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Abstract

This thesis deals with algebraic properties of profinite groups. It is divided into
two parts, corresponding to two distinct topics. The first part is devoted to proving
the finite axiomatizability of the rank and the dimension of pro-m groups, while
the second part is about the unique product property for pro-p groups.

Recently, Nies, Segal and Tent investigated finite axiomatizability in the realm
of profinite groups. They prove that the rank of a p-adic analytic pro-p group is
finitely axiomatizable up to an error term. It is therefore natural to ask whether
the rank of a pro-p group can be completely determined by a single first-order
sentence. Here we give a positive answer to this question. More generally, given
a finite set of primes 7w, we consider the class of pro-m groups and we prove that
the rank of a pro-m group, as well as the ranks and dimensions of its Sylow
pro-p subgroups, are finitely axiomatizable in the first-order language of groups.
Moreover, we show that this result is optimal in the class of profinite groups. The
result is first proved for the profinite groups in the class C, of pronilpotent groups
whose order is divisible only by primes in 7 and it is subsequently extended to
pro- groups. Its proof is based on group-theoretic results that are of independent
interest.

The second part of the thesis concerns the unique product property for pro-p
groups. A group G has the unique product property, or equivalently G is a
unique product group, if, given two non-empty, finite subsets A and B of G,
there always exists at least one element g of G that can be written in a unique
way as a product g = ab with a € A and b € B. The unique product property
was introduced in 1964 by Rudin and Schneider in connection with Kaplansky’s
conjecture on zero divisors in group rings. It is indeed not difficult to show that
a unique product group satisfies this conjecture. Recently, Craig and Linnell
conjectured that uniform pro-p groups possess the unique product property. By
extending one of their results we prove that the conjecture holds true for virtually
soluble saturable pro-p groups. A well-known property that is stronger than the
unique product property is local indicability. A group is locally indicable if each of
its non-trivial finitely generated subgroups has infinite abelianisation. We start
to study local indicability for soluble profinite groups, producing some results
that relate being locally indicable to a topological version of local indicability.
Another property related to local indicability and the unique product property is
orderability. Indeed, one can show that a bi-orderable group is locally indicable.
We give an elementary proof of the fact that insoluble pro-p groups of finite rank
are not bi-orderable and we adapt one of the proofs that RAAGs are bi-orderable
to show that also pro-p completions of RAAGs are bi-orderable, hence locally
indicable.
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Introduction

This thesis is about algebraic properties of profinite groups. Profinite groups are
topological groups but it is natural to ask which purely algebraic properties they
possess when considered as abstract groups, forgetting their topology. A ground-
breaking result in this direction is the strong completeness theorem by Nikolov
and Segal, that states that (topologically) finitely generated profinite groups are
strongly complete, i.e., their open subgroups coincide with those of finite index.
In other words, the topology of a finitely generated profinite group is already
completely determined by the algebraic structure of the group. It can easily be
seen that this does not hold true in general for non finitely generated profinite
groups (see Section 1.2). Nikolov and Segal’s theorem generalises a result of
Serre, who proved that every finitely generated pro-p group is strongly complete
and asked whether the same holds true for finitely generated profinite groups.
The strong completeness theorem has numerous applications. For example, it is
not difficult to see that a consequence of the theorem is that a homomorphism
from a finitely generated profinite group to any profinite group is automatically
continuous. The proof of the strong completeness theorem relies on results on
the finite width of certain words proved by Nikolov and Segal. We recall here
briefly the definition of width. Let w be a word in k variables and G a group.
Consider the set
G = {w(g)*" | g € GV}

of w-values in G. Given a set .S and m € N we denote by S* the set
{5182 8m | si € S}

of products of m elements of S and by (S) the group generated by S. The verbal
subgroup corresponding to w is defined as

w(G) = (Gy) = |J G,
meN

We say that the word w has width (more precisely, width at most) m in G if
w(G) = G,

for a fixed m € N. For example, in a d-generated pro-p group G, the commutator
word has width d, i.e., every element of the commutator subgroup of G can be
written as the product of d commutators ([Se], Theorem 4.1.5). Actually, it
is even possible to give a concrete description of the commutator subgroup of
a finitely generated pro-p group. Namely, if G is a pro-p group generated by
elements ay, ..., aq, then

[Gv G] = [a17 G] T [ad7 G]



(see [Se], Corollary 4.3.2). This result has many consequences in the theory of
pro-p groups. For example, it is a fundamental ingredient for proving Serre’s
theorem on the strong completeness of finitely generated pro-p groups (see the
exposition in [DDMS], Chapter 1). In the thesis we will also see that, as shown
in [NST], such a description of the commutator subgroup allows to axiomatize
with one first-order sentence the property that a finitely generated pro-p group
has a certain minimal number of generators. We will also use the formula for the
commutator subgroup of a finitely generated pro-p group more than once in our
proofs in the course of this thesis.

The kind of profinite groups that we will mainly consider are pro-p groups
and, among pro-p groups, we will mostly work with p-adic analytic pro-p groups.
These are groups with a Lie structure but purely group-theoretic characterisa-
tions, proved mainly by Lubotzky, Mann, Dixon, du Sautoy and Segal building
on previous work of Lazard. One of the characterisations is given in terms of
the rank. Given a profinite group G, its rank is defined as the supremum of the
minimal number of (topological) generators d(H ), where H runs over the closed
subgroups of G. Then the following holds.

Theorem 1 ([DDMS], Corollary 8.33). A pro-p group is p-adic analytic if and
only if it has finite rank.

Other characterisations are given in terms of powerful and uniform pro-p sub-
groups (see Section 1.3 for more details). Uniform pro-p groups can be defined as
torsion-free powerful pro-p groups. In a way, they replaced Lazard’s p-saturable
groups as they are better suited for group-theoretic applications. It turns out
that uniform pro-p groups form a proper subclass of saturable pro-p groups (see
[K]). A characterisation of p-adic analytic pro-p groups in terms of uniform pro-p
groups is the following.

Theorem 2 ([DDMS], Corollary 4.3). A pro-p group is p-adic analytic if and
only if it has a uniform subgroup of finite index.

A standard example of a uniform pro-p group is the first congruence subgroup
GL}(Z,) given by the set of matrices in GL4(Z,) that are congruent to the identity
modulo p, for p an odd prime. More generally, a pro-p group has a p-adic analytic
structure if and only if it is isomorphic to a closed subgroup of a Sylow pro-p
subgroup of GLg(Z,,) for some degree d (see [K1], Corollary 2.3).

In the first part of the thesis we will consider a more general class of profinite
groups. Namely, given a finite set of primes 7w we will work with pro-m groups,
i.e., inverse limits of finite groups whose order is divisible only by primes in 7.
The Sylow pro-p subgroups of a pro-m group of finite rank are p-adic analytic
pro-p groups. An example of a pro-m group is given by GL4(Z,). Moreover, we
will show in Chapter 2 that pro-m groups of finite rank contain a finite index
subgroup that is a direct product of p-adic analytic pro-p groups, where p runs
over 7 (compare with the proof of Theorem 2.6.4).

The thesis is divided into two parts. The first part is devoted to the finite
axiomatizability of the rank and the dimension of pro-m groups while the second
part concerns the unique product property for pro-p groups.

Finite axiomatizability of the rank and the rank and dimension of a
pro-m group. In [JL], Jarden and Lubotzky used results on the finite width



of certain words proved by Nikolov and Segal to show that finitely generated
profinite groups are first-order rigid, i.e., completely determined, up to isomor-
phism, by their first-order theory. More recently, Nies, Segal and Tent started
to investigate which profinite groups can be axiomatized by a single first-order
sentence. Among the classes of groups that they consider is the class of p-adic
analytic pro-p groups. Concerning their rank, they state the following result.

Proposition 3 ([NST], Proposition 5.1). For each positive integer r, there is a
sentence ppr in the language of groups such that, for a pro-p group G,

tk(G)<r = GEpr = 1k(G)<r(2+logy(r)).

It is therefore natural to ask whether the rank of a p-adic analytic pro-p group
can be axiomatized by a single first-order sentence in the language of groups.
Moreover, one can also consider another fundamental invariant of p-adic analytic
groups, their dimension, and ask the same question. In the first part of the thesis
we give a positive answer to these questions. More generally, given a finite set
of primes 7, we consider pro-m groups and prove the following main result (see
Theorem 2.6.4 and Corollary 2.7.2).

Theorem 4. Let m be a finite set of primes and let r be a positive integer. Let
r = (rp)per and d = (dp)per be two tuples in {0,...,r}. There is a single first-
order sentence oy .y q in the language of groups such that for every pro-m group
G the following are equivalent:

1. 0xrr.a holds true in the group G;

2. G has rank r and, for each p € 7, the Sylow pro-p subgroups of G have rank
rp and dimension dy.

Moreover, we show that this result is optimal in the class of profinite groups.
Indeed, for model-theoretic reasons, it turns out that the rank of a profinite
group whose order is divisible by an infinite number of primes cannot be finitely
axiomatizable (see Proposition 2.3.9).

We first prove Theorem 4 for pronilpotent groups whose order is divisible only
by primes in 7, i.e., direct products of pro-p groups, where p runs over the
primes in 7. We will call such groups C; groups. In order to show the finite
axiomatizability of the rank of C, groups, we prove group-theoretic results that
are also interesting on their own. In their more general form they can be stated
as follows (see Theorem 2.6.1).

Theorem 5. Let R be a positive integer. Suppose that the profinite group G has
an open normal subgroup F <, G which is pronilpotent and such that each Sylow
subgroup of F' is powerful.

1. Ifrk,(G) < R for some prime p, then

tky(G) =tk (G/@*HH(F)).

2. If tk(G) < R, then
rk(G) = k(G /@ (F)).



Here rk,(G) denotes the rank of a Sylow pro-p subgroup of G and ®2+1(F) the
2R + 1 iterated Frattini subgroup of F.

Regarding the finite axiomatizability of the dimension of C, groups, we give two
different proofs. The first one uses the adjoint representation of a p-adic analytic
pro-p group while the second one depends on the following new description of the
dimension of a finitely generated powerful pro-p group that is also of independent
interest (see Theorem 2.5.1).

Theorem 6. Let G be a finitely generated powerful pro-p group with torsion
subgroup T'. Then
dim(G) = d(G) — (7).

Moreover, using different approaches, we write alternative sentences that axiom-
atize the dimension of C,; groups in different classes: soluble C,; groups, C; groups
whose factors are just-infinite p-adic analytic pro-p groups and C, groups satis-
fying a certain condition and whose factors have non-abelian simple Lie algebra
(see Section 2.4.3).

In order to eventually prove Theorem 4, we show that in a pro-m group one can
find an open definable C; group with certain properties that will allow to prove
the desired result. This relies on the classification of finite simple groups. Finally,
we analyse the quantifier complexity of the sentences that we produced, proving
that they are of the form 3V3, hence in particular independent of any input data.
This first part of the thesis led to the preprint [CK] written together with my
advisor Benjamin Klopsch (see the end of Section 2.1).

The unique product property for pro-p groups. We say that a group G
has the unique product property if, given two non-empty, finite subsets A and
B of G, there always exists at least one element g of G that can be written
in a unique way as a product ¢ = ab with a € A and b € B. The unique
product property was introduced by Rudin and Schneider in [RS] in relation
to the Kaplansky conjecture on zero divisors in group rings. The conjecture,
which is still open, predicts that, if K is a field and G is a torsion-free group,
then the group ring K[G] has no non-trivial zero divisors. It is not difficult
to see that a group with the unique product property satisfies the zero divisor
conjecture. Recently, Craig and Linnell conjectured that uniform pro-p groups
possess the unique product property ([CL]). This is motivated by the fact that,
if G is a uniform pro-p group and K is a field of characteristic zero or p, then
K[G] has no non-trivial zero divisors ([FL]). Moreover, Craig and Linnell prove
their conjecture for virtually soluble subgroups of uniform pro-p groups. Here we
extend their result to the class of virtually soluble subgroups of saturable pro-p
groups by using Lie-theoretic tools (see Corollary 3.3.7):

Theorem 7. Virtually soluble subgroups of saturable pro-p groups have the unique
product property.

Furthermore, as an example, we verify that the unique product property holds
for sets of a specific form in some of the simplest non-soluble p-adic analytic pro-p
groups, namely, congruence subgroups of SLg(Z,) (see Example 3.3.20). Then
we consider a property that implies the unique product property, namely local
indicability. A group G is locally indicable if every non-trivial finitely generated
subgroup of G maps homomorphically onto Z. Actually, for soluble groups, local



indicability is equivalent to right-orderability. In order to prove Theorem 7 we
actually show that virtually soluble subgroups of saturable pro-p groups are right-
orderable, hence locally indicable. Motivated by this we start to study local
indicability for soluble profinite groups. In particular, we try to compare local
indicability with a topological analogue, i.e., every closed subgroup of a given
profinite group has infinite topological abelianisation.

Finally, as ordered groups have the unique product property, we start to study
the orderability of profinite groups. For example, by adapting one of the proofs of
the fact that (abstract) partially commutative groups are bi-orderable, we prove
that partially commutative pro-p groups or, equivalently, pro-p completions of
partially commutative groups, are bi-orderable (see Section 3.5). Moreover, we
give an elementary proof of the fact that non-soluble pro-p groups of finite rank
are not bi-orderable, based on an observation on the normal subsemigroups of
these groups carried out with the help of commutator calculus and Lie-theoretic
tools (Corollary 3.4.5).

The thesis is organised as follows. We start with a chapter of preliminaries
divided into three sections, where we collect some facts that we will need later
on. We present some basic notions on profinite and pro-p groups and on pro-p
groups of finite rank or, equivalently, p-adic analytic pro-p groups. We will also
give a brief overview on abstract properties of profinite groups.

The subsequent chapter concerns the finite axiomatizability of the rank and the
dimension of pro-m groups. After the introduction and some preliminaries we
first prove the finite axiomatizability of the rank of C; groups. Then we give
the first proof of the finite axiomatizability of the dimension of C, groups using
the adjoint representation of a p-adic analytic pro-p group and we present some
alternative sentences for some classes of C, groups. In the subsequent section we
give another proof of the same result based on a result of Héthelyi and Lévai that
allows us to formulate a new description of the dimension of finitely generated
pro-p groups. In the next sections we extend these results to pro-m groups and we
analyse the quantifier complexity of the sentences produced. Finally, we propose
some further questions that arise from this work.

The last chapter is about the unique product property for pro-p groups. After
the introduction and some preliminaries we prove the main result of the chapter,
i.e., the generalisation of Craig and Linnell’s theorem. In the same section we
also study local indicability for soluble profinite groups with the ascending chain
condition on closed subgroups. In the following two sections we prove that non-
soluble p-adic analytic pro-p groups are not bi-orderable and that pro-p RAAGs
are bi-orderable. Finally, we present some open questions and, in the appendix,
a commutator formula.

Notation. The symbol N denotes the natural numbers including zero.

Given a natural number n > 0 we write C,, for the cyclic group of order n.

The commutator subgroup of G is denoted by [G, G] or G’. More generally, if H
and K are subgroups of G, [H, K] is the subgroup of G generated by commutators
of the form [h, k], with h € H and k € K.

Given a natural number m and an abstract group G, we denote by G™ the
subgroup of G generated by the m-th powers of the elements of G and by G{™}
the subset of G consisting of the m-th powers of the elements of G. Unless stated
otherwise, when G is a topological group, by G™ we will denote the topological



closure of the group generated by the m-th powers of the elements of G.
Finally, the symbols <. (respectively <.), <, (respectively <,) indicate closed
subgroup (respectively closed normal subgroup) and open subgroup (respectively

open normal subgroup).
The rest of the notation is either standard or introduced when needed throughout

the thesis.



Chapter 1

Preliminaries

In this chapter we will present some preliminary notions and facts that will be
used throughout the thesis. The chapter is divided into three sections. The first
one provides a brief overview of profinite and pro-p groups. The second section
is devoted to presenting a few of the main results concerning abstract properties
of profinite groups. This material is essential to us. On the one hand, we will
use some of these facts later on and, on the other hand, the results give some
insight into the area which this thesis focuses on, i.e., algebraic properties of
pro-p groups. Finally, in the last section we will present some basics about pro-p
groups of finite rank or, equivalently, p-adic analytic pro-p groups.

The main sources for this chapter are the monographs [RZ], [W1], [DDMS].
The material presented here is well known and there are no significant original
contributions.

1.1 A few basics on profinite and pro-p groups

In this section we will present some basic facts on profinite and pro-p groups
that we will need throughout the thesis. We will mostly follow [RZ], [W1] and
Chapters 1 and 3 of [DDMS], where much more information on profinite groups
can be found.

Definition 1.1.1. A profinite group is a compact Hausdorff topological group
whose open subgroups form a base of neighbourhoods of the identity.

It turns out that the condition in the definition is equivalent to saying that
the group is compact, Hausdorff and totally disconnected ([RZ], Theorem 1.1.12).

A useful characterisation of profinite groups in terms of inverse limits is the
following ([DDMS], Proposition 1.3).

Proposition 1.1.2. Let G be a profinite group. Then G is isomorphic, as a
topological group, to

@ G/N.

NG
Conversely, the inverse limit of any inverse system of finite discrete groups is a
profinite group.

The isomorphism in the first part of the proposition is given by

g (gN)na.G-



Example 1.1.3.

1. Let G be a group and let N be a directed family of normal subgroups of
finite index in G ordered by reverse inclusion. Then the family of quotients
(G/N)nen gives an inverse system by considering, for every N < M, the
natural epimorphism 7y : G/N — G /M. The resulting inverse limit

Gy = Jim G/N
NeN

is a profinite group by the previous proposition, that is called the completion
of G with respect to /. Note that the kernel of the natural homomorphism
G — Gy is given by (yen N.

If AV consists of all normal subgroups of G of finite index, then G A is called
the profinite completion of G.

If instead V' contains all normal subgroups of G whose index is the power
of a fixed prime p, then éN is called the pro-p completion of G.

2. As a special case of the previous example we get Z, the profinite completion
of the integers Z, isomorphic to

lim Z /nZ.

neN

n>1
Its elements can be regarded as equivalence classes of sequences of integers
(a1,a2,as,...) such that, if ¢ and j are integers with ¢ | j, then a; = q;
modulo i. Two sequences (a;), (b;) are equivalent if a; = b; modulo i for all
7> 1.

3. Let R be a topological commutative ring with identity that is profinite,
i.e., compact, Hausdorff and totally disconnected. For example, R could be
Z. Then the following groups obtained by R are profinite groups with the
topology naturally induced by R: the group of units R*, the group GL4(R)
of invertible d x d matrices with entries in R, the group SL4(R) of d x d
matrices with determinant 1 and entries in R.

4. Consider the group SL4(Z) and, for every positive integer m, let K(m)
be the kernel of the homomorphism SL4(Z) — SLg4(Z/mZ) obtained by
reducing the entries of the matrices modulo m. Since SL4(Z/mZ) is a finite
group, K (m) has finite index in SL4(Z) and therefore we can consider the
completion of SLy(Z) with respect to the family N' = {K(m) | m > 1},
that is the so-called congruence completion of SL4(Z). Understanding the
relation between the profinite completion and the congruence completion
of SL4(Z) is an instance of the congruence subgroup problem.

Here are some important basic properties of profinite groups that we mention
without proof (see for example [W1], Chapters 0 and 1):

Proposition 1.1.4. Let G be a profinite group.

1. Every open subgroup is closed of finite index. Conversely, a closed subgroup
s open if and only if it has finite index.



2. FEvery open subgroup of G contains an open normal subgroup of G.
3. The family of all open subgroups of G has trivial intersection.

4. Let X be a subset of G. Then, if we denote by X the topological closure of
X,
X= ()] XN.

5. Let H be a closed subgroup of G. Then H is a profinite group with the
induced topology. Every open subgroup of H is of the form HN K where K
is an open subgroup of G.

6. Let N be a closed normal subgroup of G. Then G/N is a profinite group
with the quotient topology.

7. Let X and Y be closed subsets of G. Then XY = {zy |z € X,y € Y} is
closed in G.

We now discuss generators of profinite groups. Since profinite groups, if not
finite, are always uncountable ([RZ], Proposition 2.3.1), they can never be finitely
generated as abstract groups. Therefore, when we talk about generators of a
profinite group, we will always mean topological generators.

Definition 1.1.5. Let G be a topological group. We say that a subset X of G
generates G topologically or that X is a set of topological generators for G if the
abstract group generated by X is dense in G, i.e., if @ =G.

We say that G is finitely generated if there exists a finite set X that generates G

topologically.

From now on, when we write that a set X generates a profinite group G, we
will always mean that X generates GG topologically.

Proposition 1.1.6 ([DDMS], Proposition 1.5). Let G be a profinite group and
let H be a closed subgroup of G.

1. A subset X of H generates H if and only if XN/N generates HN/N for
every N <o G. In particular, if H = G, we have that X generates G if and
only if XN/N generates G/N for every N <, G.

2. Let d be a positive integer. Then H can be gemerated by d elements if
and only if HN/N can be generated by d elements for every N <, G. In
particular, if H = G, then G can be generated by d elements if and only if
G/N can be generated by d elements for every N <, G.

Example 1.1.7. A profinite group is called procyclic if it is isomorphic to the
inverse limit of finite cyclic groups. According to [W1], Proposition 1.2.1, if G
is a procyclic group and N is an open normal subgroup of GG, then the quotient
G/N is a finite cyclic group. It follows that a procyclic group is 1-generated.
Conversely, if a profinite group G is 1-generated then all its quotients by open
normal subgroups are cyclic, hence G is a procyclic group.

By [W1], Theorem 1.2.5, closed subgroups of procyclic groups are also procyclic.



Let G be a profinite group. We define the minimal number of generators of
G as
d(G) ;== min{|X| : X C G, X generates G}.

Whenever we will talk of a group G with an infinite number of generators, we
will simply mean that we are considering a set of generators of G of some infinite
cardinality. From Proposition 1.1.6 it follows

Corollary 1.1.8. Let G be a profinite group and let H be a closed subgroup of
G. Then
d(H) = sup{d(HN/N) | N 2, G}.

In particular,
d(G) = sup{d(G/N) | N <, G}.

Proof. Let s := sup{d(HN/N) | N <, G}. It is clear that d(HN/N) < d(H)
for every N <, G, hence s < d(H). Conversely, HN/N can be generated by s
elements for every N <, G. Therefore, by Proposition 1.1.6, H can be generated
by s elements and d(H) < s. O

Remark 1.1.9. It is clear that, if A/ is a base of neighbourhoods of the identity
in G consisting of open normal subgroups, then

d(G) = sup{d(G/N) | N € N'}.

In general, given a finitely generated profinite group G, its subgroups are
not automatically finitely generated. However, its open subgroups are ([DDMS],
Proposition 1.7). Moreover, as free profinite groups satisfy Schreier’s formula
([RZ], Theorem 3.6.2), it is possible to give a quantitative upper bound on the
minimal number of generators of an open subgroup of a finitely generated profinite
group G that depends on d(G) and on the index of the subgroup.

Proposition 1.1.10. Let G be a finitely generated profinite group and let U be
an open subgroup of G. Then,

d(U) < 1+[G: U)(d(G) - 1).

We now move a step forward and introduce an invariant of profinite groups
that takes into account the minimal number of generators of all closed subgroups
of a given group.

Definition 1.1.11. Let G be a profinite group. The rank of G is defined as
rk(G) :=sup{d(H) | H <. G}.

In words, if finite, rk(G) is the minimal integer r such that every closed
subgroup of G can be generated by r elements.

Proposition 1.1.12 ([DDMS], Proposition 3.11). Let G be a profinite group.
Then the following numbers coincide:

1. r :=1k(G);
2. ro:=sup{d(H) | H <. G and d(H) < oo};
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3. rg:=sup{d(H) | H <, G};
4. rq :=sup{rk(G/N) | N <, G}.

As the rank of a profinite group is a fundamental object for the topic of this
thesis, we sketch the proof of the previous proposition.

Proof. 1t is clear that ro < ry. Also, as every open subgroup is closed, r3 < 7.
Now let N be an open normal subgroup of G and let K/N be a subgroup of
G/N. Then K is a closed subgroup of G and d(K/N) < d(K) <3, i.e., 14 < rs.
For proving r4 < r9, consider again N and K as before. Since K/N is finite, we

can write K = NX where X is a finite subset of G. Let H = (X); by definition
H is a closed and finitely generated subgroup of H, hence d(H) < oo. Now by
construction

d(K/N)=d(NH/N)=d(H/NNH) <d(H) <re.
Finally we prove r; < r4. Let H be a closed subgroup of G. By Corollary 1.1.8
d(H) =sup{d(HN/N) | N 9, G} < ry.
O

Remark 1.1.13. From Remark 1.1.9 it follows immediately that, if N is a base
of neighbourhoods of the identity in GG consisting of open normal subgroups, then

rk(G) = sup{rk(G/N) | N € N'}.

Two further important properties of the rank that we will subsequently use
are the following (compare with [W1], Proposition 8.1.1).

Proposition 1.1.14. Let G be a profinite group.

1. Suppose that G has rank r. Then closed subgroups and quotients by closed
normal subgroups of G have rank bounded by r.

2. If K<.G and both K and G/K have finite rank then G has finite rank and

rk(G) < rk(K) + 1k(G/K).

Proof.

1. It is clear by definition that the rank of a closed subgroup of G is bounded
by r. If N is an open normal subgroup of G then a subgroup of G/N is
the image of a subgroup of G under the projection modulo N, hence its
minimal number of generators is bounded by 7.

2. Let H be a closed subgroup of G. Then H N K has a system of generators
X with cardinality bounded by rk(K'). Moreover, H/H N K = HK/K <,
G /K, hence we can find a generating set Y of H/H N K whose cardinality
is bounded by the rank of G/K. As the union of X and any lift of Y to H
is a generating set for H, we conclude that d(H) < rk(K) + rk(G/K).

O]
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Example 1.1.15. Let G be the direct product of r procyclic groups G1,...,G;.
Then rk(G) <.

We can proceed by induction on r. If r = 1 there is nothing to say, so let
r > 1. For each i € {1,...,r}, let g; be the generator of G; and let S; be the
(closed) subgroup of G generated by g1, ...,g;. Then we have a series

1<5 <5< <85 =G.

Now S,./S,—1 is a procyclic group, hence of rank one, while S,_; has rank bounded
by r — 1 by induction. By Proposition 1.1.14 we conclude that rk(G) < r.

We now introduce the Frattini subgroup of a profinite group, the subgroup of
‘non-generators.’

Definition 1.1.16. Let G be a profinite group. For G # 1, the Frattini subgroup
®(G) of G is defined as the intersection of all maximal proper open subgroups of

G. For G =1 we set ¢(G) =G.

The Frattini subgroup ®(G) is by definition a closed normal subgroup of G.
Its name of subgroup of non-generators comes from the following result.

Proposition 1.1.17 ([DDMS], Proposition 1.9). Let G be a profinite group and
let X be a subset of G. Then the following are equivalent:

1. X generates G;
2. X U®(G) generates G;
3. XP(G)/®(G) generates G/P(G).

We will see that, when G is a finitely generated pro-p group, we are able to
write down explicitly how the Frattini subgroup of G looks like. This will result
in a fundamental tool to work with pro-p groups of finite rank.

Let p be a prime number. We now consider a special class of profinite groups,
namely the class of pro-p groups.

Definition 1.1.18. A pro-p group is a profinite group with the property that
the index of every open normal subgroup is a power of p.

Note that finite p-groups are by definition pro-p groups. Pro-p groups are
closed under taking subgroups and quotients and under group extensions.

Proposition 1.1.19 ([DDMS], Proposition 1.11). Let G be a profinite group.
1. If G is pro-p and H is a closed subgroup of G then H is a pro-p group.

2. Let N be a closed normal subgroup of G. Then G is pro-p if and only if N
and G/N are pro-p.

Also for pro-p groups one can give a characterisation in terms of inverse limits.

Proposition 1.1.20 ([DDMS], Proposition 1.12). Let G be a topological group.
Then G is a pro-p group if and only if G is topologically isomorphic to an inverse
limit of finite discrete p-groups.
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Example 1.1.21.

1. Looking back at Example 1.1.3, we see that the pro-p completion of any
group is a pro-p group. In the special case of the pro-p completion of the
integers, we get the p-adic integers Z,. Elements of Z, can be thought of
as formal series } 72, a;p’, where a; is a natural number with 0 < a; < p
for every i. Equivalently, an element of Z, can be identified with the equiv-
alence class of a sequence of natural numbers (by,)n>1 = (b1, b2, . ..), where
by, = by, (mod p™) whenever m < n. Two such sequences (by,), and (b)),
are equivalent when b, = b/, (mod p") for every n > 1. If x = 322 a;p’,
then b, = = (mod p") = " a;p’.

Note that the open subgroups of Z, are exactly the subgroups of the form
pZZp for some integer ¢ > 1. Indeed, it is clear that such subgroups are
open, because they are the kernels of the maps Z, — Z,/ pin. Conversely,
if H is an open subgroup of Z,, then it has index a power of p, say P
Therefore, p'Z, < H < Z,. But as the index of p'Z, in Z, is also p', it
follows that H = pin.

Moreover, the groups p'Z,, for i > 1, form a base of open neighbourhoods
of the identity element (see for example [RZ], Lemma 2.1.1).

If we consider also multiplication, Z, can actually be regarded as a profinite
ring, i.e., a topological ring with the profinite topology.

2. Sylow subgroups of profinite groups are pro-p groups. (Recall that a Sylow
pro-p subgroup of a profinite group G is, by definition, a maximal pro-p
subgroup of G).

3. Consider the group GL4(Z,) of invertible d x d matrices over Z,. GL4(Zp)
is a subset of Matg(Z,), the ring of d x d matrices with entries in Z,. As
Maty(Zy) can be identified with fo, it can be given the product topology
that makes it into a Hausdorff, compact, totally disconnected topological
space. Since addition and multiplication in Matg(Z,) are induced by the
operations in Zj, they are continuous with respect to the profinite topology,
hence Matgy(Zy) is a profinite ring. Therefore GL4(Z,) is Hausdorff and
totally disconnected with the subspace topology inherited from Maty(Z,).
Moreover, GL4(Z,) is the preimage under the determinant map of the closed
set Zy \ pZy, hence it is closed in Matgy(Z,) and therefore it is compact. It
follows that GL4(Zp) is a profinite group.

For any integer i > 1, let GL}(Z,) be the kernel of the map GL4(Z,) —
GL4(Z/p'7Z) that reduces the entries of a matrix modulo p’; equivalently

GLy(Z,) = {A € GL4(Z,) | A =Tmod p'},

where I is the d x d identity matrix. As a matrix in Matg(Z,) is invertible
if and only if it is invertible modulo p, we can also write

GLY(Z,) = 1+ p' Maty(Zy).

Since each GL4(Z/p'Z) is finite, GL!(Z,) is a closed normal subgroup of
finite index in GLg(Zy), hence an open normal subgroup. As the topology
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on GL4(Z,) is inherited from the product topology on Zf and we saw that
the open subgroups p'Z, form a base of open neighbourhoods of the identity
in Z,, it follows that a base of neighbourhoods of the identity in GL4(Z))
is given by the subgroups GLfi(Zp). Since, for every i > 1,

| GLY(Zy) : GLY(Zp)| = p* Y,

it follows that GL}(Z,) is a pro-p group. Indeed, every open subgroup H
of GLCII(ZP) is in particular an open set containing the identity, hence it
contains GLY(Z,) for some i and therefore the index of H in GL}(Z,) must
divide pd2(i_1).

Similarly, one can also show that the congruence subgroup SL;(ZP) is a
pro-p group (see [DDMS], Chapter 1, Exercise 10). Alternatively, one can
simply note that SL}(Z,) is a pro-p group as it is a closed subgroup of
GLY(Z,).

4. Let d be a natural number. A free object on d generators in the category
of pro-p groups is a free pro-p group on d generators. It can also be seen as
the pro-p completion of an abstract free group on d generators.

5. The Heisenberg group over Z, given by the upper unitriangular 3 x 3 matri-
ces over Zy, is a pro-p group. More generally, the group of upper triangular
n X n matrices is a pro-p group for any positive integer n.

A pronilpotent group is by definition a profinite group that is isomorphic to
the inverse limit of finite nilpotent groups. Since finite p-groups are nilpotent,
pro-p groups are pronilpotent. The same holds for procyclic groups and abelian
profinite groups. (A profinite group is abelian if and only if it is pro-abelian; see
[RZ], Exercise 2.1.7). The following result relating pronilpotent groups to their
Sylow subgroups holds true.

Proposition 1.1.22 ([W1], Proposition 2.4.3). Let G be a profinite group. Then
G is pronilpotent if and only if it is isomorphic to the direct product of its Sylow
subgroups.

Regarding finitely generated abelian pro-p groups, we have the following struc-
ture result.

Proposition 1.1.23. Let A be a finitely generated abelian pro-p group. Then,
A§Z’; X Cpiy X -+ X Cpig
for some non-negative integers s,k and some positive integers ly ..., ls, with
d(4) =1k(A) = s+ k.

Proof. Let d := d(A). The abelian pro-p group A can be regarded as a Z,-
module in the following way: using additive notation, if A belongs to Z, and g
belongs to A, then A - g is well-defined and gives A the structure of a Z,-module
(compare with [RZ], Lemma 4.1.1 or [W1], Proposition 1.5.3). As a Z,-module,
A is generated by d elements. Since Z, is a principal ideal domain, we can write
A as the direct product of d cyclic pro-p modules, i.e., d procyclic pro-p groups.
Now d(A) = rk(A) follows from Example 1.1.15.

O
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Remark 1.1.24. From the previous proposition one can deduce the structure
theorem of finitely generated abelian profinite groups. Indeed, suppose that G
is an abelian profinite group with d(G) = d. By Proposition 1.1.22, G is the
direct product of its Sylow subgroups, which are abelian pro-p groups that can
be generated by d elements, as a Sylow subgroup of G can be regarded as a
quotient of G. Let S, be a Sylow pro-p subgroup of G. Then, by Proposition
1.1.23 we have S, = S}, 1 X -+ X S}, 4, where each S}, ; is a procyclic pro-p group,
possibly trivial. Therefore, G =[], prime(]_[f:1 Sp.i)-

Remark 1.1.25. Regarding the proof of Proposition 1.1.23, it is possible to
prove that for a finitely generated abelian profinite group A one has d(A) = rk(A)
without making use of the structure theorem for finitely generated modules over
principal ideal domains; see [RZ], Proposition 4.3.6.

When dealing with a finitely generated pro-p group, its Frattini subgroup
provides information on the number of generators of the group.

Proposition 1.1.26. Let G be a finitely generated pro-p group. Then the quotient
group G/®(G) is an elementary abelian p-group of order pA(©).

This result follows from the fact that, if G is a pro-p group, then

O(G) = G*[G, G (1.1)

(see for example [DDMS]|, Proposition 1.13 for a proof). Note that, for any
profinite group G, one can define the p-Frattini subgroup of G as

0,(G) := GP[G, G].

The inclusion ®(G) > ®,(G) always holds, but the equality holds if and only if
G is pro-p ([W1], Proposition 2.5.2). Moreover, if G is any profinite group, the
p-Frattini quotient G/®,(G) is the largest elementary abelian pro-p quotient of
the group G.

In Section 1.2 we will be able to simplify further the formula (1.1) when G is a
finitely generated pro-p group and give an explicit description of the commutator
subgroup of G in terms of its generators.

Example 1.1.27. Let
AZZEX Cpy X+ x Oy

for some non-negative integers s, k and some positive integers [y ...,ls. We give
another proof of the fact that d(4) = s + k.
The Frattini subgroup of A is ®(A) = pA, hence, using additive notation, we
have

B(A) = (pZy)* x pCpy X - X pClys.

Since for every i € {1,...,s} we have pCp, = Cp -1, we get that A/®(A) has
order p*** and, by Proposition 1.1.26, we conclude that d(A) = k + s.

Another relation between the Frattini subgroup of a pro-p group and the
generators of the group is given by the following ([DDMS], Proposition 1.14)
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Proposition 1.1.28. Let G be a pro-p group. Then G is finitely generated if and
only if ®(G) is open.

Finally, we introduce the lower p-series of a pro-p group G, that is defined
recursively as Pi(G) := G and Pi;41(G) := P;(G)P[Pi(G),G] for i > 1, where *
denotes the topological closure.

By definition, P3(G) = ®(G) and ®(F;(G)) < P11(G). Also in this case,
that is, as for the Frattini subgroup, we will give in the next section a simplified
formula for the elements of the lower p-series of a finitely generated pro-p group.

Proposition 1.1.29 ([DDMS], Proposition 1.16). Let G be a pro-p group.
1. [P(G), Pj(G)] < Pi+;(G) for all positive integers i and j;

2. Let G be finitely generated. Then P;(G) is open in G for each positive
integer i and the set {P;(G) | © > 1} is a base of neighbourhoods of the
identity in G.

Example 1.1.30. If G is a finitely generated abelian pro-p group, using additive
notation we have that P 1(G) = P;(G)? = P;(G){?} = p'G for i > 1 and, from
the previous proposition, it follows that this is a base of neighbourhoods for the
identity. When G is Z, we find again that the subgroups p'Z, are a base of
neighbourhoods of the identity (compare with Example 1.1.21).

1.2 Abstract properties of profinite groups

When studying profinite groups, one can ask which properties they have as ab-
stract groups, i.e., when considered without taking into account their topology.

A starting point for this kind of investigation is a result by Serre who estab-
lished that the topology of a finitely generated pro-p group is entirely determined
by the algebraic structure of the group. More precisely, Serre proved that, if G
is a finitely generated pro-p group, then every subgroup of finite index of G is
open. In other words, in a finitely generated pro-p group a subgroup is open if
and only if it has finite index. A profinite group with this property is said to be
strongly complete or rigid. (According to [RZ], Section 4.8, Serre included this
result in an unpublished letter to Pletch dated March 26, 1975).

One can see that it is not always the case that a pro-p group is strongly
complete. For instance, consider the following example taken from [Se2], Section
6.3 (see also [K2], Section 5.2.1). Let p be a prime and, for each positive integer
i, let C, be the cyclic group of order p. Consider, for each positive integer n, the
direct product G, = [[;=; C}, and let G = @Gn. As an abstract group, G is

an [F-vector space of dimension 2% and therefore it has 22 subgroups of finite
index. However, open subgroups of G must contain a subgroup ker(G — G,,) for
some n ([RZ], Lemma 2.1.1), hence there are only countably many open subgroups
in G. More generally, one can construct similar examples with any non-trivial
finite group in place of a cyclic group of order p (see [RZ], Example 4.2.12).

As we will see below, the topology of a strongly complete profinite group is
completely determined by its group structure. There are indeed examples of
profinite groups that are isomorphic as abstract groups but not isomorphic as
topological groups, for instance the pro-p groups G = [[;2; C); and G x Z,, (see
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[K2], Proposition 5.5). In [Ki], Kiehlmann classifies countably-based abelian pro-
p groups up to abstract and topological isomorphism.

Serre’s theorem on the rigidity of finitely generated pro-p groups is a funda-
mental result in the theory of finitely generated pro-p groups. Its proof requires
some ingredients that are important in their own right and that we will use later
on so that we briefly sketch its proof, following the exposition in [DDMS].

The first ingredient of the proof is the following lemma.

Lemma 1.2.1. Let G be a pro-p group and H a subgroup of finite index of G.
Then |G : H| is a power of p.

Proof. By replacing H by its normal core if necessary, we can assume that H is
normal in G. Let m := p"m’, with (p,m’) = 1, be the index of H in G. Then
G/H is a finite group of order m. Therefore, the set X := G} of m-th powers
of elements of GG is contained in H and it is closed in GG, being the image of the
continuous map g — ¢ from the compact space G to the Hausdorff space G.
Now, consider an element g € (G; we want to prove that, for some positive
integer e, g”" belongs to H. Indeed, let N be an open normal subgroup of
G. By definition of pro-p group, the index of N in G is a power of p, hence
there exists k such that gpk belongs to N. Moreover, we can assume k > r.
Then there exist integers a and b such that am + bp*F = p". It follows that
gP" = gamthrt — (ga)m(gpk)b € XN. Since this is true for every normal open
subgroup N and X is closed, we get that g?" € Nna,c XN =XCH.
O

The second main ingredient in the proof of Serre’s result is the fact that the
commutator subgroup of a finitely generated pro-p group is closed.

Proposition 1.2.2. Let G be a finitely generated pronilpotent group generated
by elements ay,...,aq. Then,

(G, G] = [a1,G] - - [ag, G].
In particular, [G,G] is closed in G.

Recall that [G, G] is the commutator subgroup of G, i.e., the subgroup of G
generated by all commutators, while [a1,G]- - - [aq, G| is the set

{[alagl] e [advgd] | g1,---,09d € G}

The proof of this proposition relies on a similar result that holds for all finitely
generated nilpotent groups. It is proved by induction on the nilpotency class by
performing computations with commutators, see [DDMS], Lemma 1.23 or [Se].
Lemma 1.2.3. Let H be a nilpotent group generated by ai,...,aq. Then,

[H7H] = [CL]_,G] e [advG]'

With this lemma we can now sketch the proof of Proposition 1.2.2.
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Proof of Proposition 1.2.2. Let X be the set [a1,G]---[aq,G] C [G,G]. This is
the image in G of the compact space G X --- X G under the continuous map
(91,---,94) — [a1, 1] - - - [aq, g4], hence it is compact. Therefore, since G is Haus-
dorff, X is closed in G, hence

X=X= (] XN (1.2)

by Proposition 1.1.4. Now for every open normal subgroup N of G, the quotient
G/N is a finite nilpotent group. Therefore we can apply Lemma 1.2.3 to G/N to
obtain
[G/N,G/N]| = [ai,G/N]---[aq, G/N].
It follows that
[G,G]N = XN.
Hence, by using (1.2) we obtain:

[G.G]C [ XN=X.
NG
As X C [G, G] the result follows.
O

As a corollary of this proposition we give a simplified formula for the Frattini
subgroup and for the lower p-series of a finitely generated pro-p group, as promised
in the previous section.

Corollary 1.2.4. Let G be a finitely generated pro-p group. Then,
o(G) = GP|G, G|

and

Piy1(G) = P(G)P[R(G), G]
forall i > 1.

Proof. We know from (1.1) that ®(G) = GP?[G, G]. Now, G?[G, G| = GG, G]
and the set G1?} is closed, being the image of the p-th power map from G to
G. Since also [G,G] is closed by Proposition 1.2.2, from Proposition 1.1.4 we
conclude that GP[G, G] is closed and ®(G) = GP[G, (.

The second claim is proved similarly by induction; see [DDMS], Corollary
1.20 for details. O

Putting everything together we can prove Serre’s theorem.

Theorem 1.2.5 (Serre). Let G be a finitely generated pro-p group. Then every
subgroup of finite index of G is open.

Proof. Let H be a finite index subgroup in G. Replacing H by its core if necessary,
one can assume that H is normal in G. We argue by induction on the index (of
normal subgroups). If the latter is 1, then H = G is open. Suppose that the index
of H is greater than 1. Let M = H®(G). As M contains the open subgroup
®(G) (Proposition 1.1.28), M is open in G, hence finitely generated ([DDMS],
Proposition 1.7). It is moreover a proper subgroup of G, since G/H is a finite
p-group. Hence, |M : H| < |G : H|. Therefore, by induction we obtain that H is
open in M, hence in G. O
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An immediate consequence of this result is that a finitely generated pro-p
group is isomorphic to its pro-p completion (use Proposition 1.1.2 and the defi-
nition of pro-p completion together with Lemma 1.2.1).

Another consequence is that the topology of a finitely generated pro-p group
is completely determined by its group structure.

Corollary 1.2.6. Any group homomorphism from a finitely generated pro-p group
to a profinite group is continuous.

Proof. Let G be a finitely generated pro-p group, H a profinite group and ¢ :
G — H a group homomorphism. Let U be an open subgroup of H (hence of
finite index). Then ¢~!(U) has finite index in G, hence it is open. It follows that
¢ is continuous “at the identity ” and hence continuous. O

Corollary 1.2.7. Let G be a finitely generated pro-p group. Then there is no
other topology on G that makes G into a profinite group.

Proof. Assume that H = G as an abstract group but is given a possibly different
topology that makes it into a profinite group. Consider the identity map G — H.
By the previous corollary this map is continuous. Since G is compact, any closed
subset of G is compact hence its image under the identity is compact. Since H,
being profinite, is Hausdorff, any compact subset is closed. Therefore the identity
map is a continuous closed map, hence a homeomorphism. ]

In [NS] Nikolov and Segal extended Theorem 1.2.5 to all finitely generated
profinite groups proving the strong completeness theorem: every subgroup of finite
index in a finitely generated profinite group is open. The proof of this result is
significantly more involved than the pro-p case and relies on the classification of
finite simple groups; see [K2] for a survey and the book [Se] for another exposition.
It is worth to mention that some of the tools related to the finite width of certain
words developed by Nikolov and Segal to prove the strong completeness theorem
were later used by Jarden and Lubotzky to prove the first-order rigidity of finitely
generated profinite groups (see Section 2.2.2).

As important consequences of the strong completeness theorem we obtain
that the topology of a finitely generated profinite group is already determined by
its algebraic structure and that a finitely generated profinite group is isomorphic
to its profinite completion. Finally, the theorem of Nikolov and Segal has also
consequences related to the comparison between abstract and continuous coho-
mology groups of finitely generated profinite groups (see [K2], Section 5.4 and
[N], Section 7).

1.3 Pro-p groups of finite rank

In this section we collect some facts regarding pro-p groups of finite rank that
will be needed later on. For proofs and more results see [DDMS]. For a concise
introduction to pro-p groups of finite rank see [K1].

Recall that, given a pro-p group G, we denote by d(G) the minimal number
of (topological) generators of G and that the rank of G is defined as

rk(G) :=sup{d(H) | H < G closed}.
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Loosely speaking, a p-adic analytic group (or p-adic Lie group) is a group that
has also the structure of a p-adic analytic manifold such that the group operations
are analytic (see [DDMS], Section 8.2). One possible interpretation of Hilbert’s
fifth problem is to determine whether the fact that a group admits a Lie structure
has a purely topological characterisation. In the real case this was proven in the
affirmative by Montgomery-Zippin and Gleason, who showed that a topological
group G admits a (real) Lie structure if and only if G is locally euclidean, i.e.,
every point of G has a neighbourhood that is homeomorphic to an open subset
of R?, for some positive integer d ([T], Theorem 1.1.9). The answer to Hilbert’s
fifth problem in the p-adic setting was found in the 1960s by Lazard who, in
his seminal paper [La], developed a comprehensive theory of p-adic Lie groups.
The group-theoretic aspects of his work were later reconsidered and developed in
the 1980s by Lubotzky and Mann and were systematically written down in the
book ‘Analytic Pro-p Groups’ ([DDMS]) by Dixon, du Sautoy, Mann and Segal.
One way of expressing Lazard’s characterisation of p-adic analytic groups is the
following ([DDMS], Theorem 8.1 and Theorem 3.13).

Theorem 1.3.1. A topological group G has the structure of a p-adic analytic
group if and only if G has an open subgroup which is a pro-p group of finite rank.

Therefore, in the special case when G is a finitely generated profinite group,
by the strong completeness theorem, G is a p-adic analytic group if and only if
G is virtually a pro-p group of finite rank. In particular, by Proposition 1.1.14,
G itself must have finite rank. It follows that the rank is a crucial invariant for
pro-p groups. Indeed, one can formulate the following algebraic characterisation
of p-adic analytic pro-p groups (see [DDMS], Interlude A):

Theorem 1.3.2. A pro-p group is p-adic analytic if and only if it has finite rank.

Example 1.3.3. We saw in Example 1.1.21 that the congruence subgroups
GL}(Z,) and SLY(Z,) are pro-p groups. Let e = 0 if p # 2 and € = 1 if p = 2.
Then the congruence subgroups GL;“(ZP) and SL;“(ZP) are pro-p groups of fi-
nite rank, given by d? and d?—1 respectively (see [DDMS], Section 5.1). Therefore
GLL(Z,) and SLY(Z,) are pro-p groups of finite rank: this follows immediately if
p is odd and from Proposition 1.1.14 if p is even.

Conversely, every pro-p group of finite rank admits a faithful linear represen-
tation over Z, ([DDMS], Theorem 7.19), which gives, together with the previous
example, another characterisation of p-adic analytic pro-p groups: a pro-p group
is p-adic analytic if and only if it is isomorphic to a closed subgroup of GL4(Z))
for some positive integer d.

Yet another characterisation of p-adic analytic pro-p groups is given in terms
of powerful subgroups. Loosely speaking, a pro-p group is powerful if it has many
p-th powers. This concept generalises the property of being abelian.

Definition 1.3.4. A pro-p group G is powerful if p # 2 and [G,G] C GP or
p =2 and [G,G] C G More generally, a closed subgroup N <. G is powerfully
embedded in G if p # 2 and [N,G] C NP or p= 2 and [N,G] C N*.

Note that by GP, G*, NP and N* we mean the topological closure of the
subgroup of G (respectively of N) generated by all the p-th (respectively 4th)
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powers. It follows from the definition that G is powerful if and only if it is
powerfully embedded in itself and that, if a closed subgroup N is powerfully
embedded in G, then N is a normal subgroup of G and N is powerful. Moreover,
it is clear from the definition that the quotients of a powerful pro-p group are
again powerful pro-p groups.

With powerful pro-p groups we can give the following characterisation of pro-p
groups of finite rank ([DDMS], Theorem 3.13).

Theorem 1.3.5. Let G be a pro-p group. Then G has finite rank if and only if
G is finitely generated and virtually powerful.

From this theorem and Theorem 1.3.2 it follows that:

Theorem 1.3.6. A pro-p group is p-adic analytic if and only if it is finitely
generated and virtually powerful.

It is an important fact that for a powerful finitely generated pro-p group the
rank coincides with the minimal number of generators of the group ([DDMS],
Theorem 3.8):

Theorem 1.3.7. Let G be a powerful finitely generated pro-p group. Then, for
any closed subgroup H of G, d(H) < d(G).

Recall from Section 1.1 that the lower p-series of a pro-p group G is defined
recursively as

Pl(G) =G
Pi11(G) == Pi(G)P[P/(G), G,

for ¢ > 1, where - denotes the topological closure.
The following proposition collects some important results regarding the lower
p-series of a finitely generated powerful pro-p group.

Proposition 1.3.8 ([DDMS]|, Theorem 3.6). Let G be a finitely generated pow-
erful pro-p group. Then, for every positive integer i, the following hold:

1. P;(G) is powerfully embedded in G;
2. Fi1(G) = ©(Ri(G));

i—1

3. B(G) =GV ={a# " |z eqGY;

4. the map © — P induces a homomorphism from P;(G)/Pii1(G) onto
Pi11:(G)/Piti+1(G) for each natural number k.

In particular, it follows from the previous proposition that the lower p-series
of a finitely generated powerful pro-p group G coincides with its iterated Frattini
series, i.e.,

' (G) = Py (G)

for every natural number ¢ > 0.

When the homomorphism from P;(G)/Pi41(G) to Pit1(G)/Piy2(G) induced
by the map = — 2P is an isomorphism for every ¢, we obtain a special kind of
powerful group.
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Definition 1.3.9. A uniformly powerful (abbreviated as wuniform) subgroup of
a pro-p group G is a finitely generated powerful subgroup U of G such that
|Pi(U) : Pi1(U)| = |G : P3(G)| for all i > 1.

The last condition is the one that justifies the term uniform. Equivalently, a

finitely generated pro-p group is uniform if and only if it is powerful and torsion-
free ([DDMS], Theorem 4.5).
Examples of uniform pro-p groups are the congruence subgroups GLcll“(Zp) and
SLL*¢(Z,) (IDDMS], Section 5.1). For the former group the uniform cardinality
of the sections in the lower p-series is given by pd2, while, for the latter, it is
pdzfl. A relevant fact regarding uniform pro-p groups is contained in the next
proposition.

Proposition 1.3.10 ([DDMS], Proposition 4.4). Let G be a finitely generated
powerful pro-p group. Then the following are equivalent:

1. G is uniform;
2. d(H) = d(G) for every powerful open subgroup H of G.

It turns out that every finitely generated powerful pro-p group has an open
characteristic uniform subgroup. From this and the fact that any pro-p group of
finite rank contains a powerful characteristic open subgroup ([DDMS], Theorem
3.10) one gets the following:

Corollary 1.3.11 ([DDMS], Corollary 4.3). A pro-p group of finite rank contains
a characteristic open uniform subgroup.

Finally, uniform pro-p groups allow us to formulate the following structure
theorem for powerful pro-p groups.

Theorem 1.3.12 ([DDMS], Theorem 4.20). Let G be a finitely generated pow-
erful pro-p group. Then the elements of finite order in G form a characteristic
subgroup T of G. Moreover, T is a powerful finite p-group and G /T is uniform.

The fact that a pro-p group has a p-adic analytic structure can be charac-
terised in purely algebraic terms. Also the dimension of a p-adic analytic pro-p
group, i.e., its dimension as an analytic manifold, can be characterised alge-
braically in terms of the minimal number of generators of certain subgroups.
We saw before that every pro-p group of finite rank has a normal uniform sub-
group of finite index (Corollary 1.3.11). It turns out that the minimal number
of generators of any uniform subgroup U of finite index in a pro-p group G is
the same, independently of the choice of the uniform subgroup ([DDMS], Lemma
4.6). Hence, if G is a pro-p group of finite rank and U is any uniform subgroup
of finite index in G, we can define

dim G := d(U)

and it turns out that this number coincides with the dimension of G as an analytic
group (see [DDMS], Theorem 8.36).
For example, since, when p is odd, GL}I(ZP) is a uniform pro-p group and

| GLY(Z,) : GL3(Z,)| = | GLY(Z,) : ®(GLY(Z,))| = p*,
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the dimension of GL}(Z,) is d(GL}(Z,)) = d*.
The dimension satisfies some good properties, such as that, for any N <. G,

dimG = dim G/N + dim N

([DDMS], Theorem 4.8). In particular, a normal subgroup of finite index in G
has the same dimension as G.

Recall that a Z,-Lie lattice is a Lie ring over Z, that is also a free module of
finite rank over Z,. To each uniform pro-p group U there is an associated Z,-Lie
lattice L(U) whose underlying set is U and whose addition, scalar multiplication
and Lie bracket are defined using the group operation on U (see [DDMS], Chapter
4). Tensoring by @Q,, one obtains the Q,-Lie algebra associated to G, that is given
by

£:= L(U) ®Zp Qp.

Similarly to the definition given for powerful pro-p groups, we define a Z,-lattice
L to be powerful if p# 2 and [L, L] C pL or p =2 and [L, L] C 4L. For example,
if L is any Zy-lattice and p is odd (respectively p = 2), then its sublattice pL
(respectively 4L) is powerful. One can verify that the Z,-lattice associated to a
uniform pro-p group is powerful.

Conversely, to a powerful Z,-Lie lattice L one can associate a uniform group
that has L as underlying set and whose operation is defined via the Campbell-
Hausdorff formula ([DDMS], Theorem 9.8). This results in an equivalence of
categories between uniform pro-p groups and Z,-powerful lattices ([DDMS], The-
orem 9.10). Tensoring by Qy, this equivalence of categories gives a functor from
the category of p-adic analytic pro-p groups to the category of finite-dimensional
Qp-Lie algebras ([DDMS], Theorem 9.11).

Example 1.3.13. Let gl;(Z,) be the Z,-Lie lattice consisting of all d x d matrices
with entries in Zj, together with the Lie bracket given by the commutator bracket.
The Lie lattice gl;(Z,) has a congruence filtration given by

0lu(Zy) == {z € gly(Zy) | =0 (mod p')},

where i runs over the positive integers. Let e = 0if p #£ 2 and e = 1 if p = 2. Then
the powerful Z,-Lie lattice associated to the uniform pro-p group GL(11+E(ZP) is
isomorphic to gly™(Z,) ([K1], Proposition 8.2).

Similarly, if sl4(Z,) denotes the Z,-Lie lattice consisting of all d x d matrices
with entries in Z,, and zero trace together with the commutator Lie bracket, then
the powerful Z,-Lie lattice associated to the uniform pro-p group SLCllJrE(Zp) is
isomorphic to slt¢(Z,).

In general, a closed subgroup of a uniform pro-p group G is not uniform,
which makes it difficult to establish a correspondence between closed subgroups
of G and Z,-Lie sublattices of L(G). However, the following result holds true.

Theorem 1.3.14 ([DDMS], Proposition 4.31). Let G be a uniform pro-p group.
Let H be a uniform closed subgroup of G and let N be a closed normal subgroup
of G such that G/N s uniform. Then

1. L(H) is a Zy-Lie sublattice of L(G);
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2. N is uniform and L(N) is a Zy-Lie ideal in L(G).

By Z,-Lie ideal of L(G) we mean a Z,-Lie sublattice M of L(G) such that
[L(G), M] C M.

Note that, as [z @ A,y ® pu] = [z,y] ® (Aw), if L(H) is a Z,-Lie sublattice of
L(U), then L(H) ®z, Qp is a Qp-Lie subalgebra of L(U) ®z, Q, and, if L(K) is
a Zy-Lie ideal of L(U), then L(K) ®z, Qp is a Q,-Lie ideal of L(U) ®z, Q,.
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Chapter 2

Definability of the rank and
the dimension of p-adic
analytic pro-p groups

2.1 Introduction

In a recent paper ([NST]), Nies, Segal and Tent started an investigation of the
finite axiomatizability of profinite groups. A profinite group is said to be finitely
axiomatizable in the class of profinite groups with respect to a language L if there
is a first-order sentence ¢ in the language £ such that, for every profinite group
H the following holds: H satisfies 1 if and only if H is isomorphic to GG, where
the isomorphism is required to be continuous. More generally, one can investigate
which properties or invariants of profinite groups belonging to a given class can
be described by a single first-order sentence in a certain language. In this case
we say that a property P is finitely axiomatizable in a class C of profinite groups
with respect to a language L if there exists a first-order sentence ¢p in L such
that the following holds: a profinite group G belonging to C has property P if
and only if ¢p holds true in G.

One of the classes of profinite groups under consideration in [NST] is the one
of pro-p groups of finite rank or, equivalently, p-adic analytic pro-p groups.
Regarding the rank of pro-p groups, Nies, Segal and Tent state the following

Proposition 1 ([NST], Proposition 5.1). For each positive integer r, there is a
sentence pp - in the language of groups such that, for every pro-p group G,

k(G)<r = GlEpr = 1k(G) <724+ logy(r)).

As the proof of this proposition is only sketched in the aforementioned paper,
we present its proof in Section 2.2.4 for completeness. Then we improve on this
result by proving that the rank of a pro-p group is actually determined by a single
first-order sentence in the language of groups (compare with Corollary 2.3.6). In
other words, given a positive integer 7, the property of having rank r is finitely
axiomatizable in the class of pro-p groups. To prove this we will establish first
the following fact, that is interesting in its own right (see Theorem 2.3.1).

Theorem 2. Let r be a positive integer and let G be a pro-p group of rank
rk(G) < r. Suppose that F <, G is powerful. Then rk(G) = rk(G/Pa41(F)).
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Recall that P5,.41(F') is the 2r 4+ 1 term in the lower p-series of F' (see Section
1.1).
More generally, we show that, given a finite set of primes 7, the rank of a pro-m

group is completely determined by a single first-order sentence (see Theorem
2.6.4):

Theorem 3. Let m = {p1,...,pr} be a finite set of primes and let r be a positive
integer. Then the property of having rank r is finitely axiomatizable in the class
of pro-m groups.

Moreover, we prove that this result is the best possible in the class of profinite
groups, meaning that the rank of a profinite group involving an infinite number
of primes cannot be finitely axiomatizable (Proposition 2.3.9).

We also prove an analogous statement for the dimension of pro-m groups (compare
with Theorem 2.7.1):

Theorem 4. Let 71 = {p1,...,pr} be a finite set of primes and let d be a k-
tuple of natural numbers. Then the property of having dimension d is finitely
aziomatizable in the class of pro-m groups of fized finite rank.

Here, by dimG = d = (di,...,d;), we mean that the pro-p; Sylow of G has
dimension G;.

We give two different proofs of the previous theorem. The first uses the adjoint
representation of a p-adic analytic pro-p group (Section 2.4), while the second
relies on the following new description of the dimension of a finitely generated
powerful pro-p group (Theorem 2.5.1):

Theorem 5. Let G be a finitely generated powerful pro-p group with torsion
subgroup T'. Then

dim(G) = d(G) — d(T).

We will first prove both results for pronilpotent groups and then generalize them
to pro-m groups.

The chapter is organized as follows. We start with a brief recollection of
some preliminaries that will be needed throughout the chapter (Section 2.2).
Then we will prove the finite axiomatizability of the rank and the dimension
for pronilpotent groups (Sections 2.3, 2.4, 2.5). Along the way we also present
some alternative sentences that express the dimension of pronilpotent groups
belonging to some special classes of pronilpotent groups of finite rank (Section
2.4.3). Finally, in Sections 2.6 and 2.7 we extend these results to pro-m groups.
In Section 2.8 we make an analysis of the quantifier complexity of the sentences
that we wrote and, in Section 2.9, we collect some open questions that arise from
our work. Finally, in the last section we list some of the main formulas used
throughout the chapter for the convenience of the reader.

The material of this chapter led to the preprint [CK] written together my
advisor Benjamin Klopsch. In our preprint one can find the main results of this
chapter. These results were obtained and written up jointly by the two authors.
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2.2 Preliminaries

2.2.1 A few model theoretic facts and notation

In this section we collect some basic facts of model theory, following mostly [M]
and [TZ]. We will present the concepts and tools that we will need later on in
a rather informal way, mostly with a view towards the use of first-order logic in
group theory.

The basic idea of model theory is to use first-order languages to talk about
mathematical structures and their properties. By mathematical structure we
mean a set with a collection of distinguished functions, relations and elements.
For example, a group is a set with a distinguished element (the neutral element),
a binary function (the group operation) and a unary function (the inverse opera-
tion). Then one chooses a language with which it is possible to talk about these
distinguished functions, relations and elements.

Therefore the first concept to be introduced is the one of language.

Definition 2.2.1. A language L is given by the following elements:
1. a set of constant symbols;

2. a set of function symbols where, for each function symbol f, its arity ny
(i.e., the number of variables) is specified;

3. a set of relation symbols where, for each relation symbol R, its arity ng is
specified.

Example 2.2.2.
1. The language of groups is given by
Egp = {L '7_1 }

Here the constant 1 represents the neutral element of the group, - the (bi-
nary) group operation and ~! the (unary) inverse function.

Lordgp = {]-a "—1 s <}

is the language of ordered groups, where 1,-,~! are as above and < is a
symbol for a binary relation (order relation).

3. The language of rings Lrings is given by the set
Erings = {07 17 +, = }

Once we have a language £ we need a structure where we can interpret the
symbols of such a language.

Definition 2.2.3. Let £ be a language. An L-structure M is given by the
following data:

1. a non-empty set M, called the universe of M;
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2. an element ¢™ € M for each constant ¢ € L;
3. a function fM : M™ — M for each function f in £ with n ¢ variables;
4. a set RM C M™r for each relation symbol R in £ with arity ng.

For example, if Ly, is the language of groups, (Z,0,+, —) is an Lgp-structure.
Once we have a language £ and an L-structure, we can talk about properties
of our structure by means of first-order formulas. Concretely, a first-order formula
in the language L is a finite string of symbols built using the symbols of £, variable
symbols, the equality symbol (=), the connectives and (A), or (V), not (=), the
existential quantifier (3), the universal quantifier (V) and parentheses. Note that
the implication (—) can be obtained as a combination of = and V. One then
interprets such formulas in the given L-structure.
For instance, if £ = Lg},, examples of formulas are:

l.3dz:(xz-x-x=1Ax#1)

3. 27 lyx = 2;

4. Yy, z:y tzlyz = 1.

It is important to note that in first-order logic one is allowed to quantify only
over elements of the structures and not, for examples, over its substructures. The
formal definition of a formula is inductive and can be found in Chapter 1 of [M].

A variable in a formula is said to be free if it is not preceded by a (universal or
existential) quantifier. A sentence is a formula without free variables. This means
that one can always tell the truth value of a sentence for each given structure.
Examples 1 and 4 above are examples of sentences. Given any group G we can
say whether they hold true in GG or not: the sentence in Example 1 holds true in
G if and only if G contains an element of order 3, while the sentence in Example
4 is true in G if and only if G is abelian. The truth value of the formulas in
Examples 2 and 3 instead depend on the values that we choose for replacing the
variables x,y, z. For example, if we take G to be Cy with additive notation, the
sentence in Example 2 is true if we replace = with 2 and false if we replace x
with 3.

As a matter of notation, if ¢ is a formula with free variables vy, ..., v,, we will
sometimes write ¢(v1,...,v,) to underline the fact that v, ..., v, are free.

If g := (g1,...,9m) is an element of the L-structure M and ¢(v1,...,vy,) is
an L-formula with free variables vy, ..., v, we write M = ¢(g) if ¢(g) holds
true in M and we also say that M satisfies ¢(g). Note that we will often use the
algebraists’ convention of talking about the universe of a structure, rather than
the structure itself, hence writing M |= ¢(g) rather than M |= ¢(9).

For example, if we take ¢(z) to be the formula 22 = 1 in the previous Example
2, we have that Cy = ¢(2) and Cy £ ¢(3). If instead 1) is the sentence Vy, z :
y~lz7lyz = 1 from Example 4, we have that, for every abelian group G, G = 1.

A set of sentences T is called a theory. An L-structure M is said to be a model
of T if M = ¢ for every sentence ¢ in T and we say that a theory is satisfiable
if it has a model. Two structures are said to be elementarily equivalent if they
satisfy the same first-order sentences.
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Now that we have L-formulas and we can express that a given formula holds
true in an L-structure, we can introduce sets that are defined by a formula.

Definition 2.2.4. Let M be an L-structure. A subset X C M"™ is said to
be definable if there exist an L-formula ¢(vy,...,v,, w1, ..., wy) and elements
bi,...,by in M such that

X ={(a,...,an) e M" : M = ¢(a1,...,an,b1,...,bp)}.
The elements b1, ..., b,, are called parameters.

In this thesis we will always use the language of groups, therefore from now
on £ = Lgp, unless otherwise stated.

Example 2.2.5. If G is a group, its center Z(G) is definable without parameters:
Z(G)={9€G:G [ (Vz:gx=xg)}.

Here the formula defining Z(G) is given by ¢(g) : Vx : gz = zg.
Similarly, also the centralizer of an element of G is definable, however by a formula
with parameters. If x is an element of G, then

Ca(z) ={9€G: Gk (g = zg)}.

In this case the formula is given by ¢(g,z) : gx = zg, where g is considered as
variable and x as parameter.

Let C be a class of L-structures. We say that C is an elementary class or an
aziomatizable class if there exists a theory T such that C = {M : M E T}.
For example, the class of groups is axiomatizable in the language of groups by
the sentences

Ve:z-1=1-2=ux;

Ve,y,z: (x-y)-z=z-(y-2); (2.1)

1 -1

Ve :x- -z~ -x = 1.

If one adds to these axioms the sentence Vz,y : xy = yx one gets that also the
class of abelian groups is axiomatizable.

One says that a class C is finitely axiomatizable if C is axiomatizable and the
theory that axiomatizes C is finite. Note that this is equivalent to the fact that
C is axiomatized by a single sentence, that we can take to be the conjunction of
the finitely many sentences of the theory.

One fundamental result in model theory, that can be used to prove that a
given property is not (finitely) axiomatizable, is the compactness theorem (see
[M], Theorem 2.1.4).

Theorem 2.2.6 (Compactness). Let T be an L-theory. Then T is satisfiable if
and only if every finite subset of T is satisfiable.

Example 2.2.7 ([Ba], Proposition 2.3). The property of ‘being torsion’ for a
group is not axiomatizable (in the language of groups), i.e., the class of torsion
groups is not axiomatizable. By torsion group we mean a group where every
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element has finite order, i.e., for every g there exists a natural number n > 1 such
that ¢" = 1 (in additive notation, ng = 0).

To prove our claim, we assume by contradiction that the class of torsion
groups is axiomatized by a theory T'. By using compactness, we will find a model
of T that is not a torsion group. We use additive notation. Fix a new constant
symbol ¢ and consider the language £ U {c} that extends the language of groups
with the new constant c. Write 1, for the sentence nc # 0 for n > 1 and set
T := T U{¢p|n > 1}. Any finite subset S of T” is satisfiable: if 1;,,..., ;.
are the elements from {¢,|n > 1} belonging to S, with i1 < is < -+ < iy,
and N > i,,, then the finite cyclic group Cy of order N is a model of S, if we
interpret the constant ¢ as a generator of Cy. It follows by compactness that T’
is satisfiable, hence there exists a non-torsion group that satisfies the theory T'.

One of the proofs of the compactness theorem uses ¥.o§’s theorem on ultra-
products (see [E], Section 5). We just recall very briefly the main definitions.

Definition 2.2.8. Let I be a non-empty set. A filter over I is a subset U of the
power set of I such that:

1. the empty set does not belong to U and I belongs to U;
2. if X and Y belong to U, then X NY belongs to U;
.if Xeldand X CY C I, then Y € U.

If Y C I is non-empty, then Y = {X C T |Y C X} is called the principal filter
generated by Y. A filter U is called an ultrafilter over I if, for every X C I, either
XelUorI\X elU.

Given a language £ and a family of L-structures, we can define their ultra-
product in the following way.

Definition 2.2.9. Let I be a non-empty set, (A; | i € I) a family of L-structures
and U an ultrafilter on I. Then we can define the ultraproduct [];c; Ai/U by
considering the cartesian product [];c;.A; modulo the equivalence relation ~y
given by

((li)ie[ ~uy (bi)ie] = {Z el | a; = bi} euU.

One can see that the ultraproduct [];c; A;/U can be made into an L-structure
(see [E], Section 2, or [TZ], Exercise 1.2.4).
We will just use the following corollary of ¥.08’s theorem.

Theorem 2.2.10 (Los; see [E], Corollary 3.2). Let L be a language, I an infinite
set and U an ultrafilter on I. Let (A; | i € I) be a family of L-structures.
Then, for any L-sentence ¢, the ultraproduct [1;c; Ai/U satisfies ¢ if and only if
{iel|AEo¢}el.

A consequence of 1.0§’s theorem is that, if each member of a family of groups
satisfies a sentence, then also their ultraproduct satisfies the same sentence ([E],
Corollary 3.3). It follows that a class of groups that is not closed under ultra-
products cannot be axiomatizable. For example, one can prove that the class of
torsion groups is not axiomatizable also by showing that this class is not closed
under ultraproducts (see [E], Corollary 3.4).
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A consequence of the compactness Theorem is the Léowenheim-Skolem Theo-
rem (see [TZ], Theorem 2.3.1), from which one can deduce the following ([TZ],
Corollary 2.3.2):

Theorem 2.2.11. A theory that has an infinite model has a model in every
cardinality k > max(|L],Np).

From this result it follows, for example, that the class of finitely generated
groups is not axiomatizable: finitely generated groups have at most countable
cardinality but, if there was a theory axiomatizing this class, this theory would
also have an uncountable model. Even more, from this it follows that no theory
can axiomatize the property of being isomorphic to a given infinite group, again
for cardinality reasons.

Finally, another result that we will use to prove the non-axiomatizability
of a property is the following theorem proved by Feferman and Vaught ([FV],
Corollary 6.7).

Theorem 2.2.12. If the class of all models of a set of first-order sentences is
closed under finite direct products, then it is closed under arbitrary direct products.

As a matter of example, we list here some common properties of groups and
state whether they are (finitely) axiomatizable or not in the first-order language
of groups. See also [Ba] and [W] for more examples and explanations.

Property A | FA Reason/Formula(s)
group yes | yes axioms (2.1) in definition
abelian yes | yes axioms (2.1) A Va,y : zy = yx
divisible yes | no (Vz3y : y* = x)p>1 / Compactness Theorem
finite no | no t.0§ Theorem
finite p-group no | no Y.0§ Theorem
torsion-free yes | no | (Vx:x #1— 2" # 1),>1 / Compactness Theorem
torsion group no | no Compactness Theorem (see Example 2.2.7)
finitely generated | no | no Léwenheim-Skolem Theorem
simple no | no L.o§ Theorem
nilpotent no | no F.o§ Theorem
nilpotent of class 2 | yes | yes Ve,y,z [z, y, 2] =1
soluble no | no t.0§ Theorem

Sometimes a certain class of L-structures is not axiomatizable but it is still
axiomatizable within another class of L-structures: we say that the class of L-
structures C is axiomatizable in the class of L-structures D if there exists a theory
T such that, for every G € D, G belongs to C if and only if G satisfies T.

This will be relevant to our discussion because we will always deal with axioma-
tizability with respect to a given class, for example the class of pro-p groups with
p a fixed prime.

Example 2.2.13. Any class of groups C is axiomatizable in the class D of finite
groups. Indeed, for each finite group G we can consider the sentence ¢ that one
obtains from the multiplication table of G. Then C is axiomatized by the theory

{=¢c : G ¢ C}.
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The previous example shows that, when dealing with axiomatizability in the
class of finite groups, the question becomes whether a certain subclass is finitely
axiomatizable. Some results in this direction are:

o Simple groups are not FA within the class of finite groups ([W]);

o Non-abelian simple groups are FA within the class of finite groups ([W]);

Soluble groups are FA within the class of finite groups ([W2]);

Nilpotent groups are not FA within the class of finite groups ([CW]).

We conclude this section recalling some of the facts and notation frequently
used in [NST] that we will often use; see [NST], Section 2.
Let G be a group and let H be a definable subgroup of G, i.e., there exists a
formula x(x) (possibly with parameters g) such that H = k(G) = k(g,G) = {x €
G |G = (g, 2)}.
Then, H satisfies a formula ¢ if and only if G satisfies the corresponding restricted
formula, that is obtained by replacing expressions of the form Vz : ¢ (z) with
Vx : (k(x) — ¥(x)) and expressions of the form 3z : ¥(x) with Jx : k(z) A
Y(x). In symbols, for any formula ¢(yi,...,yx) there is a restriction formula
res(k, ) (y1,- .., yr) such that

G = res(r, 9)(b) & H = ¢(b).

For example, let H be a definable subgroup of G by means of a formula (zx). If
we want to express that H is abelian we can use the formula

Ya1,92 : (k(g1) A K(g2)) = 9192 = g201-

In a similar way, if N = k(G) is a definable normal subgroup of G, then there
exists a lifted formula lift(x, ¢) which satisfies

G = lift(k, ¢)(b) < G/N = ¢(by, ..., by),

where, for each i = 1,...,k, b; is the image of b; under the projection map
G — G/N. Such a formula is obtained by replacing each atomic formula z = y
in ¢ with k(x~1y).

Moreover, k(G) is a subgroup of G if and only if G |= s(k), where

s(k) := 3z : k(z) A Va,y: (k(x) As(y) = sz 1Y)
and k(@) is a normal subgroup if and only if G = sq(k), where
sa(r) = s(r) A Va,y: ((z) = K(y~'ay)).
2.2.2 A brief overview on the finite axiomatizability of profinite
groups

The concept of finite axiomatizability used in [NST] is a generalization of the con-
cept of quasi-finite-aziomatizability introduced in [N1] by Nies. This stems from
the study of which properties of a group are axiomatizable by a set of sentences

32



in first-order logic. We already saw in the previous section that some properties
of groups are not axiomatizable but they become such if we restrict the class of
groups under consideration. One of the strongest properties of a group G is being
isomorphic to G. Hence the following question naturally arises: given a group G,
does there exist a set of sentences 1" such that, for any given group H, the theory
of H is T if and only if H is isomorphic to G? We already noted that, given
an infinite finitely generated group G, the property of being isomorphic to G
cannot be axiomatizable because of the Lowenheim-Skolem Theorem. Therefore
one sees immediately that some kind of restriction on the class of groups under
consideration is necessary. Moreover, in [N1], Nies observes that even restricting
to the class of countable groups is not enough. Indeed, for any finitely generated
group (G there exists a countable group that has the same theory as G but is not
isomorphic to G. Therefore he considers the class of finitely generated groups and
defines a finitely generated group G to be quasi-axiomatizable if, given any finitely
generated group H with the same theory as G, H is isomorphic to G. In the same
spirit, working in the realm of profinite groups, Jarden and Lubotzky proved that,
if two profinite groups have the same theory and one of them is finitely generated,
then the two groups are isomorphic ([JL], Theorem A). However, the situation
for abstract groups is more complicated. For example, in [N1], Nies points out
that there exists a finitely generated torsion-free nilpotent group of class 3 that
is not quasi-axiomatizable. This follows from an example of Hirshon of such a
group G for which there exists a group H with G X Z = H x Z but G 2% H
(see [H], Section 3, page 154). By a result of Oger (|O]), two finitely generated
nilpotent groups G and H have the same theory if and only if G X Z = H x Z and
therefore G and H from Hirshon’s example are elementarily equivalent but not
isomorphic. However, Nies observes that there are classes of quasi-axiomatizable
groups, such as finitely generated abelian groups and torsion-free finitely gener-
ated nilpotent groups of class 2. Even more, in his investigation he finds out
that there are finitely generated groups that are completely determined (among
finitely generated groups) by a single first-order sentence. This leads him to the
following definition:

Definition 2.2.14. A finitely generated group G is quasi-finitely axiomatizable
(QFA) if there exists a first-order sentence ¢ such that, for every finitely generated
group H, H satisfies ¢ if and only if H is isomorphic to G.

For example, he proves that, if p is a prime number, then the restricted
wreath product C), 1 Z is quasi-finitely axiomatizable ([N1], Theorem 2.3). See
[N2], Section 7, for more examples and results.

In [NST], Nies, Segal and Tent extend the previous definition in the following
way:

Definition 2.2.15. Let C be a class of groups and £ a language. We say that
a group G belonging to C is finitely aziomatizable (FA) in C with respect to £
if there is a sentence ¢ in the language £ such that, for any group H € C, H
satisfies ¢ if and only if H is isomorphic to G.

If the class of groups under consideration is a class of topological groups, such as
the class of profinite groups or pro-p groups, the isomorphism in the definition is
required to be a continuous map.

Observe that QFA just means FA in the class C of finitely generated groups.
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To give some examples of FA profinite groups, regarding p-adic analytic
groups, in [NST] the authors prove, among many other results, that a pro-p group
of finite rank given by the pro-p completion of an (abstractly) finitely presented
group is finitely axiomatizable in the class of pro-p groups ([NST], Theorem 1.6)
and that, if d > 2 and p is an odd prime with p { d, then each of the groups
SLY(Z,), SLa(Z,) and PSL4(Z,) is finitely axiomatizable in the class of profinite
groups. It is an open question to establish whether a finitely generated non-
abelian free pro-p group is finitely axiomatizable in the class of profinite groups
([NST], Section 1.5, Problem 3).

By abuse of notation we will also say that a property P is finitely axiomati-
zable for groups of a certain class C if there exists a single first-order sentence ¢
such that a group G in C has property P if and only if G satisfies ¢.

2.2.3 Some model theory of C, groups

Given a finite set of primes 7 := {p1,...,px}, we follow [NST] in calling groups of
the form Gy x - - - X G, where each G; is a pro-p; group, Cr groups; equivalently, a
Cr group is a pronilpotent group whose Sylow subgroups are pro-p; groups, with
p; € m (Proposition 1.1.22).

The class of finitely generated C, groups is particularly nice from a first-order
point of view. To start with, as we will explain below, one can express the fact
that d elements of a C; group G are generators of G.

To avoid repetition, from now on 7 will denote a finite set of primes {p1,...,px}
and we will denote as usual with d(G) the minimal number of generators of G.
We start by recalling a crucial fact established in [NST], Section 5.1.

Lemma 2.2.16 ([NST]). If G is a finitely generated C. group and q(m) :=
p1- - P, then its Frattini subgroup

(@) =[G, G|Ga™)
is definable.

Proof. If G is generated by elements ay, ..., a4, then
[G,G] = [a1,G]-- - |aq, G]

(see Proposition 1.2.2). Recall that G9(™) denotes the group generated by the
q(m)-th powers of the elements of G, while G4} denotes the subset of G
consisting of the g(m)-th powers of the elements of G. Since [G,G]G4™) =
(G, G)G11(™} | we can define ®(G) by means of the formula with parameters

1 = ¢1(as,...,aq,G) given by
p1(ar,....aq,x) == Iz, y1,. .., ya:x = lar, 1] - lag, ya] 22,
O

Thanks to the fact that the Frattini subgroup of a finitely generated C, group
is definable, for each integer d > 1, we can write a formula §; (depending on 7)
with parameters aq,...,aq that expresses the fact that a C; group is generated
by ai,...,aq ([NST], Proposition 5.3). As the existence of such a formula is a
crucial part in being able to express properties of C, groups and as we will need
it later to study the complexity of our sentences, we recall the precise statement
and its proof here.
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Lemma 2.2.17 ([NST]). Given a positive integer d, there exists a formula (with
parameters) Bq such that, for a Cx group G,

G):Bd(aly"'aad) < G:<a’17"'7ad>'

Proof. The idea to write this formula is to use the fact that the quotient G/®(G)
is a finite direct product of elementary abelian groups, each of order dividing ¢(7).
Since ®(G) is definable in a finitely generated C, group, we just need to write
that each element of G belongs to one of the finitely many cosets of G/®(G).
We first need to express the fact that, if G is d-generated, then the commutator
word has width d in G. To do so, given aq,...,aq generators of GG, we say that
the product of any d + 1 commutators belongs to [a1,G]- - - [aq, G] by means of
the formula w(ay,...,aq):

V21, Y1, a1, Yd+1321,5 -5 24 [$1,y1]"‘[$d+1,yd+1] = [al,zl] e [@d,zd]~

Note that, if G satisfies w(ai,...,aq), then it follows automatically that the set
[a1,G] - [agq,G] is a subgroup of G. Moreover, G satisfies w(ay,...,aq) if and
only if [G,G] = [a1,G] - - [aq, G].

We now write that every element x in G belongs to one of the finitely many cosets
of G/®(G), that are of the form ai(l) e az(d)q)(G) for s(1),...,s(d) belonging to

the set S := {0,1,...,q(w)—1}. This can be done by saying that x_lai(l) . afi(d)
belongs to ®(G), i.e., that G satisfies ¢1(a, ... ,ad,m_lai(l) e az(d)). In conclu-
sion, let B4(a1, ..., aq) be the formula

w(a,...,aq) N Vo : \/ qﬁl(al,...,ad,x_lai(l)---az(d)).

s(1),...,s(d)eS

Then, from the previous considerations, it is clear that if G is generated by
ai,...,aq then G satisfies B4(ai,...,aq). Conversely, if G is a C; group that sat-
isfies (a1, ...,aq), then G’ = [a1,G] - - [aq, G] and every element = in G belongs

to ai(l) . az(d) la1, G- - - [ag, G]GI™ for some s(1),...,s(d) in S. It follows that

G C (a1,...,aq)lar, G] - [ag, GIGT™ = (ay,...,ag) G'GI™) = (ay, ..., aq)®(G),

i.e., G is (topologically) generated by a1, ...,aq.
O

From 8, one can easily obtain sentences (3 and B (depending on 7) such
that, for a C; group G,

GEpBy < d(G)<d,
GEB < dG) =d
These sentences are given by
Bd = Elala" -5 Qq ¢ Bd(ala"'aad)

and

Ba = Ba N —Ba_1-
Therefore, the property of a C, group of being d-generated can be expressed by
one single first-order sentence, i.e., it is a finitely axiomatizable property.
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It is interesting to note that the same is not true for profinite groups, i.e.,
in the class of profinite groups the property of being d-generated, as well as the
property of being finitely generated, cannot be expressed by a single first-order
sentence ([NST], Proposition 5.4).

If the C; group G has finite rank, by iteration also the higher Frattini sub-
groups ®™(G) (m > 1), defined recursively by ®"(G) := ®(®™1(G)), can be
characterized by a first-order formula (with parameters) ¢,,.

More precisely, let tk(G) = r and define ¢1 and 3, as before, taking d = r. Then
®(G) has rank bounded by r and therefore there exist elements bgl) b,(nl) in

®(G) such that ®(G) = (B{", ..., bY). Tt follows that
D(B(Q)) = {z € ®(G)| Jw, t1,....tr € B(G) : z = BV, t1] -+ bV, ,]w?™}.
Hence, ®(®(G)) is defined in G by the formula

by = bWV, .. b ) = res(pr, g1 (B, ... b, 1)),
(1)

where the parameters bgl) ,...,byr’ can be described implicitly by the formula
res(¢1, 57«(651), ol bfal))),
which describes the fact that ®(G) is generated by bgl), ce O

In the same way one can find generators bgz), . .,b7(~2) of ®(®(G)) and it-

erate the process just described, thus finding, for each m > 1, the formula
(m—1) (m—1)
®m (b3 yeee, by , ).

Note that when we want to talk about properties of the Frattini subgroup
of a pro-p group G with rank r by means of a formula ¢, we need to include
BT in 1, since the generators of G are needed in the formula ¢;. The same
is true for the iterated Frattini subgroup ®"(G) for m > 2 and moreover, in
this case, we also need the generators of all the iterated Frattini subgroups
d*(@) for k € {1,...,m — 1}, i.e., we have to add, for k € {1,...,m — 1},
all the sentences Elbgk), o 1 gbk(bgk)) XCUE= ﬁr(bgk), ce b&k)), where
PF(@) = ﬂr(bgk), R bﬁk)) is given by res(¢y, Br(bgk), e ,bgk))). As we will often
need to speak of the iterated Frattini subgroup and writing such a sentence would
be rather long, we make the following shortcuts.

If G is a pro-p group of finite rank r we will denote by ¢,§1 the formula defining
®"(@) in G, that is given by

6§ = o = WO b0 8.0 b0
for m = 0 and, for m > 1, by
m—1
Gla) = 3000 8,00, 0y A A B e
k=1
m—1

A or®F YD Y A A res(on, 5, (01, 0))
=1 k=1
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The first term of the formula expresses the fact that bgo), e ,bSP) generate G,

the second and third terms say that, for each k£ € {1,...,m — 1}, the ele-
ments bgk),...,bgk) belong to ®*(G) and generate ®F(G) and the last three
terms are the definition of ®™(G). Note that with these last three terms, that
form the last two lines of the formula gbgl(z), we are just explicitly writing out

res(dm—1, dm (B, 00T 2).

Remark 2.2.18. Note that the previous sentence ¢ that defines ®™(G) im-
plicitly states also that d(®%(G)) < r for each 0 <i <m — 1.

Finally, it is worth noting that, when we want to express something of the
form

O"™(G) by A T(G) 2 A G/RT(G) s A

we will write it as

res(d)%,@bl) A res(qﬁTGn,wg) A lift(qbg,wg) A .

but, if needed, we can assume that we are choosing the same sets of generators
at each step in the formulas for ¢<.

Even if we will not make use of it, note that a similar argument can be used
to define the iterated Frattini subgroups when it is known that G is d-generated
but the rank of GG is not known. In this case one can use the Schreier formula to
bound the number of generators at each step (see Proposition 1.1.10).

Later we will also need the following fact, of which we briefly sketch the proof.

Lemma 2.2.19. If G =Gy x --- X Gg, then
O(G) 2 D(Gh) X -+ x P(Gy).

Proof. Recall that this isomorphism holds for a finite group ([Mi]) and that, if
{Gi}ier is an inverse system of finite groups, then ‘I’(I&-g(Gi)) = @iel(é(Gi))
([RZ], Proposition 2.8.2, (c)). It follows that, if we denote by U the set of open

normal subgroups of G,

¥(G) = B (G/V) = lim 9(G/U) = lim B x o x 2O
. G . Gy,
= (i () o 0im () = 0(G1) x oo x 0(Gi)

By induction, we obtain, for every m > 1,
OM(G) = P (Gh) X -+ x P(Gy).
O

Finally, if G is a C; group, we say, as in [NST], that G is semi-powerful
(respectively semi-uniform) if each direct factor of G is powerful (respectively
uniform). If G is a C; group of finite rank r, for each i € {1,...,k} we set
ri :=rk(G;) and

m(rs) = [Mogy(rs) +p,],
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with
Ep; 1= . .
1, ifp, =2

If m(r) := max;—1,_,m;, then ®"™(")(G) is semi-powerful ([NST], Theorem 5.7)
and being (semi)powerful is a first-order property: a finitely generated C, group
P is semi-powerful if and only if

P = pow :=Vz,y 3z : ([z,y] = zq,(”))7

where ¢'(7) := 257 q(w), with e, =0if 2 ¢ m and e, = 1 if 2 € 7 ([NST], Section
5.2).
Note that

m(r) < [logy(r) + ex]. (2.2)

Let F' be a definable semi-powerful subgroup of G defined by a formula 6;
then each term P;(F) (¢ > 1) of the lower g(m)-series of F' is definable in G.
Indeed, since F' is semi-powerful, we have that

Py(F) = 1™ = (3407 g e F}

for all i > 1 ([DDMS], Theorem 3.6). Hence P;(F') is defined in F' by the formula

ml(z) =3 2= 29M"" and it is defined in G by the formula i i=res(0, 7F).

2.2.4 The problem of the finite axiomatizability of the rank

As stated in the introduction of this chapter, the problem of the finite axioma-
tizability of the rank of a p-adic analytic pro-p group has its origin in the paper
[NST] and has a natural place in the general framework of studying first-order
properties of profinite groups, in this case in particular of pro-p groups. In the
already mentioned paper, Nies, Segal and Tent state Proposition 1, that we write
here again for convenience.

Proposition 2.2.20. For each positive integer r, there is a sentence pp, in the
language of groups such that, for a pro-p group G,

k(G)<r = GlEpr = 1k(G) <724+ logy(r)).

They observe that, at a first glance, the property of having fixed rank r does
not seem to be axiomatizable. Indeed, if one uses the definition of rank to write a
sentence axiomatizing the fact that a given pro-p group G has rank r, one needs
to quantify over subgroups of G, which is not allowed in first-order logic.

We will prove in this thesis that the property of having a fixed finite rank is
actually finitely axiomatizable in the class of pro-p groups. What will allow us
to do so is a result that states that we can read the rank of a pro-p group G in a
finite definable quotient of G.

Before illustrating our results we spell out in some detail the proof of Propo-
sition 2.2.20, as it is just sketched in the paper [NST]. Contrary to most of the
proofs that will follow, here we just describe the sentence without writing it out
in detail.
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Proof of Proposition 2.2.20. Let G be a pro-p group with rank at most r and let
m = m(r) := [logy(r) + &p],

with
0, ifp#2
Ep 1= ] .
1, ifp=2

By [NST], Theorem 5.7, and the previous considerations in Section 2.2.3, the
iterated Frattini group ®™(G) is a definable powerful normal subgroup of G
whose index is bounded by p™™. The latter bound is obtained considering that
each quotient ®(G)/®"1(Q), for i > 0, is an elementary abelian p-group with
rank bounded by r. Therefore, G/®"(G) is a definable quotient of G and a
finite p-group with order bounded by p"". Moreover, since ®™(G) is powerful,
d(®™(G)) = rk(®™(G)) < r and we can express this fact with the first-order
sentence Br. Hence, let p,, be the first-order sentence that expresses the fact
that @™ (@) is powerful with d(®™(G)) < r and that the quotient G/®™(G) is a
finite group with order bounded by p"™. It is clear that any pro-p group of rank
bounded by r satisfies py, ..

Assume now that G is a pro-p group satisfying p,, and set H := ®"(G). Let
K be a closed subgroup of G and consider K N H.

G

N\
N

KNnH

Since G satisfies pp », we know that the rank of H is r and, therefore, d(KN H) <
r. Now d(K) < d(KNH)+d(K/KNH) =d(KNH)+d(HK/H). Thus we want
an upper bound for d(HK/H). By remark 2.2.18 we know that d(®(G)) < r for
each 0 <i < m—1. Hence d(®*(G)/®T(G)) < r for each 0 < i < m—1. Aseach
factor ®*(G)/®*T1(G) is an elementary abelian group also rk(®*(G)/®+1(GQ)) < r
and therefore d((K N ®(G))®(GQ)/®H(G)) < r for each 0 < i < m — 1.
From this it follows that d(HK/H) = d(®™(G)K/®™(G)) < rm. Therefore,
d(K) <r(l+m) <r(2+logyr). Since K is an arbitrary closed subgroup of G,
the result follows.

O

Remark 2.2.21. As G/®™(G) has bounded order, we can add to p,, a term
stating that G/®™(G) is one of the finitely many possible groups of rank at most
r. In this way we can improve the upper bound 7(2 + logy(r)) in the previous
proposition to 2r.

Finally, it is interesting to note that, because of the result of Feferman and
Vaught (Proposition 2.2.12), it is not possible to axiomatize the property of
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‘having finite rank’ Indeed, by using the fact that an extension of two pro-p
groups of finite rank has again finite rank (Proposition 1.1.14) and induction on
the number of factors, one sees that every finite cartesian product of pro-p groups
of finite rank is again a pro-p group of finite rank. However, an infinite cartesian
product of non-trivial pro-p groups of finite rank does not have finite rank.

Example 2.2.22. The pro-p group Cgo given by the direct product of countably
many copies of C), has not finite rank as it is not even finitely generated. However
every finite direct product C} has finite rank.

Observe that the same example shows that also the property of being finitely
generated cannot be axiomatized within the class of pro-p groups.

Then the question arises: is it possible to find a class of pro-p groups in
which the property of having finite rank is axiomatizable? For example, fix a
positive integer d and consider the class C of pro-p groups with minimal number
of generators bounded by d. Assume that there exists a sentence ¢ that expresses
the fact that a group in C has finite (unbounded) rank. Then the previous example
ceases to be an issue as C’;fo is a model of ¢ not belonging to the class C under
consideration (see Section 2.9 for a list of questions).

2.3 Finite axiomatizability of the rank of C, groups

In this section we prove that the rank of a p-adic analytic pro-p group is finitely
axiomatizable. This result follows immediately from the slightly more general fact
that the rank of any pronilpotent group of finite rank is finitely axiomatizable.

The main tool that we need is a result that allows us to detect the rank of a
p-adic analytic pro-p group G in a finite quotient of G. More precisely, assume
that we have an upper bound A on the rank of G. We will then find a normal
subgroup H, with finite index in G bounded by p/® for a certain function f,
such that rk(G) = rk(G/H)). This will help us in the following way. In the first
part of the proof of the finite axiomatizability of the rank we will write a sentence
that is satisfied by any pro-p group of a given rank r and that gives us an upper
bound A := A(r) for the rank of any pro-p group satisfying it, similarly to what
happens in Proposition 2.2.20. We will then add a term to our sentence which
states that rk(G/H)) = r. Then, thanks to our main tool, every pro-p group
that satisfies the sentence that we produced has rank r.

Let G be a pro-p group of finite rank. We start by recalling that, if F' is
a powerful pro-p subgroup of G, then the lower p-series of F' forms a base of
neighbourhoods of the identity in G (see Section 1.3) and therefore, by Remark
1.1.13,

rk(G) = sup{rk(G/P;(F)) | j = 1, € N} = max{rk(G/P;(F)) | j = 1,j € N}.

It is then natural to look for the smallest positive integer j such that rk(G) =
rk(G/P;j(F)). In the following result we find a positive integer k that is dependent
on a bound on rk(G) such that rk(G) = rk(G/Py(F')). Example 2.3.3 shows that
the approach used in the proof of this result is not suitable for finding an index
independent of rk(G); it remains open to determine if such an index exists.

Theorem 2.3.1. Let R be a positive integer and let G be a pro-p group of rank
rk(G) < R. Suppose that F' <, G is powerful. Then rk(G) = rk(G/Pap+1(F)).

40



Before starting with the proof we need a lemma.

Lemma 2.3.2. Let G be a (not necessarily infinite) pro-p group with d(G) = d
and let N be a normal subgroup of G. Let m = d(G/N) and yy,...,Y,, @
minimal generating set for this quotient. Then there exist 21, ..., 24—m in N such
that Yi,. .., Ym, 21, - - - » Zd—m form a minimal generating set for G.

Proof. The quotient (G/N)/®(G/N) is a finite dimensional [F,-vector space of
dimension d(G/N) = m with basis given by the images of y;,...,¥,,. By abuse
of notation we write again ¥4, . .., ¥,, to denote the images of these elements in the
quotient (G/N)/®(G/N). Since G is a pro-p group, ®(G/N) = &(G)N/N and
therefore (G/N)/®(G/N) = G/®(G)N. The latter group is in turn isomorphic
to the quotient of G/®(G) by ®(G)N/®(G). It follows that we can lift the images
of the basis yy,...,y,, of (G/N)/®(G/N) to §1,..., Y, in G/P(G) and extend
to a basis of G/®(G) by means of elements Z1, ..., 24—, in ®(G)N/P(G). Lifting
to G we obtain a minimal system of generators y1, ..., Ym, 21, - - - , Zd—m With the
required properties. O

Proof of Theorem 2.5.1. For convenience, write F; = P;(F') for the terms of the
lower p-series of the powerful group F. For a contradiction, we assume that
tk(G) > rk(G/Fspy1). Consider H <, G with rk(G) = d(H) =: r. Since
the sequence {Fj}; is decreasing and (; F; = 1, the sequence d(HF;/Fy), j €
N, is non-decreasing and eventually constant, with final constant value d(H).
Since d(H) < R < 2R + 1, we conclude that d(HF;/F}), j € N, cannot be
strictly increasing until it becomes constant. Indeed, if this sequence was strictly
increasing, there would be an index iy, with 1 <ip <r =d(H) < R < 2R+ 1,
such that d(HF;,/F;,) = d(H) = r, contradicting the fact that r = rk(G) >
tk(G/Fyry1). Consequently, we may choose H such that j = j(H) € N is
minimal with regard to the following property:

d(HF;/Fj) = d(HFj11/Fj1) < d(HFj42/Fjy2)
< ... < d(HFj+k+1/Fj+k+1) = d(H) (23)

for suitable k = k(H) with 1 <k <r < R.

In particular, this set-up implies that j + k£ + 1 > 2R + 1, for otherwise we
would contradict the assumption d(H) = rk(G) > 1k(G/Fsr+1). Hence j > R
and 2j > j+ R+ 1> j+ k+ 1. Consequently,

[Fj, Fj] € Foj € Fjyka (2.4)

We set m = d(HFj41/Fj+1), choose yi,...,ym € H such that (y1,...,ym) <c H
satisfies (y1,...,ym)Fjq1 = HFj41 and set

L= <y17"'7ym>'

As d(HF;/F;) = d(HFj+1/Fj+1), we gain for free the extra information LF; =
HF;. Next we put £ = d(H) —m and, by using Lemma 2.3.2, we complement

Y1i,-..,Ym t0 a minimal generating system for H, by choosing successively suit-
able wy,...,weg € Fji1: the first few elements wy,...,wyq) are chosen in Fjq
to obtain a minimal generating system yi, ..., Ym, w1, ..., wyq) modulo Fj o, the
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next elements wy(1y11,. .., w2 are chosen from Fj s to obtain a minimal gener-
ating system yi, ..., Ym, w1, ..., wye) modulo Fj,3 et cetera. We write [(0) = 0
and deduce from (2.3) that 0 =1(0) < (1) <(2) < ... <I(k) =¢.

As F' is powerful, Fji1 = {2 | € F;}. Thus we find 2,...,2, € F; with
w; =z for 1 <4 < L. Observe that wy;_1)+1,-..,wyi) € Fjpi N Fjpiq1 for
1 <4 < k and therefore 2y;_1)41,.--,213) € Fji—1 N Fjqi for 1 <@ < ki if]
without loss of generality, 2;;_1)41 was in Fj4;, then Zf(i—1)+1 = wy(;—1)41 would
be in Fjy;11, in contradiction with our choice of Wi(i—1)41-

We claim that v1,...,%m, 21,...,2¢ is a minimal generating system for the
group

H = <y1a"'aymazla---az£> SC G7

(hence H <, G and d(H) = m 4 £ = d(H) = rk(G) = r), and correspondingly
that

A(AF;/Fy) < A(HFj/Fan) < ... < d(HE 0/ Fra) = d(H),  (25)

in contradiction to our initial choice of H with the aim of minimising j = j(H).

In order to prove these claims we may work in the group Go = HF} = H F; =
LF; <, G. First note that we can quotient by F; because, by (2.4), the minimal
number of generators of the image of H in G/ F»; remains r. Also, we know that
F;/Fy; is abelian; hence, from now on we will consider Fy; = 1 and write A for
the abelian group F;. Now observe that L N A is normal in Go = HA = LA: if
wu€LNA 1L andac Athen a lua = u, since A4 is abelian, and [~'ul is an
element of L that belongs to A because A is normal in Gy. Moreover, we observe
that d(H/L N A) = d(H), i.e., taking this quotient does not affect the minimal
number of generators of H. Indeed, since by construction

L LA HA H
rra) ~ ) =) =digay

d( ) =m =d(L),
LN A is contained in the Frattini subgroup of L, hence in the Frattini subgroup
of H. It follows that from now on we can consider the quotient Go/(L N A), thus
assuming that the intersection L N A is trivial.

With these simplifications, Gg is a finite p-group and splits as a semidirect
product Gg = L x A.

We note that the minimal number of generators of the ZL-module H N A =
(Wit we)" is dp(H N A) = £, as HN A can be generated by w1, ..., w,
as an L-module. Indeed, an element v of H N A can be written as a product

kil l]l kis ljs

yil wjl e is js
for some integer s, some indices iy, ...,isin {1,...,m} and j1,...,jsin {1,...,¢}
and some exponents k;,,..., ki ,lj,...,l;,. Rearranging terms if necessary, we

can rewrite such product as

Kuy A y'j#n

IR | ((CwaRs
t n

for some indices ¢, pp, in {1,...,m}, v, in {1,...,¢} and exponents k,,, Ay, , K, -

Now the first factor of this product belongs to L and the second one to H N A.
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Since this product represents an element in H N A, it follows that also the factor
[T, .t must belong to A. But LN A = 1 by assumption, hence [], y.;* is trivial
and v = Hn(w;\,{" )yfﬁ" , which proves that HNA can be generated by w41, .. ., Wy
as an L-module. It is now clear that ¢ is the minimal number of generators of
such module, because otherwise one would get d(H) < r.

It follows that d(H) =r =d(L) +dp(HNA) =m+£.

In a similar way, d(H) = d(L) +d(H N A), where HN A = (z1,..., )" is the
relevant ZL-module, whence dz(H N A) = d(H) —m < r —m = {. Finally, we
notice that, since A is abelian, the p-power map = — xP induces an epimorphism
of ZL-modules HNA — HN A and shifts the elements 21, . . ., 2 of Fj\ Fj4 each
one term down in the given filtration A = F; D Fj 11 2 ... D Fjr11. Therefore,
dr(HNA) > di(HNA) = ¢ and we can conclude that dz,(HNA) = d(H)—m = /.
Therefore the minimal number of generators of H modulo (LN Fj)Fy; is at least
r and hence also d(H) > r. But since r is the rank of G, the minimal number of
generators of His exactly r, which proves the claim.

O
Example 2.3.3.
1. Let G be an abelian pro-p group, i.e.,
G 27y x Cpyy x - x Cp,
for some natural numbers s,k and some positive integers Iy ...,l;. We

use additive notation for the group operation. Since G is abelian it is in
particular powerful, hence we can take F' to be G in the previous theorem.
By Proposition 1.1.23 the rank of G is given by the number of factors of the
direct product, i.e., rk(G) = k + s. If we want to use the previous theorem,

P2(k+s)+1(G) = pZ(kH)HZ’; X PQ(HS)HCPM XX p2(k+s)+1cpzs
and taking the quotient G/ Py, 1)+1(G) we get

Cpl 1 Cpls

Ckgk a1 X s ——— X o X e —————
p2(k+s)+ pz(k+s)+10pzl pz(k+s)+1cpls

2(k+s)

Since, for every ¢ € {1,..., s}, the group p Hszi is either trivial or a fi-

nite p-group of order pti—2(k+5)=1 it follows that the quotient G/ Pags)41(G)
is a finite p-group of rank k + s.

Note that we could have taken the quotient of G by P(G) obtaining the
same result.

2. Let n be a positive integer and consider the metabelian pro-p group
G=CKA, where C' = (¢) 2 Z,, A={(ai,...,a,) =L}
and the action of C' on A is given by

ai = ajai41 for 1 <i<mn, and  a, = ap.
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Then G = (¢, a;) is 2-generated, nilpotent of class n and has rank rk(G) =
n + 1. For instance,
n—1 n—2

_ p P P
H={ca ,a5 ,...,a an) <o G

y Yn—1>
requires n + 1 generators.

Suppose that p>n=>2. Then F' = (?) x A J, G is powerful, and PI(F) =
(P’ ) AP for *j > 1. Thus any subgroup H <, G with HF = HF = (¢)F
and d(H) = d(H®"(F)/®"(F)) requires less than d(H) = n+1 generators,
but nevertheless rk(G) = rk(G/®(F')). For example, the group

K=/{(Pay,...,a,),

which is unrelated to H, requires n + 1 generators, even modulo ®(F) =
Py (F).

Note that the previous example shows that one would have to follow a different
approach to eliminate the dependency on R from the number of iterations of
the Frattini subgroup of F. (Recall that, if F' is a finitely generated powerful
pro-p group, then its lower p-series coincides with its iterated Frattini series,
with ®/(F) = Pj;1(F) for all natural numbers j; see Proposition 1.3.8).

Remark 2.3.4. Even if we presented the previous theorem in the pro-p case for
clarity of exposition and because this is the result that we will need in this section,
we want to mention that the same result holds more generally for profinite groups
of finite rank that are virtually pro-p, more or less with the same proof. As later
on, in Section 2.6, we will need this more general result, we state it here indicating
the changes needed in the proof. Recall that, if G is a profinite group and p is a
prime, we denote with rk,(G) the rank of a Sylow pro-p subgroup of G.

Theorem 2.3.5. Let R be a positive integer and let G be a profinite group that
is virtually pro-p. Assume that F <, G is a powerful pro-p open normal subgroup

of G. If tk,(G) < R, then
rkp(G) = rkp(G/Pap+1(F)).

Proof. The proof is almost the same as the proof of Theorem 2.3.1. Here are
the few modifications needed. First of all, when considering the rank, we are
always talking about the p-rank rk,. We therefore assume by contradiction that
tk,(G) > tky(G/Faopy1), with Fopy1 = Pory1(F). When choosing the open
subgroup H, we take it to be a pro-p subgroup of G of minimal index among the
open pro-p subgroups of G with d(H) = rk,(G). Instead, we do not make any
assumption of minimality on the index j = j(H) in the filtration (2.3). Finally,
when dealing with H we need to observe that this group is pro-p, as it is a closed
subgroup of the pro-p group HF};. The result is then obtained by observing that
d(H) = rky(G) (as before) and that |G : H| < |G : H|, that contradicts the
minimality of the index of H. The last inequality is obtained by extending the
p-power map to a surjective homomorphism from H to H. O

Now let m = {p1,...,pxr} be a finite set of primes and G = G; x --- X G a
Cr group. Then, since the primes in 7 are all distinct, the rank of G is related to
the ranks of the factors in the direct product by

rk(G) = max;—; i rk(G;). (2.6)
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This formula is well known but we provide a proof for completeness.

Proof of (2.6). To prove the formula we show that, for any C; group H = H; X
- X Hp, the minimal number of generators of H is given by d(H) = m :=
,,,,,, r d(H;). We start with the case where H is a finite C; group. Then
clearly d(H) > m as the projection H — H; is surjective for every i. Conversely,
for every i € {1,...,k} let hi;, ..., hy,; be generators of H; and consider the
subgroup T' of H generated by all tuples (hj1,...,h;x) with j € {1,...,m}.
Each projection homomorphism 7" — H; is surjective because its image contains
the generators hy;,...,hpy,; of H;. It follows that, for each i € {1,...,k}, the
order of H; divides the order of T'. Since the orders of the groups H; are pairwise
coprime we get that also their product divides the order of T. Therefore we
conclude that

[H| = [Hy[-- - |Hy| < |T] < [H],

hence T'= H and H is generated by m elements, i.e., d(H) < m.

Let now H be any C, group, not necessarily finite, and let again m :=
max;—1,. d(H;). As before, clearly d(H) > m. Conversely, by [DDMS], Propo-
sition 1.5,

A(H) = sup{d(H/N)|N <, H}
= sup{max{d(Hi/N N Hy),...,d(Hr/N N Hy)}|N <, H}

thanks to the finite case. Therefore, d(H) = d(H;/N N H;) for some N <, H and
some ¢ € {1,...,k} and d(H;/N N H;) < d(H;) <m.

We now look at the rank. Let G = G X -+ X G be a C; group. Then, by
definition of rank, max;—; ., rk(G;) < rk(G). Conversely,

rk(G) =sup{d(H)|H <, G}
= supmax{d(H;)|H = Hy X --- X Hy <, G}
< maxrk(G;).

O

Note that in the previous proof we also showed that, if G = G1 X ... X G is
a Cr group, then

d(G) = max;—1___; d(G;).

Finally, note that also in the case of a semi-powerful group F we have
d(F) = max;—1 . d(F;) = max;—;__x tk(F;) = rk(F).

Recall that the direct factors of a C; group G = G1 X --- X G are Sylow
subgroups of G. If m = {p1,...,pr}, by rearranging the factors of G if necessary,
we can assume that G; is the Sylow pro-p; subgroup of G for each i € {1,...,k}.
Given a prime p, from now on we will call p-rank the common rank of all Sylow
pro-p subgroups of G and we will denote it by rk,(G).

From (2.6) it follows that a C; group G has finite rank if and only if each
direct factor of G has finite rank and in this case we have the following:
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Corollary 2.3.6. Let w := {p1,...,px} be a finite set of primes. For each positive
integer v and each tuple v = (ri)ieq1,.. 1y of natural numbers in {0,1,... 7} with
maxr; = 1 there is a sentence oy . in the language of groups Ly, such that, for
every Cr group G, the following are equivalent:

1. 7k(G) = r and rk,,(G) = r; for everyi € {1,...,k},
2. G is a model of o rr.

We remark that the case of a p-adic analytic pro-p group can be recovered from
the pronilpotent case by considering 7 = {p} and G consisting of a single pro-p
factor.

Proof of Corollary 2.3.6. Recall that m := {p1,...,pr} is a finite set of primes
and let G = Gy x---x G be a Cy group of rank 7. Set m := m(r) = [logy(r)+er ],

with
0, if2¢m
Ep 1= )
1, if2en

For the considerations made in Section 2.2.3, the iterated Frattini group
O™ (@) is a semi-powerful subgroup of G of rank bounded by r, definable via
the formula ¢G. Moreover, the quotient G/®™(G) is a finite m-group with or-
der bounded by [[;_; ,p{"" and rank bounded by 7. Let A1,...,Ay be the
finitely many formulas that can describe such groups. Then G/®™(G) E A :=
A V... VAN
It follows that a C; group G of rank r satisfies the sentence

res(¢G,, pow) Ares(¢, B,) Alift(¢5, A).

Conversely, if a C; group G = G1 X -+ - X G}, satisfies the previous sentence,
then its rank is bounded by 27:

k(G) < tk(P™(G)) + 1k(G/D™(G)) < 2r

(see Proposition 1.1.14 for the first inequality).

We know that G has rank r if and only if the maximum of the ranks of the factors
Giisr. Let R :=2r, F := Pop41(®™(G)) and F; := Pop1(P™(G;)) for every
i =1,...,k. By Theorem 2.3.1, the rank of each factor G; is equal to the rank
of G;/F; and, in order for G to have rank r, it is enough to require that one of
the quotients G;/F; has rank r and the others have rank bounded by r. This is
what we are going to express with a first-order sentence.

Given i € {1,...,k}, consider the quotient G;/F;. This finite group has order

2r(2R+14m)

bounded by pr(QRHer) and it is isomorphic to G/(F - GP: ). Recall that

each r; is a natural number in {0, ...,r} and that maxr; = r by assumption. Let
7 S yﬁ}[piln be the finitely many formulas describing finite groups of order
2r(2R+1+m)
K3

bounded by p and with rank r; and set vy, ,, := /""" V...V Vﬁ:m

. 2r(2R+1+m) .
Let &; be the formula describing F' - GPi (such a formula exists because
2r(2R+1+m)

the word zPi has finite width; see [NST], Proposition 5.12.) Then the C,
group G has rank r and p;-rank r; for each ¢ € {1,...,k} if and only if it satisfies

the sentence
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Onpr = res(gﬁ,Gn, pow) A res(¢ , B,.) A lift( (b /\ Lift (&, vp, ri)-
=1

O

Remark 2.3.7. In the case where 7 consists of a single prime p, the last term
of o .y can be simplified to hft(ﬂ;p R if) , V), where ’/T;I) R Jf?) is the formula defining
Pyp+1(®™(G)) and v is the formula describing finite groups of order bounded by

pCEH1I+m) and with rank 7.

Remark 2.3.8. In Section 2.6 we will prove a more general result than Theorem
2.3.5, that holds true for all virtually pronilpotent profinite groups (see Theorem
2.6.1). By using this result we could simplify the previous sentence by simply
imposing in the last step that rk(G/F') = r and that, for each p; € m, the p;-rank
of G/F is r;, where F' := Popy1(®™(G)). However, since Theorem 2.6.1 will
depend on the classification of finite simple groups, it is worth recording the
previous proof that is independent of the classification.

We conclude this section by showing that it is necessary that the set of primes
7 under consideration is finite. The situation would not change even if the lan-
guage Lg, was to be enlarged by an extra function to be interpreted as the p-power
map x — xP in pro-p groups. We sketch a proof for completeness; it relies on a
standard ultraproduct construction and a well-known quantifier elimination re-
sult in model theory. More precisely, we will use the fact that, given a field K,
the theory of infinite K-vector spaces is complete, i.e., any two models of this
theory are elementarily equivalent (see [TZ], Theorem 3.3.3).

Proposition 2.3.9. Let 7 be an infinite set of primes and let r be a positive
integer. Then there is no Lgp-sentence Uz, such that, for every p € @ and every
finite elementary abelian p-group G, the following are equivalent:

1. k(G) =
2. Uz, holds in G, i.e., G = Uz ,.

Proof. For a contradiction, assume that the Lgp,-sentence 9 = ¥z, has the desired
property. Then CJ =9 and C; 1 = 9 for all p € #. We regard C, and C; +1
as the additive groups of the vector spaces I and IFI’,"H over the prime field F,,.

Let U be a non-principal ultrafilter on the infinite index set 7. By Lo$’s
theorem (Theorem 2.2.10),

K= (Hpeﬁ Fp) u
is a field of characteristic 0 (see [E], Theorem 5.3), and

V= (HPEW p) /U and W= (Hp@r ;“) /u

are non-zero KC-vector spaces. Let Lx_ys denote the language of K-vector spaces,
which comprises the language of groups (for the additive group of vectors) and,
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for each scalar ¢ € IC, a 1-ary operation f. (to denote scalar multiplication by c).
Clearly, the Lgp-sentence 9 gives rise to an Lx_ys-sentence 6, not involving scalar
multiplication at all, such that, again by f.08’s theorem,

V6 and W = =0,

in contradiction to the known fact that the infinite C-vector spaces V and W
have the same theory. O

2.4 Finite axiomatizability of the dimension of C, groups

In this section we prove that the dimension of a pro-p group of fixed finite rank r
is axiomatizable by a single first-order sentence in Lgp. Also in this case we will
prove the result in the slightly more general case of pronilpotent pro-m groups, i.e.,
Cr groups. Given a C, group with finite rank G = G1 x - - - X Gy, let d; :== dim(G;)
for all i € {1,...,k}; then we call the k-tuple d := (d,...,dy) the dimension of
G. Recall that the factors G; of G are Sylow subgroups of G. As in the previous
section, if m = {p1,...,pr}, we assume that G; is a Sylow pro-p; subgroup of G
for each i € {1,... k}.

We deal first with the case of abelian C, groups of finite rank and then we
make use of it to deduce the result in the general case.

2.4.1 The abelian case

Let G = G1 x --- X Gi, be an abelian C; group of rank r = max;—; _r;, where
ri is the rank of G; for all ¢ € {1,... k}.

Given a k-tuple d := (dy, ..., dy) of natural numbers, we want to write a sentence
5;%’7"7(1 such that G = (5?3,701 if and only if G has dimension d.

By the structure theorem of finitely generated abelian pro-p groups, for every
ie{l,... k},
Gi%“Zgj XCyy X xCuy
b; p;

for some non-negative integers d;, s; and some positive integers l; 1, ..., l; s;, where
r; = d; + s;. Therefore

k
G= ]2y < Cra X x C iy
i=1 i Pi

Hence we see that an abelian pro-p; group G; of rank r; has dimension d; if and
only if GG; has a finite subgroup isomorphic to the direct product of r; — d; = s;
copies of Cp, and G; does not have a subgroup isomorphic to the direct product
of r; — d; + 1 copies of C,.

Let vp,s; = Ypirss (V15 .-+ ’Upfi) be a formula with free variables vy, ... Uyt de-
scribing the direct product of s; copies of the cyclic group Cj,; such a formula
can be written by using the multiplication table of said group.

—<ab
Hence, we can define the sentence d,, . ;. as follows:

Elxl,...,xpfi 37pi,si($1,-~,$pfi) A =3 YLy os Ypsitt :’Ypiysi+1(y1,...,yp:i+1).
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Moreover, we can detect the ranks r; of the direct factors of G thanks to the

fact that
G/GPrPE 2 OTY - x CTF. (2.7)

According to (2.7), in order to specify the ranks r; it is enough to write a sentence
that states that the quotient G/GP'""Pk contains a direct product isomorphic to
Cpi for every i € {1,...,k}.

Let xx(z) be the formula 3z : z = zP*""Pk that defines GP'"P* and consider the
sentence 7, ., given by

~.

(Hxl, SRR K Vi (T1, - ,mp:i) A =Ty, ... Ypritt - Yirit1 (Y1, - - - ,yp:iﬂ)).

1=1

Then we can express the isomorphism (2.7) by the sentence
Trypeyrg = hft(XmTrl,...,rk)-

. <ab —
By using 0,, ., 4. and Tr, . we get:

Proposition 2.4.1. For every positive integer r and every k-tuple of natural
numbers d := (dy,...,dy), with d; < r for eachi € {1,...,k}, there is a sentence
5;13,7(1 in the language of groups Ly, such that for every abelian Cr group G the
following are equivalent:

1. G has rank r and dimension d,

2. G is a model of 62"

mrd”

Proof. Let 62° _ be the sentence

7,r,d

T1ye5Tk
max;r;=r

k
— <ab
\/ Triye,re N /\ 5pj,7‘j,dj'
=1

Then, according to the previous discussion, an abelian C; group G = G X
... X G}, satisfies 6;’;'34’(1 if and only if, for every ¢ € {1,...,k}, rkG; = r; (this is
assured by 7,, . r.) and, for every i € {1,...,k}, the dimension of G; is d; (this

Tk
follows from g;j rndy)

Note that when the group has a single factor, i.e., when we are dealing with an
abelian pro-p group G of rank r, the sentence

1ift (Xp 72) A Bor g

is enough to ensure that G has dimension d.
Note also that we might use the sentence o, from the previous section to
determine the ranks r; of the factors. ]

Remark 2.4.2. Letting o := Va,y : 2~ 'y 'zy = 1, then G |= « if and only if G
is abelian. Thus, by setting 5217)7,7(1 =aA 5ﬁf’r7d we can reformulate the previous
proposition as:
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Proposition 2.4.3. For every positive integer r and every k-tuple of natural
numbers d := (dy,...,dy), with d; < r for eachi € {1,...,k}, there is a sentence
<ab

Orra in the language of groups Ly, such that, for every Cr group G, the following
are equivalent:

1. G is abelian and has rank r and dimension d,
2. G is a model of Si}?nd.

2.4.2 The general case

Let G = Gy X ... x Gi be a Cy group of finite rank and, for every i € {1,... k},
let H; be an open normal uniform subgroup of the p;-adic analytic pro-p; group
G;. Set H := Hy x --- x Hy.

Recall that, if we denote by L(H;) the Lie lattice corresponding to H;, the Lie
algebra of Gj is given by

L(Gi) := Qp, @z, L(H;)

(see Section 1.3). From these Lie algebras we obtain an abelian group given by

k k
L(G) = P Qp, @z, L(H;) =P L(G).
=1 i=1
Let g := (g1,...,9%) € G. The inner automorphism ¢, sending an element
x = (z1,...,2;) in G to 29 := g lzg = (gflxlgl,...,gglxkgk) induces an

automorphism ¢7 : £(G) — L(G) defined as

k
¢; = @ 1 ® ¢9i|L(HZ_)
=1

(see [DDMS], Section 9.5).
Denote as usual by Ad the adjoint representation of G:

Ad: G — Aut(L(G)), g~ ¢y

Lemma 2.4.4. Let K be the kernel of Ad.
Then K = Cg(H) = CGl(Hl) X ... X CGk(Hk)

Proof. Let g be an element of K. Then ¢y = idg). In particular, for every
i€ {l,...,k}, for every \; in Q,, and every h; in H; we have )\i®gi_1higi = \;®h;,
hence g; € Cg, (H;).

Conversely, if g is in Cq, (H1) X ... x Cq, (Hy), then, given i € {1,...,k}, for
every Ai,...,As in Qp, and every hq,...,hs in H; one has

Gr M @hi+ ...+ A ®@hg) = (M ® g7 hg) + ..+ (e ® g5 higs)
= ()\1®h1)—‘r...+()\k®hk),

Le., ¢g, is the identity. Since this holds for every i € {1,...,k}, ¢y 1s the identity.
O
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Assume now that G has rank r and dimension d, that K has dimension d;
and G/K has dimension dg, with dy +ds = d.
We will show that G satisfies a first-order sentence in the language of groups that
expresses the fact that G has dimension d.
In order to do so we will first consider K and G/K separately.
We need a (well known) lemma to begin with.

Lemma 2.4.5. Let U be an abelian subgroup of G and let C(U) be the centralizer
of U in G. Then Cq(Cq(U)) is abelian and U C Cq(Cq(U)).

Proof. 1t is clear that U C C(Cq(U)).
Moreover, since U C Cg(U), then Cg(Cg(U)) C C(U).
We claim that Cg(C(;(U)) Z(Ca(U)).

Indeed, Z(Cq(U)) = Cq(Cq(U)) N Ca(U) = Ca(Cq(U)).
It follows that Cq(Cq(U)) is abelian. O
1. dim K

Since K is a closed subgroup of G and G has rank r, the rank of K is less than
or equal to 7.

It follows that, setting m := m(r) as defined in Section 2.3, the iterated Frattini
subgroup ®"(K) is semi-powerful.

We claim that ®™(K) has an open semi-uniform abelian subgroup U.
Indeed, since ®™(K) has finite rank, it has an open semi-uniform normal sub-
group V. Let U’ := V N H, where H is the open normal semi-uniform subgroup
of G that we chose above. Now from V/U' = VH/H it follows that U’ has finite
index in V, hence in ®"(K). Moreover, U’ is torsion-free, being contained in the
torsion-free group V.

Let U be a semi-powerful open subgroup of U’; then U is a semi-uniform open
subgroup of ®™(K) by construction.

e
@m(K)\ V /VH\ H
S

Finally, since U C H, Cg(H) C Cg(U), i.e., K C Cg(U). But by definition U is
contained in K and therefore U is abelian.
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It follows by Lemma 2.4.5 that Cx (Ck (U)) is abelian and that U C Cx(Ck (U)).
In particular, since U has finite index in K, also Cx(Ck(U)) has finite index in
K and dim K = dim Cg(Ck(U)).

Now note that K = Cg(H) is definable in G in the language of groups.
Indeed, since G has rank r, there exist hy,..., h, in G with H = (hy,..., h;).
Therefore, K = Cg(H) ={x € G | [x,h;] = 1fori=1,... 7}

Moreover, Cx (Ck(U)) is definable in K (hence in G).

Indeed, consider Ck(U). Since K has rank bounded by 7, there exist elements
ai,...,ar in K such that Cx(U) = (a1, ..., ar).
Now consider Ck (Ck (U)) = Ck(a1)N...NCk(a,) and let {(a,x) be the formula
ax = za. Then Cx(Cx(U)) ={z € K| G |= ((a1,x)A...A((ay, z)} is a definable
abelian subgroup of GG containing U.
Denote by & := a(ay,...,a,,z) the formula (with parameters) ((ai,z) A ... A
((ay,x) that defines Cx (Ck(U)) in K and let 71 < r be the rank of Cx (Ck (U)).
From the abelian case, we know that dim(Ck(Ck(U))) = dy if and only if
Ck(Ck(U)) = 52]}17011. Let d"®* be the maximal entry of the vector d;.
Since d"® < 7; < r, we have a finite number of possibilities for the value of
the rank of Ok (Ck(U)). Write dq, for the sentence given by the corresponding
union of r — dj"®* + 1 sentences, one for each possible value of 7;:

da

1

.__ sab ab ab
- 67.(.7d€nax’d1 \/ 57r’d11nax+1’d1 \/ . .. \/ 57r77;’d1

Then clearly Cx (Ck(U)) = d4q,-

Furthermore, we can express the fact that Cx (Ck (U)) is an abelian subgroup
of maximal dimension in K, meaning that each direct factor Cx(Ck(U)); of
Ck(Ck(U)) has maximal dimension in the direct factor K; of K.

Indeed, suppose that there is an abelian subgroup B := B X . .. x By, one of whose
components B; has dimension greater than (di);, the i*" component of d, and
assume that C (B) is generated by the elements by, ...,b,. Then B is contained
in B := Ck(Ck(B)), that, by Lemma 2.4.5, is a definable abelian subgroup of K
defined in K by the formula (with parameters) § := ((b1,z) A ... A((by, ).
Then we can express the maximality of the dimension of Cx(Ck(U)) by means
of the following sentence p (holding true in K)

=3 b1, b (res(B(br, .., by), ) ddygm) A Tes(B(by, ..., br), @),
me{0,...,r}*
m#(0,...,0)

where a :=Vz,y : zy = yx is the formula defining being abelian.
Therefore, K = 6q,, where

8a, = Jay,...,a, :res(@(ay,...a.),0q,) Ares(a(a,...,a.),a) A p.

In the previous sentence, res(é(ay, . . . a,), dq, ) states that Cx (Ck (U)) has dimen-

sion dy, res(@(ay, ..., a,), ) states that Cx (Ck (U)) is abelian and p ensures that

d; is the maximal dimension among the dimensions of abelian subgroups of K.
Finally, let k be the formula (with parameters) ((h1,2z) A ... A {(hy, x) that

defines K.

Then G = 63,, where dg, is the formula with parameters

0q, = res(k(hy, ... hy),64,) A sa(k(h1,. .. hy)),

where sq(k(hi,...,h,)) ensures that K is a normal subgroup of G.
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2. dim G/K

Recall that d = dim G. Since K is the kernel of the adjoint representation of G,
the quotient G/ K embeds into GL4, (Qp,) X ... x GLg, (Qp, ). Consider the semi-
powerful group ®"(G/K). It is known ([DDMS], Theorem 4.20) that the torsion
elements of (G /K) form a finite C; group T(®"(G/K)) that is characteristic
in ®™(G/K). Since this group is isomorphic to a finite subgroup of GLg4, (Qp, ) X
... X GLg, (Qp, ), it follows that its order is bounded by p{l(dl) . ‘pg"’(d’“), where
fi : N — N is the function given by
fi(n) L= +vp(nl) ifpi #2 (2.8)
i(n) == . . .
‘ QLﬁJ +vp,(n!)  ifp =2

Here vp,(n!) is the p;-valuation of n! and ¢ is the Euler function (see [Serre2],
Theorem 5).!

It follows that T(®™(G/K)) = {z € ®"(G/K) : x
able subgroup of ®"(G/K).

Let boundq be the formula

f1(d1)  fr(dg) k
PP = 1} is a defin-

d d
p{l( 1)”_p£k( k) _

T =1
that defines T(®"(G/K)).

Now the quotient ®"(G/K)/T(®™(G/K)) is a semi-uniform group ([DDMS],
Theorem 4.20) whose dimension is the same as the dimension of ®"(G/K),
i.e., ds. In order to define this dimension with a sentence we use the fact
that the dimension of a uniform group coincides with its rank. Therefore it
is enough to express the rank of each factor of the pronilpotent group @ :=
o"(G/K)/T(®™(G/K)), which we can do similarly to what we did in Section

2.3. Namely, for every i € {1,...,k}, we can describe with a sentence the rank of
the quotient @/ Pay41 (Q)er(er) , that is equal to the rank of the direct factor Q;
r(2r+1)

by Theorem 2.3.1. To this aim let &, be the formula describing Pa,11(Q)QP
and let 7%, ..., DM_ be the finitely many formulas describing finite groups of order
bounded by p;"(®+1) and with rank (ds); and set D(dy), == Vi V...V . Hence

we can express the fact that Q has dimension do with the sentence

k
das = /\ lift(&;, 7(a,),)
i=1
that is satisfied by Q.
(Alternatively, one might use directly the sentence o max(d,);,d, established in

Section 2.3 to define the rank of a C,; group and of its factors).

! Alternatively, one can use the following elementary fact to find a bound for the order of
the elements of the torsion subgroup T(®™(G/K)). Let g be a torsion element in GL4(Q)),
i.e., there exists a non-negative integer n such that gpn = 1. The minimal polynomial of g over
Qp has degree bounded by d and divides the polynomial XP" — 1. Tt is therefore a cyclotomic
polynomial, say the p"-th cyclotomic polynomial, with degree ¢(p*) = (p — 1)p*~! < d. Let p'
be the least common multiple of the finite set {p”* | ¢(p*) < d}. Then every torsion element in
GL4(Qp) has order bounded by p'.
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We can therefore conclude that ®"(G/K) has dimension dy if and only if it
satisfies the sentence

p f(d) 1 f(dj)
dd, := Sq(boundq) A lift(boundg,qq,) A Yz : (\/ T o el 1> :

Note that the last part of the sentence guarantees that the torsion of ®™(G/K)

J (dg)
is exactly given by T(®"(G/K)) = {x € ?"(G/K) : xpfl(dl)“'ljik W 1}.

Since ®™(G/K) is of finite index in G/K, they have the same dimension and
therefore G/K has dimension ds if and only if G/K satisfies the sentence

gdz = I‘eS(gbG/K, 3—&;)

Finally, G/K has dimension dy if and only if G = 63 ,» Where 6312 is the
formula with parameters

8%, = lift(k(ha, ..., hr),0d,)-

Remark 2.4.6. When dealing with a pronilpotent group of finite rank with
just one factor (i.e., a p-adic analytic pro-p group) one can simplify the previous
sentence by considering that, thanks to the fact that the dimension of a uniform
group coincides with the minimal number of its generators, we can express the
dimension of ) by means of the sentence 83, = 37, .

In this case we can write that ®""(G/K) has dimension dy by means of the
sentence (satisfied in @ (G/K))

5?:2 := sq(boundy) A lift(boundy, 83,) A VY : (=boundy(z) — O 41,

The same argument cannot be directly used in the case of multiple direct factors
because we cannot single out the factors since they are not definable (see [NST],
Remark after Proposition 5.12.) However, for each prime p; € 7, the p;-Frattini
subgroup of @, defined as ®,,(Q) = [Q, Q|Q"", is definable. Since |Q : ®,,(Q)| =
p?(Qi) and, as @; is uniform, d(Q;) = (d2);, one could write a sentence expressing
the fact that the quotient Q/®,,(Q) has prescribed order p(dQ)i for each p; € 7.

7

Conclusion

At this point we can conclude that a C, group of rank r has dimension d if and
only if it satisfies the sentence 0., q given by

3hiy. b/ (5(511(h1,...,hr)/\532(h1,...,hr))

d;+do=d

A=3hy, .. he: o \/ ( \/ (531(h1,...,hr)/\632(h1,...,hr))).
me{0,...,r}¢ \di+d2=d+m
m#(0,...,0)

Indeed, it follows from the previous discussion that a C, group of rank r and
dimension d satisfies the formula
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3hyehes (531(h1,...,hr) Aégz(hl,...,hr)).
di+do=d

Conversely, if a C; group G of rank r satisfies this formula, then its dimension
is at least d. Indeed, if G satisfies 53, A 6?12 with d; + do = d, then G has a
normal subgroup N of dimension at least d; (since the maximal dimension of the
abelian subgroups of N is d;) such that the quotient G/N has dimension ds.
With the second half of the sentence,

=3h1, ... hye \/ ( \/ (531(h1,...,hr)A(ng(hl,...,hr)))

mc{0,...,r}* \di+d2=d+m

we rule out the possibility that the dimension is strictly greater than d.
With the previous considerations we therefore obtained:

Theorem 2.4.7. For every natural number r and every k-tuple of natural num-
bers d := (dy,...,dy), with d; < r for each i € {1,...,k}, there is a sentence
Orr.d in the language of groups Ly, such that, for every Cr group G of rank r,
the following are equivalent:

1. G has dimension d,
2. G is a model of 0xrd-

Corollary 2.4.8. For every positive integer r, every k-tuple of natural numbers
d = (dy,...,dg), with d; < r for each i € {1,...,k}, and every k-tuple r :=
(ri,...,rg) satisfying r = maxr;, there is a sentence g,r,m.’d in the language of
groups Ly, such that, for every Cr group G, the following are equivalent:

1. G has rank r and dimension d and each factor G; has rank r;,
2. G is a model of gﬂ’m,d.

Proof. Take

57r,7",r,d = Orprr N 57r,7",d7

where o, r is as in Corollary 2.3.6. O

2.4.3 Alternative sentences for the dimension for special classes
of C, groups of finite rank

In this section we provide alternative sentences for the dimension of C, groups of
finite rank belonging to special classes, namely soluble C, groups of finite rank,
Cr groups in which each factor is a just-infinite pro-p; group of finite rank and
pro-p groups of finite rank whose associated Lie algebra is non-abelian simple.

The approaches used for proving the finite axiomatizability of the dimension
in this section differ from the one used in the general case, thus leading to different
sentences.

For all this section fix 7 := {p1,...,pxr} to be a finite set of primes.
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Soluble C; groups

We prove the following:

Proposition 2.4.9. Let r be a positive integer. For every k-tuple of natural
numbers d := (d;)ieq1,..ky with di <1 for eachi € {1,...,k}, there is a sentence
5fr?},7d in the language of groups Ly, such that for every soluble C; group G of rank
r the following are equivalent:

1. G has dimension d;
2. G is a model of (5;‘?71«7(1.
We will need the following:

Lemma 2.4.10. Let G be a soluble pro-p group of finite rank and positive di-
mension. Then G has a closed normal abelian subgroup of positive dimension.

Proof. Let U be a normal uniform subgroup of finite index in GG and let
{B3=0C qum g, qUuO® =U

be the derived series of U.
The group U™ is a closed normal abelian subgroup of G (see Proposition 1.2.2)
and it has positive dimension. Indeed, it is a finitely generated abelian pro-p
group, hence of the form Zg" x Fy,, where d, > 0 is a natural number and F},
is a finite abelian p-group. Since U is uniform, it is torsion-free, therefore F), is
trivial and necessarily d,, > 0.

O

Proof of Proposition 2.4.9. Let G be a soluble C, group of finite rank r.

Since G is soluble, it contains a closed abelian normal subgroup Ag. Moreover, by
Lemma 2.4.5 we can choose Ag in such a way that A := C(Ca(Ao)) is an abelian
normal subgroup of maximal dimension among the abelian normal subgroups of
G, by this meaning that each factor of A; has maximal dimension. Note that,
thanks to Lemma 2.4.10, if G has at least one factor of positive dimension, then
the dimension vector of A; has at least one positive entry.

Let Ap := Ca(Ap). Since G has rank r, there exist elements aq, ..., a, in G such
that Ay = (a1, ..., a).

Now consider 4, = Cg(A;) = Ca(ar)N...NCqla,) and let ¢(a, z) be the formula
ar = xa.

Then A; = {x € G| G = ((a1,2) A... N((ar,z)} is a definable closed normal
abelian subgroup of G containing Ag. Note that a subgroup of G defined by this
formula is automatically closed.

Let 71 < r be the rank of 4; and let d; be the dimension of A;.

From the abelian case, we know that dim A; = d; if and only if A; 5?}1’(11.
Since d"® < 7; < r, we have a finite number of possibilities for the value of
the rank of A;. Write 52011 for the sentence given by the corresponding union of
r —d"®* + 1 sentences, one for each possible value of 7y:

—=sol

ab
04,

.__ sab ab
-— 57T’dlinax7dl v (57.‘.7d11nax+1’d1 \/ ... \/ 5Tr7,'n7d1 .
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Then clearly A; = giloll.

Similarly to what we did in the proof of Theorem 2.4.7, we can express the fact
that A; is a normal abelian subgroup of maximal dimension in G.

Indeed, suppose that there is a normal abelian group B of dimension greater
than d; and assume that Cg(B) is generated by the elements by, ...,b.. Then
B is contained in B := Cg(Cg(B)), that, by Lemma 2.4.5, is a definable abelian
normal subgroup of G defined by the formula 8 := ((b1,z) A... A{(br,x). Then
we can express the maximality of the dimension of A; by means of the sentence
1 defined as

= 3by, .. (res(B(br, - b)), Odiam Aa) Asa(B(by, .. by)),
me{0,...,r}*
m#£(0,...,0)

where « is the formula defining being abelian.
Let oy := aq(aq,. .., ar,x) be the formula { (a1, z) A...A((a,, x) that defines A;.
Then G = 55011, where

—<sol
5(51011 =3ai,...,a res(ai(a,. ..ar),5fiol) Ares(ag(a, ... ar), o)

ApAsq(ar(ar,...,ar)).

In the previous sentence, res(aq(aq,...a,), 32011) states that A; has dimension d,
res(aq(aq,...,a,),a) states that A; is abelian, p ensures that d; is the maximal
dimension among the dimensions of normal abelian subgroups of G and sq(aq)
implies that A; is a normal subgroup.

Now consider the quotient G/A;. This is again a soluble C, group of finite
rank bounded by r and we can repeat the same reasoning as above. Proceeding
as before we can find in G/A; a definable closed normal abelian subgroup As
of maximal dimension dg with d5'** < r. Note that, by Lemma 2.4.10, if the
dimension of G is strictly greater than d; (meaning that at least one entry of d
is strictly greater than the corresponding entry of di), then ds has at least one
positive entry.

=sol
With the same argument we get that G/A; | (5202, where

=sol , ’ ’ /\ wsol / / /
dq, := Jay, ..., a, :res(as(ay, ..., a.),0q,) Ares(as(ay, ... a.),a) A A sq(az),

where ay is the formula defining Ay in G/A; and y/ is the formula establishing
the maximality of the dimension of A, among the dimensions of normal abelian
subgroups of G/A;.
Hence, G = 53‘11 A 55‘;1, where 53021 = lift(al,gz(;l).

Since G has rank r, we have to iterate this process for at most r times.
At the end of the process we find that G satisfies the sentence 53011 A 53‘11,
where d :=dimG =d; +...+d,.
Note that it is possible that there is an index ¢ with » > ¢ > 1 such that d; =0
for every i < j <r.
We see that G satisfies also the sentence

sol L sol sol
Sha= VSN AT
di+...+dr=d
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Conversely, if a soluble C,; group G of rank r satisfies 6501 v then G has
dimension d. Indeed, this sentence states that we can find a Closed normal abelian
subgroup of G of maximal dimension di, then a closed normal abelian subgroup
of G/A; of maximal dimension dy and so on up to dimension d,. Because of the
requirement of maximality of the dimension at each step and considering that
the rank of G is r, we can conclude that dimG =d =d; + ... + d,.

O

Corollary 2.4.11. For every positive integer r and every k-tuple of natural num-
bers d := (di)ieq1,...ky and r := (TZ)ZE{l Ky with d; <1 for each i € {1,...,k}

and maxr; = r, there is a sentence 5,,“”1 in the language of groups Ly, such
that, for every soluble C; group G, the following are equivalent:
1. G has dimension d and rank r and each factor G; has rank r;;

—<sol
m,rr,d*

2. G is a model of &

Proof. Take

where o, r is as in Corollary 2.3.6.
O

Observe that, if one wants a sentence that is satisfied by a soluble C; group

G if and only if G has dimension d and rank r without imposing any restriction
on the individual ranks of the factors G, it is enough to take the sentence

< \/ 0-71',7’71‘) /\ 67ST(,)’}’,d °

r:maxr;=r

Cr groups whose factors are just-infinite p-adic analytic pro-p groups

We start by recalling a definition.

Definition 2.4.12. A pro-p group is said to be just-infinite if it is an infinite
pro-p group all of whose proper quotients are finite.

A non-soluble just-infinite p-adic analytic pro-p group G acts faithfully on its Lie
algebra L(G) (see [KLGP], Proposition II1.6). By using this fact, the argument
used for proving the finite axiomatizability of the dimension of C; groups can be
slightly simplified in this case.

Let G = G x ... x G be a C; group with rank r whose factors G; are
non-soluble just-infinite p;-adic analytic pro-p; groups of dimension d;, for ¢ €
{1,...,k}.

Since each factor of G acts faithfully on its Lie algebra, G’ embeds into GLg, (Q), ) X

. %X GLg, (Qp, ). As we remarked in the proof of Theorem 2.4.7, setting m :=
[logy(r) + €x], the torsion elements of & (G) form a finite C; group T(®™(G))
that is characteristic in ®"*(G) and has order bounded by pf d) pg’“(d’“), where
the f; are the functions (2.8) defined in the proof of Theorem 2.4.7. Following
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the proof of Theorem 2.4.7 we find that the fact that G has dimension d = (d;)
can be expressed by the sentence (holding true in the definable group ®(G))

f(d ) f(dq)
sq(boundq) A lift(boundg, qq) A Va : (\/ xPi - 1=z = 1) ,

that expresses the fact that the formula boundq describes the group T(®™(G))
and that T(®™(G)) is a normal subgroup of G such that dim(G/T(®™(G)))(=
dim(G)) =d.

However, in our case the previous sentence can be simplified further.
Indeed, consider the sentence

0r.a := sa(boundg) A lift(boundq, qq),

from which, recalling that ¢S is the formula describing ®™(G), we obtain the
sentence

o
5%7,,(1 :=1es(Py,, Op d)-

Now, if a Cr group of rank r with non-soluble just-infinite p;-adic analytic pro-p;

factors has dimension d, then clearly it satisfies 5;‘1; 4 Py the previous discussion.

Conversely, if such a group G satisfies 5;;1; 4» then its dimension is at most d.
Indeed, let T(®"(G)) be the torsion subgroup of ®"(G) and let

Ta(®™(Q)) = {z € B™(@) : 21 7 ™ — 1y,

Then clearly Tq(®™(G)) < T(®™(G)) and therefore, for each ¢ € {1,..., k},

dim G; = d(™(G)/T(2™(()))i < d(@™(G)/Ta(®™(G)))i = di,

where the last equality is ensured by the sentence 5J rd satisfied by G.

Since each G; is a non-soluble just-infinite p;- adlc analytlc pro-p; group, if its
dimension is less than d;, then G; embeds in GLy, (Qy,) with k; < d;. Therefore
also ®"(G;) embeds in GLy, (Qp,) and its torsion subgroup has order bounded by
plf(ki). Since each f; is a monotone function, plf(ki) < p{(di) and thus T(®"(G)) C
Tq(®™(Q)). Tt follows that T(®™(G)) = Tq(P™(G)) and we can conclude that,
for each i € {1,...,k},

dim G = d(®™(G)/T(2™(G)))i = d(®™(G)/Ta(®™(G)))i = di,

hence dim G = d.
We therefore proved:

Proposition 2.4.13. For every positive integer v and every k-tuple of natural
numbers d := (d;)ieq1,.. ky with di <1 for eachi € {1,...,k}, there is a sentence

& IT a in the language of groups Ly, such that, for a C group G of rank r with non-
soluble just-infinite p;-adic analytic pro-p; factors, the following are equivalent:

1. G has dimension d;

2. G is a model 0f5

m,rd”
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As usual, taking the sentence 53:;“701 N 0xrr We get the following variation:

Corollary 2.4.14. For every positive integer r and every k-tuple of natural num-

----------

and maxr; = r, there is a sentence gi:',,,r’d in the language of groups Ly, such that,
for a Cr group G with non-soluble just-infinite p;-adic analytic pro-p; factors, the
following are equivalent:

1. G has dimension d and rank r and each factor G; has rank r;;

2. G is a model ofgj'i'

m,rr,d*

Remark 2.4.15. When 7 = {p}, one has that a just-infinite pro-p group G of

finite rank r has dimension d if and only if it satisfies 5;‘?717 aV (5;)'717',7 -

Cr groups whose factors have non-abelian simple Lie algebras

In this subsection we show that we can find an alternative formula to define the
rank, as well as the rank and dimension vectors, of C; groups G = G1 X - -+ x Gy,
all of whose factors G; have non-abelian simple Lie algebra and that satisfy the
following condition (%), involving a fixed first-order formula v = v(z;x1,...,2;)
in [ + 1 variables, which needs to be chosen carefully.

(%) The formula (with | parameters) v defines a family of closed subsets of
G such that every semi-uniform open normal subgroup N of G contains a non-
trivial closed normal subgroup Hy that is definable in G by the formula v(z) =
v(z;a,...,a;), where ay,...,a; € G are suitable parameters that depend on N.

Ideally, we would like to identify v, depending only on 7 and r, such that (x),,
holds for all C groups G of rank at most r (all of whose factors have non-abelian
simple Lie algebra), but currently it is not clear how this could be done; see
Remark 2.4.20.

As usual, let m = [logy(r) + e ]. We will need the following:

Lemma 2.4.16. Let G be a C, group with rank v such that each factor G; of
G has non-abelian simple Lie algebra. Let N be a semi-uniform open normal
subgroup of G and let Hy be a non-trivial closed subgroup of N that is normal
in G. Then dim(G) = dim(®"(Hy)).

Proof. We claim that, for each i, the closed uniform subgroup ®™(Hy); is of
finite index in G;. In our setting, G; is a p;-adic analytic pro-p; group with
non-abelian simple algebra and the open uniform subgroup N; has the same Lie
algebra as G;. Assume by contradiction that ®™(Hy); has infinite index in
G, hence in N;. If T/®™(Hy); denotes the torsion subgroup of the powerful
group N;/®™(Hpy);, then, by Theorem 1.3.12, we have that T'/®™(Hy); is finite
and that N;/T = N;/®"(Hy);/T/®™(Hy); is uniform. Hence, by Theorem
1.3.14, T is a uniform normal subgroup of infinite index in NV; and therefore
its corresponding Lie algebra is a non-trivial Lie ideal in the simple Lie algebra
of N, which gives the required contradiction (compare also with the proof of
Proposition 3.4.6).
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Therefore, as, for each i, the closed subgroup ®"(Hy); is of finite index in
G;, we can conclude that the dimension of each G; is the same as the dimension
of ®"(Hy); and hence that the dimension of G is the same as the dimension of
" (Hy). 0

Proposition 2.4.17. For every positive integer r and every k-tuple of natural
numbers d := (d;)ieq1,..ky with di <1 for eachi € {1,...,k}, there is a sentence
6753211 in the language of groups Ly, such that, for a Cx group G with rank r
satisfying (%), and all of whose factors have non-abelian simple Lie algebra, the
following are equivalent:

1. G has dimension d;

2. G is a model of 5™

m,rd”

Proof. By Ha we will denote the closed subgroup of G defined by v(aq,...,aq;).
Consider the sentence (5;1;?’(1 defined as

Jai,...,a;: res(v(al,...,al), Sq ANV 2PV Pk =1 5 g = 1)

Ha
A res(¢m 7UW,maxdi,d>

A=3by,..., b res(v(bl,...,bl), Sq N Vx :aPt" Pk =1 g = 1)

A \/ res (¢£‘£b, O max (d¢+ui),d+u> .

uc{0,...,r}F

u#(0,...,0)
that expresses that there exist elements a1,...,a; in G such that the group Hj,
defined by v(ay, ..., a;) is a normal torsion-free subgroup of G of dimension d and
that there are no elements by, ..., b; such that the group Hy, is a normal torsion-
free subgroup of dimension greater than d. For the assertions on the dimension
recall that, in a uniform group, the rank coincides with the minimal number of
generators and with the dimension. Here, (bga defines the semi-uniform group
®™(H,) and the sentence o maxd,,d from Corollary 2.3.6 expresses the fact that
®"(Hj,) has rank vector d, which coincides with its dimension vector.

By Lemma 2.4.16, it follows that a C, group satisfying (x),, with rank r, di-
mension d and factors with non-abelian simple Lie algebras satisfies this sentence.
Indeed, such a group contains an open normal semi-uniform subgroup N that,
by condition (%),, contains a non-trivial closed normal subgroup H,, defined by
v(ay,...,q), for some ay,...q; in G. Now, by Lemma 2.4.16, the dimension of
& (H,) is the same as the dimension of G, which is d.

Conversely, let G be a C, group satisfying (x),,, with rank r and factors with
non-abelian simple Lie algebras, that satisfies the sentence 55:‘;1(1. Then certainly
G has dimension at least d (i.e., each factor G; has dimension at least d;).
Suppose by contradiction that G has dimension d + u, where each u; is a non-
negative integer and at least one d; is positive. For any semi-uniform open normal
subgroup U of G, let Hy be a non-trivial closed normal subgroup defined by v
and contained in U, according to condition (%),. Then, by Lemma 2.4.16, the
dimension of ®""(Hy ) would be equal to d + u, the dimension of G. However,
this would contradict the sentence 6™

m,rd®

O]
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Remark 2.4.18. For a pro-p group we can simplify the previous sentence to

Jay,...,a :res(v(ay,...,q), 54 AVz : 2P =1 — x = 1) Ares(¢pl=, 5%)
r—d
A= by, ... b res(v(b, ..., by), 54 AVz : 2P =1 — x = 1) Ares(¢e, \/ Biii)s
i=1

as [ expresses the fact that ®™(H,), which is defined by #Ha has minimal
number of generators d.

Corollary 2.4.19. For every positive integer r and every k-tuple of natural num-
bers d := (di)ieq1,..ky and v = (1i)ieq1,..ky with d; <1 for each i € {1,...,k}
and maxr; = r, there is a sentence gf:f,r’d in the language of groups Ly, such
that, for a C; group G satisfying (x), and whose factors have non-abelian simple
Lie algebra, the following are equivalent:

1. G has dimension d and rank v and each factor G; has rank r;;

sim
mrr,d:

2. G is a model of §

Remark 2.4.20. Let G be a C; group and let N be a semi-uniform open normal
subgroup of G. A natural candidate for the closed subgroups Hpy in condition
(%), would be the group [G, N]. Indeed, if N is a semi-uniform open normal
subgroup of G, then [G, N] is a closed normal subgroup of G contained in N.
Moreover, it is non-trivial. Indeed, as the Lie algebra of each direct factor G; of
G is non-abelian, for each i € {1,...,k} we have that [G;, N;] # 1. This holds
true because, if [G;, N;] = 1, in particular N; would be abelian, in contradiction
with the fact that its Lie algebra, that coincides with the Lie algebra of Gj,
is not abelian. Therefore, [G, N] is a non-trivial closed normal subgroup of G.
However, it is currently not clear to us whether the groups [G, N| are definable in
the required way by a single formula v, depending only on 7 and the rank rk(G).

The following example shows that, unfortunately, it is not possible to imitate
directly the formula in Proposition 1.2.2: for a pronilpotent group G and N a
closed normal subgroup of G generated by elements aq,...,a,, in general one
cannot expect to have an equality of the form

[G,N] =[G,a1] - --- - |G, ar].

Example 2.4.21. Let p be an odd prime and let F' = Q,(¢) be the cyclotomic
extension of the field of p-adic numbers, obtained by adjoining a primitive p-th
root of the identity. The valuation ring of F' takes the form O = Z,[(] and the
additve group (O, +) is isomorphic to ngl and generated by 1,¢,..., (P72,

Now let m be a positive integer and let N := O/p™O. Then N is a finite
abelian group of order p®~D™ . Let C) be the cyclic group of order p and let
be a generator. Consider the group G := N x C), where x acts as multiplication
by (. The group operation in G is given by:

@ + @+ +ap_1¢" 3 2")(by + bal + - + b1 (P22l =

o I (29
@ + @+ + a1 2+ b+ bl 4 by (TP ), )

where the coefficients @;, and b are classes of elements of Z,, for each h,k €
{1,...,p— 1}. The neutral element of the group is (0, 1).
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By using the group operation (2.9) and the fact that every element of N has

the form (a@y + @ + - - + @,—1¢P 2, 1), one can verify that [G, N] is isomorphic
to (1 — {)N. Therefore, if we choose m big enough, [G, N] can have arbitrarily
large order.
However, if z is any fixed element of N, the centraliser Cg(z) of z in G is
isomorphic to IV if z is non-trivial and it is isomorphic to G if z is trivial. Hence,
the conjugacy class of x in G can have cardinality p or 1, and the number of
commutators of the form [g, z|, where z is a fixed element in N and g runs over
G, is also p or 1.

Now suppose that we can write

[G,N] = {lg1,z1] -~ lgi, =] | g1,..., 91 € G}

for some fixed positive integer [ and some fixed elements x1,...,x; in N. Then one
can obtain at most p' elements of this form, which, for m big enough, contradicts
the fact that the order of [G, N] is bigger than p'.

2.5 Finite axiomatizability of the dimension of C; groups:
another proof

In this section we present another proof for the finite axiomatizability of the di-
mension of C, groups, following an approach that was suggested by Jon Gonzalez-
Sanchez. This proof is shorter than the previous one and leads to a formula with
lower quantifier complexity. Moreover, the preliminary Theorem 2.5.1 is of inde-
pendent interest.

We begin by establishing this very result, that is a new description of the
dimension of a finitely generated powerful pro-p group. Recall that, by Theorem
1.3.12, the elements of finite order in a finitely generated powerful pro-p group G
form a characteristic powerful finite subgroup 7" and the quotient G /T is uniform.
Therefore, intuitively, dim G = d(G/T') should equal d(G) — d(T"). In our result
we prove that this is exactly what happens.

Theorem 2.5.1. Let G be a finitely generated powerful pro-p group with torsion
subgroup T' and let Q1 (G) = {g € G | g = 1} denote the set of all elements of
order 1 or p. Then

dim(G) = d(G) — log, |11 (G)| = d(G) — d(T).

This theorem is a consequence of a result of Héthelyi and Lévai ([HL]); com-
pare also with [Wi] and [FA].

Theorem 2.5.2 (Héthelyi, Lévai; [HL], Theorem 1). Let P be a powerful finite
p-group. Given a subset S C P, let (1}(S) be the set of elements of S of order
at most p. Then:

20y (P)| = |P: PP = p'®).

The idea of the proof of Theorem 2.5.1 is the following. We choose a positive
integer k£ and an open uniform normal subgroup U of G such that U x T' < G,

d(G) = d(G/U*") (2.10)
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and
Quy (G/UP) &5 U 0" Qy(T), (2.11)

thus obtaining the following diagram:
G

[‘] X T 29{1}('1_') = Q{l}(G)
\

\

\

\

k—

1

Up
Quy(U/UP) €
U
Considering the order of all the groups in (2.11) and taking log, we obtain

log, |41y (G/UP")| = log, |UP" JUP"| + log, |1y (T).

We observe that UP* = ®(UP"""), hence logp|Upk71/Upk| = d(U) = dim(G).
Finally, using (2.10) and the result of Héthelyi and Lévai we can conclude that

d(G) = dim(G) + d(T).

Proof of Theorem 2.5.1. The torsion subgroup 7 is finite and characteristic in G
so that C(T') <, G. We choose a uniform open normal subgroup U <, G such
that U C Cg(T) and U C ®(G); we can always do that by considering a uniform
open subgroup contained in a suitable power of the Frattini subgroup ®(G) and
intersecting it with Cq(T"). Since U is torsion-free, this implies that

N=UxT<G and  d(GQ)=d(G/U). (2.12)

We show below that there exists k € N such that UP" = ®*(U) <, G satisfies
k k

Quy(G/UP") = Qi (N/UP”). (2.13)

Since N/Upk = U/Upk x T and because U is uniform, Q{l}(N/Upk) is in bijection
with the cartesian product of sets

Q{l}<U/Upk) X Q{l}(T) = Upkil/Upk X Q{l}(G) (2.14)

and furthermore logp|Upk71/Upk| = d(U). Put s(G) =log,|1}(G)[. Then, from
(2.13) and (2.14), we see that the finite powerful p-group P = G/UP" satisfies

log, |13 (P)| = d(U) + s(G) = dim(G) + ().

The theorem of Héthelyi and Lévai 2.5.2 yields log, |21} (P)| = d(P) and s(G) =
log, [213(T)| = d(T') so that

dim(G) = log, |21 (P)| — s(G) = d(P) — s(G) "="d(G) — s(G) = d(G) — d(T).
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It remains to establish (2.13). We show that there exists an open normal
subgroup W <, G such that, for every x € G~ N C. G, we have 2P € W, or in
other words zP Zy 1. Since Upk, k € N, is a base for the neighbourhoods of 1
in G, this implies that there exists kg € N such that, for every x € G~ N, 2P ¢
Ut C W, ie., Q{l}(G/Upk) C Q{l}(N/Upk), as claimed (the reverse inclusion is
obvious). From T' C N we see that G . N does not contain any elements of finite
order. Hence, for every x € G\ N there exists W, <, G such that oP #y, 1,
and consequently y” #y, 1 for all y € 2W, C, G. Since G \ N is compact, it
is covered by a finite union of such cosets W, i.e., G NN C U,ex oW, with
|X| < oco. This implies that W = Nyex W, <, G has the required property. [

As in the previous sections, if 7 = {p1,...,pr} and G = Gy X --- X G is a Cy
group, we assume that each factor G; is a Sylow pro-p; subgroup of G.

Theorem 2.5.3. For every positive integer r and all tuples of natural numbers
d = (di)icq1,..ky and v := (Ti)icie(1,.. k) Satisfying d; < r for each i and r =
max7;, there is a sentence 57‘15?7“(1 in the language of groups Ly, such that, for

every Cr group G, the following are equivalent:

1. G has rank r and dimension d and each factor G; has rank r;,

2. G is a model of 5

m,rr,d’

Proof. Recall that m = m(r) := [logy(r)] + 1. Then ®"(G) is a semi-powerful
and definable subgroup of (m,r)-bounded index in G. The dimensions of the
direct factors of G do not change if we pass from G to an open subgroup. It is
therefore enough to detect the dimensions of the direct factors of F' := ®™(G).
Let F; denote the Sylow pro-p; subgroup of F' and T; its torsion subgroup, for
p; € m. By Theorem 2.5.1 it suffices to produce a sentence which defines the
invariants

d(F;) =log,, |Fi: ®(F;)|  and  d(T3) = log,, [Q1y(£5)],

within the finite range {0,1,...,7}, where Qg y(F;) = {g € Fi | g" = 1} is
the set of all elements of F; of order 1 or p;. We observe that F;/®(F;) =
F/FPi[F F] = F/®,,(F) is isomorphic to the p;-Frattini quotient of F' and that
Quy(F) ={ge F|g" =1}.

The Frattini quotient F//®(F) has (m,r)-bounded order and maps onto the
pi-Frattini quotient F'/®,, (F'). As we have already seen, the group F/®(F)
is interpretable in F, hence in G. There is a sentence which detects any pre-
scribed isomorphism type of F/®(F) among a (m,r)-bounded number of pos-
sibilities. Forming a suitable disjunction, we can also detect the isomorphism
type of the p;-Frattini quotient F'/®,, (F') and hence the minimal numbers of
generators d(F;). Alternatively, as F'/®,, (F) is powerful, we can directly use the
sentence 33 p) to impose that d(F;) is the minimal number of generators of Fj,
but this yields a worse quantifier complexity (see Section 2.8).

Clearly, the closed subset {g € F' | g?* = 1} C. F is definable in F', hence
in G, by the formula w(g) := g’ = 1. Moreover, its size equals p?(Ti) and is thus
at most p;. We can easily identify by means of a sentence its precise size and
hence the invariant d(T;).
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In conclusion, if gbgl is the formula defining ®,,(F) = [F, F]FPi in F, the
group G of rank r has dimension d if and only if the subgroup F = ®"(G)
satisfies the sentence ¢ given by

\/ A (0 1 Biey)

A(Fy), d(Ty):  ie{l,...k}
d(Fy), d(T;)<r
d(Fy)—d(T})=d;

A 391, gpay 1 gn # g5 N w(gn) for alln,j € {1,... ,piT)y

A =391, Ghar 4y gn # G5 A w(gn) for alln,j € {1,...,ptT) + 1})

if and only if G satisfies the sentence

62{5,71.,(1 = Onpr N res(qﬁg, <),
where o ;. is the sentence established in Corollary 2.3.6 which expresses the fact
that G has rank r and each factor GG; has rank r;. O

2.6 Finite axiomatizability of the rank of pro-m groups

In this section we prove that, given m := {p1,...,px} a finite set of primes, the
rank of a pro-m group is finitely axiomatizable. Recall that pro-m groups are
inverse limits of finite 7-groups, i.e., finite groups whose index is divisible only
by primes in 7. An example of an infinite pro-m group is given by GL4(Z,). The
finite axiomatizability of the rank of these groups relies on the classification of the
finite simple groups and on the finite axiomatizability of the rank of pronilpotent
pro-m groups. We will need the following result, that generalizes Theorem 2.3.1
to virtually pronilpotent groups. Recall that, if G is a profinite group, rk,(G) is
the rank of any Sylow pro-p subgroup of G.

Theorem 2.6.1. Let R be a positive integer. Suppose that the profinite group G
has an open normal subgroup F <, G which is pronilpotent and such that each
Sylow subgroup of F is powerful.

1. If tk,(G) < R for some prime p, then

tky(G) = 1k, (G/@* T (F)).

2. If rk(G) < R, then
rk(G) = k(G /P (F)).

Proof. Tt is convenient to write F; = ®/(F) for i € N.

1. This part reduces to the virtually pro-p case (see Theorem 2.3.5). Indeed, let p
be a prime such that r, = rk,(G) < R. We need to show that r, = rk,(G/Far1).
Since F' is pronilpotent, its Hall pro-p’ subgroup P’ is normal in G. Working
modulo P’, we may assume without loss of generality that F' is a powerful pro-p
group. In this situation G is virtually a pro-p group and we can apply Theorem
2.3.5.
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2. Now suppose that rk(G) < R. Clearly, the maximal local rank
mlr(G) = max ({rk,(G) | p prime})

is at most rk(G). Conversely, Lucchini established in Theorem 3 and Corollary 4
in [L2] (see also [L] and [L1]) that

rk(G) < mlr(G) + 1,
with equality if and only if there are
o an odd prime p such that r, = rk,(G) = mlr(G) and
o an open subgroup H <, G and N <, H such that
H/®,(N) = H/N x N/®,(N) = C, x C(E)

where H/N = C is cyclic of prime order ¢ | (p— 1), the p-Frattini quotient
N/®,(N) = C’pmlr(G) is elementary abelian of rank mlr(G), and H/N acts
via conjugation faithfully on N/®,(N) by power automorphisms (i.e., by
non-zero homotheties if we regard N/®,(N) as an Fp-vector space).

Note that this result currently relies on the classification of finite simple groups.
For short let us refer within this proof to such a pair (H, N) as a ‘runaway couple’
for G with respect to p.

By the first part of the theorem, we have mlr(G) = mlr(G/Fsr+1), and hence
it suffices to show: if G admits a runaway couple, then so does G/Fyr41, in
fact, with respect to the same prime. This ensures that, if rk(G) = mlr(G) + 1,
then also 1k(G/Fop+1) = mlr(G/Fart+1) + 1 = mlr(G) + 1 = rk(G). Conversely,
it is clear that, if G/Fyr+1 admits a runaway couple, i.e., if rk(G/Fopi1) =
mlr(G/Fopy1)+1 = mlr(G)+1 > rk(G), then rk(G) < 1k(G/Fapy1) = mlr(G)+1
and therefore rk(G) = mlr(G) + 1 = 1k(G/Far+1). Suppose that (H,N) is a
runaway couple for G with respect to an odd prime p so that H/®,(N) = C;x Cp?
as detailed above, with the additional property that |G : H| is as small as possible.
Assume for a contradiction that G/F;r+1 does not admit a runaway couple.

As in the proof of the first part of the theorem, there is no harm in factoring
out the Hall pro-p’ subgroup P’ of F, because HNF C N and HNP' C ®,(N).
Consequently we may as well assume that F' <, G is a powerful pro-p group,
which makes G virtually a pro-p group.

As in the proof of Theorem 2.3.5, the sequence

d(H/((H N F;)®p(N))) = d(HF;/®p(N)Fj), j €N,
is non-decreasing and eventually constant, with final constant value
d(H/®p(N)) =d(H) =1, +1 < 2R+ 1.

We use the same arguments as the ones in the proof of Theorem 2.3.5 to conclude
that there exists j = j(H) such that the analogue of (2.3) for H/®,(N) holds
and we reduce to the situation where [F}, F;| = Fy; = 1. This reduction renders
G finite, with abelian normal p-subgroups

A:Fj and B:Fj_,_l:(I)(F'j):Ap;
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furthermore, we have
| = d(N/((HNA)B,(N))) = d(N/((HOB)®,(N))) < d(N/®y(N)) = 1. (2.15)

It suffices to produce a runaway couple (f] N ) for the group H A with respect to
p such that |HA : H| < |HA : H|; thus we may assume that

G=HA.

This reduction allows us to conclude that ®,(N) N A < G and there is no
harm in assuming ®,(N) N A = 1. Likewise M = HN A < G, and reduction
modulo ®,(N) induces an embedding of M < N into the elementary abelian
group N/®,(N) = C,”. Using (2.15), we conclude that

M=HNA=HNB={(b,...,bp) =C)" form=r,—-1>1.

The normal subgroup M ®,(N) < H decomposes as a direct product M x ®,(N).
Recall that H/®,(N) = C,;x C,”, with the action given by power automorphisms.
We build a minimal generating set x,yi,...,y,0b1,...,by for H modulo ®,(N)
by choosing

reH~N and yi,...,yp €N

which supplement by, ..., b, suitably. We set
Ly ={(x,y1,...,y1) < H and L=IL%,(N)<H.
In this situation H = LM and we claim that L N M =1 so that
H=Lx M.

Indeed, our construction yields that the intersection in H/®,(N) = C; x C’If‘””
of the subgroups

L/®y(N) = (@) X (F1,....70) 2 Cyx C and  M®,(N)/®,(N) = M ="

is trivial. This gives LN M C ®,(N) and consequently LNM C ®,(N)NM = 1.
Put M = {a € A|a? € M} < G. Recall that M = HN B and B = AP.
The p-power map constitutes a surjective G-equivariant homomorphism M — M
whose kernel K < G, say, includes M. From L N M = 1 we conclude that
LKNM = (LNnM)K C K. Moreover, we have LN K C HN A = M and thus
LNKCLNM=1.
These considerations show that the group H=LM maps onto

H/K~LK/KxM/K=>~LxM =H,

and hence onto C; X Cp?. Thus H gives rise to a runaway couple for G, with
respect to the prime p, just as H does. To conclude the proof we observe that
|K| > |M| > p implies |H| > |H|/|K| = |H| and hence |G : H| < |G : H|. O

Corollary 2.6.2. Let R be a positive integer. Suppose that the profinite group
G has an open normal subgroup F <, G which is pronilpotent.
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1. If 1k, (G) < R for some prime p, then

tky (G) = 1k (G/@HH 08UV 1H2 (1))

2. If rk(G) < R, then

rk(G) = rk(G/ @i Nosa(R)1+2( )

Proof. As in the proof of Theorem 2.6.1, one reduces to the case in which
F is a pro-p group for a single prime p. From rk(F) < R it follows that
plee2(M+1(F) a, G is powerful. Therefore we can apply Theorem 2.6.1 to
Plog2 (R 1+1(F) in place of F. O

Remark 2.6.3. As stated in the proof of Theorem 2.6.1, the result of Lucchini
that we used to prove the second part of the theorem (hence of the corollary)
currently relies on the classification of finite simple groups. However, in the
prosoluble case the same result holds without use of the classification (see [L],
Section 5). In particular, if 2 € 7, every pro-m group is prosoluble because of the
Odd Order Theorem by Feit and Thompson.

Theorem 2.6.4. Let w:= {p1,...,pr} be a finite set of primes. For each positive
integer v and for each tupler = (1i)icq1,.. ky M {0,1,..., 7} there exists a sentence
Grrr I the language of groups Ly, such that, for every pro-m group G, the
following are equivalent:

1. tk(G) =r and rky,(G) = 1r; for every i € {1,...,k};
2. G is a model of Grrr.

The idea of the proof of this theorem is similar to the one of the proof of
Corollary 2.3.6, i.e., given a pro-m group of finite rank r, we find a definable open
Cr subgroup F' that is semi-powerful and of bounded index in G, of which we
can express the rank thanks to Corollary 2.3.6. From rk(G) < rk(F') + rk(G/F)
we obtain a bound R on the rank of G. Finally, we impose in our sentence
that rk(G/®2R+1(F)) = r, which guarantees, thanks to Theorem 2.6.1, that
rk(G) =r.

Proof. Let G be a pro-m group with rank bounded by 7 and consider the set
S :={S| S finite simple 7-group}. Using the classification of finite simple groups
one can deduce that S is finite ([Ma], Remark page 51).

Let A be the set

{¢]¢:G— Aut(S™) homomorphism, S € §,m € N with d(S™) < r}.
Since S is finite, by definition A is also finite. It follows that the group

K := ﬂ Ker¢

PEA

is an open normal subgroup of G and the finite quotient G/ K has order bounded
by a function f(r,7) of r and 7.
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We claim that K is a pronilpotent pro-m group, i.e., a C; group. Indeed, let
L be an open normal subgroup of G. Starting from L we can construct a chief
series

L=G,<Gp_14...<G1<1Gy :=G,

where each G;, for i € {0,...,n}, is normal in G and each quotient G;/G;1,
for i € {0,...,n — 1}, is finite, hence of the form S* for some & € N and S €
S. Moreover, since rk(G) < r, the minimal number of generators of each such
quotient is bounded by r. From such a series we get a normal series for K:

KNL=KNG,<KNG,_14...<A<KNG1<KNGy=K.

Since the quotients K N G;/K N Giy1 (i € {0,...,n — 1}) are again of the form
S for some k € N, S € S and d(S*) < r, the action of K on them is trivial by
the definition of K. It follows that [K, K N G;] C K N Gj41, i.e., the series

KNGpa . K K
KnG, " KnG, KnL

is central and K/K N L is nilpotent. Since every finite quotient of K arises as a
quotient of some K/K N L we can conclude that K is pronilpotent.

Now consider the group H := G/("™_ By [NS1], Theorem 1, the word g/
has finite width and therefore H is a definable subgroup of G contained in K with
index that is (m,r)-bounded by the positive solution to the Restricted Burnside
Problem. In this specific case, however, we do not need to use these general
theorems to infer these properties of H. Indeed, assume for the moment that
the pro-m group G of rank r is finite of exponent f(m,r). We need to show that
|G| is (m,7)-bounded. We established that G has a nilpotent normal subgroup
K of (m,r)-bounded index. Thus there is no harm in assuming that G = K.
Furthermore, K is a direct product of its Sylow p-subgroups, where p ranges over
the finite set w. Hence we may even assume that G is a p-group of rank at most r,
for some p € 7, and that f(m,r) is a p-power, p° say. In this situation, G contains
a powerful normal subgroup of (p, r)-bounded index (see [DDMS], Theorem 2.13),
and we may assume that G itself is powerful. The p-power series of a powerful
p-group coincides with its lower p-series, and we obtain the bound |G| < p".
As for the fact that every element of H can be written as a product of a (7, r)-
bounded number of f(m,r)-th powers, descending without loss of generality to a
subgroup of (7, r)-bounded index, as above, it suffices to recall that in a powerful
pro-p group every product of p®-th powers is itself a p°-th power; see [DDMS],
Corollary 3.5.

As K is pronilpotent, so is H and we can express this fact with a first-order
sentence.

Claim. One can express with a first-order sentence that H is pronilpotent.

1«

Proof of Claim. The idea of the proof is that H is pronilpotent if and only if
H/Z(H) is pronilpotent and we can express that the latter quotient is pronilpo-
tent; note that this quotient is definable in G as H is definable.

Let Hy,...,H) be the Sylow subgroups of H and, for i € {1,...,k}, let
2%, ..., 2 be generators of H;.
We first note that, for every ¢ € {1,...k},

CH(Hi):Hl X XHi_l XZ(HZ) XHZ'_;,_l Xoee XHk,
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from which it follows that

P

CH(HZ) L CH(Hl) ﬂCH( i— 1)ﬂCH( H_l)ﬂ .ﬂCH(Hk) H;

Z(H) "~ Z(H) Z(Hi)
Therefore,
Hy x---x H k
H/Z(H) = &~ 2.1
/Z(H) Z(Hy) x +-+ X Z(Hy) 21;[ (2.16)
Now each Cy(H;) is a definable subgroup (with parameters z%,...,2%) defined

as{mEH\[x,xé-]zlforallj:1gjgr}:{x€H|C(w,x})forallj.1§j§

r}. It follows that also the quotients Cy(H;)/Z(H) (i € {1,...,k}) are definable.
We can then express the isomorphism (2.16) by a sentence ¢ holding true in
H that states that

e~ e~

Cy(Hy)  Cu(Hy) H

Z(H)  Z(H)  Z(H)

as sets, that

Z(H) Z(H) Z(H) Z(H) " Z(H)

for each i € {1,...,k} and that each factor Cy(H;)/Z(H) is normal in H/Z(H).

Moreover, we can express that each Q; := Cy(H;)/Z(H) is a pro-p; group
with a first-order sentence pr; holding in H: given any h € @Q;, the group
Z(Cgq,(h)) is a definable abelian pro-p; subgroup of @; with rank bounded by
r. This can be expressed by checking that the prime p; is the only prime in 7
that occurs in the factorization of Z(Cq,(h)), as we did for expressing the dimen-
sion of an abelian Cr group. More precisely, Z(Cg,(h)) must satisfy the sentence

—1 \/] =0 pzvrzv.]

Vh e Z(H) Z(Cq,(h)) E \/ \/ i

r;i=135=0
(Recall that Z(Cg,(h)) = 5;3”’]- means that Z(Cq,(h)) is abelian and that
Z(Cq,(h) = Z), x C3} x -+ x CJ}!

for some j and r;, with j +1=r;.)
Alternatively, as Q; is a pro-m group, it is enough to impose that each element of
Qi s a g;-th power, for ¢; = p1 - pi—1Pi+1- - Dk-

Putting everything together, one obtains a sentence that states that H/Z(H)
is a pronilpotent pro-m group, and hence that H is a pronilpotent pro-m group. [

Therefore, if n is the formula defining H and w is the sentence defining finite
groups with order bounded by f(r,7) and rank bounded by r, we can conclude
that G satisfies the sentence 7., given by

k r
res(n, t) Ares(n, /\ ) Ares(n \/ aﬁ,m) Alift(n, ).
=1 7=1Fimax(F);=
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In the previous sentence, the first term describes the isomorphism (2.16), the
second term implies that H is a C; group, the third term assures that rk(H) <r
and the last term implies that the finite group G/H has rank bounded by r.

At this point we have a sentence 7, , that is satisfied by any pro-m group of
rank r; conversely, if a pro-m group G satisfies 1y ., then the rank of G is bounded
by 2r.

Now, let R := 2r and consider the semi-powerful subgroup of H given by

Popy1 (" (H)) = Pop 1 (@™ (H)) x -+ % Popya (97 (Hy)),

where m(R) is the function (2.2) defined in Section 2.3.

By Theorem 2.6.1, 1k G = rk(G/Papy1 (@™ (H))) and, for each p; € T, tky, G =
rky, (G/ Pory1(®™F)(H))). We can impose that such ranks are equal to r and 7;
respectively with a first-order sentence o ;. that holds in G. Indeed, the quotient
G/ Pyp i1 (™) (H)) is definable and it is enough to impose that it satisfies one
of the finitely many formulas defining finite groups that have order bounded by
f(rym) - (pr- - pp)™ 2R yank r and p;-rank r; for each p; € .

Therefore, the sentence

Orprr = Nar N\ Orprr

holds true in the pro-m group G if and only if G has rank r and p;-rank r; for
each p; € 7.
O

2.7 Finite axiomatizability of the dimension of pro-7
groups

Similarly to the case of C, groups, we define the dimension of a pro-w group G
of finite rank as the k-tuple d := (di,...,dy), where each d; is the dimension of
a pro-p; Sylow of G.

Theorem 2.7.1. For every positive integer r and every k-tuple of natural num-
bers d = (d;)iequ,..ky with di < v for each i € {1,...,k}, there is a sentence

Orrd in the language of groups Ly, such that, for every pro-m group G of rank r,
the following are equivalent:

1. G has dimension d,
2. G is a model of Sﬁmd.

Proof. The proof of the theorem easily follows from the discussion in Section 2.6.
Indeed, we saw in the proof of Theorem 2.6.4 that GG contains an open normal
definable C; subgroup H with rank # < r and index f(r,7). We can use this
group to express the dimension of G.

Indeed, let S1,...,Sk be Sylow pro-p; subgroups of G with p; € # and H; C S;
for each ¢ € {1,...,k}. Then H; = H N S; is open in S;. It follows that the
dimension of H; coincides with the dimension of S; for every i and therefore we
can use the formula 521% : q established in Theorem 2.5.3 to express the dimension
of the definable Cj gr(;L{[; H, that is the same as the dimension of G.
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Precisely, if n is the formula defining A and 7., is the sentence expressing that
H is a pronilpotent pro-m group of index bounded by f(r,7) and rank bounded
by r (see the proof of Theorem 2.6.4), the required sentence is given by

Orrd =Ny ATes | 1, \/ ( \/ 5?}’;@)

7<r f:max (F);=7F
O

Corollary 2.7.2. For every positive integer r and all k-tuples of natural numbers
d = (di)icqr,..ky and v := (1i)ieq1,.. 1y With di < v for each i € {1,...,k} and

maxr; = 1, there is a sentence gwmr’d in the language of groups Ly, such that,
for every pro-m group G, the following are equivalent:

1. G has dimension d, rank r and each Sylow pro-p; subgroup of G has rank
i,

2. G is a model of gﬂ’m,d.

Proof. Take

57r,7‘,r,d = 0rrr A 57r,7’,d7

where G .r is like in Theorem 2.6.4. O

Remark 2.7.3. In the soluble case one does not need to rely on the classification
of finite simple groups. Indeed, if G is a soluble pro-m group, one can find a
definable maximal abelian normal subgroup of G, A1, of which one can compute
the dimension by using the formula for the dimension of C, groups (since 4; is
abelian, it is in particular pronilpotent). Proceeding inductively for at most r
steps, one gets a formula for the dimension of G. This is very similar to the case
of soluble C,. groups treated in 2.4.3.

2.8 Quantifier complexity of the sentences expressing
rank and dimension

In this section we examine the quantifier complexity of the main sentences that
we produced to express the rank and the dimension of pro-m groups. Here, by
quantifier complexity we mean the type of quantifiers occurring in the sentence
when put in prenex form, without considering the number of variables. Recall
that a formula is said to be in prenex form if it is of the form @) : P where Q is a
string made of concatenated quantifiers and P is a quantifier-free formula; every
first-order formula can be put in prenex form ([TZ], Exercise 1.2.3). For example,
the sentence Jay,...,aqvz3xr1,...,2q4 : 2 = [a1, 1] [aq, 4] is in prenex form
and has quantifier complexity 3Iv3.

We prove here that all our main sentences have quantifier complexity 3v3.
Hence, in particular, the quantifier complexity is independent of the set of primes
7w and of the rank and the dimension that are being axiomatized. For the dimen-
sion we will consider the second sentence that we produced in Section 2.5. We will
note that the sentence presented in Section 2.4 has the slightly worse complex-
ity dv3V. In order to establish these results, we need the following preliminary
observations.
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Remark 2.8.1. Let G be any group and let H = {g € G | ¢(g)} be a definable
subgroup of G, where ¢(x) is of the form Jz: po(x, z) with ¢g quantifier-free in
free variables x and z1, ..., 2z, say. In this case we will say that H is ‘3-definable’.
Then H is ‘quantifier-neutral’ in the following sense. First-order assertions about
H can be translated into assertions of the same quantifier complexity about G via
res, simply by expressing universal quantification over elements of H as Vz, z :
(po(z,2) — ...) and existential quantification over elements of H by Jz,z :
(po(xz,2) A...). Tt is easy to see that, as H is 3-definable, this does not change
the quantifier complexity of the formula.

Remark 2.8.2. Let G be a profinite group and let N C. GG. Suppose that N is
definable in G; this means that there is an Lg,-formula ¢(x), with a single free
variable x, such that N = {g € G | p(9)}.
Let B = {b1,...,b,} be a finite group of order n, with multiplication ‘table’
bibj = bn(i,j)
encoded by a suitable function m: {1,...,n} x {1,...,n} = {1,...,n}.
Then the sentence

Bar,an o,y 2 9(1) A () Ap(y) = e y) A (9(@) = oy o))

/\< A w(ailaa’)> A( V ‘P(“ily)> A( A S0(%(1@',1>“i“f))

1<i<y<n 1<i<n 1<7,5<n

can be used to express that N < G and G/N = B. Note that the quantifier
complexity of this sentence is the same as the quantifier complexity of ¢ increased
by 3V. In particular, if N C. G is an 3-definable subset of G, we obtain an Iv3-
sentence to express that N <. G and G/N = B.

Corollary 2.8.3. Let m be a natural number and G a C group. Then, first-order
sentences holding true in the iterated Frattini group ®™(G) give rise, via res, to
sentences in G with the same quantifier complexity. Also, first-order sentences
holding true in the finite quotient G/®™(G) expressing the isomorphism type of
this group give rise, via lift, to first-order sentences holding in G of complexity
Iv4.

Proof. From the discussion in Section 2.2.3, we see that each iterated Frattini
subgroup ®™(G) is defined in the previous iterated Frattini subgroup ®™ 1(G)
by an existential formula ¢,,. Then, it follows from Remark 2.8.1 that a sentence
expressing a property of ®”((G) can be iteratively translated into sentences with
the same quantifier complexity holding in the lower Frattini subgroups, up to
reaching G. Regarding the quotient G/®™(G), it is easy to see that ®"(G)
is 3-definable in G; this can be inferred by looking directly at the formulas in
Section 2.2.3 or, equivalently, by observing that, since the formula defining ®*(Q)
in ®*~1(@G) for each natural number k£ > 1 is existential, restricting iteratively
the formula defining ®™(G) in @™~ 1(G) up to G, one finds again an existential
formula. Then the claim follows from Remark 2.8.2. 0

Theorem 2.8.4. Let r be a positive integer and r := (Ti)z‘e{l,...,k} a tuple of
natural numbers with maxr; = r, for p; € m. Let 65, r be the sentence established
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in Theorem 2.6./ that axiomatizes the property of a pro-m group of having rank r
and Sylow pro-p; rank r; for every p; € m. Then G r has quantifier complexity
Iv4.

Proof (Sketch). Recall that in the proof of Theorem 2.6.4 we found a definable
open normal C, subgroup H of finite index bounded by a function f(r,7) in G.
In the first part of the sentence 6 ,, we imposed that H satisfies the formula
Vi=1 VEmax(s),=70r7.5, that expresses the fact that H has rank bounded by r.

Recall that H = Gf("™ and, therefore, H is 3-definable and hence quantifier-
neutral by the previous Remark 2.8.1. Therefore, we just need to look at the
quantifier complexity of \/i_; Vimax(s),=7 Or,7#- The sentence o7z was estab-
lished in Corollary 2.3.6. In this sentence, we first express the fact that the
iterated Frattini subgroup ®"(H), with m := m(r) (see (2.2)), is semi-powerful
and has minimal number of generators bounded by r. The latter fact is en-
sured by the sentence B, written down in Section 2.2.3, that has complexity IV,
while the sentence pow expressing that a group is semi-powerful (that can also be
found in Section 2.2.3) has complexity V3. Hence, the conjunction of these two
sentences has complexity 3V3. From Corollary 2.8.3 it follows that the resulting
sentence in G has again complexity 3vVd. Note that, in order to talk about the
iterated Frattini subgroups up to ®™(G), we also need the generators of all ®¥(G)
for k € {0,...,m — 1} (see the discussion in Section 2.2.3), and this can be done
with the sentence 3, and its restriction to quantifier-neutral subgroups, that gives
a contribution of V3 to the complexity. Finally, again by Corollary 2.8.3, the fact
that the finite group H/®™(H) has rank bounded by 7 has complexity 3v3. To

conclude the discussion for o 7 #, we just need to examine the complexity of the
27 (4F41+m)

sentence expressing that H/(F - HPi ), where F' := Pyzy1(®™(H)), has
rank 7. The group F - H p T is 3-definable in H and therefore, by Remark

2.8.2, this sentence has complexity IV3 in H, hence in G, as H is quantifier-
neutral. We now examine the rest of the sentence regarding H, that states that
H is a C; group and that the finite quotient G/H has rank bounded by r and
index bounded by f(r,7). By Remark 2.8.2, the latter term of the sentence, i.e.,
lift(n, ), has complexity 3V3. The term res(n, (), expressing the isomorphism
B H1><'--><Hk ~ k CH(Hz)
)= Z(Hy) x -+ x Z(Hy,) _.H Z(H) "’

=1

H/Z(H

has also quantifier complexity 3V3. Indeed, taking the generators of H and of
the factors H; as parameters, the groups Z(H) and Cy(H;) are quantifier-free
definable in H. Therefore, also the groups

P

CH(HZ) = CH(Hl) Nn...N CH(Hi—l) N CH(Hi+1) n...N CH(Hk)

are quantifier-free definable in H and we can conclude that the quotients H/Z(H)

and Cg((g)i) are quantifier-free interpretable in H. Now ¢ states that




as sets, that

Cy(Hi) (CH(Hl) -~ Cu(Hi-1) Cu(Hiy1) H(Hk)) — {1}
Z(H) Z(H) Z(H) Z(H) Z(H)

for each i € {1,...,k} and that each factor Cy(H;)/Z(H) is normal in H/Z(H).
It is easy to see that these three properties are expressed by a V3-sentence. Adding
the existence of the generators as parameters at the beginning of the sentence
yields another existential quantifier, leading to an FV3-sentence. T he/lz\iﬁ piece of

the sentence expressing the properties of H states that each Q; := Cy(H;)/Z(H)
is a pro-p; group via the first-order sentence pr;. We saw that one possible
way to write pr; is to impose that each element of (); is a ¢;-th power, for
@ = P1-°Pi—1Pi+1 - Pk, which yields a V3-sentence. Again by introducing the
generators as parameters, one obtains an JdvV3-sentence. Finally, by using the
fact that Pypy (@™ (H)) is 3-definable in H, hence in G, we can infer by Re-
mark 2.8.2 that also the sentence pr ,.r expressing the properties of the quotient
G/Por+1(®@™B)(H)) has complexity 3v3. Putting all terms together we can
conclude that the sentence 6, has quantifier complexity 3v3, as claimed. [

Theorem 2.8.5. Let r be a positive integer and d := (d;)icq1,.. k) @ tuple of
natural numbers with d; < r, for everyi € {1,...,k}. Let Sﬁmd be the sentence
established in Theorem 2.7.1 that axiomatizes the property of a pro-m group with
rank r of having dimension d. Then Sw,r,d has quantifier complexity IvV3.

Proof (Sketch). Recall that the sentence Sﬂ',r,d has a first term 7, , that ensures
that G has a C,; subgroup H with rank bounded by r and index bounded by
a function f(m,r) and a second term that uses the sentence 6;’;17‘;’1,7(1 and that
certifies that H has dimension d. As H has finite index in G, this tuple d
will also be the dimension of G. We already saw in the proof of Theorem 2.8.4
that H is 3-definable and that the sentence 1., has quantifier complexity 3v3.
Regarding 521,';“’]“1, setting F' := ®™(H) with m = m(r) as in (2.2), we want
to express, for each p; € m, properties of the quotient F/FPi[F, F] and of the
set {g € F | g = 1}. First, recall from the proof of Corollary 2.8.3 that
F' is 3-definable in H and that, in order to talk about its properties we also
need the generators of all ®*(H) for k € {0,...,m — 1}. This can be done by
using the sentence (3, and its restriction to quantifier-neutral subgroups, that
brings a contribution of V4 to the complexity. Once all these generators are
given as parameters, FPi[F, F| is 3-definable in F, hence in H. Therefore, by
Remark 2.8.2; the sentence expressing that F//FPi[F, F| has a certain isomorphism
type (hence a certain minimal number of generators d(F;)) has complexity 3v3.
Finally, expressing that the set {g € F' | g’ = 1} has a prescribed cardinality
d(T;) requires an IV-formula. It follows that the overall sentence satisfied by F
has 3V3 quantifier complexity. Since F' is 3-definable in H and H is 3-definable
in G, hence quantifier-neutral (Remark 2.8.1), also the overall sentence satisfied
by G has 3V3 quantifier complexity. O

Corollary 2.8.6. Let r be a positive integer, r := (Ti)ie{l,...,k} a tuple of natural
numbers with maxr; = r and d := (d;);c1,..ky @ tuple of natural numbers with

d; <r foreveryi e {l,...,k}. Let Fgmﬂ’r?d be the sentence established in Corollary
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2.7.2 that aziomatizes the property of a pro-m group of having rank r, Sylow pro-p;

rank r; for every p; € m and dimension d. Then gﬂ’,r,r,d has quantifier complexity

Jv4.

Proof. The sentence g,r,m.’d is given by the conjunction
&W,r,r A 67r,r,d~

Since, by the previous theorems, both &, and gwmd have quantifier complexity

dv43, also &r,m,d has the same quantifier complexity. ]

We conclude this section by observing that the sentence expressing the di-
mension introduced in Section 2.4 has quantifier complexity V3vd.

Proposition 2.8.7. Let r be a positive integer and d := (di)ie{l,...,k} a tuple of
natural numbers with d; < r for alli € {1,...,k}. The sentence 6, ,q expressing
that a C. group G of rank r has dimension d has quantifier complexity Y3Iv3.

5alt

In particular, if we were to use this sentence in place of 627 ; 4 to build the

sentence gma’d holding for pro-m groups, we would get the worse complexity V3V3.

We will not prove this proposition. We just point out that, carrying out an
analysis similar to the ones above, one finds that the sentences (93, A 532) from
Section 2.4 have complexity 3vd. Since

Onra :=Iht, e\ (6%, (b ) AGY, (B, )

d;+do=d

A—3hy, ... by \/ ( \/ (531(h1,...,h7n)A(ng(hl,...,hr))) R
mc{0,...,r}* \di+d2=d+m
m=#(0,...,0)

the negation in the second half of the sentence produces a string of quantifiers
V3V, leading to the overall quantifier complexity V3v3.

2.9 Some open questions

We list here a few open questions that arise naturally from the work presented
in this thesis.

From a purely group-theoretic point of view, we saw in Theorem 2.3.1 that,
given a pro-p group G of rank r and F' an open normal powerful subgroup of G,
the quotient G/Par+1(F') (dependent on r) has the same rank as G. A natural
question arising from this is:

Question 2.9.1. Is it possible to find a quotient of G that does not depend on
tk(G) and has rank rk(G)?

Ideally, the quotient G/P5(F') could be a candidate, but the arguments used in
the proof of Theorem 2.3.1 do not hold in this case (see Example 2.3.3, 2.). More
generally, one might try to prove that the result holds for rk(G) = rk(G/P.(F))
with ¢ independent of the rank of G.
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In another direction, regarding definability, the next step would be to inves-
tigate the finite axiomatizability of the dimension of R-analytic groups, where R
is a pro-p ring (see [DDMS], Chapter 13).

Also, we have already observed that it is not possible to express that a pro-p
group has finite (unbounded) rank by Feferman and Vaught’s result (Proposition
2.2.12). A possible question would then be the following.

Question 2.9.2. [s it possible to find a class of pro-p groups where the property
of having finite (unbounded) rank is finitely axiomatizable?

We already noticed at the end of Section 2.2.4 that one might try to consider
the class of d-generated pro-p groups, where d is a fixed positive integer, to begin
with.

Finally, one could consider the Hirsch length of polycyclic groups, that be-
haves as some sort of dimension for these groups, and investigate whether this is
a first-order definable invariant.

2.10 List of main formulas

«: group is abelian; Section 2.4.1

B3: minimal number of generators of a C, group is d; Section 2.2.3

B4 minimal number of generators of a C; group is < d; Section 2.2.3

d d
f( 1)“.p£( k)

boundg: xP1 = 1; Section 2.4.2

Yp,s: direct product of s copies of the cyclic group Cj; Section 2.4.1

Orrd: Cr group of rank r has dimension d; Section 2.4.2

gw,nmd‘ Cr group that has rank r, dimension d and p;-ranks 7;; Section
2.4.2
5;’;1";,71,7(1: alternative sentence for C; group that has rank r, dimension d and
pi-ranks r;; Section 2.5

R

xrd: pro-m group of rank r has dimension d; Section 2.7

gwmr,d: pro-m group that has dimension d, rank r and p;-ranks r;; Section
2.7
(5;’;'3,7(1: abelian C, group has rank r and dimension d; Section 2.4.1

Sjr]?r,d: Cr group that is abelian, has rank r and dimension d; Section 2.4.1

(53:; a: Cr group of rank r with non-soluble just-infinite p;-adic analytic

pro-p; factors has dimension d; Section 2.4.3
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3j7;i’;n7r7d: Cr group with non-soluble just-infinite p;-adic analytic pro-p; fac-
tors has rank 7, dimension d and p;-ranks r;; Section 2.4.3

5;if£d: Cr group of rank r satisfying (x), and whose factors have non-abelian
simple Lie algebra has dimension d; Section 2.4.3

gfriymmjd: Cr group satisfying (%), and whose factors have non-abelian simple

Lie algebra that has rank r, dimension d and p;-ranks r;; Section 2.4.3
5;‘:}4?(1: soluble C; group of rank r has dimension d; Section 2.4.3

gf:im,d: soluble C, group that has rank r, dimension d and p;-ranks r;;

Section 2.4.3
#CG: (iterated) Frattini subgroup ®™(G) of a C, group G; Section 2.2.3
w: maximality of dimension of abelian subgroup; Section 2.4.2

F

i it" term of the lower q(m)-series of a definable semi-powerful group F’

Section 2.2.3

pow: (semi)powerful group; Section 2.2.3

s(k): set defined by & is a subgroup; Section 2.2.1

sq(K): set defined by k is a normal subgroup; Section 2.2.1
Oxrr: Cr group has rank r and p;-ranks r;; Section 2.3
Orrr: Pro-m group has rank r and p;-ranks r;; Section 2.6

((a,z): a and x commute; Section 2.4.2
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Chapter 3

The unique product property
for pro-p groups

3.1 Introduction

The unique product property is a combinatorial property related to the Kaplansky
conjecture on zero divisors in group rings. This conjecture states that, if G is a
torsion-free group and K is a field, then the group ring K[G| has no non-trivial
zero divisors. According to [G] and page 112 in [S], the zero divisor conjecture
was formulated by Higman in his thesis in 1940 and appeared in written form in
the report of a talk given by Kaplansky in 1956, whence the common attribution
to Kaplansky. The zero divisor conjecture is related to two further conjectures on
group rings, namely the unit conjecture and the idempotent conjecture. Given
a field K and a torsion-free group G, the unit conjecture states that every unit
in K[G] is of the form Ag, where A € K \ {0} and g € G, while the idempotent
conjecture states that the only idempotents in K[G] are 0 and 1. The basic
relation between these three conjectures is the following:

Unit conjecture = Zero divisor conjecture = Idempotent conjecture.

The unit conjecture was disproved by Gardam in 2021 ([G]), while the zero divisor
conjecture and the idempotent conjecture are still open. The zero divisor con-
jecture is known to be true for important classes of groups, such as: torsion-free
abelian groups, free groups, torsion-free abelian-by-finite groups and elementary
amenable groups. However, for some of these classes, such as for elementary
amenable groups, the proof of the conjecture relies on ring-theoretic and K-
theoretic machinery and it would therefore also in these cases be desirable to
find a more direct group-theoretic or combinatorial proof.

It is easily seen that a group possessing the unique product property satisfies
the zero divisor conjecture but it is known that the converse does not hold true
(for instance by an example given by Promislow; [P]). In the realm of pro-p
groups little is known regarding the unique product property, but the following
result, proved by ring-theoretic means, holds true.

Theorem 1 (Farkas, Linnell; [FL]). If G is a uniform pro-p group and K is a
field of characteristic 0 or p, then K[G] has no non-trivial zero-divisors.
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In light of the evidence provided by this result, Craig and Linnell formulated
the following

Conjecture 2 (Craig, Linnell; [CL]). Every uniform pro-p group has the unique
product property.

In the direction of proving this conjecture they show:

Theorem 3 (Craig, Linnell; [CL]). A wvirtually soluble subgroup of a uniform
pro-p group has the unique product property.

In order to prove this result, they use properties of uniform pro-p groups and
of linear groups to show that virtually soluble subgroups of uniform pro-p groups
are torsion-free nilpotent-by-torsion-free abelian. In this way they actually show
that these groups are right-orderable (see Section 3.2.2), a stronger property than
the unique product property.

In this chapter we consider a larger class of pro-p groups, namely saturable pro-p
groups (see Section 3.3) and we prove the following result (compare with Corollary
3.3.7):

Theorem 4. A wvirtually soluble subgroup of a saturable pro-p group is right-
orderable and therefore has the unique product property.

Our proof uses Lie-theoretic methods and therefore provides not only a general-
isation but also a different proof of Craig and Linnell’s result.

We then proceed to investigate the related property of orderability in the
realm of pro-p groups, finding both, classes of orderable and not orderable pro-p
groups. As for non bi-orderable pro-p groups, it is easily seen that compact
p-adic Chevalley groups cannot be bi-ordered (see the beginning of Section 3.4).
It is then natural to ask what happens in general. In this respect we show (see
Corollary 3.4.5):

Theorem 5. Let G be a non-soluble p-adic analytic pro-p group. Then G is not
bi-orderable.

In order to prove this theorem we need to establish first another result, that
is interesting on its own, which states that every non-trivial normal subsemi-
group of a just-infinite insoluble pro-p group G is an open normal subgroup of G
(Proposition 3.4.1).

In contrast, adapting the proof that abstract RAAGs are bi-orderable to the
pro-p case, we find a large class of pro-p groups that are bi-orderable (see Section
3.5):

Theorem 6. Pro-p RAAGSs are bi-orderable.

On the way, by using Theorem 3.1, we give some examples of subsets of
uniform subgroups of pro-p Chevalley groups that display the unique product
property (Example 3.3.20) and we try to relate the fact that a pro-p group is
locally indicable to other properties of the group (compare with Corollary 3.3.16).
In particular, in the case of metabelian profinite groups we obtain (see Corollary
3.3.19):
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Theorem 7. Let G be a metabelian profinite group with the ascending chain
condition on closed subgroups. Then the following are equivalent:

1. G is torsion-free and, for every H <. G, the abelianisation H/H' is infinite;
2. G is locally indicable.

Also the questions and the formula contained in Sections 7 and 8 are orig-
inal. Smaller new insights are collected in the following results and examples.
Example 3.2.4 of a torsion-free profinite group that does not possess the unique
product property is easily found by using Promislow’s example. Lemma 3.2.24
and Corollary 3.2.27 show that extensions of groups with a locally invariant or-
der have a locally invariant order (the result is probably known but a suitable
reference for it was not found), from which one can easily deduce Example 3.2.28
of a profinite group with a locally invariant order. Finally, Remarks 3.2.20 and
3.2.23 in Section 2 and Example 3.3.3 in Section 3 are also new.

The organisation of the chapter is as follows. In Section 3.2 preliminaries on
the unique product property and orderability of groups are presented. The main
result on the right-orderability of virtually soluble subgroups of saturable pro-p
groups can be found in Section 3.3, together with a characterisation of groups
with the property that every closed subgroup has infinite abelianisation within
the class of torsion-free soluble pro-p groups of finite rank. In Section 3.4 it is
proved that insoluble pro-p groups of finite rank are not bi-orderable, while in
Section 3.5 the bi-orderability of pro-p RAAGs is proven. Finally, in Section
3.6 some further open questions and lines of investigation are described and in
Appendix 3.7 a commutator formula is proved.

3.2 Preliminaries

3.2.1 The unique product property

Definition 3.2.1. We say that a group G has the unique product property (UP
for short) if, given two non-empty, finite subsets A and B of G, there always exists
at least one element g of G that can be written in a unique way as a product
g=abwitha€e Aand b e B.

If G satisfies UP we say that G is a unique product group (UPG for short).

It follows immediately from the definition that a group with the unique prod-
uct property is torsion-free; indeed, if g € G'\ {1} is a torsion element of order
n, then the set {1,g,...,¢g" '} contradicts the unique product property: every
element of this set can be written in n > 2 ways as the product of two elements
from the set itself.

Example 3.2.2. The group Z has the unique product property; indeed, if () #
A, B C Z are finite and if @ is the maximal element of A and b is the maximal
element of B, then a+b is greater than any other element in A4+B. More generally,
every ordered group has the unique product property (see Section 3.2.2).

Unique product groups were introduced in [RS] in relation to the Kaplansky
conjecture regarding zero divisors in group rings. The conjecture predicts that,
if K is a field and G is a torsion-free group, then the group ring K[G] has no
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non-trivial zero divisors; this conjecture is still open. Note that, by considering
the quotient field of an integral domain, it is equivalent to state this conjecture
for K an integral domain instead of a field.

Some classes of torsion-free groups which are known to satisfy the zero divisor
conjecture are: free groups and torsion-free abelian groups (more generally order-
able groups, see Section 3.2.2), groups with a locally invariant order (see Section
3.2.2) and torsion-free abelian-by-finite groups (see [Li]).

Indeed, it is not difficult to see that if G has the unique product property, then
R[G] has no zero divisors: let z := 7191 + ... + rngp and y := g} + ... + 17,9, be
two non-zero elements in R[G], each written as an R-linear combination of dis-
tinct elements of G with non-zero coefficients r;, 7‘], and consider the finite non
empty subsets of G given by A := {¢1,...,9,} and B := {g},...,4.,}. By the
UP there exists an element in G, without loss of generality g := g1 ¢}, that can be
written uniquely as the product of an element in A and an element in B. Hence

9i9; 7 9191 for every (i, j) # (1,1) and wy = r171(9191) + r175(9195) + ... # 0.

However, the class of groups G such that R[G] has no zero divisors is strictly
larger than the class of groups which have the unique product property, as shown
by the following example, given by Promislow in 1988 (see [P]).

Example 3.2.3. Let G2 be the crystallographic group given by the presentation

(@y:a Pe=y 2y 2ty =a"?).

It can be shown that Gy is torsion-free and abelian-by-finite and therefore R[G]
does not have any zero divisors, whenever R is an integral domain; see [Li].
Indeed, the group G is a non-split extension of Z3 by the finite group Co x Cs.
More precisely, setting z := xy, we see that N := (22, 9%, 2?) is a normal subgroup
of G which is free abelian of rank 3; the quotient G2 /N is isomorphic to Cy x Co
(see [F] for more details about crystallographic groups).

In his paper, Promislow explicitly constructs a non-empty finite set A with
fourteen elements such that there is no unique product in A - A.

It is interesting to note that this group was used to give a counterexample to
the units conjecture in [G]. By using Example 3.2.3, we can easily produce an
example of a profinite group satisfying the zero divisor conjecture, but without
the unique product property.

Example 3.2.4. We consider (/J\g, the profinite completion of Gg Let N be the
closure of the group NV introduced in the previous example in G2 As N has
finite index in Gy, N = N 73 (see Proposition 3.1.24 in [Wil]) and G/N
Go/N = (Cy x Co. We note that, since G is torsion-free and finitely generated
abelian-by-nilpotent, by Theorem 2.4 in [KW] its profinite completion is torsion-
free. Therefore, G> is torsion-free abelian- by-finite.

Moreover, since G is residually finite, it injects into Gg, thus, Gg gives an example
of a torsion-free profinite group without the unique product property. However,
being torsion-free abelian-by-finite, é\g does satisfy the zero divisor conjecture.

The first example of a torsion-free group without the unique product property
was given in 1985 by Rips and Segev in [RiSe|. In 2014, Carter ([Cal]) gave new
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examples of torsion-free groups that satisfy the zero divisor conjecture but do not
possess the unique product property. More precisely, for each positive integer k,
these groups are given by

Py := (a,b | ab2ka_1b2k,ba2b_1a2).

The group P; is the same as Promislow’s group. However, Carter proves that, for
every k > 1, the group Py does not contain P; ([Ca], Theorem 3.6). Moreover,
he proves that each P} contains arbitrarily large non-unique product sets ([Cal,
Theorem 1.5). More recently, in [CL] Craig and Linnell generalised Promislow’s
example in another direction. Namely, for each natural number n, they define
the combinatorial generalized Hantzsche-Wendt group G,, as

G = (x1,..., 2y | :L"Z_lx?xlx? for all i # j).

Note that G2 is the same group used in Promislow’s example. Craig and Linnell
prove that each G,, for n > 1 satisfies the zero divisor conjecture. However, for
n > 2, each group G, does not have the unique product property as it contains
a copy of Gs.

Next we list some other properties of unique product groups. The following
theorem, due to Strojnowski, states that the unique product property for a group
G can be verified by considering products in product sets of the form A- A, where
A is a non-empty finite set of G. Moreover, it states that the seemingly stronger
property of having two elements that can be expressed as a unique product is
actually equivalent to the unique product property.

Theorem 3.2.5 (Strojnowski; [S]). Let G be a group. The following are equiva-
lent:

1. G has the unique product property;

2. For every non-empty finite subset A of G there exists (at least) one element
g € G that can be written uniquely as a product g = xy with x,y € A;

3. Given any two non-empty finite subsets A and B of G with |A| + |B| > 3,
there exist at least two elements of G which can be written in a unique way
as the product of an element in A and an element in B.

The following results, recalled in [CL], state that the unique product property
is closed under some standard group theoretic constructions.

Theorem 3.2.6 (Strojnowski; [S], Theorem 2). Every free product of groups with
the unique product property has the unique product property.

Proposition 3.2.7 (Rudin, Schneider; [RS], Theorem 6.1). The unique product
property is closed under extensions, i.e., given a group G and N <G, if N and
G/N have the unique product property, then G has the unique product property.

Remark 3.2.8. The unique product property is a local property, i.e., a group G
is a unique product group if and only if all the finitely generated subgroups of G
are unique product groups. This is clear since the definition of unique product
property involves only finite sets.
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Corollary 3.2.9 (Compare with [CL], Introduction). Let G be a group having a
subnormal series
1=Gyp<G1«...<G, =G

such that every quotient Gi+1/G; is torsion-free abelian.
Then G is a unique product group.

Proof. First of all we show that every torsion-free abelian group is a unique
product group. By the structure theorem of finitely generated abelian groups,
every finitely generated torsion-free abelian group is the direct product of finitely
many copies of Z and we already noted that Z has the unique product property.
For every natural number r, H = Z" has a subnormal series of the form

1=Hy<Hi«...<«<H.,=H

with H; = 7' and H;/H; 1 = 7Z for all i € {1,...,r}. Using Proposition 3.2.7
inductively one obtains that Z" has the unique product property.

Since the unique product property is a local property (Remark 3.2.8), it follows
that every torsion-free abelian group is a unique product group.

Finally, if G has a subnormal series

1=Gyp<G1«...<G, =G

with all the quotients torsion-free abelian, it suffices to apply inductively Propo-
sition 3.2.7. [

Remark 3.2.10. From the previous corollary we obtain in particular that every
torsion-free abelian group has the unique product property and, in particular, Z"
and the free abelian pro-p group Z, are unique product groups for every integer
r>1.

Moreover, the proof above works for every subnormal series in which the quotients
possess the unique product property.

In [CL], Craig and Linnell conjectured that every uniform pro-p group G is
a unique product group. This conjecture can be motivated by the fact that, if
G is a uniform pro-p group, then K[G] has no zero divisors for all fields K of
characteristic 0 or p (see [FL]). Moreover, they remark that the crystallographic
group G, that is known to be a non-unique product group (see Example 3.2.3),
cannot be embedded in a uniform pro-p group: this follows from the fact that a
virtually abelian subgroup of a uniform pro-p group is abelian ([CL], Theorem
2.4) and G is virtually abelian but not abelian.
As a step towards proving this conjecture, Craig and Linnell show that, if H is a
virtually soluble subgroup of a uniform pro-p group G, then H is a unique product
group. In Section 3.3 we give a different proof of a somewhat more general result,
namely that if H is a virtually soluble subgroup of a saturable pro-p group, then
H is a unique product group (see Corollary 3.3.7).

3.2.2 Orderability and the unique product property

The unique product property is implied by some other group-theoretical proper-
ties related to the notion of orderability (see for example [BMR], the first chapters
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of [DNR] or of [CR] for more on this topic). Recall that a strict order on a set X
is a binary relation < that is transitive (i.e., for all z,y,2 € X, z <y and y < z
imply = < z) and irreflexive (i.e., for all x € X, & £ z). These two properties
imply asymmetry, i.e., for all z,y € X, if x < y then y £ x. From a strict order
< one can obtain a non-strict order < by setting z < y if and only if x < y
or x = y; such an order is a binary relation that is transitive, reflexive (i.e., for
every z € X, x < z) and antisymmetric (i.e., if z,y € X with z <y and y < «z,
then z = y). Conversely, from a non-strict order < one obtains a strict order
< by setting z < y if and only if x < y and x # y. Therefore we can speak
without distinction of strict and non-strict orders. Finally, a strict (respectively
non-strict) total order is a strict (respectively non-strict) order relation in which
any two distinct elements (respectively any two elements) are comparable.

Definition 3.2.11. A right-order on a group G is a total order < on G such that,
if ,y are elements in G with z < y, then, for every z € G, zz < yz. Similarly,
a left-order on G is a total order < such that, if z < y, then zax < zy for every
z € G. A bi-order on G is a total order which is both a left- and a right-order.
We say that a group is (bi-)orderable (respectively right-orderable, left-orderable)
if it admits a bi-order (respectively right-order, left-order).

Note that a group G is right-orderable if and only if it is left-orderable. Indeed,
let < be a right-order (respectively left-order) on G and consider the order <’
defined by = <’y if and only if 7! > y~!. Then <’ is a left-order (respectively
right-order) on G. In light of this remark from now on we will consider only
right-orders.

To give a right-order on a group G is equivalent to giving a subset P of G
that is closed under multiplication and such that, for every g € G with g # 1,
either g € P or g~! € P. Indeed, given a right-order < we can take for P the set
of positive elements {z € G | 1 < x} and, conversely, given such a set P, we can
define on G the right-order given by ¢ < h if and only if hg~! € P. Note that P
is a semigroup, called the positive cone of the associated order <.

The positive cone of a bi-order has these same properties and, in addition, it
must be closed under conjugation by elements of G, i.e., it must be a normal
subsemigroup of G.

It follows that to ask whether a group G admits a (right-)order is equivalent to
asking whether G has subsemigroups with the properties mentioned above.

Remark 3.2.12. A group G with a right-order is torsion-free.

Proof. Let g€ G, g# 1. If g > 1, then g" > ... > g% > g > 1 for every positive
integer n. Similarly, if g < 1, then ¢g" < ... < ¢g?> < g < 1 for every n. O

Example 3.2.13. Some examples of bi-orderable groups are: torsion-free abelian
groups, torsion-free nilpotent groups and free groups (see [DNR], Section 1.2).
In particular, since the principal congruence subgroups of SLo(Z) of level greater
than 2 are free, they are bi-orderable. However, a result of Morris-Witte estab-
lishes that finite-index subgroups of SL4(Z) for d > 3 are not right-orderable (see
[DNR], Theorem 3.5.1). It follows that principal congruence subgroups of the
p-adic analytic group SLg4(Z,) for d > 3 are not right-orderable.

87



We remark that a bi-orderable group has the unique product property: given
two finite non-empty subsets A and B of GG, the maximal element of A multiplied
by the maximal element of B will have a unique representation. However, the
converse is not true in general (see [KRD]).

Remark 3.2.14. Since the crystallographic group G2 does not have the unique
product property (see Example 3.2.3), it cannot admit a bi-order. However, we
can also show this directly: if < is a bi-order on Gg, then y=2 = 27122 > 1 if
and only if y? > 1 if and only if y=2 < 1.

Note that, with a slightly more complicated argument, one can also prove
that right-orderable groups have the unique product property (see [DNR], Section
1.4.3).

We now consider what happens for extensions of right-orderable groups.

Lemma 3.2.15. Let G be an extension of N by K with N and K right-orderable
groups. Then G is right-orderable.

Proof. We fix right-orders <y and <y on N and K respectively. Let i : N — G
and p : G — K be the two homomorphisms that come with the extension. For
defining an order < on G we remark that G is the disjoint union of the right-cosets
of N in G; hence we define a sort of lexicographic order on G taking as a primary
parameter the image of an element under p and as a secondary parameter the
“N-part” of an element.!

Namely, let x, y be two distinct elements of G. We distinguish two cases:

1. p(x) # p(y): in this case we set x > y if p(z) >k p(y) in K;

2. p(z) = p(y): this means that xy~! € Ker(p) = Im(i), so there exists an
element n € N such that i(n) = 2y~!. Moreover, n is the unique element
of N with this property since 7 is injective. In this case we set x > y if
n ZN 1N in N.

The relation < just defined is a (total) order.
It is clearly reflexive.
It is antisymmetric: let x and y be elements of G with > y and y > x. There are
two possibilities: if p(x) # p(y) this means that p(z) >k p(y) and p(y) >k p(x)
in K, which would imply p(x) = p(y) since <y is an order in K and this would
contradict the hypothesis. Hence, p(x) = p(y); let n € N such that i(n) = zy~'.
Then we have n >y 1y and n <y 1y, thus n = 1y because >y is antisymmetric;
it follows that zy~! =i(n) = 1g, i.e., x = y.
Finally, < is transitive. Let x, y, z be elements of G such that z <y and y < z.
We have to distinguish several cases:

L. p(z) # p(y) and p(z) <k p(y).

» p(y) = p(2), in which case p(z) # p(z) and p(z) <k p(y) = p(2), so
x<z.

'n [C], 3.7, Conrad defines the same order on G by defining the positive cone of the order;
namely, g € G, g # 1 is defined to be positive either if g € N and ¢ >y 1y or ¢ € G~ N and
p(g) >k 1x. This automatically defines a right-order.
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* p(y) # p(z) and p(y) <k p(2), from which p(z) <k p(y) <k p(z)
that implies p(z) <k p(z) by transitivity of <. Since p(z) # p(y) by
hypothesis, p(z) # p(z) (otherwise we would have that p(z) = p(y));
hence we can conclude that x < z.

2. p(z) = p(y) and ny <y 1y, where i(n;) = zy L.

e p(y) = p(2) and ny < 1y, where i(ng) = yz~ 1.

Let n3 € N such that i(n3) = 2z~'; we want to show that nz <y 1.
Since i(n1ng) = vy lyz~! = x2z~! and i is injective, ng = nins.

Since <y is a right-order on N, we have: n3 = nine <y ns <y ly,
from which n3 <y 1y by transitivity of <.

e p(y) # p(z) and p(y) <k p(z). In this case p(x) # p(z) and p(z) =
p(y) <k p(z), so z < z.

We now show that < is a right-order.
Let z,y be elements of G with x < y and let z be another element of G.
There are two cases: if p(x) # p(y) then p(zz) # p(yz), p(r) <k p(y) and
p(zz) = p(x)p(z) <k p(y)p(z) = p(yz) because <k is a right-order. If p(z) =
p(y), then p(xzz) = p(yz), and, if i(n) = xy~ !, then n <y 1ly. Since i(n) =
xy~! = xzz7 1y ™! this also shows that zz < yz. O
Remark 3.2.16. In Example 1 of Section 5 of [C], Conrad notes that the exten-
sion of two bi-ordered groups need not be a bi-ordered group; in this example he
considers the group

G:=(z,y|a¥=2a1).

The group G can be written as the non-abelian semidirect product (y) x (x) =
Zx Z.. 'The right-order induced on Z x Z by the canonical order on Z is the lexico-
graphic order and G inherits a right-order via the above isomorphism. However,
G is not bi-orderable because ¥ = z~!, from which it follows that, in a given
bi-order on GG, the element x can be neither positive nor negative.

In general, given an extension 1 - H - G — K — 1 where H and K are
bi-ordered, the procedure used in the proof of Lemma 3.2.15 gives a bi-order on
G if and only if the conjugation action of G on H preserves the order on H.

More generally, the orderability of the quotients of a group is related to the
notion of convex subgroups.

Definition 3.2.17. Let G be a group with a right-order <. A subset C of G
is said to be conver with respect to < if, given any z,y in C' and z in G, the
inequalities x < z < y imply z € C. A subset C of G is said to be relatively
convez if there exists a right-order with respect to which C' is convex.

Note that for proving that a subgroup C' is convex in G with respect to a
certain right-order < it is enough to prove that, for every h € C and every g € G,
if 1 <g<h,then g € C.

Convex subgroups are in particular isolated, i.e., if C is convex in G and
g™ # 1 belongs to C for some g € G\ {1} and some n € N, then g € C. This
follows from the fact that, if g > 1, then 1 < g < g" for every positive integer n
and, if g < 1, then ¢" < g < 1 for every positive integer n. In both cases g € C
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by convexity. If C is a normal subgroup of GG, the group C' is isolated in G if and
only if the quotient G/C is torsion-free.

The importance of convex subgroups comes from the following proposition
(see [CR], Section 2.2.).

Proposition 3.2.18. Let G and H be right-orderable groups and let ¢ : G — H
be a homomorphism. Then ker¢ is relatively convex in G. Conversely, if G is a
right-orderable group and ker¢ is relatively convex in G then the image of ¢ is
right-orderable.

The proof of this proposition is closely related to the following observation.
If G is an extension of two right-orderable groups N and K endowed with the
right-order < constructed in the proof of Lemma 3.2.15, then N is convex in G
with respect to <. Indeed, if n € N and g € G with 1 < g < n, by definition
of <, taking the projection p to K we get 1 = p(1) < p(g) and p(g) < p(n) =1,
from which it follows that p(g) =1, i.e., g € N.

A weaker form of order on a group is given by locally invariant orders.

Definition 3.2.19. A partial order relation < on a group G is said to be a locally
invariant order (L1O) if, for all f, g € G such that g # 1 it follows that gf > f

or g~ f > f.

Remark 3.2.20. It is known that every partial order on a set can be extended
to a total order; for example, if X is a set with a partial order <, one can apply
Zorn’s lemma to the non-empty set F := {(¥,<y) | Y € X and <y is a total
order on Y which extends < restricted to Y}, partially ordered by inclusion:
(Y1, <y,) <' (Y2, <y,) if and only if ¥ C Y5 and <y, restricted to Y7 is <y,. It
is straightforward to check that, if (Y, <y) is maximal in F with respect to </,
then Y = X and therefore X is totally ordered.

If G is a group with a partial order < that is locally invariant, we can extend
this partial order to a total order in the set theoretic way; this does not affect the
property defining a locally invariant order, hence it is equivalent to ask whether
a group G admits a LIO or a LIO that is also a total order.

Remark 3.2.21. A right-order on a group G is a locally invariant order.
Remark 3.2.22. A group G with a LIO is torsion-free.

Proof. Let g € G with g # 1. The definition of LIO yields g > 1 or g~! > 1. First
suppose g > 1. Then either g? =g-g > gor 1 =g '-g > g by the definition of
a LIO. Since g > 1 by assumption, it follows that g% > g.

Inductively, assume that ¢* > ¢*~!, with k > 1; hence, either ¢F*! = g - ¢ > ¢F
or g1 =g~ g¥ > ¢, from which it follows that ¢**! = ¢ - ¢* > ¢

Thus, for every n > 1, g" > 1 and g is not a torsion element.

If g < 1, it suffices to consider § := ¢g~'; indeed, by the definition of a LIO, if

g <1, then g7 > 1. O

Remark 3.2.23. Let {G;}icr, with I an arbitrary set of indices, be a collection
of groups, each admitting a bi-order (a right-order or a locally invariant order,
respectively). Then, by well-ordering I, one can consider the bi-order (right-order,
or locally invariant order, respectively) on the direct product [[;c; G; given by
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the lexicographic order. In particular, if {G;};cs is an inverse system of groups,
each admitting a bi-order (right-order, locally invariant order, respectively), also
the inverse limit of the groups G; admits such an order.

As an example, we can consider pronilpotent groups, i.e., inverse limits of
finite nilpotent groups. We already saw that a pronilpotent group G is isomorphic
to the direct product of its Sylow subgroups (Proposition 1.1.22); thus, if all the
Sylow subgroups of G are (locally invariant, right-)orderable, so is G.

We now investigate what happens for the LIO property when considering
group extensions.

Lemma 3.2.24. Let G, N and H be groups such that G is a split extension of
N by H, i.e., G~ H x N. Assume that H has a locally invariant order <y and
N has a locally invariant order <s. Then G has a locally invariant order.

Proof. Without loss of generality, thanks to Remark 3.2.20 we can assume that
<y and <5 are total orders. We order G via the lexicographic order, i.e., given
(h1,n1) and (hg,n9) in G ~ H x N, (hi,n1) < (he,n2) if and only if hy; <; hs
or hy = hy and ny <9 ny. Now let z := (h,n) and y := (h,7), z # (1,1), be
two elements in G. Then zy = (hh, ﬁ_lnﬁﬁ) and 27y = ("5, hn~'h=Y)(h,7) =
(h='h, A~ hn= Vi),

If 2y > y there is nothing to say, so assume xy < y. Then there are two cases:

1. hh <1 h from which it follows that A~'h > h by the definition of a LIO on
H.

2. hiv=h (ie., h = 1) and i~ 'nhit <o i which implies A 'n~'hit >o 71 by
the definition of a LIO on N.

In each case we conclude that =y > y, as required. O

Using the lemma above we can deduce that the property of having a locally
invariant order is preserved under arbitrary group extensions. In order to do so
we need to recall the notion of a standard or regular wreath product.

Definition 3.2.25. Let N and H be two groups. For each x € H consider a
copy N, of N indexed by z, with elements n, for n € N. Let @ := [[,cy Nz be
the (complete) direct product of all such copies of N and consider the following
action of H on Q: if h € H and q = (¢z)zem € Q, then q” is the tuple in Q
whose z-coordinate is ¢,j,-1, the zh ™ -coordinate of q; in symbols, (q"); = ¢up-1.
The resulting semidirect product H x @ is called the (complete) regular wreath
product of N by H and denoted N ! H.

The following theorem, due to Krasner and Kaloujnine, states that N ! H
contains an isomorphic copy of every group extension of N by H (see [Ro|, Section
11.1, Exercise 11).

Theorem 3.2.26 (Universal embedding theorem). Let G be an extension of a
group N by a group H. Then there exists an injective homomorphism G — NUH.

Corollary 3.2.27. Let G be an extension of N by H, where N and H admit a
locally invariant order. Then G admits a locally invariant order.
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Proof. By the universal embedding theorem, G' can be embedded in the wreath
product N H. Since the direct product of groups with a locally invariant order
has a locally invariant order (Remark 3.2.23), by the previous lemma we can
conclude that N ¢ H has a locally invariant order, and so does G. O

Example 3.2.28. For every natural number k£ consider the semidirect product
Ly xZﬁk, where the action of Z;, on ng factors through the finite quotient Z, / kap

and permutes the p* coordinates of ng cyclically. The collection of these groups
naturally forms an inverse system so that we can consider their inverse limit
Ly L Ly = le Ly X ng. Combining Remark 3.2.23 and Lemma 3.2.24 we get

that the pro-p group Zp?Zp admits a locally invariant order.

It is known that a group admitting a locally invariant order has the unique
product property. To prove this implication we need to mention the concept of
weakly diffuse group introduced by Bowditch in [B].

Definition 3.2.29. A group G is said to be weakly diffuse if, for every non-empty
finite set S of G, there exists g € S such that, if hg € S and h=!'g € S for some
h € G, then h = 1. Such an element g is called an extremal point of S.

One can immediately see that, if G is right-ordered, then, given any non-
empty finite set S of G, the elements max(S) and min(S) are extremal points of
S in the sense of the previous definition.

It turns out that a group is weakly diffuse if and only if it admits a locally
invariant order ([DNR], Proposition 1.3.9). Therefore one can prove that a group
admitting a locally invariant order is a unique product group by using that weakly
diffuse groups have the unique product property.

Proposition 3.2.30 (see [DNR], Section 1.4.3). All weakly diffuse groups have
the unique product property.

Proof. Let G be weakly diffuse and let A and B be two finite non-empty subsets
of G. Consider the set AB and let g be an extremal point of AB, i.e., an element
in AB such that, if hg € AB and h™'g € AB for some h € G, then h = 1.
Suppose that there exist a1,a2 in A and by,be in B with a; # ao and by # bs
such that g = a1b; = agbs. Then, letting a := agal_l, we have: ag = agal_lalbl =
asby € AB and a7 'g = alaglagbg = a1by € AB. By the property of ¢ it follows
that a = 1, i.e., a1 = as and therefore by = by. Hence ¢ is a unique product
element. O

Summarizing what we collected so far, we have the chain of implications

bi-orderable = right-orderable = LIO < weakly diffuse = UP.

Moreover, the first two implications cannot be reversed: we already saw in Re-
mark 3.2.16 an example of a non-orderable but right-orderable group and an ex-
ample of a group with a LIO that is not right-orderable is given by Dunfield in the
appendix of [KRD]; more precisely, he constructs a closed orientable hyperbolic
3-manifold whose fundamental group is weakly diffuse but not right-orderable.
At present it is not known whether the implication UP = LIO holds true.

Also, it is not known to us whether for some ‘non-artificial’ class of groups at
least (for example, metabelian groups), the unique product property is equivalent
to right-orderability.
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3.3 The unique product property for virtually soluble
subgroups of saturable groups

In [CL] it is proven that every virtually soluble subgroup of a uniform pro-p
group has the unique product property by showing that such a group is torsion-
free nilpotent-by-torsion-free abelian (therefore in particular right-orderable). In
this section we give a different proof of a somewhat more general result, i.e., that
a virtually soluble subgroup of a saturable pro-p group is right-orderable (and
thus it is a unique product group).

Saturable groups were introduced by Lazard in 1965 in his foundational work
“Groupes analytiques p-adiques” ([La]). A modern account of Lazard’s theory
of p-adic analytic groups that is close to the original can be found in [Sc|]. As
already mentioned, the main source for the group-theoretic reformulation of this
theory, along with the discussion of some of its ramifications and applications in
group theory, is [DDMS]. In his seminal paper, Lazard established that any p-
adic analytic group contains an open compact saturated subgroup ([Sc], Theorem
27.1) and that, conversely, any p-valued pro-p group has a natural structure of a p-
adic analytic group ([Sc], Corollary 29.6). We start by introducing saturable pro-p
groups, following [K] and [GS]. The definition that we use is slightly different from
the original definition introduced by Lazard. In particular, we consider finitely
generated pro-p groups to start with. For this class of groups, the definition that
we use agrees with Lazard’s ([K], Section 2).

Definition 3.3.1. Let G be a finitely generated pro-p group. A valuation of G is
amap w: G — RsgU{oo} with the following properties, holding for all z,y € G:

Low(x) > (p-1)"%

(
2. w(z) = oo if and only if x = 1;
3. w(zy™") > min{w(x),w(y)};
4. w([z,y]) = w(@) +w(y);
5. w(aP) = w(x) + 1.

A group G with a valuation w satisfying the previous properties is said to be a
p-valued group.
A p-valued pro-p group is said to be saturated if

6. for every x € G with w(z) > p(p—1)~! there exists y € G such that z = y?.

A finitely generated pro-p group G is called saturable if it admits a valuation w
such that (G,w) is a saturated p-valued pro-p group.

The last property (6.) ensures that in saturable pro-p groups we can extract
p-roots of elements whose valuation is ‘big enough’.

All uniform pro-p groups are saturable pro-p groups but the converse is not
true in general. Indeed, let G' be a uniform pro-p group and set € = 0 if p is odd
and € = 1 if p = 2. For all positive integers n consider G,, := GP"™". Then the
map w : G — NU{oo} that sends any g € G to w(g) := e+sup{n | g € G, } defines
a valuation in the sense of the previous definition and turns G into a saturable
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group (see [K], Remark 2.1). Conversely, saturable groups are not always uniform.
For example, if d < p—1 and d > 2, then the Sylow pro-p subgroups of GL4(Z))
and SL4(Z,) are saturable but not uniform (see [K], Theorem 1.1 and Proposition
2.4). However, it is the case that saturable pro-p groups are virtually uniform
and therefore have finite rank.

In [GS], Gonzéalez-Sénchez characterised saturable pro-p groups as groups
having a potent filtration (or PF-groups). Using this characterisation he was
able to recover the fact that in saturable pro-p groups, for any natural number
k, the map x — 2P s injective, or equivalently, that pF-roots are unique. Note
that from this fact it follows that saturable pro-p groups are torsion-free.

Proposition 3.3.2 ([GS], Proposition 2.2). Let G be a saturable pro-p group and
k a natural number. If x,y belong to G and 2P = y”]C then x = y.

Example 3.3.3. Let G be a saturable pro-p group with center Z(G). Then
G/Z(Q) is torsion-free and, if G/Z (@) is bi-orderable, then G is bi-orderable.

Proof. We note that the center of a saturable group is isolated: if k is a natural
number and z is an element of G such that z?" is in Z(G) then (z7'zz)P" =
27127 = 27" for all z in G, and therefore x7'zz = 2 for all z in G by the
previous proposition. It follows that the quotient G/Z(G) is torsion-free. If it is
bi-orderable, by Remark 3.2.16 the procedure of extension of the order given in
the proof of Lemma 3.2.15 gives a bi-order on G because conjugation on Z(G) is

trivial. ]

Conversely, it is always true that the quotient of a bi-orderable group by its center
is bi-orderable ([KoK], Chapter II, Section 4, Theorem 3).

In general, there is a correspondence only between saturable pro-p groups of
dimension less than p and residually-nilpotent Z,-Lie lattices of dimension less
than p, under which closed subgroups correspond to Z,-Lie sublattices and closed
normal subgroups to Lie ideals ([GSK], Theorem B). However, in the soluble case
the following result about the correspondence between soluble saturable pro-p
groups and soluble Lie lattices holds true.

Theorem 3.3.4 (|GS]|, Corollary 4.7). Let G be a saturable pro-p group and L
the corresponding Z,-Lie lattice (on the same underlying set). Then the derived
series of G and L coincide. In particular, G is soluble if and only if L is soluble
and the derived lengths of G and L coincide.

Recall also that, if G is a saturable pro-p group and L is the Z,-lattice as-
sociated to G, then £ := L ®z, Q) is the Q,-Lie algebra associated to G. In
particular, it follows from the previous theorem that, if G is soluble, then also L
and therefore £ are soluble.

We can now prove that virtually soluble saturable pro-p groups are right-
orderable.

Theorem 3.3.5. Let G be a virtually soluble, saturable pro-p group. Then G is
right-orderable (and in particular it has the unique product property).
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Proof. First of all we note that a virtually soluble, saturable pro-p group G is
soluble. Indeed, let G; be a soluble normal subgroup of finite index in G; since
G is a pro-p group, the quotient G/G1 is a finite p-group, hence soluble. Thus,
G is soluble, being an extension of soluble groups. Therefore we can assume that
G is soluble.

We consider the derived series of G:

1=GW ... 496" =[¢",¢"<4G =G,G1 <GV .= G;

by hypothesis it terminates in a finite number of steps, say n steps. Each quotient
GW /G0 (5 € {0,...,n—1}) is an abelian finitely generated pro-p group, hence
of the form Zgi x F; with d; > 0 a natural number and F; a finite abelian p-
group. We observe that, for each i € {0,...,n — 1}, necessarily d; > 0. Indeed,
dp—1 is necessarily greater than 0 as G is torsion-free. Suppose that d;, = 0
for some ig € {0,...,n — 2}, i.e., G0 has finite index in GU0); then, if L;
denotes the Z,-Lie lattice corresponding to G (on the same underlying set),
we have that Lio+1 = Lig41 ®z, Qp = L, Rz, @p = £, from which Lio+2 =
[Lig+1, Lig+1] = [Ligs Liy) = Lig+1 and, inductively, £;1r = £, # 0 for every
k > 0, in contradiction with the fact that, by Theorem 3.3.4, £y is soluble.

Now we consider the isolator of G' in G, i.e., the group Hy = isog(G’) =
(g€ G|3keN: g € @) It can be shown that isog(G’) is a normal closed
subgroup of G and that the index of G’ in isog(G’) is finite. Moreover, as G’
is a closed subgroup of G and G is saturable, isog(G’) is saturable (see [GSK],
Section 3). It is clear from the definition that isog(G’) is the maximal subgroup
of G containing G’ such that its quotient by G’ is finite; hence Hy /G’ = Fy and
G/H = Zgo. We now consider Hj. For the same reason as before, since H; is a
saturable soluble group, we have that the quotient Hy/H] is infinite. Therefore
we can consider the proper subgroup of H; given by Hj := isoy, (H}), that is a
normal closed saturable subgroup of H; such that H;/Hs is abelian torsion-free.
We now iterate the same process for every i > 2 by setting H; := isogy, , (H[_;).
Every quotient H;/H;; is an abelian torsion-free group. Furthermore, as G has
finite dimension, this process must terminate in a finite number of steps. If H,, 1
is the last non-trivial group in this series, then H,,_1 must be torsion-free as G
is torsion-free.

Thus we obtained a finite chain

l=Hy,<...<Hy<H <H:=G, (3.1)

where all the quotients H;/H;11 are abelian torsion-free, hence right-orderable.
By using repeatedly Lemma 3.2.15, which states that extensions of right-orderable
groups are right-orderable, we finally get that G is right-orderable. 0

Remark 3.3.6. In general, the groups H; in the previous proof differ from the
derived subgroups G@. For example, consider the Zy-Lie lattice given by L =
Zpx + Lpy + Zyz with Lie bracket [z, y]ie = p*z for some integer k > 1. It is clear
that L is a powerful Z,-Lie lattice and therefore it is associated to a uniform pro-p
group G. Here [L, L] = p*(z), hence, by Theorem 3.3.4, G/G' = Z, x Z, x Z./p*Z.
Therefore Hy = (z) # <2pk> = G, where Z is the element corresponding to z under
the Lie correspondence.

However, if we set K; := isogG’ and K; := iso Ki—lG(i) = isoeG® for each
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2 <1 <n, then K; = H; for each 7, hence in particular m = n, i.e., the number
of steps in the series (3.1) is the same as the derived length of G. This can be
proven by induction. For ¢ = 1 the groups H; and Kj coincide by definition.
Assume now that Hy = K, for some integer ¢ > 1. By using Theorem 3.3.4
one can show that K;/Ky.1 = Hy/Kyy1 is torsion-free abelian, from which it
follows that Hyy; C Kyiq as, by definition, Hy/Hy11 is the biggest torsion-free
abelian quotient of Hy. Conversely, from Hy = K, = isoKeilG(e) D G® one has
G = (W) C Hj and therefore Ky 1 = isox, (GYV) Cisom, H) = Hyy ;.

Corollary 3.3.7. Let H be a virtually soluble subgroup of a saturable pro-p group
G. Then H is right-orderable.

Proof. Since the closure of H in G is again a virtually soluble group, we can
assume that H is closed. By [GSK], Proposition 3.2, the isolator isog(H) of H
in G is saturable and [isog(H) : H| < oco. It follows that isog(H) is a saturable
virtually soluble group, hence right-orderable by the previous proposition. O

Corollary 3.3.8. Let G be an extension or an arbitrary direct product of virtually
soluble subgroups of saturable groups. Then G is right-orderable, hence has the
unique product property.

For example, pronilpotent groups whose Sylow subgroups are virtually soluble
subgroups of saturable groups are right-orderable.

Remark 3.3.9. By construction, the subgroups H; in the series (3.1) in the
proof of Theorem 3.3.5 are convex with respect to the right-order constructed
(see remark after Proposition 3.2.18). Moreover, it is easy to see that the series
obtained by the chain of subgroups H; is normal.

Recall that a group G is said to be locally indicable if each non-trivial finitely
generated subgroup of G admits a non-trivial homomorphism onto (Z, +). Being
locally indicable is equivalent to admitting Conradian orders ([DNR], Theorem
3.2.3). A right-order < is said to be a Conradian order (or C-order) if, for all posi-
tive elements g, h in G there exists a natural number n such that h"g > h. We will
say that a group that possesses Conradian orders is Conradian-orderable. The
property of being Conradian-orderable is weaker than bi-orderability and stronger
than right-orderability (for examples of right-orderable but not Conradian-orderable
groups, see [DNR], page 94; an example of a Conradian-orderable but not bi-
orderable group is given in [BMR], Example 7.5.4). However, for amenable groups
the following result of Morris-Witte holds (see [DNR], Theorem 4.1.3, and [Mo]).

Theorem 3.3.10 (Morris-Witte; [Mo], Theorem B). Right-orderable amenable
groups are locally indicable. In particular, amenable groups are locally indicable
(or, equivalently, Conradian-orderable) if and only if they are right-orderable.

Since virtually soluble groups are amenable, the following holds.

Corollary 3.3.11. Virtually soluble subgroups of saturable pro-p groups are lo-
cally indicable or, equivalently, Conradian-orderable.

Note that this result follows also directly from the fact that a virtually soluble
subgroup G of a saturable pro-p group possesses a finite chain as in (3.1). Indeed,
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intersecting any non-trivial finitely generated subgroup K of G with such a chain,
one gets that K has a non-trivial torsion-free abelian quotient.

In light of Theorem 3.3.5, it is natural to ask whether there are soluble torsion-
free pro-p groups of finite rank other than soluble saturable pro-p groups that are
right-orderable. If we consider the pro-2 completion of the group G2 in Example
3.2.3, we get a torsion-free ([CBKL], Corollary 2.3) pro-2 group of finite rank
that is not right-orderable, as it does not possess the unique product property.
Therefore we cannot expect that all soluble torsion-free pro-p groups of finite
rank are right-orderable. However, Example 4.2 in [GSK] shows that the soluble
torsion-free p-adic analytic pro-p group given by

G = (a) X (T1,...,2p_1) = Lp X Zgil,

with action

€Z;

o JTiTip1, f1<i<p-—2
Tpaf, ifi=p-—1

is not saturable. Nonetheless, as G is the extension of two torsion-free abelian
groups, G is right-orderable.

Looking at these examples and at the proof of Theorem 3.3.5, it seems that
the fact that closed subgroups of a given finitely generated soluble pro-p group
G have infinite abelianisation is related with the fact that G is right-orderable,
or, equivalently (by Theorem 3.3.10), locally indicable. Moreover, in the abstract
setting, by definition a group is locally indicable if and only if each of its finitely
generated subgroups has infinite abelianisation. The analogous situation in the
pro-p setting would be that each non-trivial closed subgroup of the given finitely
generated pro-p group has infinite abelianisation. It is not clear whether the
latter condition is stronger than local indicability. In particular, we prove that
the fact that all closed subgroups have infinite abelianisation is equivalent to
local indicability plus an extra condition, that seems to be the analogue to the
Conradian property of convex jumps in the profinite setting (see Theorem 3.3.12).
It is not immediately apparent whether this extra condition is already implied by
local indicability. We will prove that, in fact, it is in the special case of metabelian
pro-p groups of finite rank (see Corollary 3.3.19).

In order to understand this condition and our statement, recall that, if G is a
right-ordered group with order <, then the convex subgroups of G relative to <
are linearly ordered by inclusion, i.e., if C' and D are convex subgroups of G with
respect to <, then either C' C D or D C C. Moreover, arbitrary intersections
and unions of convex subgroups are again convex subgroups ([BMR], Section
7.2). Finally, let C' and D be convex subgroups of G, and assume without loss of
generality that C C D. Then the pair (C, D) is called a convex jump if C # D
and there is no convex subgroup strictly contained between C' and D. An order
is a Conradian order if and only if the following property regarding convex jumps
holds true: if (C, D) is any convex jump relative to the given order, then C'< D
and D/C' is isomorphic to a subgroup of the additive group of the reals, hence it
is in particular torsion-free abelian ([BMR], Theorem 7.4.1, (4)).

Finally, note that, since we are dealing with finitely generated profinite groups,
we always consider the topological abelianisation G'/G’ of a given finitely gener-
ated group G. Indeed, in this case the abstract commutator subgroup G’ is au-
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tomatically closed and therefore G’ = G’ ([Se], Corollary 4.7.3). This is generally
not the case for non finitely generated profinite groups.
We can now state the following result.

Theorem 3.3.12. Let G be a soluble profinite group with the ascending chain
condition on closed subgroups. Then the following are equivalent:

1. G is torsion-free and, for every mon-trivial H <. G, the abelianisation
H/H' is infinite;

2. G is locally indicable and, for every H <. G, there exists a Conradian
order on H such that the mazimal proper closed convex subgroup C of H’
is normal in H' and the quotient H'/C' is torsion-free abelian.

Note that whenever we talk about local indicability, even in the context of
profinite groups, we always consider abstractly finitely generated subgroups. It
remains open to investigate whether a characterisation of right-orderable, or,
equivalently (by Theorem 3.3.10), locally indicable soluble pro-p groups of finite
rank can be established (see Section 3.6 for more open questions).

The proof of the theorem relies on the following

Proposition 3.3.13. Let G be a profinite group with the ascending chain condi-
tion on closed subgroups and let K be a finite index subgroup of G. Assume that
there exists a Conradian right-order < on G such that the mazximal proper closed
convex subgroup C of K with respect to < is normal in K and the quotient K/C
is non-trivial and torsion-free abelian. Then the abelianisation of G is infinite.

The proof of this proposition is a slight modification of the proof of a result
of Rhemtulla, that we write for completeness (see Theorem 3 in [R] and Theorem
7.5.10 in [BMR]). We will need the following property of Conradian orders.

Lemma 3.3.14 ([BMR], Theorem 7.4.1, (2)). Let G be a Conradian-orderable
group and let < be a Conradian order on G. Then, for all x,y in G with y >
x > 1, there exists a positive integer m such that zy™z~' > y.

Proof of Proposition 3.3.13. The group G is torsion-free. If G is abelian there is
nothing to prove, so assume that the derived subgroup of G is non-trivial. As,
by hypothesis, K/C' is non-trivial and torsion-free abelian, the subgroup K has
infinite abelianisation. Let I := isox K’. Then K/I is a non-trivial torsion-free
abelian group.

Now assume by contradiction that G/G’ is finite and let 1 = x1 < z2 <
.-+ < x, be representatives of the cosets of K in G. Let 7 : G — K/I be the
transfer map (see [Ro], Section 10.1). As K/I is torsion-free abelian and the
abelianisation of G is finite, the map 7 must be trivial.

Assume that there exists ¢ € K such that ¢ > x,. Then ¢ > x; > 1 for all
i € {2,...,n} and therefore gaz:l-_1 > 1 for all such i. From z; > 1 we get gxfl =
:Eigaci_l > gxi_l > 1, thus 912_19933_1 > g“s_l > 1 and so on until gxzjl...ga”’:1 > 1.
Therefore,

Moreover, as 7 is trivial, gxgl .. .g”glg el
We now show that such an element g exists. Because of Lemma 3.3.14, if z is any
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positive element in K with z < x,, then there exists a positive integer m such
that zz2~1 > z,,. We now show that g can be taken to be a power of zz2~1.
Claim. There is a positive integer N such that zzY 2! € K and z2) 27! > z,,.

Proof of Claim. We know that zx™z~! > x, > 1. Let N be any multiple of
n = [G : K] such that N > m. Then, as N is a multiple of n, the element

zzl¥271is in K. Moreover, as N > m, one has zxy ™27 > 1 and therefore
2Nl = (2l 7MY (zame ) > 22T > g,

O]

We can therefore assume that in a suitably chosen set of generators of K, we can
find an element g greater than x,.

Let g1 < g0 < --- < g = g be such generators, with ¢ > x,. Let D be a
closed convex subgroup of K containing g. By convexity, D must contain every
gi, for i € {1,...,1}, and therefore D = K. Now let C' be the union of closed
convex subgroups of K not containing g. As the convex subgroups form a chain
and G has the ascending chain condition on closed subgroups, this union is over
finitely many terms and therefore a closed convex subgroup. It follows that C
is the maximal closed convex subgroup of K and does not contain g. Therefore
C=C.

By hypothesis, C' is normal in K and K/C' is abelian torsion-free. Therefore,
I C C because I is the smallest closed subgroup of K such that K / I is abelian
torsion-free. It follows from g%z .. g"””" g>g>1and g™ 2 gx" g € I that g
belongs to C', which yields the required contradiction.

O

In order to prove Theorem 3.3.12 we will also need the following result, stating
that the extension of a Conradian order by a Conradian order is Conradian.

Lemma 3.3.15. Let G be a an extension of N by K, where both N and K have
a Conradian order. Then the extension of the order on N by the order on K,
given as in the proof of Lemma 3.2.15, defines a Conradian order on G.

Proof. We will use the fact that a right-order on a group G is a Conradian order
if and only if, for all positive elements z, y in G, y*x > y ([DNR], Proposition
3.2.1.). Let i : N — G be the inclusion map, p: G — G/N = K be the projection
map and <y and < the given Conradian orders on N and K respectively. Recall
from Lemma 3.2.15 that the extension of <y by < is the right-order < on G
defined in the following way. Let x, y be two elements of G.

1. If p(z) # p(y) then z >y if p(x) >k p(y) in K;

2. If p(x) = p(y) then there exists a unique element n € N such that i(n) =
zy~'. Weset x >y if n >y 1y in N. By slight abuse of notation we will
just write zy~! >x 1x in this case.

We verify that this right-order is Conradian. Let x and y be positive in G with
respect to <. We distinguish two cases.
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1.

Assume that p(y?ry~!) # 1x. If also p(z) and p(y) are different from
1x then p(x) >k 1g and p(y) >k 1lx by definition of <. Therefore
p(z) and p(y) are positive elements in K and, since <k is Conradian,
p(y)*p(x)p(y) ™! >k 1k, from which y?zy=! > 1. If p(z) >k 1k but
p(y) = 1k, then p(y)*p(z)p(y)~" = p(z) >k 1x. Similarly, if p(z) = 1k
and p(y) >k 1k, then p(y)*p(z)p(y)~' = p(y) >k 1k. Finally, if both
p(z) = p(y) = 1k, then also p(y?zy~!) = 1k, a contradiction.

. Now consider the case p(y?zy~!) = 1g. If both p(z) = p(y) = 1x then

x >y Iy and y >n 1y and we can again use the fact that <y is Conradian.
Also, if one of p(z) and p(y) is equal to 1x, from p(y?zy~!) = 1k it follows
that also the other is equal to 1. Finally, if both p(z) # 1x and p(y) # 1k
then, from the fact that <y is Conradian, we would get p(y)*p(z)p(y) ™! >k
1x, a contradiction.

O

Proof of Theorem 3.3.12.

1. = 2.

Let H be a closed subgroup of G. By using the same argument of the proof
of Theorem 3.3.5 we get that H has a finite subnormal series

1=H,<---<H{<Hy=H,

where H; := isoy, ,H]_; for each i € {1,...,m}. As this is in particular
true for G, it follows as before that G is locally indicable. As each quotient
H;/H; 4 is Conradian-orderable, we can construct a Conradian order < on
H using Lemma 3.3.15. Note that, with respect to this order, Hy = isoy, H]
is convex in H;. Moreover, as Hs is normal in H; and H' is contained in Hy,
also Hy N H' is normal in H'. Now H'/(H' N Hy) =< H'Hs/Hy < Hy/Hs is
abelian torsion-free and ordered. Therefore H' N Hy < H' is a closed convex
subgroup of H' with respect to <. (Alternatively, one can observe that, as
H' C H, and Hs is convex in Hy, then H' N Hs is convex in H' by definition
of convex subgroup.) It follows that the maximal closed convex subgroup
C of H' with respect to < contains H' N Hy. Therefore C' is normal in H’
and H'/C is torsion-free abelian.

. Let H be a closed subgroup of G' and assume that H' has finite index in

H. Then, if we apply Proposition 3.3.13 with K = H’, we obtain that G
has infinite abelianisation, a contradiction.

O]

Corollary 3.3.16. Let G be a torsion-free soluble pro-p group with finite rank.
Then the following are equivalent:

1.

for every closed subgroup H <. G the abelianisation H/H' is infinite;

2. G is locally indicable and, for every H <. G, there exists a Conradian

right-order on H such that the mazimal proper closed convex subgroup C of
H' is normal in H' and the quotient H'/C' is abelian torsion-free;
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3. every closed subgroup of G admits a finite subnormal series whose factor
groups are isomorphic to Zi,.

Proof.

1. < 2. Since a pro-p group with finite rank satisfies the ascending chain condition
on closed subgroups (see [W1], Chapter 8, Exercise 8 (c) or [K1], Section 5.8),
this equivalence was already proved in the previous theorem.

3.= 1. If H is a closed subgroup of G and admits such a subnormal series then
H has infinite abelianisation.

1. = 3. Let H be a closed subgroup of G. Under this hypothesis we can perform
the same procedure carried out in the proof of Theorem 3.3.5 i.e., take Hy :=
isogH' and, for ¢ > 2, H; :=isoy, ,H]_ ;. As G has finite rank, this subnormal
series must terminate in a finite number of steps. All of its quotients are torsion-
free finitely generated abelian pro-p groups and therefore this series can be refined
to a finite one where each quotient is isomorphic to Z,. O

Remark 3.3.17. Before going further we note that, at least in some cases, insol-
uble pro-p groups of finite rank cannot be locally indicable because they contain
a subgroup with property (T) (see [Mar], Chapter 3 or [Z], Section 7.1). For
example, I' := SL4(Z) is a lattice in SLg(R) ([Be], Section 2, Example 1.1). If
d > 3, then, by [Z], Theorem 7.1.4, I has property (T) and therefore also its
finite index subgroups have the same property. Moreover, a discrete group that
possesses property (T) has finite abelianisation ([Z], Corollary 7.1.11). In partic-
ular, any finitely generated subgroup of finite index in I" has finite abelianisation.
Since I' < SL4(Z,), it follows that, for d > 3, the insoluble pro-p group of finite
rank SL}Y(Z,) cannot be locally indicable.

Going back to local indicability, in the special case when G is metabelian we
can say more.

Proposition 3.3.18. Let G be a metabelian right-orderable profinite group with
the ascending chain condition on closed subgroups. Then the abelianisation of G
is infinite and there exists a Conradian right-order on G such that, if C' is the
mazimal proper normal closed convex subgroup of G, then the quotient G/C' is
torsion-free abelian.

Proof of Proposition 3.3.18. Let n be the derived length of G. If n = 1 then G
is abelian and there is nothing to prove because all right-orders on an abelian
group are bi-orders, hence in particular Conradian.

Let then n = 2; we first prove that the abelianisation of G is infinite. As
G is soluble and right-orderable, it is Conradian-orderable by Theorem 3.3.10.
Therefore we can fix a Conradian order < on GG. Assume by contradiction that
G/G' is finite. As G’ is abelian, the maximal proper closed convex subgroup D
of G’ with respect to the restriction of < is normal and this implies that G'/D
is torsion-free abelian. Therefore, applying Proposition 3.3.13 with K = G, we
conclude that GG has infinite abelianisation.

Now we show that there exists a Conradian order on G with the properties
claimed in the statement. We consider the proper closed subgroup of G given by
I := isogG’. As G/I is an abelian torsion-free group, we can fix a Conradian
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order <* on G/I. Also, the restriction of the Conradian order < of G to I is still
Conradian. The extension <’ of <|; by <* is Conradian by Lemma 3.3.15 and I
is convex in G with respect to <’. Thus, if C'is the maximal proper normal closed
convex subgroup of G, then I C C' and therefore G/C' is torsion-free abelian. []

Corollary 3.3.19. Let G be a metabelian profinite group with the ascending chain
condition on closed subgroups. Then the following are equivalent:

1. G is torsion-free and, for every H <. G, the abelianisation H/H' is infinite;
2. G is locally indicable.
Proof.
1. = 2. This follows from Theorem 3.3.12.

2. = 1. Every closed subgroup H of G is again a locally indicable metabelian profi-
nite group with the ascending chain condition on closed subgroups. There-
fore, by Proposition 3.3.18, the abelianisation of H is infinite.

O]

We conclude this section with two examples in which we use the result in The-
orem 3.3.5 to construct some pairs of sets in the congruence subgroups SL%(ZP)
(with ¢ any positive integer) that have a unique product element. Similar exam-
ples can be more generally obtained in pro-p Chevalley groups (see the beginning
of Section 3.4 and [BJZK], Proposition 4.1). Recall that every element in SL5(Z,)
can be written in a unique way as an element of the form xhy, where x, h and y
are in SLé(Zp), x is an upper unitriangular matrix, h is a diagonal matrix and y is
a lower unitriangular matrix. Also, every element in SLS (Zy) can be written in a
unique way as an element of the form §hZ, where #, h and § are in SLg (Zp), yis a
lower unitriangular matrix, & is a diagonal matrix and Z is an upper unitriangular
matrix.

Example 3.3.20.

1. Let A = {x1hy1,...,2nhpyn} and B be two finite non-empty sets in
SLg(Zp) and assume that y; = y; for all i € {1,...n}; call y this common
value. In this example we show that A - B has a unique product element,
i.e., that there exists at least one element in SLg(Zp) that can be written
in a unique way as a product of an element of A and an element of B.
Here by A - B we mean the list of all products of the form ab, with a € A
and b € B, possibly with repetitions, i.e., there might be a # a/ in A and
b # b in B such that ab = a’t/, but both products would be listed in A - B,
as ab and a'b’ respectively.

Set A’ := Ay~! and B’ := yB; then A’ contains only upper triangular
matrices, while B’ can be partitioned as B’ = X3, U- - - U X, where k is
some index, Xi,..., X} are sets containing upper triangular matrices and
U1, -, Yy are lower unitriangular matrices with y; # g, for all ¢ # j. This
partition of B’ comes from the fact, recalled above, that every element in
SL5(Z,) can be written as a product of three matrices in SL5(Z,), namely
an upper unitriangular matrix, a diagonal matrix and a lower unitriangular
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matrix.

Note that A-B = A’- B’ and that, ifa € Aand b € B, thenay™'-yb=a-b
is a unique product element for A’ and B’ if and only if it is a unique prod-
uct element for A and B. Therefore it is enough to consider A" - B'.

As we proved that soluble uniform groups are unique product groups, for
each pair of sets (A, X;) (i € {1,...,k}) we can find a unique product
element w; = d’z in A" - X;. Now w;y; # r;y; for each r; € A" - X; \ {d'x}
because u; = a’x is a unique product element. Also, u;g; # xy; for each
Jje{l,...,k}\ {¢} and every x € X because these two elements have a
different lower unitriangular part. Therefore, each u;¥; is a unique product
element for A’ and B’, hence for A and B. Analogously, one could consider
two sets A and B such that all the upper unitriangular parts of the elements
in B coincide.

. Let A ={z1h1y1,...,zphpyn} and B = {y{h}z}, ... ,y.hl.2z.} be two finite
non-empty sets in SLY (Zy) and take the two sets A’ and B’ obtained from
A and B by considering just the lower unitriangular parts of the elements
of Aand B: A" ={y1,...,yn} and B' ={y},...,y.}.

Claim 1. Tf the two sets A’ and B’ have 1 as a unique product element
obtained by y; = 1 and y} = 1, then also A and B have a unique product
element.

From this we will deduce that any normal open subgroup of SL (Zy) con-
tains at least two sets with a unique product element that are not contained
in a soluble subgroup of SL5(Z,).

Proof of Claim 1. Note that some of the terms in A’ and B’ may be re-
peated in the original sets A and B but we consider them just once in A,
B’. Also, if A" and B’ are trivial there is nothing to say (we are in the
soluble case since all elements in A and B are upper triangular).

By using UP in the soluble case, we get an element yiyg among the products
of the elements of A’ and the elements of B’ that can be written in a unique
way as the product of an element of A’ by an element of B’. Without loss
of generality, we can assume, by reordering if necessary, that this element
is y191-

Let I := {i1,...,iq} be the set of indices i such that y; = y; = 1. Note
that I contains at least 1. Then we must have z; h;, # x; h;, for every pair
of distinct indices 4, and iz in 1.

In a similar way define J := {j1, ..., je}, where y; =y;=1forall jeJ.
Consider the elements among the products of elements of A and elements of
B of the form z;h;h;x); with i € I and j € J (There is at least x1h - hjz1).
We claim that one of these elements is the required unique product.

By using UP in the soluble case, we can find an element z;,h;,h; 2}, with
igp € I and jy € J that gives a unique product among the elements of this
form. Moreover, this element must be different from all other products
(xihiy) (Yl hlyxr,) with 1 ¢ T or m ¢ J. Indeed, since 1 is a unique product
with respect to A’ and B’ and because of the definitions of I and J, all
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these elements satisfy y;y,, # 1. Hence, if we rewrite y;y;,hy, 27, as Zhy for
some upper unitriangular matrix &, diagonal matrix h, lower unitriangular
matrix ¥ in SL%(Z},), the lower unitriangular matrix ¢ is non-trivial. Thus
(xihyy) (Yo, hh,2h) = (xphy)Zhy is an element with non-trivial lower unitri-
angular component, thus it cannot be an upper triangular matrix.

It follows that x;,hi,hj 2}, is a unique product element for A and B. [
Now consider the initial situation where A = {z1hiy1,...,zyh,y,} and

B = {y\hjx}, ... yLhlal} are two finite non-empty sets in SL5(Z,) and A’
and B’ are the set obtained from A and B by considering just the lower
unitriangular parts of the elements of A and B: A" = {y1,...,yn} and
B'={y},...,y.}, but without making any assumption on the value of the
unique product element of A’ and B’.

Claim 2. There exist two lower unitriangular matrices yo and g in SL(Z,)
such that yo Ay, and y(’ley(’) have a unique product element.

Proof of Claim 2. By reordering the elements of A and B if necessary, we
can assume that y1y)] is a unique product element for the sets A" and B’.
From Claim 1 it follows that the sets A(y;)~! and (y4) !B have a unique
product element. (Note that, in particular, if y; = (y1)~!, then A and
B have a unique product element. One could use the same argument by
considering the upper triangular part and conclude that A and B have a
unique product element if &} = 7 '.)

Finally, note that, if u belongs to A(y;)~! and v belongs to (y}) !B, then uv
is a unique product element for A(y;)~! and (y;)~' B if and only if yyuvy] is
a unique product element for 31 A(y1) ™! and (y}) "' By}. Therefore, yo = 1
and y(, = y} prove the claim. O

Finally we can prove:

Claim 8. Any normal open subgroup of SL5(Z,) contains at least two sets
that are not contained in a soluble subgroup of SL5(Z,) and have a unique
product element.

Proof of Claim 3. Let N be a normal open subgroup of SL} (Zy) and take
A and B any two finite subsets of N that are not contained in a soluble
subgroup of SLg(Zp). By Claim 2 there exist elements yo and y; such that
yoAyo~! and y(’)_lB’ yo have a unique product property. Moreover, they
are again not contained in a soluble subgroup of SL§(Z,) and, since N is
normal, they are contained in V. O

3.4 Non-orderability of insoluble p-adic analytic pro-p
groups

We begin this section with a remark. Let p > 2 be a prime. By Theorem
3.3.5, the subgroups T; of upper triangular matrices in the congruence subgroups
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G; = SLY(Z,) (i > 1) of SLy(Z,) are right-orderable; however, we verify that
they are not bi-orderable.
Indeed, any such matrix can be written in a unique way as

L oay(A+)7t 0\ [+t a(l+?)
01 0 1+t) 0 1+¢ )’
where a,t € p'Z, (see [BJZK], proof of Theorem 5.1).

1 o

0 1) in T;, where a’ € p'Z,~{0}; we compute

Now consider a matrix x(a’) := (

(1+t)~t 0

a matrix h(t) := ( 0 L4t

), where t € p'Z,, such that h(t) "tz (a’)"1h(t) =
z(a/)P' L,

This gives the required contradiction: if 7T; is bi-orderable and z(a’) > 1 then
z(a)P"~1 > 1 but h(t)"tz(a’)"1h(t) < 1; the case x(a’) < 1 is analogous.

We have )
W) La(a) " h(t) = (é ety )

o1 (1 (0t —=1)d
x(a') 1—<0 b 1 )

Thus we have to solve the equation

and

t2 4+ 2t +p' =0,

which has a unique solution in p’Zp, obtained by applying Hensel’s Lemma to
the approximate solution ¢ = —p’/2 modulo p?.

This implies that subgroups of SLa(Z,) of finite index cannot be bi-ordered as
any such subgroup contains a principal congruence subgroup Gj;.

More generally, we can deduce from this that also compact p-adic Chevalley
groups are not bi-orderable. Here we recall briefly the idea of the construction of
such groups; for more details see [C]. Given a crystallographic root system ¢ and
a complex semisimple Lie algebra £ of type ®, one considers a Chevalley basis B
of £ and takes the Z-linear span £z of B. Tensoring £ by the valuation ring R
of a non-archimedean local field of characteristic 0 and residue field characteristic
p, one obtains an R-Lie lattice £r := R ®yz £7. The Chevalley group of type ®
over R is then constructed as the subgroup of Aut(£r) generated by the union
of the root subgroups. It turns out that any compact p-adic Chevalley group
has a subgroup commensurable to SLa(Z,) (see [BJZK], Proposition 4.2), and
therefore it cannot be bi-ordered.

The same reasoning can be applied also abstractly to all non-abelian uni-
form pro-p groups of rank 2. Indeed, let G be such a group. By Exercise 13
in [DDMS], Chapter 4, we get that G has a unique normal procyclic subgroup
N with procyclic quotient G/N (compare also with [GSK], Section 7.1, where
uniform pro-p groups of dimension 2 are classified). Let x be a generator of N
and zN a generator of G/N; then, since N is normal and procyclic, we have that
z"lzz = 2 for some X\ € Z, (see [RZ], Lemma 4.1.1, for the meaning of the
power z* with A € Z,). Since G is uniform, [N,G] C GP N N = NP, and then

105



22 = [z,271] = 27 aza™! € [G,N] € NP, so 22! = 2*° for some integer
e > 1 and some p € Zy; hence A = 1+ up®. Now there exists 7 € Z,, such that
A" =1—p° hence 2 Tzz" = 2*" = x'7P°. Since 1 — p° < 1 this proves that G is
not bi-orderable, as no order would be preserved by conjugation.

Note that, if G is a non-abelian uniform pro-p group of rank 2, then G is non-
nilpotent, since all nilpotent uniform pro-p groups of rank 2 are abelian; hence
this is not in contradiction with the fact that torsion-free nilpotent groups are
always bi-orderable (see [DNR], Section 2.1).

By using Corollary 1.7 in [KS], we also get that if p > 3 and G is a non-nilpotent
saturable pro-p group with d(G) = dim(G) = 2, then G is uniform and so non
bi-orderable by the previous remark.

It is therefore natural to investigate what happens in the general case. In this
section we show that insoluble p-adic analytic pro-p groups are not bi-orderable.
We already noted that some of these groups are not locally indicable (see Remark
3.3.17). However, we present here a more direct proof that holds for all insoluble
p-adic analytic pro-p groups, does not depend on property (T) and requires some
tools that are interesting in their own right. To this aim, we first deal with
just-infinite insoluble pro-p groups and we prove that in such groups it is not
possible to find subsemigroups with the properties of the positive cone of a bi-
order. Recall that just-infinite pro-p groups are infinite pro-p groups all of whose
proper quotients are finite (see Definition 2.4.12). One can show that just-infinite
pro-p groups are always finitely generated (see [K1], Exercise 9.4).

Proposition 3.4.1. Let G be a just-infinite insoluble pro-p group. Then every
non-trivial normal subsemigroup of G is an open normal subgroup of G.

Remark 3.4.2. Compare with [JZ], Proposition 1.1: Let G be a just-infinite
pro-p group. Then G is insoluble if and only if every non-trivial abstract normal
subgroup of G is open. This result yields that insoluble just-infinite pro-p groups
are also just-infinite as abstract groups.

Before proving this proposition we need a standard lemma; we present the
proof for completeness (see for example [Wr], Theorem I).

Lemma 3.4.3. Let S be a closed non-empty subsemigroup of a profinite group.
Then S is a group.

Proof. We start by proving the so-called Ellis-Numakura lemma, that states that
a compact Hausdorff non-empty semigroup 7" such that the product is continuous
has at least one idempotent element, i.e., an element x such that 2> = z. By
applying Zorn’s lemma to the family of non-empty compact sub-semigroups of T’
we can find a minimal subsemigroup in this family, with which we can replace
T. Take x in T and consider the set Tx. As the product is continuous, Tz is
again compact and is clearly a semigroup contained in T'. By minimality we can
therefore conclude that Tx = T. In particular, the subset A of T containing
elements y that satisfy yx = x is not empty and forms a compact subsemigroup
of T (it is the inverse image of the closed set {z} under the continuous map
T — T that maps any y in T to yz). Again by minimality we can conclude that
A =T and therefore A contains z, hence z? = z.
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Now consider S: being closed in a compact Hausdorff group it is compact
and Hausdorff and its operation is continuous since it is inherited by the one in
the topological group. For the same reason the only idempotent contained in
S is the identity. Therefore, applying the Ellis-Numakura lemma we find that
S contains the identity, hence it is a group. Indeed, for every z € S, xS and
Sz are compact Hausdorff non-empty semigroups and therefore, by using the
Ellis-Numakura lemma, they contain the identity. O

Proof of Proposition 3.4.1. Let S be a normal subsemigroup of G and let T" be
its closure in G (i.e., the smallest closed subsemigroup of G containing S).
Since, as we have seen in the previous lemma, a closed subsemigroup of a profinite
group is a group, 1" is actually a closed normal subgroup of G.
Hence T' = (S )gemigp = (S). Since G is just-infinite, T has finite index in G,
thus it is open (as it is closed of finite index). Since G is finitely generated, there
are elements x1,...,24 € S such that T = (z1,...,24).

Since G is insoluble, the commutator subgroup [T, 7] is open. Indeed, there
are two possibilities:

1. [T,T] = 1 implies that T is abelian. Since moreover G/T is a finite p-group
(hence nilpotent), G is soluble in this case, a contradiction.

2. [T,T] # 1. The commutator subgroup [T,T] is a closed subgroup of G
because T is a finitely generated pro-p group, [T, T] is closed in T and T is
closed in G. Hence [T, T] is open in the just-infinite group G.

We claim that xgzg_1 -+ 21 [T, T] C 2T 23 - - - 2T C S; more precisely, we prove
by induction on d > 1 that

hay ey’ teey eyt ot
I’d(lﬁdil..-xl[[]ﬁl,tﬂ-..[a?d,td] = Ty xd .
Indeed, recall that every element of [T,T] is of the form [z1,t1]---[zq,tq] for

ti,...,tq elements of T' (Proposition 1.2.2). For d = 1 one has
QS‘1[$1, tl] = .CI}? .
Suppose now that the formula holds for d — 1, i.e.,

1 -1 -1 -1
Ty "y g taTg Ty ta—1

T41%d—2 - w1z, ] [Za—1,ta—1] = 2 Tq Tyl

For every integer m with d > m > 1, set y,,, := xqxq—1 - - . With this notation
our claim becomes

tiyy t toys?
Y1 [xlu tl] s [xd, td] = x11y2 ;522y5 .. "Tild'

We have
_ tiyy 'wa_toys 'wa ta 1
yilrr, t] - [za, ta] = 242y o Ty [Ta, td]
—1 —1
tiy, 'Ta 1 toys ‘T4 — ta_1 —1\ tg
= (zq2 zg ) (zazy Tg ) (Xarg T )Ty
—1 —1
_ tlyg t2y3 td
= xl x2 oo :L’d .
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Since [T, T] has finite index in G, there exists k € N such that the element
(xgrg—q - :L'l)pk belongs to [T, T], from which it follows that

k
[Ta T] = (mdxd—l T xl)p [T7 T]
= (zqzq_1 - 31)"  wgrg_y-- 21 [T, T]

k—1
C (zgrgr---x)? al...2l C8.

Now, let S/[T, T| denote the quotient semigroup with respect to the semigroup
congruence relation ~ defined by s; ~ so if and only if there is an element ¢ €
[T, T] such that s; = sat. Recall that a semigroup congruence on the semigroup
S is an equivalence relation ~’ such that, if s, s9, s3, 54 are elements of S such
that s1 ~' s9 and s3 ~' s4, then s1s3 ~' s9s54. It is clear that ~ is an equivalence
relation and, if s; ~ sy and s3 ~ s4 then there exist t1,ts in [T, 7] such that
s1 = sot; and s3 = sgta. Then s153 = sot1Sata = Sas4tste for some t3 € [T,T]
and so sysg ~ sasq. Hence S/[T,T] is a subsemigroup of G/[T,T], which is a
finite group. Since a semigroup in a finite group is a group, S is a group and it
contains the open subgroup [T, T, from which we can deduce that S is an open

normal subgroup of G.
O

Corollary 3.4.4. Let G be a just-infinite insoluble pro-p group. Then G is not
bi-orderable.

Proof. Assume that G is bi-orderable and let .S be the subsemigroup of positive
elements of G. Since S is normal, by the previous proposition S is a subgroup
of G. This yields a contradiction as, if x € S, then > 1 and ™! < 1 cannot
belong to S. 0

Corollary 3.4.5. Let G be a non-soluble p-adic analytic pro-p group. Then G is
not bi-orderable.

In order to prove this corollary, we need to use the Lie correspondence between
uniform pro-p groups and powerful Z,-Lie lattices. Recall from Chapter 1, Section
1.3 that, if G is a pro-p of finite rank and U is any of its open uniform subgroups,
then the Q,-Lie algebra associated to G is given by £ := L(U) ®z, Qp, where
L(U) is the powerful Z,-Lie lattice associated to U. For proving our result we
will need the following

Proposition 3.4.6. Let G be a non-soluble pro-p group of finite rank and let
9 be a simple Lie subalgebra of the Lie algebra associated to G. Then G has a
uniform subgroup H which is non-abelian just-infinite and whose associated Lie
algebra is 9.

Proof. Let U be a uniform open subgroup of G and L(U) the corresponding Z,,-
Lie lattice. The intersection L(U) N$ =: L is a non-empty Z,-Lie lattice such
that L ®z, Q, = $. As recalled in Chapter 1, Section 1.3, if p is odd (if p = 2
respectively), then p (respectively 4L) is a powerful Z,-Lie sublattice of L(U) and
therefore corresponds to a uniform subgroup H of U. The Lie algebra of H is
Ly =pL®z, Q, = L®z, Qp =9 (respectively, 4L ®z, Q2 = $) and is therefore
simple.
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We now show that H is just-infinite. If this was not the case, we could find a
closed normal subgroup N of H of infinite index. Consider the powerful pro-p
group H/N. By Theorem 1.3.12, the torsion subgroup 7'/N of H/N is a finite
characteristic subgroup and % = H/T is uniform. As both H and H/T are
uniform, by Theorem 1.3.14, T is a normal uniform subgroup of H of infinite

index and L(T) is a Z,-Lie ideal of L of infinite index. Then £7 = L(T) ®z, Q,
is a proper ideal of £y = $, which contradicts the fact that $ is simple. O

Proof of Corollary 3.4.5. Let U be a uniform open normal subgroup of G and let
£:=L(U) ®z, Qp be the Lie algebra associated to G. By Levi’s decomposition
theorem ([Serrel], Part I, Chapter VI, Corollary 4.1), £ = $ x R, where §) is a
non-trivial semisimple Lie subalgebra of £ and R is the soluble radical of £. Then
£ can be written as H = H1 B ... D Hyn, where each $; is a simple Lie algebra
([Serrel], Part I, Chapter VI, Corollary 2.1). For each i, set L; := $; N L(U).
By the previous proposition, each pL; corresponds to a non-abelian just-infinite
subgroup H; of G. As, by Corollary 3.4.4, each H; is not bi-orderable, we can
conclude that G is not bi-orderable. O

Remark 3.4.7. By using some of the previous arguments, we can conclude that
any bi-orderable finitely generated pronilpotent group has infinite abelianisation.
Indeed, let G be a bi-orderable finitely generated pronilpotent group, with gen-
erators x1, ..., x4 chosen to be positive for a fixed bi-order on G. Let S be the
normal subsemigroup of GG generated by x1, . ..,xqs and T its closure. By the same
reasoning used in the proof of Proposition 3.4.1 we see that T = G. Assume that
G is non-abelian and that [G, G| has finite index in G. Again proceeding as in
the proof of Proposition 3.4.1, we can conclude that

G G G
rqrq-1--- 1[G, G] C wyxy - 1yg

N

S (3.2)
and that, for some positive integer m,
G, G] = (zgza1---21)"[G, G| = (xgwg—1 - 1) (Taa_1 -~ 11)[G, G] C

C (zgrg_1---x)" 1afa§ - 2§ C 8.

As S contains only positive elements because G is bi-orderable, we can argue as
in the proof of Corollary 3.4.4 to find a contradiction. It follows that any bi-
orderable finitely generated pronilpotent group must have infinite abelianisation.
In particular, this gives an alternative proof of Corollary 3.4.4.
(Alternatively, one can assume that G is bi-orderable and take S = P the semi-
group of positive elements of G, thus obtaining the same contradiction.)

Note that we actually proved something more, namely that, if G = [[, G,
is a bi-orderable finitely generated pronilpotent group, then G maps onto Z,
for each p such that G, is non-trivial. Indeed, each such G, is a bi-orderable
finitely generated pro-p group, hence in particular it has infinite abelianisation
and therefore it maps onto Z,. Composing this map with the natural projection
G — G, one gets the required surjective homomorphism.

Note also that, if G is a bi-orderable finitely generated pronilpotent group with

generators xy, ..., xq, by (3.2) every element of the form x4z4_1---x12 with z €
[G, G] is positive. It is clear that the same is true for any permutation of 1, ..., z4
and that, given any positive integers a1, ...,aq with a; > 1 for alli € {1,...,d},
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also z5%z;" " -+ 211G, G] = xgd_lngllfl a9 gy -2 [G,G) C P
It follows that the elements of the form z{?z;*7" -+ - 2! with the exponents «;

as before and any permutation of them are greater or equal than any element of

G, Gl

From the previous remark we can conclude that also soluble non-abelian just-
infinite pro-p groups are not bi-orderable, as bi-orderable pronilpotent groups
have infinite abelianisation. The same result can also be deduced less directly
from Proposition 6.1 in [GSK], which states that every soluble just-infinite pro-p
group other than Z, has torsion.

3.5 Orderability of pro-p RAAGs

In this section we prove that the class of bi-orderable pro-p groups contains a
large supply of interesting groups by proving that pro-p RAAGs are bi-orderable.
In particular, pro-p groups belonging to this class satisfy the unique product
property.

A right-angled Artin group (RAAG), or free partially commutative group, is an
abstract group F'(A, ) with the following presentation: let A be a finite set and
0 a symmetric and irreflexive subset of A x A (a partial commutation relation),
then

F(A,0):=(A| ab=ba, (a,b) €0). (3.3)

We note that, if we consider the limit case where § = (A4 x A) \ A(A) with
A(A) = {(a,a) | a € A}, we get the free abelian group on the set A, while, if
6 = (), we get the free group on A.

It is known that RAAGs are bi-orderable groups (see for example [R2] or [DK]).

We now consider the presentation given by (3.3) as a pro-p presentation, and
we call the pro-p group with this presentation a pro-p RAAG. This pro-p group,
that we will denote F(A,8)prop, is the pro-p completion of the abstract right-
angled Artin group F'(A4,0).

By slightly modifying one of the proofs of the bi-orderability of RAAGs given in
[DK], we prove that also pro-p RAAGs are bi-orderable.

For all the following definitions and constructions in the abstract case see [DK],
where the same are carried out for a generic non-trivial ring of coefficients.

Let A be the set consisting of the variables X1i,..., X, and let # be a sym-
metric and irreflexive subset of A x A. We consider the partially commutative
formal power series ring Zy[[X1, ..., Xp; 6], consisting of the formal power series
in the variables X1, ..., X, with coefficients in Z, where two variables X; and X;
commute if and only if (X;, X;) € 6, for 4,5 € {1,...,n}.

A series in Zp[[ X1, ..., Xp;6]] has the form S = > x AxX, where Ax € Z, and X
runs over a set of representatives of the semigroup M generated by the variables
Xi,..., X, and subject to the relations X; X; = X;X; whenever (X;, X;) € 0, for
i,j€A{1l,...,n}.

The support of such a series S is given by the set of monomials X occurring in
S with non-zero coeflicient. Given a monomial X = Xj;, --- X, the length of X

is the number of variables m occurring in X. The valuation v(S) of a series S is
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the minimal length of the elements in the support of S. Thanks to this valuation
it is possible to define a filtration on Z,[[ X1, ..., X,;0]] as follows:

VE e N, Zy[[X1,...,Xn:0lk :={5 € Zp[[ X1, ..., Xn;0]] : v(S) > k}.
The augmentation ideal of Z,[[ X1, ..., Xy;0]] is given by
M(n;0) := M(Xq,...Xn;0) :=Zp[[ X1, ..., Xn;0]]1,

i.e., by the set of series that do not have a non-zero constant term, and the
partially commutative Magnus group is defined as

Mg(n;0) = Mg(Xy,...X,;0) :=14 M(n,0),

i.e., the set of series with constant term 1, with group operation given by multi-
plication. Mg(n;#) has a filtration inherited from the valuation filtration of the
partially commutative formal power series ring; we write

Mg(nv H)k =1+ ZPHXL s >Xn; 0]]]{:

for every k > 1.

Consider the product Z;,r({l""’n}), where T ({1,...,n}) is a set of tuples of
natural numbers in {1,...,n} that is in bijection with the set of monomials of
Zp|[X1,. .., Xpn;0]] via X;, -+ X;,, > (i1,...,9m). Note that some of these tuples
are identified according to the partial commutation relation 6. For example, if X3
and X, commute, then (1,2) = (2,1). There is a map from Z,[[X1,..., X,;0]]
to Z;,r({l’“"n}) that sends a series to the sequence of its coefficients. We put on
Zpl[X1,...,Xn;0]] the topology of simple convergence of the coefficients (i.e.,
the product topology on copies of Z, indexed by monomials in the variables
Xi,...,X5); in other words, a sequence of series in Zy[[X1,. .., Xp;6]] converges
with respect to this topology if and only if, for each monomial X, the sequence
of coefficients of X converges in the product topology. Let I be the maximal
ideal of Z,[[ X1, ..., Xy;0]]. It is a known fact that the I-adic topology ([DDMS]
Chapter 6, Section 6) on Z,[[ X1, . .., X,; 0]] is equivalent to the topology of simple
convergence of the coefficients described before. We sketch the idea of the proof
of this fact for completeness.

Lemma 3.5.1. The I-adic topology and the topology of simple convergence of
the coefficients on Z,[[X1, ..., Xy;0]] are equivalent.

Proof. As the topology of simple convergence of the coefficients is the same as
the product topology on ZpT({l""’n}), a basis for this topology is given by the open
sets {U }ren, where each Uy is of the form

Uk = H ﬁl X H Zpa
=1 i=k+1

with U; open subsets of Zy. Recall that an open set in Z, is given by p™Z, for
some natural number m. When looking at series, this means that an open set
of this basis contains series with k coefficients that belong to open sets of Z,. A
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basis of open sets for the I-adic topology is given by translates of powers of I,
i.e. by the sets
{x+1" |z €Z,[[X1,...,Xn;0]],h € N}.

It is now not difficult to check that a set is open in the I-adic topology if and
only if it is open in the topology of simple convergence of the coefficients.

O

As a consequence, with the topology of simple convergence of the coefficients,
Zp|[X1,...,Xn;0]] is a complete Zy-module in the sense of Lazard, since, con-
sidered with the I-adic topology, it is a topological Z,-module that is complete
and has a basis of neighbourhoods of zero given by its open submodules (see [La],
Chapter II, Section 2, (2.2.4)). The Magnus group M g(n; #) inherits the subspace
topology, that turns it into a pro-p group; this group is topologically generated
by the monomials 1+ X7,...,1+ X,.

Now consider the pro-p RAAG F(n;0)p0p = F(21,...,2n;6)prop, Where
F(z1,...,2n;0)prop is the pro-p group with pro-p presentation

(1,...,2n; zix; = xja; ford, j € {1,...,n} and (24, 2;) € 0)pro-p-

It is clear that F'(n;0)prop is a free partially commutative pro-p group.

We are going to show that the continuous homomorphism p : F'(n;0)pro-p —
Mg(n;8), defined by z; — 1+ X; (i € {1,...,n}), is injective. This slightly
generalises a result of Lazard, where the previous statements are proved in the
case of a free pro-p group; the proofs in the partially commutative case are very
similar to the ones in the free case. See [La|, Chap. II, Section 3.1.

Lemma 3.5.2. The Magnus homomorphism i : F(n;0)prop — Mg(n;0) is an
injective continuous homomorphism of pro-p groups.

Proof. First of all we note that the homomorphism g : F(n;0)pro-p — Mg(n;6)
defined by u(x;) := 1+ X; is well defined because of the universal property of
relatively free groups.

Let Zy[[F(n;6)pro-p]] be the completed group algebra of F(n;80)pro-p. This is

also a Z,-complete module in the sense of Lazard ([La], Chapter II, Section 2,
Example (2.2.4.1)). Since Z,[[ X1, ..., Xy;0]] is a complete Z,-module, there ex-
ists a unique morphism « : Zp[[F(n; 0)pro-p|] = Zp[[X1, - .., Xn; 0]] which extends
o (see [La], Chapter II, Section 2, Lemma 2.2.5).
We construct the inverse of a as 3 : Zy[[ X1, ..., Xp;0]] = Zp[[F'(n; 0)pro-p]] that
sends X; to x; — 1. This is well-defined since the powers of the ideal generated
by the x; — 1 tend to zero in the completed algebra Z,[[F(n;8)pro-p]] (see [Lal,
Chapter II, Section 2, 2.2.3). This implies that u, being the restriction of the
bijective morphism «, is injective.

O
We will now use the following

Theorem 3.5.3 ([DK], Section 3, Theorem 3.1). Let G be a group with a filtration
(Gr)k>1 of normal subgroups with the following properties:

1.Vk>1,Vge G, Vs € Gy, Ih € Gy : [hg,s] € Gii1
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2. G1=G
3. Ng>1 Ge = {1}
Suppose that every quotient Gy, /Gy41 is bi-orderable. Then G is bi-orderable.

In the case of pro-p groups we will need to add the requirement that the G are
closed subgroups of G.

One can verify that the valuation filtration of the Magnus group satisfies all
the hypotheses of the previous theorem. Since, for every k£ > 1, the quotients
Mg(n;0)i/Mg(n; 0)k+1 are isomorphic to the product of a finite number of copies
of (Zy,+) and (Zy,+), being torsion-free abelian, is bi-orderable (see Example
3.2.13), it follows that M g(n;0) is bi-orderable. Alternatively, it is also possible
to construct a bi-order on the Magnus group. Namely, one can fix a bi-order
on the additive group Z, and an order on monomials and declare a power series
U greater than a power series V if the coefficient of the first monomial of U at
which U and V differ is greater than the corresponding coefficient of V' (see [CR],
Chapter 3, Section 3.2). In any case, the pro-p group F(n;0)prop can be ordered
via the injective homomorphism pu.

Note that it would also be possible to work directly with the lower central
series of F'(n,0)prop and show that each of its factors is torsion-free abelian. As
the groups forming the lower central series of F'(n, 0) 0. clearly satisfy the condi-
tions in Theorem 3.5.3, this would give an alternative proof of the bi-orderability
of F(n,0)pro-p (compare with [DK], Theorem 2.1).

In [Ch], Chong-Keang replaces Z, with 7 and considers the formal power
series ring Z[[X1,...,X,]]. In this case, the closed multiplicative subgroup of
Z[[X1,...,X,]] generated by 1+ X1,..., 14 X,, turns out to be the free pronilpo-
tent group on n generators. By modifying the previous argument we therefore
find that free partially commutative pronilpotent groups are bi-orderable.

Hence, as bi-orderable groups are locally indicable, we can conclude that free
(partially commutative) pronilpotent groups are locally indicable. It is an open
problem to determine whether this holds true in the case of free profinite groups.
Jaikin-Zapirain conjectures that all finitely generated free profinite groups are
indeed locally indicable ([JZ2], Conjecture 4).

3.6 Some further questions

We collect here some questions that arise naturally by what was done so far.

The first obvious question is whether it is possible to fully prove the conjecture
posed by Craig and Linnell, which states that every uniform pro-p group has the
unique product property, or, alternatively, provide a counterexample. It seems
to us that this is not immediately possible to accomplish with the methods used
in this thesis.

Another less ambitious direction would be to try to extend the results in
Section 3.3 to other classes of (soluble) profinite groups. Moreover, in Corollary
3.3.19 we saw a characterisation of (abstractly) locally indicable groups within
the class of metabelian profinite groups with the ascending chain condition on
closed subgroups. It remains open to find a similar characterisation of locally
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indicable groups in the class of profinite groups of finite rank, at least in the
soluble case.

Task 3.6.1. Find a characterisation of locally indicable groups in the class of
soluble profinite groups of finite rank.

More generally, it would be interesting to study local indicability in the realm
of profinite groups; an already cited open conjecture in this regard is that all
finitely generated free profinite groups are locally indicable ([JZ2], Conjecture 4).

Regarding orderability, we saw at the beginning of Section 3.4 that soluble
non-nilpotent uniform groups of rank 2 are not bi-orderable. It is natural to
ask whether it is possible to extend this result to soluble non-nilpotent uniform
groups of higher rank, i.e.,

Question 3.6.2. Are soluble non-nilpotent uniform groups of rank higher than
2 not bi-orderable?

Still related to orderability it is natural to ask the following:
Question 3.6.3. Are insoluble saturable groups right-orderable?

It might be the case that these groups possess the unique product property
but are not right-orderable. Moreover, it would be interesting to study the space
of right-orders on soluble saturable groups. Finally, it is known that there is no
order on p-adic analytic pro-p groups that is compatible with both the profinite
topology and the group operation. It would then be natural to examine the
topology induced by an order and compare it with the profinite topology. We
also want to mention that many known results on orderability of groups concern
countable groups; it would be an interesting task to think about which of these
results can be translated to the realm of profinite groups. For example, it seems
to us that one of the results regarding the structure of bi-orderable soluble groups
proved by Botto Mura and Rhemtulla ([BMR], Lemma 3.3.2) can be adapted to
the pro-p case.

Finally, regarding the relations among the unique product property and the
various kinds of orderability (see the end of Section 3.2.2), one might ask the
following question, which was posed to me by Olga Varghese.

Question 3.6.4. Are there some classes of groups (for example, metabelian
groups) for which the unique product property is equivalent to right-orderability?

Also, it is clear that taking the profinite (or pro-p) completion of the group G
in Remark 3.2.16 we obtain a profinite (respectively, pro-p) group that is right-
orderable but not bi-orderable. Therefore it would be good to carry out the
following task.

Task 3.6.5. Find an example of a profinite group that is locally indicable but not
right-orderable.

3.7 Appendix

In this section we prove a commutator formula for nilpotent groups similar to the
one in the proof of Proposition 3.4.1. More precisely, let G be a (pronilpotent
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or abstract) nilpotent group of nilpotency class ¢ generated by x1,...,x4, let

ai,...,aq be integers and %1, ...ty be elements of G. Then
(1) (1) (@ ()
a b1 9 Ik by 9 Ik
x(flxg‘2xdd[x17tl][x2,t2][xd’td]:xllxll ...xll ...xddxdl ...xdd7

where, for each i € {1,...,d}, b; is an integer such that a; — 1 >b; > a; —c+ 1,
k; <c—1and gy), e ,g,(:;) are elements of G.

We prove this formula by induction on the nilpotency class ¢ of G.
Let ¢ = 2. When d = 2 we have:

o w52 (2, 0] (w2, ta] = @ [w1, 1]w5 (252, (w1, t1]][wa, o] = 2 Tt e,

as ¢ = 2 implies [252, [z1,t1]] = 1. Similarly, for d > 2 we get
ot al? gt vy, ][, to] - [2as td]

=z w1, b2 [, to] - - - 23t (24, td]
— xtlzl—lxlilxém—lxgg ... xgdflxgd’
as all commutators [z}, [x},t;]] vanish.
Assume now that the formula holds for the nilpotency class ¢ > 2 and let G
be of class ¢+ 1. Quotienting by v.41(G) we get a nilpotent group of class ¢ and
therefore
(1) (1) (d) g’(ccclz)

a1 402 ad[xl,tl][$2,t2]---[md,td]:xl{xl cezy ---xdxfl eyt z,

xl x2 DY l’d
where z € 7.+1(G) and the conditions on the b;’s, k;’s and g(-i)’s are as before.
Now z can be written as

z= H [Tiy s Tig, - ., Tigy Lils

ie{1,....d}e

with i = (i1,...,i.) and t; € G (see [Se] Corollary 1.2.8). As G has class ¢+ 1,
each commutator [x;,, Zi,, ..., T, t;] is central in G. Moreover, again because we
are in class ¢+ 1 we have
[xil,mié, RN l’ié,tzf][l'il,.%'iz, o 7$icat£] = [xz-l, [I‘Z'Q, RN xic,td[xié, o 7mi'c’ti'“'
Therefore we get
(1) /(d)
a1 as ay b g’(l) 9y v, g’(d) 9.1

1'1 '1"2 xd [$1>t1”1‘2at2][l'd»td]:l‘llljl ...xll xdxdl ...:L‘dd7

where, for each ¢ € {1,...,d}, b, <b; <a; —1,0, >b;—1>a;—(c+1)+1,
ki <ki+1<candg gl), R ,;i) are elements of GG. This proves the formula.
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