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Abstract

In this paper we consider a simplified version of a maximum likelihood time synchronization
estimator introduced in [2]. This simplified variant assumes approximately accurate clock rates.
We give error bounds for the estimator under the assumption of a maximum timestamping delay,
and we show that these error bounds are optimal. Furthermore, we prove consistency of the clock
offset estimator for increasing numbers of observed events, and we derive a result on the error

distribution of the event time estimates.

I. INTRODUCTION

In [2] we propose a solution to the problem of generating a time-consistent global log file out
of a set of local log files from a number of network nodes. The local clocks of these nodes are
inaccurate and thus introduce errors in the local timestamps. In our approach we consider a network
with a local broadcast medium, i.e., one where all or parts of the nodes observe certain events at
the same time instant. These common events are used as a kind of anchor points for a maximum
likelihood estimation of the clock error and of additional delays occuring in each node upon logging
the events. The latter are called the timestamping delays. This maximum likelihood estimator leads

to a big linear program (LP).

Our proposed approach is able to estimate and compensate linear-affine clock deviations. Here
we consider a simplified variant that ignores deviations of the clocks’ rates, such that the only
deviations of the clocks are constant offsets. We prove two desirable properties for this version
of the estimator. First, we show that tight error bounds on the estimation error hold under the
assumption of a bounded timestamping delay. In particular this means that the algorithm does not
amplify errors. Furthermore, we show that our estimator is consistent. This means that for increasing
data set sizes the estimate converges (in probability) to the true values of the estimated features. It
thus supports the intuition that the estimate improves for a larger amount of observed and logged

events in the nodes.

In this paper we will first quickly review our estimator in Section with a special focus on
the simplified version without clock rate deviations. We will then focus on the error bounds in
Section In Section [IV| we prove the consistency of the estimator. Finally, Section [V| concludes
the paper.



II. THE SIMPLIFIED MAXIMUM LIKELIHOOD TIME SYNCHRONIZATION ESTIMATOR

For the most part we adopt the notation from [2] here. The set of nodes is denoted by J and the
set of events by /. R is the relation of node-event pairs for which a timestamp has been recorded,
i.e., (i,j) € RC1IxJ if and only if i has been observed and timestamped by ;.

The employed clock model assumes that for each node j there is an offset o; and a rate r; such that
J’s clock maps the real time ¢ to the local time Cj(t) = rjt +o0;. In addition to the clock deviations
there are timestamping errors which are assumed to be independent and exponentially distributed
with parameter A. This means that for the full-featured maximum likelihood estimator the time
recorded for event i at “real” time 7; by node j is rj(T,'+d,~, j) ~+o0; where d; ; is a random variable

modelling the timestamping delay.

In this paper we consider a simplified version of the above. We assume that the clocks run
(approximately) at the correct rate, i.e., we set Vj € J:r; = 1. Under this assumption the recorded
time for a node-event pair (i, j) € R becomes 7;+d; j+o0;. Thus the simplified maximum likelihood

estimator, in analogy to the full-featured version, is the solution to the following problem:

minimize L= [] A Miij—0;-Ti)
(i-])ER

~ ~

subject to V(i,j) €ER: d,'7j = l‘w‘—aj—Ti > 0.
Here, 1; ; denotes the local time when node j has recoded event i. 0 ; and 7\", are the estimates of o;
and T;, respectively.
As shown in [2], the optimal solution is independent of A and equivalent to solving

minimize k(L) = Z (tl‘J —51' — T\,) = Z dA,-J
(i,j)ER (i,j)eR

under the same constraints as above.
Let an optimal solution of this LP, consisting of the estimates fi, 0 ; and dAl j» be denoted by ..

To simplify the rest of this paper we introduce notations for the set of all nodes observing a certain

event and for all the events observed by a given node:
Viel:R;:={jeJ|(i,j) ER}

VicJ:R :={icl|(i,j) €ER}

III. ERROR BOUNDS

Our intention in this section is to establish an upper bound on the error of the maximum likelihood
estimator, 1. €., the maximum difference between estimated and real event times. In order to do so
we make two additional assumptions. The first one guarantees network connectivity, the second

one establishes an upper bound on the timestamping delay.



Before we introduce the assumptions it is necessary to recall one important fact from [2], which
we call the offset ambiguity: for any offset T € R, the estimates f",-, 0; and the estimates T"i’ , 5’]. with

Viel: T} =T+r Vj€J:6,=0;—7

fit the same set of measurements equally well.

From the offset ambiguity it is easy to see that there is also no way to estimate all the relative times
within an experiment if the network is partitioned. If there are no anchor points between two sets of
nodes, there will be an ambiguity of the offset between these partitions within the experiment. Thus,
in order to get a bounded maximum estimation error we need to assume network connectivity. The
connectivity assumption says that the network nodes do not fall into disjoint partitions, between
which no anchor points at all exist. Formally this is

VP,P,CJ, PP, #0: (AUPRL=J N PANPL=0 — 3]16P1,j2€Pz:leﬂRj275@).

Under this assumption we will prove that
Vi, j2 €4 |(0j, —0j,) = (), —0;,)| < (/| =1)-D

and
vini e 11 |(Ty = Ty) — (T, - T)| < 11D

if D € R* is an upper bound for the delays, i.e.,
V(i,j) ERZdi’j <D.

Note that the bounds are on the difference between two estimation errors because of the offset

ambiguity.

The following proof does not exploit the exponential distribution of the delays. Thus, independent of
the derivation of the estimator, the proof shows that if there is an upper bound for the timestamping
delays the estimates are close to the real values, regardless of the real distribution of the delays
within [0, D]. Note that assuming the existence of such an upper bound does not limit the practical
applicability of the results given here: for any given experiment, the set of observations R is finite,

and thus there will always be a maximum delay.
For the proof we introduce some additional terminology.

Definition Let j,j € J,i € 1. We call i a common event of j and j' iff {(i,1),(i,j2)} CR, and we

call i a connecting event from j to j' iff i is a common event of j and j’ and the timestamping

~

delay of 7 in j is estimated as zero, i.e., d; ; = 0.

As will soon become clear, a significant part of the timestamping delay estimates are zero. We now
construct a directed graph G := (J,E) with

E:={(j,j) €J*|3i€l:iis a connecting event from j to j'}.



The graph G plays a central role in our proof. In the following two lemmas we point out some

properties of G.
Lemma IIL.1 Let ja, jp € J. Then there exists a directed path (ja,...,jp) in G.

Proof The set of nodes J can be divided into two disjoint subsets:
Ji = {j €J|there exists no directed path (j,...,jg) in G}

J2 = J\Jl.

In the following, we will show that J; is empty. Let I be the events occurring in both J; and J:
Ii={iel|3ji€Ji,jaelr:{(i,j1),(i,j2)} SR}.

Let j; € J1, jo € J2. Then there is no connecting event from j; to jp. Otherwise a path from j; to
Js could be constructed by concatenation of (ji,j2) and (j2,...,/jp), which is a contradiction to
j1 € J1. Thus, we have

e >0:V(i,j) eRN(IxJ)) :di; > e.

Let now

L = {icl|3jch:(i,j) €ER}
L = {icl|BjeJi:(i,j) ER}.

With these definitions 7 = I; UL UT holds, and I;,l,I are pairwise disjoint. Now a new solution
7" of the LP can be constructed:

~ & ifiel

T = Ti-
0 otherwise
R € if jeJ;
0 = 0t !
0 otherwise
5 ~ € ificl N jeJ
o= dij—

0 otherwise.

It can easily be verified that all the LP constraints hold for .’ since they hold for .. For .’ we
have

)y 617',,: Y dij—IRN(I < Jy)| e
(i.j)eR (i.j)eR

Since .# is optimal and € > 0 we have |[RN (I x J1)| = 0. Therefore, I = 0 or J; = 0, due to the
definitions of J; and I above.



[ is not empty if J; is not empty due to the connectivity assumption. Therefore, J; = @ and j4 € Js.
Thus, there exists a directed path (ja,...,jg) in G. |}

Lemma IIL2 Let (jo,...,j,) € J""! be a directed path in G. Then
(Ojo - Ojn) - (6J0 - 6jn) S nD.

Proof We prove this by induction.

Let n=1. Let i be a connecting event from jy to j;. Such an event exists due to the construction
of G. From the LP we have

Titoj,+dij, = Ti+0j+d, (1)

Litoj+dij = Ti+0j +dij. 2

The difference between (I) and (2) yields

(Ojo - 0]1) + (di,jo - diujl) = (5]'0 - 5]1) + (di‘,jo - l}h)
= (0jy—0j,) = (0j,—0j,) = (dij,—dij)—(dij, —dij)
~— =~ ~— =~
0 >0 €[0.p]  €[0.D]
—_———
<0 €[-D,D]
— (0jy—0j)—(0j,—0;) < D.

For the induction step we have:

(OjO - Ojn—l ) - (6]0 - 6\].n—l ) (n - 1)D (3)
(0,1 —0j,) — (0j,_, —0j,) < D. “4)

IN

(@) can be constructed like above. Addition of (3)) and (@) gives us

IN

(n—1)D+D
nD.

(OjO - Ojnfl) - (a\JO - /O\jnfl ) + (Ojnfl - Ojn) - (ajnfl - 6jn)

= (0jo —0j,) — (0j, — 0j,)

IN

Now that we know that G is connected and that an upper error bound holds for any path in G,
we only need to put together these pieces in order to get a bounded error of the offsets for any
pair of nodes. While Lemma [[I.2| establishes only an upper bound for the differences of two offset
estimation errors, the fact that G is connected and thus paths in both directions exist can be exploited

to bound this difference from below, too.

Theorem II1.3 Let ji, jo € J. Then the following bound holds

‘(Ojl _sz) - (5j1 _51'2)‘ < (|J| - 1)D~



Proof According to Lemma there exists a path from j; to j, in G. Likewise, there exists a
path from j, to j; in G. Since the number of nodes in G is |J|, the maximum length of each of
these paths is |J| — 1. Thus, we have from Lemma [[IL.2

(Ojl _sz) - (5j1 _61'2) <(J-1)D
(sz _011) - (5]'2 _6j1> = ((Ojl _sz) - (6]'1 _6j2)) <(MU-1)D.
This immediately gives us the desired result. [

We now have an error bound for the offset estimates. From here, it is only a small step to a similar
bound for the error in the estimation of the event times. However, in order to give a good bound

we need an additional property of the estimator that will be established in the following lemma.
Lemma II1.4 Ler i € I. Then there exists j € J : dA,- 7=0.
Proof We prove this by contradiction. Assume that there is no such j. Then

Je>0:V(i,j)€R:i=i=>d;>¢€

Now we construct an new solution .’ to the LP:

-, . € ifi=1i
o= T+ |

0 otherwise
~ A~
0; = 0,

- € ifi=1i
&Zvj = dl7J B .
0 otherwise.

This solution is valid and better than .. Since . is optimal this is a contradiction. |

We can exploit the fact that for any event i a node j exists where d; ; is estimated as zero in the

following theorem. The result is the desired error bound for the event time estimates.

Theorem IIL.S Let iy,iy € I. Then the following bound holds
(T, = Ti,) = (T;, = T,) | < Y| - D.
Proof From Lemma we have
Vke {1,2} :3jx €J: (ix, jx) ER A djj, = 0.
With these ji, j» we have
T, +0j, +d; j, = T;, + 0}, (5)
T,+o0j,+di j, =T, +0j,. 6)



Calculating the difference between (3)) and (6) and some reordering yields
(Til - le) - (Tl1 - T\lz) = (61'1 _51'2) - (0j1 _0j2> - (di17]'1 _dizvjz)'
el=(=-1D, (J|-1)D] €[-D,D]

The bounds for (0;, —0;,) — (0j, —0j,) come from theorem [III.3

This result gives us

(T, = Ty,) — (T, — Ty,)

< (4|~ 1)D+D=|J|-D,
which is the desired bound. |}

Now we have bounds on the relative offsets and event time estimates. It remains open whether
these bounds are good. To address this question we introduce some additional terms. We then use
these to point out an important property of any local broadcast network where distributed log files
are recorded. This property in turn will then be used to prove that not only the error bounds are

tight, but also that no estimator with better error bounds is possible.

Definition A receive trace set Q = (I, R, (t; ;)i j)er) for a set of nodes J consists of a set of events
I, a relation R C I x J and the local timestamps #; ; recorded by the nodes in J for the events they

have observed.

For a given set of nodes J, a scenario S = (I,R,(0;)jes,(Ti)ict, (di ) (i, jyer) consists of a set of
events I, a relation R C I x J, and corresponding offsets o; for all nodes, event times 7; for all

events and delays d; ; for each event reception.

From the above definition it is clear that there is exactly one receive trace set for any given
scenario. There can, however, well be many possible scenarios for a given receive trace set. The
offset ambiguity mentioned at the beginning of this section is a special case of this situation. Note
that this is an inherent property of the time synchronization problem as it is considered here, and

not specific to our approach.

Definition Two scenarios S = (I,R, (Oj)jgj,(T;')l'E],(dl"j)(l"j)GR) and §' = (I,R, (OQ)jgj,(T;-/),'E],
(d} ;)(i.j)er) are called indistinguishable if they share a common set of events / and the same
relation R and they result in the same receive trace set, i.e.,

V(i,j)ER:0j+Ti+d;j=1t;; :0;'+7;‘/+d1{,j'

Theorem IIL.6 For any set of nodes J, |J| > 1 there exist two indistinguishable scenarios S =
(I,R,(0})jes, (T)ier; (dij) (i, jyer) and "= (I,R, (0}) jer, (T )iet, (d} ;) (i j)er) and jo,ja € J such that
R fulfills the connectivity assumption and

(Oljl _0;'2) —(0j, —o0j,) =2(J| = 1)D.

Proof Our proof for this theorem is constructive. Let, for the sake of simplicity and without loss of

generality, J = {1,...,n}. Assume these nodes form a chain-like topology. A total of n— 1 events



are recorded by the nodes, I ={1,...,n—1}. Now we define R as follows
(j)eR <= ic{j-1j}

It is easy to see that the connectivity assumption holds for R.

Now let S and S’ be defined by

Viel: T,:=(n—i)-D T/ :=i-D
Vjed: 0j:=j-D oi:=(n—j+1)-D
o 0 ifi=j—1 ) D ifi=j—1
V(l,]) €R: dw‘ = di,j =
D ifi=j 0 ifi=j.

With these definitions it is easy to verify that S and S’ are indistinguishable:
V(i,j) ER:Titoj+dij=T +oj+dj;.

And it also holds that
(0} — ) — (01 —on) =2(n—1)D.

Let us now assume that we have two scenarios S and S’ like in the above theorem. Assume now we
have estimates 07 and o0,, of 0 and o, that are better than the worst-case result of our maximum
likelihood estimator for scenario S. This means that the relative offset estimation error is less than
(|/]—1)D, which is the bound of our approach according to Theorem Then in particular

(01— 0n) — (61 — ) > —(|J] — 1)D.

But we know that
(0] —0) — (01 —on) =2(n—1)D.

By simple addition we get
(01 —05) = (61— 0,) > (V] = 1)D.

This is worse than the maximum error of our MLE estimator. Since S and S’ are indistinguishable,
this proves that there cannot be an estimator with lower maximum offset estimation errors: if the
estimate is better in case of a receive trace set that resulted from S, it is necessarily worse in case
the same receive trace set came from S’ and vice versa. Similar results hold for the event time error
bounds.



IV. CONSISTENCY

In the last section error bounds for our time synchronization approach have been established. They
do not exploit the exponential distribution of the timestamping delay, but rely on an upper bound
for the timestamping delay. In this section we will not assume such an upper bound, but we will
exploit the exponential distribution of the delays. Under these premises consistency of the clock
offset estimator will be established, which means convergence in probability to the correct offset

values for an increasing number of observed events:

VjeJ:plimo; =o0;+x,

where x € R again comes from the offset ambiguity discussed in the previous section.
We will show the consistency of the simplified MLE under an additional regularity condition,

defined as follows.

Definition We say that the regularity condition is fulfilled if there exists an undirected, connected
graph G = (J,V) and some positive constant 3 such that

Vit eV:E[[{il|{ji,n} CR}|] = B- 1]
It is valid to assume that G is a tree.
This condition can be seen as a somewhat stronger variant of the connectivity assumption used in the
previous section. It is stronger in the sense that it requires an ever-growing number of independent

connections between all parts of the network with an increasing total number of observed events,

although only probabilistically with respect to the expectancy of their number.

A. Stochastic preliminaries

Before we can tackle the main proof some preliminary results from elementary probability theory

are necessary. They will be established in the following lemmas.

Lemma IV.1 Let X|,X; be independent, exponentially distributed random variables with parame-
ters A1, Ap. Then min{X|,X,} is exponentially distributed with parameter Aj + A;.

Proof
P(min{X;,X;} <x) = P(X;<xorX;<x)
= 1—P(X; >xand Xz > x)
—P(X; >x)-P(Xp >x)

— </ Ale‘ll’dt> (/ /Ize‘lﬂdt>
()

1
1
— 1
1 — ll+12)x‘



Thus, the minimum of X; and X, is exponentially distributed with parameter A; +21,. |}

Lemma IV.2 Ler X be a random variable with real values and expected value E[X] € R. Let t € R
such that E[X|X <t] and E[X|X > t] exist. Then

E[X]=P(X <1)-E[X|X <t]+P(X >1)-E[X|X >1].

Proof Assume X is continuous with probability density f.

E[X] :/_O;x-f(x) dx
:/;x-f(x) dx+/th-f(x) dx
_ /_;x-f(x\X <1)-P(X <1) dx
+/th-f(x|X >1)-P(X >1) dx
— P(X <1)-EX|X <{]+P(X >1)-E[X|X >1].
For more general X the proof is analogous. ]

Lemma IV.3 Let d be an exponentially distributed random variable with parameter A. Let t € R™.
Then
Eldld <q =+ "
A e M

Proof From Lemma and with the memorylessness of the exponential distribution it follows

that
E[d]—P(d >t)-E[d|d > 1]
Eld|ld <t| =
| ] Pd<t)
foe ()
N l—e M
(1— e*l’)% —te M
B —e M
1 te M
A 1l—e M
|

10



Lemma IV4 Let di,...,d, be independent, exponentially distributed random variables with
parameters Ay,...,Ay. Let Ay,...,A, € R be given such that Vi,1 <i<n:A1 > A;.
With

i
Vil<i<n:Li:=) A
j=1

the following equality holds:

-1 /j-1
E | min (di+A)| = Z e Lie(Ber1—A8) (1_e*L.f(Aj+1*Aj)) 1
1gign o L
H e Lk(Bi1=Ap) 1 +A.
L

k=1 n
Proof First observe that if there exists i,1 < i < n such that A;;; = A;, then, with Lemma [IV.1}
this is equivalent to the case where d; and d; | are replaced by a single exponentially distributed

random variable with parameter A; + A;;, and the same A; appearing only once. We may thus

without loss of generality assume that Vi, 1 <i<n:Aj > A;.

To simplify the notation of the following, we define

X[(A1LA), .. (A, Ap)] :=E [ min (dj+Aj):| .

1<j<n

This can be generalized for the conditional expected value, i.e., for a condition A, let

al.

We will now show the assertion by induction over n. The base case n =1 holds:

1
2[(A1,A)] = At o
1

x[(A1, A1), .. (An, A)|A] :=E [ min (d;+A))

1<j<n

For the induction step, we will use the following implication of Lemma |IV.1
%[(A272‘1)7(A27)LZ)7 (A3vl3)a ceey (Anva'n)}
=F [min{d1 + Ao, dr+ Ay, d3s+As,....d, —I-An}]
=F [min{min{d1 + Ay, dy +A2},d3 +As,...,d, —f—An}]
= %[(A%Al +A’2)7 (A3>A3)7 ce (An>2’n)]

With Al < A, Lemma at (a), the memorylessness of the exponential distribution at (b),
Lemma [[V.3| at (c) and the induction hypothesis (with an index shift) at (d), the following holds:

11



X[(Al,l]),...,(An+1,k,,+1)]
= E[mm{d1 + Ay, ..., dyt +An+l}]

@ p(di +A; < Ap)-E[min{dy +Aq,...,dus1 +Ans1} | di +A; < A
FP(dy+ Ay > Ar)-E [min{dy + A1, ... dpit +Ans1 } | dy + A1 > A
QP+ A < M) -Eldy + A | dy+A; < A
+ P(d1+A1 > Ay) - E[min{d) +A2,d2 + Ay, ..., dpy1 +Ani1 ]

P
() <o
—i—e_ll(Az Ay) . [(Az,ll),(AZaAZ)v'“?(A"+1’2’”+l)]

=M (B—A1) (A —Ay)

© (1 meap) (L€ (A2 — Ay
i U l)<zl (e s Ay A
e MBTAD Ly [(Ag A1+ 22), (83,23), -, (Ans 1, Ans1)]

@ <1_6711(A27A1)) (; +A1> M(AzfAl)(Az_Al)
1

+ —A(Ar—Ay) k(D1 —Ar) 1 — ¢ LilAjr1-4)) i
et ([t ) (1o b ) L

Jj k=2

n 1
—Li(Ap 1 —Ay)
+ I Ie e (Djet1— Ay +Ay
(k—z ) Ly >

= <1 —e_L‘(A2_A')> <£l +A1> _LI(AZ_A')(Az —A)

J
+ e~ L1(A2—4) (Z (He (Bt 1 Ak) (1 _e*Lj(AjH*Aj))Li
J

k=2

1
k(A 1—Ag)
I Ie +A

1
- A <1_ *Ll(AzfAl)) -
1+ e L

J

1
(A1 —Ar)
(He k1~ Ak ) m
n o [j-1
; <jl'[e k(A1 Ak)) (1 _e*Lj(AjH*Aj))%

k=1

~

1

+ He—Lk(AkH—Ak) .
k=1 Ln+1

12



B. Consistency proof

We will now give the main consistency proof of the simplified maximum likelihood time
synchronization estimator. In order to do so, we first formalize the notion of the clock offset
estimation error. This definition is actually very trivial; we denote the estimation error by a vector
A= (Ay,...,Ay)" € RV in the following way.

Definition Let Vi€ J:Aj:=0;—0;.

In the following, we regard a certain scenario (according to the definition in Section as given,
thus the T;, o; and d; ; are fixed. We then consider the estimation error vector A as variable and
have a look at the properties of the likelihood function upon a varying estimation error. Our goal
is to show that the probability that the likelihood function (regarded as a function of A) has its
optimum in an arbitrarily small environment around the correct clock offset estimates is arbitrarily

high for a sufficing number of observed events.

On our way towards this goal we now introduce a per-event decomposition of the objective function

k(L). Certain properties of these event-wise objective function terms form the basis of our proof.

Definition For each event i € I let f; be the term added to the objective function k(L) by i for

some estimation error vector A:

fia) =Y dij.
JER;

The constraints of the LP in our approach are of the form
V(i,j) ER: C?;,j+5j+ﬁ =tij=dij+o;+T.

Thus, the estimated timestamping delays can be expressed as

~

dij = dij+oj—0;+Ti~T;
= dij+ A+ (T -T)).

Considering that the d; ; and the 7; are given by the scenario it is easy to see that the A; determine
the value of the event time estimates 7; chosen by the estimator: all the estimated delays dA, ; need
to be non-negative and at the same time the sum of all these delay estimates is minimized. Thus,
the optimal choice is

T = T min(ds+ ).

This also follows from the nonnegativity constraints for the 6}:1 and Lemma [[I1.4
We can now express the objective function terms f; in the following way:
f,(A) = Z <di,j —|—Aj — min (di,k +Ak)> .
e D kER;
JER;
This is the formulation that we are going to use throughout the proof. Now we will point out some

properties of the objective function terms.

13



Lemma IV.5 The objective function terms f;(A) are convex.

Proof It is well-known that the minimum of concave functions is concave (see, e.g., [1]). Hence,
mingeg, (d; x + Ax) is concave and —mingeg, (djx + Ax) is convex. As the sum of convex functions

is convex the assertion follows. |

The next property that we are going to prove is a little more tricky. For simplicity, we will assume
that J = {1,...,|J|} from now on.

Lemma IV.6 There exists a strictly monotonically increasing function o : IR(T — IR(J)r such that for
each event i € I and each A € RV! the following holds:

E[fi(A)] = E[fi(0)] + a( max (A, —A;)).
(J1,2)ERi X R;
ﬂkERiZAh <Ak<Aj2

Proof Let n:= |R;|. By the linearity of the expected value, E[f;(A)] can be rewritten in the following

way:
E[fi(A)]=E| ) <di,j+Aj—miﬂ(di,k +Ak)>
jER; kER;
=F Z diJ +FE Z Aj —n-E [mn(du—}—A])}
jeR; jeR; JERq
n
=— Aj—n-E |min(d; j+Aj)| .
Bt s 1)
Assume without loss of generality that R; = {1,...,n} and that the nodes are ordered such that

Vj,1<j<n:Aj 1 > A;. The exponential distributions if the d; ; all share the same parameter A,
thus with Lemma [V.4] we have

E(A) ="+ Y A~ na,
=1

}L J
"i ﬁ KA (A s 1 —Ag) ( A (A A)) 1
—n- e k+1—"5% l_ef‘/ 1R —
=1 \k=1 A
AN |
— - k+1 72k
" kl;lle nA

We now define Vj,1 < j<n:8 :=Aj41 —A; and & := (81,...,8,-1)7. Then Vj,1 < j<n:
0; > 0. (Note that § has dimension zero for n = 1.) With the given definition of & the following
reformulation of E[f;(A)] is possible:
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We generalize this to a function K of arbitrary vectors 8 with non-negative elements and dimension

m:=dim@, i.e.

+1 & .
K(m,0) ="+ Y (m—j+1)6,
j=1
m j—1 m
kA6, _jagym+1 < —kkek) 1
— e 1—e J — — e .
j_; ot ) ( ) JA 1131 A

Note that
E[fi(A)]=K(n—-1,9).

Now we construct . Let eg be the k-th unit vector of dimension d and set

t):= min (K(d,t-e{)—K(d,0)).
at):= min (K(d1-ef) ~K(d,0))
1<k<d

For n =1 the assertion is true since for n =1

max A — A = 0
(j1,J2) ERi X R; ( J2 11)
BRER;:Aj <Ar<Aj,
and (0) = 0.

We thus focus on the case n > 1 now. Note that in this case

max Aj, —Aj) =]6]]e-
Somax (8= 4q) = 18]l
PkER;:Ajy <A <Aj,

For each m, K is differentiable in 6. We will now show that for all m > 1 and all p with 1 < p<m

dK(m,0)
N7 > 0
26,
for 6, > 0. Calculating the partial derivative explicitly yields
JdK(6 L 0.\ m+1
aé ) (m—p+1)+p Y (He_kw"> (1—6_’“’]) —
P j=p+1 \k=1 J
)4 m
— He*k’w" (m+1)+p He*kwk
k=1 k=1
=m—p+1
14 m J—1 . m+1
+p He’kwk Z H o~ KA6k (1 _ef,/wj) my:
(k—l j=p+1 \k=p+1 J

1 m
_ ﬂ + H e—klek )
p k=p+1
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SincemTJ.rl>1f0r1§j§mand

the following holds:

Here, the first inequality is strict if there is a j > p such that 6; > 0, and the second inequality is
strict if there is a j < p such that 6; > 0.

Now the inequality from the assertion is easily verified. Let » (1 <r < n) be an index for which
O; = ||6]]w. Such an r exists by the definition of || -||e. Then

E[fi(A)] - E[£:(0)]
= K(|R,|,5)—K(|Rl|>0)
IRi]

> K(R|I8]|- ) ~ K(R],0)

: , IRl _
> min (KORi| 18] ¢~ K(|Ri,0))
> a(]8]l.).

The first inequality stems from the fact that all entries of the Jacobian of K are non-negative and
: : |Ri|
0 is component-wise greater than ||§||-e; .

It remains to show that 0/(||8||-) > O is strictly monotonically increasing. This, however, is easy to
see. From the above calculations we know that the entries of the Jacobian of K(m,0) are strictly

positive if there is some k such that 6; > 0. a () is the minimum of
K(d,t-¢y—K(d,0)

for a finite number of combinations of d and k. For each of these combinations and for any
t1 > 1, >0, though, (K(d,t;-ed)—K(d,0)) > (K(d,t,-ed) — K(d,0)), since the k-th component of
f -eg is strictly greater than the respective component of ¢, - ei , whereas all other components are
equal. Thus, o(t;) > a(r;) and the assertion holds. |}

Lemma IV.7 There is some £ € R such that
1 1 ~
— k(L) = — d;
i u L

(i.j)eR

is Lipschitz continuous in A with Lipschitz constant L. £ does not depend on |I|.
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Proof From the closed form of f; given above it can be seen that f; is continuous in A for each
event i € [. It is also easy to see that the partial derivatives of f;(A) exist almost everywhere and
, and thus also by —|J| . Thus, all

fi are Lipschitz continuous with a common Lipschitz constant .Z.

are, where they exist, bounded above by 1 and below by —|R;

Since

k(L) =) fi(&)

icl
we can conclude that k(L) is Lipschitz continuous with Lipschitz constant |I|-.Z. Therefore, . is

also a Lipschitz constant for ﬁ k(L). |}

From the definition of f; above it can be seen that f;(A) = fi(A+(t,...,t)T) for any ¢ € R. This is
again the offset ambiguity. Thus, from now on we can assume without loss of generality that the
estimation error for the |J|-th node is zero. Therefore, we will ignore this node in the following
and reduce A to a vector of dimension |J| — 1. Consistency of the MLE is then equivalent to

plim [|A|| = 0.

‘I|~>oo
In the following theorem we will use infinity norm spheres. Our notation for them is as follows.

Definition
Vm e R",r € R :Sew(m,r) = {x ‘ |lx—m|le < r}
VmeR",r € R:8u(m,r) = {x||[x—m|lo=r}

Theorem IV.8 If the regularity condition is fulfilled, then for all €,6 > 0 there exists an N € IN
such that from |I| > N it follows that for

A= argmian,-(A)
AERJ i€l
the following holds
P(||All» > 8) <&

plim ||A]| = 0.

|0
Thus, the simplified MLE is consistent.

Proof Let

r .= 39%

with B from the regularity condition, o« from Lemma and £ from Lemma [[V.7]

Let M C 5..(0,8)  RMI=! be a finite set of points such that

80(0,8) C | S (m,r).

meM
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Such a set of points exists since S..(0,8) is compact and r > 0. Let m be one of the points in

M. Then there exists p € J such that m, = 8. Let G = (J,V) be the graph from the regularity

condition. Then there is a path from p to the node with ID |J| with a length of at most |J|— 1.

The estimation error of the |J|-th node is O by assumption. Thus, there exists {1, j2} € V such that
o)

Imjy —mjy| =

Let i be an event for which {ji, j2} C R;. Since the total number of nodes is |J|, there are at most

|| nodes in R;, and for two of them, j; and js, it holds that |mj, —m;j,| > IJl%l' Thus,

)

max (my—my) > ——.
. (V=12

TR J
(J1,J5)ERi%R; 2
kERiimjll <mk<mj/2

We define
I"={icll{ji,j} TR}

From the regularity condition we know that

E[IM|) = B-1l.

This yields

E [UI‘ZW)]

- (g m] <[z ]

(e[ 5 0] [ (0ot )

_ |1|(E :ig‘ifi(O) +E iEIZ\;+ﬁ(0) +E[!1+|]‘a<msl)z)>
> |1|(E :;fi(()) +B-II\-06<(|J|8_1)2>>

1
- e[tz

icl

o8- (e
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From the Lipschitz condition established in Lemma and the definition of r above we get that
for all m’ € RVI=! with ||m' —m|| < r the following holds:

1 o)
|1|Zf’ |1|Zf’ <r'$:3"3'°‘<<u|—1>2>'

iel iel

Thus, we can conclude that if

2 8
1 1 + = 7
VL mlgz,f |73 (o) @
holds for m, then for all m’ € Se.(m,r)
iZf-(m’)>E ) £i(0) +1-ﬁ-a<5> @®)
U= U=a 3 (1=1)2/)"

By the law of large numbers there is some N, € IN for m where for |I| > N,, it follows that

2 o €
(mzf' E| 50 +3"*'“‘<<|J|—1>2>> SRV RS

iel iel
We call the condition in the probability above the superiority condition for m. Similar to the

superiority conditions, there is an inferiority condition: there exists some Ny € IN such that for

1| > No
1 1) €
Bl —2 ) )>1- .
t3h “<<|J|—1>2>>— MI+1

Because |M| is finite, there is some N* = max({No} U {Nu|m € M}) fulfilling the superiority
conditions for all m € M as well as the inferiority condition, each with a probability of at least
1- Thus, for |I| > N* the probability that all M|+ 1 conditions are fulfilled is at least

(m L0 [m L0

iel iel

\MHI

S

Since the spheres S..(m,r) around all m € M cover S.(0,8), (8) holds for all m’ € S..(0,8) if
holds for all m € M. Hence, with probability of at least 1 — &, it holds that

Vm' € Seof m Zfl m th

iel iel

Therefore, we know that |71|Zi61 fi has a local optimum in S..(0,6). Since f; is convex for each i
by Lemma ﬁziel fi is also convex. Thus, the local optimum is also a global optimum. A
global optimum of ﬁZieI f; is also a global optimum of ¥, f;. Therefore, for the vector A from
the optimal LP solution we have

P(A €5..(0,8)) =P(||A]| < 8) > 1 —«.

This is the assertion. |
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From the consistency result regarding the clock offsets it is easy to obtain a result on the quality of
the event time estimates in the same asymptotic scenario. It has been stated before that the estimates
of the event times are given by TA", = T; +mingeg, (d;  + Ax). Thus, if A is close to zero (neglecting
the offset ambiguity), the estimate for event i will be wrong by mingcg, d; . From Lemma m
it then follows that the error is exponentially distributed with parameter |R;|-A. In particular this
means that—as could be expected—the expected estimation error decreases with the number of

nodes observing the same event.

V. CONCLUSION

In this paper we have considered a simplified variant of the maximum likelihood time synchro-
nization estimator presented in [2]. The results presented here underline the performance and the

practical applicability of our time synchronization approach.

We have first proven tight error bounds for the estimates under the assumption of bounded maximum
timestamping delays in the network nodes. It has furthermore been shown that the estimator is
optimal in the sense that no estimator with a smaller maximum clock offset estimation error is
possible. Although exponentially distributed timestamping delays are a major building block in the
derivation of the estimator, the validity of the bounds does not depend on this assumption.

Moreover, by exploiting the exponential distribution assumption of the timestamping delays we have
given a proof for the consistency of the clock offset estimates. Therefrom we have also derived a

result on the error distribution of the event time estimates.
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