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ABSTRACT

This work describes all stages of the development of three silicon mono-crystal optical resonators and
their operation in the deep cryogenic regime at 1.5 K in a pulse-tube cryostat with an attached Joule-
Thomson stage and active stabilization of tilt. The first system, consisting of a horizontally-oriented
resonator with a length of 25 cm, was mounted inside a copper frame with a ten-point support configura-
tion and operated uninterrupted for three years at the temperature of 1.5 K, except for short maintenance
intervals of the cryostat. During this time the sensitivity of the resonator to temperature, vibrations,
tilt, and optical power was characterized. The resonator possesses an extremely low coefficient of ther-
mal expansion of 1.4× 10−13/K at the temperature of 1.5 K. Additionally, the thermal response was
investigated in the temperature range from 1.5 K to 23.8 K, and a zero-crossing of sensitivity with a
temperature derivative equal to −6× 10−10/K2 was found at a temperature of 16.8 K. The mean sen-
sitivity to vibrations along all three spatial directions was measured using the eigenvibrations of the
pulse-tube in the frequency range up to 200 Hz. We found it to be on the order of 1× 10−8/g. The
frequency stability of a 1.5 µm laser locked to the TEM00 mode was measured against a hydrogen maser
corrected for frequency drift using a GNSS atomic reference. It is comparable to the stability of a hy-
drogen maser for the integration times between 1 s and 10 000 s. We also monitored the long-term
drift of the resonator. The most stable half-year interval displayed the lowest drift ever measured with
optical resonators, < 1.4× 10−20/s in fractional terms. After evaluation of all sensitivities, the system
was shown to have the potential to reach instabilities of 1× 10−16 at median integration times with a
short-term instability limited by vibrations inside the cryostat together with a high vibration sensitivity
of the resonator.

To minimize the influence of the pulse-tube-generated vibrations we designed a 5 cm long, vertically
oriented silicon optical resonator installed inside a copper frame using three support points. Designed for
low acceleration sensitivity, this system displayed a sensitivity of 133 kHz/g (6.9× 10−10/g). Besides
a zero crossing of temperature sensitivity at 17 K, this resonator exhibits an additional zero crossing
of thermal sensitivity at 3.5 K with a temperature derivative of 8.5× 10−12/K2. Locking a 1.5 µm
laser, prestabilized to a room-temperature ULE resonator to the silicon resonator, the latter was found
to provide an optical frequency with instability comparable to that of a hydrogen maser and reached a
minimum frequency instability of 2×10−15 at 1000 s integration time. We estimate that in an optimized,
low-vibration cryostat the resonator should reach an instability of 1× 10−15 at 100 s. The long-term
frequency drift was found to be sensitive to the intensity of the laser wave used for the interrogation and
the duty cycle. By minimizing the intensity to 100 nW and keeping the duty cycle at 30% we could
reduce the drift rate to 49(4) µHz/s (< 3× 10−19/s). With further reduction of intensity, this feature
could allow to null the frequency drift rate.

Results obtained with the 5 cm long resonator allowed to build and install a 190 cm long resonator
inside a Leiden Cryogenics cryostat equipped with a home-built two-stage vibration isolation system,
which reduces vibrations at the experiment by a factor of 40. This system is still an ongoing project,
that has already shown hydrogen-maser-matched performance, long-term frequency drift on the order
of 1×10−20/s, and vibration sensitivity of 1×10−10/g.

Using the frequency stability of the 25 cm long horizontal resonator we search for hypothetical viola-
tions of Lorentz Local Invariance (LLI) and Local Position Invariance (LPI) in the ratio of the frequency
of a cryogenic silicon optical resonator and a hydrogen maser. The analysis of LLI was done within the
Robertson-Mansouri-Sexl kinematic test theory, assuming the Cosmic Microwave Background (CMB)
as the reference frame. The violation parameter is PKT = (0.9±1.1) ·10−5. The analysis of LPI is done
by a null redshift test, using the natural motion of the Earth in the sun’s gravitational potential. We
obtain the violation parameter β = (1.0±1.1) ·10−5. The 1 σ upper limit for |β | is better than the best
previous result obtained with an electromagnetic resonator.
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1 Introduction

Since the invention of lasers in the second half of the 20th century [1] they became an important
tool in the field of physical research, where they are employed e.g. in laser metrology [2, 3, 4],
laser spectroscopy [5, 6, 7, 8, 9], the gravitational-wave detectors [10, 11, 12], optical atomic clocks
[13, 14, 15, 16, 17, 18, 19], dark-matter detection [20, 21, 22], very long baseline interferometry
[23] and astronomy [24, 25], relativistic geodesy [26, 27, 28, 29] and tests of fundamental physics
[30, 31, 32, 33, 34, 35, 36, 37]. The precision of these state-of-the-art experiments is directly related
to the stability and purity of the applied laser wave and ideally requires a linewidth in the mHz range
and the fractional frequency instability on the order of 10−17 or below. To satisfy these requirements
there is a never-ending commercial quest for improvement of the frequency stability of lasers. However,
even last-generation lasers lack the required stability and cannot be used off-the-shelf (see Fig. 1.1).
This makes a further frequency stabilization of their output waves necessary for their employment in the
aforementioned applications.

Optical resonators represent to date the most common tools for the stabilization of lasers. They
usually consist of a pair of mirror substrates, coated for high reflection and low optical losses at the ppm
level, which are separated by a hollow spacer machined from a single piece of material with parallel
end faces polished to allow for optical contacting of the mirror substrates (see Fig. 1.2). The trans-
mission spectrum of an assembled resonator displays a set of distinctive lines which can be used for
the stabilization of lasers. Their frequency stability reflects the dimensional stability of the resonator.
A system consisting of a resonator in conjunction with a laser locked to its transmission line using a
suitable locking technique, e.g., the Pound-Drever-Hall technique [38, 39, 40], represents a device that
translates the length stability of the resonator into the frequency stability of its output optical wave.
The requirement for ultra-stability of the laser wave makes it an essential prerequisite to isolate the res-
onator from all kinds of environmental perturbations which can influence its length, such as vibrations,
tilt, temperature, and pressure variations, thermo-elastic deformations of mirrors due to the fluctuating
laser power and material creep. This is usually done using passive and/or active isolation/stabilization
techniques together with a careful choice of material with a low sensitivity response to the variations of
the parameter in question. For instance, in order to reduce the influence of environmental seismic and
acoustic vibrations, the resonator is operated inside a vacuum chamber installed on an active vibration
isolation platform. In addition to this, the shape of the resonator and the position of the supports are
optimized in order to minimize its vibration sensitivity. Temperature variations are reduced using multi-
stage isolation, each with separate active temperature stabilization, and by choosing materials with a
low coefficient of thermal expansion in the temperature region of future operation. The result of these
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Figure 1.1: Properties of the free-running ORION laser (built by Redfern Integrated Optics Inc.) used
in this work. Left panel: 62 kHz linewidth of the beat with a second ORION laser, frequency stabilized
to an optical resonator. Right panel: frequency stability, measured against the hydrogen maser with a
frequency comb.
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Figure 1.2: Examples of optical resonators. Left panel: 50 mm long silicon resonator (used in this
work) with a visible anti-reflection coating, designed for 1550 nm, at the top of the front mirror. Middle
panel: 84x84 mm ULE block with two resonators (from [41]). Right panel: 120 mm long Nexcera
ceramic spacer before optical contact with mirror substrates (from [42]).

ongoing activities toward the improvement of the length stability of the resonators is a reduction of the
frequency instability by more than a factor of 100 over the last three decades (see Fig. 1.3).

While there exists a broad range of resonators with different shapes and dimensions built for a wide
variety of applications, there is only a limited choice of materials for usage at or near room temperature.
Ultra-low-expansion glass (ULE) has long been the material of choice for resonators at this temperature.
The resonators made of ULE, equipped with fused silica mirrors [44], reach the residual frequency
instability ∆ν/ν on the order of a few times 10−15 on short time scales [45, 46, 47, 48, 49]. This
number represents a fundamental limit defined by the fluctuation of the distance between the mirrors
due to the Brownian thermal motion of the today’s common amorphous tantala/silica Ta2O5 and SiO2
multilayer dielectric mirror coatings, mirror substrates, and the spacer [50, 51]. According to Fig. 1.4
this limit can be lowered into the 10−16 instability region either by increasing the distance between the
mirrors, thus building longer resonators [52, 53, 54, 55, 56], increasing the beam size by stabilizing the
laser to the higher-order modes of the resonator [57, 58, 59, 60, 61], using a different kind of mirror
coatings (e.g., crystalline) with the lower mechanical loss [62, 63], or by cryogenic operation of the
resonator [30, 35, 64, 65, 66, 67, 68, 69, 70, 71].

Another limitation of the frequency stability of the room-temperature ULE resonators is their rel-
atively large fractional frequency drift on the order of 1× 10−16/s due to the creep of the amorphous
material. This number can be reduced with a recently developed Nexcera ceramic [72, 73, 74] by one
order of magnitude to 1.6×10−17/s [74].

Cryogenic temperatures are expected to allow to lower the residual thermal noise of the resonators
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Figure 1.3: Improvement of the frequency instability of the state-of-the-art optical resonators over the
last three decades (adapted from [43]).

2



10
1

10
2

10
-19

10
-18

10
-17

10
-16

10
-15

10
-14

Resonator length [mm]

F
ra

c
ti

o
n

a
l 

A
ll

a
n

 d
e

v
ia

ti
o

n

 ULE, 273 K
 Si, 124 K
 Si, 4 K
 Si, 1.5 K
 Si, 1.5 K, crystalline

Figure 1.4: Calculation of theoretical thermal noise limit for resonators made of ULE glass or
monocrystalline silicon on their length and environmental temperature. All calculations are done for
common high-reflective tantala/silica amorphous coatings (SiO2/Ta2O5) except for silicon at 1.5 K,
where an additional calculation was done for mirror substrates equipped with crystalline AlxGa1−xAs
coating.

down to the level of < 10−17. A choice of an appropriate material with high stiffness to survive cooldown
to cryogenic temperatures, low thermal expansion, and high thermal conductivity to minimize the re-
sponse of the resonators to thermal variations at these temperatures becomes crucial and renders the
room-temperature ULE material unsuitable. The mentioned criteria are usually satisfied by crystalline
materials. Among those, the most outstanding, with excellent thermal and mechanical properties, are
sapphire and silicon. They are characterized by a very low thermal expansion coefficient of ∼ 10−12/K
[64, 68] and high thermal conductivity on the order of 1 W/(m·K) [75, 76] below 2 K. They can be
grown as a high-purity singe-crystals with a perfect crystal structure and absence of any defects, thus
eliminating any possible frequency drift due to the aging of the material. Today, both materials are
routinely used in cryogenic optical resonators.

First cryogenic operation of a sapphire single-crystal resonator was demonstrated in 1997 [64], fol-
lowed by a first long-term operation over a 6-month period with a total frequency drift of 2.7 kHz [77]
and an operation at the record-low temperature of 1.4 K [78]. Since then, sapphire single-crystal res-
onators with an average frequency instability above or equal to 2.3×10−15 at low averaging times were
successfully applied for tests of fundamental physics [30, 79, 80, 81]. Due to the nature of the sapphire
single-crystal growing procedure, the dimensions of the resonators remain at the level of a few cm.
Purchase costs set another limiting factor that prevents the further spreading of this type of resonator.

Cryogenic operation of a silicon resonator with a length of 15 cm was first tested by [82] in 1991.
After measuring the thermal expansion of the resonator at 4.2 K it was predicted, that with proper tem-
perature stabilization silicon resonators are capable of reaching instability below 1× 10−15. However,
it took 21 years for the optical resonator community to focus on cryogenic silicon resonators [66]. This
was triggered by the need for high-stability frequency sources for the optical clocks and was enabled by
recent advances made in cryogenic engineering, vibration isolation techniques, and developments in the
semiconductor industry, which enabled cost-efficient production of silicon mono-crystals ingots with a
high degree of purity and sufficiently large dimensions.

Today, despite great technological challenges and the required level of complexity, silicon single-
crystal optical resonators enjoy an increased degree of popularity. Operated at 124 K, the temperature
of the first zero-crossing of the coefficient of thermal expansion of silicon, they demonstrate the lowest,
thermal noise limited degree of frequency instability among optical resonators, 4× 10−17 at short and
median integration times [69] and a fractional frequency drift below 5×10−19/s [67]. Operated at 4 K,
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Figure 1.5: Principal schematic for the integration of a cryogenic silicon resonator as reference oscilla-
tor into the ESA deep space network used for Doppler tracking of spacecrafts: the frequency stability of
a laser locked to the cryogenic silicon resonator is transferred to the microwave frequency domain via
frequency comb. The microwave with a frequency ν(t0) at a time t0 is sent toward the deep space probe
using the ground station antenna. After the time period ∆t the returning wave, reflected by the moving
probe and having the frequency ν(t0)+∆ν , is detected by the ground station. To extract the speed of the
spacecraft relative to the ground station along their mutual line of sight, the Doppler-shifted frequency
of the detected wave is compared to the frequency ν(t0 +∆t) of the local oscillator.

another silicon resonator demonstrated a laser light power-dependent frequency drift [70, 71]. These
properties make silicon resonators an attractive competitor with hydrogen masers.

The work presented here was done in the group that has gathered large experience with the operation
of room-temperature ULE and sapphire cryogenic resonators. Based on the historical context of the
year 2012, together with PTB (Braunschweig) we were among the first groups worldwide to explore the
properties of silicon resonators at cryogenic temperatures [66, 68]. The goals of our work were defined
by the framework of the two following projects:

• Development of next-generation reference clock for navigation of deep space probes: The
initial work in our group was done in the framework of the ESA funded project aimed at the
development of cryogenic silicon resonators as reference clocks for ESAs deep space network
with a goal to demonstrate a frequency instability of 1×10−14/

√
τ on time scales τ ⩽ 10 000 s.

Installed on the ground next to one of the three ESAs deep space network antennas and operated
continuously and maintenance-free for over a year inside a closed-cycle cryostat (see Fig. 1.5),
silicon resonators could provide a stand-alone system with frequency stability superior to that of
hydrogen masers.

4



• Further development of ultra-stable silicon resonators: The follow-up DFG-funded project
concentrated on further improvement of the frequency stability of the cryogenic silicon resonator
with a goal of 5×10−17 fractional frequency instability at integration times τ between 100 s and
10 000 s.

Five resonators using three different home-developed designs were built and operated inside a closed-
cycle pulse-tube helium cryostats with the lowest working temperature of 1.4 K. Three of these res-
onators, most thoroughly investigated, are presented in this work. Their properties are summarized in
Tab. 1 and their technical drawings can be found in Appendix E.

Table 1: Summary of the properties of the three mono-crystalline silicon resonators used in this work.

Parameter

Length (mm) 250 50 190

Orientation horizontal vertical vertical

Number of supports 10 3 3

Crystal orientation [100] [111] [111]

Crystal resistivity (kΩ·cm) 4000 8000 8000

Linewidth (kHz) 2.1 24.2 3.5

Free spectral range (MHz) 600 3000 789

Finesse 286 000 124 000 225 000

Mirror thickness (mm) 6.3 6.3 6.3

Mirror diameter (mm) 25.4 25.4 25.4

Mirror crystal orientation [100] [100] [100]

Mirror crystal resistivity (kΩ·cm) 4000 4000 4000

Curvature radii of the mirrors (m) 1/∞ 1/∞ 1/∞

Beam waist at the flat mirror (mm) 0.464 0.329 0.442

Beam waist at the curved mirror (mm) 0.536 0.338 0.491

Thermal noise limit, σy (10−17) 0.81 2.8 0.8

To be able to successfully operate these three resonators, abbreviated as Si1, Si5, and Si190 in this
work, and to reach the specifications proposed by the projects following issues have to be addressed:

1. Low-vibration sensitivity design: resonators must be carefully designed for low sensitivity to
vibrations using a commercial finite-element-method (FEM) package (Ansys and Comsol). This
step is crucial due to the operation of the resonators in the noisy environment of the closed-cycle
pulse tube cryostat (see Sec. 3.2).

2. Supporting frame: A suitable supporting frame must be designed. The materials for the frame
must be carefully chosen to allow for damping of thermal fluctuations transmitted to the resonator,
thus acting as a low-pass filter. Due to the different materials used, an additional FEM study must
be done to minimize the interplay between the resonator and the supporting frame induced by the
difference in their response to temperature changes.

5



3. Optical contacting: to form a resonator, mirror substrates have to be attached to the polished end
surfaces of the spacers by optical contact. During this process, the alignment of the symmetry
axes of both the mirrors and the spacer has to be insured. Every discrepancy in their position will
increase the sensitivity of the resonators to vibrations.

4. Cryostat characterization and long-term operation: this step includes the study of the tempera-
ture stability at the experimental plate and characterization of the spectrum of vibrations produced
by the pulse tube cryocooler (see Sec. 3). Trouble-free long-term operation of the cryostat (at least
half a year) should be insured in order to study the long-term frequency drift of the resonators.

5. Cryogenic vibration sensors: to measure vibrations in the cryostat and to determine the vibration
sensitivity of the resonators suitable commercial sensors must be adapted for use in a cryogenic
environment.

6. Tilt stabilization of the cryostat: every change in tilt produces an additional compression force
on the resonators operated inside the cryostat and thus changes their length and shifts their res-
onance frequency. To account for this, an active tilt stabilization system has to be implemented
(see Sec. 3.3).

7. All-cryogenic optical system: to ensure stable, time-independent uncoupling of the laser light
into the resonators an all-cryogenic optical setup has to be implemented. This setup should incor-
porate three motorized mirror mounts to allow for possible corrections of the uncoupling due to the
position changes and mechanical stress introduced by the cooldown process. Further, frequency
locking of the laser light to the transmission line of the resonators requires a set of cryogenic
photodiodes to monitor the amplitude of the reflected and transmitted light. To reduce noise in the
reflection signal and to increase the overall bandwidth the cable length between the photodiode in
reflection and the corresponding amplifier has to be minimized. This requires a development of a
cryogenic amplifier (see Sec. 4).

8. Phase noise cancellation in cryogenic optical fiber: due to the operation of the cryostat, the
optical cryogenic fiber is constantly twisted and shaken. This produces undesirable linewidth
broadening of the laser wave going through it, which should be eliminated using an active fiber
noise cancellation technique (see Sec. 10.2).

9. Temperature stabilization: to understand the requirements for temperature stability and to char-
acterize the thermal sensitivity of the resonators a technique for active stabilization of temperature
should be implemented.

10. Power stabilization: fluctuations of the optical power circulating inside the resonators result in
changes of the optical absorption at the mirror substrates which leads to changes in temperature
and length. Thus, an active power stabilization technique is necessary to ensure a constant level
of circulating power inside the resonator and to prevent changes in the mirror distance.

11. Laser frequency stabilization: to measure the frequency changes of the resonators an active
laser frequency stabilization technique has to be implemented.

12. Vibration isolation: to reduce vibrations at the experimental side generated by the cryostat active
or passive vibration isolation should be implemented.

This thesis is organized in chronological order. It starts with a thorough description of the first type
of resonator with a 25 cm length (Si1) followed by the description of the newly developed 5 cm Si5
and 19 cm Si190 resonators and an application of the achieved frequency stability results for tests of
Einstein Equivalence Principle. The work is rounded up by the discussion of possible improvements.
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2 A 25 cm silicon resonator

2.1 Design

The resonator consists of a cylindrical spacer, two mirror substrates, and ten additional cylinders cut out
of a single, undoped, dislocation-free, float-zone silicon mono-crystal with a resistivity of 4 kOhm·cm
and a [100] crystallographic direction oriented along the optical axis of the resonator. For an optimal
match of their physical properties, all parts were cut out by preserving their relative orientation in the
resonator as in the original crystal. The spacer, with end faces polished for optical contacting, has a
length of 250 mm, an outer diameter of 70 mm, and an axial bore of 15 mm. Two super-polished and
coated for 1.5 µm wavelength mirror substrates with a target finesse of 300000, a thickness of 7 mm, and
a surface curvature radii of R1 = 1 m and R2 = ∞, were optically contacted to the spacer. The resulted
free spectral range is 600 MHz (see Fig. 2.1, left panel). Selected curvatures of the mirrors together with
chosen resonator length result in a degenerate position of low and high order modes. This issue was not
considered during the design process of the resonator.

The resonator is supported by a copper supporting frame with a ten-point support configuration
using ten small silicon cylinders glued to the spacer with a stycast epoxy and a set of flexible stranded
stainless steel (type 316) wires of 1 mm thickness consisting of 19 braids of 0.2 mm diameter, as seen in
Fig. 2.2 (left panel) [83]. Stainless steel wires hold the resonator in place by blocking every movement
along their centerline. However, they allow movement perpendicular to their centerlines, due to their
flexibility. As can be seen in Fig. 2.2, right, there are three sets of wires (marked with different colors),
which are responsible for holding the resonator in one particular direction. Thus, all ten wires together
not only effectively prevent the resonator from displacement along the three perpendicular axes, but also
allow to block possible rotation of the resonator relative to the supporting frame.

2.2 FEM simulations

To reduce the sensitivity to accelerations the position of the ten small cylinders, which are connected to
the frame with the aid of the stainless steel wires, was optimized with FEM software. The resulted total
displacement and the displacement along the optical axis of the resonator for a 1g acceleration applied
along all three spatial directions consecutively is displayed in Fig. 2.3. For each type of acceleration only
cylinders responsible for holding the resonator were set as supports. Their heads can be seen as blue
colored in Fig. 2.3 (right column). The results show, that for an optimal position of support cylinders
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Figure 2.2: Left panel: schematic of the resonator with the supporting frame. Right panel: schematic
view of the resonator with ten supporting wires. Each set of colored wires prevents the resonator against
displacement along the corresponding direction. All ten wires effectively prevent rotation of the res-
onator relative to the supporting frame.

the change in the mirror distance due to the applied accelerations is zero. However, the ideal symmetry
of the shape of the resonator is rarely possible due to the finite precision in manufacturing, imprecise
optical contacting of the mirror substrates, and errors in the position of the small cylinders due to the
gluing process. Another contribution comes from irregularities in the positioning of the resonator inside
the supporting frame.

We evaluated the sensitivity to a typical manufacturing error of 0.1 mm in the position of the supports
and obtained an increase in sensitivity of 1×10−11/g and 1×10−13/g for the acceleration acting along
the optical axis of the resonator and perpendicular to it, respectively.

Imprecise optical contacting of the mirrors results in the shift of the optical axis of the resonator with
respect to the symmetry axis. For a shift of 1 mm, our simulations yield an increase in sensitivity of less
than 1×10−12/g and 1×10−11/g for the acceleration acting along the optical axis and perpendicular to
it, respectively.

We also obtained frequencies of the eigenmodes of vibration of the unsupported and in-frame res-
onator (see Fig. 2.4). Fist resonance of the free-standing resonator, which corresponds to the bending
in the xz-plane, occurs at a frequency of f = 6.34 kHz followed by bending in the xy-plane at a fre-
quency of f = 6.39 kHz (not shown in Fig. 2.4). Torsional and compressional resonance occurs at
a frequency of f = 10.9 kHz and f = 14.43 kHz, respectively. They are followed by another reso-
nance at f = 14.54 kHz which corresponds to a more complicated bending, than the first resonance at
f = 6.34 kHz.

The in-frame resonator displays eigenmodes of vibration corresponding to the bending in the xz- and
xy-plane at the slightly higher frequencies of f = 6.4 kHz and f = 6.45 kHz, respectively. However,
there are three eigenmodes at lower frequencies which corresponds to the pendulum motion of the
resonator along the three orthogonal directions inside a frame. The characteristic frequencies of these
eigenmodes are equal to f = 2.5 kHz for the pendulum motion along the optical axis of the resonator
and f = 3.4 kHz for the two pendulum motions perpendicular to it.

2.3 Assembly

To assemble the resonator we first optically contacted the mirror substrates to the end faces of the spacer.
This step was done by Dr. T. Legero at PTB. The small cylinders were simultaneously glued at one side
of the resonator using stycast epoxy (see Fig. 2.5). Both the cylinders and the corresponding spacer
surfaces were coated with epoxy before attaching the cylinders. The amount of applied epoxy was tried
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to be held constant for all cylinders. All cylinders were rotated to ensure proper orientation of the holes
designed to hold the steel wires. After attaching the cylinders at one side, the resonator was put on
them to ensure the correct orientation of the cylinders with respect to the spacer and to level their height
using the weight of the spacer. The resonator was held in this position until the glue was hardened. This
process was repeated four times until all cylinders were glued (see Fig. 2.5, middle panel).

To mount the resonator inside the frame we first assembled half of the frame. The horizontally
oriented resonator was put inside and the remaining parts of the frame were attached (without the front
plates). The steel wires were installed at the top side. Then, the resonator and the frame were rotated
180 degrees to attach the steel wires at the opposite side. During this process, the rule was used to
ensure the symmetrical position of the resonator relative to the frame. This procedure was subsequently
completed for the two remaining sides. The resulted structure is seen in Fig. 2.5, bottom panel. After
attaching the two front plates the resonator is ready for installation inside the cryostat.

Figure 2.3: Results of the FEM simulation. Total deformation, defined as the cumulative deformation
along all spatial directions (left column) and the deformation along the optical axis of the resonator
(right column) for the 1g acceleration applied along the x-axis (top row), y-axis (middle row), and
z-axis (bottom row). Cylinders, which act as active supports have zero total displacement at their
ends. They can be seen as blue colored in the left column. Due to the symmetry considerations, only
one-eighth of the resonator was simulated.
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Figure 2.4: First eigenmodes of vibration of the silicon resonator obtained using FEM software. The
color indicates the amount of total deformation.

2.4 Calculation of thermal noise

Random Brownian movement of the atoms in the crystal lattice of the spacer and substrates as well as
in the amorphous, high reflective coatings results in the random fluctuations of the distance between the
mirror substrates. Thus, this motion directly influences the optical path length and sets limits to its sta-
bility. We calculate the thermal-noise-induced instability for the resonator at 1.5 K using the parameters
summarized in Tab. 3 and compare this result with the thermal noise instability at room temperature
and at two CTE zero-crossing temperatures, 124 K and 16.8 K. Results are presented in Tab. 2. We
expect a fourteen-fold reduction of thermal noise contribution to the fractional frequency instability for
the temperature change from 300 K to 1.5 K. The calculated total Brownian noise contribution to the
frequency instability at 1.5 K is 6× 10−18. Due to the amorphous nature of the coating, it constitutes
95% of the total contribution to Brownian noise.

Table 2: Results of the calculation of residual fractional frequency instability contributions from ther-
mal noise of the spacer, substrates, and the coating for the wavelength of λ = 1562 nm and different
temperatures of interest expressed with Allan deviation σy for dielectric and crystalline coatings.

σy (10−17)

Coating Dielectric (SiO2/Ta2O5) Crystalline (AlxGa1−xAs)

Temperature 300 K 124 K 16.8 K 1.5 K 1.5 K

Spacer 0.06 0.04 0.01 3.9×10−3 3.9×10−3

Substrates 0.31 0.2 0.07 0.02 0.02

Coating 11.13 7.15 2.63 0.79 0.1

Sum 11.49 7.39 2.72 0.81 0.1
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Figure 2.5: Top and middle panels: spacer and the small cylinders before and after completion of the
gluing process. Bottom panel: the resonator mounted inside the frame without front plates.
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Table 3: Parameters used for the calculation of thermal noise.

Parameter Description Value

λ laser light wavelength 1562 nm

kB Boltzmann’s constant 1.381×10−23 J/K

f noise frequency 1 Hz

L length of the spacer 250 mm

Rsp radius of the spacer 35 mm

rb radius of the central bore 7.5 mm

wR=1m beam waist at curved mirror 536 µm

wR=∞ beam waist at flat mirror 464 µm

E Young’s modulus of Si along [100] crystallographic direction[84] 130.1 GPa

ν Poisson’s ratio of Si along [100] crystallographic direction[84] 0.278

Qsi = 1/φSi Si quality factor[85] > 108

φct coating loss factor[86] 1 mrad

dct coating thickness 9.38 µm
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3 Cryostat

3.1 General description

Silicon resonators are operated in a Leiden Cryogenics pulse tube type cryostat with a 1.4 Hz working
frequency, pulse tube base temperature of 3 K, and cooling power of 1.38 W at 4.2 K. Pulse tube is
complemented by a Joule-Thomson stage operated around 1.4 K with a cooling capacity of 40 mW at
1.5 K. All stages of the cryostat are rigidly connected to each other and to the cryostat’s top plate by
the G-11 glass fiber rods with very low thermal conductivity. The cryostat has a cylindrically shaped
experimental chamber with a length of 690 mm and a diameter of 350 mm attached to the 1.4 K stage
by copper rods. It can accommodate an experimental setup with a total mass of 100 kg (see Fig. 3.1).

Figure 3.1: Experimental space with installed silicon resonators inside open Leiden Cryogenics cryostat.

The experimental chamber is isolated from the environment by the outer vacuum chamber (OVC)
and the three radiative shields connected to the 50 K, 3 K, and 1.4 K cooling stages (see Fig. 3.2). To
further improve the isolation and for the reason discussed below, the 3 K shield represents an inner
vacuum chamber (IVC) and is held under a separate vacuum. The cryostat is supported by a tripod
at a reasonable height allowing for easy access and opening of the experimental chamber. Each leg
has a soft rubber base to dampen the transfer of seismic vibrations to the cryostat. The pulse tube is
connected via rotary valve and two 20 m long flexible lines to a He gas water-cooler compressor located
in a neighboring room, with a nominal power consumption of 9.2 kW in a steady state. It permanently
holds two volumes of He at constant low and high pressures of 7.5 bar and 21 bar, respectively. These
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Figure 3.2: Upper panel: schematic of the cryostat setup together with compressor and heat exchanger
(thermal shields are not shown for clarity); Bottom left panel: zoom into the experimental chamber of
the cryostat with the two silicon resonators Si1 and Si2, installed at the middle and upper experimental
plates, respectively, cryogenic geophones and one cryogenic optical setup for the incoupling of laser
light into the resonator; Bottom right panel: cross-sectional view at the resonator and the position
of temperature sensors (yellow) and a heater (red) at the second optical plate. One of the sensors is
temporarily glued to the top middle of the resonator with the Apiezon N grease. The second sensor is
bolted to the top of the optical plate and at the side of the resonator. A heater is attached to the bottom
of the experimental plate right below the resonator. The sensor and the heater at the experimental plate
are used for the active temperature stabilization.

volumes are successively connected with the pulse tube by a rotary valve rigidly attached to the top of
the cryostat with a damping material in between and operated at a frequency of 1.4 Hz allowing for the
pulse tube to function.

The cryostat setup is complemented by temperature sensors and heaters attached to all cooling stages
and at various positions of the experimental setup. The cooldown of the cryostat to the base temperature
of 3 K lasts 45 hours (see Fig. 3.3,a). To bridge the thermal isolation between the 3 K stage of the
cryostat and the experiment during the cooldown process the IVC is filled with He gas. After the 3
K stage reaches its base temperature the He gas is adsorbed by the charcoal adsorbers attached to the
3 K stage. At this point (marked as P1 in Fig. 3.3,a) the1.4 K stage and the experimental setup has
a temperature of about 20 K, which is decreasing slowly due to the poor thermal connection between
the1.3 K and the 3 K stages. The Joule-Thomson cooling is started at a point marked P2 in Fig. 3.3,a, and
the lowest operating temperature of the cryostat is reached 30 hours thereafter (point P3 in Fig. 3.3,a).
It remained stable during the entire operating time of the cryostat except for a two-month span where
the pump of the Joule-Thomson stage was in repair (peak between days 400 and 500 in Fig. 3.3,b).
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Figure 3.3: Upper left panel: temperature of pulse tube stages and the experimental setup during the
cooldown. At point P1 the 50 K and the 3 K stage reaches its base temperature. The operation of the
1.4 K Joule-Thomson stage is started at point P2. The cooldown is completed at point P3. Upper right
panel: long term temperature stability of the cryostat. Sharp peaks are the result of the experimental
activity. Temperature rise between days 400 and 500 is due to the malfunction of the Joule-Thomson
stage pump. Bottom left panel: temperature stability of the optical plate and the resonator with no
active stabilization of temperature. Bottom right panel: temperature stability of the optical plate and
the resonator with active stabilization of temperature. Right hand side of the diagrams in the bottom
row displays the frequency stability calculated from the temperature stability data and the value of CTE
(see Sec. 8.4) of silicon at these temperatures.

The temperature of the resonator is monitored with a sensor attached to the top middle of the resonator
by the means of aluminum wires and additionally glued with the Apiezon N grease, which becomes
solid at low temperatures. It also improves thermal contact between the sensor and the resonator by
increasing their contact area. A second temperature sensor is bolted to the top of the experimental plate
right next to the resonator. Together with the heater attached to the bottom of the experimental plate
and centrally and below the resonator it is used for the active temperature stabilization of the setup (see
Fig. 3.2). Temperature stability of the resonator and optical plate with and without active temperature
stabilization are displayed in Fig. 3.3,c, and d. In case of no active temperature stabilization, there is a
discrepancy between the temperature stability of the resonator and the experimental plate. This can be
explained by the low thermal conductivity of the steel wires which hold the resonator in the frame. With
a relaxation time τ of 20 min, they act as a low-pass filter for the heat transfer between the resonator and
plate. This makes the resonator insensitive to the short-term temperature fluctuations of the cryostat.

While the Joule-Thomson stage and thus the experimental setup are thermally isolated from the
pulse tube, the 3 K stage is rigidly connected to it. Due to the principle of operation of the pulse tube,
the cooling process of the 3 K stage does not occur continuously. This degrades the short-term stability
of the 3 K stage, as can be seen in Fig. 3.4 where each pulse of He gas, detected with a cryogenic
geophone placed at one of the experimental plates is accompanied by cooling of the 3 K stage by 8 mK.
The amplitude of the temperature fluctuations depends on the thermal load of the system.

The AC bridge electronics which is used for the monitoring of temperature has a sensitivity of
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Figure 3.4: Time trace of the geophone signal attached to the upper experimental plate of the cryostat
cooled down to the temperature below 3 K (right y-axis), together with the temperature variations at 4 K
stage (left y-axis).

1.7× 10−5 K per degree of lab temperature variation. To reduce these errors, the temperature in the
lab was actively stabilized with a commercial air conditioner and associated temperature sensor located
near the top of the cryostat. The temperature inside the lab was measured with four sensors at different
sensitive locations: near the cryostat, next to the electronics, and near the room-temperature optical
setups. An example of temperature time trace measured with a sensor near the room-temperature setup
over the course of the entire experiment is displayed in Fig. 3.5, left. The total variation in temperature
is approximately 4 K. However, calculated temperature instability over one day is less than 0.3 K (see
Fig. 3.5, right). This results in a 6 µK error in cryogenic temperature sensor readings.
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Figure 3.5: Temperature stability in the lab over the whole time span of the experiment. Left panel:
time trace. Right panel: calculated temperature instability. Peak at 400 s is due to the periodicity in the
activation and deactivation of the air conditioning during active temperature stabilization.

3.2 Characterization of vibrations

The cryostat is placed on the second floor of the building and has no vibration isolation from the envi-
ronment. Thus, the experimental setup is sensitive to vibrations of natural and human-made seismic and
acoustic activity. Both contributions are detected clearly with cryogenic geophones operated on the 1.5
K stage (see Fig. 3.6).

We measured lab floor vibrations below the operational cryostat along the three orthogonal directions
coincident with the orientation of the three silicon resonators inside the cryostat with a high-sensitivity
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Figure 3.7: Left panel: spectral density of ground acceleration measured along the three spacial direc-
tions. Right panel: total accelerations in the frequency range from 1 Hz to 200 Hz. The combined total
acceleration is the root sum-of-squares of the three individual total accelerations.

piezoelectric transducer. The results are presented in Fig. 3.7. The cumulative acceleration in the
frequency band from 1 Hz to 200 Hz is 0.7 mg.

Due to the mechanical design and principle of operation, the cryostat adds to this noise by subjecting
the experimental setup to characteristic low- and high-frequency vibrations. We measured these vibra-
tions at room temperature and at the temperature of 1.5 K using two different techniques. The results
are presented below.
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Figure 3.8: Left panel: spectral density of vibrations. Right panel: integrated spectral density of
vibrations of an open and working cryostat measured with a high sensitivity accelerometer (1 kV/g)
placed at the experimental plate subsequently along three orthogonal directions. Combined integrated
spectral density was calculated by taking the root sum-of-squares of all three contributions.

Measurement with a high sensitivity piezoelectric transducer at 300 K

The vibration spectrum of open and working cryostat was taken with a high sensitivity accelerometer
(Wilcoxon 731A/P31) attached to the middle experimental plate, next to the Si1 resonator. The sensor
was subsequently oriented along the three orthogonal directions determined by the orientation of the
Si1 resonator. The result is presented in Fig. 3.8. The largest contribution to the spectrum of vibrations
is made by the stepping motor of the rotary valve. It rotates the rotary valve by making 140 separate
steps during one second and adds three fourth or 6 mg to the total amount of acceleration (see Fig.
3.8, left panel). Another noise source is the pressure waves of the He gas inside the pulse-tube. They
deform the steel walls of the pulse-tube and bend it as a whole. The latter displaces and accelerates the
experimental setup rigidly attached to it. The operational frequency of the pulse-tube (1.4 Hz) and its
high-order harmonics can be seen as sharp peaks throughout the spectrum. Integration of all vibration
noise contributions in the frequency range from 0 Hz to 200 Hz results in a total acceleration of 8 mg
with the vertical direction making the least contribution (see Fig. 3.8, right panel).

Measurement with an optical sensor at 1.5 K

Vibrations inside the cryostat were also measured using reflections from three silicon resonators installed
along the three orthogonal space directions of space together with a commercial optical displacement
sensor based on laser interferometry (Attocube IDS3010) with a resolution of 1 pm and a bandwidth of
250 kHz. The sensor heads were installed on platforms in front of the cryostat or on the floor below it.
All three platforms were not isolated from seismic vibrations. The laser light with a wavelength of 1530
nm was sent through the optical windows of the cryostat to the resonators.

After reflection at the front mirrors of the resonators, the laser beam exited the cryostat and was
coupled back into the sensor heads. The resulted displacement time traces are presented in Fig. 3.9,
left column. The dominant displacement with a peak to peak amplitude of 20 µm for two horizontal
directions and 1 µm for the vertical direction occurs at the frequency of 2.8 Hz, the second harmonic
of the cryostat. The displacement amplitude along both horizontal directions is larger for every second
peak. This corresponds to the 1.4 Hz frequency of the pulse tube. The distributions of the time trace data
are displayed in Fig. 3.9, right column. While the distribution for the displacement along the vertical
direction is Gaussian in form, both distributions of the displacement along the two horizontal directions
are more complicated in form. At the same time, all three distributions are slightly asymmetrical.
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Figure 3.9: Results of the measurement with the optical position sensor: displacement along the three
three spatial directions (left column) and their distributions (right column).
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Figure 3.10: Results of the displacement measurement with an optical position sensor in the horizontal
and vertical spatial planes: time trace (left column) and displacement projection on the corresponding
plane (right column).

We have also measured the displacement in the two perpendicular spatial planes by a simultaneous
reading of two outputs of the interferometer. The results are presented in Fig. 3.10. The vibrations of the
pulse tube do not occur simultaneously along three spatial directions. There is a time delay of approx.
0.12 s and 0.1 s between the two axes in the horizontal plane and between the two axes in the vertical
plane, respectively (see Fig. 3.10, left column). The motion of the experimental setup in the horizontal
plane is almost circular with a radius of approx. 20 µm and a time period of 0.36 s. The corresponding
centripetal acceleration is 6×10−4 g. Motion in the vertical plane is noisy due to the low amplitude of
the displacement along the vertical direction.

Time traces presented in Fig. 3.9, left column, are used for the calculation of the displacement,
velocity, and acceleration spectrum using FFT (see Fig. 3.11). The displacement at 1.4 Hz, the base
frequency of the rotary valve, is at the level of 3 µm along the two horizontal directions. The highest
contribution to displacement, as already seen in Fig. 3.9, comes from the frequency of 2.8 Hz, the first
harmonic of the cryostat.

Velocity and acceleration spectra were obtained by single and double integration of the displacement
time traces, respectively. We observe peak velocity at the frequency of 2.8 Hz with a value of 0.3 mm/s.
As in the case of the measurement at the room temperature, the acceleration is highest at the frequency
of 140 Hz. The acceleration along the horizontal directions at the frequency of 2.8 Hz is 6×10−4 g and
is identical to the value of the centripetal acceleration calculated above.

To compare these results with the measurement done with an accelerometer, we calculated the spec-
tral density (see Fig. 3.12, left panel). It is almost identical to the one measured with the accelerometer
(see Fig. 3.8). Cumulative acceleration along all three directions, obtained from the integration of spec-
tral density spectrum is presented in Fig. 3.12, right panel. The calculated combined acceleration is
almost 5 mg. This is roughly the half of the cumulative acceleration obtained with the accelerometer.
This difference can be explained by the fact, that the accelerometer measurement was done cryostat at
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Figure 3.11: Top, middle, bottom panels: spectrum of the displacement, velocity and acceleration for
all three directions produced from the interferometer time traces presented in Fig. 3.9, left column.
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Figure 3.12: Left panel: spectral density of vibrations inside the cryostat determined from the time
traces of the interferometer for all three spatial directions. Right panel: integrated spectral density of
vibrations. Combined integrated spectral density was calculated by taking the root sum-of-squares of
all three contributions.

room temperature with removed thermal shields. Four shields of the closed cryostat bring an additional
weight and damp the vibrations at the experimental plate. At the same time, cryogenic temperatures
provide materials with additional stiffness and make the cryogenic setup more robust against vibrations.

3.3 Stabilization of tilt

Due to the changing environmental conditions such as wind or temperature and low-frequency seismic
activity of the earth’s crust, the tilt of the building is not stable and can vary in our lab by 40 µrad during
24 h period. Variable tilt introduces compression and buckling of the resonator and thus changes its
frequency. To minimize this impact we installed an active tilt stabilization system. It consists of two
temperature stabilized, orthogonally positioned tilt sensors placed at the top of the cryostat (see Fig.
3.2) with one of the sensors oriented along the optical axis of the silicon resonator. The resolution of
the sensors is 0.1 µrad. The signals from the sensors are used by a PC-based PID controller to apply a
voltage to the heating wires wrapped around the two legs of the tripod. Changing the length of the legs
by heating the tilt change of up to 150 µrad can be compensated. As there is a cross-talk between the
legs because of the angular separation of 120 degrees between them, we installed two separate control
loops. To allow for an active tilt compensation in both directions the legs are preheated before the
beginning of active tilt stabilization. The resulted tilt stability for both axes is displayed in Fig. 3.13.
For integration times up to 1000 s, the stability is limited by the temperature stability of the tilt sensors.
At 1000 s the resolution limit of the sensors is reached. At longer times stability degenerates due to the
noise of the electronics. Right-hand side of the diagram displays the fractional frequency stability of the
resonator calculated from the tilt stability data using the experimentally determined conversion factor of
48 mHz/µrad and the frequency of the laser light (see Sec. 8.3).
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Figure 3.13: Left panel: arrangement of the tilt sensors S1 and S2 on top of the cryostat. They are
positioned orthogonal to each other with sensor S1 measuring tilt along the optical axis of the resonator.
Both sensors are bolted to the plate, which is temperature stabilized using a thermoelectric cooler TEC
and a temperature sensor T. Temperature stability of the sensors can be monitored separately with
their own temperature sensors inside them. Due to the narrow effective range of the sensors the tilt of
the plate is initially tuned with adjustable bolts B. After that the plate is fixed with bolt B1 to the leg
of the cryostat from below and enclosed with a thermally isolating material for improved temperature
stability (not shown here). Right panel: tilt stability of the cryostat using an active tilt stabilization setup
described in the text. Solid lines with green and orange markers are calculated from the time traces of
the two sensor readings. Solid line with violet markers was calculated from the temperature data of
the sensors using a conversion factor supplied by the manufacturer. Electronics noise was determined
from the time tracers and the sensors detached from the electronics. It is represented by dotted lines
with green and orange markers. Blue and orange solid lines is the resulted tilt stability for both axes.
Right hand side displays fractional frequency stability of the resonator using an experimentally defined
conversion factor of 48 mHz/µrad.
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4 Cryogenic installations of the resonator

The resonator was successfully operated inside the Leiden Cryogenics cryostat described in Sec. 3.
However, over the course of seven years, the resonator was installed in total inside three different pulse-
tube cryostats and operated in two. The first cooldown of the resonator was achieved inside a 4 K
pulse-tube cryostat from TransMIT Center for Adaptive Cryotechnology. Due to the limitation of the
available space the resonator was installed vertically (see Fig. 4.1, left panel). The laser light was
coupled from the room-temperature breadboard located below the cryostat through the optical window
at the bottom of the cryostat. The transmitted light was detected with a photodiode. However, at that
point, we lacked an appropriate InGaAs camera and thus no mode identification was done. This made
it impossible to identify the TEM00 mode of the resonator during the operation of the cryostat. Despite
this, the first cooldown was still considered successful, because of the intact optical contact between
the mirrors and the spacer and because no damage was done to the resonator due to the differences in
thermal contraction between the silicon spacer and the copper frame. Because of its advanced age, the
TransMIT cryostat proved to be maintenance-intensive and was abandoned immediately after taking
into the operation the Leiden Cryogenics cryostat.

Another vertically-oriented installation of the resonator was done inside a second 1.5 K pulse-tube
cryostat (see Fig. 4.1, right panel). However, this setup was not cryogenically operated due to the
problems with the cryostat and had to be disassembled as the cryostat was later reserved for other types
of experiments.

Figure 4.1: Left panel: first cryogenic operation of the vertically-oriented resonator inside a 4 K pulse-
tube cryostat with the room-temperature optical setup seen below the cryostat. Right panel: another
installation of the vertically-oriented resonator inside a 1.5 K pulse-tube cryostat that did not went to
the cryogenic operation due to the insufficient cryostat performance.

The first operation inside the Leiden Cryogenics cryostat was done with the horizontally oriented
resonator and with the light-weight room-temperature optical setup, assembled at an aluminum plate,
rigidly attached to the optical window of the cryostat (see Fig. 4.2). A 2 m long optical fiber was
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used for the transmission of the laser light to the setup. An AOM was installed along the light path to
prevent unwanted interferences of the laser light with the back-reflection from the front mirror of the
resonator and other optical components along the laser beam path. This optical assembly allowed for the
application of the Pound-Drever-Hall locking technique. To identify the correct mode of the resonator
a suitable camera was used. As the cryostat lacked a second window at the back of the resonator, the
transmitted light was guided to the free window at the bottom of the cryostat using a set of mirrors
and lenses (see Fig. 4.2, left panel). This cumbersome detour was removed at the later stage of the
experimentation after the second optical window was built directly behind the resonator and along the
path of the transmitted light.

Figure 4.2: Left panel: first operation of the horizontally-oriented resonator inside a 1.5 K Leiden cryo-
stat. Red colored is the path of the transmitted light to the bottom window of the cryostat. Right panel:
corresponding room-temperature optical setup with following abbreviations: FC, fiber collomator, M,
mirror, PBS, polarizing beam splitter, and λ/4, quarter wave-plate.
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Figure 4.3: Example of the frequency measurement with a room-temperature optical setup displaying a
sensitivity of the optical frequency of the resonator to the changes in light incoupling. The red dotted
line marks time, where the incoupling was adjusted.

This configuration allowed for the first characterization of the resonator. However, it proved to be
insufficient for the characterization of the long-term frequency drift. Variations in lab temperature affect
the beam pointing stability of the laser light in the optical setup. They also have an effect on the interplay
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in the relative orientation of the outer vacuum shield of the cryostat and the cryogenic experimental setup
by heating and cooling the vacuum shield. This results in the change of the incoupling. As already
mentioned in Sec. 2 we do not observe a pure TEM00 mode but an overlap of the TEM00 mode with
high order modes. Thus, every change in the incoupling changes the intensity of the TEM00 mode as
well as of all the respective high-order modes. This in turn shifts the frequency of the resonance line.
Fig. 4.3 shows the drift of the Si2 resonator measured using the room-temperature optical setup. After
initial adjustment of the incoupling at day zero, we observe a continuous drift in frequency. On day
14 another adjustment of the incoupling was done. This procedure removed the accumulated frequency
change over the past two weeks. Immediately after the adjustment, we see a repetition of the observed
behavior.

To eliminate this issue we moved to the all cryogenic optical setup displayed in Fig. 4.4. Optical
fiber feedthrough guides the laser light into the cryostat and to the free space cryogenic optical setup.
While the cryostat is open, the cryogenic optical setup is adjusted to optimally couple the light into
the resonator. After closing the cryostat and cooling it down to 3 K, the optimal uncoupling of light is
usually lost due to the thermal contraction of used materials. We reduced this effect by making a very
compact setup with a small path length from the fiber outcoupler to the front mirror of the resonator.
Additionally, to be able to adjust the beam path at 3 K, we installed two motorized mirror mounts
and mounted the photodiode in reflection on a cryogenic two-dimensional translation stage for possible
position optimization. The cryogenic setup was complemented by a photodiode in transmittance, used
for mode detection and active stabilization of the optical power circulating inside the resonator.

To increase the bandwidth of the photodiode in reflection we reduced the length of the coax ca-
ble from the photodiode to the transimpedance amplifier using a home-built cryogenic amplifier. We
installed the latter at the 3 K stage to reduce the heat load at the cryogenic setup. Nevertheless, the
temperature of our setup was increased by approximately 0.2 K during the operation of the amplifier.

Figure 4.4: Example of a cryogenic optical setup implemented inside the cryostat.
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Figure 4.5: Schematic of the overall setup, containing the silicon resonator, three continuous-wave
lasers and an optical frequency comb. To reduce the linewidth of the comb’s modes, one of its modes
was locked either to a 1.06 µm reference laser (modality A, gray background), to the Si-resonator-
stabilized laser (modality B, no colored background), or to a 1.5 µm reference laser (modality C, blue
background; dashed blue lines indicate connections when this modality is in use). Abbreviations: FC,
fiber coupler, AOM, acousto-optic frequency shifter, DDS, synthesizer, EOM, electro-optic modulator,
WP, quarter-wave plate, PBS, polarizing beam splitter, M, set of motorized mirrors, PD1 and PD2,
photodetectors. Red lines indicate free-space beams. Blue lines indicate optical fibers. All r.f. sources
are referenced to the H-maser. (This figure and caption are reproduced from [35]).

5 Optical schematic of the experiment

The overall optical schematic used during the experiment is presented in Fig. 4.5. Depending on the
applied techniques, parts of this setup were used interchangeably or in parallel. We use two 1.5 µm
external-cavity semiconductor lasers (Rio Orion) with an output power of 20 mW and a linewidth of
less than 15 kHz, designated as laser1 and laser2, for the interrogation of our silicon resonators. Laser1
with a frequency fULE , prestabilized to the room-temperature 10 cm long ULE resonator, is utilized
whenever the linescan technique is applied (see Sec. 6 and Sec. 7.2 below). Installed in a comb lab, it is
connected with the silicon resonator via a 50 m long polarization-maintaining optical fiber. To trim the
frequency of the laser1 at the frequency of the transmission line of the resonator, a set of fiber-coupled
acousto-optic modulators is used. Laser2, located at the optical table next to the cryostat, is applied for
frequency-locking to the silicon resonator using the Pound-Drever-Hall (PDH) technique (see Sec. 7.1)
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and a compact all-cryogenic optical setup installed next to the resonator (see Fig. 4.4). Both lasers share
a single 6 m long polarization-maintaining optical fiber feedthrough for the guidance of the light to the
cryogenic resonator.

The measurement of the absolute optical frequency f of both lasers is done using a frequency comb.
It is a sum of a beat frequency ± fB between the laser and a comb mode, a repetition rate of the comb
frep ∼ 250 MHz multiplied by corresponding comb mode number m frep, and frequency of the carrier-
envelope-offset ± fceo stabilized at 20 MHz using a commercial synthesizer. Both, the synthesizer and
the high-resolution counter used for the measurement of frep are referenced to the 10 MHz output
of a hydrogen maser (Vremya-CH VCH-1005). To reduce the noise of the frep measurement and to
increase the overall precision we reduce the linewidth of the comb modes by optically stabilizing the
comb to either one of the two 1.5 µm lasers or to a 1.06 µm laser, stabilized to a separate 10 cm long
ULE resonator [47]. For this, the signal of a photodiode detecting the frequency fb was fed to a servo
electronics to stabilize the beat frequency to 50 MHz by acting on the comb’s cavity length via an
intracavity electro-optic modulator.
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6 Characterization of the 1.5 µm room-temperature ULE resonator

To measure the short-term stability of the cryogenic resonator and to be able to scan over its resonance
line, a 1.5 µm room-temperature reference resonator was built. Made of a block of ultralow expansion
glass (ULE), it has a length of 100 mm and a diameter of 60 mm. End faces of the resonator are
optically contacted with fused silicon mirrors with a 1 m and infinitely long radii of curvature. To
compensate for the difference in the expansion coefficient between the spacer and mirrors two ULE
rings were optically contacted to the mirrors [44]. The resonator was fixed inside the frame with a
ten-point support configuration resembling the suspension of a cryogenic resonator (see Fig. 6.1, left).
After installing two temperature shields to isolate the resonator from the environmental temperature
fluctuations and evacuating the setup, an ultra-narrow laser (RIO) with a 1561.6 nm wavelength was
locked to it using the Pound-Drever-Hall technique. The setup is displayed in Fig. 6.1, right. Laser
light is splitted into three parts. The first two parts are needed for the lock at the ULE resonator and the
measurement of the optical frequency of stabilized laser light with the frequency comb. The third part
is used to produce the beat with the light of another laser stabilized at the cryogenic silicon resonator
or to scan over its resonance line. To lock the laser to the resonator the light is modulated with EOM
and guided, after reflection from the front mirror of the resonator, to the PDH photodiode. An AOM
is installed along the beam path to eliminate parasitic interferences inside the path and to prevent the
reflected light from reaching the laser. The signal from the photodiode is used by the lock electronics to
change the laser current and thus laser frequency to keep it at the resonance line. The complete setup is
situated on an optical plate that is actively isolated from seismic vibrations with an AVI system (Table
Stable). Prior to its prime usage as the reference resonator for the experiments with the cryogenics
silicon resonator, it has to be fully characterized. Results of characterization are presented below.

Relaxation time: relaxation time τ of the resonance frequency due to temperature variations was
determined by changing the temperature of the resonator from 29 C to 24 C. and measuring temporal
beat frequency variation between the laser light frequency stabilized to the ULE room temperature
resonator and laser light stabilized on cryogenic silicon resonator over a course of seven days (see
Fig. 6.2, upper left panel). As the frequency of the silicon resonator remains stable over long periods
of time all observed frequency changes stem from ULE resonator. For detection, two beams of the
ULE and silicon resonator stabilized lasers were overlapped using optical fibers and the beat signal was
detected with a photodiode. To find the beat frequency, we used a PC-controlled spectrum analyzer
(Signal Hound). The data from the spectrum analyzer were fitted with a Lorentzian function and the
frequency of the beat was determined. Recorded change in beat frequency is presented in Fig. 6.2. To
extract the relaxation time τ these data were fitted with an exponential:

fBeat = a+bexp(− x
τ
).

The relaxation time was found to be:

τ = (0.94±0.08) days.

It is surprisingly large and allows good thermal isolation of the resonator from the temperature fluctua-
tions of the surrounding.

Zero CTE temperature: temperature T0, where the CTE of the ULE resonator αreson is zero was
determined over the course of two months by changing the temperature in steps of 1 C to 2 C from 6 C
to 0 C and observing beat frequency between the ULE-stabilized laser light and laser light stabilized
on silicon cryogenic resonator (see Fig. 6.2, upper right panel). The total change in beat frequency
over this period of time, accompanied by a total temperature change of 6 C, is around 3.5 MHz, with a
contribution from the silicon resonator of less than 1 kHz. Beat frequency was determined by fitting the
Lorentzian function to the data obtained with a spectrum analyzer. Results of the fits were plotted as a
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Figure 6.1: Upper left panel: ULE room-temperature resonator inside a frame with a ten point support
configuration (photo credit: Qun-Feng Chen). Upper right panel: PDH setup of the ULE room-
temperature resonator installed inside the thermal radiation shield and held under vacuum. Bottom
panel: the radiation of the laser is divided with fiber splitters in three parts used for the lock at the
resonator, beat with cryogenic resonator Si1, and optical frequency measurement with frequency comb
FC, respectively. The light is coupled out of the fiber with collimator C and modulated with EOM,
driven with a signal generator SG1. After passing through polarizing beam splitter PBS, quarter-wave
plate WP and reflection at the mirror of the resonator the beam is guided to the PDH photodiode (marked
as PD in the scheme). The signal from the photodetector is mixed with the output of the signal generator
SG1 with a mixer M, and is analyzed with the lock electronics (not showed here) to stabilize the laser at
the resonance by driving the laser current. To eliminate the beam path from parasitic interferences and
to prevent the back reflection from going back to the laser an AOM was installed along the beam path,
driven with a signal generator SG2. The whole setup is isolated from vibrations with an AVI system.
Both SG1 and SG2 signal generators are referenced to the maser.
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Figure 6.2: Characterization of the ULE room temperature resonator operated at 1561.6 nm. Upper
left panel: thermal relaxation time constant of the resonator determined from the fit of the ULE vs.
cryogenic silicon resonator beat frequency over one week time period after the temperature change from
29 C to 24 C. Upper right panel: determination of the zero CTE temperature done by reduction of the
temperature of the resonator and monitoring of the corresponding frequency change followed by a fit of
the data with a second order polynomial. Middle left panel: drift of the resonator frequency measured
relative to the hydrogen maser via femtosecond frequency comb. Middle right panel: coefficient
of thermal expansion αresonof the ULE spacer material determined from derivative of the fit function
presented in the upper right panel. Bottom left panel: linewidth of the optical beat between the ULE-
resonator-stabilized laser and the laser light of a second room-temperature ULE resonator at 1064 nm
obtained via a frequency comb. Bottom right panel: frequency instability of the laser light stabilized at
ULE resonator measured relative to a ULE room-temperature resonator at 1064 nm via frequency comb.
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function of temperature and were fitted with a polynomial of second order. The zero-CTE temperature
corresponds to the minimum of the fit function at T0 = 1.98 C. The slope of the thermal expansion
coefficient αreson at this temperature is (see Fig. 6.2, middle right panel):

dαreson(T0)

dT
= 2.3×10−9 K−2.

Frequency drift: the drift of the resonator d∆ f/dt, temperature-stabilized at the temperature of zero
CTE, was continuously measured with a frequency comb relative to a hydrogen maser. The result is
presented in Fig. 6.2, middle left panel. Jumps in the data were caused by a repeated movement of the
resonator to another lab or inside the lab, by unintentional bumps of the supporting table at which the
resonator was installed, or by problems with stabilization of lab temperature. From the linear fit to the
data we obtain with a 2σ error:

d∆ f
dt

= 41.2±0.4 mHz/s

Thus, the corresponding fractional frequency drift is (2.06±0.02)×10−16/s.

Linewidth: the linewith ∆ν of the laser, actively locked to the ULE resonator was obtained by
producing an optical beat with a tooth of a femtosecond frequency comb actively stabilized to a second
identical ULE resonator, operated at 1064 nm [47]. Both optical paths for guiding laser light from ULE
resonators to the frequency comb were operated with an active fiber-noise cancellation setup [87]. As
can be seen from Fig. 6.2, bottom left panel, the linewidth of the beat δ fBeat between the two systems
is:

δ fBeat = (806±80)mHz.

With the assumption that two ULE resonators are identical, we obtain the linewidth of a single system:

∆ν =
δ fBeat√

2
= (571±57)mHz.

Short-term instability: Short therm instability was measured with the frequency comb optically sta-
bilized to the second room-temperature ULE system, operated at 1064 nm, with a fractional frequency
instability of 1× 10−15 at the integration times between 1 s and 10 s[47]. Measured instability is pre-
sented in Fig. 6.2, bottom right panel. It is equal to 5.2× 10−15/s. This instability is larger than that
of a system operated at 1064 nm and can be further reduced with an implementation of an active power
stabilization setup.
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7 Laser stabilization techniques

In order to characterize the frequency stability of the resonator and the sensitivity to various distur-
bances, we need to measure the frequency of the resonance line. This is done using the Pound-Drever-
Hall (PDH) lock of the laser to the resonance line of the resonator or by scanning the resonance line
of the resonator with laser light of stable frequency. Both techniques together with the corresponding
optical setups are presented below.

7.1 Pound-Drever-Hall lock

We implemented the Pound-Drever-Hall lock of a RIO diode laser to the resonance line of the Si1
resonator using the schematic presented in Fig. 7.1. After passing through a free space acousto-optic
modulator, used for the fast frequency correction, and fiber-coupled electro-optic modulator, the light
with an amplitude of 50 µW is guided into the cryostat and to the free space cryogenic optical setup,
using optical fiber feedthrough. After reflection at the front mirror of the resonator, detection with a
PD1 photodode, and amplification with the cryogenic amplifier, the signal of the photodiode is mixed
with the signal from the local oscillator (SG2 in Fig. 7.1, top panel) and used by the lock electronics
for the fast frequency adjustment via the AOM and slow frequency adjustment via the current of the
photodiode of the laser.

A scan of the error signal is presented in Fig. 7.2, top left panel. The peak to peak amplitude of the
signal is 9 mV and the slope is aPDH = 6.9 µV/Hz. Due to the high acceleration sensitivity of the Si1
resonator to vibrations, the error signal is highly disturbed, as can be seen in Fig. 7.2, top right panel.
These disturbances lead to the fluctuation of the error signal zero point by ∆V ≈ 10−3 V (see inset in
Fig. 7.2, top right panel). As the lock electronics cannot differentiate between these disturbances and

Figure 7.1: Schematic of the Pound-Drever-Hall stabilization setup of a laser source on a resonance of
the Si1 cryogenic resonator.
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Figure 7.2: Top left panel: long time scan of the error signal together with the resonance line of the
resonator with a prestabilized laser light. Top right panel: fast scan done around the zero crossing
of the error signal together with the inset showing the residual fluctuations of the error signal due to
vibrations. Bottom left and right panels: the linewidth of a beat of the laser frequency-stabiilzed to
Si1 silicon resonator with a stable laser source at 1 µm [47] with a linewidth of less than 1 Hz and the
cryostat switched on and off.

the real shift in frequency, it directly translates them into the frequency fluctuations ∆ f using the slope
of the central part of the error signal as the conversion factor:

∆ f =
∆V

aPDH
.

After inserting the numbers in the above formula we obtain ∆ f ≈ 140 Hz as the amplitude of frequency
fluctuations. Thus, we expect the linewidth of the laser to be in this order of magnitude. To confirm this,
we measured it by making the beat with a laser light stabilized to the room-temperature ULE resonator
(see the previous section) with a linewidth below 1 Hz via frequency comb. The measurement was
done with a cryostat switched on and off. The results are presented in Fig. 7.2, bottom panels. With
the cryostat switched on the linewidth is on the order of 130 Hz. This number is in agreement with
the above estimation. According to the measurement of vibrations with an optical sensor, switching off
the cryostat would reduce the vibrations by one order of magnitude (see Sec. 3). Thus, we expect a
reduction of the linewidth to approx 10 Hz. Our measurement result presented in Fig. 7.2, bottom right
panel, confirms this.

The frequency stability of the laser stabilized at the Si1 resonance line was measured using a fre-
quency comb referenced against the hydrogen maser and long-term frequency corrected using the GPS
signal. As can be seen in Fig. 7.3 we obtain frequency stability of Si1 resonator equal to or better than
the frequency stability of our maser. Due to the lack of alternative references, we cannot determine the
true Si1 frequency stability.
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Figure 7.3: Mod. Allan deviation of the frequency instability of the Si1 resonator measured with a
frequency comb relative to the hydrogen maser.

7.2 Linescan technique

The drawback of the Pound-Drever-Hall technique is that it is affected by the unwanted residual am-
plitude modulations of laser light, which occur along the optical path due to the low-order finesse res-
onators formed by the surfaces of the optical elements inside the setup. These modulations are inter-
preted by the lock electronics as modulations of frequency and lead to the change in the setpoint and thus
change in frequency. To eliminate this effect we introduced a linescan technique, where the resonator
is scanned over its resonance line with a light of a laser, frequency stabilized to a transmission line of
a ULE room-temperature resonator using the Pound-Drever-Hall technique (see. Sec. 6). The setup is
presented in Fig. 7.4, top panel. ULE laser and cryostat are located in different labs. The length of the
optical fiber connecting the ULE laser with the cryogenic resonator is 30 m. We apply no fiber noise
cancellation. Thus the linewidth of the laser light is expected to widen by ∼ 30 Hz, assuming an increase
of 1 Hz for a 1 m path length inside the optical fiber. The was also no fiber noise cancellation along the
path from the ULE laser to the frequency comb. For that reason, the frequency stability degraded com-
pared with the result presented in Fig. 6.2, bottom right panel (see Fig. 7.4, bottom left panel). We also
actively control the power of the light going into the cryogenic optical fiber by splitting a part of light
and detecting its amplitude with a room-temperature photodiode PD3. The output of the latter is used
to modulate the output amplitude of the DDS connected to the acousto-optic modulator AOM2. Resid-
ual instability of optical power, measured with the in-loop photodetector PD3, is presented in Fig. 7.4,
bottom right panel. To bridge the difference in frequency between the TEM00 modes of the ULE and
cryogenic Si1 resonator, we use two AOMs. With the frequency of the AOM2 set to 210 MHz, we man-
ually shift the frequency of the light with AOM1 to get to the middle of the transmission line of the Si1
resonator. Thus, AOM1 frequency is continuously changing over time due to the frequency drift of the
ULE resonator. At the maximum of the resonance line, the signals from photodiodes in reflection and in
transmission were recorded (see Fig. .7.5, upper left panel). They are modulated by the 1.4 Hz working
frequency of the pulse tube with an amplitude variation of ∼ 25% and have mirror symmetry. After
the resonance was found, an automated scanning is started using a computer-controlled DDS connected
to the AOM2. The duration of one scan was chosen to be approximately 10 s, the time at which the
ULE resonator displays the lowest frequency instability (see Fig. 7.4, bottom left panel). The optimal
span of the scan, 3 kHz, was found experimentally. We collect 1000 points during each scan, with each
point being an average of data collected during 3 ms time interval with a sampling rate of 45 kS/s. The
remaining 7 ms is the dead time needed for the labview program to change the frequency of the AOM.
An example of a scan is presented in Fig. 7.5, bottom right panel.
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Figure 7.4: Top panel: schematic of the setup used for the scan over the Si1 resonance line with a laser
light stabilized at the ULE room-temperature resonator: after a passage over the 30 m long optical fiber
connecting the two systems in two different labs, the light is manually frequency shifted with AOM1,
driven by signal generator SG, to the middle of the transmission line. Computer controlled DDS drives
AOM2 to scan around the resonance. Transmitted light is detected with photodiode PD2, filtered with
10 Hz low-pass filter, amplified, and digitized with a DAQ card. After digitizing the signal is analyzed
with a computer. The power of the light going inside the cryostat is actively stabilized using photodiode
PD3 and corresponding server electronics used to modulate amplitude of the AOM2. Bottom row
panels: frequency (left) and power (right) stability of the ULE laser light used for scanning.
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Figure 7.5: Top left panel: signal of two photodiodes in transmission and reflection for the laser light
put at the peak of the resonance line of the Si1 resonator. Top right panel: voltage of the photodiode
in transmission during the scan of the resonance line with a span of 3 kHz and scan duration of approx-
imately 10 s (blue) together with geophone data (red). Middle left panel: frequency correction of the
Si1 scan data for the drift of the room-temperature ULE laser used for scanning. Middle right panel:
scan data and the corresponding fit with a Lorentzian function together with the FFT of the scan data in
the inset. Bottom left panel: determination of the ULE frequency drift used for correction of the Si1
scan data. Bottom right panel: subtraction of the ULE optical frequency drift (red) from the Si1 line
scan data (green) to obtain the absolute optical frequency of the Si1 resonator (light blue).

To obtain the frequency of the transmitted line, each scan is first corrected for the drift of the ULE
resonator frequency by fitting the corresponding frequency data of the ULE resonator, simultaneously
measured with frequency comb, with a linear fit to obtain the drift in frequency dULE . This drift is added
to the scan data points fi,OLD to obtain the corrected frequency fi:

fi = fi,OLD + i ·dULE ,

where i∈[1, 1000].

An example of data correction together with the drift data of the ULE resonator are presented
in Fig. 7.5, middle left panel, and bottom left panel, respectively. Corrected scans are fitted with a
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Figure 7.6: Left panel: instability of the Si1 resonator frequency determined from the scans of its
line with the laser light prestabilized at the room-temperature ULE resonator and after subtraction of
−0.16 mHz/s frequency drift. Right panel: frequency instability after improvement of the line scanning
technique.

Lorentzian function fL to obtain the frequency of the line peak fmax:

fL = a+
2π

b
c

4( f − fmax)+ c2 ,

where a, b, and c are fit parameters. They correspond to the offset in amplitude, the area under curve,
and linewidth, respectively. To improve fit quality we account for the amplitude modulations of linescan
data, caused by the operation of the pulse tube, by the introduction of four additional terms to the fit
function:

f ′L = (a+
2π

b
c

4( f − fmax)+ c2 )(1+
4

∑
i=1

ei sin(2πνit +gi)). (7.1)

While νi is readily obtained from the FFT of the linescan data by taking four frequency values with the
largest amplitude (see inset in Fig. 7.5, middle right panel), parameters ei and gi are to be determined
from the fit. An example of the fitting is presented in Fig. 7.5, middle right panel. After the fitting is
done for all scans and frequencies of the peak maxima are obtained, we can calculate the absolute optical
frequency of the Si1 resonator fSi1 by taking a sum of the mean optical frequency of the ULE resonator
fULEduring the scans, operational frequency of the AOM1 fAOM1, and the frequency maximum of each
scan fmax:

fSi1 = fULE + fAOM1 + fmax.

An example of this calculation is presented in Fig. 7.5, bottom right panel. As we can see, the drift
of the ULE resonator is completely removed from the Si1 optical frequency data. Residual fractional
frequency instability of the Si1 resonator is 2×10−15 (see Fig. 7.6).

The linescan technique presented above suffers from the long dead time in between the data acqui-
sition points of one linescan. To improve the linescan efficiency we changed the underlying labview
algorithm and eliminated the dead time. Simultaneously, we decreased the time of a single linescan
to 0.7 s. As seen in Fig. 7.6, right panel, this resulted in the improvement of the measured frequency
instability of our resonator at all times.
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Figure 7.7: Comparison of the frequency measurements done with the PDH lock (blue colored data
points) and with linescans (orange colored data points).

7.3 Comparison of the PDH lock with the linescan technique

We compared the frequency stability of the resonator using both techniques presented above for a du-
ration of 40days. The result is displayed in Fig. 7.7. Both techniques differ in the determination of
the optical frequency and in the scatter of data points on a day-to-day measurement basis. It is a result
of a constant shift of a PDH locking technique offset together with the dependence on lab temperature
fluctuations and the time-dependent change in the amplitude of the residual modulations generated by
the EOM installed in the optical PDH scheme. Thus, to increase the precision of our measurement we
employ the linescan technique for the most time of the experiment.
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8 Properties of the 25 cm resonator at 1.5 K

In this section we present experimental results concerning the main properties of the resonator, e.g.,
sensitivity to vibration, tilt, temperature, and circulating optical power. We have also determined the
coefficient of optical absorption of coated silicon mirror substrates. The result of this experiment is
presented in Appendix B.

8.1 Optical properties

To determine the incoupling ratio of light into the resonator a scan over the resonance with a frequency
stabilized laser light was made and the amplitude of the photodiodes in transmission and reflection was
recorded (see Fig. 8.1,left panel). To obtain clear signals, the pulse tube of the cryostat was switched off
during the experiment. The incoupling ratio is about 1.7%.

The mode matching is obtained by scanning low-order modes of the resonator with the pulse tube of
the cryostat in operation and comparing the mode’s amplitudes. As can be seen in Fig. 8.1,right panel,
the TEM00 mode is the mode with the largest amplitude. TheTEM02 mode could not be obtained due to
the limitation of the hardware at hand. With the assumption that no high-order modes of the resonator
are excited except of the modes TEM00 to TEM04 and with the amplitude of the TEM02 assumed to be
∼ 0.15 we obtain approximately 60% for the mode matching factor.

The linewidth of the resonator was determined by a direct scan of the TEM00 mode with a pre-
stabilized ULE laser. The obtained linewidth is 2.1 kHz, as can be seen in Fig. 8.2, upper panel. This
number corresponds to the finesse of 286000.

8.2 Sensitivity to vibrations

In Sec. 2 we presented FEM results regarding the vibrational sensitivity of the resonator inside the sup-
porting frame. Our obtained sensitivities are zero for accelerations along all three directions. However,
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Figure 8.3: Top left panel: power spectrum of the photodiode voltage time trace in transmittance with
a interrogating laser frequency set at the slope of the transmission line. Local maxima are marked with
red markers. The right y-axis was obtained using the slope of the transmission line at set laser frequency
(top left panel). Bottom left panel: total acceleration of open and running cryostat obtained from the
time traces of an accelerometer positioned subsequently along three spacial directions. Red points mark
the amplitude at the position of local maxima in the top left panel. Bottom right panel: calculated
acceleration sensitivity of the Si1 resonator.

the ten-point support is heavily affected by a range of factors. The final sensitivity is usually high and
is in the range between 1× 10−11 and 1× 10−8 Hz/g. To obtain the sensitivity of the resonator to the
total acceleration along all three spatial directions we measured amplitude fluctuations of the light of
the laser prestabilized to the room-temperature ULE resonator, with its frequency shifted by the AOM
to the side of the silicon resonator transmission line, with a photodiode in transmission. Fig. 8.3 (top
left panel) shows the power spectrum of the recorded photodiode output voltage amplified by factor
500. The amplitude was recalculated to Hz using the slope of the transmission line, −1.74 V/kHz (see
Fig. 8.3 (top right panel)). The amplitude of the local maxima, marked red in Fig. 8.3 (top left panel),
was divided by the amplitude of the local maxima of total acceleration measured with an accelerometer
in open and running cryostat along three spatial directions (see. Fig. 8.3 (bottom left panel) and Sec. 3).
Resulted vibration sensitivity and fractional sensitivity is presented in Fig. 8.3 (bottom right panel). It
decreases rapidly from 2×10−7/g at a frequency f = 1.4 Hz to 1×10−8/g at a frequency f = 4.26 Hz.
For higher frequencies, it fluctuates around the mean value of 1×10−8/g. Since the measurement of the
acceleration was done with an open cryostat, we expect a reduction in the amplitude of acceleration, due
to the additional mass of the four shields, which act as a damper. Another small reduction is likely due
to the slight increase of the material stiffness at low temperatures. Therefore, we regard our presented
results as an upper limit.
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Figure 8.4: Left panel: dimensions of a cube of a solid material before (solid line) and after application
of gravity force Fg. Right panel: schematic depiction of forces acting upon solid cube after introduction
of tilt.

8.3 Sensitivity to tilt

Tilt variations of the resonator orientation relative to the Earth’s gravity field produce a compression
force on the resonator and change its resonance frequency. To understand the influence of tilt on fre-
quency stability we analyze a simple model of a resonator as a cubic piece of material. In the absence
of the gravity force Fg the edge length is L0 and the area of the cross-section is A. After the application
of gravity the cube is compressed along the vertical direction (see Fig. 8.4, left panel). To describe the
change in edge length ∆L we apply Hook’s law

σ = Eε,

where σ is the stress, ε is the strain and the proportionality factor E is Young’s modulus of the cube
material. From the last equation we yield:

∆L =
FgL0

AE
.

Together with Fg = ρL0Ag and introduction of the Poisson’s ratio ν we obtain:

Lv = L0 −
ρL2

0g
E

,

and

Lh = L0 +
ρL2

0g
E

ν ,

for the edge length of the cube along the vertical and horizontal direction, respectively.

Tilting the cube changes the amplitude of the vertical force Fv = Fg cos(α) and generates a force
component Fh = Fg sin(α) acting along the horizontal direction (see Fig. 8.4, right panel). Tilt changes
vertical horizontal dimensions of the cube as

∆Lv =
ρL2

0g
E

ν(1− cos(α)),
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Figure 8.5: Left panel: measurement of the Si1 resonator frequency with the linescan technique, while
changing the tilt along the optical axis of the resonator and actively stabilizing the tilt along the direc-
tion perpendicular to it. Right panel: determination of the Si1 sensitivity to tilt by a linear fit of the
measurement data.

∆Lv =
ρL2

0g
E

(λ −0.5)sin(α),

where factor λ accounts for the way how the resonator is suspended. It equals to 0.5 if the mounting of
the resonator is symmetric and elongation and shortening of the length perfectly cancel each other. For
small tilt angles α above equations are simplified to:

∆Lv =
ρL2

0g
E

ν
1
2

α
2,

∆Lh =
ρL2

0g
E

α(λ −0.5). (8.1)

As we can see ∆Lv is much smaller if compared to ∆Lh. Eq. 8.1 imply that the sensitivity to tilt is
dominated by the way how the resonator is mounted inside the frame. This sensitivity is reduced for
material with high stiffness. The importance of stabilizing the tilt was stated in Sec. 3.3, where a
technique for the stabilization of tilt was presented. In this section we describe our measurement results
of the resonator sensitivity on tilt variations along its optical axis obtained with the linescan technique
and results on tilt sensitivity along the optical axis and perpendicular to it with the laser locked to the
cavity using the PDH method.

Linescan technique: the tilt was changed by heating one of the three legs of the cryostat over a two
hours time period with a speed of approx.0.37 µrad/s (see Fig. 8.5, left panel). To ensure tilt stability in
the direction perpendicular to the optical axis of the resonator the tilt of the cryostat along this direction
was actively stabilized during this experiment. to determine the sensitivity we plot measured frequency
against tilt and do linear fitting (see Fig. 8.5, right panel). The resulted sensitivity is 68±50 mHz/µrad.
Using this number and eq. 8.1 we can determine the symmetry parameter which is equal to λ = 0.508.
Thus, the suspension of the resonator is symmetrical to within 0.8%.

PDH technique: the tilt was changed by lifting the two legs of the cryostat tripod and observing the
frequency change of the locked laser with a frequency comb. In opposite to the results presented in the
previous section, the tilt was changed almost instantaneously and over a higher range. Because all legs
of the cryostat are 120 deg apart, it is not possible to have a pure tilt change along the optical axis of the
resonator or perpendicular to it (see Fig. 8.6). To determine tilt sensitivities sp and sr along the optical
axis and perpendicular to it we input resulted tilt and frequency change, shown in Fig. 8.6, into a system
of two equations:
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Figure 8.6: Measurement of the Si1 resonator frequency dependence on tilt with the laser locked to it
using the PDH method. Left panel: Si1 resonator frequency change due to the tilt of the resonator
along its symmetry axis. Right panel: Si1 resonator frequency change due to the tilt of the resonator
perpendicular to its symmetry axis.

sp∆Tp1 + sr∆Tr1 = ∆ f1,

sp∆Tp2 + sr∆Tr2 = ∆ f2,

where ∆Tpi, ∆Tri, and ∆ fi, are the tilt changes along the optical axis and perpendicular to it and the
measured frequency change of the resonator resulted from the movement of the leg i. After inserting the
measured data resulted from the movement of leg 1 (Fig. 8.6, left panel) and leg 2 (Fig. 8.6, right panel)
into the above system of equations and resolving for sp and sr we obtain:

sp = 48 mHz/µrad,
sr = 3 mHz/µrad.

The first sensitivity is in very good agreement with the result of the linescan measurement presented
above. The resulted fractional frequency change is:

(
∆ f
f
)p = 2.5×10−16/µrad,

(
∆ f
f
)r = 0.16×10−16/µrad.

Thus, the sensitivity for tilting the resonator around its optical axis is more the ten times less than
sensitivity to tilt along the optical axis.

8.4 Thermal expansion of the resonator

Temperature change ∆T affects the length L of the resonator over the coefficient of thermal expansion
(CTE) αreson of the spacer material:

∆L
L

= αreson∆T.
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Figure 8.7: Dependence of the Si1 resonator frequency (blue colored lines) and the CTE (dotted red
lines) on temperature. Left panel: measured dependence in the temperature region from 1.5 K to 3 K.
Right panel: measured dependence in the temperature region from 1.5 K to 23.8 K. The inset in the
right panel shows the frequency dependence around the CTE zero-crossing at 16.8 K. (Diagrams are
reproduced from [68], see also Appendix F.1).

The frequency change ∆ f is directly connected with CTE as:

∆ f
f

=−∆L
L

=−αreson∆T. (8.2)

We determine the CTE of our resonator by slow cooldown of the setup with a Joule-Thomson stage
and simultaneous measurement of the absolute optical frequency of the resonator using both the PDH
lock and the linescan technique. The results of the CTE measurement with the PDH lock technique are
presented in Fig. 8.7 (see Appendix F.1 for full publication).

The above results for the temperature region from 1.5 K to 3 K were verified four years later using
the linescan technique. Two diagrams, presented in Fig. 8.8 (top row), display a temperature change of
approximately 1.5 K accompanied by a change in frequency of approximately 2.5 kHz occurred over
a time scale of two hours. These two data sets were joined and fitted with a polynomial function (see
Fig. 8.8, middle panel). The result is:

f (T ) = (35.7(1)T 4 −28.6(1)T 5 +3.70(1)T 6)kHz,

with a fit error of the coefficients of less then 1%. Using this result and eq. 8.2 we can calculate αreson:

αreson =−1
f

∆ f
∆T

. (8.3)

with a following result:

αreson = (−74.3(2)T 3 +74.5(2)T 4 −11.40(4)T 5)×10−14 K−1,

plotted in Fig. 8.8, middle panel. To evaluate fit quality we plot fit residuals in Fig. 8.8, lower panel.
As can be seen, the distribution of fit residuals below 1.6 K is not symmetric. Therefore, the result
presented above should be used with caution in this range. To improve the fit quality, we evaluate the
range between 1.31 K and 1.6 K separately. The result of the fit, presented in Fig. 8.9 (top panel), is:

f (T ) = (8.1(1.3)−1.99(28)T 4)kHz.

The fit residuals are distributed evenly (see Fig. 8.9, middle panel). Thus, the CTE in this temperature
region can be accurately described with:
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Figure 8.8: Top row panels: results of two measurements of the absolute optical frequency of the
Si1 resonator with the linescan technique over a time scale of 2.5 h while cooling down the resonator
from 3.4 K to 1.31 K Middle panel: to obtain the CTE of the resonator αreson the two measurements
from the top row panels were merged and fitted with a polynomial to obtain frequency dependence on
temperature. Bottom panel: fit residuals of the fit in the middle panel.

αreson = 4.14(58)×10−14T 3 K−1. (8.4)

The CTE dependence on temperature in the region between 1.31 K and 1.6 K is presented in Fig. 8.9,
lower panel.
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8.5 Sensitivity to circulating optical power

Fluctuations of the optical power of laser light impinging on and transmitted through the cavity introduce
frequency fluctuations by changing the length of the resonator through heating generated by a change in
absorption of optical power in the mirrors. We determined the resonator’s sensitivity to optical power
by scanning over its resonance line with laser light of optical power varying between 16 µW and 40 µW
from scan to scan (see Fig. 8.10, upper panel). At the same time, absolute optical frequency of the
resonator was determined. It is plotted together with the value of laser optical power for each scan in
Fig. 8.10, middle panel. From these data, a distribution of frequency difference from scan to scan was
obtained and plotted in Fig. 8.10, lower panel. This distribution was fitted with a Gaussian function.
Resulted frequency variation is (−0.16±16.04) Hz with a power variation of 24 µW or

∆ f = (0.007±0.668)Hz/µW,

∆ f
f

= (0.003±3.481)×10−15/µW.

This result is consistent with zero and provides an upper limit for optical power sensitivity.

Another possibility to evaluate the dependence on optical power is to look at the temperature fluc-
tuations during the linescan measurement evaluated above. They are presented in Fig. 8.11. The am-
plitude of temperature variations is on the order of ∆T = 0.1 mK for 24 µW variation in power, or
∆T = 4.2 × 10−6 K/µW. Using eq. 8.4 we can obtain the amplitude of frequency variations. With
αreson(T = 1.4 K) = 1.14×10−13/K it is equal to:

∆ f = 0.002 Hz/µW,

∆ f
f

= 1.14×10−17/µW.

This result is much lower than the upper limit obtained from the direct evaluation of linescans.

8.6 Sensitivity to inclination of laser beam

Sensitivity to change of the position and angle of the light beam impinging on the front mirror of
the resonator was studied by locking the laser to the resonator with the room-temperature PDH setup
attached to the flanged window of the cryostat, changing the inclination of one of the mirror mounts in
the setup and observing the change in frequency with the frequency comb. The circulating power was
kept constant during this experiment. We obtain a sensitivity of 0.6 Hz/µrad to the influence of the laser
beam inclination on laser frequency.

8.7 Measurement of the long term frequency drift

One of the expected advantages of silicon material compared to the ULE glass is the absence of the
continuous length drift due to the perfect crystal structure with a minimum of defects. This should result
in the absence of any frequency drift. To prove this, we have measured the frequency of the resonator
continuously over the three years. The following is the update of our results, already published in Wiens
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et al. [35] (see also Appendix F.2 below). Initially, the PDH lock technique was applied, however, due
to the problems connected to this technique (see Sec 7.3) we changed to the linescan technique after
250 days of the experiment. The complete data set is presented in Fig. 8.13. The total frequency change
is over 80 kHz. However, most of it is due to frequency jumps triggered by spontaneous relaxation
effects, temperature rise, or deliberate bumping of the cryostat. (see points J1..J6 in Fig. 8.13). After
removal of their contribution, we obtain a frequency change of 8.5 kHz or 4.4×10−11/s (see Fig. 8.13,
middle panel). The strongest change occurred in the first 250 days of the experiment. As can be seen in
Fig. 8.13, bottom panel, this relaxation displays an exponential behavior and is best fitted with a double
exponential with the following relaxation times [τ1;τ2] = [3.3;81.8] days.

Within the presented measurement we identify the two most stable data sets with a duration of
approximately half a year each. They are between the days [257, 420] and [618, 793] and have a
measured fractional frequency drift of (−1.6±3.8)×10−21/s and (12.6±3.2)×10−21/s, respectively.
After correction for the slightly time-dependent frequency drift of the H-maser, measured relative to
the atomic time of the GPS signal and equal to 7.5× 10−21/s, we obtain a fractional frequency drift
of (5.9± 3.8)× 10−21/s and (20.1± 3.2)× 10−21/s (with 1σ error) for the two data sets in Fig. 8.14.
These are the lowest frequency drifts measured with an optical resonator to date. An upper value of the
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Figure 8.12: Observed frequency change (light blue) after tilting the mirror in the PDH stabilization
setup by 250 µrad at time 0.515 h followed by a tilt in the opposite direction by the same angle at time
0.532 h. Power transmitted through the resonator (braun line) was kept constant during the experiment.
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Figure 8.14: Two data sets with the most stable optical frequency of the resonator after correction for
maser drift. Left panel is reproduced from [35].

first data set, 1.4× 10−20/s (with a conservative 2σ error), corresponds to an absolute length change
(expansion) of our resonator being equal to 0.35×10−20m/s. At this rate, it takes almost three days for
the resonator to expand over the size of a proton.

8.8 Summary of systematic effects

To estimate the frequency stability that can be reached with our resonator we summarized the influence
of all systematic effects in Table 4, described their influence in terms of frequency instability, and added
them up. We plot this estimation together with the measurement limited by the maser in Fig. 8.15. Our
result suggests, that our resonator can reach fractional frequency instability of 5.5× 10−16 at one sec-
ond time scale. The dominant effect, that limits the performance at this time scale is the tilt instability
followed by the instability of the circulating optical power. Both contributions decrease with increasing
integration times. At the integration time of 1000 s the lowest value of frequency instability is reached,
0.72×10−16. With further increasing integration time, the influence of the drift becomes the dominant
effect, and the fractional frequency instability increases to 2.1× 10−16. The constant drift of the res-
onator can be easily corrected. Thus, we can subtract this contribution from our estimation of frequency
instability. We obtain 0.58×10−16 as the lowest frequency instability calculated for 1000 s integration
time. This is equivalent to the absolute frequency instability of 10 mHz. At an integration time of
10 000 s we obtain a slightly higher value, 0.73×10−16 .

Table 4 summarizes all systematic effects without vibrations, which however play an enormous role
at short times. To evaluate their influence, a beat between two identical resonators Si1 and Si2, operated
inside the Leiden Cryogenics cryostat was recorded with a spectrum analyzer (SignalHound, bandwidth
of 240 kHz). As can be seen from Fig. 8.16, left panel, the signal is highly disturbed by the presence of
cryostat vibrations at 140 Hz. The corresponding modified Allan deviation (see Fig. 8.16, right panel)
starts at 20 kHz at 4 µs integration time and averages down to approx. 20 Hz at 0.4 s. This reflects
the high vibration sensitivity of the resonator and large accelerations produced by the operation of the
cryostat. Thus, to improve the short-term stability we must either design a new resonator with low
sensitivity to vibrations or decouple the experimental setup inside the cryostat using passive or active
vibration isolation. These two possibilities are discussed in the following chapters.
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Table 4: Summary of all measured or calculated systematic effects and their combined contribution to
the frequency instability of the 25 cm silicon resonator.

Effect Sensitivity Frequency instability ∆f/f (10−16)

100 s 101 s 102 s 103 s 104 s

Tilt ∥ to Si1 48 mHz/µrad 3.8 1.8 1.0 0.42 0.57

Tilt ⊥ to Si1 3 mHz/µrad 0.32 0.1 0.04 0.02 0.03

Temperature 1.6×10−13/K 0.09 0.05 0.02 0.008 0.005

Circulating optical power 0.675 Hz/µW 1.2 0.3 0.1 0.07 0.07

Drift 2.7 µHz/s 1.4×10−4 1.4×10−3 0.014 0.14 1.4

Thermal noise 0.06 0.06 0.06 0.06 0.06

Total 5.5 2.3 1.2 0.72 2.1

Total without drift 5.5 2.3 1.2 0.58 0.73
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Figure 8.15: Measured frequency instability of the silicon resonator together with the estimation of the
summed contributions of all measured and calculated systematic effects and project requirements.
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9 A 5 cm vertical resonator - summary of properties

As seen from the results presented above, the 25 cm long silicon resonator could reach the instability
of a maser for all integration times up to 10 000 s and displayed an impressively low long-term fre-
quency drift of less than 1.4×10−20/s. However, due to the presence of strong vibrations produced by
the pulse-tube of the cryostat coupled with the low vibration sensitivity of the resonator on the order of
1× 10−8/g, the short-term frequency stability is highly degraded (see Fig. 8.16). To resolve this issue
we decided to build a new resonator, designed for low sensitivity to vibrations. The design process
started with a conical shape, which has already proved to provide low vibration sensitivity for vertically
oriented silicon resonators operated at cryogenic temperatures [66, 67, 70, 71]. We further simplified the
design using FEM simulations to reduce the shape complexity and improve manufacturing efficiency.
The so designed spacer has a length of 5 cm and is oriented with the optical axis along the [111] crystal-
lographic direction of silicon (see Fig. 9.1, left panel). After optical contacting of the mirror substrates
and integration of the resonator inside the Leiden Cryogenics cryostat with an all-cryogenic optical
setup for incoupling of laser light (see Fig. 9.1, right panel), we obtained a linewidth of 24.2 kHz for the
TEM00 optical mode. This corresponds to a resonator finesse of 120 000.

After the cooldown to 1.5 K the sensitivity of the resonator to various environmental parameters was
characterized and its short- and long-term frequency stability was measured. The results are thoroughly
described in Appendix F.4. In the following, we summarize only key results. As we used the same
procedures and techniques as in the case of the 25 cm horizontal resonator, we avoid the repetition of
their description.

Sensitivity to vibrations: Sensitivity to vibrations was determined using the inherent vibrations
of the cryostat (compare Sec. 8.2). The mean sensitivity along the three directions in the frequency
range [1,200] Hz is equal to 133 kHz/g or 6.9× 10−10/g in fractional terms (see Fig. 9.2, a). This is
comparable to the sensitivity of another vertically-oriented silicon resonator operated at 4 K [71] and
represents a factor 14 improvement compared to the sensitivity of the 25 cm long Si1 resonator.

Sensitivity to temperature: We measured the coefficient of thermal expansion of the resonator αres
in the temperature range from 1.5 K to 22 K using the procedure described in Sec. 8.4 and Appendix
F.1. The results are presented in Fig. 9.2, b,c. We observe a zero crossing of the αres with a derivative of

Figure 9.1: Left panel: spacer of the 5 cm vertical resonator before optical contacting of the mirror
substrates. Right panel: resonator installed inside Leiden Cryogenics cryostat.
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Figure 9.2: Selected properties of the 5 cm Si5 resonator: a) Sensitivity to vibrations at different fre-
quencies; b) Sensitivity to temperature in the temperature range from 1.5 K to 4.5 K and c) in the
temperature range from 1.5 K to 22 K. The dashed line represents the results of the 25 cm long Si1 res-
onator; d) Frequency stability measured relative to the hydrogen maser. (All diagrams are reproduced
from [88])

dαres/dT = 8.5×10−12/K2 at the temperature of 3.5 K with a negative αres below this temperature. In
the low-temperature region from1.5 K to 2.2 K we observe a constant αres =−7×10−12/K. Both results
are inconsistent with the results obtained for the 25 cm resonator and are subject to further studies. The
behavior of the αres in the extended temperature region from 1.5 K to 22 K is displayed in Fig. 9.2, c,
where we compare them with the αres of the 25 cm resonator. The total change of the αres in this region
is smaller when compared with the αres of the 25 cm resonator. The second zero crossing was found to
be at 17.4 K, a 0.6 K shift when compared to the temperature of the second zero crossing of the 25 cm
resonator at 16.8 K. The discrepancies between both resonators may be due to the differences in the
resonator suspension inside the frame or different properties of the silicon material.

Short-term frequency stability: Short-term frequency stability of the resonator was measured rel-
ative to the hydrogen maser. Fig. 9.2, d depicts the instability for the integration times up to 1000 s,
which closely follows the instability of the hydrogen maser with the lowest value of 2×10−15 at 1000 s.
We expect this number to decrease for a resonator properly isolated from the vibrations of the pulse
tube.

Long-term frequency stability: Long-term frequency stability of the resonator was found to de-
pend strongly on the laser light power and interrogation time: As can be seen Fig. 9.3 we monitored the
frequency of the resonator and performed simultaneous stepwise reduction of the laser light power, mea-
sured before incoupling of the light into the cryogenic fiber, from the initial 550 nW to 100 nW at the
end of the experiment. At the same time we observed an almost hundredfold reduction of the frequency
drift from −462(18) µHz/s to −49(4) µHz/s. The mean duty cycle was at the level of 30% during the
measurement. Our results confirm the previously published results of power-modified frequency drift
[71] and allow to null the long-term frequency drift of the resonator by careful adjustment of the laser
light power used for interrogation of the resonator.
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Figure 9.3: Top panel: long-term frequency stability of the resonator as function of the laser light
power. Bottom panel: corresponding duty cycle. (All diagrams are reproduced from [88])
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10 A 19 cm vertical resonator

With our vertical 5 cm resonator we have already done the first step towards the reduction of vibration
sensitivity. With this resonator we could test the in-house optical contacting procedures and evaluate
the optical bonding response to thermal cycling. Meanwhile, the resonator successfully survived three
thermal cycles, thus proving the high quality of the optical contacts. While designed for low sensitivity
to vibrations, this resonator has a relatively low finesse and correspondingly large linewidth, which
makes it difficult to achieve very low frequency instabilities. Further progress in this direction would
require a resonator with a longer spacer and high finesse mirrors.

Based on our experience with the 5 cm resonator we built two vertical biconically-shaped resonators
with a length of 190 mm and 212 mm. The design of these resonators resembles that of a 212 mm
silicon resonator operated by the PTB [66]. We expect both resonators to possess an equivalent sen-
sitivity to vibrations equal to < 1× 10−10/g [66] for horizontal accelerations and < 1× 10−11/g for
vertically projected accelerations [69]. Both resonators are already built and optically contacted with
high-finesse mirrors. They are currently installed and operated inside the Leiden Cryogenics cryostat
with an installed passive vibration isolation (see Fig. 10.1), which is discussed in the next section.

Figure 10.1: Installation of the 212 mm and 190 mm long silicon resonators inside our Leiden Cryogen-
ics cryostat equipped with two stages of passive vibration isolation.
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10.1 Passive damping of cryostat vibrations

In parallel with the development of low-vibration-sensitivity resonators, a passive isolation of the ex-
perimental payload from the pulse-tube generated vibrations was installed. Passive vibration isolation
in cryostats using springs was already successfully demonstrated [89, 90, 91, 92]. This approach is fa-
cilitated inside our cryostat using two stages of damping: a home-built BeCu blade spring designed for
2.5 Hz resonance frequency (see Appendix C for detailed description) with the 30 kg payload attached
to it via a steel wire and a set of four steel springs with an extended length of 370 mm and a resonance
frequency of 1 Hz (see Fig. 10.1). The horizontal resonance frequency is defined by the total length of
the suspension of 590 mm and is equal to 0.65 Hz.

The vibration spectrum along the two and three spatial directions, measured with two sets of cryo-
genic geophones attached to the cold plate and experimental plate of the cryostat, respectively, and
calibrated at room temperature, is presented in Fig. 10.2. We observe a good reduction of vibrations
above 5 Hz. The cumulative acceleration was reduced from 25 mg. for the cold stage of the cryostat to
0.12 mg measured at the experimental plate (see Fig. 10.2, right panels). This represents a factor 200 of
reduction. When compared to the accelerations measured during the previous cooldown with Si1 and
Si5 resonators the reduction factor is equal to 40 (see Fig. 3.12). This is due to the large mass of the
previous setup acting as a damper. (see Fig. 3.12).

From the Fig. 10.2, bottom left panel, we can see, that the resonance frequency of the four steel
springs and the BeCu blade increased from 1 Hz to 1.33 Hz and from 2.5 Hz to 2.7 Hz, respectively due
to the improvement in the strength of the materials and their thermal contraction upon the cooldown.

10.2 Cryogenic fiber noise cancellation

The optical setup of the resonator was upgraded with a partially reflective mirror installed at the output
of the cryogenic optical fiber with a length of 5 m and with a corresponding optical setup at the room
temperature end of the fiber to allow for active cancellation of frequency noise generated in the fiber
by mechanical stress due to cryostat vibrations using a technique described in [87]. The linewidth
broadening of the laser light after a double pass through the fiber is presented in Fig. 10.3, left panel,
where the beat with the unperturbed laser wave is shown. The broadening is estimated to be ∼ 50 Hz
and is completely eliminated by the active noise suppression setup (see Fig. 10.3, right panel)

10.3 Summary of the resonator properties

The sensitivity of the resonator to some environmental parameters was characterized and its short- and
long-term frequency stability was measured. In the following, we present only results that were available
at the time of writing this work. Again, we use the same procedures and techniques here as in the case
of the 25 cm horizontal resonator and the 5 cm vertical resonator.

Linewidth: After the cooldown of the resonator to 1.5 K the resonator linewidth was determined to
be 3.5 kHz. This corresponds to a finesse of 225 408.

Sensitivity to temperature: The coefficient of thermal expansion of the resonator αres was mea-
sured in the temperature range from 1.7 K to 4.2 K using the procedure described in Sec. 8.4 and
Appendix F.1. The result is presented in Fig. 10.4. The behavior of the αres can be described by:
αres = (−2.04T 5 +18.6T 4 −4.92T 3)×10−14/K. As can be seen, it is comparable to that of Si1.
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Figure 10.2: Vibrations at the Joule-Thomson cold stage and at the experimental plate of the cryostat
measured with cryogenic geophones at T = 1.5 K. Left panels: spectral density. Right panels: the
cumulative acceleration along three orthogonal directions. One of the horizontal geophones attached
to the cold stage failed to operate at cryogenic temperatures. The calculate the combined integrated
acceleration in the upper right panel we used twice the data of the second horizontal geophone.

Figure 10.3: Linewidth broadening of the laser wave after a double passage through the cryogenic
optical fiber and beat with the unperturbed laser wave with an active noise suppression switched off
(left) and on (right).
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Figure 10.4: Sensitivity of the Si190 resonator to temperature in the range from 1.7 K to 4.2 K. Left
panel: raw data. Right panel: extracted frequency (left y-axis) and coefficient of thermal expansion
(right y-axis) dependence on temperature. Orange line represent the CTE of Si1 taken from [68].

Sensitivity to vibrations: Frequency-dependent sensitivity was determined using the procedure
described in [93] (see Appendix F.4, Sec. 8.2, and Sec. 9). We recorded time traces of the photodiode
signal in transmission by parking the laser light at resonance and at the half-maximum of the resonance
line (see. Fig. 10.5, upper left panel). After subtraction of the spectrum taken with the laser tuned to the
resonance from the spectrum at half-maximum and application of a conversion factor S = 0.53 a.u./kHz
(slope of the transmission signal at the half-maximum value) we obtain a spectrum with the amplitude
in Hertz (see. Fig. 10.5, upper right panel). Applying a cumulative summation of this spectrum we
obtain a contribution of vibration to the broadening of the transmission line, 60 Hz. As can be seen
from Fig. 10.5, bottom left panel, the largest contribution is observed in the low-frequency band below
5 Hz, where the damping of vibrations is not effective. To obtain the frequency-dependent sensitivity
of the resonator to vibrations we must compare the spectrum from Fig. 10.5, upper right panel with the
acceleration spectrum. Due to the problem with the calibration of geophones at cryogenic temperatures
described in the previous section we used an interferometric sensor (IDS3010, Attocube) to obtain the
spectrum of vibrations in vertical and in one horizontal directions. For this, we used a set of two mirrors
installed for this purpose at the experimental plate inside the cryostat. As the sensor was mounted next
to the cryostat windows at a separate platform with no active or passive vibration isolation we use only
low-frequency data at 1.4 Hz and 4.2 Hz, operational frequency of the cryostat and the third harmonic,
respectively (red marked in Fig. 10.5, upper right panel). The result is presented in Fig. 10.5, bottom
right panel. We obtain a sensitivity of 11 kHz/g and 28 kHz/g with a mean of 20 kHz/g or 1×10−10/g
in fractional terms. This is a factor 7 less than the sensitivity of the Si5 resonator and a factor 100 below
the sensitivity of Si1.

Short-term frequency stability: Short-term frequency stability of the resonator was measured rel-
ative to the hydrogen maser. As can be seen in Fig. 10.6 the instability follows the instability of the
hydrogen maser with the lowest value slightly below the 2×10−15 at integration time above 1000 s.

Long-term frequency stability: Long-term frequency stability was measured relative to the hydro-
gen maser from the start of the experiment. Initially, the drift was measured to be −3.5 mHz/s. However,
starting on day 76 after the end of the cooldown the measured drift is not more than −0.9(1.3) µHz/s.
This corresponds to the fractional frequency drift of 11.4×10−21/s (see Fig. 10.7).
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Figure 10.5: Determination of the Si190 resonator sensitivity to vibrations. Upper left panel: Spectra
of time traces of the resonator transmission signal measured with the laser frequency tuned to the half-
transmission of the resonance (orange) and on-resonance (green). The green time trace includes a factor
of 1/2 to account for the larger transmitted power. Upper right panel: Spectrum calculated by subtrac-
tion of the spectrum taken with the laser tuned to the resonance from the spectrum at half-maximum.
Right y-axis gives the frequency fluctuation level after applying the conversion factor S = 0.53 a.u./kHz
(slope of the transmission signal at the half-maximum value). Bottom left panel: Contribution to the
linewidth from vibrations in the frequency region from 1 Hz to 200 Hz. Bottom right panel: Sensi-
tivity of the resonator to vibrations at 1.4 Hz and at 2.8 Hz obtained by division of the spectrum from
upper right panel by the spectrum of cryostat accelerations defined as root sum-of-squares of the three
individual accelerations. The black line indicates the mean of the two data points.
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11 Summary

The goals of this work were to develop mono-crystalline silicon resonators designed for low-vibration
sensitivity, equip them with high-finesse mirrors, and operate them in the deep cryogenic regime at
1.5 K. Their suitability for the next generation of high-stability frequency sources with possible imple-
mentation as reference clocks for navigation of deep-space probes with a required residual frequency
instability of 1× 10−14/

√
τ on time scales τ ⩽ 10 000 s (ESA funded project) was evaluated. Further

reduction of their instabilities down to 5× 10−17 at integration times τ between 100 s and 10 000 s
(DFG funded project) was achieved with the Si190 resonator. In the following, the summary of all three
resonators is presented

First, we built and operated an optical silicon resonator with a length of 250 mm in a closed cycle
cryostat at 1.5 K nonstop over a time period of three years. To our knowledge, this is the first time, that
an optical resonator was operated at this low temperature and for so long. We built a complete cryogenic
optical setup with motorized mirror mounts, thus removing possible influences of the environment and
eliminating changes in the laser light incoupling during the cooldown process. The result is a system
with the lowest length drift measured so far among optical resonators, < 1.4× 10−20/s in fractional
terms. During the cryogenic operation, we measured the linewidth and the finesse of the resonator,
2.1 kHz and 2.86×105, respectively, and determined key sensitivities to temperature, tilt, vibrations, and
optical power. At the same time, we applied active stabilization techniques to minimize their influence.
The vibrations inside the cryostat at 1.5 K were carefully measured and their influence on the length
stability of the resonator was utilized to determine its sensitivity to vibrations, which we found to be
quite high, 2 MHz/g or 1×10−8/g in fractional terms. This severely limits the short-term length stability
of the resonator.

The frequency of the resonator was monitored continuously over the whole span of the experiment
using a frequency comb referenced to the GNSS atomic signal and applying two experimental tech-
niques: a Pound-Drever-Hall lock of the laser to the TEM00 line of the resonator and the linecan tech-
nique, where an external light of a prestabilized laser is used to continuously interrogate the resonance
line of the silicon resonator. We found the PDH lock to be less precise due to two parameters: the ther-
mally driven fluctuations of the lock electronics offset and the influence of the residual time-dependent
amplitude modulations generated by the electro-optic modulator. These modulations are sensed by the
electronics as modulations of frequency and affect the locking point stability of the lock. Another pos-
sible limitation is presence of parasitic interference effects inside the cryogenic optical setup, generated
by the back reflections from optical elements.

The medium-term frequency stability, measured using the PDH lock technique was limited by the
stability of our hydrogen maser. To estimate the frequency stability that can be reached with our res-
onator we summarized the influence of all systematic effects (see Fig. 11.1). The result suggests, that
our resonator can reach fractional frequency instability of 5.5× 10−16 at one second time scale. The
dominant effect, that limits the performance at 1 s time scale is the tilt instability followed by the insta-
bility of the circulating optical power. However, their effect is reduced at longer integration times. At the
integration time of 1000 s the lowest value of predicted frequency instability is estimated, 0.72×10−16.
With further increasing integration times, the influence of the drift becomes the dominant component,
and the fractional frequency instability increases to 2.1×10−16. However, the constant drift of the res-
onator can be easily corrected. Thus, we can subtract this contribution from our estimation of frequency
instability. We obtain 0.58×10−16 as the lowest frequency instability calculated for 1000 s integration
time. This is equivalent to the absolute frequency instability of 10 mHz. At an integration time of
10 000 s we obtain a slightly higher value, 0.73×10−16 .

The results summarized above and in Fig. 11.1 indicate, that resonator Si1 has the capability to meet
the ESA project goals if it is installed in an environment with a level of vibrations reduced by a factor
of 10 compared to that of the present cryostat A high level of vibrations inside the Leiden Cryogenics

69



10
0

10
1

10
2

10
3

10
4

10
-4

10
-3

10
-2

10
-1

10
0

10
1

Integration time [s]

A
ll

a
n

 d
ev

ia
ti

o
n

 [
H

z]

10
-18

10
-17

10
-16

10
-15

10
-14

10
-13

F
ra

ct
io

n
a
l 

A
ll

a
n

 d
ev

ia
ti

o
n

Si1
 tilt, par.

 tilt, perp.

 temperature

 opt. power

 freq. drift

 thermal noise

 systematic effects

 systematic effects without drift

 ESA project goal

 DFG project goal

 vibrations

Figure 11.1: Si1 resonator: estimation of contributions of all measured and calculated systematic effects
together with project requirements (Influence of vibrations (dashed green line) is not included in the sum
of systematic effects (blue line)).

cryostat coupled with high vibration sensitivity of our 250 mm long resonator compelled us to build two
other vertically-oriented resonators designed for low vibration sensitivity.

With a length of 50 mm, a linewidth of a 24.2 kHz, and a finesse of 1.2× 105, the Si5 resonator
has a vibration sensitivity of 133 kHz/g (6.9×10−10/g), a factor of 14 improvement compared with the
250 mm resonator. The frequency instability of this resonator was found to match the instability of the
hydrogen maser with the lowest instability of 2× 10−15 at 1000 s integration time with a potential to
reach 1×10−15 at 100 s in a low-vibration environment.

In addition to the zero crossing of temperature sensitivity at 17 K, this resonator exhibits a zero
crossing of thermal sensitivity at 3.5 K with a temperature derivative of 8.5×10−12/K2 thus making it
very attractive for future operation in low-cost 4 K cryostats.

Lowering the intensity of the laser wave used for the interrogation and maintaining a 30% duty
cycle we could reduce the frequency drift rate to −49(4) µHz/s (< 3×10−19/s). A further reduction of
intensity might allow to null the frequency drift rate.

Operation of the Si5 resonator successfully proved the accuracy of the low-vibration sensitivity de-
sign and the high quality of the in-house done optical contacting of the mirror substrates which survived
several thermal cycles. With this resonator, we did the first step towards the reduction of vibration sen-
sitivity. However, due to a relatively low finesse and correspondingly large linewidth, it is difficult to
achieve low frequency instabilities with this resonator.

Si190 resonator, designed for low-vibration sensitivity, built and incorporated into the setup inside
the Leiden Cryogenics cryostat represents further progress in this direction. With a linewidth of 3.5 kHz
this resonator was installed at a two-stage vibration isolation platform inside the Leiden Cryogenics
cryostat. Constrains on available volume inside the cryostat made a custom in-house development of a
BeCu cantilever blade with a resonance frequency of 2 Hz as a first stage for isolation of the setup in
the vertical direction necessary. The second stage for isolation in vertical direction is comprised by four
helical springs with a resonance frequency of 1 Hz. The resulted cumulative acceleration along vertical
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direction for the frequency band [1,200] Hz is 0.12 mg. The isolation along the two horizontal directions
was facilitated by the total length of suspension formed by two vertical vibration isolation stages. With a
total length of suspension equal to 590 mm the horizontal resonant frequency is 0.65 Hz. This effectively
dampens vibrations and results in lower cumulative accelerations along two horizontal directions, when
compared to the damping in the vertical direction. On the overall, we measure a fortyfold reduction of
vibrations in the frequency band [1,200] Hz, compared to the vibrations measured inside the cryostat
with an installed rigid frame.

The sensitivity to vibration of the Si190 resonator was measured at two frequencies, 1.4 Hz and
4.2 Hz, where the passive vibration isolation is not effective, and obtained a sensitivity of 11 kHz/g and
28 kHz/g with a mean of 20 kHz/g or 1× 10−10/g in fractional terms. This is a factor 7 less than the
sensitivity of the Si5 resonator and a factor 100 below the sensitivity of the Si1 resonator.

Si190 resonator also exhibits a low long-term frequency drift and has a medium-term frequency
instability comparable or better to that of a hydrogen maser.

With the already obtained results we can make an estimation of the best theoretical performance of
the Si190 resonator in Leiden Cryogenics cryostat by adapting the Fig. 11.1 as follows:

1. Low vibration sensitivity of the Si190 resonator together with the reduction of vibrations due to
the passive vibration isolation allows to reduce the influence of vibrations on the Si190 frequency
instability by a factor of 140 if compared to the Si1 resonator.

2. Due to the nature of the passive isolation the tilt of the experiment is always zero. Thus, its
influence can be skipped.

3. Through the studies performed with the Si5 resonator we know, that the long-term frequency drift
can be set to zero using appropriate laser power.

4. The frequency dependence of the Si190 resonator on optical power was not studied. Due to the
almost identical size and the usage of identical mirrors, we assume that the Si190 response to
power fluctuations is equal to that of the Si1 resonator, 0.675 Hz/µW.

Estimation of contributions of all measured and calculated systematic effects of the Si190 resonator
with the incorporation of the issues discussed above is presented in Fig. 11.2 together with project
requirements. The sum of systematic effects is well below the requirements of the two project goals
and approaches the thermal noise limit for integration time above 100 s. The sensitivity to optical
power limits stability at shorter integration times and requires further studies. Another limitation is the
presence of vibrations inside the cryostat. To satisfy the DFG project requirements vibrations must be
reduced by at least factor two. A further hundred-fold reduction of the influence of vibrations is required
to reach the thermal noise limit of the resonator. The issues discussed in this passage are addressed in
the outlook.

To reach presented frequency stability and long-term drift following technical issues were addressed
during this work:

1. Low-vibration sensitivity design: all three resonators were designed for low sensitivity to vi-
brations. However, contrary to the FEM simulations Si1 resonator performed poorly due to the
complexity of the ten-point support configuration.

2. Supporting frame: Designed supporting frames allowed damping of thermal fluctuations sensed
by the resonators and were not found to introduce any additional mechanical stress on the res-
onators.

3. Optical contacting: Both Si5 and Si190 were optically contacted in-house. The bonding between
the substrates and the spacers was proved to be insensitive to thermal cycling.
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Figure 11.2: Si190 resonator: estimation of contributions of all measured and calculated systematic
effects together with project requirements (Influence of vibrations (dashed green line) is not included in
the sum of systematic effects (blue line)).

4. Cryostat characterization and long-term operation: Study of the temperature stability at the
experimental plate and characterization of the spectrum of vibrations produced by the pulse tube
cryocooler was done Trouble-free long-term operation of the cryostat over a time span of three
years was insured.

5. Cryogenic vibration sensors: Cryogenically operated geophones and room-temperature intefer-
ometer were used for the characterization of cryostat vibrations and the determination of vibration
sensitivity of our resonators.

6. Tilt stabilization of the cryostat: Both Si1 and Si5 resonators were operated inside the cryostat
with implemented tilt stabilization. Due to modification of the cryogenic setup tilt stabilization
became obsolete for the Si190 resonator.

7. All-cryogenic optical system: All three resonators were operated together with an all-cryogenic
optical setup.

8. Phase noise cancellation in cryogenic optical fiber: This step was implemented for the Si190
resonator. However, due to very low power levels used for the interrogation of the resonator, it
became impossible to use in practice.

9. Temperature stabilization: Temperature stabilization was implemented for all three resonators,
where necessary.

10. Power stabilization: Power stabilization was implemented for all three resonators, where neces-
sary.

11. Laser frequency stabilization: Three different frequency stabilization techniques were imple-
mented. All three were successfully shown to reach the frequency instability of our hydrogen
maser as a limiting factor.
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12. Vibration isolation: A passive cryogenic vibration isolation system was implemented. Further
improvements are considered.

All the above issues represent essential solutions toward the realization of optical resonators with low-
vibration sensitivity and thermal-noise-limited instability.

The frequency stability of the presented resonators was used to study the material properties of
silicon and found applications in fundamental physics:

1. All three resonators were used to study the thermal expansion of the silicon. Their high thermal
sensitivity allowed us to determine their thermal expansion coefficients with a resolution on the
order of 10−12/K.

2. We applied the frequency stability of our resonator for the study of the material absorption of
the front-coated mirror and determined a lower boundary for the coefficient of optical absorption
α ≥ (1440±120) ppm/cm. We found that our system is capable of resolving absorption powers
on the level of 1 nW, thus making the resonator a very sensible calorimeter.

3. We interpret the frequency stability of the 25 cm long horizontal resonator to put an upper limit
to possible violations of Lorentz Local Invariance and Local Position Invariance. The analysis
of LLI is done within the Robertson-Mansouri-Sexl kinematic test theory, assuming the Cosmic
Microwave Background (CMB) as a reference frame. The violation parameter is PKT = (0.9±
1.1) ·10−5. The analysis of LPI is done by a null redshift test, using the natural motion of the Earth
in the sun’s gravitational potential. We obtain the violation parameter β = (1.0±1.1) ·10−5. The
1 σ upper limit for |β | is better than the best previous result obtained with an electromagnetic
resonator.
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12 Outlook

The ultimate goal of the work with optical resonators is to reach their lowest, thermal-noise-limited
instability. Achieving this goal requires the necessary implementation of the following changes and
improvements to the present Si190 resonator setup:

1. Further improvement of the vibration sensitivity of resonators or reduction of vibrations inside
the cryostat by means of passive or active isolation of the experimental setup or by switching to a
new generation of cryostats.

2. Precise monitoring of vibrations at the experiment.

3. Miniaturization of the cryogenic optical setup.

4. Improvement of the reliability of the motorized mirror mounts.

5. Simultaneous operation of multiple cryogenic resonators.

All these approaches are currently pursued by our group and are discussed below.

Damping of cryostat vibrations
As can be seen from Fig. 10.2 (bottom right panel), the total amplitude of acceleration, measured at

the experiment, is dominated by the vertical component. To mitigate this situation we are adopting the
usage of quasi-zero stiffness technique to cryogenics, which is successfully employed in gravity-wave
detectors, where it is used to isolate test masses with a resonance frequency on the order of 0.5 Hz or
lower, well below 1.4 Hz, the working frequency of the cryostat [94, 95, 96]. It is worth trying this
technique at cryogenic temperatures. However, it requires careful adaptation of the setup for the change
in the stiffness of the materials and the overall length contraction during the cooldown.

Active vibration isolation using e.g., hexapods allows for cancellation of vibrations to start already
at the DC level. This technique was already applied in cryogenics for scanning probes microscopes
[97], where piezoelectric actuators were used as struts (see Fig. 12.2). The difficulty of this approach is
the drastic reduction of the displacement amplitude of piezoelectric actuators at low temperatures. To
successfully cancel vibrations inside the present cryostat with a typical displacement amplitude equal
to 20 µm (no passive damping) would require piezoelectric actuators with a length of approx. 300 mm.
Together with the limited availability of space inside the experimental chamber of the cryostat, this
fact prevented an application of this type of active vibration isolation in the past. However, with the
implementation of the passive vibration isolation, the amplitude of the displacement was reduced by
one order of magnitude or more. This makes the use og the hexapod attractive.

Another approach to reduce vibrations is the usage of a new-generation-type cryostat with an ex-
perimental chamber physically separated from the cryocooler by placing it in a separate tower (see
Fig. 12.1). Flexible s are employed to prevent the transfer of vibrations to the experiment. Further
reduction is achieved using flexible heat links or helium buffer gas for heat transfer instead of a rigid
connection between the cryocooler and the experiment. These results in residual acceleration amplitudes
at the experiment of 0.3 µg at the frequency of 1 Hz [70].

Resonators with improved vibration sensitivity
A promising approach with a demonstrated acceleration sensitivity of 2.5× 10−11/g is based on

the force-insensitive spacer design proposed by Webster and Gill for the room-temperature ULE res-
onators with a side length of 50 mm [98]. This design was already adopted by other groups to produce
room-temperature ULE resonators with a length of 87 mm [99] and 75 mm [100]. As ULE material is
unsuitable for cryogenic applications, the design has to be adapted for silicon. Due to the anisotropic
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Figure 12.1: Two examples of commercially available cryostats with experimental chambers separated
from the cryocoolers (ARS µDrift platform (left) and Cold Edge cryostat (right))

nature of the silicon crystal, this represents a nontrivial task. We performed a thorough investigation of
all possible silicon crystal orientations relative to the cubic spacer and identified two suitable orienta-
tions [88]. From these two, the [100] orientation of the crystal allows for simultaneous operation of all
three cavities inside the resonator in a force-insensitive and vibration-insensitive regime with a precise
mounting of the resonator inside a suitable supporting frame.

Precise monitoring of vibrations at the experiment
Monitoring of vibrations at the experiment is essential for the evaluation of the performance of the

installed vibration isolation and for precise characterization of the vibration sensitivity of resonators.
This is currently done with cryogenically operated geophones and with an interferometric sensor, oper-
ated from outside of the cryostat. Both techniques are problematic and need to be improved. Geophones
were calibrated at room temperature. Their response is likely to change in cryogenics due to the changes
in the material properties. This makes their cryogenic recalibration necessary. The interferometric sen-
sor is usually not isolated from the background vibrations. For precise monitoring of cryostat vibrations,
it requires an active vibration isolation platform. Once isolated, it would allow for simple calibration of
geophones by comparing the output of the sensor with the output of the co-axially oriented geophones.

Miniaturization of the cryogenic optical setup
Optical setups with long paths for laser beams are sensitive to the thermal contraction of the materi-

als during the cooldown. This makes a degradation of the incoupling of the laser light into the resonator
likely and requires constant correction during the cooldown. We already did a large step toward minia-
turization of the setups. However, further miniaturization is needed to reduce the amount of active
correction of the incoupling to the minimum. This issue can be addressed by replacing the commercial
optical mounts with the home-built elements.
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Figure 12.2: Overview of the hexapod platform used for the development of active vibration isolation
for the cryostat.

Improvement of the reliability of the motorized mirror mounts
Motorized mirror mounts are required for possible corrections of the incoupling during and after

completion of the cooldown. Each of them contains two commercially available stepper motors, de-
signed to operate at room temperature. To extend their operation range into the cryogenic we manually
disassemble the motors, remove the lubricant, grease them with MoS2 power, assemble them and prove
their functionality at room temperature before installing them into the cryogenic setup. After cooldown,
we observe a failure rate of approximately 40%. This makes it difficult to achieve optimal light incou-
pling into the resonator. The reliability of motorized mirrors can be dramatically improved by replacing
stepper motors with piezoelectric motors (e.g., from JPE) that have a zero failure rate. This upgrade
would also help to improve scientific output and accelerate the work, as it would reduce the risk of
“losing” resonators after cooldown.

Simultaneous operation of multiple cryogenic resonators
All three resonators presented in this work demonstrated a hydrogen-maser-like performance. How-

ever, based on their measured sensitivities to environmental perturbation they are likely to perform
better. To be able to demonstrate their best performance, it is necessary to measure their frequency
stability relative to comparable frequency sources. An ideal source would be another silicon resonator.
This resonator could also be installed inside the Leiden Cryogenics cryostat. However, to exclude a
common-mode behavior they should be ideally installed inside different cryostats. The cryostats should
be operated in different labs to exclude the influence of air conditioning. An optical beat of two lasers
would potentially be more stable than a beat of a laser versus hydrogen maser. However, it would only
allow for the characterization of the beat frequency. To characterize the frequency stability of the in-
volved resonators would require a three-cornered hat method [101]. However, this technique needs to
compare three resonators and thus is difficult to implement.

77



78



A Tests of the Einstein Equivalence Principle

In this section we interpret the frequency stability of our 25 cm long resonator in terms of a potential
violation of the two core postulates of the Einstein Equivalence principle (EEP) which are:

• The postulate of Local Lorentz Invariance (LLI). It states that the outcome of any experiment
performed in a non-gravitational environment does not depend on velocity.

• The postulate of Local Position Invariance (LPI). It states that the outcome of any experiment
performed in a non-gravitational environment does not depend on location in space and time.

A.1 Analysis of LLI in the Mansouri-Sexl framework

Theory

To interpret the experiment in terms of a potential LLI violation we use the well-known RMS framework
developed by Robertson [102] and Mansouri, and Sexl [103]. This kinematic test theory assumes that
there is a preferred reference frame S defined by (X,T ), in which the speed of light c is constant and
isotropic. In any other inertial reference frame S′ defined by (x, t), moving with a velocity v with respect
to the frame S, the speed of light is c(v,θ) is a function of both velocity |v|and the angle between v and
the direction of light propagation. The transformation between the two frames is defined by [103]:

T =
1
a
(t −ϵx),

X =
1
d

x− (
1
d
− 1

b
)v

x ·v
v2 +vT,

where the parameters a, b, d, and ϵ depend on velocity v. In special relativity a = b = γ = 1/(1−v2)1/2

and d = 1. ϵ is a function of the clock synchronization procedure. Both the Einstein synchronization
procedure and the slow moving clock synchronization procedure require ϵ = −v. In the case of small
velocity v, the parameters a, b, and d can be Taylor expanded as a = 1+αv2, b = 1+βv2, and d =
1+δv2. Inserting the above transformations into the equation of the light cone, X2 = T 2, we obtain the
relation between the velocity of light c in the S frame and c(v,θ) in S′ [103]:

c
c(v,θ)

= 1+(β +δ − 1
2
)
v2

c2 sin2(θ)+(α −β +1)
v2

c2 . (A.1)

In special relativity this relation is always equal to one. Thus, the two coefficients are equal to zero:

β +δ − 1
2
= 0,

α −β +1 = 0.

These requirements set the coefficients to:

(α,β ,δ ) = (−1
2
,
1
2
,0) (A.2)
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We can expand the relation in eq. A.1 for small variations of c(v,θ) with respect to c:

c
c(v,θ)

=
c

c+∆c(v,θ)
≈ 1− ∆c(v,θ)

c
.

Eq. A.1 can then be written as:

∆c(v,θ)
c

=−(β +δ − 1
2
)
v2

c2 sin2(θ)− (α −β +1)
v2

c2 .

In order to find possible deviations of the coefficients from these values we can perform either a
Michelson-Morley type experiment, testing for the anisotropy of the speed of light, and determine the
coefficient

PMM =−(β +δ − 1
2
),

or a Kennedy-Thorndike type experiment in the search for a possible boost (v) dependence of the speed
of light and determine the coefficient:

PKT = β −α −1. (A.3)

Reference frame

The application of the RMS theory described in the preceding section requires the choice of a reference
frame (X,T ). We test relativity using the J2000 frame of reference (see Fig. A.1) with respect to the
velocity of cosmic microwave background (CMB) radiation [104] as seen in that frame.

To determine the possible dependence of the light speed on v, we must account for the movement of
the Earth around the Sun and for Earth’s rotation. The total boost b is defined in the reference frame X
as the sum of the velocity u of our planetary system with respect to the CMB, of the orbital velocity of
the Earth vo, and of the velocity of the laboratory with respect to the Earth’s center of mass, vr divided
by the speed of light,

b =
v
c
=

(u+vo+vr)

c
, (A.4)

where c = 299792458 m/s is the speed of light.

The velocity u with respect to CMB is described in the J2000 frame by the right ascension α , the
declination δ , and the speed u (see Fig. A.2, left panel)

u = u×

⎛
⎜⎜⎝

cos(δ )cos(α)

cos(δ )sin(α)

sin(δ )

⎞
⎟⎟⎠ . (A.5)

To obtain the orbital velocity vo in the J2000 frame we first consider its value at the time point of the

autumnal equinox in the frame where the x-axis is coincident with the x-axis of the J2000 frame, but the
y-axis and the z-axis are in the ecliptic plane and perpendicular to it, respectively. Orbital velocity vo is
parallel to the y-axis in this frame. Thus we can state:
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Figure A.1: Definition of the J2000 equatorial celestial reference frame with the origin at the Earth
center: x-axis is defined by the mean equinox at epoch J2000 (01.01.2000 at 12:00, universal time);
z-axis is the mean rotational axis of the Earth; y-axis is defined by the cross product of x- and z-axis
and is lying in the mean equatorial plane of the Earth at epoch J2000, which is inclined with respect to
Earth orbital plane by an angle ε .

vo = vo ·

⎛
⎜⎜⎝
−sin(λo)

cos(λo)

0

⎞
⎟⎟⎠ ,

where vo is the orbital speed of the Earth, and the phase λo is the determined by the Earth’s orbital

angular frequency ωo and time t elapsed since the autumnal equinox, λo = ωot. The Ecliptic plane is
tilted with respect to the equatorial plane of the Earth by an angle ε , called the obliquity of the ecliptic.
Thus the transformation of the above equation into the J2000 frame yields:

vo = vo ·

⎛
⎜⎜⎝
−sin(λo)

cos(λo)

0

⎞
⎟⎟⎠

′

×

⎛
⎜⎜⎝

1 0 0

0 cos(ε) sin(ε)

0 −sin(ε) cos(ε)

⎞
⎟⎟⎠= vo ·

⎛
⎜⎜⎝

−sin(λo)

cos(λo)cos(ε)

cos(λo)sin(ε)

⎞
⎟⎟⎠ (A.6)

For the vernal equinox as the starting point, this expression is modified as follows,

vo
′ = vo ·

⎛
⎜⎜⎝

sin(λ ′
o)

−cos(λ ′
o)cos(ε)

cos(λ ′
o)sin(ε)

⎞
⎟⎟⎠ .

The velocity of the Earth’s surface at the location of Düsseldorf is given as (in the J2000 frame)

vr = ωrRcos(χ) ·

⎛
⎜⎜⎝
−sin(λr)

cos(λr)

0

⎞
⎟⎟⎠ , (A.7)
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Figure A.2: Left panel: direction of the velocity u of the solar system with respect to CMB, in the
J2000 frame X. Right panel: definition of the Earth orbital velocity vo(t = 0) with respect to the Sun.

where ωr is the Earth sidereal angular rotation frequency, R is the Earth radius, χ is the latitude of
the laboratory in Düsseldorf. Finally, the phase λr = ωrt+ϕ , where ϕ is the phase offset set by an angle
between the longitude of the laboratory and the right ascension of the CMB velocity α .

The final expression for the velocity v, is:

v = u×

⎛
⎜⎜⎝

cos(δ )cos(α)

cos(δ )sin(α)

sin(δ )

⎞
⎟⎟⎠+ vo ×

⎛
⎜⎜⎝

−sin(λo)

cos(λo)cos(ε)

cos(λo)sin(ε)

⎞
⎟⎟⎠+ωrRcos(χ)×

⎛
⎜⎜⎝
−sin(λr)

cos(λr)

0

⎞
⎟⎟⎠ . (A.8)

The expression for the boost b can be obtained using eq. A.4.

Fig. A.3 shows both quantities (middle and bottom panels) calculated for the whole duration of the
experiment. The relative position of the Earth with respect to the Sun and the direction of the solar
system velocity u with respect to the CMB at the start of the experiment at 10.06.2015 (57183.37 MJD)
is depicted in the top panel of Fig. A.3. A summary of the parameters entered in the above equation is
given in Tab. 5.

The direction of the velocity u of the solar system relative to the CMB is by no means a preferred
direction. It is a result of historical development. Therefore, below we extend our data analysis and

Table 5: Definition of parameters used.

Parameter Description Value

α Right Ascension of CMB velocity 167.9287 deg

δ Declination of CMB velocity -6.9269 deg

u CMB speed 369 km/s

vo Earth orbital speed 29.78 km/s

ωo Earth annual angular rotational frequency 0.017203 rad/day

ε Obliquity of the ecliptic 23.439 deg

ωr Earth sidereal angular frequency 2π/23 h 56 min 4.09 s

R Earth radius 6370 km

χ Lab latitude in Düsseldorf 51.1867 deg

η Lab longitude in Düsseldorf 6.7965 deg
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introduce other reference directions ui, which we obtain by rotating u around the z-axis by an angle γ

in the range between 0 and 180 deg (see Fig. A.4).

We use eq.A.8 and eq.A.4 to set an upper limit for the Kennedy-Thorndike coefficient PKT by com-
paring the frequency of cryogenic silicon resonator ∆νSi with a frequency of hydrogen maser ∆νH−Maser
and using the following equation:

∆νSi −∆νH−Maser

ν0
= PKT |b(t)|2, (A.9)

where ν0 is equal to 191976.629 GHz.

Analysis of daily variations

To analyze the LLI with respect to daily variations we collected a set of data by recording the frequency
of a cryogenic silicon resonator with respect to the hydrogen maser at 28 distinct days with a duration
ranging from 5.8 h to 20.68 h. A summary of the data sets is presented in Fig. A.5. We fit all data sets
according to eq. A.9 to obtain the coefficient PKT . Due to the short duration of data sets we can set the
first two parts in eq. A.4 as constant and fit the data with a function:

∆νSi −∆νH−Maser = a+bx+C′ sin2(2πt +ϕ), (A.10)

Here, the first and second term accounts for a frequency offset and a possible linear frequency drift of
the resonator and of the hydrogen maser, respectively. We define C′ =C cos(ε). To project the velocity
change on the direction of u we introduce the phase shift ϕ , which is equal to α or 167.9287 deg. The
squared sin function in Eq. A.10 implies that one tests for modulation with a frequency equal to the
double rotational frequency of the Earth with a rotational period of 12 h. This is due to the resonator’s
mirror symmetry. The coefficient C is equal to:

C = PKT ·ν0
ω2

r R2 cos2(χ)

c2 .

The Kennedy-Thordike parameters is obtained from C via

PKT =C
c2

ν0ω2
r R2 cos2(χ)

.

Time t in the Eq. A.10 is the mean sidereal time at the location of the experiment. It is calculated
using an algorithm described in USNO Circular No. 163 (1981).

To apply the algorithm we need to calculate the mean sidereal time as the angle relative to the vernal
equinox. We first transfer from our local time to Greenwich mean time by taking into account the
summer time. Then we transform all dates Di into the Julian dates JDi and calculate the number of days
NoDi elapsed since the epoch J2000:

NoDi = JDi −2451545.0.

The mean sidereal time at Greenwich is then given by:
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Figure A.3: Top panel: Sun-Earth relative position at the start of the experiment on 10.06.2015
(57183.37 MJD).The orbital velocity vo is approximately opposite to the velocity u of the solar sys-
tem with respect to CMB. Middle and bottom panels: speed of the Earth and the squared norm of the
boost with respect to the CMB during the data interval, calculated using eq. A.8 and eq. A.4, with the
Earth’s rotation neglected.
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Figure A.4: Definition of a new preferred direction ui obtained by rotation of vector u clockwise around
the z-axis as seen along the axis by an angle γ from the original direction. This is equivalent to an
increase of the right ascension of u by an angle γ .
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Figure A.5: Properties of all data sets used in the evaluation. Top: error defined by the Allan deviation
at longest time τ . Bottom: duration of each data set.
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Figure A.6: Example of a data sets. Top left panel: initial data. Top right panel: data set after removal
of a linear drift of the frequency ratio Bottom left panel: fit of data with eq. A.10 to obtain the parameter
PKT . Bottom right panel: power spectrum of fit residuals showing the white nose. Peak at a frequency
of approximately 150 1/(Sidereal day) is due to the modulation of laser frequency in the lab by the air
conditioner.

tG = 18.697374558+24.06570982441908 ·NoDi.

The local mean sidereal time ti with a precision of 1.1 s is calculated using the longitude η of the
lab position (see tab. 5):

ti = tG +η/15.

Fig. A.6 shows the step-wise evaluation of one data set, where the linear drift removal and fitting are
separated for clarity. In actual evaluation, these two steps are merged according to eq. A.10. Fit results
are evaluated by calculating the power spectrum of the fit residuals (Fig. A.6, bottom right panel). They
are dominated by white noise and therefore prove the validity of fit errors. Fig. A.7 (right panel) presents
the distribution of resulted coefficient PKT from fits of individual data sets presented in the right panel
of Fig. A.7. We differentiate between all data sets and data sets with a total duration of more than 9 h,
which is equivalent to the 3/4 of one-period duration. Our results are:

PKT = (2.02±3.49) ·10−3

from all data sets, and

PKT = (6.15±3.67) ·10−3

for data sets with duration longer then 9 h and the standard 1σ error of the mean.
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Figure A.7: Left panel: distribution of fit results for all data sets (blue colored histogram) and for data
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fits. Right panel: resulted parameter PKT from fits of all data sets. Data sets with duration of more then
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Figure A.8: Kennedy-Thordike coefficient PKT determined from fits of all data sets (light blue) or only
data sets with a duration longer then 9 h (magenta) for a solar system velocity with respect to CMB u
rotated clockwise by an angle γ around the z-axis of the J2000 reference frame.

We also performed an analysis with respect to the reference direction rotated clockwise around the
z-axis by a variable angle γ with respect to u as described in Sec. A.1. Results of the fits are presented
in Fig. A.8. As in the previous case they are all consistent with zero.

Analysis of annual variations

Earth orbits the Sun with a velocity which is almost two orders of magnitude higher then the velocity
at the Earth surface due to rotation (30 km/s vs. 0.46 km/s). To test the LLI, we collected data over
two half-year long periods (see Fig. A.9). Data sets were fitted with according to Eq. A.9 where the
expression for boost is based on the second term from eq. A.4 and eq. A.8, orbital velocity of the Earth:

∆νSi −∆νH−Maser = a+bx+C′ sin2(ωot +ϕ), (A.11)

where the phase ϕ is defined by the right ascension of CMB velocity u and C′ = C cos(ε). The
Kennedy-Thorndike coefficient PKT can be expressed by the fit coefficient C:

PKT =C
c2

voν0
.
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Figure A.9: Two data sets with a duration of approximately 0.5 year each, used for the evaluation of LLI
inside the RMS kinematic framework (top row) together with corresponding velocity change (bottom
row).

We obtain (see Fig. A.10, top row):

PKT = (0.855±1.055) ·10−5

for the first data set, and:

PKT = (3.722±0.672) ·10−5

for the second data set. The error equals 1σ for both datasets. The error for the second data set
is smaller than the mean implying possible dependence of the light velocity on boost. To evaluate the
quality of the results we fitted the residuals of the fits with a Gaussian function (see Fig. A.10, bottom
row). In both cases, the residuals are distributed around zero as a mean value. Thus, errors error
estimates for the results presented above can be considered valid. As expected, the coefficients obtained
from the evaluation of the two half-year data sets are smaller then the coefficient obtained from the
sidereal variation (see Sec. A.1). The difference is approximately equal to the difference in velocities.
The waited mean average of the above results is:

PKT = (2.894±0.567) ·10−5

We also evaluated the dependence of the Kennedy-Thorndike coefficient with respect to rotation of the
reference direction as described in Sec. A.1. The results are presented in Fig. A.11. Both data sets have
angles where the coefficient PKT is nonzero. However, the corresponding angles are different. There is
also no agreement with the results of the similar evaluation of sidereal data.
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Figure A.10: Top row panels: fit of the two half-year data sets with a function defined by eq. A.11.
This two data sets with a duration of approximately 0.5 year each, used for the evaluation of LLI inside
the RMS kinematic framework on an annual scale. Bottom row panels: corresponding distribution of
fit residuals.
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Figure A.11: Kennedy-Thorndike coefficient PKT determined from the fit of the two half-year data sets
with a function defined by eq. A.11 for different orientation of the hypothetical preferred direction.
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In Table. 6 we compare our best result with a selected number of published results. It is three orders of
magnitude worse than the best result by Tobar et al. However, the accumulation of data occurred over a
factor of 12 shorter time period. Comparison with another experiment run with a cryogenic optical
resonator over an approximately equal time period yields a factor two improvement.

A.2 Analysis of LPI

Theory

Local position invariance can be tested using two nonidentical clocks at the same location subjected to
the variations of the Sun’s gravitational potential due to the orbital motion of the Earth and its rotation. In
this varying potential, both clocks experience frequency drift. However, their common position requires
the ratios of their frequency drifts to be equal. A clock in a gravitational field experience a shift of its
frequency ν from its unperturbed value ν0:

ν = ν0(1+
U
c2 )

where U is the Sun potential and c is the speed of light. Change of the Sun potential results in
fractional frequency change:

∆ν

ν
=

∆U
c2

Possible violation of this law can be expressed by an introduction of coefficient β :

∆ν

ν
= (1+β )

∆U
c2 .

We expect β to be different for different types of clocks. Hence, the difference in the fractional
frequency of two nonidentical clocks in varying Sun potential results in:

∆ν1

ν1
− ∆ν2

ν2
= (β1 −β2)

∆U
c2 .

with ∆ν

ν
= ∆ν1

ν1
− ∆ν2

ν2
and β = β1 −β2 we simplify this equation to:

Table 6: Comparison of the obtained parameter PKT with published results.

Reference PKT Duration description

Hils and Hall 1990 [105] < 6.6×10−5 105 days I2 line and optical cavity

Braxmaier et al. 2002 [30] (1.9±2.1)×10−5 190 days cryo. optical sapphire resonator vs. I2

Wolf et al. 2004 [106] (1.6±3.0)×10−7 1 year cryo. sapphire oscillator vs. H-maser

Tobar et al. 2010 [32] (−1.7±4.0)×10−8 6 years cryo. sapphire oscillator vs. H-maser

This work (0.86±1.06)×10−5 163 days cryo. optical Si resonator vs. H-maser
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Figure A.12: Absolute Earth-Sun distance (left) and the Sun gravitational potential change (right) during
the experiment.

∆ν

ν
= β

∆U
c2 . (A.12)

Sun gravitational potential is equal to:

U
c2 =−Gm

Dc2 , (A.13)

where G is the gravitational constant, m is the mass of the Sun, and D is the Earth-Sun distance. To
calculate the Sun potential on Earth for the time of the experiment we compute the Earth-Sun distance
D using the VSOP 87 algorithm [107] with a precision of 2.5×10−8 AU (see Fig. A.12). With the am-
plitude of Sun-Earth distance change of 3.35×10−2 AU the amplitude of the annual potential variation
is equal to:

∆U
c2 =

Gm
∆Dc2 = 1.65×10−10. (A.14)

In case of the diurnal variation of the potential the expression in Eq.A.13 is:

U
c2 =− Gm

D2c2 Rcos(χ)cos(ε)cos(2πt). (A.15)

The time t is set to zero when the lab position crosses the imaginary Sun-Earth line at midday. With
the parameters R, χ , and ε , defined in Tab. 5, the amplitude of the diurnal potential change at the lab
location in Düsseldorf is equal to:

Gm
∆D2c2 Rcos(χ)cos(ε) = 1.21×10−13. (A.16)

This amplitude is three orders of magnitude smaller than the amplitude of the annual Sun potential
variation (see Eq. A.14).
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data sets with a duration of longer then 9 h (light blue colored histogram) together with corresponding
normal fits. Right panel: resulted parameter β from fits of all data sets. Data sets with duration of more
then 9 h are additionally marked with red circle.

Sensitivity to diurnal variations of Sun potential

We analyze sensitivity to diurnal variations by fitting data sets with Eq. A.12, where we use Eq. A.15
for the Sun potential. The drift of the frequency is subtracted before fitting. The results of the fits are
presented in Fig. A.13. We obtain:

β = (27±21) ·10−4

from all data sets, and

β = (3±32) ·10−4

from data sets with duration longer than 9 h, where the error is equal to the error of the mean (σ/
√

n).

Sensitivity to annual variations of Sun potential

Sensitivity to annual variation of sun potential is analyzed by fitting the two detrended data sets with
following equation (see Fig. A.14, top row):

∆ν = a−C cos(ωot −ϕ), (A.17)

where ωo is the angular frequency of the Earth rotation around Sun. The time t is counted from
the last Perihelion ( first data set 2016.01.02, 22:49, second data set: 2017.01.04 at 14:18 GMT). The
phase ϕ is defined by the time difference between the last Perihelion and the start of the measurement
campaign. The coefficient β is obtained by comparison of the amplitude of the cosine term C, divided
by the absolute optical frequency, with the amplitude of the Sun potential (see Eq. A.12, Eq. A.13 and
Eq. A.14):

C
ν
= β

∆U
c2 .
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Table 7: Comparison of the obtained parameter β with published results.

Reference β Duration frequency comparison made

Turneaure et al. 1983 [108] ≤ 1.7×10−2 10 days two H-masers vs. three SCSO’s

Godone et al. 1995 [109] ≤ 7×10−4 430 days Magnesium standard vs. cesium clock

Tobar et al. 2010 [32] (−2.7±1.4)×10−4 6 years cryogenic sapphire oscillator vs. H-maser

Ashby et al 2018 [110] (2.2±2.5)×10−7 >14 years H-masers at metrology labs

This work (1.02±1.13)×10−4 1 year cryogenic optical Si resonator vs. H-maser

This comparison yields for the first data set:

β = (6.65±18.57) ·10−5,

and

β = (12.28±14.20) ·10−5

for the second data set. The weighted average with a 1σ error is:

β = (10.2±11.28) ·10−5

These constraints are one order of magnitude better than the constraints obtained from the evaluation
of the diurnal data sets (see the previous section). Table. 7 shows a selection of published results from
other groups. Though our result is worse by two orders of magnitude when compared with the current
best estimation of β made by Ashby et al., it is better than the best previous result achieved with an op-
tical resonator. The improvement is by a factor of more than two with a total duration of the experiment
reduced by a factor of 6.
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Figure A.14: Two data sets with a duration of approximately 0.5 year each, used for the evaluation of
LPI. Top row panels: fit of both data sets with eq. A.17. Middle row panels: corresponding change of
the Sun-Earth distance and of the Sun gravitational potential. Bottom row panels: distribution of the
fit residuals fitted with a Gaussian function.
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B Determination of the silicon optical absorption

Si bulk optical absorption α at the wavelength of λ = 1562 nm was determined from measurements of
thermal relaxation of Si optical resonator operated at approximately 1.4 K by illuminating the front mir-
ror of the resonator with the ULE prestabilized laser light of stable amplitude and frequency (compare
Sec. 6). The schematic in Fig. B.1 displays the absorption process in the front mirror substrate of the
resonator. Due to the antireflection coating at the front end of the mirror, all laser radiation is inserted
into the mirror substrate. After passing the distance equal to 6.3 mm the light is reflected at the high-
reflection coating at the backside of the substrate and returns back to the front end of the mirror, where
it exits the resonator. This results in the total path length inside the silicon mirror substrate being equal
to 12.6 mm. As the frequency of the laser light does not match the resonance frequency of the resonator
no light is coupled inside the spacer. Due to the large heat conductivity of silicon (~10 W/mK)[75], the
absorbed heat is instantly distributed inside the resonator and the corresponding increase in tempera-
ture is detected by the sensor attached to the middle of the resonator. As the resonator is supported by
steel wires with very low thermal conductivity compared to that of silicon, the resonator is only loosely
thermally connected to the experimental plate acting as a bath of constant temperature. Thus, in this
experiment, the resonator plays a role of a calorimeter.

In the following we state the governing equation of the mathematical model of the resonator:

dQSi

dt
=CSi

dTSi

dt
= PAb − k(TSi −TBB) ,

where PIn is the power of the light impinging on the cavity, CSi and T are the heat capacity and tempera-
ture of silicon, respectively, PAb absorbed optical power, TBB temperature of the cavity frame and optical

Figure B.1: Schematic of the experiment for the determination of optical absorption of silicon mirror
substrates coated with the antireflection (AR) and high reflection (HR) coating at the front and the back,
respectively.
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breadboard, and, k the thermal conductance of the supporting steel wires. We integrate this equation:
∫︂ TSi

TBB

dT ′

PAb − k(T ′−TBB)
=

1
CSi

∫︂ t

0
dt ′ ,

−1
k

∫︂ TSi

TBB

d(PAb − k(T ′−TBB))

PAb − k(T ′−TBB)
=

1
CSi

∫︂ t

0
dt ′ ,

ln(PAb − k(T ′−TBB)) |TSi
TBB

=− k
CSi

t ,

ln(PAb − k(TSi −TBB))− lnPAb =− k
CSi

t ,

TSi −TBB =
PAb

k
(1− exp(− k

CSi
t)) . (B.1)

Experimental data were fitted with the above equation B.1 to extract values for absorbed power PAb,
the relaxation time of the system τ↗= CSi

k , and thermal conductance of steel wires k↗. The heat capacity
of the resonator was determined from the Debye model for the specific heat:

C = 9NkB(
T

ΘD
)3

∫︂
ΘD/T

0
x4ex(ex −1)−2dx ,

with ΘD = 640 K the Debye temperature of Si and the mass of the resonator (m = 2.23 kg). Fit
results are summarized in the Table 8.

After reaching the equilibrium temperature the laser light was blocked to allow the resonator to cool
down back to the cryostat base temperature. This process of releasing heat stored in the resonator to the
cryostat surrounding can be described mathematically as follows:

dQSi

dt
=CSi

dTSi

dt
=−k(TSi −TBB) ,

where TSi(t) is time dependent and minus in the right part of the equation signifies that the rate of
temperature change is negative. The general solution of the above equation is:

TSi(t)−TBB =C exp(− k
CSi

t) ,

with the starting condition at t = 0 we obtain

TSi(t) = TBB +(TSi(t = 0)−TBB)exp(− k
CSi

t) . (B.2)

The fit of the above Newton’s cooling law equation to the experimental data was done to obtain
relaxation time τ↘ = CSi

k and thermal wire conductance k↘.

To fit the data with eq. B.1 and eq. B.2 heat capacity of the resonator was determined using Debye
model for the specific heat:

C = 9NkB(
T

ΘD
)3

∫︂
ΘD/T

0
x4ex(ex −1)−2dx , (B.3)

were ΘD = 640 K is the Debye temperature of Si. Heat capacity of our Si resonator with a mass of
m = 2.23 kg is displayed in Fig. B.3. Fit results are summarized in the Table 8.
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Figure B.2: Temperature data of the Si resonator and its supporting frame taken by illuminating the
cavity front mirror with laser light of stable frequency and different optical powers away from cavity
resonance together with the fit result using fitting equation B.1.
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Figure B.3: Heat capacity C of the silicon resonator with a total mass of m = 2.23 kg in the temperature
range of interest calculated using Debye model in the eq.B.3.

Table 8: Absorbed power PAb together with the 2σ fit error, relaxation time of the system at heating τŰ

and cooling τŮ and the mean relaxation time τ , thermal conductivity of the supporting wires from the
fits during heating kŰ and cooling k↘, determined from the fits of the experimental data with eq. B.1
and different impinging light powers PIn, and the fits with eq.B.2.

PIn, μW PAb, nW τŰ, min τŮ, min τ , min k↗, µW/K k↘, µW/K

0.5 1.96±0.11 21.8 17.1 19.45 1.04 1.33

1.0 1.12±0.04 22.6 17.6 20.1 1.02 1.31

2.44 2.94±0.02 19.2 19.2 19.2 1.32 1.32

3.44 3.09±0.03 24.1 18 21.05 1.05 1.41

4.3 4.38±0.02 22.6 17.4 20.0 1.11 1.45

5.2 5.19±0.03 18.8 20.7 19.8 1.29 1.17

6.65 5.39±0.03 18.8 20.4 19.6 1.29 1.19

8.85 8.59±0.02 20.6 19.3 19.95 1.23 1.31
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Figure B.4: Temperature data of the Si resonator and its supporting frame taken after blocking the laser
light of different optical powers (Fig. B.2) together with the fit result using fitting equation B.2.
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Figure B.5: Relation of the optical power absorbed in a substrate PAb, to the total input optical power
PIn.

The amount of optical power absorbed in a bulk sample can be described by the following formula:

PIn −PAb = PIne−αx ,

with absorption coefficient α and a path length of light inside the sample x. Solving this equation
for α results in:

α =−1
x

ln(1− PAb

PIn
).

Together with the total optical path inside the substrate of x = 1.26 cm, which equals to the double pass
of the substrate, and the relation of PAb to PIn, determined from the slope of the linear fit to the data
presented in Table 8 (see Fig. B.5), we thus obtain:

α = (1400±120)
ppm
cm

PIn is an ideal case of no absorption of light on its way to the resonator. Assuming that losses at the
fiber connector which connects the cryogenic optical fiber as well as losses during the passage of light
through the cryogenic optical setup are possible, an effective optical power impinging on the resonator
is smaller than PIn. Thus, our result sets the lower limit for the absorption coefficient:

α ≥ (1440±120)
ppm
cm

This result is a factor 300 higher than the value measured by another group (5 ppm
cm )[111]. However,

such a simple comparison is not appropriate, as the optical absorption is also a function of the purity of
the silicon material used for the experiment.
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C Development of the BeCu cantilever blade for passive vertical vibration
isolation

To dampen vibrations in a vertical direction inside a cryostat a cantilever blade was developed. The res-
onance frequency of the blade should be below the working frequency of the cryostat, 1.4 Hz. Damping
of a typical vibration isolator starts from the frequency f =

√
2 fres [112]. Thus, the resonance frequency

of the cantilever blade should not exceed 1 Hz. In the following, we derive formulas for the resonance
frequency and the deflection of the cantilever blade under the load of mass m.

C.1 Analytical calculations

Fig. C.1 depicts a schematic of a cantilever blade of length L under load F , applied to the tip of the
blade. The curvature of the blade ρ can be described as [113]:

1
ρ
=

M(x)
EI

, (C.1)

with M(x) the bending moment, E Young’s modulus, and I is the moment of inertia. The curvature is
also equal to

1
ρ
=

d2y
dx2

[1+(dy
dx)

2]3/2
,

for small deflections the derivative dy
dx = tanθ and the above formula simplifies to

1
ρ
=

d2y
dx2

[1+(tanθ0)2]3/2 =
d2y
dx2 cos3

θ0.

We insert this expression in eq. C.1 together with M(x) =−F(Lcosθ0 − x) and obtain:

EI
d2y
dx2 cos3

θ0 =−F(Lcosθ0 − x). (C.2)

With a cantilever of rectangular cross section, the length a, and thickness d, the moment of inertia is
constant:

I =
ad3

12
. (C.3)

Moment of inertia of the triangular cantilever blade is:

I =
ad2

18
. (C.4)

With constant I we can integrate eq. C.3:

EI
dy
dx

cos3
θ0 =−F(xLcosθ0 −

1
2

x2)+C.

With the boundary condition x = 0, dy
dx = tanθ0 the constant of integration is C = EI tanθ0 cos3 θ0.

Inserting this in the above equation we obtain:
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EI
dy
dx

cos3
θ0 =−F(xLcosθ0 −

1
2

x2)+EI tanθ0 cos3
θ0. (C.5)

Integrating this equation a second time, and resolving for y yields

y =− F
2EI cos3 θ0

(x2Lcosθ0 −
1
3

x3)+ x tanθ0, (C.6)

where we used the boundary condition x = 0, y = 0 to obtain the constant of integration. To obtain the
deflection δ at the tip of the blade we define its coordinates (xt ,yt) as [114] :

(xt ,yt) = (Lcosθ0 +δ sinθ0, Lsinθ0 −δ cosθ0).

We first insert xt into eq. C.6 and neglect all higher order terms of δ :

yt =−FL3

3EI
(1+

3δ tanθ0

2L
)+Lsinθ0 +δ sinθ0 tanθ0.

Inserting the expression for yt in the above equation yields:

δ =
FL3

3EI
(1+

3δ tanθ0

2L
)cosθ0,

We solve for δ :

δ =
2
3

FL3

2EI −FL2 sinθ0
cosθ0. (C.7)

for the absolute deflection. For the cantilever blade fixed at θ0 = 0 deg this formula simplifies to the
known formula from the textbook:

δ =
FL3

3EI
.

With the eq. C.3) the above equation becomes

δ =
2
3

FL3

Ead3

6 −FL2 sinθ0
cosθ0. (C.8)

Figure C.1: Schematic of the cantilever blade of length L fixed at an angle θ0 with respect to the
horizontal x-axis before (red dashed line) and after (red line) application of force F , which deflects the
blade by amount δ with projection ∆x and ∆y on the x- and y-axis, respectively.

102



In the definition of the moment of inertia (see eq. C.3) we set the length of the cross section of the blade
a constant. To allow for blade profile with the coordinate dependent length a(x) of the cross section we
introduce an additional shape factor α [115]:

α =
3

2(1−β )
(3− 2

1−β
(1+

β 2 logβ

1−β
)), (C.9)

where β is the ratio between the short and wide ends of the blade. α changes from 1.0 to 1.5 for the
transition of the blade shape from rectangular to triangular, respectively. Inserting α in eq. C.8 we obtain
the final expression for the maximal blade deflection:

δ = α
4FL3

Ead3 −6FL2 sinθ0
cosθ0. (C.10)

From this equation we can extract the stiffness k of the blade:

k =
Ead3 −6FL2 sinθ0

4αL3 cosθ0
. (C.11)

We can use this expression to calculate the resonance frequency of the blade

fres =
1

2π

√︄
Ead3 −6FL2 sinθ0

4αmL3 cosθ0
. (C.12)

The resonance frequency is thus proportional to:

fres ∼ (
d
L
)

3/2

That means, that to have low resonance frequency, the blade must be thin and long. To calculate the
maximal tensile stress on the material we use [113]:

σmax =
6FL
ad2 cosθ0,

where the force moment is modified by the angle θ0. If the angle is θ0 > 0 the material of the blade
experiences additional compression stress, which must be added to the above equation:

σmax =
6FL
ad2 cosθ0 +

F
ad

sinθ0.

C.2 FEM simulations

FEM simulations are performed to verify the above formulas and to obtain the stress distribution over
the blade profile. Usually, cantilever blades used for the damping of vibrations work under high steady
stress to obtain larger deflections, and therefore to lower the resonance frequency of the blade. At
high stress rates, the creeping of the material is a problem. It renders materials such as stainless steel
unsuitable. According to [116] only beryllium copper and maraging steel can sustain high stress levels
for long times without creep. We have selected BeCu because of its availability. Relevant BeCu material
properties are summarized in Tab. 9. Due to the geometry constraints of the cryostat we have chosen the
trapezoidal shape of the blade with a length of L = 170 mm. The length of the fixed end a, thickness d ,
and the length of the free edge of the blade have to be derived. The FEM simulations are performed with
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Table 9: Properties BeCu with a number of other materials displayed for comparison.

/ AISI 304 [118] Alu 2024-T4 [118] BeCu [119] Cu [118]

Density [kg/m3] 8000 2780 8260 8930

Elastic modulus [GPa] 193 73.1 115 110

Poisson ratio 0.29 0.33 0.30 0.343

Ultimate tensile strength [MPa] 505 469 483 210

Yield strength (Rp0.2) [MPa] 215 324 1130-1420 33.3

a load of mass m = 50 kg applied to the free end of the blade. An acceleration equal to the acceleration
of gravity is acting at the setup. The angle θ0 is set to 0 deg during the simulation and the deflection
of the tip of the blade and the maximum stress is recorded. Expected large deformation of the material
requires working with the modulus “large deflections” switched on in the simulation software. The
comparison of the FEM simulation results with the analytical results yields a 12 % difference between
the results for deflection of 73 mm. This difference is readily explained by the fact, that derivation
of analytical expression was made under the assumption, that deflection is low. The stress level is
slightly underestimated by the simulation. As in the case of deflection, this difference is explained by
inappropriate assumptions made for analytical expressions. To validate the simulation results we have
also simulated the cantilever blade developed for the GEO 600 detector [117] and achieved a good
agreement with their results.

After FEM and analytical results were proved consistent we performed an extensive search for the
suitable shape of the cantilever blade by setting the angle θ0 equal to zero and modifying the thickness of
the blade d and length of the blade base a, and calculating the resonance frequency and material stress.
The results are presented in Fig. C.2. They suggest that it is impossible to obtain a BeCu cantilever blade
with a resonance frequency of 1 Hz and a material stress level not higher than 90 % of the allowable
yield strength Rp0.2 with constraints posed by the available space in the cryostat. The lowest frequency
is in the range of 1.6 Hz. We have also investigated the influence of angle θ0. Both deflection and stress
increase with angle θ0 until reaching the maximum at an angle of approximately θ0 ≈ 40 deg. After
that, they decrease with higher angles (see Fig. C.3). This feature can be used to decrease the resonance
frequency of the blade but at a cost of additional material stress.

To finalize the design of the blade we set the blade thickness at a constant value of d = 2 mm
predetermined by the manufacturer. From Fig. C.2 we can infer, that by holding the thickness of the
blade constant we can decrease the resonance frequency by reducing the base length of the blade. Thus,
we perform simulations with a base length of the blade varying in the range from 150 to 120 mm. For
each base length we change the tilt θ0. Results of the simulations are presented in Fig. C.3. They suggest
that the optimal base length and tilt angle of the blade is 130 mm and 40 deg, respectively. The resulted
resonant frequency is 1.66 Hz and the stress of the material amounts to 89 % of the allowable yield
strength.

The distribution of material stress for the cantilever blade with an optimal geometry determined
above is displayed in Fig. C.4.While the stress levels are highest along the edges of the upper surface,
the lower surface displays the highest stress near the middle and at the fixed end of the blade.

We also determined the frequency of the eigenmodes of vibration of the cantilever blade with geom-
etry parameters determined above. We depict the first three eigenmodes of vibration in Fig. C.5. With
f1 = 79 Hz, f2 = 350 Hz, and f3 = 424 Hz they are far away from the regions with the most disturbance
from the pulse tube (see Fig. 3.8).
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Figure C.2: Resonance frequency of the BeCu cantilever blade (left panel) and stress of the material in
percent of the maximum allowable stress (right panel) as function of blade length and blade thickness
for tilt angle θ0 = 0 deg of the blade at the clamped side.
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Figure C.3: Results of the FEM simulation used to determine the lowest resonant frequency and material
stress for the optimal blade base length a and tilt angle θ0.

Figure C.4: Material stress distribution over the top (left) and bottom (right) surface of the cantilever
blade with a length of L = 170 mm, thickness d = 2 mm, and length of the base side a = 130 mm
determined from the FEM simulations with the base clamped at 40 deg tilt angle and a force equivalent
to a load of 50 kg applied to the blade’s tip.
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Figure C.5: First three eigenmodes of vibration of cantilever blade with optimal geometry and fixed
base determined from FEM simulations corresponding to the frequency of f = 79 Hz (top), f = 350 Hz
(middle), and f = 424 Hz (bottom).
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D Calibration of geophones

Geophones represent inexpensive and sensitive sensors for the monitoring of the velocity changes. For
continuous measurements of vibrations at the experiment inside the cryostat we use a set of three
GS-11D geophones (Geospace Technologies) with a natural frequency of 4.5 Hz, coil resistance of
4000 Ohms, and a sensitivity of 28.8 V/m/s and 32 V/m/s along a horizontal and vertical direction,
respectively. To be used in the measurements of acceleration we calibrated geophones at room temper-
ature by comparing their output with the output of a calibrated acceleration sensor with a sensitivity of
1000 V/g (Wilcoxon, 731A/P31), while attached next to each other at a moving platform able to pro-
duce periodic displacement along all three orthogonal directions in the frequency range from 1 Hz to
200 Hz. To increase the sensitivity of geophones in the frequency range below their natural frequency a
home-built amplifier was used.

We compare the frequency-dependent voltage output of the geophones with the acceleration mea-
sured with the calibrated sensor. The result is presented in Fig. D.1. We observe a decrease in the
sensitivity of geophones to vibrations with increasing frequency. Using a fit of the 9th order polyno-
mial poly( f ) to the data we can obtain the frequency-dependent acceleration spectrum A(g) from the
spectrum in Volts A(V ) using the following expression:

A(g) =
A(V )

poly( f )
,

where f is the excitation frequency and poly( f ) is defined for the vertical and horizontal geophones
as follows:

poly( f )Horizontal =−9.45×10−16 f 9 +9.14×10−13 f 8 −3.76×1010 f 7 +8.59×10−8 f 6−
−1.19×10−5 f 5 +1.05×10−3 f 4 −5.81×10−2 f 3 +2.02×100 f 2 −4.37×101 f 1 +5.84×102 f 0,

poly( f )Vertical =−3.65×10−16 f 9 +3.51×10−13 f 8 −1.43×1010 f 7 +3.24×10−8 f 6−
−4.47×10−6 f 5 +3.9×10−4 f 4 −2.22×10−2 f 3 +8.68×101 f 2 −2.53×101 f 1 +5.17×102 f 0.
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Figure D.1: Calibration of geophones by comparing their voltage output with the output of a calibrated
acceleration sensor and applying a 9th order polynomial fit.
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E Dimensions of the resonators
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We report on the demonstration and characterization of a silicon optical resonator for laser frequency
stabilization, operating in the deep cryogenic regime at temperatures as low as 1.5 K. Robust operation is
achieved, with absolute frequency drift less than 20 Hz over 1 hour. This stability allows sensitive measurements
of the resonator thermal expansion coefficient (α). We find α = 4.6×10−13K−1 at 1.6 K. At 16.8 K α vanishes,
with a derivative equal to −6 × 10−10K−2. The temperature of the resonator could be stabilized to a level
below 10 µK for averaging times longer than 20 s. The sensitivity of the resonator frequency to a variation of
the laser power was also determined. The corresponding sensitivities, and the expected Brownian noise indicate
that this system should enable frequency stabilization of lasers at the low-10−17 level. c© 2014 Optical
Society of America

OCIS codes: 120.3940, 120.4800, 140.3425, 140.4780.

Optical resonators with low sensitivity to temperature
and mechanical forces are of significant importance for
precision measurements in the optical and microwave fre-
quency domain. In the optical domain, they serve to sta-
bilize the frequencies of lasers for spectroscopic applica-
tions, notably for optical atomic clocks, and for prob-
ing fundamental physics issues such as the properties
of space-time. Also, by conversion of ultrastable optical
frequencies to the radio-frequency domain via an opti-
cal frequency comb, radio-frequency sources with ultra-
low phase noise can be realized [1], leading to e.g. radar
measurements with improved sensitivity.

The conventional approach for ultra-stable optical res-
onators is the use of ULE (ultra-low expansion glass)
material, operated at temperatures near room tempera-
ture, where the coefficient of thermal expansion (CTE)
exhibits a zero crossing. While ULE resonators with
optimized designs (long length, acceleration-insensitive
shape) have reached impressive performance [2], their
operating temperature near 300 K necessarily leads to
a level of Brownian length fluctuations which imposes
a fundamental limit to the achievable frequency stabil-
ity [3], [4]. Cryogenic operation of a resonator provides
one avenue towards reduction of these fluctuations. The
linear spectral density of length fluctuations decreases
proportional to

√
T [3], if the mechanical dissipation of

the resonator elements, in particular of the mirror coat-
ings, is independent of temperature. Measurements per-
formed thus far indicate that the dissipation of mirrors
with crystalline substrates at cryogenic temperature are
indeed similar to those of fused silica mirrors at room
temperature [5], [6]. Nowadays, robust cryogenic solu-
tions exist for continuous operation of even fairly large
objects, such as optical resonators, at temperatures as
low as 0.1 K. This offers the possibility of reduction of
resonator length fluctuations by more than one order
of magnitude compared to today’s lowest levels realized
at room temperature, with a corresponding reduction in

frequency instability of the laser stabilized to the res-
onator. A second outstanding feature of crystalline cryo-
genic optical resonators is the absence of length drift due
to the near-perfect lattice structure.

Cryogenic optical resonators made of single-crystal
sapphire have been developed early on [7] and operated
at temperatures as low as 1.4 K [8]. Extremely small
thermal expansion [7] and long-term drift were achieved
[9]. Such resonators have been applied for tests of Lorentz
invariance [10], local position invariance [11] and quan-
tum space-time fluctuations [12]. Silicon, a machinable
optical material available with high purity and large size,
having interesting CTE properties [13], high stiffness and
low mechanical dissipation [14], has first been used for
an optical reference resonator by Richard and Hamil-
ton [15]. Recently, Kessler et al. [16] developed a laser
frequency stabilization system based on a vertically sup-
ported silicon resonator operated at a temperature of
zero CTE, 124 K, and achieved a high frequency stabil-
ity (1×10−16), less than 40 mHz laser linewidth, and an
extremely low long-term drift.

In this work, we present the first silicon optical res-
onator for absolute laser frequency stabilization operated
at cryogenic temperature and discuss its thermal prop-
erties. We find that they are compatible with the goal of
achieving frequency instability at the 1× 10−17 level.

Our silicon resonator consists of a cylindrical spacer
of 250 mm length, 70 mm diameter and 15 mm diame-
ter central hole. One mirror is flat, while the other has
1 m curvature radius. Spacer and mirror substrates were
manufactured from a dislocation-free float-zone silicon
crystal with [110] orientation along the cylinder axis.
The substrates and spacer faces were super-polished to a
residual surface roughness less than 0.1 nm. The mirror
substrates were coated with a high-reflectivity coating
for 1.5 µm, and optically contacted to the spacer with the
same orientation as in the spacer crystal. By evaluation
of a ring-down of the laser power transmitted through
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the resonator at 1.5 K, the finesse and the linewidth of
the resonator were determined to be 200 000 and 3 kHz,
respectively. The coupling efficiency into the resonator is
15%.

A special structure for horizontal support of the res-
onator was implemented. It was designed for small ac-
celeration sensitivity of the resonator’s length and small
stress imposed by the different CTE of resonator and
supporting structure, and for blocking thermal radiation
entering the cryostat through the optical window. The
design is based on the concept developed by PTB [17]
(see Fig. 1). The resonator is attached to a copper frame
by three sets of 1 mm diameter stainless steel wires at
10 points. Their position was optimized by finite-element
method (FEM, Comsol) in order to minimize accelera-
tion sensitivity along the three axes. The estimated sen-
sitivities are 3× 10−10/g and 3× 10−11/g along the res-
onator optical axis and perpendicular to it, respectively.
We also simulated the influence of the supporting struc-
ture on the CTE of the resonator. It is a function of
temperature, due to the temperature dependence of the
CTE of both the resonator and the frame. The results in-
dicate negligible dependence of the CTE of the resonator
(αreson) on a change in frame temperature at tempera-
tures below 16.8 K. The CTE zero crossing points at 17 K
and 124 K are shifted by 2 mK and 10 mK, respectively,
due to the contribution from the frame.

Fig. 1. Schematic of the copper support structure with
mounted silicon resonator (grey).

The frame was rigidly attached to an optical bread-
board inside a cryostat. A 1.5 µm fiber laser was coupled
to the resonator through an optical window. The fre-
quency was stabilized to a TEM00 mode of the resonator
using the Pound-Drewer-Hall (PDH) technique [18], with
a standard optical scheme and using a waveguide phase
modulator. The laser power circulating inside the res-
onator was stabilized by detection of the light transmit-
ted through the resonator and applying a feedback signal
to an acousto-optical modulator in the optical setup.

The resonator unit was installed inside a low-
vibration, two-stage pulse tube cooler cryostat with

Joule-Thomson stage. It allows a lowest operating tem-
perature of 1.4 K and a cooling power of 20 mW. Two
calibrated Cernox sensors (inaccuracy less than 10 mK
at temperatures below 30 K) were available for control-
ling and/or monitoring the temperature of the support-
ing breadboard and of the resonator. One sensor was at-
tached to the center of the breadboard, while the other
was attached to the upper central part of the resonator.
An AC resistance bridge was used to read out the tem-
perature sensors. A resistance heater installed on the
center of the breadboard was used for setting and main-
taining a desired operating temperature. When the tem-
perature of resonator is stabilized by controlling the re-
sistance of the resonator sensor, the measured instability
at the sensor location is 3.6 × 10−5 K at τ = 1 s aver-
aging time, dropping as 3.6 × 10−5/(τ/1s)1/2 K for τ
up to 104 s. We estimate that the temperature instabil-
ity of the average temperature of the resonator is within
a moderate factor of the above number, since the very
high thermal diffusivity of silicon at cryogenic tempera-
ture allows for a rapid thermal equilibration within the
resonator. The AC bridge electronics contributes a speci-
fied systematic error of 1.7×10−5 K per degree variation
of the ambient temperature. Thus, in a laboratory sta-
bilized to 0.5 K, the resonator temperature systematic
shift is less than 1× 10−5K.
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Fig. 2. a) Time trace averaged over 60 s of a typical
resonator frequency measurement relative to a hydro-
gen maser. Each point corresponds to a 1-s average. The
black line is an average over 60 s, b) corresponding Allan
deviation.

Measurements of the absolute optical resonator fre-
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quency were done with respect to a hydrogen maser,
using a fiber laser femtosecond frequency comb. It was
phase-locked to an optical reference operating at 1064
nm having 1×10−15 frequency instability, in order to re-
duce its short-term fluctuations. The laser light was sent
from the laser to the comb via a 150 m length-stabilized
fiber. A typical resonator frequency time trace and the
corresponding instability, with all parameters including
temperature held constant, is depicted in Fig. 2. For inte-
gration times longer than 1000 s the frequency instability
was approximately 3 Hz (2×10−14), the value being lim-
ited by the operating conditions of our hydrogen maser,
as determined by an independent characterization of the
latter.

Given this level of absolute frequency instability and
the good resolution of the temperature sensors, the res-
onator’s thermal expansion coefficient can be accurately
measured. The measurements were done either by heat-
ing the resonator or by letting it cool down to 1.5 K
after heating it up to a desired temperature. The rate of
temperature change was approximately 1.5 K/h at tem-
peratures above 1.8 K and much lower for temperatures
below 1.8 K, where it was limited by the cooling capacity
of the cryostat. No significant discrepancies were found
between two measurement procedures.

The temperature dependence of the resonator fre-
quency is presented in Fig. 3. The total change in fre-
quency from 1.5 K to 23.8 K is 6 MHz, with most of
the shift occurring in the region above 20 K. A mini-
mum of the frequency occurs at Tα=0 = 16.81 K with
negative frequency derivative df/dT (length expansion)
below this temperature and positive (length contraction)
above it [19]. Between 1.6 K to 2 K the shift in frequency
is only 100 Hz (5× 10−13).
Whereas the CTE of an insulating crystal at low tem-

peratures is expected to be positive and proportional
to T 3 [13], in the case of silicon its thermal expan-
sion behaviour (expansion turns into contraction be-
tween 16.8 K and 124 K) necessarily implies that such a
dependence can accurately hold only for T → 0. The
value predicted from compressibility and heat capac-
ity measurements is αSi = 4.8 × 10−13K−1(T/K)3 [13].
As displayed in Fig. 3 a pure T 3 dependence does not
fit the data well. Therefore, the data were fitted with
a function containing additional high-order terms. At
the lowest temperatures, we find αreson(T → 0) =
(1.1 × T 3 − 7.8 × T 4 + 8.4 × T 5) × 10−13, where T is
the temperature in Kelvin. Our measured αreson is thus
lower then the theoretical value for bulk silicon. At 1.6 K,
the value is αreson = 4.6× 10−13/K.
The frequency data around the frequency minimum at

Tα=0 = 16.8K were accurately fitted by a fourth-order
polynomial from which we obtain the resonator expan-
sion coefficient αreson(T ≃ Tα=0) =

∑2
n=0 Bn(T/K)n

with Bn = (37× 10−9, −4.94× 10−9, 1.64× 10−10)K−1.
The complete dataset from 1.6 K to 23.8 K was fit-
ted with a ninth-order polynomial (black line in Fig. 3),
from which we obtain the resonator thermal expansion
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Fig. 3. Temperature dependence of the silicon resonator
frequency in two temperature intervals. a) Interaval
1.5 K to 3 K, with fit results in the legend and cor-
responding expansion coefficient αreson calculated from
the second fit (black line). b) Interval from 1.5 K to
23.8 K with a polynomial fit (black) and calculated ex-
pansion coefficient αreson (blue). The inset in b) shows
a zoom of the interval where the CTE crosses zero.

coefficient αreson(T ) shown as red line in Fig. 3 b). It

is given by αreson(T ) =
∑8

n=0 An(T/K)n, with An =
(−9 × 10−22, 4 × 10−20, −7 × 10−19, 2 × 10−17, −3 ×
10−16, 2×10−15, −1×10−14, 3×10−14, −2×10−14)K−1.

To our knowledge, only two measurements of ther-
mal expansion of silicon at cryogenic temperature, down
to 12 K and 6 K [13] were performed previously. How-
ever, due to the difficulty of measuring the correspond-
ing small CTEs, accurate CTE values were only given
above 13 K [13], where the values are larger than
1 × 10−9/K. Our value of Tαreson=0 = 16.8K is simi-
lar, but not identical to that of Ref. [13], where 17.8 K
was measured. Our expansivity temperature derivative
at 16.8 K is dαreson(Tαreson=0)/dT = −6.0× 10−10/K2,
which is comparable to −8.9 × 10−10/K2 at 17.8 K in
Ref. [13].This expansivity derivative at 16.8 K is nearly
a factor 20 smaller than the at the second zero-CTE
temperature 124.2 K, namely 1.7 × 10−8/K2 [16]. This
means that 16.8 K could also be a candidate operating
temperature, with the advantage of less temperature sen-
sitivity, and possibly smaller thermal noise, as compared
to 124 K. Note that a cryostat for operation at 16.8 K
can be of relatively simple construction. As mentioned
above, the mirror coating dissipation at this tempera-
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ture is similar to the room-temperature values for con-
ventional mirror substrates.

With an estimated upper limit of 1×10−4 K resonator
temperature instability at 1 s (discussed above) and
the measured thermal expansion αreson(T = 1.6K) =
4.6× 10−13 K−1, the corresponding fractional frequency
instability is about 5×10−17 at 1 s and drops to 1×10−17

at τ = 30 s. The fractional frequency shift error due to
AC bridge temperature shift is expected to be less than
1× 10−17.

Fluctuations of the laser power incident on the res-
onator introduce changes in the power dissipated on the
resonator mirrors and result in unwanted fluctuations in
resonator length due to the thermal expansion of the
mirrors and of the spacer. We measured the resonator
frequency change caused by a varying level of intra-
resonator power at two different operating temperatures.
We could not observe any effect, setting an upper limit of
20 Hz change for a 30% power change, both at 1.6 K and
at 16.8 K. This upper limit corresponds approximately
to 3× 10−14/µW.

Because of the absence of measurable effect, we also
simulated the effect of laser heating using FEM and
found a 1.4 fm mirror distance change for 10 µW power
dissipated on each mirror at 1.5 K, i.e. a fractional res-
onator frequency change of 3 × 10−16/µW total dissi-
pated power. The simulation also shows that thermal
equilibrium of the heated mirrors and the spacer is
reached with a time constant of approximately 1 s in case
of good thermal contact with the breadboard. For our
experiment, the power level dissipated in the resonator
is estimated as 1.5 µW. If the transmitted laser power
is actively stabilized to 1% or better, a level that is ex-
pected to be well feasible using an advanced detector, the
corresponding fractional frequency fluctuations would be
5× 10−18 or less.

In summary, we demonstrated a silicon optical res-
onator for laser frequency stabilization that can be op-
erated at temperatures between 1.5 K and 24 K and in-
vestigated its thermal properties. Stable, long-term op-
eration was achieved at temperature as low as 1.4 K.
The support structure for the resonator allows to take
advantage of the low CTE of bulk silicon. The thermal
expansion measurement was performed both at the low-
est absolute temperature and with the highest sensitivity
for a silicon object so far. The influence of finite thermal
expansion coefficient and residual temperature instabil-
ity on the cavity frequency was determined to be at the
5× 10−17 fractional level and below, depending on aver-
aging time. The sensitivity to changes in circulating laser
power is expected to be controllable to the level better
than 1× 10−17 using an appropriate power stabilization
unit. For this resonator, at the temperature 1.6 K, the
expected total Brownian noise-induced frequency insta-
bility is calculated to be 6 × 10−18, assuming a coating
loss angle ϕ = 1 mrad, as determined for silicon mirrors
at 20 K in Ref. [6].

We conclude that the thermal properties of the de-

scribed system should allow to stabilize the frequency of
a laser to an instability of less than 2×10−17 for integra-
tion times larger than 30 s, taking into account that the
instability arising from the laser frequency locking sys-
tem itself can be reduced to the level of 1× 10−17 [20].

We are very grateful to Timo Müller (Wacker
Chemitronic) for providing the crystal and to T. Leg-
ero and U. Sterr (PTB) for important help on the res-
onator. This work has been funded by ESA project
no. 4000103508/11/D/JR.
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Silicon single-crystal cryogenic optical resonator: erratum
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We correct fit formulas for the coefficient of thermal expansion αreson(T ). c© 2014 Optical Society of America

OCIS codes: 120.3940, 120.4800, 140.3425, 140.4780.

The fit formulas for the resonator fractional thermal
expansion coefficient αreson(T ) = −f−1d f(T )/d T on
p. 3244 of our letter [1] were incorrectly reported.
1. The correct expression for αreson(T → 0) is

αreson(T → 0) = (−1.14T 5 + 7.72T 4 − 8.32T 3) ×
10−13 K−1, with 17% average fractional fit error for the
coefficients. This function was plotted in Fig. 3a as a red
curve. The fit was made on data combined from two in-
dependent low-noise frequency measurements performed
between 1.51K and 3K with a total duration over 6 h.
Note that the fit function for αreson(T → 0) has a

zero at a temperature close to 1K. However, such an
extrapolation is not supported by the data.
Experimentally, we find the 2σ upper bound

|αreson(T = 1.55K)| < 1.0× 10−12 K−1.
2. The coefficients in the list Bn given af-

ter the expression for αreson(T ≃ Tα=0) are:
(B2, B1, B0) = (−1.647(2) × 10−10, 4.935(5) ×
10−9,−36.42(2)× 10−9)K−1.
3. The coefficients An are as follows:

(A8, A7, . . . , A0) = (1.79 × 10−6, −116.8 ×
10−6, 3.17 × 10−3, −58.6 × 10−3, 727.2 ×
10−3, −5.07, 24.34, −51.46, 38.1) × 10−12 K−1. The
errors of the coefficients are 5% for the T 0 coefficient
and 1% for all other coefficients. The fit function with
these coefficients was plotted in Fig. 3b.
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Resonator with Ultrahigh Length Stability as a Probe
for Equivalence-Principle-Violating Physics
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In order to investigate the long-term dimensional stability of matter, we have operated an optical
resonator fabricated from crystalline silicon at 1.5 K continuously for over one year and repeatedly
compared its resonance frequency fres with the frequency of a GPS-monitored hydrogen maser. After
allowing for an initial settling time, over a 163-day interval we found a mean fractional drift magnitude
jf−1resdfres=dtj < 1.4 × 10−20=s. The resonator frequency is determined by the physical length and the speed
of light and we measure it with respect to the atomic unit of time. Thus the bound rules out, to first order, a
hypothetical differential effect of the Universe’s expansion on rulers and atomic clocks. We also constrain a
hypothetical violation of the principle of local position invariance for resonator-based clocks and derive
bounds for the strength of space-time fluctuations.

DOI: 10.1103/PhysRevLett.117.271102

In this Letter, we address experimentally the question
about the intrinsic time stability of the length of a macro-
scopic solid body. This question is related to the question
about time variation of the fundamental constants and
effects of the expansion of the Universe on local experi-
ments. It may be hypothesized that, in violation of the
Einstein equivalence principle (EP), the expansion affects
the length of a block of solid matter and atomic energies to
a different degree. The length, defined by a multiple of an
interatomic spacing, can be measured by clocking the
propagation time of an electromagnetic wave across it.
This procedure effectively implements the Einstein light
clock or, in modern parlance, an electromagnetic resonator.
The hypothetical differential effect would show up as a time
drift of the ratio of the frequency fres of an electromagnetic
resonator and of an atomic (or molecular) transition
(fatomic). A resonator and an atom are dissimilar in the
sense that the former’s resonance frequency intrinsically
involves the propagation of an electromagnetic wave, while
the latter does not. Specifically, the time drift would violate
the principle of local position invariance (LPI) of the EP. A
natural scale of an effect due to cosmological expansion,
here the fractional drift rate Dres-atomic ¼ ðfatomic=
fresÞdðfres=fatomicÞ=dt, could be the Hubble constant
H0 ≃ 2.3 × 10−18=s. Extensive work in the past decade
has ruled out that an effect of this order exists between
different atomic and molecular frequency standards [1].
The suitable regime in which to investigate the dimen-

sional stability of matter is at a cryogenic temperature,
when the thermal expansion coefficient and the thermal
energy content of matter are minimized. Ideally, during the
cooling down and then permanence at a cryogenic temper-
ature, a stable energy minimum of the solid is reached. The
expected high dimensional stability and the magnitude of
H0 lead to a challenging measurement problem: how to
resolve tiny length changes and how to suppress the

influence of extrinsic disturbances. The problem can be
addressed by casting the solid matter into an electromag-
netic resonator of appropriate shape, by supporting it
appropriately, and by measuring its resonance frequency
using atomic timekeeping and frequency metrology instru-
ments, which indeed permit ultrahigh measurement pre-
cision and accuracy.
Cryogenically operated resonators [2] have been devel-

oped for microwave and optical frequencies. These re-
present a viable approach for realizing oscillators having
ultrahigh stability both on short and on long time scales
(months). Therefore, they have found applications for tests
of the EP [2–7] and as local oscillators in connection with
microwave and optical atomic clocks [8,9].
Recent cryogenic microwave sapphire resonators exhibit

nonzero fractional drifts ðD¼f−1df=dtÞ of −1.7×10−18=s
[7] and 4 × 10−19= s [10] and the lowest value reported was
−1.9 × 10−20= s during a 9-day long interval [11]. For a
sapphire cryogenic optical resonator [12], a mean drift
smaller than 6.4 × 10−19= s was measured [13]. Recently,
silicon resonators (first studied in Ref. [14]) were inves-
tigated at 123 K [9] and at 1.5 K [15,16]. Silicon’s
advantages are the availability of single crystals of large
size at an affordable cost, its easy machinability, a flexi-
bility in the choice of resonator shape, and superpolished
mirror substrates allowing high-reflectivity mirrors.
Important properties of silicon resonators, such as the
thermal expansion coefficient, thermal response, resonator
linewidth, and throughput, have already been described in
the references given. The 123 K silicon resonator system
exhibited an average drift of less than 5 × 10−19=s over an
interval of 70 d [17].
In earlier work on cryogenic resonators, cryostats using

liquid coolants were often employed. With the advent
of “dry” cryostats, first applied to optical resonator
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experiments in Ref. [5], the operation of cryogenic reso-
nators has become possible with reduced maintenance
effort and without the disturbances due to the periodic
refill of cryogens, opening up new opportunities. Using this
technology, the present study was therefore able to inves-
tigate a silicon resonator operated at 1.5 K continuously for
420 d. This low temperature is attractive not only for
reducing thermal expansion (and consequently reduced
requirements for active temperature stabilization) and
thermally activated processes but also for reducing the
thermal noise of the resonator’s components: spacer, mirror
substrates, and mirror coatings [15].
We demonstrate here that a crystalline resonator can

exhibit outstanding dimensional stability. This performance
can be used to test for EP-violating effects. It also has
technological potential as an oscillator with a performance
improved compared to the well-established masers.
Overview of the apparatus.—Figure 1 (see also [18])

shows the concept of the experiment, which is an extension
of our previous work [15]. A silicon resonator is operated in
a pulse-tube cooler (PTC) cryostat with a Joule-Thomson
(JT) cooling stage, providing a base temperature of 1.5 K.
The silicon resonator is 25 cm long and consists of a

cylindrical spacer and two optically contacted silicon
mirror substrates [18]. Its linewidth is 2.0 kHz. The
resonator is oriented horizontally and supported by wires
inside a copper frame [18]. The supports’ symmetry is such

that to first order the thermal expansion or length drift of the
frame does not affect the resonator length.
In the frequency-scan interrogation technique (Fig. 1),

the resonator’s TEM00 mode frequency fres is read out by a
1.56 μm (192 THz) external-cavity semiconductor laser
(“laser 1” in Ref. [18]), which is frequency stabilized to a
room-temperature reference resonator (frequency fULE),
having short-time fractional frequency instability 5 × 10−15

and drift 6 × 10−16=s. During readout, the laser frequency
is offset to fL and is repeatedly scanned in time over a
range of a few kilohertz across the silicon resonator
resonance (line center frequency fres). We record on the
photodetector PD1 the power of the laser wave transmitted
through the resonator, fit a line shape model to each scan’s
data, and extract the frequency offset fres − fULE.
Simultaneously, the laser frequency corresponding to
fULE is measured by an erbium-fiber-laser-based femto-
second frequency comb, using a hydrogen maser (fmaser) as
a reference. From these two measurements, we obtain fres
in units of fmaser. If fmaser was constant in time, the long-
term variation of fres would mainly be given by the long-
term variation of the length l of the silicon crystal resonator
spacer and (hypothetically) of the speed of light c,
Δfres=fres;0 ¼ Δc=c0 − Δl=l0, where fres;0, l0, and c0 are
the resonance frequency, the spacer length, and the speed of
light at a reference time t0, respectively.
Systematic effects.—The experiment requires maintain-

ing the operating parameters of the system as stable as
possible. Several systematic effects were investigated.
(i) Temperature.—The cryostat was operated at its base

temperature, and no active temperature stabilization of the
resonator was used, since it was unnecessary in the present
context. Figure 2 shows the temperature over a period of
approximately 420 d with a typical peak-peak variation of
30 mK. The thermal sensitivity of the resonator being
jf−1resdfres=dTj<1×10−12=K at 1.5 K [15,16], this corre-
sponds to a peak-peak fractional frequency deviation
< 4 × 10−15, which is not of importance here. On day
327, the operating temperature had to be raised to 1.55 K
because of a pressure increase in the JT stage. The calculated
shift of 20 Hz was taken into account in the data analysis.
(ii) Resonator deformation due to gravity.—The sensi-

tivity to tilt was measured to be 2.5 × 10−16=μrad and
1.5 × 10−17=μrad for tilt around the longitudinal and trans-
verse axis, respectively. A tilt control system actuated two
of the legs supporting the whole cryostat and reduced the
tilt instability to a level below 0.5 μrad for integration times
between 100 and 104 s.
The time variation of the local gravitational acceleration

(tides, etc.) has a negligible effect on the resonator.
(iii) Laser power.—The laser power incident onto the

resonator during line scan interrogation was 30 μW or less
and was not actively stabilized. The power actually coupled
into the resonator was 1.5% of the incident power. The
power absorbed in the mirror substrate as the laser wave

FIG. 1. Principle of the experiment. The optical resonance
frequency fres of a silicon resonator is compared with a radio
frequency fmaser provided by a hydrogen maser. This is done via
the intermediary of a laser whose wave of frequency fL inter-
rogates the resonator and is also measured by an optical frequency
comb (pulse repetition rate frep). The maser frequency is itself
comparedwith a 1-Hz signal (fatomic) obtained fromGPS satellites.
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traverses it before entering the resonator and
the power dissipated inside it could be detected via the
concomitant resonator temperature changes. However, the
corresponding thermal expansion is negligible. No effect
on the resonator frequency could be detected directly.
(iv) Vibrations.—They are caused by the periodic (0.7 s)

pulsing of the PTC and were characterized at room
temperature by motion sensors attached to a plate close
to the plate supporting the resonator. All spatial compo-
nents of the acceleration have complex time evolutions
(Fourier frequencies up to a few hundred hertz) and rms
values of ð1 − 8Þ × 10−3g within a sensor bandwidth of
200 Hz. The accelerations cause resonator deformations
that lead to fractional frequency shifts on the order of 10−12,
periodic in time. We also performed an interferometric
measurement of the periodic axial displacement of a
second, identical silicon resonator inside the cryostat.
The amplitude is approximately 10 μm.
(v) Resonator interrogation by the frequency-scan

technique.—This technique (Fig. 1 and Ref. [18]) leads to

anAllan deviationof the line center frequency of2 × 10−14 at
1000 s integration time. During each frequency scan across
the resonator mode, the signal recorded by detector PD1 is
modulated (25% fractionally) in time in synchronism with
the PTC pulsing, probably due to variations in the coupling
efficiency caused by the pulsing. Themodulation is complex,
with pulse-to-pulse variations. These signal disturbances
lead to variations of the line center frequencies fitted from
individual scans. These variations are of the order 3 × 10−13

(2σ of the data) (gray bars in Fig. 3).
(vi) Long-term effects of laser light.—The laser intensity

circulating in the resonator might cause photochemical or
structural changes in the mirror coatings, with a consequent
resonator frequency change. We did not keep any laser
frequency resonant for an extended duration, in order to
limit the irradiation of the mirrors [18].
(vii) Although it is known that maser frequency drift

magnitude can be below 1 × 10−21=s [20], it is fundamental
to determine the influence of our particular maser on the
optical frequency measurement. The maser was monitored
by comparison with a 1-pulse-per-second signal delivered
by GPS, which is derived from the international atomic
time scale, defined by the cesium hyperfine transition.
During the period days 225–264, the mean fractional drift
was 8.2 × 10−21=s. During the period days 293–415, the
mean drift was Dmaser-GPS ¼ 7.5 × 10−21=s. This level is
relevant in comparison with the drift of the resonator’s
optical frequency with respect to the maser, Dres-maser, and
thus must be accounted for. The error of Dmaser-GPS is
negligible for the present discussion.
Measurement of the resonator drift.—Measurements

were performed daily, when possible. In practice, each
measurement of fres was taken as a time average over
several minutes so as to suppress disturbances occurring
over short time scales. The long-term behavior of the
resonator frequency fres is depicted in Fig. 2(a).
Frequency jumps J1–J4 were caused by large temperature
variations or by unintentional knocks on the cryostat. On
day 149 (J5), we deliberately knocked on the cryostat’s
outer vacuum chamber and observed a 56 kHz frequency
change. The frequency jump after J6 was probably
caused by a power shutdown [18]. To compensate for
these jumps, we shifted all frequency values after each
jump by an amount equal to the difference between the
last measurement before and first measurement after each
jump. In Fig. 2(b), we display the resulting time series of
the corrected frequency fres, the offsets for [J1;…; J6]
being ½9.1; 7.8; 2.5; 1.4; 56.1; 0.4� � 0.1 kHz.
We find that, within 2 weeks after each disturbance

J1–J6, the drift has dropped back to nominally zero. The
data intervals III–VI are intervals between frequency
jumps during which the resonator remained undisturbed.
During these intervals, the drift rates were compatible
with zero with upper limits of 4 × 10−19=s. Interval VII is
the period of longest undisturbed duration, 163 d. Starting

FIG. 2. (a) VariationΔfres of the optical frequency of the silicon
resonator (left scale) and its temperature (right scale) over time.
During intervals I–VI, the Pound-Drever-Hall locking technique
was used. The shown data of interval VII were obtained using the
frequency scan technique. Time zero corresponds to the first
measurement, performed 4 d after reaching the base temperature
(1.5 K). (b) Corrected Si resonator frequency change, obtained by
removing frequency jumps that occurred at J1;…; J6.
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with this interval, the frequency-scan interrogation tech-
nique was used. The fres data thus obtained are shown in
Fig. 3. The variations of Δfres are mostly due to the
systematic effects (i)–(vi); a possible additional contribu-
tion are long-term (time scale of days) maser frequency
fluctuations, which we cannot independently identify via
GPS, due to the latter’s low stability.
Given the long overall measurement duration of

163 d, we can assume that the variations are approximately
randomly distributed. A time-linear fit of the optical
frequency data fres yields Dres-maser ¼ ð−1.6� 3.8Þ ×
10−21=s (1σ). We then obtain the drift of the silicon
resonator frequency with respect to atomic time as
Dres−atomic¼Dres−maserþDmaser−GPS¼ð5.9�3.8Þ×10−21=s.
The systematic effects disturbing the laser frequency scan
data and the finite overall measurement time span deter-
mine the uncertainty of Dres-atomic.
Interpretation.—We interpret the zero drift in three

ways: (a) as a test of LPI [2], (b) as a test for effects
related to the expansion of the Universe, and (c) as a test of
the existence of space-time fluctuations. Local Lorentz
invariance is assumed to hold.
(a) One test of LPI is a null clock redshift test that tests

for deviations from the clock-type independence of the
gravitational time dilation. It consists in measuring the ratio
of the frequencies of two dissimilar clocks C1 and C2,
colocated at r, as they are transported through a region of
varying gravitational potential UðrÞ. The change of the
frequency ratio is written as

ðfC1=fC2ÞðrÞ ¼ ðfC1=fC2Þ0½1þ ðξC1 − ξC2ÞΔUðrÞ=c2�;
ð1Þ

where ξC1 and ξC2 are the gravitational coupling constants
of the two clock types, ðfC1=fC2Þ0 is the frequency ratio
measured for the arbitrary reference value U0, and

ΔUðrÞ ¼ UðrÞ −U0. If general relativity holds, ξ ¼ 1,
independent of the type of clock. For two colocated clocks
on Earth, ΔUðrÞ ¼ ΔUsolarðrÞ is time-varying because of
rotational and orbital motion. The Δfres data in Fig. 3
essentially correspond to Δðfres=fatomicÞ, the variation of
the ratio of the resonator frequency, and the frequency
corresponding to the atomic unit of time (delivered via
GPS). A fit of Eq. (1) to the data, neglecting the rotational
contribution to ΔUsolar, yields ξres − ξatomic ¼ ð−2.8�
1.6Þ × 10−4 for the clock coupling to the Sun’s gravita-
tional potential, which is compatible with zero (the error
given is the standard error). The upper bound jξres −
ξatomicj2σ < 6 × 10−4 is nearly equal to the result of
Ref. [7] (accounting for the result of Ref. [21]), where a
cryogenic microwave sapphire oscillator (CSO) was used.
However, our work achieved this result with a measurement
duration of 5 months compared to 6 years.
(b) The second interpretation provides a limit for

(hypothetical) linear-in-time effects on measuring rods,
caused by the expansion of the Universe, if general
relativity is violated. Reference [22] discusses that such
an effect is absent if general relativity holds. To arrive at
such a bound, we first discuss how bounds of LPI violation
and time variation of fundamental constants contribute.
We assume that the LPI bound of Refs. [7,21],

jξCSO − ξatomicj2σ < 5.5 × 10−4, holds also for standing-
wave optical resonators, like the one used here. This implies
that during the interval from day 258 to day 420 the mean
resonator drift from a LPI violation is smaller than
jDLPIj2σ ¼ 1.2 × 10−20=s. Note that Ref. [7] derives the
LPI bound from the CSO’s annual frequency modulation
amplitude only. TheCSO’s frequency drift,−1.7 × 10−18=s,
was removed before data analysis; therefore, the value of
DLPI is independent of any expanding-universe effect.
Furthermore, we recall that, within conventional physics,
fres=fatomic (where fatomic is derived from the Cs hyperfine
transition) can, in principle, be expressed in terms of the
fine-structure constant, me=mp, nuclear parameters, the
number of lattice planes in the silicon resonator, and
numerical coefficients. The current experimental limits
for the drifts of these constants and parameters, derived
from comparisons between atomic clocks [1], lead to a
bound much smaller than our jDres-atomicj2σ and jDLPIj2σ .
Thus, the results of Dres-atomic and DLPI can be combined

to set the bound 2.8 × 10−20=s for the magnitude of linear-
in-time drifts of the length of a solid, when measured by
effectively clocking the propagation of electromagnetic
waves across its length. This is a factor of 82 smaller than
the natural scale H0 and thus rules out any effect that is of
first order in H0.
(c) Space-time fluctuations (or “foam”) is a concept that

describes the possibility that repeated measurements of a
particular time interval or a particular distance do not give a
constant result but fluctuate due to fundamental reasons.
The measurement of the resonator frequency fres
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FIG. 3. Resonator optical frequency variation Δfres, corrected
for maser drift, during time interval VII, defined in Fig. 2. Each
data point (blue) is the average frequency value obtained during a
measurement interval i. The bars indicate the range � twice the
standard deviation of each data set i. Red line, time-linear fit,
exhibiting a drift rate Dres-atomic ¼ 5.9 × 10−21=s; blue shaded
area, 2σ uncertainty range of the time-linear fit. The zero ordinate
value is defined as the mean of the data points.
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performed here ultimately corresponds to a measurement of
a particular distance (the mirror spacing l0), in units of the
wavelength of an electromagnetic wave resonant with the
cesium hyperfine transition. Simple models for the noise
power spectral density SðfÞ (f is the fluctuation frequency)
of the fractional length fluctuations Δl=l0 have been
introduced [23], leading to flicker frequency noise
SflickerðfÞ ¼ α=f or random-walk frequency noise
SrwðfÞ ¼ β=f2. Experiments are required to place upper
limits on α and β.
We compare our time series of fres with simulated time

series generated from flicker and random-walk noise and
therefrom deduce SflickerðfÞ < 4 × 10−27=f and SrwðfÞ <
9 × 10−33 Hz=f2. These limits areweaker than our previous
measurements [6,24] but are here established from data at
significantly lower Fourier frequencies, f ≃ 1 μHz.
Summary and outlook.—In this work, we have demon-

strated that a silicon crystal exhibits an extremely small
length drift at a cryogenic temperature. The mean fractional
drift Dres-atomic measured during a time span of 5 months of
nearly undisturbed operation was ð5.9� 3.8Þ × 10−21=s.
This is the lowest value measured so far for resonators, to
the best of our knowledge. The uncertainty of the value
Dres-atomic is due to the systematic effects caused by the
cryostat cooler and by the finite measurement time span.
Both aspects could be improved in the future. The
measurement rules out local consequences of the expansion
of the Universe which are of the order of the Hubble
constant H0. In addition, the data provide the best upper
limit for violations of local position invariance for an
optical resonator and for the existence of space-time
fluctuations with frequencies in the μHz range.
To illustrate the smallness of the drift, we note that the 2σ

upper limit for Dres-atomic, the positive value 1.4 × 10−20=s,
is consistent with a shortening of the optical path length in
the resonator. If this were caused by the deposition of
molecules on the mirrors, the deposition rate would be one
molecular layer on each mirror every 3 × 103 years or
approximately 30 molecules=s within the laser beam cross
section (1 mm diameter).
The cryogenic silicon resonator could potentially be used

as a local oscillator with a performance beyond that of
hydrogen masers and with autonomous operation. Future
progress in cryostat technology may eventually allow
suppressing the vibrations to a sufficiently low level so
that a silicon resonator exhibits sub-10−17 fractional fre-
quency instability, on all time scales, in addition to
negligible drift. Until this potential is realized, another
suggested implementation consists of a cryogenic silicon
resonator combined with an improved version of the ULE-
resonator-stabilized laser used here [18]. State-of-the-art
ULE resonators are, in principle, capable of providing
frequency instability at the 1 × 10−16 level for integration
times of up to 1000 s (see, e.g., [25–27]), but this requires
eliminating their drift, of typical magnitude 1 × 10−16=s.

The drift would be determined by periodic comparison with
the silicon resonator and would be compensated by a
feedforward scheme. Our work suggests that the proposed
solution will be robust and practical, since we showed
uninterrupted operation of the resonator for 12 months
without serious problems.
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Setup details.
Fig. 1 shows the setup of Fig. 1 in the main paper in

detail and with an additional laser system. Laser 1 is
used for the frequency-scan interrogation of the silicon
resonator (the technique shown in Fig. 1 in the main pa-
per), Laser 2 is used for frequency-locking to the silicon
resonator using the Pound-Drever-Hall technique (PDH).
Similar to the frequency-scan signal, the PDH error sig-
nal is also found to be strongly disturbed by the vibra-
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FIG. 1: (Color online). Schematic of the overall setup, con-
taining the silicon resonator, three continuous-wave lasers
and an optical frequency comb. To reduce the linewidth of
the comb’s modes, one of its modes was locked either to a
1.06 µm reference laser (modality A, gray background), to
the Si-resonator-stabilized laser (modality B, no colored back-
ground), or to a 1.56 µm reference laser (modality C, blue
background; dashed blue lines indicate connections when this
modality is in use). FC: fiber coupler. AOM: acoustoop-
tic frequency shifter. DDS: Synthesizer. EOM: electrooptic
modulator. WP: quarter-wave plate; PBS: polarizing beam
splitter. M: set of motorized mirrors. PD1, PD2: photodetec-
tors. Red lines: free-space beams. Blue lines: optical fibers.
All r.f. sources are referenced to the H-maser.

FIG. 2: (Color online). Schematic of the cryogenic resonator
(in gray), its holder and the optics breadboard. All shown
components are operated at 1.5 K. Laser light is coupled out
of a single-mode optical fiber by a collimator C and is guided
into the resonator with two motorized mirror mounts MM (for
the position adjustment of the beam after cool-down), by a
prism P, and a mirror M. Light reflected from the resonator
is directed to the cryogenic photodetector PD2 mounted on
a two-axis translation stage TS, by the quarter-wave plate
QWP and the polarizing beam splitter PBS. The laser light
transmitted through the resonator is monitored by photode-
tector PD1 (not shown). Relative dimensions are to scale.

tions and also to be influenced by laboratory tempera-
ture. In addition, significant residual amplitude modula-
tion is present, which drifts in time. Because the scatter
of the fres frequency values obtained by this method was
larger than for the frequency-scan method, we base our
analysis of the low-drift interval VII on the latter. During
intervals I-VI, only PDH data was recorded.

Fig. 2 shows the cryogenic resonator and its associated
optics. We note the difference in the mounting of the
resonator in this work and in Ref. [9], where instead it is
laying vertically on three columns.

For achieving a coupling of the laser wave into the res-
onator that is stable in time, it is advantageous to de-
liver the laser wave to the resonator via a fiber whose
outcoupler is rigidly connected with the resonator [19].
In the present setup, wherein the resonator is mounted
with wires, the relative alignment of the outcoupler
and the resonator changes upon cool-down from room-
temperature to cryogenic temperature. In order to be
able to compensate for this, we implemented a cryogenic
setup, see Fig. 2. It contains two mirrors MM, each ac-
tuated by two stepper motors, and a reflection photode-
tector mounted on a translation stage TS, actuated by
two piezo motors.

Optical frequency measurement method and maser.



2

The measurements of fULE via the frequency comb are
performed by measuring, firstly, the frequency fb of the
optical beat between laser and a single comb mode hav-
ing a frequency near that of the laser and, secondly, the
comb’s repetition rate frep ' 250 MHz using for the lat-
ter a high-resolution counter (see Fig. 1). The carrier-
envelope-offset frequency fceo was stabilized to a syn-
thesizer. The reference frequency signal for the two fre-
quency measurements and the synthesizer is an active
hydrogen maser (Vremya-CH VCH-1005).

In order to reduce the linewidth of the comb’s modes,
with consequent reduction of the noise of the measure-
ment of frep, the comb was optically stabilized. In the
course of the experiment, we used three modalities (A,
B, C), in which one of the comb’s modes was (A) phase-
locked to a ULE-reference-cavity-stabilized 1.06 µm laser
(days 1 - 132 after cool-down); (B) frequency-locked
to the Si-resonator-stabilized laser (days 133 - 415),
(C) phase-locked to a ULE-reference-cavity-stabilized
1.56 µm laser (days 257-420). For this purpose, part
of the corresponding laser light was sent to the frequency
comb, located in a neighboring laboratory, using a 25 m
long optical fiber (no phase noise cancellation was im-
plemented). The beat frequency fb was detected with a
photodiode and its signal was fed to a servo electronics so
as to stabilize it to the value fb = 50.4 MHz by acting on
the comb’s cavity length via an intracavity electrooptic
modulator. Under phase-lock conditions, the resulting
beat linewidth was ∆fb < 1 Hz, with a signal-to-noise
ratio > 30 dB.

Fig. 3 shows the drift of the maser frequency vs. GPS-
delivered 1-pulse-per-second (pps) signals. The mean
fractional frequency offset of the maser frequency fmaser

from 10 MHz was +1.02×10−11, calculated from a linear
fit of phase vs. time.

Operation details.
A pre-alignment of the laser beam exiting the out-

coupler was performed while the cryostat was at room
temperature. The resonator mode is identified by imag-
ing the light exiting from the backside of the resonator
through windows of the cryostat on a room-temperature
CCD camera. After cool-down (Fig. 2 in the main pa-
per), a realignment of the beam to the resonator and
of the position of the reflection photodetector was neces-
sary. This was done by operating the motors in two steps
(for technical reasons), marked J1 and J2 in the figures,
resulting in a sufficient coupling efficiency into the res-
onator, at 1.5 K. During both steps J1 and J2 (lasting
approximately 30 min), the resonator temperature in-
creased to 12 K and 14.5 K respectively, due to the power
dissipation in the motor coils, and relaxed back to 1.4 K
after several hours. We believe that the resonator fre-
quency change accompanying each realignment was due
to relaxation of the resonator after the thermal cycling.
No further realignment or changes in the cryogenic setup
were performed after day 21.

Most of the temperature peaks in Fig. 2 in the main
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FIG. 3: (Color online) Long-term measurement of the hydro-
gen maser frequency with respect to atomic time. A GPS
receiver provided the phase difference between the maser sig-
nal and the GPS signal. Red: maser frequency, computed
as 1-day difference quotient of the phase averaged over 6 h.
Blue line: maser frequency, computed from a quartic fit of
the maser-GPS phase difference. The linear-in-time drift rate
of the frequency, computed from a quadratic fit of the maser-
GPS phase difference, is Dmaser−GPS = 0.75 × 10−20/s. It
corresponds to the mean slope of the blue curve. The error is
less than 1 × 10−22/ s. The ordinate value zero corresponds
to the mean fractional maser frequency offset, 1.02 × 10−11.

paper occurred during brief (< 5 min) turn-offs of the
cryostat compressor, introduced in order to temporarily
eliminate cryostat vibrations and perform measurements
of the stabilized laser’s linewidth. Furthermore, during
the presented measurement campaign three short power
black-outs (few min) and one complete power shut-down
of the building (30 min) occurred. In order to bridge
the latter, we switched to an emergency power genera-
tor allowing to keep the compressor operating with only
short interruption. However, lasers and electronics were
kept off during this time. In anticipation of and during
the power shut-down the compressor was off for dura-
tions ranging from a few to 10 min, in order to install
and test the generator. Several instances of the temper-
ature rise up to 4 K occurred at the end of the mea-
surement period, due to temporary non-function of the
Joule-Thomson stage, lasting a few days. We did not ob-
serve a residual frequency shift after re-cooling to 1.5 K,
within our measurement uncertainty.

In Fig. 2 in the main paper, J3 and J4 were caused by
unintentional knocks of the cryostat, whereas at J5 the
cryostat was deliberately hit. J6 was probably caused
by a power shut-down and corresponding compensation
activities. J7 marks the reduction of the laser power in-
cident on to the resonator.

Measurements of the frequency fres by the frequency-
scan technique and by the PDH technique were per-
formed once per weekday over intervals not longer than
0.5 h. When no measurements were taken, laser 1 (used
for the frequency scans) was always blocked. In contrast,
until day 327, laser 2 was not blocked but its frequency
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FIG. 4: (Color online) Resonator frequency change ∆fres dur-
ing time interval I, starting after first reaching base tempera-
ture.

was detuned from resonance. Later, it was also blocked.
The power of laser 2 in front of the fiber was approxi-
mately 150µW during intervals I - VI, and was reduced
to 60µW from day 230 on.

Further characterizations.
The interval I of Fig. 2 in the main paper, displayed

in more detail in Fig. 4, shows the frequency beginning
4 days after reaching the end of the cool-down, when
the resonator temperature had first reached 1.5 K. We
find an exponential relaxation of the frequency, with a
time constant 3.3±0.2 days, indicating that the resonator
and its holder reach equilibrium. In previous cool-down
experiments we found values varying between 1.5 and
2.9 days.
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Abstract
We analyze the properties of optical cavities contained in spacers with approximate octahedral symmetry and made of differ-
ent materials, following the design of Webster and Gill (Opt Lett 36:3572, 2011). We show that, for isotropic materials with 
Young’s modulus less than 200 GPa, the Poisson’s ratio � must lie in a “magic” range 0.13 < 𝜈 < 0.23 to null the influence 
of the forces supporting the spacer. This restriction can be overcome with the use of anisotropic materials such as silicon. 
A detailed study aiming at identification of all suitable crystal orientations of silicon with respect to the resonator body is 
performed, and the relation to the Poisson’s ratio and the Young’s modulus along these orientations is discussed. We also 
perform an analysis of the sensitivity of the cavity performance to errors in spacer manufacturing. We find that the orienta-
tion of the [110] or [100] crystallographic directions oriented along one of the three optical axes of the resonator provides 
low sensitivities to imprecise manufacturing and interesting options for fundamental physics experiments.

1 Introduction

Optical Fabry–Pérot resonators are widely used in different 
fields of optics and metrology. As passive optical resona-
tors, they can provide the frequency reference for obtaining 
laser waves with ultra-stable frequencies for interrogation 
of transitions in atomic clocks [1–3], for gravitational wave 
detectors, or for fundamental tests of space–time structure 
[4–6]. Transfer of the frequency stability of laser waves 
into the microwave region potentially enables their applica-
tion in radars and in navigation of deep space probes. High 
demands on frequency stability of laser light set forth by 
these applications require an optical resonator with a low 
sensitivity to vibrations.

Optical resonators are usually made of a spacer and two 
mirrors optically contacted to it. The frequency stability 
of such a resonator is determined, once evacuated, by the 
length stability of the resonator’s spacer. Vibrations trans-
ferred from the surroundings to the resonator change the 
distance between the mirrors and tilt them, degrading the 
frequency stability. To fulfill the requirement of low vibra-
tion sensitivity, a careful design of the shape of the resonator 
and of the supporting frame is needed.

The design with the lowest sensitivity to vibrations so far 
was presented by Webster and Gill [7]. The cavity structure 
(Fig. 1, top row) consists of a cube-shaped body made of 
ultra-low-expansion glass ULE material with a side length 
of 50 mm. It is held inside a frame (not shown in the fig-
ure) by four supports acting at four tetrahedrically oriented 
cube vertices. Three cavities are contained in the body. The 
cubic (more precisely: octahedral) symmetry of the cube-
like spacer causes, upon action of a body force density (grav-
ity or acceleration) oriented in arbitrary direction, an equal 
displacement of the centers of opposing faces, and, there-
fore, zero differential displacement. This makes the three 
cavities (completely) insensitive to accelerations along any 
axis. Experimentally, finite acceleration sensitivities are 
observed: of the three sensitivity coefficients, the smallest 
was ky = 1 × 10−13∕g , the largest kx = 2.5 × 10−11∕g . Values 
of this order can be explained by imperfections in fabrication 
or mounting.

Furthermore, the cube vertices are truncated to a depth of 
6.7 mm. This value was determined by finite-element analy-
sis (FEA) simulations and ensures that the external forces 
acting at the support points, if equal, do not shift the position 
of the centers of the faces of the cube. This means that the 
three cavity lengths are insensitive to the support forces.

The material ULE has the advantageous property of a 
zero Coefficient of Thermal Expansion (CTE) at or near 
room temperature and, therefore, makes the resonator 
insensitive to thermal fluctuations. The drawback of ULE 
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are a slow dimensional change due to its amorphous nature 
and the moderate Young’s modulus E = 67.6 GPa, a value 
that is relevant if one considers deviations of the spacer 
from ideal symmetry (see Sect. 6). Another fundamen-
tal limitation is the thermal Brownian noise of the ULE 
spacer [8, 9]. The mirror substrates, usually made of the 
same or from a similar material (fused silica), also con-
tribute to the thermal noise [10].

Reduction of the operating temperature of resonators 
down to cryogenic temperatures is an approach that can 
reduce thermal noise [8]. This has motivated the develop-
ment of optical resonators cooled to cryogenic temperature 
[11]. Cryogenic resonators operated at particular tempera-
tures or close to zero absolute temperature also exhibit an 
ultra-low CTE, which relaxes the requirements on tem-
perature stability [11–15]. High-performance cryogenic 
optical resonators have so far been crystals, which also 
enjoy the advantage of a long-term drift orders of magni-
tude smaller than ULE [6, 16].

In this work, we present an analysis of the extension 
of the design of Webster and Gill [7] to other materials 
beside ULE, in particular, to materials that may be used 
advantageously at cryogenic temperatures. Because of 
the vibrational noise present in closed-cycle cryostats, it 
is particularly important to develop resonators with low 
acceleration sensitivity. In addition, the analysis seeks to 
answer the question whether it is possible to achieve an 

even lower acceleration sensitivity than possible with ULE 
when considering the influence of manufacturing errors.

2  Spacer geometry and modeling method

The main goal of the modeling is to find shapes and materi-
als that lead to an insensitivity of the cavities contained in 
the cubic spacer to the strength of the forces acting on four 
vertices of the spacer. The insensitivity to acceleration arises 
automatically from the assumed octahedral symmetry of the 
spacer, and requires, at a first glance, no particular simula-
tion. However, when there are deviations from symmetry, 
simulations allow to determine the acceleration sensitivity. 
We performed simulations using a commercial FEA soft-
ware (Ansys). The FEA computation yields the fractional 
length change of each optical cavity upon application of a 
set of forces.

For concreteness, we chose the same dimensions for the 
spacer block as in Webster and Gill [7]: a cube with side 
length L = 50 mm. Its density and mass are denoted by � and 
m, respectively. The edges of the cube lie along the space-
fixed coordinate system axes (x, y, z). Although only a single 
cavity, here, the x-cavity, is usually of interest, three mutu-
ally orthogonal cavities are formed by three through holes 
along the directions x, y, z , so as to preserve octahedral 
symmetry. For concreteness, they have radii Rb = 2.55 mm. 
A total of six mirror substrates of the same material as the 

Fig. 1  Shapes and dimensions 
of cubic spacers. Top, left: 
cavity dimensions used in the 
FEA simulations. Top, right: 
orientation of the resonator with 
respect to the laboratory refer-
ence frame defined by (x, y, z). 
The shape is that derived by 
Webster and Gill. Bottom, left: 
transformation of the cube to its 
dual Platonic solid, the octahe-
dron, when the cut depth of the 
vertices is equal to 14.47 mm. 
Bottom, right: cavity with a 
large cut depth, 23 mm
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block, each having a diameter of 12.7 mm and a thickness 
of 4 mm, are attached to the end faces of the spacer. The 
substrates and the block are assumed to form a single unit 
(see Fig. 1).

No pumping holes were included in the simulation. Since 
in the actual manufacturing, the hole diameter could be cho-
sen small, we expect that its effect on the mechanical prop-
erties would be minor. The eight corners of the cavity are 
truncated to a depth d which is a free parameter.

The cavity is always simulated with four “holding” 
forces applied normal to four of the truncated corners. They 
each have an arbitrarily chosen but realistic magnitude of 
Fc = 1 N, and are applied via four cylindrically shaped sup-
ports (here, having r = 2 mm diameter) rigidly attached to 
the resonator at the four corners with a tetrahedral symmetry. 
We consider two cases:

1. The application of only the four holding forces Fc , 
i.e., gravity is ignored. The sensitivity to support force 
strength, ΔLi(Fc)∕L = (Li(Fc) − L)∕L , is calculated.

2. In the presence of Fc , an additional acceleration aj acting 
along j = x, y, z is applied. This simulates acceleration 
of the cavity support (and thus of the cavity body) or 
the gravitational acceleration. For this case, we define 
the acceleration sensitivity kij = ΔLi(aj)∕(aj L) , where 
ΔLi(aj) is the additional cavity length change when aj is 
added.

3  Spacer made of ULE

The computation was tested on a ULE cube with six mir-
ror substrates made of ULE. The substrates considered in 
Webster and Gill [7] were from fused silica; this difference 
is minor. The cut depth was varied in the interval between 3 
and 23 mm. The fractional length change ΔLx(Fc)∕L of the 
x-cavity occurring when the holding forces are applied, is 
depicted in Fig. 2, top left. Initially, for small cut depths, it 
is negative. This means that the distance between the mirrors 
is reduced upon application of the forces. At a cut depth of 
6.6 mm, it crosses zero, for the first time, with a slope of 
3.7 × 10−11∕mm. The cube deformation for this case is seen 
in Fig. 2 top right. Clearly, the central part of the mirror on 
the +x-face of the cube does not have any x-displacement. 
From symmetry, also the −x-face remains unaffected, and 
this results in ΔLx(Fc)∕L = 0 . After passing the cut depth of 
14.5 mm, the shape of the spacer becomes octahedral. Soon 
after, at a cut depth of 15.7 mm, ΔLx(Fc)∕L is maximum 
and then starts to decrease with increasing cut depth. The 
second zero crossing is reached at a cut depth of 20.3 mm 
with a slope of −23 × 10−11∕mm. Among the two zero-sen-
sitivity cut depths, the smaller one, 6.6 mm, is clearly more 

preferable, since the slope is six times smaller and so the 
shape is more forgiving in case of fabrication errors.

To justify our arbitrary choice of force magnitude 
Fc = 1 N acting at each of the four supports, we analyzed 
the influence of force magnitude on optimum cut depth. 
We found no dependence of the position of zero-sensitiv-
ity cut depth on Fc when we varied the latter in the range 
1 N< Fc < 1 kN (see Fig. 2, middle left panel. Due to the 
large difference in scale, only simulation results for forces 
Fc ≤ 6  N are presented there). This is expected, since 
the forces are small enough so that the material responds 
linearly.

We studied the influence of unequal forces at the four 
supports by holding the force Fc at a constant magnitude 
of Fc = 1 N at three support points and varying the force 
acting at the fourth support by a factor 2. Note that this is 
possible without causing an overall resonator displacement, 
since, in the simulations, each support surface is allowed to 
move only along the direction perpendicular to it. The over-
all effect of force variation at one support is equivalent to the 
application of additional longitudinal forces and generation 
of transversal forces at three remaining support surfaces. 
The results of this simulation are presented in Fig. 2, middle 
right panel. We found no dependence of optimal cut depth 
on variation of force at one support.

The optimum cut depth is found to increase with the size 
of the supports, as displayed in Fig. 2, bottom right. This 
could explain the small difference of 0.1 mm in optimum 
cut depth between the result presented here and in Webster 
and Gill [7]. Another crucial geometry parameter that has 
an influence on the position of the zero crossing is the size 
of the cavity bores. Figure 2, bottom left, shows that the 
zero-sensitivity cut depth near 6.6 mm only exists if the bore 
radius is below 3.5 mm. The second zero crossing at near 
20.3 mm exists for all studied bore sizes, but has a slope that 
increases with increasing bore size.

3.1  Influence of shape on sensitivity

To study the influence of the resonator’s shape on the sen-
sitivity to the support forces, we considered other cavity 
block shapes with octahedral symmetry, such as the great 
rhomb–cube–octahedron [17], the rhomb–cube–octahe-
dron [17], and the spherically shaped cube (see Fig. 3). All 
these bodies can be produced from the cube-shaped resona-
tor by cutting out parts of the block in a symmetric way. 
The distance between the mirrors was kept at 50 mm for all 
shapes. Analogous to the truncated cube geometry already 
discussed, the supports were set in tetrahedral configura-
tion and a force of 1 N applied on each. The cut depth was 
varied equally for all of them, within the limitations of the 
respective geometry. The results are presented in Fig. 4. The 
zero-sensitivity cut depths are the same for all geometries, 
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with the only difference being the corresponding limitations 
in cut depth. These results suggest that the dominant features 
depend only on the bulk properties of the material. 

4  Cubic cavities made from the conventional 
optical materials

Nexcera, SiC, and Zerodur are well-known materials used 
for manufacturing optical components, in particular mirror 
substrates. Near room temperature, Nexcera and Zerodur 
exhibit a zero thermal expansion coefficient � . In contrast, 
for the material SiC, it is finite, but comparatively small 
[18]. Table 1 summarizes relevant physical properties of 
the materials. It is well known that a high specific stiffness 
E∕� leads to low acceleration sensitivities of optical cavities. 
This is the reason for including SiC in the present analysis. 

Also listed in the table is the Poisson ratio � , defined as 
the negative ratio of transverse strain to longitudinal strain. 
Thus, Poisson’s ratio is responsible for the redistribution of 
strain in the directions normal to the direction of an applied 
force. Invar, an alloy with low thermal expansion coefficient 
at room temperature, is included for reference.

4.1  Support force sensitivity

Our simulations show that for Nexcera, Invar, and Zerodur, 
there does not exist an optimal cut depth (see Fig. 5). How-
ever, the sensitivity of Zerodur is low at high cut depth. 
Reduction of the diameter of the mirrors from half-inch to 
10 mm results in a zero crossing of the fractional length 
change at a cut depth of 24.1 mm, with a slope of 30 × 10−11

/mm.

Fig. 2  Top left: fractional 
length change ΔL(Fc)∕L of the 
cavity in an ULE block vs. the 
cut depths of the vertices. Top 
right: axial (x-axis) displace-
ment at the optimum cut depth 
of 6.6 mm. The scale is in 
meter. Middle left: fractional 
length change ΔL(Fc)∕L as 
function of force Fc applied 
at four support points. Middle 
right: fractional length change 
ΔL(Fc)∕L as a function of force 
variation at one of the four 
supports. The magnitude of 
the force applied at each of the 
four supports is stated in the 
legend. Bottom left: fractional 
length change ΔL(Fc)∕L as a 
function of cut depth, for vari-
ous bore diameters Rb . Bottom 
right: fractional length change 
for different support radii
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ULE is a modification of fused silica. Therefore, the fused 
silica resonator has zero sensitivity to Fc at essentially the 
same cut depth as the ULE resonator, but with a reduced 
slope because of its slightly higher Young’s modulus.

Polycrystalline β-SiC has zero sensitivity at a cut depth 
of 22.2 mm and a slope which is comparable with ULE at 
6.6 mm, due to the much larger Young’s modulus. Figure 5, 
bottom right, shows the deformation of the β-SiC block hav-
ing the zero-sensitivity geometry.

The overall (“peak–peak”) variation of support force sen-
sitivity over the complete range of cut depths is inversely 
proportional to the Young’s modulus. It is largest for ULE 
( 130 × 10−11 ) and lowest for β-SiC ( 17 × 10−11 ). The frac-
tional length change at a 6.6 mm cut depth is the highest for 
Nexcera, followed in decreasing order by Zerodur, Invar, 
polycrystalline β-SiC, and the ULE (for which it is zero). 
With exception of Zerodur and Invar, that switch places, this 
sequence corresponds with the Poisson’s ratio value.

To confirm this observation, we assumed a hypothetical 
material and varied either the Poisson ratio or the Young’s 
modulus. The result is shown in Fig. 6. We find that both 
the Young’s modulus and the Poisson’s ratio are critical 
parameters. As expected, the deformation and the Young’s 
modulus are inversely proportional to each other. Thus, 
a low Young’s modulus leads to high deformation of the 

Fig. 3  Different simulated ULE 
resonator shapes, with the dis-
tance between the mirrors for all 
three cavities fixed at 50 mm. 
Top row: Left, great rhomb–
cube–octahedron with the 
edge length of polygons being 
13.1 mm and the two extremes 
with hexagons pulled out 
(middle) or in (right) by 7 mm. 
Middle row: Left, rhomb–cube–
octahedron with the edge length 
of polygons being 20.7 mm and 
the two extremes with triangles 
pulled out (middle) by 3.3 mm 
or in (right) by 6.4 mm. Note 
that the geometries of the top 
row, right and middle row, right, 
are identical. Bottom row: Left, 
spherical cube resonator with 
circular faces of 49 mm diam-
eter, and the two extremes with 
a cut depth of 3.3 mm (middle) 
and 17.3 mm (right)
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Table 1  Comparison of 
some mechanical and 
thermomechanical properties 
of the considered isotropic 
materials

Material � (g/cm3) E (GPa) � E∕� ( MJ/kg) � ( 10−6 K−1)

ULE [19] 2.21 67.6 0.17 30.59 0 ± 0.03
Nexcera [20] 2.58 140 0.31 54.26 < 0.05
Zerodur [21] 2.53 90.3 0.24 35.69 0 ± 0.1
β-SiC, polycrystalline [18] 3.21 466 0.21 145.2 2.2
Fused silica [21] 2.2 70.2 0.17 31.9 0.5
Invar [22] 8.05 141 0.259 17.52 1.0
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spacer and to high sensitivity to holding forces. On the other 
hand, a high Young’s modulus reduces the deformation and, 
thus, the sensitivity. A small Poisson’s ratio leads to an over-
all compression of a spacer, whereas a high Poisson’s ratio 
effectively redistributes the strain and leads to an overall 
expansion of the spacer. Thus, comparing the sensitivities 
of two different materials, we can generally determine the 
material with higher sensitivity by comparing solely their 
Poisson’s ratio values. If these materials have comparable 
values of Poisson’s ratio, the Young’s modulus must also be 
taken into account. Substantial difference in Young’s modu-
lus can change the sequence of the sensitivities based on 

the Poisson’s ratio. This is the case for Invar and Zerodur, 
where Invar is the material with higher Poisson’s ratio value 
(see Table 1) but lower sensitivity (see Fig. 5). To have a cut 
depth with zero sensitivity, the hypothetical material with 
the Young’s modulus between 60 and 200 GPa must have 
the Poisson’s ratio within a “magic” range 0.13 < 𝜈 < 0.23 
(Fig. 7, left). This range is reduced to 0.13 < 𝜈 < 0.18 for the 
cut depths between 3 and 9 mm (Fig. 7, right).

Note that the density of the material does not play a role 
in this consideration. This leaves ULE, fused silica, and 
polycrystalline β-SiC as the only suitable materials among 
the considered isotropic ones.

Fig. 6  Top: Left, dependence 
of the fractional length change 
of the resonator on vertex cut 
depth and on Poisson’s ratio � , 
with the Young’s modulus held 
constant. Right: dependence 
on Young’s modulus with a 
Poisson’s ratio � held constant 
at 0.17. Bottom: dependence 
on Young’s modulus with a 
Poisson’s ratio � held constant at 
0.11 (left) and 0.25 (right)
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4.2  Acceleration sensitivity

The results presented in the previous sections were com-
puted in the absence of gravity and of acceleration acting 
at the resonator. Equal forces Fc acting at each of the four 
tetrahedrically oriented supports on the block with octahe-
dral symmetry, and pointing towards the center of the block, 
preserve the symmetry of arrangement.

When we include static gravity, which acts as a body 
force, i.e., on each volume element of the resonator, the 
resulting deformation lowers the resonator’s symmetry. 
Depending on the magnitude of the deformation, this could 
make necessary an adjustment of the zero-sensitivity cut 
depths obtained in the previous sections.

We computed the effects of acceleration on the cubic 
ULE resonator having 6.6 mm cut depth. The resonator was 
fixed in space by the supports, a force Fc = 1 N applied to 
each support, and was additionally subjected to a 1 g accel-
eration perpendicular or parallel to the x-axis (see Fig. 8). 
For the acceleration along the −z-axis, the displacements 
of the mirrors’ center points along the x-axis are zero, see 
top left panel in the figure. In contrast, the 1 g-acceleration 
along the x-axis generates displacements of both mirrors on 
the nanometer scale ( ∼ 5.1 × 10−9 m), but equal ones, thus 

leaving the distance between the mirrors unchanged (see top 
right panel in the figure). The cancellation represents the 
numerical proof of the concept of Webster and Gill, which 
is based on the octahedral symmetry. Further simulations 
showed that the above displacements decrease with increas-
ing Young’s modulus, as expected.

We have performed similar simulations for various cut 
depths. The results are summarized in Fig. 8. It can be seen 
that, for the different sets of applied forces, the results are 
nearly equal. In particular, the optimal cut depth is not modi-
fied in the presence of gravity. We conclude that accelera-
tions on the order of 1 g do not deform the resonator strongly 
enough to lower its symmetry so as to destroy the force 
insensitivity at the optimal cut depth determined assum-
ing zero acceleration. We obtain the same results when the 
acceleration is increased by a factor 100.

5  Anisotropic materials

Additional candidate materials for a force-insensitive cubic 
cavity might be found among anisotropic materials, where E 
and � depend on the crystallographic direction. Silicon and 
sapphire are two crystalline materials of this kind, and they 

Fig. 8  ULE resonator subjected 
to an acceleration of magnitude 
|aj| = 1 g . Top left: accelera-
tion applied along −z-axis. The 
deformation along the x-axis is 
displayed. Top right: accelera-
tion applied along −x-axis. The 
deformation along the x-axis is 
displayed. Bottom: comparison 
of (1) sensitivity due to a force 
of 1 N on the supports, (2) with 
additional application of −1 g 
in the direction perpendicular 
to the x-axis, and (3) with addi-
tional 1 g accelerations acting 
both perpendicular and along 
the axis of the x-cavity. Results 
presented in this diagram were 
calculated with an acceleration 
of |aj| = 100 g and scaled to 
|aj| = 1 g afterwards
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have already been used successfully for cryogenic optical 
resonators.

For an anisotropic material, the relation between the applied 
stress � and the resulting strain � is [23, 24]:

where � and � are second-rank tensors with 9 elements each 
and C is the fourth-rank stiffness tensor with 81 elements. 
For crystals with cubic symmetry (e.g., silicon), both � and 
� tensors contain only six independent elements. Using a 
simplified Voigt notation, the tensor C can be reduced to 
the 6 × 6 symmetric matrix with only three independent ele-
ments in the Cartesian coordinate system spanned by the 
�1 = (1, 0, 0) , �2 = (0, 1, 0) , and �3 = (0, 0, 1) unit vectors 
pointing along [100], [010], and [001] crystallographic 
directions. The three independent elements are denoted by 
c11 , c12 , and c44 [25]:

To transform C to the stiffness matrix C′ for any other Car-
tesian coordinate system, specified by the vectors �′1 , �′2 , 
and �′3 , we first lay �′1 along a particular crystallographic 
direction defined by the Miller indices [hkl]. The two vectors 
�
′
2 and �′3 then necessarily lie in the crystallographic plane 

(hkl), at right angles to each other. The transformation of C 
is done using the algorithm described in [26]. The Young’s 
modulus and the Poisson’s ratio can be extracted from the 
compliance matrix S′ , the inverse of the stiffness matrix C′ , 
as follows: [26]:

with i, j = 1, 2, 3 and i ≠ j , where i and j denote the three 
orthogonal directions in the new coordinate system. Thus, 
E11 and ( E22 , E33 ) are the Young’s moduli along the �′1 axis 
and perpendicular to it, respectively. ( �12 , �13 ) and �23 are 
the Poisson’s ratios for the directions along the �′1 axis and 
perpendicular to it, respectively.

(1)� = C�,

(2)C =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎣

c11 c12 c12 0 0 0

c12 c11 c12 0 0 0

c12 c12 c11 0 0 0

0 0 0 c44 0 0

0 0 0 0 c44 0

0 0 0 0 0 c44

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎦

.

(3)Eii =
1

S�
ii

,

(4)�ij = −
S�
ij

S�
ii

,

5.1  Silicon

Silicon is an anisotropic material which enjoys increasing 
popularity as a material for cryogenic optical resonators [12, 
13, 16, 28–30] due to the high thermal conductivity [31], the 
ultra-low expansion coefficient at cryogenic temperatures 
[14, 15, 32, 33], and the ultra-low-length drift [6, 16]. Three 
independent elements of the stiffness matrix C from Eq. (2) 
are (c11, c12, c44) = (165.7, 63.9, 79.6) GPa [34].

To set up the simulation for any desired crystallographic 
direction [hkl], we first orient the resonator with the opti-
cal axes of the three cavities laying parallel to the (x, y, z) 
coordinate axes of the fixed laboratory reference frame, as 
shown in Fig. 9, top left panel. Then, we define the new 
coordinate system by pointing �′1 along the [hkl] crystal-
lographic direction and by defining the two vectors �′2 and 
�
′
3 in the crystallographic plane (hkl), at right angles to each 

other (see Fig. 9, top right panel). Because of the cubic sym-
metry of the silicon lattice, we only need to consider crys-
tallographic directions that lie inside the unit stereographic 
triangle whose corners are defined by the [100], [110], and 
[111] directions. In the next step, we orient the crystal struc-
ture with the chosen crystallographic direction [hkl] along 
the x-axis of the cube. Two other unit vectors �′2 and �′3 are 
laid along the y- and z-axes, respectively (see Fig. 9, bottom 
left panel). To find all possible orientations of interest, we 
can introduce an additional degree of freedom by rotating 
the crystal counterclockwise around the [hkl] direction, as 
seen along the x-axis (see Fig. 9, bottom right panel). This 
is done first by rotating the vectors �′2 and �′3 in the crystal-
lographic plane (hkl) by an angle � around the �′1 axis using 
Rodrigues’ rotation formula [27] (see Fig. 9, bottom right 
panel). After rotation, the algorithm from [26] is applied 
again to obtain the stiffness matrix C′ , the Poisson’s ratio �12 
and �23 , and the Young’s modulus E11 and E22 . This proce-
dure is repeated for different values of � until one full circle 
of rotation is completed. We note that, due to rotation, we 
only need to consider E22 and �12 as the Young’s modulus 
and the Poisson’s ratio for the direction perpendicular to the 
x-axis, respectively, as they contain all necessary informa-
tion. The E33 and �13 can be ignored.

The values of E, � for rotation around the [100], [110], 
and [111] characteristic directions are visualized in Fig. 10, 
where the values of the Poisson’s ratio that correspond to the 
“magic” range 0.13 < 𝜈 < 0.23 were colored green.

The maximum of the Young’s modulus and the minimum 
of the Poisson’s ratio for all angles of rotation for any given 
direction [hkl] inside the unit stereographic triangle are pre-
sented in Fig. 11. The Young’s modulus varies from 130.1 
to 187.9 GPa for the directions parallel to [hkl] (top, left) 
and from 169.1 to 187.9 GPa for the perpendicular direction 
(top, right). Directions which provide the highest stiffness 
are the [111] and [110] directions, respectively.
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As we know from the foregoing discussion on isotropic 
materials, the Poisson’s ratio plays the crucial role. To 
have zero sensitivity, it should lie within a “magic range” 
0.13 < 𝜈 < 0.23 . The Poisson’s ratio varies from 0.062 to 
0.26 for the parallel direction (bottom, left) with a mini-
mum along [100] and a maximum along [111]. The vari-
ation in the perpendicular direction is from 0.062 to 0.28 
with the minimum along [110] and the maximum along 
[100]. This large difference makes it impossible to pre-
dict which directions will have zero sensitivity and makes 
extensive simulations necessary.

Since the material is anisotropic, we now calculate the 
length changes of all three cavities within the cube, i.e., 
ΔLi(Fc)∕L for i = x, y, z , which may differ. We repeat the 
simulations for different crystallographic directions inside 
the unit stereographic triangle, which is oriented along 
the x-axis.

A first result of the FEA simulation is shown in Fig. 12, 
left column, where only the three characteristic directions 
[100], [110], and [111] are considered. The right column 
visualizes the corresponding crystal structure seen along 
these directions.

The [100] direction (top left panel) is the only one, for 
which all three cavities exhibit equal sensitivity to the hold-
ing force. For this direction, the FEA is performed directly 
with C� = C , Eq. (2). However, no zero sensitivity is pos-
sible with the half-inch mirror substrates (blue points). 
Reduction of the mirror diameter to d = 10 mm (magenta 
points) allows achieving a zero sensitivity for all three cavi-
ties simultaneously at a cut depth of 24.5 mm with a slope 
of 11 × 10−11/mm. The corresponding simulation results are 
depicted in more detail in Fig. 13. We designate this geom-
etry as Si-I.

The [110] direction (middle left panel) displays identical 
sensitivity for two cavities but without zero-sensitivity cut 
depth. The third cavity, the y-cavity, has zero sensitivity for 
two appropriate cut depths (see Fig. 12, middle left panel). 
The slopes at 13 mm and at 20 mm cut depth are 2.9 × 10−11/
mm and 6.5 × 10−11/mm, respectively. They are smaller than 
for the ULE case.

The [111] direction (bottom left panel) has differ-
ent sensitivities for all three cavities (see Fig. 12, bot-
tom left panel). They all have zero sensitivity at large 
cut depths. The difference in optimum cut depth for the 

Fig. 9  Orientation of the crystal 
lattice with respect to the cav-
ity body. Top left: the silicon 
resonator is always oriented 
with its cavities aligned with 
the (x, y, z) coordinate axes of 
the laboratory reference frame. 
Top right: orientation of the 
crystal-lattice-fixed coordinate 
system of the silicon crystal 
( �′1 , �′2 , and �′3 ) with vector 
�
′
1 coincident with a selected 

crystallographic direction [hkl], 
relative to the coordinate system 
defined by the ( �1 , �2 , and �3 ) 
unit vectors oriented along the 
[100], [10], and [1] crystallo-
graphic directions, respectively. 
Bottom left: silicon crystal 
is oriented with the selected 
crystallographic direction [hkl] 
coincident with the x-axis of the 
laboratory frame and �′3 along 
z. Bottom right: rotation of the 
silicon crystal around the [hkl] 
direction by an angle � . For this 
orientation, the stiffness matrix 
C′ is calculated
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y- and z-cavities is particularly low, 0.16 mm. This value 
is comparable with the typical manufacturing precision of 
0.1 mm. Thus, the [111] orientation makes it possible to 
access two orthogonal cavities having small sensitivities. 
If the cut depth is chosen, such that the sensitivity of one 
cavity is zero, the sensitivity of the second cavity is then 
approximately 1.5 × 10−11/mm.

The foregoing discussion makes it clear that there must 
be multiple orientations inside the unit triangle which 
yield zero sensitivity for at least one cavity. However, we 
are only interested in orientations which have the effec-
tive Young’s modulus along the [hkl] direction and per-
pendicular to it as high as possible, to relax the require-
ment on the manufacturing precision of the vertices’ cut 
depth. The effective Poisson’s ratio for these directions 
must be in the range which allows the cavities to have 
zero sensitivity. To identify these directions, an extensive 
simulation was carried out, which is described in the next 
section.

5.2  Simulation procedure

We performed simulations for more than 100 different direc-
tions inside the unit triangle. The stiffness matrix C′ for each 
direction was input into the simulation software. The chosen 
crystallographic direction was oriented along the x-axis of 
the laboratory reference frame. This orientation together 
with the stiffness matrix C′ defines the orientation of the 
crystal along the y- and z-axes. Then, the crystal was turned 
in 10 degree steps around the x-axis of the laboratory refer-
ence frame (see Fig. 9). At each angle, the force Fc =1 N 
was applied at each of the supports and pointing to the center 
of the cube, and the deformations ΔLj of the three cavities 
along their axes j = x, y, z calculated.

The cut depth of the resonator was held constant at one 
particular value, since it would have been too time-consum-
ing to vary this parameter, as well. Its value was chosen 
based on the foregoing discussion, which made clear that the 
slope of sensitivity is lower when the resonator has the shape 

Fig. 10  Silicon’s Young’s 
modulus (left column) and 
Poisson’s ratio (right column) 
calculated for the [100], [110], 
and [111] crystallographic 
directions (blue lines) and for 
directions perpendicular to 
them (red lines), for different 
values of angle � . Values of the 
Poisson’s ratio that lie within a 
“magic” range 0.13 < 𝜈 < 0.23 
are marked with black color. 
The definition of the angle � is 
shown in the small panels
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of a truncated cube. At a cut depth of 14.47 mm, the shape 
of the resonator changes to a truncated octahedron, which 
always has a higher sensitivity slope. For that reason, the cut 
depth was fixed near the mean of the values corresponding 
to a truncated cube, 7.27 mm.

5.3  The support force sensitivity

The results for the three corner directions of the unity trian-
gle, [100], [110], and [111], are presented in Fig. 14. As the 
top right panel shows, the fractional length changes of the 
three cavities are equal only for the x: [100] crystallographic 
direction and � = 0 rotational angle. For all other orienta-
tions and angles (all panels), at least two of the three cavities 
display different fractional length changes. This is due to 
the differences in the lattice structure along the cavity axes. 
The x-cavity of the [100] orientation crosses zero fractional 
length change twice in the � angle interval between 0 ◦ and 
90◦ . Two other cavities have an equal sensitivity at all angles 
with a minimum of 4 × 10−10 . The cube with the [110] mate-
rial orientation (bottom left panel) has zero-sensitivity cross-
ings for the y- and z-cavities and no crossing for the x-cavity. 
All cavities of the resonator with the [111] orientation (bot-
tom right panel in the figure) have no zero sensitivity.

The minimum fractional length changes occurring over 
a full turn around all orientations ( � varies between 0 ◦ and 
360◦ ) inside the unity triangle are displayed in Fig. 15. As 

we can see, there is only one favorable orientation for each 
cavity, shown in purple (top row). To have zero sensitiv-
ity for the x-cavity, the resonator must be oriented along 
the [100] direction, see top left panel. Zero sensitivity for 
the y- and z-cavities is only possible if resonator is oriented 
along the [110] direction, but not at the same angle. As 
Fig. 14, bottom left panel, suggests, there is an angle shift of 
90 degrees between them. Our results rule out the possibility 
of having zero sensitivity for more then one cavity simul-
taneously, for the considered vertex cut depth. In Fig. 15, 
we display sensitivities along the two axes at an angle of 
minimum sensitivity for the one of the three axes. Similar to 
the case of isotropic materials, we compare our results with 
the Poisson’s ratio (see Figs. 11 and 15). Both the x-cavity 
sensitivity and the Poisson’s ratio have a minimum in the 
vicinity of the [100] direction. The minimum of the sensitiv-
ity for the y- and z-cavities and for [110] silicon orientation 
(see Fig. 15, top right panel) corresponds to the minimum of 
the Poisson’s ratio calculated for the direction perpendicular 
to [110] (see Fig. 11, bottom right panel).

The evaluation of the Young’s modulus for the direction 
parallel to the crystallographic orientation and perpendicular 
to it is presented in Fig. 15, top row panels. For example, we 
find that the direction [110], with the Young’s modulus of 
169.1 GPa along the x-axis and 187.9 GPa perpendicular to 
it, is more favorable than the [100] direction, for which the 
values are 130.1 and 169.1 GPa, respectively.

Fig. 11  Maximum of the 
Young’s modulus and minimum 
of the Poisson’s ratio for differ-
ent crystallographic orientations 
of Si inside the unit stereo-
graphic triangle oriented along 
the x-axis of the resonator
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This difference should be reflected in the dependence of 
the fractional length change on the variation in cut depth 
and in angle of rotation around their optimal values. To 
obtain these numbers, we performed a series of simula-
tions displayed in Fig. 16. We find that, for the x: [100] 
orientation (top row), both ΔLx∕L and its sensitivity to cut 
depth variation are zero at a cut depth of 7.54 mm and at 
angle � = 33.23◦ . This case is denoted by Si-II in the fol-
lowing. The fractional length change varies by 12 × 10−12/◦ 
around the optimum angle and by 3.5 × 10−12/mm around 
the optimum cut depth.

The bottom row of panels shows that the cube with 
x: [110] orientation has a zero sensitivity of the z-cavity at 
an angle of 18.49◦ and at a cut depth of 6.88 mm (geometry 
denoted by Si-III). The y-cavity displays a zero crossing at 
the same cut depth but at an angle which is shifted by 90◦ 
from that of the z-cavity (see Fig. 14, bottom left panel). 
The fractional sensitivity variations are 5.6 × 10−12/deg and 

2.8 × 10−12/mm for the variations in angle and cut depth, 
respectively.

6  Effect of imperfections

We evaluated the effect of additional imperfections on the 
sensitivity to the supporting force and on the acceleration 
insensitivity, besides the already considered cut depth devia-
tion and orientation deviation (for anisotropic materials). 
For silicon, we consider only the geometries Si-I, Si-II, and 
Si-III introduced above, and for ULE and β-SiC the shapes 
of Sect. 4. The results are presented in Table 2. Item 1 in the 
table reports results already discussed above.

The cut depth of the individual resonator vertices may 
vary due to the accuracy of manufacture. We analyze the 
case that only one vertex (also serving as support) deviates 

Fig. 12  Sensitivity to Fc for 
the three cavities when the Si 
crystal is oriented in particular 
crystallographic directions. 
The corresponding view on the 
crystal along the direction in 
question is shown on the right, 
each ball representing the top Si 
atom in the plane perpendicular 
to the observation direction 5 10 15 20
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in cut depth from the other seven. Table 2, item 2, shows 
that for a cut depth imprecision of 0.1 mm, the cavity length 
deformation effects are at the level of 3 × 10−12 per N sup-
port force or smaller. In the gravity field, this imperfection 
introduces an acceleration sensitivity Max(kxx, kxz) on the 
order of 6 × 10−12∕g or smaller.

Misplacement of the mirrors with respect to the symmetry 
axes of the cube can occur during assembly. As a result, the 
light propagation occurs along an axis shifted with respect 
to the symmetry axis. This breaks the symmetry assumed 
in the concept of the cubic block. Different deformation of 
the opposing mirrors at the intersection of the axis and the 
mirror surface introduces an additional length change and 
degrades the acceleration sensitivities kij . The calculation of 
the degradation was performed for a � = 1 mm shift of the 
optical axis in the direction having the largest deformation. 
The value 1 mm is larger than errors in fabrication and only 
serves as an example. Our result for ULE, given in the table 

(item 3), appears consistent with the FEA value reported 
by [7]. For silicon, we find acceleration sensitivities up to 
3 × 10−11∕g.

The sensitivity to orientation of the Si crystal with respect 
to the resonator is reported under item 4; we find the accel-
eration sensitivities to be rather small if an error of 1 ◦ is 
assumed.

Asymmetrical mounting of the resonator in the frame with 
the supports displaced from their optimal position is another 
source of error (items 5 and 6 in the table). We see that 
the effects are not negligible. For an offset of � = 0.1 mm, 
in the case of ULE, the cavity length changes fractionally 
by ≃ 1 × 10−11 for a 1 N support force, and a sensitivity to 
acceleration perpendicular to the cavity kxz = 7 × 10−12∕g 
arises. For silicon, the numbers are similar.

The above results make it clear that great care should be 
taken in mounting the resonator in the supporting frame. 
Together with the offsets of mirrors from the respective 

Fig. 13  Si [100] resonator struc-
ture having the special geometry 
Si-I: cut depth of 24.5 mm, 
with reduced mirror diameter 
of d = 10 mm. For an angle 
of material rotation � = 0 , all 
three cavities exhibit zero length 
change upon application of the 
four support forces Fc = 1 N. 
Shown are the displacements of 
the body along the x-axis. The 
scale is in meter
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symmetry axes, mounting errors appear to be a major potential 
cause of the degradation of sensitivity compared to the ideal. 
Comparing silicon with ULE we find that silicon is less sensi-
tive to errors, but in several respects only by a factor approxi-
mately 2. Comparing the three silicon resonator geometries, 
Si-I, Si-II, and Si-III, we find Si-II to be more advantageous, 
in particular with respect to one critical error, the offset from 
the optical axis.

7  Error evaluation

To determine the influence of finite mesh size on the opti-
mum cut depth, we performed simulations of a ULE block 
applying different mesh densities. Assuming that simula-
tions with infinitely small mesh size adequately represent 
the reality, we extrapolated our results toward decreasing 

Fig. 15  Sensitivities of cavity 
lengths to the application of the 
four support forces Fc = 1N , 
for all crystallographic orienta-
tions. Top row: maps of mini-
mum fractional length change 
for the x-cavity (left) and for 
the y / z-cavities (right); Middle 
row: maps of the y-cavity sen-
sitivity (left) and of the z-cavity 
sensitivity (right), both at the 
angle of smallest x-sensitivity; 
Bottom row, left: maps of the 
x / z-cavity sensitivity at the 
angle of smallest y-cavity sensi-
tivity; bottom row, right: maps 
of the x / y-cavity sensitivity at 
the angle of smallest z-cavity 
sensitivity
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mesh size and obtained an error of less than 0.08 mm for 
the optimum cut depth.

We also evaluated the scatter of data points in different 
simulation results by fitting them with a polynomial of 
high degree and plotting the distribution of the residuals. 
This evaluation indicates an error in sensitivity ΔL∕L of 

±2 × 10−12 for the simulations where no acceleration is 
involved and an error of ±1 × 10−11 whenever an accelera-
tion is applied. This error was found to have approximately 
cubic dependence on mesh size.

Another way to validate our simulation procedures is to 
compare with the published results. In Matei et al. [35], a 

Fig. 16  Determination of an 
optimal angle and cut depth 
for the zero fractional length 
change of the x-cavity of the 
resonator and [100] silicon ori-
entation (top) and z-cavity (or 
y-cavity with an angle � shifted 
by +90◦ ) and [110] orienta-
tion (bottom). A force of 1 N is 
applied at each support
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Table 2  For different 
geometries, acceleration 
sensitivities kij in the presence 
of a manufacturing error ε of 
1 mm or 1 ° and sensitivity 
S
�
= �(ΔL(Fc)∕L)∕�� of the 

length change caused by a 
Fc = 1 N force

The geometries are specified in the text. Sensitivity to cut depth of one vertex as well as to the offset of one 
support were evaluated using the vertex and the support at the location defined by the vector � = (1,−1, 1) . 
For the offset of the optical axis, we considered as symmetry axis the x-cavity axis in the case of ULE, 
polycrystalline β-SiC and Si [100], and the y-cavity axis in the case of Si [110]. The direction of the offset 
was assumed to be along the direction with the largest mirror deformation

Type of geometry change � Quantity (10−11) Material and orientation

ULE β-SiC Si-I Si-II Si-III

1. Cut depth, all vertices S
�
(mm−1) 3.7 4.1 11 0.35 0.28

k (g−1) 0 0 0 0 0
2. Cut depth, one vertex S

�
(mm−1) 0.8 1.1 3.3 0.01 0.41

kxx, kxz (g
−1)   6.4, 3.6 1.5, 0.13 1.01, 0.2 2.2, 0.61 4.2, 2.2

3. Offset of the optical axis S
�
(mm−1) 2.7 0.07 0.6 0.7 3.5

kxx, kxz (g
−1)   0, 5 0, 0.4 0.23, 3.2 0, 1 0, 0.8

4. Orientation of material S
�
(deg−1) – – 0.3 1.2 0.56

kxx, kxz (g
−1) – – 0, 0.002 0.05, 0.002 0, 0.15

5. Horizontal offset of one support S
�
(mm−1) 13 2.9 14.4 7.7 5.7

kxx, kxz (g
−1) 5.4, 7.0 1.4, 0.12 4.7, 0.13 3.7, 3.8 5.0, 2.9

6. Vertical offset of one support S
�
(mm−1) 7.5 2.0 8.41 3.6 3.8

kxx, kxz (g
−1) 3.2, 3.2 1.2, 0.84 3, 1.43 1.4, 1.8 1.9, 2.1
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vertically oriented, biconical silicon resonator was simulated 
and the results experimentally validated. Our simulations are 
in good agreement.

8  Summary and conclusion

We analyzed the sensitivity to support forces of the three-
cavity cubic block made of different materials. For isotropic 
materials, we identified a “magic” range for Poisson’s ratio, 
0.13 ≤ � ≤ 0.23 , for which the three cavity lengths become 
insensitive to the strength of the support force. Because of 
this particular range, apart from ULE, only fused silica and 
β-SiC are suitable materials among the common isotropic 
materials used in the optics industry. Silicon, as anisotropic 
material, offers multiple suitable orientations for providing 
zero sensitivity. Based on FEA simulations, we identified 
two orientations, [100] and [110], to be particularly suit-
able. Compared to ULE, they provide one cavity with more 
robustness to the errors in manufacturing: the acceleration 
sensitivity is reduced by a factor of approximately two or 
more compared to ULE, depending on the error.

We thus showed that silicon spacers with octahedral sym-
metry can provide a favorable option for cryogenic, support 
force-insensitive and vibration-insensitive cavities. Particu-
larly attractive is the fact that there exists one geometry, with 
[100] orientation of the crystal, which provides simultaneously 
three nominally insensitive cavities in the same spacer. This 
geometry could be useful for certain applications, e.g., tests 
of Lorentz Invariance. Nevertheless, even with only 0.1 mm 
imprecision in manufacturing and mounting, a residual sensi-
tivity to support force at the level of 14 × 10−12∕N level can 
occur. The corresponding residual vibrational sensitivity can 
be as high as 5 × 10−12∕g . Achieving a suitable design and 
production of the frame that provides stable support forces 
will be an important additional aspect of the overall system.
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ABSTRACT
A system providing an optical frequency with instability comparable to that of a hydrogen maser is presented. It consists of a 5 cm long,
vertically oriented silicon optical resonator operated at temperatures between 1.5 K and 3.6 K in a closed-cycle cryostat with a low-temperature
Joule–Thomson stage. We show that with a standard cryostat, a simple cryogenic optomechanical setup, and no active or passive vibration
isolation, a minimum frequency instability of 2.5 × 10−15 at τ = 1500 s integration time can be reached. The influence of pulse-tube vibrations
was minimized by using a resonator designed for low acceleration sensitivity. With reduced optical laser power and interrogation duty cycle,
an ultra-low fractional frequency drift of −2.6 × 10−19/s is reached. At 3.5 K, the resonator frequency exhibits a vanishing thermal sensitivity
and an ultra-small temperature derivative 8.5 × 10−12/K2. These are favorable properties that should lead to high performance also in simpler
cryostats not equipped with a Joule–Thomson stage.

Published under license by AIP Publishing. https://doi.org/10.1063/1.5140321., s

I. INTRODUCTION
Optical resonators play an important role in the genera-

tion of laser light with ultra-stable frequency. They are essen-
tial to the field of optical atomic clocks, where they are utilized
for the pre-stabilization of the laser wave used for the interro-
gation of ultra-narrow atomic transitions.1–3 Other applications
are in gravitational wave detectors4,5 and for tests of fundamental
physics.6–11

The most common type of resonator consists of a hollow spacer
of length L, which introduces a fixed separation between two mir-
rors that are optically contacted to its end surfaces. The design of
the spacer geometry and support is usually optimized to reduce
length variations produced by environmental vibrations. To coun-
teract thermally induced variations in length, the resonators are
usually made of materials that exhibit a particularly low thermal
expansion coefficient at the desired operational temperature. Ultra-
low-expansion (ULE) glass is today the most common material for
use at or near room temperature. Another promising material is
the ceramic Nexcera.12–14 However, the Brownian motion imposes
a fundamental limitation to their length stability.15 This is on the
order of 1 × 10−15 for room-temperature resonators with a typical

length of ≤10 cm.16–20 The instability was successfully lowered to
8 × 10−17 using a 48 cm long resonator.21 Furthermore, room-
temperature resonators made of the ULE material suffer from drift.
The drift rates vary substantially between units, with one of the
smallest values being 1.6 × 10−17/s.14 One approach for reducing
both limitations is the operation of the resonators at cryogenic
temperatures.6,7,22–29

Here, we present a cryogenic single-crystal silicon resonator
developed for low vibration sensitivity and frequency stability com-
parable to that of a hydrogen maser, operated in a cryogenic system
of moderate complexity. In order to reduce the resonator manufac-
turing cost, we simplified the design to a cylindrical shape. A fairly
complete characterization of the resonator was possible using a sys-
tem composed of a stable interrogation laser, a frequency comb, and
a hydrogen maser.

II. DESIGN
A. Cryostat accelerations

The goal of our resonator design was to minimize its accel-
eration sensitivity in order to achieve good performance in

Rev. Sci. Instrum. 91, 045112 (2020); doi: 10.1063/1.5140321 91, 045112-1
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closed-cycle cryostats that provide no advanced vibration isolation.
In such units, the pulse-tube and seismic accelerations are transmit-
ted to the optical setup. As an example, our closed-cycle cryostat
(Leiden Cryogenics, CF-1K) exhibits the acceleration spectrum dis-
played in Fig. 1(a). The accelerations were measured on the optical
setup, during operation at 1.5 K, for the three cartesian axes using
a precise interferometric sensor. With an optical head of the sen-
sor located outside the cryostat, we used optical windows to reflect a
laser beam from the device under test. While it is best to measure the
acceleration directly on the resonator, here, this was possible only
for its vertical motion, because of the limited optical access. To mea-
sure this motion, the laser interferometer beam was reflected from
one of its end faces. The motion along the two horizontal directions
was instead measured by reflecting the sensing laser beams from two
other silicon resonators (designated as “Si1” and “Si2”) contained
within the cryostat.

The spectrum consists of peaks at multiples of 1.4 Hz, the base
frequency of the pulse-tube cooler. The total acceleration integrated
over the frequency range from 1 Hz to 200 Hz is 4.9 × 10−3 g [see
Fig. 1(b)]. The largest contribution arises from the vibrations intro-
duced by the rotary valve stepper motor, which operates with a fre-
quency close to 150 Hz. Contribution from the vibrations of the lab
ground, measured with a high-sensitivity piezoelectric transducer, is
shown in Figs. 1(c) and 1(d) and is on the order of 0.9 × 10−3 g. It is
dominated by the vertical component.

Because of this high acceleration level (compared to a standard
room-temperature setup placed on a standard active vibration isola-
tion platform), a minimized acceleration sensitivity of the resonator
frequency is clearly necessary.

B. FEM simulations
The resonator developed in this work is a vertically oriented,

axially symmetric structure, supported at three points. It follows the
concept presented in Refs. 22–24, 26, and 27 but was further sim-
plified by avoiding the conical spacer shape and employing instead
a simple cylindrical shape. The spacer diameter and length were
chosen to be 37 mm and L = 50 mm, respectively; the mirror sub-
strates are of standard one-inch diameter and 6.3 mm thick. All
the other geometry parameters were optimized using a commercial
finite-element-method (FEM) package (Ansys). The optical axis of
the resonator was aligned with the [111] crystallographic direction
of the silicon crystal, which is the direction with the highest Young’s
modulus. We used the silicon stiffness matrix from Ref. 30 in our
simulation. The optimization was done by calculating the accelera-
tion sensitivity of the resonator, defined as fractional length change
per unit acceleration, ΔL/(ai L), for different values of the geometri-
cal parameters and for different directions i of the acceleration. After
defining a set of values, we studied the influence of imprecise opti-
cal contacting, of an offset of the resonator’s position relative to the

FIG. 1. Acceleration measured at three experimental plates inside the operating cryostat and ground acceleration. [(a) and (c)] Spectral density of acceleration Sa , i (f ), i = x,
y, z, in the three spatial directions. The red curve in panel (a) indicates the level measured on the plate that supports the 5 cm resonator described in this work. [(b) and (d)]

The total accelerations [∫
f
0 (Sa,i(f ′))2df ′]

1/2
. The combined total acceleration is the root sum-of-squares of the three individual total accelerations.
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three support points (fixed in space), and of manufacturing tolerance
(assumed to be 0.1 mm). Our optimization was aimed at minimiza-
tion of these three sensitivities. This resulted in a support ring with
diameter and thickness of 67 mm and 20 mm, respectively, an off-
set of the ring from the horizontal center plane toward the top of
0.51 mm, and a diameter of the central bore of 15 mm. The venting
hole has 2 mm diameter, is located in the upper half of the resonator,
is centered 5 mm below the top surface, and forms an angle of 63○

with the [100] crystallographic direction of the silicon crystal. Partial
results of the sensitivity calculations are displayed in Figs. 2(a)–2(c).

With three supports placed at a radial distance of 26 mm from
the optical axis of the resonator, the acceleration sensitivity vari-
ation with a vertical offset of the support ring, under 1 g vertical
acceleration, is 16 × 10−11/(g mm). The sensitivity to an imper-
fect radial positioning of the resonator relative to the supports is
5 × 10−11/(g mm), and the sensitivity to a parallel offset of the optical
axis from the symmetry axis of the resonator is 4 × 10−11/(g mm).

We also simulated the effect of rotation of the resonator around
the vertical symmetry axis, while the support points remained fixed
in space. The result is presented in Fig. 2(d). It resembles closely

FIG. 2. Acceleration sensitivities of the resonator according to FEM simulations. (a) Influence of the imperfect manufacturing of the support ring on sensitivity during an
application of 1 g vertical acceleration. (b) Sensitivity to changes in the radial position of the three supports and 1 g vertical acceleration. (c) Sensitivity to the offset of the
optical axis from the symmetry axis of the resonator (1 g acceleration is applied in the transverse direction). (d) Sensitivity to rotation of the resonator around the symmetry
axis and an application of 1 g vertical acceleration. [(e) and (f)] Examples of the simulation results for the resonator with optimized shape. Color indicates the displacement in
meter along the vertical direction (z-axis) due to the application of 1 g vertical acceleration. In (e), the displacement of the surfaces is shown; in (f), the displacements of the
volume elements in the midplane cut along the vertical YZ plane [see the definition of the cut plane in (e)] are shown.
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FIG. 3. Optimized design of the resonator, as determined using FEM simulations.
The 2 mm diameter venting hole is located in the upper half at a distance of 5 mm
from the top end. Dimensions are in mm.

the result obtained by Matei et al.31 The sensitivity is periodic
with a period of 120○ due to silicon’s anisotropic crystal structure
and has an amplitude of 3 × 10−10/g. This results in a slope of
5 × 10−12/(g deg) around the sensitivity’s zero crossing.

Figures 2(e) and 2(f) display the deformation of the resonator
of optimum shape (without manufacturing errors), which is placed
on the three supports at the optimum position, with resultant zero
sensitivities. In the simulation, vertically oriented 1 g acceleration is
applied to all volume elements. The simulation reveals a displace-
ment of the top and bottom mirrors by the same amount, approx-
imately 1.5 nm, leaving the distance between them, and thus, the
resonator frequency unchanged. The final geometry of the resonator
after FEM optimization is presented in Fig. 3.

C. Modeling of thermal noise
Random Brownian movement of the atoms in the crystal lattice

of the spacer and of the substrates as well as in the mirror coatings
results in a random fluctuation of the distance between the mirror
internal surfaces.15 Thus, this motion directly influences the optical
path length and sets fundamental limits to the frequency stability of
a laser wave whose frequency is locked to the resonator. For future
reference, we calculate the thermal-noise induced instability of the
resonator length at 1.5 K, assuming the parameters listed in Table I.
The results are presented in Table II. A 13-fold reduction in thermal
noise from 300 K to 1.5 K is predicted to the level 2.8× 10−17 at 1.5 K.
The coating contributes over 96% to the total noise, because of its

TABLE I. Parameters used for the calculation of thermal noise.

Symbol Parameter Value

λ Laser light wavelength 1562 nm
L Length of the spacer 50 mm
Rsp Radius of the spacer 18.5 mm
rb Radius of the central bore 7.5 mm
wR=1m Beam waist at the curved mirror 338 μm
wR=∞ Beam waist at the flat mirror 329 μm

E Young’s modulus of Si along the [111] 187.9 GPa
crystallographic direction32

ν Poisson’s ratio of Si along the [111] 0.18
crystallographic direction32

QSi = 1/ϕSi Si quality factor33 108

ϕct Coating loss factor34 1 mrad
dct Coating thickness 9.38 μm

TABLE II. Computed fractional frequency instability of the mirror distance due to
Brownian noise for different operating temperatures. The contributions from the
spacer, the substrates, and the coatings are given. The parameters of Table I were
assumed. The fractional frequency instability is expressed as an Allan deviation σy,
which is independent of integration time.

σy (10−17)

Temperature (K) 300 124 16.8 4 1.5
Spacer 0.21 0.13 0.05 0.02 0.01
Substrates 1.31 0.84 0.3 0.15 0.09
Coatings 39.0 25.1 9.2 4.5 2.8
Total 39.0 25.1 9.2 4.5 2.8

amorphous nature. The use of crystalline mirrors could here provide
a significant further reduction. In the present work, the performance
of the system is not limited by the thermal noise.

III. APPARATUS
A. Resonator and resonator support

The resonator (denoted by “Si5” in some figures) was manu-
factured from a cylindrical silicon crystal (resistivity 8 kΩ/cm and
diameter 4 in.), grown along the [111] crystallographic direction
using the float zone method. The optical axis of the resonator is
aligned with this direction. The two end faces were polished to opti-
cal quality. High-reflectivity dielectric mirrors for 1.5 μm wavelength
were optically contacted to them in-house. These silicon substrates
originate from a different block of material, having a resistivity of
4 kΩ/cm and a diameter of 4 in. Their symmetry axes are ori-
ented along the [100] crystallographic direction. This aspect was not
included in the above simulations.

The resonator was installed in an optical setup inside a pulse-
tube cryostat equipped with a Joule–Thomson stage (Leiden Cryo-
genics). A picture of the setup and the corresponding schematic are
shown in Fig. 4. The resonator was supported from below at three
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FIG. 4. Cryogenic resonator setup (left) and the correspond-
ing schematic (right).

points. The supports were pressure screws with stainless steel balls
at their ends. The balls were cut in half so as to produce a circular
surface of 3 mm diameter. To increase the friction between the balls
and the resonator, a layer of indium foil was placed between them.
In order to reduce the fluctuations of the resonator’s temperature
caused by the fluctuations of cryostat temperature, we split the sup-
port into two parts: a copper cylinder as an intermediate part and a
stainless steel base. The latter acts as a thermal low-pass filter, given
its reduced thermal conductivity compared to copper. The resonator
temperature was measured by using a sensor (cernox) attached to the
top surface of the silicon support ring using a cryogenic grease.

B. Cryogenic optical setup
The coupling of the laser light into the resonator and the detec-

tion of the resonator response are performed on a cryogenic bread-
board with a footprint of 116 × 140 mm2, shown in Fig. 5. The
compact design minimizes the optical path length in order to reduce
the effect of unavoidable misalignments upon cooling to cryogenic

FIG. 5. CAD figure of the cryogenic optical setup. FC, fiber collimator; MM,
motorized mirrors; PBS, polarizing beam splitter; QPD, quadrant photodetector;
PD, photodetector; and CAM, high-sensitivity infrared InGaAs camera. Red lines
indicate free-space paths.

temperature. Additionally, it incorporates two motorized mirror
mounts allowing us to correct for the misalignments.

The light of the laser is carried to the breadboard setup using
a single-mode polarization-maintaining fiber. The end of the fiber
is fixed to the breadboard and coupled out using the fiber colli-
mator (FC). The wave is guided to the resonator by reflecting off
two motorized mirrors (MM). Upon reaching the polarizing beam
splitter (PBS), a small part of the light is diverted to the quadrant
photodetector, marked as QPD, for monitoring the beam position.
The remainder is guided to the resonator, passing through a quarter-
wave plate (not shown in the schematic). It is partially reflected
from the front mirror. The reflected light is detected by using a
high-bandwidth photodetector (PD). The signal can be used for a
Pound–Drever–Hall-type lock (PDH), not implemented here. The
light transmitted by the resonator is split by using a beam split-
ter. One part is detected by using a photodiode installed below the
experimental plate (not shown). The other part exits the cryostat
through a window and is used for the identification of the transverse
mode excited by the laser. For this purpose, a high-sensitivity room-
temperature InGaAs camera is installed outside the cryostat in the
beam path.

C. Optical frequency stabilization system
and procedures

The concept of the present system is to combine a laser with
a good short-term (τ ≤ 20 s) frequency stability with a cryogenic
resonator whose task is to provide a better frequency stability on
medium (>20 s) and long (>1000 s) time scales than possible with
a room-temperature reference resonator. Therefore, we use a room-
temperature, 10 cm long ULE resonator for the pre-stabilization of
the laser’s frequency. The pre-stabilized laser then interrogates the
TEM00 mode of the cryogenic resonator. The overall layout of the
optical setup is presented in Fig. 6. It includes components necessary
for the characterization of the system performance.

The pre-stabilized laser (optical frequency f ULE) has a linewidth
of less than 1 Hz at its output. Part of this light is transferred to the
cryogenics lab and into the cryostat via an approximately 50 m long
optical fiber. Initially, no active fiber noise cancellation was installed
for the path between the pre-stabilized laser and the cryogenic lab.
The typical broadening of the linewidth due to fiber noise along
this 40 m long path was measured to be 20 Hz. Additional noise
is likely introduced by the vibrations inside the cryostat along the
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FIG. 6. Overall experimental setup.
Red and blue lines indicate free-
space and fiber-coupled optical
paths, respectively. Black lines rep-
resent the electronic paths, and
the light blue line is the 10 MHz
reference signal from the hydrogen
maser. f res, frequency of the cryogenic
silicon resonator; f ULE, frequency of
the room-temperature ULE resonator;
f atomic, frequency of the GNSS satellite
signal; f maser,i, frequencies of two
hydrogen masers; f rep, repetition rate of
the frequency comb; f AOM, frequency of
the AOM; PC, personal computer; AOM,
acousto-optical modulator; DDS, direct
digital synthesizer; A/D, analog to digital
signal converter; PD, photodiode; BS,
beam splitter; and CAM, InGaAs infrared
camera for mode detection.

remaining 10 m long fiber but could not be measured independently
because no wave reflected back from the resonator or from the end
of the fiber could be observed. One part of the pre-stabilized laser
light is used for measuring the laser frequency f ULE with a frequency
comb referenced to an active hydrogen maser. The maser is contin-
uously compared to a GNSS signal providing a reference frequency
f atomic. To improve the sensitivity of the frequency measurements,
we reduce the spectral width of the comb lines by phase-locking the
comb to the pre-stabilized laser. The repetition rate f rep of the comb
is measured with a low-noise frequency counter, and from the data,
f ULE/fmaser is computed.

Another part of laser light, fiber split in the cryogenic lab-
oratory, is guided to the 25 cm cryogenic ultra-low drift silicon
resonator7 (denoted by “Si1” in some figures) installed on another
optical breadboard inside the same cryostat. This resonator is also
employed as a reference for determination of the frequency instabil-
ity of the 5 cm resonator.

We use an acousto-optic modulator (AOM with frequency
f AOM) to bridge the gap between the laser frequency f ULE and the fre-
quency of the closest TEM00 mode of the silicon resonator, driven by
a direct digital synthesizer (DDS) controlled by a personal computer
(PC).

To determine the frequency of the resonator, we repeatedly
measure the line center frequency. Two techniques have been
employed: (1) scanning over the resonance line and (2) alternat-
ing interrogation of the half-transmission points of the resonance.
Both techniques are compatible with the use of very low light power
(≤1 μW). In addition, they do not require continuous coupling of
laser light into the resonator but can be applied, if desired, with
a low duty cycle. Together, these features help to reduce perma-
nent or semi-permanent changes in the mirror coatings due to
exposure to laser light. Another advantage is the absence of off-
sets introduced by active optical elements, e.g., residual amplitude
modulation introduced by an electro-optical modulator (EOM) or
laboratory-temperature-induced variations of the PDH electron-
ics lock point. In the linescan technique, each center frequency

determination is carried out by sweeping the frequency of the laser
light over the resonance line with an AOM. The light transmitted
through the resonator was detected by using the cryogenic detector
and the signal sampled by using a 14-bit DAQ card with 40 kS/s. The
frequency span was set to twice the linewidth, 2Δν = 40 kHz, and the
(one-way) scan time was set to 0.7 s. The data of two subsequent
scans, upward and downward in frequency, were averaged. These
data were subsequently fitted with a Lorentzian function to deter-
mine the AOM frequency f AOM corresponding to the resonator’s
center frequency. This frequency value is thus obtained essentially
immediately after each pair of scans. A digital control modifies the
scan range settings so as to maintain the resonance frequency in
the center of the range. In addition, the value f AOM is stored and
used to compute the resonator frequency as f res/fmaser = f ULE/fmaser
+ f AOM/fmaser. In our measurements, the procedure is repeated con-
tinuously, but as mentioned, a wait time interval could be inserted if
needed.

The detuning technique is realized by periodically shifting the
laser light frequency by ±Δν/2, relative to the resonance frequency
f res, to one of the two half-transmission detunings. The signal of the
transmission photodiode for −Δν/2 detuning is measured at time
step i − 1 and averaged over a 500 ms time period, yielding the value
Ai−1. Subsequently, the other half-transmission position is selected
and the corresponding amplitude Ai recorded. Then, the frequency
correction Δf AOM,i = (Δν/2)(Ai − Ai−1)/(Ai + Ai+1) is calculated and
applied to the AOM. The absolute frequency of the resonator is
computed as in the case of the linescan technique.

IV. CHARACTERIZATION
A. Temperature stability

The temperature stability of the resonator is important since it
can affect its medium- and long-term frequency stability through the
coefficient of thermal sensitivity of frequency (CTF). Figure 7 com-
pares the temperature instability measured on the resonator and on
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FIG. 7. Temperature instability of the experimental plate, measured with a sensor attached to it in close proximity to the resonator support structure, and of the resonator
itself. (a) At 1.5 K, with and without active temperature stabilization, and (b) at 3.5 K, with active stabilization. The right axis in both diagrams shows the resulting fractional
frequency instability, computed using the appropriate CTFs.

the base plate, at two operating temperatures, and under two differ-
ent operating modes. The laser light was blocked during these mea-
surements. The temperature instability is given as a modified Allan
deviation and is computed from the temperature time series. At the
temperature of 1.5 K, the instability of the free-running resonator
temperature is lower than that of the base plate for integration times
up to 1000 s. This shows that the baseplate temperature variations
are substantially attenuated by the resonator support structure. The
smallest temperature instability is 4.5 μK at 6 s integration time. The
instability data combined with the thermal expansion coefficient of
the resonator at 1.5 K, 7 × 10−12/K, yield an estimate of the fre-
quency instability of the resonator. This is shown on the right axis
of Fig. 7. The instability is above the level of the calculated ther-
mal noise for all integration times. Thus, for operation at 1.5 K,
the current support structure would represent a limiting factor for
the future resonator performance. An improvement could be real-
ized by introducing a second stage of passive thermal isolation or,
as done in this work, by actively stabilizing the temperature of the
base plate [see Fig. 7(a)]. This improvement was not necessary for
the experimental results presented here.

To operate the setup at 3.5 K, a temperature of particular
interest (see below), an active temperature stabilization was imple-
mented. The resulting temperature instability of the resonator is
10 μK or less for all integration times up to 10 000 s. The inferred
frequency instability of the resonator, depicted on the right axis, was
calculated assuming that the temperature set point has an undesired
offset of 0.02 K from the optimum temperature. Such a small devia-
tion is conservative, in view of the accuracy with which the optimum
temperature is, in principle, measurable [see Fig. 10(d)]. The abso-
lute value of the CTF is then less than 2 × 10−13/K. This yields a
frequency instability of less than 3 × 10−18, significantly below the
thermal noise limit.

The temperature instability presented in Fig. 7 must be viewed
with caution. Variations of laboratory temperature affect the ref-
erence voltage in the control electronics of the active tempera-
ture stabilization circuit. The voltage variations are interpreted as
variations of the cryogenic temperature. This explains the large
difference between the instabilities measured by the loop base plate
sensor and by the sensor attached to the resonator, as shown in

Fig. 7(b). While the in-loop sensor suppresses the influence of the
lab temperature variations, the monitor sensor at the resonator does
not. Therefore, the temperature instability of the resonator is likely
to be equal or below the instability presented in Fig. 7.

B. Resonator properties
After cooling down to 4 K, only a slight optimization of the

in-coupling by actuating the mirrors was required. The cooling was
then continued down to the operational temperature of 1.5 K. The
TEM00 resonance was identified and could be routinely interrogated
with the pre-stabilized laser. A typical scan is presented in Fig. 8(a).
From fits of Lorentzian functions to a series of scans, we find a mean
full width at half-maximum of 24.2 ± 0.2 kHz. This corresponds
to a finesse of 120 000. The measured in-coupling (1 − Pr,on/Pr,off),
where Pr,on is the on-resonance reflected power and Pr,off is the off-
resonance reflected power, was 10%. The mode matching efficiency,
determined by characterizing the in-coupling of other transverse
modes, was 60%. The fit residuals in this figure deviate clearly from
near zero when the laser frequency is tuned to the vicinity of the
half-maximum resonator transmission frequency [bottom panel in
Fig. 8(a)]. This indicates the presence of frequency fluctuations of
the resonator. They are due to the vibrations generated by the cryo-
stat, as can be seen from the fact that the residuals are weaker when
the cooler is off [see Fig. 8(b)].

C. Acceleration sensitivity
One of the goals of this work was minimization of the res-

onator’s acceleration sensitivity. The characterization of this prop-
erty is, therefore, of importance. It is usually done by shaking the
resonator along one of the three orthogonal spatial directions and
observing the frequency shift of the resonator. However, in our
case, the structure of the cryostat prevented us from producing con-
trolled vibrations in desired directions and, thus, made it impossi-
ble to measure the vibration sensitivity for the three spatial direc-
tions individually. However, we were able to estimate the overall
sensitivity of the resonator submitted to the accelerations produced
by the cryostat by measuring the variations of the transmission
signal caused by the deformations of the resonator.
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FIG. 8. One-way frequency scans of the pre-stabilized laser
frequency over the resonator TEM00 mode. Scan duration
is 80 s. The signal is the light power transmitted through the
resonator. The pulse-tube cooler is on [panel (a)] and off
[panel (b)]. The orange lines are Lorentzian fits. Operating
temperature: 1.5 K.

An estimate of the sensitivity can be obtained using a side-of-
fringe discriminator technique. For this, the laser light is frequency-
tuned so that the (time-averaged) transmission signal is half the
maximum. Then, the fluctuations of the transmission signal are
recorded. Figure 9(a) shows a time trace (orange). For comparison,

we also determined the contribution arising from power variations
of the laser wave. They were measured with the laser frequency tuned
to the maximum transmission of the resonator. Finally, we measured
the background noise in the coaxial cable by blocking the laser light.
We calculated the rms amplitude deviations corresponding to these

FIG. 9. Determination of the resonator sensitivity to vibrations. (a) Time traces of the cavity transmission signal, with subtracted offset, measured with the laser frequency
tuned to the half-transmission of the resonance (orange) and on-resonance (green). The green time trace includes a factor of 1/2 to account for the larger transmitted power.
Blue: background signal taken with laser off. (b) Spectrum calculated from the time trace at half-maximum and after subtraction of the spectrum taken with the laser tuned to
the resonance and of the noise spectrum. Right y-axis gives the frequency fluctuation level after applying the conversion factor S = 0.17 a.u./kHz (slope of the transmission
signal at the half-maximum value). (c) Contribution to the linewidth from vibrations in the frequency region up to 200 Hz. (d) Sensitivity of the resonator to vibrations at different
frequencies obtained by division of the spectrum from panel (b) by the spectrum of cryostat accelerations defined as root sum-of-squares of the three individual accelerations.
The black line indicates the mean of the shown data points.
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three situations, ΔAS, ΔAT, and ΔAN. The rms signal deviation at
the half-transmission detuning due to relative frequency fluctuations
between laser and resonator, ΔAeff, is obtained after subtraction of
ΔAT/2 +ΔAN fromΔAS. The correction compared to using onlyΔAS
is at the 1% level.

Using ΔAeff together with the slope of resonator transmission at
half-maximum, S = 0.17 a.u./kHz, and the total acceleration atotal, we
obtain the acceleration sensitivity σtotal = 61.5 kHz/g (3.2 × 10−10/g).

We obtained the spectrum of frequency fluctuations from the
power spectra corresponding to the time traces in Fig. 9(a). It is
presented in Fig. 9(b). Conversion into frequency units was done
using the transmission signal sensitivity S. Integration of the power

spectral density provides an estimate of the linewidth that a laser
locked to the resonator would exhibit, assuming that the measured
frequency fluctuations are solely due to the resonator length fluc-
tuations. Figure 9(c) shows the integrated frequency noise. The
total contribution within the detected bandwidth is 250 Hz. This
value is in agreement with the first estimate above. The frequency
fluctuations and thus the acceleration noise in the frequency bands
[1, 20] Hz and [140, 150] Hz contribute most to the linewidth.

The data in Fig. 9(b) together with the acceleration data in Fig. 1
allow a direct determination of the resonator acceleration sensitivity
as a function of frequency by computing their ratio. We show this
for the frequency bands mentioned above in Fig. 9(d). The mean

FIG. 10. Measurements of the thermally induced frequency change of the resonator in three temperature ranges: [(a) and (b)] between 1.5 K and 4.5 K, [(c) and (d)] around
T0 = 3.52 K (zero CTF), and [(e) and (f)] from 22 K to 1.5 K. The red dashed line in (f) is the result of Ref. 28.
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sensitivity is 133 kHz/g (6.9 × 10−10/g). Note that the individual
values in the spectrum vary by one order of magnitude around the
mean. The largest value is 7 × 102 kHz/g (5 × 10−9/g) at a frequency
of 7 Hz. In view of the fact that we cannot separate the contri-
butions of the three spatial components of the acceleration in the
transmission signal, our analysis cannot be more precise.

D. Coefficient of thermal sensitivity
The coefficient of thermal sensitivity of frequency (CTF) of our

resonator, αres, was determined in the temperature range between
5.5 K and 1.5 K by cooling down or heating up the cryostat over sev-
eral hours and simultaneously measuring the resonator frequency
using the half-transmission detuning technique described above.
The raw data of the experiments are presented in Figs. 10(a), 10(c),
and 10(e). The total change in resonator frequency from 5.5 K
to 1.5 K is 7 kHz. Clearly, the resonator frequency exhibits an
extremum at 3.52 K; its CTF vanishes there.

The CTF in the temperature region below 2.12 K was deter-
mined by a linear-in-T fit to the data [see Fig. 10(b)]. The resulting
CTF is constant; αres(T < 2.1 K) = −7.33 × 10−12 K−1 with a fit error
smaller than 0.3%. The remaining data were fitted with a cubic poly-
nomial [see Fig. 10(b)]. We find αres(2.1 K < T < 4.5 K) = (2.72(T/K)2

− 10.0 (T/K) + 1.65) × 10−12 K−1. While the uncertainty of the
T2 coefficient is 2%, it is smaller than 1% for the two remaining
coefficients.

In order to determine precisely the temperature of zero CTF,
a sinusoidal modulation of the temperature was applied around the
mean temperature of T = 3.5 K using a heater attached to the exper-
imental plate. The corresponding change in frequency of the res-
onator is depicted in Fig. 10(c). A quadratic fit was performed [see
Fig. 10(d)], yielding a zero CTF temperature T0 = 3.52 ± 0.02 K
with derivative dαres/dT = 8.5 × 10−12/K2. This value is a factor of
40 smaller than at the zero-CTF-temperature 17.4 K, where it is
−3.4 × 10−10/K2 (see below), and a factor of 2000 lower than at
124.2 K, 1.7 × 10−8/K2.26 Assuming that the operating temperature
has an undesired offset of 0.02 K from the zero-CTF temperature,
the CTF is a factor of 35 smaller than the CTF at 1.5 K.

We also determined the CTF in the extended temperature range
between 22 K and T0 from data obtained during a 15-day-long slow
cool-down of the cryostat. The results are presented in Figs. 10(e)
and 10(f).

Our results on the CTF for the temperature range below 6 K
were confirmed on different occasions: upon heating and cooling of
the setup, after prolonged operation (>0.5 year) at 1.5 K and twice
immediately after heating of the whole setup to over 100 K. Dur-
ing these measurements, we found a minor variation of the zero
CTF temperatures and of the slope at this temperature: ±20 mK and
±1 × 10−12/K2, respectively.

The CTF results differ significantly from the data published in
Ref. 28, which was obtained for a silicon resonator with a different
support. While, in that work, the supporting frame was also made of
copper, the resonator was held by 10 flexible steel wires that reduced
strongly the influence of the thermal expansion of the copper frame.
In the present work, the resonator and the copper frame are con-
nected by friction. Thus, a temperature change of the whole setup
may conceivably cause a strain ϵ = ΔR/R along the radial direction
of the resonator due to the much higher expansion coefficient of

the copper support, αCu(T = 3.52 K) = 2.3 × 10−9/K (Ref. 35) com-
pared to αSi(T = 3.52 K) = 2.1 × 10−11/K.28 This strain is converted
into a change in distance between the mirrors ΔL/L via the mate-
rial’s Poisson’s ratio (ΔL/L) = −ϵν. This hypothesis can be tested by
considering the CTF at higher temperatures, where the difference
between the CTF of silicon and of copper is larger. For example,
at 20 K, αSi(T = 20 K) = 4 × 10−9/K (Ref. 28) and αCu(T = 20 K)
= 0.27 × 10−6/K (Ref. 36). However, we find a CTF similar to our
previous work [see Fig. 10(f)]. The second zero-CTF temperature is
T′0 = 17.4 K, compared to our earlier T′0 = 16.8 K.

Thus, more detailed studies are necessary to determine the
precise reason for the zero crossing, including FEM simulations
and measurements with different implementations of the contact
surfaces between frame and resonator.

V. FREQUENCY STABILITY
We measured the stability of the laser frequency when ref-

erenced to the silicon resonator using both techniques outlined
above.

A. Medium-term frequency instability
The result of a frequency measurement, allowing us to deter-

mine the medium-term frequency instability, and obtained with the
linescan technique, is presented in Fig. 11(a). Here, the temperature
of the resonator was at 1.47 K and was not actively stabilized. As
shown in Fig. 11(a), the frequency stability of the resonator is com-
promised by the periodic variations of the laboratory temperature.
This can be more clearly seen in the FFT spectrum of frequency and
temperature time traces, presented in Fig. 11(b). We observe a mod-
ulation of frequency with an amplitude of 4 Hz at a time period of
23 min, which is identical to the duration of the laboratory temper-
ature variations. Therefore, we only consider the most stable part
of the data, exhibiting the lowest drift, and computed the modified
Allan deviation [see Fig. 11(c)]. We find that for integration times
up to 1000 s, the laser frequency instability is slightly higher than the
beat instability of our two active hydrogen masers and approaches
the minimum value of 0.5 Hz (2.5 × 10−15) at τ = 1500 s. It is possi-
ble that this level has a contribution from the temperature variations
of the resonator [see Fig. 7(a)].

To verify our results presented in Fig. 11(c), we apply the half-
amplitude technique to stabilize the ULE laser light to both the 5 cm
resonator and the 25 cm silicon resonator using two independent
AOMs (see schematic in Fig. 6). We use the frequency difference
between these two resonators for the estimation of frequency insta-
bility. This procedure allows us to eliminate fluctuations of the ULE
frequency and to avoid an introduction of potentially present addi-
tional noise coming from the frequency comb. The result of the
measurement is presented in Fig. 12. To determine the frequency
instability of the 5 cm resonator, we use the most stable part with a
duration of 2 h. The calculated modified Allan deviation of this part
is presented in Fig. 12(b).

For integration times τ ⩽ 10 s, the resulting instability is below
the instability of the maser. The beat with the ULE resonator shows
an instability of 2 Hz (1 × 10−14) at 1 s integration time.

For integration times from 10 s to 1000 s, the instability of the
Si5–Si1 beat follows closely the instability of the maser–maser beat
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FIG. 11. (a) An 8-h-long laser frequency measurement, with respect to the maser, when the frequency-shifted laser wave tracks the silicon resonator [plot (a1)]. The dark
colored interval is used for the calculation of Allan deviation in panel (c). Plots (a2) and (a3) show the temperature of the lab housing the cryostat and the frequency change
of the pre-stabilized laser used for interrogation of the silicon resonator, respectively. (b) FFT of the lab temperature and resonator frequency time traces presented in panel
(a). (c) Modified Allan deviation of the silicon resonator frequency [whole dataset (light blue markers) and selected part (dark colored blue markers)] and of the pre-stabilized
laser (orange markers). No drift was removed. The red points in (c) show the maser instability, determined from a measurement of the frequency difference of two nominally
identical masers on a different occasion.

and approaches the minimum instability of 0.8 Hz or 4 × 10−15 at
τ = 1000 s integration time. With the assumption that both res-
onators contribute equally to the instability, we can divide the above
result by a factor of

√
2 and obtain 0.6 Hz (3 × 10−15) at τ = 1000 s

integration time.

VI. LONG-TERM FREQUENCY DRIFT

The long-term (τ > 10 000 s) frequency drift of the resonator
is mainly determined by the length changes of the spacer due to the
relaxation processes in the crystal lattice and photochemical changes

FIG. 12. (a) A 15-h-long measurement of the frequency of the 5 cm silicon resonator relative to the frequency of the 25 cm silicon resonator. The 2-h-long dark colored
interval is used for the calculation of Allan deviation. (b) Modified Allan deviation of the frequency difference [selected part in panel (a)] between the silicon resonator and the
25 cm silicon resonator (dark blue markers). A drift of 5 mHz/s was removed. Purple and yellow markers represent the frequency instability of the silicon resonator and the
25 cm silicon resonator relative to the ULE resonator, respectively, measured simultaneously. Red points show the maser instability, determined from a measurement of the
frequency difference of two nominally identical masers 1 and 2 on a different occasion.
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FIG. 13. Frequency change of the resonator measured over a time span of 425
days. Between day 217 and 318, no data were recorded because the temperature
of the resonator was changed to measure the coefficient of thermal sensitivity. J1
and J2 mark two frequency jumps that occurred during the measurement; P1 marks
the time when we changed from the line scan technique to the half-amplitude
detuning technique. The legend sates for each part: the incident optical power
of the laser during the measurements, the measurement duration per working day,
and whether the laser light was on or off in-between measurements on subsequent
days.

in the mirror coatings. The latter are found to depend on the cumu-
lative irradiation duration by the laser and the applied laser power.
In our previous work with horizontally oriented silicon resonators
supported as described above, we observed an exponential relaxation

of the frequency and a positive drift rate after a long time.7 In those
measurements, we interrogated the resonator with a pre-stabilized
laser wave of 1 μW power for a duration of 1 h each day and blocked
the laser light for the remaining 23 h.

The long-term frequency drift rate of the 5 cm resonator was
determined by repeatedly scanning over its resonance line with the
pre-stabilized laser light over a time period of 425 days, starting at a
day zero (MJD 58479.88), when the system reached the temperature
of 1.5 K. The results are presented in Fig. 13. We subtracted two
frequency jumps, marked as J1 and J2. They were probably caused
by spontaneous relaxation processes in the crystalline spacer and/or
in the substrates.

In order to gain insight into the drift behavior, we varied the
incident laser power. It was kept at 200 nW for all measurements up
to day 154. From the following day and up to day 197, the optical
power was increased to the level of 1.3 μW. It was reduced again to
520 nW for the days up to day 216. From day 320 to day 425, the
power was subsequently reduced from 550 nW to 100 nW. On five
days between day 102 and day 122, we optimized the in-coupling of
the laser light to the lower mirror of the resonator for the installation
of the Pound–Drever–Hall setup attached to the vacuum enclosure
of the cryostat. The incident light power on these occasions was on
the order of 1 mW.

To determine the frequency of the resonator, we used the lines-
can technique from day 1 to day 137. After this day, marked as P1
in the diagram, we changed to the half-transmission technique. The
daily interrogation duration was ∼1 h on all working days except for
two time periods from day 159 to day 197 and from day 320 to day

FIG. 14. Zoomed-in views of different intervals of the long-term frequency measurement campaign: (a) part I; (b) part II: T1–T5 mark the times when a separate 1 mW
free-space laser beam was coupled to the resonator on the bottom side and in addition, regular 1 h-long daily frequency measurements were performed with an incident
optical power of 200 nW; (c) part III: subsequent relaxation (interrogation at low power); and (d) parts IV and V. Linear fits and corresponding drift rates are shown.
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425 when it was increased to 12 h and 8 h on average, respectively.
The laser light was blocked between the measurements from day 1
to day 158. For the two mentioned time periods from day 159 to day
197 and from day 320 to day 425, the laser light was not at resonance
when no measurements were performed (i.e., for 12 h per working
day and 24 h on the weekend days), but it was still incident on the
front mirror of the resonator.

Starting immediately after cool-down, we observed a relaxation
of the resonator frequency with a measured total frequency change
of 6 kHz over the first 100 days. We denote this measurement period
as part I in Fig. 14. The frequency change is positive, meaning that
the distance between the two mirrors is decreasing with time. The
rate of frequency change is not constant over time.

At the end of part I, the drift rate was 9.7 × 10−19/s. This value is
a factor of 3 higher than the drift measured on a resonator with com-
parable dimensions by Ref. 24 and a factor of 70 higher compared
to our previous result obtained with a 25 cm long silicon resonator.7

However, this latter drift was measured after almost a year-long con-
tinuous operation at 1.5 K. The drift after the first 100 days was
almost identical to the current result, 1 × 10−18/s.

During part II [Fig. 13(b)], on five occasions with a duration of
∼4 h each (marked as Ti in this figure), a laser beam with 1 mW opti-
cal power was coupled to the resonator mode for most of that time
through a cryostat window and to the bottom end of the resonator.
Frequency measurements during this time interval (performed as
usual) display negative frequency changes. After each optimiza-
tion of the PDH setup, there is a frequency jump on the order of
−2 kHz to −3 kHz. These jumps have a different sign, compared
to two jumps J1 and J2 [see Fig. 13(a)], suggesting that the two
underlying processes are different in nature.

After completion of the optimization, we observe an exponen-
tial relaxation process with τ = 6.6 days over the next month [part
III, see Fig. 14(c)]. As shown in Fig. 13, the resonator frequency did
not return to the original value, implying that the changes induced
by high-power irradiation were permanent.

Figure 14(d) displays the next two parts of the measurement
campaign, parts IV and V. The frequency drift rate changes from
negative to positive after the reduction in power from 1.3 μW to
520 nW and interrogation time from 12 h to 1 h.

During part VI, we performed a systematic study of the fre-
quency drift dependence on the optical laser power, where we con-
tinuously decreased the level of optical power from 550 nW to
100 nW [see Fig. 15(a)]. To simulate the realistic conditions of
a day-to-day operation of the resonator, we increased the duty
cycle to an average duration of 8 h per day [see Fig. 15(b)]. To
exclude possible thermal influences, we actively stabilized the tem-
perature at 1.4 K during this time period. In line with the mea-
surements in parts VI and V, we observe a decrease in the fre-
quency drift with the reduction in optical power. The lowest drift of
−48.7± 3.5 μHz/s (−2.6× 10−19/s) is measured at an optical power of
100 nW.

Our observation of negative and positive drift is in contrast to
the results presented by Robinson et al.,24 where the drift was always
negative, regardless of the optical power. This discrepancy may be
due to the differences in the mirror coatings, as well as differences in
purity and internal stress of the mirror substrate material. Another
factor could be the length of time that the resonator was operated at
cryogenic temperature.

FIG. 15. (a) Frequency change of the resonator measured over a time span of 105
days as a function of optical power. (b) The duty cycle of the resonator interrogation
in percent per day.

VII. CONCLUSION
We have developed a relatively simple system for the stabiliza-

tion of the frequency of a laser on short- and medium-time intervals
with the goal of reaching a performance and a reliability comparable
to a hydrogen maser. The system is based on a 5 cm long, vertically
oriented, silicon resonator operated at cryogenic temperature. The
system was characterized in detail. First, it is capable of continuous
operation. Except for realignment after initial cool-down, no signif-
icant intervention is necessary when the resonator is operated either
at 1.5 K or at 3.5 K. Here, we reported on over one year of data and
the characterization of the resonator’s properties.

Second, the resonator vibration sensitivity was measured to
be 3 × 10−10/g in fractional terms. Together with vibrations pro-
duced by the cryostat, we expect this to be the limiting factor for the
short-term frequency instability of the resonator, which is equal to
1 × 10−14 at 1 s.

At long integration times (1500 s), the instability is not more
than 2.5 × 10−15, similar to the instability of the reference hydrogen
maser.

The long-term frequency drift rate was found to depend on
the power of the interrogating laser wave and on the duty cycle of
the interrogation. Our results, together with previous studies,7,24,27
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indicate that in the limit of very low interrogation laser power and
very low duty cycle, the drift rate becomes extremely small.

By varying these parameters, we could change the amplitude
and sign of the drift rate. The drift rate can be rather precisely modi-
fied, and this feature might, in the future, be used to produce a nearly
drift-free frequency reference.

We also characterized the temperature dependence of the res-
onator frequency. We found two temperature values at which the
frequency has zero sensitivity with respect to temperature: 3.5 K
and 17.4 K. While the latter value is well known, the former is new.
The much smaller temperature derivative of the thermal frequency
sensitivity at 3.5 K is highly advantageous, allowing us to sup-
press temperature-induced frequency instability below the Brown-
ian noise for all integration times. Moreover, the temperature value
3.5 K is sufficiently high that it may be reached in cryostats not
equipped with a Joule–Thomson stage. This implies reduced com-
plexity and purchase and maintenance costs. Detailed studies are
necessary to determine the origin of this promising property.

To improve the performance of our system, a cryostat that
decouples vibrations of the cooler from the resonator is required.
Such cryostats are commercially available. We also note that the
linewidth of the resonator (24.2 kHz) could be lowered by replac-
ing the current mirrors with mirrors having lower loss; this could
also improve the performance of the system. In the future, a more
precise characterization of the instability could be done using as
reference a high-performance atomic standard (Cs clock or optical
atomic clock).

ACKNOWLEDGMENTS
We are thankful to M. G. Hansen for his help with the oper-

ation of the frequency comb and A. Yu. Nevsky for stimulating
discussions.

E.W. acknowledges a fellowship from the Professor W.
Behmenburg-Schenkung. This work was performed in the frame-
work of project SCHI 431/21-1 of the Deutsche Forschungsgemein-
schaft.

REFERENCES
1A. D. Ludlow, M. M. Boyd, J. Ye, E. Peik, and P. O. Schmidt, “Optical atomic
clocks,” Rev. Mod. Phys. 87, 637 (2015).
2A. Derevianko and H. Katori, “Colloquium: Physics of optical lattice clocks,” Rev.
Mod. Phys. 83, 331 (2011).
3N. Poli, C. W. Oates, P. Gill, and G. M. Tino, “Optical atomic clocks,” Riv. Nuovo
Cimento 36, 555 (2013).
4C. M. Will, “The Confrontation between General Relativity and Experiment,”
Living Rev. Relativ. 17, 4 (2014).
5R. X. Adhikari, “Gravitational radiation detection with laser interferometry,”
Rev. Mod. Phys. 86, 121 (2014).
6C. Braxmaier, H. Müller, O. Pradl, J. Mlynek, A. Peters, and S. Schiller, “Test of
relativity using a cryogenic optical resonator,” Phys. Rev. Lett. 88, 010401 (2002).
7E. Wiens, A. Y. Nevsky, and S. Schiller, “Resonator with ultrahigh length stabil-
ity as a probe for equivalence-principle-violating physics,” Phys. Rev. Lett. 117,
271102 (2016).
8Q. Chen, E. Magoulakis, and S. Schiller, “High-sensitivity crossed-resonator laser
apparatus for improved tests of Lorentz invariance and of space-time fluctua-
tions,” Phys. Rev. D 93, 022003 (2016).

9M. E. Tobar, P. Wolf, S. Bize, G. Santarelli, and V. Flambaum, “Test-
ing local Lorentz and position invariance and variation of fundamental con-
stants by searching the derivative of the comparison frequency between a
cryogenic sapphire oscillator and hydrogen maser,” Phys. Rev. D 81, 022003
(2010).
10C. Eisele, A. Nevsky, and S. Schiller, “A laboratory test of the isotropy of light
propagation at the 10−17 level,” Phys. Rev. Lett. 103, 090401 (2009).
11M. Nagel, S. R. Parker, E. V. Kovalchuk, P. L. Stanwix, J. G. Hartnett, E.
N. Ivanov, A. Peters, and M. E. Tobar, “Direct terrestrial test of Lorentz symmetry
in electrodynamics to 10−18,” Nat. Commun. 6, 8174 (2015).
12A. Takahashi, “Long-term dimensional stability of a line scale made of
low thermal expansion ceramic nexcera,” Meas. Sci. Technol. 23, 035001
(2012).
13K. Hosaka, H. Inaba, D. Akamatsu, M. Yasuda, J. Sugawara, A. Onae, and
F.-L. Hong, “A Fabry-Perot etalon with an ultralow expansion ceramic,” Jpn. J.
Appl. Phys., Part 1 52, 032402 (2013).
14I. Ito, A. Silva, T. Nakamura, and Y. Kobayashi, “Stable cw laser based on low
thermal expansion ceramic cavity with 4.9 mHz/s frequency drift,” Opt. Express
25, 26020 (2017).
15K. Numata, A. Kemery, and J. Camp, “Thermal-noise limit in the frequency
stabilization of lasers with rigid cavities,” Phys. Rev. Lett. 93, 250602 (2004).
16A. D. Ludlow, X. Huang, M. Notcutt, T. Zanon-Willette, S. M. Foreman, M.
M. Boyd, S. Blatt, and J. Ye, “Compact, thermal-noise-limited optical cavity for
diode laser stabilization at 1 × 10−15,” Opt. Lett. 32, 641 (2007).
17S. A. Webster, M. Oxborrow, S. Pugla, J. Millo, and P. Gill, “Thermal-noise-
limited optical cavity,” Phys. Rev. A 77, 033847 (2008).
18Q.-F. Chen, A. Nevsky, M. Cardace, S. Schiller, T. Legero, S. Häfner, A. Uhde,
and U. Sterr, “A compact, robust, and transportable ultra-stable laser with a
fractional frequency instability of 1 × 10−15,” Rev. Sci. Instrum. 85, 113107
(2014).
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