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Zusammenfassung

Diese kumulative Dissertation besteht aus drei Teilen, welche unterschiedliche Aspekte
der Theorie der unendlichen Gruppen behandeln. Es werden sowohl strukturelle als auch
asymptotische Eigenschaften verschiedener Klassen von Gruppen untersucht.

Im ersten Teil werden Gruppen mit einer treuen Wirkung auf einen regulren Baum
mit Wurzel behandelt. Dabei wird eine neuartige Konstruktion eingefiihrt, welche von
der Definition der Basilica-Gruppe inspiriert ist. Viele interessante Eigenschaften von
Gruppen des genannten Typs bleiben unter der Konstruktion erhalten; aufterdem lafst
sich die Hausdorff-Dimension der entstehenden Gruppen unter bestimmten Voraussetzun-
gen konkret berechnen. Es folgt eine Betrachtung spezieller Klassen von Gruppen von
Automorphismen gewurzelter Baume. Zwei Kriterien fiir Periodizitdt konstant-spinaler
Gruppen werden bewiesen, die Konjugationsklassen von poly-spinalen Gruppen werden
bestimmt und die Automorphismengruppen aller multi-GGS-Gruppen berechnet. Den
Schluftpunkt bildet eine Beschreibung der abgeleiteten Reihen aller GGS-Gruppen.

Der zweite Teil widmet sich der Magnus-Eigenschaft. Eine Gruppe hat diese, wenn
alle Elemente, welche denselben Normalteiler erzeugen, entweder konjugiert oder invers-
konjugiert zueinander sind. Zunéchst untersuchen wir die Magnus- und einige verwandte
Eigenschaften innerhalb der Klassen der endlichen und der kristallographischen Grup-
pen. Danach studieren wir freie polynilpotente Gruppen, und ermitteln, wann eine solche
Gruppe die Magnus-Eigenschaft besitzt.

Der letzte Teil besteht aus einer Untersuchung der Darstellungszetafunktionen be-
stimmter Untergruppen und bestimmter Erweiterungen der Gruppe SL%(ZP), der ersten
Hauptkongruenzuntergruppe der speziellen linearen Gruppe von Grad 2 auf den p-adischen
Ganzzahlen Z,,. Es wird gezeigt, daff die untersuchten Zetafunktionen die Zetafunktion von
SL1(Z,) als Faktor besitzen.

Kapitel 1 bis 6 sowie 8 und 9 sind je als fiir sich stehende Aufséitze angelegt und
teilweise in Zusammenarbeit mit verschiendenen Koautoren verfaft. Kapitel 1 ist eine
Gemeinschaftsarbeit mit Karthika Rajeev und erschien in ,, Groups, Geometry and Dynam-
ics “, [125]. Kapitel 4 ist in Zusammenarbeit mit Anitha Thillaisundaram entstanden und
kann auf dem arXiv gefunden werden [126]. Kapitel 8 ist eine Gemeinschaftsarbeit mit Ben-
jamin Klopsch und Luis Mendonga, welche in ,Forum Mathematicum® erschienen ist [95].
Kapitel 9 ist in Zusammenarbeit mit Margherita Piccolo entstanden. Kapitel 2 erschien im
,<Journal of Algebra “ [124], Kapitel 3 wird in ,Proceedings of the Edinburgh Mathematical
Society” und Kapital 5 in ,Journal of Algebra and its Applications” erscheinen. Kapitel 6

ist als Vorversion auf dem arXiv zu finden, siche [122].
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Abstract

This dissertation is cumulative; it consists of three parts that deal with different aspects of
infinite group theory. We study both structural and asymptotic aspects of various classes
of groups.

In the first part, we consider groups with a faithful action on a regular rooted tree.
We introduce a new construction that is inspired by the definition of the Basilica group.
Many interesting properties of groups of the kind considered are preserved under the con-
struction; furthermore, under some conditions the Hausdorff dimension of the resulting
groups can be computed explicitly. We continue with a study of certain classes of groups
of automorphisms of rooted trees. We prove two criteria for constant spinal groups to
be periodic, we study the conjugacy classes of poly-spinal groups, and we calculate the
automorphism groups of multi-GGS-groups. Finally, we give a description of the derived
series of all GGS-groups.

The second part deals with the Magnus property. A group is said to possess this
property, if elements generating the same normal subgroup are either conjugate, or inverse-
conjugate to each other. First we consider the Magnus property and akin properties within
the class of finite groups and the class of crystallographic groups. Then we turn our
attention to free polynilpotent groups, and find out under which additional conditions
such groups do possess the Magnus property.

The last part is a study of the representation zeta function of certain subgroups and
certain extensions of the group SL}(Z,), the first principal congruence subgroup of the
special linear group of degree 2 over the p-adic integers Z,. We show that the zeta functions
under consideration have the zeta function of SL(Z,) as a factor.

Chapter 1 to 6 as well as 8 and 9 are written as stand-alone research articles. Chapter 1
is written in collaboration with Karthika Rajeev and was published under the title ‘On the
Basilica operation’ in ‘Groups, Geometry and Dynamics’ [125]. Chapter 2 is a joint work
with Anitha Thillaisundaram and can be found on the arXiv [126] (arXiv:2201.03266).
Chapter 8 is written in collaboration with Benjamin Klopsch and Luis Mendonca and pub-
lished in ‘Forum Mathematicum’ [95]. Chapter 9 is a collective work with Margherita Pic-
colo. Chapters 2 was published in the ‘Journal of Algebra’ [124], Chapter 3 will be pub-
lished in the ‘Proceedings of the Edinburgh Mathematical Society’, and Chapter 5 will be
published in the ‘Journal of Algebra and its Applications’. Chapter 6 can be found as a
preprint on the arXiv [122] (arXiv:2208.14975).
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Introduction

This thesis is concerned with various problems in group theory. It naturally divides into
three parts of quite different length. All three parts deal almost exclusively with infinite
groups, and their asymptotic and structural properties. Most of the chapters are written
in the form of academic articles intended for publication. Some of them are written in
collaboration with other researchers. The main results of each chapter are stated in an
introductory section at the respective chapter’s opening. In this main introduction we will
only refer to a selection of the results in this thesis. Let us briefly describe the organisation

of the text, before we describe its mathematical contents.

Organisation. — The first part, entitled ‘Groups acting on rooted trees’, is a collection
of six research articles intended for publication. All of them are available on the arXiv.
They are entitled ‘On the Basilica operation’ [125], which has appeared in ‘Groups, Ge-
ometry and Dynamics’ and is written in collaboration with the author’s academic sibling
Karthika Rajeev, ‘Two periodicity conditions for spinal groups’ [124], which has appeared
in the ‘Journal of Algebra’, ‘Groups of small period growth’ [123], which will appear in
the ‘Proceedings of the Edinburgh Mathematical Society’, ‘Conjugacy classes of polyspinal
groups’ [126], written in collaboration with Anitha Thillaisundaram, ‘The automorphism
group of a multi-GGS-group’ [121], to appear in ‘Journal of Algebra and its Applications’,
and ‘On the derived series of GGS-groups’ [122].

The second part, ‘The Magnus property and its generalisations’, is formed by an expo-
sition of the Magnus property, containing many new results, and a research article written
in collaboration with the author’s adviser, Benjamin Klopsch, and with Luis Mendonga,
titled ‘Free polynilpotent groups and the Magnus property’, published by ‘Forum Mathe-
maticum’ [95].

The third part is a document written in collaboration with another academic sibling,
Margherita Piccolo, on the theory of representation zeta functions of p-adic analytic groups.
It is written in the form of an academic article, but is yet unpublished.

For the convenience of the reader, all references are collected in a shared bibliography.
The subject matter. — The first, and by far most extensive, of the three parts of

this thesis is concerned with groups acting faithfully on regular rooted trees, and thereby

inheriting some of the structural properties of the corresponding trees. The origins of the
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subject date back to the 1980’s, when Aleshin [3], Grigorchuk [65], Gupta and Sidki [77],
and Neumann [114] discovered groups of this kind with remarkable properties. The ex-
amples of Aleshin, Grigorchuk and of Gupta and Sidki are finitely generated, infinite, and
periodic; hence solutions of the so-called General Burnside problem posed by Burnside [27],
asking whether such groups exist. These groups were not the first examples with these
properties, but their construction, and the proof that they are in fact periodic, is far less
involved than the construction used for the first such examples, the Golod-Shafarechich
groups [58,59|. Furthermore, Grigorchuk soon discovered that his example is a group of in-
termediate word growth [66]. This group, nowadays called the ‘Grigorchuk group’, was the
first group known to have this property, answering a long-standing question of Milnor [28|.
Until today all examples of groups of intermediate growth are based on Grigorchuk’s con-
struction in some way, although Nekrasheyvich’s celebrated construction of simple groups
of intermediate growth [111] translates these ideas away from automorphisms of rooted

trees.

In addition to the striking examples of groups discussed above, certain groups acting on
rooted trees appear as one of the cases in the trichotomy developed by Wilson [153,154] and
Grigorchuk [68] for just-infinite groups. To be precise, all just-infinite groups (i.e. infinite
groups such that all their proper quotients are finite) that are neither simple nor hereditarily
just-infinite (i.e. bequeath this property to their subgroups) are branch groups. The latter
are certain well-behaved groups of automorphisms of rooted trees, whose subgroup lattice
is similar to the one of the full automorphism group of the tree. All examples mentioned in
the first place are branch groups, and in fact just-infinite. However, not all branch groups

are just-infinite, and not all groups acting on rooted trees are branch.

While branch groups are defined by certain algebraic properties (they can be defined
without any reference to the action on an underlying tree, cf. [155]), there is another inter-
esting class of groups acting on regular rooted trees based on a certain kind of dynamical
behaviour. Every regular rooted tree has strong self-similarity properties: given any of its
vertices, the set of vertices ‘below’ it (i.e. the set of vertices whose unique minimal path
from the root to the vertex in question passes through the initially fixed vertex) forms an
isomorphic copy of the full tree. Identifying certain subtrees, one obtains a self-map on
the automorphism group of the tree assigning to an automorphism its section on a subtree.
This map is in general not a group homomorphism, but ‘almost’: it is a homomorphism on
a finite index subgroup. A group of automorphisms of a rooted tree is called self-similar
if it is closed under all possible sections. This gives a very rich class of groups that is
connected with the theory of automata; indeed, self-similar groups are precisely the groups
generated by finite-state automata, see [110]. A finite-state automaton is a finite collection
Q) of states, together with an alphabet X and a transition function 7: Q x X — ) and an
output function w: Q2 x X — X, that describe the behaviour of the automaton, given the
current state of the machine and the input given, in terms of a new state of the machine

and an output. Automata are usually depicted as directed graphs.
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An m-regular rooted tree is isomorphic to the Cayley graph of the free monoid on any
set X of cardinality m € N,. Thus, we may identify the vertices of the tree with finite
words in an alphabet X. Given any automata on the alphabet X, we can define an action

on the tree by

(T .. 20)q = (T ... 21)(q, 0)T(z0)w,

where ¢ is a state of the automaton. The state (g, xo)7 corresponds to the section of the
automorphism induced by q at xy. For example, Fig. 1 depicts the automaton containing

the four states (i.e. automorphisms) that generate the Grigorchuk group.

Figure 1: The finite-state automaton generating the first Grigorchuk group. The alphabet
is the set {0,1}. The state a defines a rooted automorphism, the states b, ¢ and d define
directed ones.

In many ways, the extraordinary groups mentioned above still shape the development
of the field. Diverse classes of generalisations have been defined, and it is an active area of
research to determine the exact conditions under which these generalisations display the
same exotic properties as the original examples that served as an inspiration. Therefore,
we quickly sketch the specific classes of groups that we will examine.

A spinal group is a group of automorphisms generated by a finite group of rooted
automorphisms — i.e. automorphisms that rigidly permute the subtrees below the vertices
of the first layer — and a finite group of directed automorphisms, i.e. automorphisms that
act simultaneously by rooted automorphisms on the subtrees below vertices on a fixed
infinite ray inside the tree (a ‘spine’), cf. Fig. 2. This class of groups was the first that
allowed for a unified theory of the examples of Grigorchuk and of Gupta and Sidki. They
were defined by Bartholdi and Sunik in [19], and expanded on in [13].

A polyspinal group is a group generated from finitely many spinal groups that may
have different spines. This very broad class of groups is considered in Chapter 4. Note-
worthy examples of non-spinal polyspinal groups are the extended Gupta—Sidki-groups
(‘EGS’-groups) defined by Pervova, which are the first example of branch groups without
the congruence subgroup property, cf. [119].

We call a spinal group such that the action of the directed generators is equal on every
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Figure 2: A directed automorphism acting on the binary tree.

level a constant spinal group, or short a CS group. A CS group on a regular rooted tree
with prime degree p such that the rooted group acts as a p-cycle is called a multi-GGS-
group. This well-studied class contains the examples of Gupta and Sidki.

We now introduce the group that is central to Chapter 1 and motivate its construction.
This chapter was written in collaboration with Karthika Rajeev and has been accepted for
publication in the journal ‘Groups, Geometry and Dynamics’.

The construction of a group of intermediate growth had immediate consequences in
various areas of group theory. For example, it had been an open problem if all amenable
groups are in fact elementary amenable, i.e. groups in the smallest class containing all
finite and abelian groups and being closed under quotients, subgroups, extensions and
direct limits, cf. [31]. However the class of elementary amenable groups contains no groups
of intermediate word growth. At the same time, all groups of sub-exponential word growth
are amenable.

Due to the flexibility of the class of groups acting on rooted trees, one can achieve even
more. Knowing that groups of intermediate word growth exist, one wonders if those groups
are (in a sense) the only non-elementary amenable but amenable groups. Define the class
of subexponentially amenable groups to be the smallest class being closed under the same
operations as above, but containing all groups of subexponential word growth. Naturally,
one asks if all amenable groups are subexponentially amenable, and again, the answer is
no, with a counterexample constructed as a group of automorphisms of the rooted binary
tree. This is the so-called Basilica group, introduced by Grigorchuk and Zuk in [72]. While
it is in many ways different from the other examples mentioned above — it is not a branch
group, but a so-called weakly branch group — the same techniques and concepts can be
applied to understand its structure.

Comparing the automaton defining the Basilica group with the automaton defining
the binary odometer — that is the (dense) embedding of the integers into the copy of the
p-adic integers naturally included in the automorphism group of the binary rooted tree —
we notice some similarities. Indeed, one can obtain the Basilica automaton by ‘delaying’
the odometer automaton by adding additional, non-acting states.

Based on this observation, we define the Basilica operation. On the level of automata,
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a simple ‘instructive diagram’ is shown in Fig. 3. A purely algebraic definition can be
found in Definition 1.2.6 on Page 13.

Figure 3: The replacement rule defining the Basilica operation. For every transition of the
automaton, one adds a number of intermediate states.

Many desirable properties of the Basilica group turn out to be consequences of certain
properties of the odometer, and, generally, the Basilica operation preserves many properties
of the original group, including being self-similar, fractal, contracting, or weakly branch,
see Theorem 1.1.1 on Page 5. Furthermore, under certain circumstances one can describe
the layer stabilisers rather explicitly; this description can be found in Theorem 1.1.4 on
Page 6. The description of the layer stabilisers is usually a very difficult task; consequently,
there are only few groups for which explicit calculations are known. Using our description
of the layer stabilisers, we portray the exact relationship between the Hausdorff dimension
of a group and the Hausdorff dimension of its Basilica groups.

The second half of the chapter deals with groups more closely resembling the original
Basilica group, being obtained by means of the Basilica operation from certain free abelian
groups. We describe the new groups in detail, showing that their algebraic properties
are diverging from the original example, and by giving a recursive presentation. Using
these structural descriptions, we prove that these ‘generalised Basilica groups’ have a weak
(‘local’) version of the congruence subgroup property for groups acting on rooted trees.

Surprisingly, the Basilica construction does not only relate the odometer to the Basilica
group, but also relates spinal groups to other spinal groups. This allows us to apply tech-
niques developed to understand the Basilica group to the study of spinal groups. Indeed,
we give a formula for the Hausdorff dimensions of certain spinal groups. The GGS-groups
(see |48]), the first and second Grigorchuk groups (see [69,115]) and certain generalisations
of the first Grigorchuk group (see [141, 144]) are the only spinal groups for which this
invariant was previously computed.

It is an open question if periodicity is a property that is invariant under the Basilica
operation. If this was the case, one would have a strong tool for finding new infinite finitely
generated periodic groups. Our partial answer to this problem leads on to Chapter 2, where
we investigate conditions that ensure that a constant spinal group is periodic. Since the
examples of Gupta and Sidki are CS groups, one expects a fruitful outcome of searching
for periodic groups within the class of CS groups. Indeed, one finds many such groups,

but also groups with elements of infinite order. It is an interesting problem to describe the
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exact transission line between the two phenomena.

Our considerations are not without precendent. Gupta and Sidki [78] developed a
sufficient criterion for certain groups to be periodic. In [68], Grigorchuk gave an elegant
sufficient and necessary condition for when a GGS-group acting on a p-regular rooted
tree is periodic, which was expanded by Vovkivsky [151], and later by Bartholdi [9], who
introduced criteria formulated in terms of the dynamics of certain maps of the finite rooted
group.

Generalising all previous examples, we develop two conditions, given in Theorem 2.1.1
and Theorem 2.1.2 on Page 59, that imply that a CS group is periodic. These form the
main results of Chapter 2. Both theorems are stated in terms of finite dynamical systems,
and reduce the problem to a finite computation. Previously, proofs of periodicity heavily
relied on the rooted group being abelian or at least acting regularily. Our refined methods
show that the condition that the rooted group is abelian can perhaps not be dropped
entirely, but can be replaced by weaker, localised versions of being abelian. Our proofs
rely on the concept of stabilised sections, that is a variant of the section map which is
specialised for proofs of periodicity, and on the consideration of the local geometry of the
rooted tree: We consider every set of children of a given vertex not only as a set, but with
some structure preserved by the local actions of our groups. This proves to be useful both

for developing our conditions for periodicity, and for constructing explicit examples.

Figure 4: The rooted (left and middle) generators and the directed (right) generator b of
a periodic constant spinal group with non-regular local action. The local action is that of
Alt(4) on the cube.

Using these methods, we construct the first infinite finitely generated periodic groups
acting locally non-regularly on a rooted tree; cf. Fig. 4. Furthermore, returning to the
topic of Chapter 1, we prove that the Basilica operation preserves periodicity within the
class of constant spinal groups.

As mentioned above, the Grigorchuk group was not only an early example of a group
of Burnside type, but also the first example of a group of intermediate word growth. This
is not a coincidence, as both properties can be obtained from similar inequations on the
word length of group elements and their sections. Indeed, by-passing some technicalities,

inequations of the type
t(glz) < £(9),
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where ¢ denotes some length function, g a group element, and |, the section map at a

vertex x of the tree, imply periodicity; while inequalities of the type

> Ugla) < (g),

zeXn

where the sum ranges over all vertices of a layer X™ of the tree, imply intermediate word

growth.

There is another concept of growth connected to periodicity, which is the subject
of Chapter 3. Given a finitely generated group G, the period growth of G is the rate
of growth of the sequence (a,)nen, where a,, is defined as the maximal order of an element
contained in balls within the Cayley graph of G, centered around the identity and of ra-
dius n. If G is not periodic, the sequence (a,)nen is an eventually constant sequence equal
to oo, from some point on. If G has finite exponent, the sequence is equal to this exponent
from some point on. Finally, the period growth of a periodic group measures how close it

is to being of finite exponent.

The celebrated solution of the Restricted Burnside problem by Zel’'manov [159, 160]
implies that finitely generated, infinite, residually finite groups of bounded exponent do
not exist. A group is called residually finite if every non-trivial element can be distinguished

from the trivial element in a finite quotient.

Thus finitely generated, infinite, residually finite groups cannot have bounded period
growth. It is a natural question how close such a group may be to having bounded exponent,
i.e. how small their period growth may be. For the main result of Chapter 3, Theorem 3.1.1
on Page 84, we construct a family of groups acting on rooted trees (such groups are always
residually finite) whose period growth is bounded from above by an iterated logarithm
function. This is achieved by proving a stronger version of the first kind of inequality

described above. In Fig. 5, we depict one of the resulting generators.

Figure 5: A pictoral description of the action of a directed generator of a group with small
period growth. The idea is to lift the strong inequality between the exponent and the
diameter of the elementary abelian 2-group, acting on a cube of arbitrary finite dimension,
to an inequality of the type described above.
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The construction of groups of very small period growth also allows us to answer a
question of Bradford on the possible lawlessness growth of a group. This kind of growth
is defined similarly to period growth, but using a different invariant measuring the extent
to which a group is lawless, i.e. not fulfilling any group identity, on growing finite subsets.
Our groups are lawless, since they are weakly branch, and have, due to some inversion,
lawlessness growth equivalent to that of a tower of exponentials.

In Chapter 4, that is written in collaboration with Anitha Thillaisundaram, we examine
the following question. When are two polyspinal groups isomorphic? When are they con-
jugate within the automorphism group of the full tree? Within the wide class of polyspinal
groups, only vague answers seem realistically possible. However, restricting to multi-EGS-
or further to multi-GGS-groups, we obtain descriptions of the conjugacy classes of such
groups. Furthermore, in these cases the conjugacy classes coincide with the isomorphism
classes.

Coming from isomorphisms between different multi-GGS-groups, we consider the au-
tomorphism groups of multi-GGS-groups in Chapter 5. Automorphisms groups of trees
acting on rooted trees are, typically, relatively rigid objects, and the multi-GGS-groups
are no exeption. The original group G embeds as the group of inner automorphisms into
Aut(G), because multi-GGS-groups are branch groups (with one exception) and branch
groups are centreless.

While there are many theoretical results on the rigidity of branch or self-similar groups,
only for very few examples the automorphism group has been computed explicitly. Within
the class of multi-GGS-groups, these examples are the three one-dimensional groups act-
ing on the ternary tree. We compute the automorphism groups of all multi-GGS-groups
excluding the constant GGS-group. The result is given in Theorem 5.1.1 on Page 114.
Most interesting is the subgroup of automorphisms of order coprime to the degree of the
tree (which in case of multi-GGS-groups, is an odd prime). Its structure is described in
linear terms based on the defining subspace of the group. We also find that the usual
dichotomy between regular and symmetric multi-GGS-groups is present; a corollary of our
result is that the outer automorphism group of an multi-GGS-group is finite if and only if
the group is non-regular.

Our methods of proof are not entirely new, but rather a combination of techniques
developed by Sidki [138| and by the author in [120]. However, the subject is delicate,
and a careful analysis of the structure of a multi-GGS-group is necessary so that, along
the way, we prove some statements on multi-GGS-groups that are interesting in their own
right, e.g. Proposition 5.4.1 on Page 125.

In the last chapter of the first part, Chapter 6, we continue our study of multi-GGS-
groups, but restrict ourselves to the one-dimensional case (the GGS-groups proper). While
many aspects of GGS-groups relating to their action on the tree are well-known, most of
their purely algebraic invariants are still mysterious. In Chapter 6, we calculate the index

of the members of the derived series of a given GGS-group, and we describe these members
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recursively. The results are stated in Theorem 6.1.2 on Page 136. Apart from the case of
the Gupta—Sidki 3-group, where similar results were found by Vieira [149] using different
methods, the results are entirely new.

Every GGS-group is defined by a one-dimensional subspace in Fg_l, or equivalently,
by a corresponding basis vector e. Our formula for the index of the n*® derived subgroup
depends only on the degree of the tree, the vector e and its first two vectors of (entrywise)
differences. Thus, in this regard the derived series behaves even more regularly than the
series of layer stabilisers that were computed in [48].

To obtain our formula, we refine the methods of examining GGS-groups by connect-
ing their quotients to circulant vector subspaces, i.e. subspaces of a vector space invariant
under cyclic permutation of its basis elements. We furthermore introduce the series of
iterated local laws that establishes an ‘algebraic analogue’ of the series of layer stabilisers,

and we prove that, in the case of GGS-groups, it coincides with the derived series.

The second part of the thesis is not concerned with a specific class, but with the following
property of groups. A group has the Magnus property if all pairs of elements generating
the same normal subgroup are either conjugate or inverse-conjugate to each other; i.e. if
there are at most two conjugacy classes of elements generating the same given normal
subgroup. Magnus proved that free groups have this property [107|, as an application of
his famous Freiheitssatz. In recent years, various other groups were proven to posses the
Magnus property; for example, all fundamental groups of closed compact surfaces have the
property [23,46].

Groups with the Magnus property have a well-behaved family of one-relator quotients,
i.e. quotients that arise by adding a single relation to a presentation of the group. For free
groups, this gives rise to the fruitful theory of one-relator groups.

The study of groups with the Magnus property is hampered by the fact that the Mag-
nus property is neither inherited by normal subgroups, nor by quotients, nor by direct
products. On the other hand, every countable torsion-free group is contained in a group
with the Magnus property, using the classic Higman—Neumann—Neumann embedding the-
ory [82], making groups with the Magnus property (in a sense) abundant.

In Chapter 7, we pursue two goals. First, we extend and modify the definition of
the Magnus property, allowing both for new directions where the extended, very strong
property fails and for relative versions useful for establishing (or disproving) the original
Magnus property for a given group. Second, we consider two kinds of groups that are
‘small’ in comparison to the groups that are known to have the Magnus property, and
search within these classes for groups with the Magnus property and for obstructions for
having the property. The classes of interest are the class of finite groups and the class of
crystallographic groups.

We prove that every finite group with the Magnus property is a soluble {2, 3, 5, 7}-group,
and that every finite group with a ‘strong’ version of the Magnus property is a {2, 3}-group.
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These results build on an existing theory of finite groups that are rational, i.e. groups where
all generators of a given cyclic subgroup are conjugate. We also prove that, surprisingly,
the class of finite groups with the Magnus property is closed under quotients. As mentioned
above, this is by far not the case for arbitrary groups, as the classic example of free groups

demonstrates.

We then sketch the connexion between the Magnus property for a group and the prop-
erty of an associated quotient of the associated group ring to possess only trivial units.
We prove a variation of Higman’s classic result on periodic groups with group ring having
only trivial units. Using these results, we prove that every crystallographic group with the
Magnus property has a point group that is built from certain ‘atoms’ coming from a finite
list of finite groups, thus restricting the possible point groups to {2, 3}-groups. The precise
formulation can be found in Theorem 7.6.1 on Page 195. On the other hand, we construct

some new crystallographic groups with the Magnus property.

Chapter 8, written in collaboration with Benjamin Klopsch and Luis Mendonga, is
motivated by the observation that both free and free abelian groups possess the Mag-
nus property. We deal with the following question: What other relatively free groups pos-
sess the Magnus property? The main result of this chapter, Theorem 8.1.1 on Page 208,
gives a complete answer for free polynilpotent groups, these groups are precisely the quo-
tients of abstract free groups by verbal subgroups generated by iterated commutator words
Y(er+1,....c+1) for a tuple (c1,...,cp) € N¢, which are given by the ordinary lower central

words for tuples of length 1, and are otherwise recursively defined by

Vier+1,co+1) = Veot1 (V(er41,ce_141)) 5

with the usual convention that separate sets of variables are used for repeated occurrences
of the inner word. In particular, free nilpotent (the case ¢ = 1) and free soluble (the case
(1,...,1)) groups are polynilpotent. We prove that a free polynilpotent group has the
Magnus property if and only if it is nilpotent of class 1 or 2, involving the development of

new methods to disprove and to establish the Magnus—property.

In contrast, we prove that all torsion-free nilpotent groups of class 2 have the Mag-
nus property, and we provide examples of finitely generated nilpotent groups of arbitrary
class with the Magnus property as well as a torsion-free class-3 group with the Mag-
nus property. Finally, we construct torsion-free nilpotent groups of arbitrary class with
the Magnus property, using a crafty ultra-product construction. The question if there
exist finitely generated torsion-free nilpotent groups of arbitrary class that possess the
Magnus property, however, remains a challenging open question.

At the end of the second part of this thesis, we collect some computer programs in

GAP [52] that we have used for the preparation of Chapter 7.

The last and third part of the thesis, written in collaboration with Margherita Piccolo, is
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concerned with the study of representation zeta functions of groups. Let G be a topological
group, and let r, be the number of n-dimensional irreducible continuous representations
of G. For many infinite groups, these numbers are not finite, the easiest example being the
cyclic group of infinite order equipped with the discrete topology, having infinitely many
one-dimensional representations. Groups for which all r,, are finite are called representation
rigid.

The growth rate of the sequence (r,),en, is in a sense a sibling of the subgroup growth
of a group. In both cases we approximate the full group by considering larger and larger
quotients, in contrast to the word growth or the period growth discussed in Chapter 3 that
approximate a group using larger and larger subsets.

Following Grunewald, Segal and Smith [76|, we introduce the following Dirichlet gen-

erating function called the representation zeta function of GG that is defined by

s Cals) = Y ran™",

neNL

for a complex variable s € C. It is a well-known fact that the degree of polynomial growth
of (rn)nen is equal to the abscissa of convergence of the series giving (¢.

The theory of representation growth and representation zeta functions is mostly de-
veloped for the classes of nilpotent groups [150] and for arithmetic groups. Given an
arithmetic group with the congruence subgroup property, Larsen and Lubotzky [98] estab-
lish an Euler product decomposition of the representation zeta function. We are interested
in the local factors, which are representation zeta function of p-adic analytic groups.

There exits a well-developed theory describing these functions. By [21], a compact
p-adic analytic group (indeed, any finitely generated profinite group) is representation
rigid if and only if every open subgroup has finite abelianisation. Jaikin proved in [89],
using model-theoretic methods, that the representation zeta function of such a group (for
odd primes) is close to a rational function in p~°. In [7], Avni, Klopsch, Onn and Voll
establish functional equalities for the representation zeta functions of certain p-adic analytic
groups; they make use of p-adic integration techniques and the Kirillov orbit method, see
also [61,84], that allows to construct a bijection between irreducible representations and
orbits under the so-called co-adjoint action.

Every compact p-adic analytic group contains a uniform pro-p-group as a finite-index
subgroup. Indeed, compact p-adic analytic groups are characterised by this property,
cf. [39]. Using the Lazard correspondence between uniform pro-p-groups and uniform Z,-
Lie-lattices and the Kirillov orbit method, one can describe the representation zeta function
of a uniform pro-p-group as a p-adic integral.

Unfortunately, the explicit calculation of the integrals arising from concrete examples is
a very hard task. It is our aim to provide new examples that might be useful in the further
development of the theory. We base our work on the tools described above. Motivated

by the easiest example, the first principal congruence subgroup of the special linear group
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over the p-adic integers, SL3(Z,), we prove that certain finite index subgroups of SL}(Z,)
have, up to a constant factor, the same representation zeta function as the full group.
Using this astonishing fact, we prove the main result in Chapter 9: all semidirect products
SL3(Z,) x V of the group with an abelian module V = Zy, allow for their zeta functions
to be written

SLY(Zp)xV
CsLa(zp)xv (8) = Cspiz,) (8) - SL%Q((Z:))K (s —1),

where the second factor on the right hand side is the zeta function associated to the
representation induced from the trivial representation on V. The latter is the Dirichlet
generating function associated to the sequence of numbers of n-dimensional irreducible
components of the induced representation; see Theorem 9.3.6 on Page 250 for a precise
statement. The theory of these zeta functions was recently developed by Kionke and
Klopsch in [92].

Using our description of the zeta function of such a semidirect product, we calcu-
late explicitly the representation zeta functions of SL%(ZP) X Zz% with the natural action,
SLi(Z,) x (ZIQ, @ Zf,) with the diagonal action, and SL}(Z,) x Sme(ZIZ,) with the symmetric

square action.

Statement on the author’s contribution to shared research. — I declare that the
research, the writing and the ideas for the articles [95,125,126] that are included in this
thesis as Chapters 1, 4, 8, and for the development of the content of Chapter 9, were shared
equally among myself and the respective coauthors. A detailed account of contributions

follows below.

The initial idea for the work carried out in Chapter 1 was based on a calculation of K. Ra-
jeev of the level stabiliser of special cases of what we later called ‘generalised Basilica
groups’. We ventured to find the ‘minimal’ necessary axioms, which led the author to
develop Definition 1.2.3. The research was carried out in many discussions, circulating
manuscripts and in constant exchange of ideas. The heart of the paper, Theorem 1.1.4 and
its proof, its extensions and applications, was achieved with equal parts of contribution.
The earlier sections dealing with the general case of Basilica groups were chiefly established
by the author; while the later sections studying the class of generalised Basilica groups were

mostly done by K. Rajeev. However, both authors had a part in every section of the paper.

The investigation of the conjugacy classes of multi-GGS-groups in Chapter 4 was suggested
by A. Thillaisundaram after a talk by the author on the results of his Diploma thesis deal-
ing with the same question in the case of GGS-groups. During various research visits of
A. Thillaisundaram at the Heinrich-Heine-Universitit Diisseldorf the results of Chapter 4

were produced in joint work.
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The contents of Chapter 8 were in their foundations established during meetings of the
three contributors, B. Klopsch, L. Mendonga and the author. All three wrote and proved
parts of the resulting paper, these contributions were discussed and subsequently improved
by all three contributors. The author’s main contributions are the strategy of the proof
in the case of the free nilpotent groups and the construction of the counterexample within
the wreath product Z1Z.

The main result of Chapter 9, Theorem 9.3.6, and the foundations of its proof were jointly
developed by M. Piccolo and the author based on preliminary calculations of the author
(that were made obsolete by the theorem). Theorem 9.3.1 and its proof were mainly con-
tributed by the author. The examples and calculations in the latter half of the chapter

were produced in joint work of the contributors.
I have shared the above explanations with my respective co-authors and they have con-

firmed that they happily agree with the relevant statements to be included in my thesis in

this form.
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CHAPTER 1

On the Basilica operation

Written in collaboration with Karthika Rajeev.

Abstract. Inspired by the Basilica group B, we describe a general construction
which allows us to associate to any group of automorphisms G < Aut(7") of
a rooted tree T a family of Basilica groups Bass(G),s € Ny. For the dyadic
odometer Og, one has B = Basa(02). We study which properties of groups
acting on rooted trees are preserved under this operation. Introducing some
techniques for handling Bass(G), in case G fulfils some branching conditions,
we are able to calculate the Hausdorff dimension of the Basilica groups as-
sociated to certain GGS-groups and of generalisations of the odometer, O .
Furthermore, we study the structure of groups of type BaSS(O%) and prove an

analogue of the congruence subgroup property in the case m = p, a prime.

1.1 — Introduction

Groups acting on rooted trees play an important role in various areas of group theory, for
example in the study of groups of intermediate growth, just infinite groups and groups
related to the Burnside problem. Over the years, many groups of automorphisms of rooted
trees have been defined and studied. Often they can be regarded as generalisations of early
constructions to wider families of groups with similar properties.

In this paper, we consider an operation on the subgroups of the automorphism group
Aut(T) of a rooted tree T with degree m > 2. It is inspired by the Basilica group B,
a group acting on the binary rooted tree, which was introduced by Grigorchuk and Zuk
in [73] and [72]|. The Basilica group B is a particularly interesting example in its own right:
it is a self-similar torsion-free weakly branch group, just-(non-soluble) and of exponential
word growth. It was the first group known to be not sub-exponentially amenable 73], but
amenable [14,20]. Furthermore, it is the iterated monodromy group of z? —1 [72,127], and
it has the 2-congruence subgroup property [55].

The Basilica group B is usually defined as the group generated by two automorphisms

a=(bid) and b= (01)(a,id),
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acting on the binary rooted tree (in [73] the elements are defined with id on the left, which
is merely notational). We point out the similarities between these two generators and the
single automorphism generating the dyadic odometer. The latter provides an embedding
of the infinite cyclic group into the automorphism group Aut(7") of the binary rooted tree
T, given by

c=(01)(c,id).

We can regard b as a delayed version of ¢, that takes an intermediate step acting as
a, before returning to itself. Considering the automata defining the generators of both
groups (cf. Fig. 1.2), the relationship is even more apparent. We obtain the automaton
defining b from the automaton defining ¢ by replacing every edge that does not point to
the state of the trivial element with an edge pointing to a new state, which in turn points
to the old state upon reading 0 and to the state of the trivial element upon reading any

other letter. See Fig. 1.1 for an illustration of this replacement rule.

replaced by

Figure 1.1: Replacement rule for edges.

The same can be done for any automorphism of 7" and any number s of intermediate
states. For any group of automorphisms G, this operation yields a new group of tree
automorphisms defined by the automaton with s intermediate steps, which we call Bas,(G),
the s Basilica group of G. A precise, algebraic definition that does not refer to automata
will be given in Definition 1.2.3. Fig. 1.2 depicts for example the automaton defining
Basg(032), while Fig. 1.3 depicts the automaton defining the generators of the Gupta—
Sidki 3-group I" and the corresponding automaton obtained by the operation Bass.

Figure 1.2: Automata for the dyadic odometer Og, the Basilica group B = Basy(02), and
Ba88(02).
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Figure 1.3: Automata for the Gupta—Sidki 3-group I' and Basy(T"), where o is a cyclic

permutation.

We prove that many of the desirable properties of the original Basilica group B are
a consequence of the fact that the binary odometer Oy has those properties and that the
properties are preserved under the Basilica operation. We summarise results of this kind

for the general Basilica operation in the following theorem.

Theorem 1.1.1. Let G be a group of automorphisms of a reqular rooted tree. Let P be a
property from the list below. Then, if G has P, the s Basilica group Basy(G) of G has P
for all s € Ny.

(i) spherically transitive (v) weakly branch

(ii) self-similar (vi) generated by finite-state bounded auto-
(iii) (strongly) fractal morphisms

(iv) contracting

As a consequence we derive conditions for Bass(G) to have solvable word problem and
to be amenable. Furthermore, we provide a condition for Bass(G) to be a weakly regular
branch group given that G satisfies a group law. This enables us to construct a weakly
regular branch group branching over a prescribed verbal subgroup.

The class of spinal groups, defined in [19], is another important class of groups acting
on T'; it contains the Grigorchuk group and all GGS-groups, see Definition 1.3.7. It is
not true that the Basilica operation preserves being spinal, however groups obtained from
spinal groups act as spinal groups on another tree §,7", obtained by deleting layers from
T.

Theorem 1.1.2. Let G be a spinal group (resp. a GGS-group) acting on T'. Then Bass G
is a spinal (resp. a GGS-group) acting on 05T for all s € Ny.

In contrast to Theorem 1.1.1, the exponential word growth of the original Basilica
group B is not a general feature of groups obtained by the Basilica operation. In fact, the
situation appears to be chaotic, for which we provide some examples, see Proposition 1.3.17

and Proposition 1.3.18.
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Next we turn our attention to a class of groups G whose Basilica groups Bass(G) more
closely resemble the original Basilica group. For this, we introduce the concept of the
group G being s-split (see Definition 1.4.1). An s-split group decomposes by definition as
a semi-direct product, algebraically modelling the property that the image of a delayed
automorphism can be detected by observing the layers on which it has trivial labels. We
prove that all abelian groups acting locally regular are s-split for all s € N4, and that
conversely, all s-split groups acting spherically transitive are abelian. Furthermore we

obtain the following.

Theorem 1.1.3. Let s > 1 and let G be an s-split self-similar group of automorphisms of
a reqular rooted tree acting spherically transitively. If G is torsion-free, then Bass(G) is

torsion-free. Furthermore Bass(G)*P = G*.

The (s—1)™ splitting kernel K,_1 is a normal subgroup of G' measuring the failure G to
be s-split. A rigorous definition is found in Definition 1.4.1. If G is weakly regular branch
over K, (allowing K,_; to be trivial, hence including s-split groups), we obtain a strong
structural description of the layer stabilisers of Bass(G). The maps (; are the algebraic

analogues of the various added steps delaying an automorphism, defined in Definition 1.2.2.

Theorem 1.1.4. Let G be a self-similar and very strongly fractal group of automorphisms
of a regular rooted tree. Assume that G is weakly regular branch over Ks_1. Let n € Ny.
Write n = sq+1r with g >0 and 0 <r < s—1. Then, for all s > 1,

Sthas.(c) (1) = (Bi(Sta(g+1)), Bi(Sta()) | 0 < i < r < j < 5)B(9),

This description allows us to provide an exact relationship between the Hausdorff di-
mension of a group G fulfilling the conditions of Theorem 1.1.4 and the related Basilica
groups Basg(G). The precise description makes use of the series of obstructions of G,
a tailor-made technical construction, see Section 1.4.2 for details. Observing this series,
we prove that the Hausdorff dimension of Bass(G) is bounded below by the Hausdorff

dimension of G for all s > 1.

Corollary 1.1.5. Let G < AutT be very strongly fractal, self-similar, weakly regular
branch over K1, with dimg G < 1. Then for all s > 1

dimp G < dimy Basg(G).

Here we define the Hausdorff dimension of G < I' as the Hausdorff dimension of its
closure in I'; where I' is the subgroup of all automorphisms acting locally by a power of a

fixed m-cycle. This subgroup is isomorphic to

lim Cp 2" 2 Cp,.
neNL

r
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If m = p, a prime, then I" is a Sylow pro-p subgroup of Aut(7"). The notion of Hausdorff
dimension in the profinite setting as above was initially studied by Abercrombie [1] and
subsequently by Barnea and Shalev [8|. It is analogous to the Hausdorff dimension defined
as usual over R.

In the second half of this paper we restrict our attention to the class of generalised
Basilica groups Bass(0%,)), for d, m, s € N, with m, s > 2, defined by applying Bas;
to the free abelian group of rank d with a self-similar action derived from the m-adic
odometer. We remark that the above generalisation of the original Basilica group B is
different from the one given in [15], but it includes the class of p-Basilica groups, where p
is a prime, studied recently in [38]. For every odd prime p, we obtain the p-Basilica group
by setting d = 1,m = p and s = 2 in Bass(0%). Our construction also includes special
cases, d = 1 and m = s = p, studied by Hanna Sasse in her master’s thesis supervised
by Benjamin Klopsch. We record the properties of the generalised Basilica groups in the

following theorem.

Theorem 1.1.6. Let d, m, s € N with m, s > 2. Let B = Bass(0%,) be a generalised

Basilica group. The following assertions hold:

(i) B acts spherically transitively on the corresponding m-reqular rooted tree,
(ii) B is self-similar and strongly fractal,
(iii) B is contracting, and has solvable word problem,
(iv) The group O is s-split, and B> = 795,
(v) B is torsion-free,
(vi) B is weakly regular branch over its commutator subgroup,
)

(vii) B has exponential word growth.

Theorem 1.1.6(i) to Theorem 1.1.6(vi) are obtained by direct application of Theo-
rem 1.1.1 and Theorem 1.1.3. The proof of Theorem 1.1.6(vii) is analogous to that of the
original Basilica group B and can easily be generalised from [73, Proposition 4|. Neverthe-
less, one can prove Theorem 1.1.6 directly by considering the action of the group on the
corresponding rooted tree, see [135].

We explicitly compute the Hausdorff dimension of Basy(O%), which turns out to be

independent of the rank d of the free abelian group Ofln:

Theorem 1.1.7. For all d, m, s € Ny with m, s > 2

m(ms=1 —1)

dimy; (Bas,(04,)) = e

The above equality agrees with the formula of the Hausdorff dimension of p-Basilica
groups given by [38], and also with the Hausdorff dimension of the original Basilica group

B given in [11].
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Theorem 1.1.8. Let d, m,s € Ny with m, s > 2. The generalised Basilica group

Bas(0%) admits an L-presentation
L=(Y[Q|®|R)

where the data Y, QQ, R and ® are specified in Section 1.6.

The concrete L-presentation requires unwieldy notation, whence it is not given here. It
is analogous to the L-presentation of the original Basilica group B given in [73]. The name
L-presentation stands as a tribute to Igor Lysionok who obtained such a presentation for
the Grigorchuk group in [105]. It is now known that, every finitely generated, contract-
ing, regular branch group admits a finite L-presentation but it is not finitely presentable
(cf. [10]). Unfortunately, this result is not applicable to generalised Basilica groups as they
are merely weakly branch. Also, the L-presentation of the generalised Basilica group is
not finite as the set of relations is infinite. Nonetheless, akin to [73, Proposition 11|, we
can introduce a set of endomorphisms of the free group on the set of generators of the gen-
eralised Basilica group and obtain a finite L-presentation, see Definition 1.6.1, as defined
in [10].

Using the concrete L-presentation of a generalised Basilica group, we obtain the fol-

lowing structural result.

Theorem 1.1.9. Let d, m, s € Ny with m, s > 2 and let B be the generalised Basilica
group Bass(0%). We have:

(i) For s =2, the quotient group v2(B)/v3(B) = 7%,
(ii) For s > 2, the quotient group v2(B)/y3(B) = C%=2 x C, 2.

This implies that the quotients ~v;(B)/v;+1(B) of consecutive terms of the lower central
series of a generalised Basilica group for s > 2 are finite for all ¢ > 2, whereas a similar
behaviour happens for the original Basilica group B from i > 3, see [12] for details.

For a group G of automorphisms of an m-regular rooted tree, we say that G has
the congruence subgroup property (CSP) if every subgroup of finite index in G' contains
some layer stabiliser in G. The congruence subgroup property of branch groups has been
studied comprehensively over the years, see [18,49,54|. The generalised Basilica group
Bas,(0%,) does not have the CSP as its abelianisation is isomorphic to Z% (Theorem 1.1.6).
However, the quotients of Bass((f)fn) by the layer stabilisers are isomorphic to subgroups
of Cop 0+ Chn, for suitable n € Nyg. If m = p, a prime, then these quotients are, in
particular, finite p-groups. The class of all finite p-groups is a well-behaved class, i.e., it is
closed under taking subgroups, quotients, extensions and direct limits. In light of this, we
prove that Bass((f)g) has the p-congruence subgroup property (p-CSP), a weaker version
of CSP introduced by Garrido and Uria-Albizuri in [55]. The group G has the p-CSP if
every subgroup of index a power of p in G contains some layer stabiliser in G. In [55]

one finds a sufficient condition for a weakly branch group to have the p-CSP and it is also
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proved that the original Basilica group B has the 2-CSP. This argument is generalised
by Fernandez-Alcober, Di Domenico, Noce and Thillaisundaram to see that the p-Basilica

groups have the p-CSP. We further generalise these result.

Theorem 1.1.10. For all d, s € Ny with s > 2, and all primes p, the generalised Basilica
group Bass((f)g) has the p-congruence subgroup property.

Even though we follow the same strategy as in [55], the arguments differ significantly
because of Theorem 1.1.9. Here we make use of Theorem 1.1.4 to obtain a normal gener-
ating set for the layer stabilisers of the generalised Basilica groups (Theorem 1.5.1). We
remark that the result of Fernandez-Alcober, Di Domenico, Noce and Thillaisundaram on
p-Basilica groups can be generalised to all d > 2 with additional work.

The organisation of the paper is as follows: In Section 1.2, we introduce the basic theory
of groups acting on rooted trees and give the formal definition of the Basilica operation,
together with important examples. The proofs of Theorem 1.1.1 and Theorem 1.1.2 are
given in Section 1.3. Theorem 1.1.3 and related results for s-split groups are contained
in Section 1.4, as well as the proofs of Theorem 1.1.4 and Theorem 1.1.7. Section 1.6
contains the proof of Theorem 1.1.8, while Section 1.7 and Section 1.8 contain the proofs
of Theorem 1.1.9 and Theorem 1.1.10.
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1.2 — Preliminaries and main definitions

For any two integers i, j, let [i, j] denote the interval in Z. From here on, T, = T denotes
the m-regular rooted tree for an arbitrary but fixed integer m > 1. The vertices of T
are identified with the elements of the free monoid X* on X = [0, m — 1] by labeling the
vertices from left-to-right. We denote the empty word by €. For n € Ny, the n'* layer of
T is the set X™ of vertices represented by words of length n.

Every (graph) automorphism of T fixes € and moreover maps the n' layer to itself
for all n € Ny. The action of the full group of automorphisms Aut(7") on each layer is
transitive. A subgroup of Aut(7") with this property is called spherically transitive. The
stabiliser of a word u under the action of a group G of automorphisms of 7" is denoted
by stg(u) and the intersection of all stabilisers of words of length n is called the n'* layer
stabiliser, denoted St(n).
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Let a € Aut(T) and let u,v be words. Since layers are invariant under a, the equation
a(uv) = a(u)al,(v)

defines a unique automorphism al, of 1" called the section of a at u. This automorphism
can be thought of as the automorphism induced by a by identifying the subtrees of T
rooted at the vertices u and a(u) with the tree T'. If G is a group of automorphisms, G|,
will denote the set of all sections of group elements at u. The restriction of the action of
the section al, to X' = X is called the label of a at u and it will be written as a|“.

The following holds for all words u, v and all automorphisms a, b:

(a’u)‘v = aluv,

(ab)|u = alpu)blu-

The analogous identities hold for the labels a|*, so the action of a on any word zg ... z,—1

of length n is given by
a(xo...xpn-1) = a|(x0)a|ze (1. .. Tn—1) = al(zg)al™ (z1) ... a|" " 2(xy_1).

Hence every automorphism a is completely described by the label map X* — Sym(X),
u > al*, called the portrait of a.

For n € Ny, the isomorphim
Yn : St(n) = (Aut(T))™, g = (glz)wexn,

is called the n' layer section decomposition. We will shorten the notation of big tuples
arising for example in this way by writing ¢** for a sequence of k identical entries ¢ in a
tuple, implicitly ordering the vertices lexicographically.

We can uniquely describe an automorphism g € Aut(7") by its label at e and the first

layer section decomposition of (g|¢)~lg, i.e. by

g = 9’6 (g‘x)xeX-

Let H < Sym(X) be any subgroup of the symmetric group on X. Then denote by
['(H) the subgroup of Aut(T") defined as

T(H) = (a € Aut(T) | Vu € T, a|" € H).

If H is a Sylow-p subgroup of Sym(X), then I'(H) is a Sylow-pro-p subgroup of Aut(7T).
We further fix c = (01 ... m —1) € Sym(X) and write I for I'({(0)).
A group G < Aut(T) is called self-similar if it is closed under taking sections at every

vertex, i.e. if G|, C G for all v € T. Self-similar groups correspond to certain automata
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modelling the behaviour of the section map: there is a state for every element g € GG, and
an arrow g — g|, labelled x : g(z) for every x € X (for details see [110]).

We follow [147] in the terminology for the first three of the following self-referential
properties, and add a fourth one: A group G < Aut(T) acting spherically transitively is
called

(i
(ii

(ii

fractal if stg(u)|, = G for all u € T

strongly fractal if Stg(1)|, = G for all x € X.

super strongly fractal if Stg(n)|, = G for all n € Ny and u € X™.

very strongly fractal if Stg(n + 1)|, = Stg(n) for all n € Ng and z € X.

~— — ~— ~—

(iv

Notice that for every group H acting regularly on X and G < I'(H) the properties (1)

and (2) coincide. The following lemma will be of great use.

Lemma 1.2.1. Let G < Aut(T) be fractal and self-similar, and let x,y € X. For every
g € G there exists an element g € G such that g(x) = y and §|l, = g. Furthermore, if
H < G is any subgroup of G such that H x {id} x --- x {id} < ¢1(K) for some normal
subgroup K < G, then (H)™ < 1 (K).

Proof. Since G is fractal, it is spherically transitive and in particular it is transitive on the
first layer of T. Hence there exists some element h € G mapping x to y. Also because
G is fractal and h|, € G by self-similarity, there is some element k € stg(x) such that
k|z = (h|z)"tg. Now g = hk fulfils both §(z) = y and §|, = h|.k|. = g.

Assume further that H < G and H x {id} x --- x {id} < ¢y (K) for K < G. Let g € G.
Choose an element g € G such that g(xz) =0 and g|, = ¢g. Then for every h € H

(id*”, b9, 1d* D) = gy ((§) My (hoid, .., 1d)g) € ¢n((§) T EG) = ¢a(K). O
From this point on, we fix a positive integer s.

Definition 1.2.2. There is a set of s interdependent monomorphims 37 : Aut(T) —
Aut(T) defined by

Bi(g) = (Bi-1(g),id, ... ,id) for i e [1,s —1],
Bi(g) = gl°(B:-1(glo), - - B1(glm—-1))-

We adopt the convention that the subscript for these maps is taken modulo s, whence
Bi(9)|z € B (Aut(T)) for all i € [0, s — 1] and g € Aut(T). Whenever there is no reason

for confusion, we drop the superscript s.

Definition 1.2.3. Let G < Aut(T). The s Basilica group of G is defined as

Basy(G) = (87 (9) | g € G,i € 0,5 — 1] ).
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Clearly, for s = 1 the homomorphism ﬁé is the identity map and Bas;(G) = G. In the
case of a self-similar group G, the s*® Basilica group of G' can be equivalently defined as
the self-similar closure of the group f3(G), i.e. the smallest self-similar group containing
B5(G). If G is finitely generated by g1,. .., gr, then Bass(G) is generated by ((g;) with
i€[0,s—1]and j € [1,r].

The operation Bas is multiplicative in s, i.e. for s,t € N and G < Aut(T') we have
Bas; Bas;(G) = Basg(G). This is a consequence of

Bi(Bi(9)) = B4 (9),

which is an easy consequence of Definition 1.2.2.

We now describe the monomorphisms 37 for i € [0, s — 1] in terms of their portraits.
We define a map w; : T — T. For every k € Ny and every vertex u € X*, write u =
zg...xp—1 € X*, and define

k—2

wi(u) = 0 H (:UjOS_l) Tp—1.

§=0
Writing w;(T) for the subgraph of T induced by the image of w;, with edges inherited from

paths in 7', we again obtain an m-regular rooted tree.

Lemma 1.2.4. Let g € Aut(T) and i € [0,s — 1]. Then the portrait of B7(g) is given by

| v

gl qu = wi(v)’
id, ifudgwi(T).

B (9" =

In particular Bass(G) < T'(H), if G < T'(H) for some H < Sym(X).
Proof. First suppose that u = w;(v) for v = xg...zE_1. From Definition 1.2.2 follows

B (g 01-1) = () 0o ) — B2 (gl [ ),

and iteration establishes 57(g)[* = g[’. Now, if u = wug...up—1 & wi(T), there is some

minimal number n #; i such that u, # 0. Thus v = w;(v)0uy, ... ux_1 for n = t < i and

some vertex v, hence
t .
B9 = B (glo) |t = By (glo) | = id. O

It is interesting to compare the effect of the Basilica operation with another method of

deriving new self-similar groups from given ones described by Nekrashevych.

Proposition 1.2.5. [110, Proposition 2.3.9] Let G < Aut(T) be a group and let d be a
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positive integer. There is a set of d injective endomorphisms of Aut(T) given by

m0(9) == 9| (Ta-1(9lx))zex,
7i(g) = (mi—1(9))zex fori € [1,d - 1].

The group Dyg(G) = (mi(G) | i € [0,d — 1]) is isomorphic to the direct product G.

We combine both constructions to define a class of groups very closely resembling the

original Basilica group B.

Definition 1.2.6. Let d, m, s € Ny with m > 2. The m-adic odometer O,, is the infinite
cyclic group generated by
a=o(a,id,...,id),

where o is the m-cycle (m — 1 m —2 ... 10). Write O%, for Dyg(O,,), the d-fold direct
product of O,, embedded into Aut(T") by the construction described in Proposition 1.2.5.
We call the group Bas,(0%) the generalised Basilica group.

Clearly, B = Basy(0») is the original Basilica group introduced by Grigorchuk and Zuk
in [73].

For illustration we depict explicitly the automaton defining the self-similar action of
the dyadic odometer Og, the automaton defining the action of Dg(02) described above and
the automaton defining Basg(O2) in Fig. 1.4.

We shall prove in the following (cf. Section 1.6, Section 1.7, Section 1.8) that gener-
alised Basilica groups resemble the original Basilica group in many ways, justifying the

terminology.

Proposition 1.2.7. Let Autg,(T) be the group of all finitary automorphisms, i.e. the
group generated by all automorphisms g, for v € T, 7 € Sym(X) that have label T at v

and trivial label everywhere else. For any s € N
Bass(Autgn (7)) = Autayn (7).

On the other hand Bass(Aut(T)) is not of finite index in Aut(T) for all s > 1.

Proof. Define for every n € Ny a map puy, : Aut(7) — Ny by

Nn(g) = ‘{u e X" ’ g|u # ld}’

Lemma 1.2.4 shows that g,, = Bi(gﬂw;l(v)) € Bass(Autg, (7)) for every v € Uf;& w;(T).
Conjugation with suitable elements produces all other generators, hence Autg,(7") is con-
tained in Bass(Autan(7)). On the other hand, ) .y, tn(g) < oo for any g € Autg, (7)),
implying that the same holds for all generators (and hence, all elements) of Basg(Autg, (7')).
Thus, Bass(Autg, (7)) = Autgn (7).
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Figure 1.4: The automata defining the generators of Oz, Dg(O2) and Basg(O3).
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For any g € Aut(T) we have pun(g) < |X"| = m". But for all generators f;(g) of
Basg(Aut(T")) the stronger inequality pisn+i(5i(g)) < m™ holds, since 5;(g) has trivial label
at all vertices outside of w;(T"). Let g € Aut(T") and ¢(g) € Q, be the infimum of all

numbers r such that
sn (g)

(1+r)n

lim sup a
n—oo MM

= OQ.

Then g cannot be in Bass(Aut(7T)), since the inequality py,(ab) < pn(a) + pn(b) for a,b €
Aut(T) implies that it cannot be a finite product of the generators of Bass(Aut(7)). By
the same reason, all elements with different ¢(g) are in different cosets. Since ¢q(Aut(T)) =
(0,s — 1) N Q, the second statement follows. dJ

Question 1.2.8. In view of Proposition 1.2.7 and the original Basilica group B it seems
plausible that the operation Bass makes (in some vague sense) big groups smaller and small
groups bigger. Let H < Sym(X) be a transitive subgroup. Write Tgn(H) = Autg,(T) N
I'(H). Replacing Autg,(T') with Tgy(H) in the proof of Proposition 1.2.7 we obtain the
equation Bass(I'an(H)) = I'an(H).

Is there a group G not of the form I's,(H) such that Bass(G) = G7

1.3 — Properties inherited by Basilica groups

We recall our standing assumptions: m and s are positive integers with m # 1, X =
[0,m — 1], and T the m-regular rooted tree. The subscript of the maps /3; is taken modulo

s, and we will drop the superscript s from now on.

1.3.1. Self-similarity and fractalness. —

Lemma 1.3.1. Let G < Aut(T) act spherically transitively on T. Then Bass(G) acts

spherically transitively on T.

Proof. 1t is enough to prove that for any number n = gs +r € Ny with r € [0,s — 1] and
¢ >0, and y € X there is an element b € Bass(G) such that 5(0"0) = 0"y. Let g € G be
such that g(090) = 0%y and observe that (3,.(g) stabilises 0". By Lemma 1.2.4 it follows

Br(9)(0"0) = 0"Bo(gloe)(0) = 0"y. O
Lemma 1.3.2. Let G < Aut(T) be self-similar. Then Bass(G) < Aut(T) is self-similar.

Proof. We check that 5;(g)|, is a member of Bass(G) for all v € T. This holds by Defini-
tion 1.2.2 for words v of length 1, and follows from g|;|, = g|zy by induction for words of

any length. O
Lemma 1.3.3. Let G < Aut(T) be self-similar, and fractal (resp. strongly fractal). Then

(i) The group B = Bass(G) < Aut(T) is fractal (resp. strongly fractal).
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(ii) For all b € B there is an element ¢ € stg(0) (resp. ¢ € Stp(1)) such that clop = b and
|z € Bs—1(G) for all x € [1,m — 1].

Proof. Lemma 1.3.1 shows that B acts spherically transitively, and by Lemma 1.3.2 the
group B is self-similar. First suppose that G is fractal. Since the statement (ii) implies
the statement (i), it is enough to prove (ii).

Observe that

H = {g €stp(0) | g|lz € Bs—1(G) for all x € [1,m — 1]}

is a subgroup since h(z) # 0 and (gh)|z = glp@)hle: € Bs—1(G) for all g,h € H,x €
[1,m — 1]. Thus, it is enough to show that 5;(G) < H|o for all i € [0, s — 1].

It is easy to see that 5;(G) < H for ¢ # 0, hence since 5;(G)|o = Bi—1(G) we have
Bi(G) < H|p for i # s — 1. But also fy(stg(0)) < H. Note that, since G is fractal, we have
stg(0)]o = G. Hence B5_1(G) < Bo(sta(0))|o < Hlo-

If G is strongly fractal, we may replace H by its intersection with Stp(1) and stg(0)
by Stg(1) to obtain a proof for the analogous statement. O

Lemma 1.3.1, Lemma 1.3.3 and Lemma 1.3.2 yield proofs for the statements (1), (2)
and (3) of Theorem 1.1.1.

1.3.2. Amenability. — The original Basilica group B was the first example of an
amenable, but not subexponentially amenable group. This had been conjectured already
in [73], where non-subexponentially amenability of B was proven. Amenability was proven
by Bartholdi and Virag in [20]. Later, Bartholdi, Kaimanovich and Nekrashevych proved
that all groups generated from bounded finite-state automorphisms are amenable [14],
which includes B. We recall the relevant definitions and then apply the result of Bartholdi,
Kaimanovich and Nekrashevych to a wider class of groups produced by the Basilica oper-

ation.
Definition 1.3.4. An automorphism f € Aut(7) is called

(1) finite-state if the set {f|, | w € T'} is finite, and
(ii) bounded if the sequence py,(f) = [{u € X™ | f|u # id}| is bounded.

Proposition 1.3.5. Let G < Aut(T) be generated from finite-state bounded automor-

phisms. Then Bass(G) is also generated from finite-state bounded automorphisms.

Proof. Tt is enough to prove that for every finite-state bounded f € Aut(T) and i €
[0,s — 1] the element (;(f) is again finite-state and bounded. Notice that all sections of
[ are of the form f;(fl],) for some u € T, hence there are only finitely many candidates

and (;(f) is finite-state. Moreover, by Definition 1.2.2 p,(8;(f)) = i n=i | (f), bounding
pn(Bi(f))- O
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This proves statement (6) of Theorem 1.1.1, and we use [14] to conclude:

Corollary 1.3.6. Let G < Aut(T) be generated by finite-state bounded automorphisms.
Then Bass(G) is amenable.

1.3.3. Spinal groups. — A well-known class of subgroups of Aut(7") containing most
known branch groups is the class of spinal groups, containing both the first and the second
Grigorchuk group, and all GGS-groups. We use, with modifications for GGS-groups, the

definition given in [13].

Definition 1.3.7 (Definition 2.1 of [13]|). Let R < Sym(X), let D be a finite group and
let

w = (Wi,j)ieN, jelm—1]

be a family of homomorphisms w;; : D — Sym(X). Identify R with {r(id,...,id) | r €
R} < Aut(T') and identify each d € D with the automorphism of T" given by

ap wij(d) ifw=0"1jforieNy jel,m-1],
id otherwise.

Suppose that the following holds:

(i) The group R and all groups (wy, (D) | j € [1,m —1]), for n € N, act transitively
on X.
(ii) For all n € Ny,

co m—1

m m kerwi,j =1.

i=n j=1
Then (R, D) < Aut(T) is called the spinal group acting on T with defining triple (R, D,w).
The spinal group with defining triple (R, D,w) is called a GGS-group acting on T if
wp,j = wg,; for all n,k € Ny and j € [1,m — 1].

We now describe the Basilica groups of spinal groups. For this, we record the following

lemma.

Lemma 1.3.8. Leti,j € [0,s — 1] with i # j. Denote by st(0) the stabiliser of the infinite
ray 0 = {0" | i € Ng} in Aut(T) (a so-called parabolic subgroup). Then

[8i(st(0)), B;(st(0))] = id .

Proof. We prove that for all go, g1 € st(0) the images by = B;(go) and by = 3;(g1) commute,
using the fact that st(0)]o = st(0). Assume without loss of generality that either j > i > 0

or i = 0. In the first case both by and b; stabilise the i*! layer, we can consider

Gil[bo. ba]) = (olor- bilo). 1d*™ ) = ([Bo(g0). Bj-ign)], 1d" ™),
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and thus reduce to the second case. Suppose now that ¢ = 0. Since the only non-trivial

first layer section of by is at the vertex 0 and by assumption by fixes this vertex,

1([bo, b1]) = ([bolo, b1 o], id*™ D).

Since bolo, b1]o € st(0), we conclude by infinite descent that [bo, b1] fixes all vertices outside

the ray 0, thus acts trivially on the entire tree T O

The elements d € D of a spinal group defined by (R, D,w) can be characterised by
the fact that they stabilise the infinite ray (or “spine”) 0 and d|* # id implies that = has
distance precisely 1 from 0. Therefore it is easy to see that a Basilica group B = Bass(G)
of a spinal group G acting on 7' cannot act as a spinal group on 7', as the elements /37 (d)
have non-trivial labels at vertices of distance s from the ray 0. However, the group B acts
as a spinal group on a tree obtained from 1" by deletion of layers.

Motivated from Example 1.3.10 and 1.3.11 below, we introduce the following notations.

There is an injection ¢ : (X*)* — X* given by
(!EO,O T 1‘0,571) s (l'nfl,O - '5L'n71,sfl) = 20,0 Tn—1,5—1,
whose image is the union UneNO X" The restriction map induces an injection
ve s Aut(X™) — Aut((X®)Y),
and clearly the image ¢*(Aut(7")) is
I'(Sym(X) -2 Sym(X)) < Aut((X*®)"),

where the permutational wreath product is iterated s times. Recall that I'(H) for a per-
mutation group G denotes the subgroup of Aut(T") with every local action a member of H.
Define for i € [0, s — 1]

7; : Sym(X) — Sym(X) - Sym(X)
p = 15(9p,00)
where g, i is the automorphism with g|0i = p and g|* = id everywhere else. It is easy to see
that for every transitive permutation group H < Sym(X) the group (7x(H) | k € [0, s — 1])
is isomorphic to the s-fold iterated permutational wreath product H?---? H.

Now given a family of homomorphisms (w;; : D — Sym(X));en, jex\{o} we define a

new family @ = (@; j : D* = Sym(X?®))ien, jexs\{os} bY

Ti © Wy z O Tj, if j = 0'20°~~! for some x € [I,m — 1] and i € [0, s — 1],

dw—id,d € D*,  otherwise,
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where 7; : D® — D denotes the projection to the (i + 1) factor.

Proposition 1.3.9. Let G be the spinal group on T with defining triple (R, D,w). Then
t*(Bass(GQ)) is the spinal group on (X®)* with defining triple (RY--- 0 R,D*,®), by the
action of Bass(G) on the m®-reqular tree ;T defined by the deletion of layers.

If furthermore G is a GGS-group on T, 15(Bass(G)) is a GGS-group on (X*®)*.

Proof. First consider the elements of the form Sy (a), for a € R, k € [0,s — 1]. On (X*)*
this element acts as 7x(a). Since R is transitive, the images of R generate R!---! R, and
the first entry of the defining triple is described.

We deal in a similar way with the sections f;(d|ot,) of a directed element for every
d e D,i€0,s—1],k € Ng,y € X \ {0}. To obtain the first section decomposition of
the action of B;(d|yx) on 65T (which stabilises the first layer) we have to take sections of
Bi(d|gr) at words & = xq...xs—;1 of length s in 7. Now by Lemma 1.2.4,

Bi(d|gr+1) if z =05,
ﬁz(d‘ok)‘x = 5¢(wk+17m (d)) = Tiwarl,xi(d) ifx= Oil'ios*i*l, X; ?é 0,
id otherwise.

By Lemma 1.3.8 all pairs 8;(d1), B;(d2) with dq,ds € D, 4,j € [0,s — 1] and i # j commute.
We identify 3;(D) with the (i 4+ 1) direct factor of D*. Thus Bass(G) is generated by
Ry--- YR and (5i(D) | i € [0,s —1]) = D*, where (id, ...,id, d;,id, ...,id) € D?® acts on
651 by

(id,...,id,d;,id, . ..,id)|gks, = Bi(d|or )|z,

thus, the elements of D® are defined by the family & of homomorphisms.
It remains to establish the two defining properties of spinal groups. Property (1) holds
by the observation that
(@i (D%)]j € [1,m® —1])
acts as (1p(w; (D)) | j € [1,m — 1],k € [0,s — 1]), hence (@; j(D?) | j € [1,m® — 1]) acts
as the s-fold wreath product of (w; ;(D) | j € [1,m — 1]), in particular, transitively on the
first layer of 657

For (2) consider

ker(wy . 0 m;), if j = 0'20°"1 for some x € [1,m — 1],i € [0,s — 1]

D3, else,

ker @y, j =

hence

ﬂ ker Wy, j = m kerwyj | x -+ X ﬂ ker wy, ;
jexs\{0°} jex\{o} jex\{o0}

Therefore we see that since (2) holds for G, (2) holds for Bass(G).
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The statement regarding GGS-groups follows directly from the description of the defin-
ing triple of Bass(G). O

Proposition 1.3.9 yields Theorem 1.1.2.

Example 1.3.10. One of the eponymous examples of a GGS-group is the family of the
Gupta—Sidki p-groups acting on the p-adic tree. In the language of spinal groups they are
defined by the triple

(o), (o), (0 0,0 =0 omid,...,o— id)sen, ),

or in usual notation by the generators a = o(id,...,id),b = (b,a,a71,id,...,id). We can

describe the generators of the second Basilica group of the Gupta-Sidki 3-group I" by

B3(a) = o(id, id,id) = a B3(b) = (B1(b), Bi(a), Bi(a™ ),
/B%(a) = (CL, id, id) 6%(6) = (ﬁg(b)v id, id)'

The automaton describing these generators is given explicitly in Fig. 1.3. By ordering X2

reverse lexicographically, the action of the generators on (X?)* is

B2(a) = (00 10 20)(01 11 21)(02 12 22)
B2(b) = (B2(b), B2(a), B3(a)~",id, . .. ,id)
B%(a) = (00 01 02)

)= (8

7(b),1d,1d, 57 (a),id,id, 57 (a) "', id, id).

Example 1.3.11. The first Grigorchuk group §G is the spinal group acting on the binary
tree defined by Cg,C3 and the sequence w; ;1 of (the three) monomorphisms Cy — C3,
where w; 1 = w;1 holds if and only if i =3 j. Writing a for the non-trivial rooted element

and b, ¢, d for the non-trivial directed elements, one has the descriptions
=(01)(id,id), b= (c,a), c¢=(d,a), d=bc=(b,id).

By Proposition 1.3.9 Basy(§) is a spinal group on the 4-adic tree (X?)*, generated by the

elements
o =) =02(13), A =g =01),
B =p0b) =(kaidid), B =p}b) =(KidA,id),
K :Bg(c) :(5aa’idvid)7 K :5%(0) :(A,id,A,id),
6 =Pk, A :=BK,

where we identify [0, 3] with X2 by the reverse lexicographic ordering.
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1.3.4. Contracting groups. — For this subsection, we fix a self-similar group G <
Aut(T’) and a generating set S of G, which yields a natural generating set {J;c(o ,—1) 8i(S)
for B := Bas,(G).

The group G < Aut(T) is said to be contracting, if there exists a finite set N C G
(called a nucleus of G) such that for all g € G there is an integer k(g) such that g|, € N
for all v € T with |v| > k(g), where | - | denotes the word norm.

In this section we prove that a contracting group G has contracting Basilica groups
B = Bas;(G), considering the natural generating set for B. For this we define yet another
length function, the syllable length, denoted by syl(b), of an element b € B as the word
length w.r.t. the infinite generating set (J;c(o ;1) Bi(G), L.e. as

/—1
syl(b) := min{l € Ny | b = H Bi;(g;), with suitable i; € [0,s —1],9; € G},
3=0

where Hﬁ;é fBi;(g;) is a word representing b in B with respect to the generating set
{Bi(g) | i € [0,s—1],g € G}. Consequently, we will call a non-trivial element of the
given generating set a syllable and the corresponding index ¢ its type. Since for every
non-trivial element b € 3;(G) there is some u € X" for some n € Ny such that b|* # id,
while there is no u € T'\ UnENo X5+ guch that b|“ # id, the type of a syllable is unique.
Since all sections of a syllable are either trivial or a syllable itself, the syllable length of a

section of b is at most syl(b).

We further define for every g € Aut(7),

(@) min{n € Ny | g|°" (0) # 0} if g does not stabilise 0 = {0" | n € Ng},
T g =
00 otherwise.

Lemma 1.3.12. Let r € Ny. Define

Dy = {Ba; (h1)Bay(h2)Bas (h3) | k1, ho, hz € G\{1},
ai,ag,az € [0,s — 1] such that a; # as # as,

t(faz (h2)) = 7}

Then syl(cly) < 3 for ¢ € D, and all uw with |u| > r.

Proof. Let ¢ = fq,(h1)Bay(h2)Bas(h3) € D,, where ai,as,as,hi, ha, hg satisfy the con-

ditions stated above. We use induction on r. First consider the case r = 0. From
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Bas (h2)(0) # 0 we deduce that ay = 0. Calculate, for x € [0, m — 1],

Bs—1(h2lo)Bas—1(h3) if x =0,
C‘w = 5@1—1(h1)65—1(h2’m) ite = hz_l(o)a
Bs—1(halz) otherwise.

This shows that ¢|, and, by recursion, c|, for all u with |u| > 1 have syllable length at
most 2. Now we assume that » > 0. We may reduce to the case that 0 € {a1,a2,as}. If
0 ¢ {a1,a2,a3}, clo € Dy—1 and ¢|, = id for all x € X,z # 0. Therefore, by induction
syl(¢|zu) < 3 for x € X and |u| > r — 1, hence syl(z|,) < 3 for all |u| > r.

If ag = 0 # a1, respectively, a; = 0 # a3, we have

ﬁal—l(hl)ﬁag—l(}@)ﬁs—l(h3|z) €D, itz = hgl(o),

cly =
Bs—1(h3]z) otherwise,

respectively,

Bs—1(h10)Bas—1(h2)Baz—1(h3) € Dr—1 if 2 =0,

cly =
Bs—1(h1]z) otherwise.

Finally, if a; = a3 = 0, we find

Bs—1(P1[0)Bas—1(h2)Bs—1(h3|z) € Dy—1  if = h31(0),
Bs—1((h1h3)|z) otherwise.

In all three cases all but at most one section have length < 3 and the remaining section is
contained in D,_1, hence by induction syl(c|z,) < 3 for all x € X |u| > r — 1.

The case az = 0 remains. Now 7 > 0 implies h; *(0) = 0 and we have t(85_1(halo)) =
r — 1. Thus

ﬁa1*1(hl)ﬁsfl(hﬂﬂ)ﬁagfl(h:}) eD, 1 ifz=0,
Bs—1(h2lz) otherwise.

Hence we conclude that syl(c|yy,) < 3 for all u with |u| > 1 by induction as before. O

Lemma 1.3.13. For every element b € B with syl(b) > s+ 1 there is a number r € Ny

such that for all sections bl, with |u| > r,
syl(blu) < syl(b).

Proof. Let b € B be an element with syl(b) > s + 1. If b is minimally represented by a

word w, it suffices to prove that there is a subword of w representing an element which has
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a reduction of the syllable length upon taking sections.
Since syl(b) > s+ 1 there must be at least one syllable type appearing twice, and there

is a subword of w that can be written in the form

Bi(g1)boBi(g2)b1 or b1Bi(g1)boSi(g2),

where by, b1 are non-trivial and contain neither two syllables of the same type nor a syllable
of type 7. Passing to the inverse if necessary we restrict to the first case.

Under the assumption of w being minimal it is impossible that both by and £;(g2) fix
the infinite ray 0, since if they did, they would commute by Lemma 1.3.8, and consequently
it would be possible to reduce the number of syllables.

Thus there are syllables in by/3;(g2) that do not stabilise the ray 0. Among these we
choose k such that r := t(3;, (gx)) is minimal.

Apply Lemma 1.3.12 to the subword 3;, _, (gr—1)8;, (9x) B, 1 (gk+1) of Bi(91)boBi(g2)b1
consisting only of the syllable £}, (gr) and its direct neighbours, and obtain for all u €
T, |ul >r

syl(bly) < syl(b). O

Although interesting in its own right we use Lemma 1.3.13 solely to prove the following

proposition.
Proposition 1.3.14. Let G < Aut(T') be contracting. Then B = Bass(G) is contracting.

Proof. Let N(G) be a nucleus of G. Define

¢

N(B) = {Hﬁji(gi) [6<s+1,ji€[0,s—1],9i € N(G)} :
=0

Since N(G) is a finite set, N(B) is finite as well. We will prove that it is a nucleus of B.

Let b € B. If syl(b) > s + 1, by Lemma 1.3.13 there is a layer, from which onwards all

sections of b have syllable length s + 1 or smaller.

Hence we can assume, that syl(b) < s+ 1. Write b = Hjﬁéb)fl Bj;(gi). Since G is
contracting, for every g; there is a number k(g;) such that g;|, € N(G) for all |u| > k(g;).
Set K :=max{k(g;) | 7 € [0,syl(b) — 1]}, and observe that for v with |u| > sK the section
bly is a product of at most syl(b) < s+ 1 syllables of the form §;(g) with g € N(G). Thus
bl is in N(B) and B is contracting. O

Proposition 1.3.14 proves statement (4) of Theorem 1.1.1.

As a consequence, the word problem for Basilica groups of self-similar and contracting
groups is solvable, since it is solvable for self-similar and contracting groups [110, Propo-
sition 2.13.8|.

Corollary 1.3.15. Let G be self-similar and contracting. Then Bass(G) has solvable word

problem.
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Question 1.3.16. Let G < Aut(T') be contracting. The fact that Bass(G) is contracting
implies the existence of constants A < 1,L,C € Ry such that for every g € G, u € X™
with n > L it holds

|glul < Algl+C.

In [73] one set of constants is given for the original Basilica group B, namely \ = % and

L=C=1.
Is there a general formula for the above constants valid for all contracting groups and

their Basilica groups, yielding A = % for B?

1.3.5. Word growth. — We now provide some examples of the possible growth types of
Basilica groups. It is known that the original Basilica group B has exponential word growth,
cf. [73, Proposition 4]. The same proof as the one given there also shows that Bass(0O,,) is

of exponential growth for all m > 2. This, however, is not a general phenomenon.

Proposition 1.3.17. Let a = (0 1)(a,id) be the generator of the dyadic odometer acting
on the binary rooted tree. Then Bass(((id, a))) is a free abelian group of rank s, and is of

polynomial growth in particular.

Proof. The element (id, a) stabilises the ray 0, thus by Lemma 1.3.8 we have

[8i(((id, a)})), B;({(id, a)))] = id
for distinct 4, j € [0,s — 1]. Also 5;({(id,a))) 2 Z for all i € [0,s — 1]. n

As another example, we prove that there is a group of intermediate word growth such

that its second Basilica group has exponential word growth.

Proposition 1.3.18. Let G = (a = (1 2 3),b = (a,1,b)) be the Fabrykowski-Gupta
group [43] acting on the ternary rooted tree, which is of intermediate growth according
to [16]. Then there exists an element f € Aut(T) such that the group Basy(GY) is of

exponential growth.

Proof. The Fabrykowski-Gupta group is a GGS-group. In contrast to the Gupta—Sidki
3-group it is not periodic: an example for an element of infinite order is ab, for which the

relation

(ab)® = (ab, ba, ba)

holds. In view of the decomposition it is clear that ab acts spherically transitively on
T and thus by a result of Gawron, Nekrashevych and Sushchansky [56] it is Aut(T)-
conjugate to the 3-adic odometer group. Let f € Aut(T') be an element such that (ab)/ =
(12 3)((ab)’,1,1). Then the subgroup generated by Bo((ab)/) and B1((ab)!) in Basy(GY)
is isomorphic to the generalised Basilica group Basa(O3), which is of exponential growth
by following the proof of |73, Proposition 4| (which is the same result for B) replacing the

2-cycle with a 3-cycle corresponding to al. O
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The same idea can be used to obtain the following proposition.

Proposition 1.3.19. Let G < Aut(T) be a group containing an element acting spherically
transitively on T. Then there is an Aut(T)-conjugate G of G such that Bass(G’) has

exponential word growth.

1.3.6. Weakly branch groups. — For every vertex v € T the rigid vertex stabiliser of
v in G is the subgroup of all elements that fix all vertices outside the subtree rooted at v.
For every n € Ny the n'® rigid layer stabiliser Ristg(n) is the normal subgroup generated
by all rigid vertex stabilisers of n'' layer vertices. A group G' < Aut(T) is called a weakly
branch group, if G acts spherically transitively and all rigid layer stabilisers Ristg(n) are
non-trivial. If there is a subgroup H < G such that ¢ (Stg (1)) > H x---x H, the group G
is said to be weakly regular branch over H. Clearly, a group that is weakly regular branch
group over a non-trivial subgroup is a weakly branch group.

From Lemma 1.2.4, it follows that elements of the rigid layer stabilisers of G translate

to elements of rigid layer stabilisers of Bass(G).

Lemma 1.3.20. Let n = gs +r € Ny, with r € [0,s — 1] and ¢ > 0. Let B = Bass(G)
for G < Aut(T). Then Ristg(n) contains B;(Ristg(q+1)) and 5;(Ristg(q)) for 0 <i<r
and forr < j < s.

We immediately obtain the following proposition.

Proposition 1.3.21. Let G < Aut(T') be a weakly branch group. Then B := Bass(G) is

again weakly branch.

This proves the statement (5) of Theorem 1.1.1.
The group Bass(G) can be weakly branch even when G is not weakly branch. We recall
that for any group G and an abstract word w on k letters, the set of w-elements and the

verbal subgroup associated to w are
Gy = A{w(ho,...,hg—1) | ho,...,hx—1 € G} and w(G) := (G,,) respectively.

Proposition 1.3.22. Let G < Aut(T) be a self-similar strongly fractal group and let
B := Bass(G). Let w be a law in G, i.e. a word w such that w(G) =1, but let w not be a

law in B. Then B is weakly reqular branch over w(B).

Proof. Let b = w(bo,...,bx—1) # id with b; € B for i € [0,k — 1]. By Lemma 1.3.3 there
are elements ¢; € Stp(1) such that ¢;|g = b; and ¢;|, € Bs—1(G) for all x € X \ {0}.

For every x € X, let d, € B be an element such that d;|, = id and d,(z) = 0
dz

(cf. Lemma 1.2.1). Then c?’“ stabilises the first layer and has sections ¢;*|, = b; and

cfz\y = (¢ila )d“”|y c 58_1(G)dz|y for y # x.

z(y)
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Since c;«i” stabilises the first layer, the section maps are homomorphisms and

b, ify==x
s ds . dy N
w(cp®s - )y = w(eglys -5 7 ly) =

id else,
because in the second case we are evaluating w in a group isomorphic to GG. This shows
that B, x ---x B,, is geometrically contained in B,,, and thus the same holds for the verbal

subgroups that are generated by these sets. O

We point out that, if w is a law in B, then B cannot be weakly branch as it satisfies an
identity. Proposition 1.3.22 allows to obtain examples of groups that are weakly branch

over some prescribed verbal subgroup. We provide an easy example:

Example 1.3.23. The group D := (0,b), with ¢ = (0 1) and b = (b,0), acting on the
binary tree is isomorphic to the infinite dihedral group (hence metabelian). It is self-similar

and strongly fractal. Considering

[[81(0), Bo(o)], [Bo (@), Bo(ab)]] = ([Bo(a), Bu(ab)], [Bo(o), Br(b™"0)]) # id,

we see that the second Basilica Basg(D) is not metabelian, and thus it is weakly branch

over the second derived subgroup of Basy(D).

1.4 — Split groups, layer stabilisers and Hausdorff dimension

The subgroup f;(G) < Bas,(G), for i € [0,s — 1], has the property that its elements have
non-trivial portrait only at vertices at levels n =; ¢ for n € Ny.

We consider an algebraic analogue of this property that will be used to determine the
structure of the stabilisers of Bass(G).

Definition 1.4.1. Let G < Aut(T') and B := Bass(G). Define:
S; = (B;(G) | j #1) < B and N; = (S;)? 9 B.

We write ¢; : B — B/Nj for the canonical epimorphism with kernel N;. The quotient B/N;
is isomorphic to the quotient of G by the normal subgroup K; := 3, L(B:(G)NN;). We call
K; the i splitting kernel of G. The group G is called s-split if its s'" Basilica group B is
a split extension of N; by 5;(G) for all i € [0, s — 1], or equivalently if all splitting kernels

of G are trivial.

Proposition 1.4.2. Let G < Aut(T) be a group that does not stabilise the vertex 0. Then
BGi([G,G]) < Nj fori € [1,s —1]. In particular, an s-split group (for s > 1) is abelian.

Proof. Let g,h € G, k € G\st(0) and let ¢ € [1,s — 1]. Write vy = Bi—1(g9),n = Bi—1(h),7 =
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Bi(9), 1 = Bi(h) and k = By(k). Then

_ =1, _1\m—1l=, 7 _ _ 11 _ _ _
Kk 1(”)7 (H 1)7 77(,4])77|x:,{1 l‘n(x)’”n(z)’ﬂl‘(’y 177 17)|£’€ 1|H(z)’y l‘n(x)K|In’I
= “|;17|n(a:)’€’x(771ﬁ717)|x”|;17|;(;)"3|zﬁ|x

[v,n] ifx=0,

id otherwise.

Thus £ (k)7 (k)7 (k)7 = ([y,n],id, . ..,id) = [7,7] is an element of N; N 3;(G). O

We remark that [G, G] < Ky does not necessarily hold. For example, consider a group
G such that [G,G] £ Stg(1). Since Ny < Sty (g)(1), the zero'™™ splitting kernel cannot
contain [G, GJ.

Definition 1.4.3. We call a subgroup H of a group G non-absorbing in G if for all
hos- .y hm_1 € H such that ¥ (ho, ..., hym_1) € G, implies ¥ (o, ..., hpm_1) € H. If G

is weakly branch over H, then H is non-absorbing in G.

Proposition 1.4.4. Let G < Aut(T) be self-similar and such that G|° acts regularly on
X. Assume that [G, G] is non-absorbing in G. Then fori € [1,s — 1] we have K; = [G, G],
and Ko < [G,G]. In particular, if G is abelian, it is s-split for all s € N;.

Proof. The inclusion [G, G] < K; for i € [1,s — 1] is proven in Proposition 1.4.2. Thus we
prove K; < [G,G] for i € [0,s — 1].

Set B := Bass(G) and define N := Uf;é (Bi(G)N N;). We employ the decomposition in
syllables, cf. Section 1.3.4. For every b € N there is an index i € [0, s — 1] such that b can

be written both as an element of the image of some 5; and a word in N;, i.e.

£(b)

b= Bi(g0) = [ [ ()™ ()

J=1

for suitable ¢(b) € No, g; € G and h; € S;. The minimal possible value of £(b) is called
the restricted syllable length, and from here onwards we use the symbol £ for this invari-
ant. Write € = Uf;& i(|[G,G]) (notice that this a union of subsets with pairwise trivial

intersection), and define
M:={beN\C|Llb) <lc)forall ce N\ C},

the set of all non-commutator elements with minimal restricted syllable length.

We shall prove that for every b € M there exists a first level vertex x; € X such that:

(i) by, € M and
(i) bl, =id for all z € X \ {z;}.

Furthermore we prove that
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(iii) b€ Stp(1), Le. M < Stp(1).

Every subset M C Aut(T") with these properties is empty. Indeed, if b € M, there is some
vertex u € T such that b|* # id, since b is not trivial. But by properties (i) and (i7)
b, is either trivial or a member of M, hence by property (ii) stabilises the first layer, a
contradiction.

But if M is empty, N is contained in €, hence all splitting kernels are subgroups of
(G, G], finishing the proof.

Assume that there is some b € M. We fix the decomposition and the type given by (x),
but write ¢ for £(b) to shorten the notation.

We first observe that ¢ # 1. If £ = 1, we have (;(g0) = hfi(gl), consequently hy €
Bi(G) N S;. But hq|* = id for all u with |u| =4 i, while §;(G)[* = {id} for u ¢ w;(T) by
Lemma 1.2.4. Thus h; =id = b ¢ M, which is a contradiction.

We split the proof of statements (1) to (3) into two cases: i = 0 and i # 0.

Case i = 0: Since Ny < Stp(1), statement (iii) is fulfilled. We have Splp = Ss—1 and
Solz = {id} for z € X \ {0}. Also 5o(G)|» < Bs—1(G|z) for x € X, hence Ny, < Ns_1.
Thus all sections b|, are members of B5_1(G) N Ng_1 C N.

The first layer sections of b are given by

blo = Be-1(g0lz) = [ (hslo)*—1 @), for z € X,
J€Le

where L, = {j | 1 < j < fand gj(x) = 0}. The sum > _y|L;| equals £. By the
minimality of ¢, either all sections of b are contained in fs_1([G,G]), or there is some
x; € X such that ¢(b|;,) = |Lsz,| = ¢. In the first case, since [G, G| is non-absorbing in G,
this implies b € By([G,G]), a contradiction. In the second case, L, = 0 for x # x;, i.e.
bl = id for x # z;. This proves statement (ii). Furthermore, if b|,, ¢ M, it is contained
in Bs—1(|G,G]). Since [G,G] is non-absorbing over G, this implies b € 5y(|G, G]). Thus
blz; € M, and statement (i) is true.

Case i # 0: Recall that b|; = 8;(go)|z = id for x # 0. This is statement (ii) with z; = 0.
We consider the first layer sections of b. For x € X and 1 < j <4,

(hjlz)%—1095) if = 0 and h; € stp(0),
hj\mﬁi_l(gj) if r =0 and hj §7_f StB(O),
Bi-1(g; Hhjla  if hj & stp(0) and z = h;'(0),

hjla otherwise.

Bi(gi), __
hj Ve =

Since G|¢ acts regularly, stp(0) = Stp(1). We divide the long product in () into segments
that stabilise the first layer: Let x € X, and consider the subsequence ( jg(ck)) kell,t,] of [1,7]
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consisting of all indices j;g ) such that (H i hj)(z) = 0. Clearly >~y t, = /.

Set 1 =1 and 5% = £4 1. Then [ " h; € Stp(1) for all k € [1,4,], and one
J=Jz

may write

ty jékﬂ) 1
b—H H D )
J ]a:

We now make another case distinction.

Subcase ty = L for some x € X \ {0}: We will prove that this case cannot occur. The
equation t; = ¢ implies hy(z) = 0 and h; € Stp(1) for all j € [1,¢ —1]. We may assume
ge = id, by passing to a conjugate if necessary. Looking at the second and fourth case of

(1), we obtain
{—1

Bi-1(g0) = blo = H(hj‘h@(o)) - helo € Ni—1.
j=1

Thus B;—1(go) is an element of N of restricted syllable length at most 1, hence trivial.

Consequently go and b are trivial, a contradiction.

Subcase ty = £: This implies h; € Stp(1) for all j € [1,/], and statement (iii) holds. By
the first case of (})

0
blo =[] hjlo”=199) € Ni_y N Bisa(G),
j=1

which is of restricted syllable length at most £. As we previously argued in the case
i = 0, we have blgp ¢ 5,—1(|G,G]) and consequently statement (i) holds, since otherwise
b € 5i(|G, G]) because [G, G] is non-absorbing over G.

Subcase t, < € for all x € X: We shall prove that this case cannot occur. Combining (1)
with (1) for x € X we calculate

to—1
b, — H ((Hj-:jgw 1(hj)ﬂi(gj)> |0> (Hj(:;gw(hj)ﬁl(g])) |2
k=0 B '

and for k € [1,t; — 1]

Dy GRFD
H (h;)P9) g = Bi_1(g7, (k) H h; | S0 )ﬁi—1(gj<k+1>_1)
(k) (k) [T hi(0) ’
J=Ja J=J=z
g
_ Bi-1(9 (k+1) )
:ﬂi_l(gjg%)gj;kﬂ) 1 H h’ Dy )) je =17
=i i
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(k4+1)
Consequently, every segment []* 1(hj)5i(9j) of b contributes at most one syllable of

N;_1 and a member of 3;_1(G) to bz\z We obtain

—1 t -1 .

Bi—1 | 91 1, gj;k)ilgj(k) ge if x =0,

b|1‘ EN¢,1 ; :cl

Bi-1 [T gj(k)—1gj_<k) otherwise.
z x

Write b|, = Bi—1(fz)n, with n, € N; and f, equal to the corresponding product in G in
the last equation. Since the subsequences form a partition, every Bi_l(gj@) and its inverse

appear in precisely one section of b, and we have

¢
H blz =N,y H Bi-1(fx) =s,_1(1c,q) Hﬁifl(gjgfl) =1

zeX reX j=1

. .(k:+1)_1 s .
Now we look at n,. Since every segment Hj””: e (h;)%193) contributes at most one syl-
lable, and h; ¢ Stp(1) for some j € [1,/], we have lng) <ty < L. Also Bi1(fz)ns =
bl = id for x # 0, hence n, = B;i_1(f;!) € N. By minimality, f, € [G,G]. Then also
fo =66 Teex fo Sjeq id, and Bi1(fi'g0) = Bimi(fy )blo = no € N. Again, by
minimality, f; g0 € [G,G], thus go € [G,G], a contradiction.

This completes the proof. O

Example 1.4.5. Let Basy(0%,) be a generalised Basilica group (cf. Definition 1.2.6). Since
0% is free abelian and self-similar, and 0% |€ is cyclic of order m, by Proposition 1.4.4, the

group 0% is s-split.

Question 1.4.6. Motivated by the small gap between Proposition 1.4.4 and 1.4.2 we ask:
Is every abelian group G < Aut(T') acting spherically transitive s-split for all s > 17

Corollary 1.4.7. Let G < Aut(T) be a self-similar s-split group. Then the abelianisation
Bass(G) s
Bas,(G)* =~ G*.

Proof. Consider the normal subgroup H = {([3;(G), B;(G)] | 4,5 € [0,5 — 1],i # j)Bass(&)
and observe that H < N; for all i € [0,s —1]. We obtain an epimorphism G* —
Bas,(G)/H, mapping the i*" component of G* to 3;(G)(H), for i € [0,s — 1]. This map is
also injective. Let Hie[O,sfl} Bi(g:) =m Hz’e[O,sfl} Bi(h;) for some g;, h; € G. Then for all
reX

Bu(gehy ') =1 H Bi(g; 'hi) € Ny

i€[0,5—1)\{z}
and B.(gzh;') € N,. Since G is s-split, this implies g, = h,. Thus Bass(G)/H = G*. But
from Proposition 1.4.2 G is abelian and consequently H = [Bass(G), Bass(G)]. O
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Proposition 1.4.8. Let G < Aut(T) be a torsion-free self-similar group such that the
quotient G/ K with K = By (80(G) N No) is again torsion-free. Then Bass(G) is torsion-

free.

Proof. Let b € Bass(G) be a torsion element. Since G/K is torsion-free, we obtain b €
ker g = No < Stpas,()(1). Thus the first layer sections of b are again torsion elements
of Bass(G), because Bas,(G) is self-similar by Lemma 1.3.2. Hence an iteration of the

argument yields b = id. O

Question 1.4.9. On the other end of the spectrum, the group Basy(9) (cf. Example 1.5.11)
is periodic as is G, which can be proven analogous to [13, Theorem 6.1/, and the second
Basilica groups of the periodic Gupta-Sidki-p-groups (cf. Example 1.3.10) are periodic by
[2]. Motivated by this observation we ask:

Is there a periodic group G < Aut(T") acting spherically transitive such that Bass(G)

is not periodic for some s € N7

Proposition 1.4.8 and Corollary 1.4.7 prove Theorem 1.1.3.

1.4.1. Layer stabilisers. — For an s-split group G' < Aut(T) the s*" Basilica decom-
poses as Bass(G) = N; x (;(G). Recall from Definition 1.4.1 that ¢; denotes the map
to Bass(G)/N;, identified with the quotient G/Kj;, such that ¢;(nB;(g)) = gK; for all
g€ G,neN,.

Lemma 1.4.10. Let G < Aut(T) be a strongly fractal group and let B = Bass(G). Let
bos -, bm_1 € B. Then ¢¥7* (bo,...,bm_1) is an element of St(1) if and only if there is
an element g € Stg(1) such that for all vz € X

(bs—l (bz) = g’sz—L

Proof. If there is some element g € Stg(1) of the required form, clearly

60(9) El[)fl(Nsm_l) (b07 o 7bm—1)'
Now we claim that 11 (Ng) > N ,. Let

/-1
b= e N,
=0

with h; € Ss_1. Then there are elements ij = (hj,id,...,id) € Sy by the definition of
Ss—1. Furthermore, since G is strongly fractal, there are elements g; € Stg(1) such that

Bo(G;)lo = Bs—1(g;), yielding
-1

~ Bo(§; ) )
[175% = b.id, ... id).
5=0
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Since G acts spherically transitively, the claim follows by Lemma 1.2.1. Thus there is an
element in NoSo(g) < Stp(1) with sections (bo, ..., bm—1).

Let now b = v, ! (bo, ..., bm—1) € Stz(1). Then b decomposes as a product nfy(g) with
n € Ny and g € Stg(1). This implies, for any = € X,

Ps-1(bz) = Ps—1((nfo(9))|2) = ¢s—1(Bs-1(9l2)) = glaKs—1. O
Lemma 1.4.11. Let G be fractal and self-similar and let B = Bas,(G). Let n € Ny,
(i) ¥1(Bi(Sta(n))?) = (Bi—1(St(n))P)™ for all i # 0.
Assuming further that G is very strongly fractal,
(i1) Y1([Bo(Sta(n + 1)), Nol?) = ([B5-1(Sta(n)), Ns-1] )™

Proof. (i) The inclusion 11 (8;(Stg(n))?) < (Bi—1(Stg(n))?)™ is obvious. We prove the
other direction. Let g € Stg(n) and b € B. Since B is fractal by Lemma 1.3.3, there is an
element ¢ € stp(0) such that c|p = b. Now

(51(9))6 = (/Bi—l(g)’ id, ... ’id)c = (ﬁi—l(g)b’ id, ... ,id),

yielding statement (i), by Lemma 1.2.1.

(ii) The inclusion 4y ([Bo(Sta(n+1)), No]?) < ([Bs—1(Sta(n)), Ns—1]7)™ follows directly
from Nyl < Ns—1 and Bo(Sta(n + 1))z < Bs—1(Stg(n)), where x € X. Thanks to
Lemma 1.2.1, for the other inclusion it is enough to prove that ([8s—1(g), k],id,...,id) is
contained in 11 ([Bo(Stg(n + 1)), No]?) for all g € Stg(n) and k € N,_1. Let

/
k=185 (k)P ®) € Ny,
=0

Since G is strongly fractal there are elements t; € St (1) such that ¢;[o = k). Furthermore,
since G is very strongly fractal there is an element h € Stg(n+ 1) such that hlg = ¢g. Then

¢
(h), [ 1(Biy1 (k)] € [Bo(Sta(n + 1)), NoJ?
7=0

and
d ¢
,H Bi;+1(k; 60 (t; )” = [(Bo(h))|x H((ﬁij+1(kj))|x)(/80(tj))‘:c]
Jj=0 j=0
[Bs—1(9), k] ifx=0,

[Bs—1(h|z), H?:() idﬂs*l(m”)] =1id otherwise.
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Proof of Theorem 1.1.4. Let B = Bass(G). For any n € Ny, write n = sq+ r with ¢ > 0
and r € [0, s — 1]. We have to prove

Stp(n) = (Bi(Sta(q + 1)), 8;(Ste(q)) [0< i <r < j<s)P.

For convenience, we will denote the right-hand side of this equation by H,. It is clear that
H, < Stp(n) for all n € Ny. It remains to establish the other inclusion. For n = 0 the
statement is clearly true, so we proceed by induction and assume that the statement is

true for some fixed n = sq + r with ¢ > 0 and r € [0, s — 1]. Define

J = (Bi(Sta(g + 1)), 8j(Sta(9)), [Bs-1(Sta(q), Ns1]P [0 <i<r—1<j <s—1)",

and observe that by Lemma 1.4.11 we find J" < 1 (Hy,+1), which yields

(Stp(n))™ /¥1(Hni1) = (Bs—1(Sta ()" Y1(Hn1) /Y01 (Hns1)-

Hence for every g € Stg(n + 1), there are elements tg, ..., t,—1 € Stg(q) such that

V1(9) Zgr (Hpir) Bs—1(t0),- -, Bs—1(tm—1))-

Since ¢s—10s—1(tz) =t Ks_q1 forallx € X, g € Stg(1) and Hy,41 < Stp(1), by Lemma 1.4.10
there are elements ko, ..., kn—1 € Ks—1 and h € Stg(1) such that

1/11_1(}1‘0]?07 cee 7h‘m—1km—1) = wl_l(t(), NN 7tm—1)-

Define h = hp7 (ko, - .. km_1). Now G is weakly regular branch over K, j, hence
Y (K™ ) < Stg,_, (1), and consequently h € Ste(1). But hl, = t, € Sta(q) for z € X,
whence h € Stg(g+ 1) and

(/Bs—l(t(])v <. 758—1(tm—1)) - w1(60(};)> € ¢1(60(StG(q + 1))) < wl(HTH-l)v

implying g € H,,+1. This completes the proof. O

1.4.2. Hausdorff dimension. — We remind the reader that I' is defined as the sub-
group of Aut(T") consisting of all automorphisms whose labels are elements of (o), with o

being a fixed m-cycle in Sym(X).
Definition 1.4.12. Let G < T'. The Hausdorff dimension of G relative to I is defined by

, . log,, |G/ Sta(n)] e 1ogy, |G/ Sta(n)]
dimpg G = hnrggf log,. [T/ Str(n)] (m l)hnnl)gf s .
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This relates to the usual definition of Hausdorff dimension over arbitrary spaces by taking
the closure, i.e. using this definition, the group G has the same Hausdorff dimension as its
closure G in T, cf. [8]. We drop the base m in log,, from now on. Denote the quotient
Stg(n)/Stg(n + 1) by Lg(n). The integer series (for n > 0) obtained by

og(n) == log(|La(n —1)[™) —log|La(n)|

is called the series of obstructions of G. We set 0g(0) = —1 for convenience.

The series of obstructions of a group GG determines its Hausdorff dimension, precisely
how we will see in Lemma 1.4.13. Nevertheless, one might wonder why it is necessary to
define this seemingly impractial invariant. We will demonstrate in Proposition 1.4.16 that
it is (to some degree) preserved under G +— Bass(G). Furthermore, many well-studied
subgroups of I have a well-behaved series of obstructions. For example, it is easy to see
that T itself has

or(n) =log| " Cp/ U Cp|™ — log | T C, /2 Co

=mlogm™" —log m™ " = 0,

for n € N, where A is the n-times iterated wreath product of A, with the conven-
tion that 1°A is the trivial group. On the other hand, since the layer stabiliser of O%
are the subgroups generated by (mo(a)™ ™, ..., m_1(a)™ ", m(a)™", ..., ma_1(a)™"), the

quotients Lya (n) are all cyclic of order m, and
0ga (n) =m — 1.

A Gupta—Sidki p-group G has precisely two terms unequal to 0, a consequence of Stg(n) =
Stg(n—1)P for n > 3, cf. [48]. Similarly, the series of obstructions of the Grigorchuk group

has only one non-zero term.

Lemma 1.4.13. Let G < T act spherically transitive. Then

dimpg G =1 — limsup Z(m_z —m~ " Nog(i).

n—oo
=1

Proof. By definition log |Lg(0)| = 1 and log |Lg(n)| = mlog|Lg(n—1)| —og(n) for n > 1.

An inductive argument yields

log |G/ Sta(n + 1)| =log |G/ Sta(n)| = > m" Foa(k) =-> %OG(n — k).
k=0
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s (m _ 1) G . - i—n —(n+1 .

=1 —limsup z:(m_Z —m~ " Doq(i).
=1

n—00 0
Lemma 1.4.14. Let G < T be self-similar. Then for alln >0
og(n) =log[Stg(n —1)™ : 1 (Stg(n))] — log[Sta(n)™ : 1 (Sta(n + 1))].
Proof. We have, for n > 0,
Sta(n — 1)“1‘ [ Sta(n— 1™ /4 (Sta(n+ 1)
¥1(Sta(n)) [La(n)
L= | Stam)™
[La(n)] [¢1(Sta(n +1)) |
hence
og(n) =log[Stg(n — 1)™ : 1 (Stg(n))] — log[Sta(n)™ : ¥1(Sta(n + 1))]. O

Lemma 1.4.15. Let G be very strongly fractal, self-similar and weakly regular branch over
the splitting kernel Ks_1. Then for all £,n € N4

Y1(Bo(Sta (L + 1)) N [Bo(Sta(n + 1)), Nol?)
= (ﬁsfl(StG(f)) N [Bsfl(StG(n))a stl]B)m'

Proof. The left-hand set is clearly contained in the right-hand set. We prove the other inclu-
sion. Let (bg, ..., bm—_1) € (Bs—1(Sta(€)) N [Bs—1(Sta(n)), Ns_1]%)™. By Lemma 1.4.11(ii)
there exists b € [Bo(Stg(n + 1)), No]® < Stp(1) such that 11(b) = (bo,...,bm_1). It
remains to prove that b € Bo(Stg(¢+1)).

Since the set Bs_1(Stg(€)) N[Bs_1(Sta(n)), Ns_1]P is contained in Bs_1(Stg, (1)) and

since G weakly regular branch over K_1, there is an element g € Ks_; such that

D1(9) = (Bs21(b0)s -+ B, (1)) € Sta(0)™.

Consequently, 11(50(g9)) = (bo, - .-, bm—1) = ¥1(b), and b = By(g) is a member of the set
D1(Bo(Sta (€ + 1)) N [Bo(Ste(n + 1)), Nol?). a

Proposition 1.4.16. Let G < T be very strongly fractal, self-similar and weakly regular
branch over the splitting kernel Ks_1. Then the series of obstructions for B = Bas,(G)

< 35 <



Chapter 1. On the Basilica operation

S
fulfils

0 if n#s 0,

oc(%)  otherwise.

op(n) =

Proof. Consider first the case n =5 k # 0. By Theorem 1.1.4 the quotient Lp(n) is
normally generated in B by images of elements of Sx(Stg(|n/s])). Similarly the images of
Br—1(Ste(|n/s])) are the normal generators of Lp(n — 1). Thus Lemma 1.4.11(i) shows
that op(n) = 0.

Now consider the case n = ¢s. To shorten the notation, we abbreviate

R, = Bo(Sta(q)) for g € Ny and
T = Bs—1(Sta(q)) for g € No.

Define the normal subgroups

(Stp(n+ 1) U[Ry, No)P) < B and
<StB(n)LJﬂ}_1,A@_1V% ﬂ‘B.

U
v

Using Theorem 1.1.4, we see that U and V, respectively, are normally generated by the

sets
s—1 s—2
Ry U (Bi(Sta(q)) U [Ry, No] and T, U | (Bi(Sta(q)) U [Ty—1, Ne-1).
i=1 1=0

Let g € Stg(¢+ 1) and b € B. We write b = By(gp)np for gp € G and ny € Ny. Then

Bo(9)® = Bo(g%)"™ = Bo(g%)[Bo(g%),ms] € Rys1[Rg+1, No)-

Consequently, we drop the conjugates of Ryy1 in our generating set for U, and write

s—1
U= (Rgr1 U (Bi(Sta()?) U[Rg, No)P).
i=1

Similarly, the subgroup V' is generated by
s—2
Tq U U (Bi(StG(Q))B) U [qula stl]B-

1=0

Using Theorem 1.1.4, it is now easy to see that

Sti(n)/U 2 Ry/(Ry N U).
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Since S;(Sta(q)) < Stp(n+ 1) for i # 0, we see that the intersection
(B1(Sta (@) U+~ U Bs—2(Sta(q)) U Ty N Ry < Ryt
is contained in Rg41. We conclude
R,NU = R, N Ry1[Ry, Nol®.
Now
Ry N Ryy1[Rq, Nol® = Ryi1(Rg N [Rg, No)?)
and
[Rg N Rq+1[Rq7N0]B : Rgs1] = [Rg N [Rq»NO]B t Rgy1 0 [Ry, NO]B]~

Consequently, the order of Stg(n)/U equals

LG (@)] - [Rqg N [Rg, NoJ” : Rgi1 N [Rq, NolP] 7"
A similar computation shows that the order of Stg(n —1)/V is

|La(q—1)| - [Ty-1 N [Ty-1, Nooa]® : Ty 0 [Ty1, Noa]P] 7

We now apply Lemma 1.4.15 in the cases f =n=¢q¢—1 and £ =n + 1 = ¢, i.e. we have

$1(Ry N [Rg, Nol?) = (Ty—1 N [Ty-1, Ns—1]%)™ and
@Z’l(RqH N [quNO]B) = (Tq N [T(I*la stl]B)m-

We see that the second factor in the formula for the order of Stz(n)/U is the m*™ power
of the corresponding factor for Stz(n —1)/V, and obtain

[Sta(n — D/VI™ _ |Lolg— 1" _
[Sta(n)/0] La ()

Now we compare V™ and ;(U). By Lemma 1.4.11(i) and (ii), 11 (U) is generated by

meoc (@)

s—2

Y1 (Rge1) U [ (((Bi(Ste(@)))™) U (1Tg-1, No—a])™

=0
We define yet another subgroup

s—2

W= ([ (((B:(5tc(@)))")™) U ([Tg-1, Ns-1]®)™) < 1(U) < B™

=0
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Evidently W < B™, W < N™,, and W < ¢;(U) < V™. We have

(U)W =Z 1 (Rgs1)/ (W1 (Rg41) N W) and
VW =T /(T 0 W).

The two divisors are equal: Clearly 91(Rg+1) N W is contained in T;" N'W. Let

(58—1(90)7 <o 768—1(9771—1)) < T;n nw < (Tq N Ns—l)m-

Since Ty N Ny—1 < fs—1(Ks—1), the elements gy, ..., gm—1 are members of K,_1 N Stg(q).
Now since G is weakly regular branch over K_1, there is an element k € K;_1NStg(g+1)
such that ¥1(k) = (go, ..., gm—1), and consequently Bo(k) € Rq41 fulfils

V1(Bo(k)) = (Bs=1(90) - - -, Bs—1(gm-1)) € ¥1(Rgs1) N W.

We compute

V™o (U)] = [V /W b1 (U) /W]

[T5" : Y1(Rgs1)]

[(Bs—1 % -+ x Bs—1)(Sta(q)™) : (Bs—1 X ==+ x Bs—1)(¥1(Stg(q + 1)))]
[

Sta(g)™ : 1 (Sta(g + 1))

This implies

[Stp(n —1)™ : ¢1(Stp(n))] = [Ste(n — 1) /11(U) : ¢1(Ste(n))/¢1(U))]
_ [Stp(n—1)™: V™][V™ 1 (U)]
[1(Stp(n)) : 1(U)]

_ |Le(g =1 m .
- e [Sta(q)™ : 1 (Sta(q+1))].

Since op(k) = 0 for k #, 0, by Lemma 1.4.14,

log[Stp(n)™ : Y1 (Stp(n+1))] =log[Stp(n +s—1)" : 1 (Ste(n + )],
hence

op(n) =log[Stp(n —1)™ : ¢1(Stg(n))] — log[Ste(n +s — 1) : Y1 (Stp(n + s))]

_ _ Stel@™ |, log | Stela D™

—oa(q) + log 1/}1(StG(Q+1))' ol 1) =08 St lg + 2)

=0¢(q) —og(q+1)+oag(qg+1)

=0c(q)- -
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Proof of Corollary 1.1.5. By Lemma 1.4.13 and Proposition 1.4.16

dimp G =1 — limsup Z:(m_Z —m~ " )og(i) and

n—oo
- =1

n—oo

dimy Bass(G) = 1 — lim sup Z(m_l - m_(n+1))0BaSS(G) (4)
i=1

n—oo

=1 — limsup Z(m*“ —m =" D)o (4).
=1

We prove m™% — m~ (1) > st — =7+ - equivalently ms =i 41 > s+l 4
m=1"_ This is a consequence of sn+1—i—(s(n—i)+1) = (s—1)i > 1 and sn+1—i—
(s—1)n =n—i+1 > 1, with equality precisely when i = 1, s = 2, resp. n = i. Therefore at
least one of the differences is greater than 1, and the limit of > (m ™% —m=("+1)) o (4)
is strictly greater than the limit of >>7 | (m ™" —m~("*1)og(i). The statement follows. [

Example 1.4.17. Let G < Aut(7}), p a prime, be a GGS-group defined by the triple
(Cp, Cp,w), cf. Definition 1.3.7, where C,, denotes the cyclic group of order p acting regularly
on X. To be a GGS-group means w; = w; for 4, j € Ny, thus we write w for wy. This is a
(p — 1)-tuple of endomorphisms of C,. Every such endomorphism is a power map, hence

we may identify w with an element (ey,...,e,—1) of Fﬁfl. Assume that
ert-tep1=p0 (%)

and that there is some i € [1,p — 1]
€ 7# ep—i. (©)

In [48] the order of the congruence quotients G/ Stg(n) is explicitly calculated in terms of
the rank ¢ of the circulant matrix associated to the vector (0,e1,...,e,—1), i.e. the matrix
with rows being all cyclic permutations of the given vector. Under our assumptions (x)
and (o), for all n € Ny

log,(G/Sta(n+1)) = tp" ' +1,

and log,(G/Stg(1)) = 1. Additionaly, (x) is equivalent to ¢ < p. By Lemma 1.4.14, for
n > 2,

og(n) = p-log,(|La(n —1)|) —log,(|La(n)))

t.pn72+1 t.pn71+1
=0

=p- logp pt,pn73+1 - 1Og pt,pn—2+1
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and
pitl ptrtl
og(2)=p-log—— —log=——— =tp—t(p—1) =t and
@) , o =tp—tlp )
t+1

p
0c(1)=p~10gp—10g7=p—t-

Consequently, dimyg G = t(p — 1)/p? (cf. [48] for a more general formula).

We aim to apply Proposition 1.4.16. Condition (¢) is equivalent to G being weakly
regular branch (in fact, regular branch) over [G, G|, by [48, Lemma 3.4]. More precisely,

we have

1([Sta(1),Sta(1)]) = [G, G*.

By Proposition 1.4.4 this implies that Ks_; = [G,G]. We now prove that G is very
strongly fractal. It is easy to see that Stg(1)|; = G for all x € X, and by [48, Lemma 3.3|
1(Stg(n)) = Stg(n — 1)P for all n > 3. Thus it remains to check if Stg(2)], = Stg(1)
for all z € X. By the fact that [Stg(1),Stg(1)]|lz = [G,G] for all z € X and [Stg(2) :
[Sta(1),Sta(1)]] = pP~t > p (see again [48]), we see that Ste(2) contains an element g
such that ¢1(g) € Stg(1)P \ [G, G]P. Hence at least for one z € X

Sta(1) = Sta(2)]. > [G,Gl.
But since [Stg(1) : [G,G]] = p by [48, Theorem 2.1], this implies St(2)|, = Ste(1),
and since G is spherically transitive, this holds for all x € X, and G is very strongly
fractal. We remark that by [147, Proposition 5.1] the condition (*) alone implies that G is

super strongly fractal, but our argument additionally needs (¢), since otherwise [[G, G]P
1 ([Sta(1), Sta(1)])] = p (cf. [48, Lemma 3.5]).

Now we may apply Proposition 1.4.16 to calculate the Hausdorff dimension of Bass(G):
OBas;(Q) <3> =p—1t and OBas,(G) (28) =t

and 0y, (i) (n) = 0 for all other values n € N, hence

1
dimp Bass(G) =1 — hmsupz ( - = n+1> OBas, (@) (%)

n—oo
B . p—t p—t+t
—1—11713Ls01ip< e + — n+l
p—1 t p -1 t( 5—1
:1_< S +2s>: s—1 + 2s
p D p p
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1.5 — The generalised Basilica groups

Let d, m, s € Ny with m, s > 2. In the subsequent Section 1.5, Section 1.6, Section 1.7 and
Section 1.8 we study the generalised Basilica groups, Bass(0%,), where 0% = D4(0,,) =
(mi(a) | i € [0,d —1]) (cf. Proposition 1.2.5 and Definition 1.2.6). For convenience, we use
the following notation for the generators of Bas,(O0%): let i € [0,d — 1] and j € [0,s — 1],
and
a;j = PBij(mi(a)) = (a;j-1,id,...,id), for j #£0
a0 = Pol = (@i—1,5-1,- -, Gi—1,5—1), fori#0
ago = Po(mo(a)) =o(ag—1,s-1,id,...,id),
0

g\_/
~—

where o is the m-cycle (01 ... m —1). For any fixed j, the elements a; ; commute and

are of infinite order.

Now we prove Theorem 1.1.6, which is obtained as corollaries of results from Section 1.3
and Section 1.4.

Proof of Theorem 1.1.6. The statements (i) and (ii) follow directly from Lemma 1.3.1,
Lemma 1.3.2 and Lemma 1.3.3. Proposition 1.3.5 together with Corollary 1.3.6 imply
the statement (ii). The statement (iii) is a consequence of Proposition 1.3.14 and Corol-
lary 1.3.15. Thanks to Proposition 1.4.4, the group Ofn is s-split. Therefore the statements
(iv), (v) and (vi) follow from Corollary 1.4.7, Proposition 1.4.8 and Proposition 1.3.22.
The proof of (vii) can easily be generalised from |73, Proposition 4]. For the special case

Basy(0,), where p is a prime, see [135]. O

We use Theorem 1.1.4 to provide a normal generating set for the layer stabilisers of the
generalised Basilica groups. This description of layer stabilisers is crucial in proving the

p-congruence subgroup property of the generalised Basilica groups (see Section 1.8).

Theorem 1.5.1. Let n € Ny. Write n = sq+r withr € [0,s — 1] and ¢ = dk +1 > 0 with
1 €[0,d—1]. Then the n'" layer stabiliser of B = Bass(0%,) is given by

StB(n):<alek+l,a7-7-/\O§i5+j§l8+r—1<i's+j'§ds—1>3.

k
1 7]
Proof. Let a be the generator of the m-adic odometer O,,. Set G = Dy(0,,) = Z%. For
every i € [0,d — 1], denote by a; = m;(a) the generators of G. Since powers of the elements
ag,---,aq—1 act on vertices of disjoint levels of the m-regular rooted tree T' and they

commute with each other, we have

k41 k41 k k
Sta(q) = {ag" ... q" a ... an ).
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Now observe that for every vertex z € X, i € [0,d] and k € Ny,

k k
m _.m
a;" |z = ai’y

Therefore Ste(q)|lz = Sta(¢ — 1) and hence G is very strongly fractal. A straightforward
calculation using Theorem 1.1.4 yields the result. O

Using the description of the layer stabilisers of G, we obtain Theorem 1.1.7 as a direct

application of Lemma 1.4.13 and Proposition 1.4.16.

Proof of Theorem 1.1.7. The series of obstructions of G = 0% is constant m — 1 for all

n € N4, signifying Hausdorff-dimension 0 (cf. Lemma 1.4.13). We have seen in the proof

of Theorem 1.5.1 that Bass(G) is very strongly fractal. Therefore, by Proposition 1.4.16

one has op,s,()(¢s) =m — 1 for all ¢ € N and o, ()(n) = 0 for all other levels.
According to Lemma 1.4.13 it is

n—o0

dimy Bass(G) = 1 — limsup Z(m*i - m*(”ﬂ))oBaSS(G) (1)
i=1

_ o —S|n/s]
=1—(m—1)limsup (m_slm - Ln/st_(”"'I))

n—00 1—m—3
m—S
—1-(m-1)—
(m ) 1—m—s
~m®—m
Coms—1"7
In particular, the Hausdorff dimension is independent of d. ]
1.6 — An L-presentation for the generalised Basilica group

Let d, m, s € Ny with m, s > 2. In this section we will provide a concrete L-presentation
for the generalised Basilica group Bass((‘)fn), hence proving Theorem 1.1.8. We will later
use this presentation to prove that all generalised Basilica groups Bass((f)g) with p a prime

have the p-congruence subgroup property.

Definition 1.6.1. [10, Definition 1.2] An L-presentation (or an endomorphic presenta-

tion) is an expression of the form
L={Y[Q|®]|R),

where Y is an alphabet, @, R C Fy are sets of reduced words in the free group Fy on Y

and @ is a set of endomorphisms of Fy. The expression L gives rise to a group G, defined
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G =Fy/(QU(®)(R))"™,

where (®)(R) denotes the union of the images of R under every endomorphism in the

monoid (®) generated from ®. An L-presentation is finite if Y, Q, ®, R are finite.

We now set out to prove Theorem 1.1.8. To do this, we follow the strategy from [73]

which is motivated from [67]: let
Y:{aiyj‘iE[O,d—l],jE[O,S—l]}. (11)

For convenience, we do not distinguish notationally between the generators of Bass(0%)
and the free generators for the presentation. Observe that for a fixed j the generators a; ;
and a; j of Bass(0%,) commute for all 4,7’ € [0,d — 1]. Write

Q = {laij ap ;] | i,i' € [0,d—1], j € [0,s — 1]} C Fy (1.2)

and denote by F' the quotient of Fy by the normal closure of @) in Fy. We identify F with

a free product of free abelian groups
F = sjepe{aij | i €[0,d=1]) 2 Z%%- ..« 2.

The group Bass(0%,) is a quotient of F. Let proj : F — Bass(0%) be the canonical

epimorphism. Now observe that the subgroup
ato  m .
A= <ai3‘107 Q0 | (27]) € [07d - 1] x [Oa s — 1]\{(070)}7 ke [Oam - 1]>1 (13)

is normal of index m in F and it is the full preimage of Stg,g, (04.) (1) under the epimorphism
proj (cf. Theorem 1.5.1). We define a homomorphism ¥ : A — F"™ modelling the process

of taking sections as follows:

\I/(aalo) = (adfl,sfla e ad*l,sfl) =: 20,
\Il(a,j%’o) - \Ij(aivo) = (ai—l,s—l, s vai—l,s—l) =: z; for 1 S‘é 07
k
\Ij(azzyo) = (id*k’ Qij—1, id*(m_k_l)) =:Tijk for j ?é 0,
"k 1
\I’(CL?E«’O) = (1(1*(7n_k)7 aZ‘;—_lls—l’ d*(k;—l))

where the ranges of ¢, j and k are as in (1.3). Clearly, ker(V¥) < ker(proj). Define

alv, k) = agjgﬁka?fo - agd_*ll’o for v = (vo,...,v4_1) € Z% and k € [0,m —1],  (1.4)

R= {[a’@j?a;,(]?;k)} ’ i7il € [Oad - 1]7 jaj/ € [178 - 1]7 ke [17m - 1]7 v E Zd}7 (15>

where by abuse of notation we interpret a(v, k) and r € R both as elements of Fy and
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their images in F. We will prove in Proposition 1.6.3 that the kernel of ¥ is normally
generated from the image of R in F', implying that the set R belongs to the set of defining
relators of Bass(O%,). By definition of the elements a; j, we may obtain the elements of the
set R as vertex sections. To incorporate these elements to the set of defining relators we

introduce the following endomorphism of Fy defined as

a; j = a5 41 for j 75 s—1,
D Qi s—1 = Qi+1,0 for ¢ 75 d— 1, (16)

ad—1,s—1 > a()'?()»
where i € [0,d — 1] and j € [0, s — 1].
Theorem 1.6.2. The generalised Basilica group admits the L-presentation
L= |Q[®|R)
where Y, Q, R and ® are given by (1.1), (1.2), (1.5) and (1.6).

Observe that for any g € Q and r € Ny, it holds that ®"(g) € (QfY). Considering
the presentation defining F' we may assume that ® is an endomorphism of F' and that R
is a subset of F. To prove Theorem 1.6.2, it is enough to show that ker(¥) = (R¥) and
ker(proj) = U,en, ®"(22). We will obtain the first part from Proposition 1.6.3 and the

latter from Lemma 1.6.5 to Lemma 1.6.7.

Proposition 1.6.3. Let A be the image of A under U. Let 2° be the product z50 - zsd:f
for every v = (vo,...,v4-1) € Z%. Then A admits the presentation

(8|R)
where 8 = {x; i, z;i |1 €[0,d—1], j€[l,s—1], k € [0,m — 1]} and

R — [xi,j,k)xi’,j,k;L [xi,j,ka xflzjj/’k/]v i)i/ € [07 d— ]-]7 jaj, € [17 s = ]-]7
[, zir] kK €0,m—1] withk #K,vezt |

As a consequence, we obtain that

a(v,k .o ..
ker(¥) = ({[aij, a3 M) |4, € [0,d — 1], 44" € [Ls — 1], k € [Im — 1], v € Z4})T,

where a(v, k) is given by (1.4).

Proof. Let A = (a;j | i € [0,d—1],j € [0,s—2)F and Z = (20,...,24-1) = Z% be
subgroups of F and A respectively. Notice that A is a sub-direct product of m copies of

F and the elements x; j, and xy j ) commute if k # k" or if k = k" and j = j. It follows
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from the definition of ¥ that

A ~
Am:< Tiga |i€(0,d—1], j€ls— 1], ke[0,m—1] > <A.

Hence A = A™Z, yielding A = A™ x Z. Now, since F is a free product of free abelian

groups, the group A is freely generated from the elements of the form

v v1 vd—1
A4-1,5—-1%0,5—1""%—2,5—1

a b
7.]

where v; € Z, i € [0,d — 1] and j € [0, s — 2]. Therefore, the group A™ is generated from

the elements
vo vl Vd—1
id*™* a Ag-1,5-1%0,5-1""Fd—2,5—1 d*(m k—1)
ij_( ’ 7,] 1 )7

where i € [0,s — 1], j € [1,s — 1], k € [0,m — 1] and

v

— v, S bd-1 _ Vd—1 Vo vy Vg—1
=% Zd—1 )s

Vo V1
= (ad—1,s—1a0,s—1 g 9 10 s 0g 15 1905—1" " 251

with v; € Z. We obtain a presentation of A™ as

Z’U
< L3k

Hence A, being a semi-direct product, admits the presentation (8 | R), since conjugating

[aci7j’k,xi/,j7k] = [.I'f;’k,xf/l:j“k/] = id, i,i/ S [0, d— 1], j,j/ < [1, S — 1],
kK €[0,m — 1] with k # &, v,v € Z4

an element x; ;1 by z; does not yield a new relation. Therefore, the kernel of ¥ is normally
generated from the preimage of the set of defining relators for A. Notice that the preimages

of the elements [z, zy] and [x; jx, i ;i) are trivial in A. Hence,
a(vk) a(v' k)
ker(¥) = < [aivj s Qi o ]

Indeed, ker(¥) is normal in F. Given v € Z% and k € [0, m — 1], define

A
i,i' € [0,d—1], 7,5 € [1,s —1],
kK € [0,m — 1] with k # k', v,v' € Z¢ '

v= (L(mvo—i—k—i— /m],v1,...,v4-1) €Z* and

k=k+1 (modm)e[0,m—1].
Then
a(v, k)agp = GSL(U)OMH@?O rag = a(v, k)

rogs mug+k +1 o Vg_q Y,
a(v', K )aop = ag g apg -y = (v, k)
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implies

[aioi](v,k)’ 3(;;l/’k/)]ao,o _ [aa(v,k)ao,o a(v/’k/)ao,o] _ [aq(y,k) a(g,ﬁ’)] € ker ().

N - N
i, » Pl g 2,] > g

a(v,k) a(v' k)
By g

A similar calculation shows [a ]aa»é € ker(V). We get

Y
7 7-]

o - a(vk) . _ .y _ _ d F
ker(¥) = ( [aij,a 14,7 €l0,d=1],4,7/€[l,s=1],ke[l,m—1],veZ . O

Notation 1.6.4. Let i,i’ € [0,d —1], j,5' € [1,s—1], k € [1,m —1], v € Z% and n € Ny.
Define

Qo = ker(¥), Q=0 HQ™ ) forn > 1,
o a(v,k r s sl
Tv,k(lajaq’/vj/) = [ai,jvai/fj/ )]’ Xn = <(b (Tv,k(l)])zla]/)) ‘ (S [Oan]>Fa

where a(v, k) is given by (1.4). Denote further by Q the kernel of the epimorphism proj :
o0
F — Bas,(0%). We will prove Q,, = X,, and Q = |J Q, proving Theorem 1.6.2.

n=0

Lemma 1.6.5. Forw € F' the identity W(@(w)alg»o) = (id** w, id* k=YY holds for every
ke [0,m—1].

Proof. Observe from the definition of ® that
(F) = (aij,app | (,5) € [0,d —1] x [0,5 = 1]\{(0,0)}) < A.

Then by direct calculation using the definition of the homomorphism ¥ and ® we get the
desired identity. O

Lemma 1.6.6. The equality ), = X,, holds for all n € Ny.

Proof. Tt follows from Proposition 1.6.3 that €y = ker(¥) = Xy. The proof proceeds by
induction on n. Since ®(F) < A, for every r € Ny, we have ®"(A) < A. Hence X, < A
for all n € Ny. Assume for some n > 1 that Q,,_1 = X,,_1. We will prove that

\II(Xn> = Qg—l = \II(Qn)

Let 4,7’ € [0,d—1], 5,5/ € 1,s—1],k € [I,m—1],7 € [1,n] and v € Z%. For every
" (1yx(4,7,4',5')) € X,, and for every £ € [0,m — 1], since ®" (7, 1 (i,4,7,5')) € F', we

obtain from Lemma 1.6.5 that
U((® (ry (i, 4,7, 57))%00) = (1d*, @y (i, 4,7, §7)), id" D).

Since A is a sub-direct product of m copies of F and X,,_; is normally generated from the
elements of the form ®" (7, x (i, 7,7, j')), we obtain that U(X,,) = Q™ | = ¥U(Q,).
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But since ker(¥|q, ) = ker(¥) N Q, = Qo = Xo = ker(¥) N X,, = ker(¥|x, ), we get
Q, = X,,, and the result follows by induction. O

o
Lemma 1.6.7. We have Q = |J Q,.
n=0
Proof. Write B for Bas,(O0%) and recall that proj : F — B is the canonical epimorphism.
Notice that Stp(1) is a quotient of A and further Q¢ = ker(¥) < ker(proj) = €2. Proceeding
o0

by induction on n, we will prove that |J €, < Q. Assume that Q,_; < Q for some
n=0

n > 1. Let w € Q, and let wy be the k™™ component of ¥(w). Then wy € Q, 1 for
all k € [0,m — 1]. Then the first layer sections of proj(w) € Stp(1) act trivially on the
subtrees hanging from the vertices of level one of the m-regular rooted tree. Hence proj(w)
acts trivially and proj(w) = id in B. It follows by induction that €, < Q for all n € Ny.

o0
Since 9,1 < Q, for all n € N1, we obtain |J Q, < Q.
n=0
Now, to see the converse choose an arbitrary element w € F' such that proj(w) = id

in B. Then by Theorem 1.5.1 proj(w) € Stp(1) and hence w € A. Denote by wy the k!
component of ¥(w). Then proj(w) = id if and only if proj(wy) = id for all k € [0, m — 1],
implying that wy € A for all k € [0,m — 1]. Now repeat this process of taking sections
by replacing w with wy. This process is equivalent to the algorithm solving the word
problem for B, cf. |73, Proposition 5|. Thanks to Corollary 1.3.15, the word problem for
B is solvable and hence this process terminates in a finite number of steps. This implies

the existence of an element n € Ny such that w € €),,, completing the proof. O

To conclude this section, we want to point out that akin to |73, Proposition 11|, one
can introduce a set of d endomorphisms, each corresponding to a generator a; o, and obtain
a finite L-presentation for Bass(O%). We omit the proof of Theorem 1.6.8 below due to
its technicality, but a rigorous proof can be found in the Ph.D. dissertation of the second

author.

Theorem 1.6.8. The group Bas,(0%) admits the following L-presentation:

i [aij, ai ;] [ai,j,aff,(;/k)],i,i' €[0,d—1],
< i€f0,d—1]|i,i' €[0,d—1]|®,Oq,...,001 | j, i €1,s—1], ke [l,m—1] >
jef0,s—1]| j€0,5—1] ve {0} x {0,1}¢1

where a(v, k) and ® are given by (1.4) and (1.6), respectively, and Oy are endomorphisms

of the free group on the set of generators defined as

av/!O . ./
Qij > @05 for j #£0,7" #£0,
. ago . .
O :  a;;— aija; ;- for j # 0,7 =0,

a; 0 = G;0-

< 47 <



Chapter 1. On the Basilica operation

S
1.7 — Structural properties of the generalised Basilica groups

Let d, m, s € N3 with m, s > 2. Here we prove some structural properties of the gener-
alised Basilica groups Bass(0%,). These result reflect a significant structural dissimilarity
between Basz(0%,) and Bass(0%,) for s > 2. This structural dissimilarity plays a vital role
when we consider the p-congruence subgroup property of the generalised Basilica groups,
see Fig. 1.5, which is treated in Section 1.8.

For convenience, we omit the subscript from ; and identify an element g € Stp(1)

with its image under the map 1.

Proposition 1.7.1. Let B be the generalised Basilica group Bass(0%,). Then ¢~1((B")™)

is a subgroup of B’ and

B//ﬂ)_l((B/)m) = < Ci gk w_l((Bl)m) ‘ (S [Ovd - 1]¢j € [175 - 1]7 k€ [Lm - 1] >

~ Zd(m—l)(s—l)’

where ¢; j i = [a;j, alg’o}. In particular, it holds that ¢)~*((B')™) > B".

Proof. Notice that B' = ([a;j,ai ] | i,i' € [0,d—1], 4,5/ € [0,s—1])B. For i,i’ €
[0,d — 1] and j,j" € [1,s — 1], we have [a; j,ay ;] = id and for j # j

lai g, ai /] = ([ai -1, ay ji—1],id* ™)
[aij, air0) = ([aij—1, a0 _1.6-1],id* M) for i’ # 0,

lai g, agol = ([aij-1, ag-1,s-1),id* D).
Therefore, we obtain
<[ai,j>ai/,j/] | i)i/ S [Oad— 1]7 jaj/ € [O,S - 1]) X {ld} X o0 X {ld} < 77/)(3/),

yielding that (B")™ < ¢(B’) by Lemma 1.2.1.

Now, recall our definition ¢; j 1 = [a; ;, al&o] and
C=(cijrlicl0,d=1],j€[l,s—1], ke [l,m—1]).

We claim that B’/v~1((B")™) = C, where C denotes the image of C' in the quotient group.
For convenience, we will write the equivalence =,-1((pym) without the subscript. Observe
that, for 4,7 € [0,d — 1], j,j € [I,s — 1] and k € [1,m — 1],

[ai,j, ai/yj/] = id, [a@j, ai/’o] =id fOl“ i/ 75 0, [(I@j, CL070] = Ci,j,la
and

k71— (,—1 s ax(k—1 s x(m—k—1
Cijk = [ai,j,ao’o] = (ai7j_1,1d ( ),ai7j,1,1d ( ))
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Therefore, to prove the claim, it suffices to show that C' is normal in B/¢~((B")™). Let
i, €[0,d—1], 7,7 €[1,s — 1] and k € [1,m — 1]. An easy calculation yields

ail +1
il j! 0 o ./
¢ b= Cijk and Ci ik = Cigk for @' # 0.
Furthermore,
ao,0 __ *(k—1 s 1k(m—k—2 — -1 :
Cijk = (1d,a” 1,1d (k—1) , @ —1,1d ( )) = C; 1Cigk+1 ifk#m-—1,
ap,0 __ *(m—2 _ 1 : _
k= (aij-1,a i 171d ( )) =ci i1 if k=m-—1,
-1 .
-1 -
0.0 — (=D oo jqrm—k—1) -1 _CijmaaCigr—1 iR FET
Cijk = (i y Q1,1 Ny = i _—
1 =
,j m—1 ’

implying that B’ /1~ ((B’)™) = C. Observe that, for afixedi € [0,d — 1] and j € [1,5 — 1],

m
Denalm ) 2 €2, @ =0} = (G | ke [l,m—1]) < C.
r=1

2t = (o]

Since B/B’ = 7% (Theorem 1.1.6(iv)), this yields

By~ (B)™) =C = H (@i | k€ [1,m — 1)) 22 ZAm=Ds=1)
(i,4)€[0,d—1]x[1,5—1]

O

Now we prove Theorem 1.1.9. In addition, we provide a generating set for the quotient
group 72(Bas;(0f,))/73(Bass(0f,)).

Theorem 1.7.2. Let B be the generalised Basilica group Bass(0%). We have:

(i) For s =2, B'/y3(B) = ([ai0, ai 1] v3(B) | i, € [0,d - 1]) = 2
i) For s > 2, the quotient group B'/v3(B) = C%~2 x C, . Moreover, it is generated
m m

from the set
{[am,aop] ’}/3(3), [aoyl,ai/,o] ’)/3(3) ’ 1€ [O,d— 1], i S [1,d — 1], ] S [1,8 — 1]}

Proof. (i) We use Theorem 1.6.2 to obtain a presentation for B/y3(B). Take Y, @, ® and
R as given in Theorem 1.6.2 and set Q' = Q U ~3(Fy), where Fy is the free group on Y.
If s = 2, the set R becomes

R ={[ai1,a; Z,l ]|zz€[0d 1, ke[l,m—1],vez%

and for every [al 1, alof(f k)] € R,

Fy

a(v,k
[ ( )] v3(Fy) [a’i,laai’,l] € <Q/> )

a1, Q i1
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where (v, k) is given by (1.4). Since (Q') is invariant under @, the presentation (Y | Q")
defines the group B/v3(B), yielding that

B'[v3(B) = (Jai, ai 1] | i,i' € [0,d —1]) = ZF

(ii) Consider again Y, @, ® and R as given in Theorem 1.6.2 and Q' = Q U v3(Fy). First

observe that the element
a(v,k) _
[ai g, a; 3] Zyapy) [aig, ai y]

belongs to (@)Y if and only if j = 5. Setting
S ={laij,ap ]| i, €[0,d—1], j,7 € [1,5 — 1] with j # j'} C Fy,

we notice that the group B/v3(B) admits the L-presentation (Y | Q" | ® | S ). Now,
define

laij, air o) [air,1, @i o], ie0,d—1],
T= [ai,j7 CL0,0]m s [ai/,l, a()’o]m, [a071, ai/’o}m, i/7 = [17 d— 1],
2 .
[ao,1,a0,0]™ je2s—1]

and N = Q" US UT as subsets of Fy. We claim that ®"(S) C NV for all r € Ny, and
hence the presentation ( Y | N ) defines the group B/~3(B). Therefore, the commutator
subgroup of B/v3(B) is generated from the set

[ai,ja a0,0]a [ai’,h CL()’O], 1€ [07 d— 1]7 i’ € [17 d— 1]7
[ao,1,ai 0] » ao,1, a0,0] je2,s—1] 7

yielding that:
B [y3(B) = C45=2) 5 0d=1 5 081 % Cpp2 = CE72 % C, .
Now, let i,i € [0,d — 1]. Observe first that, for j, 5" € [1,s — 2],
O([ai s, ai j]) = laijr1, v j41] € S,
To prove the claim, it is enough to consider the elements of the form ®"([a; ;, a; j])

with either 7 or 7/, but not both, equal to s — 1. Without loss of generality suppose that
1<j<s—2andj =s— 1. Since 13(Fy) < N¥v, we work modulo v3(Fy). We have

q)([ai,j?ai’,s—l]) = 2,]+1y Y
(@i j+1, air41,0] otherwise.

For convenience, the images of ®*([a; j, ay s—1]) and ®3([a; j, ay s—1]) are given in the tab-
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ular form, see Table 1.1 and Table 1.2.
jFs—2 j=s5—2
i#£d—1 [@i41,0, Gir41,1]
i #d—1 . [aij2, airi11]
i=d—1 [a0,0, @i 41,1)™
i#£d—1 [ai+1,0,a0,1]™
i/ = d —1 [(Zi’j+2, ao’l]m 5
7, = d -1 [CL(),(), a071]m

Table 1.1: Images of ®*([a; j, air s—1]).

jg¢{s—3,s-2}| j=s-2 j=s-3
‘ iFd—1 [aiv1,1, airv12] | [@ig1,0, @ir412]
i #£d—1 ' [aij+3, Qiry1,2]
i=d—1 [ao,1, i 12]™ | lao, aiy1,2]™
' i£d—1 [@it1,1,a02]™ | lait1,0,a02]™
i=d—1 [ai 13, a0.2]™ ; )
i=d—1 lao,1, a0,2]™ [ao,0, ao2]™

Table 1.2: Images of ®3([a; j, air 5—1]).

Observe that the element ®" ([a; ;, ay s_1]) € N¥Y for r € [1,3]. By iterating the process
we see that ®"([a; j, ay j/]) € NIY, for all r € Ny and [a;;,a j/] € S. O

Lemma 1.7.3. Let B be the generalised Basilica group Bas,(0%). The following assertions

hold:

(i) For s =2, B" = ¢~ (y3(B)™).
(ii) For s >2, B" > ¢~ (y3(B)™).

Proof. We first prove that v3(B)™ < ¢(B”) for all s > 2. From Lemma 1.2.1, since
¥3(B) = ([[aiy i, Qi o), Qi ga] | 102,13 € [0,d = 1], ju, 2, j3 € 0,5 — 1)) 7,

and B is self-similar and fractal (Theorem 1.1.6(ii)), it is enough to prove that the set
{1 1> Qi o) g g, 1D [ o, iy € [0,d = 1], jrojo s € (0,5 = 1]} (¥)

is contained in ¢ (B”). Let i1, 2,43 € [0,d — 1] and j1, j2, j3 € [0, s — 1]. We split the proof

into four cases.
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Case 1: ji1 = jo = jz = s — 1. Clearly, [[ai, s—1, @iy,s—1], Qig,s—1] = id.

Case 2: j3 # s — 1. In light of Proposition 1.7.1, the elements ([ai, j,, @iy.,), id*™ V)

and (@i, j;, @ id*(m=2)) = @ig js+1,a0,0] " belong to ¢(B’), implying that

—1
13,537
([[ailyjmaimjz]a ais,j:a]vid*(m_l)) € ¢(B/,)'
Now, observe from Proposition 1.7.1 that ¢(B") > (B”)™. Therefore, if there exist
g=1(90y---y9m-1),h = (ho,...,hm—1) € B such that g; =g~ h; for all i € [0, m — 1] then
g El/)(B”) h.

Case 3: js =s—1,41 # s—1and jo # s — 1. Now, from the Hall-Witt identity
(see [131, p. 123]), we can easily derive that

[y, =], 2]l[2, ), 2]l[z, 2], y] =g [ly, 1, 2°][[2, yl, 7] [[, 2], y*] = id,

for all z,y,z € B. Setting x = a;, j,, ¥y = ai, j, and z = a;, j,, we get that the element

(g, ), 2,14 D) 1 =y ([[2, 9], allfw, 2] ), 100 0)

belongs to 1(B"), as the right-hand side product belongs to )(B") by Case 2.
Case 4: js=s—1=j1,ja#s—1or js=s—1=jo, j1 # s — 1. Notice that

(@i 1> Qig,5—1)s Qis,s—1) =B [Gig 51, Wiy g1 ], Gigs—1] ",

thus, it is enough to consider the first case. We claim that, for every j € [0,s — 1],
it holds [[a;, j, @iy0), @isj] =g id. Then by taking the jo'® projection of the element

[[aihs_l’ aiz,]é]v ai378—1] we obtain,

Bja ([[@ir,5-1, Qi o ]s Qigys—1]) = ([[@iy (51 )s Gin0]s Qg (51— jo) ] 12 7D)

ijQ (B") ld7
implying [[@i, s—1, @iy jo)s Qis,s—1) =g~ id, and hence (x) follows.

If iy = 0 or j = 0, it is then immediate that [[a;, ;, @i, 0], aiy,;] = id. Assume that ip # 0

and j # 0. From the presentation of B given in Theorem 1.6.2, we have

_ k _ a(v,k) & .
llai, g (v, B)), @iy 5] = [a7 02N iy ) = lag ) ai )"0 [0l ag, 5] = id,

where a(v, k) is given by (1.4). Now, by setting v = (0*(2=1) 1,0*(m=2=1) and k = 1, we

get a(v, k) = ap,0ai,,0 and consequently

id = [[ai, j, a0,00iy,0]; @ig 5] = [[@iy 5, Qiy 0][ai 55 @0,0]“2°, aig 4]

=g [[iy 5, @iz 0], Qs j][[aiy 5, @0,0]"2°, @iy j] =B [[aiy 5, @iy 0], Gig -
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Next we prove (i). Assume that s = 2 and notice that it suffices to prove that
B' /171 (y3(B)™) is abelian. We use the fact that the commutator subgroup can be de-
scribed by B’ = ([as, 1,ai,0] | i1,42 € [0,d — 1])P as s = 2.

Looking at the section decomposition of these generators,

[ail,l,ah,o] = ( [ail,o,a¢2_1,1],id*(m_1)) fOI“ ’iQ 75 0, and

[aiy.1,a0,0] = (“i_l,l()a ay 0,id* M=),

we immediately see that they commute modulo v3(B)™. Thus, B’ /1~ (~3(B)™) is abelian.

(ii) The inclusion ¥~1(y3(B)™) < B” has been already proven above. We prove that
Y~ (y3(B)™) is a proper subgroup of B”, by showing that B’ /¢)~!(y3(B)™) is non-abelian.
Suppose to the contrary B’/v~1(y3(B)™) is abelian. Then, for every i € [0,d — 1] and
JjE2,s—1]

id =y-1(y5B)ym) [[@ij, @0,0]; [a0,1, a0,0]] = ([a;jl_l,a&é], [aij—1,a0,)],id* ™).
This implies [a; j—1,a0,0] =,(p) id, which is a contradiction to Theorem 1.7.2(ii). O
1.8 — Congruence properties of the generalised Basilica groups

Here we prove that the generalised Basilica group Bass((‘)g) has the p-CSP for d, s € N
with s > 2 and p a prime. We follow the strategy from [55], where it is proved that the
original Basilica group B = Basz(02) has the 2-congruence subgroup property. However,
on account of Theorem 1.7.2 and Lemma 1.7.3, our reasoning must be different, and we
will use Theorem 1.5.1.

Let G be a subgroup of the automorphism group of the p-regular rooted tree T" and let
C be the class of all finite p-groups.

Definition 1.8.1 (Definition 5 of [55]). A subgroup G of Aut(T") has the p-congruence
subgroup property (p-CSP) if every normal subgroup N < G satisfying G/N € € contains
some layer stabiliser in G. The group G has the p-CSP modulo a normal subgroup M < G
if every normal subgroup N < G satisfying G/N € € and M < N contains some layer

stabiliser in G.

By setting € as the class of all finite p-groups in [55, Lemma 6], we obtain the following

result:

Lemma 1.8.2. Let G be a subgroup of Aut(T) and N I M < G. If G has the p-CSP
modulo M and M has the p-CSP modulo N then G has the p-CSP modulo N.

Let d, s € Ny with s > 2 and let p be a prime. Set B = Bass((f)g). From The-
orem 1.1.6(vi) B is weakly regular branch over its commutator subgroup B’ and from
Lemma 1.7.3

B' > ~3(B) > B" > ¢~ (3(B)P).
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B

Proposition 1.8.3 ‘
B/

|

Proposition 1.8.4 ~s(B)M

7N

73(B) M
Proposition 1.8.7\,
73(B) N M

Proposition 1.8.8 ‘
¥ (y3(B)P)

Figure 1.5: The steps of the proof of Theorem 1.1.10, where M := ¢~1((B’)P)

We will prove that

(i) B has the p-CSP modulo v3(B), and,
(ii) 73(G) has the p-CSP modulo 1~ (y3(B)P).

Then Theorem 1.1.10 follows by a direct application of [55, Theorem 1]. We an application
of Lemma 1.8.2 to Proposition 1.8.3 and Proposition 1.8.4 we will obtain step (1). Similarly,
by applying Lemma 1.8.2 to Proposition 1.8.7 and Proposition 1.8.8 yields step (2). Now,
set M = ¢~1((B")P) and N := ¢~ !(v3(B)P). Considering Proposition 1.7.1, Theorem 1.7.2

and Lemma 1.7.3, we summarise the proof of Theorem 1.1.10 in Fig. 1.5.
Proposition 1.8.3. The group B has the p-CSP modulo B’.

Proof. Set bisyj = a;; for all i € [0,d — 1] and j € [0, s — 1]. Define, for r € [0,ds — 1],
Ap = (bp,...,bgs_1)B" and set Ags = B’. We will prove that A, has the p-CSP modulo
A4 for all r € [0,ds — 1]. Then the result follows from the Lemma 1.8.2.

Clearly, A,/A;4+1Sta,(n) € C and by Theorem 1.1.6(iv) we have A,/A,; = (b)) =
Z. In 7, the subgroups of index a power of p are totally ordered, whence it suffices
to prove that |A, : A,+1Sta,.(n)| tends to infinity when n tends to infinity. In fact,
we prove that b2 & A.y1Sta, (nds +r 4 1) for n € Ng. Assume to the contrary that
W oe A;41Sta,. (nds +r + 1). In particular, bfn € AT+11 Stp(nds + r + 1). Thanks to

ot

Theorem 1.5.1, we have Stg(nds+r+1) = <b€n+l, bR ,bf:l, e ,bg:_1>B. Thus, there
exists g, ...,Tqs—1 € Z such that

pe" wop"*1 | paept T T pTds
T

r =D’ bO r+1 ds—1 >
contradicting Theorem 1.1.6(iv). O

Proposition 1.8.4. The group B’ has the p-CSP modulo v3(B).
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Proof. Notice from Theorem 1.7.2(ii) that v3(B) is a subgroup of index a power of p in B’
and hence it suffices to prove that Stp/(n) is contained in v3(B) for some n, equivalently
| B’ /v3(G) Stp/(n)| = | B’ /~v3(B)|. Observe that,

B//’y;g(B) Stpr(n) = B Stp(n)/v3(B) Stg(n).
Now, in light of Theorem 1.7.2(ii), we choose n € N such that the set
{[am,aop] ‘ 1€ [O,d - 1], j e [1,8 — 1]} U {[CLOJ,CL@-/,O] ‘ i e [1,d — 1]} U {[a071,a0’0]p},

has trivial intersection with Stp(n). One can easily compute from the description of the
stabilisers in Theorem 1.5.1 that n = ds+ 2 is the smallest number with this property. We
construct a group H which admits an epimorphism from the group B/v3(B) Stp(ds + 2)

and see that commutator subgroup H' has the desired size.

Now fix n = ds + 2 and set I' = B/~3(B) Stp(n). Again from Theorem 1.5.1 we have
Stp(n) = <b82, b7102, b,y sz—1>B7 where b;s1; = a;; as in the proof of Proposition 1.8.3.
By a straightforward calculation using the presentation of B/v3(B), given in the proof of

Theorem 1.7.2(ii), we obtain the following presentation for I':

(8]R), (1.7)
where 8 = {b, | r € [0,ds — 1]} and
OO, b b, | 8,1 € [2,ds — 1]
R= < [b1, byr], t" € [2,ds — 1], not a multiple of s > ;
[bo, bis], vs(F) iel,d-1]

where F' is the free group on the set of generators of I'.

Let R be the ring Z /p?Z. Let UTgs11(R) < GLgsy1(R) be the group of all upper
triangular matrices over R with entries 1 along the diagonal. Denote by E; ;(¢) the element
of UTys41(R) with the entry ¢ € R at the position (4,5). For i € [1,d(s —1) — 1] and
j € [1,d— 1], define

z; = Ejgs1(p), Yj = Ba(s—1)+j,ds (D),
Yy = Eds—l,ds(l)’ z = Eds,ds—l—l(l))

and define 3 to be the subgroup of UT 451 (R) generated by the set {z;,y;, vy, 2}. By abuse
of notation denote the image of the set of generators of H in the quotient group H/v3(H)
by the same symbols and set H = H/v3(H). By an easy computation, we obtain

2 2 .
xf = yf = yp = Zp = [[Biaxi'] = [yjuyj’] = [y:y]] = ['/EZ')yj} = [J}',L,Z] = 1d7
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for all 4,7/ € [1,d(s—1) —1] and 7,5’ € [1,d —1]. Now, fix a bijection « from the set
{br | r € [2,ds —1]\ {s,2s,...,(d — 1)s} to the set {x; | ¢ € [1,d(s — 1) —1]}. Define a

map ¢ from the set of generators of I' to the set of generators of H by

p(bo) =y p(b) =2
o(bjs) =y, forje(l,d—1]  @(b;) = a(br), otherwise.

Then ¢ extends to an epimorphism I' — H, since as seen above, ¢(b,) satisfies all the
relations of the given presentation (1.7) of the group I'. Furthermore, observe that the

commutator subgroup of H is generated by the union of the sets
{[zi,yl lie[ldls=1) =1 JU{ [y;,2] |j € [L,d=1] }U{ [y, 2] }.
Hence,
T 2 ()] = 1] = D tpttpt =

Indeed |IV| < |B'/v3(B)| = p®, and thus |I"| = p?*, completing the proof. O
We now need two general lemmata.

Lemma 1.8.5. Let H < Aut(T') and L, K < H with L < K and let C be the class of all
finite p-groups. Assume further that H/K € C and H/L is abelian. If H has the p-CSP
modulo L, then K has the p-CSP property modulo L.

Proof. Let K be a normal subgroup of K satisfying L < K and K/K € €. Since H/L is
abelian, K /L is normal in H/L and hence K is normal in H. Also notice that H/K € €.
As H has the p-CSP there exists n € Ny such that Stz(n) < K. In particular Stx(n) =
Sty (n) N K < Sty (n) < K, completing the proof. O

Lemma 1.8.6. Let H < Aut(T) and L, K < H. If KL has the p-CSP modulo L, then K
has the p-CSP property modulo K N L.

Proof. Choose K < K with KN L < K and K/K € C. Then, KL < KL and KL/KL =
K/K € €. As KL has the p-CSP property modulo L, it holds that Stz (n) < KL for
some n. Thus, Stx(n) =Stgr(n)NK < KLNK =K. O

Proposition 1.8.7. The group v3(B) has the p-CSP modulo vy3(B) N M.

Proof. We prove that v3(B)M has the p-CSP modulo M. Then by Lemma 1.8.6 we obtain
the result. It follows from Proposition 1.7.1 and Theorem 1.7.2(ii) that B’/M is abelian
and that B'/y3(B)M € C, respectively. Thanks to Lemma 1.8.5, it is enough to prove that
B’ has the p-CSP modulo M.

Let 7 € [0,d —1],5 € [1,s — 1] and k € [1,p — 1]. Define ¢;(s_1)4; = bistj = ai ;. Set
t =1i(s—1)+j and r = is+j and note that ¢; is a relabeling of the elements b, (defined in
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the proof of Proposition 1.8.3) by excluding the elements of the form b;s for i € [0,d — 1].

From Proposition 1.7.1, we have
B'/M = ([a;j,afo] |i€[0,d—1],5€[l,s—1], ke [L,p—1]).
Set £ = (k—1)(ds —d) 4+t and ey = [ct,a’&o]. Then,
wler) = ¥(lews atol) = ¥([brs atol) = (b1, id™F 7, by, i @7ED),

For £ € [1,(p—1)(ds — d)], set My = (eq,...,e@p_1)(ds—d)) M and M, _1)@gs—a)+1 = M.
It follows from Theorem 1.1.6(iv) that My/Myq = (e;) = Z. We will prove that |M, :
M1 Sta, (n)| tends to infinity as n tends to infinity. Assume to the contrary that there
are n,n’ € Ny such that for all n > n/, e?n € Myi1Sty,(R). There exist integers

To41ys -5 T(p—1)(ds—d) € Z such that
n T s— . ~
ey egiq ~e(;)p_11))((;s_2>) € M Sty () < M Stp(n),
hence

W(e] ety e ) € (B - (Sta(@—1))P.

Consider the k™ coordinate, :nb‘fil € B'Stp(n — 1), where z is a product of elements of
the form b, such that ' > r — 1. Then x € A,, where A, is defined as in the proof
of Proposition 1.8.3. This implies bfil € A, Stp(n) for all 7 > n’ — 1, which contradicts
Proposition 1.8.3. O

Proposition 1.8.8. The group v3(B) N M has the p-CSP modulo N .

Proof. 1t is straightforward from Theorem 1.7.2(ii) that the group M/N is a finite abelian
and M/N € €. By Lemma 1.8.5, it suffices to prove that M has the p-CSP modulo N.
From Proposition 1.8.4, it follows that Stp/(n) < 3(B) for some n. Therefore,

P(Star(n +1)) < (St (n))? <3(B)?,

and hence Sty (n +1) < ¢~ 1((Stp/(n))?) < N. O

Proof of Theorem 1.1.10. By applying Lemma 1.8.2 to Proposition 1.8.3 and Proposi-
tion 1.8.4 we obtain that the group B has the p-CSP modulo ~3(B). Further application
of Lemma 1.8.2 to Proposition 1.8.7 and Proposition 1.8.8 yields that v3(G) has the p-CSP
modulo N. Now, the result follows by [55, Theorem 1]. O
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CHAPTER 2

Two periodicity conditions for spinal groups

Abstract. A constant spinal group is a subgroup of the automorphism group
of a regular rooted tree, generated by a group of rooted automorphisms A and
a group of directed automorphisms B whose action on a subtree is equal to
the global action. We provide two conditions in terms of certain dynamical
systems determined by A and B for constant spinal groups to be periodic,
generalising previous results on Grigorchuk—Gupta—Sidki groups and other re-
lated constructions. This allows us to provide various new examples of finitely

generated infinite periodic groups.

2.1 — Introduction

Spinal groups are subgroups of the automorphism group of a regular rooted tree, that are
generated by a group of rooted automorphisms A and a group of directed automorphisms
B. Their definition is motivated by early constructions of Grigorchuk [65] and Gupta and
Sidki [77], and they provide examples of groups of intermediate word growth, of just-infinite
groups, and of finitely generated infinite periodic groups. All spinal groups are infinite,
and it is easy to recognise when they are finitely generated, but it is a complicated task to
obtain conditions in terms of the defining data, i.e. the rooted and directed groups, that
ensure that a spinal group is periodic. In this paper, we establish two such conditions.
The subclasses of spinal groups for which periodicity conditions are known fall in two
categories. They are either generalisations of the (first) Grigorchuk group, or of the Gupta—
Sidki p-groups. We shall concentrate on the latter case, and consider what we will call con-
stant spinal groups (in short CS groups), i.e. spinal groups with all directed automorphisms

b referring directly to themselves, hence allowing a wreath decomposition
b= (b7 ai, ... 7am—1)7

where the elements a; are rooted. The class of CS groups includes all groups defined by
special decoration functions described in [78], all (multi-) GGS-groups, and the generalised

GGS-groups of Bartholdi [9]. Within these subclasses, some conditions for periodicity
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are known, coming in three strands: a precise criterion for generalised GGS-groups with
abelian rooted group given by Bartholdi [9], adapted from Vovkivski’s criterion for (some)
GGS-groups [151], which is related to a variant for multi-GGS-groups studied by Alex-
oudas, Klopsch and Thillaisundaram [4]. On the other strand we have a sufficient condition
for groups defined by special decoration functions formulated by Gupta and Sidki [78|. Fur-
thermore, criteria for general subgroups of the automorphism group of a binary tree to be
periodic were given by Sidki in [139]. We develop the first two strands and provide two
conditions for periodicity, that can be easily applied also to groups with non-cyclic di-
rected groups and non-regular action of the rooted group. Furthermore, our results extend
to non-locally finite trees and infinite rooted groups.

This is a previously unobserved phenomenon and allows us to give new examples of
finitely generated infinite periodic groups. In particular, we show that the group of auto-
morphisms of a regular rooted tree acting locally like a prescribed transitive permutation
group H allows infinite finitely generated periodic groups that replicate the action of H
on all vertices for many (but not all) permutation groups H.

We state our conditions in the form of certain dynamical systems on the power set of
the rooted group. The system A; — depending on a directed automorphism b — models
the stabilised sections of automorphisms ba, for a € A, which are themselves a new tool
tailor-made to observe periodic elements, see Definition 2.2.2. The system g models the
possible local actions of automorphisms that do not reduce a certain length under taking
stabilised sections. See Section 2.2.4 for a precise definition of the dynamical systems A
and Xg. We hope that these tools prove to be useful for further considerations of periodic

groups within Aut(X™*). Let us now state both conditions as theorems.

Theorem 2.1.1. Let G = (AU B) be a stable and strongly orbitwise-abelian CS group
with periodic rooted group A such that either (i) A is of finite exponent, or (ii) the directed
group B has finite support. Assume that B is abelian and periodic. If the dynamical system
Ay is eventually trivial for all b € B, then G is periodic.

Theorem 2.1.2. Let G = (AU B) be a CS group with periodic rooted group A such that
either (i) A is of finite exponent, or (ii) the directed group B has finite support. Let S be a

generating set for B. If the dynamical system Xg is eventually trivial, then G is periodic.

For a CS group to be strongly orbitwise-abelian the sections of directed elements along
certain orbits of the rooted group must commute, generalising the case when the rooted
group is abelian. Stability is a related homogeneity condition also trivially fulfilled by CS
groups with abelian rooted group, for precise definitions see Definition 2.2.12 and 2.2.13.
However, Theorem 2.1.1 applies to many more groups, cf. Example 2.3.5.

In general, the dynamical systems A are more likely to be eventually trivial than the
systems Y g, which justifies the additional conditions of Theorem 2.1.1.

All previously mentioned conditions for periodicity of subclasses of CS groups can

be derived from the two theorems above; see Section 2.3.2 and Remark 2.3.6. Although
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Theorem 2.1.1 and Theorem 2.1.2 give only sufficient conditions for periodicity, in the
case of an abelian rooted group the sufficient and necessary criterion of Bartholdi may be
extended to a broader class of groups; cf. Corollary 2.3.2.

Recently, Rajeev and the author [125] described a method of constructing, given a
group G < Aut(X™*) and a positive integer s, a new group Bass(G) < Aut(X™) called the
s'™h Basilica group of G, based on the Basilica group defined by Grigorchuk and Zuk [73].
It is a remarkable feature that the Basilica groups of CS groups are CS groups. We prove
that Basilica groups of CS groups satisfying the conditions of Theorem 2.1.2 again satisfy
Theorem 2.1.2, which is relevant to the question if Basilica groups of periodic groups are
periodic in general. Combined with our good understanding of periodic CS groups in the
abelian case, this provides a wealth of examples of periodic CS groups with non-regular
rooted action.

Both Theorem 2.1.1 and 2.1.2 only provide sufficient conditions, and, in addition to a
family of groups that are periodic in accordance with Theorem 2.1.2 (Example 2.3.8), we
give an example of a periodic CS group that satisfies neither the condition of Theorem 2.1.1

nor those of Theorem 2.1.2.

Acknowledgements. — This is part of the author’s Ph.D. thesis, written under the
supervision of Benjamin Klopsch at the Heinrich-Heine-Universitéit Diisseldorf. The author
thanks Benjamin Klopsch, Karthika Rajeev and Eike Schulte for many helpful suggestions

which led to significant improvements in the exposition of this paper.

2.2 — Preliminaries and CS groups

2.2.1. Automorphisms of rooted trees. — Let X be a non-empty set, 0 € X an
element and X* the free monoid over X, which we identify with its Cayley graph, i.e. a
regular rooted tree of valency |X|+ 1. We call X the alphabet, its members letters and 0
the distinguished letter. Observe that we do not restrict to finite sets. Denote X \ {0} by
X. If X is a group, we require that the distinguished letter equals the neutral element.
We write € for root, i.e. the empty word. The n'* layer of X* is the set X™ of vertices
represented by words of length n, or, equivalently, of vertices of distance n to the root.

A (rooted tree) automorphism of X* is a graph automorphism fixing the root e. The
invariance of the root is a feature of all graph automorphisms if X is finite. Since the root
is fixed, every rooted tree automorphism maps the n*® layer to itself. The action of the
full group of rooted tree automorphisms Aut(X™*) is transitive on each layer. A subgroup
of Aut(X™*) with this property is called spherically transitive. The stabiliser of a word u
under the action of a group G < Aut(X*) is denoted by st (u), and the intersection of all

stabilisers of words of length n is called the n'* layer stabiliser, denoted Stg(n).

Let a be an automorphism of X* and let u,v be words. We denote concatenation, i.e.
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the monoid multiplication in X™, by %. Since layers are invariant under a, the equation
(u*v).a =u.axv.(aly)

defines a unique automorphism al,, of X* called the section of a at u.

Consequently, any automorphism a can be decomposed into the sections prescribing
the action at the subtrees of the first layer, and a|®, the action of a on the first layer
X! = X. We adopt the convention that an X-indexed family of automorphisms (a,)ex
is identified with the automorphism having section a, at x and (ay)zex|® = id. Hence for
any a we write

a = (alz)zex al.

Conversely, any family (a|,)zex of automorphisms together a permutation a|® € Sym(X)
defines a unique automorphism of X*. For all words u,v € X* and automorphisms a,b €
Aut(X*) we have

(alu)lv = aluxw, (ab)lu = alublu.a; a_l‘u = (a|u.a—1)_1'
Let H < Sym(X) be a subgroup. By the computation rules above, we see that the set
of automorphisms a such that al,|¢ € H for all u € X* is a subgroup, denoted I'(H) and
called the H-labeled subgroup of Aut(X™).

By convention, permutations of X act on X* by permuting the first layer subtrees, i.e.
we consider Sym(X) to be embedded into Aut(X*) by p — (id)zex p. Automorphisms of
this kind are called rooted. Consequently, we think of Aut(X™*) as acting from the right,
however, we conjugate from the left, writing *b = aba—'. The purpose of this is twofold:
calculation of sections of conjugates involve fewer inversions, i.e. for g,h € Aut(X™*) and

hQ)‘x = hlo

elements or vertices will be represented with integers, we hope to better distinguish between

u € X* we have ( (9lz.n), and furthermore, since on some occasions group

powers and conjugation.

2.2.2. Constant spinal groups. — We now define the family of constant spinal groups,
which includes all (multi-) GGS-groups and the more general groups defined in [78] by a
special decorating function. Both name and definition are derived from the family of spinal
groups defined by Bartholdi and Sunik [13,19], which we shall not recall in detail, but we
remark that the defining data of a general spinal group contains a certain sequence of
homomorphisms, and the constant spinal groups are those where the defining sequence is

constant.

Definition 2.2.1. Let A < Sym(X) be a transitive permutation group, embedded into
Aut(X™) as rooted automorphisms, and let B < St(1) be a subgroup such that

(Blo|r€eX)=A and blg=0> forallbe B.
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We call the group G = (A, B) a constant spinal group, or in short a CS group. The groups
A and B are referred to as the rooted group and the directed group of G, respectively. We
say that B has finite support if for all b € B and all almost all x € X we have b|, = id.

A GGS-group is most commonly defined by a so-called defining vector: Let m € N>o,
let X ={0,...,m—1}, let a € Sym(X) be an m-cycle, and e = (e1,...,em—_1) a vector in
the free module (Z /mZ)™ ! such that (e; | i € X) = Z /mZ. Define an automorphism
b = (b,a®,...,a°"1). Then (a,b) is the GGS-group with defining vector e. In the
terminology of CS groups, this is the CS group with rooted group (a) and directed group
().

For comparison with previous results on periodicity of spinal groups, we give a small
dictionary that describes certain well-studied subfamilies of spinal groups in the terminol-

ogy of CS groups.

e GGS-groups are CS groups whose rooted group and directed group are cyclic.

e The multi-GGS-groups of [4] are CS groups with cyclic rooted group.

e The generalised GGS-groups of [9] are CS groups with cyclic directed group.

e The groups of [78] defined by a special decorating function are CS groups with rooted
group acting regularly and cyclic directed group.

e Neither the so-called G groups of [19] nor the EGS groups of [119] (both are classes
of spinal groups where periodicity criteria are known) are CS groups. This is clear
for their usual embedding into Aut(X*), and follows from [126] for their isomorphism

classes.

It is evident that all CS groups are self-similar, i.e. that for all x € X and g € G the
section g, is contained in G. Furthermore they are fractal, i.e. Stg(1)|, = G for all z € X:
observe that “b|, = b|,., with a € A,b € B produces a generating set for A, as well as for
B, using the transitivity of A. This implies that G is spherically transitive. Clearly G is
contained in the A-labelled subgroup of Aut(X*). Since St;(1) is a proper subgroup with
a surjection to the full group, G is infinite.

Every CS group G is a homomorphic image of the free product A x B. Thus every

element g € G can be written in the form
g= (aobo)(albl) cee (an_lbn—l)am a; € A,bz‘ € B,n eN.

The minimum of all possible numbers n in such words is called the syllable length of g € G,
denoted syl(g). This is the weighted word length with respect to the generating set AU B
with elements in A having weight 0. Consequently, we refer to the elements 4 B as syllables.
Observe that all syllables stabilise the first layer, hence g|¢ = a,.

The common strategy for proving that a CS group is periodic, starting from the proofs

for the examples of Grigorchuk and Gupta and Sidki, is to establish a contraction of
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the syllable length upon taking sections. We refine the usual statements concerning this

contraction by employing the new concept of stablised sections.

Definition 2.2.2. Let v € X* be a vertex and g € Aut(X™*). Let £4(v) be the length of
the orbit of v under g. If £4(v) < 0o, define the stablised section of g at v by

gllo = g"®)|

v

The usefulness of stabilised sections for establishing periodicity of groups of automor-
phisms of X* stems from the fact that powers of ¢ stabilising the n'® layer can be described

by certain stabilised sections. We record this and two other useful facts in a lemma.
Lemma 2.2.3. Let g € Aut(X™*) and let n,m € N such that g" € St(m). Then

() 9" = (glls) ™ for allv e X
Let u,v € X* such that {y(u*v) is finite. We have:

(i) £g(u*v) =Ly4(u) 'Eg”u(v).
(ii)) glluxw = gllullo-
Proof. Since v is stabilised by ¢", the number n is a multiple of ¢4(v). Thus

n

Vi _n
n|v =g g(”U) Zg(v) |v — (g”v)eg(v) .

g
For (ii), observe that £4(u * v) must be a multiple of 4(u), and calculate
(wrv).g"™ = u.g"™ 5. (g M],) = uxv.(g]l)-
Using the equation again, we prove (iii):
Gl = goo o1 |y, = (g%, 1 |y = gl O

We shall use Lemma 2.2.3 regularly and without reference.

Lemma 2.2.4. Let G be a CS group and let g € G. We have:

(i
(ii

(iii

syl(glz) < 2(syl(g) + 1) for all z € X.

)
) Pwex sYUgle) < syl(g)-

) syl(gllz) < syl(g) for all x € X such that £4(z) < oco.

(iv) If g|¢ has finite order, then g||, € A for almost all x € X.

Proof. (i) Consider an element g = %by*b; ... 1b,_1a, € G, where n = syl(g). Taking

the section at x € X, one obtains

g’x = b()‘:v.aobllx.al v bn—l‘z-anfl' <*)
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For each i € {0,...,n — 1} the section b;|; 4, is an element of G \ A if and only if z.a; = 0.
In this case it is a member of B. If two consecutive syllables both yield an element of
B, they reduce to a single syllable. Hence at most every second syllable of g produces a
syllable of g|,, yielding the inequality.

(ii) This is a consequence of the fact that every syllable produces exactly one letter
from B in all of its sections.

(iii) For any section of ¢%(®) we have

9e = glagleg -9l grotor-1- ()

But since {z,z.g, . .. ,x.gzg(m)_l} is the orbit of z under g, all sections are taken at different
positions in X and the assertion follows from (ii).

(iv) If g|¢ has finite order, every (g)-orbit in X is finite. By (ii) there are only finitely
many sections outside A, i.e. there are only finitely many = € X such that g|, ¢ A. Thus
only finitely many stabilised sections of g can have positive syllable length. O

Since b|lg = blo = b holds for all b € B, the inequality in (iii) of the previous lemma
cannot be strict for all non-trivial elements of a given CS group. However, for some CS
groups it is possible to obtain a strict inequality excluding a controllable ‘error’ set, on

which our conditions for G to be periodic rest.

2.2.3. Generalities on periodic CS groups. — Since we do not restrict to finite

alphabets X, we need two lemmata to control possible problems for infinite X.

Lemma 2.2.5. Let H < Sym(X) be periodic and T'(H) < Aut(X*) the H-labelled sub-
group. Then T'(H)/ Sty (n) is periodic for all n € N.

Proof. The group I'(H)/ Str(g)(n) is isomorphic to the n-fold iterated unrestricted wreath
product H ¢ ---! H, which is periodic. O

Lemma 2.2.6. Let G be a CS group such that the directed group B has finite support, let
n € N. Then for every g € G the set {g|, | v € X™} is finite.

Proof. This is an immediate consequence of the composition rule for sections. ]

Proposition 2.2.7. Let G be a CS group with periodic rooted group A. Let either (i) A
be of finite exponent, or (ii) let the directed group B have finite support. Let T C G be a
set of elements of finite order. If for every g € G\ A there is some m € N such that for

allv e X™ we have

syl(gllo) <sylg) or gl. €T, ()

the group G is periodic.
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Proof. We use induction on the syllable length. Rooted elements are of finite order, thus
we consider only g with syl(g) > 1. Let m be the integer such that (1) holds for g and X™.
Since G is contained in I'(A), the order of the action of g on X™ is a finite number k£ € N
by Lemma 2.2.5, thus

ko Ty
9" = ((gllv) ™ Jpexm.

By assumption, either g||, is of shorter syllable length than g, or it is a member of T,
hence of finite order. By induction g||, is of finite order. Also, by Lemma 2.2.4(4) at most
finitely many stabilised sections have positive syllable length.

In case (7), let &’ be the least common multiple of the order of these sections and the
exponent of A, in case (i7) let k' be the least common multiple of the orders of all (finitely
many by Lemma 2.2.6) non-trivial first layer sections of g||,. In both cases (g||,)* = id
for all v € X™, hence (¢*)¥ = id. O

We remark that the set T" has to include the directed group B as a subset, since b|g = b.

Therefore the existence of an error set T implies that B is a periodic group.

2.2.4. Some dynamical systems. — We use Proposition 2.2.7 to establish our two
dynamical conditions for periodicity. It is beneficial to reformulate this proposition using

the language of atomic dynamical systems.

Definition 2.2.8. Let A be a set and let ¢ : P(A) — P(A) be a self-map of the powerset
of A. The dynamical system (P(A), ¢) is called atomic if

o(5) = J osh

ses

for all S € P(A). Clearly, an atomic dynamical system is defined by its action on singletons.
It is called eventually T if for all @ € A there is an integer n € N such that for all m > n
we have ¢"({a}) C T. If A is a group, the system is eventually trivial if it is eventually

{1a}.

Now we may restate Proposition 2.2.7. A CS group G with periodic rooted and direct
group fulfilling condition (i) or (ii) as stated in the proposition is periodic if the dynamical

system (P(G), ||x) is eventually AU T, where the self-map is atomic and hence defined by
Ix : P(G) = P(G), {g}—{glle |z e X}

We want to obtain, at least incase of G having a finite rooted group, similar conditions on

finite dynamical systems, which we shall now define. First, we need some terminology.
Let z,y € X and let A < Sym(X) be a group acting transitively on X. Write mp 4(x, y)

for the set of elements a € A such that z.a = y, and fix an element ez, € mpy(z,y).

Then

mp 4(2,Y) = €psy - sta(y) = sta(x) - exmsy-
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By convention, set eg,0 = 14. The sets mp 4 (0, x) with = € X are right cosets of the point
stabiliser st 4(0), hence they form a partition of A, which we use to define certain subsets

of the set of conjugates of a given element.
Definition 2.2.9. Let G = (AU B) be a CS group. For a € A and z € X, we define

Cla,z) ="Pa0%)g C A and X(a,z)= U orb.(0) \ {0} C X.
cel(a,x)

For every x in the orbit orb,(0) of 0 under a we have a € €(a,z). If A acts regularly, we
identify X with A such that eg_,, = z, hence €(a,x) = {*a} and X(a,z) = orb«,(0)\ {0} =
0.((*a) \ {14}). We now define the first dynamical system.

Definition 2.2.10. Let G = (AU B) be a CS group, let S C B, let a € A and let z € X.

Define a map

Us(a>$):< H b|0.c/ ‘CGQ(&,%),bES)'aﬂy |y€%(a,$),b65’>'§A. (ﬁD
' €{c)\st4(0)

Notice that the order of the products generating the left side of the definition can be
chosen arbitrarily, using the derived subgroup on the right side. Now the dynamical system
(P(A),Xg) is the atomic system defined by

Sg: P(4) = P(4), Ts{a}) = | osla,a).
zeX

Our second dynamical system makes use of the stabilised section map ||o.

Definition 2.2.11. Let G = (AU B) be a CS group with periodic rooted group A. For
every b € B we define a map Ay : A — A by

£0,(0)—1
M(a) =[] bloa sothat (ba)llo = bAy(a).
=1

Let x € X. Then we define
Mo(a, ) = Np(O7a),
and an atomic dynamical system (P(A), Ay) given by the map

Ay({a}) = {M(a,2) | z € X}.

Clearly, Ay(a,0) = A\y(a) for alla € A,b € B. If the group A is abelian, \y(a,z) = A\y(a)
forall a € A,b € B and x € X. Consequently, we may regard Aj as a map of type A — A
in the abelian case, and write Ay(a) = Ap(a).
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Definition 2.2.12. A CS group G is called stable if for all a € A,z € X and b € B
M () = Np(") for all &, " € €(a, ).
Let G be a stable CS group, and let a,a’ € A,b € B. Then \y(“a) € Ay(a), since

(Y a) = Ap(Com0.a'qr).

2.2.5. (Strongly) orbitwise-abelian CS groups. — Reviewing the dynamical sys-
tems on P(A) defined by £g and A, with S C B,b € B, we see that (heuristically), the
systems Ap are more likely to be eventually trivial, since |Ay(a)| < |X|, while the case
Ygs(a) = os(a,x) = A does frequently (and naturally, cf. Section 2.4.1) occur. The draw-
back of the dynamical systems Ay is that we need some (weak) form of abelianess within

A to conclude the periodicity of G, even if all Ay are eventually trivial.

Definition 2.2.13. A CS group is called orbitwise-abelian if for all a € A
(blo.c | ¢ € (a) \ sta(0),b € B) < A
is abelian. It is called strongly orbitwise-abelian if
(bly |y € X(a,z),be B) < A
is abelian for all e € A and x € X.

Any strongly orbitwise-abelian group is orbitwise-abelian, since a € €(a,0) = sta(0) g,
hence 0.c € X(a,0) for all ¢ € (a) \ sta(0). Notice that for a strongly orbitwise-abelian
group, the derived group in the Definition 2.2.10 of Xg is trivial. We also gain better

control over the interplay between the dynamical systems A; for various b € B.

Lemma 2.2.14. Let G be a orbitwise-abelian CS group with periodic rooted group. Then
the map b Xy : B — A% is a group homomorphism.

Proof. Let by,by € B. Then for all a € A,

£,(0)—1 0,(0)—1
Movy(@) =[] 01b2low = ] brlowbelow
i=1 =1

1 £a(0)—1
bio.ai H b20.at = Ap, (@) Ap, (a).]
i=1

£q(0)—
-

The map b — Ay is not necessarily injective, even if G is orbitwise-abelian. Take for

example a GGS-p-group G = (a, b) with defining vector e on a p-adic rooted tree such that
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Zf;ll e; =p 0. On p-adic trees, these are precisely the periodic GGS-groups. We have

p—1
p—1 .
- H Bo.ai = a2i=1 G =1y
i=1

for all j € {0,...,p—1}. Thus the image of B under b +— ) is trivial.

2.3 — Proofs and discussion of the theorems

2.3.1. Proof of Theorem 2.1.1. — It is useful to consider the next lemma separately,

as it will also be used in the proof of Theorem 2.1.2.

Lemma 2.3.1. Let G = (AUB) be a CS group, let g = *by ... 1b,_1a, € G and let x €
X such that n = syl(g||z) = syl(g). Then there are integers j(i), for alli € {0,...,n—1},

such that
l—1n—1

9l = H H bi ‘ (@l

7=0 =0

where £ = {g4(x) and % a, € Can, x).

Proof. We compute the stabilised section at x, using the equations (x) and (xx);

£—1 n—1 f—1n—1
o= (I ((TTew) o) )| - T T o
§=0 i=0 T =0 =0
= bO |a:.a0 : bl ’ac.a1 te : bnfl |:r.an,1
: bO |x.ana0 : bl |x.ana1 T : bn—l ’$.anan71
’ b() |x.afl_1a0 ) bl ’maf,,_lal T ) bnfl |x.afflan_1 '

Notice that in every column, we are taking the sections of a fixed element b; € B at the

vertices from the shifted orbit orb,, (x).a;. Consequently all sections are taken at different

vertices, and there is at most one directed element in every column of the product. Since

there are only n columns, by syl(g) = syl(g||) every column must contain precisely one

directed element, so for all i we have 0 € orby,, (x).a;, hence th?r)e is some integer j(i) such
-1 7

that z.an’Va; = 0. Thus 0.a; all) = z, and % a, = % @ q, € €(ap,x). Lastly we
notice that z.a}a; = 0.% ( %ﬂ(l)), thus

l—1n—1 {—1n—1
gle =TT 11 %ls0ia, = HHb| (@)’ L
7=0 =0 7=0 =0

Proof of Theorem 2.1.1. We establish condition () of Proposition 2.2.7, for T'= B.
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Let z € X and let g € G be of syllable length n > 0 and let
g=%by..."" by_10a, (8)

such that n = syl(g|l.) = syl(g). If such an element does not exist outside of B, (f) is
established.

By Lemma 2.3.1 the elements %" g, are members of C(ap,x) for i € {0,...,n — 1}.
Now orbg,, (z).a; = orb, o (0) hence we write { := {y(x) = £,,(x) = £,—1 (0). Using the
ioan
notation of Lemma 2.3. 1 We have
{—1n—1
gl = HO HO bil gt g0y SSta(t) H0 HO bily ot st (585)
j=0i =0 =

J+i(@)#L

Since G is strongly orbitwise-abelian we may reorder the product, calculating:

n—1
9llz Zste01) H H bl’ (%7 Fan)iHit)

=0 7=0

J+i(i)#¢

n—14—1
=TI 1] \ o (shifting by j(4))

=0 j=1 0-
= H Abi(“flan) (since £ =11 (0))

-1

= H o, (G, ) (since G is stable and % a, € €(ay,z))
= )\H?;Ol p, (an, T). (by Lemma 2.2.14)

We write b := szol b; to shorten the notation. The B-symbols in the middle term of (§§)
representing g||, are precisely the B-symbols occurring in the word (§) representing g, thus
there exists some permutation o of {0,...,n — 1} and some a; € A for i € {0,...,n — 1}
such that

9l = &ObO-U - '&n_lb(nfl)-a Ap(an, T).
Since B is abelian, H?;(} b;» = b and we may iterate our calculation for elements v =

To*x---*xp_1 € X¥ k€N, such that syl(g||,) = syl(g). Then

gllo mod St(1) € My(. .. Ny(Np(an, z0), 1), ... ), zp—1) C A (ay).

Since Ay is eventually trivial we conclude that there exist some k& € N such that for all
v € X¥ either syl(g|l,) < syl(g) or g||» € Stg(1). To obtain (1) it is enough to consider all
v such that the second case holds. For these, by Lemma 2.2.4(1) either syl(g||y+z) < syl(g)
or gllyxz € B holds, since g|lyxe = 9llv]z- O
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2.3.2. Discussion of Theorem 2.1.1. — Clearly, all CS groups with abelian rooted
group are strongly orbitwise-abelian. Furthermore, if A is abelian, it must act regularly on
X, hence €(a,z) = {*a} = {a}. Thus G is stable, and \y(a,z) = A\y(a) foralla € A,b € B
and z € X. We record the statement of Theorem 2.1.1 in this case as a corollary, which
turns out to be a version of a result of Bartholdi |9, Theorem 13.4], with the additional
feature that non-cyclic directed groups are allowed. We remark that [9, Theorem 13.4] does
not explicitly require that the rooted group is abelian; this appears to be an oversight, see
Example 2.3.4. Using a similar construction to the one in [9], we are able to prove that

the condition is not only sufficient but necessary.

Corollary 2.3.2. Let G = (AU B) be a CS group with abelian and periodic rooted group
A, and such that either (i) A is of finite exponent, or (ii) B has finite support. Then G is
periodic if and only if the dynamical system (A, \y) is eventually trivial for all b € B.

Proof. Since A is abelian, B is abelian as well. Assuming that (i) or (ii) holds, B is also
periodic. Now, identifying the singletons of P(A) with A, we have Ay|4 = Ay, and the
‘if’-direction follows from Theorem 2.1.1.

For the other implication, assume that there are a € A and b € B such that \}'(a) # 14
for all n € N. Consider the orbit length of elements of the form 0*" under ba. From
loa(0%") = L1 (0) - L(qay |, (0*"~1) we conclude that either the orbit lengths are unbounded
and ba has infinite order, or that there is some m € N such that £(4)),., (0) = 1 for n. > m.
But

(ba)ljo = bAs(a),

hence £(pq))|gn (0) = lap(a)(0) > 1 for all n € N. Thus, ba has infinite order. O

Corollary 2.3.2 may be reformulated to say: A CS group with abelian rooted group
satisfying either (i) or (ii) is periodic if and only if the elements ba € B - A are of finite
order. Motivated by this characterisation, we ask if similar bounds exist for nilpotent and

for soluble groups:

Question 2.3.3. For any group G, let I(G) be the set of all elements of infinite order. If
G is a CS group, write Bg(n) for the set of elements of syllable length at most n. Let C(c)
be the set of all non-periodic (isomorphism classes of ) CS groups G = (AU B) with rooted
group nilpotent of class ¢ and satisfying (i) or (ii). Define a function fuy : N — NU {oco}
by
fuit(c) = max min{n € N| I(G) N Bg(n) # 0}.
GeC(c)

Is fuin(c) < oo for all ¢ € N? One can define an analogous function s for soluble groups.
Is fso1(l) < o0 for alll € N?

Theorem 2.1.1 says that fu(1) = fs1(1) = 1. We now provide an example of a non-

periodic CS group where the dynamical systems defined by A, are all eventually trivial,
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Figure 2.1: The maps Ay and Ap2 of the group in Example 2.3.4. Dashed red arrows
represent the latter, solid black arrows the former.

i.e. all elements of syllable length less than two are of finite order. The rooted group is

isomorphic to the alternating group on four elements acting naturally, implying fs,1(2) > 2.

Example 2.3.4 (Corollary 2.3.2 cannot be extended to CS groups with non-abelian rooted
group). Define s; = (0 3 2),85 = (0 1 3),s3 = s, and A = (s1,s2,53) = Ay Set
b= (b,s1,s2,s3) and B = (b). Clearly b has order 3. The maps A, and A2 are shown in
Fig. 2.1, and they are eventually trivial. Clearly (i) and (ii) are satisfied.

We now produce an element of infinite order. Let
g = s3s1bs3b = (0 2)(1 3)b(0 3 1)b.
Then

gllo = ¢*lo = bl2bl2blob|3b|1blo = s3bsszsib
lloxo = (s3bs3510)*|0 = b|3b]1b|0bl2bl2blo = g.

Thus ¢ is not of finite order.

Aside from CS groups with abelian rooted groups, Theorem 2.1.1 applies to far more

CS groups. We give an exemplary construction.

Example 2.3.5 (A non-abelian strongly orbitwise-abelian and stable CS group). Let
Sym(4) be the symmetric group on four letters. The set X of transpositions in Sym(4)
is a conjugacy class of Sym(4), and the alternating group A = Alt(4) acts faithfully and
transitively on X by conjugation. Equivalently, the alternating group acts on the faces of
a cube by rotations in the following way. The double transpositions rotate the cube by 7
along an axis defined by the centre points of opposing sides, and the three-cycles rotate it
by %71’ along an axis going through two opposing corners, see Section 2.3.2.

We fix the transposition (12), resp. the top face of the cube, as the distinguished
letter. Clearly st4(12) = ((12)(34)) is of order two. We write V' for the Klein four group
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Figure 2.2: The action of Alt(4) on the cube X and the action of b on X* described in
Example 2.3.5.

consisting of the double transpositions. Define an automorphism b by
b=((12):b, (34):(123), z:(12)(34) for x € X \ {(12),(34)}).

Compare again with Section 2.3.2. The CS group G defined by A and B = (b) is stable,
strongly orbitwise-abelian and the dynamical system defined by Ay for any ' € B is
eventually trivial, hence periodic by Theorem 2.1.1. Our discussion will show that minor
variations in the definition of b lead to the same conclusion, e.g. one may replace b|(3 4)
by an arbitrary three-cycle, or define the sections of b on the blue (resp. the red) faces to
be trivial. We omit more careful calculations that show, again using Theorem 2.1.1, that
there are further examples of CS groups with rooted group A. We first show that G is
strongly orbitwise-abelian. Let a € V. Since V is normal, €(a,z) = mpa((12)2)g « V, and
since it is abelian, it is a singleton set. Now the image of (12) under an element of V' is
either (12) or (34) (the bottom side of the cube). Consequently

X(a,x) € {{(12)},{34)}}

for all @ € V,x € X. Now let a € A be an element of order three. The set T of such
elements is a normal subset, hence €(a,z) C T. Now T acts (as a set) non-transitively on
X, since (34) ¢ T.(12). Viewing at the cube, it is apparent that the bottom and top faces
cannot be interchanged by an element of T. At the same time, no element of T has any

fixed points. Consequently,

X(a,z) € {{(13),(14)},{(23),(24)}}

for all a € T,x € X. These are sets of opposing sides. A calculation shows that X(a, z),

with a ranging over A, takes all values

{(12)},{B34)},{(13),(14)},{(23), (24)}}.

These correspond to the colouring in Section 2.3.2. Clearly the sections within such a set

commute, hence G is orbitwise-abelian.
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Since €(a,x) is a singleton for a € V, the group G being stable is equivalent to Ay
taking the same values for all a € €(t,z), t € T, x € X, / € B. The two elements in any
€(t, x) are st4(12)-conjugate, hence

e(t.x) € {{(123), (142)},{(132), (124)}, {(134), (243)},{(143), (234)}}

and all these values are taken. Any such pair corresponds to two orbits of (12) going
around opposite corners of the top face, i.e. a red and a blue face. The product over the
sections is hence ((12)(34))? = 14 in all cases. Thus G is stable, and furthermore for all
teT

Ab(t) = Abz(t) = {1,4}.

Finally, the conjugate of (12) under a double transposition is either (12) or (34). Hence

Ap(a) = {bl12),bl3n} = {14,(123)} and  Ape(a) = {14, (132)}

for all @ € V, and by Af(a) = A, (a) = {14} we see that Ay is eventually trivial for all
b € B. Thus G is periodic by Theorem 2.1.1.

2.3.3. Proof and discussion of Theorem 2.1.2. — If we drop the assertion that G
is strongly orbitwise-abelian, the argument used in the proof of Theorem 2.1.1 to reduce
the set of candidates of infinite order to elements g with syl(g) < 1 fails in the general
case, as illustrated by Example 2.3.4. But we may still consider the “coarser” dynamical
system defined by the maps ¥ g. This gives us a broadly applicable sufficient condition for
periodicity, that does not require B to be abelian. Also, one does not need to check the

full system Y. p, which may be replaced with ¥g, for a generating set S C B.

Proof of Theorem 2.1.2. We aim to apply Proposition 2.2.7 with T'= B. Let
g = (aobo) e (a"”bn,l)an eG \ A

be an element of syllable length n > 0 and € X such that syl(g||;) = n. Write £ := {4(x).
By Lemma 2.3.1 we find that % a, € C(ap,z) for all i« € {0,...,n — 1} and there are

integers j(i) such that
{—1n—1

9l = H H bi|0.a;1a%+j(i)‘

§=0 i=0

Decompose all b; as a product of generators in S, writing b; = HZ;;& bii,,- Then calculating
modulo St(1) and
N := (b, |y € X(an,z),be S) <A
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we find
n—1n;—1 [{-1

gle =y [ 11 Hbivim’o.af Yo,

i=1 m=0 \j=1
Thus ¢3¢ € os(an, ).
Let k € N be such that %(a,,) = {14}, and let v € X*. If syl(g||,)) = n, all intermediate

stabilised sections must have syllable length n and we obtain g|,|° € X%(a,) = {14} by
the calculation above. Let y € X be any letter. Then

syl(gllvy) = syl(glluly) < syl(gllv) = n,

or gllvy € B by Lemma 2.2.4(1). Thus, by Proposition 2.2.7, G is periodic. O

Remark 2.3.6. The special case of a CS group where the rooted group A acts regularly
(on itself with the distinguished letter 14) was first considered by Gupta and Sidki [77,78].
They considered automorphisms defined by decorating functions, roughly corresponding to
directed elements, and gave a list of five conditions for such a group G = (AU{d}) with
periodic rooted group A and an automorphism § defined by a decorating function (i.e. a
CS  group with cyclic directed group) to be periodic, in this case, the decorating function is
called periodicity preserving. Translated into the language of CS groups, the five conditions

are:

(i) The element ¢ is directed.

(ii) The group G is a CS group.

(iii) The element 0 has finite support.

(iv) The group G is orbitwise-abelian.
)

(v) For alla € A\ {1a} we have []yeip (1,3 Olar = 1a.

Note that by the fourth condition, the product in the fifth condition is well-defined.

We argue that the conditions of Theorem 2.1.2 are implied by the five conditions of
Gupta and Sidki. Using Theorem 2.1.2, we see from (i), (ii) and (iii) that we only need
to prove that ¥g is eventually trivial for some generating set S of B. Naturally, we set
S ={d}.

Since A acts regularly, €(a,x) = {Ta} and X(a,x) = orbe4(0) \ {0}. For alla € A and

non-trivial x € A, we thus have

( TI dleleec@ay=C [] o)1},

c'€(c)\st 4 (0) a’c(®a)\{1a}

and the group in Definition 2.2.10 of og(a, ) that is generated by products is trivial. Since

A acts regularly, (iv) implies that G is strongly orbitwise-abelian, hence the derived subgroup
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in the definition of og(a,x) is trivial as well. Thus the dynamical system defined by

Ss(a) = | osla,x) = ([ J{1a}

rzeX zeX

is eventually (or rather, immediately) trivial. Consequently, the conditions of Gupta and

Sidki appear as a special case of Theorem 2.1.2.

Gupta and Sidki proved that nearly all (precisely all non-dihedral, non-cyclic) finitely
generated periodic groups allow a periodicity preserving function. In case of a finite group
A generated by a set of non-involutions N, one may define such a function 5 : A\{14} — A
by

B(a) = x ifxels,
14 otherwise.
It is an interesting question which finite permutation groups may occur as the local action
(equivalently, as rooted subgroup) of a periodic CS group, cf. Section 2.4.1. In combination
with Corollary 2.4.3, which we will discuss later, this shows that every group of the form
A% .~ A¥ for A a non-dihedral, non-cyclic finite group allows a periodic CS group that
features A% (with this action) as its rooted subgroup. It is not true that every transitive
permutation group allows a periodic CS group.
Even if we restrict to the regular case, Theorem 2.1.2 is very flexible. As a demonstra-

tion, we prove the following corollary.

Corollary 2.3.7. Let A be a finite periodic group that decomposes as a semi-direct product
A = N x (g) with a cyclic quotient of order greater than two. There exists a finitely

generated infinite periodic group gemerated by two isomorphic copies of A.

Proof. Assume that A = N x (g) and let S C A be a generating system containing g such
that S\ {g} generates N. We construct a group B € Aut(A*) isomorphic to A by defining

1 if s #ga _
bs|g:5, bs|g—1 = , bs|x: 14, forxGA\{lA,g,g 1}’
gt ifs=gy,

for every s € S. Set B = (bs | s € S). This group is isomorphic to the group generated by

{(5,14) | s € S\ {g}} U {(g,97 )}

But since N = (S \ {g}), this group is isomorphic to A. We now prove that the CS
group defined by A and B, with A acting regularly on itself, is periodic. As B is finite,
by Theorem 2.1.2 it is sufficient to prove that the dynamical system defined by g, is
eventually trivial, where we set Sp = {bs | s € S}.

Let z,y € A. We calculate og,(z,y). First observe that €(z,y) = {Yz}, since A acts
1

regularly. There are two cases, depending if a € (Yz). In case g € (Yz), also g~ is in
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(Yx), and the products generating the subgroup on the left in the equation () defining
0s,(x,y) in Definition 2.2.10 are s € S\ {g} and 14, while the generators of the subgroup
on the right are the members of S. Then,

osy(x,y) =N-A" =N.
In case g ¢ (Yx), all sections bs|, for z € (Yz) \ st4(0) and s € S are trivial, hence

o5 (2, y) = {1a}.

Thus for any = € A, we have g, (z) < N.

Now assume x € N. Since N is normal, all conjugates Yx are again in N, and g ¢ (Yz).
Thus

ESB (l’) = {114}7

and Xg, is eventually trivial. O

Using Theorem 2.1.2 it is also not too difficult to find examples of periodic CS groups

where the action of the rooted group is not regular, a previously unrecorded phenomenon.

Example 2.3.8. We define a family of CS groups satisfying the condition of Theo-
rem 2.1.2. Let p be an odd prime and identify X = {0,...,2p — 1} with the ver-
tices of the regular 2p-gon. We fix the rotation » = (01 ... 2p — 1) and the reflexion
s=(12p—-1)(22p—2)...(p— 1p+1) in the axis through 0 and p as the generators of
the rooted group A = Dy, the dihedral group of order 4p.

Define an automorphism b by

b, = r ifx =91 and z # p, 14 ifz=np,
T s if x =5 0and z #0, b ifx =0.

See Fig. 2.3 for an illustration of this automorphism. Clearly, the first layer sections of b
generates A. By considering separately the elements of order 2, p and 2p in A, we show
that the CS group defined by A and (b) gives rise to an eventually trivial dynamical system
Y(py and is thus periodic.

Let a € A be an element of order p, i.e. a € (r?). The orbit of 0 under any such element
is the set of even elements in X. Excluding 0, all sections at even elements are equal to s,

hence for all x € X
opy(a,x) = (sP71) - (s)) = {1a}.

Let a € A be an element of order 2p, i.e. of the form r for some odd i that is not a multiple

of p. The orbit of 0 under any conjugate of a is the full set X, and we find

opy(a,x) = (P71 P - (s,) = (%)
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Figure 2.3: The generator b of Example 2.3.8 for p = 3 and the part of the dynamical
system defined by ¥ reached by singletons.

for any = € X, hence Yy (a) = (%), which becomes trivial after another step as we saw
above.

Let a € A be an element of order 2. Then either a = sr’ for some i %3, 0, a = s
or a = rP. In the third case, the element P is central, hence €(rP,x) = {rP} for all
r € X and X(rP,x) = {p}, thus X, (1?) = o (1P, 7) = {14}. In the second case, the
element s fixes the distinguished letter and we also find X1(s) = {14}. In the first case,

C(srt,x) = {sr’, sr'~2} and

(r)- () =(r) ifi=g1,

o (STia T) =
{0} <S> . (S>/ - <5> if i =5 0,

since 0.sr% = i =5 0 if and only if 0.s7~% = 2p —i =5 0. Thus the system Y (py is eventually

trivial.

Obviously there are many variants of this construction, e.g. replacing s with another
involution of A.
Furthermore, using similar arguments, periodic CS groups with rooted group isomor-

phic to dihedral groups of even exponent acting naturally may easily be found.

Question 2.3.9. As described by Grigorchuk in [68], a GGS-group on a p-adic rooted
reqular tree is periodic if and only if its defining vector e satisfies the equation Z?:_ll ei =p 0.
Hence for CS groups with rooted group C,, there is a criterion for periodicity that can be
stated rather easily.

Is there a similar characterisation for the periodic groups among the CS groups with

rooted group Do), ?

2.4 — Applications and examples

In the previous section we have seen that for nearly all finitely generated periodic groups
acting regularly on themselves, we find directed groups such that the resulting CS group

is periodic. Now we will give an example how to construct CS groups acting locally non-
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regularly, that fulfil the conditions of Theorem 2.1.2, and at the same time explore its

limitations.

2.4.1. Rooted groups where Theorem 2.1.1 and 2.1.2 cannot be applied. —
We make the following observation. Let G be a CS group with rooted group A < Sym(X)
that is perfect and contains an element a € A acting transitively on X (i.e. an | X|-cycle).
Clearly G is not orbitwise-abelian, so Theorem 2.1.1 cannot be applied to G. Furthermore,
let S C B be any generating set for B. Then the sections b|, for x € X and b e S
generate A, and since og(a,0) contains the derived subgroup of the group generated by
these sections, we have ag(a, 0) = A for all k£ > 0. Consequently, G does not fulfil the
conditions of Theorem 2.1.2.

In view of this limitation, we ask:

Question 2.4.1. Are there any CS groups based on a rooted group A = Sym(X) acting

naturally on X that are periodic?

In regards to this question we point out that it is possible to exclude certain special
cases. It is well known that the only CS group on a two element set is infinite dihedral.
An extensive brute-force computer calculation conducted by the author using GAP [52]
show that there is no CS group with rooted group Sym(3) acting naturally.

We consider another special case, and write X = {0,...,m — 1}. Assume that there
is a generating set S of B such that the collection of sections b|, for b € S and = € X
contains the cycle a,,, = (01 ... m — 1) exactly once, the transposition as = (0 1) exactly
twice, and nothing more. Then G cannot be periodic:

Let b € S be the unique element with a section equal to a,,. There are three cases:
Either b has (aside from the sections a,, and b) no, one, or two sections equal to ag. If
there are none, a,,b is of infinite order, since \y(ay,) = an,. If there are two, the element
Mp(am) is a product of ag,as and a,, hence either equal to a,, or to *2a,,. In the first
subcase an,b is of infinite order. In the second subcase, \p(“2a,,) is again equal to a,, or
2q,,. Thus either \, or A7 have a fixed point, and a,,b is of infinite order. Lastly, if there
is precisely one section of b equal to aso, there is another generator ' € S with exactly one
section equal to as. Now Ay (ay,) is either a,, or “2a,,, and we may argue as before.

Clearly, similar methods can be applied to exclude other generating sets of Sym(X),

which feature sparse section decompositions.

2.4.2. Basilica groups of GGS-groups. — We now turn our attention to the s
Basilica groups of CS groups resulting from the Basilica construction introduced in [125].
To every group of tree automorphisms H one can associate a family of Basilica groups,
all sharing certain properties with H. Most famously, the second Basilica group of the
dyadic odometer is the (classical) Basilica group defined by Grigorchuk and Zuk [73],

while the Basilica groups of spinal groups are again spinal, although on another tree;
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cf. [125, Proposition 3.9]. We prove that if a CS group G satisfies the conditions of
Theorem 2.1.2, its Basilica groups do so as well, providing many examples of periodic CS
groups with non-regular rooted action. In particular, this is also of interest in the context of
Basilica groups, as it is not known if Basilica groups of periodic groups are again periodic.

Instead of recalling the general definition of the s Basilica group, we provide an ad

hoc description for CS groups.

Definition 2.4.2. Let G = (AU B) be a CS group acting on the tree Y and s € N. For
i€{0,...,5—1} and for every a € A define an element a; € A® by the following action
on X =Y*:

(4o %~ % o)t : Yox - kY1 *xYi.a*x0%---x0 ifyg=---=94,_1=0
0K K Ys—1).Qj =
Yo x -k Ys_1 otherwise.

Then (a; | a € A,i € {0,...,5s—1}) = A¥ acts transitively on X. For everyi € {0,...,s—1}
and b € B define an automorphism of X™* by

b a; if u= 0" xyx0*6¢=17) and a = b|,,
iy —
id  otherwise.

Defining A; = {a; | a € A} and B; equivalently, we define the s Basilica group Bass(G)
as the CS group on the tree X* defined by the rooted group (Uf:_é A;) and the directed
group (UiZg By )-

It is a general fact that the directed group of a Basilica group of a CS group (or, more

generally, any spinal group) G is the s-fold direct product of the directed group of G,
cf. [125, Proposition 3.9]. Let T' C G be a generating set of G. Then the set

T={t|ie{0,....,s—1},t €T}

is a generating set for Bass(G).
Note that Bass(G) is a CS group on the tree X*, where the alphabet X itself is the
finite rooted tree Y®. To distinguish the two tree-structures we omit the symbol x for

elements in the finite tree from here on.

Corollary 2.4.3. Let G be a CS group satisfying the conditions of Theorem 2.1.2 for the
generating system T C G. Then Bass(G) is periodic for all s € N.

Proof. Since the rooted group of Basg(G) is isomorphic to A® and the directed group of
Basg(G) is isomorphic to B?, conditions (i) and (ii) transfer to B*, and by Theorem 2.1.2
it is enough to prove that X1 is eventually trivial.

The rooted group A* acts on the finite rooted regular tree X = Y*. Write S(i) for the
i level stabiliser of A%, with is isomorphic to (A H)YI" and set S(s) = {1 4 }. Clearly
A; C S(i) if and only if j > 4.
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Let k € N be such that ¥%(A) = {14}. We shall prove that %5*(A¥) is trivial by
proving that
SR(S(i) € S(i +1)

for all i € {0,...,s —1}. Thus let g € S(i) and let x = yg...ys—1 € Y*. To calculate

JT(gvm) = < H t|05.c’ | Cec(gax)vt€T>'<t|x’ ]m'E%(g,x),tGT)l.
' €(c)\st 415 (07)

we first notice that €(g,x) is a subset of the conjugates of g, hence since S(i) is normal,
&(g,z) C S(i). Thus for any c € €(g,x) the orbit of the distinguished letter is of the form

orb.(0%) C 0'Y* ™,

and by the definition of t; fort € T', j € {0, ..., s—1}, the sections of ¢; along orb.(0°)\{0°}
are trivial if j < i. Now Bj|» € B; UA; C S(i) for all 2’ € X implies or(g,z) C S(7).

We now calculate modulo S(i+1). Consequently we may ignore all sections of elements
t; with ¢ € T and j # i, and get

or(9, ) =s(i+1) <H tilos.c | c € g, 2),t € T) - (tilor | 2" € X(g,2),t € T)'

ES(iJrl) UT(g mod S(Z + 1),y0 .. y,)

Thus 3%(S(i)) € S(i + 1), and X is eventually trivial. O

2.4.3. A periodic CS group satisfying neither Theorem 2.1.1 nor 2.1.2. — At
last, we demonstrate that, in contrast to Corollary 2.3.2 for abelian rooted groups, neither
Theorem 2.1.1 nor Theorem 2.1.2 nor the union of their scopes provide necessary conditions
for periodicity. Indeed, we construct a periodic CS group that is subject to neither of the
sets of conditions.

Let X = {0,1,2,3} be the alphabet and let A < Sym(X) be generated by s = (13)
and r = (0123). The group A is isomorphic to the dihedral group Dy of order 8. Define
b € St(1) by

b=0:b,1:8,2:8,3:sr),

and B = (b). Let G be the CS group defined by A and B.

Clearly, G is not orbitwise-abelian, since the rotation r acts transitively on X. Thus
G is in particular not strongly orbitwise-abelian and does not satisfy the hypothesis of
Theorem 2.1.1.

To prove that G does not satisfy the hypothesis of Theorem 2.1.2, we have to consider
all generating sets of B. But B is cyclic of order two, whence it suffices to determine Y.

The point stabiliser of 0 in A is generated by s, hence the set €(a,x) is of cardinality at
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most two for all a € A,x € X. For our argument, it suffices to calculate
Crttz) = {r*'} forallz € X and €(sr,0) = {sr,sr3}.

This yields
oy (@) = (sr) - (s, 1) = (s7) x (7),

for each € X, hence Z{b}(rﬂ) = (sr) x (r?), and
oy (s7,0) = (s,s7) - (s, sry = A,

whence sr € Xy (s). Thus Yy is not eventually trivial.

We now prove that G is periodic. To achieve this, we use Proposition 2.2.7 with the
set
T=BUYAUB ((bsr) - {14,bs}).

A standard computation shows that the elements of T have finite order: The first two sets

in the union clearly consist of elements of finite order. For the third subset, first calculate

(b5)2 = (1a,m, 1A77“3), hence ord(bs) = 8, and
(bsr)? = (bs, (bs)~*,7,1%), hence ord(bsr) = 16.

2n74:|:1

The first equation also implies that (bs) is of finite order for all n € N. Similarly

((b8)2n+17"2)2 — ((b, sr‘",s,sr”+1)sr2)2

= (b87 1A7 (bS)_l, 1A)

has finite order for all n € N. Using this, we see that for arbitrary n € N

2
bsr)*bs)? = bs)™, (bs)" "™, r" r™") bs
((bsr) 7 ,

2
= < ((bs)™b, (bs) s, st~ ™, sr"T1) s>
= (1a, (bs) "™, 14, ((bs) ™7

is of finite order. Finally,

((bsr)?"Tbs)* = ((bs, (bs) ™1, 7, r3)"b(*"b)r?)*

(((bs)n-i-l, (bs)_n_l, rn+1’ T—n—l)r3)4 — 1A~

Thus the elements of (bsr) - {14, bs} are of finite order, and T is a valid choice for ().
Now let g = *0b *p... %=1} a, € G be an element of syllable length n € N. If x € X

is a letter such that syl(gl|l.) = n, we have g[[.|* € X1 (an), as we have seen in the proof
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of Theorem 2.1.2. Thus if a,, is of order four, i.e. a, € {r,r3}, our computation above
shows that g|.|* € X (r*') = (sr) x (r?) is of order two. Thus it is enough to prove that
for every g such that g|¢ has order two, there is a number k € N such that g|, € T or
syl(gllu) < n for all u € X*.

Assume that a, is of order two and that syl(g||,) = n. Then we calculate g||, as we

have done in Lemma 2.3.1. If n is even, we see that either

g”x: b - Cy - b cer Cn e b

C%+1 . b . C%+2 “ e b . CTL—I)

where ¢; € {bl, | # € X} = {s,sr} for i € {0,...,n — 1}, or g||, is conjugate to such an

expression. If n is odd, we obtain

gHI: b - Co o b b © Cn+1

CnJrl+1 - b - Cn+1Jr2 vt Cp—1 b,

with ¢; € {s,sr} for i € {0,...,n — 1}. In this case, the decomposition beginning with a
c;-letter is of syllable length n — 2, since the two instances of b in the middle of the word
cancel each other. Assume that there is a letter ¢;, for any ¢ # n — 1 in case n is even, and
i¢{(n+1)/2,(n+1)/24 1} if n is odd, such that ¢; = s. Then there are elements a; € A

for ¢ € {0,...,n} such that we may represent
glle = bMb.. . " ba,

and Gi11 = G;5. Assume that syl(g|lzxy) = n for some letter y € X. According to

Lemma 2.3.1, we calculate
ZQHx(y)

n—1
Illzxy = H H b‘zl.aibai'
j=0 i=0

gHz(y)} such that y.&%ai = 0. But then

y.ahai 1 = y.aha;s = 0.s = 0, and two of the sections that evaluate to b cancel each other.

Since syl(g|lz+y) = n there is some j € {0,...,¢

Thus, syl(g|lzxy) < n — 2, which is a contradiction. Thus either the syllable length of g

reduces when taking stabilised sections at words in X?, or
glle € {(bsr)" b {s, 51} | n even} U {(bsr) " b- {14,753} - (bsr)"Z b | n odd}.

But this set is contained in 7', hence the conditions of Proposition 2.2.7 are satisfied and

G is periodic.
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CHAPTER 3

Groups of small period growth

Abstract. We construct finitely generated groups of small period growth, i.e.
groups where the maximum order of an element of word length n grows very
slowly in n. This answers a question of Bradford related to the lawlessness
growth of groups and is connected to an approximative version of the restricted

Burnside problem.

3.1 — Introduction

In this paper we provide an affirmative answer to the following question posed by H. Brad-

ford at the “New Trends around Profinite Groups” conference in Levico Terme, 2021.
Q1 Is there a lawless finitely generated p-group of sublinear period growth?

Let G be a group generated by a finite set S. For any n € N write Bg(n) for the set of
elements in G of word length at most n (with respect to S). The period growth function
72 : N = NU {oo} of G with respect to S, first considered by Grigorchuk [66], is defined
by

¢ (n) = maxford(g) | g € B&(n)}.

Grigorchuk proved that the growth type of 778 is independent of the choice of S. Con-
sequently, Q1 is well-posed and we drop the superscript S in statements regarding the
growth type of the period growth function of a group.

Bradford’s question was motivated by an application to lawlessness growth, cf. |26,
Example 2.7 & Question 10.2]. The lawlessness growth of a lawless group measures the
minimal word length of witnesses to the non-triviality of the verbal subgroup w(G) for
group words w of increasing length. Since elements of order m do not satisfy any power
words of length smaller than m, there is a connexion to the period growth of G. In fact,
an example of a lawless p-group, p being some prime, with the properties required by Q1
has super-linear lawlessness growth. For a detailed study on lawlessness growth, we refer
to [26].

Clearly a group with the properties demanded in Q1 is infinite, since it is lawless, and

it is periodic, since otherwise there exists some ng € N such that Wg(n) = oo for all n > nyg.
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Little is known regarding the period growth of finitely generated infinite periodic groups.
Grigorchuk proved that the (first) Grigorchuk group § fulfils 7 < n?, where, given two
non-decreasing functions f,g : N — R<g, we write f 3 g if limsup f(n)/g(n) < co. This

n—oo

bound was improved by Bartholdi and Sunik [19] to n3/2, also extending the result to
certain generalisations of G. In |26, Remark 5.7] Bradford constructs a Golod—Shafarevich
p-group of at most linear period growth. We remark that the standard proof that the
Gupta-Sidki 3-group I's is periodic yields 7, 3 nl/logs(4/3),

To state our main result, we need to define some functions growing very slowly. The
tetration function tetry : N — N with base k is defined recursively by tetri(0) = 1 and
tetrp(n + 1) = k" () for n € N. We define a left-inverse non-decreasing function by
slog,.(n) = max{l € N | tetry () < n}.

Now we may state our main result.

Theorem 3.1.1. There exists a 4-generated infinite residually finite periodic 2-group G
such that

TG 3 expgoslogy .

In particular, the function wg grows slower than any iterated logarithm. Theorem 3.1.1
gives an affirmative answer to Q1.

The group we construct to prove Theorem 3.1.1 is realised as a group of automorphisms
of a spherically homogeneous locally finite rooted tree, whose valency is unbounded. In the
theory of automorphisms of rooted trees it is often interesting to obtain examples acting
on regular trees, i.e. locally finite trees where all vertices (except the root vertex) have the
same valency. On our way to prove Theorem 3.1.1, we obtain a family of groups of slow
(albeit far faster than the growth described in Theorem 3.1.1) period growth that act on

regular rooted trees without additional work.

Theorem 3.1.2. Let ¢ > 0. There exists a finitely generated infinite residually finite

periodic 2-group Ge acting on a regular rooted tree (depending on €) such that
Ta, S nc.

We stress the fact that the groups we construct are residually finite. This is important
in the context of the following approximative variant of the restricted Burnside prob-
lem. The restricted Burnside problem may be formulated as: Are residually finite groups
with bounded period growth function finite? Thus, considering groups with slow but not

bounded period growth as the next best thing to groups of finite exponent, we ask:

Q2 Among all m-generated infinite residually finite p-groups G, what are the minimal

growth types of mg?

By Zel’'manovs [159,160] solution to the restricted Burnside problem, the finite residual

res B(m,n) of the free Burnside group of rank m and exponent n is a finite group for all

= 84 <



3.2. Groups of automorphisms of rooted trees

SN

values of m and n. Define
zely, (n) = max{k € N | [res B(m, k)| < n}.

Since Q2 excludes finite groups, this function yields a lower bound for the period growth
function of any m-generated residually finite infinite p-group. The best known lower bound

for zel,(n) is due to Groves and Vaughan-Lee [74], who prove that
zel,, (n")) > slog,, (n).

Theorem 3.1.1 provides a group whose period growth comes close to the best known upper

bound for zel,,,

om

zel, (22 ) < 2k,

with k appearances of the number 2 in the tower on the left side, which is due to Newman,

whose argument is given in [148].

Organisation. — After some preliminary definitions, we first prove Theorem 3.1.2,
and then use the groups constructed for this purpose as a model for the more involved
construction of the group we use to prove Theorem 3.1.1. We then establish that all the
groups constructed are lawless and thus constitute examples of groups with fast lawlessness

growth. We end with some open questions related to the subject.

Acknowledgements. — This is part of the author’s Ph.D. thesis, written under the
supervision of Benjamin Klopsch at the Heinrich-Heine-Universitéat Diisseldorf. The author
thanks Henry Bradford for his inspiring questions and for granting the author access to

his unpublished work.

3.2 — Groups of automorphisms of rooted trees

Let G be a group generated by a set S. We write || - ||s : G — N for the word length
function of G with respect to S and Bg(n) for the set of elements of G of length n with
respect to S. For two integers l,u € Z, we denote by [l,u] and [l,u) the set of integer
numbers within the corresponding intervals.

Let (Xp)nen, be a sequence of finite non-empty sets. The (spherically homogeneous)
rooted tree of type (Xp)nen, is the tree T' with finite strings x1 ...z, 2; € X; for i € [1, k],
as vertices and edges between strings that only differ by one letter. The empty string is
called the root of the tree. Every vertex of distance k for some fixed k£ € N from the root
is a string of length k, which has valency |Xjy1|+ 1. The set L (k) of vertices of distance
k to the root is called the k' layer of the tree. We identify the first layer with the set
Xi. Every vertex u € Lp(k) is the root of a rooted subtree T, of type (X,)n>r. We may
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compose strings in the following way: if v € L (k) and u € T, then the concatenation vu
is a vertex of T

If the sequence (X,)nen, is constant, we call the corresponding tree regular. In this
case, all subtrees T, for u € T are isomorphic.

A (tree) automorphism of T is a (graph) automorphism of 7" fixing the root. Such a
map must also leave the layers of T invariant. Let v € T' and u € T}, be two vertices, and

a € Aut(T) an automorphism of 7. Then the equation

(vu).a = (v.a)(u.(aly))

defines a unique automorphism al, of T, called the section of a at v.

Any automorphism a can be decomposed into its sections prescribing the action at the
subtrees of the first layer, and al¢, the action of a on the first layer L7(1) = X;. We adopt
the convention that an Xj-indexed family (z : az)zex, of automorphisms a, € Aut(7})
is identified with the automorphism having section a, at x which stabilises the first layer.

Hence for any a € Aut(T') we write
a=(z:als)rex,al"

We record some important equalities for sections. Let a € Aut(T),u € T and v € Ty,.
Then

(alu)lo = aluw, (ab)ly = alublu.q, a_llu = (a|u.a_1)_1‘

We call an automorphism rooted if all its first layer sections are trivial, i.e. if it permutes
the set of subtrees {7, | * € X1}. The subgroup of rooted automorphisms is isomorphic
to Sym(X7).

Let G < Aut(T) be a group of automorphisms. The (pointwise) stabiliser of the k"
layer of T in G is denoted Ste(k) and called the k™ layer stabiliser. All layer stabilisers
are normal subgroups of finite index in G. Their intersection is trivial, hence the group
G is residually finite. The group G is called spherically transitive if it acts transitively on
every layer L (k).

The k™ rigid layer stabiliser Ristg(k) of a spherically transitive group G for some
k € N is the product of all (equivalently, the normal closure of a) rigid vertex stabiliser
ristg(u) = {g € G| gly =1id for v € T'\ T}, }, where v € L7 (k). A spherically transitive
group G is weakly branch if Ristg(k) is non-trivial for all & € N. Every weakly branch
group is lawless, cf. [2].

If T is regular, a group G < Aut(T) is called self-similar if for all uw € T the image of
the section map G/, is contained in G. It is called fractal if stg(z)|, = G for all z € Lp(1).
The group G is called weakly reqular branch if it contains a non-trivial subgroup H < G
such that risty(z) > H for all z € Lp(1). Every weakly regular branch group is weakly

branch.
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Since we aim to provide examples of periodic groups, we need the following criterion
for periodicity, which is adopted from the methods developed by Grigorchuk, Gupta and
Sidki, cf. [66,77]. Since our criterion is adapted to a more general situation, we give a short

proof.

Proposition 3.2.1. Let G < Aut(T) be a group, let w be a set of primes and let n € N be
a positive integer, such that G|,/ Sty (n) is a w-group for w € T'. For every vertexu € T,
let || ||u: Glu — N be a length function such that ||g||, < 1 implies that g is a 7-element.

If for all vertices u,v € T such that v = uw for some string w of length n, and all

g € G|, we have
glwllo < [lgllu/ exp(Glu/Stay, (), (%)

then G is a w-group.

Proof. Let g € G|, for some u € L1 (k) and k € N. We prove that the order of g is finite and
divisible by primes in 7 only. The statement then is obtained by considering u = €. We use
induction on ¢ = ||g||,. If £ <1, the element is a m-element by assumption. If £ > 1, write
q = exp(Glu/ Stg), (n)). By assumption, g is only divisible by primes in 7. Now g7 stabilises
the n'h layer, hence g9 = (z : 92)eety, (n) and ord(g)lg - lem{ord(¢?|;) | € L1, (n)}.
Using (x) we obtain

g% elluz < lg*llu/a < llgllu = £

for all z € Lp,(n). Thus, by induction ord(g?|,) is finite and divisible by primes in 7 only,

and consequently the same holds for g. O

3.3 — Layerwise length reduction and the proof of Theorem 3.1.2

We construct a family of groups K., indexed by the positive integers, acting on regular
rooted trees T(") whose type depends on r. Fix a positive integer r, and write A, = 5 for
the elementary abelian 2-group of rank r. Also fix a (minimal) generating set E, = {e; |
i €[0,7)}. Let T be the regular rooted tree of type (A4, )nen,. We now construct K, as
a group of automorphisms of T("), using a construction much in spirit of the Gupta-Sidki
p-groups or the second Grigorchuk group. In fact, K, is a (constant) spinal group in the
terminology of [?,13].

View the group A, as rooted automorphisms of 7(") by embedding A, into Sym(A,)
via its right multiplication action. Notice that we may see an element a € A, both a as
vertex of T(") and an automorphism acting on 7). We fix a translation map of A,, given
by a — @ := ([[/—; e;)a. Therefore |||, = — 1 for all i € [0,7).

Define b, € Aut(7T)) by

by = (1a, : by; € e fori e [0,r); *:id),

where * stands for every element of A, not referred to elsewhere in the tuple. Fig. 3.1
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Figure 3.1: The action of the generator bz of P3 on the first two layers of T(®).

depicts the case r = 3 as an example. Notice that b, € St(1) is an involution. We define
K, = (A, U{b.}).

This is a group generated by r 4+ 1 involutions. For r = 1 we obtain a group isomorphic to
the infinite dihedral group, and also P» contains elements of infinite order, but for r > 2
all groups K, are periodic by [?, Theorem A|. We do not need to rely on this result, since
the bounds establishing slow period growth also show that K. is periodic for r > 4. Since
we are mostly interested in K. for big r, this suffices for our purposes.

We fix two generating sets for K.,
E.=E,U{b} and S,=A4,Ubl,

and establish some basic properties of the groups K.

Lemma 3.3.1. Let r € N; be a positive integer. The group K, is self-similar, fractal and

spherically transitive. In particular, it is infinite.

Proof. The rooted group A, acts transitively on the first layer. Since rooted elements have
trivial sections, self-similarity follows from the fact that all sections of b, are in E, C K.
In fact, all elements of E, appear as sections of b, € Stg, (1). Conjugating by rooted
elements, we may achieve any section if b, at any first layer vertex, thus K, is fractal. By
the transitivity of A, the group K, acts transitively on the second layer, and inductively,

K, is spherically transitive. O

Now we come to the core of our argument for establishing slow period growth. We
prove an inequality between the length of an element and its sections at vertices of the
second layer, using that the automorphism b, has short sections with respect to [E,, but the
only conjugates in b;f1 aside from b, which have non-trivial section at the vertex 14, are big
with respect to E,. In preparation for the proof of Theorem 3.1.1, we prove this inequality

for a more general class of groups than just those of the form K,. Therefore we need the
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following technical definition. Let r € N, and let T be a rooted tree of type (Xn)neny
such that X; = X9 = A,. An element b € StAut(T)(l) is said to two-layer resemble b, if
the following three conditions hold:

(1) bly =by|y for z € A, \ {14, },
(ii) bl1,, € St(1),
(iii) bhArm = bThAT-T forx € A, \ {14, }.

A group § < Aut(T) is said to two-layer resemble K, with respect to b if it is generated by
a set € = E, U (b), where b is an automorphism that two-layer resembles b,.

Clearly b, two-layer resembles itself. Notice that the coset b, St(2) contains many
elements that do not two-layer resemble b,, since the first (and second) layer sections of
an element in St(2) do not need to be rooted. In fact, if the trees 7" and T") coincide, the

set of elements that two-layer resembles b, is equal to the coset b, - rist oyp(7) (14,14, ).

Lemma 3.3.2. Let § < Aut(T) be a group that two-layer resembles K, with respect to
be Aut(T). Write § = A, U (b)A and 8" = A, U (bl14,14 ). Then for all g € G and
u € L7(2) we have

glulls < Tlglls/r1-

Proof. The reader less interested in the technicalities may consider this proof in its appli-
cation to the example b = b, reading § = K, € = & = E, and § = 8§’ = S,, avoiding
some of the cumbersome notation necessary to deal with the more delicate construction
proving Theorem 3.1.1.

It is sufficient to prove ||g|.||s» < 1 for all g € Bg(r). From this one derives the desired
inequality by splitting a minimal S-word representing g into pieces of length at most r.

We may write

g= (bn1)a1 o (bnkfl)akflak

for some a; € A, and n; € Z with i € [1,k]. For any = € A, we have

gle = (") e . ("),

hence the section at = equals product of k elements of the form (0™)%|, = 0"|zq = (b]2a)"
with n € Z,a € A,. If x # a, this section is equal to (by|zq)", by the first property
of automorphisms two-layer resembling b,. Otherwise we obtain (b1, )".
& = E, U(bl1, ), we see that |[g].|ler <k <.

Now we look at g, for y € A,. Write b for b|1, . There are elements a;; € E, and

Thus, writing

n; € Z with i € [1,k] and j € [1,m;] for some m; < r such that

n Vs M —
gla =a11. . a1m 0™ az1 . a2, b™ 11 A1y, DT AR Gy,

and £ — 1+ Zle m; < r, since every element on the right side is obtained as a section of

an expression (b|zq)"™.
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Writing @; = a1 . . . aim, for i € [1, k] we obtain
gle = )T E)TE L@ T EG ()

Using the second and the third property of automorphisms two-layer resembling b, we find,
for all n € Z and a € A, \ {y},

(bn)a|y = bn|ya = (b|1Ar(ya))n = (br|ya)na

hence the only generators of form (5")® with non-trivial section at 14, are powers of either
bY or b¥% for some i € [0,7). Thus, calculating g|.y, we might ignore all others. Assume
that (x) contains no generator of type b”. Then gl is a product of elements in A,, hence
of 8”-length 1. Similarly, if it does not contain a generator b¥', it is a power of bl1, 1,
and also of length 1. Consequently, we have to exclude the case that both types appear
in (). Assume for contradiction that this is the case. Without loss of generality we may

suppose that b appears first. Then there exist £y, /1 € [1, k] such that
ay...agy =y and a...ap = ye,.

Thus, in (x), left of the £y b-symbol (which is associated to the generator bY) there
appear at least ||y||¢ letters from &’. Between the £o*® and the ¢! b-symbols appear at
least ||ye;i|les > r — 1 — ||y||es letters. Thus, also counting the at least two b-symbols, we
obtain

r 2 lgleller = |lylle, + llyeills, +2 27 +1,

a contradiction. O

Applying the lemma to b = b, and G = K, (and using the self-similarity of K, ) we

obtain the following inequality.

Lemma 3.3.3. Let g € K, be an element and let uw € Lty (2). Then

l9lulls, < Tllglls. /7T

Proof of Theorem 8.1.2. Notice that Proposition 3.2.1, Lemma 3.3.1 and Lemma 3.3.3
show that K, is an infinite 2-group in case r > 4.

We prove W%T (n) < nt/(024(")=1) for every n € N and 7 > 4. Clearly, choosing some
big integer r, this proves the theorem.

Let g € K, be an element. Write n = ||g||s,. Since A, is a group of exponent two,
g% € Stg,. (1) and g* € Stg, (2). Consequently, the order of g* is the least common multiple
of the orders of g4|, for u € L, (2), which equals, since K, is a 2-group, the maximum
of their orders, i.e.

ord(g) < 4 - max{ord(g*,) | u € L (2)}.
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In view of Lemma 3.3.3, we see [|g*|u||s, < [22], so for n > r
Sr Sr
T, (n) <4-mg ([4n/r]),
hence, using that K, is generated by involutions,
Sy k k. Sy k
7% (5)F) < 4bn (1) = 2.4,

This implies
5 3 expyologr ~ pl/ (o)D), -

r N

3.4 — Growing valency and the proof of Theorem 3.1.1

We now construct a group G with the properties described in Theorem 3.1.1. To achieve
this we take the generators b, of the groups K, constructed in the previous chapter and
build a single automorphism d acting on a rooted tree with unbounded valency, that
resembles some by, for two layers (where the valency is 2" + 1), then uses one layer to
increase the valency to 2" + 1 for some r; > g, then resembles b,, for two layers &c. This
will allow us to use the reduction formulas for the b,, but with (rapidly) increasing 7.
The slowest period growth (using this construction) will be achieved if one arranges
the sequence (r,)nen to grow as fast as possible. For this there is a natural upper bound.
We want the sections of d at a given layer of valency 7,41 + 1 to generate an elementary
abelian 2-group acting on the layer below, but can use no more than 2™ — 1 sections as
generators. Hence the maximum possible increase of valency is given by the following
function f : N — N. Let f(0) = 3 and f(k+ 1) = 2/®) — 1 for k € N. Since we aim to
increase the valency of our tree on every third layer, we also introduce f3(k) = f(|k/3]),

a function that takes every value of f thrice. These functions grow very quickly.
Lemma 3.4.1. For all k € N we have f(k) > tetry(k).

Proof. We use induction on k for the statement f(k) — 1 > tetra(k). Clearly f(0) — 1 =
2 > 1 = tetr(0). Now for all £ >0

fle+1)—1=2/F) 9> of(=1 > gtetra(k) > potry (k4 1). O

Recall from the previous chapter that A, denotes a copy of the elementary abelian 2-
group with an (ordered) basis E, = {eq,...,e,—1}. We now fix some enumeration (which
may depend on ) {a; | i € [0,2")} = A, for these groups, such that ag is the trivial element.
Also recall also the translation map a — a(™) = aH;-Zol e; defined in the previous chapter.
We introduce the superscript to make precise within which group we are translating.

Now we define T' as the rooted tree of type (A ))ren. For any k& =3 0 excluding
k=0, the k", (k+1)%* and (k 4+ 2)"? layers of T have valency 2/3(%) 4 1. Write T}, for the
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(isomorphism class) of any subtree of T, for some u € Lr(k), i.e. Top = T and T}, of type
(Aps@))izk-
Again we view the group Ay, ;) as rooted automorphisms by their right multiplication

action. Define a sequence of automorphisms d,, € Aut(71}y) for k € N by

dp = (lAf3(k) tdga1; eﬁ-(f?’(k)) sej; o+ id) for k =3 0,1 and

die = (Lag, g ¢ dit1s a2 e for i € [1,273(k))) for k =3 2.

Finally, we define Gy = (A, ) U {dr}) < Aut(T}), and write G for Go.

Note that among the sections of dj are all the elements of Ejy1. Using this, we see
that, for every v € T of length k, we have G|, = Gj, and G acts spherically transitively
on T

For k € N, define Sy, = A,y U {d),}*2® and Ey = Epy U {dy}, filling the roles of
S, and E, of Section 3.3. Both are generating sets for G;. Note that di = 1, hence both

sets consist of involutions.

Lemma 3.4.2. Let k € N be a positive integer such that k =3 0 and g € G an element.
Then for all v € L1y, (2) we have

lobllsen < | 100

Proof. We apply Lemma 3.3.2. This is possible since by definition dj two-layer resembles
bs(r/3)- Notice that § = Sy and 8" = Sy 1». O

Lemma 3.4.3. Let k € N and let g € Gy. Then for all x € L7, (1)
19°]2llsr < llglls, +1.

Proof. Since (dk>Af3<’“) is closed under conjugation with Ay, 4y, we may write g = dj* ... d;!
for I = ||glls,, for some a; € Ay for i € [1,1]. Then g|, = dj'[,...d}'|,. Now at most
every second expression d;’|, can evaluate to dj. Otherwise there is some 4 such that

a; = ajy+1 = x, which implies
g=dpt . AT dRdRdy T LAY = AT T

But then ||g||s,, <! —2, a contradiction. Hence there are at most [//2] symbols dj, in the
product di!|, . ..d}"|s, and we have ||gs||s, < [3]lg]ls.]- Now

1970181 = ll9leglogllsi < Nglllsesallglogllse, < 2(5lllls, ] < llglls, +1. O
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Lemma 3.4.4. Let k =3 0 and let g € Gi. Then for all u € L1, (3)

4-1glls,
lglullsps < [f(k:/?))w + 1.

Proof. Since Ay, and Ap 41y are of exponent two, we have g* € Stg,(2). Hence

®lu = (9*uyus)?|us, Where u = ujusuz. Now

HQS‘UHSM—:& = “(94‘u1m>2’u3“sk+3
< g furus 18,0 + 1 (by Lemma 3.4.3)
< 9*ls. +1 (by Lemma 3.4.2)
~ | f(k/3)
4- \|9||Sﬂ
< |74 | L
[ F(k/3) O

Lemma 3.4.5. The group G is a 2-group.

Proof. This follows from Proposition 3.2.1 and Lemma 3.4.2. Using the notation of Propo-
sition 3.2.1, let n = 10. Since G|,/ Stg, (1) is an elementary abelian 2-group for all u € Tp,
we see that exp(G|./ Stg, (n)) < 2". Now, irregardless of the value of k£ modulo 3, taking
the 10*" section of some g € Gy, allows us to invoke Lemma 3.4.2 at least three times.
Hence for all w € L7, (10)

lgllss |lgllss lgllss
< pr—
H9|w|‘5k+10 = f(O)f(l)f(?) 3.7.127 < 210

and we conclude that G is a 2-group. O

Proof of Theorem 8.1.1. Let n,k € N with k£ =3 0, and let g € Bg’; (n). Since exp(4;) =2
for all [ € N, the 23-power of ¢ fixes the third layer of T},, hence

ord(¢®) < 8- max{ord(¢®|,) | v € L1, (3)}.

Now Lemma 3.4.4 implies

Tk (n) < 8- moet? ({ f(4,§~73)] + 1) .
Writing vg(n) = [4-n/f(k/3)] + 1 and
u(n) =min{l € N | vj(v_1(... (vo(n))...)) =2}

we find
ne(u(n)) < 8" (2).

Now, using the same argument as before, we see that 7%33’;(2) < 4 by Lemma 3.4.2. Thus,
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deriving tetrs = u(n) from Lemma 3.4.1, we obtain

TGq S expg oslogy . O

3.5 — Lawlessness growth

Let G be a lawless group generated by a finite set S. By the definition of lawlessness, the
image of the word map w(G™) is non-trivial for every reduced word w € F,, \ {1} in m

letters, m € N. We may define the complexity of w in G with respect to S by

\& (w) = mm{ S lgills | g = (97 € G™ wlg) # 1} eN.

i=1

Now the lawlessness growth function ﬂ% : N — N of G with respect to S is defined by
AZ(n) = max{x2(w) | w € F, \ {1} with [Jw]| < n}.

This definition is due to Bradford, first given in [26], where he proves the independence
of the growth type from the choice of generating set and establishes a connexion to the

period growth in the case of periodic p-groups.

Proposition 3.5.1. [26] Let G be a finitely generated lawless periodic p-group for some
prime p and f : N — N some function. Then w2(n) < f(n) implies AZ(f(n)) > n.

Using this, we give examples of groups with large lawlessness growth (cf. [26, Question
10.2|) by proving that the groups constructed in the previous sections are in fact lawless.

As a consequence of Theorem 3.1.1 and Proposition 3.5.1 we obtain the following corollary.

Corollary 3.5.2. There is a finitely generated lawless group G such that
A2, > tetryol
G < tetrg ology .

It remains to prove that the group G of Theorem 3.1.1 is lawless. We prove that it is
weakly branch, which is sufficient by [2|. Our proof is technical, but also establishes that
the groups K, are weakly branch for all integers » > 5. To avoid some obstacles appearing
for small valencies, we look at Gg instead of G = G, for which the proof of Theorem 3.1.1
works verbatim, except for the number of generators. Thus, in the remainder of this
section, we write G for Gg and define the function f prescribing the valencies of the tree
upon which G acts by f(0) = 127 and f(n + 1) = 2/ — 1 for n > 0.

Lemma 3.5.3. Let r € Nuj5 and let § < Aut(T') be a group that two-layer resembles K,

< 94 <



3.5. Lawlessness growth

with respect to b. Define

N = ([b,ei,ej] | 4,5 € [0,r),i # j)° < Aut(T), and
N = (b1, eiej] | i, € [0,7),4 # j)Sar < Aut(T]y,,)

Then for every x € Lz(1) we have risty(z) > N.

Proof. Write ¢; j = [b, e, ¢;] for the (normal) generators of N. Clearly N < Stg(1). We

compute

bhAr ifxe {1Ar7eia€jaei€j}7

i il = et if x € {e7, &€, e, ereie; p and t € [0,7) \ {i, 5},
1,7 1T - . -
eie; if z € {1,4,,€6;,¢,¢€;},

{ id otherwise.

Let 4, j, k,m,n be pairwise distinct elements of [0,r) (here we need r > 4). We look at

cij, ¢ .]. Since both ¢; ; and &

s o are in St(1), taking the commutator commutes with

m,mn

taking sections. All sections except by, commute, so we have [¢;j,cSh ][, = id for all

x & {14,,€i,€j,€i€j, €k, €xEm, €x€n, €x€mEn }. Since r > 5, all these vertices are distinct.

Furthermore, for the remaining cases we calculate

[b|1A 7619] if x = 1Ar7
[Cigr €k W )le = ek Bl1a, ] ife =2,
)0 “mon
[bl14,,1d] = if z € {e;, ej,eiej},
[id, bhA | = if x € {€xem, €xen, €LCmen}-

Now let [ € [0,7) \ {7,,k}. Then c%hAr = ¢ and C?ﬂﬁ = Cijlepe, = id. Consequently

€k er [bllAraekael] lfxz 1A7‘7
[ 7]76mna Z,]” .
id else,

thus risty(1a,) > ([bl1,, €, €5] | 4,5 € [0,7),i # j). Since {b%|1, |i € [0,r)} U{bl1, }
generates Gl1, , for every g € G|y, we find an element g € Stg(1) such that g|;, = g.
Conjugating with these elements, we find risty(14,) > N. Since G acts transitively on the

first layer, all rigid vertex stabilisers are conjugate, and we obtain the result. O
Proposition 3.5.4. Let r € Nxu5. Then K, is weakly reqular branch, hence lawless.

Proof. This follows directly from Lemma 3.5.3, since the two normal subgroups N, N are

equal in the case of K. O

Lemma 3.5.5. Let k € N and x € L7, (1). Then Stg, (1)|z > Gry1-
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Proof. Observe Ex1 = {di|s | € L1,(1)} and that G, acts transitively on L, (1). O

Proposition 3.5.6. The group G is a weakly branch group, hence a lawless group.

Proof. Let k € N be an integer such that k =3 0. We adopt the following notation to better
distinguish between the generators of Ay, ) and Ay, (xy3). If a = e€; ... €;, is a non-trivial
element of Ay, we write e; ;. for the generator diyals of Ap(ry3). Each element of

Ey,(k+3) appears in this way. Define

Ny = ([di, i ej] | 0,5 € [0, f3(k)),i # 7)., and
G

My, = <[[dk7a1]7 (dk, az]’]

g€ Gr,a1 = €;€i€1€1; A2 = EnCmpCsCms:s >

i,7,l,m,n,s €0, fs(k — 1)) pairwise distinct

The group Gy, two-layer resembles Py, (;y, thus Lemma 3.5.3 implies risty, , (u) > Nyi2
for u € L7y, (1). We show that

ristar, (w) > Ny for k> 0, and (1)

riStNk+2 (U) > Mk+3. (i)

Using this, we see that for all u € Lp(1)

. Ml if [ =3 0,
ristg(u) >
N;  otherwise.

Since N; and M; are non-trivial for all [ € N, this shows that G is a weakly branch group.

In both cases it is enough to show that the normal generators of Nyi1, resp. Mjys,
are contained in the rigid vertex stabiliser of 1Af3(k+1)’ resp. 1Af3(k+3)' Using Lemma 3.5.5,
we find the full normal subgroup within the rigid vertex stabiliser of 14 Fa(k)? and since Gy

acts spherically transitive, all rigid vertex stabilisers of the same layer are conjugate.

We first prove (t). Let k& > 0. Let aj,a2 € Bff;:; (4) such that [[dg,a1], [dk, az2]] is a
3

normal generator of M. Calculate

dpv1 ifxe {1Af3(k),a1},
[dk, a1z = drdy' |z = 4 e if x € {&;,era1}, for some t € [0, f3(k)),

id otherwise.

We want to compute [[dy,a1], [d,az2]®] for arbitrary s € [0, f3(k)). The set of vertices

where this element might have non-trivial sections is {14 f3(y2 @15 Es esaz}.

< 96 <=



3.5. Lawlessness growth

SN

We now prove that the sections [dg, a1]|za, and [dk, a2]®|s, are trivial, i.e. that

esag & {la,, ), a1,e€ar [t € [0, f3(k)), and

€say ¢ {1Af3(k),a2,€7t,€7ta2 | le [07f3(k))
Now ||?8a2]|Af3(k) > f3(k)—>5, hence €;as is neither trivial nor equal to aj of length 4. Here
we use that f3(k) > f(0) > 9. Finally e;a; = €;a2 implies ajes = agey, which contradicts

the definition of a; and as. This proves the first, and by analogy the second, non-inclusion

statement above.
Thus, we find
[dpt1,es]  if @ =14, ),

Hdk’ al]’ {dk’ a2]63”$ = [esv dk‘+1] if x = €s,

id otherwise.

For every ¢ € [0, f3(k)) \ {s} we obtain
h = Hdkv a1]7 [dkﬂ aﬂésv [dkv al]éq] € riSth(lAf:s(k))a

such that hhAf “ = [di+1, €s, €g). This concludes the proof of ().
3
We now prove (I). Write ¢; j for the element [d12, €;, €j] € Nito, where i, j € [0, f3(k+

2)) are two distinct integers. Observe that

Cirfl1a, yg = Dt3is€;)

and that ¢; |, € Afykts) for all u € L1, ,(1) except the (distinct) vertices 1Af3(k+2), €,
e; and e;ej. Thus, for [ € [0, f3(k +2)) \ {4, 7}, we compute

[diiseiejes, devseieien] o =14, .,
[¢i,5, Citlle = < possibly non-trivial if x {1Af3(k),ei, €j, €1, €i€j, €€},
id otherwise.

By Lemma 3.5.5 there is an element gy € Stg, ,,(1) such that ’g\0|1Af iz — GiCjCis- Now
3

[cijs il = [drt3eieje;) dr+3e;€1e|“ %9 = [diy 3, e5e1€5€q],

9o
|1A.f3<k+2>

and the set of vertices  such that [¢; ;, ¢;1]9|, is possibly non-trivial is, as for [¢; j, ¢ ],

the set {lAf3(k),ei, €j,€l, €i€j, €€l }.

Let g € Gjy3. There is an element g; € Stg, (1) such that gl\lAf w =9 We conclude
3
that for three pairwise distinct integers m,n,s € [0, f3(k +2)) \ {¢, 7,1} (which is possible
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since the minimum value of f3 greater then 5)

[[ci g i), [emoms €ms)?]

14y = ldrs2s jei5€0€0), [div2, €nemnesems]];
while all other sections are trivial, hence risty, (14) > M. O
3.6 — Open questions and related concepts

In [19], the authors refer to an unpublished text of Leonov [101], where he establishes
a connexion between the word growth and the period growth of the Grigorchuk group.
It seems plausible that there is such a connexion: slow word growth makes for few ele-
ments of a given length, hence for a smaller set of candidates that might have big order.

Consequently, we pose the following refinement of the question of Bradford.

Q3 Is there an infinite finitely generated residually finite periodic group of exponential

word growth and sublinear period growth?

To answer this, it would be sufficient to prove that the groups constructed in Theorem 3.1.1
and Theorem 3.1.2 are of exponential growth, but we doubt that this is true. In view of
the numerical relation between the word and period growth in the Grigorchuk group, we
think that the groups G and G, are interesting candidates for groups of slow intermediate

word growth. Thus we ask:

Q4 Of what growth type is the word growth of G and of G.?
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CHAPTER 4

Conjugacy of polyspinal groups

Written in collaboration with Anitha Thillaisundaram.

Abstract. Spinal groups and multi-GGS groups are both generalisations of the
well-known Grigorchuk-Gupta-Sidki (GGS-)groups. Here we give a necessary
condition for spinal groups to be conjugate, and we establish a necessary and
sufficient condition for multi-GGS groups to be conjugate. We also introduce a
natural common generalisation of both classes, which we call polyspinal groups.
Our results enable us to give an alternative negative answer to a question of
Bartholdi, Grigorchuk and Sunik, on whether every finitely generated branch

group is isomorphic to a weakly branch spinal group.

4.1 — Introduction

Let m € N>g and let T' = T},, be the m-adic tree. Groups acting on m-adic trees have
received quite a bit of attention, especially in the case when m is a prime. The interest in
these groups is largely due to their nice structure, their importance in the theory of just
infinite groups, and the fact that many such groups have exotic algebraic properties; we
refer the reader to [13] for a good introduction.

The (first) Grigorchuk group [65] was the first notable group acting on an m-adic
tree that was constructed, and it continues to play a central role in the subject. It is a 3-
generated infinite periodic group acting on the binary rooted tree T5 with many interesting
properties. Its three generators include the rooted automorphism a which swaps the two
maximal subtrees of T, and two directed automorphisms 3 and -, both of which stabilise

the rightmost infinite ray of the tree. They are defined recursively as follows:

B = (a77)7 Y= (av 5)7

where for x and y automorphisms of Tb, the notation (x,y) indicates the independent

actions on the respective maximal subtrees, and

5= (1,B).
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Soon after the Grigorchuk group was defined, other similar constructions followed, includ-
ing the well-studied classes of Grigorchuk-Gupta-Sidki (GGS-)groups and Sunik groups
(also called siblings of the Grigorchuk group).

These constructions were generalised to a natural class of so-called spinal groups, which
are generated by a group R of rooted automorphisms (which can also be thought of as
permutations of the first layer subtrees) and a group D of directed automorphisms. Both
are defined by restricting the area of the tree where the automorphisms act non-trivially;
rooted automorphisms act only at the root of the tree, while directed automorphisms only
act on a 1-sphere around a constant path. We refer the reader to Section 4.2.2 for the precise
definition. To any group D of directed automorphisms, there is an associated sequence
of homomorphisms w = (wy )nen from D to Sym(X), prescribing the action of D at the
different levels of the tree. This sequence fully determines the directed automorphisms. We
write 0" R for the group generated by the images of the associated rooted automorphisms
at level n. Note also that we can identify the vertices of the m-adic tree T with the elements
of the free monoid X*, for the alphabet X = {0,1,...,m — 1}; see Section 4.2 for precise
details.

Recently, Petschick [120] identified the conjugacy classes of GGS-groups within the
automorphism group of their respective trees. In this paper, we give a condition for spinal

groups to be conjugate in the same sense.

Theorem 4.1.1 (A necessary condition for spinal groups to be conjugate). Let G and G
be spinal groups with defining data R, w, respectively }Aé, w, and let f € AutT be such that
G! = G. Then there is an integer N and an isomorphism v: D — ]_N?, such that for all
n > N there is:

(i) an inner automorphism ¢y of Stgym(x)(0) suciz that ¢n(6™R) = o"R,
(i) a tuple of inner automorphisms p, € (Inn(c™R))*¥\0}
(iii) an automorphism oy, of Sym(X)XM permuting the direct factors by an element

o € StSym(X) (0);

such that

wn:¢rf(\{0}opnoano‘:)no/ﬂ

Furthermore, the inner automorphism ¢, is induced by f|°" and the automorphism cu, is
induced by f|0n71.

A subclass of spinal groups, resembling the GGS-groups more closely, have received
increased attention in recent times. These are called multi-GGS groups, which are gen-
erated by a rooted automorphism permuting the maximal subtrees cyclically, and the
sequences defining their directed generators are constant, but — in contrast to the GGS-
groups — they have possibly more than one directed generator. Up to relabelling the
vertices of the tree, all multi-GGS groups on a fixed tree have the same rooted group

A={(01 -+ m—1)) 2 Cp. These groups were first defined in [4], where they were
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originally called multi-edge spinal groups. The term multi-GGS groups is preferred, as the
original name can be easily confused with the term multispinal group, which represents
a more generalised family of groups generated by rooted and tree-like automorphisms, as
defined in [143]. We also consider the class of multi-EGS groups, which allows for directed
generators associated to different constant paths, and includes branch groups that do not
have the congruence subgroup property. To deal with both the classes of multi-EGS and
spinal groups simultaneously, we introduce a common natural generalisation, which we call
polyspinal groups; see Section 4.2.2 for details.

For multi-GGS groups, we are able to provide a necessary and sufficient condition for

the groups to be conjugate.

Theorem 4.1.2 (A condition for multi-GGS groups to be conjugate). Let G and G be
multi-GGS groups with defining data w and w respectively. There is an element f € AutT
such that Gf = G if and only if there exists

(i) an automorphism o of A™~1 permuting the direct factors by an element of

NSym(X) (A) N StSym(X) (0)

and

(ii) an isomorphism v: D — D such that
W=aowo.L.

It was asked by Bartholdi, Grigorchuk and Sunik [13, Question 4] whether every finitely
generated branch group is isomorphic to a spinal group. The answer to this question
is known to be negative since (poly-)spinal groups are amenable [90, Proposition 23|,
whereas there exist finitely generated branch groups that are not amenable [140]. Recall
that a group is amenable if it admits a left-invariant finitely-additive measure. One could
then pose the question as to whether every finitely generated amenable branch group is
isomorphic to a spinal group. Using the above results, we give a negative answer to this
question within the class of weakly branch groups. We refer the reader to Section 4.2 for

the definitions of weakly branch and branch groups.

Theorem 4.1.3. There exists a finitely generated amenable branch group G < Aut T3 such
that G is not isomorphic to any spinal group S < AutTs. Also, if G is isomorphic to a
spinal group S < AwtT on a different tree T, then S is not weakly branch with respect to
its embedding into Aut T.

Organisation. Section 4.2 consists of background material on groups acting on the m-
adic tree and the definitions of weakly branch, branch, spinal, and polyspinal groups. In

Section 4.3 we prove Theorem 4.1.1 and 4.1.2, and in Section 4.4 we prove Theorem 4.1.3.
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4.2 — Preliminaries

For two integers l,u € Z, we denote by [l,u] and [l,u) the set of integers within the

respective intervals.

Let m € N>g and let T' = T;, be the m-adic tree, that is, a rooted tree where all
vertices have m children. Using the alphabet X = [0,m), we identify T" with the Cayley
graph of the free monoid X* with respect to X, by identifying the root of the tree with
the empty word. Thereby we establish a natural length function on 7. We will routinely
refer to vertices of the tree as words, using the said identification. The words u of length
lu| = n, (i.e. vertices of distance n from the root) are called the n'" level vertices and

constitute the n** layer of the tree.

By T,, we denote the full rooted subtree of T" that has its root at a vertex v and includes
all vertices having u as a prefix. For any two vertices v and v, the map induced by replacing

the prefix u by v, yields an isomorphism between the subtrees T3, and T,,.

Every f € AutT fixes the root, and the orbits of AutT on the vertices of the tree T are
precisely its layers. For u € X* and € X we have f(ux) = f(u)z’, for 2’ € X uniquely

determined by u and f. This induces a permutation f|* of X which satisfies

fluz) = fu) f]*().

The permutation f|* € Sym(X) is called the label of f at u, and the collection of all
labels of f constitutes the portrait of f. There is a one-to-one correspondence between
automorphisms of T" and portraits. We say that an automorphism f € Aut T has constant
portrait induced by a permutation 7 of X if all labels of f equal 7; this automorphism is
denoted by k(7).

The automorphism f is rooted if f|“ = 1 for w unequal to the root. Rooted automor-

phisms can be thought of as both elements of Aut7 and Sym(X).

Let x € X be a letter. We write T for the infinite simple rooted path (z™)nen,-
The automorphism f is directed, with directed path T for some x € X, if the support
{w | f|¥ # 1} of its labelling is infinite and marks only vertices at distance 1 from the set

of vertices corresponding to the path Z.

More generally, for f an automorphism of 7', since the layers are invariant under f, for
u,v € X* the equation

fuv) = f(u) flu(v)

defines a unique automorphism f|, of T" called the section of f at u. This automorphism
can be viewed as the automorphism of 7" induced by f upon identifying the rooted subtrees
of T" at the vertices u and f(u) with the tree T'. For G a subgroup of Aut T, we will denote

the set of all sections of group elements at u by G,.

The action of AutT on T will be on the left. We observe that, for any u,v € X* and
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automorphisms f,g € AutT, we have

(f|U)|v = f|uva
(fDlu = flg9lus
F e = Flprw) ™

The corresponding equations also hold for the labels f|*.

4.2.1. Subgroups of Aut7. — Let G be a subgroup of Aut T acting spherically transi-
tively, that is, transitively on every layer of T'. The vertex stabiliser stg(u) is the subgroup
consisting of elements in G that fix the vertex u. For n € N, the n'* level stabiliser
Sta(n) = (Njy)=y sta(w) is the subgroup consisting of automorphisms that fix all vertices
at level n.

We also write stg(u)l, for the restriction of the vertex stabiliser stg(u) to the subtree
T, rooted at a vertex u. Since G acts spherically transitively, the vertex stabilisers at every
level are conjugate under G. The group G is fractal if stg(u)l, coincides with G/, for all
vertices u.

Recall the cyclic subgroup A,, of Sym(X) generated by (01 --- m — 1). We denote
by I' the subgroup of all automorphisms, whose labels are all contained in A,,. In other

words, the group I' is the inverse limit of n-fold iterated wreath products of A,,:

F:@Amzﬁ-z/lm.
neN

A group G < Aut T is called reducing with respect to (Np)nen, if there is a sequence
of finite sets N, C AutT such that for all g € G there is a positive integer N such that
glu € Ny, for all u € X™ with m > N. The sequence (N, )nen is called the nuclear sequence
of G. If there is some k € N such that the sequence (Ny,),> is constant, then G is called
contracting and the set N = Ny, is called the nucleus of G.

Let u € T be a vertex. The rigid vertex stabiliser of u is the subgroup rst(u) < AutT
consisting of automorphisms whose portrait is trivial outside of T}, and the n* rigid level
stabiliser Rist(n) is the product of all rigid vertex stabilisers of vertices at the n'® level. A
group G < Aut T is called weakly branch if it acts spherically transitively and G N Rist(n)
is non-trivial for all n € N. It is called branch if it is weakly branch and G N Rist(n) is of
finite index in G for all n € N.

4.2.2. Polyspinal groups. — Spinal groups were first introduced by Bartholdi and
Sunik in [19] as a common generalisation of the Grigorchuk group and the class of GGS-
groups. A more general definition was formulated by Bartholdi, Grigorchuk and Sunik
in [13]. Below we define a natural generalisation of spinal groups acting on the m-adic
tree T'.
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Let (an)nen be any sequence. We denote the shift operator (an)nen — (@n+1)nen by

A directed automorphism f is described by a sequence of (m—1)-tuples of permutations
of X and a path Z. More generally, given a non-trivial group D, a directed path T and a
sequence w = (wy )nen of homomorphisms wy,: D — Sym(X)*\#} we (recursively) define

a tree automorphism for every d € D by

doraly = dow.z if y=u,
w,zly =
mywi(d)  otherwise.

Here 7, denotes the projection to the y™ component, for y € X. Write Dy =A{dus|de
D} for the set of all such automorphisms. Since d,, ;. fixes T, we have d, ,df, , = (d'd")w »

for all d’,d"” € D, and hence a homomorphism D — D,, , with kernel

ﬂ ker(wy,).

neN
All sections Dy, 2|+ are isomorphic to D if and only if (1,5, ker(wy,) = 1 for all k € N. In
this case we call D, ; a directed group defined by T and w and drop the indices, identifying
it with D.

Let D be a directed group. For every n € N we define the n'" rooted companion group
o"R(D) = (d|" | [o| =n) = (d|""V | y € X).
To shorten the notation, we write

o"d = d|n forde D, n €N,

0"D = Dgny o for n € N.

Definition 4.2.1. Let R be a group of rooted automorphisms acting transitively on X, and
for some r € [1,m], let (9, ... ("= be r distinct elements in X. Let DO .. D=1 pe

directed groups defined by the constant paths given by 2O 20D and w©@ L WD

respectively, where the latter are sequences of homomorphisms wg) : D) — Sym(X)X =t}

such that
(i) the groups o R(D®) for i € [0,7) act transitively on X for all n € N, and
(ii) for all 7 € [0,7) and k € N
ﬂ ker(w®) = 1.

Then
G = (R,DY |iecl0,r))

is called the polyspinal group with data R, w©@, ..., w=Y and 2@ .. . 20D Ifr =1
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we drop the superscript (0), and call G the spinal group with data R,w.

Remark 4.2.2. The choice of the path T does not matter in the case of spinal groups, which
is why it is omitted from the defining data. More generally, one easily defines directed
automorphisms along £, an arbitrary infinite simple rooted path in T, and, with this in
mind, one can more generally define a spinal group to be equipped with an arbitrary directed
path. However, by conjugating by an appropriate element f € Aut T, we can always assume
that £ = 0. The same cannot be said about polyspinal groups with more than one arbitrary,
non-constant, directed path; compare [50, Lemma 2.3]. We will not consider this more

general case here.

For any n € N, the n'" shifted companion of G,
"G = (6"R,o"DY | i € [0,r)),
where 0" R := (¢"R(DW) | i € [0,r)), is again a polyspinal group.
Definition 4.2.3. We record some previously studied special cases:

e If "R is equal to the group A = ((0 1 --- m — 1)) for all n, all D are necessarily
direct products of cyclic groups of order m. In this case, we drop the rooted group
from the defining data. Assume further that the sequences w(? are all constant. In
this case, one calls G a multi-EGS group; compare [96]. Clearly, all multi-EGS groups
are subgroups of I'.

e A group that is both spinal and a multi-EGS group is called a multi-GGS group;
compare [4].

e A multi-GGS group such that the unique non-trivial D©) is cyclic is called a GGS-
group.

Lemma 4.2.4. Let G be a polyspinal group with defining data R, wO W and
2@ 2D Then G is reducing with respect to

r—1
(U“R U U U"D(i)>
=0

neN

Proof. Every element g € G can be represented by a word of the form (Hé_:lo d;j)m for
some | € N, with r; € R and d; € DU%) with i; € [0,7), for j € [0,]. We further assume
that i; # ;41 if r; = rj;q, for some j € [0,1). An element of the form d;j is called a
syllable, and consequently | = syl(g) is called the syllable length of g. It is enough to prove
syl(glzy) < syl(g) for all g € G with syl(g) > 1 and zy € X2

Let d;j d; 71! be two neighbouring syllables. Then

(@7 A7) e = dilry ) il 0
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has syllable length one or zero if T{l(x(ij)) # 7";4}1 (z(i+1)). Otherwise, for the element
T = rj_l(:(;(ij)) = rj_ﬁl(x(iﬁl)) it is (d;’d;fll)]gg = (odj)(odjs1). If ij = ij41, this is again
of syllable length 1. Hence we may assume %; # i;41. But then

(d;jd;iﬁl)by = ((Udj)(gdj+1))|y = odjlyodjily

has syllable length at most 1.
We have proven that upon taking sections at vertices of level 2 at most every second

syllable may contribute a syllable to the section. Hence syl(g|.y) < syl(g) if syl(g) > 1. O
Lemma 4.2.5. Polyspinal groups are fractal.

Proof. Since 0G = G, where u is any first-level vertex, is again a polyspinal group, it
suffices to show that stg(u)|, equals oG. The result follows from the definition of cG and
upon considering (D), ... Dr=ING| . O

4.3 — Conditions to be conjugate

4.3.1. Necessary conditions for spinal groups to be conjugate. — Here, let G,

0) r—1)

resp. é, denote polyspinal groups with defining data R, WO WD gl Ll ,

resp. R, @@, ... ,o0=D O FF-1 Ty be consistent, we write 0" R for the rooted

generators of o"G.

Lemma 4.3.1. Let G and G be polyspinal groups that are conjugate via f € AutT; that
is, Gf = G. Then the right coset of ™G defined by f|, is equal to the right coset of "G
defined by f|, for alln € N and u,v € X™. In particular, the right coset of "R defined
by f|" is equal to the right coset of c™R defined by f|*.

Proof. Let n € N and u,v € X™. Since G acts spherically transitively, there is an element
g’ € G such that ¢'(u) = v. Now ¢|, € 0"G, and since sta(u)|u = o"@ there is an element
g" € stg(u) such that g”|, = (¢'|u) " Thus g = g'¢” maps u to v and g|, = 1. Let h € G
be such that hf = g. Then, recalling that the action on the tree is on the left, we have
RF(u) = F(F7IRf)(u) = f(v). Thus,

1= glu = (W)lu = F sl flu = £ ) Plyc Flu = Flo Bl p) flu-
Restricting to the label at the vertex u yields the second statement. O

Lemma 4.3.2. Let G = (R, D) be a spinal group directed along 0 and H < AutT be
reducing with respect to (N )nen. If there is some f € Aut T such that H = G, then there
s a positive integer N such that for alln > N,

o"D C Nl
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Proof. For every d € D there is some element h(d) € H such that (h(d))f = d. Since H is
reducing, there is a positive integer N such that for all d € D, we have h(d)|, € N,, for all
u € X" with n > N. Since d fixes 0, the conjugate h(d) must fix f(0). Thus

o"d = dlon = (h(@)’|on = (h(d)] o) 0" € NI, :

Lemma 4.3.3. Let D and D be two directed groups defined by T,w and y,w respectively.
If there exists an automorphism f € AutT such that Df = D, then there exists an iso-
morphism v: D — D such that for alln € N,

n—1 n—1

wn = (e(fI*

) oWy 0L,

))zex\{z} © P(fI*

where c(a) is the inner automorphism induced by o and p(«) is the relabelling of the compo-
nents of the direct product Sym(X)X\} by o for any o € Sym(X), i.e. the k™ component
of (Sym(X)XMuhyp(@) = Sym(X) XM W)} s the a(k)™ component of Sym(X)X\v}

Proof. Denote by ¢ the isomorphism induced by D = Df. Since all elements of D have
labels only at distance 1 from Z, respectively all elements of D have labels only at distance
1 from g, we have f(Z) =7g. For any d € D, z € X and n € N, it follows that

Tywp(d)  for z # a:} g

o"d forz==z

- d|xnflz

= (L(d))f‘znflz
= (0" Mu(d) b1

(mfrons @ (@) for fI () £y o 2 A,
(o™u(d)) ] len—1- for fI*" ' (2) =y z=ux.

Hence the result. O

Proof of Theorem 4.1.1. By Lemma 4.2.4 and Lemma 4.3.2 there is N € N such that
o"D C (6" D)flo" U (6" R)flo" |

for all n > N. However since 6" D < St(1) for all such n, one obtains ¢ D < (¢™D)flo".
By symmetry (possibly increasing N) we have equality for all n > N. By Lemma 4.3.3 we
have

n—1

Wn = (C(f’()

for some isomorphism ¢: D — Dandalln > N. By Lemma 4.3.1 we may write f]on_lz =

Naexrioy 0 P(f10 ) ol 00

< 107 <=



Chapter 4. Conjugacy of polyspinal groups
S

rof|%" for some 7, € 0" R. For all z € X \ {0}, it follows that

f‘onflw

man(d) = (s (DN = (o Bue@) @)

implying (U”E)ﬂon = o"R. Thus, for every n > N, we choose

e the inner automorphism of Stgy,(x)(0) induced by 19" as ¢n,
e the inner automorphisms of 0" R induced by the r, as p,, and

e the automorphism p(f|0"71) induced by the permutation f|0nf1 as Q.
Then (4.1) implies the statement. O
4.3.2. Multi-EGS and multi-GGS groups. — Recall the group I', which is the
inverse limit of n-fold iterated wreath products of A =((01 --- m — 1)).

Lemma 4.3.4. Let g,h € T be directed elements along T, and f € AutT such that gf € T
is directed along 7, for some x,y € X. Then hf is directed along 7.

Proof. Without loss of generality one can consider the case * = y = 0. Since g/|o is
directed, the element f stabilises 0. For any = € X \ {0} there is n € Z /mZ such that

o712 = (alym)" = (0 1+ om — 1)1
Since gf is directed and a member of T,
91z € A,
hence f|; normalises A. Thus

(h|g)flo if z =0,

W, =
(h|f($))f|”” € A otherwise.
Repeating this argument for g|o, ko and f|o shows that hf fixes 0 and has non-trivial labels

only at vertices of distance 1 to this ray. Thus h/ is directed along 0, as required. O

We observe that the above result cannot be generalised from I" to AutT’, since an
element f € Aut7T which normalises one subgroup of Sym(X) may not normalise all of
Sym(X). For example, if f = (1,771 1, '), for some f' € AutT, then f normalises the
subgroup ((12 --- m — 1)), but f does not normalise ((m — 1 m)) unless f' = 1.

Recall that for a multi-EGS group G, for i € X the directed groups D@ are direct

products of cyclic groups of order m and the rooted group is equal to A.

Proposition 4.3.5. Let G and G be multi-EGS groups defined by w and W, respectively,
such that Gf = G for an element f € AutT. Then fori € [0,7), there exist
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e automorphisms a® of AX\EO} permuting the direct factors by an element of the
group Ngym(x)(A) N Stgymx) (FY), N

e amap 0:[0,7) = [0,7) such that rank D = rank D) and

e isomorphisms (00 D) DO@D) sych that

W@ — o0 o 506) o ,06)

Proof. Let i € [0,7). Then the group generated by A and D@ is a multi-GGS group.
Write z for (), for z € X. By Lemma 4.3.2 and Lemma 4.2.4, recalling that c D = D®
and o R = R = A for a multi-EGS group, there is some n € N such that

p® ¢ (aul DanJl,
j=0

Since D stabilises the first layer, in fact

Let 1 # de D® and 1 # e € DY), for some j € [0,7), be such that e/le" = d. Then
d=dly = (/") = (el fon () lemt1.

Now write y for ZU). Since there is only one non-trivial first layer section of e stabilising

the first layer, this implies y = f|*" (x). Defining 6(i) = j we have
DO < (DO@))flan

Now let e € D). By [120, Lemma 3.3| and the fact that multi-EGS groups are fractal,
we obtain efle" € G. However by Lemma 4.3.4 it follows that since there are elements
¢ € DU@) guch that ¢'fl=n € DO s Z-spinal, the element efls" is Z-spinal. Hence by
Lemma 4.2.4 there is a positive integer k(e) such that (efl")| @) € D@. Thus

(/1) ghior = (€|f|w(zue)))ﬂm"*k(e) € Sta(1) \ {1},

hence f|xn (:L'k(e)) = yk(e) and (ef'z’ﬂ)|xk(c) — eflzn-‘rk(e) c D(’L)
Set kmax = max{k(e) | e € D)} to obtain

(5(9(2)))f‘zn+kmax S D(Z)

Hence D) = (ﬁ(e(i)))f lenthmax . Taking further sections it is clear that

DO = (DO@))Flox
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for all &k > n + kpax.
Since all directed groups involved are abelian and both rooted groups are equal and

cyclic, we have by Lemma 4.3.3 that for all 7 € [0,r),

W = (DX} o ((06) o 500 o O)

with a®@) as desired, and ¢®®) ¢ Ngym(x)(A4) N St(x) = (Z /mZ)*. Hence, writing
c=(01--- m—1), we have ¢@)(¢) = D for some k00 coprime to m. Therefore,
replacing () with

§0() — [ (006)) © L0@) . p@) _y Do)
where f1000) (L0 (d)) = (L(e(i))(d))k(g(i)), we obtain

W@ — o0 o 506 o {66)

9

as required. ]

Lemma 4.3.6. Let G be a multi-GGS group defined by w, and let « € Aut(D), and
@ € Ngym(x)(A) N Stgym(x)(0). Then the multi-GGS group G defined by pla) owor is
conjugate to G.

Proof. The multi-GGS group defined by w o ¢ is equal to G, as for any d € D,
L(d)w = dUJOL

and vice versa.

Let k = k(a) be the automorphism with constant portrait a.. Then
d* = (dﬁv (d|1°‘)ﬁv SR (d|(m—l)"‘)ﬁ)

for all d € D, hence d" = d(q)owei, using the notation i from the previous lemma. Since x

commutes with rooted automorphisms, we have G* = G. ]

Proof of Theorem 4.1.2. The necessity of the condition is a direct consequence of Propo-

sition 4.3.5. The sufficiency follows from Lemma 4.3.6. O

4.4 — Finitely generated non-spinal branch groups

We now prove that one of the (finitely generated branch) Extended Gupta—Sidki groups
defined by Pervova [119] is not isomorphic to a weakly branch spinal group. The attentive
reader will notice that this by far is not the only example for a group with this property
within the class of polyspinal groups.

Let a = (0 1 2) be rooted and define b = (b, a,a?), c = (a?, c,a). The group G = (a, b, c)

is a polyspinal group with defining data R = (a) and wr(lo) =iz x,2:2— 271,
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wgl) =(0:2— 2% 2: 2+ z) for all n € N, where the letter in front of a colon signifies

the component of the homomorphism after it. Both (a,b) and (a, c) are isomorphic to the

Gupta—Sidki 3-group. We record some of the results of [119] in a lemma.
Lemma 4.4.1. The group G is a just infinite torsion branch group.

We now show the following.
Lemma 4.4.2. The group G is not conjugate to any spinal group S < AutTj3.

Proof. Assume for contradiction that Gf = G = (R, D) is a spinal group, for some f €
AutT3. Clearly, the rooted group of G must be cyclic of order 3. Following our usual
strategy, by Lemma 4.3.2 and Lemma 4.2.4 we find n € N such that

Dgney © ({a) U (b) U (e))flo".

Since Dyn,, stabilises the first layer, we have Dgny, N (a)f lon = 1. Let dynyy, € Dyny, equal
(¢')flom for some i € F3. Then, recalling that ¢ € St(1), we obtain

dynity = donwlo = ()71 1o = (Flon) ™ 1ye(0) € |fon @) Flontt = (€ |fon(0)) 0™+
As dyn+1,, € St(1), it follows that f|on(0) = 1. Repeating the argument with some egn,, €
Dgny,, which equals (b/)7lo" for some j € F3, we see that

egntiy = eonwlo = (B) 107 g = (17 [1)Flon+t = (a?)Flontr € St(1),

hence j = 0 and egn, = 1. It follows Dyny, < (c)f lon . Thus D = C5 and G is generated
by two elements. But since G/G" = C’g’ the group G cannot be two-generated. This is a

contradiction. O

Proof of Theorem 4.1.3. By Lemma 4.4.1, the group G is branch, torsion, and just infinite.
From [14], it follows that G is amenable. If S < Aut T3 is isomorphic to G, it is conjugate
to G by |71, Corollary 1(a)| and [96, Proof of Corollary 3.8|. However by Lemma 4.4.2,
this is impossible.

If $<AutT is weakly branch (with respect to its embedding into Aut Tv) and isomor-
phic to G, it is just infinite and hence branch. Thus, by |71, Theorem 2| we have T~ T3

and the first assertion implies the second. O

We remark that all known spinal groups that are not weakly branch act on the binary
tree such that the sequence of companion groups stabilises as the infinite dihedral group;
compare [116, Proposition 3.4]. Therefore we ask: “Is every involution-free spinal group
weakly branch with respect to its natural embedding?”

It is natural to update [13, Question 4| to “Does every finitely generated amenable

branch group admit an embedding into some Aut7 as a branch polyspinal group?””. To
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conclude this paper, we will make some remarks concerning the candidate presented in [13],
which is the perfect regular branch group defined by Peter Neumann [114]. Neumann’s
group G acts on the 6-adic tree T and is defined as follows. Consider the alternating
group Alt(6) acting on X = {1,...,6}. For each pair (r,z) with z € X and 7 € Stay(s)(2),

we recursively define b, ;) € Aut Ty as
biray = (1,0, L, bgay, 1, )
where the section b, ;) appears in position z. Then Neumann’s group G is
G = (b | © € X, 1 € Sta(e)(2))-

For further details, see [13, Section 1.6.6].

Proposition 4.4.3. Neumann’s group G < AutT is not conjugate to any spinal group
S <AutT.

Proof. Assume for contradiction that Gf is a spinal group with data R,w. Then by

Lemma 4.3.2 there is a number n € N such that
o"D C Nf|0"’

where N = {b(,. ) | # € X, 7 € Stay6)(z)}. As the elements of " D stabilise the first layer,

we arrive at a contradiction since N consists of elements that do not belong to St(1). [

By a rigidity result of Lavreniuk and Nekrashevych [99, Section 8| the automorphism
group of Neumann’s group G coincides with its normaliser in Aut T, but further results
allowing us to reduce any isomorphism to a subgroup of AutT" (or even Aut f) would be

necessary to negatively answer the updated question.
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The automorphism group of a multi-GGS-group

Abstract. A multi-GGS-group is a group of automorphisms of a regular rooted
tree, generalising the Gupta—Sidki p-groups. We compute the automorphism

groups of all non-constant multi-GGS-groups.

5.1 — Introduction

The family of Grigorchuk—Gupta—Sikdi-groups, hereafter abbreviated ‘GGS-groups’, is
best known as a source of groups with exotic properties, e.g. just-infinite groups or infinite
finitely generated periodic groups. It generalises earlier examples constructed by its three
namesakes in the 80’s, see [65,77]. These groups are defined as groups of automorphisms
of a p-regular rooted tree X*, for an odd prime p. They are two-genereated, and one of the
generators is defined according to a one-dimensional subspace E C Fg_l. Allowing E to
be more than one-dimensional yields a natural generalisation, these ‘higher-dimensional’
GGS-groups are called multi-GGS-groups or multi-edge spinal groups. We prefer the first
term.

In many regards, multi-GGS-groups do not differ overly much from their one-dimensional
counterparts, e.g. they are periodic under similar conditions, see [4, Theorem 3.2|, they
possess the congruence subgroup property, see [55], and they allow similar branching struc-
tures. Their virtue, aside from extending the list of subgroups of Aut(X*) with remark-
able properties, lies therein that many conditions on GGS-groups, when generalised to
the higher-dimensional counterparts, reveal themselves as linear conditions. In this sense,
multi-GGS-groups are the more natural class.

We are concerned with the computation of the automorphism groups of a given multi-
GGS-group. The automorphisms of groups acting on rooted trees have been investigated
before, e.g. in [17,99|. In general, such groups are quite rigid objects, and their automor-
phisms are induced by homeomorphisms of the tree. Indeed, in many cases all automor-
phisms are actually induced by automorphisms of the tree, cf. [71,99], and for some specific
classes the automorphism groups can be uniformly computed, see [17]. More generally, the
(abstract) commensurator of groups acting on rooted trees has been investigated, cf. [132];

this is the group of ‘almost automorphisms’, i.e. automorphisms between two finite-index
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subgroups.

However, there are only few explicit computations of the automorphism group of GGS-
and related groups. Sidki computed the automorphism group of the Gupta—Sidki 3-group
in [138], and building on the approach for this group, the automorphism groups of the
first Grigorchuk group [70], the Fabrikowski-Gupta and the constant GGS-group on the
ternary tree [138] have been computed. The first and the last two examples give a complete
list of GGS-groups acting on the ternary tree.

We now state our main result.

Theorem 5.1.1. Let G be a non-constant multi-GGS-group, and let U be the maximal
subgroup of IF'; such that E — seen as a matriz consisting of its (row) basis vectors — is
invariant under the permutation action induced by U by reordering the columns according
to multiplication, and W the mazimal subgroup of IE‘; of elements \ such that E C Eig, (u)
for some uw € U. Then the following holds.

(i) If G is regular, then

Aut(G) = (G x [[ Cp) » (U x W).

(ii) If G is symmetric, then
Aut(G) = (G xCp) x (U x W).

The definitions of ‘regular’ and ‘symmetric’ can be found in Section 5.2.2. The slightly
obscure definitions of U and W are made more transparent in Section 5.5. We can imme-

diately derive the following corollary.

Corollary 5.1.2. Let G be a non-constant multi-GGS-group. Then the following state-

ments hold.

(i) The outer automorphism group of G is finite if and only if G is a symmetric GGS-
group.
(ii) The outer automorphism group of G is non-trivial.
(iii) The automorphism group of G contains elements of order coprime to p if and only
if E is tnvariant under a permutation induced by multiplication in F),.
(iv) The automorphism group of G is a p-group if and only if G is periodic and E is not

invariant under any permutation induced by multiplication in I,

We also explicitly compute the automorphism group for a selection of examples, e.g.
all Gupta—Sidki p-groups, see Section 5.6.

Our proof combines the methods developed by Sidki in [138] (cf. [17] for a sketch of
the strategy used in Sidki’s paper) with techniques used by the author to determine the
isomorphism classes of GGS-groups in [120]. This, together with a theorem on the rigidity
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of branch groups of Grigorchuk and Wilson [71], allows to reduce the complexity of the
computations. On the other hand, the inclusion of the symmetric GGS-groups complicates

some of the arguments.

5.2 — Higher dimensional Grigorchuk—Gupta—Sidki-groups

5.2.1. Regular rooted trees and their automorphisms. — Let p be an odd prime,
and denote by X the set {0,...,p — 1}. The Cayley graph X* of the free monoid on X
is a p-regular rooted tree. We think of the vertices of X* as words in X. The root of the
tree is the empty word @. We write X" for the set of all words of length n, called the n-th
layer of X*, and we identify X and X'

Every (graph) automorphism g € Aut(X™) necessarily fixes the root, since it has a
smaller valency than every other vertex. Consequently, every automorphism g leaves all
layers X™ invariant. We write St(n) for the (setwise) stabilisier of X", and Stg(n) for its
intersection with some subgroup G < Aut(X*). We call a group G < Aut(X™*) spherically
transitive if it acts transitively on all layers X™.

The group Aut(X*) inherits the self-similar structure of X*, and decomposes as a

wreath product
Aut(X™) =2 Aut(X™) 1x Sym(X).

We deduce that Aut(X*) = Aut(X*) 1x» (Sym(X) xP". x {Sym(X)), for every n € Ny,
where the finite iterated wreath product acts on X" as on the leaves of the the finite rooted
p-regular tree with n layers. The base group of the n'® such wreath product decomposition
is equal to the n'® layer stabiliser. We denote the induced isomorphism St(n) — Aut(X*) x
P’ x Aut(X*) by 1,. Forv € X", we denote the projection to the v*" component of the base
group by |,: Aut(X*) — Aut(X™*), this so-called section map is a group homomorphism
on the pointwise stabiliser stab(v) of v. We call a subgroup G < Aut(X™) self-similar if
G|y, C G for all v € X*, and we call it fractal if Stg(1)|, < G for all z € X.

The image of an element g € Aut(X™) in Sym(X) under the quotient by St(1) is
denoted g¢|?, and we write g[Y = g|,|?, for any v € X*, for the label of g at v. Any
automorphism is uniquely determined by the collection of its labels.

We fix an embedding rt: Sym(X) — Aut(X*) by rt(0)|? = o and rt(0)|” = 1 for all
v e X*\ {@}. We call the elements rt Sym(X) rooted automorphisms.

Let I' < Sym(X) be a permutation group. We define the I'-labelled subgroup of Aut(X™)
by

lab(T') = {g € Aut(X™) | g|" € T for all v € X*}.

It is a well-known fact that if I' is of order p, the subgroup lab(I") is a Sylow pro-p subgroup
of Aut(X™).

Let (x;)ien, be a sequence of elements z; € X. The words {zg-- -2 | £ € No}
form a half-infinite ray R in X* (or, equivalenty, a point of the boundary). Write T for
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the ray associated to the constant sequence (x);en,. An R-directed automorphism is an
automorphism ¢ fixing R such that for all v € X* either v connected by an edge to an

element of R, or
gl =1id.

A spherically transitive group G < Aut(X™) is regular branch over K, for a finite-index
subgroup K < G, if K contains w;l(K x .P. x K) as a subgroup of finite index.

5.2.2. Multi-GGS-groups. — Fix the permutationoc = (01 ... p—1). Write a = rt(o)
and A = (a), as well as ¥ = (o). Let E be an r-dimensional subspace of ]Fgfl, for
r > 0. Choose an ordered basis (by,...,b;) of E, and denote the standard basis of F,
by (s1,...,s;). Let E € Mat(r,p — 1;Fp) be the matrix with the basis elements as rows.
The columns of E are denoted e; for i € {1,...,p — 1}; thinking of E as a subspace of
{0} x ngl < FP, we will also write eg for the zero column vector of length r. Define, for
all j € {1,...,r}, the O-directed automorphisms

b = (8%, a5, a% ),

Since a has order p, we may extend this definition to arbitrary vectors n € [}, such
that 11 (b®) = (b%,a™¥), where for any m = (m1,...,m,_1) € Fg_l we set a™ to be
the tuple (a™!,...,a™»~!) (and tuples are combined appropriately). The associated map

b®: F, — Aut(X™) is an injective group homomorphism. We write B for the image b,

Definition 5.2.1. The multi-GGS-group associated to E is the group Gg of automor-
phisms generated by the set
AUB.

The subgroup A (shared by all multi-GGS-groups) is called the rooted group, and the
subgroup B is called the directed group. The generating set in the definition is clearly not
minimal; a minimal generating set is given by {a} U {b% | j € {1,...,7r}}.

If the dimension r of E is 1, one usually speaks of a GGS-group rather than a multi-
GGS-group. In this case, abusing notation, we write b for b!.

Depending on the space E, we distinguish three classes of multi-GGS-groups:

(i) HE = {(\...,\) € Fg_l | A € Fp}, we call Gg the constant GGS-group. This
special case behaves very differently to all other multi-GGS-groups; we will, for the
most part, exclude it from our considerations.

(ii) If r = 1, the space E is contained in {(A,..., \p—1) € Fg_l | \i = \p—; forall i €
{1,...,p — 1}}, and Gg is not the constant GGS-group, we call Gg a symmetric
GGS-group.

(iii) If G is neither constant nor symmetric, we call it a regular multi-GGS-group.

We record some of the key properties of multi-GGS-groups that have been established
in the literature, cf. [96, Proposition 3.3] & [55, Lemma 2| for statement (i), [96, Proposi-
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tion 4.3 and Proposition 3.2] for statements (ii) and (iii), [48, Lemma 3.5| for (iv), [49, The-
orem C]| for (v), and |4, Proposition 3.1] for (vi).

Theorem 5.2.2. Let G = Gg be a multi-GGS-group. Then the following statements hold.

(i) If G is regular, it is reqular branch over the derived subgroup G', and the equality
1(Stg(1)) = G x 2. x G’ holds.
(ii) The abelisation of G is an elementary abelian p-group of rank r + 1.
(i) If G is not constant, it is reqular branch over v3(G), such that 11(y3(Stg(1))) =
73(G) x 2. x 3(G).
(iv) If G is a symmetric GGS-group, the intersection 1(Stg(1)) N G' x .2. x G' fulfils

P1(Sta(1)) N (G x 2. x G") = {(gos- - 9p—1) | [P0 9i € 13(G)},

and thus 1s of index p in G' x .. x G'.

(v) Every multi-GGS-group is self-similar and fractal.

It is fruitful to introduce the following overgroup to deal with the special case of sym-

metric GGS-groups.

Definition 5.2.3. Let G be a multi-GGS-group. Set ¢ = ¢ ([b*,al,id,...,id). The

reqularisation Greg of G is the group
Greg = (G U{c}).
We record the following lemma on the regularisation of a multi-GGS-group.

Lemma 5.2.4. Let G be a non-constant multi-GGS-group. Then the following statements
hold.

(i) Greg = G if and only if G is regular.
(ii) If G is symmetric, then |Greg : G| = p.
(iii) The derived subgroups of G and Greg are equal.

The first two statements are immediate consequences of Theorem 5.2.2. Also the last

statement follows, in view of
P1([b%, c]) = ([b°, [b,a]],id, . ..,id) € v3(G) x .P. x v3(Q),

and of

wl([%d) = ([bv a]vidv -osid, [b7 a]il) € {(907 e 7gp—1) ‘ Hf:_ol gi € 73(G)}7

from Theorem 5.2.2 (iii) and (iv).
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5.2.3. Constructions within Aut(X*). — We introduce some notation. Let g €
Aut(X*) and n € Ng. We define the n'* diagonal of g as the element

kn(g) = ¥, (g, x Pl x, g).

Analogously, for any subset G C Aut(X*) we define k,(G) = {kn(9) | g € G}. Note that
if G is a group, the set k,(G) is a group isomorphic to G.

Definition 5.2.5. Let S C Aut(X™*) be a set of tree automorphisms. The diagonal closure
of S is the set

g = {H Kli(si)
1=0

Since the n'® factor of the infinite product is contained in St(n), the product is defined

siGSforiGNo}.

as Aut(X™) is closed in the (profinite) topology induced by the layer stabilisers. Note that

the diagonal closure is in general not a subgroup, even if S < Aut(X™) is one.

Definition 5.2.6. Let S = rt(X) be a group of rooted automorphisms of Aut(X™*). The

group
Koo (S) = (kn(s) | n € Ng,s € 5)

is called the group of layerwise constant labels in 3.

It is easy to see that koo(S) 2 [, 9, and kso(S) = S.

5.2.4. Coordinates for multi-GGS-groups. — We first establish the following lemma,
that allows us to uniquely describe elements of the first layer stabiliser in terms of ‘coor-

dinates’. To be precise, we construct an isomorphism
Stg(1) = (G' x .2. x G') x B.

This uses the fact that, also modulo ¢ (G’ x .P. x G'), the labels g|* at first layer vertices
of an element g € St (1) are completely determined by the image of g in G/G’. Recall

that e; is the i*" column of E, and that ey denotes the zero column vector of length r.

Lemma 5.2.7. Let G be a non-constant multi-GGS-group. Let go,...,gp—1 € G be a

collection of elements of G. Then

¢;1(90) tte 7gp71) 6 StGrcg(l)
if and only if there exist ny, € ¥, and y, € G’ for k € {0,...,p — 1} such that

p—1
gr = a’* 0™y,  where s = Z n; - e,_;.
i=0
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Proof. We first prove that every element with its sections determined by a collection of
vectors and elements of the commutator subgroup defines an element of the regularisation.
Fix some ng € F), and y;, € G’ for all k € X. Then the element

g = b @)@ (B 1) € St(1)
fulfils

np-e nj-ep_— ng_q1-€e1i1n ng €p— n,_i-e
g’k:ao kPl €k—1  oDk-1€1pNk Nkt1-€p—_1  Dp_1-€k4]

= a’* b gy,
for some g, € G’. We have
StGreg(l) Z <StG(1)/ U {Q}>G = ¢;1(G/ X oo X G/)’

which follows directly from Theorem 5.2.2 (i) for regular G. For symmetric G, by Theo-
rem 5.2.2 (iv), it is enough to show that (c)& = 1, 1(G’ x - -- x G"). Clearly [b, a] normally
generates G'. The conjugates of ¢ have only one non-trivial section, which is equal to [b, a).
The statement follows, since G is fractal.

Thus the element y = 9 1(3]0_ Yo, . .. ,g];_llyp_l) is contained in Gyeg, so the element
gy = wl_l(asobnoy(]a cee 7a5p_1bnp_lyp—l) € Greg

has the prescribed sections.

Now let g € Ste,.,(1). Up to 97 (G’ x .2. x G'), i.e. up to the choice of y, € G’ for
k € {0,...,p — 1}, we may calculate modulo the subgroup L = (St (1) U {c})¢ < Gieg.
Thus there are ny € F}, for k € X such that

g=p b B™M) T (b
Taking sections as we did above shows that gl =g a®*b"*. O

Given g € Stg,,, (1), we call the vectors ny, introduced in Lemma 5.2.7 the B-coordinates
of g, and the collection of elements y; € G’ the L-coordinates of g. The elements sj, (since

they are fixed by the B-coordinates) are called the forced A-coordinates of g.

5.2.5. Strategy for the proof of Theorem 5.1.1. — By [71, Theorem 1| and [96,
Proposition 3.7], the automorphism group of G coincides with the normaliser of G in
Aut(X™*). Hence we compute this normaliser N(G). In general, for any H < Aut(X™), we
denote by N(H) (without subscript) the normaliser of H in Aut(X™).

The normaliser of 3 in Sym(X) has the form Ngy,(x)(¥) = X x A, where A = F);

with the multiplication action on ¥ = [F,. Heuristically, the automorphism group of a
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multi-GGS-group G allows for a similar decomposition. Since G is contained in lab(X), its
normaliser is contained in lab(Ngyy,(x)(%)), which decomposes as described above. The
normaliser of G within lab(¥) is not identical to G, but turns out to be closely related.
Apart from G being symmetric or not, the structure of E only comes into play when
considering the normaliser of G in lab(A).

We first consider the normaliser of G in an appropriate closure within lab(X). Then we
prove that the full normaliser splits as a semidirect product of the normaliser of G within
said closure, and normaliser of G within an appropriate subgroup of lab(A). At last, we

compute the normaliser of G within lab(A), and combine our results.

5.3 — The normaliser in G,

We begin our study of elements normalising G. Adating the strategy of Sidki in [138],
we start not with the normaliser in the full automorphism group, but rather in the group
@ > (. This a natural candidate, since it contains the normaliser of the rooted group
A (cf. Lemma 5.3.2) and the group G itself.

Lemma 5.3.1. Let G be a non-constant multi-GGS-group. Then
ﬁl(Greg) < /ioo(A> : Greg-

Proof. We check that the generators of k1(Greg) are contained in the group on the right
hand side. Clearly k1(a) € koo(A).

To see that k1(b%) is contained in koo(A) - Greg for a given j € {1,...,7}, we use
Lemma 5.2.7. We have no choice for the set of B-coordinates; since x1(b%)|, = b% for all

x € X they are all equal to s;. Thus we compute the forced A-coordinates

p—1 p—1 p—1
Sk = E n; -€eg—; = g Sj - €p—i = E €j.k—is
i=0 i=0 i=0

where e; j,_; is the respective entry of E. Consequently, all forced A-coordinates are equal

to some fixed s € IF,, and independent of k. Hence
k1(a°0%) € Ghreg-

Since we have already established that k1(a) € Koo (A), this implies that x1(b%) is contained
in Koo (A) - Greg for all j € {1,...,7}.

Finally, in the case that G is symmetric, we have [k1(a),b] = ¢, and hence

P1([r2(a), m1()]) = r1([r1(a),b]) = k1(c). -

The problem to determine the normaliser is easily solved for the rooted group A. To

determine the normaliser of B is significantly harder.
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Lemma 5.3.2. The centraliser and the normaliser of the rooted group A are given by

Q
=
[
X

1(Aut(X™)) x A, and
1(Aut(X7)) > rt(Ngym(x) (3))-

z
=
[
X

Proof. Given z € X, we have a9|, = id if and only if g|, = g|.11, hence we have a9, = a’|,
for some j € {1,...,p — 1} if and only if g|lg = g|, for all x € X. The image of a under
conjugation with g now only depends on g|?, hence we only need to observe Cgym(x)(X) =

3. O

Lemma 5.3.3. Let G be a non-constant multi-GGS-group. Then N(B) < stab(0), the
point stabiliser of the vertex 0 € X, and
N(B)lp < N(B) and C(B)|o <C(B).
Proof. Let g € N(B). Then there is some n € F, ~\{0} such that (6°)9 = b™. If 09" =
x # 0, we see that
B = 57l = (597l = (aPe ).

But a rooted automorphism cannot be conjugate to a directed automorphism. Thus g €
stab(0). Similarly, we find

B = ()7l = (o) = (e
This shows (allowing n = s;1) both other statements. O

For the next lemma we introduce the (word) length function ¢: G — Ny, with respect

to the generating set A U B, i.e. the mapping
¢(g) = min{n € Ny | g can be written as a product of length n in AU B}.

It is well-known that this length function is contracting, i.e. that ¢(g|,) < g for z € X.
We need some finer analysis to establish a strict inequality in certain cases. Note that
the strictness of the inequality above, for a more general class of self-similar groups G, is

related to G being a periodic group.

Lemma 5.3.4. Let G be a non-constant multi-GGS-group, and let g € G be an element
with €(g) > 1. Then there is some i € X ~ {0} such that £(glog|; ) < £(g).

Proof. Write g = a®b™0 ... gi»—1bPm—1g'm where m € Ny, n; € Fy, ix € Z~{0} for
k€ {0,...,m — 1}, and i,, € Z. Passing to a conjugate if necessary, every g € G can be

written in this way. Taking sections, we see that

9l = 0™ ki (O™ [k—ig—i - - - (O™ 1) _som_1,
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for any k € X, hence ¢(g|;) < m. Since every B-letter contributes at most one B-letter to
one of the sections, we have Zi;é £(glx) < £(g) +p— 1. Assume that £(glog|T") > £(g).
Then £(glo) + £(g]1) > €(g), hence £(g|lo) = £(g|1) = m. This can only be the case if every
B-letter contributes its only section that is contained in B either to g|o and g|1, i.e. g|x € A
for all other £ € X. Thus, if m > 2, we have

Ugloglit) < Lglo) + €(glk) <m+1<2m—1<(g),

If m = 2, we see that g = a’°b™, implying g|o € A. Since there is at least a second section

contained in A, the result follows. ]

Lemma 5.3.5. Let G be a non-constant multi-GGS-group. Then
NC(A) (G) N (C(B) ’ G) - EOO(A) : Greg-

Proof. Let g € Ng(4)(G) N (C(B) - G) and h € G be an element of minimal length such
that we may write g = ¢'h for some ¢’ € C(B). The proof uses induction on the length of
h.

First assume that h has length one, i.e. h € AUB. If h is in B, we find that g € C(B).
Thus h centralises G, but it is well-known that the centraliser of a branch group in Aut(X™*)
is trivial; hence g = id. If h is a power of a, the same holds for gh™!, hence g € A < Greg-

Now we assume that £(h) > 1. By Lemma 5.3.2 we may write g = r1(g|o)a” for some

k € Z, yielding for any n € F,

(b7, (o), (@™ er 1)) = gy ((b)7) = v (™))

— ((bn)hb’ (an-el)hh’ o (an-epfl)h\p,l)h\z'

Since a and b™ are not conjugate in Aut(X*), this shows that g|? = h|? and a%l° = "
for all 4 € X ~ {0}. Thus g|oh|; ' centralises A, and by Lemma 5.3.3 we find (b’“)9|0h|;l =
(b“)hk)h‘i_1 € BY, hence gloh|;* normalises G. By Lemma 5.3.4, there is some i € X ~ {0}
such that £(h|oh|; ') < £(h), so by induction we see that gloh|; ' € Koo(A) - Greg. Since
h|; € G, we have gy € koo(A) - Greg, and

g =kK1 (g‘O)GJk = ak"fl(g’O) cA- /il(’foo(A) : Greg) = Hoo(A> : ’fl(Greg)'
Now Lemma 5.3.1 yields g € koo(A) - Greg. O
With a little care, we can use the same idea to extend the result to Greg.

Lemma 5.3.6. Let G be a non-constant multi-GGS-group. Then

Ne(a) (G) N (C(D) - Greg) < Fioo(A) - Greg-
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Proof. In view of the previous lemma, we may restrict to symmetric G. Let g € Ng(a)(G)N
(C(B) - Greg) and choose ¢ € C(B), h € G and j € Z, such that ¢ = ¢g/c’h. Write

g = k1(glo)a® for some k € Z, and calculate,

(B9, (@®)9lo, ..., (a®=1)910)" = 4y (b9) = by (b7

= (ploMo (geryhh L (@S )hleonyhl”

As we did in the proof of Lemma 5.3.5, we may conclude that h|? = a*. Consequently, for
all i € X ~ {0}, the element g|0h\;1 centralises a. By Lemma 5.3.3, the element g¢|o is in
C(B) - ¢|ohlo. Since ¢/|o = [b,a)’ € G, this implies that gloh|; ", for all i € X \ {0}, is an
element in N¢(4)(G)N(C(B)-G). By Lemma 5.3.5, the element gloh|;*, and consequently
also glo is contained in Koo(A) - Greg. Finally, by Lemma 5.3.1, we find g = x1(glo)g|? €
Koo(A) - Greg. O

Lemma 5.3.7. Let G be a non-constant multi-GGS-group. Then
Nians)(4) < C(4)  and Ny (B) < C(B).

Proof. We use the description of N(A) given in Lemma 5.3.2. Let g € Nips)(A). For all
h € lab(X), we have h|? € (o). Thus we see that a't#1(9l0)91” — grtal® — ¢

Now let g € Ny (x)(B), let n € Fj, be arbitrary and let m € F), be such that (b")9 = b™.
Then

(B™, ™1 a™er1) = b = (PP)I = ((bn)g\o7 (ar1~e1>g|17 o (anep—l)g\p—l)g\z_

The label g|? is a power of a|?. Since b™ and a are not conjugate in Aut(X*), the element
g|? must stabilise the vertex 0, thus it is trivial. Varying n, we see that g|; normalises
A for all i € X ~ {0} for which e; # 0. Now since lab(X) is self-similar, this implies
gli € C(A) by the first part of this lemma, hence a™® = a™*® for all i € X \ {0}. Thus
b™ = b". Since glo € Nyp(x)(B) by Lemma 5.3.3, we can argue in the same way for g|o,
hence g € C(B). O

Lemma 5.3.8. Let G be a non-constant multi-GGS-group. Then

Ne—

reg

(G) C Koo(A) - Greg.

Proof. Let g € N@(G). There is a sequence (g;)ien, With g; € Gieg such that

g=[1ri9)
=0

Write hy, for the partial product [[:" &i(¢s). By Lemma 5.3.1, we find hy, € Koo(A) - Greg
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for all n € Ng. We may write

glor = hnlon < 11 m(m)) Jom s = hnlon | | #i(gicen)-
=1

i=n+1

In view of Lemma 5.3.2, we conclude that hy|giglon € C(A). There is nothing special
about 07; indeed, we see that hy,|;1gly = hnlgeglon for all v € X™. By [120, Lemma 3.4],
there exists an integer n € Ny such that glon € N(B). By Lemma 5.3.7 g|op» € C(B).

Consequently
Bg|673hn‘0” — Bhn|0" i

Since hply € Greg for all v € X", we may use Lemma 5.3.6 and obtain g[o_nlhn\on €
Koo(A) - Greg. Using Lemma 5.3.1 again, we find #y(hnlgiglon) € Koo(A) - Greg, and

moreover

g = hntby H(holga glon, - - .,hn\(;{l)ng\(p_l)n) = hpkin(hnlgiglon) € Foo(A) - Greg. O

Lemma 5.3.9. Let G be a non-constant multi-GGS-group. Write Ghay for the product set
Koo(A) - Greg-

(i) If G is regular, then we have Koo(A) < Npyy(x+)(G), hence Gray acquires the structure
of a semidirect product.
(ii) If G is symmetric, we find N, (4)(G) = A.
(iii) Then
Gray  if G 1s regular,

NGlay (G) = 3 . i
Greg if G is symmetric.

Proof. Let n € Ny. Clearly a"(*) = q, and for all j € {1,...,7}

(1%, kn(@)] = or ([, kn-1(a)], (@™, kn1(a)), ... [aP7 ko1 ()

=, (b%,a),id,...,id) € ¥, (G' x --- x G) < G.

This shows (i), and it also shows that x,(a) does not normalise a symmetric GGS-group
G for n > 0, since ¥; (b, a],id, . ..,id) ¢ G. Thus (i) is proven.
Statement (iii) is a consequence of (i) in case G is regular, and an immediate conse-

quence of Lemma 5.2.4 (iii) in case G is symmetric. O

Proposition 5.3.10. Let G be a non-constant multi-GGS-group. Then

G X ko(A), if G is regular,

Greg, if G is symmetric.

Proof. Assume that G is regular. By Lemma 5.3.9, the set koo(A) - Greg is a group. In
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view of Lemma 5.3.8 and G' = G, this proves the first case. If G is symmetric, the result
follows from Lemma 5.3.8 and Lemma 5.3.9. O
5.4 — The normaliser as a product

We now prove that the normaliser of G in Aut(X*) decomposes as a semi-direct product.
To begin with, we prove the following generalisation of [138, 2.2.5(i)|, which is an interesting

proposition in its own right.

Proposition 5.4.1. Let G be a non-constant multi-GGS-group. Fvery element of G that

has order p is either contained in Stg(1) or is conjugate to a power of a in Greg.

Proof. We have to prove that, given g € Stg(1) and i € Z, every element a'g of order p
may be written (a”) for some h € Greg. Passing to an appropriate power of a, we may

assume that ¢ = 1. From (ag)? = 1 we derive the equations

id = (ag)p\o = g|0 .. -g!p_l, resp.
1

-1 —

9lp-1=9l,"9---9lo -
Since g € Stg(1), by Lemma 5.2.7 there exists a set of B-coordinates ny € [}, and a set
of L-coordinates y;, € G’ uniquely describing g. Reformulated in these B-coordinates, the

condition above reads

3
no

n; =—np,j.

~
Il
o

Given some integer s € Z, we define an element
he = ¥7 ' (a%, a%glo, a*glogli, -, a%glo . glp-2) € Y11 (G x 2. x G).
Since
k—1 k
a" |k = holy hslier = (@® [T glo) e [ [ ol
i=0 i=0

9k, ifk#p—1,
T3 gl) ™ =glp-1, ifk=p—1,

the conjugate a” is equal to ag. It remains to prove that hy € Greg for some s € Z. If
it is contained in Gyeg, the element hy has the B-coordinates hy = Zf:_ol n; (and some
commutators zx that we shall not need to specify). We have to prove that the correspond-
ing forced A-coordinates s = Zf:_ol h; - e;_; are equal to the actual a-exponents of the
corresponding sections of h. Since it is enough to show that hs € Greg for one s, we fix

s = 8¢, so that the proposed equality holds in the first component by definition.
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A quick calculation shows that, for all k € X ~ {0},
p—1 p—1
Sk — 8Sk—1 = Z h;-ep; — th’ Cef_1-
—Zh hi_1) - ex; an 1" €k—i = Sk—1,

and consequently the a-exponent of Al is equal to

k-1 k—1
S+E Sz:§0+g Si = Sk,
i=0 i=0

for all K € X. But the values s; are the forced A-coordinates of g, hence, comparing with
the definition of hg, we see that the forced A-coordinates of hy, for k € X, and the actual

a-exponents of h|j coincide. Hence h € Gieg. O

Notice that for a symmetric GGS-group, we do have to pass to Greg to make this
statement true: take the element d = ([b,al, [b,a]",id,...,id) € G. Clearly al>® = 4,
but assume for contradiction that there is another element i € St(1) such that A =d.

Then ch centralises a, hence
[b,alhlo = (ch)lo = (ch)|i = hl;,

for all i € F;. Counting the powers of [b,a] in hl; as in Theorem 5.2.2 (iv), we see that
if hl1 =y, a®()"([b,a])” the sum of the [b, al-exponents over all sections mod 73(G)
equals v — 14 (p — 1)v =, p — 1, contradicting Theorem 5.2.2 (iv). Thus there is no such
h € Stg(1).

Recall that the group A is Ngyp,(x)(2) N stabgyy,x)(0). Set D = rt(A), i.e. the group

of rooted automorphisms normalising but not centralising a.

Lemma 5.4.2. Let G be a non-constant multi-GGS-group. Then

N(G) C Greg - D.
Proof. Let go € N(G). Let k € Z be such that (a%)¥|? = a. By Proposition 5.4.1 there

exists an element hg € Geg such that (a%)* = a0, Consequently hy'gy € N(A). Using
Lemma 5.3.2 and the fact that N(G) is self-similar, cf. [120, Lemma 3.3], we may write

hg g0 = r1((hg " g0)l0) rt((hg ' 90)|?)

for ho'golo = g1 € N(G). Since gohgy'|? normalises o, we may write gohg |2 = a*ody for
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some dy € D and kg € Z, so that we obtain the equation
9o = hor1(g1)a™do = hoa™ 1 (g1)do,

using the fact that xq(Aut(X™*)) normalises a for the second equality. Repeating the
procedure for g;, we obtain go € N(G), h1 € Greg,d1 € D and k; € Z such that

go = hoa* k1 (h1a* k1 (g2)d1)do
= hoa™ k1 (h1a*" )ka(go)k1 (d1)do
= hoakolil(hlakl)ﬁ‘,g(gg)dgﬁl (dl)

In the last step we have used the fact that D is abelian. Going on, we obtain a sequence

of products
tn = H Kl(hzakz) H Iin,i(di) = H I{Z(hzakl) H Hi(di),
=0 1=0 =0 =0

such that ¢, =g¢(n+1) 9o, 1.6. that are converging to go in the topology induced by the layer

stabilisers. Since both D and G'eg are closed sets, the corresponding limits are well-defined.

We obtain - .
go = H I{Z(hlakl) H Kz(dl)
=0 =0
This shows go € Greg - D. O

Lemma 5.4.3. Let G be a non-constant multi-GGS-group and let g € G be an element
directed along 0. Then g € B.

Proof. Consider that, since G < lab(X), there are (z1,...,2,-1) € Fg_l such that

wl(g) = (g|07 ax17 cee 7a3«”p—1).

Since directed elements stabilise the first layer, there exist B-coordinates ng,...,n, 1
and yo,...,yp—1 € G’ for g. The equation above shows that n; = --- = n,_; = 0 and
y1 = -+ = yp—1 = id. Thus the forced A-coordinate at 0 fulfils

p—1
50 = E n; - c,—; =0,
i=0

hence glp = a®0b™ = b € B, and in consequence g = bnowl_l(yo,id, ...,id). Since the
set of elements directed along 0 forms a subgroup, the element 1, 1(yo,id, ...,id), and
consequently also 1 is directed along 0. We can argue as above for g, but since yo € G’,
by Theorem 5.2.2 (ii), the sum Zf;(} n; = 0. Thus nyg = 0, and, chasing down the spine,
we find yp = id. Thus g € B. O
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Lemma 5.4.4. Let G be a non-constant multi-GGS-group, and let h € Greg. Then

ah =g’ Q.

Proof. Let (g;)ien, be a sequence of elements g; € Greg for i € Ny such that

h = H Ki(9i) = 9o H ki(9i) = gok1 (11) Hi(gz‘ﬂ)) :
i=0 i=1 i=

By Lemma 5.3.2, the element 1 ([[;2, ki(gi+1)) centralises a. Thus it is sufficient to

consider h = gg. The statement now follows from Lemma 5.2.4 (iii). O

Lemma 5.4.5. Let G be a non-constant multi-GGS-group. Then

N(G) = Ng(G) % Np(G)

Proof. Assume that N(G) is equal to the product set N@(G) - N5(G). By Proposi-
tion 5.3.10, N@(G) is equal to G' X Koo(A) or to Greg. Both groups are normalised by
N5(G), the first one since D normalises ko (A), and the second one since for every dor1(dy)
with dy € D and d; € D,

cori(d) — (b, ) id, . .., id)® € Y7 HG X 2. X G') < Greg.

Thus the product set is in fact a semidirect product. It remains to show the equality
N(G) = N@(G) -N5(G).

By Lemma 5.4.2, we may write g € N(G) as a product g = h' - d with h' € Gyeg and
d € D. Clearly D normalises A. Thus it is enough to prove: For all n € [}, such that
(™)1 ¢ G, then h'd ¢ N(G) for all h' € Greg. We to prove that (h'd)~! ¢ N(G). Since D

is a group, we may replace d by its inverse. Write h for h’~!. Notice that
h = k1(h1)ho

for some hy € Greg and hg € Greg. Since Greg normalises G, we may assume that hg = id,
and thus h|? = id. Let d = [[;2, ki(d;) for a sequence (d;)ien, of elements d; € D such

d

that, for all i € Ny, we have a% = @’ for some j; € Z. Then, for all n € Fp

Pa(P)) = ()70, (@merylo, . (amer-tyoyo

_ ((bn)aHo7 ajl'n'el.do’ o ajl'n’e(p—1)~do )

Write 21; = j1 -n-e;q, foralli € {1,...,p—1}. Since D is self-similar, we see that (b®)¢
is directed along 0, and we write X, = (zk 1, ... 2k p—1) for the A-exponents of the sections
ati€ {1,...,p—1} of (b™)%|pe-1.

Now, using Lemma 5.4.3, we see that if (b®)¢ € G, then actually (b*)? € B. Assume
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that the O-directed element (b™)¢ is not a member of B. Then there are two possibilities:

(i) there exists some k € Ny such that xj, is not contained in the row space of E, or,
(ii) if for all k& € Ny the vector x is contained in the row space of E, but there exists

some k € Ny such that xi # xXg1.

In both cases, we may assume that k£ = 0, since G,z and D are self-similar.

Given (b™)¢, we compute the conjugate by dh,

PaOM™) = 6o, 0™, ")
= (B 0)!M0, (a™)P . (@) ),

Since Greg_l is self-similar, we may apply Lemma 5.4.4, and we find
P (0™ =g xar (((B%)0)M0 mod G, a1, ..., a®r-1). (%)

Assume that we are in case (i), i.e. that xg is not contained in the row space of E. Then,
by (¥) and Lemma 5.2.7, also (b*)% ¢ G.
Assume that we are in case (ii), i.e. that x¢o # x3, but both represent the forced
a-exponents of an element ™ and b™! | respectively. Thus by (*) and Lemma 5.2.7,
(bn)dh wal(G’x---xG’) (bmo) and
0
(bn)dh|0 Ewl_l(G’xme’) (bml)h‘ .
Thus
™) = (p7)dh | = 5™y = 5™ mod Y7 (G x -+ x G).

Since ¢ (G x --- x G') N G = Stg(1)', this implies (pm1)a* =gt (1) D™ for some k € Z,

hence b™! = ™0 and my = m;. But then xy = x1, a contradiction. O

5.5 — Elements normalising G with labels in A

Recall that the permutation group A = (§) is isomorphic to F ;. The rooted automorphism
d = rt J acts in two different ways on G = St(1) x A. It raises a to a power, i.e. it acts my
multiplication on the exponent of a; and it acts on an element of g € St (1) by permuting
the tuple 91 (g), i.e. by multiplication of the indices of said tuple. Note that the vertex 0
is fixed by 4.

Recall that B is isomorphic to E < Fg_l. We now show that B is normalised by every

normaliser of G in D.
Lemma 5.5.1. Let G be a non-constant multi-GGS-group. Then N5(G) = N5(B).

Proof. Since D < N(A), the inclusion N5(G) > N5(B) is obvious. We now prove the
other inclusion. Let g € N55(G). By [120, Lemma 3.4, there exists an integer k € Ny
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such that g|or normalises B. Thus it is enough to prove that if g|op normalises B, also g

normalises B.

Assume glp € N(B), and let m and n € F), be such that (b?)9lo = p™. We may write
g = k1(glo)g|?, where g|? normalises a|?. Hence there exists j € Z such that a9lo = a7,

We calculate

(™)1 )7 = (7)o (), 0T el e el

(id, @ et meLg e g1t g7)

Sy a

We see that the commutator coordinates of (b®)~!(b™)9 are trivial, the B-coordinates are
all zero, and hence the forced A-coordinates are also s, = Zf:_ol n; - cx_; = 0. Thus
o™ = b™. O

Thus, we may restrict our attention to the group B. It is fruitful to consider B as
a subgroup of the directed subgroup B of the multi-GGS-group associated to the full
space Fgfl (with standard basis), which is, by the previous lemma, also invariant under
N5(G). Write u: D — F for the isomorphism induced by a® = o where the second
operation is taking the power, and define a map Py: D — GL,(p — 1) such that Py is the
permutation matrix corresponding to the permutation d|? = 4. Let g = [[;2, ki(d;) € D

for a sequence (d;)ien, of elements in D. Then, for all j € {1,...,p— 1} =F},

YL ((b%)9) = ((b%)90 id, ..., id,a™,id, ..., id)%
= ((b%)90id, ... ,id, (d1)"a,id, . . .,id),

where the non-trivial entries (in the second line) are the positions 0 and (di)*j. If g
normalises (G, it must normalise B, and the conjugate (6% )Y is determined by the exponents

of the sections at the positions in {1,...,p — 1}. Thus

(b%)9 = pld)¥s(dg)n;
In other words, the action of g € N55(G) induces, via the isomorphism b°, the linear map

(d1)" Py, ()

on szl. Returning to the directed group B, we see that every g € N5(G) must be such

that Py, leaves E invariant. Hence we define

U:={ueD|EP,=E}=stabp(E).
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Furthermore, we define the subgroup

V:={v € U| for all e € E there exists A € F’ such that eP, = e}
={v € U | E C Eig,(P,) for some A € F}.

Since V' < D is cyclic, the element A € }F; generating a maximal subgroup is uniquely

determined. Finally, define the subgroup
W= (\).

Proposition 5.5.2. Let G be a non-constant multi-GGS-group. Let U and W be defined

as above. Then

Proof. By (1), the action of a given element g = [[7°, ki(d;) is determined by dy and dj.
Furthermore, since E must be invariant under Fy,, we see that necessarily dy € U. Since
N(G), by [120, Lemma 3.3], and D are self-similar, we find, for all k € Ny,

glos = [[ mildisn) € N5(G).

Since, for all n € F}, and g € N5(G),
(47 = (7)o = (o) = (o7l

we see that the action induced on Fg_l by all elements g|yx, for k € Ny, are equal, i.e. that

the following equalities of matrices hold,

(dk_,_l)‘updk = (dl)‘uPdO, hence Ip_l = (dk_;,_ld];l_Q)‘uPdkd—l s

k+1

where I,,_1 is the identity matrix. Recall that, for all £ € Ny, the matrix P, -1 acts either

dyd;
does not act as a scalar on E, hence there is no dy4, fulfilling the equatlon above, or it
acts as some scalar \!, for some i € Z. Thus, every difference dkd,;l_l must be an element
of W, otherwise, g cannot be normalising G.

On the other hand, for dy € U and d; € d, YW there is a unique sequence (di)ien, that

defines an element of N5(G), since

di+2 = d41 dkdk+1)
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Thus N5(G) =2 U x W. O

In particular, if r = 1, every linear map leaving E invariant is a scalar multiplication,
i.e. the subgroups U and V coincide. Clearly, if W is the trivial group, the only elements
of Njs(G) are defined by the constant sequences. More generally, the sequence (d;)ien,
defining the normalising element with given dy and d; is periodic with periodicity prescribed
by the order of .

Now all ingredients are ready for the proof of our main theorem.

Proof of Theorem 5.1.1. By |71, Theorem 1] and [96, Proposition 3.7], the automorphism
group of G coincides with the normaliser of G in Aut(X*). By Lemma 5.4.5, this normaliser

is the semidirect product

Ng—(G) % N5(G).

These two groups were computed in Proposition 5.3.10 and Proposition 5.5.2. O

5.6 — Examples

To illustrate the definitions of U,V and W we compute some explicit examples.

Example 5.6.1. Let G be the GGS-group acting on the 5-adic tree with E generated by
(1,2,2,1). Clearly G is symmetric. For every symmetric GGS-group, the space E is by
definition invariant under the permutation induced by —1 € F ;. In fact, it always acts
trivially, hence —1 € W. In our case, this is the only non-trivial permutation leaving E

invariant, since
(1) 2) 27 1)PxH2x - (27 17 17 2) == (]-7 25 27 1)Px>—>3x7

while (2,1,1,2) ¢ E. Thus
Aut(G) = (G % (¢)) x ([[;2y ki(x — —z)) = (G % Cs) x Ca.

The group G and the group defined by (1,4,4,1) are the multi-GGS-groups with the

smallest possible outer automorphism group.

Example 5.6.2. Let G be the (regular) GGS-group acting on the p-adic tree with E
generated by b = (1,2,...,p — 1). Let (A1,...,Ap—1) be the image of b under Py, for
d € D. Since

Ai = bg-1; = (d7 )i = (d )by,

we see that bP; = (d~1)*b. Thus W = V = U = D, and the automorphism group is
‘maximal’,

Aut(G) = (G X koo(A)) % (]F;)Q.

Example 5.6.3. The distinction between the subgroups U,V and W is not superficial.
Consider the vector by = (1,2,11,3,12,10,10,12,3,11,2,1) € Fi2. An easy calculation
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shows that
b1 P,y = (12,11,2,10,1,3,3,1,10,2,11,12) = —by,

while by P, .3, is not a multiple of by. Set by = by P, 3, and by = b1 P, 9, and let E
be the space spanned by by, by and bg. Since Fy5 is generated by 3 and 5, the space E is
invariant under all permutations induced by index-multiplication, i.e. U = D. But only the
multiplication by the multiples of 5 act by scalar multiplication of E, hence V' = (x — 5z).

The corresponding scalars are 1 and 12, hence W is of order 2.

Example 5.6.4. Let G, be a Gupta—Sidki p-group, i.e. the GGS-group with E spanned
by b = (1,-1,0,...,0) € Fgfl. All Gupta—Sidki p-groups are regular. Let n € N, and
consider bP,,. Since the projection to the last p — 3 coordinates of E is trivial, the index 1
must be mapped to 1 or 2 under n, and the same holds for 2. This is only possible if n = 1
orn = 2and 2-2 =, 1, hence in case p = 3. Otherwise U is trivial. If p = 3, the group
W is equal to U, since the non-trivial permutation induced by the index multiplication by
2 is equal to pointwise multiplication by 2. This recovers the result of [138], where the
automorphism group of G3 was first computed. Interestingly, this example is the ‘odd one
out’, having automorphisms of order 2.

In conclusion, we found

(Gp X Koo(A)) x C3 if p =3,

Aut(G,) =
' Gp X Koo (A) otherwise.

Example 5.6.5. Let Gpp—1 be the multi-GGS-group defined by the full space Fg_l. This
p
group is regular, and every permutation P, leaves ngl invariant. On the other hand, no

non-trival permutation acts on the full space as a multiplication. Thus

Aut(Gyp1) = (Gyp1 ¥ hioe(A)) % (T2 i) | &' € D}

= (GF£_1 X HCP) X Cp_1.
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CHAPTER O

The derived series of GGS-groups

Abstract. Given a GGS-group G with non-constant defining tuple over a prime-
regular rooted tree, we calculate the indices |G : G(™)| and describe the struc-
ture of the higher derived subgroups G for all n € N. We find that the values
|G : G(”)| depend only mildly on the structure of the defining tuple. In the
course of our proof, we refine the understanding of the structure of subgroups

of small index in a GGS-group.

6.1 — Introduction

The class of groups of automorphisms of regular rooted trees provides many examples
with interesting asymptotic and structural properties. One particularly well-studied case
is the family of Grigorchuk—Gupta—Sidki-groups (usually abbreviated as ‘GGS-groups’).
It contains at least one group of intermediate growth [43] and many finitely generated
infinite periodic groups, cf. [77]. GGS-groups are groups of automorphisms of the p-
regular rooted tree, for an odd prime p, and generalise the Gupta—Sidki p-groups. They
are easily defined by using a non-zero element e of Fg_l as ‘input data’, and many of their
properties can be read off the element e: One can determine whether the corresponding
GGS-group is periodic or contains elements of infinite order, if the group is just-infinite,
cf. [151], whether it is a branch group, cf. [48], or if it has the congruence subgroup property,
cf. [49]. Furthermore, one may compute its Hausdorff dimension, cf. [48|, or decide if two
GGS-groups are isomorphic, cf. [120], just by considering the defining tuples. Most of
these results require subtle insights into the structure of a general GGS-group, and some
involve heavy computation. Many of the results extend to larger classes of groups, cf. for
example [?,4,19|, but have been established first for GGS-groups, making the class of
GGS-groups a playground for establishing new techniques.

However, other questions remain open; in contrast to the features related to the action
on the tree, many purely algebraic properties of GGS-groups is not well-understood. In
this work, we describe the derived series (G ("))neN of all GGS-groups, excluding those that
arising from constant tuples, i.e. elements of the form (A, A,..., \) € ]ng1 for some A € F;f.

A description of the derived series has previously been obtained for the special case of the
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Gupta-Sidki 3-group I' by Vieira in [149], along with some results concerning the lower
central series of I'. The proof, however, does not carry over to general GGS-groups.

We now state our main result.

Theorem 6.1.1. Let p be an odd prime and let G be a GGS-group with non-constant
defining tuple e. Denote by € the tuple of differences between the entries of e, and by €”
the tuple of differences of €. Then

n—2 / " pr—i— .
+ con(e’) + sym(e”)) — sym(e)+1 ifn> 2,

log, |G+ G| — {7 (p (¢') + sym(e")) — B sym(e) f

forn =1,
where
1 if d is symmetric, 1 if d is constant,
sym(d) = and con(d) =
0 otherwise, 0 otherwise.

A tuple is called symmetric if its " entry is equal to its i*P-to-last entry.

It is no surprise that the vector €' & F£_2 of differences between neighbouring entries
in e is associated to the determination of the structure of the derived subgroups, since
it describes the sections of the commutator [b, a] of the two generators of a GGS-group.
Interestingly, the indices of the derived subgroups do not depend on the higher iterates of
the differences.

It is worthwhile to compare our result with the main result of [48], where the indices of
the congruence subgroups, i.e. the stabilisers Stg(n) of elements of a distance n € N from

the root of the tree, are computed to be

tpn=2 1 2l gome) +1  ifn > 2,
log, G St = { T rT e
1 forn=1,

where ¢ is the rank of a certain matrix associated to e, and might take valuesin {2,...p}. In
particular, the number of configurations of the indices |G : Stg(n)| grows linearly with p.
In comparison, the indices of the derived series are more uniform and depend only on
three (interconnected) binary invariants of e; i.e. the indices of the derived subgroups of
any GGS-groups (aside from the dependency on the prime p itself), fall in precisely four
distinct classes.

From a group-theoretic standpoint, it is an inherently interesting problem to deter-
mine the derived series of a given group. This is especially true since GGS-groups are
hypoabelian, i.e. the intersection of all members of the derived series is trivial; hence every
element of G appears as a non-trivial element in some quotient G() / G+ Furthermore,
the derived series fulfils the analogue of the congruence subgroup property: all finite index

subgroups contain some derived subgroup. This is an immediate consequence of the con-
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gruence subgroup property of GGS-groups, that was established in [49], and the fact that
the n'* derived subgroup G is contained in the n'® level stabiliser Stg(n). The analogy

to the congruence subgroups goes further. We prove the following theorem.

Theorem 6.1.2. Let G be a GGS-group with defining tuple e and let n € N>3. Then
P(GM) =GN 2o g,

If con(€’) + sym(e”) — sym(e) = 0, the same holds for n = 2.

Note that a similar statement is true for the congruence subgroups of GGS-groups.
To make the connexion between congruence and derived subgroups more transparent, we
introduce the series of iterated local laws. It is a descending series (Ly)nen of normal
subgroups of a group G acting on a rooted tree, such that L, < Stg(n) for all n € N, and
is formed by the elements that have to stabilise vertices of a certain distance by virtue of
fulfilling certain algebraic equations in G. In this sense, it is the ‘algebraic analogue’ of
the sequence of layer stabilisers. See Definition 6.2.2 for a precise definition.

As a corollary to Theorem 6.1.1, we prove that the series of iterated local laws and
the derived series coincide for all GGS-groups defined by a non-constant vector e, thus
explaining, at least heuristically, the similarities mentioned above; see Corollary 6.3.4.

The paper is organised in the following way. After establishing our notation, we prove
some structural results on GGS-groups. Then we prove Proposition 6.3.1, in which we
compute the index of the second derived subgroup in the full group. This is the main
technical step. Afterwards, we proceed to derive our other results. Being aware of the
multitude of subgroups appearing, we point the reader to Fig. 6.1, which depicts the
relevant portion of the top of the subgroup lattice of a GGS-groups.

Acknowledgements. — This is part of the author’s Ph.D. thesis, written under the su-
pervision of Benjamin Klopsch at the Heinrich-Heine-Universitat Diisseldorf. The author
thanks Karthika Rajeev for helpful discussions and bringing his attention to the prob-
lem, and Gustavo Fernandez-Alcober, Mikel Garciarena Perez, Margherita Piccolo and

Djurre Tijsma for their comments on preliminary versions of this paper.

6.2 — On Grigorchuk—Gupta—Sidki-groups

We begin with some generalities. We fix an odd prime p. Given a group G and two

elements g, h, we use the following conventions for conjugation and the commutator
g"=h"lgh and [g,h] =g 'h lgh = (h"1)%h.

6.2.1. Groups of automorphisms of regular rooted trees. — Write X for the set
{0,...,p—1}. We will sometimes identify X with the set underlying F,. We write X* for
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the Cayley graph of the free monoid on X, which is a rooted p-regular tree, i.e. a loop-free
graph in which all but one vertex have valency p + 1, and the remaining vertex &, called
the root of the tree, has valency p. The vertices of X* are the set of finite sequences in X.
We write X™ for the set of all vertices of a given length n € N, and call this set the n*
level of X*. The root @ has length 0.

Any (graph) automorphism g € Aut(X™*) necessarily fixes @, since it has fewer neigh-
bours than every other vertex, and must consequently leave the levels X™ invariant for all
n € N. We write St(n) for the stabiliser of X™, and Stg(n) for its intersection with some
subgroup G < Aut(X™*). Let u and v be vertices of X*. We write u9 for the image of u

under g. Since levels are invariant under g, the equation
(uv)? = uIp9lu

defines uniquely a map |, : Aut(X™*) — Aut(X*), called the section map at u. The image
is consequently called the section of g at u. Using these images, any tree automorphism
g can be decomposed into the sections prescribing the action at the subtrees of the first
level, and the action of g at the root g|? € Sym(X), which is just the action of g on the
first level X = X! In particular, the map

¥ St(1) = Aut(X™) x .2 x Aut(X™)
g (o:gls)

is a group isomorphism. Here we adopt the convention that the expression
(io:ao, ...,ik:ak,ozao)

denotes the tuple indexed by X, with the object ag at position ig, the object a; at position
i1 and so forth, and the object a, (maybe varying in ¢) at all other positions ¢ € X ~\ {i, |
m =0,...,k}. The symbol ¢ will be reserved for this use. An automorphism with at most
one trivial section is called rooted, rooted automorphisms must necessarily permute the
subtrees {xX* | x € X} of the first level and can be identified with permutations of X.

We record some equations for sections. Let u and v be vertices of X* and ¢ and h be
any automorphisms, then

"M = (gl,-) 7

Glu)lo = gluvs  (gh)[u = gluhlus, g

A subgroup G < Aut(X™*) is called self-similar, if for all vertices u € X*, the image of
the section map |, : g — g|, is contained in G. A self-similar group G is called contracting,
if there exists a finite set N C G, such that for all ¢ € G there exists some n € N such
that for all m > n and all v € X™ the section g|, is an element of the finite set N. For a

contracting group, there is a unique minimal set N with this property, which is called the
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nucleus of G. A group G < Aut(X™) is called fractal, if for every g € G and every z € X
there is an element g stabilising the vertex = such that g|, = ¢g. A group G < Aut(X™) is

called spherically transitive if it acts transitively on every level X™.

A self-similar group G < Aut(X*) is called a regular branch group, if it is spherically
transitive, and if there is a finite index subgroup K < G such that

K x.?. x K <¢(K).

A standard technique for establishing that a group is regular branch is given by the fol-

lowing lemma, cf. [48, Proposition 2.18].

Proposition 6.2.1. Let G < Aut(X™) be a spherically transitive fractal group, H < G a
subgroup and let S C G be a subset. If {(0: s, o:id) | s € S} is contained in ¢(H), then

(8)¢ x Xl (8YE < op(HY).

We now come to the precise definition of the series of iterated local laws for a spherically
transitive group G < Aut(X*). Consider the set {(g[.)]° | ¢ € G,u € X*} C Sym(X).
By the algebra for sections above, it is easily seen that this set forms a subgroup P(G) <
Sym(X) of the symmetric group on X. Given a subgroup H < Sym(X), we may define a
corresponding subgroup of Aut(X*) by

A(H) = {g € Aut(X™) | (9]u)|” € H for all u € X*}.

If H is a p-group, it is necessarily cyclic, and A(H) is a Sylow pro-p-subgroup of Aut(X™).

Let R = R(H) be the collection of all group laws of H, i.e. elements of the free group
F on infinitely many generators that evaluate to the trivial element for all assignments
of the generators to elements of H. Given any group K, we may consider the subgroup
Lr(K) generated by all verbal subgroups of K corresponding to elements in R, i.e. by all

images of R under any assignment of the generators of Fy, to elements of K.

Returning to the subgroup P(G) defined by a group of tree automorphisms, we see
that Lr(p())(G) is contained in the first level stabiliser, since Lgr(p())(G|?) is trivial by
construction; note that the map |? : G — P(G) < Sym(X) is a (not necessarily surjective)

homomorphism. Consider the iterates R, of R, that are recursively defined by

s€ Rp_1,7; € Rforie{l,...,n},

R, = {s(r1,...,r) | s an element involving n generators, and ,
r1,...,Tn Share no generator of Fio
for n > 1 and R; = R, where by the expression s(ri,...,r,) we mean the element of Fi

obtained by replacing the n generators occurring in s by the elements r; to r,. By the
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same argument as above,

LRn(P(G)) (G) < Stg(n).

Definition 6.2.2. Given a spherically transitive group of G < Aut(X™*), we write L, (QG)
for L, (p(@)(G), and we call (Ln(G))nen the series of iterated local laws.

We consider this series in the case of GGS-groups. It will be apparent from the
definition that every GGS-group G acts locally by permutations from a cyclic group of
order p, i.e. it fulfils

P(G) = ((01 ... p—1)),

The laws of such a group are generated by the commutators and p'" powers of generators
in F.,. Consequently, the group L;(G) is the subgroup generated by G’ and the p'"' powers
in G. We shall prove that L,(G) is in fact equal to G(").

6.2.2. GGS-groups and their defining tuples. — Let e = (e1,...,ep-1) € Fg_l be
a non-constant tuple, i.e. such that there are at least two different entries. We call the
group Ge generated by the rooted automorphism a = (0 1...p—1) and the automorphism
defined by

b=v"10:b, o:a®)

the GGS-group defined by e, and we call e the defining tuple of Ge.

Note that we exclude all constant tuples (in particular the zero tuple). The groups
defined by constant non-zero tuples in the same fashion as above are usually also referred
to as GGS-groups. Furthermore, groups defined by the same construction using elements
of Z /m7Z whose entries are set-wise coprime may also be referred to as GGS-groups.
In general, the structure of these groups is much less understood than in the case we
consider here. Even for prime powers m = p”, the situation is much more involved, see for
example [37], where the branching structures for these groups have been computed.

We consider the derived subgroups of a GGS-group G = Ge. Since G is two-generated,
the first derived subgroup is normally generated by the commutator ¢ = [b, a], whose action

on the tree is given by

P([b,a]) = (b~ H(b)
=(0:07Y 0o:a7®)(1:b, o:a%1)

=(0: b_laepfl, 1:a %, o:a®~17%).
This signifies the importance of the first difference tuple of e, which we define as
e = (e, e3,...,€, 9,6, 1) € 1{‘272,

where e, = e;_1 —¢; for all i € {2,...,p — 1}. We shall see that the index of the second
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derived subgroup in G depends furthermore on the second difference tuple of e, given by

" "o_n " " —3
e’ = (e5,ey, ..., €y 9,6, 1) EFP,
where €’; = ;9 —2e;_1 +e; = ¢€;_1 —¢€; foralli € {3,...,p—1}. In case p = 3

the tuple €” is the empty tuple. Clearly, we have described the beginning of an iterative
procedure, but surprisingly, the indices of the higher derived subgroup do not depend on

‘higher’ difference tuples.

In the following, we consider the elements of the vector space Fg and more generally
of direct products of groups G x .P. x G as indexed by the set X. The choice of indexing
for the defining tuple and its differences we have made above is for the following reason.
Let log, : (a) — F, be the map assigning the power i to any a, and 6 : G — ¥ the
map g — (log,(gl0)?,...,log,(g]p,—1)?) assigning to g its local actions under the first layer

vertices. Then, by definition,
0(b) = (0,e1,...,ep—1).

Thus we think of the defining tuple as an ‘incomplete element’ of IF;, and the element above
as its full counterpart; similarly we think of € and e” as the ‘tails’ of regularly formed

elements of

9(6) = (ep—lv —e€1, 6/27 6% R 6;)71)
and
H([Q CL]) = (ep—Q - 26p—17 e1+ €p—1, —2e1 + €2, ega 62{, RS €Z1)
respectively.
We call e, resp. €, symmetric if and only if
e = ep—i forall i € {1,...,p— 1}, resp.
€l = ey foralli e {2,...,p—2}.

These are clearly linear conditions. We define two linear subspaces S = ker(M) and

S = ker(M ) of Fgfl as the kernels of the two linear maps given by the matrices
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in Mat(p — 1, %; F,). Clearly e is symmetric if and only if e is an element of S, and we
have e € S if and only if €” is symmetric. Using this description, the following lemma

becomes apparent.
Lemma 6.2.3. Let e be symmetric. Then € is symmetric.

Proof. It can be easily seen that the subspace generated by the columns (displayed above
as rows) of M is contained in the subspace generated by the columns of M, i.e. that S C S,

Thus all symmetric e yield symmetric e”. O

Of course, if a vector is constant, all its difference tuples are trivial, hence in particular
constant and symmetric.

We can also see that the containment of Lemma 6.2.3 is proper and that codimg S = 1.
For further computations, we simplify the basis given by the columns of M using Gauk-

Jordan elimination, and obtain

10 0 2 -2 0 0 -1\
) 1 0 4 -4 0 1
N:
1 -3 3 -1

Lemma 6.2.4. Let e € IFZ_I. If the second difference tuple € is symmetric, then
2(ep,1 — el) + (82 — ep,Q) =0.

Proof. Since €’ is symmetric, the vector e is contained in S. But the given linear equation

is a linear combination of the first two columns of N, from whence the equality follows. [

For the use in formulas, we define the shorthand notation

1 if d is constant, 1 if d is symmetric,
con(d) = and sym(d) =
1 otherwise. 1  otherwise.

Aside from the first and second difference tuples and the defining tuple itself, all cyclic

shifts of e (under the action of a) influence the structure of the GGS-group Ge. Fernandez-
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Alcober and Zugadi-Reizabal [48] demonstrated that the index of the level stabilisers in
a GGS-group depends only on whether the defining tuple is symmetric, and the rank of
the circulant matriz Circ(0 e) € Mat(p, p;Fp) associated to the ‘full version’ 6(b) of the
defining tuple (0 e), that is the matrix whose rows are the cyclic shifts of the vector 6(b).

For the computation of the indices of the level stabilisers and the derived subgroups,
we use the Konig-Rados theorem, cf. e.g. [97, § 134] or [88], which solves the problem of

determining the rank of a circulant matrix over a prime field.

Theorem 6.2.5 (Konig-Rados). Let p be a prime and d € Fy, a vector. Then
rk Circ(d) = n —m,

where m is the multiplicity of 1 as a root of the polynomial Eq = Z?:_ol d; X*. In particular,
rk Cire(d) = n if and only if Z?;()l d; # 0.

For our purposes, we make a more general definition. Let V be a finite-dimensional
vector space over a finite field, let B be a basis for V', and let C' be the linear map that
cyclically permutes the basis elements. Given a subset M C V', we denote by Circ(M)
the smallest C-invariant subspace containing M, the circulant space of M. The notational
conflict with the definition of the circulant matrix given above can be ignored; the circulant
space is just the row space of the circulant matrix. We will often make no a distinction
between the two.

There are not many C-invariant subspaces. This is no surprise, since C' defines the
regular representation of a group of order p, which is the sum of p one-dimensional irre-
ducible sub-representations. In fact, there is a unique (full) flag of C-invariant subspaces

in V', which we record in the following proposition.

Proposition 6.2.6. Let V be an Fy-vector space of dimension n € N, with basis B. Then
the set of circulant spaces of V' has cardinality n+1 and forms a full flag of V. In particular,
forany M CV,

Circ(M) = U Circ(m).

Proof. We prove that, for every i € {0,...,n}, the set
Circ;(V) = {d € V | tk Circ(d) < i}

is an i-dimensional C-invariant subspace of V. If this is true, the circulant space associated
to any d € Circ;(V) ~\ Circ;—1(V) is in fact equal to Circ;(V'); since it is the minimal
invariant subspace containing d, it is contained in Circ;(V'), and by the choice of d it has
the same dimension as Circ;(V). Now for any subset M C V, the circulant space is equal
to the smallest invariant subspace containing all Circ(m) for m € M. It is easy to see that
these spaces are linearly ordered, hence Circ(M) is equal to the maximal subspace of the

form Circ(m).
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It remains to prove the claim. Fix i € {0,...,n} and d € Circ;(V'). Clearly the image
of d under C defines the same circulant space, hence Circ;(V') is invariant. It remains to

prove that it is an i-dimensional subspace.

To achieve this, we review some combinatorics of polynomials. Let Q = Q™ =
Zz;é qx X* € F,[X] be a polynomial of degree n— 1. In view of Theorem 6.2.5, we conduct
Euclidean division by (X — 1), and write Q) = (X —1)Q™ Y + R,,(Q), for a polynomial
Q1 and a constant R,,(Q) € F,. Iterating this, we write Q) = (X — 1)QU~1 4 R;(Q)
for i € {0,...,n — 1}. Clearly deg Q"W =i —1. The coefficients of Q¥ and the value of
R;(Q) can be calculated in terms of the starting polynomial Q™. This we now perform.
(Alternatively, we could compute the coefficients of Q™ as a polynomial in X — 1). Indeed,

it is easy to check that

n—2 n—1 n—1
QM =3">"gx* and R.(Q) =) a.
k=0 (=k+1 k=0

Thus, both the coefficient of X* in Q) and the value R;(Q) are weighted sums (i.e. positive
[F,-linear combinations) of the coefficients of Q. Write (4, j, k) for the multiplicity of g;
in the coefficient of X* in Q). The equation above shows that

n—1

k(i g, k) = Y kKli+1,4,0).

l=k+1

Consequently, for i < n, we find the familiar (ignoring j) recursion formula
k(i,j, k) = k(i,j,k+ 1)+ r(i+ 1,5,k + 1),

using that x(i,7,n) = 0 for all 4,5 € {0,...,n}. Since k(n —1,j,k) is 1 for j > k, and is

equal to 0 otherwise, we find
k(i,5,j+i—n)=1 and k(i,j,k)=0 fork>j+i—n,

and obtain the equality

didn = (1207,

n—ii—1

where we agree on (2) = 0 for r < s. The remainder R;(Q) is equal to the sum of all

coefficients of Q. Since deg Q¥ =i — 1, we have to calculate the sum

i—1n—1 o=y
k=0 j=0 7m0 k=0

We may ignore all summands with j < n — ¢, since then j —k —1 < n —1¢ — 1 for all

k € {0,...,i — 1}, and the binomial coefficient is zero. Likewise we may ignore all cases
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where k > j 4+ i — n. It remains to use ‘Stifel’s law’. We find

n—1 JjH+i—n . k _1 n—1 n .
-Ye X ()X > () =xel(,0)
j=n—i = n—i  k=n—i—1 j=i
Coming back to our circulant spaces, Theorem 6.2.5 tells us that the condition d €
Circ;(V), for any i, translates to Rj(Eq) = 0 for all j € {i+1,...,n}, and R;(Eq) # 0.
By our computations, the map R;: V — I, (for any j € {1,n}) assigning to an element
d = (do,...,dn—1), represented in the basis B, the value of R;(Eq4) as given above is
Fp-linear. Define R: V' — FP by dR = (dRi,...,dRy). This map is, due to B and the

standard basis, represented by the matrix

a right-justified Pascal triangle. The subspace Circ;(V) is the kernel of the composition
Rom<;, where m<,_; denotes the projection to the first n — i coordinates. Since R has full
rank, the image under this map has dimension n — i, whence the kernel has dimension 1.
Thus dim Circ; (V') = 1. O

It is not true that every defining tuple gives rise to a unique GGS-group. In particular,
multiples of a given e define the same group (as a subgroup of Aut(X™)). Furthermore,
certain reorderings of the entries give isomorphic groups, which helps us to reduce the

difficulty of our computations. We use the following characterisation.

Theorem 6.2.7. [120] Let G and H be two GGS-groups over the p-reqular tree defined

by e and d, respectively. Then the following two statements are equivalent:

() G=H,
(ii) there exist \,u € IF; such that €, = p-dy; foralli e {1,...,p—1}.

This allows us to choose defining tuples with desirable properties.
Corollary 6.2.8. Let G be a GGS-group. Then

(i) there is an GGS-group Ge isomorphic to G such that e; =1, and
(i) there is an GGS-group Ge isomorphic to G such that €' ; = 1 for somei € {1,...,p—

1.
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6.2.3. Properties and structure of GGS-groups. — We shall fix some further nota-
tion. Recall that, working with a given GGS-group G, we shall denote the rooted generator
a, the directed generator b, and we write ¢ for the commutator [a~!,b]. Furthermore we

shall use the following shorthand notation for the conjugates of ¢,

¢ =c" = [bai,a].
In particular, cg = ¢. We now describe the sections of ¢. We will use this computation
often and without constant reference. The sections of ¢; are the sections of ¢y cyclically
shifted; in general, for any g € Aut(X*) and for any i € Z, the first level sections of g%
i

are the sections of g, permuted by the inverse a™*, since the sections of a are trivial and

gal|]' = a7i|jg‘jaiai‘ja"’ = g‘j—ﬁ

ie. w(gai) = 1/1(9)“71', with @~ acting as a permutation of the index set X.
It is well-known that all GGS-groups posses strong ‘self-similarity’ properties, which
is one of the reasons making this class of groups an interesting object to study. We collect

some statements into a lemma, for proofs see e.g. [120].

Lemma 6.2.9 (Fractality properties of GGS-groups). Let G be a GGS-group. Then G

is self-similar, fractal and contracting with nucleus (a) U (b).

Furthermore, every GGS-group is a regular branch group, which is not true for the

analogous of GGS-groups defined by constant tuples.

Theorem 6.2.10 (Branching properties of GGS-groups, cf. [48|). Let G be a GGS-group
with defining tuple e. Then

(i) ¥(3(Sta(1))) = 73(G) x .2. x 43(G), and
(i) [ x 2. x G : p(Sta(1))] = po©.

Also Stq(2) < v3(G). In particular, G is regular branch over v3(G), and it is regular

branch over G’ if e is non-symmetric.

This allows the application of the following lemma of gunik, which provides the analogue

of Theorem 6.1.2 for level stabilisers.

Lemma 6.2.11. [144, Lemma 10] Let G be a regular branch group over K < G, such
that Stg(n) < K for some n € N. Then for allm > n

w(stg(m + 1)) = Stg(m) x . P x Stg(m).

For GGS-groups in particular, the value of n is 2.
We now begin with a study of certain small quotients of GGS-groups which will play a

role in the determination of the derived series. Most of these results are known, but using
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the next lemma, we can give new and short proofs that have the benefit of being easily
generalised to larger families of groups, as they for the most part do not involve p-group
methods.

Lemma 6.2.12. Let G be a GGS-group, let g € G, and let w(a,b) be a word in the letters
a and b that evaluates to g in G. Then clearly w(1,b) evaluates to an element in (b) = TF,.
The map

e:G—=TF, g—w(l,b)

that assigns to g is b-exponent sum is a well-defined homomorphism. In other words, the

quotient of G by the normal closure of (a) is a group of order p.

Proof. Rewrite w(a,b) into a word of the form

poo et | gt 0 g
with ¢;, k; € F, for i € {0,...,n} and k; # k;yq fori € {0,...,n—2}. We may also assume
n > 1, since the statement is clearly true otherwise. Let x be any letter of X. Since all
conjugates of b fix x, a word representing w(a, b)|, is
b, Dl - Bl -

Look at a length-2 subword b]i]; kjb|ffjéj+1. Since kj # kj11, at least one of the two sections
is a power of a, since only one section of b is not. We collect all resulting elements of (a) and
combine consecutive powers of b (which does not change the b-exponent sum) and obtain a
word wy(a, b) with fewer syllables representing w(a, b)|,, such that Zg;é wgz(1,0) = w(1,b).
Since G is contracting (which is an consequence of the same argument), for every w(a, b)
there is a level X™ for n € N, such that all sections of w(a,b) at vertices v € X" are in
the nucleus of G, hence powers of a or b. Clearly, all sections are minimal words, and the
sum of their b-exponent sums is the b-exponent sum of w(a,b). Thus this value does not
depend on the word representing a certain element. Consequently € is well-defined and a

homomorphism. ]

Using this lemma, we are able to quickly recover some well-known facts about certain

small quotients of GGS-groups.
Lemma 6.2.13. Let G be a GGS-group. Then

(i) G/G' is isomorphic to an elementary abelian p-group of rank 2,

(iii) G/St(1) has order pP*!, and
(iv

Proof. (i): The quotient G/G’ is generated by the images of a and b, hence a quotient of

)

(ii) G/v3(G) is isomorphic to the Heisenberg group over Fp,
)
)

the subgroup generated by the p™* powers of G is contained in G'.

an elementary abelian p-group of rank 2. Clearly b is not a power of a, and a is not a
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stabiliser of the first level, hence not in the commutator subgroup. Since the b-exponent
sum of any element in the commutator subgroup is 0 mod p, the generator b is not in G’
either by Lemma 6.2.12.

(i3): The centre of G/v3(G) is generated by ¢ = [b,a]. Since ¢? =, [b,a”] = 1, the
group G/v3(G) is isomorphic to the Heisenberg group over F,,.

(#i): The the first level stabiliser is generated by the conjugates of b by powers of a.
Since the position of the section equal to b is different for every different power of a, it is
generated by p elements of order p, all of b-exponent sum 1. Thus, as in (i), the quotient
Stg(1)/Stg(1)" is an elementary abelian p-group of rank p. Since G/ Stg(1) is cyclic of
order p, the result follows.

(vi): Lastly, it is enough to prove that b is not a p'™™ power. But the b-exponent sum

of a p*™ power is 0 mod p, hence b is not a p™ power by Lemma 6.2.12. O

Proposition 6.2.14. Let G be a GGS-group. Then
[Sta(1), G'] = ~3(Stg(1)).
In particular, v3(Stg(1)) < G”.

Proof. Recall from Theorem 6.2.10 that

Y(13(Sta(1))) = 13(G) x 2. x 43(G).

The inclusion [St(1)', G'] < v3(Sti(1)) holds true for any group. It remains to prove the
other inclusion. Using Proposition 6.2.1, it is enough to prove that (0 : [¢,b], ¢ : id) and
(0 : [c,a], ¢ :id) € ¥([Sta(1),G']), since 73(G) is normally generated by [c,b] and [c, a].

We distinguish two cases.

Case 1: The defining tuple is non-symmetric. Then by Theorem 6.2.10(ii)
P(Ste(1)) =G x 2. x G,

and (0 : ¢, ¢ :1id) € ¥(Stg(1)’). By Corollary 6.2.8(ii) we may assume €’; = 1 for some
i€{2,...,p— 1}. Consequently c|; = a, hence

cp—ilo = cli = a,
(75 e Mlo = ara~ b =b.

Since ¢,—; and ¢ are elements of G’, we obtain that

[(0:¢, 0:id),¥(cp—i)] = (0: [c,al], ©:id),
[(0:¢, o:id),Y(c> e™)] = (0: [c,b], o:id)

P—1i
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are both elements of ¢ ([St¢(1)', G']).

Case 2: The defining tuple is symmetric. Since it is not constant, the prime p is necessarily

greater then 3. By Corollary 6.2.8(i), we may assume e; = e,_1 = 1. Observe that
(b, b)) = [(b),(b*)] = (0: [b,a], 1:[a,b], 0:id) = (0:¢, 1: ¢, o:id).
Now let j € Fy ~{1,p — 1}, which exists since p > 3. Then
Y([a®,b]) = (0:a=®2b, 25 : b a4, o g% %0 —2),
in particular [a?,b]|; = a® ~®-i = id, since e is symmetric. Thus

[ 5" 7|y = [a¥,b]]; =id, and

[ 0] |g = [a%,b]|j_1 = @171,

since j & {1,p — 1}. If there is such a j with e;_1 # e,—j_1, let i € Z be such that

i =p (€j-1 — ep—j—l)_l, and observe that

D([[b%, 0], [a®,b]]) =[(0:¢, 1:¢7t, 0:id), (0:a, 1:id, o: [a¥,b]")]s]
=(0:[c,al], ¢:id).

But such an element j must always exist. Assume otherwise, for contradiction. Then for
any j ¢ {1,p—1}

€5 = €0+i)-1 T Cp-(145)-1 T G2

But since every element of }F; is a multiple of 2, this implies that e is constant, a possibility
that we have excluded.

It remains to show (0 : [¢,b], < : id) € ¥([Ste(1),G"]). If ep—o # 0, consider the
element g = [a?, b]*®r—2[a2, b], which fulfils

glo =a®*"2a"%2h and g|; =a® "% =id,

using the fact that e is assumed to be symmetric. If otherwise e,_o = 0, set g = [a2,b],

which has the sections
glo=a"®2b=0b, and gjy=a"""'=id.

In both cases
Y([[6%,b],9]) = (0: [¢,b], ©:id). O

Using Proposition 6.2.14, we may derive a nice corollary.
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Gx.P.x@

p—t G'x.?.xG
sym(e) —

StG(l)l -
con(e’) + sym(e”) — sym(e) |
G// p

p — con(e’) — sym(e”)

13(Sta (1)) 73(G) x 2. x 3(G)
p(t—2) p(t—2)
Stg(3) ——— St(2) x .2. x Stg(2)

Figure 6.1: Part of the top of the subgroup lattice of a GGS-group, with some supergroups
added. Passage from the left to the right side signifies the application of ¢. All indices are
logarithmic.

Corollary 6.2.15. Let G be a GGS-group. Then G is branch over G”, independent on
the value of sym(e).

Proof. Using Theorem 6.2.10(i) and Proposition 6.2.14 we find the inclusion

G % B x G" < 43(G) x 7. x 43(G) = ¥(y5(St(1)))
= ¢([St(1), G']) < P(G"). O

6.3 — The derived series of GGS-groups

The main difficulty for the computation of |G : G| for n > 1 is the calculation of
|G : G"|. We now begin with this, applying the theory of circulant spaces sketched in
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Proposition 6.2.6. Recall that we can compute the circulant space generated by some
vector d € F)) by counting the number of trailing zeros in the image of d under the linear

map R, and that the last three components may be computed as

n—1 n—1 n—1 .
dR, =Y d;, dR,_1=) id, and dR, =Y. <;> d.

i=0 i=0 =0

Proposition 6.3.1. Let G be a GGS-group with defining tuple e. Then
log, |G : G"| = p+ 1+ con(e’) + sym(e”) — sym(e).

Proof. Since G' < St(1), the second derived subgroup G” is contained in Stg(1)’, which
is in turn contained in G’ x .P. x G’ by Theorem 6.2.10. By Proposition 6.2.14 and
Theorem 6.2.10 we find

B(G") Z Y(y3(St(1))) = 13(G) x 2. x 3(G),

so that G” is wedged in between the subgroups ¥ ~1(73(G) x .2. x v3(G)) and ¥~ (G’ x
2. x G"). Since the quotient G’ /y3(G) is cyclic of order p by Lemma 6.2.13(i) and (ii), we
may identify the quotient

(G x 2. xG")/(13(G) x 2. x y3(G)) = G /v3(G) x .2. x G’ |y3(G)

with a p-dimensional Fp-vector space V, such that G” - (y3(G) x .P. x 43(G)) represents a
sub-vector space W of V. We calculate the dimension of this subspace. Knowing it, we
can easily deduce the index of the second derived subgroup. Recall that log,[G’ x .. x G" :
St(1)'] = sym(e) by Theorem 6.2.10, and has that St(1)’ has p-logarithmic index p 4+ 1 in
G by Lemma 6.2.13. Thus

log, |G : G"| =log, |G : Stg(1)'| 4 log,[Sta(1) : G”]
=log, |G : Sta(1)'| +10g, |G' x .2. x G': G"| —log, |G' x .2. x G' : Stg(1)'|
=p+ 1+ codimy (W) — sym(e).

Note that it is a consequence of [48, Lemma 3.5] (and indeed, of the calculation of [b, %] at
the beginning of ‘Case 2’ in the proof of Proposition 6.2.14) that the subspace U represented
by St(1)" in V is equal to Circp—1 (V) if e is symmetric. We will not use this fact here, but
find it helpful to keep in mind.

To compute the dimension of W, we calculate the images of a set of generators of W
in V. Since G’ is generated by the elements {c? | g € G}, the second derived subgroup G”

is generated by elements of the form

[091,692]93 — [C, nggfl]glg?s
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for some g1, g and g3 € G, i.e. a generating set is given by
{[e;e)" | g,h € G}

Since we calculate modulo 73(G) x .P. x 3(G), we may restrict the choices of g and h
significantly. Indeed, writing g = a’s and h = a’t for some i,j € F, and s,t € St(1), we

see that, for any € X (and writing y = 2 and z = y“i =z , and using the fact that

the section map is a homomorphism on St(1)
e, 511], = [, *1t]y = [elys <1y = [ely, (cl:) 41 =1 [elyscla]

Thus s and ¢ play no role modulo v3(G) x.2. xv3(G), and we may restrict to the generating

set
{le.¢” 1% 7 14,5 € By} = {leirj) | 1,5 € Fp}.

We do also know how a acts (via the conjugation action on St(1)") on the vector space U.
To describe this action, we choose a basis; since G’ /v3(G) is generated by the image ¢ of ¢,
we decide to consider this abelian quotient as a group written additively, i.e. c¢'y3(G) = ic

for any 7 € IF,,. Our basis is hence the standard basis with respect to ¢
((,0,...,0),(0,¢,0,...,0),...,(0,...,0,¢))

Now conjugation by a (on any element s of the stabiliser) cyclically permutes the entries
of the tuple ¢7(s). This corresponds to the linear map cyclically permuting the basis
elements, hence extends naturally to an action on the full space V. Since W is the subspace
representing G”, a normal subgroup, it is invariant under this action, i.e. it is a circulant
space. Notice that [Ci,cj]afk = [Cit+k, ¢j+k]. Furthermore

i @

“ ’C] = [C’ Cp*i]a )

c, ci]_l = [ei, ] = [¢

thus the set {[c,¢;] | ¢ € {1,...,(p—1)/2}} normally generates G”. Equivalently, the
images under ¢ (the map St(1) 3 g — (log,(glo), - - -,log,(g|p—1)) defined at the beginning
of Section 6.2.2)

d; = 0([c, ci])

generate W as a cyclically invariant subspace, i.e.
W =Circ({d; |ie{1,...,(p—1)/2}}).

By Proposition 6.2.6, it is enough to compute the rank of Circ(d;) for every i. So let us
compute the images of [c,¢;] under §. We begin with the cases i € {2,...,(p—1)/2},
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where we find
0: [bflaepfl,aelﬂfi], 1: [a®b, ae/P*”l]
bleel) = | i: (@@ am)), it 1: [an, e
o id
0: [bya]7®r1, 1: [b, a]e/P*Hl,
=| i: [bal®, i+1: [ba]1, (mod v3(G) x .2. x v3(Q)).
o: id
By our choice of basis for V', we find
di = 0([6, Cl]) = (0 : —e/p_i, 1: e’p_H_l, i: e'i, 14+ 1: —e'i+1). (*z)

The last generator [c, ¢1] has a slightly different form,

W([e,cr]) = (0: b ta®1,a®P1]), 1:[a"®'b,b "a®1], 2: [a®2,a®1b], o : id)
(0:e™®p 1 1:c® 170 2:¢7%2 5:id)  (mod v3(G) X .2. x 13(@)),

and gives rise to the vector
di =6(jc,1]) =(0: —€/p_1, 1:ep_1 — ey, 2: —€9, ©:0). (1)

Using these descriptions, we are able to compute some of the circulant spaces associated to

d; by applying the maps R,, R,—1 and R, 2 to d;. To do so, we make a case distinction.

Case 1: If the second differences vector e’ is not symmetric, there is some index ¢ €
{3,...,p— 1} such that €”; 1 # €”,_;+1. In this case, the sum of the components of the

corresponding vector d; is
/ / / / ! !
diRtp = (€'p—i — €'pit1) — (i —€'i1) = €"pip1 —€"ip1 #0,

and by Theorem 6.2.5 the rank of the circulant matrix Circ(d;) = p, since the sum of the
coefficients of d; is not 0. The subspace W is equal to the full space V', and we find

log, |G : G"| =log, |G : G' x .2. x G|

Assume that the first differences vector € is constant. Then e” is constant 0, hence
symmetric, a contradiction. Also, by Lemma 6.2.3, the asymmetricality of e” forces e to
not be symmetric, hence G’ x .P. x G’ is in fact equal to St(1)" and a subgroup of G. We
conclude that the index of the second derived subgroup fulfils

log, |G : G"| =p+1=p+1+con(e)+sym(e”) —sym(e).
=0 =0 =0
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Case 2: Now assume that the defining tuple €” is symmetric. Using the description of the
generators given in the first case, we see that Circ(6(]c, ¢;])) C Circp—1 (V). We furthermore

need to consider the generator [c, 1], that played no role in the previous case. Since
diR, =€, 1+e,_1—e —€3=2(e,_1 —e1)+(e2—e,_2) =0

by Lemma 6.2.4, the sum of the coefficients of [c, ¢1] vanishes, and Circ([c, ¢;]) is contained
in Circ,—1(V) as well. Consequently, W is a subspace of Circ,—1(V'). We can go on and
reduce the possible size of Circ([c,c1]) further. Consider the image of the cyclic shift

[c,c1]*”" under 6,
di =0(jc,c1]* ) = (ep_1 — €1, —€'1,0,...,0,—€p_3).
Of course, this vector generates the same circulant space. But clearly
diR1=0-(e,_1 —e))—€1—(p—1)ep o =—€1+€, =0,
since €’ is symmetric. Hence Circ(dy) C Circ,—o(V).

Contrary to the situation in the previous case, the symmetry of €’ does not force e

or € to be symmetric (resp. constant). Therefore, we have to make another case distinction.

Subcase 2.1: Assume additionally that €’ is not constant, i.e. that €” is not zero. We want
to show that Circ(d;) = Circ,_2(V) for some i € {1,...,(p —1)/2}. Notice that for all
i€{2,...,p— 1} we find

eip1 — e/p—i-‘,-l =€ i1 +€i0— e/p—i - e//p—i-i—l =€i0— e/p—i7
since €” is symmetric, and consequently
eit1 = i1 = €12 — € pi1)2 = & pray - (1)
Building on this calculation, we can compute

0 1 1 1+1
diRy = <1> '_e/p—i + (1) e/p—i-l-l + (1>e/i - ( 1 >e/i+1

/ / . / /
=e€p i1 —€it1+i(e; —e€it)

N/ /!
=1€ j+1 — € (p41)/2-

This is not 0 if €”(,;1)/o = 0, since there must exist some i € {3,..., (p — 3)/2} such that

e”; # 0, because €” is by assumption symmetric and non-zero. If otherwise ", 1y/2 # 0,
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for i = (p — 1)/2 the equation becomes

. p
diRy—1 = ie”it1 — e//(p+1)/2 =—

5" (12 # 0.

Thus Circ,—1 (V') = Cire(d;) € W C Circ,—1, and we can verify that

log, |G : G"| = p+ 1+ codimy (W) — sym(e)
=p+2—sym(e)
=p+ 1+ con(e’) +sym(e”) — sym(e).
—— —

=0 =1

Subcase 2.2: Finally, assume, in addition to €” being symmetric, that € is constant. Write
k € T, for the constant value of e'. Note that k # 0, since otherwise €' is zero and e
constant.

As we have argued above, W is contained in Circ,_1 (V). In view of the formula we want
to establish, we aim to prove that W = Circ,_(V'). We first show that Circ,—2(V) C W,
by computing

0 1 2
lep_g = —(2) e/p_g + <2> (ep_l — 61) — (2) e/l = —ell = -k 7& 0,

hence Circ,_o(V') = Circ(y1) € W.
It remains to show that Circ(d;) C Circp—o(V) for all i € {2,...,%}, i.e. to show
that d; Ry = 0. We calculate

0 1 i 1+1
diRR,_1 = <1> '_e/pfi + <1> e/p7i+1 + <1>e,i - < 1 >e,7;+1
=k+ik—(i+1)k=0
Thus W = Circ,—2(V) and

log, |G : G"| = p+ 3 —sym(e) = p+ 1+ con(e’) + sym(e”) — sym(e),
=1 =1

which concludes the proof. O

In fact, our proof gives more than just the index, but allows for some structural de-

scription of G”. We record this in the following corollary.

Corollary 6.3.2. Let G be a GGS-group. Write V' for the vector space G’ [v3(G) x .P. X
G'/v3(G). Write 7 for the quotient map G — G /~v3(St(1)). Then

WG ={(g1,--,9p) € G X 2. X G | (7(g1),-..,7(gp)) € Circyi(V)},

where i = con(e) + sym(e”) — sym(e).
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To describe the series of iterated local laws, we record the following lemma.

Lemma 6.3.3. The group of p™ powers of G’ is contained in v3(Stg(1)). In particular, it

is contained in G".

Proof. The group G’ is geometrically contained in the direct product G x .?. x G. Now
G/v3(G) is isomorphic to the Heisenberg group over [F,,, hence of exponent p. Consequently

(G"P <Y~ 1(13(G) x .2. x v3(G)) = v3(Sta(1)). O
Now that we have established the value of |G : G”|, it remains derive our main results.

Proof of Theorem 6.1.2. Assume that the given equation holds true for some n € N. Then
we find

P(GPHDY = p(GMY = (G x 2. x GNY = G % 2 G,

since G < Ste(1). Thus by induction it is enough to consider the case n = 3, or the
case n = 2, respectively.

First assume that con(e’) + sym(e”) — sym(e) = 0. By Theorem 6.2.10 we find
Y(Sta(1)") = G'x.2.xG", and by Proposition 6.3.1 log,[G : G"] = p+1. By Lemma 6.2.13(iii),
we also have log, |G : Stg(1)'| = p+ 1, and since G” < Stg(1)’, the subgroups G” and
St(1) = ¢~ 1(G’ x .P. x G') coincide. Hence the equation holds for n = 2.

Now we drop the assumption on the defining tuple, and prove the desired equation for
n = 3. Since G” is normally generated by the elements {[c,c?] | g € G}, we have to prove
that (0 : [¢,¢9], o :id) € (G®)) for any g € G, then an application of Proposition 6.2.1
concludes the proof.

Let g € G be arbitrary. Since G is fractal, we may find g € St(1) such that glp = g.
Furthermore, we know by Corollary 6.3.2 that we find

h=0:c, 1:¢72 2:¢, o:id) € »(G").

Thus
b7 ] = (0 [ilo, Ao s2]) = (0 [e, 7], o+ id) € p(G). .

Proof of Theorem 6.1.1. Using Theorem 6.1.2, Proposition 6.3.1 and Theorem 6.2.10, we

obtain

log, |G": G®)| =log, |G’ x 2. x G’ : G" x 2. x G"| —log, |G' x .2. x G' : ¢(G")]
=log,(|G" : G"[P) — con(e’) + sym(e”)
= (p—1)(p + con(e) +sym(e”)) — psym(e)).
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Using Theorem 6.1.2 yet again, we find for n > 2

log, |G™™D : G| =1log, |G x .. x G GV % 2% GV
= plog, |G . ¢,

and consequently

n—1
log, |G": G™| = "log, |GV : G|
=2

= an__l ! log, |G" : G|
= (72— )+ eon(e!) +symie’)) — PSP oyme),
hence by Proposition 6.3.1
log, |G : G| = p"2(p + con(e’) + sym(e”)) — p;l_—ll sym(e) + 1. O

Corollary 6.3.4. Let G be a GGS-group defined by a non-constant vector. Then the

series of iterated local laws (L, (G))nen coincides with the derived series (G™)en.

Proof. Let G be a GGS-group. We have to show G = L,(G) for all n € N. It is enough

n+1) for all n € N; for in this case all

to show that all p*™ powers in G(™ are contained in G
words involving a p'" power give rise to verbal subgroups that are contained in the (n+1)%
derived subgroup.

By Lemma 6.2.13(iv) and Lemma 6.3.3 this holds for n € {1,2}. Hence we assume that
n > 2. Then, by Theorem 6.1.2, the group (G™) is contained in G~V x P, x G»=1),

Using induction, we see that

PGP = (GD % 2 x g=Dyp
(G x 2. x (GI=1)P)
(G x 2. x M), O

IN

IN
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Part 1I:

The Magnus property

and its generalisations
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CHAPTER 7

The Generalised Magnus property for finite and
crystallographic groups

7.1 — Introduction

In 1930, Magnus published the proof of his ‘Freiheitssatz’, which has since been funda-
mental for the study of one-relator groups. A one-relator group G is a group given by a
presentation (X | {r}), with X a set of generators and {r} a set consisting of a single rela-
tion r, i.e. a reduced word in the free group Fx on the set X. In other words, one-relator

groups are quotients of the form

G = Fx/(r)™,

where we denote the normal closure of a subgroup H < G in G by H®. We notice
immediately that the group G does not depend on the element r on its own, but on
the normal subgroup generated by it; in particular, if » and ' are conjugate elements
of Fx, the one-relator groups defined by r and r’ are equal. This allows to restrict the
choice of relations r to elements that are of minimal length in a given generating set. The
appropriate length function is the cyclically reduced length of a word. An element r € Fy,
for any given set X, is called cyclically reduced if its usual word-length with respect to X
is minimal among all conjugates of r. Equivalently, a word r = x1 ...z, given by n letters
in X*! = X U X~ is cyclically reduced if and only if all cyclic shifts of r are reduced

words, i.e. if the word

ZL(i41 mod n)L(i+2 mod n) - - - (i mod n)

is reduced for every i € Z. It is clear that this property is shared by all cyclic shifts. Since

cyclic shifts are always conjugate to one another, by virtue of
n
-1
(xlxz) (xlxn) (xl l’z) = Hx(iﬂ- mod n)s
j=1

there may exist (in general) more than one cyclically reduced word in any given conjugacy
class. In fact, the converse of the above is true as well: all cyclically reduced words in a

conjugacy class of F'x are cyclic shifts of each other. The word length of these cyclically
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reduced elements is, by definition, the cyclically reduced length of all elements in the
conjugacy class.

We can now formulate Magnus’ Freiheitssatz in the following way.

Theorem 7.1.1 (Magnus’ Freiheitssatz, [107]). Let X be a set and let r € Fx be a
cyclically reduced word. Let G = (X | {r}) be the corresponding one-relator group and let
x € X be a generator. If v ¢ Fx (., where we use the natural embedding of a free group
on a subset S C T into the free group on the superset T, then the subgroup of G generated
by the image of X ~ {z} in G is a free group on the image of X \ {z} in G.

This theorem can be seen as an analogue of the rank—nullity theorem in linear algebra,
in the sense that the addition of a single relation r to a free object reduces the rank precisely
by one.

We have already noted that a one-relator-group G = (X | {r}) is determined by the
normal subgroup generated by r rather than r itself. The Freiheitssatz suggests that it is
helpful to choose a cyclically reduced word in the conjugacy class of r, which is unique up
to cyclic permutation (in particular up to finitely many choices). It is natural to question
if one may improve the choice of r further by considering another conjugacy class of Fx
included in (r)!*. The answer is ‘no’, and a direct consequence of the following theorem

of Magnus.

Theorem 7.1.2 (Magnus property for free groups, [107]). Let r and s be elements of Fx

for some set X. Then the two following statements are equivalent:

(i) (r)™ =(s)", and
(ii) the elements r and s are conjugate or inverse conjugate in Fx, i.e. there exists g € Fx

such that 9 = s orr9 = s~ 1.

The proof of this theorem uses the Freiheitssatz, but both in the classical form by
Magnus [107] and in more modern formulations [108,109] it is quite technical, whence we
omit it here.

We say that a group G has the Magnus property if it satisfies the analog of Theo-
rem 7.1.2. (In Definition 7.2.1 we shall give a more general definition.) Motivated by
Magnus’ result, there have been various groups for which the Magnus property or its
logical negation have been established [23,24,46,47]. One of the main difficulties in estab-
lishing both positive and negative results is the fact that the class M of all groups with the
Magnus property is badly behaved with respect to basic group-theoretic constructions. In
fact:

e The class M is not closed under quotients. This is quite obvious, since every group
is the quotient of a free group, hence, by Theorem 7.1.2 a group in M. Thus, it
suffices to construct a group that does not have the Magnus property. We shall see

a plethora of examples in this chapter.
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e The class M is not closed under subgroups. We give a basic example. Let G =
C; x C3 = (a,t | a” = 12 = 1,a" = a®) be the non-abelian group of order 21.
This group has the Magnus property; indeed, the group has precisely three normal
subgroups, the only non-trivial being H = C7 = (a). The (non-trivial) orbits of
H under the conjugation by C3 = (t) are of size 3, hence every element generating

H is conjugate either to a or a™!.

Clearly, the trivial element is the only element
normally generating the trivial subgroup. Every other element normally generates
the full group G. But these elements fall into precisely two conjugacy classes, since

t* = a3t, and consequently
t¢ =tla) and (tHY =t"Ya).

On the other hand, the group H does not possess the Magnus property. The elements
t and t? both generate H, but since H is an abelian group, it suffices to notice that
they are neither equal nor inverse to each other.

e The argument we have just used to prove that C7 does not possess the Magnus prop-
erty can be easily extended to characterise the abelian groups within M. Of course,
in an abelian group normal subgroups are just subgroups, and being conjugate or
inverse conjugate is equivalent to being equal or inverse. Thus, the Magnus prop-
erty for abelian groups is equivalent to the statement that every cyclic subgroup
has at most two generators. Given a cyclic group of finite order n, the number of
generators is equal to the value of the Euler ¢-function at n. There are only five
integers n such that ¢(n) < 2, namely 1,2, 3,4 and 6. Additionally, an infinite cyclic
group also has precisely two generators. We conclude that an abelian group has the
Magnus property if and only if all elements have order 1,2,3,4,6 or co.

Now let G be a group, not necessarily abelian, with the Magnus property. Then the
centre of G also has the Magnus property; indeed, if g, h € Z(G), then the normal
subgroups generated by ¢ and h both in Z(G) and in G are just the subgroups
generated by these elements, and since g and h are central, they are equal or inverse
to each other if they are conjugate or inverse conjugate in G. But the conjugation
action of G on its centre is trivial, hence the two elements are either equal or inverse
to another.

Thus, we see that the class M is closed under taking the centre. Together with the
classification of abelian groups within M, this excludes many groups from M.

e The class M is not closed under direct products. Indeed, we have seen that Cs and
C4 are in M, but since C3 x C4 = Cyo, their direct product is not in M. One might
think that this behaviour is restricted to torsion groups, however, the failure of M to
be closed under products is more severe. In [94], Klopsch and Kuckuck construct an
example of a direct product of two finitely generated, torsion-free, residually finite

groups with the Magnus property that itself does not possess the Magnus property.
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However, they also provide conditions when direct products are again in M. For
example, the class of residually finite-p groups with the Magnus property, for an
odd prime p, is closed under direct products. This shows that, in particular, direct
products of free groups possess the Magnus property, cf. [47] for another proof of this
fact.

However, the full class M does also possess certain closure properties, which are model-
theoretic in nature. To make this precise, we have to introduce some terminology. A
first-order sentence (in the language of groups) is an expression built from the symbols
V,A,n, = ,V,3,=, the brackets ( and ), o (signifying the group multiplication), ~!
(signifying the inverse element), 1 (signifying the neutral element), and an arbitrary finite
set, of variable symbols such that the expression parses as a validly formulated mathematical
statement. For a precise definition, see for instance [129]. Let G be a group and ¢ a
first-order sentence. We say that G models ¢, symbolically G |= ¢, if the mathematical
statement of ¢ is true in G. For example, if ¢ = VgVh gh=hg, then every abelian group

models ¢.

We say that two groups G and H are elementarily equivalent if they have the same

first-order theory, i.e. if for every first-order-sentence ¢
GE¢ ifandonlyif H .

We can express ‘having the Magnus property’ as a collection of (infinitely many) first-order
sentences. Since first-order logic cannot directly express subsets, we have to work around
the fact that the Magnus property concerns the subgroup normally generated by a single
element. This is done in the following way. Given some element g of a group G, every

element of (g)“ can be expressed as

(g () (1)

for somen € N, and g; € {—1,1} and k; € G fori € {1,...,n}. Thus, for every pair of non-
negative integers n,m € N and every pair of maps ¢ € {—1, 1} 5 e {—1, 1}

we define a first-order sentence

linmes =Yg Yh Vki.. .Yk, V...V,
(gﬁkl_lhs(l)kl o k;lhs(")kn A hifflga(l)ﬁl B .E;,ng‘s(m)ﬁm>

— 3t (g=h'vg '=h').
Now the collection of all such sentences

M = {ptnmes | n,meN e e {-1,1}1m 5 e {—1,1}{L-m}}
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describes the Magnus property. Indeed, if G |= u for all p € M, then every pair of elements
g and h € G generating the same normal subgroup does this according to some pair of
expressions of the form (). Thus, the statement left of the = -symbol in the first-order
sentence fi, m s corresponding to this pair of expressions is true, and since the sentence
Hnm.es 1S true in G, the elements g and h are conjugate or inverse conjugate. We conclude
that the class M is closed under elementary equivalence.

This has immediate consequences. We have seen that free groups have the Magnus prop-
erty, and the groups that are elementary equivalent to a (non-abelian) free group have been
identified by Kharlampovich and Myasnikov [91], and by Sela [136] independently, solv-
ing the so-called Tarski problem (posed in [145]) of describing these groups. The groups
elementary equivalent to free groups are certain hyperbolic groups, including for example
all fundamental groups of compact orientable surfaces of genus g > 2 and all fundamental
groups of compact non-orientable surfaces of genus g > 4. There exist alternative, algebraic
proofs for the fact that a surface group of this kind has the Magnus property, cf. [23].

The class M enjoys another nice property: all countable torsion-free groups have a su-
pergroup in M. This is a consequence of the following classical result of Higman, Neumann
and Neumann [82]: every countable torsion-free group can be embedded into a group with
precisely two conjugacy classes. By a theorem of Osin [117], this supergroup with the same
property can be chosen such that it is even finitely generated. In any group with precisely
two conjugacy classes, all non-trivial elements are conjugate, whence the group possesses
the Magnus property.

We quickly summarise some further results on the Magnus property.

e In contrast to the abstract case, free pro-p groups do not possess the Magnus property;
this was first noticed by Gildenhuys [57].

e A group G is called locally indicable if every finitely generated subgroup H < G is
either trivial or possesses the infinite cyclic group Cy, as a quotient. This property
appears naturally in the study of systems of equations over a group, cf. [85], or
in the theory of free products with amalgamation, cf. [86]. Building on a version
of the Freiheitssatz established by Howie in [85], Edjvet proved in [42] that the
Magnus property is preserved under free products within the class of locally indicable
groups.

e By a result of Feldkamp [46], the results on fundamental groups of closed surfaces
mentioned above can be extended to all compact closed surfaces, irregardless of the
genus of the surface, using a criterion for certain one-relator groups to have the
Magnus property.

e In contrast, Bogopolski [23] constructs countably many non-isomorphic torsion-free

hyperbolic one-relator groups without the Magnus property.

Note that most of these results concern ‘big’ — e.g. free, hyperbolic, one-relators — groups.

Our aim is to make some explorations in different directions, and consider the Magnus prop-
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erty for ‘small’ groups: be they finite, nilpotent, soluble, or virtually free abelian. It is not
futile to search for the Magnus property among such groups; recall that the non-abelian

finite group Cy x C3 is in M, as we have seen above. We consider another example.

Example 7.1.3. The infinite dihedral group Doy = (a,b | a® = a7, 6> = 1) has the
Magnus property.

Indeed, all elements of D, may be written in the form a™b¢, for some n € Z and
e € {0,1}. The conjugacy class of an element of the form a” (such that e = 0) has

b — ¢=". Thus, the normal subgroup generated

cardinality 2, since a centralises a”, and (a™)
by a™ is just (a™), an infinite cyclic group with two generators that are inverse to each other.
Consider an element of the form a™b. Its conjugacy class is infinite, since (a"b)®" = a™~2™b
for all m € Z. We find that the conjugacy class equals {a"*?™b | m € Z}. If n is an even
number, the element normally generates the subgroup (a?,b), otherwise, it generates the
distinct subgroup (a?, ab). Therefore, all elements in different conjugacy classes generate
different normal subgroups, and D, is a member of M. Indeed, we did not need the
‘inverse-conjugate’-part of the Magnus property, and proved that D, has what we will
later call the ‘strong Magnus property’.

For the remainder of this chapter, we proceed as follows. As a first step, we will revisit
the definition of the Magnus property to generalise it. We identify four main variants,
and provide some examples for the characteristic Magnus property. This is the content of
Section 7.2. In Section 7.3, we consider finite groups with different Magnus properties, and

prove the following two theorems, cf. Theorem 7.3.5 and Theorem 7.3.7,

Theorem. Let G be a finite group with the ‘strong Magnus property’. Then G is a {2,3}-

group.
Theorem. Let G € M be a finite group. Then G is a {2,3,5,7}-group.

Afterwards, we explore the relation of the Magnus property to group rings and their
units in Section 7.4 and Section 7.5. As a part of this investigation, we prove a variant of
Higman’s theorem on group rings with only trivial units [83], see Theorem 7.5.10 for the
precise statement. Finally, in Section 7.6 we apply these results to prove severe restrictions
for the structure of crystallographic groups with the Magnus property. A crystallographic
group is a finite extension of a free abelian group of finite rank by some group I' acting
faithfully on the free abelian group, e.g. the infinite dihedral group. We prove the following
theorem, cf. Theorem 7.6.1,

Theorem. Let G be a crystallographic group with point group I'. If G has the Magnus

property, then I' is isomorphic to a group in the following list,

(i) direct products Cy x C§ or Cy x CJ* for n and m € Ny,
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(ii) a subdirect product A of copies of C4 and Qg such that A is a group of exponent 4
with all involutions central,

(iii) a subdirect product A of copies of Dicg.3 such that A is a group with all elements of
order at most 6 and with all involutions central,

(iv) a subdirect product A of copies of SL(2,3) such that A is a group with all elements

of order at most 6 and with all involutions central.

In particular, T is a {2,3}-group. If |T'| is odd, it is an elementary abelian 3-group.

7.2 — The generalised Magnus properties

We review the definition of the Magnus property, trying to obtain a more general perspec-

tive. It is our aim to produce a more general concept, that will allow us both to

e formulate weaker and stronger forms of the Magnus property,
e introduce a relative version of the Magnus property, that we shall employ in Sec-
tion 7.6 to achieve restrictions on the possible holonomy groups of crystallographic

groups with the (usual) Magnus property.

We want to replace the concepts ‘normal subgroup’ and ‘(inverse-)conjugate’ with some-
thing more flexible. To do so, we make a preliminary definition, in spirit of the theory
of operator groups used e.g. for a unified treatment of normal and characteristic series
of a group, cf. [131]. A pseudo-operator group is a pair (G,{2) consisting of a group G
and a monoid 2 with respect to concatenation, called the operator domain, consisting of
mappings of G. We require the identity mapping id to be an element in 2. Often, we
will restrict to the case where € is a group, furthermore, the set Q will often be a set of
semi-endomorphisms, where a semi-endomorphism of a group G is a self-map w: G = G
such that for all g and h € G we have (ghg)¥ = ¢g”h“g“. Clearly all endomorphisms
and anti-endomorphisms (i.e. homomorphisms from G into its opposite group G°P) are
semi-endomorphisms.

Just as for operator groups, we say that a subgroup H < G is Q-invariant if HY C H
for all w € Q, and we define (X)* to be the minimal Q-invariant subgroup of G' containing

X, for any subset X C G. Using this, we give our definition.

Definition 7.2.1 (Generalised Magnus properties). Let (G, Q) be a pseudo-operator group.
We say G has the Magnus property with respect to Q, written (MP),, if for every pair of

elements g and h € G the following two statements are equivalent:

(i) The minimal Q-invariant subgroups (g)* and (h)% are equal.
(ii) There is an element w € €2 such that ¢g* = h.

Using the terminology of the above definition, we say that g and h are Q-conjugate if
there is w € 2 such that ¢ = h. Although the two statements that are now required to
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be equivalent are more symmetric than before (since we do not allow for being ‘inverse
Q-conjugate’), we can recover the Magnus property in the traditional sense (as discussed
in the previous section). Write Inn(G) for the group of inner automorphisms of a group G,
and AInn(G) for the group of inner and anti-automorphisms (Inn(G) U {x — 271}). The
Magnus property with respect to Alnn(G) is precisely the traditional Magnus property,
since every subgroup of G is AInn(G)-invariant if and only if it is normal, and two elements
g and h are Alnn(G)-conjugate if and only if they are conjugate or inverse-conjugate. In
this specific case, we drop the subscript AInn(G) and simply write (MP).

Definition 7.2.1 is quite flexible, and invites the consideration of various new kinds of
Magnus properties. We first explore the limits of the definition, to return to more familiar

grounds afterwards.
7.2.1. Extreme cases. —

Trivial operator domain

A group G has the property (MP) (d} if all subgroups H < G have a unique generator.
This is only possible if every element has order 1 or 2, hence if G is an elementary abelian

2-group. Conversely, these are in fact (MP) {id} groups.

Operator domain Q = (z — 271)

This coincides with the usual Magnus property for abelian groups. For any group, all
subgroups are {2-invariant, and every {)-conjugacy class has at most two elements, hence
the argument we have used above to restrict the possible orders for element of abelian
groups with the usual Magnus property applies also to arbitrary groups with (the respective
property) (MP)g,. Thus, a group with (MP), has elements only of order 1,2,3,4 or 6. If
such a group is finitely generated, it is finite, by the solution of the Burnside problem
for exponents 2,3,4 and 6, see [27,79,134]. On the contrary, all groups with the given

restriction on the element orders possesses (MP)q,.

Operator domain 2 = {z — 2" | n € Z}
Again, all subgroups are 2-invariant. Since all elements of a given cyclic subgroup are
(2-conjugate, all groups possess (MP),.

7.2.2. Reasonable cases. —

The strong version, {2 = Inn(G)

In this case we speak about the strong Magnus property. The class of groups with (MP),
is much better behaved than M. It is, for example, closed under direct products: Let G
and H have (MP), (with the respective © for each group). Let (g, h) and (¢’, h') be two
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elements of the direct product G' x H such that {(g, h))“*7 = ((¢/, n'))¢*H . This implies
(9)¢ = (¢")¢ and (R)H = (W) by looking at the projections of the normal subgroup
generated by either (g, h) or (¢',h'). Now since G and H have (MP),, there exist ¢; € G
and ¢, € H such that g = ¢’ and h = /. But then, clearly, (g, h)(con) = (¢/, b').

The weak version, Q = (Inn(G) U{z — 2" | n € Z} )Monoid

Here we speak about the weak Magnus property. In a sense, this is the most symmetric
condition: The Q-invariant subgroups are precisely the normal subgroups, i.e. the subsets
closed under conjugation, inversion, and powers. We have, in comparison with the usual
Magnus property, enlarged €2 such that we are allowed to use all these operations once to
Q-conjugate generators, while before we were missing the power-operation.

The weak Magnus property does not exhibit the restriction to certain kinds of allowed
orders. Now, clearly, all abelian groups have (MP),. In general, the problems arising from

torsion elements are eliminated if one replaces the Magnus property with this weak version.

The characteristic version, Q = (Aut(G) U {z — 271})

In this straight-forward variation, we consider characteristic subgroups and demand that
generators are automorphic or inverse-automorphic. Note that the group €2 is sometimes
called AAut(G), the group of automorphisms and anti-automorphisms, i.e. bijections « :
G — G with (gh)® = h®g®. Tt is easy to see that AAut(G) = Aut(G) x (x> 1),

We note that groups with (MP), Aut(G) actually exist. For example, let K be any field.
Then the automorphism group of the additive group contains the multiplicative group K>,
which acts transitively on K \ {0}. Consequently (K,+) has (MP), .- We shall see a
generalisation of this statement in Proposition 7.2.3.

In the next subsection, we shall consider the characteristic Magnus property in more
detail.

7.2.3. The characteristic Magnus property. — The following result shows that the

classical result of Magnus on free groups does not generalise to the characteristic case.

Proposition 7.2.2. The free group Fx on an finite set X of cardinality | X| > 1 does not
have (MP) 5 ot -

Proof. Let z,y € X be two distinct generators. Let H = (z,y) be the free subgroup on
these generators. By a lemma of Neumann [113, Lemma 3.1], the elements 2% and 23>
have the same characteristic closure in H; hence they also have the same characteristic
closure in F. Thus, it is enough to prove that 23 and z3y® are not automorphic to another
in F'. The general problem to decide whether two elements of a free group are automorphic
to another can be solved algorithmically, using an algorithm by Whitehead [152], in the

form of a certain finite generating set W of Aut(F'). Applying the automorphisms in
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W to an element u € F, either the cyclically reduced length decreases under at least one
automorphism, or u is of minimal cyclically reduced length within its automorphic class. If
two elements v and v € F' have minimal cyclically reduced length, they can be transformed
into each other using automorphisms from W that do not increase the cyclically reduced
length (i.e. every intermediate element has the same length), or they are not automorphic.
In particular, if the minimal cyclically reduced length of u and v is different, they are not
automorphic.

Using the description of Whitehead’s algorithm in [104], every automorphism w € W

for F' is given by one of the two following kinds:

(i) the automorphism w permutes the symmetrises generating set X U X!,

(ii) the automorphism w maps each generator z to either z, za,a™!

z or z%, for some fixed
a € X U X! such that w is indeed an automorphism. Note that, since w is an

automorphism, this forces a* = a.

Clearly no automorphism in W can reduce the length of 23. Also none of them reduces the
length of 23y3: The automorphisms induced by permutations clearly fix the length of this
word, so we consider an automorphism of the second kind. If a ¢ {z,y, 271,47}, the only
possible cancellations involve the generator a, hence the length cannot decrease. Thus, by
symmetry, we may assume a € {x,z~'}. The resulting automorphisms fix  and map y to
yx, zy, x ly, yr = y* or y(z_l), respectively. If only = (and not its inverse) appears in the

image of y, the image of 23y> is clearly of greater length. Thus, it remains to check

x(x y)° = :EQ(ym 1)2y of cyclically reduced length 7,
2 (ya~t)? of cyclically reduced length 7,
x3(yx)3 = 333(y3)x of cyclically reduced length 6,
I3(y(‘r—1))3 = fL‘g(y?’)m_1 of cyclically reduced length 6.

As a consequence, the elements z2 and z3y? are not automorphic. By symmetry, also 2® and

3.,.—3

y 2z~ are not automorphic, hence F' does not possess the characteristic Magnus property.

O

With the failure of the characteristic Magnus property for non-abelian free groups
established, it is natural to try to expand the example of the additive group of a field that

we have considered above.

Proposition 7.2.3. Let R be an Fuclidean domain and let M be a free R-module of
finite rank. Then M does possess the equivalent of the characteristic Magnus property
for R-modules, i.e. for all v and w € M such that the GL(M)-invariant R-submodules
generated by v and w coincide, there exists a linear map A € GL(M) such that v = w.

In particular, free abelian groups of finite rank possess (MP) 5 ¢ and (MP), -
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Proof. The second assertion follows directly from the first, due to the fact that the auto-
morphism group of a free d-dimensional Z-module is the general linear group GL4(Z), or
GL4(K), respectively. Since every module is abelian, anti-automorphisms coincide, and so
do (MP) yy and (MP) -

Let now R and M be as described. For simplicity, we choose a basis and write M = R
The orbits of GL4(R) on R? are in correspondence with the associativity classes of the
clements of R. Indeed, two elements v = (v1,...,vq) and w = (w1, ..., wq) € R? are
automorphic if and only if the greatest common divisors of the entries coincide up to a
unit, i.e.

ged(vy ..., vq) = ged(wi, - .., wg).

This is just the 1-by-d-dimensional case of the Smith normal form for Euclidean domains.
Consequently, all characteristic R-submodules are of the form rR? for some element r € R.
In particular, for every v = (vy,...,vq) € R we find (v)GM() = ged(vy, ..., vg) R But
by the statement above, all elements with the same greatest common divisor of their entries

are GLg(R)-conjugate. Consequently, R¢ has (MP)qr, (r)- O

In Chapter 8, torsion-free nilpotent groups with the Magnus property are considered.
Theorem 8.1.1 states that all torsion-free nilpotent groups of class 2 possesses the Mag-
nus property. The equivalent statement is not true for the characteristic Magnus property.
We consider the free nilpotent group of rank 2 and class 2, which is isomorphic to the
discrete Heisenberg group Hs(Z) of upper-triangular integer matrices with all diagonal

entries equal to 1, i.e.
lac
12 = {(§§) [ 0c<2}

For better readability, we write (a, b, ¢) for matrices of this form, such that the multiplica-

tion takes the form
(a,b,c)(d',b,¢)=(a+d,b+b,c+c +ab).

The centre and the derived subgroup of H3(Z) coincide and are equal to the set of elements
{(0,0,¢) | c € Z}.

Proposition 7.2.4. The group H3(Z) does not have (MP) s -
Proof. We need a description of the automorphism group of H3(Z). By a classic result of

Andreadakis [5], the quotient map Fy, — Fy,/73(Fy,y) = H3(Z), for the free group F,

on x,y, induces a surjective homomorphism
Aut(F, ) — Aut(Hs(Z)).

Since Aut(Fj,) is generated by the three automorphisms (the ‘Nielsen moves’) with the
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following action on the generators,

T =y x —ax ! T =y
y —a |’ y —y ’ y =y |’

the automorphism group of the Heisenberg group is generated by the following automor-

phisms,
(a,b,c) — (b,a,—c — ab),
(a’7 b7 C) = (_a'7 b: _0)7
(a,b,¢) = (a,a+b,c+ala+1)/2),
where we have identified the image of x with (1,0,0) and the image of y with (0, 1,0).

Abusing notation, we denote these three automorphisms by their induced automorphism
on H3(Z)/H3(Z)', i.e. by the matrices

0 1 -1 0 1 1
, , and ,
(1 0) ( 0 1) (0 1)

respectively.

Let H < Hj3(Z) be a characteristic subgroup. Then, since the map Aut(Fy,,;) —
GLy(Z) is surjective, the quotient H/HNZ(Hj3(Z)) is a characteristic subgroup in Z?, hence
of the form n Z? for some n € Z, cf. Proposition 7.2.3. Given an element (a, b, c) € H3(Z),
the respective n is the greatest common divisor of a and b. Since Aut(H3(Z)) acts on the
first two entries of an element as GL3(Z), there exists some x € Z such that (n,0,x) is in

the characteristic closure U of (a, b, c). The computation
[(n,0,2),(0,1,0)] = [(n,0,0), (0,1,0)] = (0,0,n)

shows that we may change the last entry of an element of U by any m € nZ without
leaving U. On the other hand, a quick examination of the automorphisms given above

shows that if (a,b,¢) and (a’,b’, ') are automorphic, then
c=,c or c=,—C. (%)
Consider the element (5,0, ¢) € H3(Z) for ¢ € Z, and compute first

(5,0,¢)"t = (=5,0, —c)
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and, building on that,

11
? (01)

(0,0, -10) = ((0, =5, ¢)(5,0,¢))(0 1) (0,0, —10)

((—57 0, —c)( (1))(57 0, c))

— (5,-5,2¢)(01)(0,0, —10)
— (5,0,2¢ +10)(0,0, —10) = (5,0,2¢) € U.

We conclude that (5,0, 2) is an element of the characteristic closure of (5,0, 1), that (5,0,4)
is in the closure of (5,0,2), &c. Since 2 generates the multiplicative group F:', all these
closures coincide, hence (5,0,1) and (5,0, 2) have the same characteristic closure in H3(Z).
But by (%), neither these elements nor their inverses are automorphic. Thus, H3(Z) does

not possess the characteristic Magnus property. O

7.3 — Finite groups with the (strong) Magnus property

Most groups for which the Magnus property has been established are ‘big’ groups, e.g. they
are free, hyperbolic, have only two conjugacy classes &c., which is a natural consequence
of the genesis of the Magnus property as a property of free groups. We take a different
approach and consider ‘small’ groups with and without the Magnus property, for different
interpretations of the word ‘small’. It turns out that the intersection of M (and related
classes Mg of groups satisfying some generalised Magnus property (MP),) with certain
classes of groups is much better behaved. We make this precise in the following proposition

(which is a version of Proposition 8.2.4).

Proposition 7.3.1. Let (G,Q) be a pseudo-operator group such that the operator domain
Q is a group and Inn(G) < Q < AAut(G). Let N < G be a Q-invariant subgroup, and let
Qa/y = {wN |w € Qg} with (gN)“N = g N. Assume that, for all g € G ~ N, the set

{{gn) | n € N}

has the minimal condition. If G has (MP)g, then G/N has (MP)QG/N'

Proof. First note that the operators wN are well-defined since w € AAut(G).

Let g, h € G be such that (gN)*~ = (hN)®e/~¥_ If g € N, this directly implies h € N,
hence gN = hN. Therefore we may assume that g ¢ N. Let v1,...,vp, w1,...,wy € Qa/n
such that

k 4
[[gN)" =hN  and (hN)"¥i = gN.
=1

=1 J

Now by our first assumption, for all ¢ € {1,...,k} and j € {1,...,¢} for all collections
of 3; € Q and w; € Q we find that (gN)¥ = g% N and (gN)* = g% N. Thus, we may
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rewrite the two equations above to obtain

k 0
[[¢°N)=hrN and [[r™N =gN.
i=1 i=j
Using our assumption relating to the minimal condition, choose nyy, € N such that

(gnmin)®? is minimal among {(gn)* | n € N}. Consider

k
h' = H(gnmin)@

12
and ¢ = H(h')@.
i=1 j=1

Since N is Q-invariant and Inn(G) < Q, we find A’ € hN and ¢’ € gN. By definition, we
have (¢')? < (W) < (gnmin)®, hence by minimality we have (¢} = (h/)%. Now since G
does possess (MP),, there exists v € Q such that ¢’ = (h')". By our first assumption, see
we see that

(RN)Y" = (W N)" = (W)N = ¢'N = gN. O

The conditions on €2, G, and N seem confusingly complex, but it turns out that they

are satisfied in the main variants of the Magnus property.

e For the usual Magnus property, every pair of a group G and a normal subgroup
N fulfil the conditions on the assignment, where ¢ : AInn(G) — Alnn(G/N) turns
out to be the natural map on the inner automorphisms, and assigns the inversion
map of G to the inversion map of G/N. The minimal condition is, of course, not
always given. However, if one restricts to the class of groups satisfying the minimal
condition on normal subgroups, or, even further, to the class of finite groups, we find
that (MP) is inherited by quotients.

e The situation is the same for the strong Magnus property. We point out that the

strong Magnus property (MP);  defines a relatively nice class of finite groups: it

Tnn
is closed under direct products and quotients, but not under (normal) subgroups;
e.g. the dihedral group of order 12 has the strong Magnus property, while its normal
subgroup Cg does not.

e It is not true in general that a surjection G — G/N from a group G to a quotient
of G by a characteristic subgroup N induces a surjection Aut(G) — Aut(G/N),
even though it induces a homomorphism. Thus, even for finite groups the class
Mayt is not closed under quotients; consider for example the group C%, which has
the characteristic Magnus property due to an argument similar to Proposition 7.2.3,

while its quotient Cy x Cg does not have it.
7.3.1. Finite groups, rational groups, and the strong Magnus property. — We

restrict ourselves to finite groups for now. Perhaps surprisingly, the strong and the usual

Magnus property imply certain representation-theoretic properties. It is a classical result
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that the values of a character x: G — C of a group, i.e. the composition of a (finite-
dimensional) representation G — GL(V') with the trace map, are algebraic integers, i.e.
roots of some monic integer polynomial. Naturally, one wonders if there are situations in
which this restriction is even more tight. A finite group G is called rational, if all character
values are rational numbers. Since all rational algebraic integers are in fact usual integers,
all character values of a rational group are integers.

This character-theoretic statement can be translated into a purely group-theoretical
one. Indeed, a finite group G is rational if and only if, for all ¢ € G, all generators of
(g9) are conjugate in G. This is a classic result, for a proof see |87, Satz 13.7]. Now if a
group G has the strong Magnus property, it must necessarily be rational, since all elements
generating the same subgroup clearly also generate the same normal subgroup and hence
are conjugate.

The class of rational groups has been the subject of study for long. We mention some

results regarding their classification.

o (Feit and Seitz, [45]) Let G be a finite rational group. Then there are precisely five
non-abelian non-alternating simple groups that may appear as a composition factor
in G, namely PSp(4, 3), Sp(6,2),SO™(8,2), PSL(3,4) and PSU(4, 3). This result uses
the classification of finite simple groups.

o (Hegediis, [80], building on Gow [64]) Let G be a finite soluble rational group. Then it
is a {2,3,5}-group and the Sylow 5-subgroup of G is elementary abelian and normal

in G.

The finite groups with the strong Magnus property are subject to even stronger restrictions.
Indeed, already the usual Magnus property implies solvability within the class of finite

groups.

Proposition 7.3.2. Let (G,Q) be pseudo-operator group with (MP)q,. Assume that the
group G is finite, and that the operator domain is either Inn(G) or AInn(G). Then G is

soluble.

Proof. Let 1 = Gog<G1<...4G, = G be a composition series of GG. If all composition
factors are abelian, we are done. Without loss of generality (using Proposition 7.3.1), we
may assume, for contradiction, that G is a non-abelian simple group. Let g and h € G
be non-trivial elements. Then since € includes the inner automorphisms, the 2-closures
of g and h in G contain the respective normal closures in G; (and are generated by them
as Q-invariant subgroups). But since G is simple, the normal closures coincide with Gy,
hence (9)? = G = (h)®. Since p-groups are simple if and only if they are of order p,
there are at least two distinct prime numbers p and ¢ dividing the order of G;. Take for g
and h elements of order p and ¢, respectively. Then g cannot be Q-conjugate to h, since
Q) is the group generated by inner automorphisms, which preserve order, and maybe the
inversion map, which also preserves order. But G has (MP), a contradiction. Thus G is

soluble. ]
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To proceed, we need the following well-known lemma on the socle soc(G) of the finite

group G, i.e. the subgroup generated by all minimal normal subgroups.
Lemma 7.3.3. Let G be a finite group. Then the following statements hold:

(i) There exist a collection of minimal subgroups My, ..., M, of G such that soc(G) =
My x - x M,.

(i1) If soc(G) is an elementary abelian p-group of rank d, the group G/ Cg(soc(G)) is
isomorphic to a subgroup of GL4(p).

For a proof, see for example [40, Theorem 4.3A| for the first part. The second part
is an immediate consequence of the fact that the automorphism group of an elementary
abelian p-group of rank d is isomorphic to GL4(p). Furthermore, we need the following

lemma.

Lemma 7.3.4. Let G be a finite soluble group and let p be a prime dividing the order of
G. Then there exists a quotient Q of G such that soc(Q) is a Sylow p-subgroup of Q and

soc(Q) is an elementary abelian p-group.

Proof. 1f the order of G/soc(G) is divisible by p, we consider this quotient instead of G,
until |G/ soc(G)| is no longer divisible by p. Necessarily, p must divide the order of soc(G).
Since G is soluble, its minimal normal subgroups are elementary abelian g-groups for some
primes g. Thus, by Lemma 7.3.3(i), soc(G) is a direct product of elementary abelian g-
groups, hence soc(G) = M x E for some elementary abelian p-group E, and some normal
subgroup M < G. Consider G/M. Either soc(G/M) is an elementary abelian p-group, or
we repeat the process, until it is. The resulting quotient is fulfils the conditions of the

lemma. O

Theorem 7.3.5. Let G € My, be a finite group. Then G is a {2,3}-group.

Proof. Let M be the Sylow 5-subgroup of G. We want to show that M = 1. By Propo-
sition 7.3.2, G is soluble, by Proposition 7.3.1 all quotients of G have the strong Mag-
nus property, hence, using Lemma 7.3.4 we may assume that M = soc(G) and that M is
an elementary abelian 5-group, the latter is generally true for finite soluble rational groups
due to Hegediis’ theorem [80, Theorem 1].

Let d € N be the rank of M. Since M is minimal, every non-trivial element of M
generates the same normal subgroup. The strong Magnus property of G therefore asserts
that the conjugation action of G on M, and since M is abelian, of G/M on M, is transitive
on M ~\ {1}. Thus

(57— 1) | |G/M].

Now |G/M]| is a {2, 3}-number, hence also 5¢ — 1 is a {2, 3}-number, which severely limits

our choices for d. Note that if d = ef is a product of integers, the number 5¢ — 1 can be
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factorised as follows:
59— 1= (56— 1)(1+5+--- + 56(f—1))'

Consequently, we only have to consider the prime powers d = p” for which 5¢ — 1 is a
{2,3}-number. Let p be an odd prime. Then

5p—153(—1)p—1531§é30 and 5p—1585—1§é80.

Thus, neither 3 nor 8 divides the {2, 3}-number |G/M]|, and 5¢ — 1 < 8 is false for d an
odd prime. Similarly, if d = 2% we find

50— 1=624=2%*.3.13.

Thus, the only possible values for d are 1 and 2. Assume that d = 1. By Lemma 7.3.3(ii),
the group G/ Cg(M) is a subgroup of GL(1,5) = Cy acting transitively on M. Hence G
has C4 as a quotient, but this group does not have the strong Magnus property, hence
G does not possess the strong Magnus property as well. Therefore we may suppose that
d# 1.

Now assume that d = 2. By Lemma 7.3.3(ii), the group H = G/ C¢(M) is (isomorphic
to) a subgroup of GL(2,5) acting transitively on M = F2. Furthermore, 5 —1 = 24 divides
the order of H. The order of GL(2,5) is 480 = 24 - 20. Since H is a {2, 3}-group, it must
have order 24,48 or 96.

If |H| =96 = %, the group H contains a Sylow 2-subgroup, hence a conjugate of
H contains the centre of GL(2,5). But the centre is the group of scalars, hence cyclic of
order 4, and since the centre of a group with the strong Magnus property has the strong
Magnus property, the group H cannot possess (MP) It remains to consider the orders
24 and 48.

There are six isomorphism classes of subgroups of GLg(5) with these orders, namely

Inn-

Ca4, C3 % Cg, Cy x Symy, SL(2,3), (Cq 0 Dy) x Cs3,Cg x Symg .

The only cyclic groups with the strong Magnus property are those of order 1 or 2. All
groups in the list above have a quotient of order 3, hence no group in the list above has
the strong Magnus property. A computer program using GAP [52] computing both the
list above and verifying the fact that no group in this list has the strong Magnus property,
is attached as the appendix Section 8.5 at the end of this part of the thesis. 0

Note that a 3-group cannot possess the strong Magnus property, since the non-trivial
central elements that such a group possesses are not conjugate to their inverses. However,
further computer experiments using the program mentioned above suggests that the prob-

lem of classifying the 2-groups (or the non-2-groups) with the strong Magnus property is
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difficult.

7.3.2. Finite groups and the usual Magnus property. — Most of the arguments in
the previous sections, if they did not already apply to the usual Magnus property, can be
carried over into this less restrictive context. Indeed, there is a weaker version of rationality
for finite groups. A (finite) group G is called inverse semi-rational, if for every g € G all
generators of (g) are conjugate or inverse-conjugate to g, and a group is called semi-rational
if all generators of every cyclic subgroup are contained in at most two conjugacy classes,
which interestingly does not imply inverse semi-rationality as long as G is not of odd order.
Both concepts were introduced and studied by Chillag and Dolfi in [30]. Clearly, every
group with the usual Magnus property is inverse semi-rational. We have already seen
that every finite group in M is soluble, wherefore the following characterisation of soluble

inverse semi-rational groups, also obtained by Chillag and Dolfi, is of interest for us.

Theorem 7.3.6 (Chillag and Dolfi, Theorem 2, [30]). Let G be a inverse semi-rational
finite soluble group. Then G is a {2,3,5,7,13}-group.

It is not a mistake that the prime 11 is omitted. Building on this theorem, we proceed to

restrict the possible primes dividing the order of a finite group with the Magnus property.

Theorem 7.3.7. Let G be a finite group with the usual Magnus property. Then G is a
{2,3,5,7}-group.

Proof. We proceed similarly as in the proof of Theorem 7.3.5. In view of Theorem 7.3.6, we
only have to exclude the prime 13 as a divisor. Using Proposition 7.3.1, Lemma 7.3.4 and
Proposition 7.3.2 we may restrict to the case where the socle soc(G) = M is an elementary

abelian Sylow 13-group.

Since every non-trivial element of M normally generates M and G has the Magnus prop-
erty, the quotient G /M acts semi-transitively on M, such that there are at most two orbits.
If there are two orbits, the elements of one of the orbits are precisely the inverses of the

other orbit. By the orbit-stabiliser theorem,
(13— 1)/2]|G/M|,

a {2,3,5, 7}-number. As in Theorem 7.3.5, we may restrict d by considering certain prime
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powers. For any odd prime p,

(137 —1) =g (5 — 1) =5 4

0 ifp=23,
(137 =1) =9 (4 = 1) =9 (3 if p=31,
6 lfp =3 2,
ifp=41,

(13P — 1) =5 (3° — 1) = b=
1 lfp =4 3,

furthermore
17](13*—1)/2 and 61| (13% —1)/2.

Thus, the only candidates for d are 1 and 2. In case d = 1, by Lemma 7.3.3 the group
H = G/M is isomorphic to a subgroup of GL(1, 13) = C;5 acting transitively on M = Fi3,
but the only such subgroup is Cis, which does not have the Magnus property. This

contradicts Proposition 7.3.1.

If d = 2, the group H = G/M is a {2, 3,5, 7}-subgroup of GL(2,13), a group of order
25.3%.7.13, such that (132 — 1)/2 = 22 -3 - 7 divides |H|. The only possible orders are

|H| € {84,168,252,336,504,672}.
There are seven isomorphism classes of subgroups of GL2(13) with these orders, namely
C3 x Dicy.7,Cg4, Cg X Da.7,C3 x C7 x Cg, Cy68, C12 X Da.7,C3 x Cg x Da.7.

The only cyclic groups with the Magnus property are those of order 1,2, 3,4 or 6. Further-
more, the dihedral group (a,t | a” = t> = 1,a’ = a™!) of order 14 does not have the Mag-
nus property, since a and a® generate the same normal subgroup (a), but a®27 = {a, a’%}.
Since Do.7 is a quotient of the dicyclic group Dicg.7, no group in the list above has the
Magnus property. A computer program using GAP [52] that computes both the list above
and the fact that no subgroup in this list has the Magnus property, is attached as appendix
Section 8.5.

Note that we have already seen that there is a group of order 21 with the Magnus prop-
erty. The primes 2 and 5 appear as the orders of cyclic groups with the Magnus property.
Hence all primes mentioned in the theorem appear; however, by [30, Theorem 3|, all finite
inverse semi-rational groups of odd order are {3, 7}-groups. Consequently, not all combi-

nations of the primes may arise as divisors of a finite group with the Magnus property. [
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7.4 — Near-rings and trivial units

We now show that a generalised Magnus property associated to a sufficiently well-structured
assignment €2 can be reformulated as a (somewhat) ring-theoretic statement and introduce
a relative version of the usual Magnus property. Both apply, in particular, to the case of
crystallographic groups which we consider in Section 7.6.

A set R with two binary operations + (‘addition’) and - (‘multiplication’) is called a

near-ring, if the following hold:

(i) R is a group with respect to 4. The neutral element is denoted 0. (Note that,
although it is natural to write this operation additively, we do not assume this group
to be abelian.)

(ii) R is a semi-group with respect to -. The neutral element is denoted 1 and is required
to be distinct from 0.

(iii) The law of left-distributivity holds, for all r,s,t € R we find
r-(s+t)=r-s+r-t.

As usual, we shall omit the symbol - where it does not lead to confusion. Near-rings and
their structure have been an area for study for quite some time, cf. [102] for an overview,
but the most well-known special case is the classification of near-fields by Zassenhaus [157].

A near-ring is called a near-field if the additional axioms

(4) The neutral elements of the operations + and - are not equal, and

(5) R~ {0} is a group with respect to the operation -,

hold. It is an interesting fact that the additive group of a near-field is automatically
abelian [112].

The classical example of a near-ring is the set M(G) = {a | o : G — G} of all self-
maps of a group G, with the addition being the pointwise group-operation of G, and the
multiplication being the composition of maps. All near-rings that we consider in this thesis

are of this form.

Definition 7.4.1. Let (G,€) be a pseudo-operator group. The sub-near-ring of M(G)
generated by all maps in 2,

is called the action near-ring of G with respect to Q.

The connexion to the (generalised) Magnus property becomes apparent in the following

statement.

Lemma 7.4.2. Let (G,) be a pseudo-operator group such that the inversion map x — x !

1s contained in ). Then

()" =g = {g" | r € G}
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Proof. Let r € G[Q] be an element. Since G[{?] is generated by the multiplicative sub-
monoid 2 < M(G), we may write r = » " | w; for some w; € Q, for i € {1,...,n}. Note
that the additive inverse of an element w is realised as the product of w and the inversion

map. Computing the image of g, we find
n
g =19 € @
i=1

Since we may choose n € N and the elements w; arbitrary, we may represent every element
of (g)® in this way. Note that the neutral element id of Q is the identity function such

that powers of g are images under multiples of id. O

We need some further notation. Let ¢ € G be an element of a group G and R a
sub-near-ring of M (G). We call an element r € R a g-unit if there exists s € M(G) such
that g.(rs) = g. We say that two elements r and s € R are g-equivalent if g.r = g.s.
This equivalence relation is induced by the right ideal of functions mapping g to the group
identity, where by a right ideal of a near-ring R we mean a normal subgroup I of the
additive group of R such that IR C R. We call a (proper) unit of the action near-ring
G[Q] a trivial unit if it is an element of the generating set 2 of G[€2].

Lemma 7.4.3. Let (G,Q) be a pseudo-operator group such that Q0 contains the inversion

map. The following two statements are equivalent:

(i) G has (MP)g,.
(ii) For all g € G, every g-unit of G[Q] is g-equivalent to a trivial unit.

Proof. We prove by contraposition that (i) implies (ii). Let g € G and let u € G[Q] be a

g-unit that is not g-equivalent to a trivial unit. Then the sets g% and (g“)G[m

are equal,
hence by Lemma 7.4.2 the elements g and g* generate the same 2-invariant subgroup. But
since u is not g-equivalent to a trivial unit, there is no w €  such that ¢ = g*. Thus, G
does not possess (MP),.

Now assume (ii), i.e. that every g-unit of G[Q}] is g-equivalent to a trivial unit. Let g and
h be two elements of G generating the same (2-invariant subgroup. Then, by Lemma 7.4.2,
there exist u and v € G[Q2] such that ¢g* = h and h” = g. Consequently ¢*¥ = ¢, and u is

a g-unit, hence u € Q. Thus, g and h are Q-conjugate and G has (MP)g,. O

The situation becomes more familiar if we consider abelian groups G and €2 such that
Q) is a group of automorphisms. Then G[Q] is in fact a ring. Indeed, it is a homomorphic
image of the integral group ring over (2, under the map that evaluates the abstract group
element w € Q(G) as the concrete function on G. Under these circumstances, the property
(i) of Lemma 7.4.3 resembles the property of a group algebra R[H]| of a group H over a
ring R to only have trivial units, i.e. that R[H]* = R*H. We will develop this connexion

further in Section 7.5.
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The examples of generalised Magnus properties we have considered up to now are,
however, not very interesting within the class of abelian groups. But there is another

natural example where the above interpretation proves very useful.

Definition 7.4.4. Let G be a group and N <G be a normal subgroup. Write G/ Z(N) =
G/Z(N) x (x — 27 1), where we see G/Z(N) as a group of automorphisms of N, act-
ing by conjugation. The generalised Magnus property (MP)W is called the relative
Magnus property of N with respect to G.

Clearly, for every group G, the full group has the relative Magnus property with respect
to itself if and only if it has the (usual) Magnus property, while the trivial subgroup of any
group G has the relative Magnus property with respect to G. The true importance of the

relative Magnus property, however, lies in the following observation.

Lemma 7.4.5. Let G be a group and let K and N G be two normal subgroups of G such

that K < N. If N has (MP) g7y, then K has (MP)g 700

Proof. Let kg and k1 € K be two elements that generate the same normal subgroup in G.
Since K < N, these are two elements of N that generate the same normal subgroup in G,

hence they are G-conjugate or inverse G-conjugate. [

7.5 — Units in rings of integral representations

The similarity between Lemma 7.4.3 and the condition of an integral group ring to have
only trivial units has already been mentioned. In this section, we will expand on this
connexion in a special case. In Section 7.6 we shall apply the results of this section to
narrow down the groups with the Magnus property in the class of crystallographic groups.

The group algebra R|G] of a group G over a ring R is the set of formal R-linear combi-
nations » e r¢G, i.e. the set of maps G — R with finite support. The group G is clearly
(isomorphic to) a subgroup of the unit group of R[G], more generally, all elements of the
form eg, with ¢ € R* and g € G are units. The subgroup R*G < R[G|* is called the
subgroup of trivial units. The question in which cases this subgroup is proper has been
investigated thoroughly for a long time, beginning with the classic result of Higman [83]

on the trivial units of integral group rings.

Theorem 7.5.1. (Higman’s thesis, Theorem 9, as cited in [133], and [83, Theorem 3]) Let
I’ be a finitely generated torsion group, i.e. a group such that all elements of I' have finite
order, and let R be the integer ring of a finite field extension of Q. The group algebra R[T]

has only trivial units precisely in the following cases:

(i) T = CY and K = Q(v/—d), for n € Ny and d € Ny,
(ii) T =2 CExCy and K = Q or K = Q(w), the third cyclotomic field, for n and m € Ny,
(i) I = CyxCY and K = Q or K = Q(1), the fourth cyclotomic field, for n and m € Ny,
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(iv) I =2 Qg x C§ and K = Q, for n € Ny.

If R[T] has non-trivial units and ' is abelian, the unit group R[L']* is infinite.

This result has been generalised in various directions, e.g. by considering, for I" a finite
group, integral domains R of characteristic 0 in which no prime divisor of the order of I'
is invertible. Such rings are called T'-adapted, where the list of groups I' allowing R[I'] to
have only trivial units depends on the unit group of R, but is otherwise quite similar to
Higman’s list given above [130].

In the case that the ring R is a field, Higman conjectured in his thesis that if I" is a
torsion-free group, all units are trivial. This conjecture (often called the ‘unit conjecture’)
has been disproven recently by Gardam [53].

Motivated by Lemma 7.4.3, we go in another direction. Instead of considering different
rings than Higman did, we consider certain homomorphic images of group algebras. We

make the following definition.

Definition 7.5.2. Let I' be a group, let R be a commutative unital ring, and let p: I' —
GL4(R) be a faithful R-representation of I'. The R-algebra R[I'|, generated by the image
of I" under p in Maty(R) is called the R-algebra of the representation p. In case R = Z, we

speak about the ring of the representation p.

Concretely, the algebra R[I'|, is the R-span of the matrices in the image I'’. It is a
quotient of the group ring R[I'], and it is in fact isomorphic to the group ring if p is the
reqular representation of I', i.e. the representation given by the action of I' on the group

ring itself, which we record as a fact.

Lemma 7.5.3. Let R be a commutative unital ring, let I' be a finite group and let p: T’ —
GLm(R) denote the regular representation of I', i.e. the representation induced by the
right-multiplication action on I' seen as the basis of the free R-module R[I']. Then the

algebra of the representation p is equal to the group ring of I' over R.

We may still speak about trivial units, since I' naturally embeds into R[I'], via p, all
units in the product set R*I'? are called trivial. For brevity, we write Tr(R,T") for the set
R*T” of trivial units. However, it might be that the images of element in I" only differ by
units of R. Consider, for example, the one-dimensional integral representation of Co with
image {1, —1}; the ring of this representation is Z, and the trivial units are precisely the
units of Z. The same phenomenon may occur whenever I can be embedded into R*.

Of course, every ring generated (as a ring) by its units has ‘trivial units’ with respect to
its unit group. Therefore we only speak about trivial units of an algebra of a representation
to make clear what subgroup of units we mean.

Our goal is to obtain some information about the possible combinations of groups,
representations and rings yielding algebras with only trivial units. Note that if R itself has

a finite unit group and I is a finite group, the group of trivial units is finite; if furthermore R
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is commutative and I' abelian, to have only trivial units implies having a finite abelian unit
group. The characterisation of abelian groups that are the unit group of a commutative
ring is known as ‘Fuchs’ problem’ [51], which is still open in general, see [36] for a solution
for finite groups and integral domains.

There is another description of the algebra of a representation p. It is precisely the
action near-ring of the natural action of I', or equivalently Tr(R[[],), on G = R? via
p. In particular, the following lemma connects the study of trivial units to the relative

Magnus property.

Lemma 7.5.4. Let I be a finite group, let R be a torsion-free infinite principal ideal
domain with finite unit group R*, let p: T' — GLg4(R) be a faithful R-representation and
let V be a R[I'|,-submodule of R®. Denote by py the sub-representation of p induced by
the action on V, and denote by I'yy the quotient of I by the kernel of py. We regard py
as a faithful R-representation of T'y. If R® has (MP)Tr(R,F)7 then R[I'v|,, has only trivial

units.

Proof. We first provide a useful description of the I'-submodules generated by elements
v € V < R® The T-invariant submodule generated by v is equal to the set of images
under maps in R[I'v],,. Indeed, by Lemma 7.4.2,

<v>g:mod = Rl .

Let r € R[I'],. Then r may be (not necessarily uniquely) written as a linear combination

r= erv",

vyel

of the form

for some 7, € R. But by construction, the action of v € I' on v € V depends only on
the image of v in I'y/, and the image of v under this action is contained in V', since V is

I'’-invariant. Thus, r acts on v as the element

Z ( Z ry)o”" € R[L'yv]py

oel'y yeoN

where N denotes the kernel of the map I' — I'y.. Clearly every element of R[I'y],, is of

the above form for a suitable choice of coefficients. Thus
(W) = vl = Ry
We now prove the statement of the lemma using contraposition. Let u € R[I'y],, be a

non-trivial unit. To prove the lemma, it is sufficient to show that there exists an element
v € V such that v and v* are not Tr(R,T')-conjugate, i.e. that v* ¢ v T” Indeed, by
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our considerations above, the I'’-invariant submodules generated by v and v* are equal;

<V>FP _ VR[FV}PV _ vuR[Fv]pv _ <vu>1"/"
Thus R¢ does not possess (MP)TY( RI)- Thus, we now prove that there exists such an

element. For every 7 € Tr(R,T"), define
Vi={weV|w'=w"}=ker(u—r7).

Since the abelian group underlying V; is a subgroup of the torsion-free group R4 = 7™¢,
it is isomorphic to Z¥ for some k € {0,...,md}. If no v € V exists such that u does act

on v unlike any trivial unit 7, we find

V= V..
T€Tr(R,I)

Since this is a finite union, at least one of the submodules, say V., for some fixed ey €
Tr(R,T"), must be of rank md. Thus [V : V] is finite, hence for every v € V there exists
some integer k£ € N such that kv € V.. Thus

EvY = (kv)Y = (kv)®T = kv,

Since R is a principal ideal domain, we find that V., = V. Both u and ey are R-linear
maps of V', and they act identically on V', hence they are equal. This is a contradiction,
since u was assumed to not be a trivial unit. Thus, there exists some v € V as desired,
and R? does not have (MP) pxp- O

Indeed, the two conditions of Lemma 7.5.4 are equivalent for certain rings R, which we
shall see in Proposition 7.5.8.

We now restrict ourselves to the rings that by Higman’s Theorem 7.5.1 allow group
rings with finite unit group; i.e. Z and the rings of algebraic integers of imaginary quadratic
number fields. In view of Lemma 7.5.4, we furthermore require our ring to be principal
ideal domains; thus we restrict to a finite number of possible rings. We shall write R for
these rings. In particular, every ring R embeds into C. In this situation, we are able to

proceed in parallel to Higman’s proof of Theorem 7.5.1.

Lemma 7.5.5. Let I' be finite group, let p: I' — GL4(R) be a faithful R-representation
and let A < T be a subgroup. If R[A]

has infinitely many non-trivial units.

pla has infinitely many non-trivial units, then R[I'],

Proof. The algebra R[A],

R[I']p, hence is a subalgebra. Clearly, every unit of a subalgebra is a unit of the full

is an R-algebra generated by a subset of the generators of

algebra. By assumption, we find an infinitude of units in R[I'],. But since both R* and

< 185 <=



Chapter 7. The Generalised Magnus property

I' are finite, there are only finitely many trivial units. Thus, there are infinitely many

non-trivial units. O

Using this lemma, we restrict the possible element orders of a finite group with a faithful

R-representation affording an algebra with only trivial units.

Lemma 7.5.6. Let I be a finite group and let p: I' — GLg(R) be a faithful R-representation.
Then either the algebra R[], has non-trivial units, or every element of I' has order 1,2,3, 4

or 6.

Proof. 1t is enough to consider elements of prime power order, thus let v € I' be of order
p", for some integer n € N and some prime p. Write H for the subgroup generated by

. Consider the algebra of the representation R[H]| We may view this R-algebra as

plu:
a finite-dimensional Z-algebra. The Z-span of the image of H under p is a subring of
R[H] -

in case p" ¢ {2,3,4}. Since the order of ~ is finite, the matrix +* is diagonalisable over C,

By Lemma 7.5.5, it is enough to show that this subring has infinitely many units

i.e. it is conjugate by a matrix P € GL4(C) to a diagonal matrix

Diag(C1, .- -, Ca),

whose entries are all (p™)™" roots of unity, and such that ¢; is a primitive root. Thus the

Z-span of H” is isomorphic to the Z-span of D, which is given by

{(C’ CW27 . '7C7rd) ‘ cE Z[Cl]}a

where m;: Z[C1] — Z[¢], for i € {2,...,d}, is the surjective homomorphism defined by
sending (i to ¢;. If ¢ € Z[(1] is a unit, all its homomorphic images are units, and conse-
quently (¢,c™,...,¢™) is a unit. Thus, if there are infinitely many units in Z[(1], there

are infinitely many units in R[H]| The ring Z[¢1] is isomorphic to the ring of the (p™)™

pla-
cyclotomic integers. By Dirichlet’s unit theorem (or by Theorem 7.5.1), the only rings of
cyclotomic integers with finite unit group are the first, the second, the third, the fourth

and the sixth. Thus, ord(v) is an integer in {1,2,3,4,6}. O

Lemma 7.5.7. Let I' be a finite group, let p: I' — GL4(R) be a faithful R-representation
such that R[I'], has only trivial units. IfI' contains a non-trivial element v of prime order
p such that v* has an eigenvalue 1, then the R-submodule Eig., (1) is I'-invariant and there
exists an R[] ,-submodule V' of R¢ such that the direct sum Eig.,(1) ®V is of finite index
in Re.

Proof. Let v be as described, and write A = 4. Note that in Lemma 7.5.6 we have shown
that we may assume p € {2,3}, but we do not need this here.
We consider the (A)-invariant R-submodule V = ker ®(A), where ® is the p'* cyclo-

tomic polynomial. Since A has order p, it possesses a primitive p*® root of unity as an
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eigenvalue. Thus, one of the eigenvalues of ®(A) is 0, hence det #(A) = 0 and the R-

submodule V' is not zero. At the same time, Aly is a root of the polynomial ®, so all its

eigenvalues are primitive p™ roots of unity.
The ring R is contained in C. Clearly Q ®R? decomposes as a direct sum Eig4 (1) &
ker ®(A), both as submodules of Q @R, since for every v € Eig 4(1) we have

“14..
YOA) AT e AT

hence the image of ®(A) is precisely pEig,(1). Thus, the direct sum, as a sum of R-
submodules, is of dimension d and hence a finite index submodule.
Let 0 € I' be an element. Write B = §°, and denote the identity matrix by I. Consider

the elements

X=®(A4)-B-(I-A) e R[I'], and
Y =(I-A4)-B-®(A4) € R[I'],.

It is easy to see that
X2=®(A)-B- (AP —1)-B-(1-A) =0,
since A has order p. In the same way we find that Y2 = 0. This implies that
I+X)I-X)=1-X?=1 and (I+Y)I-Y)=1-Y?=1,

ie. I+X),(I-X),(I+Y) and (I-Y) are units of R[['],. By the assumption on the ring
of the representation p, these units are trivial. Since X? = Y2 = 0, for any n € N we find
that

1+X)"=14+nX and (14Y)"=1+nY.

Since 1 + X is a trivial unit, it is of finite order, say n, hence nX = 0. But since R is a
integral domain, we find X = 0, and similarly Y = 0.
Let v € Eig4(1). We find

BA

0= v¥ = yRABI-A) _ (B BA

hence (since p is not a zero-divisor) v® = vB4 and thus vB € Eig,(1). Now let
w € ker®(A). On ker ®(A), the matrix I —A has only primitive p'" roots of unity as
eigenvalues. Thus, I —A is invertible on this submodule and its inverse leaves ker ®(A) in-
variant. Therefore 0 = w? (i.e. the invariance of ker ®(A) under V) implies w5 € ker ®(A).
All in all; B leaves both Eig,(1) and ker ®(A) invariant, hence both submodules are in

fact I'’-invariant. O

Using the same technique, one can drop the assertion that -~y is of prime order. Then, by
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Lemma 7.5.6, either + is of order 4 or of order 6. Instead of the factorisation AP —1 = ®(A)-
(A—1), use the factorisation A*—1 = ®(A)-(A%2+1) resp. A5—1 = P(A)-(A*+ 43— A1)
(where ® is the respective cyclotomic polynomial), and proceed as in the proof above.

Note that there is in general no hope to decompose the full module R, instead of a
finite index submodule, into Eig4(1) and some complement, for some arbitrary non-trivial
A € T'?. For example, the group ring of a cyclic group (g) of order p over the integers is
indecomposable, cf. [81], but any element of the form (n,...,n) is an eigenvector of g with
eigenvalue 1.

We can now show the converse to Lemma 7.5.4.

Proposition 7.5.8. Let I' be a finite group, and let p: I' — GLg(R) be a faithful R-

representation. The following conditions are equivalent:

(i) R has (MP)py gy, and
(ii) for every R[I'],-submodule V' of R4, writing Ty for the quotient of T' by the kernel of
its action on 'V and py for the corresponding representation, the ring R[I'v],, has
only trivial units,
(ili) for all r and s € R[I'], such that the product rs has an eigenvalue 1, both r and s act

on the corresponding eigenmodule as trivial units.

Proof. The statement that (i) implies (ii) is the one of Lemma 7.5.4; thus it is true for more
general rings. Assuming (ii), we show (iii): Let r and s be as required. By Lemma 7.5.7, the
eigenmodule V' = Eig, (1) is invariant, hence the corresponding ring has only trivial units.
But on V, the product rs acts as the identity, hence r and s are units in the corresponding
ring, and therefore trivial units in it. Since I'yy acts as I' on V', both r and s act as a
trivial unit of the full ring of the representation p. This shows (iii). That (iii) implies (i)
is the direction (ii) implies (i) in Lemma 7.4.3; the elements r and s are v-units for all
v € Eig,.(1), and since both act on this submodule as a trivial unit, they are v-equivalent

to one. O]

Using the methods applied in Lemma 7.5.7 (that are adapted from Higman) we may

show more.

Lemma 7.5.9. Let T be a finite group and let p: T — GLg(R) be a faithful R-representation

such that R[I'|, has only trivial units. Then all involutions of I' are central.

Proof. We proceed similarly to the previous proof. Let v € I' be an involution and § € I’
any element. Set A = v” and B = §”. Define, as in the proof of Lemma 7.5.7,

X =(4+4)-B-(I-A) and Y = (I—-A)- B - (1+A).

Arguing as before, the elements X and Y are both equal to 0, hence B leaves both Eig 4(1)
and ker(A + 1) = Eigy(—1) invariant, and their direct sum is of finite index in V. On
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both submodules A acts by the scalar matrices I and — I, hence it is central among all

elements leaving of submodules invariant. Thus, A and B commute. Since B € '’ was

chosen arbitrarily, «v is central in T'. O

Lemma 7.5.7 shows that, if a non-trivial element v of I' acts as a matrix with an eigen-
value 1, there exists an invariant submodule of R% of smaller dimension. The fact that the
dimension decreases is important; since in any case, R? has invariant (proper) submodules
of dimension d, namely the modules 7R for some non-unit ~ € R. Consequently, we call
an R-representation p irreducible, if no invariant proper submodule has smaller dimension
over R than p. Since R is not a field (of adapted characteristic), this is not equivalent to p
to being decomposable, i.e. there exist invariant submodules U and V such that R = U V.
The given notion of irreducibility fits naturally with the usual irreducibility over a field, in
fact, the R-representation p is irreducible if and only if the corresponding representation
is irreducible in the usual sense, cf. [34, Theorem 73.9].

Notice that Lemma 7.5.7 states that (given a non-trivial element with eigenvalue 1) the
module R? is not irreducible and a finite index submodule is decomposable. Using this,
we are able to describe the groups giving rise to algebras of representations p such that p

is irreducible.

Theorem 7.5.10. Let I' be a finite group, let R be either Z or the ring of integers of
a imaginary quadratic extension of Q, and let p: T' — GLg(R) be a faithful irreducible
R-representation. If R[], has only trivial units, the group I is isomorphic to one of the

following groups
Cla 027 037 C4) C6a QS) DiC4.3, SL(27 3)

Proof. We have done most of the work already. By Lemma 7.5.7, all non-trivial elements
~P € I'? have no eigenvalue 1, hence are fixed-point-free. Furthermore, by Lemma 7.5.6,
every element of I' has order 1,2,3,4 or 6. It is a classical result that groups affording a
fixed-point-free representation over a field have cyclic Sylow p-subgroups for odd primes p,
and Sylow 2-subgroups that are either cyclic or generalised quaternion groups [87, V 8.12b].
A generalised quaternion group Qq.on of order 4-2™, for a positive integer n € N, is the
group given by the presentation
Quon = (3,5 | 52" =4%i* =1,7' =571).
For n = 1, this is the usual quaternion group. It is easy to see that the exponent of Q4.9n
is at least 2"*!, hence by our order restrictions, only the case n = 1 is possible. Thus,
the Sylow 2-subgroups of I' are cyclic of order 1, 2 or 4, or isomorphic to the quaternion
group. Using Lemma 7.5.6 again, we find that the Sylow 3-subgroup of I' is trivial or

cyclic of order 3, and there are no other primes dividing |I'|. Thus, we see that |I'| divides
2%.3=24.
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By Lemma 7.5.9, every involution v of I' is central. Viewing R as a subring of C as

we have done before, all matrices 4 that are images of involutions v can by diagonalised

simultaneously over C, and are therefore uniquely determined by the dimension of the

eigenspaces for the only possible eigenvalues, 1 and —1. But all non-trivial v act fixed-

point-free, hence all matrices v* do only have eigenvalues equal to —1. Thus, I contains a

unique involution.

We now check the possible candidates for I', i.e. the groups of order 1,2,3,4,6,8,12 or

24, and exclude the following groups:

Order

Isomorphism class

(one) reason for exclusion

12

24

3
Syms;

Symy
D2
Dicyy
C3 x Doy
Cs x Cg
Co x Alty
Cy4 X Symg
C3 x Da.g
(3 x Symg
Cs x Qs
Co x Dicy.3
Cy x Cq2g
(3 x Cg

Sylow 2-subgroup not cyclic or quaternion
three involutions
exponent 8
Sylow 2-subgroup not cyclic or quaternion
Sylow 2-subgroup not cyclic or quaternion
four involutions
elements of order > 6
Sylow 2-subgroup not cyclic or quaternion
six involutions
Sylow 2-subgroup not cyclic or quaternion
exponent 24
Sylow 2-subgroup not cyclic or quaternion
twelve involutions
elements of order > 6
Sylow 2-subgroup not cyclic or quaternion
Sylow 2-subgroup not cyclic or quaternion
Sylow 2-subgroup not cyclic or quaternion
elements of order > 6
elements of order > 6
Sylow 2-subgroup not cyclic or quaternion
elements of order > 6
elements of order > 6
elements of order > 6

Sylow 2-subgroup not cyclic or quaternion.

The only remaining groups of the possible orders are the ones given in the statement

of the theorem.

O

We now show that the list in Theorem 7.5.10 does not contain superfluous entries in

the case of R = Z.
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Note that all the groups appearing in Higman’s theorem Theorem 7.5.1 afford a faithful

representation such that the associated ring has only trivial units, since the ring of the
regular representation is isomorphic to the integral group ring. Thus, we are only concerned
with the groups Dicyg.3 and SL(2, 3).

7.5.1. Dicg3 as a group of trivial units. — We begin with an example of a faithful
integral representation of Dics.g such that the ring of the representation has only trivial

units. The group Dicy.3 is given by the following presentation
(s,t]s5=1,2 =53 s =571

Consider the matrices

00 -1 0 -11 0 0
A 00 0 -1 and B — -1 0 0 O
10 0 O 0 00 -1
01 0 O 0 01 -1

The homomorphism given by s — BA? and t — A yields a faithful integral representation
of Dicy.3. Equivalently, we may use the isomorphism induced by identifying the ring
generated by (j (1)) with the ring of Eisenstein integers, and consider the representation
of Dicy.3 over Z(w) (where w denotes a primitive third root of unity) given by the group

matrices generated by

A= (? _01> € GLy(Z(w)) and B= (“g 02> € GLy(Z(w)).

w

A quick calculation shows that A and B indeed generate (multiplicatively) the group Dicy.3
of order 12. The twelve corresponding matrices, however, are neither linearly independent

over Z, nor over Z(w). Indeed, we find the equalities

A? =1, A= —A, B*=—(1+B),  BA’=-B,
BA®=-BA, B?A=-BA+ A%  B?A?=14B, B2A3 = A3 — BA,

implying that the ring of the representation over Z is generated (as a ring) by A, B and
BA only. Any sum of those generators (and the identity matrix I) is of the form

M(n,m, k) = <n+mw —(l—i—kw))

I+ kw? n+ mw?

for some integers n,m,l and k € Z, and since the basis elements generate a finite group,
this set is indeed closed under multiplication, and hence equal to the full ring.
Note that over the ring Z(w), we find that wI,wA,wB and wBA are not of the form
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above, and the Z(w)-algebra of the corresponding representation is 8-dimensional over Z.

The determinant of an element of the ring of the representation may be computed as

det M(n,m,1, k) = n? + m? + nm(w + w?) + 1% + k? + kl(w + w?)
=n®+m?—nm+1%+k* -kl

The only unit this expression may equal is the identity. If this is the case, multiplying by 2

and completing the square, we see
2=m?+n + P+ k+(m—n)?+ (k-1)>

Since all numbers in this equation are positive, it is clear that there are only twelve solu-
tions; eight by setting one of the variables to be +1 (and the others to be 0), as well as
m=n==lk=1l=0and m=n =0,k =1= =£1. All these solutions correspond to
elements of the image of Dicg.3 in R*. There is no need for checking this by hand, since

all twelve elements of Dicy.3 are automatically units.

Indeed, we have proven more: The only element of the ring of p with an eigenvalue 1
is the identity matrix. Thus, by Proposition 7.5.8, the fact that the ring has only trivial
units already implies (MP) for Z*.

Dicy.3

7.5.2. SL(2,3) as a group of trivial units. — The group SL(2,3) affords a represen-
tation with a ring with only trivial units as well. We preceed similarly to the case of Dicy.3.

The matrices

-1 1 1 -1 -1 1 1 0

-1 1 -1 1
S = 0 0 and T = 00

0O 0 0 -1 -1 1 1 -1

0 01 -1 -1 01 0

generate a group of integer matrices isomorphic to SL(2,3). One quickly checks the fol-

lowing identities
I+S=-5% T?=-1 and TS=—(I+T+ST).

Since SL(2, 3) is generated by S and T, the linearly independent set {I, .S, T, ST} generates
a submodule containing SL(2,3) in GL4(Z). As before, we switch to representing our

matrices over the ring of Eisenstein integers, obtaining
— 1 0 -1
S = “ L; , T = “ and ST = .
0 w w —w 1 -1
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We see that every element of the submodule generated by these three matrices and the

identity matrix is of the form

M( kD) n+w(m+ k) (k—1)—wm
n7m7 ) -
I+ wk (n —1) — wk + w?m

for integers n,m, k and [ € Z. Computing the determinant of such a matrix, we find

2det M(n,m,k,1) = 2(n* +m? +1* + k* + mk — nm — nl — ki)
=m-mP?+k-0D*+(m+Ek)>*+n-0>%

This expression is equal to 2 in precisely 24 cases; namely if one of the variables is equal

to +1, and in the cases

m=—-k=41 and n=I0[=0, or n=m==£1 and k=1[1=0,

k=l=41 and n=m=0, or n=I[l=41 and m=k=0,
m=—-k=n=41 and [=0, or n=m=[l=4+1 and k=0,
m=—-k=l=41 and n=0, or n=k=Il=41 and m=0.

Thus, there are no more units other than the trivial units in SL(2,3), and we see that all

groups in the list given in Theorem 7.5.10 actually appear in the case of R = Z.

7.6 — Crystallographic groups

Let E denote the d-dimensional Euclidean space R?, and Isom(E) the group of isometries
of E. Introducing the topology induced by the point-wise convergence on E makes Isom(FE)
into a topological group. A subgroup G of Isom(FE) is called a crystallographic group if
it is discrete and co-compact. The name derives from the three-dimensional case, where
these groups are of use in the classification of crystals in mineralogy. These groups have
been studied for a long time. In the theory of crystallographic groups, the theorems of
Bieberbach, cf. [22|, and Zassenhaus, cf. [158|, are essential. These show that there are
only finitely many isomorphism classes of crystallographic groups of a given dimension,
and give the following algebraic characterisation of crystallographic groups: a group G is
crystallographic of dimension d if and only if it contains a free abelian group of rank d as
a maximal abelian normal subgroup of finite index. In other words, the group G fits into
a short exact sequence
15725 G—-T -1,

where T is a finite group acting faithfully on Z%. All isomorphisms between such groups are
realised by affine transformations. The group I' is called the point group or the holonomy

group of G, and the maximal abelian normal subgroup is called the translation group.
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Every crystallographic group G gives rise to a faithful action of the point group I' on Z¢,
hence to a faithful integral representation p: I' — GLg4(Z). Given some crystallographic

group G, we shall always denote this representation by p.

We have already encountered crystallographic groups with the Magnus property. Of
course, all finitely generated free abelian groups are crystallographic (with trivial point
group) and have (MP). The infinite dihedral group is crystallographic and has the Mag-
nus property by Example 7.1.3. Furthermore, the group

ZXZ={ab|a’=a"1)

is both a two-dimensional crystallographic group with point group of order 2 and the fun-
damental group of the Klein bottle, hence it has the Magnus property (as all fundamental
groups of compact surfaces do). The two crystallographic groups with the Magnus prop-
erty given in [94] are generalisations of the Klein bottle group of dimensions 3 and 8 and
with point groups C3 and C2, respectively. They are given as the members of an infinite
family of crystallographic groups of dimension p? — 1 and with point group CZZ), for any
prime p. As a corollary of Theorem 7.6.1, that we will see shortly, the groups associated
to the primes 2 and 3 are the only groups with the Magnus property within this infinite

family. We shall see some further examples (and non-examples) later on.

It is not unreasonable to expect to find groups with the Magnus property within the
class of crystallographic groups, since their conjugacy classes are relatively tame. Indeed,
the conjugacy classes within the maximal abelian normal subgroup Z¢ are all finite, while
the conjugacy classes outside Z? are big in the following sense. If @ € I' is the image
of some element a in a crystallographic group G, the conjugacy class of its inverse a~!
contains Img(@” — I)a~!, where @ is the matrix describing the action on Z, since for all
w e 74

ar —1 _

(a™H)W = —ww?a ar=lg=t,

w
Thus, the conjugacy classes outside the maximal abelian normal subgroup are ‘submodule
sized’. For an in-depth consideration of the normal subgroup structure of crystallographic

groups cf. [41].

Our aim is to apply the results of Section 7.5 to obtain restrictions to the possible point
groups of crystallographic groups with the Magnus property. To describe these, we make
use of subdirect products. A subdirect product of a collection of groups Gi,...,G, is a
subgroup G of the direct product Gy x - - - X G, such that the projection maps m; : G — G;
to the i*" component are surjective for all i € {1,...,n}. The reason that subdirect
products appear in our description below is quite natural. Assume that Z¢ decomposes

into a direct sum of I'’-invariant submodules. Then I'” is GL4(Z)-conjugate to a group of
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block diagonal matrices

yelp,

for some integral representations p; : I' — GLg,(Z) and some positive integers d;, for
i € {1,...,n} such that > ", d; = d. Then I' is (isomorphic to) a subdirect product of
the groups I'*t, ... [P,

Note that if p decomposes, the crystallographic group G inducing this representation
does not need to decompose as a subdirect product. However, every crystallographic
group, say of dimension d and with point group I', is contained as a finite index subgroup
in a crystallographic group that is split, i.e. isomorphic to a semidirect product Z¢ x I'; this
group decomposes as a subdirect product like the associated integral representation, cf. [44].
In general, every finite index (and every normal) subgroup of a crystallographic group is
again crystallographic, cf. [44]. However, since the Magnus property is not inherited by
subgroups (be they normal or of finite index or not), this is only of limited use, and we
shall have to fall back onto our considerations of trivial units in certain rings. The unit
groups of integral group rings of crystallographic groups have been examined, and those
with only trivial units have been characterised topologically, cf. [35].

We remark that all our considerations for the exclusion of certain point groups only
depend on the integral representation p. We do not consider the actual extension. It
is not without merits to restrict to considering coarser classes of crystallographic groups
and apply the theory of integral representations, cf. [128], although it can never suffice:
There are crystallographic groups with isomorphic point groups and the same integral
representation of the point group that are not isomorphic.

For example, there are 17 isomorphism classes of plane (two-dimensional) crystallo-
graphic groups; these are sometimes called ‘wallpaper groups’. Among these, four classes
have a point group of order 2. For a more detailed overview on these groups, see e.g. [33].

We now state the last theorem we prove in the chapter.

Theorem 7.6.1. Let G be a crystallographic group with point group I'. If G has the

Magnus property, then I' is isomorphic to a group in the following list,

(i) direct products Cy x C5* or Cy x CJ* for n and m € Ny,
(ii) a subdirect product A of copies of C4 and Qg such that A is a group of exponent 4
with all involutions central,
(iil) a subdirect product A of copies of Dicg.3 such that A is a group with all elements of
order at most 6 and with all involutions central,
(iv) a subdirect product A of copies of SL(2,3) such that A is a group with all elements

of order at most 6 and with all involutions central.

< 195 <



Chapter 7. The Generalised Magnus property

In particular, T is a {2,3}-group. If |T'| is odd, it is an elementary abelian 3-group.

Note that the groups of point (ii) fall in the well-understood class of finitely generated
(hence, by a result of Sanov [134], finite) groups of exponent 4, cf. [146].

Proof of Theorem 7.6.1. If the group G has the Magnus property, the translation subgroup
Z% has the relative Magnus property (MP)z, where T = T' x (z ~— 2~') and T acts by
conjugation. We do not consider the structure of the actual crystallographic group from
this point on, and only use properties of the representation p induced by the action of the
point group I'. Let p; be an irreducible subrepresentation of p. As a Q-representation,
o = (p)g decomposes into a direct sum o1 @ --- @ oy, of irreducible Q-representations.
Let B a basis of Q¢ respecting this decomposition. Multiplying the basis elements in
every given summand with the least common multiple of their denominators, we obtain a
basis for a finite-index Z-submodule of Z% that decomposes into n irreducible I'*-invariant
submodules, each affording a Z-representation Q-equivalent to one of the ¢;. Any invariant
submodule of Z% still has (MP)g, since the T-action (and the inversion) on the submodule
is the same as for the full module. Thus, we may assume that p decomposes as a sum of
irreducible subrepresentations.

Write V; for the submodule on which o; acts, and T'; for the quotient I'/kero; for
i € {1,...,n}. The group I' is a subdirect product of I'; x - -+ x T',,.

By Lemma 7.5.4, applied to the submodule V; of Z% for i € {1,...,n}, the ring of
the representation ¢; has no non-trivial units. Thus, by Theorem 7.5.10, the group I'; is

isomorphic to a group in the list below,
C1, Cy, C3, Cy, Cs, Qs, Dica.s, SL(2, 3).

If n =1, we are done. Otherwise, a subdirect product I" of the family {I'; | : € {1,...,n}}
of groups is naturally a subdirect product of the family {I'; | i € {1,...,n — 2}} U {S},

where S is the image of I' under the projection map
Tp1 X7p: Ty X xT'), > T,—-1 xT'y

onto the last two factors. The submodule V,,_5 x V;,_1 inherits the property (MP)g, and
hence the ring of the representation o,_o@®0c,_1 has only trivial units. In the determination
of groups that are subdirect products of groups in the list above, we may thus consider
subdirect products of two groups in the list first. Call these groups G and H. If there are
no subdirect products of G and H with all elements of order 6 or lower, by Lemma 7.5.6
the groups G and H cannot both appear in the list of groups I'y, ..., ;.

Notice first that Cg is the direct product of Cy and Cgs, hence in particular a subdirect
product. We may thus omit it from the list above.

We record the list of isomorphism types of subdirect products with the maximal order

of any element not exceeding 6 of the two groups G and H in the following table. Since
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this is clearly a symmetric table, we omit the lower half for better readability.

|| o | o | Q| Dicy.3 | SL(2,3)
e || © Qs Dicas Oy x SL(2,3)
32 Cy x Cq | Ca x Qg Csy x Dicgs
Cs 23%’ none none none SL(2,3)
C4 C4, Ci C4 A (347 DiC4.3 none
Co x Cy | C4qxQg Co x Dicy.3
Qs Q3,
Qs Cs x Qs, none none
C2 % Qs
Dicy.3
Dica.3 C2 x Dicy none
C3 % Dicy.3
Cy x (Cg x Dicy.3)
SL(2,3)
SL(2,3) Oy x SL(2,3),
Qs x SL(2, 3)

All semidirect products are with respect to the action of a cyclic quotient of order 2
by = — 27!, except the action of SL(2,3) on Qg, which factors over the quotient by the
quaternion group inside SL(2,3). A computer program using GAP [52| that produces and
verifies this table is attached to this chapter, see Section 8.5.

We see that certain combinations of groups cannot appear within I'y,..., ', at the
same time, e.g. SL(2,3) and Dicyg.3. Furthermore, some combinations are redundant, e.g.
all subdirect products involving Cs and SL(2,3) are can be achieved without using a copy
of Cs.

Checking carefully, we find all possible groups covered by those given in the list in the
theorem. Note that Cj x CJ* (for m > 0) is a subdirect product of Cznax(n’m). Using
Lemma 7.5.9 and yet again Lemma 7.5.6, we obtain the additional restrictions to the

subdirect products in the list. O

7.6.1. Examples of crystallographic groups with and without the Magnus prop-
erty. — The remainder of this section is devoted to a partial inverse of Theorem 7.6.1.
We are able to exhibit crystallographic groups with the Magnus property and all point
groups of (i) in the list in the theorem. Unfortunately, we cannot achieve the same for the
other points. However, in our efforts to make sure that the list of groups in Theorem 7.5.10
is minimal in case of R = 7Z, we have established some integral representations p such that

the ring of p has no non-trivial units. Crystallographic groups with point groups acting
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according to those representations are the natural examples to consider for finding groups
belonging to the later points of Theorem 7.6.1. We exclude these natural, low-dimensional

candidates, by proving that the corresponding groups do not have the Magnus property.

Groups with the Magnus property

We aim to prove the following proposition.

Proposition 7.6.2. All groups in (i) of the list in Theorem 7.6.1 appear as point groups
of crystallographic groups with the Magnus property.

It is not surprising that we need to consider direct products to achieve the proof of
Proposition 7.6.2. While the class of groups with the Magnus property is not closed under
direct products, one can describe precisely how it fails. We use the following two results
of Klopsch and Kuckuck.

Lemma 7.6.3. [94, Lemma 2.3] Let G and H be two groups with the Magnus property.
Then the direct product G x H has the Magnus property if and only if, for every element
(g,h) € G x H, one of the following statements holds true:

L are G-conjugate,

(i) g and g~
(ii) h and h=! are H-conjugate,

(iii) (g,h) and (g,h~1) do not generate the same normal subgroup in G x H.

Theorem 7.6.4. [94, Theorem 1.1] Let p be an odd prime, and let G and H be residually
finite-p groups. If G and H have the Magnus property, then their direct product G X H has
the Magnus property.

With these tools, we shall construct the sought-for groups out of the following examples

with cyclic point groups.

Example 7.6.5. Let G = Z2 x4 C4, with C4 generated by an element a acting on Z? by

A:G ‘01>.

The group G has the Magnus property.

the matrix

Proof. 1t is easy to see that the ring of the representation a — A is generated by I and A,

)

for some m and n € Z. The determinant of a matrix of this form is n? +m?, consequently,

hence every element has the form

the ring only has trivial units. Furthermore, the only matrix with eigenvalue 1 within this

ring is the identity matrix. By Proposition 7.5.8, the group Z? has (MP)c,. Thus, every
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two elements in the maximal normal abelian subgroup that generate the same normal
subgroup are conjugate or inverse-conjugate. It remains to consider the elements with

non-trivial image in the quotient Cy.

Let v and w € Z2. For all i € {1,2,3} we have
(va~H)W = vwA g,

The images of Z2 under the linear maps

(7 5) ifi=1,
A —-1= (*02_02) if i = 2,
(T h) ifi=

are equal to
V={(z,y) €Z*|x+yec2Z}, fori #2, and W =272 fori=2,

respectively. Thus, the conjugacy classes of elements of the form va’, for some v € Z2,
contain (v + V)a’ for i # 2, and (v + W)a? otherwise. Let (z,y) € V. Then (z,y)* € V,
since

y—x=xz+y—2x=2n-—ux)

for some n € Z. Also, if (x,y) ¢ V, then (z,y)* ¢ V. The same holds for A%, A> and W
in any combination. The action of A on the quotient Z? /V is hence trivial, and the action
of A on the quotient Z? /W is given by

01
A= .

Thus, the conjugacy classes in G are precisely the following: The conjugacy classes v©4 of

finite size within Z2, and the classes

Va, normally generating V Cy,

((1,0) + V)a, normally generating G,

Va?, normally generating  VCy,
((1,0) + V)a?, normally generating G,
Wa?, normally generating W (a?),

(1,1) + Wa?, normally generating  V{(a?),
{(0,1),(1,0)} + Wa?, normally generating ~ Z*(a?).

The first and third, and the second and fourth classes are inverses of each other, respec-
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tively. Thus, G has the Magnus property. O

Example 7.6.6. The group G = Z? x4 Cs, acting by
-1 1
A=
-1 0

Proof. The matrices A and A? fulfil A2 + A +1 = 0. Thus, the ring of the associated

representation is generated by I and A, and every element of said ring has the form and

(=)

Thus, there are only the six trivial units corresponding to n = +1 and m = 0 (the matrices
+1), to m = £1 and n = 0 (the matrices A and —A), and n = m = £1 (the matrices A*
and —A?). Furthermore, there are no non-trivial elements with eigenvalue 1, hence Z3 has
(MP) ¢,

We proceed as in the previous examples. The images under

-2 1 -1 -1
A-1= and A?—1=
-1 -1 1 -2

are equal to the submodule V = {(z,y) € Z* |  + y =3 0}. But this submodule is not

has the Magnus property.

the determinant

:n2—nm+m2.

invariant, and (as in the previous example), its invariant closure is Z?. Hence the infinite
conjugacy classes of GG are
Z*{a} and Z*{d*},

which are inverse to each other and generate the full group. Thus, G has the Magnus prop-
erty. O

Finally, although we shall not need it for the proof of Proposition 7.6.2, we provide an
example of a crystallographic group with the Magnus property, and with cyclic point group
of order 3, such that the action of the ring of the associated representation p contains, in

contrast to the previous examples, non-trivial elements with eigenvalue 1.

Example 7.6.7. The group G = Z3 x4 Cs, acting by

A

Il
= o O
o O =
o = O

has the Magnus property.
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Proof. The ring of the associated representation is clearly isomorphic to the group ring of
Cs, which has only trivial units by Theorem 7.5.1. However, we have to work around the
problem that there are non-trivial elements with eigenvalue 1. Indeed, the determinant of

an element mI+nA + kA? is equal to

k
n|=m+n+E)((m-n)*+(m—Fk)?+(n—k)?).

3 & 3
> 3 3

By substitution of m — 1 for m, we see that the element has an eigenvalue 1 if and only if
either m = 1—(n+k) or n = k = m—1. By Proposition 7.5.8, these are the only elements

we need to consider.

Assume n = k = m — 1, i.e. we consider matrices of the form

[+1 l l
l [+1 l forleZ.
l l [+1,

Clearly the eigenmodule Eig 4(1) is equal to the diagonal submodule D = {(¢, ¢, ¢) | ¢ € Z}.
The action of A on D is trivial, hence the invariant submodule generated by an element
(b,b,b) € D is equal to bD. Consequently, all generators, i.e. (b,b,b) and —(b,b,b), are
inverses to each other.

Now assume m = 1 — (n + k). Then the 1-eigenmodule of the matrix mI+nA + kA2

is the kernel of
-n—=k n k

k -n—=k n ,
n k -n—=k

which is equal to the invariant submodule V = {(z,y,2) € Z> | x +y + z = 0}. Choose
the basis ((1,—-1,0),(0,1,—1)) for V, then A acts on V' by

(5 5)

In Example 7.6.6 we have seen that the ring associated to this representation has only
trivial units and that there are no non-trivial elements with eigenvalue 1. Thus, two
elements of V' generating the same invariant submodule are conjugate or inverse-conjugate
under the action of A. Thus, Z3 has (MP)¢, -

Consider the matrices

A-I=]l0 -1 1 and A2—-1=[1 -1 0
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and their image W. Clearly W is A-invariant. Let Z x{0}2 = {(c,0,0) | ¢ € Z} be a set of
representatives for the quotient Z3 /D. By construction A acts trivially on the quotient.

Thus, the infinite conjugacy classes in G are
((¢,0,0) + D){a}, normally generating {(x,y,2) € Z* | x +y + 2z =. 0}C3,

and the same for a?, for all ¢ € Z. Since a and a? are inverses, the group G has the

Magnus property. O

Proof of Proposition 7.6.2. The class of crystallographic groups is closed under direct prod-
ucts. The point group of the direct product of two crystallographic groups is the direct
product of the respective point groups. Thus, to find crystallographic groups with the Mag-
nus property and point groups of type (1), it remains to establish the Magnus property
for the direct products of the crystallographic groups with the Magnus groups exhibited
in Example 7.1.3, Example 7.6.5 and Example 7.6.6.

Let G be a group such that all elements g € G are conjugate to their inverse. Such a
group is called ambivalent. Assume that G has the Magnus property. Lemma 7.6.3 clearly
implies that the direct product G x H with another group, that also does possess the
Magnus property, has the Magnus property. The infinite dihedral group is an ambivalent
crystallographic group with the Magnus property. Thus, the factors of type C3 are dealt
with.

The group Z? x C3 from Example 7.6.6 is a residually finite-3 group; by Theorem 7.6.4
the direct products of such groups have the Magnus property.

It remains to consider powers of C4. Consider the group Z? x Cy as defined in Exam-
ple 7.6.5. Let (va’,wa’) € (Z* x C4)? be an element of the direct product, for some v and
weZ?andi,je {0,1,2,3}. We aim to use Lemma 7.6.3. If i or j is equal to 0 or 2, the

element (va',wa’) is conjugate to its inverse, since

2

Hl = @ (—v) = vd®.

vil=—v=v" and (va
Thus, without loss of generality, let ¢ = j = 1. Consider the image of the normal subgroup
generated by (va,wa) and (va,(wa)~!) in the quotient C?, i.e. the subgroup generated
by the images (a,a) and (a,a™!). Since these do not coincide, the normal closures in the
crystallographic group do not coincide, and by Lemma 7.6.3, the direct product has the
Magnus property. Arguing similarly, one sees that direct products of finitely many factors

of Z2 x C4 have the Magnus property. Thus, we can realise all point groups of (1). O
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Point group Qg and the Magnus property

The representation ¢: Qg — GL4(Z) given by

0 -1 0 0 0 -1 0
_ 1 0 0 O 0 1
i— and j—

0 0 0 -1 1 0

0 0 1 0 0 -1 0 0

describes the smallest-dimensional fixed point-free faithful integral representation of the
quaternion group Qg. The only crystallographic group that has a point group isomorphic
to Qg acting via ¢ on Z* is the semidirect product G = Z* X, Qg, which may be checked
using the CRyST-package for GAP. Using the methods of the previous section, one can
check that the ring of the representation ¢ has indeed only trivial units.

Write ¢ = i? for the central involution. Notice that ¢¥ = —I. Let v and w € Z* and
g € Qg. Calculate

(ve)V9 = vIw(eTIeI = vIw 2,

Choosing w as the pre-images of a basis of Z* under the respective transformations g, we see
that the conjugacy class of vc is equal to the union |J geQs V72 Z4 ¢. Since we want to show
the existence of an element having the same normal closure as vc but being not conjugate

to it, we might calculate entry wise modulo 2 from here on. Choose v = (1,0,0,0) and

consider
(ve) (ve) (ve) = vititle,
Since
1 110
1 1 0 1
P+ +1=
J 1101 1
01 11

is invertible, we have (vc)® = (viTi+1e)&. But viti+!l = (1,1,1,0), while v9 has precisely

one non-zero entry for all g € Qg. Thus, G does not have the Magnus property.

Point group Dicy.3 and the Magnus property

We prove that the four-dimensional integral representation of Dicy.3, as described by the
matrices A and B in Section 7.5.1, does not afford a crystallographic group with the
Magnus property. We write a and b for the corresponding generators of Dicy.3, and ¢
for the representation defined by a¥ = A and b¥ = B. We have seen that the ring of
the representation ¢ has only trivial units. But it does not give rise to a crystallographic
group with the Magnus property. The only crystallographic group with the point group
Dicy.3 and action prescribed by ¢ is the semidirect product G = Z* X, Dicg.3; this can be
checked using the CRysT-package for GAP.
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We will explicitly produce two elements generating the same normal subgroup that are
neither conjugate nor inverse-conjugate. Since we established in Section 7.5.1 that Z* has
(MP)

Dicss? these elements must have non-trivial image in Dicg.3. Let

v=1(0,0,0,1) and ¥v=(1,-1,2,-1)€Z".

We claim that va and va are the promised pair of elements. Let us first check that they

are neither conjugate nor inverse-conjugate in G.

Notice that a is not conjugate to its inverse in Dicy.3. Thus, va and (Va)~! cannot be
conjugate in G as well. We now describe the intersection of the conjugacy class of va with
Z*a. To do so, calculate the centraliser of a in Dicy.3, which is (a). Then consider the

conjugates
(va)w"“i = (VAi + W(As_I)Ai) a,

for w € Z* and i € {0,...,3}. This allows us to give the following description of the

relevant part of the conjugacy class,

(va)¥ nzta={(va)*' |wez'ie {0,123}
- ({vAi | i € {0, 1,2,3}} + (Z4)A3,I) "

Consider the entry wise reduction of the Z*-part of the elements of this intersection. Since

-1 0 1 0 1010

A3120—101:20101
-1 0 -1 0 101 0]
0 -1 0 -1 010 1

and A% = —1, we find that
(va)? NZ*a = ({V mod 2, v mod 2} +{(z,y,z,y) | x,y € ]FQ}) a.

But v — v =3 (1,1,0,0) and ¥ — v* =5 (1,0,0,1). Thus, the elements Va and va are not
conjugate in G. It remains to prove that they generate the same normal subgroup. For

this, we will show that Va € (va)® and vice versa.
We use the following identity in Dicg.3 to our advantage;
a’a*ad” = a.
We compute, for all w € Z*,

(Va)""b(va)3(Voz)b2 =(0,0,2, O)W(A3_I)Baba3ab2.
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For w = (1,0,0,0), we obtain
(0,0,2, O)W(A3_I)Babagab2 — vala3d” = va.

On the other hand, we find that, using the same equation, but with w = (-2, —-2,2,0),

(ffa)wb(\7‘(1)3(va)b2 = vala*a” = va.

Point groups SL(2,3) and the Magnus property

At last, we consider the integral representation ¢ of SL(2,3) that gives rise to a ring with
only trivial units in Section 7.5.2. Write s and t for the generators of SL(2,3), such that
s¥ = S and t¥ = T, using the matrices given in Section 7.5. As for the point groups Qg and
Dicy.3, there are no crystallographic groups with point group SL(2, 3), the action induced
by ¢, and the Magnus property. However, to see this, we have to use different methods,
as there are four distinct crystallographic groups with this prescribed action; these can
again be found using the CRysT-package for GAP. Therefore it is not enough to consider
the semidirect product, which would be easy to deal with: it has a retract isomorphic to
SL(2,3), which does not possess the Magnus property. A group G with a retract R that
does not have (MP) can not have (MP) either, since every pair of elements generating the
same normal subgroup in R generates the same normal subgroup in G, but elements of R

are only conjugate in G if they are conjugate in R.

Let G be a crystallographic group with point group SL(2, 3), acting by ¢ on a normal
subgroup isomorphic to Z*. Let r € SL(2,3) be an element of order 6, say 7 = st>. Then

0 0 10
R 0 0 1
-1 10
0 -1 0 1

Let X = {z, | g € SL(2,3)} be a transversal for SL(2,3) in G.

Observe that the finite group SL(2,3) does not have the Magnus property, since both
r and r? normally generate the full group SL(2,3), but are of different order and thus not
conjugate. As a consequence, the lifts x, and z,2 are not conjugate in G (even though
they might have the same order). We prove that both lifts normally generate the whole
group G. For any element g € SL(2,3) that normally generates SL(2,3), it is enough to
show that Z*z, C (,)¢ to obtain that z, normally generates G. Indeed, let h € SL(2,3)
be another element. There exist elements ¢; € SL(2,3) for ¢ € {0,...,n — 1} such that

n—1
h = H gt
=0
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Consequently x;, = uy, H?;ol (xg)%ei for some uy, € Z*. But since uyxy and x4 are contained
in (z,)¢, so is uy, and hence xy,.
For any power ' of r and any v and w € Z* we have
(v, )V = VWR_LI:CTZ'.
In case i = 1 we find R® — 1 = ST, an invertible matrix. Hence Z*z, C (vz,)®, and since
r normally generates SL(2, 3), we have (z,)¢ = G.
In case i = 3 we obtain, in the same way, 2Z* 2,5 C (vz,s)“. Since (z,2)¢ contains an

element of the form vz,s, we have 2Z*z,2 C (x,2)¢. But

is invertible modulo 2, hence Z*z,2 C (2,2)¢ and thus (z,2)¢ = G.
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Free polynilpotent groups and the Magnus property

Written in collaboration with Benjamin Klopsch and Luis Mendonga.

Abstract. Motivated by a classic result for free groups, one says that a group G
has the Magnus property if the following holds: whenever two elements generate

the same normal subgroup of G, they are conjugate or inverse-conjugate in G.

It is a natural problem to find out which relatively free groups display the
Magnus property. We prove that a free polynilpotent group of any given class
row has the Magnus property if and only if it is nilpotent of class at most 2. For
this purpose we explore the Magnus property more generally in soluble groups,
and we produce new techniques, both for establishing and for disproving the
property. We also prove that a free centre-by-(polynilpotent of given class row)

group has the Magnus property if and only if it is nilpotent of class at most 2.

On the way, we display 2-generated nilpotent groups (with non-trivial torsion)
of any prescribed nilpotency class with the Magnus property. Similar exam-
ples of finitely generated, torsion-free nilpotent groups are hard to come by,
but we construct a 4-generated, torsion-free, class-3 nilpotent group of Hirsch
length 9 with the Magnus property. Furthermore, using a weak variant of the
Magnus property and an ultraproduct construction, we establish the existence
of metabelian, torsion-free, nilpotent groups of any prescribed nilpotency class

with the Magnus property.

8.1 — Introduction

A group G has the Magnus property if the following holds: whenever g,h € G generate
the same normal subgroup (g)¢ = (h)%, the element g is already conjugate in G to h or
to h~L.
The Magnus property is a first-order property, in the sense of model theory; consequently
all groups with the same elementary theory as free groups have the Magnus property.

During the last two decades, the Magnus property has been explored and established
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for various classes of groups using different techniques, e.g., for fundamental groups of
closed surfaces 24|, direct products of free groups KK16,Fel21, and certain amalgamated
products [46].

Groups with the Magnus property are typically torsion-free and ‘big’, for instance,
in the sense that they do not satisfy any non-trivial law, viz. any non-trivial identical
relation. Even so free abelian groups possess the Magnus property, for obvious reasons,
and certain crystallographic groups with the Magnus property were manufactured in [94].
In conjunction with Magnus’ classic result, this prompts a natural question for relatively

free groups, viz. V-free groups for any given variety V of groups.

Problem A. Let V be a variety of groups, viz. the class of all groups satisfying each one

of a given set of laws. Which V-free groups have the Magnus property?

By basic considerations, it is enough to settle the question for relatively free groups
of finite rank, viz. on finitely many free generators, because for each variety of groups V
there is a precise cut-off point dy € Ny U {oo} for the ranks of V-free groups with the
Magnus property; see Corollary 8.2.3. As mentioned above, for the variety U of all groups
and for the variety A of abelian groups, we know that every free group and every A-free
group has the Magnus property: hence oy = d4 = oo. Likewise, it is easy to see that the
variety A, of abelian groups of exponent m (that is, m or dividing m) has d4,, = oo if
m € {1,2,3,4,6}, and 04, = 0 otherwise.

Perhaps it is natural to concentrate first on varieties of exponent zero, viz. varieties V
such that 2 is not a universal law in V-groups, for any m € N. Prominent examples of this
kind are the varieties N of all polynilpotent groups of class row c, for any given length [ € N
and class tuple ¢ = (c1,...,¢;) € N, We recall that a group G belongs to N, if the term
V(er+1,...ca+1)(G) of its iterated lower central series vanishes; here v1)(G) = n(G) = G

and inductively we set

Yert1,et 1) (G) = Yar1 (Ve 1, a1 +1)(G)) for I > 1,

where (¢, 41)(G) = e, +1(G) = [7¢,(G),G] is the (c1 + 1)* term of the ordinary lower
central series of G. For instance, for | = 1 and ¢ = (c) the variety N¢ consists of all
nilpotent groups of class at most c; for [ € N and ¢ = (1,...,1) € N'| the variety N,
consists of all soluble groups of derived length at most [. For free polynilpotent groups, we

resolve Problem A completely.

Theorem 8.1.1. Let G be an Ne-free group of rank d, i.e., a free polynilpotent group of
class row ¢ that is freely generated by d elements, where d,1 € N and ¢ € N

Then G has the Magnus property if and only if G is nilpotent of class at most 2;
equivalently, if and only if d =1 or c € {(1),(2)}.

The proof uses the notion of basic witness pairs for not having the Magnus property;

which are defined in Lemma 8.2.6. The starting point of the proof is that the restricted
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wreath product Cu ! Coy admits such witness pairs; see Proposition 8.4.1. Almost as a

by-product, we obtain the following similar result, for further varieties.

Theorem 8.1.2. Let G be a free centre-by-Ne group of rank d, where d,1 € N and c € N'.,

Then G has the Magnus property if and only if G is nilpotent of class at most 2; equivalently,
if and only if d =1 or c = (1).

Since the Magnus property is a first-order property, one may wonder about groups with
the same elementary theory as free polynilpotent groups. Groups that are elementarily
equivalent to free nilpotent groups were considered in MS09,MS11. We remark that N-
free groups are torsion-free, while free centre-by-N, groups may involve central torsion of

exponent 2; compare with Kuz82,5t089.

In order to prove Theorems 8.1.1 and 8.1.2 we explore the Magnus property in more
general groups, and we produce new techniques, both for establishing and for disproving
the property. In Proposition 8.2.4 we provide a useful sufficient criterion under which the
Magnus property passes to factor groups; for instance, if G has the Magnus property and
N <G is finite then G/N inherits the Magnus property. In Proposition 8.3.2 we see that
every torsion-free, class-2 nilpotent group has the Magnus property. Example 8.3.8 provides
an explicit family of finitely generated, nilpotent groups (with non-trivial 3-torsion) of any
prescribed nilpotency class that possess the Magnus property. In contrast it appears much
harder to capture finitely generated, nilpotent groups of prescribed nilpotency class ¢ > 3
with the Magnus property that are torsion-free. In Example 8.3.11 we construct explicitly
a 4-generated, torsion-free, class-3 nilpotent group of Hirsch length 9 with the Magnus
property. This can be seen as a very first step toward tackling the following problem which

suggests itself.

Problem B. Are there finitely generated, torsion-free, nilpotent groups with the Magnus
property of any prescribed nilpotency class? Characterise or even classify finitely generated,

torsion-free, nilpotent groups with the Magnus property.

Currently, we seem to be far from solving this problem, but we can establish a related
and somewhat surprising result, using a weak variant of the Magnus property and an

ultraproduct construction.

Theorem 8.1.3. For every ¢ € N there exists a countable, metabelian, torsion-free, nilpo-

tent group with the Magnus property that has nilpotency class precisely c.

In this context we remark that, by a classical embedding theorem of Higman, Neumann
and Neumann [82], every countable torsion-free group G can be embedded into a countable
torsion-free group § with only two conjugacy classes; such a group G has the Magnus
property. Using small cancellation techniques, Osin [117] showed that one can even arrange

for G to be finitely generated. However, the structure of such groups G, which arise as
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inductive limits, can be very different from the one of the input group G, and they are far

from the groups we produce for Theorem 8.1.3.

1 1

Notation. Let G be a group. For z,y € G we write 2¥ = y~ zy and [z,y] = x~ a¥.
Throughout, we use left-normed commutators; for instance, we write [z,y, z] = [[z,y], z].
A similar convention applies to iterated Lie commutators in associated Lie rings. For
X C G we denote by (X)¢ = (29 | x € X, g € G) the normal closure of X in G, viz.
the smallest normal subgroup containing X. For a singleton X = {x} we use the shorter
notation (z)¢.

We denote by Z(G) the centre of G, and we write Z;(G), i € Ny, for the terms of the
upper central series of G. The iterated lower central series and, in particular, the lower
central series v;(G), i € N, were already discussed above.

Suppose that V is a non-trivial variety of groups. The rank of a V-free group G is the
cardinality of a V-free generating set for G. We use the term sparingly and no confusion
with other common notions of rank, such as Priifer rank should arise.

For m € NU {oco} we write C),, to denote a cyclic group of order m.

8.2 — Preliminaries and auxiliary results

We recall that the Magnus property is a first-order property in the sense of model theory;

indeed, sometimes it is useful to rephrase it for a group G as follows:

Vk,l e Ny Vg,heG VYmy,...,mi € {1,—1} Voui,...,v € G
Vni,...,n € {1,—-1} Vwi,...,w € G: (MP)

(=TI~ o =TI,

Fl(hnj)wj> - (EIUEG: ¢ =hV gv:h_1>’

where the quantifier over the integers k,! can be eliminated by passing to a countable
collection of sentences in the first-order language of groups. For short we say that G is an
MP-group if G has the Magnus property.

We recall that, if P is any property of groups, then a group G is locally a P-group if
each finite subset of G is contained in a P-subgroup of G. If P is inherited by subgroups,
this is equivalent to the requirement that each finitely generated subgroup of G has P. The

proof of the following lemma is routine, using (MP).
Lemma 8.2.1. Fvery locally MP-group is an MP-group.

Of course, the Magnus property does not generally pass from a group to its subgroups
or quotients. Nevertheless there are interesting situations, where this happens. We record

a simple, but useful observation.

tThe terms “M-group” and “Magnus group” are unfortunately already in use with other meanings. For
lack of better alternatives, we have settled for “MP-group”.
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Lemma 8.2.2. Let G be a group, and suppose that G = H x N splits over a normal
subgroup N I G. If G is an MP-group then so is H.

For each variety of groups V we set
dy = sup{d € Ny | V-free groups of rank d are MP-groups} € Ny U {c0}.

Lemmas 8.2.1 and 8.2.2 already have a useful consequence for relatively free groups.

Corollary 8.2.3. Let V be a variety of groups. If oy = oo, then every V-free group is an
MP-group. If oy < oo, then a V-free group is an MP-group if and only if it has rank at
most oy.

The next result is less obvious, if not surprising; in particular, it provides a powerful

handle to deal with free nilpotent and, more generally, free polynilpotent groups.

Proposition 8.2.4. Let G be an MP-group, and let N <G such that for each g € G~ N

the C-partially ordered set of normal subgroups
Qun = {(g2)9 | z € N}

satisfies the minimal condition. Then G /N is an MP-group.

Proof. Let g, h € G such that their images in G/N have the same normal closure, in other
words such that (¢)¢ =x (h)¢. If g =x 1, also h =y 1, and they are conjugate to one
another modulo N. Now suppose that g Zy 1. Choose k,l € N, mq,...,mg,n1,...,n € Z
and vy, ...,V W1, ..., w; € G such that

k i\Vi — ! n;\w; —
Hi:l (9™)" =nyh  and szl (h")™ =N g.

Since {yn satisfies the minimal condition, we find gmin € gN such that <gmin>G is C-
minimal among all subgroups of the form (y)& for y € gN. Consider

i \Vi __ ! nij\w; __

ho = Hi:1 (gn’ﬁn) =N h and go = szl (hoj) T=ng.

These elements satisfy (go)% C (ho)® C (gmin)¥, hence, by the minimal choice of gy, We
conclude that {go)¢ = (ho)“. Since G has the Magnus property, there exists v € G such
that g5 = ho or gy = hgl, hence

9" =N 99 =~ ho =ny=h or, similarly, ¢" =xn ht. O

We record some immediate consequences, which are quite remarkable.

Corollary 8.2.5. Let G be an MP-group, Qg = {(9)% | g € G}, and let N <G.
(1) If Q¢ satisfies the minimal condition, then G /N is an MP-group.
(2) If N is finite, then G/N is an MP-group.
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In particular, if G is a finitely generated nilpotent group with the Magnus property
then G modulo its torsion subgroup 7(G) is a finitely generated, torsion-free nilpotent
group with the Magnus property; in contrast, the finite group 7(G) does not in general
inherit the Magnus property; compare with Example 8.3.8.

The following sufficient criterion turns out to be useful for rejecting the Magnus prop-

erty and gives rise to the notion of basic witness pairs which is to play a key role.

Lemma 8.2.6. Let G be a group, and let g € G and v € [G,G] \ {[g,w] | w € G} be such
that g? Zia,q 1 and (9)C = (gv)¥. Then G is not an MP-group.

Proof. From gv =(¢,q] 9 (6,0 g~ ! it follows that g and gv are not inverse-conjugate in G.
They are not conjugate to one another either, as gv # g[g, w] = ¢g* for all w € G. Thus
()€ = (gv)¥ shows that G does not have the Magnus property. O

For short we say that (g,v) is a basic =(MP)-witness pair for G, viz. a witness pair for
G not having the Magnus property, if g, v satisfy the conditions in Lemma 8.2.6. Part (1) of
the following lemma is straightforward; compare with Lemma 8.2.2. Part (2) is established

by following the proof of Proposition 8.2.4 as per contrapositive.

Lemma 8.2.7. Let G be a group, and let N 1G.

(1) If G = H x N splits over N, then every basic =(MP)-witness pair for H is also a
basic ~(MP)-witness pair for G.

(2) Suppose that N C [G,G] and that g,v € G are such that their images modulo N
form a basic ~(MP)-witness pair (§,v) for G/N. If Qun = {{g2)¢ | = € N} satisfies
the minimal condition, then (g,v) lifts to a basic =(MP)-witness pair (go,vo) for G, with

go =N g and vg =N V.

Another useful tool is the co-centraliser of an element g in a group G, that is
Calg) = (lg,w] | we G) < G;

this group is closely related to the normal closure (¢)¢ and thus of interest to us.

Lemma 8.2.8. Let G be a group, and let g € G. Then

(i) Caly

G and (9)¢ = (9) Cg(g); in particular, (g)%/ Cg(g) is cyclic;
(ii) *G(g [

)<
) = [(9),G], i.e., Cg(g) is the smallest normal subgroup N of G such that
C (g)¢ and G acts tmvwlly by conjugation on (g)¢ /N ;

(iii) Cg(h) < Calg) for all h € (g)C;
(iv) if h € G with (g)¢ = (R)Y then Cg(g) = Ca(h).

Proof. We set X = {[g,w] | w € G} so that Cg(g) = (X) and (g)¢ = ({g} UX). From the
identity [g,w]" = [g,v] "' [g, wv], for w,v € G, we deduce that Cz(g) < G. This establishes

(1) and (2). Claims (3) and (4) are immediate consequences of (2). O
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8.3 — Locally nilpotent groups

Clearly, if G is an MP-group then so is its centre Z(G). We are interested in sufficient
conditions so that the factor group G/ Z(G) inherits the Magnus property. First we observe

a useful feature of co-centralisers in torsion-free, locally nilpotent groups.

Lemma 8.3.1. Let G be a torsion-free, locally nilpotent group. Let g € G\ Z(G). Then

the co-centraliser of g satisfies
(9)9 N Z(@) < Calg). (8.1)

Proof. Choose v € G such that [g,v] # 1. For every z € (¢)¢ N Z(G) there exist finitely
many elements wy,...,w, € G such that z € (¢g**,...,¢g"¥). If the claim holds true for
the nilpotent group H = (g,v,w1,...,w,) < G, we conclude that z € Cz(g) € Ca(g).
Thus we may assume without loss that G is nilpotent.

Let ¢ denote the nilpotency class of G, and let us fix the position where g makes
its appearance within the upper central series: ¢ € Z;11(G) \ Z;(G) for suitable i €
{1,...,¢ — 1}. Since G is torsion-free, so is G/Z;(G); see [32, Cor. 2.20|. Hence we
deduce from Cg(g) < [Ziy1(G), G] < Zi(G) that (9)¢ = (g9) x Cz(g) and consequently
Calg) = (9)9 N Zi(G). This implies (9)¢ NZ(G) < Ca(g). O

With this insight we are ready to deal with torsion-free, class-2 nilpotent groups.

Proposition 8.3.2. Let G be a torsion-free, class-2 nilpotent group. Then G has the
Magnus property.

Proof. Let g,h € G such that (9)¢ = (hW)¢. If g € Z(G), then (g) = (9)¢ = (W) = (h)
and, because G is torsion-free, we conclude that g € {h, h™1}.

Now suppose that g ¢ Z(G). Since G/Z(QG) is torsion-free abelian, we deduce from
(9) Z(G) = (h) Z(G) that g =y ) h*1: replacing ¢ by its inverse if necessary, we may
assume without loss that g =) h, hence g 'h € Z(G) N (g)¢ < C(g) by Lemma 8.3.1.
This implies ¢~ 'h = Hle[g,vi]ei for suitable ¥ € Ny, v1,...,v; € G and eq,...,e, €
{1,—1}. Since G has nilpotency class 2, we obtain

k k

k ) )
h=g]]_lovl®=glg.]]_ v]=9" forv=]]_ v O

Example 8.3.3. It would be interesting to complement Proposition 8.3.2 by characterising
(or even classifying) finite, class-2 nilpotent groups with the Magnus property. Each such
group is necessarily a {2,3}-group and hence a direct product G = P x @ of its Sylow-2
and its Sylow-3 subgroup, each of which is again an MP-group.

However, it does not seem easy to give a succinct characterisation of finite, class-2
nilpotent 2- or 3-groups, in terms of canonical subgroups or quotients. A halfway practical

criterion for 3-groups is the following: a finite, class-2 nilpotent 3-group G has the Magnus
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property if and only if (i) Z(G) and G/ Z(G) are elementary abelian and (ii) for every
(Z(G)-coset of an) element g of order 9 there exists (a Z(G)-coset of) an element h such
that [g, h] = ¢°.

With this criterion it is, for instance, easy to see that the class-2 nilpotent group
G=(tab|t?=a=0b"=[a,b] = [a,t]b> = [b,t]a® = 1),

satisfies Z(G) = [G,G] 2 C¢ and G/ Z(G) = C3, but does not have the Magnus property;
for instance, a and a* have the same normal closure (a, b®), but are neither conjugate nor
inverse-conjugate to one another. Incidentally, examples of such kind illustrate that the

condition of torsion-freeness is not redundant in Lemma 8.3.1.

Lemma 8.3.4. Let G be a group and let g € G\ Z(G) be such that Eq. (8.1) holds. Then
every z € (9)% NZ(G) satisfies (g2)¢ = (g)€.

Proof. Let z € (9)°NZ(G). Clearly, gz € ()¢ and it remains to show that g € (g2)“. Since
2z € (9)¢ NZ(G) C Cqlg), there exist k € N, v1,...,v; € G and eq,..., e, € {1,—1} such
that z = Hle[g,vi]ei. Since z is central, we deduce that z = H?Zl[gz,vi}ei € Calgz) C
(g2)¢, and consequently g € (g2)¢. O

Lemma 8.3.5. Let G be an MP-group, and suppose that Eq. (8.1) holds for each g €
G\ Z(G). Then G/ Z(G) is an MP-group.

Proof. Lemma 8.3.4 shows that, for each g € G\Z(G), any two distinct elements of ;7
are C-incomparable. Thus Proposition 8.2.4 applies. O

From Lemma 8.3.1 and Lemma 8.3.5 we see that within the class of torsion-free, locally
nilpotent groups the Magnus property passes from G to G/ Z(G); this is a useful insight for
a future characterisation (or even classification) of finitely generated, torsion-free nilpotent

groups with the Magnus property.

Corollary 8.3.6. Let G be a torsion-free, locally nilpotent group. If G is an MP-group
then so is G/ Z(G).

For the next result we recall the notion of a basic =(MP)-witness pair in the wake of
Lemma 8.2.6.

Proposition 8.3.7. Let G be a free class-c¢ nilpotent group of rank at least 2, where ¢ €
N>3. Then there exists a basic —~(MP)-witness pair for G.

Proof. Clearly, any two elements of a free generating set for G generate a subgroup that
is free class-c nilpotent of rank 2 and has a normal complement in G. By part (1) of
Lemma 8.2.7 we may hence suppose that G = (x,y) is freely generated by two elements.

Furthermore, by part (2) of Lemma 8.2.7 and induction on ¢ we may suppose that ¢ = 3.
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In accordance with Witt’s formula, the non-trivial sections of the lower central series of G

are: G/72(G) = (7,7) = Coo X Coo, 12(G)/73(G) = ([y, 7]) = Coc and
2(G) = 1(G) = (ly, 2, 2], [y, z, y]) = Coo X O

compare with [32, Chap. 3].

Put v = [y, z,y] € Z(G). Clearly, x and xv have the same normal closure in G, namely
()G = (2)72(G) = (xv)®. Moreover, z has infinite order modulo [G,G]. It remains to
prove that [z, w] # v for all w € G.

Let w € G. For [z,w] = v it is necessary that [z,w] € Z(G) and consequently w €
(2)72(G). But w =5 ) ™[y, z]" for m,n € Z gives

[wi] - [.’L‘, [y,x]n] = [y7x7$]7n #* [y,x,y] = . O

The following straightforward example illustrates that there are finitely generated,

nilpotent MP-groups (with non-trivial 3-torsion) of any prescribed nilpotency class.

Example 8.3.8. For ¢ € N the 2-generated group
G={(ta|a* =[a,tla3=1)=Cy x Cs¢

is nilpotent of class ¢ and an MP-group.

Indeed, let g,h € G with (¢)¢ = (h)¢. If g = h = 1 then there is nothing to show.
Now suppose that g and h are non-trivial. There are unique parameters I,m € Z with
0 < m < 3¢ such that g = t'a™. Put n = n(g) = 1 + min{vs(l),v3(m)} € N, where v3(k)
denotes the 3-adic valuation of an integer k. Lemma 8.2.8 and a routine calculation show
that

M = Cq(g) = Ca(h) = (@®) = {[g,w] | w € G};

further details are given at the end of Section 8.5, where a related group H is considered.
It suffices to show that g =j; h or g =5 b~ 1.

If | =0, then n = 1+ v3(m) and (g)¢ = (g) = (a3" ") gives (¢)C¢/M = (h)¢ /M = Cj;
it follows that g =5 h or g =57 h=1. If [ # 0, then g and h generate the same infinite
cyclic subgroup modulo M, and thus g =y h or g =pr A~ L

It would be interesting to construct finitely generated, nilpotent MP-groups of pre-
scribed nilpotency class that are torsion-free. In fact, it is already a challenge to construct
explicitly a finitely generated, torsion-free, class-3 nilpotent MP-group, as we do below. In

principle, Corollary 8.3.6 suggests that one proceeds by induction on the nilpotency class.

Lemma 8.3.9. Let G be a group such that Z(G) and G/ Z(G) are MP-groups. Suppose
that for every g € G\ Z(Q), the set {[g,w] | w € G} contains (g)® NZ(G). Then G is an
MP -group.
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Proof. Suppose that g,h € G have the same normal closure in G. If g € Z(G) then
h € Z(G); furthermore (g) = (h) implies g € {h, h~1}, because Z(G) is an MP-group.
Now suppose that ¢ € Z(G). Since G/Z(G) is an MP-group, there exist v € G and
e € {-1,1} such that g" =) h°, and hence gz = h® for suitable z € ()% N Z(G).
Choose w € G such that g = gz; then g*" = (g2)" = g¥z = h°. O

Corollary 8.3.10. Let G be a torsion-free group such that G/ Z(G) is an MP-group. If
Cal9) NZ(G) C {[g,w] | w € G} for every g € G~ Z(Q), then G is an MP-group.

Proof. Since G is torsion-free, Z(G) is an MP-group. Let g € G \ Z(G). Since G/ Z(QG) is
torsion-free, we deduce that (¢)¢ NZ(G) = Co(G) N Z(G). Thus the claim follows from
Lemma 8.3.9. O

Example 8.3.11. We use Corollary 8.3.10 to construct a 4-generated, torsion-free, class-3
nilpotent MP-group of Hirsch length 9.

Let F' = (&,y, 2,w) be a free class-3 nilpotent group on four generators and consider
G= <$a Y, Z7w> = F/ <{[Z.'a y]a [11), Z]} U R>F?

where z,y, z, w denote the images of &, y, 2, w and

1

9, &, ], [, 2,9, (9,2, 2]z 2,9]7, [9,2,w],

R (2, &, ], 2,4, 2], (2,2 w]

[, &, 2][2, @, 9] 7Y, [, 9], [, 2], [, i, ],
[, 9, 9], [w,9,%] [, 9, w][2, &, 9] 7"

Clearly, G is a 4-generated nilpotent group of class at most 3. The precise structure
of G can be determined as follows. The collection process, subject to the initial ordering
T <y < z<w, yields a Hall basis for F' consisting of 4 4+ 6 + 20 = 30 basic commutators;
for instance, see [32, Section 3.1.3]. The relators in R simply tell us to cancel or identify
certain basic commutators of degree 3. The additional relators [2, 9] and [w, 2] are basic
commutators of degree 2 to be cancelled; they also tell us to cancel the basic commutators
2,9,9], 12,0, 2], [, 9, W], [w, 2, 2], [w, 2, w] of degree 3. The relations [z,y, x| = [w,z,z] =
[w, z,y] = 1, which also come with the relators [2, y] and [w, 2], are already consequences of
the relators in R and the Witt identity. For instance, [z,y, ] = [z,y, 7|y, =, ][z, 7, y] ! =
[z,y,x][y, z, z][z, z,y] = 1. In this way we see that G is torsion-free of nilpotency class 3

and admits a poly-Cy, basis

T, Y, 2, W, [y,x], [vaL [w7x]7 [w7y]7 [y,x,z] = [vaay] = [waxvx] = [wava]

such that

G/n(G) = (73,70 = CL,  1(G)/3(G) = Iy, 2, [z 2], [w, a], [w, y]) = C2
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and

Z =2UG) = 13(G) = ([z,7,y]) = Ceo.

In particular, G has Hirsch length 9. The group commutator induces a bi-additive map
B: v2(G)/Z x G/v(G) — Z whose values on pairs of basis elements are given by the

following commutator table:

[ ] y z w

. 2] | ly,2,2] = =1 ly,2,2] = [z2,9] [y, 2,w] =

[z,2] | [z,2,2] =1 [z, 2, ] [z,2,2] =1 [z, 2 w] =1

[w,z] | [w,z,z] = [z,2,y] [w,x,y]=1 [w,z,2z]=1 [w, z, w] =

[w,y] | [w,y, 2] = (woyy] =1 [w,y,2] =1 [w,y, w] = [z z, Y]

The underlined entry is the only one that perhaps still requires a short explanation:

-1

(w,y, x| = [w,y, 2]|[y, z, w][w,z,y] " = [w,y, 2]|[y, z, w][r,w,y] =1,

using again relators from R and the Witt identity. The table shows that 8 is a perfect
pairing between v2(G)/Z and G/v2(G).

It remains to verify that G is an MP-group. By Proposition 8.3.2, the quotient G/Z
has the Magnus property. By Corollary 8.3.10 it suffices to check that Cz(g)NZ C {[g,v] |
veG}forallge G\ Z.

If g € v2(G) then g =z [y, z]™ [z, x]™2[w, z]|™3[w, y|™* for suitable mq,...,my € Z;
since 3 is a perfect pairing, this implies that Cg(g) = ([, z,y]™) = {[g,v] | v € G} for
n = ged(mg, ma, m3, my). Now suppose that g & v2(G). Since G is nilpotent of class 3,

the commutator identities

[g.0] 7" =[g,v ] [g.v,v7] and  [g,v][g,w] = [g,wv] [g,w,v] ", for v,w € G,
Z ez
S

hold. From these we deduce that every h € Cg(g) N Z is of the form h = hyhy with
hi €{lg,v] |ve G}NZ and hs € ([g,w1,ws] | wi,ws € G) < Z.

Observe that g =, () 2™ y"22"3w™4, for suitable my, ..., my € Z, and put n = ged(my, ma, m3, my).

Since ( is a perfect pairing, we deduce as previously that

(lg, w1, wa] | w1, we € G) = {[g, w1, wa] | w1, w2 € G} = ([z,2,y]")
= {lg,w] | w € 72(G)}.

Writing h; = [g,v] and hg = [g, w], we obtain h = hihy = [g,v][g, w]" = [g, wv].
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8.4 — Polynilpotent groups

In this section we prove Theorems 8.1.1 and 8.1.2. To achieve this, we show first that the

restricted wreath product Cu ! Co does not have the Magnus property.
Proposition 8.4.1. There is a basic ~(MP)-witness pair for the group Coo ! Coo.

Proof. We realise the wreath product as the group G = (t) x A ¥ Cy ! C, where
A = Z[T*Y = Z[T,T~"] is written additively and the action of ¢ on A by conjugation
is given by multiplication by 7. The commutator of elements z = t"’a and y = t"b, with

m,n € Z and a,b € A, is
[z,9] = [t"a,t"b)=—-a—b-T" +a-T"+b=a-(T"—1)—=b-(T™ —1).

In particular, [G,G] = (T —1) Z[T*'] < A is equal to the ideal of the ring Z[T*+!] generated
by (T —1). If z =t"a € G~ A then (2)¢ = (z) x Cg(z) and

Colx)=I,=a- (T —1) Z[TH])+ (T™ - 1) Z[T*] (8.2)

is the ideal of the ring Z[T*'] generated by a - (T'— 1) and T™ — 1.

Choose a prime p > 5 and consider the ring of integers O = Z[¢] = Z[T]/®, Z[T
of the p™ cyclotomic field, where ¢ denotes a primitive p™ root of unity and ®,, the pth
cyclotomic polynomial. It is well known that O/((—1)0 = F,, is a field with p elements. By
the Dirichlet unit theorem, the torsion-free rank of the unit group O* is (p—1)/2—-1> 1.
Consider the (p — 1) power v of an element of infinite order, for instance, the power of
a cyclotomic unit such as v = (¢ + 1)?~!, and write v = f({) for a suitable polynomial
f €1+ (T —1) Z[T]. Since v has infinite order in O, we deduce that

f#Err T" for all n € Z. (8.3)

Furthermore, we observe that v~! can be written in a similar form: v~ = f(() for suitable
f €1+ (T —1) Z[T]. The embedding of rings

ZITEN /(TP — 1) — Z[T)/(T —1) x Z[T]/®, Z|T] = Zx0O

shows that

ff=rr_l (8.4)

Now consider ¢ = tPe € G, where ¢ € A denotes the constant polynomial 1, and
v=f—-1€ (T -1)Z[T] =[G,G] C A. Clearly, g has infinite order modulo A D [G, G].
Commutators [g, w], with w = t"b € G for n € Z and b € Z[T*"], are of the form

(T" 1) —b- (TP — 1) =pp_, T" — 1;
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thus Eq. (8.3) shows that v € {[g,w] | w € G}. It remains to prove that (g)¢ = (gv)¢,
and for this it is enough to show that v = f — 1 € (T — 1) Z[T*!] lies in I, N I,,. Indeed,
the general description provided in Eq. (8.2) yields directly

I, = (T —1) Z[TF + (TP — 1) Z[T*'] = (T — 1) Z[T*1],
and Eq. (8.4) implies that
Iy = f-(T =1) Z[T* + (TP = 1) Z[T*'] = (T - 1) Z[T*"]. O

Example 8.4.2. It easy to produce explicit examples of elements g and v in the proof
of Proposition 8.4.1, for which the claims could be checked directly by computation. For
p = 5 one may take v = (1 +¢)* = 1+ (¢ — 1) fo(¢) with fo = 3+ 27 — T? — 273 and
vl =1+ (¢ —1)fo(¢) with fo = —T + T? — 2T, A routine calculation yields

(L+(T = 1) fo(T)) (1 + (T = 1) fo(T))
=14+ (T —1)(3+T —4T3) + (T — 1)*(=3T + T* — 373 — 37* + 471%)
=ps_ 1 L4+ (T —1)(3+T —4T3) + (T — 1)*(3 + 4T +4T7?) = 1.

Next we would like to use Proposition 8.4.1 to prove that, for instance, the free
metabelian group G of rank 2 does not have the Magnus property. If G had a subgroup
H =2 Cy 1 Cy with a normal complement in G, then Lemma 8.2.2 would immediately
yield the desired conclusion. But, in fact, there is no such subgroup H. Assume, for a
contradiction, that G = H x K with H = Cyx 1 Cx. Then [G,G] = [H,H] x [K,G]
implies Co X Co =2 G/[G,G] & H/[H,H] x K/[K,G] = Cyx X Co x K/|K,G], hence
[K,G] = K. But G is residually a finite nilpotent group; compare with [75]. Thus there
is a finite-index normal subgroup N < G such that G/N is nilpotent and K ¢ N. This
gives 1 # KN/N < G/N with [KN/N,G/N] = KN/N, a contradiction.

In the proof of the next proposition, which deals more generally with free abelian-by-
(class-c nilpotent) groups G, we by-pass the obstacle that there is no subgroup H = CoodCop

with normal complement in G.

Proposition 8.4.3. Let ¢ € N, and let G be an N 1)-free group of rank 2 viz. a free
abelian-by-(class-c nilpotent) group that is freely generated by two elements. Then there

exists a basic =(MP)-witness pair for G.

Proof. Let H = (Z,7) = G/v:+1(G), the free class-c¢ nilpotent group of rank 2, and let
R = Z H denote the associated integral group ring. Let V = eR @ fR be the free right

R-module on two free generators. The Magnus embedding

G— HXYV, wb—><w O)

Vw 1
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allows us to realise the relatively free group G as a group of 2 x 2 matrices with entries

w € H and vy, € V; compare with [156, § 2.1]. In this embedding, the matrices

z 0 g 0
T = and Yy = .
e 1 f 1

constitute free generators of the relatively free group G.

Let us consider the iterated commutator

z = [y7 Qf,...,ﬂ?] EI.YC-FI(G)-
———

C

We observe that z # 1; for instance, one can deduce z & v.4+2(G) from the fact that z is
a basic commutator in the Hall collection process, or carry out an explicit calculation
as below. It follows that the subgroup (z,z) = (z) x A < G, with (z) = C« and
A= (2" | m €Z) <7.41(G) free abelian, is isomorphic to the wreath product Ca ! Coo:
employing a transversal for the subgroup (Z) = C of H, we can regard V as a free
Z(z)-module (of infinite rank) and, accordingly, the non-trivial element z of this module is

moved about freely by the action of  which is simply multiplication by the scalar Z € Z(Z).

Following precisely the proof of Proposition 8.4.1, we consider elements
g=xPz and v=f@-1

where p > 5 is a prime and a one-unit of infinite order in the p*™® cyclotomic field is used
to produce a polynomial f € 1+ (T'— 1) Z[T] such that g and h = gv are not conjugate in
(x,2) = Coo 1 O, but generate the same normal closure in this subgroup and hence in G.
Clearly, g =g q) 2P #[¢,¢ | has infinite order in G/[G, G| and v € [(x, 2), (7, 2)] C [G, G].
It suffices to prove that v # [g, w], or equivalently g # h, for all w € G.

As in the proof of Proposition 8.4.1, let O = Z[(] = Z[T']/®, Z[T] denote the ring of
integers of the p" cyclotomic field, with ¢ a primitive p'" root of unity; let v = f(¢) € 0%
denote the one-unit of infinite order. The kernel of the natural projection of rings 7: R — O
specified by ™ = ¢ and g™ = 1 is generated, as a two-sided ideal, by the elements ®,(Z)
and § — 1. Tt induces a m-equivariant projection 9: V — V/V ker(r) = €0 & fO, from the
free R-module V onto a free O-module of rank 2 such that (er + fs)? = é(r™) + f(s™) for
all ;s € R.

It is straightforward to work out that

@ 0
P = (x ) ,  where pr,& =e®,(() =0,

Vp 1
1 0 .
z = ( ) . where v,” = f(¢ — 1)°.
v, 1
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From this we continue to see that

Vg

™ 0 .
g= (m 1) , where v,” =v,? = (¢ - 1)°,

Vi

h=<f” f) where v, = (v.”) £(¢) = £ (¢ - 1)°v.

Finally, we conjugate g by an arbitrary element w € G to obtain

_ -1
g 0\ , (w 0 ® 0\ [w 0\ w P w 0
vge 1 g vy 1 vy 1 Vw 1 —v, 0w ZPw + Vo + vy 1

and, for w™ = "™ with suitable m € {0,1,...,p — 1}, it follows that

(vgu)” = (V") (1 = (?) +(vg ") = £ (¢ = 1)C™
=0
By construction, ¥ € O* has infinite order so that (( — 1)°v # (¢ — 1)°¢(". Comparison
with our computations for h and ¢% yields v;? # ngﬁ, and hence h # g%. O

We require another variant of Propositions 8.3.7 and 8.4.3. First, we record a proposi-

tion which is perhaps folklore; we include a proof for completeness.

Proposition 8.4.4. Let G = (x,y) be an Ne-free group of rank 2, where | € N>o and
c € N'. Let n € N. Then the centraliser of x™ in G is Cg(z") = (x).

/

Proof. We write ¢ = (c1,...,¢), ¢ = (c1,...,¢—1) and put

K = 7(01-&-17...,61_14—1) (G) ﬁ G

so that G/K is an Ng-free group of rank 2 and K is a free class-¢; nilpotent group.
Step 1. First we argue by induction on [ that Cg(z") = (x) Cx(z™). Indeed, it suffices to
fill in the base of the induction. Suppose that [ = 2, and put ¢ = ¢; so that K = .41(G).
We observe that H = (Z,y) = G/v.4+2(G) is a free class-(¢ + 1)-nilpotent group of rank 2.
It suffices to show that Cy(z") = (Z)Yet+1(H).

Clearly, Cg(z™) C (Z)v2(H). Hence it is enough to show that, for each k € {2,..., ¢},

the homomorphism of abelian groups

Vi (H) /o1 (H) = g1 (H) /ve2(H),
w1 (H) = [ wlyk2(H) = [T, 0] ykt2(H)

is injective. We may interpret the torsion-free sections Ly = vx(H)/vk+1(H) as the first
few homogeneous components of the free Lie ring L = @;°, L; on Z,7, the images of

Z,y in L;. Furthermore, we may think of L as a Lie subring (generated by Z,7) of the
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commutation Lie ring on a free associative ring A, where A is freely generated by non-
commuting indeterminates Z,y; compare with [32, Chap. 3]. The free ring A admits a
natural No-grading A = @;°, A;, by means of the total {Z, y}-degree function, which in
turn induces the natural N-grading L = ;2 L; of L.

Fix i € N>o and let a € L; = LN A; be a non-zero homogeneous Lie element of degree 1.
We are to show that the Lie commutator [Z, a]re is non-zero. The monomials in &,y of

degree ¢ form a Z-basis for the component A;; we order them lexicographically

i—1 2~2

gE < IR < <R <

<@y <
and proceed similarly with the monomials of degree ¢ + 1. Suppose that a, expressed as a
Z-linear combination of monomials, has leading term m u(z, g) for m € Z ~{0} and u(Z, g)
the smallest monomial occurring with non-zero coefficient. Since a € L is a Lie element, we
deduce that u(,7) # #* and hence the Lie commutator [Z, a|rie = Ta — a¥ € Liy1 C Airq

is non-zero with leading term m Zu(Zz, 7).

Step 2. Tt remains to prove that Cg(z™) = 1. Put ¢ = ¢. Let L = @j_, Ly de-
note the free class-c nilpotent Lie ring associated to K and its lower central series; thus
Ly = v (K)/vk+1(K) for 1 < k < ¢ as a free Z-module, and the Lie commutator of two
homogeneous elements is induced by the group commutator, as in Step 1 above. Extension
of scalars yields the free class-c nilpotent Q-Lie algebra £ = @ _; L, with L = Q®z 1,
for each k. Clearly, conjugation by x induces an automorphism £ of £ which respects the
natural grading. It suffices to prove that, for each &, the only element of £; fixed by £"
is 0.

Put H = G/K and R = Z H. The action of G on L factors through H, and € H gen-
erates an infinite cyclic subgroup. The Magnus embedding for the group G/[K, K] shows
that the Z(z)-module L; embeds into a free Z(z)-module (of infinite rank); compare with
the proof of Proposition 8.4.3. Thus, the Q(z)-module £; embeds into a free Q(Z)-module.
Observe that Q(z) is just the ring of Laurent polynomials over Q and, in particular, a prin-
cipal ideal domain. Therefore £; is itself a free Q(Z)-module, with Q(Z)-basis ey, es, .. .,
say. Notice that £1 admits the Q-basis
f; = ;2™ i1 € Nand m € Z;

)

these basis elements are at the same time free generators of the free class-c nilpotent Q-Lie
algebra (.
Now fix k € {1,...,c} and consider the action of £ on L. We observe that Ly, is the

Q-span of the iterated Lie commutators

FLm = [fi1,m1 ) fi2,m27 cee 7fik,mk]Liea

where i = (i1,...,i;) € N¥ and m = (mq,...,my) € Z*. Furthermore, we understand the
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action of £ and hence of iterates ¢", r € N, on these Lie commutators:

Fim = Fz',er(rﬂ',...ﬂ‘)'

Let v € L ~ {0}, written as a Q-linear combination

v= > wimFip,

€Nk mezZk

where v: N¥ x ZF — Q is such that its ‘support’ S = {(i,m) € N¥ x ZF | v(i,m) # 0} is

finite. Also the ‘fine support’ in the second coordinate
Sﬁne: U {mla'--amk}gZ
(im)es

is finite. Choose r € N sufficiently large so that
Shne N (Sﬁne + rn) = .

Let J <L be the Lie ideal generated by the following selection of free generators of £: f; ,,,,
(i,m) € N¥ x (ZF \Sne). Then v Z5 0 =5 v&™ = v(£")" implies v # vE™. O

Proposition 8.4.5. Let ¢ € N, and let G be an N(.z)-free group of rank 2, viz. a free
(class-2 nilpotent)-by-(class-c nilpotent) group that is freely generated by two elements.

Then there exists a basic =(MP)-witness pair for G.

Proof. The basic idea is to extend the proof of Proposition 8.4.3. For this purpose we
put K = 7v.41(G), which is a free class-2 nilpotent group of countably infinite rank. In
particular, the abelianisation K* = K/[K, K] is free abelian, and [K, K] = K A Kb
is the exterior square of K2 and also free abelian. Regarding K2 as a free Z-module,

written additively, the exterior square is defined as

b b __ b
K* NK*® —(Ka ®ZKab)/Z—span{a®b+b®a|a7b€Kab}-

Let G = (x,y), with free generators = and y. The group commutators
Zl:[?/) .CE,...,SU] EVC+1(G) and ZQ:[Zl’y]:[y7 xa'”axvy] 676+2(G)
~—— ~——
C C

lie in K and their images Z1, 22 modulo [K, K] yield Z-linear independent generators of
K?b: this follows, for instance, from the fact that z; and z» are basic commutators and
form part of a Hall basis for v.11(G)/7et+2(G) and ver2(G)/ver3(G), respectively, where
Yet3(G) D Y2042(G) 2 [K, K]. Hence the group commutator

z = [z1,2] € [K, K]\ {1}
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is non-trivial; in the additive notation, it corresponds to #; A %y € K A K2 < {0}. The
action of G on K® and on [K, K] = K* A K2 factors through H = G/K; concretely,

Zw

= [z1, 22]" = [2{", 25"] translates to (21 A Z2).w = (£1.w) A (22.w) for w € G with image
we H.

Let R = Z H denote the integral group ring associated to H = (Z,%), and let V =
eR @ fR denote the free right R-module of rank 2. We compose reduction modulo [K, K|

with the Magnus embedding for G/[K, K| to obtain a homomorphism

70
0 G — GJIK, K] — HxV, uw—)(w );

Ve 1

compare with the proof of Proposition 8.4.3. The generators x,y of G are mapped to

0 . g 0
Tn = an = .
1 e 1 Y f 1

The exterior square V AV of the Z-module V is an R-module via the diagonal action.
In fact, VAV is a free R-module (of countably infinite rank): if Hy C H ~ {1} is a set
of representatives for the equivalence classes {w,w '} C H ~ {1} of the relation “equal or

inverse to one another”, then the elements
eNew, (forw e Hpy), fAfw (forwe Hy), eAfw (forwe H)

constitute an R-basis for V A V. Since the R-module K2 embeds into V, the R-module
K® A K2 embeds into the free R-module V A V. A similar argument as in the proof of
Proposition 8.4.3 shows that the subgroup (z,z) = (z) x (2*" | m € Z) is isomorphic to

the wreath product Cy ! Cns. As before, we consider elements

g=2Pz and v=2/@-1

where f € 1+ (T — 1) Z[T] is such that g and gv are not conjugate in (x, z), but generate
the same normal closure in this subgroup and hence in G. Clearly, g =g g 2¥ #[g,q 1
has infinite order in G/[G,G] and v € [K, K| C [G, G]. Tt suffices to prove that [g,w] # v
for all w € G. Reduction modulo [K, K] shows that for [g,w] = v it would be necessary
that [P, w] =k k) 1; hence by Proposition 8.4.4 we only need to prove that [g,w] # v for
w € [K, K].

As before let O = Z[¢] denote the ring of integers of the p'' cyclotomic field, with
¢ a primitive p'" root of unity; by construction, v = f(¢) € O has infinite order. We
consider the ring of Laurent polynomials O[Y*!] = O[Y,Y~!]. The natural projection of
rings 7: R — O[Y*!] specified by 2™ = ¢ and §" = Y induces a 7-equivariant projection
0:V — e0[YE] o fO[Y+!] = V, from the free R-module V onto a free O[Y*!]-module V

on é,f.
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It is straightforward to work out that

2n = ( 1 (1)> , wherev,,? =e(1-Y)(( -1t +f(¢-1)"

Vz

29m = ( ! (1)> , where v,," =e(1-Y)*(( - 1)L+ f(1-Y)(C - 1)

V2
Restriction of scalars turns V into a free O-module, with an O-basis consisting of
&Y™ (melZ), fY"(neZ).
Thus the exterior square V Ag V over O is a free O-module, with O-basis
eY"m neY™ (for m < n), fy™ A fy™ (for m <n), €Y A fY"™, where m,n € Z;

below we express elements of V Ag V with respect to this O-basis, keeping track of the
coefficients of the basis element €Y A éY2.

Next we consider the composition 1 = 199 of the m-equivariant morphism
0: [K, K] 2K ANK® S VAV S VAV

with the canonical homomorphism of Z-modules o: VAV — V Ag V. A routine compu-
tation yields

P [21,22]59 = (vzll9 A VZQﬁ)Q
= (((e-v)+FC-1) A Q=Y+ - (- 1)) - 1)*2)
= (€Y AeY?) (—(C -1 +...,

where on the far right-hand side we only display the €Y A €Y 2-term. From this we deduce
that

W = (O = (F(O) 1) = 4 (€Y AeYD) (—(C - DF 2w —1)) + ...,

where we again only record the €Y A €Y2-term to see that v¥ is non-zero.
Finally, we deduce that [g, w] # v for all w € [K, K] from

g wl = [aP2, w]? = 2, w]¥ = (') =w (1 ¢P) = 0 £ 0. =

Proof of Theorem 8.1.1. The group G is an Nc-free group of rank d, for parameters d,l € N
andc € N If d=1orc € {(1),(2)} then G is nilpotent of class at most 2; in this situation
Proposition 8.3.2 implies that G has the Magnus property.

Now suppose that d > 2 and that ¢ ¢ {(1), (2)}. We are to show that G does not have
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the Magnus property, and by Corollary 8.2.3 we may suppose that d = 2. If ] = 1 then G is
an N(o-free group with ¢ = ¢; > 3, and Proposition 8.3.7 shows that G does not have the
Magnus property. Likewise, if [ = 2 and cp € {1,2}, then G is an N 1y-free or N oy-free
group of rank 2 for ¢ = ¢;, and G does not have the Magnus property by Propositions 8.4.3
and 8.4.5.

Thus, we may suppose that we are in none of these special circumstances. We write

c = (c1,...,¢) € N and distinguish two cases.

Case 1: ¢; > 3. In this case | > 2 and we put N = (¢, 41, ¢,_,+1)(G). We note that G/N
is an Ne-free group of rank 2, for ¢ = (¢1,...,¢-1), while N is a free class-c nilpotent

group with ¢ = ¢; > 3 of countably infinite rank.

Case 2: ¢; € {1,2}. In this case [ > 3 and we put N = v, 41,...¢, ,+1)(G). We note that
G/N is an Ny-free group of rank 2, for ¢’ = (c1,...,¢2), while N is an N, 1y-free or

N(c,2)-free group with ¢ = ¢;—; of countably infinite rank.

In any case, Propositions 8.3.7, 8.4.3 and 8.4.5 and part (1) of Lemma 8.2.7 provide
g,v € N such that (g,v) is a basic =(MP)-witness pair for N. Clearly, g and h = gv have
the same normal closure (g)“ = (k)% in G, and it suffices to prove that g and h are neither
conjugate nor inverse-conjugate to one another in G.

For a contradiction, assume that g% € {h,h~'} for some w € G. We put H = G/N
and R = Z H. Observe that G/[N,N] is a free abelian-by-N¢ group of rank 2. The
Magnus embedding for this group yields an embedding of the R-module N = N/[N, N]
into a free R-module. Our assumption yields vyw € {v4, —vg4}, hence vg(w — 1) = 0 or
vg(w + 1) = 0, where v, denotes the image of g in N2b | regarded as a module element,
and w € R denotes the image of w in H C R. We observe that g ¢ [N, N] implies that
vy # 0. The group H is right-orderable and thus the group ring R has no zero-divisors;
see [118, Ch. 13, Thm. 1.11], where the result is attributed to Bovdi [25]. This implies
w—1=0o0orw+1=01in R. From w € H we see that w # —1. Hence w = 1 and
w € N, in contradiction to the initial choice of ¢ and h = gv which precludes that they

are conjugate in N. O

Finally, we extend Theorem 8.1.1 to yet another class of relatively free groups. For any
d,l€Nandc=(c,...,¢) € N, the free centre-by-N¢ group of rank d can be constructed
as the quotient F'/[v(,41,...¢,+1)(F), ] of an absolutely free group of rank d.

Proposition 8.4.6. Let G be a free centre-by-Ne group of rank 2, where ¢ € N' with
l € N>o. Then there exists a basic —=(MP)-witness pair for the group G.

Proof. Write G = (=, y), with free generators z,y, and ¢ = (c1,...,c). Let Z = y(¢ 41, ¢,+1)(G) C
[G,G]. Consider g = x and any v € Z ~ {1}. Clearly, ¢ has infinite order modulo [G, G|.
It remains to show that (¢)¢ = (gv)® and v ¢ {[g,w] | w € G}.
Since v € [G,G] C ()¢, we find k € N, eq,...,ex € {1,—1} and wy,...,w;, € G such
that v = Hle(acei)“’i. From z2i=1 =G,q) ¥ =[e,q) 1 we conclude that Zle e; = 0.
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Since v is central in G, this gives

k

v = vZfﬂ €; Hf:1(xei)wi — Hi:1 ((J,"U)ei)wi c <g>G N <gv>G

and hence (g)¢ = (gv)°.
Next assume, for a contradiction, that [g,w] = v for some w € G. Then [z,w] =z 1,
and Proposition 8.4.4 implies w = z™z, for suitable m € Z and z € Z. This gives

[g,w] = [x,2™2z] = 1 # v, a contradiction. O

Proof of Theorem 8.1.2. The group G is a free centre-by-N, group G of rank d, for param-
eters d,l € Nand c € N\ If d =1 or ¢ = (1) then G is nilpotent of class at most 2; in this
situation Proposition 8.3.2 implies that G has the Magnus property.

Now suppose that d > 2 and that ¢ # (1). We are to show that G does not have the
Magnus property, and by Corollary 8.2.3 we may suppose that d = 2. If [ = 1 then G is an
N(ct1)-free group with ¢ = ¢1 > 2, and Proposition 8.3.7 shows that G' does not have the
Magnus property. If [ > 2 then Proposition 8.4.6 shows that G does not have the Magnus
property. O

8.5 — Torsion-free nilpotent groups with the Magnus property

In this section we establish Theorem 8.1.3. Let ¢ € N. In order to construct a torsion-
free, nilpotent MP-group of prescribed nilpotency class ¢ we aim to build an ultraproduct
G = (HpeP Gp)/wu of suitable finite p-groups Gy, where P = P9 denotes the set of all
odd primes, and to appeal to Los’s theorem.

Being class-c¢ nilpotent, not having g-torsion for a given prime ¢, and possessing the
Magnus property are first-order properties; thus it would suffice to construct a family of
finite nilpotent MP-groups G, p € P, such that each group has nilpotency class ¢ and
such that for any prime g there are only finitely many p € P with ¢ | |G,|. However,
finite nilpotent MP-groups are necessarily {2, 3}-groups. More generally, every group with
the Magnus property is inverse semi-rational, that is, every pair of elements generating
the same subgroup (not necessarily normal) is already a pair of conjugate or inverse-
conjugate elements. Finite groups with this property can be characterised using character
theory. Chillag and Dolfi [30] establish that all finite soluble inverse semi-rational groups
are {2,3,5,7,13}-groups. Consequently, no family as described above exists. However, we
can salvage our strategy by considering a variant of the Magnus property.

For convenience we use [k, Z]Z:{meZ\kzgmgl}» for k,l € Z, as a short notation for intervals

in Z. Suppose that G, p € P, is a family of groups with the following properties: (i)(i)

(i) for each p, the group Gy, is a metabelian finite p-group of nilpotency class c;

(i) there exists a non-decreasing function f: N — N such that, for each p € P, the group
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G, satisfies the following uniform, but ‘weak’ Magnus property:

Vg,h € G, VN eN Vk,1e[0,N]z
Vel,...,eke{l,—l} Vvl,...,vkEGp
le,...,dle{l,—l} le,...,wler:

(=TT o=TL o)

— (3.5 € [=F(N), F(V)]
Z  FvweGy: g=(h")" A h:(gs)w).

We observe that the quantifier over the integer N can be eliminated by passing to a
countable collection of sentences in the first-order language of groups; the quantifiers over

k,l are purely for convenience and can be eliminated directly.

Let 4 be a non-principal ultrafilter on the index set P. Then, by f.0o§’s theorem, the

9= (HpeP Gp) / ~u

is a metabelian, torsion-free, class-c nilpotent group satisfying the uniform ‘weak’ Magnus

ultraproduct

property (WMy); compare with [29, Thm. 4.1.9]. But, since § is torsion-free nilpotent, the
latter implies that G has the Magnus property. Indeed, suppose that g, h € G are such that
()% = (h)S. If g =1 then h = 1, and g = h so that g and h are certainly conjugate. Now
suppose that g # 1. Then (WMy) yields r,s € Z and v,w € § such that g = (h")" and
h = (¢°)", thus
g=(n")" = (((gs)“’)r)v = (g")"™

Consider the upper central series 1 = Zo(G) < Z1(9) < ... < Z.(G) = G of the nilpotent
group §G. Since g # 1, we find i € [1, c]z such that g € Z;(9)\Z;—1(9). Since Z;(9)/Zi-1(9)
is torsion-free, g generates an infinite cyclic group modulo Z;_1(9) and the congruence
9 =7, () g"° implies that rs = 1. Thus r € {1,—1}, and g = (h")" is conjugate to h or
toh~lin G.

Finally, since all relevant properties of G, including the ordinary Magnus property, are
expressible in terms of first-order sentences, the Lowenheim-Skolem theorem [29, Cor. 2.1.4]
shows that there exists a countable MP-group G which is metabelian, torsion-free and

nilpotent of class precisely ¢. This establishes Theorem 8.1.3.

It remains to construct the family of groups G,, p € P, with the properties (i) and
(i) described above. We give one rather concrete construction. Fix an odd prime p, and
consider

c—1

G=G,=(ta|la,t]=af, ' =a’ =1). (8.5)

Clearly, G = (t) x (a) is metacyclic, with (t) = Cpe-1 and (a) = Cpe. It is easy to work
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out the lower central series:
1(G) =G  and  %u(G) = () forieN;

in particular, G has nilpotency class c¢. In order to check the ‘weak’ Magnus property,
we make use of the following lemma, which is heuristically a torsion analogue of Proposi-
tion 8.3.2.

Lemma 8.5.1. Let G be a finite nilpotent group such that Cg(z) = {[z,w] | w € G} for
every x € G. Then G has the ‘weak’ Magnus property (WMy) for f: N = N, n — n.

Proof. Let g, h € G. Suppose that k,l € Ny and

h = Hle(ge")”i and g= Hizl(hdﬂ')wﬂ' (8.6)

for suitable eq,...,ex,dy,...,d; € {1,—1} and vy,..., vk, wy,...,w; € G. In particular,
this implies that (¢)¢ = (h)¢. By symmetry, it suffices to show that there exist w € G
and s € [—k, k]z such that h = (¢°)".

If g =1 then h = 1, and no further explanations are necessary. Now suppose that
g # 1, and write M = Cg(g) = Cg(h) <G, see Lemma 8.2.8. From Eq. (8.6) we deduce
that h =ps ¢°, for some s € [—k, k]z.

We claim that (g) = (¢®). For this it is enough to show that p { s for every prime p
that divides the order of g. The finite nilpotent group G is the direct product of its Sylow
subgroups; let & denote the image of x € G under the canonical projection onto the Sylow
p-subgroup of G. Then g # 1 implies that g € Z;(G) \ Z;_1(G), for suitable i € N, hence
M < Z;_1(G) and g & M. Consequently, (g)M = (5} = (h)C = (g°)M implies p1 s.

Using our general assumption on cocentralisers in G, we deduce from (g) = (g®) that
M = Cq(¢®) = {[¢°, w] | w € G}. Therefore h =), g* shows that there exists w € G such
that h = (¢°)". O

It remains to verify that the condition on cocentralisers in Lemma 8.5.1 applies to the
concrete groups G = G, defined in (8.5). Recall that p > 2. Actually, it is convenient to
check the required property for the compact p-adic analytic group

H = (t,a|a,t] = a’)prop = (1 +pZyp) X ZLp,

where 7Z, denotes the ring of p-adic integers and the multiplicative group of one-units
1+pZ, = (1+p) = {(1+p)* | X € Z,} acts naturally on the additive group Z,. The
group H maps naturally onto G, with kernel (t?°"' aP), and it is easy to see that the
condition on cocentralisers that we are interested in is inherited by factor groups.

Let h € H. For h = 1, it is clear that {[h,y] | y € H} = {1} is closed under
multiplication. Now suppose that h # 1. Then h is of the form h = t*a* for uniquely
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determined A, i € Zjp, not both equal to 0. Easy computations show:

{(h,a) |v € Zp} = {a"P D |y € Z,} = {a” | 0 € p' TV 7,
{Ih )| v € Zp} = {a"HIPW |y € Z,} = (a7 | 0 € p! T (W 2,

where vp,: Z, — Ng U {oo} denotes the p-adic valuation map.

Put m = 1+min{v,(\), vp(p)}. As A, ={a? | 0 € p™ Z,} is a closed normal subgroup
of H, the well-known commutator identity [a, bc] = [a, c|[a, b]¢ for arbitrary group elements
a, b, c shows that

{[hyllye HY = A dc H

is indeed closed under multiplication.
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Appendix to Part II

To this chapter we append some GAP [52] code that we have used in the preparation of
this chapter. The computations are furthermore used in the proods of Theorem 7.3.5 and
Theorem 7.3.7 and Theorem 7.6.1.

The following function straitforwardly compute, given a group G, if it has the Mag-

nus property or the strong Magnus property, respectively.

hasMagnusProperty := function( G )
local g,h,U,V;
for g in G do
U := NormalClosure (G, Subgroup(G, |[g]));
for h in G do
V := NormalClosure (G, Subgroup (G, [h]));
if V=1U and not IsConjugate (G, g, h)
and not IsConjugate(G, g, h~—1) then
return false;
fi;
od;
od;
return true;

end ;

hasStrongMagnusProperty := function( G )
local g,h,U,V;
for g in G do
U := NormalClosure (G, Subgroup(G, [g])):
for h in G do
V := NormalClosure (G, Subgroup (G, [h]));
if V=1U and not IsConjugate (G, g, h) then
return false;
fi;
od;
od;

return true;

< 231 <



Chapter 8. Free polynilpotent groups and the Magnus property

end ;

The next segment of code produces a list of all subgroups of GL2(5) of orders 24 or 48,
and checks if any of these subgroups has the strong Magnus property.

i = 0;
flag := "No subgroup has the strong Magnus property.";
G := GL(2,5);
possibleOrders := [24,48];
L := ConjugacyClassesSubgroups (G);
N = [];
for ¢ in L do
H := Representative(c);
if Size(H) in possibleOrders then Add(N,H); fi;
od;

for H in N do
Print (IdGroup(H), "\n");
if hasStrongMagnusProperty (H) then

flag := "There is a subgroup with
the strong Magnus property.";
break ;

fi;

1= i+41;

od;
Print (flag);

It has the output:

[ 24, 5 |
[ 24, 1 ]
[ 24, 2 ]
[ 48, 33 |
| 48, 5 |

No subgroup has the strong Magnus property.

The next piece of code produces a list of all subgroups of GL2(13) of orders 84, 168, 252,
336, 504 or 672, and checks if any of these subgroups has the Magnus property.

i := 0;

flag := "No subgroup has the Magnus property.";
G :— GL(2,13);

possibleOrders := [84, 168, 252, 336, 504, 672];
L := ConjugacyClassesSubgroups(G);

N = [];
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for ¢ in L do

H := Representative(c);

if Size(H) in possibleOrders then Add(N,H); fi;
od;
for H in N do

Print (IdGroup (H), "\n");

if hasMagnusProperty (H) then

flag := "There is a subgroup with the Magnus property.";
break;

fi;

1= 141,

od;
Print (flag);

It has the output:

[ 84, 4 |
| 84, 6 |
[ 84, 12 ]
[ 168, 25 |
[ 168, 4 |
[ 168, 6 |
[ 336, 59 |

No subgroup has the Magnus property.

Finally, the last program produces the entries of the table given in the proof of Theo-
rem 7.6.1.

maximalOrder := function (G)
local g, m;
m := 1;
for g in G do
m = Maximum(m, Order(g));
od;
return m;

end ;

subdirectProductCheck := function (G,H)
local S, P, 1;

)

S := SubdirectProducts (G,H);

L=
for P in S do

if maximalOrder(P) > 6 then continue; fi;
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AddSet (1,IdGroup (P));
od;
for P in 1 do Print(P, "\n"); od;

end ;
L := [CyclicGroup(2), CyclicGroup (3),
CyclicGroup (4), SmallGroup ([8,4]),
SmallGroup ([12,1]), SmallGroup ([24,3])];

for G in L do for H in L do

Print (IdGroup(G), ", ", IdGroup(H), ": \n");
subdirectProductCheck (G,H);
Print ("\n");

od;od;
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CHAPTER Q

Representation zeta functions of subgroups

and split extensions of SLy(Z,)

Written in collaboration with Margherita Piccolo.

9.1 — Introduction

A topological group G is called representation rigid, or just rigid, if the number of iso-
morphism classes of n-dimensional continuous irreducible complex representations of G is
finite for all n € N. Given a rigid group G, we write r,(G) for the number of irreducible
representations of dimension n and Ry (G) for the sum Zfil rn(G). It is a fundamental
goal of asymptotic representation theory to understand the behaviour of the resulting in-
teger sequences (r,(G))nen and (Ry(G))nven. A group G has polynomial representation
growth if these sequences grows polynomially.

Following [76], we encode the sequence (r,(G))nen as a Dirichlet generating function

defined over the complex numbers, given by
Co(s) = 3 r(Gn™.
n=1

This function is called the representation zeta function of G. If Ry (G) is unbounded and
G has polynomial representation growth, it converges on a right half-plane {s € C | R(s) >
a(@)} delimited by the abscissa of convergence a(G) (which may be infinite) that coincides
with the degree of the growth of (Rn(G))nen-

We consider the representation zeta functions of certain compact p-adic analytic groups.
These appear as the local factors in the Euler product decomposition of arithmetic groups
with the congruence subgroup property [98]; if the ambient groups are semi-simple, the
congruence subgroup property also implies polynomial representation growth [103].

A finitely generated profinite group G is rigid if and only if it is FAb, i.e. if every
open subgroup H has finite abelianisation H/[H, H], see |21, Prop. 2|. For p-adic analytic
groups, being FAb is equivalent to the perfectness of the Q,-Lie algebra associated to G.
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For every odd prime p, Jaikin-Zapirain [89] proved that the representation zeta function
of a FAb compact p-adic analytic group is close to being a rational function in p~*, see [89,
Theorem 1.1|; in particular the representation zeta functions of FAb p-adic analytic pro-p

groups are rational functions in p~?°.

This result was recently extended to p = 2 by
Stasinski and Zordan, cf. [142]. So far, there is only a small number of FAb compact
p-adic analytic Lie groups for which the representation zeta function has been computed
explicitly, see [6,7,89,161|. In particular, the representation zeta functions of SLy(Z,) and
SL3(Zy) are known, but the higher-rank examples remain mysterious; even the abscissae
of convergence of the groups SL,,(Z,) have not been computed, though there exist some

bounds, cf. [98].

The main technique for the computation of representation zeta functions of compact
p-adic analytic groups can be separated into two steps. First, compute the zeta func-
tion of a finitely generated torsion-free potent pro-p subgroup of finite index, using the
Kirillov orbit method. The latter allows the construction (in case p # 2) of an explicit
bijection between the isomorphism classes of irreducible representations and orbits of the
coadjoint action of the group on its associated Z,-Lie lattice, for details, see [61,84|. Using
this bijection, one reduces to the computation of the zeta function of the subgroup to the
evaluation of a p-adic integral related to the structure of the associated Lie lattice. Then,
using relative Clifford theory, one may bridge the (finite index) gap to the full group. Both

steps are described in detail in [7].

Even though the situation for the ‘linearisable’ part is backed-up by strong theoretical
results, the actual computation of the involved p-adic integrals is highly complicated. We
restrict our attention to the computation of the representation zeta functions of finitely

generated torsion-free potent pro-p groups.

Our main result concerns the representation zeta function of the semidirect product of
a suitable subgroup of the first principal congruence subgroup SL3(Z,) of SL2(Z,) acting
continuously on an abelian group V =2 Zz of finite Zy,-rank d. Under certain assumptions,
the representation zeta function of the semidirect product G = SL3(Z,) x V is itself a

product of the form
C(9) = sz () iy, (5= 1)s

see Theorem 9.3.6. In particular, it is a multiple of the representation zeta function of the
group SL3(Z,). The other factor is the zeta function associated to the representation of G

induced from the trivial representation of SL}(Z,).

Zeta functions associated to representations of p-adic analytic groups were recently
introduced and studied by Kionke and Klopsch in [92]; these zeta functions are a gen-
eralisation of the representation zeta function related to a group. The specific function
appearing as a factor above may be seen as the zeta function associated to the action of
SL4(Z,) on the cosets of SL3(Z,) in SL3(Z,) x V, i.e. on V. In view of this interpretation,

we hope to extend our theorem to a wider class of groups. We give an example of a potent
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pro-p group where the corresponding equation fails to hold, showing that this behaviour
is not universal. However, it is unclear which pairs of groups and subgroups allow for such
a decomposition in general. Since the representation zeta function of SL3(Z,) (and its
principal congruence subgroups) is known, it would be particularly interesting to obtain
a better understanding of the situation for semidirect products involving these groups.
However, at this stage our methods are particular to SL%(Z,,) and its subgroups.

Indeed, to obtain Theorem 9.3.6, we use the following useful description of the repre-
sentation zeta functions of all potent subgroups of SL}(Z,) of finite index. Let H be a

open potent pro-p subgroup of G = SL}(Z,). Then
Cr(s) = |G : H| - ¢als),

see Theorem 9.3.1 for a more general approach to such statements.

Using these results, we explicitly calculate the representation zeta functions of four
semidirect products of abelian groups with SL}(Z,), see Section 9.4. These are the first
representation zeta functions of p-adic analytic groups corresponding to non-semisimple
algebras to be computed. Because of the great difficulties that come with the computation
of zeta functions of this type, we believe these examples to be a useful outlook towards a

deeper understanding of the theory. We record our examples in the following theorem.

Theorem 9.1.1. Let m and k € N, and let G, be the subgroup of G = Gy = SLy*(Zy)
generated by {hpk,x, ypk}, where h, x,y are a certain standard generating set for G. Let vy
be the natural action of Gy on Zg, let 0 = Sym?(vy) be the symmetric square of vy acting

on Zi, and let § be the diagonal action of Gy on Zz @Zg. Then

(1) ClekaZg (5) = pks+5Q1/Q27 where

Q1 = (1 _ p7(2+s))(1 _ pfS)(l _plfs _ p1723 +p(k+1)(1fs)71)7
Q2 — (1 _plfs)?)(l _i_plfS)’

with abscissa o = 1.
(11) CGKUZg (S) = meQl/QQ; where

with abscissa o = %
(i) Con,z2mz2(8) = P = p~CT2)Q1/Q2, where

Ql — p3725<1 _ plfs) _p73(1+s)(1 +p4735)(1 _ p474s)(1 _p4735)(1 +p272s _ p72s)’
QQ — (1 _ p5—4s>(1 _p3—25)(1 _ pl—S).
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3

with abscissa o = 3

Note that even in the specific case of semi-direct products involving SL3(Z,) higher
dimensional examples seem troublesome to compute explicitly.

Since we deal mostly with the group SL(Z,), the prime 2 leads to various technical
difficulties in proofs (and to deviations in results). Thus, we exclude the case p = 2, and

adopt the standing assumption that p is an odd prime.

9.2 — Preliminaries

9.2.1. Integral formalism for potent pro-p groups. — Denote by Irr(G) the set of
(isomorphism classes of) irreducible smooth complex representations o: G — GL(V) of a
group G a representation of a topological group is smooth if all point stabilisers are open
subgroups. All groups considered are profinite, and all representations continuous and
smooth. In this situation every representation decomposes as a direct sum of irreducible,
and all irreducible representations factor through a finite quotient of G. A representation
o of a profinite group G is called strongly admissible, if its decomposition into irreducible
subrepresentations,
o= @ miole
p€elrr(G)
is such that there are only finitely many constituents (counted with multiplicity) of every

dimension, i.e. that the multipliers m(o, ¢) € N in the formula above fulfil

Z m(o,p) €N

pelrr(G)

dim(p)=d
for all d € N. Given a strongly admissible representation o of G, one forms the formal
Dirichlet series

Gols)= > mlo,p)dim(p) ",
pelrr(G)

called the zeta function associated to o. If p is the reqular representation of a compact
group G, i.e. the (right) translation action of G on the space of continuous functions G —
C, then every irreducible representation ¢ of G appears with multiplicity m(p, ) = dim(¢p).

If G is rigid, the regular representation is strongly admissible, and we have

Gl = 3 dim(p)' ™ = Gals — ).

pelrr(G)

In this way, the zeta functions of strongly admissible representations generalise the repre-
sentation zeta functions of rigid profinite groups.
More generally, if H is a closed subgroup of G, the multiplication action of G on the

H-cosets induces a permutation representation, which is equal to the representation of G
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induced from the trivial representation of H; choosing H = 1 clearly recovers the previous
case. Assume that G is finitely generated. Then, according to |92, Theorem A], the
representation Indg(]l 7r) is strongly admissible if and only if the group G is FAb relative
to H, i.e. if, for every open subgroup K of G, the quotient K/(H N K)[K, K] is finite.

Since we are only concerned with representations of the form Ind%(]l u) for H <. G,
we simplify our notation. We call this function the relative zeta function of G with respect
to H and denote it by (5(s).

A pro-p group G is called potent if v,_1(G) C GP (recall our standing assumption that
p # 2), where 7;(G) denotes the k' term of the lower central series of G for k € N. If G is
potent, finitely generated, and torsion-free, we call it uniformly potent; since such groups

are a straight-forward generalisation of uniformly powerful groups.

Every uniformly potent pro-p group is a saturable group in the sense of Lazard, see
[60,93,100], hence there exists a finite dimensional Z,-Lie lattice log(G) defined on the
same set. This Lie lattice is itself potent, i.e. it fulfils v,_1(log(G)) C plog(G). We remark
that every saturable pro-p group of dimension less than p is potent, cf. [63] for similar
phenomena. Using the Lie lattices associated to a uniformly potent pro-p group G and
to a closed potent subgroup H, one can use the Kirillov orbit method to describe the
constituents of the representation Ind% (1) by certain orbits under the coadjoint action

of G on the Pontryagin dual of log(G). For a detailed explanation, see [92, Section 4].

To state the p-adic integral that results from this description, we need some further
notation. We assume that the Lie sublattice ) = log(H) is a direct summand of g = log(G).
We choose a Z,-basis Y of h and extend this basis to XUY", a Z,-basis of g. The commutator
matriz of g with respect to X UY is the skew-symmetric dim(g)-by-dim(g) matrix with
entries in g given by

Com(g, X UY) = ([b, bl])b,b’eXUY'

Let w: g — Q, be alinear functional. Write w Com(g, XUY') for the entry-wise application

of w. This results in a skew-symmetric matrix with entries in Q,.

Recall that the determinant of every skew-symmetric n-by-n matrix T = (t; j)1<s,j<n
with entries in a commutative unital ring R is the square (as a polynomial) of the pfaffian
determinant, which must necessarily be trivial in case n is odd, and which, for even numbers

n = 2k, is defined by
1
pf(T) = SRR > sen(o) [T te-e.cne
" o€Sym(n) =1

A pfaffian minor of a skew-symmetric matrix T is the pfaffian determinant of a principal
submatrix given by the rows and columns with index in some fixed subset of {1,...,n} of

even cardinality. We write Pfaff(T') for the set of all pfaffian minors of a skew-symmetric
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matrix T'. Finally, for a subset S C Q,,, define
1S1]p = max{]s|, | s € S}

Theorem 9.2.1 (Kionke & Klopsch, [92]). Let G be a uniformly potent pro-p group and
H < G be a closed potent subgroup such that G is FAb relative to H. Assume that the
Lie lattice b associated to H is a direct summand of the Lielattice g associated to G. Let
Y be a basis of h and X UY a basis of g. Let Q, X* be the subspace spanned by X* in g*,
with X* as part of the dual basis (X UY)* of XUY. Then

¢(s) = / || Pfaff (w Com(g, X UY))|[5*dpu(w),
Q, X*

where i denotes the Haar measure of Q, X™, normalised such that the Zy-span of X* has

measure 1.

Note that the factor in the description in [92] which seems absent here is included in
our description of the structure matrix.

Using the identity ¢g(s) = ¢(s + 1) and normalising with respect to the standard
(dual) basis, we obtain the corresponding integral formula for the representation zeta

function of G.

Corollary 9.2.2. Let G be a uniformly potent FAb pro-p group of dimension d and let X
be a basis of the associated Lie lattice g. Let X be a basis for g and x the Q,-isomorphism
that maps the standard basis E = {e1,...,eq} of Qg to X. Then

Cals) = /(@d)* || Plaff((wx ™" [x(eq), x(ej)])ig)|l, > du(w).

9.2.2. Representation theory of semidirect products. — We make the following
standing assumptions for the remainder of this section. Let G be a compact topological
group and H a closed subgroup such that G decomposes (continuously) as the semidirect
product G = H x V, where V' is abelian. We describe the irreducible (continuous) repre-
sentations of G in terms of those of H, using their classical description by Mackey [106],
see [137] for a straight-forward proof. To do so, we introduce some notation.

Given a finite index subgroup A of a group I' and a representation o of A, we denote
by Indg(a) the representation of I'" induced from o. This is the representation given by
the tensor product of the vector space V supporting o with C[I'] over C[A].

We write char(o) for the character associated to the representation o. The character

of an induced representation can be expressed as the function

char(IndX (0)): v — E char(o)(v"),
zel'/A
TrEA
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where I'/A denotes a set of coset representatives of A in I'. Now given a homomorphism
w : I' = Q into some group 2 and a representation o of Q2 we define the inflation of o
along ¢ by Infg’“p(a) = po. If the homomorphism is implicit or its choice clear from the

context, we will drop it from the superscript.

Lastly, given a subgroup A of I and a representation o of ', we say that o is extendable
if there exists a representation Exth (o) of T' such that Exty(c)|a = o. Usually such
extensions do not exist, however, for a pair (G, V) as described at the beginning of this
section, a representation o € Irr(V') can be extended to the group H, = Sty (o) x V, where
H acts on Irr(V) by o(v) = o(vh ") for v € V. Indeed, set

Exty? (o) (vh) = Exty7 (o) (v)
for all h € Sty (o). In fact,
Exty,” (o) (vhv'h') = a(vv’h_l) = o(v)o(v') = Exty7 (o) (vh) Exty7 (o) (V'R),

so Exty7 (o) (vh) defines a representation of H, = Sty (o) x V.

Proposition 9.2.3. Let {x; | ¢ € I} be a set of representatives of the orbits of the action
Irr(V) v H, and let K; be the stabiliser of x; in H. Assume that all K; are of finite index
in H, and assume that I is countable. Then every irreducible representation of G = H XV
s of the form

Ind%, .y (Inf: () @ Exty ™ (xi)), (%)

for some T € Irr(K;), and two representations of this form are equivalent only if they are

given by the same pair (i, 7).

For compact groups, one may define a generalisation of the usual inner product on the

set of irreducible characters for finite groups, by setting

(char(), char(7)) = /G char(a)(g)char(r)(g) du(g),

where p is the normalised (left-)Haar measure of G. As in the setting of finite groups, it
is still true that, given an irreducible component 7 of o, the value of (char(c), char(7))a
equals the multiplicity of 7 appearing in the decomposition of ¢. For us, the following

equality will be of use.

Proposition 9.2.4. Let G be the semi-direct product H x V.. Let {x; | i € I} and K; be
as in Proposition 9.2.3. Then

(char(Ind%xV(Inf%KV(T)@EX’B‘I,{"NV(XZ-))) , char(Ind%(1 7)) ) = (char(7), char(1g,)) k,.
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Proof. Since H is closed, Frobenius reciprocity yields

(char(Ind%, . (Inf*Y (1) ® Ext{ ™" (x4))) , char(Indf (1x)) e
= (char(Res% Ind%xv(lnfﬁxv(ﬂ @ Exty™V (x:))), char(1g) g
= /H > char(r)(h") - char(x;)(h") dp(h).

CCEG/K;‘IXV
hacEKiKV

We may choose the representatives of the cosets of K; X V in G to be the representatives
of the cosets of K; in H. Then h® € K; x V precisely when it is in K;, and the above

integral may be transformed as follows:

/H Z char(7)(h*) - char(x)(1) du(h) = /H char(Indgi (1)) (h) char(1g)(h) du(h)

h*eK;
= <char(Ind§i (1)), char(1g)) g
= (char(7),char(1k,)) k.
The last equation is again won by applying Frobenius reciprocity. O
9.3 — Zeta functions of subgroups and semidirect products
9.3.1. A condition for subgroups to be thetyspectral. — Let G be a uniformly

potent pro-p group. Assume that we understand its representation zeta function — what
can we deduce about the representation zeta function of an open potent subgroup H? Are
there circumstances where G essentially dictates the representation zeta function of H in
terms of its own zeta function? One such case is well-known. Given a uniformly potent
pro-p, the subgroup P generated by the (p*)™ powers of G (which is indeed equal to the
set of these powers) gives rise to the same representation zeta function as the full group G
does, up to a constant factor. We call two groups with this property thetyspectral and two

groups with identical representation zeta functions isospectral.

Using the Lazard correspondence, one obtains a Lie sublattice h C g from a pair
of groups H < G as above. Since the set underlying the Lie lattices are equal to the
sets underlying the groups, the index of h in g is the index of H in G. This index is
a finite number, such that § has the same dimension as g. Thus, since g is torsion-
free, there exists an isomorphism ¢: g — b of Z,-modules, that does (in general) not
preserve the Lie bracket. This isomorphism naturally extends to a QQ,-isomorphism between
gg, = 99z, Q, and bo, = H®z, Qp- Of course, gg, = b, Note that, for the same reason,
h* = g*. Heuristically, aside from the Lie bracket, the difference between g and b is only

a change of basis.
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If ¢ is indeed an isomorphism of Lie lattices, we have

Pfaff((w(z;, xj])xi,ijX) = Pfaff((wgo_l [p(i), @(xj)])wi,IjGX)
and thus, as seen directly from the integral formulation, G and H are isospectral. However,
a weaker condition is sufficient to establish thetyspectrality.

Theorem 9.3.1. Let G be a FAb compact uniformly potent pro-p group and let H < G be
an open potent subgroup of G. Write g and by for the associated Lie lattices. Let 5: gAg — ¢
be the linear map induced by the bracket of g, and let ¢: g @z, Q, = h ®z, Q, be the Q-
linear isomorphism fized above. If there exists a Qp-linear map v¥: g ®z, Q, = h ®z, Q,
such that Bloan(p A @) = 9B, then G and H are thetyspectral with factor | det(y™1)],.

Proof. We use the integral formalism introduced earlier. Let d = dim(g), let X be a basis
for g and let x be the isomorphism mapping the standard basis E = {ei,...,eq} of Qg
to X. Of course, ¢(X) = @x(F) is a basis for h, and we may write

Cu(s) = /(Qd)* [| Pfaff ((w(ex) ™ [px(en), ex(ep)ijeq,...apllp > du(w)
— /(Qd)* || Plaff (wx "o B(x(e:) A x(€5)))ijeqr,...ap)lly > “du(w)

= \det((w‘lw)*)\;lf || Paff (wx ™ [x(e:), x(e5)])ig)llp > *dpalw),
(e L)) *(Qp)*

where the last step is a simple change of variables. Of course, ((goflw)x)*((@g)* = (Qz)*
and det((o~19)* = det(p~1¢). Comparing with the integral describing (g(s), the theorem

is immediate. O

This is especially useful in the case that G is SL3(Z,), since it is three-dimensional and

potent. We will heavily rely on the following corollary.

Corollary 9.3.2. Let H be a open potent pro-p subgroup of G = SL%(ZI,). Then
Cu(s) = |G : H|- ¢a(s).

Proof. The Lie lattice corresponding to G' is g = p - sla(Zy,). Since the bracket is not
degenerate, the image of g A g is of finite index in g; it is indeed equal to pg. Crucially,
since dim(g) = 3, the dimension of the exterior square g A g is also 3. Thus as a Q,-linear

map, 3 is invertible. Clearly the Q,-linear map 1: g — b defined by

=B Ap)Blyny
meets the conditions of Theorem 9.3.1. Its determinant satisfies

det (1)) = det(8) det(p A ) det(871) = det(p A @) = det ()T @O=1 = det(p)2.
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Since det(p) = |g : b| = |G : H| is a power of p, we find |det(p~ )" = det(o™'e).
Combining both equations, we find that the factor |det(¢~'¢)|; ! is equal to |G : H|. O

Theorem 9.3.1 allows us to recover some known identities. Given a uniformly potent
pro-p group G and an integer n € N, the representation zeta function of the subgroup of
(™)™ powers GP™ is equal to pdi™(&)m . ¢o(s). A similar behaviour was first described
in [89], and a variation of this result was used to prove the main result in [62]. We can
derive the statement as follows. Under the logarithm map, GP™ is represented by p™ - g,

i.e. the map ¢ is induced by scalar multiplication by p™. Thus

Ble Ap) (v Aw) = [p™v, p"w] = p*™ v, w] = ©*B(v,w),

mdim(G) - and we have

i.e. we may choose p? as our ¢. Clearly det(¢p™!) = det(p) = p
recovered the result mentioned above.
It is an interesting question which subgroups of SLé(Zp) fulfil the conditions of Theo-

rem 9.3.1, and what factors may appear aside from 1 and the index.

9.3.2. Semidirect products. —

Lemma 9.3.3. Let G be a uniformly potent pro-p group, and let o: G — GL;L(ZP) be
a finite-dimensional Z, representation of G with image in the first principal congruence

subgroup. Then the semidirect product G X, Z;, is a uniformly potent pro-p group.

Proof. The semidirect product is clearly torsion-free and finitely generated. We have to
prove that v,-1(G X Zy,) < (G x Z,)P. This term of the lower central series is generated by
Yp—1(G) and [Zy, G, ..., G], since [Z,), G] < Zy;, an abelian group. The inclusion v,_1(G) <
GP < (G x Zy)P follows since G is potent. Let g € G and v € Z;. Then

1 gP—1dm ™

[v,g] =v V9 =

But ¢° € GL.(Z,) implies that g” — Id"*" = ph for some h € GL,(Z,), hence [v,g] =
pul e pZy,. The subgroup of p™ powers is a normal subgroup, hence Z,,G,...,G]
pZy < (G x Z,)P.

VAN

Lemma 9.3.4. Let G be uniformly potent pro-p group. Let H, K < G be two closed potent
subgroups. Then H N K 1is potent.

Proof. Write g for the Lie lattice log(G). Since H and K are potent, they correspond to
potent sublattices h and €. It is enough to prove that the intersection h Nt is potent; if it is,
it corresponds to a potent subgroup of GG, which is equal to HN K, since the underlying sets
of the Lie lattices and groups are the same. By the following calculation, the intersection
h Nt is potent,

Yp—1(hNE) Cyp_1(h) Nyp—1(€) € pb N pt =p(hNE). O

< 248 <



9.3. Zeta functions of subgroups and semidirect products

b

Lemma 9.3.5. Let G be a finitely generated torsion-free pro-p group, and let o: G —
GLL(Z,) be a faithful finite-dimensional Z,-representation of G, such that G°NGL2(Z,) <
(G7)P. Let x be a (continuous) irreducible representation of Z,. Then Stg(x) (with respect

to the action induced by o) is a open potent subgroup of the uniformly potent group G.

Proof. Without loss of generality, we identify G and its image under o. Looking at
(G.G] = [GNGLL(Z,), G N GLA(Z,)] < G N GLA(Z,) < GP,

we see that G is potent (even powerful). Since x is continuous, it factors over some finite-
index subgroup of Z; hence its kernel contains some subgroup of the form p™ Z for some
m € N. If g € GNGL](Z,), then g stabilises x, since x cannot detect the action of g on
its argument. Hence G,,, = G N GL}(Zy,) < Stg(x).

If m = 0, the representation is trivial and the statement follows immediately. If m =1,
since G is contained in GL}L(ZP), the full (potent) group stabilises x. Thus, assume m > 1.
Since x factors over p™ Z;, it induces a representation of Zy /p™ Z; = (Z /p™ Z)"; which
can be described by a dual vector = € ((Z /p™ Z)™)*. Then the stabiliser of x fits into the
exact sequence

1 — G — Sta(x) = Stgya,, (x) — 1.

Every orbit of Z; under the action of the group GL,(Z,) contains an element of the form
(p*,0,...,0) for some k € N; the Smith normal form. Thus, under conjugation by an
appropriate element of GL,(Z,), we may assume that z is of this form. It is easy to see
that its stabiliser is the intersection of G/G,, with the general affine group GA,,(Z /p™ Z) =
GL,-1(Z /p™Z) x (Z /p™Z)"!. Lifting to G, we find that every element of G is (non-
uniquely) a product of an element of Gy, and an element of GNGA,,(Z,,). Since GA,(Z,) =
GLp—1(Zp) x ZZ‘I, both Gy, and G N GA,(Z,) are potent group by Lemma 9.3.3 and
Lemma 9.3.4.

By our assumption, the intersection G,, = G N GL](Z)) is contained in the subgroup
of p™ powers. Thus, we find [G N GA,(Z,), G N GL™(Z,)] < GP. Since G N GA,(Z,) is
potent, we deduce that Stg(x) is potent. O

The assumptions for the last lemma seem a bit technical. It would be interesting to
describe all actions such that the point stabilisers are potent. However, Lemma 9.3.5 is
strong enough to establish that the point stabilisers of irreducible representations under

the action induced by

(i) the natural action of SL}'(Z,) or GL}'(Z)), for n,m € N with m > 1,
(ii) the symmetric square of the natural action of SLy*(Z,), for m € N, and

(iii) and direct sums of representations fulfilling the assumptions.

The natural actions clearly fulfil the condition G N GL}'(Z,) < GP, since the congruence
subgroups of GL,(Z,) coincide with the power subgroups. Also, the third statement is

clear. For the second statement, consider the embedding given in Example 9.4.2.
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We are now able to prove our main result.

Theorem 9.3.6. Let H be a potent subgroup of SLY(Z,), and let p: H — GL(V) be a
finite-dimensional representation of H adhering to the assumptions of Lemma 9.3.5 and
such that the semidirect product G = H %,V is FAb. Then

Ca(s) = Cu(s) - (s — 1)

Proof. By Proposition 9.2.3, all irreducible representations of G are of the form (x) de-
scribed there, for some representative y; of a coset of the stabiliser of the action of H on
Irr(V'), and an irreducible representation 7 of the stabiliser K; of x;. The dimension of

such a representation is given by the product |H : K;| - dim(7). Thus

(@)=Y > (K.

a,beN el

ab=n |H:K;|=a
By Lemma 9.3.5 the group K; is a uniformly potent pro-p group, hence Corollary 9.3.2
implies T’b(Ki) = ‘H . Kl| . Tb(H).

Now to every i € I we may associate the |H : K;|-dimensional representation
G K;xV
Indi, oy (Exty ™" (xq))-

In view of Proposition 9.2.4, these are precisely the |H : K;|-dimensional irreducible con-

stituents of Ind% (1), hence

m(G)=> " > a-m(H)= Y (G H) a-ry(H),

a,beN el a,beN

ab=n |H:K;|=a ab=n
where 74(G, H) denotes the number of a-dimensional irreducible constituents of Ind% (1 ).
We see that the numbers r,(G) are equal to the Dirichlet convolutions of a - r4(G, H)
and 7,(H). The factor a corresponds to a shift in the Dirichlet generating function of the
sequence 74(G, H), ie. Y n7a(G,H)-a-a=° = (g u(s—1). Since the generating function
of a Dirichlet convolution is the product of the corresponding generating functions, this

concludes the proof. ]

9.4 — Examples

With Theorem 9.3.6 established, we aim to compute the representation zeta functions of
semidirect products with SL1(Z,) in detail. However, mirroring the difficulties of com-
puting the zeta-functions (or even the abscissa of convergence) of p-adic analytic groups
of high dimension, the relative zeta-functions associated to high-dimensional modules of

SL1(Z,) correspond to p-adic integrals that are cumbersome to compute.
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We begin with some generalities. Using the terminology of Theorem 9.2.1, we find
that the Lie lattice v spanned by X, i.e. such that g = v @ b, corresponds to the abelian

subgroup V. Thus, the commutator matrix can be written as block matrix of the form

0 A
Com(g, X UY) = <_AT Com(h Y)) 7

where A is the matrix A = ([2,y]),cx ey This simplifies the integral described in Corol-
lary 9.2.2. Recall that we integrate over the subspace W spanned by the dual basis of v,
while, since b is a sublattice, the entries of Com(h,Y") are in h. Thus, given w € W, after

application to all entries we find a matrix of the form

0 wA
—wAT 0 /)

We have to compute the pfaffian minors of this matrix. Every principal submatrix is
still of the form (7OBT g ), for some submatrix B of wA obtained by deleting rows and
columns. The determinant (and hence the pfaffian determinant) is 0 if B is not a square
matrix; otherwise the determinant of such a matrix is equal to det(B)?, and its pfaffian
determinant equals det(B) up to a sign. Thus, the set Pfaff(w Com(g, X UY")) is equal to
the set Min(wA) of all minors of wA. All in all, we find

Cfits) = [ Min(w)l |~ apw).

Example 9.4.1. For our first example, we compute the representation zeta function of the
group G = SL3(Z,) x Zz. As one would expect, this zeta function is very closely related
to the zeta function of H = SL}(Z,), which is given by

1— p—5—2
_ .3
CsLaz,)(8) =P ey

This function can be computed without greater difficulties using Corollary 9.2.2; cf. [89],
where the representation zeta function of the ambient group SLy(Z,) (and indeed, for
more general rings R) is computed. Furthermore, the actual p-adic integral that needs to

be evaluated is similar to the one related to H. All in all, we shall prove that

s(1—p )1 —p*?)
2

Ca(s)=p (1—pl5)2(1+pls)’

Knowing the representation zeta function of H, using Theorem 9.3.6, it remains to compute

the relative zeta function CSGI} @ )(s). Taking a step back, we indeed compute Cg(s) for
2\“p

G = SL}(Z,) x Zy and H = SL}(Z,) for all n > 1 simultaneously. Note that the group

SL%(ZP) x p" Z,, is isomorphic (and in particular isospectral) to our group. It is useful to
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consider this group instead.

n
g

n?+n— 1. Since we may embed G into SL},(Z,), we can do the same for the Lie lattice,

The Lie lattice corresponding to G is g = p™sl,(Z,) x p™ Z;, which has dimension

i.e. embed g into p™sl,11(Zy) as the matrices of the form

P sl (Zy) pmIZE
0 0 '

Writing e; j for the matrix with entry p™ at position (7, j) and all other entries equal to 0,

a basis for g is given by X UY, where

X ={ux |1 <k<n}, where up=epny1 and
Y={h|1<Ii<n—-1}U{zi;|1<i<j<n}U{yss|1<t<s<n},

where h; = (e — ej41,41), iy = €ij  and Yo = egy.

Note Y forms a basis for h = p™sl,,(Z,).

By the considerations above, we may restrict our attention to the partial commutator

matrix A = ([z,¥])zex,yey. Consider the following identities,

" ug if k=1,

[uk, ) = § —p™uy, if k=141,
0 otherwise,
p"u; if k=1, p"uy if k= s,
[uk, x;5] = [k, Ys.t] =
0 otherwise, 0 otherwise,

which yield the following description of A, in which the rows correspond to the elements

Ui, ..., Uy, in this order, the columns of the matrix A; correspond to hi,...,h,_1, the
columns of A; correspond to @1 j,...,%j—1,Yj+1,j---,Yn,j for j € {1,...,n},

A=p" (Ah A An>
with

A — diag(u1, ..., un-1)) 0
" 0 diag(ug, ..., up)

and A; the (n x n)-matrix with a zero row and a zero column at j*" position, such that

(n—1)x(n—1)

after the deletion of said row and column the matrix u; Id remain, for every

jed{l,...,n}.
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For comparison, in case n = 3 we obtain the matrix

(51 u9 us
m
p —Uu2 U2 u1 us )

—us (51 ug

where empty entries are zero.

We claim that all minors of A are of the form p*™ Hf:_ol uj, for some j; € {1,...,n}
and k € {0,...,n} or equal to 0. Let B be a square submatrix of A. If B has a zero-
column, we are done. If there is a column associated to an element z; ; or ys, this column
has at most one non-trivial entry, wherefore developing along this column reduces our task
to a smaller matrix. Thus, we may assume that all columns are associated to elements
of the form h;. If there is no zero-column, the columns must correspond to a segment
hi, hit1, ..., h; and the rows must correspond to uy,...,u;. The resulting matrix is lower
triangular and has determinant p™®*— Hf:l ;. Thus, all minors are of the desired form.

It is not hard to see that all possible products of said form are achievable.
Now we may calculate
i) = [ I Mim(wA) ' duw),
Q, X*

First notice that all variables u; € X™* appear with a factor p™ in the integrant. Thus, by

change of variables u} — p™u}, we find

Chit) =™ [ im0 A) [ )

Qp
!
‘{;[I7U(ujk)
k=0

—1-s

dp(w).

::pnwzj/

Notice that, since the constant polynomial 1 is a minor of p~"wA, if w € Z, X*, the

Ljr €1{0,...,n},jx # 0 for allk}

p

maximal valuation is achieved at |1], = 1. Hence we write

(Fi(s) =p™" /

Zp X*

=p™" (1 + / || Min(p~"wA)||, 1‘5du(w)> -
Qp X*\Zp X*

We consider the following partition

Ld(w) ™ [ I Min(p~™wA) [~ du(w)
Qp X*\Zp X*

oo
QX \Zpy X* =07 Z, X*) N (0" 2, X7)
j=1

into sets where the minimum of the valuations of the coordinates under w is constant and
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equal to —j. Thus, on each set the maximal possible value is achieved at a product u} for

some i € {1,...,n}, and it is equal to p’™. Hence we find

(H(s)=p" [ 1+ Z/ pini=1=9)

j=1 (p=7 Zp X*)\(p1 =7 Zp X*)

o

— pmn 1+ Z(pjn _p(jfl)n)pjn(flfs)
j=1
- oo » (1 - pfn(erl))
=p™(1+(1—p ™ pIns | = pmn
=2 - )

Consequently, the representation zeta function of G = SL}(Z,)

X
pression stated above, and the abscissa of convergence is a(G) = a(H) = 1.

Example 9.4.2. We consider the representation zeta function of the semidirect product
G = SL}(Z,) x Sym? (Zz%)’ where H = SL5'(Z,,) acts on Z;’, by the symmetric square of the
natural representation of H. Due to the higher dimension of the module, fewer irreducible
representations of the module are conjugate under the action of H. One does suspect a
fast representation growth, and indeed, the abscissa of convergence of this zeta function is

greater than 1, the abscissa of convergence of H.

The image of H under the associated representation is given by

a? 2ab b2 b

a
ac ad-+be bd < d) ceH
c? 2cd d? ¢

One easily sees that Lemma 9.3.5 applies, and Theorem 9.3.6 reduces the calculation to

the relative zeta function (§(s).

Let g be the 6-dimensional Lie lattice associated to G. We choose as basis X UY| where
X ={u,v,z} and Y = {h,z,y} are bases for p Zf; and p" - sly(Zy) as in Example 9.4.1.
We embed this Lie lattice into p™ - sl4(Zy), and we compute the following partial commu-
tator matrix with columns corresponding to the elements of ¥ and rows corresponding to

elements of X

20 2v 0
A=p" 0 z U
—2z 0 2v

The set of minors of A, up to sign and powers of 2, i.e. units of Z,, which do not contribute

to the integral due to our assumption p # 2, is the given by

Min(A) = {l,pma,p2mab la,be X}.
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The polynomials p™a are irrelevant, since they do not attain the maximal norm, similarly

p*™ab does only contribute if @ = b. Thus

e = [ 0w |0 e Xl ()

P

= [ 11, Lo e X' dnn, 2

P
— p3m(1 + Zp72j(1+s)(p3j - p3(j71)))
ieN
1— p—2(1+s)
1— p1—2s

:3m

Then the zeta function of G is

om (L —p %) (1 —p~3F9)
7))

a(s) = CH(s—1)Cu(s) =p

and then
a(G) = g >1=a(H).

Example 9.4.3. Let G be the group SLi(Z,) x Z?), again. The group G acts again
naturally on Zg. By Lemma 9.3.5, every stabiliser of an irreducible representation of Z}%
under the action of G is potent. We will show that the equivalent of Corollary 9.3.2 is not
true for G, and we cannot argue as we did in the proof of Theorem 9.3.6 to compute the
representation zeta function of G x Zg. Indeed, we shall see in Example 9.4.4 that the zeta
function cannot be factorised into ((s) and Cg <2y (s —1).

We consider the stabiliser G, of the irreducible representation induced by the represen-
tation p: Zz /" Zg — C given by v+ (1,0)v. Using the same embedding into SL}(Z,) as

in the previous example, this stabiliser is the subgroup generated by matrices of the form

1 % %
0 1 =«
0 0 1

and by the subgroup SL(Z,) x Zi. It is easily seen that the Lie lattice g, = log(G}) is
generated by the elements {p*h, z, p*y, u, v}, where

p 0 O 0 p O 0 0 p
h=|0 —-p 0], x=10 0 0], u={(0 0 0},

0 0 O 0 00 0 0O

0 00 0 0O

y=1|p 0 0], v=1]0 0 p

0 00 0 00
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The group G has the structure of a semidirect product. Indeed, G = Hy X ZIZ,, where Hy,
is the stabiliser of p in SL(Z,). Now by Theorem 9.3.6 and Corollary 9.3.2, we may write

G (8) = Cai (s) - ﬁ,’j(s —1) =Gk : Hi| - Cspy(z,)(s) - g:(s - 1).

Consider the quotient by SL5(Z,) x ZIQ,. The subgroup Hy(SL&(Z,) x ZIQ)) is the group of
upper uni-triangular matrices with one non-trivial entry at position (1,2). Thus, the index

of Hy in SL%(ZP) is p¥. It remains to calculate the relative zeta function.

We compute the matrix A = ([a, b]) g fu,v} pe{phhzpry}s

A PPy po 0
- _pk+1v 0 pkﬂu,

and the set of minors
Min(wA) = {1, w(p" ), w(po), wp* o), w(p u), wE ), w22 |

k+1

After a change of basis u — p"T u, v — pv the integral describing the relative zeta function

has the form
G _1—
(Gt (s) = ph+ /Q 1w, 2, R ().

2]
Since |ul, < |u?|, whenever |u?|, > |1|,, the polynomial u is irrelevant. Comparing the
valuations of the remaining polynomials, we determine that the maximum is reached by 1
in the area Z;, by u? within
U p "Ly xp~ " Ly,
meN
by wv within
U pfm Z; prmfk Zp \p7m+1 Zpy
meN
by pFv? within
Ur ™z, xp "z,
meN

and by v in the area
Zy % (p™" Zp ~pZy).

These areas overlap. We cut up Qz into pieces on which a fixed polynomial is maximal,

see Fig. 9.1 for comparison, such that

(S (s) = / 15, ) + / 251 duu, 0) + / vl dpu(u v)
A1 AQ A3

b [ ) + [ et dut)
A4 A5
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Area A, where [1], is maximal, is defined as pZIQ,, hence

I I
—k 0 v(v)
|pFv?|, maximal [u?|, maximal () |1], maximal
(o) |uv|, maximal O |v], maximal

Figure 9.1: A sketch of the partition of QZ we use for the computation of Example 9.4.3, in
case k = 4. Every circle represents a subset of fixed valuation, i.e. of the form p® Z; xp? Z[f

of @1%'

[t duu o) =y
Ay
Area Ay is defined as ;o p L) xp~It1 Z,, such that
e .
/ W2l g, ) = 3 / ()
j=0 /P I Ly xpTItILy
o
i 42j(c1-s) _ 1 (1=p ")
_ (1 —p 1)]? lzp2j+23( 1-s) =p 11_710_23'
i=0

We put A3 = U, ey p I LS X (p~ IR 7, \p~IT1 Zy) and calulate

00 k—1
[l e =3 [ RS [ el due)dat)
A3 =0 /p Ly =0 /Py

Evaluating the inner sum yields

B

k—1

—1—s — —(j+1)s — —’sl_p
Z/ iy o, i dp(v) =Y (1—p )p Ut = (1 —p it
1=0 /P Ly

,_.
|

o

»

N
I
o
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Thus, the integral evaluates to the following expression,

i B 1_p7ks°0 » .
[l duen) =@ - RS [ pC )
As —-D =0 p*JZ;<
I "

T—p -7

The fourth area is defined by A4 = UjeN p I Zy xp Ik Z;, and we compute

| =3 [ PO 4y, 0)
4 j=0"YP"

i 2y xp=ik LY

% (2j+k) ps 1—=p7 !

— — —ks

=(1—pH p R =y =
=0

Finally, the last area As = pZj, x (p~h+1 Zyp ~\p Lp) gives rise to

[l = [ vana Y [ el rduto)
1 pLy =0 /P2y
k—1
_ _ _ _ B 1_pfks
=pt1l-p ") plE=pt1-ph —
1—p
=0

The sum of the five integrals calculated above factorises to

p—(l—i-s))(l —p s — p—(1+25) +p—(k+1)s—1)
(1=p=)?(1+p~*) ’

Cgk (8) _ pks+2 (1 -

and overall, we have

ko5 (L= p ) (1 —p=) (1 —p'=* — p! =20 4 p{k+ =91
(1 _ pl—s)S(l +p1_s) .

Ca (3> =D

Thus, the subgroup Gj of G and G are not thetyspectral. Indeed, the quotient of the
respective zeta functions is

Cap(8) e (1= pt=s — pl=2s 4 plkD)(1-9)—1)

Ca(s) (I =p=5)(L+p~*)

Example 9.4.4. We now turn our attention to the direct sum Z?,@Zi. Let G be the
group SL5(Zp) x (ZZ@ZIQ)) and H be SL3'(Z,). We have seen that the stabilisers of
representation of ZIQ, in SL(Zj,) x ZIQ) are not thetyspectral with the full group, thus we are
not able to compute the zeta function related to Zz% &) Zg by considering it as the iterated
semidirect product (SL3"(Zy) x Z2) x Z2, i.e. the relative zeta function of Z2 @ Z2 is not
necessarily (and in fact, is not) the square of the relative zeta function associated to the

natural action of H on ZIQJ. This is reflected in the set of pfaffian minors associated to the
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corresponding Lie lattice, that we now compute. Let g be the Lie lattice associated to
G, with basis X UY, where X = {u1,uz,v1,v2}, such that (uy,ug,vi,ve) = ZZ%EBZIQJ, and
Y ={h,z,y}.

Analogously to Example 9.4.1, we compute one of the blocks A of the commutator
matrix of g, in which the columns correspond to the elements of Y, and the rows to the
elements of X, as
U1 u9 0
—us 0wy

V1 () 0

—V2 0 U1

We see that due to the rising dimension, there exist non-trivial rank-3 minors of A, in

addition to the rank-2 minors. In fact,
Min(A) = {1,p2mab,p2m(u1v2 — uwl),pgma(ulvg —uguy) | a,b € X} .

As we have seen earlier, when we calculate the maximum of the norms, the polynomials
p>™ab are only relevant in case a = b, and since p2m(u1v2 — uguy) is a factor of another

polynomial, we may ignore it as well. Thus
(i(s) = /@ {1 w(p?™a®), w(p*™a(urvs — uzer)) | a € X}, *dp(w)
X*
P

= p4m/4 I{1, a?, a(uivy — ugvy) | a € X}||;1_Sdu(u1,uQ,v1,v2).
Q

P

where we applied the usual change of variables to get rid of the factors p™™. Using the same

kind of decomposition as we have used in Example 9.4.1 for QIA‘), namely

Q, =2, p7 (2~ Zp),
jeN

we discover that we need to evaluate the integral
/ I{a?, a(uive — ugvy) | @ € X}Hgl_sdu(ul, U2, v1,02)
P9 (Zy ~pTy)
4 —2j 2 —3j —1—s
=t [ I ek Yl — wavn) | @ € XS du(un, un, vy 00),
Z% \ng

=p W) / I{a®, p 7 a(uiva —ugv1) | @ € X} ~dp(u, ug,v1,v2), (1)
Zoy ~p Ly

for every j € N. Notice that the integrant is invariant (up to a sign in the determinant-
like expression ujvy — ugvy, which we may ignore due to our standing assumption p # 2)
under the permutations (uj ug)(vy v2) and (u; v2)(ugv1). This symmetry we shall use to

our advantage.
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Since one of the variables w1, ug, v, v must be in Z;f, we look at the four cases sepa-

rately, excluding the previous cases. Thus, the integral (1), without the factor p=2%/ (=1+s)

equals the sum of integrals

[ [ p s s = usopllydtuz, o1, v2)duun)
VAV

X
p

+ L/~ J|L1f”i@(ulvz—-U2U1)H;1_Sdu(vh1&)dﬂ(ua)dﬂ(ul)
z, Jzx Jz2

11, p™ T va(urvy — ugon) ||, *dps(vr)dps(v2)dpa(us, un)

/
L

+ / Hl,p*jvl(ulvg — UQvl) | Elisdu(vl)du(ul, U9, 1)2).
pZ; J Ly

z
» Y Lp

Permuting the variables such that the (distinguished) minimal variable is always u,

normalising the area of integration, we obtain
(10 = =) [ 11097 (02 = o)~z 01,00,
p
(12) =(1—p Hp™! /3 11,77 (v2 — puguy)| |, ' dp(uz, vi, v2),
Z,
(1) = (=707 [ 1109 (o2 = o), v v0)
D
(fa) = (1 —p p~° /Z3 11, " (v2 — pugwr)| |, ~*dpa(uz, v1, va).
D
Therefore it is enough to compute the following integral for j € N and ¢ € {0,1},
/3 11, p~7 (v2 — pPugwy) ||, " dp(ug, v1, va)
ZP
= [ ] e s du(editaz, o)
72 Jy
— [ ] el ) dut, ).
ZIQ, Zyp +psvx
Since Zjy, = Zy +p°ugvy for all us,vi € Zyp, this equals

/ / 1L, p gl [ dp(02)dja(aaz, v1) = / L, vl [ du(v2) = 1(5).
72 JZyp Zy

(1)
(12)
(13)

(f4)

and

In particular, the value of ¢ is irrelevant. Reviewing the equations for (11) to (14), we see
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that
G =p" A+ 1 —p ™) p PN (L p HIG) + (L +p p 21— 1))

JEN

= p*"( )N p B (1) +p2(j - 1))
JEN

=p'" (1+(1p2)(p +(L+p7) Y HEI() ))

JEN

For the last equality we have used the easily obtained equation I(0) = 1. More generally,

we compute

j—1
I(]) — Z(l _pfl)pfj(1+s)+ks + / du(y)
k=0 P Zyp
— (1 — =1y, —i(1+s) (1-p”) —j
(L—p )p a—p) 7
_p—S _ »—(+s)
_ p -1y, —j(1+s) (1 p ) —j
1-— J + I,
P T "
and consequently
9 (—1ts) 1 - —p° 5 1_ —(1+s)) i
Zp 2j( 1+)I(]):(1_ Zp]13 P Zp]l 2s)
JjeN b JjeN JeN

I S G U 0 <1—p—<l+s>>p1—2s
T\ A=) T

_ p1—23(1 _p—s) _p—35(1 +p1—35)

= (1 _p1—4s)(1 _p1—25)

Combining everything, we find

(fi(s) =p"™Py /P> with
PL=(p 2 (1 — p*) — p3(1 4+ pl=59)
+ (1 —p )1 —p' ) (L p 2 — p2et))
Py=(1—p'™*)(1-p'"),

and ultimately

Cals) =p™ (1 —p~ *)Q1/Q>  with
Ql — p3—25(1 _pl—s) _ p—35—3(1 +p4—3s)
+ (1 _ p4—4s)(1 o p4—3s)(1 +p2—25 _ p—28>
Q2= (1-p )1 -p" )1 —p' ™).
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In particular,

a(G) = g > 1 = a(SLI(Z,)).

It is an interesting question if the growth of the abscissa continues for higher direct sums,
. . . n 2\
ie. if T}Ln;o a(SLy"(Zy) x DL, Z;) = oo.
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