Heinrich Heine
Universitat
Dusseldorf .

Stable Lévy Processes

Parabolic Fractal Geometry

&
Applications to Random Schrodinger Operators

Inaugural-Dissertation

zur Erlangung des Doktorgrades
der Mathematisch-Naturwissenschaftlichen Fakultat

der Heinrich-Heine-Universitat Diisseldorf

vorgelegt von

Leonard Jobst Eberhard Pleschberger
aus Meerbusch

Diisseldorf, Dezember 2023



Gedruckt mit der Genehmigung der
Mathematisch-Naturwissenschaftlichen Fakultat der

Heinrich-Heine-Universitat Dusseldorf

Berichterstatter:

1. Prof. Dr. Peter Kern
2. Prof. Dr. Constanza Rojas-Molina

Tag der miindlichen Priifung:



CONTENTS

Acknowledgements

Part 1. Introduction
1.  Overview of the Thesis

2. Stable Lévy Processes and the Fractional Laplacian

Part 2. Parabolic Fractal Geometry of Lévy Processes with Drift
3. On the Parabolic Hausdorff Dimension

Main Results: Formulas for the Hausdorff Dimension

Graph: Upper Bound via Geometric Measure Theory

Graph: Lower Bound via Potential Theory

Range: Upper and Lower Bounds

® N T

Estimates for the Parabolic Hausdorfl Dimension

Part 3. Spectral Theory of Nonlocal Random Schrodinger Operators
9. Introduction of the Model
10. Existence of the IDS for Gaussian Potentials
11. Lifshitz Tails of the IDS for Gaussian Potentials
12.  Asymptotic Behaviour of the IDS at +o0o for Random Potentials

References

12
25
29
34
95
70

83
86
89
94

98



Acknowledgements

Ich mochte meinen vielen Weggefahrten, die mich stets unterstiitzt haben, meinen
Dank ausdriicken. An erster Stelle steht hierbei meine Familie, insbesondere meine
Eltern Yvonne und Achim, meine Schwester India und Tante Siegrid. Auch Lukas
Eisenhuber danke ich sehr. Unter meinen langjahrigen Freunden mochte ich Nils
Bostelmann, Marc Booten, Stephan Koch und Jens Schachmann hervorheben. Ich
danke all meinen Lehrern und Professoren, die mich gepragt haben, allen voran Peter

Kern, der mir ein guter Mentor war.



Part 1. Introduction
1. OVERVIEW OF THE THESIS

The Brownian Motion is the most investigated stochastic process. The Scottish
botanist Robert Brown observed that pollen on a drop of water exhibit a non-smooth
dynamic which is characteristic of the graph of Brownian Motion, see [8]. Therefore
this phenomenon exists in the real world by observation. In 1905, Albert Einstein
explained diffusion by means of Brownian Motion, see [14]. It took 18 years until
Norbert Wiener mathematically rigorously proved the existence of Brownian motion,
see [45]. In this thesis we deal with a generalisation of the Brownian motion as a
stochastic process on the path space, i.e. isotropic stable Lévy processes which are

introduced in the first part.

In the second part, our aim is to analyse isotropic stable Lévy processes plus (arbi-
trary) Borel measurable drift functions by methods from fractal geometry. In par-
ticular, we determine formulas for the Hausdorff dimension of the graph and the
range of an isotropic stable Lévy process plus drift. Stochastic processes plus drift
occur very naturally in the context of partial differential equations. They describe
the world from a macroscopic point of view, whereas stochastics pays attention to
individual particle movements, i.e. the microscopic world. Both disciplines can be
rigorously translated into each other by yielding the same dynamics. For example the

incompressible Navier-Stokes equations
v+ (v-V)o—pAv+Vp=0, dive=0.
can be written as the stochastic Euler-Lagrange system

'U(ya t) = EP[VY(ya t) ’ UO(Y(yv t))],

t
X(z,t) ==z —|—/ v(z,s)ds ++/2uB; = y.
0

Here, Y := X! denotes the spatial inverse of the molecule motion X, the operator
P is the Helmholtz projection and B, is the d-dimensional Brownian motion, see [11].
Now, the motion X consists of Brownian motion plus drift term.

Starting with Brownian motion, in the past decades much effort has been made to

explicitly calculate the Hausdorff dimension of the range and the graph of stable
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Lévy processes with an even more general self-similarity relation than (2.1), e.g. see
6, 7, 38, 20, 24, 3, 27, 43] in chronological order or the excellent review article [47].
Only recently, Peres and Sousi started to deal with Hausdorff dimension results of self-
similar processes with an additional drift function by considering Brownian motion
[36] and fractional Brownian motion [37]. We will follow the method in [37] to prove
corresponding results for isotropic stable Lévy processes. The restriction to isotropic
stable Lévy processes is due to rotational symmetry which is needed in the proof
method. Compared to the method in [37] we have to overcome with some additional

1ssues:

(1) An isotropic a-stable Lévy process for a € (0, 2) is a pure jump process. Hence
we cannot use Holder continuity of the sample paths to derive upper bounds
for the Hausdorff dimension as in case of fractional Brownian motion in [37].

(2) The Hurst index H = 1/« of an isotropic a-stable Lévy process is restricted
to H > 1/2, whereas H € (0,1) for fractional Brownian motion. It will turn
out that the case H > 1 needs different arguments than the blueprint given
for H € (0,1) in [37].

(3) The tail of the probability density of an isotropic a-stable Lévy process falls
off as a power function, see (2.3), whereas the normal density of fractional

Brownian motion decreases exponentially fast.

In the third part we treat problems in the spectral theory of fractional random
Schrodinger operators via isotropic stable Lévy processes. In particular we deal with

the fractional Schrodinger equation with random potential
i) = (=) P[]+ Ve 0,

containing the Riesz fractional Laplacian plus some multiplicative random potential
in the continuous setting. This equation describes phenomena in semiconductors.
The Riesz fractional Laplacian is the generator of an isotropic stable Lévy process
and we use its stochastic properties in order to prove certain results for the Integrated
Density of States (IDS) of the operator. We follow Nakao’s work [29] who developed
the technique for the genuine Laplacian plus Poissonian and Gaussian potentials. In
[31], Okura generalised his ideas to nonlocal Schrédinger operators with Poissonian
potentials. We complement his work by dealing with fractional random Schrodinger

operators with Gaussian potentials. In particular, we prove the existence of Lifshitz
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tails. Further, we analyse the asymptotics at the right end of the spectrum even for
arbitrary stationary random potentials that fulfil a mild condition. These asymp-

totics mainly rely on the stationarity and the self-similarity of stable Lévy processes.

In Section 2 we define isotropic stable Lévy processes and its analytical analogue,
the fractional Laplacian. We introduce a generalised version of the genuine Hausdorft
dimension which is called the a-parabolic Hausdorff dimension in Section 3. We also
give a priori upper and lower bounds for the a-parabolic Hausdorff dimension in terms
of the genuine Hausdorff dimension. It turns out that covers by a-parabolic cylinders
are optimal for treating self-similar processes, since their distinct non-linear scaling
between time and space geometrically matches the self-similarity of the processes. We
provide explicit formulas for the Hausdorff dimension of the graph and the range of an
isotropic a-stable Lévy process plus Borel measurable drift function in Section 4 and
defer the proofs to Sections 5-7. In sum the a-parabolic Hausdorff dimension of the
drift term f alone contributes to the Hausdorff dimension of X + f. We derive new
formulas and estimates for the a-parabolic Hausdorff dimension of constant functions
and Holder continuous functions in Section 8.

In Section 9 we introduce the model of the fractional random Schrodinger operator
with Gaussian potential. In Section 10 we prove the existence of the IDS for the
fractional Schrodinger operator with Gaussian potential. Then we analyse its asymp-
totics at the left end of the spectrum as A — —oo. In Section 11 we prove Lifshitz
tails for the fractional random Schrodinger operator with Gaussian potential, i.e. ex-
ponential decay of the IDS at the left end of the spectrum. Finally, in Section 12, we
analyse the asymptotics at the right end of the spectrum as A — 400 for arbitrary

stationary random potentials that satisfy some mild condition.

Stable Lévy processes are self-similar but discontinuous. So they act as test processes
for self-similarity. Peres and Sousi worked with the Holder continuity of the fractional
Brownian motion and we can show that the self-similarity is more fundamental than
the continuity in this context. In addition even the asymptotics of the quantum
operators relay on self-similarity and not on continuity, as shown in our part three.
Hence, we conjecture that here, self-similarity is a more fundamental concept than

continuity.



2. STABLE LEVY PROCESSES AND THE FRACTIONAL LAPLACIAN

Let X = (X;)i>0 be a Lévy process in R? which is a stochastic process on some
probability space (2, A, P) with the following properties:

(i) The process P-almost surely starts in 0 € R?.
(ii) X possesses independent increments, i.e. for any 0 < ¢4 < --- < t,, the
random variables Xy, Xy, — Xy,,..., X, — Xy, , are independent.
(iii) X has stationary increments, i.e. the distribution of X, , — X; 4 x 5, does not
depend on t, where the symbol 4 denotes equality in distribution.
(iv) X is stochastically continuous, i.e. P(| X1 — Xi| > ¢) — 0 as h — 0 for any
t>0ande > 0.

Additionally assuming self-similarity, the Lévy process is called stable. In this paper
we only deal with the special case of an isotropic a-stable Lévy process in which case
the self-similarity is given by

(2.1) (Xet)mo 2 (M- X,)s0  forall ¢ > 0,

where 2 denotes equality of all finite-dimensional distributions which characterise
the stochastic processes in law. In this case the Hurst index H = 1/« is restricted
to H > %, i.e. a € (0,2] and the isotropic a-stable Lévy process is also uniquely
determined by the characteristic function E[e&X] = e~ I¢I1* with Lévy exponent
V(&) = C - ||€]|* for some constant C' > 0. In case of & = 2 we obtain Brownian
motion. For details on stable Lévy processes we refer to the monograph [39].

The integrability of exp(—t C'-||£||*) ensures the applicability of the Fourier inversion
formula. Therefore, for any ¢ > 0 the random variable X; possesses the continuous
density function

= p(t,z) = (27r)_d/

¢=i163) ~¥() G — (97)~ / e—il6a) ot Clel" g
Rd

Rd

which for o € (0,2) cannot be expressed in simple terms but belongs to C*°(R?) with
all derivatives in L'(R?) N Cy(RY); see [39]. Further, from the self-similarity property
(2.1) it easily follows that

(2.2) p(t,x) =t~ -p(l, tl%) for all t > 0 and 2 € R%.
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Thus we define p(z) := p(1, x) as the density at time ¢ = 1 and by Theorem 2.1 in [5]

we have the tail estimate
(2.3) p(z) € O(f|z)|~*) as ||lz|| = oco.

This density is bounded and rotationally symmetric, i.e. writing z = ry with r =
lz|| > 0 and y = z/||z|| € S the density p(x) = p(ry) does not depend on y and

due to unimodality, see [39], r — p(ry) is non-increasing.

We also introduce the fractional Brownian motion.

Definition 2.1 (Gaussian Process, fractional Brownian motion). A Gaussian process
is a stochastic process on some probability space (£2,.4,P) such that every finite
collection of its random variables is multivariate normally distributed.

Let H € (0,1]. The fractional Brownian motion BY = (BtH)t>0

space (2, A,P) is a centered Gaussian process with covariance function

on some probability

1
E[Bf - Bf] := §(|t|2H + |sPH — [t — s]?H).
In case of H = 1/2 we obtain the Brownian motion.

The analytic analogon of an a-stable Lévy process is the (Riesz) fractional Laplacian.
In R? there exist plenty (almost) equivalent definitions of the fractional Laplacian,
see [18], [23] or [25]. We use a pseudo-differential approach which is most suitable for
our needs. Throughout this text we define the Fourier transform by

F(€) = (27?)_‘1/2/ eSmp(z)de for all € € RY
Rd

acting on L'(R?). For non-negative 1 with |[1||; = 1 it coincides with the charac-
teristic function of a random variable Y with probability density ¢ up to a constant,

since
B [€i<§,Y)] :/ & (z) de = (2m)V2F[P)(€).
Rd

The Fourier transform translates differential operators into polynomials and vice
versa. Extending this to fractional powers, for fixed a € (0, 2) we define the fractional
Laplacian (—A)*/? as

(2.4) (=A)*[W)(z) = F Il - F[w]] (@),



where [|¢|| denotes the Euclidean norm of ¢ € R, with domain
7 ((=0)*?) == {v € L*(RY) : (-A)*[y] € L*(R")} .
The fractional Laplacian (—A)®/? generates a strongly continuous semigroup
(2.5) Tify)(x) = e (o)
which solves the fractional heat equation with initial value vy, i.e.
(2.6) ot x) = —(=A)2[](t,z), ©v(0,z) =vo().

The strongly continuous semigroup can also be expressed by its Markov transition
kernel p(t,z,y) given by the Lebesgue density function p(t,z — y) of an isotropic a-
stable Lévy process X = (X;);>0 on a probability space (€2,.27,P). The connection

between the analytic, potential-theoretic and stochastic perspective is given by

.1) T0l(e) = [ pltsa,n) - 0l) dy = Bafo((X0),

where E, denotes the expected value with respect to P, := P( - | Xy = z). Hence,
from an analytic perspective the fractional Laplacian is the negative generator of the
strongly continuous semigroup and the transition kernel is its Green’s function solu-

tion.

In part two we are interested in the fractal path behaviour ¢t — X; + f(¢) of an
isotropic a-stable Lévy process plus Borel measurable drift f. The corresponding

density functions x +— ¢(t, z) have the characteristic function

Z]\(t, 6) —F [ei(f,Xt-i-f(t))}

=exp (= Ct-[|g]]*+i- (& f(1)))
for t > 0 with derivative

04,6 = (= C-llell* + i (€, F0)) -1,

— — .

= —C - (=A)2[q)(t, &) — (V[q](t, &), f(1))
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provided thet f is differentiable. Formal Fourier inversion leads to the fractional heat
equation with drift

¢=—C-(=0)"[q] = (Vl4]. /)
as the corresponding macroscopic flow. Our aim is to analyse the pathwise solutions
by means of fractal geometry.

In part three we are interested in the fractional random Schrédinger operator
(2.8) Hu[] = (=A)*2[Y] + Vi, - 0.

The corresponding evolution semigroup has a probabilistic interpretation by means
of the Feynman-Kac formula

@) = Bp [T ROy

a/2 tg g

as laid out in [12]. Now we want to restrict the fractional Laplacian (—A)
bounded open box A C R? containing the origin. Since the Fourier transform is only
defined in the whole space, the pseudo-differential approach fails. Exterior conditions
are necessary, since X exits A almost surely with a jump into A® = R \ A and does
not touch A. We choose zero Dirichlet conditions on the exterior A corresponding
to the first exit time 75 := inf{t > 0 : X, € AL}, In analogy to (2.5) and (2.7) we

define the restricted fractional Laplacian (—A)i/ ? by its evolution semigroup

_t(—A)/2
29) IR = [ paln o) dy = B0 ery)
A
for ¢» € L*(A) and the kernel is given by
pa(t,z,y) = p(t, z,y) Eg’L[]l{KTA}] for all x,y € A and t > 0,

0.t
where E;7

construction of this a-stable bridge measure we refer to [10]. This yields again a

denotes expectation with respect to P( - | Xy = 2z, X; = y). For the

probabilistic interpretation of the restricted fractional random Schrodinger operator
H, 5 for our Gaussian or Poissonian random potential by means of the Feynman-Kac

formula
e tHu.A [1/)] (x) —E, |e” J§ Vo (Xs) ds w(Xt) ﬂ{t<m}]
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with ¢ € L%(A); see [12]. Since this operator is Hilbert-Schmidt due to |A| < co and

boundedness of the kernel
Ponlt,z,y) = p(t,z,y)EY, [6‘ Jo Vir(Xs) ds Il{tm}}
for all z,y € A and t > 0, this indeed results in a spectrum of the form
o(Hon) = {X0A <AL < )

for the restricted operator H, ». This is our starting point for investigations of the

spectral theory of fractional random Schrodinger operators in part three of the thesis.
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Part 2. Parabolic Fractal Geometry of Lévy Processes with Drift
3. ON THE PARABOLIC HAUSDORFF DIMENSION

We introduce the a-parabolic Hausdorff dimension and examine some of its properties
from a measure theoretical point of view. This nonlinear fractal dimension inheres
a distinct non-linear scaling between time and space. Hence it is usefull for the
study of self-similiar stochastic processes like isotropic a-stable Lévy processes and
the fractional Brownian motion.

We follow the measure theoretical arguments of Taylor and Watson in [42] who in-
troduced their parabolic Hausdorff dimension in order to determine polar sets for the
heat equation. In [37] Peres and Sousi applied their H-parabolic Hausdorff dimension
to the fractional Brownian motion with drift. In this way they were able to calculate
the Hausdorff dimension of this process solely in terms of the Hurst index H and the
drift function. We apply their ideas to the graph and range of isotropic stable Lévy
processes plus measurable drift function. For that purpose we use a novel version
of their H-parabolic Hausdorff dimension which coincides with Taylor and Watson'’s

parabolic Hausdorff dimension in the Gaussian case.

First we remark that the notion of diameter is the most fundamental concept for the
following measure theoretical objects. In a metric space (X, d) it is defined for any
set — regardless of how irregular it might be — per

|-+ P(X) = [0,00], [A] = sup d(z,y).

z,y€A

The diameter enables us to assign a real value to objects like fractals, Suslin sets or
even non-measurable sets with regard to their overall extent. But this alone does not
give much information about the geometric microstructure or even the outer shape
of our object. Instead we will cover an object by many small sets in order to involve
its distinct geometry. Smallness is achieved by letting the radii of the covering sets
tend to zero.

One easy way to do so is to cover our object with open balls, defined by the metric,
which form together with the whole space and the empty set a topology. The union
of these balls forms one big cover of our object. We can always obtain a cover from
open sets — in the worst case we just take the whole space itself as the trivial cover.

For getting information about the metric details of our covered object we want to
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sum up the diameters of all of its covering sets which leads to series. Uncountable
covers contain no metric information about our object since uncountable sums of
positive numbers always diverge. Therefore we want our metric space in addition
to be Lindelof, i.e. each open cover of our set possesses a countable subcover. In
our metric space this is equivalent to separability, i.e. there exists a countable dense
subset. Separability in addition with completeness further ensures that we can choose
either open or closed sets as covering sets: The diameter of a closed ball is determined
by points sitting on its boundary. Such a point can be approximated by a Cauchy
sequence. The existence of such a countable sequence is due to separability and the
existence of the limit which equals the boundary point follows from completeness.
For the same reason we can approximate closed sets by open sets and vice versa. For
our purposes it is enough that there exists at least one metric on our separable space
which induces a complete topology. Thus we could work on a Polish space, i.e. a
separable completely metrisable topological space.

But we restrict our considerations to subsets A = (t,z) C R*™. For n = 1 we
interpret R, = [0, 00) as time which is mapped to the d-dimensional Euclidean space.
In the sequel we mostly work on R'*? in order to treat stochastic processes, but the
general case R"*? could be interesting for stochastic fields. For real functions f, g the
symbol f < g denotes the existence of a constant C' € (0, 00) not depending on the
variables such that f < C-g and f < g is short for f < gand g < f

Definition 3.1 (Hausdorff {measure, dimension}). Let A C R? be an arbitrary set
and § € [0, 00]. We define the 5-Hausdorff (outer) measure of A as the set function

H? : P(RY) — [0, 00],
k=1

040
v k=1

If 3 <~ and HP(A) = 0, then also H?(A) = 0. Thus we can define the Hausdorff

dimension of A as

dim A :=1inf {8 >0: H’(4) =0} =sup{B > 0: H’(4) = oo}
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A priori the Hausdorft measure is an outer measure. But the term measure usually
refers to a Borel measure. However it can be shown that the Hausdorff outer measure
is also a metric outer measure and thus in particular a Borel measure, see, e.g., Chap-
ter 1 in Falconer’s book [15]. The same folklore could be applied to our parabolic

Hausdorff outer measure but we see no use in the restriction to Borel sets at this point.

Now we recall a well-known fact: The shapes of the covering sets in Definition 3.1

are, in some sense, irrelevant for the calculation of the Hausdorff dimension.

Remark 3.2. Let k € N. Any bounded set 4;, C R¢ can be covered by a d-dimensional
hyperball with radius | A /2| which can be inscribed into an isodimensional hypercube
with sidelength |Ag|. We write

Ar, C Blay2 C gy

where
Akl = [Blayyz| < |Ojag| = Vd | Axl.

This results in
HO(A)

o

=lim  inf E | Ak
0l0 ACUpren Ak
|[Ag| <6 k=1

oo
. . B
= lim inf g |B|Ak|/2|
610 ACUkenBjay /2 st
By 250 -

S lim inf ZlD\Ak\‘ﬁ

610 ACUgenDOja,
‘D|Ak‘| < \/&-6

= Va" 1P (A).

Both the left-hand side and the right-hand side become zero iff the f-Hausdorff mea-
sure vanishes. We say that the Hausdorff measures induced by bounded sets, hyper-
balls and hyperrectangles are comparable and thus yield the same Hausdorff dimen-

sion. We relate comparable measures by the symbol <. Hence in order to determine
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the Hausdorff dimension of A it is immaterial what exact shape the covering sets have

— as long as their diameter stays the same up to a uniform constant positive factor.

We next define the parabolic Hausdorff outer measure, a restriction of the ordinary
Hausdorff measure. Only hyperrectangles with a certain proportion are permitted as

covering sets.

Definition 3.3 (a-Parabolic {Hausdorff measure, cylinders, dimension}). Let A C
R be an any set and «, 8 € (0,00). The a-parabolic 3-Hausdorff (outer) measure

of A is defined as the set function

P*HP : P(R™Y) — [0, oc],

n=1

PHP(A) —hm mf{Z\Pklﬁ AC UPk’ P, € ¢, |Py <5}

where the a-parabolic cylinders (Py)ren are contained in

(3.1) ,@0‘::{1—[ [ti,t; + ¢ ¥ H (2,25 + ), ti, 2; €R, ¢ € (0, 1]}
i=1 j=1

We define the a-parabolic Hausdorff dimension of A as
P dim A = 1nf{5>0 PHP(A —O}—sup {/6’>O PHP(A oo}

The case a = 1 equals the genuine Hausdorff dimension which is simply denoted by

the symbol dim.

Let us compare the a-parabolic Hausdorff dimension to other parabolic Hausdorff
dimensions appearing in the literature. Taylor and Watson introduced the parabolic
Hausdorff dimension &-dim in [42] in order to determine polar sets for the heat
equation. They defined the parabolic Hausdorff measure and parabolic Hausdorff
dimension in the same way we did in Definition 3.3 for n = 1 and a = 2 but they use

parabolic cylinders of the form

d
[t ¢+ 17] XH zj,x;+r], t, 2 € R, re(0,1].
7=1
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This makes the name ”parabolic” in case of @ = 2 clear. Taylor and Watson’s
parabolic Hausdorff dimension coincides with our parabolic Hausdorff dimension via
the substitution
r = +/c.
On the contrary, for H € (0, 1] Peres and Sousi used in [37] a slightly different con-
struction. They calculated the Hausdorff dimension of the graph and the range of
H _ (pH

B = (Bt )tZO’
measurable drift function. Instead, we treat isotropic a-stable Lévy processes plus

the fractional Brownian motion of Hurst index H € (0, 1], plus Borel

Borel measurable drift function. Let the symbol 2 denote equality in distribution
and the symbol M denote equality of all finite-dimensional distributions which char-
acterise stochastic processes in law. An isotropic a-stable Lévy process inheres a
certain self-similarity between time and space, i.e.

(Xet)po = (M X0),o,  foralle>0,

for a € (0,2]. Hence the distribution of X; for any fixed ¢ > 0 can be derived from
X, £ ¢~V . X, by rescaling.
Now, the fractional Brownian motion B* follows the self-similarity rule

(Bft)tzo g (M- Bf)tzo, for all ¢ > 0.

Thus we may replace its self-similarity parameter which is the Hurst index H € (0, 1]
by 1/«. Peres and Sousi defined the H-parabolic Hausdorff dimension in terms of the
1/H-parabolic cylinders 22/ from Equation (3.1) in Definition 3.3. They used the
H-parabolic B-Hausdorff content

Ul (A) = inf { > el AP Pre yl/H}

k=1 k=1
for the definition of the H-parabolic Hausdorff dimension dimg gz which reads as
follows
dimg g A := inf {B : \IJ%(A) = O} = sup {B : \If’?{(A) > 0}.

The H-parabolic 5-Hausdorff content differs from our a-parabolic 5-Hausdorff mea-
sure in two ways: On the one hand the diameters of the covering sets do not explicitly
tend to zero; on the other hand cf instead of |Py|? = (c,lc/a)ﬁ is added up over k. The
first difference has no influence on the induced dimensions, whereas the latter makes
the dimension differ by a factor of a = 1/H.
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Proposition 3.4. Let A C R be an arbitrary set, « = 1/H € [1,00) and 3 €
(0,00). Then one has

(3.2) PHI(A) =0 o WU =0

Thus the induced fractal dimensions are related by

(3.3) P*-dim A = (dimg g A)/H,

i.e. Peres and Sousi’s H-parabolic Hausdorff dimension differs from our a-parabolic

Hausdorff dimension by a constant factor « = 1/H.

Proof. For the comparison of the dimensions we only have to proof the claim in Equa-
tion (3.2). Then the Equation (3.3) immediately follows.

First we introduce the auxiliary a-parabolic 3-Hausdorff content and relate it to the
H -parabolic f-Hausdorff content. Let it be defined as

®P(A) := inf { S OIPH AC P, Pre @a}.

k=1 k=1

1/a

Since for a > 1 and Py = [tg, tg + cx] ¥ H‘;:l [Tk, ik + ¢/ ] € P we have

Pl =< /= P
one has
(3.4) ®F(A) = Wi/ (A).
Next we follow Proposition 4.9 in [28] in order to proof
(3.5) PH(A) =0 < BF(A)=0

which together with Equation (3.4) shows (3.2).

7 = 7: For the if part of (3.5) we show the contraposition
(A >0 = PHP(A) >0,

But this is clear since 2°-H” is derived from ®? by adding an extra condition on

the size of the covering sets.
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” < 7: For the only if part of (3.5) let ®2(A) = 0. Then for every § > 0 there exists

a cover (Isk)keN C 2% of A such that

o0

SR <

k=1

Hence ‘ﬁk‘ < §'8 for every k € N. Therefore

PP (A)

= lim inf Pul?:AC| |Py, Pr € 2% |P| <6
| S as e e sl

k=1

1 . ﬂ: C @ < Uﬁ
lgg)llnf{zwﬂ A_UPk7 Ppe 2% [Pyl <6 }

k=1 k=1

- 510

< 1&{8; Py|” < lim 6 =0,

as desired. O

The a-parabolic Hausdorff dimension fulfils the following countable stability prop-
erty which easily follows from monotonicity and o-subadditivity of the a-parabolic

Hausdorff measure as argued for the genuine Hausdorff dimension on page 29 in [15].

Proposition 3.5 (Countable stability property). Let (Ap)ren € R™ be a family
of arbitrary sets. The a-parabolic Hausdorff dimension fulfils the countable stability

property
P -dim U A =sup HP-dim A,

Pt keN

for every a € (0, 00).

Proof. We proof lower and upper bounds.

7 > 7: Since the a-parabolic Hausdorff dimension is defined via an outer measure
which is o-subadditive, A’ D A implies £* dim A’ > £~ dim A. Hence

P dim U Ay > sup HP-dim A,.

Pt keN
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7 <7: To see the converse, for each k£ € N we use an a-parabolic cover (P ;)ey € 2¢
of the set Ay with |Py;| <. Then one has

U A C U U P
k=1 k=11=1

and we get

k=1 I=1
If for each k € N we take the infimum over such covers of A, we get by letting 6 | 0

<@%H5<LL%>5; PHP(Ay).
k=1

k=1

P°HP ( U Ak> <) IPul”.
k=1

Now, for all 8 > sup,ey 22°-dim Ay, we have 22°-HP(A;) = 0 for each k € N and
thus 2°-H°(Up-, Ax) = 0. This shows that &*-dim ({J;~, Ax) < 3 and since
B > supgey P-dim Ay, is arbitrary the claim follows. O

We derive the following a priori estimates for the Hausdorff dimension in terms of the

parabolic Hausdorff dimension.

Theorem 3.6. Let A C R"*? be any set. Let ¢, = P*-dim A. Then one has

¢aAa'¢a+(1_a)'na 046(0,1],

(3.6) dim A <

Go N i-(ba—i-(l—é)ml, a € [1,00)
and
(3.7) gimAs | dt-g)d ac(01]

o+ (1—a)-n, «acll o).

Proof. (i) Let a € (0,00). By the definition of the a-parabolic f-Hausdorff measure
there are only coverings by &?“-sets permitted. So besides & there could exist more

efficient covers of A with respect to their shape. Therefore
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H(A)

= lim 1 B.AC <
lim mf{Z|Ak| AC A 1A _5}

=1 k=1

k
< lim inf { S AP AC | Ak, Ave 27 A < 5}
k=

1 k=1

= 4@&—7-[6(14).
Hence
dimA =inf{8: H’ =0} <inf {B: P*H(A) =0} = ¢q

always holds.

(i1) Let a € (0,1] and € > 0 be arbitrary. If § > a - ¢, + (1 — @) - n, then

é+<l—l>-n>(ba.
a a

We can cover A by the a-parabolic cylinders

n d
(Pck)kEN: (H [ti,ka k+ck X H |:J}jk7 xjk+cllc/a]> C p°
J=1 kEN

=1

with ‘Pck‘ = ¢, < 1 for every k£ € N such that
i ‘P ‘6/a+(1—1/a)~n <
Ck =

Each P,, can be covered by [ -1/ a_‘ hypercubes O 1/o with sidelength c,lﬁ/ “. Hence
k
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H7(A)
00 n 5
1-1/a

< .

< 3| ] o]
k=1

5 Ci/cﬂr(lfl/a)-n
k=1

<3 s
k=1

< e

Since 8 > a - ¢ + (1 — @) - n is arbitrary we have
dmA<a-¢,+ (1 —a)-n,

as claimed in (3.6).

(11i) Let o € [1,00) and € > 0 be arbitrary. If 5> 1/a- ¢, + (1 —1/a) - d, then
af+ (1 —a)-d> ¢,

We can cover A by the a-parabolic cylinders

(P )y = (

with [P 1| =< c,lc/a < 1 for every k € N such that
k

n
1=

[tige, i + cr) X [%;k, T+ c}/ﬂ) C P~
! =1 keN

o0

Z ‘Pcllc/a ‘aﬁ+(1fa)-d <e.

k=1

d
Each P 1/ can be covered by [Ci/ aiﬂ hypercubes [, with sidelength c;. Then
k



Since 8 > 1/a - ¢o + (1 — 1/a) - d is arbitrary we have

dimAgl-gf)aJr(l—l)d,
8} 8}

as claimed in (3.6).
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(iv) Let a € (0,1]. Further, let 5 > dim A and € > 0 be arbitrary. Then we can cover

A with hypercubes

n

(D%)keN = <H [tz’,k, tix + Ck} X H [l‘j,k, Tk + ck}

=1

d

j=1

of sidelength ¢, < 1 for every k € N such that

d
Each U, can be covered by {cllg_l/ O‘—‘ a-parabolic cylinders

n

<P0k)keN = (H [tins tig + ci] X H [%yk, Tk + C,lc/a]

=1

with |P,, | < ¢;. By choosing v = 8+ (1/a — 1) - d one has

o0
Z ‘Dck|5 <e.
k=1

d

j=1

keN

> g C@a
keN
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DA (A)

{011;1/&“ d ‘ ‘ P, ‘v

IN

—

1-1/a)d+y

AN

C

e

M M 1M I

T

AN

(mPg

e
Il
—

IN

€.

Since § > dim A is arbitrary, one has

P*dim A < dim A + (l — 1) -d,

(0%

as claimed in (3.7).

(v) Let a € [1,00). Further, let § > dim A and ¢ > 0 be arbitrary. Then we can
cover A with hypercubes

n d

(O = (H st ] < T [ s+ ck]) c
keN

i—1 j=1

of sidelength ¢, < 1 for every k € N such that
Z ’DCk |B <e.
k=1

Each U, can be covered by {c};ﬂ a-parabolic cylinders

n d
keN (H[zk; zk+cki| XH Tj ks x]k‘+ckj|> c r°

=1



with |P,, | < ¢;. By choosing v = 8+ (o« — 1) - n one has

P (A)

Since f > dim A is arbitrary, one has
Z%-dimA <dimA+ (a—1)-n,

as claimed in (3.7), and the theorem is proven.

24
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4. MAIN RESULTS: FORMULAS FOR THE HAUSDORFF DIMENSION

So far our considerations regarding the parabolic Hausdorff dimension were purely of
geometric nature. Now we will apply it to stochastic processes. It is easy to translate
the results from Theorem 1.2 in [37] into both Taylor and Watson’s and our language
and to generalise them to arbitrary Borel sets 7" C R, via Proposition 3.4 and the

countable stability property given by Proposition 3.5.

Theorem 4.1 (Peres & Sousi, 2012). Let B¥ = (Bf'),., be a fractional Brownian
motion in R? of Hurst index 1/a = H € (0,1] on some probability space (2, A,P).
Let T C R, be a Borel set and f : T — R? be a Borel measurable function. Define
the a-parabolic Hausdorff dimension @, := P*-Gr(f) of the graph of f over T. Then

one P-almost surely has
1 1
dimGr (BT + f) =pa A — - pa+ (1——) -d.
Q@ «
Further one P-almost surely has
dim Rr (B + f) = ¢a A d
for the range of BY + f over T.

We unite the cogitations of the following sections and derive a formula for the Haus-
dorff dimension of the graph Gr(X + f) = {(t,X¢ + f(t)) : t € T'} of an isotropic
stable Lévy process X plus Borel measurable drift function f.

Theorem 4.2 (Hausdorff dimension of the graph.). Let T C Ry be a Borel set and
a € (0,2]. Let X = (Xi)is0 € RY be an isotropic a-stable Lévy process on RY.
Further, let f : T — R? be a Borel measurable function. Define the a-parabolic
Hausdorff dimension ¢, := P*-dim Gr(f) of the graph of f over T where p; =

dim Gr(f) denotes the genuine Hausdorff dimension. Then one P-almost surely has

o1, a € (0,1],

dim Gr(X + f) = 1
Yo N 2opa+(1-1)-d, aell,2]

Proof. The Gaussian case where o = 2 follows from Theorem 4.1. The other cases
will follow by the combination of Corollary 5.3 with Theorem 6.11 for drift functions
fwith ||f(t)—f(s)]| < 1forall s,t € T. For the treatment of arbitrary drift functions

we choose a countable sequence (:L‘n)n C R, where each coordinate of z,, belongs

eN
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to Z/2 such that the closed balls with radius 1/2 and center x, are a cover of the

Re(f) € | Ban (%)

neN

range of f on T, i.e.

Define the Borel sets

T, = {teT:f(t)ean(%)}, neN,

U Gr(X + ) = Gr(xX + f)

neN

then

and

| Gn. () = Ga(f).

neN
For a € (0, 1] Proposition 3.5 yields

dim Gr(X + f)

= dim | J Gr, (X + f)

neN

=sup dim Gy, (X + f)

neN

= sup dim Gr, (f)

neN

= dim U Gr,(f)

neN
= dim Gr(f).
For a € [1,2) and ¢, < d it yields
dim Gr(X + f)

= dim | J Gr, (X + f)

neN

=sup dim Gz, (X + f)

neN

=sup Z°-dimGr, (f)

neN
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= 2 dim | Gr, (f)

neN
= 2% dim Gr(f).
For a € [1,2) and ¢, > d it yields

= dim | G, (X + f)

neN

=sup dim Gz, (X + f)

neN

=sup (1/a- 2%-dimGr,(f) + (1 —1/a)-d)

neN

= 1/a- 2*dim | ] Gr,(f) + (1= 1/a)-d

neN
=1/a- 2%dimGr(f)+(1—-1/a)-d

which proofs the claim. O

The formula for the Hausdorff dimension of the range R (X+f) = {X;+f(t) : t € T}
of an isotropic stable Lévy process X plus Borel measurable drift function f reads as
follows.

Theorem 4.3 (Hausdorff dimension of the range.). Let T C R, be a Borel set and

a € (0,2]. Let X = (Xy)>0 be an isotropic a-stable Lévy process on R and f :

T — R? be a Borel measurable function. Define the a-parabolic Hausdorff dimension

Yo = P*-dim Gr(f) of the graph of f over T'. Then one P-almost surely has
a-p, N d, «a€(0,1],

Yo N d, a€[l,2].

Proof. The Gaussian case where a = 2 follows from Theorem 4.1. The other cases
follow by the combination of Lemma 7.1 and Lemma 7.4 for drift functions f with
| f(t) — f(s)|]] < 1 for all s,t € T. For arbitrary drift functions we can use the
countable stability from Proposition 3.5 analogously to the proof of Theorem 4.2. [
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Our main theorems imply an improvement of the a priori estimates from Theorem

3.6 in case of a € (0, 1] for the Hausdorff dimension of the graph of f over T.

Corollary 4.4. Let T C R, be a Borel set and let f : T — R? be a Borel measurable
function. Define the a-parabolic Hausdorff dimension ¢, := P*-dim Gr(f) of the
graph of f over T where p, denotes the genuine Hausdorff dimension. In case of
a € (0,1] one has

P12 Yy V Qo+ (l—é) -d.
Proof. For a € (0, 1] the combination of Theorem 4.2 and Theorem 4.3 directly yields
o1 =dimGr(f) > dimGp(X + f) >dimRpe( X + f) =a-p, A d.
Further we have
Q- Py > Po + (1—&) -d ifand only if «-¢, <d

and .
dZ(pa—F(l——)-d if and only if a-¢, <d
a

which proves the claim. ([l
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5. GRAPH: UPPER BOUND VIA GEOMETRIC MEASURE THEORY

We calculate an upper bound for the Hausdorff dimension of the graph of an isotropic

stable Lévy process X plus drift function by means of an efficient covering.

Theorem 5.1. Let T C Ry be any set and o € (0,2]. Let X = (Xi)i>0 be an
isotropic a-stable Lévy process on R and f : T — R? be any function. Further let

= P*-dim Gr(f) be the a-parabolic Hausdorff dimension of the graph of f over
T. For o € (0,1] one P-almost surely has

dim Gr(X + f) < dim Gr(f) = ¢1,
and for o € [1,2] one P-almost surely has
P-dim Gr(X + f) < Z2%-dim G (f) = @a.

Proof. (i) Let o € (0,1], 5 = ¢1 and let ¢, ¢ > 0 be arbitrary. Then Gz(f) can be
covered by hypercubes
d

(Dck)keN = ([tk; Tk + Ck:] X H |:~Ti,l<:7 Tik + Ck:|> - ,@1
keN

i=1

such that
oo oo
S0 Y e <
k=1 k=1

Let My (w) be the random number of a fixed 2%-nested collection of hypercubes with
sidelength c,lf/a that the path ¢t — X;(w) hits at some time t € [tg, t; + cx]. Let
UkeN Pck - QT( ( )) With

My (w) d
(Pck(w))keN: ([tk, tk—i-Ck U H |:§”k fz]k< )+C}1€/a]>

=1 =1

being a corresponding random parabolic cover of the graph of this path. Then for all
t € [ty, tx + cx] there exists j € {1,..., Mi(w)} such that for the i-th component of
X + f we have

Cijk(w) +aip < Xl)( )+ fi)(t)
< &igk(w) + g+ Cllg/a + ¢k

< &jn(w) + 25k + 20
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Hence we obtain a random cover Ugey O, (w) D Gr(X (w) + f) where

Mp(w) d
Dck (w) = [tk, tr + Ck} X

[fi,j,k(w) + Z; i, fi,j,k(w) +xip + Ck}

=1 =1

U [fi,j,k(w) + ik + C, Eijr(w) + 2 + 204
This is a union of My (w) - 2¢ sets with
’lick| = C.

An application of Pruitt and Taylor’s covering Lemma 6.1 in [38] and Lemma 3.4 in
[27] shows that for all ' > 0 one has

C _§'/a
E[M;] < u St

E[T(c,lg/a/?),ck)}

where T(c,lf/a/?), ck) is the sojourn time of the process (Xt)te[[),ck] in a ball of radius

c,lc/a/?) centred at the origin. Hence we get for &’ = §+ /o > 0

E|H7(Gr(X + f)

o o~
Z |Dck |6+E/]
k=1

N
=

A

E[Mj(w)] - g

Ms T

A
Q

i
I

IN

E.
Since € > 0 are arbitrary, we get for all « € (0,1] and &’ > 0
B[7 (Gr(xX + )] = 0

which implies
HAH(Gr(X + f)) =0, P-almost surely.
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Hence
P-dimGr(X + f) < B +¢€', P-almost surely.

Since ¢’ > 0 is arbitrary we finally get
dimGr(X + f) < B =1, P-almost surely,

as claimed.

(ii) Let a € [1,2], f = % dim Gr(f) and let £,6 > 0 be arbitrary. Then Gr(f) can

be covered by a-parabolic cylinders

d
Pa> = [t tx +ci] x [i,i+1/a] C P
(C;lc/ e ([k k Ck} ka Tik T Cg kN_
(S

=1

such that
o o
S [Pl € Y <
k=1 k=1

Let M (w) be the random number of a fixed 2%-nested collection of hypercubes with
sidelength c,i/a that the path ¢t — X;(w) hits at some time t € [ty, ty + cx]. Asin (i),

we obtain a random parabolic cover Ugen ﬁc1/a (w) 2 Gr(X(w) + f) where
k

Mp(w) d
PC1/a (w) = [tk; tr + Ck} X H [&,j,k(w) + T ks £i7j7k(w) + Xk + Cllc/a]

k
j=1 i=1

U [fi,j,k(w) + Tik + C,lc/a, &,j,k(w) + Tik + QC,IC/O{| .

This is a union of Mj(w) - 24 sets with diameter
- Y
Baelw)] S /e,

An application of Pruitt and Taylor’s covering Lemma 6.1 in [38] and Lemma 3.4 in

[27] show that
Ck‘ < 6—6//04

E[M;] < E[T(@i/a/&ckﬂ S
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where T(c,lg/a/S, ck> denotes the sojourn time of the process (X;):c(o,c,] in a ball of
radius c,lg/ “/3 centred at the origin. Hence we get for ¢ = 6 + ¢’ > 0 with the same

calculations as above

E [gza-Hﬁ+€’(gT(X + 1)
- E 5+5 /
S B—i—e -8/«

o0

Z B+6)/a

k=

<e.
Since €,¢’ > 0 are arbitrary, as in (i) we finally get
P-dimGr(X + f) < f = 29 dim Gr(f), P-almost surely,

as claimed. O

Remark 5.2. The reason why the parabolic scaling is just the right one in order to
treat stable Lévy processes lies in the self-similarity of X. This is reflected in the
interplay between the number M,i/.(s) of hypercubes with sidelength ¢/ hit by
(Xt)tcp,s) and its sojourn time. Since by Lemma 6.1 in [38]
s

E[Mcl/a(s)] < —

E|T,1/n5(5)]
and by Lemma 3.4 in [27]
E[Tl/%( )] > (1+0/a

we have to choose s = ¢ in order get rid of the ¢ in the denominator. This is exactly

the proportion of self-similarity of X.
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Finally, we get an upper bound for the Hausdorff dimension of the graph of X + f.

Corollary 5.3. Let T C R, be any set and o € (0,2). Let X = (Xi)i>0 be an
isotropic a--stable Lévy process on R? and f : T — R? be any function. Define pq :=
P*-dim Gr(f) where p; = dimGr(f) denotes the genuine Hausdorff dimension.

Then one P-almost surely has

01, a € (0,1],

dimGr(X + f) <
Ya N é-gpa—i—(l—i)-d, a€l,2).

Proof. For a € (0, 1] this follows directly from Theorem 5.1.

For a € [1,2] we have by (3.6) and Theorem 5.1

< @a—dimQT(X+f)Aé-@a-dimQT(X+f) + (1 — é) -d

1 1
SSDQA_'QOa—i—(l__)'d;
(0% (0%

as claimed. O
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6. GRAPH: LOWER BOUND VIA POTENTIAL THEORY

Next we want to calculate a lower bound for the Hausdorff dimension of isotropic
stable Lévy processes with drift. This will be accomplished by the energy method,
cf. Section 4.3 in [28]. This method makes use of the Lebesgue integral. Hence for
the first time we have to impose restrictions on the domain 7" C R, and the drift
function f : T — R? with regard to their measurability. Since the upper bound of
the parabolic Hausdorff dimension holds for any set A C R**? and any drift function
f we conjecture that we could also find a lower bound for this very general setting.
We believe that we may overcome the difficulties with respect to measurability by the

following remark.

Remark 6.1. We could presume a transitive €-model of ZFC and the existence of
a strongly inaccessible cardinal. This is equivalent to the axiom of the existence of
a Grothendieck universe, i.e. a set which is closed under taking power sets, see [1].
Solovay showed in [40] that under these assumptions there exists a transitive €-model
of ZF such that every subset of the reals is Lebesgue measurable. In other words:
In Solovay’s model the axiom of choice is required to produce geometrically absurd
and hence non-evident sets which are non-Lebesgue measurable and therefore we may
replace it by postulating a number which is far away from our accessible universe.
Loosely speaking we could pass our measure theoretical problems of the Banach-
Tarski type on to the philosophers and logicians. As a consequence we would not
have to restrict our sets in any ways with regard to Lebesgue measurability. Further
in Remark 1.5 of [40] Solovay conjectures that in his model all real sets are Choquet
capacitable. Hence in Solovay’s model the energy method should work for all real sets
A C R and drift functions f : T — R? by endowing the reals with the o-algebra
of its power set which would be equal to the o-algebra of the Lebesgue measurable

sets.

But we have to restrict our considerations to the work which has been done so far
under the aspect of utility for our applications. The o-algebra on T should fit its
standard topology. Hence it is natural to choose T from the Borel o-algebra, i.e.
the smallest o-algebra containing the open sets. Borel sets are indeed adequate for

handling the graph of a Borel measurable function:
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Proposition 6.2. The graph of a Borel measurable function over a Borel set again

is a Borel set, i.e. if f : R® — R is a Borel measurable function then one has
Gr(f) € BR™) @ B(R?) for every T € B(R™).

Proof. The function g : R""¢ — R, g(t,x) = ||f(t) — z|| is Borel measurable since
it is composed of Borel measurable functions. Singletons are closed in any Hausdorff
space and thus they belong to Z(R, ). Hence g~ '({0}) = Gr(f) is a Borel set. [

In contrast the image of a Borel set under a Borel measurable function does not have
to be a Borel set, see e.g. [21]. But it is the (continuous) projection of the graph
and thus an analytic set which is equivalent to be a Suslin set. Suslin sets can be
described by a certain Suslin operator consisting of unions and cuts of closed sets
whereas Borel sets are in addition stable under taking complements. Therefore the
Suslin sets contain the Borel sets. Furthermore Suslin sets are stable under mappings

by Borel measurable functions. We introduce some notions from potential theory.

Definition 6.3 (Difference kernel, energy, capacity). Let K : R*™ — [0, 00] be a
Lebesgue measurable function which is called the difference kernel, A C R"*? be a
Suslin set and p be a probability measure supported on A, i.e. u € M'(A). The
K-energy of a probability measure p is defined to be

Sl i= [ [ K= 50— 9) dute,) dn(s.n)
A
and the equilibrium value of A is defined as

Exx:= inf & :
= k(1)
We define the K-capacity of A as
1

Capg(A) == Er

Whenever the kernel has the form
K(t,z) = |(t, )],

we write Eg(u) for Ex(u) and Capg(A) for Capy(A) and we refer to them as the
B-energy of a probability measure p and the Riesz S-capacity of A, respectively. Note
that the norm || - || above does not have to be the Euclidean one since all norms are

equivalent in R+,
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We can always use the Riesz potential in order to calculate a lower bound for the
parabolic Hausdorff dimension.

Theorem 6.4 (Frostman’s Theorem). Let o > 0. For any Suslin set A C R™™ one
has

P*-dim A > dim A = sup{ : Capg(A) > 0}.
Proof. This follows from Theorem 3.6 together with [9] or Appendix B of [4]. O

From Frostman’s Theorem 6.4 we see the following correspondence between the (-
Hausdorff outer measure H?(A), the Riesz B-capacity Capg(A), and the -energy
Es(n) > Es(u,) of any probability measure p € M?!(A) supported on a Suslin set
A - Rn—i—d:

H(A) | Capg(A) | Es(p)
fe0,dimA) | =0 > 0 < oo
p e (dimA,c0)| =0 =0 = 00

In our case the set A from Definition 6.3 is just Gr(X + f). The next lemma shows
that we can work with an energy integral where the stable process X is transformed

into the kernel.

Lemma 6.5 (Kernel transformation). Let T'C Ry be a Borel set. Let X = (X;)i>0
be a stochastic process with stationary increments on R? and f : Ry — R? be a Borel

measurable function. Define the difference kernel
KP(t, @) == E[||(t, sign(t) - Xjg(w) + )| 7]
From
Capgs(Gr(f)) >0
follows
Capg(Gr(X(w) + f)) > 0, P-almost surely.
Hence Exs (1) < oo for some probability measure € M (Gr(f)) implies

dim Gr(X + f) > 5, P-almost surely.
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Proof. For every w € (), the pathwise bijection

(¢, (1)) € Gr(f)
if and only if

(t, Xi(w) + f(t) € Gr(Xi(w) + f),

yields the existence of some random probability measure v, € M (Gp(X (w)+f)) with
V(Ay,) = p(A) for all Borel sets A C Gr(f) where A, = {(t, 7+ X,(w)) : (t,2) € A}.

Therefore, Tonelli’s theorem and the stationarity of the increments of X yield

E[&5(v)]

_ EU / 1t = 5,2 — )| dva(t, ) d%(s,y)]
X(w)+f) JGr(X(w)+f)

| [ [l s X = 4 XD e, ) o)
Gr(f) JGr(f)
= [ ]I - 5 Xw) - X+ 2 - )] dutt, o) dus,n)

Gr(f) JGr(f)

/g /g E[J|(t — s.sign(t — ) - X—(@) + & — )lI*] du(t, ) dp(s.y)

= Exe(p)

By assumption, there exists p € MY (Gr(f)) such that Exs(u) < oo, therefore
Es(v,) < 0o, P-almost surely, and the rest of the claim follows by Frostman’s Theo-
rem 6.4. 0

Since we are concerned with parabolic Hausdorff dimensions, the following parabolic
version of Frostman’s Lemma provides the suitable candidate for the probability mea-

sure p which was used in the proof of Lemma 6.5.

Theorem 6.6 (Frostman’s Lemma for parabolic cylinders). Let A C R be a Borel
set with P*-HP(A) > 0, then there exists a probability measure p € MY (R ) with
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1(A) =1 such that we have

B
TS ch, a € (0,1],
M<[t’t+c}xlnx“xz+c DS s

=1

for every c € (0,1] and t,xq,...,x4 € R.

The result in case of & = 1 is a classical, see e.g. Theorem 4.30 in [28] or Theorem
8.8 in [26]. We follow the elegant graph theoretical approach in [28] in order to show
the a-parabolic version of Frostman’s Lemma. First, we need some terminology from

graph theory:

Definition 6.7. A tree T = (V, F) is a connected graph. It consists of at most
countably many vertices V', a root p € V and a set of directed edges E C V x V with
the following properties:

(i) For each vertex v € V \ {0} the set {u € V : (u,v) € E} consist of ex-
actly one element v which is called the parent of v. The root p has no parent,
ie. {ueV:(u ) € E}=0.

(ii) For each vertex v € V there exits a unique self-avoiding path from o to v. Its

order |v| is the number of required edges. Therefore

o] =0
and
lv|=neN
if and only if there exists
Vg = 0,V1,...,Up_1 €EV,u, =0

with
(Uk,Uk+1) EE, Vk:(),...,n—l.

(111) For each vertex v € V the set of its children {w € V : (v,w) € E} is finite.
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The order le| of an edge e = (v,w) is the order |v| of its initial vertex v. Each
(infinitely long) self-avoiding path started in the root is called ray. The set of all rays
of a tree T is denoted by OT.

A mapping C' : E — [0,00) is called capacity. A flow of strength s > 0 with capacity
C'is a mapping ¥ : E — [0, s] with the following properties:

(Z) ZwGV:U_):gﬁ(Q7 w) = S.

(ii) V(0,0) = > evom V(v,w), Yv € V \ {o}, ie. the flow into and out of each

vertex other than the root is conserved.
(11i) ¥(e) < C(e), Ve € E, i.e. the flow through the edge e is bounded by its capacity.

A set Il C FE is called a cutset if every ray includes an edge from II.

We need the following result of graph theory, the max-flow min-cut theorem from
Theorem 12.36 in [28].

Theorem 6.8 (Max-flow min-cut theorem).

max{ strength(?) : ¥ a flow with capacity C'} = inf { Z Ce): I a cutset}.

e€ll

Now we are able to proof the parabolic version of Frostman’s Lemma.

Proof of Theorem of 6.6. Let A C R4 be a Borel set with 2*-H?(A) > 0. Due
to the countable stability property of Z°-H# from Proposition 3.5 we can assume,
without loss of generality, that A is contained in a compact hypercube in R+
Moreover, by translation and rescaling we can assume A C [0, 1]+

Each a-parabolic cylinder with length ¢ in time direction can be covered by [2/*]¢
a-parabolic cylinders with sidelength ¢/2 in time direction. They can be chosen
disjoint by removing some hypersurfaces. We construct a tree T = (V, E') with root
0 :=[0,1]**? whose children are the [2!/%]% a-parabolic cylinders with half length in
time direction who have a non-empty intersection with A. A ray is then a sequence
of a-parabolic cylinders each of which posses half the length in time direction per

generation.
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r—-— — 7T — — "

(c/2)M

1/ |

(c/2)M

c/2 c/2

F1GURE 1. Parabolic covers with half length in time.

There exists a canonical mapping ® : 9T — A which maps sequences of nested a-
parabolic cylinders to their intersection. For every x € A there exists a unique ray
for which each a-parabolic cylinder involved contains x. Hence ® is bijective. We

assign the capacity
(6.1) Cle) = (27 +d- 272"

to every edge e of order |e| = n. The capacity corresponds to the diameter (taken to
the power of 3) of a dyadic a-parabolic cylinder

d
Poo=[t,t+27") x [] [ws,zi +277] € 2°

i=1
associated with the initial vertex of an edge of order n in the cutset. We now associate
to every cutset II a covering of A, consisting of those cylinders associated with the
initial vertices of the edges in the cutset. To see that the resulting collection of
cylinders is indeed a covering, let £ = (§,)nen be a ray. As I is a cutset, it contains
exactly one of the edges &, in this ray, and the cylinder associated with the initial

vertex of this edge contains the point ®(&).
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Since ® is surjective we indeed cover the entire set ®(07') = A. Hence for § > 0 one
has by (3.5)

inf { Z Cle): 1l a cutset}

ecll

zinf{iwn\ﬂ:Ag L Pu. Pne@a}

n=1 neN
=’ > 0.

According to the max-flow min-cut theorem there exists a flow 1 of positive maximal
strength s € (0, 00) with J(e) < C(e) for each edge e of the tree.
Next, we construct the probability measure y € M'(A). Given an edge e € E we

associate a set T'(e) C JT consisting of all rays containing the edge e. Set

U(T(e)) = de).

The set Z = {U;_, T'(e:) : €1, ..., e, edges , n € Ny} forms a ring over 97 Since 9
is a flow, our 7 together with 7()) = 0 constitutes a pre-measure on Z. According to
Carathéodory’s extension theorem we can extend v to a measure v on o(%).

The mapping @ : 0T — Ais 0(#)— A (A)-measurable. This is because for each cylin-
der Q C [0,1]**¢ which possesses corner points in the dyadic rationals the preimage
O 1(ANQ) lies in 0(Z) and further 2(A) is generated by finite unions of such ANQ.

Hence the pushforward measure p := ®(v) is a Borel measure on A. One has
w(A) = v(®(A)) = v(9T) = strength(¥) = s € (0,00).

Hence i can be normed to a probability measure on (A, 2(A)) and it can be extended
to a probability measure on (R, Z(R'"")) by letting p(R'*4\A4) = 0.
For a dyadic a-parabolic cylinder P,, which is associated with the initial vertex of an

edge e of order n Equation (6.1) yields

(62)  u(Pn) = (7 (P,)) = H(T(e)) = 0(e) < Cle) = ’
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Now, let

d
Pi=[t, t+c x [[ [w:, @i+ "] € 2.
i=1

(i) Let a € (0, 1]. Choose n € N such that
27" < |P| < 277D,

Then B can be covered by 2 - (21/ "‘-‘ a a-parabolic cylinders P,, with sidelength 27" in

time which are associated to an edge of order n. From Equation (6.2) it follows that
uP) <22V u(P) S27 S PP S ¢,
(11) Let o € [1,00). Choose n € N such that
27 < |P| < 2V . g7/,

Then we can cover P by 2%*! a-parabolic cylinders P, with sidelength 27" in time

associated to an edge of order n. With Equation (6.2) it follows that
u(P) <24 p(Py) S 27 S PP S P,
as claimed. O]

Let us inspect the difference kernel K”(t,z) = E[||(7,sign(t) - Xjy + «)||~"] more
precisely. In view of Lemma 6.5 we want to show the finiteness of some energy

integral
sow = [ | KP(t 5, f(t) ~ f(s)) dp(s, 7) dn(t, ).
Gr(f)xGr(f)
Therefore, we have to estimate the expression
E[[[(t — s,sign(t — s) - Xje—y + f(t) = f()IT7].
We define the increments 7 = ¢ — s and § = f(¢) — f(s). Then the object becomes
E[[|(r,sign(r) - Xjry +6)||77].

Hence there are three essential objects involved which can generate convergence of
the whole expression for fixed § > 0: 7, X|; and J. We compare these objects
by their magnitude and investigate which part will be the dominant one. Then the
fractal dimension of the whole object is determined by the rate of convergence of the

dominant part(s) as 7 0 or ¢ | 0, respectively. Inspired by Lemma 2.5 in [37], we
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want to give a priori estimates for the difference kernel K”. The following lemma is
a refinement of (2.7) in [37].

Lemma 6.9. Lett € R be fived and h : R* = R, h(z) = ||(t,2)|| 7% = (£>+||z|[>) /2.
Then h is rotationally symmetric and the mapping r — h(r - y) is non-increasing for
r = ||z|| and does not not depend on y = z/||z|| € STL. Further, let p : R? — R
be a rotationally symmetric function such that also r — p(r - y) is non-increasing for
r=||z|| and y = z/||z|| € ST, Then for all u € R? we have
[ ) pla)de s [ o) pla)da.
R4 R4

provided that the integrals exist.

Proof. The first part is obvious. Further, by monotocity we have

/Rd h(z +u) - p(z) dz

= / h(x +u) - p(x)dz + / h(x +u)- p(z) dx
|| <|lz+ul [} S——~—" {llzl|>|z+ul|} ~
<h(z) <p(z+u)
<2 [ ha) pla)de.
R‘i
as claimed. O

Inspired by Lemma 2.5 in [37], we give a priori estimates for the difference kernel
K? = E[||(t,sign(t) - X}y (w) + x)||7"] from Lemma 6.5.

Lemma 6.10 (Kernel estimates). Let a € (0,2) and X = (Xy)i>0 be an isotropic a-
stable Lévy process inRe. Let 3 >0 and 7 € R, § € R? be such that |7| € (0,1], ||9]| €
[0,1]. Then appropriate choices for estimating the difference kernel from Lemma 6.5,
KP(1,6) := E[H(T, sign(7) - X7 + 5)\\*5}

are

7|77,
(6.3) K(1,8) S 4 |7|7#/=, for 5 <,

|7|(I=1/add=8 " for B > d.
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and one has
[16]]7, for a € (0,1}, |7 < [[4]|

(6.4) K°(1,8) < < [|8] 77, forae[1,2), B<d,|r| <|[8]]*,
H(SH("‘_I)d_"‘ﬁ, fora € [1,2), 8 >d,|r| <||d]]*.

Proof. Let p(z) denote the density function of X, 49 |71V X|,|. We define rescaled

increments 7 := 7/|7|*/* and 0 := §/|7|/*. Trivial estimation always yields
E[||(r,sign(r) - X + )l ] < |7I 7.
The self-similarity of the stable Lévy process and Lemma 6.9 yield
E[l|(7,sign(r) - Xjr + 8)|| "]

= el [ 11 sign(r) -+ )| - pla) d
R4
= el [ 17+ sign(r) - B - pla) da

St [ o)
R4
Let § < d. Then by (6.5) we get
E[|(r,sign(r) - Xio + 3)| 7]

St [ el pla) da

Sl EN1XT] S 7

since negative moments of order < d exist; see Lemma 3.1 in [3].

Let 8 > d. Then by (6.5) one has using the volume of a ball with radius 7

E[||(r, sign(7) - X} + 6)|| "]

St [ 17 plo) da

< m-ﬁ/a( [ e [ ||xu-ﬁ-p<x>dx)
{Il=l1<|7]} {ll=||>|7|}
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<o [ e [ plod)
{I7I<]l=lI<1} {ll[|>1}
1
<t (e [l g )
1
S (e s [ tar)
7]

< [P 4
_ |T|—ﬁ/a . |7-|(1—1/a)(d—5)

_ |7_|(1—1/a)d—6.

This proves (6.3). To prove (6.4) consider the event ||z|| < [d]/2 which yields
: ~ = = I 5
[sign() - @ + o[ > [l|l] = [lo[[| = llol] = [lll = 5 - [l8]l-
Thus for the estimates in (6.4) we have

E[[|(, sign(r) - Xjr + 6)|| "]

= frl e [ 11 sign(r) -+ )| - plo) d
R4

<1618 + [P / ) C Isign(r) -2+ 51 - pla) da
{llz[1>116]1/2, ||sign(T)-z+6| > |7} |
~
+!T|‘ﬁ/“/ ) 7 p(a)da
o {l|=]|>1161/2, ||sign(T)-z+8||<|7|} B

=:1s

Now,

L sign(r) 2 8|7 plo) da
{llzl1=11611/2, l|sign(T)-z+6]|=[7]}

=7 _’8/0‘/ - -  ||sign(7) - @ +g||_ﬁ -p(z) de
{ll=l|=11811/2, [lz+0]|>|7], |Isign(7)-z+0]| >[5 }
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dpeee [ ~ bign(r) o 57 plo) da
tlzl[=11611/2, lsign(r)-z+8][2[7], [[sign(r)-z+5]|<][4]|}

< ||5||_ﬁ+|7\_ﬁ/a/ o —Isign(r) -2 46|77 - pla) der
12151172, 311> lsign(r) 431 71}

g

=:13

By using (2.3) we further have

Iy =1 '3/"‘/ o - ||sign(7) -« + ngﬁ -p(z) de
{Nzl1=11911/2, 811> |sign(T)-z+6||>[7]}

66) Sl e [  Jisien(r) -2+ 5] da
{l18l[>Isign(7)-z+0||>|7|}

~ 11611
= frl e [

I7
For a € [1,2), B < d and |7| < ||d]|* by (6.6) we get
T el | I U [T e 1
whereas for a € (0, 1] and |7| < ||d|| one has
I S Irl - ol == < ol - {11177 < ol =",

For a € [1,2), 5 > d and || < ||0]|* by (6.6) one has

o
I3 < ]T\’ﬁ/a . H(SHdO‘/ rf .l ay
F

S lrf P 3| e
= |78 o] e

< [[][ A g e

= [lalje--es,
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Finally, by using (2.3) we get

I = 7| /e / ) R ple)de
{Ilz[|>11611/2, ||sign(7)-z+6||<|7|}

St f e [ el
||lz+sign(r)-o[[<|7[}

I I I e

= e[ oo

using the volume of a ball with radius |7| and center —sign(7) - . Now, a € (0, 1],
f < dand |7] <|]d]| result in

L S o0l < [l8|1' e < la] 7.
If « €1,2), 5 <dand |r| <||0]|* one has
L S o0 o] < [fa|em et < o] 7
If a« €[1,2), 5>dand |r| <|[d]|* one has
L S lof| 4% and - ||6]|77 < lof|(emDe?
which concludes the proof. 0]

Now, we are able to calculate the lower bound for the Hausdorff dimension of the
graph of X + f.

Theorem 6.11 (Energy estimates). Let T C Ry be a Borel set and o € (0,2).
Let X = (X;)=0 be an isotropic a-stable Lévy process in R and f : T — {y €
R : |ly — z|| < 3} for fized x € R? be a Borel measurable function. Define the a-
parabolic Hausdorff dimension ¢, = P*-dim Gr(f) where p; = dim Gr(f) denotes

the genuine Hausdorff dimension. Then one P-almost surely has

o1, a € (0,1],

(6.7) dim G (X + f) >
Ya N §~gpa+(1—§)-d, a€[l,2].

Proof. We define the increments 7 := t — s and 6 := f(t) — f(s) with ||d]| € [0,1]
and consider the difference kernel K°(t,z) = E[||(t,sign(t) - Xj + z)||~#]. We prove
that Exs () < oo holds for u € M (Gr(f)) from the parabolic version of Frostman’s
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lemma in Theorem 6.6 and for every (3 less than the right-hand side of (6.7). Then

the claim follows due to Lemma 6.5. For the energy integral we have

= s — S — S S, T
Excs (1) = / /gﬂf)XgT(f)K“ () — £(5)) dpu(s, 7) dptt,y)

(6.8) S// Kﬁ(ﬂ5)dudu+// |t — 5|77 dudu
{Jt-sle(.1)) {It-sle(1,00)}

< E[||(r, sign(7) - Xr(w) + 8|71 dud
N//{Mew (17, sign(r) - Xjr/(w) + 8)][~*] dpedp

in all cases.
(i) We begin with the case a € (0, 1] and 8 = ¢; — 2¢ for some arbitrary € > 0. Due

to Lemma 6.10 we have
cow s [ f - dudps [ [ 161177 dudpe
g JAIrle(0,1], [18]1€[0, |71} , {I71€(0, 11, [|o||e(IT], 1]} |
=1 = I

We get

LSY 2 pep{(ré): |rle(2F 2-275, [|6] € [0,2-27"]}.
k=1

Further,

L) 2 peu{(ro): |7l €(0,2-27%]; [|6]] € (27, 2-27%]}.
k=1

Now we have to calculate the expressions p ® p{-} for I1 and I5. For each k € N we
tile Ry x R? by disjoint hypercubes of size 27 x - -+ x 27% and denote the collection
of such hypercubes by Dy. For every ¢ € (0,1], v = ¢; — € and « € (0, 1] Frostman’s
Lemma 6.6 yields

d

u([t, t+c| x H [, acﬁ—c]) <,
i=1

in particular we have u(Q') < 27% for each Q' € (Dy)ren-

In order to estimate I; we define the following relation on (D )ren: For two hypercubes
@, Q' of the same generation we write () ~ Q' if there exists (s,z) € Q and (t,y) € @’
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such that |7| € (27%, 2- 27%] and ||| = ||y — z[| € [0, 2-27*]. Thus

L) 2 ) weop@xq)

k=1 Q,Q" €Dy
Q~Q’

The number of hypercubes related to some fixed ) via ~ is bounded by a universal

constant not depending on k£ and (). Hence

L) 2933 u(@) - @)

k=1 QED Q~Q'

2NN (@) -2

QED, Q'~Q

AN

A
M 1M T

2% (@) 270

QEDy
S 2N (@),
k=1 Q€D
Note that Y ocp #(Q) = u(Ugen, Q) = n(Ry x RY) =1 and we conclude

ok(B—) _ Zg—ke < o0,

1 k=1

[M]¢

I <

T

since § = 1 —2¢ and v = ¢ — €.

For the estimation of Iy we define a novel relation on (Dy)ren: For two hypercubes
Q, Q' of the same generation we write () ~ @’ if there exists (s, z) € @ and (t,y) € Q'
such that |7| € (0, 2-27%] and ||6]| € (27, 2-27*]. Thus

LY 2% 3" w(@) - Q).
k=1 Q,Q €Dy,
Q=Q’
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Now the number of hypercubes related to some fixed () via ~ is bounded by a universal

constant. Hence the same calculation as for [y yields

I, < 22’6(5—7) = ZQ"“ < 00
k=1 k=1

since f = ¢ — 2¢ and v = 1 — €.

(i) Now we treat the case o € [1,2) and ¢, < d. Let f = ¢, —2a - £ < d for some

arbitrary € > 0. Due to Lemma 6.10 we have

5}(6(#)
< / / 71780 dpdp+ / / 161172 du .
{Ir1e(0,1]]|8]|€[0, |T|1/*]} Y {Ir1€(0, 1], ||8]|€(| 7|/, 1]}
~ ~
We get

S Y2 peu{(ne): Irle (27227, o] € [0,2V° 27,
k=1

Further,

LS 2 p@u{(r,): |7[ € (0,2-27%]; [|6]] € (277, 2"/ . 27F/] ]
k=1
Now we have to calculate the expressions u ® p{-} for I3 and I,. For each k € N we
tile R, x R? by disjoint a-parabolic cylinders of size 27% x 27%/@ x ... x 27%/* and
again denote the collection of such cylinders by Dy. For every ¢ € (0,1], v = pq—a-€

and « € [1,2) Frostman’s lemma 6.6 yields

d
u([t, t+d x I [=: xi+cl/a]> <l

i=1

in particular we have p(Q') < 2757/ for each Q' € D;.

In order to estimate I3 we define the following relation on (Dy)gen: For two cylinders
Q, Q' of the same generation we write () ~ @' if there exists (s,z) € @ and (t,y) € Q'
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such that |7] € (27%, 2-27%] and ||§]| € [0, 21/ - 27%/*]. Thus

LSy 2% N peop@xq)

k=1 Q,Q" €Dy,

Q~Q'

=) 2 N (@) (@),
k=1 Q,Q' €Dy
Q~Q’

Now we fix some cylinder (). The number of cylinders related to ) via ~ is bounded

by a universal constant. Hence

IS 23 u(Q) - (@)

k=1 QeD, Q~Q'
o0
DD I WCREL
k=1 QeD, Q'~Q
<S> 2 Y (@)
k=1 QEDk
< ny(ﬁfv)/a. Z 1(Q).
k=1 QEDy,

Note that Y ,cp #(Q) = u(Ugen, Q) = p(Ry x R?) =1 and we conclude

I; < ZQk(ﬁ—v)/a < Zg—ka < o0,
k=1 k=1

since 8 = @, —2a-c and v = p, —a - €.

For the estimation of I, we define a novel relation on (Dy)ren: For two cylinders @, Q'
of the same generation we write @ ~ @' if there exists (s,z) € @ and (¢,y) € Q' such
that |7| € (0, 2-27%] and ||d]| € (27%/, 21/« . 27%/*]. Thus

L) 2% N u(Q) - (@),
k=1 Q,Q' €Dy,
Q=Q’
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Now the number of cylinders related to some fixed () via = is bounded by a universal

constant. Hence the same calculation as for I3 yields
oo
1, S Z 2_1% < Q.
k=1

i) Finally, we treat the case o € [1,2) and ¢, > d. Let f = (1—2).d++-0,—2¢ > d
(#i) v o) Ote
for for sufficiently small € > 0. Due to Lemma 6.10 we have

Exa(pn) 5// PB4, 4y,
JJ{r€(0,1],]|3]|€[0, 7/]} )

v~

115

T / / 1610428 4y .
J e e/ 1)

=: Ig

We get

IS Y 2OV g {(r,6) : |r| € (2%, 2-27F], |16]| € [0, 2V 27K/},
k=1

Further,

WE

I 5 2—k[(1—1/a)d—5] R {(7-’ 5) . |7-| c (O, 2. 2—19}7 ||5|| c (2—/{}/0[’ 21/04 . 2—k/a] }

e
Il

1

Now we have to calculate the expressions p ® p{-} for I5 and . For each k € N we
tile Ry x R? by disjoint a-parabolic cylinders of size 27F x 27F/@ x ... x 27F/« and
again denote the collection of such cylinders by Dy. For every ¢ € (0,1], v = po—a-¢
and « € [1,2) Frostman’s Lemma 6.6 yields

d
u([t, t+ ] x H, i, @; +cl/o‘}> < e

=1

in particular we have u(Q") < 2757/ for each Q' € Dy.

In order to estimate I5 we define the following relation on (Dy)xen: For two cylinders
@, Q' of the same generation we write () ~ Q" if there exists (s,z) € @ and (t,y) € @’
such that |7| € (27%, 2- 27%] and ||0]| € [0, 2"/ - 27+/=].
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Thus

HUTEE S T e (@ x Q)

1 Q,Q" €Dy,
Q~Q’

o
A
NE

=
Il

NE

2,k[(171/a)d*5] Z M(Q)N(Q/)

1 Q,Q' €Dy,
Q~Q’

i

Now we fix some cylinder (). The number of cylinders related to ) via ~ is bounded

by a universal constant. Hence

S 2 e S L0) (@)
k=1

QED, Q~Q'

< Z 9—k[(1-1/a)d—p] Z Z 1(Q) - 9—kv/a
k=1 QED;, Q'~Q
< Z 9—k[(1-1/a)d—p] Z w(Q) - 27"/
k=1 QEDy
< ngk[(lfl/a)dfﬂlfkv/a. Z Q).
k=1 QEDy,
Note that > ,cp #(Q) = p1(Ugen, Q) = n(Ry x R?) =1 and we conclude
I S Z 2_k6 < 00,
k=1

since f=(1—-1/a) -d+ po/a—2c and v = p, — - €.

For the estimation of I we define a novel relation on (Dy)ren: For two cylinders @, Q'
of the same generation we write @ ~ @' if there exists (s, z) € Q and (¢,y) € Q' such
that |7] € (0, 2-27%] and ||| € (2%, 21/ . 27#/*] Thus

I3 0 T S ) (@),
k=1

Q,Q' €Dy,
Q=Q’
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Now the number of cylinders related to some fixed () via = is bounded by a universal

constant. Hence the same calculation as for I5 yields
o0
I 5 Z 2_k€ <0
k=1

and the theorem is proven. O
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7. RANGE: UPPER AND LOWER BOUNDS

We give upper and lower bounds for the Hausdorff dimension of the range of a stable
Lévy process with drift.

Theorem 7.1. Let T C Ry be any set and o € (0,2). Let X = (Xi¢)i>0 be an
isotropic a-stable Lévy process in R? and f : T — R? be any function. Define the
a-parabolic Hausdorff dimension ¢, = P*-dim Gr(f). Then one P-almost surely
has

(7.1) dim Ry (X + f) <

where Rr(X + f) denotes the range of X + f over T.

Proof. The Gaussian case follows from the proof of Theorem 1.2 in [37] and Propo-
sition 3.4. Since the Hausdorff dimension of the range never exceeds the topological

dimension of the space a function maps to we always have
dim Ry (X + f) < d.

In case of o € [1,2) the claim directly follows from Theorem 3.6 and Theorem 5.1
which yield

dim Ry (X + f) <dimGr(X + f) < Z2-dim Gr(X + f) < Z2dim Gr(f) = pa-

Let aw € (0,1], B = a - ¢, and let 0, € > 0 be arbitrary. Then Gr(f) can be covered
by a-parabolic cylinders

d

(Pck)keN - <[tk7 tk + ci] X H [k Tig + Cll/ﬂ) c e
keN

=1

such that . .
D_IPe [ S Y M <
k=1 k=1

Let My(w) be the random number of a fixed 2%-nested collection of hypercubes with
sidelength c,lﬁ/a that the path ¢ — X;(w) hits at some time ¢ € [ty, tp + cl.
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Let Uken P, () 2 Gr(X (w)) with

My (w) d
(Pl (W) pon = ([tk, te 4 c) X U H & (W), &ijw(w )+Cllc/a])
keN

=1 =1
being a corresponding cover of the graph of this path. Then for all ¢ € [tg, tx + cx]
there exists j € {1,..., My(w)} such that for the i-th component of X + f we have

Eign(@) + 2 < X (W) + fo(t) < Eignlw) + wage + 20/,

Hence we obtain a random cover Ugey P, (w) D G (X (w) + f) where

Mk(w

d
Pck<w) = [tk; tk+ck] X U H é-ljk "‘xzk; gljk( )+xi,k +C]1§/a}

j=1 i=1

U [&"j’k(w) + Xik + Ci/a, gi,j,k( ) + Li k + 2Cl/a] .

By projection we get the random cover (J;2, O 1/a(w) 2 Ry (X (w) + f) of the range
k
with
My, (w)

d
1/a U H Cige(W) + @ig, & (W) + i + Cllc/a]

k=1 =1
1/a 1/
U [Gjn(w) + @ik + ¢/, Ggn(w) + zip + 2¢7°].

This is a union of M;(w) - 2¢ hypercubes with diameter v/d - c,i/ “. An application of

Pruitt and Taylor’s covering Lemma 6.1 in [38] shows that

E[My] < E[ ( l/a/3 Ck)]7

where T(c,lq/a/?),ck) denotes the sojourn time of the process (X¢)icp,¢, in a ball of

radius c,lg/a/?) centerd at the origin. By Lemma 3.4 in [27] we have for all ' > 0

E[ ( 1/04/3 c )] > Clt:Jr(g'/a.



Hence we get for &/ =0+ 0" > 0
E[H** (Re(X + f))]

<E Z }Dc}c/“ }6+5’}

- k=1

N
=

> a2
L k=1

N

Me T

E[M(w)] -

et
k=1 E |:T (Ck/a/3, Ck):|
WA
k=1
_ Z C](f—HS)/a
k=1
<e.

Since € > 0 is arbitrary, we get for all a € (0, 1]
o[ ] -0

Therefore

HA (Rp(X + £)) =0

holds P-almost surely. Hence
dim Ry (X + f) < B+ ¢
P-almost surely. Since &' > 0 is also arbitrary we finally get
dmRr( X+ f) <fB=a-¢a,

P-almost surely, as claimed.
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The lower bound is obtained by the energy method. In our case the set A from
Definition 6.3 is just Ry (X + f). The next lemma shows that we can work again

with an energy integral where the stable process X is transformed into the kernel.

Lemma 7.2 (Kernel transformation). Let T C R, be a Borel set and o € (0,2). Let
X = (X})i>0 be an isotropic stable Lévy process in R? and f : R, — R? be a Borel

measurable function. Define the difference kernel
KO (t,x) = E[[sign(t) - Xjy(w) + x||_ﬁ}.

Then
Cap,s(Gr(f)) >0
implies
Capg(Rr(X(w) + f)) > 0, P-almost surely.
Hence E,5(1) < oo for some probability measure u € M (Gr(f)) implies
dim Ry(X + f) > 5, P-almost surely.

Proof. Let € MY (Gr(f)) and 7; denote the projection onto the time component,
i.e. m(t, f(t)) = t. Define the probability measure v € M*(R,) as the pushforward

v(A) = u(m ' (A))

for Borel sets A C R, and further the random probability measure

fio(R) = v((X(w) + )" (R))

for every Borel set R C R? Then Tonelli’s theorem and the stationarity of the

increments of X yield
E [gﬁ(ﬁw)}
s/ o= ol1 i) a7 )]
Rr(X(w)+f) J Rr(X(w)+f)

U/”Xt )+ f(t) = (Xs(w) + (s))HBdu@)du(s)]

_ / / E[|[X:(w) — Xo(w) + = — yl| %] du(t, ) dp(s, y)
Gr Ggr(f)
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=[] mllbent— ) Xiae) + o~ 7] dute ) dns
Gr(f) JGr(f)

= Cgp (M)
By assumption, there exists u € M (Gr(f)) such that £.s(u) < oo holds. From that

one P-almost surely has £3(f,) < oo and the final statement immediately follows
by Frostman’s Theorem 6.4 since the range of a Borel set under a Borel measurable

function is a Suslin set, see Section 11 in [21]. O

We make use of new kernel estimates.

Lemma 7.3 (Kernel estimates.). Let o € (0,2) and X = (X;)1>0 be an isotropic a-
stable Lévy process in RY. Let 8 € (0,d) and 7 € R, § € R? be such that |7| € (0, 1],
16]] € [0,1]. Then appropriate choices for estimating the difference kernel xk°(r,0) =
IE[Hsign(t) - Xy (w) + x||_ﬂ] are

KP(1,8) S |77, for B < d

and one has
K°(1,8) S 16|77 for B <& and |7| < ||6]]".

Proof. Let p(x) denote the density function of X 4 7|7V X|;|. We define the

1/a

rescaled increment 8 := ¢ /|T[*/*. The self-similarity of the stable Lévy process and

Lemma 6.9 yield

E[|jsign(r) - Xjr| + 8|7
= el [ Jlsign(r) -+ 5|7 - plo) d
]Rd
= 7| / 2+ sign(r) - 8| - p(x) de
]Rd

Slrl~e /Rd ]|~ p(w) dz < |77 BIIX0] 7] S Ir77,

since negative moments of order < d exist; see Lemma 3.1 in [3].

Now consider the region ||sign(7) - = + 0| < ||d]|/2 which yields

. <~ . R < 1=
[l]] = [[sign(r)-z+0—0| > |l|sign(7)-+6]|—[lo][| = ||o]|—|sign(r)-z+d]| = 3-[|4]|
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Thus g < d and 7 < ||6]|* lead to

E[|lsign(r) - Xjr| + 8|7
= |7 P / sign(r) - &+ 3] - p(z) da
Rd

<1618 + [P / O |siga(r) -2+ 37 - pla) de
{l|sign(7)-z+4||<||4]|/2}

- 131 -
§||5H5+|T!5/‘“H5||"“‘/0 e 1] I [

= 161177 + I7] - Il =7 < 161177,

where we have used (2.3) to estimate the tail-densities. O

We will proof the lower bounds for the range of isotropic stable Lévy processes with
drift by the same methods as for the graph.

Theorem 7.4 (Lower bound for the range). Let T C R be a Borel set and o € (0,2).
Let X = (X;)¢>0 be an isotropic a-stable Lévy process in R and f: T — {y € R :
ly —z| < %} for fived x € R? be a Borel measurable function. Define the a-parabolic
Hausdorff dimension ¢, := P*-dim Gr(f). Then one P-almost surely has

a o, N d, ae€(0,1],

(7.2) dimRr(X + f) >
Yo N d, a€[1,2).

Proof. We define the increments 7 = ¢ — s and 6 = f(¢t) — f(s) with ||d]| € [0, 1] and
consider the difference kernel
nﬁ(t,aﬁ) = IE[Hsign(t) - Xjy(w) + .CL'H_ﬁ}.

We prove that (1) < oo holds for p € M (Gr(f)) from the parabolic version of
Frostman’s Lemma in Theorem 6.6 for every 3 less than the right side of Equation

(7.2). Then the claim follows due to Lemma 7.2. A priori our Lemma 7.3 yields
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Es(p

)
_ / / WPt — s, F(t) — £(s)) du(s, z) du(t, )
Gr(f)xGr(f)

S// ﬁ'ﬁ(ﬂ(;)dﬂdﬂJr// || dpdpe
{11 150, {Irle(o0), 6llef0.1]}

<[] E[|[sign(r) - Xjr () + 81| "] dpadp
{I71€(0,1], ]|6]|€[0,1]}

in all cases.

(1) We begin with the case a € (0,1] and - p, < d, then f = o -, — 2 - € < d for

some arbitrary € > 0. Due to Lemma 7.3 we have

() < / / 7|/ Ay + / / 16117 duedp.
{Ir|€(0,1], ||8]|€[0, |T|*/ ]} Y {Ir1€(0, 1], [|8]|€(| 7|/, 1]} |

= 1 =: I

We get

I ZQkﬂ/a~,u®,u{(T,5) || € (2—1@7 9. 2—k], 15| € [0’ ol/a . 2_14;/@}}.
k=1

Further,

LS Y2 p@p{(re): Irl € (0,2-27; [lo] € (277, 2/ 27He] )
k=1

Now we have to calculate the expressions p ® pu{-} for I; and I5. For each k € N, we
tile R x R? by disjoint a-parabolic cylinders Dj, of dimension 2% x 275/ x ... x27F/,

For every ¢ € (0,1], 7 = ¢po — € and « € (0, 1] Frostman’s Lemma 6.6 yields
d
u([t, t+c] x H i, @; +cl/a]> <,
i=1

in particular we have u(Q’) < 27% for each Q' € Dy.
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In order to estimate I; we define the following relation on (Dg)ren: For two a-
parabolic cylinders @, Q" of the same generation we write @ ~ @' if there exists
(s,z) € Q and (t,y) € Q such that |7| € (27%, 2 27¥] and ||d]| € [0,2/ . 27K/].
Thus

LSY 29 3" peop@xqQ)
k=1 Q,Q €Dy,
Q~Q'’

=) 2 N (@) (@),
k=1 Q,Q' €Dy,
Q~Q'’

Now we fix some a-parabolic cylinder (). The number of a-parabolic cylinders related

to () via ~ is bounded by a universal constant not depending on k£ and (). Hence

LS 233 u(@Q) - (@)

QED Q~Q'

200 3 S @) 2

QED, Q'~Q

2 5 (@) 27

QEeDy,

ok(B—ay)/a Z Q).

1 QEDy

Note that »ocp, = 1(Ugen, Q) = p(Ry x RY) =1 and we conclude

LS 2Mmenle =N ok < oo,
k=1 k=1

o

—

AN

N
Mz 1M 1M

AN
i

since B =a -, —2a-€ and v = p, — €.

For the estimation of I; we define a novel relation on (Dy)gen: For two hypercubes
Q, Q' of the same generation we write Q ~ Q" if there exists (s,z) € Q and (t,y) € Q’
such that |7| € (0, 2-27%] and ||d]| € (27F, 21/ . 27F/].
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Thus
LS 2% 3" u(Q) - (@),

k=1 Q,Q' €Dy,
Q~=Q’

Now the number of hypercubes related to some fixed () via & is bounded by a universal

constant. Hence the same calculation as for I; yields

L <Y 2Fremle = N gmke < oo
k=1 k=1

as claimed.

(i) Now we treat the case a € [1,2) and = ¢, — 2¢ < d for some arbitrary € > 0.

Due to Lemma 7.3 we have

() < / / 7|/ dpudp + / / LIRE
{Ir1e(0,1], [18]|€[0, |7 |*/ =]} Y {Ir1€(0, 1], ||8]|€(| T/, 1]} |

-

=: I3 =: Iy

We get

B S peu{(ro): Il (275 2-274, 13 € [0,27% 274},
k=1

Further,

LS Y2 p@p{(re): Irl € (0,2-27; [lo] € (277, 2/ 27He] )
k=1

Now we have to calculate the expressions p®@u{-} for I3 and I;. For each k € N we tile
R, x R by disjoint a-parabolic cylinders Dy, of dimension 275 x 275/ x ... x 27F/,
For every ¢ € (0,1], 7 = o — € and « € [1,2) Frostman’s Lemma 6.6 yields

d
u<[t, t+c| x H (i, z; + Cl/a}> < /e

i=1

in particular we have p(Q') < 2757/ for each Q' € Dy,

In order to estimate I3 we define the following relation on (Dy)ren: For two cylinders
Q, Q' of the same generation we write () ~ @' if there exists (s, z) € @ and (t,y) € @
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such that |7| € (27%, 2- 27%] and [|0]| € [0,2"/« - 27%/*]. Thus

LSy 2% N peop@xq)

k=1 Q,Q" €Dy,

Q~Q'

=) 2 N (@) (@),
k=1 Q,Q' €Dy
Q~Q’

Now we fix some cylinder (). The number of cylinders related to ) via ~ is bounded

by a universal constant. Hence

IS 2733 u(@Q) - (@)

k=1 Q€D Q~Q
SIS ID WIERE
k=1 Q€D Q'~Q
SS9 3 (@) 2k
k=1 QeDy
< ng(ﬂ—w)/a. Z 1(Q).
k=1 QeD;,

Note that > 5cp, = (1(Ugen, Q) = p(Ry x RY) =1 and we conclude

I; < ng(ﬁﬂ)/a < ZQ*RE/CY < 00,
k=1 k=1

since 8 = p, —2¢ and v = ¢, — €.

For the estimation of I, we define a novel relation on (Dy)ren: For two cylinders @, Q'
of the same generation we write QQ ~ @' if there exists (s,z) € @ and (t,y) € Q' such
that |7| € (0, 2-27%] and ||6]| € (27%/, 21/« . 27¥/*]. Thus

L) 2 3 u(Q) - (@)
k=1 Q,Q'€Dy,
Q=Q’
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Now the number of cylinders related to some fixed () via = is bounded by a universal

constant. Hence the same calculation as for I3 yields

1, 5 ZQ_ka/a < Q.
k=1

(11i) Next, we treat the case a € (0,1], a- ¢, € [d,d + 1]. Let § = d — 2¢ for some

arbitrary € > 0. Due to Lemma 7.3 we have

E(n) < / / 7782 dpdpe+ / / 16117 du .
R {Ir1€(0, 1], l15]|€[0, |7|*/=]} {Ir1€(0, 1], l|8]|€(| T/, 1]}

=: I5 =: Ig

We get

Ls Y 2 pop{(re): |7l € (27 227, [jo]| € [0,2Y/ - 27"/ }.
k=1

Further,

Io$5 Y2 p@pf{(re): Irl € (0,2-27); 1ol € (27, 2V 27Me] ),
k=1

Now we have to calculate the expressions p ® p{-} for I5 and I. For every k € N we
tile Ry x R? with a-parabolic cylinders D, of dimension 2% x 275/ x ... x 27F/e

For every c € (0,1], y =d/a—¢e/a < ¢, and « € [1,2) Frostman’s Lemma 6.6 yields

d
u([t, t+c| x H i, @ + Cl/a}> <

i=1

in particular we have u(Q’) < 27% for each Q' € Dy.

In order to estimate I5 we define the following relation on (Dy)gen: For two a-
parabolic cylinders @, Q)" of the same generation we write Q ~ ' if there exists
(s,z) € Q and (t,y) € Q' such that |7 € (27%, 2-27%] and ||§]| € [0,2V/ - 27F/].
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Thus

LS 2% N pep@xqQ)

k=1 Q,Q €Dy,
o~

=) 2 N (@) (@),
1 QQeny
o~

Now we fix some cylinder (). The number of cylinders related to ) via ~ is bounded

by a universal constant. Hence

IS 23" 3 u(Q) - (@)

k=1 QeDy, Q~Q'
DI W
k=1 QeDy, Q'~Q
S 2y @) -2
k=1 QEDy,
< Z ok(B/a=) Z 1(Q).
k=1 QEDy,

Note that > ncp, = (Ugen, Q) = p(Ry x R?) =1 and we conclude

I; < ng(ﬁ/a—v) < okl o,
k=1 k=1

since f =d —2¢ and v =d/a —¢/a.

For the estimation of I we define a novel relation on (Dy)ren: For two cylinders @, Q'
of the same generation we write @ ~ @' if there exists (s, z) € Q and (¢,y) € Q' such
that |7] € (0, 2-27F] and ||| € (27F/, 21/ . 27F/e],
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Thus
I S) 2%/ 3" u(Q) - (@),

k=1 Q,Q'€Dy,
Q=Q’

Now the number of cylinders related to some fixed ) via = is bounded by a universal

constant. Hence the same calculation as for I5 yields
oo

<Y 2k <o,
k=1

as claimed.

(iv) Finally, we treat the case o € [1,2), ¢, € [d,d + 1]. Let 8 = d — 2¢ for some

arbitrary € > 0. Due to Lemma 7.3 we have

E(n) < / / 7% dpdp + / / 16117 dudp.
J Jirle. 1 1slep, o)y s elieqre 1y

J/

=: Iy =:1Ig

We get

BS Y2 p@u{(ro): Irle (274 227, [jgl € [0,2V 2]},
k=1

Further,

I <Y 2 p@pud{(r,6): |r| e (0,2-27%; ||o]] € (27%/, 2. 27N},
k=1

Now we have to calculate the expressions p ® p{-} for I; and Is. For every k € N we
tile R, x R? with a-parabolic cylinders D, of dimension 27% x 27F/® x ... x 27k/e
For every c € (0,1], y =d — ¢ < ¢, € [d,d+ 1] and « € [1,2) Frostman’s Lemma 6.6
yields

d

u([t, t+c| x H [:pi, x; + Cl/a}) < e,

i=1

in particular we have p(Q') < 2757/ for each Q' € Dj.
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In order to estimate I; we define the following relation on (Dg)ren: For two a-
parabolic cylinders @, Q" of the same generation we write @ ~ @' if there exists
(s,z) € Q and (t,y) € Q such that |7| € (27%, 2 27¥] and ||d]| € [0,2/ . 27K/].
Thus

LS 29 Y nou@xqQ)
k=1 Q.Q"€Dy,
Q~Q'
=D 29 Y w@)- @),
k=1 Q.Q"EDy,
Q~Q'

Now we fix some cylinder (). The number of cylinders related to ) via ~ is bounded
by a universal constant. Hence

LS 233 u(@Q) - (@)

k=1 QED; Q@
SIS D WIICEL
k=1 QED, Q'~Q
S Y @) 2
k=1 QEDy
DAL (o))
k=1 QEDy

Note that > 5cp, = (1(Ugen, Q) = p(Ry x RY) =1 and we conclude

I; < sz(ﬁﬂ)/a < ngks/a < 00,
k=1 k=1

since =d—2cand y=d —e.
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For the estimation of Ig we define a novel relation on (Dy)ren: For two cylinders @, Q'
of the same generation we write @ ~ @’ if there exists (s,z) € Q and (t,y) € Q' such
that |7| € (0, 2-27%] and ||d]| € (27%/, 21/« . 27%/*]. Thus

I <) 29 N u(Q) - (@),
k=1 Q,Q'eDy,
Q~=Q’

Now the number of cylinders related to some fixed @) via = is bounded. Hence the

same calculation as for I yields

)
Iy 5 ZQ_I%/O‘ < 00,
k=1

and the lemma is proven. O
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8. ESTIMATES FOR THE PARABOLIC HAUSDORFF DIMENSION

So far we calculated the Hausdorff dimension of a stable Lévy process plus determin-
istic drift function in terms of the parabolic dimension of the drift alone. Now, we
want to give estimates for the a-parabolic Hausdorff dimension itself. We begin with

the parabolic Hausdorff dimension of a constant function.

Lemma 8.1. Let T C R"™ be any set and o € (0,00). Define the constant function
fc: T~ C e€Re Then one has

P%-dimGr(fo) < (aV1)-dimT
Proof. Without loss of generality, let fo = fo =0 € R

(i) Let a € (0,1], f =dim T and let d, ¢ > 0 be arbitrary. Then there exists a cover

n

Ty = H[tz’,m tik + Ckl

=1

and ¢, < 1 such that

o o
S s Y <
k=1 k=1

Now, Gr(fo) can be covered by a-parabolic cylinders

n d
(Pck)keN = (H[ti,k; tz‘,k + Ck X H 0 Cli,/a > Q gza'
J=1 keN

=1

Note that |P,,| =< ¢. Hence

o0 o0
1)
PHITGr(fo) <) PP S el <.
k=1 k=1

Since € > 0 is arbitrary, for all § > 0 we have
PH(Gr(fo)) =0
and therefore one has

P dim Gr(fo) < B+ 0.
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Since 0 > 0 is also arbitrary, we obtain
P dim Gr(fo) < f=dimT.

(ii) Let o € [1,00), B = o -dim T and let §, € > 0 be arbitrary. Then there exists a
cover Ugen T 2 T with

n

Ty = H[tz‘,m tig + Cl

=1

and ¢, < 1 such that

S esare = S0 o
k=1 k=1

Then Gr(fo) can be covered by a-parabolic cylinders

n d
P a) = t; , t; X

=1 J

[0, c,f/a]> C P
keN

1

Since |Pcl/a| = c,i/ “ it follows that
k

(gza_’}_[ﬂ-H;(gT(fo)) < § :lpcl/a|ﬂ+6 5 § (Ci/a)ﬁ-ﬁ-f; SJ § C’(CB-HS)/Q <e.
k
k=1 k=1 k=1

Since € > 0 is arbitrary, for all 6 > 0 we have
PN (Gr(fo) =0
and therefore one has
P dim Gr(fo) < B+ 0.
Since 6 > 0 is also arbitrary, we obtain
P dim Gr(fo) < B=a-dimT,

as desired. 0

We can calculate the a-parabolic Hausdorff dimension of an isotropic a-stable Lévy
process itself. This shows that a-parabolic covers are the most efficient coverings for

this self-similar process.
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Theorem 8.2. Let T C Ry be a Borel set and a € (0,2]. Let X = (Xi)i>0 be an

1sotropic a-stable Lévy process. One P-almost surely has

Z%-dimGr(X) = (aV1)-dimT.

Proof. By Theorem 3.2 of [43], Theorem 3.6, Theorem 5.1 and Lemma 8.1, for « -
dimT > 1, ie. «a € [1,2], and fo = 0 € R? one P-almost surely has

dimT +1 -1/«
= dim G (X)
<1/a - 2°dimGr(X)+1-1/a
<1/a-P2°-dimGr(fo) +1—1/a
<dimT +1—1/a.

In the other cases, Theorem 3.2 of [43] and the same theorems as above P-almost

surely yield
(@V1)-dimT
— dim Gy (X)
< 2°-dim Gr(X)
< 2%-dim Gr(fo)
<(aVv1)-dimT

and the claim follows. O

Remark 8.3. We can also calculate the Hausdorff dimension of the graph of the frac-

tional Brownian motion. Let Bf = (Bff) _ be a fractional Brownian motion in R?

>0
of Hurst index 1/ae = H € (0,1]. One P-almost surely has
dim T
2°-dim Gr(B") = "=~ = o - dim T,

H
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This follows from Theorem 2.1 in [46], Proposition 3.4, Theorem 3.6, Lemma 2.2 in
[37] and Lemma 8.1 for o - dim T < d and fy = 0 € R? which P-almost surely yield

a-dim7T
= dim Gr (BH)
< 2°-dim Gr(B")
= 2°-dim Gr(fo)
< qa-dim7T.
In the other cases the same theorems P-almost surely yield
dmT+ (1 -1/a)-d
= dim Gr (BH)
< Wa—dimgT(BH)/& +(1—-1/a)-d
— 2 dim Gr(fo) fo + (1 1/a) - d
<dmT+ (1-1/a)-d
and the claim follows.

The calculations in the proof of the previous theorem show that equality holds in

Lemma 8.1 for n = 1.

Corollary 8.4. Let T C Ry be a Borel set and o € (0,00). Define the constant
function fo: T+ C € RY. Then

Z%-dimGr(fe) =(av1)-dimT
holds.

Proof. Without loss of generality, let fo = 0 € R?. The claim follows by the calcula-
tions in the proof of Theorem 8.2. O
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As a consequence, we recover a well-known result for the range of an isotropic a-
stable Lévy process; see [6] and Theorem 3.1 in [27]. Note that it makes no sense to
talk about the a-parabolic Hausdorff dimension of the range of a function since this

notion of dimension always relies on the scaling between time and space.

Theorem 8.5. Let T C Ry be a Borel set and o € (0,2]. Let X = (X;)i>0 be an
isotropic a-stable Lévy process on some probability space (22, A,P). One P-almost
surely has

dimRr(X) =a-dimT Ad.
Proof. From Theorem 4.3 and Corollary 8.4 follows
dim Ry (X) = (@ A1) - 2*-dim Gr(fo) Nd = a-dim T A d,
as claimed. H

We can also give some a priori estimates for the a-parabolic Hausdorff dimension of

the graph of a function in terms of the genuine Hausdorff dimension.

Theorem 8.6. Let T C R™ be any set and f : T — R? be any function. Define
the a-parabolic Hausdorff dimension p, := P*-dim Gr(f) where p; = dim Gr(f)
denotes the genuine Hausdorff dimension of the grapf of f over T'. Then one has
gol—i—(é—l) -d N n+d, «ae€(0,1],
o1+ (a@—1)-n A n+d, a€c]ll o)
and
o1V ip+(1-1)n, aec(01]
o1 Va-pr+(1—a)-d acll o).

Yo =

Further, if T C Ry is a Borel set and f : T — R? is a Borel measurable function,
then the sharper estimate

1 1
Yo < —p1 A s01+<——1>-d ANd+1, ae(0,1]
o «a
holds.

Proof. This follows immediately by Lemma 3.6 and Corollary 4.4 and the fact that the

Hausdorff dimension never exceeds the toplogical dimension of the whole space. [
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Next we calculate some bounds for the parabolic Hausdorff dimension of S-Holder

continuous functions. These are functions f : R" O T' — R? that fulfil

(8.1) £ () = ()l < C -]t = ]|
for all s, € T and some 3 € (0,1], C > 0, denoted as f € C?(T,R%). In case of

a = 1, the following theorem restates a classical result; e.g., see §10, Theorem 6 in
22].

Theorem 8.7. Let T C R" be any set, a € (0,00), B € (0,1] and f € CP(T,R?) be
a B-Holder continuous function. Define the a-parabolic Hausdorff dimension p, =
PY-dim Gr(f) of the graph of f over T'. Then the estimates

dmT+d- (3 —6) A B A ntd, a e (0,1],
Pa < oz-dimTer-(l—aﬁ)/\di%T/\ner, ae[l,%},
a~dimT/\%~(dimT—1)+oz/\n+d, ae[%,oo)

hold.

Proof. Let 7 > dimT" and € > 0 be arbitrary. Then we can cover 1" by hypercubes
(Th)ken with diameter |7} < 1 such that > .~ |Tx|” < &. Since f € C? (T, Rd), we
can cover Gr(f) by (Bg)ren € R"™ where

d
By, =Ty x H [l’j,m i+ C- ‘Tk"ﬁ}

j=1
for every k € N. Note that, without loss of generality, we may assume C' > 1 for the

constant in (8.1).

(i) Let a € (0,1]. On the one hand, for every k € N we can cover By by (several)
a-parabolic cylinders with sidelength |T,| in the time domain. Since K - [T,/ >
C-|Tp?iff K > C - |Tg|?~Y* we find a cover

w [Crmre]’

Gr(f) C U U T X Uy ire
f—1 =1
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with Ty, X Ojg, /e, € £ for every k,l € N. Now, for v =17 +d- (1/a — ) we have

POHGr(f) S |Tel* OV =3 |Ti|" < e,
k=1 k=1

Since 7 > dim T is arbitrary, this results in

0o <dimT +d- (1/a = B).

x4 |Th|? zp + [Tp|?

g + |Ti M/

T Tk

tk ty + [Tkl i ty + | Tl th + | Th |8

FIGURE 2. Two possibilities to cover By with sets from P* in case (i).

On the other hand, see the right picture in Figure 2, for every k € N we can cover
Bi by a single a-parabolic cylinder with sidelength C* - |T;|*? in the time domain.
Then QT(f) g UkEN P|Tk‘a*8 with

[Ij’k, Tjk +C- |Tklﬂ} € P,

n d
=1

Piryjos == H [ti,katz’,k +C* - |Tk|a’8} X
i=1 i
Now, for v = 7/(af) we have

o0

PWGr(f) S 3 Tl <.

k=1
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Since 7 > dim 7T is arbitrary this results in
dim 7T

af
(ii) Let o € [1,1/f]. On the one hand, for every k € N we can cover By by (several)
a-parabolic cylinders with sidelength |Ty| in time. Since K - |Tx|V/® > C - |Tx|? iff
K > |T|?~Y* we find a cover

Pa <

w [c:mis-1re]”

- U U Tk X D\Tk|1/“,l'
k=1 =1

with Ty X Oy, j1/a,, € P for every k,1 € N. Now, for v = a-7+d- (1 — af3) we have
PHNGr(f) S Y [Tyt = Z\Tk!T <e.
k=1

Since 7 > dim 7T is arbitrary, this results in
Yo < a-dimT +d-(1—ap).

On the other hand, for every k € N we can cover By by a single a-parabolic cylinder
with sidelength |T;|*? in time. Then Gr(f) C Ugen Ppr,jes with

n

d
Prryes = [ [t tir + Tl ] x T [0 @i + ITel?] € 222
j=1

=1

Now, for v = 7/ we have
P-H (Gr(f <Z\Tk]57—Z|Tk\T<5

Since 7 > dim 7T is arbitrary, this results in
Yo < dimT/p.

(111) Let a € [1/5,00). On the one hand, see the right picture in Figure 3, for every
k € N we can cover By by (several) a-parabolic cylinders with sidelength |T;|*? in
the time domain. Since K - [T;|*? > C - [T,| iff K > C - |T;|'=*% we find a cover

o [Cmiie?]

U U Tk,l X DITkJ‘l/a.
k=1
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with Tje; x Oyg, /e € P for every k.1 € N. Now, for v = (7 +af — 1)/ we have

PHNGr(f) S YTl PP =) [T <e.
k=1 k=1

Since 7 > dim 7T is arbitrary, this results in

1
Vo < B-(dlmT—l)—l—a.
1
o+ Tl o -
xp, + |T|? zp + |Tk|?
Tk Tk
ty tr + | Tkl te b+ |TRlP tr + | Thl

FIGURE 3. Two possibilities to cover By with sets from P in case (iii).

On the other hand, see the left picture in Figure 3, for every k € N we can cover By
by a single a-parabolic cylinder with length C* - | T¢| in the time domain. Therefore
we find a cover .
Gr(f) € \JTh x Oy
k=1
with Ty X Ujg, /e € P for every k € N. Now, for v > a - 7 we have

PHGr(f) S D |Tul* <e.
k=1

Since 7 > dim 7T is arbitrary, this results in
Yo L a-dimT.

The rest follows from the fact that the Hausdorff dimension never exceeds the top-

logical dimension of the whole space. 0
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Let us inspect the most important case where n = 1 and a = 2, i.e. we aim to get

a bound for the graph of Brownian motion plus g-Holder continuous drift function
over T" according to its regularity (.

Corollary 8.8. Let T C R, be any set. Let B = (By)i>o denote the Brownian motion
in R? and let f € C°(T,R?) for some 8 € (0,1]. One P-almost surely has

( 1 dimT 1

d+3, B=T —

dim T d- (1= dimT_L< <dimT A 1
dimGr(B+ f) < d.lmT td-(1=h), d.dT Qd_lﬁ_ a 2

%7 %Sﬁgﬁu

(2-dimT AdimT + ¢, 1<

for the graph of B + f over T'. Moreover, one P-almost surely has

dimT dim T 1
T S sSb6<3,

dimRr(B+f) <2 -dimT Ad, 9L <3 <p,
d, else

for the range of B + f over T.

Proof. Let oy := 22%-dim Gr(f) denote the parabolic Hausdorff dimension of the
graph of f over T'. Corollary 5.3 P-almost surely yields

w9 +d
2

dimGr(B+ f) <2 A
and Theorem 7.1 P-almost surely yields

dimRp(X + f) <2 A d.
Our Theorem 8.7 yields

2-dimT+d-(1-28) A d+1, g<dnl AL
dimT dimT 1
w2 < =5 T§5§§a
2-dim 7T, %gﬁ

and the claim follows. O
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We cite the classical result for the Hausdorff dimension of the range of a Holder
continuous function. Again, note that it makes no sense to talk about the a-parabolic
Hausdorff dimension of the range of a function since this notion of dimension always

relies on the scaling between time and space.

Theorem 8.9. Let 3 € (0,1], T C R" be any set and let f € CP(T,R?) be a B-Holder
continuous function. Then one has

dmRy(f) < = -dimT A d

|

for the range of f over T

Proof. The result corresponds to §10, Theorem 6 in [22]. Tt is formulated for compact

sets T' but its geometrical proof also works for arbitrary sets. ([l

Finally, we give an example for the applicability of our results. We consider the

fractional heat equation with initial condition, i.e.
= —(=2)"[u,
u’tzo =Ug € C’B.

It is well known, see [2], that for an isotropic a-stable process X = (X});>0 on some

probability space (2, A, P), its solution can be represented by
(8.2) u(t,z) = E,lug(Xy)] = Elug( X + x)].

Since the expected value in (8.2) averages the paths of uo(X;+ ) to a smooth macro-
scopic flow, it makes no sense to analyse the whole solution by means of fractal
geometry. But we can analyse the pathwise solutions of a similar non-averaged model

with methods from parabolic fractal geometry.

Theorem 8.10. Let o € (0,2], 8 € (0,1] and T C Ry be any set. Let X = (X;)i>0
be an isotropic a-stable Lévy process in R and uy € C? be a B-Holder continuous
function. Define the constant function f, : T — {x} € R% and consider the non-

averaged system
u(t, z3w) = uo(Xe(w) + fo(t)),

u’t:O =Ug € Cﬁ
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Then one P-almost surely has
dimGr(u) < a-dimT +d- (1 — B) A %-dimT Ad+1

and

dimRr(u) < = -dimT A d

™| Q

for the graph and range of u over T.

Proof. According to Theorem 8.7, Theorem 7.1 and Lemma 8.1 one P-almost surely

has
= dim Gr(uo(X + f2))

= dim Gr,(x+£.)(uo)

<dimRp(X + fp) +d-(1-5) A %-dimRT(X+fw)

< (A1) PO-dimGr(f,) +d- (1—B) A 0‘21 - 2 dim Gr(f,)
(A1) (V1)

-dim T

<(aAl)-(aVvl)-dimT+d-(1-5) A 5

—a-dimT+d-(1-5) A %-dimT.

The rest of the claim follows from the fact that the Hausdorff dimension never exceeds

the topological dimension of the space.
According to Theorem 8.9, Theorem 7.1 and Lemma 8.1 one P-almost surely has
dim Ry (u)

dim R (x+,) (uo)

< - dimRr(X+f) A d

™| =



as claimed.

aNl

=2 2 dimGr(f,) A d

s
(aNl)-(aV]1)

<
- B

Q@
=—-dimT A d,
5

-dimT A d

82



83
Part 3. Spectral Theory of Nonlocal Random Schrodinger Operators
9. INTRODUCTION OF THE MODEL

For fixed o € (0,2) we will show some spectral properties of the fractional random

Schrodinger operator
(9-1) Hu[)] = (=A)*2[g] + Vi, - ¢

acting on suitably regular functions 1) on R?, where V, is either a Gaussian or Poisso-

@/2 was introduced in Section

nian random potential. The fractional Laplacian (—A)
2 and reduces to the negative Laplacian —A when « = 2 but in contrast to the or-
dinary Laplacian, the fractional Laplacian is a nonlocal operator. We are interested
in the spectrum of the operator H,; in particular, we want to calculate the average
number of energies A, per volume up to a certain level A € R. For that purpose we
restrict the operator H, to a box A and choose zero Dirichlet boundary conditions.
This results in a countable number of energies A\, » bounded from below such that

the spectrum of the restricted operator H, o can be ordered as
(9.2) o(Hop) = {200 <28 <)

Define the normalized eigenvalue counting function of H, 5 by

1 [e.e]
Naa) = 77 L oy
k=1

where |A| denotes the volume of the box. Enlarging the box to the whole R? denoted
by |A| — oo and taking expectations this results in the so-called integrated density
of states (IDS)

N(A) == lim E[N,a(N)].

|[A|—=o0
Nakao proved in [29] the existence of the IDS for random Schrédinger operators with
Poissonian and Gaussian random potentials. He works in the setting where @ = 2,
i.e. the free part is the classical Laplacian. Further he proves the asymptotics of
the IDS at the left and right end of the spectrum of random Schrédinger operators
both for Poissonian and Gaussian potentials. Thus we can exclude the case a = 2 in
our considerations. Nakao’s work is based on Pastur [33] and the important work of

Donsker and Varadhan [13] on the Wiener sausage.
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Throughout this part we assume that the Gaussian potential V,, = (V,,(x)),cra is a
real-valued stationary centered Gaussian random field on a complete probability space
(Q, o/, P). Then V, is determined by its covariance function c¢(x) := E[V,,(0)V,,(x)]
which is assumed to be strictly positive at the origin. A more rigorous model can be
found in Section 2 of [16].

Okura gereneralized Nakao’s work [31] to a larger class of nonlocal operators with ran-
dom potential including the fractional Laplacian. In detail he proves the existence of
the IDS for operators generated by symmetric Lévy processes whose Lévy exponent
fulfils some mild exponential integrability condition plus some stationary potential
whose negative part is exponentially r-integrable for some r > 2, see Theorem 10.1
below. These potentials subsume the Poissonian and Gaussian case and Okura deter-
mines the asymptotics at the left end of the spectrum for Poissonian potentials. He
leaves the case of Gaussian potentials and the asymptotics for Poissonian potentials
at high energies open. These cases are the subject of this part.

In Section 10 we prove the existence of the IDS for the fractional Schrodinger operator
with Gaussian potential based on Okura’s general result from [31]. Then we analyze
its asymptotics at the left end of the spectrum as A — —oo.

In Section 11 we follow the idea of Nakao [29] in proving Lifshitz tails for the fractional
random Schrodinger operator with Gaussian potential, i.e. exponential decay of the
IDS at the left end of the spectrum. For that purpose we use a technique developed
by Pastur [34] which was generalized by Okura [31]. For a treatment in the discrete
setting, see [19].

Finally, we analyse the asymptotics at the right end of the spectrum as A — +o0 for

arbitrary stationary random potentials that satisfy some mild condition which implies
(9.3) ]E[e’w“(o)] < 00.

In [32] a similar result was proven in the Gaussian case under this assumption. We
have to add another condition, viz.

o £V

tlo  t—d/a =90,

in order to fit a suitable Tauber theorem. Both Gaussian and Poissonian potentials

fulfil these conditions.
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We give stochastic proofs instead of Nakao’s functional analytic ones in [29]. They
mainly do not rely on external theorems and are self-contained in the text. It turns
out that the asymptotics at the left end of the spectrum does not depend on « € (0, 2)
and thus is completely determined by the random potential, whereas the asymptotics
at the right end of the spectrum only depends on « € (0,2) in case of both Gaussian
and Poissonian potentials. Hence the potential is the dominant part at low energies

whereas the fractional Laplacian is leading at high energies.
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10. EXISTENCE OF THE IDS FOR GAUSSIAN POTENTIALS

First of all we make sure that the IDS actually exists in case of our fractional random
Schrodinger operators with Gaussian potential. We will apply the following general
existence theorem of Okura [31] which further proves a representation of the Laplace-

Stieltjes transform
(10.1) LIN](t) = / e AN(N).
R

In the following E x Eg:% denotes the expected value with respect to P x IP’S’%. Here,
[P denotes the probability measure of the random potential. Further, ]P’a% denotes the

probability measure of the (0, 0;¢,0)-pinned conditional process of the Lévy process
X; see §2 in [31].

Theorem 10.1 ([31], Theorem 5.1). Let L be the generator of a d-dimensional sym-
metric Lévy process X = (Xi)i>0 on a probability space (', /', P') with Lévy exponent
V(&) and let V,, = (Vio())pere be a stationary random field over a probability space
(Q, o7, P). Suppose that the following two conditions are satisfied:

(10.2) VYO ¢ LYRY)  for every t >0

and there exists a constant r > 2 such that

(10.3) exp (/0 V. (Xs(n)) ds) € L"(P(dw) @ Py(dn))  for every t > 0,

where V. := max{—V,,,0}. Then the IDS for the operator H, := —L+V,, exists as a
right-continuous nondecreasing function N(X) on R with limy,_o N(X) = 0 such that

for every continuity point A of N we have

lim E[N,A(\)] = N(V).

|[A]—o0

Moreover, for every t > 0 we have
(10.4) LIN(t) = p(t,0) E(dw) x Efp(dn) [e~Jo He@Xetmds]

Note that condition (10.2) implies exp(—t¥(¢)) € LY(R?) for every ¢ > 0 and thus

(2) and stationarity of the increments guarantee the existence of p(t,0) in (10.4).

Since our isotropic a-stable process X and our Gaussian random field V,, are within

the setting of Theorem 10.1, as an application we get:
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Corollary 10.2. For fized o € (0,2) consider the fractional random Schrodinger
operator H,, in (9.1) with Gaussian potential V,, as above. Then the IDS of H,, exists
as a nondecreasing cadlag function with limy,_o N(X\) = 0. Further, for everyt >0

its Laplace-Stieltjes transform is represented by

(10.5) LIN]() = p(t,0) E(dw) x E5(dp) [~ o VoXstmds]

Proof. We only have to check the conditions (10.2) and (10.3) of Theorem 10.1 in our
model. For the isotropic a-stable process X we have ¥(¢) = |£|* and thus

/ ot /\1,(5)‘ dé = / ot dé < oo foreveryt >0
Rd

R4
shows that condition (10.2) is satisfied.

In order to check condition (10.3), note that by Jensen’s inequality for the normalized

Lebesgue measure on [0,¢] and monotone convergence we have

o (v [ Vo0 as)

/Ot exp (rt Vw’(XS('r]))) ds.

By the Tonelli-Fubini theorem and stationarity Py, (,) = J\/’o,c(o) of the centered Gauss-
ian field we further get for every ¢t > 0 and arbitrary r > 2

E(dw) x Eo(dy) [exp (7“ /0 V) ds)}
< % /O t /R ) /Q exp (rt V, (z)) dP(w) dPx,|x,=o(z) ds

1 t
= ;/ / /exp(rtmax{—y,o}) ANo () (y) AP, xy—0 () ds
0 JRd JR
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= /]R exp(rt max{—y,0}) d/%,c(o) (y)

0o 0
= /0 1dNG c0)(y) + / exp(—rty) dNo (o) ()

1

5+ | eplt) AN ) < oc,
0

since Gaussian random variables have finite exponential moments. Thus condition

(10.3) is fulfilled and a direct application of Theorem 10.1 concludes the proof. [
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11. LirsHITZ TAILS OF THE IDS FOR GAUSSIAN POTENTIALS

In this section we derive the precise asymptotics of the IDS with Gaussian potential
at the left end of the spectrum, i.e. the decay of the IDS as A — —oo. For this
purpose, we use the following result of Okura [31] on lower and upper bounds for the
Laplace-Stieltjes transform of the IDS. Thereafter we derive the asymptotics of the
IDS itself by using a Tauberian theorem stated in [17] which translates the behavior
of the Laplace-Stieltjes transform of the IDS as ¢t — 400 to the behavior of the IDS
itself as A — —oo. In the following let (£, Z(€)) denote the Dirichlet form of a

symmetric Lévy process with Lévy exponent W(&) given by

(1L1) &0 = [ welF e o

with domain
9(6) = {1 e 2w [ 0@ #1 ag < o0}
Okura’s theorem states:

Theorem 11.1 ([31], Theorem 7.1). Let X = (X;)i>0 be a d-dimensional symmetric
Lévy process on a probability space (¥, A", ") with Lévy exponent V(&) satisfying
e &) ¢ LYRY) for allt > 0 and let (£, D(E)) be the Dirichlet form of X. Further, let
Vi, = (Vo (2))perae be a stationary random field defined on a probability space (2, A, P)
such that

(11.2) Elexp(—tV,(0))] < oo  for allt > 0.

Then for all f € P(E) with ||f|l2 =1 and t > 0 we have
t
Il S04 < p,0) () x Eff () [exp (= [ V(K0 s
(11.3) 0
< p(t,0)E [e""O]

where

y(f) = —InE [exp (—z /R V. (2) |f(x)]2dx)} |

Note that in our case we have ¥ (§) = |£|* for the isotropic a-stable Lévy process such
that exp(—tW¥(¢)) € LY(R?) for all ¢ > 0 and condition (11.2) is automatically fulfilled

for our Gaussian potential, since exponential moments of Gaussian random variables
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exist. According to Corollary 10.2 the expression in the middle of the inequality
(11.3) is exactly the Laplace-Stieltjes transform of the IDS. This enables us to prove:

Lemma 11.2. For the Laplace-Stieltjes transform of the IDS of the fractional random

Schrodinger operator H,, with Gaussian potential from Corollary 10.2 we have

(11.4) lim AN _ <0

t—+o00 12 2

Proof. Upper bound: Since p(t,0) < 1 for t large enough and for a centered Gaussian
random variable Y we have E[exp(Y)] = exp(3 E[Y?]) it follows from (11.3) that for
large ¢ we have

In L[N](t) <Inp(t,0) 4+ InElexp(—tV,,(0))]

< InEfesp(~11,(0)] = L B[(-114,(0))7 =

which yields

In L[N](t 0
(11.5) lim sup " [2 I®) < i )
t—00 t 2
Lower bound: We choose a test function ¢ € 2(€) with ||¢]|s = 1. Following the
argumentation in Theorem 9.3 of [35] let us define R = R(t) := ¢t 2*° for some

B € (0,%) and ¢p(x) := R-¥*p(R~'z). Plugging this function into (11.3) we get
In L[N](t) > In||vg|l;? — t E(Wr, Yr) + InE {exp (—t/ V() [¢r(z)]? dx)}
R4

= (I) — (I) + (II1)

and consider these three parts separately.



First part (I): By a change of variables y = R~z we get

Inllvll;? = ~21n [ |RG(R )| do
R

— o ([ R

(11.6)
= —21In (R?||y|})
= —dInt 2% — 2In ]|,

— d(3— B)Int — 21n [y

Second part (II): By (11.1) and a change of variables n = R¢ we obtain
tE(n vn) =t [ IEPIF () de
Rd
—t [ [EIF IR R )P ag
R4
—t [ IR R RO ac
R4
(11.7)

¢ / 1" RY Z ) (Re) [ de
Rd

=t [ IR E Py

=tRE(), 1)
=27 E (Y, ).

91
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Third part (IIT): First note that Y (w) = —t [p. Vo,(2) [¢¥r(2)]? dz is a centered Gauss-
ian random variable and thus E[exp(Y)] = exp(sE[Y? ]) Which yields

InE [exp (—t /Rd V() |¢R(:B)|2dm>}
([ v rwRde) ]

=5 [ [ RV @V ) Pn) de dy
(11.8) R SR

2
— %/Rd /Rd c(z — )[R 2y(R'2)|P|R™ 2y (R 'y) > dz dy

tQ
=—K
2

/ / (o — y) R (R 2) P(Ry)|? da dy
Rd Rd

t2
B 5/ / c(R(u —v)) [1(u)2[¢b(v)[* du dv.
R4 JRd
Alltogether, by (11.6), (11.7) and (11.8) we get the lower bound

In L[N](#) > d(% — §) It — 2In [l — 150 E(w,4)

+L [, e (7 u=) o) P aud.

Since 8 € (0, 3), ¢ is continuous at the origin and ¢(z) < ¢(0) by the Cauchy-Schwarz
inequality, using dominated convergence we finally get
In L[N](¢) S c(0)
t2 - 2
which together with (11.5) concludes the proof. O

(11.9) lim inf

t—o00

Now we apply the following Tauberian theorem which was first stated by Fukushima,
Nagai and Nakao in [17] and later proven by Nagai in [30].

Theorem 11.3 ([30], Corollary 2). Let f(\) be a non-decreasing function on R such
that f(—oo) = 0 and let L[f](t) < oo be its Laplace-Stieltjes transform. Then we

have
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(11.10) FO) ~ e s X | —0o = L[f](t) ~ P astt +oo

for constants A, B > 0 and B,~v > 1 fulfilling

__A _
(11.11) y_ﬁ = ﬁ_y—l

and

(11.12) B=(f- 1)55/(1—6)141/(1—6) = A=(y- 1)77/(1—7)31/(1—7)'

A direct application of Theorem 11.3 to the situation of Lemma 11.2 shows the

occurrence of Lifshitz tails:

Theorem 11.4. For the IDS of the fractional random Schrédinger operator H,, from
Corollary 10.2 we have

. InN(N) 1
11.1 1 . .
(11.13) N 2¢(0)
Proof. In view of (11.4) the right-hand side of (11.10) is fulfilled with v = 2 and
B = ¢(0)/2. This yields 8 =2 and A = (2¢(0))~! by (11.11) and (11.12) from which

the assertion easily follows by (11.10). O
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12. ASYMPTOTIC BEHAVIOUR OF THE IDS AT +0c0 FOR RANDOM POTENTIALS

In this section we derive the precise asymptotics of the IDS at the right end of the
spectrum, i.e. as A — +00. We decompose the Laplace-Stieltjes transform of the IDS

into the positive and negative unilateral Laplace-Stieltjes transforms given by

LHN(#) = /0 TeMAN()  and  LO[N(1) = / e AN(N).

In the proof of our next theorem we will make use of the following Tauberian theorem
of the Hardy-Littlewood type.

Theorem 12.1 ([44], Theorem 4.6). Let f be a function on Ry such that LT[f](t)
exists for everyt > 0 and for some constants K, A,y > 0 the function A — f(\)+K\"

1s non-decreasing on Ry and fulfils

(12.1) lim 10 _
' tlo

Then we have

f) A
(12:2) A T 1)

We prove an asymptotic result for general random potentials.

Theorem 12.2. In the situation of Theorem 10.1, let V,, = (V,(x)),era be a station-
ary random field which fulfils the condition (10.3). If

i 2V _
tJ/O tfd/a
then one has the asymptotics
N 1
(12.3) tim YA _ L)

Asoo A\ F(g + 1)'
Proof. The condition (10.3) implies
t
exp (/ V., (Xs(n)) dS) e ! ([P(dw) ® ]P’E)(dn)) for every t > 0,
0

since LY C LP for 1 < p < g and for finite measures. One has

E(dw) [e‘tv‘“(o)} < E(dw) [etVJ(O)] < oo forevery t > 0.
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Hence

: —tV,(0)] _
lgfgl E(dw)[e =1

Now, Equation (10.4), Jensen’s inequality for the normalized Lebesgue measure and
Tonelli’s theorem result in

LIN](t)

p(t,0)

— E(dw) x ELY(dn) [e o Vw(Xs(n))ds]

= E(dw) x Egg(dn) Zg (— /Ot V,(X.(n)) %)k]

Lk=0

[0 Lkt S

— E(dw) x Ef%(dy)

~ | =

[ e -erxm) o

0

1 t

= —/ / E(dw) [e_tV“(m)] dPx, | xy=0(x) ds
t 0 R4
1 t

== / / E(dw) [e7™“O] dPy,|x,-0(7) ds
t 0 R4
1 t

= E/ E(dw) [e‘tVW(O)] ds

0

= E(dw) [e’tVW(O)}

—1 astl]O.
Honee LTIN](®) LIN](®)
. 13 .
i = e = i e = P(L0

holds due to the self-similarity of p, see Equation (2.2). Now we are able to make
use of the Tauberian Theorem 12.1. Its conditions are fulfilled for f = Nlj ) and
constants v = d/a, A = p(1,0) and arbitrary K > 0. A direct application of Theorem
12.1 yields (12.3) and the theorem is proven. O
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The theorem directly yields the asymptotics for Gaussian potentials at high energies.

Corollary 12.3. The IDS of the fractional random Schrodinger operator H, with
Gaussian potential defined in Corollary 10.2 exhibits the asymptotics

N p(1,0)
(12.4) fm i = r(d+1)

Proof. According to Theorem 12.2 we only need to show that

L LTIV

tlo  t—d/a =0

Since by Theorem 11.4 we have N () ~ exp(— A(O)) as A | —oo by partial integration

for Riemann-Stieltjes integrals we get for every ¢ > 0

- 0
0< £ t[];;]a(t) =t/ / e M dAN())

0
= (¥ [ MN(N)] ) e / e MN(A)dA.

0
= YN (0) 4ttt / e MN(N) dA.

—0o0

Choose R > 0 such that by Theorem 11.4 we have

N(A) < 2exp(—32

2
T(O)) for all A < —R

and choose ¢ > 0 sufficiently small such that ¢/R < (4¢(0))~! then we get

LTIN](#)
0< t—d/a
R 0
< YN (0) + 2tV ot / M exp(— )d>\ 4 td/otl / e MN(X) dA
[e's) —-R
R 0
< tYN(0) + 2t/ o+ / exp(— 10) — L)) dA + /1N (0) /R e Md\
< tY*N(0) + 2td/a+1/ exp(— o) dA + t7N(0) (e — 1) = 0

as t | 0 as desired. O
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Due to Theorem 12.2, in case of a fractional random Schrédinger operator with Pois-
sonian potential we derive the same asymptotics at +00 as in the case of Gaussian
potentials. The Poisson potential is given by convolution of a shape function with

respect to a Poisson random measure.

Corollary 12.4. For fized o € (0,2) consider the fractional random Schrédinger
operator H, in (9.1) with Poissonian potential V,, = (V,,(2)),cra given by

Vi(z) = /Rd p(z —y) dPy(dy),

where P, denotes a Poisson random measure with Lebesque intensity on a probability
space (Q, A,P) and p € L*(RY) is a nonnegative continuous function.
Then the IDS of the operator H, exhibits the asymptotics

NV p(31,0)
(12:5) Ah—g)lo /e r(+1)

Proof. Okura showed the existence of the integrated density of states for fractional
Schrodinger operators with Poissonian potential in Theorem 6.1 of [31]. By the fact
that the spectrum of H,, is contained in the positive real line we get
L LTIV
tjo  t—d/a
Now, the claim follows by Theorem 12.2. O

=0.

Corollary 12.5. Under the conditions of Corollary 12.4, in dimension d = 1 we have
for all a € (0,2)

N 1
(12.6) lim ﬂ =—

Ao N\ T

Proof. In dimension d = 1 we can describe the constant p(1,0) in (12.4) explicitly.
For o # 1 equations (14.30) and (14.33) in [39] yield p(1,z) = 7 'T'(£ + 1)+ O(z) as
r — 0 and for @ = 1 the symmetric Cauchy density fulfils p(1,0) = 7! = 771T'(2).
Plugging this into (12.5) proves the claim. O



98

REFERENCES

[1] Artin, M.; Grothendieck, A.; Verdier, J.-L. (1963-64) Séminaire de Géoméirie Algébrique du
Bois Marie. Théorie des topos et cohomologie étale des schémas (SGA 4). Springer (1972),

Lecture Notes in Mathematics, vol. 269.

[2] Baeumer, B.; Meerschaert, M.; Nane, E. (2009) Brownian Subordinators and Fractional
Cauchy Problems. Trans. Amer. Math. Soc. 361, 3915-3930.

[3] Becker-Kern, P.; Meerschaert, M.M.; Scheffler, H.-P. (2003) Hausdorff dimension of operator
stable sample paths. Monatshefte Math. 140, 91-101.

[4] Bishop, C.; Peres, Y. (2017) Fractals in Probability and Analysis. Cambridge Studies in
Advanced Mathematics, vol. 162, Cambridge University Press, Cambridge.

[5] Blumenthal, R.; Getoor, R. (1960) Some theorems on stable processes. Trans. Amer. Math.
Soc. 95, 263-273.

[6] Blumenthal, R.; Getoor, R. (1960) A dimension theorem for sample functions of stable
processes. Illinois J. Math. 4, 370-375.

[7] Blumenthal, R.; Getoor, R. (1962) The dimension of the set of zeroes and the graph of a
symmetric stable process. Illinois J. Math. 6, 308-316.

[8] Brown, R. (1828) A brief description of microscopical observations made in the months of June,
July and August 1827, on the particles contained in the pollen of plants; and on the general

existence of active molecules in organic and inorganic bodies. (1828) Ann. Phys. 14, 294-313.

[9] Carleson, L. (1967) Selected Problems on Exceptional Sets. Van Nostrand, Van Nostrand
Mathematical Studies, vol. 13.

[10] Chaumont, L.; Uribe Bravo, G. (2011) Markovian bridges: Weak continuity and pathwise
constructions. Ann. Probab. 39 (2), 609-647.

[11] Constantin, P.; Iyer, G. (2008) A Stochastic Lagrangian Representation of the 3-Dimensional
Incompressible Navier-Stokes Equations. Comm. Pure Appl. Math. 61 (3), 330-345.

[12] Demuth, M.; van Casteren, J.A. (2000) Stochastic Spectral Theory for Self-adjoint Feller
Operators. A Functional Analysis approach. Birkhauser, Probability and Its Applications.



[13]

[14]

[15]

[22]

[23]

[24]

99

Donsker, M.D.; Varadhan, S.R.S. (1975) Asymptotics for the Wiener sausage. Comm. Pure
Appl. Math. 28, 525-565.

Einstein, A. (1905). Uber die von der molekularkinetischen Theorie der Wirme geforderte
Bewegung von in ruhenden Fliissigkeiten suspendierten Teilchen. Ann. Physik 17, 549-560.

Falconer, K. (1990) Fractal Geometry. Mathematical Foundations and Applications. Wiley,
New York.

Fischer, W; Hupfer, T.; Leschke, H.; Mueller, P. (1997) Rigorous results on Schroedinger
operators with certain Gaussian random potentials in multi-dimensional continuous space.
Available at: https://arxiv.org/abs/quant-ph/9704046.

Fukushima, M.; Nagai, H.; Nakao S. (1975) On an asymptotic property of spectra of a random
difference operator. Proc. Japan Acad. 51, 100-102.

Garofalo, N. (2019) Fractional thoughts. In New developments in the analysis of non-
local operators. Amer. Math. Soc., Contemp. Math., vol. 723, 1-135. Available at:
https://arxiv.org/abs/1712.03347.

Gebert, M.; Rojas-Molina, C. (2020) Lifshitz tails for the fractional Anderson model. J. Stat.
Phys. 179, 341-353. Available at: https://arxiv.org/abs/1910.02077.

Hendricks, W.J. (1973) A dimension theorem for sample functions of processes with stable
components. Ann. Probab. 1, 849-853.

Jech, T. (2003) Set Theory. The Third Millenium Edition, Revised and Ezpanded. Springer,

Berlin.

Kahane, J.-P. (1993) Some Random Series of Functions. Cambridge Studies in Advanced
Mathematics, vol. 5, Cambridge University Press, Cambridge.

Kwasnicki, M. (2017) Ten equivalent definitions of the fractional Laplace operator. Fract. Calc.
Appl. Anal. 20 (1), 7-51.

Lin, H.; Xiao. Y. (1994) Dimension properties of sample paths of self-similar processes. Acta
Math. Sinica (N.S.) 10,289-300.



100

[25] Lischke, A.; Pang, G.; Gulian, M.; Song, F.; Glusa, C.; Zheng, X.; Mao, Z.; Cai, W.; Meer-
schaert, M.M.; Ainsworth, M.; Karniadakis, G.E. (2020) What is the fractional Laplacian? A
comparative review with new results. J. Comput. Phys. 404 109009.

[26] Mattila, P. (1995) Geometry of Sets and Measures in Euclidean Spaces. Fractals and Rectifia-
bility. Cambridge University Press, Cambridge. Cambridge studies in advanced mathematics,
vol. 44.

[27] Meerschaert, M.M.; Xiao, Y. (2005) Dimension results for sample paths of operator stable
Lévy processes. Stochastic Processes and their Applications 115, 55-75.

[28] Morters, P.; Peres, Y. (2010) Brownian Motion. Cambridge Series in Statistical and Proba-
bilistic Mathematics, Vol. 30, Cambridge University Press, Cambridge.

akao, . n the spectral distribution of the Schrodinger operator with random
29] Nak: S. (1977) On th 1 distributi f the Schrodi ith d
potential. Japan. J. Math. 3 (1), 111-139.

[30] Nagai, H. (1977) A remark on the Minlos-Povzner Tauberian theorem. Osaka J. Math. 14 (1),
117-123.

[31] Okura, H. (1979) On the spectral distributions of certain integro-differential operators with
random potential. Osaka J. Math. 16, 633—-666.

[32] Pastur, L.A. (1972) On the eigenvalue distribution of the Schrodinger equation with a random
potential. Funk.Anal. Priloz. 6, 93-94.

[33] Pastur, L.A. (1973) Spectra of random self-adjoint operators. Russian Math. Surveys. 28,
1-67.

[34] Pastur, L.A. (1977) Behavior of some Wiener integrals as ¢ — oo and the density of states of
Schrodinger equations with random potential. Theoret. Math. Phys. 32, 615-620.

[35] Pastur, L.A.; Figotin, A. (1992) Spectra of Random and Almost-Periodic Operators. Springer,
A Series of Comprehensive Studies in Mathematics, vol. 297.

[36] Peres, Y.; Sousi, P. (2012) Brownian motion with variable drift: 0-1 laws, hitting probabilities
and Hausdorff dimension. Math. Proc. Camb. Phil. Soc. 153, 215-234.



[37]

[43]

[44]

[45]

[46]

[47]

101

Peres, Y.; Sousi, P. (2016) Dimension of fractional Brownian motion with variable drift.
Probab. Theory Relat. Fields 165, 771-794.

Pruitt, W.; Taylor, S. (1969) Sample path properties of processes with stable components. Z.
Wahrscheinlichkeitstheorie verw. Gebiete 12, 267-289.

Sato, K. (1999) Lévy Processes and Infinitely Divisible Distributions. Cambridge Studies in
Advanced Mathematics, Vol. 68, Cambridge University Press, Cambridge.

Solovay, R. (1970) A Model of Set-Theory in Which Every Set of Reals is Lebesgue Measurable.
Annals of Mathematics 92, 1-56.

Song, R.; Vondracek, Z. (2003) Potential theory of subordinate killed Brownian motion in a
domain. Probab. Theory Relat. Fields 125, 578-592.

Taylor, S.; Watson, N. (1985) A Hausdorff measure classification of polar sets for the heat
equation. Math. Proc. Camb. Phil. Soc. 97, 325-344.

Wedrich, L. (2017) Hausdorff dimension of the graph of an operator semistable Lévy process.
J. Fractal Geom. 4, 21-41.

Widder, D.V. (1966) The Laplace Transform. Princeton University Press, Princeton Mathe-
matical Series, vol. 6.

Wiener, N. (1923) Differential space. Journal Math. Phys. 2, 131-174.

Xiao, Y. (1995) Dimension results for Gaussian vector fields and Index-a stable fields. Ann.
Probab. 23 (1), 273-291.

Xiao, Y. (2004) Random fractals and Markov Processes. In: M.L. Lapidus and M. van Franken-
huijsen (Eds.) Fractal Geometry and Applications: A Jubilee of Benoit Mandelbrot. Proceedings
of Symposia in Pure Mathematics 72, Part 2. AMS, Providence, 261-338.



Eidesstattliche Versicherung

Ich, Leonard Jobst Eberhard Pleschberger, versichere an Eidesstatt, dass die vor-
liegende Dissertation von mir selbststiandig und ohne unzuléssige fremde Hilfe unter
Beachtung der ”Grundsétze zur Sicherung guter wissenschaftlicher Praxis an der

Heinrich-Heine-Universitat Disseldorf” erstellt worden ist.

Diisseldorf, 21. Dezember 2023



	Acknowledgements
	Part 1. Introduction
	1.  Overview of the Thesis
	2.  Stable Lé Processes and the Fractional Laplacian

	Part 2. Parabolic Fractal Geometry of Lévy Processes with Drift
	3.  On the Parabolic Hausdorff Dimension
	4.  Main Results: Formulas for the Hausdorff Dimension
	5.  Graph: Upper Bound via Geometric Measure Theory
	6.  Graph: Lower Bound via Potential Theory
	7.  Range: Upper and Lower Bounds
	8.  Estimates for the Parabolic Hausdorff Dimension

	Part 3. Spectral Theory of Nonlocal Random Schrödinger Operators
	9. Introduction of the Model
	10. Existence of the IDS for Gaussian Potentials
	11. Lifshitz Tails of the IDS for Gaussian Potentials
	12. Asymptotic Behaviour of the IDS at + for Random Potentials
	References


