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It is well known that in characteristic 0 (pairs of) irreducible spin representations of
the symmetric groups are labeled by strict partitions, that is partitions in distinct parts,
see [24,26]. Not much is known about decomposition matrices of spin representations
of symmetric groups. For example in general not even the shape of the decomposition
matrix is known.

When reducing characteristic 0 spin representations modulo an odd prime, the ob-
tained representations are still spin representations. In this case, which will not be
considered in this paper, results on decomposition numbers consider maximal composi-
tion factors (that is, under a specified ordering of the columns, the last non-zero entry
in each row of the decomposition matrix) [5,6], the shape of the decomposition matrix
for small primes [1,3] and decomposition numbers in certain specific blocks or classes of
modules or for small S, [9,18,19,23,27,28].

On the other hand reductions modulo 2 of spin representations may also be viewed
as representations of symmetric groups. In this case maximal composition factors and
their multiplicities have been found in [2,4]. This result can be used to rule out some
characteristic 2 modules as been composition factors of a given spin representation. An
improvement in this direction has been obtained in [20, Lemma 4.2]. Apart for the small
n cases [10,16], the only other classes of modules for which decomposition numbers are
known in this case are basic and second basic spin representations [27] or RoCK blocks
[7, Section 5] and [8, Section 5.

One particular class of modules of symmetric groups for which decomposition num-
bers are known are Specht modules indexed by partitions with at most 2 parts. In this
case decomposition numbers have been found by James in [12,13] (see also [14, Theorem
24.15]). The corresponding question, studying composition factors of reductions modulo
p of spin representations labeled by partitions with at most to parts, has been stud-
ied in [19] in odd characteristic. There irreducible characteristic p spin representations
which are composition factors of some (though not one particular) such characteristic 0
spin representation were explicitly described. Further it was shown that the correspond-
ing part of the decomposition matrix is block triangular (with blocks corresponding to
representations indexed by the same partition).

In this paper we will consider the above problem in characteristic 2, describing modules
which are composition factors of the reduction modulo 2 of some spin representation
with at most 2 parts and finding formulas for computing most of the corresponding
decomposition numbers.

For any 2-regular partition A - n let D* be the corresponding characteristic 2 ir-
reducible representation of the symmetric group S, and S(\,¢) be the corresponding
characteristic 0 irreducible spin representation(s) of the double cover §n7 with e =0 or
+ depending on A.

The first result we obtain is the following (see Section 2 for the definition of the double
of a partition):
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Theorem 1.1. If 0 < a < [(n — 1)/2]| and u € P2(n) is such that D* is a composition
factor of S((n—a,a),e) then u has at most 2 parts or it is the double of a partition with
at most 2 parts.

The above result leads us to study decomposition numbers of the forms
[S((n—a,a),e) : DY) and [S((n — a,a),e) : DIPU=0L))

In the first case, provided b < (n — 1)/2, we will give exact formulas for decomposition
numbers in Theorem 1.4. This result shows that any module of the form D™= ig
indeed a composition factor of the reduction modulo 2 of some module of the form
S((n — a,a),e). Further Theorem 1.4 shows that at most 2 rows of the corresponding
part of the decomposition matrix are non-zero. In the second case it is known by [2] that
DAPIn=bb) §5 5 composition factor of S((n — b,b),e) and that the corresponding part
of the decomposition matrix is triangular. We will compute most of the corresponding
decomposition numbers in Theorems 1.5 and 1.6 and find some upper bounds in many
of the other cases. In particular we find formulas or upper bounds for all but one column
of the corresponding part of the decomposition matrix.
Before being able to state Theorem 1.4, 1.5 and 1.6 we need some definitions.

Definition 1.2. Given m > 0, if m = 2% 4+ ... 4+ 2% with a1 > ... > ax > 0, let
dy i=a1 +k — 3.

As in [14, Definition 24.12], for integers ¢ and m with £ > 0 we say that ¢ contains
m to base 2 if there exists k with 0 < m < 2F < ¢ and further, for ¢ = ZZ a;2% and
m = >_.b;2" the 2-adic decompositions of ¢ and m, b; € {0,a;} for each i.

Definition 1.3. For ¢,m with £ > 0 let g¢,, := 1 if £ contains m to base 2 or g, := 0
else.

The next theorem gives exact formulas for the decomposition numbers of the form
[S((n —a,a),e) : DP=bD] with b < (n —1)/2.

Theorem 1.4. Let p=2,0<a < [(n—1)/2] and 0 <b < |(n—3)/2|. Then
[S((n — a,0),) s DInH] = g

if one of the following holds:

0 (mod 2) and n — 2a = 2,

0 (mod 8), 2| b and n —2a =4,
4

1

(mod 8), 2tb and n — 2a = 4,
or3 (mod 8),2|bandn—2a=1,

S 3 3 3
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e n=1o0r3 (mod8),21bandn —2a =3,
e n=5o0r7(mod8),2tbandn—2a=1,
e n=5o0rT7 (mod8),2|bandn—2a=3.

In all other cases [S((n — a,a),¢) : D("—b>b)] =0.

In the next theorem we will describe most decomposition numbers of the form
S((n—a,0),€) : DWI=b)]

Theorem 1.5. Letp=2,0<a < [(n—1)/2] and 1 < b < n/2 with dbl(n—b,b) € P5(n).
Then

e [S((n—a,a),e) : DILN=00] = g o . 4 if one of the following holds:
n =1 (mod 4) and b is even,

- n=2 (mod 4) and b is odd,
n =3 (mod 4) and b is odd,

e [S((n—a,a),e): DIPU=EV)] = 9g, o,y if n =2 (mod 4) and b is even,

e [S((n —a,a),e) : DIPU=L)] — Gn—2b,a—b — Gn—2b—2,a—b—1 if one of the following
holds:
- n=1 (mod 4) and b is odd,
- n=3 (mod 4) and b is even,

e [S((n—a,a),e): DIPUP=DL)] = In—2b.a—b + 2Gn—2b—2,0a—b—1 if n =0 (mod 4) and b
is odd.

The cases b=0 or n =0 (mod 4) and b even are not covered by Theorem 1.5. In the
second case, for b > 2, though we are not able to compute all decomposition numbers
exactly, we can still find upper bounds and in some cases exact decomposition numbers.
In the next theorem v is the 2-adic valuation.

Theorem 1.6. Let p=2,n=0 (mod 4), 2<b< (n—6)/2 even and 0 < a < (n —2)/2.
Then

[S((n - a, a)a 5) : Ddbl(nib’b)] S 29n—2b—3,a—b + 29n—2b—3,a—b—3
with equality holding if

In—2b+1,c—b T Gn—2b—1,c—b—1 — Gn—2b—3,c—b—2

_ Octnj29n—2b—d,c—b + (1 + Octn/2)gn—2vo—a,cb—4, C is even,
20n—2b—4,c—b—1 + Gn—2b—4,c—b—55 c s odd,

holds for some ¢ € {a,a+ 1} withc—b=0 or 1 (mod 4).
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In particular if a —b = 2 (mod 4) then [S((n — a,a),e) : D=L = (. [f
a—b #Z 2 (mod 4) then equality holds if vo(|(a — b+ 1)/4]) > va((n — 2b)/4) or
n—2b—4,4] (a—b+1)/4]—4 = 0.

Note that if b = n/2 — 2 (mod 4), then vo(|(a — b+ 1)/4]) > va((n — 2b)/4) always
holds. In particular about half of the columns covered in the above theorem can be
completely computed through it.

Further, by [21, Theorem 1.4],

[S((n—a,a),e) : D=0 = [S((n — a + 2,0+ 2),) : DIP—0H2042)]

whenever a,b > 0 and all of the above modules are defined (in many cases this follows
also from Theorems 1.5 and 1.6). In particular decomposition numbers [S((n —a,a),¢) :
DIPL=b0)] with n = 0 (mod 4) and b > 2 even (that is those covered in Theorem 1.6)
only depend on n — 2b and a — b.

The assumption a > 0 in the previous paragraph could be dropped (using slightly more
complicated formulas), but not the assumption b > 0. For example, from decomposition
matrices in GAP it can be recovered that [S((7,1),0) : D3] = 1 but [S((9,3),0) :
D©42)] = 2 and that [S((5,4), %) : DOY] =1 but [S((7,6),+) : DE52)] = 0.

In Section 2 we will recall some basic definitions and results and prove Theorem 1.1.
In Section 3 we will prove some results on projective modules. Theorems 1.4, 1.5 and
1.6 will then be proved in Sections 4, 5 and 6 respectively. Some (partial) decomposition
matrices, computed using the above results, are given in Appendix A.

Looking at Theorems 1.1 and 1.4 one may ask whether all composition factors of
S()\,e) are of the form DIPUM) for some partition p for all strict partitions A with
dbl()\) 2-regular. This is in general false. For example, looking at known decomposition
matrices and comparing characters, it can be checked that

S((10,5,1), £)] = [DTOY] 4 [DO4320)
and

[S((11,5,1),0)] = 8[DU7] +2[DOV] 4 4[DOTD] 4 (D3] 4 2[DE69)]
+ 2[D(7’6’4)] + [D(7’6’3’1)] + 2[D(7’5’3’2)} + [D(6’5’3’2’1)].

2. Notation and basic results

Let n > 0 and gn be a double cover of S,,. Then there exists z central in gn of
order 2 with S, = S, /{z). Representations of S, on which z acts trivially can also
be viewed as S,-representations, while those on which z acts as —1 are called spin
representations. Note that reductions modulo 2 of spin representations can always be
viewed as representations of the corresponding symmetric group S,,. In particular all
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their composition factors are irreducible characteristic 2 representations of S,, (viewed
as gn—representations).

Let #(n) be the set of partitions of n. Further let Z5(n) be the set of 2-regular
partitions of n, that is partitions in distinct parts or strict partitions. For any partition
A, let h(X) be the number of parts of A and ha(A) be the number of even parts of .

Identifying partitions and their Young diagrams, if A € &(n) and A = (i,j) is a
node, we say that A is a removable (resp. addable) node of A if A € X (resp. A € ) and
A\ {A} (resp. A\U{A}) is the Young diagram of a partition. If A € P5(n) we say that A
is a bar-removable (resp. bar-addable) node of A if A is removable (resp. addable) and
AN\ {A} (resp. AU{A}) is a strict partition.

It is well known, see for example [14,15,24,26], that Z2(n) labels irreducible represen-
tations of S,, in characteristic 0, while 9%;(n) labels both the irreducible representations
of S, in characteristic 2 and (pairs) of irreducible spin representations. For A € & (n) we
denote by S* the irreducible characteristic 0 representation of S,, labeled by . As in the
introduction, for A € %5(n) define D* to be the irreducible characteristic 2 representa-
tion and S(A, €) the irreducible spin representation(s) indexed by A. Here ¢ = 0 if n—h(\)
is even and € € {£} if n — h()) is odd. In the following we will also work with modules
S(N): for A € P(n) we define S(\) to be either S(A,0) or S(A,+) & S(A, —) depending
on the parity of n — h(\). Further, for any A € £5(n), let P* be the indecomposable
projective module of §; with socle D?.

For a partition A = (A1,..., Ap) with h = h(}\), let

dbl(A) = ([(Ar +1)/2], [(Ar = 1)/2]),..., [(An +1)/2], L(An — 1)/2])),

Further let A be the regularisation of A as defined in [15, 6.3.48] for p = 2.

It is easy to check that dbl()) is always a partition for any A € Z5(n), so that in this
case (dbl(\)) is well defined.

Further if dbl()\) € Z5(n) then dbl()\) = (dbl()\)). This can be checked by showing
that dbl(a) = (dbl(a))? for any a > 1. So

dbl()) = ((dbl(A\ )%, ..., (dbl(A\,))F)

and dbl()) have the same number of nodes on each ladder. Since dbl()) is a 2-regular
partition it follows that dbl(\) = (dbl()))%.

The following lemma, which is an analog of James’ regularisation result, has been
proved in [2, Theorem 1.2] and [4, Theorem 5.1].

Lemma 2.1. Let A\, i € Po(n). If [S(\,€) : D*] > 0 then p> (dbL(\))E. Further
[S(\, &) : DEPIONT] — glha(A)/2],

This result was improved in [20, Lemma 4.2] to obtain the following:
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Lemma 2.2. Let \,u € Pa(n). If [S(A\,e) : D*] > 0 and p is not the double of any
partition then h(p) < 2h(\) — 2.

Theorem 1.1 then easily follows:

Proof of Theorem 1.1. If [S((n—a,a),e) : D*] > 0 and p is not the double of a partition
then by Lemma 2.2 h(p) < 2. If instead p = dbl(v) then p > (dbl((n — a,a)))® by
Lemma 2.1, so that

2h(v) — 1 < h(u) < h(dbl(n — a,a)) < 4
and then h(r) <2. O

Given any node (4,7), let res(i,j) := 7 — 4 (mod 2) be the residue of (7, 7). Further
define the bar-residue of (4, j) to be Tes(i,j) = 0 if j = 0 or 3 (mod 4) or Tes(¢,j) = 1 if
j =1or2 (mod 4). When considering res(i, ) we will in the following identify Z /27 with
{0,1} in the obvious way. For A any partition let the content of A be cont(\) := (¢, ¢1)
with ¢ (resp. ¢1) the number of nodes of residue 0 (resp. 1) of A. Similarly let the bar-
content of A be cont(\) := (dy, d;) with dy (resp. di) the number of nodes of bar-residue
0 (resp. 1) of A.

By [15, 2.7.41, 6.1.21 and 6.3.50] we have that S* and D* are in the same block if
and only if cont(A) = cont(u). Further by [4, 3.9 and 4.1] S(), ¢) and S* are in the same
block if and only if cont(\) = cont(u).

For a given block B we may thus define the content of B as the content cont(\) of
any module S* or D* contained in B or equivalently as the bar-content cont()\) of any
module S(A, e) contained in B.

If B is a block of S,, with content (co, 1) and V is any module contained in B, let egV/
and e;V (resp. foV and f1V) be the block components of ResgzilV (resp. IndgzﬂV)
with contents (c¢g — 1,¢1) and (cg,c1 — 1) (resp. (co + 1,¢1) and (co,c1 + 1)). These
blocks components should be thought as 0 if no block with the corresponding content
exists. The definitions of egV, e1V, foV and f1V can then be extended to any module
by linearity. Then Resé:ilV eV @eV and IndéZ“V > fo @ f1V by [17, Theorems
11.2.7, 11.2.8].

By [14, Theorem 9.2] and block decomposition we have that:

Lemma 2.3. Let A be a partition and i € {0,1}. Then, in the Grothendieck group,

[e57] = D[S,

A

where the sum is over all removable nodes A of \ of residue 1.
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Lemma 2.4. Let A be a partition and i € {0,1}. Then, in the Grothendieck group,

[i57] =[],

A

where the sum is over all addable nodes A of X of residue i.

Similarly by [22, Theorem 2] or [26, Theorem 8.1], Frobenius reciprocity and block
decomposition:

Lemma 2.5. Let A € P5(n) and i € {0,1}. Then, in the Grothendieck group,

[esS(V)] =D 274 [S(A\ {A})],
A

where the sum is over all bar-removable nodes A of A of residue i and x4 =1 if A #
(h(A),1) and n — h(X) is odd, while x4 = 0 in all other cases.

Lemma 2.6. Let A € P5(n) and i € {0,1}. Then, in the Grothendieck group,

£SO =Y 24 [S( U {A})],
A

where the sum is over all bar-addable nodes A of A of residue i and x4 = 1 if A #
(h(X) +1,1) and n — h(X) is odd, while x4 = 0 in all other cases.

These 4 lemmas will be used without further reference in the following when computing
block components of induced or restricted projective modules.

Partial branching results for projective modules will be given at the end of the next
section. In these branching rules normal and conormal nodes appear. As in [17, Section
11.1], for a given residue i and a partition A, let the i-signature consist of a — (resp.
+) for each removable (resp. addable) i-node of A, read from left to right. The reduced
i-signature is the obtained by recursively removing any +— adjacent pair from the i-
signature. Nodes corresponding to — (resp. +) in the reduced i-signature are called
normal (resp. conormal). We let ;(A) (resp. ¢;(A)) be the number of é-normal (resp.
i-conormal) nodes of \. If £;(\) > 0 (resp. @;(A\) > 0) we further define &\ (resp. f;\)
to be the partition obtained by removing the leftmost i-normal node of A (resp. adding
the rightmost i-conormal node of A).

If A € P5(n) indexes 2 spin representations, then by [24, p. 235] (see also [26, Theorem
7.1]) the 2-Brauer characters of S(A,+) and S(A, —) are equal. Thus [P* : S(\,+)] =
[P* : S(A\, —)] for any p € PPa(n). Thus, in the Grothendieck group, any projective
module P is a sum (with multiplicities) of some modules S7 with v € &?(n) and some
modules S(A) with A € P5(n), so that the multiplicity [P : S(\)] is well defined. Sim-
ilarly, for any G = ¢1 ... gn with g; € {eo, e1, fo, f1}, the multiplicity [GS(v) : S(N\)] is
well defined in view of Lemmas 2.5 and 2.6.
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3. Projective modules

Throughout the following let M,, := [n/2] and m,, := [(n —1)/2]. Further let m,, :=
[(n—4)/2] if n £ 0 (mod 4) or M, := (n—6)/2 if n =0 (mod 4). Thus M,, is maximal
such that (n— M, M) is a partition and m,, and 7m,, are maximal such that (n—m,,, m,,)
and dbl(n — m,,m,) are 2-regular partitions.

We will now state some basic results which will allow us to compute decomposition

numbers.

Lemma 3.1. [14, Theorem 24.15] Let 0 < a < M,,. Any composition factor of S(n—a.a) g
of the form D™= for some 0 < b < m,,. Further

[S(n—a,a) . D(n_b7b)] = gn—2b+1,a—b-

Lemma 3.2. Let P = 69,\(P)‘)GBCA be a projective module and 0 < a < M,,. Then

[P: S("_a’a)] = Zc(n—b,b) [P("—lxb) . S(n—a,a)]
b=0

h
_ Zc(n—b,b) [P(nfb,b) : S(nfa,a)]
b=0

for any min{a,m,} < h < m,.
Proof. This follows from Lemma 3.1. O

Lemma 3.3. Let P = @ (PN)® be a projective module and 0 < a < m,,. Then

my—1
[P : S((n - a, a)v 5)] = Z C(n—b,b) [P(n_b)b) : S((n —a, a)a E)]
b=0
+ Z Cdbl(n—c,c) [PAPIn=c0) . §((n — a,a),e)].
c=0

Proof. In view of Lemmas 2.1 and 2.2, composition factors of S((n—a,a), ) are of one of
the forms D=2 or DIPIn=c.) The lemma follows since (n — m,, m,) = dbl(n). O

Define X, to be the set of 2-regular partitions which are not of the forms (n — ¢, c) or
dbl(n—c¢,c) for some c. In view of Lemmas 3.2 and 3.3 we define the following subgroups
of the Grothendieck group which will be used throughout the paper:
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Definition 3.4. For n > 0 define:

o TV = ([S /\] s A€ P(n),h(N) > 3),
TsPin .= ([S(\)] : A € Pa(n), h(N) >
. Tn = (Tsym, Tspin),

R,

3),
— ([PY]: X € X,,).

This set, which is used in the next lemma, will also appear later in the paper.

Lemma 3.5. Let P be a projective module with

Pl = i £a] S 0] + % kp[S((n —b,0))] (mod T5,)
a—y b=0

for some 0 <y <m, — 1. Then

My, —1

[P] = £,[P"9)] 4 3 Lo[PU] + Zkb[del("‘b”’)] (mod Ry),
a=y+1 b=0

for some £y, ky, with £, < £,, ky < kb/2lh2(("_b’b))/2J. In particular we have that ky = 0
whenever ky = 0.

Proof. Let P = @, (P*)°*. We have to check that

0 0<a<y,
Cn—a,a) = \ Ly a =1y,
<lay, y<a<m,—1

and cabi(n—bp) < Ky /202 ((n=b:0)/2] for any 0 < b < T,,.

By Lemma 2.1 we have that [PdPl(n=b:0) . pdbln=bb)] — olh2((n=b))/2] for any
0 < b <My,. So the assertion on cqpi(n—p,p) holds.

For a < y we have that [P : S("~®%)] =0, so that C(n—a,a) = 0 in view of Lemma 3.1.
For y < a <m, — 1 it then follows from Lemmas 3.1 and 3.2 that

a

lo=[P: ST =} g [POT5) 1 ST0]

=0
a—1
= C(n—a,a) + Z C(nim@)[P(n—z,m) . S(n—a,a)}7
=y

so that c(,_q,q) < £o With equality holding if a =y. O

We will also need the following two lemmas.
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Lemma 3.6. If r > 1, p € Zp(n—r), A€ Pp(n) and i,i1,...,i, € Z/pZ. Then
[fil cee fi,,.PM : P)\] == [eir . .61‘1DA : DH].

In particular if e;(\) < ei(p) +r and [fI P* : P > 0 then A = fIu, in which case

[frpe s plin = r!<€"(“) +T>.

r

Proof. Since

[fir oo fi PP PY =Y fiy PP PY) iy - fi, PV 2 PR,
e, ... eilDA : DH] = Z[e“ . eizDA : D"][e;, DY : D],

v

in the first statement we may assume r = 1, in which case it holds by Frobenius reci-
procity and block decomposition. The second statement then follows from [17, Theorem
11.2.10]. O

Lemma 3.7. If r > 1, p € Po(n+7r), A € Pa(n) and i,41,...,i, € Z/pZ. Then
[eil e ei,,,P“ : P)\] = [flr e filDA : DH].

In particular if p;(\) < pi(p) + 1 and [ef P* : PA] > 0 then A\ = &5y, in which case

e P ; PR — T!(wi(ﬂg i r).

Proof. Similar to the previous lemma, using [17, Theorem 11.2.11] instead. O
4. Proof of Theorem 1.4

In this section we will now prove Theorem 1.4. The cases n < 13 can be checked using
known decomposition matrices [10,16] (using block decomposition, dimension and type
of modules to identify characteristic 0 modules and using Lemma 3.1 to identify the
corresponding columns of the decomposition matrix). We will first prove Theorem 1.4
for n odd by induction and then use this to prove it when n is even.

Case 1: n is odd. We may assume that n > 15 is odd and that Theorem 1.4 holds for
n—2.

Case 1.1: b > 0. Let ¢ be the residue of the addable nodes in the first 2 rows of
(n —b—1,b—1) (these 2 nodes have the same residue since n is odd). If S(»—e=2:)
is in the same block as D(~*~1*=1 then the addable nodes in the first two rows of
(n — a — 2,a) both have residue . Further by induction and Lemma 3.1 we have that
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(n—3)/2
[P(n—b—l,b—l)] E[S(n—b—l,b—l)] + Z gn—2a—1,a—b+1[S(n_a_za)]

a=b

+ 2%n-2041[S((n — ¢ — 2,¢))] (mod T},)
with ¢ equal to (n — 3)/2 or (n — 5)/2 (depending on n and b). So
(n-3)/2
FZPb10D] So[SOPO] 4 Y 20, gy (SO (4)
a=b
+ 242041 f28((n — ¢ — 2,¢))] (mod T},).
Since

[S(nfafl,aJrl) :D(nfb,b)] _ [S(nfa72,a) :D(nfbfl,bfl)]

we then have by Lemma 3.5 that
[fiQP(n_b_l’b_l)] = Z[P(n_b’b)] + ZEG[del(n—a,a)] (mod Rn) (42)
a=0

where, for any 0 < a < m,,, if z, the multiplicity of S((n—a, a),e) then f2S((n—c—2,¢c))
kq < 2%n—20414, In particular if

[fiQS((n —c—2,0))] Ex(n,l)ﬂ[s(((n +1)/2,(n —1)/2))]
+ T(n_3)3[S((n +3)/2, (n — 3)/2))] (mod T;P™)

then
(7P b= 1= D] = 2[P("=Pb)] (mod R,,)
and so by Lemma 3.3, (4.1) and (4.2)

[S((n —a,a),e): D(”fb’b)] = [ffP(”fbfl’bfl) :S((n—a,a),e)]
= [fFPU 0D S((n - a,a),€)]/2
= 2dn-2011 [ffS((n —c¢—=2,0):8((n—-a,a),e)]/2.

We will now consider different cases, starting with those where this argument allows to

prove the theorem.
Case 1.1.1: n = 1 (mod 8) and b is even. Then i = 0 and ¢ = (n — 3)/2. So

[f28((n == 2,¢))] = 2[S(((n +1)/2, (n — 1)/2))] + 4[S(((n +1)/2, (n = 3)/2,1))].
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Case 1.1.2: n = 3 (mod 8) and b is even. Then i = 0 and ¢ = (n — 5)/2. So

[f28((n = c=2,¢))] = 2[S(((n+1)/2, (n = 1)/2))] + 4[S(((n +1)/2, (n — 3)/2,1))].

Case 1.1.3: n = 3 (mod 8) and b is odd. Then i =1 and ¢ = (n — 3)/2. So

[f28((n — ¢ = 2,¢))] = 2[S(((n + 3)/2, (n — 3)/2))].

Case 1.1.4: n =5 (mod 8) and b is odd. Then i =1 and ¢ = (n — 3)/2. So

[f28((n — c = 2,))] = 2[S(((n +1)/2, (n — 1)/2))].

Case 1.1.5: n = 7 (mod 8) and b is even. Then i = 0 and ¢ = (n — 3)/2. So

[f28((n = c=2,¢))] = 2[S(((n +3)/2, (n = 3)/2))] + 4[S(((n +1)/2, (n = 3)/2,1))].

Case 1.1.6: n = 7 (mod 8) and b is odd. Then i =1 and ¢ = (n — 5)/2. So

[f28((n — ¢ = 2,¢))] = 2[S(((n +1)/2, (n — 1)/2))].

Case 1.1.7: n =1 (mod 8) and b is odd. Then i =1 and ¢ = (n —1)/2. So

[f25((n —c—2,0)] = 4[S(((n + 3)/2, (n = 3)/2))] + 2[S(((n + 5)/2, (n — 5)/2))]
and then

2dn-201+2 g = (n — 3)/2,
[f2p(n=bt=1b=1) . G((n — a,a),e)] = { 2dn-21t1 g = (n —5)/2,

0, else.

So we only need to check the multiplicity of D~%% as a composition factor of the
modules S(((n+3)/2,(n—3)/2),+) and S(((n+5)/2,(n —5)/2),+).
Case 1.1.7.1: b < (n — 7)/2. Considering P("~?=2) we have that

(n—3)/2
[P(nfbflb)] E[S(n*b*Zb)]_'_ Z gn—2b—1,a—b[s(nia727a)]
a=b+1

2 [S(((n — 1)/2, (0~ 3)/2)] (mod Ty—2)
So

(n—1)/2
[flfOP(n—b—Zb)} E S(n bb) Z H/ S(n a a)
a=b+1

20 S((n 4 8)/2, (n — 3)/2)] (mod T,,).
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So P("=bb) is a direct summand of f; foP("~?=2 by Lemma 3.5. Since f; foP("~0=2b)
has no composition factor S(((n + 5)/2, (n — 5)/2),+) the same holds also for P("~0:b)
(and then D(~%?) is not a composition factor of S(((n +5)/2, (n —5)/2),+)).

By Lemma 2.1

[S(((n+5)/2,(n = 5)/2), %) : DIPHH/2=5)/2)) —
[S(((n+3)/2,(n—3)/2),+) : DIPU(+5)/2,(n=5)/2)] —

So by Lemma 3.5
[fiZP(n—b—l,b—l)] — 2[P(n—b,b)] + an72b+1+1[del((n+5)/27(n—5)/2)] (mod R,),
and then by Lemma 3.2

[S(((n+3)/2,(n - 3)/2),+) : D""P]
= 1/2[f7 PP S((n +3)/2, (n - 3)/2), 4)]

e [P0 (412, (0~ 8)/2), %)
_ 2dn—2b+1+1 _ an—2b+1

— gn-zvs1,
Case 1.1.7.2: b = (n — 3)/2. By Lemma 3.1 and induction
[P((n+3)/2,(n=7)/2)] = [§((n+3)/2,(n=T)/2)] 4 [§((n=1)/2,(n=3)/2)]
+2[5(((n = 1)/2,(n = 3)/2))] (mod T,,—»)
and then
[f1 fo P 3)/2:(n=1)/2)] = [g((n+7)/2,(n=7)/2)] 4 9[G((n+3)/2,(n=3)/2)]
+4[S(((n+3)/2,(n —3)/2))] (mod T},) .

By Lemmas 3.1 and 3.2 we then have that P(("+3)/2.(n=3)/2) ig 5 direct summand of
flfOP((n+3)/2’(n_7)/2)' Since

[ foP D202 5((n 4 5)/2, (n — 5)/2), £)] = 0

we can then conclude as in the previous case.
Case 1.1.8: n = 5 (mod 8) and b is even. Then i =0 and ¢ = (n — 5)/2. So

[f28((n — ¢~ 2,¢))]
=4[S(((n+3)/2,(n = 3)/2)] +2[S(((n +5)/2, (n - 5)/2))]
+4[S(((n+1)/2,(n = 3)/2, 1) +4[S(((n + 3)/2, (n = 5)/2,1))],
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and then

2dn—20+142 g = (n — 3)/2,
(2P =11 1 §((n — a,a),e)] = § 2%-201tL g = (n—5)/2,
0, else.

Again we only need to check the multiplicity of D=t as a composition factor of
S(((n+3)/2,(n—3)/2),£) and S(((n+5)/2,(n —5)/2),£).

Note that b < (n—15)/2 since b < (n—3)/2 is even. This case can be checked similarly
to Case 1.1.7.1 using fo fy P("—0=2),

Case 1.2: b = 0. In this case we will study fofiP"""?. Let ¢ = (n —3)/2 if n =
+3 (mod 8) or ¢ = (n —5)/2 if n = £+1 (mod 8). Then

(n—3)/2
[P(n=2)] = Z In_1.a[S" 2] 4 24-1[S((n — ¢ — 2,¢))] (mod T}, ).

a=0

Note that (by definition of g,,—1 4 or by block decomposition) g,—1,, = 0 if a is odd. For
a even we have that

[fofls(n—a—Q,a)] = [S(n—a,a)} + 5a<(n73)/2[5(n—a—2,a+2)] (mod szm)-

Ford =(n—1)/2ifn=1o0r3 (mod8) or ¢ = (n—3)/2if n =5o0r 7 (mod 8) it
can be checked that

fofiS((n = ¢~ 2,0)] =2[S((n — ¢, )] (mod TP™)

So, by Lemma 3.5,

(n—1)/2
fofiP" 2= 3" La[P" ] 4+ Y Ly[P)]
a=0 AEX,

for some L,. Let k > 1 maximal with n + 1 = h2* for some h > 1 (so that h = 2 or
h > 3 is odd).
We will first show that

k—1
[fofi P=2) = [PM] 423 [PM=2'2)] (mod R,) (4.3)
=1

and then use this to show that [P : S((n — ¢/, ¢’))] = 2%+,
To prove (4.3) it is enough to check the multiplicities of P("~®®) in f,f; P("=2) for
0 <a < my. In view of Lemma 3.6 this is equivalent to showing that
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1, a=0,
[eregD( =49 . DD = 2 =2 with1<i<k-—1,
0, else.

Since any composition factor of egD("~%%) is of the form D"~ for some b and
by [17, Theorem 11.2.7] [elD(”_b_l’b) : D("_Q)] = 0p,0 (using that n is odd, so that
(n — b — 1,b) has only one normal node), it follows that [e;eqD("~%%) . D(=2)] =
[eo D=3 D("=1] We will use the main theorem (on p.3304) of [25] without further
reference until the end of Case 1.2. By block decomposition we have that

1, a=0,

D(nfa,a) . D(nfl) _ )
leo ] 0, a> 0 with a # 2' for some ¢ > 1.

So we may assume that a = 2 with i > 1. Note that
k-1
n—2a=h2" -2 — 1= (h—1)2F — 27" 1 "o,
7=0

If i > k then h > 3 is odd (since 2¢ < n/2 as (n — 2¢,2%) is 2-regular). It follows
that 2¥ is the smallest power of 2 missing in the 2-adic decomposition of n — 2a and so
[eOD(”_QiQi) : D("_l)] =0.

. k—1o; i i P i j

Ifi = k—1thenn—2a = (h—2)2F +3772/ = (h—2)2"+! + Zj:o?,- Since Y272
appears in the 2-adic decomposition of n — 2a, it follows that [eoD(@_2L’2L) : D("_l)] =2.

If i < k—2then n—2a = (h— 12k + Z?;il“ 2 + 37502, so that again
legD(n—2'2) . pn-1] _ 9.

We will now use (4.3) to show that [P : S((n — ¢/, c'))] = 29n+1. To see this, note
that d,,+1 = dp + k. Further for 0 <i < k — 1 we have

k—1
n—2H 4 1= (h—1)2" 4+ > 2.
j=i+1
Since h > 2 we then have that

dp_giviy1 =dp1+2k—i—1=dp+2k—1i—-2,

where the last equality holds since h =2 or h > 3 is odd. So

k—1 k—1
2dn_1+1 _ } :an72,ﬂ,+1+1+1 — 2d;,,+2k—1 _ } :th+2k—i—1
i=1 i=1

— 2dh+2]€—1 _ 2dh+2k—1 + 2dh+k — 2dh+k — 2dn+1.
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Case 2: n is even. In this case n — 2b > 4, so n — 2b — 1 > 3. By case 1 we have that

Mn—l
[P(n—b—l,b)] = Z gn_2b7a_b[5«(n—a—1,a)]

a=b

+27-2[S((n — ¢ = 1,¢))] (mod T,, 1)

with ¢ =n/2 — 1 or n/2 — 2 depending on n and b. Let i be the residue of the two top
addable nodes of (n —b —1,b). If gp—2p q—p = 1 then S(n—a—1.a) is in the same block of
D=b=1b) and so the two top addable nodes of (n — a + 1,a) have residue i. Then

M, _

n—1
[fip(n—b—l,b)] = Z gni%’aib([S(n—a,a)] + [S(n—a—l,a—i-l)])
a=b+1

4 2%-20[f,S((n — ¢ — 1,¢))] (mod T},).
Set S@Y) =0 if z < y. For a >n/2 = M,,_1 + 1 we have that
[§(n-a)] 4 [gin—a-Lat1)] —
while for a = n/2 we have that g,—ap4—p = 0 since n — 2b = 2(a — b) > 0. So

[fiP(n—b—l,b)] Ezgn72b,a7b([s(n_a’a)] + [S(n—a—l,a-‘rl)])
a>b

4 2% -20[f,S((n — ¢ — 1,¢))] (mod T},).
Note that if g,—2p.q— = 1 then a — b is even. For a < n/2 we have that a < n —b as
n—2b >4, so that a —b < n — 2b. Thus if a < n/2 with a — b even then g,_2pq—p =

Gn—2b+1,a—b = n—2b+1,a+1—b- Again using that [S("=@a)] 4 [S(=e=LatD] = 0 for ¢ >
n/2 it follows that

[f; P10 = Zgnf2b+1,afb[5(n_a’a)] + 202 [f;S((n— ¢ — 1,0))]

a>b
M,
= Zgn72b+1,a7b[s(n_a7a)} + 2420 [£,S((n — ¢ — 1,¢))] (mod T},).
a=b

Considering the values of ¢ and ¢ in each case, it can be checked that if n = 0 (mod 8)
and b is even or if n =4 (mod 8) and b is odd then

[fiS((n—c=1,¢))] =2[S((n/2+1,n/2 = 1))]
+2[S((n/2 4 2,n/2 — 2))] (mod TEP™)

while in all other cases
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[fiS((n—c—1,¢))] =2[S((n/2 +1,n/2 —1))] (mod T5P™) .
In view of Lemmas 3.1 and 3.5 it follows that
[fiP("_b_l’b)] = [P("_b’b)] (mod R,).
Since dp,—9p+1 = dp—2p + 1 (by definition), the theorem then follows from Lemma 3.3.
5. Proof of Theorem 1.5

In this section we will prove Theorem 1.5. We start with the case n = 2 (mod 4) and
b odd (this is equivalent to dbl(n — b,b) having 2-core (4,3,2,1) or (3,2,1)).

Lemma 5.1. Let p=2,n =2 (mod 4), 0 < a < m, and 1 <b <™, with b odd. Then
[S((n —a,a),0): Ddbl("_b’b)] = Gn—2b,a—b-

Proof. If a is even then S((n — a,a),0) and DIPI"=0:b) are in different blocks. Since
n — 2b is even while a — b is odd, the theorem holds in this case. So we may assume that
a is odd.

By Lemma 3.1 we have that for any 0 <z < M,, and 0 <y < m,,

[SC=2®) : DY) = g 10y

By [26, Theorem 9.3], in the Grothendieck group,
(S5 @ S((n)] = (14 8220)[S((n — 2, 2))] + (1 + 6021)[S((n — z + 1,& = 1)),

where S((n/2,n/2)) and S((n + 1,—1)) are both defined to be 0. It follows that for
1<a<n/2-2o0dd

(a—1)/2
[S((n—a,a),0)] =1/2 > ([S"7271240 @ §((n))] — [S" %) & S((n))].

c=0

If y > 2¢+ 1 then D™~¥¥) is not a composition factor of §(—2c—1.2¢+1) o) G(n—2¢,2¢) f
y < 2c+1 is even then

—2¢—1,2¢+1) . -y, _ _
[S(n ¢ cetl) . D(n Y y)] = gn—2y+1,2c—y+1 = In—2y+1,2c—y

— [S(n72c,2c) . D(nfy,y)]

as both n — 2y and 2c¢ — y are even. Thus
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[S((n —-a a)v 0)]

(a=1)/2 ¢

=1/2 Z Z(gn—4z—1,2c—22 — Gtz 120-2.1)[D"ETL2HD @ §((n))]
c=0 2=0

(a—1)/2 ¢
Z Z In—42—1,2¢—2z _gn74z71,2072271)[Ddbl(n_22_1722+1)]

c=0 =z=

H

(a—1)/2

(a—1)/2
= E gn—4z—1,2c—2z — 9n—4z—1,2¢—22—1
2=0 c=z

)[Ddbl(nf2z71,22+1)]

with the second equality holding by [11, Corollary 3.21]. All partitions appearing are
2-regular, since 2c+1 <a <m, <m, and 0 < z <c.
Since n — 4z and 2¢ — 2z are even

(a—1)/2
Z (gn—4z—1,20—2z - gn—4z—1,20—22—1)
c=z
(a—1)/2
= Z (9n—4z—2,2c—2z *9n—4z—2,2c—2z—2)
c=z

= 0On—4z—2,a—22—1 — Yn—42—-2,-2

= On—4z—2,a—2z—1
and so the theorem holds. O

In order to prove Theorem 1.5 in general, we will use some block components of
inductions/restrictions of the modules P4PX%?) with ¢ = b = +1 (mod 4). We point out
that the cases b odd if n = 0 (mod 4) or b even if n = 2 (mod 4) are not covered in the
following lemma.

Lemma 5.2. Let 1 < b < m,. Let ¢ = 0 if b = 00or3 (mod4) ori = 1 if
b=1 or2 (mod 4). Define F, C and z and y through:

e ifn=0 (mod4) and b is odd then x =2,y =0, F = f? and C = 2,

e ifn=1 (mod 4) and b is even thenx =2,y =1, F = f? and C =6,

o ifn=1(mod 4) and b is odd thenx =3,y =0, F = e;fi_if? and C = 6(2+ d;—¢),
o ifn=2 (mod4) and b is even thenxz =3, y=1, F = f1_;f? and C =6,

e ifn=23 (mod 4) and b is even then x =4,y =1, F = f2 .f3 and C =12,

e ifn=3(mod4) and b is odd thenx =1, y=0, F = f; and C = 1.

Then

[P pavln=b=eb=0)] = C[PAPI=bD] (mod R,).



128 L. Morotti / Journal of Algebra 657 (2024) 109-140

Proof. This can be seen by (repeated) application of the following argument and by

comparing numbers of (co)normal nodes of all 2-regular partitions of the forms (A, B),

dbl(A, B) and in the last case also (A4, B, D) or dbl(A, B, 1) with the right content.
Let j be a residue, r > 1 and a = dbl(N — B, B). If

[Q] = d[P?] (mod Ry)

and that €;(a) > €;(8) — r for all 2-regular partitions 8 of N + r which are 2-parts
partitions or doubles of 2-parts partitions with P? in the same block as fiP*. By
Lemmas 2.2 and 3.1 we have that no composition factor of 3_ .y dy[P7] is of the
forms SV=¢¢) or S((N —e,e),...), so no composition factor of >opexy Ay [ffP] s of
the forms S(NF7=¢¢) or S((N 41 —e,e),...) and then by Lemma 3.6

[f; Q] = dr! (Sj(az * r) [P77®] (mod Ry.,).

Similarly by Lemma 3.7 if ¢1(«) > ¢1(8) — r for all 2-regular partitions 5 of N —r
which are 2-parts partitions or doubles of 2-parts partitions with P? in the same block
as e] P“, then

p1(a) +r
T

Q) = ar( )77 mod )

(as we are removing nodes of residue 1).
When taking eqf; f3 PEPYef) a more careful analysis is needed. In this case n =
1 (mod 4) and b =3 (mod 4), so that e = f =3 (mod 4). It can be checked that

[fgpdbl(e,f)} _ 6[del(e+2’f+l)] + [P]
LIS PANED] = 6[PIEEI ] 4 [Q)

with no projective module indexed by a partition with at most 3 rows or of the form
dbl(E, F) or dbl(E, F, 1) appearing in either P or Q. So no module of the form S(:")
or S((g,h),...) appears in epQ, which allows to show that

leo f1£5PAPNeD)] = 12[PIPNT3D] (mod Reypys). O
We are now ready to prove Theorem 1.5.

Proof of Theorem 1.5. If n = 2 (mod 4) and b is odd the theorem has been proved in
Lemma 5.1. Let ¢ = 0 if b = 0 or 3 (mod 4) while i = 1 if b = 1 or 2 (mod 4). By
Lemma 5.2 we have that

[Fdel(nfbfm,bfy)] = C«[del(n*b,b)] (mod R,,)

for F';, C and = and y given by:
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o if n=0 (mod 4) and b is odd then z =2, y =0, F = f? and C = 2,

o if n=1 (mod 4) and b is even then x =2, y =1, F = f? and C = 6,

e if n=1 (mod 4) and b is odd then x =3, y =0, F = e, f1_if} and C = 6(2 + d;—o),
e ifn=2 (mod 4) and biseven then x =3,y =1, F = f1_;f? and C = 6,

e ifn=23 (mod4) and biseventhenx =4,y =1, F = f2 . f? and C = 12,

o if n=3 (mod 4) and bisodd thenz=1,y=0, F = f; and C = 1.

In view of Lemmas 3.6 and 3.7 we then have that in each case

[S((n — a,0),) ; DIBI—b0)

— [PALI09) . §((n — a,a), )]

= 1/C[FPIPn=t=2b=9) . §((n — a,a),¢)]

= 1/C S [P0 - SOFS() : S((n — a,a), )]

=1/C ) [PIP=bmeb=)  S)[FS(v) - S((n — a,a))].

Apart from the case n =1 (mod 4) and bodd, F = f;, ... f;. for some r and iy,. .., .
So we may limit the sum to partitions v with at most 2-parts.

If n =1 (mod 4) and b = 1 (mod 4) then [PIPI=0Y) . S((n — a,a),¢)] is obtained
considering ey fo 3 PAPU"=b=38) " Since removing 1-nodes from bar-partitions does not
change their length, we may again restrict the sum to v with at most 2-parts.

If n =1 (mod 4) and b = 3 (mod 4) and S((r,s,t),e"”) is any module appearing in
Ppabl(n—=b=3.b) with ¢t > 1 then t > 1 by block decomposition (comparing bar-contents it
can be checked that 2 of r,s,t are = 3 (mod 4) and the third is = 0 (mod 4)), so these
modules do not give rise to modules of the form S((n — a, a),¢) in eq fi f3 PIPU—b=3:0),
So also in this case we only need to consider partitions v with at most 2 parts.

Note that in each case n —b—x —y = 2 (mod 4) and b — y is odd. Thus

[del(n—b—ac,b—y) . S((n —r—y— 2z Z))]
= [P0 (- 2,2), )]
= gn—2b—z+y,z—b+y

by Lemma 5.1. Since n—2b—xz+y is even, if gp_op—z4y,2—p4y 7 0 then z = b—y (mod 2)
is odd. So [S((n — a,a),e) : DIPUN=bD)] ig given by

(n—x—y—6)/4

S Sttt g (g y 22— 1,25 41)) £ S((n— aa)
z2=0

(since Myp—g—y = (n —x —y — 6)/4). If we set S(A) := 0 whenever X is not a 2-regular

partition then [S((n — a,a),¢) : DIPU=0Y)] ig given by
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gnf%f"]”é;%*“y“ [FS((n—z—y—22—1,22+1)): S((n—a,a))].
z€ZL

If z<0then2z—b+y—1<0, whileif z=n—o—y—2)/4then2z—-b+y+1=
(n—2b—x +y)/2. In either of these two cases gn—2p—a+ty,2:—b4y+1 = 0.

If 2 > (n—x—y+2)/4 then n—x—y—22z—1 > 2z+5 and so (n—x—y—2z+k—1,2z+0+1)
is not a 2-regular partition for any k£ < 4 and ¢ > 0.

Further, since n—2b—x+y = 0 (mod 4), if gn—2p—g+y,2:—b+y+1 = 1 then the partition
(n—x—y—22z—1,22+1) has 2 (recursively) bar-addable nodes of residue i on each of the
first and second row (this could also be seen using block decomposition and comparing
bar-contents) and that n —z —y — 22 —1>2z+5since z < (n—x —y—6)/4.

These facts can be used to check that

In—2b—a+y2:bryt1[FS(n —2 —y —22—-1,224+1))] =0

whenever S(\) = 0.
We will now in each of the 6 cases compute

gn72b7:v+g2z7b+y+1 [FS((n—a —y—22— 1,22 +1))]
z€Z
and study the coefficient of S((n — a,a)) to prove the theorem.

Since b < m,,, we always have that n — 20— 1 > 4 if n = 1 (mod 4) and b is even
orn = 3 (mod 4) and b is odd, n —2b— 2 > 4 if n = 0 (mod 4) and b is odd or
n =2 (mod 4) and b is even and n —2b —3 > 4 if n = 1 (mod 4) and b is odd or
n = 3 (mod 4) and b is even. This will be used without further reference in the following
case analysis to compare the existence of some h with r < 2" < s whenever comparing
distinct coefficients g, ;. Comparing the 2-adic decompositions (or at least the last two
summands in each of them) of the corresponding r and s can be done by writing each
appearing number as 4t + v with 0 < u < 3.

Case 1: n =0 (mod 4) and b is odd. Then

3 g—”*%*;%b*l [f25((n — 22 — 3,22 + 1))]
2€EZ

= Z In—2b—22:—b+1([S((n — 22 — 1,22 4+ 1))] + 2[S((n — 22 — 2,2z + 2))]
z€Z

+[S((n — 22 — 3,22+ 3))]) (mod T=P™).

So

[S((n _ a7a)’8) . Ddb](nfb,b)} — 29n—2b—2,a—b—1 a %S everll,
In—20—2,0—b + Gn—20—2,a—b—2 @ is odd.

We have to show that this is equal to gn—2b.a—b + 29n—20—2,a—b—1-
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Write n—2b = 4r+2 and a—b = 4s+t with 0 < ¢ < 3. If a is even then g,,_2p,4—5» = 0, SO
the theorem holds. If a is odd then g,—2p—2,4—5—1 = 0. Further g,_2p q—p = gar+2.45+¢ =
g4r,4s- Ift =0 then

In—2b—2,a—b + Gn—2b—2,a—b—2 = J4rds + Gar 4(s—1)+2 = J4r,ds,
while if ¢ = 2 then
In—2b—2,a—b + Gn—20—2,a—b—2 = G4r 4s+2 T Jar4s = Jar ds-
Case 2: n =1 (mod 4) and b is even. Then

In=2=12:b52 68.G((p — 22 — 4,22 + 1))

6
z€Z
= Z gn—2b—l,22—b+2([s<(n —2z-2,2z+ 2))} + [S((n —2z-3,2z+ 3))])
z€Z

(mod T5P™) .

So

S((n —a.a).e) : papln—bb)) _ ) In—-2b—1.a-b @ Is even,
[ (( ) )’ ) ] gn72b71,a7b71 a is Odd.

We have to show that this is equal to gn—2p ¢ —b-
Write n —2b=4r+1and a —b = 4s+t with 0 <t < 3. If a is even then ¢t = 0
Or 2, 80 gn—2b—1,a—b = Jdr s+t = Gar+1ds+t = Jn—2b,a—b- If a is odd then t = 1 or 3, so

9In—2b—1,a—b—1 = G4r.ds+t—1 = G4r+1,4s+t = Gn—2b,a—b-
Case 3: n =1 (mod 4) and b is odd. Then

In—2b—3,2z—b+1 3
— e fi—i [ S —2z—4,2 1
3 i S =2 =422 D)

= Zgn_gb_&zz_b_i_l([s((n —22—-1,224+1))]+ [S((n — 22 — 4,2z + 4))])
z€Z
(mod T:EP™)

(if ¢ = 0 we can also add and remove a node to the third row). So

S((n—a,a),e) : DIPU=bL)] — In—2b-3,a—b-3 a%s eve
15U »e) PV tossas ais odd,

We have to show that this is equal to gn—2b.a—b — gn—20—2,a—b—1-
Write n—2b = 4r4+3 and a—b = 4s+t with 0 < ¢ < 3.If ¢t = 0 then g,—2p—3,0—b = Gar.4s
and
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9n—2b,a—b — Gn—2c—2,a—b—1 = J4r+3,4s — J4r4+1,4(s—1)+3 = YG4r4s +0= 94r4s-
If t =1 then g,—2b—3,0-b-3 = gara(s—1)+2 = 0 and
In—2ba—b — Yn—2c—2,a—b—1 = Jar+3,4s+1 — Gar+1,4s = 0.
If t =2 then g,—2p—3,0—b = Garas+2 = 0 and
In—2b,a—b — Gn—2c—2,a—b—1 = Gar+3 4s+2 — Jar+1,4s+1 = 0.
If t = 3 then gn_2p-3,0—b—3 = Gar,4s and
9In—2b,a—b — Yn—2c—2,a—b—1 = J4r+3,45+3 — Jar+1,4s+2 = Gdrds-
Case 4: n =2 (mod 4) and b is even. Then

3 In=20=22:2b%2 14 3G((n— 22 — 5,22 + 1))]

6
2€ZL
= Zgn,2b72’2Z7b+2(2[S((n — 2z — 2, 2z + 2))] + 2[5((” — 2z — 4, 2z + 4))])
z€Z

(mod TEP™).

So

dbl(n—bb)] _ ) 29n—-20-2.a—b + 2gn—2b—2,a-b—2 @ IS even,
[S((n—a,a),€) : DX = {O a is odd.
We have to show that this is equal to 2g,—2p q—».

Write n —2b=4r +2and a — b =4s+t with 0 < ¢ < 3. If a is odd then a — b is also
odd and so gn—2p,q— = 0. If a is even then ¢ = 0 or 2 and we can conclude similarly to
the a odd case in Case 1.

Case 5: n = 3 (mod 4) and b is even. Then

n=2b-32:-b%2 g2 3G((n — 2z — 6,22 + 1))]

12

z€Z

= gn-ap-32:-br2([S((n — 22 — 2,22+ 2))] + [S((n — 22 — 5,22 + 5))])
z€Z

(mod T5P™).
So

a is even,

S((n—a,a),e . pdbl(n=bb)) ) Gn—2b=3,a-b .
S )€) ] Gn—20-3,a—b—3 @ is odd.
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We can show similarly to Case 3 that this equals g,—26.0—6 — gn—20—2,a—b—1-
Case 6: n = 3 (mod 4) and b is odd. Then

Z In—26-1,2:—b+1[fiS((n — 22 — 2,22 + 1))]
2€ZL

=Y gn-2p-12:-041([S((n =22 = 1,22+ 1))] + [S((n — 22 — 2,22 + 2))))
z€Z

(mod TPin)

So

S((n — a,a),c) : DAPNn—bb) — ) In—2b—la=b-1 a is even,
[S((n — a,0),) = e

It can be proved similarly to Case 2 that this equals gn—2p o—p. O

6. Proof of Theorem 1.6

In this section we will prove Theorem 1.6.

Let n =0 (mod 4) and 2 < b < 7T, be even. Further let ¢ = 0 if b = 0 (mod 4) and
t=1if b =2 (mod 4).

By Lemmas 1.5 and 5.2 and by [17, Remark 11.2.9] we have that

[fifffif{gpdbl("_b_&b_l) : del("_b’b)] 2

= 1 s
[fidel(nfb,b) : del(nberl,b)] _ 9,
[f_del(nfb,b) : del(nfb,b+1)] —9

By Theorem 1.5

[PABI=b=55=D) . G((n — 6 — ¢, ¢))] = Gn—2b—d.c—bi1,
[PAPI=b+18) . (0 — ¢ 4+ 1,¢))] = Gn—2b11.c-b)

[PAPIn=bb4D) . (41— ¢,¢))] = Gn-2b-1.0-b-1 — In—2b—3,c—b—2

for 0 < ¢ <my_g or 0 < ¢ < my41 respectively.

We will use this to compute upper bounds on the decomposition numbers. In some
cases we will also show that these upper bounds actually give the actual decomposition
numbers. Note that by the above

[fif127ifi3del(n—b—5,b—1)] = 12[del(n—b,b)] (mod Rn) ,
[fidel(n—b,b)] = Q[del(n—b+1,b)] + 2[de1(n—b,b+1)} (HlOd RnJrl) )



134 L. Morotti / Journal of Algebra 657 (2024) 109-140

Similar to the proof of Theorem 1.5,

S((n—a (l) ) Ddbl(n bb)] [del(n b,b) . S((n—a,a))]

< SRR FPPO50D - 5((n— a,0))]

:Zipdbln b—5,b-1) . S f2 . f25w) : S((n — a,a))]

—Z In=20-422=b¥2 4 2 3G ((n — 22 — 7,22+ 1)) : S((n — a,a))],
cZ

and

[P0 §((n — e+ 1,0))] + [P0 S((n - e+ 1,¢))]

< P2 AJPPIO I D (0 a,0))

:Z%[del(nfbfs,b 1) . ( )Hfol Zflg ( ) ((n_a a))]

- In—20—4,2z—b+2 [ 9

24 FARZifPS((n =22 = 7,224+ 1)) : S((n — a,a))].

z€Z

Again let S((c,d)) := 0 whenever (c,d) is not a 2-regular partition. If 2z + 1 #
b—1 (mod 4) then gn_9p—4.2,—p42 = 0 since n —2b =0 (mod 4). If n — 4z — 8 = 0 then

22—b+2=(n—-2b—4)/2 and 50 gn—2p—42s—by2 = 0. If 22 +1 =b— 1 (mod 4) and
n —4z — 8 # 0 then

%[fsz—szs((n —22-1,22+1))]

=2[S((n — 22 — 2,22 +2))] + 2[S((n — 22 — 3,2z + 3))]
+ Q[S((TL —2z—-5,22+ 5))] + Q[S((n —22—6,2z+ 6))] (mod T:;pin)

and

i[f?f%_iffS((n — 227,22 +1))]

= Oat(n—ay/a[S((n =22 — 1,224 2))] + 2[S((n — 22 — 2,22 + 3))]
+ (1 + 627&(n—12)/4)[5((n —2z— 5 2z + 6))]

+[S((n—22—6,22+7))] (mod Tff_ﬁl)

It follows that

[S((n — a,a),e) : DIPUP=bD)] (6.1)
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USSP S (- a,0))

29n—2b—4,a—b + 29n—2b—4,a—b—4, a is even,
20n—2b—4,a—b—1 + 20n—2b—4,a—b—3, @ is odd

and

In—2b+1,c—b T In—2b—1,c—b—1 — Gn—2b—3,c—b—2 (6.2)
= [PAPI=bHLE) - G((n — ¢+ 1,¢))] 4 [PIPU=004D) - §((n — ¢+ 1,¢))]

S 2R P50 5 (e 41,

_ 5c¢n/29n72b74,67b + (1 + 6c¢n/2)gn72b74,cfb747 c is even,
20n—2b—4,c—b—1 + Gn—2b—4,c—b—5, c is odd.

If equality holds in (6.2) for some ¢ with ¢ —b =0 or 1 (mod 4), then equality must hold
in (6.1) for a € {¢ — 1, ¢}, since S((n — ¢+ 1,¢)) appears in both f;S((n —c+1,c¢—1))
and f;S((n — ¢, ¢)) (the first one provided ¢ > 1).

Since b < n/2 — 4 we have that n — 2b — 4 > 4. It can thus be checked (considering
all possibilities for ¢ — b (mod 4) and writing all appearing numbers in the form 4r + s
with 0 < s < 3) that

20n—20—-3,a—b + 29n—2b—3,a—b—3

) 29n-20-40-b 1+ 29n—20-4,a-b—14, a is even,
29n—2b—4,0-b—1 + 29n—2v—4,0-b—3, ais odd,

so that
[S((n —a,a),e) : DI <20 o1 50 b+ 2090 2b 3.0 b_3-

If a — b =2 (mod 4) then from n — 20— 3 =1 (mod 4) (as n = 0 (mod 4) and b is
even), we have that

[S((n — a,a),e) : DIPI=ED] <29 o 50 b+ 20020343 =0,

so that equality holds.

Thus we may now assume that a — b #Z 2 (mod 4) and that at least one of
va((L(a—=b+1)/4])) > wvo((n — 2b)/4) or gn_op—a.4|(a—b+1)/4j—4 = 0 holds. In this
case we will show that equality holds in (6.2) with ¢ = a + 1 if a — b = 3 (mod 4),
c=aora—1ifa—b=0 (mod4)orc=aifa—b=1(mod4). The assumptions
vo(([(@ — b+ 1)/4])) > va((n — 2b)/4) and g, _2p—4,4|(a—b+1)/4/—4 = O then become
va((L(e = b)/4])) = va((n —2b)/4) and g, _2p—4,4](c—b)/4)—4 = O respectively.
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If c=n/2and ¢—b=0or 1 (mod 4) then ¢ = 0 (mod 4), since b and n/2 = ¢ are
both even. In this case

va(([(c = 0)/4])) = va((n — 2b)/8) < va((n —2b)/4).

Further the right-hand side of (6.2) is gn—2v—4,c—b—4 = gn—26—4,4(c—b)/4|—4- If this is 0
then equality holds, since the right-hand side is non-negative.

We may now assume that ¢ < n/2. Write n — 2b = 4k and ¢ — b = 4¢ + = with
x €{0,1}. If = 0 then

Gn—2b+1,c—b T Gn—2b—1,c—b—1 — Gn—2b—3,c—b—2
= G4k+1,40 T 94(k—1)+3,4(6—1)+3 — J4(k—1)+1,4(0—1)+2

= Gak+1,40 + G4(k—1)+3,4((—1)+3

and
In—2b—4,c—b T 20n—2b—4,c—b—4 = Ga(k—1),4¢ T 294(k—1),4(¢—1)-
If =1 then
In—2b+1,c—b T Gn—2b—1,c—b—1 — Gn—2b—3,c—b—2
= Gak+1,4041 + G4(k—1)+3,4¢ = G4(k—1)+1,4(£—1)+3
= §4k+1,40+1 T J4(k—1)+3,4¢
and

29n—2b—4,c—b—1 + Gn—2b—4,c—b—5 = 294(k—1),4e + 9a(k—1),4(¢—1)-

Since again n — 2b — 4 > 4, it follows that in either of the two cases equality in (6.2)
holds if and only if

Gkt = Gk—1,6 T Gk—1,0-1- (6.3)
We will show that this holds whenever
va(€) = va(([(c = 0)/4])) = va((n — 20)/4) = v2(K)
or

Gk—1,6—1 = Ja(k—1),4(b—1) = In—20—4,4|(c—b)/4]—4 = 0

hold.
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If c =0 then £ =0. As n — 2b > 8 we have that £ > 2 and then (6.3) holds.

We may now assume that ¢ > 0 and write k = 2¥(2k + 1) and ¢ = 2°(2¢ + 1) with k
and ¢ non-negative integers.

Case 1: 15(f) > (k). Then z > y, so that £ = 2YT1¢' with ¢ integer, and

9kt = Goy+1%42v 2v+1pr = Gg p
Jk—1,6 = Gou+1kqov—14 41 ov+igr = G o
Jk—=1,-1 = Govr1Fpou—14 41 25+10425 14 420 42u—14 41) — 0.

So (6.3) holds.
Case 2: 15(¢) = vo(k). In this case z = y so

9kt = Goy+1ftov 2v+1742v = 957
Jk—1,6 = Gou+1%4ou—14 .41, 2v+1742v — 0

Jk—1,—1 = Gov+1fyov—14  11,2v+1742v-14. . +1 — 9% 7

and then (6.3) holds.
Case 3: 15(¢) < (k). We may assume that gi_1 ¢—1 = 0. Since v2(f) < vo(k) we have
that g ¢ = 0. Further 2 <y —1, so

Ik—1,6 = Gou+1fqov—14 . +1,2:+1742>
S Gout1qou—14. +1,25110422 14 +1

=gr-16-1=0.

In particular (6.3) holds also in this case.
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Appendix A. Examples

We show through some small decomposition matrices which parts of the decomposition
matrices can be computed using Theorems 1.4, 1.5 and 1.6. Since if n Z 0 (mod 4) or
if n < 8 and n = 0 (mod 4) only the column corresponding to (dbl(n))® cannot be

computed through the first two of these results, we consider only cases n > 12 and
n =0 (mod 4) here and cover the first few such cases.
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We color the columns labeling as follows: red if the corresponding column is cov-
ered by Theorem 1.4, blue if covered by Theorem 1.5 and green if (partly) covered by
Theorem 1.6.

In general, for the columns of D(m("))R7 [27, Tables III, TV] can be used to find the
first two entries, but no further information is known (apart for small n).

For n = 12 the decomposition matrix can be recovered from [10] (and some compu-
tations to identify rows and columns), which we use to give the missing decomposition
numbers (all in the column of D(7-5)).

We add =? for known decomposition numbers that are not computed using Theo-
rems 1.4, 1.5 and 1.6

As usual, missing numbers should be interpreted as 0.

R A Qa /R /AR R 7 ~° %
S((12), %) 1=7
S((11,1),0) 1=?
S((10,2),0) 0=7 2
5((9,3),0) 1= (1 2 1
S((8,4),0) 8 2=7
S((7,5),0) 8 8 4 2] 1=7? 2 1
Q X R R R R & = = K = =
QA3 A A QAR 8 A AR 5 R
S((16),+) 1="
S((15,1),0) 1=?
S((14,2),0) ? 2
S((13,3),0) ? 1 2 1
S((12,4),0) ? 2 2
S((11,5),0) ? 1 2 1 2 1
S5((10,6),0) 16 8 4 ? 2
S5((9,7),0) 8 16 |8 8 4 2 ? 1 2 1
S & A a &8 A A 4 & A 3 & H A A A %
S((20), £) 1="
S((19,1),0) 1=7 1
S((18,2),0) ? 2 2
S((17,3),0) ? 1 2 1
S((16,4),0) ? 2 2
S((15,5),0) ? <2 |1 2 [1
S((14,6),0) ? <4 2 2
S((13,7),0) ? <2 |1 2 |1 2 1
S((12,8),0) 16 16 8 4 ? 2 2 2
S((11,9),0) | 16 16 |8 16 |8 8 4 4 2 ? 2 1 2 1
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In particular, for n < 23, the only decomposition numbers which cannot be recovered
are [S((20 — a,a),0) : DU082)] for 5 < a < 7 and those in the column of DEPI(n)™

Boxes in the above decomposition matrices point out parts of the different matrices
where corresponding decomposition numbers are equal. Similar regions always exist when
comparing decomposition matrices for n and n — 4 (due to formulas for decomposition
numbers in the results in the introduction and [21, Theorem 1.4]).
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