to a duty cycle of 99.93 %. Importantly, we have operated the system in this configuration at
multiple wavelengths daily over the course of more than two years, proving the stability and
robustness of the setup. No major flaws or issues arose during this time.

4. Conclusion, application, and perspectives

We have developed an optical frequency metrology system based on an optical-parametric-
oscillator. It exhibits a fractional frequency instability at the 1 → 10↑14 level or smaller for
integration times between 1 and 105 s and a linewidth of similar magnitude. Both of these
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properties represent more than a hundredfold improvement over the previous state-of-the-art
[20,45]. Our scheme was employed at several wavelengths within the idler range, proving the
flexibility of the method. Additionally, the system has been operated long-term with a duty cycle
above 99.9 %. The idler frequency is SI-traceable through a hydrogen-maser-referenced optical
frequency comb that is continuously calibrated to the national standard via common-view GNSS.
The total uncertainty of the idler frequency measurement relative to the RF reference is less
than 6 → 10↑15 and the RF frequency accuracy is approximately 1 → 10↑14, resulting in a total
uncertainty of less than 1.2 → 10↑14. The system has been thoroughly analyzed and sources of
noise have been identified. We find that the performance of the system is limited by the instability
of the reference lasers and of the H-maser, as well as by fiber noise. In principle, these limits
could be overcome by implementing a more stable reference laser [52,53], an optical fiber link to
a national metrology laboratory [54–56], and active fiber noise cancellation [57], all of which
have been demonstrated elsewhere.

In separate work, this system enabled the first Doppler-free spectroscopy of electric quadrupole
vibrational transitions in a molecular ion, and furthermore permitted a SI-referenced measurement
of their frequencies. Owing to the exceptional stability of the idler frequency, frequency scan step
sizes as small as 5 Hz could be taken. This enabled measurements of spectroscopic lines with
linewidths as small as ↘ 6 Hz, corresponding to line quality factors of up to 2.2 → 1013 [25,58].
This application example provides a separate confirmation of the results presented here. We have
thus realized a powerful tool for mid-infrared precision spectroscopy, in particular when high
power is required.

Based on the present work, we expect that the system can be expanded to alternatively stabilize
the OPO’s signal wave frequency (1.45 - 2.07 µm) to a similar stability level as shown here for
the idler wave. Most of the wavelength range of the signal can be beaten directly with OFC2. A
SHG unit is thus not required to bridge to the NIR regime, which simplifies the setup. However,
the locking scheme employed here does not work for the signal wave, due to the OPO’s cavity
being resonant for the latter. Instead, we propose to implement a feedback control scheme using
an AOM in the output path of the signal wave, which will act as a fast frequency shifter. A
down-stream beat with the OFC would enable both the generation of an error signal for a PLL
with feedback applied to the AOM as well as an absolute frequency measurement. Note that
long-term stability requires the absence of mode-hops. The mode-hop free tuning range of the
signal radiation is on the order of 102 MHz, which is similar in magnitude to its drift over a few
hours (inferred from the observation of the idler drift, see Sec. 2). Therefore, we expect that
long-term stability can be achieved by incorporating a slow servo that controls the OPO cavity
length. Note that in this case, the idler locking scheme does not need to be operated and that the
pump and idler radiations remain una!ected since the AOM frequency shift is applied once the
signal radiation has left the OPO. With such a scheme, it should be possible to extend the output
spectral range of the metrology system to include 1.45 - 2.07 µm.

Longer wavelengths than those presented in this work should also be realizable as an extension
of our setup, as follows. With the use of an additional laser source in the NIR range, e.g. an
amplified fiber laser at 1.5 µm, phase-locked to the same OFC, and a suitable crystal that allows
for di!erence-frequency generation (DFG), the generation of cw radiation up to ↘ 8 µm is
straightforward [59,60]. The 1.5 µm radiation can be mixed with either the frequency-stable idler
wave or the frequency-stable signal wave, resulting in far-IR radiation with frequency stability
expected to be similar to that presented here for the idler.
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Laser spectroscopy of a rovibrational 
transition in the molecular hydrogen ion H+

2

M. R. Schenkel    , S. Alighanbari     & S. Schiller     

Comparison of precise predictions of the energy levels of the molecular 
hydrogen ion H+

2

—the simplest molecule—with measured vibrational 
transition frequencies would allow a direct determination of the 
proton-to-electron mass ratio and of the proton’s charge radius. Here we 
report vibrational laser spectroscopy of trapped and sympathetically 
laser-cooled H+

2

, which represents a step towards this goal. We studied a 
!rst-overtone electric-quadrupole transition and measured its two 
hyper!ne components. The determined spin-averaged vibrational 
transition frequency has a fractional uncertainty of 1.2 × 10−8 and is in 
agreement with the theoretically predicted value. We measured an 
analogous electric-quadrupole transition in HD+ to estimate systematic 
uncertainties. Here, we observed a vastly improved line quality factor 
compared to previous electric-quadrupole spectroscopy of molecular ions. 
Our work demonstrates that !rst-overtone electric-quadrupole transitions 
are suitable for precision spectroscopy of molecular ions, including H+

2

, and 
that determining the proton-to-electron mass ratio with laser spectroscopy 
could become competitive with mass spectrometry using Penning traps. 
Furthermore, achieving precision spectroscopy of H+

2

 is an essential 
prerequisite for a future test of combined charge, parity and time reversal 
symmetry based on a comparison with its antimatter counterpart.

In recent years, it has been shown that the accurate determination 
of transition frequencies between rovibrational levels of molecular 
ions can contribute to current endeavours in fundamental physics. In 
particular, precision rotational and vibrational spectroscopy of the 
molecular hydrogen ion (MHI) HD+ has allowed testing some predic-
tions of quantum electrodynamics theory1, determining a fundamental 
constant and searching for physics beyond the standard model2–5. For a 
discussion, see refs. 5–7. The heteronuclear HD+ system is advantageous 
from an experimental point of view because it allows for electric-dipole 
(E1) transitions. Such transitions can be driven by moderate laser 
power. Also, any vibrational excitation decays on a timescale of tens 
of milliseconds to the ground vibrational level v = 0 by spontaneous 
emission (v is the vibrational quantum number). After thermalization 
with black-body radiation, an ensemble of HD+ contains a sufficiently 
large fraction of molecules in any of a small set of rovibrational levels 
(v = 0, N = 0, 1, 2, 3, 4, where N is the rotational quantum number), a 

favourable situation. However, HD+ also has shortcomings. First, it has a 
complex hyperfine structure (HFS), complicating experimentation and 
extraction of the spin-averaged (HFS-free) frequency, and second, the 
key properties of its two dissimilar nuclei, namely the mass and charge 
radius, cannot be independently deduced from spectroscopic data.

To overcome the latter, intrinsic limitation, there is a need to inves-
tigate at least one of the homonuclear MHIs, H+

2

 and D+

2

. Due to the 
smaller spin of the proton (1/2) compared to the deuteron (1), the HFS 
of H+

2

 is simpler and this molecule may be preferred. In homonuclear 
diatomics, E1 transitions between rovibrational levels in the same 
electronic state are forbidden. As a consequence, the natural lifetimes 
of excited vibrational levels are extremely long, of the order of 1 week 
for H+

2

 (ref. 8). Thus, homonuclear MHIs lack a natural vibrational state 
preparation: they do not readily decay to the vibrational ground state. 
Conversely, the natural linewidths of transitions between these levels 
are extremely small. This leads to the exciting perspective of 
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available at high density and absorption spectroscopy can be per-
formed at easily available near-infrared laser wavelengths.

In this work, we perform vibrational laser spectroscopy of H+

2

, 
achieving a tenfold higher fractional accuracy than any other hitherto 
measured transition frequency of this molecule. We also present a 
precision study of E2 spectroscopy in a molecular-ion system to deter-
mine systematic shifts and explore its potential.

HFS of H+

2

The rovibrational H+

2

 transition addressed in this work is illustrated in 
Fig. 1a. H+

2

 exhibits a HFS in all rovibrational levels, except when N = 0 
(N is the rotational quantum number). In homonuclear diatomics, the 
HFS is simplified because of the anti-symmetrization principle for 
fermions. The total nuclear spin I takes on even or zero values in levels 
of even or zero N, the so-called para-levels. Thus, para-H+

2

 (that is, 
N = 0, 2, 4, …) has I = 0. This leads to a very simple hyperfine Hamilto-
nian, containing only the interaction between electron spin and molec-
ular rotation, ce(v, N) Se ⋅ N. Here, ce is the coupling coefficient, Se is the 
electron spin operator and N is the rotational angular momentum 
operator. In contrast to the vibrational structure, the HFS of H+

2

 was 
measured a long time ago and accurately in levels v = 4–8, with uncer-
tainties at the 1.5 kHz level, using radio-frequency (RF) spectroscopy26. 
After a half-century-long development, ab initio theory was able to 
match the experimental uncertainty27–32.

The E2 transition with the simplest HFS is between levels with  
N = 0 and N′

= 2 (or vice versa). We, therefore, chose to study this case, 
selecting v = 1 and v′ = 3 , as shown in Fig. 1b. The total angular  
momentum of the lower spectroscopy level (v = 1, N = 0) is F = 1/2, and 
there is no hyperfine splitting. For the upper spectroscopy level 
(v

′

= 3,N

′

= 2), angular momentum coupling yields F′ = 3/2  or 5/2, 
and the level is split by the electron-spin-rotation interaction into two 

spectroscopy with extremely high line resolution, limited only by the 
spectral purity of the laser. Such performance would be important for 
implementing fundamental tests of physics, for which the highest 
frequency accuracy is desirable9.

Furthermore, rovibrational transitions must be induced by 
two-photon10 or electric-quadrupole (E2) excitation11,12. The squared 
Rabi frequency for E2 excitation in a homonuclear MHI is substantially 
smaller than for the E1 excitation of a comparable transition in a het-
eronuclear MHI (Methods), posing a challenge due to the requirement 
for high laser intensities. Note that E1 transitions in homonuclear MHI 
do exist because of the presence of spin interactions, but the transition 
strengths between low-lying vibrational levels are predicted to be 
orders of magnitude weaker than for E2 transitions13.

Although H+

2

 has been investigated theoretically for almost a cen-
tury14,15, no direct measurements of the vibrational structure of H+

2

 near 
the bottom of the internuclear potential curve have ever been per-
formed. A few spectroscopic studies of H+

2

 have addressed rovibrational 
states close to the dissociation limit of the electronic ground state. Two 
studies determined electronic transition frequencies, including rovi-
brational contributions, with 10−6-level uncertainty16,17. A third study 
measured a pure rotational transition with 4 × 10−5 uncertainty18. An 
alternative approach of studying transitions in highly excited Rydberg 
states of neutral H2 (refs. 19,20) yielded two rotational transitions with 
uncertainties (3, 5) × 10−7. There has been no improvement in accuracy 
or resolution since 1990.

E2 transitions in H+

2

, first discussed theoretically 70 years ago, have 
never been observed in absorption and have been observed only in 
spontaneous emission under extreme conditions21. In fact, there has 
so far been only a single study of E2 vibrational (laser) spectroscopy of 
molecular ions, on N+

2

 at 4.6 µm (ref. 22). Note that E2 spectroscopy of 
neutral H2 is well developed23–25, because these molecules are readily 
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Fig. 1 | Energy levels of H+

2

 and transitions relevant to this work. a, H+

2

 
molecular energy as a function of proton separation R in units of the Bohr radius 
a0 for the two energetically lowest electronic states 1s σg and 2p σu. The indicated 
vibrational energy levels (grey) are those for N = 0. The inset shows the first three 
rotational (Rot.) levels of the vibrational states v = 1–3. The studied transition 
(v = 1,N = 0) → (v

′

= 3,N

′

= 2) is shown by the magenta arrows. The 
dissociation laser’s photon energy is indicated by the purple arrow. b, Hyperfine 
and Zeeman structure of the two rovibrational levels pertinent to the present 

study. The electron-spin-rotation coupling splits the upper vibrational level into 
two states F′ = 3/2 and 5/2, separated by 86.8 MHz (green arrow). The magenta 
arrows indicate the measured hyperfine components ̃

f

+

 and ̃

f

−

. The Zeeman 
splittings in a finite magnetic field B = 1 µT are shown for illustration. During the 
exposure of the molecules to the spectroscopy wave, the magnetic field was 
substantially smaller. To show the Zeeman splittings, the vertical axis is broken at 
two positions. F is the total angular momentum of the molecule and mF is the total 
angular momentum projection quantum number.
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non-degenerate states in absence of a magnetic field. One, therefore,  
expects two separate transitions: ̃

f

−

∶ (F = 1/2→ F

′

= 3/2)  and ̃

f

+

∶  
(F = 1/2→ F

′

= 5/2) , since both satisfy the selection rules for E2 
transitions.

Vibrational transition in H+

2

To accomplish vibrational spectroscopy of H+

2

 and also obtain com-
petitive accuracy, we trapped ensembles of molecules in a linear ion trap 
and sympathetically cooled them to millikelvin temperature using 
co-trapped laser-cooled beryllium ions33. An ensemble of H+

2

 was pre-
pared from neutral para-H2 gas leaked into the vacuum chamber and 
ionized by electron impact. This resulted in H+

2

 molecules being in a wide 
distribution of rovibrational levels34. Therefore, laser irradiation was 
applied to deplete the population in the upper spectroscopic level 
(v

′

= 3,N

′

= 2) and in rovibrational levels with equal or larger v. A spec-
troscopy beam with a wavelength of 2.4 µm was aligned to the trap’s 
symmetry axis. Repeated cycles of H+

2

 loading, preparation and spec-
troscopic excitation followed by dissociation were required to accumu-
late sufficient data to give spectroscopic lines (Methods and Extended 
Data Fig. 1). Our spectroscopy protocol gave Doppler-limited resolution. 
The spectroscopy wave was produced by a continuous-wave optical 
parametric oscillator (OPO) that provides sufficient power to drive the 
E2 transition. To permit accurate frequency measurements at 2.4 µm, 
we developed an optical frequency metrology system (Methods).

Figure 2 shows the measured hyperfine components of the vibra-
tional transition. The full linewidths of ∼4 MHz are due to Doppler 
broadening (see below). The transition frequencies are

̃

f

(exp)

−

= 124,486,979.9(2.3)MHz,

̃

f

(exp)

+

= 124,487,066.7(1.9)MHz.

The lines exhibit low signal-to-noise ratios. We, therefore, assigned 
the line half-width at half-maxima as the statistical uncertainties of 
the frequencies.

Study of systematic effects
The systematic shifts of the H+

2

 transition could not be determined 
because the corresponding studies would have taken a prohibitively 
long time. The reason is the small fraction of molecules in the lower 

spectroscopy state obtained in each loading and purification cycle, 
leading to a low data acquisition rate. This also precluded attempting 
to search for Doppler-free transitions. To circumvent this difficulty, 
we instead studied in detail an E2 transition of the related heteronuclear 
HD+, for which a sufficient data acquisition rate can be realized. We 
took advantage of the above-mentioned spontaneous decay of the 
molecular ion to v = 0 levels after ionization of the HD precursor and 
additionally applied laser rotational cooling35 to transfer approximately 
75% of the ions into the single rovibrational level (v = 0, N = 0). We, 
therefore, chose to study the (v = 0,N = 0) → (v

′

= 2,N

′

= 2)  
first-overtone E2 transition at λ2 = 2.6 µm using the same OPO system. 
The quadrupole transition matrix element is a factor 2 smaller than 
for the studied transition in H+

2

 (Methods). The spectroscopy beam 
was aligned perpendicular to the trap axis.

As Fig. 3 shows, we observed ultra-narrow, Doppler-free reso-
nances, as we observed for the fundamental transition v = 0→ v

′

= 1 
(ref. 4) and for the fourth-overtone transition v = 0→ v

′

= 5 (ref. 5). 
Linewidths as low as ∼40 Hz, that is line resolutions of 2.7 × 1012, were 
achieved. This is a fourfold improvement compared to the best MHI 
E1 transition result (6 × 1011; ref. 5) and is comparable to a recent molec-
ular E2 transition measurement of the neutral diatomic Sr2, which had 
a line resolution of 2.9 × 1012 (ref. 36). Moreover, it is an improvement 
by a factor of ∼106 compared to the only previous study of a 
molecular-ion E2 transition22. The observed linewidths are due to a 
combination of the natural linewidth (5 Hz; ref. 37), power-broadening, 
short exposure, as well as the linewidth and frequency instability of 
the spectroscopy laser.

Table 1 summarizes the characterized shifts. The transition fre-
quencies measured under nominal conditions must be corrected by 
approximately −1.2 kHz or −1 × 10−11 fractionally. The uncertainty of the 
corrections is 1 × 10−12 fractionally for one component and twice as large 
for the other because of its larger linewidth. Light shifts might occur 
due to off-resonant E1 coupling of the two spectroscopy levels by the 
intense spectroscopy wave, but we did not observe such an effect and a 
theoretical estimate gives a shift consistent with the non-observation. 
The two studied stretched-state Zeeman components have equal and 
opposite, purely linear Zeeman shifts. Therefore, the B = 0 extrapolated 
frequency of the HFS component is the mean of the two corrected 
frequencies. It has an uncertainty of 0.12 kHz or 1 × 10−12 fractionally.

Turning to H+

2

, notice that the Zeeman shifts of individual Zeeman 
components of a rovibrational transition are different from those in HD+ 
(ref. 38). In the absence of a direct measurement, we rely on a theoretical 
prediction39. The H+

2

 Zeeman shifts of the various components ∣%mF∣ ≤ 2 
of ̃f

+

 and ̃f
−

 are less than ∣geµB∣ ≈ 28 kHz µT−1 in magnitude (Methods and 
Extended Data Tables 1–3). During the H+

2

 spectroscopy intervals, we 
lowered the magnetic field to ∣B∣ ≤ 0.2 µT, so that the shifts were negligible 
compared to the linewidths. Any light shift due to off-resonant coupling 
by the spectroscopy wave should be negligible in H+

2

 due to the vanishing 
E1 transition moments between rovibrational states (Methods).

In view of these considerations, we deduced that in the H+

2

 experi-
ment, systematic shifts were not relevant compared to the measure-
ment resolution of 2 MHz. We estimated that power-broadening is not 
relevant (Methods), so that we associated the observed linewidths with 
an H+

2

 ensemble temperature T ≈ 3.4 mK. In separate experiments on 
strings of HD+ ions, we found temperatures of ≈1.5 mK. The higher value 
observed here could be due to the larger number of trapped H+

2

, result-
ing in a three-dimensional rather than string-like arrangement and less 
efficient sympathetic cooling.

Comparison of experimental and theoretical 
results and the proton-to-electron mass ratio
The spin-rotation coefficient was deduced to be c

e

(v

′

= 3,N

′

= 2) =

2(

̃

f

+

−

̃

f

−

)/5 = 34.8(1.2)MHz, which is consistent with the most accu-
rate theoretical prediction c(theor)

e

(v

′

= 3,N

′

= 2) =34.73025(12)MHz 
(ref. 32).

29.0 32.0 35.0 38.0 41.0–58.0 –55.0 –52.0 –49.0 –46.0

0

0.05

0.10

0.15

Laser frequency detuning δf (MHz)

Fr
ac

tio
na

l d
ec

re
as

e 
of

 H
2+  n

um
be

r

3.7 MHz
4.5 MHz

∆f (exp)
spin

F = 1/2 → F' = 5/2

F = 1/2 → F' = 3/2

Fig. 2 | The two electron-spin-rotation components of the E2 rovibrational 
transition (v = 1, N = 0) → (v′ = 3, N′ = 2) in H2

+. The laser frequency detuning 
(f is relative to the spin-averaged frequency f (theor)

spin-avg

≈ 124THz. The red curves 
are guides for the eye. The horizontal axis is broken. The error bars are estimated 
standard errors of the means. The frequency errors are not shown because they 
are at a level of 10 Hz. F and F′ are the total angular momentum quantum numbers 
of the initial and final states, respectively. The green arrow indicates the splitting 
of the two hyperfine components Δf (exp)

spin

. The measured linewidths (full-width at 
half-maximum) are shown as red arrows and labelled by their respective values.
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Our spin-averaged frequency is f

(exp)

spin-avg

= (3

̃

f

+

+ 2

̃

f

−

)/5 =

124,487,032.7(1.5)MHz . This is a directly measured vibrational fre-
quency in H+

2

. Remarkably, our value improves on the previous meas-
urements of such a frequency by several orders of magnitude. The most 
accurate (indirect) measurement was performed by G. Herzberg and 
his team over half a century ago40, using Rydberg series spectroscopy 
of neutral H2 to obtain the first-overtone vibrational frequency with 
7 × 10−5 uncertainty. With a fractional uncertainty of 1.2 × 10−8, our value 
f

(exp)

spin-avg

 is now the most accurately measured property of H+

2

, including 

the HFS26,41. Note that the experimental uncertainty was too large to 
allow us to identify the presence or absence of a recoil shift (17.1 kHz).

The ab initio value for the frequency is f

(theor)

spin-avg

= 124,

487,032.45(6)MHz  (Methods). The experimental and theoretical 
values agree.

The ab initio value requires as input the proton-to-electron mass 
ratio. This was taken from CODATA 2018. Instead, we can treat the mass 
ratio as an adjustable parameter in order to match the experiment with 
ab initio prediction, and obtain (Methods)

m

p

/m

e

= 1,836.152665(53).

The fractional uncertainty of this spectroscopically determined value 
(2.9 × 10−8) is comparable to that which might be obtained from a 
comparison of experimental and theoretical results for the analo-
gous transition in neutral H2 (refs. 23,24). Note that the theoretical 

uncertainty of that transition25 is twice as large as that quoted in  
refs. 23,24.

Outlook
A near-term goal of H+

2

 spectroscopy is to achieve a transition frequency 
uncertainty u

goal

= u

r

( f

(exp)

spin-avg

) ≈ 2 × 10

−12 , four times smaller than 
today’s uncertainty for the quantum electrodynamics calculations 
(8 × 10−12; ref. 1). This would lead to a theory-limited mass ratio uncer-
tainty ur(mp/me) ≈ 1.8 × 10−11. The present result obtained for an E2 tran-
sition of HD+ indicates that the goal is realistic, provided that the 
Zeeman shifts can be controlled sufficiently well. For the present (or 
analogous) rovibrational transition, we have identified a suitable 
scheme (Extended Data Table 3). Four Zeeman components whose 
frequencies have pairwise opposite linear Zeeman shifts and tiny quad-
ratic shifts can be combined to yield the spin-averaged frequency. The 
goal uncertainty ugoal is reached if each Zeeman component is measured 
with ur(f) ≤ 4 × 10−12 (0.5 kHz) total uncertainty. This requires a magnetic 
field stability (B ≈ 5 × 10−2 µT (Methods), which is fulfilled with our 
apparatus. In the future, to achieve ultrahigh accuracy (10−16-level 
uncertainty) in an RF trap, it appears more favourable to use a 
(v,N = 2) → (v

′

,N

′

= 2) transition42–45.
We briefly turn to the implications of this work for future vibra-

tional spectroscopy of anti-H+

2

, which consists of two antiprotons 
bound by a positron and has never been observed. The spectroscopy 
would probe the charge and mass of the antiproton and of the  
positron as well as the antiproton–antiproton interaction and 
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Fig. 3 | Two Zeeman components measured under different operating  
conditions. The two Zeeman components (m

F

= +2→ m

′

F

= +4) and (m
F

 
= −2→ m

′

F

= −4) of the hyperfine transition (v = 0,N = 0,G

1

= 1,G

2

= 2, F = 2) 
→ (v

′

= 2,N

′

= 2,G

′

1

= 1,G

′

2

= 2, F

′

= 4) in HD+, measured for a magnetic field 
strength of B = 30 µT. These are transitions between stretched spin states, that is 
states of maximum F and ∣mF∣. G1 is the total spin of the proton–electron pair, and 
G2 is the total particle spin, including also the deuteron. a, Each Zeeman 
component measured at trap-field amplitudes of 387, 417 and 466 V. The shaded 
regions group the same Zeeman component. b, Each Zeeman component 
measured at 0 and 5 V d.c. electric field. c, The a.c. Stark shift due to the quantum 
cascade laser (QCL) used for rotational cooling (Methods, ‘HD+ spectroscopy 
procedures’) is studied by measuring the transitions at full (IQCL) and 70% 

intensity. d, The a.c. Stark shift induced by the spectroscopy source and the 
cooling laser together, measured at nominal intensities (IOPO and I313, respectively) 
and doubled intensities. The lines measured under nominal conditions (blue 
points and blue curves) were measured once and are reproduced in each panel 
for illustration. The other points and corresponding curves in different colours 
are the lines measured under various conditions. The laser frequency detuning (f 
is relative to the optical frequency of the m

F

= +2→ m

′

F

= +4 component 
measured under nominal conditions. The coloured curves are guides for the eye. 
For display purposes, the data are divided into 25-Hz-wide bins and the average 
value of each bin is shown. The vertical error bars are standard error of the mean 
in the bin. The horizontal error bars are the frequency uncertainty of the 
spectroscopy laser stemming from its linewidth (Methods).
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positron–antiproton interaction. A charge, parity and time reversal 
symmetry (CPT) test would compare the vibrational frequency of anti-
H

+

2

 with its matter counterpart. Such a test is attractive because (1) a 
potential ultrahigh accuracy (10−17 fractional uncertainty) may be 
reached, presumably exceeding the potential future performance of 
antiprotonic helium spectroscopy46 and of antiproton mass spectrom-
etry47, (2) it also involves the antiproton–antiproton interaction, which 
does not occur in other accessible antiparticle-containing systems, 
and (3) it has a much higher sensitivity to the antiproton mass com-
pared to anti-hydrogen, for which it is only a reduced-mass effect. Both 
anti-H+

2

 spectroscopy proposals48,49 have considered E2 transitions and 
the non-destructive read-out of the internal molecular state in a cryo-
genic trap. Future anti-H+

2

 production methods50 and established 
non-destructive interrogation methods may favour the use of Penning 
traps, which are already used for studying antiprotons. Note that vibra-
tional transitions have Zeeman components that have particularly 
small and opposite linear Zeeman shifts in the strong magnetic field 
of a Penning trap (Methods), so that the corresponding uncertainties 
would be negligible, even during long-term measurements.

A CPT test can be extended to a local position invariance test by 
performing the anti-H+

2

 versus H+

2

 comparison over the course of a year, 
as the Earth moves around the Sun and probes a varying solar gravita-
tional potential. Such a test would be similar to a local position invari-
ance test that compares the mass-to-charge ratios of an antiproton and 
a negatively charged hydrogen ion H− (ref. 47) but would be more accu-
rate and more encompassing, given the presence of the antiproton–
antiproton interaction in anti-H+

2

.
The present results are an important step towards turning H+

2

 into 
a second member of the MHI family accessible to the metrology of 
fundamental constants and, eventually, also D+

2

. The simplicity of 
removing the HFS effects to obtain the spin-averaged frequency will 
be an important advantage. Since the studied E2 transitions in both H+

2

 
and HD+ are not special cases, we believe that accurate E2 spectroscopy 
should be achievable with many homonuclear molecular-ion species. 
This underlines the potential of E2 spectroscopy of molecular ions 
aimed at testing for a possible time-variation of the electron-nuclear 
mass ratio9,51,52.

Progress in H+

2

 and D+

2

 spectroscopy would be greatly facilitated 
if non-destructive internal state detection methods53,54 and efficient 
state preparation that have been demonstrated for other species could 
be applied to these molecules. This will require measurements of single 
ions, which also promises higher accuracy. Concerning state prepara-
tion, spontaneous decay in a cryogenic Penning trap21 and 
state-selective photoionization of H2 (ref. 55) are demonstrated solu-
tions. Recently, non-destructive, high-resolution electron-spin 

resonance spectroscopy of a single HD+ molecule trapped for weeks 
in a Penning trap has been achieved56, demonstrating both 
quantum-state identification and transition detection without mole-
cule destruction. In an RF trap, the preparation of a single H+

2

 ion cooled 
by a single laser-cooled Be+ ion to the motional ground state was dem-
onstrated57. Together with the present result for the feasibility of 
high-accuracy E2 spectroscopy, these milestones give support to pro-
posals for developing a CPT/local position invariance test based on 
comparing the vibrational transition frequencies of H+

2

 and anti-H+

2

.
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Methods
Details of the experiment
H

+

2

 spectroscopy procedures. The experimental apparatus is the same 
we have used in our previous experiments4,5. We employ a modified 
spectroscopy scheme that allows us to perform spectroscopy of H+

2

 
without requiring rotational state preparation.

First, the spectroscopy laser frequency is set to a desired value. 
One cycle (Extended Data Fig. 1) then starts by loading an ensemble of 
H

+

2

 ions by electron impact ionization from a reservoir of para-H2 admit-
ted into the vacuum chamber by a leak valve. This is followed by deplet-
ing the population in levels with v ) 2, including the upper spectroscopy 
level (v′ = 3,N′

= 2) , by performing photodissociation with two 
continuous-wave lasers at wavelengths of 313 and 405 nm. Since for 
both wavelengths the photodissociation cross section decreases 
strongly with decreasing v (ref. 58), the dissociation of molecules in 
v = 1 is negligible. After a subsequent determination of the number of 
trapped H+

2

 (see below), the vibrational transition (v = 1,N = 0) →  
(v

′

= 3,N

′

= 2)  is excited and detected using resonance-enhanced 
multi-photon dissociation (REMPD), which has two steps: (1) excitation 
of the spectroscopy transition with the OPO radiation and (2) dissocia-
tion of the molecule from the upper spectroscopy level with the 405 nm 
laser (50 mW and intensity 25 W cm−2). To avoid a light shift induced by 
the dissociation laser, an interleaved shuttering scheme was employed 
to prevent the simultaneous exposure of the ions to both lasers. Com-
pleting the cycle, the number of still trapped H+

2

 is determined.
In the following cycle, the background is measured (blue data 

points in Fig. 2). All settings are unchanged except that the OPO beam 
remains blocked. These alternating spectroscopy and background 
cycles are repeated many times until satisfactory statistics is accumu-
lated. After completing each cycle, the ion cluster is purged from any 
ions other than Be+ and a new H+

2

 ensemble is loaded so that there is a 
sufficient population in the lower spectroscopy level. During the 
REMPD intervals of both signal cycles and background cycles, we 
applied a magnetic field of B = 0.0(2) µT, whereas at all other times the 
magnetic field was set to Bcooling ≈ 45 µT. To acquire a spectroscopic line, 
we set the OPO frequency to a range of values.

The spectroscopy signal was obtained by comparing the number 
of trapped H+

2

 ions before and after the REMPD. The signal was computed 
as the normalized decrease of the number of trapped ions (Ni − Nf)/
(Ni − Nb), where Ni and Nf are the initial and final fluorescence peak 
strengths of the secular excitation signal of H+

2

, respectively, and Nb is 
the background level of fluorescence without any secular excitation. To 
determine the number of trapped H+

2

 ions, the transverse secular motion 
excitation spectrum was recorded over the range 450–1,250 kHz. The 
resonance frequency of H+

2

 under nominal conditions was approximately 
1,000 kHz. The spectrum was fitted by two Gaussian functions. The peak 
strength of the H+

2

 signal, which is proportional to the number of trapped 
H

+

2

 ions, was then determined. This approach differs from our previous 
ones for which we usually resonantly excited the secular motion at fixed 
frequency and did not record a spectrum. Here, the different approach 
is necessary because chemical reactions generate H+

3

 ions in the trap, 
and their presence modifies the Coulomb interactions within the cluster 
and, thus, also modifies the secular frequency of the H+

2

 ensemble.

HD+ spectroscopy procedures. HD+ ions are prepared in a string 
arrangement. The spectroscopy wave was aligned perpendicular to 
the string, allowing us to obtain Doppler-free resonances. The v = 0 
rotational state preparation was implemented by a quantum  
cascade laser tuned to the (v = 0,N = 2) → (v

′

= 1,N

′

= 1)  transition 
(5.5 µm). The REMPD scheme comprises three excitations: the spec-
troscopy transition (v = 0,N = 0) → (v

′

= 2,N

′

= 2), a subsequent vibra-
tional excitation (v′ = 2,N′

= 2) → (v

′′

= 6,N

′′

= 3) (1.56 µm) and finally 
photodissociation by a 266 nm wave. The second excitation enhances 
the dissociation rate because the photodissociation cross section of 
the level (v′ = 2,N′

= 2) is small at 266 nm.

The spectroscopy cycle sequence is the same as in refs. 4,5, except 
that the REMPD duration was increased to 30 s. We mention only the 
main aspects here. The spectroscopy wave was interleaved with the 
other two waves to avoid systematic shifts. Before and after REMPD 
the secular motion of HD+ was resonantly excited to determine their 
number. Signal and background data were taken during alternating 
cycles. The cycles differ only in that the spectroscopy wave was kept 
blocked during the background cycle. On average, five signal and 
background cycle pairs can be executed before the HD+ population 
has declined substantially. Once this has occurred, the Be+ ion cluster 
is cleaned. That is, any ions other than beryllium are removed, and a 
fresh string of HD+ ions is prepared. The quantum cascade laser was 
kept on during REMPD.

Spectroscopy laser system. The spectroscopy laser system is a 
continuous-wave OPO with an output power of >2 W at the H+

2

 and HD+ 
transition wavelengths of 2.4 and 2.6 µm, respectively. The OPO wave 
was frequency-doubled to a second-harmonic wave that is suitable for 
generating a heterodyne beat with an erbium-fibre frequency comb. 
The second-harmonic wave was phase-locked to a comb line using this 
beat and feedback control to the OPO pump laser frequency. This effec-
tively also locked the frequency of the spectroscopy wave to the comb.

To ensure the ultra-narrow linewidth of the spectroscopy radiation, 
the comb was optically stabilized by phase-locking to a near-infrared 
laser that is frequency-locked to a high-finesse resonator. Through 
a second beat with an independently optically stabilized frequency 
comb, we determined that the fractional frequency instability (Allan 
deviation) of the OPO spectroscopy wave frequency is below 1 × 10−13 
for integration times longer than 1 s. An upper bound for the linewidth 
of the OPO radiation was obtained from an analysis of the beat. On the 
5 s timescale, it was 10 Hz (full-width at half-maximum of a Lorentzian 
fit). This is also the main contribution to the OPO frequency uncertainty 
and as such determines the horizontal error bars shown in Fig. 3. Both 
combs were referenced to an active hydrogen maser, whose properties 
were characterized (Methods, ‘Maser shift’).

E2 transitions of H+

2

 and HD+

E2 in H+

2

. The E2 reduced transition matrix element of the studied first- 
overtone transition is Q

0

= Q

H

+

2

(v = 1,N = 0→ v

′

= 3,N

′

= 2) = −0.053268 
atomic units11. Note that Q0 is larger by almost a factor of 2 compared 
to the first overtone starting from v  =  0: Q

H

+

2

( v = 0,N = 0  
→ v

′

= 2,N

′

= 2 ) = −0.028919 atomic units11. However, Q0 is smaller by 
a factor of 9 compared to the fundamental vibrational transition start-
ing from the same lower level (v = 1,N = 0→ v

′

= 2,N

′

= 2) . Our spec-
troscopy source has adequate power to compensate for this 
difference.

For the upper rovibrational level, the Einstein coefficient for  
spontaneous emission was computed as A

H

+

2

( v

′

= 3,N

′

= 2→  
v = 1,N = 0 ) ≈ 7.8 × 10

−8

s

−1 (refs. 11,59).

E2 in HD+. E2 transitions in this heteronuclear molecule have been 
discussed in refs. 45,60. The E2 reduced transition matrix element is 
Q

HD

+

(v = 0,N = 0→ v

′

= 2,N

′

= 2) = 0.025976 atomic units. The reduced 
electric-dipole (E1) transition matrix elements for near-by transitions 
are 0.00436 for the (v = 0, N = 0) → (2, 1) transition and −0.00609 for 
the (v = 0, N = 1) → (2, 2) transition, in atomic units61. Thus, the Rabi 
frequencies for these E1 transitions are approximately one order larger 
than for the studied E2 transition of HD+.

Power-broadening. The Rabi frequency for an E2 transition in H+

2

 can 
be estimated using equation (15) of ref. 11. Using the E2 transition matrix 
element Q0 and considering the peak intensity of the spectroscopy 
wave (3.6 MW m−2), we estimated an upper limit for the Rabi frequency 
to be +/(2,) ≈ 0.5 kHz. Therefore, power-broadening is negligible 
compared to the observed linewidth.
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The Rabi frequency for an E2 transition in HD+ between stretched 
states can be obtained from the same equation. The peak intensity in 
the E2 spectroscopy of HD+ was 2.6 MW m−2. Taking into account the 
angle between the magnetic field and the wavevector and its uncer-
tainty, we estimated the Rabi frequency to be +/(2,) ≤ 15 Hz, consistent 
with the observed linewidths.

Systematics of the HD+ E2 transition
Zeeman shift. See Fig. 3, all panels. The magnetic field in our trap was 
characterized by stimulated Raman spectroscopy to precisely measure 
the Zeeman splitting of beryllium ions62 and, by comparison, of the 
observed and calculated Zeeman splittings of the fundamental rota-
tional transition2. Comparing the measured Zeeman splitting of the 
two components, 0.72(7) kHz, with the theoretical prediction, equation 
(6) in ref. 38, we deduced a magnetic field strength of 30 µT, consistent 
with the previous determinations for the same coil current settings.

Trap-field-induced shift. The RF electric field in the trap induces a 
shift, which was determined for both Zeeman components at nominal 
magnetic field (Fig. 3a). Measurements at three different RF amplitudes 
and extrapolation to zero amplitude indicate that there was a system-
atic shift of approximately +1.2 kHz for both components under the 
nominal operating conditions. This type of shift was observed by us ear-
lier2; for a recent investigation of a different molecular ion, see ref. 63.

a.c. and d.c. Stark shifts. The beryllium ion cooling laser, the spec-
troscopy wave and the rotational cooling laser potentially cause a.c. 
Stark shifts (Fig. 3c–d). We measured the transition frequencies at 
different laser wave powers but did not resolve any light shift induced 
by these waves.

Also, we could not resolve any d.c. Stark shift upon comparing the 
transition frequencies measured under the nominal conditions and for 
an additional d.c. voltage of 5 V applied to two trap electrodes (Fig. 3b).

Maser shift. All frequencies used for the HD+ measurements were 
corrected for the hydrogen maser frequency offset. The offset was 
determined by continuously comparing the maser frequency to an 
atomic time signal provided by a global navigation satellite system at 1 
pulse per second. The fractional offset from the atomic frequency and 
the fractional drift were found to be ≈8 × 10−12 and ≈1 × 10−13 per month, 
respectively. Since the spectroscopy measurements were taken over 
2 months, the laser frequencies obtained on a particular measurement 
day were corrected for the offset on that day.

Systematics of the H+

2

 E2 transitions
Theory of Zeeman shifts. The Zeeman shifts in a weak field are dis-
cussed in refs. 44,45 for N = 0→ N

′

= 2 transitions, and in refs. 42,43,45 
for N = 2→ N

′

= 2 transitions. For a strong field, ref. 49 gives a partial 
discussion of a N = 2→ N

′

= 2 transition.
For completeness, we present in Extended Data Table 1 the Ham-

iltonians Hspin(N) + HZeeman(N) for N = 2 and for the trivial case N = 0. The 
N = 2 case uses the approximation of isotropic electronic g factor; for 
the calculation of the anisotropy, see refs. 64,65.

Note that the electronic g factor ge(v, N) (refs. 64,65), the rotational 
g factor gl(v, N)39 and the spin-rotation coupling constant ce(v, N) (ref. 32)  
depend on the rovibrational level. Because the dependencies are weak, 
there are rovibrational transitions with low magnetic sensitivity. In 
addition, by measuring two or more Zeeman components and suitably 
averaging them, the net Zeeman shift can be made to cancel.

From the Hamiltonians, one can compute the Zeeman shifts for 
transitions of the type (v,N = 0) → (v

′

,N

′

= 2) , (v,N = 2) → (v

′

,N

′

= 0)  
and (v,N = 2) → (v

′

,N

′

= 2)  for arbitrary field strength and perform 
series expansions in the low-field limit (for RF traps) and in the 
high-field limit (for Penning traps). These lead to the expressions in 
Extended Data Table 2.

The predicted frequencies of a few selected HFS components of 
the transition studied in the present work are displayed in Extended 
Data Table 3. The magnitude of the linear Zeeman shift of the com-
ponents f (±)

b

, ±5.6 kHz × B/µT, determines an upper limit for the allow-
able instability of the magnetic field, (B, for a desired total 
uncertainty.

Next, we mention some examples of interesting transitions in a 
Penning trap. The two Zeeman components (v = 0, N = 2, ms = ±1/2, mF 
= ±1/2) → (v- = 1, N- = 2, ms = ±1/2, mF = ±1/2) have sensitivities of 
±8.2 kHz T−1 at B = 4 T. The two Zeeman components (v = 0, N = 0, ms = 
± 1/2, mF = ± 1/2) → (v- =  1,  N- = 2, ms = ±1/2, mF =  ±1/2) have sensitivities 
of ±3.6 kHz T−1 at B = 4 T. These values are even lower than for the Zee-
man component discussed in ref. 49, namely 150 kHz T−1. The values of 
v and v′ were chosen for comparison with that reference, but similar 
results hold also for other transitions.

Light shifts. A potential light shift from the 405 nm photodissociation 
laser is prevented by using appropriate interleaved shuttering.

The light shift due to the beryllium cooling wave (313 nm) and the 
OPO radiation can be estimated using a comparison with HD+, for which 
it was determined to be less than 0.1 kHz.

Our analysis is based on ref. 66. For the transition in  
HD+, the frequency-dependent polarizabilities should be considered. 
At 2.6 µm, the differential scalar polarizability is α

s

(v

′

= 2,N

′

= 2)  
−α

s

(v = 0,N = 0) ≈ 1.5  atomic units. The tensor polarizability is esti-
mated as α

t

(v

′

= 2,N

′

= 2) = −0.1  atomic units (it is zero when N = 0). 
This is to be multiplied by a Zeeman-state-dependent factor, which for 
the two addressed (pure) Zeeman states is 12.3. The maximum polariz-
ability of the transition is, therefore, approximately 2.3 atomic units.

For the 2.4 µm radiation interrogating H+

2

, the light shift is essen-
tially determined by the static polarizabilities, because the E1 transition 
dipole moments between rovibrational levels of the electronic ground 
state are effectively zero and because the spectroscopy wave photon 
energy is small compared to the excitation energy to higher electronic 
states. For the scalar polarizability, α

s

(v

′

= 3,N

′

= 2) −α
s

(v = 1,N = 0) = 2.1 
atomic units. The tensor polarizability is α

t

(v

′

= 3,N

′

= 2) = −0.53   
atomic units. This is again to be multiplied by a Zeeman-state-dependent 
factor. The largest factors for the two studied transitions (which con-
tain all m′

F

 values) are 21/5 for the F′ = 3/2 multiplet and 6 for the F′ = 5/2 
multiplet. The maximum polarizability of any Zeeman component of 
the transition is, therefore, approximately 3.2 atomic units. This value 
is close to that for the HD+ case, and therefore, we may infer that  
the light shift from the OPO radiation is negligible in the present H+

2

 
measurement and that it should be controllable at the 1 × 10−12 level in 
a next-generation experiment.

For the wavelength 313 nm, the differential polarizabilities are 
close to those at the spectroscopy wavelengths. Because of the much 
lower intensity of the 313 nm radiation, the corresponding light shift 
is negligible in comparison.

Other shifts. We have not measured the black-body shift of either HD+ 
or H+

2

, but theory66 predicts it to be at the 1 × 10−17 level for the present 
H

+

2

 transition at room temperature.
We hypothesize that the trap shift that we observed for HD+ for 

various transitions2,4,5, including for the present one, may in part be 
due to off-resonant electric-dipole coupling to close rovibrational 
levels (a quasi-static Stark shift). Since E1 couplings between rovibra-
tional levels in the ground electronic state are negligible in H+

2

, the trap 
shift could be smaller than in HD+. Relevant static Stark shift coeffi-
cients for H+

2

 are discussed above.

Ab initio theory of fspin-avg

The computation of the spin-averaged frequency follows ref. 67. 
CODATA 2018 recommended values for fundamental constants are 
used. The transition frequency is computed as a power series in the 
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fine-structure constant α. Considering the present experimental accu-
racy, only the major contributions need to be included:

f

spin-avg

= 124,485, 554.55MHz (nonrelativistic)

+ 2,002.70MHz (α

2

order )

− 521.35 MHz (α

3

order )

− 3.69 MHz (α

4

order )

+ 0.24(6) MHz (α

5

order )

= 124,487,032.45(6) MHz . (total)

The orders are relative to the non-relativistic contribution. The α5 con-
tribution is a simple estimate based on ref. 67. Once the need arises, this 
contribution can be computed accurately and so can contributions of 
higher order. The sensitivity of the spin-averaged frequency to mp/me 
is computed by solving the non-relativistic Schrödinger equation for 
two different values of mp/me. We find .fspin-avg/.(mp/me) = −0.43976 
× fspin-avg/(mp/me).

Data availability
Source data are provided with this paper. All other data that support 
the plots within this paper and other findings of this study are available 
from the corresponding author upon reasonable request.

Code availability
No custom code or software was used for analysing or presenting the 
data associated with this paper.
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Extended Data Fig. 1 | The H+

2

 spectroscopy cycle. The black trace is the Be+ 
fluorescence detected by a photomultiplier tube in mega counts per second 
(Mcps). During the depletion of the excited state population (see Methods, 
section 1.a), the fluorescence is multiplied by 0.5 for illustration purposes. 
The red ovals indicate the radial secular excitation resonance of the trapped 
H

+

2

 and H+

3

 ions. The actual spectroscopy signal, that is the reduction of the 
number of trapped H+

2

 ions by the REMPD process, is highlighted in the top 
(black) signal by the red dashed lines and red arrows. The interleaved 
shuttering during the REMPD is shown simplified with only 10 repetitions. In 

actuality, there are 310 repetitions of duration ≃ 62 ms each. Each consists of 
two 30 ms and two 1 ms intervals. During the 30 ms intervals, either the 
2.4 µm wave or the 405 nm wave is sent to the ions. The 1 ms intervals act as a 
buffers in-between. The cycle for measuring the background is analogous, 
except that the 2.4 µm wave is off during the whole cycle. During the 
exposure to the REMPD lasers, the magnetic field was ∣B∣≤0.2 µT, while at all 
other times a magnetic field Bcooling for the purpose of Doppler-cooling was 
applied. The values and status of each parameter are displayed on the 
right-hand vertical axis.
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Extended Data Table 1 | Hamiltonians for rovibrational levels (v, N = 0, 2) in H2
+

Hspin is the hyperfine structure hamiltonian. The Zeeman hamiltonian HZeeman for N = 2 levels is approximate. Here, ce(v, N) is the spin-rotation coefficient, mF is the projection of the total angular 
momentum F onto the static magnetic field direction, ge(v, N) and gl(v, N) are the electron and rotational g factors, respectively, and b = µBB = eħB/2me is the product of Bohr magneton µB and 
magnetic field B, expressed in Hz, with the electron charge e, the reduced Planck constant ħ, and the electron mass me. Note that ge ≃ − 2 is negative.
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Extended Data Table 2 | Approximate expressions for the energies of the states of H2
+ in rotational levels N = 2

Here, ce(v, N) is the spin-rotation coefficient, mF is the projection of the total angular momentum F onto the static magnetic field direction, ge(v, N) and gl(v, N) are the electron and rotational 
g factors, respectively, ms is the electron spin projection quantum number and b = µBB = eħB/2me is the product of Bohr magneton µB and magnetic field B, expressed in Hz, with the electron 
charge e, the reduced Planck constant ħ, and the electron mass me. Note that ge ≃ − 2 is negative.
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Extended Data Table 3 | Theoretical values of the spin and Zeeman contributions of some Zeeman components of the 
studied transition (v = 1, N = 0) → (v′ = 3, N′ = 2), in weak magnetic field B in units of µT

Values are rounded. In future spectroscopy with Doppler-free resolution, the four frequencies f

(+,−)

a,b

 should be measured in order to obtain fspin−avg as shown in row 7. The linear Zeeman shifts 
cancel in the computed fspin−avg and also in the computed spin-rotation interaction strength ce, leaving small nonzero quadratic shifts. Here, m

F

(m′

F

) is the projection of the total angular 
momentum F(F′) of the lower (upper) state onto the static magnetic field direction.
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Abstract

The molecular hydrogen ions (MHI) are three-body systems suitable for advancing our knowl-

edge in several domains: determination of fundamental constants, test of quantum physics, search

for new interparticle forces, tests of the weak equivalence principle [1], and, once the anti-molecule

p̄ p̄ e+ becomes available, novel tests of charge-parity-time-reversal (CPT) symmetry and local posi-

tion invariance [1–3]. In order to achieve these goals, high-accuracy experimental - and in part also

theoretical - data on the vibrational and rotational transition frequencies in the ground electronic

state is necessary. So far, research has focused on the heteronuclear HD+ molecule [4–7]. Fully

exploiting the potential of MHI requires studying the other isotopologues [8]. The homonuclear

species H+
2 is both complementary and simpler than HD+, but also presents greater experimental

challenges. Here, we achieve the first Doppler-free laser spectroscopy of a H+
2 rovibrational transi-

tion and accurately determine its frequency with 8→10→12 fractional uncertainty, 103 times smaller

than any previous experimental determination of a H+
2 property [9–11]. We also determine the spin-

rotation coupling coe!cient with 0.1 kHz uncertainty, a 15 -fold improvement over the previous

result [12]. Our value is consistent with the state-of-the-art theory prediction [13]. The combina-

tion of our theoretical and experimental H+
2 data allows us to deduce a new value for mp/me. It

is in agreement with the essentially independent CODATA 2018 value, and has 2.5 times lower

uncertainty. From combined MHI, H/D, and muonic H/D data we determine the baryon mass

ratio md/mp with 1.1→10→10 uncertainty. The value agrees with the directly measured mass ratio

[14], Finally, we present one of the best matches between a theory prediction and an experimental

result, with a fractional uncertainty of 8.1→ 10→12 . Both results imply a notable confirmation of

the predictive power of quantum theory and indicate absence of beyond-the-standard-model-e”ects

at these levels.

INTRODUCTION

The relative simplicity of the MHI allows for the impressively accurate computation of

their properties. Currently, the fractional uncertainty of the predictions of rovibrational

transition frequencies is 8 → 10→12 [15], only a factor approximately 10 larger than for the

well-known 1s - 2s transition of the theoretically more easily tractable hydrogen atom [16].

The calculations can be performed with equal accuracy for any member of the MHI family.

Chapter 5 Cumulative part of the dissertation

76



Crucially, the calculations require several fundamental constants as input: the Rydberg con-

stant R↑, the ratio me/mn of electron mass to the mass of any present nucleus n, the charge

radius rn of any such nucleus, and the fine structure constant ω. These constants enter for

fundamental reasons: R↑ defines the energy or frequency scale of all atomic and molecular

energy di!erences; the mass ratios a!ect the rotational and vibrational energies through the

inertia of the nuclei. The nuclear charge radii subtly a!ect the electron’s potential energy.

Finally, ω quantifies the strength of quantum electrodynamics (QED) contributions to the

electron’s energy. The latter two e!ects depend on internuclear distance, and therefore are

also discernible in transition frequencies. With the exception of ω, the uncertainties u of the

constants are not negligible when considering comparisons between computed and measured

frequencies. Therefore, a high-accuracy measurement of any transition, rotational or rovi-

brational, of any MHI species can contribute to reducing the uncertainty of those constants.

Importantly, from MHI spectroscopy data and theory, combined with spectroscopy data and

theory on atomic hydrogen/deuterium, muonic hydrogen/deuterium (µH, µD), it is possible

to determine the proton-electron and deuteron-proton mass ratios mp/me, md/mp [8, 17].

This approach is independent and complementary to the more established one based on mass

spectrometry [14] and electron spin resonance (ESR) in Penning traps [18]. Such a situation

is highly beneficial to the field of fundamental constants, as measurements of the same quan-

tities are made by di!erent teams and moreover involve di!erent theoretical calculations.

However, the same theoretical framework is employed, QED, specifically, its nonrelativistic

limit [19]. Until now, measurements of rotational and rovibrational transitions of MHI with

competitive accuracy have only been accomplished in the heteronuclear HD+ [4–7].

Table I presents an overview of selected approaches for determining mass ratios of elec-

tron, proton and deuteron, and rp, rd. While these constants can be determined with

well-known approaches (rows 2, 7), MHI results can in principle provide independent values

of the constants, or contribute data for a potentially more precise determination based on

the complete data set. For example (row 3) HD+ rovibrational data and its theory, com-

bined with rp from µH spectroscopy, the R↑ from atomic hydrogen spectroscopy, and rd

from the H/D isotope shift (and corresponding theory), yield the ratio of reduced nuclear

mass, µpd = 1/(m→1
p + m

→1
d ), to electron mass me [7]. This ratio result has furthermore

been combined with a very accurate measurement of mp/md, obtained using a Penning trap

storing alternately a deuteron and a H+
2 ion [14], to provide the proton-electron mass ratio
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[mp/me]HD+ . It can be compared with an independent determination from ESR on a single

hydrogen-like ion [18] (row 2). The two values are in agreement.

New possibilities arise if high-accuracy data for H+
2 become available (Tab. I, rows 4, 6,

8, 9). However, H+
2 experiments are challenging. In the past, determinations of rotational or

vibrational transition frequencies have been limited to uncertainties above 1→ 10→6 [20–22],

much larger than current theoretical uncertainty, 8→ 10→12. An experimental breakthrough

was recently reported by us, laser spectroscopy of sympathetically cooled H+
2 via an electric

quadrupole (E2) transition [10], reaching 1.2→ 10→8 uncertainty. Studies of Rydberg states

of neutral H2 [23, 24] can also provide data on H+
2 , and a recent experiment determined a

vibrational frequency with 8→ 10→9 uncertainty [11].

In the present work, we improve direct H+
2 spectroscopy by three orders of magnitude in

accuracy, and for the first time succeed in matching the theory prediction uncertainty for a

H+
2 vibrational transition. As we show, our measurement and the corresponding theoretical

calculation jointly provide a milestone in the field of fundamental constants: we obtain

a new, purely laser spectroscopic value of mp/me and, together with our previous HD+

data, a purely spectroscopic value of md/mp. In both cases atomic laser spectroscopy data

contributes. These two values can be compared with those obtained from respective Penning

trap experiments [14, 25]. Further combinations of measurement results are also considered.

LASER SPECTROSCOPY OF A VIBRATIONAL TRANSITION IN H+
2

In order to accomplish vibrational spectroscopy of H+
2 , a suitable method is E2 spec-

troscopy [26]. As this is a particular type of one-photon spectroscopy, strong confinement of

the molecules in the direction along the propagation of the spectroscopy laser is necessary

in order to observe Doppler-free lines [6, 7, 10]. For this purpose, our experiment utilises a

linear radiofrequency (RF) ion trap to confine a small number of MHI, which are then sym-

pathetically cooled to millikelvin temperature via interactions with a cluster of laser-cooled

beryllium ions [27]. This results in the MHI being confined close to the symmetry axis of

the trap. The spectroscopy beam is aligned perpendicular to the trap axis. Previously, we

demonstrated the feasibility of Doppler-free E2 spectroscopy, using the heteronuclear HD+

for ease of experimentation [10]. A suitable continuous-wave laser system, with su”cient

power and narrow linewidth, is a key instrument for the spectroscopy [28]. Further details

Chapter 5 Cumulative part of the dissertation

78



TABLE I. Overview of some approaches suitable for the determination of fundamental

constants with high accuracy. Check marks indicate a measurement required to obtain the

constant in column 1 of the same row. The column highlighted in red indicates the contributions of

the present work. (See text for details.) Note that the table is not comprehensive; for example, the

charge radii rp and rd can also be determined by electron scattering. Row 10: schematic depictions

of the systems used for the determinations. Orange ball: atomic ion, red ball: proton, blue ball:

deuteron.

on the experimental technique are provided in the Methods section.

It is advantageous to select a transition whose spin structure is simple, as this allows the

spin-averaged transition frequency to be obtained by e!ectively canceling the spin structure

[29]. The transition should also yield a su”cient signal to enable the measurement of sys-

tematic e!ects to a desired level of accuracy. We found that these conditions are met for

the (v = 1, N = 0) ↑ (v↓ = 3, N ↓ = 2) vibrational transition at a wavelength of 2.4 µm

(124 THz), which we have previously studied in the Doppler-broadened regime. Here, v

and N denote vibrational and rotational quantum numbers, respectively. Figure 1 b shows

the spin structure of the energy levels. It is simple thanks to the fact that for zero or even

rotational quantum numbers (so-called para-H+
2 ), the two proton spins must be in a singlet

total spin state, I = 0. This leaves as the only remaining spin interaction the electron-spin-

rotation interaction, h ce(v,N)Se·N. Here, ce is the coupling coe”cient, Se is the electron

spin operator and N is the rotational angular momentum operator. The possible spin en-
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FIG. 1. Energy levels of H+
2 and transitions relevant to this work. a: the lowest three

rotational levels of the vibrational states v = 0 ↓ 3. The studied transition (v = 1, N = 0) ↑

(v↓ = 3, N ↓ = 2) is shown by the black arrow, while the dissociation radiation is indicated by the

orange arrow. b: spin (left) and Zeeman structure (right) of the two rovibrational levels addressed

in the present study. The upper vibrational level v↓ = 3 comprises two states F ↓ = 3/2, 5/2 that

are split by 86.8 MHz by the interaction between rotation and the electron’s magnetic moment.

The two unperturbed spin components fa and fb of the transition are shown in purple and brown,

respectively. The spin-averaged transition frequency fspin→avg is not directly measured, but is

indicated schematically as a black-dashed arrow. On the right side, the Zeeman splittings are

shown for the nominal field applied during spectroscopy, BREMPD = 7.14µT. In order to show the

Zeeman splitting, the vertical axis is broken at two positions. On the far right, the three colored

arrows (blue, green and red) indicate the measured Zeeman components fa1, fb1 and fb2. F and F ↓

are the total angular momentum of the molecule, mF is the total angular momentum projection

quantum number.

ergies are h ce(v,N)(F (F + 1) ↓ N(N + 1) ↓ 3/4)/2, where the total angular momentum

may take on the values F = |N ↓ 1/2| or N + 1/2. By virtue of the selection rules, the

vibrational transition exhibits two spin components, namely fa: (F = 1/2 ↑ F
↓ = 5/2)

and fb: (F = 1/2 ↑ F
↓ = 3/2). The frequencies of the two components are separated by

fa ↓ fb = 5 ce(v,N)/2. The spin-averaged transition frequency is fspin→avg = (3fa + 2fb)/5.
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FIG. 2. Zeeman components of the rovibrational transition measured under nominal

operating conditions. The three Zeeman components fb2, fb1, and fa1 (from left to right) of

Fig. 1 b are shown with the same colours. The component fa1 (light blue) is split into a doublet by

the Autler-Townes (AT) e”ect (see Methods). The deperturbed frequency and uncertainty range

of this component are indicated by black full and dashed lines, respectively. We assume that also

the Zeeman components of the other spin component (red and green) are AT-split, but did not

measure the full AT doublets. The laser frequency detuning is given relative to di”erent reference

values in the top and the bottom abscissae. Top: reference values are the deperturbed transition

frequencies of the respective spin component f (expt)
a and f (expt)

b . Bottom: reference value is the

adjusted spin-averaged transition frequency f (expt)
spin-avg. The colored curves are guides to the eye. For

display purposes, the data is divided into bins and the average value of each bin is shown. For an

individual component, the bin size is kept constant, but it may vary between di”erent components.

The vertical error bars are the standard error of the mean in the bin. The horizontal error bars

are due to the uncertainty of the spectroscopy wave’s frequency, and are smaller than the size of a

data point (see Methods).

EXPERIMENT

In order to observe Doppler-free lines in H+
2 , we followed the protocol of our previous

work on HD+. We achieve Doppler-free spectroscopy at the expense of substantially more
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e!ort than for HD+, because the preparation of a large fraction of molecules in the lower

spectroscopy level was not feasible. One data point in H+
2 spectroscopy took ↔ 5 hours of

experimentation, while it took approximately 40 minutes in our study of the fourth overtone

transition of HD+ [7]. The successful data collection leading to complete lines was only

possible thanks to the excellent long-term stability of our laser metrology system and trap

apparatus.

An excerpt of the recorded spectra is displayed in Fig. 2. The narrowest linewidths

observed were as low as ↗ 6 Hz (see Supplemental Material, Fig. A 4), corresponding to a

line resolution of 2.2 → 1013. This represents the highest published resolution in molecular

spectroscopy to date, to the best of our knowledge. It is higher by a factor 7 compared to a

cold-trapped-Sr2 spectroscopy experiment, where a line resolution of 2.9→1012 was reported

[30]. It is furthermore a factor of ↔ 106 higher than the only previous two studies of

rovibrational spectroscopy of a homonuclear molecular ion transition [10, 31]. The observed

linewidths are due to a combination of power broadening, short exposure duration, finite

laser linewidth and laser frequency instability.

In order to achieve low uncertainty, it is important to understand the Zeeman shifts.

The theoretical Zeeman shifts have been discussed in ref. [10], ED Tab. 1-3. We performed

the spectroscopy at a finite, but small magnetic field so that it was possible to interrogate

specific Zeeman components while maintaining their shifts small.

Further shifts were also studied (see Methods, Sec. A 2). We present in Tab. II a summary

of the determined shifts. Note that this is the first characterization of the systematic shifts

of a rovibrational transition of a homonuclear molecular ion. The deperturbed transition

frequencies are

f
(expt)
a =124 487 067 172.9(6)expt kHz ,

f
(expt)
b =124 486 980 347.5(8)expt kHz .

EXPERIMENT - THEORY COMPARISON

Spin structure. From our analysis, we obtain the spin-rotation coe”cient c
(expt)
e (v↓ =

3, N ↓ = 2) =34 730.18(10)expt kHz . The most recent theoretical prediction is c
(theor)
e (v↓ =

3, N ↓ = 2) = 34 730.25(12) kHz [13]. The values are consistent. We may compare this

agreement with previous results. An over-50-year-old measurement of five spin-rotation
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Component a1 Component b1 Component b2

Effect fa1,nom
(-) -fa

(expt)(kHz) Uncertainty (kHz) fb1,nom-fb
(expt) (kHz) Uncertainty (kHz) fb2,nom-fb

(expt) (kHz) Uncertainty (kHz)
Zeeman shift 80.2 0.46 120.02 0.68 39.87 0.23

a.c. Stark (2.4 µm) -0.33 0.38 -0.35 0.41 -0.72 0.84
a.c. Stark (313 nm) 0.29 0.08 0.31 0.08 0.52 0.13

RF trap shift 0.05 0.06 0.05 0.07 0.11 0.14
AT splitting -0.1 0.01 0. 0.1 0. 0.1

Recoil 17.07 0. 17.07 0. 17.07 0.
Total 97.19 0.6 137.1 0.81 56.86 0.89

TABLE II. Error budget of the overtone transition (v = 1, N = 0) ↑ (v↓ = 3, N ↓ = 2)

frequency of H+
2 . f (expt)

a and f (expt)
b are the two deperturbed spin component frequencies given

in the text and f (→)
a1,nom, fb1,nom and fb2,nom are the Zeeman components measured under nominal

conditions shown in Figures 1 and 2. f (→)
a1,nom denotes the lower frequency component of the AT

doublet. See Methods, Sec. A 2, for a detailed discussion of these e”ects.

coe”cients in (v = 4 . . . 8, N = 2) levels [12] is also in agreement with the theory, but

had substantially larger experimental uncertainties (↗ 1.5 kHz). Very precisely measured

hyperfine splittings in levels (v = 4, 5, 6, N = 1) [9] agree with theoretical predictions within

the 0.05 kHz theoretical uncertainties [13], but do not allow extracting ce. Our measurement

thus provides the most accurate determination of a spin structure coe”cient of any MHI so

far.

Spin-averaged frequency. The adjusted, deperturbed experimental spin-averaged

frequency is f
(expt)
spin→avg =124 487 032 442.69(0.95)expt kHz . We included a correction for the

recoil shift (17.1 kHz), as in our previous work [7]. The theoretical transition frequency is

computed as described in Methods. In order to obtain a numerical value, a value for mp/me

must be assumed. CODATA 2018 provides such a value stemming only from Penning trap

measurements (ESR and mass spectrometry), and it leads to

f
(theor)
spin→avg = 124 487 032 442.3(0.9)QED(3.3)CODATA18 kHz .

Very recently, CODATA 2022 provided a more accurate new value [mp/me]22, obtained by

including also some previous data of HD+ spectroscopy. Using this value yields

f
(theor)
spin→avg = 124 487 032 442.5(0.9)QED(0.96)CODATA22 kHz . We point out that the two un-

certainties in this number may be correlated. Both CODATA uncertainties are dominated

by the uncertainty of the proton-electron mass ratio. Our experimental and theoretical

values for fspin→avg are in agreement.
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DISCUSSION

Frequency ratios. Ratios of transition frequencies of the same MHI species X,

fi(X)/fj(X) have been introduced in ref. [7], and for di!erent species X and X
↓ in ref. [8].

They are illustrative quantities for comparison between experiment and theory, benefitting

from the independence of the theoretical ratios from the Rydberg constant and its uncer-

tainty. Ratios of suitably selected pairs i and j additionally have a reduced sensitivity to

the mass ratios and charge radii. Taking into account the present rovibrational frequency

of H+
2 , fspin→avg(H

+
2 ) ↘ f2(H

+
2 ) and our previously reported HD+ vibrational frequencies

f1(HD+), f5(HD+) [7], we find that a favourable choice is R5,2→ = f5(HD
+)/f2(H

+
2 ), where

transition f5 is the fourth vibrational overtone of HD+ We compare the experimental and

theoretical ratio by considering their fractional deviation. The result is

(
R(expt)

5,2→ ↓R(theor)
5,2→

)
/R5,2→ = ↓2.4(8.0)expt(0.9)theor(1.)CODATA18↔ → 10→12

.

The combined uncertainty is 8.1→10→12 . For the frequency ratio f1(HD
+)/f2(H

+
2 ) we obtain

a similar good match,

(
R(expt)

1,2→ ↓R(theor)
1,2→

)
/R1,2→ = 1.3(8.0)expt(1.)theor(3.)CODATA18↔ → 10→12

.

(The asterics indicate that the recent accurate value [md/mp]FM21 [14] was employed.) At an

operational level, assuming the correctness of the theoretical predictions, the match indicates

that our measurements performed on di!erent species, at di!erent epoch, and with in part

di!ering equipment, are consistent.

Determination of fundamental constants. We may now determine some fundamen-

tal constants using least-squares adjustments (see SM for details). We do not perform a

global analysis of all world data, a task that is the mandate of CODATA, but limit ourselves

to more restricted analyses that already provide important insights. An overview of our

analyses LSA 1 - 4 is presented in Tab. III. We focus on the CODATA 2018 adjustment

since it does not include results from MHI spectroscopy, thus allowing a clearer comparison

with the present results.

(1) The simplest analysis (LSA 1) consists in determining the proton-electron mass ratio.

The CODATA 2018 Rydberg constant R↑,18 and the proton charge radius rp,18 are input
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TABLE III. Least-squares adjustments (LSA) of fundamental constants. See text for

a discussion and SM for details. n is the number of input data, M is the number of adjusted

constants. f2→ is short-hand for the frequency measured in the present work. Columns 7-11 refer

to the adjusted fundamental constants. An exception is LSA HD+(bottom row), where µpd/me

is adjusted (but not shown) and from it and [md/mp]FM21 the value [mp/me]HD+ is then com-

puted. (LSA HD+ concerns the molecule HD+, and is given for reference.) For the other LSAs

md/mp is derived from the adjusted mp/me and µpd/me. Also adjusted, but not shown, are the

unknown theoretical corrections ωf (theor) to the currently available theoretical predictions f (theor)

of transition frequencies in MHI, of the 1s - 2s transition in hydrogen (H), and of the 1s - 2s

hydrogen-deuterium isotope shift (H - D). R↑,18, rp,18, rd,18 denote the CODATA 2018 values.

#(x) is the di”erence between the adjusted constant x and its CODATA 2018 value. u(x) is the

uncertainty of the adjusted x, obtained from the LSA. The row “CODATA 2022” displays as #(x)

the values of the 2022 adjustment minus the 2018 adjustment values.

data of the adjustment, although they are not e!ectively adjusted. We recall that both

values are derived by combining the results of H and µH spectroscopy. The spectroscopically

determined value is

[mp/me]LSA1 = 1836.152673416(44) .

It is consistent with three other values: (i) the CODATA 2018 value that relies mostly on

an electron-g-factor measurement of hydrogen-like carbon, [mp/me]18 = 1836.15267343(11)

[25], whose uncertainty is 2.5 times the present one. (ii) the CODATA 2022 value

[mp/me]22 = 1836.152673426(32) , which is based also on data from HD+ spectroscopy;
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(iii) the value [mp/me]HD+ = 1836.152673425(37) (LSA HD+ in Tab. III), determined from

our HD+ vibrational data, and R↑,18, rp,18, rd,18 , and [md/mp]FM21. It should be emphasized

that the two CODATA determinations, too, rely on high-accuracy QED calculations.

The two values [mp/me]LSA1 and [mp/me]HD+ from MHI spectroscopy are not independent

in a fundamental sense, since they originate from the same apparatus, researchers, theoret-

ical formalism and numerical routines (and are based on the same H/D, µH data/theory).

The two corresponding uncertainties are partially correlated. Nevertheless, the agreement

represents a powerful consistency test of our theoretical and experimental techniques.

(2) LSA 2 combines the present H+
2 data with our previous HD+rovibrational data, CO-

DATA values R↑,18, rp,18, and rd,18 , but does not include mass data. Spectroscopic values

both for mp/me and md/mp are obtained. The value of the latter is

[md/mp]LSA2 = 1.99900750139(11) .

It is in agreement with the independent value [md/mp]FM21 = 1.999007501272(9) from

mass spectrometry [14].

(3) With LSA 3 we check whether R↑, rp, rd, mp/me can be obtained with a useful level

of uncertainty without relying on input data derived from muonic hydrogen experiments.

Therefore, instead of CODATA 2018 fundamental constants, we use specific data from H and

D spectroscopy, i.e. on the 1s - 2s transition [32–34], as supplementary input, in addition

to the accurate [md/mp]FM21. Note that the H - D isotope shift data furnishes, by itself, a

highly accurate value of r2d↓r
2
p [32]. As a result of LSA 3, the proton radius is determined to

be [rp]LSA3 = 0.95(58) fm . Its uncertainty is not competitive. The weakness of LSA 3 can

be traced to the current experimental uncertainties and the similar fractional sensitivities

of the MHI frequencies on the fundamental constants (see [8] for details).

(4) In LSA 4, an extension of LSA 2, we combine our MHI data with [md/mp]FM21, R↑,18,

rp,18, and rd,18. The adjusted proton-electron mass ratio is slightly more accurate than in

LSA 1, with an uncertainty three times lower than in CODATA 2018. The value is consistent

with the CODATA 2022 value (which includes f1 in the adjustment).
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CONCLUSION

This work is the first demonstration of high-accuracy vibrational spectroscopy of a

homonuclear molecular ion and it permitted introducing H+
2 into the field of fundamental

constants, resulting in the first spectroscopic determination of the proton-electron mass ratio

at a state-of-the-art level. The value is in agreement but exhibits more than two-fold lower

uncertainty than the value obtained from the g-factor of hydrogen-like carbon. Our value

is also in agreement with the mp/me value obtained by combining HD+ laser spectroscopy

and a mass spectrometric determination of md/mp.

Furthermore, we performed a stringent test of a specific aspect of MHI spin structure the-

ory, namely the spin-rotation coupling. The obtained experiment-theory agreement supports

the suitability of the application of spin structure theory for the analysis of experimental

HD+ data.

Additionally, we deduced a new, spectroscopically determined value for the deuteron-

proton mass ratio. This value relies on spectroscopy and the bound-state QED theory of

the hydrogen atom, the muonic hydrogen atom, and the MHI. The most accurate value for

comparison is from an experiment in which an H+
2 ion and a deuteron were in classical motion

in a Penning trap, with only minor quantum corrections applied in the ratio extraction [14].

The two independent md/mp values agree at a fractional level of 5.4→ 10→11 ; therefore this

represents a strong test of the correct description of dynamics in the quantum and classical

realm: the mass values in the Schrödinger equation are the same as those of Newtonian

physics.

Finally, the finding that two ratios of experimental and theoretical frequencies of HD+

and H+
2 agree at the 8.1 → 10→12 level (limited by the present experimental uncertainty)

ranks among the most accurate comparisons of a theoretical prediction and an experimental

quantity. The uncertainty is within a factor 8 of the most accurate experiment-theory

comparison, the g-factor of the bare electron [35]. Near-future experimental improvements

may enable the reduction of uncertainties associated with particular ratios to a similar level

[8].
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OUTLOOK

Within the theme of MHI research, it is desirable to pursue even higher accuracy on

H+
2 and furthermore extension to the remaining homonuclear ions, D+

2 and T+
2 . Indeed,

according to a new analysis [8] important improvements in the accuracy of mass ratios (two-

hundred-fold compared to CODATA 2022) and proton, deuteron and triton nuclear charge

radii appear feasible. Our results (Methods, Sec. 2.g) indicate that a more than tenfold

lower experimental uncertainty is possible with our methods, by removing the uncertainty

associated with the limited number of measured AT doublets and by an improved determi-

nation of a.c. Stark shifts. We showed that by selecting a suitable transition and measuring

all its spin components, it is possible to remove the e!ect of spin structure entirely in the

determination of the spin-averaged frequency, thus avoiding the use of spin theory results.

This will become an important advantage compared to HD+. MHI spectroscopy at even

lower uncertainty levels could become possible with quantum logic spectroscopy [36], as pro-

posed early on [37]. This technique has already been applied to molecular ions [38–41] and

most recently to H+
2 [42]. Beyond MHI, our demonstration also supports e!orts of utilizing

homonuclear diatomic ions for further fundamental physics studies, in particular for testing

the time-independence of the electron-nuclear mass ratio [37, 43–45].

The anticipated future improvement of the proton-electron mass ratio may have a sub-

stantial impact on ESR spectrometry in Penning traps. There, one measures the ESR

frequency εL(B) and the cyclotron frequency εc(B) of one-electron ions in the same mag-

netic field B. These ions can be hydrogen-like atomic ions or MHI, with mass mion,

charge qion, and bound-electron g-factor gion. Combining the two frequencies provides

me/mion = (gion/2)(e/qion)(εc(B)/εL(B)). The proton-electron mass ratio [mp/me]MHI

from MHI vibrational spectroscopy may be employed to develop the expression into gion =

2[me/mp]MHI(mp/mion)(qion/e)(εL/εc). Since the baryon mass ratio mp/mion can be mea-

sured separately and with high accuracy by Penning trap cyclotron mass spectrometry, this

expression then allows to compare experimental values g(expt)ion with predicted values g(theor)ion ,

for example for testing strong-field QED. Since already with the current MHI theory, near-

future MHI vibrational spectroscopy may achieve ur([me/mp]MHI) ↗ 5 → 10→14 [8], g-factor

determinations and g-factor-based QED tests may in principle become possible at the same

level. Alternatively, using theoretical g-factors, mass ratios mp/mion may be determined
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without the necessity of conducting a measurement on the proton.

A future test of CPT symmetry consists in the comparison of a single vibrational tran-

sition frequency of anti-H+
2 with the same in normal H+

2 . In refs. [1, 3, 10] the motivation

and accuracy potential for such a test have been discussed. The present work represents

progress towards this goal, since E2 spectroscopy is equally applicable to anti-H+
2 . While

the present work was performed in a radiofrequency trap, future anti-H+
2 spectroscopy might

be performed in a Penning trap. The recent demonstration of long-term trapping and non-

destructive spectroscopy of HD+ in a Penning trap supports such an approach [46]. More

sophisticated Penning trap techniques are under development [47].
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Appendix A: Methods

1. Details of the experiment

We employ the same apparatus that we used in our previous work [10] to perform laser

spectroscopy of an E2 transition in H+
2 and HD+. We prepare a cluster of trapped and

sympathetically cooled molecular ions, where the sympathetic cooling is provided by the

Coulomb interaction between the molecular ions and the three dimensional cluster of laser

cooled Be+ ions. By loading a small number of molecular ions, they arrange as an ion chain

extending along the symmetry axis of the ion trap. The loading occurs by electron impact

ionization from background gas. When the direction of propagation of the spectroscopy

beam is perpendicular to the chain, a Doppler-free profile can be observed [7].

A partial state preparation of the trapped H+
2 ions is carried out by dissociating those in

excited vibrational levels v ≃ 2 [10], using two lasers at 313 nm and 405 nm. We emphasize

that our method does not prepare the population in a specific rotational level.

Following the state preparation, the number of trapped H+
2 ions is determined by record-

ing the beryllium fluorescence signal accompanying the transverse secular excitation of H+
2 ,

as a function of excitation frequency. The peak strength of this secular spectrum is propor-

tional to the number of trapped ions. Next, the MHI are subjected to resonance-enhanced,

multi-photon dissociation (REMPD). It comprises the excitation of the spectroscopy tran-

sition by an optical parametric oscillator (OPO) wave and the dissociation from the upper

spectroscopy level by a 405 nm laser wave. To prevent a light shift induced by the dissoci-

ation laser, an interleaved shuttering scheme is employed. The cycle is concluded with an

assessment of the remaining trapped H+
2 ions. Subsequent cycles alternate between spec-

troscopy and background measurements (in which the spectroscopy laser is blocked) until

su”cient statistics has been gathered. Between cycles, the ion cluster is purged of ions other

than Be+ and a new H+
2 ensemble is loaded to ensure that the lower spectroscopy level has

su”cient population. Throughout the REMPD, a magnetic field of BREMPD ↗ 7.14(4) µT

was applied, determined as explained in Sec. A 2 g. The spectroscopic signal is derived by

comparing the number of trapped H+
2 ions before and after REMPD. This is computed as

the normalized decrease in ion number.

The spectroscopy laser system has been described previously [10]. We use the OPO’s idler
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wave as the spectroscopy wave, that is stabilized in frequency by referencing it to an ultra-

stable optical frequency comb [28]. The upper-bound linewidth of the idler wave depends

on the reference laser employed for the optical frequency comb. Over the course of the data

acquisition, two di!erent reference lasers were employed. Characterization showed that they

produce a spectroscopy wave linewidth of approximately 5Hz or 20Hz, respectively, on

timescales of 1 ↓ 103 s. The measurements acquired under nominal conditions were taken

with a 20Hz linewidth, while some systematic measurements (see SM) were obtained with

a 5Hz spectroscopy wave linewidth. Since this linewidth is moderately smaller than the

observed linewidths, it appears to contribute to the observed molecular transition linewidths.

For long-term frequency stability, the optical frequency comb is referenced to a hydrogen

maser. Furthermore, we compare our hydrogen maser with the national standard via Global

Navigation Satellite System (GNSS), thereby ensuring SI-traceability of the spectroscopy

wave’s frequency. The combined frequency error of the spectroscopy wave for timescales of

one REMPD cycle is ⇐ 1Hz, or ⇐ 1 → 10→14 in relative terms. This includes fluctuations

of the laser, statistical errors of the frequency comb measurement and maser frequency

corrections (see Sec. A 2 f).

We deliberately performed a blind experimental search of the transitions, using as input

information a value of f (theor)
spin→avg with an added o!set that turned out to be approximately

80 kHz after unblinding. The narrow linewidth of the transitions and the large Zeeman

shifts of the components rendered their discovery tedious. f (theor)
spin→avg was disclosed only after

completion of all measurements. Its value was taken into account in order to identify the

observed transitions, a necessary step for performing the complete analysis.

2. Systematics of the H+
2 E2 transition: experiment

We have measured all systematics e!ects that we believe to be of significant magnitude

compared to our spectroscopic resolution. For each shift, the measurements have been done

on a subset of the three Zeeman components fa1, fb1 and fb2. Figures of the corresponding

lines are displayed in the SM. In total, we have measured 11 individual lines, 4 of which

under nominal conditions (Fig. 2). The remaining lines were Zeeman components perturbed

by a single parameter setting (a laser intensity or the trap’s RF amplitude). To evaluate all

systematic e!ects as well as f (expt)
spin-avg and c

(expt)
e we performed an adjustment to all observed
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lines (see Sec. A 2). Below, we first enumerate the considered shifts and subsequently discuss

the adjustment.

a. Zeeman shift

In order to determine the Zeeman shift of the components, we rely on theoretical results

[29, 48]. The three measured components have substantial linear and small quadratic shifts.

The predicted shift coe”cients are clin,a1 = 11.2 kHz/µT, clin,b1 = 16.8 kHz/µT, clin,b2 =

5.6 kHz/µT and cquad,a1 = 2.2Hz/(µT)2, cquad,b1 = ↓2.2Hz/(µT)2, cquad,b2 = ↓1.4Hz/(µT)2.

In Sec. A 2 g we use these coe”cients as input parameters in the determination of the Zeeman

shifts, and treat the magnetic field value B as an adjustable parameter. The adjusted value

BREMPD ↗ 7.14(4) µT is in agreement with, but more precise than, the value determined in

our previous spectroscopy experiments on HD+.

b. a.c. and d.c. Stark shifts

During the REMPD, two laser waves were present: the spectroscopy wave (2.4 µm) and

the Doppler cooling wave (313 nm). These cause a.c. Stark shifts (light shifts) of the

transition frequencies.

We have therefore measured the component fa1 at two di!erent intensities of the spec-

troscopy wave (SM, Fig. 2). The a.c. Stark shift of other components are determined theo-

retically relative to this measurement by making use of the ratios of theoretically calculated

polarizabilities (see Sec. A 2 g).

We remark that alternatively, an estimate for the shift can be obtained from the theoret-

ical polarisabilities [49] and an approximate value for the spectroscopy wave intensity. This

estimate gives maximum 2.4-µm-light shifts on the order of ↓60Hz for both components

fa and fb, consistent with our observation, but one order smaller than the bounds resulting

from our evaluation (see Tab. II). However, we take a conservative approach, relying more

on our experimental data.

Regarding the shift caused by the 313 nm wave, we have measured two components, fa1

and fb1, at three intensities each. The more detailed investigation of this shift was motivated

by the unexpectedly large observed dependence on 313 nm wave intensity. For this wave,
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we similarly use theoretical polarizabilities to infer the shifts not directly measured.

In addition, we assume a linear dependence of the transition frequencies on both wave

intensities, with common sensitivity parameters k313, k2.4 for all components (see Sec. A 2 g).

We have not measured the shift of the transition frequency due to a spatial o!set of

the H+
2 ensemble relative to the nominal location in the trap. This e!ect is expected to

be negligible, given that the trap is well compensated and that the residual static electric

field is should be small. This expectation is supported by the fact that we have previously

investigated the d.c. Stark e!ect in HD+ E2 transitions and have not resolved any shift

at the level of 90 Hz [10], and that the static polarizability of the present H+
2 transition

is more than two orders of magnitude smaller than that of the HD+ transition [49]. For

these reasons, we expect the trap o!set e!ect to be negligible and assign it zero value and

uncertainty.

c. RF trap shift

We have measured the transition frequency fa1 at two di!erent trap RF amplitudes. In

contrast to HD+, where for an E2 transition we observed shifts of approximately 1.2 kHz

for two equivalent Zeeman components of the studied spin component [10], here we did

not resolve a shift. While a possible shift would increase with increasing RF amplitude,

we were unable to perform measurements at RF amplitudes larger or smaller than those

presented, because the background loss of the trapped H+
2 ensemble then increases. The

non-observation of a shift confirms our earlier hypothesis [10] that the trap-field induced

shift is smaller for homonuclear MHIs compared to heteronuclear ones, due to the absence of

o!-resonant electric dipole coupling between each spectroscopy level and other rovibrational

levels. However, electric dipole couplings to excited electronic states of H+
2 are nonzero,

therefore a shift could still occur, albeit of much smaller magnitude. Therefore, we model

the RF trap shift, similarly to the a.c. Stark shifts above, by the use of theoretical polariz-

abilities, an overall sensitivity parameter kRF and a quadratic dependence on the trap’s RF

amplitude. The quadratic dependence is known from previous experiments.
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d. Autler-Townes (AT) splitting (or a.c. Stark splitting)

The upper spectroscopy level interacts with two light fields 2.4 µm and 313 nm, of which

the latter couples to the continuum. We therefore observe a splitting of the line fa1. This

is known as the Autler-Townes e!ect (or a.c. Stark splitting) [50] and has been observed

for multi-photon processes in strong laser fields, both continuous-wave and pulsed. For the

case of HD+, we have previously investigated this e!ect in our apparatus and determined a

square-root dependence on the UV-laser intensity, consistent with reports in the literature

[51, 52]. We have measured the splitting for component fa1, for nominal and high trap RF

amplitudes. Both observed splittings agree within the combined uncertainties and the mean

amounts to #fAT,nom,a1 = 196(15)Hz at the nominal 313 nm intensity I313,nom. We assume

that the ratio #fAT/
⇒
I313 = #fAT,nom,a1/

√
I313,nom is the same for all lines.

e. Black-body radiation shift

The black-body radiation shift of H+
2 is predicted to be of order 10→17 fractionally at

room temperature [49], and is ignored.

f. Maser shift

As in our previous works [4, 6, 7, 10], the frequency of the spectroscopy wave is measured

relative to a hydrogen maser’s 5 MHz output. This frequency is continuously compared

with a 1 pulse-per-second signal provided by a GNSS receiver. Common-view GNSS data

allows us to determine the maser frequency with respect to the German national metrology

time standard. We determined the maser’s fractional frequency o!set to be approximately

+1 → 10→11, and the fractional drift was approximately +3 → 10→15
/day. The measured

laser frequencies are corrected for the time-varying maser o!set. The uncertainty of this

correction was determined to be approximately 10 mHz.
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g. Evaluation of deperturbed values f (expt)
spin→avg and c(expt)e

The determination of the quantities of interest in presence of the above systematic e!ects

is performed by a LSA. To this end, we model a measured transition frequency j as follows:

f
(j)
obs,i = f

(expt)
spin-avg + cspin,ic

(expt)
e + clin,iBREMPD + cquad,iB

2
REMPD + ϑf

(j)
AT + $e!ectϑf

(j)
e!ect,i .

The subscript i refers to both a particular spin-rotation component and a particular Zee-

man component. The index j denotes individual measurements, i.e. for a given i, the

superscript j may take on di!erent values. f
(j)
obs,i is the measured line frequency with a

statistical uncertainty given by the line’s half width at half maximum and ϑf
(j)
AT is its

shift due to the AT e!ect. The spin coe”cients of the upper spectroscopy level cspin,i =

(F ↓
i (F

↓
i + 1) ↓ N(N + 1) ↓ 3/4)/2 (see main text) and Zeeman coe”cients clin,i, cquad,i of

component i are taken to be the theoretical values (see Sec. A 2 a).

For each systematic shift, we define the contribution as ϑf
(j)
e!ect,i = re!ect,ike!ectQ

(j)
e!ect,

with the relative sensitivity re!ect,i of a spin-rotation-Zeeman component i and the global

sensitivity ke!ect of the rovibrational transition. The parameter Q(j)
e!ect is one of the following:

the spectroscopy wave power, P (j)
2.4 , the Doppler cooling wave power P

(j)
313, or the squared

trap’s RF amplitude
(
V

(j)
RF

)2

. The parameters ke!ect must be adjusted by the LSA, because

we do not know the precise light intensities and electric fields at the ions’ locations.

The values re!ect,i are computed as the ratios of theoretical polarizabilities of the Zee-

man components [49]. The total polarizability of a component is the sum of a scalar

(spin-independent) and a tensor polarizability, where the latter can be expressed as a spin-

independent value multiplied by a state-dependent factor S and a polarization-dependent

factor G. The tensor polarisability is zero when N = 0, hence it is zero in the lower spec-

troscopic states. We have S(fa1) = ↓24/5, S(fb1) = ↓21/5 and S(fb2) = 21/5. In order to

compute the total polarizability of the transitions, it is necessary to combine the values of

the scalar and tensor polarizabilities of the lower and upper levels, as given in [10, 49]. Note

that the ri,e!ect of the same component i are distinct for di!erent e!ects, since the scalar

and tensor polarizabilities are, in general, frequency-dependent. A table of numerical values

re!ect,i used in the adjustment can be found in SM.

In order to perform the LSA, the equations should be linearized. The only non-linear

contribution is the quadratic Zeeman shift. We linearize the equations by expressing the
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magnetic field BREMPD = B0 + ϑB as the sum of a constant value B0, approximately known

from previous experiments, and an adjustable small deviation ϑB. The term quadratic in

ϑB may safely be neglected.

In summary, the LSA includes 11 observational equations to which 6 parameters are

adjusted, f (expt)
spin-avg, c

(expt)
e , ϑB, k2.4, k313, kRF. All input data is uncorrelated.

The AT e!ect is not considered in the same form as the other systematic e!ects, since it is

a splitting rather than a shift. For those lines, for which we have measured the splitting (note

that for these I(j)313 = I313,nom), the shift is simply given by half the observed splitting, ϑf (j)
AT =

⇑1/2#fAT,nom. Positive and negative signs correspond to the smaller and larger frequency

component, respectively. For the other lines, we present two approaches for accounting for

the e!ect:

Approach (I): Since the sign of ϑf (j)
AT is unknown for these cases, we set ϑf

(j)
AT = 0, but

with uncertainty u(ϑf (j)
AT) = #f

(j)
AT/2. Furthermore, the scaling with intensity is #f

(j)
AT =√

I
(j)
313/I313,nom→#fAT,nom,a1. Since#fAT,nom,a1 is much larger than the statistical uncertainty

of the lines, and combined with the fact, that our measurements can neither resolve a shift

due to I2.4 nor due to VRF, the resulting uncertainty of f (expt)
spin-avg and c

(expt)
e is far exceeds our

line resolution. The values presented in the main text of the manuscript result from this

approach. The values of systematic shifts of individual Zeeman components ϑf (j)
e!ect given in

Tab. II are computed using the resulting sensitivities ke!ect.

Approach (II) is described in SM.

3. Ab initio theory of fspin→avg

Theoretical data have been obtained in two steps. First, the spin-averaged transition

frequency was calculated as an expansion in terms of the coupling parameter, the fine

structure constant ω. We started from the nonrelativistic solution of the Schrödinger

equation. Second, higher-order corrections were obtained in a perturbative way along

the lines of the NRQED e!ective field theory [15]. The individual contributions are:

f
(0) = 124 485 554 550.71 kHz (nonrelativistic three-body Schrödinger solution), f

(2) =

2 002 698.73 kHz (relativistic corrections in Breit–Pauli approximation; nuclear radii),

f
(3) = ↓521 345.53 kHz (leading-order one-loop radiative corrections), f (4) = ↓3 689.05 kHz

(one- and two-loop radiative corrections; relativistic corrections), f (5) = 228.67 kHz (radia-
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tive corrections up to three loops, Wichmann–Kroll contribution), f (6) = ↓1.62 kHz (one-

and two-loop radiative diagrams, Wichmann-Kroll contribution), f other = 0.54 kHz (muon

and hadron vacuum polarization). Here, f (n) denotes a contribution proportional to cR↑ω
n.

The sum of all these contributions, f (theor)
spin→avg, together with the theoretical uncertainty, is

given in the main text. The above values are for CODATA 2022.

The sensitivity of the spin-averaged frequency to mp/me has been reported in [10],

ϖfspin→avg/ϖ(mp/me) = ↓0.43976→ fspin→avg/(mp/me).

4. Ab initio theory of the spin-rotation coupling

c
(theor)
e , given in the main text, is calculated theoretically using the Breit-Pauli Hamilto-

nian and then including higher-order corrections up to order mω
7 lnω. When higher-order

corrections are considered, other spin interaction terms may also appear, for example pro-

portional to I1 · I2. Firstly, they are a factor ω
2(me/mp)2 smaller than the leading-order

hyperfine structure splitting of the state. Secondly, the total nuclear spin in every rotational

state N is fixed and thus also the value of I1 · I2 is uniquely determined. This means that

these new terms do not contribute to the splitting, but to the spin-averaged energy. They

are included in f
(4) above.

5. Ab initio theory of the Zeeman interaction

The interaction of para-H+
2 with an external magnetic field is described by the e!ective

Hamiltonian:

Hmag = ↓µB (gNN+ gese) ·B ,

where µB = |e|⊋/(2mec) is the Bohr magneton, gN(v,N) is the orbital g factor, and

ge(v,N) ↗ ↓2.002319 is the bound-electron g factor. gN is calculated numerically from

the nonrelativistic three-body-bound-state wave function [53, 54]. For the upper level of the

transition, gN(v = 3, N = 2) = 0.48156 → 10→3. The computation of the Zeeman shifts is

given in the Supplemental material of ref. [1].
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6. Results and discussion

In this chapter the principal findings from the spectroscopic studies detailed in sections 5.2 and
5.3 will be summarized and consequences for the research aims will be discussed.

6.1. Observation of a laser induced transition in H+
2

With the first study in Section 5.2, we have demonstrated the detection of the rovibrational
transition (v, N) : (1, 0) ↘ (3, 2) in H+

2 . By irradiating the spectroscopy wave along the axis
of the RF trap, we were able to measure a Doppler-broadened transition of both fa and fb

(see Fig. 4.4). This study represents the second instance of driving and detecting an electric
quadrupole transition in a molecular ion using lasers, and the first instance of doing so in H+

2 .
Due to the Doppler-broadening, which was on the order of a few megahertz, it was not possible
to resolve individual Zeeman components. Interpreting the observed linewidth to be fully
attributable to the Doppler-e!ect, a temperature of 3.4 mK was determined for the ensemble
of H+

2 ions.
With the acquisition of fa and fb, the measurement comprises the full structure of the transition.
These have been determined to be

f
(expt)
a = 124 487 066.7(1.9)expt MHz ,

f
(expt)
b = 124 486 979.9(2.3)expt MHz .

Note that the notation has been adapted from Sec. 5.2 to align with the one used in Sec. 5.3.
Given the slow nature of the H+

2 -spectroscopy procedure, it was deemed more prudent to exam-
ine potential systematic shifts through an investigation of a comparable E2 transition in HD+:
(0, 0) ↘ (2, 2). By employing analogous methods as developed for E1 spectroscopy of HD+

to measure single Doppler-free Zeeman components [21, 12, 23], a comprehensive systematic
investigation of the transition could be performed. With linewidths as narrow as ↑ 40 Hz and
corresponding line resolutions of 2.7 → 1012, the measurements represent a significant improve-
ment in resolution by a factor of ↑ 106 compared to the first observation of electric quadrupole
transitions in molecular ions [100]. Moreover, the resolution of these measurements is compa-
rable to that of the most precise electric dipole transition measurements performed on HD+

[12, 97]. The present study demonstrates that E2 transitions in MHIs can be investigated
systematically at a level that is su"cient for fundamental physics purposes.
The shifts of the H+

2 -transition could be inferred from those measured on HD+ and were found to
be negligible in comparison to the H+

2 spectroscopic resolution. Consequently, the spin-averaged
frequency and the spin-rotation coe"cient can be directly computed from f

(expt)
a and f

(expt)
b :

f
(expt)
spin-avg = 124 487 032.7(1.5) MHz and c

(expt)
e = 34.8(1.2) MHz. The values are in agreement

with the theoretical prediction. Due to the Doppler-broadening, the experimental uncertainties
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are significantly larger than those of the theory, and are not yet su"ciently small to allow
for competitive fundamental physics evaluations. Nevertheless, a value for the proton-electron
mass ratio could be computed and was found to be in agreement with the CODATA18 value,
although with an uncertainty that is more than two orders of magnitude larger.

6.2. Doppler-free measurement of a H+
2 transition

Following the observation of Doppler-broadened lines, an investigation into Doppler-free tran-
sitions using TICTES was conducted in the second study (Sec. 5.3). Accordingly, the spec-
troscopy laser was irradiated in a transverse arrangement with respect to the trap axis. Given
the narrow width of the transitions due to their small natural linewidth and a deliberately
imposed uncertainty in the theoretical prediction for the purpose of a blind search, the detec-
tion of Doppler-free transitions in H+

2 proved to be a challenging endeavor. Nevertheless, over
the course of approximately one year, a measurement of Doppler-free lines including a study
of the systematic e!ects of the transition (1, 0) ↘ (3, 2) was realized. Three single Zeeman
components fa1, fb1 and fb2 have been resolved, with a minimum of one for each spin-rotation
component (see Fig. 4.4). Linewidths as small as ↓ 6 Hz were observed, corresponding to line
quality factors of 2.2 → 1013, a factor of 10 better than the first measurement presented in this
thesis (Sec. 6.1). From these measurements, the accuracy of the aforementioned spin-rotation
components could be improved by more than three orders of magnitude:

f
(expt)
a = 124 487 067 172.9(6)expt kHz ,

f
(expt)
b = 124 486 980 347.5(8)expt kHz .

Due to the particularities of the systematic shift determination, the uncertainties associated
with these two values are correlated. As a result, the reduction in uncertainty of fspin-avg and ce

in comparison to the initial observation is not as substantial as that observed for the individual
spin-rotation components. The deduced values for these are

f
(expt)
spin-avg = 124 487 032 442.69(95)expt kHz ,

c
(expt)
e = 34 730.18(10)expt kHz .

They agree with the most recent theoretical computations

f
(theor)
spin-avg = 124 487 032 442.5(0.9)QED(0.96)CODATA22 kHz ,

c
(theor)
e = 34 730.25(12)QED kHz ,

provided in Sec. 5.3 and [44], respectively. The uncertainties are here distinguished between
contributions stemming from uncomputed theoretical terms (“QED”) and uncertainties of fun-
damental constants (“CODATA22”). Notably, for the first time in history, the uncertainties of
an experimental and theoretical determination of a spin-averaged frequency of a rovibrational
transition in H+

2 are approximately equal.

6.3. The proton-electron mass ratio

It has been discussed extensively in Chapter 1, that a spectroscopy result of the kind presented
in the preceding section 6.2 enables the determination of fundamental constants, most notably
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the mass ratio of the proton and the electron. It is computed by adjusting its input value to the
theoretical computation of f

(theor)
spin-avg in such a way that theory and experiment agree (see eq. 1.4

in Sec. 1.1). Note, that the Rydberg constant and the proton charge radius are input data
used in the adjustment, with initial values taken from CODATA22. They are not e!ectively
adjusted however, since the measured transition does not express a large enough sensitivity to
these constants (see eq. 1.4). From f

(expt)
spin-avg of the previous section, we obtain

mp

me
= 1836.152673416(44) ,

where the uncertainty arises in equal parts from theory and experiment. A notable aspect of
this value is that it is derived purely through spectroscopic means, as all underlying experiments
investigate the quantized nature of matter: optical spectroscopy of the hydrogen atom furnishes
the necessary input values R↑ and rp, which are then utilized in conjunction with the present
result to yield mp/me.

The present value is in agreement with the most recent international standard of CODATA22,
with an uncertainty that is 1.4 times larger. Furthermore, it is in agreement with the former
value of CODATA18, but compared herewith has an uncertainty smaller by a factor of 2.5.
A graphical representation of these comparisons and earlier CODATA values is provided in
Fig. 6.1. It is sensible to make a comparison with both standards, since results obtained for
HD+ are partially considered in the CODATA22 adjustment, which was not the case prior. As
a consequence, only the CODATA18 value can be understood as a constant independent of MHI
spectroscopy results. The comparison of the present value and the CODATA18 value therefore
can be understood as two independent measurements originating from di!erent experiments
and theories developed and performed by di!erent groups of researchers. Their agreement is
thus a powerful consistency test of the underlying work.

It should be noted that other constants, primarily the proton charge radius and the Rydberg
constant, are required as input data to obtain the proton-electron mass ratio. An adjustment
of these constants may also be considered, using the present result in addition to hydrogen
spectroscopy data as input. Doing so, it becomes evident that the present result is not yet
su"ciently accurate to allow for the determination of these quantities with a competitive degree
of accuracy. Consequently, the present result is not yet able to contribute to the discussion
that has evolved around the value of the proton charge radius. This is discussed in more detail
in Sec. 5.3.

The evaluation can be expanded to include recent measurements of transitions in HD+. A value
of the deuteron-proton mass ratio can then be extracted in a similar manner, thus enabling a
pure spectroscopic determination of both mass ratios from MHI data. The deduced value for
the deuteron-proton mass ratio

md

mp
= 1.99900750139(11) ,

is in agreement with a value obtained from cyclotron frequency measurements performed in
a Penning trap [27], although not as accurate. The fractional deviation of the two values is
5.9(5.5) → 10→11, showing agreement at approximately one times their combined uncertainties.
This value realizes the comparison of Newtonian and quantum mechanics, as discussed in
Sec. 1.1, where agreement is seen.
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Figure 6.1.: The uncertainty and relative value of the proton-electron mass ratio

over the course of time. The fractional uncertainty of historical CODATA values (orange)
is shown in comparison to the uncertainty achieved in this work (blue). Additionally, the
inset shows the fractional o!set of a selection of the values, with the same uncertainties
displayed as error bars. The shaded area represents the uncertainty range of the most recent
CODATA22 value. The result of this work is in very good agreement with recent CODATA
values (2018, 2022).

6.4. Frequency ratios

The agreement of experimental and theoretical values seen in Sec. 6.2 can be considered as a
confirmation of the underlying theoretical framework at relative level of 1.3 → 10→11. Similarly,
a confirmation is inferred from the agreement seen for the values of the proton-electron mass
ratio. However, this test relies on fundamental constants derived from various measurements
and corresponding theories.
One may circumvent this dependency and improve the test by employing the frequency ratios
discussed in Sec. 1.2. A second measurement of a MHI transition is required, for which the
recent transition (0, 0) ↘ (5, 1) of HD+ is taken [12], denoted as f5. The test is performed by
comparing the ratio R = f5/fspin-avg of experimental and theoretical values. Their fractional
deviation is

R
(expt)

↗ R
(theor)

R
= ↗2.4(8.0)expt(0.9)theor(1.0)CODATA18* → 10→12

.

The asterisk indicates that, in addition to the CODATA18 set of fundamental constants, a
recent value for the deuteron-proton mass ratio was used [27].
This value has a combined uncertainty of 8.1 → 10→12 and therefore infers correctness of MHI
theory at that level. It represents a marginal improvement over the direct experiment-theory
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comparison mentioned at the beginning of this section, which is representative of the fact that
the frequency ratios can only serve to reduce theoretical errors. The leading contribution to
the uncertainty of the ratio is that of the experiment. Nevertheless, this value represents one
of the most precise matches between experiment and theory in physics, with a precision that
is only a factor ↓ 8 less precise than that achieved in the g-factor measurement of the electron
[1].
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7. Outlook

The groundwork for the optical spectroscopy of the molecular hydrogen ion H+
2 established in

this thesis paves the way for a variety of further studies.
As an immediate next step, the accuracy of the present work’s findings could be improved
through a more rigorous determination of systematic e!ects. This is a particularly attractive
proposition, given that the accuracy of the spin-averaged transition frequency is inferior to
the spectroscopic resolution by two orders of magnitude. The primary reason is the conserva-
tive evaluation of systematic e!ects necessitated by the observed Autler-Townes splitting. In
principle, it should be feasible to determine the systematic shifts with an uncertainty that is
comparable to the resolution, thereby allowing an increase in accuracy by two orders of mag-
nitude. To achieve this, further measurements conducted under a range of parameter settings
are required in order to precisely characterize the Autler-Townes splitting and reduce the as-
sociated uncertainty. However, this alone would not be su"cient to obtain the same level of
improvement in the accuracy of fundamental constants, as a comparable advancement in theory
is also necessary. Nevertheless, an improved experimental result that would then be better than
the theory by two orders of magnitude would undoubtedly stimulate further research on the
theoretical side. Such an improvement would also facilitate a more rigorous test of QED.
Concurrently, the aforementioned improvement would render it a realistic prospect to contribute
to the determination of other fundamental constants, primarily the proton charge radius. This
property has been the subject of numerous studies, with partially conflicting results, which is
known as the proton radius puzzle. An improved determination of H+

2 transition frequencies
will, at some point, become sensitive to rp and could contribute to the discussion.
A comparable improvement could be achieved by transitioning to more sophisticated trap-
ping techniques. At the forefront of the field are single-particle traps that no longer rely on
destructive spectroscopy, as is the case here. Instead, non-destructive techniques, such as
quantum-logic spectroscopy [101] or optical-dipole force detection [95, 102], are utilized. These
techniques reduce the spectroscopy cycle time by orders of magnitude, thereby increasing the
sample statistics and improving the resulting determination of line frequencies and systematic
e!ects. Non-destructive readout techniques have been demonstrated on MHIs, both in a linear
RF trap on H+

2 [67] as well as in a Penning trap on HD+ [78].
In addition to the evaluations presented in this thesis, the H+

2 spectroscopy results could be
employed to contribute to the search for a potential fifth force (Sec. 1.2.2), as has been done for
HD+ [12]. Such an analysis would be most sensitive when testing for a hypothetical baryon-
baryon interaction between the two nuclei. Since the present result agrees with the theoretical
prediction, it is evident that no conclusive determination can be made regarding the existence
of a fifth force. However, the result could likely improve the constraints on the free parameters
of a fifth force, given that the accuracy is comparable to that obtained in HD+ spectroscopy.
Further down the road lies the measurement of a set of transitions in MHIs, which would
allow for a stand-alone and improved determination of the involved fundamental constants. A
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recent study projects that an improvement in the accuracy of multiple constants compared to
CODATA18 is possible, but will require the accurate measurement of multiple transitions in
H+

2 , HD+ and D+
2 [7].

In the far future, a similar study to the one presented here could be conducted on the antimatter
counterpart of H+

2 . This would realize a matter-antimatter comparison that has been a long-
standing aspiration [18]. Currently, analogous experiments on proton-antiproton comparisons
are performed in Penning traps. Consequently, optical spectroscopy experiments on H+

2 in
Penning traps would be highly desirable.
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A. Data for Fig. 2.6

Table A.1.: Raw data and references of experimental works for Fig. 2.6. Values given
as relative accuracy are best estimates based on details given in the corresponding work and
always correspond to the most accurate measurement performed. For a list of theoretical
works used in Fig. 2.6, see Tab. A.2.

Experiments
Name Year rel. accuracy Source

Marmet and Kerwin 1960 7.4 → 10→2 [103]
Je!erts 1969 1.2 → 10→6 [50]
Asbrink 1970 1.8 → 10→4 [104]

Takezawa 1970 4.6 → 10→4 [105]
Herzberg and Jungen 1972 9.1 → 10→1 [106]

Menasian and Dehmelt 1973 1.3 → 10→6 [65]
Carrington et al. 1989 1.1 → 10→4 [107]

Arcuni et al. (spin structure) 1990 2.1 → 10→4 [108]
Arcuni et al. (rotational) 1990 2.8 → 10→7 [68]

Fu et al. 1992 2.6 → 10→5 [108]
Carrington et al. 1993 5.2 → 10→6 [109]
Carrington et al. 1993 6.4 → 10→7 [66]
Critchley et al. 2001 7.4 → 10→5 [110]

Osterwalder et al. 2004 2.3 → 10→4 [111]
Haase et al. 2015 4.4 → 10→7 [112]

Schenkel et al. 2024 1.2 → 10→8 [99]
Doran et al. 2024 7.8 → 10→9 [69]

Alighanbari et al. 2024 7.9 → 10→12 [42]
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Table A.2.: Raw data and references of theoretical works for Fig. 2.6. Values given
as relative accuracy are best estimates based on details given in the corresponding work
and always correspond to the most accurate calculation performed. The first table gives the
result from the theory of rovibrational energies, and the second those from the theory of spin
energies. For a list of experimental works used in Fig. 2.6, see Tab. A.1.

Theory, rovibrational
Name Year rel. accuracy Source

Johnson 1941 2.5 → 10→4 [35]
Cohen et al. 1960 1.0 → 10→4 [113]

Wind 1965 1.0 → 10→7 [114]
Moss 1993 4.6 → 10→8 [33]

Korobov 2006 1.2 → 10→9 [39]
Korobov et al. 2014 4.0 → 10→11 [115]
Korobov et al. 2021 8.0 → 10→12 [25]

Theory, spin
Name Year rel. accuracy Source

Dalgarno et al. 1961 1.0 → 10→2 [46]
Somerville 1968 7.1 → 10→4 [116]

McEachran et al. 1978 5.3 → 10→4 [48]
Babb and Dalgarno 1992 1.1 → 10→4 [49]

Korobov et al. 2006 6.3 → 10→5 [43]
Korobov et al. 2009 1.1 → 10→5 [117]
Haidar et al. 2022 3.5 → 10→6 [44]

118



B. Supplementary Material of Sec. 5.1

119



Supplemental Document

Metrology-grade spectroscopy source based on
an optical parametric oscillator: supplement
M. R. SCHENKEL,1,2, V. A. VOGT,1 AND S. SCHILLER1,3

1
Heinrich-Heine-Universität Düsseldorf, Mathematisch-Naturwissenschaftliche Fakultät, Institut für

Experimentalphysik, 40225 Düsseldorf, Germany

2
magnus.schenkel@hhu.de

3
step.schiller@hhu.de

This supplement published with Optica Publishing Group on 13 November 2024 by The Authors

under the terms of the Creative Commons Attribution 4.0 License in the format provided by the

authors and unedited. Further distribution of this work must maintain attribution to the author(s)

and the published article’s title, journal citation, and DOI.

Supplement DOI: https://doi.org/10.6084/m9.figshare.27044743

Parent Article DOI: https://doi.org/10.1364/OE.538442

Chapter B Supplementary Material of Sec. 5.1

120



A metrology-grade spectroscopy
source based on an optical parametric
oscillator: Supplement 1

1. FIGURE OF PLL BEATS AT VARIOUS WAVELENGTHS

Figure S1 shows the linewidths and phase noise spectra of the PLL for three different idler
wavelengths in the same style as Fig. 3 of the main text.

1a 2a 3a

-50 0 50
0.0

0.2

0.4

0.6

0.8

1.0

Offset frequency (Hz)

Si
gn
al
le
ve
l(
a.
u.
)

Beat of SH and OFC1 (PLL); λSH=1.2 µm

-50 0 50
0.0

0.2

0.4

0.6

0.8

1.0

Offset frequency (Hz)

Si
gn
al
le
ve
l(
a.
u.
)

Beat of SH and OFC1 (PLL); λSH=1.3 µm

-50 0 50
0.0

0.2

0.4

0.6

0.8

1.0

Offset frequency (Hz)

Si
gn
al
le
ve
l(
a.
u.
)

Beat of SH and OFC1 (PLL); λSH=1.35 µm

1b 2b 3b

10 100 1000 104 105 106

-80

-60

-40

-20

0

Fourier frequency (Hz)

Ph
as
e
no
is
e
PS
D
(d
Bc

/H
z)

10 100 1000 104 105 106

-80

-60

-40

-20

0

Fourier frequency (Hz)

Ph
as
e
no
is
e
PS
D
(d
Bc

/H
z)

10 100 1000 104 105 106

-80

-60

-40

-20

0

Fourier frequency (Hz)

Ph
as
e
no
is
e
PS
D
(d
Bc

/H
z)

Fig. S1. Beat spectrum shown as a zoom-in of the beat (top row) and the phase-noise power
spectral density (PSD, bottom row) of the beat between the idler SH and OFC1 in the locked
state for three different idler wavelengths. Columns 1, 2, 3 correspond to idler wavelengths
of 2.4, 2.6, 2.7 µm, respectively. For the top row, all data are taken with a RBW of 1 Hz and are
normalized to the peak level of the fitted function. Due to a different frequency resolution used
for the individual data sets, the center peak in panel 3a is not well resolved. In this case, the
Gaussian fit function is shown for illustrative purposes only. For the bottom row, individual
colors correspond to individual measurements, which are normalized to their RBW. The signal-
to-noise ratio is in all cases similar to the 70 dB stated in the main text. Compared to the PSD
measurement in Fig. 3, panel 2b of the main text, the PSDs exhibit additional noise peaks. This
is due to an incomplete optimization of the lock settings. Such an optimization is required after
tuning the wavelength of the idler, which results in a change of the beat signal level.
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SUPPLEMENTARY INFORMATION

A. Figures of measurements of systematics
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Supplementary Information Figure 1:

The two AT doublets of Zeeman component fa1 for two di!erent values of the trap RF

amplitude. The two lines measured under nominal conditions (blue) are identical to the

data shown in Fig. 3 of the main text. The laser frequency detuning is given relative to the

deperturbed frequency of spin component f
(expt)
a . The deperturbed frequencies and their

uncertainty ranges are indicated by full and dashed lines in corresponding colours. Points

in brighter colour are the signal values, while the darker ones are background. The coloured

curves are guides to the eye.
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fa1: IOPO (nominal)
fa1: 1.26 IOPO
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Supplementary Information Figure 2:

The Zeeman component fa1 for two di!erent values of the intensity of the spectroscopy

wave (wavelength 2.4 µm). The line measured under nominal condition is identical to the

lower component of the AT doublet shown in Fig. 3 of the main text. The laser frequency

detuning is given relative to the deperturbed frequency of spin component fa. Points in

brighter colour are the signal values, while the darker ones are background. The coloured

curves are guides to the eye.
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fb1: 76 µW (nominal)
fb1: 41 µW
fb1: 146 µW
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Supplementary Information Figure 3:

The Zeeman component fb1 for three di!erent values of the power of the 313 nm wave.

In this case, a change in power is proportional to a change in intensity, since the beam

size was kept constant. The line measured under nominal condition is identical to the data

shown in Fig. 3 of the main text. For each intensity setting, only one line of the AT doublet

was measured and we did not indentify which of the two lines was observed. However, a

light-induced shift that exhibits a cleanly linear dependence on the 313 nm wave power is

only obtained if it is assumed that the three displayed lines are the same component of the

AT doublet. The laser frequency detuning is given relative to the deperturbed frequency of

spin component fb. Points in brighter colour are the signal values, while the darker ones are

background. The coloured curves are guides to the eye. We attribute the di!erent linewidths

of the observed lines in part to a change in the reference laser of the optical frequency comb

that occured inbetween the measurements.
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fa1: 76 µW (nominal)
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Supplementary Information Figure 4:

Zeeman component fa1 for three di!erent values of the power of the 313 nm wave. In

this case, a change in power is proportional to a change in intensity, since the beam size

was kept constant. The AT doublet measured under nominal conditions (blue) is identical

to the data shown in Fig. 3 of the main text. The laser frequency detuning is given relative

to the deperturbed frequency of spin component fa. Points in brighter colour are the signal

values, while the darker ones are background. The coloured curves are guides to the eye. We

attribute the di!erent linewidths of the observed lines in part to a change in the reference

laser of the optical frequency comb.
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B. Polarizability ratios

effect reffect,a1 reffect,b1 reffect,b2
a.c. Stark (2.4 µm) 1.000 1.080 2.197
a.c. Stark (313 nm) 1.000 1.052 1.784

RF trap shift 1.000 1.080 2.203

Supplementary Information Table 1:

Table of polarizability ratios re!ect,i. The ratios are normalized to the polarizability of

Zeeman component fa1. Consequently, the adjusted ke!ect is the sensitivity of this particular

component. The values are distinct for each e!ect, since the polarizabilities depend on the

field frequency. For the last column (RF trap shift), the values of the static polarizabilities

were used, since the RF frequency is small.
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C. Approach (II) for spin-averaged frequency and spin-rotation coe!cient

Here, we attempt to incorporate the knowledge of the discrete nature of the AT shift

and to identify the unknown AT shift signs. For this purpose, we assume a particular sign

ω
(j) = ±1 for each line j and set εf

(j)
AT = ω

(j)”f
(j)
AT/2. ”f

(j)
AT has an uncertainty stemming

from”f
(j)
AT,nom,a1, and we introduce an additional uncertainty uAT (independent of j) in order

to obtain agreement between the fitted model and the data, as follows. Evaluating the LSA

with this input, the uncertainties of both f
(expt)
spin-avg and c

(expt)
e are reduced by approximately

a factor of 5 compared to the approach (I). Since seven signs ω
(j=1...7) are unknown, there

are 27 = 128 possible combinations to consider. To determine the likelihood of particular

combinations we can make use of the frequency ratios R5,2→ and R1,2→ discussed in the main

text, as well as the reduced chi-squared parameter ϑ
2
ω resulting from the LSA. We may

assume that not only the present but also our own previous experiments on HD+ and its

theory are correct at the level of the presented uncertainties. We then do not expect a

substantial disagreement between the experimental and theoretical ratios. And secondly,

we assume that the reduced chi-squared parameter shows a consistency between the model

and the data. Our criterion for absence of disagreement in both cases is a deviation smaller

than or equal to 3 sigma. For the ratios this is evaluated through their uncertainties, while

for the reduced chi-squared parameter we rely on the canonical bound ϑ
2
ω → ϑ

2
ω,max = 2.9

for the present number of degrees of freedom. If the uncertainty uAT = 0, the minimum ϑ
2
ω

for all 128 combinations is 4.1, indicating an underestimation of the experimental errors. A

total of 12 combinations have a ϑ
2
ω similar to this value, while the next larger ϑ

2
ω is 12.5,

showing a clear preference of the model for these combinations. We therefore increase the

uncertainty uAT to reduce ϑ2
ω until the above bound is fulfilled for the 12 combinations. We

obtain ϑ
2
ω values in the range of 2.8 to 2.9 for uAT ↑ 11Hz. Turning to the frequency ratios,

only six of the 12 combinations show no disagreement regarding R5,2→ , R1,2→ . From these

six cases we derive values for f (expt)
spin-avg,II and c

(expt)
e,II . We conservatively estimate them as the

mid-values of the intervals containing all individual values with their uncertainties. The

uncertainties are taken as equal to half the widths of the intervals. We obtain f
(expt)
spin-avg, II =

124487032442.59(67) kHz and c
(expt)
e, II = 34730.176(69) kHz. In summary, these uncertainties

are smaller by approximately a factor 1.4 compared to approach (I).
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D. Least-squares adjustment (LSA)

We perform the LSAs following ref. [1]. The basic algorithm is described in Appendix E of

ref. [2]. The number of input data is n, and this input can be experimental data, theoretical

data, or previously measured constants. This data can have correlations. The number of

adjusted constants isM , where this output are fundamental constants and other parameters.

n, M are given by

n = 2N (MHI input) +N (mass ratio input and other input :R→,18, rp,18, rd,18)+

N (other input : H,H - D) +N (2nd H - Ddatum) ,

M = N (MHI input) +N (other input : H,H - D) +N (fund. const.) ,

where N (Y ) denotes the number of items of type Y .

(i) The M adjusted constants include, depending on the particular LSA, the fundamen-

tal constants µpd/me, mp/me, R→, rp,rd or a subset thereof. The value of md/mp is com-

puted from the adjusted µpd/me and mp/me using the definition µpd/me = mpmd/me(mp +

md). Further adjusted “constants” are the theoretical additive corrections for the MHI,

εf
(theor)(HD+) and/or εf

(theor)(H+
2 ), the so-called missing contributions. The number of

adjusted MHI εf
(theor) is equal to the number of frequencies listed in the column “MHI

input”.

(ii) Every MHI input data consists of the experimental frequency f
(exp)
k , the theoretical

frequency f
(theor)
k ([µpd/me]18, [mp/me]18, R→,18, rp,18, rd,18), evaluated for the CODATA 2018

fundamental constants (fiducial value), and an associated theoretical additive correction

εfk. The latter is nominally zero but has nonzero uncertainty.The εfk of di!erent MHI and

di!erent transitions are correlated, the correlation coe#cients being given in [1].

(iii) In those LSAs where “H, H - D” is listed under “other input”, “H” refers to two

hydrogen 1s - 2s transition measurements (items A6, A7 in table X of ref. [3]) and “H - D”

refers to one hydrogen-deuterium isotope shift measurement (A5 in table X). For the 1s - 2s

measurements there is a corresponding single theoretical correction εf(H), described by B1,

B2 in table VIII. For the isotope shift the theory correction εf(H - D) stems from items B1,

B2, B17, B18 in table VIII. Correlation coe#cients between the corrections εf are given in

table IX.

Input data is analogous to the MHI input data, see (v) below. The additional adjusted

7
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constants are εf
(theor)(H) and εf

(theor)(H - D). Analogous constants are considered in the

CODATA adjustments, see Tab. XI in ref. [3].

(iv) In the column “Other input”, we have used the short-hand notations R→,18, rp,18,

rd,18 , to indicate the values of the CODATA 2018 compilation. The correlations between

these values are taken into account.

(v) For each spectroscopy input datum k (from MHI, H and H - D), the observational

equations are f (exp)
k =̇f

(theor)
k (µpd/me,mp/me, R→, rp, rp) + εf

(theor)
k , εfk=̇εf

(theor)
k . If the CO-

DATA 2018 fundamental constants are used as input instead of hydrogen spectroscopy data,

then the corresponding equations are: R→,18=̇R→, rp18=̇rp, rd,18=̇rd.

(vi) If the deuteron-proton mass ratio is an input, we include the observational equation

[md/mp]FM21=̇((mp/me)/(µpd/me)↓ 1)↑1
.

The observational equations are linearized around the fiducial values of the fundamental

constants, i.e. the CODATA 2018 values.

In LSA 1, the constants R→, rp, rd are e!ectively not adjusted.
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Nomenclature

BASE Baryon Antibaryon Symmetry Experiment

BBR Black-body radiation

CODATA Commitee on Data (of the International Science Council)

CPT theorem charge, paritiy and time reversal theorem

CW continuous-wave

E1 electric-dipole (transition)

E2 electric-quadrupole (transition)

GNSS global navigation satellite system

M1 magnetic-dipole (transition)

MHI(s) molecular hydrogen ion(s)

NRQED non-relativistic quantum electrodynamics

OFC optical frequency comb

OPO optical-parametric oscillator

PLL phase-locked loop

QED quantum electrodynamics

SHG second-harmonic generation

SI International System of Units

SM Standard Model of particle physics

TICTES Trapped ion cluster transverse excitation spectroscopy
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