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Abstract

An understanding of the extremal behavior of time series is of importance in many
applications. For stationary time series, the extremes typically occur in clusters. The
extremal index 0, representing the reciprocal of the expected cluster size, and the limiting
cluster size distribution 7 are important measures for analyzing the serial dependence
of the extremes of stationary time series. In this thesis, new estimators for § and 7w
based on the blocks method are proposed. In contrast to many competing estimators
from the literature, these estimators only depend on one tuning parameter, i.e., the
block length. The introduced estimators are analyzed theoretically, establishing their
asymptotic normality, and by means of a large-scale simulation study. Thereby, both
disjoint and sliding blocks versions are considered. The sliding blocks estimators are
shown to exhibit a smaller asymptotic variance than the corresponding disjoint blocks
versions. Further, the sliding blocks estimators perform better with regard to their finite-
sample behavior in the context of the simulation study. In specific scenarios, they are
also found to be superior to recent competitors from the literature.

In various situations, time series data also exhibit non-stationary behavior, which
needs to be accounted for in the statistical analysis. As an approach for modeling non-
stationary time series extremes, the proportional tails model introduced by Einmahl, de
Haan and Zhou (2016, Journal of the Royal Statistical Society: Series B (Statistical Me-
thodology), 78(1), 31— 51) is extended to allow for serially dependent observations. Here,
the proportionality is described by the so-called scedasis function ¢, which can be inter-
preted as the frequency of extremes; the case where this frequency c is not constant is
referred to as heteroscedastic extremes. Central limit theorems for estimators for the sce-
dasis function and for the integrated scedasis function are provided. Moreover, different
test procedures for assessing whether the extremes are heteroscedastic are developed
that are based on a multiplier bootstrap-scheme and on the idea of self-normalization.
These tests are examined theoretically, proving their consistency, and shown to perform
well within a simulation study. Finally, an estimator for the extremal index of the under-
lying stationary time series, which governs the dynamics of the extremes, is proposed;

its consistency is derived and it is investigated empirically.
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1 Introduction

Extreme value theory is concerned with analyzing and modeling rare and extreme events.
Such events may even be more extreme than any that have already been observed, which
statistically means that they lie outside the range of the available data and cannot be
adequately treated with traditional methods. However, the effects of extreme events on
human societies and the environment are often severe, which is why a (statistical) under-
standing of extreme events is important to predict and potentially mitigate these effects.
Extremes can be versatile and comprise heat waves, floods, earthquakes and large losses
in the financial and insurance sector. For instance, a dike should be constructed in a way
that it provides protection against water levels that have never been reached before. Or
in financial applications, the possibility of extreme losses needs to be taken into account
for general risk management. More details and examples in numerous domains of appli-
cation like hydrology, meteorology, geology, finance and insurance are given in Beirlant
et al. (2004) and Coles (2001). In classical extreme value theory, the extremal behavior
of a series of independent and identically distributed random variables is analyzed. The
probabilistic and statistical theory is well developed, see de Haan and Ferreira (2006);
Beirlant et al. (2004) and Resnick (2007) for an overview. However, in many practical
situations the assumption of independent variables is not reasonable and a more realistic
model is given by considering an underlying stationary time series. The accompanying
serial dependence can entail that extremes occur in clusters, rather than isolated as
for independent sequences (Hsing et al., 1988). Indeed, it is often observed that the ex-
tremes of water levels, wind speeds, temperatures or financial times series cluster in time
(Moloney et al., 2019). Such clustering of extremes is important to account for in risk
assessment. For example, several days of heavy rainfall, and not just a single extreme
rainfall, might be the cause of a flood or a landslide. In the case of temperature, a heat
wave emerges which is connected with human health issues, agricultural losses or an
increase in the number of forest fires (Scotto et al., 2011). Standard references to the
literature on extreme value theory for dependent data are Hsing et al. (1988); Leadbetter
(1983); Leadbetter et al. (1983); Leadbetter and Rootzén (1988) and O’Brien (1987).

The statistical analysis of the extremal behavior of a stationary time series typically
consists of assessing the tail of the marginal law and assessing the serial dependence of the
extremes, i.e., their tendency to occur in clusters. Associated statistical methods usually
pursue one of two fundamental principles: the block maxima method and the peak-over-
threshold (POT) method (Biicher and Zhou, 2018). The former approach, dating back



to Gumbel (1958), consists of partitioning the observations into blocks and extracting
the maximum within each block. In its simplest form, the distribution of the resulting
block maxima is then approximated by the generalized extreme value (GEV) distribu-
tion, motivated by the Fisher-Tippet-Gnedenko Theorem (de Haan and Ferreira, 2006,
Theorem 1.1.3). Important recent references to the literature, considering that the block
maxima are only asymptotically GEV-distributed or may be serially dependent, include
Dombry (2015); Ferreira and de Haan (2015); Dombry and Ferreira (2019); Biicher and
Segers (2014) and Biicher and Segers (2018b). The POT method only considers obser-
vations that exceed a certain high threshold and the distribution of such exceedances
is approximated by the generalized Pareto distribution (Balkema and de Haan, 1974;
Pickands, 1975). The literature on the POT method is well developed, some exemplary
references are de Haan and Ferreira (2006); Davison and Smith (1990); Hsing (1991b);
Drees and Rootzén (2010); Resnick and Starica (1998) and Drees and Knezevié¢ (2020).
Heuristically, the POT approach may seem more efficient than the block maxima me-
thod since it takes all large observations into account, while the latter method may miss
some extremes. However, the theoretical comparisons in Biicher and Zhou (2018) show
that either method can be preferable, depending on the quantity of statistical interest
such that in general neither can be considered superior.

Traditionally, in the block maxima method, the maxima are taken over disjoint blocks
of observations. A relatively new idea, which goes back to Beirlant et al. (2004)(Chapter
10.3.4) and Robert et al. (2009), is to take maxima over sliding blocks. Mathematically,
for random variables X1, ..., X,,, n € N, the disjoint blocks maxima sample for a block

length b € N consists of

MY = max{Xy,..., Xy}, MY = max{ Xy 1,..., Xop},
.
. MkJ = maX{X(k_l)b+17 ooy Xib s

where k = |n/b| denotes the number of disjoint blocks, and the sliding blocks maxima

are given by

M5! = max{X1,..., Xy}, M5 = max{Xy,..., Xps1},

1
o My = max{ X, pq1,.. ., X )

It is worthwhile to mention that the maxima sample for sliding blocks is still stationary,
provided this holds true for the underlying time series, but has stronger dependen-

cies than for disjoint blocks, which makes the corresponding theoretical analysis more



involved (Zou et al., 2021). Since the sample of sliding blocks maxima contains all dis-
joint blocks maxima and tends to lay more weight on the really large observations, it is
plausible that it carries more information than the disjoint blocks sample and can thus be
expected to lead to more accurate inference. In fact, the sliding blocks method has been
shown to result in a smaller asymptotic variance in certain applications, while the bias
is asymptotically the same (Robert et al., 2009; Berghaus and Biicher, 2018; Biicher and
Segers, 2018a; Zou et al., 2021; Biicher and Zanger, 2021). On the other hand, the dis-
joint and sliding blocks variances can also be shown to be equal for estimators of cluster
functionals within the POT framework (Cissokho and Kulik, 2020; Drees and Neblung,
2021). Altogether, the sliding blocks maxima method represents an alternative to the

classical construction of block maxima that leads to an improvement in many situations.

This thesis is concerned with the statistical analysis of the extremal behavior of time
series. New estimators for common measures of the extremal dependence of stationary
time series are examined, which are based on the disjoint and sliding blocks method.
Further, the extremal behavior is analyzed in a model that allows the underlying ob-
servations to be serially dependent and follow different distributions and thus allows for

non-stationarities. A detailed description is given in the following.

A primary measure for capturing the serial dependence between the extremes of a
stationary time series is provided by the extremal index 6 € [0,1]. The extremal index
was introduced in Leadbetter (1983) and is defined as follows. The real-valued stationary
sequence (X,)nen with stationary cumulative distribution function F' has an extremal
index 6 € [0,1] if for any 7 > 0, there exists a sequence of thresholds u, = u,(7) such
that lim,, oo n(1 — F(uy)) = 7 and

lim P( max X; < un> =e 07, (1.1)
n—o00 i=1,...,n
The first condition states that the expected number of exceedances among Xi,..., X,

converges to 7, where every observation above the threshold w,, is called an exceedance.
To illustrate the second condition, let (X, )nen be an independent sequence with cumula-
tive distribution function F', and for 7 > 0 choose u,, to satisty lim, oo n(1—F(u,)) =7
as above. Then, since

lim P( _max X; < un> = lim F"(u,)=¢",

n—o0 i=1,...,n n—o00



condition (1.1) implies that P(max;—1__, X; < u,) =~ P(maxj—1,. X; < u,)? for large
n. Thus, the extremal index determines the (shrinking) effect the dependence of the
extremes may have on the distribution of the maximum of the dependent sequence
compared to its independent analogue (Leadbetter, 1983, Theorem 2.4). Obviously, if
(Xn)nen is an independent sequence, then § = 1; however, the case § = 1 can also be
true for dependent sequences (Beirlant et al., 2004, page 378). From now on 6 > 0 is
assumed; the case § = 0 is of little practical interest and commonly excluded (Leadbetter
et al., 1983, page 72). The extremal index has several interpretations, among which the
arguably most important one is its characterization as the reciprocal of the expected
size of an extremal cluster. More precisely, split the observations into successive disjoint
blocks of length b, where b,, = o(n) and b, — oo as n — oo, and consider a threshold
un, as above. The set of all exceedances of the level u,, within a block is called a cluster.

Then, under suitable conditions

bn
6~!' = lim E [Z 1(X; > up)| max X; > un} (1.2)

n—00 £ i=1,...,bn
=1

such that ! is the limiting mean number of exceedances in blocks with at least one
exceedance (Hsing et al., 1988). Therefore, the extremal index measures how many ex-
tremes occur together on average. Another interpretation by O’Brien (1987) states that

under suitable conditions

0= nli_)n;OP(i:r%?),(bn X; < un‘Xl > un>,
meaning that 6 is the limiting probability that an exceedance is followed by a run of
observations below the threshold. Further, the extremal index can be characterized in
terms of the times between exceedances (Beirlant et al., 2004, Chapter 10.3.4).

As a consequence of these interpretations, the estimation of the extremal index can
be an important part of the statistical analysis of the extremal dependence of a sta-
tionary time series. The statistical relevance of estimating # is further emphasized by
the fact that one risks underestimating the marginal quantiles and overestimating the
return levels in many scenarios if the extremal index is neglected (Beirlant et al., 2004,
page 381). Inference about 6 has received a correspondingly large amount of attention
in the literature. Common approaches are the blocks method, the runs method and the
inter-exceedance times method. The first two methods typically depend on a threshold

sequence and a cluster identification scheme (such as a block length), whereas estimators



based on inter-exceedance times only depend on a threshold sequence. Respective refe-
rences are Hsing (1993); Robert et al. (2009); Ferro and Segers (2003); Siiveges (2007);
Siiveges and Davison (2010); Smith and Weissman (1994); Weissman and Novak (1998)
and Laurini and Tawn (2003); see also Beirlant et al. (2004)(Chapter 10.3.4) for an over-
view of these methods. In many papers on the estimation of the extremal index, no or
only incomplete asymptotic theory is given (Berghaus and Biicher, 2018, page 2308).
Chapter 2.1 of this thesis focuses on a class of method of moments estimators for the
extremal index based on the blocks method, which shows an improvement over a recent
(disjoint and sliding) blocks estimator proposed in Northrop (2015) and analyzed theore-
tically in Berghaus and Biicher (2018). These new estimators only require a block length
parameter and rely on the construction of approximate samples from the exponential
distribution with parameter 6. To this, the observations are partitioned into blocks and
in each block a transformation of the block maximum is applied that asymptotically fol-
lows the exponential distribution with parameter 6 by equation (1.1). This approximate
sample of exponentially distributed observations is used to estimate 6 via the method of
moments, whereas in Northrop (2015) and Berghaus and Biicher (2018) the maximum
likelihood estimator of the exponential distribution was used. Thereby, both disjoint and
sliding blocks are considered. The asymptotic normality of the resulting estimators is
established and the asymptotic variances in the sliding blocks case are shown to be smal-
ler than their disjoint blocks counterparts. Further, the asymptotic variance can be seen
to be smaller than the one of the estimator analyzed in Berghaus and Biicher (2018) in
some scenarios. In a simulation study, all methods are compared with several estimators

from the literature regarding their finite-sample properties.

Another important measure for describing the serial dependence of a stationary time
series at extreme levels is the limiting cluster size distribution 7. This object is a pro-
bability distribution on the positive integers, where 7(j) approximately represents the
probability that extreme observations of a stationary sequence (X, ),en occur in a tem-
poral cluster of size j € N. More formally, for appropriately chosen threshold sequence

u, and integer sequence b,, with b, = o(n) and b, — oo as n — o0,

bn
(7)) = nh_}rg(}P(E; 1(X; > up) = max Xi > un), JjeN, (1.3)
1=

see Hsing et al. (1988) for conditions under which this limit exists. By this definition, the

distribution 7 is of natural interest, but beyond that it is further an appealing object to



study since it shows up as one of two characterizing objects in the limiting distribution of
the point process of exceedances; the other one being the extremal index. More precisely,
the point process of exceedances is defined as N,(-) = > 1(i/n € -, X; > uy) and
is a commonly studied object in extreme value theory in general (Hsing et al., 1988;
Beirlant et al., 2004, Chapter 10.3.1). Here, again the threshold sequence u,, is chosen
in a way such that the expected number of exceedances remains finite, i.e., it satisfies
limy, oo n(1 — F(uy)) = 7 for some 7 € (0,00), where F is the stationary cumulative
distribution function of (X, ),en. This process counts the times, normalized by n, at
which the threshold wu,, is exceeded. In N,, all the points making up a cluster from a
block of length b,, = o(n) converge to a single point such that, in the limit, the points in
N, represent the cluster positions. It turns out that if the extremal index and the limit
in (1.3) exist and appropriate long range dependence conditions hold, the limiting point
process is a compound Poisson process with intensity 87 and compounding distribution
7 (Hsing et al., 1988, Theorem 4.1 and 4.2). In particular, this means that, in the limit,
the clusters occur randomly in the manner of a Poisson process, on average there are
07 clusters, and their sizes are independent and distributed according to 7. Under mild
additional assumptions the extremal index can be seen to satisfy 6= = 3 jeN Jjm(j) as
suggested by equation (1.2) (Hsing et al., 1988; Beirlant et al., 2004, Chapter 10.3.1).

There are only a few papers, which are concerned with estimating the limiting clus-
ter size distribution (Robert, 2009b, page 273). Estimators for m have been studied in
Hsing (1991a); Ferro (2003) and Robert (2009b). While the estimator in Ferro (2003) is
based on the inter-exceedance times method, the estimators in the other two references
are based on the (disjoint) blocks method. These two references also provide asymptotic
theory, while the estimator from Ferro (2003) has been analyzed theoretically in Robert
(2009a). Sliding blocks versions of peak-over-threshold estimators for a general class
of cluster functionals including the limiting cluster size distribution are considered in
Cissokho and Kulik (2020). It should be mentioned that a powerful framework for the
asymptotic analysis of these methods is provided by results in Drees and Rootzén (2010)
on empirical processes for cluster functionals. Further, at this point it is worthwhile to
mention that a recently introduced alternative object for capturing the serial dependence
of extremes is given by the tail process from Basrak and Segers (2009). Both 6 and 7 can
be seen to be functionals of this process (Cissokho and Kulik, 2020; Kulik and Soulier,
2020, Chapter 6.2). Statistical inference on the tail process (for selected functionals) has
been considered in Davis et al. (2018); Drees and Knezevi¢ (2020); Drees et al. (2015)
and Neblung (2021).



In Chapter 2.2, new estimators for m based on a disjoint and sliding blocks declus-
tering scheme are proposed. These estimators are defined recursively and rest on the
construction of approximate samples from the exponential distribution, as for the esti-
mation of the extremal index, and on making use of the concrete form of the limiting
distribution of the point process of exceedances. This approach is similar to the one in
Robert (2009b), but, unlike in that reference, the resulting estimators only depend on
one tuning parameter (i.e., the block length). The asymptotic normality of the estimators
is derived for both disjoint and sliding blocks, under a side result on weak convergence
of an empirical process associated with compounding probabilities and sliding blocks.
The sliding blocks estimator can be seen to outperform the disjoint blocks version theo-
retically and both are shown, in the context of a simulation study, to exhibit good
finite-sample properties compared to the estimators by Hsing (1991a); Ferro (2003) and
Robert (2009b).

The assumption of stationarity of the underlying time series constitutes a realistic
model in many situations. However, time series data may still exhibit non-stationary be-
havior in certain cases coming from numerous fields of application (Dahlhaus, 1997; Dahl-
haus and Giraitis, 1998). In particular, there are suggestions in climatology that extreme
weather events are becoming more frequent as a result of climate change (Klein Tank
and Konnen, 2003; Zolina et al., 2009). Therefore, to account for non-stationarities and
to investigate temporal trends for such extreme events is important. Chapter 2.3 is con-
cerned with an extension of the proportional tails model introduced in Einmahl et al.
(2016) to the case of dependent data as an approach for modeling non-stationary time

)

series extremes. In this model, the observations X fn Y ,X,(Ln) exhibit serial dependence
and are drawn from a distribution that changes as time progresses, more precisely, X i(n)
is assumed to have a continuous cumulative distribution function F,,;, i =1,...,n. Fur-
ther, it is assumed that all these distribution functions share a common right endpoint
z* and that there is a continuous cumulative distribution function F' with the same right
endpoint z* which is strictly increasing on its support, and a positive function ¢ on [0, 1]

such that the following proportional tails condition holds:

. 1—Fni(£1?)
lim 02— (1),
i Sy W)

The function c is called the scedasis function and assumed to be a continuous proba-
bility density function. Thereby, the scedasis function can be interpreted as the fre-

quency of extremes, and the case where ¢ is not constant equal to one is referred to



as heteroscedastic extremes. It is worthwhile to mention that the above limit condition
concerns the comparison of the distribution tails only and makes no assumption on the
remaining parts of the distributions (Einmahl et al., 2016). In the latter reference, the
observations were assumed to be independent. In Chapter 2.3, they may be serially de-
pendent in such a way that, for each n € N, the marginal transformations Ul(n), e ,Sn)
where Ul-(n) = Fm-(XZ-(n)) are an excerpt from a stationary time series (Ut(n))tez whose
distribution does not depend on n. The extremal behavior of this series will be governed
by the extremal index and the concept of regular variation (Basrak and Segers, 2009).
Altogether, this setting describes a non-parametric model which allows for serial de-
pendence and different distribution tails and can be used for potential temporal trend
detection of time series extremes.

There are other approaches in the literature that are concerned with non-identically
distributed extremes. Smooth non-stationarity has often been captured by parametric
regression models as in Davison and Smith (1990) and Coles (2001). They considered
models for exceedances where a linear and log-linear trend is imposed on the parame-
ters of the generalized Pareto distribution, respectively; in both, no asymptotic theory is
provided. In Hall and Tajvidi (2000), non-parametric trends in parameters of the genera-
lized Pareto and extreme value distribution are estimated and corresponding asymptotic
results are developed, allowing for serial dependence. Further, parametric trends in a
model similar to Einmahl et al. (2016) are considered in de Haan et al. (2015). Both
provide asymptotic theory in the case of serially independent observations. Mefleh (2018)
also imposed the proportional tails model by Einmahl et al. (2016), assuming that the
scedasis function is of parametric form. Recently, de Haan and Zhou (2021) considered
estimating a continuously changing extreme value index, and Einmahl et al. (2022) provi-
ded a multivariate extension of Einmahl et al. (2016) accounting for spatial dependence.
A brief overview of other approaches is contained in de Haan et al. (2015).

Chapter 2.3 deals with an extension of the proportional tails model by Einmahl et al.
(2016) to allow for serial dependence as described above. The asymptotic behavior of esti-
mators for the scedasis function ¢ and the integrated scedasis function C(s) = [3 ¢(z) du,
s € [0, 1], that were studied in Einmahl et al. (2016) in the independent case, is analyzed.
Thereby, a pointwise and functional central limit theorem is provided for the estimation
of ¢ and C, respectively. The asymptotic variance and covariance functional turn out
to be different than in the independent case. Moreover, different test procedures on
the presence of heteroscedastic extremes are developed that are based on a multiplier
bootstrap-scheme and on the idea of self-normalization. These tests are examined theore-

tically and shown to perform well in the context of a simulation study, with the bootstrap



test being slightly more powerful but computationally more intensive. Finally, an esti-
mator for the extremal index of the stationary time series (Ut(n))tez is introduced, which
constitutes a modification of the block maxima estimator from Berghaus and Biicher
(2018). Its consistency is derived and it is further analyzed regarding its finite-sample

performance within a simulation study.

This thesis is structured cumulatively and organized as follows. In Chapter 2, the
articles in which the author of this thesis is involved are listed. Here, Chapter 2.1 contains
the first article, which is concerned with the estimation of the extremal index of a
stationary time series. The second article is included in Chapter 2.2 and deals with
estimating the limiting cluster size distribution of a stationary time series. Finally, the
third article is contained in Chapter 2.3 and concerns investigating the extremes of
heteroscedastic time series in the proportional tails model described above. In Chapter
3, a brief outlook on a potential continuation of this work is presented along with some
open research questions. Finally, an author contribution statement is deferred to the
appendix, outlining the individual contributions of the authors to the articles included
in Chapter 2.
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Abstract: The extremal index 0, a number in the interval [0, 1], is known
to be a measure of primal importance for analyzing the extremes of a sta-
tionary time series. New rank-based estimators for 6 are proposed which
rely on the construction of approximate samples from the exponential dis-
tribution with parameter 6 that is then to be fitted via the method of
moments. The new estimators are analyzed both theoretically as well as
empirically through a large-scale simulation study. In specific scenarios, in
particular for time series models with 6 ~ 1, they are found to be superior
to recent competitors from the literature.
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1. Introduction

The statistical analysis of the extremal behavior of a stationary time series is im-
portant in many fields of application, such as in hydrology, meteorology, finance
or actuarial science [1]. Such an analysis typically consists of two steps: (1) as-
sessing the tail of the marginal law and (2) assessing the serial dependence of
the extremes, that is, the tendency that extreme observations occur in clusters.
The present work is concerned with step (2). The most common and simplest
mathematical object capturing the serial dependence between the extremes is
provided by the extremal index 6 € [0,1]. In a suitable asymptotic framework,
the extremal index can be interpreted as the reciprocal of the expected size of a
cluster of extreme observations. The underlying probabilistic theory was worked
out in [18, 19, 23, 17, 20].

Estimating the extremal index based on a finite stretch of observations from
the time series has been extensively studied in the literature. An early overview
is provided in Section 10.3.4 in [1], where the estimators are classified into
three groups: estimators based on the blocks method, the runs method or the
inter-exceedance time method. Respective references are [16, 31, 13, 32, 27, 22,
12, 11, 5], among many others. The proposed estimators typically depend on
two or, arguably preferable, one parameter to be chosen by the statistician.
The present paper is on a class of method of moments estimators (based on
the blocks method), which improves upon a recent estimator proposed by Paul
Northrop in [22] and analyzed theoretically in [3].

Some notations and assumptions are necessary for the motivation of the new
class of estimators. Throughout the paper, X;, X5, ... denotes a stationary se-
quence of real-valued random variables with continuous cumulative distribu-
tion function (c.d.f.) F. The sequence is assumed to have an extremal index
0 € (0,1}, i.e., for any 7 > 0, there exists a sequence u, = up(7),b € N, such
that limy_,o, bF (up) = 7 and

lim P(My, < up) = e 07, (1.1)

b—o0

where ' = 1 — F and My, = max{Xi,...,X,}. Next, define a sequence of
standard uniform random variables by Us = F'(X;) and let

Yl:b = _blog(leb)a Nl:b = F(Mlzb) = maX{Ub SRR Ub} (12)

12
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Since bF{F* (e*/*)} = b(1 —e~*/®) — & for b — oo, it follows from (1.1) that,
for any = > 0,

P(Yip > ) = P(Myy < F<(e7%/0)) = e, (1.3)

where F< (z) = inf{ly € R : F(y) > z} denotes the generalized inverse of
F evaluated at z € R. In other words, for large block length b, Y7.;, approxi-
mately follows an exponential distribution with parameter ¢, denoted by Exp(6)
throughout. This inspired [22] and [3] to estimate 6 by the maximum likeli-
hood estimator for the exponential distribution; see Section 2 below for details
on how to arrive at an observable (rank-based) approximate sample from the
Exp(#)-distribution based on an observed stretch of length n from the time
series (Xs)sen-

The idea of transforming observations into a sample of exponentially dis-
tributed observations is actually not new within extreme value statistics: it is
also, among many others, the main motivation for the Pickands estimator in
multivariate extremes [25, 14]. More precisely, if (X,Y") is a bivariate random
vector from a multivariate extreme value distribution with Pickands function
A = (A(w))yepo s then €(w) = min{—log Fx (X)/(1 — w), —log Fy (Y) /w} is
exponentially distributed with parameter A(w). Given a sample of size n from
(X,Y), we may replace Fx and Fy by their empirical counterparts and arrive
at an approximate sample of size n from the Exp(A(w))-distribution, to be, for
instance, estimated by the maximum likelihood estimator.

The present paper is now motivated by the following observation: while the
maximum likelihood estimator is asymptotically efficient in the ideal situation of
observing an i.i.d. sample from the exponential distribution, it was shown in [14]
for rank-based estimators of the Pickands function that it is in fact more efficient
to consider alternative estimators based on the method of moments, such as
a rank-based version of the CFG-estimator [6]. Given that Northrop’s blocks
estimator is also rank-based, the main motivation of this work is to consider
CFG-type estimators for the extremal index 6. Alongside, we will also investigate
other moment-based estimators, including one that is closely connected to the
madogram estimator in [21]. We will show that, depending on the true value
of 0, the new estimators may either exhibit a smaller or a larger asymptotic
variance than Northrop’s maximum likelihood estimator. In particular, we will
show that the CFG-type estimator’s variance is substantially smaller for 6 close
to one, i.e., for time series with little clustering of extremes.

The remaining parts of this paper are organized as follows: in Section 2, we
collect some results about certain useful moments of the exponential distribu-
tion and use those to introduce the new estimators for 6. Regularity assumptions
needed to prove asymptotic results are summarized and discussed in Section 3.
The paper’s main results are then presented in Section 4, alongside with a dis-
cussion of certain aspects of the derived asymptotic variance formulas. Section 5
is about a particular time series model, for which we show that all regularity
conditions imposed in Section 3 are met. The finite-sample performance of the
new estimators is investigated in a Monte-Carlo simulation study in Section 6.
Finally, all proofs are postponed to Section A.

13
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2. Definition of estimators

Recall the definition of Y3, in (1.2), where b € N. Similarly, let
Z1b = b(1 — N1p), Ni.p = F(Myp) = max{Uy,...,Up},
and note that, as b — oo and for any x > 0,
P(Zip > x) = P(Myp < F© (1 —2/b)) — e " (2.1)

by similar arguments as for Y;.,. The convergence relations in (1.3) and (2.1)
serve as a basis for the method of moments estimators defined below.

Subsequently, let X7, ..., X,, denote a finite stretch of observations from the
stationary sequence (X)s>1. Within Section 2.1 and 2.2, we start by using (1.3)
and (2.1) to derive some observable, approximate samples from the Exp(0)-
distribution. In Section 2.3, we collect some moment equations for the expo-
nential distribution, which will then be used to motivate new estimators for the
extremal index in Section 2.4.

2.1. Approximate Exp(60)-samples based on disjoint blocks mazxima

Divide the sample X1,..., X, into k, successive blocks of size b,,, and for sim-
plicity assume that n = b,k,, (otherwise, the last block of less than b,, observa-
tions should be deleted). For i = 1,...,k,, let

M,u‘ = maX{X(i_l)bn+1, e >Xibn
denote the maximum of the X, in the ith block of observations and let
Yni - _bn 10gNni7 Zni - bn(l - Nni)a Nni - F(an)

Due to relations (1.3) and (2.1), if the block size b = b,, is sufficiently large, the
(unobservable) random variables Y,,; and Z,; are approximately exponentially
distributed with parameter §. Observable counterparts are obtained by replacing
F by the (slightly adjusted) empirical c.d.f. F,(z) = (n+1)"* S (X, <),
giving rise to the definitions

Y/ni = _bn IOgNm', Zni = bn(l - NTLZ)7 an = Fn(an)

Both the samples Y = {V,; i =1,... k,} and 29 = {Z,; :i=1,... k,}
will be used later to define disjoint blocks estimators for 6 (note that both sam-
ples are dependent over ¢ due to the use of Fn, which complicates the asymptotic
analysis).

2.2. Approximate Exp(0)-samples based on sliding blocks mazxima

As in the previous paragraph, let n denote the sample size and b,, denote a
block length parameter (the assumption that k,, = n/b, € N is not needed, no
discarding is necessary). For t = 1,...,n — b, + 1, let

b
Mst = Mt:t+bn71 = max{Xt, ce 7Xt+bn71}

n

14
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denote the maximum of the X, in a block of length b,, starting at observation t.
Define

Yol = —bnlog N3, Znt = ba(1 = N33), Ny = F(M),
Yior = —bnlog N3y, Zng = ba(1 = N33), N3 = Fa (M),
By the same heuristics as before, the observable samples V5P = Y;f 1t =

1,...,n — b, + 1} and 25> = {ZAZE :t=1,...,n — b, + 1} are approximate
samples from the exponential distribution and will be used later to define sliding
blocks estimators for 6 (both samples are heavily dependent over i due to the
use of F, and the use of overlapping blocks).

2.3. Preliminaries on the exponential distribution

Some important moment equations, valid for a random variable £, which is
Exp(#)-distributed, are collected. First,

Eflogé] = —logf — v =: p(c)(0), (CFG)

where v = — fooo log(xz)e™™ dx ~ 0.577 denotes the Euler-Mascheroni-constant.
Equation (CFG) is the basis for motivating the CFG-estimator, see [6, 14] and
the details in Section 1. Next, note that

Elexp(—§)] = — =t pan (9), (MAD)

which serves as a basis for the madogram, see [21]. A further choice, includ-
ing (CFG) as a limit, is provided by

B[] = 607VPD(1 4 1/p) = ¢(m) »(6), (ROOT)

where I'(z) = fooo t*~le=t dt denotes the Gamma function and where p > 0. The
moment estimator in case of p = 1 will turn out to coincide with Northrop’s
maximum likelihood estimator. Also note that the previous equation is equiva-
lent to

1/p _ —1/p _
E [5 1} _ 0 ra+1/p)—1 . Gan(0), (2.2)

1/p 1/p

and taking the limits for p — oo on both sides (interchanging the limit and the
expectation on the left) exactly yields Equation (CFG).

2.4. Definition of the estimators

Let xm = {&1,...,&n} denote a generic sample (not necessarily independent)
from the Exp(f)-distribution. Replacing the moments in Equations (CFG),

15



3108 A. Biicher and T. Jennessen

(MAD) and (ROOT) by their empirical counterparts and solving the equation
for 8, we obtain the following three estimators for 6:

Ocrc(xm) = e eXP{ - %Zlog(&)},
i=1

% Zlﬂ Lexp(—&;)
iy exp(—&;)’

Oy i) =T+ 1/ (- Zi”p) e

Oniap (Xm) =

where p > 0. It may be verified that lim,,_, 9AR7P(Xm) = Oora (Xm ), see also (2.2)
for another relationship between the two estimators. Next, replacing x,, by any
of the four samples VP Zdb ysb or Zsb defined in Sections 2.1 and 2.2, we
finally arrive at 12 method of moments estimators for . We use the suggestive
notations

Sun 5 db An 5 b
Odr.cra = Ocra(Vn), 0 map = Oman(Z3°)

to, e.g., denote the disjoint blocks CFG-estimator based on the Y, and the
sliding blocks madogram-estimator based on the i respectively. Note that
the four estimators of the form éfn’fRﬂl,éfrﬁRJ,m € {db,sb}, are the (pseudo)
maximum likelihood (PML) estimators considered in [3].

3. Mathematical preliminaries

Further mathematical details are necessary before we can state asymptotic re-
sults about the estimators defined in the previous section. The asymptotic frame-
work and the conditions are mostly similar as in Section 2 in [3], but will be
repeated here for the sake of completeness.

The serial dependence of the time series (Xg)sen will be controlled via mixing
coefficients. For two sigma-fields F7, F5 on a probability space (£2, F,P), let

a(Fi,Fa)= sup |P(ANB)—P(A)P(B)|.
A€eF,,BEF,

In time series extremes, one usually imposes assumptions on the decay of the
mixing coefficients between sigma-fields generated by { X 1(Xs > F<(1—¢,)) :
s </l} and {X;1(Xs > F<(1—¢,)) : s > {4k}, where ¢, — 0 is some sequence
reflecting the fact that only the dependence in the tail needs to be restricted
(see, e.g., 29). As in [3], we need a slightly stronger condition, that also controls
the dependence between the smallest of all block maxima. More precisely, for
—00 <p<qg<ooande € (0,1], let B;., denote the sigma algebra generated
by U: := Us1(Us > 1 —¢) with s € {p,...,q} and define, for £ > 1,

(075 (6) = sup a(Bizkv Blf:—l—[:oo)'
keN
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In Condition 3.1(iii) below, we will impose a condition on the decay of the mixing
coefficients for small values of . Note that the coefficients are bounded by the
standard alpha-mixing coefficients of the sequence U, which can be retrieved
for e = 1.

The extremes of a time series may be conveniently described by the point
process of normalized exceedances. The latter is defined, for a Borel set A C
E :=(0,1] and a number z € [0,0), by

N@)(A) = zn:]l(s/n € A,Us>1—x/n).

s=1

Note that Ném)(E) = 0 iff N1, < 1 — x/n; the probability of that event con-
verging to e~ under the assumption of the existence of the extremal index 6.

Fixm>1landzy>--->x, >0.Forl <p<qg<n,let J—“,Sf’;i;:b"’zm) denote
the sigma-algebra generated by the events {U; > 1 — x;/n} for p < i < ¢ and
1 <j<m.For1l</{<n, define

Qne(@1, - . 2m) = sup{|P(AN B) — P(A)P(B)| :
Ae Fitm) B e Flmim) 1 < s <n— 1),

1:s,n st+l:n,n

The condition A, ({un(z;)}1<j<m) is said to hold if there exists a sequence

(4y,)n, with £,, = o(n) such that oy, ¢, (1,...,2m) = o(1) as n — co. A sequence
(gn)n with ¢, = o(n) is said to be A, ({un(z;) }1<j<m)-separating if there exists
a sequence (£,), with £, = o(q,) such that ng, ane, (T1,...,2m) = o(1) as

n — oo. If A, ({un(z;)}1<j<m) is met, then such a sequence always exists,
simply take ¢, = Lmax{noz;fzw , (nly) 2} .

By Theorems 4.1 and 4.2 in [17], if the extremal index exists and the
A(un(z))-condition is met (m = 1), then a necessary and sufficient condition
for weak convergence of N/ is convergence of the conditional distribution of
N (B,) with B,, = (0,q,/n| given that there is at least one exceedance of

1—2x/nin {1,...,q,} to a probability distribution 7 on N, that is,
lim P(N{(B,) = j | N{O(Ba) > 0) =w(j)  Vj=1,

where ¢, is some A(u,(x))-separating sequence. Moreover, in that case, the
convergence in the last display holds for any A(u,(x))-separating sequence gy,
and the weak limit of N is a compound poisson process CP(fz, ). If the
A(uy, (x))-condition holds for any = > 0, then 7 does not depend on z (17,
Theorem 5.1).

A multivariate version of the latter results is stated in [24], see also the
summary in [27], page 278, and the thesis [15]. Suppose that the extremal index
exists and that the A(u,(z1),un(z2))-condition is met for any =7 > z2 > 0,
x1 # 0. Moreover, assume that there exists a family of probability measures
{75 10 €[0,1]} on J = {(i,5) :i > j > 0,i > 1}, such that, for all (i,5) € J,

lim P(N@(B,) =i, N&2)(B,) = j | N®(B,) > 0) = 75*/%) (4, §),

n—o0

17
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where g,, is some A(u,(z1),u,(z2))-separating sequence. In that case, the two-
level point process Ny 2 = (NS, N&™’) converges in distribution to a point
process with characterizing Laplace transform explicitly stated in [27] on top of
page 278. Note that

G, g) = (@i =j),  m(i5) = (@) = 0).

Finally, we will need the tail empirical pocess

en(m):\/ik_ng{n@pl—%)—%}, x>0, (3.1)

where Us = F(X5), see, e.g., [10, 29].
The following set of conditions will be imposed to establish asymptotic nor-
mality of the estimators.

Condition 3.1.

(i) The stationary time series (X;)seny has an extremal index 6 € (0,1] and
the above assumptions guaranteeing convergence of the one- and two-level
point process of exceedances are satisfied.

(ii) There exists 6 > 0 such that, for any m > 0, there exists a constant Con
such that, for all 0 < a7 < x5 < m,n € N,

E [|[N{(B) = NF(B)PH] < Gl — 21).
(iii) There exist constants co € (0,1) and Cy > 0 such that
acg (m) S CQmin

for some n > 3(2+6)/(6 — p) > 3, where 0 < p < min(d,1/2) and 6 > 0
is from Condition (ii). The block size b,, converges to infinity and satisfies

kn =o0(b2), n— oco.

(b2/2+9)

Further, there exists a sequence ¢,, — oo with ¢, = o and

knae,(£,) = o(1) as n — oc.
(iv) There exist constants ¢; € (0,1) and C; > 0 such that, for any y € (0, ¢1)
and n € N,

Var{z 1(Us >1— y)} < C1(ny +n?y?).
s=1

(v) For any c € (0,1), one has
lim P min N}, < C) _0,

n— 00 (i:l,...,an

where N/, = max{U,, s € [(i —1)b,/2+1,...,ib,/2]} for i =1,...,2k,.

18
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(vi) For any = > 0,

lim limsupIP(Nm:bn >1-— z ‘ U, >1-— E) =0.
n n

m—=o0 p—oo

Condition 3.2 (Integrability).
(i) With 6 > 0 from Condition 3.1(ii), one has

limsupE || log(len)ler&} < oo.

n— 00

(ii) Fix p > 0. With ¢ > 0 from Condition 3.1(ii), one has

limsup E [anﬂ;)/p] < 00.

n—oo

Condition 3.3 (Bias Condition). Recall ¢y, om) and ¢p(r) p, defined in Equa-
tions (CFG), (MAD) and (ROOT), respectively.

(i) Asn — oo, Eflog(Z14,,)] = v (c)(0) + o(kgl/Q)_

(ii) Asn — oo, Elexp(—Z1.4,)] = wm)(0) + O(kgl/z).

(iii) Fix p>0. As n — o0, E [Z}/] = o) p(0) + o(kn '/?).
Condition 3.4 (Technical Condition for the CFG-type estimator).

(i) For some g > 1/2, we have b, = O(k%) as n — oc.
(ii) For some 7 € (0,1/2), we have, as n — oo,

{%}H d, {%}H in D([0, 1)),

the caglad space of functions on [0, 1], where e,, denotes the tail empirical
process defined in (3.1) and where e is a centered Gaussian process with
continuous sample paths and covariance as given in Lemma B.1.

(iii) For any ¢ > 0, we have, as n — oo,

€n (an)

= O[[D(].).

max
Zni ZC

(iv) For any ¢ > 0, there exists pp = p. € (1/2,1/{2(1 — 7)}) with 7 from (ii)
such that, as n — oo,

P(Zp1 < ck,#) —P(§ < ck*) = o(log(n)*lkglﬂ), where £ ~ Exp(0).

The items of Condition 3.1 are the same as Condition 2.1(i)-(v) and (2.2) in
[3] and are discussed in great detail in that reference. Condition 3.2 is needed for
uniform integrability of the sequences Z>/" and log? Z,,1, respectively. It implies

lim Var(Z}l{p) = Var(£Y/P), lim Var(log Z,,;) = Var(log¢),
n—o00

n—o0
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respectively, where & denotes an exponentially distributed random variable with
parameter #. Condition 3.3 is a bias condition requiring the approximation of
the first moment of f(Z,1) by E[f(§)] to be sufficiently accurate, where f(x) €
{:I;I/pv eXp(_$)7 IOg l‘}

Condition 3.4 is a technical condition which is only needed for deriving the
asymptotics of the CFG-estimator. The Condition 3.4(i) requires b to be not
too large. Sufficient conditions for Condition 3.4(ii) in terms of beta mixing
coefficients can be found in [10]. A sufficient condition for Condition 3.4(iii) is for
instance strong mixing with polynomial rate ai(n) = O(n~+v2)=¢) n — oo,
for some € > 0, together with Condition 3.4(i) being met with ¢ < 1/(v/2—1) ~
2.41. Indeed, for any x > ¢ and n > 0, one can write

o) o> (11 ) -} - (- )

where

=0 LU < u) —u
Unp(u) = v > ({1 _( 0 }]1(0,1)(U).

By Theorem 2.2 in [30], we have sup,>q|Un,,(1 — 2/b,)| = Op(1) for all n <
1 — 2712 2 0.29. Hence, by Condition 3.4(i),

en(Zn'L) biz/2777
_ OP(
Zni V kn Vv kn

The expression on the right-hand side is op(1) if we choose n € (1/2—1/{2q¢},1—
2-1/2]; note that the latter interval is non-empty since ¢ < 1/(y/2 — 1). Finally,
Condition 3.4(iv) is another technical condition requiring the approximation of
the law of Z,; by the exponential distribution to be sufficiently accurate in the
lower tail.

) =on(gno-),

max
Zni>c

4. Asymptotic results

We present asymptotic results on all estimators defined in Section 2. For sim-
plicity, all results are stated and proved for the Zni-versions only. As in Theorem
3.1 in [3], it may be verified that the respective versions based on Yy; show the
same asymptotic behavior as the Z,;-versions. Throughout, for z € (0,1), let

(&7,67) ~ =5,
Theorem 4.1. Under Condition 3.1, 3.2(i), 3.3(i) and 3.4, we have
NZn d
Vkn(03 cpa — 0) = N (0,07, ¢)

for m € {db,sb} and as n — oo, where
1 (2) ¢(2) (2)q (¢£(2)
OB & 1 —E[§ 1(&~ > 0)]
2 — 293/ 1 2 1 2 d 2 — 21 9 02
Tdb,C ; 20+ 2) z+{n°/6 0g(2)}07,
Us2b,c = ‘7<21b,c — {m?/6 — 8log(2) + 4}6>.
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Theorem 4.2. Under Condition 3.1 and 3.3(ii), we have

Va2 viap — 0) —5 N(0,02, )

for m € {db,sb} and as n — oo, where

1 OF (2) ¢(2) - E (Z)]l (2) 0 6)2 1 0

0% = 460%(1 +9)/0 (SIS ](1 +[€z1)3 (&~ >0) .. 2((2 :9))
9 o _ 362+49—4(1+6)(2+9)log{2(1+9)/(2+0)}
Osb,M =~ 0db,M 6(2+0)(1+6)2 )

Theorem 4.3. Fiz p > 0. Under Condition 3.1, 3.2(ii) and 3.3(iii),

\/E(éfr;if{m ) —> N( ) mp)

for m € {db,sb} and as n — oo, where

o2 = 4pt° /1 0El7e”) + Bl (el = 0))20 1
db,p B(1/p,1/p) (1+z)1+
2p3 9 )
e —p° —2p:6°,
{Bu/p, 1/p) * v

2p3

2 _ 2 |2
Isbip = dbp [p B/ 1/p)

4p = _ %)yl /P2 2) dz | 62
r | e dsen

where B(x,y) fo U )¥=Ldt denotes the beta function and T'(z,z) =
fw t*~le~tdt is the mcomplete gamma function.

It is worthwhile to mention that the imposed conditions in each theorem are
exactly the same for the disjoint and the sliding blocks version. Furthermore,
apart from the different bias conditions, the conditions regarding k,, are exactly
the same in Theorem 4.2 and 4.3, and slightly stronger for Theorem 4.1 in that
the additional technical Condition 3.4 is imposed.

The proofs are provided in Section A and bear some similarities with the one
of Theorem 3.2 in [3]. In particular, they rely on the delta method, Wichura’s
theorem and empirical process theory to adequately handle the asymptotic con-
tribution of the rank transformation. The most sophisticated proof is the one of
Theorem 4.1, which is essentially due to the fact that E[log £] fo log(t)fe0 dt
is an improper integral both at zero and at infinity (see also [14] for similar tech-
nical difficulties with the CFG-estimator for the Pickands dependence function
in multivariate extremes).

It is worth to mention that the difference

AsyVar(y knégﬁ,CFG/G)—Asyvar( V knégg,CFG/a) = (U(Zib,c—agb,c)/92 ~ 0.0977
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Fic 1. Graph of the functions 0 — (02, 1 — 02 \)/0? (left) and p — (02, b o2 p)/n92
(right).

is a universal constant independent of any properties of the observed time se-
ries. The same holds true for the Root-estimator with a constant depending in a
complicated way on the parameter p (the graph of p — (aﬁbyp — O‘s2b7p) /0? is de-
picted in Figure 1, with a value of approximately 0.2274 for the PML-estimator).
For the Madogram-estimator, this difference depends on 6 (see Figure 1 for the
graph of 6 = (03, \r — 03, )/607); it is non-negative and decreasing with value
1/12 =~ 0.083 for § — 0 and approximately 0.0079 for # = 1. In that regard, the
use of sliding blocks over disjoint blocks is least beneficial for the Madogram-
estimator.

Ezample 4.4. In the case that the time series is serially independent, the cluster
size distributions are given by (i) = 1(i = 1) and 75" (i,5) = (1 — 2)1(i =
1,7=0)+21(i =1,j = 1), which implies

0=1, Elge?) =2 and Elg71(&) =0))=1-=
It can be seen that these formulas hold true whenever 8 = 1. Consequently, the

limiting variances in Theorem 4.1 and 4.2 are equal to

2
030 = % — 2log(2) ~ 0.2536, 0%.c = 6log(2) — 4 ~ 0.1588,

‘7<21b,M =1/3, Us2b,M ~ 0.32536.

It is remarkable that the asymptotic variances are substantially smaller than

those of the maximum likelihood estimator, see Example 3.1 in [3], which are

equal to 1/2 and 0.2726 for the disjoint and sliding blocks version, respectively.
The limiting variance in the case of the Root-estimator is given by

2p _
Uib’p:ﬁ[pQ-FQ 2/1120}_192_]97
p’p
2p3 4p o _ _
2 _ 2 2 2\ 1/p—21/1
Pho =iy P iy i, 0G0
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Some values are

15 1
Uﬁb,1/2 =16’ C’c21b,1 =5 ‘7(211072 ~ 0.3662,
7
T = 1g0 021 ~ 0.2726, 022 ~ 0.212009.

It can further be shown that lim,_, aﬁj’p = afmc for m € {db, sb}.

Riemark 4.5. Instead of working with Fn in the definition of an = b, {1 —
F,,(My;)}, one may alternatively use the empirical c.d.f. of (X;)s¢;, multiplied
by (n—b,)/(n—0b, +1) for I; = {(: —1)b, + 1, ...,ib,}, denoted by F,, _;, and
define Z,,; = b {1 — FA'n,Z(Mm)} and 0 = 9(Zn1, - ann) This modification
has been motivated as a bias reduction scheme in [22]. Since

n—+1

A n-+1
- _z.
n—=b,+1 "

Zi = bn{1 = Fo—i(Myi)} = bo{1 — B (My:)} e

some simple calculations show that, for instance for the CFG-estimator,

k
B 1 & ~ n—>b,+1;
e Vexp{—k— g 10g(Zni)}:4n_:1 ejg,CFG’
" oi=1

showing that the modification is asymptotically negligible. It is however ben-
eficial in finite-sample situations, whence it has been applied throughout the
finite-sample situations considered in Section 6. Obviously, similar adaptions
can be applied to the sliding blocks version and the other moment based esti-
mators.

5. Example: max-autoregressive process

In this section, we exemplarily discuss the new estimators when applied to a
max-autoregressive process, defined by the recursion

Xs =max{aX,_1,(1 —a)Z;}, se€Z,

where a € [0,1) and where (Z;)sez is an i.i.d. sequence of Fréchet(1)-distributed
random variables. A stationary solution of the above recursion is

X, = glzauéc (1-a)a’Z,_;,
such that the stationary solution is again Fréchet(1)-distributed. Note that a
model with an arbitrary stationary c.d.f. F' may be obtained by considering
X, = F*{exp(—1/X,)} and that all subsequent results are also valid for (X)s.
We start by explicitly calculating the asymptotic variances of the estimators
in Section 5.1, and then show in Section 5.2 that all regularity conditions from
Section 3 are met.
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FiG 2. Asymptotic variance of \/kn(0n /0 — 1) in the ARMAX-model. The estimators in the
right figure rely on disjoint blocks.

5.1. Asymptotic variances for the ARMA X-model

Recall that the ARMAX-model has extremal index § = 1 — a and that the
corresponding cluster size distribution is geometric, that is, 7(j) = o/ ~1(1 —
a),j > 1, see, e.g., Chapter 10 in [1]. From Example 6.1 in [3], one further has

T+ 2+ zw(l — @)

(2) ¢(2)] _
E[€1 & ] - (1 _ a)2 ’
()7 () 1— ot
Bl&T1(& =0)] = —5——— —z(w+1),

where w = [log(z)/log(a)] and (&1, ¢{*) ~ 7{*). This allows to calculate the
limiting variances in Theorem 4.1-4.3 explicitly. For the CFG-type estimator,
some tedious but straightforward calculations imply

2

Odbc T oh.c
2 -G +2log(2)(a—1) and 0

= 2log(2)(3+ a) — 4,

see also Figure 2 for a picture of the graph of these functions. Next, we com-
pare these variances with the disjoint and sliding blocks variances of the PML-
estimator in [3], which are given by Uc21b,1 and Us2b,1 and satisfy

1 Uszb,l 8log(2) — 5+ «
25(1+a) and 2= 5 ,

2
Odb,1
02

respectively. Thus, 03, ¢ < 0g;,; iff @ < {1 +4log(2) —7*/3}/{4log(2) — 1} ~
0.2723 and 03, < 03, iff @ < {3 —4log(2)}/{4log(2) — 1} ~ 0.128.

Further comparisons can be drawn from Figure 2, where the asymptotic vari-
ances of vk, (0,/0 — 1) are additionally illustrated for the Madogram- and the
Root-estimators.

24



Method of moments estimators for the extremal index 3117

5.2. Regularity conditions for the ARMA X-model

Recall that X is Fréchet(1)-distributed, i.e., the stationary c.d.f. F' is given by
F(z) = exp(—1/z),z > 0, with inverse FF~!(z) = —log(x) 1.

The assumptions in Condition 3.1 are satisfied as shown in [3], page 2322,
provided b,, and k,, are chosen to satisfy the conditions in item (iii). Next, by
induction,

P( max X,<z)= F(x)to0-1),

s=1,...,b

which implies that the c.d.f. of Z1,, = b{1 — F(M1.5)} is given by

1, x> b,
P(Zip <) =41 (1-2)"C7Y 2 c0,0), (5.1)
0, b < 0.

A tedious but straightforward calculation then shows that the assumptions in
Condition 3.2 and 3.3 are met, provided k, /b2 = o(1), cf. Condition 3.1(iii).
Condition 3.4(i) is a condition on the choice of b, that is under the control
of the statistician. Conditions 3.4(ii) and 3.4(iii) are consequences of mixing
properties of (X;)s as argued at the end of Section 3. It remains to show that
Condition 3.4(iv) is satisfied. By (5.1) and with £ ~ Exp(#), we have

ch i 146(bn—1)
i)
= o(k;1?(logn)™1), n — oo,

P(Zp1 < ck,#) —P(§ < ¢k *) = exp(—0Ock, ) — (1 —

for any p > 1/2, where the final estimate follows from Taylor’s theorem and
Condition 3.4(i).

6. Finite-sample results

A Monte-Carlo simulation study was performed to assess the finite-sample per-
formance of the introduced estimators and to compare them with competing
estimators from the literature. The data is simulated from the following four
time series models that were also investigated in [3]:

e The ARMAX-model:
Xs = max{aX, 1, (1 —a)Zs}, sEL,

where a € [0,1) and where (Z;); is an i.i.d. sequence of standard Fréchet
random variables. We consider o« = 0,0.25,0.5,0.75 resulting in 8 =
1,0.75,0.5,0.25.

e The squared ARCH-model:

X,=(2x107° + X, )72, s€Z,
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where A € (0,1) and where (Z;)s denotes an i.i.d. sequence of standard
normal random variables. We consider A = 0.1,0.5,0.9,0.99 for which the
simulated values 6 = 0.997,0.727,0.460, 0.422 were obtained, respectively;
see Table 3.1 in [8].

e The ARCH-model:

X, =(2x107° 4+ X2 )27, sez,

where A € (0,1) and where (Z;)s denotes an i.i.d. sequence of standard
normal random variables. We consider A = 0.1,0.5,0.7,0.99 for which the
simulated values 6 = 0.999, 0.835,0.721,0.571 were obtained, respectively;
see Table 3.2 in [8].

e The Markovian Copula-model ([7]):

X, =F“(U,), (Us,Us1)~Cy, s€EL.

Here, FF< is the left-continuous quantile function of some arbitrary con-
tinuous c.d.f. F', (Us)s is a stationary Markovian time series of order 1
and Cy denotes the Survival Clayton Copula with parameter ¢ > 0. We
consider choices ¥ = 0.23,0.41,0.68,1.06,1.90 such that (approximately)
6 =0.95,0.8,0.6,0.4,0.2 [3] and fix F' as the standard uniform c.d.f. (the
results are independent of this choice, as the estimators are rank-based).
Algorithm 2 in [26] allows to simulate from this model.

In each case, the sample size is fixed to n = 23 = 8192 and the block size
is chosen from b = b, € {22,...,2%}. The performance is assessed based on
N = 3000 simulation runs each.

6.1. Comparison of the introduced estimators

We start by comparing the finite-sample properties of the proposed sliding blocks
estimators éfmCFG, GAfn’MAD and éfn,R,p for p € {0.5,0.75,1,2,4,8,16} for = €
{2zn,yn} and for m €{sb,db}.

As the simulation results are, to a large extent, similar among the different
models and estimators, they are only partially reported, with a particular view
on highlighting selected interesting qualitative features. We begin by a detailed
investigation of the variance, the squared bias and the mean squared error (MSE)
as a function of the block size parameter b. In Figure 3, we present results for
the disjoint and sliding blocks version of the CFG- and the PML-estimator in
a representative ARMAX-model with # = 0.75. Similarly as in [3] and as to be
expected from the asymptotic results, the bias of the disjoint and the sliding
blocks version are almost identical, while the variance is uniformly smaller for the
sliding blocks version (in particular for large values of b,,). Since this qualitative
behavior holds uniformly over all models and estimators, we omit the disjoint
blocks estimator from the subsequent discussions and write ééFG = é§b7CFG etc.
for simplicity.
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Fic 3. Comparison of variance, squared bias and MSE, multiplied by 103, of the disjoint and
sliding blocks CFG- and PML-estimator in the ARMAX-model.

Next, we compare the different moment estimators. For illustrative purposes,
we begin by restricting the presentation to the z,-versions and the ARCH-
model. The corresponding results are depicted in Figure 4 (for the CFG-, the
Madogram- and three selected Root-estimators). In general, as to be expected
from the underlying theory, the variance curves are increasing in b, while the
squared bias curves are (mostly) decreasing in b, resulting in a typical U-
shape for the MSE curves. The hierarchy of the estimators with regard to
the considered performance measures is similar among the considered values
of 6. In terms of the MSE, up to an intermediate block size, the CFG- and
Madogram-estimator are superior to the other estimators (especially to the
PML-estimator), while for large block sizes the Madogram-estimator has a rel-
atively high MSE, but the CFG-estimator partly remains superior. The Root-
estimators are, as expected, ordered in p and located between the PML- and
CFG-estimator.

Next, a comparison between the z,- and y,-versions of the estimators is
drawn in Figure 5; for illustrative purposes, attention is restricted to six different
models and two estimators. Remarkably, there are many models, especially for
smaller values of 6, in which the MSE-curves of the y,-versions lie uniformly
below the ones of the z,-versions. In the remaining models, neither version can
be said to be strictly preferable. Furthermore, it is remarkable that, for 6 close
to one, the MSE-curves of the y,-versions are often no longer U-shaped, but
increasing in the block size instead. The latter behavior may be explained by
the proximity to the i.i.d. case, since in that case, we have

P(Yip > y) = P(Niyp < e Vb)) =P(U, <e ¥/ =e¥

for all b € N, such that there is real equality in relation (1.3), resulting in a
vanishing bias.

Next, we investigate the dependence of the performance of the Root-estima-
tors on the parameter p; recall that p = 1 yields the PML-estimator, while
‘D = oo’ yields the CFG-estimator. In Figure 6, the MSE-curves are depicted
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FiG 5. Comparison of the MSE multiplied by 103 of the zn - and yn-versions of the estimators.
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FI1G 6. Mean Squared Error multiplied by 103 of the Root-estimators as a function of the
parameter p for block sizes b € {16,32,64,128,256} and three different models.

TABLE 1
Identification of the Root-estimator p with the minimum MSE for the ARCH- and
ARMAX-model and every considered block size b. The p with the minimum MSE over all
blocksizes is presented in the last line.

Model ARCH ARMAX

Theta 0.999 0.835 0.721 0.571 1 0.75 0.5 0.25

b=4 00 00 o) 00 o0 00 [e%e) 00

8 0 0 00 00 e’} o) o) o)

16 [e%) o) [oe) (oe) [e%) o) o) o)

32 2 00 00 00 o0 00 o) 00

64 2 2 0o 0o 16 8 1.5 2

128 2 1.5 4 4 8 4 1 1
256 2 4 oo 1.25 4 8 1 0.75
512 2 8 o) oo 4 0o 1 0.75

ming, 00 0o 0o 00 o) 00 1.5 1

as a function of p for various fixed block sizes and for three selected models. It
can be seen that choices of p < 1 lead to a poor behavior of the corresponding
estimators. At the same time, the results do not allow to identify some ‘optimal’
choice of p > 1 which is valid uniformly over all models. A similar conclusion
can be drawn from Table 1, which presents, for the ARCH- and ARMAX-model
and every block size b, the value of p for which the Root-estimator attains the
minimal MSE (p = oo corresponds to the CFG-estimator). One can see that
most values of p are represented, with p = oo appearing most often, but that
there is no optimal choice of p universally over all models.

6.2. Comparison with other estimators for the extremal index

In this section, we compare the performance of the introduced new estimators
with the following estimators: the bias-reduced sliding blocks estimator from [28]
(with a data-driven choice of the threshold as outlined in Section 7.1 of that
paper), the integrated version of the blocks estimator from [27], the intervals
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FIG 7. Mean Squared Error multiplied by 103 for the estimation of @ within the ARCH-model
for four values of 6.

estimator from [13] and the ML-estimator from [32]. The parameters o and ¢
for the Robert-estimator (cf. page 276 of 27) are chosen as o = 0.7 and ¢ = 1.3.
In the case of the intervals- and Siiveges-estimator, the choice of a threshold w is
required, which is here chosen as the 1 —1/b,, empirical quantile of the observed
data. With regard to our estimators, we present results for the sliding-blocks,
bias-reduced and z,-versions, if not indicated otherwise.

In Figure 7, we depict the MSE as a function of the block size b. For most
models, the MSE-curves of the estimators from the literature are again U-shaped
due to the bias-variance tradeoff already described in Section 6.1. It can further
be seen that no estimator is uniformly best in any model under consideration.
The method-of-moment estimators do however compare quite well to the com-
petitors.

The minimum values of the MSE-curves in Figure 7 are of particular in-
terest. Due to the large amount of estimators and models under consideration
(in total 26 estimators and 17 models) we try to simplify possible comparisons
by the following aggregation, summarized in Table 2. First, in the first four
columns of the table, we calculate for each time series model and each estima-
tor under consideration, the sum (sum over all values of 6 considered for the
specific model) of the minimum MSE-values (minimum over b). Second, in the
last four columns of the table, we present the sum of the minimum MSE-values
(minimum over b) over all models, for which the extremal index 6 lies in the in-
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TABLE 2
Sum of minimal Mean Squared Error multiplied by 103 over different models and
01 € (0,0.3],602 € (0.3,0.6],03 € (0.6,0.8] and 04 € (0.8,1]. The three smallest values per

column are in boldface.

Estimator armax arch arch?® markov | (0,.3] (.3,.6] (.6,.8] (.8,1]
CFG, Z 4.80 8.54 8.46 11.19 5.84 19.08 5.46 2.61
CFG, Y 2.56 6.98 8.41 12.63 5.08 15.45 3.56 6.49
Madogram, Z 5.17 8.87 7.92 10.77 5.66 18.12 5.68 3.27
Madogram, Y 3.00 7.08 8.62 12.65 5.10 15.72 3.59 6.94
PML, Z 6.18 11.74 7.99 10.89 4.44 18.62 7.37 6.38
PML, Y 1.96 8.40 7.45 10.99 3.73 14.83 4.04 6.21
R,p=0.5,7% 9.64 17.37 11.57 12.11 4.90 24.18 11.25 10.35
R,p=05Y 2.33  11.99 8.49 10.94 3.90 18.14 5.66 6.05
R,p=0.75,72 7.08 13.33 8.83 10.99 4.44 19.80 8.79 7.20
R,p=0.75Y 2.03 9.26 7.63 10.74 3.66 15.53 4.41 6.06
R,p=1252 5.77 11.02 7.82 10.80 4.56 18.33 6.61 5.89
R,p=125Y 1.96 8.06 7.37 11.04 3.74 14.47 3.90 6.32
R,p=15,7%2 5.54 10.48 7.86 10.47 4.72 18.38 6.21 5.04
R,p=15Y 1.98 7.93 7.32 11.10 3.76 14.32 3.84 6.40
R,p=2,2 5.22 9.82 8.11 10.22 4.84 18.67 5.76 4.10
R,p=2,Y 2.03 7.88 7.34 11.16 3.84 14.34 3.72 6.51
R,p=4,172 4.84 9.10 8.40 10.14 5.07 18.81 5.39 3.20
R,p=4Y 2.20 7.52 7.64 11.58 4.21 14.53 3.67 6.52
R,p=38§,2 4.76 8.88 8.42 10.48 5.37 18.96 5.36 2.85
R,p=8Y 2.35 7.31 7.95 12.02 4.56 14.91 3.68 6.48
R,p=16,2 4.76 8.69 8.41 10.78 5.58 18.99 5.39 2.68
R,p=16,Y 2.45 7.14 8.16 12.32 4.80 15.18 3.61 6.47
Intervals 3.49 12,53 11.72 21.86 3.60 15.55 11.46 18.98
ML Siiveges 1.90 22.67 8.70 25.20 14.93 30.46 4.95 8.13
Robert 8.54 12.45 9.97 13.61 6.46 22.42 8.34 7.34
RSF 8.09 11.68 9.77 15.85 7.28 23.52 7.52 7.06

terval (0,0.3],(0.3,0.6], (0.6,0.8] or (0.8, 1], respectively. It can be seen that the
CFG-estimator wins thrice, the Madogram- and PML-estimator wins twice, the
Stiveges and the Intervals-estimator wins once, and that the remaining smallest
values are covered by a version of the Root-estimator. Also note that for large
values of 6 € (0.8, 1] (last column), the CFG-estimator and the Root-estimator
for p € {8,16} are the best performing estimators. As a final interesting observa-
tion, note that the y-versions of the moment estimators mostly outperform the
z-version, except for the column corresponding to 6 € (0.8,1] and some entries
in the columns ‘Markov’ and ‘sqARCH’. A more refined analysis showed that
these differences were almost exclusively attributable to the two specific mod-
els ‘Markov(f = 0.95)” and ‘sqARCH(6 = 0.997)’, which appear to be rather
difficult to estimate for all estimators under consideration.

7. Conclusion

Estimating the extremal index is a classical problem in extreme value analy-
sis for univariate stationary time series, with many ad-hoc solutions based on
diverse motivations. This paper considers a new approach that is based on cer-
tain rescaled samples of ranks of block maxima and the method of moment

31



3124 A. Biicher and T. Jennessen

principle. The underlying samples have also been used by [22] and [3] to define
explicit (pseudo) maximum likelihood estimators for the extremal index. Using
the method of moment principle instead results in a large variety of alternative
estimators. Studying their properties was initially motivated by the fact that a
similar approach in multivariate extremes (the rank-based CFG-estimator for
the Pickands function) was found to yield a more efficient estimator than the
(pseudo) maximum likelihood method [14].

The method of moment principle being a rather universal principle, the
present paper goes far beyond only considering a CFG-type estimator. In fact,
based on natural moment equations for the exponential distribution (see Sec-
tion 2.3), three classes of method of moment estimators were considered, which
may each be based on (1) either disjoint or sliding block maxima, and (2) on cer-
tain y- or z-transformations of the block maxima. The sliding blocks version was
always found to be more efficient than the disjoint blocks version. The y- and
z-version share a similar behavior in terms of their asymptotic variances, but
their bias may differ substantially depending on the underlying data generating
process. The initial conjecture derived from [14] was partially confirmed: for 6
in an explicit neighbourhood of 1, the asymptotic variance of the CFG-type es-
timator is always smaller than the one of the ML-type estimator. A comparison
between the various method of moment estimators is more cumbersome, with
no universal answer, neither theoretically nor in terms of simulated finite sample
results. If one were to come up with a single proposal, then the simulation study
overall suggests to use the sliding blocks y-version of the root-estimator with an
intermediate choice of p, say, p = 1.25.

In comparison with many other estimators for the extremal index, the pro-
posed estimators have the advantage of being based on only one parameter to
be chosen by the statistician, namely the block size b. Moreover, the estima-
tors perform equally well or even better in some typical finite sample situa-
tions.

Finally, this work leaves some interesting questions for future research:
(1) what is the minimal asymptotic variance that can be achieved by estimators
based on the considered rank-based samples? (2) More generally, are there esti-
mators for the extremal index that are semiparametrically efficient? (3) Can the
sliding blocks method be used to derive more efficient estimators for the cluster
size distribution, for instance by generalizing the disjoint blocks versions in [27]?

Appendix A: Proofs of Theorems 4.1-4.3

The proofs of Theorems 4.1-4.3 are actually quite similar in that each proof will
be decomposed into a sequence of similar intermediate lemmas. Occasionally,
those lemmas will be hardest to prove for Theorem 4.1 and easiest to prove for
Theorem 4.2; this is also reflected by the larger number of conditions required
for the proof of Theorem 4.1. The proof of Theorem 4.3 in turn is quite simi-
lar to the one in [3], and of intermediate difficulty. For the above reasons, we
will carry out the proof of Theorem 4.1 in great detail (Section A.1), and skip
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parts of the technical arguments needed for Theorem 4.2 and 4.3 where possible
(Sections A.2 and A.3). Intermediate, but less central results for the proof of

Theorem 4.1 are given in Sections B.1, B.2 and B.3.
All convergences are for n — oo if not stated otherwise.

A.1. Proof of Theorem 4.1

The following notations will be used throughout:

k k
. 1 n . 1 n
Sn = 1 ;bg(zm-), Sn = 1 2; 108(Zni),
1 n—b,+1 1 n—b,+1
O T log(Z3%), S =—7— log(Z52).
n n_bn+1 Z_Zl Og( 'I‘Ll)7 n n—bn+1 ’L_Zl Og( nz)

Note that éjg,CFG = go((jl)(g’n) and QASZQCFG = gp(é)(gzb), where Lp((jl)(x) =
exp{—(z + 7)}. Observing that (QO(_Cl))/{QO(0)(9)} = 0, the two assertions of

the theorem are a consequence of the delta-method and Proposition A.1 and
Proposition A.2, respectively. O

Proposition A.1. Under Condition 3.1, 3.2(i), 3.3(i) and 3.4, we have

VEASn = ¢(0)(0)} =5 N (0,05, 0/6%)  as n — oo,
Proof. We may decompose
V{80 = 0(0)(0)} = An + B + Co,
where
A = VEAS=S0}, Bn = VE{Su—E(S0)}, Cn = VEA{E(Sn)—¢(c) ()}

We have C), = o(1) by Condition 3.3(i). For the treatment of A,,, recall the tail
empirical process defined in (3.1). Further, let N,,; = (n+1)/n X Ny;, and note
that

1 n
1_Nni:_ ]le an
n;( > M)

— _;H(Us >1-— szl)

1

3

—_

S

n

VPO R R A

ni

=
3

A

Zni
= e, (Zu) + T (A1)

n

3
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Finally, let

kn

Hy, (x) = > 1(Zyn; < x) (A.2)

denote the empirical c.d.f. of Z,1,..., Z,k,. By Equation (A.1), we obtain

k
1 - N
A, = Z log(1 — N,;) — log (Zm»bgl)
VEn i=1
k
1 - n 1 ~ Zni
e oe iy (1) e (52)
k
" 1 Vk, i Zni n
= T 1 —+ ——en(Zni —1 1 —
kni_zl[og{n+ - en(Zni) + bn} og<bn>—l—og<n+1>]
k
1 & Vknbn  en(Zni) by, n
= kn;log{l—l— - 7. +nZni}+\/knlog<n+1>
= W () dHy, () + o(1), (A.3)
0
where

W (x) = \/Hlog{l + \/2_71 <€”ix) + \/l%x)}

Heuristically, Hy, (z) ~ 1 — exp(—0z) and W, (z) ~ e(x)/x (where e denotes
the limit of the tail empirical process), whence the tentative limit of A,, should

be -
A= / @96_936 dzx.
0 X

For a rigorous treatment of A, + B, let

0 1
™ oe

E/ :/ _(x) Oe 9" dx
1/m T

and let B be defined as in Lemma B.1 below. As shown above, A, = E, +
o(1). The proposition is hence a consequence of Wichura’s theorem ([4], Theo-
rem 25.5) and the following items:

(i) ForallmeN: E,, ,, + B, i>E7’n+B as n — oo.

(i) B, + B - A+ B~ N (0,03, c/6°) as m — oo,

(iii) For all 0 > 0: lim,, 0o limsup,,_, . P(|E, — Enm| > d) = 0.
The assertion in (i) is proven in Lemma B.4. The assertion in (ii) follows from
the fact that E!/, + B is normally distributed with variance 72, as specified in
Lemma B.4, and the fact that 72, — aﬁb’c/ez as m — oo by Lemma B.5.
Finally, Lemma B.6 proves (iii). O
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Proposition A.2. Under Condition 3.1, 3.2(i), 3.3(i) and 3.4, we have

VE{S = 00)(0)} = N(0,03,0/6%)  asn — .
Proof. The proof is very similar to the proof of Proposition A.1. Decompose
VEASE — 9(0)) = AP + B+ O,
where

AiLb — /k’n{g,;b _ S:‘lb}7 B,Zb [k {Ssb Ssb }
O = VE{B[S;"] — ¢ (9)}-
Again, we have C5P = o(1) by Condition 3.3(i). A similar calculation as in (A.3)

in the case of the disjoint blocks shows that A5 can be written in the following
way

A= [T W) diP) o),
0

where
n—b,+1
Hsb — 1 Zsb <
n(@) = n— b +1 ; z)
denotes the empirical c.d.f. of Z5h,.. me b, +1- We may now treat Ash 4

BsP exactly as A, + B, in the proof of Proposition A.1, with E,, E, ,, and
Lemma B.4, B.5 and B.6 replaced by

BY = [ W@, B = [ W) i),
0 1/m
and Lemma B.10, B.11 and B.12, respectively. O
A.2. Proof of Theorem 4.2
The following notation will be used throughout:
1 bn |
= ;exp(—Zm), Sp = W ;exp(—
1 n—by+1 1 n—by,+1
Svsb _ _Zsb Ssb _ _7sby.
n n—b, +1 ; exp( m)7 n n—b,+1 ; exp( m)

Note that éczlg,MAD = 90(_1\/11)(gn) and észﬁ,MAD = ‘P(M)(S "), where o) (z) =
x/(1 + x). The assertion follows from the delta-method and Proposition A.3
and A.5. O
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Proposition A.3. Under Condition 3.1 and 3.3(ii), we have

VEa{Sn = oan(0)} —5 N (0,03, 5/ (1+0)") as n — .
Proof. Write \/H{Sn —om)(0)} = A, + By + Cp, where

Ap = VEa{Sn — S}y Bn = Vk{Sn — E[Sn]}, Cn = VEAE[SA] — oan(0)}.

The term C,, is asymptotically negligible by Condition 3.3(ii). A straightforward
calculation shows that the summand A, can be written in terms of the tail
empirical process e,, as

An:/OOOWn(x) Ay, (z), = /e ™® [exp (x)k;1/2)—1],

where I:Ikn is the empirical c.d.f. of Z,1,..., Zpk,, see (A.2). The asymptotic
normality of A,, + B,, can now be shown as in the proof of Proposition A.1. The
corresponding key result is given by Lemma A.4; whose proof is similar (but
easier) as for the CFG-estimator (Lemma B.1) and is omitted for the sake of
brevity. ]

Lemma A.4. (a) For any z1,...,x,, € [0,00), as n — 0o,
(en(@1), s en(@m), Ba) = (e(21), -, €(@m), B) ~ Nin1(0, Sne1),

with

r(x1,21) ... r(zy,Tm) f(xq1)
i+l = r(acm’,ml) r(gvm', Tm) f(wm) ’
f(z1) flxm) #02_(0*?—1)2

where the covariance function r is given as in Lemma B.1 and
0o 1
. x) /- z,—lo .
2= 31 [ 690 =5 01 = ~log(y) dy - woa0 6).
i=1 J0

(b) For any x1,...,Ty € [0,00), as n — oo,
(W (1), -, Wi (2m), Bn) —5 (—e "te(x1), ..., —e "™ e(z,), B).
Proposition A.5. Under Condition 3.1 and 3.3(ii), we have

VEASE = oan (0)} 5 N(0,0%,5/(1+60)") asn — oo.

Proof. The proof is similar to the proof of Proposition A.3. We may decompose
VELASP — ooy (0)} = ASP + BSP + C5P, where

Asb \/7{Ssb Szb}7 Bsb \/7{Ssb SSb }
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CsP = VEAE[S] — o) (0)}-

Again, we have C5” = o(1) by Condition 3.3(ii) and
b= [ W) dfa),
0

where H5P denotes the empirical c.d.f. of Z55, ..., fonfbnﬂ. The sum A+ BsP
can now be treated as in proof of Proposition A.2. The corresponding key result,
Lemma B.7, needs to be replaced by Lemma A.6; whose proof is again omitted

for the sake of brevity. O
Lemma A.6. (a) For any z1,...,x, € [0,00), as n — oo,
S d S S
(en(x1)y. -y en(Tm), Bnb) — (e(x1),...,e(xm), B b) ~ Nm+1(0, 2754-1)’

where all entries of E;EH are the same as those of ¥, +1 in Lemma A.4 except
for the entry at position (m + 1,m + 1), which needs to be replaced by

4 log(6 4+ 1) —log(0 + 2) + log(2) 26?2
=2 — 4 — .
v(9) o1 66 + 1) @+ 1)
(b) For any x1,..., T,y € [0,00), as n — oo,
(Wi 21), .., Wa(zm), BL) - (—e ™ e(ay), ..., —e " e(zm), B).

A.3. Proof of Theorem 4.3

For fixed p > 0, define

k k
& _ L sy L
Sn—E;Zm ) Sn—E;Zni )
1 n—bn+1 1 n—b,+1
stb _ ZAl(p’ Ssb _ Zl/p.
" on—b,+1 Z_Zl " " on—b,+1 Z_Zl m

Note that égg’R’p = go(_Rl),p(SA'n) and éjg’R,p = go(_P})’p(S'Sb), where @m) p(z) =

= Y/PT(141/p). By the delta-method, the assertion follows from Proposition A.7
and A.9. (]

Proposition A.7. Under Condition 3.1, 3.2(ii) and 3.3(iii), we have

VEudSn = om) p(0)} =5 N (0,03, ,0,(0)) as n— oo,

where 1, (0) = T'(1 4 1/p)2p=20~(2+2/p),
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Proof. Decompose \/kn{gn —©r)p(0)} = Ay + B, + Cp, where

Ap = \/E{S’n - Sn}7 B, = \/E{Sn - E[S
Cr = VEn{E[Sn] — o(r) p(0)}-

By Condition 3.3(iii), the term C,, converges to zero. A straightforward calcu-
lation shows that the term A,, can be written as

A, = /Ooo Wi (z) dHy (2),  Wa(z) = \/E{ {e\’;%) + x} o ml/p} ,

The asymptotic normality of A, + B, can be shown as in the proof of Propo-
sition A.1 by an application of Wichura’s theorem. Here, Lemma B.1 needs to be
replaced by Lemma A.8, whose proof is similar but easier and therefore omitted
for the sake of brevity. O

Lemma A.8. (a) For any x1,...,2, € (0,00), as n — oo,

(en(21),- - en(@m), Bp) -5 (e(z1), ..., e(zm), B) ~ Nims1(0, Zpi1)

with

r(xi,z1) ... r(@,am)  fplar)

Y1 = : : : )
- r(Zm, 1) . T(@m,Tm) fp(Tm)
fo@) oo fplem)  vp(0)

where the covariance function r is defined as in Lemma B.1 and

Z / SV (1,001 (z > yP) dy — 2Ry p(6),

vp(0) = 0% {P(1+2/p)—T(1+1/p)*}.

(b) For any x1, ...,z € (0,00), as n — oo,

1 1 1

11 _ -1 _
(Wa(@1)s s Wa(@m), B) -5 (e(z))z} p~'... e(@m)zh p~ ', B).
Proposition A.9. Under Condition 3.1, 3.2(ii) and 3.3(iii), we have
AS d
V kn{Snb - SO(R),IJ(Q)} — N(Oa Ugb,pwp(e)) as n — 00,

where 1, (0) = T(1 + 1/p)2p=20—(2+2/p),

Proof. The proof is similar to the proof of Proposition A.7. Write /&, {S5> —
Q(r)p(0)} = AP + BS> + C5P, where

Asb \/7{Ssb szb}v Bsb \/7{Ssb SSb }
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O = VE{EIS] = omp(0)}-
By Condition 3.3(iii), C5" = o(1), and a straightforward calculation yields
A= [ W) diP )
0
where H®P denotes the empirical c.d.f. of Z39,.. ., Zf}”n_bnﬂ. The sum AP +

BsP can be treated as in the proof of Proposition A.2, where the main result,
Lemma B.7, needs to be replaced by Lemma A.10, whose proof is omitted for

the sake of brevity. O
Lemma A.10. (a) For any x1,...,2, € (0,00), as n — oo,
S d S S
(en(z1)s. .y en(Tm), BSP) =% (e(x1), ..., e(xm), B®) ~ Ny (0, EHEH),

where all entries of Ei}fﬂ are the same as those of ¥,,+1 in Lemma A.8 except
for the entry at position (m + 1,m + 1), which needs to be replaced by

v (0) = dp~207/" /0 (1—e *)2YP20(1/p, 2) dz — 2072/PT(1 4+ 1/p)>.

(b) For any x1,...,xmy € (0,00), as n — oo,

1_9q 1

(Wa(z1), .o, Wo(zm), Bflb) BN (e(xl)wf p~ i, e(wm)mgflp_l, BSb).

Appendix B: Auxiliary results for the proof of Theorem 4.1
B.1. Auxiliary lemmas — disjoint blocks

Throughout this section, we assume that Condition 3.1, 3.2(i) and 3.3(i) are
met.

Lemma B.1. For any z1,...,2Zy € [0,00) and m € N, we have

(en(1),- .- en(@m), Bn) 2 (e(z1), ..., e(zm), B),

where (e(x1),...,e(xm), B) ~ Nupt1(0,2,,41) with

r(xy,z1) ... r(r1,Tm)  f(z1)

Vg = : :
" "(Tm,x1) oo (T, Tm)  f(Tm)
f) o ) w6

Here, r(0,0) =0 and, for x >y > 0 with x # 0,

r(a,y) =00y > ijr (i), f@) = h(z) - 2pc)(0),

i=1 j=0
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=§)L/nwsmﬁ“Mm®
0

=1
0
—/zm@—MﬁSM$“@®®

and where, fori>7>0, i > 1,

(93 y)(l _]) ]Pu(]\]'(ir ) (Z ])) Ngc’y) Z (g(y/x) g(y/:c))

=1
with n ~ Poisson(fz) independent of i.i.d. random vectors (é(y/x ,f(y/x ) ~

ﬁgy/x),i € N and

P (i) = ]P)(N(x) =) N(:c) Z&

with ny ~ Poisson(0z) independent of i.i.d. random variables & ~ m, i € N.

Lemma B.2. For any m € N, we have

{Wa(2), Bn)'} ot fmom) LN { (@,B) } in D([1/m,m]) x R,

z€[1/m,m]

where (e, B) is a centered Gaussian process with continuous sample paths and
with covariance functional as specified in Lemma B.1.

Lemma B.3. For any m € N, we have
Epnm =E], ,, +op(1) asn— oo,
where Ej, . fl/ r)fe~ % dz.
Lemma B.4. For any m € N, we have
Epom + Bp -5 B!+ B~ N(0,72) asn — oo,
where, with v and f defined as in Lemma B.1,
2 o (M (™ L 6wty —0x i
TS =10 r(xz,y)—e ¥ dady + 260 f( ) de + —.
/mJ1/m Ty 1/m 6

Lemma B.5. Asm — oo, 72, — J?lb (C)/Gz, where O'(2ib (©) is specified in The-
orem 4.1.

Lemma B.6. If, in addition to Condition 3.1, 3.2(i) and 3.3(i), Condition 3./
holds, then, for all 6 > 0,

lim limsup P(|Ey, m — En| > 9) =0.

m—00 npo0o
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Proof of Lemma B.1. We proceed similarly as in the proof of Lemma 9.3 in [3].
Weak convergence of the (e,(x1),...,e,(zm)) is a consequence of Theorem 4.1
in [27]. For the treatment of the joint convergence with B,,, we only consider
the case m = 1 and set x1 = x; the general case can be treated analogously.
Fori=1,...,ky, we decompose a block I; = {(i — 1)b, + 1,...,ib,} into a big
block I j’ and a small block I;, where, recalling ¢,, from Condition 3.1(iii),

LN ={(G—1b,+1,...,ib, —€n},  I7 ={ib, — L, +1,...,ib,},

and set

selt

i

Z {1o8(z) - Elog(Z)]}.

1
Vkn

Bt =

where Z,7; = b, (1 — N,%,), N;¥; = max__;+ Us. Next, according to Lemma 6.6 in
[27], 1
€, (7)== en(z) — el (z) = op(1).
It can further be shown by the same arguments as in the proof of Lemma 9.3
in [3] that
B, := B, — B}t = op(1).

Finally, for € € (0,¢1 A ¢2), define A = {min;—y__x, N:i > 1—¢}, and note
that P(A;") — 1 by Condition 3.1(v). As a consequence of the previous three
statements, it suffices to show that, using the Cramér-Wold device,

(et (2) + AeB 1, 5 Are(@) + Ao B, (B.1)
for any A1, Ao € R.

Now, the left-hand side of (B.1) can be written as

k
1 n
et (x) + MBI 0 = —= Y Gin + op(1),
where §; ., = ¢; n1(Z; < eb,) and where

GJin = A1 Zsel;r {]1<Us >1- %) - %} + Ao log(Z;;) — Ellog(Z,)]}-

Note, that §; , only depends on the block I;" and is B, 1y, +1., e, -0€ASUTADle.
In particular, the (g; )i=1.... k, are each separated by a small block of length /,,.
A standard argument based on characteristic functions and the assumption on
alpha mixing may then be used to show that the weak limit of k,*/? Zf;l Gin

is the same as if the g; ,, were independent.
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Next, we show that Ljapunov’s condition ([4], Theorem 27.3) is satisfied. By
Minkowski’s inequality, for any p € (2,249), we have Cog = sup,,cn E[|71,0]P] <
oo by Condition 3.1(ii) and 3.2(i). Further, by stationarity and independence,
we get

E Bl paope B8l o | pasp e oo
_ 2 n 2 — ,n ’
Var (35, Gin)” (E[32,.))"”

Hence, provided lim,, E[g%n] exists, the last expression converges to 0 and

hence Ljapunov’s condition is met. As a consequence, k,'/? Zf;l Gi,n weakly
converges to a centered normal distribution with variance lim,, o E[g7 ,,]-
Finally, since limy, o0 B[g,,] = limp o0 E[g ], it remains to be shown that

lim E[g? nl = Nr(x,x) + 20 Xoh(z) + A2n? /6.
n—oo
Since similar arguments as in the proof of B, = op(1) and e, = op(1) allow us
to replace [ 1+ by I and then b,, by n, this in turn is a consequence of
lim Var (N\")(E)) = r(z, ), (B.2)

n— 00

lim Cov {N{?)(E),log(Z1:n)} = f(x)
nhﬁrréo Var{log(Z1.,)} = 72/6.

The assertion in (B.2) follows from Theorem 4.1 in [27]. Further, since Zy.,, N
¢ ~ Exp(f) and since since |log(Z1.,)|? is uniformly integrable by Condi-
tion 3.2(i), we have

7T2

F?
which is (B.4). Finally, note that E[N\"(E)] = z and E[log(Z1.,)] — ¢(c)(0)
by similar arguments as given above. As a consequence, (B.3) follows from

limy, o0 E [N (E)log(Z1:n)] = h(z). The latter in turn can be seen as fol-
lows: first,

nli_}n;o Var{log(Z.,)} = Var{log(§)} =

E [N\)(E)log(Z1m)] = > i BE[L(N{")(E) = i)log(Z1.n)). (B.5)
=1

The expected value on the right-hand side can be written as

/ooo P(L(N{)(E) = i) log(Z1.0) > y) dy
_ /0 1 —P(L(N®(E) = i)log(Z1.) > y) dy

:/ P(NENE) =i, Z1., > €¥) dy
0
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0
- / P(NS(E) = i) — P(NSN(E) =i, Z1., > €¥) dy.

Now,
BN (B) =i, Zin > e¥) = PNO(E) = i, NE(E) = 0)

(z,e¥) /. S V>
)P (1,0) , x>e¥ >0,
0 ,e¥ >x >0

and P(NS"(E) = i) — p®@ (i), see [24] and [27]. By uniform integrability we
obtain that the expected value on the right-hand side of (B.5) converges to h(z).
The proof is finished. O

Proof of Lemma B.2. For fixed z > 0, consider the function

fo R=R, fo(z) = \/Elog{l—l—\/%(%%-ﬁ)}.

For z, — z, one has f,(z,) — e(z)/z. Hence, since (e, (x1),...,en(m), Bn)
converges in distribution to (e(z1),...,e(zy), B)" for any x1,...,2, > 0 and
m € N by Lemma B.1, we can apply the extended continuous mapping theorem
(Theorem 18.11 in 33) to obtain (W, (x1),..., Wy (zm), B,) — (e(x1)/21,- .,
e(Tm)/Tm,B)" in distribution. This is the fidi-convergence needed to prove
Lemma B.2.

Asymptotic tightness of the tail empirical process e, follows from Theorem
4.1 in [27]. Asymptotic tightness of B,, follows from its weak convergence. This
implies asymptotic tightness of the vector (e,, B,), for instance by a simple
adaptation of Lemma 1.4.3 in [34]. O

Proof of Lemma B.3. Let H(x) = 1—e~% be the cdf of the Exp(f)-distribution.
From the proof of Lemma 9.2 in [3], we have, for any m € N,

!/

sup  |Hy, (x) — H(z)| = op(1), n — .
z€[1/m,m]

Since

Enm = Epm = Wa(e) d(Hy, — H)(2),
1/m
the assertion follows from Lemma B.2, Lemma C.8 in [2] and the continuous
mapping theorem. U

Proof of Lemma B.4. As a consequence of Lemma B.3, Lemma B.2 and the
continuous mapping theorem, we have

Epom+ By = W, (z) e dz + B, + op(1)
1/m

i>/ ) gt dz+ B = E,, + B~ N(0,7;,),
1

fm T
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where the variance 72 is given by
B 1 —0x " 1 —0x
= Var{ e(z)—0e dx} +2COV{ e(z)—0e dx,B}
1/m T 1/m z
+ Var(B)
2 " " 1 —0(z+y) —0x i
=0 r(x,y)—e Y) dx dy + 26 f( ) der + —
1/mJ1/m Ty 1/m 6
as asserted. O
Proof of Lemma B.5. By the definition of 72, in Lemma B.4
2
lim 2 —92/ / :By 9<x+y>dxdy+2e/ f(z —de+€.
(B.6)

For x > y, we have r(z,y) = 0z E [éy/i)ééy/@] with (§§y/m),§§y/$)) ~ Wéy/x).
Hence, applying the transformation z = y/z, the first summand on the right-
hand side of (B.6) can be written as

(y/»’v) (y/)
92/ / x y —0(z+y) dxdy— 293/ / 51 é ] 79 (z+y) dydx

Z)g(Z)
_ 293/ / fo(lJrz) dz dx

(2) <z>
= 262 /0 Z[(il—fj)} dz. (B.7)

For the second summand on the right-hand side of (B.6), note that
z,e eY/x eV /x —0e?
Zzp( ) (,0) [5% / )]l(ﬁg /%) = 0)]Oze be? (B.8)

see Formula (A.7) in the proof of Lemma 9.6 in [3] and Y7 ip(®) (i) = E[NS] =
x, see [27]. Therefore, we can rewrite h from Lemma B.1 as follows

o) = [ 1 <o) B[E71E = 0oz dy
0

0 ) ,
— / x—1(eY <2)E [ée‘ /) gl = 0)]0ze=%" dy.

0o —0Ozx
_ :c/ 1(z < )E[¢P1(el? = 0)]0"— dz

1/x z
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where we have used the transformation z = e¥/z. For 0 < = < 1, the first
integral is zero and we obtain

1 1 . R —0Ozx 1/2: 1
h(m):m/ = —E[eP1(e? = 0)]6° dz—a:/ dz
0o % z 1

z
1 5 . e
:—m/ - —E[¢P1El = 0)]6
0 z

while for z > 1,

—0Ozx

dz 4 zlog(z),

—6Ozx

dz

1
h(z) = x/l/ E €187 = 0)]0%

1/ 1 . . e—9zx
—:p/ —-E[g7167 = 0)6 dz.
0

z

As a consequence, writing g(z) = E [éz)]l(éz) = 0)], we obtain

o] —0zx
/ h(x)le*% dx = / log(z)e %% dx — / / - — g(z)@e dz dz
0 0 0 z
e—@zcc
—l—/ egm/ g9(2)0 dzdz
1 1/x z

oo 1/x 1 —0zx
—/ 6_0””/ - —g(z)@e dz dz.
1 0 Z z

Next, some tedious calculations based on Fubini’s theorem allow to rewrite the
sum of the last three double integrals as

1 -0/~ _ 1
5= / € + 9(2) dz.
0 0z z2(1+2)

8

Using the fact that g(z) = § — E [éz)]l( SUBS 0)], we thus obtain

o 1
h(z)—e % d
/0 (ac)xe x

1 —0/z _ 1 1 E [6(3)11( (2) > O)]
— 1 —0z € - 1 2 d
/0 og(2)e”™ + 0z * 0z(1+ 2) z2(1+2) :
1 —0/z 1 [g(z)]l( (=) > 0)]
— [ -0, & T - dz.
/0 T T 20+ 2) :

Finally, one can show

e—e/z

1
/ log(z)e_ez + 0 dz = —(log0 +v)/0 = ©)(0)/9,
0
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such that, assembling terms and recalling f(x) = h(z) — z¢(c)(0),

/ f(z)—e % dx = / h(z)=e %% dx — ) (0) / e % dx
0 x 0 x 0

B[ 1 > )
= —log(2)/0 — dz. B.
oxfo— [ B2 22 (m)
The lemma is now an immediate consequence of (B.6), (B.7) and (B.9). O

Proof of Lemma B.6. By Lemma B.3, it suffices to show the assertion with £, ,,
replaced by EJ, ,,,. Define €, () := e, (z)+k,*/*, such that, by Condition 3.4(iii),

we have
én (an)

OP(l)
for any constant ¢ > 0. Fix m € N. By the previous display, for any € > 0, the

event s (7
en( nz) Ss}

Zni \% kn

max
Zni>c

ni

B, = B,(m,¢) = { max

Znizm

satisfies P(B,,) — 1. Next,
|En,m _En| S ‘/

)\/7]1(01/771 de()‘
)f]lmoo) dﬁkn(x)‘

+\/

= |Vn1| + |Vn2|:
such that
‘En,m - En’ = ’En,m — Ey|lp, + OP(l) < |Vn1| + ’VnQ,]an + OIP(l)' (B.lO)

We begin by treating the term |V,2|1p,. Since log(1 + z) = fol z/(1+ sz) ds
for any x > —1, we have

2vVkn
1 = €n(Zni) 1 1
e k’_ Z Z ] ]1(an >m 1 é'n,(Zni) dS ]an
femr 0 L4 Vi
En L .
_ ]l(Z > m) 1
_ 3/2 ni
_kn Z an /0 ].—’—Sen(Zm) ds {Zf(Utyznz)+1}ﬂB
=t Znin/Fn =1
where
J(Us: Zoi) = LU > 1 = Zui/V0) = Zi/bn. (B.11)
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For given € € (0, ¢1 A c2) with ¢; as in Condition 3.1, let C,, = C,,(g) denote the
event {min;—y __, Npi > 1—¢/2} = {max;—1__x, Zni < €bn/2}, which satisfies
P(C,) — 1 by Condition 3.1(v). Hence, we can write V215, = Vyole, +op(1),
where

-----

1
n2_k3/2z gb/2>ZmZm)/mds
0 +8Zm'\/H

We obtain
_ 1 kn 1 1
Vsl < Lh®2 S U(eby 2> 2,0 > m)/ s
v 15

X {‘ Zf(UmZm)

On the event B,, the integral over s can be bounded as follows

/1)1+s—

m p—

(Zni)

n

| 1
ds 15, g/ ds 1p, < ——.
o 1—se 1—¢

%

The previous two displays imply that |V,,2| is bounded by

I T -
El_g kn3/2;]l(€bn/2>2m>m {’tz_;f Ut7

}

L1 + Op(ky V%),

kn n
_t k23" 1(eb /2> Zyi > m )Zf U, Z
=1 t=1

ml—e

The upper bound can now be treated exactly as in the proof of Lemma 9.1 in
[3], finally yielding

lim limsupP(|Vy2lp, | > J) = 0. (B.12)

m—o0 pno00
It remains to treat |V,,1|. Write

V1| < T (0,dk; 1) 4 T (dk b dE ) 4 T (dk#, 1/m)
=:dp1 + Tng + Tn37 (B13)

where, for some constant d > 0 and u = ug determined below,

T, (a,b) = \/E/Ooo]l(x e (a, b])’ log (1 n Z/(%)] dH,, (x).
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We start by covering the term T,; = T,,(0, dk, ') and determining the constants
d and p. Note that for the event J,, = {min;—1 ., Zn; > dk, '} one has

-----

P(Jy) =P(k, min Z,; >d)=P(n (1- max Ny) > d)

i=1,..., kn i=1,....kn

=P(Zy.p > d) — e Y.
Then,

P(Tnl > (5) = P(TnlﬂJn + Tnl]lJfL > 5)
P(Toily, >6/2) +P(Th1lc >6/2)
<P(J;) = 1 —exp(—db).

IN

Hence, for any given € > 0 we can choose d = d(¢) < —log(1l — ¢)/6, such that

limsupP(T},; > d) < limsupP(J;) =1 — exp(—db) < e. (B.14)
n—oo n—oo
Now, choose 1 = pq € (1/2,1/{2(1 — 7)}) from Condition 3.4(iv), where
7 € (0,1/2) is from Condition 3.4(ii). Next, consider T,3 = T, (dk, *,1/m) and
note that, for z € (dk;,*,1/m], we have

én(x) | _ |én(x) 1 L |en@)| puar-
— | = < ku’( T) 1/2 = ]_
| | e | R S d | | or(1)

uniformly in x, by Condition 3.4(ii). As a consequence, the event

{22 <1)

satisfies 1p. = op(1), whence, recalling that z/(1 4 z) <log(1 +x) < z for any
x > —1, we have

Ths = \/E/ ’lOg(
(dkn*,1/m]

én(T)

))ﬂDn dHy,, () + op(1)

@‘ w En(x)y 1 .
= 1 1p dH 1
- /(dkn”,l/m] maX{ z I ( * x\/ﬁ) } D, dHy, () + op(1)
= 2/ en(f) —1p, de (x) 4+ op(1).

(dkp*1/m) | TT |

By Lemma B.15, Condition 3.4(ii) and the continuous mapping theorem, the
last expression converges weakly to

Um e(@)] 1
T: =2 dH
3(m) /0 xT xlf‘r ( )
As a consequence,
lim limsupP(7T,3 >§) < lim P(T5(m) > d) =0. (B.15)
Mm—00 5 o0 m— 00
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Finally, regarding T2, note that, for z € (dk; !, dk*),

ST RSTERES NNE P
i’&%z (ki kig ) dkj v b
which implies
o 1+ 2
— log (1 4 &) )n(én(m) > 0) “log (1 4 &) )n(én(m) < o)
<log ((n+1)d~" +1) + log (dk,, ")

< log(n).
As a consequence, the term T2 = T}, (dk, 1, dk*) can be bounded as follows

kn

Tz S log(n \ﬁ - A, () = == )1 (2 € (b ).
n 0Kn nog=1

Hence, by Condition 3.4(iv),

E T2 < log(n) \/knP(Zny < dk;*)
= log(n) V/kn{l — exp(—0dk;")} + o(1)
= Odlog(n) k/27*{1 4 0(1)} + o(1)
= O(log(kn)kL/27H) = o(1), (B.16)
where the last line follows from logn = logk, + logb, < (1 + q)logk, by
Condition 3.4(i).

The assertion follows from (B.10), combined with (B.12), (B.13), (B.14),
(B.15) and (B.16). O

B.2. Auxiliary lemmas — sliding blocks

Throughout this section, we assume that Condition 3.1, 3.2(i) and 3.3(i) are
met.

Lemma B.7. For any z1,...,x, € [0,00) and m € N, we have
(en(@1), - osen(@m), BYY) =5 (e(xr), .. e(am), B),
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where (e(z1),...,e(Tm), B®) ~ Npy1(0, 550, 1) with

r(xy,z1) ... 7r(T1,Tm) f(z1)
= - '
" (Tm,x1) oo (T, Tn) f(zm)
fla) .. flam)  8log(2) —4

Here, the functions r and f are defined as in Lemma B.1.

Lemma B.8. For any m € N, we have

{Va(@), B} st ) — { (@ BSb> } in D([1/m,m]) x R,

X
z€[1/m,m)]

where (e, B%P)' is a centered Gaussian process with continuous sample paths and
with covariance functional as specified in Lemma B.7.

Lemma B.9. For any m € N, we have
EZE’m =E, ,+op(l) asn— oo,

where E, ,,, = fln;m Wo(x)0e=% dx is as in Lemma B.S.

Lemma B.10. For any m € N, we have

EP .+ B L B+ B ~ N(0,72,,,) asn — o,

sb,m

where, with v and f defined as in Lemma B.1,

m m 1
Ts2b = 92/ / r(m,y)—efe(‘”ﬂ’) dxdy
' 1/mJ1/m Y

m 1
+ 20 f(z)—e % dz + 8log(2) — 4.
x

1/m

Lemma B.11. As m — oo, 73,,, — 02, (C)/HQ, where o2, (o) 15 specified in
Theorem 4.1.

Lemma B.12. If in addition, Condition 3.4 holds, then, for all § > 0,

lim limsup P(|ES>, — E5°| > §) = 0.
m—=00 n—oo '
Proof of Lemma B.7. As in the proof of Lemma B.1 we only show joint weak
convergence of (e, (z), BSP) for some fixed o > 0; the general case can be shown
analogously. For given € € (0,¢1 A ca) let A, = {miny—1,_n_p,+1 N3 > 1 —¢},
such that P(A,) — 1 by Condition 3.1(v). By the Cramér-Wold device, it suffices
to prove weak convergence of
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Men (@) + Ao B = ZZ[ {<U5>1—%>—%}

j=1 s€l;
Aovkn b &
+ n— bn +1 { log(Zns) - E[log(zns)]}} + 0[@(1),

for some arbitrary A1, A2 € R, where the negligible term stems from omitting a
negligible number of summands.

We are going to apply a big block-small block argument, based on a suitable
‘blocking of blocks’ to take care of the serial dependence introduced through
the use of sliding blocks. For that purpose, let k) < k,, be an integer sequence
with k! — oo and k = o(k:/0+)) where § is from Condition 3.1(ii). For

= |kn/(k} +2)] and j =1,...,¢}, define

gk +2)—2
J;r: U I, and J;: j(k;‘L+2)—1UIj(k;‘l+2)'
i=(j—1)(kx+2)+1

Thus we have ¢ big blocks Jj+ of size k}b,, which are separated by a small
block J;~ of size 2b,,, just as in the construction in the proof of Lemma 10.3 in
[3]. Consequently, we have Aje,(z) + Ao BSP = L + L. + op(1), where

qn

Wi =y v 150 -5

)\QTL

+ 2L Log(zit) — Ellog(Z:2)]}

for j = 1,...,4q,. In the following, we show that, on the one hand, L, 14, =
op(1) and that, on the other hand, L}14; converges to the claimed normal
distribution. First, we cover L, 1 4. As in the proof of Lemma B.1, we have

Z = b, (1 ~ max Ut> = by (1 ~ max Uf) = 75
t=s,...,s+b,—1 t=s,...,s+b,—1

on the event Aj, where U = U;1(U; > 1 — ¢). Hence, we can write L, 14 =

Ln ]lA;L + 0]}»( ) = L,; + O]p(l) with

where

o1
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W;;j_\/%ZAI{ U5>1—%)—%}
sEJ]
Agn 1

A A 1 ZE,Sb — EN ZE,Sb )
e L os(Zi®) — Bllos( 23]}

We proceed by showing that Var[L;] = o(1). By stationarity, one has

o o2& .
Var[L, | = Var[W;1] + o > (g5, —§) Cov (Wi, Wi 1),
which is bounded by 3 Var[Ws] + 239, | Cov (W, We,, )| in absolute

Value First, we show Var[W:[ ] = o(1), for which it suffices to show that
Weillp = o( ) for some p € (2,2 + ¢§). By Minkowski’s inequality, one has

QZ T £,s €,s
Wt Tl < 2/ 22 I INGP B + el Il Tog(Z55") — Ellog(Z25") |
(B.17)

= OV q5,/kn) = o(1)

by Condition 3.1(ii) and 3.2(i). It remains to treat the sum over the covariances.
Since WfJ is B?(j(k;+2)—2)bn+1}:{j(k;+2)bn}' measurable, we may apply Lemma
3.11 in [9] to obtain

| Cov(Weiy . Wi i)l S 10 (Wit |17 ae, (k56a) =27

By Condition 3.1(iii), the sum Zgi2 e, (KD, ) ~2/P converges to zero, hence
[|We1|lp = o(1) as asserted.

Let us now treat the term L} 1 4, and show weak convergence to the asserted
normal distribution. One can write

Lila = W top(l), Wi =Wil(max Z52 < eby).

te J

A standard argument based on characteristic functions shows that the weak

—1/2 qn

limit of ¢, VV+ is the same as if the summands were independent. By

arguments as before we may also pass back to an independent sample W;],
j=1,...,q;. The assertion then follows from Ljapunov’s central limit theorem,

once we have shown the Ljapunov condition.

For that purpose, note that ||[TW ||2+5 = O(\/q}kn) = O(y/k}) by similar

arguments as in (B.17) such that E[| P = O(k;®*97%). As a consequence,
qn H + |2+6] s 2+0
=gy AT oo ) o)

Var[ ?il WT;} 7 E|W,h |]2+5

52
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5/(2(1+5)))

since k! = o(kn, by construction and provided that the limit of E[|W 7, |?]

exists. If it does, we can conclude that L} N N(0,lim,, oo E[|W;5|?]). and it
suffices to show that

lim E[[WH %] = Ar(x, ) + 20 Ao f(2) + A\3{8log(2) — 4}.

n—oo

To this, note that W7, = A\jep-(x) + Ao B2 + op(1), where e,,- and BS2 are de-
fined as e,, and B with n replaced by n* = kb, and k, by k}; and our general
conditions still hold with this replacement. The result follows from Lemma B.13
and Lemma B.14 and the proof of Theorem 4.1 in [27]. O

Proof of Lemma B.8. Up to notation, the proof is exactly the same as the one
of Lemma B.2 in the disjoint blocks case. ]

Proof of Lemma B.9. The result follows immediately from the argument in the
proof of Lemma B.3 and the proof of Lemma 10.2 in [3]. O

Proof of Lemma B.10. Up to notation, the proof is exactly the same as the one
of Lemma B.4 in the disjoint blocks case. ]

Proof of Lemma B.11. By the definition of 72, and Ts2b’m in Lemma B.4 and B.10,
we have
T3 =T — 1 /6 + 8log(2) — 4.

sb,m

Hence, by the proof of Lemma B.5 and the definition of Us2b,c in Theorem 4.1,

lim 73, ,, =03, c/0° —72/6 + 8log2 — 4 = 03, /6°. O

m—r o0

Proof of Lemma B.12. The proof is similar to the one of Lemma B.6, which is
why we keep it short. Write |E5",, — E5P| < [Vy1| 4 |[Viz| with

Vil = / log( )\/ L0,1/m( ) dHEP (2),
0
Vn2:/ ]_Og( )\/ ]]-[moo) dHSb( )
0
where é,(z) = e, () + kin /%, For some £ > 0 define the event

= sb
B, = { en(Z ) < 8}
ZSb>m

such that P(B,,) — 1 by Condition 3.4(iii). As in the proof of Lemma B.6, with
f defined in (B.11), we can write

1
1
Vng]lB —k 3/2 E E ZSb >m)/ st
7,1w€I nw 0 1+SZ%Z)\7:7
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{ZZf Ut,ZSb }]an—f—O]p(l).
j=1tel;

By Condition 3.1(v), P(C),) — 1 where C,, = { ming—1,_n—p,+1 V52 > 1 —8/2}.
Hence, V,,21p, = V,olp 1, + op(l), where

kn—1 1
1
3/2 sb _
Vo=, 3 S et/ > 2z m) [ s
=1 ’LUGI bem
{ZZf (U Z35) + 1},
j=1tel;

such that Vj,» can be bounded as in the proof of Lemma B.6 as follows

kn—1

k3/2 Z; 2; (ebp/2 > Z52 > m)
7 we
% b 1’22]’ U, Z5)| + 02(1).

j=1tel;

|Vpolp, | S

This expression can be handled as in the proof of Lemma 10.1 in [3], such that

lim limsupP(|Vp2lp, 1c, | > 6) = 0.

m—r oo n—oo

The remaining term |V;,1| can be treated analogously to the eponymous term in
the proof of Lemma B.6. O

Lemma B.13. (a) For x >0, as n — oo,

1
Cov(en(s), B) = 2 /O e (€) d€ — 2200 (0),

where

e o]

sb :z ZZ/O ]l y < log )) Z (&x) (l) pg(lfﬁ)wy(lfﬁ)e )(7, . l, 0) e,gfey
=0

+1(y > log(z)) p&*) (i) e~ dy
00 0

- ZZ/ p® (i) — 1(y < log(x Zp(fz) ) pl1=0=: (=0 (3 _y 0
=1

— 00

— Yy
x e 0¢e

— 1y > log(x)) p&® (i) e~ dy.

o4
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(b) We have
1
2 / hee(€) A€ = h(x) + 20 (0),
0

where h is defined in Lemma B.1.

Proof. (a) We assume that both U, and Z5% are measurable with respect to
the appropriate Bf. sigma-algebra; the general case can be treated by mul-
tiplying with suitable indicator functions as in the proof of Lemma B.7. Let
A= 2861]_ 1(Us>1— %) and D; = Zselj log(Z:%). Then

kn kn—1
S 1 ~ N
Cov(en(x), By) = n—b 11 > > Cov(4;,Dj)
n i=1 j=1
1 b

bt ; Cov(Ai, 10g( 230, 41))-

The second sum is asymptotically negligible, since ||A;||o = [|N,”(E)||2 = O(1)
and || log(Zben b, +1)|l2 = O(1) by Condition 3.1(ii) and 3.2(i). Next, following
the argument in the proof of Lemma B.1 in [3], we may write

1
Cov(e,(z), BSP) = 0 Cov(Az, D1 + D3) + o(1)

n

™ ZCOV{ Z (Us>1- E) log(Zfﬁ)} +o(1)

s€ls
_ /0 Fu(€) + gn(€) A€ — 22 [log(2Z33)] + o(1),

where

ZE [Z (U, >1-2) 1og(zg'g)]]1{g €[5, 4},
2by,

SB[ AU > 1- 2)loa(Z)] e € [t 5t}

t=b,+1 s€ls

Note that lim, . Eflog(Z53)] = ¢(c)(#) by uniform integrability of log(Z1.,),
and that sup,,cy||fallos + ||gnllec < 00 as a consequence of || > ., 1(Us >
1— %) |2 x || log(Z58)|l2 < oo by Condition 3.1(ii) and 3.2(i). Hence, the lemma
is proven if we show that, for any £ € (0, 1),

nlLrgo n(1=¢) = nlgrgogn(f) = hsb,x(f)‘

Since the proof for f,(1—¢) is similar, we only treat g, (£), which can be written

as
gn(§) =E [Z 1(Us > 1—4%) log(ZfL]?L<1+£>an+1)}

s€ls
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Let us proceed by showing joint weak convergence of 1(Us > 1— %) and

s€ls
IOg(erz]?L(Hg)anl)' For that purpose, note that

G(i,y) ::IP’( S LU > 1- &) =i, 1082 1r e, 41) = y)

sels

=P< D UUe>1=35) =i ZP 1 epp, 1 2 € )

sels

coincides with F,,(i,e?) in the proof of Lemma B.1 in [3]. Hence, by that proof,
we have

lim G Zp gx ((1 &z (1*5)6'@)(7; . l, O)eft%ey

n—oo

for y < logx and
lim G,(i,y) = pl&®) (7) e 0’

n—

for y > log x. Further, note that
lim P(N(E) = i) = p@(i).

n— 00

As a consequence of the previous three displays, and since weak convergence
and uniform integrability implie convergence of moments, we have

= Z / Z U >1-— b_ = 2),log(Zn L(14€)bn, J+1) ) dy

s=b,+1
— Z/ Z U >1-— b—) = i,lOg(ZZl?L(l_;'_&)an_i_l) < ?/) dy
s=b,+1
. [~ " (N B
:Zz/ Gh(i,y) dy—i/ P(N,"(E) = i) — Gn(i,y) dy
i=1 /0 oo

— hsb,x (5)

as asserted, which implies part (a) of the lemma.
(b) In the proof of Lemma B.3 in [3] it is shown that, for y < log(z),

S(a,y,&) =% Z Zp@w) ) pa=92.0-9; _ o)
i=1 =
T P

(/o) ¢w/o)y

where (&;7 Wéy/ *) Equation (B.8) then allows to rewrite

S(x,y,€) = Eve™ " + Zzp‘“ﬁ “(i,0) = xe™ + (1 - T (x,y).

o6
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As a consequence, further noting that >~ 4 p&®) (i) = &z, we obtain

hmxawzéwgm;%x+uyskgm»u—fﬂmuwdy
0
—[_x—@weﬁ—n@Skg@»a—aTuwwm

Then, by Fubinbi’s theorem,

2/0 sb,z(§) A€ = /xe " +1(y < loga)T(z,y) dy
—/ 21— e ) + 2 — 1(y < log(2))T(x,y) .

The assertion now follows from the fact that

/ e % dy = / € dr=-— Ei(—6)
0 9 z
and

0 0 - 0
1 _ z
/ 1—e % dy = / ¢ A= (1—e77) log(z)}g — / e “log(z)dz
0 0

oo z

= log(8) — e % log(f) — {’y — /600 e *log(z) dz}

_ log(e) o 6—0 log(G) — + { —e Zlog }0 /0 ez dZ}

= log(0) + v — Ei(=0) = —p(¢)(0) — Ei(-0)

after assembling terms, where Ei(z) = — f e~t/t dt for x > 0 is the exponen-
tial integral. ]

Lemma B.14. One has

lim Var(B:") = 8log(2) — 4 ~ 1.545.

n—o0

Proof. As in the proof of Lemma B.13, we assume that the Z5% are measurable
with respect to the appropriate B7. sigma-algebra. We may then argue as in
that proof to obtain

bn

> E[log(Z35)log(Z30144)] — 2E[log(Z35)]7 + o(1)
t=1

2

Var(B;”) =
ar bn

1

=2 [ 1,(6) ¢~ 2Ellog(Z)F + (1), (B.18)

o7
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where f, : [0,1] — R is defined as

ZE log(Z35)log(Z1 )] (€ €[5 55))
= E[log(ZZ?) 10g(Z3)1b,.¢)41)]-
By Condition 3.2(i), we have E[log(Z55)] — ¢(c)(6). Further,

Sup || fnlloo < sup Eflog(Z55)?] < oo,
neN neN

whence convergence of the integral over f, in (B.18) may be concluded from
the dominated convergence theorem, once we have shown pointwise convergence
of f,. To this end we show that, for any fixed & € (0, 1),

S S d
(log(Z31), 108(Z30,¢111) — (X1, Y1) (B.19)
for some random vector (X @, Y(E)). This in turn will imply

. o sb )y (&)
lim f,(€) = lim Efog(Z33) log(Z,, 1) = EXOY©)

n—oo

by Condition 3.2(i) and therefore

1 1
lim Var(B;) = 2 / EXOY O] dg - 2¢(¢)(0)* =2 / Cov(X©),Y©) de.
0

n—oo 0
(B.20)
For the proof of (B.19), define, for =,y € R,

Gg(z,y) =P(log(Z3}) > x, 1og(Z3" ), ¢141) > V)

which converges to
Ge(z,y) =exp (—0[&(e” N e¥) + (e V e¥)])

by the proof of Lemma B.2 in [3]. Hence, (B.19), where the random vector
(X©)Y(©) has joint c.d.f.

Fe(z,y) = [[D(X(ﬁ) <z, y© < )
=1-P(X® >2) ~P(Y® > y) + Ge(z,y),
=1 —exp(—0e”) — exp(—0e¥) + Ge(z,y).

We are left with calculating the right-hand side of (B.20). By Lemma B.16,
we have

o8
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1
VE/ Cov(X©®) Yy ©)) ¢

0
1 00 00
:/ / / Ge(z,y) — e 9 e dx dy dé
o Jo Jo

1 0 0
+/0 /_oo/_ooF5(x’y)_(1—6_96w)(1—6_96y)dx dy dé¢

1 0 [oe)
- 2/ / / P(X©® >z, YE® <y)—e (1 —e ") dz dy d¢,
0 —o0 J0

=A+B-2-C. (B.21)

We start with the first summand A. Recall the exponential integral Ei(z) =

—ffjc e~t/tdt for > 0, and note that fyoo e~ %" dz = —Ei(—0e?) for y € R

and fol e~ % d¢ = (1—e~%)/a for a > 0. Fubini’s theorem allows to rewrite A as

') Yy Y 1 - -
/ / e 0 {/ e 08" dg — el }dx
0 0 0
e’} . 1 Y ’
+/ e v {/ e 08¢ dg — 70 }dx dy
Yy 0
o] v v _— —0e” N
:/ 6—06 / % _ 6—96 dr
0 0 96
& x 1-— eieey
—fe —0e?
d {4 . }d
+/y e z ey e Y
oo —0eY —0 —0eY
_pev [ € -1 e —1} . {1—6 ,gey}
= — — Ei(—6eY _— — dy.
/0 A gy T B T e y

Next, invoke the substitution z = fe¥ to obtain that

A= /:O {e; - % . _96_0}6; —Ei(—z){1 _e” —e_z}ldz. (B.22)

z z z

A similar calculation allows to rewrite

1 0 /0
B = / / / Ge(z,y) — e 9" 70" qu dy d¢
0 —o0 J —00
0 Yy Y 1 N N
:/ / e~ b {/ e 98¢ dg — e7b¢ }dac
—00 J —00 0
0 ) 1
+/ e {/ e 08" df—e_eey}dxdy
Y 0
0 s (Y 1— —0e” "
:/ e~be / R
—co o e
_eey

0
—_fe —0e?
—}—/y e dac{—eey —e }dy

99
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+ { Ei(—0) — Ei(—@ey)}{ﬁ — 6—95y} dy,

Oev

and the substitution z = fe¥ yields

B= /09 {6; - % +1}e: + {Ei(—@) —Ei(—z)}{% - e; —e*Z}édz.

(B.23)
Finally, regarding the term C', we have
1 0 o] N Y
C:/ / / e 0 e 0¢ — Ge(z,y)dedy d€
0 —o0 JO
0 0o 1
:/ / e_aew{e_gey —/ e 08’ df}dxdy
—oo J0 0
0 Dev 1— —0eY
={—Ei(-60 v — d
{-Ei(-0)} L g W
0 _
i 1 e 7 _ 1
:El(—e)/o {; - };dz. (B.24)

Next, the expressions in (B.22), (B.23) and (B.24) may be plugged-into (B.21).
Using the notations

g(z):{l_e_z—e_z}l7 h(z):{e_z_1+l}e_z,

4 z z

we obtain that

V= /:o { ! _;_9 - 1}6: 4 h(z2) + {~ Ei(—2)}g(2) dz

b [ B0 B Jote) 4 1) - 2100
—0

= /000 h(z) +{—Ei(—2)}g(z)dz + 1_+f9{— Ei(—6)}
0
—Ei(—@)/o g(z)dz

The first integral is independent of 8, and can be seen to be equal to 4log 2 — 2.

Further, fog g(2)dz = (e7? — 1+ 0)/6, whence the last two summands cancel
out. This proves the lemma. O

B.3. Further auxiliary lemmas

Lemma B.15. Let A be a continuous function on [0, 1] with lim,_,o A(x)/z" =
0 for some n € (0,1/2). Further, let H,, and H be monotone and non-negative
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functions on [0, 1] with

1
limsup/ — dH, () <oco and /
.1 2771

n—00 [0,1] %

1
1-n

dH (z) < 0.

Iflimy, 00 SUP,(0,1) | Bn ()| = 0, where By, := Hy,—H, and if there is a sequence
of measurable functions A, such that

—A
lim sup () (z) =0,
n ze0,1] x
then we have A
lim (%) 4B (@) =0

Proof. For r € N define the piecewise constant function

Ap) =31 (@) AI(;%T)
k=1

as an approximation of A(x)/xz. We write f[o 1 A, (z)/x dBy(z) = L+ 1o+,
where

_ [ A@) —A@) _ [ A®) i .
I _/[071] . dB,(z), Ins /{071] A (2) dBy(2),

Ls = / A (x) dB,(x).
0.1

The first integral is bounded by
A —A
/ ‘M‘ d(H, + H) ()
[0.1] r

An(z) — Az)
< sup —x” ’/{071]

s d(H, 4 H)(2),

z€[0,1]

which converges to zero by assumption. Regarding I,,2, we obtain

Alz) — Ap(x)x 1
2| = ‘/ () : (@) = dB.(v)|
[0,1] z x
Az) — A (2)x / 1
< sup ’ A(H,, + H)(z). B.25
S o o) T ( )(z) (B.25)

By uniform continuity of z — A(z)/z" on [0, 1], we have

sup Alw) - Ar(ac)x‘ — 0 for r — oco.
z€[0,1] x"
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Thus, the limes superior (for n — o0) of the expression on the right-hand side
of (B.25) can be made arbitrarily small by increasing r. Finally, we can bound
|I,3] as follows

[A(k/7)|
\Ingy<z k/: ‘/01] (i1 4] )dBn(ar)‘

S 8y

<2r® sup |A(z)| sup |Bn(z)l,
z€[0,1] z€[0,1]

which converges to zero by assumption. ]

Lemma B.16. Let X and Y be real-valued random variables such that XY is
integrable. Then,

0 o) 0 0
E[XY]:/ / IP’(X>a:,Y>y)da;dy+/ / P(X < 2,Y < y)dzdy
0 0 —o0 J —0o0

0 0o oo 0
—/ / ]P’(X>:C,Y§y)dxdy—/ / P(X <z,Y > y)dxdy.
—o0 J0 0 —00

Proof. This is a standard calculation based on Fubini’s theorem. ]
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Abstract

The serial dependence of a stationary time series at extreme levels may be captured by the limiting
cluster size distribution. New estimators based on a blocks declustering scheme are proposed and
analyzed both theoretically and by means of a large-scale simulation study. A sliding blocks version
of the estimators is shown to outperform a disjoint blocks version. In contrast to some competitors from
the literature, the estimators only depend on one tuning parameter to be chosen by the statistician.
© 2022 Elsevier B.V. All rights reserved.

MSC: 62G32; 60G70
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1. Introduction

The serial dependence of a stationary time series (X;);cz at extreme levels may be described
by various, partially interrelated limiting objects. The most traditional approach consists of
studying the point process of exceedances and its weak convergence (see [18], or Section 10.3
in [2]). Two characterizing objects show up in the limit: the extremal index 6 € [0, 1] and
the limiting cluster size distribution 7, a probability distribution on the positive integers with
7 (m) approximately representing the probability that extreme observations occur in a temporal
cluster of size m. Under mild additional assumptions, the extremal index is in fact the reciprocal
of the expectation of the limiting cluster size distribution [21].
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A recently introduced alternative object for assessing the serial dependence is given by the
tail process (Y;);cz (or the spectral process (6;);cz) that may be associated with a suitably
standardized version of (X,);cz [1]. Heuristically, the law of those processes on R provides a
more detailed description of the serial dependence. In fact, relying on results from [19], it can
be shown that the limiting cluster size distribution 7 may be expressed as a functional of the
tail process under mild additional conditions, see Remark 2.2.

Estimating the above mentioned objects based on a finite stretch of observations has
received a lot of attention in recent years. For instance, estimators for the extremal index have
been studied in [5,13,17,23,28,29], among many others. Estimators for 7 have been studied
in [12,16,25,26]. To the best of our knowledge, inference on the law of the tail process has
only been studied for selected functionals (note that the above mentioned contributions fall
into this category as well). For instance, Drees et al. [11], Davis et al. [7] and Drees and
Knezevi¢ [9] investigate estimators for the c.d.f. of Y;, at a fixed lag 7, which are based on
making sophisticated use of the time change formula. Cissokho and Kulik [6] consider sliding
blocks versions of peak-over-threshold estimators for a general class of functionals, including
the extremal index and the limiting cluster size distribution. It is worthwhile to mention that
asymptotic theory for many of the afore-mentioned estimators may be (non-trivially) derived
from high level results in [10] on empirical processes for cluster functionals, see also [20].

The present paper is motivated by the apparently little amount of well-studied estimators for
the limiting cluster size distribution 7. Inspired by recent contributions on the estimation of the
extremal index, we study an estimator that is based on a (disjoint or sliding) blocks declustering
method. The sliding blocks estimator is shown to be more efficient than the disjoint blocks
version. Moreover, by extensive Monte Carlo simulations, they are shown to exhibit very good
finite-sample behavior in comparison to the competitors from [12,16,26].

The remaining parts of this paper are organized as follows: mathematical preliminaries,
including precise definitions of the limiting objects described above, are provided in Section 2.
In that section, we also define the new estimators. Regularity conditions needed to derive
asymptotic normality are collected in Section 3, with the respective theoretical results given
in Section 4. Section 5 contains results from a large scale Monte Carlo simulation study. The
main arguments for the proofs are collected in Section 6, with an interesting side result on
weak convergence of an empirical process associated with compound probabilities presented in
Section 7 and proven in Section 8. Finally, all remaining proofs as well as additional simulation
results are collected in a supplementary material.

2. Mathematical preliminaries and definition of estimators

Throughout the paper, (X;);cz denotes a stationary time series with marginal cumulative
distribution function (c.d.f.) F. The sequence is assumed to have an extremal index 6 €
(0,1], i.e., we assume that, for any T > O, there exists a sequence (u#,(7)),ey such that
lim,, 00 1 F(u,(1t)) = 7 and

lim P(M,., < (7)) =€, 2.1
n—oo

where F = 1| — F and M, = max{X,,...,X,}. Some thoughts reveal that, if the
extremal index exists, then the convergence in (2.1) holds for any sequence u,(t) such that
lim, 00 n F (4, (1)) = T (see, e.g., the beginning of Section 5 in [18]) and that we may always
choose u,(t) = F<(1 — t/n) (see the proof of Theorem 1.7.13 in [22]). Subsequently, the
latter definition is tacitly employed, where F < (p) = inf{x € R : F(x) > p} denotes the
(left-continuous) generalized inverse of F.
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The point process of exceedances is defined as

n
N&(B) =) 1(t/n € B, X, > u,(1)),

=1
for any Borel set B C E := (0, 1] and v > 0. If the time series is serially independent, then
it is well-known that N{” converges in distribution to a homogeneous Poisson process on E
with intensity t. In the serial dependent case, if the extremal index exists and a certain mixing
condition is met, then a necessary and sufficient condition for weak convergence of N(¥ is as
follows, see Theorems 4.1 and 4.2 in [18]: there exists a A(u,(t))-separating sequence (g, ),
(see Section 3 for a definition) such that the following limit exists for all m € N5 :

(m) = lirglo Ta(m),  ma(m) =P(N(B,) =m | N\(B,) > 0), (2.2)

where B, = (0, g,/n]. In that case, the convergence in the last display holds for any A(u,(7))-
separating sequence (g, ), and the weak limit of N{*, say N, is a compound Poisson process
with intensity 7 and compounding distribution 7, notionally N ~ CPP(ft, ). If the
A(u,(t))-condition holds for all T > 0, then 7w does not depend on t ([18], Theorem 5.1),
which will be tacitly assumed throughout. Motivated by (2.2), the distribution 7 is commonly
referred to as the (limiting) cluster size distribution. Remark 2.2 provides a theoretical
connection to the tail process introduced in [1].

Let N,(;) denote the distributional limit of N,ET)(E ). Since the distribution of N is
CPP(0t, ), we have the stochastic representation

n(07)

D
i=1

for independent random variables n(6t) ~ Poisson(dt) and & ~ m. As a consequence, we
have
pO) = PN =0) =",

m. -0t 0 J )
p(r)(m) = ]P(Ng) =m)= Z M]T*J(m), m e NZ],

j=1

where %/ is the jth convolution of 7. As explicitly written down in Equation (1.5) in [26], the
previous equations allow to obtain, for any 7 > 0, a recursion expressing 7 (m) as a function

of 0, p@(),..., pP@m) and (1), ..., w(m — 1). This recursion then allows for estimation of
7 (m) based on estimation of 8, p‘™(1), ..., p™(m), which is precisely the approach followed
in [26].

It may be argued that this approach suffers from the fact that the obtained recursion is
depending on t, which ultimately implies that the final estimator depends on t as well. Hence,
the statistician has either to make a choice, or to apply a suitable aggregation scheme. Within
the present paper, we propose to instead consider a different recursion based on

p(m) = / p P (m)e™"" dr = E[p P (m)],
0

where Z ~ Exponential(d). Perhaps surprisingly, and unlike for p¥(m) above, the respective
recursion does not even depend on 6, which allows for even simpler estimation. More precisely,
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a simple calculation shows that p(0) = fooo fe=2T dr = 1/2 and

= i O [ — 1
pon =3 o [ oeye o = Y. g

for m € N> ;. As a consequence,

1 m 1 m—1 ‘
pm) = Jm) + X; s 2o T omn k)
=

k=j—1
1 m—1 k+1 1
— *(j—1)
= Jmom) + Y oam—k))y 7V ®)5757
k=1 j=2
1 1 m—1
= 17+ 2 Y mm = kpk),
k=1
which in turn implies
m—1
w(m) =4p(m) —2 Z w(m —k)p(k), meNsj. (2.3)
k=1

Obviously, Eq. (2.3) allows to recursively derive (r (1), ..., w(m)) from (p(1), ..., p(m)). The
plug-in principle hence allows to estimate the former vector based on suitable estimators for
the latter vector.

For the estimation of (p(1), ..., p(m)), a transformation extensively used in [4,5] comes in
handy: the random variable

Zl:n = I’l{l - F(Mlzn)}

is asymptotically exponentially distributed with parameter 6, for n — 00. Indeed, since v,(7) =
F~ (1 —1/n) with the right-continuous generalized inverse F— satisfies lim,_, o, F(v,(7)) = T,
whence

P(Zy, = 1) = P(My,, < v,(7)) — e 0" (2.4)

for n — oo by (2.1). Next, for motivating our estimator it is instructive to consider, for two
independent copies (X;);ez, (X;)rez, the random variable

NF(E) =Y 1K, > un(Zia) S Y 1K, > M),
t=1 t=1

where 21;,, =n{l — F (Ml:n)}- Then, conditional on len, the randor~n variable N,EZ”‘)(E)
approximately follows a compound Poisson distribution with intensity 6 Z;., and compounding
distribution 7, for sufficiently large n. As a consequence,

P(Nr(lZI:n)(E) —m | len) ~ p(len)(m)’
which readily implies
P(N,EZI:”)(E) — m) ~ E[p(zl:n)(m)] ~ ﬁ(m), (2.5)

where the second approximation is due to (2.4). The latter display allows for estimation of
p(m) based on the method of moments.
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More precisely, suppose we observe a finite-stretch of observation from the time series,

say Xi, ..., X,. Divide the observation period into non-overlapping successive blocks of size
b = b,, that is, into blocks /; = I (db for ‘disjoint blocks”),
L={1,...,b}, L={b+1,...,2b}, ... ,Li={k—Db+1,...,kb},

where k = k, = |n/b,]. A possible remainder block I, = {kb + 1,...,n} of cardinality
|Ix4+1| < b, will have a negligible influence on the subsequent estimators and will hence be
discarded. Asymptotically, (b,), needs to be an intermediate sequence satisfying b = b,, — oo
and b, = o(n). Now, by well-known heuristics, cluster functionals (i.e., statistics that depend
only the ‘large observations’ within a specific block /;) calculated based on disjoint blocks of
observations may be considered asymptotically independent, whence (2.5) suggests to estimate
p(m) by

kn

. T
pn(m) = P (m) = kn(ky — 1) izz/—:l ]l{

i#i’

Lt = w) =)

s€lyr

where the upper index ‘db’ refers to the fact that the underlying blocks are disjoint and where
M,‘Lj:? = max{X; : t € I;}. Following Berghaus and Biicher [4] and Biicher and Jennessen [5], a
possibly more efficient version that is based on sliding/overlapping blocks instead of disjoint
blocks is given by

A 1
= sb _ sb) _
i =, X E (- ) =)
(i€ “sersp
where IiSb ={i,...,i +b, — 1}, M;? = max{X; : t € IiSb} and where D, is the set of all
pairs (i,i') € {1,...,n — b, + 1}? such that I,.Sb N IZ.S/b = @. Obviously, since Ifb N Il:“/b = J,

the same heuristics as in the disjoint blocks case applies: the expectation of each summand is
approximately equal to p(m).

Based on the recursion (2.3), the final (disjoint and sliding blocks) estimators for m(m),
m € N, are defined, for mb e {db, sb}, by

m—1
ATO(m) = 4p°(m) — 2 RI(m — k) p (k). (2.6)
k=1

Remark 2.1. The estimators ﬁfh and ﬁ,fb(m) can be interpreted as U-statistics, which we
exemplarily illustrate for p . Indeed, we may write

kﬂ

] kn —
Py (m) = <2> 'Y b ((Xser» Xdser;)

ii’=1
i<i’

with £, defined by

(Kt Ker) = 5 [ 1[0 1(x > m) = m)

s€ly

S ) =n] |

sel;
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Since h,, is a symmetric kernel function with

B[ (Xser» (Xser)] = P(3 10X > MB) = m) ~ pom),

xe]l

the estimator ﬁn(m) can be considered an (approximate) U-statistic for p(m). The same
applies for ﬁjb(m). The U-statistics representation suggests an alternative approach to proving
our central results based on, e.g., suitable adaptations of the Hoeffding decomposition. The
approach will be investigated in a future research project from a higher level.

Remark 2.2. The limiting cluster size distribution is closely connected to the tail process
introduced in [1], see also the monograph [19]. Since the tail process may only be defined
for heavy tailed stationary time series, a standardization is necessary first. For simplicity, we
assume that F' is continuous. In that case, for any ¢t € Z, Z, = 1/{1 — F(X,)} is standard
Pareto-distributed and the event X; > u,(7) is (almost surely) equivalent to Z, > n/7. Under
the assumption that (Z;);cz is regularly varying (i.e., all vectors of the form (Z, ..., Z;) are
multivariate regularly varying), there exists a process (Y;);cz, the tail process of (Z;),;cz, such
that, for every s,t € Z with s <,

P(xZs, ..., Z) €1 Zo > x) > P((Ys,....Y) €-) (x = 0),
see Theorem 2.1 in [1]. If we additionally assume that, for the sequence (g,), from (2.2) and
for all x,y > 0,

lim lim sup IF’( max Z, >nx | Zy > ny) =0, 2.7

m—=>0 500 m=|t|<qn
then 7 may be expressed through the tail process, see Example 6.2.9 in [19]:

7(m) :nli)n;O]P’< 3 IK > un() = m’ max X, > un(t))

qn
1<t=<qn

=P(} 10 > h=m|maxy, 1), meN.,.
t<—1 -
t>0
In other words, w(m) is the conditional probability that the ‘number of time points where the
tail process exceeds the value 1’ equals m, conditional on the event that the tail process does
not exceed 1 until + = —1. It is worthwhile to mention that (2.7) is for instance satisfied
for geometrically ergodic Markov chains, short-memory linear or max-stable processes and
m-dependent sequences; see [0], page 7, and [19], page 151.

3. Regularity conditions

This section summarizes technical regularity conditions which are imposed to derive
asymptotic properties for the estimators from the previous section. First of all, the serial
dependence will be controlled via alpha- and beta-mixing coefficients. For two sigma-fields
F1, F, on a probability space ({2, F, P), let

a(F1, F)=  sup  |P(AN B) —P(A)P(B)|,
AeF|,BeF>

1
BFI F2) =5 ) D sup|P(A; N B)) — P(A)P(B)).

iel jeJ
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where the last supremum is over all finite partitions (A;)ie; C Fi and (Bj)je; C F; of (2.
For —oo < p < ¢ < oo and ¢ € (0, 1], let B;:q denote the sigma algebra generated by
U =U,1(Us > 1—¢)withs € {p,...,q}; here, Uy = F(X,). Finally, for £ > 1, let

0[8(6) = Supa(Bél::k’ /i+€:oo)’ ﬂS(ﬁ) = sup ﬂ(Bf:k’ l§+€:oo)‘
keN keN

Conditions on the decay of the mixing coefficients will be imposed below.

Formally introducing conditions that connect the existence of the cluster size distribution to
weak convergence of the exceedance process requires yet another weaker version of the alpha
mixing coefficient. Fixm > land 7y > --- > 1, >0.For1 < p <q <n,let .7-',(){;",',"{’”) denote
the sigma-algebra generated by the events {X; > u,(t;)} fors € {p,...,q}and j € {1,...m}.
For ¢ € {1, ..., n}, define

U, e(T1, - - ., T) = sUp{|P(A N B) — P(A)P(B)] :
A e P g e B | o <n—4).

lis,n s+e:n,n

The condition A, ({,(tj)}1<j<m) is said to hold if there exists a sequence (¢,), with £, = o(n)

such that a, ¢, (71, ..., Tn) = o(l) as n — oco. A sequence (g,), with g, = o(n) is said to
be A,({u,(tj)}1<j<m)-separating if there exists a sequence (¢,), with £, = o(g,) such that
e, (T15 ., Tmw) = 0(gn/n) as n — oo. If A,({un(;)}1<j<m) is met, then such a sequence

always exists, simply take g, = Lmax{nai{é, (n€,)'?}].

As already stated in Section 2, by Theorems 4.1 and 4.2 in [18], if the extremal index exists
and the A(u,(t))-condition is met (m = 1), then a necessary and sufficient condition for weak
convergence of N,(f) is the convergence in (2.2) for some A(u,(t))-separating sequence (¢,),.
Moreover, in that case, the convergence in (2.2) holds for any A(u,(7))-separating sequence
(¢n)n» and the weak limit of N(*, say N, is a compound Poisson process CPP(67, 7). If the
A(u,(t))-condition holds for any ¢ > 0, then  does not depend on t ([18], Theorem 5.1).

A multivariate version of the latter results is stated in [24], see also the summary
in [26], page 278, and the thesis [15]. Suppose that the extremal index exists and that the
A(uy(ty), uy(t2))-condition is met for any 7; > 1, > 0, 7y # 0. Moreover, assume that there
exists a family of probability measures {7150) o0 €[0,1]}on J = {(,j) € N2>o > j >
0,i > 1}, such that, for all (i, j) € 7, -

lim P(N{™(B,) = i, N{?(B,) = j | NyV(B,) > 0) = 1, ™0, j),

where B, = (0, g,/n] and g, is some A(u,(t;), u,(12))-separating sequence. In that case, the
two-level point process N = (N, N (12)) converges in distribution to a point process
N = (N, (z1.72) , N, e, TZ)) with characterizing Laplace transform explicitly stated in [26] on
top of page 278. It can further be shown that, under the above mixing assumptions and if the
extremal index exists, the existence of the limit in the latter display is even necessary for the
distributional convergence of N{""™); the limit nz(m ) then necessarily depends on 7 and 1,
only through 7,/7;, see Theorem 2.5 and page 535 in [24]. Throughout, let

N(glarZ) (N(fl \T2) N(fl 72)) N(‘[],‘Ez)(E),

whose marginal distributions are equal to Ngl) and Ném and which further allows for the
stochastic representation

d n(@ry)
( ) ( ) )
N 71,72 Z (§ /71 (fz/fl ),
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where 1n(8t;) ~ Poisson(ft;) is independent of the bivariate i.i.d. sequence (Si(tf/ 22 Si(rf/ Wy~
71512/ " As a consequence, the distribution of N (E”’Tz) on N2, say

P ) = BNE™ = G, ),

is given by pi"™(0,0) = e, p{™ (i, j) =0 for i < j and
i

k

1), _p Ot (r/r)sk,. . .. .

P P, )=e "E o o2 ), P> >0, 0 >1,
k=1

(r2/71), %k (r2/71)
) .

where is the kth convolution of m,
The assumptions needed to derive asymptotic properties for p™(m) and 7™(m) are
collected in the following condition.

Condition 3.1.

(1) The stationary time series (X;)sen has an extremal index 6 € (0, 1] and the two-level
point process of exceedances N converges weakly to N™:™),
(i) There exist constants &, € (0, 1), 7 > 3 and C > 0 such that

o, (n) < Cn™" VnelN.
The block size b, converges to infinity and satisfies
kn, = o(b]), n — oo,

(i.e., a slow decrease of the mixing coefficients requires large block sizes). Further, there
exists a sequence ¢, — oo with ¢, = o(b,) and k,o,, (£,) = o(1) as n — oo.
(iii) For some ¢ > 1 — &1 with &; from (ii), one has

P(N;, < ¢) = o(k, "),
where N, = max{U, : s € {1, ..., |b,/2]}} and U; = F(Xj).
(iv) (Bias.) For any j € N5y, as n — oo,
E[@n.j(Z1,)] = p() + ok %),
where ¢, ;(z) = P(N,” = j) and N;? = ¥ 1(Us > 1 — z/by).

Remark 3.2. Under Condition 3.1(i)—(ii), Condition 3.1(iii) is equivalent to the following
condition: For some ¢ > 1 — g; with g; from 3.1(ii), one has

lim P( min N/, < c) —0, G.1)
n—o0 i=1,...,2k,

where N, = max{U, : s € [(i — 1)b,/2+ 1,ib,/21 NN} fori € {1,...,2k,} (note that (3.1)
corresponds to Condition 2.1(v) in [4]). This can be seen as follows. First,

P( i /' >_ IP) /' ‘<n n2 1< n_na

‘ izz’ril’lur.I!an N,;, >c '_2!_[21{ (Nm > c) < ko, (1b,/2] + 1) < Ck,b,

which converges to zero by Condition 3.1(ii). Next, by stationarity,

k,P(N/, < n
l—[ ]P)(Nr/u > C) - P(Nr/ll > C)kn = (1 —_ M)k ,
i=2,4,...,2kn k,
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which converges to 1 iff Condition 3.1(iii) holds. The previous two displays imply

lim P(_min_ Ny, > c) =1 < PW,<o=ok").
n—o0 i=2,4,....,2k,

The same can be shown for the minimum over the odd indices, which shows that (3.1) follows
from Condition 3.1(iii). Along with this equivalence the other implication is trivial since
P(min;— 4, o1, N,; < ¢) < P(min;=; o, N,; < c¢), which also holds for odd indices i.

The conditions are weaker versions of the conditions imposed in [4], which in turn are
mostly based on [26]. In contrast to those papers, no moment condition on the increments of
T > ND(E) is needed, which may be explained by the fact that the cluster functionals showing
up in the definition of f)n (m) are bounded by 1. This also allows for a great simplification of
the o-mixing condition in comparison to the last-named references. For the treatment of the
sliding blocks estimator, we will additionally impose a beta-mixing condition below, which is
used for proving tightness of the scaled estimation error of empirical compound probabilities,
see Section 7.

An exemplary time series model meeting the above conditions is given by the max-
autoregressive process of order 1, ARMAX in short, defined by the recursion

X, = max{aX;_1,(1 —a)Z}, s €7,

where o € [0, 1) and (Z,), is an i.i.d. sequence of standard Fréchet random variables. A
stationary solution is given by X; = max (1 — )l Z,_ ;j such that the stationary distribution
is standard Fréchet as well. The extremal index is & = 1 —« and the cluster size distribution is
geometric, i.e., 7(j) = a/~!(1 — ) for j > 1, see Chapter 10 in [2]. Conditions (i)—(iii) were
shown to be satisfied in [4], page 2322. Regarding Condition (iv), extensive simulations have
shown that the bias E[¢, ;j(Zi.,,)] — p(j) is of the order b;l, such that Condition (iv) is met
provided k, = o(bﬁ).

Further discussions of the conditions in general and details on models defined by stochastic
difference equations fulfilling slight adaptations of conditions (i) and (ii) and (iv) are provided
in [4,26].

4. Main results

In this section we derive asymptotic normality of both the disjoint and sliding blocks esti-
mators from Section 2. A comparison of the asymptotic variances shows that the sliding blocks
version exhibits a smaller asymptotic variance than the disjoint blocks version. Subsequently,
for mb € {db, sb}, let

si = VD7) — PG} J €Nz,

v = k{7 () — (D}, j e Nap. 4.1
For simplicity, we will further assume that F is continuous.
Theorem 4.1. Assume that Condition 3.1 is met. Then, for any m € N5,

(ss’bl, e sSPm) N (s, 530y ~ A0, 29

as n — oo, where the covariance matrix L% = (d;-jbj/)]g j.j'<m is given by

o0 o
ds®, =/0 /0 Cov (n(Nf;) = j)+ p23)),
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LNE = )+ pP) ) dH@AH (). 4.2)

Here, H denotes the c.d.f. of the Exp(0)-distribution, and Ng) ~ p and Z ~ Exp(®) are
such that

PG T

j € Nog, u >0
LG =0) T <p (J >0, 4 > 0)

P(Nf;)=j,2>u>={

and

PG =T

» (j.J' € Nao).
oGy v T STE

]P(Ng[) — j, N(ET) — J/) — {

Theorem 4.2. In addition to Condition 3.1 assume that \/k,Be,(b,) = o(1) for some &, > 0.
Then, for any m € Nx;,

(5300 - S30) N (530, .y 85) ~ NG, (0, Z5P)
as n — oo, where the covariance matrix X3 sb (d ,)1< j.j'<m is given by
‘ 1 oo oo 5
P, =2 /O { /0 /0 Cov(L(X{7} = j), (¥, = j)) dH(1)dH (z")
4 / Cov(L(X§ = ). p™39(j") dH(r)

0

+ [ cov(uxty = . p00) aH o)
0

+ Cov(p™29()), p72(j") | e, @3)
where for 0 <t < t' and x,y > 0,
) i ,
P(XT = v =)= pE0pE G —n
1=0 r=j—-I

— / — .
x p;(l £, 5)1)(’,’] — ),

P(X26 > x, Yo > y) = exp(—0{(x A y)E + (x V )}),

J
P(XS) = j. Yae > x) = e Y pe0mpy G — 1,001 < 1)
1=0
+e " pTI(HLx > 7).
It is worthwhile to mention that X Y; Yl(? , ngg are equal in distribution to N\ and that
X, Y2e, Y3 are exponentially distributed with parameter 6.
Regardmg the estimator nmb( j) from (2.6), recall the definition of vmb. in (4.1) and of
(s ... Inb) and Emb in Theorem 4.1 (mb = db) or Theorem 4.2 (mb = sb)

Corollary 4.3. Let mb € {db, sb}. Under the conditions of Theorem 4.1 (mb = db) or
Theorem 4.2 (mb = sb) we have, for any m € N and as n — oo,

by d b b b
(vnl,...,v,‘ffm)—>(vjn,...,v$)~Nm(O,F,‘;‘ ),
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where vl 4sinb and
j—1
VI =45 =23 " w (- ks —2) Bl — kP, j =2
k=1 =
This recursion allows to write (v{nb, ey v,r;:b)T = Am(sinb, ...,s,,“;b)T for some matrix A,, €

R™ ™ such that the covariance matrix I'™ may be written as ™ = A, ST AT

In the next theorem it will be shown that the asymptotic variances of the sliding blocks
estimators are not larger than the asymptotic variances of their disjoint blocks counterparts. As
a consequence, the sliding blocks estimators can be considered at least as efficient and should
usually be preferred in practice.

Theorem 4.4. Under the conditions of Theorem 4.2 we have, for any m € N,
sb db b db
E;l <r Em and Frfz <L Fm s
where < denotes the Loewner-ordering between symmetric matrices. In particular, Var(sj.b) <

Var(s$°) and Var(v$®) < Var(v{®) for any j € Nz,.

Example 4.5. In the case that the time series is serially independent, a simple calculation
yields (i) = 1(i = 1) and 712(0)(1', ND=0-0)li=1,j=04+01@G =1, j = 1), which
implies

PP =1, pIIAL0 = —ve ™, PP ) =1e
for ' > 7 > 0,7" # 0. Lengthy computations show that d{", = 5/108, such that o> =
Var(vi®) = 20/27 ~ 0.7407. Likewise, 0> = Var(v{®) ~ 0.3790. The competing blocks
estimator ﬁ,g’)’ROb from [26] is known to satisfy

Vi {2ORE(1) — (D) =5 NO, p22(@), 2@ =e @+ — 1) =€),

see Corollary 4.2 in that reference or p. 3300 in [25]. It is worth to mention that p? is strictly
increasing with o2 < u?(1) iff T > 0.7573.

Recall that § = {Z;OZI jm(j)}~!. As a consequence, following Hsing [16],Robert [26], the
extremal index 6 may be estimated by

™0 (m) = {ijﬁ,;“b(j)}l, mb € {db, sb}, (4.4)

for sufficiently large m. More precisely, é,‘lnb(m) should be considered an estimator for the
partial sum approximation 6(m) = {27:1 jm(j)}~!. The following result is an immediate
consequence of Corollary 4.3, see also Corollary 4.2 in [26].

Corollary 4.6. Under the conditions of Theorem 4.1 (mb = db) or Theorem 4.2 (mb = sb)
we have, for any m € N and as n — oo,

V{80 m) — 0m)) {Z jx(D} TS e~ N, 02, m),
j=1

where o2, (m) = {Z'}Ll jn(j)}_ (A,...,m) ™1, ...,m)".
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5. Finite-sample results

A simulation study was carried out to analyze the finite-sample performance of the
introduced estimators and to compare them with estimators from the literature. Results are
presented for the following three time series models which were also considered in [26] (with
a slightly different ARMAX-model).

o ARMAX-model:
Xy, = max{aX;_1, (1 —a)Z}, s €,

where o € [0, 1) and (Z;), is an i.i.d. sequence of standard Fréchet random variables.
We consider o = 0.5 resulting in 6 = 0.5 and 7 (1) = 0.5, 7 (2) = 0.25, 7 (3) = 0.125,
m(4) = 0.0625 and 7 (5) = 0.03125 by Perfekt [24].

e Squared ARCH-model:

X, =Q2x 107 +1X, NZ},  seZ,

where A € (0, 1) and where (Z;), denotes an i.i.d. sequence of standard normal random
variables. We consider A = 0.5, for which the simulated values & = 0.727 and
(1) = 0.751, 7 (2) = 0.168, w(3) = 0.055, 7 (4) = 0.014 and 7(5) = 0.008 were
obtained in [14].

o AR-model:

X, =r"X,_, + Z,, seZ,

where (Z;), is an i.i.d. sequence of random variables that are uniformly distributed on
{0,1/r,...,(r — 1)/r}. We consider r = 4, for which the simulated values 8 = 0.75
and (1) = 0.75, m(2) = 0.1875, 7 (3) = 0.0469, 7(4) = 0.0117 and 7 (5) = 0.0029
were obtained in [24].

In all scenarios the sample size was fixed to n = 2000, attention was restricted to 7 (m)
for m <5, and the block size b was chosen from the set {6, 8, ..., 36, 38}. Note that it is not
sensible to use block sizes smaller than m, as the summands making up Pa(m) are necessarily
zero in such a case, which eventually results in a large bias. All results are based on N = 500
simulation runs each.

For completeness, and inspired by Northrop [23], a slight modification of the estimators
from Section 2 has been considered as well. For its motivation, note that X; > Mmb iff
F (X)) >1-— Zmb/b (a.s.), where Zmb =b,{1 — F (Mmb)} with the emplrlcal c.df. F x)=

n~! Zl 1 1(X; < x). For large block size b,, we further have Zmb ~~ Ymb —b, log F (Mmb)
which suggests to define

kn

A 1 . )
p y-db db
Py m) == 11{ L(Eu(Xs) > 1= ¥,7 /by :m},
i1 2 2 )
il !
l%ny,sb(m) Z {Z (Fn(XS) >1— f/rflb/bn) = m}
(1 i")eDy sepb

Finally, let 7 e ™ pe defined in terms of ﬁ,,y M 2 in (2.6). For the ease of a unified notation,
the estimators from Section 2 will subsequently be denoted by pZ M and 7, %mP,
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m=2 \ m=3 \
10.0
o 10
S 75
i
< 50 5
25
6 14 22 30 38
3 . .
— Disjoint, Z-version
§2 — Disjoint, Y-version
é% -—- 8liding, Z-version
= -—- Sliding, Y-version
1
6 14 22 30 38 6 14 22 30 38
Block size b Block size b
Fig. 1. Variance multiplied by 107 for the estimation of 7 (m) within the squared ARCH-model for m =1, ..., 5.

5.1. Comparison of the introduced estimators for w

In this section we compare the finite-sample performance of the four introduced estimators
padd gz 20 and 70,

We start with a detailed analysis of the variance, bias and mean squared error (MSE) as a
function of the block size parameter b. Results are only reported for the squared ARCH-model;
the corresponding figures for the ARMAX- and AR-model show roughly the same qualitative
behavior and can be found in Appendix D in the supplementary material. The variance is
depicted in Fig. 1, which can be seen to be increasing in the block size for all estimators. It is
further apparent that the Z- and Y -versions behave nearly identical (the curves of the Y-versions
are barely visible for m = 1 as they are covered by the curves of the Z-versions), whereas the
variance of the sliding blocks estimators is considerably smaller than for the disjoint blocks
estimators, uniformly over all block sizes. For the Z-version, this is in accordance with the
theoretical result from Theorem 4.4.

The bias is presented in Fig. 2 and can be seen to be either increasing or decreasing in b.
The largest absolute value of the bias is mostly decreasing in b and attained for small block
sizes, which may be explained by the fact that the approximation to the exponential distribution
in (2.4) becomes better. The bias curves for the sliding blocks estimators are smoother than
for the disjoint blocks versions, which may be explained by the fact that no observations have
to be discarded when b is not a divisor of n. One can further see that the Y-versions exhibit
a substantially smaller absolute bias for small block sizes (except for m = 2); an observation
that has also been made in [5]. However, we observe that neither of our estimators can be said
to be overall superior with regard to the smallest bias.

The mean squared error is outlined in Fig. 3. In many cases, the MSE-curves show a
similar behavior as the variance-curves for large block sizes, since there the variance is
dominating over the squared bias. Likewise, the large squared bias for small block sizes can
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m=1

Bias*1000

— Disjoint, Z-version
— Disjoint, Y-version
-—- 8liding, Z-version

Bias*1000

-—- 8liding, Y-version

14 22 30 38 6 14 22 30 38
Block size b Block size b

Fig. 2. Bias multiplied by 10° for the estimation of 7 (m) within the squared ARCH-model for m =1, ..., 5.

MSE*1000

6 14 22 30 38

w

— Disjoint, Z-version
— Disjoint, Y-version

N

-—- Sliding, Z-version

MSE*1000

-—- 8liding, Y-version

14 22 30 38 6 14 22 30 38
Block size b Block size b

Fig. 3. Mean squared error multiplied by 103 for the estimation of 7 (m) within the squared ARCH-model for
m=1,...,5.

be identified in the MSE-curves as well, eventually resulting in a typical u-shape. Again, the
Y-versions perform better for small block sizes (except for m = 2). Moreover, the sliding
blocks estimators outperform the disjoint blocks estimators with regard to the MSE. Since this
qualitative behavior holds uniformly over all models under consideration, we omit the disjoint
blocks estimators in the subsequent discussion.
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4 0.25
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o
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6 14 22 30 38 6 14 22 30 38 6 14 22 30 38
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Ferro— Hsing— Robert — Sliding, Y-version — Sliding, Z-version

o

Fig. 4. Mean squared error multiplied by 10° for the estimation of 7(m) within the squared ARCH-model for
m=1,...,5 and the total variation between 7 and 7.

We finally remark on the choice of the block size parameter in practical applications, which
is a difficult problem in general, with no universal (yet optimal) solution. In the specific context
of estimating 7 (j) up to j < m, one may apply standard eye-based approaches, like identifying
plateaus in the plot b — 7,(j), possibly for each value of j separately, or, for convenience,
just for j = m (see also [4], page 2328).

5.2. Comparison with competing estimators for

In this section, we compare the performance of our sliding blocks estimators for m (m) with
the following competitors from the literature: the integrated version of the blocks estimator
from [26] with parameters 0 = 0.7 and ¢ = 1.3 (page 276 in that reference), the blocks
estimator from [16] with v, = X,,_|,/s,:n, Where s, = 2(b, — 3) (see (1.4) in [16] and (1.2)
in [26], where a similar same choice has been made), and the inter-exceedance times estimator
from [12] with N = 3k, (see equation (4.12) in that reference).

In Fig. 4, the MSE is plotted as a function of the blocksize in the squared ARCH-model
(see Appendix D in the supplementary material for other models and the bias- and variance-
curves). In addition, in order to evaluate the overall accuracy of the estimators, Fig. 4 also
presents results on a version of the total variation distance between the cluster size distribution
and its estimator defined by

5
X 1 .
drvs (. 7) = 5 X_jl |7, (m) — 72 (m)|.

We can see that the MSE is mostly decreasing for small blocksizes and tends to increase
from an intermediate blocksize onwards, which is due to the common bias—variance-tradeoff.
The MSE-curves of our sliding blocks estimators are very smooth compared to the competing
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Table 1
Minimal mean squared error multiplied by 103 for the AR-model, the maxAR-model and the squared ARCH-model.
The estimator with the row-wise smallest MSE is in boldface.

Model m (m) Sliding, Z Sliding, Y Robert Hsing Ferro
AR 1 0.750 8.255 6. 746 12.951 20.094 4.007
2 0.188 2.374 1.636 8.732 7.352 3.683
3 0.047 1.679 1.301 1.090 2.864 1.423
4 0.012 0.861 0.497 0.113 0.277 0.236
5 0.003 0.159 0.088 0.008 0.017 0.035
ARMAX 1 0.500 2.642 1.650 6.819 5.318 5.343
2 0.250 0.495 0.434 2.177 1.586 3.460
3 0.125 0.186 0.311 1.763 1.816 2.118
4 0.062 0.252 0.179 1.144 1.011 2.454
5 0.031 0.206 0.086 0.474 0.390 2.350
sqARCH 1 0.751 3.044 1.860 5.631 28.795 7.001
2 0.168 1.436 2.677 4.706 9.043 4418
3 0.055 0.842 0.503 1.111 3.214 3.439
4 0.014 0.389 0.242 0.145 1.215 1.294
5 0.008 0.251 0.188 0.055 0.150 0.372

estimators and lie uniformly below their MSE-curves in many cases. Generally, the estimator
by Robert and our sliding blocks estimators outperform the estimators by Ferro and Hsing in
almost all scenarios under consideration. With regard to the total variation distance, one can
see that our sliding blocks estimators outperform the competitors almost uniformly over all
blocksizes.

The minimum values of the mean squared error (minimum over b) are of particular interest.
They are presented for all models under consideration in Table 1. The estimator 7>® wins
twice, ﬁ,i”Sb wins seven times and Robert’s estimator five times, while the estimators by
Ferro wins once. It is worth to mention that the sliding blocks estimators cover all minimum
values within the ARMAX-model, and Robert’s estimator seems to perform especially well for
estimating 7 (m) in case that value is very close to zero. The latter may be explained by the
fact that the estimator is forced to be non-negative by definition (which is not the case for our
estimators), which results in a high proportion of zero estimates if 7w (m) ~ 0 and hence a small
estimation variance.

Remark 5.1. The performance of the extremal index estimator é}l“b(m) from (4.4) was also
investigated in the above setting. More precisely, attention was restricted to the z-version
of é,jb(S), which was then compared with other estimators for the extremal index from the
literature: the bias-reduced sliding blocks estimator from [27], the integrated version of the
blocks estimator from [26], the intervals estimator from [13], the ML-estimator from [29],
the pseudo ML-estimator from [4] and the CFG-estimator from [5] (based on sliding blocks).
While our estimator showed a similar qualitative behavior (see Fig. D.19 in the supplementary
material), it was found to be mostly inferior to its competitors, whence we cannot recommend
it for further use.

6. Proofs of the main results

Throughout the paper, we use the notation a, < b, if there exists a constant C not depending

on n such that a, < Cb,. We start by arguing that we may slightly redefine the estimators,
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which will greatly simplify the notational complexity. For m € Ny, let

p%m) = kZZ {Z X>M,f}’):m},

noir—q ]db

1 n—by+1

T 2 D ) =l

L=l sersp

pi(m) =

Since Zselidb ]l(Xs > M,‘}}’) = 1(m = 0) and |ﬁfb| < 1, we have, form > 1,

pP(m) — p(m) = (] _ k )ﬁ’?b(m) — op(k ).

ky — 1
As a consequence, throughout the proof, we may redefine ﬁfb(m) = ﬁnb(m) A similar
argument holds for the sliding blocks version, whence we subsequently set pnb(m) ,fb(m).

Next, we will introduce some additional notation. For s € Z, let U; = F(X;). For t > 0
and m € N, let

k
T 1 - B
1*”m=zZMmﬁ=m,

=1

—bp+
(r)sb (T)%b
(e )_n—b +1 Z ).

where, for mb € {db, sb},
T
N = 3 (U > 1 - E)'
selimb
Denote the rescaled estimation error by

em (1) = vk, {p(” mb(m)—q)n,m(r)}, (6.1)

where ¢, ,, is defined in Condition 3.1(iv). Note that the disjoint blocks version edb has been
extensively studied in [26]. Next, let Z™ = b, {1 — F(M™)} and, for x > 0, let

ni
n—by+1

A N 1
A% () = Zﬂ(zdb x), H;b(x)zm > uzy <),

i=1

denote the empirical c.d.f. of Zsb, .. Zdb and foi, .. Zzbn byt 10 respectively. Finally, recall

Hx) = (1 —e ™)1(x > 0), the c.d.f. of the exponentlal distribution with parameter 6.

Proof of Theorem 4.1. By continuity of F, we have U; > 1 — Z% /b, iff X; > M almost
surely, whence we may write, for j € N5,

2dby o a- g, db
Pt = Z
We may thus decompose

= Vku{pPG) = P} E At + Apa + Aps, (6.2)
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where

Anl =

k,
1 2 o0 .
N3 ZU LN ™ = ) = ¢nj(1) dH(T)
noi_q 0
+ ¢n ;(Z®) — Elg, (2] }

o
A = f e (2) AP — H)D).  Aws = ko [Elgn ;2] — 5()).
0
We have A,3 = o(1) by Condition 3.1(iv) and A,» = op(1) by Lemma A.1 in the supplementary
material. Hence, setting
* db
who = [N = ) - e
0
0. (Zy)) — Elen j(Z3)], (6.3)

we have ss’bj =k, '/? Zf”zl Wf}}( J) + op(1). The assertion then follows from

kﬂ

: S (W), ... WEm)) — N (0, £
i=1

Vki

as a consequence of Lemma A.2 in the supplementary material. [J

Proof of Theorem 4.2. As in the proof of Theorem 4.1, we have

n—>by+1 (ZSb) b
ni S .
Pn ()

i=1

2sb, .y @S-
Dy (J)——n_anrl

Similarly as in (6.2) and by using the bias Condition 3.1(vi), we can thus write
v = VD) — B}

\/k_ n—>by+1 00
a.s. n b . b A b
n—b, +1 > WL-(JH/O e, () d(H," — H)() + o(1),

5

i=1

where W;E’i is defined as in (6.3), but with ‘db’ replaced by ‘sb’ everywhere. The assertion then
follows from fooo efl'? ; d(I-AI,fb — H) = op(1) by Lemma B.1 in the supplementary material and

\/E n—by+1 . S d o
m Z (W,‘,,b,-(l), cees W,}f}(’")) —> N (0, Z',;,b)
n i=1

by Lemma B.2 in the supplementary material. [J

Proof of Corollary 4.3. Throughout, we omit the index mb € {db, sb}. For j € N, set
@; RYTN 5 R, @i(x) = 4x; — 2 3)7] xaj_4xx, such that

#n() = @i (Pa(D)s .o, pa(f), A1), ., (= 1)),
() = @;(p(1), ..., p(j), w(1), ..., w(j — 1)).
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By Theorems 4.1 and 4.2, we know that (s, 1, ..., Sy.m) i) (St .oy Sm) ~ Nu(0, X,). To
prove the theorem, we use this result and apply induction over m. First,

Vn1 = V{7 (1) = 1)} = 4k { (1) — (1)} = ds,.1,
such that (s, .1, $2.1, Un.1) i) (s1, 82, 4s1) = (51, 52, v1). Second, assume we have
d
(Sn,lv e Sn,ma vn,h cee vn,m—l) i (Sl’ MR Sm, vla R Um—l)
for m > 2. Then, the delta-method implies

Vam = Vka{@n(Pa(D), ..o, pu(m), #u(1), ..., Fopm — 1))—
Ou(p(D), ..., plm), w(1), ..., w(m — 1))}
=@, (p(D), ..., p(m), w(1), ..., w(m — 1))

: (sn,l, cees Snms Unily o v vy Un,m—l)T + OIP’(I)
m—1 m—1
D sy =2 wlm — s =2 pm — ve = v,
k=1 k=1

where ¢, denotes the gradient of ¢,,. We obtain that

d
(Sn,lw--asn,mavn,l’-~-,vn,m) — (S17'°'asm7 vlv"'yvm)'

Since every v; is a linear function of (sy, ..., 5,) ~ N, (0, %), the vector (v, ..., v,) follows
an m-dimensional normal distribution as well. [

Proof of Theorem 4.4. We only need to prove X3° <; X%: the assertion regarding I'™ is
an immediate consequence.

In the following, we assume for simplicity that U and Z3° are measurable with respect
to the B.!-sigma fields with &; from Condition 3.1(ii); the general case can be treated by
multiplication with suitable indicator functions as in the proofs in the appendices. Now,
Xsb <, 2db s equivalent to

m m
Var(z ajsjb) < Var(z ajs;lb) (6.4)
j=1 j=1
for any a = (ay,...,a,) € R™. To prove the latter, we are going to apply Lemma A.10

in [31]. For j € {1,...,m}and i € N>y, let S,; = 27:1 a;V,.i(j), where

V,i(j) = /Ooo ]l(;]l(m - 1— bi) - j) dH(7) + <p,,,,~(bn(1 — max US))

! n seld;
i

and where J; = {i,i +1,...,i + b, — 1}. Note that Iflb = Ji—np,+1 fori e {1,...,k,} and
that IiSb = J;fori e{l,...,n—b,+ 1}. By the proofs of Theorems 4.1 and 4.2 we can write

m
Var(Zaj = lim Var / ZS,” ,
n— o0
j=1
m [n/bn]
Var(Zajs —nli)rgoVar / Z Sn,i— 1)bn+1)
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For h € Ny, set y,(h) = Cov(Sy.1, Sn.n+1); note that S, 1, ..., Sy.—p,+1 1S stationary. Since
0 < V,.i(j) <2 we obtain

vl < > lajapl] CovVai (), Vanr D] <8 Y lajajl,
=l Ji'=1
such that sup, oy jen., [Va(1)] < 00. Further, by Lemma 3.9 in [8] we have

yaCh 4+l <4 > lajap! [Vai(Dlloo |Vane1Glloo e, (1+ h)
Jii'=1
< C' x a,, (h)

for some constant C’ depending on ay, ..., a, only. This implies

Y lyath+ b)) <CY e, (h) < 00

h=1 h=1
by Condition 3.1(ii). Relation (6.4) then follows from Lemma A.10 in [31]. O

7. On sliding blocks estimators for compound probabilities

Throughout this section, we derive an extension of Theorem 4.1 in [26] from the disjoint
blocks process egf’m in (6.1) to the sliding blocks version e, . The result is used for proving
Theorem 4.2, but might in fact be of general interest for statlstlcs for time series extremes

based on sliding blocks. For m € N> and 7 > 0, let

E:ll,)m(r) = (e;t’)o(f), ceey e;t”m(‘[))

For simplicity, we impose the same mixing conditions as needed for the results in Section 4.
We denote by D([0, o)) the space of real-valued cadlag functions on [0, 00), equipped with

the metric d(f, g) = Y ;o 27* min(sup, oz |f(x) — g(x)I, 1).

Theorem 7.1. Suppose that Condition 3.1(i)—(ii) is met and that, additionally, \/k, Be, (by) =
o(1) for some gy > 0. Then, for any m € N5,

ER LB i D([0, 00)" !,

n,m
where Efnb(-) = (ef)b(-), e m( )) is a centered Gaussian process with continuous sample

paths, almost surely, and with covariance functional given by, for 0 < t < t/ and j, j' €
{07 ey m}y

1
Cov(eP(r). () =2 /0 Cov(1(X® = ), 1) = ) de
1
=2 [ 1@k =20 G ),

where X; () =Y, ) =Ny ) in distribution with joint probability mass function

H5©) =P(X = jy( = )

’

~.

J
Ny 1-&)t/,(1— .
=D > PEWPEIG = rpy T - D,
1=0 r=j—1
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Proof. The result is a consequence of the next two lemmas. [J

It is worthwhile to mention that one may add the classical tail empirical process e, as an
(m + 2)th-coordinate to Effm (just as in Theorem 4.2 in [26]). Additional conditions as in that
reference would be necessary then, including a moment bound on the increments of 7 > N
and adapted mixing conditions. Details are omitted for the sake of brevity.

Further, it is interesting to note that in specific cases the asymptotic variance of the sliding
blocks process can be seen to be smaller than that of its disjoint blocks counterpart. For
instance, some tedious but straightforward calculations show that in the i.i.d. model, for t =1,

Var(el’(1)) = 2¢7%(2e—5) ~ 0.1182,  Var(e{(1)) = ¢~ 2(5e—13) ~ 0.0800,

which are substantially smaller than
1 1
Var(ef®(1)) = ¢! — e ~ 0.2325,  Var(e* (1)) = — — — ~ 0.1501,
2¢e  4e?

where e?b denotes the disjoint blocks limit from Theorem 4.1 in [26].

Lemma 7.2 (Tightness.). Under the conditions of Theorem 7.1, and for any 0 < ¢ < 0o and
m € Ny, the process (E,S,l?m)neN is asymptotically tight in D([0, ¢])"*!.

Lemma 7.3 (Fidis-Convergence.). Suppose that Condition 3.1(i)—(ii) are met. Then, for m €
Nso and ty,...,7 > 0,r € N5, we have

(E®. (), .., ED (1) -5 (EX(T), ..., EX(x,).

n,m

8. Proofs for Section 7

Proof of Lemma 7.2. Since marginal asymptotic tightness implies joint asymptotic tightness,
it is sufficient to show asymptotic tightness of e‘:lt” ; for fixed j € Nxo. Subsequently, we omit
the upper index sb.

For sufficiently large n, the summands making up (e, j(T)):e[0,¢) are only depending on
U;?> = U,1(U; > 1 — &), whence the beta-mixing coefficients based on the B?—sigma fields
become available; in particular, we may use that /k, Be, (by) = o(1).

Let b, = 2b, and K, = (n — b, + 1)/(2b)) = O(n/b,). For simplicity we assume that
IC, is an integer (otherwise, a potential remainder block can be shown to be asymptotically
negligible). For k € {1, ..., K,}, define

Ap = {20 — Db, +1,...,2(k — )b, + b.},
By = {2k — Db, +1,..., 2k — Db, + b}

such that |Ay| = |By| = b), and Ay UB;U---U Ak, U By, ={l,...,n — b, + 1}. Next, to
simplify the notation, define

N =N = T 1)

se[fb
Write e, ;j(t) = A, ;(t) + B, j(t), where
1 ’Cﬂ
Anj(0) = —=Y (A, ji(r) = E[A, j1(D]},
Kn k=1
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with
knlcn T .
: oA =),

n_bn+1ieAk

An,j,k(f) =

and where B, ; is defined analogously, but with A; replaced by By. Since finite sums of
asymptotically tight processes are asymptotically tight, it is sufficient to show tightness of A,, ;
and B, ;. We only treat A, ;. Note that (U, : t € IiSb),-eAk only depends on

k) . 3by—1
U = (Usge—typfs1s -+ » Usgmtypf st +b,-1) € R
by the definition of Ifb. Further, write

Anju(m) = mUEP) = A (UD),

where
K 2by
(7) . - n’n .
hnl:j.R:ib 1_)R, uﬁmzl]l(zb]l(ut>l—f/bn)fj),
= rel?

As a consequence, we may write A, ;j(t) = C, j(t) — C, j_1(t), where

1
N

for j > 0 and C, _; = 0. It is hence sufficient to show asymptotic tightness of C, ; for fixed
J € N5g. By the coupling lemma in [3] (see Lemma C.2 in the supplementary material), we

can inductively construct an array {(US)S b i€ Ay} k=1 x such that

Kn
Cos(0) = = 25D ~ B GW,01)
k=1

M) Vke(l... . K} {T)m i € A 2 {Uyepo ci € AL,
(i) Vhkef{l,....K,):
({0 i € Ay # (U o € A}) = Bra(bn),
(ii1) {(f]x)selfb 1l Ay }k:I K, is (row-wise) independent. (8.1)

.....

Set
N =3 1(0s > 1= 1/by)

sEIiSb

and let C’n, ;j(7) be defined as C, ;(r) but with U,(lk) substituted by

[]rgk) = (Uz(k—l)b;,H» cee 02(k—1)b{,+b,’,+bn—1) e R
We begin by showing that
sup |C, (1) = Gy j(0)] = 0p(1), (8.2)
7€[0,¢]

for which we write

~ \/E ol (1) . v (T) :
Cnj@ = Cuj@ = —— = > 3 1" = )= 1N < ).
" k=1 icAg
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For fixed k € {1, ..., K}, we obtain
DI IES R ]

i€Ay
<2b, x LN i e A} # N7 1i e A))
< 20, x W({(U)yepm i € A} # {(Ug)ypm 1 € Ar)).

Hence, by Item (ii) in (8.1), we obtain

= anCn
B[ sup 1C,50) = Cos(0I] = =54,y () = 20Ky (),
rel0.9] n—>by,+1

which converges to zero by assumption. Markov’s inequality implies (8.2). As a consequence,
it suffices to show that the process (C, j)nen is tight.
Note that by the items (i) and (iii) in (8.1), (Uflk))kzlmlgn is a row-wise i.i.d. triangular
array. Let (F, p) = ([0, ¢], | - |) and
Zu() =K, PhOOF), teF, k=1.....K,
such that
Kn

Coj(T) = Zuk(t) — Bl Zu(T)].
k=1

In the following, we apply Theorem 2.11.9 in [30]. First, note that
sup |y ()

treF,ueR3bn-1

= sup ‘ﬂ%ﬂ(z ]l(ut>1—t/bn)§j)‘

reFuekin-1 11 = by +1 i=1  grsd
1

Vk Ky
S—2bn=1/L52
n—>b,+1 n—b,+1

since n — b, + 1 > n/2 for sufficiently large n. Consequently, || Z, |7 = sup,¢jo 4 [Zuk(T)] <
2K, 1 2, such that the first condition in Theorem 2.11.9 in [30] is satisfied. Next, let [|-[|, > be the
norm | f||..2 = E[f(UP)*]'/2. We prove the subsequent inequality: for any 7, 7’ € [0, ¢ + 1],

1R — B Nl < 217 — 7|2, (8.3)

Indeed, by Jensen’s inequality

k IC 2bp, 5
@ _ @2 nin VO N N <
Iy = bl = o +1)2E[(l§=1ﬁ{ﬂ<Nl < H-18" = )]
kn ICy (an)Z 7 (T) . < (t)) .12
—— E[{1(N,” < j)—1(N, ' <
< h TP [V < =1 < Y]
<4E[(AWV" < ) — LN < Y] (8.4)

for sufficiently large n. Without loss of generality, let T < t’. Since z +> ]1(1\7;Z> < j)is
monotonically decreasing, one has

AN < )= 1N < HP =1V < H— 1N < j)
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—1(N" < j <N
<IN - N > 1).
Hence, by (i) in (8.1), the expression on the right-hand side of (8.4) can be bounded by
4. PN = NP >1)<4.EINT - N =4 — 1)

as asserted in (8.3). Therefore, we obtain

Kn
sup ) E[(Zu(1) = Zu(@ W] = sup ) =)l o < 45,

lt—2'1<8n 31 l[t—1'|<8n

which converges to O for every §, — 0. It remains to bound the bracketing number Nj; as
given on page 211 in [30]. First, we construct a cover of F. For ¢ € (0, 1) and a € N5, let
Deq = [(a — 1)e? /4, ag?/4]. Then

0.¢1c |J DeacClO.¢+11. M. =[4¢+1)/e).

ae{l,2,... M)

Now, since 7 +— hﬁ,’)/ is monotonically decreasing, we may choose, for any 7 € [0, ¢], an
integer a € {1, ..., M.} such that

(ag?/4) () (a—1)e2/4)
hy Y < B < by :

Therefore, using (8.3), we get that, for any a € {1, ..., M.},

Kn

ZE[ sup |an(f)—an(T/)|2]

k=1 ©T€Dea
Kn 2 2 2
- (ag2/4) 77 (k ((a=1)e2/4) 77k
< K Y E[InS PO0) - 0]
k=1
(ag?/4) (a—1)e2/4) 2 2
=l " = NG, <

Hence, the bracketing number as on page 211 in [30] is obviously bounded by M., such that
the last condition in Theorem 2.11.9 in that reference is satisfied, and the proof is finished. [J

Proof of Lemma 7.3. By the Cramér—Wold device it suffices to show that

r m

Dy=) ) hjerm) - Y el =D (8.5)

I=1 j=0 I=1 j=0
for any A; ; € R. Throughout the proof, let I; = I and write
kn—1 room
X vk b .
Du= 32220 0 Mig—p (MW, = D) = ¢n i@} + 0r(D).
j=1sel; I=1 j=0 n

Let k < k, be an integer sequence with k; — oo and &k} = o(k,l/ 4). For g} = |k, /(k}; +2)| —

ocoand p=1,...,¢q,, define
pkE+2)-2
+_ - _
J, = U I;, J, = Ipug+-1 Y Ipu4).-
i=(p—1D(k;+2)+1
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Thus, we have decomposed the observation period into g; ‘big blocks” J ; of size k;'b,, which
are separated by ‘small blocks’ J » of size 2b,,. We may hence rewrite D,, = V,:r + V. +op(1),
where

N

and, for p e {1,...,q,},

qn 1 .
T,y = K, ZZZAU _—y +1b — (1 = ) — g (@)}

se]il 1 j=0

Let us show that V.~ = op(1). For that purpose, take &; € (0, 1) from Condition 3.1.
Observe that, for sufficiently large n, T, only depends on Us' = U(Us > 1 — &) with
se{lptk; +2)—2)b, +1, ..., pk; +2)b, + b, — 1}, whence, in particular, the alpha-mixing
coefficients based on the B.!-sigma fields become available. Now, since E[V, ] = 0, it is
enough to prove Var(V,”) = o(1). By stationarity,

‘In
Var(V,”) < 3Var(T,)) +2) | Cov(T,;. T, ,,)|. (8.6)
p=2

Observing that |J; | = 2b, and n/(n — b, + 1) < 2 for sufficiently large n, we have

T < 4‘/%,2;:%“1’]" = 0(\/%) — 0(\/%) — o(1), (8.7)

which implies Var(7,;) = o(1) as well. Next, by Lemma 3.9 in [8], Condition 3.1(ii) and since

T, , 1s bounded (and since by construction the observations making up 7,; and 7., are

separated by pk}b, observations), we obtain

an
Z | Cov(T,. T, )] < 41T, lloe Y e, (pKiBy)
p=2
an
So(1)Y (pkiba) ™" = o(1),
p=2

such that altogether Var(V,”) = o(1) by (8.6).

It remains to show that V,** converges in distribution to D from (8.5). Note that 7, and T,
are based on U '-observations that are at least b, observations apart for p # p’. This allows to
apply an argument based on characteristic functions to reason that (Tn;) » may be considered

independent. Indeed, let (T,jl;)p denote iid random variables with T,jl; =q T, Recursively
applying Lemma 3.11 in [8], we have, for any ¢ € R,

I BAEE)
o )] e )] e
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where i denotes the imaginary unit. The upper bound satisfies gy o, (b,) < ko (b,) S

k,b," = o(1) by Condition 3.1(ii), whence, by Lévy’s continuity theorem, the weak limits

of (g)~'/? ;],”1; (T and (g7)~'72 ‘II,’T: \ T\, coincide, provided one of the limits exists. This

implies that (Tn*[;) p=1,...q¢ may be considered independent, which is assumed from now on.
As in (8.7), we obtain that |7} | = O(/k), whence

“ BT

p=1
{39 Var(T,h))

= 0k, "(k3)?) = o(1),

provided that lim,,_, o Var(TnJg) exists. In this case, the Lyapunov condition is satisfied and the
central limit theorem implies that V,* converges in distribution to a centered normal distribution
with variance lim,_, » Var(T ). Note that

room
Trjl_ = ZZ}"L/ ezt:‘,j(rl) + Rns
=1 j=0

where R, — 0 in Ly(IP), with n* = kb, and that our assumptions in Condition 3.1 still hold
if n and k, are substituted by n* and k. The limiting variance of the above expression is
calculated in Lemma 8.1 and is seen to be of the required form. [

Lemma 8.1. Suppose that Condition 3.1(i)—(ii) are met. Then, for 0 < v < t’ and j, j’ € N5,
we have

1
lim Cov(e};(t), e} ,(t') =2 / Cov(L(X{" = j), 1Y = j)) dg
n—o00 ’ ’ 0

1
=2 [ #6207,
0
where Xg) = Ygr) = N1(5T) in distribution with joint probability mass function

(Tt ey ™ _ . (@) _ .

J j
=YY PP G =y T D), (8.8)
1=0 r=j—I

Proof of Lemma 8.1. Fix 0 < 7 < ¢/ and j, j/ € N5(. Note that we may replace U, by
Us' = U L(Uy > 1 — ) for n large enough, where & = ¢ is from Condition 3.1(ii). Write

ra(t. ') = Cov(e} (v), € (T')

n—by+1
kn - 7),sb . ('),sb H
S — Cov(L(N”™ = j), LN ™ = j7))
— B Z bn,s bn,t
(I’l bn T 1) s,t=1
k kn—1
n
=—"—— %" > Cov(A,, B)+o(l),
(n—by +1) i,i'=1s€el; tely
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where A, = ]l(N,EZ?;Sb =j), B = ]l(leztz’Sb =jYand I; = Iidb. By stationarity, we may further

write
ke —
ra(T, T') = (—b—+1)2 (ZAS’Z )

selj tel)
kA
Y TR ;(kn - z){cOv(g A, ; Bl>
n COV(Z A, ZB,)} +o(1)
sely tel
=1+ Tn2 + Tn3 + Tn4 + O(I)a (89)
where
kn(k, —
T, = m (; Ag, ;Bt)
kn(k, — { }
T S — Ag, B; ) + Cov As,
n2 = (n—b +1)2 (; N g t> (g IEXI; )
kn(k, —
o= ooy {c V(Z A, ZB,) +COV(Z A, ZB,)}
sel] telz selz tel)
Kn—1
Te= T h T Z(k l){COV(éA;, ; )

+ Cov(Z 4.3 B,)}.

sel; tely

Next, we show that
Ty3 =o(l), T, =o(). (8.10)

For that purpose note that ) 1, As and Yo i, Bs are at least (i —3)b, observations apart. By
Lemma 3.9 in [8] we obtain

[Cov(D- A0 30 B)| = 4 bla, (G — Bbw),

sely tel;

such that

8 k2b2 n?b,"
| < ———— o (0 =3)b) S —— i~ = o(1
Tl = & _an)zZal«z ) >N(n_bn+1)2§z o(1)

since n > 1 by Condition 3.1(ii). Regardlng T,3, note that

[cov(> A Y B)| = Z |C0V(ZA;,B,>

sely telz t=2by+1
3by
<4by Y ot —2b,) =4b, Zagl(t)
t=2bp+1 t=1
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by Lemma 3.9 in [8], which implies
bn

kn(k 3)by, _
T3] <8 E t E t7"=0 b
Hence, (8.10) is shown.

Next, consider 7j,;. Since k,(k, — 1)/(n — b, + 1)*> = 1/b5 +o(1) and E[A,;] — p™(j) and
E[B;] — p(t/)(j’) we may write

Z E[A;B/] = p()p'"(j") + o(D),
” s,t=1

Next, we have b, 2 Z” VE[AsB/] = fol fn (&) d&, where, for & € (0, 1),
1 & t—1 1t
ful®) = E“X:le[As-B,]n(s c [b— b—))

by, 1
1
= - ) ElABuen] = / ¢al&, 2) dz,
T os=1 0

where, for z € (0, 1)

on(E, ) = ZE[A Bw,,sm]ll(z € [Sb_nl, bi)) (8.11)

p—
_ _ (7),sb . (t/).sb .
= E[App,z01Bip,e1] = P(an,LbanJrl = Js Ny, bue 41 = J)

For 0 < z <& < 1, we may rewrite

J J
on(E )= ZP(NLban+1:Lbn§J(T) =L Nipug it 1:ibnz)+6,(0) = J = L,
=0 r=0

N bt 1+1:bnz) 460 (T) = 7, Ny zjbpt1:1bne |+, (T) = J' — r)- (8.12)

where, for s, 5" € N5; with s <s" and 7 > 0,

S/

Ny (7) = Z]l(Ut >1— bi)

1=s n
We will next argue that the first, the intersection of the second and the third and the fourth

of the four events in each summand in (8.12) may be considered independent. Indeed, for any
fixed y > 0 and any integer sequence ¢, converging to infinity with g, = o(b,), we have

P(Nig, () =0) > 1 —q,P(U; > 1 — bl) 1 ybqn

As a consequence, we may intersect the events inside the sum in (8.12) with

— 1

{N 1601 —gui1bn& 1 (T) = 0, N,z i tby41:(bye) +hat144, (T)) = O} (8.13)

at the expense of a O(g,,/b,)-term. On the intersected event, we must then have Np,, .| 11: (5,2 —gn
(v) = L and Nip,z|4+bp+qu:lbnt)+b,(T) = j' — r. After discarding the events in (8.13) again,
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we are left with an intersection of three events that are based on observations that are at
least g, observations apart. As a consequence, at the expense of an oy, (g,)-error, they may
be considered independent. Finally, we may sneak in the omitted observations once again at
the expense of an additional O(g,/b,)-term, and we arrive at

i b
onE. D)= P(Nlbnzj+lztbnéj ()= l)
1=0 r=0
X P(NLhnEJJrl:Lbnszrbn(T) = J =L, Nipuej+1:lbuz) 5, (T) = r)
x P(Ntbnzj+bn+1:LbnsJ+bn(T/) =Jj - r)
+ O(ae,(qn)) + O(gn/bn) (8.14)
which converges to
HE—2)=H" ) —2)
J J ) ,
— Z p((é—z)r)(l)p((é—z)r )(j/ _ r)p;(l—E+Z)T ,(l—E+Z)T)(r’ i—=0D
1=0 r=j—I
by Condition 3.1(i), where Hj(.fj’.,f/) is defined in (8.8). Changing the roles of z and &, we obtain
on(§,2) > HE — )1z =)+ H(z — §)1(z > §).
For fixed & € (0, 1), sup,cy l¢n (€, )lloc < 1, such that the dominated convergence theorem
implies

1 3 1
fn(§)=/0 ¢n(§,z)dz—>/0 H(S—Z)dz+fé H(z —§) dz.

Moreover, since || f,|lcc < 1, dominated convergence also implies that

n—oo

1 & 1
lim 7, =/ / HE —7)dz +/ H(z — &)dzds — p@()p™ (")
0o Jo &
1 e )
—> /0 /0 HE — 2 dzde — p()p™()

1
=2 [ (1 —&)H(E)dg — p@(Hp™ (", (8.15)
0

where the last step is due to Fubini’s theorem.
It remains to treat 7, in (8.9), which consists of two summands, say 7, and T;7,. By
similar arguments as for 7, the first summand 7}, ; can be written as

b, 2b
1 n n ) , )
T =3 > > EIABI— pO(ipT () + o))
nos=1 t=by+1

1 1
- / / Ya(&, 2)dzds — pO(HpT (") + o(1)
0 0
where

V(€. 2) = B[ A pue) 1Bty +1]
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= P<Ntbnéj+1:wnsj+bn(f) = Js Nibut D)+ 1:1ba(e+ 1) 45, (T) = f)'

If £ <z, then |b,&] + b, < |b,(1 4+ 2)] + 1 and we can manipulate the above probability as
in (8.14), such that it equals

Un(§,2) = P<NLbnEJ+1:Lbn§J+hn(T) = j)P(NLhn(z-'rl)J+12Lhn(z+1)J+bn(T/) = j')
+ 0(“81(‘1}1)) + O(qn/by),

which converges to p™(j) p(f,)( J'). In the case z < &, we again need to separate the sums as
in (8.14) and obtain that v, (&, z) equals

=/

o
Z Z P<Ntbnéj+lztbn(z+m (r) = [)

=0 r=0
X P(NLbn(zH)Hl:Lbnéth(T) =j =1, Np,rii+t: e+, (T) = r)
X P(NU’nEJJrhnH:Lhn(1+1)J+bn(T/) =j - r)
+ O(ag,(gn) + O(qn/bn)

which converges to

H( = (E-2)=H"(1— (& -2)

i
— Z p((1—$+1)1)(l)p((1—$+z)r )(j/ _ r)pé(S*Z)T ,(5*1)1)(’,’ ji—0.
1=0 r=j—I

Since ||Y,|loo < 1, dominated convergence implies

1 & 1 )
tim T = [ [ HO = €=z [ p0GTGd de
n—00 0 0 £
AR ARES!
1
1 . / ./
= / EH(E) A& — Sp(Hp" ()
0
as n — oo. By symmetry, the second summand in 7, has the same limit, such that

1
lim T,, = 2 / EH(E)dg — pD(H)p ("), (8.16)
0

n—o0

where the last equation follows as in (8.15). Altogether, by (8.10), (8.15) and (8.16), we have

1
lim Cov(e;?;(v). ¢;°;/(t) =2 /0 H57€) ds = 2p@()p ()

n—o0

as asserted. [
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Supplement to the paper:
Statistical analysis for stationary time series at extreme
levels: new estimators for the limiting cluster size
distribution

Axel Biicher*, Tobias Jennessen
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Abstract

This supplement contains auxiliary results needed for the proofs in the main
paper (Sections A-C) as well as additional simulation results (Section D).

A. Auxiliary lemmas - Disjoint blocks

Throughout, assume that Condition 3.1 is met. All convergences are for
n — oo if not stated otherwise.

Lemma A.1. For any j € N>,

/ et () d(HS — H)(r) = op(1).

Proof of Lemma A.1. Throughout the proof, we omit the upper index db at all
instances of HEP edb. and ZJP. For any § > 0 and ¢ € N>y, we have

n J’n,)

P() /Ooo eni(T) d(H, — H)(T)‘ > 35)
<P(|Ang| > 8) + P(|Buga| > 6) + P(|Busal > 0),

where

¢
Ane = /0 en,j(7) d(H, — H)(7) (A.1)
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and

B = /K ey (7) (7). Bupa = /e T () A, (A2)
The proof is finished once we have shown that
VleNs;: Ay =op(l), (A.3)
and that, for v € {1, 2},

lim limsup P(| By ¢0] > 0) = 0. (A.4)

=00 p—oo

We start by showing (A.3). Fix ¢ € N>;. Let us first show that

sup ‘ﬁn(T) — H(7)| = op(1). (A.5)
T€[0,4]

This result follows from the pointwise convergence (in probability) of H, to
H by a standard Glivenko-Cantelli-type argument. For the pointwise conver-

~

gence, note that E[H, ()] = P(Z,1 < 7), which converges to H(7) by (2.1),

A

such that it suffices to show lim,,_, o, Var(H, (7)) = 0. In the following we prove

lim k;, Var(H, (7)) = e 7(1 — e7%7)

for any 7 > 0. Set M,,; = max{U; : s € I;}. For any 7 > 0, we have

ken Var (H,, (7)) = P(Myy > 1—7/b,)(1 = P(My1 > 1 —17/b,)) + R,

where
2 ~ -
Ry =1 > Cov (L(Mpi > 1= 7/by), 1(My; > 1—7/by)).
" 1<i<j<ky,
By definition of the extremal index, the first term converges to e =97 (1 — e~97),
and it remains to show that R,, = o(1). By stationarity
2(k, —1 - -
R, = <k) Cov (1(M1 > 1= 7/b,), 1(Mpnz > 1 — /b))
kp—1
2 - -
+ - > (kn = 5) Cov (1(Mpy > 1 = 7/by), L(Mys > 1= 7/by)),
nos=3
which in absolute value is bounded by
2 | Cov (L(Mp1 > 1 —7/by), 1(Mps > 1 —7/by,))|
kp—1 ) )
+2 ) | Cov (1(Mpy > 1= 7/bp), L(Mys > 1 —17/by)). (A.6)
5s=3
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For the first term note that

Cov (]I(Mnl >1—7/by), 1( Mg > 1 — 7/bn))
= Cov (]I(Mnl <1—7/bp), 1( My <1 — /b))
=Pmax{U, :s € [ UL} <1—7/b,) —P(M,; <1—17/by,)?
=e 27T 77 1 o(1) = o(1)

by definition of the extremal index. Further, by Lemma 3.9 in Dehling & Philipp
(2002) and Condition 3.1(ii) the second term in (A.6) can be bounded by

kn—1 kn—1

83 a,((s—1)bn) <8C Y ((s—1)bn) 7 S 8CH,",

s=3

which converges to 0 by Condition 3.1(ii). Altogether, this proves equation
(A.5). Further, by Lemma A.3 we know that

d
{en,j (T)}Te[o,a — {ej(T)}Te[o,z]

in D([0,¢]), for some centered Gaussian process e;. Then, combining this re-
sult with the convergence in (A.5), we readily obtain (A.3) by Lemma C.8 in
Berghaus & Biicher (2017).

Next, consider (A.4) with v = 1. We have

By = k;3/? Z { Nb(ZZ} = j) —SOn,j(Zm)}]l(Zm‘ > /)

7,8’ =1
= n,€+ Sn,é,l + Sn,€,2a
where

kn

Toe=k 23 S {0 =) = 6 Za) J1(Z0i 2 0),

i=1i'e{i—1,i,i+1}

kn 1—2
nél—k 3/222{1 b Z})—]) Son,g(an)}]l(Z'mZE)a
=3 i'=1
kn—2 kn
Sn,eo =k 3/ Z Z {]l(Nb(nZ,;f) =J) — @n,j(Zm‘)}]l(Zm' >1).
=1 i'=i42

Clearly, |T,, ¢| < 3y /? = o(1). Next, write ¢ = € (0,1) and ¢ > 1 — ¢ from
Condition 3.1(iii) as ¢ = 1 — ke for some x € (0,1), and let

Cn=Cnle)={ . max Zni < keby } = { mmk Np; > 1 — ke},

EERERRA 13 sreeslivn
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where N,,; = max{U; : s € I&*}. We obtain P(C,,) — 1 as n — oo by Re-
mark 3.2. As a consequence, (A.4) with v = 1 follows once we have shown
that

lim limsup]P’(|Sn,g7w]lcn| > 5) =0, we{l,2} (A.7)
£—00 n—oo
We only prove this for the term S, 1, as Sp 2 can be treated analo-
gously. Define Ng )]8 as N( ). and Z;, as Z,;, but with Ug substituted by
U: =U,1(Ug > 1—¢), respectlvely Then Zpi < ekby, ff ZZF < ekby, and in
that case we have
(1) Zu = Z2.
(2) Us>1—=2Z2F /b, it US > 1— Z55 /by,
As a consequence, S, ¢1lc, =S5, ,11c,, where

nﬁl_k anz 2Z€H (&:Hb”>Z7iI:2£)
and where
fnz 2 _k 1/22{ (.:,)7, 5:]‘)79071,]'(7-)}‘ (A8)
We may further write fi, ;—2(7) = hni—2,;(7) — hni—2,j—1(7), where

hn,i2,p(7) = kyy 1/22 (N <p) —B(N,T, <p), peNso.  (A9)

Next, we apply Bradley’s coupling lemma (see Lemma C.1 in the appendix)
with X = (USE)SGHU"'UIszY = Z’ril; and ¢ = g, = HZ;?TH /(V nb ) for some
v > 0. We obtain the existence of a random variable Y* = Z*¢"  which is
independent of (US)ser,u...uI,_,, has the same distribution as ZZ% and satisfies

2y

P(1Z:5 = Z35®| > @) < 18 (VEabi) 77T ac(by) 537

Thus, we obtain the bound

k
1 n
BS5ell S =0 2 E|lhni—en(Z5) (b > 235 > )

" i=3 pe{j-1.5}

< 1(1 23— 25" < )|

+36—Zk Y25(\/Tnbn) 7 e (b ) 24T (A.10)

where the second sum is of the order

y(1—2n)

O(k2+4«,+2b 27 +1 ) — O((k:nb;%)iﬁé) — 0(1)

100



by Condition 3.1(ii), choosing v = n/(n —2) > 0. To bound the first sum, note
that for all x,y > 0 with y —a < z < y + a for some a > 0, we have, for any
p € N>,

i p ()] < max {|hnip(y + @)l [hnip((y — @) )|} + 20V ke (ALD)

where z; = max(z,0), which follows from monotonicity arguments. Indeed,
7 < 7/ implies ng,:),l < ng:’)l, whence, fory+a>x>y—a >0,
0 < huip(@) < iy — @) + VRPN <p < NpVEY)
)+ VEBOYEY = N > 1)
)+ Ve, BN = N
a) + 2a\/kn,

where we have used the facts that Nér 1 1s integer- valued. A similar inequality
to the bottom implies (A.11). As a consequence of (A.11), we may bound the
first sum on the right-hand side of (A.10) by

(

< hnip(y —a

< hnip(y —a
(

- h"l’l, ’L,p y

LS S E[{ a2 )+ a2 — 0

1=3 pe{j—1,5}

+ 201 255l /bn L bk + g > 235 > €= q0).
Now, since Z5,/b, <1 and ¢, — 0, we have

limsup || Z; ||y /bn P(ebpk > Z25% > € — q,) < limsupP(Z;; > (k)
n—oo n—oo

which converges to 0 as ¢ — oco. Hence, for proving (A.7) with w = 1, it remains
to treat, for p € {j — 1,5},

1 n
i Z_;E {20 (Z35" & @) )1 (ebuks + g > Zi > £ = qa) |- (A12)

We only consider the case with the plus sign. After conditioning on Z*5* we need
to bound E[|hy, j—2 p(x)|] for ¢ < x < eb,, (note that Z'5"+¢,, < eb,k+2¢q, < b,
for large n, since g, converges to zero). Write hy, 2, = hy’"y  + h%flf_lp,
where L™y | and hfldzd 2., correspond to the sum over the even and odd blocks

n (A.9), respectively. Fix = € [¢,eb,]. Set

{]1( lfx)2ja ) IED( ém)2]<p)}’

such that hi’t™y (z) = kn ZJLZEHVJ Note that V; is centered. Re-
cursive application of Bradley’s coupling lemma (see Lemma C.1) with some

v > 0,V = Vi and, in the j-th step, X = (V,...,V[),Y = V;;; and
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¢ = q, = 1/Vk, (note that a(o(V}),o0(Vj11) < ae(b,)) in combination with
Theorem 5.1 in Bradley (2005) lets us construct an i.i.d. sequence (V;*);>1, such
that V" has the same distribution as V; and

P(|[V; — V}| > q,) <18 T2 (b)) BT

Note that the i.i.d. sequence (V);>1 is centered with [V*[ < 1. As a conse-
quence, by Condition 3.1(ii),

EH even ( )H Sk;l/ZEHZLz/ZJ IV*H + ik 1/2 U‘/l_vl*u

n,i—2,v

< (ifkn) 2 + ik V2, + 36 kT o (by) P )

< (i/kn) Y2 4 ikt 3607 BE T TP (A13)

A similar bound can be obtained for the sum over the odd blocks. Assembling
terms, the expression in (A.12) can be bounded by

kn

1
P(Z" >0 —qy) . Z[ i/kn)Y? 4 ikt + 36070 it ER T
=3

SP(Znm > 8/2){1 + k:Eerb;”m},

where
k2+4~,+2b 7’2w+1 _ (k b 3~/+1)4712 _0(1)

by Condition 3.1(ii), after setting v = 1. Hence, since lim,,_, .o P(Z,; > £/2) =
e=9/2 - 0 for £ — oo, we obtain (A.7) and hence (A.4) with v = 1. Next,
consider (A.4) with v = 2. By Markov’s inequality

P(Bsal > 8) <67 [ " Blew (7] dH (7).

Split the integral on the right-hand side into two integrals over [¢,eb,| and
(€bn,0). For 7 € [{,eby], we have e, ;(T) = fn i, (T), with fy x, from (A.8).
Hence, similar as for the treatment of (A.12), see in particular relation (A.13),
we have E[|f, k., (7)]] S 1+ o(1), where the upper bound is uniform in 7. As a
consequence, the integral on the right-hand side of the previous display can be

bounded by ,
(1 +0(1))/; " dH(7) + JH/:O dH (r)
which converges to zero for n — oo followed by ¢ — co. This proves (A.4) with
v=2. O
Lemma A.2. For any m € N>q,
kn

1
T 20 (W, WRm)) =5 (%, 10~ Nn(0,550),
=1
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where WIb(5) and 5P = (d9°

O )1<j.'<m are defined in (6.3) and (4.2), respec-
tively.

Proof of Lemma A.2. Throughout the proof, we omit the upper index db at all

: frdb db db
instances of H};”, e’ and Z7. Define

1 &n
Bp,j = N ; {Sﬁn,j(zm‘) - E[%,j(Zm)]}, j € N>1.

Decompose each block I; = I = I;’ ul,,t=1,...,k,, into a big block
I ={(i—1)b,+1,...,ib, —£,} and a small one I, = {ib, — £, +1,...,ib,},
where £, is from Condition 3.1(ii), and define Z, = b,(1 — N.) with N\ =

max{Us : s € I }. Set

k
1 n

Bl == oni(Z5) ~ Elpns(Z5)), Jj€Ns

n,j mn,J3 ni n,j ni/ 1y E
kn i=1

and write

k
1 n
B, =B,; - B = >V, —E[Y,]
n,J n,J n,j / ni nily
kon i=1
where Y, = 05 j(Zni) = n.j(Zyy)-
Let us start by showing that
B, ; = op(1), (A.14)
for which we may proceed similar as in the proof of Lemma 9.3 in Berghaus &
Biicher (2018): denote G, = G,, — G\, Z. = Zp; — Z .
For ¢ = 1 — ¢ with ¢ from Condition 3.1(iii), let A = {minf" NF, > 1—¢}
and note that P(A;}) — 1 by Remark 3.2. We can write B, ; = B, /1 ,+ +
op(l) = B;j]le = B;’j + op(1), where

k
~ 1 n
= - - +
By = g 2 — BNV > 1-9)

n:

—_

It suffices to show that B;’j = op(1). For that purpose, note that |Y, | <
such that, by stationarity and Minkowski’s inequality,
E[|B, ;- B, ;I’] <k.P(N; <1-¢) <k,P(N); <1—¢),

which converges to zero by Condition 3.1(iii). As a consequence, E[B
E[B;j — B, ;] +E[B, ] = o(1).

Next, we show that Var(B, ;) = o(1). Now N, > 1 — ¢ implies that Z}, =
Z&tF and Z,; = Z&,, where the variables with an upper index e are defined in

terms of the U instead of the U;. Hence, B;j =k,"/? Zfﬁl S; i, where

ni’

n,j]

n,j)

Sai = Y5 — BN > 1-¢)
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with
qui_ = Son,j(Z ) SDn,y(Z€+)‘

As a consequence, by stationarity

k
2 n
Var( ) Var k‘i Z k - 7’ COV Snlvsn 1+2)
™ oi=1
2 &
< 3Var E ; k - Z COV Snl? Sn 1+z) (A15)

Let us first show that Var(S%;) = o(1) as n — 00, which would follow, in view
of the boundedness of |¢y, ;| < 1, from Y, | = 01p>( ) and |Y,;| = op(1). To this
end, let Z5] = Z5, — Z5T and note that |Z57| < |Z,1| (by studying the cases
Ni:“ >1—¢and Nflj <1 —¢). Therefore, since ¢,, = o(b,,),

P(Ys #0) <P(Zy # Z;1)
(Zn1 #0),
(Z'r:1 # 0)7

max Ug > max US)
seh sel;

IN

P
P
P

]P’( it U, < 1—y/b, ) +]P(1§:Ei{<US >1 —y/bn)
p(zlb —t 2 y(bn =€) [bn) + /by = exp(~0y).

which can be made arbitrary small by increasing y. This implies |Y,5 | = op(1),
and the same arguments can be used for showing that |Y, ;| = O[[D(].)

It remains to treat the sum over the covariances on the right-hand side of
(A.15). Note that S7; is B _yy, 11y.(ip,)-measurable (defined on page 8). B
Lemma 3.9 in Dehling & Philipp (2002),

| Cov(Sn1, S a4a)| < dae, (0 = 1)by)

Now, for i > 2, ag, ((i—1)b,,) < Cb,,"(i—1)~" by Condition 3.1(ii). The sum over
the covariances in (A.15) can thus be bounded by a multiple of Cb,," Zz (1 —
1)1 < Cb,"Yy 2, i7" = o(1). Overall, we obtain Bn’j = op(1) as required.
Next, let us show that

/0 " ens(r) dH () = /0 T et (r) dH(r) + 0p(1), (A.16)

where
\/7{pn (]\ZIS:L—?l+ .7)}7 j € NZI?
and where
L& () ()
(Tt — 7),+ . T+ _
POTG) = M =) NI =3 AU > )

n
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For that purpose, write, for 7 > 0,

k
1 n
eng(T) = et (1) = —=> Xpi(1) = Yo i(r) = E[Xpi(7) = Yo i(7)],
’ K i=1
where
Xoa(r) = 1 (N = N5 > 0), Yoa(r) = 1(NThH =5, N > 0)

with Né:’)i’_ defined as Né:fr but with the sum ranging over I; instead of I;.
We obtain

Bllen;(7) — e, (7)[?) ki (ZXM )—i—Var(f:Yn,Z ™)-

By stationarity and Lemma 3.11 in Dehling & Philipp (2002) (with ¢ = 2,s =
r = 4) we have

1 kn
E Var ( ; Xn,i(7)>
1 i 9 kn
= Z:: )+ ;(kn — ) Cov(Xp1 (), X141 (7))

kn
< 20 P(N);” > 0)'/2 (3 +3 o, (i - 1)bn)1/2)
1=2

Thn \ /2 1/2 S /2
<20(5%) 3+ e i ).
where we used Condition 3.1(ii) in the last step. Since the series in the last

display is finite and the variance over the Y, ;(7) can be treated analogously, we
obtain, for any 7 > 0, Elle,, ;(7) — e,tj (M)|?] < (14, /bn)*/? such that

B H /OOO eng (1) = 55(7) dH(T)m S (bn/bn)'? /OOO Y2 dH (1),

which converges to 0 by Condition 3.1(ii). This readily implies (A.16).
As a consequence of (A.14) and (A.16), we have

kn o0
fo1/? ZWm(j) = / ey ;(T)dH(7) + By ; + op(1). (A.17)
— 0

Next, define A+ = {man 1k N+ >1- 8} with € = &1 from Condition
3.1(ii), such that lim, . P(A}) =1 by Remark 3.2. Hence, by (A.17) and the
Cramér-Wold-device, the lemma is shown once we prove that

Z)\ {/ (r)dH (1) + ;j}nﬂ ﬂjé&sj (A.18)
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for arbitrary A\; € R. For that purpose, rewrite the left-hand side of (A.18) as
kn Zf;l fin1 4+, where

fin = ZAJ{ / LN = 5) =PV =) dH(7)
=0 0

T ons(Z2) —E[son,jw:i)]}.

By the definition of A, we have
o b
k;1/2 Zfiyn]]‘Aﬁ — k;l/QZan + O]P(l),
i=1 i=1

where fi,n = fin1(ZI, < eb,). Observing that fm is Bf(i_l)bnﬂ}:{ibn_en}—
measurable (and that fm and fj,n are at least ¢, observations apart for i # j)

and recursively applying Lemma 3.11 in Dehling & Philipp (2002), we obtain
that, for any t € R, the characteristic functions satisfy

o (G 570)] e (G o
noj=1 i=1 n

The upper bound converges to 0 by Condition 3.1(ii). Therefore, { f;-,n D=
1,...,k,} may be considered independent in the remaining part of this proof
(see also the argumentation in the proof of Lemma 7.3). To obtain asymptotic
normality, we apply Lyapunov’s central limit theorem. First, note that |fy,| <
2 Z;nzl |A\j| < oco. This implies, by stationarity, for any p > 2,

kn r3 r3
dim Eﬂff,n!”] RS Ellfinl"l o p1-p/2 B[f2, ]77/2,
{38 Var(fin) )" |

E(|funf2er2 ="
which converges to zero provided that lim,,_, . E] ffn] exists. The central limit

theorem then implies that k,'/? Zf;l fi’n converges in distribution to a cen-
tered normal distribution with variance lim,,—, o E[ ffn], whence it remains to
calculate the latter limit.

For that purpose, note that lim,,_, E[ffn] = lim, o0 E[f7,]. Set

Crj = /0 LN = 5) — BN = g) dH(7),

Dyj = ¢n,; (22—1) — Elpn,; (Z;zi—l)]a

and note that

Elff,= > XAy El(Cnj + Dnj)(Crjr + Dn o),
Gd'=1

10
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which we need to show to converge to 37", _) \jAj E[s;s;]. Similar arguments

as in the proof of (A.14) and (A.16) allow us to replace I by I;.
We start by considering the product of the C), j-terms. Invoking the domi-
nated convergence theorem and

P(NTh =3, Nyl 1 = 3) = PING = i, N =)

with (V J(ET), N ](;l)) as defined in Theorem 4.1 (following from Condition 3.1(i)),
we obtain that

n—oo

lim E[Cn,an,j']z/ / Cov[L(N) = 5), 1(NY ) = j))| dH (r)dH (7).
0 0

Second, we consider the product of the D,, j-terms. For this purpose, we first
show that ¢, ;(Zn1) converges weakly to p(%)(j), for Z ~ Exp(#), which in turn
is a consequence of weak convergence of Z,; to Z and the extended continuous
mapping theorem. For the latter, one needs to prove that ¢, ;j(z,) — p® (j)
for any x,, — x, which follows from

(P (T0) — (@) < E[JLVW = 5) — 1N, = 5)]]
<E[I(NEY = N = 1] <E[INET - N

=E [N — N = Ja, — a.

Likewise, ¢, j(Zn1)@j7 n(Zn1) weakly converges to p(%) (j)p?)(5'). Since |py, ;| <
1, Theorem 2.20 in van der Vaart (1998) implies convergence of the correspond-
ing moments, i.e.,

E[DyjD,jr) = Cov (9n.j(Zn1), nj (Zu1)) = Cov (p'2(7), 09 (")) + o(1).

With regard to the mixed C,, ;- and D, j-terms, note that, for j € N> and
pn =0,

PN | = j. Zuy > p) = (NS, = 4, NP, = 0)
LG rzezo
e 1(j=0) ,u>71>0,

such that (Nb(:,)l’ Zin) N (Ng), Z) with (N](;), Z) as specified in Theorem 4.1.
The extended continuous mapping theorem and boundedness, |¢,, ;| < 1, implies

ns

E[Cyj D] = /O Cov {1(N", = 4), on j+(Zn1)} dH (1)

- /Ooo Cov {1(NY = j),p P (j") } dH (7) + o(1).

The last three paragraphs imply
lim E[(ij + Dn,j)(Cn,j/ + DnJ/)] = dj,j/

n—oo

with d; j» = d‘]{?, from (4.2), which finalizes the proof. O

11
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Lemma A.3. For j € N>, we have

envjinaj in  D([0,00))

for some centered Gaussian process e;, whose covariance function is given in
Theorem 4.1 in Robert (2009).

Proof. The result follows by suitable adaptations of the proof of Theorem 4.1
in Robert (2009) (see also Theorem 7.1 for a similar result for the sliding blocks
version e’ under slightly different mixing conditions). In the following we
explain why Lemma 6.7 in Robert (2009) regarding the finite-dimensional con-
vergence of the above process is applicable under our set of conditions, and give
a detailed proof for the tightness of that process that substitutes his Lemma 6.8.

Note that Robert’s Lemma 6.7 yields the finite-dimensional convergence of
the vector of functions (e, 0, - -, €n.m,en) in D([o,£])™ "2, with &, denoting the
tail empirical process, and with arbitrary fixed 0 < o < £. Extending the re-
sult for the margin e, ; to o = 0 is straightforward. It remains to argue why
the marginal convergence is valid under our weaker conditions; note that our
assumptions are the same as in Robert (2009) except that we do not impose
Conditions (C0.b) and (C2.a) and that we impose a slightly different mixing
condition (see Condition 3.1(ii)) than in (C2.b) and (C2.c) in that reference.
First, a close look at Robert’s proof reveals that Conditions (C0.b) and (C2.a)
are only needed for weak convergence of the last component €, and not for
weak convergence of the component e, ;. The argumentation regarding (C2.b)
and (C2.c) is more involved, and requires referring to specific pages and argu-
ments in Robert’s paper. First of all, the assumption ¢,, = o(r?/") is used on
page 302 only, where it is used for showing that the small-blocks version of €,
is asymptotically negligible. The corresponding result for e, ;j, however, only
requires £, = o(ry,), which is exactly ¢, = o(b,,) in our notation as imposed in
Condition 3.1(ii). Next, his condition lim,, o n7, ey, = 0 from (C2.c) (used
on page 303 only) is actually stronger than needed, and can be replaced by the
weaker condition lim, o n7, ., 1, (T1,...,7-) = 0. The latter however is a
simple consequence of our condition k,a., (¢,) = o(1) in Condition 3.1(ii). Note
that 7 > 3 from Condition 3.1(ii) also suffices for the convergence of the series
appearing on page 302 in the upper bound of I;.

It remains to show tightness of e, j on [0, ¢] for any ¢ € N, for which we give
a self-contained proof. Write e, j = €, ; — €, j—1 (set é,,_1 := 0), where

bustr) = VB 30N ) ~2(W <)}

It suffices to show tightness of €, ;. By Theorem 15.5 and Theorem 8.3 in
Billingsley (1968) and the finite-dimensional convergence of e, ; it is sufficient
to show that: for any (sufficiently small) ¢ > 0 and v > 0 there exist some § > 0
and ng € N, such that

IP( sup |€n,i(T1) — €n,j(m2)] > 5) < v,
To<T1 <T2+0

12
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for all 75 € [0, — 4] and all n > ng. Fix 0 < ¢ < 1/4 and v > 0. Choose
2 < v < p<r<oosuch that, with 9 from Condition 3.1(ii), n > v/(v — 2) and
n>(p—1)r/(r—p) and p/2 > 1+ ¢ (decrease ¢ is necessary); see (A.20) below
that such choices are possible. Let 0 < 75 < 7y < £. By Theorem 4.1 in Shao &
Yu (1996), there exists some constant K < oo, such that

B [| v/ (B3 (1) — () 7]
< K(RPRNPY << NP+ kRN <5 < NTD™)
< K (K2 (m = m)?Y 4 bt (= )P,
where the last inequality follows as in the proof of Lemma A.2. Recall that p/2 >

1 + &, and suppose that 75 < 71 and n satisfy ¢ < kﬁ/Q_(H'd (1 — 72)p/”_p/r.
Then, the above inequality implies

i i 2K )
E Uemj(’ﬁ) — €n7j(7'2)‘p:| S ?(Tl — Tg)p/ .

Now let k = K, € N and p = p,, > 0 such that g > (sk;(p/%(lﬁ)))1/(p/”_p/r)
and 0 := kp is independent of n. We obtain, for all 7 € [0, ¢ — ¢],

- N - . 2K, .
E [[en(r+in) = ens(r+ G = Dpl’] < w2, i€ {1, n},

and, by Theorem 12.2 in Billingsley (1968),

2KK'
5 . i) — & p/v _ c§p/v
]P’( Joax |En,j (T +ip) — €n;(T)] > 5) < o (k)P = Co (A.19)

for some constants K’,C' < co. Further, note that 7 +— ]l(Né:?i < j) is mono-
tonically decreasing, which implies, for any ¢’ > 0,

Enj(T1) = Enj(T2)| < |Enj (12 +8') = &nj(m2)| + VEnd,

sup
TQSTISTQ+(S/

yielding

SUp  [En (1) — €nj(m2)| <3 max |&, (72 + ip) = énj(r2)| + Vg
T2<T1<T2F KU 1<i<n

by a similar reasoning as for the proof of (A.11). Let p < ¢/vky, (see below
that this is a valid choice). Then

P( sup |€n,5(T1) = €nj(T2)| > 45)
T2 <11 <7246
< ]P’( 12?%(4 ’én,j(Tz +ip) — ényj(TQ)’ > 5)

< C8PV < Su
13
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by inequality (A.19) and choosing d such that C6?/*~! < v. The proof is finished
once we have shown that our choice of parameters is valid and in accordance
with our Condition 3.1(ii). Above, we required

€ p/v—p/T e
(kMQ—(H-E)) SMS\/E’ n>v/(v—2),

nz(p—1r/(r—p), p/2>1+e. (A.20)
Some straightforward calculation similar to those on page 305f. in Robert (2009)

yield that all four conditions are satisfied if p = v(1+¢), v = (3+¢)r/(r+1+¢),
e<((r—=2)A1/2)/4 and

S 3r
1= o+ 2e)
Since n > 3 by assumption, the latter can be guaranteed by increasing r —
Q. 0

B. Auxiliary lemmas - Sliding blocks

Throughout, we assume that Condition 3.1 is met and that, additionally,
VknBe,(bn) = o(1) for some g5 > 0. All convergences are for n — oo if not
stated otherwise. We will also occasionally omit the upper index sb at Hflb, ;bj
and Z:P.

Lemma B.1. For any j € N>,

/ e (r) AU — H)(r) = op(1).

Proof of Lemma B.1. The proof is very similar to the one of Lemma A.1. In
fact, we need to show that (A.3) and (A.4) is met (for v =1,2), where A, and
Byt are defined as in (A.1) and (A.2), but with H, = H3" and e,, ; = eflb :

Invoking Theorem 7.1 instead of Lemma A.3, the proof of (A.3) is the same
as in the proof Lemma A.1. (Note that we still have E[H*"] = H, and similar to
Var(H,) = o(1) in the proof of Lemma A.1), it can be shown that Var(H®?) =
o(1).)

Regarding (A.4) with v = 1, write

\/F n—bp+1
n

B b, 12 ”2:1 {l(Nb( T) =J) —n;(Zn )}]l(Zm- > 0)
kn—1
S Y (U <) - ez
i,/ =1 sel; s'el;

$ 1(Zps > ) + o(1)
= Vn,1 + Vn,€,2 + 0(1)7

14
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where V,, ¢, is made up from the same summands as in the line before, with
the only difference that for w = 1 the sum over i’ ranges from 1 to i — 3, and
for w = 2 it goes from i + 3 to k,, — 1 (c.f. the proof of Lemma A.1). Now, for
¢ = ¢ from Condition 3.1(ii), write ¢ from Condition 3.1(iii) as ¢ = 1 — ex with
€ (0,1), and let C), = {min;—1_._n—p,+1 Nni > 1 —er}, such that P(C),,) — 1
as n — oo by Remark 3.2. Consequently, (A.4) with v = 1 follows if we show
l1m hmsupIP’(\Vngw]lc | > 6) =0
=00 p—soo

for w € {1,2}. In the following, we consider the case w = 1; the case w = 2 can
be treated analogously. By the same reasoning and using the same notation as

on page 38, we can write V,, y11c, =V, 1c,, where
kp—1
nel—k Z 22]0711326’.i L(erbn = Z55 2 1)
" sel;

and f, ;—3 is given by

fnz 3 _k I/ZZ Z {]1 Nb(T)s 6: ) <‘O”J( )}

=1 "sel,

Note that, by construction, the observations making up f, ;—3 are separated
by at least one block of size b,, from the observations occurring in Z:% for any
s € I,U.. .U, 1, just as in the disjoint blocks case in the proof of Lemma A.1.
As a matter of fact, following the proof of this lemma from page 38 onwards,
one can show that

lim limsup P(|V,;, 1¢,| > 0) =0,

—0 n—oo

overall proving (A.4) with v = 1.
Likewise, as for the process e’;'lf,’j in the disjoint blocks setting, we obtain the
bound E[le5";(7)|] = O(1) uniformly in 7 € [¢,eb,]. Consequently, by Markov’s

inequality, (A.4) with v = 2 follows from

eb,, fe’e)
P(|Bya| > 6) < 61 / dH (7) + 6~/ / dH(7)
L eby

which which converges to zero for n — oo followed by ¢ — oco. This concludes
the proof. 0

Lemma B.2. For any m € N>,

\/H n—b,+1 sb sb d sb sb b
n—b,+1 Z (Wai(1), o Wai(m)) == (515, s3) ~ N (0, 55)),

where WE5(j) is defined as in (6.3) but with db replaced by sb, and where
msb — (di']?j/)lgj,j'ém is defined in (4.3).

15
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Proof of Lemma B.2. By the Cramér-Wold device it suffices to show that
m k/‘n —by 4 .
for arbitrary A\; € R. Write the right-hand side as

kn—1

S YL T =) - s an()

1=1 sel; j=1

+ ¢n3(Zns) = E [n3(Zns) | + 02(D),

where the small op(1) term is due to the fact that a negligible number of sum-
mands has been omitted. To take care of the serial dependence of the sliding
blocks, we apply a similar construction as in the proof of Lemma 7.3. Using the
same notation as in that proof, write V¥ = (¢)~1/2 Zq" TE with

WZZ e {/Oo LN, = §) = pug(7) dH(7)

J:l:] 1
+ Pn,j (Zns) -E [@n,j (ZTLS)] }

Since
‘ / n,s =J) = ¢n(7)dH (T ‘ + ‘SOnJ ns) — B [‘Pn,j(Zns)” <2,

we still obtain the upper bound in (8.7). Note that from relation (8.7) forward
the proof of Lemma 7.3 actually does not depend on the concrete form of the
TjE but only makes use of the block structure and mixing conditions, which is
why the remaining proof is the same as in Lemma 7.3. In particular, note that

L* n*—b,+1
ZA S W) ¢ B

where R,, — 0 in Ly(P) and n* = kb, and that our assumptions in Condition
3.1 still hold if n and k,, are substituted by n* and k. The assertion then
follows from Lemma B.3 below. [

Lemma B.3. For any j,j’ € N>y, we have

n—b,+1 n—bn,+1
: sb sb
nanéoCOV<n—b +1 Z il n—b T Z W )‘dﬂ’

where dﬁb, is defined in (4.3).
16
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Proof of Lemma B.3. Assume that all Uy are B%.,-measurable with ¢ = £; from
Condition 3.1; the general case can be treated by multiplying with suitable
indicator functions as in the previous proofs. Write

n—b,+1 n—b,+1
COV(n—b +1 Z n—b —|—1 Z )
=Cuy+Cha+Chs+ Cn4, (B.l)

where

Co = Cov /0 " e (1) dH(7), /O (1) aH (7))

k n—b,+1
CnQ: (n_bn+1 Z COV SOTL](ZHZ) QDn] (Z ))
1,0/ =1
L n—b,+1 0o )
Cpg = ——— C LN = ) AH(T), on.ir (Znir
N e Y ov (1N, = 1) AH ). 0 (Zur)
Lk n—b,+1 0o ")
g = LN =i dH o (Zi)).
Coi= g 2 Cov(( [ BN =) B s (Za)

By Lemma 8.1, the first term C),; satisfies

1 [e’s) oo
lim C,; = 2/ / / Cov (1(X (T) =7),
n—oo ~ " o Jo 0 ( 1,£

1(v\7) = j)) dH(r)dH (') (B.2)

As at the beginning of the proof of Lemma 8.1, the second term can be shown
to satisfy Cpo = Ty + Tho + o(1), where

1
Tnl = biz Z COV ((pn,j(ZnS%SOny]‘/(Znt))’

n S,tEIl

1
Tho = 02 Z Z Cov (Son,j(ZnS)’(p”J’(Z”t))
" sel tels
Z ZCOV ©n,j(Zns)s Pnj (Znt)).

SEIQ tEIl

Let us start with T,,;. We know that E[p, j(Z,:)] — p(j) by the proof of
Lemma A.2, which implies

bn,
T = 57 O Blons(Zns)ons (Zao)] — pOIPG) + o).

n s t=1

17
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As in the proof of Lemma 8.1 we can write
1 & 1 1
i > Eloni(Zns) om0 (Znt)] = /O /0 gn(§, z) dzdg,
nost=1

where

9n (& 2) = Eleni(Zn, 16,21 +1)0n,5 (Zn, bag)+1)]-
Let z <¢&. Set r,, = [bn&]| — [bnz]. For z,y > 0 consider

P(Zn, (o241 > T Zn, o) +1 > V)
= IPJ(]Vl:bn <1-— Nrn+1:rn+bn <1l- i)

E, bn
V
= ]P(lern <1- bina Nrn—l—lzbn <l1l- %; an—&—l:rn—i-bn <1- bl,b)

where Ny, = max(Us,...,U;) for s,t € N>y with s < t. Note that P(Ny.,, >
1—2/b,) < 2¢, /b, — 0 for any integer sequence ¢, = o(b,) that is converging
to infinity. Similar as in the step (8.14) in the proof of Lemma 8.1, this implies
that the expression in the previous display equals

P(lern <1l- ﬁ) ]P)(N'rn—l-lzbn <1l- %) ]P)(an—i—lzrn—l—bn <1l- %)
+O(ae(gn)) + O((z V Y)qn/bn),
which by (2.4) converges to
He_2(z,y) = exp (= 0{(z Ay)(€ = 2) + (& Vy)}).

As a consequence, by the definition of (X2 ¢_.,Y2¢_.) in Theorem 4.2,

s s d
(Z3200, 2110 e 1) — (X2, Yae2),

As in the proof of Lemma A.2, the extended continuous mapping theorem and
Theorem 2.20 in van der Vaart (1998) imply
lim g, (2,€) = B[p!*e==) (j)ptae==) (j")]

n—oo

for z < £. By symmetry, for z > &,
lim gn(z,&) = E[p(XQ,zfﬁ)(j)p(YQ,sz)(j/)]
n—oo

A simple calculation then shows that

1 1
1im/0 /0 gn(g,z)dzdf:Z/ (1_5)E[p(Xz,g)(j)p(Yg,g)(j/)]df,

1
n—00 0

Altogether, we have that

n— oo

lim Ty = 2 /0 (1 =& E [pXe) (j)pe) (j")] d¢ — p(5)p(5").-
18
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Analogously, the term T2 can be seen to satisfy
lim Ty =2 /0 B [0 (1)p00(7)] dé - iR
such that
Cuz = Tur + Tz + (1) = 2 / B [p0 () (7)] de - 29()p(4")
_ 2/ Cov (pX29) (), p2:9) (7)) de. (B.3)

Next, consider C),3 in (B.1), which may be written as Cy,35 = Sp1 +Sn2+0(1),
where

Su=gz X Cov( [TUN, =) aH )00 (Z00)

i seezh tEZIg cov </ N(T) = j)dH(7), ‘Pnaj’(Znt)>
PP ([ 1000 =) pur(Zu )}

By similar arguments as before, we obtain

1 1 00
Snl - A A /0 E |: Nb(T)Lb zJ-{-l )Spn,j'(Zn,l_bnEJ+1):| dH(T) dz df
—p(7)p(j") + o(1).

To analyze the convergence of the product moment in the previous display
we start by showing that

() d ()
(an,Lb zj+1vZn,Lbn£J+1) - (X3,|g—z|7y3,|£—z|)

where (X?E 2,Y374) is defined in Theorem 4.2. For z > 0,j € N>g and 0 < z <
& <1, write
PN =j.Z > z) = P(N," j, N =0)
b lbnz| 41 = Js L |bug]+1 > T by [bnz]+1 — D Vb, [bag]+1

which is exactly of the form of ¢,, in (8.11) and hence converges to
Hy (€~ o)L < 7) + B (6~ 2)1(x > 7)
j
=Y prE N (p)plate- N ()p AT (5 0y (z < 1)
1=0
T () > 1)
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= P(X?ET&) . = =7, Y37§_Z > J))

by the proof of Lemma 8.1, where the last equation follows from the definition
of (X§7,Y3¢) in Theorem 4.2. The same arguments as before in combination
with the dominated convergence theorem implies

. (r)
am E []1 (Np. 2yt = j)wnvj’(Z"vaan“)]
= B[1(X§) . = ) ().

For the case z > &, one obtains the same limiting expression, but with z and &
interchanged. As a consequence, by similar arguments as for C,,»,

lim Snl
n—oo

1 1 00
= [ [ B[ = et 9] at asds — pp)
1 0o
—2 [ [T -9 [(x =)p0 )] di () dg - pi)pl)
o Jo
A similar argumentation for S, finally implies

Crz = Sp1 + Snz + 0(1)
7 2/ / 2 = )9 ()| A (r) dg — p()R()
- 2/0 /o Cov ]I(X?()Té) = j)vp(ys’g)(j/» dH () d¢, (B.4)

where we have used that X3¢ ~ p{™) and Y3 ¢ ~ Exponential(f). The assertion
is a consequence of (B.1) and (B.2), (B.3), (B.4), and the fact that C,4 has the
same limit as C,3, but with interchanged roles of j and j’. O

C. Further auxiliary results

Lemma C.1 (Bradley, 1983). If X and Y are two random variables in some
Borel space S and R, respectively, if U is uniform on [0,1] and independent of
(X,Y) and if ¢ > 0 and v > 0 are such that ¢ < ||Y||, = E[[Y|"]}/7, then
there exists a measurable function f such that Y* = f(X,Y,U) has the same
distribution as Y, is independent of X and satisfies

B(Y —Y*| = q) < 18([Y||/a)/ @ (o (X), o (¥))>/ @50,

Lemma C.2 (Berbee, 1979). If X and Y are two random variables in some
Borel spaces S1 and Ss, respectively, then there exists a random variable U
independent of (X,Y) and a measurable function f such that Y* = f(X,Y,U)
has the same distribution as Y, is independent of X and satisfies P(Y #Y™*) =

Blo(X),0(Y)).
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D. Further simulation results

This section contains additional simulation results for the ARCH,- ARMAX-
and AR-model described in Section 5, see Figure D.1-D.14.
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Figure D.2: Bias multiplied by 102 for the estimation of 7(m) within the ARMAX-model for
m=1,...,5.
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Figure D.3: Mean squared error multiplied by 103 for the estimation of m(m) within the
ARMAX-model for m=1,...,5.
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Figure D.4: Variance multiplied by 103 for the estimation of 7(m) within the AR-model for

m=1,...,5.
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Figure D.5: Bias multiplied by 10% for the estimation of 7(m) within the AR-model for

m=1,...,5.
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Figure D.6: Mean squared error multiplied by 103 for the estimation of 7(m) within the AR-
model form =1,...,5.
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Figure D.7: Variance multiplied by 102 for the estimation of 7(m) within the squared ARCH-
model for m=1,...,5.
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Figure D.8: Bias multiplied by 103 for the estimation of 7(m) within the squared ARCH-
model for m =1,...,5.
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Figure D.9: Variance multiplied by 102 for the estimation of m(m)

form=1,...,5.
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Figure D.10: Bias multiplied by 102 for the estimation of w(m) within the ARMAX-model
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Figure D.11: Mean squared error multiplied by 102 for the estimation of 7(m) within the
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Figure D.12: Variance multiplied by 102 for the estimation of 7(m) within the AR-model for
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Figure D.13: Bias multiplied by 103 for the estimation of 7(m) within the AR-model for

m=1,...,5.
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ABSTRACT. Einmahl, de Haan and Zhou (2016, Journal of the Royal Statistical
Society: Series B, 78(1), 31— 51) recently introduced a stochastic model that al-
lows for heteroscedasticity of extremes. The model is extended to the situation
where the observations are serially dependent, which is crucial for many practical
applications. We prove a local limit theorem for a kernel estimator for the scedasis
function, and a functional limit theorem for an estimator for the integrated sceda-
sis function. We further prove consistency of a bootstrap scheme that allows to
test for the null hypothesis that the extremes are homoscedastic. Finally, we pro-
pose an estimator for the extremal index governing the dynamics of the extremes
and prove its consistency. All results are illustrated by Monte Carlo simulations.
An important intermediate result concerns the sequential tail empirical process
under serial dependence.
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2 AXEL BUCHER, TOBIAS JENNESSEN

1. INTRODUCTION

Classical extreme value statistics is concerned with analyzing the extremal behav-
ior of a series of independent and identically distributed (i.i.d.) random variables.
However, in many practical applications, the latter assumption is not justifiable,
since the data typically consist of observations collected on one or more variables
over time. The observations may then both exhibit serial dependence and they may
be drawn from a distribution that changes smoothly (or even abruptly) as time
progresses. The latter is particularly the case in many applications from environ-
mental statistics (e.g., due to climate change), while the former is also omnipresent
in typical applications from finance.

While an abundance of methods has been proposed for tackling the resulting
challenges concerning the bulk of the data (see, e.g., Brockwell and Davis, 1991 for
a classical account on time series analysis; Dahlhaus, 2012 for an overview on locally
stationary processes that allow for nonparametric smooth changes over time; or Aue
and Horvath, 2013 for an overview on results for change point analysis involving
abrupt changes), respective results concerning extreme value analysis are much less
developed, in particular for the situation exhibiting both serial dependence and non-
stationarity.

Theoretical results on extreme value analysis for stationary time series build on
corresponding probabilistic theory summarized in Leadbetter et al. (1983), see also
Chapter 10 in Beirlant et al. (2004) for an overview or Kulik and Soulier (2020)
for a modern account in the heavy tailed case. Respective asymptotic results on
a large class of estimators for the tail index can be found in Drees (2000), with
some substantial extensions on important intermediate results in Drees and Rootzén
(2010). Results regarding the time series dynamics for the heavy tailed case can
be found in Kulik and Soulier (2020) and the references therein. Smooth non-
stationarity has often been approached by parametric regression models, see, e.g.,
Davison and Smith (1990); Coles (2001), where, however, no asymptotic theory is
provided. Nonparametric approaches that were supported by asymptotic results
can be found in Hall and Tajvidi (2000); these authors also explicitly allow for
serial dependence. de Haan et al. (2015) consider a situation in which the smooth
non-stationarity was formulated in a parametric way on the level of the domain of
attraction condition rather than the limit situation. A nonparametric version of that
model was investigated in Einmahl et al. (2016) (see below for details). Under the
assumption of serial independence, these authors also provide asymptotic theory,
which was recently extended in de Haan and Zhou (2021) to trends in the tail index
and in Einmahl et al. (2022) to multivariate, spatial applications. Finally, change
point tests for the tail index and the extremal dependence (i.e., abrupt changes in
the tail behavior) can be found in Kojadinovic and Naveau (2017); Biicher et al.
(2017); Hoga (2017, 2018), with the latter two references explicitly allowing for
serially dependent observations.

The above literature review reveals a crucial gap which motivates the present pa-
per: the models initiated by Einmahl et al. (2016) (subsequently referred to as EdHZ)
have never been investigated under the assumption that the observations are seri-
ally dependent. Throughout the paper, we therefore work under the following model
adapted from EdHZ: for sample size n and at time points i € {1,...,n}, we observe
possibly dependent random variables X {"), ..., X with continuous cumulative dis-
tribution functions (c.d.f.8) Fy,1,..., Fynp, ie., Xi(n) ~ F, ;. We assume that all these
distribution functions share a common right endpoint z* = sup{z € R : F}, ;(z) < 1},
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and that there exists some continuous reference c.d.f. F' with the same right end-
point x* that is strictly increasing on its support and some positive function ¢ on

[0, 1] such that
. 1-— FnJ' (l’) )

alleIa?‘ 1 — F(z) _C(n) (1.1)
As in EAHZ, we refer to c as the scedasis function, which we additionally assume to be
a bounded and continuous probability density function. The case where ¢ = 1 corre-
sponds to homogeneous extremes, while the opposite is referred to as heteroscedastic
extremes. The integrated scedasis function shall be denoted by

C(s) := /Os c(x)dz, se€]l0,1].

We allow for serial dependence in the following sense: for each n € N, the unob-
(n)

servable sample U, ... USY with Ui(") = Fm-(Xé")) is assumed to be an excerpt
from a strictly stationary time series (U™ )z whose distribution does not depend
on n. The dynamics of the extremes of the latter series will later be captured by the
concept of regular variation (Basrak and Segers, 2009), see Condition (B1) below for
details, and by the extremal index 6 (Leadbetter, 1983), see Condition (BS8). Recall
that the reciprocal of the extremal index may be interpreted as the mean cluster
size of subsequent extreme observations.

Our contributions within the above model are as follows: first, we provide a
(pointwise) central limit theorem on the kernel estimator for the scedasis function
that was studied in EAHZ for the independent case. Notably, the serial dependence
will only show up in the asymptotic estimation variance. Second, we study an empir-
ical version of the integrated scedasis function from EdHZ and provide a respective
functional central limit theorem; again, the asymptotic covariance functional will
be different from that in the serially independent case. The latter is a major nui-
sance for testing the null hypothesis of homoscedastic extremes, i.e., Hy : ¢ = 1,
where standard approaches based on functionals of the law of the Brownian bridge
as proposed in EAHZ do not work any more. As a circumvent, we develop a suitable
multiplier bootstrap scheme and show its consistency; for this, we need to extent
results from Drees (2015) and Section 12 in Kulik and Soulier (2020) to the non-
stationary case. The bootstrap scheme is then used to define a classical bootstrap
test as well as a test based on self-normalization, the latter being computationally
much more efficient but slightly less powerful. Finally, we also propose an estimator
for the extremal index # of the underlying stationary time series that governs the
dynamics of the extremes and show its consistency. For that purpose, we use a suit-
able modification of the block-maxima estimator from Northrop (2015); Berghaus
and Biicher (2018) to the current non-stationary setting. On a theoretical level,
a crucial tool for most of the afore-mentioned asymptotics is a functional central
limit theorem for the sequential tail empirical process (STEP), which may also be
of interest for other statistical problems not tackled in this paper.

The remaining parts of this paper are organized as follows: the assumptions
needed to prove the asymptotic results are summarized and discussed in Section 2,
where we also introduce a location-scale model meeting these assumptions. Section 3
is concerned with the estimation of the scedasis function and the integrated scedasis
function. Section 4 is about testing for the null hypothesis that the extremes are
homoscedastic. The assessment of the serial dependence is dealt with in Section 5,
where we also extend the discussion on the location-scale model. A functional central
limit theorem for the sequential tail empirical process under serial dependence is
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presented in Section 6. The finite-sample behavior of the introduced methods is
investigated in a Monte Carlo simulation study in Section 7. The proofs for Section 6
are given in Section 8, with some auxiliary lemmas collected in Section 9. Finally,
all other proofs are deferred to a supplementary material.

Throughout, all convergences are for n — oo if not mentioned otherwise. Weak
convergence is denoted by ~». The left-continuous generalized inverse of some in-
creasing function H is denoted by H~!(p) = inf{z € R: H(z) > p}. The sup-norm
of some real-valued function f defined on some domain 7" is denoted by || f||cc-

2. MATHEMATICAL PRELIMINARIES

Let k = k,, be an increasing integer sequence satisfying k — oo and k = o(n) as

n — oo; the STEP and our estimators for the scedasis function will be defined in

terms of k, which essentially determines the threshold for declaring an observation

as extreme. Let L € N be some arbitrary but fixed constant (later determining, on

which set the STEP will be defined; most often, we need L = 1 or L = 2). We

impose the following set of assumptions:

(BO) Basic assumptions. The conditions on the model in Section 1 are met.

(B1) Multivariate regular variation. For each n € N, Ul(">, LU is an
excerpt from a strictly stationary time series (Ut("))tez whose marginal sta-
tionary distribution is necessarily standard uniform on (0,1). The processes
(U{™)4ez are all equal in law; denote a generic version by (U;)sez. The process
Zy = 1/(1 = Uy) (note that Z; is standard Pareto) is stationary and regularly
varying, necessarily with index a = 1 (Basrak and Segers, 2009).

(B2) Regularity of c. The function ¢ is Holder-continuous of order 1/2, that is,
there exists K. > 0 such that

le(s) — e(s)] < K¢|s — s'|/? Vs, s €0,1].

(B3) Blocking sequences and Beta-mixing. There exist integer sequences 1 <
l, < r =1, < n, both converging to infinity as n — oo and satisfying
l, = o(r),r = o(vVk V%), such that the beta-mixing coefficients of (U;)ez
satisfy B(n) = o(1) and %5(4,) = o(1).

(B4) Moment bound on the number of extreme observations. Let co, =
Coo(L) = 1 4 Li|c||oo, where || - ||o denotes the sup norm of a real-valued
function. There exists § > 0 such that

B[{ Z U, > 1— gcw(L))}m} — 0@k,

s=

(B5) Moment bound on extreme increments. There exists a non-decreasing,
continuous function A : [0, coo(L)] — [0, 00), positive on (0, coo(L)] and with
h(0) = 0, such that, for all sufficiently large n,

EHil(l—fLazZUs>l—Zy)}2} Sr%xh(y—x)

s=

for all 0 <z <y < eoo(L) with coo(L) from (B4).
(B6) Second order condition. There exists a positive, eventually decreasing func-
tion A with limy_,o, A(t) = 0 such that, as x 1 x*,

Tfi’?’éij)—c(i)! :O<A<1—1F(:c)>)'

129

sup max
neN 1<i<n




STATISTICS FOR HETEROSCEDASTIC TIME SERIES EXTREMES 5

Condition (B1) allows to control the serial dependence within the observed time
series via tail processes (Basrak and Segers, 2009). More precisely, by Theorem 2.1
in Basrak and Segers (2009), regular variation of (Z;);ez is equivalent to the fact
that there exists a process (Y;)ien, (the tail process) with Yy standard Pareto such
that, for every £ € N and as z — oo,

Pz~ Y(Zo,...,Z) € - | Zg > x) ~ P((Yo,...,Ys) € ), (2.1)

where, necessarily, Y; > 0 for j > 1. Further, by Theorem 2 and its subsequent
discussion in Segers (2003), Y; is absolutely continuous on (0, c0) and may have an
atom at 0.

Condition (B2) has also been imposed in Einmahl et al. (2016). Since k = o(n),
it implies that
1 el
~_c(m) = Cls)

i=1

lim sup vk

=0 5¢(0,1]

=0,

which will imply that there is no asymptotic bias in our main result below. The
condition will however also be needed to prove (8.14) below.

The conditions in (B3), (B4), (B5) are essentially conditions imposed in Exam-
ple 3.8 in Drees and Rootzén (2010) for deriving weak convergence of the standard
non-sequential univariate tail empirical process under stationarity. Condition (B5)
has mostly been shown with h(z) = Kz, for some K > 0, see, e.g., Drees (2000)
for solutions of stochastic recurrence equations. Condition (B6) is a second-order
condition on the speed of convergence in (1.1); it was also used in Einmahl et al.
(2016). It is worth noting that Conditions (B4)-(B5) (and only these) depend on
the constant L € N. The sequence ¢, in (B3) plays the role of a small-block length
in a big-block-small-block technique, while r — ¢, is the length of a corresponding
big block.

Ezxample 2.1. Let us consider the following location-scale model, for which the above
conditions can be shown to hold. Let

X = o(DWi+u(d), i=1.n

where (W}).ez is a strictly stationary time series (see below for an explicit example)
with c.d.f. F' and where o : [0,1] — (0,00) and p : [0,1] — R are sufficiently smooth
functions. Then, we obtain

and Ui(n) = Fm-(XZ-(n)) =F(W,),i=1,...,n, such that Ul(”), . Uén) is an excerpt
from a strictly stationary time series, with marginal distribution given by the uniform
distribution on [0, 1].

Next, as a special case, consider (W});ez to be a max-autoregressive process (AR~
MAX), defined by the recursion

W, = max{)\Wt_l, (1 — )\)V;g}, t e Z, (22)

where A € [0,1) and (V;)ez is an i.i.d. sequence of Fréchet(1)-distributed random
variables. A stationary solution of the above recursion is given by W; = max;>o(1—
MM Vi_;, such that the stationary solution is again Fréchet(1)-distributed, i.e.,
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F(x) = exp(—1/z). Then, the scedasis function ¢ can be easily calculated via

im(g:): lim 1—exp(—a(%)/{x—u(%)}) _ (z)

n

T R ) 1 — exp(—1/x)
yielding ¢ = 0. We show that Conditions (B0)-(B6) are met. Condition (B0) and
(B2) are obviously fulfilled, provided the scedasis function c is sufficiently regular.
Condition (B1) can be seen to hold as follows. Since (W})ez is a moving maximum
process, its tail process exists by Theorem 13.5.5 in Kulik and Soulier (2020), which
implies that it is regularly varying by Theorem 2.1 in Basrak and Segers (2009).
Then, Z; = 1/(1 — Uy) = 1/{1 — F(W})} is regularly varying with index o = 1
according to Lemma 2.1 in Drees et al. (2015). By Berghaus and Biicher (2018), page
2322, (W})iez, and hence also (Uy)iez, is geometrically S-mixing, whence Condition
(B3) holds. In that reference it is further shown that their Condition 2.1(ii) holds
for § = 1, implying that our Condition (B4) also holds for § = 1 in view of the
fact that, rk = o(n) by Condition (B3). This also yields that E[|>°}_; 1(1 — £z >
Us>1- 23] <rk(y — ) for all 0 < 2 < y < coo(L), for n large enough (such
that rk/n < 1), which implies (B5). Finally, Condition (B6) can be seen to hold for
A(z) =27 L.

3. ESTIMATION OF THE (INTEGRATED) SCEDASIS FUNCTION

In this section, we provide weak convergence results for estimators for the scedasis
function ¢ and its integrated version C; see also Einmahl et al. (2016) for related
results in the serial independent case. Throughout, let X,,; < ... < X, ,, denote
the order statistic of X{"), XS

First, for the estimation of the scedasis function, we apply a kernel density esti-
mator. Let K be a continuous and symmetric function on [—1, 1] with K (x) = 0 for
|z| > 1 and fil K(x) dx = 1. Let h = hy, > 0 denote a bandwidth paramater. Since
we are also concerned with the estimation of ¢ near the boundaries of the interval
[0, 1], we make use of the boundary-corrected kernel Kj of K (see Jones, 1993): for
s € [0, 1], set

- 1 " (n) s—i/n )
én(s) = kh;I(Xi > Xons) Ko = 08)),
where k = k,, is from Condition (B3) and where Kj, is defined as follows. First, for
p € [0,1], let
1

a;(p) = /,, DK (z) dz, b;(p) = / P K(z) d.

—1 —p
For s < h, write s = ph and let
az(p) — a1(p)x
Ky(x,s) = K(z), ze|-1,1],
) = ) - o) T
and for s > 1 — h, write s =1 — ph and let
ba(p) — bi(p)x
Ky(z,s) =
(2%) = o )al) - bi(p)
and for s € (h,1—h), let Ky(z,s) = K(z) for x € [-1,1]. Note that K} is depending
on n, which we have suppressed from the notation.

To obtain asymptotic normality of the introduced estimator we additionally im-
pose the following condition.

K(x), =zel-1,1],
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(B7) Bandwidth. The bandwidth sequence h = h, > 0 satisfies h — 0 and

kh — co. Further, k/°h — X\ > 0 and 7 = o(v/kh) and h > k~1/3.
The first three conditions in (B7) are standard bandwidth conditions that have also
been imposed in Proposition 2 in Einmahl et al. (2016) to establish asymptotic
normality of the scedasis estimator at point s = 1. The condition 7 = o(v/kh) is
slightly stronger than r = o(v/k) from Condition (B3), which is used in Theorem 3.2
below to derive asymptotic normality of the estimator for the integrated scedasis
function, where the rate of convergence is vk. Finally, the condition h > k~1/3 is
required for technical reasons in the proof (together with » = o(n/k) from Condition
(B3), it implies kr? = o(n?h?), which will be used throughout the proofs); note that
it is satisfied for the standard MSE optimal bandwidth choice of the order k—1/°
(Tsybakov, 2009).

Theorem 3.1. Suppose that Conditions (B0)-(B7) hold for L = 2 and let ¢ €
C?([0,1]). Let the function K be Lipschitz-continuous and symmetric on [—1,1]

with K(x) =0 for |x| > 1 and f_ll K(z) dz = 1. If k satisfies VEA(Z-) — 0, then,
for any s € [0,1] and as n — oo,

VER{En(s) — c(s)} ~ N (us, 02),

where
5/2¢"(5) 2 =
o = X2 Za(s), o = c(s)n(s) {d0(1, 1) +23 da(l, 1)}
h=1
and where, recalling the tail process (Yz)ien, associated with (Zt)iez from (2.1),
1 1
N — — R
dh(ﬂc,x)—P(Yo> ~ Y > :U,) (3.1)

and a(0 fo Ky(z,0)2? dx, n(0 fo KZ(x,0) dz,a(l) = fol Ky(z,1)2? dz,n(1) =
f KQ(x 1) dz and, for s € (0, 1)

/K 2)a? da, n(s):/_11K2(:n) dz

It is part of the assertion that the series defining ag is convergent. The result may
further be extended to cover the cases s = s, = ph and s = s, = 1 — ph for some
€ (0, 1]; details are omitted for the sake of brevity.
Next we analyze an estimator for the integrated scedasis function C'(s fo
that was also investigated in Einmahl et al. (2016). Define the estlmator for C as

| ns)
Cn( kz "> Xpnok), s€0,1].

Theorem 3.2. Suppose that Conditions (B0)-(B6) hold for L = 1 and that k satis-
fies \/EA(%) — 0. Then, as n — 00,

{VE(Cu(s) = C(9) } e ~ {8(s,1) = C()S(L, D)} o

n (£2°([0,1]), ] - lleo), where S denotes a tight, centered Gaussian process on [0, 1]?
with covariance given by

o((s,x),(s,2") =C(s A ) {do z,2') + Z dp(z, 2’ —|—dh(x’,x))}, (3.2)
h=1
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where dy, is defined in (3.1). It is part of the assertion that the above series is
convergent.

4. TESTING FOR HETEROSCEDASTIC EXTREMES

In the following we construct tests that allow to detect whether the time series
exhibits heteroscedasticity of extremes. Here, the extremes are homoscedastic (i.e.,
not heteroscedastic) if the scedasis function satisfies ¢ = 1 or if, equivalently, the
integrated scedasis function satisfies C(s) = s for all s € [0, 1]. Thus, we test

Hy:C(s)=s forall se|0,1], Hy : C(s) # s for some s € [0,1].

To this purpose, we pursue two approaches, where one is based on a bootstrap-
procedure and the other uses a self-normalization technique. Let C,,(s) = vVk{Cy,(s)—
s}, s € [0, 1], such that, by Theorem 3.2, under Hy and as n — oo,

{Ca(5)} e~ {S(5:1) = 8L D)} oy

n (£([0,1]),] - ll).- Note that S(-,1) is a tight, centered Gaussian process on
[0, 1] satisfying Cov(S(s,1),S(t,1)) = (s A t)o?, s,t € [0,1], where 02 = do(1,1) +
232, dp(1,1) and dj, is defined in Theorem 3.2, which implies that under Hy, as
n — oo,

Cp~> 0B in (€2([0, 1)), [ - [loo); (4.1)

where B denotes a Brownian Bridge on [0, 1].

For both approaches take the block length parameter r from Condition (B3)
(which now becomes a hyperparameter of the statistical method; see Drees, 2015
and Kulik and Soulier, 2020 for a similar approach), set m = |n/r| and let

Li={G-Dr+1,....9r}, j=1,...,m,

be the j-th block of size r.
We start with the bootstrap, more precisley, we use a multiplier block bootstrap.

Let B € N denote the number of boostrap repetitions and let ( ib), e ;z))b:l,...,B

be i.i.d. and independent from (X|");, with E[g;b)] =0, E[(ﬁ;b))Q] =1and |£j(.b)| <M
for some constant M > 0 for all j =1,...,m and b =1,..., B (for instance, fj(-b) is
Rademacher distributed). Set

D0 (s) = = D€ €N Y 1(X > X1 <9) sef0.1]

j=1 icl;

and £®) = m1 Z;”:l 5(.1)). Note that we may write

with Y, ;(s) = Zielj l(XZ-(n) > Xpnk)1(L < s), which is akin to the process
considered in Formula (2.3) in Drees (2015).
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Theorem 4.1. Suppose that Conditions (B0)-(B6) hold for L = 1 and that k satis-
fies \/EA(Q) — 0. Then, as n — oo,

(cn.C)

ngr ’(CT(II?> e (((:7((:(1)7 o ’(C(B)) n (EOO([()’ 1])’ H : ”oo)B+1a

where C(s) = S(s,1) — C(s)S(1,1) and CY), ... CB) are independent copies of C.

The previous theorem may alternatively be formulated as a conditional limit the-
orem, see Section 3.6 in van der Vaart and Wellner (1996) or Section 10 in Kosorok
(2008) for details on that mode of convergence when applied to non-measurable sto-
chastic processes. More precisely, by Lemma 3.11 in Biicher and Kojadinovic (2019),
the weak convergence relation in the previous theorem is equivalent to the fact that
SUPKeBL, (¢ ([0,1]) | E [A( C“ ) | Xna, .. ., Xnn] — E[R(C)]| = op(1) and that (C;ll)5 is
asymptotically measurable where BL; (¢°°(]0, 1]) denotes the set of real valued Lip-
schitz functions on £°(]0, 1}) with Lipschitz constant 1 that are bounded by 1. We
prefer to work with the unconditional statement from Theorem 4.1, as it is more
intuitive.

We propose to test for Hy : ¢ = 1 based on the test statistics

1
Sn1 = [ICallocs  Thn :/ Cp(s)?
0

In view of Theorem 4.1, the corresponding bootstrap quantities are given by
1
b b b b
SO = I o, T = /0 c¥(s)? ds, b=1,...,B.

For oo € (0,1), let ¢n,B,5(1 — ) and G, p (1 — ) denote the empirical (1 — «a)-
quantile of S(l) S;Bl) and Tflli, .. ,Trﬁ, respectively. The test procedures are
then defined as

onB,s(@) =1(Sn1 > Gnps(l — ), enpr(e)=1(Th1 > Gopr(l—a)).
Corollary 4.2. Suppose that Conditions (B0)-(B6) hold for L = 1 and that k
satisfies \/EA(Q) — 0. Let a € (0,1). Then, if Hy: c =1 is met,

lim P(gpps(a)=1)=a, lim P(p,pr(a)=1)=

n,B—0c0 n,B—00

Further, if Hy : ¢ Z 1 is met, then, for any B € N,
lim P(p, ps(a)=1)=1, lim P(g,pr(a)=1)=1.
n—oo n—oo

Next, we introduce tests based on the concept of self-normalization. The basic
idea is to consider the quotient of two statistics, such that the unknown variance
factor o in (4.1) cancels out. To do this, we take two of the bootstrap-quantities
from Theorem 4.1, and define

I oo - Jy C2(s) ds
1 2 ? n, 1 2 2 .
1T — CPloo Jo (€8h(s) @2,§<s>> ds

n,2 —

By Theorem 4.1 we know that under Hy, as n — o0,

1 2
B
1B 0o Ty oo Ty i Jo B(s)* ds

Sna > 8= — ,
? IBD — BO| JE(BO(s) - BO(5))? ds
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where B, B() and B® are independent Brownian Bridges on [0, 1]. For o € (0, 1),
let ¢s(1 — a) and ¢r(1 — ) be the (1 — a)-quantile of Sy and T5, respectively. The
corresponding test procedures are given by

ons(a) = l(SmQ > qs(1 — a)), onr(a) = 1(Tn,2 > qr(l — a)).

Corollary 4.3. Suppose that Conditions (B0)-(B6) hold for L = 1 and that k
satisfies \/EA(%) — 0. Let a € (0,1). Then, if Hy: c =1 is met,

lgm P(@n,S(a) = 1) =, lim P(Spn,T(O‘) = 1) =
Further, if Hy : ¢ £ 1 is met, then
li_}In Pu, (pns(a) =1) =1, 1i_>m P(onr(a)=1)=1.

5. ASSESSING THE SERIAL DEPENDENCE

Within our basic model described in the introduction, the dynamics of the time
series extremes are governed by the stationary time series (Z;)icz from Condition
(B1). There are many interesting statistical problems related to those dynamics
which are worth to be investigated like, e.g., estimating the distribution of the
tail process (see Davis et al., 2018 for stationary observations) or estimation of
general cluster functionals (see Section 10 in Kulik and Soulier, 2020 for stationary
observations). Throughout, we restrict attention to estimating the extremal index 6,
which may be regarded as the most traditional parameter associated with the serial
dependence.

Recall that the extremal index 6 € (0, 1] of (Z;); exists iff the same is true for
(Up): (in that case, the indices are equal), and that the latter requires that, for any
7 > 0, there exists a sequence (u,(7))nen such that lim, o n{l — u,(7)} = 7 and

TLILH;OP(112%}% Ui < up(r)) = e . (5.1)
One can further show that, if the extremal index exists, then (5.1) holds for any
sequence (uy(7))y with limy, oo n{l —uy(7)} = 7. Subsequently, we choose u,(7) =
1—171/n.

For estimating 0, we divide the finite stretch of observations X{”), ., X5 into
non-overlapping successive blocks of size ¢ = g, i.e., into blocks

I;:{(j_l)q+177JQ}7 j:]-u"‘akl7
where k' = |n/q]|. For j=1,..., k', set
Inj = q{l — maxF(Xi(n))}, Zn,j = q{l — mz}an(Xi(n))}, (5.2)
el

s !
2€Ij j

where Fy,(z) =n~' 320, 1(XZ»(n) < z) denotes the empirical c.d.f. of Xl(n), Cx.
Note that, in view of (1.1), for sufficiently large = € R,
R 1 1N, .
B[l = Fu(@)] = S {1 = Fas(@)} = {1 - F@)}- > {eli/n) +o(1)} ~ 1 - F(2)
i=1 1=1
(ignoring the possible non-uniformity in (1.1) for the moment), whence Z, ; can be
regarded as an observable counterpart of Z, ;.

In the following, we will show that Z,, 14 ex/), £ € [0, 1), asymptotically follows an
exponential distribution with parameter depending on 6, this result being the basis
for our estimation procedure for 6, see Lemma 5.2. To prove this, we impose the
subsequent conditions.
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(B8) Extremal Index. The stationary time series (U;)icz from Condition (B1)
is assumed to have an extremal index 6 € (0, 1].
(B9) Blocking sequences and mixing. The blocksize ¢ is chosen in such a way
that it satisfies ¢ = o(y/n) and nf(q) = o(q) as n — .
(B10) Uniform integrability. For some §; > 0,

< Q.

limsup sup E [‘Zmlﬂgklj 2+61}
n—o00 £€(0,1)
Condition (B10) is imposed to deduce uniform integrability of the ZEL L€k | it
will imply convergence of the corresponding first and second moments.

Remark 5.1. We exemplarily show that the above conditions hold for the location-
scale model from Example 2.1 with (W})cz chosen as the max-autoregressive process
defined in (2.2). First, the process (W;);cz has an extremal index 6 given by § = 1—\
(Beirlant et al., 2004, Chapter 10), such that (Uy):cz also has extremal index 6 and
Condition (B8) holds. Further, by Berghaus and Biicher (2018), page 2322, (W})iez,
and hence also (U;)tez, is geometrically S-mixing, whence Condition (B9) is fulfilled
for appropriate choice of q. Regarding Condition (B10), we have, for j € N,

1 — max;ep F(Xi(n))

Znj = Zn,j
1-— maX;e s Fn,i(Xi(n))

1—exp ( — (Cmin maXier, Wi + infepo,1) M(S))_l)
1—exp ( - (maxieljz_ Wi)*l)

IN

Zn,j

: (5.3)

where Znyj = q{l — maXep UZ-}. Note that the distribution of the right-hand side
in the last display is independent of j € N. By induction, P(maxi:17,,,7b W, < x) =
F(z)H00=10 — exp(—{1 4 0(b — 1)}/z) for > 0,b € N, such that max;—;__, W;
converges to oo in probability. Therefore, any absolute moment of the second factor
of the right-hand side in (5.3) converges. Further, it is shown in Example 6.1 in
Berghaus and Biicher (2017), see the proof of their Condition 2.1(vi) holds, that
limsup,,_,, E [Zg:l] < oo for any ¢’ > 0. Along with inequality (5.3), Holder’s
inequality implies that Condition (B10) holds.

Lemma 5.2. Fiz £ € [0,1). Suppose that Conditions (B0)-(B2), (B6) and (BS8)-
(B9) hold. Then, Z, 14w ~ Exp(0c(§)) as n — oo.

This result motivates estimators based on the method of moments, see Northrop
(2015); Berghaus and Biicher (2018) for the stationary case. Consider the (unob-
servable) random variable

1 &
T, = = ZZW.
j=1

Then, for ¢, : [0,1] = R, ¢, (§) = Zflzl E [ij] 1(5 € [j,g,l, %)), we obtain

K 1
E[T,] = %ZE 2] = /0 on(€) dE.
j=1

By Condition (B10) and Lemma 5.2, for any fixed £ € [0,1), we have p,(§) =
E [Z,14(er)] = E[Ve],n — oo, where Ve ~ Exp(0c(€)). Since sup,ey [[¢nlleo < 00
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by Condition (B10), the dominated convergence theorem implies
IR

"0 0 c(§) de.

1 1
E[T,] = /0 on(€) dE — /0 E[V] de

Recall that the function ¢ is positive and continuous on [0, 1]; thus there is a positive
number ¢y such that ¢(s) > cpin for all s € [0,1]. Therefore, it is advisable to
also truncate ¢, from below, say by considering ¢, = max(é,, k) with some small,
positive constant £ > 0. Subsequently, we assume that 0 < £ < ¢pin. Now, let us
estimate 7 = fol c(&)~t d¢ by 7, = fol ¢, (€)1 d¢. Since E[T},] — 0~ '7, a sensible,
observable method of moments estimator for 6 is given by
. L . 1 .
0, =1, "7,, where T, = —ZZ,M».
The subsequent theorem yields concistency of this estimator; its finite-sample prop-
erties are studied in Section 7.

Theorem 5.3. Suppose that Conditions (B0)-(B2) hold. Assume ¢ € C%([0,1]) and
let the function K in the definition of ¢, be Lipschitz-continuous.
(a) If additionally Conditions (B3)-(B7) hold for L = 2 and if k satisfies VEA($) —
0, then 7, = 7+ op(1) as n — co.
(b) If additionally Conditions (B3)-(B6) hold for k = k' and for all L € N, and
if k' satisfies VK A({%) — 0 for all L € N, and if Conditions (BS)-(B10)
hold, then T, = 0='7 + op(1) as n — co.

In particular, if all of the above conditions are met, then 6,, 0 asn— .

6. WEAK CONVERGENCE OF THE (SIMPLE) STEP

Functional weak convergence of the subsequent processes will be essential for
proving the asymptotic results in the previous sections. Precisely, we are interested
in the simple sequential tail empirical process (simple STEP) S,, and the sequential
tail empirical process (STEP) F,, defined as

[ns]

Sn(s,z) = \/E{; > (UM > 1 Ee(i)p) - xC(s)}, (6.1)
1=1
[ns]

F.(s,z) = \/E{]i Z 1{Xi(n) > V(%)} — xC(s)}, (6.2)

i=1
where (s,z) € [0,1] x [0, 00) and where V = (:15)71.

Proposition 6.1. Suppose that Conditions (B0)-(B3) hold. Fiz some constant
L € N and suppose that Conditions (B4) and (B5) hold for L. Then, as n — oo,

Sp S in (EOO([Oa 1] X [O>L])v H ’ ”00)7

where S denotes a tight, centered Gaussian process on [0, 1] x [0, L] with covariance
c((s,x), (s, 2")) as defined in (3.2).

Proposition 6.2. Suppose that Conditions (B0)-(B3) and (B6) hold. Fix some
constant L € N and suppose that Conditions (B4) and (B5) hold for L. If k satisfies
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\/EA(I%) — 0 as n — oo, then

wp  [Fa(s,2) — Su(s,7)] = op(D).
(s,x)€[0,1]x[0,L]

As a consequence, Fp, ~> S in (£2°([0,1] x [0, L]), | - |loo)-

7. FINITE-SAMPLE RESULTS

A simulation study is carried out to analyze the finite-sample performance of the
introduced methods. Results are presented for scaled versions of two common time
series models. Define the following functions, later resulting in different scedasis
functions.

(i) e1,5(s) = B+2(1 - B)s,

(ii) c28(s) = (B+4(1 —B)s)1(s € [0,0.5]) + (4 — 38 —4(1 — )s)1(s € (0.5,1]).
Note that c; g is a straight line connecting the points (0, 8) and (1,2 — /), while c3 g
is a polygonal chain with vertices (0,3) (1/2,2 — ) and (1, 5).

We consider the following scale models.

e The ARMAX-model: Let (W;); be an ARMAX-process as specified in (2.2).
We consider A € {0,0.25}; note that A\ = 0 corresponds to the i.i.d. case.
Denote the c.d.f. of W; by F, which is the c.d.f. of the standard Fréchet-
distribution. For j € {1,2} and i € {1,...,n}, let
X" = ¢ p(£)Wi.

)

By Example 2.1, the scedasis function c is equal to c;g. Further, for j €
{1,2}, consider
X" = 55(5 W Wa = {1(W; < p) + e5(2) LWs = p)} Wi,
where p is the 80%-quantile of F. In this model, the scale transformation
introduced by c; g only effects the observations exceeding the large threshold
p. One can easily see that the scedasis function c is equal to ¢;g.
e The ARCH-model: Let (W;); be an ARCH-process, i.e.,

Wi=(2x107° +A\W2 )2V, tez,

where A € (0,1) and (V;)ez is an i.id. sequence of N(0,1)-distributed
random variables. We consider A = 0.7. By Theorem 1.1 in de Haan et al.
(1989) the c.d.f. F of W; satisfies 1 — F(z) ~ dz™" as & — oo for some
constant d > 0, with ' (approximately) given by &' = k’(\) = 1.586; see
Table 3.2 in that reference. For j € {1,2} and i € {1,...,n}, let

X(n) = Cj}ﬁ(%)l/'{/ VVZ

)

The scedasis function c is equal to ¢; g. Further, similar as for the ARMAX-
model, consider
X" = 6505 W Wi = {1(Wi < p) + c5(2)"/% 1(W; 2 p)} Wi

1

for j € {1,2}, where p is the 80%-quantile of F'. A straightforward calcula-
tion shows that the scedasis function c is equal to c¢; g as well.
Note that the ARMAX model with A = 0 corresponds to the case that the observa-
tions are independent. We call this case simply the independent model.
In the subsequent simulation study, the parameter 5 of the scedasis functions, is
set to B = 1,0.75,0.5,0.25. In each case, the sample size is fixed to n = 2000 and
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h=0.03 h=0.11 h=0.19 h=0.27
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FIGURE 1. The scedasis function ¢y g3 with § = 0.5 (black line) and

the estimator ¢, evaluated at four exemplary time series generated
from the ARCH-model.

the performance of the statistical methods is assessed based on N = 1000 simulation
runs each if not mentioned otherwise.

7.1. Estimation of the scedasis function. We start by briefly considering the
behavior of the kernel estimator for the scedasis function. For the sake of brevity,
we restrict the presentation to the ARCH-model with scedasis function c g with
B = 0.5; the behavior within the other models was found to be very similar. In
Figure 1, we depict the estimator ¢, for four exemplary time series, where we use
the biweight kernel K
15 219

K(m)zﬁ(l—w ), xel-1,1], (7.1)
k = 400 and consider bandwidths h € {0.03,0.11,0.19,0.27}. We observe typ-
ical over-fitting (under-smoothing) for small values of h and under-fitting (over-
smoothing) for large values of h. Note in particular that the estimator no longer
captures the peak of ¢z g(s) at s = 0.5 for h = 0.27. Visual inspection suggests that
reasonably good choices for the bandwidth lie in the interval [0.1,0.2]; an observa-
tion that was confirmed in simulations regarding the other models described in the
previous section.

7.2. Testing for heteroscedastic extremes. We next study the performance of
the introduced test procedures. Recall that both the tests based on the multiplier
block bootstrap and the ones relying on the method of self-normalization depend on
a multiplier sequence (&;);, for which we choose an i.i.d. Rademacher sequence. The
following results are based on B = 300 bootstrap replicates. We consider block sizes
q € {4,8} and number of exceedances k € {100,200}, which corresponds to 5% or
10% of the total observations, respectively. The test level is set to o = 0.05.

Since the Cramér-von-Mises-type test statistics (i.e., ¢, g1 and ¢, 1) were found
to be superior to the Kolmogorov-Smirnov-type test statistics (i.e., ¢p, B,s and ¢, s),
we only present results for the former. Here, we refer to ¢, g7 simply as the boot-
strap, and to ¢,  as the self-normalization. All rejection percentages are presented
in Table 1.

We start by discussing the behavior of the tests under Hy : C(s) = s for all
s € [0, 1]; note that 8 = 1 represents being under Hj for all data generating processes
under consideration. We also present results for the Cramér-von-Mises-type test
from Einmahl et al. (2016), which was designed for the case of independent data
and is here denoted by EAdHZ. One can see that our tests hold their level and, as
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Bootstrap with (k,r) = Self-Normalization with (k,r) = EdHZ with k =
Model B | (100,4) (100,8) (200,4) (200,8) | (100,4) (100,8) (200,4) (200,8) | 100 200
Panel (A): Scale model c; g
Indep. 1.0 3.9 2.2 1.8 0.6 4.2 2.3 2.3 1.5 4.7 4.1
0.75 23.3 17.9 34.6 22.5 16.5 12.7 21.8 15.6 26.9 46.2
0.5 78.2 71.5 95.8 91.2 51.2 44.0 70.0 60.7 81.9 98.2
0.25 98.9 98.4 100.0 99.9 84.5 76.5 94.7 89.4 99.0 100.0
ARMAX 1.0 6.6 4.5 4.4 2.7 5.5 4.0 3.4 3.1 14.8 12.1
0.75 21.4 17.3 30.7 20.8 14.6 12.2 18.7 14.3 35.4 50.7
0.5 65.6 59.7 88.3 79.2 42.5 36.7 59.3 48.3 77.4 96.0
0.25 94.7 91.8 99.6 99.4 71.5 66.5 90.6 82.4 97.6 100.0
ARCH 1.0 7.9 5.0 4.4 1.7 5.7 4.5 3.6 3.0 16.1 11.1
0.75 48.0 38.4 51.0 37.1 30.7 24.4 28.8 25.3 61.6 66.2
0.5 94.7 92.0 98.5 96.5 73.6 67.6 81.2 69.9 98.0 99.6
0.25 99.9 99.8 100.0 100.0 94.3 91.2 96.8 93.2 | 100.0 100.0
Panel (B): Scale model ¢, g
Indep. 1.0 3.9 2.2 1.8 0.6 4.2 2.3 2.3 1.5 4.7 4.1
0.75 7.3 4.3 5.6 2.2 6.7 4.6 5.6 3.2 5.8 7.4
0.5 29.4 19.6 52.0 32.3 17.0 11.2 25.6 17.3 20.1 55.3
0.25 78.6 68.6 98.2 92.6 42.1 33.6 57.9 48.4 68.0 98.8
ARMAX 1.0 6.6 4.5 4.4 2.7 5.5 4.0 3.4 3.1 14.8 12.1
0.75 9.6 6.8 9.4 5.7 7.7 6.2 7.4 5.2 17.6 21.9
0.5 27.5 18.3 41.2 26.4 16.3 12.0 20.2 16.2 36.9 64.8
0.25 62.8 53.7 90.6 79.6 32.9 26.3 50.7 40.5 74.3 97.0
ARCH 1.0 7.9 5.0 4.4 1.7 5.7 4.5 3.6 3.0 16.1 11.1
0.75 19.8 13.0 14.2 6.4 13.7 8.1 10.7 5.6 27.6 26.6
0.5 66.5 53.5 73.7 52.7 35.1 25.6 37.9 24.7 73.1 86.6
0.25 96.2 92.7 99.5 97.5 65.1 56.4 69.3 60.0 98.5 99.9
Panel (C): Scale model ¢; g
Indep. 1.0 3.9 2.2 1.8 0.6 4.2 2.3 2.3 1.5 4.7 4.1
0.75 24.3 18.4 34.8 22.8 15.8 12.5 24.2 14.4 26.9 46.2
0.5 78.2 71.0 96.0 91.4 49.2 46.2 71.0 58.4 81.9 98.2
0.25 99.3 98.6 100.0 100.0 80.1 75.9 94.0 89.1 99.0 100.0
ARMAX 1.0 6.6 4.5 4.4 2.7 5.5 4.0 3.4 3.1 14.8 12.1
0.75 21.9 17.7 30.3 20.6 16.0 12.7 17.9 12.2 35.4 50.7
0.5 65.8 57.9 88.4 80.1 41.6 36.0 61.2 50.1 7.4 96.0
0.25 94.8 91.7 99.6 99.5 71.5 61.2 88.4 83.3 97.6 100.0
ARCH 1.0 7.9 5.0 4.4 1.7 5.7 4.5 3.6 3.0 16.1 11.1
0.75 46.5 37.9 52.0 36.2 31.4 24.4 29.4 21.7 61.6 66.2
0.5 94.6 92.0 98.7 96.4 76.9 66.1 79.7 68.8 98.0 99.6
0.25 99.9 100.0 100.0 100.0 93.9 89.8 97.6 94.2 | 100.0 100.0
Panel (D): Scale model ¢ g
Indep. 1.0 3.9 2.2 1.8 0.6 4.2 2.3 2.3 1.5 4.7 4.1
0.75 6.9 4.0 6.4 2.0 5.8 5.2 5.9 3.3 5.8 7.4
0.5 28.8 20.1 51.6 33.0 17.6 10.6 24.9 17.9 20.1 55.3
0.25 78.4 69.0 98.5 92.2 39.3 32.5 58.6 46.2 68.0 98.8
ARMAX 1.0 6.6 4.5 4.4 2.7 5.5 4.0 3.4 3.1 14.8 12.1
0.75 10.5 7.0 10.1 5.3 7.1 6.4 7.1 4.4 17.6 21.9
0.5 25.8 19.1 42.0 25.9 17.3 10.6 23.7 14.1 36.9 64.8
0.25 63.6 53.3 90.8 79.5 33.9 26.2 48.7 40.8 74.3 97.0
ARCH 1.0 7.9 5.0 4.4 1.7 5.7 4.5 3.6 3.0 16.1 11.1
0.75 19.8 12.3 14.8 6.8 13.9 7.2 11.3 6.9 27.6 26.6
0.5 65.7 53.4 73.3 53.8 36.4 26.5 36.8 27.4 73.1 86.6
0.25 96.3 93.1 99.6 97.8 64.5 54.9 70.8 59.7 98.5 99.9

expected, that the test from Einmahl et al. (2016) holds its level in the independent

TABLE 1. Empirical rejection percentage of the test procedures.

model, but fails to do so in the other dependent models.

Next, we consider the performance under the alternatives.
the power of the tests increases with decreasing [, which is to be expected since a
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beta = 1 beta = 0.75 beta=0.5 beta = 0.25
T 1

150

[N
o
o

MSE*1000
o
=]

8 M6 32 64 120 2568 16 32 64 128,258 16 32 64 128 2568 16 2 64 128 256
FIGURE 2. Mean squared error, multiplied by 103, for the estimation
of 6 in the ARCH-model with scedasis function cy g for ém (orange
lines) and 6,5 (green lines) with & = 400 (solid lines) and k = 300
(dotted lines).

decrease in 3 results in a stronger deviation of ¢;g from the null hypothesis that
the scedasis function equals one. In general, the power of the bootstrap-test is
uniformly higher than the power of the test based on self-normalization, but both
exhibit high power for 8 = 0.25. Recall again that the self-normalization test only
requires evaluation of (C;b)g for b € {1,2}, while the expression must be evaluated a
large number of times for the bootstrap test (we choose B = 300). With regard to
the choice of k and r the highest power is usually attained for £ = 200 and r = 4.

7.3. Estimation of the extremal index. We finally briefly evaluate the perfor-
mance of the estimator for the extremal index. For comparison, we also introduce a
second estimator for 6 based on the method of moments, which may also be moti-
vated by Lemma 5.2: under the notation of Section 5, consider the (unobservable)
random variable

kl
1 .
Tng = y E ij C(%)
j=1

Note that E [Znylﬂgm]c(prf,klj) — E[Ve]e(§) = %, where Ve ~ Exp(0c(&)), by
continuity of ¢, Condition (B10) and Lemma 5.2. Then, as in Section 5, it follows
that

s ; 1 1
7=1

Therefore, another sensible method of moments estimators for 6 is given by
. 1L s\t
b= {5 X Zus ()}
s=1

We only present results for the ARCH-model; the ARMAX- and independent
model were found to yield very similar results. Note that for A = 0.7 in the ARCH-
model we have 6§ = 0.721, see Table 3.2 in de Haan et al. (1989).

In what follows, the block size ¢ is chosen from the set {8, 16,32, 64, 128,256} (re-
call that ¥ = |n/q]) and the number of exceedances k € {300,400} are considered.
(Here, slightly larger values of k turned out to work better than in the context of
testing for heteroscedastic extremes above.) Regarding the kernel density estimator,
we set k = 0.1, set the bandwidth to A = 0.2 and use the biweight kernel from (7.1).
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In Figure 2, the mean squared error (MSE) of 0,1 and 6,5 is plotted as a function
of the block size g, where the true scedasis function is given by cy g for different
values of 5. One can see that the MSE-curves are mostly U-shaped, and that a
minimum value is reached at an intermediate blocksize of ¢ € {32,64}. Further, in
most scenarios the alternative estimator 9n2 outperforms the estimator 9n1, and the
larger number of exceedances k = 400 seems to work better than k£ = 300 in terms
of minimal MSE-values. The same observations were found for the other scedasis
functions c; g, ¢1 3 and ¢o 5.

8. PROOFS

For space considerations, we only present the proofs for the theoretical results
from Section 6, which are central to all other proofs. The remaining proofs for
Sections 3-5 are collected in a supplementary material.

Proof of Proposition 6.1. Recall that c¢oo(L) = 1+ L||¢||so. For i € {1,...,n} and
n € N, define

Xl = (Ui(n) —-(1- ZCOO(L))>+ - (Ui(n) —-(1- Zcoo(L))’()) (8.1)

k

SIS

n

and let v, = Pr(X], ; #0) = % coo(L). We may then write

jon)
Sn(s,z) = \}E Z {I(X;M- > Coo(L) — c(%)x) — Pr(X,’%i > coo(L) — c(%)x)}
=1
[ns]
+ ﬁ{i S (i) - C’(s)}x = S,1(5,2) + Snals, 2).

i=1

As a consequence of (B2), the term S, 2 converges to zero, uniformly in s and =z,
and we are left with investigating S, 1. We are going to identify that process with
an empirical cluster process, see Drees and Rootzén (2010). In the following we set
L = 1; the proof for arbitrary L € N follows analogously. We also write ¢o = €oo(1).

Recall that 1 < r < n denotes an integer sequence converging to infinity such
that r = o(n) as n — oo. Let Y}, ; denote the jth block of consecutive values of
X?ll 1o X1/1 n’

Yn,j:(X;’L,i)iGI]‘? Li={G-Dr+1,....57}, j=1,....,m=|n/r].

We may then write

1 ‘
Sm(s,x):céé?{ﬁz (X0 > e — c()r. 3 < 5}

—E1{X, ;> oo —c(L)z, L < 3}} + op(1)

_ 01/2{ nvn Z JnS:E n E[ﬁ,n,&ﬂ?(yn,j)]}} + OP(l)
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where the op(1) is due to the fact that mr # n in general, and where f]nsx denotes
the cluster functional (see Drees and Rootzén, 2010, Definition 2.1)

L
Fimsa(Ws -0 Zl (yi > €0 —c((]_grﬂ)x, (J_ITL)T—H < s), ¢ eN.
=1

Hence, we need to show functional weak convergence of {Zy(s, T)}(s,2), Where

Zn(5,0) = —— 3" {Fimse(Yg) = ElFma( Vo )]}- (3.2)
=1

/Ny,

Unfortunately, results from Drees and Rootzén (2010) are not directly applicable, as
functions f depending on n (and, even more complicated, on j) are not allowed in
their theory. Before proceeding, note that we may slightly redefine f]nsx Indeed,
let Z,, be defined analogously to Z,, but in terms of

fj,n,s,x(yla e ayé) = 1(] S Lst )gj,n@ (yla e 7yf) (83)

where

L
i1yt
Gina(Y1,- -5 Y0) Zl (Yi > Coo — (( n)rﬂ)x), e N.
i=1

Now, for all s,z € [0, 1],

> L NNy —1)r-+i
Zn(s,2) = Zn(s,2)| < 2—== D" Y 1% < ) = 1T < )]
nu, m n

j=1i=1

r

—_

m
’," B .
<9 1(4i=L < Itly <4
Srr=d Wi <s<H) <

J=1

A

(8.4)

nuy,

Recalling v, = %coo, we have r = o(y/nv,) by (B3). As a consequence, we have
shown that

Sn = /%7, +op(1) in £2(]0,1] x [0, L]), (8.5)

such that it is sufficient to show that the process Z, converges to cao’’S.

Consider weak convergence of the fidis of Z, first, and for that purpose let us
first assume that the blocks Y, 1,...,Y}, », are independent. The general case will be
reduced to the independent case by the Bernstein blocking technique below. Under
the assumption of independent blocks, we may apply the Cramér-Wold device and
the classical Lindeberg CLT (Billingsley, 1995, Theorem 27.2). We need to show
that

lim ¢, ((s,2), (s",2")),= cc((s, ), (s, 2)), (8.6)

n—0o0

where ¢ is defined in (3.2) and where

cn((s, ), (5 95 7200‘7 finsz(Ynj), Fin,s' a2 (Y7 ,J)) (8.7)

m}n

and that the Lindeberg condition is satlsﬁed, that is, for any (s,z) € [0,1]? and any
e >0,

1 m
1' — E[ 1, N,S,T Yn B n,8,T 2
R0 T3y ; Uinsang) = B fimasYni))
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1(|fjnse(Yng) = E finsa(Yng)| > ey/no)| =0.

Observing that |fj 52| < 7, the Lindeberg condition is actually a simple conse-
quence of the assumption 7 = o(y/nv,) in (B3), see also Corollary 3.6 in Drees and
Rootzén (2010) for a similar argumentation.

It remains to prove (8.6), and for that purpose, we follow arguments from the
proof of Remark 3.7 and Corollary 4.2 in Drees and Rootzén (2010). First of all,
since |E[fjn.se(Yni)]| < rP(Xp1 #0) =rv, forall j =1,...,m and s,z € [0,1],
we have that

cn((s,2), (S,’ I‘,)) = % Z E[fj,n,s,x (Yn,j)fj,n,s/,:c’ (Yn,j)] + O(rvy)
= D316 < Ls A m])AG) + Ofru) (538)
—1
where )
An(d) = o, E [gj,n,w(yn,j)gj,n,x’ (Yn,j)]

and where the remainder is o(1) by (B3).

Let us next calculate A, (j). For that purpose, recall the notion of the length of
the core of a cluster y, denoted by L(y), see Definition 2.1 in Drees and Rootzén
(2010). Let K > 0 be a constant and decompose

An(j) = i E [gj,n,;t(Yn,j)gj,n,z’ (Yn,j)l(L(Yn,j) < K)]

rUn

1
+ —— B [gine(Yng)gjma Vo) LL(Yng) > K)]

By stationarity, we have
1 T
Rux() < — Y P(X;” >0,X! > 0,L(Yp1) > K>
"n s ’ ’
1

<-E [(Z 1(X),; > 0))21(L(Yn,1) > K)}
n i=1
< {% E [( y (X . > 0))2%} }2/(2+5){N{P(L(Yn71) > K)}MM).
" i=1 "

Thus, as a consequence of (B4) and Lemma 5.2(vii) in Drees and Rootzén (2010),
which is applicable by (B3), we obtain that

lim limsupsup{R, x(j):j=1,...,m}=0. (8.9)

K—00 n—oo

Further, for any j € {1,...,m},

1 . "
Sn,K(]) = 7 Z P(X;L,i > Coo — c(%)an;m" > Coo — c(%)mlaL(Yn,j) < K)
il edn
1 ) iy
- P(XP o — (D), X! > ey — oL ’,LYn»<K)
o 2 P(Xni > e = e X > o0 — o) L(Yy) <
iy EJn,j,
li—i/| <K
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=5, k() + R k().

where
) 1 - ,
;,K(J) = Z P<Xfm' > Coo — C(%)JU:X;W > Coo — C(Zﬁ)l',),
" iledy, i
il | <K
. 1 0
wri(J) = o Z P(X;m- > Coo — €5 e, X > oo — ()2, L(Yy 5) > K)
n '€y i,
i | <K

By similar calculations as in (8.9), we have that

hm limsupsup{ Ry, (j):j=1,...,m} = 0. (8.10)

K—00 n—ooo

Further, by Lemma 9.1 and uniform continuity of ¢,

K/\(r—i)
i (J) = ﬁ Z {do (x,2") Z {dp(z,2') + dh(a:’,x)}} +0(1)
0 iedn, h=1
(%)
= Dg(z,2') + o(1),
where the o(1) is uniform in 2,2’ € [0,1] and j = 1,...,m and where
K
Dicl,a') = do(w,2') + 3 {dn(w, @) + di(o/, 2)}.
h=1
Assembling terms, we have
L) : N
An(7) = =D (@, 0) + R () + By, 1 (7) + 0(1)
where the o(1) is uniform in j = 1,...,m and z,2’ € [0,1].

As a consequence of the latter display and (8.8), we obtain that

cn((s, x)a (8/7 .%'/)) = cn,K((‘g? iL‘), (S,a x,)) + tn,K((Sa $), (3/7 iL‘,)) + 0(1)?
where
L Lensym)
e i ((5,2), (s, 2")) = C;;lﬁ > i) Dk(a )
j=1
L(SAS ym|

tn i ((s,2), (¢, 2") Z {Rnx(5) x()}

By (8.9) and (8.10), we have

lim limsup tnK((S’x)7 (3,795',)) =0.
K—o00o pnooo

Further,
C(sNs)

Coo

ILm i ((s,2),(s',2")) = Dg(z,2)).

We may finally apply Lemma 9.2 to conclude that (8.6) is met.
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The next step consists of getting rid of the assumption of independence of blocks.
Recall that 1 < ¢, < r denotes an integer sequence converging to infinity such that
¢, = o(r). We may then write Z, (s, z) = Z (s, z) + Z,, (s, ), where

lsm|  jr—£n

1 . .
_ N ;:1 | (21:) . 1(X7/m‘ > Coo — C(55)T) — Pr(Xfm > Coo — ¢(5)T)
=1 i=@G-1)r

7 (s,x) = N S UKL > e —e(E)x) = Pr(X) ;> oo — (L)),

™ =1 i=jr—ln+1

Further, for n € N, let Y;74,..., Y, denote an i.i.d. sequence, where Y;*, is equal
in distribution to Y7, 1. Let Z* Z* * and Z,,* be defined analogously to Z,,Z; and
Z,, , but in terms of Yn, Y, We Wlll show that:

(i) For any s,z € [0, 1], we have Z,,""(s,z) = op(1) and Z,, (s,x) = op(1).

(i) The fidis of Z;* converge weakly if and only if the fidis of Z| converge

weakly. In that case, the weak limits coincide.

As a consequence, the asymptotic distribution of the fidis of Z,, coincides with the
asymptotic distribution of the fidis of Z7, and the latter has already been derived
above.

Proof of (i). Let us first show that Z.*(s,z) = op(1), which follows if we show
that Var(Z,,*(s,x)) = o(1). Now, by stationarity,

E{il( } >E Z{ i (X'é,z-#())}2
=1 j l)gn+1

- [H E{éznux;m #0)}2. (8.11)
n i=1

As a consequence, by independence of blocks, stationarity and (B4),

In

Var(Zo* (s, 2)) < —> Var (Z 1(X,, # 0)) = O(t,/7),

nuy, —
which converges to 0 by the assumption on £,.

Now, consider Z,, (s, z). Split the sum into two sums Z.**"(s, ) and Z, °%(s, z),
according to whether j is even or odd. It suffices to show that each of these sums
is op(1). We only consider the sum over the even blocks; the argumentation for the
odd blocks is similar. Now, since the observations making up the even numbered

blocks are separated by r observations, we may follow the argumentation in Eberlein
(1984) to obtain that

dTV(P(Ynﬂj)lgjg[m/%7P(erk,2j)1§j§Lm/2J) < |m/2]B(r), (8.12)

where dry denotes the total variation distance between two probability laws. Since
mpB(£,) = o(1) by (B3), the latter display is o(1). As a consequence, Z, """ (s, z) =
Ly, *(s,z) + op(1). Finally, Z, **»*(s,z) = op(1) by the same reasoning as for
/e

Proof of (ii). Note that Z; only depends on (Y(T Y1 <j<m, where Y\~ ] ! consists
of the first r — ¢, coordinates of Y, ;. A similar assertion holds for Z:>*, which is
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defined in terms of ((Y,;)" ")1<j<m. The assertion in (ii) follows from the fact
that

dry (PO hsizm PO sisny < mB(d,) - 0

by assumption and since the respective shortened blocks are separated by ¢, obser-
vations.

It remains to show asymptotic tightness. For that purpose, decompose Z, =
28V + 700 and likewise Z) = 7™ + 72" into sums over even and odd numbered
blocks. Clearly, asymptotic tightness of {Zy(s, Z)} (s z)e[o,1? follows from asymptotic
tightness of {Z;*"(s, 7))} (s.2)ef0,12 and {Zg'(s, %) }(5.2)c[0,172- We only consider the
even numbered blocks. In view of (8.12), it is further sufficient to show asymptotic
tightness of {Z;*"*(s,2)}(sz)ef0,12- To reduce the notational complexity, we in-
stead prove asymptotic tightness of {Z, (s, )} (s 2)e[0,1]2- For that purpose, we apply
Theorem 11.16 in Kosorok (2008), with ¢ in that theorem replaced by (s,x), and
with

Frj(ws (s,2)) = 1(E < s) %

1 . .
NG ig;j 1(Xn7i(w) > Coo — c(%)x),

where w is an element of the underlying probability space on which the X,;*z are
defined. We need to show that

(1) {fn;:j=1,...,m} is almost measurable Suslin (AMS);
(2) the {f ;} are manageable with envelopes {F}, ;} given through

1 /
F, i (w) = 1(X, 7 :
)] (W) \/m ZEZJ: ( n,z(w) # 0)
n,j

(3) limy, 00 B{Z (s, 2)Z%(s',2")} exists for all (s,x), (s',2") € [0,1]%
(4) limsup,_,o >t EF7 ;< 00
(5) limy, o0 Z] 1 EFn’] (FnJ >¢) =0 for all € > 0;
(6)

p(s,x;8, ") = limy, 500 pu(s, 738, 2') exists for every (s,z), (s',2') € [0,1]?,
Where

1/2
on(s, ;8 2') {ZE‘fw 7S, T) fnj(';sl,x’)F} . (8.13)

[In that case, p defines a semimetric on [0, 1]2.] Moreover, Pn(Sny Tns Shyy Th) —
0 for all sequences (S, Tn)neN, (84, Zh)nen C [0, 1]? such that p(sy,, 2y ), 20,) —

0.

Proof of (1). By Lemma 11.15 in Kosorok (2008), the triangular array {f,;} is
AMS provided it is separable, that is, provided that, for every n € N, there exists a
countable subset S, C [0, 1] such that

P*( sup inf Z{fn] w; 8,x) — fnj(w;s, 2"} > 0) = 0.
(

s,x)€[0,1] (s',3")€Sn j=1

Define S, := (QN[0,1])? for all n € N. Then, for every element w of the underlying
probability space and for every (s, x) € [0,1)2, there exists (s',2') € S,, such that

Z{fn,](wa va) - fn,](w7 Sl7x/)}2 =0.
7=1
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Proof of (2). By Theorem 11.17(iv) in Kosorok (2008), it suffices to prove that
the triangular arrays {f, j(w;z) = ﬁZieJn,j 1(X;:i(w) > (oo —c(L)z) 1w €
0,1]}j=1,....m and {gn;j(w;s) = 1(j/m < s) : s € [0,1]}j=1,..m are manageable
with respective envelopes {F}, j(w)}j=1,...m and {Gy;(w) = 1};=1, . m. Following the
discussion on Page 221 in Kosorok (2008), these two assertions are consequences of
the fact that both f, ; and g, ; are increasing in x and s, respectively.

Proof of (3), (4) and (5). Condition (3) is simply the calculation of ¢((s,z), (s',2"))
above. Condition (4) is a consequence of (B4). Moreover, the assumption r =
o(y/nvy) in (B3) implies (5).

Proof of (6). Let

o0
o(x,x') = do(z, 2’ +Z (dn(z,2") + dp (2, 2)).
h=1

For (s,x),(s',2') € [0,1]?, let # = z if s > s’ and Z = 2’ else. Then, by similar
arguments that lead to (8.6), we have

L(sAs"ym] L(sVs"ym]

1 9 )
- m{ > E{ginaeVi) = G V) + D E{gina(Yay)} }
" J=1 j=|(sAs')ym]+1
= c;ol{C(s A 3’){02(33, x) — 202(33, x') + 02(x’,x’)}

+{C(sV ) — C(s A s)}o(z, :7;)} +o(1)
= pQ((sa l’), (slvx/)) + 0(1)7

for any fixed (s, ), (s, 2") € [0,1]2. In order to show the convergence along sequences
as claimed in (6), it is sufficient to show that the convergence in the last display is
in fact uniform. Note that the argumentation used for pointwise convergence does
not imply uniform convergence, due to the pointwise nature of the main argument,
Lemma 9.2.

Let t; = (sj,m],s], J) € [0,1]%,j = 1,2. Suppose we have shown that

|07 (t1) = pii(t2)| S Ha(t1,12) (8.14)
with
Hy(t1,ta) = ho(|z1 — @2| + gn) + ho(|2) — 25] + gn) + [s1 — s2| + |57 — s3] + qn,

where ¢, denotes a sequence converging to zero (independent of t¢1,t2), where hg
denotes a continuous, non-negative, increasing function on [0, 1] with hg(0) = 0
and where the symbol ‘<’ means that the left-hand side is bounded by a constant
multiple of the right-hand side, the constant being independent of n,t;,t2. By
pointwise convergence of p2, we then also have

P2 (t1) — PP (t2)] S H(t1,t2), (8.15)
where
H(t1,t2) = ho(|z1 — 22|) + ho(|2} — 25]) + [s1 — sa| + [s7 — ).

Now, let ¢ > 0 be given. Then, by uniform continuity of hg, there exists § > 0 such
that H,(t1,t2) < e and H(t1,t2) < € for all ||t; — t2]]2 < ¢ and for all n sufficiently
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large. Choose a finite grid of points t(), ... ¢ such that each point ¢ € [0, 1]* lies
in the open ball of radius § with center ¢¢), for some j = 1,...,p. Then,

lon () = P2(0)] < |p7(t) = p7 ()] + |7 (¢9)) = p? (1)) + [p* (tD)) — p*(1)|
< 2e +miax|pf (19) — p(t)).
]:
The upper bound does not depend on ¢, and converges to 2¢ for n — oo by pointwise
convergence. Since ¢ > 0 was arbitrary, we obtain that p? — p? uniformly.

It remains to show (8.14). Let sY = s; V s} and s} = s; A 8. Up to symmetry,
we need to distinguish three cases:

W<sh s, Bshs <s).
For brevity, we only consider the first case, and make the further assumption that
s9 < sh < s1 < sy. Introduce the notation G;(z) = gnj2(Yn ;). We may then write
,0721('51) - Pi(t2) = an1 + ap2 + an3 + ang,
where

VB [{Gilen) - G} — {Gilwa) — Gy},

an1 = =1
/

ity i

Zbﬁm]«#l [{Gj(xl) - G](xll)}z - {Gj(i?)}2:|7
ans = e St B [{G() - G},

e i B G0,

Note that E{Gj(x)} < E{X e, 1XG, > 0}2 = O(rv,), uniformly in z and

n,t

j=1,...,m, by Condition (B4). Hence,

/
|an2| 5 \‘Ssz - |_32mJ
m

an2 =

an4 =

<shy—so+m Tt < |sp —so| +m7!

Similarly, |a,3| and |a,4| are bounded by a constant multiple of |s] — sh| +m 1. Tt
remains to treat |a,;|. The triangular inequality and the Cauchy-Schwarz-inequality
imply that each summand of |ay1| can be bounded by

E “Gj(:m) = Gj(ah) + Gj(x2) = Gi(an)] - |Gj(w1) — Gj(ah) = Glwa) + Gj(xé)‘]
/ 21 1/2
< {B[Gj(01) - Gj(ah) + Gj(w2) - Gy(ah)|*}

X {{ E|Gj(z1) — Gj(:m)‘Q}I/Z + { E|Gj(z)) - Gj(xlz)‘z}lﬂ}

The first factor is of the order O((rv,)"/?) by Condition (B4), uniformly in j =
1,...,m and the z-arguments. Regarding the second factor note that, by Holder-
continuity of ¢ as assumed in Condition (B2), we have

0 < (X)) = Ke(5)2 < e(d) < elif) + Ke(5)? Vi€ Juy,

for sufficiently large n. Without loss of generality, let 1 < x3. Then, by monotonic-
ity and Condition (B5),

E‘Gj(l'l) —Gj($2)}2
= E{ Z ]—(coo - (%) 12> an > Coo — C(%)wQ)}Q

1€Jn,j
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<B{ Y Uew — () — Kel2) )y 2 X}y > o0 — {e(E) 4 Kol 5) s}

iGJn’j
< h(e() (g — 1) + Ke(Z)Y2 (@1 + 9))rE
< h(coo(xg —x1) + 2Kcm*1/2)rvn (8.16)

As a consequence,
lan1| < RY? (coolzy — mo| + 2K,m™Y2) + WY (coo|a!, — 2| + 2K.m™Y/?)
which finally proves (8.14) with ho(z) = h'/?(ceo) and ¢, = 2K.m ™% /c. O

Proof of Proposition 6.2. Let (s,z) € [0,1] x [0,L]. Set e,(z) = V(n/(kzx)) =
F~Y(1 — kx/n) such that, almost surely,

Fo(s,z) = \/E{]i f: 1{U§"> > FnJ(V(:—x))}l(i/n <s)— xc(s)}

=Vks - ) 10U, 1—- 11 <s)— .
f{k; {Ul > W 1= F(en()) } (i/n < s)—axC(s)
According to Condition (B6), there exist yg < z* and 7 > 0 such that, for all
y>y0,n€N,1§z§n,
. T 1 1—F,i(y) . T 1
1-— A < —2 K 1 A .

CW”){ Cmin (1 - F(y))} ST1-F(y) C(Z/”){ L (1 - F(y)>}

Since €, (z) — z*, this implies, for n large enough,
kx — Fyi(en(x)) kx

(U > 1= i - a0’ e Ul >3- SRR

c {U > 1~ clifm)1 + 5@’%}, (8.17)

where 4, = sup,¢q, 1 ﬁA(k”—x) = CminA( A L). As a consequence, by the definition
of S;, in (6.1), almost surely

Sn(s,2(1 = 6,)) — VEG,2C(s) < Fn(s,z) < Sp(s, z(1 4 6,)) + VES,zC(s).

Therefore,

sup F,(s,2) — Sn(s, z)| < 2ws, (Sn) + 2Vkdy,
(s,2)€[0,1]x[0,L]

where, for § > 0,

ws(Sp) = sup ISn(s,y) — Su(s, 2)|. (8.18)
(s,9),(s,2)€[0,1]2:|y—2z|<é

Now, since Vkd,, < \fﬁA(%) = o(1) by Condition (B6), it suffices to show that,
for any € > 0,
lim sup P(ws, (S,) > ¢€) = 0. (8.19)

n—o0

For arbitrary é > 0, we have
P(ws, (Sp) > €) = P(ws,, (Sp) > €,0, < 0) + P(ws, (Sp) > €,0, > 0)
< P(ws(Sy) > ¢€) + o(1).

In the following we set L = 1 in order to be able to refer to the proof of Proposi-
tion 6.1 in an easier manner; the general case L. € N can again be shown analogously.
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Consider the semimetric p on [0, 1]? defined in the proof of Proposition 6.1, see
(8.13). By Theorem 11.16 in Kosorok (2008), we know that [0, 1]? is totally bounded
under p. Further, by (8.15), p((s,¥), (5,2)) < hy*(|ly — 2|) < hy/*(8) for all s,y,2 €
[0,1] with |y — 2| < J, where hg is non-decreasing and continuous with hg(0) = 0.
Consequently,

lim lim sup P(ws(S,,) > €)

00 n—oo
< lim lim supP( sup ISn(s,y) — Sn(s, 2)| > 5),
0 n—oo (5.9),(5,2)€[0,1]2:p((5,),(5,2)) <8

which equals 0 by Theorem 7.19 and Theorem 11.16 in Kosorok (2008), the latter
being applicable because of the proof of Proposition 6.1. O

9. AUXILIARY RESULTS

Lemma 9.1. Under the assumptions of Proposition 6.1, for any fized h > 0, we

have that
L P(X/ Ny X! ithy, ./ c(y) /
sup  sup |— i > Coo = ()T, Xy iy > Coo — c(F0)2" ) — —"=dp (0, 27)
z,2'€[0,L] 1=1,...n Un Coo
k

converges to 0 as n — oo, where v, = v,(L) Coo With Coo = Coo(L).

=0
Proof. First note that, as a consequence of (2.1) and the continuous mapping theo-
rem, for any £ € N and with ¢, = coo%,

P((X)1....X, ) €dz | X, >0)

=P((coofl = (aZ) bt eoo{l = (enZ0) 1) € da| 21 > )
WP((Wl, ceey Wg) S d.l‘),
where W; = ¢oo(1 — 1/Yj—1)+. Note that W; is standard uniform on (0, cs) and

that W; > 0 may have an atom at zero and is absolutely continuous on (0, c«), for
J > 2. A simple extension of Lemma 2.11 in van der Vaart (1998) implies that

sup |P(X;L71 >xi.., Xy >a | X > 0)—P(Wy > a,..., W, > l‘g)‘ = o(1).

T1,...,20>0

Thus, for h > 0 fixed, by uniform continuity of ¢ and r = o(n),

1 ) )
v—P(X;m- > Coo — c(%)x,XAH_h > Coo — c(%)ﬂ)
n

—~

— P(X;m- > Coo — c(%)m,XAHh > Coo — C %)x’ | X,'m- > O)
b)a') +o(1)

= P(W1 > coo — (D)2, Whi1 > coo — c(%)x’) +o(1),

+

= P(W1 > Coo — (L), Whi1 > coo —

n

where the o(1) is uniform in 7 = 1,...,n and z,2’ € [0, L]. Further, by the spec-
tral decomposition of (Y%)ien, (Theorem 3.1 in Basrak and Segers, 2009), that is
(Y2)ten, = (YoOr)ien, for some process (0¢)en, independent of Yj and with ©g = 1,
we obtain, by a change of variable,

P(Wl > Coo — C(%)l‘, Whit1 > Coo — C(%).%'/)

c c
:P(Y s Co y s O )
0 c(%)x h c(L)a!

n
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oo
:/ P<Y0>C%.O,Y0@h> Coo ’YE):y>y_2dy
1

c(5)x c(%)x’
> c
= P(O), > —= —2d
/coo ( h yc(é)x’)y Y

_ o) [ Ly o
s /1/1P(9h>2l">z *

i 1 1 i
= C(n)P<Y0 > - Y, > j) = C(n)dh(l‘,xl),
Coo x X 00
which implies the assertion. O

Lemma 9.2. Let (an)nen, (ck)ken and (7nk)m kenz be sequences satisfying

n =cCt+7rnr and lim limsup |ry, x| = 0.
7 k=00 n—oo ’

Then (ci)ren and (ap)nen are converging, and the respective limits are equal.

Proof. Let Ry, = limsup,, ,., rn . Along a subsequence, we have limy_,o0 7, 1 = Rj-
Hence, a = limy_,o an, = c + Ry, exists, and therefore limy_,o ¢ = a. Finally,
limsup,,_,o an < ¢ + Ry — a and liminf, o an, > cx — Ry — a as k — oo. ]
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SUPPLEMENTARY MATERIAL ON
“STATISTICS FOR HETEROSCEDASTIC TIME SERIES
EXTREMES”

AXEL BUCHER AND TOBIAS JENNESSEN

ABSTRACT. This supplementary material contains the remaining proofs for the
main paper. Proofs for Sections 3-5 are presented in Sections A-C, respectively.
Some auxiliary results are collected in Section D.

APPENDIX A. PROOFS FOR SECTION 3

Proof of Theorem 3.1. Fix s € [0,1]. By definition, Kj(-,0) and Kj(-,1) do not
depend on n, and the same is true for Kj(-,s) with s € (0,1) and sufficiently large
n; we then have Kj(-,s) = K. Let

W) =k 31X 5 v (L))
=1

such that F,(1,2) = Vk{¥,(z) — 2}. By Proposition 6.2, {Fn(1,2) ae0,1) ~
{S(1, 2)}aepo,1y in (£([0,1]), ]| - lloo)- Note that Wit (z) = nk™ {1 — F(Xp k) },
such that

{\/E(nk—lu — F(Xpne ko)) —x) +]F‘n(1,x)} — op(1)

x€[0,1] N

by the functional delta-method applied to the inverse map (see Theorem 3.9.4 in
van der Vaart and Wellner, 1996). In particular, for y, = nk={1 — F(X, )} we
obtain

VE(yn — 1) = =Fu(1,1) + op(1) ~ —S(1, 1), (A1)
yielding
P(RY 42y, — 1] < 1) — 1. (A.2)

Let Kj(«, s) and K, (-, s) denote the positive and negative part of K3(-,s), respec-
tively, and define, for y > 0,

09 = (X v () ().

=1

such that &,(s) = ¢ (yn, 8)—c;, (yn, s). Note that ¢t (-, s) is monotonically increasing;
therefore on the event {h'/*k'/2|y, — 1| < 1} in (A.2) we have

e (y™,8) =, (yh,s) < b (un ) — ¢ (Yns s) < b (yh,s) — e (s s).

where y* = 1 4 (kY/2p1/4)=1,
The proof of the theorem is finished once we have shown

VER{eS (5T 8) — e (™ s) = els)} ~ N (ps, 02), (A3)
VER{c (y™,s) = cn (yt,s) = e(s)} = N (ps, 02). (A4)

April 21, 2022
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We restrict ourselves to proving (A.3), the assertion in (A.4) can be treated analo-
gously. Set

I (:5) = Z (U(n N C(i/")%)K5t<S _hi/n”)

and let us first show that

VER{ch (", 5) — e (y™os) —df (yh,s) +dy (v, 9)} = op(1). (A.5)
which is a consequence of
VER{c] (yt,s) —df (yt,5)} = op(1), VER{c;(y™,5) —d, (y~,5)} = op(1).
(A.6)

We only prove the first assertion in (A.6), the second one follows by similar argu-
ments. By the same arguments that lead to (8.17), defining e, = F~1(1 — ky*/n),
we have

+ — F . kyt
M) S 1 e(i/n)(1 — ky™ cly™ < q_ 1 — Fui(en) ky
{o > 1= dim—w) == < (U > 1- T2 Flen) n J
(n) ky*
C _
C {U > 1= ci/n)(1+w,) = }
where w,, = iA(ﬁ(En)) = ﬁA(—) Consequently, rewriting
1 < (n) 1— Fhi(en) ky™
Flen)) =— > 1{u™ >1- ’ ,
Yo khz (07> Fen)) kh 2= {ul> 1— Fen) n}
(which is true a.s.), we have
dy_(y*,s) S en(y™,s) <dy (v 9), (A.7)

where
1 < §—1 kx
+ _ + (n)
dpy 4 (7, 8) = oh K, ( - ,s)l(Ul >1—c(i/n)(1 +w,)— - )

As a consequence of (A.7), the proof of the first assertion in (A.6) is finished once
we show that

VER{dy L (y*,s) — dy(yT,5)} = op(1). (A.8)
For that purpose, note that

E [VEhld} . (y",5) — dif (y™,s)]]
\/LG:]{ < hZ/n s)E “1<Ul(n) >1—¢(i/n)(1 :I:wn)kz—i_)

<2wny+F Zw( —i/n s)eli/n)

A () S (S e

Cmin
h2

5 ¢ (5)ns(s) + o(h*) +0 (%) }

_ 2 +WA( 2){elsm(s) = ne(s)mas) +

Cmin
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by Lemma A.1, where n; is defined as in this lemma with K replaced by K. ;r (-,s). The

term in the last line of the above display converges to zero since vVkhA(n/(kyT)) <
\/EA(n/(Qk:)) — 0 by assumption. This proves (A.8) and hence (A.5) as argued
above.

In the next step, we enforce a block structure, later allowing us to apply mixing
conditions and show asymptotic independence of blocks. Let r from Condition
(B3) denote the length of a block, and for simplicity we assume m = n/r € N
(otherwise, a potential remainder block of less than r observations can be shown to
be asymptotically negligible). Set

ON khZKi< —J/m )Zl(Ut(”)>1—c(%)%>.

tEIj
Subsequently, we show
v kh{d:(er? S) - d;(y77 S) - e:(era S) + e;z(yia 8)} = OP(l)' (Ag)

Write
[W |di(yt.s) — el (yT, )]

ﬁ;i’i ) () - s ()

Since K:F 5 (-, 8) does not depend on n for sufficiently large n and is Lipschitz-continuous,
say with constant L, the above can be bounded by

[T LR e W el LR

Y hmzzc( n ) 2h3/2z

which converges to zero by Condition (B7). Analogously, E [v kh‘d; (y=,s)—e, (y~,s) H =
o(1), implying that (A.9) holds. Together with (A.5), we have shown that

VER{ch (y",s) = cp (™. 8) —e(s)} = VRh{el (yT,5) —en (y~,8) = c(s)} +op(1),

whence the assertion in (A.3) is shown once we prove that

H, =Vkh{e (y",s) — e, (y~,s) —c(s)} ~ N(us,02). (A.10)
The assertion in (A.10) in turn is a consequence of
lim B[H,] = ps,  Hn—E[H] ~ N(0, o). (A.11)

We start by proving the assertion regarding E[H,,] in (A.11). For that purpose, write

E [em*, $) = ey )]

:kzhz ( —gn )ZP(Ut(n)H_C(Z)ky;)

tEIj

—Kb_<7s _}z/m,s) ZP(U( " —c(i)ky—_)
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= 2 e (St o ()

e { <8—g/m’5)y+_Kb(s—;’/m’s)y_}+O((kh)_1/2)’

where the 0((k‘h)_1/2)—term is due to ¢ being Lipschitz-continuous and kr? = o(n2h),
which holds by Condition (B7) and r = o(n/k) from (B3).
Hence, the above calculation and Lemma A.1 imply that

_ 1
mh

Sk

=1

.

2
S BUL] = 5 (clon (5) = e (s)a (5) + ¢ (5) (5) + o) + (k)
h2

™ (e(9)1 () = he'(s)ng (5) + - ()5 () + o(h?) + O(hy) )
—c(s) +o((kh)71/?),

where 7727F and 7n; are defined as 7; in Lemma A.1 but with K replaced by K ;’ (-, )
and K, (-, s), respectively (note that the latter two functions do not depend on s or n
as argued at the beginning of this proof). Next, note that |y= — 1| = (k*/2p1/4)~!
o(1/Vkh) and o(h?)+O(1/(mh)) = o(1/Vkh) due to k*/°h — X and kr? = o(n?h),
which follows from Conditions (B7) and (B3). As a consequence,

E[Ha) = VEh(e(s) (17 (s) =07 () = 1) = he'(s) (n (5) = 15 (5))

h2
+ () () =5 (5)) ) + (). (A12)

Note that K(-,s) = K; (-,s) — K, (-,s). First, let s € (0,1). For n large enough
1]

such that h < s <1 — h, we have K(z,s) = K(z), x € [-1,1], an
nf(s)—nf(s):/l K(z)dz =1, ni(s)—n;(s)= 11K )z dz =0,
ny ( / K(z)z? dz = a(s).

Second, for s = 1, the construction of the boundary kernel implies (Jones, 1993)
06 ) = [ B dr=1, ) - = [ K e ar =0,
i (s) = 5 / Ki(z, 1)a* dz = a(1).

And for s = 0, we have
nf(s)nl(s):/o Ky(z,0) dz =1, n5(s)—n;( / Kp(z,0)z dz =0,
06 -5 ) = [ Kol 002z = a(0)

Altogether, these equalities and equation (A.12) yield lim,,,~ E[H,,] = )‘52/2 d"(s)a(s) =

ps for any s € [0,1], as asserted in (A.11), where we again used k'/5h — X from
(B7).
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Next, consider the assertion on the right-hand side of (A.11). For that purpose,
recall oo = €o0(2) = 1 + 2|/c|loc and X7, ; from (8.1) with L = 2. We may then

rewrite e as
m
09 = i SO () A (X > el )
n kh] 1 tel; " "
J

We are going to apply a big-block-small-block technique. For that purpose, let
IP={(G—-Dr+1,...jr—0}, If={jr—ta+1,...jr},
where the sequence (£,,), is from Condition (B3). Set

1 m s
et p(y,s) = MZK&(S;/’”, $) DX > e = el L)) ~P(X7s > oo — (1)),
=1

tel?
Kj: ]/m X/ — (D)) =P (X! ot
s, s khz Zl( nt > oo — c()y) —P(X} ;> oo — c(3)y)-
tel?
As a consequence, we may write
H, — E[H,] = v kh{eﬁ,g(yﬂ s) — e;,B(y_a 3)} +v kh{ej;s(y"’, s) — e;,S(y_a 3)}7

whence the assertion on the right-hand side of (A.11) follows if we prove that

Hy = \/ﬁ{e:ﬂ(y"',s) - e;S(y_,s)} = op(1), (A.13)
Hy = \/ﬁ{e;B(y"',s) - e;B(y_,s)} ~ N(0,02) (A.14)

We start by proving (A.13), for which it suffices to show that Var (\/ﬁ{e:ﬁ(gﬁ, s)—
e;7S(y_,s)}) =o0(1). ForneNand j € {1,...,m}, let V, ; = (X;l’t)teljs, and note
that eis is a function of (V,,j)j=1,. m. Further, let (V;’j)jzl’,_M denote an i.i.d.
sequence, where Vg‘,j is equal in distribution to V,, ;. Finally, let ei’; be defined
as eis, but in terms of (Vr:j)j=1,-~,m instead of (V;, j)j=1,...m . First, we show the
assertion in (A.13) with ei g replaced by ei’;. By independence of blocks, we may
write

Var (\/%{e;;’;(y*, 5) — 67;7’;(3/_: s)})
1 & s—ij/m / ¢
kh;E HKH}Z/S) > (X > e —c(f)y)

<
tel?
i (P Y (X e c(,g)y)ﬂ
tely
K () e [{ Z a0 et} )

s
tel;
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< ﬁE H ZSI(X;M#O } ]ZK*( J/m,s)2+Kb(S_Z/m,s)2,
< (A.15)

where the last step is due to stationarity. As in (8.11), we have
2 r 2
l bk
E 1(X] <E 1(X) =0(—
[{Eﬁ: (K20} | <% [{; (20} | =o("h).
1

where the last bound follows from Condition (B4). As a consequence, the expression
in (A.15) can be bounded by

o) S (L) s (0

= O(%){/Si/lh K (2,5)? + K (z,5)? dx—l—O(%) (}A, |
.16

which converges to zero due to ¢, = o(r) and mh — oo, since kh — oo and m > k
by r = o(n/k) in Condition (B7) and (B3), respectively. Hence, v/ kh{e:’;(y*', s) —
e, ’s(y~,s)} = op(1). The same argumentation that was used in the proof of Propo-

sition 6.1 can be used to deduce (A.13).
It remains to prove (A.14). For that purpose, write

1 m
n2 = m{€:73(y+75) - 6;’B(y_,8)} = mj;fj,n(s)a
where, for j € {1,...,m},
fin(s) = K;r <5]‘Z]/m?8> Z {I(X,’%t > Coop — c(%)y*) — P(X;%t > Coog — c(%)y*)}

B
tel;

-K, <S_]‘Zj/m,s> Z {I(X,’%t > oo —c(£)y7) = P(X],; > coo — c(%)y*)}.

B
tel;

Note that fj,(s) is centered and depends on the block I jB only, such that the obser-
vations making up f;.(s) and f;,(s) are separated by at least ¢, observations for
j # 4. By the same arguments given in the proof of Proposition 6.1 we can assume
that f1,(s),..., fmn(s) are independent. As a consequence, we may apply the clas-
sical Lindeberg Central Limit Theorem. The Lindeberg condition is satisfied, if for
any € > 0,
JL%%ZE[E, 21 |fjn( s)| >€\/ﬁ)] =

Since |fjn(s)] S r— 4, S r, the Lindeberg condition already follows from the
assumption r = o(v/kh) in (BT7), see Corollary 3.6 in Drees and Rootzén (2010) for
a similar argumentation.

It remains to prove that lim, o, Var(H,2) = o2. Let
dn,j(y) = Z 1(Xn,t > Coo — C(%)y),
telf
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such that
ot = 55 o (=222 ) 5 (2 )
j=1
— klth [{K;(S Z/m,5>dw(y+) K, (S_Z/m’ )dn,](y_)}2]
_E [K;‘(S }z/m,s)dnj(er) K (8_;/m73>dnj(y)]2
=: A, — B,

By stationarity,

Bl ()]l € 30 P(Xy #0) = (r — ) e (D)

B
tel;

implying

an\slhijj{ () Bl Ky (P 5) Bl

1 & 2 — 2
< ool Qk ZK+< J/m’s) +Kl:(3 J/m78)’

mmh h

which converges to zero by the previous calculation in (A.16) and k/m = o(1) by
Condition (B3). As a consequence,

Var(Hp2) = Ap + 0(1). (A.17)
Next, write A4, = m™! > i1 An(j), where
. s —j/m _(s—j/m NG
An(j) = 13 E HK;( IR 5 ) gy = Ky (5 8 ) dus(y )} }
Recall the definition of the length of the core of a cluster y, denoted by L(y), see

Definition 2.1 in Drees and Rootzén (2010). For some constant K > 0, writing Y,, ; =
(Xyt)iere for j € {1,...,m}, we may then decompose A,(j) = Sp x(j) + Rnx(4),
’ J

where
Sn,k (J)
khE {Kb (Sﬁ]/m’ )d S - K; (S}f/mjs)dw(y)}Ql(L(Ym) <K)|,
Rk (7)
—%E {Kb (sé/m,s)d ) Kb_(s}‘Z/m,s)dw(y)}21(L(Ym)>K)
We have
Roc() < 1B (2 ;Z/m, ) B i1 (L(Yay) > K)]
+ZZK—<S_}{/m, ) E[di7j(y_)1(L(Y )>K)}
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The two summands summands on the right-hand side can be written as

s—j3/m \?2
%Ki (h/,s> Z P(Xf%t > Coo — C(%)yi,
q,tEIJB

X > oo — cla/m)y*, L(Yay) > K)

s—j/m 2
B E 00 )

q,teljB

g (2 Hil(X{w >0} 1(L(Y) > K)|

5

%Ki (}Z/m S)Q{TZ E [{ ; (X, > 0)}2“} }QiS{ZLP(L(Yn,l) > K)}““

by Hoélder’s inequality. Consequently, we obtain

;iRn,K(j)é{ZE[{il(Xz,t>0>}2+6}}2%{7ZP(L<Y )>K)}i
=1 t=1
SR e (2

By Condition (B4) and Lemma 5.2 (vii) in Drees and Rootzén (2010), which is
applicable by Condition (B3) (note that their vy, is v, = Pr(X,,; # 0) = fcoo( ) in
our notation), we have

hm lim sup — Z R, k(j) =0. (A.18)

K=o oo M5
Next, consider the term S, x(j) with j € {1,...,m}, which may be written as
Sn, i (5)
- ]:,;I{K; (W’S)zE [diyj(er)]‘(L(Yn,j) < K)}

+ K, (8—;/”’ 5)2 E {di,j(y‘)dn,j(y‘)l(L(Yn,j) < K)]

- (S ) Ry (P B [t s () < )]}

ZL{K+< —}{/m78>2 Z P(X;L’t>coo_c(%)y+7

q,tEIjB,|q7t|§K

Xig > oo = By LVay) < K)

_(s—j/m \2 _
+ K, (T,s) Z P(X,’m > oo —c(L)y,

162



38 AXEL BUCHER, TOBIAS JENNESSEN

s—7/m _/Ss—7j3/m
- 2Kgr<}z/,s)Kb (;Z/,s) Z P(X,’L’t > coo — L)y,
q,tGIJB,|q—t|§K

X!, > oo — c(L)y ™, L(Yy) < K) }

Let S;h x(j) be defined exactly as the right-hand side of the previous display, but
with the probability terms replaced by

P<X’:L,t > Coo — c(%)y, X7,L7q > Coo — C(%)y/)

for y,y' € {y",y~} (ie., we omit the additional condition L(Y, ;) < K everywhere).
Further, let R, 1 (j) = S, x(j) — Sn,k(j). By the same arguments that were used
for R, ik above, one can show that

m

1
lim limsup — Z R, x(j) =0. (A.19)

K—0o pnosco M4 1
‘7:

Regarding the remaining terms Sq’% k(4) we obtain, by uniform continuity of ¢ and
Lemma 9.1,

nri () = Sy () + Ry (4)o(1),

where the o(1) is uniform in j = 1,...,m, where
L1 s—L 2 1 ss—L 2 9 s— L _s—L
RiG) = a6 (S )+ 8 (S e) =il (e (55 )
and where
1 s— 4 \21 KA(jr—tn—t)
k() = K () S Y e {d Ty 2 Y dtyD))
tEIJB q=1
i KA(jr—~£€n—t)
P () IS w2 Y )
tEIJB q=1
9 _ i _ 1
*ng;rC hm,S)Kb*(is hm’8>
1 KA(jr—£y,—t)
'Tt; C(%){dO(er’y_)Jr ; dq(y+,y_)+dq(y_,y+)}.
j

By Lemma A.1 (and a straightforward extension of this lemma to the case of a
product of kernels) we have m ™1 > i1 Ry () = O(1). Moreover,

. s—% 2 1 s—% 2 -
nicld) = K (F5) 2Dkt ) + 1 Ky (S5 s) o) Dk )

()6 () D ) o)

where the o(1) is uniform in j = 1,...,m (and in y™,y~ € [0, 2] as arbitrary inputs),
and
K
Dy (x,2") = do(z,2") + qu(w,x') +dy(2', ).
q=1
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Therefore,

3

J=1

S\H

m J\2 s—L 2
D el I () Dty ) + Ky (S D)

Jj=1

2|

om0 Ry (5 Dl o)} o),

which converges to ¢(s)n(s)Dk (1, 1) by a straightforward extension of Lemma A.1 to
the case of a product of kernels. Further, note that Dy (y,y’) converges to Dy (1,1)
for y,y' € {y™,y ™}, since d; is continuous in (1,1) by Theorem 2 and its subsequent
discussion in Segers (2003). Finally, since

1 m 1 m / ‘ 1 m / ‘ 1 m ‘
= EZ EZS":K(]) - EZRn,K(])"i_EZRn,K(J)
=1 = 7j=1 7j=1
Lemma 9.2 and (A.18) and (A.19) imply lim, o Var(H,2) = lim, o A, = 02,
where we used (A.17). O

Lemma A.1. Assume c € C?([0,1]). Let K be a Lipschitz-continuous function on
[—1,1] with K(xz) = 0 for |x| > 1. Further, let h = h,, > 0 satisfy h — 0 and
nh — oo for n — oo. Then, for any s € [0,1], as n — oo,

- s—1i/n 9
a > Y el /m) = elsm(s) — bl (ma(s) + 5 (pms(s) + 0(0?) + O( ),

% ; (2 _hi/n)c(i/n) — o(s)ma(s) + O(h) + O<7Tlh)'

where

n(s) = 1(s§h)/ hK(az)dx—i— 1(h<s<1l—h) /1 K(z)dz+1(s>1—h) /SllK(x)dx,
n2(s) = 1(s<h) /S hK(x)zdx+ 1(h<s<1l—h) /1 K(x)zdr +1(s>1— h)/1 K(z)zde,
s/ 1 1
n3(s) = 1(s§h)/ hK(m)dex +1(h<s<l-— h)/ K(z)r*dr +1(s>1—h) LilK(ac)xzdx,

s/
774(5)z1($§h)/71 hK2(x)dx+1(h<5<1h)/llKQ(:c)dxle(leh)/sllK2(x)dx.

Proof. A Riemann sum approximation implies

hZK( Z/”) (i/n) = / K(x (s—hm)dm—l—O( h)

Next, by Taylor’s theorem, there exists some 7, € [0, 1] such that

s/h
ﬂ_l K(z)c(s — hx) dx
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s/h s/h h2 s/h
= c(s) / K(z) dz — hd'(s) / K(z)x de + ?c”(s) / K(z)z? dx
szl s;l %1

h2 s/hK 21 01 h " d
—l-? - (z)a*{" (s — zh1y) — "(s)} da.

Since K has compact support and ¢” is continuous, the dominated convergence
theorem implies that the last integral is of the order o(h?). If s < 1 — h, we have
% < —1, and for s > h, we have s/h > 1. This allows to rewrite the boundaries of
the integral accordingly in view of the fact that K has support [—1,1].

For the second assertion, write
1 o~ o/s—i/ny
%ZK ( . )c(z/n)
=1
S

= /é/lh K%(x)c(s — ha) dx + O(n—lh)

= c(s) /Si/lh K*(z) dz + ﬂi/lh K2(gg){c(s — hx) —c(s)} dz + O(n—1h>

— e(s) //:l K2(z) dz + O(h) + O(n—lh),

where the last step is again due to the dominated convergence theorem. O

Proof of Theorem 3.2. As at the beginning of the proof of Theorem 3.1, let y, =
nk™'{1 — F(X,,—k)}. The definition of the STEP F,, in (6.2) allows to write
VI{C(s) = C(9)} = Fr(s,yn) + C(s)VE(yn — 1)
By the proof of Theorem 3.1, see (A.1), we know that
VE(yn — 1) = =Fp(1,1) + op(1).
Suppose we have shown that

sup |Fn(s,yn) — Fn(s,1)| = op(1). (A.20)
s€[0,1]

Then, by the previous three displays, uniformly in s,

VE{Cy(s) — C(s)} = Fn(s,1) — C(s)Fp(1,1) + op(1), (A.21)
which implies the assertion since {Fp(s,1)}secp0,1) ~ {S(8; 1) }seo,1) in (€2°([0,1]), || -
lloo) by Proposition 6.2. It remains to prove (A.20). Note that

sup |Fn(s,yn) — Fn(s, 1)] < sup Fn(s,y) —Fn(s, 2)|,

86[071] (s,y),(3,2)6[0,1]2:|yfz|<|yn71|
For any £ > 0 and p € (0,1/2), we have P(k*|y, — 1| < &) — 1. Thus, on this event
the above supremum can be bounded by

sup |]Fn(57y) —Fn(S,Z)’-
(s,y),(s,z)G[O,lP:|yfz|<5n

where 6,, := ek™" | 0. Analogously to showing (8.19) in the proof of Proposition 6.2,
we obtain that the last expression is asymptotically negligible (note that the same
semimetric used in the proof of Proposition 6.2 can be applied here by Theorem
7.19 in Kosorok (2008) and Proposition 6.2 and the proof of tightness in the proof
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of Proposition 6.1, which made Theorem 11.16 in Kosorok (2008) applicable for
Sn)- O

APPENDIX B. PROOFS FOR SECTION 4

For b € N and (s,z) € [0,1]? let
(b) BRI W0 ) B2 (5y)1s
7j=1 i€l
1 & . :
FO)(s,2) = 72 &> (x> v(E))GE <)
7=1 i€l

denote bootstrap-versions of the (simple) STEP defined in (6.1) and (6.2).

Proposition B.1. Suppose that Conditions (B0)-(B6) hold for L = 1. Then, for
any B € N and as n — oo,

1 B : 0 B+1
(Sn,84 0, 8UD) = (8,80, 8B in (62([0,112), 1] - 1)
where S, ... SB) are independent copies of S from Proposition 6.1.

Proposition B.2. Suppose that Conditions (B0)-(B6) hold for L = 1. Then, for
any b € N and as n — oo,

sup [F{l(s,2) = S|y (s,2)| = op(1).
(s,2)€[0,1]2

As a consequence, by Proposition 6.2 and B.1, for any B € N and as n — oo,
B . 00 B+1
(Fo, B FSD) o (8,80, 8B)in (6°(10,112), ] - [loo) P
where SW, ... SB) are independent copies of S from Proposition 6.1.

Proof of Theorem 4.1. Define

where
Dgl)ﬁ(s) - 72‘5]( ) Z 1(X¢( ) > Xn,n—k>1(g <s), se€]0,1].
J=1 il

Recall that y, = nk‘l(l — F(Xnm_k)) converges to 1 in probability by (A.1). For
b e N and s € [0,1], we have

CL(s) = FV4(s,yn) — Cus > 535(1 Un)
=F")(s,1) - C(s)F"(1,1)
=80)(s,1) - C(S)Sﬁj)gu,n

where the third equality is a consequence of Proposition B.2 and where the second
equality is a consequence of sup ¢ 1] |Cn(s) — C(s)| = op(1) by Theorem 3.2 and

s?p}m«‘ng(s ,yn) = FUL(s, 1)] = op(1),
sel0
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which can be seen to hold by the same argumentation as in the proof of Theorem
3.2 for showing (A.20), since Fflb)g ~ S in (€°([0,1]%), ]| - [lc) by Proposition B.2.
Hence, (A.21) and Proposition 6.2 imply the representation
2 ~(1 ~(B
(VE(Cu =€), ) = (8u(s,1) = C(s)8a(1, 1),

n,&?
s0)(s,1) — C(s)8)(1,1), ..., 850 (5,1) — ()8 (1, 1)) + op(1).

By Proposition B.1 and the continuous mapping theorem, the previous expression
weakly converges to

(S(s, 1) — O(5)S(1,1),8W (s, 1) — C(s)SW(1,1),...,8B)(s,1) — C(s)SB)(1, 1))
- (C,C<1>,...,C<B>)

in (£°([0,1]), || - [|oo)B*!. Finally, since

Dyt (s) = B (s) = VEEDCo(s)
and C,,(1) = 1, we have (C,Ei)g = @flb)g, which proves the theorem. O

Proof of Corollary 4.2. By Theorem 4.1 and the Continuous Mapping Theorem, we
have that, under Hy, as n — oo,

(Sn1s 5™, 8~ (IC] oo, ICD log, - -, ICP | 0),
1 1 1
T 182 - ([ oo as, [ €0 as, [ a).
0 0 0

Note that C = ¢B in distribution by (4.1), where B is a Brownian Bridge on [0, 1],
which implies that ||C|lo and [ C(s)? ds are continuous random variables. Further
note that ( ib), e 7(,?)17:17,”73 are i.i.d. Overall, Lemma 4.2 in Biicher and Kojadi-
novic (2019) is applicable, which proves the assertion under Hy. For the assertion

under H; let us consider ¢, g s; ¢n, BT can be treated analogously. Note that under
H17

k71/25n71 = sup |Ch(s) — s N sup |C(s) —s| >0

s€l0,1] s€[0,1]
and r_l/QSr(f)l = 7“_1/2”@53)5“00 = op(1), such that S,(Ll?)l = Op(r'/?) for any b €
{1,...,B}. The claim follows since r = o(k) by Condition (B3). O

Proof of Corollary 4.3. The proof of the statement regarding the null hypothesis is
an immediate consequence of Theorem 4.1. Under Hi, one can easily show that
Sn,2, T 2 converge to oo in probability, which implies the respective assertion under

H;y. O
Proof of Proposition B.1. Fix b € {1,...,B}. We only show weak convergence of

(Sp, Sf]b)g); the joint weak convergence of all B + 1 components can be shown anal-

ogously. In the following, we omit the upper index (b) at all instances. Recall
coo(L) = 1+ Ll|e[lc and X, ; from (8.1) and v, = Pr(X;, ; # 0) = % oo(L). For
(s,x) € [0,1]%, write

Sne(s,x) = COO(L)l/Qan(s, x)+ Ry e(s,x), (B.2)
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where
Zng(s,7) = \/W Z EI: < 5){1(X0,; > ex(D) = e()2) = Pr(X}; > coolL) = e(2)a) },
R, ¢(s,z) = \—F Z Z

j=1 €l

First, we show that R, ¢ = op(1). Due to Condition (B3) one can easily show that
it suffices to prove R,, ¢ = op(1), where

anu ) fnj(s) = £§J (% < )ZC(%), s € [0,1].
i€l
First, for s € [0,1], we have E[R,,¢(s)] = 0 and

Var (R, nzZ{ & <0 X e} < JlB o - ez~ oy

ZEI]'

by Condition (B3), such that R, ¢(s) = op(1) for any fixed s € [0,1]. It remains to
show tightness of R, ¢. To this, we will apply Lemma A.1 from Kley et al. (2016)
with ¢(x) = 22, 7 = 2/m, T = [0,1] and d(s,t) = |s—t|. Note that the Orlicz-norm
with v(x) = 22 coincides with the Ly-norm || - [|2. First, for all |s —t| > /2 = 1/m,
we have
~ ~ kr
1Rng(s) = Rng(t)]l2 < 2llelloo~Is — 1] < |5 — 1]

for sufficiently large n by Condition (B3). By Lemma A.1 in Kley et al. (2016), for
any 0 > 0,n > 7, there exists a random variable S’ and a constant K’ > oo, such
that

P( sup | Rug(s) — Rpe(t)] > 25) < P(|S| > &) + P( sup | Rue(s) — Rug(t)] > 5/2),
d(s,t)<d d(s,t)<n
(B.3)

for all € > 0, where

8K/\2/, [T 2
P(1S'] > ¢) < ( ) ( D(z,d)/2dx + (5+4/m)D(77,d)> .
€ 1/m
Here, D(-,d) denotes the packing number on ([0,1],d) and satisfies D(z,d) < 4x=1 +
1, x > 0, see van der Vaart and Wellner (1996), page 98. Thus,

!

Sf >2</0n(4x_1 1)) (B.4)

hmhmsupP(\S'\ >e) < (

30 n—oo

Further, we have
_ . VE S . ,
B () ~ Rug®)] < Mllelloe S S [1i/m < 5) — 1(/m < 1),

where [1(j/m <s) —1(j/m <t)|=1(s At < j/m < sV t) does not equal zero for
at most two different j € {1,...,m}, if d(s,t) = |s —t| <1 = 2/m. Consequently,

P( sup [Rugls) = Rue(t)] > e/2) < 1(2Mlefc%E > 2/2),
d(s,t)<7
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which converges to zero as n — oo since 7k = o(n) by Condition (B3). Altogether,
by (B.3) and (B.4), we have shown, for all £ > 0,

. . 8K'\2, [T . a1 \2
limlimsupP( sup |Rp¢(s) — Rpe(t)| > 25) < ( ) (/ (47t + 1)V d:1;> ,
610 n—oo d(s,t)<s € 0

which can be made arbitrarily small by choosing n accordingly. This concludes the
proof of R, ¢ = op(1).

By equation (B.2) we obtain S, ¢ = coo(L)/?Z,, ¢ + op(1). Since |¢;| < M the
same calculation as in (8.4) in the proof of Proposition 6.1 (for treating Z, and Z,)
yields sup s zyc(0,1)2 1Zng(8:T) — Zng(s, )| = op(1) with

7=1 iEIj

~ Pr(X},; > exo(L) — o)) |

'{fj,n,s,x(yn,j) - E[fj,n,s,z (Yn,j)]}v

where Y, ; = (X}, ;)ier;» J = 1,...,m, and fjn s, is defined as in (8.3). Further, by
(8.5) we know that S,, = coo(L)"/?Z,, + op(1), where

Zn(s,x) = Z{fjnsm n,j E[fj,n,sw(yn,j)}h

\ /m)n

as defined after (8.2), the only difference to Z, ¢ being the multipliers §;. It re-
mains to show weak convergence of (Zy,Zyn¢). We start with the corresponding
weak convergence of the fidis. Since &;,...,&,, are independent with |§;| < M and
independent of Y, 1,...,Y}, », the proof is analogous to the one of Proposition 6.1.
Let us just calculate the covariance function for independent blocks Y, 1,..., Y, m.
Note that E[¢;] = 0 and E[gf} = 1. For (s, ), (s',2') € [0,1]?, we obtain

T%ZCOV Fimssie(Yg)s & Fiinst 2 (Vi) = 0

and

m

ZE f]nsx( ,j)f],nsz’( 7])]

1
T%ZCOV & fimse(Ynj), §ifim,s g;( ) = Tun

which equals ¢, ((s, x), (¢, 2')) defined in (8.7) and converges to ¢((s, z), (s',2")) from
Proposition 6.1 by the corresponding proof.

With regard to the asymptotic tightness, note that by Lemma 1.4.3 in van der
Vaart and Wellner (1996) it suffices to show asymptotic tightness of Z, and Z,, ¢
separately. Asymptotic tightness of Z, has been shown in the proof of Proposition
6.1. Concerning the asymptotic tightness of Z,¢, the proof follows analogously.
Here, the conditions (1)-(5) in the proof of Proposition 6.1 can immediately be seen
to hold since [£;] < M, and condition (6) follows since the function p,, is the same
as before due to E[fjg] =1 O
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Proof of Proposition B.2. Let s,z € [0,1]and b € {1,...,B}. Sete,(z) = V(n/(kx)) =
F~Y(1 — kx/n) such that, almost surely,

(b) (n) kx1— Fyi(en(z)) i
F (s, fZg 31 {U >1—Wm}1(ggs).

i€l

Note that |§§b | < M. Then, by relation (8.17) and the definition of Sg’)g and S, in
(B.1) and (6.1), respectively, we obtain

FVL (s, 2) — SU)(s, )]
_WZZ <P (Uf > 1l )(1+5)T>—1(U()>1—c(1)%)‘

Jj=1li€l;

+) ( U™ > 1 - (i )(1—5)%)—1(U(")>1—c(1)@)‘

= M{Su(5,2(1 4 6,)) + VEC(s)x(1 + 8,) — (Su(s,z) + VEC(s)z)
— (Su(s,2(1 = 8,)) + VEC(s)z(1 — 8,)) + Su(s, z) + VEkC(s)z}
= M{Su(s,2(1 +6,)) — Sn(s,2(1 — 8n)) + 2C(s)xVk6, },
where 6, is defined after (8.17). Consequently,

( s):u[p . |F7(1b,)§(s, x) — Sglb’)g(s,xﬂ < Mwss, (Sp) + 2MVES,,
s,x)€(0,1

where wg(S,,) is defined in (8.18) in the proof of Proposition 6.2. There, it is further
shown that wys, (Sp) = op(1) and vkd,, = o(1) by Condition (B6), which implies
the assertion. I

APPENDIX C. PROOFS FOR SECTION 5

Proof of Lemma 5.2. For x > 0 write

P(Zn1rigw) 2 @) = P(Ze;nax F(x{) <1- x/q)
1+ (€K ]

=P(X" < F'(1—/q) forall i€l )

—P(Z S1-F, (Ffl(l—w/q)) for all iEIiﬂgk,J).

By Corollary D.2 the last term equals

q : c(§)z

P<Zi < ) for all i€ I{ng) +o(1) = P( max U; <1-— 7) +o(1),
which converges to exp(—6c(§)x) by (5.1). O
Proof of Theorem 5.3. We start with part (a). By Theorem 3.1 we know that
én(z) = c(x) +op(1) for any = € [0, 1], and the continuous mapping theorem implies
that é,(x) ™! = max(é,(x),k) ™! = c¢(z)™! + op(1) for any = € [0,1]. Since &, > k,
we obtain E [|é,(z) '|P] < k7P < oo for any p > 0 and z € [0,1]. By Example 2.21
in van der Vaart (1998), this implies E [é,(z)™!] — ¢(z)~! for any z € [0,1], such

that ) 1
B[] = /0 E [6(2) ] dz — /O ew) " dr =~

170



46 AXEL BUCHER, TOBIAS JENNESSEN

by the dominated convergence theorem. Next, we show that Var(7,) = o(1). Note

that &, ()" 'én(y) ™ = c(z)Le(y) " +op(1) for any z,y € [0,1] and E [|é,(z) ~en(y) 1 P] <
k7% for any p > 0 and z,y € [0,1], such that as above E [é,(z) e, (y)~!] =
c(z)"te(y)~! + o(1). Thus, by Fubini’s theorem

Var(s,) :/1 /IE[én(x)_lén(y)_l] dady — (/OIE[én(m)_l] dm)2
—>/ / ldmdy—(/olc(x)_l dx)2:0.

The assertion in (a) follows from Markov’s inequality.
We continue with part (b). Write T,, = Sp1 + Spa + Sn3, where

k/
1
n]' k/ Z Z 7] 7]’ Sn2 = y Z vaj - E 7] TL3 kl Z E 7]
j=1

First, we show S,3 — 7/60. Write S35 = fol ©n (&) d&, where

en(€) = BlZp 14 1aw)] = (0c(€) ™

by Lemma 5.2 and uniform integrability, which follows from (B10). Hence, the
dominated convergence theorem implies that S,3 — f&(@c({))_l d¢ = 7/0; note
SUP,en ||¢nlleo < 0o by Condition (B10).

In the following, we prove S,; = op(1) and S,2 = op(1), and start with S,2. Split
Spo into S and S99¢, which are defined as S, but with j only ranging over the
even or odd numbers in {1,...,k'}, respectively. It suffices to show that Sepet and
SO are asymptotically neghglble We only treat S;5°"; the proof for SO 1s similar.

For n € N, let (Z J)] 1,k denote an independent sequence Wlth n,; being
equal in distribution to Z, ; for j=1,...,k. Since the observations making up the
even numbered blocks are separated by at least g observations, we may follow the

argumentation in Eberlein (1984) to obtain
dvy (Pohssswrs | P < |¥/2)5(q),

where dry denotes the total variation distance between two probability laws. Since
K'B(q) = o(1) by (B9), the above expression converges to zero as well, and SEY" =
Spo " 4 op(1), where S;5™" is defined as Sgy™ but in terms of (Z ;);. Finally,

E[S;y™*] =0 and

even, 1 X 1 [t
Var(S,5 ") = )2 Z Var(Z (kz’ 2 ZVar (Z 7]) = k'/o gn (&) d&,

j=1,7 even

where g,,(§) = Var(Z, 11 ex)) — (6c(€))~2 by Lemma 5.2 and uniform integrability
from (B10), which implies Var(S;y ") = o(1) and Syo " = op(1).

It remains to show S,1 = op(1). Note that the STEP F,, from (6.1) with k = £’
satisfies

Fn(1,q(1 — F(2))) = ¢VK{F(z) — F,(x)},
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which yields Zy,j — Zy; = J=Fa(l, Zn,) for j = 1,...,K by the definition of Zy,

and Z, ; in (5.2). Therefore,

k/
1 1 >

where H,,(z) = (k')~3/2 Z 1 1(Zn,j < x). Note that sup,cjo 71 [ Hn(2)] < (K~ =
o(1) for any T' € N. Under the imposed conditions, Proposition 6.2 is applicable for
k= klv yielding {]Fn(Lm)}LEE[O,T] ~ {S(lax)}IE[O,T} in (eoo([O,T])’ H ’ ”OO): such that

T
Sp1(T) == / F.(1,z) dH,(z) = op(1), T €N,
0
by Lemma C.8 in Berghaus and Biicher (2017). By Theorem 4.2 in Billingsley
(1968), the proof of S,; = op(1) is finished once we show that, for any ¢ > 0,
hm limsup P(|Sp1 — Sp1(T)| > 6) = 0.

T—00 p—oo

Set fn(x,2) =1(x > V(q/z)) — 2/q, such that Sy = ﬁ Zf;l b fa (X5 Zn).
Write Sp1 — Sp, (T) = AnT + B, T+ Ch T where

n,T k/ TIN2 Z Z Z fn (Zn,z Z T)7

i=1 je{i—1,ii+1} s€l]

n,T k/ Ny Z Z Z fn a n,z (Zn,z 2 T),

=1 j= z+23€]’

/

i—2
n,T k/QZZanX an (anZT)

i=3 j=1sel}
First, |A, | < 3¢/k' = o(1) by Condition (B9). It remains to show, for any § > 0,
hm limsup P(|By,r| > d) =0, lim limsup P(|C, 7| > J) =0.
T—00 p—oo

T—00 p—oo

We only consider C, 7; By, T can be treated similarly. Write

nT— Z‘Pnz 2 nz anZT)

with
1 ZQ 3 (n)
Pn,i— 2 7]? 2 El,fn(XS 72)

For fixed i € {3,...,k’}, consider the expectation E [|g0n7i,2(Zn,i)|1(Zn7i > T)] By
Berbee’s coupling lemma (Berbee, 1979), we may construct a random variable Z*
independent of ((Xé"))é;e[; )j=1,....i—2 and equal in distribution to Z, ; with

P(Z5s # Zn) = B(0(Zni) o (X0 ser) oy 1)) < Bla).

Hence,

E [|¢n,i-2(Zni)|1(Zni > T)] = E [leni—2(Z; )| 1(Z); > T)]
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+E [{leni-2(Zo)1(Zni 2 T) = loni-2(Z; 125 2 T)}(Zns # Z3,5)].
Since [@n,i—2| < ¢ the second summand can be bounded by 2qP(Z,; # Z ;) <

2¢5(q) < 2K'(q) = o(1) by Condition (B9), uniformly in i. Now, consider the first
summand in the above display, for which we first treat E[|py,i—2(2)|] for T < z < ¢

(note that Z ; < g a.s.). We have

i—2 i—2
1 1
Ellpni2(@ < 5D D B [f(XM )] 245> Y P(X™M > V(g/2).
Jj=1sel’ j=1ser’

Since P(Xs(n) > V(q/z)) =1—F,s((1 - F)"'(z/q)) and by Condition (B6), there
exists some 7 > 0 such that, for all s <n and n large enough,

P(X™ > V(g/2)) < %(%) {1 + LA(%) }

As a consequence, uniformly in i,

Bllons-a(:)] < 2+ el 1+ A (%) .
Since A is eventually decreasing, the last expression can be bounded by
21+ flefloo {1 + 7 A }]
for T' < z < q. After conditioning on Z,, ; we thus obtain with the Cauchy-Schwarz-

inequality

B[loni-a(Z3)IL(Z5; 2 7)) < 1+ lleloo{1+ 222 A} B (25,12, 2 ).

Since Z ; has the same distribution as Z,, ; and by the Cauchy Schwartz inequality,
we have thus found the bound
k/
1
ElCarl] < o) + 7 > [1+ lelloe{

=1

Cm'L’n

AW} B[Z0:1(Zn; > T)]

1
< o(1) + /O an(€) de,

where g,(§) = E[Z?2 1+L§k/JP/2P(Zn,1+L£k’J > T)Y/2 converges to E[Vg]l/QP(Vg >

T)/% as n — oo for Vi ~ Exp(fc(€)) by Lemma 5.2 and Condition (B10). Alto-
gether,

1
lim limsup < lim [ E[VZY2P(Ve > T)"* d¢ =0,

T—00 n—oo T—o00 0
which implies (b). O
APPENDIX D. AUXILIARY RESULTS

Lemma D.1. Fiz £ € [0,1) and x > 0. Under Conditions (B0)-(B2), (B6) and
(B9), A, = By, +0p( ) and By, = Cp, + op(1) as n — oo, where

A=Y 1z ~(Fa 2/9))),
1+L§k’
_ _ , 4
B, = 1(ZZ> ) Co= 3 1(Z1>c(§)x).
zeliﬂfk/ ieI;HEk,J
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Proof. For the first part of the lemma, first, note that since ¢ is a positive and
continuous function on [0, 1], there exist v,w > 0 such that v < ¢(s) < w for all
s € [0,1]. By Condition (B6) there are real numbers yo < z* and 7 > 0 such that
for all y > yp, n € Nand 1 <i < n,

, T 1 1— Fri(y) , T 1
1——Al——— — 14+ -Al———) ¢
ctif/m{1 = SA(3= F(y))} ST Fly) cli/m{1+ SA(= F(y)>}
Set y, = F~1(1 — 2/q) and w,, = %A(ﬁ(yn)) = ZA(%). Thus, for n large enough
(such that y, > yp) we have for all 1 <i < n,

{Zi - C(i/qn)ﬂf(l _wn)il} = {Zi = 3:11—_;:%73)} = {Zi = C(i/qn)x<1+w")il}’

Since
q 1_F(yn)
A, = E 1(Z;, > ——7-——),
" iy < ' xl_Fn,i(yn)
Ze]l+|_§k’]

this implies B;, < A, < B}, where

BE= Y 1<Zi> q (1iwn)_1>.

el c(i/n)x

!
14|k

Next, we have

BB - B < Y EHl(ZZ->C a (1:|:wn)_1>—1<Zi> - )H

el (i/n)x c(i/n)x
< ' IZ {P<c(z/qn)x(1 :l:wn)_l <Zis c(Z/qn)x)
Sl e

P(c(z/qn)a: <Zis c(z/qn)a:(l iw")_l)}'

Let us consider the case with the plus-sign. Note that w, > 0. Recalling that Z; is
Pareto-distributed the above expression reduces to

X .
Wy — Z c(i/n) < wpzlcso,
i€l ek ]
which converges to 0 since w,, — 0 by Condition (B6). The case with the minus-sign
can be treated analogously. Hence, we have shown Bff —B, = 0in L1(P) as n — oo.
The assertion follows from B;, < A, < B,
For the second part of the lemma write

E[|B, — Cy|] < Z E HI(ZZ' > C(Z/qn):(:> — 1<Z¢ > c(g)x)H

14K ]

< T (i ene ) el 7 )
1+ €k’

=LY Jelifn) <€)l
€L,
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where the last equation is due to the fact that Z; is Pareto-distributed. Further, by
Condition (B2), we have

Ly |c<z'/n>—c<f>|§fc S Jifn—g

q ! /
ze]l-Hsk’J lEIl-H&k’J

Czq:‘ |EK |r + 5 f‘1/2

¢ o

K, , , J1/2 K.(q)'/?
e 3w g s < DT g
j=1

by Condition (B9). Therefore, B, — C, — 0 in L1 (P) as n — oo, which implies the
second assertion. n

Corollary D.2. Fiz £ € [0,1) and = > 0. Under Condition (B0)-(B2), (B6) and
(B9),

q . ’ q . /

. < P - ;< — )= )
P(ZZ S e forall i€ Ilﬂgkj) P(Z GE forall i€ Ilﬂng) o(1)
and

1 -1 . /
P(ZZ- < 1_Fm(F (1—x/q)) for all ZEIH‘LS"C'J)

)

B q . / _
P<Zz S i) for all i€ Il+[£k’]> =o0(1), n— oo.

Proof. Note that

P(zi<— o (F (1 —2/q) forall ic Ty ewy) = P(An = 0),
q . /
) < - ., < 7 = n = 5
P(% < i forall i€ Iiyg)) = P(Ba = 0)
g .
P(z < ey, forall i€ I, 1epy) = P(Cu =0).
Therefore,

|P(A, =0)— P(B, =0)| =P(A,=0,B, >0)+ P(A, >0,B, =0)
< 2P(|An - Bn’ > 1/2) = 0(1)
by Lemma D.1. And |P(B,, = 0)—P(C,, = 0)| = o(1) can be shown analogously. [
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3 Outlook

In this chapter, a potential continuation of this work and some open research questions
are briefly presented.

First, the disjoint and sliding blocks estimators for the extremal index 6 and the
limiting cluster size distribution 7 in Chapter 2.1 and 2.2 were shown to asymptotical-
ly follow a centered normal distribution. Here, the limiting variance formulas were too
complicated to allow for some simple estimation based on the plug-in principle. How-
ever, for further statistical inference on 6 and 7, e.g., for the construction of confidence
intervals, estimators for the asymptotic variance formulas are needed. In the case of
the extremal index, one approach would be to estimate the disjoint blocks estimator’s
variance based on an asymptotic expansion of the estimator derived from the proof of
its asymptotic normality, as it was done in Berghaus and Biicher (2018). Since for the
proposed estimators for 6 the difference between the disjoint and sliding blocks variance
only depends on #, such an estimator could then be used for estimation of the sliding
blocks variance as well. However, the proof of consistency of these variance estimators
is quite elaborate in Berghaus and Biicher (2018)(Proposition 4.1), under even stronger
mixing conditions, and, in particular, this approach does not work for the estimation of
the asymptotic variance of the sliding blocks estimator for 7 since the difference between
the corresponding disjoint and sliding blocks variance is more complicated. A more gen-
eral approach, which could also be used to approximate the limiting distributions of
the estimators for 6 and 7, consists of bootstrap methods such as the dependent/block
multiplier bootstrap (Drees, 2015; Biicher and Kojadinovic, 2016). Studying bootstrap
procedures to approximate the limiting distributions of statistics based on sliding blocks
maxima seems especially appealing since, in many cases, deducting inference when sli-
ding blocks are involved turns out to be difficult and there is no universal approach yet
(Drees and Neblung, 2021).

Furthermore, the proposed estimators for 6 and 7 depend on a block length parame-
ter, which was seen to have a notable impact on the estimation accuracy in simulation
studies. Here, it would be interesting to analyze estimators that aggregate over multiple
block sizes, in order to achieve more robustness in this parameter and to possibly im-
prove upon the single block length case; such an improvement has been observed in Zou
et al. (2021) in a different context.

Besides, in Chapter 2.1, no estimator for the extremal index could be identified to
be overall superior. It would be interesting to investigate which minimal asymptotic va-

riance can be achieved by estimators relying on the considered rank-based samples, and
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whether there are estimators for the extremal index that are semiparametrically efficient.

In Chapter 2.3, a model was considered where the observations are serially depen-
dent and their marginal tails are proportional to each other, described by the scedasis
function. Estimators for the scedasis function and the integrated scedasis function and
tests for detecting heteroscedasticity in the extremes were considered. Under domain of
attraction conditions, one could further analyze estimators for the extreme value index
or high quantiles at a specific time point, as in Einmahl et al. (2016) in the case of
independent observations. Further, the introduced estimators for the extremal index 6
of the stationary time series (Ut(n))tez constitute a modification of the estimator from
Berghaus and Biicher (2018). Here, one could also study method of moments estimators
as in Chapter 2.1. In addition, it would be interesting to investigate estimators for 6 that
are not of block maxima type but rely on the runs or inter-exceedance times method
instead. Besides, the proposed estimators for # and the tests for heteroscedasticity in the
extremes, which are based on a block bootstrap, both rely on the construction of disjoint
blocks. In view of the findings in Chapter 2.1 and 2.2, it would be worth to examine

whether the above methods can be improved upon by using sliding blocks.

This last point raises the more general question of the superiority of the sliding blocks
method over the disjoint blocks method, and why it seems to be more advantageous for
statistics of block maxima type than for ones of peak-over-threshold type (Cissokho and
Kulik, 2020; Drees and Neblung, 2021). Another aspect of future research would be a
weakening of the underlying assumptions needed for the proposed methods to work.
This concerns relaxing the mixing conditions in Chapter 2, especially when beta-mixing
is involved, and a further weakening of the regularity condition imposed on the time series
(Ut(n))tGZ in Chapter 2.3. Since this time series was assumed to be stationary, the serial
dependence of the overlying time series (Xt(n))tez is unable to change over time. A step
towards allowing for a more dynamic model that also permits a (smoothly) changing
serial dependence over time would be to incorporate the concept of local stationarity

(Vogt, 2012; Dahlhaus, 2012).
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