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Summary

In this thesis we consider (in)stability and long-term behavior of a living fluids model,
stability of a model for the heterogenous catalysis process and as a last topic the use of
duality scales on complemented subspaces with regard to partial differential equations.
The first model to be considered, a living fluids model, is given as generalized Navier-
Stokes equations and describes dense bacterial suspensions at low Reynolds number.
In real world experiments as well as in numerical simulations turbulence was observed,
which should be respected by the mathematical model. We establish a complete anal-
ysis of linear and nonlinear stability and instability in the periodic L?-setting about
the two relevant types of equilibria and find parameter sets corresponding to stability
and instability. It has to be noted that one type of equlibria, the ordered polar states,
yields a manifold of equilibria. Therefore, the theory of normal stability and normal hy-
perbolicity is applied to the system. Afterwards, we show that the living fluids model
possesses a global attractor of finite dimension and arbitrary high regularity, which
characterizes the long-term behavior of the model. To this end, we first show that
the equations admit a unique solution with initial values of L2-regularity and obtain
a semigroup from these solutions. Then, theory from infinite dimensional dynamical
systems is applied to show the existence of compact absorbing sets and hence the ex-
istence of a global attractor. In a last step, the properties of this global attractor are
analyzed in more detail to obtain results about regularity and dimensionality.

The second model considered in this thesis stems from chemical engineering and de-
scribes the process of heterogeneous catalysis in a cylinder-shaped domain. Since the
catalysis considered is heterogeneous, we assume the catalyzer to be on the lateral
boundary of the cylinder, which results in a coupled system of equations in the bulk
and on the lateral boundary. We show stability and instability for the heterogeneous
catalysis model in the LP-setting dependent on the chemical reaction which is chosen
on the lateral boundary. To this end, we apply the principle of linearized stability to
isolated equilibria. One example for such equilibria is given as the state of chemical
balance.

In the last part of this thesis we consider the concept of duality scales of Banach spaces,

which gives a more precise meaning to the powerful concept of duality. Roughly speak-
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ing, the existence of a duality scale with two scales of Banach spaces (E,),c1, and
(F,)qe1, and a scale of bilinear continuous duality pairings a,(-,-) (which can e.g. stem
from the weak formulation of elliptic problems) yields solubility of a corresponding
(elliptic) partial differential equation. We show that under certain assumptions re-
garding a consistent projection P on these scales, the property of being a duality scale
is preserved if we consider the complemented subspaces (P(E,))qer, and (P(F}))qer,-
This is especially useful in order to obtain solutions for the well known Stokes equa-
tions. As an example, we consider the Stokes operator with mixed-type boundary
conditions on C3-domains with compact boundary and apply the theory of projected
duality scales in order to obtain solutions of regularity W't where q € (1,00) and
0 < e <min{1/q,1/q'}. Finally, we give some abstract results regarding duality scales
on complemented subspaces which exploit the property of compactness (which can,

e.g. stem from the compact boundary of the underlying domain).
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1 Introduction

Dynamically changing processes occur in many phenomena in our world, e.g. in fluid
flows, evolution of populations, movements of particles or distribution of heat. There-
fore, it is of great interest to develop mathematical models and tools in order to analyze
such processes and learn about their behavior. This leads to the class of evolution equa-
tions, which is a subclass of the so-called partial differential equations in mathematics.

In general, we observe an evolving quantity u (e.g. a temperature, a density of some
substance, a velocity field, etc.), which depends on the time ¢. Therefore, u(t) describes
the value or state of the quantity at time ¢. In many cases, we assume the time to
be positive, i.e. ¢ > 0, and prescribe some initial value uy, which describes the state
of the quantity at the beginning (¢ = 0), which, for example, could be a real world
measurement of the quantity. Then, a general evolution equation (or system) formally
reads as

uw=F(u) (t>0), u(0)=uo, (1.1)

where @ is the time-derivative of u, i.e. the rate of change of the quantity u w.r.t. the
time ¢, and F' is some mapping which describes how the quantity evolves. Note that
in most cases, F' depends on the quantity u itself. Given an evolution equation, one
usually has to find spaces X, the solution space where the solution u shall live in, and
Y, the data space where the initial value uy comes from. These spaces characterize the
properties of the solution and the initial value, which gives rise to different questions

regarding the mathematical treatment. For instance, one can ask for:

e Local solubility: Given any initial value ug € Y, does there exist a solution u € X
of (1.1)) on some time interval (0,7"), where 0 < T' < co may depend on ug?

o Global solubility: Given any initial value uy € Y, does there exist a solution
u € X of (1.1) on any time interval (0,7"), where T € (0, c0]?

o Continuous dependence on the data: If one chooses some initial data u; which

deviates from ug only at a small scale, does the solution v corresponding to u; de-
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Chapter 1. Introduction

viate from u corresponding to ug at a small scale too? In other words, continuous
dependence on the data ensure that small perturbations of the initial values only
cause small perturbations in the solutions. This property becomes important
if one wants to use real world measurements for (numerical) simulations, since

these measurements are usually only accurate up to some degree.

o Uniqueness of the solution: Can there exist two ore more different solutions in
X corresponding to the same initial value ug?

o Stability: Given a steady state (also called equilibrium) of (1.1)), i.e. a u, € X
with F'(u.) = 0 such that the system is at rest and does not evolve anymore, do
solutions which start from wug near u, converge back to a steady state? A stable
equilibrium will force the system back into some steady state if it is perturbed,
whereas an unstable equilibrium does not have this property and perturbations
can cause the system to evolve further away from the steady state.

o Long-term dynamics: Does there exist a (small) subset A C X of possible solu-
tions which attracts all other solutions of the system as time evolves? If such an
(global) attractor A exists, the solution to any initial value ug € Y will evolve
towards the attractor as ¢ — oco. In such a case, the dynamics of the whole sys-
tem can be reduced to the dynamics on the attractor A, which is in some cases

less complex to analyze.

In many examples of typical evolution equations, the equations have a more concrete
structure than in (1.1)), which leads to the development of mathematical tools exploiting
the concrete structure of the equation in order to answer some of these questions. This
is the case for so-called linear, semilinear or quasilinear evolution equations.

This thesis aims to contribute to the last two questions in particular, but also presents
some mathematical theory which helps to answer the first questions.

First, we analyze the model of a living fluid and find conditions for stability and
instability. Afterwards, we consider the long-term dynamics of this model and show
that there exists a global attractor of finite dimension which characterizes the long-
term behavior of any solution. Then, we turn to another model describing the process
of heterogeneous catalysis and establish settings for stability and instability. In the
last part of this thesis, we consider the concept of duality scales. This concept will
help to show the existence of solutions to certain partial differential equations in a
more general way. We will shortly introduce the topics and the results in the following

sections.



Chapter 1. Introduction

1.1 Living Fluids

The first model which is analyzed in this thesis is a so-called active or living fluid
model. One example for the dynamics of a living fluid is the motion of a dense bac-
terial suspension at low Reynolds number. In this case, a major driving force is the
self-propulsion of the bacteria which causes the motion in the fluid. Observations and
simulations of such suspensions show that active turbulence and the formation of vor-
tices are likely to occur, cf. e.g. [59, 57, [13].

Given these results, it is highly desirable to analyze the behavior of active fluids rig-
orously in a mathematical model. A suitable model using a generalized Navier-Stokes
equations was proposed in [59] and also used e.g. in [14, 36]. This model extends the
Navier-Stokes equations with Swift-Hohenberg and Toner-Tu terms that respect the
behavior of the self-propulsed motion of the bacteria. In this thesis, we use this model
and analyze stability and instability as well as the long-term dynamics. We consider
the equations

D+ Av-Vv=f—Vp+ Vv — (a+ Blv]*)v + ThAv — [,A%,
dive =0, (1.2)
v(0) = v

in a box @, := [0, L]™ with periodic boundary conditions, where L > 0 and n € {2, 3}.
Here, v is the (divergence-free) velocity field of the suspension with n components.
The parameter A\ € R describes the advection, where A\; € R describes the active
pressure contribution. In addition, we have a viscosity parameter I'y € R and the
Swift-Hohenberg term of fourth order lead by I's > 0, which contributes to pattern
formation of the bacteria. In order to describe the flocking-like behavior of the bacteria
we consider the Toner-Tu term characterized by a € R and 8 > 0, which determines
the manifold of ordered polar equilibrium states if @ < 0. By p we denote the (scalar)
pressure contribution, which only appears as a gradient in the equations.

Note that a rigorous mathematical analysis of this model was first considered in L*(R™)
(cf. [61]). There, a stability analysis is performed for the isotropic disordered and the
ordered polar state. A major drawback in this analysis is the fact that the manifold
of ordered polar states B, g, which consists of vectors of constant velocity of a given
length, and the wave functions for a classical wave ansatz do not belong to L*(R™).
Therefore, another analysis was carried out in spaces of Fourier transformed Radon
measures FM(R") in [9]. Here, the functions of a wave ansatz exp(ik - x + ot) are
contained in FM(R™). However, in both approaches it seems difficult to capture the

instability behavior of the ordered polar states on the manifold B, g. It is shown that a
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Chapter 1. Introduction

single polar state admits instability. But it is unclear, if the solution converges back to
another equilibrium on B, g. This behavior near the manifold of equilibria is important
to describe the behavior of active turbulence which is observed in active fluids.
Therefore, our approach carries out the analysis in a bounded box @, := [0, L]" in
spatial dimensions n = 2 and n = 3 with periodic boundary conditions. There are
several advantages using this setting: on the one hand, all considered equilibrium
states belong to L?(Q,). On the other hand, the corresponding linearized operators
have a discrete point spectrum due to compactness of the resolvent, which makes the
analysis of the spectrum easier and allows us to prove that A = 0 is a semi-simple
eigenvalue. This gives rise to the application of the theory of normally stable and
normally hyperbolic equilibria (cf. [39, 40, 38] and Section [2.3), which describes the
behavior of solutions near B, s rigorously.

In Chapter [3| we address the issue of stability and instability. Therefore, we first collect
the relevant equlibria of (1.2). It turns out that the relevant equilibria consist of the
already mentioned manifold of ordered polar states B, 3, which are fixed vectors of a
given length, and the disordered isotropic state, where the velocity field equals zero.
Then, we mention basic results of (global) well-posedness and carry out an analysis
of (in)stability in the linear setting, which is based on the Fourier series symbols of
the corresponding linear operators. We see that stability or instability depends on the
parameter set (', I'g, @) and - in the case of instability - additionally on the existence of
unstable Fourier modes. Finally, we apply the theory of normally hyperbolic equilibria
to the manifold of ordered polar states B, g in order to show evidence for turbulence
under certain conditions for I'y < 0. Additionally we use the theory of normally stable
equilibria to the nonlinear system in order to show stability for I' > 0 in the phase
space H2(Q,) N L2(Q,). Nonlinear (in)stability of the disordered isotropic state will
also be discussed. With these results we have given a complete analysis of stability
and instability of the disordered isotropic and the ordered polar states in the nonlinear
setting. The results presented in this regard where first proposed in [8].

While the behavior of solutions near equilibria already gives some insight into the
dynamics of the living fluid system, we are also interested in the long-term dynamics
of the whole system. Therefore we carry out a complete analysis in this regard in
Chapter 4] based on the theory from [41], 65, [47]. First we show the well-posedness
of ([1.2), projected by the Helmholtz projection, with initial values in L2(Q,) in order
to obtain some semigroup S(t) as a solution operator. In the next step, we see that
there exists a global attractor A for this system, which can be roughly described as a
compact set that attracts all solutions. We prove that this attractor is of arbitrary high
regularity. In a last step it is shown that A is finite dimensional in the fractal and the
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Hausdorff dimension. These results imply that the long-term dynamics of can be
reduced to a finite dimensional system. If n = 2, then there exists an inertial manifold
that attracts all solutions at an exponential rate and contains the global attractor.
To the best of the author’s knowledge, such types of rigorous analysis where not carried
out to this model in the periodic setting before. However, there exist examples of a
formal stability analysis based on the standard wave ansatz e.g. in [59], and, as already
noted, an analysis of stability and instability in the R" setting in [61] and [9]. Regarding
the long-term behavior, a complete analysis of the global attractor was carried out,
for instance, for the classical Navier-Stokes equations and the Kuramoto-Sivashinsky
equation (cf. [55]), but not for the living fluids model.

1.2 Heterogeneous Catalysis

The process of catalysis is an important tool in the field in chemical engineering. By
exploiting the reaction of chemical substances with each other, catalysis allows for an
increase in the speed of chemical reactions or for a change of the selectivity in favor of
a desired product of a reaction. Thus, it is used in many real-world applications e.g.
in the automotive industry or laboratory chemical syntheses. For more information on
catalysis in general we refer to [33], 43] and the references therein. For our purpose of
obtaining and analyzing a mathematical model, one can roughly differentiate between
homogeneous catalysis, where the catalyst itself is in the same phase as the other
reactants, and heterogeneous catalysis, where the catalyst is in a different phase and
usually given on a solid wall. In the latter case, a high area-to-volume ratio is required,
which is fulfilled in porous media. For more information on heterogeneous catalysis we
refer to [28, 14, 60]. In this thesis we only consider the case of heterogeneous catalysis
and assume that the catalyzer has the shape of a cylinder, i.e. there is some sufficiently
smooth, simply connected domain G' C R?, which is the floor and the lid of the cylinder,
and a length h > 0 given. We then consider the cylindric domain Q = G x (0,h). We
may decompose the smooth part of the boundary of this domain into several parts:
the inflow surface I'y, = A x {0}, the outflow surface I'oyt = A x {h} and the lateral
surface & = 0A x (0, h) (cf. Figure [1.1)).

The basic idea of the catalysis model is given as follows. We have some velocity field u,
which pushes the substrate in a dilute phase through the cylinder by advection. At the
inflow surface I'y,, the substrate is transported into the catalyzer. In the bulk phase (2,
the substrate is moved by the advection due to the velocity field v and by diffusion due
to diffusive fluxes. The chemical reactants are transported onto the lateral boundary,
the active surface 32, by adsorption. On the active surface, the chemical reaction of the

catalysis process as well as diffusion take place and the product is then transported
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Chapter 1. Introduction

back into the bulk phase by desorption. Finally, the velocity field transports the
substrate out of the cylinder through the outflow surface I'yy;. Note that adsorption,
desorption and diffusion take place on a larger time scale than the chemical reaction.
Furthermore, the reaction and the sorption processes take place on the lateral, two
dimensional surface of the cylinder, which may help in the process of mathematical
analysis.

The mathematical model of the heterogeneous catalysis process we use in this thesis
was first considered in [7]. It is derived from continuum mechanics w.r.t. the second
law of thermodynamics in the isothermal case and partial mass balances on bulk and
surface for molar mass concentrations. Additionally, due to the dilute phase in the
bulk, there are diffusive fluxes governed by Fickian diffusion with constant coefficients.
On the lateral boundary, there is no dilute phase in general, but for the mathematical
model the same type of diffusion with constant coefficients is chosen. This results in
a coupled system of diffusion-advection equations in the bulk and reaction-diffusion-
sorption equations on the active surface. For a more detailed outline of the modeling

we refer to [30, [7] and the references therein.

Let A C R? be a bounded, simply connected C?-domain and A > 0. Furthermore,
let @ = A x (0,h) be a finite three-dimensional cylinder and 7' > 0. We consider the
following coupled system

Oci + (u-V)e; —diAc; =0 in (0,7)xQ,
Oyt — dP Asct = i (c;,cF) +r2(c®) on (0,T) x X,
(u-v)e; — d;id,c; = g on (0,T) x Iy,
—d;0,¢; = ;" (ci, c7) on (0,7)xX, (1.3)
—d;0,c; =0 on (0,7) x Tous,
—d¥d,.cF =0 on (0,7) x 0%,
Cilt=0 = Ci0 in
cz‘z|t=0 = Ciz,o on X,
where N € N denotes the number of involved species, ¢ := (¢;)¥, denote the bulk
concentrations and c* := (cF)N, denote the surface concentrations of the involved

chemical species (C;)Y.,. A prescribed velocity field u is given in the transport term.

o)V | describe the rates of adsorption and desorption on the lateral
¢h)N describe the chemical reaction rates.

The functions (7
surface, whereas (r
Throughout this thesis we restrict our choice for r;°” to the linear case

’I"?OTP(CZ‘,CZZ) — k;zdci _ k;:ieciz, (14)



Chapter 1. Introduction

00X —> L o%

Fout

Figure 1.1: An exemplary cylinder for the heterogeneous catalysis model.

where k24 fde

ad kde > (. For the choice of ", we assume that the reaction of N species is

given as a reversible reaction

N k; N
> akCr =) BrCh.
k=1

kb =1

Here, k¢ > 0 denotes the forward reaction rate and ; > 0 the backward reaction rate,
while (ax)_; € ({0} U[1,00))" and (Bx)_, € ({0} U[1,00))", @, B8 # 0 denote the
stoichiometric coefficients. The reaction rate for this reaction is given through

) = (= 80 (o 1" = s TT ™ ). (15

In Chapter |5, we analyze the stability and instability behavior of the equations .
To this end, we first cite some result on well-posedness of the linearized equations and
propose conditions regarding the equilibria and the velocity field . Then we prove a
stability result in the LP-setting for p € [2,00)\ {3} and non-negative equilibria (c,, cZ)
using the principle of linearized stability (cf. Section [2.3)). This result yields stability
dependent on the first derivative of the chemical reaction rates and the Poincaré con-
stant of the lateral boundary of the cylinder. We provide some examples for isolated
positive equilibria and show that under special circumstances stability is to be expected
without a smallness condition on the first derivative of the chemical reaction rates. In

a last step we present a result on instability.

The equations modeling heterogeneous catalysis processes considered in this thesis
were proposed in [7], where a mathematical analysis of linear and nonlinear local well-
posedness is carried out. Additionally, global well-posedness is proved taking into

consideration a triangular structure for the chemical reactions. There are more recent
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results on the mathematical modeling of the heterogeneous catalysis process, see e.g.
[53] for a detailed approach modeling a coupled system of equations in a suitable
thermodynamic framework. In [6], several limit models are derived taking into account
the time scale on which the chemical reaction and the sorption occur. Additionally,
a three component model problem is analyzed in terms of well-posedness, positivity
of solutions, blow-up criteria and a-priori bounds. The approach is extended to more
general systems in [5]. Recent results regarding global well-posedness of volume-surface
reaction-diffusion systems were presented in [34]. However, no cylindrical structure
with inflow and outflow surface is considered in these works and the results do not
cover stability or instability of equilibria. In [46], a general theory regarding stable and
unstable manifolds is developed for quasilinear problems with nonlinear dynamical
boundary conditions. However, the functional analytic setting in this work differs from

the one we use in this thesis.

1.3 Duality Scales

In the field of fluid dynamics, the Navier-Stokes equations are a standard model to
describe the movement of an incompressible fluid in a given domain 2 C R"™, where
n € {2,3}. For a mathematical analysis of these equations the stationary Stokes

equations often play a central role. These are given as

M—Au+Vp=f in Q
divu =0 in £,
Bu=g on 09,

where A\ > 0, u is the n-dimensional velocity field, p is the pressure, B represents the
imposed (linear) boundary conditions and f and g is the data in appropriately chosen
spaces. Often it is useful to assume homogeneous boundary conditions for a start, i.e.
g = 0. In this case, we can write the equations as

Mi—Au+Vp=f in Q,
divu =0 in £,

where u is in some Banach space Xp where the boundary conditions are fulfilled.
In order to get rid of the divergence condition and the pressure term, one possibility
may be to use a Helmholtz-Weyl projection P and obtain the projected equations

AM—Au=f in €
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on Xp, := P(Xpg). In this setting, we want to analyze the mathematical properties
of the appearing operator Ap,u := Apu in Xp, subject to the boundary conditions,
where Ap, is called the Stokes operator. The question whether the functional analytic
properties of the (often) well-known Laplace operator Agu := Apu on Xp can be
carried over to the projected Stokes operator Ap, on Xp, arises naturally in this
context. Since there are many results on the Stokes operator or the Stokes equations
on various types of domains (e.g. [52} 20, 10, B} 51, B35, 60, 16, 48, 49, 31]; see also
the survey [24] and the references in [44]), one could ask if there exists some abstract
theory which links the properties of the operators defined on Xp and Xg, = P(X5),
respectively.

One possible approach arises if we think of weak solutions of elliptic problems, which
lead to the introduction of duality scales. Consider for instance the weak Neumann

problem in
Wh(Q) = {u € WH(Q,R?) : v-ulsq =0}

for some sufficiently smooth domain 2 C R3 and 1 < p < co. We have the weak

formulation
a(u,v) == A /Q wv dz + /Q VuVo=0u)  (ue W (Q)

for 1/qg+1/¢ = 1 and £ € (W}? (2))'. This problem has a unique solution v € W}4(Q)
if and only if W4(Q) is a representation of the dual space of W17 (Q) for 1/¢+1/¢' =1
and q € (1,00) w.r.t. a. Then we call (W7 (Q), W4(2), a) a duality system.
Considering the Stokes equations, it would be helpful to know whether the duality
system is preserved if we restrict to projected subspaces. In our example, this would
be the application of the Helmholtz projection P. By setting W, 4(Q) := P(W,4(Q2))
this leads to the question, if (W1 (), W;:4(R), a) also is a duality system, i.e. if

W () ={a(,y) : ye WA} (g€ (1,00),1/q+1/d =1).

In a more general notation, let E, F' be two Banach spaces that embed into a linear
Haussdorff space H and let a : E x F' — C be bilinear and continuous such that

E' ={a(y) : y€ F}, F'={a(z,") : z € E},
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i.e. such that (F, F,a) is a duality system. If P is a projection on E and F', then we
ask whether the equations

P(E) ={a(,y) : y€ P(F)}, P(F) ={a(z, ) : z € P(E)}

hold, such that P(E) and P(F') are representatives of the duals of P(F') and P(FE)
w.r.t. a.

Note that if P is a symmetric projection w.r.t. a or if (E,a) is a Hilbert space, the
result is true. But if both conditions are not met, it is a priori unclear if the property
of duality is preserved for the projected subspaces.

These considerations lead to the introduction of duality systems and duality scales,
which where first considered in [44] and are introduced in Chapter

As a first step, we establish a more precise meaning of duality between Banach spaces.
In general, for a Banach space E we define its dual by

E = Z(E,K),

where K € {R,C} and E’ is equipped with the induced operator norm. However, this
does not reveal many details about the structure of E’. Especially if we want to work
with E’, it is more practicable to have it represented by a well known space, e.g. a L?
or a Sobolev space. This often leads to some imprecise notations. One example is the

commonly used notation

/

@%my=y%m,1<p<w,%+l=1 (1.6)

for a domain 2 C R™. Here, the representative of (LP(€2))’ is also given as a L space,
but w.r.t. the duality pairing

@@mwzéwm (u e LP(Q),v € L¥ ().

There can be infinitely many further representatives of (L?(2))’ w.r.t. different duality
pairings, which differ from each other in structure and properties. Consequently, the
notation used in is not precise and can lead to wrong conclusions about the
relationship of Banach spaces to each other.

This motivates a more precise notation of duality by the use of duality systems of the
already mentioned form (E, F,a). This notion will be developed further to duality

scales (E,, Fy, a4)qe1,- Here, we consider complex interpolation scales of Banach spaces

10



Chapter 1. Introduction

like (Ey)qer, and (Fy)qer,, where I is some appropriately chosen interval Iy C R. The
scale parameter g can refer to the integrability of the underlying spaces (e.g. if we work
in L7 spaces) or to the regularity (e.g. if we work in Sobolev spaces). In the latter case
we usually denote the scale parameter by s. In order to work with these duality scales,
the property of strong consistency will play an important role.

In Chapter [6| we deal with the central and already motivated question if the property
of being a duality scale can be preserved if we restrict to complemented subspaces E, p
and F, p with some projection P on E, and F,. This question was already answered
in [44] for a duality scale consisting of a single scale (E,),c1, of Banach spaces. But it
is - to the best of the author’s knowledge - open if we consider two different scales of
Banach spaces, which leads to new possibilities regarding the application of the results.
In the main theorem of this Chapter it is shown that the property of being a duality
scale can be preserved if, roughly spoken, 1 € p(P'(1 — P)) is fulfilled on the whole
scale, where P’ is the dual of P w.r.t. a in this case.

Next, we apply this theorem to a stationary Stokes-Neumann problem on C3-domains
with compact boundary and show that we may obtain unique solutions to this problem
in W;$59(Q), where ¢ € (1,00), 0 < ¢ < min{1/¢,1/¢'} and 1/¢ +1/¢' = 1. Note
that we only require solubility of the problem in the non-projected spaces W!T4(2)
and use abstract theory in order to obtain solubility in the projected subspaces. A
direct approach to achieve similar results without applying the theory of duality scales
can be found e.g. in [25]. In our case, we may exploit the compactness of P'(1 — P),
since it makes the spectrum of the operator invariant for the whole scale. Finally, we
generalize the principles used in the application and present theorems for duality scales
on complemented subspaces which rely on compactness.

11
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2 Preliminaries

2.1 Notation

Let N ={1,2,3, ...} denote the natural numbers, Ny = NU {0} and Z = Ny U (—N) be
the integers. Moreover, let K € {R, C} be the field of the real or complex numbers and
m,n € N. For a vector x € K" we denote by z;, j € {1,...,n} the j-th component and
for a matrix A € K™*" by a;;, (3,5) € {1,...,m} x {1,...,n} the entry in the i-th row
and the j-th column. By z¥ and AT we describe the corresponding transposed vector
or matrix. For k = 1,...,n, let e, denote the unit vector in the k-th direction.

For two matrices A, B € K™*" we define

A:B:= Z aijbz-j. (21)

ij=1
If D € K™ is a diagonal matrix with diagonal values d,, ...d,, € K, we set

d;
diag(dy, ..., dy) =

Moreover, given z,y € R" we write
n
Ty = (T,Y)rn = ijyj
j=1

for the standard scalar product and

for the Eucledian norm defined on R".
For a value z € C we denote by Rez and Im z its real and imaginary part, so that

z = Re z+iIm z, where 7 is the imaginary unit. We write arg(z) € R for the argument,

13
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i.e. the angle of a complex value and
5= {z € C\{0} : Jarg(2)| < p} C C

for a sector with opening angle ¢ € [0,7]. Moreover, given z = Rez +iIlmz € C, we
define the complex conjugation as Z := Rez — ¢Im z. Then, the absolute value of z is

given as
|z2| :=vz-z (2 €C),

and the eucledian norm of a complex vector as
. 1/2
2| := (;|zj|2) (z = (21, ..., 20)T €C").
For u, z € C™ we write
n
u-z=(u,z)cn = ;ujz_J

for the Hermitian inner product on C". Additionally, we set
Ci:={2€C :Rez>0}, C_:={z€C : Rez <0}

Let a = (a1, ...,a,) € [0,00)" and z = (z1, ..., x,) € K™ be vectors, then

N
z® = ] =3+
k=1

For a metric space (X,d), 7 > 0 and € X let Bx(x,r) be the open ball of radius r
centered at z and Bx(x,r) the closed ball respectively. For T C X let T° be the inner,
OT the boundary, T the completion and T° the complement of T in X. Moreover,
we write distx(z,T) for the distance of a point € X to a set T' measured in X and
distx (M, T) for the distance of two sets M,T C X in X. If Q C K" is a (sufficiently
smooth) domain, we denote by 0 its boundary and write v(z) := v for the outer
normal unit vector at z € 0f).

For a Banach space X we denote its norm by

lzlx (= € X)

14
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and for a Hilbert space H we use

(z,y)n (z,y € H)

as the scalar product. For Banach spaces X,Y we write .£(X,Y) for the space of
bounded, linear operators from X to Y and set £ (X, X) = Z(X). For an (unbounded)
operator A : D(A) C X — X with domain of definition D(A) let 0(A) be the spectrum
of A and p(A) = C\ o(A) be the resolvent set of A. Sometimes we write o(A, X) and
p(A, X) respectively if we want to emphasize in which space the operator A is defined.
Furthermore, N(A) and R(A) denote kernel and range of A. Additionally, we set
Z:s(X,Y) for the set of all bounded linear isomorphisms between X and Y, where
X =Y denotes that two spaces are isomorphic and such an isomorphism exists. We
write X' = Z(X,K) for the (abstract) dual space of X equipped with the induced
norm

[£(z)] 10()].

4| x ;== sup {—— = sup
0£zeX ”-’E”X z€E, ||z||x=1

The (abstract) duality pairing between X and X’ is then denoted by (-,-)x x’ such
that we can write

Uz) = (z,0) x x (ze X, LeX').
For a subspace M C X we define the annihilator as
M+ ={{eX :{z)=0 (z€ M)}

The direct decomposition of X in two complemented subspaces X; and X5 is denoted by
X =X10X,. Le., X;NX, = {0} and for every z € X there exist uniquely determined
x; € X1 and x5 € X5 such that £ = 1 + 22. By X — Y we define the injective,
continuous embedding of X into Y, while with X <% ¥ we denote an embedding that
is injective, continuous and dense. If an injective, continuous embedding is compact, we
write X < Y. If two Banach spaces X and Y are embedded into a common Hausdorff
space H, then we define the Banach spaces X N'Y with norm

Izllxny = llzllx +1lzlly (€ XNY)

15
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and X +Y ={z=z+y: z€ X, ye€ Y} with norm

Izllx+y = inf{{lzllx +llylly : 2=2+y (zeX,ye¥)}

For a general functional 7': X — Y and a subset M C X we write T'|,, for the restric-
tion of T onto M.

Let n € N and 2 C R” be a domain. For a mapping f : @ — X we denote by 0, f
for j = 1,...,n the partial derivative in the j-th direction and by 0*f the (distribu-
tional) derivative w.r.t. « € N2. For f : Q — K we denote by Vf = (01, ...,0,.f)T
the gradient and by Af = V - Vf the Laplacian of f, where V = (04, ...,0,). For
f=(fi, o, fm) : @ = K™ with m € N we write Vf = (Vfi,..., Vfn)T for the Jaco-
bian matrix. The Laplacian then has the form Af = (Afi,...,Afy). The divergence
of f:Q — K"isgivenasdivf=V"- f.

If @ C K, we use f’ for the first derivative. If a mapping u depends (among other
variables) on a time variable ¢ € R, sometimes we will make use of the notation % or u;
for the first derivative w.r.t t. If a mapping ¢ : M — X is defined on the (sufficiently
smooth) surface M, then V¢ := (Vu)|y —v(v- (Vu)|p) denotes the surface gradient
and Ap¢ := Vs - Vo denotes the Laplace-Beltrami operator.

If @ C R" is a domain with (sufficiently smooth) boundary 0Q and f : Q@ — K™, we
denote by 0,f the outer normal derivative w.r.t. 9Q2. The projection onto the nor-
mal and tangential part of a mapping f : 2 — R"™ at the boundary 02 is given as
I,f =) fand I, f := (I — w7)f.

Let 2 C R™ be a domain or {2 = R™. For a Banach space X and k € N we will de-
note by C(£, X) the space of continuous functions, by C*(Q2, X) the space of k-times
continuously differentiable functions and by C*°(Q2, X) the space of infinitely often
differentiable functions. Moreover, let Cri,(£2, X) be the space of globally Lipschitz
continuous functions, whereas CLip, 10c(§2, X) is the space of locally Lipschitz continu-
ous functions. Note that these notations remain valid if 2 C Y is an open subset of a
Banach space Y. Furthermore, let C2°(€, X)) be the space of infinitely often differen-
tiable functions with compact support. For X = K" we will usually drop the second
parameter. Then, D(2) denotes the space of test functions, i.e. C°(Q2) equipped with
the standard topology, and D’(f2) the space of distributions.

For 1 < p < oo let LP(2, X) be the Bochner-Lebesgue space equipped with the norm

([1s@iza) ", 1<p<,

I fllze) =
ess Sup I1f(2)llx, p = 00,
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and W*P(£, X) be the Sobolev space of order k € Ny equipped with the norm

1/p
(Z ”aaf”ip(g,x)) , 1<p<oo,
I f lwwr,x) = la|<k

max 10 f (@)l 2 (2,%), p = oo,
Sometimes we will drop the parameters X and 2 if no confusion is possible. For
s € (0,00) \ N we denote by

WeP(Q, X) = [LP(Q, X), WFP(Q, X)]s/k,
Ws(Qa X) = (LP(Q7X)7 Wk’p(QaX))S/k,P

the Sobolev and Sobolev-Slobodeckii spaces of order s, where [-,] and (-, ) denote the
complex and real interpolation functors and s < k € N. If p = 2 and s € [0,00), we
set H*(Q, X) = W*2(Q, X) and remark that H*(Q, X) is a Hilbert space. We utilize
some of these spaces on the boundary I' = 02 of a domain by implicitly taking trace
or on a manifold ¥ by the implicit use of local charts.

In estimates, we will make use of positive constants, which we usually denote by C' > 0.
If we want to make a distinction between several constants, we sometimes use the
notation C4,Cj,... or Cx, where X is a set of values on which the constant does
depend on.

Throughout this thesis some general results regarding parabolic evolution equations,
especially the theory of analytic semigroups, maximal LP-regularity, the H°-calculus
and R-bounded multipliers, will implicitly play an important role. Since these results
are generally well known and part of many other works, we refer the reader to [12} 38, 27]

and the references therein for the definitions and results regarding this topic.
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2.2 Sobolev Spaces in the Periodic Setting

In order to analyze the long-time behavior of so-called living fluids, we will assume peri-
odic boundary conditions for the equations. In this setting, Fourier series and Sobolev
spaces with periodic boundary conditions will play a central role. In the following
section, we give a short introduction into this topic. For more detailed information we
refer to [21], 41), [42] and the references therein.

Let L > 0, £,n € N and @,, := [0, L]*. We define the spaces of smooth functions with

periodic boundary conditions as

CE(Qn) == {f € C*(Qn,R) : 0°flo;=0 = 0° flz,r (Va| < K)},
C2(Qn) i= () CE(@n):
k=0

The L? space with periodic boundary conditions is defined as

L2 (Q'n JRZ)

L2(Qn, R?) := C(Qn, R (2.2)

In order to simplify the notation we set L%(Q,) := L2(Q,) := L2(Q,,R*). Indeed, by
[21], Proposition 3.2.1] it follows that the definitions of L%(Q,,R) and L?(Q,,R?) as
a standard Lebesgue space are equivalent. In the following we will just write C*(Q,,),
C>=(Q,) and L2(Q,) if no confusion is likely.

Working in L?*(Q,,) enables the use of Fourier series in order to represent L2-functions,
which gives several advantages. Let f € L2(Q,). The Fourier coefficient f(m) for

m = (my, ...,my,) € Z" is defined as the integral

~ 1 )
Fm) = Ffm)i= = [ fla)e e/t da.
Lr Jqn
Using integration by parts one easily verifies the identity

570m) = (22) " e Fom (23)

if f € Cl(Q,), m € Z" and o € NI. Then the scalar product in L*(Q,) is defined as
1 _
(f. 90 = 1z |, T@o@ e (f.9€ LQu)

and by ||-||z2 we denote the induced norm on L*(Q,), which differs by a factor of L~"/2

from the standard L? norm. Here we will keep the notation L2 or L2(Q,,) as a subscript
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to emphasize that we are working in the periodic setting. Some important properties
of the Fourier series and L?(Q,,) functions are listed below ([21, Proposition 3.2.7]).

2.1 Proposition. Let f,g € L*(Q,) be arbitrary. The following properties hold in
L*(Qn)-

(i) Plancherel theorem:

”-f”%,%(@n) = Z |f(m ?

mezZ”

(ii) Parseval’s identity:

(F,9)2 = 15 [, F@o@)dz= 3 Flm)gim)

(ili) The function f can be represented as the L*(Q,)-limit of trigonometric polyno-

mials, i.e. as the Fourier series

f= Z f(m)ezm‘m-/L_

mezZm"

The periodic Sobolev spaces for k € N are defined as follows.

H*Q,) = {u = Z ﬁ(m)eZ”im'/L : U(m) = U(—m), ”u”ﬂﬁ(Qn) < oo}

mezZmn
= {u € HYQn) : 0°uls;—0 = 0°ulz,=1, (lo| <k, j=1,..,n)}
A H (@Qn)

=Cp (Qn) )

where the norm above is defined as

el = >

mezZn

cf. [41, Chapter 5.10]. We will also make use of the homogeneous periodic Sobolev
space

H3(Qu) = CF @) e
= {’LL € Llloc(Qn) : Vu e L2(Qn)7 u|zj:O = ulmj:L (.7 = 17 7n)}

equipped with the semi-norm ||V-||z2 (g, (note that the trace in the second character-
ization is defined in a local sense). If u € H¥(Q,) and o € N? with |a| < k, then the

19



Chapter 2. Preliminaries

derivative 8*u can be written as the L*(Q,)-limit

— , 2mi\ I .
oru= Y Fuyertit = Y () keace,
keZn wezn » L
where we used the fact that the identity in (2.3)) also holds for u € H*(Q,,). It follows
that the ||-|| i (g, and the [IIl 2%,y norms are equivalent, where

2
E

Ielisian = > 5 1(3) " me am)

la|<k mezZn

by the Plancherel theorem. Periodic Sobolev spaces of fractional powers are defined in
the canonical way. For s > 0 set

#:Qn) = fu= 3 alm)emn s am) = ), Julg <01

mezZm™

where

2 2m\? o /2 ~ 2
lullyy = X (14 () ) faem)P,

mez”

and it is straightforward to see that for s € N these two definitions for Sobolev spaces

coincide.

Finally, let m : Z" — C™ " be a function. We define T}, : D(T,,) C L*(Q,) — L*(Q».)
as the L?(Q,)-limit

-~

Tnf = 3 m(k)f(k)e*™

for a function f € D(T,,), where

kezZm

D(T.) := {f € LA(@Qn) : | Tnf 320, = D Im(k)F(R)IP < 00}

Note that T, is well-defined and a bounded operator by the Plancherel theorem if m
is a bounded function. Then m is called a Fourier multiplier on L?(Q,,).

As an important example we introduce the Helmholtz-Weyl projection on L?(Q,,). Here
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we use the Fourier multiplier

T
- me ) m 7é 07
op: 2" — C™", m— [m|
I, m =0,
and set
P:L*(Qn) — L*(Qn), u— Pu:= ) op(m)a(m)e?m /L, (2.4)
meZ™

We obtain the Helmholtz decomposition as L?(Q,) = L2(Q,) ® G2(Q,) with

LX(Q '={u€L2Qn): <>=a< m), m - @(m) = 0Ym € Z"} = P(L*(Qn)),
Ga(Qn) = {u=Vg € L*(@n) : 9 € Ljne(Qn) } = (T = P)(L*(Qn)).

We note that P admits higher regularity for k € N, i.e. P is a projection on H*(Q,,)
with P(H¥(Q,.)) = H¥(Q,) N L2(Q,). With [58] we immediately obtain the following
lemma.

2.2 Lemma. Let § € [0,1] and k € N. Then we have

[Li(Qn)7 Hﬁ(Qn) N Li(Qn)b = Hﬁo(Qn) N Lezr(Qn)

Sobolev-Lieb-Thirring inequality

We recall the Sobolev-Lieb-Thirring inequality in its form for periodic Sobolev spaces
from [19].

2.3 Proposition (Sobolev-Lieb-Thirring inequality). Let m,n € N. For every p sat-
isfying

ma; {1 n}< <1+n
X — < —
"2m p 2m

there exists constants C1,Ca > 0 such that for every finite family {@;}).; C H(Qn)
(N € N) which is orthonormal in L*(Q,) we have

2m(p—1)/n
(/Q p(z)?/ @b dx) ’ C’lz/ > 0% (z))? dx+C'2/ p(x)dz,

@n Joj=m
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where
p(z) = ;I%(w)l2~

2.4 Remark. Note that the constants C'; and Cs only depend on k, m,n and p, where
k € N stems from H™(Q,) = H™(Q,, RF).

2.3 Stability Theory for Quasilinear Parabolic Problems

The principle of linearized stability is an important tool to investigate the behavior
of ordinary differential equations near equilibrium points. For quasilinear parabolic
problems a similar theory is available, which will be of significant importance for the
analysis of equilibria of the living fluids problem (cf. chapter 3) and the heterogeneous
catalysis model (cf. chapter . Here, we outline the most important points of this
theory, which is taken from and described in greater detail in [39, 140, 38, 137].

Let Ey, E; be Banach spaces with E; SN Eyand 1 < p < oo. Let I, := (Eo, E1)1-1/pp

and V C I, open. We consider the quasilinear problem
w(t) + A(u(t))u(t) = F(u(t)), t >0, u(0) = uo, (2.5)

where (A, F) € CY(V, Z(E,, Ey) X Ep) and ug € V. We denote by £ C V N E; the set
of equilibria of (2.5 fulfilling

vef & ueVNE;, A(wu= F(u).

Especially we have i, = 0 for u, € £. Next, we define a manifold of equilibria for a

quasilinear problem.

2.5 Definition. Let u, € £. We say that u, lies on a m-dimensional manifold of
equilibria, if there exists an open U C R™ (where m € Ny) with 0 € U and a mapping
U € CY(U, E,) such that

(i) ¥(U) C € and ¥(0) = uy;
(ii) the rank of ¥’(0) equals m;
(iif) AL (n)¥(n) = F(¥(n)), neU.

In the following, we will assume that about a fixed u, € £ there exist no other equilibria

than those that lie on the manifold itself, i.e. there exists a p = p(u,) > 0 such that
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€ N Bg, (u«,p) = ¥(u). Moreover, we will impose conditions on the tangent space
T..E = U(0)R™.

In order to analyze the behavior of near an equilibrium we will use a first order
linearization at the point u,. To this end we assume that A(u,) possesses maximal
LP-regularity on E,. For vy € V and u, € € we set v := u — u, as the deviation of the
solution from the equilibrium and linearize (2.5 as follows.

0(t) + Ag(t) = G(v(2)), t > 0, v(0) = vp.
Here, vy 1= 1o — Us,

Aw == Al + (A (w)v)u, — F'(u) (v € By, (2.6)
and G(v) := G1(v) + Ga(v,v), where

G1(v) := (F(us +v) — F(us) — F'(ue)v) — (A(us +v) — A(us) — A’ (us)v) s,
Ga(v,w) == —(A(ux +v) — Aus))w

forw € By, v € V, := V —u,. It follows that G, € C'(V4, Ey) and G, € C*(V, X Ey, Ey)
with

G1(0) = G2(0,0) =0, G(0) = G5(0,0) =0.
Setting ¥ (n) := ¥(n) — u. we obtain

Aop(n) = G(¥(n))

for all n € U, which yields Agy)'(0) = 0 and T,,€ C N(Ap).
With these prerequisites we are able to formulate the theorem for normally stable
equilibria, cf. [38, Theorem 5.3.1] and [39).

2.6 Theorem. Let 1 < p < oo, (A, F) € CY(V, Z(E1, Ey) x Ey) and u, € VN E; be
an equilibrium of (2.5). Moreover, assume that A(u.) possesses mazimal LP-regularity.

Let Ay be given as in (2.6). Then u, is called normally stable, if the following conditions
are fulfilled.

(i) near u. the set of equilibria £ is a C'-manifold in E, of dimension m € N,
(i) the tangent space at u., T,,.E, is isomorphic to N(Ay),
(iii) the eigenvalue A =0 of Ay is semi-simple, i.e. Eg = R(Ag) & N(A),
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(i) #(40)\ {0} € C..
If u, is normally stable, then there exists p > 0 such that the unique solution u of

for ug € By, (us, p) exists on Ry and converges to a u., € € in I, fort — oo at an
exponential rate.

The proof of this theorem exploits the spectral properties of Ag to obtain a decompo-
sition of Ag and X, into a stable and a center part. The equation is then analyzed on
these parts in order to obtain the exponential convergence to an equilibrium u., € &.

We make the following observations.

2.7 Remark. (i) It does not necessarily hold that u, = uy. Normal stability only
ensures that every solution u starting near the manifold of equilibria £ converges

back onto this manifold.

(ii) In case that m = 0, the manifold of equilibria just consists of one point wu,,
where u, is an isolated equilibrium. In this case Theorem reduces to the
principle of linearized stability and the solution u converges back to u. = u.
at an exponential rate. We can even relax the conditions imposed on A and F’
to A: I, - Z(Ey, Ey) and F : I, - Ey being locally Lipschitz continuous.
Additionally, A and F' then need to meet the following condition: There exist
constants p, e, L > 0 such that

[ At + v)ue — At )us — (A" (w)v)ul| gy <
| F(us +v) = F(us) — F'(w)vllg, < €llvlls,,
||A(’LL* + U) - A(u’*)”f(El,Eo) <

for ||v||;, <. For details we refer to [37].

Another case occurs if we have unstable parts in o(Ay) and there is a spectral gap in
C (cf. [38, Theorem 5.4.1]).

2.8 Theorem. Let 1 < p < oo, (A, F) € CY(V, £ (E1, Ey) X Ey) and u. € VNE be an
equilibrium of (2.5). Moreover, assume that A(u.) possesses mazimal LP-regularity. If

there exists k > 0 such that
o(=Ay)N[k+iR] =0, o(—Ay)N{z€C : Rez >k} #0,

then u, € £ 1is unstable in I,.

A special form of instability occurs in the case of normally hyperbolic equilibria (cf. [38,
Theorem 5.5.1] and [39, Theorem 6.1]), where we have stable and unstable foliations

near Us,.
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2.9 Theorem. Let 1 < p < oo, (A, F) € CY(V, £ (E\, Eo) x Ey) and u, € VN E; be
an equilibrium of (2.5). Moreover, assume that A(u.) possesses mazimal LP-regularity.
Let Ay be given as in (2.6). Then u, is called normally hyperbolic, if the following
conditions are fulfilled.

(i) near u, the set of equilibria £ is a C*-manifold in E; of dimension m € N,
(ii) the tangent space at u., T,,.E, is isomorphic to N(Ay),
(iii) the eigenvalue A =0 of Ay is semi-simple, i.e. Ey = R(Ap) & N(Ay),
(iv) o(A4p) NiR = {0} and o, := 0(Ag) NC_ # 0.

If u, is normally hyperbolic, then u, is unstable in I,,. For each sufficiently small p > 0
there exists 0 < & < p, such that the unique solution u of for uy € Br (u,0)
either satisfies

o dist, (u(to), &) > p for some finite ty > 0 or

o u(t) erists on Ry and converges to an us, € € in I, for t — oo at an exponential

rate.

2.4 Infinite-dimensional Dynamical Systems and Global At-

tractors

Besides the analysis of the behavior of solutions near equilibria of partial differential
equations, another important topic is the long-time behavior of solutions. This leads
to the theory of dynamical systems and their attractors. Especially the existence and
properties of a so-called global attractor, which can be roughly described as a compact
set which attracts all solutions after some time, is of special interest. Since we will use
this theory in order to analyze the long-time behavior of the living fluids model, we
give a brief introduction. We use the terminology and results from [41], but refer also
to [55, 47].

In order to describe time-dependent processes, we want analyze (time-dependent) par-
tial differential equations and therefore work with evolution equations of type

d

54 = F(u(t)), u(0) = uo, (27)

where u(t),up € X for some Banach space X and F' : X — X. In case of parabolic
partial differential equations a solution w for (2.7) only exists for ¢ > 0. In order to

describe such types of solutions, we introduce the notion of semigroups.
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2.10 Definition. A familiy of mappings (S(¢)):=0 C C(X) is called Cy-semigroup, if
the following conditions are fulfilled.

(i) S(0) = I, where I is the identity operator on X,
(i) S(s+1t)=S(s)S(t) = S(t)S(s) for s,t >0,
(iii) and S(t)z is continuous in t > 0 for z € X.

If S(t) additionally exists for ¢ < 0 fulfilling these properties, we call (S(t)):cr C C(X)
a (Cp)-group. Note that S(t) is nonlinear in general. We will just write S for a

semigroup if no confusion is likely.

One can use semigroups to write the solution of u(¢; ug) of with initial value up € X
in the form u(t; ug) = S(t)up. This gives rise to the notation of a semidynamical system,
which is given by (X, (S(¢))t=0), where S is sometimes denoted as a semiflow. If the
solution exists also for ¢ < 0, we call (X, (S(t)):«cr) & dynamical system.

2.11 Remark. Note that especially in the theory of analytic semigroups, the semigroup
S is generally assumed to be generated by a linear operator A. In the context of
dynamical systems however, the semigroup S mostly corresponds to some nonlinear
function F' since it can be seen as a (nonlinear) solution operator to an evolution

equation.

As outlined at the beginning of the section, we usually want to find a set M C X
which attracts the solutions of the equation. To formalize this notion, we introduce

dissipative semigroups as follows.

2.12 Definition. A set B C X is called absorbing set, if for any bounded set M C X
there exists a finite to(M) > 0 such that

S(t)M C B for allt > to(M),

where S(t)M describes the image of M under S(t). A (semi-)group S is called dissi-
pative if it possesses a compact absorbing set.

2.13 Definition. A set M C X is called positively invariant under the semigroup S,
if

St)M C M (t > 0).
It is called invariant under S, if
St)M =M (t > 0).
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One may note that in general we want absorbing sets to be compact since we work in
infinite dimensional Banach spaces. The intention of dissipativity is that it helps to
find a global attractor A, which is defined as follows.

2.14 Definition. The global attractor A of a semigroup S is given as a set A C X

which is the maximal compact invariant set under S and the minimal set that attracts
all bounded sets M C X, i.e.

dist x (S(t) M, A) == 0.

From the definition it is not clear how to obtain such a set .A. We introduce the notion
of the w-limit set, which is given as

w(M) :={x € X : Itn)nen C (0,00),t, =3 00, (Tn)nen € M with S(t,)z, = z}

and can also be characterized as

w(M) = N USE)M.

t>0 s>t

If M is an absorbing set, then the w-limit set simplifies to

w(M) = SEt)M. (2.8)
£=0
Using the notion of an w-limit set we are able to describe the existence of a global
attractor for a dissipative semigroup as follows.

2.15 Theorem. Let the semigroup S be dissipative and B C X be a compact absorbing
set. Then there ezists a global attractor A which is given as A = w(B). In addition,

A is connected if X 1is connected.

This theorem reduces the task of finding a global attractor to showing that the semi-
group possesses a compact absorbing set. In particular, the dynamics of S on the global
attractor A is of interest. If the semigroup yields injectivity on A, then the dynamics
on A is even defined for ¢ € R and we obtain a dynamical system on .A.

2.16 Theorem. Let S be a semigroup on X which possesses a global attractor A. If

S is injective on A, i.e.
S(t)ug = S(t)uy for somet >0 = uy =wuy (uo,u1 € A), (2.9)

then every trajectory of S in A is defined for t € R and we have S(t)A = A fort € R.
Moreover, (A, (S(t))iwcr) is a dynamical system.
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In order to prove injectivity of S on A in a Hilbert space setting, the following Lemma
can be helpful.

2.17 Lemma. Let H and V be Hilbert spaces and V' be the dual of V' such that
VS H=H <V by the Riesz representation theorem. Suppose that
w € L*((0,T),V)Nn L*((0,T), D(A))
satisfies
w + Aw = h(t,w)

as an equality in L*((0,T), H), where A € £ (V,V") and

1A, w(@)ll e < k(@) llw@)llv

with k € L2((0,T)). If w(ty) = 0 for some ty > 0, then w(t) =0 for all t € (0,1).

Given a global attractor 4, studying the long-term dynamics of an evolution equation
can now be reduced to studying the dynamics on .4, which - depending on the structure
of A - can be a somewhat easier task. Indeed, we will see that in some cases the global
attractor admits a finite dimensional structure in opposite to the infinite dimensional
phase space X. Consequently, it seems to be useful to analyze the structure of a global

attractor in greater detail. One first result is given for injective semigroups on .A.

2.18 Definition. Let S be a semigroup on X with global attractor A. A complete
orbit is a solution of the (partial) differential equation (2.7)) that is defined for all ¢ € R.

2.19 Theorem. Let S be a semigroup on X with global attractor A. Then all complete
bounded orbits lie in A. If S is injective on A in the sense of (2.9), then A is the union

of all complete bounded orbits.

Another fact about the global attractor concerns the so-called unstable manifold of

compact invariant sets. The stable and unstable manifolds are defined as follows.

2.20 Definition. Let S be a semigroup on X and x € X be fixed. The stable manifold

of z is given as
We(z) :={uo € X : S(t)ug == 2}
and the unstable manifold of z is given as
W(z) := {ug € X : S(t)ug is defined for t € R, S(—t)ug == z}.
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If M C X is an invariant set, then we have
W*(M) := {ug € X : S(t)ug is defined for ¢t € R, distx (S(—t)ug, M) == 0}.
We have the following result.

2.21 Theorem. Let S be a semigroup on X with global attractor A. If M is a compact
invariant set, then W*(M) C A.

Now that we have some results about the global attractor at hand and it is somehow
clear that the long-term dynamics of (2.7) is connected to the global attractor, one
may ask if the relationship between the latter two can be expressed detailed. In fact,

we have the following result.

2.22 Theorem. Let S be a semigroup on X with global attractor A. Given a solution
u of (2.7), there ezists a sequence of errors (ex)ken C (0,00) with e — 0 for k — oo

and an increasing sequence of times (tx)ren C (0, 00) with
tgr1 — ty — 00 for kK — oo
and a sequence of points on the attractor (vi)ren C A such that
||u(t) — S(t — ti)vk||x < er for all t, <t <ty
Moreover, ||vg+1 — S(tk+1 — tk)vk||x decreases to zero.

The result shows that each solution of the evolution equation is tracked by the dy-
namics on the attractor after some time. Roughly speaking, instead of analyzing the
long-term behavior of we can analyze the dynamics of the global attractor.

In most cases, the global attractor is a smaller subset of X such that we expect a better
understanding of the dynamics. However, the question remains in which sense A is
smaller than X given the fact that X is usually infinite dimensional. A finite dimen-
sional attractor would reduce the dynamics to a simpler structure which is easier to
analyze. Although A is not a manifold of finite dimension in general, we are interested
in dimensional bounds on A by using different notions of dimensions. To this end, we
introduce the fractal and the Hausdorff dimension, which can be used to bound the

dimension of A.

2.23 Definition (Fractal dimension). Let M C X be relatively compact and N(M,¢)

be the minimum number of balls of radius € > 0 that are needed to cover M. Then
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the fractal dimension of M is defined as

de(M) := lir?_%lp %.

Here, the balls that are used to cover a set M have to be of equal radius € > 0. For
the Hausdorff dimension, we require the radius of the balls to be bounded by ¢ > 0,
but allow different radii. This results in the definition of the Hausdorff measure.

2.24 Definition (Hausdorff measure). Let M C X and ¢,d > 0. We set
w(M,d,e) := inf {Zr,‘f 0<rp<e, MC UIB%X(wk,rk)}
k k

and define the d-dimensional Hausdorfl-measure of M as
d T
HY (M) = ~ll_r)%,u(M, d,e).

One can see that for a fixed compact set M C X there may be one § > 0 such that
HI(M) =0 for d < 6 and H(M) = oo for d > §. This gives rise to the definition of
the Hausdorff dimension.

2.25 Definition (Hausdorff dimension). Let M C X be a compact set. Then the
Hausdorff dimension is defined as

dp(M) = inf{d : HY(M) = 0}.

A rough comparison between these two definitions of dimensions is given in the follow-

ing remark. For more properties we refer to [41, Chapter 13].
2.26 Remark. Let M C X be compact. Then dg(M) < df(M).

Next we want to find conditions under which the global attractor A is expected to be
finite dimensional in the sense introduced above. We restrict to the case that X = H
is a Hilbert space since the application in this thesis restricts to this case, too. The
first assumption we have to make is the uniform differentiability of the semigroup S

on the attractor.

2.27 Definition. Let S be a semigroup on H with global attractor .A. Then S is
uniformly differentiable on A, if for every x € A there exists a bounded linear operator
A(t,z) € Z(H) such that for all ¢ > 0 we have

wp  1S@y=SWz — At D)y =)l 0
z,y€A; 0<|lz—yl r<e ||y - 37||H

0
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and additionally
sup||A(t, z)|| ) < 00
T€EA

is fulfilled for each ¢ > 0.

In addition we need to impose a rather technical condition which arises from the proof
of Theorem (cf. [41, Chapter 13]). We consider the linearized equation (2.7)) in
the form

ik F'(S(t)uo)v(t), v(0) = vy, (2.10)
where we assume F' to be differentiable, v9 € H and S to be the semigroup corre-
sponding to the original equation with initial value vy € H. Moreover, we set
L(t,up) := F'(S(t)up) and assume that A(t,u)v, is the solution of (2.10).

Now, we fix m € N and {E;) : 7 =1,..m} C H where the §? are linearly indepen-
dent. Then &;(t) = A(t,uo)&] is the solution of with initial value £J. We define
PZ ., (t) as the projection onto the subspace spanned by the vectors §;(t), j =1,...,m

&9,k

for t > 0 and set

TRm(A) = sup sup <Tr(L(t, ) Pio . co (t)>>, (2.11)
uo€A f?EH 128Sm
2N a<1
j=1,...m

where Tr is the trace of the operator and (f(t)) is the time-average given by

(F(0) = timsup ; [ f(s)ds.

With these notions clarified, we can state the theorem for finite dimensional global

attractors.

2.28 Theorem. Suppose that the semigroup S on H with global attractor A is uni-
formly differentiable on A and that there exists a ty > 0 such that A(t,u) is compact
for allt > ty. Then df(A) <m, if TR,(A) <O0.

With this final result we close the short introduction into infinite dimensional systems
and their global attractors and refer the reader to the literature stated at the beginning

of this section for further details, especially regarding the proofs of the theorems.
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Gronwall inequalities

An important tool to obtain estimates in the setting of dynamical systems is the lemma
of Gronwall. We will present the standard and a generalized Gronwall lemma, which

are taken from [55) III. Section 1.1.3]. The standard Gronwall lemma reads as.

2.29 Lemma (Standard Gronwall Lemma). Let g, h,y be three locally integrable func-
tions on (ty,00) for some to > 0 that satisfy the inequality

(1) < g@B)y(®) +ht) (¢ =),

dy

5 1 locally integrable. Then we have

where § =

y(t) < ylts) exp ( /tt o(7) dT) +f " h(s) exp ( / "g(r)dr ) ds  (t>1).

to s

While this version of the Gronwall lemma is especially useful for bounded values of ¢,
it is of interest to have a version where the bound does not grow exponentially in .
This leads to the generalized Gronwall lemma, which gives a uniform bound for ¢ > t,.

2.30 Lemma (Generalized Gronwall Lemma). Let g, h,y be three positive, locally inte-
grable functions on (ty, 00) for some ty > 0, such that § is locally integrable on (tg, 00)

and

y(t) < g@y®) +ht) (> 1t0)

is satisfied. Furthermore, assume that

t+r

t+r t+r
/ 9(s)ds < Cy, / h(s)ds < Cs, / y(s)ds < Cs (t = to),
t t t

where r > 0 and C1,Cy, C3 > 0 may depend on r but not on t. Then we have

y(t+r) < (% + 02> exp(C1) (t > to).

2.5 Duality of Banach Spaces and Projections

2.5.1 Duality Scales

Based on [44] we give a short introduction to duality pairings and duality scales. We
skip the proofs and refer to the original work for more details. Most of them are rather
straight forward and elementary. In the following, let F and F' be real or complex

valued Banach spaces. We begin with a first definition of a duality pairing.
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2.31 Definition (Duality systems). (1) A duality pairing for (E, F') is a bilinear

form
a():ExF—>C
that is continuous in the sense of
la(z,9)| < Clizllellyllr (z€E,yeF)
for some C' > 0.
(2) A triple (E, F,a) is called right duality system, if the mapping
ro: F—= E' yr—ry(y) :=a(-,y)
is bijective. We call F' the dual space of E w.r.t. a in that case and write F' = E/.
(3) A triple (E, F, a) is called left duality system, if the mapping
by: E— F') z+— Ly(x) := a(z,-)
is bijective. We call E the dual space of F' w.r.t. a in that case and write £ = F,.
(4) A triple (E, F,a) is called duality system if it is a left and a right duality system.

This definition gives rise to some facts that we will collect in the following remark.

2.32 Remark. (1) If (E, F,a) is a right duality system, then we have equivalence of
|-l and the induced norm

T — LA I} (2.12)
oior |75

Furthermore, we have
E' ={a(-,y) : y € F},

which justifies the notation F' = E/. The corresponding assertions also hold in
the case that (E, F,a) is a left duality system.

(2) Let (E, F,a) be a right duality system. Then (F, F, a) is a left duality system if
and only if E' (and hence F) is reflexive. The corresponding assertion also holds,
if (E, F,a) is a left duality system.
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(3) We may introduce operators

A":F > FE, yr— A"y :=a(-,y),
A E S F| x+— Az = a(z,),

which are continuous since a is continuous. We have A" € .Z;(F, E’) if and only
if (E, F,a) is a right duality system and A* € .Z,(E, F') is and only if (E, F,a)
is a left duality system.

After introducing these basic notations, we consider duality pairings on scales of Banach

spaces. We will use two types of parameters for these scales in this thesis, i.e.

o Let go € (2,00]. Then we set Iy := (gj,q0) where 1/go + 1/q; = 1 and consider
scales (E,)qer, of Banach spaces which are centered at ¢ = 2. Typically, this type
of scale parameter g describes a integrability parameter, e.g., for spaces E, = L9.

o Let sp > 0. Then we set Iy := (—so, So) and consider scales (E;)se, of Banach
spaces which are centered at s = 0. Typically, this type of scale parameter s

describes a regularity parameter, e.g. for spaces E; = W*? with a fixed g € [1, o0].

In the following, we will consider the latter case of a regularity parameter s, but all
arguments work with an integrability parameter ¢ after some minor modifications. We
will assume that E; — H for all s € Iy and some fixed Hausdorff space H. The next

definition clarifies what we understand under a complex interpolation scale.

2.33 Definition. A scale (E;)secr, of Banach spaces is called complex interpolation
scale, if the following conditions hold.

(i) B, NE; N E, for g € [r,s], r,s € I,
(i) E, = [E, Es]q for q,r,s € I, 0 € [0,1] with ¢ = 6s + (1 — 9)r.

In order to define a scale of duality systems, we must consider consistency of duality
pairings on the scales of Banach spaces they are operating on. While consistency
ensures that a mapping is well-behaved on a scale of spaces, we will introduce the
stronger notion of strong consistency, which is necessary to obtain well-behaved scales
of duality pairings.

2.34 Definition ((Strong) consistency). Let (Es)scr,, (Fs)ser, be two complex inter-
polation scales and (a,)scz, be a scale of duality pairings a, : E_; x F; — C.
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(i) Let (As)ser, be a scale of mappings A : E; — K into some fixed Hausdorff space
K. We say that (As)ser, is consistent on (Es)scr,, if

Agne, = Aslg.ne, (1,8 € Iy).
ii) The scale (a,)sey, is called consistent on (E;, Fy)scr,, if (as)ser, is consistent on
( ) 0 0 0
(E_s X Fy)ser, in the sense introduced in

(iii) The scale (as)ser, is called strongly right consistent on (Es, Fy)scr,, if for arbitrary
r,s € Iy and z € F,, y € F, we have

a.(z',z) = as(z’,y) (' € E_,NE_) &z=yinH.

The scale (a5)sey, is called strongly left consistent on (Es, Fy)scr,, if for arbitrary
—r,—s€lyand 2’ € E_,, y € E_, we have

a-(z,z) =as(y,z) (x€ F,NF,) &' =9y inH.

Here, we assume F; — H and F; — H for all s € I, and a Hausdorff space H.
The scale (a5)ser, is called strongly consistent on (Fys, F)ser,, if it is strongly left

consistent and strongly right consistent.

2.35 Remark. Let (Ey, Fi,a;) and (Es, F»,a5) be duality systems with Ey — Ej,
F} — F, and a; and ay consistent. Moreover, let z; € F; and x5 € E5 such that

a1 (z1, ) = az(z2,2') (¢ € FiNE). (2.13)

Then we already have x5 € E; and ' € F; = F; N F;. It follows by the fact that
(E1, Fi,0;) is a duality system, that z; = z,. If in converse x; = xo, then (2.13)
follows directly, so that we have proved strong left consistency for the two duality
pairings. In the same way one can show strong right consistency in this case, such that

we obtain strong consistency.

The definition of strong consistency enables us to define a duality scale on two scales

of Banach spaces, which is given as follows.

2.36 Definition (Duality scales). We assume that for every s € Iy a duality pairing
as(+,-) : BE_s x Fs — C is given. Then the scale (E, Fs, a;)sc, is called duality scale, if

(1) (Es)ser, and (Fj)ser, are complex interpolation scales;

(2) (as)ser, is strongly consistent on (Es, Fy)scro;
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(3) (E_s, Fs, as)ser, is a duality system for every s € I.
2.37 Remark. (i) It is clear that every duality scale (Ej, Fs, as)ser, consists of re-

flexive Banach spaces due to Remark

(i) If (Es)ser, and (Fs)ser, are decreasing scales, i.e. E, — E; and F, — F; for
r > s, then strong consistency is automatically fulfilled if the duality pairings are
consistent (cf. Remark [2.35]).

The next result deals with the dual space of sums and intersections of Banach spaces

and underlines the importance of strong consistency.

2.38 Lemma. Let E,F,E, F < H be reflexive Banach spaces with EN F LN E F
and BN F <& E, F. For two right duality systems (E, E,ag) and (F,F,ap) we define
the mapping

b*: (ENF)x (E+F) = C, btz,2') = ap(z, 2) + ap(z, z75)

for &' = &y, + x' with 2’y € E and 2’y € F. Then are equivalent:

(i) forz' € E and y' € F it holds that
aE(',fE,)l(EnF) = aF(',yl)|(EmF) sz =9y inH.

(ii) (ENF,E+ F,b% is a right duality system.
(iii) For
dp:E— FE, z+ ag(,,z),
bp:F = F, o ap(-, 1),
we have ®pr = ®px in E' + F' forz € ENF as well as (®g) " = (Bp)~ for
te EENF inH.

2.39 Remark. (1) Note that strong consistency implies consistency in the sense of
Definition By the consistency, in turn, the map b° is well-defined.

(2) By Remark we have that (E N F, E + F,b°%) is even a duality system if
condition |(i)|is fulfilled. The analogous assertions hold if the lemma is formulated
for left duality systems.

(3) The consequence of this lemma underlines the importance of the notion of strong
consistency. Especially, we obtain that (E_,NE_g, F.+ F, b%) is a duality system
for r, s € I, given a duality scale (Ej, Fy, as)ser,-
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2.5.2 Dual Operators

In order to define dual operators w.r.t. a duality pairing we consider two duality systems
(Ey,E1,ag,) and (Ey, Es, ag,). Then, for an operator T € .Z(FE1, E;) we can define

the dual operator w.r.t. the duality pairings as follows. For every z’ € E5 we see that
(x> ag,(Tz,x")) € F;
such that (by the meaning of a duality system) there exists a unique ¢ € E; with
ag, (z,y) = ag,(Tz,2") (z € Ey).

Thus, we can define

T, By — By, /T, 5=y
as the dual operator of T' w.r.t. (ag,,ag,). Now, set ¢y = ag,(,2') € E} and let
T' € Z(F}, ES) be the standard dual operator. Then we have

(T'ly)(z) = £y(Tz) = ap,(Tz,z') = ag, (z,Tix") (z € Ey).

This shows that - as with the definition of the dual space itself - we have to be careful
with the definition of the dual operator, since we can have different representations of
T’ depending on the duality pairing we chose.

This definition of the dual operator gives rise to the question of consistency of dual

operators, which is answered by the following lemma.

2.40 Lemma. For j = 1,2 let (E;, Ej, ag;) and (Fj, Fj, ap,) be duality systems satis-
fying the assumptions of Lemma|[2.88. Moreover, let one of the equivalences of Lemma
be satisfied for j = 1,2. Then for all T € £ (E1, Ey), Tr € ZL(F1, F,) such
that T, = Tr on E1 N Fy, we have TCfE = TC{F on EyN Fy for the corresponding dual

operators.

2.41 Remark. Note that Lemma 2.40| especially implies consistency of dual operators
on duality scales.
2.5.3 Projections and Duality

For a great number of partial differential equations, especially concerning fluid dy-
namics, projections on subspaces, e.g. the Helmholtz projection, are of special interest.

Given a duality scale (E;, Fs, a5)secr, and consistent scales of projections (P r)ser, on
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(Fs)ser, and (Psg)ser, on (Es)sery, one could ask if (PgEs, PrFs, a5)ser, is a duality
scale, too. Here, we skipped the indices of the different projections due to their con-
sistency. We will treat this question in chapter [6] but give a short overview over the
important results regarding projections and duality.

We begin with some basic facts about projections. Let P be a projection on a Banach
space E, i.e. P € Z(E) and P2 = P. We set Ep := P(FE). It is well known that Ep
is a closed complemented subspace of E, i.e.

E=Ep® FEi_p.

We collect some properties of the dual of P. Therefore, let (E, F, a) be a duality system
and P € Z(F) be a projection on E. We set P’ := (P)! as the dual operator of P
w.r.t. a. Additionally, we define the annihilators of subsets A C F and B C F w.r.t a
as follows.

Al ={2' e F : a(z,2') =0 (z € A)}
Bf ={z€E: a(z,2) =0 (2" € B)}

With these information in mind we state some results on projections and their dual

operators.

2.42 Lemma. Let E, F' be Banach spaces, P be a projection on E and (E, F,a) be a

duality system. We write P’ for P. since no confusion is possible here.

(i) P’ is a projection on F with
(Ep)r = Fi_p and (E1_p)y = Fpr
and
(Fi_p))f = Ep and (Fp)T = E_p.
w.r.t. a. Moreover,
(Ep, Fpr,a) and (Ey_p, F1_pr,a)
are duality systems.
(ii) If X s another Banach space and T € Z;(E, X), then
X =T(Ep) ® T(E1_p).
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(i) If T € Z(E), then T € Z;s(Ep) N Z;s(E1_p) implies T € Z;5(E).

Now we will consider the situation that scales of projections are given. In the following,
we set (P ) = P, p € Z(F_;) to simplify notation. We obtain the following result.

2.43 Lemma. Let (E;, Fs, a,)scr, be a duality scale and (Ps g)ser,, (Psr)se1, be con-
sistent scales of projections on (Es)secr, and (Fs)ser, respectively. Then the following
assertions hold.

(1) (P, g)ser, s a consistent scale of projections on (Fy)ser, and (P, p)ser, 15 @
consistent scale of projections on (Es)scr, -

(ii) For everyr,s € Iy we have

E.NE,= (ET,PT,E N ES,PS,E) ©® (E7'>1_PT,E N ES,l—Ps,E) ’
FNF=(Fp, NFup,)®(Fap,NFuap,).

(iii) For everyr,s € Iy we have

Er + Es = (ET,PT7E + Es,Ps,E) SY (ET,].—PT’E + ES,].—PS,E) )
Fv" + F.s = (F'I",PT’F + Fs,PS,F) SY (Fr,l—PT,F + Fs,l—PS,F) .

Next, we consider a pair of projections P,Q € Z(X) on a Banach space E. In our
application of these results in Chapter [6| we will set @ = P’ as the dual projection,
but for now we can assume two general projections. First, we state a basic equivalence
which is due to [26].

2.44 Lemma. Let P, Q) be projections on E. Then the following assertions are equiv-
alent:

(i) E=Eqo® Ei_p,
(11) Pe Q%S(EQ,EP),
(i) 1 Q € Lu(Erp, Br_g).

Note that P and @ (and later on P and P’) do not commute in general, but the
quadratic difference

R:=(P-Q?=P+Q—-PQ—-QPc Z(E)
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of these two does commute with P, @) as well as with I — P and I — Q). For the following

lemma, we define some auxiliary operators
U=1-P-QP, V:=1-Q - PQ

and obtain 1 — R = UV = VU. We state another result from [26].

2.45 Lemma. Let R,U,V € Z(F) be defined as above. Then the following assertions
are equivalent.

(1) 1 €p(R),
(i) V,U € Z,(E),
(lll) E = EP @ El—Q = EQ @ El_p.

If one of these assertions is fulfilled, we have
V3i=1-R'Ue€ZE) and U'=(1-R)'V e ZE).

Moreover, the projection subject to the decomposition E = Ep & Ei_g respectively
E = Eqg ® E,_p 1is given by

Q:=VQV'=PQ(1-R),
P:=UPU'=QP(1-R)™"
Here, we have Q(E) = Ep, (1— Q)(E) = E;_q, P(E) = Eg and (1 —P)(E) = E;_p.

Although the value of this result may not be obvious at this moment, it will be a useful

tool in order to characterize projected duality scales.

2.5.4 Scales of Compact Operators

By an extension of a corresponding lemma in [44] we show that the spectrum of compact
operators on a duality scale is independent of the parameter s € Iy. This invariance of
the spectrum is useful for some applications of duality scales.

2.46 Lemma. Let (E, Fs, a5)sc1, be a duality scale and (Ts)ser, with Ts € £ (E;) for
s € Iy be a consistent scale of compact operators on (Es)ser,.- Then the spectrum of T
is s-invariant, i.e. o(Ts, Es) = o(To, Eo) for s € 1.

Proof. Using Schauder’s theorem and Lemma we first note that the scale (T7)ser,
of compact dual operators w.r.t. a given by T” , := (T)/, is consistent. Let A € p(Ty, Ey)
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and s € I. Then we have A € p(T{, Fy), too. Due to the fact that the intersection of
relatively compact sets remains relatively compact, we have that

TliFoﬂF_S%FomF_s (SEI())

is compact, where we omitted the parameter s of 7", due to consistency. Additionally,
by FoNF_s — Fyand X € p(T§, Fy) we have injectivity of A—T" on FyNF_;. Fredholm’s
alternative then yields A — T" € Z;s(Fo N F_y).

By reflexivity and Lemma we have A — T € %,(Ey + E,). Then, E, C E; + E,
and applying Fredolm’s alternative again gives A\ — T € .Z;(E;) and X € p(T%, Es) due
to compactness, which completes the proof. n

2.47 Remark. Note that an equivalent assertion also holds if we assume (T)sez, to
be defined on (Fy)scr,-

2.5.5 Consistency of Operator Scales

In this last section we cite two results from [44] concerning the consistency of operator
scales. In the original reference the assertions are proved for g-scales, but they can
easily be transferred to the case of s-scales used here.

The first result shows that consistency of analytic operator families can be easily ex-

tended from one point to the whole domain.

2.48 Lemma. Let so > 0, Iy = (—$o,50), 0 # K C C be a domain and (E;)scr, be
a complex interpolation scale. Let (Ts(2))ser,.cx be a family of operators such that
Ts(2) € Z(E;) for every s € Iy and z € K. Moreover, let K > z — Ty(z) be analytic
for each s € Iy. Then the following assertions are equivalent:

(i) The scale (Ts(2))ser, is consistent for one z € K.
(ii) The scale (Ts(z))ser, is consistent for all z € K.

The second result shows that the scale of resolvents of consistent operators is also
consistent, which can be useful to prove consistency of operators that can be represented

(among others) by the resolvent.

2.49 Lemma. Let so > 0, I = (—s0, S0) and (Es)sec1, be a complex interpolation scale.
Moreover, let (Ts)ser, be a consistent scale of operators Ts € £(E;). Let G C C be
an unbounded domain such that G C Nser p(Ts, Es). Then for every A € G the scale
(N =T,)™Yser, s consistent on (Es)scr, -
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3 Stable and Unstable Flow Regimes for Living Flu-
ids

In this chapter we analyze the behavior of the active fluid model near an equilib-
rium (steady) state and determine, whether stability or instability is likely to occur.
To this end, we first present results regarding the well-posedness of the equations
and list the (physically) relevant equilibria, i.e., the disordered isotropic and the glob-
ally ordered polar states. Afterwards, an analysis of stability and instability for the
linearized equations is carried out before we consider stability and instability in the
nonlinear setting. Here, the theory from Section plays a central role in order to
analyze the manifold of globally ordered polar states.

3.1 Equilibria

In order to analyze (in)stability of the living fluids model (1.2)), we will consider the
following physically relevant equilibria.

e Disordered isotropic state: For a € R, set

(’U,p) = (O,Z)o), (31)

where the pressure pg is constant.

o Globally ordered polar state: For o < 0 set

(U’p) = (‘/:pO)a (32)

where V € B, = {a; ER" : |z| =4/—a/ 6} is a constant vector of arbitrary
orientation and p, is constant.

Especially the latter case will be of interest since we obtain a manifold of equilibria
which allows to apply theory from Section 2.3
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We use a generalization of (1.2) in order to consider the two relevant types of equilibria.

@+ Xo[(u+V) - V]u+ (M + Blul*)u — ToAu + T2A%u+ Vg = f + N(u),
divu =0, (3.3)
u(0) = uo,

where ¢ = p — Mi|v|]?, M € R™" symmetric, N(u) = ¥, ; ajpujur with (a;z)}—; is a
nonlinearity of second order and the spatial dimension is n = 2 or n = 3. Additionally

we assume
Ao, AL, To,a €R, Ty, >0 (34)

for the parameters in this chapter. In order to recover the original system (1.2) from
(3.3), we set u:=v —V and

e for the disordered state (3.1]) we assume
V=0, M=al, N(u)=0, (3.5)

where I € R™" denotes the identity matrix.

« for the ordered polar state (3.2) we assume

V € Bog, M =28VVT N(u) = —Blul’V — 28(u - V)u. (3.6)

Note that from now on the equilibrium is always denoted by V and the deviation of
the solution v from the equilibrium is denoted by wu.

3.2 Linear Stability

In order to analyze stability of the nonlinear equations, it is helpful to analyze the
linearized equations in a first step. Following the generalization in (3.3]), we consider
the following linearized system.

U+ AV - Vu+ Mu—ToAu+TA2u+Vg=f in (0,00) X Qn,
divu=0 in (0,00) X Qp, (3.7)
u(0) =ug in Q.

Here, we assume periodic boundary conditions
(63 (67 -
0%Ulg;—0 = 0%Ule;—r for |a| < 4,5 =1,...,n.
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We define the operator resulting from the linearization as

Appu = A(V - V)u + PMu — ToAu + Ty A%,
D(Arr) = H#(Qn) N chr(Qn)a

where P is the Helmoltz-Weyl projection as in Section 2.2l The corresponding Fourier
symbol is given as

2 27
04,0 (0) =T ( ”) 164 + T ( ) 102 + (%’) (V-0 +op(O)M (L€M),
First, we get the following result.

3.1 Proposition. There exists an w > 0 such that w + Apr admits a bounded H*-
caleulus on L2(Qy) with H*-angle o3, 4, . = 0.

Proof. Using I'; > 0 one can immediately see that Agyu := I['3A%u is selfadjoint with
D(Asy) = D(ALF), hence w + Agy is selfadjoint and positive for w > 0 and admits
a bounded H*-calculus with 2% 4. = 0. Perturbation theory for perturbations of
lower order then yields the assertion (cf. [27, Proposition 13.1]). O

Consequently we obtain maximal LP-regularity of Arr on time intervals (0,7") for
0 < T < oo and —Ayr is generator of an analytic Cy-semigroup on L2(Q,,).

In order to characterize linear (in)stability, we use the representation

exp(—tArr)v = Z exp(—toa, (6))6(@)6277%@ (v e L2(Q,)), (3.8)

Lezm

which is easy to verify.

3.2.1 Disordered Isotropic State

In this case we set A; := Arrp with V = 0 and M = «af. From the definition of
P we have that P commutes with M and PMu = au for u € L2(Q,). By using
representation ([3.8)) and

oay(l) = FQ( )|£|4 (2“) W2 +a (Cezm).

we can characterize (in)stability of the disordered isotropic state as follows.

3.2 Proposition. Let I'y; > 0 and I'p,a € R. Then the semigroup (exp(—tAd))t=0
corresponding to the disordered state is
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(1) stable, if 04, > O;
(2) exponentially stable, if o4, > 6 > 0;
(3) ezponentially unstable, if there exists some £y € Z™ such that o4,(¢y) < 0.

We can give a more precise characterization based on the involved parameters by
substituting 2 = |[¢|? in 04, and analyzing the intersection points of the resulting
parabola

2m\ 4 21\ 2
p(z) =T, (f) 22 + T (f) z+a.

This gives the following characterization of stability.

3.3 Lemma. Let 'y > 0. IfTy < 0 and 4a > T2/T5 or if Ty > 0 and o > 0, then
the semigroup (exp(—tAqg))i=o is exponentially stable. To be precise, the semigroup
corresponding to the disordered state is

(1) stable, if Tg < 0 and 4a > T%/Ty or if Ty > 0 and a > 0;

(2) ezponentially stable, if Ty < 0 and 4a > T2/T'y or if Ty > 0 and a > 0 or if
2
[y < 0 and 4o = T2 /Ty with |[€|? # — Lo (L) for all £ € 7.

2F2 21

3.2.2 Ordered Polar State

In this case we set A, := Arr with V € B, 5 and M = 28V V™. Then we have

_rz( ) T (2%)2|£|2+>\0(2m) (V - 0) + 2800 (OVVTop(f) (L€ ZM).

If 'y > 0, then

2 27\ 2
Reoy, _r2( ”) 4" + (%) 162 + 280 p(O)VV o p(£) € R™

is positive semi-definite for every £ € Z™ and positive definite for £ # 0 due to the fact
that op(£)VVTop(£) is positive semi-definite. We can use

lexp(—tAo)vllZ2(q,) < GO+ >° e+ OP[a(e)?

LeZm\{0}

in order to obtain stability. Conversely, if 'y < 0 and if there exists 0 # ¢, € Z™ such
that

2
T, < I_ZT) 16o[2 + Ty < 0, (3.9)
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then for n = 3 we can choose z € R™\ {0} with z L V and = L ¢, such that
zTReoa,(fo)r < 0. In case of n = 2, due to

28|V - 0(H)?

GO

we assume the existence of a 0 # ¢y € Z" such that

2m\ 4 21\ 2
T, (%) 16o]* + T (%) 162 < 2 (3.10)

This yields z7Reca, (o) < 0 for some z € R™\ {0} such that z L £,. Consequently,
the matrix Reoy,(¢y) € R™™ is negative semi-definite or indefinite and the growth
bound of (exp(—tA,)):=o strictly positive. These considerations yield the following
result.

3.4 Proposition. Let I's > 0. Then the semigroup (exp(—tA,))i=0 corresponding to
the ordered polar state is

(1) stable, if Ty > 0;
(2) ezponentially unstable, if Ty < 0 and

(a) if there exists some 0 # £y € Z™ such that holds for n = 2;
(b) if there exists some 0 # £y € Z™ such that (3.9) holds for n = 3.

3.5 Remark. (i) In the situation in [61], Section 3.1], where L*(R") is considered,
we have a continuous & € R". Thus we can always find a £ parallel to V', which
in general is not possible in the discrete case where £ € Z™. As a consequence,
for n = 2 we can always find a nontrivial z € R? satisfying x L V and = L £ in
the continuous case and the more restrictive condition does not appear in
[61), 9] for n = 2.

(ii) Note that for n = 2 the condition (3.10) does not impose any restrictions re-
garding the analysis of nonlinear instability due to condition (3.12) in Theorem
B.111

3.3 Global Well-posedness

It is possible to obtain local and global well-posedness of (3.3 by analogous arguments
as in [61, Section 3.2].
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3.6 Theorem (Global well-posedness). Let I's,8 > 0 and Ly,a,A\y € R and
T € (0,00). Let an initial value ug € H2(Q,) N L2(Q.) and an exterior force
f € L*((0,T),L2(Q,)) be given. Then there erists a unique solution (u,q) for

with periodic boundary conditions satisfying

ue€ H'((0,T), L3(Qn)) N L*((0,T), Hr(Qy)),
Vq € LQ((O’ T),L2(Qn))'

3.7 Remark. Note that in contrast to the Navier-Stokes equations the leading term
I'yA?u dominates the convective term, yielding global existence by standard energy

techniques even for n = 3.

3.4 Nonlinear Stability and Turbulence

Now we consider nonlinear (in)stability of the equilibrium states of (1.2)). We analyze
the disordered isotropic state and the ordered polar state separately as follows.

o Disordered isotropic state: We apply energy methods in combination with the
lemma of Gronwall (cf. Lemma [2.29) in order to obtain stability results. For
instability results, Henry’s instability theorem [23], Corollary 5.1.6] is used.

e Ordered polar state: Since we have a manifold of equilibria at hand, we consider

normal hyperbolicity and normally stability as in Section [2.5

In the following, we will only give a short outline of the disordered isotropic state and
focus on the ordered polar state.

3.4.1 Disordered Isotropic State
First we collect the following property of the nonlinearity in (3.3]).

3.8 Lemma. Let H(u) := BP|ul?u + \P(u-V)u — PN(u). Then, forn > 5/4 we
have H € C*(H?(Qy) N L2(Qy), L2(Q,)) and H can be estimated as follows.

1H ()]l 22 (@uy < Cllullfing,) (el <1
Proof. Follows in an analogous way as in [61, Lemma 4]. O

Given a global solution (u, ) to (3.3)) we can now consider the isotropic state (3.1) and

obtain
us + DA% — ToAu + Ao(u - V)u + (a + Blul*)u + Vg = 0.
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Testing this equation with u yields the energy equation

1d

5 71Oz @, + Tl Au®)lz2 g, + Tol Vu®)llzz o)

+allu®)lzz@u + Bzallu®Lsq,) =0

(3.11)

for ¢t > 0.

3.9 Theorem. Let I';,8 > 0 and I'y,a,\g € R. Then the velocity V.= 0 of the
isotropic disordered state is nonlinearly

(1) stable in L2(Qy), if To = 0 and a > 0 or if Ty < 0 and 4a > T'3/Ty;

(2) (globally) exponentially stable in L(Q,), if To = 0 and a > 0 or if Ty < 0 and
2
4o >T32/Ty or if Ty < 0 and 4o = T'2/T'y and |€|? # 50 (%) for all L € Z;

2T

(3) unstable in HY(Q,) N L2(Qy) for v € [5/16,1) if there exists some £y € Z™ such
that o4,(4o) < 0.

Proof. We will only give a short outline of the proof and refer the reader to [§] for the
details. Using the energy equality and estimates of the Fourier symbol one can
obtain the (exponential) stability by an application of the Gronwall lemma (cf. Lemma
in order to show [(1)| and

On the other hand, exploiting the H*-calculus of w+ A4 for w > 0, spectral properties
of Ay under the given assumptions as well as the consequences of Lemma an
application Henry’s instability [23, Corollary 5.1.6] yields instability of the disordered
isotropic state in H¥(Q,) N L2(Q,) for v € [5/16,1) and therefore assertion O

3.10 Remark. Note that we neglected stability for the pressure p, of the corresponding
equilibrium in Theorem Since we can prove convergence of u in the stronger H?2-
norm (e.g. by an application of [38, Theorem 5.3.1] combined with remark [38, Remark
5.3.2(a)]), we may show exponential convergence of the pressure p(t) in HL(Q,) to

some constant p,, as t — oo in the same way as in the proof of Theorem [3.11

3.4.2 Ordered Polar State

Next we consider @ < 0 and fix an ordered polar state V € B,gs. First we show
that under certain restrictions regarding the parameters of (3.3)) the equilibrium V is
normally hyperbolic.

3.11 Theorem. Let I';, 8 > 0, a < 0 and A\g € R. Let (V,po) be an ordered polar
steady state with V € B, g. Then V is normally hyperbolic, if

T, (2%)4 I0* + T, (2%)2 107 ¢ 20,0, £ € 7"\ {0} (3.12)
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for To < 0 and if there exists some £y € Z™ such that (3.9) holds. Thus, for each
sufficient small p > 0 there exists 0 < § < p such that the unique solution (v,p) of
with initial value vo € By2(g,)(V,0) either satisfies

(i) distm2(g,)(v(to), Ba,g) > p for some finite time ty > 0 or

(ii) the solution (v(t),p(t)) exists on Ry and converges at exponential rate to some
(Voo Do) € Bag X R in (H(Qn) N L3 (Qn)) X Hy(Qn) as t — oo.

Proof. We apply Theorem 2.9 In the notation of Theorem [2.9| we have Ey = L2(Q,),
E, = HY{(Q,)NL2(Q,) and V = H%(Q,) N L2(Q,). The manifold of equilibria is given
as £ = B, g und u, =V is the equilibrium. The structure of the quasilinear problem

is

A = A(v)o = TyA% —ToAT+ab (5 € HA(Qn) NL2(Qn))
F(v) := =XoP(v - V)v — BPv|*v

for v € H2(Q,) N L2(Q,). We first consider the projected version of system ((1.2)
0+ Av = F(v), v(0) =g (3.13)

and will recover the pressure in the last step. By the structure of A and F' (linear and

semilinear respectively) it is obvious that

(A, F) € CH(HZ(Qn) N L3 (Qn), £ (Hr(@Qn) N L3(@n), L5 (@n)) X L(Qn))-

Furthermore, we see that A, is the linearization of at V, where A, has maximal
LP-regularity on (0,7) for 0 < T' < oo, cf. Proposition We split the proof of the
conditions of Theorem into several steps.

Step 1: Characterization of N(A,)

Let u € N(4,). By

(Ao, Agt)) 20y = O loa, (O)a(0)|* =

Lezn

we obtain o4, (£)u(¢) = 0 for every £ € Z". This yields

0= Re (30" ou,(02(0)
=1, (% 1o + 1o (%8 ) PO + 2650 0p OV V p 010
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for all £ € Z". We exploit that op(¢) is symmetric and op(£)u(¢) = u(£) to obtain

2m\* 2m\?
0 (7 ) MHEOP +T0 () PO + 28V - @O =0

We have V' L 4(0) by setting £ = 0. Moreover, for £ # 0 and %(¢) # 0 we see that

2m\ 4 2m\ 2 28|V - u(f)|?
(%) 104 mo (37) e = -2 SO € o (314)

due to |V|?> = —a/B. With (3.12) it follows that @(£) = 0 in this case. Moreover, any
constant u € H(Q,) N L2(Q,,) that fulfills u 1L V yields

Agu =T9A%u — ToAu + A(V - V)u + 28PVVTu =0,
such that we have
N(A,) = {u € HXQ,) N L3(Q,) : u constant and u | V'}.

Obviously, N(A,) has dimension n — 1.

Step 2: Bap is a C*-manifold in HX(Q,) N L2(Q.) of dimension n — 1
We will only show the case n = 3 here, since the steps for n = 2 are analogous. So let
n = 3, then V € B, g can be written as

sin(6) cos(¢)
V= 1/—% sin(6) sin(¢)
cos(0)
for fixed angles 6 € [0, 7] and ¢ € [0,27). We define a C*-map as
U2 [0,7] x [0,27) = HA(Q,) N L2(Qy),
sin(f + y) cos(0 + 2)
(y) — ¥(y, 2) := | sin(6 + y) sin(f + 2)
o cos(0 + y)

Hence, U(y,z) € B,gs is a constant function in H:(Q,) N L2(Q,) for every value
(y,2) € [0,7] x [0,27). Moreover, we have ¥(0,0) = V. The tangent space of B, g is
of dimension m = 2 and obviously given as

Ty Bas = (V).
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Combining this with our result from step 1, we have
N(A,) = (V) =Ty B,y,

so the tangent space of B, g at V is isomorphic to N(4,).

Step 3: Characterization of 0(A,)
We first note that due to HX(Q,) N L2(Q,) <> L2(Q.) by the Rellich-Kondrachov
theorem (cf. [I] and [41, Theorem A.4, Corollary A.5]), the resolvent

(A= A,)™ : L2(Qn) — D(Ao) < L2(Qn)

is compact for A € p(A,). Therefore o(A,) is discrete and consists only of the point
spectrum, i.e. 0(A4,) = 0,(A,). So it is sufficient to restrict to eigenvalues in order to
characterize o(4,). In step 1 we have already seen that A = 0 is an eigenvalue of A,.
By assumption (3.12) condition is fulfilled and Proposition ensures that
o(A,) NC_ #0.

In order to show o(4,) NiR = {0} we fix A € 6(A,) such that ReA = 0. Let u # 0 be
a corresponding eigenfunction, then

Re (@T%(e)a(f)) —ReMNa(®)P=0 (CezM).

By our argumentation in step 1 this implies 4(¢) = 0 for all £ € Z"\ {0} and u(0) L V.
This yields u € N(A,), i.e. A =0.

It remains to show that A = 0 is a semi-simple eigenvalue, i.e. L2(Q,) = N(4,)®R(A4,).
To this end, we define the map

S L2(Qn) — L2(Qn), urs Su:= % A S.u(z) dz,
where S, : L2(Q,) — L%(Q,) is the map given by S,u(z) = (I-VVT/|V|?)u(z). Here,
I denotes the identity matrix in R"*". We first note that if u € L2(Q,) , then Su is
constant and Su € L2(Q,).
One can directly prove that S is a projection and that there exists a decomposition
S(L2(Qn)) ® (I — S)(L2(Qn)) = L2(Q,), where I here denotes the identity operator
on L2(Q,). We proceed in two substeps.

N(A,) = S(L2(Q,)): First, we show S(L2(Q.)) C N(A,). Let u € S(L2(Q,)). As
already seen, u = Swu is constant and we have

Viu=VTSu = l

oo, VVul@)d ! / L yryyTy(z) da

T In o, V2
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_1 T _1 T _
_L”/an u(x) dz L”/an u(z) dz =0,

which yields v L V and thus v € N(A,) by our characterization of N(A,) in Step 1.
To see the inverse inclusion, let v € N(A,). We know that u is constant and v L V.
This yields

1 1 1.
SU—E/Qnu(x)dx—E/Qn —VV u(z)dx

1
—U(E/Qn dz)-u,

hence u € S(L2(Q,)) and the claim is proved.

R(A,) = (I = S)(L3(Qn)): We note that L2(Qn) = S(L3(Qn)) ® (I — S)(L2(Qn)) is
orthogonal due to the fact that L2(Q,) is a Hilbert space and S is self-adjoint. Let
u € D(A,) and w € N(A,), then we have

(Aou, w) 12 (@) = I'2(Au, Aw)12(q,) + To(Vu, V) 12(q,)
— )\0(11,, (V . V)W)L%(Qn) + 2,8(VTU, VT’LU)L%(QH) =0

since w is constant and w L V. This yields R(4,) L N(4o) = S(L2(Q,)) and by the
orthogonality of the decomposition we obtain R(4,) C (I — S)(L2(Qx)).

We note again that A, has compact resolvent. Following [29, Remark A.2.4] it suffices
to show that

N(4,) = N(47)

to prove that A = 0 is a semi-simple eigenvalue of A,. The inclusion N(4,) C N(A2%)
is obvious. To show the inverse inclusion, fix u € N(A2). Then A2u = 0 such that
A,u € N(Ap) N R(Ap). Due to N(Ap) L R(Ag) we have A,u = 0, thus u € N(A,).
Finally, N(A,) = N(A?%) and A\ = 0 is semi-simple.

We now have proved that the conditions required by Theorem [2.9 are fulfilled, thus V'
is a normally hyperbolic equilibrium of (3.13). It remains to recover the pressure p.
Observe that

Vp = (I - P)G(v),
where P denotes the Helmholtz-Weyl projection and
G(v) = [-Xo(v - V)v+ M V|v]* — Blv|?v].
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Since V is normally hyperbolic, there are two possibilities:

o disty2(g,)(v(to), Ba,g) > p for some finite time ¢y > 0. Then there is nothing else
to show since (v, p) is already unstable.

o v(t) exists on R, and converges to some V., € B,z in H2(Q,) N LZ(Q,) at
an exponential rate as ¢ — co. Analogously to Lemma [3.8 we can show that
G € C'(H2(Q,), L*(Q,)). Due to the convergence of the solution v it remains in
a ball B C H2(Q,) for t > 0. Note that this ball also includes V.. Then we have

IDGW)ll 2z2@u22(00) SC (W € B).

An application of the mean-value theorem yields
G (v) = G(Veo)ll22(@n) < Cllv = Vool H2(gn)-

Thus (I — P)G(v) converges to (I — P)G(V,,) in L2(Q,) at an exponential rate.
On the other hand, the fact that (V.,,p1) is a stationary solution of for
every p; € R implies that (I — P)G(Vy) = 0. It follows that p(t) converges to
some constant p,, € R in H1(Q,) at an exponential rate.

This completes the proof and the assertions for (v, p) follow. O

3.12 Remark. It is easy to verify that, e.g. by setting L = 2w, I'y = 4, 'y = —5 and
a = —1/4 all conditions of Theorem are satisfied, which yields unstable equilibria
on B, . Thus, condition (3.12)) is meaningful.

3.13 Remark. Note that a normally hyperbolic equilibrium implies the existence of
a stable and an unstable foliation near V. In fact, if V' is normally hyperbolic, then
there exists 7 > 0 and a manifold M?*, called the stable foliation, such that for each
v € Byz(g,)(V,7) we have that vy € M? if and only if the solution v(,v) exists on R
and converges to a V, € B, g at an exponential rate. Moreover, the projection onto
the stable part of A, is exactly the projection onto the tangent space of M?® at V' (cf.
[40, Theorem 3.1]). Analogously, there exists an unstable foliation M* ([40, Theorem
4.1]).

In order to complete the analysis of (in)stability of the ordered polar state, let us now
turn to the case of normal stability of a given V' € B, g.

3.14 Theorem. LetI's,3 >0, T > 0, @ < 0 and Ao € R. Let (V,py) with V € B,g
be an ordered polar stationary state of . Then V' is normally stable, thus (V,po)
is stable in the space (H2(Q,) N L2(Q,)) x HX(Q,). There exists a § > 0 such that
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if (v,p) is a solution to with initial data vy € H2(Qn) N L2(Qn) NBg2(g,)(V;6),
then (v, p) ezists globally on Ry and converges to some (Voo,Poo) € Bapg X R ast — oo
at an exponential rate in (H2(Qn) N L2(Q,)) X HX(Q,).

Proof. From the proof of Theorem [3.11) we already know that
e B,p is a C'-manifold of equilibria of dimension n — 1 and
» we have 0(4,) = 0,(A,) and A = 0 is a semi-simple eigenvalue of A,,

since the proof can be carried out in the same way for the parameter set assumed in
Theorem We will prove the remaining assumptions in two several steps.

Step 1: Characterization of N(A,)

Let u € N(A,) such that A,u = 0. Testing this equation with u yields

0= FZ(AQUa U)L%(Qn) - FO(AU7 u)L?,(Qn)
+ X ((V - V)u,u) 120,y + 28(PVV 0, u) 12 (g,

By taking the real part and applying partial integration we obtain
0= FQHAUH%,%(QH) + FOHVU”i,%(Qn) +28|V - u”%%(Qn)

due to the fact that the Ap-term is skew-symmetric. Since by assumption I'y, 5 > 0
and 'y > 0, we arrive at

||AU||%$,(QH) =|v- u”i?r(Qn) =0,
hence v 1 V and

1Az g,y = D PO =0,

Lezn

so u is constant. Altogether we have the same characterization for N(A,) as in the
proof of Theorem [3.11] i.e.

N(A,) = {u € HX(Q,) N L2(Q,) : u constant and u | V}.

Step 2: Characterization of o(A,)
We need to show that

U(Ao) - C+ U {0}
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To this end, let A € 0(A4,) = 0,(A4,) and u € D(A,) be a nontrivial eigenvector such
that (A — A,)u = 0. Testing the equation and applying partial integration yields

0 = Alullzz q,) — T2l Aulliz @) — Toll Vullzz g,
= X((V - V)u,u)r2q,) — 28|V - U||2Lg(Qn)~

By taking the real part the A\g-term vanishes and we obtain
0=Re )‘”U’”%ﬁ(Qn) - F2||AU||%3(QH) - F0||VU||igr(Qn) — 28|V - U”ig(Qn)a

which gives us
| Au| 2 (@n) 2 ||VU||L2(Q ) 2 IV - ull 2 (Qn) 2
Re =T, <—) T, (—) Y (—) > 0.
lellzz(@n) [l 22 (@) [l 22 (@)
Furthermore, if Re A = 0, then u is constant and v L V', thus u € N(A,) by step 1 and
A = 0. This yields o(4,) C C; U {0}.

By Theorem we obtain that V' is normally stable for (3.13). We may recover the
pressure p and prove the assertion in the same way as in the proof of Theorem O
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4 A Global Attractor for the Living Fluids Problem

In Chapter (3| we proved parameter settings for stability and instability of concrete
equilibria of the living fluid problem (1.2). In this chapter, we analyze the long-term
dynamics of the problem in a more general way and show that there exists a global
attractor of finite dimension in n = 2 and n = 3 dimensions. Moreover, in n = 2 di-
mensions it will be possible to show the existence of an inertial manifold which attracts
all solutions by an exponential rate. These results reduce the analysis of the dynamics
of the living fluids problem into a finite dimensional problem.

The outline of this chapter is as follows. First, we provide a setting and show global
well-posedness of the living fluids problem in L2(Q,,) in order to obtain a correspond-
ing semiflow. Then we prove the existence of a global attractor with arbitrary high
regularity. Afterwards, we show that this attractor has finite dimension and obtain an

inertial manifold in n = 2 dimensions.

4.1 Semiflow on L2(Q,)

4.1.1 The Setting

We consider problem (1.2) with periodic boundary conditions, where we apply the
Helmholtz projection and obtain

Owu + DA%y — ToAu + (a + PBlul?)u + PXo(u - Vu) = f,

(4.1)
U|t=0 = Uo,

on L2(Q,),where n =2,3, L >0, Q, = [0,L]", T, 3 > 0, Ty, a, Ay € R and P denotes
the Helmholtz projection on L?(Q,) as in Chapter [3. Additionally, an external force f
is given. We already know from Theorem that the problem is globally well-posed
if we choose ug € H2(Q,) N L2(Q,), but for an application of results from the theory

of dynamical systems we aim to have a semiflow
S(t) : L2(Qn) = LA(Qy), uo— S(t)up = u(t),
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where u(t) solves for t > 0. Thus we need to decrease the regularity of the initial
data.

In order to prove the existence of a semiflow S we will use interpolation-extrapolation
theory from [2, Chapter V], thus we will introduce some new notation: Let E := L2(Q,,)
and

A:D(A) CLA(Qn) — L2(Qn), urs Au:=TyA%,

where D(A) := E; := H3(Q,) N L2(Q,), be a closed operator. By Theorem (3.1 there
exists an w > 0 such that A := w+ A has a bounded H*°-calculus and A € Z;;(E1, Ey).
Thus we obtain a densely injected consistent interpolation-extrapolation scale
[(EayAy) @ a € [—1,00)], where Ag := A, Ey := E and A, € Zs(Eat1,E,). Note
that we have

D(AJ) = Ep = [Eo, Er)o = Hy (Qn) N L2(Qn) (B €10,1]).

Due to the fact that Ay restricts or extends consistently to an operator A, on E,, we
will sometimes just write A in the following. Moreover, due to the fact that A is self-
adjoint and positive, [(E4, Ay) @ a € [—1,00)] is a Hilbert scale. We have (E,) = E_,
and (A,) = A_, for 0 < a < 1 w.r.t. the canonical duality pairing induced by the
scalar product (-,-)g, = (-,")2.

Note that

(Ea, Eg)n2 = [Ea, Bgly = Eq-pjatns (-1 <a<f <00,0<n<1) (4.2)

and A* P € %, (E,, Eg) for —1 < a < 8 < co.

4.1.2 H*-calculus and Maximal Regularity

In this section we will consider the linear part of (4.1)) on E_; , and prove well-posedness
of the linear equations. To this end, let

A—1/2 : D(A—l/2) = E1/2 = Hﬁ(Qn) N Li(Qn) - E—1/2 - E—1/2
be the E_,, realization of A. Moreover, we set

B:D(B) := Eij; = H2(Q,) N L2(Q,) — L2(Qyn), u+ Bu:=—-TAu+au
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and denote by
B_12: D(B_1y2) = L2(Qn) = Eo C E_1a = E_15

the E_,/; realization of B. Then we obtain the following result.

4.1 Theorem. Let T > 0, A_y/2 and B_y/2 be defined as above. Moreover, let the
initial value be given as ug € (E_1/2, E1/2)1/22 = E = L2(Q,) and the exterior force as
f € Lz((oaT)aE—l/Q)'

Then there exists a unique solution

u € H'((0,T), E_1/2) N L*((0,T), E1 2)
of the problem

U + (A_1/2 + B_1/2)u = f in (O,T) X Qn,

Ulgmo =ug In Q.

Proof. We note that A is an injective, sectorial operator on E. Then A_;/; has an R-
bounded H>-calculus on E_y/» with ¢3° =0 (cf. [22, Theorem 6.5]), where 2
denotes the H*-angle.

1/2

Using perturbation theory for the H>°-calculus, e.g. [27, Proposition 13.1], we will show
that A_;/o+B_1/2+v possesses a bounded H*-calculus for v > 0 large enough. First,
it is obvious that D(A_y/2) € D(B_1/2). Let u € D(A_;/3), then we have

IB_12ullE_,,, = [|1B-1/2(A_12) " *(A_1y2)ull_, , < Cll(A_12)?ullp_,,, (4.3)

where we used that (A_1/2)™Y2 € Zs(E_1/2, D((A_1/2)*/?)) with domain of definition
D((A_1/2)"?) = L%(Qx). Moreover, it is easy to see that B € £ (E,,, E). Thus by a
standard duality argument we obtain B’ = B_;,, € Z(E, E_12). This yields

B_ija(A_1y2)? € L(E_1)0),

which justifies estimate (4.3). Hence, by perturbation arguments there exists a v > 0
such that v+ A_;/, + B_;/5 possesses a bounded H*-calculus. Therefore, the operator
v+ A+ A_1/2 + B_1/2 has maximal L? regularity in E_;/, and

A—1/2 +B_12: B CE 10— E_ 1)

enjoys maximal LP-regularity on finite time intervals (0,7) for 7' > 0. This completes

the assertion. O]
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4.1.3 Local and Global Well-Posedness

In this section we want to make use of the maximal LP-regularity for the linear problem
in order to solve the nonlinear problem locally and globally. To this end, we first define
the relevant solution and data spaces for T' € (0, 00).

Er := H*(0,T), E_1/2) N L*((0,T), Eyy2),
F} == L*((0,T), E_1/2),

F? := (E_1/2, E1/2)122 = Eo = L2(Qn),
Fr = IF% x F2.

We begin with a definition and some auxiliary lemmas.

4.2 Definition. We set E := Ey := L*(Q,), E; := HX(Q,) and define
E.:=[Ey, Fila = H*(Q,), E..=E, (a€]0,1]).

Moreover, let P = Py € Z(L*(Q,)) = Z(F,) be the Helmholtz projection.

4.3 Lemma. The Helmholtz projection Py € £ (E’O) extends consistently to a projection

P_1/2 € g(E_l/Q) with P_l/Q(E_l/Q) = E_1/2.

Proof. Tt is known that the Helmholtz projection Py on E admits higher regularity on
E,, for o € [0,1] such that it restricts consistently to a projection P, with P(E,) = E,
(cf. Lemma . By duality, we may obtain an operator P_;/; € (E_y /2)- In fact,
due to symmetry of Fy, P_;/; extends F, consistently and is also a projection with

P_1/9(E_1/2) = E_15. [
4.4 Lemma. The nonlinearity
H: ET — ]Fr}, H(u) = BP_1/2|U|2’U, + )\0P_1/2(’U, . V)’LL

fulfills H € C*(Er, FY).

Proof. First we prove that H : Er — FL is well-defined. From [2, ITI, Theorem 4.10.2]
we know that

Er — Loo((o’ T)’ 12('27)) = Loo((o’ T)’ Li(Qn))

since I(«/) = F? = L2(Q,). We have

1/2 ~1/4

Ve Z(HZ(Qu)", Hy(Qu)™") = Z(D(A )", DAY ") = Z((Bvpe)”, Brja)™™),
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where we clarify the dimensions w.r.t. n in this case in order to avoid confusion. Since
we can identify ((E;/,)"*") with (E_1,4)"" and ((E1/2)")’ with (E_1 /)", we can use
duality arguments in order to obtain

div € g((El/él)nxn, (E_l/g)n).
We first note that

E1/2 = ng(Qn) — LOO(QH) (4'4)

and estimate the second nonlinearity as

1P-1/2(u - V)ully, = |P-jo(u - Vullz201),8-1 )
< O|ldiv (u ® u)llL2(0,1),5_y )

< Cllu® ull 2.1y, 5_,,0)

Cllu ® ullL2(0,1),22(Qn))

lwllz2(0,1), L0 @u) 1Ull oo (0,7, 22 (@)

INCININ

C
Cl|u||L2((0,T),E1/2) ||U||Loo((o,T),L,%(Qn))
C

lulz,-

N\

Regarding the first nonlinearity we will again use (4.4): by choosing f € L'(Q,) and
pE E1/2 we have

.08yl < C [ 17(@)0(a)ld < Cllflusanlelzm@n) < Ol lells,

which leads to

|<f7 ()0>~ £ |
||f||E71/2 = Sup E_1/0,E1/2

” ”~ < C”f”Ll(Qn)
0F£pEL, /2 ¥ E1)2

Summarized we have shown that
Ll(Qn) — E—1/2 (4.5)

and can estimate as follows.

1P 2lulullmy, < Clllulull 20,1),2-, ) < Clllulullz201).21@u)

< C||U||%oo((o,T),L2(Qn))||u||L2((0,T),L°°(Qn))
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< C||U||%oo((o,T),L2(Qn))||U||L2((0,T),E1/2) < Jlulli,-
Hence, the nonlinearity H : Er — F% is well defined and the derivative is given as
DH(u)v = BP_1p2|ul*v + 2BP-1/5(u - v)u + Ao P-1/2(v - V)u + Mo P-1ja(u - V)v

for u,v € Er. By similar estimates as for H itself we see that DH : Er — £ (Er, F%)
is well-defined and that H € C'(Er, FL). O

We obtain the following result on local well-posedness.

4.5 Theorem (Local well-posedness). Let T' > 0 and (f,uo) € Fr. Then there exists
a 0<T' <T such that possesses a unique solution u € Erv.

Proof. We already know that
A By CE_1/9— E_1j3, uw du:=A_1u+ B_ypu
has maximal LP-regularity in E_,/, due to Theorem and that
L:Er - Fr, Lu:= (u+ Fu,u(0))

is an isomorphism.
According to Lemma 4.3 and Lemma [4.4] we may write (4.1]) as

u + Au+ H(u) = f,

U|t=0 = Uo
and rephrase the problem as F(u) = (f,ug), where
F:Er - Fr, F(u):=Lu+ (H(u),0).

Next, we pick v € E7 arbitrary and show that the perturbed linear solution operator
L+(DH(v),0) is an isomorphism, where we have already proved that L € Z;;(Er, Fr).
To this end, we want to show that

v

IDHE®)uls ., < IO+ 1+ @ ells

for u € E_y/5, A > 0 arbitrary, u > 0 large, a fixed v € Er and some a € (3/2,2). We
estimate

G V)e®)lz, , = ldiv (@@ @)z, < Clu®@ o)z, < Cllu® v(t)2(q
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< Cllullze @ [v(®)llzz(@u) < Cllullpaallvll o), 22 @
<

Cllullz.,allvller

where we use v € Er — L*((0,T), L?(Q,)) and

Ea/4 = H:(Qn) N Lzzf(Qn) — LOO(QH) n L?r(Qn)

for a > 3/2.
Next, we choose y > 0 arbitrary such that p + </ admits an H*-calculus in E_; ;.
Then we have

A+p+ o) € L(E_1)2,Ei2) N ZL(E_12)

and

C

”()‘ +u+ %)_1“3(1371/215‘1/2) < 0, “()‘ tu+ ’27)_1“3(E71/2) < X

for A > 0. By a standard interpolation result for bounded linear operators, applied
with § = 1/2 + a/4 we obtain

A+ p+ ) € L([E-1/2, E_1)2)0, [E-1/2, Erj2lo) = L (E-1/2, Eays)

and

) C
|+ 1+ ) 2 80) < ST=i75mar

Thus, we obtain the estimate

Cy
[(w- Vv@)llz_, , < Cllulle,llvle: < m”@*‘ﬂ + A )ullE_, )

where C, > 0 depends on ||v||g,. The (v(¢) - V)u-term can be estimated analogously
since (v(t) - V)u = div (v(t) ® u).
For the second nonlinearity we use (4.5) and have

@ ullz_,,, < Clllv®)Pullzr@.) < Cllullz=@nllv®)z2(q,) < Cllullz.,llvIIE,

Cy
S siamagal A+ u+ Fulle ),

where C, > 0 depends on [|[v|% . We can estimate the (v(t) - u)v(t)-term analogously.
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Summing up, we have the estimate

C

||_DH(’U(t))U”E_1/2 < )\1/21)04/4 ”

A+ p+ o )u|lg_

1/2

for A > 0 arbitrary, u > 0 large, v € Er and u € Ey /5. By choosing 1 > 0 large enough
we set {\ + 1 + & }cjo.1] s & constant family of bounded invertible operators having

maximal LP-regularity. Choosing A > 0 large such that

Cy

\1/2—a/4 <1

Y

we obtain maximal [P-regularity of A\ + u+ o/ + DH(v) in E_;/, by applying [45),
Theorem 2.5]. Hence, & + DH(v) has maximal LP-regularity in E_;/, as well on time

intervals (0,7) for 0 < T' < co. Summarized we have
L + (DH(’U), 0) € DZL'S(ET, FT) (46)

Finally we want to prove local well-posedness using the maximal LP-regularity. We

already know that
L:Er —Fr, Lu=(u+ u,u(0))

is an isomorphism. We set u* := L™!(f,u0) as a reference solution for a given pair of
data (f,up) € Fr. We want to apply the local inverse theorem to

FIET—)FT, UHF(U):LU'F(H(U),O)

Next, we prove that F' fulfills the assumptions of the local inverse theorem. To this
end, we note that

DF(u*) =L+ (DH(u"),0) € Zs(Er,Fr)

and F' € C'(Er,Fr). Using the local inverse theorem there exist € > 0 and § > 0 such
that F' : By, (u*,€) — Bg,.(F(u*),d) is bijective. Let 0 < T" < T. We define

f@), t€ (0,1,

fT’ : (Oa T) — E—1/2’ t— fT’(t) = { f(t) +H(u*)(t), te [T/,T)

and see that
o= (F + H@IE = [ 1500) = (76 + H@) @), d
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_ [T IH@OOE  d T2 0
= ), 1H@)Oz,, d —
by applying the dominated convergence theorem. We choose 0 < 7" < T such that
I fr = (f + H(w"))llrz, <.
By noting that F(u*) = (f + H(u*), uo) we see that
I(fr, w0) — F(u*)|lpr <6

and hence (f7/,up) € Br,(F(u*),6). Then there exists a unique u € Bg,(u*,€) such
that F'(u) = (fr/,uo) and therefore Lu+ (H(u),0) = (f, o) in (0,7”), which completes
the assertion. O

In order to obtain a semigroup
S(t) : L3(Qn) = L2(@n), uo = S(t)uo = uft)

that solves (4.1) for 0 < ¢t < oo, it remains to show that a local solution w which is
given by Theorem is a global solution. By making use of energy methods this will
be proved in the following Theorem.

4.6 Theorem (Global well-posedness). Let 0 < T' < oo and (f,uo) € Fr. Then there
ezists a unique solution u € Er to (4.1)).

Proof. Let (f,ug) € Fr and u € E7v be the unique local solution from Theorem [4.5| for
some 0 < T < T. Let 0 <t <T'. We test the equation (4.1)) with u and integrate
from 0 to ¢ with the result

t
0
t 1
+ D [ u(o)lge ds = Slhuolz;

1 2 ¢ 2 ¢ 2
SIut) 2, + T [ 1Au(s)[2, ds = To [ (Aals),u(s)) iz ds +a [ Tu(s)2; ds

By applying the Cauchy-Schwarz and the Young inequality on the I'g-term we arrive

) [1ute; as

at

1 Iy ff T/

1012 + 5 [1auR; ds-+ (o=
B 1

+ 2o [ 9l ds < 3ol
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which yields

t
lu@lZ; < luollzz +C [ lu(s); ds,

where C' = C(a,y,T'3) > 0. We apply the Gronwall lemma (cf. Lemma [2.29) and
obtain

lu@®)ll72 < exp(Ct)l|uoll7z < exp(CT)lluoll7
for 0 < t < T. This yields the bound

[[wll oo (0,),22(@n)) < Clluoll L2

with some C = C(T, a, Ty, '3) > 0, which gives global well-posedness. O

4.2 Global Attractor

In this chapter we will prove the existence of a global attractor A for the problem
. Additionally, we show that this attractor has H*-regularity for kK € N. We will
construct the attractor in several steps which are laid out in the next sections. Note
that from now on we will assume f = 0 in for simplification. Furthermore, we

will omit the domain @), in the subscript of norms which are used.

4.2.1 Absorbing Set in L2(Q,)

First we prove the existence of an absorbing set in L2(Q,,) which serves as a starting

point for the bootstrapping arguments we will use to obtain higher regularity.
4.7 Lemma. There ezxists some Ry > 0 and ty € (0,00) such that
lut)lI7e < Ro (¢ > to)

for any (global) solution u to ({{.1). Note that to does not depend on the initial value
ug € L2(Qr). Thus there exists a bounded absorbing set By := B2 (0,v/Ro) in L2(Qy)-

Proof. Let u be a (global) solution to (4.1) with initial value uy € L2(Q,). We test
equation (4.1)) with u w.r.t. the inner scalar-product (-,-);2 and obtain

1d B
5%”“(75)”%3 = —Dal|Au(®)||72 — Tol Vu(®)ll72 — ellu(®)l|7 — EHU(t)II‘bx, (4.7)
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where the A\o-term vanishes due to its anti-symmetry and the pressure term \; vanishes
due to the fact that u is divergence free. By using the Fourier expansion we obtain

u(t,z) = Y ue(t) exp(2mil - z/L),

Lezn

where (up(t))sezn C R™ denote the Fourier coefficients. Plugging this into (4.7)) yields

3O == 3 (12 (37) 1w (7)1 ) 0 = ol

Lezm

By substituting 2 := |[¢|*> we obtain a parabola

2m\4 21\ 2
p(2) :=Ty <f) 22471, (f) z+ a,

for which the set U := {£ € Z" : p(|¢|?) < 0} is finite. This leads to the estimate

1d B 4
2dt”u t)I72 < ;JP 1£]%) |ue(t) Eﬂu(t)”m
B
<Y |ue(t)|* - ﬁ”“(@”%4
teU

< OJlu(®)ll7: — Bllu®)llz:
with some ¢ := §(T'y, Ty, @) > 0, where we used L*(Q,) N L2(Q,) — L2(Q,) with

|Q|1/2—1/4 o
lu®)llzz < =zl = L7 lu()l| s

in the last step. By setting 71 := 8, 72 := 8 and ¢(t) := |lu(t)||?. we arrive at the

differential inequality

%w(t) < 2mp(t) — 2720(t)* (> 0). (4.8)

Thus in order to analyze the long-time behavior of u in L2(Q,) we can analyze the
differential inequality (4.8). We will first take a look at (4.8)) as a differential equation to
get an idea of the long-term behavior: let ¢, > 0. We consider the ordinary differential

equation

SHO = 2mp ()~ 20 (> 8), W)= el (49)

By using a separation ansatz and calculating we obtain the following solutions to (4.9)).
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o If ¢(t.) = 0, then ¢(¢t) = 0 for ¢ > 0 is a unique global solution.
o If ¢(t.) > 0, then

1
P (4.10)
%;f)(t*) exp(—271(t — ti)) + 72

is a unique solution. We have to distinguish two cases: if 41 — Y29 (¢4) > 0, then
the maximal existence interval is given by (—oo0,00). If 71 — y9(t.) < 0, then

we have the maximal existence interval (¢, 00), where

- 1 Ty
t:=——1In (L()> +t, < t,.
2m Yo (ts) —m
We obtain
1 t—o00 Y1

Y(t) =m-—
nobl) exp(—2m(t— )+ | P

if v1 — v29(ts) > 0 and

1 t—00 fﬂ

PY(t) =m-——
nol) exp(—2m(t— )+ P

if 3 — y9(ts) < 0. Finally, for v; — 12 (t.) = 0 we have ¥(t) := v1/72 as a
unique solution to the initial value 9(t.) = 71 /72 for t € (—o0, 00).

V.= {E,O}
Y2

is a global attractor for the ordinary differential equation (4.9).

We observe that

Next, we compare ¢ from the inequality to the solution ¥ of in order to
obtain information about the long-term behavior of ¢ and therefore of ||u(¢)||2.. To
this end, let u be a global solution to (4.1)) with initial value uy € L2(Q,). i
Moreover, let g : R-g — R with g(2) := 2y12—27v2%, % : [t.,00) — R be the solution of
the differential equation to the initial value 1(0) and ¢ be the function satisfying
the differential inequality (4.8). Obviously g is locally Lipschitz continuous and ¢,
are both almost everywhere differentiable in (0, c0). We have

0(0) = llwoly = 9(0), o(t) — gl(t) < 0= T(t) —g(w(®) (t>0). (411)
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By applying [56, Theorem 1.3] we obtain the estimate

o(t) <9(t) (t=0). (4.12)

4.8 Remark. Note that [56, Theorem 1.3] originally requires differentiable functions
©, % (in the classical sense) and the inequality in to hold for ¢ > 0, which we
cannot guarantee. However, it is easy to see from the proof that we can also work
with functions that are differentiable almost everywhere and that it is sufficient if the
inequality only holds for ¢ > 0 as in our case. We then obtain inequality almost
everywhere for ¢ > 0, which yields the inequality for all ¢ >> 0 due to continuity.

We distinguish the following cases.
e ©(0) =1(0) = 0: Then we have p(t) < ¥(t) =0 for ¢t > 0.

* ¢(0) =1(0) = 2L: Then we have ¢(t) < ¢(t) = 1 for ¢ > 0.

« 0<(0) =4(0) < L: Then we have
]. ’)’1

o(t) < Y(t) =n-— <=
nQexp(—2mt) 2 2

for ¢t > 0.
* ¢(0) =1(0) > 2L: Then we have

1
exp(—2mt) + 72

QO(t) S ’l/}(t) N 71—72%(0)
0

Due to
%ﬁ)if(m exp(—2mt) + 72 = 72(1 — exp(—2mt)) + % exp(—2711)
> v5(1 — exp(—2m1t))
we have

84! t—o00, ﬂ
Y2(1 — exp(—271t)) V2

p(t) <
Thus for every € > 0 there exists some ¢y = ty(¢) > 0 such that

gl n gl et

(1 —exp(—2m1t)) 72 |r(l—exp(—2nt)) 7

<E.
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and

§é! TN 4!
-4+ —<e+ —= 4.13
Y2(1 —exp(—2mt)) 72 7o Y2 (4.13)

p(t) <
for t > t, independently of ¢(0) = ¥(0) (i.e. up).

Finally, let ¢ > 0 be arbitrary and ¢, := to(¢) > 0 be chosen as in (4.13). Putting
everything together, we have shown that for every uy € L2(Q,) the corresponding
solution u to (4.1) is bounded as

lu()]|2. < %H — Ry (t>1), (4.14)

where ty does not depend on ug. We conclude that By := B L2 (0,v/Ry) is a bounded
absorbing set in L2(Q,). O

4.9 Remark. With in the proof of Lemma [4.7| we proved a stronger, uniform
estimate than it would be required for an absorbing set (cf. Definition [2.12)). This will
also be the case in the proofs for absorbing sets with higher regularity in Lemma [4.10]
and Theorem [4.111

Moreover, we note that B2 (0,71/72) € L2(Qr) is forward invariant thanks to (4.12).
We have that

lu(®))17: = (t) < () tooo, %

for ug # 0, hence limy_o u(t) € B2 (0, (11/72)"?).

4.2.2 Higher Regularity for Absorbing Sets

In order to show the existence of a global attractor A for (4.1)), we want to make use of
compact embeddings of the type H*(Q,) <> H*(Q,) for k € N. Thus we will show
in two steps that we can find absorbing sets for (4.1) of arbitrary high regularity. In
the first step, we will show this assertion for Hl-regularity.

4.10 Lemxma. There exists some R; > 0 and t; > 0 such that
lu@®lfn < B (t>t)

for any (global) solution u to ({{4.1). Note that t; does not depend on the initial value
ug. Thus there exists a bounded absorbing set By := By1(0,v/Ry) in HY(Qn) N L2(Qy)-
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Proof. Let u be a (global) solution to (4.1) with initial value uy € L2(Q,). We test
(4.1) with —Aw w.r.t. the L2 scalar product and infer

IIW(t)IILz + aIIW( zz + Toll Au®) 7z + T2l AVu()|lZ2

/ ()17 u(t))) : V() de = —do((u(t) - V)u(t), Au(t))rz

2dt

A direct calculation yields
/Q (V) u(t))) : Vu(t) dz >0,
see e.g. [61, Theorem 2]. By using the estimate
IVullzz = (A, u)pz] < [[Aullz [lull 2 (4.15)
and applying Young’s inequality we infer
1Aullz; < el AVu@)llz: + ClIVu@)lizz,
where € > 0 will be chosen later and C := C(g) > 0. Then we can estimate as

2dtIIV'u( Mzz + %IIAW(t)IIig < ClIVu@lizz + Poll((u(®) - V)u(t), Au(t)) Lz |

with C' > 0. We estimate the \o-term as

|((u(?) - V)u(t), Au(?))zz| = [(div (u(t) ® u(?)), Au(t)) 2|
< lu(®) @ u(@®)| 2 |AVu(t) | 22
< elAVu®)llzz + Cllu®)llzs

with € > 0 arbitrary and C := C(e,®,) > 0. Plugging this into our inequality we
obtain

r
IV, + AV, < GIVuOIE + Clu@ll (4.16)

with C}, Cs > 0 independent of u, which leads to

> 2IVu(d)Z; < VU@, + Colludl (417)

We want to apply the generalized Gronwall lemma (cf. Lemma [2.30)) to (4.17)) in order
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to obtain a uniform bound of u in H1(Q,). To this end, we define f(t) := ||Vu(t)|[3.,
g(t) := C1 and h(t) := Co|lu(t)||7.- We have to show that f, g and h are uniformfy
integrable on [t,t + 7] for t > t/, where t' > 0 has to be chosen later.

Therefore let Ry > 0 and ¢y > 0 as in Lemma 4.7| such that ||u(t)||f:gr < Ry fort >ty
Moreover, let » > 0 and t > ty be arbitrary. By multiplying with v and integrating
from ¢ to t 4+ r we obtain

1 9 1 9 t+r 9 t+r 9
Sl = Slut+0l2, +T2 [ 1Au(@)|Z ds+To [ [Vu(s)|3; ds

t+r
o [Tl ds+ o [ )l ds.

By using (4.15) with Young’s inequality on [|Vu(t)||?. and by exploiting the uniform
boundedness of u in L2(Q,,) for t > t according to Lemma [4.7| we arrive at

Iy

S+, + 2 |

() ds+ 2 [ ()L ds

(4.18)
<§MW%+%[IM$@@<@

for t > ty, where C3 := C3(I'2,T'9, @) > 0 and C4 := C4(Cs, Ry, 7) > 0. This yields
t+r t+r
/ mg@=@/|wm;@<@
t t
with 0 < C5 := C5(Cy, 8, Q) < 00. Obviously we have
t+r t+r
/ g9(s)ds = Ci1ds = Cs
t t

with 0 < Cs := Cg(C4, ) < 00. Finally we obtain

t+r

t+r 9
fls)ds = [ IVul3y ds < Cx,

where 0 < C7 := C7(Cy,T'9, T, , Ry, 7) < 00 and we used (4.15)) and (4.18]). Applying
the generalized Gronwall lemma (cf. Lemma[2.30) and choosing a fixed r > 0 we obtain

f@) = Vu@)|?: < Csexp(Cs)  (t=>to+7)
with 0 < Cg := Cg(Cs, Cr, 7). This yields a uniform bound on the H'-norm as

lu)liz: = lu@lZ: + IVu@)l7: < Ro+ Csexp(Cs) =t R1 (¢ > ta).
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By defining the ball
Bi = {u € Hy(Qn) N Lg(Qn) : u(®)ll < Ra}
we see that
distrrs (u(t), B) =0 (> t)

and B, is a bounded absorbing set for (4.1)) in H(Q,) N L2(Q,) and therefore also in
L3 (@n)- O

Using the results for bounded absorbing sets in L2(Q,) and H1(Q,) N LZ(Q,) we
can prove the existence of bounded absorbing sets with arbitrary high regularity by

induction.

4.11 Theorem. Let k > 0. There exists some Ry > 0 and t; > 0 such that

lu(®) e < Re (> t)

for any (global) solution u to ({{.1). Note that t), does not depend on the initial value
uo. Thus there exists a bounded absorbing set By := Byx(0,v/Ry) in HE(Qn) NLZ(Qy).

Proof. We have shown the assertion for £ = 0 in Lemma [4.7 and for k = 1 in Lemma
Therefore, let & > 2 and assume that there exist Ry_; > ... > Ry > 0 and
ty-1 > ... = to > 0 such that [|u(?)||?, < R; for j € {0,...,k — 1} and ¢ > ¢;.
Testing (4.1) with (—1)*A*u(t) ylelds
2 o 2okt 7z + Tl VEPu®)IZ; + DoV u(®) 12, + ol Vu(®) |12,
+(=1)"A(VE2(u(t) - V)u(t), V(b)) 2 + (1) B(VE2([ut)Pu(), VFu(t)) 2

By using (4.15)) we have
Lol VF ' u(t)ll7, < eV 2ut)ll7: + Ce)IVru)z:

with € > 0 and C(e) > 0. From now on let ¢ > ¢;_;. Regarding the S-term we have

IVE2(ju@®) Pz < C Z V7)o IV u(®) | 2o | VEu(2) o

sz 0

<C Z IV7u() | IV () ]2 | V() | 12
7,k L=

0

73



Chapter 4. A Global Attractor for the Living Fluids Problem

k—2
<C Y u@)l gas lu@) e llu) || g
j,k,£=0

< Clluft) s

with C := C(Q,) > 0, where we used the Sobolev embedding as H}(Q,) — L%(Q,)
(cf. [1] and [41, Theorem A.3]), and therefore

IBII(V*2(u(®)Pu(), V¥*u(t))) 22| < el V**u(®)]32 + O ult) G-
< eIV**u(t)|% + Ce)RY,

Regarding the \j-term we can use similar arguments and obtain

IVE2(u(t) - V)u®)llzz < CZIIV’ Ollza IV u(®)] s

%,j=0

<C ZIIV’ Ol IV () ]2
,j=0

<C Z [w(@)| rger [[(@) | i
,j=0

Cllu@)l s lu@)ll
Ollu®)l - (lu@®1Zz + IVFu(®)[72)"

with C' := C(Q,) > 0 where we used H}(Q,) — L*(Q,) (cf. [I] and [41, Theorem
A.3]), and therefore

<
<

Mol (VE=2(u(t) - V)u(t), VE2u(t)) 2 |
< e VEPut)l|7: + Ce) (lu@®) - (lu)liZz + IVFu(®)l172))
< el VEu(t)[17: + C(e) Re—a [ VFu(t) 172 + C(e) RoRk-1-

This yields

IR0 + 2|V 2u()]2 < Olay e, Rey)IV*u(t) |2 + C(e, Ro, R

ﬁll U()||Lg+5|| u(t)||72 < Cla, e, Re—1)[[VFult) |72 + Cle, Ro, R—1)
for t > tx_1. By applying the generalized Gronwall lemma (cf. Lemma [2.30) we have

IVFu@®)llze <€ (t>t)
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for some t; > t;_; and therefore
lu@)l3 < Be (6> 1)
for a Ry > 0 chosen accordingly. We set
Bi:= {u€ HXQu) N LA(@Qn) : llulll < R}
in order to obtain an absorbing set for (4.1) in H*(Q,) N L2(Q,). O

4.2.3 Existence of a Global Attractor

Since we have proved the existence of absorbing sets of arbitrary high regularity, we
can show the existence of global attractors of arbitrary high regularity, too. Moreover,
we will see that the attractors of different regularity coincide.

4.12 Remark. If it is known that the semigroup S regularizes such that the solution
u(t) = S(t)uo to some initial value ug € L2(Q,) is of arbitrary high spatial regularity
u € HX(Q,) N C>(Q,), then it is clear that the global attractor is of arbitrary high
regularity due to S(¢)A = A for ¢ > 0. Since this property of the semigroup is not
shown in this thesis, we use another approach to prove that the global attractor has
arbitrary high regularity.

4.13 Theorem. Let k € Ny be chosen arbitrarily. Then there exists a global attrac-
tor A, C H Q) N L2(Q,) for (4.1). Moreover, all attractors of different regularity
coincide, i.e. A, = A; for j,k € Nyo. Consequently, we write A for the unique global

attractor of ({.1).

Proof. Let k € Ny. Due to the Rellich embedding theorem (cf. [I] and [41, Corollary
A.5])) we know that H*(Q,) N L2(Q,) < HX(Q,) N L2(Q,). Then the bounded
absorbing set Byy; € H*1(Q,) N L%(Q,), which exists due to Theorem is a
relatively compact absorbing set in H*(Q,) N L2(Q,). Thus, mH’]g is a compact
absorbing set. There exists a global attractor A, C H*(Q,) N L2(Q,), which is due to
Theorem [2.15( and given as Ay = w(mH’ﬁ) in H*(Q,) N L2(Qy).

Now let j,k € Ny and w.lo.g. j < k. Let S(¢) : L2(Q.) — L2(Q.) be the semigroup
to . Since A; is a global attractor, we know that

.Aj = S(tk.i,.l)Aj C Biy1 C Hvl:-i-l(Qn) N Li(Qn)

such that A; actually admits H**!-regularity and is a bounded, invariant set in
____fgk
HM1(Q,) N L2(Q,). We obtain that AjH" C H¥Q,) N L2(Q,) is a compact set,

75



Chapter 4. A Global Attractor for the Living Fluids Problem

using the compact embedding. Let (u,)nen C A, be a sequence such that there exists
au € HQ,) NL2(Q,) with u, === u in H*(Q,) N L2(Q,). Then we have

n—00

lun = ull gy < llun = ullge —=0

and - since A; is closed in H(Q,) N L2(Q,) - we obtain u € A;. Thus A; = EH’E and
A; is a compact invariant set in H¥(Q,) N L2(Q,). Since Ay is the maximal compact
invariant set in that space, we obtain A; C Ay.

In order to retrieve the opposite inclusion, we fix the absorbing set By,1 and note that
mH’ﬁ and mH’J' are compact absorbing sets in H*(Q,) N L2(Q,,) and respectively
in H}(Qn) N L2(Qy) due to Rellich’s compact embedding theorem. Obviously, we have

gk gl
B;H_lH" - Bk+1H’r. Then {D and Theorem [2.15| yield

A= SOBerr ™ € N SOBer ™ = A,

t>0 t>0

thus A; = A;, and the assertion is proved. ]

4.2.4 Injectivity on the Attractor

Injectivity of the semigroup S(t) on the attractor A yields some interesting conse-
quences, such that it is worthwhile to investigate it. At first we will prove injectivity
in the sense of Theorem 2.16l

4.14 Theorem. Let A be the global attractor of as in Theorem[{.13. Then the
semigroup S is injective on A in the sense of Theorem [2.16,

Proof. Let u and v be solutions to (4.1) for initial values uy € A and vy € A, where
u(t) = S(t)up and v(t) = S(t)vo for t > 0. We define w := u — v which solves

Oyw + T A2w — ToAw + aw + PB(|ul*u — |[v]*v) + PAo((u- V)u — (v - V)v) = 0.
(4.19)

We already know that w,v € L2?((0,7),H:(Q,) N L2(Q,)) for T > 0, which
comes from the arbitrary high regularity of ug,vy € A (cf. Theorem [3.6)), and that
u,v € L*((0,T), H3(Q,) N L2(Q.)). We use Lemma with H = L2%(Q,) and
V = H2(Q,) N L2(Q,). For this purpose, we note that

M: Eyjp = H2(Qn) N L2(Qn) = E_1j2, w > D2A%w — ToAw + aw
is a bounded operator (cf. Section [4.I). Finally, it remains to show the estimate
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1At w(t)llzz < K@)lw(®)ll gz with K € L*((0,T)) and
h(t, w(t)) = PB(Ju(®)[*u(t) — [v(t)[*v(t)) + PAo((u(t) - V)u(t) — (v(t) - V)u(t)).

Now, consider G(u) = |u|?>u with Fréchet-derivative G'(§)\ = 2(€ - \)€ + [€]2X. We
obtain
llulu = [o]*vllz = |G(w) — G(v)llr2

< Csup||G' ()l w2 |lu — vl 2
£EBy

<sup sup 206 - A€+ €Az llu — ]|
£€By |IAll 1 =1

< Cllu — ]|,

where C' := C(Qn, Rz) > 0 and we used the generalized mean value theorem, Sobolev

embeddings as well as A C B_QH”. Moreover, we have

[(w- V)u—(v-V)ollzz = [l(w- V)(u—-v) = ((v—u)- V)ol

where C := C(Qn, R2) > 0 and we used H'(Q,) — L*(Q,). This yields the desired
estimate on h and we can use Lemma to obtain the following:
If S(to)uo = S(to)vo for some to > 0, then S(t)ug = S(¢)vo for 0 < ¢ < ty and especially

uo = vy, which means injectivity in the sense of Theorem [2.16] O

4.15 Remark. Note that Theorem yields some further consequences regarding
the global attractor A.

e (A, S(t))ier is a dynamical system (cf. Theorem [2.16]),
o A =U{uis a complete, bounded orbit} (cf. Theorem [2.19).

As a last step we prove some lemma to estimate w in equation (4.19). We will need
this estimate in the next section where we show uniform differentiability of S.

4.16 Lemma. Let u and v be solutions to for initial values ug € A and vy € A,
where u(t) = S(t)ug and v(t) = S(t)vo fort > 0. Then w := u—v satisfies the estimate

d
%”w”%g + Cilwl%e < Collwl?s, (4.20)
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where C1,Cy > 0 denote some constants independent of ug and vy.

Proof. Let w := u — v be given. Then w fulfills equation (4.19)). Testing this equation
with w yields

= o((u- V)u,w) 2 + Xo((v- V)v,w)pe.
Due to the fact that v and v are divergence free we know that
((v-V)v,v)p2 = ((v- V)u,u)r2 =0 (4.21)
and
((v-V)v,u)rz = =((v- V)u,v)Lz.
We can then rewrite the A\yp-terms as

(- Py w)sz + (0 Vv, )z = (- Vu,w)zz — (0 V)u,0)z
= —((w- V)u,w)zz.

Using the embedding H}(Q,) — L*(Q,) and u(t) € Afort > 0, we obtain the estimate
(- Py w)zz] < Clwlzz hwllng lall e < Cllwlzz ol

with C' = C(Qn, R2) > 0. We apply (4.15) to that term and to the I'p-term and obtain

1d Iy
5wl < = 28wlZ, + Clwll, — B(lulu,w)zz + B(lofv, w)sz.
By the same arguments as in the proof of Theorem [4.14] we have

([l = [o]*v, w) 2| < Cllwllmllwllaz

with C = C (B, R;) and by an application of (4.15) also

1d Iy
5wl < —ZlAw|2, + Cllwl,, (422)
which completes the proof. n

4.17 Remark. Note that by an application of the Gronwall lemma (cf. Lemma [2.29)
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to (4.20) we can also show
lw(®)[72 < CE)w(0)lI7: (4.23)

with C(¢) > 0 monotonically increasing in ¢.

4.3 Dimensional Bounds for the Global Attractor

In the last section we proved that there exists a global attractor A for that has
arbitrary high regularity. In this section we want to show that the long-term dynamics
is basically finite dimensional, i.e. the global attractor has finite (Hausdorff or fractal)
dimension. To this end we proceed in two steps: At first we show that the semigroup
S corresponding to is uniformly differentiable in the sense of Definition In
the second step, we will prove that TR,,(A) < 0 is fulfilled for some m € N in order
to apply Theorem [2.28

Following this scheme, we start with the uniform differentiability.

4.18 Lemma. The semigroup S corresponding to is uniformly differentiable on A
in L2(Q,) in the sense of Definition[2.27. Moreover, A(t,vo) € Z(L2(Qx)) is compact
forvo € A andt > 0.

Proof. We will proceed in two steps: first, we want to find the operator A(¢,vp) in
order to show uniform differentiability. Then we show compactness of this operator.
Step 1: Uniform differentiability
Let vg € A. By and the inverse function theorem it is clear that the derivative
A(t,v9)Vp is given as the solution of the linearized problem

av

— =Ty A2V 4+ T\AV —aV — PXy((v- V)V
dt 2 eV Ta o((v- V) (4.24)

+ (V- V) — PB((2(v - V) + [v]*V)

with V(0) = Vy € L2(Q,), where v is the solution of with initial value vy. This
equation is locally and globally well-posed due to (4.6).

Let v1,vo be two solutions of with initial values v}, v2 € A C H2(Q,) N L2(Qy)-
Let V be a solution of with v; and initial value V(0) = v3 — v§. The error due
to the linearization is given as 0 := v — v; — V' and fulfills the equation

do

% = — F2A29 + F()Ae — 049 — P)\()((’Ul . V)e + (9 . V)'Ul

+ ((v1 — v2) - V) (01 — v3)) — PB(|v2|*va (4.25)
— w121 — 2(vy - Vo — |uy2V).
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By calculations on the S-term we obtain

|’l)2|2’02 — |’U1|2’Ul - 2(’01 . V)’Ul - |’U1|2V
= |’U2|2’02 - |’l)1|2’l)1 - 2(’01 . (’UQ — V1 — 9))’01 - |’l)1|2(’l)2 — V1 — 0)
= |va|?vy — |v1]Pv1 — v 2 (w2 — v1) — 2(vy - (Vo — v1))vy + 2(vy - O)vy + |v1]0

= g(v1,v2) + 2(vy - O)vy + |v1 %6,
where
g(v1,v9) == |v2|2v2 - |v1|21)1 - |vl|2(v2 —v1) —2(vy - (v2 — v1))v1.

We want to apply Taylor’s formula in order to estimate g. To this end we write g with
G : Hp(Qn) N L3 (Qn) = L3(Qn), G(z) := |2’z as

9(v1,v2) = G(v2) — G(v1) — G'(v1)(v2 — 1),
where G’ denotes the Fréchet-derivative, which is given as
G'(uw)v = 2(u-v)u+ |[ulu (u,v € H{(Q,) N L2(Q)).
The Gateau-derivative of G’ for u,v,w € H}(Q,) N L2(Q,) is easily calculated as
G"(w)v, w] = 2(u - v)w + 2(w - v)u + 2(u - w)v.

We apply a Taylor expansion on G in a ball 8 C H2(Q,,) N L2(Q,) such that A C £
and estimate the remainder:

lg(v1,v2)ll 2 < C'Osugl||G”(U2 + (v — v2)) | (w2 llva — vill3n

tlx

<Csup  sup  [|G"(u)v,w]|z[lv2 — w7
ueA ||(v,w)||H1 «H1 =1 B
ey
<Csup  sup  lullgalloll gz llwll g llve — o7
uES (00l 1 1 =1

< Cllvz — unl[-

Here, we used H(Q,) — L%(Q,) and C := C(Q,, R;) > 0 denotes a constant.
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By testing (4.25]) with 6 we obtain

1d
QEHGHZ = —T3[|A0|17: — Dol VO] 72 — allfllZz — Ao((6 - V)v1,0) 2

= Xo(((v2 — 1) - V)(vz — v1),0) 12 — B(g(v1,v2),0) 12 (4.26)
= 2B((v1 - 0)v1,0)22 — B(lva[*, 16]%) 2.

First, we note that
Bl 162 >0
and
B((v1 - 0)v1,0) 2 = L7" /Qn|v1(x) -0(z)|*dz > 0.
Next, we apply the estimates
(6 - V)v1,0)z2| < CllOLal[Vorllza |0l 2 < CllON| zrzllvnll 22 [16]] 22 (4.27)
and

|(((v2a —v1) - V)(v2 —v1),0) 2] < Cllva — vl 2|V (ve — v1)||24]|0]| 4
<

Cllvz = vl 2 [lva = vall 210l 2

where C := C(Q,) > 0 and we used the embedding H}(Q,) — L*(Q.). Furthermore,

we have

1 1
(g(v1,v2),0) 2| < §||g(v2,v2)||i% + 5”9“%3,
1
< Cllwa = il + 102,
< C(llvg = vl + llvz = villFzllva — willZ2 + [1601122),
where C := C(Q,, R1) > 0 and we used ||V (v, —1)1)||‘]1;2r < Cllvg — v1||§{72r||vz — vl||%3r by

(4.15) in the last step. Plugging these estimates into (4.26)) and applying (4.15)) onto
the I'p-term yields

1d

I'y
5 1613 < = “Z1ABI, + C 1612, + 1611l L2 16122

Hllvz = villzz lve — o1l g2 1012 + o2 — 1|72

vz — w2z llv2 — vall2; + [16]1%;)
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with C := C(T'2,To, , B, Ao, @n, R1) > 0. We apply (4.15) to the ||| 51-terms and
obtain

1d

T
5ol < - fIIMIIig +C (10172 + llvz = willz2 + llor = vallz llor = wall3e) ,

where again C' := C(T'y, o, @, 8, Ao, @n, R1) > 0. By dropping the I's-term and using
the embeddings H2(Q,) — HX(Q,) — L2(Q,) we finally have

d
Z1101Zz <C (118117 + llor — vallZ; llor = valzz)

and can apply the standard Gronwall inequality (cf. Lemma note that 6(0) = 0)
to obtain

0012 < O) [ Nler(s) = 0a(5) 23 (o) — vals) s s

with C(t) > 0. Testing (4.22) with |lv; — v1]|7, (note that w = vy — v1), integrating
w.r.t. t and using (4.23) yields

t t
[ ler(s) = ea) Bz er(s) = ea()ls ds < © (0§ = o8l + [ llea(s) = vr ()45 ds )
<C)I — oAtz
such that we have
16112 < CWIIs = ofI2s.

For a fixed t > 0 we finally obtain

|v2(2) — v1(2) — V(¢)l| 2 10|l 2
0 0 == o S C(t)”'vg - 'U(1)||L72, >0
|vg — Ul”L?, |3 — 21 ||L$r

as v — vy in L2(Q,). Hence, we obtain uniform differentiability of S on A with
V(t) = A(t,v5)V (0) = A(t, vo) (v§ — vp)-

Step 2: Compactness of A(t,vo)

Next we want to show that A(¢,vp) is a compact operator for t > 0 and vy € A. In
order to apply Rellich’s embedding theorem we first prove the existence of L2 and H}
bounds for A(t,v)Vo. Let v be a solution of for vg € A. Testing with its
solution V yields

Ld

2dt”V”%3 = T2 AV|[7: = Dol VVI[72 — allV[IZ2 — do((v- V)V, V)2
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= 2o((V- V)v, V)2 = 28((v - V)v, V)2 — B(0I*V, V) 2.

With similar arguments as before we deduce

T
IVIZ, < = IAVIZ; + ClIVIZ (4.28)

1d
2dt

with C' = C(I'y, Ty, @, Ao, R2) > 0. Then we may apply the standard Gronwall lemma
(cf. Lemma [2.29) to obtain L2-bounds for ¢ > 0:

IVOlZ: < COIV(O)IZ:, (4.29)

where C(t) > 0 is monotonically increasing in ¢. This inequality gives us a bound on
the operator norm of A(¢,vp) that does not depend on vy. To obtain bounds for higher
regularity, we test (4.24) with —AV:

1d

57 IVVIEz = = T2 AVVI: = To|AV]z: — ol VVII + do((v- V)V, AV)

+ Xo((V - VIV, AV) 12 +26((0 - V)o, AV) 2 + B0V, AV) 1z

By the usual use of (4.15) and H}(Q,) — L%(Q,), L*(Q,) we arrive at

1d

r
57 VV I < =S IAVVIZ: + CUIVVIE +IVIZ), (4.30)

where C' > 0 does not depend on ¢, V and vy. We integrate (4.28) from ¢/2 to ¢, neglect
the [[V'(t)[|3. on the left-hand side and add [;,||V (s)||3. ds on both sides to obtain

t t
[V ds <0 [/ VIR ds+ v/ ).
We use this inequality in combination with (4.29)), which yields
t t
LTVl ds < [ IV(s)l ds < COIVOIE. (431)

Next, dropping the [[AVV||2,-term in (4.30) and integrating this inequality from s to
t with ¢/2 < s < t gives us

t t
IV @I < IVVEIE +C ([ IVVEIE dr+ [1VE)IE, dr)

t t
<IVV(9)|2: +C ( /t LIVV Oz dr+ /t LV d?‘) :
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By integrating this inequality from ¢/2 to t w.r.t. s we have
t 2 t 2 t ¢ 2 t 2
SIVVOIE < [ IV ds+5C ([ INVEIE dr+ [ IVE)IE, dr

and by applying and we arrive at
IVV®)IIZ2 < CHIV(O)IZ:-
Thus A(t,v) : L2(Qn) — L2(Q,) is bounded as
IAGE, o)V (O) 7 = IVO)li7n < COIV(0)IIZ;

and therefore a compact operator for ¢t > 0 and vy € A: Let M C L2(Q,,) be a bounded
set. For V(0) € M we obtain the boundedness of A(t,v,)V(0) in H(Q,) N L2(Q,,) for
t > 0, where the bound may depend on ¢. Hence, the image A(t,vy)M is bounded in
HX(@,) N L2(Q,) and therefore relatively compact in L2(Q,). O

Next, we prove a bound on TR,,(A).

4.19 Lemma. Let A be the global attractor of . Then there exists a my € N such
that we have TR,(A) <0 for mg < m € N, where TR, is defined as in (2.11)).

Proof. Fix m € N and choose {£] : j = 1,..,m} C L2(Q,) arbitrary but linearly
independent. Let v be a solution of with initial value vy € A. Moreover, let
L(t,v9) be the linear operator of equation (4.24]) (which is equation linearized
about v) and A(t,vo) be the corresponding solution operator as in the proof of Lemma
4.18

Then &;(t) := A(t,v)E) is a solution to the linearized problem with initial value &J.
Let P (t) be the projection onto the subspace spanned by {{;(¢) : j =1,...,m}.

£9, i

For a fixed ¢ > 0 we may obtain an orthonormal base {p;(t) : j = 1,...,m} of
0 e, (t)(L2(Q,)) w.r.t. the L2 scalar product. Due to H2(Q,) N L2(Q.) < L2(Qn)
we may choose {p;(t) : j=1,...,m} C H2(Q,) N L2(Qn)-

Testing L(t, vo)p;(t) with ¢;(t) w.r.t the L2-scalar product yields

(L(t,v0)ps, #5)12 = — Dall A7 — TollVepsli7: — allgslliz — Ao((@; - Vv, 95)12
- )‘0((/0 : V)QDJ" on)Lgr - 2B((U ' (Pj)’U, on)L?r - IB(|U|2(10]" SDJ')L%
< = Dof|Apjlizz — Dol Vesllze — a+ Clolllvll a2l @sll
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where we used (4.21)), (4.27)), ||¢;]|z2 = 1 and the fact that
2B((v - @j)v,9;)12 + B(|v|*¢j, )12 >0

Note that we omit ¢ in the following and that all appearing constants are independent
of m and t. Applying (4.15) and v € A then yields

r
(L(tv0) s, ¢5)r2 < —fHA%”%g + K,

where K := K(I'5,Tg, Ao, @, R2,®,,) > 0. By summing up for j = 1,...,m and time

averaging we obtain
<TI‘(L(t, ’Uo) 0 50 t))> 2111: FZ< |AQ0.7||%3F> + mK. (432)

Next, we want to apply the Sobolev-Lieb-Thirring inequality (cf. Proposition in
order to estimate ||Ay;||2, accordingly. To this end, we define

)= _lei(@)” (z € Qn) (4.33)
j=1
First, let n = 2. Then the Sobolev-Lieb-Thirring inequality applied with p = 3/2 yields
22:(p-1)/n
z)P/ (=1 dz) = z)3 dx
()o@ [ i)
(Z/ > 10%;(@ |2dx+/ )
Q2 |ar|=2

< CZ”%H?{;
=1
c (m + ZHA%H%)
i=1

with C' > 0 independent of m. Applying the Holder inequality gives us

m? = (i::l”%”%i)?’ - (% /QQ p(z) dx)3
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<C (m + ZIIA%IIig) :

Jj=1

Inserting this estimate into (4.32) yields

(Tr(L(t,v0)PE e () < —% (%3 - m) +mK
= —C’lm3 + Cgm,

where C; > 0 and Cy € R are constants independent of m and ¢. Then there exists a
mo € N such that for all mg < m € N we have

(Tr(L(t, )P e (1)) <o.

A similar result can be achieved for n = 3 if we choose p = 7/4 in the calculations
above, resulting in a leading term —Cy;m"/3.

Altogether we have

TRm(A)=sup sup <’1Y(L(t, Vo) P ¢0 (t))> <0
WEA £ELZ(Qn) '
€01,z <1

7j=1,....m
for m > my. O

Now, an application of Theorem gives the following main result of this section. It
guarantees that the global attractor A of (4.1)) is of finite dimension.

4.20 Theorem. Let A be the global attractor of ({.1). Then there ezists a m € N
such that dg(A) < m and ds(A) < m, where dy and dy denote the Hausdorff and the
fractal dimension.

Proof. Follows directly from Lemma and Lemma by an application of Theo-
rem [2.28) [

4.4 Inertial Manifold in 2D

For n = 2 dimensions, we can even prove more than the existence of a global, finite di-
mensional attractor for (4.1). It turns out that there exists a so-called inertial manifold
M with the following properties (cf. [47, Chapter 8]).

(i) M is a finite dimensional, Lipschitz continuous manifold in H? (Q2) N L(Q-);
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(ii) M is positively invariant under the semigroup S corresponding to (4.1));

(iii) M is exponentially attracting, i.e. there exists a § > 0 such that for every initial
value uy € L2(Q,) there is a C = C(ug) with

distz2 (S(t)uo, M) < Cexp(—dt) (t >0).

It is clear that possessing an inertial manifold is a stronger property than possessing
a (finite dimensional) global attractor. In fact, the global attractor lies within the
inertial manifold, that is A C M. For more information about inertial manifolds and
their derivation we refer to [47, Chapter 8] and [15]. We are able to prove the following

result.

4.21 Theorem. There exists an inertial manifold M C HY 2(Q2)NL2(Q,) for equation
inn =2 dimensions.

Proof. We want to apply the theory from [47, Chapter 8], especially Theorem 81.1 and
Theorem 81.2. To this end, we define

A, : D(Ay) = Hy(Q2) N L3(Q2) € LZ(Q2) — L3(Q2),
ur Ayu = ToA%u — ToAu + au + wu

and choose w > 0 such that A, is a positive, self-adjoint linear operator with compact
resolvent (cf. Chapter[3). Moreover, in the setting of [47, Chapter 8] we choose 8 = 3/8.
Then clearly D((A4,)%8) = HY*(Q3) N L2(Qs,). Moreover, we define

E,: HY*(Qy) N L2(Qs) — L2(Q2),u — F,(u) := —PB|u|*u — PAo(u - V)u + wu
such that is equivalent to
Owu+ Ayu = F,(u).
It is easy to see that
F, € Clip, oo(HY/*(Q2) N L3(Q2), L2(Q2))
by using

lu*llzz < Cllulizsllvlize < Cllullzaellvll oz,

1w - Vvl 2

™

< CllullzeIVollzs < Cllull garzllvll /2
™ s
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and the embedding H2/*(Qa) — W13(Q,).

Moreover, it is well known that the ordered eigenvalues 0 < A <A <...of A, behave
as Ay ~ Ck? = Ck*™ (cf. [47, Table 8.1]). Therefore, they fulfill the spectral gap
condition in [47, Theorem 81.1]. This completes the assertion. O

4.22 Remark. Note that it is not possible to satisfy the spectral gap condition in
[47, Theorem 81.1] for n = 3. This is due to the fact that we need 8 > 1/4 in order
to estimate the nonlinearity F' accordingly, but at the same time we need 8 < 1/4 in
order to fulfill the gap condition, cf. [47, Table 8.1].
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5 Stability for a Class of Heterogeneous Catalysis
Models

In this chapter we analyze the model of a heterogeneous catalysis process, which is given
as in (1.3), in terms of stability and instability. First, we define the solution and data
spaces and give a result concerning maximal LP-regularity for the linearized equations.
Then, we show stability of isolated equilibria using the principle of linearized stability
(cf. Remark and give an example for equilibria. In the last section we present
a result on instability.

5.1 Maximal Regularity for the Linearized Equations

In order to apply the principle of linearized stability to (1.3), we first need to obtain
results on maximal LP-regularity for a linearized version of (1.3)). The results presented
here are due to [7] and will only be cited without giving a proof.

Let T € (0,00). First, we need to define the corresponding solution spaces

EQ(T) == W((0,T), L7(©)) N L7((0,T), W7(2),
EY(T) = W'((0,T), X (£)) 1 LP((0,T), (),

and the data spaces, given by appropriate trace theorems.

FX(T) == LP((0,T) x ),
F>(T) := L*((0,T) x %),
GINT) = W,71/2((0,T), LP(Tin)) N LP((0,T)), Wy ~/?(Tn)),
Gy(T) == W,271%((0,T), LP(2)) N L*((0,T), W, ~/2(2)),
Gy™(T) = W,/* (0, T), LP(Tous)) N LP((0, T), W, ~?(Tout)),
I,(Q) == W, /7(q),
I,() = W2™*/7(%)
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Now we define the tupel data space for (1.3) without initial data as
F2(T) :=FX(T) x FJ(T) x GINT) x G (T) x G™ x {0}
and the corresponding space with initial data as
F7(T) == F5(T) x 1,(Q) x L(X).
Moreover, we set
EY = W2 (Q)N x WP(Z)N
and
IV = L) x (D).

Additionally, we impose the following assumptions regarding the prescribed velocity
field u.

o (AY®) Let u denote a given velocity field of regularity
u € UR(T) == W*((0,T), LP(2,R*)) N LP((0, T), W>P(Q, R?))

fulfilling
u-v<0only, u-vr=0o0nX and uw-v > 0on [y,

and V - u = 0 in the distributional sense.

Then we can obtain maximal LP-regularity for the linearized equations

Oci + (u-V)e; — diAc; = f; in (0,7) x Q,
oy —d7Agc; = fF on (0,T)x %,
(u-v)e; —di0yc; =g  on (0,T) X Ty,
—d;0,c; =gF on (0,T)xX, (5.1)
—d;0,c; = g7 on (0,T) X Loy, '
—d¥d,.cc =0 on (0,7T) x 9%,

cilt:O = Ci0 mn

M2

S
¢;'l=o = c;p on

5.1 Theorem (Bothe, K6hne, Maier and Saal). Let T' > 0 be finite and 5/3 < p < o0
with p # 3. Suppose the velocity field u satisfies (A'). Then admits a unique
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solution
(cirey) € EX(T) x Ey(T),
if and only if the data satisfy the reqularity condition
if and only if the dat tisfy th larit diti
(fi7 iEaginagizagfutaoaci,oacizjo) € FZS},}E(T)

and in case of p > 3 the compatibility condition

ciou(0) - v — d;8,ci0 = gi*(0) on Iy,
_dz‘auci,o — ’I‘?Orp(ci,O, CEO) on E, (52)

_diauci,O =0 on Fouta

—d;0,5c) =0 on O%.

Additionally, the corresponding solution operator ¢St w.r.t. zero time trace satisfies

||OST||$(0F2’E(T)N,gEg(T)NX()]EE(T)N) <M (0<7<T),

for a constant M > 0 independent of T, where (EX(T)N, oEX ()N and oFy»> ()N denote

the corresponding spaces of zero time trace.

5.2 [P-stability for Isolated Equilibria

In this section we want to prove a result about stability of equilibria of the catalysis
model in the LP-setting for p € [2,00)\{3}. First we give a short example of a common
type of equilibria which arises from the chemical reaction.

5.2 Remark. One may choose the constant equilibria of chemical balance which are

determined by the rates of the chemical reaction. In this case, we have

Cx=0i>0,c.=6>0 (i=1,..,N),

) Tk

where
k(_ie N N
Y = ﬁ&', ko [T (&)™ = kg T] (&)™
) k=1 k=1

such that r{(c¥) = 0. Additionally, we assume that the inflow profile fulfills gi* < 0,
g™ # 0 on Ty, for every i = 1, ..., N. The velocity profile at the inflow is then determined
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by

ad
i

k§eg;

(u-v) = g™

This example of equilibria motivates the following assumptions we impose onto all

equilibria.

o (Ap!) The equilibrium is non-negative, i.e.

() 20 (ze€Q,i=1,.,N), ci(r) >0 (rex,i=1,.,N).

1k

e (AR The equilibrium fulfills the following regularity conditions.

Cix € W2P(Q), cZ € W?P(X) (t=1,..,N).

o (A7?) The equilibrium is isolated: there exists ¢ > 0 such that there is no
equilibrium in Bgy ((c, c?),e) \ {(cy, D)}

*

In order to apply the Poincaré inequality we impose an additional assumption regarding
the velocity field w.

o (A} The velocity field has non-trivial inflow, i.e. u - v # 0 on T},.

First we recall the following fact.

5.3 Remark. By [54, Lemma 10.2 (vi)] we have the following: Let M C R" be a
nonempty open subset and 1 < p < oco. Let V C WP(M) be a subspace. If the
injection V' — LP(M) is compact and the constant function u = 1 does not belong to
V', then there exists a C' > 0 such that

lulloy < ClIVullzoy (v V)

and one says that the Poincaré inequality holds. This assertion also holds if M is
replaced by the lateral boundary ¥ of a cylindrical domain Q@ = A x (0,h) with a
simply connected C%-domain A C Q.

Then we obtain the following result.

5.4 Theorem. Let p € [2,00) \ {3}, T = oo and gj* € G. Let the sorption rates be
given as

?Orp(c,-,cz) = k?dc,- — k?eciE (i=1,..,N),

A (1

r
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and the reaction rates as
rit(c¥) i= (0i — Bi) (fcb ()" = & (cz)o‘) G=1,..,N),

with k24, k3 > 0, kp, k7 > 0 and o, B € ({0}U[1,00))Y, a, B # 0. Assume that (c.,cZ)
is an equilibrium of satisfying (AR'), (AR, (A7*) and the velocity field u satisfies
the conditions (A" ) and (AY®). Let

in

1
b
mgx{|a||b(c*)|} < Cp’ (5.3)
where Cp > 0 denotes the Poincaré constant (cf. Remark([5.5) on £ and

ar = (ax — Br),

B—e a—e
bk = bk(cf) = (K)b,Bk (C*E) g — mfak (C*E) k) .
Then there exists p > 0 such that for

(co,3) € Byy((car D), p),

which in case of p > 3 have to fulfill , there exists a unique global solution (c,c”)
satisfying

(e,6%) € WP (R, LI x L(Z)V) 0 L, (R, W2(Q)Y x W2H(E)Y).
Moreover, the equilibrium (c.,c}) is exponentially stable in I = QY x L)Y,
Proof. In order to obtain the assertions, we want to apply the principle of linearized
stability (cf. Theorem . Since the equilibria are assumed to be isolated points, we
want to make use of Remark To shorten the notation throughout the proof,
we write e.g. ¢ = (ci,...cy)T with the corresponding meaning for all other appearing
quantities.
Let (c.,cl) € E)f = W2P(Q)N x W2P(£)" be an equilibrium fulfilling the assumptions
(AR, (AR), (A7"). We carry out the proof in three steps.
Step 1: Translation of the system and mapping properties
Let (¢,¢*) be a local solution of for initial values (¢, ¢5). We write the system in
the following form:

(e, &)+ A6, &) = F(¢,¢®) in (0,T) x (QxX),
B(,¢) =0 on (0,T) x I, (5.4)
(&,8%)|t=0 = (¢0,&5) on QxX,
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where II :=T';, x ¥ X 'yt X 0¥ and the linear operator Ais given as

_Kad _-DAE + Kde
D(A) :=E) = W**(Q)N x W??(£)V.

A= (UV —Da 0 ) : D(A) = LP(Q)N x LP(Z)V,

Note that we implicitly take the trace on ¥ in the second component of A(¢,&”). The

62 ()

and the inhomogeneous boundary conditions are given as

nonlinearity is denoted by

B(, &) := (U, — D¢ — g™, —D,¢ — K*¢ + K%*, —D,¢,—D,.¢")|n.

We also set

Dp := diag(di A, ...,dyA), Da,, := diag(d>Asg, ..., dyAs)
and

Uy :=diag(u-V,..,u-V), U, :=diag(u-v,...,u - v)
in N dimensions as well as
K* = diag(k39, ..., k%), K% = diag(k®, ..., k%).

Additionally, we have

D, := diag(d19,, ...,dnd,), D, := diag(d>d,, ..., dy0,,).
We write r® for the vector of chemical reaction rates (r®)Y; and g™ for the vector of
inflow profiles (¢*)Y .

In order to apply the principle of linearized stability, we decompose the solution (¢, %)

into the equilibrium part (c.,cZ) and the deviation part (c,c”) as follows.
() = (crr ) + (¢, ).

By subtracting the system for the equilibrium from the whole system (5.4) we arrive
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at

di(c,c®) + Alc,c®) = F(c,c®) in (0,T) x (2 x X),

5.5
)0 = (e0n}) on QX3 (55)

where
A= A|nm), D(A) = {(c,c) € D(A) : B(c,c%) =0}
with linear boundary conditions
B(c,c*) := (U,c— D,c,—D,c — K¥e4+ K%€c® —D,ec, —D,,Ecz)|n.

Note that we got rid of the dependency on ¢™ in the boundary conditions. Moreover,

we have

F(c,c®) = F(c, +¢,cC + ) — F(c,, &)

and ¢y 1= & — ¢, ¢ = &5 — c. Note that it is equivalent whether we analyze system

(5.5) about its equilibrium (0,0) or system (1.3) about its equilibrium (c,, cZ).
Next, we want to assure that the assumptions regarding the nonlinearity in Theorem

and Remark are fulfilled. For a fixed r°" it is clear that we have a polynomial
growth bound of type

M) < MA+[y") (y € [0,00)Y),
where M > 0 and 7y € [1,00). Therefore, we may apply [7, Remark 4.1] to obtain
rh s (2N — (TN,
Since ¥ is a manifold of dimension m = 2, by L,(X) < L?(X) we obtain
F: I — LP(Q)N x LP(S)N.

Here, we used that 2 — 2/p —2/p > —2/~p for p € [2,00). Again by [7, Remark 4.1],
we can show that F' is locally Lipschitz. To this end, let p > 0. Then there exists
C(p,c¥) > 0 such that

| F(c, CE) — F(z, ZE)HLP(Q)NxLP(Z)N < ||7”Ch(0§ + Cz) - TCh(zz + C*E)”Lp(z)N

< Clp,cd)lle” = 25| sy < Clpy (e = 2,¢™ = 27) I @)V iy
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for (c,c”), (2,27) € By ((0,0), p), which yields the assertion.
Now we consider the Fréchet derivative of the nonlinearity F' at (0,0). First, we see
that

N N
B—e a—e
Yo (e)ey = D (s — Bi) (’%Bk (C*E) " — ko (C*E) k) cr.
k=1 k=1
To shorten the notation, we introduce

ay := (o — Br),

by, = bi(cy) = (K?b,Bk (C*E)ﬂ_ek — Kpoy (c*z)a_ek)

for k = 1,...,N, where o := (ay,...,ay) and 8 := (B4,...,n). Furthermore, we set
a = (ay,...,ay) and b := b(c¥) := (by,...,b,). Now we can write the derivative of the

chemical reaction rates as

a1b1 ale
M:=M()=a®b=

G,Nbl a,NbN

One can easily see that, for a and b linearly independent, we have dim(N(M)) = N —1

and o(M) = {)1,..., \n} is given by \; = a¥b and Ay = ... = Ay = 0. Note that
b and therefore \; may depend on x € ¥. For a fixed x € 3, the symmetric part
S:=iM+M ) of M has the eigenvalues

0(8) = {5 (ab= |al[b]) , 0}
if a and b are linearly independent and

o(S) = {4 (ab+ al[B]), 0}

if a and b are linearly dependent. We write F’(0,0) = M(c¥) for the first Fréchet
derivative of F' at (0,0) and obtain

M) : PN x IPE)Y = Q)Y x IP(E)Y, (CCE) - (g ;’4) (CCE)

for the LP-realization of the multiplication operator corresponding to M. Since we have
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& € W2P(2)N, M is bounded on ¥ and
M := M(cP) € L(LP(Q)N x LP(Z)M).

Finally we have to show that A and F' fulfill the assumptions in Remark To
this end, note that A is a constant linear operator which does not depend on (c, c*),

so we only have to take F' into consideration: let r > 0. By [7, Remark 4.1] and
M e Z(LP(Q)N x LP(X)N) we obtain

1F(c,¢®) = F(0,0) = M(cT) (e, )| oy xro(z)™

7 (el + &) = 1™ ) |Lomyy + 1M(EX) (e, )| Log@yy xLoyn
C(r, M, ) (Il Ly + (e, )l o@vxzogsyv )
C(r, M, ¢3) 11(e )l gy ety )™

NN N

for (c,c”) € Byy((0,0),r) and a C(r, M,cZ) > 0, which completes the necessary esti-
mates.

Step 2: Linearization
By a first-order linearization of (5.5 about (0,0) we obtain the linear system

Oi(c,c®) + Agle,c®) = G(c,c®) in (0,T) x (2 x %),

5.6
(C, cz)|t=0 = (COaCOE) on x %, ( )

where
Ay:=A—-M
with
D(Ap) := {(c,c¥) e W2P(@Q)N x W2(£)V : B(c,¢") = 0} = D(A).

Note that for (c,c¥) € D(Ap) constant we have (c,c*) = 0 immediately due to
B(c,c”) = 0 and (A}"). Thus, we can use the Poincaré inequality (cf. Remark .
Regarding G we have

G(c,c*) := F(c,c®) — F(0,0) — M(c,c¥).

It remains to note that, due to the fact that A has maximal LP-regularity (cf. Theorem
5.1), we also obtain maximal LP-regularity for Ay by perturbation theory.

97



Chapter 5. Stability for a Class of Heterogeneous Catalysis Models

Step 8: Characterization of the spectrum
We will use the notation

K = ()" (k)" (a,8€R)
in the following and note the special cases
Ky =14, kg = (K*)°, K9 = (k*)".

Moreover, we have that Kg commutes with Da, Dag, Uy, Uy, D, and D,

Since 2 and ¥ are bounded, it is easy to see that Ay has compact resolvent. Therefore,
we have 0(Ag) = 0,(Ao), where o, denotes the point spectrum. Furthermore, due to
compactness the spectrum of Ag is p-invariant. We will exploit this fact and analyze
the L2-spectrum of A, only, since the results are also applicable for A in the LP-setting

for p € [2,00) \ {3}.
Let (fa, fs) € D(Ap) be an eigenvector corresponding to the eigenvalue A € o(Ay).

We set
= € D(Ay).
()= (55 ) (1) e
Testing in the L2-setting yields
-1
0 1 ¢ 0 1 ¢ L2(Q)N xL2(D)N
-1
(w5 ) (56 ) ()
1 ¢ 1 ¢ L2(Q)N xL2(Z)N

Uy — Da 0 Ki'c c
=Re K} —Da +K — i) \k7' )\ k1S
—Ho —Day + 87 — 1 € 1 € L2(Q)N x L2(T)N

=Re F, + Re Fy,

where

Fo :=(K{ " Uyc,c)2yv — (K7 ' Dac, ) pz@yv,
Fy :=— (K c, CE)LZ(E)N - (K2_2 DAECE’ CE)LQ(E)N
+ (K32, ey — (MK Dage™, Kt ™) pagmyn.
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First we look at Fy,. Here we obtain

Re Fyy = Re i (— ((k?d)_l kéed, /Q Acic_idx) + (k) e /Q (u- V)cic_ida:) .

i=1

Applying Green’s formula to the first addend and using the boundary conditions leads

to

Re (di / Acic_ida:) =Re (di / 8,,cic_ida> —d; / |Vei|*dx
Q a0 Q
= [ (w-v)lePdo — [ KePdo +Re ( / kfec?c_ida>
Tin 3 b))
Q
The second addend can be written as
/(u V)eicidr = 1/ (u - v)|ci|Pdo
Q T2 Jaa ’

1 1
- §/Fin(u-1/)|ci|2da—|— E/Fom(u~1/)|ci|2da

using partial integration, boundary conditions in (5.6) and (A*®). Combining the
results yields

Re Fop = ||K1_/12/2 Dy |72 qynxn = 5(K7 Une, €) 2wy + 5(K7 UnC, €) pa(rou)™
+ ||K?/2 C||%2(2)N —Re (K5 ' ¢, ™) 2w,

where
Dy := diag (\/dTV, de) . Dy, := diag (@vg, \/dgvz) .
Examining FY; leads to

Re Fy = ||Ki ' Dyyc®||7amynxn + ||K3_/12 [ oy
—Re (K5 ¢,c”)2myv — Re (MK Kt ) 2(m)n -

Finally, we obtain
Re A (| Ky el + 1K ¢ l13a(s)v ) = Re Fo + Re F. (5.7)

In order to determine the sign of Re A we first note that the norms are non-negative
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and
—%(Kl_l UVC, C)L2(I‘in)N7 %(Kl_l Ul,C, C)LQ(Fout)N = O,

due to (A"d). It remains to find appropriate estimates for the remaining terms. Using
the Cauchy-Schwarz and the Young inequality we have

2‘Re(K2_1 C, CE)L2(2)N| < 2)(K?/2C K /20 )L2(2)N‘
< ||K1/2 C”L?(z)N +|IK. 3/2 CE”B(E)N’
which leaves the term which is caused by the chemical reaction to be estimated.
’Re (M(E)K[ P Kt CE)L‘}(E)N‘ = |Re (S(cE)K & Kt CE)L2(2)N‘
< max Sl K5 [
< max {3la(b(c2))” £ lal[b(E)| | 1K Pllfagy
< Cpmax {|allo(c)) |} | K1 Dyc®[|Za gy,

where Cp > 0 denotes the Poincaré constant on ¥ which does not depend on c*.

In order to obtain the stability result we want to show that Re A has positive sign, so

we impose the condition
max {[al b(Z)]} < ~-.
% * Cp

Now, let ReA = 0. From we obtain (c,c*) = 0 such that every eigenvector
corresponding to A is zero. This yields A € p(Ap). Since p(Ayp) is open, we obtain that
for every A € C with Re A = 0 there exists an €, > 0 such that B(\, &) C p(Ao).
Additionally, we know that Ay has maximal LP-regularity, so Ay + u is sectorial with
angle ¢, 4, < 7/2 for some p > 0. This gives us

Ce:={A e C : ReX <e} Cp(A)
for some ¢ > 0 and thus 0(Ag) C C,, which yields the assertion. O

5.5 Remark. If (c.,c?) is an equilibrium of chemical balance (cf. Remark and
a = @b for some ¢ € R, i.e. a and b are linearly dependent, then the situation simplifies
as follows. The spectrum of the symmetric part S of M consists of the eigenvalues

=o|b>, A2 =... = Ay =0,
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such that we obtain stability immediately if ¢ < 0 due to the fact that the correspond-
ing bilinear form is negative semidefinite. Moreover, by

b = (fibﬁi (C*E)B — KpQy (C*z)a) = —(a; — Bi)ky (C*E)a = —Ky (C*2>a a;

we obtain that the condition ¢ < 0 is always fulfilled in this case and therefore the
stability result in L? for p € [2,00) \ {3} holds without condition (5.3) if a and b are
linearly dependent.

Additionally, we note that such equilibria exist if o # S since we have

> — .
Clu==Cn.=7>0

and

T8 o £ o Fp |
ko [[Y* — ks [[7* =0 & k) — kY =0 & | = = 7.
=1 i=1

5.3 Instability

Having proved a result on stability of the heterogeneous catalysis model, we may drop
condition (A}®') since the Poincaré inequality is not longer needed to prove a corre-
sponding result regarding the instability of equilibria.

5.6 Theorem. Let p € [2,00) \ {3}, T = oo and gj* € G. Let the sorption rates be

given as

sorp
7

(ci,ciz) . k?dci - k?eciz, (t=1,..,N)

7

and the reaction rates as
@) = o= ) (0 () =5 ()7) G=1,0,1)

with k24, k3 > 0, Ky, k; > 0 and o, B € ({0} U[1,00))Y, a,B8 # 0. Assume (c.,cr)
is an equilibrium of satisfying (Ag'), (AR), (A7) and that u satisfies (A™).

Furthermore, we assume that there exists an eigenvector (c,c”) of Ay, such that

(b(Cf)CZ, acZ)LQ(E)N > |(A(C, CZ)> (Ca CE))L2(Q)N><L2(E)N) (58)

where Ay, A, a and b(c”) are defined as in Theorem|[5.4),
Then (c.,cZ) is unstable in IY = I,(Q)" x I,(Z)" and there ewists a p > 0 such that
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forn >0 there is a
(607 COE) € Eﬂg((c*a Cf)a 77)7

in case of p > 3 satisfying , but the solution (c,c*) corresponding to (co,cy)
satisfies

1(c(ts), € (ta)) = (e )y > p
for some finite time t,, > 0.

Proof. Let (c,c*) be an eigenvector of Ay corresponding to the eigenvalue A € o(A4y)
fulfilling the assumption (5.8). As in the proof of Theorem we remark that it is
sufficient to characterize the spectrum of Aj in the L2-setting to obtain the result for

all p € [2,00) \ {3} due to compactness. By testing Ag(c,c”) = (e, c¥) with (c,c¥)
and taking the real part we obtain

Re )‘(”C”?’ﬂ(ﬂ)N + ||CE||%2(2)N) = (A= M) (c,c"), (e, Cz))Lz(Q)NxLQ(E)N

and

(A (C, CE), (C, CE))LQ(Q)NXL2(E)N 2 0.

Then condition (5.8)) yields Re A < 0 and there exists a Ay € 0(Ag) N C_. As before
we exploit that Ay has compact resolvent, which implies that Ay has a discrete point
spectrum. Moreover, since u + Ay is sectorial for a p > 0 with angle 44, < 7/2, we
know that o(Ap) N C_ is compact and therefore we obtain a spectral gap in C_. This
means that there exists a § € (Re Ao, 0) such that o(A4y) N[0+ iR] = @. Then Theorem
yields the result. O

5.7 Remark. (1) Note that due to dropping the condition (A}®') there may be con-
stant functions in D(Ay), which is not the case in the stable setting.

(2) Even with condition (A}®') dropped, there does not exist some constant eigen-
vector for eigenvalues in o(4y) \ {0}. Indeed, let A € o(4g) \ {0} and (c, c*) be a
corresponding constant eigenvector. Due to B(c, c”) = 0 we have K*d¢ = K4
and therefore c,c” # 0. Then

)\(C, CZ) = AO(Ca CZ) = (A - M)(C, CZ) = _(0’ MCE)
yields the contradiction.
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(3) In general it is not clear if an eigenvector fulfilling exists. Especially the
condition b(cZ)c*, ac” # 0 has to be fulfilled in such a case. Due to the fact
that Ay is not normal in general, it is not even clear if there exists a basis of
L2(Q)N x L*(X)N consisting of eigenvectors of Aj.
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6 Duality Scales for Partial Differential Equations

In this chapter we analyze the coherence between duality scales and complemented
subspaces, projected by some projection P. First, we collect some results regarding the
resolvent set of the operator R = (P — P’)? and give a characterization of duality scales
on complemented subspaces in Theorem Then we apply the developed theory to
a Stokes problem on a C3-domain with compact boundary and see that compactness
may simplify the application of Theorem Therefore, we develop some abstract
results relying on compactness in the last section.

6.1 Projections on Duality Scales

In the following, let so > 0 and Iy := (—so,S0). We assume that (Es)scry, (Fs)ser,
are complex interpolation scales of Banach spaces which are continuously embedded
into a common Hausdorff space H and that (Ps g)scr,, (Ps.F)se1, are consistent scales of
projections on these interpolation scales. Let (E;, Fy, as)scr, be a duality scale. We will

use the notation E p, , := P, g(Es) for simplicity. Note that in the following (P; g);, =

a

P, p € Z(F_;) always denotes the dual operator w.r.t. the pairing a. Moreover, we
will use the following notations according to Lemma [2.45

RS,E = (PS,E - PI—S,F)2> RS,F = (Ps,F - PLS,E)Qa

as well as

QS,E = Ps,EPLS,F(l - Rs,E)_17 QS,F = Ps,FPis,E(l - Rs,F)_la
IP)s,E = PLS’FPS,E(]- - RS,E)_17 IP)s,F = PLS’EPS,F(]' - Rs,F)_l-

First we prove an auxiliary result.

6.1 Lemma. Let (Es, Fs, a5)sc1, be a duality scale and (P g)scr,, (Ps,r)ser, be consis-
tent scales of projections. Let A € C. Consider the following assertions.

(i) For every s € Iy we have A € p(R; g, Es).
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(ii) For every s € Iy we have A € p(Rs r, Fy).
(iii) For every s € Iy we have

A€ p(PLp(1 = Pup), Esp )N p((L= P, p)Pop, Esipr )

(iv) For every s € Iy we have

A€ p(PL (1= Por), Fopr )N p((1— P, g)Por, Forpr ).

(v) For every s € Iy we have

A€ p(P., p(1 = P), B) N p(PL, (1 = Por), F).

Then we have
(V)] = [@)] « [()] < [[i)] < [}

Moreover, if A =1, then all assertions are equivalent.
Proof. ()| & Follows immediately due to
RIs,E = [(Ps,E - Ls,F)2], = [((PLS,F)I - ;E)2] = [P—s,F - sIE]z = R—s,F
and vice versa taking into account reflexivity of F,; and Fj.
= By restriction of R, i onto subspaces we obtain

Rypx = (Pop— P p)’s =P o(1-Pg)x (t€E,p ) (6.1)
RS’E.’II = (Ps,E - PLS’F)2x = (]. - PLS,F)PS,EIC (.’I? € Es,l—P’_s F). (62)

Then, RS’E(ES,PI_S F) g Es’Pl—s F and

A— Rs,E : ES,PI_S = — ES,PI_S

,F

is injective with closed range for s € I,. Due to R;E = R_,p for s € I w.r.t. the

duality pairing (Espr _,F_sp, ,0_5) and due to R_; p(F_sp_, ) € F_sp_, . we also

—s,F‘,
see that

()\ - Rs,E), =A— R—s,F . F—s,P_S,F — F—s,P_s’F
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is injective and by duality arguments that A — Rs g € Z5(E;, P F) By 1) we have
that

A€ p(PLs,F(l - Ps,E): Es,P’_S,F)- (63)

Using analogous arguments and 1) we also obtain A € p((1—Ps5)P., ), Es1-p )

= Follows in the same way as[(i)| =
= Follows from (6.1]), (6.2) and Lemma [2.42(iii)|
= Follows in the same way as =

#@ We dualize A € p(P; g(1—P-, r), F_;) w.r.t. the duality pairing (Es, F._5, a_)
for s € Iy and obtain

A€ p((L = PL, p) Py, Ey).

With (6.1) and (6.2) we again have that
A— RS,E =\— Pl—s,F(l — Ps,E) : E‘S’P,—sF — ES’Pl—sF’

A— RS,E =)\— (1 — PLS,F)PS,E : Es’l_P/—s,F — Es,l—P'_s

,F

are injective with closed range. Moreover,
(A= Rsp)(Esp ) ® (A — Rop)(Esy-p ) C E;
is closed in E,. Thus,

A—Rygp:E;= Es,P’_s’F S Es,l—P’_s’F — (A — Rs,E)(Es,P’_S’F) ®\— Rs,E)(Es,l—P’_S)F)

is isomorphic and therefore A — R, g : E; — Ej is injective with closed range. By ap-
plying the same arguments to A— R_; r and using duality we obtain A— R, g € .Z;5(E;).

From now on let A = 1. We prove
= We already know that [(i)] implies 1 € p(P., (1 — Py g), E;pr ). Due to
1 € p(Rs E, Es) by assumption, an application of Lemma yields

Es = Es,PS,E D Es,l—P’_syF = P p D Es,l—PS,E (64)
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and an application of Lemma results in
1-— PLS,F € Zis(Esy-p, 5, Es,l—P’_s’F)- (6.5)
Let z € E;1_p, ;;, then (1- (PLS,F(l —Pig))r=(1- PLS’F)x. Thus we have
1-P  p(1-Pp)e ogis(Es,PLsyF ® Es1-p, s Es,P'_&F & Es,l—P’_s’F) = Zis(Es)
by (6.3), and The assertion
1— P 5(1— Psr) € Zis(F)
follows by using [(i)| < [(ii)] and similar arguments. O

Regarding the central question if (E;p, ., F p, 5, 0s)scr, is a duality scale, we obtain

the following main result.

6.2 Theorem. Let (E;, Fy, a,)sc1, be a duality scale and (P g)sery, (Ps,r)sc1, be con-
sistent scales of projections. Then the following assertions are equivalent.

(i) We have 1 € p(Rs g, Es) for every s € I.
(ii) We have 1 € p(Rs F, Fs) for every s € I.

(ili) For every s € Iy we have Es = E; pr O Esipyand Fs=F,p @ Fs1p
—s, ) s, ) s
as well as E; =E;p, , ® Es1_p . and Fs=F,p, . ® Fs1_p

y b —s, ) 3 b —s

B

(iv) There exist consistent scales of projections (Psg)scr, and (Psr)scr, as well as
(Qs,8)ser, and (Qs,r)ser, which are symmetric w.r.t. each other, i.e. P, p =P_, p,
Por =Psp, Qe = Q.r and Q,p = Qs 5, such that Py p(Es) = Esp
Psr(Fs) = Fop ., Qs5(Es) = Eyp, 5 and Qs p(Fy) = Fuyp, 1.

(v) (E_S,P‘;,F, FS’Pl—s,E7 as) and (E_s p_, 5, Fs p, 1, 0s) are duality systems for all s € Io.
(vi) (ES,P'_S’F,FS,P'_S)E, as)ser, and (Esp, p, Fsp, 1y 0s)ser, are duality scales.
(vii) We have
1€ p(PL, (1 = Pyg), Es) N p(PL, 5(1 = Py r), Fs)
for every s € I.
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Proof. We will prove the assertion in several steps.

& & Follows from Lemma
& We can use [(i)| < [(i)| and apply Lemma to obtain the equivalence by

setting @ := P’ p or Q := P’ p respectively.

Next, we show = = [(v)| = without consistency of (Ps g)ser,, (Ps.F)sclo,
(Qs,2)se1, and (Qs r)ser,-

= Lemma yields scales of projections (Ps g)scr, on (Es)ser, and (Ps r)ser,
on (Fy)ser,- We already have R’S, g = R_sp for s € ). Furthermore, we know that

(1 — R ) commutes with P, g and P’ p. This leads to
,s,E = [PLs,FPS,E(l - RS,E)_I], = Pé,EP—S,F(l - R—S,F)_1 = ]P—S,Fa

thus the symmetry of Ps . Symmetry of Psr, Q,r and Q, ¢ follows in the same

manner.

= The symmetry of (Ps g)ser, and (Psr)ser, and Lemma imply that
(B_sp_y 5 Fop, p,as) is a duality system for every s € Ip. Lemma implies
E_S)P—S,E = E_s,p;’F and FS,]PS,F = FS’P/—s,E’ which ylelds that (E_S’P;,F’FS’P/ Cls)

—s,E )
is a duality system. The assertion for (E_s p_, ., Fs p, z, 0s) follows in an analogous way.

= We consider the bounded map P, g : Eqpr  — Esp, , and pick z € Es p, ,
arbitrary. Then we have a_,(2,-) € (F_s p/ ). Since (Espr_,F_sp ,0a_)is a duality

system, there exists a unique y € E; P, such that

a_s(Ps Y, ) = a_s(y, Ps,,Ex) =a_(y,r) =0a_s(2,7) (z € F—S,P;’E)'

From Lemma 2.42| we already know that (E, p, ., F_;, Pl s a_s) is a duality system. This
yields P; gy = z and Py g € ,ZQ-S(ES,p/_S oy ), thus

aPs,E
Es = ES,P/_S,F ® Es’l_Ps,E

by Lemma The same arguments lead to the remaining decompositions in

It remains to show consistency of (Psg)scryy (Ps,r)scrys (Qs,E)ser, and (Qs.r)sery,
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which will be postponed to the last step of the proof. Next, we show the equivalence

& The conclusion = [(v)|is clear, so we only give a proof for the opposite
direction.

= Let and therefore and be fulfilled. It remains to show that

(ES’P/_&F)se]O and (FS,P'_S’E)SGIO are complex interpolation scales and that (as)ser, is
strongly consistent. Let r,s € I, and ¢ € [r,s]. Due to the fact that (Fy)sey, is a
complex interpolation scale, we immediately obtain F,. N Fj N F,. We know that
(P, g)ser, is a consistent scale of projections on (F})ser,, such that

d
FT’PI—r,E N Fs’Pl—s,E — Fq P

7 —q,EB

follows immediately. On the other hand, we have
[FT’P/_T’E,FS’p/_syE]g = Pp[F,,Fsls (0 €(0,1),r,s € Iy)

by [58, 1.2.4], which yields the complex interpolation scale. Note that the notation
P, without parameter s is justified due to consistency. It remains to show strong
consistency of (as)ser,- To this end, we first show strong right consistency. Pick
r,s € Iy and x € Fr,p/_T,E , Y € Fs,p/_s,F such that

a.(z',z) = as(2',y) (' € E_.p NE_sp ). (6.6)

Now, let ' € E_,. N E_; and remember that by (P,.E)rer, is a consistent scale of
(symmetric) projections on (E,),cz, with P.g(E,) = E,, P We have P, = P,
and P, , = P_, p with P, p(F;) = F, Pl where (P, r)rer, is consistent on (F)rcr,-
Combining these facts with we obtain

a,(z', z) = ar(¢, Pr.pz) = ar (P g7, @) = 05(Ps &', y) = 0s(7', Py, py) = as(2',9)

for 2’ € E_. N E_;. Due to strong consistency of (as)ser, on (Fs, Fs)scr, this leads to

x =y in H, thus to strong right consistency of (a,)sez, on (Es, Iy E)SGIO' Next,

R

pick r,s € Iy and = € E_T,p;’F, Y € E_S,ps/,F such that
0 (z,2') = as(y,2') (&' € Fpr N Fop L)
By the same arguments as above we obtain
a,(z,2') = a,(P_ gz, 2') = a,(z, P, pz') = a5(y, Ps pz’) = a5s(P_s gy, ') = as(y, z)
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for all ' € F, N Fj, thus strong left consistency of (as)scz, on (Es,pf_sp,F&p/_s F)SEIO'
This shows that (E37P’_8F,FS,P/_3E,C13)SGIO is a duality scale. The assertion for

(Es,py s Fs P, 1, 0s)sc1, follows analogously.

Fina‘11Y7 we show consistency of (PS,E)SEIO? (PS,F)SGIO’ (QS,E)SEIO and (QS,F)SEIO-
We just show consistency of (Ps g)ser,. From We obtain an operator Py : Fy — Fp
onto Fop . We fix se€ Iy. Forz € FyNF; and ' € EgN E_; p , we have

|lag(z’, Po,rz)| = |ao(P; pz', Po,rx)| = |ao(Po,e Py p', z)|

= lao(P; pz’, 7)| = |as(z, 2)| < Cll'|| . 1]l .,

by consistency of (a;)ser, and (P’ r)se1, regarding Lemma and Eypr = Eop, -
From assertion we know that E_sp = (Fs,p/_s E)g By E_; N Ey NN E_, we have
E'_s,psl =N Ey SN E_s,p; o This yields

ao(x’, Py prx
IPo.rzl|F, = |Porzlr, ., = sup la0(a’, Por2)] i ) < Cllz|| s,
T s B Osém,eE—s,Pl FﬂE() ”x ||E—s
S,

for x € Fo N F, SN F,. So for each s € I, the operator Po p on Fy N F; extends to
an operator I@’s, r € Z(Fs). In the same way we obtain a scale of extended operators
(I@S,E)sefo with I~P>S,E|ESHEO = Py g for s € Iy. Next, we show that (]?’S,E)selo and (fP’s,p)seIO
are consistent scales of symmetric projections on (Ej)scs, and (Fy)ser,. Let s € I.

(1) I@s, g and I@S,F are projections: We start with I@’s, g. Let x € E, and an approxi-
mating sequence (zx)ren C Es N Ey be given, such that zy — z in E; for k — oo
by EsN Ey i) E,. Then we have

||P3,E@3,E$ - IF’s,EBUHEs < ||@S,EPS,E$ — PS,EPS,Exk”ES + ||P5E$k — Ps,Ex||Es 2%0

due to fP"s, g = Po,g on E; N Ey. The assertion for fP"s, r follows in the same way.

(2) (@S,E)SGIO and (I@S,F)SGIO are symmetric w.r.t. each other: Let x € F;, ' € E_,
for s € Iy and (zx)ren C Fs N Fy such that xx — z in F; for £ — co. Moreover,
let (z})ken € E_s N Ep such that zj, — 2’ in E_ for kK — co. Then we have

as(z, Py pz) = ; }cigloo as(zf, P, py) = ; }cii)noo as(z}, Po,ras)

= ],kiinoo as(Po, 52, T1) = j}ciinoo as(P_s, g2}, %) = as(P_s 52, )
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by Py p = Po,g and P 5 = P, which yields the symmetry w.r.t each other.

(3) (If”s, B)sel, and (I’P)S,F)se 1, are consistent: We only show consistency for (I’f’)s,E)se Io-

Let r,s € Iy and w.l.o.g. r < s. If r <0 < s, then E,. N E; — Ej such that

P gx = Popx =P, gz (x € E,NE,).

If r < s <0, then we know from Lemma that (E_, + Ey, F;, N Fp, b}) with
by, = a, + ao is a duality system for each n € [0, —r]. Moreover, we know that

(Pp,7)nejo,~r is consistent on (F;; N Fo)pejo,—r- Let (P, r)j be the dual operator
on E_, + Ey w.r.t. by, for each n € [0, —r].

Since we have F_,. N Fy — F_;N Fy, we may apply Remark and Lemma
to obtain consistency of (P_, ). and (P_, r);.. By exploiting E, < E, + E
and symmetry of the operator scales it is easy to see that

(@—H,F)Lu By + Ey — Ey+ Ey

is the unique extension of

(P_or). =Py : Ey — Ey

for 0 € {r,s}. Now, let z € E, N E; — E,. + Ey, Es + Ey. Then we have

PryEx = (@_T’F);ax = (p_srl?);]ﬂw = I’@S’E:L.

by consistency of (I@_,«,F){,a and (fP_s,F){,a, which yields consistency of PT,E and
I@’s, g- If 0 <r < s, the assertion follows in an analogous way.

Finally we have to show that P, p(E,) = Esp ., (1 =Psp)(Es) = Esi-p, , as well
as IF’S,F(FS) = Fyp and (1 — P37F)(Fs) = F,1-p, .- We will only prove the first

assertion, the other ones follow in a similar manner.
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o P, r(E;) C Es,p/_s,F: First, let z € ]fDS,E(Es) N Ey. It is obvious by definition of

(I@S,E)SGIO that x = P, gz = Py gx. Due to Py g(Ep) = EO,péyF and consistency of
(P, F)ser, on (E)ser, we also have x = P px = P’ px for x € P, g(E;) N Ey,
which yields P, 5(Es) N Ey C Eopr N Ey

Since E; N Ej K E; and by the fact that f?’s, g, P s,r are bounded projections
we have IEDS,E(ES) N Ey NN ]fDS,E(ES) as well as Es’p/_s’F N Ey SN Es,p/_s’F. For
each z € P, g(E;) there exists a sequence (zx)ren C Psr(Es) N Ep such that
|lzx — z||g, — 0 for & — oo. Thus, we have (zx)ken C E,p,, N Ey and, since
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E, p .18 closed in E, also x € E; pr o
K —S, K —S,

e Esp . C P, z(E;): Follows in an analogous way by using consistency of
(P! s,p)selo on (E;)ser, and the fact that ]fDS,E

E;NEy = ]P)O,E .

We obtain fPJS, e = P g due to the fact that every decomposition has a unique projection.
Thus, (Psg)ser, and by the same arguments (Ps r)sery, (Qs.5)ser, and (Qs.r)ser, are
consistent. ]

In addition to this main result we will present special case which will be helpful in
order to fulfill the condition 1 € p(R; g, E).

6.3 Lemma. Let E be a complex Banach space and a : E X E — C a duality pairing
such that (E, E,q) is a duality system and E equipped with the scalar product a(-,™)
is a Hilbert space. Moreover, let P : E — E be a projection with Px = P forx € E,
P’ be its dual w.r.t. a and R = (P — P')%. Then we have 1 € p(R, E).

Proof. First we note that ||-||, := 1/a(-,™) is a norm on F which is equivalent to ||| .
We denote by E, the space E equipped with the norm ||-||,. By Pz = Pz for z € E,

we also have P’z = P'z. Let « € E,. Then we can write

a(Rz,7) = a((P — P')?z,2) = —a((P — Pz, (P — P')x)
= —||(P - P)al}; = a(z, Ra).

This shows that R is dissipative and symmetric on F, and hence there exists an r > 0
such that o(R, E) C [—r,0]. O

6.2 Application to the Stokes Equations

As an application of the theory of duality scales we want to consider the stationary
Stokes equation with mixed-type boundary conditions in a C3-domain Q C R? with
compact boundary for some A > 0.

AM—Au+Vp=f in Q
divu =0 in £,
I[I,0,bu =0 on 0,
v-u=0 on 01,

(6.7)

where we note that I1,.0,u = IL,Vu - v with I, given as the tangential projection onto
0Q. By perturbation with the lower order term IL,(Vu)T - v (cf. [25, Lemma 9.1]),
solubility of this problem leads to solubility of the Stokes problem with perfect slip
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boundary conditions. We want to show that the use of duality scales yields solutions
with regularity up to Wte4(Q) for 0 < ¢ < 1/ max{q,q'}, where ¢ € (1,00) and

1/g+1/¢ =1.
In order to formulate the problem in terms of duality scales, we introduce the following

spaces.

W]ffg/(Q) = {’LL € WS,Q(Q,R'?') : Hra,,u|39 = 0, v ulaﬂ = 0} (3 >1 4+ 1/q)’
Wpa(Q) :={u € W(QR?) : v-uloq =0} (s >1/q).

First we define the v-Laplace operator as follows.

6.4 Definition. Let Q C R? be a C3-domain with compact boundary and 1 < g < 0.
Then the v-Laplace operator is defined as

Anyg: D(An,g) C LI(Q) = LY(Q), u— Ay, .u= Au,
D(An,g) = W}Q’g(g).

Next, for a fixed A > 0, where A has to be chosen accordingly, we define the operator
Aoy : D(Any,g) C L) = LI(Q), u— (A —ANug)y,
which admits a bounded H>-calculus and 0 € p(Ag,) (cf. [17, 25]). Now, let Eq :=

L7(Q) and Fy := LI(Q) with 1/¢ + 1/¢' = 1. By [2, Chapter V], the pair (Ag, Fo)
generates a densely injected interpolation-extrapolation scale [(Fa, Aq g)]lac[-1,00) With

' WJ%,?‘;‘I(Q) for a€(1/2+1/2q,00),
W21(Q) for a€(1/2¢,1/2+1/2q),
S W21(Q,R3) for «€[0,1/2q),
] WEQ,R3) for a e (—1/241/2¢,0),
W24(Q) for a€(—-1+1/2q,—1/2+1/2q),
\ WJ%,?‘,;‘](Q) for a€[-1,—-1+1/2q),

where W, *9(Q,R3) = (W7 (Q,R?)) for 0 < s < 1/¢, W,;1(Q) = (W7 (Q))' for
1/¢ < s <1+1/¢ and W35 (Q) = (W¥L(Q)) for s > 1+ 1/¢. Here we left out
the critical cases since they do not play a role in our further considerations. Note
that Ay g € Zs(Fat1,Fa) and (A, )2 P € Z(Fa,Fg) for —1 < @ < B < oo and the
scales of operators (Agq)acl—1,00) 304 ((Agq) ')ae[-1,00) are consistent. By the same
arguments we obtain a densely injected consistent interpolation-extrapolation scale
[(Eq, Ad,g)]ac[-1,00) if We exchange the roles of ¢ and ¢’. Due to the consistency we will

write A, , = A, where no confusion is likely. Note that Eq = (IFy)’ and vice versa w.r.t.
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the standard pairing
a(u,v) := / v dz (u € Eo,v € Fy)
Q

and we have (Ag,) = Agy w.r.t. this pairing. Moreover, there is a duality system of
the form

0 By xFo,  (u,0) /Q (Ay)~%u (A))%v dz (6.8)

for a € [—1, 1] such that we can identify (F,) 2 E_, and (E,) 2 F_,.
Throughout this section we use the following notation corresponding to the obtained

interpolation-extrapolation scale.

6.5 Definition. Let 1 < ¢ < o0, 1/g+1/¢ =1, so := min{1/q,1/¢'} and I :=
(—s0,50). We set E, := W!+59(Q), F, :== W}T*(Q) and

1—s 1+s

2 u(Ay) 2 vdr (6.9)

@ E_y x F, = C, (u,0) = /Q(Aq,)
for s € I.

6.6 Remark. We note that E; = E(144)/2 and Fy, = (1442 for s € I as well as

1— 14s

(Ay) T € ZLo(B_s, o) and (A,) 2 € L(F,, Fo).

Moreover, we make use of a symmetric duality pairing for which it is straightforward
to show that admits a duality system.

6.7 Lemma. Let
b*: By x Fy = C, (u,v)n—))\/guvdx+/QVu:Vvdx. (6.10)

Then (Ey, Fy, b*) is a duality system.

Now we are able to show that Definition indeed yields a duality scale which is
consistent with b*.

6.8 Lemma. The scale (E;, Fy, a))sc1, 95 a duality scale which is consistent with b*.

Proof. By using Remark we see that (E_,, Fy,a)) is a duality system for s € I,.
Due to the considerations from above it is clear that (E;)ser, and (Fj)ser, are complex
interpolation scales. It remains to show the strong consistency in order to obtain a

duality scale.
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To this end, we utilize the induced isomorphisms

O, p:E;— (Fy), ur— at (u,-),

S, p: F,— (E_,), v al(,v).

Aq/ : E(1+3)/2 — E(_1+3)/2 = (F_s)/, U — (Aq/U)()
we obtain

(Agu)(v) = D?l—s)/Q(AQ’u’ v) = /QAq’ (Aq’)(_HS)/QU (Aq)(l_s)/% dz

— [ ()90 (8,020 dz = @ (u,0) = (a5u)(v)

for all w € E; and v € F_;, thus &,z = Ay. In an analogous way one can show
®, r = A,. Thus, by consistency of A,, (A,)™ and A, (Aq_,l) respectively we obtain
strong consistency of a* by Lemma Finally, (Es, F}, a))scy, is a duality scale.
Next, we show consistency of a} with b* on Ey x F; for s € [0,s0). By choosing
u € Ey i) E_;andv el i) F, and using partial integration we obtain

@) (u,v) = /Q(Aq’)IQ;Su (Aq)%”dfv

=/Qu(Aqv)dx=/Qu()\—A)vdx
— . — KA
—)\/qudz+/QVu.Vvdx—b (u,v).

Now, let u be as before and v € Fy with (vg)gen C Fy such that vy — v in F; for
k — oco. Then

s 1+s

o\(u, v) = /Q (Ay)' T u (A) Fvde

= lim (Aq/)lz;su (Aq)#vk dx

k—o0 JO

= lim A uvkdx—l—/Vu:Vvkdz
Q Q

k—o00

=)\/qudx+/QVu:Vvdxzb)‘(u,v).

Here we use that

l—s

|3 (v — o) < [[(Ag) T u

S

14s
[ [l (Aq) > (v — i) lro
(Aq/)%u

1+s

< [I(Ag) 2

k—00

|E0—)0

,s,ﬂ(Fs,]Fo)”U — Uk||Fs

116



Chapter 6. Duality Scales for Partial Differential Equations

and

Y

‘/Qu(v — ) dz

[ Vu: V- v da| < llul, [0 = vellr, 22 0.

In an analogous manner one can show consistency of a) with b* on E_, x F, for
s € (—so,0]. O

As usual in the (Navier-)Stokes setting, we have to deal with the divergence condition
divu = 0 and the pressure gradient Vp. In the following, we want to address this issue
with help of the Helmholtz projection P, which maps onto divergence free functions.
Finally, we want to show that (E; p, F; p, a5)sc1, is also a duality scale. To this end,

it is necessary to introduce the Helmholtz projection and show its higher regularity in
Wits4(Q) for s € I,.

6.9 Definition (Helmholtz projection). For 1 < ¢ < oo the projection P, subject to
the decomposition

LYQ,R?) = LI(Q) & G4()

with

LY(Q) == {u € C=(Q,R?) : divu =0 Q) ,
Go(Q) := {u € LI(Q,R3) : u = Vp for some p € W,2"(Q)}

is called Helmholtz projection.

It is known (cf. [38, Corollary 7.4.4]) that the Helmholtz projection exists on L?(2, R3)
for 1 < ¢ < oo and C'-domains Q with compact boundary and hence also for C3-
domains with compact boundary. Moreover, F, is consistent w.r.t. g. We show that in

our setting P, admits higher regularity.

6.10 Lemma. Let P, be the Helmholtz projection on Li(Q2) for 1 < q¢ < oco. Then
there exists a consistent scale of Helmholtz projections (Psg)ser, on (WET9(Q))ser,
(and therefore on (Fs)ser,), such that Pylyitsaq) = Fy

F, = Psyq'

Proof. Let 1 < g < oco. First we show that P, admits W?4-regularity. To this end, for
a given u € W29(Q, R3) we consider the following problem.

Ap =divu in €,
op=u-v on Of).
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Then there exists an - up to a constant - unique solution p with Vp € W29(Q, R3) and

19pllwzaozs) < C (Ildivullwra + - viiya-vngn )
cf. [38, Corollary 7.4.5]. We define
Pyyu:=u—Vp
and obtain

[1P2,qullwea@rs) = llu = Vpllwaa@ops)

< lullwzars) + | Vollwzao,rs)
< ullwea@es) +C (”diV“”leq(m + - V||w§‘”"(aa>)

< C”u”wlq(ﬂ’RS),

thus P, € Z(W>1(Q, R3)). Moreover, it is easy to check that the boundary condition
u-v = 0 on 0N is left invariant by P, and we have P, , € £ (W2%(Q)). By construction

it is clear that P4 is a projection and Pyly24q) = P, ¢f. [16, Lemma IIL.1.2]. We
obtain W24(Q2) = W24(Q) ® G2(Q) with

Wi (Q) = W, 4(Q) N LLUQ), GH(Q) = W1(Q) N Gy(Q).

Then, we have consistent projections P;, € £ (W/4(2)) for t € (0,2) by interpolation
theory (cf. [68, 1.2.3]) and W54(Q) = W24(Q) @ G%(Q2), where

Wya(Q) = Wo(Q) N LE(Q), Go(Q) = Wy(Q) N Gy(Q).

Hence, the Helmholtz projection P, on L4(f2,R®) admits higher regularity and we
obtain a scale of consistent projections (Ps4)scr, on (W2T59(Q))ser,- O

6.11 Remark. Due to symmetry of the Helmholtz projection w.r.t. the LI—L? pairing
we can also extend the scale of projections consistently onto E,, and F,, for o € (0, —1].

In the following results we work with dual projections of P; , and P; ; w.r.t. to different
pairings, which we define in the following.

6.12 Definition. Let s € Iy, P;, be the Helmholtz projection on Fy = W}+$%(Q) and
P, ; be the Helmholtz projection on E, = W+ (Q) for 1 < ¢ < co and 1/g+1/¢' = 1.
Then we set P, , = (Pog)in € ZL(F-;) and P, = (Psq)ix € Z(E_), ie. the dual
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w.r.t. the pairing a*. Moreover, for s = 0 we denote by 15'0#, = (Pog)y» € Z(Fp) and
Al

Py, = (Pog)in € Z(Ep) the dual w.r.t. the pairing b* as in (6.10).

An important ingredient in order to show that the projected scale
(Es,p&q,,Fs,ps,q,a;\)SEIO is a duality scale is the fact that the operator
P{,,q,(1 — Pog) : Fo — Fp is compact. The proof of this assertion is based on
[44] and will be carried out in the following.

6.13 Remark. Note that by [25, Lemma 9.1] there exists a V € Wh*°(982, R¥*?) such
that for all u € W29(Q, R®) satisfying v - u = 0 on 99 we have

I (Vu+ (V)" )v = (Vu — (Vu)")v +T1,Vu  on 9.

6.14 Lemma. The operator Pg,q,(l — Ry,) : Foy = Fy is compact.

Proof. First, we note that Ey = W(Q) and Fy = W(Q). Let u € Wh(Q).
Then we have (1 — Py )u = Vp € W24(Q) for some p by definition of the Helmholtz
projection. Let v € W17 (), then

al

b*(v, Py (1 — Pog)u) = 6*(Pogv, Vp)
— A /Q Poyv - Vpdz + /Q V2p: VP vds

= /szp : VPO’q/’U dx,

where we know by Lemma that Py v € Wh(Q). It is div (VP 4v)T = 0 such
that the normal trace (VP v)Tv is well-defined in WqTI/ 7 (09, R%). We calculate

div [(V Py 4v)Vp| = Vdiv Py yv - Vp+ VP gv : V2p = VP v : V?p
in D'(Q2). Applying the generalized Gaufl theorem yields
/szp : VP yvdz = (Vp, (VPO"I/,U)TV>W;_1/‘1(6Q,R3),Wq_,1/q,(6Q,R3) )
We use the tangential and normal projection on the boundary to the result
(VP v)'v =T, (VP gv) v + (VP gv)Tv.
This leads to
6™ (v, Py (1 — Pog)u) = (Vp, (VPyg0)"v)

w, 10,3, W7 (00,R3)
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= (ILVp, IL (VP gv) v >qu_1/ “(oa.r) W, 7 (908%)

+ (Vp, 1L, (VPO,q"U)TV>W;—l/q(aQ,Ri*'),W‘,l/q' (0,R3)

_ T
= (v u, IL(VFgv) V>W;*1/q(aQ,R3),W(;1/'Z’(aQ,Rs)

+ /a (V)T LV Pyyvdo

= /an (Vp)' TV Py yvdo

for some V € L>®(09, R¥®) (cf. Remark [6.13).

Next, set G := Q if Q is bounded. If Q is exterior, choose a ball B C R3 such that
R3\Q C B and set G = QN B. For a € (1/q,1] the trace operator v : u — u|sq
satisfies (cf. [32])

v € L(W*I(G,R3), W10, R?)) N L(W (Q, R®), L7 (9, R?)).
Thus we can estimate as

al
[6%(v, Pog (1 = Pog)u)| < Cllv(l = Pog)ullsan,z 17Poqvll Lo oo,es)
< COllullwr-ca@ ) [ Pogvllwie @z
<C

[ullwi-sacrs) [0llwra @e)

for all v € W1 (Q) with some ¢ > 0 sufficiently small. According to Remark
this yields

Al
1P (1 = Pog)ullwiars) < Cllullwi-cocrs) (u € W,4(R)). (6.11)

Let (up)rken © WHI(Q2) be a bounded sequence. Since the standard norms of
Wh(Q,R3) and W14(Q2) coincide and the embedding W9(Q, R3) — W'=4(G,R3)
is compact, there exists a subsequence (u,);en that converges in W'=5¢(G,R?) and

therefore is a Cauchy sequence in this space. Due to (6.11]), (pg,q,(l — Pog)ur;)jen

is a Cauchy sequence in W}4(Q2) and converges. Hence, 15:)7(1,(1 — Poy) : Fy = Fy is
compact. N

6.15 Remark. By the same arguments we may also obtain compactness of the operator
Al
PO,q(l — P07q/) : Eo — Eo.

The results from above allow us to consider the duality scale of projected subspaces.
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6.16 Theorem. Let 1 < g < o0, 1/q+1/¢ =1, E, := W}+>4(Q), F, := W!+59(Q),
so := min{l/q,1/q'} and Iy := (—s0,50). Then (Esp, ,, Fsp,,, 0))secr, i5 a duality
scale.

6.17 Remark. Note that Esp , = Witsd(Q) and F, p,, = WiEs1(Q).

Proof of Theorem [6.16. We split the proof into several steps.

Step 1: Compactness of P, ,(1 — Py ) for s € I.

Let (Psq)ser, and and (P y)ser, be the consistent scales of the Helmholtz projections

on (Fy)ser, = W24(Q))ser, and (E)ser, = (W9 (Q))ses, as in Lemma From
Lemma [6.14] we already know that Pg,q,(1 — PRy,) : Fy — Fp is compact. We want to

exploit the compactness in order to obtain a projected duality scale. To this end, we
first note that

6 (u, 15:)7,1,1)) = b)‘(PO,q/u, v) = aé‘(Po,q/u, v) = aé(u, Pé,q,v) = b*(u, P(;,q,v)

for u € Ey and v € F, due to consistency of ay and b*. Since b* is a dualitiy pairing
between Ey and Fy, this yields 15:)7(1, = F; , and therefore Pg,q,(l —PRyy) =P ,(1-Foy,)
and compactness of Py (1 — Fo)-

Now, fix s € [0,0) and s < &€ < s9. We know that Fy, and Fj are complex interpola-
tion spaces of type [F_., F' ]y for certain 6 € (0,1). Furthermore, (P’, (1 — Ps))ser,
is consistent by assumption and Lemma Due to compactness of F ,,(1—Fo,4) and
the extrapolation result for compactness in [11, Theorem 2.1] we obtain compactness
of Pi, /(1 — Pz,,) for s € [0, s0).

Step 2 (from W,? to W;9): 1 € p(Fy ,(1 = Pog), Fo) for 1 < q < oo.
From Lemma (6.3 we know that 1 € p(Ro2, W}?(Q)) and thus, by Lemma also
1 € p(Py5(1 — Po2), W, 2(Q)) if we restrict the scale to the case s = 0 and ¢ = 2.
Moreover, we know that Py ,(1—Foq) : W, 4(Q) — W,4(RQ) is compact for 1 < ¢ < oo.
By Lemma [2.46] (use the duality scale (W17 (), Wr4(Q), 0*)ger, with Io = (g}, go) for
qo > 2) we obtain that 1 € p(F; ,(1 — Po), W,;»4(Q)) for 1 < ¢ < oco.

Step 3 (from WL to Wits4): 1 € p(P’

!
—S5,q

(1—P,y), Fs) for s € Iy.

Now, fix 1 < ¢ < oo and consider the scale (E;, F;, a),c1, again. Due to the compact-
ness of P'_ (1 — P,,) for s € I, we may apply Lemma again in order to obtain
1€ p(P,, (1= Psy,),F;) for s € I,. By using the same arguments we also obtain
1€ p(P,,(1—P,yq),E;) for s € I. Then, an application of Theorem (6.2 yields that
(Es,p, s Fo,Py g a)ser, is a duality scale. O
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6.18 Theorem. Let 1 < ¢ < oo, 1/¢+1/q = 1, sp := min{1l/q,1/¢'} and s €
[0,50). Let X > 0 be chosen accordingly large. Then for every f € W, J*9(Q), where
W, 1+e1(Q) := L (W7 (Q),C), the Stokes resolvent problem

14s

/Q(Aq/) Esu (Aq) 2 'de = (’U,, f)WI}YL—Ts,q’(Q),W;;-FSYQ(Q) (U € Wl},;&ql (Q))

possesses a unique solution v € W,};S’q (Q) satisfying

lollwiseagy < Cllifllw;2reaq)

with C' > 0 independent of f.

Proof. From Theorem we know that a) is a duality system between W, ;%7 (Q)
and W, t*(Q). Hence, for f € W, +*9(QQ) there exists a unique v € W, #*(Q) such
that

a?(.7v) = <'7 f>W1—S,qI(Q)7W;;+S,Q(Q) € (Wyl,;s,ql(ﬂ))/, (612)

v,o

which yields the unique solution of the Stokes resolvent problem. Moreover, we have

A
a\u,v
||v||W,}f"’(ﬂ) = sup M
’ ouewlyo o @ [lwices )

(u, f >W3,;S*‘1’ (Q), W, 29(Q)

= sup

< O”f” —1+s,9
OyéueW,};S’Q’ () ”u”W,};s’q' @ = W, o 4Q)

with C > 0 independent of f. O

6.3 A Criterion for Projected Duality Scales based on Com-

pactness

In the application of Theorem[6.2)to the Stokes operator in the last section, compactness
playes a central role. This motivates the assumption that compactness of the operator
R, g or R, r enables us to formulate another criterion under which a duality scale is
preserved when it is restricted to complemented subspaces. In this section we will trade
of the condition 1 € p(R) for compactness of R and injectivity of 1 — R in order to
obtain projected duality scales. In fact, we observe that in case of compactness of R,
we see that 1 € p(R) if 1 — R is only injective due to Fredholm’s alternative, which will
play an important role in Theorem [6.20

At first we prove a lemma, where we use the following notation: For a projection P on
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a Banach space F and z € E let xp := Pz and z;_p := (1—P)x as well as Ep := P(E)
and El_p = (1 — P)(E)

6.19 Lemma. Let E be a Banach space and P,Q € £(E) be projections on E. Then
the following assertions are equivalent:

(i) 1— R: E — E is injective, where R := (P — Q).
(11) EP N El—Q = EQ N El—P = {0}

(i) P: Eg — Ep and Q : Ep — Eg are injective.
iv

(iv) 1—P:Ey_g— Ei_pandl1—Q: E;_p— Ey_g are injective.

Proof. = Consider P : Eqg — Ep and Pz = 0 for a z € Eg. Then we have
z=(1—P)z € EgNE;_p, thus z =0 by The assertion for @ : Ep — Eg follows

in the same way.

= Obviously, we have Pz = 0 for € Eg N E;_p and thus, due to injectivity
of P: Eg — Ep by z = 0. This yields Eg N Ey_p = {0}. The assertion for the
intersection Ep N E;_¢ follows in an analogous way.

& Follows in the same way as & by interchanging the roles of P
and @) with 1 — P and 1 — Q.

()] = [GiD)} We have
1-Rz=(1-(P+Q—-PQ-QP)z=PQz (z€ Ep).

Furthermore 1 — R is injective on E due to so PQ is injective on Ep C E. This

yields injectivity of @) on Ep. The injectivity of P on Eg follows in the same manner.

and and = Let z € E with (1 — R)z = 0. Due to the fact that

E = Ep & E,_p, we have uniquely determined xp € Ep and x;_p € E;_p such that
x =xp + x1_p. This yields

0= (1 - R)CL’ = (1 - R).’L'p + (1 - R)CL‘l_p,

consequently (1 — R)zp = P(1— R)z =0and (1 - R)z;_p = (1-P)(1—-R)z =0
since (1 — R) commutes with P. We obtain
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and
(1 - Q + PQ).’L’l_p = (1 — R).’El_p = 0. (614)

By (6.13) and it follows that xp = 0. Moreover, by (6.14) and we have
(1—Q)z1—p = 0, which yields z;_p = 0 by using[(iv)| Finally, itisz =zp+z1_p =0,
which completes the proof. n

Using the result from above and Theorem [6.2], we obtain the following result.

6.20 Theorem. Let (E;, Fy, a5)sc1, be a duality scale and (Ps g)se1, and (Psr)ser, be
consistent scales of projections. Let Rs g = (PS,E—PLS,F)2 and Ry p := (PS,F—PLS,E)z.

If there exist 51,82 € Iy such that R, g is compact and one of the conditions
(i) 1 = Rs, g : Es, = Es, is injective,
(ii

)
(ill) P327E : EPLSQ,F — Ep82
)

,E

EPSZsE m El_Pl_sz’F = EPI_S%F m EI_PSQ,E = {0})
, . L
and PL, p: Ep, , — EPis2,F are injective,

(iv) 1

injective,

. / .
PSQ,E : El_Pl—s2,F — El—PSQ,E and 1 — P—52,F : El—Psz,E — El_p/ are

—s9,F

is fulfilled, then (Esp, , Fsp, ) 0s)ser, 5 o duality scale.

Proof. At first we note that due to Lemma, the conditions are equivalent.
Thus we will only work with condition

Next, by [11, Theorem 2.1] and compactness of R, g we obtain compactness of R; g
for s € Iy and, by the duality (Rsg) = R_sr and vice versa, compactness of R,
for s € I,. Moreover, due to Fredholm’s alternative we have 1 € p(Rs, ). Then
Lemma yields 1 € p(Rs g) for s € I and the assertion follows by an application
of Theorem 6.2 O

6.21 Remark. (i) Theorem also holds if we place the conditions upon R,,
and R, r on the scale (Fs)ser,-

(ii) Note that in contrast to Theorem only injectivity of 1 — R, g is needed, but
this comes with the tradeoff that we need compactness. Section shows that

such a condition is meaningful in some applications.
Finally, by similar arguments we obtain the following lemma.

6.22 Lemma. Let (Es, Fy, a5)sc1, be a duality scale and (Psg)ser, and (Psr)ser, be
consistent scales of projections. Let R g = (PS,E—PLS,F)2 and Ry p := (PS,F—PLS,E)Z.

Assume that there exist s1, 8o, 83 € Iy such that
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(i) 1 — Rs, g : Es;, — E, 1s injective,
(i) P, p(1 = Py, p) : Es, — E, is compact,
(iii) P, g(1 = P r) : Fs; — Fsy is compact.

Then (Esp, 5, Fs p, ¢, 0s)ser, 95 a duality scale.

Proof. First we note that by an application of [11, Theorem 2.1] we obtain compactness
of (P, 5(1— Psr)s)ser, and (P’ (1 — Psg)s)ser,- Due to Schauder’s theorem and

reflexivity we have

[PSI,E(]' - P—s,F)]/a = (1 - PLs,F)Ps,E € ,,?(ES)

compactly for s € I,. Note that we may obtain the same results with E replaced by
F. We have that
Ryplp | (8 =P, p(1 = Pyp),
Rygla-p, )m) = (1= PL, p) Py,

which yields compactness of R, g € Z(E;) for s € Iy, especially for s; € Iy. Then,

an application of Fredholm’s alternative, Lemma and Theorem yields the
[l

assertion.
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7 Conclusions

In this thesis, we considered three different topics related to the field of partial differ-
ential equations: first, the analysis of stability, instability and the long-term behavior
of a living fluid model, second the analysis of stability and instability for a class of
heterogeneous catalysis models and third the theory of duality scales on complemented
subspaces with an application to the Stokes equations on C3-domains. New results
related to all three topics were presented and discussed, leaving space for some future

considerations.

Living Fluids

We analyzed generalized Navier-Stokes equations with fourth order terms, which de-
scribes the self propulsed motion of living fluids, e.g. bacteria in some liquid fluid.
First, we noted that the model is globally well-posed in the periodic L?-setting
and listed the physically relevant equilibria, i.e., the disordered isotropic and the or-
dered polar states. Next we considered linear stability and instability. It turned out
that stability and instability can be characterized by the model parameters I's, Iy,
and the existence of unstable Fourier modes for instability.

The essential part of Chapter [3| deals with the topic of nonlinear stability and instabil-
ity. Especially the behavior of solutions about the ordered polar states, which build a
manifold of equilibria, is of interest. We showed that - depending on the parameter set
and the existence of unstable Fourier modes - the equilibria on this manifold turn out
to be normally stable or normally hyperbolic. The latter case is a potential indication
for active turbulence, which was previously observed in real world experiments. From
this point of view, the theoretical results confirm the assumptions and simulations that
where previously made for this model.

In Chapter [4) we performed a complete analysis of the long-term behavior of the living
fluids model. We showed that there exists a finite dimensional global attractor of ar-
bitrary high regularity. The long-term dynamics of the living fluids model is therefore
determined by a finite dimensional subset of modes. Especially the fact that the global

attractor is finite dimensional in terms of the Hausdorff and the fractal dimension in-
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dicates, that the long-term dynamics reduce to a simpler structure than one would
assume given the infinite dimensional phase space. Utilizing some further results on
inertial manifolds, we proved the existence of such a manifold for the model in n = 2
dimensions by using a spectral gap condition.

Regarding the living fluids model there are still some aspects left open for future con-
siderations. It is unknown if there exist further physically relevant equilibria for this
model, if they build a structure like a manifold and how solutions behave in their
surrounding. It is known that there exist more equilibria (cf. [61]), but these are not
relevant in a physical context. Given the global attractor, there is not much more
known about its concrete structure. Considering the fact that it is finite dimensional
(at least in some sense), it may be worth to do some numerical simulations in order
to obtain more information regarding the structure. Moreover, it is unclear if the ex-
istence of an inertial manifold can be proved for n = 3 dimensions without relying on

a spectral gap condition.

Heterogeneous Catalysis

In Chapter [5 of this thesis we dealt with stability and instability of a heterogeneous
catalysis model in a cylindrical domain. One feature of the model is the coupling of
equations in the bulk and nonlinear equations on the lateral surface of the cylinder,
modeling the chemical reaction which occurs during the catalysis process.

Based on previous results regarding the maximal regularity of the linearized equations,
we showed a stability result in the LP-setting that indicates that the behavior of solu-
tions near stationary points of the system is determined by the chemical reactions. In
our result, stability of equilibria is given dependent on a bound on the first derivative
of the chemical reaction rates. As an example, we considered the chemical equilibria
in which the chemical reaction itself is at rest.

Based on the analysis of the stability behavior we extracted a result for instability,
too. It seems to be difficult to give a concrete example fulfilling these conditions for
instability. Several approaches to this end were made, e.g. considering the concrete cal-
culations for several types of chemical reactions and a reduction to the half space setting
in order to apply the Fourier transform in two directions. Especially the attempts to
find (abstract or concrete) eigenvectors fulfilling the conditions of the instability result
suffered from some hindrances, cf. Remark [5.7] for more details. Consequently the topic
of a detailed characterization of instability of the heterogeneous catalysis is left open

for future considerations.
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Duality Scales and Partial Differential Equations

Concerning the functional analytic properties of linear operators on projected sub-
spaces, e.g. the well-known Stokes operator, we addressed scales of Banach spaces,
duality pairings and duality scales as well as projections on those scales in Chapter [6]
To the best of the author’s knowledge, the concept of duality scales for complemented
subspaces was first introduced in [44] for one scale of Banach spaces. In the first section
of this chapter, we proved conditions under which the property of being a duality scale
(Es, Fs, a5)ser, is preserved if we project the Banach spaces Es and F;. One of the
equivalent conditions was given as 1 € p(P’(1 — P)), where P’ denotes the dual of the
projection P w.r.t. a. Note that in contrast to the results from [44], the scales (E;)ser,
and (Fs)ser, can consist of different Banach spaces.

We used these results in order to show well-posedness of the Neumann-Stokes opera-
tor on a C®-domain ) with compact boundary in Wj’je’q(Q), where 1 < ¢ < oo and
0 < e <min{l/q,1/¢'}. Based on the functional analytic properties of the Neumann-
Laplace operator in W,};S’q (Q), we were able to prove the well-posedness of the pro-
jected equations, where the projection P is given by the well-known Helmholtz projec-
tion. In the proof of the result, compactness of the operator P’'(1 — P) played a central
role, since it allowed us to generalize properties of the spectrum and the resolvent set
of the involved operator to the whole scale.

Regarding duality scales, there are still questions open for future considerations. On
one hand, one could ask for more general results that do not require compactness of the
involved operators. The requirement of compactness is a rather strong condition and
fails e.g., if we modify the boundary conditions of to general Neumann boundary
conditions, i.e. 0,u = 0 on 0f). To the best of the author’s knowledge it is not possible
to show compactness of P'(1 — P) in this case, such that results in Section [6.3| can not
be applied. Furthermore, the theory developed in [44] and this thesis only applies to
stationary equations by now. In order to solve non-stationary equations, an extension

of this theory seems to be required.
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Contributions

The content of this thesis is based on joint work with other contributors.

The Chapters [3] and [4] are based on joint work of Jiirgen Saal, Christiane Bui and the
author of this thesis. The results of Chapter 3| are published in [8]. The part regarding
global well-posedness with initial values in H2(Q,) N L2(Q,) and linear and nonlinear
(in)stability of the disordered states is due to Christiane Bui and Jiirgen Saal. The
results regarding linear (in)stability, normal stability and normal hyperbolicity of the
ordered polar states were developed by Christiane Bui, Jiirgen Saal and the author of
this thesis.

The global well-posedness of the living fluids model with initial values in L2(Q,),
the existence, regularity and properties of the global attractor as well as the finite
dimensionality in Chapter [ were developed by Christiane Bui and the author of this
thesis in equal parts, complemented with some fruitful discussions of these two with
Jirgen Saal. The existence of the inertial manifold in n = 2 dimensions is the result
of common work of all three contributors, supplemented by a discussion with Edriss
Titi.

The content of Chapter [5] is the result of joint work of Matthias Kéhne, Jiirgen Saal
and the author of this thesis, where the author of this thesis contributed substantial
parts of the theorems characterizing stability and instability of equilibria. The
results are going to be published in [I8]. Much effort was put into a more concrete
characterization of instability in several working sessions of Matthias Kéhne, Jiirgen
Saal and the author of this thesis.

The results regarding duality scales and the application to a Stokes system are based
on joint work by Jiirgen Saal and the author of this thesis. The results in Sections [6.1
and [6.3| are substantially contributed by the author of this thesis, based on former work
of Jiirgen Saal. The results regarding the application to a Stokes system in Section [6.2

are the result of several working sessions of Jiirgen Saal and the author of this thesis.
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