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ABSTRACT

We present a numerical discretisation of the coupled moment systems, previously introduced in Dahm and Helzel [1], which approximate the
kinetic-fluid model by Helzel and Tzavaras [2] for sedimentation in suspensions of rod-like particles for a two-dimensional flow problem and a
shear flow problem. We use a splitting ansatz which, during each time step, separately computes the update of the macroscopic flow equation and
of the moment system. The proof of the hyperbolicity of the moment systems in [1] suggests solving the moment systems with standard numerical
methods for hyperbolic problems, like LeVeque’s Wave Propagation Algorithm [3]. The number of moment equations used in the hyperbolic moment
system can be adapted to locally varying flow features. An error analysis is proposed, which compares the approximation with 2N + 1 moment
equations to an approximation with 2N + 3 moment equations. This analysis suggests an error indicator which can be computed from the numerical
approximation of the moment system with 2N + 1 moment equations. In order to use moment approximations with a different number of moment
equations in different parts of the computational domain, we consider an interface coupling of moment systems with different resolution. Finally,
we derive a conservative high-resolution Wave Propagation Algorithm for solving moment systems with different numbers of moment equations.

1. Introduction

We are interested in the development of numerical methods for solving the coupled moment systems, introduced in Dahm and
Helzel [1], which approximate the kinetic multi-scale model by Helzel and Tzavaras [2] for sedimentation in suspensions of rod-like
particles. A typical phenomenon during the sedimentation process in initially well-stirred suspensions of rod-like particles under
the influence of gravity is the formation of concentration instabilities. Guazzelli and coworkers observed experimentally in [4], [5]
that after some time and under the influence of gravity, the interplay of the particle orientation and the flow field generated by the
sedimenting rods leads to a destruction of the spatially homogeneous distribution of the rods and structural instabilities like cluster
formations. While the rods are nearly isotropic in regions with low particle densities, they are strongly oriented in the direction of
gravity in regions of particle packages.

First numerical simulations in [1] have shown that different levels of detail are required to accurately approximate the spatially
varying behaviour of the particles. While a high number of moment equations is needed to resolve the complex flow structure in
spatial regions of the domain with clusters, few moment equations are sufficient in spatial regions of the domain with low particle
densities. Thus, for deriving an accurate and efficient approximation of the concentration instabilities observable during the process
of sedimentation in suspensions of rod-like particles, the number of moment equations used in the hyperbolic moment system should
be adapted to locally varying flow features and accuracy requirements.
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The central goal of this paper is to describe numerical discretisations for the coupled moment systems which can adaptively adjust
the level of detail. Alternatively, approximations of coupled kinetic-fluid problems have been considered which directly approximate
the high dimensional kinetic equation, see for example [6].

In section 2, we introduce the multiscale model by Helzel and Tzavaras [2] for sedimentation in suspensions of rod-like particles
and its approximation by hyperbolic systems of moment equations derived by Dahm and Helzel [1]. As in [1], we restrict our
considerations to shear flow and two-dimensional flow and more importantly allow the particles to orient only on S, i.e. the plane
spanned by the direction of shear and the direction of gravity. In section 3 an error estimate for the one-dimensional moment system
coupled to the flow equation is proved, which motivates an error indicator that can be used in practical computations. In section 4,
the numerical discretisation of the one- and two-dimensional homogenous moment system is presented. Since it was shown in [1]
that the one- and two-dimensional moment systems are hyperbolic, we can solve the moment systems with the high-resolution
Wave Propagation Algorithm by LeVeque [3]. We distinguish between a uniform approximation, in which the number of moment
equations is fixed globally for the entire domain and a non-uniform approximation, in which the number of moment equations is
adapted locally. We derive a conservative high-resolution Wave Propagation Algorithm for solving moment systems with different
resolution. Bulk-coupling of the moment equations with the flow equations is challenging. For shear flow, an inhomogeneous, one-
dimensional hyperbolic system is coupled to the flow equation, which in the simplest case reduces to the diffusion equation. For
two-dimensional flow, an inhomogeneous, two-dimensional hyperbolic system is coupled to the Navier-Stokes equation. In section 5,
we provide a splitting algorithm for solving the coupled moment system for shear flow and two-dimensional flow. We provide
accuracy studies for several test problems and illustrate that the error indicator can efficiently be used to predict regions with larger
errors.

2. A kinetic model for sedimentation in suspensions of rod-like particles and its approximation by hyperbolic systems of
moment equations

In this section, we briefly introduce the general multiscale model by Helzel and Tzavaras [2] for sedimentation in dilute sus-
pensions of rod-like particles under the influence of gravity as well as the simpler models for shear flow and two-dimensional flow
with director f on S!. Moreover, we present the hyperbolic systems of moment equations derived by Dahm and Helzel [1], which
represent a lower-dimensional approximation of the kinetic equation. The reader is referred to [2] and [1] for a detailed derivation
of the models presented in this section.

2.1. Multiscale models for sedimentation in suspensions of rod-like particles

In [2], Helzel and Tzavaras describe sedimentation in dilute suspensions of inflexible rod-like particles with a high-dimensional
multiscale model which couples a kinetic Smoluchowski equation for the rod orientation to a Navier-Stokes equation for the macro-
scopic flow. Kinetic models of this type were established by Doi and Edwards [7].

The mathematical model considers rigid rod-like particles in a dilute suspension under the influence of gravity. Let / denote the
constant length of the molecules and b their constant width. As we consider slender rods, we assume b < /. Let v denote the constant
number density of the rod-like molecules. The characteristic feature of a dilute suspension is that the rods are well separated, as
expressed by v < 3. Further, we assume that the density of particles is not constant in time and space so that clusters are allowed
to form. Let d be the spatial dimension. In a physical space Q C R¢, the probability distribution function f = f(z,x,n) models the
time-dependent probability that a particle with orientation n € §9~!, where S9! is the unit sphere embedded in R, has a centre
of mass at position x € R?. Moreover, u(t,x) describes the macroscopic velocity field and p = p(t,x) the pressure of the solvent. The
model accounts for the effects of gravity which acts in the direction of e;, where e; is the unit vector in the upward direction. In
non-dimensional form, the multiscale model is given as

0, f+V,-wf)+V, - (PLVuunf)—=V, -(U+nQ@n)e;sf)
=DA,f+yV,-U+n@n)V. [,

c= / (dn®@n—1I)fdn,
d—1

N

1

Re(a,u+(u-Vx)u)=Axu—pr+5ny~a—5/fdne3,
§d-1
V,-u=0.

We give a short explanation of the different terms in model (1). The transport of the centre of mass of the rods due to the macroscopic
velocity u and gravity is described with the second and fourth term in the first line. The third term models the rotation of the axis
of the particles due to a macroscopic velocity gradient V u, where P,1 V un is the orthogonal projection of the vector V, un onto the
tangent space in n. On the right hand side of the first equation, rotation and translation of the rod-like particles due to Brownian
motion is modelled. The dynamic of an incompressible fluid is described by a Navier-Stokes equation which is extended by an
additional elastic stress tensor ¢ and a buoyancy term. Thermodynamic consistency justifies the form of ¢ as shown in [2]. Moreover,
four non-dimensional parameters are used in the full model (1): Re, a Reynolds number based on the sedimentation velocity, D,, the
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rotational diffusion coefficient, 5, which measures the relative importance of buoyancy versus viscous stresses and y, which measures
the relative importance of elastic forces over buoyancy forces. We will restrict to the case y =0.

Physical applications of the model assume a three-dimensional physical space Q c R3 in which the orientation of the particles is
characterised by a director n € S2. In this case, model (1) is a time-dependent five dimensional system of coupled partial differential
equations.

2.1.1. Simplified model for two-dimensional flow

A simplification of the general model (1) can be achieved by restricting to a two-dimensional flow and more importantly, to
restrict the orientation of the rod like particles to take values only on S'. In this case, we consider a velocity field of the form
u = (u(t,x,z),0,w(t,x,z))" . The director n € S!, which characterises the orientation of the rod-like particles, is restricted to take
non-zero values only in the sphere embedded in the (x, z)-plane. We set n = (cos 6,0, sin0), with the angle 6 € [0,27] measured
counter-clockwise from the positive x-axis. For y =0, the general model (1) reduces to

0,f + 9y (((9,w — out) cos 0 sin @ — d,usin’ 6 + d, wcos’ 0) f)
+0, (u—cos@sind) f)+9, (w— (1+ sin2(29)) f)=D,0pf,

Re (d,u +ud u+ wdzu) +0,p=0,,u+0,,u,
2 2

Re(arw+uaxw+wazw)+6Zp=dxxw+6zzw—5/fd0,
0

ou+0,w=0,
where f = f(t,x, z,0) describes the distribution of the particles as a function of time ¢, space (x, z) € R? and orientation 6 € [0,2x].
2.1.2. Simplified model for shear flow
Considering shear flow and orientations of particles restricted to .S' further simplifies the general model (1). We assume u =
(0,0,w(t,x))T and f = f(t,x,6). The most general form of the pressure which is consistent with the ansatz of shear flow is p = —k(?)z,

where «(f) can account for an externally imposed pressure gradient. Here, see also [2], we use k = §p where p is the total mass of
suspended rods to describe an equilibrated flow. For y =0, the coupled system for shear flow is given as

0, f + 0y(0,wcos’ O f) — 0, (sinfcos O f) = D,dyy f,
2r

3
Red,w=0,.w+35 ﬁ—/fde :
0

For periodic boundary conditions the average density is constant in time, i.e.

2 2
5= L -1
5= |Q|//f(t,x,0)d9— |Q|//f(o,x,9)d9.
Q 0 Q 0

Note that the evolution of f in (2) and (3) is described by a conservation law. Furthermore, integration of f over .§ 1 leads in
both cases to a conservation law for the density as a function of space and time.

2.2. Hyperbolic moment system for shear flow

As in Dahm and Helzel [1], the dimension of the multi-scale model (3) is reduced by replacing the distribution function f in the
kinetic model (3) by a hierarchy of moment equations.
Using the quantities

2
p(x,1) 1= / F(x,1,0)d0,
0

2r

Ci(x,1) 1= %/cos(2l€)f(x, t,0)do, 1=1,2,.. ()]
0
2z

S(x,1) 1= %/sin(ZlO)f(x, 1,0)do, 1=1,2,..
0

and setting Cy = %p, Sy =0, the infinite system of partial differential equations for shear flow is given as

3
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0,p=0,5,
9,C, = iax(s,ﬂ =S - édxw(S,_l +28,+ 8,1 — 412D,C,, I=1,2,..
1 i 2
9S8 = 70 (CLi=Cr) + 705w (C_1 +2C +Cpyy) —4°D,S;, 1=1,2,...

The system is closed with Cy,; =Sy, =0 which is based on the assumption that higher order moments decay faster than lower
order moments as they correspond to a larger eigenvalue of the Laplace Operator on S'. The closed moment system can be written
in the form

0,0(x,1) + A0, Q(x.1) = p(Q(x. 1)), 5)

where Q(x,t) = (p,C, S|, ....,Cy,Sy) represents the vector of moments. The coefficient matrix A € REN+DX@N+D) hag the compo-
nents

1
Ay ==l Ay i=—r,

0 00 -3

AYN-)-22N-))=2 " GUN=-j)-22N—j)+1 0 0 All 0 ©)
: : = , j=0,.,.N=-2

o Lo of’
AUN-H+LUAN=/)=2 " GAN—j)+12N=j)+1 L 0 0 o

4

Note that our definition of A defines some of the components twice. However, all those values are zero. While the kinetic equation
in (3) is a time-dependent partial differential equation in space and orientation, the system of moment equations (5) depends only
on space and time. The moment system (5) has to be considered with the diffusion equation

2r
Redw=0,w+6 ﬁ—/fdé) . @)
0
In [1], we showed that the moment system (5) is hyperbolic. Moreover, we showed that the update
0,0(x,1) = Pp(Q(x,1)) (8
resulting from the source term of the moment system is equivalent with a spectral method for the drift diffusion equation
0,f + 0y(d,wcos? 0f) = D,dpy f, 9

which is also described in more detail in [1] and [8].

Note that the density is a conserved quantity of the moment system, since the source term in (5) only acts on the higher
order moments. Furthermore, note that the density distribution function f(¢,x,0) can be reconstructed from the moments using
an expansion of the form

1 < (2 2 o
F(t.x,0)= 5—p(x.0) + ; ( €6, 1) cos(2if) + = 5.1 s1n(210)). 10)

™
In practical computations a finite number of moments will be used in order to approximate f.

2.3. Hyperbolic moment systems for two-dimensional flow

For two-dimensional flow, the infinite system of moment equations is given as
3
0p=—udp+0,.5 — (w - 5) 9,p—0,Cy.

1 1 3 1
0,C; =—ud, C; + Zax(S/+l =-Si_)—0; (ZCI—] + (W - 5) G+ ZC1+1)

l /
- 5(6Zw —-0,u)Ci_; + E(dzw - 0,u)Cp
) /
- E(dzu +0,w)S;_; +1(0u—0,w)S; - E(azu +0,w)S) 4
-4°D,C;, I=1,..,N
1 1 3 1
0,8 = —u0,S; + Zax(cl—l =Ci1) =0, (ZSI—] + (w - 5) G+ ZSH])
! l
- 5(6Zw —-0,u)S)_| + E(azw - 0,8,
+ é(azu +0,.w)Ci_y —1(0,u— 0, w)C, + é(azu +0,w)Cpyy

4
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—41°D,S;, I=1,..,N.

Again, the system is closed with Cy,; = Sy, =0. The moment equations can be rewritten in the form

0,0(x,z,1) + A0, 0 + B3,0 = ¢(0). amn
The coefficient matrix A € RGN +DXZN+1) hag the entries
01,3 =—1 N
an =L
31T g
a” =u, l—l,..,2N+1,
0 0 0 -3
AYN—j)-22(N-j)-2 " G2AN=})-22(N—j)+1 o o L o
: : = ;4 ,j=0,.,.N =2
0O - 0 0
BN-H+12AN-j)-2 " GN-j)+12(N—j)+1 ;2
-2 0O 0 O

All other components of A are equal to zero. The coefficient matrix B € RZN+DXCN+D has the form

1
bir:=1, by, :i=-—,
12 211 g
bzi=1 b 1 j=2,..,2N -1
2 T g Pi2i T g J=2,.,2N -1,
3 )
bjji=w=3, j=1,...2N +1.

All other components of B are equal to zero. The two-dimensional moment system (11) has to be considered with the flow equation

Re (6,u +udu+ wézu) +op=1uy +u

zz°

2r

Re(d,w+uaxw+wdzw)+6Zp=wxx+wzz—5/fdt‘), (12)
0

Opu+0,w=0.

In [1], we showed that also the moment system (11) is hyperbolic.
3. Estimating modelling errors

Our goal is to control the difference between the solution to the (2N + 1)-moments system and the solution to the 2N + 3)
moments system based on information that can be computed from the solution of the (2N + 1)-moments system. We will prove
such an estimate in the case of one space dimension and periodic boundary conditions. The rationale is that we plan to solve the
(2N + 1)-moments system numerically and would like to assert whether its solution also provides a good approximation of the
(2N + 3) moments system. In particular, we avoid dependence of constants in our estimate on the (2N + 3)-moments solution. We
denote the flat, 1-dimensional torus by T.

For any N €N the (2N + 1)-moments system is endowed with an energy, energy flux pair. Indeed, let O = (p,C,, S}, ...Cn,Sn)
we define entropy # and entropy flux ¢ by

N
1
n(Q) :=§c§+2c}+sf, 13)
i=1
] 1 <
40) 1= 785,Co+ 5 D (CSimy +CieyS) (14)
i=2

Lemma 3.1. Any solution (Q, w) of the 2N + 1-moments system with

Q€ L®0,T; LXT)),we L®O,T; H (T)) n L*(0,T; HX(T))

satisfies:
R 1 N-1 N
e
2, (n(Q) + 7(axw)2) +0,(9(Q) - 0, wo, . w) = axwi( Z CpSpi1 —S;Cry ) —-4D, Z £3(CS + 82) = (0, w)* — 89,0, p
=1 =1

in the sense of distributions.
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This can be seen by smoothing the solution Q in space and time.
In order, to bound the difference between the solutions to the (2N +3) and (2N + 1) moments systems, we will need the following
generalised Gronwall lemma:

Proposition 3.2. [9, Prop 6.2, Generalised Gronwall lemma] Suppose that the nonnegative functions y; € C([0,T]), y,,y3 € LY([0,T]),a e
L*®([0,T]), and the real number A > 0O satisfy

T T’ T
v (T') + /yz(t)dt <A+ / a(y,(t)dt + / ys(t)dt
0 0 0
forall T' € [0, T]. Assume that for B >0, > 0, and every T’ € [0,T], we have
T T

/ y,;(t)dng( sup yf(t)) [ i+ 5:00) .
€[0.1’] 5

0
Set E=exp ;' a(t)dr ). Provided SAE < (8B(1 +T)E)™"// holds, then

T

sup y1(1)+/y2(z)dr§8AE.
t€[0,T] 0

Note that if g, C‘l,ﬁl,,., C‘N,SN solve the (2N + 1)-moments system and we insert Q = (p, C‘l s Sl, ..,C‘N, S‘N,O,O)T into the
(2N + 3)-moments system then the evolution equation for w and all but the last two evolution equations for the C;, S; are satisfied.
In the evolution equation for Cy,; we have (due to Cy | =Sy, =0)

NH15 (S +2-0)+4(N +1D,0

9,0+ %aXS‘N +

which is, in general, not zero. Thus, we can understand Q as the solution of a perturbed (2N + 3)-moments system with perturbations

1. & N+1 4

—70:5N - Syt =: Rynias (15)
1.~ N+la o . &
+Za"CN + CnO =1 Ron,3, (16)

in the evolution equation for Cy |, Sy, respectively.
If we define the vector R :=(0,...,0, R,y +2,f(2 ~+3)7, then the homogeneously extended (2N + 1)-moments solution O satisfies
the perturbed (2N + 3)-moments system:

9,0 +49,0=HQ)+R a7
Reo, 0 =0, 0+ 6(p — p), (18)
where we write ¢ to emphasise the dependence on .

Now, we plan to show that the difference between (Q, ) and the exact solution of the (2N + 3) moments system (Q,w) can
be bounded in terms of R and norms of (Q, ). It turns out that this can only be done rigorously if R is small enough and certain
norms of O and 0, are not too large. This is a reflection of the fact that the equations allow for the development of clusters that
are associated with instabilities.

In the following, let # be the entropy of the (2N + 3)-moments system and note that ’(Q) is given by (Cy,2C},2S},...,2Cn, 1,
25N41)-

Theorem 3.3. Let (Q, 1) be a solution to (17), (18) with Re Lz((O, T)XT) and let (Q, w) solve (5), (7). Assume that

Q€ L™(0,T; L*(T))

Qe L®(0,T)xT)

we L®O,T; H' (T) n L*(0,T; HX(T))
We L®O,T; W (M) n L*0,T; H*(T))

Set
1 N+1 R
A A A e A
1 :=/§(C0—C0)2+ Z((S,-—S,-)2+(C,-—C,-)2)+7(0xw—axw)2dx

T i=1
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then, provided
T 2 T
3 B2 1 N 2 N A
165,00+ [ IRIE, <(1+T)W <exp| 3| [ (10,dll +26” +12 max (2 + DS, lloo + 1€ oo || 19)
0 " 0
is satisfied, the following estimate holds
T { N+1
A2 2 & |12 A2
sup 10+ [ TN =00l g + D, X P08 = 80y UG = Celf st
<1< ) -

T
<8[5 0+ [IRIE,
0

T

xexp|3 /||axw||m+252+1213);a<xN(f+1><||$f||m+||éf||m>dz 20)
/ <<

Proof. We observe that

N+1
MQ) = 1(0) = 1(0XQ = 0) = 5(Co = Col* + 3 (S, = S + (G = CP)

i=1
and #/(Q) — /' (Q) = '(Q — Q). Thus, we have, in an almost everywhere sense,

N+1
d 1 A A A Re N
o / E(CO -G+ ; (S, = S)*+(C,—C + 7(axw —0,.10)2dx
T =
= / 0'(@) = 1'(0)) - (9,0 - 0,0) + Re(0,w — 0,1D)(9,w — 0, 1h)dx
J
= / ~-0'(Q)—1'(0)) - A(0,0 — 3,0) + (7' (Q) — (D)) - ($(Q) — $(0D))
J

(O W = Oy D) + 80 0 — D D) (p — D) — (1 (Q) — 1 (0)) Rd x
N+1
= / Z _Tf(cf - éf) [axw(Sf_l + 2Sf + Sf+l) - BXMA}(S}_I +2A§f + §f+1)]
T =1

N+1
¢ A A A
+ E(Sf = 8,) [0,w(Cp_y +2C, + Cpyy) = 0,0(Cp_y +2C, + Cpyy)]
=1
—( Oy W = 0y D) + 80y 0 — 0 D) (p — §) — (' (Q) — 1" (Q)R
N+1
=D, Y 2SSy = 8,7 +(Cp = Cp))dx
=1
N+1
= [0 3 (50 = SCrus = o = € = E Sy = S
T =1
N+1 7
+ 2 5 (Se = 8)0xw = 0,DN(Cpoy +2Cs + Cpyp) = (Cp = Cp)0,10 = 0, D)(Sp_y +2S, + Spir)
=1
—(Oy W = 0y D) + 80y 0 — 0, D) (p — §) — (1 (Q) — 1" (Q)R
N+1
=D, Y (S = 8, +(Cp = Cp))dx
=1

Introducing the abbreviations

N
1 R A Aoy, R .
1 :=/E(co—c0)2+2((s,—s,)2+(ci -+ 76(0xw—0xw)2dx,
T

i=l1
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N+1
¥y = / (O = 0 t0)?dx + D, Y £2(Sy = S, +(Cp = Cp)M)dx,
T =1
N+1
¥ /a ) ((Sy = 8)Cpyt = Cri) = (Cp = Cp)(Spyy = Spa1) dx
=1
N+1
Vi / 2 508, = 800w =9, Csy +2C; +Cpy)
T =1
~(Cp = CANOw = ) (Spy + 28, + Sy ) dx
N+1
Vs / (St’ = S5p)0,w =0, 0)(Cp_y +2C, +Cpyy = Cpy =2C, = Cpyy)
=1
T

¢ . . . "
~5(Cr = COw=0,0)(Syy +2, + Sppy =Sy =28, - Sm))dx

Y6 1= [ 6(0gw — 0, 0)(p — pldx,

—“—

vy == / (' (@)~ n' () Rdx.
T
We can summarise our computation by

Y+ 12 S1ysl+ sl + 1ysl + |yl + 1] 21

and, in order to apply Proposition 3.2, we need to bound |ys|, ..., |y;| in terms of y;, y, and norms of 0, ).
Young’s inequality implies

[y3] <1190l 0115

and
1 A N
[y4] < e +212nfaSXN(f + DS lleo + I1CA o) y1 -

We can use the embedding of H'(0, 1) into L*(0, 1) with Lipschitz constant 2 to obtain

. 4 A 4 A 1
lys|* < ||ax<w—w)||?,o4<2 fz(usf—sfuiﬁ||cf—cf||§2>> <Z||Sf—sf||§2 +||cf—cf||§2> iD, T
14 ¢

Using Young’s inequality twice more implies

1
Iyl < 5 v2+26%y;

and
sl <y +IRIZ, -

Thus, inserting the inequalities that we just derived into (21) and integrating in time from O to some T’ we obtain for any
0<T'<T

T’ T/
y (T')+/ y(ndt <y (0)+/IIR|| sup /C vy +yy)dt
1 / 2 1 LZ(T) \/—0<’<T/\/_ sty
TI
+ [ oyl +267 412 max (¢ + DS + 1C N Dar - 22)
where we write || - ||, instead of || - || L« (q,1) for brevity.
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Thus, by invoking (3.2), we conclude that for any T such that
T
6 y1(0)+/IIR||qu)dt (1+T)T)2<CXP -3 /(IIa WIIOO+252+12 max (f+1)(||Sf||oo+IICf||00 )dt (23)

the following bound for the difference between the solutions to both systems holds:

T T
sup 50+ [ 320 <8 3,0)+ / IRIE gt |exp 3| [ ottt 26+ 12 max (2 + D008 o + 1 Dt || O
/ m

0<t<T

24
4. Numerical discretisation of the 1D and 2D homogenous moment system

In this section, we present a numerical discretisation of the homogenous moment systems for shear flow (5) and two-dimensional
flow (11) with ¢(Q) = 0. The update described by the source term is in each grid cell equivalent to a spectral method described in
[8]. The source term will be added via a straightforward splitting approach and will not be discussed further.

As it could be shown in [1] that the one- and two-dimensional moment systems are hyperbolic, they can be solved with the high-
resolution Wave Propagation Algorithm by LeVeque [3], a finite volume method for hyperbolic problems. We distinguish between a
uniform approximation and a non-uniform approximation, which corresponds to a constant number of moment equations throughout
the domain or a varying number of moment equations.

4.1. Uniform approximation

For the uniform approximation, the number of moment equations is fixed globally for the entire domain. Thus, we consider

0,0+ 40,0=0, AeREN+DXCN+D (25)
where the matrix A is diagonalisable with real eigenvalues. We use the notation A = RAR™!, where A is the diagonal matrix
of eigenvalues 4; < ... < A,y,; of A and R is the matrix whose columns are the corresponding linear independent eigenvectors

FiseeisPaN1-

4.1.1. Wave propagation algorithm for 1D moment system

The spatial domain Q :=[x;, x,] is discretised with an equidistant numerical grid x; = x, 4= = x, with grid cells
2

M

of length Ax :=x, 1 —x, . For the discretisation of the time variable, we consider 0 = 1% <t! <#? < ... and define the length of
2 2

the time step as Az := Ml e Np. The discrete values of Q(x,?) in (25) at time " are stored at the midpoints of the grid cell,
ie.

/Q(xt")dXN (xp, "), i=1,....M (26)

N\

approximates the cell averages in cell C; at time ". For each time step, the cell averages are updated with LeVeque’s high-resolution
Wave Propagation Algorithm, which can be described in the general form

At _ At |~ ~
o' =0, - Ax (AYAQi i )p+ ATAQ ) - " (Fix1p = Fizip) - 27)
The fluctuations A* are defined as
2N+1
A;:-l/Z Z (ah)* Wp L (28)

2
with waves W” | = a,r,. The coefficients describe the eigenvector decomposition of the jump in Q at the grid cell interface, i.e.
-1
2
(@) = R‘I(Ql'.' — Q7 ). The second-order correction terms F are for all i given as

2N+l

Fi_ 1/2— Z |'1p|< __Mp|) i-1/2°
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The tilde indicates that limited versions of the waves are used to suppress unphysical oscillations near discontinuities or steep
gradients as described in detail in [3].

While the Wave Propagation Algorithm (27) is not written in flux difference form, one obtains a conservative method for the
homogeneous hyperbolic system (25) if

AQ; - AQ;_ | =ATAQ, 1 +ATAQ, ;. (29)
2 2

Computing the waves by an eigenvector decomposition of Q; — Q;_; using the eigenvectors of A as outlined above provides a
conservative method.

4.1.2. Wave propagation algorithm for 2D moment system
For the approximation of the two-dimensional homogenous moment system

9,0+ A9,0 + B9,0 =0, (30)

with A, B € REN+DXQN+1D) a5 described in subsection 2.3, we assume that the velocity field (u(z, x, z), 0, w(t, x, z))T is constant in time
over a time step and externally imposed. The two-dimensional spatial domain Q : =[x, x,] X [z, z,] is discretised on an equidistant
numerical grid with grid cells

C,j =[x[_%,xi+l X[Zj_%,zj_'_%], i=1,...,M,j=1,...,N,
of length Ax :=x, 1 —x,_1 and Az := Z, 1% 1 The average value of Q(x, z,t) over the (i, j)-th grid cell at time ¢"
2 2 2 2
Zj+1/2 Xi+1/2
n 1 n 1 n
o~ Ty / / O(x,z,t")dxdz = M/Q(x,z,t Ydxdz, (31)
Zj_1/2 Xi-1/2 Cij

is updated with a method of the form

At - At _
Q;’;l =0} - A (AYAQ;_ )0+ ATAQ 10 5) = Az (BYAQ; -1+ B7AQ, j11))

At =~ ~ At ~
Ax (Fiv1joj— Ficipng) - Az (Gijrip—Gijoip)

A* and BB* are the fluctuations resulting from solving Riemann problems in the x- and z-direction. The fluxes F and G perform
second order corrections. The details can again be found in [3].

4.2. Non-uniform approximation with interface coupling

For the non-uniform approximation, the number of moment equations in the moment system is adjusted adaptively. Depending
on locally varying flow structures or accuracy requirements, the domain of interest is divided into intervals in which moment systems
with different numbers of moment equations are considered. This leads to cell interfaces at which moment systems with different
numbers of moment equations have to be coupled.

4.2.1. Generalised Riemann problems for moment systems with different resolution
At interfaces between two cells in which moment systems with different resolutions are used, generalised Riemann problems of
the following form are considered

01Q2N+1 +A2N+1()XQ2N+] — 0, 61Q2M+1 +A2M+10XQ2M+1 = 0,
O*M(x,0) = QPN M (x,00 = QP (32)
x<0, x>0,

where A2N*1 ¢ REN+DXQN+D) apd A2M+1 ¢ REM+DXCEM+D) correspond to the coefficient matrix (6) of the one dimensional moment
system, M # N and Q*N+! ¢ R2N+1 @2M+1 ¢ R2ZM+1 without loss of generality we assume N < M. The change of the number of
moment equations leads to a change of the eigenvalues and eigenvectors of the matrix A and thus influences the waves.

10
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— 33 _ 35 _ 35 _ 35
x—ﬂlt x-ﬂSt x—ﬂ4t x—ﬂst

o; Og

0

Fig. 1. Structure of the solution Q of the generalised Riemann Problem (32) for N =1 and M =2. The value of Q is constant in each wedge of the x — ¢ plane.

We approximate a solution of (32) by a piecewise constant function of the form
2N+1 2N+1
o', x—A7T <,

Q2LN+1 + 22:1 WP2AN+L y e (/1’_2N+lt, l?ﬁ“’)’ i=1,...,N,
Ox,1) = o
QM+ +Z',§=2M+1W”‘2M“’ xeWMH L aMHY, k=2M+1,...,M +2,

2M+1 _ 2M+1
QR , X 12M+1t>0.

Here /1,.2N+1, i=1,...,N are the negative eigenvalues of the coefficient matrix AZN+1 and /1]2.M+1, j=M+2,...,2M + 1 are the

positive eigenvalues of A2M+! Note that /I?VIEI = /lillj‘ﬁl = 0. Thus, for x < 0 the piecewise constant solution, with 2N + 1 com-

ponents, is computed by adding the left moving waves WP2N+1 = aprﬁf“, p=1,...,N, with a = (RZNH)‘I(Q%VJrl - Q2LN+') and
eigenvectors of A2N*! which correspond to negative eigenvalues, to the left initial state QiN +1 Here QiN *+1 consists of the first
2N +1 components of QiM *+!. Analogously, the piecewise constant solution for x > 0 is computed by adding the right moving waves
WPEMHL = q ML p = 2M + 1,..., M +2, with & = (R*M*1)~1 QM+ — 07M*1), to the initial state Q3" *'. Now the left state

QZLM +1 € RZM+1 5 obtained from QzLN *+1 by adding zeros at the components 2N +2,...,2M + 1.

In order to visualise the solution of the generalised Riemann problem for the homogeneous system of moment equations, we
start with piecewise constant initial values which are obtained from steady state solutions of (9) with constant externally imposed
velocity gradient d,w and initial values f(0,0) = 1/2x using the spectral method from [8]. The spectral method for (9) is based on
an expansion of f of the form (10) but with a finite number of moments. Thus, the spectral method directly provides the initial
values for the moments.

Example 4.3. We consider the generalised Riemann problem (32) for different values of N and M. For x <0 we use w,/D, =1,
for x > 0 we use w, /D, =4 in order to compute the initial values for the moments using a spectral method for the computation of
steady states of (9).

As a reference solution for the generalised Riemann problem we compute the solution of the detailed model

0,f(x,1,0) + 0, (—cosfsinf f) =0 (34

using the steady state solutions of (9) as initial values in f. We compute the numerical solution f of (34) at time # = 5 using the
two-dimensional Wave Propagation Algorithm adapted to this scalar transport equation. We then numerically integrate this solution
over 6 to compute the reference solution p(x, ).

In Fig. 1, the solution of the generalised Riemann Problem (32) is visualised in the x-¢ plane for N =1 and M =2. For x <0 we
consider the coefficient matrix A3 and for x > 0 the matrix A3 to compute the waves. While the negative eigenvalue /1? of A3 gives
the wave speed of the left-going wave W'3, the positive eigenvalues Ai and /12 of A> describe the wave speeds of the right-going
waves. Both matrices A3 and A3 have the eigenvalue 1 =0 as centred eigenvalue. The jump in Q across this centred wave follows
from Q1 and Qz- In Fig. 2, the constructed solution of the generalised Riemann problem in Example 4.3 is visualised at time 7 = 5.
The blue dashed-dotted curve shows the first component p of the solution vector Q of the generalised Riemann problem described
in Example 4.3 coupling moment systems of order N =1 and M = 2. The red dashed curve uses 2N + 1 =2M + 1 =3 moment
equations throughout the domain. The green dotted curve uses 2N + 1 =2M + 1 =5 moment equations throughout the domain.
The black solid curve is a highly resolved reference solution. Note that p is a Riemann invariant of the centred wave for the 3 x 3
moment system and of the second and fourth wave of the 5 X 5 moment system. The jump in the moments at x =0 is neither an
eigenvector of A3 nor of A3 but instead follows from the coupling of the two different solutions. Fig. 3 shows that a spatial coupling

11
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pattimet=5 N=1 M =2

1.035

1.03

1.025

1.02

1.015

1.01

1.005

0.995 I I I I I
6 - -

Fig. 2. Solution p of the generalised Riemann problem (32) described in Example 4.3 at time ¢ = 5. For x <0 we used w, /D, = 1, for x > 0 we used w, /D, =4. The
blue dashed dotted curve is the solution for N =1 and M = 2. The red dashed curve uses N = M =1 and the green dotted curve uses N = M = 2 moment equations.
The black solid curve is a highly resolved reference solution. (For interpretation of the colours in the figure(s), the reader is referred to the web version of this article.)
pattimet=>5 N=1, M =20

pat timet =5 N =5, M =20 p at time t =5, N = 10, M = 20

1.085 T

T 1.085 T T 1.085 T

—————— — — —

1081 1

1.025

1.015

0.995 . . . . . 0.995 . . . . . 0.995 . . . . .
6 - E 6 - E 6

Fig. 3. Solution p of the generalised Riemann problem described in Example 4.3 at time # = 5. For x <0 we use w, /D, = 1, for x > 0 we use w, /D, =4. The blue
dashed dotted curve uses different values of N on the left hand side of the interface and M =20 on the right hand side of the interface. This solution is compared
with a rough solution (red dashed curve) and a detailed solution (green dotted curve) which use 2N + 1 =2M + 1 moment equations throughout the domain. The
black solid curve is a highly resolved reference solution.

of moment systems with different resolution leads to an accurate approximation of the reference solution once the resolution of the
moment systems is large enough on both sides of the interface. The red dashed curve is a rough solution using moment systems
of order N =1, N =5, and N = 10 throughout the domain. For N =1 and M = 20, the solution in p (blue dashed dotted curve)
roughly approximates the highly resolved reference solution (black solid curve). At lower computational costs, the approximation
using N =10 and M = 20 compares well with the detailed solution using N = M =20 (green dotted curve). In Fig. 4, we consider
an analogous test problem as in Example 4.3 but we used w, /D, = 10 for x < 0 and w, /D, =40 for x > 0 for the computation of the
piecewise constant initial values. Using N = 10 and M = 20 produces accurate results. In the next section we will describe a wave
propagation algorithms which uses this wave decomposition of the generalised Riemann problem.

4.3.1. Conservative wave propagation algorithm for 1D moment system with different resolution

We now develop a Wave Propagation Algorithm for the moment system with different resolution. At grid cell interfaces with
different numbers of moment equation the wave decomposition used in the numerical method is based on the generalised Riemann
problem (32) discussed in the previous section. As the flux function of the moment system on the left hand side of the interface
differs from the flux function on the right hand side, fluctuations defined in analogy to the standard form (28) do not lead to a
conservative method. In fact, the condition (29), which guaranties conservation in the standard case, is not even well defined if
vectors and matrices with different dimension are used across a grid cell interface where the number of moment equations changes.

To derive a conservative Wave Propagation Algorithm for solving moment systems with different numbers of moment equa-
tions, we use an alternative procedure to define the fluctuations A*AQ, ;. For homogeneous linear hyperbolic systems (25) the

2

fluctuations can alternatively be defined using

A*AQ, | =AQ; - AQ* |, ATAQ, | =AQ"  —AQ, . (35)
2 =3 2 =3

2

12
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pattimet=>5 N=1 M =20
101 T T T T

T 1.01

pat timet =5, N =5 M =20 p at time t =5, N =10, M = 20

T 1.01 T T T

Fig. 4. Solution p of the generalised Riemann problem described in Example 4.3 at time 7 = 5. For x <0 we used w, /D, = 10, for x > 0 we used w, /D, = 40. The blue
dashed dotted curve uses different values of N on the left hand side of the interface and M = 20 on the right hand side of the interface. This solution is compared
with a rough solution (red dashed curve) and a detailed solution (green dotted curve) which use 2N + 1 =2M + 1 moment equations throughout the domain. The
black solid curve is a highly resolved reference solution.

Here QO | is the solution of the Riemann problems with piecewise constant initial values given by Q;_; and Q; at the interface x,_1.
=5 2
This value can be computed using

0 =0+ Y W, (36)
=z piAP<0
or alternatively by using
- P
Qf_l =0 - Z Wi—l/Z’ (37)
2 piAP>0

The stationary wave of the homogeneous Riemann problem with constant number of moment equations can be ignored since
WN+L2N+1 s an eigenvector with eigenvalue zero and therefore this wave does not contribute to the flux AQ* at the interface.
If the same number of moment equations is used in adjacent cells, we have the same flux function on both sides of the interface

X=X, 1. For 2N + 1 moment equations, formula (35) leads to
2

2N+1
+ _ A2N+1 2N+1 _ 42N+1,2N+1 Pp2N+1\t AP 2N+1
ATAQ_y = ATMO] APNHINHLL N () ) e
p=1 2
2N+1
_ P2N+1\ T pp2N+1
- 2 (’1 ) Wi—l/Z ’
p=1
2N+1
- — A2N+12N+1 P2N+1\ T A9p2N+1 _ 42N+1 H2N+1
ATAQ, 1 =4 o "+ Z (A ) wl-_L A 00
2 p=1 2
2N+1
_ PAN+1\~ yaop2N+1
- Z ('1 > Wi—1/2 :
p=1

Analogously for adjacent cells in which 2M + 1 moments are used.

At the interface between cells in which different numbers of moment equations are used, we solve Riemann problems between
states Qizﬁ“ and QiZM *1 (or Q’Zfll +1 and Q,.ZN +1). To construct a conservative method, we assign both states at the interface to the
flux function of the moment system of higher order. Again, we assume 2M + 1> 2N + 1. We extend the vector Q?_}\i“ eR?>M+l t0a
vector of length 2M + 1 by adding 2M — 2N zeros, i.e., we define

o

~ 0
QN+ = ) c R2M+1

0
Moreover, we use (37) for both fluctuations AiAQi_l , i.e. we set
2

¥ _ 2M+] p2M+1
o, =0 - ¥ Wt

=3 piap2MHisg T2

Then, the fluctuations are given as

13
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A+AQ,-_1 =A2M+1Qi2M+l _A2M+1Q>-:< ]
2

=3
2M+1
2M+1
A2M+IQ2M+] A2M+1Q2M+l+ 2 /lp2M+|> WP |
i—1
p=1

2M+
pAM ALY ¥ ypr2Ml
= 3 e
p=1 2

ATAQ, = A2M+1Q;x — ARG
3 -

2M+1
2M+1 H2M+1 2M+1\F 2M+1 2M+1 A2N+1
= APMFLQIMFL N (gp2aMED)Tyyp2 ML g2M+1 GaN+
=1 =3
2M+1
:A2M+1 (Q2M+1 Q2N+1> 2 (/lp,zM+1>+ Wp,2M+1
i 1
p=1 =z

Since ATAQ, L is the fluctuation due to the left moving waves, this term updates the cell average values in cell (i — 1) where we

only use 2N + 1 moment equations. Therefore, we only use the first 2N + 1 components of A”AQ, 1 to update the cell averages in

cell (i — 1). For the second order correction terms at the interface i — % we use the N + M + 1 waves and corresponding wave speeds
discussed in subsubsection 4.2.1, i.e. we compute

N 2M+1
Fi= 1 Z |AP2NH | (1 _ ﬂlﬂp,2N+l |> Wp,2lN+1 1 Z | AP2M 4| (1 Mp2M+1 |> wp2M+l
: 2 p=1 Ax =2 2 p=M+2 2

To obtain vectors of the same length, we add zeros as components 2N +2,...,2M + 1 to W” ’21N+1 and only use the first 2N + 1
-1

2
components of the correction flux for the update of the moments in cell i — 1 but the whole vector for the update in cell i. The wave
limiter described in [3] limits waves based on a comparison with neighbouring waves of the same family, i.e. neighbouring waves

which correspond to the same eigenvector are compared. In order to apply limiting for the waves at the interface i — % one needs to

compute two additional wave decompositions at the interfaces i — % and i + %
We summarise our results in the following theorem.

Theorem 4.4. Let

2M+1
A+AQ,_% — 2{ (Ap,2M+l>+Wip_,2%M+1,
’ 2M+1 (38)
A_AQ,_% — A2M+1 (QizM+1 Q2N+1> Z (/lp,zM+1>+Wlp_,21M+1
p=1 2
at interfaces between cells in which moment systems with 2N + 1 and 2M + 1, M > N, moment equations are used and
2N+1
A+AQ,_% — Z (ip,2N+1> WPZII/V;I’
! (39)
2N+1
A_AQF% = Z </1P,2N+1) Wp2ll/\72+l

p=1
at interfaces between cells in which moment systems with 2N + 1 =2M + 1 moment equations are used. Then the high-resolution Wave
Propagation Algorithm

At [~ ~
ort'=0,- = (A AQ; )+ ATAQ ) - Ax (Fi+1/2 - Fi—1/2) (40)

is a conservative method in the first 2N + 1 components for solving moment systems with different resolution in different spatial regions of
the domain.

14
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0 ’_% 0, '_% O, ’+% Qi

Fig. 5. Schematic diagram of Godunov’s method for solving the generalised Riemann Problem (32) for N =1 and M = 2. The Riemann problem is solved at each cell
interface.
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Fig. 6. Illustration of the staggered grid used for the discretisation of the coupled moment system for shear flow.

Proof. At interfaces between cells in which moment systems with 2N + 1 and 2M + 1, M > N are used, we have

2M+1 2M+1
A_AQi_% +A+AQI._% — Z (Ap,2M+1)+W;D_,21M+1+A2M+I (Qi2M+1 _Q?ﬁ+l)_ 2 (Ap,2M+|)+W:;_,2LM+1
p=1 2 p=1 2

— AZMA+1 2M+1 _ 42M+1 AH2N+1

=4 Q; A Qo

_ A2M+1 H2M+1 2M+1 52N+l

=A o -4 Qi—l ’
At interfaces between cells in which moment systems with 2N + 1 =2M + 1 moment equations are used, the fluctuations (39) are
defined in the standard form and obviously fulfil the conservation condition. As the second order correction terms are defined in flux

difference form, (40) leads to a conservative update. []

The form of our moment equations (5) shows that only p is a conserved quantity. Our approximation of the homogeneous moment
system obtained by ignoring the source term conserves the minimal number of moments used anywhere in the computational domain
by defining a unique flux at each grid cell interface. After applying the source term update to the moment system only p will be
conserved.

Fig. 5 gives a schematic diagram of Godunov’s method for solving the generalised Riemann problem (32) for N =1 and M =2. At
the interface x,_ 3 the Riemann problem between the states Q,-sz and Q?ﬁl has to be solved. The flux function at this interface is given

as A3Q* ;- Analogously, the flux function at the interface x,_; is given as ASQ* , - At the interface x,_;, three moment equations
-3 2 i—3 2

2
are used on the left and five moment equations on the right hand side of the interface. To get a method which is conservative in the

first three components, we choose the coefficient matrix A> to compute the numerical flux function.
5. Bulk-coupling of moment equations with flow equations

In this section, we study the numerical discretisation of the one- and two-dimensional hyperbolic moment systems coupled to the
diffusion equation (7) or the two-dimensional Navier-Stokes equation (12).

5.1. Bulk-coupling for shear flow
We consider the one-dimensional moment system (5) coupled to (7). We discretise the spatial domain Q = [x;,x,] and the time
variable ¢ in the same way as described in subsubsection 4.1.1. We define the discrete values of the velocity w(x,?) and of the vector

of moments Q(x,) on a staggered grid as visualised in Fig. 6. The discrete value of the velocity at time ¢ is stored at the nodes of
the grid, i.e.
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approximates the point value on the interface x, .1 attime 7", The discrete value of the moments at time " is stored at the midpoints
2

of the grid cell, see (26).

We compute the numerical solution of the coupled moment system for shear flow with an operator splitting method in which
we separately approximate the different components of the coupled moment system. We use Strang splitting for solving the inho-
mogeneous diffusion equation as well as for solving the inhomogeneous system of moment equations. The steps of the algorithm
for solving the coupled moment system for one time step are presented in Algorithm 1. The approach is comparable to the splitting
method presented by Cheng and Knorr [10] for the Vlasov-Poisson equation. While in [10] a Poisson equation is considered, we have
an inhomogeneous diffusion equation.

Algorithm 1 Operator splitting algorithm for solving the coupled moment system for shear flow.

1. %Ar step on 0,0(x,1) = p(Q(x,1)).

2. },A’ step on Qw(x,1) =6(p = p). first half time step
3. %At step on 0,w(x,1) — 0, w(x,1) = 0. Calculate 9, w(x,1). of Strang splitting
4. iAt step on d,w(x,1) =55 - p). for the flow equation
5. At step on 0,0(x,1) + A0, Q(x,1) =0.

6. iAt step on o,w(x,1)=6(p— p). second half time step
7. %At step on d,w(x,t) — d, . w(x,t) =0. Calculate d, w(x,1). of Strang splitting
8. %At step on dw(x.1) =55 p). for the flow equation
9. %At step on 0,0(x,1) = $(O(x,1)).

The system of ordinary differential equations resulting from the source term of the moment system is solved with the classical
Runge-Kutta method. For each time step, the update of the discrete velocity field w(x,?) is computed with the Crank-Nicolson method
for periodic solutions. This solution is used to calculate

n

w' | —w"

dxw(x,-,t ) =  I= L...,m.
We calculate the solution of the homogeneous system of moment equations with the high-resolution Wave Propagation Algorithm
by LeVeque, described in subsubsection 4.1.1. We use the test case that was already considered in [1] to study the accuracy of this

approach.

Example 5.2. We study the one-dimensional moment system (5) coupled to (7) with initial data on the interval [0, 100] of the form
p(x,0) = exp (—(x — 50)2) 5
Ci(x,0)=S;(x,00=0, i=1,..,N,
w(x,0)=0

and periodic boundary conditions. The parameters are set to D, =0.01, Re =1 and 6 = 1. We compute the solution of p at time
t=30.

In Table 1, we present a convergence study for the problem in Example 5.2 for different values of N. As there is no analytical
solution for the coupled problem for shear flow, we use a highly resolved numerical solution of the coupled problem calculated on a
very fine grid with 8192 grid cells as a reference solution. We compare the highly resolved solution of p with the numerical solution
of p on coarse grids for different values of N. As the grids are chosen in the way that all grid points on coarser grids are also grid
points on the fine grid, we can compare the numerical solutions of p on coincident grid points. In the first test, the highly resolved
solution and the coarse solution use the same number of moment equations. We show the L -error and the experimental order of
convergence (EOC), computed by comparing the error on two different grids

tog (112, = 75 lleo /1920 = 153110 )

log(2) ’
p,, denotes the numerical solution computed on a coarse grid with n grid cells in x at time 7 = 30. p$* is the reference solution which
is computed on a fine grid in x at time ¢ = 30 and subsequently projected onto the grid with » cells. In all computations for Table 1,
we discretised the coupled problem for shear flow with the methods presented in Algorithm 1. The results in Table 1 confirm second
order convergence rates.

Next, we calculate the reference solution on a highly resolved grid with 8192 grid cells using N = 20 moment equations. We
compare this reference solution with the numerical solution on a coarse grid using N = {3,6,10,15} moments in Table 2. The
accuracy study in Table 2 illustrates the convergence due to grid refinement as well as due to an increase of the number of moments.
For N =3 the error due to an inadequate number of moment equations dominates the error on all grids and we do not observe
convergence as the mesh is refined. For N = 6 the discretisation error dominates the error on relatively coarse grids. On finer

EOC =
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Table 1
Accuracy study for the coupled problem for shear flow using N = 1,2,3,10 moment equations. The reference
solution uses the same number of moment equations as the coarse solution. The models are coupled with Algo-

rithm 1.
N=1 N=2 N=3 N=10
grid L, -Error EOC L, -Error EOC L -Error EOC L -Error EOC
512 5.8162-1073 2.1098 - 1073 8.4068 - 107* 1.0134.1073

1024  1.7213-107% 175  5.8559-10-4 1.85 2.3662-10™* 1.83  2.9458.10"* 1.78
2048  4.4172-107% 196  1.4176-107* 2.05 6.5280-10°  1.86 7.5300-10°  1.97

Table 2
Accuracy study for the coupled shear flow problem using N = 3,6, 10, 15. The reference solution uses N =20
moment equations. The models are coupled with Algorithm 1.

N=3 N=6 N=10 N=15
grid L,-Error EOC L,-Error EOC L,-Error EOC L,-Error EOC
256 9,0513- 1073 247741073 4.2754-1073 4.4779 - 1073

512 8.4361-107  0.10 6.9811-10%  1.83  12723-103 1.75 1.3225-1073 1.76
1024 8.3212-10%  0.02 3.3731-10%  1.05  3.5854-10"* 1.83  3.3623-107* 1.98
2048  8.2830-1073  0.007 3.3305-107* 0.02 8.5690-10  2.06 8.8320-107  1.93

p at time £ = 50, N =1 p at time ¢ = 50, N =2 p at time t = 50, N =3

] 10 20 3 40 50 60 70 8 % 100 0 10 20 3 40 s 6 70 8 %0 100 o i 20 a0 40 5 60 70 8 9 100

Fig. 7. Approximation of the coupled problem for shear flow as described in Example 5.3. The blue dashed dotted curve shows the density at time ¢ = 50 for different
values of N. The black solid line is a reference solution.

grids the error due to an insufficient value of N dominates the total error. Therefore, we only observe the expected second order
convergence rates on the coarser grids. For N > 10 the discretisation error dominates the total error on all considered grids and we
observe the expected second order convergence rates as the grid is refined. From the different values of the error on grids with 1024
or 2048 cells one can also observe how an increase of the number of moment equations leads to a decrease of the error.

In the following example, we use the discretisation presented in section 4 and section 5 to again solve the coupled moment
system for shear flow. Now we adapt the number of moment equations locally in order to resolve the solution structure accurately
and efficiently. Based on the results of section 3, we will use the magnitude of the residuum as an error indicator and choose the
number of moments accordingly.

Example 5.3. We consider the moment system for shear flow (5) coupled to the diffusion equation (7) with initial data on the
interval [0, 100] of the form

p(x,0) =exp (—10(x — 50)?)

w(x,0)=0.

All other moments are initially set to zero. We use the parameters D, = 0.01 and § = 1 and periodic boundary conditions. The solution
is computed at time ¢t = 50 and the zeroth order moment p will be shown. We compare this solution using different levels of detail
with the solution of the coupled problem for shear flow using the same number of moment equations throughout the domain.

In Fig. 7, the solution of the coupled moment system using the same number of moment equations throughout the domain is
illustrated.

We plot the density p at time t =50 for N =1, N =2 and N =3 as a blue dashed line. The black solid line is a reference solution
using N =20. Using N =1, i.e. only the three moment equations for p, C; and .S, approximations of the coupled fluid-moment
system lead to negative and thus unphysical values in density for x € (30,40) U (60, 70). In spatial regions of low density the solution
of the moment system using N = 1 moment equations approximates the highly resolved solution very well. The solution of the
coupled moment system using N =2 moments still leads to negative values of density in the intervals [25,35] and [65,75]. Also
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Fig. 9. Error indicators |R,y,;| at time 1 =50 for N = 1, N =2 and N = 3. Note the different scaling of the y axis.
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Fig. 10. Error indicators for the resolved reference solution computed at # = 50.

in the area of the highest density [45,55], the moment system using N =1 or N =2 leads to visible deviations from the solution
structure of the reference solution. The density computed by the coupled moment system with N =3 moment equations compares
well with the reference solution and does not show any unphysical values.

The analytical considerations of section 3 suggest that the quantities

|Rayaal 1= 130,85y + 2E Ranasl i=130,Cy + 2

can be used as error indicators. In Figs. 8 and 9 we plot these quantities for the numerical solution at time ¢ = 50 using N = 1,2,3.

For N =1, we can see that the magnitude of |ﬁ4| has maximal values for x € (30,40) U (60, 70). Precisely in these intervals, the
moment p for N = | has unphysical values in Fig. 7. The error indicator |Rs| has its maximum at the centre. For N =2 both |Rg|
and |R7| indicate the largest error within the interval [27,73] but the magnitude of the error indicators for N =2 is more than an
order of magnitude smaller than for N = 1. For N =3 the magnitude of the error indicators |R3| and |R9| decrease further. In this
case the solution structure of p compares well with the reference solution.

Finally, in Fig. 10 we show the two components of the error indicator for the highly resolved reference solution using N = 20.
Now both error indicators have values on the level of machine precision.

Based on these observations, we choose the number of moment equations used in the coupled moment system in the different
regions of the domain [0, 100] to compute an accurate and efficient approximation of the solution of Example 5.3. We use N =1 for

1anC,\,l

aXM')SNL
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p at time ¢ = 50, coupling N =1,N =2, N =3

Fig. 11. Approximation of the coupled problem for shear flow as described in Example 5.3. The blue dashed dotted curve shows the density at time ¢ = 50. We use
N =1 for x €[0,20] U [80,100], N =2 for x € [20,25] U [75,80] and N =3 for x € [25,75]. The black solid line is a reference solution.

the intervals [0,20] and [80, 100], N =2 for [20,25]U[75,80] and N =3 for [25,75]. In Fig. 11, the first component p of the solution
of the coupled moment system with different resolution in different spatial regions and initial data as described in Example 5.3 is
shown as a blue dashed line. We again compare this solution of the coupled moment system using different levels of detail with a
highly resolved reference solution, which is given as a black solid line. The solution of the coupled moment system using different
levels of resolution shows no unphysical values and compares very well with the solution structure of the reference solution.

The comparison demonstrates that a local increase of the number of moment equations can avoid the unphysical solutions
observed in the under-resolved case. The adaptive usage of moment systems of higher resolution leads to accurate approximations
at lower computational costs. The error indicators obtained from the residuum provide a useful selection criteria for choosing the
number of moments.

5.4. Bulk-coupling for two-dimensional flow

We present the numerical discretisation of the two-dimensional moment system (11) coupled to the flow equation (12). The
two-dimensional spatial domain Q := [x;,x,] X [z, z,] is discretised as described in subsubsection 4.1.2.

To apply the High-Resolution Wave Propagation Algorithm by LeVeque from subsubsection 4.1.2, the components of the discrete
vector of moments an are defined as the average value over the (i, j)-th grid cell at time ¢, see (31). To solve the Navier-Stokes
Equation with the projection method by Lee [11], the divergence-free velocity field (u,w) in the two-dimensional Navier-Stokes
equation is discretised on a staggered grid. While (U’('j, VV:n,) is defined at the cell centre of C; ;, the horizontal and vertical compo-
nents of the discrete edge velocity field (u} 207 wﬁji . /2) are defined at the midpoints of the interfaces (x;, /5, z;) and (x;, z;, /) of

the cell C; ;. We compute the cell average U ?j = (U,."j, Wl"j) over the (i, j)-th grid cell at time ¢ as

1
U,f”j ~ ey /u(x,z,t")dxdz. (41)

Cij

The discrete edge velocity is calculated by taking the average of the cell-centred values. For example, the left edge value of cell C, ;
is
1
u:l—l/Z,j = E(Uiﬂ—ls/' + UI’,‘j) (42)
The numerical solution of the coupled moment system for the two-dimensional flow problem is computed with the steps presented
in Algorithm 2.

Algorithm 2 Operator splitting algorithm for solving the coupled moment system for two-dimensional flow.
. %At stepon  0,0(x,1) = p(O(x,1)).
N %At stepon  w,(x,1)=— Ri«p' first half time step

3 %At step on Navier-Stokes; Calculate 0, u(x,1), d,u(x,1), 0, w(x,1), 0. w(x,1). of Strang splitting
for the flow equation

1
2
3.
4. %At stepon  d,w(x,t)=— %p

5. At step on 0,0(x,1) + A0, Q(x,1) + B0, Q(x,1) =0.
6. %At stepon  Jw(x,1)=— Rieﬂ second half time step
7. %At step on Navier-Stokes; Calculate 0, u(x,1), d,u(x,1), 0, w(x,1), 0_w(x,1). of Strang splitting
8. %At stepon  d,w(x,f)=— %p. for the flow equation
9.

3 %At stepon  9,0(x,1) = P(O(x,1)).
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p at time t = 10 using D, =1 and N =4 p at time ¢t =15 using D, =1 and N =4 p at time t = 20 using D, =1 and N =4
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Fig. 12. Approximation of the two-dimensional coupled problem using D, = 1 and N = 4. Contour plots of density p are shown at times 7 = 10, 15, 20.

In each time step, the system of ordinary differential equations resulting from the source term of the moment system is solved
with the classical Runge-Kutta method. The Navier-Stokes equation is solved with the projection method by Long Lee [11]. The
solution is used to calculate the discrete derivatives

n _h
A
i+5. =3
2 2 .
ou(x,y,.1") = Y s i=lie.m, j=1,..,m,
n _n
ij+l 1/—l
> 2 2
ou(x;,y,1") = iz . i=1l..m, j=1,...,m,
w" —w"
1 .
" i+3.J i—5.j
o,w (x;,y,,1") = N ,oi=1l..m, j=1,...m,
n ]
w.. 1 w.. 1
\ ij+3 ij=3 . )
azw(xi,yjt) = — i=1,....m, j=1,....,m.

The solution of the homogeneous system of moment equations is calculated with the high-resolution Wave Propagation Algorithm
by LeVeque described in subsubsection 4.1.2.

5.5. Numerical simulation for the coupled moment system in a two-dimensional flow

In the two-dimensional case we consider the sedimentation of a droplet of rod-like particles.

Example 5.6. We consider the two-dimensional moment system (11) coupled to the flow equations (12) on the domain [0, 100] X
[0, 100] with doubly periodic boundary conditions. The initial values are set to

u(x,y,0)=v(x,y,0)=0
p(x,,0) = exp (=0.025 ((x — 50)* + (y — 75)?))
Ci(x,5,0)= S;(x,»,00=0, i=1,....N

We set the parameter values to 6 = 1, Re =1 and vary the rotational diffusion parameter to consider D, =1 and D, =0.1.

In Fig. 12 we show the sedimenting droplet at three different times using D, =1 and N =4. The initially circular droplet deforms
as it sediments. The solution structure at time ¢ = 20 computed with fewer moment equations is shown in Fig. 13. For N =1
differences in the solution structure are clearly visible. For N = 2,3 the solution structure compares well with those observed for
N =4.

Motivated by the error indicator derived for shear flow, we also consider the quantities

. 1 1 N +1 N +1

[Ryn ol i= ‘—Zast ~ 20:Cn = 5= (0.0~ 0,u)Cy — = (6Zu+dxw)SN‘
R 1 1 N+1 N+1

[Ryn sl i= |Zach = 20:SN = T (0w =08y + == (0.u +axw)cN’.
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Fig. 14. | R,y ,,| at time ¢ = 20 using D, = 1 and from left to right N = 1,2,3. Note the different scales of the colourbar.
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Fig. 15. Approximation of the two-dimensional coupled problem using D, =0.1 and N = 4. Contour plots of density p are shown at times 7 =5, 10, 15.

In Fig. 14 we show contour plots of |R,y,,| for N =1,2,3 at time ¢ = 20. Contour plots of |R,y 3| look similar and are therefore
not shown here. The error indicator shows the expected behaviour. In particular it becomes smaller as N increases, indicating that
this quantity is well suited as error indicator.

In Fig. 15 we show the sedimenting droplet at different times for D, =0.1 and N =4. In this case the droplet starts to split into
three smaller droplets with high density. In Fig. 16 we show the solution at time ¢t = 15 computed using N =1,2,3. For N =1 and
N =2 we observe small negative values of density which are unphysical. In Fig. 17 we show contour plots of the corresponding
error indicators |ﬁ2 ~N+2l- The error indicator predicts a relatively large error in regions where the concentration is very large. In such
regions an assumption analogously to inequality (19) from Theorem 3.3 might not even be satisfied and the use of the considered
quantity as error indicator might not be justified. Furthermore, note that high concentrations of rod-like particles located at small
regions in space might arise as solutions of the coupled system (1) but might not correspond to solution structures observed in
the sedimentation process. A reason for this discrepancy is that our coupled kinetic-fluid model was derived under the assumption
of a dilute suspension. In the concentrated regime so-called excluded volume effects would have an influence on the microscopic
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Fig. 16. Approximation of the two-dimensional coupled problem at time 7 = 15 using D, =0.1 and N =1,2,3.
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Fig. 17. |Ryy,,| at time ¢ = 15 using D, = 0.1 and from left to right N = 1,2,3. Note the different scales of the colourbar.

orientation and consequently on the solution structure of the coupled model. In the future we plan to include such effects into the
model equations.
All two-dimensional computations were performed on a grid with 512 X 512 grid cells.

6. Conclusions

We presented a numerical discretisation of the coupled hyperbolic moment systems which approximate a simplified multiscale
model for sedimentation in suspensions of rod-like particles. For the shear flow problem, an experimental study confirmed second
order convergence. We adaptively adjusted the level of detail of the model by coupling moment systems with different numbers of
moment equations. We derived a conservative high-resolution finite volume method for solving the moment systems with different
resolution. A theoretically justified error indicator was introduced and used to determine regions in which an accurate approximation
requires a higher number of moment equations.

A future goal is the derivation of physically more realistic, moment based models and efficient numerical methods that approxi-
mate the dynamics of sedimenting rod-like particles dispersed in a three-dimensional fluid.
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