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Abstract

The sequential tail empirical process is analyzed in a stochastic model allowing for
serially dependent observations and heteroscedasticity of extremes in the sense of
Einmahl et al. (J. R. Stat. Soc. Ser. B. Stat. Methodol. 78(1), 31-51, 2016). Weighted
weak convergence of the sequential tail empirical process is established. As an appli-
cation, a central limit theorem for an estimator of the extreme value index is proven.

Keywords Sequential tail empirical process - Weighted weak convergence - Extreme
value index - Non-stationary extremes - Regular varying time series

AMS 2000 Subject Classifications 62G32 - 62M10 - 62G20

1 Introduction

Classical extreme value statistics focuses on analyzing the extreme behavior of a set
of independent and identically distributed (i.i.d.) random variables. However, this
assumption is often not valid in practical situations where data are collected over
time. In such cases, the observations may show serial dependence or they may be
drawn from a distribution that changes continuously as time progresses.

The model developed by Einmahl et al. (2016) and extended in Biicher and
Jennessen (2022) to the case of serially dependent observations allows for the
consideration of non-stationary time series observations. In the latter reference,
selected statistical procedures for various target parameters of interest were pro-
posed and analyzed asymptotically. For that purpose, the authors have shown,
as a crucial intermediate step, weak convergence of the sequential tail empiri-
cal process (STEP) F, to some Gaussian limit F, see Sections 2 and 3 below for
details. While this result may be useful for the asymptotic analysis of various
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164 T.Jennessen, A. Blicher

statistical procedures, it may not be sufficiently informative for some others. For
instance, in the serially independent case considered in Einmahl et al. (2016), the
analysis of the Hill estimator required a result on weighted weak convergence of
the STEP; see also Drees (2000) for similar results and discussions in the non-
sequential, stationary time series case. Weighted weak convergence is indeed
more informative than non-weighted convergence: since both the STEP F, and its
weak limit F are close to zero in a neighbourhood of zero, convergence of F, /¢ to
[F/q for some suitable weight function g with lim,, g(x) = O entails more infor-
mation on the behavior of I, in that neighbourhood (which essentially concerns
the most extreme observations). It is the main purpose of this paper to derive
such a weighted weak convergence result in the serially dependent heteroscedas-
tic case, thereby extending Einmahl et al. (2016) to the serially dependent case
and Drees (2000) to the sequential, heteroscedastic case. As an application, we
illustrate how the result can be used to deduce asymptotic normality of the Hill
estimator for the extreme value index.

The remaining parts of this paper are organized as follows: in Section 2, the model
assumptions needed to prove the asymptotic results are summarized and discussed,
and a location-scale model meeting these assumptions is introduced. Section 3 is con-
cerned with the weighted weak convergence of the (simple) STEP. In Section 4, a
central limit theorem for the Hill estimator of the extreme value index is presented.
The quality of the normal approximation is illustrated by means of Monte Carlo sim-
ulation in Section 5. Finally, all proofs are postponed to Section 6.

Throughout, all convergences are for n — oo if not mentioned otherwise. Weak
convergence is denoted by . The left-continuous generalized inverse of some
increasing function H is denoted by H™!(p) = inf{x € R : H(x) > p}.

2 Model assumptions

We work under the following model from Biicher and Jennessen (2022), which is
an extension of the model from Einmahl et al. (2016) to the serially dependent case:
for sample size n and at time points i € {1, ...,n}, we observe possibly dependent
random variables X<1”), ,X;l") with continuous cumulative distribution functions
(c.dfs) F,y,...,F,,. We assume that all these distribution functions share a com-
mon right endpoint x* = sup{x € R : F, ;(x) < 1}, and that there exists some con-
tinuous reference c.d.f. F with the same right endpoint x* that is strictly increasing

on its support and some positive function ¢ on [0, 1] such that

1-Fi® _ <’> @.1)

lim —
1 — F(x) n
The function c is referred to as the scedasis function, which we additionally assume
to be a bounded and continuous probability density function. The case where ¢ = 1

corresponds to homogeneous extremes, while the opposite is referred to as hetero-
scedastic extremes. The integrated scedasis function is denoted by
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C(s) := /Vc(x)dx, s € [0,1].
0

Serial dependence is allowed for as follows: for each n € N, the unobservable sam-
ple U, ..., U" with U” = F, (X/") is assumed to be an excerpt from a strictly sta-
tionary time series (U,"),c, whose distribution does not depend on n. The dynamics
of the extremes of the latter series will later be captured by the concept of regular
variation (Basrak and Segers, 2009), see Condition (B1) below for details.

The simple sequential tail empirical process (simple STEP) S, and the sequen-
tial tail empirical process (STEP) F, with parameter k € N are defined, for
(s,x) € [0,1] X [0, 00), as

[ns]

S,(s,x) = ﬁ{ % DU > 1= et} —xC(s)},
i=1

F,(s,%) = \fk{i E x> v(z)} —xC<s)},
i=1

where V = (ﬁ)‘l. As usual when discussing asymptotics for extremes, k = k,, is
assumed to be an increasing integer sequence satisfying k — oo and k = o(n) asn — oo.

Our main result, which is Proposition 3.4 below, claims weighted weak conver-
gence of [, thereby extending Proposition 6.2 in Biicher and Jennessen (2022). For
that purpose, we need several additional regularity conditions. Let L > 1 be some
arbitrary but fixed constant (we will consider weak convergence uniformly for
x € [0,L]). Set c,(L) =1+ L|c||, where || - ||, denotes the sup norm of a real-
valued function.

(BO) Basic assumptions. The model assumptions formulated at the beginning of
this section are met.

(B1) Multivariate regular variation. For eachn € N,U}", ..., U" is an excerpt from
a strictly stationary time series (U,"),., whose marginal stationary distribu-
tion is standard uniform on (0, 1). The processes (U"),. are all equal in law;
denote a generic version by (U,),cz. The process Z, = 1/(1 — U,) (note that Z,
is standard Pareto) is stationary and regularly varying, necessarily with index
a = 1 (Basrak and Segers, 2009).

(B2) Regularity of c. The function c is Holder-continuous of order 1/2, that is, there
exists K. > 0 such that

le(s) — c(s")| < K, |s — 5|/ Vs,s €[0,1].

(B3) Blocking sequences and Beta-mixing. There exist sequences 1 < ¢, <r =
r, < n, both converging to infinity as n — oo and satisfying £, = o(r),r =
0(\/E \Y% %), such that the beta-mixing coefficients of (U,),7 satisfy
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166 T.Jennessen, A. Blicher

pmy=o().  Zp(,) = o).
Moreover, the sequence r satisfies
r = o(k'* log™>?(k)). (2.2)

(B4) Moment bound on the number of extreme observations. There exists § > 0
such that

E[{ z W, > 1 - ’;‘coo(L))}H] = orb).
s=1

(B5) Moment bound on extreme increments. There exists a constant K, such that,
for all sufficiently large n,

r 2
{ Sa01- ez 0,5 1Aty V]
s=1

sKﬁ@—ﬂ
n

E

forall j=1,...,|n/rland0 < x <y < ¢, (L).
(B6) Second order condition. There exists a positive, eventually decreasing function

A with lim,_,  A(#) = O such that, as x T x*,
1-F,;(x) . 1
T <=0l (=55))
P ES | T-Fo C(n)‘ 1—F()

Note that Conditions (B0)-(B4), (B6) and a weaker version of (B5) have also been
imposed in Biicher and Jennessen (2022). It is worth noting that Conditions (B4) and
(BS5) (and only these) depend on the constant L > 1.

Condition (B1) allows to control the serial dependence within the observed time
series via tail processes (Basrak and Segers, 2009). More precisely, by Theorem 2.1 in
Basrak and Segers (2009), regular variation of (Z,),- is equivalent to the fact that there
exists a process (¥,),en, (the tail process) with Y|, standard Pareto such that, for every
¢ € Nand as x - oo,

PG (Zg o Z)) €| Zy > ) w P(Yy, ..., Y,) € ), (2.3)

where, necessarily, ¥; > 0 for j > 1. Further, by Theorem 2 and its subsequent dis-
cussion in Segers (2003), Y; is absolutely continuous on (0, ) and may have an
atom at 0.

Condition (B2) has also been imposed in Einmahl et al. (2016). Since k = o(n), it
implies that
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=0,

Ls)
lim sup ﬁ‘l Y ey -
nig "

=00 5e[0,1]

which will imply that there is no asymptotic bias in our main result below.

The conditions in (B3) and (B4) are essentially conditions imposed in Example 3.8
in Drees and Rootzén (2010) for deriving weak convergence of the standard non-
sequential univariate tail empirical process. The assumption (2.2) on r is very similar
to the one in Drees (2000). Note that the sequence ¢, in (B3) plays the role of a small-
block length in a big-block-small-block technique, while r — £, is the length of a cor-
responding big-block.

In the case of a constant scedasis function, Condition (B5) has also been made in
Drees (2000) and is further discussed in Rootzén (2009), see, e.g., Drees (2000) for
solutions of stochastic recurrence equations. In the current heteroscedastic case, a
slightly weaker version has been imposed in Biicher and Jennessen (2022). The condi-
tion can for instance be shown to hold for M-dependent sequences for any M € N.

Finally, Condition (B6) is a second-order condition on the speed of convergence in
(2.1); it was also used in Einmahl et al. (2016).

Example 2.1 Consider the location-scale model defined by

l

X" =o(L)Wi+u(f), i=1,....n,

where (W,),c7 is a strictly stationary time series (see below for an explicit example)
with c.d.f. F and where ¢ : [0, 1] — (0, co0) is Holder-continuous of order 1/2 and
u : [0,1] — R is arbitrary. We then have

x = ()

Fn,l-(x)zF( 7 ) X€ER,

and Uf") = Fn’i(Xi(")) =F(W,),i=1,...,n, such that U(l"), ..., U™ is an excerpt from
a strictly stationary time series, with marginal distribution given by the uniform dis-
tribution on [0, 1].

Next, as a special case, let (W,),.» be an M-dependent process for some M € N,
ie., {W,:t<s}and {W, : t > s+ M} are independent for all s € Z, with c.d.f.
F(x) = exp(—=1/x). Then Condition (B1) follows from Example 5.2.7 in Kulik and
Soulier (2020) and Lemma 2.1 in Drees et al. (2015), and (B6) was shown in Biicher
and Jennessen (2022). Further, one can easily show that Conditions (B3)—(B5) are
fulfilled. In particular, this model includes moving-maximum processes of the form

te”,

W, = max a;V._;
t . —j°
j=0,eg T

where a; > 0 and V,,t € Z, are independent and Frechét-distributed. General mov-
ing-maximum models have been studied and applied in Zhang and Smith (2001,
2010), Hall et al. (2002), Ferreira (2012), among others.
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168 T.Jennessen, A. Blicher

3 Weighted weak convergence of the STEP
The subsequent two propositions have been shown in Biicher and Jennessen (2022).

Proposition 3.1 (Proposition 6.1 in Biicher and Jennessen 2022). Suppose that Con-
ditions (B0)—(B3) hold. Fix some constant L > 1 and suppose that Conditions (B4)
and (BS) hold for L. Then, as n — o,

S,»S in (Z2([0, 11 X [0,L]D, ]l - ll),

where S denotes a tight, centered Gaussian process on [0, 1] X [0, L] with covariance
given by

((5,x), (5", X)) = C(s A s")o?(x, X'),
where
o*(x, x) = dy(x, x') + Z (dy(x, ') + dy(x, )
h=1

with, recalling the tail process (Y,),e, associated with (Z,),ez from (2.3),
d(xx')—P(Y >Lly >l>
(AN 07 o h” )
It is part of the assertion that the above series is convergent.

Proposition 3.2 (Proposition 6.2 in Biicher and Jennessen 2022). Suppose that Con-
ditions (B0)—(B3) and (B6) hold. Fix some constant L > 1 and suppose that Condi-
tions (B4) and (BS) hold for L. If k satisfies \/%A(&) — 0asn — oo, then

sup  [F,(s,x) = S, (s, %) = op().
(5,%)€[0,1]1X[0,L]

As a consequence,
F,~S in (%0, 11X [0,L], ]l - lle)-

In the following, the above results are extended to allow for weighted weak con-
vergence. The respective proofs are presented in Section 6.

Proposition 3.3 Suppose that Conditions (B0)—(B3) hold. Fix some constant L > 1
and suppose that Conditions (B4) and (BS) hold for L. Then, for any u € [0, 1/4],

{ S,.(s. %) } . { S(s, x) }
90 ) ve0.11xi0.L] 90 J (soe0.1x0.L)

in(@°([0, 11 X [0, L]), || - ||)> where g(x) = x*. The above convergence also holds for
u € (1/4,1/2) provided the sequence r additionally satisfies r = o(kG=0W/141-m}),
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Proposition 3.4 Suppose that Conditions (B0)—(B3) and (B6) hold. Fix some con-

stant L > 1 and suppose that Conditions (B4) and (B5) hold for some L' > L. Let k

satisfy \/%A(&) — 0asn — oo. Then, for any u € [0,1/4],

F.Gs,x)  S,(s5,x)
q(x) q(x)

| = op(D,
(s,x)€[0,1]x[0,L]

where g(x) = x*. As a consequence,

{ [, (s, x) } - { S(s, x) }
9@) ) s0e0,11x10.L] 9@ ] s0e011x10.L]

in (£°(0, 11 % [0, L]), || - |l)- The above convergences also hold for y € (1/4,1/2)
provided the sequence r additionally satisfies r = o(kG=0W/140=m}),

The additional assumption on the sequence r in the case u € (1/4,1/2) has also
been used in Drees (2000, condition (2.3)). It also implies our condition (2.2) in (B3).

4 Estimation of the extreme value index

The results from the previous section can be used to derive weak convergence of
the Hill estimator, see also Einmahl et al. (2016) for a similar result in the serially
independent case. For that purpose, we must additionally assume that F belongs to
the domain of attraction of a generalized extreme value distribution. Thus, there is a
real number y, called the extreme value index, and a positive scale function o such
that, for all x > O,

V) - V(@) x -1

s o)y

where again V = (ﬁ)‘l. Setting V,; = (#)‘1 it can further be shown by (2.1) that
Vi) =V, (6) o — 1

e o /n) 7

such that all F, ; have the same extreme value index y (Einmabhl et al. 2016, page 32).
We only consider the heavy-tailed case y > 0, which implies that x* = co and that
the above limit relations can be simplified to

im =x' and lim —— =x
-0 V(1) t—oo V(£)c?(i/n)

Our aim is to consistently estimate the extreme value index y > 0. To this end, we
will show that the classical Hill estimator can be applied and prove a corresponding
central limit theorem. The proof will be based on the weighted weak convergence
result of the STEP in Proposition 3.4.
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170 T.Jennessen, A. Blicher

Consider the order statistic X, < ... <X,, of X\",...,X". The classical Hill
estimator is given by

k
. 1
Yn = Z Z lOg Xn,n—j+1 - lOg Xn,n—k'
=1

For our asymptotic result, we need the subsequent second-order condition, which
has also been used in Einmabhl et al. (2016).

(B7) There exists a function B, eventually being positive or negative, and some p < 0
such that lim,_, _ B(#) = 0 and for any x > 0,

=00

. V() /V(t) —x" x* -1
lim =x' .
100 B(1) p

Theorem 4.1 Suppose that Conditions (B0)—(B3), (B6) and (B7) hold. Further, sup-
pose that Conditions (B4) and (BS) hold for some L > 2. If k satisfies

VKAL) > 0 and  VEB(Z) 0,
then, as n — oo,

Vi@, = 1) = N, y26%(1, 1)),
where 6 is defined in Proposition 3.1.
Example 4.2 Let us continue with the location-scale model in Example 2.1. In par-

ticular, we now assume (W,),c, to be a max-autoregressive process (ARMAX)
defined by the recursion

W, = max{AW, ,,(1 - )V,}, 1€Z, @.1)

where 4 € [0, 1) and (V,),c is an i.i.d. sequence of Fréchet(1)-distributed random vari-
ables with c.d.f. F(x) = exp(—1/x) for x > 0. The corresponding stationary solution is

W, = r?z%x(l - DAV,
which is again Fréchet(1)-distributed. It was shown in Biicher and Jennessen (2022)
that the scedasis function c is given by o. Further note that y = 1 and

x—1
2

Zlim t(V(x)/V(t) - x) =

such that Condition (B7) is satisfied.

We are going to calculate the asymptotic variance in Theorem 4.1 explicitly.
By Theorem 13.5.5 in Kulik and Soulier (2020) the spectral tail process (C:),), of
(W,), exists and for ¢ € N, it is of the form ©, = A’. Recall that (Y,), denotes the
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tail process of (Z,), where Z, = 1/{1 — F(W,)}. Lemma 2.1 in Drees et al. (2015)
implies that ¥, = A'Y;, t € N, where Y| is standard Pareto-distributed. As a conse-
quence, we obtain

d,(1,1)=PYy> 1,7, > 1) =P, > 1,A"Y;> 1) =", heN,,
such that

- 1+
2L, =dy(1,D+2 Y d,(1,1) = —Z.
o*(1,1) = dy(1, 1) };u)l_ﬂ

According to Theorem 4.1 we arrive at \/_ k@, — 1) w» MO, ﬂ) where the limiting

variance equals 1 in the case of independent variables, i.e. for A = 0, and is strictly
greater than 1 for 4 > 0.

5 Simulation study

A small simulation study is carried out to analyze the normal approximation of the
Hill estimator 7, for the extreme value index in finite samples. Results are presented
for the scale model considered in Examples 2.1 and 4.2. Precisely, consider

an) _ C(i)Wi’ i=1,...,n,

where (W,),c» is an ARMAX process with model parameter A4 € [0, 1) as defined in
(4.1). Set

c(s) = (0.5 + 25)1(s € [0,0.5]) + (2.5 — 25)1(s € (0.5, 1]).

Note that the ARMAX model with A = 0 corresponds to the case that the obser-
vations are independent. We call this case simply the independent model.

In the subsequent simulation study, the parameter A of the ARMAX process is set
to 4 =0,0.25,0.5. In each case, different sample sizes n € {2000, 4000, 8000} are
considered and the performance of the Hill estimator is assessed based on N = 1000
simulation runs each. Recall that k denotes the parameter of the Hill estimator.

By Example 4.2 we know that (1 /lk)l/z(y,Z — 1)~ MO0, 1) in distribution for
large n. Figures 1, 2, and 3 present hlstograms of (1 Ak)l/z(yn 1) for values of
k € {50,100,200}, respectively. One can see that the appr0x1mation of the nor-
mal distribution seems to become more accurate as both n and k increase. Fur-
ther, the approximation gets better for smaller values of A which is to be expected
since the temporal dependence of the underlying ARMAX-process decreases
with decreasing A.
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k =100 k =200
0.4
0.3

0.2

000z = U

0.1

0.0

FETEr e
i S e

=Uu

000¥

0.4
0.3

0.2

0008 =Uu

0.1
0.0

Fig. 1 Histograms of \/:—jk(}?n — 1) for A=0 and for values of k € {50,100,200} and n € {2000,
4000, 8000}, compared to the density of the standard normal distribution

6 Proofs

Proof of Proposition 3.3 The finite-dimensional distributions converge by Proposition
3.1. It remains to show asymptotic tightness. First, let us rewrite S, as in the proof of
Proposition 6.1 in Biicher and Jennessen (2022). Fori € {1, ...,n}and n € N, define

k=50 k =100 k =200

0.5-
0.4-
0.3-
0.2-
0.1-

0.0-
0.5-

000Z =u

0.4-

u

0.3-

0.2-

0001

0.1-

0.0-
0.5-

0.4-
0.3-

0008 =Uu

0.2-
0.1-
0.0-

Fig.2 Histograms of \/;—jk(f/n — 1) for A =0.25 and for values of k € {50, 100,200} and n € {2000,
4000, 8000}, compared to the density of the standard normal distribution
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k =100 k =200

k =50

0.4- I

0.2- ‘
0.0-

=Uu

N
o
o
o

04- 5
"
S
o

0.2 =]

0.0-

04- S
n
©
o

0.2 S

0'0. D . I D . . D . 1+

-2 0 2 -2 0 2 2 0 2

Fig. 3 Histograms of \/%k(?n —1) for A =0.5 and for values of k € {50, 100,200} and n € {2000,
4000, 8000}, compared to the density of the standard normal distribution

U™ = (1= e (L)) U™ = (1 - e (L))
X'.=< L > =max< - 1 ,0>.
+

n,i k

Recall that 1 < r <n denotes an integer sequence converging to infinity such
that r = o(n) as n — oo. Let Y, ; denote the jth block of r consecutive values of
X .0 X e,

n,1’ nn’

Y= D, L={G=Dr+1,...jr}, j=1..,m=]|n/r].

The proof of Proposition 6.1 in Biicher and Jennessen (2022) (leading to equation
(8.5)) reveals that

S,(s,x) _ [ Z,(s%) . o ,
6.1)
where
1 m
Zn(S, x) = ﬁ le {f]",n,s,x(Yn,j) - E[f]",n,s,x(Yn,j)]}
and

JinsaO1s oo 0) = 1G < Lsm])gj (s - yr)
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174 T.Jennessen, A. Blicher

with
f . .
inx Vi o) = DG > (L) — (), £ eN.
i=1

As a consequence, it suffices to show asymptotic tightness of Z, /g. For this pur-
pose, let (Y:J)lstm denote an i.i.d. sequence with Y:’l being equal in distribution to
Y, and let Z* be defined as Z, but in terms of Y”;] Decomposing Z; = Zo* + Z2
into sums over even and odd numbered blocks, the same arguments as in the proof
in the above reference imply that asymptotic tightness of Z, /g follows from asymp-
totic tightness of Zo*/q and Z%*“*/q. Instead of these two processes, we consider
Z? /q to reduce the notational complexity.

Clearly, it is sufficient to prove weak convergence of Z* /q on [0, 1] X [0, L]. In view
of the functional weak convergence of Z /q on any fixed interval [0, 1] X [6, L] (a con-
sequence of the proof of Proposition 6.1 in Biicher and Jennessen, 2022) and by Theo-
rem 25.5 in Billingsley (1995), it is sufficient to show that, for any € > 0,
|Z;, (s, %)l
n ) -0

15iin1im supP( sup sup —— > ¢

2> 6.2
n—oo s€[0,1] 0<x<6 C[(x) ( )

Z*(s,
limP< sup sup M > e) =0
810 \sepo1j0xzs g(x)
Viewing Z (s, x) /q(x) as an element of the complete and separable space D([0, 1]%)
equipped with the Skorohod-metric, it is in fact sufficient to prove only (6.2) (see
Theorem 2 in Dehling et al., 2009). In order to show (6.2) we first prove that

. P( |Z5(s, %) S ) 0 63)
imlimsup su sup ——— >¢) = )
510 pooo P se[OI,)l] 0925 q(x)

and we show later that (6.3) implies (6.2). For the proof of (6.3) we follow ideas
from Drees (2000) and Shao and Yu (1996). Let ¢; = £¢(6277) = £(627/)*. Then

|Z2 (s, %) |Z2 (s, %)
PN P TR
o<x<s  q(x) s2<x<s2rt q(x)

IA
Mg

~.
]

IA
Ms

P swp 1Z;(s0] > eq(627))

6271 <x<5277+1

~.
]

IA
Ms

P( sup |Z:(S,X)|Z€j>.

0<x<52-7+1

~.
]

Split the above sum according to whether j € G, or j € H,, where
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G,=(eN: Va7 <¢/2),

H,={jeN: Vks27' > ¢,/2).

To prove (6.3), it suffices to show that

limlimsup su P( sup  |Z%(s,x)| > g.) =0,
510 n—wop velopll jeZG: 0<x§512)—i+‘ " J (6.4)
111%111msup sup 2 P( sup |Z(s,x)| > gj) =0. (6.5)

n—oo  s€[0,1] jeH, 0<x<62-7+1

Let us start by showing (6.4). For j € G,, by (6.10) and (6.8) in Lemma 6.1
below and Markov’s inequality,

P< sup |2 (s,0)| > zg) (|z (5,521 + VK524 >2£>

0<x<627+!
<P(1Z)(s.6277)] 2 ¢, )

—j+1
< 52 .

€;

J

_ 2 hmjyi-2
= 5627
for sufficiently large n. Note that the upper bound is uniform in s € [0, 1]. Hence,

limsup sup Z P( sup IZ (5,0)| > 2, ) < §l=2m 2(21 2,,)_]

n—oo Se[o’l]jEGn 0<x<82+! -

and this expression goes to zero for 6 | 0. We have shown (6.4).
It remains to prove (6.5). For that purpose, let

and start by observing the bound

P( sup |Z:(s,x)|25j)§P( max |Z:(s,iAnJ-)|25j/2>

0<x<§27+! I<i<AT 1527+

% . * /
+ P( max sup |Z,, (s, 1A, ) = Z,,(s,x)| 2 6/'/2)'
0<i<A; 62 T X e, (i+1DA, )]

By (6.10) in Lemma 6.1, the second probability on the right-hand side may be fur-
ther bounded by
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P< max |Z:(s,iAnJ)—Z:(s,(i+l)AnJ)|+2\/EAnJ25j/2>

osisA;]‘.&zﬁH

- P( max  |Z%(s,iA, ) = Z3(s, (i + DA, )| = sj/4)

0<i<A~152-7+1
nj

SP( max |Z:(s,iAnJ)| Zej/8>

1<i<A; 1527+
for sufficiently large n. Hence, each summand in (6.5) can be bounded by

P( sup |z:(s,x)|zej)szp< max |Z:(s,iA,1J)|Z£j/8).

0<x<82-7+! 1 SiSA;} 527742
Now, foranyl1 < <i < A;}(SZ‘/”, by (6.9) in Lemma 6.1 below,
* . % . . . 2 2. .
S%PHE|Z,,(S’ A, )= Z,(s, l'A,1,,~)|4 < (|l - l'|A,,J~) + ;(ll - z’|AnJ»).
sel0,

Next, apply the main result in Moéricz (1982), with y =4,f(b,m) =mA,; and
@(t,m) = (mA, ; + r*/k)'/*, which can be applied since

Zis.iM, ) = Y ZE(s.EA, ) = Zis. (£ = DA, ).
=1

We obtain that

sup E[ max |Z:(S, iAnJ)|4]

sef0,1] L 1<i<A 1527+

llog, (14,1827 )| -1

—j+2 —j—I+1 rA\1/4 !
< 627 Y (521 +?)

=0

0 4
< 6272 g+ 22—1/4 +r—210g4(A“52‘f+2)
- k AN

=0

. 2 ;
$6°27% 4+ 527 logh(a1627%2),
k n
where we used subadditivity of x ~ x!/4. Then, by Markov’s inequality we obtain

sup P( max  |Z:(1L,iA, )] > gj/s) S etea

sel0,1] N 1Si<A; 1522
+et52 1o H(A-152742)
J k g2 nj .
Now, by the definition of &; = £(627)¥,

lim sup Z 6’._4522_2j = 87" *lim sup Z 27724 < 5274

n—0o0 n—oo

JjEeH, JjeH,

@ Springer



Weighted weak convergence of the sequential tail empirical... 177

which converges to zero for 6 | 0, since 4 < 1/2. Hence, in order to prove (6.5), it is
sufficient to show that

. —4 ¢cn—j 40 A =1 cn—j+2
Jlim = 2, €462 logy(A2;627%%) = 0 (6.6)
JEH,
for any 6 > 0.
For that purpose let j, = max(H,) = max{j € N : \/_52 T > g, i/2} be the
maximum of H, and note that

Ju = Nogy#8' &1Vl /(1 = )] = 1 < logy(48' e~ V) /(1 = p).
Further, by the definition of A, ; = ¢,/(8 Vi) = (827 /(8v/k),
logy (A, 18277+%) = log,(32¢ 6"~ V2=
= log,(32¢7 15!+ VI20=A=1 ==y
< log, (326~ 51 7# A/ k2UnD1=m - logs 45! e~! Vi
= log,(32¢ 76! VK20 P10 (461 e~ Vi) )
=340, =N = p
for all j € H,. As a consequence, since (a + b* S a* + b4,
DY torTlogiar027 ) s = ) a1 4G, - ')

jEH

JEH,
i 6.7)
V_ i(1—4u) . 4
S Z 270401 + G, = )
For u € [0, 1/4] we obtain that the last expression can be bounded by
2 2
s _ r 5
=i = 0( T log®) ).

which converges to zero by (2.2) from Condition (B3). Now consider u € (1/4,1/2),
such that 4y — 1 > 0. Then, the sum on the right-hand side of (6.7) can be written as

4u—1 6u—3
2(414 Dj, Z —(4u- 1)/(1 +]4) < 2(4M Djy — 0(&]@(1—#)) = 0<r2k2(1—ﬂ>>
k
j=0

k

which converges to zero by assumption, eventually proving (6.6), and thus also (6.3).

Now, to prove (6.2), we invoke Ottaviani’s inequality, see Proposition A.1.1 in
van der Vaart and Wellner (1996) (note that Z” is based on independent blocks).
We obtain,
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12, (s, %)] m 1Z,G/m, )|
P< sup sup ———— > 25) = P<max sup L > 26)

sel0.110sx<s  g(X) =l o<s )
. P( SUPp<i<s lZZqE—;X)l 2 5) |
C1- max_;';l P< SUPp<x<s —lzz(l’ﬂxf G0 > 5)
The denominator is bounded below by
1- P( sup M > 6/2) - mﬁxP( sup M > 6/2).
ox<s  q(x) = Voxss q)

By (6.3), we may choose 6, > 0 such that the limes inferior of this expression for
n — oo is larger than 1/2, for all 6§ < 6,. Hence, (6.2) is an immediate consequence
of (6.3).

Lemma 6.1 Suppose the assumptions of Proposition 3.3 are met. Then, for all
x,x' €[0,1],

sup E{Z(s,x) - Zj;(s,x’)}2 Sx=x1,
5€l0,1] (6.8)
4 2,
sup B{Z(s,x) = Z}(s,x)}* S lx =" + —|x = X'|. (6.9)
5€[0,1] k

Furthermore, there exists ny € N such that for all n > n, s€[0,1],6 € [0,1],
0<x<xX<x+6<1,

|Z) (s, x) — Z:(s,x’)I <|NZ(s,x+8) = Z;(s,x)| + 2\/%5. (6.10)

Proof Note that E|X —EX|¢ SE|X|¢ for any # > 1 and any random variable
X e LY, whence it is sufficient to bound the non-centred increments of Z:. Recall
the notation

G0 = 8ju (V) = Tiey, 1K), > coo = c(2)).

Without loss of generality, let x < x’. Then, by Condition (B5),
) , , 2
E|G,(0) - G| = E{ Y My ==X > e - C(i)x')}
i€l,;

k, [}"k,
S =0 D) S —( ).

i€l,;

(6.11)

This implies (6.8):

mﬁmm—mmmﬁs%ﬁu—ﬂsu-m,
n
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where ‘<’ is uniformin s € [0, 1].
For the proof of (6.9) note that

E|G,® - G)|' < PE|Gx) - G|

Then, again by inequality (6.11) and by Rosenthal’s inequality, see, e.g., Ibragimov
and Sharakhmetov (2001),

sup E{Z(s,x) - Z:(s,)c')}4

s€[0,1]
1 m m 2
s 1{ TriGw-cwr + (T EHow-6r) )
=1 =1
3 2.2
S Tl S =X

which implies (6.9) since m < n/r.
Finally, for sufficiently large n, and for 0 < x < x’ < x+ 6 < 1, we may write

Z (s, x)— Z)(s,%)

Lsm]
1 DD e —elhx 2 X > ey — (i) = 2e(he - x)
Vi = iel,, '
[sm]

<Zisx+6) - Zisn+ = 3 Y ke +5-)

k j=1 ieJ

nj

mrk
nVk
< |Z%(s,x +8) = Z7 (s, 0| + 2Vk.

)

SZ(s,x+8) = Z(s,x) +2

A similar inequality from below proves (6.10).

Proof of Proposition 3.4 Let u € [0,1/2) and (s,x) € [0, 1] X [0, L]. In the proof of
Proposition 6.2 in Biicher and Jennessen (2022) it was shown that under Condition
(B6) there exists some 7= > 0 such that, for n large enough,

S,(s,x(1 =6,)) — \/%5nxC(s) <F,(s,x) £S,(s,x(1+4,)+ \/EénxC(s)

almost surely, where §, = CL_A(&). Therefore,

F,(s,x) B Sn(s,x)| < |§n(s,x(1 +4,)) B S,(s,x)

q(x) q(x) q(x) q(x)
Sn(sax(l - 5n)) _ Sn(sﬁx) | + 2\/%5,1)61_”6‘(5)
q(x) q(x)

Note that \/%5,1 = o(1) by assumption. We obtain that it suffices to show
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S,(s,x(1 £6,) —S,(s,x)

on )

(s.x)€[0,1]x[0,L]

| = ap(D). (6.12)

Letd € (0,L]and set e’ = (L' — L)/L > 0 such that L’ = (1 + £")L. Then, for n large
enough such that §, < ¢, the above term can be bounded by

3 sup Suls: 1) +L sup -S,(s x)|
0el0.11x020] | G(X) 4(6) (sel0.11x16.L] - "
S, (s, x
<3  sup (( )) + % sup |§n(s,x)—§"(s,y)|.
. X
(roclobdoz0l T 4 T (5,20, (5.) € 10, 11X [01 =€), L1 + )] :
lx -yl < L8,

The second summand is asymptotically negligible as shown in Eq. (8.19) in the
proof of Proposition 6.2 in Biicher and Jennessen (2022). Regarding the first sum-
mand note that S, can be substituted by Z* from the proof of Proposition 3.3 accord-
ing to Eq. (6.1) and the subsequent arguments. For the resulting term we have, for
any € > 0,

I
o

Z:(s,x) S £)

lim li P(
lim lim sup sup 0

n—oo (s,x)€[0,1]1x[0,0]

by Eq. (6.2). Together, we have shown (6.12).

Proof of Theorem 4.1 Let u € (0,1/4] and s, € [277,1). As in Example 5.1.5 in de
Haan and Ferreira (2006) we can write Vk(7, —y) = A, + B,, where

_ _ -1
A= VG >\/_ [1 WSV 2 ] ds,
B, [ {Z [1 —-F, SV(Z))] — sy }s‘ ds,
and F ', denotes the empirical cumulative distribution function of X("), e Xr(l”).

First, note that
B = </00 s—(1+ﬂ/y)su/y\/2{ﬁ[1 _ (SV( ))] —1/7} ds
" k
1

weakly converges to
S 1
B= / sTIS(1, 57V ds = y/ x1S(1, x) dx
1 0

by Lemma 6.2 and the Continuous Mapping Theorem. Regarding the term A,
decompose A, = A, +A,, with

Anl = /1 n \/I_CS_I/Y_I dS,

Xrl.nfk/v(z)

1 n T n — —
A= Ly, vt vk {E[l _F"(SV(Z)>] -0 W}s s
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We start with treating A,;. Setting 4 =0 and s =¢7" in Lemma 6.2 implies that
D,(1) := VKE, ()= 1.1 <ty :=s,"", where

0
n

E (1) = % 2:4 1(x > 77v(h),
J=

satisfies {D,()},e0,4,1 > (S, D} oy, I (€10, 7)), [| - |lo)- Note that E;l(t) =
0. Sy / V(%))‘l/ 7 such that the functional delta-method applied to the inverse map
(Theorem 3.9.4 in van der Vaart and Wellner, 1996) implies

X, -1/r
ﬁ{ arLo t} +D”(t)} = op(1).
{ ( V(;) ) 1€[0,1] ’

Thus, we obtain

Xnn— -1/
A =yﬁ{( V@)") 7—1} = —y D, (1) + 0p(1) » =y S(1, 1).
k

P
By the above convergence we also know that X, ,/ V(%)—>1 and along with
Lemma 6.2 we immediately obtain A,, = op(1).
Altogether, it follows that

1
V@, —7) = y/ x'S(1,x) dx — 7 S, 1).
0

Since S is a centered Gaussian process the above limit is normally distributed with
zero mean and variance (recall the definition of ¢ in Proposition 3.1)

1 1
12=y2[/ / x 'y 1Cov(S(1, x), S(1, ) dx dy
0 0
1

- 2/ x~1Cov(S(1,x), S(1, 1)) dx + Var(S(1, 1))]

0
1 1 1
=y2[/ / x_ly_laz(x,y)dxdy—Z/ x"az(x,l)dx+0'2(1,l)].
0 0 0

By properties of the tail process (Y,), we further know o%(ax, ay) = ac?(x,y)fora > 0.
Straightforward calculations yield /,' [ x'y162(x,y) dxdy = 2 /' x162(x, 1) dx,
implying 72 = y%62(1, 1).

Lemma 6.2 Let u € [0,1/2) and s, > 0. Suppose that the assumptions from Propo-
sition 3.4 are satisfied for some L > [s(;]/y], and that Condition (B7) holds. Then, as

n— oo,
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{sﬂ/y\/z{%[l _ IA’,Z(SV(%))] _ s—l/y}} - {sﬂ/}’ §(1’s—1/7)}

5250
5280

in (f""([so,oo)), [ - ||oo), where Fn denotes the empirical cumulative distribution
function ofX(ln), ey X,(l”).

Proof Let
x,(5) = %[1 —F(sV®)]. se .,

and note that

R, 6) = VE{ 2 [1 = B, (V)| - 5,00}

n
k
which implies

Vi 2 [1= B, (sV) | =577 | = 977, (Lxy 00 + VG, (5) = 571770,

(6.13)

As shown in the proof of Corollary 3 in Einmahl et al. (2016) we have, under Condi-
tion (B7),

x,(s) — s~/

222 | i | = O
such that
sup Vk x,(s) — s_1/7|s1/7 = 0(\&3(”/]‘)) = o(1), (6.14)

5250

by assumption. Consequently, by Eq. (6.13) it suffices to show that
-1
{#MMELx, D)} g » {s7SAsT} (6.15)
in (£°°([s9, 0)), || - Il )- To this, bound

sup |s*/7F,(1,x,(s)) — s*/7S,(1,s"/")| <A, + B,

52580
where

S,(1,x,(s) — S, (1,s71/7)
g(s=1/7) '

We will prove that both terms are asymptotically negligible such that Proposition 3.3
implies the assertion in (6.15).

A= F,(1,x,(5)) — S,(1,x,(s))
" 4 177)

, B,=sup

n
525
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First, note that by Eq. (6.14) we know that for any € > 0 and n large enough,
SUp,s, 1%,(s) = s7/7| < 6, 1= k~'/?¢. We may then show B, = op(1) similar to the
proof of Eq. (6.12). Further, for sufficiently large n,

F.(1,x) - S,(,
A, <sup|s'/7x,(s)|* sup F.0) =S,
525 x€[0,L] q(x)

where the first supremum is bounded by Eq. (6.14) and the second supremum is
asymptotically negligible according to Proposition 3.4, yielding A, = op(1).
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