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Abstract

We adapt methods from quiver representation theory and Hall algebra techniques to the
counting of representations of virtually free groups over finite fields. This gives rise to the
computation of the E-polynomials of GL,(C)-character varieties of virtually free groups.
As examples we discuss counting of representations of the groups Do, PSLy(Z), SL2(Z),
GL;(Z) and PGL1(Z).

Mathematics Subject Classification 20C07 - 16G99 - 14130 - 14D20 - 32S35

1 Introduction

Arithmetic representation growth deals with counting the number of representations of alge-
bras over finite fields. More precisely it is the study of the following counting functions: For
A a finitely generated IF;-algebra and d € Ny, @ € N5 define

r[‘;S’A(qa) = #ssimy (A ®F, Fyo)
r;@'A(Q“) = #simy (A ®F, Fyo) .
r;bslm,A(qa) := #absimy (.A ®Fq Fq")

Here we denote by isoz(B) 2 ssimy(B) 2 simg(3) 2 absimy(B) for each d the sets of
isomorphism classes of all, of all semisimple, of all simple and of all absolutely simple left
modules M over a K-algebra B of dimension dimg (M) = d. Recall that a left 3-module
M is called absolutely simple if it is simple and Endg (M) = K or equivalently if M ®x K
is simple for the algebraic closure‘f 2K.

(1) defines functions rzs’A, rslm‘A, rsbs"“’A on all g-powers. We call these functions
counting functions, as they count the semisimple, simple and absolutely simple mod-
ules/representations of .4 over I, up to isomorphism. If the algebra A is understood, we
will usually drop it from the notation.

The counting functions (1) have been studied by S. Mozgovoy and M. Reineke in the
cases A = F, é the path algebra of a finite quiver and A = F,[F,] the group algebra of
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a finitely generated free group. One of their main results is the following theorem (see [21,
Thm. 6.2] and [17, Thm. 1.1]).!

Theorem 1.1 If A is the path algebra of a finite quiver or the group algebra of a finitely
generated free group (over By respectively), then there are polynomials R, R;bs"“ € Z[s]
and R™ € Q[s] fulfilling

Va>1: R;bsim(qot) — r;bsim(qa) , R(sjirn(qa) — r;im(qa) , R;s(qa) — rlsis(qot) (2)

We call such polynomials realizing the counting functions (1) counting polynomials. More
important than the mere existence of counting polynomials is the fact that Mozgovoy—Reineke
obtained certain generating formulas (see [17, Thm. 1.2]) which enable the practical compu-
tation of the counting polynomials (in low dimensions).

The main goal of this paper is to generalize Theorem 1.1 as well as the above mentioned
generating formulas to the case where A = F,[G] is the group algebra of a finitely generated
virtually free group (see Theorem 5.4 below). Furthermore we will investigate a few structural
properties of the counting polynomials and relate these to the geometry of GIT moduli spaces
of representations. SageMath code designed by the author for the practical computation of
the counting polynomials is provided at [10].

The main reason why we are studying virtually free groups in this paper is W. Dicks’s
characterization of hereditary group algebras (see [4, Thm. 1]): If H is a finitely generated
group and K a field, then the group algebra K[H] is (left) hereditary? if and only if H is
virtually free and contains no elements of order char (K). For a given finitely generated
virtually free group H there are only finitely many prime numbers for which K[] is not
hereditary, which we will call non-suitable prime numbers. The hereditariness of the group
algebra will be needed to make certain Hall algebra techniques available (see Lemma 4.2
below), which have also been used by Mozgovoy and Reineke when proving Theorem 1.1.

This paper is organized as follows: we start by recalling most of the relevant preknowledge
on virtually free groups and algebraic geometry within Sect. 2. Afterwards we discuss some
invariants like dimension vectors and the homological Euler form in the context of represen-
tations of virtually free groups in Sect. 3. In Sect.4 we review some Hall algebra methods,
before we discuss the main result 5.4 in Sect.5. Section6 is devoted to hands-on exam-
ples and we conclude in Sect.7 with discussing a few structural properties of the counting
polynomials.

2 Preliminaries
In this section we summarize the preknowledge from group theory, representation theory and

algebraic geometry needed within this paper. All the results discussed in the Sects. 2.2-2.4
are non-original and probably well-known to the experts.

2.1 Virtually free groups

In this subsection we recall some group theoretic notions, define the class of groups that we
will work with in this paper (see Definition 2.1) and prove that this class of groups coincides

! In the quiver case Mozgovoy—Reineke’s result was in the more general context of counting absolutely stable
representation of a fixed dimension vector. We state it in a weaker form here for expository purposes.

2 Since every group is isomorphic to its opposite, left and right hereditaryness are equivalent.
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with the class of finitely generated virtually free groups (see Lemma 2.4). To understand (most
of) the content of the rest of this paper it is not necessary to comprehend all technicalities
in this subsection—Definition 2.1 and Remark 2.5 should be sufficient to be able to read
through all of the following sections.

Given three groups &, F, H as well as injective group homomorphisms ¢ : F — H,
k : F — &£ we denote their pushout in the category of groups by H *r £ and call it the
amalgamated free product of H and € over F. Recall frome.g. [12, §IV.2] thatif H = (X | S)
and £ = (Y | T) are presentations of the groups H and £ in terms of generators and relations,
then a presentation of H *x £ is given by

(XUYSUT UK - NI feR) €)

If we are given two embeddings ¢, k : F — H with the same codomain instead, we may
consider the induced embeddings

Uk i Fes Ha Coo, U(F) i=0(f), &/(f) =1t k()1

where ¢ denotes the generator of the infinite cyclic group C,. We denote the coequalizer of

F == H*Co
K
by H*}K (seee.g. [24, §1.1.1, Prop. 1] for the existence of colimits in the category of groups).
This construction is known as the Higman—Neumann—Neumann extension (or HNN extension)
of H by F (see e.g. [12, §IV.2]). If H = (X | S) is a presentation, then a presentation of
Hx'}* is given by

(xu{y | Sult™ k() t-uH M fFeR) )

(seee.g. [12, §IV.2]).

Even though our description of amalgamated free products and HNN extensions make
sense if the homomorphisms ¢ and « are not injective, we will follow the usual convention
in group theory and only consider the case where they are. However, the general machinery
of this paper works for non-injective ¢, « too (see the Remarks 2.5 and 2.7 below).

A group G is called virtually free if it contains a finite index subgroup H which itself is
a free group. However, the theory of Bass—Serre provides an equivalent characterization of
virtually free groups (see [24, §11.2.6], [8, Thm. 1]): A finitely generated group G is virtually
free if and only if it is isomorphic to the fundmental group w1(Gg) of a finite graph of finite
groups Gg.

Since we will only use the notions of graphs of groups and their fundamental groups
explicitly in the proof of Lemma 2.4 below, we will only sketch their definitions and give
references for more details. Instead we derive a rigorous notion of decomposition from it
that will be more suitable for our purposes. A graph of groups G consists of a connected,
non-empty undirected graph Q, a group G; for each vertex i in Q and a group Q’j together
with two injective group homomorphisms

Yo ki
Gs(h) <> G; = Gi(j)
for each edge j in Q, where s(j) and #(j) are the vertices adjacent to the edge j (see [24,
§1.4.4, Def. 8]). G is called a finite graph of finite groups if the graph Q has finitely many
vertices and edges and if all of the groups G; and g’j are finite.

For any graph of groups G one can associate its fundamental group m1(Gg) which is a
group that contains all the groups G; and g’j as subgroups (see [24, §1.5.1]). Since we will
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not work with this construction explicitly, we will not discuss it here, but give two basic
examples instead:

(1) If Q has a single edge labeled j = 1 connecting two distinct vertices labeled s(1) = 0
and #(1) = 1, then a graph of groups Go with underlying graph Q consists of three
groups Go, G and G} and two injective group homomorphisms

t:G, =G, k1:G, =G

The fundamental group of this graph of groups is given by the amalgamated free product
Go >l<g’1 Ggi.

(2) If Q has a single edge labeled j = 1 which is a loop at a single vertex i = 0, then a
graph of groups G with underlying graph Q consists of two groups Go and G} and two

injective group homomorphisms
% (L,
1 (Tl> gO

The fundamental group of this graph of groups is given by the HNN extension Qo*g,l"“
For all other (finite) graphs Q the fundamental groups of graphs of groups with underlying
graph Q can be obtained from combinations of the two basic examples above. We will see
this concept in the proof of Lemma 2.4 below.

We now want to define the notion of groups which are decomposable into finitely many
finite groups. However, we will afterwards prove that this property is equivalent to the group
being finitely generated virtually free, which is why we will not use this name after the current
subsection anymore.

Definition 2.1 We say that a group G arises from a group H by loop attachment if G is
isomorphic to an HNN extension H*}K, where F is some finite group. We say that G arises
from H by non-loop attachment if it is isomorphic to an amalgamated free product H *r &,
where F and £ are some finite groups.

We say that a group G is decomposable into finitely many finite groups if it arises from
a finite group Gp by a finite sequence of loop and non-loop attachments, i.e. if there are
1, J € Ny, finite groups Go, ..., Grand G}, ..., G, ; andaninjectivemap ¢ : {1, ..., I} —
{1,...,1 4 J} such that G = H;;; where Hp := Gp and for 1 < j <1+ J we set

Hj_1*g Gi, if j = ¢(i) for some i
H; = i o
B R L RN S K Xl

for some given injective group homomorphisms ¢; : g’j — H;_1 and
Kj :g’jc—>gi, if j = ¢ (i) for some i
Kj:g’j<—>Hj_1, itjéop({l,...,I})

Note that I denotes the number of non-loop attachments and J the number of loop attach-
ments. Each of the finite groups G; and g/,. is embedded into G as a subgroup in a canonical
way.

See Sect. 2.2 below for examples. We will now prove two lemmas that will simplify our
notation and which we will use in Lemma 2.4 to show that a group is decomposable into
finitely many finite groups if and only if it is finitely generated virtually free.
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Lemma 2.2 Let G be a group that is decomposable into finitely many finite groups. If we fix
integers 1, J € Ny as well as finite subgroups G;, Q’j C G, injective group homomorphisms
tj, kj and a map ¢ as in Definition 2.1, then for each 1 < j < I + J one can find alternative
embeddings T;,k; as well as integers 0 < s(j),1(j) < I such that ﬁ(g/j) C Gs(j) and
Fj(g}) C Gy(jy as subgroups of G and such that s (j) = t(j) ifand only if j ¢ ¢ ({1, ..., I}).

Proof First recall that every finite subgroup of an amalgamated free product G = H % & is
conjugated to a subgroup of H or &£ (see [24, §1.4.3, Cor.]) and every finite subgroup of an
HNN extension G = H*‘F‘K is conjugated to a subgroup of H. (The latter is a consequence
of [7, Thm. 4].) Note that a subgroup F being conjugated to a subgroup of 7 C G means
nothing but that there is an inner automorphism ® € Aut @) such that ®(F) C H.

Now observe that if G = H *z £ is an amalgamated free product defined by injective
group homomorphisms ¢ : F <> H, k : F <> £and ® : H — 'H is a group isomorphism,
then the amalgamated free product G = H %z € defined by 7 := ® o ¢ and ¥ := « admits
an isomorphism ® : G — G which extends ®. Analogously if G = H*‘f_’( is an HNN
extension and ® : H — H is an isomorphism, then the HNN extension G = ﬁ*é}_—” with
1:=® o,k := & ok is the coequalizer of

(dxid)ot’__
F = H*Cx
(Dxid)or’

which admits an isomorphism ® : G — G extending ®.

We will now apply the above facts iteratively for each 1 < j < I + J to prove the
claim. For j = 1 we already have ;(G}) € Go and «1(G}) € G; forsome 1 <i < [ or
K1 (Q’l) C G, so there is nothing to do and we may set i := (], k1 := k1, s(1) := 0 and
t(1) :=i or t(1) := 0O respectively. So assume j > 2 and that for all 1 < k < j we already
have integers s(k), #(k) such that 4 (G,) € Gy and kx(G,) S Gik)-

First consider the case that j = ¢ (i) for some i. Then «; (g’j) C G; and we may set
t(j) :=i,k; := kj. Moreover by applying the first paragraph of the proof multiple times
we get an inner automorphism & of H; _; such that ®(¢; (g;)) is contained in Gy j for some
0 < s(j) < I. By the second paragraph we may replace ¢; by ¢; := ® o (; and obtain
an amalgamated free product 7-71 =H;-1 *g, G defined by 1}, k; which is isomorphic to
H;j=H; *g, G; defined by ¢, k ;. By applying the second paragraph iteratively, we obtain
anisomorphism G = G where G is defined by the same finite groups Go, ..., G1, G}, .. ., g
but different embeddings ¢, k into G for J<k<I+J. Moreover G satisfies tx (g}c) C Gs
and k¢ (Gy) C Gy for 1 <k < j.

Conversely consider the case that j ¢ ¢({1,...,I}). Analogously to the first case we
obtain an inner automorphism ® of H;_; such that ®(i; (Q’j)) is contained in Gyjy for
some 0 < s(j) < [ and using the HNN part of the second paragraph we can replace

H; = Hj_l*[gj,j"(j by Hij = Hj_l*tgj,;’(j forzj ;== ® oj,k; := ® ok;. In this case we set
t(j) := s(j), because the images of Q”j in 7—T, are the same due to the coequalizer construction.

Again we may apply the second paragraph of the proof iteratively to obtain a G defined by the
same Go, ..., G, G, ..., G, and different embeddings ¢, ki intoGforj <k <1I+J,
which is isomorphic to G and satisfies ¢ (Q}C) C Gy and ki (g;{) C G forl <k < j.
By repeating the procedure of the last two paragraphs for j + 1, j +2,..., 1 + J we
produce a group G isomorphic to G with the claimed properties. O
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Lemma 2.3 Let G be a group that is decomposable into finitely many finite groups. Fix
1, J € Ny as well as finite groups G; g}, a map ¢ and injective group homomorphisms ., K j
as in Definition2.1. By Lemma 2.2 we may assume that there aremaps s, t : {1, ..., [+J} —
{0, ..., I} such that t,»(g’j) C Gs(j) and K,-(g;) C Gu(j) for all j and such that s(j) = t(j)
ifandonlyif j ¢ ¢ ({1, ..., I}). Choose a presentation G; = (X; | S;) of the finite group G;
foreach 0 <i < I. Then a presentation of G is given by

I 1 I+J
g=<UXiU{tj|1SjSI+J,S(j)=I(j)}|USiUUTj> ®)
i=0 i=0 j=1
with
e wntireg) if () # 1))

j=

TG e aD T e g i) =10)

Proof The proof follows directly from using the presentations of amalgamated free products
(see (3)) and HNN extensions (see (4)). ]

From the presentation (5) one can see that the order of loop attachments and non-loop
attachments can be changed a lot without changing the group G up to isomorphism. For
example it is possible to first perform all the non-loop attachments and then all the loop
attachments, because we obtain the same generators and relations via Lemma 2.3 up to
reordering. So after possibly changing the numbering of the groups G; and g;. we can always
write G as

~ , , L. LI+1KI+1) LI+J K14
92 (- (- (01 1) 0, 82) )51 ) -+ )45, ©
where [ is the number of amalgamated free products and J the number of HNN extensions
in (6) and we have maps s, ¢ : {1,..., I + J} — {0, ..., I'} which fulfill

. Js iftj<lI . . e

(=4 . e and s(j) €{0,...,j—1}4Lifj <1 )
s(j), ifj>1

such that the inclusions among the finite groups G;, g’j (canonically considered as subgroups

of G) satisfy

lj " Kj
Gs(jy <= 95 = Gi(j) ®)

We will conclude this subsection with the proof that a group is decomposable into finitely
many finite groups if and only if it is finitely generated virtually free. Afterwards we will
throughout the paper choose a decomposition into finite groups of the form (6) for every
finitely generated virtually free group occurring and work with this specific fixed decompo-
sition (see Remark 2.5 below).

Lemma 2.4 A group G is decomposable into finitely many finite groups if and only if it is
finitely generated and virtually free.

Proof Firstassume that the group G is finitely generated virtually free. Hence, G is isomorphic
to the fundamental group 71(Gg) of a finite graph of finite groups Go. To show that G is
decomposable into finitely many finite groups, we will recall an iterative construction of
m1(Gp) which the author learned from [11, Def. 3]:

@ Springer
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Choose a maximal subtree T in the graph Q, i.e. a maximal connected subgraph without
loops. Since Q is connected, T contains all vertices of Q. Let I € Ny be the number of edges
in T and J € Ny be the number of edges in Q not contained in 7. Since T is a tree, the
number of vertices is [ + 1.

Now label the edges in T from 1 to / and the vertices by the numbers O, 1, ..., I such
that the edge 1 connects the vertices 0 and 1, the edge 2 connects the vertex 2 to vertex 0
or 1 and so forth. Afterwards label the edges not contained in 7 from I + 1 to I + J. This
gives rise to maps s, ¢ : {1,..., I + J} — {0, ..., I} fulfilling (7) where the edge labeled
by 1 < j < I + J connects the vertices s(j) and 7(j). With this notation the graph of finite
groups G is given by finite groups G; for 0 < i < I and g’j for 1 < j < I+ J together
with injective group homomorphisms

oo, Kj
Gs(h) <> G; = Guj)

as in (8).

Now define a group G” by the following two iterative processes: For j = 1 define a new
graph Q by replacing the edge j and its two adjacent vertices s(j) and #(j) by a new vertex
such that all other edges adjacent to the deleted vertices are instead adjacent to the new vertex.
Define a new graph of groups G with underlying graph Q and the group G *g, Gi(j)
attached to the new vertex while the groups attached to the other vertices and edges stay the
same. Now repeat this process for j =2, ..., I.

After this first iterative process we are given a graph of groups G where Q has J loops
labeled from I + 1 to I + J and a single vertex with a group G’ attached to it. Now apply
the following second iterative process to it: For j = I + 1 define a new graph Q by deleting
the edge j and a new graph of groups % with underlying graph Q and the group g/*tgj,_"(j
attached to its vertex while the groups attached to the other edges stay the same. Now rep]eat
this process for j =1 +2,..., 1+ J.

In the end we will have a graph with no edges and a single vertex and a group G” attached
to it. This group is given by

G = ( ((++ (G 1) w0, G2) ) o) o) g
so it is by construction decomposable into finitely many finite groups. We will show that this
group G” is isomorphic to G = 71(Gp).
ForeachO <i < I'letG; = (X; | S;) be a presentation of the finite group G;. Using
Lemma 2.3 we obtain the presentation

1 1 1+J
Q=<UXi U{titt, ..o tigal | USi U U Tj>
i=0 j=1

i=0

for G".

If we now add the additional generators ¢, ..., ¢ and 7y, ..., {7+ to this presentation,
but also add a suitable set of relations U, we will not change the group G” and end up with
the following alternative presentation

I ! I+J
g”:<UXiU{flatl,---ytl+17fl+l} | USZU U TjUU>
i=0

i=0 j=1
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where U .= {t; - t; | 1 <i <1+ J}U{t | 1 <i < I}. Note that this is precisely the
presentation in terms of generators and relations given in the definition of the fundamental
group 71(Gp) in [24, §1.5.1]. So G” is isomorphic to the finitely generated virtually free
group G.

Conversely assume that G is decomposable into finitely many finite groups. From the
discussion after Lemma 2.3 we know that G is of the form (6). Arguing as for G” in the first
part of the proof we see that G is isomorphic to the fundamental group of a finite graph of
finite groups and therefore finitely generated virtually free.

O

We summarize this subsection in the following remark.

Remark 2.5 In Definition 2.1 we have defined the notion of groups which are decomposable
into finitely many finite groups. Roughly speaking these are those groups which can be patched
together from finitely many finite groups only using amalgamated free products and HNN
extensions. More concretely every group which is decomposable into finitely many finite
groups can be written as

~ (... . , , . U4+1K+1Y LI4+J KI+J
6= (- (( (900, 61) #0, G2) -+ ) 511170 ) ©
where [ is the number of amalgamated free products and J the number of HNN extensions
in (9) and we have maps s, ¢ : {1,..., I + J} — {0, ..., I} which fulfill

;. Fi< _

(Gy=1" T and sGyeqo,. -, ifj <1 (10)
s(j), ifj>1

such that the inclusions among the finite groups G;, Q'/j (canonically considered as subgroups

of G) satisfy

Lj , Kj
Gotjy <= G <> Guyy (11)

In Lemma 2.4 we have seen that a group is decomposable into finitely many finite groups
if and only if it is finitely generated virtually free. Throughout this paper we fix a finitely
generated virtually free group G and a decomposition (9) as well as maps s, ¢ satisfying (10)
and (11). Since we will almost always work with the decomposition (9) and almost never
with the existence of a finite index free subgroup, the readers may feel free to replace finitely
generated virtually free with decomposable into finitely many finite groups everywhere in
the rest of the paper.

Note that in the definition of groups which are decomposable into finitely many finite
groups one could also allow non-injective group homomorphisms ¢, « ; in the decomposition
(9) as well. However, this definition would be equivalent to Definition 2.1: We will see below
that the group algebra C[G] of G is hereditary even for non-injective ¢}, k; (see Sect. 2.3, in
particular Remark 2.7). Hence, by Dicks’s characterization of hereditary group algebras G
must be virtually free (see Sect. 1).

2.2 Examples of virtually free groups
Although the general description (9) of our fixed virtually free group G might look

intimidating, the examples we want to keep in mind are quite down-to-earth. Trivially
every finite group is virtually free. Some of the easiest non-trivial examples are the groups
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[y.p := Cq4 * Cp which by definition are free products of finite cyclic groups C, and Cj.
Prominent examples of this class are the infinite dihedral group Do, = I'2 2 and I'; 3 which is
isomorphic to PSL;(Z) (see [24, §1.1.5]). We may enlarge this class of examples by picking
a common divisor ¢ of a and b as well as embeddings C, < C,, Cp. This gives rise to the
virtually free group C, *c, Cp. A prominent example here is C4 *c, C¢ which is isomorphic
to SL,(Z) (again see [24, §1.1.5]).

The arithmetic groups GL2(Z) and PGL;(Z) are virtually free as well—they arise as
D4 *c,xc, De and Dy xc, D3 (see [29, Thm. 23.1] for the isomorphism to GL2(Z), the
isomorphism to PGL(Z) follows by dividing out the center Z(GL2(Z)) = C3). To define
the inclusions of C, x C, and C, we consider the presentation

De=(s,t|s>=t>=1=(s1)°)

of the dihedral group. If ¢ = 2a is even, we embed C, x C» into Dy, by sending the 2
generators to s and (s7)“. For arbitrary ¢ we embed C; into D, by sending the generator to s.

Since the intersection of two finite index subgroups is again of finite index and subgroups
of free groups are free, every finite index subgroup of a virtually free group is again virtually
free. Hence, all congruence subgroups of the four above mentioned arithmetic groups are
virtually free as well. Another class of examples are of course the free groups: The free group
F, on a generators arises by taking J = a trivial HNN extensions of the trivial group, i.e. in
terms of our description (9) set I = 0 and all G;, g’j to be the trivial group.

2.3 Group algebras of virtually free groups

In[11, §2] L. Le Bruyn discusses an analogue of graphs of groups for algebras: For A, C two
K-algebras and ¢, k : C — A injective K -algebra homomorphisms we consider the induced
embeddings

Uk Ces Axg K[, 67, C(f) == u(f), «'(f) =t ()t

where x g denotes the coproduct of K -algebras. We define the HNN extension A*EK of A by
C as the coequalizer of

C =% Asxg Klt.17]
K
We are mostly interested in HNN extensions of algebras, because they arise as group alge-
bras of HNN extensions of groups: The group algebra functor K[—] is a left adjoint,
hence, it preserves colimits. So for every HNN extension of groups we obtain an iso-
morphism K[Hx}] = K [H]*‘,’(Km. (We denote the induced algebra homomorphisms
K[], K[«x] : K[F] — KI[H] simply by ¢ and «.) Moreover applying the functor K[—]
to our decomposition (9) we get a K -algebra isomorphism between K[G] and

(. . (( .. ((K[go] *K1g) K[gl]) *K1g)) K[gz]) .. ) *;’Jé;[i’ﬁ') . ) K (1)
Analogous to [11, §2] we say that a K-algebra A is the fundamental algebra of a finite
graph of finite dimensional semisimple K-algebras if there are I,J € Np, maps s,t :
{1,....,1 +J} — {0,..., I} fulfilling (10) as well as finite dimensional semisimple K -
algebras Ao, ..., A; and A}, ..., A7 ; and K-algebra embeddings ¢; : A’j — Asj),
kj + A= Ay(j) such that A is isomorphic to

(. .. (( .. ((Ao * 4 .A]) * 4L ./42) .. ) *ZZ:IKH» .. ) *ZJ[Z’]KH] (13)
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The group algebra K [G] of the finitely generated virtually free group G is the fundamental
algebra of a finite graph of finite dimensional semisimple K -algebras whenever char (K) is
not a prime number dividing the order of one of the finite groups G;, 0 < i < I, since K[J]
is isomorphic to (12).

Recall from Sect. 1 that the group algebra K[H] of a finitely generated group H over a
field K is hereditary if and only if H is virtually free and contains no elements of order
char (K). Using the decomposition (9) one can show that K[G] is hereditary if and only if
char (K) does not divide the orders of the groups Gy, ..., G;, because every finite subgroup
F C G (i.e. in particular for F cyclic of prime order) is conjugated to a subgroup of one of
the groups (G;);.

Recall that a K-algebra A is called formally smooth if its Hochschild cohomology
HH“(A, —) vanishes in degree a > 2. This is equivalent to A satisfying a lifting property
along square-zero extensions of K -algebras (see [28, Prop. 9.3.3]). Every formally smooth
K -algebra is left and right hereditary (use e.g. [28, Lemma 9.1.9]) and the fundamental alge-
bra of a finite graph of finite dimensional semisimple K -algebras is formally smooth (see
[11, Thm. 1]). So a group algebra K[H] of a finitely generated group H is formally smooth
if and only if it is hereditary, i.e. if and only if H is virtually free and contains no elements
of order char (K).

For (parts of) the machinery of this paper to work it is crucial that K[F] is formally
smooth, i.e. char (K) has to be zero or a suitable prime. To make things more convenient we
will moreover assume that K is large enough which brings us to the notion of suitable fields:

Let C be a finite dimensional semisimple K -algebra, e.g. C = K[F] for F a finite group
of order coprime to char (K). By Artin-Wedderburn theory we know that C is (isomorphic
to) a product of matrix algebras

Ms, (Do) x - - x Ms,_; (De-1) (14)

with Dy, ..., D._1 finite dimensional division K -algebras. We say that C is completely split if
all simple left C-modules are absolutely simple or equivalently if D, = K forall0 <y <,
i.e. C is completely split if and only if it is of the form

M (K) x M (K)? x -+ x Me(K)® (15)

for non-negative integers e, cy, ..., c.. Note that all left C ® x F-modules for every field
extension F D K are defined over C.

Remark 2.6 Our notion of completely split semisimple algebras is closely related to the notion
of separable algebras. Recall from e.g. [11, §1] that a K -algebra C is called separable if it is
a finite dimensional semisimple K -algebra, say of the form (14), such that the center Z(D,)
is a separable field extension of K for all 0 < y < c. It is immediate from the definitions
that a completely split semisimple K -algebra is separable. Moreover one can show that for
every separable K -algebra C there is a finite field extension F 2 K such that C @ F is
completely split (take a finite normal extension F' 2O K containing the centers Z(D,) and
use that Z(D,) ®k F = FIZPy)K1) For the purposes of this paper it is sufficient to restrict
to those separable algebras which are completely split.

We say that a field K is of suitable characteristic for the virtually free group G if G contains
no elements of order char (K). We call a field K suitable for G if it is perfect, of suitable
characteristic and K [F] is completely split for every finite subgroup F C G.

Note that being suitable is a relative notion—it depends on which virtually free group
it refers to. The readers may convince themselves that every algebraic field extension of a
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suitable field is again suitable and (using that every finite subgroup of G is contained in a G;
up to conjugation) that every perfect field of suitable characteristic admits a finite extension
that is suitable.

Remark 2.7 Within this paper we will study representations of finitely generated virtually free
groups over suitable finite fields. However, all of our methods apply to the more general case
of algebras of the form (13) for .4; and A/j completely split finite dimensional semisimple
IF,-algebras with ¢}, k; (not necessarily injective) IF;-algebra homomorphisms. Note that
such algebras are formally smooth (and in particular left and right hereditary), because the
proof of [11, Thm. 1] also applies if ¢ j, «; in (13) are not necessarily injective. Moreover we
do not assume injectivity in all results involved in the proof of the main Theorem 5.4.

2.4 Geometric methods

The algebro-geometric methods in this paper are written in the language of schemes. Since
we will work almost entirely with (affine) schemes of finite type over a perfect field K,
those readers who are less comfortable with schemes may instead think of the associ-
ated K -varieties and see K -valued points as fixed points of the natural Galois action of
Autg (f) connected/irreducible components as orbits of the natural Galois action on the
connected/irreducible components, etc. For this whole subsection fix a field K.

2.4.1 Counting rational points

Let C be a commutative ring and X be a C-scheme. For each commutative C-algebra B, we
will denote by X (B) the set of B-valued points of X, i.e. the set of C-scheme morphisms
Spec (B) — X.If C = K is a field, we also use the term rational points for the K-valued
points X (K).

Now assume C is of finite type over Z and X is separated and of finite type over C. A
polynomial P € Z[s] is called counting polynomial of X if for every ring homomorphism
C — I, to a finite field, we have #X(IF;) = P(q). We say that X is polynomial count if X
admits a counting polynomial.

Example 2.8 The general linear group (scheme) GL is polynomial count, its counting poly-
nomial is given by Pgr,, := Hg;é (s? —s%).

Note that counting polynomials are unique and that the reduction Xyeq of a polynomial count
scheme X is again polynomial count with the same counting polynomial. We will need the
following two facts on polynomial count schemes:

Lemma 2.9 Let C be a commutative ring and X be a separated finite type C-scheme.

a) If P € Q(s) isarational functionand#X (IF;) = P (q) for each homomorphism C — F,,
then P lies in the subring Z[s] (and is a counting polynomial of X ).

b) If C is a subring of C and X is a polynomial count C-scheme with counting polynomial
P, then P(xy) € Zlx,y] is the E-polynomial of the analytification X(C) = (X x¢
Spec (C)** and P(1) is the Euler characteristic of X(C). (See [6, Appendix] for the
definition of E-polynomials.)

See [21, Prop. 6.1] for a proof of (a) and [6, Appendix, Thm. 6.1.2] and [21, Prop. 6.1] for a
proof of (b). The notion of E-polynomials only occurs as an application/motivation, readers
only interested in the counting of representations over finite fields may ignore it.
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2.4.2 Geometry of representation spaces

The schemes we discuss in this paper arise from the representation spaces of algebras, whose
construction we will now recall. Recall that the functor My : CAlg, — Algy from the
category CAlg, of commutative K-algebras to the category Alg, of K-algebras which
sends C to the matrix algebra M;(C) is a right adjoint (see e.g. [20, Ch.IV, Thm. 1.1] for
a proof). We denote its left adjoint by R4. For A a finitely generated K-algebra we call
Rep, (A) := Spec (Ra(A)) the d-th representation space of A. Rep,(A) is an affine finite
type K-scheme admitting a natural bijection

Rep, (A)(C) = Algg (A, My (0)) (16)

for all commutative K-algebras C, i.e. Rep,(A) represents the functor CAlg, — Set,
C — Algg (A, Mg4(C)). Denote the image of x € Rep,(A)(C) under (16) by p,. The right
hand side of (16) admits a natural GL,(C)-action via conjugation for each C, hence, the
general linear group (scheme) GL4 x acts on Rep,;(A) in terms of a K-scheme morphism
o : GLg k xk Rep,(A) — Rep,(A).

For a group scheme action o : G x ¢ X — X of a linear algebraic group G on a separated
finite type scheme X we have two notions of the orbit of a point: If x is a C-valued point of
X, then we have the orbit G(C).x € X (C)—which we call the set-theoretic orbit of x—as
well as the algebro-geometric orbit Q. The latter is defined as the image of the orbit map

Uy 1= (0 o (idg xx), pry) : G xg Spec (C) - X xg Spec (C)

If x € X(F) is an F-valued point for F O K a field extension, then the orbit O, C
X x g Spec (F) is locally closed (see [13, Prop. 1.65(b)]) and we may consider it as a
reduced locally closed subscheme.

The two notions of orbits are closely related to each other: If x € Rep,(A)(K) isa K-

valued point of a representation space, F 2 K a field extension and x’ the F-valued point
associated to x via pulling it back along Spec (F) — Spec (K), then O, (F) = GLy(F).x'3
Moreover we have the following related lemma.
Lemma 2.10 Let G be a linear algebraic group over K acting on a separated finite type
K -scheme X. Denote the algebraic closure of K by K. If x € X(K) is a K -valued point
and x' € X(K) is the associated K -valued point, then O, and O, x g Spec (f) coincide
as locally closed subsets of X x x Spec (f) If K is perfect, they even coincide as locally
closed subschemes.

Proof Since the orbit map ¥, is the base change of ¢, we obtain a factorization

G xx Spec (K) al X x g Spec (K)

T

Oy xk Spec (K)

Here ¢ is a locally closed embedding (see [27, Tag 01JY]) and ¢ is surjective by [27, Tag
01S1]. Hence, the subset O, x g Spec (f ) coincides with O,/ as the latter is the image of
Dy

31n general the inclusion C is wrong for group scheme actions. For representation spaces it holds, because
representations of an algebra have no twisted forms i.e. if M, N are left A-modules and M @k F = N®g F
for some field extension F 2 K, then M and N are already isomorphic by the Noether-Deuring theorem (see
e.g. [3, Thm. 29.11] for a proof).
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If K is perfect, then O, x g Spec (f) is reduced (see [27, Tag 0201]). Since the reduced

subscheme structure on a locally closed subset is unique, O, and O, x g Spec (f) must
coincide. O

The purpose of the action on Rep,(A) is that K-valued points x, y € Rep,(A)(K) are in
the same (set-theoretic) orbit if and only if the representations p, and p,, are isomorphic, i.e.
there is a natural bijection isog (A) = Rep; (A)(K)/GL4(K).

Within this paper we will usually not distinguish strictly between the set-theoretic orbit
GL;(K).x of a K-valued point x, the isomorphism class of the corresponding representation
px + A — My(K) and the isomorphism class of its associated left module, which we denote
by M. Given a left A-module M we denote the K -valued point corresponding to M under
a given choice of basis by x . If M is the left module associated to the point x, we will also
sometimes denote the algebro-geometric orbit O, by O .

Similar to the algebro-geometric orbits one defines the stabilizer S(x) of a C-valued point
x € Rep, (A)(C) geometrically as the fibre product defined by the pullback square

S(x) Spec (C)

l l(x,id)

GL; x xk Spec(C) —5 Rep,(A) x g Spec (C)

S(x) is a closed C-subgroup scheme of GLy4 g x g Spec (C) = GLg4 . Its B-valued points
for any commutative C-algebra B are given by

S)(B) = {g € GLy(B) | g.x" = x} = Autag, s (Mx ®c B) a7

where x” € Rep,(A)(B) is the B-valued point associated to x. So S(x)(B) is nothing but
the (set-theoretic) stabilizer subgroup in GL4(B) of the point x’.

If ¢ : A — Bis a homomorphism of finitely generated K -algebras, then functoriality
gives us an induced K -scheme morphism Rep,(13) — Rep, (A) for each d which realizes the
restriction of scalars functor geometrically. We denote this morphism by ¢*. Since Rep,(—)
is the composition of the contravariant equivalence Spec (—) and the left adjoint functor
Ra(—), it is a left adjoint functor from the category of (finitely generated) K -algebras to
the opposite category of affine (finite type) K-schemes, hence, it maps colimits of (finitely
generated) K -algebras to limits of affine (finite type) K -schemes. For example Rep, (A g
B) = Rep,(A) xkx Repy(B) for A, B two finitely generated K -algebras. Moreover (16)
shows that

Rep,; (A ®k F) = Rep,(A) xk Spec (F)

are naturally isomorphic F-schemes for all field extensions F 2 K.

The geometry of representation spaces and their orbits plays a substantial role within this
paper. We will frequently make use of the following fundamental facts (see e.g. [9, §2.3] for
(¢) and (d) in the case A = (CQ the path algebra of a quiver). Due to a lack of reference that
does not assume the ground field to be algebraically closed, we will provide some proofs.

Proposition 2.11 Let K be a field, d € Ny and A a finitely generated K -algebra.

(a) If A is formally smooth, then Rep,(A) is a regular scheme.
(b) If x € Rep,(A)(F) is an F-valued point for a field extension F 2 K, then Oy is
geometrically irreducible and in particular connected.

@ Springer



57 Page 14 of 47 F. Korthauer

(¢c) IfK isperfectand0 — N — W — M — 0ashort exact sequence of finite dimensional
left A-modules, then QOngprg S Oy

(d) If K is perfect, then an orbit Opq C Rep,(A) is closed if and only if the corresponding
left A-module M is semisimple.

Proof About (a): We will first show that the K-scheme Rep,(.A) is formally smooth in the
sense of [27, Tag 02HO]. So assume we are given a commutative diagram

Rep, (A) <—— Spec (B/b) (18)

Lk

Spec (K) <—— Spec (B)

of schemes where B is a commutative ring, b C B is a square-zero ideal and ¢ is given
by the canonical projection B — B/b. We have to show that there is a scheme morphism
Spec (B) — Rep,(A) fitting into the diagram (18) such that it still commutes. Using the
natural bijection (16) this is equivalent to finding a K -algebra homomorphism A — My (B)
letting the diagram

A —— My (B/v)

N

M, (B)

commute. The latter exists by the lifting property of formally smooth K -algebras.

So the K-scheme Rep,(A) is formally smooth. However, by [27, Tags 02H6 & 01TX]
this is equivalent to it being a smooth K -scheme and smooth K-schemes are always regular
(see [27, Tag 056S]).

About (b): Let F be the algebraic closure of F and x’ the F-valued point associated to
x. By Lemma 2.10, it suffices to show that O,y € Rep,(A) xg Spec (f) is irreducible.
The latter follows from O,/ being the image of the general linear group GL 4. F under the
continuous map .

About (c) and (d): If K is algebraically closed, then one may argue analogously to [9,
Thm. 2.7 & 2.10]. In general one could reformulate the proof in the language of schemes
and it would still work. However, we will instead reduce the general case to the special case
of an algebraically closed ground field.

Using Lemma 2.12 below we see that to prove (c) it suffices to show that

Onam xx Spec (K) € Oy xk Spec (K)
and to prove (d) it suffices to show that

Om x g Spec (f) C Rep,(A) xk Spec (j = Rep, (A ®k K)
is closed if and only if M is semisimple. B
By Lemma 2.10, we have Ongaq Xk Spec (K) = @(NGBM)@KY’ which is contained in
Opye & = Ow xk Spec (K) by applying (c) over K. So we have proven (c) in general.
Again using Lemma 2.10 we have O x k Spec (K) = O, > Which is closed if and

only if M ® K is a semisimple left module over A ® E Here we have used that we
already know that (d) holds over the algebraically closed field K . Furthermore semisimplicity
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of M @k K is equivalent to M being semisimple (analogous to [21, Lemma 4.2(2)]). So
we have proven (d).
O

Lemma 2.12 Let K be a perfect field with algebraic closure K, X a finite type K -scheme and
U,V C X geometrically irreducible locally closed subschemes. Denote the base change of X
to K by X' := X x Spec (K). Note that U' := U x g Spec (K) and V' := V x g Spec (K)
are irreducible locally closed subschemes of X' (see [27, Tag 01JY]).

a) U C X is closed if and onlyl‘U’ C X' is closed.
b) U C Vifandonly if U C V'

Proof About (a): U C X is closed if and only if the open embedding U — U is an isomor-
phism. Analogously U’ € X is closed if and only if U’ — U’ is an isomorphism. Note that
U xk Spec (f) coincides with U’ = U x g Spec (f), i.e. taking closures commutes with
base change:

Consider the projection 7 : X’ — X for which we have U’ = 7~ (U). Note that  is a
base change of Spec (f) — Spec (K), hence, it is surjective and flat, i.e. in particular open
(see [27, Tags 01S1, 01U9 & 01UA]). Now use that a map ¢ : Z — Y between topological
spaces is continuous (resp. open) if and only if @~ L(W) 2 ¢~ 1(W) (resp. o L (W) C
@~ 1(W)) holds for all subsets W C Y.

So U’ — U’ is the base change of U — U along Spec (K) — Spec (K). Since
Spec (f ) — Spec (K) is an fpqc covering, U’ = U x ¢ Spec (f) — U is an fpqc covering
as well and the claim follows from the fact that being an isomorphism is fpqc-local on the
base (see [27, Tag 021L4]; see [27, Tags 022B, 00VH & 02KO] for the relevant definitions).

About (b): By the definition of closures it suffices to show that

UCVer (U Ccr (V) (19)

Since 7 is surjective, the left hand side of (19) is equivalent to “1(@U) € 771 (V). The latter
is equivalent to the right hand side of (19) again by 7 being continuous and open.
]

2.4.3 E-polynomials of moduli spaces of representations

Since the isomorphism classes of representations of .4 are parametrized by orbits of repre-
sentation spaces, it is natural to define moduli spaces of representations of A in terms of
quotients of representation spaces. We denote the GIT guotient of Rep,(A) by

M (A, d) := Rep;(A)/GLy. x = Spec (Rd(A)GL“>

(see e.g. [18, §1.2, Thm. 1.1] for the definition).

If the field K is finite or algebraically closed,* then there is a natural bijection
M (A, d)(F) = ssimy (A ®k F) for every algebraic field extension F 2 K. So for such K
we call M (A, d) the (GIT) moduli space of d-dimensional semisimple representations of A.
It contains a (possibly empty) open subscheme M1 (A, @) which for K as above admits
a natural bijection MM (A, d)(F) = absimg(A ®x F) for every algebraic field exten-
sion F D K. Accordingly we call M2*™ (A, d) the (GIT) moduli space of d-dimensional
absolutely simple representations of A.

4 More generally it would be sufficient to require that K is perfect and has trivial Brauer group.
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Note that for K = F, a finite field the counting functions rfiS'A and rsbSim’A count the

rational points of these GIT moduli spaces. So whenever counting polynomials RY and
RZbSim as in Theorem 1.1 exist, they are in fact counting polynomials of these GIT moduli
spaces.

Now assume that A = A" ® F, := A’ ®7 F, is defined over Z by a finitely generated
Z-algebra A’ (e.g. A' = Z[G] for G a finitely generated group or A’ = ZQ for O a finite
quiver). One can define representation spaces and GIT moduli spaces of A’ as Z-schemes
using Seshadri’s generalization of geometric invariant theory (see [25]). In this way we obtain
Z-schemes M (A’, d) and MM (A’, d) such that for F = C and F = F,, for all primes p
in an open subset of Spec (Z) we have

M((A',d) x Spec(F) = M(A' ® F,d),
MM (A d) x Spec (F) = M™I™(A'® F, d)

(see [1, Appendix B, Thm. B.3]).

Hence, using Lemma 2.9(a) we see that if there are rational functions R, Rngim € Q(s)
which satisfy (2), they must already belong to Z[s]. Furthermore using Lemma 2.9(b) we
see that whenever the counting polynomials exist, the E-polynomials of M (A’ ® C, d)*" and
MM (A’ @ C, d)* are given by RS (xy) and R3I™ (xy).

When A" = Z[G] is the group algebra of a finitely generated group G, (the analytification
of) the moduli space M (C[G], d) is also called the GL,(C)-character variety of G and
denoted by Xg(GL,(C)). Since our methods enable us to compute the counting polynomials
explicitly (e.g. using the SageMath code [10]), we obtain a new approach to determine the
E-polynomials of GL,;(C)-character varieties of virtually free groups. (In fact we can more
generally compute the E-polynomials of the connected components of the character varieties
individually.)

2.4.4 Associated fibre spaces and special groups

We now want to recall the construction of associated fibre spaces. Most of the facts we are
collecting here can e.g. be found in [22]. Let G be a linear algebraic group over K, H C G a
closed subgroup and X an affine K -scheme endowed with an H-action. We define an induced
H-action on G x g X via the natural transformation

H(C) xG(C) x X(C) - G(C) x X(C), h.(g,x):= (ghfl,h.x)

for any commutative K -algebra C. This is a free action and its respective quotient® G x 7 X :=
GxkX/H is called the associated G-fibre space.

If (g,x) € G(C) x X(C) is a C-valued point, we denote its image in (G xH X)(C) by
g * x. We have a natural morphism X — G x X given by x — 1% x.If Y is a K-scheme
with G-action and ¢ : X — Y is an H-equivariant morphism, then we obtain a unique
G-equivariant morphism ¢’ such that ¢ factorizes as

X>G6xx%y (20)

For G and H (geometrically) irreducible we have that G x X is irreducible/connected if
and only if X is irreducible/connected. Moreover we have the following useful lemma (see
[26, §11.3.7, Lemma 4]).

5 In the case of free actions we will denote the GIT quotient with a single / instead of /.
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Lemma2.13 Let ¢ : Y — G/H be a G-equivariant morphism. If e € G/H(K) is the K -point
which is the image of the unit of G and X := ¢~ (e) with inclusion map « : X — Y, then
the induced map V' : G x X — Y from (20) is a G-equivariant isomorphism.

We also want to recall the notion of special algebraic groups. A linear algebraic group G over
K is special if the quotient map 7 : X — X/G for any affine finite type K-scheme X with a
free G-action is Zariski-locally a trivial bundle, i.e. there is an open covering X/¢ = |, Uq
such that for each « there is a G-equivariant isomorphism &, admitting a commutative
diagram

_I(U)%GXKU (1)

N

(This is equivalent to the ordinary definition by [22, §4.3, Théoréme 2] and by the fact that
all such quotient maps are principal fibre bundles (see [18, §0.4, Prop. 0.9]).)

Example 2.14 Let C be a finite dimensional semisimple K -algebra which is completely split,
i.e. Cis of the form (15). Denote its (absolutely) simple left modules by Lo, ..., L.—1. Each
finite dimensional left C-module M is semisimple, i.e.

M= Lg}m(O) @B £®m(c 1)

for some m € Nj. Using the bijection (17) and End 4 (EV) = K we obtain an isomor-
phism S(xpq)(B) = Autegyp (M @k B) = GLy0)(B) X - -+ x GLy(c—1)(B) for every
commutative K-algebra B. Hence, S(xx1) = GLy,0),x X - - - X GLyy(c—1),k Which is a spe-
cial linear algebraic group. (This can be seen e.g. from the classification of special algebraic
groups in [5].)

We will later need the following well-known lemma.

Lemma 2.15 If H is a special linear algebraic group acting freely on an affine finite type
K -scheme X with quotient X/H, then the canonical injection

X(F)/H(F) — (X/H) (F) (22)
is bijective for every field extension F 2 K.

Proof The quotient map 7 : X — X/H is a prototypical example of what is called a torsor
or principal fibre bundle for the relative group scheme H xx X/H — X/H (see e.g. [27, Tag
0497] or [22, §2.2] for the definition). Now let y € (X/H) (F) be an F-valued point for some
field extension F O K. Then 7~ (y) — Spec (F) is a torsor for H x g Spec (F) as it fits
into a Cartesian square

7~ 1(y) —— Spec (F)

b

X—>X/H
g
and because being a torsor is stable under base change.
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Sotheset ~!(y)(F), whichis canonically identified with the set of sections of “1(y) -
Spec (F), is either empty or carries a simply transitive action of the group H (F'). Hence, the
map (22) is injective for H any linear algebraic group.

Now assume H is special. This means that the torsor 7 : X — X/H is locally trivial with
respect to the Zariski topology. Pick an open covering X/ = | J, Uy admitting equivariant
isomorphisms @, as in (21). Since @, is an equivariant isomorphism, it induces an H (F)-
equivariant bijection 7 “WUL(F) = H(F) x Uy (F). Taking quotients by H (F') we obtain
a commutative diagram

7 U (P)/H (F) H(F)xUq(F)/H(F)

\ 7

Uo(F)

Since the induced maps pr, and ®,, are bijective, the induced map 7 must be bijective too. As
the map (22) is given by glueing together the bijective maps 7 : 7' U (F)/H(F) — Uy (F),
it has to be bijective as well, which concludes the proof.

O

Note that Lemma 2.15 in particular applies to the case where X/H is an associated fibre space
G xHXx.

3 Some invariants of virtually free groups

For the whole section fix a perfect field K.

3.1 Dimension vectors

We will now associate to every finitely generated K -algebra A a commutative monoid® 7(.A)
together with a monoid homomorphism | . | : 7(4) — Ny which generalizes the dimension
vector monoid from quiver representation theory (see Example 3.1(b) below). For d € Ny
we denote by 7;(A) the set of connected components Z < Rep,(A) containing a rational
point, i.e. Z(K) # @. As a set we define 7(A) as the disjoint union

TA) = | | Tad)
d>0
and we define the map |.| via |7;(A)| = d. To define the monoid structure on 7(A) we
consider the direct sum map
®c,a : Rep.(A) xg Rep,y(A) — Rep., 4(A)

For (Z,Z7Z") € T.(A) x 75(A) both Z and Z’ are connected and contain a rational point,
hence, are both geometrically connected by [27, Tag 04KV]. Therefore the product Z x g Z’
is connected by [27, Tag 0385]. So there is a unique connected component Z + Z" € 7.1 4(A)
containing ®, 4(Z xx Z').

6 je. aset M witha binary operation + : M x M — M which is associative, commutative and admits a
neutral element 0.
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The monoid 7(.4) has been studied in the past under other names like component semi-
group (see e.g. [11, §4]). Since we want to emphasize the analogy to dimension vectors, we
will refer to it as the dimension vector monoid of A and call the elements m € 7;(A) dimen-
sion vectors of total dimension d. Usually we will think of dimension vectors as abstract
monoid elements. Whenever we want to refer to the connected component (associated to) m
as a geometric object, we will denote it by Rep,, (A).

Since the orbit Q4 associated to a left .A-module M is connected, it belongs to a unique
connected component. Denote the corresponding dimension vector by dim(M).

The dimension vector monoid 7(A) is contravariant functorial in A: If ¢ : A — B is
a K-algebra homomorphism and m € 7(B) a dimension vector, then denote by 7(¢)(m)
the dimension vector associated to the connected component which contains the image of
Rep,, (B) under ¢*. This defines a monoid homomorphism 7(¢) : 7(B) — 7(A).

The homomorphism 7(¢) induces maps 7;(¢) : T3(B) — T4(A) for all d € Ny, because
restriction of scalars preserves the vector space dimension of modules. Since every bijective
monoid homomorphism is an isomorphism, 7{(¢) is an isomorphism if and only if the map
T4(¢) is bijective for every d.

Example 3.1

a) Let C be a finite dimensional semisimple K-algebra. We assume that C is completely
split, i.e. of the form (15). All left C ® ¢ F-modules for every field extension F 2 K are
defined over C. Therefore the (finitely many) algebro-geometric orbits of the K -valued
points cover Rep,(C) and all of them are connected and closed by Proposition 2.11. We
deduce that the orbits of the K -valued points are nothing but the connected components
and that the map isogs(C) — 74(C), [M] +— dim(M) is bijective for every d € Nj.
Since there is precisely one simple left C-module for every matrix algebra factor in (15),
we have established a monoid isomorphism

7(C) = Nj

where we define ¢ := ¢; + -+ + c.. In fact, 7(C) is nothing but the submonoid of
the Grothendieck group Ko(C) generated by the equivalence classes of the (absolutely)
simples in this situation. If m, € N§ is the y-th standard basis vector for 0 < y < c,
then its image |m,, | under the homomorphism | . | : 7(C) — Ny is given by |m,, | = € for
theunique | < e <ewithci+---+cc—1 <y <c1+---+ce. If C = K[F]is the group
algebra of a finite group J over a suitable field K, then the monoid homomorphism | . |
(or more specifically its extension to the Grothendieck group) is often called degree map.

b) Let K Q be the path algebra of a finite quiver O with vertex set V(Q) CCK Q the
subalgebra spanned by the paths of length zero and ¢ : C — K Q the homomorphism
given by inclusion. We will briefly outline how our notion of dimension vector generalizes
the well-known notion from quiver representation theory (see e.g. [11, §4]):

C=EK V(Q) is a completely split finite dimensional semisimple K -algebra, so by (a) we
have

v(0
70 = N0< )
which is usually called the dimension vector monoid of the quiver Q We want to show

- v(e
that 7(¢) : T(K Q) — 7(C) is a monoid isomorphism. For m € No( ) we have a
GL,, x-equivariant K -scheme isomorphism

Rep,,(C) = GLax/H
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where H = ]_[UEV< Q) GL,, ).k, because Rep,,(C) is an algebro-geometric orbit as

discussed in (a). The fibre ¥ = (*)"!(x) C Rep) (K Q) of any K-rational point
x € Rep,,(C)(K) represents the functor

Cr— 1_[ Mm(w)xm(v)(c)
(vi> w)ea(é)

i.e. Y is an affine space, in particular geometrically connected. So by Lemma 2.13 we
see that

(") (Rep,,(©) = GLyx x"Y

is connected. So foreach d € Ny the preimages of the connected components of Rep, ©
form a finite partition of Rep, (K Q) into closed connected subsets, i.e. the preimages
have to be the connected components of Rep, (K Q).

The following proposition and corollary give a complete description of the dimension vector
monoid of the group algebra K[J] of a finitely generated virtually free group G over a suitable
field K.

Proposition 3.2 Let A be a finitely generated K-algebra, B and C completely split finite
dimensional semisimple K -algebras and ¢1 : C — B, ¢2, 93 : C - A K-algebra homo-
morphisms.

a) Consider the K -algebra pushout A x¢ B given by @1, ¢3. The commutative square

T(A x¢ B) —— T(B) (23)

| |

T(A) T 70

is a pullback square of commutative monoids.

b) Ifiq: A— Asxg K[t,t™"]is the canonical K -algebra embedding and
& Axg K[t, 171 - Axg K[t,t~'] the K -algebra automorphism ®(f) =t~ f1,
then 1(14) is an isomorphism and T(®) = id.

¢) Consider the HNN extension .A>|<22’“03 given by @2, ¢3. The diagram

T(p2)
TR = TA) = T) (24)
T(g3)

is an equalizer diagram of commutative monoids.
Proof About (a): (23) induces a homomorphism 0 : 7(A x¢ B) — T(A) x7c) 7(B) with
T(A) x1¢) T(B) = {(m, n) € T(A) x T(B) | T(g2)(m) = T(p1)(n)}

0 is an isomorphism if and only if its restriction 64 : 74(A x¢ B) = T4(A) x7;5) Za(B) is
bijective forevery d € Ny. Denote the natural homomorphisms A — AxcBand B — AxcB
by t4 and (5 and the connected components of Rep,(A) and Rep,(B) by X, ..., X, and
Yo, ... Y, respectively.
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Since the contravariant functor Rep,(—) maps colimits to limits, we have a natural iso-
morphism Rep, (A *¢ B) = Rep,(A) Xrep, () Rep,(B). This yields a decomposition

Repd(.A *C B) = I_l X XRep,(C) Yﬂ

0<a=<a,

0=<B=<b
into open and closed subsets. Hence, each connected component Rep,, (A #¢ B) associated
to a dimension vector v € 7(A *¢ B) lies in a unique Xy XRep ,(0) Y and one checks that the
homomorphism 6 is given by 6,(v) = (mq, ng) where m, € 7(A) and ng € 7(B) are the
dimension vectors (associated to) X, and Yg. We claim that Rep,,, (A) XRep .0 Rep,, p (B) =
Xo XRep, () Y is connected and contains arational point for each (mq, ng) € T(A) x 1) T(B)
which proves that 6, is bijective.

Denote by u := T(¢2)(my) = T(¢1)(ng) € 7(C) the dimension vector lying below
(mq, ng). By construction both Rep,, (A) and Rep,, p (B) map into the connected component
Z := Rep, (C) and we obtain an isomorphism X XRepy(0) Yp = Xo Xz Yg. Since my and ng
are dimension vectors, there are K -valued points x € Rep,,, (A)(K)and y € Rep, 5 B)(K).
We set z := @5 (x).

By Example 3.1(a) we have Z = @, = GLux/s(x) and Yg = O, = Glak/s(y). Since
0,(K) = GL4(K).z and ¢ restricts to a GL4 g -equivariant map Yg — Z, we may assume
without loss of generality that ¢} (y) = z = ¢ (x) (for 9] (y) = g.z we may replace y by
2 'y). S0 Xy xz Yg(K) is non-empty.

Furthermore taking fibres we obtain a commutative diagram

B

Xy X7 Y,s GLd,K/s(y) (25)
I
|
\ \ \
B ') | Spec (K)
|
|
7 A
Xy — — — — — — — — > GLyx/s(z) id
\ ~ ~
72 Spec (K)

where @ and i3 are given as the restrictions of ¢35 and (5. The bottom, top and back squares
of (25) are pullback squares, hence, the front square is too and we obtain an isomorphism

T O
Applying Lemma 2.13 we obtain isomorphisms
Xo = GLax x*P 7@, XaxzYp=GLax x5 ()

So since X, is connected by assumption, @_1 y) = @‘1(1) and X, xz Yg are connected
too.
About (b): Since Rep, (K[, 1) = GL, k and Rep,(K) = Spec (K) are connected, we
have isomorphisms 7(K[r, t~']) & Ng & 7(K) given by |.| respectively. So 7(14) is an
isomorphism by part a).

Now if (x, g) € Rep,(A)(K) x GLg(K) = Rep,y (A xk K|t, t~I)(K) is a K-valued
point, then ®*(x, g) = g~ .(x, g) € O(x,g)(K). So (x, g) and ®*(x, g) lie in the same
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connected component, because O, ¢y is connected. This proves 7(®) =

About (c): Denote the natural projection A g K[t, 7] — A*gz’% by . By construction
of the HNN extension we have w ot 4 0 ¢ = m o ® 0 14 o ¢3. So using part b) we obtain
that 0 := T(14) o T(r) : T(AxZ"?*) — T(A) factorizes over

Eq(T(p2), T(p3)) = {m € T(A) | T(g2)(m) = T(p3)(m)} € T(A)

We will show that this induces an isomorphism 7(Ax5>%*) — Eq(Z(¢2), T(¢3)).
Denote the connected components of Rep,(A) by X, ..., X,. As for a) we obtain a
natural isomorphism Rep, (.A>|<22"p3 ) 2 Eq((tao@)*, (Potgo@s3)*)and a decomposition

Rep, (A+5%) = I_l (1% o 7971 (Xy)

0<a=<a

into open and closed subsets (1% o 7*)71(Xy) = (7*)7!(Xoq xx GLqg k) and it remains
to show that (7*)~1(X, xg GLd k) is connected and contains a rational point if X, =
Rep,,, (A) corresponds to a dimension vector m, € Eq(Z(¢2), 7(¢3)).

We first check using the universal property of the equalizer Rep, (.A*?z’%) thata K -valued
point (x, g) € Xq(K) x GLy(K) = (Xo Xk GL4 k)(K) lies in the image of the closed
embedding 7 * if and only if

prowr=(tao@)*(x,g) = (Porgopy)*(x,g) =g '(ox093) (26)

The rational points associated to py o @2 and py o ¢3 belong to the same connected component
Z < Rep,(C), because we assumed mq € Eq(7(¢2), 7(¢3)). Again using Example 3.1(a) we
know that Z = O, = GLu.k/s(z) for some z € Rep,(C)(K). Hence, there is a g € GL4(K)
satisfying py o o = g_l.(,ox o ¢3) which yields a rational point in (n*)_l(Xa xk GLg k).

Now denote the restriction of (7t o1 4 0 2)* to (7*) ™1 (X Xk GL, k) by ¥. The criterion
(26) yields that ¥ ~1(2) = (¢3)7!(2) xk S(2). So as S(z) is geometrically irreducible by
Example 2.14, ¥~ 1(z) is connected if and only if ((,0;)_l (z) is (see [27, Tag 0385]). We now
again use Lemma 2.13 to obtain isomorphisms

Xo = GLg x x5 (097 12), (") 71Xy xx GLak) = GLgx x5@ ¢y~ 1(2)

So (7*) "1 ( X, xk GL,, k) is connected, because the connected component X, is. ]

Corollary 3.3 IfGis the finitely generated virtually free group given by (9) and K is a suitable
field for G, then T(K[G]) is given by

1
{(mi)i € l_[T(K[giD VI <j<I+J:T0j)my) = T(/Cj)(mt(j))} 27
i=0

Proof The claim follows from the decomposition (12) of K [G] and Example 3.1(a) by repeat-
edly applying part (a) and (c) of Proposition 3.2. O

Remark 3.4 The inclusion maps K[Gg(j)] <—> K[Q’] <—> K[g,(,)] 1<j<I+J,from(11)
form a diagram of K -algebras and applying the contravarlant functor 7to it gives a diagram
of (free) commutative monoids. Equation (27) is by construction a limit of this diagram of
commutative monoids. Of course every other limit of it is naturally isomorphic to (27), e.g.
one could also embed 7(K[G]) into ]_[1-1:0 T(K[G;]) x ]_[”J T(K[g’ 1) mapping (m;); to
((m)i, (TCj)(ms))) j)-
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An important consequence of Corollary 3.3 is that the dimension vector monoid 7(K[G])
does not depend on the choice of the suitable field K : First let H be a finite group and 7 € 'H
be a subgroup. Using well-known arguments from the representation theory of finite groups
(see [23, §14.6, §15.1 & Prop. 43 in §15.5]) and Example 3.1(a) one first shows that the
monoids 7(K [F]) and 7(K[H]) as well as the homomorphism 7(K [H]) — Z(K[F]) do not
depend on K. So since 7(K[G]) is the limit of a diagram of monoids which itself does not
depend on K, 7(K[G]) does not depend on K as well. We will therefore drop K from the
notation and simply write 7(G).

We conclude our current discussion of dimension vectors with a few general remarks.
However, the readers may feel free to skip forward to Sect. 6 for some hands-on examples
at this point. We first note another immediate consequence of the isomorphism (27): 7(G) is
equipped with an embedding into the free commutative monoid [ [; 7(G;). While this does not
imply that 7(G) has to be free itself, it at least shows that the monoid 7(G) has the cancellation
property, i.e. it embeds as a submonoid into its associated group which is free Abelian of
finite rank.

Moreover 7(G) comes with a canonical homomorphism 7(G) — 7(G;) foreach0 <i < [
and a canonical homomorphism 7(G) — T(g;.) foreachl < j < I+J.Wesaythatm € 7(G)
liesover m; € T(G;) for0 <i < ITandu; € T(Q’j) for 1 < j < I+ J if these are the images
of m under the canonical homomorphisms. Note that these images uniquely determine m due
to the isomorphism (27).

For ¢ € N>; and m € 7(G) we write c|m if there is an n € 7(G) fulfillingm = c.n =
n + --- 4+ n. Such an n is necessarily unique and we denote it by m/c := n. Moreover
{c € N>1 | c|m} is a finite set—this as well as the uniqueness of m/c are immediate
consequences of the embedding 7(G) — []; 7(G;). We denote

ged(m) := max{c € N>1 | c|m} = lcm{c € N> | c|m} (28)

Another important property of dimension vectors is that they are additive on short exact
sequences which is the content of the next lemma.

Lemma 3.5 Let A be a finitely generated K -algebra. For every short sequence
0O>N>W->M-—=>0
of left A-modules we have dim(W) = dim(N) + dim(M).

Proof Recall that dim()V) is defined as (the element of 7(A) associated to) the connected
component containing the algebro-geometric orbit @y and that dim (V) +dim (M) is by defi-
nition the connected component containing O xg A1 These two connected components have to
coincide, because connected components are closed and we have the inclusion Qg v € Oy
by Proposition 2.11(c). O

We end this subsection with a comparison between the dimension vector monoid 7(A4) of a
finitely generated K -algebra 4 and the Grothendieck group Ko (A) associated to A. Even if
7(A) does not have the cancellation property, we may consider its associated Abelian group
which we denote 7(A)%P. From Lemma 3.5 we see that the map

is0(A) I T(A) — TA)

extends to a unique group homomorphism K¢ (A) — 7(A)%P which is surjective: If m —n €
T(A)®P is any element, where m, n € 7(A) are dimension vectors, then the corresponding
connected components have to contain rational points x, y. If M, M, are the respective
left .[A-modules, then the element [M] — [M,] € Ko(A) is mapped to m — n.
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In the special case where A is a completely split finite dimensional semisimple K -algebra,
this group homomorphism is in fact an isomorphism (see Example 3.1(a)). However, usually
the group 7(.A)%P of dimension vectors is much smaller than the Grothendieck group—
the dimension vector of a module carries slightly more information than its vector space
dimension, but much less information than its isomorphism class.

3.2 Homological Euler form

We now want to discuss another object which again has a well-known analogue in quiver
representation theory: the (homological) Euler form. For A a (left hereditary) K -algebra and
finite dimensional left .A-modules M, A we define

(M, M) 4 := dimg (Hom 4 (M, N)) — dimg (Exty (M, N))

Example 3.6 Let C be a completely split finite dimensional semisimple K-algebra. Recall
that C may be written as (15). C admits precisely ¢ := ¢j + - - - 4 ¢, pairwise non-isomorphic
(absolutely) simple modules—choose a representative £,, for each isomorphism class. For
two arbitrary finite dimensional left C-modules

c—1 c—1
M = @ﬁy@m(?), N = @E}/@n(ﬂ
y=0 y=0

we compute the homological Euler form

c—1
(M, Ny¢ = dimg (Home (M, M) = ) m(y)n(y)

y=0

by using Schur’s Lemma for the absolutely simple modules £, . For m := dim(M) and
n := dim(V) we also introduce the notation (m, n)¢ := (M, NM)¢ which is well-defined,
since dim : is04(C) — 74(C) is bijective by Example 3.1(a).

As for the dimension vector monoid we now want to compute the homological Euler form
of the group algebra of a finitely generated virtually free group G over a suitable field.

Proposition 3.7 Let A and B be left hereditary finitely generated K -algebras, C a finite
dimensional semisimple K -algebra and ¢1 : C — B, ¢2, 93 : C — A K-algebra homomor-
phisms.

a) Consider the pushout given by @1, ¢z and let M, N be finite dimensional left A x¢ B-
modules. The homological Euler form of A ¢ B is given by

<M7MA*CB = (M»MA + (Mv MB - <M5N>C

b) Consider the HNN extension Axf>* and let M, N be finite dimensional left Ax%>%*-

modules. The homological Euler form of Ax5>% is given by

(Mv N}A*gz‘% = <M7 MA - <M!MC
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Proof Let D be a finitely generated K-algebra and WV a K-linear (D, D)-bimodule, i.e. a

left D ® ¢ D°P-module. We consider the K -linear map n : W — Derg (D, W) which sends

w € Wto its inner derivation n(w) = (f + f . w — w . f) and obtain an exact sequence
— <«

0— Ker(n) > W A Derg (D, W) — Coker (n) — 0 (29)

For the bimodule W = Homg (M, N) we obtain Ker () = Homp (M, N) and Coker () =
Ext713 (M, N) (see [28, Lemma 9.1.9 & Lemma 9.2.1]). Hence, (29) yields

(M, Myp = dimg (M) - dimg (N) — dimg Derg (D, Homg (M, N))
So we can reformulate the claimed identity a) as
dimg Derg (D, W) = dimg Derg (A, W) + dimg Derg (B, W) — dimg Derg (C, W)
for D = A *¢ Band W = Homg (M, N) and the claimed identity b) takes the form
dimg Derg (D, W) = dimg Derg (A, W) + dimg (W) — dimg Derg (C, W)

for D = Ax{»% and W = Homg (M, N).
For the identity (a) we use that Derg (D, W) is the K -vector space pullback induced by
¢} and @3, hence, Derg (D, W) is the kernel of the map

(2", —p1*) : Derg (A, W) @ Derg (B, W) — Derg (C, W)

which is surjective, because C is separable, i.e. every derivation of C is inner. (See Remark
2.6 for the definition of separable algebras and [2, Prop. 4.2] for the fact that an algebra over
a field is separable if and only if all of its derivations are inner.)

The identity (b) is proven similarly:

* (p5)*
Derg (D, W) 5> Derg (A*k K[r,t7'1, W) = Derg (C, W)
(@h)*

is an equalizer diagram of vector spaces, i.e. Derg (D, W) is the kernel of the map

@) (o))"
Derg (Axx K[t,t7'1,W) > 5 Derg (€, W)

which is surjective as well, because C is a separable K -algebra. This proves b), since we have
an isomorphism

Derg (Axg K[t,17'1, W) = Derg (A W) @W, 8> (S014,8(1)

(Recall that we assume the field K to be perfect within Sect.3. Note that this proof only
needs K to be perfect so that C is separable. This could be avoided by instead assuming that
C is separable from the start.) O

Corollary 3.8 If G is the finitely generated virtually free group given by (9) and K is suitable
for G, then (—, =) k(g is given by

1 1+J

(M. Nikigr = Y (mi.ni)kign — Y (s, vj) kg, (30)

i=0 j=1

where dim (M) is the dimension vector lying over m; € 1T(G;) for0 <i < I andu; € T(gf/.)
forl < j <I+J anddim(N) is lying over n; € 7(G;) and v; € T(Q’j) respectively.
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Proof Repeatedly apply Proposition 3.7 to the decomposition (12). O

Since the righthand side of the formula (30) only depends on the dimension vectors dim (M)
and dim(V) and is Ny-linear in both arguments, Corollary 3.8 yields that the homological
Euler form induces a well-defined Ny-bilinear map

(= —)kig 1 7G) x TG — Z

Furthermore we see from formula (30) that (—, —) x[g] does not depend on K. So we will
simply denote it by (—, —)g. Moreover (30) combined with Example 3.6 shows that (—, —)g
is symmetric.

As before we postpone explicit examples to Sect. 6, but the readers may feel free to skip
forward to it now.

3.3 Counting representation spaces

Now assume K = T, is finite. We want to show in this subsection that the connected
components Rep,, (F,[G]), m € 7(G) are polynomial count if ¥, is suitable for G. As before
we start with the case of semisimple algebras.

Example 3.9 Let C be a completely split finite dimensional semisimple F,-algebra with
(absolutely) simple left modules Ly, ..., L.—1. If M is a finite dimensional left C-module of
dimension vector m = dim(M) = Zy m(y).dim(L,) we know from Example 3.1(a) that
Rep,,(C) = Opq = GLimk/S(xum). Since S(xp) = ]_[y GLy (), is special (see Example
2.14), we obtain

PGLy, a
#Rep,, (C)(Fya) = #GLim Fgo)/S(x ) (Fye) = W((] )
y=0 1'GLu(,)
Using Lemma 2.9(a) we see that the rational function
P
R —,—T

c—1
l_[y=0 PGr,,

is in fact a counting polynomial for Rep,,(C). Note that the vector space dimension |m| =
dim[pq (M) is given by Zy m(y) dirn]Fq (L) as | .| is a monoid homomorphism.

Similar to 7(G) and (—, —)g we give a full description of the counting polynomials of
Rep,, (Fq[G]).

Proposition 3.10 Let A be a finitely generated IF,;-algebra, B and C completely split finite
dimensional semisimple F-algebras and ¢1 : C — B, g2, 3 : C — A homomorphisms of
I, -algebras. For d € Ny fix dimension vectors m € 13(A), n € T3(B) and u € T;(C).

a) Consider the pushout Ax¢ B given by @1, ¢, and assume that (m, n) is a dimension vector
in T(A) xe) T7(B) = T(A*c B) lying over u. If Rep,, (A) admits a counting polynomial

$2.93
P,f, then the rational function Py, e = P,;l‘l Pgr,/ Pf is a counting polynomial for

Rep . n) (A *¢ B).
b) Consider the HNN extension A*?z’% and assume that m is an element of the equalizer
Eq(Z(¢2), T(¢3)) = ’T(.A>|<?2’(p3 ) lying over u. If Rep,, (A) admits a counting polynomial

. . Axfr?3 . . .
P,;f‘, then the rational function Py, e = P,;l4 Pcr,/ Pf is a counting polynomial for

Rep,, (Ax57).
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Proof About (a): As in the proof of Proposition 3.2(a) we may express Rep,,(A) and
Rep(y n) (A *¢ B) as associated fibre spaces

Rep,, (A) = GLyr, x5© Y, Rep, \(AxcB) = GLyp, x5y

for S(y) € S(z) < GLd,]Fq the stabilizers of points y € Rep,,(B)(F,), z € Rep, (C)(IF,) and
Y an affine finite type IF,-scheme with S(z)-action. Since S(y) and S(z) are special, we may
use (22) to obtain

PgL,(q%)
#S(y)(Fye)

Using Example 3.9 this proves part (a).
About (b): As above we use the proof of Proposition 3.2(c) to obtain

PoL,(q%) #S(z)(Fge)

#Rep,, (A x¢ B)(Fge) = #S(y)([Fye) Per,(q®)

#Y (Fya) = Pr(g%

Rep,, (A) = GLyp, x5 Y, Rep,, (Ax5") = GLy 5, x5 (Y x5, 5(z))
for S(z) € GL4 F . the stabilizer of a point z € Rep,, (C)(F,) and we calculate

#5(2) (Fye)

#Rep,, (A ) (Fyge) = Por, (q"#Y Fy) = Povs(a) 5 = Pyl
d

m}

Corollary 3.11 If G is the finitely generated virtually free group given by (9) and F, is suitable
for G, then

1 Gi I+J ¢j—1
PO . peg J Hizo P _ j=1 1ly=0 PeL,;0) ah
m -— IFGLy 1) g - GL, 7 bi—1 P
[1;57 P [Tizo IT=0 PeL.,;e)

is a counting polynomial for Rep,, (F,[G]), where m € 1(G) is the dimension vector lying
overm; € T(G;) = Ng'forO <i<Iandoveru; e T(g’j) ~ N(C)jforl <j<I+Jand

RIG g Rl
P,gi = m?[Q] aswell as P,; = Pujq

f g1

are given by Example 3.9.

Proof We obtain P,g by repeatedly applying Proposition 3.10 to our decomposition (12) of
K[G] (note that J is the number of HNN-extensions involved in (12)). The second expres-
sion comes from Example 3.9 by cancelling out the Pgr, occurring in the numerator and
denominator of the fraction. O

The formula (31) in particular shows that the polynomials P,f are independent of the choice
of a finite suitable field for G.
4 Hall algebra methods

Consider the field Q(s) of rational functions in the variable s as well as its subring

Qlslis—q) ={P/0 € Q(s) | Q(g) # 0}

where ¢ is some fixed prime power. The Q-algebra homomorphisms
vy
Q(s) < Qlsls—¢) ~ Q
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induce homomorphisms of 7(G)-graded Q-algebras

QO)ITG)] < Qlsl—o)[TO] = QITG)] (32)

The homomorphism |.| : 7(G) — Ny endows every 7(G)-graded algebra C with an Ny-
grading C = @ ;- Ca where Cy is spanned by all homogeneous elements with degree in
74(G). In particular C carries a canonical topology where the ideals iy := ;. ,Cs form
a neighbourhood basis of 0. The completion C with respect to this is a topological algebra
whose underlying topological module is given by [ ;- Cs. We have the following facts on
completions of (graded) algebras: B

Lemma4.1 Let A be a commutative ring and C, C be 1(G)-graded A-algebras. Denote their
completions by C and C'.

a) An element (fs)s=0 € C is invertible if and only if fo € Cy is invertible.
b) Every graded homomorphism C — C extends uniquely to a continuous algebra homo-
morphism C — C.

So by taking completions of (32) we obtain continuous QQ-algebra homomorphisms

QOITO] < Qlsls—p [T — QUTO (33)

We now define a second multiplication on the monoid algebras considered above: The so
called rwisted multiplication on Q[7(G)] is given by bilinear extension of
L qf(m,n)g.thrn

Analogously we define " % " := s~ "¢ 1 on Q(s)[7(G)] and Qls]s—¢)[T(9)]. Note
that the powers of ¢ and s are well-defined for negative exponents as ¢ is non-zero and
s ¢ (s — q). We denote the resulting 7(G)-graded Q-algebras by Q4™ [7(G)], Q(s)™[T(G)]
and Q[s](s_q)tw [7(G)]. As for the monoid algebras we have 7(G)-graded Q-algebra homo-
morphisms analogous to (32) and continuous Q-algebra homomorphisms like (33) between
their twisted versions.

The twisted monoid algebras are in fact isomorphic to their untwisted counterparts. To con-
struct explicit isomorphisms between them we need a monoid homomorphism Y : 7(G) — Z
which satisfies

(m,m)g =Y(m) (mod2) Vm € 7(G)

We construct a distinguished Y to show existence, but everything that follows does not
depend on this choice. For a finite group F we have an identification 7(F) = N and may

take Y(m) := Z;_:lo m(y). For the general case of G we can mimic our computation of the

Euler form and define

I oci—1 147 €1
Ym) =) Y mi(y) =) > ujy)
i=0 y=0 j=1 y=0

Ci ~

where m € 7(G) is the dimension vector lying over m; € Ny = 7(G;) andover u; € N;j =~
’T(Q’j). We may now define a Q-vector space isomorphism

S QIYTG)] — QITG)]. S(™) = g (mmg=Ym)m
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and isomorphisms Q(s)™[7(9)] = Q)[T(D], Qlsls—o)V[TD] = Qls)s—)[T(9)] via
Si™) = 52 (mm)G=Ym)m We call each of the maps S shift operator. By construction the
shift operators preserve the 7(G)-grading and using that (—, —)¢ is symmetric one can deduce
that they are isomorphisms of graded algebras. Hence, they extend uniquely to continuous
algebra isomorphisms between the completed monoid algebras.

Shift operators like S have already appeared in Mozgovoy-Reineke’s treatment of the free
group case in [17]. To get rid of the correction form Y we could also define a shift operator by
S (™) :=gq 3m.m)gm This would mean however that we have to work with Ql[/q] instead
of Q, Q[,/91(+/s) instead of Q(s) etc.

Now fix a finite field K = IF; which is suitable for G. We briefly recall the construction
of the finitary Hall algebra H(A) of a finitely generated I, -algebra A:

Denote by iso(A) = | |;-1is04(A) the set of all isomorphism classes of finite dimen-
sional left .A-modules. (Analogously we denote by ssim (A4), sim (A) and absim (A) the sets
of all isomorphism classes of semisimple, simple and absolutely simple modules respec-
tively.) H(A) is defined as the free Q-vector space on the basis iso(.4). The multiplication of
two basis elements [M], [NV] € iso(A) is defined as [M] - [N] = Z[W] FAVXN[VV] (where
the sum is running over all [W)] € iso(A)) with structure coefficients

FYY = #L S Wleft A-submodule | £ = N, W/r = M}

Note that the multiplication is well-defined, because the set iso; (.A) is finite for all d € Nj.
An upper bound for its number of elements would be qd2“ where a € Ny is the cardinality
of some finite set of F,-algebra generators of A, because a representation A — My (IF,) is
uniquely determined by the images of the generators.

Since dimension vectors are additive on short exact sequences, H(A) is 7(A)-graded—
H,,(A) is the Q-linear span of {[M] € iso(A) | dim(M) = m}. In particular the
homomorphism |.| : 7(A) — Ny induces an Ny-grading H(A) = P;.,Hs(A) where
H;(A) =6, 734 Hm (A). As for the monoid algebras (32) we may complete H(A) with
respect to this Ny-grading. Denote the completed finitary Hall algebra by H(.A)).

We consider the element ¢ := Z[ Mieiso(A) [M] € H((A) which is a multiplicative unit
by Lemma 4.1(a). It was shown by M. Reineke in [21, Lemma 3.4] that the coefficients e\

of the inverse ¢! = Z[M] em[M] are given by
(—1)*#End 4 (£)*@=D2 it M= @ L% semisimple
[L]esim (A) [L]esim (A) (34)
0, if M not semisimple

The following lemma is essentially due to M. Reineke (see [21, Lemma 3.3]).

Lemma 4.2 Let A = IF,[G] be the group algebra of the finitely generated virtually free group
G over the suitable field F,. The Q-linear map

1 .
/  H(E,[0]) — Q"™[T(O)], / (M) = B 35)
q

is a homomorphism of 1(G)-graded Q-algebras.
Proof Since the proof is completely analogous to [21, Lemma 3.3], we will not give all

details. Since (35) is a homomorphism of 7(G)-graded Q-vector spaces, it suffices to show

that [(LMD) - [(IND) = [(IM] - [NVD) for all [M], [NV] € iso(Fy[G)).
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Denote m := dim(M), n := dim(N). By Lemma 3.5, the coefficients F/\V)t),/\/ are zero
unless dim(W) = m + n. So both [([M]) - [(IN]) and [([M] - [NV]) are in the Q-linear

span of "+ and it remains to prove the formula

FX/YN q*<m,n>g

Wieisot, (0D, #Aut[g‘q g1 W) # (Aut[ﬁ‘q g1 (M) x Auth 61 (M)
dimOWV)=m+n

Recall from Sect. 1 that F,[G] is hereditary, because [, is suitable. So by the definition of
the homological Euler form, we have

1
e #Exty 16 (M, N)
#Homp, g) (M, N)

q

and it suffices to prove the so called Riedtmann formula

#Ext]%q[gj (M, Nyyy # Autg, 6] (W)
# Homp, (g (M, N)

for all [W] with dim(W) = m + n, where Extﬁrq g M, Mw C Ext]%,q[gJ (M, N) denotes
the set of equivalence classes of extensions with middle term W.
Let P}/\VA’ € Homp, (] (N, W) x Homg, [g] (W, M) be the set of short exact sequences

0 —> N— W — M — 0. The group Aut, (g (M) x Autg,[g) (V) acts freely on 'P}/\VA’ N
via (P, D). (9, 0) = (po d>/_\/l, ® 1 0 0), where the number of orbits is given by F)\/4V,N'
Hence, the left hand side of (36) can be identified with #PXV/L N

On the other hand Autpy 4101 (W) acts on PKVA, A via

# (Aut]Fq[g] (M) x Aut]Fq[g] (M) F/\VX./\/ = (36)

Dy.(p,0) == (Pyogp, 00 d>17\}1)

and the set of orbits can be identified with Ext]{?q G (M, N)yy. Moreover the orbit of (¢, 0)
has # Autg, () V) /# Homp, g (M, N) elements, because

Homp, [g] (M, N) = S((¢,0)), o> idy+powod

defines a group isomorphism to the stabilizer subgroup S((¢,0)) Autg,[g) (W). This

proves that the right hand side of (36) coincides with #P)/(V/l’ v as well.
]

The map f is called a Hall algebra integral. By Lemma 4.1(b) it extends uniquely to a
continuous (Q-algebra homomorphism between the completions.
We summarize the situation with the following commutative diagram:

QO™ =——Qls15—¢) " [TD] R N (9| < H(F4[9])

;is zls =S
evy

QOITDN =——QIsls-o [TD] QIT]1

Most of the actual computations we are interested in happen in the ring Q(s)[Z(G)] while
our knowledge of the representation theory of F, [G] comes from the completed Hall algebra
H(T,[G1). So the rough idea for proving results like the main theorem is the following: First
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we observe an interesting identity in H((IF, [G])), then we map it to Q[ Z(G)] and search for a
certain kind of lift of it along ev,. (Mostly we want the lift to be independent of the choice of
the prime power ¢.) Afterwards we can manipulate the obtained identity within Q(s)[Z(G)].

5 Counting polynomials

After introducing a lot of machinery we now come back to our original objective of counting
functions and relate them to our machinery. Let IF, be a suitable finite field for G. For each
dimension vector m € 7(G) define the refined counting functions

raPsim (g@) = #{[M] € absim (Fya[G]) | dim(M) = m}
r (%) = #{[M] € sim(Fge[G]) | dim(M) = m} (37
rm(@®) = #{[M] € ssim(Fge[G]) | dim(M) = m}

The refined counting functions r;;; and r,‘jleim again count the rational points of GIT moduli

spaces. We describe these using the following lemma.

Lemma5.1 All connected components Rep,, (F,[G]) C Replml(Fq[g]) are GL\m|,]F,,-
invariant closed subschemes. Their GIT quotients

M(Fq [G], m) = Rep,, (Fq [g])//GL\m\,]Fq

are the connected components of M (F4[Gl, |m|). Moreover there is a GL|m|’Fq—invariant
open subscheme Rep“hs"m (F4[GD) < Rep,, Iy [G)) for each m € T(G) such that

m

MM (B, [G], m) = Rep™™ (Fy[G]) ) GLjm| 5, = M(F¢[G, m) 0 M™™ (B, (G, |m])

m

The connected components of M2s™ (F4[G1, d) are given by those M abSim(Fq [G]l,m), m €
’Zj(Q), which are non-empty. Moreover all of the spaces Rep%’s’m(Fq [GD), Rep,, (F,[GD),
MabSIm(IFq [Gl, m) and M (IF;[G], m) are irreducible if non-empty.

Proof By Proposition 2.11(a) the representation space Rep,,, (F4[G]) is regular. Hence, its
connected components Rep,, (F,[G]) are in fact even irreducible (see e.g. [27, Tags 033M &
0569]). Since furthermore GL |, is geometrically irreducible, GLj| 7, XF, Rep,, Fq[G])
must be irreducible (see [27, Tag 038F]). So the image of the restricted action

GLy F, xF, Rep,,(F4[G]) € GLjm| F, XF, Rep, (FqlG]) — Repy,, (Fy[G])

is irreducible and in particular connected and contained in the connected component
Rep,, (F,;[G]), which proves the GLj| F ,-invariance of the connected components.

Since the quotient map Rep,,,,|(F4[G]) — M (F4[G], |m|) is surjective and maps pairwise
disjoint invariant closed subsets to pairwise disjoint closed subsets (see e.g. [18, Proof of Thm.
1.1]), the sets M (F,[G], m) form € T4(G) form a partition of M (F,[G], d) into finitely many
pairwise disjoint closed connected subsets, i.e. they must be the connected components.

Now note that the subgroup of scalar matrices Gy, € GL|,F , acts trivially. Hence, there is
anatural PGLy, . -action on Rep,, (IF,[G]) for eachm e 7(G). The subsets Repf,}ESim A4))
are given by the respective locus of stable points with respect to this PGLy, |, -action, which
is always invariant and open (see e.g. [18, §1.4], note that what nowadays is called stable
point is called properly stable point within [18]).

To prove the claim about the connected components of M absim (I, [G], d) we now observe
that for each m € 7(G) the open subset RepabSim(IFq [G]) < Rep,, (IF,4[G)) is either empty or

m
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irreducible and in particular connected. The rest of the proof is now analogous to the second
paragraph above.
O

The refined counting functions r;; and r“b“m count the rational points of the connected
components of our moduli spaces dlscussed in Lemma 5.1, i.e. for all « > 1 we have

3 (g%) = #M(Fy[Gl, m)(Fge), riM (g%) = #M*™™(F,[G], m)(Fge)  (38)

m m

We can recover the original counting functions (1) from the refined ones via the formula
ry" = mj=a"m - Moreover we define

7 () = #{IM] € sim (Fye[G)) | dim(M) = m, dimg,, (Ende,(g) (M) = c)
Analogously to [21, §4] we obtain the identities

& Xyl KOOI (g7, if ¢|m
0, else

ab51m(q )_r51m(q ) 51m(q ) : (39)

(The firstidentity holds just by the definition of absolutely simple modules, the second identity
can be obtained from Galois descent and Mobius inversion.) Here u : N> — {—1,0, 1}
denotes the (classical) Mobius function. Since 7(G) embeds into a free commutative monoid,
CI['7(G)] can be embedded into a formal power series ring C[[#1, . . . , #, ]|, i.e. we may interpret
the elements of C[7(G)] as formal power series. Important examples are

Mgy = Y (@™ € QITG)]
meT(G)

where xyz € {absim, sim, ss}. Our goal is to lift the power series r*Y*(g*) reasonably along
the homomorphism evy« from equation (33), the coefficients R of such a lift R*YZ will be
the counting polynomials we are aiming for.

We now briefly recall the construction of plethystic exponentials and logarithms. First
note that Q(s)[Z(9)] is a local ring with maximal ideal

={ > fu" eQWITGI fo =0}
me7(G)

which is open. The subset 1 + m is open as well and is a topological group with respect to
multiplication. (m, +) and (1 + m, -) are isomorphic as topological groups, mutually inverse
continuous isomorphisms are given by

log . » g1
m ‘——>exp 1+m, exp(f):= E 2’ , log(1+ f):= E :%fﬂ
@z0 p=1

Note that exp and log are equally well-defined for Q[s];—¢)[Z(9)] and Q[ 7(G)] and that
they commute with the homomorphisms (33), e.g. expoev,(f) = ev, oexp(f) for each
f emn Q[s](sfq) [[/T(g)]]

For each a € N> we consider the Adams operation
Va : QOITD] - QOITD],  Va (Z fmt'"> =) f(s)
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which is a continuous QQ-algebra homomorphism. They give rise to the mutually inverse
continuous group automorphisms

—1

b Vel -
mesm W) =) W) =) up)

a>1 p=>1

Yp(f)
B

(see e.g. [15, Lemma 20]).

The plethystic exponential and plethystic logarithm are defined by Exp := exp oW and
Log := W~ olog. They are by definition mutually inverse continuous group isomorphisms,
i.e. they in particular fulfill the usual functional equations

Exp(f + g) = Exp(f) Exp(g), Log(fg) = Log(f) + Log(g)

Moreover the same identities hold for convergent infinite sums and products. Exp and Log
can alternatively be defined on Q((s))[7(G)] where Q((s)) denotes the field of formal Laurent
series. By some calculations in Q((s))[Z(G)] one can prove

b -1

Exp <1 _1Sc t’") =Y [[Ja-sP| o (40)

b>0 \ p=1

(See e.g. [14, Lemma 2.2] for the case ¢ = 1, then use Q(s) = Q(s¢).) Using the theorem of
Krull-Remak-Schmidt for a product factorization of the power series r**(¢) and the second
formula in (39) one can prove the following lemma.

Lemma 5.2 Ifq is the number of elements in the finite suitable field ¥y, then the power series

1 .
E@ = ) gra"@n"
meT(G),
p=1

is convergent in Q[ 7(G)]] and satisfies exp(E(q)) = r**(q).

See [15, Lemma 5] for the completely analogous proof in the case of absolutely
indecomposables instead of absolutely simples. In Theorem 5.4 we will reformulate this
lemma in terms of the plethystic exponential Exp.

We are now ready to prove the existence of counting polynomials for the refined counting
functions (37). We begin our proof with a lemma about the element el = Z[ M) EM [M]
discussed at (34).

Lemma5.3 Let I be suitable for G. Denote by f s H(F,[G]) — QI™[T(G)] the Hall
algebra integral defined in (35). We consider f (8_1) € QI™[T(G] as an element of
QIZ(9) ] within this lemma. This element satisfies

oe ([ )= X X st @)

meT(G) 8|m

Proof Using that the coefficients e of ! are given by (34), a computation completely
analogous to the proof of [16, Thm. 4.2] shows

-1 VSJ"Z (q)

b
eMm dim(M) _ cB bm
_— ¢ = (1- ) .t
# Aut]Fq[g] (M) 1_[ Z 1_[ d

meT(G), \ b=0 \p=1
clm

[Mieiso (F,[G])
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in Q[ Z(9 1. So we may apply (40) to obtain

slm

= 0 (svemo( o)) ™

meT(G),

clm

By applying log and using Exp = exp oW we deduce

1
log (/ (8*1)> — Z slm(q) (logoevq oexpoW (1 — sctm>)

meT(9),

clm

If we now use the identity expoev, = ev, oexp and the definitions of ev, and W, this
formula simplifies to

log </ (871)) — Z 51m(q)z . B.m
me-lT(g) B>1 '8(1 ﬂ)
Applying the second formula in (39) yields
e ([ )= T EXY St n i @)t @

meT(G) p=1 clm ylc

The rest of the proof is done by a substitution. Note that the index set
{(m,B.c.y) € TG x N2, | c|m, ylc}
of the sum in (41) is in bijection with the set
{(n,a,8,y) e T(G) x N, | yla}

via the mutually inverse bijections (m, 8, ¢, y) — (m/c, By, c/y,y) and
(n,a,d,y)— ((8y).n,a/y,dy,y). Substitution with respect to it shows that

log </ > Z Z Z Z T a(g)ﬂ()’)’”absm (qa) ((@d).n
nel(G)a=168=1 yla

If we now use, that the Mobius function satisfies

=1
D ) = : ¢
a>1

vla

we obtain the simplified formula

log (/ > Z Z ab51m (L]S) té.n
ne7(G) 6>1

The proof ends by another substitution with respect to the bijection

T(G) x Nz1 — {(m, 8) € T(G) x Nz | 8lm}, (n,8) — (8.n,9)
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To formulate our main result below we define the power series

pY
F=8( > Pit’” € Qlsls—g [ 7D (42)
meTg) * Clmi

where @ € N> is arbitrary and Pn% are the polynomials defined in (31). Note that F' does
not depend on the given integer «.

Theorem 5.4 Let I, be suitable for the finitely generated virtually free group G. Define the
power series

R™M = (1 —s)Log (S™' (F')), R* :=Exp (R™M) 43)

for F as defined in (42) and denote their coefficients by Rﬁ}lb“m and R} respectively. For each
dimension vector m € I(G) these coefficients satisfy Rﬁf’“m, Ry € Z[s] and

Va>1: R}z%bsim (qoz) — r;anbsim (qa) , Rrsrf (qa) — rsls (qa) (44)
In fact, R®™™ | RS are the unique polynomials satisfying (44).

Proof The uniqueness statement follows immediately from the fact that two polynomials in
a single variable have to coincide if they take the same values on infinitely many arguments.
For the rest of the claim it suffices to show that Rf‘anim, Ry € Q[s](s—q«) for each & and
that R2$Im | RS fulfill (44), because by (38) this would show that R2™™, RSS € Q[s](s—qa)
are rational functions counting the rational points of separated finite type IF,-schemes. So by
Lemma 2.9(a) they would automatically be in the polynomial ring Z[s]. For each & > 1 we
consider the continuous (Q-algebra homomorphism

So / L H(F«[G]) — QITO]

Using that Aut (M) = S(x)(Fye) by (17) and #(GLj| (Fye).x) = Povy,, @*)/#5(x)(Fye) for
x € Rep,, (F,[G])(Fy«) and m € T(G), we compute

! #Rep,, (Fy[G]) (Fyge) -
/(8)= Yo ot =) o 1" =evga (57 (F))
i #aM) e Poum @)

Hence, f (8_1) = evVya (S_l (F_l)) for « > 1. Since we have a power series f (8_1) €
Q7™ ['T(G) 1 for each power g%, we consider the expression | (8_ 1) as a function in g-powers
and denote its value in ¢* by [ (8_1)|qa'

Now define form € 7(G) and a > 1

1 absim ay . 1 absim o
Ami=Y_ mRmb/S (5°) € Q) . Aml@®) =) mrm”/s (¢*) € Q

8lm slm
By definition of ¥ we have >, A, 1" = W ((1 — 5! RabSim) = log 0S| (F_l). On the
other hand we have
Z Am (qa) M= log (/ (8_1)|q°‘> = Vg4« olog 08_1 (F_l)
meT(G)

by Lemma 5.3, where we use that log commutes with the evaluation homomorphism eve.
Hence, A, (g%) = L (g®) holds for all m, «. Via induction on gcd(m) it can now be seen
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that RS € Q[s](;—qe) and RAIM (g%) = r3$im (4¢) for all @ > 1. (For the definition of
gcd(m) see (28) above.)

We deduce the claim for R% from Lemma 5.2. Since we have already proven with the
last paragraph that R € Z[s] for all m, we have that ¥ (R%I™) € Q[s][7(G)]. Hence,
R = exp oW (R™M) e Q[s][7(G)] too. Moreover one checks immediately that E (¢%) =
evge oW (RabSim) for all o. So Lemma 5.2 shows that ev « (RSS) = exp(E(g%)) = r¥(q%)
forall o > 1. ]

Note that the counting polynomials are independent of the choice of the suitable field I,
because all objects involved in (42) and (43) are. As already stated in Remark 2.7 all statements
in Theorem 5.4 hold in the more general setting of representations of algebras of the form
(13) for A; and .A’j completely split finite dimensional semisimple F,-algebras with ¢, «;
(not necessarily injective) K -algebra homomorphisms.

The proof of the following corollary is immediate from Theorem 5.4 and (39).

Corollary 5.5 Let Fy be suitable for G. For m € 1(G), ¢ > 1 define

1 i )
RSM . {C Db ) anb/sc‘.m (s/7),  ifcim
m,c * 0 l
5 eLse

and RS™ := > eim Rf,;“} The polynomials RS™, RS™ € Q[s] satisfy

m,c’

Va>1: RZJ“Z (qa) — rsim (qoz), R;im (th) — rsim (qa)

m,c m

6 Examples
6.1 Examples for Sect. 3

In this section we want to provide explicit examples of the objects discussed within this
paper. As all invariants we associated to a virtually free group are derived from the invariants
associated to its finite subgroups, we will start with applying the Examples 3.1(a), 3.6 and
3.9 to explicit finite groups. Since our invariants are independent of the choice of a suitable
field K, we may without loss of generality work over K = C.

6.1.1 Example: finite Abelian groups

Assume Fis a finite Abelian group of order #F = a. Every (absolutely) simple representation
of Fis of dimension 1. Hence, C[F] = C¢, 7(F) = Nj and |.| : Nj — Ny is given by
Im| =3, m(a). (—, —)rand PJ are given by

a—1
(m.n)r =Y m)n(@), Py = "Pavy, /1 Por,, 45)
a=0

More generally: If F is any finite group, then (—, —) r and me are given by (45) where a is
the number of generators of the free commutative monoid 7(F).
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6.1.2 Example: dihedral groups

Now consider the dihedral group D. of order 2c¢. First consider the case ¢ = 2a even:
There are 4 (absolutely) simple representations of dimension 1 and a — 1 (absolutely) simple
representations of dimension 2. Hence, C[Dy,] = C* x Mp(C)*~!, 7(Dy,) = N and
lm| = Z,, om(y)+ 22’”2 m(y).

If ¢ = 2a + 3 is odd, we have 2 (absolutely) simple representations of dimension 1 and
a + 1 of dimension 2. So we have C[Dy,43] = C? x Mp(C)atH!, T(Dyg43) = NE)H'S and

m| = Y0 m(y) +2 55 m(y).
6.1.3 Example: amalgamated free products of cyclic groups

We now consider the amalgamated free product C, *c, Cj. Denote the embeddings of C,. by
t:C.— Cyand k : C. — Cp. For each (absolutely) simple representation of C. there are
a/c ones of C, and b/c ones of Cp which are restricted to it:

We only show the case for ¢ as the other one is analogous. By basic arithmetic we may
always pick the generators of C. = (s | s = 1) and C, = (¢ | t* = 1) such that ((s) = rale,
because ¢ maps each generator of C, to an element of order c. Let £, € C be a primitive a-th
root of unity and set & := £/ /¢ which is a primitive c-th root of unity.

The a pairwise non-isomorphic (absolutely) simple representation of C, are given by
o : C[Cql = M1 (C), pu(t) := &Y, for 0 < a < a. Restricting p, along ¢ to C, gives
pa ot : C[C.] = M{(C), py ot(s) := (E{j‘)“/” = £2. We now conclude by observing that
forally € {0,1,...,c—1}wehave #{0 <o <a |a =y (modc)} = a/c.

After reordering the basis elements of 7(C,) = Nf we may assume that 7(1) is given by
mi— (Za/ el m(y +8c)), as well as the analogous formula for 7(«). Hence, by Corollary
3.3 1(C4 *c, Cp) is given by

ajc—1 b/c—1
Ng e Nj = {(m,n)eNg xNSIVO<y <c: Y my+8)=Y nly +ec)}
§=0 e=0

with [(m, n)| =", m(a) = Zﬁ n(B). By Corollary 3.8 and (45) the Euler form is given by

b—1

((m, n), (U, V) Cyne,C) = Zm(a)u(a) + Y n(Bwp)
a=0 B=0
—laje—1bjc—1

Z D D my +80u(y +eo)

y=0 §=0 =0
Note that by permuting the entries of Nj x N we obtain a monoid isomorphism N x N§ Ng =

(A N’(;/”) = T(Caje * Chje)"
6.1.4 Example: PGL,(Z) and GL,(7Z)

Our last two examples in this subsection are the groups PGL(Z) = s *¢, D3 and GL, (Z) =
Dy *¢,xc, Dg. Using Corollary 3.3 and the computation of 7(D.) above, one can compute
that 7(PGL;(Z)) is isomorphic to

{(m,n) € N§ x NJ | m(0) + m(1) = n(0) +n(2),m2) + m@3) = n(1) +n(2)}
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with |(m, n)| = Zy m(y) = n(0) + n(1) + 2n(2) and that 7(GL(Z)) is isomorphic to
{(m,n) € N(S) X Ng | (%)} where (x) are the four relations

m(0) +m(1l) =n0) +n4), m4) =n(1) +n) =n2) +n(5),m2) + m3) =n3) +n4)
and with |(m, n)| = 2m(4) + Y0 _om(y) = 2n(4) +2n(5) + Y 3_ n(5).

6.2 Examples of counting polynomials

We now want to present some examples for the counting polynomials. A first trivial example
are the counting polynomials of a finite group F: Here dim : iso(C[F]) — 7(F) is bijective
by Example 3.1. Hence, Ry = 1 for all m e T(F) and R2™7 = 1 if the unique
[M] € iso(C[F]) of dim(M) = m is (absolutely) simple and zero otherwise.

For G an arbitrary finitely generated virtually free group given by (9) one first needs to
compute the free commutative monoids 7(G;) and T(g;-) as well as the homomorphisms 7 ;)
and 7(x ;) between them as we have done above for some examples, i.e. one has to classify
the representation theory of these finite groups e.g. over C. The rest of the computation of
the counting polynomials can be done by a computer, e.g. using the SageMath code [10]. All
of the examples below (and in fact many more) have been computed in this way.

6.2.1 Example: (generalized) infinite dihedral group

First consider the group G, := Cy¢ *c, Cac. G is a finite central extension of the infinite
dihedral group Do, = C3 * Cp. We will therefore call the groups G, ¢ > 1, generalized
infinite dihedral groups. As discussed above their dimension vector monoids can be written

as 7(G.) = (N(z) XNy N(z))c. For the dimension vector m = (my, ..., mq—_1) we have
1, if jm| =1
RISM — 352 if3ystm, =(1,1,1,1) &ms = (0,0,0,0) V5§ £y  (46)
0, else

In particular all absolutely simple representations of G, over a suitable field occur in dimension
1 or 2. The group G, is among the few groups for which it is possible to determine all the
polynomials RﬁPSim explicitly. In fact, we not only count but classify all absolutely simple
representations of G, in Sect. 6.4 below.

6.2.2 Example: PSL;(Z)

We now consider PSLy(Z) = C, * C3 with T(PSL(Z)) = N} xn, Nj. For |m| < 4 those

RADIMPSL2(Z) hich are non-zero are listed below.

R;xﬂbslm)’s 2(Z Rf,,bS‘m'P§LZ( )

m
(d,0), (1,0,0))
(1,0, (0,1,0)
(1,0, (0,0, 1))
(0, D, (1,0,0))
(0, D, (0.1,0)
(0, D, (0,0, 1))
((1,1),(1,1,0) s

m
(1, 1), (1.0, 1) s —2
(1,1, 0.1, 1) s—2
(2.1, d,1.1) s —35+3
((1,2), 1. 1. 1) s —35+3
(2,2),2.1,1) [ s3=3s7+55s—4
(2,2),(1,2,1) | s*—3s7+55—4
2 (2,2),(1.1,2)) [ =35 +55s—4

S S [N N
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bsim,PSLy(Z) : . . . .
For [m| < 5 all non-zero R2*™FPS12(2) i 4 siven total dimension |m| coincide. However,

from total dimension |m| = 6 on this fails as the following polynomials show.

R:lnbslm,PSLZ( ) R:lnbslm,Png( )

(4,2),2,2,2) | s —4s* 4655 =752 +95—6 || ((3,3),(1,3,2)) | s> =357 +55° —7s2+9s — 6
(3,3),(3,2,1) | =357 +553—7524+95—6 || (3,3),(2,1,3) | s> —3s7+55°—7s2+95 -6
(3,3),(2,3,1) | =35 +53—7s24+95—6 || (3.3),(1,2,3)) | s> =357 +5s°—7s2+95—6
((3,3),(3,1,2)) | s =357 +53 =752 +95—6 || ((2,4),(2,2,2) | s> —4s*+65° —7s2+9s — 6
((3,3),(2,2,2) 574350 — 10s° + 357 + 1453 — 2752 + 355 — 23

m m

The examples above suggest that there are symmetries on the sets 7;(PSLy(Z)) along
which the counting polynomials stay the same. This is indeed the case for all of the groups
C. *c, Cp and we will discuss these symmetries in Sect. 7 below.

6.2.3 Example: SL>(Z)

Recall that SL, (Z) is isomorphic to the amalgamated free product C4 ¢, Cs. The polynomials
R;bSIm’SLZ(Z) are basically the same as those for PSL;(Z). More generally we have the

following result.

Proposition 6.1 Let a, b € Nx1 be natural numbers, c € N>y be a common divisor of a and
b and C, xc, Cp be the amalgamated free product of the respective cyclic groups defined by
injective group homomorphisms C. — Cq, Cp. Ifm = (mo, ..., mc_1) € T(Cqc¥Cpjc)¢ =
1(Cq *c, Cp) is any dimension vector, then we have
Rabsim,Ca*Cl.C[, _ anbslm’ca/c*cwc, ifﬂ Y s.t.msg = oVvsé 75 4
" 0, else

Proof Let IF, be a suitable field for C, *¢, Cp and p : F4[C, *¢c, Cp] — My (F,) be an
absolutely simple representation. Since I, is suitable, there are primitive a-th, b-th and c-th
roots of unity. We consider the presentation

Ca*c. Cp=(f.g| [ =g"c, 1%

and denote i := f“/c = gb/c. Since h € C. = Z(C,4 *c,. Cp) is in the center and the only
endomorphisms of p are scalar multiples of the identity, p (h) = z.14 is a scalar matrix, where
7 is a c-th root of unity. Note that z only depends on the isomorphism class of p, because
z.14 € GL4(Fy) is a fix point of the conjugation action. Hence, we have a well-defined map
¢ : absimy (Fy[Cy xc, Cpl) = pe(Fy), [M] — za, where . (F;) denotes the group of
c-th roots of unity in .

Letm = (mo, ..., mc—1) € T(Cy/c * Cpse)© be the dimension vector of p. Recall that
every representation of Ce is given by a diagonalizable matrix with eigen values from . (F,)
associated to its generator /, that the dimension vector of a representation of C. counts the
multiplicities of the eigen values and that the dimension vector uniquely determines the
isomorphism class of the representation (see Example 3.1(a)). The fact that p (k) is a scalar
matrix shows that p restricted to C. is a direct sum of d copies of the same one-dimensional
representation. This shows that m,, is zero for all butone 0 < y < c.

Furthermore note that we may consider absimy(F,[Cu/c * Cpsc]) as a subset of
absimg (F;[Cy *c, Cp]) via restriction along the surjective homomorphism

7 :Cy *C, Cp — Ca/c * Cb/c
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i.e. we map arepresentation p of Cy/c * Cp to pom. This identifies the set absimy (IF,; [Cy /¢ *
Cp/c]) with the fibre ¢~ (1), because A generates C. = Ker (7).

We now construct a bijection between an arbitrary fibre o 1(2),z € pe (Fy), and the fibre
¢~ (1). First choose z, € 1q(F,) and z5 € up(F,) satisfying zo'° = z and 7,/ = z. If
p : Fy4lCa xc, Cp] — My(Fy) is an absolutely simple representation, whose isomorphism
class is in ¢ ~!(z), then define a representation p via

p(f)=2."p(f), D@ =2z,".p()

D is again absolutely simple and the map p — 7% induces the required bijection ¢~ (z) —
¢~(1) = absimy(F4[Cy/c * Cpyc]). Hence,

absim,Cy*c,.Cp absim, Cy/c*Cp e
R e (q) = Rmy e C(Q)

for all suitable fields IF,. In particular the polynomials must coincide. O

. . $8,Ca*ce Cp .
However, the analogous statement for the counting polynomials R:,: a*Ce™b i false.

6.3 Counting polynomials of character varieties

We now want to give examples for the counting polynomials st’g. Recall that these give
the E-polynomials of the character varieties Xg(GL4(C)) = M (C[G], d) as discussed in
Sect. 2.4.3. All the polynomials listed in this subsection can be computed by evaluating
the formulas (42) and (43) for the dimension vector monoids computed in Sect. 6.1. The
computations have been carried out using the SageMath code [10].

ss,PSL; (Z)
Ry

6
3s + 15
252+ 125 + 26
353 + 957 4 245 + 39
65% + 653 + 2452 4 365 + 54
5T+ 359 — 25° + 2557 + 5652 + 415 + 71
653 + 1257 — 3050 + 5457 + 3657 + 5457 + 665 + 90
35T+ 9510 1 959 — 3358 4 6657 — 605° + 8157 + 24s% + 3357 + 9352 + 665 + 111

R AN AW =] X

The highest d for which the author has computed R;S’PSLZ D sofarisd = 12. RTSQ’PSLZ @

is given by s2 + 352 4 18523 + 38522 + 67s%! + 48520 — 49519 — 210s'8 — 18657 +
329510 4+ 738515 — 1131514 + 141513 + 2645'2 + 657s'! — 1067510 + 5425% — 21658 +
75357 — 7865 + 508s° + 313s% — 22453 + 47652 — 1435 + 215.

R ZS.PSLZ (Z)

12
65 + 66
457 + 60s 4 232
653 + 515% + 2825 + 615
1257 + 6053 + 28852 + 8765 + 1356
257 + 65° — 45 + 144s% + 26457 + 106257 4 20925 + 2636
125% + 3657 — 24s° + 13257 + 624s% + 864s° + 2916sZ + 42125 + 4680
65T+ 18510 + 1857 + 1255 + 32457 — 369s° + 11225% + 1575s% + 253257 + 63665~ + 7620s + 7761

O ||| | W —| X
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55.GL2(Z)
Ry

4
s+ 14
8s + 28
3s° 4+ 265 + 56
2052 + 565 + 88
57+ 857+ 595 + 101s + 147
857 + 365> + 12857 + 1565 + 212
25° + 657 4 3457 + 9657 + 22357 + 2425 + 323
457 4 165° — 857 + 148s* + 140s° + 40057 + 3205 + 440
57 + 85% + 2057 + 235° + 3557 4 30657 + 20657 4 647s% + 4355 + 628

|| Q| L &L o] —|

s

RZS.PGLZ( )
4
14
4s + 28
2+ 135 + 55
852 + 325 + 84
6s% + 1852 + 60s + 132
4s% 1+ 165 4 4457 + 965 + 180
s0 +55% + 11s% + 4053 + 6452 + 1525 + 253
457 +125° — 205° + 80s* + 1657 + 15652 + 188s + 324
655 + 2257 — 1655 + 15457 — 655 + 2565% + 2425 + 426
4510 12057 + 3655 — 7257 + 725° 4 565° + 100s* + 14853 4 22852 + 3725 + 524
sB 45T 1195+ 27570 — 2559 — 1558 + 20957 — 2685° + 30357 + 1785 + 60s° + 43852 + 4205 + 659

JUY UG N
ey R =1 =S BT RN RV RN RS ST Y

6.4 Classification for generalized infinite dihedral groups

We will now classify all absolutely simple representations of G. = Ca.*c, Ca. over a suitable

ground field. This will in particular prove that the counting polynomials R2>S™ 9

by (46). Recall that the dimension vector monoid of G, is given by 7(G,) = (NZ xp, N3)

are given
c
Proposition 6.2 Let K be a suitable field for G, i.e. char (K) does not divide 2¢c and K is
perfect and contains a primitive 2c-th root of unity. Denote its group of 2c-th roots of unity
by uae(K). Consider the presentation G = (f, g | 2 = g2, f* = 1). In dimension 1
all representations p : G. — GL1(K) are absolutely simple and pairwise non-isomorphic.
They are given by the set {(x, y) € us(K) | x* = y?} via the bijection p — (p(f), p(g)).

All other absolutely simple representations p of G, have dimension 2 and their isomor-
phism classes are in bijection with the set

{Cx,y) | x € mae(K)/{£1}, y € K \ {£x}}

where an explicit representative is given by

e =((525) (222 2) (7)

Proof The case of dimension 1 is elementary. For dimension d > 2 we first note that p(f)
and p(g) are diagonalizable with eigen values in wy.(K), because char (K) is suitable.

Now take h := f2 = g% As h € Z(G.) is in the center, p(h) = z.14 is a scalar matrix
with z € p.(K) if p is absolutely simple. Denote the two square roots of z by £x. By
construction p(f) and p(g) have no eigen values except for £x. Since a common eigen
vector of p(f) and p(g) would contradict the simplicity of p, each eigen value of p(f) and
p(g) has to have multiplicity > 1. So we may assume without loss of generality that

p<f>=(*gd1 ! ) (48)

—x.1g,

@ Springer



57  Page 42 of 47 F. Korthauer

withd; = d — dp # 0, d. Note that the stabilizer subgroup S := S(p(f)) € GL4(K) of the
matrix p(f) with respect to the conjugation action on GL4(K) is given by block diagonal
matrices and can be canonically identified with GL4, (K) x GLy4, (K). Consider the set

v fveara (Y5 _0,) V) e Radckignx)
. 2

of matrices which together with the matrix (48) define an absolutely simple representation.
The orbits of the conjugation action of S on Y are in canonical bijection with the GL4(K)-
orbits of the subset X C RepfleIm(K [G:D)(K) given by

X = {p’ € Repi™™(K[G))(K) | GLa(K).0'(f) = GLa(K). (x'g"l _xoﬂd )}
Ta

because X is canonically in GL;(K)-equivariant bijection with the associated fibre space
GL;(K) x5 Y. (Note that X is the subset of all absolutely simple representations for which
the matrix p’(f) is conjugated to (48).) So it suffices to show that the set of S-orbits of ¥ is
empty for d > 3 and for d = 2 given by

{( ’ _1y> €GLy(K) |y e K\{ix}}

X2 g2

Let p(g) = (£ M) be any element of ¥ where L € My, xa, (K), M € My, x4, (K) etc. The
action of GLg4, (K) x GLg, (K) = Son Y is given by

L M nLey' My
1, 1). = 3 2
(01, 2) (N W) (zthl U onwe!

Since p is simple, we know that #y M1, 1, HNto ! # 0 for all (¢, 1) as otherwise the linear
subspace 0 x K% or K1 x 0 of K would define a non-trivial subrepresentation contradicting
the simplicity of p.

For d = 2 we have di = d» = 1 and may take (11, 1) = (1, M) to get (t1,12).p(g) =
(]I\‘,’, ul/’ ) As the multiplicity of both eigen values +x of p(g) must be 1 as well, we have
Tr(p(g)) = 0. Using thisand p(g)? = z.1, weobtainthaty := L’ = —W’and N’ = x2—y2.
This proves the claim for dimension 2.

Now assume p were an absolutely simple representation of dimension d > 3. First we
note that d; = d»: Denote by ¢ and ¢, the multiplicities of the eigen values 4-x for the matrix
p(g). We have seen above that 0 < ¢y, ¢y < d. Since every simultaneous eigen vector of
p(f) and p(g) would span a subrepresentation of p, the multiplicities have to fulfill

¢y +ds<d V1<y,§<2 (49)

The inequalities (49) yield that d = 2r iseven and r = ¢ = ¢ = d| = d,. Furthermore we
may assume for p(g) = (11\‘, %) with L, M, N,W e M, ,(K) that M = 1,:

By standard linear algebra arguments we may find (¢, ) € GL,(K )2 s.t. nMt, -
(L“éM) 8) and to obtain M = 1, it remains to show that tk(M) = r. We write L =

(ii ii) and W = (m vai> as block matrices with L1, Wi € M) xrk(m) (K). With the
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straightforward computation

xx L1+ W; Wy

_ 2 |x* L3 0
zla=p@" =1, N
* ok * *

we see that W, = 0. This means that the last r — rk(M) basis elements span a subrepresen-
tation, so by simpleness of p we have r = rk(M).

z.]l,Lsz
be an eigen vector of L considered as a matrix over K. One checks easily that () and (°)
span a two dimensional subrepresentation of the base extension p ® ¥ K which contradicts
our assumption that p is absolutely simple. O

By again using p(g)? = z.14 we may deduce p(g) = ( il’L) Now letv € K

Proof of (46) Recall from Sect. 6.1.3 that the dimension vector monoid 7(G,.) = (N(z) XN N%)C
is given by

{Omo,..omee1) € (< M) 1 VO <y < c2my 0+ my (1) =y () 4+, (3)]

Since all one-dimensional representations are absolutely simple and pairwise non-isomorphic,
R;}’Sim = 1 forall m € 7;(G.). Moreover from Proposition 6.2 we know that Rﬁ‘anim =0 for
|m| # 1, 2 as there are only absolutely simple representations of G, in dimension 1 and 2.

Now assume p := pyy is the absolutely simple representation of G, of dimension 2 given
by (47). Then p(h) = z.1, for h := f2 = g2 where z := x2 is a c-th root of unity. Hence,
p restricted to C. has a single simple subrepresentation up to isomorphism occurring with
multiplicity 2, i.e. thereisay € {0, 1, ..., ¢ — 1} such that

2, ifs=y

ms(0) +ms(1) = ms(2) + ms(3) = [
0, else

However, as in the proof of Proposition 6.2 both eigen values =x must have multiplicity 1
for both p(f) and p(g),ie.m, = (1,1, 1, 1).
If we choose a primitive 2¢-th root of unity &;., then

(1,1,1,1), ifs=y

dim = (mg,...,m with mg =
dim(pgy ) = (mo c1) 5 {0’ else

forall 0 < y < c. (Note that the representations Pe) .y and Pectr , are isomorphic as
c’ 2¢

gi:—Lﬂkm@ﬂ%ﬁﬁ&w@ﬂgmmn:#@ﬂﬁmb:q—z a]

7 Structural properties

We now discuss some of the main structural properties of the counting polynomials: their
degree and the symmetries occuring among them. As before denote by G the finitely generated
virtually free group fixed throughout this paper and denote the counting polynomials Rﬁ,bmm’g

and Rf;f’g simply by Rf‘anim and R};.
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7.1 Degrees of counting polynomials

Proposition 7.1 Let m € 1(G) be an arbitrary dimension vector and Fy be suitable for g.
The polynomial R} is monic of degree dim M (IF,[G], m). If RASI™ £ 0, then R2%™™ is monic
too and of the same degree

dim M (F,[G], m) = dim M*®™™(F,[G], m) = 1 — (m, m)g (50)

Proof We first recall a well-known theorem about counting polynomials which is due to S.
Lang and A. Weil: Let X be a polynomial count F;-scheme. If X is geometrically irreducible,
then its counting polynomial is monic of degree dim (X) (see [19, Thm. 7.7.1]). This proves
the claim on R}, since it is a counting polynomial of M (IF,[G], m) which is geometrically

irreducible, because the connected component Rep,, (E[g]) surjects onto M (E[g], m) =
M (F4[G], m) xr, Spec <E) and is irreducible by Lemma 5.1. (In particular we have R # 0
as M (F,[G], m)(IF,) is non-empty, because Rep,, (F, [G]) (F,) is.)

The claim on Rf‘anim is proven analogously by replacing Rep,, (E[Q]) with its open sub-
scheme Repf}'f“m (E[Q]) and it remains to prove the two equations in (50): The first equation
follows from M¥®™(F,[G], m) € M (F,[G], m) being open and non-empty if R2*M £ 0.
For the second equation we note that there is an induced PGL,,|, 7, -action on representation
spaces that operates freely on Rep2sim (IF,[G]) and that its quotient Repi‘fs“"GFq[Q])/PGL‘,,”,F([ is

m
isomorphic to M abs"“(IFq [G], m). Hence,

dim M**™ (F,[G], m) = dim Rep2t™™ (F,[G]) — dim PGLy &,

m

Moreover we have dim Repﬁ?Sim(Fq [G]) = dimRep, (F,[G]), because Rep,, (F,[G]) is
geometrically irreducible. So the second equation in (50) is equivalent to the identity

deg P,g = |m|? = (m, m)g which can be verified using our general formula (31). ]

7.2 Symmetries of counting polynomials

In Sect. 6.2 we have seen that the counting polynomials are invariant with respect to certain
symmetries on the dimension vectors of some virtually free groups G. More specifically there
is a finite group Sg acting on K [G] for K suitable and by functoriality on each 7;(G), d € Ny
such that Rf‘anim = RﬂbSim and R} = R} if m, n € 7;(G) belong to the same Sg-orbit. We
will now sketch the construction of this group and its action on K[G]. While the general
procedure works for arbitrary finitely generated virtually free groups we will only make it
explicit in the special case that the finite groups G; occurring in (9) are Abelian.

Let K be a field which is suitable for G. Hence, all of the finite dimensional group algebras
in (12) are of the form

C =M (K)® x Ma(K)2 x -+ x My(K)%

We construct the group Sg and its action iteratively and we start with the case of (group
algebras of) finite groups: The symmetric group S acts naturally on Mc(K)% via
T.(My,...,M.) = My, ..., My(,)) foreach 1 < e < e, hence, S¢ := S, x--- xS,
acts on C via K -algebra automorphisms.

Now assume A, B, C are finite groups acting via K -algebra automorphisms on K -algebras
A, B, C and assume we are given group homomorphisms A, B — C and K -algebra homo-
morphisms C — A, Bwhich are A- and B-equivariant. Then A x ¢ B acts naturally on Ax¢ B
via K -algebra automorphisms.
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Finally assume we have group homomorphisms ¢,6 : A — C and K-algebra homo-
morphisms ¢, k : C — A such that ¢ is A-equivariant with respect to ¢ and « via 6. Then
Eq(¢, #) C A acts naturally on A*EK via K -algebra automorphisms.

All of the discussion so far works without any assumptions on the involved algebras.
However, to iteratively get an induced action on K[G] from the actions on the group algebras

K[G;] and K [Q’j] we need group homomorphisms ng(j) — Sgr/_ <« SG;Q) for each j such
that the embeddings K [G(;)] <= K[g’j] < K[Gy(jy] become N and Sg,(j) -equivariant.
If g/j is the trivial group for each j, this obstruction is trivial and we obtain an action of
[Ti—o Sg; on K[G].

However, in general this is a non-trivial combinatorial task which is why we assume from
now on that G; is Abelian for each 0 < i < I.7 Hence, each of the C above is of the form K¢,

¢ = dimg (C) with an action of the symmetric group S.. We consider an injective K -algebra
homomorphism ¢ : K¢ <> K? and denote by e;,, 0 < y < c the y-th standard basis vector

of K¢ and by eg, 0 < B < b the B-th standard basis vector of K?. Both (e;,)y and (eg)p
are systems of pairwise orthogonal central primitive idempotents. Moreover note that all
idempotent elements of K are of the form

D¢

Bel
for some subset J € {0, 1, ..., b — 1}. Hence, there is a partition
c—1
I:={0.1,....b—1}=| ]I, (51)
y=0

such that c(e;/) =y pel, € because the elements (L(e;,))y are pairwise orthogonal idem-
potents summing up to ¢(1) = 1.

Now recall that each (absolutely) simple K ”-module is isomorphic to precisely one of the
principal ideals K?-¢ s =epg-K b and that the (absolutely) simple K ¢-modules analogously are
givenby K¢-¢|, = e, - K. By construction of the partition (51) we have F(Kbeep) = K€ e,
for each B € I,,. Now consider the subgroup

Sj::{reSb|VO§)/<c:3!0§?(y)<c:r(]IV)=]I?(),)} (52)

of permutations t on the set I that preserve the partition (51). We obtain a group homomor-
phism S — S., T +— T with respect to which the K -algebra embedding ¢ is Sp-equivariant.

To obtain the group Sg and its action we now apply the above procedure forall 1 < j <
I + J to the algebra homomorphisms ¢; : K[g;.] — K[Gspl «j : K[g;.] — K[Gi(j)] and
the groups Sg, ;. Sg,;, and Sg}' This replaces the finite groups Sg, by subgroups Sg, < Sg,
analogously to (52) admitting group homomorphisms Sg, ,, — Sg/j <« Sg,;, foreach j with
respect to which ¢; and k; become equivariant. (Note that some of the groups Sg, might

end up being trivial depending on the occurring combinatorics.) Now deploying the iterative
process described above, where for each 1 < j < I we form a fibre product over S and
J

foreach I +1 < j < I + J we form an equalizer over Sg , we obtain the group Sg as a
_ J
limit of the groups Sg; and the groups Sy with an induced action on K[G] via K -algebra
J
automorphisms.

7 Of course one could also consider a hybrid situation where for each j we have Q”j being trivial or G and
Gy(j) being Abelian.
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By functoriality every group action on K[G] via K-algebra automorphisms yields an
induced action on M (F, (7], 4), MabS‘m(]Fq [G],d) and 74(G) for eachd € No. If m,n €
74(G) lie in the same orbit, then we obtain isomorphisms

M*™™(Fy (G, m) = M [G), n), M (Fy[G], m) = M(F,[G], n)
So in particular the counting polynomials for m and n coincide.

Example 7.2 We consider the case of G = C, ¢, Cp for a, b > 2, ¢ a common divisor of

a, b. As discussed in Sect. 6.1.3 we may reorder the basis elements of N§, Ng and N§ such

that 7(0) : N§ — N is given by m (Zg/zcof1 m(y + 8c)), and analogously for Z(x).

Hence, the partitions (51) of I := {0,...,a — 1} and J := {0, 1,...,b — 1} are given by
I, ={e|a=y (modc)},J, ={B| B =y (modc)} forall 0 < y < c. This determines
the subgroups S, < S, and S, C Sj.

The action of Sg = S, x5, Sy on T(Cy *¢, Cp) = N§ XN Np coincides with the restriction
of the natural S, x Sp-action on Nj x Ng.

Remark 7.3 Note that our construction of the finite group Sg and its action depends on the
choice of decomposition (9) which we fixed for our finitely generated virtually free group
G. However, since the sets of dimension vectors 7;(G) and the counting polynomials R;’;‘fSim
and R}? up to reordering only depend on the isomorphism class of G, the symmetries among
the counting polynomials also do not depend on the choice of decomposition. An interesting
question to consider would be how the groups and their actions obtained from the above
procedure for different decompositions are related.
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