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Summary

Given a group, it is natural to ask how many irreducible complex representations it
has. We here focus on p-adic analytic groups and, for n € IN, encode the number
of isomorphism classes of n-dimensional irreducible complex representation in a
Dirichlet series. To ensure that the numbers of these isomorphism classes are finite
(representation rigidity), we proceed with FAb compact p-adic analytic groups,
which provide the proper condition. Then we call this Dirichlet generating series
representation zeta function, which is a function in s, and a great tool to investigate
the distribution of character degrees. Stasinski and Zordan in [SZ20] proved that
this series is essentially (or virtually, as it is called in the literature) a rational
function in p~%; this can be considered as a strong relation between the number
of irreducible representations of different dimension. The (virtual) rationality of
such representation zeta functions is obtained by the rationality of a reduced zeta
series called partial zeta series.

In this work, we consider these partial zeta series for a family of FAb compact
p-adic analytic groups. We impose the condition that there exists an analytic
formula uniformly defining the family of FAb compact p-adic analytic groups, and
first show how to obtain a uniformly powerful pro-p subgroup of a given p-adic
analytic group in a uniformly definable way for p > 2. Following this, we prove
that the partial zeta series are uniformly rational. The technical term wuniform
rationality is a way to control the p-dependence of these rational functions.

Adapting some ideas from [SZ20], we then obtain a family of uniformly
definable equivalence relations on Q;” as p varies, which allows us to express
partial zeta series as generating functions enumerating the equivalence classes in
this uniformly definable family of equivalence relations. To do so, we describe an
expansion of the analytic language, which is conventionally used for studying
valued fields in model theory. Uniform rationality then follows by a result of
Nguyen, [Ngul9].
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1.2 Chapter Progression

The 2nd chapter (Introduction) provides a humble survey of the historical
progress of results and methodologies around zeta functions. The chapter begins
with the rationality of Igusa’s zeta functions and is followed by Denef’s work
broadening his ideas via model theoretic methods. Throughout this chapter, we
introduce notions such as subgroup growth and representation growth leading to
different zeta functions to highlight the use of model theory while naming some
results that influence our work. We finish the chapter by introducing our main
theorem and describing our framework.

In Chapter 3 (Background), we give an overview of key notions on a broad
spectrum from the main object, p-adic analytic groups, to the model theory of
valued fields. While getting familiar with the nature of mathematical objects of
this work, we also fix our model theoretic setting. Sections 3.3 and 3.4 are worth
explicitly mentioning as they explain vital notions such as uniform definability and
rationality and precisely display our main result. The rest of this text aims to find
equivalence classes mentioned in 3.4.

Chapter 4 (Good Bases) is devoted to du Sautoy’s parametrization of open
subgroups of a uniform pro-p group, namely good bases. It is a key ingredient in
many works concerning p-adic analytic groups, including this one. The chapter
progresses by examining its features and finally obtaining the set of good bases in
a uniformly definable way. Later on, we give an example covering some of the key
notions appearing in previous chapters as well as the good basis.

In the 5th chapter (Projective Representations), we introduce basic
concepts and ideas from the theory of projective representations along with a few
noteworthy results from ordinary representation theory. The last section in this
chapter discloses a concise report on the cohomology of finite groups due to their
relation to projective representations.

In Chapter 6 (Partial Zeta Series), we develop Clifford Theory for projective
representations. It continues by showing how partial zeta series occur in the study
of the representation zeta function of FAb compact p-adic analytic groups. Besides
its motivational purposes, it is helpful to highlight what to bear in mind to apply
our methods to obtain uniform virtual rationality of a family of FAb compact
p-adic analytic groups, which is the most natural direction to take after this work.



In the 7th chapter (Tools for Constructing Equivalence Classes), we
bring in all the tools to obtain equivalences classes, which we will use to describe
partial zeta series. In the first section, we show how to reduce the problem to the
case of linear characters. The following section discusses the uniform definability
of this reduction while presenting two interludes on the key components of uniform
definability: 1) the group Q,/Z, exploring its relation with Priifer p-group, 2)
another parametrization based on good bases.

Chapter 8 (Main Theorem) is where we combine all our findings in the
right order. The main goal of this chapter is to show how to interpret the sets we
want to count uniformly and definably in Q,. To this end, we describe a family
of uniformly definable subsets of Q’;f for some m, and specify uniformly definable
equivalence relations on these subsets.

As a word of caution, we want to mention that the word uniform appears in
two different ways in this text; its model theoretic meaning should be understood as
defined by a formula not depending on p. Also, in the theory of p-adic Lie groups,
there is a central notion called uniform pro-p groups which is also fundamental to
this work. A characterization can be given as follows: A pro-p group is uniform if
and only if it is finitely generated, powerful and torsion-free.



Chapter 2

Introduction

Counting solutions. Let X be a system of polynomial equations in Z[x, ..., x].
For a prime p, consider the set X(Z/p*Z) of solutions of X in Z/p*Z. Define Ny
to be the number of elements of X(Z/p*Z) and associate the following Poincaré
series

Px(T) =Y N TN
k>0

Theorem 2.0.1. [Igu00] The series Px(T) is a rational function in T.

To describe Igusa’s framework, we assume X is given by F(xy,...,%,) = 0.
Recall the generalized residue map 7y : Z, — Z/ ka, and let By be the ball
(centered at 0) of radius p=%; By = {(x1,...,x,) € Zy: |xi| < p~*}. Then

Ny :#({(xll---/xn) S ZZ : F(nk(xl,...,xn
:#({(x1/~~-/x1’l) € ZZ : nk(P(X],...,Xn
=#({(x1,..., xa) €Zp: |F(xy,..., %) <p™*}  mod By).

Let X = {(x1,...,%n) : |F(x1,...,%:)| < p~*}. Recall there exists a unique Haar
measure y on Qp that is translation invariant, and p(By) = p(Zj) = 1. Therefore

#(By) = p~" . Then

/Bo |F(x1,...,xn)|°dp = Zy({(xl,...,xn) € By:|F(x1,...,xy)| = p_k})p_ks

k>0
=Y p (X)) = p(Xesn))
k>0
=1+ (1—p°) Y Nep*t o).
k>1

10



The above function is called Igusa’s zeta function, and denoted by Zp(s). So
one obtains that

Ze(s) =p*+ (1= p)Px(p™").

Integration on semi-algebraic sets. Denef generalized the rationality of Igusa’s
local zeta function in his paper [Den84]. Let ¢(x) be an L;ing formula, and n € IN.
Set Ni,o and Nk,q, as follows:

Ny, =#{a € (Z/p*Z)™ : ¢(a) holds in Z/p*Z},
Njp =#{a mod pFiaez,”, ¢(a) holdsin Z,}.

He showed that Py, (T) = ¥y Ny - TF and Py ,(T) = ¥t Ny - TX are rational.
Note that if you let ¢(x) to be the system of polynomials X given above, then
Igusa’s rationality result follows. The first key component of Denef’s work is
Macintyre’s quantifier elimination.

Theorem 2.0.2. [Mac76] Q, admits elimination of quantifiers in Lpjac L

To highlight the importance of this result, we first need to mention another
important ingredient called p-adic cell decomposition which was used in place
of Hironaka’s resolution of singularities in Igusa’s proof. This method analyzes
definable sets systematically in terms of controlled definable functions, and the
cells admit nice geometric properties. Denef’s proof uses Macintyre’s quantifier
elimination theorem to show the set {a mod pf:a € Z,”, ¢(a) holdsin Z,} is
not extremely complex, so that we have a control on its measure. Consequently,
the cardinalities Ni, and Nk,(p can be expressed as measures of definable sets
(e.g. semi-algebraic sets, subanalytic sets) and the rationality of the power series
reduces to showing the rationality of related p-adic integrals - p-adic integration
then evolved to motivic integration. Later on, this method was extended by Denef
and van den Dries to a larger category of definable sets and functions in [DvdD88],
where they prove similar rationality results.

Subgroup growth. One of the notable topics in geometric group theory is
counting the number of subgroups of finite index in a given group. Assume G to
be a finitely generated group; hence it has finitely many subgroups of finite index
of n for any natural number n > 1. Set 4,(G) to be the number of subgroups of
index n in G. The asymptotic behaviour of the sequence {ay,}, indicates the
subgroup growth of G. A far-reaching theory of subgroup growth has been
established, and it is thoroughly presented in [Lub95].

Tt means that each formula in £, is equivalent to a formula without quantifiers in Qyp. See
Section 3.1 for the language L pfac

11



As a tool to study subgroup growth, we now introduce how to encode the
counting sequence as a generating function. To this aim, we consider the following
Dirichlet series called the subgroup zeta function of G;s € C

Ciane)(8) ==Y an(G)-n*= Y (G:H)™

n>1 H</G

This analytic function is a direct analogue of Dedekind zeta function of a
number field encoding the number of ideals of index # in a ring of algebraic integers.
Moreover, if we suppose G = Z, then {a,}, = {1},. Correspondingly, we obtain
nothing but the Riemann zeta function

lo(s) = Y -

75.
n>1 n

Parametrizing open subgroups. Here we bring in a remarkable example of
counting subgroups - the subgroup growth of compact p-adic analytic groups -
which vividly portraits the use of model theory of valued fields. Recall first
Lazard’s purely algebraic characterization of p-adic analytic groups: a compact
topological group G is a p-adic analytic group if and only if it has an open
uniform pro-p subgroup. 2 du Sautoy, in [dS93], established that Y 4, (G) - T*
is rational where G is a compact p-adic analytic group.

In this work, du Sautoy applies the extended rationality result from [DvdD88]
by describing how to interpret group-theoretic statements in the analytic language
of Denef and van den Dries’ work. To this end, he introduces new generating
sets for open subgroups called good bases which are essential to describe analytic
structure of uniform pro-p groups. The notion of good basis plays a crucial role
in many works studying zeta functions in the framework of model theory as well
as this work.

Representation growth. A plausible modification of subgroup growth would
be enumerating the finite dimensional irreducible representations of a given group.
Let G be a group. We now consider, for n > 1, the set of n-dimensional irreducible
complex representations of G up to isomorphism. ® Let 7,,(G) denote the number
of isomorphism classes of complex irreducible n-dimensional representations of G.
In a similar way to the subgroup growth, we shall explore the asymptotic behavior
of 1,(G) - the representation growth of G. For an introductive survey on this
subject, see [Klo13].

2A pro-p group is uniform if and only if it is finitely generated, torsion-free and powerful.
3If G admits additional structure, it is conventional to proceed respectively, e.g. for a
topological group G, one should take into account only continuous representations.

12



For a finite G, it is clear that r,(G) < oo. In this case, only finitely many
of the terms of {r,(G)}, are non-zero, and they reflect the degrees of irreducible
characters of G. The group G is called representation rigid or rigid for short, if for
each n, r,(G) is finite. In this case, we write another Dirichlet generating series
called the representation zeta function of G; s € C and {g(s) = {(y,(c))(5)

lc(s) == Z ra(G) -n° = Z(dim(p))*s,

n>1 P

where p varies over the isomorphism classes described above. We can further
modify the above expression if we can establish a bijection between the irreducible
characters of G and the isomorphism classes of irreducible representations of G.
Let Irr(G) be the set of irreducible characters of G. Then we obtain

e(s):= ) x(1)™

x€lrr(G)

Kirillov orbit method. A group G is called FAb, or has the finite
abelianization property, if H* = H/ [H, H] is finite for every subgroup H of finite
index in G. If G is finitely generated profinite, this conditions reads as H® is
finite for every open subgroup H of G. Recall that the derived series of a finitely
generated profinite group G can be given as a series of closed normal subgroups
{G;}; such that

Go=G=2G >...2Giy1 =[G, G| > ...

When G is assumed to be a finitely generated pro-p group, the FAbness property
becomes that the factors G;’s of the derived series of G are all open in G.

Proposition 2.0.3. [ [BLMMO02], Proposition 2] If G is finitely generated
profinite, then 1,(G) < oo for all n if and only if G is FAbD.

Let G be a FAb compact p-adic analytic group. Considering a uniform pro-
p subgroup N of G, we can associate a Q-Lie algebra £(G) = Q) ®z, log(N)
to G. Then G is FAb if and only if [£(G),L(G)] = L(G). In [JZ06], Jaikin-
Zapirain showed the (virtual) rationality of the representation zeta function of a
FAb compact p-adic analytic group for p > 2. His work is based on Kirillov orbit
method, which provides a correspondence between the characters of a uniform pro-
p group and the orbits of the co-adjoint action of G. This allows him to "linearize”
the problem, and proceed with p-adic integration using the model theoretic work
[DvdD88] , as in [dS93].

13



Uniform rationality - semi-algebraic setting. Regarding the rationality of
Poincaré series of equivalence relations, the main issue is that the set of
equivalence classes can not always be expressed bv a definable set. One solution
to that problem is elimination of imaginaries, that can be described as definably
associating a point to every equivalence classes, namely the imaginary elements.
In [HMRI18], Hrushovski, Martin and Rideau showed that the theory of the
p-adics Qp, admits elimination of imaginaries in the geometric language Lg 4
and it is uniform in p. They also applied it to show the uniform rationality of
representation zeta functions } amp™™ counting twist isomorphism classes of a
finitely generated nilpotent groupl while they proved the rationality of subgroup
zeta functions (of various kinds) of such a nilpotent group uniformly in p.

The theory does not always eliminate imaginaries, for example, in the
subanalytic language on Q) the topic is not yet fully established. To tackle this
problem regarding generating power series, in the appendix of [HMR18], Cluckers
generalized the rationality results of the main body, for a fixed p, to the analytic
setting by using cell decomposition. More precisely, he codes an imaginary
element by a definable set whose volume can be computed easily instead of
coding it by a point.

In [SZ20], they gave a new proof of the virtual rationality of representation
zeta function of FAb compact p-adic analytic groups by applying Cluckers’
result. They followed Jaikin-Zapirain’s idea to reduce the virtual rationality to
the rationality of what we will call partial zeta series, see the following section.
However, to show that this partial zeta series is rational, they use the theory of
projective representations avoiding Kirillov orbit method thanks to the idea from
[HMR18] of parametrizing Irr(N) by certain pairs (H, ) where N is an open
normal uniform subgroup of G, H < N, and x € Irr(H). They also obtained
analogous results for twist zeta functions® of compact p-adic analytic groups.

Uniform rationality - subanalytic setting. To generalize the idea of p-adic
integration, Cluckers and Loeser provided a theory of motivic functions in the
language Denef-Pas Lpp via uniform cell decomposition theorem, [CLO8]. This
motivic integration theory brings us a new machinery to study the p dependence
of the rationality of Poincaré series.

In [Ngul9], Nguyen developed Cluckers’ idea in the Appendix of [HMR18] by
introducing rational motivic constructible functions, and their motivic integrals to
show the p-uniform rationality of Poincaré series associated with definable family
of equivalence relations. This can be seen as a generalization of the rationality

4They add a sort S, called geometric imaginaries, for each n, for the family of Zp-lattices in
n
Qy
5They count the irreducible complex representations up to one-dimensional twists as in
[HMR18]

14



result of Hrushovski-Martin-Rideau to the analytic setting (in an expansion of the
language Denef-Pas Lpp) as well as Cluckers’ result since it provides uniformity
in p. This result of Nguyen will become central in this work; we will describe how
below.

Main theorem and framework. In this work, we will study representation zeta
function of FAb compact p-adic analytic groups. As stated in [AKOV13], the key
examples of such groups are the special linear groups SL,(A) and their principal
congruence subgroups SL)'(A), where A is a compact discrete valuation ring of
characteristic 0 and residue field characteristic p. In particular, one can consider
any open pro-p-subgroup of SL,(Z;). Let G be such a group and let {¢(s) be the
corresponding representation zeta function. We say (g(s) is virtually rational in
p—*° if it is of the following form

k
;”fsfi(P_s)/

for n; € N, fi(T) € Q(T). For a fixed p, in [JZ06] and [SZ20], the virtual
rationality of (g, (s) is reduced to the rationality of the following partial zeta series

ORI (e
GEIrrﬁp(Np)

where N is an open normal uniform subgroup of G, and K, is a subgroup of G,
containing Nj, with Sylow pro-p subgroup Py, and Irrg, (Np) is the set of irreducible

characters of N, giving the cohomology class ¢ in Hz(Pp/ N, C*) with stabilizer
Ky, see Corollary 7.1.4 and Section 6.2 for details.

We will show the uniform rationality of partial zeta series of FAb compact
p-adic analytic groups. Broadly speaking, by saying uniformly rational, we mean
having rational functions over Q and sets whose cardinalities forming the
denominators and the numerators are uniformly definable in p (and in
appropriate subgroups K, and corresponding cohomology classes c). To this end,
we first ensure that the family {G,}, is uniformly definable in p; we define a
property (¢) for a family FAb compact p-adic analytic groups in Section 3.2, and
proceed with the families satisfying the property (¢). Our main result is the
following - see Theorem 3.4.3 for the precise formulation:

Main Theorem: The partial zeta functions {(NeKe€)(s) are uniformly
rational for families of FAb compact p-adic analytic groups satisfying the
property (¢) for sufficiently large p.

15



To see the uniform rationality of this partial zeta series, we show that
enumerating characters in Irrﬁp (Np) is corresponding to enumerating the classes
of a uniformly definable family of equivalence relations on a uniformly definable
subset of Q’Zf for some m. Following this, we conclude the uniform rationality by
the result of Nguyen given in previous section.

We now detail the process of obtaining such a correspondence. One of the
key ingredients is to obtain that a character triple (P, Np,0) can be replaced by
a character triple (Np, N, N H, X), where H is an open subgroup of Gp such that
P, = HNp, and  is a linear character as we can recover the cohomology class in
H?(P,/N,,C*) related with (P, N,,0) by x, following [SZ20]. Another key idea is
to use the fact that any irreducible character of a finite p-group is induced from a
linear character of a subgroup. We parametrize irreducible characters of N, fixed
by K, by pairs (H, x) modulo a uniformly definable equivalence relation;

N,
(H, x) ~ IndNZmH(X)-

Following this, we introduce a function C from the set of pairs (H,x) to the
cohomology group H?(P,/N,,C*), which parametrizes Irrﬁp(Np) by its fibers
modulo the uniformly definable equivalence relation mentioned above.

We conclude this section with a notational remark to avoid any confusion.
In the construction of equivalence classes mentioned above, we will consider a
family of FAb compact p-adic analytic groups {G,}, and a subfamily of normal
uniform pro-p subgroups {Ny},. In the view of model theory of valued fields, it is
beneficial to state that we work in an analytic expansion of the Denef-Pas language
as suggested in [Ngul9]. We further expand this language with some constant
symbols as this work progresses. For instance, in order to obtain such normal
uniform pro-p subgroups in a uniformly definable way, we add constant symbols
aj...,ax, call @ and achieve uniformity in p and 4. The natural indexing would be

N(;,2); nevertheless, we omit constants for the sake of notational simplicity.

Once we get a uniformly definable family of normal uniform pro-p subgroups
{Np}p of {Gp}p, we then work with subgroups K, of G, containing N, while

dealing with Sylow pro-p subgroups P, of K,. In addition, we study the elements
of

H(Py) = {H, < P,: H, openin Py, P, = H,N,}.

16



To simplify the notation, we name all these sets as G, N, K, P, H unless we aim
to treat uniform definability. The relations explained above can be summarized
by the following diagram;

G p-adic analytic group
|
K
|
p

Sylow pro-p subgroup of K

/N

normal uniform pro-p N H
subgroup of G

17



Chapter 3

Background

This chapter introduces the required tools from model theory of valued fields and
the theory of analytic pro-p groups and, at the same time, presents our results,
which are core to this work. In the first section, we first deliver a quick summary
of how the analytic language of p-adic numbers evolved, providing descriptions
of noteworthy languages. Then we introduce the language we use here. A recap
about uniform pro-p groups follows it, highlighting their key features. We then
discuss its model theoretic properties while expanding our language to describe
uniform pro-p subgroups of FAb compact p-adic analytic groups in a uniformly
definable way. We conclude this chapter with a section devoted to explaining
uniform rationality; we also fix our framework and present our main theorem.

3.1 The analytic language of p-adic numbers

Recall first that a valued field K is a field with a valuation map v : K — T [J{oo}
where (T;+,0, <) !'is an ordered abelian group such that

(i) v(ab) = v(a) 4+ v(b)
(ii) v(a+b) > min(v(a),v(D))

g

(iii) v(a) =c0o=a=0

One can study the model theory of valued fields via different languages. The
most basic language to examine fields Li,q 2 can be combined with a divisibility
predicate D : K x K — K defined as follows:

I'Note that we will assume that v is surjective; hence the value group is T.
2 ﬁ,ing ={+,—,-,0,1} where — is a unary function symbol.
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0, otherwise

(x,y) — {x |y, if v(x)>v(y) and y #0

Then the valuation ring Ox = {a € K : v(a) > 0} of K, as well as its
unique maximal ideal Mg = {a € K : v(a) > 0} are definable in this extended
language. Also, the value group T is interpretable in (K;4,—,-,0,1,D) as T is
isomorphic to K*/Ok™ while the order is determined by D. Moreover the residue
field k = Og/ Mk and the residue map Og — k are interpretable in this language.

Instead of the divisibility predicate D, we can add unary predicates P, to
Lying, which is the set of n'" powers in K*. In other words, for each n > 1, P, is
interpreted by

Py(x):3y y"=xAx#0.

This extended language is called the Macintyre’s language La, and p-adic fields
eliminate quantifiers in Ly,c, [Mac76].

We now enhance the above languages by an angular component map. On a
given valued field K, one could define the map ac : K¥ — k* which is a group
homomorphism (hence multiplicative) extended by ac(0) = 0, and agrees with
the residue map on Og. If K = Qp, we define the angular component map by
ac(p) =1, so that ac(Y;~, a;p') = a, if a, # 0. Similarly, if K = k((t)), we define
ac by ac(0) = 0 and ac(t) = 1. Note that ac is definable in the valued field Q, as
it is equal to 1 on the (p — 1) powers.

Another natural approach to study valued fields would be thinking of them as
three sorted structures: a valued field sort VF, a value group sort VG and a residue
field sort RF as the work of Ax and Kochen suggests. This yields to the language
Lpp of Denef-Pas. More precisely, Lpp is a three sorted language in which we
have two copies of L, for the valued field sort and the residue field sort and the
language Loz of ordered abelian groups for the value group sort combined with
the valuation map v : VF — VG and the angular component map ac : VF — RF.
So a Denef-Pas language can be given in the following form

(‘Cring/ Ering/ ang/ o, aC) .

3.1.1 An Analytic Expansion of Lpp

Throughout this thesis, we consider an analytic expansion of Lpp which enables
us to apply the uniform rationality result given in [Ngul9]. Prior to introducing
the formalism, we provide some background on the notion of a valued field with
an analytic structure via the following example Z[t] .
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Consider the ring of formal power series Z[t] over Z and equip it with the
t-adic topology. Then a(t) — a(p) gives a continuous homomorphism between
Z[t] and the ring of p-adic integers Z, with the kernel (t — p)Z[t].

Consequently, for each power series Zai X' over Z[t] whose coefficients
converging to zero t-adically as | t |— oo defines an n-ary function on Z’;f.
Precisely, we have m commuting indeterminates constituting X = (Xy,..., Xp)
with a; € Z[t] such that a;(t) — 0 as i1 + ...+ i, — oo and the power series

Zai - X' gives rise to a function F : ZZ’ — 2y

X = (Xt oo, Xm) = Y ai(p) X Xl
ieIN™

Note that the above power series are strictly convergent power series over
Z[t]. They form a ring called the ring of restricted power series in X over Z[t]
and it is the t-adic completion of the polynomial ring Z[][X].

We provide the following definitions from [Ngul9] axiomatizing the analytic
properties of Z[t] and introducing an expansion of Denef-Pas language accordingly.
Consider a commutative Noetherian unital ring A and fix a proper ideal I of A
such that A is complete for the I[-adic topology. (In the above example, we have
A = Z][t] and I = tZ][t]) We write A,, for the I-adic completion of the polynomial
ring A[x1,...,Xy] for each m € IN and denote the family (Ay)men by A.

Definition 3.1.1. [[Ngul9], Definition 1.2.8] For a valued field K, an analytic A-
structure on K is defined as a collection of ring homomorphisms

Om 2 A — {f : OF — Ok}

such that

1. IC (T(;l (Mk)
2. 0y (x;): the ith coordinate function on OF

3. oy extends to 0,41 in the most obvious way as we identify the functions on
¥ with the functions on (’)I"ZH independent of the last coordinate

Definition 3.1.2. [[Ngul9], Definition 1.2.9] The A-analytic language L4 is
defined as Lpp U (Am)menN, where elements of A, are function symbols. An
analytic A- structure on K turns K into an £ 4-structure.

Following [Ngul19], we shall use the language Lz = Lpp U (Am)men where
A = Z[t]. In this case, we have I = tZ[t] and the t-adic completion of the
polynomial rings Z[t][X,..., Xm| as Ay, for each m.
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From now on, we are concerned about an Lz-structure with underlying sets
Qy as the valued field sort, Z as the value group sort and F, as the residue field
sort. We have all constants, functions and relations of ring language for the valued
field and the residue field, and all constants, functions and relations of ordered
abelian group language for the value group sort. In addition, we interpret v as the
valuation map on Q, and ac : Q, — F, as ac(x) = xp~*®) mod p with 0~ 0.

To understand the analytic A-structure on Q,, it is enough to see that the
ring of strictly convergent power series over Q) is a homomorphic image of the
ring of strictly convergent power series over Z[t] by extending the homomorphism
¢ : Z[t] — Qp, t — p. Accordingly we interpret the analytic structure on Q, via

Q:

o A is interpreted as ¢(Z[t]) = Z, (hence I as pZ,)

 for each m, A, is interpreted as the p-adic completion of the polynomial ring
Zy[Xy,...,Xm] = Z,[X] which is the ring of formal series with coefficients
in Z,, namely Z,[X].

» Consequently, we interpret, for each element ) ; a; X' of A,,, the corresponding
Ok-valued function symbols f as the restricted analytic functions f : Z;” —
Z, given by the corresponding power series

X Y oa- Xy X
ieIN™

We therefore work in the structure (Qp, Z,IFp,ﬁzw). In Section 3.3, we
expand the language Lz by some constant symbols to the language L' and we
add another constant symbols in Section 3.4, and call the language L£” for our
uniformity purposes and notational convenience.

3.2 Uniform pro-p groups

Uniform pro-p groups play a central role in this work; identifying a uniform pro-
p subgroup with Z‘;, for some d, allows us defining du Sautoy’s good basis, see
Chapter 4. This will be crucial to treat open subgroups uniformly definable in p.
To this end, we present here brief yet informative summary of relevant parts of
[DASMS99], [RZ10], [Wil9§].

21



3.2.1 An Overview

Recall first that a profinite group is an inverse limit of inverse systems of finite
groups. Considering finite groups as topological groups with the discrete
topology, one can obtain the inverse limit topology on profinite groups; hence
profinite groups can be defined as compact, Hausdorff, totally disconnected,
topological groups.

A topological group G is called topologically generated by a subset X of G if the
subgroup generated by X is dense in G. Accordingly, G is called finitely generated
if X is finite, and we denote the minimal number of elements of a topological
generating by d(G).

For a profinite group G, we recall some basic topological properties below;

e Any open subgroup of G has finite index in G, and contains an open normal
subgroup of G. In addition, open subgroups of G are closed. A closed
subgroup of G is open if and only if it has finite index in G.

« For a subset X C G, its closure X is given by MNn<,c XN.

e For a closed normal subgroup N of G, G/N is profinite, and the quotient
map G — G/N is an open and closed continuous homomorphism.

o Let H be a (normal) closed subgroup of G. Then H is the intersection of all
open (normal) subgroups of G containing H. A subset X C H (topologically)
generates H if and only if XN/N generates HN/N for all open normal
subgroups N <, G.

e If G is finitely generated, then G has only finitely many open subgroups of
given finite index, and every open subgroup of G is finitely generated,

Let G be a profinite group with a closed subgroup H. Then one can generalize
the index notion by the fact that H is the intersection of the open subgroups of G
containing H. To this end, recall first that the notion of Steinitz number which is
a formal infinite product 7 = IT, prime p"(P) where n(p) is a non-negative integer
or infinity. Then the least common multiple of a given family {#;};c; is defined as

lem{niYiecr = [] p"?) where n(p) = sup{n(p)}.

p prime i€l

And the index of H in G denoted by (G : H) is defined to be the least common
multiple of the indices of the open subgroups of G containing H. Consequently,
we obtain Lagrange’s theorem for profinite groups. Let H, K be subgroups of G
such that K < H < G. Then

(G:K)=(G:H)(H:K).
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A p-Sylow subgroup P of G is then defined as a (possibly infinite) subgroup
satisfying that (P : 1) is a p-power, and (G : P) is coprime to p.

For a fixed prime p, a profinite group G is called pro-p group if every open
normal subgroup of G has index equal to some power of p. Then p-Sylow subgroups
are maximal pro-p subgroups of G. Following this, we will call them Sylow pro-p
subgroups of G. The Sylow theorem generalizes to profinite groups via inverse
limits; for a profinite group G and a prime p, i) G has a Sylow pro-p subgroup,
ii) Any two Sylow pro-p subgroups of G are conjugate.

Recall now that the Frattini subgroup ®(G) of a profinite group G, which is the
intersection of all maximal open subgroups of G. It is a topologically characteristic

subgroup of G, and, as in the case of finite groups, it consists of all non-generators
3

For a pro-p group G, one can define the lower p-series in G as follows:

Pi11(G) = P(G)P[Fi(G), G],

where P;(G) = G. Note that if G is finitely generated pro-p group, every subgroup
of finite index is open in G, and the lower p-series is well-behaved consisting of
open subgroups.

A pro-p group G is called powerful if p is odd and G/ GP is abelian, or if
p = 2 and G/G* is abelian. If G is assumed to be powerful finitely generated
pro-p group, then G? becomes the set of pth powers, and G¥ = ®(G).

A uniform pro-p group N, or uniform group for short, is a pro-p group which
is finitely generated, powerful and we have |P;(N) : P;y1(N)| = [N : Po(N)]| for
all i. The dimension of a uniform pro-p group N is defined to be the size of
a minimal topological generating set, and denoted by d(N). If {ay,...,a;} is a
minimal (topological) generating set of N, we have the following identities for the
above filtration

i—1

Pia(N)=PB(NY = {x¥  :xe N}y = ,...a .

Note that a subgroup H of N is open if and only if it contains P, (N) for some m.
Furthermore, the pth power map x — x? induces an isomorphism

P;(N)/P;11(N) = P;11(N)/Pi2(N).

Thus, P;(N)/P;+1(N) is an [Fy-vector space and we have d = dimg,(N/P2(N))
where d is the cardinality of a minimal topological generating set for N. We will
continue writing N; = P;(N) for i € N.

3An element ¢ € G is called non-generator if G = (X, g) implies G = (X) for any X C G
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3.2.2 Zj,-coordinates: a multiplicative coordinate systems

In this section, we will define the p-adic exponentiation and obtain a
homeomorphism between Z‘;, and a uniform pro-p group of dimension d.

Definition 3.2.1. Suppose G is a pro-p group, § € G and A € Z;,. The p-adic
exponentiation is defined by

g/\ = lim ¢" where lim a, =A,a, € Z.
n—oo n—oo

Let {a,}, and {b,}, be two sequences from Z such that
lim;, ;00 @y = limy o by in Z,. Then, for any ¢ € G, the convergent sequences
{g*}, and {g%}, have the same limit in G; hence the p-adic exponentiation is
well-defined. Moreover, it behaves well so that the above definition gives rise a
natural action of the ring Z, on G and consequently turns G into a (possibly
non-commutative) topological Z,-module.

Proposition 3.2.2. Let G be a pro-p group, g, h € G and A, j € Zy,

(i) g1 = g'gh and g™ = (g")".
(ii) If gh = hg, then (gh)* = ¢ ™.

(iii) The map Z, — G, v+ g is a continuous homomorphism whose image is
the closure of (g) in G.

We now introduce the multiplicative coordinate systems of a given uniform
pro-p group. First recall that finitely generated powerful pro-p groups can be
given as the product of some of its pro-cyclic subgroups.

Proposition 3.2.3. [[DdSMS99], Proposition 3.7] Let G = (aj,...,a;) be a
powerful pro-p group, then

Accordingly, for any x € G = (a1) ... (a4), there are Ay, ..., A; such that x =
ai\l ...a;"”. Furthermore, if G is uniform pro-p, we can obtain a homeomorphism
between Z‘Z, and N.

Theorem 3.2.4. [[DdSMS99], Theorem. 4.9] Suppose N is a uniform pro-p group,
and let {ay,...,a4} be a minimal topological generating set for N. The following
map is a homeomorphism

d
Zp—>N



As a corollary of Theorem 3.2.4, for each x € N, there are unique Ay, ..., Ay €
Z, such that x = ai\l .. agd. We call this tuple (Aq,...,Ay) Zp-coordinates of x,

and we will denote x = ai” . .a:i\d by x(A) to emphasize this system of coordinates.

Definition 3.2.5. Let G be a pro-p group. We define w : N — IN U {oo} by
w(g) =nif g € Py(N)\ Py+1(N) and put w(1) = 0.

One can immediately see the following holds w(gh) > min{w(g), w(h)} and
w(gh) =w(g)ifw(g) < w(h). Moreover, w is compatible with the usual valuation
v on Z, if G is a uniform pro-p group.

Proposition 3.2.6. Let N be a uniform pro-p group and the set {ay,..., a3} be a
topological generating set for N. Then the following holds

(i) For x € N and A € Z,, w(x") = w(x) +0v(A).
(it) [[dS93], Theorem 1.18 (iv)] Setting x = x(A), we have

w(x) =min{o(A;)+1:ie€{1,...,d}}.

Proof. (i) We begin with assuming that x # 1, A = 0; otherwise it is trivial. Let
a = v(A) and n = w(x); we therefore aim to see that x* € Nyiq \ Nytar1-

As Z, is a Euclidean domain with the p-adic norm, there exist g, r such that
A=phg+r,

0<g<panda < o(r). Tosee that x* = x”7 mod N, 41, it is enough
to note that x*"" € Nyias1 and o(r) > a.

Then the statement reduces to show that x”*7 € N, 14 \ Nyyai1. It follows
from the fact that the x — x?" induces an isomorphism between N, /N, 11 —
Nyia/Npyar1- Since x € Ny \ Nyi1, 7" € Nyyo \ Nyyar1. Therefore x7'7 €
Nyta \ Nutat1 as g1 p? where p? is the number of elements of Ny, /N, 11 for
all n > 1; in particular it equals to (Nyt4 : Nyjat1)-

(ii) We first obtain that w(a;) = 1, for all i € {1,...,d}. This is a direct
consequence of that N, (the Frattini subgroup of N) consists of all non-
generators of N; thus a; ¢ N, for any i.

Consider x = x(A) = ai‘l ...a;\”’, by the previous argument, we have

w(@™) =w(a;)) +v(A) =1+0())

1

Set m = min{v(A;) +1:i € {1,...,d}. The rest is straightforward; we will
see X(A) € Ny \ Ny11. It is obvious that x(A) € Ny, since a?i € Ny,.
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. i m—1 .
To see the latter, we will examine a?‘ mod Ny,.1, say a?‘ = af ‘T The
minimality of m dictates that there exists an i € {1,...,d} such that g; #
m—1 . m
0. Then H?:l af i gives a non-trivial linear combination of af , which

m—1 ..
constitutes a basis for the vector space N,/ N,,, 1. In particular, Hle af i

is not trivial in Ny, /Ny, 1; hence x(A) & Ny, 11 O

3.2.3 Associated additive structure

We now define an abelian group structure on a uniform pro-p group N of dimension
d, and report that it is isomorphic to Zf,.

Lemma 3.2.7. [[DdSMS99], Lemma 4.10] The map N — P, 1(N),x — x?" is a
homeomorphism

(i) restricting to a bijection Pe(N) — Pri,(N),

(ii) inducing a bijection Pe(N)/Piym(N) — Pyyk(N)/Pyikim(N)

Then one can easily see that every element x € N, has a unique p"th root
which we will denote by x? ". Hence we can define an additive structure on N via
the addition defined by

x+y=lim (" -y )"

n—oo

Note that the sequence (x?" - y?")P"" is a Cauchy sequence; hence the above limit
exists.

Proposition 3.2.8. [[dS95], Section 4.3] (N,+) constitutes an abelian group. For
all x,y € N, we have the following;

(i) If xy = yx, then x +y = xy.
(i) mx = x™ for all integer m.

(tit) If x,y € Ny, then x +y = xy mod Ny, 1.

Remark 3.2.9. The above proposition indicates that inverses with respect to +
are the same as multiplicative inverses and p-adic exponentiation becomes scalar
multiplication. In other words, for x € N and A € Z,, we have xt = Ax.

Theorem 3.2.10. [[dS93], Proposition 4.16, Theorem 4.17] Let N be a uniform
pro-p group of dimension d, and let {a1,...,a;} be a minimal (topological)
generating set for N. Then
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(i) N; is a subgroup of (N,+), for each i. Moreover, the terms of lower p-series
of (N,+) is exactly the terms of lower p-series of N with respect to the
original multiplication.

(i) (N,+) is a uniform pro-p group of dimension d with the original topology of
N.

(i) (N,+) is a free Zp-module on the basis {ai,...,aq}, and there is an
isomorphism of Z,-modules P : N — Z‘Z

AMag+ ...+ Agag — (A, A)

3.2.4 Analytic structure on uniform pro-p groups

The p-adic analytic groups are the best known class of pro-p groups. This
section primarily concerns the historic result of Lazard characterizing p-adic
analytic groups in a purely algebraic way. We will also explain how to obtain a
p-adic analytic structure on a given uniform pro-p group.

Recall first that a basis for the topology on Zj, induced by the p-adic metric,
for a fixed r, is given by the following balls

Bly,p ") ={zeZ,:|zi—y |[<pief{l.. r}}
={y+p'x:x €Z,}

where y € Z; and h € IN.

Definition 3.2.11. Suppose V is a non-empty subset of Z; and let

f=(f  f):VCZ, = Z

be a function on Z;.

(i) f is analytic at y € V if there exist h € N such that B(y,p™") € V and
formal power series F;(X) in Q,[X] satisfying

fily +p"x) = F(x)
for all x € Z;.

(ii) The function f is analytic on V if it is analytic at each y € V.

Lemma 3.2.12. 1.Letf:UQZ;%VQZ;andg:VQZ;%WQZ;
be two analytic functions, where U,V and W and open subsets. Then go f
is analytic on U.
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2. Suppose that F(X) = Z a; - Xil ..... Xi’ converges on an open subset U C

Z},. Then there evists k € N such that pktt-tilg, € Z,.

Recall the following topological definition

Definition 3.2.13. 1. Let X be a topological space. A chart on X is a triple
(U, ¢,n) where U is a non-empty open subset of X and ¢ : U — Zj is a
homeomorphism onto an open subset of Z’;.

2. Two charts (U, ¢,n) and (V, 1, m) on X are compatibleif pop~! and o ¢!
are analytic functions on (U N V) and ¢(U N V) respectively.

3. An atlas on X is a family {(U;, ¢;,n;)} consisting of pairwise compatible

charts satisfying X = Uui. Note that two atlases A and B on X are
i€l

compatible if every chart in A is compatible with every chart in B; and this

defines an equivalence relation on the set of atlases on X.

4. A p-adic analytic manifold structure on a topological space X is an
equivalence class of compatible atlases on X. Accordingly, a function
f : X — Y between two p-adic analytic manifolds is analytic if for every
pair of charts (U, ¢,n) on X and (V, 9, m) on Y, we have the following
(a) f~1(V) is open in X,
(b) Yo fogelisanalytic on p(UN f~1(V)).

Remark 3.2.14. An analytic function between two p-adic analytic manifolds is
continuous. Moreover, the product of two p-adic analytic manifolds carries a
p-adic analytic manifold structure.

Definition 3.2.15. A p-adic analytic group G is a topological group which carries
a p-adic analytic manifold structure such that group operation and inversion

GXG—=G G—G
(x,y) —~ x-y x5 x 1

are analytic functions.

Definition 3.2.16. [[DASMS99], Theorem 8.36, Definition 8.37] For a p-adic
analytic group G, there exists a (unique) non-negative integer n which is called
the dimension of G satisfying the following:
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e every chart belonging to an atlas defining the manifold structure on G has
dimension n,

 every open uniform pro-p subgroup of G has finite dimension n

Let N be a uniform pro-p group of dimension d, generated topologically by
{a1,...,a;}. Recall the homeomorphism

¢:Z5 - N

/\1,...,}\‘1 P—)aAl...ﬂAd
1 d

defined in Theorem 3.2.4. This homeomorphism gives us a global atlas (N, ¢, d) on
N; hence we may consider N as a compact p-adic analytic manifold of dimension

d.

Theorem 3.2.17. [[DdSMS99], Theorem 8.32] Let G be a topological group. Then
G has the structure of a p-adic analytic group if and only if G contains an open
subgroup that is a uniform pro-p group.

3.3 Model theory of uniform groups

Now we associate a two-sorted language to a normal pro-p subgroup N of a
compact p-adic analytic group G following [dS93] in order to study the group
theoretic properties.

Definition 3.3.1. The language Ly has two sorts, namely the group sort M; and
M, with the following

(i) all function symbols of the group language on the sort M;
(ii) a unary function symbol, for each ¢ € G, @, on the sort M
(iii) a binary relation symbol x | y on the sort M
(iv) a binary function symbol: x* : My x My — M
We see a normal pro-p subgroup N of a compact p-adic analytic group G as
Ly-structure My by having the domain N for the first sort M; and Z, for the

second sort My. Hence we obtain all the functions of the group language in N
with the interpretation of ¢, as the conjugation by g, for each g € G,

¢g: N — N,x+— gxg L.
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To see the interpretation of the binary relation symbol x | y, recall the
function w given in Definition 3.2.5. Accordingly, we interpret x | y as
w(x) > w(y). In addition, the binary function symbol: x” is interpreted as the
p-adic exponentiation as in Definition 3.2.1.

In case N is a normal uniform pro-p subgroup of a compact p-adic analytic
group G, we can interpret (N, Ly) definably in (Qp, Z,F,, EZ[[t}]) by passing to the
Z,-coordinates. To this aim, fix a minimal topological generating set {ay,..., a4}
for N. Recall that, for each x € N, there are unique Ay,...,Ay € Z, such that
X = ai\l e a’d\d = x(A). In this way, we obtain constants (the elements of N) as
the tuples in Z,.

Theorem 3.3.2. [[dS93], Theorem 1.18, Lemma 1.19]

1. The function f : Z’Z, X Z‘f, — Z‘f, defined by x(A)(x(u))™t = x(f(A, 1)) is

analytic.

2. For ¢ € Aut(N), the function ® : Z‘Z, — Zi defined by p(x(A)) = x(P(A))
is analytic.

3. The function f : Z‘; XZy — Z’; defined by x(A\)! = x(f(A, u)) is analytic.

Recall that Z,-coordinates provide a system of coordinates for N, then by
(1) above, the group operation is Lzg-definable if we identify N with Z’f, using
Zy-coordinates. The above theorem also shows that conjugation by the elements
of G and the p-adic exponentiation can be given by analytic functions; hence
they are all interpretable in the analytic language. (N, Ly) is therefore definably
interpretable in (Q,, Z,TF), LZ[[t]])-

Interpreting uniform pro-p subgroups of p-adic analytic groups has been
influential not only for zeta functions but also for the classification of full
profinite NIP groups. However, this is not enough for us; we want to be able to
interpret the group structure of N in this structure uniformly in p. This means
that we need to establish a systematic (p-independent) way to obtain a
subfamily {N,}, of uniform pro-p subgroups of a given family of compact p-adic
analytic groups {Gp}p. To this end, we introduce the following criteria on the
family of compact p-adic analytic groups {Gp}.

Definition 3.3.3. We say that a family of FAb compact p-adic analytic groups
{Gp}p indexed by the primes p > 2 has the property (o) if there exists an Lz-
formula ¢ defining the family {G,}, with its p-adic analytic structure * uniformly
in p.

4The formula ¢ defines the sets G, with the group operation G, x G, — G, and the p-adic
exponentiation G, X Zy — Gp uniformly in p.
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We now show that if this condition is satisfied, we can recover the subfamily
of uniform pro-p subgroups with their p-adic analytic structure. To this end, we
will add to the language Lz[;) new symbols of constants ay, ..., 4y in Lemma 3.3.4,
and call this language £’. Recall first that

w(x) =min{v(A;) +1:i€{l,...,d}}

where x = a?l .. .a;\d; we will use this relation to define w in the following.

Lemma 3.3.4. Suppose that {Gp}p is a family of FAb compact p-adic analytic
groups satisfying the property (¢). Then there exists a uniformly definable (with
parameters) family of uniform pro-p subgroups of the family {Gp}p in the structure
(Qp,Z,F,, L"). In other words, the property (o) ensures that there are L' -formulas
@j, P; such that,

o ¢; defines the finitely generated pro-p subgroup Ny of Gp;

pj(x) =3I A x= Ha?"'.
i

o Y;(r,x) defines the lower p-series of Ny, namely N, ;
Pi(r,x) = w(x) >r.

Then there exists an L'-formula ¥ such that Qp FY < dd<k Np =

(a,...,aq) is uniform pro-p, and, for each p, there exists an interpretation of the
constant symbols a1, ..., ax such that ¥ holds.

Proof. We now see how to interpret the above formulas to get the subfamily {N,},
of uniform pro-p subgroups of {Gp}p. We assume that there exists an [’Z[[t]]"
formula (hence £'-formula) ¢ defining the family of p-adic analytic groups {G},
uniform in p. Then the number of variables in ¢ gives an upper bound for the
(topological) dimension of any subgroup of G,. Call the number of such variables

k.

For the following, when we write Q,, we consider it as an L'-structure with
some interpretation of the constant symbols a;. Let ¢; be the following

pj(x) =3 A x = Haf”.
i

To ensure that one gets unique Ay,...,A;, we put the sentence x; while forming
Y.
X =VAN [ =Ta" — A=A,
i i
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Then ¢;(Qp) becomes a subgroup of G, which has dimension < j if and only
if
Qp = T(g;(+)),
where T(g;) : (3%, ¢;(x)) A Y2,y (9i(x) A 9i(y) = @j(xy7)).

Let r € Nxo, and let 9; be the £'-formula choosing the elements of ¢;(Q,)
whose values are bigger than r under the map w.

Pi(x, 1) =w(x) >r.

Note that we let 7, as a parameter, run over the value group. Since w is compatible
with the usual valuation v on Z,, this does not lead to any issues with definability.
In a similar fashion ¢;(Qp,r) becomes a subgroup of a group G, if and only if

Qp = I(¥(-7)-

Finally we construe 1y; to be

Vx,y € 9j(Qp) Jz € 9i(Qp) vyl =zAw(z) =2

Note that the elements satisfying w(z) > 2 are the pth powers. Following this, let

k
¥ =\ ((T(@i() Axg A A (I T(i(m) )
j=1

Then Q, = ¥ implies that there is a finitely generated powerful pro-p

subgroup N, = (ai,...,a3) of Gp, for some d < k with the filtration
Ny = {x € Np @ w(x) > r}. Consequently, for any r, the quotient
Ny / N(y,41) is an elementary abelian group; hence a d-dimensional F,-vector
space. Moreover, for any y € p+ p*Z, = {p : v(u) = 1,ac(u) = 1}, the map
x > x# defines an isomorphism between the quotients N,,)/N(,,1) and
N(pri1) / N(p,r12)- Therefore N, turns out to be a uniform pro-p group, and

QFY«® dd<k N,=(ay,...,a;) is uniform pro-p.

O]

Remark 3.3.5. In the following chapters, we repeatedly exploit the fact that we
can define the uniform pro-p subgroups in the structure (Qp, Z,F,, L") uniformly.
By Lemma 3.5.4, we obtain each uniform pro-p subgroup Ny of G, with its group
structure in our analytic language. In the setting of [dS93], this implies that,
for each p, (Np,Ln,) is definably interpretable in (Qp,Z,Fy, L'). The main
contribution here is that the construction in the proof of Lemma 3.5.4 provides
a machinery to study the group theoretic properties of uniform pro-p subgroups
uniformly in the analytic language.
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We conclude this section with a critical note; throughout the rest of this thesis,
uniform definability always means that it is uniformly definable in p, as well as in
ai,...,ar and other constant symbols introduced whenever needed.

3.4 Uniform rationality in p

We finalize the background section by a result from [Ngul9] which enables us to
prove rationality of a Poincaré series enumerating uniformly definable families of
equivalence classes. In [Ngul9], a theory 7T which satisfies certain properties (*)
and (**) in a language £ extending Lpp is considered. We are only concerned
about the family of local fields {Q,},cp, and the theory of Q, in the language
L7y expanded by some constant symbols satisfies (*) and (**) as indicated in
Section 1.2.4 of [Ngul9]. Hence, we omit introducing the properties (*) and (**)
which can be found in Section 1.2.3, [Ngul9].

Let ¢(x,y,n) be an L-formula with free variables x and y running over K™
and n running over IN. Suppose that for each local field K and n € IN, ¢(x,y,n)
gives an equivalence relation ~g , on K™ with finitely many, say, a4 k », equivalence
classes. We consider the following Poincaré series, for each local field K,

Pox(T) =Y apraT".

n=0

Prior to Nguyen’s result on uniform rationality, we will see how Igusa’s
result mentioned at the beginning of the introduction, Chapter 2, appears in this
formalism. Let F(x1,...,X%u) € Z[x1,...,%n), and define ~,, on the vanishing
set of F(x1,...,%y) (a uniformly definable subset of Q;" in Lpp) as follows:

X~pny & vp(x —y) = n.

Let ¢(x,y,n) be the Lpp formula defining ~,,, and let a,,, be number of
equivalence classes of ~, ;. Then

Pop(T) = Z AgpnT"

n=0

=Y N,T"

n=0

= Px(T)

where X is given by F(x1,...,%,) = 0, and N, is the number of elements of
X(Z/p"Z).
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Theorem 3.4.1. [[Ngul19], Theorem 1.4.1] Let ¢ and Pyx(T) be as above. There
exists a positive integer M such that the power series Pq,,K(T) is rational in T for
each local field K whose residue field has characteristic at least M. Moreover, for

such K, the series Py x(T) only depends on the L-structure induced on the residue
field sort kx.

More precisely, there exist non-negative integers N, k,bj, e;, integers a; and
L-formulas X; andY for subsets of some power of the residue field fori =0,...,N
and j =0,...,k such that

(i) for each j,a; and b; are not both zero, and

(7i) for all local fields K with residue field kx with gk elements and characteristic
at least M, Y (K) is non-empty and
N , .
Lo(—D)4E# X (K) T
P K(T) — 1—0( ) l( )
” #Y (K) TT5, (1 — g2 T
(K) ITj=a (1 — g T7)

(3.1)

Recall that we work in the language £ expanding Lz with constant symbols
ai,...,ax. We now formally define what uniform rationality means in this language.

Definition 3.4.2. Let @ = ay,...,a;. For a given Poincaré series Pps(T) =
Yon>0apaT" for each Qp and each interpretation of ay,...,a;, we call the series
Pp,a(T) uniformly rational in p if there exists M > 0 such that the power series
P,a(T) are of the form in (3.1), where K consists of Q, such that p > M with the
given interpretation of a.

Note that there will be more constants later on; we will then implement
Definition 3.4.2 in a similar way. Now we apply Nguyen’s result to the partial zeta
series. Recall that we work with a family of FAb compact p-adic analytic groups
Gy satisfying the property (¢). In the previous section, we saw how to obtain a
uniformly definable family of uniform pro-p subgroups N, of G,. We now consider
subgroups K, of G, such that N, < K, with fixed Sylow pro-p subgroups P, of
Ky. Let r = (P, : Np), u = (K, : Np) and fix a set of (left) coset representatives
Yi,...,yy for Ny in Py, namely a left transversal (yy,...,y,). We extend it to a
(left) transversal for N, in Kp; set y,41,...,yu € K, such that (y1,...,y,) is a
(left) transversal of N in K, see Section 7.2.2 for a detailed discussion.

Recall that we aim to see the uniform rationality of the following partial zeta

series
(N I(s) =y 8(1),
GEIrrIC(p(Np)
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where N, is an open normal uniform subgroup of G, and K, is a subgroup of G,
containing N, and Irrg (Np) is a subset of the set of irreducible characters of N,
whose stabilizer (under the conjugation action) is K, see Section 6.2.

We will later see in Chapter 8 that, for each ¢ € H?(P,/N,,C*), there is a
one-to-one correspondence between the set of characters Irrf<p (Np) and a set of
equivalence classes of a uniformly definable equivalence relation. To obtain ¢ in a
uniformly definable way, we introduce parameters b;; in the proof of Lemma 8.1.1.
We now add to our language £’ new constant symbols yq,...,y, for the (left)
transversal of Nj, in K}, such that y1,...,y, is left transversal of N, in P, and bij
yielding to ¢ € H*(P,/N,,C*), and call this new language £”. From now on, our
work will be in the language £”.

Following this, in the language £”, we describe a uniformly definable subset
D;n of Q? for some m, and uniformly definable equivalence relations ~,, on Dlgln
such that

é(Np/Kp,C) (s) = E \p]g/n /~pn

n>0

pfns‘

This means that there exists a p-independent £”-formula ¢(x,y,n) defining
the equivalence relation ~p, and |Dy,/~px| is finite. We therefore apply the

above result of Nguyen, and conclude that {(NoKp€)(s) is uniformly rational for
large enough p whenever the family {G,}, of FAb compact p-adic analytic groups
satisfies the property (¢). More precisely,

Theorem 3.4.3. There exist L -formulas defining subsets X; and Y of some power
of the residue field such that the following holds: for every sufficiently large p and
every interpretation of the constant symbols a;, y;, bi; in the structure Q,, if the
a;’s yield a uniform pro-p subgroup Ny of Gy, the y;’s give transversals for Ny, in
Py and in K, respectively, and b;; give ¢ € HZ(PP/Np,C*), then

g(N’”’K’“’C)(S) _ g\iO(_l)Ei#(Xi(Qp))pisi
#(Y(Qp) Ty (1 — p)

Note that, for each r and u, we obtain uniformity for all K, for which the
index (Py : Np) is equal to 7, and the index (K, : Np) is u. We want to conclude
this section with a result that can be deduced from various arguments presented in
different places in this text. Our main aim in giving such a statement is to highlight
that one certainly needs to parametrize all the possible K, and ¢ when intended to
deal with the representation zeta function of FAb compact p-adic analytic groups.
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Theorem 3.4.4. There exists an L"-sentence E such that Q, (with some
interpretations of the constant symbols a;,yj, bij) satisfies & if and only if the
tuple ay,...,ar generates a uniform pro-p subgroup N, of Gp, y1,...,Yu gives
transversals for Ny in P, and K, and bj; yield to c € H*(P,/N,,C*).

Theorem 3.4.3 and Theorem 3.4.4 originate simultaneously in this work.
The proof of the latter can be recovered from the construction of the equivalence
relations ~yp, ;. The argument for the a;’s is already given in Lemma 3.3.4. To
express that the y;’s form transversals for Ny in Py in Kj, one can follow similar
steps to the proof of Lemma 7.2.6. Finally, the assertion that b;’s yield a
cohomology class ¢ € H?(P,/N,,C*) is contained in the proof of Lemma 8.1.1

(iv).
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Chapter 4

Good Basis

In this chapter, we introduce du Sautoy’s parametrization of finite index subgroups
of a uniform pro-p group. Throughout, assume that N is a uniform pro-p subgroup
of a p-adic analytic group G, and {4y, ...,a,} is a minimal (topological) generating
set of N.

We begin with presenting the following construction from [dS93]. Let x =
x(A) € Ny = Py(N). Then we know

m<w(x(A)) =min{v(A;)+1:ie{1,...,d}}.

Consequently, v();) > m —1and p~"~V\; € Z,, foreachi € {1,...,d}. Consider
the residue map 7 : Z, — IF), and accordingly define 71, : Ny — IF‘;;

x(A) = (m(p~ " VA, ., w(p~ M IAY)).

The map 71, gives a homomorphism of groups, to see this, pick two elements x, x’
from Ny, such that x = x(A) and x" = x(u), and let p be a d-tuple from Z, such
that x(p) = x - x’. One can immediately see that

x(A+pu—p)=1 mod Ny
as the quotient Ny, /Ny,11 is abelian. This implies that v(A; + yu; — p;) > m, for
each 1 < i < d; in particular 71, (x(p)) = Tm(x(A + p)) = 7w (x). 71, (x"). And

the kernel of this homomorphism is exactly Ny; hence 71y, is an [Fp-vector space
isomorphism between N,/ Ny, 11 and IFZ.
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Definition 4.0.1. Let H < N be an open subgroup. A tuple (hy,...,h;) in H is
called a good basis for H if

(ii) {7tm(h;) : j € In}, where I, = {j : w(h;) = m}, extends the linearly
independent set

w(h;)

(" ") j €L UL UL, 1}

to a basis for 7t,(H N Ny,).

Note that a good basis for N is an ordered minimal set of topological
generators of N. Also, this constructive definition ensures that a good basis for
an open subgroup H of N always exists. To see this, one can consider a tuple
(hy,...,hy) for some k < d fulfilling (i) while assuming that (ii) holds for all
m < | for some I. Then the minimality of some g > [ such that
dim(7r;(H N Ny)) > dim(m(H N Np)) gives us the elements lyyq,...,h, in
(HNGy) \ Gyy1, and the set {my(hxi1),...,75(hy)} extends the following
linearly independent set

n—w(h;)

{my(h? ) jeL U UL 1}
to a basis for 71,(H N Np).

Lemma 4.0.2. [[dS93], Lemma 2.4] Let H be an open subgroup of N with a good
basis (hy, ..., hg). Then for each h € H, there exist Ay,...,Aq € Zp such that

h=nm. . h).

Moreover, if h = )" .. .h;\d, then w(h) = min{w(h;) +v(A;) :ie {1,...,d}}
The recursive construction given in the proof of the above lemma in [dS93]
indicates that such a tuple of A; is unique. And the second assertion shows that w

and p-adic valuation are compatible with respect to good bases. With the above
result, one can obtain du Sautoy’s characterization of good bases.

Lemma 4.0.3. [[dS93], Lemma 2.5] Let N be a uniform pro-p group and d =
d(N). Then (hy,...,hy) is a good basis for some open subgroup of N if and only if
(1) w(h;) < w(h;) wheneveri < j,
(2) hi #1 forie{1,...,d},
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(8) the set {hi\l ) ..h;"” :Ai € Zp} is a subgroup of N,
(4) forall Ay, -+, Az € Zp, w(h()\)) = mm{w(hz) —l—T)(/\l') (i€ {1,. . ,d}}

The notion of good bases allows us to give a many-to-one parametrization
of the set of finite index subgroups of N in terms of p-adic analytic coordinates.
Considering this characterization of good basis, one can obtain that the set of all
good bases is definable in (Qp, Z,Fp, Lz[y)-

Recall that we are given a uniformly definable family of p-adic analytic groups
{Gp}p in the language Lz[. In Section 3.3, we showed how to obtain a subfamily
{Np} p of uniform pro-p groups of these p-adic analytic groups in a uniform way
by using L£”-formulas. We rewrite the definition of good basis to highlight that the
set of good bases for an open subgroup of Nj, for any p > 2, is uniformly definable.
To this aim, we consider the map x +— x* where p € {y : v(yu) = 1,ac(u) = 1},
instead of the pth power map between the quotients as we did in Section 3.3. We
have

n—cw(h;) n—cw(h;)
hl}l = ]’ll’p mod Pn+1(Np)

in the quotients of the lower p-series of Ny, we therefore obtain the same set of
good bases for a given open subgroup of N, if we replace p by u. So the following
is just a reformulation for the purposes of our work.

Definition 4.0.4. [good basis, revisited] Let H, < N;, be open with Py, (N,) =
P, < H, for some m. A tuple (hy,..., h;) from H, is called a good basis for H, if

(ii) for each n < m, the following set

—w(h;)

(" Py i1 <i < d,w(h) < n}

is a basis for the IF, vector space (P, N Hy) - Pyy1/Pyyq for any p € {p :
o(p) =1,ac(p) =1}.

Lemma 4.0.5. The set of good bases is uniformly definable.

Proof. Let N, = ¥(Qp), and (hy,...,hy) € Np. We keep the notation h; =

Ays ;
x(A;) = a}"...a;", and show that the conditions in Lemma 4.0.3 can be given

uniformly.

(1) Recall that w(h;) = min{v(Ay)+1:k€{1,...,d}}. Accordingly, w(h;) <
w(hj) if and only if

min{v(Ay) +1:ke€{1,...,d}} <min{o(A) +1: k€ {1,...,d}}.
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This is uniformly definable as v is definable in the language L.
(2) It is enough to obtain that h; = 1 if and only if Ay; = 0 for allk € {1,...,d}.

(3) As described in the Section 3.3, one can confirm if the set {hi‘1 .. .hgd tA €
Z,} is a subgroup of N, in a uniformly definable way.

(4) Since Zy-coordinates can be given uniformly in p, this reduces to the uniform
definability of the valuation v, which is clear. O

4.1 An Example

We now provide a panorama of concepts introduced in Section 3.2 with a concrete
example aiming to create a better intuition on the notion of good basis. For the
details of the following, see Chapter 5, [DASMS99].

For a positive integer n and a prime p > 3, we consider the general linear
group I' = GL, (ZP)7 which is a compact Hausdorff topological group with respect
to the subspace topology induced from the topology on the space My (Z;) of n x n
matrices over Z,. Moreover, a base of the open neighborhoods of the identity
element is given by the principal congruence subgroups of GL,(Z,) defined as
follows:

I, =GL,(Z,) = {g€GL:(Z,) : g =1d mod p'}
=1+p'Mu(Z,)
Consequently, this natural filtration fully determines the topology on

GLx(Zp). Note that for each i € IN, I'; can be regarded as the kernel of the
projections GL,(Z,) — GL,(Z/p'Z). Therefore, we have

(T:T) =" =1)(p"=p)...(p" —p"")
(F1 . F,) = pnz(i—l)

Following this, we conclude that I' is a profinite group, and I'y is a pro-p
group. Moreover, I' = GL,,(Z,) is a p-adic analytic manifold with the global atlas

{(GLu(Zp), ¢ lcv,z,) ")},

where ¢ : My(Z,) — ZZZ is the natural homeomorphism. The group operation
in GL,,(Z,) are given by the following analytic functions Z';,Z X Z';,z —Z,

(811, §nns 111, - ) = Ginhaj + oo+ Ginhinj
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Similarly, the inversion in I' can be described by analytic functions; consider
2
the functions Z’; — 2y

_ det(g(i,)))
(gllz---/gnn) th] - det(g) ’

where g(i,j) is the matrix formed by replacing jth column of ¢ with the
ith column of the identity matrix. Then Cramer’s rule tells that h;;’s constitute
the inverse of the matrix g, and Leibniz formula secures that these functions are
analytic.

The Theorem 5.2, [DASMS99] states that I'j = GL}l(Zp) is a uniform pro-
p group, and the principal congruence subgroups of I'i coincide with its lower
p-series, ‘ _

With all being said, we now consider the uniform pro-p group GL% (Z3),
G:={AeGLy(Z3): A=1d mod 3)}.

Then the lower p-series ... C G3("71> C...CG>*C GinG can be given as

o 143'Z; 3'Z
follows: P, (G) = G3" " :{{ 37, 3 1—1—3”323]}' As (P(G) : Piy1(G)) = (G

P,(G)) = 3%, we have d(G) = 4. Then the following gives a minimal (topological)
topological generating set for G

= Jonm s Joo -

14323 3°Z3 b of
3323 1+ 3323
G. It is obvious that P3(G) < H. Then a good basis for H can be given as follows:

{h = [g (1)],%12: [(1) ?],hgz {217 (1)],114: [(1) 208}}.

As an example, consider now the subgroup H = {[
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The following image illustrates all the above-mentioned groups, relations and
elements; the entire picture stands for the group G. The principal subgroups
decrease to the left, i.e. G is everything to the left of the line denoted by G3, etc.
In addition, the rows symbolize the groups generated by each of g;, and the image
shows how much of these subgroups is contained in H and where the elements F;
and their powers live.

G¥ G G G

H h? h:i’ hy ~ g%
h ook ~ g%
h3 ~ g%
hy ~ g%
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Chapter 5

Projective Representations

The following chapter covers the most of the representation theoretic part of our
work. We heavily use projective characters of profinite groups. To this end, we
provide a brief survey of definitions and results from the theory of projective
representation, which was founded and improved by Schur in [Sch04], [Sch07],
[Sch11], and show how they become handy for us. An interested reader shall find
it beneficial to check the following references; [Kar94], [Isa06] and [Hup98].

From now on, we only consider closed subgroups (denoted by <), continuous
representations and their characters. To this end, we view the general linear groups
over C with the discrete topology. Before going any further, let us have a quick
recall on some basic notions from representation theory whilst fixing notations.

Definition 5.0.1. Let G be a profinite group and, let N be an open normal
subgroup. Note that we can generalize the statements about finite groups to this
setting as we work with continuous representations and finite index subgroups of
G. As a rule of thumb, one can recover the statements about profinite groups
by pulling back the data from the finite quotients to the inverse limit within this
setting.

o Irr(G) is defined to be the set of characters of continuous irreducible complex

representations of G.

o For any subgroup K < G and 6 € Irr(K),

Irr(G | 8) = {x | x € Irr(G), (Res%(x),0) > 0}.
o For any 6 € Irr(N), we define the conjugate character 80 : N — C of 6 by

h+— 0(ghg™!). Accordingly, we write the conjugation action of G on Irr(N)
as follows:
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G x Irr(N) — Irr(N)
(¢,0) — 20

Hence the stabilizer of 8 under this action is given by
stabg(0) = {g € G:3%6 = 0}.

Note that this stabilizer group is often called the inertia group of 6 in G, and
(G : stabg(0)) is the size of G-orbit of 6.

o For any K < G, we write Irrg(N) = {6 € Irr(N) : stabg(0) = K} for the
irreducible characters of N whose stabilizer is K.

o We call (K,N,0) a character triple if @ € Irr(N) and K fixes 0, i.e. K <
stabg(0). Hence, Irrg(N) can be regarded as the set of character triples
(G,N,0), see [Isa06], later parts of Chapter 11.

We begin with recalling Clifford’s theorem that helps us to connect
representations of N with representations of G, and build up representations of
G from representations of N. Later on, we extend Clifford’s theory (actually his
viewpoint of reducing the problem) to projective representations and characters,
see Section 6.1.

Theorem 5.0.2. [Clifford] Let 0 € Irr(N) and x € Irr(G | 8). Consider the
G-orbit (under the conjugation action) {6 = 61,...,0,} of 6 where m = (G :
stabg(0)). Then we have the following
(i) Res$ (Ind$;(0)) = (stabg(6) : N) - ¥, 6;
(ii) (Ind$ (), Ind$(0)) = (stabg () : N). In particular, Ind$ () € Irr(G) if and
only if stabg(0) = N.

(iii) Call (Res$(x),0) = e and note that e > 0. Then ResS(x) = e- Y™, 6;.

Equivalently, one can say that the irreducible constituents of Resz(\;, (x) are all

of the same multiplicity and form the G-orbit of 0.

(iv) 6(1) divides x(1). Consequently, given a character triple (K, N, ), we obtain
that x(1)/6(1) is an integer for any x € Irr(K | 6).

Theorem 5.0.3. [[BKZ18], Chp. VII, Theorem 2.2] For any 6 € Irr(N), the
following statements hold;

(i) For any ¢ € Irr(stabg(0) | 0), IndsGtabG(g)((p) € Irrp(G).
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(it) Let x € Irr(G | 0) and ¢ € Irr(stabg(0) | 0) be such that Indgabc(e) p =X
Then
(RessGtabG(B) (x),0) =1

(iii) There is a bijection Irr(stabg(8) | 0) — Irr(G | 6) given by
@ — IndsGtabG(g)((p); in particular, |Irr(stabg(0) | 0)| = | Irr(G | 0)]

Definition 5.0.4. A map a : G x G — C* is called a 2-cocycle (or a factor set )
on G if for all g, h,k € G,

a(gh k)a(g, h) = a(g, hk)a(h, k).

The set of 2-cocycles on G has an abelian group structure under pointwise
multiplication. This group is denoted by Z?(G,C*). We shall take a closer look
to a special subgroup B?(G,C*) of Z?(G,C*) consisting of elements a called 2-
coboundary in the following form;

_ _Hlgh
) = gy

where p : G — C* is an arbitrary function which sends 1 to 1. Following this,
we consider the quotient group Z?(G,C*)/B?(G,C*) = {[a] : « € Z?>(G,C*)} and
denote this by H?(G,C*). Note that this special cohomology group H?(G,C*) is
also called the Schur multiplier of G.

Definition 5.0.5. Let V be an n-dimensional vector space over C where n < co.
A continuous function p : G — GL(V) is called a projective representation of G
over V if there exists a continuous function & : G X G — C* such that

p(g)p(h) = p(gh)a(g, h)

for all g,h € G, and the associated function & is said to be the factor set of p.

Note that the factor set a of a projective representation p is uniquely
determined by p taking non-zero values, and lies in Z?(G,C*). Moreover, for any
a € Z?(G,C*), there exists a projective representation of G with factor set a.
Notice that a projective representation with a trivial factor set, i.e. &« = 1, is an
ordinary representation. As in the case of ordinary representation theory, we call
the function G — C given by ¢+ tr(p(g)) the projective character of p.
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5.1 Twisted Group Algebra

It is well known that ordinary representations of groups can be seen as modules
over group algebras. One can say more on projective characters by observing a
similar correspondence for projective representations considering the twisted group
algebra instead of the group algebra. To this end, we introduce the notion of
twisted group algebra. Let G be a profinite group with an open normal subgroup
N.

For a fixed 2-cocycle a € Z?(G,C*), we denote the (a)-twisted group algebra
over C by C*[G]. This algebra has a basis {g : ¢ € G}, consequently each element
of C*[G] can be uniquely given as

) %8

g€G

where x, € C. The multiplication in C*[G] is given by gh = gha(g,h) and
extended via the distributive law.

For a given factor set a of G, consider an arbitrary (ordinary) representation 7t
of C*[G]. Set ©(g) = 7t(g). Then one can see that © is a projective representation
of G with the factor set a by the following;

0(8)0(h) = m(g)7t(h) = 7(3.h) = 7(gha(g, h)) = O(gh)a(g, h).

Conversely, if ® is a projective representation of G with a factor set «, one
can define a representation 7w of C*[G]| by letting 71(g) = ©(g) and extending by
linearity. The projective characters of G with the factor set a are therefore in a
one-to-one correspondence with the representations of the twisted group algebra

c*[a].

Two projective representations p and ¢ are called similar if there exists an
invertible matrix P (over C) satisfying p(g¢) = Po(g)P~! for all ¢ € G. Two
projective representations have the same (projective character) if and only if they
are similar. Also, a projective representation © is called irreducible if it is not
similar to a projective representation in the form

* * *
* 0 %

0 @ =«

% *

In other words, a projective representation @ with factor set &« and the
character it affords are called irreducible if © corresponds to a simple

C*[G]-module.
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Let p1 and pp be two projective representations of G with factor sets aq, a2
respectively. For ¢ € G, the tensor product p1 ® pp of p1 and p; is given by

(01 ®p02)(8) = p1(8) ® p2(8)-

Correspondingly, we have the following relation for any g, h € G,

(p1(8) ® p2(8)) (p1(h) @ p2(h)) =(p1(g)p1(h)) ® (p2(8)p2(h))
=(p1(gh)aa(g,h)) ® (p2(gh)az(g,
(p1(gh) ® (p2(gh))as1 (g, h)aa(g,
(p1® p2)(gh)a1(g, h)az(g, h))

)
)

h
h

01 ® p2 is therefore a projective representation of G with factor set ajay. In terms
of characters, we also get what one expects; let x1, x2 be the (projective) characters
of p1 and p; respectively, then the character x = xp,@p, of p1 ® p2 equals to x1x2.

A projective representation p of G with factor set « is called equivalent to an
ordinary representation if there exists § : G — C* such that

5(81)6(82)

x(81,82) = 3(g1-22)

for all g1,4> € G.

5.2 Strong extensions

Now we will define another notion relating ordinary representations with projective
ones as in [SZ20] following [Isa06]. We still assume G to be profinite with an open
normal subgroup N.

Definition 5.2.1. Let © be an (ordinary) irreducible representation of N fixed
by a subgroup K of G. We say that a projective representation IT of K strongly
extends @ if for all g € K and n € N, we have

It immediately follows from the definition that a projective representation
IT of G with factor set a satisfying I1(n) = ®(n) for all n € N gives a strong
extension of © if and only if for all g € K and n € N,

a(g,n)=u«(ng) =1
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Theorem 5.2.2. For an (ordinary) irreducible representation ©® of N fized by
K < G, we have the following:

(i) There exists a projective representation I1 of K which strongly extends ©.

(i) Let o be the factor set of T1. There exists a well-defined element a of
Z2(K/N,C*) given by
a(gN,hN) = a'(g,h).

Proof. We begin with noting an argument that will be repeatedly used in this
work. As N is open in K, it has a finite index in K. Recall also that N is an open
(so closed) subgroup of the profinite group G. N is therefore profinite, and any
continuous complex finite dimensional representation of N factors through a finite
quotient. Consequently, we may consider the case of finite groups.

We write 8@(n) = O(gng~!) for ¢ € K and n € N. Note that ® and ¢©
are similar representations of K as © is fixed by K. To define I, we consider a
transversal T for N in K. For each t € T, we choose an invertible matrix P; such
that
POP ! ='Q,

and we fix P; = Id.

Now we define I1(nt) := @(n)P; as each element of K can be given uniquely
in the form nf for some n € N and t € T. Then, we have the following;:

[I(nt)I1(m) = O(n)P,O(m) = O(n)'OP
(ntmt= )Py = IT(ntmt~1.t)

C)
[1(nt.m)

Therefore the properties (i), (i), (iii) given in Definition 5.2.1 immediately
follow. Henceforth, by combining these properties, we obtain, for all g € K, n € N

I1(g)®(n) = I1(gn) = I1(gng~".g)
= O(gng "II(g)

Consequently, T1(g)®(n)I1(g) ! = ®(gng~!). Similarly, we have

(5.1)

T()TI(M)®(m)I1(h)~'T1(g) ™! = T1(g)®(hnh~")I1(g)~"

= O(ghnh~tg™)
By combining these two, we obtain

I1(gh)®(n)I1(gh) ™" = I1(g)I1(h)©(n)I1(h)~'T1(g) ™"
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for all ¢, € K, n € N. Then by Schur’s lemma, IT1(gh)IT(h)~T1(g) ! needs to
be a scalar, so set a’(g,h) = I1(gh)IT1(h)~'T1(g)~!. We have

I1(g)T1(h) = T1(gh)a’ (g, h)

for some «’ : K x K — C*. This finishes the first part of the proof. Now we
see that a’ is constant on cosets of N in K; hence we have a well-defined element
a € Z*(K/N,C*). For arbitrary n,m € N and g,h € K, we have the following

o' (gn, hm)U(gnhm) = I1(gn)T1(hm) = T1(g)I1(nhm)

(g TI(A(h™ nym) = TH(g)TI ()T ()
(
(

= o' (g, WIL(gTI(hnh™"'m)
= a'(g, h)T1(ghhnh'm)
As TI(gnhm) is invertible and II(gnhm) = TI(ghhnh~'m), we get
a'(gn,hm) = a’(g,h). Therefore, a is well defined. O

Corollary 5.2.3.

(i) Let T be another projective representation of K strongly extending 6. Then
there exists a function y : K — C*, that is constant on cosets of N in K such
that, for all g € K,

(ii) [[SZ20], Theorem 3.4.] There exists a well-defined function mapping the
irreducible characters of N fived by K < G to the cosets of B*(K/N,C*) in
Z2(K/N,C*) ; 0 — [a]

Ck : {6 € Trr(N) : K < stabg(#)} — H*(K/N,C*).

Proof. (i) This immediately follows from the proof of Theorem 5.2.2. Since IT’
is another strong extension of 6, we also have

IT()0(n)IT () ! = 6(gng™")

for all n € N, ¢ € K as in Equation 5.1. Then one can see I1'(g) 'T1(g)
commutes with 8(n) for all n by following the steps above. So we conclude
that I1'(g) 'TI(g) is scalar. Hence IT(g) = I1(g)u(g) for some u : K — C*.
To see it is constant on the cosets, it is enough to state, for all n € N and

g€k,

(n)I1(g)p(g) = IT'(n)IT'(g) = IT'(ng) = I1(ng)u(ng).
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(ii) We now explain the construction briefly to make it clear that this is a direct
consequence of the Theorem 5.2.2. For an irreducible character 8 of N fixed
by K, by Theorem 5.2.2, we can find a projective representation I1 with
factor set a’ € Z?(K,C*). This factor set induces a € Z*(K/N,C*), and we
map 0 to the class of & in H*(K/N,C*). And the first assertion ensures that
every two strong extensions of 6 to K give the same element Cg(0), as their
factor sets are congruent mod B*(K/N,C*) . So Ck is well defined. O

5.3 Induced Projective Representations

Let G be a profinite group and let H < G. For any 2-cocycle & € Z>(G,C*), we
denote the restriction of « to H x H by ay; hence ayy € Z2(H,C*) . Following this,
we see C*H[H]| as the sub-algebra of C*[G]| consisting of C-linear combinations of
the elements & for all h € H. Furthermore, we denote the C*[H]-module by Vi
in case V is an C*[G] module. This fundamental construction is called restriction
and we denote the corresponding projective representation by Resg,aH(V).

If x is the projective character of G afforded by V, then we denote the
projective character of H afforded by Vg by Resgrm (x) accordingly. For given
two subgroups K,K’' of G such that H < K’ < K, suppose that a projective
representation IT of K is a strong extension of an irreducible representation @ of
H. Note that Resﬁ,,aw (IT) also strongly extends ©.

As in the case of ordinary representations, we also have a dual notion called
induction. In the following definition, we will provide two descriptions of induced
projective representations.

Definition 5.3.1. With the above setting, suppose that (p, W) is a projective
representation of H with factor set ay. Let V' be the following vector space;

VI={f:G— W: f(hg) =a(hg,g Hp(h)f(g) forallhc H,g <€ G}.

Accordingly, let ©® : G — GL(V’) to be the map given by

©)(N))(E) = a8, 8)f(g')-

Then © defines a projective representation of G with the associated factor set «
which will be denoted by IndS; . (W).

If one wants to follow a more module theoretic approach, it can be proceeded
by considering W as a C*# [H]-module. Following this, we define an C*[G]-module
structure on the tensor product C*[G] ®cen () W as C*#[H] can be considered as
a subalgebra of C*[G]. This will be called the induced module and denoted by
WE. Accordingly, the induced projective character Indg,a x is the character of the
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induced projective representation of the tensor product C*[G] ®cay () W where x

is a projective character of H with factor set ap. Indg,a (x) is therefore a projective
character of G, and its factor set is a.

Suppose that a € Z?(G,C*) and H is a subgroup of G. If x is the projective
character of H with factor set apy afforded by an C*#[H|-module V, then we define
the g-conjugate $x of x by &x(h) = x(ghg™!) for any ¢ € G. As in the case of
ordinary representations, €x is a projective character of $H = gH g*1 with factor
set oy which is afforded by V.

Now, we introduce important and relevant facts on projective
representations which are straightforward analogues of established results for
ordinary representations.

We begin with recalling the notion of double cosets. Let G be a group having
two subgroups H and K. For each ¢ € G, the double coset KgH is given as

KgH = {kgh:h € H,k € K}.

We will denote the set of double cosets by K\G/H and write § € K\G/H for the

double coset representatives.

Also, recall that the intertwining number i(V, W) of two finitely generated
R-modules V, W where R is a finite dimensional algebra over a field F is defined
as dimp(Hompg(V,W)). As in ordinary representation theory, the intertwining
number of C[G]*-modules can be given by the inner product of corresponding
projective characters.

Lemma 5.3.2. [[Kar94], Chp. 1, Lemma 11.6] Let x and 0 be projective characters
of G with factor set «. Suppose that V and W are C[G]*-modules affording x and
0 respectively. Then we have,

i(V,W) = (x.0)c-

Theorem 5.3.3. [Mackey’s Formula, [[Kar9j], Chp. 1, Theorem. 8.6] Fix 2-
cocycle « € Z*(G,C*) and let H and K be two subgroups of G. Suppose that V and
W are finitely generated C*#[H]| and C*([K]-modules respectively. Then we have

(VW) = Y i(®Vennk, Wernk)-
3eK\G/H

In terms of characters, the theorem reads: For a projective character x of H,

Res%(lndg()()) = Z Indﬁ,(HngX.
3eK\G/H
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Proposition 5.3.4. [[Kar9/], Chp. 1, Lemma 8.10 (iii)] Let x,0 be two projective
characters of G with the same factor set w. Assume that x is irreducible. Then
the multiplicity of x as an irreducible constituent of 8 is given by (x,0)c.

Theorem 5.3.5. [Frobenius Reciprocity, [Kar9j], Chp. 1, Proposition 9.18 ]|
Let a € Z*(G,C*) and let H be a subgroup of G. Suppose that X is a projective
character of H with factor set wg and that 8 is an irreducible projective character of
G with factor set w. Then the multiplicity of x in Resg 0 is equal to the multiplicity
of 0 in Ind% (x). In other words,

(Indf; (x), 8)c = (X, Resf; 6)11.

Definition 5.3.6. A projective representation p : G — GL(V) of G is called
monomial if there exists a subgroup H < G and a one-dimensional projective
representation @ of H such that p = Ind%(®).

Theorem 5.3.7. [[Kar93], Chp. 3, Theorem 11.2 ] Let G be a supersolvable !
group. Then every irreducible projective representation of G over C is monomial.

Corollary 5.3.8. Projective representations of pro-p groups are induced from a
one-dimensional projective representation of some open subgroup.

5.4 Cohomology of finite groups

We now provide notable results from the cohomology of finite groups which are
relevant to this work. We shall start with generalizing Definition 5.0.4. To this
aim, we assume G to be a finite group, A to be an abelian group (both written
multiplicatively), and that G acts on A. Recall first that an i-cochain of G with a
coefficient in A is a function f : G! — A. Note that they form an abelian group
under the multiplication

(fe)(x1, .- xi) = f(x1, .., x)8(x1, ..., Xi),

where GY := {1}. We denote this group by C'(G, A). For each i, the coboundary
homomorphisms are given as follows:

o' C'(G,A) — CL(G, A).
f=68(f)

LA group G is supersolvable if there is a normal series {1} <9 G;1 <...<G, = G such that. for
all i, G; <G, and every quotient group G;;1/G; is cyclic

52



for f € C/(G,A) and (x1,...,xi11) € C*1(G, A) such that

S(F)(x1, . Xie1) = S f(x2, ., X)) f(x1, . .,xi)(’l)i+1 Hf(xl, .. .,xj_l,xjxj+1,...,xiﬂ)(’l)j.
i=1

Following this, we define
Z'(G,A) = ker(d")

B(G,a) o { MOV, 20
’ o 1, otherwise

We call the elements of Z/(G, A) and B (G, A) i-cocycles and i-coboundaries
respectively. One can see that B(G,A) is a subgroup of Z/(G,A). Following
this, we define the i-th cohomology group Hi(G,A) of G as the quotient group
Z!(G,A)/Bi(G, A). Note that, in Definition 5.0.4, we considered the trivial action
of G on A = C* in order to define the second cohomology group Hi(G,C*).

Proposition 5.4.1. In addition to the above setting, let |G| = m. For any integer
i > 1, we have the following

(i) [[Lan96], Section 2.2] Hi(G, A) is a torsion group. In particular &™ =1 for
all o € HI(G, A).

(it) [[Lan96], Section 2.2] Let Hi(G,A)(p) be the p-primary part of H(G, A),
that is, the subgroup of H(G, A) consisting of all elements whose order is a
power of p. Then

H'(G,A) = D H(G, A) ).
plm

It follows that, any « € H(G,A) can be written as & = [Tpjm & () where
wa(p) is the p-part of a, i.e. & = wagyy.a(y) where a,) € H(G,A)(,) and
®(y) has order not divisible by p. In particular, if G is a p-group, then
H'(G,A) = H/(G, A) ).

(ii) [[Lan96], Section 2.2, Theorem 2.1] Let P be a Sylow p-subgroup of G. Then
the restriction map ress : H' (G, A) — H'(P, A) gives an injection

res, : H'(G, A)(,) — H'(P, A).
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We finalize this section by going back to the 2-cocycles and 2-coboundaries
on a finite group G, giving a smaller version of Lemma 3.10, [SZ20).

Lemma 5.4.2. Let |G| = m, and let U? be the following set of 2-cocycles on G
{a € Z%(G,C*) : a™ = 1}.
Then B(G,C*) is complemented in Z*>(G,C*) by U%. Consequently, H*(G,C*) is

finite.

Proof. First of all, we observe that B2(G,C*) is divisible. Let B € B*(G,C*). Then
there exists p : G — C* such that

u(gh)
u(g)u(h)

Let n € N, and for ¢ € G, let v : G — C* be such that y(g)" = p(g). Then

_ou(gh) o oy(gh) ™
Ble ) = it = Gignm) -

B(g h) =

Now we can move to our main claim. It is obvious that B?(G,C*)U? C
7Z%(G,C*). To see that Z?(G,C*)) is contained in B*(G,C*)U? , suppose that
a € Z2(G,C*). By Proposition 5.4.1 (i), we have a™ € B%(G,C*). As we recently
observed, B?(G,C*) is divisible, so there exists B € B2(G,C*) such that a™ = g™,
and hence af~! € Up. That means, we have a € B2(G,C*)U? and this finishes
the proof.

SoUy={a:G—{ac A:a" =1}}. Since {a € C:a™ = 1} is finite; U? is
finite. This yields to the fact that H?(G,C*) is finite as it embeds in U?. O
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Chapter 6

Partial Zeta Series

We do not need this chapter in such detail to prove any of our claims. We
nevertheless present it to keep the completeness, more importantly, to explain
how partial zeta series arise when the representation zeta function of FADb
compact p-adic analytic groups is concerned and to motivate their definition. As
their names suggest, the first section is dedicated to Clifford theory for projective
representations, whilst we treat the reduction steps to the partial zeta series in
the second section.

This reduction idea originated from [JZ06], and it also allows us to work with
the cohomology classes over quotients formed by Sylow pro-p groups, which is
crucial to obtain linear characters while studying character triples. In [SZ20], the
authors give a different proof with additional steps; we present their formulation
as it is the base of this work.

6.1 Clifford Theory

Schur studied projective representations of finite groups thoroughly; however its
connection with Clifford theory was first obtained by Clifford, [Cli37]. In this
section, we introduce some parts of his work, which enable us to find a bijection
between Irr(K|y) and Irr(K|v) for two character triples (K, N,y) and (K, N,v)
where Cx(¢) = Ck(v) in H*(K/N,C*). The concise exposition below follows
[BKZ18].

Let G be a finite group, ¢ € Irr(N) where N<G. Set H = stabg(), the
inertia subgroup of ¢ in G. If ¥ is an (ordinary) irreducible representation of N
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affording ¢, then for any h € H, x € N,
¥ (x) = P(h)¥(x)P(h)~} (6.1)

where P(h) € GLgeg(y)(C). Then P is an irreducible projective representation of
H, call its factor set a~! (for notational convenience). Note that P is uniquely
determined up to a factor u : N — C*; therefore the equivalence class of the factor
set « is uniquely determined by 1. And the restriction to N, Resg’aﬁl(P), can be

given as A~!'¥ for some A : N — C*.

Lemma 6.1.1. [[BKZ18], Chp. VII, Lemma 3.3] In addition to the above setting,
let 8 be an irreducible character of H such that (Resk, ) > 0; i.e. 0 € Trr(H|y).

(i) There exists an (ordinary) irreducible representation A of H affording 6 such
that Resg(A) = e¥Y where e is the ramification of @ over N, and an (ordinary)
irreducible representation ¥ with the character .

(i) There exists an irreducible projective representation Q) of H with factor set
« (of degree e) such that
A=Q®P.

(iii) Q is uniquely determined by A, and for all x € N, Q(x) = A(x)Id for some
A:N = C*.

Remark 6.1.2. One can assume that a(g1,h1) = a (g2, h2) if 1N = goN, i N =
haN, and a(h,n) = a(n,h) =1 for all gj,hj,h € H and n € N by multiplying P
with p : N — C*, if required. For the rest, we proceed with that assumption.

Proposition 6.1.3. [[BKZ18], Chp. VII, Lemma 3.5] Let I, \(H) be the set of
irreducible projective representations ) of H with factor set a such that
A~1Restl(Q) is the identity representation of N for some A : N — C*.

(i) If O € I, A(H), then for all x € N,h € H, A(x)Q(h) = Q(xh). Moreover,

A is a linear character of N, and an H-invariant map.

(ii) Let H = Uyer/n Nha be such that hy = 1,hzhy, = f(a,b)hg for some f :
H/N x H/N — N. For Q) € I, ,(H) with deg(Q) = e, define

Q:H/N — GL.(C)
ar— Q(h,)

Then Q) is an irreducible projective representation (of degree e) of H/N with
the following factor set &

a(a,b) = a(hg, hy)A(f(a,b)).
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Proposition 6.1.4. [[BKZ18], Chp. VII, Lemma 3.6] Let Plrrz(H/N) denote
the set of irreducible projective characters of H/N with factor set &. Then the
following map is bijective

Ioo(H) — Plrrs(H/N)
QO — Q

Let 6 € Irr(H|p) and Ay be an (ordinary) irreducible representation of H
satisfying condition (i) of Lemma 6.1.1, i.e. Resk(Ag) = es¥. Then there exists
a unique projective representation ()g such that Ay = (g ® P. Let Xy denote the
corresponding character; hence 6 = xy.7v where 7 is the character of P.
Accordingly, we denote the character of the representation of Qp by X, If
x € N,a€e H/N and xh, € Nh, = a, then

Mx)Xo(4) = Xo(xha).

Theorem 6.1.5. [[BKZ18], Chp. VII, Theorem 3.10] There is a bijection of
Irr(H|y) onto Plrrz(H/N) given by 6 — Xg.

Suppose that G is a profinite group with an open normal subgroup N, and let
(K, N, 1) be a character triple. Then stabg(y) = K, since K < stabg(¢p). Recall
that ¢ factors through a finite group, so we assume K to be H in the above setting,
and that N is finite. Then the following corollary follows. Note that we go back to
our original notation for factor sets, i.e. for a given factor set a’ € Z2(K,C*), we
denote the well-defined element a € Z?(K/N,C*) given by a(gN,hN) = a/(g, h).
Also & and &~ ! in Theorem 6.1.5 will be swapped in the corollary below.

Corollary 6.1.6. For a character triple (K, N, ), let ¢’ be a strong extension of
¢ with factor set &’ € Z?(K,C*) such that Cx () = [a].

(i) [[SZ20], Lemma 3.7.] There is a one-to-one correspondence between
Plrr, 1 (K/N) and Irr(K|p) given by 7’ — ¢'7, where 71t is the pull-back of
7' along the quotient map K — K/N (with factor set (a')~1).

(ii) [[SZ20], Lemma 3.8.] Let v be another irreducible character of N such that
stabg(v) = K and Cx(¢) = Cx(v) = [a] for some a € Z>(K/N,C*). Let
Y, V" be strong extensions of P and v respectively with a common factor set
a' € Z*(K,C*). Then the map ¥'7t — V', for 7 as in (i), gives a bijection
o :Irr(K|¢p) — Trr(K|v) such that

(y'm)1) _ (e(y'n)(1)
p(1) v
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Proof. (i) We begin with obtaining that P in Equation (6.1) on page 56 is a

(i)

6.2

strong extension of ¥; in particular, one may assume ¢ = ¢’. Recall that P
is uniquely determined up to a factor p : N — C*; we may therefore require
P(x) = ¥(x) for x € N. Note also that

nt(h,n) = m(nh) =1

for all g € K,n € N by the remark following Lemma 6.1.1. Then P strongly
extends ¥ as discussed after the definition of strong extension. Accordingly
the following map gives the identity map on PIrr,-1(K/N);

o Irr(Kly) 2 Plrr, 1 (K/N) — Irr(K|y)
6 — Xo = TXe

since 6 = Xxg - 7, and the claimed bijection follows.

Consequently, we construct o as follows:

o Trr(Kly) 22 Plrr, 1 (K/N) 255 Trr(K|v)
Y'n — 7 — U

The rest is to manipulate the degrees of the representations to get the claimed
equality. Recall that (¢'7r)(1) = ¢'(1)7r(1) and ¢'(n) = ¢(n) for alln € N

; hence we have % = 71(1). Same applies to v and V', we therefore
. (v'm)(1
obtain % = 7t(1). O

Reduction to Partial Zeta Series

Let G be a finite group, N< G and 6 € Irr(N). Suppose stabg(6) = G, and write
Ind$(0) = Leix; for x; € Irr(G) and ¢; > 1. Then we have

Resg (xi) = .

We say that 0 allows an extension to G if e, = 1 for some i, or equivalently
Reslc\;]( Xi) = 0. In the following, we present a theorem collecting extension results
but first we need to introduce the notion of determinantal order of a character.

Let x € Irr(G), and let D be an (ordinary) representation of G affording x.

We define the determinant of the character x, det(x) : G — C* as follows:

(det(x))(g) = det(D(g)).
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So det(x) becomes a linear character of G in Irr(G/[G,G]). Then the
determinantal order o(x) of x is defined as the order of the linear character
ord(det x) in the group of linear characters of G;

o(x) = ord(detx).

Theorem 6.2.1. [[Hup98], Theorem 22.3] With the setting introduced at the
beginning of the section, 6 allows an extension x to G if at least one of the
following is satisfied:

(i) Any projective representation of the quotient group G/N is equivalent to an
ordinary representation of G/ N.

(ii) G/N is cyclic.

(iii) ((G:N),0(1)) =1 and det(0) allows an extension to G.
(iv) ((G:N),0(1)o(6)) =

(v) ((G:N),|N|) =1.

Let G be a FAb compact p-adic analytic group with its open normal uniform
pro-p subgroup N. For any subgroup K of G containing N, let P be a Sylow
pro-p subgroup of K. Following this, we have N < P. We now introduce a
construction from [SZ20], that adopts the idea of Jaikin-Zapirain, [JZ06] to reduce
the rationality problem. Recall the function Ck introduced in Corollary 5.2.3 (ii).
For ¢ € H*(P/N,C* ), now define the set

Irrg(N) = {6 € Irrg (N) |Cp(8) = c}.

Observe that the set Irrg (N) is independent of the choice of Sylow pro-p subgroup
P as they are all G-conjugate.

Consider a character triple (K, N, 0), by Clifford’s theorem 5.0.2, x(1)/6(1)
is an integer for each x € Irr(K | ). Thus it makes sense to define the following
(finite) Dirichlet series

fun () = Y <§8)))_5.

x€lrr(K|0)

We first observe that we obtain the same series for two character triples (K, N, )
and (K, N,v).

be character

Proposition 6.2.2. [[SZ20], Lemma 4.1.] Let (K,N,0) and (K, N, v)
Cp(v) implies

triples for a finite index pro-p subgroup N of K. Then Cp(8)
Cx(0) = Ck(v), and fxnp)(s) = fix N (8)-

N,
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Proof. Recall that, for any ¢ € H2(K/N,C*), we have

c= T cw.
AN
g prime

where ¢(;) is the g-part of c. Now let K; be a subgroup of K such that K;/N
is a Sylow g-subgroup of K/N. Then, by Proposition 5.4.1 - (iii), we have the
following injection

res, : H*(K/N,C*)(,) — H*(K;/N,C").

We first observe that res; maps Ck(0),) to Cx, (6) in H?(K,/N,C*). To this aim,
recall the restriction map

resﬁq//l}]\, : H*(K/N,C*) — H*(K,/N,C").

Our claim is that resIIgL]//I\I]\,(CK(O)) = Ck,(0). Note that Resﬁq/akq(()') strongly
extends 6 as 0’ is a strong extension of 6 with factor set a. Therefore XK,
determines the element reSIIé/ /1\]]\, (Cx(6)) in H*(K,;/N,C*), and the claim follows.

q

On the other hand, H?(K;/N,C*) is a g-group; i.e. the map resIIE:/NN is only
non-trivial on HZ(K/N,C*)(q). Consequently, for any ¢ € H>(K/N,C*),

reslléq//]\]]\,(c) = resllgq//]}]\,(c(q)) = resy(c(q))-

In particular, res;(Ck(0),)) = reSIé:/I\II\](CK((’)) = Cx, (9).

Now we apply Theorem 6.2.1 (iii) to see that 6 extends to K;. To this end,
note that 0(1) is a p-power since N is a pro-p group. And one can easily obtain
that o(6) is also a p-power since 6 factors through a finite quotient of order p-
power. Recall that K;/N is chosen as a Sylow g-subgroup of K/N, so (Kq : N)
must be a g-power. Therefore, when we assume q # p, p{ (K, : N), consequently
0 extends to K;. Then 0 gets mapped to the class of 1; Cx, (6) = [1]. Then,
combining with res; being injective, we have

resq(CK(G)(q)) =1= CK(Q)( y = 1.

q

Therefore, by Writing CK(Q) = CK(G)(p)CK(Q)(p/) where CK(O)(p/) = HCK(G)(q) as
qa#p
given in Proposition 5.4.1 (iii), we obtain Cx(0) = Cx(6)(,). The same argument

applies to v; hence Cx(v) = Ck(v)(,). So for g = p, we get
resp(CK(G)(p)) = Cp(@) = Cp(v) = resp(CK(v)(p)).
Hence we have Ck(0),) = Ck(v) (), and thus Cx(0) = Ck(v).
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For the second part, we combine what we obtained above with Corollary 6.1.6;

there is a bijection ¢ : Irr(K|08) — Irr(K|v) such that % = %. Following

this, we have

f(K,N,e) (s) =

xelrr(K|9) o(x)€lre(K|v) v(1)

By the Clifford theorem (5.0.2), for each p € Irr(G), there are (G : stabg(0))
distinct characters 6 € Irr(N) such that p € Irr(G | 0). Therefore, one obtains
easily that

= Y o= ¥ (wa» Y (1)

p€lrr(G) 0€Irr(N) p€lrr(G|0)

As we pointed out in Theorem 5.0.3 (iii), |Irr(G | )| = |Irr(stabg(0) | 6)|
for any 6 € Irr(N). So the above equation becomes

(s) = S - (G : stabg(0)))*
¢ eenzr(:w) (G : stabg (6)) Aelrr(s§6(9)|e)(A<1) (G - stabe{f)))
= Z (G: stabc(19))’s’1 Z 6(1)°- (&)’s
fcIrr(N) A€lrr(stabg (6)]6) 9<1)
= Y (G:stabg(6)) " 7'0(1) " fistabe(e)n0) (5)
0€lrr(N)

Now consider the set of subgroups K of G such that N < K < G and
stabg(0) = K for some 0 € Irr(N), and call this set S. Then the last terms of the
equation can be written as

¢o(s)= Y (G:K)™*"1 ) (1) fina)(s)

KeS fclrrg (N)
=) (G:K)™" Y funn() Y 0)
KeS ceH?(P/N) fclrrg (N)

We will call the part Ygeyqe(n)0(1)™° partial zeta series and denote by

{(INKe)(s).  As the set S and the group H2(P/N) are finite, the virtual
rationality of {¢(s) follows from the rationality of the partial zeta series

GINKEN(s).
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Chapter 7

Tools for constructing
equivalence classes

In the following chapter, we will provide machinery to construct uniformly
definable equivalence classes that give rise to the partial zeta series following
[SZ20]. As in the previous chapter, we follow their proofs for the cited statements
to keep the text self-contained.

The first section discusses how linear characters come into play precisely,
which is essential in terms of definability as we can only proceed by degree one
characters. These types of arguments are also central for other works on the
representation (twist) zeta function employing model theory, such as [HMR18],
[JZ06].

The second section initiates with a discussion about reducing the limit of a
given cohomology class ¢ € H?(P,C*) and outlines how to describe the fibres of
the map assigning the character triples with linear characters to the elements of
H?(P,C*). We then present two interludes: one for the group Qp/Z, and the
other one for extending good basis and showing that it is uniformly definable.
We then improve the ideas from [SZ20] on describing such fibers to make their
construction uniform.

7.1 Classes in H?(P,C*) and Linear Characters

Let G be a profinite group having a finite index normal pro-p subgroup N < G.
For any K < G such that N < K, we will define the set

H(K)={H <K:H openinK,K=HN}.
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In the following, we consider a Sylow subgroup pro-p P of K. As we have a
normal pro-p subgroup N of G contained in K, N < P immediately follows.

For H < P such that P = HN, one can obtain a one-to-one correspondence
between 2-cocycles of P/N and H/(N N H). To this end, note first that for each
coset gN in P/N, there exists a unique coset #(N N H) in H/(N N H) such that
h(NNH) C gN.

The isomorphism P/N — H/(N N H) induces an isomorphism between
Z*(H/(NNH),C*) and Z*(P/N,C*) by pulling back 2-cocycles;

fu:Z*(H/(NNH),C*) = Z*(P/N,C*) (7.1)

For « € Z2(H/(NNH),C*) and g,¢' € P, fy is defined by

fru(@)(gN, ¢'N) = a(h(N N H), (NN H)),

where h(NNH) C gN and (NN H) C ¢N. Furthermore, for
B € Z>(P/N,C*) and h, i’ € H, we have

fu (B)(h(NNH), K (NAH)) = BN, K'N).

Therefore, E/—] induces an isomorphism fy between the cohomology groups

fu : HE(H/(N N H),C*) - HA(P/N,C") given by fu(la]) = [fu(@)]

In this section, for a given character triple (K, N, ), we will obtain a character
triple (H, N N H, x) with a linear character x such that

Cp(0) = fu(Cu(x))-

Lemma 7.1.1. [[SZ20], Lemma 5.1.] Let 7y be a 2-cocycle in Z>(P,C*). Suppose
that H € H(P) and that i1 is a linear projective character of H with the factor set
Yu- If one of Ind%ﬂH,W (ResX- (1)) and Resg(lndgﬂ(iy)) is irreducible, then

Indy 1, (Resfinp (17)) = Resy (Indy, (17)).
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The groups and corresponding characters given above can be illustrated by
the following:

G G

| e

K K

| / | \

P l/ P Indg’ (17)

/ \ Resg(ln::lp / \ |
IndeHW Res¥ (7 \ / 17 \ / -

R NANH NNH

\ 1
\ e

Res%ﬂH (1)

Proof. We first apply Frobenius Reciprocity to obtain

( It (ResHios (), Resfy (Indfy (7)) = ( Resfir (), ResNes (Resf (Indfy , 1)) )
N———

P
Resyny

NNH

Also, Mackey’s theorem gives, for any (double coset) representative g of § € (NN

H)\P/H
Resyy(Indgy, (7)) = Y IndNAHAe E s (RESN A (377))-
ge(NNH)\P/H
Following this, we have
( Resfin (), Reskp(Indfy, (1)) = ¥ (Resf (), IndNAfiesrs  (Reskhinsn S())
NOH e (NnH)\P/H N
> (Resfion (), Resfln(n)) =1

Recall that (P: N)-(N: NNH)=(P:H)-(H:NNH)=(P:H)-(HN:N)
and P = HN, then (P : N) = (N : NN H) follows. This yields to that the degrees
of IndY HAN Reskl ;17 and Resk, Indgﬂ 1 are the same; hence irreducibility of one
of them implies that they are equal. O
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Proposition 7.1.2. [[SZ20], Proposition 5.2.]
(1) For any character triple (K, N, @), there exists an H € H(P) and a character
triple (H, NN H, x) such that:
(i) x is of degree one,
(i1) 6 = IndN s x
(iit) Cp(0) = fr(Cu(x))

(2) Let H € H(P) be such that (H,N N H, x) is a character triple with a linear
character x such that, (K,N,IndN y x) is a character triple. Then

Cp(0) = fu(Cu(x)).

Proof. Suppose that (K, N, #) is a character triple. Then, by Corollary 5.2.3 (ii),
one can find a 2-cocycle « € Z2(P/N,C*) such that [a] = Cp(f). Moreover
there exists an irreducible projective character 6’ of P with factor set &’ strongly
extending 8 by Theorem 5.2.2.

By Corollary 5.3.8, we have an open subgroup H of P and a linear projective
character 1 of H with factor set a}; such that @ = Ind}; (7). Then restricting

the projective representation 8’ to N, we get 6 = Res%(Indgla,(iy)). Then

1= <9,9>

= < Resy (Indj; (7)), Resy (Ind; (7)) >

Y ¥ (IndNoo(Resiho($17)), IndNu (Resyfy, (")) )

§EN\P/H heN\P/H

h
= ¥ ¥ (ndNen(Resyhon($n), IndY oy (Resih ("))
g€P/HN ieP/HN
> Z <Ind%mgH(ReSi]I_r{'gH(gﬂ)),Ind%mgH(ReSi]I_%gH(gﬂ))>
geP/HN
> (P: HN)

This implies that (P: HN) =1, i.e. P = HN; hence H € H(P).

As 0 = Reslgl(lndlgl,a/(q)) is irreducible, by Lemma 7.1.1, we have

0 = Ind¥ ;(Rest (1)), Set x = Resil ;(n); hence x is fixed by H. In
addition, we obtain a 2-cocycle ay € Z>(H/(N N H),C*) defined by

ar(h(N N H), B (NN H)) = sy (h, 7).
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By (7.1) on page 63, we get fu([an]) = [fu(an)] = [a] = Cp(h). Note that 7
strongly extends )x; hence the function Cy defined in Corollary 5.2.3 (ii)

Ch:{xelr(NNH): H <stabg(x)} — H*(H/(NNH),C*)

maps x to [ag]|. Thus we have Cp(0) = fu(Cr(x)). This finishes the first part of
the proof.

Choose now a subgroup H € H(P) such that (H, NN H, x) is a character triple
with a linear character x and (K, N,IndNq; x) is a character triple. Let § =
IndN 4 (x). Considering that (H,N N H,x) is a character triple, we have f €
Z>(H/(N N H),C*). So there exists a projective character x’ of H with factor set
B’ strongly extending x such that p'(g,h) = B(g(NNH),h(NNH)) by Theorem
5.2.2. According to Corollary 5.2.3 (ii), we have [8] = Ci(x). Recall that fi(B) €
Z*(P/N,C*). Let v € Z2(P,C*) be such that, for any g,¢’ € P,

1(8,8) = fu(B)(gN,g'N).
For any h,h' € H, we have
yu(h W) = y(h, 1) = fu(B)(hN,W'N) = B(h(N N H), W' (N " H)) = B'(h, ).

Thus vy = B'. Recall now that the projective character x’ of H strongly extends
x with factor set p’. Therefore we have the following by Lemma 7.1.1 as 0 is
irreducible

0 = Ind%mH (x) = Ind%anN (Res%nH (x'))
=Resy (Indj , (x'))

Hence the projective representation Indﬁ,7 (x') of P is an extension of 8. We now

verify that Indlp)m (x') strongly extends 6 with factor set 7. Recall the discussion
following Definition 5.2.1, that is y(x,n) = y(n,x) =1 for all x € P and n € N.
By definition <y is constant on the cosets of N in P, so we write x = hn’ with
h € H,n' € N and obtain the following

v(x,n) = y(hn',n) = y(h,1) = yu(h 1) = p'(k,1).
Moreover we know that p'(h,1) =1 as B’ is the factor set of a strong extension of

X; hence y(x,n) = 1. In a similar way, one can see that y(n,x) = 1; we conclude
that Indﬁ,7 (x") strongly extends 6. Since Ind%/7 (x") has factor set -y that is given

by 7(8,8') = fu(B)(gN,g'N), we get
Cp(0) = [fu(B)] = fu([B]) = fu(Cu(x)). O
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Remark 7.1.3. Let Xk be the set of pairs (H, x) with H € H(P) where

(i) (H,NNH,x) is a character triple,
(i) x is of degree one,
(iii) IndN- g x € Irrg(N).
One can define the following function C to assign the pairs (H, x) to the elements
of H*(P/N,C*)
C :Xx — H*(P/N,C*)
(H, x) = fu(Cu(x))

Corollary 7.1.4. [[SZ20], Corollary 5.3.] We have a surjective function Xx —
Irrg (N) and the following commutative diagram

Xx —— Irrg(N); (H, x) — IndN -5 (x)

o e

H2(P/N,C*)

Proof. By definition, each 6 € Irrg(N) produces a character triple (K, N, ). Hence
the first part of Proposition 7.1.2 gives the surjectivity. The commutativity of the

diagram, ie. for any (H,x) € Xi, Cp(IndN-y(x)) = fu(Cu(x)) = C(H,x)
follows from the second part of Proposition 7.1.2. O

We finalize this section with a lemma, which will be used to express K = stabg(0),
for some 0 € Irr(N), in a uniformly definable way.

Lemma 7.1.5. [[SZ20], Lemma 6.8.] Let M be a finite index subgroup of N, and
let x be a linear character of M.

(i) For all g € G, we have
$(Indpy (x)) = Indiy ($x)-

(ii) Let M’ be also a finite index subgroup of N, and suppose that x, X' are linear
characters of M and M’ respectively, satisfying that Ind% X and IndAN,y x' are
irreducible. Then the following holds:

Indp(x) = Indjy (x') < 3g € N : Resgh 0 (5x) = Restynn (X)-
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Proof. By Frobenius Reciprocity for ordinary characters, we have

( Ind (), Ind (x') ) = ( Resl (Indy (2)), x') -

Now we apply Mackey’s formula for ordinary characters this time

Resyy (Indy (x)) = 3. Indfyru (Resejoar ().
eEM'\N/M

So we have

(N0, Indie(x)) = Y (Indfiow (Resihon (30),x')
ZEM\N/M

= ¥ ((Resthion (50), Restlyonr ')

.
EM\N/M fMNM

Note that the last equation follows from Frobenius Reciprocity again. Then, this
vanishes if and only if each of the summands vanishes. This holds if and only if
ResgM 1 (8x) # ResM i (x') for each ¢ € G as the characters we worked with
are linear. O

7.2 Describing the fibres in terms of linear characters

We assume G to be a FAb compact p-adic analytic group with a normal uniform
pro-p subgroup N < G. Let K be a subgroup of G such that N < K with a Sylow
pro-p subgroup P of K. In this section, we aim to describe the set C~!(c) for a
fixed ¢ € H2(P/N,C*) by the elements of N and linear characters of finite index
subgroups of N.

First we see how to narrow the range for ¢ to HZ(P/N,Q(p)) where (), is the
group of roots of unity of a power of p. It is followed by two short interludes
explaining the group Q,/Z, and how to give a parametrization of the set H(P).
We conclude the section by providing a criteria for C(H, x) = c¢ involving the
coboundaries with values in B?(P/ N,Qy)) with a uniformly definable
parametrization of ZZ(P/N,Q(p)) and B2(P/N,Q(p)).

Now consider the group () < C* of all complex roots of unity. It is torsion, and,
for a prime p, its p-primary part is the subgroup of pth roots of unity, call it Q(p).

Then
Q= @ Q(p)'

p prime
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We now see how ZZ(P/N,Q(p)) and BZ(P/N,Q(p)) relate to Z>(P/N,C*) and
B2(P/N,C*) In order to restrict the range of functions whose image is contained
in C* to €);), we begin with the notion of injective group .

Definition 7.2.1. A group D is called injective, if for every diagram

XcLY

gl ////
14/ ]
D

consisting a monomorphism f : X — Y and a homomorphism ¢ : X — D, there
exists a homomorphism # : Y — D such that the diagram commutes; i.e. g =1#o f.

Theorem 7.2.2. [[Fuc03], Theorem. 21.1] Divisible groups are injective.

To see how injective groups arise in our setting, recall first that () is a divisible
group. It is therefore injective by the previous result. We use the above diagram to
produce a map C* — ) which enables us to define the restriction map mentioned
above. Given the inclusion map () — C* and the identity map on (), we have
7t : C* — ) such that the following diagram commutes

For each prime p, we define 77(,) : C* — (), as the composition of 77 and the
projection 3 — (). Accordingly, for a function f which has values in C*, we
define

f) =mpof

As 7(p) is a homomorphism, for any f and f" which have image in C*, we have

FF) ) = finfip)-
Proposition 7.2.3. B>(P/N,C*) ﬂZz(P/N,Q(p)) = BZ(P/N,Q(p)), and we
have the following isomorphism

H?*(P/N,C*) ~ Z*(P/N,Qy,))/B*(P/N,Q,).
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Proof. As the Lemma 5.4.2 indicates, we have
Z?(P/N,C*) = B3(P/N,C*).U?,

where U? = {a € Z>(P/N,C*) : & =1} and r = (P : N) . Therefore each class
in H>(P/N,C*) has a representative in ZZ(P/N,Q(p)). So BZ(P/N,Q(p)) lies in
the intersection B*(P/N,C*) N Z*(P/N, Q).

In addition, for any 6 € B>(P/N,C*) ﬂZZ(P/N,Q(p)), we have a function u :
P/N — C* such that for all a,b € P/N,

L) — Mab)
o@h) = L @u®)

On the other hand, as ¢ € ZZ(P/N,Q(p)), we know & : P/N — Q). Therefore,
for all a,b € P/N, we have

(5(5[, b) = 5(p)(a, b) =

Hence 6 € B*(P/N,Q,), and B*(P/N,C*) N Z*(P/N,Q,)) = B*(P/N,Q,)).
O

7.2.1 Interlude # 1: The group Q,/Z,.

Any p-adic number x € Q, can be written (uniquely) as a sum of a p-adic
integer and its fractional part that is a rational number 0 < g < 1 whose
denominator a power of p. Accordingly we define the p-adic fractional part {x},
of x =p ") x;p as follows:

i>0

{x}, = p"(xo+x1p+ 02 + . A xp" ), i >0
P 0, if n<0 or x=0

Then, for any x, we have {x}, = 7+ € [0,1), i.c. 0 <a < p". We now define

I’DPZQP—>81§C*

X eZm‘{x}p’

where §; = {z € C* : |z| = 1} is the unit circle. The function ¢, is a group
homomorphism as the difference {x}, +{y}, — {x +y}, is an integer. And we
have the following commutative diagram:
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Q,/Z, " Q/Z

Pp

S eZm’s

51

The image of ¢, is exactly the subgroup ),y < ) of roots of unity of a power of
p - it is also called Priifer p-group. Therefore

Qpy={zeC :zP" =1 for some n e Z*}
= {F/P . 0<a<p, neZt).

To describe the kernel of ¢, recall that x — {x}, € Z,. It immediately follows
that {x}, = 0 & x € Z,, in particular ker(¢,) = Z,. Consequently, the groups
Qp/Zy and Q) are isomorphic via the map

L Qp/Zp — Q(p)
pan — eZm’a/p"'

7.2.2 Interlude # 2: Extending good bases

We inherit the setting given at the beginning of the section; as in good basis,
we again work with a family of FAb compact p-adic analytic groups G, indexed
by primes p > 2. Correspondingly, we consider normal uniform pro-p subgroups
Np < Gp, and subgroups K, of G, such that N, < K, with fixed Sylow pro-p
subgroups P, of K,. We can parametrize H(P,) by extending the parametrization
formed by good basis, see Definition 4.0.4.

H(Py) = {Hp, < P,: H, openin Py, P, = N,Hp}.

Recall that 7 = (P, : Np), and that we fixed a (left) transversal (y,...,y,) for N,
in P, with y; = 1. Then for each y;, we have y;.t; € H, for some t; € N, since
each (left) coset y;N, in K, contains a unique (left) coset of N, N H,. Therefore
we can find t,...,t, in N, such that (yiti,...,y,t;) gives a (left) transversal to
the cosets of N, M Hp, in Hy. We now see how to use such a tuple to extend the
good basis of N, N H, to parametrize H, € H(P,) by following Definition 2.10,
[dS93] .
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Definition 7.2.4. Let H, € H(P,) and (y1,...,Y,) be a left transversal for N,
in Py. We call a tuple (hy,...,hg, t1,...,t) in Ny a basis for Hp if

(i) (h1,...,hq) is a good basis for N, N Hp

(ii) (yat1,--.,Yrtr) is a left transversal for N, N Hp, in H,

Then the relations explained above can be summarized as follows:

Py (Y, ur)
(tl,...,tr) Np Hp (yltlz---z]/rtr)

Npme (hl,...,hd)

Remark 7.2.5. The existence of good basis of Ny N Hy ensures the existence of
such basis for H, € H(Pp) as P, = NyHp. A basis is not necessarily a topological
generating set for Hy. Nevertheless we have, for a given basis (hy,..., hg,t1,..., 1)
Jor Hy,

Hp = <I’11,. . -;hd/yltlz--~;]/rtr>-

Recall that uniform definability should be understood as uniformly definable in p,
and the constant symbols 4;, y;, bi]'.

Lemma 7.2.6. The set of bases is uniformly definable.

Proof. The tuple (hy,...,hg,ty,...,t;) is a basis for some H, € H(P,) if and only
if (hy,...,hg) gives a good basis for N, N Hp, and

r
i=1

As we know the set of good basis is defined uniformly, it is enough to show that
the latter condition can be expressed by an £”-formula independent from p. First
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note that it is equivalent to say that
yitihl (y]'tjhz)_l S Hp

for all hy, hy € NyNHp and i,j € {1,...,r}. To see this, we now define a;;,b; € N,
and

ALy x {1 = {1 by iy = Y i
§:{1,..,ry > {1,...,r} by yil=ys by

Then the following suffices to finish the proof since we have the conjugation map
on N, uniformly definable in £”. The expression y;t;h; (y]-if]'hz)*1 = yxtihs for
some h3 € Hy and k € {1,...,7r} can be given as follows:

dhs : yé_(}) (yi_laié(j)yitihlhz_li']-_l)yé(j)bj = t?(i,5(j))h3‘ ]

7.2.3 Back to describing the fibres of C

We again assume that G is a FAb compact p-adic analytic group with its normal
uniform pro-p subgroup N. We also let K be a subgroup of G such that N < K,
and fix a Sylow pro-p subgroup P of K.

Recall the set Xk given in Corollary 7.1.4. Let H € H(P) be such that (H, x) €
Xk. Fix t1,...,t, € N such that (y1t1,...,y-tr) gives a left transversal for N N H
in H. Recall also the maps given in the above proof, for some a;;, b; € N,

YLk x{L ot = AL by Vi = Yo
(5:{1,...,1’}—){1,...,1‘} by y;lzyg(i)bi

In addition, we also define the automorphisms of G given by the elements of left
transversal (y1,...,Yr)

@i :G— G by g»—>y1~gyi_l.

Lemma 7.2.7. [[SZ20], Lemma 6.5.] For a given a € ZZ(P/N,Q(p)) such that
[a] = ¢, C(H, x) = c if and only if

36 € B3 (P/N,Q,)),Vn,n' € NNH,Vi,je{l,...,r}:

X (G 2@y (tEm)tn")a(yiN, yiN)3(yiN, y;iN) = x(nn').
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Proof. As obtained in the previous subsection, we have

C(H, x) = [a]

if and only if there exists an irreducible projective character x’ of H with factor
set B’ such that fr([B]) = [«], which strongly extends x. Notice that B’ lies in
Z*(H,C*); hence B € Z*(H/(N N H),C*) as indicated in Theorem 5.2.2.
Therefore C(H, x) = [a] if and only if there is B € Z*(H/(N N H),C*) such that

fu([B]) = [a], so one gets
X (yitinyitin') B (yitin, yjtin') = x'(yitin) X' (yjtin’). (7.2)
for all n,n’ € NNH and all i,j € {1,...,r}. Recall that any pair of strong
extensions of x to H give the same element Cy(x) € H>(H/(N N H),C*). So
assume that x’ is given by
X (yitin) = x(n)

for each n € NN H and i € {1,...,r}. Consequently, the LHS of the Equation
(7.2) becomes

X (yitm) X' (yitn') = x(n)x(n') = x(n.n").

Note that x’ has values in (),); hence we may assume g’ € Z?(H,Q,). Therefore
B e ZZ(P/N,Q(p)) and the equation (7.2) turns into

X (yitimy;tin") B(yiti(N N H), y;t;(N N H)) = x(nn').

Recall that y;t;(NNH) C y;N. Then fy([f]) = [«] if and only if there is § €
B?(P/N, Qp)) satistying

Byiti(N N H),y;ti(N N H)) = a(yiN,y;N)5(yiN, y;N). (7.3)

for all i,j € {1,...,r}. We now combine the equations (7.2) and (7.3) to obtain
that C(H, x) = [«] if and only if there exists 6 € B2(P/N,Q(p)) such that for all
n,n" € NNH and for all i,j € {1,..., 7}, we have

X' (yitimyitin")a(yiN,yiN)é(yiN,yiN) = x(nn').

In order to finalize the proof, the last equality that we need to see is the following:

X (yitiny;tin') = X(t;(li/j)ﬂijfpfl(ti”)tj”/)-
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Note that y;tjny;tin’ and Yot jtyG,j) are the elements of H; hence

t;(lij)aijq);l(tin)tjn’ € NN H. Then we have the following identities

yitinyjtjn’ :yiyjyfltinyjtjn’
:yly]qDII (tﬂ’l)t]‘n,
:y,y(i,j)ﬂi]‘gD]-_l (tin)t]-nl

=Yooty by @i®;  (tim)tn'.

As we assumed x'(y;jtin) = x(n) for each n € NNH and i € {1,...,r}, we have

X(E 4 aier  (tm)tn') = X (yitimy;tyn'). O

We conclude this section by definably parametrizing Zz(Pp / Np,Q(p)) and
B*(P,/ Np,Qy)) in a p-independent way. Recall the isomorphism ¢ of Q,/Z,
onto Q). Let z € M,;(Qp) where M,(Qp) is the r X r-matrices over Qp,
consequently ((z;; +Zp) € Q,). Consider the following map

0: Pp/Np X Pp/Np — Q(p)
O(YiNp, yiNp) = 1(zij +Zp)
We now collect the matrices (z;) € M,(Qp) such that the map ¢ lie in
ZZ(PP/NP,Q(’?)) and BZ(PP/NP,Q(p)), call them Z, and B, respectively.

Lemma 7.2.8. The sets Z, and B, are uniformly definable subsets of Q;Z.

Proof. Let (zj) € M,(Qy) and let 6 € Z*(P,/N,,€),)) be the map P,/N, x
Pp/Np — Qp/Zp defined as

O(YiNp, yiNp) — 1(zij + Zp).

Then ¢ satisfies the identity given below

5(]/in]/ij/]/kNp)‘S(yin/yij) = 5(yinr]/ijykNp)5(]/ijrykNp)-

To see what it means, recall the map 7y given by yiy; = y,(; j)4ij - Then the above
identity holds if and only if

(Y1, Nps YkNp) 6 (YilNp, yiNp) = 5(YiNp, Yoy (k) Np)d (yiNp, yieNp).
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Therefore (z;;) € 2, if and only if for all i,j,k € {1,...,7}, we have
Zo(ij)k T Zij = Zig(jk) T2k mod Zy.

It is obvious that Z, is uniformly definable; hence equivalence modulo Z, is also
uniformly definable. Consequently, the set Z, C Q;z is uniformly definable.

Now we prove that set B, is also uniformly definable. Recall that
o€ B2(PP/NP,Q(p)) if and only if

6(x1Np, x2N,) = @(x1Np) @(x2N,) @ (x1 N, x2N,,) 1,

for some function ¢ : PP/NP — QP/ZP since QP/ZP ~ Q(p). ‘We now construct a
parametrization for such ¢ exploiting the fact that (y1,...,¥,) is a left transversal
for Np in Pp.

¢:Py/Ny = Q,/Z,

Accordingly, 6 € Bz(Pp/Np, Q(p)) if and only if there are by, ..., b, € Q) such that
forall1<i,j<r

8(yiNp, ¥iNp) = @(yiNp) @ (yiNp) @(y1iNpy;Ny) .
By using 7 again, one can see that this holds if and only if
zij = b; + b]' - bﬁy(i,j) mod Zp.

Hence By, is uniformly definable. O
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Chapter 8

Towards the Main Theorem

In this chapter, we realize our aim to parametrize Irrg (N,) in a uniformly
definable way. To this end, we first present a construction of a subset DS of Q™
for some m, from [SZ20], which is a variation of Lemma 8.8, [HMR18]. We then
see that the sets {D;}p are uniformly definable. Following this, we establish
uniformly definable equivalence relations on {D;}p with classes corresponding to
the elements of Irrﬁp (Np), and conclude by applying the uniform rationality
result of Nguyen, given in Section 3.3.

8.1 Uniformly definable parametrization of fibres.

Let Gy be a uniformly definable FAb compact p-adic analytic group in in the
structure (Qp, Z,Fp, Lz). Let Np be a normal uniform subgroup N, < G,. We
showed that N, is also uniformly definable in p using additional constants a1 .. ., ai.
Let Kp be a subgroup of G, such that N, < Kj, and fix a Sylow pro-p subgroup P,
of K,. In Section 7.1, we use the fact that finite p-groups are monomial to define
the set Xk, of tuples (H, x) with H € H(Py) and a linear character x enabling us
to work with linear characters instead of arbitrary ones.

We now see that the parametrization, given in [SZ20], Proposition 6.9., of the
fibres of the following map is actually uniformly definable;

C: Xk, — H*(P,/N,,C")
(H,x) = fu(Cu(x))
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Lemma 8.1.1. For a fized c € H*(P,/N,,C*), define Dy to be the set of tuples
(A, ¢) == (A (81,---,Ca)) € May(agn) (Zp) X Q’;l, such that:

(i) For1 <j<d+r, the columns (Ayj,...,Agj) of A give the Z,-coordinates of
a basis (h1, ..., ha,t1,...,t:) for some subgroup H € H(P,) with respect to
the generating set {ay,...,az} and the (left) transversal y1,. .., Yy,

(i) The mapping from the set {hy,..., hq} to the quotient Q,/Zy,; hi — &+ Z,
induces a continuous H-invariant homomorphism

x:N,NH = Q,/Z,,

(iii) The induced character IndemH(t ox) € Irrg, (Np),
(iv) C(H,(tox)) = c.

Then the sets {Dy}p C Qf,x(dﬂ) are uniformly definable.

Proof. As we obtained in the Lemma 7.2.6, the first condition is uniformly
definable. To see that condition (ii) can be expressible uniformly in p, we will
follow the steps of the proof of Lemma 8.8, [HMR18]; we see that (i) = (if) if
and only if:

(1) there exists (p;;) € Ma(Zp), and its columns give the Z,-coordinates of a
good basis for some finite index normal subgroup M of N, N H;

(2) there exist § € Qp,71...,74 € Zy, and h € N, N H such that the order of ¢
in Q,/Zyis (N, H : M), and for every i,j € {1,...,d} we get
hi = ti_lgoi_l(hrf)ti mod M and r{=4¢; mod Z,.
In particular, we have h; = h'/ mod M as y1 = 1.

We begin with assuming that the conditions (i) and (ii) hold. Then the continuity
of x, together with the fact that Q,/Z, is isomorphic to Q(p), implies that x
factors through a finite quotient of N N H. Therefore ker() is of finite index in
N, N H, so we set M in the condition (1) as ker(x), and choose (p;;) € My(Z,)
such that its columns are the Z,-coordinates of a good basis of M as required in
the condition (1).

To find § € Qp,71...,74 € Zp and h € N, N H in the condition (2), we first note
that (N, " H)/M is cyclic as it is isomorphic to a subgroup of C*, let

(N, N H)/M = (hM)
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for some h € N, N H. Set ¢ = x(h), then its order is (N, N H : M). Recall that
hi,...,hg € N, N H, accordingly set ry,...,74 € Z such that

hiM = h'iM
for each 1 < i < d; hence ¢; = x(h;) = x(h') = ;¢ mod Z,.

We assumed that (hy,..., "y, t1,..., 1) is a basis for H, so (y1t1,...,Y.tr) is a left
transversal for N, N H in H. Since x is assumed to be an H-invariant map, for
any 1 <j <d,

x(h) = x(hj) = x(yitihit; 'y ),
for all 1 < i < d. Therefore h; = t; o L (Wi)t; mod M, and the condition (2)
follows.

To see the other direction, we first assume that (i) holds; (hy,..., hg,t1,..., t) is
a basis for H. We also assume that there are (p;;) € My(Zp), h € H, and § € Q)
such that (1) and (2) hold. To define a continuous homomorphism x : N, N H —
Qp/Z,, we first recall that, by Theorem 3.3.2 (3), the map A — h? between Z,
and Ny N H is analytic in the Z,-coordinates of N}, and it is therefore continuous.
M is an open subgroup of N, N H as a finite index subgroup, so one can find a

neighborhood U of 0 such that h* € M for all A € U. The fact that Z is dense in
Z, implies that there exists s; € (r; +U) NZ for all 1 < i < d; hence

WM = WM = h;M.

Therefore, (N, N H)/M is cyclic, and generated by hM. To define x given (ii),
consider the following map

B:(NyNH)/M— Q,/2Z,
M = C+2Z,

Then B gives an injective homomorphism since the order of ¢ +Z, in Q,/Z, is
equal to (N, N H : M) which is the order of hM in (N, N H)/M. Then B induces
a continuous homomorphism

;‘(:NpﬁH—HQp/Z][J
given by x — B(xM) as the quotient map N, " H — (N, N H)/M is continuous.

Now we will see that x is H-invariant. For any 1 < j < d, then

x( ) = Bt Wit M) = B(hiM) = x(hj) = 1, + Zy = &+ Z,.
By assumption y; =1, so t; € NN H. Thus, forall 1 <j <d,
x(hy) = x (& (W) ti) = 116 + Z,p.
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Similarly, for 1 < i,j < d, one obtains x(t; '@; ' (W)t;) = ri¢ + Z, = &+ Z,
proving our claim.

To see how to express conditions (1) and (2) uniformly definably, it is enough to
pass to Z,-coordinates. For the condition (1), we add the following formulae

Ay Ay
(3Ayj,..., Ngj €Zy) hj=a}" ... a}"

for 1 < j < d, to the formulae defining the set of good bases. Recall that
equivalence modulo Z, is uniformly definable. Working in modulo M is also
uniformly definable, since we have a good basis for M. The remaining ingredient
is the condition on the order of ¢ which can be given as follows:

(h(fl) € M) A (Vq € Q, (v(y) > 0(@) = h) ¢ M).

We can move to the condition (iii); to see that it is expressible in a uniformly
definable way, we first rewrite Mackey’s irreducibility criterion and then show how
to recover having K as a stabilizer in a uniformly definable way. Note first that
tox:N,NH — Q(p) C C*. To avoid heavy notation, we now identify the group
Q,/Z, with Q(p) via the isomorphism ¢; accordingly we impose y =t o .

Recall that Mackey’s irreducibility criterion indicates that Ind%}‘: Ag(x) s

irreducible if and only if for each g € N, \ (N, N H),

H H
<ReSg(NpﬂH)ﬁ(NpﬂH) (X)’Resg(NpﬁH)ﬁ(NpﬂH) (5x)) =0.

Therefore IndII:]]Z ~g (x) is irreducible if and only if
Vge N, : (Vhe NynH, x(8h) = x(h) = g € H).

Writing the formula above in terms of Z,-coordinates in N, and A, ¢, by the first
two assertion, we see that the irreducibility statement in condition (7i7) is uniformly
definable.

As the final step towards obtaining that (ii7) is uniformly definable, we see how
to express Kp-stability (under the conjugation action). By Lemma 7.1.5 (i),

stabg, (IndﬁZmH()()) can be given as
N, N,
{g€G: IndNZﬂH(X) = Indg(’}mm (x)}-

Then stabg, (Indﬁz A (X)) = Ky if and only if the following statement holds:

N N
VgeGy: (IndNZmH()() = Indg(’;\[pﬂH) (x) & g€ Kp).
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Recall that we extended (y1,...,¥r) to the (left) transversal (y1,...,yy) for Ny, in
K, in Section 3.4. By using the transversals y; and that N, is uniformly definable,
we write the following expression uniformly defining K,:

Now we proceed by examinining the identity Indzz Aaax) = Indé\g’;\]p AH) (x). To

this end, in Lemma 7.1.5 (ii), we put the following

Np

Then it follows that Indﬁz An(x) = Ind, (Nor

H) (8x) if and only if

dne Ny, Vhe NyNH: ("h e ¥(N,NH) = x(h) =8x("h)).
By a similar argument, one can write the above formula in terms of Z,-coordinates
in N and A, g; so we are done.

Now we will show that the condition (iv) is expressible uniformly in p. In Lemma
7.2.7, we already saw when C(H, x) = ¢ holds. So fix a € Zz(Pp/Np,Q(p)) such
that [a] = c. Then the condition iv) is equivalent to

2 )
16 € B (Pp/Np, Q(P)) :
/\ Vnn' €N,NH, ()((t;(lilj)aij(pj_l(tin)t]-n’)(x(yin,y]-Np)é(yl-Np,y]»Np) = X(nn/))).
We now parametrize « and § by elements of Z, as suggested in Lemma 7.2.8.

Therefore 36 € B*(P,/N,, Qp)) in the formula above can be replaced by 3(d;;) €
B, and similarly we can put (b;;) € Z, in place of a providing the following

“(%NPIWNP) =bij+Z,
6(yiNp,yiNp) = dij + Z,

foralli,j € {1,...,r}. Using (i) and (ii) once more, we get the uniform definability
of (iv) in p with parameters b;;, since we recover the equalities in the above formula
as equalities modulo Z, involving A, ¢ and of the Z,-coordinates in Ny,. O
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8.2 Construction of a uniformly definable equivalence
relation on D;S.

We now describe our uniformly definable equivalence relation on D;; the classes
will be in one-to-one correspondence with Irrg (Ny). To this end, we first define

Y:D;— C1(c) by

¥((A€) = (H,x)
where H € H(P) is given by the basis (hy,...,hg, t1,...,t,) and x : NyNH —
Qp/Z, is the homomorphism as in previous lemma. The map ¥ is therefore
surjective. Following this, we can define the following equivalence relation on DIS .
Let (A, &), (A, &) be such that (H, x) = ¥(A, &) and (H',x') = ¥(V,&'). Define
Ep by

N, N,
(A,8) ~p (N, €) & Indy 5 (x) = Indly ().

Proposition 8.2.1. The equivalence relations {Ep}p are uniformly definable.

Proof. Let (A, &), (A, &) be such that (H, x) = ¥(A,&) and (H', x') =%¥(A, ).
As obtained in the Lemma 7.1.5,

N,

N, 8(N,NH
IndNZﬂH(X) = IndNimH()(’) & J¢g € Ny : Res (N,NH)

(N,nH)'
8(N,NH)N(N,NH") (*x) y

= Resg(NpﬂH)ﬂ(N,,ﬂH/)<X/)‘

Accordingly, we obtain

(A8~ (M, E)e3IgeN:Vhe N, NH (8he N,NH = x(h) = x'(8h)).

By describing the above in terms of Z,-coordinates of N, we have an £"-formula
independent of p. And by realizing such a formula over the sets {D; }p, we can
define the relations {&}}, uniformly. O

We now give a uniform definable enumeration to apply the Nguyen’s result given
in [Ngul9]. First recall that we established a surjective function
N
XK — II‘I‘KP(NP); (H,X) — IndNZmH()()
in Corollary 7.1.4. Compose this function with ¥,
Y -1 surj.
’D; —C (C) - XKP — Irer<Np>

(A9 = (Hx) — Indyy(x)

Write ¢ = fu(cu(x)), then Cp, (Ind%ZﬂH X) = fu(Cu(x)) by Proposition 7.1.2 as
(H,x) € C(c). Therefore Ind%ZﬂH)( € Irrg (Np) and the following composition
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map is surjective DS — C~1(c) — Irrg (N,). Moreover, we obtain a bijection

J p K, \Np J
between the set of equivalence classes and Irrﬁp (Np) when we quotient D out by
the equivalence relation &y,.

We now focus on producing a new definable family of equivalence relation by
using this bijection in order to work within Nguyen’s framework. For the tuples
(A,¢) € Dy, we write (h1(A), ..., hg(A)) for the corresponding good basis given in
Lemma 8.1.1,(7). Define f, : Dy — Z by

d

(A,8) = Y} w(hi(A)) — 1.

i=1

Note that, if ¥((A,&)) = (H, x), then pfrM€) equals to the index of N,NH in
N, which is exactly the degree of IndzZmH x. Consequently, if ((A, &), (N, ) €
Ep, fr((A, Q) = fp((A, ")) as the degrees of the associated induced characters

N N,
IndNZ Ay X and IndN]’: A X are equal.
We now aim to define an equivalence relation on the following set

Dpn=1{(A,8) €Dy fp(A, Q) = n}.

Let (A, ), (A,¢') € Dy, then define £, by

N,
(A Q) ~pn A, @) e Ind%mH(X) = IndNZﬁH, (x')

Let F, : £ — Z be the function given by ((A,§), (A, &) — fp(A,¢). Then we

can write & as the fibres of Fy, at n, &y = F, L(n), for any natural number ;

Epn =EN(Dpy X Dy ).

Then we have a uniformly definable family of equivalence relations {&p,,}p on a

uniformly definable subset ng,n of sz (@+)  And for all n, there is a bijection of the
set D,/ Epn onto the subset of characters of degree p" in Irrg (Np). Accordingly,
we have

g(Nerﬁ’c) (s) = Z ‘Dlgln/gi’f”wins'
n

One can then conclude the main theorem as explained in Section 3.4.
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Chapter 9

What is next?

The most natural next step is to apply this work to obtain uniform (in a sense
given in Section 3.3) virtual rationality of the representation zeta function of FAb
compact p-adic analytic groups. In [SZ20], the virtual rationality is reduced to
the rationality of the partial zeta series as explained in Section 6.2;

(o)=Y (Gp:Kp) "t Y fuome(s) X ()

Ky€S, ceH?(P,/Np) f€lrri, (Np)

With the tools provided in this work, we know how to uniformly definably
parametrize Irrﬁp(Np), and obtain uniform rationality by the result of Nguyen,
[Ngul9], presented in Section 3.3. To recover the virtual rationality, one needs to
obtain a uniformly definable parametrization of all the subgroups K, such that
N, < K, < Gp, and stabg,(0) = K, for some 6 € Irr(N,), in other words,
uniformly definable parametrization of &, and the cohomology classes
¢ € H(Py/Np,C*) such that Cp,(6) = c.

As repeatedly mentioned, this work generalizes some ideas inheriting their
framework from the first part of [SZ20] to a uniform setting. Stasinski and
Zordan also deliver corresponding results for twist zeta functions of compact
p-adic analytic groups in the second part and reduce the problem to partial twist
zeta series with similar but more sophisticated methods this time. Another
natural direction would be applying our findings to partial twist zeta series and
investigating uniform rationality.
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