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In 1930, Wilhelm Magnus introduced the so-called Freiheits-
satz: Let F' be a free group with basis X and let r be
a cyclically reduced element of F' which contains a basis
element z € X, then every non-trivial element of the normal
closure of r in F' contains the basis element xz. Equivalently,
the subgroup freely generated by X\{z} embeds canonically
into the quotient group F/{r)r. In this article, we want
to introduce a Freiheitssatz for amalgamated products G =
A xy B of free groups A and B, where U is a maximal cyclic
subgroup in A and B: If an element r of G is neither conjugate
to an element of A nor B, then the factors A, B embed
canonically into G/{r)q.

© 2024 Published by Elsevier Inc.

1. Introduction

For a group G and an element r € G we denote the normal closure of r in G by {r)¢.
We mostly write G/{r) instead of G/{r)¢ if it is clear from the context, that the

normal closure is taken over G. Further, we write [a,b] = a~*b~tab for the commutator

[a, b] of two elements a, b.
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In 1930, W. Magnus proved the classical Freiheitssatz: If F is a free group with basis X
and 7 a cyclically reduced element containing a basis element x € X', then the subgroup
freely generated by X\{z} embeds canonically into the quotient group F/{r). This result
became a cornerstone of one-relator group theory and led to different kinds of natural
generalizations.

One way to generalize the Freiheitssatz of W. Magnus is to study so-called one-relator
products. A one-relator product of groups A; (j € J) for some index set J is a quotient
group (%kjes A;)/r), where r is an element of %;cs A; which is not conjugate to an
element of a single A; (j € J). Note that one-relator groups are special cases of one-
relator products where the A; (j € J) are free groups. Thus, knowing the Freiheitssatz
of W. Magnus, it is natural to ask under which conditions the factors A; (j € J)
canonically embed into a one-relator product (3kjes A;)/Cr». One result in this context
is the Freiheitssatz for locally indicable groups (cf. Theorem 1.4) independently proved
by J. Howie (see [8]), S. Brodskii (see [1],[2]) and H. Short (see [17]). It is not known
whether this generalized Freiheitssatz can be further generalized to torsion-free groups
without stronger assumptions. However, several Freiheitssdtze for one-relator products
of torsion-free groups are known under restrictions to exponent sums of r due to A.
Klyachko (see [13]) and under the condition that r has a syllable length smaller or equal
8 due to M. Edjvet and J. Howie (see [5]). There are also further Freiheitssitze for one-
relator products assuming small cancellation conditions on the symmetric closure of the
relation r (see [12]).

Another way of generalizing the Freiheitssatz of W. Magnus is to consider more than
one relation r. Seeing the additional relations as part of the underlying group, these
results are called Freiheitssdtze for one-relator quotients. Generalizations of that kind
can be found in [10], [11] due to J. Howie and M. Saeed. The aim of this article is
to prove the following Freiheitssatz for special one-relator quotients which generalizes
Chapter 4 of the author’s dissertation [6]. After formulating this result we shortly discuss
its assumptions and its connection to the results of [10].

Main Theorem 1.1. Let A and B be two free groups and let G = A+y B be an amalgamated
product, where U is a maximal cyclic subgroup in both factors. Further, let r be an element
of G which is neither conjugate to an element of A nor B. Then A and B canonically
embed into the quotient group G/{r)e.

The following example shows that the assumption on U to be a maximal cyclic sub-
group cannot be omitted.

Example 1.2. Let A := {a |), B := {b,c,d |) and r := a(bc)~*. Further, let U be generated
by p:=a? in A and by ¢ := (bc)?d? in B. Then we have in (A *y B)/{r):

(be)?d® = a* < (be)*d* = (be)? < d*=1
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Thus, {¢, d |y does not embed into (A= B)/{r) even though ¢ contains the basis element
bof B.

Note that Main Theorem 1.1 is in part already contained in [10, Theorems 3.1, Theo-
rem 4.2 and Theorem 5.1] by J. Howie and M. Saeed since many amalgamated products
of free groups over maximal cyclic subgroups in both factors are limit groups (in the
sense of Z. Sela). For example the fundamental groups 7 (S;") with g > 2 resp. m1(S])
with ¢ > 4 of a compact, orientable resp. compact, non-orientable surface of genus g
are elementary equivalent to free groups and therefore limit groups. Other examples of
amalgamated products of free groups over maximal cyclic subgroups in both factors that
are limit groups can be found in the class of so-called doubles of free groups F*<w>;<@>ﬁ,
where w is an element of a free group F and ﬁ’, w are copies of F, w. These doubles of free
groups are word-hyperbolic if and only if (w) is a maximal cyclic subgroup in F' (see [7]).

However, there are also many amalgamated products of free groups over maximal
cyclic subgroups in both factors which are not limit groups. One such example is the
group

G = {a,be,d,z | [a,b][c,d] =2 = {a,b|) ]71><c,d,z|>.

*
{[a,b]) = (z*[c,d
In [3], J. Comerford, L. Comerford and C. Edmunds have shown that a non-trivial prod-
uct of two commutators in a free group can never be more than a cube. It follows that
z is in the kernel of every homomorphism ¢: G — F,,, where F,, is the free group of
rank n. Therefore, the finitely generated group G cannot be w-residually free which is
equivalent to G not being a limit group (see [4]).

In order to prove Main Theorem 1.1 we study special products of groups which we call
tree-products (see Definition 2.3) and finally introduce a Freiheitssatz for tree-products
(see Theorem 7.1). Main Theorem 1.1 follows directly from this Freiheitssatz which
makes Theorem 7.1 the actual main result of this article when measured by degree of
abstraction alone. As a tool we also prove the following theorem concerning one-relator
products of locally indicable and free groups. Recall that a group G is indicable if there
exists an epimorphism from G to Z. A group G is locally indicable if every non-trivial,
finitely generated subgroup of G is indicable.

Theorem 1.3. Let H be a locally indicable group, A be a free group and let p be an
element of A that is not a proper power. Further, let v be an element of A+ H that is
not conjugate to an element of A u ({p) * H). Then {py * H embeds canonically into

(A= H)/(r) (equivalently r)asmy 0 (p) = H) = {1}).

We want to recall some results that are important for the proof of Main Theorem 1.1.
In 1981, J. Howie proved the following theorem which is known as the already mentioned
Freiheitssatz for locally indicable groups. This result was also proved independently by
S. Brodskii (see [1],[2, Theorem 1]) and by H. Short (see [17]).
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Theorem 1.4 (see [8, Theorem 4.3 (Freiheitssatz)]). Suppose G = (A + B)/N, where A
and B are locally indicable groups, and N is the normal closure in A = B of a cyclically
reduced word R of length at least 2. Then the canonical maps A — G, B — G are
injective.

J. Howie obtains this Freiheitssatz by studying systems of equations over some group
G. A finite system W of m € N equations w;(x1, 2, ...2,) (1 <i < m) in the variables
Z1,Z2,... T, over the group G corresponds to the presentation S := (G, x1,22,... 2z, |
W1, Wa, ..., Wy y. The system W is said to have a solution over G if it has a solution in
some group containing G as a subgroup.

Remark 1.5 (c¢f. [8, Proposition 2.3]). The group G embeds into S if and only if the
system W has a solution over G.

Let M be the (m x n) matrix whose (¢, j)-th entry is the sum of the exponents of
x; occurring in the word w; € G« (x1) * -+ * (xy). A system W is called independent
if the associated matrix M has rank m. It is conjectured that any independent system
of equations over any group G has a solution over G. J. Howie proved for example the
following special case of that conjecture.

Theorem 1.6 (cf. [8, Corollary 4.2]). Let G be a locally indicable group. Then every
independent system of equations over G has a solution over G.

Aside from Theorem 1.6 we also use the following result about locally indicable groups.

Theorem 1.7 (see [9, Theorem 4.2]). Let A and B be locally indicable groups, and let G
be the quotient of A« B by the normal closure of a cyclically reduced word r of length at
least 2. Then the following are equivalent:

(1) G is locally indicable;
(i1) G is torsion-free;
(#i1) r is not a proper power in A B.

2. Tree-products

First, we recall the definition of staggered presentations in the sense of W. Magnus
from [15, Section II.5].

Definition 2.1 (staggered presentations over free groups, cf. [15, Section IL.5]). Let
G = (X | P) be a group presentation, Z < Z an index set and let ) = | |..; Vi be a
subset of X. We assume P = {p; | j € J} for a totally ordered index set J and cyclically
reduced elements p; € (X |) such that each p; contains at least one element of ). For
every p; we denote with ;. resp. wy, the smallest resp. largest index 7 such that p;



448 C. Feldkamp / Journal of Algebra 649 (2024) 444—470

contains an element of V;. If j < k implies ay;, < «y, as well as w,, < wy,, we say
that G = (X | P) is a staggered presentation (over free groups) and P a staggered set of

X [).

Next, we consider an example of a staggered set that is typical for the staggered sets
arising in the proof of our main theorem.

Example 2.2. We define

X={a;|ieZ}u{b |ieZ}u{c|icZ}
Yo ={ao}, Vi = {bi,c1}, Yo = {a2}, Vs = {as, b3, c3},
Vi ={bs,ca}, Vs = {as} and Vs = {ae}.

Further, let
_ -1 —1 _ -1 -1 _ -1, -1
p—2 = aogbic] apaz, po = agbscy azay;  and p1 = asbsc; asag .
Then P = {p_o, po, p1} is a staggered set of (X | ) =<(X US |), where Y = |_|?:0 Vi X.

Definition 2.3 (tree-products). Let T be a tree. We associate a non-trivial free group to
every vertex of 7. Every edge of T between two vertices with vertex-groups K and L
is associated to an edge-relation p = q, where p € K and ¢ € L. We call p resp. ¢ an
edge-word of K resp. L and say that K and L are connected over the edge-relation p = q.
We demand that no edge-word is a proper power in its vertex-group and that for each
vertex-group F' the set of all edge-words of F' forms a staggered set of F. Let & be the
union of the bases of all vertex-groups and let R be the union of all edge-relations. Then
we call the group G := (& | R) a tree-product (associated to T ). We refer to a vertex-
group that is associated to a leaf of T as a leaf-group. If T only contains one vertex, we
do not consider that vertex as a leaf.

We call a tree-product, associated to a subtree of T, a subtree-product of G. A subtree
B of T is a branch if we get a tree by deleting every vertex of B in 7 and every edge of
T that is connected to a vertex of B. We call a tree-product, associated to a branch of
T, a branch-product of G.

Let 7 be an element of G and A a leaf-group of G. We say that r uses the leaf-group
A with basis A if every presentation of r, written in the generators from &, uses at least
one generator from A.

Let the size |G| of G be the number of its vertex-groups. Finally, let P be the set of
the edge-words of all leaf-groups in G' and let P’ be the set of all cyclical reductions of
the elements of P. Then we call 0 := X,ep/|p| the boundary-length of G.

It may be helpful to imagine tree-products visually as illustrated in Figure 1.
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Fig. 1. Illustration for a tree-product of size 9 with 6 leaf-groups.

O vertex-group

/  edge-word

Notation 2.4. Let GG be a tree-product and let S be a subtree-product of G. We denote
by G & S the free product of subtree-products of G arising by deleting all generators
and edge-relations of S along with the edge-relations of all edges adjacent to S from the
presentation of G. Note that G © B is a tree-product for every branch-product B of G.
Analogously, we define G © M for a free product G of tree-products and a set M of
subtree-products of the tree-products from G.

Lemma 2.5. Tree-products are locally indicable groups.

Proof. Let G be a tree-product. Our proof is by induction over the size |G|. For the
induction base |G| = 1, we note that, according to Definition 2.3, all vertex-groups of G
are free and therefore locally indicable. For the induction step let G be a tree-product
with size n + 1 for some n € N. Further, let A be a leaf-group of G with edge-relation
p = g, where p € A. We have G = (G© A) #4—, A. By the induction hypothesis, G © A
is locally indicable. Therefore, G is locally indicable by Theorem 1.7. []

3. Contracted conjugates and minimal tree-products

In this section, we find for an arbitrary element r of a free product G * H, where
G is a tree-product and H a locally indicable group, a uniquely determined minimal
subtree-product S of G such that S = H contains at least one conjugate of r.

Definition 3.1. Let G be a tree-product and H a locally indicable group. Further let r be
an element of G * H which is not conjugate to an element of X « H for any vertex-group
X of G. We call a presentation of a conjugate 7 of r contracted conjugate if the following
properties hold:
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The presentation 7 contains under all presentations of all conjugates of r only gen-
erators from H and a minimal subtree-product 7' of GG. Further, let 7 be of the form
Hznzlv(i) fulfilling the following three properties.

(i) Every v contains either only basis elements of a single vertex-group or is an
element of H\{1}.
(ii) Cyclically proceeding v (i € Z,,) contain elements of different vertex-groups or of
a vertex-group and H.
(iii) No element v(*) is a power of an edge-word of a leaf-group of T'.

We call the elements v(® pieces of the contracted conjugate 7. The number n of pieces
of 7 is the length of 7 and is denoted by ||7]|g«m (or ||7]|). Finally, we call the minimal
subtree-product T" minimal tree-product of r € G = H.

The following lemma shows that Definition 3.1 is well-defined.

Lemma 3.2. Let G be a tree-product and H be a locally indicable group. Further, let r be
an element of G * H which is not conjugate to an element of X = H for any vertex-group
X of G. Then the minimal tree-product of r is uniquely determined.

Proof. Let 7 be a contracted conjugate of r that is contained in a minimal tree-product
T'. For an arbitrary leaf-group A of T we consider the branch-products which arise from
G by deleting T'© A along with all edge-relations of the edges that connect T © A to
the rest of the tree-product. We denote the branch-product containing A by Z4 and
the free product of all remaining branch-products by R4. With the aim of obtaining
a contradiction let 7* be a contracted conjugate of r that is contained in a minimal
tree-product 7% different from T'. By definition, we have |T| = |T*|. Since T and T*
are different there is at least one leaf-group A of T' such that T* does not contain any
vertex-group of Z 4. For such a leaf-group A we define

X = (GORA)xH, YV = (G&Z4)+«H and S := (GEGZ4,OR.)*H.
Note that
GrH = XxY. (3.1)
Since X n (T* + H) is a subgroup of S and the tree-product GO Z4 © R4 is smaller than

T, the contracted conjugate r* is not an element of X. Thus, there exists an element
w € G * H with
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Since 7 is an element of T' < X, w is not an element of X. We consider the normal
form w = 1Y12Z2 ... YmTm+1 (M = 1) resp. the amalgamated product (3.1), where x4,
Tm+1 € (X\S) U {1}, x; € X\S for 2 <i<m and y; € Y\S for 1 <i < m. We write

-1 -1 -1 -1~ %
To1Ym Y1 L1 TT1LY1T2 YmTm+1 =T € Y.
——

=u

For x1 = 1 this equation contradicts the unique length of normal forms. For x; # 1 we
also get a contradiction because u is a conjugate of 7 and can therefore not be an element

of S. O
4. Operations for tree-products

In this section we introduce some operations for tree-products that will be helpful for
the proof of our main theorem.

Definition 4.1 (root-products). Let G be a tree-product and G be the union of the bases of
all vertex-groups of G. Further let R be the union of all edge-relations of G. We consider
a subset M c G that only contains basis elements of leaf-groups of G. For every element
a € M we choose an element n(a) € Z\{0}. Then we say that

G :={Gu{ilaecM} | R, a=ad"™ (ae M)
is a root-product of G which is obtained by extracting the roots a of the elements a € M.

Remark 4.2. If the (by Definition 2.3 and Definition 2.1 cyclically reduced) edge-words
of all the leaf-groups of G' contain at least two basis elements, every root-product of G
is also a tree-product.

Before we introduce the next operation for tree-products we define special isomor-
phisms of tree-products:

Definition 4.3 (leaf-isomorphisms). Let G be a tree-product, n € Z\{0} and let a,b be
two generators of the same leaf-group A of G. Then we refer to the transition from the
old generator b to the new generator b := ba™ or b := a"b as a leaf-isomorphism (of the
tree-product G ) if the resulting group presentation is still a tree-product.

Remark 4.4. Note that at least one of the choices b := ba” or b := a™b results in building a
new tree-product since every edge-word p (written in the old generating set) is cyclically
reduced and no proper power.

Root-products and leaf-isomorphisms can help to generate the conditions for applying
the homomorphism described in the following definition (see Remark 4.7).
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Definition 4.5 (leaf-homomorphisms). Let G be a tree-product, A be a leaf-group of G
and H a locally indicable group. Let p = ¢ (p € A) be the edge-relation of the edge
connecting A and G © A. Further let a be a basis element of A which is contained in p
with exponential sum 0. Then we call the homomorphism ¢: G * H — Z which maps a
to 1 and all other generators of G + H to 0 a leaf-homomorphism (for a). If we consider
G together with an element r € G * H that has exponential sum 0 respectively a, we call
 a leaf-homomorphism for re G = H.

In the following, we are mostly interested in the kernels of leaf-homomorphisms.

Remark 4.6. The kernel ker(y) of a leaf-homomorphism ¢: G+ H — Z has the following
structure: For H we obtain countably infinitely many free factors H; := a=! Ha of ker(yp).
We consider the free product of these factors as one locally indicable free factor H of
ker(y). For every generator b # a of A we obtain countably infinitely many generators
b; := a~"ba’ (i € Z). These generators build a vertex-group A of ker(y). For the edge-
word p € A we obtain a staggered set P = {p; | i € Z} of A, where p; := a~"pa’. Instead
of G© A there are countably infinitely many copies X; := a= (GO A)a’ of GO A. Every
copy X; contains a copy ¢; := a ‘qa; of the edge-word ¢ of the edge-relation p = ¢
associated to the edge connecting A with G © A. We connect X; with A over the edge
with edge-relation p; = ¢; and thereby obtain a tree-product K with ker(yp) = K =* H.
The edge-words p; € A (i € Z) are strictly shorter than the word p € A since all letters

a®! vanish and the word p; contains for every letter b # at! in p exactly one letter b;

(JeZ).

It is possible that a tree-product G does not allow the application of a leaf-
homomorphism. The following remark describes a procedure to either construct an
isomorphic tree-product with strictly shorter boundary-length or to move on to a tree-
product G allowing the application of a leaf-homomorphism such that G can be embedded
into G.

Remark 4.7. Let G be a tree-product, A be a leaf-group of G and H a locally indicable
group. Further, let p = ¢ (p € A) be the edge-relation of the edge connecting A with
G © A and let a, b be two basis elements of A which are contained in p with exponen-
tial sums p,, pp # 0. First, we go over to the root-product G of G setting a = aPv.
Afterwards, we consider the leaf-isomorphism 3 of A in G which is given by b = bape
or b = aPab. It follows that p, written using the new generators a and b has exponential
sum 0 respectively a. If p does not contain the generator @, the boundary-length of G
respectively the new generating set is strictly smaller than the boundary-length of G.
In the case that p contains @ there is a leaf-homomorphism ¢ for the generator @ of the
leaf-group A in G. Since the only possible differences in the word lengths of p € G and
pE G come from the usage of the generators a/a and these generators vanish by building
the kernel ker(p) (see Remark 4.6), the length of p; € A < ker(p) is not only strictly
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shorter than the length of p e A ¢(é), but also strictly shorter than the length of
peAcG.

The following algorithm gives a contracted conjugate 7* in ker(y) for a contracted
conjugate 7 of an element r in a tree-product G that is contained in the kernel ker(p) of a
leaf-homomorphism ¢ of G. In Lemma 4.9, we prove the functionality of that algorithm.

Algorithm 4.8. Let G be a tree-product, H a locally indicable group and r an element
of G+ H with contracted conjugate 7. Further let r be an element of the kernel of a leaf-
homomorphism ¢ for a basis element a of the leaf-group A in G, where ker(¢) = K «H is
given with the structure described in Remark 4.6. The following algorithm rewrites the
contracted conjugate 7 of r € G * H into a contracted conjugate 7* of a *ra’ € ker(y)
(£ Z) with [[7lere) < 17l

For reasons of symmetry, it suffices to only consider contracted conjugates 7™ of r =
ro € ker(p): To find a contracted conjugate of a~‘ra’ € ker(p) (£ € Z) we can apply the
algorithm to r = ry and replace all indices i (i € Z) in the resulting contracted conjugate
7™ by i+ £.

Let 7 be given in the form 7 = Hg‘zlv(i) (see Definition 3.1). First, we step by step
construct a presentation 7 of 7 as an element of ker(y). For the start we set A = 0,
7 =1€ker(p) and j = 1.

Step 1. We consider the j-th generator el) in 7. If ) = @ we set A = A — 1 and if
el) = a=1 we set A = A+ 1. In the case ) # a*! we add the letter eg\j) =a*eWa* to

the word 7. If e\9) is the last letter in 7, we go to Step 2. Elsewise we set j = j + 1 and

repeat Step 1 with the new input A, 7 and j.

The presentation 7 given by Step 1 can be written in the form 7 = TI7_,3(®) where
the subwords (9 for which v(¥) does not lie in A can be obtained from v(¥ by adding the
same index to every letter of v(*). Subwords 7 are trivial if and only if v(¥) is a power
a® (k € Z\{0}). In that case the indices of the adjacent subwords 7~ and ¥(+1) differ
by k.

Now, we delete every trivial subword 7). If 5 is trivial and 21, 30+1 are elements
of H, we merge them into one subword. If (1) is trivial and 32, 5™ are elements of
H, we permute the presentation 7 cyclically by 9 and merge 952, We proceed
analogously in the case that (™ = 1 and ), 3(»=D € H. Let ¥ = 7 v’ @ be the
resulting presentation. Then 77 satisfies the properties (i) and (ii) of Definition 3.1. Let
T’ be the minimal subtree-product of K such that 7 only contains generators from 7"
and H. The following steps rewrite 7 into a conjugate 7* of r in ker(y) that also satisfies
property (iii) of Definition 3.1.

Step 2. We replace all subwords ' ®) (i € Z,, = {1,2,...,n'}) which are powers of edge-
words p of a leaf-group L of T” with edge-relation p = ¢ (p € L) by the corresponding
power of ¢. If v/ =1 or v/ (i+1) are elements of the vertex-group containing the edge-word
q, we merge v’ V) with those subwords (after cyclically permutation if necessary). If there
is a leaf-group of T” such that no generator of 7" is used in the new presentation, we
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delete this leaf-group and the edge-relation of the edge connecting the leaf-group to the
rest of T'. We repeat Step 2 with the new presentation and subtree-product 7’ until
there is no subword v’ () left which is a power of an edge-word of a leaf-group of T". Let
7 =TI 0" D and T” be the resulting presentation and subtree-product.

Step 3. We step by step consider all leaf-groups B of T”. Let m be the number of all

subwords v” () written in the basis of B in the presentation 7 = I v” (). Further,
let 7: Zpm = {1,2,...,m} > Zp» = {1,2,...,n"} be the function which maps j to the
position 4 of the j-th subword written in the basis of B. We merge the subwords v” ()
from (T”© B) = H that are placed before the first, after the last or between two subwords
v"70) (5 e {1,2,...,m}) to new subwords w) (5 € {0,1,...,m}). After conjugation with
w(©® as well as merging w(® and w™ to a new w™ we may write w.l.o.g.

Mo = H;—nzl’l)”(T(j))w(j)~ (4.1)

In the case that there are subwords w(? which correspond as elements of ker(y) to
powers of the edge-word p € B, we merge them with their cyclical neighbours v("(9) and
v(7@+1D) to a new subword from B. After that, we repeatedly delete trivial subwords and
merge newly cyclically adjacent w®)- or v” ¥)-subwords. Finally, we divide the remaining
subwords from (T” © B) = H into the original subwords v”(i) and return to Step 2 with
the resulting presentation along with 7” as the new T”.

In the case that no subword w(®) of the presentation (4.1) corresponds as an element
of ker(y) to a power of the edge-word p € B, we repeat Step 3 with the next leaf-group
of T”. When we checked all leaf-groups of 7" in one run of Step 3 without going back
to Step 2, we set 7* 1= 7 = 17" v ().

The following lemma secures the functionality of Algorithm 4.8.

Lemma 4.9. Algorithm /.8 ends after finitely many iterations. The element 7™ given by
Algorithm /.8 is a contracted conjugate of a~'ra’ € ker(p) and the length of ¥ is shorter
or equal to the length of the contracted conjugate ¥ of r € G = H.

Proof. The finiteness of the algorithm and the inequality ||/ ||xer(p) < ||7]|Gsm follow
from the fact that no step increases the number of subwords ¥(*) /v’ ) /v () in the current
presentation and every step of the algorithm which redirects to a previous step shortens
the number of those subwords.

It remains to show that 7* is indeed a contracted conjugate of r € ker(p). First, we
note that r € ker(p) = K = H (see Remark 4.6) cannot be conjugate to an element of
X « H for a vertex-group X of K since otherwise r € G * H would be conjugate to
an element of Y = H, where Y is a vertex-group of G and therefore would not have a
contracted conjugate (see Definition 3.1).

The validity of the properties (i) and (ii) for contracted conjugates (see Definition 3.1)
is maintained by every step. Moreover, the validity of property (iii) is secured by Step 2.
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Note that the algorithm only ends if Step 3 leaves the presentation unchanged. So the
output 7* satisfies the properties (i)-(iii) of Definition 3.1. We end the proof of this
lemma by showing that no conjugate of r in ker(y) can be contained in the free product
of H and a smaller subtree-product than T”. For this purpose we consider an arbitrary
leaf-group B of T”. Similar to the proof of Lemma 3.2 we consider the branch-products
arising from K by deleting all vertex-groups of T” © B along with the edge-relations of
the adjacent edges. We denote the branch-product containing B by Zp and write

ker(p) = KxH = Zp ¥ (Ko Zp) = H). (4.2)

Note that in this last run of Step 3 the presentation (4.1) is for every leaf-group B of
T" a cyclically reduced normal form of a conjugate of r = rq € ker(¢) respectively the
amalgamated product

B = ((I"©B)=H)
p=q
with length greater or equal two. This presentation is in particular a cyclically reduced
normal form respectively the amalgamated product from (4.2) with length greater or
equal two. Thus, no conjugate of r in ker(p) can be contained in (K © Zg) * H. So
the minimal tree-product of r contains for every leaf-group B of T” at least one vertex-
group of Zg. Therefore the minimal tree-product of r contains the tree-product T”. Since
7 €T « H, the tree-product T” is the minimal tree-product of r in ker(y). []

Remark 4.10. Let G be a tree-product, H a locally indicable group and 7 = H?zlv(i) a
contracted conjugate in G = H. Further, let ¢ be a leaf-isomorphism from G = H for a
leaf-group A. Then, by writing every piece v(i) € A using the new generators from ¢(A),
we get a contracted conjugate 7™ of (G * H) with the same length.

The next lemma will allow us to apply the induction hypotheses in the proofs of our
embedding theorems.

Lemma 4.11. Using the notation of Remark 4.6 (and Remark 4.7) let v be a contracted
conjugate in G+ H, let T be the minimal tree-product of an element r € ker(y) and let o
be the boundary-length of T. We denote the contracted conjugate of a~'ra’ € ker(p) by
ri. Further let T; be the minimal tree-product of r; and let o; be the boundary-length of
T;. Then we have

(lrill =Tl 00) - < (lIrll =T, 0)

respectively the lexicographical order (where the first component is weighted higher).
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Proof. Because of Lemma 4.9, we have ||r;|| < ||r||. Since every rooted tree is the union
of all unique paths from the root to the leafs and 7; contains for every leaf-group L of
T at least one copy of L, we also have |T;| = |T|, thus:

el =Tl = lrll = 1T1 < rill = [Tl = [l = IT] < ([l = [Ir]l A [Ti] = [T1)

Let p = q (where p € A) be the edge-relation to the edge connecting A with G© A. The
equality |T;| = |T| implicates T; = (a=(T © A)a’) #q,—p, A. As noticed in Remark 4.6
and Remark 4.7 we have |p;| ; < |p|a. Every other edge-word of T is obtained from the
associated edge-word of T by adding indices. So the lengths of the edge-words different
from p do not change. Altogether, we get the inequality o; < o in the case ||r;|| — |T;| =
Irll = 1T]. O

We end this section with the following definition.

Definition 4.12 (reduction- and fan-generators). Let ¢: G + H — Z be a leaf-
homomorphism for r mapping a generator a of a leaf-group A of G to 1. We use the
notation of Remark 4.6 and consider the element r as the element rg in ker(y). If r¢ is

an element of (ﬁ X)) H for an element i € Z, we call a a reduction-generator of
Pi=qi
r € G+ H. Elsewise we call a a fan-generator of r € G = H.

5. Staggered presentations

For the proof of the Magnus-Freiheitssatz and the Magnus property of free groups (see
[16]), W. Magnus defined staggered presentations over free groups (cf. [15, Section I1.5],
also Definition 2.1). We generalize that definition firstly to the case of locally indicable
groups and secondly to the case of tree-products (see Definition 7.3). For the connection
between the following definition and Definition 2.1 see Remark 5.2.

Definition 5.1 (staggered presentations over locally indicable groups). Let Z, J < Z be
index sets, let U be an arbitrary locally indicable group, let V; (i € Z) be non-trivial
locally indicable groups and let r; (j € J) be cyclically reduced elements of U # ke V,
such that every r; uses at least one of the free factors Vi, (k € Z). Further, let W := #,c7V;.
We denote the smallest (resp. largest) index ¢ € 7 such that r; uses the free factor V;
by a,; (resp. wy;) and call (U « W)/{r; | j € J) a staggered presentation (over locally
indicable groups) if the inequalities ., < o, and w,, < w,, hold for all m, n € J with
m < n.

Remark 5.2. Definition 2.1 is the special case of Definition 5.1 for free groups. This
becomes apparent in the following way: Let G = (X | P) be a staggered presentation in
the sense of Defintion 2.1 with respect to subsets ); (i € Z) of X. Defining V; := {}; |»
(t€Z)and U := (X\Y |), where Y = | |,.; Vi, we see that (X | P) is a staggered
presentation in the sense of Definition 5.1 for the special case of free groups V; and U.
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Next, we prove the following corollary of Theorem 1.4 about staggered presentations
of locally indicable groups.

Corollary 5.3. Let U be a locally indicable group and (UxW)/{r; | j € J)) be a staggered
presentation for W = %,z V; with locally indicable groups V;. Further, let w be a non-
trivial element of U « W . Let a,w € T be indices such that w is contained in the normal
closure of the elements r; (j € J) in U =W and w € *}kq<k<w Vi- Then w is already
contained in the normal closure of the elements ry in U + W with o < oy, and wy, < w.

Proof. Let Vg, 1= %<y Vi, Vap i= iz, Vi and V,, = k,<p<o Vi for some indices
u,v € L. We fix an arbitrary element m € J. First, we prove for an n € J with m <n
the isomorphy

(U«W)/rp |m<k<n)

= (U5 Vaw,, Mrelm<ksn—1)) s ((UxVoa, )/r)) (5:1)

g w1
by induction on n — m. For the induction base (m = n) the isomorphy follows directly
from Theorem 1.4. Note for the induction step (n — n + 1) that U = Vau, .\ wn, embeds
due to Theorem 1.4 canonically into the factor (U * Vx,,, )/{rn)) which embeds due to
the induction hypothesis into (U« W)/{ry | m < k < n). Since U * Vo, .,

embeds due to Theorem 1.4 canonically into (U Vza,, . )/{rn41) we derive the desired

also

isomorphy

U«W)/Lrg | m<k<n+1)
= ((U # Ve, )/Cri | m < k <n)) * (U Vaa,  )/&rasn))-

U*‘/a.,."+1 W
This ends the proof of the isomorphy (5.1).

For the purpose of a contradiction, let w be an element of r; | j € J )u«w which is
also an element of the free product H *V,, ,, for some indices «,w, but is not contained in
the normal closure {ry | @ < ay,, wr, < wWYysw. Let us choose two indices m,n € J such
that w is an element of the normal closure {r; | m < £ < n)ysw and n —m is minimal
with this property. We only consider the case w < w,, since the case a,,, < «a follows
analogously. Consider the amalgamated product from isomorphy (5.1). Because of the
inequality w < wy, , w is an element of the left factor of this amalgamated product. Since
w is trivial in (U W)/rg [ m < k < n)) it must already be trivial in (U*Vey, — )/Cr |
m < k < n— 1). This contradicts the minimality of n —m. [

The next lemma is a small observation used in the proof of Proposition 6.6 as well as
the simultaneous proof of Theorem 7.1 and Proposition 7.4.
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Lemma 5.4. Let G = (X | P) be a staggered presentation in the sense of Definition 2.1
with respect to subsets V; (i€ L) of X, where P = {p, | j € J} for an index set J. Then
the free group (P |) embeds canonically into (X |).

Proof. Assume to the contrary that (P |) does not embed canonically into (X |>. Then
the free subgroup of (X |) generated by the elements of P is not free with basis P. Thus,
there exists a non-trivial relation

Ip%” =1 in (X)) (5.2)
i=1" ()

for some n € N, a function o: {1,2,...,n} —> J and a function ¢: {1,2,...,n} — {£1}.

W.lo.g. we can assume that

(i) The product on the left-hand side of (5.2) is trivially reduced and begins with a
factor p;, but does not end with pi—rl for n # 1.
(ii) Z and J are finite, so Z = {1,2,3,...,A} and J = {1,2,...,k} for some \,x € N.
(iii) There is at least one factor pe,{(i) in (5.2).
(iv) At least one element of )); is contained in p; and one element of ) is contained in

Pk

By induction on |P| = |J| = k we show that the left-hand side of (5.2) contains at least
one element from )4 and one element from ). The induction base x = 1 is trivial. For
the induction step k — k + 1 we rewrite (5.2) by combining and renaming elements py
with ¢ # 1 to:

}glpﬁ(%i = 1 in (X)), (5.3)

for some v € N, a function ¢: {1,2,...,v} — Z\{0} and elements v; € {py | 2 < ¢ <
K+ 1><X‘>. By the induction hypothesis every pg(i) (1 < 4 < v) contains at least one
element of ), which we denote by y, and due to Definition 2.1 no element p; € (X |)
(j € J\{1}) can contain an element from Y;. Also by the induction hypothesis, each v;
(1 < i < v) contains at least one element from )1 which we denote by z;. Again by
Definition 2.1, the element p; € (X |) cannot contain an element from Y, 1. At least the
chosen occurrences of the basis elements ¥, z1, v, 22, . . . , ¥, 2, cannot be cancelled in the
left-hand side of (5.3). This ends the proof by induction. Hence, (5.2) does not hold and
we get a contradiction. [

6. Embedding theorems

We begin this section with an easy lemma which enables us to pass from tree-products
to certain root-products in the proofs of our embedding theorems.
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Lemma 6.1. Let G be a group, U be a subgroup of G, a be an element of G and let

G := G #4_3x {a |), where k € Z\{0}. Further, let r € G be an element such that U
embeds canonically into G/{rY. Then U also embeds canonically into G/{Lr).

Proof. If ()¢ embeds into G/{r)), we set m = 0. Elsewise let m € N be the smallest
power such that a™ is trivial in G/{r). Then the desired statement follows directly from

Giry = (G/ery) = @lam =),
since an element of U which is trivial in the left factor of the amalgamated product must
also be trivial in the amalgamated product itself. []

Following the reviewer’s suggestion, we introduce this lemma.

Lemma 6.2. Let A be a free group with a basis {d,b,c,...} and let A = (@* b,c,...) < A,
where k € Z\{0}. Then

1) the subgroup A is free with a basis {a* = a,b,c,...};
2) if an element p € A is not a proper power in A and is not conjugate to a*' (in A)
then p is not a proper power in A.

Proof. To 1): We have

A={bc,..|> = la,d,bc,... |a=a" = @ _* Labc, ... = @l x A

a~=a a®=a
To 2): To the contrary, assume that there is an element p € A < A which is a proper
power in A but is neither a proper power in A nor conjugate to a*! in A. So we have
p = v® for some v € Aand (e Z\{0, £1}. By assumption, v cannot be a power of a.
Since p written with the basis elements from {a* b,c,...} begins either with a** or a
basis element which is not @, it is not possible that v begins or ends with a power of @
which is not a multiple of k. Thus, v € A and p is a proper power in A. []

Next, we prove Theorem 1.3.

Proof of Theorem 1.3. W.l.o.g. let r be cyclically reduced in A = H. By changing the
basis of the free group A - if necessary - we can also assume that p is cyclically reduced
in A. Let A be a suited free basis of A. Our proof is by induction over the length [p| of
p € A, even though the induction hypothesis will not be used in every case of our proof.
For the base of induction let |p| = 1. Then p is a basis element from 4. Since r is not an
element of (py* H, r contains a basis element from A\{p} which is a free basis of A/{p.
We have

(A= H)/[{r)y = ((A/KpY) = <p) = H)/Lr).
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So, by Theorem 1.4, (py* H embeds canonically into (A= H)/{r). For the induction step
we choose two basis elements a, b € A which are contained in p. Note that this is possible
since |p| > 2 and since p is not a proper power due to the conditions of Theorem 1.3. We
want to construct a basis-element a with p; = 0. If p, = 0, we set @ := a,g := b, and if
Pa # 0, but p, = 0, we set a := b,g := a. For p, # 0 # p, we define a by a = aP* and set
b := baPe. Even in the latter case where we possibly add a root to the free group, we keep
the name A since, by Lemma 6.1 and Lemma 6.2, such an alteration is unproblematic for
the desired embedding. Note that for p written in the new basis A" := (A\{a, b}) U {@, b}
we have pz = 0 in each case. The price we pay for this is that the length of p written in
the new basis A’ is possibly longer than p written in the old basis A.

Case 1.7 =0

We consider the homomorphism ¢: A« H — Z sending @ to 1 and every other basis
element from A along with every element of H to 0. It is easy to see that the normal
closure of 7 € A % H corresponds to the normal closure of the elements r; (i € Z) in
ker(ip), where r; = a—‘ra’. We have

ker(p) = A= '*Z H;, where H;:=a ‘Hd'
1€

and A is the free group with basis A := {z; | = € A\{a},i € Z} for z; = a 'za'.
Analogously, let p; := a—‘pa’ (i € Z). Comparing p written in the basis A and py written
in the basis ./T, we see that every letter a vanished without replacement and every other
letter z was replaced by a letter x;. Since by assumption, p contained at least one letter a,
we have |p| > |pg|. To show the desired embedding, it is sufficient to prove the embedding
of {po) * Hy into ker(¢)/&r; | © € Z). By assumption, we have r € (A * H)\H. Thus,
each r; € A% %k,cz H; contains at least one piece of at least one free factor H;. It follows
that ker(p)/r; | i € Z)) is a staggered presentation over locally indicable groups (with
Vi := H;, cf. Definition 5.1). Let j € Z be such that r; contains an element from Hy. If
more than one index j meets this condition, we choose one of them. By Corollary 5.3,
it remains to show the embedding of (py) * Hy into ker(y)/{r;). Note that sk;cz H;
is locally indicable since it is a free product of locally indicable groups. Further, we
have already shown |p| > |po|. This justifies the application of the induction hypothesis
to deduce the embedding of (py) * Hy into ker(y)/{r;) and thereby end the proof of
Case 1.
Case 2. r5 # 0 # py
In this case the matrix

i Dy
Ta T3
has full rank. Let G := A #,_. ((c |) * H). Because of Theorem 1.6 and Remark 1.5

it follows that {c |) * H and therefore (p) * H embeds canonically into G/{r) = ((A =
H)/{rY) #p=c{c |). Finally, we deduce that (py* H embeds canonically into (A*H)/{r).
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Case 3. r5 # 0 = p;

Note that because of p; = 0 we were in the case p, = py = 0 when choosing @ and defined
a:= a,g :=b. Thus, if r; = 0, we can apply Case 1 with reversed r(zles of & and b. The
length-argument of Case 1 for |pg| is not endangered by considering b as the new @ since
a = a,g := b is just a renaming. If r; # 0, we define a by a = a" and set b:=ba".
This is unproblematic for the desired embedding due to Lemma 6.1 and Lemma 6.2.
Note that for 7, p written using the basis elements of A := (A\{a,b}) U {a, b} we have

rz = pg = 0. Thus, we can also apply Case 1; this time with a and b taking over the
roles of @ and b. []

The following lemmata are further tools that will be used repeatedly in the proofs
of our embedding theorems. For the proof of the first lemma we use a theorem of A.
Karrass, W. Magnus and D. Solitar:

Theorem 6.3 (see [14, Theorem 3]). Let G be a group with generators a,b,c,... and a
single defining relation V¥(a,b,c,...), k > 1, where V(a,b,c,...) is not itself a true
power. Then V' has order k and the elements of finite order in G are just the powers of
V' and their conjugates.

Lemma 6.4. Let G be a tree-product, S be a subtree-product of G and H be a locally
indicable group. Further, let r be an element of G = H with contracted conjugate T and
manimal tree-product T'. Finally, let T contain at least one vertex-group of S. If (SmT) &
H embeds canonically into (T H) /Ty, then S+ H embeds canonically into (G+H)/{r.

Proof. First, we note that T"u S and T n S are subtree-products of G since T, S are
subtree-products of G and T contains by assumption at least one vertex-group of S. We
may define

(S=H), (6.1)

pO) ._ ((T * H)/<<F>>) (Sﬁ;)*H

where the embedding of the amalgamated subgroup into the left factor follows due to
the assumption. Let UU) (j € {1,2,...,k},k € N) be the branch-products obtained
by deleting every vertex-group of T and S along with the edge-relations of the edges
adjacent to T or S. Further, let p; = ¢; (j € {1,2,...,k},k € N) with ¢; € UY) be the
edge-relations of the edges connecting U) to GOUU). Let £; € N U {00} be the smallest
power such that p{l is trivial in P(®). We prove the following claim.

Forallle N, je{1,2,...,k} the element q; is of order { in U(j)/<<q§>>.

To prove that claim we consider the quotient group U@ of UY) which we construct by
taking the quotient with the normal closure of qf and every edge-word of U) apart from
gj. This quotient group is a free product of staggered presentations over free groups in
the sense of Definition 2.1 and also in the sense of Definition 5.1 for the special case
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of free groups (see Remark 5.2). Let @ be the vertex-group of U) containing g If q])-‘
would be trivial in U(j)/<<q§>> for some A € N with A < £, then ¢} would also be trivial in
U, Using Corollary 5.3 (for the special case of free groups) we conclude that q3\ would
be trivial in @/ <<qf>> This contradicts Theorem 6.3. Therefore, we can define inductively
for je{1,2,...,k}

PO = PUTD (U9 /(g ),

P;j=4q;

where £; € N U {o0} is the smallest power such that pﬁj is trivial in PU—Y. Note that
P®) = (G« H)/{rY. Altogether, we constructed (G * H)/{r) by iteratively building
amalgamated products starting with the group S = H (see (6.1)). Thus, S = H embeds
canonically into (G = H)/{rY). [

Lemma 6.5. Let G be a tree-product, S a subtree-product of G and H a locally indicable
group. Further, let r be an element of G « H with contracted conjugate 7. Under the
condition that the minimal tree-product T of r contains at least one verter-group of S
and assuming that at least one edge-word of a leaf-group of T that is also part of G S
is a primitive element, S« H embeds canonically into (G = H)/{r).

Proof. Due to Lemma 6.4 it is sufficient to consider the case that G is the minimal
tree-product 1" of r. Let A be a leaf-group of G & S and G with edge-relation p = ¢,
where p € A is a primitive element. Such a group exists by assumption. We extend p to
a basis of A and replace the old basis with this new basis. Since the leaf-group A is part
of the minimal tree-product 7' and all generators pt! in 7 can be replaced with the help
of the edge-relation p = ¢ we know that 7 contains at least one basis element a # p of
A. We have

(G=H)/(ry=((GoA) Lo (AKpY) = H ) /LY
= ((Ge A) = H  (A/Lp))) /[Lr)-
Because of Theorem 1.7 and S € G © A, we get the desired embedding. []

The following proposition is the first step in proving our Freiheitssatz for tree-products
(see Theorem 7.1).

Proposition 6.6. Let G be a tree-product and S be a subtree-product of G. Further, let H be
a non-trivial locally indicable group and r a contracted conjugate in (G H)\G. Assuming

that the minimal tree-product of r contains at least one vertex-group of respectively S and
GO S, S+ H embeds canonically into (G = H)/{r).

Proof. Because of Lemma 6.4, we may assume that G is the minimal tree-product of r.
Let o be the boundary-length of G and let |G & S| be the number of all vertex-groups
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of GO S. We prove the desired statement by induction over the tuple (||r|| — |G© S|, o)
in lexicographical order (where the first component is weighted higher).

As the base of induction we consider the cases ||r|| — |GO© S| € Z, 0 = 2 and ||r|| —
|GeS|<0,0eN.If |GOS| =1, let A:= GOS. Elsewise we choose a leaf-group A of G
and GO S. In the case 0 = 2 the edge-word of A is a primitive element of A. Therefore,
we derive the desired embedding with Lemma 6.5. In the case ||r|| — |G © S| < 0 there is
a vertex-group B of G© .S such that r contains no basis element of B. The vertex-group
B cannot be a leaf-group of G since we assumed that G is the minimal tree-product of .
We consider the branch-products of G which arise by deleting the vertex-group B along
with the edge-relations of the adjacent edges in G. Since B is no leaf-group, there is at
least one branch-product Y among the resulting branch-products which is completely
contained in GO S. We denote the free product of the remaining branch-products by R.
Let p; = ¢; (i € Z) with p; € B be the edge-relations of the edges adjacent to B. Since,
by assumption, r is no element of G, Theorem 1.4 gives us the canonical embedding of
Y*Rinto (Y*Rx+H)/{rY. Let RV R ... R®* (ke N) be the free factors of R. Then
every ¢; is contained in different factors of the free product Y + R s R?) « ... s« R(K),
Because of Lemma 2.5 all free factors are locally indicable and therefore in particular
torsion-free. Thus, the group @ freely generated by {g; | ¢ € Z} embeds into Y * R and
hence into (Y = R = H)/{r). Since the elements p; (i € Z) of B form a staggered set and
B/{p; | i € T) is a staggered presentation over free groups, the group P freely generated
by {p; | i € Z} embeds canonically into B as noticed in Lemma 5.4. So we may write:

(GxH)/Cr) = B x (Y« R+ H)/Kr))

Finally, note that R % H embeds into the right factor of the amalgamated product by
Theorem 1.4. Therefore, S * H embeds into (G = H)/{r).

For the induction step we consider the leaf-group A of GO S and G along with the
edge-relation p = ¢ (p € A) of the edge adjacent to A. If p contains only one basis
element a of A, we have p = a*!. Thus, p is a primitive element of A and the desired
embedding follows analogously to the induction base for ¢ = 2. Let p contain at least
two different basis elements a, b of A. We recall the notation p;, for the exponent sum of
p € A respectively b.

If po = pp = 0, we consider the root-product Gof G given through a™ = a, which is

~la*y. By Lemma 6.1 and Lemma 6.2 it is sufficient to

a tree-product because of p # v
prove the embedding of S+ H into (G H)/{r). We apply the leaf-isomorphism given by
bi=bd" orb:=a"b (cf. Remark 4.4). In slight abuse of notation we denote the image of
G under the leaf-isomorphism and the new contracted conjugate again by G and r. The
new presentation of r € G = H is also a contracted conjugate with the same length as the
old presentation r € G * H. Since pz = 0 and p is the only edge-word possibly containing
a, the exponent sum r; is well-defined. We have pg = r5 = 0. If p does not contain the
generator a@, the tree-product G has a shorter boundary-length than G and the desired

embedding follows by the induction hypothesis. If p contains @, we go directly to Case 2.
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Thus, in the following part of the proof up to Case 2 we can assume that at least one
exponential sum p, or py is not 0. W.lL.o.g. let p, # 0. Similar to the situation p, = p, = 0
we construct through a = aP? the root- product G:=G ¥a=ary (a |y of G and apply the
leaf-isomorphism of G which is given by b := baPe or b := aPeb (cf. Remark 4.4). We
have p; = 0. If p does not contain the generator a, the tree-product G has a shorter
boundary-length than G and the desired embedding follows by the induction hypothesis.
Thus, assume that p contains a.

Case 1. Let r5z # 0.
By the preliminary considerations we have p, # 0 and therefore also p; # 0. So (for
some arbitrary fixed presentation r) the matrix (}; a I; Z’) has full rank and the desired

a Ty
embedding follows from Remark 1.5 and Theorem 1.6.

Case 2. Let 3 = 0.

We consider the leaf-homomorphism ¢: G * H — Z with ¢(d) = 1. Let A be the basis
of the leaf-group A in G. As noticed in Remark 4.6, we have ker(p) = K = PNI, where
H = skpez Hy for Hy := a*Ha* (¢ € Z) and K is a tree-product which can be constructed
in the following way. We start with a vertex-group

A:=(A|) for A:={a " ya'|ye Afa},leZ}

and connect A over respectively one edge-relation py = gq¢ (p¢ € A) with countably
infinitely many copies (GO A) := a {(GOA)al (£ € Z) of GO A. Note that Ipel 5 < Ipla
for all £ € Z (cf. Remark 4.7).

By assumption, the contracted conjugate r € G = H uses the factor H. We define
r; = a~‘ra’. Then ker(¢)/{r; | i € Z)) is a staggered presentation for V; = H; (cf.
Definition 5.1). Algorithm 4.8 gives us a contracted conjugates 7} of r; € ker(yp) (i € Z)
with ||75|lker() < |I7|lgxn (see Lemma 4.9). Since all elements of S which are not
contained in the kernel of ¢ cannot be elements of the normal closure of 7 in G+H ,
it suffices to prove the embedding of the copy Sy * Hy < (CNJ © A)g * Hy of S+ H in
ker(y)/&r¥ | i € Z)). By renaming, if necessary, let r* := r# be w.lo.g. an element r¥
(i € Z) which uses the free factor Hy of ker(y). Then, by Corollary 5.3, an element
w € Sy * Hy is trivial in ker(y)/{rf | i € Z)) if and only if it is trivial in ker(y)/{r*).
The embedding that remains to show depends on the minimal tree-product 1" of r*:
Case 2.1. T contains at least one vertex-group of Sy.
Applying Lemma 6.4 on the subtree-product Sy of K we see that it suffices to consider
T + H instead of ker(p). So our aim is to prove the embedding of (S n T)  Hy into
(T « H)/{r*). Note that & is either a reduction- or fan-generator (see Definition 4.12).
If & is a reduction-generator of r € G, we have T = A *po—qo (GO A)g. As noticed above
we have [pg| ; < [p|a. Therefore, the boundary-length of T" is shorter than the boundary-
length of G and the desired embedding follows by the induction hypothesis.
Thus, assume that @ is a fan-generator of r € G. We define S’ := So N T. Using this
notation our aim is to prove the embedding of S’ * Hy into (T =* I~{)/<<r*>> We want
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to apply the induction hypothesis. Because of ||7*||ier(y) < |I7]|Gs+m it suffices to show
ITe S| > |G o S| Note that for every leaf-group of G there is at least one copy of
this leaf-group in 7" since G is the minimal tree-product of r and T is the minimal tree-
product of rg. Because every rooted tree is the union of all unique paths from the root
to the leafs, T contains at least one copy of every vertex-group of T © S’ and we get
IT© S| = |G e S|. By assumption, a is a fan-generator. Thus, T contains at least two
copies Cyp, C}, of the unique vertex-group C' of G adjacent to A. If C' is a vertex-group of
G © S, the vertex-groups Cy and C,, are vertex-groups of T © S’. If C' is a vertex-group
of S then C), is a vertex-group of T'© S’. In both cases we have an additional vertex-
group of T© S’ and therefore [T © S’| > |G © S|. By applying the induction hypothesis
for (||r*|| — |T © 5’|,0’), where o’ is the boundary-length of T, we derive the desired
embedding.

Case 2.2. T contains no vertex-group of Sy.

Let S’ be the free factor of K © T containing Sy. Further, let D be the vertex-group of
K © S’ that is connected by an edge to S’ and let d = e with d € D be the edge relation
of that edge. We first want to show that D  H embeds canonically into (T « H) J{r).

If 3 is a reduction-generator of 7 € G, we have D = A, T = A *pi=q; (G © A); with
J € Z\{0} and |p;| 5 < |p|a, so the boundary-length of T is shorter than the boundary
length of G (cf. Case 2.1). Because of |T| = |G| and |S| = 1 we can therefore apply
the induction hypothesis to conclude that D * H embeds canonically into (T * H)/{r*>.

In the case that @ is a fan-generator we have |T| > |G| + 1 so we can also apply the
induction hypothesis to conclude the desired embedding of D = H.

Using Lemma 6.4 it follows that D = H embeds into (K ©S’) * H)/«r*). Thus, we may
write

ker(o)/(r*) = ((K©S')« H)/{r*)) s (8"« H),
*
where the generator of Z is mapped to d in the left and e in the right factor. Finally, we
conclude that S” * H and therefore in particular Sy * Hy embeds into ker(¢)/{r*). O

7. Freiheitssatz for tree-products

Using Proposition 6.6 we prove the following Freiheitssatz, which in comparison to
Proposition 6.6 omits the condition that H is non-trivial.

Theorem 7.1 (Freiheitssatz for tree-products). Let G be a tree-product, S a subtree-product
of G and H a (possibly trivial) locally indicable group. Further, let v be an element of
G + H whose minimal tree-product contains at least one vertex-group of respectively S
and GO S. Then S+ H embeds canonically into (G = H)/{r).

In a similar way to the proof of the Magnus-Freiheitssatz (cf. [16]), the proof of
Theorem 7.1 will be simultaneous to the proof of Proposition 7.4. Before we formulate
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this proposition, we introduce - (resp. w-)branch-limits and staggered presentations for
tree-products analogously to Definition 5.1.

Notation 7.2. Let Z < Z u {£oo} be an index set, H be a locally indicable group, let
K be a tree-product and Z; (i € Z) be branch-products of K that share no common
vertex-groups. For m,n € Z u {+o0} we define

Kpn = KO{Z;|leIr(l<m v n<{)}.

Definition 7.3 (staggered presentations over tree-products and a-/w-branch-limits). Let
Z,J < Z be index sets, H be a locally indicable group, let K be a tree-product and Z;
(¢ € Z) be branch-products of K that share no common vertex-groups. Further, let r;
(j € J) be elements of K  H such that every minimal tree-product of these elements
contains at least one vertex-group of respectively Z; and K © Z; for at least one ¢ € 7.
By a,, resp. w,; we denote the greatest resp. smallest index A € Z U {+o0} such that
the minimal tree-product of 7; is contained in K  * H resp. K_o ) * H. We call Qs
and w,; the a- and w-branch-limit of r; in K. If we have ., < oy, and w;.,, < w,, for
all m, n € J with m < n we say that (K = PNI)/<<7"] | j € T is a staggered presentation
(over the tree-product K with respect to the branch-products Z; (i€ T)).

Proposition 7.4. Let (K« H)/{r; | j € T be a staggered presentation over a tree-product
K with respect to branch-products Z; (i € T). Further, let u be an element of the normal
closure of the elements r; (i€ Z) in K = ﬁ, such that ue K, * H for some a,w € Z.
Then u is an element of the normal closure of the elements ry, with a < oy, and wy, < w
in K+ H.

Simultaneous proof of Theorem 7.1 and Proposition 7.4.

We consider the tree-product G, the locally indicable group H and the element 7 from
Theorem 7.1. Because of Lemma 6.4 it is sufficient to consider the case that G is the
minimal tree-product of r and that r is a contracted conjugate. Let ¢ be the boundary-
length of G. Our proof will be by induction over the tuple (||r||—|G], o) in lexicographical
order (where the first component is weighted higher). Let T (j € J) be the minimal
tree-products of the elements 7; of Proposition 7.4. W.l.o.g. we assume that the elements
r; are contracted conjugates and that 7 = Z or J = {0,1,...,d} for some ¢ € Ny. Let
oj (j € J) be the boundary-lengths of the minimal tree-products 7. First, we prove the
following:

Statement 1. For fixed (¢, s) € Z x N the statement of Theorem 7.1 with (||r||— |G|, o) <
(t,s) implicates the statement of Proposition 7.4 with maxjec 7 (||r;|| — [T, 05) < (t,5).

Let u be a non-trivial element of the normal closure of the elements r; (j € J) in
K« H. Further, let 7; (m < j < n) be the elements r with o < o, and w,, < w. To get
a contradiction we assume that w is not contained in the normal closure of the elements
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r; (m<i<n)in K = H. We choose indices ¢, ¥ with ¢ < 9 such that u is contained
in the normal closure of the elements r;, (( < k < 9) in K = H and such that 9 — ¢ is
minimal with this property. Because of the assumption we have ( < m or n < 9. By
inverting all indices, if necessary, we can assume w.l.o.g. n < ¢.

Our proof is by induction over A := 9 — ¢ € Ny. For the base of induction (A = 0),
u is an element of the normal closure of 7y in K # H. The inequality n < ¢ impli-
cates the inequality w < w,,. Thus, u is an element of (K,oo’ww,l) « H. Because of
maxjes(||r;l| — |T5],05) < (t,s), we derive with Theorem 7.1 and Lemma 6.4 that
(K—o0w,,-1) * H embeds into ((K,w,ww) s fNI)/<<m>> So u has to be trivial in K = H
which is a contradiction.

For the induction step (A — A + 1) we write

(K« H)/{ry | (< k<)
= (Ko, —1 % H) /(i | ¢ <k <9 — 1)) s ((Kay, o H)[{ra)),

Kurﬁ, _1%H

where the embeddings of the amalgamated subgroup Ko, w, -1 * H follow from the
induction hypothesis. Since w is trivial in (K * H)/{ry, | ¢ < k <9) and is contained in
the subgroup K_o ¢, -1 + H, it is already trivial in the left factor (K o0y, —1 « H)/{ry, |
¢ < k < 9 —1). This contradiction to the minimality of ¥ — ¢ ends the proof of
Statement 1.

Since the case r € (G * H)\G is covered by Proposition 6.6, we can further assume
r € G for the proof of Theorem 7.1. Thus, we have (G = H)/{r) = (G/{r)) = H and it
suffices to prove the embedding of S in G/{r). Let A be a leaf-group of G which is not
contained in S. Because of Statement 1 we cannot only use the induction hypothesis for
Theorem 7.1, but also for Proposition 7.4. Moreover, by proving Theorem 7.1 we also
prove Proposition 7.4.

As the induction base we consider the cases ||r|| — |G| < —1 and o = 2. For ¢ = 2 the
edge-word of A is a primitive element and the desired embedding follows from Lemma 6.5.
In the case ||r||—|G| < —1 there is a vertex-group B of G such that r does not use a basis
element of B and B is not directly connected to A. Note that B is also no leaf-group of G
and can in particular not be A since G is the minimal tree-product of r. We consider the
branch-products of G which arise by deleting all generators of the vertex-group B along
with the edge-relations of the edges adjacent to B in G. Let Z4 be the branch-product
which contains the leaf-group A and let R4 be the free product of the remaining branch-
products. Since B is not directly connected to A we have |Z4| = 2. Note that Z4 = R
is a tree-product using the fact that R4 is locally indicable by Lemma 2.5. We also note
that r uses at least the vertex-group A of Z4 and one vertex-group of R4 because G is
the minimal tree-product of r. If r € Z 4 %« R4 possesses a minimal tree-product in Z 4, we
get the canonical embedding of (Z4© A) * R4 into (Z4 = Ra)/{r) by Proposition 6.6. If
r € Z4 * R4 does not possess a minimal tree-product in Z 4, we have r € A * R4 because
of Definition 2.3. Let p = ¢ with p € A be the edge-relation of the edge connecting A and
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Z 4O A. By Theorem 1.3 we get the canonical embedding of (p)* R4 into (Ax Ra)/{r).
It follows

(ZasRa)/Cry = ((Za©A)xRa) 5 (A= Ra)/r)).

where the generator of Z is mapped to p in the right and to ¢ in the left factor. Alto-
gether, we have the canonical embedding of (Z4© A) * R into (Z4 * R4)/{r) in every
case.

Let uy = vy with £ € L for some index set £ and uy, € B be the edge-relations of the
edges adjacent to B in G. Considering the free factors of R4 as individual factors, every
vg is contained in a different factor of (Z4© A) xR 4. Since all factors are locally indicable
due to Lemma 2.5 they are in particular torsions-free. Thus, the free group V with basis
{v; | i € T} embeds into (Z4 © A) = R4. By Definition 2.1, the elements u; (i € Z) form
a staggered-set of B and B/{u; | i € T)) is a staggered presentation (over free groups).
Because of Lemma 5.4 the free group U with basis {u; | i € Z} embeds canonically into
B. Combining the embeddings proved so far we may write

GoAx~B =
U

=V

((Za©A) = Ra)

and G/{ry =~ (GO A) s ((ZA * RA)/<<1">>). (7.1)

(ZA@A)*RA

Now, the embedding of G © A and therefore in particular of S into G/{r)) follows from
the amalgamated product (7.1).

For the induction step we consider the leaf-group A and the edge-relation p = ¢ (p € A)
of the edge adjacent to A. The following preliminary considerations of the induction step
as well as Case 1 are very similar to the corresponding part in the proof of Proposition 6.6.
In order to avoid unnecessary doubling we will shorten argumentations if they are already
given in the proof of Proposition 6.6. In the case that p contains only one basis element
a of A, p is a primitive element of A and the desired embedding follows analogously to
the induction base for ¢ = 2. So we can assume that p contains at least two different
basis elements a, b of A.

If p., = p» = 0, we consider the root-product G of G given through a = @™ and
apply the leaf-isomorphism given by b := ba" or b := a"ab. Because of Lemma 6.1
and Lemma 6.2 it is sufficient to prove the embedding of S into G/{rY). As usual, we
denote in slight abuse of notation the image of G under the leaf-isomorphism and the
new contracted conjugate again by G and 7. In this situation we have psg =13 =0.If p
does not contain the generator a, the tree-product G has shorter boundary-length than
G and the desired embedding follows by the induction hypothesis. If p contains @ we go
directly to Case 2. Thus, in the following up to Case 2 we can assume that at least one
exponential sum p, or p, is not 0. W.l.o.g. let p, # 0. We construct the root-product
G = G *gzms (@) of G. Next, we apply the leaf-isomorphism of G which is given by
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b := baPe or b:= areb (cf. Remark 4.4). It follows p; = 0. With the same argumentation
as before we may assume that p contains a. We consider two cases for r3.

Case 1. Let rz # 0.

By the preliminary considerations we have p; # 0. Therefore, (for some arbitrary fixed
presentation 7) the matrix <€ Z ]:, f) has full rank and the desired embedding follows
from Remark 1.5 and Theorem 1.6.b

Case 2. Let r5 =

We consider the leaf-homomorphism ¢: G — Z with ¢(@) = 1, define K := ker(y) and
use the notations of Remark 4.6 and Notation 7.2. To show that S embeds into G/{(r) it
suffices to show that the copy Sp of S embeds into K /{r; | i € Z)). Because of Lemma 4.9
we can assume w.l.o.g. that all r; (i € Z) are contracted conjugates. Let Z be a leaf-
group of G different from A and let Z; := ' Za'. Since we assumed G and therefore G
to be the minimal tree-product of r we know that each minimal tree-product T; of an
element r; € K (i € Z) contains at least one leaf-group Zj, along with a vertex-group from
K © Z, for at least one k € Z. Thus, because of symmetry, K/{r; | i € Z)) is a staggered
presentation with respect to the branch-products Z; (i € Z). Let j € Z be an index such
that T; contains the leaf-group Zj,. Note that Sy is part of Ky ¢ (cf. Notation 7.2). Thus,
by Lemma 4.11, we can apply the induction hypothesis for Proposition 7.4. If Sy does
not contain the leaf-group Zj, we immediately arrive at the desired embedding of Sy
into K/{r; | i € Z)). Thus, we may assume in the following that Zj is part of Sy. By the
induction hypothesis for Proposition 7.4 it is sufficient to show the canonical embedding
of Sy into K/{r;). Because of Lemma 6.4 it even suffices to prove the embedding of
S":=T; n Sy into T /Lr;».

Note that @ has to be a reduction- or fan-generator (see Definition 4.12). If @ is a
reduction-generator, we have T; = A *po=qo (C:' © A)o. As noticed in Remark 4.7 we also
have |po| 7 < |p|a. So the boundary-length of Tj is strictly smaller than the boundary
length of G. This in combination with Lemma 4.9 allows us to apply the induction
hypothesis for Theorem 7.1. We get the desired embedding of S” into T} /{r; ). It remains
to consider the case that @ is a fan-generator. In this case we have |T};| > IG|(= |G))
since T} contains the vertex-group E, at least one copy of every vertex-group of GoA
and at least two copies of the vertex-group B of G adjacent to A. Combining this with
Lemma 4.9 we are able to apply the induction hypothesis for Theorem 7.1 and deduce
the embedding of S” into T;/{r;». O

8. Proof of the Main Theorem

In this section we prove Main Theorem 1.1 as a corollary of Theorem 7.1 (Freiheitssatz
for tree-products).

Let p respectively ¢ be the generator of the subgroup of A respectively B which is
identified with the amalgamated subgroup U. We choose bases A of A and B of B such
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that p is cyclically reduced respectively A and ¢ is cyclically reduced respectively B.
Such bases are always available by replacing the basis elements with suitable conjugates
if necessary. With the new bases, G has the form of a tree-product of size 2 (cf. Defini-
tion 2.3). Since, by assumption, r is neither conjugate to an element of A nor B, G is
the minimal tree-product of r (cf. Definition 3.1). Thus, the desired embeddings follow
directly from Theorem 7.1.
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