
Three Essays on Behavioral Targeting
with Location Data and Investment Incentives

D I S S E R T A T I O N

zur Erlangung des akademischen Grades

Doctor Rerum Politicarum (Dr. rer. pol.)

im Fach Volkswirtschaftslehre

eingereicht an der Wirtschaftswissenschaftlichen Fakultät
Heinrich-Heine-Universität Düsseldorf

von: Tim Reiz, M.Sc.
geboren am 29.04.1990 in Köln
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Introduction
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This thesis analyzes in three chapters profit and welfare effects of competing

firms’ ability to (imperfectly) recognize customers based on their past purchases and

use this information (combined with consumer location data) for targeted pricing.

Modern information technologies rapidly improve the opportunities of firms and

interested parties to raise customer data of various types and precision to further

use it in targeted marketing. However, interestingly, while more (better) customer

data clearly allow firms to extract more rents from consumers in the monopoly sit-

uation, its profit effect is not straightforward in a competitive environment. This

is due to the fact that in this case (better) customer data do not only introduce a

better rent-extraction opportunity for firms as in the monopoly case. Instead, it also

provides the opportunity to identify and target loyal consumers of the rival more

aggressively, which gives rise to the competition effect, mitigating the ability of firms

to extract additional rents from consumers. Thisse and Vives (1988) were the first

to demonstrate this negative effect of targeted pricing in a static Hotelling model.

Fudenberg and Tirole (2000) get a similar result in a dynamic model where firms

target consumers based on their behavior, hence, introducing the behavioral target-

ing literature, which we will also consider in this thesis, while also providing another

foundation for the famous prisoner’s dilemma result of competitive targeting.

Nevertheless, despite the negative profit effects of targeted pricing identified in

the literature, many real-world examples from different industries actually indicate

that it can be profitable to conduct personal pricing or actively implement the

opportunity to track consumers’ purchase history also in a competitive environ-

ment. Prominent examples are the highly successful mobile marketing campaign

of Dunkin’ Donuts, the behavioral data based ride-hailing pricing of Uber, or the

joint loyalty programs like “Payback” or “DeutschlandCard” of the most full-range

grocery stores and their subsidiaries (such as Rewe, Edeka, Real, and Penny) in the

German retailing sector. Accordingly, there is evidence that in some cases practicing

or implementing the opportunity to practice personal pricing based on behavioral or

past purchase data is yet profitable for competing firms. This dissertation conducts

profit and welfare analyzes of behavioral targeting in a variety of settings in three

chapters to better identify these cases and achieve an overall better knowledge of

behavioral targeting effects.

Chapter 1 analyzes the profitability and welfare effects of behavioral targeting,

using the example of “mobile geo-targeting”. When practicing mobile geo-targeting,

firms rely on the widespread use of smartphones, which deliver not only (almost)
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perfect data on consumers’ locations via GPS-signals, but also provide a convenient

personal advertising surface to implement personal pricing via user specific discount

offers. Additionally, mobile phone users clearly differ in more characteristics than

location, firms might want to consider in order to target the individual even better.

The responsiveness to discounts also depend on information such as age and income,

which can be summarized as consumers’ flexibility and (with a certain precision) in-

ferred from their past purchase decisions. The aim of this Chapter is to investigate,

how this ability to collect additional behavioral data and combine it with perfect

location-based marketing influences profits and welfare in a competitive (mobile

marketing) environment. Accordingly, we consider a model with consumers differ-

ing along two dimensions: their locations and flexibility. There are two firms, each

selling a different brand of an otherwise homogeneous product, competing over two

periods. We take as a starting point that consumer geo-locations are known to the

firms. Additionally, firms can infer consumer flexibility from observing consumers’

past purchases and target them respectively in the subsequent period. Finally, to

concentrate on the strategic effects of behavioral customer data, we assume that

consumers are myopic while firms are forward-looking. Our analysis shows that

the overall profit effect of behavioral targeting can be neutral, positive or negative.

Which profit effect emerges mainly depend on consumers’ heterogeneity in flexibil-

ity and firms are more likely to benefit from behavioral targeting when consumers

are more similar. This finding supports the observation that firms usually resort to

mobile geo-targeting in markets with arguably relatively homogeneous consumers,

which is the case, e.g., in the fast-food industry where Dunkin’ Donuts performed

its successful marketing campaign. On top of consumer heterogeneity, we find that

the profit effect can also depend on firms’ time preferences and firms strategically

influence the quality of the inferred flexibility data by choosing the respective first-

period prices, depending on the impact of data on overall profits. Interestingly,

these findings are in contrast to most other results in the literature of behavioral

targeting, where firms’ time preferences do not influence the results and firms fail to

influence the outcome strategically. We also show that firms’ using behavioral data

for pricing may in some cases harm customers, but their and consumers’ interests are

not necessarily opposed. Finally, it is worth to note that our model generates many

results of related articles by determining their specific level of consumer heterogene-

ity in the sense of our model. Hence, our model provides a unifying framework to

analyze behavioral targeting effects.
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Chapter 2 intuitively extends the model via introducing an imperfect customer

recognition. Hence, firms are able to identify, once again, two customer groups after

the first period, however, now they can only differentiate between the own (partly)

identified former customers and the foreign consumers, which include the unidenti-

fied own customers and the rival’s customers of the first period. Additionally, we

also introduce sophisticated consumers to the model, which in contrast to myopic

consumers consider that collected customer data will be used by firms for targeting

in the future. Overall, this Chapter fills the gap between the two extreme cases of

perfect customer recognition (meaning usual behavior-based price discrimination)

and no customer recognition (meaning uniform pricing) within the previous results

and provides an analysis of the impact of an increasing recognition accuracy, while

also enlarging the analysis to sophisticated consumers. We confirm our previous

findings like the importance of consumer heterogeneity when considering behavioral

targeting effects and the further results strengthen our knowledge on this topic. Once

again, we find that the generated results nest findings of previous articles. E.g., in

the special case with sophisticated and very heterogeneous consumers, which corre-

spond to the case analyzed in Colombo (2016), we confirm that profits are u-shaped

in the level of information accuracy and behavioral targeting is detrimental for firms.

In Chapter 3, we take a step back and endogenize the ability of firms to recog-

nize customers’ past purchase decisions in a standard one-dimensional but dynamic

two-period Hotelling-framework à la Fudenberg and Tirole (2000). Hence, instead

of analyzing the profit and welfare effects of competing firms holding a technology

which enables them to practice third-degree price discrimination, we consider the

investment incentives of firms which can endogeneously decide to acquire this tech-

nology before competing with the rival. In this set-up, we distinguish, once again,

between the cases with all consumers being either myopic or sophisticated and show

that the famous prisoner’s dilemma result known since Thisse and Vives (1988)

and established in the context of behavior-based price discrimination by Fudenberg

and Tirole (2000) can be resolved in this model. Precisely, with myopic consumers

only one of the firms invests into the screening technology, which results in higher

profits for both firms compared to the outcome where both of them are able to

discriminate based on consumer behavior. When consumers are sophisticated, two

symmetric equilibria exist, where either both firms invest into the screening tech-

nology or do not. Respectively, in the latter equilibrium firms avoid the prisoner’s

dilemma problem. These findings complement our results of the previous chapters.
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Chapter 1

Customer Recognition and

Mobile Geo-Targeting

Co-authored with Irina Baye and Geza Sapi



1.1 Introduction

The widespread use of smartphones revolutionized marketing by providing an ad-

vertising means that allows delivering personalized commercial messages depending

on a wide range of customer characteristics. One of the most profitable and novel

marketing opportunities opened up by mobile devices is geo-targeting. Various apps

installed on a device read the GPS signals of users and share these with affiliated

advertisers and retailers who can in turn send messages with commercial offers to

users. Geo-targeted mobile advertising is booming. BIA Kelsey (2015) projects

location-based mobile ad revenues in the U.S. to nearly triple within four years from

$6.8 billion in 2015 to $18.2 billion in 2019. Mobile phone users differ also in other

characteristics than location. Clearly, age, demographics, income, profession and

many other factors influence how users respond to commercial offers and discounts.

Mobile marketers routinely complement geo-location data with behavioral informa-

tion on customers, which can signal their responsiveness to discounts (Thumbvista,

2015).

A prominent example recognizing both geo-location and behavioral data is the

highly successful mobile marketing campaign of Dunkin’ Donuts. In the first quarter

of 2014, Dunkin’ Donuts rolled out a campaign with discounts sent to phone users

“around competitors’ locations coupled with behavioral targeting to deliver coupons

on mobile devices” (Tode, 2014).1 The campaign proved highly lucrative, with a

significant share of discount recipients showing interest and redeeming the coupon.

In our paper we focus on four important features of mobile targeting, which

distinguish it from traditional targeting. First, consumers’ real-time locations are

known to sellers. Second, location is not the only factor determining how respon-

sive consumers are to discounts. Other factors such as age, income and occupation

play a role, which are imperfectly observable to marketers. Third, sellers may in-

fer responsiveness from observing previous purchase behavior. Finally, firms can

deliver personalized offers through mobile devices to individually addressable con-

sumers. These features of mobile technology allow firms to engage in a new form of

price discrimination by charging consumers different prices depending on both their

1Dunkin’ Donuts complemented geo-location data with external data on behavioral profiles,
obtained from billions of impressions gathered through mobile devices to identify anonymous An-
droid and Apple device IDs. The campaign delivered banner ads to targeted devices that ran in
the recipient’s favorite apps or on mobile web sites. These ads featured offers such as a $1 discount
on a cup of coffee and $2 discount on a coffee plus sandwich meal.
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real-time locations and previous purchase behavior. Our aim is to investigate how

behavioral targeting combined with perfect location-based marketing affects profits

and welfare in a modeling setup that matches the main features of today’s mobile

marketing environment. We consider a model, where consumers differ along two

dimensions: their locations and flexibility. We interpret location in a physical sense,

as the focus of our paper is on mobile geo-targeting.2 Flexibility is understood as

the responsiveness of consumers to discounts. There are two firms, each selling a

different brand of the same product and competing over two periods. We take as a

starting point that consumer geo-locations are known to the firms. Additionally they

can obtain behavioral information on the flexibility of customers by observing their

purchases in the first period. To concentrate on the strategic effects of customer

data, we assume that consumers are myopic while firms are forward-looking.

Our main results are as follows. First, we show that combining behavioral data

with geo-targeting can influence second-period profits in three different ways, de-

pending on how strongly consumers differ in their preferences. With weakly differ-

entiated consumers, firms always gain from additional customer data and profits of

the second period are the highest when this data is most precise. With moderately

differentiated consumers, profits respond differently to behavioral data (depending

on its quality) and firms are better off only if data is sufficiently accurate. Finally,

when consumers are strongly differentiated among each other, firms are always worse

off in the second period with behavioral data of any quality. The intuition reaches

back to the standard insight in the price discrimination literature distinguishing

between rent-extraction and competition effects of additional customer data. More

data potentially allows firms to extract more rents from consumers, but targeting

may also strengthen the intensity of price competition. When consumers are weakly

differentiated, each firm wants to serve most consumers close-by. This, however,

induces the rival to price aggressively even absent behavioral data. Firms therefore

experience only the rent-extraction effect of additional data and their profits rise.

When consumers are strongly differentiated, without behavioral data firms avoid

tough competition by targeting consumers of different flexibility at each location.

Precisely, each firm serves only the less flexible consumers among those located closer

to it. Additional customer data intensifies competition because firms compete for

each group previously served by only one firm, which makes both of them worse off.

2Our results would apply equally if location were interpreted in preference space, as is often
done with spatial models of product differentiation.
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Finally, when consumers are moderately differentiated, the profit effect of behav-

ioral data in the second period depends on the interplay between the rent-extraction

and competition effects. In this case firms are better off only if data is sufficiently

precise.

Second, we find that firms strategically influence the quality of the (revealed)

behavioral data by choosing the respective first-period prices. This is due to the fact

that data quality is interlinked with the distribution of firm market shares in the

first period and data is most precise when on a given location firms can distinguish

between two consumer groups of equal size. In addition, the value of behavioral data

to the firms depends on the strength of consumer heterogeneity. When consumers

are relatively homogeneous, the value of additional flexibility data is low. In this

case every firm serves all consumers close-by in the initial period, such that no

data about their flexibility is revealed in equilibrium. With more differentiated

consumers, behavioral data boosts profits in the second period and its quality in

equilibrium is higher when firms value future profits more. In contrast, with strongly

differentiated consumers flexibility data intensifies competition in the second period.

Consequently, firms end up with less precise information when they discount future

profits less. Overall, firms influence the quality of the revealed behavioral data in

a way that allows them to realize the highest profits over two periods. Precisely,

when they expect the rent-extraction effect to dominate, they make sure to gather

more precise information about customers. When data intensifies competition, firms

strategically distort its quality downwards.

Third, we compare the overall profits with the situation where firms cannot col-

lect behavioral data for some exogenous reasons. We first isolate cases where the

profit effect of data can be assessed in a quite simple manner, as it is driven purely

by the level of consumer differentiation. In particular, if consumers are relatively

homogeneous, the value of behavioral data is low and firms do not collect it in

equilibrium, such that the ability to observe consumers’ past purchases does not

influence profits. In contrast to conventional wisdom, firms are worse off when they

can collect behavioral data on consumers if these are very different. In turn, be-

havioral data boosts the overall profits if consumers are moderately differentiated,

because in this case additional data does not intensify competition dramatically.

Finally, if consumer differentiation is in between these pure cases the effect of be-

havioral data on profits depends on the discount factor and is likely to be positive

when firms value future profits more. In this case firms have stronger incentives to

8



adjust their price choices in the initial period, which increases the overall profits.

We also show that consumers’ and firms’ interests are not necessarily opposed. If

consumers are moderately differentiated, both consumer surplus and profits can in-

crease when firms are able to observe customers’ past purchases leading to a higher

social welfare.

1.2 Related Literature

Our paper contributes to two main strands of literature. The first strand analyzes

the competition and welfare effects of firms’ ability to recognize past customers and

price discriminate between them and the rival’s customers in the subsequent peri-

ods.3 The second relatively new and actively developing strand analyzes competition

between mobile marketers who can observe geo-locations of consumers and target

them with personalized offers.

In the literature on behavior-based targeting firms adjust their prices in the first

period taking into account the impact of behavioral data on their future profits.

Corts (1998) proposes an elegant way how to predict the price and profit effects of

firms’ ability to discriminate among two customer groups. He distinguishes between

two types of markets. If for a given uniform price of the rival both firms optimally

charge a higher price to the same consumer group, then according to Corts such

market is characterized by best-response symmetry. In all other cases best-response

asymmetry applies. Corts shows that with best-response asymmetry targeted prices

to both consumer groups change in the same direction relative to the uniform price.

This change may be either positive or negative leading to higher or lower discrimina-

tion profits, respectively. Thisse and Vives (1988) were the first to demonstrate the

negative effect of price discrimination on prices and profits leading to a prisoners’

dilemma situation.4 More recent literature showed that firms may be better off with

price discrimination under best-response asymmetry.5

The seminal article by Fudenberg and Tirole (2000) considers a dynamic Hotelling-

type duopoly model with horizontally differentiated consumer preferences and a

3Fudenberg and Villas-Boas (2006) provide a review of this literature.
4For a similar result see Shaffer and Zhang (1995), Bester and Petrakis (1996) and Liu and

Serfes (2004).
5Precisely, the positive profit effect is demonstrated in articles starting with an asymmetric

(more advantageous to one of the firms) situation (see Shaffer and Zhang, 2000 and 2002; Carroni,
2016) and in articles which assume imperfect customer data (as in Chen et al., 2001; Liu and
Shuai, 2016; Baye and Sapi, 2019).
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market showing best-response asymmetry. In the initial period firms quote uniform

prices, while in the subsequent period they can offer different prices to the former

customers of each other. Under uniformly distributed consumer preferences second-

period profits always remain below the level without price discrimination.6 This

is so because customer data intensifies competition: A consumer’s purchase at a

respective firm in the first period reveals her (relative) preference for that firm’s

product making the rival compete aggressively for such consumers, which creates a

downward pressure for this firm’s profits. Interestingly, Fudenberg and Tirole find

that second-period considerations do not influence the first-period equilibrium, as a

result firms end up with the lowest second-period profits possible and are worse off

being able to recognize own customers.7,8

Esteves (2010) adopts a discrete distribution of customer preferences. In her

model there are two consumer groups who prefer the product of a given firm if

its price does not exceed that of the rival by more than a given amount (referred

to as “the degree of consumer loyalty”). Esteves investigates both the static and

dynamic (two-period) games for an equilibrium in mixed strategies and considers

myopic consumers. Similar to Fudenberg and Tirole (2000), in Esteves firms are

also better off in the second period when they cannot engage in behavioral price

discrimination. However, second-period profit considerations do influence the prices

of the first period. Firms price to soften future competition and consequently the

probability of an outcome where they learn consumer preferences decreases when

firms become more patient.

Chen and Zhang (2009) consider a market with three consumer segments, two of

which are price-insensitive consumers who always purchase from the preferred firm.

The third segment consists of switchers who buy from the firm with a lower price.

The authors solve the model for an equilibrium in mixed strategies and assume

that both firms and consumers are forward-looking. Surprisingly, profits when firms

are unable to collect behavioral data are equal to those with automatic customer

6Fudenberg and Villas-Boas (2006) provide a detailed analysis of the uniform case of Fudenberg
and Tirole (2000).

7This result is driven by the fact that the profits of the second period get their minimum at
equal market shares, such that the optimal prices following from the first-order conditions in a
one-period and dynamic models coincide.

8In related articles Villas-Boas (1999) and Colombo (2016) also show that firms are worse
off with the ability to recognize consumers. Villas-Boas derives this result in a model with in-
finitely lived firms and overlapping generations of consumers, while Colombo assumes that firms
can recognize only a share of their previous customers.
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recognition. However, firms are better off if they must actively gather customer data.

The reason is that a firm which is able to recognize its loyal consumers benefits from

the rent-extraction in the second period. As a result, each firm charges a relatively

high price in the first period to separate its loyal consumers from switchers, thereby

softening competition.9

The model proposed in this paper nests the setups of Fudenberg and Tirole

(2000), Esteves (2010) and Chen and Zhang (2009) as special cases. In particular, we

obtain the results of Fudenberg and Tirole and Esteves when consumers are strongly

differentiated. Firms are then worse off with additional customer data irrespective of

the discount factor. In Esteves, with customer data firms can discriminate between

two groups of consumers loyal to one of the firms. In contrast, in our analysis

customer data allows to distinguish at any geo-location among two groups with

different flexibility within the loyal consumers of a firm.10 It follows that compared

to our model, the level of consumer differentiation considered by Esteves is higher.11

Also similar to Esteves, we show that with strongly differentiated consumers firms

choose first-period prices so as to minimize the quality of the revealed customer

data.

We also get the result of Chen and Zhang (2009) where firms are better off with

behavioral targeting irrespective of the discount factor when we consider weakly

differentiated consumers. The reason is that in Chen and Zhang firms compete for

price-sensitive switchers who always buy at a firm with a lower price and are, hence,

fully homogeneous in their preferences. We conclude that the level of consumer

differentiation in preferences can serve as a reliable tool for predicting profit effects

of targeted pricing based on customer behavioral data.12 A further novelty of our

paper compared to the previous studies is to demonstrate that this effect may also

depend on the discount factor and behavioral targeting is more likely to boost profits

9In Chen and Zhang (2009) customer data is fully revealed in equilibrium. Precisely, the firm
with a higher price in the first period identifies all of its loyal consumers, because none of them
foregoes a purchase to pretend to be a switcher.

10In our analysis, consumers are loyal to a firm if they buy from it when both firms charge equal
prices.

11Slightly different from Esteves (2010), in Fudenberg and Tirole (2000) with behavioral data
firms can identify two consumer groups, which are only on average more loyal to one of them.
However, this also implies a higher level of consumer heterogeneity than in our analysis.

12Our result that behavior-based targeting is more likely to be profitable if consumers are less
differentiated, depends on the symmetry of customer data available to the firms. Shin and Sudhir
(2010) show that it can be reversed when customer data is asymmetric. Precisely, in their analysis
every firm can distinguish between the own low- and high-demand customers of the previous period,
while the rival only knows that these consumers bought from the other firm.
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if firms value future profits more. All previous articles on behavior-based price

discrimination known to us found that it increases or reduces profits, irrespective of

the discount factor.

We also contribute to the rapidly growing literature on oligopolistic mobile geo-

targeting. Chen et al. (2017) consider a duopoly model with consumers located at

one of the two firms’ addresses as well as some consumers situated in the middle

between the firms. The authors assume that consumers are differentiated along two

dimensions: locations and brand preferences. Furthermore, some consumers are

aware of available offers at different locations and choose among these, but incur

travel costs. Chen et al. show that mobile targeting can increase profits compared to

the uniform pricing, even in the case where traditional targeting (where consumers

do not seek for the best mobile offer) does not. Unlike in Chen et al., in our model

firms start out with mobile geo-targeting (“traditional targeting,” according to Chen

et al.) and we analyze how the ability to collect additional behavioral data influences

profits. Different from Chen et al., we also vary the level of consumer heterogeneity

in preferences and show that it is crucial for predicting the profit and welfare effects

of combining behavior-based pricing with mobile geo-targeting.13

Dubé et al. (2017) conduct a field experiment to analyze the profitability of dif-

ferent mobile marketing strategies in a competitive environment. In their analysis

two firms can target consumers based on both their locations and previous behavior.

They show that in equilibrium firms choose to discriminate only based on consumer

behavior, in which case profits increase above those with uniform prices. However,

profits would be even higher if firms applied finer targeting, which relies on both

behavioral and location data. Our paper differs from Dubé et al. in two important

ways. First, we show that customer targeting based on both location and behav-

ioral data does not necessarily increase profits and can harm firms if consumers are

sufficiently differentiated.14 Second, in our model behavioral data is generated en-

dogenously in a dynamic setting, where firms strategically influence its quality. For

instance, when consumers are rather homogeneous, in equilibrium firms do not col-

lect any behavioral data unless they are quite patient, although they would benefit

13To keep our analysis tractable we do not allow consumers to strategically change their locations
(to get the best mobile offer) and assume that they are targeted at their home locations. We also
find this level of consumer sophistication realistic in markets where our analysis applies most.

14Interestingly, when commenting why geo-targeting is more profitable than behavioral target-
ing, Dubé et al. (2017) explain it through the difference in the levels of consumer heterogeneity
over locations and purchase behavior (recency).

12



from such data in the second period.15

Finally, Baye and Sapi (2019) also consider today’s mobile marketing data land-

scape, where firms can use near-perfect customer location data for targeted pricing.

They analyze how firms’ incentives to acquire (costlessly) data on other consumer

attributes being (imperfect) signals of their flexibility depend on its quality. In our

model firms collect additional data through observing consumers’ purchase histories,

which is not costless, because firms have to sacrifice some of their first-period profits

to gain customer data of a better (worse) quality. As a result, compared to our

paper, Baye and Sapi overestimate both the benefit of additional customer data to

firms and its damage to consumers in mobile marketing.

1.3 The Model

There are two firms, A and B, that produce two brands of the same product at

zero marginal costs and compete in prices. They are situated at the ends of a unit

Hotelling line: Firm A is located at xA = 0 and firm B at xB = 1. There is a

unit mass of consumers each with an address x ∈ [0, 1] on the line, which describes

her real physical location, as transmitted by GPS signals to retailers in mobile

marketing. If a consumer does not buy at her location, she incurs linear transport

costs proportional to the distance to the firm. We follow Jentzsch et al. (2013) and

Baye and Sapi (2019) to assume that consumers differ not only in their locations, but

also in transport costs per unit distance (flexibility), t ∈ [
t, t

]
, where t > t ≥ 0.16,17

Transport costs are higher if t is larger. Each consumer is uniquely characterized by

a pair (x, t). We assume that x and t are uniformly and independently distributed

15Dubé et al. (2017) also recognize that in a dynamic setting customer segmentation (derived
from the accumulated customer data) is determined endogenously. They argue that “an interesting
direction for future research would be to explore how dynamics affect equilibrium targeting and
whether firms would continue to profit from behavioral targeting.”

16Different from Jentzsch et al. (2013) and Baye and Sapi (2019), data on consumer flexibility
is generated endogenously in our model and, as we show below, firms influence strategically the
quality of the revealed customer data.

17Esteves (2009), Liu and Shuai (2013 and 2016), Won (2017) and Chen et al. (2017) also
consider a market, where consumer preferences are differentiated along two dimensions. However,
in their analysis the strength thereof (flexibility) is the same among all consumers. In Borenstein
(1985) and Armstrong (2006) consumers also differ in their transport cost parameters. Both show
that firms may benefit from discrimination along this dimension of consumer preferences. In our
analysis where firms are endowed with the ability to target consumers based on their locations, the
profit effect of behavioral data on consumer flexibility depends on the level of the overall consumer
heterogeneity and firm discount factor.
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giving rise to the following density functions: ft = 1/(t − t), fx = 1 and ft,x =

1/(t− t). The utility of a consumer (x, t) from buying at firm i = {A,B} is

Ui(pi(x), t, x) = υ − t |x− xi| − pi(x). (1.1)

In equation (1.1) υ > 0 denotes the basic utility, which is assumed high enough

such that the market is always covered in equilibrium. A consumer buys from the

firm whose product yields higher utility.18 Without loss of generality, we normalize

t = 1 and measure the level of consumer heterogeneity by the ratio of the largest

to the lowest transport cost parameter: l := t/t = 1/t, with l ∈ (1,∞). As we

show below, parameter l plays a crucial role in our analysis. To consumers with

x < 1/2 (x > 1/2) located closer to firm A (firm B) we refer as the turf of firm A

(B). We also distinguish among consumers at the same location. Precisely, we refer

to consumers with lower (higher) transport cost parameters as more (less) flexible

ones.

We assume that firms observe with perfect precision the physical locations of all

consumers in the market. There are two periods in the game. In the first period

location is the only dimension by which firms can distinguish consumers. They issue

targeted offers at the same time to all consumers, depending on their locations.

Consumers at the same location will receive the same targeted offer. In the second

period firms again send simultaneously targeted offers to consumers. However, this

time they are able to distinguish among consumers that visited them in the first

period and those that did not.19 As a result, in the second period firms can charge

(up to) two different prices at each location: one to the own past customers and the

other one to those of the rival. Table 1.1 summarizes the three types of information

firms can obtain in our model. We analyze how this information translates into

pricing decisions in a dynamic competitive environment. We assume that firms

are forward-looking while consumers are myopic, which allows us to concentrate

18We follow the tie-breaking rule of Thisse and Vives (1988) and assume that if a consumer is
indifferent, she buys from the closer firm. If x = 1/2, then in the case of indifference a consumer
buys from firm A.

19Danaher et al. (2015) show in a field experiment, where all consumers got coupons with
the same discount, that both the consumer’s distance to the store and her previous behavior
(redemption history) determine the probability that a coupon will be redeemed by a customer.
It is then consistent with these results that in our model where firms can target consumers with
personalized coupons, they use the information on both customer locations and their purchase
history to design coupons. Similarly, Luo et al. (2017) show in a recent field experiment that
depending on consumer locations different temporal targeting strategies are needed to maximize
consumer responses to mobile promotions. This also speaks for a necessity to target consumers
individually depending on location.
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on the strategic effects of customer data.20 We solve for a subgame-perfect Nash

equilibrium and concentrate on equilibria in pure strategies.

Type of customer data Time obtained Quality

Geo-location Real-time in each period Perfect

Own/rival’s past customer Inferred from 1-st period purchasing decisions Perfect

Flexibility Inferred from 1-st period purchasing decisions Imperfect

Table 1.1: Customer data available to the firms.

1.4 Equilibrium Analysis

We start from the second period, where firms can discriminate depending on both

consumer locations and their behavior.

Equilibrium analysis of the second period. As firms are symmetric, it is

sufficient to analyze a single location for instance on firm A’s turf. Consider an

arbitrary x < 1/2. Let tα denote the transport cost parameter such that consumers

with t ≥ tα visited firm A in the previous period, while consumers with t < tα

purchased at firm B.21 If the share of consumers at x who bought from firm B in

the first period is α ∈ [0, 1], then tα := α + t (1− α). We will refer to consumers

with t < tα as segment α and to those with t ≥ tα as segment 1 − α. Segment α

includes the relatively flexible consumers who purchased in the first period from the

firm located further away. We denote the prices of the second period to consumers

on segments α and 1− α as pαi and p1−α
i , with i = A,B, respectively. Firms choose

the prices so as to maximize their profits on each segment separately. Figure 1.1

depicts both segments at location x.

Consider segment α. On its own turf firm A can attract consumers with suffi-

ciently high transport cost parameters, such that

UA(p
α
A(x), t, x) ≥ UB(p

α
B(x), t, x) implies t ≥ tαc (p

α
A(x), p

α
B(x)) :=

pαA(x)−pαB(x)

1−2x
.

20See Esteves (2010) for a similar assumption.
21A standard revealed-preference argument implies that if a consumer on x < 1/2 with t = t̃

bought from firm A (B) in the first period, then all consumers with t > t̃ (t < t̃) made the same
choice.
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Figure 1.1: Segments α and 1− α at some location x < 1/2.

Firms choose prices pαA(x) and pαB(x) to maximize their expected profits:

max
pαA(x)

[tα−tαc (·)]pαA(x)

1−t
and max

pαB(x)

[tαc (·)−t]pαB(x)

1−t
.

The mechanism is analogous on segment 1−α. The following Lemma describes the

equilibria on each segment at a given location x < 1/2 depending on market shares

of the first period.22

Lemma 1.1. Consider an arbitrary x on the turf of firm A. The equilibrium on

each segment at this location depends on the asymmetry between first-period market

shares.

i) If in the first period firm B’s market share at this location was low, α ≤ 1/ (l − 1),

then it attracts no consumer on segment α in the second period, where firm A charges

the price pαA(x) = t (1− 2x) and the price of firm B is zero. Otherwise, firm B

serves the more flexible consumers on segment α, with t < t [α (l − 1) + 2] /3 at

the price pαB(x) = t (1− 2x) [α (l − 1)− 1] /3, while the price of firm A is pαA(x) =

t (1− 2x) [2α (l − 1) + 1] /3.

ii) If in the first period firm B’s market share at this location was high, α ≥
(l − 2) / [2 (l − 1)], then it attracts no consumer on segment 1 − α, where firm

A charges the price p1−α
A (x) = tα (1− 2x) and the price of firm B is zero. Oth-

erwise, firm B serves the more flexible consumers on segment 1 − α, with t <

t [l + 1 + α (l − 1)] /3, and firms charge p1−α
A (x) = t (1− 2x) [2l − 1− α (l − 1)] /3

and p1−α
B (x) = t (1− 2x) [l − 2− 2α (l − 1)] /3.

22All the omitted proofs are contained in the Appendix.
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Remember that α denotes the share of consumers at location x that bought

from firm B in the previous period. If α is small, then consumers on segment α

are relatively similar in flexibility, such that firm A can attract them all without

having to significantly reduce the price targeted at the least flexible consumer (with

t = tα). As a result, the monopoly equilibrium emerges on segment α where firm A

serves all consumers and firm B cannot do better than charging zero. Analogously,

if α is large then the complementary segment 1− α is relatively small, such that in

equilibrium firm A serves all consumers there. In contrast, with large α, consumers

are quite different in their preferences on segment α. In this case firm A prefers

to extract rents from the less flexible consumers there and lets the rival attract the

more flexible ones. The following Lemma characterizes the equilibria at any location

x < 1/2 depending on the heterogeneity parameter, l, and the first-period market

share of firm B, α.

Lemma 1.2. Consider an arbitrary x on the turf of firm A. The equilibrium at this

location depends on the asymmetry between first-period market shares and consumer

heterogeneity in flexibility.

i) If l ≤ 2, then firm A attracts all consumers at x irrespective of α.

ii) If 2 < l < 4, then firm A attracts all consumers at x provided firm B’s first-

period market share at this location was intermediate, i.e., 1/ (l − 1) ≤ α ≤ (l − 2) /

[2 (l − 1)]. Otherwise, firm A loses consumers on one of the segments.

iii) If l ≥ 4, then irrespective of α firm A loses some consumers at x. How-

ever, it can monopolize segment α ( 1 − α) provided firm B served in the first

period relatively few (many) consumers at that location, with α ≤ 1/ (l − 1) (α ≥
(l − 2) / [2 (l − 1)]). For intermediate α-values , 1/ (l − 1) < α < (l − 2) / [2 (l − 1)],

both firms serve consumers on both segments.

If l ≤ 2, then independently of firm B’s first-period market share consumers on

both segments are quite similar in their preferences, such that in equilibrium firm A

serves all consumers at x for any α. When consumers become more differentiated,

with 2 < l < 4, the optimal strategy of firm A depends on the market share of

firm B in the first period. Precisely, if α takes intermediate values, then consumers

have similar flexibility on each segment yielding again monopoly equilibria on both

segments. Finally, for l ≥ 4 irrespective of α on each segment firm A faces very dif-

ferent consumers and always loses some of them in equilibrium. Figure 1.2 provides

two examples of the second-period equilibrium at some x < 1/2 depending on l and
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α and shows each firm’s demand regions on both segments.

Figure 1.2: Demand regions at some x < 1/2 in the second period for l = 3 and
α = 0.2 (left) and l = 10 and α = 0.4 (right).

We next analyze how total profits in the second period change with α. We assume

that every firm served the share α of customers at any location on the rival’s turf

in the first period.23 The following Proposition summarizes our results.

Proposition 1.1. Assume that in the first period each firm served the share α of

consumers at any location on the rival’s turf. A firm’s second-period profits as a

function of α depend on how strongly consumers differ in their preferences.

i) If l ≤ 2.38, profits are an inverted U-shaped function of α. Moreover, for any

α ∈ (0, 1) profits are higher than at α = 0 (α = 1). The highest profit level is

attained at α = 1/2.

ii) If 2.38 < l < 8, profits are given by different non-monotonic functions of l,

sharing the following common features: First, there exists α̂(l), such that profits are

lower than at α = 0 (α = 1) if α < α̂(l) and are higher otherwise. Moreover,

∂α̂(l)/∂l > 0. Second, the highest profit level is attained at α = 1/2 if l < 2.8 and

at α = (9l − 16) / [8 (l − 1)] otherwise.

iii) If l ≥ 8, profits are a U-shaped function of α. Moreover, for any α ∈ (0, 1)

profits are lower than at α = 0 (α = 1). The lowest profit level is attained at

α = (2l − 3) / [5 (l − 1)].

23We make this assumption to derive each firm’s total profits (at all locations together) in the
second period in order to compare them with the similar profits from the other relevant studies
mentioned above. Moreover, we demonstrate below that the first-period market share of each firm,
α, in equilibrium is indeed the same at any location on the rival’s turf.
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The impact of combining behavioral data with geo-targeting on profits of the

second period is driven by two effects: rent-extraction and competition. Precisely,

with behavioral data every firm can recognize its past customers and distinguish

between these and the more flexible ones who bough from the rival. It then charges

higher prices to the former, which describes the rent-extraction effect. In contrast,

the rival targets more aggressively exactly these consumers, to which we refer as

the competition effect. The overall effect of additional data on profits depends on

the interplay between these two opposing effects and is driven by the ratio l and

the quality of the gained data. In the extreme cases of α = 0 or α = 1, flexibility

data does not provide any additional information on customer preferences, because

all consumers at a given location bought from the same firm in the first period. In

contrast, the highest level of data accuracy is attained when the segments are of

equal size, i.e., at α = 1/2.24 Figure 1.3 depict firm profits in the second period as

a function of α for all the three cases described in Proposition 1.1 with l = 2, l = 3

and l = 10, respectively.

Figure 1.3: Profits of the second period depending on the market share of firm B in
the first period, α, for l = 2 and l = 10 (left) and l = 3 (right).

According to Lemma 1.2, if l ≤ 2, then in the second period each firm serves

24It is easy to see this also formally. We can say that data is most precise if it allows a
firm to extract the highest rents from the consumers located closer to it on a given address
for any price of the rival. The latter condition allows to abstract from the competition ef-
fect. Consider some x on the turf of firm A and let the rival’s price be pB . To serve all
consumers on segments α and 1 − α firm A has to charge prices pαA(x) = t (1− 2x) + pB and
p1−α
A (x) = (α+ t (1− α)) (1− 2x) + pB , respectively, which yield the total profit of firm A on

location x: ΠA (x) = pB + (1− 2x) t
[
(1− α)

2
+ αl (1− α) + α

]
. This profit gets its maximum

α = 1/2 for any l and any pB . Similarly, Fudenberg and Villas-Boas (2006) in their analysis
of Fudenberg and Tirole (2000) also argue that data is most precise when firms can distinguish
between two consumer groups of equal size.
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all consumers at any location on its own turf independently of how consumers were

distributed among the firms in the first period.25 The rival cannot do better than

charging zero on both segments for any α, such that the competition effect of flexi-

bility data is absent. The remaining rent-extraction effect is in turn strongest when

data precision is the highest, with α = 1/2.

Unlike in the previous case where the changes in profits with α were driven

purely by the rent-extraction effect, in the case of 2.38 < l < 8 it is the interplay

of the two effects, which determines how profits change. As α increases above

α = 0, firms get some additional data from consumers’ purchase histories. This in

turn boosts competition strongly: The rival decreases its prices on both segments,

eroding profits. When data quality improves further, the rent-extraction effect starts

to take over and profits increase. Overall, profits are the highest when data is more

accurate, i.e., α takes intermediate values (close to α = 1/2). With a further increase

in α, behavioral data becomes less and less precise about the consumers who bought

from the rival in the initial period decreasing its overall predictive power and profits

altogether. However, profits then always remain above the level without flexibility

data (at α = 1 or α = 0).

If l ≥ 8, profits drop rapidly as α becomes strictly positive. As a result, although

profits start recovering when α increases above a certain threshold, they never ex-

ceed the level without behavioral data (at α = 1 or α = 0). Interestingly, in this

case profits are the lowest when data is most precise (α takes intermediate values),

because competition is most intense then. The case l ≥ 8 is similar to the result

obtained by Fudenberg and Tirole (2000) for the uniformly distributed consumer

preferences. This similarity is driven by the fact that their model corresponds to

the case of very high l in our analysis. Indeed, behavioral customer data in Fuden-

berg and Tirole allows to distinguish among two consumer groups loyal (on average)

to different firms, while in our setting at each location in the second period firms

can discriminate among two consumer groups loyal to the same firm. We now turn

to the analysis of the first period.

Equilibrium analysis of the first period. In this subsection we analyze com-

petition in the first period where firms can discriminate only based on consumer

locations and charge prices to maximize their discounted profits over two periods.

25While in the case of 2 < l ≤ 2.38, any firm loses some consumers at any location on its turf
in equilibrium of the second period, total profits over both turfs behave in the same ways as in the
case l ≤ 2.
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Similar to Fudenberg and Villas-Boas (2006) we concentrate only on equilibria in

pure strategies in the first period.26 The Proposition below summarizes our results.27

Proposition 1.2. Consider an arbitrary location x on the turf of firm i = A,B.

The subgame-perfect Nash equilibrium (in pure strategies) takes the following form:

i) First period. In equilibrium firm i monopolizes location x only if consumers

are relatively homogeneous, i.e., l ≤ h1 (δ), with h1 (0) = 2, h1 (1) = 1.5 and

∂h1 (δ) /∂δ < 0. Otherwise, in the first period firms share consumers at x, such

that the more flexible of them buy at the more distant firm.

ii) Second period. In equilibrium firm i monopolizes location x if consumers are

weakly differentiated, i.e., l ≤ h2 (δ), with h2 (0) = 2, ∂h2 (δ) /∂δ > 0 and h2 (δ) >

h1 (δ) for any δ > 0. In equilibrium firm i serves all consumers on segment α, while

the more flexible consumers on segment 1 − α buy at the rival provided consumers

are moderately differentiated, i.e., h3 (δ) ≤ l ≤ min {h4 (δ) , h5 (δ)}, with h3 (0) = 2,

hn (0) = 5, ∂hn (δ) /∂δ > 0 and hn (δ) > h3 (δ) for any δ, n = 4, 5. Finally,

if consumers are strongly differentiated, i.e., l ≥ max {h4 (δ) , h5 (δ)}, then firm i

serves the less flexible consumers on both segments, while the more flexible consumers

buy at the rival, with max {h4 (1) , h5 (1)} = 14.13.

The subgame-perfect Nash equilibrium in pure strategies is driven by both the

level of consumer differentiation and firm discount factor. Although the relationship

is intertwined, there are parameter ranges that allow unambiguous insights. In

particular, if l ≤ 1.5, then in equilibrium each firm serves all customers at any

location on its turf in both periods. If 2.89 ≤ l ≤ 5, then in equilibrium each firm

attracts only the less flexible consumers close by in the first period, while in the

following period all of them as well as the more flexible consumers on segment 1−α

buy at that firm. Finally, if l ≥ 14.13, then in equilibrium each firm loses the more

flexible consumers in the first period and also on any segment in the second period.

Proposition 1.2 states that for other values of consumer differentiation in flexibility,

the equilibrium depends on how strongly firms value future profits. In this case a

sufficiently high discount factor leads to the monopoly outcome in the second period

26If 2 < l < 2, 89 or 5 < l < 14, 13 there are some values of firm discount factor, for which the
equilibrium in pure strategies in the first period does not exist or two equilibria in pure strategies
exist. In Proposition 1.2 we consider only those constellations of parameters l and δ, which yield
the unique equilibrium prediction in pure strategies in the first period. This becomes more likely
when firms are less patient because in that case the dynamic maximization function is close to the
static one.

27In Proposition 1.2, “h” stays for the critical levels of consumer heterogeneity.
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(on one or both segments). Figure 1.4 depicts the critical values of l (as a function

of δ), which give rise to the equilibria stated in Proposition 1.2.

Figure 1.4: Critical values of parameter l giving rise to the equilibria stated in
Proposition 1.2.

We observe from Proposition 1.2 that with increasing consumer heterogeneity (l

gets larger), the equilibrium where firms lose some of the close-by consumers becomes

more likely in the second period. This conclusion allows us to qualify the results of

Lemma 1.2, which yields multiple equilibrium predictions for l > 2 depending on

α. Precisely, it establishes that in equilibrium of the second period a firm serves

all consumers on segment 1 − α at any location on its turf and at the same time

loses some consumers on the complementary segment if the share α is large enough.

As Proposition 1.2 shows, this outcome never emerges on the equilibrium path. It

is useful to recall that segment α includes those consumers at some location on a

firm’s turf who bought from the rival in the previous period. As none of the firms

loses in the equilibrium of the initial period more than half of the consumers on its

turf, this segment is relatively small, which makes it easy for a firm to monopolize

it in the subsequent period relying on the acquired behavioral data.

The equilibrium of the first period also depends on how strongly consumers differ

among each other. In particular, firms serve all consumers on their turfs if these

are extremely similar (l ≤ h1 (δ)). Otherwise, they prefer to attract the less flexible

consumers located close by with a correspondingly high price, allowing the flexible

ones to buy at the rival. Unlike in the subsequent period, in the initial period firms

additionally take into account the dynamic effect of their pricing decisions on future
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profits. The allocation of consumers in the first period determines the quality of

information about their flexibility to be used in the future.

To understand how dynamic considerations influence pricing decisions, it is useful

to start with the case of δ = 0, where firms are short-sighted and fully ignore future

profits. They serve all consumers on their turfs if l ≤ 2 and lose the more flexible

ones to the rival otherwise. Comparing this result with the case where firms value

future profits (δ > 0), we observe that the dynamic effect is absent when consumers

are relatively homogeneous (l ≤ 1.5): Firms monopolize any location on their turfs

both with δ = 0 and any δ > 0. The reason is that when consumers are similar in

their preferences, the value of the additional customer data is low and firms optimally

prefer not to distort their pricing decisions of the first period. Note further that with

l ≤ 1.5 the dynamic effect is absent independently of δ. However, as differentiation

becomes stronger, with 1.5 < l ≤ 2, discounting starts to play a role and first-

period pricing decisions remain undistorted by future profits considerations only if

δ is sufficiently small. Otherwise, firms sacrifice some of the short-run profits to be

able to extract higher rents in the future: They lose some consumers at any location

on their turfs in order to gain additional data about their preferences. Overall, the

dynamic considerations play a role if consumer differentiation is sufficiently strong

and enough weight is put on second-period profits in discounting.

If l > 2, the sharing equilibrium prevails in the first period with any δ ≥ 0, such

that firms always gain some behavioral customer data. To understand how dynamic

considerations drive pricing decisions in this case, we analyze how the distribution

of consumers at a given location depends on the discount factor. We focus on the

derivative of α∗ (δ), the market share of the rival at some location on a firm’s turf in

the first period, with respect to δ. If ∂α∗ (δ) /∂δ > 0, we conclude that more (better)

customer data is revealed in the first period when firms become more patient. Since

the share α∗ (δ) always includes less than half of consumers at any location, a larger

α∗ (δ) implies a more symmetric distribution of consumers between the firms and,

hence, more information gained about their preferences. The following Corollary

summarizes our results.

Corollary 1.1 (Revelation of customer flexibility data). Consider an arbitrary

location x on the turf of firm i. The quality of the additionally revealed customer

information in the first period depends on how strongly consumers differ in their

preferences and firm discount factor.
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i) If consumers are relatively homogeneous, l ≤ h1 (δ), no additional information is

revealed in the first period independently of the discount factor, such that α∗ (δ) = 0

for any δ.

ii) In all other cases firms obtain additional customer information on flexibility. How

a higher discount factor influences its quality, depends on the intensity of consumer

differentiation: If l � 2.64, then ∂α∗ (δ) /∂δ > 0 and the sign is opposite if l � 2.67.

Finally, if 2.64 < l < 2.67, then ∂α∗ (δ) /∂δ < 0 when firms are relatively impatient

and the sign is opposite otherwise.

Corollary 1.1 shows that the effect of a larger discount factor on the quality

of the revealed customer data can be threefold. In particular, if l and/or δ are

small so that consumers are relatively homogeneous (l ≤ h1 (δ)), then this effect

is absent and firms charge the same prices yielding the same market shares as if

there were no second period. As explained above, this happens because the value of

customer data is low when consumers are similar and/or when firms discount away

future profits. When consumers are more differentiated and/or firms put sufficient

weight on future profits, dynamic considerations matter for first-period prices and

market shares. Whether in this case the distribution of consumers in the first period

becomes more symmetric and, hence, customer data of a better quality is revealed,

depends on how future profits respond to firms holding more precise data. As we

showed in Proposition 1.1, the effect of better customer data (measured by α) on

second-period profits tends to be positive when consumers are more similar in their

preferences and negative otherwise. In the former case firms prefer more accurate

customer data when the discount factor becomes larger, so that α∗ (δ) /∂δ > 0 holds

if h1 (δ) < l � 2.64 (or if 2.64 < l < 2.67 and the discount factor is large). In the

latter case firms prefer less precise information, so that α∗ (δ) /∂δ < 0 if l � 2.67.

However, in both cases firms acquire at least some customer data even if this reduces

their second-period profits. This is because with sufficient heterogeneity in flexibility

(l > h1 (δ)) serving all consumers on a firm’s turf in the first period would require

setting excessively low prices.

An important result of Esteves (2010) is that firms may avoid learning consumer

preferences to prevent tense competition in the subsequent period. In particular, she

shows that the probability of the sharing outcome in the first period under which

consumer types are fully revealed decreases when firms become more patient. We

find an analogous result with l � 2.67, in which case less precise customer data is

revealed when firms value future profits more. However, our model generates also

24



the opposite result for h1 (δ) < l � 2.64, because more accurate behavior-based

targeting is likely to increase profits in this case.

We conclude that by influencing the precision of revealed customer information

in the first period, firms are able to strengthen the positive and dampen the negative

effect of this information on second-period profits. We now turn to the question of

how overall profits change compared to the case where firms are (for some exogenous

reasons) not able to collect behavioral data and therefore can only discriminate along

consumer locations in the second period. The following Corollary summarizes our

results, where we compare the discounted sum of profits in the subgame-perfect

Nash equilibrium (in pure strategies) in both cases.

Corollary 1.2 (The profit effect of behavioral targeting). The profit effect of

combining mobile geo-targeting with behavior-based price discrimination is:

i) neutral irrespective of the discount factor if l ≤ 1.5,

ii) positive provided the discount factor is large enough and neutral otherwise if

1.5 < l < 2,

iii) positive irrespective of the discount factor if 2 ≤ l � 3.07,

iv) (weakly) positive if the discount factor is large enough and negative otherwise if

3.07 < l � 4,

v) negative irrespective of the discount factor if l > 4.

Our results demonstrate that there are pure cases where the profit effect of

targeted pricing based on consumer purchase histories depends only on their het-

erogeneity in preferences. Precisely, if l ≤ 1.5, the ability of firms to engage in

behavioral targeting is neutral for their discounted profits. When consumers do not

differ a lot among each other, the value of additional customer data is small and no

flexibility data is revealed in equilibrium making behavioral targeting irrelevant for

profits. This result is in sharp contrast with Baye and Sapi (2019), where firms are

strictly better off with additional customer data when consumers are quite homoge-

neous in their preferences. The reason is that in Baye and Sapi additional data is

costless, while in our model firms have to sacrifice some of their first-period profits

to gain it. When consumer differentiation is only modest, the value of this data to

the firms is low, such that they prefer not to distort their optimal prices of the first

period. As a result, Baye and Sapi overestimate the positive effect of additional

data on profits.
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If 2 ≤ l � 3.07 (l > 4), the ability of firms to collect behavioral data is ben-

eficial (detrimental) for their discounted profits. These results are consistent with

the effect of flexibility data on second-period profits, as described in Proposition

1.1. Precisely, we showed there that profits are more likely to increase above the

level without flexibility information if consumers are more homogeneous. In that

case price competition is intensive even without behavioral data, so that additional

customer data has mainly a positive rent-extraction effect as competition cannot

increase much.

If the level of consumer differentiation takes intermediate values (not covered by

the pure cases), then the sign of the profit effect of behavioral targeting is convoluted

by the discount factor. Precisely, a higher weight on future profits makes this form

of price discrimination profitable. This result is also driven by the effect of flexibility

data on second-period profits as stated in Proposition 1.1. We showed there that

when consumer differentiation is moderate, the effect of additional flexibility data

on profits is related to the share α∗ (δ), which in turn depends on firm discount fac-

tor. This result is novel in the literature. Previous studies attributed unambiguous

profit effects to price discrimination based on purchase histories independent of the

discount factor (see Fudenberg and Tirole, 2000; Chen and Zhang, 2009; Esteves,

2010).28 We qualify these strict effects by allowing for different levels of consumer

differentiation. This in turn influences the interplay between the rent-extraction and

competition effects. When neither of these effects is strong enough, then the discount

factor becomes the determining factor. We now turn to the analysis of how firms’

ability to combine behavior-based price discrimination with geo-targeting influences

consumer surplus and social welfare.29

Corollary 1.3 (The welfare effect of behavioral targeting). The effect of

combining mobile geo-targeting with behavior-based price discrimination on social

welfare (consumer surplus) is:

i) neutral irrespective of the discount factor if l ≤ 1.5,

ii) negative if the discount factor is large enough and neutral otherwise if 1.5 < l < 2,

iii) negative irrespective of the discount factor if 2 ≤ l < 2.28 ( 2 ≤ l < 2.61),

28To make the results of Chen and Zhang (2009) comparable with ours, we need to set consumer
discount factor to zero in their model. In this case firms are always better off with targeted pricing
based on consumer purchase histories, irrespective of the firm discount factor (see Proposition 1.1).

29To keep the exposition as simple as possible, we do not mention in the Corollary a very special
case of 2.28 � l < 2.29 (2.61 � l < 2.62), where social welfare (consumer surplus) increases when
the discount factor takes intermediate values and decreases otherwise.
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iv) negative if the discount factor is large enough and positive otherwise if 2.28 �
l � 2.67 ( 2.61 � l � 2.67),

v) positive irrespective of the discount factor if l > 2.67.

Comparing the impact of the firm ability to engage in behavioral targeting on

their profits and welfare, we conclude the following. If consumers are very similar

in their preferences (l ≤ 1.5), both firms serve all customers located closer to them

in the first period and no flexibility data is revealed. As a result, both profits

and welfare do not depend on whether firms can target consumers based on their

behavior. When firms do gain flexibility data in equilibrium (l > 1.5), firms’ and

social welfare’s interests are likely to be opposed. Additional customer data renders

the second-period distribution of consumers more efficient, because more consumers

buy from the firm located closer. This reduces transport costs and improves social

welfare. However, with more homogeneous consumers (l is relatively small), firms

distort first-period prices in order to obtain more flexibility data leading to a higher

misalignment of consumers between the firms: The more flexible of them purchase

from the firm located farther away. In this case firms benefit from behavioral data

but social welfare reduces. This result is reversed when consumers become more

differentiated (l is relatively large), because behavioral data in that case harms firms.

They therefore consciously weaken information revelation in the first period making

the distribution of consumers more efficient, because less customers buy from a

farther firm. A similar pattern follows from the comparison of a change in profits and

consumer surplus. From Corollaries 1.2 and 1.3 we can also conclude that firm and

consumer interests are not necessarily opposed. Precisely, if 2.67 < l � 3.07, then

profits as well as consumer surplus (social welfare) increase by adding behavioral

price discrimination to geo-targeting.

As in the case of the profit effect of behavior-based price discrimination, the way

how the latter influences social welfare and consumer surplus also depends on firm

discount factor when consumers differ moderately in their preferences. Precisely,

consumers (and the overall welfare) are more likely to gain from firms combining

behavioral pricing with mobile geo-targeting when the latter discount future profits

more and are, hence, more likely to be worse off.
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1.5 Conclusion

This paper analyzes a model taking into account four important features of a mod-

ern mobile targeting environment. First, sellers can observe consumers’ real-time

locations. Second, apart from location, there are other factors influencing the re-

sponsiveness of a consumer to discounts, such as age, income and occupation. Dif-

ferent from location, these are imperfectly observable by marketers. Third, sellers

may infer consumer responsiveness (flexibility) from the observed previous purchas-

ing behavior of a customer. Fourth, firms can deliver personalized offers through

mobile devices in a private manner based on both consumer locations and their flex-

ibility inferred from the previous purchase decisions. Our results show that firms

benefit from the ability to collect behavioral data and use it for personalized pric-

ing in mobile geo-targeting when consumers differ moderately in their preferences.

With less differentiated consumers behavior-based price discrimination is neutral for

profits, while with strongly differentiated consumers it intensifies competition and

reduces profits. Different from the previous studies, our results also highlight the

importance of the discount factor for the profit effect of behavioral targeting, which

is likely to be positive when firms are more patient. We also find that consumer

and firm interests are not necessarily opposed. In particular, when customers differ

modestly in their preferences both consumer surplus and profits can increase with

behavioral targeting leading to a higher social welfare. Finally, we show that firms

strategically influence the quality of the (revealed) consumer behavioral data so as

to enable higher rents extraction in case the data allows them to do so, and reduce

the profit loss if data intensifies competition.

Our results are relevant for managers and policy alike. The main managerial

implication of our results is that combining behavioral marketing with geo-targeting

needs very careful consideration of the market environment. We highlight the role of

consumer heterogeneity and firm discount factor and derive precise conditions under

which such a campaign may be profitable in a competitive landscape. The main

policy message relates to consumer and privacy policy: Combining behavioral price

discrimination with geo-targeting can be both beneficial and harmful for consumers.

While geo-targeting has been argued to typically foster competition (e.g., Thisse

and Vives, 1988), combining it with behavioral price discrimination can turn around

this effect, giving scope for a careful consumer policy. For example, restricting firms

in their collection of types of data, such as age and demographics, that relate to
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their flexibility may improve consumer outcomes when these do not differ strongly

among each other. Similarly, decreasing the data retention period (a proxy for the

discount factor in our model) may also benefit consumers when these are moderately

differentiated.
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1.6 Appendix

Proof of Lemma 1.1. As firms are symmetric, we will restrict attention to the

turf of firm A. Consider some x < 1/2 and segment α. Maximizing the expected

profit of firm A yields the best-response function, which depends on the ratio tα/t.

If tα/t ≤ 2 (α ≤ 1/ (l − 1)), then pαA(x; p
α
B) = pαB + t (1− 2x), such that firm A

optimally serves all consumers on segment α irrespective of firm B’s price. Then

in equilibrium firm B charges pαB (x) = 0, because it would have an incentive to

deviate from any positive price. Hence, pαA(x) = t (1− 2x). If tα/t > 2, then the

best response of firm A takes the form:

pαA(x; p
α
B) =

{
pαB + t (1− 2x) if pαB ≥ (tα − 2t) (1− 2x)

pαB+tα(1−2x)

2
if pαB < (tα − 2t) (1− 2x) ,

(1.2)

such that firm A serves all consumers on segment α only if the rival’s price is

relatively high. Maximization of the expected profit of firm B yields the best-

response function:

pαB(x; p
α
A) =

⎧⎪⎨⎪⎩
any pαB if pαA ≤ t (1− 2x)

pαA−t(1−2x)

2
if t (1− 2x) < pαA < (2tα − t) (1− 2x)

pαA − tα (1− 2x) if pαA ≥ (2tα − t) (1− 2x) .

(1.3)

Inspecting (1.2), we conclude that firm B cannot serve all consumers in equilib-

rium. It is straightforward to show that there are no such prices, which consti-

tute the equilibrium, where firm A serves all consumers. Hence, only the equi-

librium can exist, where both firms serves consumers. Solving (1.2) and (1.3) si-

multaneously, we get the prices: pαA(x) = t (1− 2x) [2α (l − 1) + 1] /3 and pαB(x) =

t (1− 2x) [α (l − 1)− 1] /3. For this equilibrium to exist, it must hold that tα/t > 2.

In a similar way one can derive the equilibrium on the segment 1 − α. Precisely, if

1/tα ≤ 2 (α ≥ (l − 2) / [2 (l − 1)]), then in the monopoly equilibrium firm A serves

all consumers, where firms charge prices: p1−α
A (x) = t [1 + α (l − 1)] (1− 2x) and

p1−α
B (x) = 0. If 1/tα > 2, then the sharing equilibrium emerges with the prices:

pαA(x) = t (1− 2x) [2l − 1− α (l − 1)] /3, pαB(x) = t (1− 2x) [l − 2− 2α (l − 1)] /3.

Q.E.D.

Proof of Lemma 1.2. Lemma 1.2 follow directly from Lemma 1.1 given the

following results: 1/ (l − 1) > (l − 2) / [2 (l − 1)] if l < 4, (l − 2) / [2 (l − 1)] > 0
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if l > 2, 1/ (l − 1) > 1 if l < 2, with the opposite sign otherwise. Note that

1/ (l − 1) > 0 and (l − 2) / [2 (l − 1)] < 1 hold for any l. Q.E.D.

Proof of Proposition 1.1. Consider first some x on the turf of firm A. We start

with deriving firms’ profits on each segment depending on α. Consider first segment

α. If α ≤ 1/ (l − 1), then firm A serves all consumers and profits are

Πα
A(x|x<1/2)

t(1−2x)
= Πα,1

A (l;α) := tα−t
1−t

= α and

Πα
B(x|x<1/2)

t(1−2x)
= Πα,1

B (l;α) := 0.

If α > 1/ (l − 1), then firm A serves consumers with t ≥ t [α (l − 1) + 2] /3 and

profits are

Πα
A(x|x<1/2)

t(1−2x)
= Πα,2

A (l;α) :=
[
tα − t(α(l−1)+2)

3

]
[2α(l−1)+1]

3(1−t)
= [2α(l−1)+1]2

9(l−1)
and

Πα
B(x|x<1/2)

t(1−2x)
= Πα,2

B (l;α) :=
[
t(α(l−1)+2)

3
− t

]
[α(l−1)−1]

3(1−t)
= [α(l−1)−1]2

9(l−1)
.

Consider now segment 1 − α. If α ≥ (l − 2) / [2 (l − 1)], then firm A gains all

consumers and firms realize profits:

Π1−α
A (x|x<1/2)

t(1−2x)
= Π1−α,1

A (l;α) := (1−tα)tα

(1−t)t
= (1− α) [1 + α (l − 1)] and

Π1−α
B (x|x<1/2)

t(1−2x)
= Π1−α,1

B (l;α) := 0.

If α < (l − 2) / [2 (l − 1)], firm A serves consumers with t ≥ t [l + 1 + α (l − 1)] /3

and firms realize profits:

Π1−α
A (x|x<1/2)

t(1−2x)
= Π1−α,2

A (l;α) :=
[
1− t[l+1+α(l−1)]

3

]
[2l−1−α(l−1)]

3(1−t)
= [2l−1−α(l−1)]2

9(l−1)
and

Π1−α
B (x|x<1/2)

t(1−2x)
= Π1−α,2

B (l;α) :=
[
t[l+1+α(l−1)]

3
− tα

]
[l−2−2α(l−1)]

3(1−t)
= [l−2−2α(l−1)]2

9(l−1)
.

The profits on some x on the turf of firm B can be derived in a similar way. Note

now that
∫ 1/2

0
(1− 2x) dx =

∫ 1

1/2
(2x− 1) dx = 1/4. Using the above results, we can

write down the total profits depending on l and α under the assumption that on

any x on its turf in the first period every firm served consumers with t ≥ tα.

Consider first l ≤ 2. The total profits of firm i = A,B on both turfs are

4Πi(l;α)
t

= Πα,1
A (·) + Π1−α,1

A (·) = f1 (l;α) := α + (1− α) [1 + α (l − 1)] .
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Taking the derivative of f1 (l;α) with respect to α we get

∂f1(l;α)
∂α

= (1− 2α) (l − 1) ,

such that f1 (l;α) is given by the inverted U-shaped function of α, which gets its

maximum at α = 1/2.

Consider now 2 < l < 4 and α ≤ (l − 2) / [2 (l − 1)], then the total profits of firm

i on both turfs are

4Πi(l;α)
t

= Πα,1
A (·)+Π1−α,2

A (·)+Π1−α,2
B (·) = f2 (l;α) := α+ [2l−1−α(l−1)]2

9(l−1)
+ [l−2−2α(l−1)]2

9(l−1)
.

Taking the derivative of f2 (l;α) with respect to α we get

∂f2(l;α)
∂α

= 10α(l−1)−8l+19
9

> 0 if α > α2 :=
8l−19
10(l−1)

.

Note that α2 ≤ 0 if l ≤ 19/8 ≈ 2.38 and α2 < (l − 2) / [2 (l − 1)] if l < 3. Hence, if

2 < l ≤ 19/8, then f2 (l;α) increases in α. If 19/8 < l < 3, then f2 (l;α) decreases

till α = α2 and increases afterwards. Finally, if 3 ≤ l < 4, then f2 (l;α) decreases in

α.

If (l − 2) / [2 (l − 1)] < α < 1/ (l − 1), then the total profits of firm i on both

turfs are

4Πi(l;α)
t

= Πα,1
A (·) + Π1−α,1

A (·) = f3 (l;α) := α + (1− α) [1 + α (l − 1)] .

Taking the derivative of f3 (l;α) with respect to α we get

∂f3(l;α)
∂α

= (1− 2α) (l − 1) > 0 if α < 1
2
.

Note that (l − 2) / [2 (l − 1)] < 1/2 for any l and 1/ (l − 1) < 1/2 if l > 3. Hence,

if 2 < l ≤ 3, then on (l − 2) / [2 (l − 1)] < α < 1/ (l − 1), f3 (l;α) increases in α

till α = 1/2 and decreases afterwards. If 3 < l < 4, then f3 (l;α) increases in α on

(l − 2) / [2 (l − 1)] < α < 1/ (l − 1).

If α ≥ 1/ (l − 1), then the total profits of firm i on both turfs are

4Πi(l;α)
t

= Πα,2
A (·) + Πα,2

B (·) + Π1−α,1
A (·)

= f4 (l;α) :=
[2α(l−1)+1]2

9(l−1)
+ [α(l−1)−1]2

9(l−1)
+ (1− α) [1 + α (l − 1)] .
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Taking the derivative of f4 (l;α) with respect to α we get

∂f4(l;α)
∂α

= 9l−8α(l−1)−16
9

> 0 if α < α4 :=
9l−16
8(l−1)

.

Note that α4 < 1/ (l − 1) if l < 24/9 ≈ 2.67 and α4 < 1 for any 2 < l < 4. Hence, if

2 < l < 24/9, then f4 (l;α) decreases in α. If 24/9 ≤ l < 4, then f4 (l;α) increases

till α = α4 and decreases afterwards.

Consider finally l ≥ 4. If α ≤ 1/ (l − 1), then the total profits of firm i on both

turfs are

4Πi(l;α)
t

= Πα,1
A (·) + Π1−α,2

A (·) + Π1−α,2
B (·)

= f5 (l;α) := α + [2l−1−α(l−1)]2

9(l−1)
+ [l−2−2α(l−1)]2

9(l−1)
.

Taking the derivative of f5 (l;α) with respect to α we get

∂f5(l;α)
∂α

= 10α(l−1)−8l+19
9

> 0 if α > α5 :=
8l−19
10(l−1)

.

Note that for any l ≥ 4 it holds that α5 > 1/ (l − 1). Hence, f5 (l;α) decreases in α.

If 1/ (l − 1) < α < (l − 2) / [2 (l − 1)], then the total profits of firm i on both

turfs are

4Πi(l;α)
t

= Πα,2
A (·) + Πα,2

B (·) + Π1−α,2
A (·) + Π1−α,2

B (·)
= f6 (l;α) :=

[2α(l−1)+1]2

9(l−1)
+ [α(l−1)−1]2

9(l−1)
+ [2l−1−α(l−1)]2

9(l−1)
+ [l−2−2α(l−1)]2

9(l−1)
.

Taking the derivative of f6 (l;α) with respect to α we get

∂f6(l;α)
∂α

= 20α(l−1)−4(2l−3)
9

> 0 if α > α6 :=
2l−3
5(l−1)

.

Note that for any l ≥ 4 it holds that 1/ (l − 1) ≤ α6 ≤ (l − 2) / [2 (l − 1)]. Hence,

f6 (l;α) decreases till α = α6 and increases afterwards.

If α ≥ (l − 2) / [2 (l − 1)], then the total profits of firm i on both turfs are

4Πi(l;α)
t

= Πα,2
A (·) + Πα,2

B (·) + Π1−α,1
A (·)

= f7 (l;α) :=
[2α(l−1)+1]2

9(l−1)
+ [α(l−1)−1]2

9(l−1)
+ (1− α) [1 + α (l − 1)] .
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Taking the derivative of f7 (l;α) with respect to α we get

∂f7(l;α)
∂α

= 9l−16−8α(l−1)
9

> 0 if α < α7 :=
9l−16
8(l−1)

.

Note that for any l ≥ 4 it holds that α7 > (l − 2) / [2 (l − 1)]. Moreover, α7 > 1

if l > 8, with an opposite inequality otherwise. Hence, if 4 ≤ l ≤ 8, then f7 (l;α)

increases till α = α7 and decreases afterwards. If l > 8, then f7 (l;α) increases in α.

We can now summarize the results on the behavior of the total profits in α

depending on l. i) If l ≤ 2.38, then total profits are given by the inverted U-shaped

function of α, which gets its maximum at α = 1/2.

ii) If 2.38 < l < 2.67, then total profits are given by a non-monotonic function,

which gets a (local) minimum at α = (8l − 19) / (10l − 10) and a (local) maximum

at α = 1/2. This function decreases on the intervals: [0, (8l − 19) / (10l − 10)] and

[1/2, 1], and increases on the remaining intervals. Note that

4Πi

(
l;
1
2

)
t

= f3
(
l; 1

2

)
= l+3

4
> 4Πi(l;0)

t
= f2 (l; 0) =

5l2−8l+5
9(l−1)

, for any 2.38 < l < 2.67,

such that Πi (l; k) gets a global maximum at α = 1/2. From this and the fact that

Πi (l; k) is a continuous function of α, we conclude there exists (8l − 19) / (10l − 10)<

α̂(l) < 1/2, such that Πi (l;α) ≥ Πi (l; 0) if α ≥ α̂(l), with an opposite inequality

otherwise. α̂(l) is implicitly given either by the equation:

f2 (l; 0) =
5l2−8l+5
9(l−1)

= f2 (l; α̂(l)) = α̂ + [2l−1−α̂(l−1)]2

9(l−1)
+ [l−2−2α̂(l−1)]2

9(l−1)
, (1.4)

or by the equation:

f2 (l; 0) =
5l2−8l+5
9(l−1)

= f3 (l; α̂(l)) = α̂ + (1− α̂) [1 + α̂ (l − 1)] . (1.5)

In the former case we get that

∂α̂(l)
∂l

= α(5α−8)
8l−19−10α(l−1)

> 0

and in the latter case we get

∂α̂(l)
∂l

=
α2(9l2−18l+9)+α(−9l2+18l−9)+5l2−10l+3

9(1−2α)(l−1)3
> 0,

because if 2.38 < l < 2.67, α2 (9l2 − 18l + 9)+α (−9l2 + 18l − 9)+5l2−10l+3 > 0
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for any α.
iii) If 2.67 < l < 3, the function Πi (l; k) decreases on: [0, (8l − 19) / (10l − 10)],

[1/2, 1/ (l − 1)] and [(9l − 16) / (8l − 8) , 1]. The comparisons show that

4Πi(l; 12 )
t = f3

(
l; 1

2

)
= l+3

4 ≥ 4Πi(l; 9l−16
8(l−1) )
t = f4

(
l; 9l−16

8(l−1)

)
= 9l2−16l+16

16(l−1) if 2.67 < l ≤ 2.8,

4Πi(l; 1
l−1 )

t = f3

(
l; 1

l−1

)
= f4

(
l; 1

l−1

)
= 2l−3

l−1 > f2 (l; 0) = f4 (l; 1) =
5l2−8l+5
9(l−1) if 2.67 < l < 3.

We make two conclusions. First, Πi (l;α) gets the global maximum at α = 1/2 if l ≤
2.8 and at α = (9l − 16) / [8 (l − 1)] otherwise. Second, using the fact that Πi (l;α)

is a continuos function of α, we conclude that there exists (8l − 19) / (10l − 10) <

α̂(l) < 1/2, such that Πi (l;α) ≥ Πi (l; 0) if α ≥ α̂(l), with an opposite inequality

otherwise. As in the previous case, α̂(l) is given by either (1.4) or (1.5). As we

showed above, in both cases ∂α̂(l)/∂l > 0 holds.

iv) If 3 < l ≤ 4, then the function Πi (l;α) decreases on: [0, (l − 2) / (2l − 2)]

and [(9l − 16) / (8l − 8) , 1], while increases on the remaining interval. Note that

f2 (l; 0) = f4 (l; 1) =
5l2−8l+5
9(l−1)

< f4

(
l; 9l−16

8(l−1)

)
= 9l2−16l+16

16(l−1)
for any l, (1.6)

such that Πi (l;α) has a global maximum at α = (9l − 16) / (8l − 8). As Πi (l;α) is

a continuous function of α, we conclude that there exists (l − 2) / (2l − 2) < α̂(l) <

(9l − 16) / (8l − 8), such that Πi (l;α) ≥ Πi (l; 0) if α ≥ α̂(l), with an opposite

inequality otherwise. As in the previous case, α̂(l) is given by either (1.4) or (1.5).

As we showed above, in both cases ∂α̂(l)/∂l > 0 holds.

v) If 4 < l < 8, then the function Πi (l;α) decreases on: [0, (2l − 3) / (5l − 5)]

and [(9l − 16) / (8l − 8) , 1], while increases on the remaining interval. Due to (1.6),

Πi (l;α) has a global maximum at α = (9l − 16) / (8l − 8). As Πi (l;α) is a con-

tinuous function of α, we conclude that there exists (2l − 3) / (5l − 5) < α̂(l) <

(9l − 16) / (8l − 8), such that Πi (l;α) ≥ Πi (l; 0) if α ≥ α̂(l), with an opposite

inequality otherwise. α̂(l) is implicitly given either by the equation:

f5 (l; 0) =
5l2−8l+5
9(l−1)

= f6 (l; α̂(l)) =
[2α̂(l−1)+1]2

9(l−1)
+ [α̂(l−1)−1]2

9(l−1)
+ [2l−1−α̂(l−1)]2

9(l−1)
+ [l−2−2α̂(l−1)]2

9(l−1)
,

or by the equation:

f5 (l; 0) =
5l2−8l+5
9(l−1)

= f7 (l; α̂(l)) =
[2α̂(l−1)+1]2

9(l−1)
+ [α̂(l−1)−1]2

9(l−1)
+ (1− α̂) [1 + α̂ (l − 1)] .
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In the former case we get that

∂α̂(l)
∂l

= −(−5l2+10l−5)[α−α1(l)][α−α2(l)]

2(l−1)2[2l−3−α(5l−5)]
, where

α1 (l) =
−(4l2−8l+4)+2(l−1)

√
4l2−8l+9

2(−5l2+10l−5)
and α2 (l) =

−(4l2−8l+4)−2(l−1)
√
4l2−8l+9

2(−5l2+10l−5)
.

Note that as f6 (l;α) is defined on 1/ (l − 1) < α < (l − 2) / [2 (l − 1)], while α1 (l) <

1/ (l − 1) and α2 (l) > (l − 2) / [2 (l − 1)] for any 4 < l < 8, then α− α1 (l) > 0 and

α − α2 (l) < 0. Finally, as −5l2 + 10l − 5 < 0 for any 4 < l < 8 and α̂(l) >

(2l − 3) / (5l − 5), we conclude that ∂α̂(l)/∂l > 0. In the latter case we get

∂α̂(l)
∂l

= − 4(α−1)(α− 5
4)

8α(l−1)−(9l−16)
> 0 as α̂(l) < 9l−16

8α(l−1)
.

vi) If l ≥ 8, then Πi (l;α) is a U–shaped function, which gets its (global) minimum

at α = (2l − 3) / (5l − 5). Q.E.D.

Proof of Proposition 1.2. Consider some x on the turf of firm A. Using the

results of Lemma 1.2 and the notation from the proof of Proposition 1.1, we can

write down second-period profits at x depending on l and α. If l ≤ 2, then firm A

gains all consumers at x independently of α, such that profits of firm i = A,B at x,

Πi (x| x < 1/2), are

ΠA(x|x<1/2)
t(1−2x)

= Πα,1
A (l;α) + Π1−α,1

A (l;α) = α + (1− α) [1 + α (l − 1)] , (1.7)

ΠB(x|x<1/2)
t(1−2x)

= Πα,1
B (l;α) + Π1−α,1

B (l;α) = 0.

Consider now 2 < l < 4, in which case second-period profits at x depend on α.

If α ≤ (l − 2) / [2 (l − 1)], then firm A gains all consumers on α and loses some

consumers on 1− α, such that profits are

ΠA(x|x<1/2)
t(1−2x)

= Πα,1
A (l;α) + Π1−α,2

A (l;α) = α + [2l−1−α(l−1)]2

9(l−1)
, (1.8)

ΠB(x|x<1/2)
t(1−2x)

= Πα,1
B (l;α) + Π1−α,2

B (l;α) = [l−2−2α(l−1)]2

9(l−1)
.

If (l − 2) / [2 (l − 1)] ≤ α < 1/ (l − 1), then firm A serves all consumers on both seg-
ments, and profits are given by (1.7). If α ≥ 1/ (l − 1), then firm A loses consumers
on α, and profits are

ΠA(x|x<1/2)
t(1−2x) = Πα,2

A (l;α) + Π1−α,1
A (l;α) = [2α(l−1)+1]2

9(l−1) + (1− α) [1 + α (l − 1)] , (1.9)

ΠB(x|x<1/2)
t(1−2x) = Πα,2

B (l;α) + Π1−α,1
B (l;α) = [α(l−1)−1]2

9(l−1) .
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Consider finally l ≥ 4. If α ≤ 1/ (l − 1), then firm A loses consumers on 1− α, and

profits are given by (1.8). If 1/ (l − 1) < α < (l − 2) / [2 (l − 1)], then firm A loses

consumers on both segments, and firms realize profits:

ΠA(x|x<1/2)
t(1−2x)

= Πα,2
A (l;α) + Π1−α,2

A (l;α) = [2α(l−1)+1]2

9(l−1)
+ [2l−1−α(l−1)]2

9(l−1)
, (1.10)

ΠB(x|x<1/2)
t(1−2x)

= Πα,2
B (l;α) + Π1−α,2

B (l;α) = [α(l−1)−1]2

9(l−1)
+ [l−2−2α(l−1)]2

9(l−1)
.

If α ≥ (l − 2) / [2 (l − 1)], then firm A loses consumers on α, and profits are given

by (1.9).

We introduce now a new notation for the (adjusted) price of firm i = A,B on

some x < 1/2:

pxi := pA(x)
(1−2x)t

.

At any x < 1/2 those consumers buy at firm A who have relatively high transport

costs:

t ≥ tα (pA (x) , pB (x)) = α + t (1− α) , where (1.11)

tα (·) = pA(x)−pB(x)
1−2x

= (pxA − pxB) t,

from where we can derive α as follows

α = pA(x)−pB(x)
(1−2x)t(l−1)

− 1
l−1

=
pxA−pxB−1

l−1
. (1.12)

Note next that if t ≤ tα (·) ≤ 1, then the profit of firm A at x < 1/2 in the first

period is [
1− pA(x)−pB(x)

1−2x

]
pA(x)
1−t

= t (1− 2x)
[
l − pA(x)−pB(x)

(1−2x)t

]
pA(x)

t(1−2x)(l−1)

=
t(1−2x)(l−pxA+pxB)pxA

l−1
.

Similarly, the profit of firm B at x < 1/2 in the first period is[
pA(x)−pB(x)

1−2x
− t

]
pB(x)
1−t

=
t(1−2x)(pxA−pxB−1)pxB

(l−1)
.

To derive the optimal prices of the first period, we will consider the discounted

sum of each firm’s profits over two periods, multiplied by (l − 1) and divided by

t (1− 2x).
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Part 1. Consider first l ≤ 2, in which case firm A chooses pxA to maximize the

profits:

(l − pxA + pxB) p
x
A + δ (l − 1) [α + (1− α) (1 + α (l − 1))] (1.13)

= (l − pxA + pxB) p
x
A + δ [pxA − pxB − 1 + (l − pxA + pxB) (p

x
A − pxB)] .

Firm B chooses pxB to maximize the profits:

(pxA − pxB − 1) pxB. (1.14)

Solving firms’ first-order conditions we arrive at the prices:

px∗A = 2l(1+δ)−1
2δ+3

and px∗B = l−2−δ(1−l)
2δ+3

. (1.15)

Note that second-order conditions are also fulfilled. For the prices (1.15) to con-

stitute the equilibrium, it must hold that t < tα ((1− 2x) tpx∗A , (1− 2x) tpx∗B ) ≤ 1,

which yields the condition:
1

1+l
< 1+δ

3+2δ
≤ l

1+l
. (1.16)

Note that l/ (1 + l) > 0.5 for any l and (1 + δ) / (3 + 2δ) ≤ 0.4 for any δ, such

that the right-hand side of (1.16) is fulfilled for any δ and any l. The left-hand side

of (1.16) is fulfilled if

l > l1 (δ) :=
2+δ
1+δ

. (1.17)

It holds that 1.5 ≤ l1 (δ) ≤ 2 for any δ and ∂l (δ) /∂δ < 0. Note finally that if (1.17)

holds, then px∗A > 0 and px∗B > 0.

If l ≤ l1 (δ), then the monopoly equilibrium emerges, where firm A serves all

consumers at x. In this equilibrium firm A charges the highest price at which it can

gain all consumers:

pA (x, pB (x)) = pB (x) + t (1− 2x) . (1.18)

It follows from (1.18) that p∗B (x) = 0, because firm B would have an incentive to

deviate downwards from any positive price. Hence,

px∗A (x) = t (1− 2x) and px∗B (x) = 0. (1.19)

For the prices (1.19) to constitute the equilibrium, none of the firms should have

an incentive to deviate. Precisely, firm A should not have an incentive to increase
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its price: the derivative of (1.13) evaluated at pxA = t (1− 2x) and pxB = 0 must be

non-positive, which yields the condition l ≤ l1 (δ), which is the opposite of (1.17).

Part 2. Consider now 2 ≤ l ≤ 4, in which case second-period profits are given

by different functions depending on α.

i) Consider first α ≤ (l − 2) / [2 (l − 1)]. The profits of the second period are

then given by (1.8). Firm A chooses pxA to maximize the profits:

(l − pxA + pxB) p
x
A + δ

9

[
9α (l − 1) + (2l − 1− α (l − 1))2

]
(1.20)

= (l − pxA + pxB) p
x
A + δ

9

[
9 (pxA − pxB − 1) + (2l − pxA + pxB)

2] .
Firm B chooses pxB to maximize the profits:

(pxA − pxB − 1) pxB + δ[l−2−2α(l−1)]2

9
= (pxA − pxB − 1) pxB +

δ(l−2pxA+2pxB)
2

9
. (1.21)

We first show that no monopoly equilibrium (where firm A serves all consumers

at x) in the first period exists. Assume that there is such an equilibrium. In this

equilibrium firm A will charge the price pxA = pxB+1. Indeed, at a higher price firm A

does not serve all consumers at x and at any lower price firm A realizes lower profits

(first-period profits decrease, while second-period profits do not change). Firm B

does not have an incentive to increase its price, because both the first-period and

second-period profits do not change. However, one has to exclude the incentive of

firm B to decrease its price. Similarly, one has to exclude the incentive of firm A

to increase its price. Taking the derivatives of (1.20) and (1.21) with respect to

pxA and pxB and evaluating them at pxA = pxB + 1, yields the following inequalities,

respectively:

l + 11
9
δ − 4

9
lδ − 2 ≤ pxB and 4

9
lδ − 8

9
δ ≥ pxB. (1.22)

There exists pxB, which satisfies both inequalities in (1.22), only if

l ≤ 18−19δ
9−8δ

. (1.23)

Note that for any δ and any l ≥ 2 (except for δ = 0 and l = 2, which is covered by

l ≤ l1 (δ) in Part 1 ), (1.23) does not hold, which proves that in the first period only

the sharing equilibrium can exist.
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In the sharing equilibrium first-order conditions have to be fulfilled. Solving

them simultaneously, we arrive at the prices:

px∗A = 54l+60δ−36lδ−24δ2+8lδ2−27
81−30δ

, (1.24)

px∗B = 27l+33δ−12lδ−24δ2+8lδ2−54
81−30δ

, which yield

α (px∗A , px∗B ) = 9l+19δ−8lδ−18
(l−1)(27−10δ)

. (1.25)

Note that second-order conditions are fulfilled, and for any δ and any l ≥ 2 it holds

that α (px∗A , px∗B ) ≥ 0. Imposing α (px∗A , px∗B ) ≤ (l − 2) / [2 (l − 1)], we arrive at

l ≥ l2 (δ) :=
6(1+δ)
3+2δ

.

Note that ∂l2 (δ) /∂δ > 0, l2 (0) = 2 and l2 (1) = 2.4. Note that px∗A ≥ 0 stated in

(1.24) requires

l ≥ f1(δ) :=
24δ2−60δ+27
2(4δ2−18δ+27)

,

which is true for any δ and any l, because for any δ it holds that f1(δ) < 1. Finally,

px∗B ≥ 0 stated in (1.24) requires

l ≥ f2(δ) :=
24δ2−33δ+54
8δ2−12δ+27

,

which is true for any δ and any l ≥ 2, because for any δ it holds that f2(δ) ≤ 2.

ii) Consider now (l − 2) / [2 (l − 1)] ≤ α < 1/ (l − 1). In this case the (adjusted)

profits over two periods are given by (1.13) and (1.14), which yields the equilibrium

prices (1.15) and the share of firm B in the first period:

α (px∗A , px∗B ) =
px∗A −px∗B −1

l−1
= l(1+δ)−(2+δ)

(3+2δ)(l−1)
.

The condition α (px∗A , px∗B ) < 1/ (l − 1) requires l < (5 + 3δ) / (1 + δ), which is ful-

filled for any δ, because (5 + 3δ) / (1 + δ) ≥ 4 for any δ. The condition α (px∗A , px∗B ) ≥
(l − 2) / [2 (l − 1)] requires l ≤ l3 (δ) := 2 (1 + δ). Note that ∂l3 (δ) /∂δ > 0,

l3 (0) = 2 and l3 (1) = 4. Note finally that for any 2 ≤ l ≤ 4 and any δ, it

holds that px∗A > 0 and px∗B ≥ 0.
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iii) Consider finally α ≥ 1/ (l − 1), in which case the profits of the second period

are given by (1.9). Then firm A chooses pxA to maximize the profits:

(l − pxA + pxB) p
x
A + δ[2α(l−1)+1]2

9
+ δ (1− α) (l − 1) [1 + α (l − 1)] (1.26)

= (l − pxA + pxB) p
x
A +

δ(2pxA−2pxB−1)
2

9
+ δ (l − pxA + pxB) (p

x
A − pxB) .

Firm B chooses pxB to maximize the profits:

(pxA − pxB − 1) pxB + δ[α(l−1)−1]2

9
(1.27)

= (pxA − pxB − 1) pxB +
δ(pxA−pxB−2)

2

9
.

Solving simultaneously first-order conditions of the firms, we arrive at the prices:

px∗A = −−54l+42δ−48lδ−16δ2+6lδ2+27
24δ+81

, (1.28)

px∗B = −−27l+18δ−21lδ−16δ2+6lδ2+54
24δ+81

,

which yield the share of firm B in the first period:

α (px∗A , px∗B ) =
px∗A −px∗B −1

l−1
= 9l(1+δ)−16δ−18

(27+8δ)(l−1)
. (1.29)

Note that for any l ≥ 2 and δ, px∗A > 0 and px∗B ≥ 0 hold. The condition α (·) ≥
1/ (l − 1) requires that

l ≥ l4 (δ) :=
15+8δ
3(1+δ)

.

Note that ∂l4 (δ) /∂δ < 0 and l4 (δ) ≤ 4 if δ ≥ 0.75. The condition α (·) ≤ 1 requires

that

l ≥ 9−8δ
18−δ

. (1.30)

Since the the right-hand side of (1.30) is for any δ smaller than 1, then α (·) ≤ 1

holds for any δ and any l ≥ 2. Finally, it can be checked that second-order conditions

are fulfilled.

Combining the results from the analysis of the cases i), ii) and iii), we conclude

that depending on l and δ we have either one, two or three candidate equilibria. At

the next step we have to find the equilibrium for any l and δ.

1) Consider first l2 (δ) ≤ l ≤ min
{
l3 (δ) , l4 (δ)

}
, which yield two candidate

equilibria, (1.15) and (1.24).
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1.a) Consider first the candidate equilibrium (1.24). It is straightforward that

none of the firms has an incentive to deviate on α (·) ≤ (l − 2) / [2 (l − 1)]. We

consider two other deviations by each of the firms.

Deviation on (l − 2) / [2 (l − 1)] ≤ α (·) ≤ 1/ (l − 1).

i) The incentives of firm A. If firm A deviates, then it realizes the profits (1.13).

Maximizing (1.13) with respect to pxA and keeping pxB at px∗B given in (1.24), yields

the deviation price:

px,devA (px∗B ) = 108l+6δ+93lδ+12δ2−48δ3−46lδ2+16lδ3−54
−60δ2+102δ+162

, (1.31)

and the market share of firm B in the first period:

α
(
px,devA (px∗B ) , px∗B

)
= −54δ−54l−63lδ−54δ2+38lδ2+108

6(l−1)(27−10δ)(1+δ)
.

Note that px,devA (px∗B ) > 0 for any δ and any l. Imposing the requirement that

α
(
px,devA (px∗B ) , px∗B

)
≥ l−2

2(l−1)
, (1.32)

we arrive at the constraint:

l ≤ 48δ−6δ2+54
8δ2−12δ+27

. (1.33)

Note that for any δ it holds that

48δ−6δ2+54
−12δ+8δ2+27

> min
{
l3 (δ) , l4 (δ)

}
,

such that for any l with l2 (δ) ≤ l ≤ min
{
l3 (δ) , l4 (δ)

}
, (1.33) holds and, hence,

(1.32) is fulfilled. Imposing the requirement

α
(
px,devA (px∗B ) , px∗B

)
≤ 1

l−1
(1.34)

we arrive at the constraint:

l ≤ 156δ−114δ2+270
63δ−38δ2+54

. (1.35)

Note that for any δ it holds that

156δ−114δ2+270
63δ−38δ2+54

> min
{
l3 (δ) , l4 (δ)

}
,

such that for any l with l2 (δ) ≤ l ≤ min
{
l3 (δ) , l4 (δ)

}
, (1.35) holds and, hence,
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(1.34) is fulfilled. It follows that the price (1.31) is indeed the optimal deviation

price of firm A on (l − 2) / [2 (l − 1)] ≤ α (·) ≤ 1/ (l − 1). The difference between

firm A’s equilibrium and deviation profits is

f1 (l, δ) :=
δ[l2(−100δ3+372δ2+531δ+2268)−l(−120δ3+276δ2+6552δ+6156)−360δ3+2520δ2+6120δ+3240]

36(δ+1)(10δ−27)2
.

The function f1 (l, δ) opens upwards for any δ and has two roots:

l1 (δ) : =
−120δ3+276δ2+6552δ+6156−36(27−10δ)(1+δ)

√
(δ+1)(9−δ)

2(−100δ3+372δ2+531δ+2268)
and (1.36)

l2 (δ) : =
−120δ3+276δ2+6552δ+6156+36(27−10δ)(1+δ)

√
(δ+1)(9−δ)

2(−100δ3+372δ2+531δ+2268)
.

For any δ it holds: l1 (δ) < l2 (δ) and l2 (δ) ≤ l2 (δ) ≤ min
{
l3 (δ) , l4 (δ)

}
. Hence,

for any l with l2 (δ) ≤ l ≤ min
{
l3 (δ) , l4 (δ)

}
we have that f1 (l, δ) ≥ 0 if l ≥ l2 (δ),

while f1 (l, δ) < 0 if l < l2 (δ). In the former case firm A does not have an incentive

to deviate from px∗A in (1.24) and does in the latter.

ii) The incentives of firm B. If firm B deviates, then its profits are given by

(1.14). Maximizing (1.14) with respect to pxB and keeping pxA at px∗A in (1.24), yields

the deviation price:

px,devB (px∗A ) = 27l+45δ−18lδ−12δ2+4lδ2−54
81−30δ

,

and the market share of firm B in the first period:

α
(
px∗A , px,devB (px∗A )

)
= 27l+45δ−18lδ−12δ2+4lδ2−54

(l−1)(81−30δ)
.

Note that for any δ and any l ≥ 2 it holds that px,devB (px∗A ) ≥ 0. The comparison

shows that

α
(
px∗A , px,devB (px∗A )

)
− l−2

2(l−1)
= (9−4δ)(6δ−3l−2lδ+6)

6(27−10δ)(l−1)
. (1.37)

The right-hand side of (1.37) is non-negative if

l ≤ l2 (δ) =
6(1+δ)
3+2δ

. (1.38)

As we consider l ≥ l2 (δ), the optimal deviation price of firm B follows from

α
(
px∗A , px,devB (px∗A )

)
= (l − 2) / [2 (l − 1)]. Then from the continuity of firm B’s

profits we conclude that it does not have an incentive to deviate.
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Deviation on α (·) ≥ 1/ (l − 1).

i) The incentives of firm A. If firm A deviates, then its profit is given by (1.26).

Keeping pxB at px∗B in (1.24) and taking the derivative of (1.26) with respect to pxA
yields the deviation price of firm A:

px,devA (px∗B ) = −567δ−972l−621lδ−234δ2+240δ3+318lδ2−80lδ3+486
−300δ2+270δ+1458

. (1.39)

Note that for any δ and l ≥ 2 it holds that px,devA (px∗B ) > 0. The prices px,devA (px∗B )

and px∗B yield the market share of firm B in the first period:

α
(
px,devA (px∗B ) , px∗B

)
= 297δ−162l−189lδ−212δ2+114lδ2+324

(100δ2−90δ−486)(l−1)
.

Note that for any δ and any l ≥ 2 it holds that α
(
px,devA (px∗B ) , px∗B

)
< 1. The other

comparison shows that

α
(
px,devA (px∗B ) , px∗B

)
− 1

l−1
= −3(129δ−54l−63lδ−104δ2+38lδ2+270)

2(l−1)(−50δ2+45δ+243)
. (1.40)

The right-hand side of (1.40) is non-negative if

l ≥ l5 (δ) :=
129δ−104δ2+270
63δ−38δ2+54

. (1.41)

Solving l5 (δ) = l3 (δ), we get δ ≈ 0.89. If δ < 0.89, then l5 (δ) > min
{
l3 (δ) , l4 (δ)

}
,

such that (1.41) does not hold and α
(
px,devA (px∗B ) , px∗B

)
< 1/ (l − 1).

Consider first δ < 0.89 and δ ≥ 0.89 with l ≤ l5 (δ). The optimal deviation price

of firm A follows from α
(
px,devA (px∗B ) , px∗B

)
= 1/ (l − 1), which yields

px,devA (px∗B ) = 27δ−27l+12lδ+24δ2−8lδ2−108
30δ−81

.

Note that for any l and any δ, it holds that px,devA (px∗B ) > 0. Then the difference

between the equilibrium and deviation profits of firm A is

l2(112δ3−480δ2+513δ+243)−l(712δ3−2874δ2+2322δ+2430)+1053δ3−3807δ2+1215δ+6075

3(10δ−27)2
. (1.42)

The numerator of (1.42) is a quadratic function with respect to l with a non-positive

discriminant (for any δ), such that it does not have roots. As this function opens

upwards (for any δ), it takes only positive values. Hence, firm A does not have an
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incentive to deviate if δ < 0.89 or if δ ≥ 0.89 with l ≤ l5 (δ) hold.

Consider now δ ≥ 0.89 with l5 (δ) < l < min
{
l3 (δ) , l4 (δ)

}
, in which case (1.41)

holds and (1.39) is the optimal deviation price of firm A. The difference between

the equilibrium and deviation profits of firm A is

δ[−l2(2092δ3−8796δ2+6615δ−2916)+l(9472δ3−36876δ2+10530δ+11664)−11388δ3+42264δ2+5805δ−43740]
12(5δ+9)(10δ−27)2

.

(1.43)

The function in the parentheses of (1.43) is quadratic in l, opens upwards for any δ

and has two roots, one of which is negative for any δ, while the other root is smaller

than l5 (δ) for any δ. Hence, for any l5 (δ) < l < min
{
l3 (δ) , l4 (δ)

}
and δ ≥ 0.89,

the function in the parentheses in (1.43) is positive, such that firm A does not have

an incentive to deviate.

ii) The incentives of firm B. Given the rival’s price, px∗A in (1.24), there exists

px,devB ≥ 0, which yields the share of firm B in the first period satisfying α (·) ≥
1/ (l − 1) only if

l ≥ l5 (δ) :=
−120δ+24δ2+189
−36δ+8δ2+54

. (1.44)

In the following we will restrict attention to l satisfying (1.44), because only in that

case firm B can deviate. Keeping pxA at px∗A in (1.24) and taking the derivative of

(1.27) with respect to pxB yields the deviation price of firm B:

px,devB (px∗A ) = 243l+594δ−216lδ−228δ2+24δ3+72lδ2−8lδ3−486
30δ2−351δ+729

.

Note that px,devB (px∗A ) > 0 for any δ and l > 2. The prices px,devB (px∗A ) and px∗A yield

the market share of firm B in the first period:

α
(
px∗A , px,devB (px∗A )

)
=

px∗A −px,devB (px∗A )−1

l−1
= 81l+108δ−54lδ−26δ2+12lδ2−162

(l−1)(10δ2−117δ+243)
. (1.45)

Note that for any l and δ it holds that α
(
px∗A , px,devB (px∗A )

)
< 1. The other comparison

shows that

α
(
px∗A , px,devB (px∗A )

)
− 1

l−1
=

3(27l+75δ−18lδ−12δ2+4lδ2−135)
(l−1)(10δ2−117δ+243)

. (1.46)

The right-hand side of (1.46) is non-negative if

l ≥ 135−75δ+12δ2

27−18δ+4δ2
. (1.47)
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Note that the right-hand side of (1.47) is for any δ larger than 4, such that (1.47)

does not hold and α
(
px∗A , px,devB (px∗A )

)
< 1/ (l − 1) stated in (1.45). Hence, the

optimal deviation price of firm B is such that α (·) = 1/ (l − 1), which yields

px,devB (px∗A ) = 54l+120δ−36lδ−24δ2+8lδ2−189
81−30δ

. (1.48)

Note that for any l > l5 (δ), p
x,dev
B (px∗A ) > 0. Then the optimal deviation price of

firm B is given by (1.48) and the difference between the equilibrium and deviation

profits is

− l2(52δ3−204δ2+297δ−243)−l(352δ3−1608δ2+2862δ−2430)+588δ3−3123δ2+6642δ−6075

3(10δ−27)2
. (1.49)

Note that the numerator of (1.49) is a quadratic function with respect to l, which

opens downwards (for any δ). As its discriminant is non-positive (for any δ), for any

δ and l it takes only negative values, such that the whole term in (1.49) is positive

for any δ and l and firm B does not have an incentive to deviate.

Conclusion from 1.a). We conclude that on l2 (δ) ≤ l ≤ min
{
l3 (δ) , l4 (δ)

}
the

equilibrium (1.24) exists if l ≥ l2 (δ), with

l2 (δ) =
−120δ3+276δ2+6552δ+6156+36(27−10δ)(1+δ)

√
(δ+1)(9−δ)

2(−100δ3+372δ2+531δ+2268)
.

1.b) Consider now the equilibrium (1.15).

Deviation on α ≤ (l − 2) / [2 (l − 1)].

i) The incentives of firm A. If firm A deviates, then its profits are given by

(1.20). Maximizing (1.20) with respect to pxA and keeping pxB at px∗B in (1.15) yields

the deviation price of firm A:

px,devA (px∗B ) = 36l+22δ+13lδ+20δ2−10lδ2−18
−4δ2+30δ+54

, (1.50)

such that the market share of firm B in the first period is

α
(
px,devA (px∗B ) , px∗B

)
=

px,devA (px∗B )−px∗B −1

l−1
= 18l+6δ−3lδ+22δ2−8lδ2−36

(l−1)(54−4δ2+30δ)
.

Note that for any l and any δ, px,devA (px∗B ) in (1.50) is positive. The comparison
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shows that

α
(
px,devA (px∗B ) , px∗B

)
− l−2

2(l−1)
=

3(12δ−3l−6lδ+6δ2−2lδ2+6)
2(l−1)(−2δ2+15δ+27)

. (1.51)

Note that for any l ≥ l2 (δ) it holds that

l > 12δ+6δ2+6
6δ+2δ2+3

, (1.52)

such that the right-hand side of (1.51) is negative.

Note next that α
(
px,devA (px∗B ) , px∗B

)
≥ 0 if

l ≥ 36−6δ−22δ2

18−3δ−8δ2
. (1.53)

As any l ≥ 2 also satisfies (1.53), α
(
px,devA (px∗B ) , px∗B

)
≥ 0 holds. We conclude that

(1.50) is the optimal deviation price of firm A.

Given (1.50), the difference between the equilibrium and the deviation profits of

firm A is

− δf2(l,δ)

4(9−δ)(2δ+3)2
, with

f2 (l, δ) : = l2
(
4δ3 + 24δ2 + 49δ + 28

)− l
(
24δ3 + 124δ2 + 176δ + 76

)
+40δ3 + 120δ2 + 120δ + 40.

The function f2 (l, δ) opens upwards (for any δ) and has two roots:

l3 (δ) : =
24δ3+124δ2+176δ+76−4(δ+1)(2δ+3)

√
(δ+1)(9−δ)

2(4δ3+24δ2+49δ+28)
, (1.54)

l4 (δ) : =
24δ3+124δ2+176δ+76+4(δ+1)(2δ+3)

√
(δ+1)(9−δ)

2(4δ3+24δ2+49δ+28)
.

For any δ it holds that l3 (δ) < 2 and l2 (δ) ≤ l4 (δ) ≤ min
{
l3 (δ) , l4 (δ)

}
. It then

follows that for any l such that l2 (δ) ≤ l ≤ min
{
l3 (δ) , l4 (δ)

}
, firm A does not have

an incentive to deviate if l ≤ l4 (δ) and deviates otherwise.

ii) The incentives of firm B. If firm B deviates, then its profits are given by

(1.21). Maximizing (1.21) with respect to pxB and keeping pxA at px∗A in (1.15), yields

the deviation price of firm B:

px,devB (px∗A ) = −5δ−9l−7lδ+4lδ2+18
−8δ2+6δ+27

.
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Note that px,devB (px∗A ) ≥ 0 for any δ and any l ≥ 2. This deviation price yields the

market share of firm B in the first period:

α
(
px∗A , px,devB (px∗A )

)
=

px∗A −px,devB (px∗A )−1

l−1
= 9l+3δ+3lδ+8δ2−4lδ2−18

(l−1)(−8δ2+6δ+27)
.

The comparison shows that

α
(
px∗A , px,devB (px∗A )

)
− l−2

2(l−1)
= 9(2δ−l+2)

2(l−1)(−8δ2+6δ+27)
. (1.55)

The right-hand side of (1.55) is non-positive if l ≥ l3 (δ) = 2 (1 + δ). Hence, for any

l2 (δ) ≤ l ≤ min
{
l3 (δ) , l4 (δ)

}
, the optimal deviation price of firm B follows from

α (·) = (l − 2) / [2 (l − 1)]. Then from the continuity of firm B’s profits we conclude

that for any l and δ firm B does not have an incentive to deviate.

Deviation on α ≥ 1/ (l − 1).

i) The incentives of firm A. If firm A deviates, it realizes the profit (1.26).

Keeping pxB at px∗B in (1.15) and taking the derivative of (1.26) with respect to pxA
yields the deviation price of firm A:

px,devA (px∗B ) = −41δ−36l−64lδ+18δ2−28lδ2+18
20δ2+66δ+54

, (1.56)

which is non-negative if

l ≥ 41δ+18δ2+18
64δ+28δ2+36

. (1.57)

Note that for any δ the right-hand side of (1.57) is smaller than 1, such that (1.57)

is fulfilled as strict inequality for any δ and l. The price (1.56) yields the market

share of firm B in the first period:

α
(
px,devA (px∗B ) , px∗B

)
=

px,devA (px∗B )−px∗B −1

l−1
= −69δ−18l−36lδ+28δ2−18lδ2+36

(l−1)(20δ2+66δ+54)
. (1.58)

The comparison shows that

α
(
px,devA (px∗B ) , px∗B

)
− 1

l−1
= −3(45δ−6l−12lδ+16δ2−6lδ2+30)

2(l−1)(10δ2+33δ+27)
. (1.59)

The right-hand side of (1.59) is non-negative if

l ≥ 45δ+16δ2+30
12δ+6δ2+6

. (1.60)
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We showed above that on l2 (δ) ≤ l ≤ min
{
l3 (δ) , l4 (δ)

}
, the equilibrium (1.15)

exists if l ≤ l4 (δ), the latter being stated in (1.54). The comparison shows that

for any δ, the right-hand side of (1.60) is larger than l4 (δ), such that (1.60) is not

fulfilled for any δ and the right-hand side of (1.59) is negative. Hence, the optimal

deviation price of firm A follows from α
(
px,devA (px∗B ) , px∗B

)
= 1/ (l − 1). Then from

the continuity of firm A’s profits, we conclude that firm A does not have an incentive

to deviate.

ii) The incentives of firm B. Keeping pxA at px∗A in (1.15) and requiring that

α ≥ 1/ (l − 1) yields the restriction on firm B’s deviation price:

px,devB ≤ −4δ−2l−2lδ+7
2δ+3

. (1.61)

There exists px,devB ≥ 0, which satisfies (1.61) if l ≥ (4δ + 7) / (2δ + 2). We showed

above that on l2 (δ) ≤ l ≤ min
{
l3 (δ) , l4 (δ)

}
, the equilibrium (1.15) exists if l ≤

l4 (δ). Note that for any δ it holds that (4δ + 7) / (2δ + 2) > l4 (δ), which implies

that firm B cannot deviate.

Conclusion from 1.b). We conclude that on l2 (δ) ≤ l ≤ min
{
l3 (δ) , l4 (δ)

}
, the

equilibrium (1.15) exists if l ≤ l4 (δ), with

l4 (δ) =
24δ3+124δ2+176δ+76+4(δ+1)(2δ+3)

√
(δ+1)(9−δ)

2(4δ3+24δ2+49δ+28)
.

2) Consider now 2 ≤ l ≤ l2 (δ), which yields the unique candidate equilibrium

(1.15).

Deviation on α ≤ (l − 2) / [2 (l − 1)].

i) The incentives of firm A. Refer to the analysis in 1.b). For any δ it holds that

2 ≤ 12δ+6δ2+6
6δ+2δ2+3

≤ l2 (δ) .

For any
12δ+6δ2+6
6δ+2δ2+3

≤ l ≤ l2 (δ)

the analysis in 1.b) applies, such that firm A does not have an incentive to deviate.

Consider now

2 ≤ l ≤ 12δ+6δ2+6
6δ+2δ2+3

,
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in which case the optimal deviation price of firm A follows from

α
(
px,devA (px∗B ) , px∗B

)
= l−2

2(l−1)
.

Then from the continuity of firm A’s profits, we conclude that firm A does not have

an incentive to deviate either.

ii) The incentives of firm B. The analysis in 1.b) allows us to conclude that firm

B does not have an incentive to deviate.

Deviation on α ≥ 1/ (l − 1). The analysis in 1.b) allows us to conclude that neither

firm A, nor firm B have an incentive to deviate.

Conclusion from 2). We conclude that on 2 ≤ l ≤ l2 (δ) the unique equilibrium is

(1.15).

3) Consider now l3 (δ) ≤ l ≤ min
{
4, l4 (δ)

}
, which yields the unique candidate

equilibrium (1.24).

Deviation on (l − 2) / [2 (l − 1)] ≤ α (·) ≤ 1/ (l − 1).

i) The incentives of firm A. We introduce a new notation:

l6 (δ) :=
48δ−6δ2+54
8δ2−12δ+27

.

Consider first l3 (δ) ≤ l ≤ min
{
l6 (δ) , l4 (δ)

}
. From the analysis in 1.a) it follows

that firm A does not have an incentive to deviate. Consider now l6 (δ) ≤ l ≤
min

{
l4 (δ) , 4

}
. From the analysis in 1.a) we conclude that the optimal deviation

price of firm A follows from (l − 2) / [2 (l − 1)] = α
(
px,devA (px∗B ) , px∗B

)
. As firm A’s

profits are continuous, we conclude that firm A does not have an incentive to deviate.

ii) The incentives of firm B. From the analysis in 1.a) we conclude that firm B

does not have an incentive to deviate.

Deviation on α (·) ≥ 1/ (l − 1).

i) The incentives of firm A. We first consider l3 (δ) ≤ l ≤ min
{
l5 (δ) , 4

}
, with

l5 (δ) being defined in (1.41). From the analysis in 1.a) it follows that firm A does

not have an incentive to deviate. Consider now l5 (δ) ≤ l ≤ min
{
l4 (δ) , 4

}
. From

the analysis in 1.a) it follows that firm A does not have an incentive to deviate

either.

ii) The incentives of firm B. From the analysis in 1.a) it follows that firm B

does not have an incentive to deviate.
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Conclusion from 3). We conclude that on l3 (δ) ≤ l ≤ min
{
4, l4 (δ)

}
the unique

equilibrium is (1.24).

4) Consider now max
{
l3 (δ) , l4 (δ)

} ≤ l ≤ 4, which yields two candidate equi-

libria, (1.24) and (1.28).

4.a) Consider first the candidate equilibrium (1.24).

Deviation on α (·) ≥ 1/ (l − 1).

i) The incentives of firm A. If firm A deviates, its profit is given by (1.26).

Keeping pxB at px∗B in (1.24) and taking the derivative of (1.26) with respect to pxA
yields the deviation price of firm A:

px,devA (px∗B ) = −−l(80δ3−318δ2+621δ+972)+240δ3−234δ2+567δ+486

270δ−300δ2+1458
, (1.62)

which is non-negative if

l ≥ 567δ−234δ2+240δ3+486
621δ−318δ2+80δ3+972

. (1.63)

Since the right-hand side of (1.63) is smaller than 1 for any δ, then (1.63) holds for

any l. Using px∗B in (1.24) and px,devA (px∗B ) in (1.62) we calculate the market share of

firm B in the first period:

α
(
px,devA (px∗B ) , px∗B

)
= −297δ−162l−189lδ−212δ2+114lδ2+324

(l−1)(486−100δ2+90δ)
.

The comparison shows that α
(
px,devA (px∗B ) , px∗B

)
≥ 1/ (l − 1) if

l ≥ 129δ−104δ2+270
63δ−38δ2+54

,

which is fulfilled for any δ and any max
{
l3 (δ) , l4 (δ)

} ≤ l ≤ 4. The other compari-

son shows that α
(
px,devA (px∗B ) , px∗B

)
≤ 1 if

l ≥ −207δ+112δ2+162
−99δ+14δ2+324

. (1.64)

Since the right-hand side of (1.64) is smaller than 1 for any δ, then (1.64) holds for

any l and any δ. Hence, (1.62) is the optimal deviation price of firm A, which yields

the following difference between the equilibrium and the deviation profits:

δ[−l2(2092δ3−8796δ2+6615δ−2916)+l(9472δ3−36876δ2+10530δ+11664)−11388δ3+42264δ2+5805δ−43740]
12(5δ+9)(10δ−27)2

.

(1.65)
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The function in the brackets in (1.65) is quadratic in l. It opens upwards (for any

δ) and has two roots:

−(9472δ3−36 876δ2+10 530δ+11 664)+4(27−10δ)
√

−(3485δ4−16 032δ3+801δ2+42 930δ−55 404)

−2(2092δ3−8796δ2+6615δ−2916)
,

−(9472δ3−36 876δ2+10 530δ+11 664)−4(27−10δ)
√

−(3485δ4−16 032δ3+801δ2+42 930δ−55 404)

−2(2092δ3−8796δ2+6615δ−2916)
.

Both of these roots are smaller than max
{
l3 (δ) , l4 (δ)

}
for any δ. Hence, for any δ

and any max
{
l3 (δ) , l4 (δ)

} ≤ l ≤ 4, the expression in (1.65) is non-negative, such

that firm A does not have an incentive to deviate.

ii) The incentives of firm B. If firm B deviates, then its profit is given by (1.27).

Keeping pxA at px∗A in (1.24) and taking the derivative of (1.27) with respect to pxB
yields the deviation price of firm B:

px,devB (px∗A ) = 243l+594δ−216lδ−228δ2+24δ3+72lδ2−8lδ3−486
30δ2−351δ+729

, (1.66)

which is non-negative for any

l ≥ 594δ−228δ2+24δ3−486
216δ−72δ2+8δ3−243

. (1.67)

Since the right-hand side of (1.67) is for any δ not lager than 2, then (1.67) holds

for any δ and any l ≥ 2. Using px,devB (px∗A ) in (1.66), we can calculate the market

share of firm B in the first period:

α
(
px∗A , px,devB (px∗A )

)
= 81l+108δ−54lδ−26δ2+12lδ2−162

(l−1)(10δ2−117δ+243)
.

The comparison shows that

α
(
px∗A , px,devB (px∗A )

)
− 1

l−1
=

3(27l+75δ−18lδ−12δ2+4lδ2−135)
(l−1)(10δ2−117δ+243)

. (1.68)

The right-hand side of (1.68) is non-negative if

l ≥ −75δ+12δ2+135
−18δ+4δ2+27

. (1.69)

Since the right-hand side of (1.69) is not smaller than 5 for any δ, (1.69) does not

hold for any δ and any max
{
l3 (δ) , l4 (δ)

} ≤ l ≤ 4. Hence, the optimal deviation
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price of firm B follows from

α
(
px∗A , px,devB (px∗A )

)
= 1

l−1

and is given by

px,devB (px∗A ) = 54l+120δ−36lδ−24δ2+8lδ2−189
81−30δ

, (1.70)

which is non-negative if

l ≥ −120δ+24δ2+189
−36δ+8δ2+54

. (1.71)

The right-hand side of (1.71) is for any δ smaller than max
{
l3 (δ) , l4 (δ)

}
, such that

(1.71) holds for any δ and any max
{
l3 (δ) , l4 (δ)

} ≤ l ≤ 4. Hence, px,devB (px∗A ) in

(1.70) is the optimal deviation price of firm B. Using the latter we calculate the

difference between the equilibrium and the deviation profits of firm B:

− l2(52δ3−204δ2+297δ−243)−l(352δ3−1608δ2+2862δ−2430)+588δ3−3123δ2+6642δ−6075

3(10δ−27)2
. (1.72)

The numerator of (1.72) is a quadratic function of l, which opens downwards and

has a non-positive discriminant (for any δ). It follows that for any δ and any l the

expression in (1.72) is non-negative, such that firm B does not have an incentive to

deviate.

Deviation on (l − 2) / [2 (l − 1)] ≤ α (·) ≤ 1/ (l − 1).

i) The incentives of firm A. If firm A deviates, then its profit is given by (1.13).

Keeping pxB at px∗B in (1.24) and taking the derivative of (1.13) with respect to pxA
yields the deviation price of firm A:

px,devA (px∗B ) = 108l+6δ+93lδ+12δ2−48δ3−46lδ2+16lδ3−54
−60δ2+102δ+162

, (1.73)

which is non-negative if

l ≥ − 6δ+12δ2−48δ3−54
93δ−46δ2+16δ3+108

. (1.74)

As the right-hand side of (1.74) is for any δ smaller than 1, (1.74) holds for any δ

and any l. Using (1.73), we calculate the market share of firm B in the first period:

α
(
px,devA (px∗B ) , px∗B

)
= −54δ−54l−63lδ−54δ2+38lδ2+108

(l−1)(162−60δ2+102δ)
.
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The comparison shows that

α
(
px,devA (px∗B ) , px∗B

)
− 1

l−1
= −(156δ−54l−63lδ−114δ2+38lδ2+270)

6(l−1)(−10δ2+17δ+27)
. (1.75)

The right-hand side of (1.75) is non-positive if

l ≤ l7 (δ) :=
156δ−114δ2+270
63δ−38δ2+54

. (1.76)

The other comparison shows that

α
(
px,devA (px∗B ) , px∗B

)
− l−2

2(l−1)
= 48δ−27l+12lδ−6δ2−8lδ2+54

6(l−1)(−10δ2+17δ+27)
,

which is non-negative if

l ≤ l8 (δ) :=
48δ−6δ2+54
−12δ+8δ2+27

. (1.77)

Note that if δ =
(
24− 3

√
7
)
/19 ≈ 0.85, then l7 (δ) = l8 (δ) = 4. Consider

max
{
l8 (δ) , l4 (δ)

} ≤ l ≤ 4, in which case (1.77) does not hold and px,devA (px∗B )

follows from α
(
px,devA (px∗B ) , px∗B

)
= (l − 2) / [2(l − 1)]. As firm A’s profit is con-

tinuous, we conclude that firm A does not have an incentive to deviate. Consider

now max
{
l7 (δ) , l3 (δ)

} ≤ l ≤ 4, in which case (1.76) does not hold and px,devA (px∗B )

follows from α
(
px,devA (px∗B ) , px∗B

)
= 1/(l − 1). As firm A’s profit is continuous,

we conclude that firm A does not have an incentive to deviate. Consider finally

max
{
l3 (δ) , l4 (δ)

} ≤ l ≤ min {l7 (δ) , l8 (δ)}, in which case both (1.76) and (1.77)

are fulfilled and the optimal deviation price of firm A is given by (1.73). Using the

latter price we calculate the difference between the equilibrium and the deviation

profits of firm A:

δ[l2(−100δ3+372δ2+531δ+2268)−l(−120δ3+276δ2+6552δ+6156)−360δ3+2520δ2+6120δ+3240]
36(δ+1)(10δ−27)2

. (1.78)

For any δ, the function in the brackets in (1.78) is quadratic in l, looks upwards

and has two roots both of which are smaller than max
{
l3 (δ) , l4 (δ)

}
. Hence, the

expression in (1.78) is non-negative for any δ and any max
{
l3 (δ) , l4 (δ)

} ≤ l ≤
min {l7 (δ) , l8 (δ)}, such that firm A does not have an incentive to deviate.

i) The incentives of firm B. If firm B deviates, then its profits are given by

(1.14). Keeping pxA at px∗A in (1.24) and taking the derivative of (1.14) with respect
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to pxB yields the deviation price of firm B:

px,devB (px∗A ) = 27l+45δ−18lδ−12δ2+4lδ2−54
81−30δ

, (1.79)

which is non-negative if

l ≥ −45δ+12δ2+54
−18δ+4δ2+27

. (1.80)

Since the right-hand side of (1.80) is for any δ not larger than 2, then (1.80) holds

for any δ and any l ≥ 2. Using (1.79) we can calculate the equilibrium share of firm

B in the first period:

α
(
px∗A , px,devB (px∗A )

)
= 27l+45δ−18lδ−12δ2+4lδ2−54

(l−1)(81−30δ)
.

The comparison shows that

α
(
px∗A , px,devB (px∗A )

)
− l−2

2(l−1)
= (9−4δ)(6δ−3l−2lδ+6)

6(27−10δ)(l−1)
. (1.81)

The right-hand side of (1.81) is non-negative if

l ≤ l2 (δ) =
6(1+δ)
2δ+3

. (1.82)

Note that for any δ and any max
{
l3 (δ) , l4 (δ)

} ≤ l ≤ 4, (1.82) does not hold,

such that the optimal deviation price of firm B follows from α
(
px∗A , px,devB (px∗A )

)
=

(l − 2) / [2 (l − 1)]. As firm B’s profits are continuous, we conclude that it does not

have an incentive to deviate.

Conclusion from 4.a) We conclude that for any δ and any max
{
l3 (δ) , l4 (δ)

} ≤
l ≤ 4 there exists the equilibrium (1.24).

4.b) Consider now the candidate equilibrium (1.28).

Deviation on α (·) ≤ (l − 2) / [2 (l − 1)].

i) The incentives of firm A. If firm A deviates, its profit is given by (1.20).

Keeping pxB at px∗B in (1.28) and taking the derivative of (1.20) with respect to pxA
yields the deviation price of firm A:

px,devA (px∗B ) =
l(12δ3−192δ2+27δ+972)−32δ3+396δ2+675δ−486

−48δ2+270δ+1458
. (1.83)
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The price px,devA (px∗B ) is non-negative if

l ≥ −675δ+396δ2−32δ3−486
27δ−192δ2+12δ3+972

. (1.84)

The right-hand side of (1.84) is for any δ smaller than 1, such that (1.84) holds for

any δ and any l and px,devA (px∗B ) ≥ 0. Using px,devA (px∗B ) in (1.83) we can calculate the

market share of firm B in the first period:

α
(
px,devA (px∗B ) , px∗B

)
= −−l(14δ2+99δ−162)+40δ2+207δ−324

−(l−1)(−16δ2+90δ+486)
. (1.85)

The numerator of (1.85) is non-negative if

l ≥ 207δ+40δ2−324
99δ+14δ2−162

. (1.86)

The right-hand side of (1.86) is for any δ smaller or equal to 2, such that (1.86) is

fulfilled for any δ and any l ≥ 2. The denominator of (1.86) is negative for any δ

and any l. It then follows that for any δ and any l ≥ 2, α
(
px,devA (px∗B ) , px∗B

)
≥ 0

holds.

The comparison shows that

α
(
px,devA (px∗B ) , px∗B

)
− l−2

2(l−1)
=

3[−l(2δ2+48δ+27)+8δ2+99δ+54]
2(l−1)(−8δ2+45δ+243)

. (1.87)

The right-hand side of (1.87) is non-positive if

l ≥ 99δ+8δ2+54
48δ+2δ2+27

. (1.88)

The right-hand side of (1.88) is for any δ smaller than max
{
l3 (δ) , l4 (δ)

}
. Hence,

for any δ and any max
{
l3 (δ) , l4 (δ)

} ≤ l ≤ 4, (1.88) holds. We conclude that

px,devA (px∗B ) in (1.83) is the optimal deviation price of firm A. Using the latter price

we can calculate the difference between the equilibrium and the deviation profits of

firm A:

δ[−264l2δ3+1116l2δ2−2619l2δ−2916l2+1184lδ3−2676lδ2+2754lδ−11 664l−1472δ3+1200δ2+9585δ+43 740]
12(9−δ)(8δ+27)2

.

(1.89)

The expression in the brackets in the numerator of (1.89) is a quadratic function

with respect to l, which opens downwards (for any δ) and has two roots, one of

which is negative for any δ and the other one is smaller than max
{
l3 (δ) , l4 (δ)

}
for
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any δ:

−(1184δ3−2676δ2+2754δ−11 664)+4(8δ+27)
√−149δ4+2472δ3−12 033δ2+10 530δ+55 404

−2(264δ3−1116δ2+2619δ+2916)
, (1.90)

−(1184δ3−2676δ2+2754δ−11 664)−4(8δ+27)
√−149δ4+2472δ3−12 033δ2+10 530δ+55 404

−2(264δ3−1116δ2+2619δ+2916)
.

It then follows that for any δ and any max
{
l3 (δ) , l4 (δ)

} ≤ l ≤ 4 the expression

in the brackets in (1.89) is negative, which implies that firm A has an incentive to

deviate.

Conclusion from 4.b) We conclude that for any δ and any max
{
l3 (δ) , l4 (δ)

} ≤
l ≤ 4 there does not exist the equilibrium (1.28).

Conclusion from 4). We conclude that for any δ and any max
{
l3 (δ) , l4 (δ)

} ≤
l ≤ 4 there exists the unique equilibrium (1.24).

5) Consider finally l4 (δ) ≤ l ≤ l3 (δ), which yields three candidate equilibria,

(1.15), (1.24) and (1.28).

5.a) Consider first the candidate equilibrium (1.28).

Deviation on α (·) ≤ (l − 2) / [2 (l − 1)].

i) The incentives of firm A. Note that the right-hand side of (1.88) is for any

δ smaller than l4 (δ). Note also that the second expression in (1.90) is for any δ

smaller than l4 (δ). Then similar to the analysis in 4.b) we conclude that for any δ

and any l4 (δ) ≤ l ≤ l3 (δ), firm A has an incentive to deviate.

Conclusion from 5.a). We conclude that for any δ and any l4 (δ) ≤ l ≤ l3 (δ),

the equilibrium (1.28) does not exist.

5.b) We consider now the candidate equilibrium (1.15).

Deviation on α ≤ (l − 2) / [2 (l − 1)].

i) The incentives of firm A. From the analysis in 1.b) it follows that for any δ

and any l4 (δ) ≤ l ≤ l3 (δ), firm A has an incentive to deviate.

Conclusion from 5.b). We conclude that for any δ and any l4 (δ) ≤ l ≤ l3 (δ),

the equilibrium (1.15) does not exist.

5.c) We consider finally the candidate equilibrium (1.24).

i) The incentives of firm B. We can use the results of the analysis in 1.a) to

conclude that firm B does not have an incentive to deviate on (l − 2) / [2 (l − 1)] ≤
α (·) ≤ 1/ (l − 1). Note also that for any δ it holds that l5 (δ) < l4 (δ), with l5 (δ)
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being defined in (1.44). Then we can use the results of the analysis in 1.a) to

conclude that firm B does not have an incentive to deviate on α (·) ≥ 1/ (l − 1)

either.

ii) The incentives of firm A.

Deviation on α (·) ≥ 1/ (l − 1). Note that for any δ it holds that l5 (δ) ≤ l4 (δ),

with l5 (δ) being defined in (1.41). Based on this result we conclude from the analysis

in 1.a) that for any δ and any l4 (δ) ≤ l ≤ l3 (δ), firm A does not have an incentive

to deviate.

Deviation on (l − 2) / [2 (l − 1)] ≤ α (·) ≤ 1/ (l − 1). We first note that the right-

hand side of (1.33) is for any δ not smaller than l3 (δ). Consider first δ and l, for

which (1.35) holds. We can then use the results of the analysis in 1.a) to conclude

that for any δ and any l4 (δ) ≤ l ≤ l3 (δ), firm A does not have an incentive to

deviate. Consider next δ and l, for which (1.35) does not hold, such that px,devA (px∗B )

follows from α
(
px,devA (px∗B ) , px∗B

)
= 1/ (l − 1). We showed, however, above that firm

A does not have an incentive to deviate on α (·) ≥ 1/ (l − 1) for any δ and any

l4 (δ) ≤ l ≤ l3 (δ).

Conclusion from 5.c). We conclude that for any δ and any l4 (δ) ≤ l ≤ l3 (δ),

the equilibrium (1.24) exists.

Conclusion from 5. We conclude that for any δ and any l4 (δ) ≤ l ≤ l3 (δ), the

unique equilibrium is (1.24).

Part 3. Consider finally l ≥ 4, in which case second-period profits are given by

different functions depending on α.

i) Consider first α ≤ 1/ (l − 1). The profits of the second period are given

by (1.8). Firm A chooses pxA to maximize the profit (1.20). Firm B chooses pxB
to maximize the profit (1.21). Solving simultaneously firms’ first-order conditions

yields the equilibrium prices (1.24), both of which are positive for any δ and any

l ≥ 4. These prices yield the market share of firm B in the first period given by

(1.25), which is positive for any δ and any l ≥ 4. The comparison shows that

α (px∗A , px∗B )− 1
l−1

= 9l+29δ−8lδ−45
(27−10δ)(l−1)

. (1.91)

The right-hand side of (1.91) is non-positive if

l ≤ l6 (δ) :=
45−29δ
9−8δ

. (1.92)

58



We conclude that for any δ the equilibrium (1.24) can only exist if l ≤ l6 (δ).

ii) Consider now 1/ (l − 1) < α < (l − 2) / [2 (l − 1)]. In this case second-period

profits are given by (1.10). Then firm A chooses pxA to maximize the profits:

(l − pxA + pxB) p
x
A + δ

9

[
(2α (l − 1) + 1)2 + (2l − 1− α (l − 1))2

]
(1.93)

= (l − pxA + pxB) p
x
A + δ

9

[
(2pxA − 2pxB − 1)2 + (2l − pxA + pxB)

2] .
Firm B chooses pxB to maximize the profits:

(pxA − pxB − 1) pxB + δ
9

[
(α (l − 1)− 1)2 + (l − 2− 2α (l − 1))2

]
(1.94)

= (pxA − pxB − 1) pxB + δ
9

[
(pxA − pxB − 2)2 + (l − 2pxA + 2pxB)

2] .
Solving simultaneously firms’ first-order conditions yields the prices:

px∗A = l(18−14δ)+6δ−9
27−20δ

and px∗B = l(9−6δ)+14δ−18
27−20δ

. (1.95)

Note that px∗A ≥ 0 if

l ≥ 9−6δ
18−14δ

. (1.96)

Since for any δ the right-hand side of (1.96) is smaller than 1, px∗A ≥ 0 holds for any

δ and any l ≥ 4. Note also that px∗B ≥ 0 if

l ≥ 18−14δ
9−6δ

. (1.97)

Since for any δ the right-hand side of (1.97) is not larger than 2, px∗B ≥ 0 holds for

any δ and any l ≥ 4. Using the prices (1.95) we can calculate the market share of

firm B in the first period:

α (px∗A , px∗B ) = 9l+12δ−8lδ−18
(l−1)(27−20δ)

.

The comparison shows that

α (px∗A , px∗B )− l−2
2(l−1)

= − l(9−4δ)+16δ−18
2(27−20δ)(l−1)

. (1.98)

The right-hand side of (1.98) is non-positive if

l ≥ 18−16δ
9−4δ

. (1.99)
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Since the right-hand side of (1.99) is for any α not larger than 2, (1.99) holds for

any δ and any l ≥ 4. The other comparison shows that

α (px∗A , px∗B )− 1
l−1

= l(9−8δ)+32δ−45
(27−20δ)(l−1)

. (1.100)

The right-hand side of (1.100) is non-negative if

l ≥ l8 (δ) :=
45−32δ
9−8δ

.

We conclude that for any δ, equilibrium (1.95) can only exist if l ≥ l8 (δ).

iii) Consider finally α ≥ (l − 2) / [2 (l − 1)]. The profits of the second period are

given by (1.9). Firm A chooses pxA to maximize the profits (1.26). Firm B chooses pxB
to maximize the profits (1.27). Solving simultaneously firms’ first-order conditions

yields the equilibrium prices (1.28). These prices yield the market share of firm B

in the first period (1.29). As follows from (1.30), for any δ and any l ≥ 4 it holds

that α (px∗A , px∗B ) ≤ 1. The other comparison shows that

α (px∗A , px∗B )− l−2
2(l−1)

= −−l(10δ−9)+16δ−18
2(8δ+27)(l−1)

. (1.101)

If δ < 0.9, then the right-hand side of (1.101) is non-negative if

l ≤ l7 (δ) :=
18−16δ
9−10δ

. (1.102)

If δ > 0.9, then the opposite to (1.102) inequality should hold. Finally, if δ = 0.9,

then the right-hand side of (1.101) is positive for any l. Note now that l7 (0.75) = 4

and for any δ < 0.75 it holds that l7 (δ) < 4, such that there is no l ≥ 4, which

satisfies (1.102) in that case. Note also that if δ > 0.9, then l7 (δ) < 0. We conclude

that the equilibrium with α ≥ (l − 2) / [2 (l − 1)] does not exist for any l if δ < 0.75,

can exist for l ≤ l7 (δ) if 0.75 ≤ δ < 0.9 and can exist for any l if δ ≥ 0.9.

In the following we analyze in turn every candidate equilibrium.

6.a) Consider first the candidate equilibrium (1.28).

i) The incentives of firm A.

Deviation on 1/ (l − 1) ≤ α (·) ≤ (l − 2) / [2 (l − 1)]. If firm A deviates, it realizes

the profit (1.93). Keeping pxB at px∗B in (1.28) and taking the derivative of (1.93)
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with respect to pxA yields the deviation price of firm A:

pxdevA (px∗B ) =
−l(−60δ3+360δ2+189δ−972)−160δ3+228δ2+54δ−486

−240δ2−378δ+1458
. (1.103)

This price is non-negative if

l ≥ 54δ+228δ2−160δ3−486
189δ+360δ2−60δ3−972

. (1.104)

Since the right-hand side of (1.104) is for any δ smaller than 1, then (1.104) holds

for any l. Using the price (1.103) we can calculate the market share of firm B in

the first period:

α
(
pxdevA (px∗B ) , px∗B

)
= −99lδ−72δ−162l+14lδ2+324

(l−1)(−80δ2−126δ+486)
.

The comparison shows that

α
(
pxdevA (px∗B ) , px∗B

)− l−2
2(l−1)

= 81l+54δ+36lδ+80δ2−26lδ2−162
2(l−1)(40δ2+63δ−243)

. (1.105)

The right-hand side of (1.105) is non-positive if

l ≥ −54δ+80δ2−162
36δ−26δ2+81

. (1.106)

Since the right-hand side of (1.106) is for any δ not larger than 2, then (1.106) holds

for any δ and any l ≥ 2. The other comparison shows that

α
(
pxdevA (px∗B ) , px∗B

)− 1
l−1

= 162l+198δ−99lδ+80δ2−14lδ2−810
2(l−1)(−40δ2−63δ+243)

. (1.107)

The right-hand side of (1.107) is non-negative if

l ≥ 198δ+80δ2−810
99δ+14δ2−162

. (1.108)

We first consider the case (1.108), such that the optimal deviation price of firm A

is given by (1.103). Then the difference between the equilibrium and the deviation

profits is equal to

δ[l2(−3176δ3+6372δ2+8991δ−20412)−l(−12160δ3+19152δ2+43092δ−55404)−12800δ3+5760δ2+35640δ−29160]
36(9−5δ)(8δ+27)2

. (1.109)

The function in the brackets of the numerator of (1.109) is quadratic in l, opens
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downwards for any δ and has two roots, both of which are not larger than 2. Hence,

for any δ and any l ≥ 2, it takes non-positive values. We conclude that for any δ

and any l, which satisfy (1.108), firm A has an incentive to deviate. Consider now

the other case with

l < 198δ+80δ2−810
99δ+14δ2−162

. (1.110)

Then the deviation price of firm A follows from α
(
pxdevA (px∗B ) , px∗B

)
= 1/ (l − 1) and

is given by

pxdevA (px∗B ) =
l(−6δ2+21δ+27)+16δ2+30δ+108

24δ+81
, (1.111)

which is positive for any δ and any l. Using the price (1.111), we can calculate the

difference between the equilibrium and the deviation profits of firm A:

−l2(−149δ3+189δ2+1053δ−729)+l(−496δ3+1134δ2+3726δ−7290)+320δ3−1296δ2+405δ+18225

9(8δ+27)2
. (1.112)

Remember that the equilibrium (1.93) can exist only if δ ≥ 0.75. For any δ ≥ 0.75,

the quadratic function in the numerator of (1.112) opens downwards and has two

roots:

l9 (δ) =
−(−496δ3+1134δ2+3726δ−7290)+6(8δ+27)

√
3δ(8δ3−70δ2+51δ+270)

−2(−149δ3+189δ2+1053δ−729)
,

l10 (δ) =
−(−496δ3+1134δ2+3726δ−7290)−6(8δ+27)

√
3δ(8δ3−70δ2+51δ+270)

−2(−149δ3+189δ2+1053δ−729)
.

Note that l9 (δ) < 0 for any δ ≥ 0.75. For any δ ≥ 0.75 it also holds that l10 (δ) ≥ 4

and l10 (δ) satisfies (1.110). Finally, for any 0.75 ≤ δ < 0.9 it holds that l10 (δ) ≤
l7 (δ). We conclude that for any δ ≥ 0.75, firm A does not have an incentive to

deviate if 4 ≤ l ≤ l10 (δ).

Deviation on α (·) ≤ 1/ (l − 1). If firm A deviates, then its profit is (1.20). Keeping

pxB at px∗B in (1.28) and taking the derivative of (1.20) with respect to pxA yields the

price:

pxdevA (px∗B ) = 972l+675δ+27lδ+396δ2−32δ3−192lδ2+12lδ3−486
−48δ2+270δ+1458

. (1.113)

This price is non-negative if

l ≥ −675δ+396δ2−32δ3−486
27δ−192δ2+12δ3+972

. (1.114)

Note that for any δ, the right-hand side of (1.114) is smaller than 1, such that (1.114)

holds for any δ and any l. Using the price (1.113) we calculate the market share of
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firm B in the first period:

α
(
pxdevA (px∗B ) , px∗B

)
=

−l(14δ2+99δ−162)+40δ2+207δ−324

(−16δ2+90δ+486)(l−1)
. (1.115)

The numerator in (1.115) is non-negative if

l ≥ 207δ+40δ2−324
99δ+14δ2−162

. (1.116)

The right-hand side of (1.116) is for any δ not larger than 2, such that (1.116) holds

for any δ and any l ≥ 2. The denominator of (1.115) is negative for any δ and any l.

We conclude that α
(
pxdevA (px∗B ) , px∗B

) ≥ 0 holds for any δ and any l ≥ 2. The other

comparison shows that

α
(
pxdevA (px∗B ) , px∗B

)− 1
l−1

= 162l+117δ−99lδ+56δ2−14lδ2−810
2(l−1)(−8δ2+45δ+243)

. (1.117)

The numerator in (1.117) is non-positive if

l ≤ 117δ+56δ2−810
99δ+14δ2−162

. (1.118)

In the following we will restrict attention to the case (1.118) only, because it includes
4 ≤ l ≤ l10 (δ), where firm A does not have an incentive to deviate, as we showed
above. Under (1.118), the optimal deviation price of firm A is given by (1.113).
Using (1.113), we calculate the difference between the equilibrium and the deviation
profits of firm A:

δ[−l2(264δ3−1116δ2+2619δ+2916)+l(1184δ3−2676δ2+2754δ−11 664)−1472δ3+1200δ2+9585δ+43740]
12(9−δ)(8δ+27)2

. (1.119)

The function in the brackets in the numerator of (1.119) is quadratic in l, opens

downwards and has two roots both of which are smaller than 4 for any δ. It then

follows that for any δ and any 4 ≤ l ≤ l10 (δ), the term in (1.119) is non-positive,

such that firm A has an incentive to deviate.

Conclusion from 6.a) We conclude that for any l ≥ 4 the equilibrium (1.28) does

not exist.

6.b) Consider now the candidate equilibrium (1.24).

Deviation on 1/ (l − 1) ≤ α (·) ≤ (l − 2) / [2 (l − 1)].

i) The incentives of firm A. If firm A deviates, then its profit is (1.93). Keeping

pxB at px∗B in (1.24) and taking the derivative of (1.93) with respect to pxA yields the
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deviation price of firm A:

pxdevA (px∗B ) = 972l+513δ−972lδ−426δ2+240δ3+312lδ2−80lδ3−486
300δ2−1350δ+1458

. (1.120)

The right-hand side of (1.120) is non-negative if

l ≥ 513δ−426δ2+240δ3−486
972δ−312δ2+80δ3−972

. (1.121)

The right-hand side of (1.121) is for any δ smaller than 1, such that (1.121) holds

for any δ and any l. Using (1.120) we calculate the market share of firm B in the

first period:

α
(
pxdevA (px∗B ) , px∗B

)
= 162l+243δ−162lδ+12δ2+16lδ2−324

(l−1)(100δ2−450δ+486)
.

The comparison shows that

α
(
pxdevA (px∗B ) , px∗B

)− l−2
2(l−1)

= −81l+207δ−63lδ−112δ2+34lδ2−162
2(l−1)(50δ2−225δ+243)

. (1.122)

The right-hand side of (1.122) is non-positive if

l ≥ −207δ+112δ2+162
−63δ+34δ2+81

. (1.123)

The right-hand side of (1.123) is for any δ not larger than 2, such that (1.123) holds

for any δ and any l ≥ 2. The other comparison shows that

α
(
pxdevA (px∗B ) , px∗B

)− 1
l−1

= 162l+693δ−162lδ−88δ2+16lδ2−810
2(l−1)(50δ2−225δ+243)

. (1.124)

The right-hand side of (1.124) is non-negative if

l ≥ −693δ+88δ2+810
−162δ+16δ2+162

. (1.125)

We showed above that the equilibrium (1.24) can only exist if l ≤ l6 (δ), with l6 (δ)

being defined in (1.92). The comparison shows that

l6 (δ)− −693δ+88δ2+810
−162δ+16δ2+162

= 3(27−10δ)δ
2(8δ2−81δ+81)

≥ 0 for any δ.

Consider first

l ≤ −693δ+88δ2+810
−162δ+16δ2+162

, (1.126)
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in which case the optimal deviation price of firm A follows from α
(
pxdevA (px∗B ) , px∗B

)
=

1/ (l − 1). As the profits of firm A are continuous, we conclude that firm A does not

have an incentive to deviate when (1.126) holds.

We consider now the other case and assume that (1.125) holds, such that (1.120)

is the optimal deviation price of firm A. Using this price we calculate the difference

between the equilibrium and the deviation profits of firm A:

δ[l2(1024δ3−11520δ2+22032δ−11664)−l(6464δ3−74376δ2+155844δ−90396)+9076δ3−111888δ2+253935δ−160380]
36(9−5δ)(10δ−27)2

. (1.127)

The function in the brackets in the numerator of (1.127) is quadratic in l, opens

downwards for any δ and has two roots, one of which does not fulfill (1.125). The

other root does and is given by

l9 (δ) :=
(6464δ3−74376δ2+155844δ−90396)−12(80δ2−306δ+243)

√
5δ2−54δ+81

2(1024δ3−11520δ2+22032δ−11664)
.

For any δ it holds that l9 (δ) ≤ l6 (δ). We conclude then that firm A deviates for

any δ if l9 (δ) < l ≤ l6 (δ) and does not deviate if

−693δ+88δ2+810
−162δ+16δ2+162

< l ≤ l9 (δ) .

Conclusion from i). We conclude that for any δ firm A deviates if l9 (δ) < l ≤
l6 (δ) and does not deviate if 4 ≤ l ≤ l9 (δ).

ii) The incentives of firm B. If firm B deviates, then its profit is (1.94). Keeping

pxA at px∗A in (1.24) and taking the derivative of (1.94) with respect to pxB yields the

deviation price of firm B:

pxdevB (px∗A ) =
−l(40δ3−156δ2+270δ−243)+120δ3−468δ2+702δ−486

150δ2−675δ+729
. (1.128)

The right-hand side of (1.128) is non-negative if

l ≥ 702δ−468δ2+120δ3−486
270δ−156δ2+40δ3−243

. (1.129)

For any δ, the right-hand side of (1.129) is not larger than 2, such that (1.129) holds

for any δ and any l ≥ 2. Using (1.128) we calculate the share of firm B in the first

period:

α
(
px∗A , pxdevB (px∗A )

)
= 81l+216δ−108lδ−66δ2+32lδ2−162

(l−1)(50δ2−225δ+243)
.
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The comparison shows that

α
(
px∗A , pxdevB (px∗A )

)− l−2
2(l−1)

= −−l(14δ2+9δ−81)+32δ2+18δ−162

2(l−1)(50δ2−225δ+243)
. (1.130)

The right-hand side of (1.130) is non-positive if

l ≥ 18δ+32δ2−162
9δ+14δ2−81

. (1.131)

For any δ the right-hand side of (1.131) is not larger than 2, such that (1.131) holds

for any δ and any l ≥ 2. The other comparison shows that

α
(
px∗A , pxdevB (px∗A )

)− 1
l−1

= (9−4δ)(9l+29δ−8lδ−45)
(l−1)(50δ2−225δ+243)

. (1.132)

The right-hand side of (1.132) is non-negative if

l ≥ l6 (δ) =
45−29δ
9−8δ

. (1.133)

We showed above that the equilibrium (1.24) can exist only if l ≤ l6 (δ). It fol-

lows then from (1.133) that the optimal deviation price of firm B is given by

α
(
px∗A , pxdevB (px∗A )

)
= 1/ (l − 1). From the fact that the profits of firm B are contin-

uous, we conclude then that firm B does not have an incentive to deviate.

Conclusion from ii). We conclude that for any δ and l ≥ 4 firm B does not have

an incentive to deviate.

Deviation on α (·) ≥ (l − 2) / [2 (l − 1)].

i) The incentives of firm A. If firm A deviates, then its profit is (1.26). Keeping

pxB at px∗B in (1.24) and taking the derivative of (1.26) with respect to pxA yields the

optimal deviation price of firm A:

pxdevA (px∗B ) = −−l(80δ3−318δ2+621δ+972)+240δ3−234δ2+567δ+486

−300δ2+270δ+1458
. (1.134)

The right-hand side of (1.134) is non-negative if

l ≥ 567δ−234δ2+240δ3+486
621δ−318δ2+80δ3+972

. (1.135)

The right-hand side of (1.135) is for any δ smaller than 1, such that (1.135) holds

for any δ and any l. Using (1.134) we calculate the market share of firm B in the
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first period:

α
(
pxdevA (px∗B ) , px∗B

)
= 297δ−162l−189lδ−212δ2+114lδ2+324

(l−1)(100δ2−90δ−486)
.

The comparison shows that

α
(
pxdevA (px∗B ) , px∗B

)− 1 = − l(14δ2−99δ+324)−112δ2+207δ−162

2(l−1)(−50δ2+45δ+243)
. (1.136)

The right-hand side of (1.136) is non-positive if

l ≥ −207δ+112δ2+162
−99δ+14δ2+324

. (1.137)

The right-hand side of (1.137) is for any δ smaller than 1, such that (1.137) holds

for any δ and any l. The other comparison shows that

α
(
pxdevA (px∗B ) , px∗B

)− l−2
2(l−1)

= − l(64δ2−144δ+81)−112δ2+207δ−162

2(l−1)(−50δ2+45δ+243)
. (1.138)

The right-hand of (1.138) is non-negative if

l ≤ l11 (δ) :=
−207δ+112δ2+162
−144δ+64δ2+81

. (1.139)

Consider first max {4, l11 (δ)} ≤ l ≤ l9 (δ), in which case (1.139) does not

hold and the optimal deviation price of firm A follows from α
(
pxdevA (px∗B ) , px∗B

)
=

(l − 2) / [2 (l − 1)] and is given by

pxdevA (px∗B ) =
l(16δ2−54δ+135)−48δ2+66δ−108

162−60δ
. (1.140)

The numerator of (1.140) is non-negative if

l ≥ −66δ+48δ2+108
−54δ+16δ2+135

. (1.141)

The right-hand side of (1.141) is for any δ smaller than 1, such that (1.141) holds for

any δ and any l. Using (1.140) we calculate the difference between the equilibrium

and the deviation profits of firm A:

− l2(436δ3−2376δ2+2025δ−729)−l(2816δ3−15 444δ2+14 418δ−2916)+4324δ3−23 868δ2+23 652δ−2916

36(10δ−27)2
.

(1.142)

The numerator of (1.142) is a quadratic function of l, which opens downwards for
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any δ and has two roots:

(2816δ3−15 444δ2+14 418δ−2916)+6(27−10δ)
√

3δ(36δ3−200δ2+195δ+108)

2(436δ3−2376δ2+2025δ−729)
,

(2816δ3−15 444δ2+14 418δ−2916)−6(27−10δ)
√

3δ(36δ3−200δ2+195δ+108)

2(436δ3−2376δ2+2025δ−729)
.

Since for any δ both roots are smaller than 4, the numerator of (1.142) is negative

for any δ and any max {4, l11 (δ)} ≤ l ≤ l9 (δ), such that firm A does not have an

incentive to deviate.

Consider now 4 ≤ l ≤ min
{
l11 (δ) , l9 (δ)

}
, in which case (1.139) holds and

(1.134) is the optimal deviation price of firm A. Then the difference between the

equilibrium and the deviation profits of firm A is

δ[−l2(2092δ3−8796δ2+6615δ−2916)+l(9472δ3−36876δ2+10530δ+11664)−11 388δ3+42 264δ2+5805δ−43 740]
12(5δ+9)(10δ−27)2

.

(1.143)

The function in the numerator of (1.143) is quadratic in l, opens upwards for any δ

and has two roots:

−(9472δ3−36 876δ2+10 530δ+11 664)+4(27−10δ)
√

−(3485δ4−16 032δ3+801δ2+42 930δ−55 404)

−2(2092δ3−8796δ2+6615δ−2916)
,

−(9472δ3−36 876δ2+10 530δ+11 664)−4(27−10δ)
√

−(3485δ4−16 032δ3+801δ2+42 930δ−55 404)

−2(2092δ3−8796δ2+6615δ−2916)
,

both of which are for any δ smaller than 4, such that the numerator of (1.143) is

non-negative for any δ and any 4 ≤ l ≤ min
{
l11 (δ) , l9 (δ)

}
and firm A does not

have an incentive to deviate.

Conclusion from i). We conclude that for any δ and 4 ≤ l ≤ l9 (δ) firm A does

not have an incentive to deviate.

ii) The incentives of firm B. If firm B deviates, then it realizes the profit (1.27).

Keeping pxA at px∗A in (1.24) and taking the derivative of (1.27) with respect to pxB
yields the deviation price of firm B:

pxdevB (px∗A ) =
−l(8δ3−72δ2+216δ−243)+24δ3−228δ2+594δ−486

30δ2−351δ+729
. (1.144)

The right-hand side of (1.144) is non-negative if

l ≥ 594δ−228δ2+24δ3−486
216δ−72δ2+8δ3−243

. (1.145)
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The right-hand side of (1.145) is for any δ not larger than 2, such that (1.145) holds

for any δ and any l ≥ 2. Using (1.144) we calculate the market share of firm B in

the first period:

α
(
px∗A , pxdevB (px∗A )

)
= 81l+108δ−54lδ−26δ2+12lδ2−162

(l−1)(10δ2−117δ+243)
.

The comparison shows that

α
(
px∗A , pxdevB (px∗A )

)− 1 = −−l(2δ2+63δ−162)+16δ2+9δ−81

(l−1)(10δ2−117δ+243)
. (1.146)

The right-hand side of (1.146) is non-positive if

l ≥ 9δ+16δ2−81
63δ+2δ2−162

. (1.147)

The right-hand side of (1.147) is for any δ smaller than 1, such that (1.147) holds

for any δ and any l. The other comparison shows that

α
(
px∗A , pxdevB (px∗A )

)− l−2
2(l−1)

= −−l(14δ2+9δ−81)+32δ2+18δ−162

2(l−1)(10δ2−117δ+243)
. (1.148)

The right-hand side of (1.148) is non-negative if

l ≤ 18δ+32δ2−162
9δ+14δ2−81

. (1.149)

The right-hand side of (1.149) is for any δ not larger than 2, such that (1.149)

does not hold for any δ and any l > 2. Hence, pxdevB (px∗A ) follows from α (·) =

(l − 2) / [2 (l − 1)] and is given by

pxdevB (px∗A ) =
l(16δ2−42δ+27)−48δ2+120δ−54

162−60δ
. (1.150)

The right-hand side of (1.150) is non-negative if

l ≥ −120δ+48δ2+54
−42δ+16δ2+27

. (1.151)

The right-hand side of (1.151) is for any δ not larger than 2, such that (1.151) holds

for any δ and any l ≥ 2. Hence, (1.150) is the optimal deviation price of firm B.

Using (1.150) we calculate the difference between the equilibrium and the deviation
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profits of firm B:

− l2(244δ3−432δ2+81δ−729)−l(1664δ3−4104δ2+2268δ−2916)+2896δ3−8964δ2+7128δ−2916

36(10δ−27)2
. (1.152)

The numerator of (1.152) is a quadratic function of l, which opens downwards for

any δ and has two roots:

1664δ3−4104δ2+2268δ−2916−12(81−10δ2−3δ)
√

δ(9−4δ)

2(244δ3−432δ2+81δ−729)
,

1664δ3−4104δ2+2268δ−2916+12(81−10δ2−3δ)
√

δ(9−4δ)

2(244δ3−432δ2+81δ−729)
,

both of which are for any δ smaller than 4. Hence, for any δ and any 4 ≤ l ≤ l9 (δ)

the numerator of (1.152) is non-positive, such that firm B does not have an incentive

to deviate.

Conclusion from ii). We conclude that for any δ and any 4 ≤ l ≤ l9 (δ) firm B

does not have an incentive to deviate.

Conclusion from 6.b). We conclude that equilibrium (1.24) exists for any δ and

any 4 ≤ l ≤ l9 (δ).

6.c) Consider finally the candidate equilibrium (1.95).

Deviation on α (·) ≤ 1/ (l − 1).

i) The incentives of firm A. If firm A deviates, then its profit is (1.20). Keeping

pxB at px∗B in (1.95) and taking the derivative of (1.20) with respect to pxA yields the

deviation price of firm A:

pxdevA (px∗B ) =
l(92δ2−360δ+324)−208δ2+405δ−162

40δ2−414δ+486
. (1.153)

The right-hand side of (1.153) is non-negative if

l ≥ −405δ+208δ2+162
−360δ+92δ2+324

. (1.154)

Since the right-hand side of (1.154) is for any δ smaller than 1, (1.154) holds for any

δ and l. Using (1.153) we calculate the market share of firm B in the first period:

α
(
pxdevA (px∗B ) , px∗B

)
=

l(80δ2−234δ+162)−220δ2+531δ−324

(l−1)(40δ2−414δ+486)
. (1.155)

The right-hand side of (1.155) is non-negative if

l ≥ −531δ+220δ2+324
−234δ+80δ2+162

. (1.156)
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For any δ the right-hand side of (1.156) is not larger than 2, such that (1.156) holds

for any δ and any l ≥ 2. The other comparison shows that

α
(
pxdevA (px∗B ) , px∗B

)− 1
l−1

=
l(80δ2−234δ+162)−260δ2+945δ−810

2(l−1)(20δ2−207δ+243)
. (1.157)

The right-hand side of (1.157) is non-positive if

l ≤ l12 (δ) :=
−945δ+260δ2+810
−234δ+80δ2+162

.

We showed above that the equilibrium (1.95) can only exist if l ≥ l8 (δ). The

comparison shows that

l12 (δ)− l8 (δ) =
3δ(27−20δ)

2(40δ2−117δ+81)
≥ 0 for any δ.

We next analyze two cases. Consider first l ≥ l12 (δ), in which case the optimal

deviation price of firm A follows from α
(
pxdevA (px∗B ) , px∗B

)
= 1/ (l − 1). As firm A’s

profits are continuous, we conclude that firm A does not have an incentive to deviate.

Consider next l8 (δ) ≤ l ≤ l12 (δ), in which case the optimal deviation price of

firm A is given by (1.153). Then the difference between the equilibrium and the

deviation profits of firm A is

− δ[l2(5120δ3−20 736δ2+27 216δ−11 664)−l(31 360δ3−136 368δ2+194 076δ−90 396)+a(δ)]
36(9−δ)(20δ−27)2

, with (1.158)

a (δ) := 47120δ3 − 212616δ2 + 319869δ − 160380.

The function in the brackets of (1.158) is quadratic in l, opens downwards for any

δ and has two roots:

(31 360δ3−136 368δ2+194 076δ−90 396)+12(160δ2−396δ+243)
√
5δ2−54δ+81

2(5120δ3−20 736δ2+27 216δ−11 664)
,

l10 (δ) : =
(31 360δ3−136 368δ2+194 076δ−90 396)−12(160δ2−396δ+243)

√
5δ2−54δ+81

2(5120δ3−20 736δ2+27 216δ−11 664)
.

The first root is for any δ smaller than l8 (δ), while the other root for any δ fulfills

l8 (δ) ≤ l10 (δ) < l12 (δ). Hence, on the interval l8 (δ) ≤ l < l12 (δ), firm A does not

deviate if l10 (δ) ≤ l < l12 (δ) and deviates otherwise.

Conclusion from i). Combining the results from both cases we conclude that

firm A does not deviate if l ≥ l10 (δ) and deviates if l8 (δ) ≤ l < l10 (δ).
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ii) The incentives of firm B. If firm B deviates, then its profit is given by (1.21).

Keeping pxA at px∗A in (1.95) and taking the derivative of (1.21) with respect to pxB
yields the deviation price of firm B:

pxdevB (px∗A ) =
l(16δ2−81δ+81)−24δ2+153δ−162

80δ2−288δ+243
. (1.159)

The right-hand side of (1.159) is non-negative if

l ≥ −153δ+24δ2+162
−81δ+16δ2+81

. (1.160)

The right-hand side of (1.160) is for any δ smaller than 4, such that (1.160) holds

for any δ and any l ≥ 4. Using (1.159) we calculate the market share of firm B in

the first period:

α
(
px∗A , pxdevB (px∗A )

)
=

l(40δ2−117δ+81)−80δ2+225δ−162

(l−1)(80δ2−288δ+243)
. (1.161)

The right-hand side of (1.161) is non-negative if

l ≥ −225δ+80δ2+162
−117δ+40δ2+81

. (1.162)

Note that for any δ and any l ≥ l8 (δ), the inequality (1.162) holds. The other

comparison shows that

α
(
px∗A , pxdevB (px∗A )

)− 1
l−1

= (9−5δ)(9l+32δ−8lδ−45)
(l−1)(80δ2−288δ+243)

. (1.163)

The right-hand side of (1.163) is non-positive if l ≤ l8 (δ) holds. Since the equilibrium

(1.95) can only exist if l ≥ l8 (δ), the optimal deviation price of firm B follows from

α (·) = 1/ (l − 1). As the profits of firm B are continuous, we conclude that firm B

does not have an incentive to deviate.

Conclusion from ii). We conclude that for any δ and any l ≥ l8 (δ), firm B does

not have an incentive to deviate.

Deviation on α (·) ≥ (l − 2) / [2 (l − 1)].

i) The incentives of firm A. If firm A deviates, then its profit is (1.26). Keeping

pxB at px∗B in (1.95) and taking the derivative of (1.26) with respect to pxA yields the
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deviation price of firm A:

pxdevA (px∗B ) =
−l(−240δ2+99δ+324)−220δ2+162δ+162

200δ2+90δ−486
, (1.164)

which is non-negative if

l ≥ 162δ−220δ2+162
99δ−240δ2+324

. (1.165)

Since for any δ the right-hand side of (1.165) is smaller than 1, then (1.165) holds

for any δ and any l. Using (1.164) we calculate the market share of firm B in the

first period:

α
(
pxdevA (px∗B ) , px∗B

)
= −144δ−162l−117lδ−280δ2+180lδ2+324

2(l−1)(−100δ2−45δ+243)
.

The comparison shows that

α
(
pxdevA (px∗B ) , px∗B

)− 1 =
l(20δ2+207δ−324)+80δ2−234δ+162

2(l−1)(−100δ2−45δ+243)
. (1.166)

The right-hand side of (1.166) is non-positive if

l ≥ −−234δ+80δ2+162
207δ+20δ2−324

. (1.167)

Since for any δ the right-hand side of (1.167) is smaller than 1, (1.167) holds for any

δ and any l. The other comparison shows that

α
(
pxdevA (px∗B ) , px∗B

)− l−2
2(l−1)

= (9−8δ)(9l+10δ−10lδ−18)
2(l−1)(100δ2+45δ−243)

. (1.168)

The right-hand side of (1.168) is non-negative if

− l (10δ − 9) + 10δ − 18 ≤ 0 (1.169)

holds. We have to distinguish between the cases: a) if δ < 0.9, then (1.169) holds for

l ≤ (18− 10δ) / (9− 10δ) and b) if δ ≥ 0.9, then (1.169) holds for any l. Remember

that the equilibrium (1.95) exists if l ≥ l8 (δ). Note next that if δ = 0.75, then

l8 (δ) = (18− 10δ) / (9− 10δ). If δ < 0.75, then for any l ≥ l8 (δ) (1.169) does not

hold. Similarly, if 0.75 ≤ δ < 0.9 and l > (18− 10δ) / (9− 10δ), then (1.169) does

not hold either, in which case the optimal deviation price of firm A follows from

α (·) = (l − 2) / [2 (l − 1)]. Hence, in these cases firm A does not have an incentive
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to deviate because its profits are continuous.

Consider the remaining two cases:

c) 0.75 ≤ δ < 0.9 and l8 (δ) ≤ l ≤ (18− 10δ) / (9− 10δ), d) δ ≥ 0.9 and

l ≥ l8 (δ). In these cases (1.169) is fulfilled and (1.164) is the optimal deviation

price of firm A. Using (1.164) we calculate the difference between the equilibrium

and the deviation profits of firm A:

− δ[l2(6800δ3−27720δ2+39933δ−20412)−l(16000δ3−74160δ2+112428δ−55404)+12800δ3−51840δ2+68040δ−29160]
36(5δ+9)(20δ−27)2

. (1.170)

The function in the brackets in (1.170) is quadratic in l, opens downwards and has

two roots both of which are for any δ smaller than 4. Hence, the expression in

(1.170) is non-negative for any δ and any l ≥ 4, which implies that firm A does not

have an incentive to deviate.

Conclusion from i). We conclude that firm A does not have an incentive to

deviate.

ii) The incentives of firm B. If firm B deviates, then its profit is (1.27). Keeping

pxA at px∗A in (1.95) and taking the derivative of (1.27) with respect to pxB yields the

deviation price of firm B:

pxdevB (px∗A ) =
l(14δ2−81δ+81)−46δ2+180δ−162

20δ2−207δ+243
, (1.171)

which is non-negative if

l ≥ −180δ+46δ2+162
−81δ+14δ2+81

. (1.172)

The right-hand side of (1.172) is for any δ not larger than 2, such that (1.172) holds

for any δ and any l ≥ 2. Using (1.171) we calculate the market share of firm B in

the first period:

α
(
px∗A , pxdevB (px∗A )

)
= 81l+90δ−63lδ+20δ2−162

(l−1)(20δ2−207δ+243)
.

The comparison shows that

α
(
px∗A , pxdevB (px∗A )

)− l−2
2(l−1)

= − (9−5δ)(9l+16δ−4lδ−18)
2(l−1)(20δ2−207δ+243)

,

which is non-negative if

l ≤ 18−16δ
9−4δ

. (1.173)

The right-hand side of (1.173) is for any δ not larger than 2, such that (1.173) does

not hold for any δ and any l > 2. Hence, the optimal deviation price of firm B
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follows from α (·) = (l − 2) / [2 (l − 1)], which together with the fact that the profits

of firm B are continuous, implies that firm B does not have an incentive to deviate.

Conclusion from ii). We conclude that firm B does not have an incentive to

deviate.

Conclusion from 6.c) We conclude that the equilibrium (1.95) exists for any δ

and any l ≥ l10 (δ).

In Proposition 1.2 we use the following new notation:

h1 (δ) : = l1 (δ) =
2+δ
1+δ

,

h2 (δ) : = l4 (δ) =
24δ3+124δ2+176δ+76+4(δ+1)(2δ+3)

√
(δ+1)(9−δ)

2(4δ3+24δ2+49δ+28)
,

h3 (δ) : = l2 (δ) =
−120δ3+276δ2+6552δ+6156+36(27−10δ)(1+δ)

√
(δ+1)(9−δ)

2(−100δ3+372δ2+531δ+2268)
,

h4 (δ) : = l9 (δ) =
(6464δ3−74376δ2+155844δ−90396)−12(80δ2−306δ+243)

√
5δ2−54δ+81

2(1024δ3−11520δ2+22032δ−11664)
,

h5 (δ) : = l10 (δ) =
(31 360δ3−136 368δ2+194 076δ−90 396)−12(160δ2−396δ+243)

√
5δ2−54δ+81

2(5120δ3−20 736δ2+27 216δ−11 664)
.

We can now summarize our results as follows. If l ≤ h1 (δ), then in equilibrium in

the first period firms charge prices (1.19) and realize profits (1.13) and (1.14). If

h1 (δ) < l ≤ h2 (δ), then firms realize the same profits but charge the prices (1.15).

If h3 (δ) ≤ l ≤ min {h4 (δ) , h5 (δ)}, then in equilibrium firms charge prices (1.24)

and realize profits (1.20) and (1.21). Finally, if l ≥ max {h4 (δ) , h5 (δ)}, then in

equilibrium firms charge prices (1.95) and realize profits (1.93) and (1.94).

Note finally that if δ � 0.98, then min {h4 (δ) , h5 (δ)} = h4 (δ) and the other

way around if δ > 0.98. Our results show that if h2 (δ) < l < h3 (δ) and h4 (δ) <

l < h5 (δ), then no equilibrium in pure strategies in the first period exists. If

h5 (δ) < l < h4 (δ), then two equilibria exist, where in the first period firms charge

prices (1.24) or (1.95). Q.E.D.

Proof of Corollary 1.1. We use the results on the equilibrium market share of

firm B derived in the proof of Proposition 1.2. If l ≤ h1 (δ), then α∗ (δ, l) = 0. If

h1 (δ) < l ≤ h2 (δ), then α∗ (δ, l) = [l (1 + δ)− 2− δ] / [(2δ + 3) (l − 1)]. If h3 (δ) ≤
l ≤ min {h4 (δ) , h5 (δ)}, then α∗ (δ, l) = [l (9− 8δ) + 19δ − 18] / [(l − 1) (27− 10δ)].

Finally, if l ≥ max {h4 (δ) , h5 (δ)}, then α∗ (δ, l) = [l (9− 8δ) + 6 (2δ − 3)] /[(l − 1)

(27− 20δ)]. Taking the derivatives of these market shares yields the results stated

in the Corollary. Q.E.D.
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Proof of Corollary 1.2. To prove the Corollary we will use the results stated in the

proof of Proposition 1.2. In that proof we derived the equilibrium adjusted profits

(divided by t (1− 2x) and multiplied by (l − 1)) of each firm on a given location

on firm A’s turf. Note that these profits do not depend on the location and firms

are symmetric. Hence, to analyze how the ability to collect additional flexibility

data influences profits it is sufficient to compare the sum of both firms’ adjusted

equilibrium profits on some location. Precisely, for the case without additional

customer data we evaluate the respective profits at δ = 0 and then multiply them

with 1 + δ to get the discounted sum of profits over two periods. In the following

we derive first the profits without additional customer data.

Consider l ≤ 2. Evaluating the sum of (1.13) and (1.14) at (1.19) and δ = 0 and

then multiplying with 1 + δ yields

(1 + δ) (l − 1) . (1.174)

Consider 2 < l ≤ 5. Evaluating the sum of (1.20) and (1.21) at (1.24) and δ = 0

and then multiplying with 1 + δ yields

(1+δ)(5l2−8l+5)
9

. (1.175)

Consider finally l > 5. Evaluating the sum of (1.93) and (1.94) at (1.95) and δ = 0

and then multiplying with 1 + δ yields again (1.175).

We now compare a firms’ equilibrium discounted profits with and without the

additional customer data. If l ≤ h1 (δ), then α∗ (δ, l) = 0, such that no additional

data is revealed in equilibrium and profits do not depend on firms’ ability to collect

it. Consider h1 (δ) < l ≤ 2. The difference between the sum of (1.13) and (1.14)

evaluated at (1.15) and (1.174) is equal to

l2(δ3+6δ2+10δ+5)−l(2δ3+14δ2+28δ+17)+δ3+8δ2+19δ+14

(2δ+3)2
. (1.176)

The nominator of (1.176) is a quadratic function with respect to l, which opens

upwards (for any δ) and has two roots: r1 (δ) := (δ2 + 6δ + 7) / (δ2 + 5δ + 5) and

r2 (δ) := h1 (δ) = (2 + δ) / (1 + δ). Note that for any δ, r1 (δ) < h1 (δ) holds, such

that for any l > h1 (δ) the nominator of (1.176) is positive and firms are better off

when they can obtain additional customer data.

Consider 2 < l ≤ h2 (δ). The difference between the sum of (1.13) and (1.14)
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evaluated at (1.15) and (1.175) is equal to

− δ[l2(11δ2+26δ+15)−l(50δ2+146δ+105)+47δ2+152δ+123]
9(2δ+3)2

. (1.177)

The function in the brackets in (1.177) is quadratic in l, opens upwards (for any δ)

and has two roots:

r3 (δ) =
(50δ2+146δ+105)−3(2δ+3)

√
3(2δ+3)(2δ+5)

2(11δ2+26δ+15)
,

r4 (δ) =
(50δ2+146δ+105)+3(2δ+3)

√
3(2δ+3)(2δ+5)

2(11δ2+26δ+15)
.

For any δ it holds r3 (δ) < 2 and r4 (δ) > h2 (δ), such that for any δ > 0 and

2 < l ≤ h2 (δ), the function in the brackets in (1.177) is negative and firms are

better off when they can collect additional customer data.

Consider h3 (δ) ≤ l ≤ min {h4 (δ) , h5 (δ)}. The difference between the sum of

(1.20) and (1.21) evaluated at (1.24) and (1.175) is equal to

− δ[l2(560δ2−2380δ+2079)−l(2480δ2−10864δ+9855)+2525δ2−11452δ+10665]
9(10δ−27)2

. (1.178)

The function in the brackets in (1.178) is quadratic in l, opens upwards (for any δ)

and has two roots:

r5 (δ) =
(2480δ2−10 864δ+9855)−(27−10δ)

√
3(1648δ2−5084δ+3855)

2(560δ2−2380δ+2079)
,

h6 (δ) : = r6 (δ) =
(2480δ2−10 864δ+9855)+(27−10δ)

√
3(1648δ2−5084δ+3855)

2(560δ2−2380δ+2079)
.

For any δ it holds that r5 (δ) < h3 (δ) and h3 (δ) < r6 (δ) < min {h4 (δ) , h5 (δ)}.
Hence, for any δ > 0 firms are (weakly) better off with the ability to collect addi-

tional customer data if h3 (δ) ≤ l ≤ h6 (δ) and are worse off otherwise. Note that

∂h6 (δ) /∂δ > 0 for any δ.

Consider finally l ≥ max {h4 (δ) , h5 (δ)}. The difference between the sum of

(1.93) and (1.94) evaluated at (1.95) and (1.175) is equal to

− 8δ[l2(80δ2−209δ+135)−l(240δ2−662δ+459)+80δ2−209δ+135]
9(20δ−27)2

. (1.179)

77



The function in the brackets of (1.179) is quadratic in l, opens upwards (for any δ)

and has two roots:

r7 (δ) =
(240δ2−662δ+459)−(27−20δ)

√
80δ2−244δ+189

2(80δ2−209δ+135)
and

r8 (δ) =
(240δ2−662δ+459)+(27−20δ)

√
80δ2−244δ+189

2(80δ2−209δ+135)
.

Note that for any δ it holds that rn (δ) < min {h4 (δ) , h5 (δ)}, with n = 7, 8. Hence,

for any δ > 0 and any l ≥ min {h4 (δ) , h5 (δ)}, the nominator of (1.179) is positive

and firms are worse off with the ability to collect additional customer data.

We finally summarize our results (for δ > 0). Note that h1 (1) = 1.5. Hence, for

any l ≤ 1.5, irrespective of δ, profits do not depend on whether firms can collect

additional customer data. For any 1.5 < l < 2 profits are larger when firms can

collect data if δ > h−1
1 (l) and are same otherwise. Remember next that for any δ

it holds that ∂hn (δ) /∂δ > 0, with n = 2, ..., 6. It also holds that h3 (1) ≈ 2.89 <

h6 (0) ≈ 3.07. Hence, for any 2 ≤ l ≤ 3.07 firms are better off with the ability to

collect additional data irrespective of the discount factor. Note next that h6 (1) ≈ 4.

Hence, for 3.07 < l ≤ 4 firms are better of if δ > h−1
6 (l) and are (weakly) worse

off otherwise. Finally, if l > 4, then firms are worse off with the ability to collect

additional data irrespective of the discount factor. Q.E.D.

Proof of Corollary 1.3. For any l and δ we first calculate the equilibrium dis-

counted social welfare over two periods and then subtract equilibrium profits to

dirive consumer surplus. We then analyze how social welfare and consumer surplus

change when firms are able to recognize consumers.

Part 1. i) If l ≤ h1 (δ), then each firm serves all consumers on any location on

its turf in both periods, such that social welfare is

SW 1+2
1 (l, δ) = v (1 + δ)− 2(1+δ)

1−t

1∫
t

1/2∫
0

(tx) dxdt = v (1 + δ)− (1+δ)(l+1)t
8

.

The discounted profits of a firm over two periods are given by the sum of (1.13)

and (1.14) evaluated at (1.19), multiplied by t (1− 2x) / (l − 1)) and integrated over

x ∈ [0, 1/2], which yields the discounted profits of both firms over two periods:

Π1+2
1 (l, δ) = (1 + δ) t/2. The difference between SW 1+2

1 (l, δ) and Π1+2
1 (l, δ) yields

consumer surplus: CS1+2
1 (l, δ) = v (1 + δ)− (1 + δ) (l + 5) t/8.

ii) If h1 (δ) < l ≤ h2 (δ), then the discounted profits of a firm over two pe-
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riods are given by the sum of (1.13) and (1.14) evaluated at (1.15), multiplied by

t (1− 2x) / (l − 1) and integrated over x ∈ [0, 1/2], which yields the discounted prof-

its of both firms over two periods:

Π1+2
2 (l, δ) =

t[l2(δ3+6δ2+10δ+5)−l(−2δ3−2δ2+7δ+8)−3δ3−8δ2−2δ+5]
2(2δ+3)2(l−1)

.

We calculate now social welfare. On each location on its turf a firm serves consumers

with t ≥ tα (·) = t (1 + δ) (l + 1) / (2δ + 3) (we used (1.11) to compute tα (·)) in the

first period and all consumers in the second period, which yields the discounted

social welfare over two periods, SW 1+2
2 (l, δ) =

v (1 + δ) − 2
1−t

1∫
t(1+δ)(l+1)

2δ+3

1/2∫
0

(tx) dxdt

− 2
1−t

t(1+δ)(l+1)
2δ+3∫
t

1/2∫
0

[t (1− x)] dxdt− 2δ
1−t

1∫
t

1/2∫
0

(tx) dxdt

= v (1 + δ) − t[l2(4δ3+18δ2+25δ+11)+l(4δ2+8δ+4)−4δ3−22δ2−41δ−25]
8(l−1)(2δ+3)2

.

Subtracting Π1+2
2 (l, δ) from SW 1+2

2 (l, δ) we get the discounted consumer surplus

over two periods:

CS1+2
2 (l, δ) = v (1 + δ) +

t[−l2(8δ3+42δ2+65δ+31)+l(−8δ3−12δ2+20δ+28)+16δ3+54δ2+49δ+5]
8(2δ+3)2(l−1)

.

iii) If h3 (δ) ≤ l ≤ min {h4 (δ) , h5 (δ)}, then the discounted profits of a firm over

two periods are given by the sum of (1.20) and (1.21) evaluated at the prices (1.24)

multiplied by t (1− 2x) / (l − 1) and integrated over x ∈ [0, 1/2], which yields the

discounted profits of both firms over two periods:

Π1+2
3 (l, δ) = − t[l2(20δ3−60δ2+378δ−1215)−l(560δ3−2448δ2+2781δ−1944)+675δ3−3084δ2+3240δ−1215]

6(10δ−27)2(l−1)
.

We calculate now social welfare. On each location on its turf a firm serves in the first

period consumers with t ≥ tα (·) = t [l (9− 8δ) + 9 (1 + δ)] / (27− 10δ) and in the

second period all consumers on segment α and those with t ≥ t [l + 1 + α (l − 1)] /3 =

3 (4l + δ − 2lδ + 1) t/ (27− 10δ) on segment 1 − α (we used (1.12) to compute α),
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which yields the discounted social welfare over two periods, SW 1+2
3 (l, δ) =

= v (1 + δ)− 2
1−t

1∫
t[l(9−8δ)+9(1+δ)]

27−10δ

1/2∫
0

(tx) dxdt− 2
1−t

t[l(9−8δ)+9(1+δ)]
27−10δ∫
t

1/2∫
0

[t (1− x)] dxdt

− 2δ
1−t

t[l(9−8δ)+9(1+δ)]
27−10δ∫
t

1/2∫
0

(tx) dxdt− 2δ
1−t

3(4l+δ−2lδ+1)t
27−10δ∫

t[l(9−8δ)+9(1+δ)]
27−10δ

1/2∫
0

[t (1− x)] dxdt

− 2δ
1−t

1∫
3(4l+δ−2lδ+1)t

27−10δ

1/2∫
0

(tx) dxdt

= v (1 + δ)− t[l2(44δ3−312δ2+27δ+891)−l(−216δ3+252δ2+144δ−324)−244δ3+114δ2+1071δ−2025]
8(l−1)(10δ−27)2

.

Subtracting Π1+2
3 (l, δ) from SW 1+2

3 (l, δ) we get the discounted consumer surplus
over two periods, CS1+2

3 (l, δ) =

= v (1 + δ) +
t[l2(−52δ3+696δ2+1431δ−7533)−l(2888δ3−10 548δ2+10 692δ−6804)+3432δ3−12 678δ2+9747δ+1215]

24(10δ−27)2(l−1)
.

iv) If l > max {h4 (δ) , h5 (δ)}, then the discounted profits of a firm are given by the

sum of (1.93) and (1.94) evaluated at (1.95), multiplied by t (1− 2x) / (l − 1) and

integrated over x ∈ [0, 1/2], which yields the discounted profits of both firms over

two periods:

Π1+2
4 (l, δ) = − t[l2(−1360δ3+1728δ2+2835δ−3645)−l(−1280δ3+144δ2+6480δ−5832)−1360δ3+1728δ2+2835δ−3645]

18(20δ−27)2(l−1)
.

We now compute social welfare. On each location on its turf a firm serves in the first

period consumers with t ≥ tα (·) = t [(9− 8δ) (l + 1)] / (27− 20δ). In the second pe-

riod a firm serves consumers with t (36− 28δ + 9l − 8lδ) / (81− 60δ) ≤ t ≤ tα (·)
on segment α and consumers with t (9− 8δ + 36l − 28lδ) / (81− 60δ) ≤ t ≤ 1

on segment 1 − α, which yields the discounted social welfare over two periods,
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SW 1+2
4 (l, δ) =

v (1 + δ)− 2
1−t

1∫
t[(9−8δ)(l+1)]

27−20δ

1/2∫
0

(tx) dxdt− 2
1−t

t[(9−8δ)(l+1)]
27−20δ∫
t

1/2∫
0

[t (1− x)] dxdt

− 2δ
1−t

t[(9−8δ)(l+1)]
27−20δ∫

t[36−28δ+9l−8lδ]
81−60δ

1/2∫
0

(tx) dxdt− 2δ
1−t

1∫
t[9−8δ+36l−28lδ]

81−60δ

1/2∫
0

(tx) dxdt

− 2δ
1−t

t[36−28δ+9l−8lδ]
81−60δ∫
t

1/2∫
0

[t (1− x)] dxdt− 2δ
1−t

t[9−8δ+36l−28lδ]
81−60δ∫

t[(9−8δ)(l+1)]
27−20δ

1/2∫
0

[t (1− x)] dxdt

= v (1 + δ)− t[−l2(−4144δ3+6696δ2+4455δ−8019)−l(512δ3−3168δ2+5508δ−2916)−10256δ3+17 784δ2+8181δ−18225]
72(27−20δ)2(l−1)

.

Subtracting Π1+2
4 (l, δ) from SW 1+2

4 (l, δ) we get the discounted consumer surplus

over two periods, CS1+2
4 (l, δ) = v (1 + δ)+

+
t[l2(−9584δ3+13608δ2+15795δ−22599)−l(−5632δ3+3744δ2+20412δ−20412)+4816δ3−10872δ2+3159δ+3645]

72(20δ−27)2(l−1)
.

In the following we analyze how social welfare and consumer surplus change when

firms become able to target consumers based on their behavior.

Part 2. i) If l ≤ h1 (δ), then social welfare and consumer surplus do not change

with behavior-based targeting.

ii) If h1 (δ) < l < 2, the comparison of social welfare shows that

SW 1+2
2 (l, δ)− (1 + δ)SW 1+2

1 (l, 0) = − t[l2(δ2+2δ+1)+l(2δ2+4δ+2)−3δ2−10δ−8]
4(2δ+3)2(l−1)

. (1.180)

The function in the brackets in the nominator of (1.180) is quadratic in l, opens

upwards (for any δ) and has two roots, h1 (δ) and the negative one (for any δ), such

that for any l > h1 (δ) and δ the right-hand side of (1.180) is negative. The other

comparison shows that

CS1+2
2 (l, δ)− (1 + δ)CS1+2

1 (l, 0) = − t[l2(2δ3+13δ2+22δ+11)−l(4δ3+26δ2+52δ+32)+2δ3+13δ2+28δ+20]
4(2δ+3)2(l−1)

. (1.181)

The function in the brackets in the nominator of (1.181) is quadratic in l, opens

upwards (for any δ) and has two roots, h1 (δ) and the other smaller than 1 (for any
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δ), such that for any l > h1 (δ) and δ the right-hand side of (1.181) is negative. We

conclude that both social welfare and consumer surplus decrease when firms can

recognize consumers.

iii) If 2 ≤ l ≤ h2 (δ), the comparison of social welfare shows that

SW 1+2
2 (l, δ)− (1 + δ)SW 1+2

3 (l, 0) =
tδ[l2(4δ2+7δ+3)+l(8δ2+14δ+6)−32δ2−101δ−78]

36(2δ+3)2(l−1)
.

(1.182)

The function in the brackets in (1.182) is quadratic in l, opens upwards (for any δ)

and has two roots, one of which is negative an the other one is larger than h2 (δ)

for any δ. We conclude that for any 2 ≤ l ≤ h2 (δ) and any δ > 0 social welfare is

smaller with behavioral targeting. The other comparison shows that

CS1+2
2 (l, δ)− (1 + δ)CS1+2

3 (l, 0) =
tδ[l2(26δ2+59δ+33)−l(92δ2+278δ+204)+62δ2+203δ+168]

36(2δ+3)2(l−1)
.

(1.183)

The function in the brackets of the nominator of (1.183) is quadratic in l, opens

upwards (for any δ) and has two roots, one of which is smaller than 1 and the other

one is larger than h2 (δ) for any δ. It follows that for any 2 ≤ l ≤ h2 (δ) and any

δ > 0 consumers are worse off with behavioral targeting.

iv) If h3 (δ) ≤ l < 5, the comparison of social welfare shows that

SW 1+2
3 (l, δ)− (1 + δ)SW 1+2

3 (l, 0) =
δt[l2(352δ2−1016δ+918)+l(−772δ2+254δ+1026)−152δ2+4987δ−7182]

36(10δ−27)2(l−1)
. (1.184)

The function in the brackets of (1.184) is quadratic in l, opens upwards (for any δ)

and has two roots, one of which is negative (for any δ) and the other one is

l13 (δ) :=
−(−772δ2+254δ+1026)+6(27−10δ)

√
225δ2−1016δ+1045

2(352δ2−1016δ+918)
.

Note that ∂l13 (δ) /∂δ < 0. It also holds that l13 (δ) = h3 (δ) ≈ 2.28 if δ ≈ 0.19,

l13 (δ) > h3 (δ) if δ < 0.19, with an opposite sign otherwise. Hence, if δ > 0.19, then

social welfare increases for any δ and any h3 (δ) ≤ l < 5. If δ ≤ 0.19, then social

welfare increases if l13 (δ) < l < 5 and (weakly) decreases otherwise. The other

comparison shows that CS1+2
3 (l, δ)− (1 + δ)CS1+2

3 (l, 0) =

=
δt[l2(1472δ2−5776δ+5076)−l(5732δ2−21982δ+18684)+4898δ2−17917δ+14148]

36(10δ−27)2(l−1)
. (1.185)
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The function in the brackets in (1.185) is quadratic in l, opens upwards (for any δ)

and has two roots one of which is smaller than h3 (δ) (for any δ) and the other is

l14 (δ) :=
(5732δ2−21982δ+18684)+2(27−10δ)

√
3(3347δ2−9712δ+7068)

2(1472δ2−5776δ+5076)
.

Note that ∂l14 (δ) /∂δ < 0. It also holds that l14 (δ) = h3 (δ) ≈ 2.61 if δ ≈ 0.48,

l14 (δ) > h3 (δ) if δ < 0.48, with an opposite sign otherwise. Hence, if δ > 0.48,

then consumer surplus increases for any δ and any h3 (δ) ≤ l < 5. If δ ≤ 0.48, then

consumer surplus increases if l14 (δ) < l < 5 and (weakly) decreases otherwise.

v) If 5 ≤ l ≤ min {h4 (δ) , h5 (δ)}, the comparison of social welfare shows that

SW 1+2
3 (l, δ)− (1 + δ)SW 1+2

4 (l, 0) =
δt[l2(352δ2−1016δ+918)+l(−772δ2+254δ+1026)−152δ2+4987δ−7182]

36(10δ−27)2(l−1)
. (1.186)

The function in the brackets in the nominator of (1.186) is quadratic in l, opens

upwards (for any δ) and has two roots both of which are smaller than 5 (for any δ).

It follows that for any 5 ≤ l ≤ min {h4 (δ) , h5 (δ)} and any δ > 0 social welfare is

larger with behavioral targeting. The other comparison shows that CS1+2
3 (l, δ) −

(1 + δ)CS1+2
4 (l, 0) =

=
tδ[l2(1472δ2−5776δ+5076)−l(5732δ2−21982δ+18684)+4898δ2−17917δ+14148]

36(10δ−27)2(l−1)
. (1.187)

The function in the brackets in the nominator of (1.187) is quadratic in l, opens

upwards (for any δ) and has two roots both of which are smaller than 5 (for any δ).

It follows that for any 5 ≤ l ≤ min {h4 (δ) , h5 (δ)} and any δ > 0 consumer surplus

is larger with behavioral targeting.

vi) If l ≥ max {h4 (δ) , h5 (δ)}, the comparison of social welfare shows that

SW 1+2
4 (l, δ)− (1 + δ)SW 1+2

4 (l, 0) =
tδ[l2(128δ2−392δ+297)+l(1056δ2−2944δ+2052)+128δ2−392δ+297]

36(20δ−27)2(l−1)
. (1.188)

The function in the brackets in the nominator of (1.188) is quadratic in l, opens

upwards (for any δ) and has two roots both of which are negative (for any δ), such

that for any l ≥ max {h4 (δ) , h5 (δ)} and any δ > 0 social welfare is larger with

behavioral targeting. The other comparison shows that

CS1+2
4 (l, δ)−(1 + δ)CS1+2

4 (l, 0) =
tδ[l2(1408δ2−3736δ+2457)−l(2784δ2−7648δ+5292)+1408δ2−3736δ+2457]

36(20δ−27)2(l−1)
. (1.189)

The function in the brackets in the nominator of (1.189) is quadratic in l, opens

upwards (for any δ) and has two roots both of which are smaller than 5 (for any δ),
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such that for any l ≥ max {h4 (δ) , h5 (δ)} and any δ > 0 consumer surplus is larger

with behavioral targeting.

We now summarize our results for δ > 0. We first combine the results from cases

i) and ii). Note that h1 (1) = 1.5. If l ≤ 1.5, both social welfare and consumer

surplus do not change with targeted pricing. If 1.5 < l < 2, they decrease for

δ > h−1
1 (δ) and do not change otherwise. We now combine the results from cases

iii) and iv). Note that ∂h2 (δ) /∂δ > 0, h2 (0) = 2 and h2 (1) ≈ 2.67. Hence, if

2 ≤ l < 2.28 (2 ≤ l < 2.61), then social welfare (consumer surplus) decreases with

behavioral targeting for any l and δ. If 2.28 � l < 2.29 (2.61 � l < 2.62), then social

welfare (consumer surplus) (weakly) decrease for δ ≤ l−1
13 (δ) (δ ≤ l−1

14 (δ)), decrease

for δ ≥ h−1
2 (δ) and increases otherwise. Finally, if 2.29 � l � 2.67 (2.62 � l � 2.67),

then social welfare and consumer surplus increase for δ ≤ h−1
3 (δ) and decrease for

δ ≥ h−1
2 (δ). From cases v) and vi) it follows that for any l > 2.67 both social welfare

and consumer surplus increase for any δ > 0. Q.E.D.
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Chapter 2

Imperfect Customer Recognition

with Location Data



2.1 Introduction

Modern information technologies rapidly improve the opportunities of firms and in-

terested parties to raise customer data of various types and precision to use it for

targeted marketing. Within these datasets some information can be considered as

almost perfect, for instance, data on consumer location. In our increasingly digi-

tal world, information on a potential consumer’s name and home address can be

easily gained and used to approach her with personalized offers. Additionally, the

widespread use of smartphones provides a vast amount of GPS-based location data,

enabling targeted pricing depending on a consumer’s real-time location. However,

location is not the only factor firms would like to consider when designing personal

pricing. Other factors, such as health or income, also influence a consumer’s re-

sponse to targeted offers and can be summarized as her “flexibility”. In contrast

to location, this information is not directly observable and has to be inferred from

consumers’ behavior or purchase history, giving rise to (possibly imperfect) behavior-

based price discrimination. Depending on a firm’s technological ability to recognize

its customers, the collected flexibility data will be more or less precise.

The literature on behavior-based price discrimination typically analyze its profit

and welfare implications under the assumption that the first-period customer recog-

nition is perfect in the sense that all first-period consumers are correctly recognized.

But one can think about various reasons why the customer recognition might be

imperfect. First, this can be due to simple imperfect process or imperfect technol-

ogy related reasons in the sense that, e.g., the sales assistant in the store does not

completely raise the data in stressful situations or the database to recall consumers

is technically limited. Another reason could be the existence of an online next to

an offline payment opportunity. Consumers who want to redeem the coupon might

be able to pay the amount directly and the firms would say “conveniently” online

before patronizing the store or driving to the specific activity. Other consumers,

instead, pay after the arrival in cash and are thereby harder to recognize again af-

terwards. A third and very interesting reason why the customer recognition might

be imperfect is due to privacy policy regulations. Firms might be forced to delete

stored information after some time, such that there is only a fraction of past cus-

tomers in the database. It is also a common practice to provide the opportunity to

agree on the purchase of a newsletter and the use of customer data to “benefit” from

more personal offers in connection with an online purchase. This option is typically
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ticked and can be deleted what only a fraction of consumers do.1 This share would

be reasonably different, when the regulation would require that this option is not ini-

tially ticked, such that the consumers have to tick it themselves. Therefore, privacy

policy regulations directly impact the recognition quality and makes the following

imperfect customer recognition analysis particularly interesting to consider welfare

implications.

The aim of this paper is to analyze how imperfect customer recognition affects firms’

profits, social welfare and consumer surplus in a competitive setting, where firms

hold consumer location data of perfect quality and are able to derive additional

consumer flexibility data from observing their purchase histories.2

We consider consumers who differ along two dimensions: their locations on a

unit line and the strength of their transport cost parameters, to which we refer

as their “flexibility”. There are two firms in the market, which sell homogeneous

products at the two ends of a unit line over two periods. In each period firms

hold perfect information on consumer locations. At the same time, firms are able

to recognize a share of their first-period customers in the second period, which

allows to estimate (with certain precision) their flexibility and price discriminate

respectively in the second period. We consider two scenarios, where consumers are

either myopic or sophisticated. Sophisticated consumers maximize the discounted

surplus over both periods and take into account how their first-period purchases will

influence the charged prices in the second period. In contrast, myopic consumers

maximize their one-period surplus and ignore the dependence of the future targeted

prices on their initial choices. We also vary the level of consumer heterogeneity in

flexibility and consider two versions of our model with “relatively homogeneous” and

“relatively heterogeneous” consumers. Finally, we allow for different accuracy levels

of customer recognition to analyze how the profit and welfare effects of combining

perfect location data with the flexibility information depend on the quality of the

latter.

We get the following results. When consumers are relatively homogeneous, for any

1It is reasonable to assume that the probability that a consumer deletes the cross is unrelated
to her flexibility.

2Note that our analysis and results are equivalent to the case when location would be in-
terpreted as preference. In general can our results easily be transferred to other (more general)
settings due to the flexible shape of our model. E.g., it also incorporates and analyzes the case that
firms ex ante have no information and consumers only differ in one dimension, usually considered
in the literature.

90



precision of customer recognition and consumer sophistication, the profit effect of

combining behavioral targeting with perfect price discrimination based on customer

locations is (weakly) positive.3 Moreover, when consumer recognition becomes more

accurate, firms’ discounted profits over two periods (weakly) increase. We also find

that with relatively homogeneous consumers, the interests of firms on the one hand

and those of consumers and social welfare on the other hand are always opposed.4

When consumers are relatively heterogeneous, firms are always worse off when they

combine behavioral flexibility data with perfect location data.5 However, firms’

discounted profits may increase when customer recognition becomes more precise.

This happens when recognition is already sufficiently precise and consumers sophis-

ticated or myopic with a sufficiently high discount factor.6 Interestingly, firms’ and

consumer interests are not necessarily opposed and all can benefit from the improved

accuracy of customer recognition.

As it is standard in the price discrimination literature, we can explain these results

by distinguishing between the rent-extraction and competition effects of additional

(more precise) customer data. With more (precise) customer data firms are poten-

tially able to extract more rents from consumers, to which we refer as the “rent-

extraction effect”. At the same time additional customer data impacts the strategic

behavior of the firms to which we refer as the “competition effect”. With relatively

homogeneous consumers and in the absence of flexibility data, every firm serves all

3When consumers are relatively homogeneous, firms prefer to monopolize their turf even with-
out the additional flexibility data in the short term. Accordingly, they can fully exploit their
advantage on their turf and decide whether or not to invest in flexibility information by sharing
some customers with the rival in the first period. Logically, they only make use of this strategy
when it leads to higher profits which is, however, only the case when recognition is sufficiently
precise to recover the first-period investments and consumers myopic. Sophisticated consumers
anticipate the higher second-period targeting price of the home firm and react with a more elastic
first-period demand, which makes higher prices to share customers inefficient.

4The effects on welfare are always opposed to the effects on profits when consumers are rela-
tively homogeneous, since firms benefit by starting to share customers, leading to higher transport
costs and prices.

5Firms initially share customers on each location when consumers are relatively heterogeneous,
such that the additional flexibility data leads to an increase in competition, since each firm can now
compete for the different customer groups on each location separately, making both firms worse
off.

6However, firms more likely benefit from a higher accuracy when consumers are sophisticated,
since their strategic purchase decision in this case leads to an inverse u-shaped price sensitivity,
such that competition increases firstly further, but is soften when the customer recognition is suffi-
ciently precise. Accordingly, prices and thereby profits are an u-shaped function of the recognition
precision, while profits interestingly exceed the ones with myopic consumers when recognition is
sufficiently precise, such that firms in fact want to educate consumer about the use of their data
in this case.
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consumers on any location on its turf. As a result, the rival prices initially most

aggressively. Thus, with additional behavioral (flexibility) data firms enjoy only

the (positive) rent-extraction effect, which increases their profits, because there is

no scope for the rival to become more aggressive in pricing. Moreover, with more

accurate customer recognition the positive effect on profits become stronger. When

consumers are relatively heterogeneous, every firm serves only a share consumers on

any location on its turf (those with relatively large transport cost parameters). As

a result, the rival is moderate in pricing and additional customer data intensifies

competition. The final impact on firms’ profits is driven by a complex interplay

of rent-extraction and competition effect depending on data quality and consumer

sophistication, discussed in the analysis section of this paper.

Finally, there are several further findings in this paper, which differ from most other

previous findings on behavior-based price discrimination and are worth to highlight.

First, we find that firms actually manage to influence the market outcome in their

favor by strategically choosing their first-period price under whole game considera-

tions. Second, profit and welfare effects may depend on the discount factor. And

third, first-period prices are in all cases not necessarily higher than under uniform

pricing models and depend fundamentally on the level of recognition precision.

The rest of the paper is organized as follows. In Section 2.2, we discuss the related

literature. Section 2.3 introduces the model, which we analyze in Section 2.4. Section

2.5 provides the welfare analysis. In Section 2.6, we compare the results with myopic

and sophisticated consumers. Finally, Section 2.7 concludes.

2.2 Related Literature

This paper contributes to two strands of literature. First, to the literature on com-

petitive and behavior-based price discrimination and second, to the works which

analyze how the profits and welfare effects of customer data depends on its quality.

The literature on competitive and behavior-based price discrimination was ini-

tiated by the seminal articles of Thisse and Vives (1988) and Fudenberg and Tirole

(2000).7 Thisse and Vives were the first to demonstrate the negative effect of first-

degree price discrimination based on perfect location in a static Hotelling-model.

7A survey of literature on behavior-based price discrimination is provided in Fudenberg and
Villas-Boas (2006).
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Fudenberg and Tirole consider a dynamic Hotelling-type model, where in the sec-

ond period firms use behavioral data on consumer purchases in the initial period

for third-degree price discrimination. When consumers are uniformly distributed

on the Hotelling line, similar to the result of Thisse and Vives, they also find that

firms are worse off with the ability to discriminate on consumer locations (framed

as preferences). The reason behind this result is that a consumer’s first-period pur-

chase reveals her (relative) preference for one firm, inducing the rival to target this

consumer more aggressively. In response to this aggressive pricing a firm has to

reduce its prices as well, leading to lower profits over two periods for both firms.

Following these seminal contributions, many subsequent articles confirmed the detri-

mental effect of customer data on profits in different settings.8 The common feature

of these works is that according to Corts’ (1998) terminology, they consider settings

characterized by best-response asymmetry, where a “strong market” of one firm is

at the same time the “weak market” of the other. Corts shows that in such markets,

access to customer data gives rise to an unambiguous profit effect which, however,

can be either positive or negative. The above mentioned articles demonstrate the

negative profit effect of customer data. Nevertheless, this result is not general and,

for instance, if firms are sufficiently asymmetric, customer data may boost profits

in a model with best-response asymmetry (see Shaffer and Zhang, 2000 and 2002 or

Carroni, 2016).9 Similarly, a positive effect of customer data is identified in Jentzsch

et al. (2013), Baye and Sapi (2019) and Baye et al. (2018), when consumers are

sufficiently homogeneous in their preferences.

The works most related to ours are Baye et al. (2018) and Colombo (2016). Baye et

al. consider a two-period model, where consumers differ along two dimensions: their

locations and transport cost parameters.10 They assume firms hold perfect data on

the former dimension and are able to collect information on the latter dimension

through observing consumers’ purchases in the first period. Within this set-up, they

vary consumers’ heterogeneity in the dimension to reveal and find that this set-up

nests the results of the already mentioned papers as special cases. Therefore, they

8See, for instance, Shaffer and Zhang (1995), Bester and Petrakis (1996), Villas-Boas (1999)
and Esteves (2010).

9Alternatively, Chen and Zhang (2009) consider a market with three consumer groups. Two of
them strictly purchase from the preferred firm, while the third group buy from the firm with the
lower price. They find that firms are better off in this setting, since firms charge higher first-period
prices to identify its loyal consumers.

10Other models considering two-dimensional heterogeneous consumers can be found, e.g., in
Borenstein (1985), Armstrong (2006) and Won (2017).
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demonstrate the importance of the level of consumer differentiation in preferences

when considering the profit effects of consumer behavior-based pricing. Importantly,

within their analysis the authors assume that every firm can identify all its former

customers with perfect precision. We contribute by allowing for imperfect customer

recognition, where every firm can identify only a share of its customers, and sophis-

ticated consumers. Accordingly, we fill the gap between the two extreme cases of

perfect customer recognition (meaning usual behavior-based price discrimination)

and no customer recognition (meaning uniform pricing) within their results and are

able to analyze the impact of an increasing recognition accuracy while also enlarg-

ing their analysis to sophisticated customers. Colombo also considers a two-period

behavior-based price discrimination model and assumes imperfect customer recog-

nition. However, he considers consumers who differ only in their locations and he

doesn’t allow for varying levels of consumer heterogeneity. He finds that customer

recognition is always detrimental for firms, while the profits are u-shaped in the

level of information accuracy when consumers are sophisticated. We find a similar

result when consumers are relatively heterogeneous. However, the result is reversed

with relatively homogeneous consumers, where firms (weakly) gain from the abil-

ity to recognize customers and profits increase in the recognition accuracy. In this

case customer data doesn’t intensify competition and firms gain from the improved

ability to discriminate among customers. Thus, our more flexible model provide a

much broader picture of the issue.

The other works which analyze the profit effect of customer data depending on its

quality are Chen et al. (2001) and Esteves (2014). However, these contributions

model information accuracy in a different way. They consider a one-shot game,

where firms receive a noisy (so eventually erroneous) signal about consumers’ pref-

erence and price discriminate accordingly.11 Therefore, in their setting firms have

information on all consumers, however, these information are potentially wrong,

such that inaccuracy in their setting mean that the probability of the signal to be

wrong is higher. In contrast, we consider a two-period game where firms generate the

information endogenously and the inaccuracy arises from the fact that information

on consumers in the second period is incomplete, meaning that there is no (addi-

tional) information about certain consumers. However, despite these differences,

11Further related works include Liu and Serfes (2004), Liu and Shuai (2016) or Baye and Sapi
(2019), where customer data allows the firms to segment consumers. With data of better quality,
customer segments become finer.
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our model also incorporates their results to a large extend. Due to the one-period

competition with given data, we have that their setting corresponds to our analysis

in the second stage. Additionally, Chen et al. (2001) consider the same consumer

structure as Chen and Zhang (2009). Since the only price-sensitive consumer group

strictly buys from the firm with the lower price, firms compete for (relatively) ho-

mogeneous consumers in the sense of our model. In this case, we find a strictly

positive impact of a higher data accuracy. Also in Chen et al. (2001) profits firstly

increase with a higher data accuracy, however, when accuracy is very high loyal and

switching consumers can be very clearly distinguished and profits decrease due to

the fierce competition for switchers. We do not find this effect in our model, since

each firm prefers to serve all consumers on her turf even without the additional

information, such that an increasing information accuracy can never harm firms. In

contrast and in line with our model, Esteves (2014) considers the case of uniformly

distributed consumers, each of them being price-sensitive. Since consumers overall

do not strictly prefer one specific firm in her setting, we have that firms compete for

relatively heterogeneous consumers in the sense of our model. In this case, provided

firms in our model share customers equally as in her model, the findings of both

models coincide and the impact of a higher data accuracy on firms’ (second-period)

profits is monotonically negative.

2.3 The Model

We consider two firms, A and B, located at the two endpoints of the unit interval

(with xA = 0 and xB = 1), producing two brands of the same product at zero

marginal costs. The firms compete over two periods and set prices simultaneously

in each period. There is a unit mass of consumers buying at most one unit of the

product. Each consumer has an address x ∈ [0, 1] on the line, which corresponds to

her (average) physical location (e.g., home address or average GPS-location).12 If a

consumer does not buy at her location, she incurs linear transport costs proportional

to the distance to the firm. We follow Jentzsch et al. (2013), Baye and Sapi (2019)

and Baye et al. (2018) and assume that consumers differ not only in their locations,

but also in their transport costs per unit distance t, to which we refer as consumer

12We use the average physical location such that the targeted location of the consumer does
not change between the two periods.
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flexibility, with t ∈ [t, t].13 Higher levels of t correspond to lower flexibility, because

a consumer needs a higher discount to make her choose the firm she likes less.

Without loss of generality, we normalize t (so the lowest flexibility) to 1 such that:

t ∈ [t, 1], with 0 ≤ t < 1 and measure the level of consumer heterogeneity l by

the ratio of the lowest to the highest flexibility: l := 1/t, with l ∈ (1,∞). Each

consumer is uniquely characterized by a pair (x, t), with x and t being uniformly

and independently distributed according to the density functions: ft = 1/(1 − t),

fx = 1 and ft,x = 1/(1− t).

The utility of a consumer (x, t) from buying at firm i = {A,B} is

Ui(pi(x), t, x) = υ − t |x− xi| − pi(x), (2.1)

where υ > 0 denotes the basic utility and pi(x) is the price of firm i at location x.

We assume that the basic utility is high enough such that all consumers purchase

in equilibrium and every consumer buys from the firm, which provides her a higher

utility.14

Customer data. Table 2.1 presents the types and quality of customer data firms

hold within the model as well as the time firms obtain the information.

Type of customer data Time obtained Quality

Location Given in each period Perfect

Flexibility Inferred from 1-st period purchase decision Imperfect

Own past customer Inferred from 1-st period purchase decision Imperfect

Rival’s past customer Never Zero

Table 2.1: Customer data available to the firms.

Motivated by the example of mobile advertising where location data delivered by

GPS-signals is almost perfect and consumers individually addressable, we assume

that firms hold perfect information on consumers’ physical location and can dis-

13Different from Jentzsch et al. (2013) and Baye and Sapi (2019), in Baye et al. (2018) and in
this model flexibility data is endogenously generated.

14As usual, we assume that a consumer buys from the closer firm in case of indifference. If
x = 1/2, then she buys from firm A.
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criminate between consumers on different locations in both periods. Consumers’

flexibility is instead completely unknown in the first period, but firms can infer at

least consumers’ relative flexibility by observing their first-period purchase decisions

and use this information in the second period. However, given that the knowledge

about past purchases is typically private to the firm and even the information about

own past customers is often imperfect, we assume that firms do not observe the

purchase history (and thereby do not obtain relative flexibility information) from all

consumers. Only a share α ∈ [0, 1] of own past customers are correctly recognized,

while following Colombo (2016) we assume that α is the same for both firms.15 Given

this imperfect recognition, we have that each firm can separate consumers in two

groups after the first stage. An identified past customers group and a foreign cus-

tomers group (consisting of unidentified own past customers and former customers of

the rival). The purchase history and thereby the relative flexibility is only revealed

in the first group, such that firms can target only these customers with a price that

considers consumers’ location and relative flexibility in the second period.16 The

second-period price for the second group depend once again solely on consumers’

location, since the firm can not distinguish whether the specific consumer bought at

the rival or simply got not recognized as an own previous customer, such that the

relative flexibility can not be inferred and exploited.17

To fix ideas, consider Figure 2.1 and 2.2 presenting the distribution of consumers

in period 1 and 2. Firms can target each x separately in both periods, such that

the first-period purchase decisions generate a cut-off point “k” in the consumer

flexibility distribution on every location.18 All consumers with a lower flexibility

(meaning higher t) bought at their more preferred firm, while the consumers with a

higher flexibility bought at the more distant rival, provided its price was sufficiently

low.19

15In Baye et al. (2018), the technology to recognize previous customers is perfect, i.e. α = 1,
as usual in the literature of behavior-based price discrimination. Thereby, own and rival’s past
customer are perfectly distinguishable which is a special case in our setting.

16There is practical evidence e.g., via a field experiment by Danaher et al. (2015) that distance
as well as the previous redemption history determine whether a coupon is used. Firms should
therefore use both informations to design the coupon.

17Also following Colombo (2016), we exclude the possibility of arbitrage between consumers.
18It turns out that k is the same on every x in equilibrium.
19A standard revealed-preference argument implies that if a consumer on x < 1/2 with t = k

bought from firm A (B) in the first period, then all consumers with t > k (t < k) made the same
choice.
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Figure 2.1: First-period market outcome at some x on firm A’s turf.

Both firms recognize the share α of their previous customers, such that each x

consists of customers belonging to one of three groups after the first period.

Figure 2.2: Customer groups in the second period on a certain location.

In the second period, both firms choose one (home) price to maximize the profits

on the group of identified own past customers and another (foreign) price designed

to maximize the profits on the other two groups jointly. Consequently, we have

that firms compete on their identified customer group with their home price against

the foreign price of the other firm, while firms compete for generally not identified

consumers with their foreign price against each other.

We assume that firms are forward-looking and maximize the discounted sum of prof-

its over both periods. With respect to consumers, we consider two cases with all

consumers being either myopic or sophisticated. Sophisticated consumers maximize

the discounted surplus over both periods and take the impact of their purchasing

decision in the first period on the prices they are charged with in the future period
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into account. In contrast, myopic consumers maximize their one-period surplus and

ignore the dependence of the future targeted prices on their choices in the first period.

We follow Jentzsch et al. (2013) and consider two extreme versions of our model

with respect to the level of consumer heterogeneity in flexibility. In the first version,

we assume that t ≥ 1/2 (l ≤ 2) and refer to the consumers in this case as “relatively

homogeneous”, since the difference between the lowest and the highest flexibility

parameters is relatively low. In the second version, we assume t = 0 and refer to

the consumers in this case as “relatively heterogeneous”, since lim
t→0

1/t → ∞ and

the difference between the lowest and the highest transport cost parameter is very

large.

We look for a subgame-perfect Nash equilibrium in pure strategies and solve the

game backwards starting from the second period.

2.4 Equilibrium Analysis

We introduce now some useful notations and discuss the results subsequently. Since

the game is symmetric, it is sufficient to restrict the analysis to a single location x

on firm A’s turf (x < 1/2) and then extend the results to all the other locations.

Given that we analyze a location on firm A’s turf representatively, we often refer to

it as the home firm.

Second period. In the second period, each firm can discriminate consumers on

different locations and on each location it can distinguish at most two groups of con-

sumers: the own identified customers and the foreign consumers (which include the

own unidentified customers and the rival’s customers of the first period). Therefore,

both firms can specify (up to) two different prices on each location in the second pe-

riod and we denote the prices with piH for the identified previous (home) consumers

of firm i = A,B and piF for the unidentified (foreign) consumers of firm i = A,B.

On any location and for given prices, the home firm attracts the less flexible con-

sumers in each customer group of the second period, i.e., those with sufficiently high

transport cost parameters: t ≥ (pAi − pBj)/(1 − 2x) with i, j = H,F . Given that

the less flexible consumers who bought at firm A in the first period are partially

recognized as previous customers by firm A and analogously, firm B also recognize

the share α of its previous customers on x < 1/2 (with relatively low transport cost

99



parameters), the home firm’s expected second-period profit on x (provided prices are

not too different and denoted by the superscript “2” to indicate the second period)

is given by:

Π2
A(x) = α

⎛
⎜⎝1− pAH − pBF

1− 2x

1− t

⎞
⎟⎠ pAH + α

⎛
⎜⎝k − pAF − pBH

1− 2x

1− t

⎞
⎟⎠ pAF + (1− α)

⎛
⎜⎝1− pAF − pBF

1− 2x

1− t

⎞
⎟⎠ pAF (2.2)

The first term in equation (2.2) is the profit of firm A from its previous identified

customers, while the second and third terms are the profits of firm A from the foreign

consumers, which includes the consumers identified by firm B and those who are

not recognized by any of the firms.

Figure 2.3 depicts demand regions when poaching actually takes place on all cus-

tomer groups in the second period (i.e., firms’ prices are not too different).

Figure 2.3: Second-period market outcome in case of poaching.

Similarly, the expected profit of firm B in the second period on some x < 1/2 is

given by:

Π2
B(x) = α

⎛
⎜⎝

pAF − pBH

1− 2x
− t

1− t

⎞
⎟⎠ pBH + α

⎛
⎜⎝

pAH − pBF

1− 2x
− k

1− t

⎞
⎟⎠ pBF + (1− α)

⎛
⎜⎝

pAF − pBF

1− 2x
− t

1− t

⎞
⎟⎠ pBF (2.3)

Each firm choose the price piH in order to maximize the profits on their group of

identified own customers and piF in order to maximize the profits on the unidentified

customer groups (which can not be distinguished) jointly.

First period. In the first period, each firm can discriminate consumers only with

respect to their location, such that firms can (only) charge one price on each location,
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we denote as pA for the home firm and pB for the rival. Given the expected second-

period equilibrium outcome, each firm charge its first-period price so as to maximize

its discounted profits over both periods, respectively, while firms value future profits

by δ ∈ (0, 1].20 Therefore, in the first period, home and rival firm maximize on each

x the following profit functions:

ΠA(x) =

(
1− k

1− t

)
pA + δΠ2

A(x) (2.4)

ΠB(x) =

(
k − t

1− t

)
pB + δΠ2

B(x), (2.5)

with k = (pA − pB)/(1 − 2x) in the myopic consumers case and a more complex

(and within the relatively homogeneous and heterogeneous consumers case varying)

expression when consumers are sophisticated, derived within the following analysis.21

2.4.1 Relatively Homogeneous Consumers

The following Lemma states the equilibrium of the second period when consumers

are relatively homogeneous and analyzes how profits change when customer data of

the first period becomes more accurate.

Lemma 2.1. (Second period. Relatively Homogeneous Consumers.)

Consider an arbitrary x on the turf of firm i = A,B and assume that consumers are

relatively homogeneous.

In equilibrium, firm i = A,B serves all consumers on any x on its turf inde-

pendently of the accuracy of customer recognition and its first-period market share

by charging the prices piH(x) = k|1 − 2x| and piF (x) = t|1 − 2x| to the identi-

fied and foreign consumers, respectively. The rival cannot do better than charging

pjH(x) = pjF (x) = 0, such that firms realize profits Π2
i (x) = [α(k − 1)(k − t) + (t−

1)t](1− 2x)/(t− 1) and Π2
j(x) = 0.

Profits increase monotonically in the recognition accuracy and are given by the in-

verse u-shaped function of k, which gets a maximum at k = (1 + t)/2.

In the second period, firms choose their prices in order to maximize their profits on

20In the case of sophisticated consumer, we assume that firms’ and consumers’ discount factors
coincide.

21All the omitted proofs are contained in the Appendix.
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each consumer group. Solving for the home firm’s optimal price for its recognized

past customers, we get the best-response function:

pAH(x; pBF ) =

{
pBF + k (1− 2x) if pBF ≥ (1− 2k) (1− 2x)

pBF+(1−2x)
2

if pBF < (1− 2k) (1− 2x) .
(2.6)

Inspecting (2.6), we can identify two possible strategies: either monopolization or

sharing. If the price of the rival is sufficiently high, the home firm’s best response is

to follow a monopolization strategy by choosing a relatively low price, which allows

to serve all recognized past customers. Otherwise, the home firm’s optimal response

is to share some of the recognized past customers with the rival because serving all

of them would require a too substantial price reduction. For relatively homogeneous

consumers, i.e. t ≥ 1/2, the condition pBF ≥ (1− 2k) (1− 2x) is fulfilled for any

pBF , because k ≥ 1/2 must hold. Therefore, the home firm clearly monopolizes all

identified customers in this case, since intuitively (when consumers do not differ a

lot among each other) even a small reduction in the price is sufficient to capture

all customers, which makes the monopolization strategy efficient irrespective of the

price charged by the rival. For the same reason, we arrive at the analog clear

monopolization result when considering the home firm’s best response on the foreign

consumer group under relatively homogeneous consumers, yielding to a zero price

of the rival for both consumer groups in equilibrium and the home firm serves all

consumers on its turf for any α and k.

Since the home firm monopolizes both consumer groups on its turf either way,

meaning for all recognition levels and all given first-period market outcomes in-

cluding this one with k = t, implying no revealed flexibility information through

the first-period market interaction, we get the straightforward second-period profit

implications of α and k, depicted in Figure 2.4.

Figure 2.4: Second-period profit pattern as a function of α and k for l=3/2.
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The rival charges a price of zero anyhow, such that the home firm can exploit the

additional data uncontested. Accordingly, whenever k ∈ (t, 1) such that firms shared

consumers in the first period and some flexibility data can be inferred, the second-

period profits monotonically increase with the recognition precision, since then more

customers (who have shown to be relatively inflexible) are correctly recognized and

the home firm can charge the higher home price more often. For a given α, profits

are intuitively maximized when firms shared consumers equally in the first period,

i.e. k = (1 + t)/2, since consumers are then divided into two equally small groups

and the data quality is maximized.

Lemma 2.2. (First period. Relatively Homogeneous Consumers.)

Consider some x on the turf of firm i = A,B and assume that consumers are

relatively homogeneous. The equilibrium of the first period depend on consumer

sophistication and the level of consumer heterogeneity.

1) Consider myopic consumers:

i) If consumer heterogeneity is relatively small, i.e. l ≤ 1 + [1/(1 + δ)], in

equilibrium firm i monopolizes location x with the price pi(x) = t|1− 2x|, while the

rival charges the price pj(x) = 0.

ii) Otherwise, there exists α̂(δ, l) := [1/(l − 1) − 1]/δ, such that in equilibrium

firm i lets the rival attract the more flexible consumers and serves only those with

t ≥ k =: [(1+αδ)(1 + t)]/(3 + 2αδ), if the recognition precision is high enough, i.e.,

α > α̂(δ, l). If α ≤ α̂(δ, l), in equilibrium firm i monopolizes location x. It holds

that ∂α̂(δ, l)/∂δ < 0 and ∂α̂(δ, l)/∂l < 0.

2) Consider sophisticated consumers:

In equilibrium firm i monopolizes location x independently of the level of con-

sumer heterogeneity with the price pi(x) = t|1 − 2x|. The rival charges the price

pj(x) = 0.

We know from Lemma 2.1 that with relatively homogeneous consumers in the second

period any firm monopolizes any location on its turf for any market shares of the first

period. This strategy maximizes the home firm’s one-period profits. However, given

the positive impact of data on the second-period profits, a firm may find it optimal to

deviate from this strategy in the first period and let the rival attract some of the more

flexible consumers, in order to gain flexibility data about consumers on x and use it

for targeting in the following period. It is quite straightforward that this strategy

can, first of all, only be profitable if consumers are sufficiently different among each
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other, i.e. l > 1 + [1/(1 + δ)]. Otherwise the variation in consumer flexibility is

so low that even a perfect recognition of the first-period purchase decision does not

validate possible investments. Given that consumers are sufficiently different, it

depends on firm’s ability to exploit consumers first-period purchase decision, i.e. α,

whether the investment in sharing some consumers in the first period (and thereby

the gained customer data) is actually valuable enough. Only when α is (for given

δ and l) high enough, we have that the home firm can charge the higher (home)

price in the second period to sufficiently many consumers, such that the sharing

strategy is overall profitable. Otherwise, the home firm has to stay with its short-

run optimal monopolization strategy. Since the actual value of the gained customer

data is determined by the interplay of α, δ and l jointly, with all factors favoring the

data value, we have that the critical α for the revealing strategy is smaller for higher

δ and l. Finally, when consumers are myopic, the home firm shares intuitively more

customers with the rival when revealing is already profitable and either α, δ or l

increases further, since then (once again) the gained customer data becomes more

valuable and the home firm prefers to reveal more of it.

The equilibrium of the first period is different when consumers are sophisticated.

Precisely, in this case every firm monopolizes any location on its turf, indepen-

dently of the level of consumer heterogeneity. This is due to the behavior of the

sophisticated consumers, who correctly anticipate that the home firm will serve all

consumers on a given location in the second period, regardless of its first-period

market share. However, the price a consumer has to pay in the second period de-

pends on whether she bought at the home firm or its rival previously. Precisely,

in the former case the price is pAH = k(1 − 2x) and higher than in the latter case

with pAF = t(1 − 2x). While making their purchasing decisions in the first period,

sophisticated consumers take this difference into account and the cut-off consumer

must be indifferent between buying in both periods from the home firm and there-

fore paying with the recognition probability α the higher price and buying at the

rival in the first period to ensure the low price in the second period, leading to the

following condition:22

pA + kx+ αδ(pAH + kx) = pB + k(1− x) + αδ(pAF + kx) (2.7)

22In case of being unidentified by the firms, meaning the absence of BBPD, the second period
does as usual not impact the first-period purchase decision, since the second-period action is not
restricted by the first-period action.
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Inserting the second-period prices and solving (2.7) for k, we get:

k =
pA − pB

(1− αδ)(1− 2x)
− αδt

1− αδ
(2.8)

Comparing this function with the first-period demand when consumers are myopic,

k = (pA − pB)/(1− 2x), we observe that in the former case demand is more elastic.

To get an intuition for this result, it is useful to note that (2.7) can also be rewritten

as:

k =
pA − pB
1− 2x

+
δα

1− 2x
(pAH − pAF ) (2.9)

The first term states the well-known direct effect, indicating a higher market share

of the rival in the first period after an increase in the home firm’s price pA. The

second term, instead, states the (additional) indirect effect of a home firm’s first-

period price increase and thereby an increase in k, transferred in the second period.

When k increases, the home firm’s second-period price for the identified consumers

pAH also increases while pAF is unaffected, leading to an additional incentive for the

consumers to buy from the rival in the first period after an increase in pA.

Given the more elastic demand, the home firm can not increase its price that

much when targeting a certain k. Therefore, we have that compared to the case

with myopic consumers, the home firm faces lower first-period profits when revealing

the same amount of data, such that revealing is less attractive with sophisticated

consumers. Finally, to understand why the revealing strategy is in fact completely

prevented with sophisticated consumers, note that demand becomes more and more

elastic for higher values of α and δ, since then the probability of being recognized and

getting charged with the higher price in the second period as well as the importance

of future prices overall is higher. Therefore, the increasingly positive effects of α

and δ on the second-period profits are countervailed by their increasingly negative

impact on the first-period profits, driving the clear monopolization result.

Using Lemma 2.1 and 2.2 we are able to calculate total discounted profits over

two periods when firms (have the opportunity to) combine behavioral data with

location information and can compare these with the profits when firms target only

based on location as well as analyze the impact of an improved recognition precision.

Proposition 2.1 summarizes our results.
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Proposition 2.1. (Profit effect of customer recognition and impact of an improved

recognition precision. Relatively Homogeneous Consumers.)

The profit effect of combining perfect location information with behavioral flexi-

bility data as well as the impact of an improved recognition precision depends on the

level of consumer heterogeneity, recognition precision and the discount factor.

1) Consider myopic consumers:

i) If consumers are very similar in their preference, i.e. l ≤ 1+ [1/(1+ δ)], then

profits do not respond to firms’ ability to recognize consumers.

ii) Otherwise, firms benefit from the ability to recognize past customers only if

the recognition precision is high enough, i.e. α > α̂(δ, l), and total discounted profits

increase monotonically in α. If α ≤ α̂(δ, l), then profits do not respond to firms’

ability to collect behavioral data.

2) Consider sophisticated consumers:

Profits do not change when firms have the opportunity to combine location tar-

geting with behavioral data and the impact of an improved recognition precision is

neutral.

Figure 2.5 illustrates Proposition 2.1 by depicting how the total discounted prof-

its over two periods, Π, change with the recognition precision, α, depending on

consumer sophistication (we set l = 10/6 and δ = 1).

Figure 2.5: Total discounted profits as a function of α depending on consumer
sophistication for l = 10/6 and δ = 1.

In case of sophisticated consumers, firms strictly monopolize their turf in both peri-

ods, since customer recognition is (given the more elastic demand) too costly in the

first period. Accordingly, firms never use the ability to reveal flexibility data and

profits never react to α, as in the figure. In contrast, when consumers are myopic,

firms (at least potentially) invest in some information, if the gained customer data is
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sufficiently valuable. Given t = 0.6 and δ = 1, we have that l > 1+ [1/(1+ δ)], such

that consumers are sufficiently heterogeneous to make the sharing strategy profitable

when the recognition technology is sufficiently precise, i.e., α > 1/2 in this example.

Accordingly, we see that profits increase above the level when no behavioral data

would be available to firms, when consumers are myopic and α > 1/2, since then

investing in customer recognition becomes beneficial, while profits consequently fur-

ther increase with an improved recognition precision in this case due to more and

more efficient first-period customer sharing. Otherwise, profits are also with myopic

consumers constant and unaffected by the recognition precision, since firms then

(once again) deny to invest in the data and nothing changes compared to the case

when firms would not be able to collect additional data.23

2.4.2 Relatively Heterogeneous Consumers

Previous literature on behavioral targeting (see e.g., Fudenberg and Tirole, 2000 or

Colombo, 2016) established that in the second period poaching takes place, such

that some of the identified customers of each firm buy in the second stage from the

other firm. For our analysis with relatively heterogeneous consumers, i.e. t ∈ [0, 1],

we will for now also assume that poaching takes place in equilibrium and show

afterwards that this is indeed the case.

Lemma 2.3. (Second period. Relatively Heterogeneous Consumers.)

Consider an arbitrary x on the turf of firm i = A,B and assume that consumers

are relatively heterogeneous. In the poaching equilibrium where each firm loses some

of its identified customers of the first period, firms charge the prices:

piH(x) =
(8− α(2 + (2 + α)k))|1− 2x|

3 (4− α2)

pjH(x) =
(4 + 2α(−2 + k)− α2k) |1− 2x|

3 (4− α2)

piF (x) =
(8 + α(−8 + 2(2 + α)k))|1− 2x|

3 (4− α2)

pjF (x) =
(4− α(4− 3α + 4k + 2αk))|1− 2x|

3 (4− α2)

23Given the positive impact of δ and l on the value of customer data, the upward-sloping part of
the myopic profit pattern would move to the left (right) and become steeper (flatter) with higher
(lower) values of δ and l.
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Profits of firm i (j) decrease monotonically in α for k > 0.47 (k > 0.24) and are

u-shaped in α otherwise.

Profits of firm i (j) increase (decrease) monotonically in k for α ≤ 0.76 and are

u-shaped in k otherwise with the minimum at k = (−16+24α−2α2)/(8α+6α2+α3)(
k = (8− 12α + 10α2)/(8α + 6α2 + α3)

)
.

Since firms do not monopolize their turf in this second-period equilibrium, we have

that the impact of more accurate customer data on firms’ profits in the second

period is more complex than with relatively homogeneous consumers. Consider-

ing the impact of α, we first have to note that, intuitively, pAF strictly decreases

in α, since it targets relatively more flexible consumers when the recognition pre-

cision increases. This clearly induces firm B to also reduce pBH , however, the

reaction of pBF is more differentiated. The foreign price of firm B is given by,

pBF = [α pAH +(1−α) pAF −αk(1−2x)]/2, and a higher α has thereby two effects.

First, it decreases pBF due to the decrease of pAF . However, for an increasing α, firm

B puts more emphasis on pAH when setting pBF , since it then competes with this

price against pAH on a relatively larger interval. Accordingly, the negative impact

of the decreasing pAF diminishes in α, while pAH is clearly higher than pAF , such

that the level of pBF increasingly benefits from putting more emphasis on the former

price. Whether the positive effect actually dominates at some point, such that pBF

and thereby pAH increase when the recognition precision improves further, depends

intuitively on k. Next to α, this is the second parameter determining the size of the

pricing areas and when k is high, pBF still competes very often against pAF even

for high α, holding the negative and positive effect on a high and respectively low

level. Instead, when k is low, every increase in α enlarges the area where pBF com-

petes against pAH a lot, such that the negative and positive effect diminishes and

respectively increases relatively fast. Accordingly, we have that k has to be suffi-

ciently low to find that the positive effect outweighs the negative one at some point,

such that pBF and thereby pAH increase when the recognition precision improves

further (while pAF and thereby pBH still decrease in α). Given that for high k all

prices decrease in α, while for sufficiently small k some of them are u-shaped and

additionally the importance of these prices on firms’ profits increase with smaller k,

since the area where these prices are active enlarges, we have that firms’ profits first

monotonically decrease in α for high k, while they are u-shaped for sufficiently small
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k and become increasingly more convex when k decreases. The profits of firm A

start to recover earlier, since a lower k (once again) puts more emphasis on pAH and

pBF . While pAH is clearly higher than pAF , we have that pBF can be higher than

pBH due to above, however, this is only the case when α is high and k sufficiently

low, leading to the fact that the profits of firm B require a lower k to follow an

u-shaped pattern in α.

Considering the impact of k, the fact that pBF is higher than pBH when α is high

and k sufficiently low becomes important. Firms intuitively prefer to play against

the higher price of the rival more often. For relatively small α, we have that pBF is

higher than pBH for any k, such that firm A strictly prefers a higher k to play against

the higher pBH more often. This is additionally supported by the fact that when α is

small, firm A’s profits depend to a large extend on pAF , which intuitively increases in

k, since it then targets more inflexible consumers. With the same intuition, we have

that firm B prefers a lower k when α is relatively small, such that firms’ interests

are opposed in this case. However, this is not necessarily the case for high α. When

α is high, there is a certain k up to which pBF is higher than pBH . Accordingly,

firm A prefers a further decreasing k when k is initially low and a further increasing

k otherwise. Similarly, also firm B prefers a further decreasing k when α is high

and k sufficiently low in order to play against the higher pAH with the in this case

higher pBF more often. Further in line with firm A, firm B prefers an increasing k

when k is initially very high, since then pBH is much higher than pBF and firm B

prefers to use this price more often, while the interest to play against the higher pAH

is mitigated due to the fact that pAF is with high k also very high. Consequently,

we have that both firms’ second-period profits are u-shaped in k and firms’ interests

with respect to a change in k often aligned, when α is high. Note finally, that when

α is high, the minima in firms’ profit pattern in k are both around k = 0.4, such

that both firms prefer an decreasing k when it is below this threshold. Interestingly,

this threshold is clearly above the one-period profits maximizing first-period cut-off

k = 1/3.
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Lemma 2.4. (First period. Relatively Heterogeneous Consumers.)

Consider an arbitrary x on the turf of firm i = A,B and assume that consumers

are relatively heterogeneous. In equilibrium, firms share the consumers on x in the

first stage. The equilibrium market share of firm i depend on consumer sophistica-

tion.

1) If consumers are myopic, firm i serves those consumers with:

t ≥ k =:
−36 + α(36− 8δ) + α2(−9 + 16δ)

−108 + 108α + 4α3δ + α2(−27 + 16δ)

2) If consumers are sophisticated, firm i serves those consumers with:

t ≥ k =:
−36 + 30α3δ + 4α(9 + 10δ)− α2(9 + 68δ)

−108 + 67α3δ + 108α(1 + δ)− α2(27 + 164δ)

In contrast to the case when consumers are relatively homogeneous, firms always

charge prices at which some information on consumer flexibility is revealed when

consumers are relatively heterogeneous, independently of consumer sophistication.

This is due to the high level of consumer heterogeneity (t = 0), such that the

home firm had to charge a price of zero to serve all consumers, which makes the

monopolization strategies inefficient and led firms opt for a sharing strategy. By

inspecting the first-period cut-off k in both cases, we recognize that they fulfill the

necessary conditions for poaching to occur in the second period. However, to ensure

a non-negative market share of firm B on the general unidentified customers in

the second period when consumers are myopic, we have to ensure that α < 0.967,

such that we restrict the following analysis on α ∈ [0, 0.966] when consumers are

myopic.24

Figure 2.6 depicts firms’ first-period market shares (given by k) in α. Intuitively,

we find that both are starting in k = 1/3 for α = 0, given that this maximizes the

one-period profits.

Considering the further pattern of k for higher α first for the case when consumers

are myopic, we perfectly recognize the revealed impact of k on the second-period

profits. We know from Lemma 2.3 that firms’ interests with respect to k in the

second period are opposed for relatively small α. Accordingly, we find that the

equilibrium k in the first period does not vary much from the one-period maximum.

24Note that it would be sufficient to ensure that δ ≤ [3
(
12− 16α+ 5α2

)
]/4a3, such that one

could support the full (or a higher) range of α when lowering the range of δ accordingly.
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Figure 2.6: First-period market cut-off as a function of α depending on consumer
sophistication for δ = 1.

Firm A raises its price to increase k which also induces firm B to raise its price,

however, firm B ensures that k does not increase too much. We also know from the

previous second-period analysis that for high α, both firms prefer a lower k in the

second period, provided that k < 0.4 which is fulfilled. Accordingly, firms’ interests

are aligned and both firms set their first-period price to strategically decrease k in

this area, leading to the massive drop of k at the end of the α-distribution depicted

in Figure 2.6 and the overall inverse u-shaped pattern. Finally, since the importance

of these second-period profit considerations clearly increases with firms’ valuation

of future profits, we have that the pattern of k in α becomes more concave in δ. For

δ = 0, we would intuitively observe a constant k on the one-period profit maximum.

The pattern of the equilibrium k in α is very different when consumers are sophis-

ticated. In this case, the effect of k on the second-period profits is complemented

by consumers’ strategic purchase decision in the first period, driving this difference.

Sophisticated consumers correctly anticipate that the cut-off consumer gets poached

in the second period, if she gets recognized. Therefore, the cut-off consumer must

be indifferent between buying at firm A in the first period and then for the poach-

ing price from firm B in the second period if she gets recognized, or the other way

around, leading to the following condition:25

pA + kx+ δα(pBF + k(1− x)) = pB + k(1− x) + δα(pAF + kx) (2.10)

25Once again, in case of being unidentified by the firms, meaning the absence of BBPD, the
second period does not impact the first-period purchase decision, since the second-period action is
not restricted by the first-period action.
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Inserting the second-period prices and solving (2.10) for k, we get:

k =
(6− 3α)(pA − pB)

(6 + α(−3 + (−6 + 7α)δ))(1− 2x)
+

α(3α− 2)δ

6 + α(−3 + (−6 + 7α)δ)
(2.11)

Analog to the case when consumers are relatively homogeneous, we recognize that

this function looks very different compared to the first-period demand when con-

sumers are myopic, k = (pA−pB)/(1−2x). The additional factor, independent from

the first-period prices, captures the effect of the second-period poaching prices on

the sophisticated consumer’s first-period choice and determines the u-shaped pat-

tern of k in α. Precisely, we know from Lemma 2.3 that pAF strictly decreases in α.

Also pBF decreases (firstly) in α, while the reaction is at first even higher than the

reaction of pAF . Accordingly, consumers at first increasingly prefer to buy from firm

A, to pay the increasingly cheaper poaching price of firm B in the second period,

lowering the first-period market share of firm B. However, due to the increasingly

positive reaction of pBF to higher values of α discussed above, we find that the

reactions of the poaching prices increasingly turn in favor of pAF in consumers’ con-

siderations. Accordingly, it is increasingly attractive for consumers to buy from

firm B in the first period, to pay the poaching price of the home firm in the second

period. This induces k to increase for higher values of α, countervailing and in fact

dominating the second-period profit effect of k, such that the equilibrium k raises in

α for sufficiently high α. Once again, since the importance of these second-period

price considerations clearly increases with consumers’ valuation of future surplus,

we have that the pattern of k in α becomes more convex in δ. For δ = 0, we would

intuitively observe that the pattern in case of sophisticated and myopic consumers

coincide on the one-period profit maximum.

Considering (2.11) further and also in line with the case when consumers are

relatively homogeneous, we recognize that the first-period demand elasticity is very

different compared to the constant first-period demand elasticity when consumers

are myopic. When consumers are sophisticated, we find that |∂k/∂pi| is inverse

u-shaped in α, such that for an increasing α starting at α = 0, first-period demand

becomes first more sensitive to price variations, while this effect is reversed in suf-

ficiently high ranges of α. To get an intuition for this result, note that (2.10) can

also be rewritten as:

k =
pA − pB

(1− αδ)(1− 2x)
+

αδ

(1− αδ)(1− 2x)
(pBF − pAF ) (2.12)
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Once again, we recognize the direct effect in the first term, indicating a higher k

after a price increase in pA. Turning to the indirect effect of a higher k transferred

in the second period, we first have to recall from the previous analysis that pBF is

decreasing in k while pAF increases.26 Since the marginal consumer switches firms in

the second period if she gets recognized, these price reactions reduce her incentives to

switch to firm B in the first period after an increase in pA. Consequently, we have

a positive direct and a negative indirect effect, while we can note by considering

(2.12) that both effects raise in α. Due to the fact that the direct effect firstly

dominates for sufficient low values of α before the indirect effect starts to dominate

for a sufficiently precise recognition, we observe an inverse u-shaped price sensitivity

pattern in α.

Due to this inverse u-shaped price sensitivity, the first-period prices follow an u-

shaped pattern in α when consumers are sophisticated. Interestingly, we also find

that they exceed their initial level at some point. Therefore, we have that the famous

finding in the literature (e.g., in Fudenberg and Tirole, 2000), that first-period prices

are higher under behavior-based price discrimination than under uniform pricing

when consumers are sophisticated, relies on their assumption of perfect recognition.

In general, first-period prices are only higher than these under uniform pricing when

the recognition is sufficiently precise. Additionally, when consumers are myopic,

Fudenberg and Tirole (2000) and many other contributions find that prices in these

two schemes coincide on the one-period maximum. We find instead, that they are

inverse u-shaped in α and the home firm’s price drops below the initial value for

sufficiently high α, i.e., below the one-period maximum, while the rival’s price stays

above this threshold.27 Accordingly, we get a more complex pricing result compared

to the usual findings also when consumers are myopic, arising from the fact that in

our setting firms manage to change the prices strategically.

Using Lemma 2.3 and 2.4 we are once again able to calculate total discounted profits

over two periods when firms combine behavioral data with location information and

can compare these with the profits when firms target only based on location as

well as analyze the impact of an improved recognition precision. Proposition 2.2

summarizes our results.

26Intuitively, pAF increases in k since it targets more inflexible consumers, while firm B reduces
its emphasis on the higher pAH when setting pBF , such that pBF decreases in k.

27Note interestingly that for sufficiently large δ, the rival’s first-period price raises again in α
when α is sufficiently high. This is driven by the analyzed incentive to decrease k in this case.
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Proposition 2.2. (Profit effect of customer recognition and impact of an improved

recognition precision. Relatively Heterogeneous Consumers.)

The ability to recognize past customers and combining perfect location informa-

tion with behavioral flexibility data is always detrimental for firms. The impact of an

improved recognition precision depend on consumer sophistication and firm discount

factor.

1) Consider myopic consumers:

i) If δ < 0.82, then profits decrease monotonically in the recognition precision,

such that firms are always worse off with an improved recognition precision.

ii) Otherwise, profits are (slightly) u-shaped in the recognition precision, such

that firms only benefit from an improved recognition precision when α is very high

and are worse off otherwise.

2) Consider sophisticated consumers:

Profits are, independently of δ, u-shaped in the recognition precision, such that

firms only benefit from an improved recognition precision when α is sufficiently high

and are worse off otherwise.

The intuition behind the result in case consumers are sophisticated is quite intuitive.

We know from Lemma 2.3 that each firm’s second-period profits in α follow an u-

shaped distribution for k ≤ 0.47 on a location of its own turf and for k ≤ 0.24 on

a location of the rival’s turf. Considering firms’ total second-period profits over all

locations, we find that they follow an u-shaped distribution for k ≤ 0.41, which is

always fulfilled in equilibrium, such that second-period profits are generally u-shaped

in α. In combination with the inverse u-shaped demand elasticity to first-period price

variations when consumers are sophisticated, we get a strengthening of this u-shaped

relationship in α, leading to the clear result. This strengthening effect is missing

when consumers are myopic. Instead, first-period profits are inverse u-shaped in this

case due to the revealed inverse u-shaped first-period pricing pattern. Therefore,

we only get an overall u-shaped pattern in α for sufficiently high values of δ, such

that more emphasis is put on the second-period profits and the u-shaped second-

period relationship is thereby not too moderated. Additionally, we know from the

first-period analysis that the u-shaped second-period relationship is strengthened

when k is smaller. However, when δ is small, firms do not manipulate k that much

downwards from the one-period maximum. This additionally mitigates the u-shaped

effect for small δ, such that firms’ profits are monotonically decreasing in α when

consumers are myopic and δ low. Since the magnitude of the inverse u-shaped
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first-period relationship also decrease with lower δ, we have that this effect can

only offset the u-shaped second-period relationship and never translates into the

two-period discounted profit pattern, even for small δ.

Finally, since profits in the u-shaped cases never recover to their initial level, we

get the result that the ability to recognize past customers and combining location

targeting with behavioral customer data is always detrimental for firms, which can

also be seen in Figure 2.7.

Figure 2.7: Total discounted profits as a function of α depending on consumer
sophistication for δ = 1/2 and δ = 1.

Given the equilibrium outcomes when consumers are relatively homogeneous and

heterogeneous, we can now turn to their welfare implications, while we consider the

interesting intersection of the profit pattern in Figure 2.7 in Section 2.6.

2.5 Welfare

In the following section, we analyze the social welfare and consumer surplus im-

plications of different levels of recognition accuracy. Given the market coverage in

our Hotelling-setup, total social welfare is determined by the transport costs, while

consumer surplus also depends on firms’ profits.

2.5.1 Relatively Homogeneous Consumers

It follows from Proposition 2.1 that we have to distinguish between two cases. First,

if either consumers are sophisticated or myopic but α ≤ α̂(δ, l), then every firm

serves all consumers on any location on its turf in both periods, which yields the
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discounted social welfare over two periods:

W = v(1 + δ)− 2(1 + δ)

1− t

∫ 1

t

∫ 1/2

0

(tx) dxdt. (2.13)

Otherwise, every firm shares some consumers on any location on its turf in the first

period, such that welfare over two periods is given by:

W = v(1 + δ) −
[

2

1− t

(∫ k

t

∫ 1/2

0

(t(1− x)) dxdt+

∫ 1

k

∫ 1/2

0

(tx) dxdt

)

+
2δ

1− t

∫ 1

t

∫ 1/2

0

(tx) dxdt

]
, (2.14)

with k = (pA−pB)/(1−2x). Subtracting the equilibrium profits from social welfare

yields consumer surplus.

The following Proposition summarizes how social welfare and consumer surplus

change when firms (have the opportunity to) combine location targeting with be-

havioral data and states the impact of an improved recognition precision.

Proposition 2.3. (Welfare effect of customer recognition and impact of an im-

proved recognition precision. Relatively Homogeneous Consumers.)

The social welfare and consumer surplus effect of firms’ ability to combine per-

fect location information with behavioral flexibility data as well as the impact of an

improved recognition precision depend on the level of consumer heterogeneity, the

level of recognition precision and the discount factor.

1) Consider myopic consumers:

i) If consumers are very similar in their preference, i.e. l ≤ 1 + [1/(1 + δ)],

social welfare and consumers surplus do not respond to firms’ ability to recognize past

customers and the impact of an improved recognition precision is neutral, irrespective

of the level of α.

ii) Otherwise, firms’ ability to recognize past customers is only detrimental for

social welfare and consumer surplus if the recognition precision is high enough, i.e.

α > α̂(δ, l), in which case the impact of an improved recognition precision is strictly

negative. If α ≤ α̂(δ, l), then social welfare and consumer surplus do not respond

to firms’ ability to collect behavioral data and the impact of an improved recognition

precision is neutral.
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2) Consider sophisticated consumers:

Social welfare and consumer surplus do not change when firms have the opportu-

nity to combine location targeting with behavioral data and the impact of an improved

recognition precision is neutral.

The intuition of Proposition 2.3 is straightforward. According to Proposition 2.1,

the home firm serves for all values of α all consumers on her turf in both periods,

whenever consumers are sophisticated or myopic but α ≤ α̂(δ, l). Therefore, trans-

port costs and prices do not change with α and social welfare as well as consumer

surplus stay constant. Instead, if consumers are myopic and α > α̂(δ, l), the home

firm shares some consumers in the first period and the market share of the rival

raises with α. Therefore, welfare decreases in α due to a higher fraction of con-

sumers incurring higher transport costs through buying at the more distant firm in

the first period. Additionally, prices in the first period raise in α and more identified

customers of the home firm have to pay a higher price in the second period. This

leads to an additional negative effect of α on consumer surplus and strengthens the

welfare drop, as depicted in Figure 2.8.

Figure 2.8: Total discounted social welfare and consumer surplus as a function of α
for v = 1, l = 10/6 and δ = 1.
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2.5.2 Relatively Heterogeneous Consumers

When consumers are relatively heterogeneous, then firms share consumers on any

location in equilibrium in both periods, which yields the discounted social welfare

over two periods:

W = v(1 + δ) −
[
2

(∫ k

0

∫ 1/2

0
(t(1− x)) dxdt+

∫ 1

k

∫ 1/2

0
(tx) dxdt

)

+ 2δ

(
α

∫ 1

ka

∫ 1/2

0
(tx) dxdt+ α

∫ ka

k

∫ 1/2

0
(t(1− x)) dxdt (2.15)

+ α

∫ k

kb

∫ 1/2

0
(tx) dxdt+ α

∫ kb

0

∫ 1/2

0
(t(1− x)) dxdt

+ (1− α)

∫ 1

kn

∫ 1/2

0
(tx) dxdt+ (1− α)

∫ kn

0

∫ 1/2

0
(t(1− x)) dxdt

)]
,

where ka, kb and kn are the second-period cut-offs in the different customer groups,

i.e., identified customers of firm A, firm B and the general non-identified customers.

These cut-offs differ in the myopic and sophisticated consumers case. Subtracting

the equilibrium profits from social welfare yields once again consumer surplus.

The following Proposition summarizes how social welfare and consumer surplus

change when firms combine location targeting with behavioral data and states the

impact of an improved recognition precision when consumers are relatively hetero-

geneous.

Proposition 2.4. (Welfare effect of customer recognition and impact of an improved

recognition precision. Relatively Heterogeneous Consumers.)

The social welfare and consumer surplus effect of firms’ ability to combine per-

fect location information with behavioral customer data as well as the impact of an

improved recognition precision depend on consumer sophistication and the discount

factor.

1) Consider myopic consumers:

i) If δ ≤ 0.99, social welfare and consumer surplus increase monotonically in the

recognition precision, such that firms’ ability to recognize past customers is strictly

beneficial and the impact of an improved recognition precision strictly positive.

ii) Otherwise, social welfare still monotonically increases while consumer surplus

is (slightly) inverse u-shaped in the recognition precision, such that an improved

recognition precision is only beneficial for consumer surplus when α is not too high
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and detrimental otherwise. Firms’ ability to recognize consumers overall is strictly

beneficial for social welfare and consumer surplus.

2) Consider sophisticated consumers:

Social welfare and consumer surplus are, independently of δ, inverse u-shaped in

the recognition precision, such that an improved recognition precision is only benefi-

cial when α is sufficiently low and detrimental otherwise. Firms’ ability to recognize

consumers overall is strictly beneficial for consumer surplus, while it is from a social

welfare perspective beneficial for low values of α and detrimental otherwise.

The effects are once again directly related to the previous analyzed equilibrium

outcome. The equilibrium outcomes for the different levels of α when consumers

are myopic lead to a monotonically decrease in transport costs and thereby an

monotonically increase in social welfare.28 Instead, consumer surplus drops at the

end of the α-distribution for very high values of δ since, according to Proposition

2.2, prices and thereby profits recover in this area and consumers have to pay more.

Due to the combination of this price effect with the monotonically increase in social

welfare, we get that the (slight) drop only occurs for δ > 0.99 despite the fact that

profits start to recover at the end of the α-distribution already at δ ≥ 0.82. Within

these two values, the positive welfare effect strictly dominates the negative price

effect in consumer surplus. Finally, since the drop is only very small, we have that

the overall effect of firms’ ability to include behavioral data is strictly positive from

a social welfare and consumer surplus perspective.

When consumers are sophisticated, the equilibrium outcomes for the different

levels of α lead to an u-shaped pattern in transport costs and thereby an inverse u-

shaped pattern in social welfare.29 Due to the combination with the u-shaped profit

function in α, according to Proposition 2.2, this inverse u-shaped relationship clearly

also holds for the effect of α on consumer surplus. However, since u-shaped profits

at the end of the α-distribution do not fully recover their initial losses, we find that

the consumer surplus pattern is lifted at the end of the distribution.30 Actually, this

28Note interestingly that although k is firstly increasing in α, this effect is completely compen-
sated by the decreasing sum of transport costs in the second period due to this new first-period
outcome.

29In this case, k is firstly decreasing in α while it is rapidly increasing afterwards. Therefore
we find that both, the initially positive first-period effect as well as the negative first-period effect
for medium or high values of α can not be vanished by the second-period results due to this new
first-period outcome and thereby translate into the respective transport cost changes.

30This is once again in line with the finding of Colombo (2016) as his model refers to this special
case of relatively heterogeneous and sophisticated consumers in our model. Note however, that we
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leads to the result that the inverse u-shaped consumer surplus pattern never crosses

their initially level at α = 0, while the inverse u-shaped social welfare function always

does, such that the effect of including behavioral data is only strictly positive from

a consumer surplus perspective, as depicted in Figure 2.9.31

Figure 2.9: Total discounted social welfare and consumer surplus as a function of α
for v = 1 and δ = 1/2.

Very interesting to note is that the effects of an increasing recognition precision from

the firms’ and welfare perspective are not necessarily opposed. When consumers are

relatively heterogeneous and myopic, firms prefer a higher recognition precision at

the end of the α-distribution for δ ≥ 0.82, while a higher recognition is strictly

beneficial for social welfare. Also consumer surplus increase monotonically in α for

δ ≤ 0.99 (and even for δ > 0.99 we find that the minimum of the profit function

is below the consumer surplus maximum), such that we once again find possible

analogies with the effect of α on firms’ profits. Similarly, there are some analogies

when recognition precision decreases and consumers are relatively heterogeneous

and sophisticated.

Analog to the profit pattern in Figure 2.7, we observe in Figure 2.9 that the social

welfare and consumer surplus pattern in case of myopic and sophisticated consumers

intersect at some α. The following section considers this observation intensively.

get a different result with respect to social welfare, where he finds a monotonically negative pattern.
This is due to the fact that the firms in our model achieve to manipulate the prices strategically,
which changes the equilibrium outcome and thereby transport cost, determining social welfare.

31That the overall effect of firms’ ability to recognize consumer on social welfare depends on the
specific recognition precision is in fact unique to this benchmark in our analysis.
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2.6 Comparison of the Equilibria with Myopic and

Sophisticated Consumers

In this section, we analyze how firms’ profits and welfare depend on consumer sophis-

tication. Comparing the discounted sum of profits and welfare for given parameters

α, δ and l for the cases of myopic and sophisticated consumers, we are able to answer

the question whether firms or a social agent have an incentive to educate consumers

and inform them about the use of behavioral data collected in the first period for

targeting in the subsequent period. Precisely, we introduce the stage “0” in the first

period, where each firm or a social agent can inform consumers about the usage of

their behavioral data, in which case all of them become sophisticated.

The following Corollary summarizes our results for firms’ education incentives.

Corollary 2.1. (Firms’ incentives to educate consumers.)

Firms’ incentives to educate consumers depend on the level of consumer hetero-

geneity and the recognition precision.

1) If consumers are relatively homogeneous, then the discounted sum of profits

over two periods is (weakly) higher when consumers are myopic, such that firms have

no incentive to educate them.

2) If consumers are relatively heterogeneous, then there exits a cut-off αP (δ),

such that profits are higher under myopic consumers for α ≤ αP (δ) and lower oth-

erwise. Therefore, firms want to educate consumers when α is sufficiently large.

The intuition for the result when consumers are relatively homogeneous follows

straightforward from the clear profit effects in Proposition 2.1. We showed that

with relatively homogeneous consumers, firms’ profits are the same under myopic

and sophisticated consumers except for the case α > α̂(δ, l), in which firms realize

higher profits when consumers are myopic. Therefore, we find that firms have no

incentive to educate consumers in this case. More interesting is the result that when

consumers are relatively heterogeneous, firms in fact are better off with sophisticated

consumers for sufficiently large α and therefore can potentially be interested in

educating them, as depicted in Figure 2.7. This result stems from the different

first-period price sensitivity pattern in these cases. When consumers are myopic,

first-period price sensitivity is constant in α, while it is inverse u-shaped in α when

consumers are sophisticated, depicted in Figure 2.10.
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Figure 2.10: First-period price sensitivity as a function of α on x = 0 for δ = 1.

It can be clearly seen that for high α the strength of the negative indirect effect is

high enough to push the first-period price sensitivity when consumers are sophis-

ticated significantly below the level when consumers are myopic, leading to higher

first-period prices when consumers are sophisticated and the result in Corollary 2.1.

The following Corollary summarizes our results from the social perspective.

Corollary 2.2. (Social incentives to educate consumers.)

A social agent’s incentives to educate consumers depend on the level of consumer

heterogeneity and the recognition precision.

1) If consumers are relatively homogeneous, then discounted social welfare and

consumer surplus over two periods are (weakly) higher when consumers are sophis-

ticated, such that a social agent has a clear incentive to educate them.

2) If consumers are relatively heterogeneous, then there exits a cut-off αW (δ),

such that social welfare is higher under sophisticated consumers for α < αW (δ)

and lower otherwise. Additionally, there exits a cut-off αCS(δ), such that consumer

surplus is higher under sophisticated consumers for α < αCS(δ) and lower otherwise.

Therefore, a social agent want to educate consumers only when α is sufficiently low.

The intuition for the result when consumers are relatively homogeneous are, once

again, straightforward and directly related to the previous Corollary. Only when

consumers are myopic, the home firm possibly follows a profitable sharing strategy,

leading to more transport cost and higher prices for the consumers, such that there is

a clear social interest to educate consumers to prevent this scenario when consumers

are relatively homogeneous. More interesting are once again the results when con-
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sumers are relatively heterogeneous, arising from the interplay of welfare and profit

effects in α. When consumers are myopic, welfare increases monotonically in α,

while it is inverse u-shaped for sophisticated consumers. Additionally, we have that

the initial increase for low α is higher when consumers are sophisticated, leading

to a preferred education in this situation. However, due to the massive increase of

k for high α when consumers are sophisticated, we have that the inverse u-shaped

pattern in this case crosses the initial value for α = 0, such that this education

incentive is clearly reversed at some point, leading to αW (δ). The same pattern

holds intuitively also for the consumer surplus analysis due to the interplay of this

welfare effect with the profit comparison in Corollary 2.1, indicating higher prices

for sophisticated consumers for high values of α. Since for high α social welfare is

higher and prices lower with myopic consumers, we find that consumer education is

once again only preferred for sufficiently low α, leading to αCS(δ).

Very interesting to note is that the education incentives in both Corollaries are not

necessarily opposed. The thresholds αP (δ), αW (δ) and αCS(δ) vary only slightly

in δ, such that αP ≈ 0.89, αW ≈ 0.65 and αCS ≈ 0.87. Therefore, there is an

interval where firms and a social agent, both from a welfare and a consumer surplus

perspective, do not want to educate consumers.

Instead, with respect to the general effect of combining behavioral data with

location targeting, we find that firms’ and consumers’ incentives are always opposed.

Firms can generally benefit from this opportunity only when consumers are relatively

homogeneous, while this opportunity is always detrimental for consumer surplus in

this case and vice versa.

2.7 Conclusion

In this paper, we analyzed the impact of imperfect customer recognition on firms’

profits, social welfare and consumer surplus within a behavior-based price discrim-

ination setting, in which consumers vary along two dimensions while firms hold

perfect information on one of these dimensions (consumer’s location). Within our

flexible set-up, we varied consumer heterogeneity (in flexibility) and sophistication

and have thereby identified various different effects of firms’ ability to recognize

past customer and combine behavioral data with location targeting as well as an

increasing recognition precision.
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For relatively homogeneous consumers: We find that profits strictly increase in

the recognition precision, while social welfare and consumer surplus strictly decrease

provided that consumers are myopic and recognition sufficiently precise. Otherwise,

profits and welfare do not respond to firms’ ability to recognize consumers and the

impact of an improved recognition precision is neutral.

For relatively heterogeneous consumers: We find that the ability to recognize

customers is overall always detrimental for firms. When consumers are myopic,

profits are strictly decreasing in the recognition precision for δ < 0.82 while they

are (slightly) u-shaped otherwise without exceeding their initial level. Additionally,

social welfare strictly increase in the recognition precision while consumer surplus

strictly increase for δ ≤ 0.99 and follows an (slight) inverse u-shaped pattern oth-

erwise without dropping below its initial level. When consumers are sophisticated,

profits are generally u-shaped in the recognition precision without exceeding their

initial level, while social welfare is inverse u-shaped and drops below its initial value

when the recognition is sufficiently precise. Finally, consumer surplus is inverse

u-shaped without dropping below its initial level.

The various effects demonstrate that firms and policy makers need to consider

the market environment very carefully when predicting possible effects or aiming to

take actions. Depending on the specific situation, an improved recognition precision

or an education of consumers can have very different effects. Therefore, our results

are giving scope for a careful firm and consumer policy, while firms’ and social

interests are not necessarily opposed.
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2.8 Appendix

Proof of Lemma 2.1. As firms are symmetric, we will restrict attention to the

turf of firm A. Consider some x < 1/2. The expected profit of firm A on x is given

by,

Π2
A(x) = α

⎛
⎜⎝1− pAH − pBF

1− 2x

1− t

⎞
⎟⎠ pAH + α

⎛
⎜⎝k − pAF − pBH

1− 2x

1− t

⎞
⎟⎠ pAF + (1− α)

⎛
⎜⎝1− pAF − pBF

1− 2x

1− t

⎞
⎟⎠ pAF (2.16)

Maximizing the expected profit of firm A yields the best-response function,

pAH(x; pBF ) =

{
pBF + k (1− 2x) if pBF ≥ (1− 2k) (1− 2x)

pBF+(1−2x)
2

if pBF < (1− 2k) (1− 2x) ,
(2.17)

which depends on the ratio 1/k. If 1/k ≤ 2, then 1 − 2k ≤ 0 and pAH(x; pBF ) =

pBF +k (1− 2x) irrespective of pBF , such that firm A optimally serves all recognized

previous consumers for any pBF . When consumers are relatively homogeneous, it

holds that t ≥ 1/2, which implies that 1/k ≤ 2, because t ≤ k holds. It follows

that firm A serves all of its recognized consumers on x. In the proposed equilibrium

firm A serves also all of the unidentified customers, such that in equilibrium firm B

charges pBH (x) = 0 and pBF (x) = 0, because it would have an incentive to deviate

from any positive price. Hence, pAH(x) = k (1− 2x) and pAF (x) = t (1− 2x).

For the above prices to constitute the equilibrium, none of the firms should have

an incentive to deviate. Since firm B clearly can not gain from a deviation, we are

left to check that firm A has no incentive to raise the price pAF (x). The derivative

of (2.16) evaluated at pAH(x) = k(1 − 2x), pAF (x) = t(1 − 2x), pBH(x) = 0 and

pBF (x) = 0 must be non-positive, yielding the condition t ≥ (1− α + αk)/2, which

is always fulfilled when consumers are relatively homogeneous.

Inserting the equilibrium prices yields the second-period profits on x:

Π2
A(x) =

(α(−1 + k)(k − t) + (−1 + t)t)

t− 1
(1− 2x) , Π2

B(x) = 0. (2.18)

Taking the derivative with respect to α, we get,

∂Π2
A(x)

∂α
=

(k − 1)(k − t)(1− 2x)

t− 1
> 0 ,

∂Π2
B(x)

∂α
= 0. (2.19)
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Taking the derivative with respect to k, we get,

∂Π2
A(x)

∂k
=

(α(k − 1) + α(k − t))(1− 2x)

t− 1
= 0 ⇔ k =

1 + t

2
,

∂Π2
B(x)

∂k
= 0. (2.20)

The Lemma follows. Q.E.D.

Proof of Lemma 2.2. In the first period firms maximize their discounted sum of

profits over both periods on each location. Consider first myopic consumers, such

that firm A chooses pA(x) to maximize the profits:

ΠA(x) =

(
1− k

1− t

)
pA(x) + δ

[
(α(−1 + k)(k − t) + (t− 1)t)(1− 2x)

t− 1

]
, (2.21)

given the transport cost parameter of the indifferent consumer:

k =
pA − pB
1− 2x

. (2.22)

Accordingly, firm B chooses pB(x) to maximize the profits:

ΠB(x) =

(
pA−pB
1−2x

− t

1− t

)
pB(x). (2.23)

Solving firms’ first-order conditions yields the prices:

pA(x) =
(2 + 2αδ − t)(1− 2x)

3 + 2αδ
and pB(x) =

(1− αδ(t− 1)− 2t))(1− 2x)

3 + 2αδ
. (2.24)

Note that second-order conditions are also fulfilled. For the prices (2.24) to consti-

tute the equilibrium, it must hold that t < k ≤ 1, which yields the condition:

t <
(1 + αδ)(1 + t)

3 + 2αδ
≤ 1. (2.25)

Note that the right-hand side of (2.25) is fulfilled for any α, δ, t and ∂k/∂α > 0.

The left-hand side of (2.25) is fulfilled, if

t <
1 + αδ

2 + αδ
. (2.26)
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Or equivalently, using l = 1/t and solving for α,

α > α̂(δ, l) :=
1

δ

(
1

l − 1
− 1

)
, (2.27)

with ∂α̂(δ, l)/∂δ < 0 and ∂α̂(δ, l)/∂l < 0. Given that α ∈ [0, 1], the condition can not

be fulfilled when consumer heterogeneity is relatively small, i.e. l ≤ 1 + [1/(1 + δ)].

Note finally that if (2.27) holds, then pA(x) > 0 and pB(x) > 0.

If α ≤ [1/(l − 1) − 1]/δ, firm A serves all consumers at x in equilibrium. In this

equilibrium firm A charges the highest possible price, which leads to all consumers

buying her product:

pA(x) = pB + t (1− 2x) . (2.28)

Given firm A’s action, pB (x) = 0 must hold, because firm B would have an incentive

to deviate downwards from any positive price. Hence,

pA(x) = t(1− 2x) and pB(x) = 0. (2.29)

For the prices (2.29) to constitute the equilibrium, none of the firms should have an

incentive to deviate. Precisely, firm A should not have an incentive to increase its

price. The derivative of (2.21) evaluated at pA(x) = t(1 − 2x) and pB(x) = 0 must

be non-positive, yielding the condition α ≤ [1/(l − 1)− 1]/δ, which is the opposite

of (2.27) and therefore always holds in the monopolization strategy area.

Consider now sophisticated consumers.

Consumers buy at firm A in the first period, whenever,

pA + tx+ αδ(pAH + tx) ≤ pB + t(1− x) + αδ(pAF + tx). (2.30)

Inserting the second-period prices and solving (2.30) for k yields the threshold for

the indifferent consumer:

t ≥ k :=
pA − pB

(1− αδ)(1− 2x)
− αδt

1− αδ
. (2.31)

Solving firms’ first-order conditions given this formula yields the prices:

pA(x) =
(2− t+ αδ(3t− 2)(1− 2x)

3− αδ
, pB(x) =

(αδ − 1)(2t− 1)(1− 2x)

3− αδ
. (2.32)
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For the prices (2.32) to constitute the equilibrium, it must hold that t < k ≤ 1,

which yields the condition:

t <
1 + t− αδt

3− αδ
≤ 1. (2.33)

Note that the right-hand side of (2.33) is fulfilled for any α, δ and t. However, the

left-hand side of (2.33) is never fulfilled, because this requires:

t <
1

2
, (2.34)

which is never fulfilled when consumers are relatively homogeneous. Therefore, the

condition can not be fulfilled and firm A serves all consumers at x in equilibrium.

In this equilibrium firm A charges the highest possible price, which leads to all

consumers buying her product:

pA(x) = pB + t (1− 2x) . (2.35)

Given firm A’s action, pB (x) = 0 must hold, because firm B would have an incentive

to deviate downwards from any positive price. Hence,

pA(x) = t(1− 2x) and pB(x) = 0. (2.36)

For the prices (2.36) to constitute the equilibrium, none of the firms should have

an incentive to deviate. Precisely, firm A should not have an incentive to increase

its price. The derivative of the expected profit evaluated at pA(x) = t(1 − 2x)

and pB(x) = 0 must be non-positive, yielding the condition t ≥ 1/2, which is the

opposite of (2.34) and always fulfilled when consumers are relatively homogeneous.

Q.E.D.

Proof of Proposition 2.1. Using Lemma 2.1 and 2.2, we can calculate each

firm’s discounted profits over two periods on any location on firm A’s turf. Note

that they consist of a common factor multiplied by (1− 2x) and
∫ 1/2

0
(1− 2x) dx =∫ 1

1/2
(2x− 1) dx = 1/4.

Therefore, each firm’s total discounted profits over two periods (over all x) are due

to symmetry given by the sum of both firms’ profits on some x < 1/2 divided by
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4(1− 2x), i.e.:

Πi =
ΠA(x)

4(1− 2x)
+

ΠB(x)

4(1− 2x)
. (2.37)

In case consumers are myopic and α > [1/(l−1)−1]/δ, this results in the expression:

Πi =
−5−α3δ3(−1+t)2+(8−9δ)t+(−5+9δ)t2+2α2δ2(−1+t)(3+2(−1+δ)t)

4(3+2αδ)2(−1+t)

+αδ(−10−4(−4+3δ)t+(−7+12δ)t2)
4(3+2αd)2(−1+t)

. (2.38)

Note that taking the derivative with respect to α yields,

∂Πi

∂α
=

δ
(
10 + 9α2δ2(−1 + t)2 + 2α3δ3(−1 + t)2 − 16t+ t2 + 2αδ

(
8− 14t+ 5t2

))
4(3 + 2αδ)3(1− t)

> 0, (2.39)

for any α, δ and t.

In all other cases, the resulting expression for each firm’s total discounted profits

over two periods (over all x) is given by:

Πi =
1

4
(t+ δt) , (2.40)

such that,
∂Πi

∂α
= 0. (2.41)

Note finally that if α > [1/(l − 1)− 1]/δ, then (2.38) > (2.40).

The Proposition follows. Q.E.D.

Proof of Lemma 2.3. Consider some x < 1/2. Given that poaching occurs and

t = 0 when consumers are relatively heterogeneous, the expected second-period

profits of firm A on x are given by,

Π2
A(x) = α

(
1− pAH − pBF

1− 2x

)
pAH + α

(
k − pAF − pBH

1− 2x

)
pAF + (1− α)

(
1− pAF − pBF

1− 2x

)
pAF . (2.42)

Similarly, the rival’s expected second-period profits on x are given by,

Π2
B(x) = α

(
pAF − pBH

1− 2x

)
pBH +α

(
pAH − pBF

1− 2x
− k

)
pBF +(1−α)

(
pAF − pBF

1− 2x

)
pBF . (2.43)
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Maximizing these profit functions with respect to pAH , pAF , pBH and pBF and solving

the system of equations simultaneously, we find the equilibrium prices:

pAH(x) =
(8− α(2 + (2 + α)k))(1− 2x)

3 (4− α2)
(2.44)

pBH(x) =
(4 + 2α(−2 + k)− α2k) (1− 2x)

3 (4− α2)
(2.45)

pAF (x) =
(8 + α(−8 + 2(2 + α)k))(1− 2x)

3 (4− α2)
(2.46)

pBF (x) =
(4− α(4− 3α + 4k + 2αk))(1− 2x)

3 (4− α2)
(2.47)

Note that given these prices and the best response functions, poaching occurs when-

ever the first-period cut-off fulfills jointly the conditions k < (4 + 2α − 3α2)/(12 −
2α−4α2) and k > (2α−2)/(2α2+α−6). In this case, the prices are also positive and

second-order conditions fulfilled. Finally, note that we have additionally to ensure

that k ≤ (3α− 2)/4α, such that 0 ≤ (pAF − pBF )/(1− 2x) ≤ 1.

Whenever poaching in pure strategies does not occur, the second-period equilibrium

is in mixed strategies, which following Colombo (2016) we do not explicitly consider.

Inserting the equilibrium prices in (2.42) and (2.43) yields the second-period profits
on x:

Π2
A(x) =

k2(1− 2x)
(
16α2 + 20α3 + 8α4 + α5

)
9 (−4 + α2)

2 +
k(1− 2x)

(
64α− 64α2 − 40α3 + 4α4

)
9 (−4 + α2)

2

+
(1− 2x)

(
64− 64α+ 32α2 + 4α3

)
9 (−4 + α2)

2 (2.48)

and

Π2
B(x) =

k2(1− 2x)
(
16α2 + 20α3 + 8α4 + α5

)
9 (−4 + α2)

2 +
k(1− 2x)

(−32α+ 32α2 − 16α3 − 20α4
)

9 (−4 + α2)
2

+
(1− 2x)

(
16− 16α+ 8α2 − 8α3 + 9α4

)
9 (−4 + α2)

2 . (2.49)

Taking the derivatives with respect to α, we get,

∂Π2
A(x)

∂α
=

(−256(−1+k)−128(−2+k)2α−48(−3−6k+5k2)α2−32(2−2k+5k2)α3+(−4+40k−40k2)α4+k2α6)(1−2x)

9(−4+α2)3
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and

∂Π2
B(x)

∂α
=

(64(1+2k)−128(1+k)2α−48(−3−6k+5k2)α2−32(5−8k+5k2)α3+(8+16k−40k2)α4+k2α6)(1−2x)

9(−4+α2)3
.

Within the poaching boundaries, ∂Π2
A(x)/∂α < 0 for k > 0.47 and ∂Π2

B(x)/∂α < 0

for k > 0.24.

By setting ∂Π2
A(x)/∂α = 0 and ∂Π2

B(x)/∂α = 0, we find unique solutions represent-

ing two minima according to the second derivatives, which are given by,

∂2Π2
A(x)

∂α2
= 8

[
64(−2 + k)2 + 48

(−7− 2k + 5k2
)
α + 32

(
13− 13k + 10k2

)
α2

+8
(−8− 28k + 25k2

)
α3 + 12

(
2− 2k + 5k2

)
α4

+
(
1− 10k + 7k2

)
α5

]
(1− 2x)

/
9
(−4 + α2

)4
and

∂2Π2
B(x)

∂α2
= 8

[
64(1 + k)2 + 48

(−4− 8k + 5k2
)
α + 32

(
10− 7k + 10k2

)
α2

+8
(−11− 22k + 25k2

)
α3 + 12

(
5− 8k + 5k2

)
α4

+
(−2− 4k + 7k2

)
α5

]
(1− 2x)

/
9
(−4 + α2

)4
and always positive for any α and k within the poaching boundaries.

By inspecting (2.48) and (2.49), we note that profits are u-shaped in k and by taking

the derivatives with respect to k, we get,

∂Π2
A(x)

∂k
=

2α (16 + 8(−3 + k)α + (2 + 6k)α2 + kα3) (1− 2x)

9(−2 + α)2(2 + α)
= 0

⇔ k =
−16 + 24α− 2α2

8α + 6α2 + α3

and

∂Π2
B(x)

∂k
=

2α (−8 + 4(3 + 2k)α + 2(−5 + 3k)α2 + kα3) (1− 2x)

9(−2 + α)2(2 + α)
= 0

⇔ k =
8− 12α + 10α2

8α + 6α2 + α3
.

Note finally that when α ≤ 0.76, these minima are to the left and respectively to

right of the poaching boundaries.

The Lemma follows. Q.E.D.
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Proof of Lemma 2.4. The discounted sum of profits over both periods on each

location are given by,

ΠA(x) = ((1− k)) pA + δΠ2
A(x), (2.50)

with Π2
A(x) given by (2.48) and

ΠB(x) = k ∗ pB + δΠ2
B(x), (2.51)

with Π2
B(x) given by (2.49).

When consumers are myopic, firms maximize (2.50) and (2.51) given,

k =
pA − pB
1− 2x

. (2.52)

When consumers are sophisticated, consumers buy at firm A, whenever,

pA + tx+ δα(pBF + t(1− x)) ≤ pB + t(1− x) + δα(pAF + tx). (2.53)

Inserting the second-period prices and solving (2.53) for k yields that those con-

sumers buy at firm A with transport costs:

t ≥ k :=
(6− 3α)(pA − pB)

(6 + α(−3 + (−6 + 7α)δ))(1− 2x)
+

α(3α− 2)δ

6 + α(−3 + (−6 + 7α)δ)
. (2.54)

Maximizing (2.50) and (2.51) given (2.54) yields the equilibrium prices when con-
sumers are sophisticated.

When consumers are myopic, we find:

pA(x) =
[
2
(
432− 528α2δ + 48α(−9 + 5δ) + α5δ(3 + 8δ)− 4α3

(−27− 63δ + 8δ2
)

+3α4
(−9− 10δ + 8δ2

) )
(1− 2x)

]
(2.55)/(

3
(−4 + α2

) (−108 + 108α+ 4α3δ + α2(−27 + 16δ)
) )

pB(x) =
[(

432− 864α2δ + 48α(−9 + 8δ) + 2α5δ(3 + 8δ) + α3
(
108 + 528δ − 64δ2

)
+3α4

(−9− 36δ + 16δ2
) )

(1− 2x)
]

(2.56)/(
3
(−4 + α2

) (−108 + 108α+ 4α3δ + α2(−27 + 16δ)
) )
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Note that prices are positive for any α and δ and second-order conditions fulfilled.

Inserting these prices in (2.52) yields:

k =
−36 + α(36− 8δ) + α2(−9 + 16δ)

−108 + 108α + 4α3δ + α2(−27 + 16δ)
. (2.57)

When consumers are sophisticated, we find:

pA(x) =
[(

864− 239α6δ2 + 48α2δ(32 + 5δ)− 48α(18 + 23δ) + α5δ(231 + 580δ)

−8α3
(−27 + 44δ2

)− α4
(
54 + 708δ + 232δ2

) )
(1− 2x)

]
(2.58)/(

3
(−4 + α2

) (−108 + 67α3δ + 108α(1 + δ)− α2(27 + 164δ)
) )

pB(x) =
[(

432− 230α6δ2 + 96α2δ(9 + 2δ)− 48α(9 + 13δ) + α5δ(159 + 568δ)

−4α3
(−27− 42δ + 76δ2

)− α4
(
27 + 540δ + 256δ2

) )
(1− 2x)

]
(2.59)/(

3
(−4 + α2

) (−108 + 67α3δ + 108α(1 + δ)− α2(27 + 164δ)
) )

Note once again that prices are positive for any α and δ and second-order conditions

fulfilled. Inserting these prices in (2.54) yields:

k =
−36 + 30α3δ + 4α(9 + 10δ)− α2(9 + 68δ)

−108 + 67α3δ + 108α(1 + δ)− α2(27 + 164δ)
(2.60)

Note importantly that these cut-offs fulfill the conditions for poaching to occur in

the second period. To ensure k ≤ (3α − 2)/4α when consumers are myopic, we

have to restrict: δ ≤ [3 (12− 16α + 5α2)]/4a3. For simplicity, we use the restriction

α ≤ 0.966 when consumers are myopic in the following. Q.E.D.

Proof of Proposition 2.2. Using Lemma 2.3 and 2.4, we can once again cal-

culate each firm’s discounted profits over two periods on any location on firm

A’s turf. Again they consist of a common factor multiplied by (1 − 2x), while∫ 1/2

0
(1− 2x) dx =

∫ 1

1/2
(2x− 1) dx = 1/4, such that each firm’s total discounted

profits over two periods (over all x) are due to symmetry given by the sum of both

firms’ profits on some x < 1/2 divided by 4(1− 2x).
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When consumers are myopic, we get:

Πi =
−155520(1 + δ) + 8α9δ2(3 + 14δ) + 1728α(135 + 161δ) + 12α8δ

(−27− 98δ + 72δ2
)

4(3(−2 + α)(2 + α)2(−108 + 108α+ 4α3δ + α2(−27 + 16δ))2)

+
−48α3

(
2025− 1143δ + 368δ2

)
+ 96α2

(−405− 1143δ + 448δ2
)

4(3(−2 + α)(2 + a)2(−108 + 108α+ 4α3δ + α2(−27 + 16δ))2)
(2.61)

+
−6α6

(
1215 + 4437δ − 2736δ2 + 128δ3

)− 24α4
(−2025 + 5463δ + 672δ2 + 128δ3

)
4(3(−2 + α)(2 + α)2(−108 + 108α+ 4α3δ + α2(−27 + 16δ))2)

+
−4α5

(−1215− 23841δ + 5040δ2 + 704δ3
)
+ α7

(
1215 + 3375δ + 864δ2 + 1600δ3

)
4(3(−2 + α)(2 + α)2(−108 + 108α+ 4α3δ + α2(−27 + 16δ))2)

Taking the derivatives with respect to α, we get,

∂Πi

∂α
= δ

[
4852224 + 32α12δ2(−3 + 8δ) + 20736α2(2919 + 16δ)− 20736α(1101 + 32δ)

+ 384α3
(−261225 + 14004δ + 128δ2

)
+ 384α4

(
270297− 45702δ + 152δ2

)
− 192α5

(
350811− 111006δ + 3352δ2

)
+ 6α10

(
405 + 1314δ + 1984δ2 − 576δ3

)
− 16α6

(−1699299 + 707292δ − 102624δ2 + 256δ3
)
+ 3α11

(−81 + 504δ − 1376δ2 + 512δ3
)

+ 24α7
(−273213 + 76572δ − 31200δ2 + 896δ3

)
− 18α8

(−47655− 29448δ + 11744δ2 + 2816δ3
)

− 3α9
(
17253 + 66456δ − 39584δ2 + 12032δ3

) ]
/(

3(−2 + α)2(2 + α)3(−108 + 108α+ 4α3δ + α2(−27 + 16δ))3
)

∂2Πi

∂α2
=

[
− 4622303232δ + 38026506240αδ − 123848165376α2δ + 227493909504α3δ − 272235520512α4δ

+ 228720029184α5δ − 140323518720α6δ + 63725470848α7δ − 21200113152α8δ + 4981216176α9δ

− 769106664α10δ + 67840740α11δ − 2427570α12δ − 286654464δ2 + 1719926784αδ2 + 517570560α2δ2

− 19886653440α3δ2 + 50232213504α4δ2 − 63958781952α5δ2 + 51106609152α6δ2 − 27183154176α7δ2

+ 9042430464α8δ2 − 1236570624α9δ2 − 321770880α10δ2 + 174477888α11δ2 − 28553472α12δ2

+ 1636848α13δ2 − 40824α14δ2 + 2916α15δ2 − 148635648α2δ3 + 69009408α3δ3 − 241532928α4δ3

+ 3359563776α5δ3 − 6097047552α6δ3 + 4791343104α7δ3 − 1861014528α8δ3 + 135406080α9δ3

+ 208127232α10δ3 − 75821184α11δ3 − 5184α12δ3 + 3120768α13δ3 − 150336α14δ3 − 15552α15δ3

+ 9437184α4δ4 + 3145728α5δ4 + 30670848α6δ4 − 287440896α7δ4 + 217104384α8δ4 − 39002112α9δ4

− 23900160α10δ4 + 19433472α11δ4 + 340992α12δ4 − 2084352α13δ4 − 125184α14δ4 + 40320α15δ4

+ 768α16δ4 − 1703936α8δ5 + 8159232α9δ5 + 3424256α10δ5 + 1155072α11δ5 + 1536000α12δ5

+ 651264α13δ5 + 63488α14δ5 − 12288α15δ5 − 2048α16δ5
]

/(
3(−2 + α)3(2 + α)4(−108 + 108α+ 4α3δ + α2(−27 + 16δ))4

)

By inspecting ∂Πi/∂α, we find that when α ∈ [0, 0.966]: ∂Πi/∂α < 0 for δ < 0.82.

When δ ≥ 0.82, ∂Πi/∂α = 0 has an unique solution αmyo(δ) decreasing in δ, with

αmyo(1) ≈ 0.94.
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As ∂2Πi/∂α
2|αmyo(δ) > 0, we have a minimum and the profits are u-shaped in α.

Note finally, that Πi|α=0.966 < Πi|α=0 for any δ.

When consumers are sophisticated, we get:

Πi =
15143α10δ3 + 155520(1 + δ)− α9δ2(19329 + 51625δ)− 1728α(135 + 419δ + 180δ2)

4(3(2− α)(2 + α)2(108− 67α3δ − 108α(1 + δ) + α2(27 + 164δ))2

+
α8δ(8343 + 81708δ + 33770δ2) + 96α2(405 + 11133δ + 11912δ2 + 1620δ3)

4(3(2− α)(2 + α)2(108− 67α3δ − 108α(1 + δ) + α2(27 + 164δ))2

+
−48α3(−2025 + 9513δ + 34648δ2 + 11980δ3) + α7(−1215− 42417δ − 42840δ2 + 29492δ3)

4(3(2− α)(2 + α)2(108− 67α3δ − 108α(1 + δ) + α2(27 + 164δ))2
(2.62)

+
24α4(−2025− 9171δ + 41304δ2 + 36244δ3) + 2α6(3645 + 11205δ − 94968δ2 + 72892δ3)

4(3(2− α)(2 + α)2(108− 67α3δ − 108α(1 + δ) + α2(27 + 164δ))2

+
−4α5(1215− 47277δ − 864δ2 + 155308δ3)

4(3(2− α)(2 + α)2(108− 67α3δ − 108α(1 + δ) + α2(27 + 164δ))2

Taking the derivatives with respect to α, we get,

∂Πi

∂α
=

[
77635584δ − 308551680αδ + 469421568α2δ − 391723776α3δ + 263450880α4δ − 199158912α5δ

+ 128210688α6δ − 48553344α7δ + 6807888α8δ + 1428840α9δ − 624510α10δ + 62451α11δ

− 233570304αδ2 + 1052393472α2δ2 − 1870649856α3δ2 + 1788680448α4δ2 − 1209275136α5δ2

+ 857962368α6δ2 − 604060416α7δ2 + 277375104α8δ2 − 55191888α9δ2 − 5280120α10δ2 + 4078890α11δ2

− 484785α12δ2 + 233902080α2δ3 − 1177257984α3δ3 + 2394361344α4δ3 − 2622275328α5δ3

+ 1884159744α6δ3 − 1257609600α7δ3 + 912084480α8δ3 − 494297472α9δ3 + 131322624α10δ3

+ 1970976α11δ3 − 8422638α12δ3 + 1226583α13δ3 − 77967360α3δ4 + 433219584α4δ4 − 991861248α5δ4

+ 1233863936α6δ4 − 972025088α7δ4 + 633604736α8δ4 − 450747648α9δ4 + 276401664α10δ4

− 94046208α11δ4 + 5270320α12δ4 + 5421194α13δ4 − 1014581α14δ4
]

/(
12(−2 + α)2(2 + α)3(−108 + 67α3δ + 108α(1 + δ)− α2(27 + 164δ))3

)

∂2Πi

∂α2
=

[
− 4120657920δ + 17835282432αδ − 42572666880α

2
δ + 71961467904α

3
δ − 88004040192α

4
δ + 76884982272α

5
δ

− 47903208192α
6
δ + 21403066752α

7
δ − 6895383552α

8
δ + 1599939216α

9
δ − 261407736α

10
δ + 27652428α

11
δ

− 1439046α
12

δ − 23887872δ
2
+ 16876781568αδ

2 − 81613578240α
2
δ
2
+ 207564705792α

3
δ
2 − 366683148288α

4
δ
2

+ 475658625024α
5
δ
2 − 449787976704α

6
δ
2
+ 306259978752α

7
δ
2 − 149108397696α

8
δ
2
+ 51671442240α

9
δ
2

− 12680372448α
10

δ
2
+ 2179619280α

11
δ
2 − 252222336α

12
δ
2
+ 17324280α

13
δ
2 − 625968α

14
δ
2
+ 44712α

15
δ
2

+ 23887872αδ
3 − 25409175552α

2
δ
3
+ 136271462400α

3
δ
3 − 372461248512α

4
δ
3
+ 694037680128α

5
δ
3

− 953875132416α
6
δ
3
+ 969766553088α

7
δ
3 − 717623421696α

8
δ
3
+ 380505831552α

9
δ
3 − 142738984512α

10
δ
3

+ 37538368704α
11

δ
3 − 6883524288α

12
δ
3
+ 858735648α

13
δ
3 − 62524440α

14
δ
3
+ 1518102α

15
δ
3 − 106191α

16
δ
3

+ 16850681856α
3
δ
4 − 99405275136α

4
δ
4
+ 292443590656α

5
δ
4 − 577435453440α

6
δ
4
+ 840449727488α

7
δ
4

− 914128136192α
8
δ
4
+ 731672265216α

9
δ
4 − 422094554368α

10
δ
4
+ 172097149568α

11
δ
4 − 48849375264α

12
δ
4

+ 9608556496α
13

δ
4 − 1293248872α

14
δ
4
+ 98706540α

15
δ
4 − 394100α

16
δ
4 − 4212670464α

4
δ
5
+ 27038633984α

5
δ
5

− 85345179648α
6
δ
5
+ 178536807424α

7
δ
5 − 274545456640α

8
δ
5
+ 317873496576α

9
δ
5 − 273961555712α

10
δ
5

+ 171807102848α
11

δ
5 − 76438641408α

12
δ
5
+ 23551326736α

13
δ
5 − 4956722680α

14
δ
5

+ 711606732α
15

δ
5 − 60255158α

16
δ
5
]/(

(−2 + α)
3
(2 + α)

4
(
108 − 67α

3
δ − 108α(1 + δ) + α

2
(27 + 164δ)

)4 )

When α ∈ [0, 1], ∂Πi/∂α = 0 has an unique solution αsoph(δ) ≈ 0.61.

As ∂2Πi/∂α
2 > 0 for all values of α and δ, we have a minimum and the profits are
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u-shaped in α.

Note finally, that Πi|α=1 < Πi|α=0 for any δ. The Proposition follows. Q.E.D.

Proof of Proposition 2.3. When consumers are sophisticated or myopic but

α ≤ α̂(δ, l), the discounted social welfare over two periods is given by,

W = v(1 + δ)− 2(1 + δ)

1− t

∫ 1

t

∫ 1/2

0

(tx) dxdt, (2.63)

which results in:

W = v(1 + δ)− (1 + δ) (1− t2)

8(1− t)
. (2.64)

Subtracting the equilibrium profits from social welfare yields consumer surplus, i.e.,

CS = W − 2 · Πi, (2.65)

with Πi given by (2.40).

Taking the derivatives with respect to α, we get,

∂W

∂a
= 0 ,

∂CS

∂α
= 0 (2.66)

for any α, δ and t.

When consumers are myopic and α > α̂(δ, l), the discounted social welfare over two

periods is given by,

W = v(1 + δ) −
[

2

1− t

(∫ (1+αδ)(1+t)
3+2αδ

t

∫ 1/2

0
(t(1− x))dxdt+

∫ 1

(1+αδ)(1+t)
3+2αδ

∫ 1/2

0
(tx)dxdt

)

+
2δ

1− t

∫ 1

t

∫ 1/2

0
(tx) dxdt

]
,

which results in:

W = v(1+δ)− δ
(
1− t2

)
8(1− t)

−
2
(
1
8

(
1
2 − (1+αδ)2(1+t)2

2(3+2αδ)2

)
+ 3

16

(
−t2 + (1+αδ)2(1+t)2

(3+2αδ)2

))
1− t

. (2.67)

Subtracting the equilibrium profits from social welfare yields once again consumer

surplus, i.e.,

CS = W − 2 · Πi, (2.68)

with Πi given by (2.38).
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Taking the derivatives with respect to α, we get,

∂W

∂α
=

δ(1 + αδ)(1 + t)2

2(3 + 2αδ)3(−1 + t)
< 0

∂CS

∂α
=

δ
(
11 + 9α2δ2(−1 + t)2 + 2α3δ3(−1 + t)2 − 14t+ 2t2 + αδ

(
17− 26t+ 11t2

))
2(3 + 2αδ)3(−1 + t)

< 0

for any α, δ and t.

The Proposition follows. Q.E.D.

Proof of Proposition 2.4. Calculating the cut-off consumers in both periods when

consumers are myopic, we get:

k =
pA − pB
1− 2x

=:
−36 + α(36− 8δ) + α2(−9 + 16δ)

−108 + 108α + 4α3δ + α2(−27 + 16δ)

ka =
pAH − pBF

1− 2x
=:

4 (−18− 3α + α4δ + 2α2(9 + δ) + α3(−6 + 4δ))

(2 + α) (−108 + 108α + 4α3δ + α2(−27 + 16δ))

kb =
pAF − pBH

1− 2x
=:

−72 + 96α + 3α3 + 4α2(−9 + 2δ)

(2 + α) (−108 + 108α + 4α3δ + α2(−27 + 16δ))

kn =
pAF − pBF

1− 2x
=:

−36 + 48α− 15α2 + 4α3δ

−108 + 108α + 4α3δ + α2(−27 + 16δ)

Plugging these values in (2.15) yields the discounted social welfare over two periods

when consumers are myopic.

Taking the derivative with respect to α, we get,

∂W

∂α
= − δ

[
248832 + 13824α(−21 + 16δ) + 3456α2

(−963− 112δ + 48δ2
)
+ 28α10δ

(
99− 288δ + 128δ2

)
− 64α3

(−169047 + 8928δ + 8752δ2
)
+ 32α4

(−397305 + 59904δ + 9216δ2 + 256δ3
)

+ 48α5
(
148149− 50472δ + 12544δ2 + 384δ3

)
+ 6α8

(
8181− 19440δ + 14592δ2 + 896δ3

)
− 8α6

(
231579− 135864δ + 48528δ2 + 3712δ3

)− 4α7
(−25677− 7344δ + 17616δ2 + 10624δ3

)
+ α9

(−8181 + 12168δ − 896δ2 + 15360δ3
) ]/(

4(2 + α)3
(−108 + 108α+ 4α3δ + α2(−27 + 16δ)

)3 )
,

which is positive for all values of α and δ.
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Subtracting the equilibrium profits given by (2.62) from social welfare yields con-

sumer surplus.

Taking the derivatives with respect to α, we get,

∂CS

∂α
= − δ

[
41803776− 663552α(285 + 4δ) + 41472α2

(
10815− 112δ + 48δ2

)
+ 4α12δ

(
2079− 6240δ + 3200δ2

)
− 768α3

(
824985− 54000δ + 10832δ2

)
+ 6144α4

(
87561− 18180δ + 1827δ2 + 16δ3

)
+ 1536α5

(−174798 + 75987δ − 2046δ2 + 80δ3
)
+ 288α7

(−26595− 18252δ − 1288δ2 + 256δ3
)

+ 96α8
(
6885 + 59886δ − 9996δ2 + 832δ3

)− 96α9
(
8262− 405δ + 3362δ2 + 3088δ3

)
+ 3α11

(−8829 + 5112δ + 20352δ2 + 5120δ3
)− 64α6

(−1121931 + 666684δ − 33384δ2 + 9152δ3
)

− 6α10
(−44145 + 66600δ − 45312δ2 + 25472δ3

) ]
/(

12(−2 + α)2(2 + α)3
(−108 + 108α+ 4α3δ + α2(−27 + 16δ)

)3 )

∂2CS

∂α2
=

[
9137111040δ − 67372756992αδ + 195762604032α2δ − 320128091136α3δ + 340723542528α4δ

− 254881728000α5δ + 139759167744α6δ − 57023803008α7δ + 17090932608α8δ − 3594273264α9δ

+ 483152040α10δ − 34143444α11δ + 695466α12δ + 286654464δ2 − 2579890176αδ2 + 175177728α2δ2

+ 30695915520α3δ2 − 75212955648α4δ2 + 84469506048α5δ2 − 55509442560α6δ2 + 23399165952α7δ2

− 6173646336α8δ2 + 550540800α9δ2 + 297789696α10δ2 − 126562176α11δ2 + 19805472α12δ2

− 1998432α13δ2 + 326592α14δ2 − 23328α15δ2 − 429981696αδ3 + 2800189440α2δ3 − 4948770816α3δ3

+ 2165170176α4δ3 − 1837596672α5δ3 + 5434490880α6δ3 − 5485363200α7δ3 + 2245238784α8δ3

− 30917376α9δ3 − 328599936α10δ3 + 99655488α11δ3 + 3641760α12δ3 − 5088960α13δ3 + 762912α14δ3

− 172368α15δ3 + 16632α16δ3 − 169869312α3δ4 + 277217280α4δ4 + 384761856α5δ4 − 758218752α6δ4

+ 265371648α7δ4 + 283533312α8δ4 − 37048320α9δ4 − 127027200α10δ4 + 11811840α11δ4

+ 19012608α12δ4 − 3816960α13δ4 − 344064α14δ4 + 419328α15δ4 − 49920α16δ4 − 3145728α5δ5

− 4718592α6δ5 − 393216α7δ5 + 16580608α8δ5 − 8060928α9δ5 − 18841600α10δ5 − 6094848α11δ5

+ 540672α12δ5 − 559104α13δ5 − 590848α14δ5 − 30720α15δ5 + 25600α16δ5
]

/(
3(−2 + α)3(2 + α)4

(−108 + 108α+ 4α3δ + α2(−27 + 16δ)
)4 )

By inspecting ∂CS/∂α, we find that when α ∈ [0, 0.966]: ∂CS/∂α > 0 for δ ≤ 0.99.

When δ > 0.99, ∂CS/∂α = 0 has an unique solution αmyoCS(δ) decreasing in δ, with

αmyoCS(1) ≈ 0.964.

As ∂2CS/∂α2|αmyoCS(δ) < 0, we have a maximum and consumer surplus is inverse

u-shaped in α.

Note finally, that CS|α=0.966 > CS|α=0 for any δ.
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Calculating the cut-off consumers in both periods when consumers are sophisticated,
we get:

k =
pA − pB
1− 2x

=:
−36 + 30α3δ + 4α(9 + 10δ)− α2(9 + 68δ)

−108 + 67α3δ + 108α(1 + δ)− α2(27 + 164δ)

ka =
pAH − pBF

1− 2x
=:

−72− 24α2(−3 + δ) + 57α4δ + 12α(−1 + 6δ)− 4α3(6 + 23δ)

(2 + α) (−108 + 67α3δ + 108α(1 + δ)− α2(27 + 164δ))

kb =
pAF − pBH

1− 2x
=:

−72− 10α4δ + 24α(4 + 3δ)− 12α2(3 + 11δ) + α3(3 + 72δ)

(2 + α) (−108 + 67α3δ + 108α(1 + δ)− α2(27 + 164δ))

kn =
pAF − pBF

1− 2x
=:

−36 + 27α3δ + 12α(4 + 3δ)− α2(15 + 64δ)

−108 + 67α3δ + 108α(1 + δ)− α2(27 + 164δ)

Plugging these values in (2.15) yields the discounted social welfare over two periods

when consumers are sophisticated. Taking the derivatives with respect to α, we get,

∂W

∂α
=

[
− 995328δ + 2903040αδ + 2208384α2δ − 12498624α3δ + 13833504α4δ − 6831216α5δ + 1549368α6δ

− 91044α7δ − 22842α8δ + 3807α9δ + 2681856αδ2 − 8280576α2δ25708160α3δ2 + 42311232α4δ2

− 57128544α5δ2 + 35663760α6δ2 − 10828296α7δ2 + 1074060α8δ2 + 197730α9δ2 − 46971α10δ2

− 2529792α2δ3 + 8425216α3δ3 + 4298112α4δ3 − 47260992α5δ3 + 76146336α6δ3 − 57873840α7δ3

+ 22389192α8δ3 − 3339100α9δ3 − 377496α10δ3 + 139320α11δ3 + 843264α3δ4 − 3128576α4δ4

− 429696α5δ4 + 17049024α6δ4 − 33002336α7δ4 + 29935632α8δ4 − 14168184α9δ4 + 2860852α10δ4

+ 154800α11δ4 − 115240α12δ4
]/(

4(2 + α)3
(−108 + 67α3δ + 108α(1 + δ)− α2(27 + 164δ)

)3 )

∂2W

∂α2
=

[
− 152285184δ − 629296128αδ + 3417458688α2δ − 5901050880α3δ + 5656946688α4δ − 3501159552α5δ

+ 1438031232α6δ − 368815680α7δ + 50423472α8δ − 2458188α9δ + 32845824δ2 + 214990848αδ2

+ 3158341632α2δ2 − 15374333952α3δ2 + 29345649408α4δ2 − 32324023296α5δ2 + 22918609152α6δ2

− 10508424192α7δ2 + 2919142800α8δ2 − 426233664α9δ2 + 26411832α10δ2 − 2012040α11δ2

+ 251505α12δ2 − 32845824αδ3 − 223838208α2δ3 − 4905197568α3δ3 + 25659721728α4δ3

− 54767704320α5δ3 + 67819769856α6δ3 − 53842051584α7δ3 + 27584637696α8δ3 − 8629178832α9δ3

+ 1452670848α10δ3 − 103840128α11δ3 + 4737096α12δ3 − 614583α13δ3 + 238436352α3δ4

+ 2973677568α4δ4 − 18513967104α5δ4 + 44766990336α6δ4 − 62005146624α7δ4 + 54619091712α8δ4

− 31085738496α9δ4 + 11000229888α10δ4 − 2188484352α11δ4 + 190885848α12δ4 − 1735848α13δ4

− 59609088α4δ5 − 705207296α5δ5 + 4987729920α6δ5 − 13444332544α7δ5 + 20663468032α8δ5

− 20183746176α9δ5 + 12815230592α10δ5 − 5136402368α11δ5 + 1183836432α12δ5 − 120262684α13δ5
]

/(
2(2 + α)4

(
108− 67α3δ − 108α(1 + δ) + α2(27 + 164δ)

)4 )

When α ∈ [0, 1], ∂W/∂α = 0 has an unique solution αsophW (δ) ≈ 0.39.

As ∂2W/∂α2|αsophW < 0, we have a maximum and social welfare is inverse u-shaped

in α.

Note finally, that W |α=1 < W |α=0 for any δ.
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Subtracting the equilibrium profits given by (2.63) from social welfare yields con-

sumer surplus.

Taking the derivatives with respect to α, we get,

∂CS

∂α
=

[
− 167215104δ + 663883776αδ − 950164992α2δ + 615672576α3δ − 204291072α4δ + 112845312α5δ

− 114353856α6δ + 56928096α7δ − 8149248α8δ − 2811024α9δ + 1134810α10δ − 113481α11δ

+ 499322880αδ2 − 2236336128α2δ2 + 3780214272α3δ2 − 3025969920α4δ2 + 1208148480α5δ2

− 475483392α6δ2 + 478830528α7δ2 − 304930656α8δ2 + 67382928α9δ2 + 10846008α10δ2 − 7000938α11δ2

+ 828657α12δ2 − 498161664α2δ3 + 2485976064α3δ3 − 4845837312α4δ3 + 4651117056α5δ3

− 2274537216α6δ3 + 765194112α7δ3 − 632573568α8δ3 + 506233920α9δ3 − 159938424α10δ3

− 7757460α11δ3 + 14040948α12δ3 − 2035206α13δ3 + 166053888α3δ4 − 914101248α4δ4 + 2018638848α5δ4

− 2267368960α6δ4 + 1342144768α7δ4 − 460806784α8δ4 + 273242496α9δ4 − 258648000α10δ4

+ 113115240α11δ4 − 5198564α12δ4 − 8995108α13δ4 + 1683442α14δ4
]

/(
12(−2 + α)2(2 + α)3

(−108 + 67α3δ + 108α(1 + δ)− α2(27 + 164δ)
)3 )

∂2CS

∂α2
=

[
17700913152δ − 68134182912αδ + 136313155584α2δ − 196004468736α3δ + 214813928448α4δ

− 172823528448α5δ + 98251937280α6δ − 38741462784α7δ + 10623011328α8δ − 2124084384α9δ

+ 344776176α10δ − 45437112α11δ + 3297996α12δ − 167215104δ2 − 68832903168αδ2 + 303570395136α2δ2

− 670621151232α3δ2 + 1028740331520α4δ2 − 1196490175488α5δ2 + 1036466523648α6δ2

− 642659422464α7δ2 + 277143679872α8δ2 − 82277031744α9δ2 + 17372110176α10δ2 − 2908894032α11δ2

+ 398028168α12δ2 − 27794988α13δ2 − 1017198α14δ2 + 72657α15δ2 + 167215104αδ3 + 103033257984α2δ3

− 508333252608α3δ3 + 1227015032832α4δ3 − 2000885078016α5δ3 + 2456866391040α6δ3

− 2280226613760α7δ3 + 1542025642752α8δ3 − 731102163840α9δ3 + 236434547520α10δ3

− 52530992928α11δ3 + 8904914928α12δ3 − 1297469160α13δ3 + 110460060α14δ3 + 2352186α15δ3

− 189819α16δ3 − 69310218240α3δ4 + 376692916224α4δ4 − 987409113088α5δ4 + 1711834656768α6δ4

− 2214496372736α7δ4 + 2188382142464α8δ4 − 1605776182272α9δ4 + 837627819520α10δ4

− 297744442112α11δ4 + 70521484224α12δ4 − 11998573024α13δ4 + 1818365872α14δ4 − 193525224α15δ4

− 159448α16δ4 + 17327554560α4δ5 − 103228186624α5δ5 + 293374046208α6δ5 − 542568175616α7δ5

+ 740910504960α8δ5 − 776408675328α9δ5 + 613694283264α10δ5 − 350588480256α11δ5

+ 137571916032α12δ5 − 35403523488α13δ5 + 6144317552α14δ5 − 941014392α15δ5 + 120757948α16δ5
]

/(
2(−2 + α)3(2 + α)4

(
108− 67α3δ − 108α(1 + δ) + α2(27 + 164δ)

)4 )

When α ∈ [0, 1], ∂CS/∂α = 0 has an unique solution αsophCS(δ) ≈ 0.59.

As ∂2CS/∂α2|αsophCS(δ) < 0, we have a maximum and consumer surplus is inverse

u-shaped in α.

Note finally, that CS|α=1 > CS|α=0 for any δ.

The Proposition follows. Q.E.D.
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Proof of Corollary 2.1 and 2.2. Corollary 2.1 and 2.2 directly follow from equat-

ing the above profit, social welfare and consumer surplus functions when consumers

are myopic with those when consumers are sophisticated and solving for the (possi-

ble) root, yielding the clear results in the homogeneous case and the unique cut-offs

αP (δ), αW (δ) and αCS(δ) in the heterogeneous case, depicted in the following pic-

ture. Q.E.D.
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Chapter 3

Behavioral Targeting and

Incentives to Invest in Screening

Technology

Co-authored with Astrid Kiekert



3.1 Introduction

In the past decades, the ability of firms in different industries to collect data and

to use it for targeted marketing and pricing has improved rapidly. The increasing

importance of online marketplaces and the emergence of sophisticated techniques to

collect and store data on customers’ past purchases are nowadays common for many

industries. In retailing, for instance, many pieces of information are collected on

purchases within loyalty programs (e.g., type and quantity of the product bought as

well as its effective price) and are linked with the respective customers.1 Especially

in online marketplaces, plenty of customer data are collected, which can be used for

personalized advertising and pricing.2 Setting prices in subsequent periods based on

a customer’s purchasing history, a strategy called behavior-based price discrimina-

tion (BBPD), has therefore become increasingly prevalent. For instance, the price

of a contract with an electricity provider or a telecommunication company depends

on whether a consumer is an old or a new customer.3

While a large amount of customer data is a by-product of firms’ operations (such

as in the case of a telecommunication or an electricity firm), in many other cases

firms can collect and use data for targeted activities only if they make the necessary

strategic investment into respective customer data technologies. This explains the

asymmetric outcomes in some industries, where firms are characterized by different

abilities to perform targeted marketing and pricing.4 In the German retailing sector,

for instance, most full-range grocery stores and their subsidiaries (such as Rewe,

Edeka, real, and Penny) participate in joint loyalty programs like “Payback” or

“DeutschlandCard”, while leading discounters, such as Aldi and Lidl, do not. The

organic supermarket chain “denn’s” chose an alternative strategy and set up its own

1See Ross (2013) for a discussion of the importance of price discrimination in the retailing
sector.

2An anonymous computer scientist in online retailing stated that “... [i]ts common for big
retail web sites to direct different users to different deals, offers, or items based on their purchase
histories or cookies... And companies frequently offer special deals for customers with a few items
in their shopping bags - from discounts on additional items, to free shipping, to coupons for future
purchases” (Klosowski, 2013). This indicates that these firms do, at least, perform third-degree
price discrimination on a regular basis.

3A study by the German price comparison webpage Check24 has shown that old customers
pay up to 80 per cent more for a combination of Internet and telephone flatrate compared to new
customers (Check24, 2016).

4For example, after Tesco introduced its “Clubcard” program in the UK in 1995, it took its
main competitor Sainsbury until 2002 to set up its own loyalty card program called “Nectar” on
a comparable scale (The Guardian, 2003).
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customer retention program.5 These examples clearly indicate that it is a strategic

decision of a firm to invest in respective technologies and gain the ability to collect

customer data and to analyze it for targeted pricing (see also Schenker, 2015).

In this project, we analyze incentives to invest into a screening technology which

allows a firm to recognize its customers and to price discriminate respectively. We

consider a Hotelling model with two periods, such that in the first period every

firm makes its investment decisions and records its customers’ purchases provided

it holds the screening technology, while in the second period firms are able to price

discriminate based on the collected customer data. We consider two scenarios with

all consumers being either myopic or sophisticated. The latter anticipate that a

firm with a screening technology will use the collected customer data for targeted

pricing in the second period and therefore adjust their behavior in the first pe-

riod accordingly. Myopic consumers, in contrast, do not realize this and base their

purchase decisions only on the prices in the current period. The analysis of my-

opic consumers is of special relevance for policy as consumer naiveté expressed by

their limited foresight is considered to be the main source of consumer harm by the

European Commission (cf. Europe Economics, 2007).

Our main result is that the prisoner’s dilemma problem, known since Thisse and

Vives (1988) can be resolved in our model. It states that price discrimination along

consumer brand preferences is unilaterally attractive, however, under competition

it results in lower overall profits. Precisely, we show that when consumers are

myopic, only one firm invests into the screening technology in equilibrium, which

results in higher profits for both firms compared to the outcome where both of

them are able to discriminate based on consumer behavior. When consumers are

sophisticated, two symmetric equilibria exist, where either both firms invest into the

screening technology or do not. Respectively, in the latter equilibrium firms avoid

the prisoner’s dilemma problem. We also show that both consumer surplus and

social welfare are higher when consumers are sophisticated and the discount factor

is large enough. We conclude that educating consumers about firms’ ability to use

customer data for price discrimination can improve welfare.

This article is organized as follows. In the next section we discuss the relevant

literature. In Section 3.3 we present the model. In the three subsequent sections we

5While consumers with a “Payback”-card or “DeutschlandCard” can collect bonus points in a
large variety of stores on- and offline, the owners of the “Meindenn’s”-loyalty card can only collect
bonus points when shopping in a denn’s-store. Between 2012 and 2017, denn’s took part in the
“Payback”-program but then decided to set up its own loyalty program (see Schader, 2017, a, b).
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provide the equilibrium analysis. Finally, Sections 3.7 concludes.

3.2 Related Literature

Our article contributes to the literature on competitive price discrimination with

demand-side asymmetries, where consumers are classified into different groups de-

pending on their preferences for firms. In this literature, Thisse and Vives (1988)

were the first to demonstrate the famous prisoner’s dilemma result in a standard

Hotelling model: Price discrimination, despite being individually profitable, makes

both firms worse off, because it intensifies competition. Precisely, every firm targets

aggressively consumers with a preference for the rival’s product, which in turn puts

a downward pressure on that firm’s own pricing.

An important question in this literature strand is whether firms are able to

avoid the prisoner’s dilemma result. Several studies indeed give an affirmative an-

swer to this question and show that when firms are able to decide on the intensity

of price discrimination, they choose to target less in order to soften competition.

For instance, Chen and Iyer (2002) assume that firms have access to an exogenously

provided database which allows to target a certain share of consumers in the market.

Moreover, the more firms invest into the database, the larger is the share of con-

sumers they are able to address with targeted prices. The authors show that even if

the costs of investment into database are zero, in equilibrium, perfect addressabil-

ity never prevails such that firms optimally restrict the own targeting ability. In a

related study Liu and Serfes (2004) analyze firms’ incentives to acquire customer

data depending on its quality. They find that firms do not invest when data is of

low quality and in this way avoid the prisoner’s dilemma problem. The main differ-

ence of these articles from ours is that they assume that customer data is available

exogenously and has been collected by third parties. In our analysis, in contrast,

firms have to collect data about consumer preferences themselves through observ-

ing customer behavior. We show that in this case the ability of firms to avoid the

prisoner’s dilemma result depends strongly on consumer sophistication. Precisely,

when consumers are sophisticated, i.e., they foresee that a firm with a screening

technology will use the collected customer data for targeted pricing in the future, an

equilibrium exists where none of the firms acquires the technology and respectively

none of them performs targeted pricing in equilibrium.

Our study is closely related to the literature on behavior-based price discrimi-
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nation (BBPD), where firms target consumers depending on their behavior in the

previous periods.6 The seminal paper in this strand is Fudenberg and Tirole (2000),

who were the first to demonstrate the detrimental effect of BBPD on profits: The

positive rent-extraction effect of more detailed information on consumer preferences

is dominated by a negative competition effect, when each firm prices the loyal cus-

tomers of its rival more aggressively. The same effect is found in Esteves (2010)

who studies a setting with a discrete distribution of consumer preferences. Colombo

(2016) assumes that firms have incomplete information about consumers’ purchas-

ing histories. He analyzes how the accuracy of behavioral customer data impacts

on profits. The main difference of our study compared to these articles is that we

consider firms that are initially not endowed with a screening technology which al-

lows to record customer behavior and target customers respectively. In turn, it is a

strategic decision of a firm whether to invest in such a technology. We show that

both with myopic and sophisticated consumers firms are able to avoid the detrimen-

tal effect of behavioral targeting on profits through not investing into the screening

technology.

Closely related to our work is Baye and Sapi (2020) who analyze investment

decisions into technology which allows perfect targeting among a firm’s past cus-

tomers. In contrast, in our analysis a firm with a screening technology is only able

to identify its own past customers and to price discriminate among them and the

rival’s customers respectively. While we get similar results in the case of myopic

consumers, where only one of the firms invests into the respective technology, dif-

ferent from Baye and Sapi (2020), we show that with sophisticated consumers the

equilibrium exists where both firms hold screening technology. Hence, in contrast to

this study, we identify scope for a prisoner’s dilemma result even when firms decide

strategically on their ability to target consumers based on behavior.

3.3 The Model

We consider a model where two firms, A and B, compete in prices within two periods.

In each period they sell horizontally differentiated products à la Hotelling. Firms are

located at the respective ends of an interval with a unit length (xA = 0, xB = 1) and

have zero production costs. There is a unit mass of consumers, each with an address

6Esteves (2009) and Fudenberg and Villas-Boas (2006) provide surveys of the articles in this
field.
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x ∈ [0, 1] corresponding to her preference for the ideal product. Each consumer

buys at most one unit of a product. If a consumer cannot buy her ideal product, she

incurs linear transport costs proportional to the distance to the firm. The utility of

a consumer with address x from buying the product of firm i = A,B in each period

is

Ui(pi, x) = v − t|x-xi| − pi, (3.1)

with v > 0 denoting the base utility and pi the price of firm i in the respective

period. The base utility is assumed to be high enough such that each consumer

purchases in equilibrium while she buys the product from the firm providing her a

higher utility.7 Firms initially hold no customer data, but can invest in a screening

technology in the first period while this decision is publicly observable. With this

technology a firm can record consumers’ purchasing decisions in the first period and

price discriminate among them in the following period respectively. The timing of

the game is as follows:

Period 1:

Stage 1 (Investment). Firms decide independently and simultaneously whether

to invest into a screening technology.

Stage 2 (Competition with regular prices). First, firms publish independently

and simultaneously their regular prices. Consumers observe these prices and make

their purchasing decisions.

Period 2:

(Competition with regular and targeted prices). In case that a firm invested

into the screening technology, it observes consumers’ first-period choices and dis-

criminates respectively by charging different prices to the own and the rival’s past

customers. Otherwise, a firm sets a uniform price. Targeted prices are set after

uniform prices, because firms are typically more flexible to change prices, which are

targeted at smaller customer groups.8

The timing of the price setting behavior in the second period is in line with a

large body of literature on competitive price discrimination (see e.g., Thisse and

Vives, 1988; Shaffer and Zhang, 1995; Liu and Serfes, 2004, 2006; Choudhary et al.,

7As in Liu and Serfes (2006), in case of a tie in utilities, we assume that a consumer chooses
the firm nearby, the consumer with x = 0.5 visits firm A.

8Furthermore, if firms decide on overall and customized prices simultaneously a Nash equilib-
rium does not always exist. For instance, Silbye (2010) shows in a model where firms learn the
exact preferences of their customers in the first period that no Nash equilibrium in pure strategies
exists in the second period. Therefore, he solves for an equilibrium in mixed strategies.
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2005; Baye and Sapi, 2020).

Given the investment stage’s outcome in the first period, three subgames can

emerge in the following period where i) only one firm invested, ii) both firms in-

vested, and iii) no firm invested. To subgames i) and ii) we will refer to as the

asymmetric and symmetric subgame, respectively, while subgame iii) is also sym-

metric, however, constitute a standard Hotelling model in both periods. We assume

that firms maximize the discounted sum of profits over both periods and discount

future profits by δ ∈ [0, 1]. On the consumer side, we consider two cases: All con-

sumers being either myopic or sophisticated. Myopic consumers do not anticipate

that customer data will be used for price discrimination in the second period. In

contrast, sophisticated consumers maximize their expected surplus over both peri-

ods, expecting to get targeted offers in the second period from a firm (firms) which

invested into the screening technology.9

We solve for a subgame-perfect Nash equilibrium in pure strategies and start the

analysis from the second period.

3.4 Equilibrium Analysis of the Second Period

In subgame iii) where none of the firms invested into a screening technology, firms’

profits in equilibrium are ΠA = ΠB = t/2, because in each period we get the standard

result of a Hotelling model. To analyze the second period in subgames i) and ii),

we denote with α the market share of firm A in the first period, constituting the

segment of firm A.10 To consumers with x ≤ α (x > α) we also refer as “segment

α” (“segment 1− α”). The respective variables are marked with a superscript “α”

or “1− α” depending on whether they refer to segment α or 1− α.11 For instance,

with pαA,2 we denote the price of firm A on segment α in the second period.

9Sophisticated consumers discount future surplus by the same discount factor as firms do (cf.
e.g., Klemperer 1995; Chen, 1997; Fudenberg and Tirole, 2000; Liu and Serfes, 2006).

10A standard revealed preference argument yields that if a consumer with x = α bought at firm
A in the first period, then all consumers with address x < α bought at that firm as well.

11We use subscripts to indicate the respective firm and period.
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3.4.1 Asymmetric Subgame: Only one firm invests into the

screening technology

We assume without loss of generality that it is firm A, which holds the technology

allowing to practice third-degree price discrimination while firm B has to set a

uniform price to all consumers irrespective of their first-period decisions.

Given that firm B sets a uniform price to all consumers, firm A’s best-reply

function on segment α is

pαA,2(pB,2) =

⎧⎨⎩
t+pB,2

2
, if pB,2 < t(4α− 1)

pB,2 + t(1− 2α), if pB,2 ≥ t(4α− 1),
(3.2)

while on segment 1− α it is

p1−α
A,2 (pB,2) =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
0, if pB,2 ≤ t(2α− 1)

pB,2+t(1−2α)

2
, if t(2α− 1) < pB,2 < t(3− 2α)

pB,2 − t, if pB,2 ≥ t(3− 2α).

(3.3)

According to the best-response function (3.2), if the price of firm B is relatively

small, then firm A charges a price, such that both firms serve consumers on segment

α in equilibrium. However, if the price of firm B is large enough, then firm A

charges a price targeted at the least loyal consumer on segment α and serves all the

consumers there. Consider now the best-response function (3.3). If the price of firm

B is sufficiently small, firm A is not able to serve any consumer on segment 1− α,

in which case it cannot do better than setting a price of zero. If, in contrast, the

price of firm B is sufficiently high, firm A charges the price targeted at the most

loyal consumer of firm B and serves the whole segment 1 − α. In the intermediate

case, both firms serve consumers on segment 1− α.

Using the best-response functions (3.2) and (3.3), we arrive at the equilibria of

the second period, as stated in Lemma 3.1.12

Lemma 3.1. (Second period. Asymmetric subgame.) Assume that only firm A

invested in screening technology in the first period. The equilibrium of the second

period depends on the share of firm A in the first period (α) as follows:

i) If α is relatively small, α ∈ [0; 0.46], firm A serves all consumers on its

12All the omitted proofs are contained in the Appendix.
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segment while firm B loses consumers on its segment. Firm B serves only those

with x > (5+2α)/8 and charges a price pB,2(x, α) = [t(3−2α)]/2. The price of firm

A on its segment is pαA,2(x, α) = [t(5 − 6α)]/2, on the segment of firm B it charges

the price p1−α
A,2 = [t(5− 6α)]/4. Firms realize profits: ΠA,2 = [5t(5 + 4α− 12α2)]/32

and ΠB,2 = [t(3− 2α)2]/16, respectively.

ii) If α is intermediate, α ∈ (0.46; 0.93], both firms lose consumers on their

segments. Firm A serves only those consumers with x ≤ (3 + α)/8 on its segment

and those with x ≤ (3 + 5α)/8 on the segment of firm B. Firm B charges the price

pB,2 = [t(1+α)]/2. The price of firm A on its segment is pαA,2 = [t(3+α)]/4, on the

segment of firm B it charges the price p1−α
A,2 = [3t(1 − α)]/4. Firms realize profits:

ΠA,2 = [t(9− 6α + 5α2)]/16 and ΠB,2 = [t(1 + α)2]/8, respectively.

iii) If α is relatively large, α ∈ (0.93; 1], firm A loses consumers on its own

segment while it serves all consumers on the segment of firm B. More precisely,

firm A serves consumers with x ≤ (1 + 4α)/8. Firm B charges the price pB,2 =

[t(4α − 1)]/2. The price of firm A on its segment is pαA,2 = [t(4α + 1)]/4, on the

segment of firm B it charges the price p1−α
A,2 = [t(4α − 3)]/2. Firms realize profits:

ΠA,2 = [t(120α− 47− 48α2)]/32 and ΠB,2 = [t(1− 4α)2]/16, respectively.

Despite the fact that firm A has a competitive advantage over firm B in the asym-

metric subgame, we find that the second-period equilibrium crucially depends on

the optimal strategy of firm B. Precisely, being bound to set a uniform price to all

customers, firm B has to decide whether to target both segments or implicitly focus

on only one customer group. Firm A in turn reacts optimally to firm B’s price in

line with the best-response functions (3.2) and (3.3).

Consider case i) of Lemma 3.1. Given a relatively small market share of firm A in

the first period, firm A can only differentiate between a rather small interval of very

loyal customers and a rather large interval consisting of own loyal customers and

loyal customers of firm B.13 In this case, firm B would have to set a very low uniform

price in order to attract some of the very loyal customers of firm A in the former

group, which makes this strategy unprofitable. Instead, firm B optimally charges

a relatively high price and loses some of the consumers it served in the previous

period. This strategy can be referred to as a rent-extraction strategy on the larger

customer group including its own loyal customers. Consequently, firm A monopolizes

its former segment in this case and clearly extends its first-period market share in

13We call a customer loyal if she always chooses a certain firm when prices are the same.
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the second period, with an intuitively increasing second-period market share in α.

At α = 0.46, firm B switches its strategy for the following intermediate values

of α, since its former segment becomes increasingly too small for the previous rent-

extraction strategy. Instead, firm B opts for a market-sharing strategy on both

segments in the second period and sets a relatively low uniform price in order to

attract also customers on firm A’s segment. However, firm A clearly utilizes its

competitive advantage to price each segment separately such that for lower values

of α ∈ [0.46, 0.93], firm A intuitively extends its first-period market share in the

second period. Only for α > 0.6 leads firm B’s new market-sharing strategy also to

a higher second-period market share of firm B compared to the first period. With

such relatively high values of α contains firm B’s segment only rather loyal customers

of this firm such that it can more easily hold many of them even against a rather low

special price of firm A for these customers. Additionally, firm A’s segment contains

relatively many loyal customers of firm B such that it is also relatively easy for firm

B to attract some of them, leading to an overall higher second-period market share

of firm B compared to the first period.

At α = 0.93, firm B switches its strategy again for the remaining values of α.

With such high values of α, we have that the segment of firm B is very small and

contains also only the most loyal customers of firm B. This leads firm A to price this

customer group extremely aggressively. Given that the segment of firm A contains

not the most but also very loyal customers of firm B, it refuses to defend its segment

against the very low price of firm A and instead sets its uniform price to attract

its rather loyal customers on the segment of firm A solely. Thereby, despite losing

its whole segment to firm A, firm B extends its first-period market share in the

second period, since firm A can intuitively not sustain this very asymmetric first-

period market outcome even with its competitive advantage. This effect is further

strengthened for increasing values of α, since firm A’s advantage additionally clearly

vanishes with α.

Lemma 3.1 also presents the equilibrium targeting strategy of firm A. Quite in-

tuitively, firm A charges a higher price to its own past customers than to those of

the rival, because the former (the latter) revealed their preference for firm A’s (B’s)

product through the respective purchases in the first period. Also intuitively, we

have that for small and intermediate values of α, the price of firm B takes values

between the equilibrium prices of firm A on the two segments, such that the prices
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in the second period can be ordered as: pαA,2 > pB,2 > p1−α
A,2 for α ∈ [0, 0.933]. While

firm A is able to use its pricing flexibility to extract rents from its past customers

and at the same time price aggressively the former customers of the rival to gain

market shares among them, firm B has to trade-off these incentives with its uniform

price, resulting in a price level in the intermediate range. However, when α is very

large (α > 0.93), firm B charges a price which is higher than both discriminatory

prices of firm A, such that the order of prices is: pB,2 > pαA,2 > p1−α
A,2 . In this case

contains segment α almost the whole interval of consumer preferences, while seg-

ment 1− α contains only the most loyal customers of firm B. Hence, the aggressive

pricing strategy of firm A on segment 1−α to gain market shares prevails. However,

given the large variety of consumer tastes on segment α, firm A now also trades-off

its rent-extraction purposes on its own loyal customers with its incentives to gain

market shares on the loyal customers of firm B with its uniform price on segment

α, just as firm B does, which focuses on this segment and let firm A monopolize

segment 1−α for such high values of α. Due to the special situation that firm B, in

this case, competes only for its rather and not for its most loyal customers, we have

that firms B is less willing to fight for market shares than firm A and puts more

emphasis on extracting rents from its rather loyal customers on segment α, leading

to this ordering of prices.

Firms’ resulting profits for the second period depending on α are displayed in Figures

3.1 and 3.2.

Figure 3.1: Second-period profits of firm B depending on α in the asymmetric

subgame with t = 1.

First, it is intuitive that the profit of firm B has a continuous course, since firm

B is the price leader in our setting. The kinks arise due to the abrupt changes in
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firm B’s pricing strategy depending on α in the second period. To fully understand

the pattern of both firms’ second-period profit functions, we have to enhance our

previous market-sharing and pricing analysis further.

Starting with the profit function of firm B, it starts intuitively with a downward

sloping trend in α, since, according to Lemma 3.1, firms compete over a decreasing

segment 1−α when α is relatively small, leading to fiercer competition and therefore

lower prices and profits with increasing α. The same, but simply reversed, reasoning

explains the upward sloping trend at the end of the profit pattern, resulting in the

overall u-shaped pattern of firm B’s profits. Competition over segment α decreases

when the segment enlarges, i.e. α increases, allowing firms to raise prices and profits

increase. However, for initially intermediate values of α, we have a slightly more

complex situation. In this case, firms compete on both intervals with opposing

competition effects due to an increase in α. While segment α becomes larger and

competition softens, segments 1−α shrinks and competition intensifies. Being able

to price each segment separately, firm A can individually account these different

effects, leading to a price increase on segment α and a price decrease on segment

1 − α. Being bound to set only one uniform price for both segments, firm B has

to react and balance both effects together with the price reactions of firm A. Since

competition softens on the rather disloyal customers of firm B, while competition

intensifies on the more and more loyal customers of firm B, we find that overall the

positive price effect dominates for firm B such that firm B’s price increases with α

and profits recover in the middle of firm B’s profit pattern.

Figure 3.2: Second-period profits of firm A depending on α in the asymmetric

subgame with t = 1.

Turning to the profit function depending on α of firm A, we first observe an inverse u-
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shaped pattern. This is due to the opposing effects of better customer data to extract

rents on segment α and the higher competition on segment 1 − α with increasing

but initially smaller values of α. At first, the positive effect of recognizing more

loyal customers and being able to extract rents from them dominates the negative

effect of higher competition on segment 1−α for firm A. However, with increasingly

better data of firm A, firm B fights increasingly harder on segment 1− α, reducing

the profits of firm A on this and also implicitly on segment α, since the lower price of

firm B puts also a downward pressure on firm A’s price on segment α. At some point,

the increasing competition effect starts to dominate and accordingly, we observe the

inverted u-shaped patter for initially smaller values of α. Due to the abrupt change

of firm B’s pricing strategy at α = 0.46, we observe in the following an abrupt

decrease in firm A’s profit pattern depending on α in contrast to the continuous

profit function of firm B. Firm B at once follows a market-sharing strategy on both

segments and introduce an considerable price decrease for intermediate values of α,

hurting firm A’s profits abrupt and significantly. Following this drop, profits of firm

A in α exhibit an almost constant but slightly u-shaped pattern.14 As discussed

for the profit pattern of firm B, we have that firm A can address the opposing

competition effects of an increase in α on the different segments in this interval

individually, leading each others competition effect to almost offset. Finally, at the

end of firm A’s profit function depending on α, profits of firm A abruptly ascend once

again due to the second, but this time for firm A positive, price strategy change of

firm B and increase further with α just as the profits of firm B. Firm A monopolizes

the segment of firm B in this interval, however, due to the high customer loyalty to

firm B of these customers and the relatively small length of this interval, we have

that firm A cannot make considerable profits on this segment anyway. Therefore

is a shrinking and hence even less profitable segment 1 − α rather irrelevant for

firm A, while the softer competition on segment α boosts firm A’s profits. In fact,

firm A’s price on segment 1 − α even raises with α on this interval due to the

softer competition of firm B’s price, rendering additionally the negative effect of a

shrinking segment 1− α.

Finally comparing both profit functions, it is straightforward that firm A’s

second-period profits are higher than those of firm B for any α due to its com-

petitive advantage.

14Interestingly, the minimum of firm A’s profit function is at α = 0.6, exactly at the point where
firm A starts to loose market shares in the second period compared to the first period.
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We next recall the second-period equilibrium of the well-known symmetric sub-

game in order to compare them and being able to better asses our results of the

asymmetric subgame.

3.4.2 Symmetric Subgame: Both firms hold the screening

technology

The second period of the symmetric subgame where both firms hold the screening

technology is analogous to the model considered in Fudenberg and Tirole (2000)

and the special case of the uniform distribution of consumer preferences. Lemma

3.2 basically repeats their findings.

Lemma 3.2. (Second period. Symmetric subgame, cf. Fudenberg and Tirole

(2000).) Assume that both firms invested in the screening technology in the first

period. The equilibrium of the second period depends on the share of firm A in the

first period (α) as follows:

i) If α is relatively small, α ∈ [0, 0.25], firm A serves all consumers on its

segment while firm B loses consumers on its segment and serves only those with

x > (3+2α)/6. The price of firm A on its segment is pαA,2 = t(1−2α), on the segment

of firm B it charges the price p1−α
A,2 = [t(3−4α)]/3. Firm B charges the price pαB,2 = 0

on the segment of firm A, on its own segment its price is p1−α
B,2 = [t(3−2α)]/3. Firms

realize profits: ΠA,2 = αt(1 − 2α) + [t(3 − 4α)2]/18 and ΠB,2 = [t(3 − 2α)2]/18,

respectively.

ii) If α is intermediate, α ∈ [0.25, 0.75], both firms lose consumers on their

segments. Firm A serves only consumers with x ≤ (2α + 1)/6 on its segment and

those with x ≤ (3 + 2α)/6 on the segment of firm B. The price of firm A on its

segment is pαA,2(x, α) = [t(1 + 2α)]/3, on the segment of firm B it charges the price

p1−α
A,2 = [t(3− 4α)]/3. Firm B charges the price pαB,2 = [t(4α− 1)]/3 on the segment

of firm A, on its own segment its price is p1−α
B,2 = [t(3−2α)]/3. Firms realize profits:

ΠA,2 = [t(1+2α)2]/18+[t(3−4α)2]/18 and ΠB,2 = [t(4α−1)2]/18+[t(3−2α)2]/18,

respectively.

iii) If α is relatively large, α ∈ [0.75, 1], firm A loses consumers on its segment

while firm B serves all consumers on its segment. More precisely, firm A serves those

consumers with x ≤ (1 + 2α)/6. The price of firm A on its segment is pαA,2(x, α) =

[t(1+2α)]/3, on the segment of firm B it charges the price p1−α
A,2 = 0. Firm B charges
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the price pαB,2(x, α) = [t(4α − 1)]/3 on the segment of firm A, on its own segment

it charges the price p1−α
B,2 = t(2α − 1). Firms realize profits: ΠA,2 = [t(1 + 2α)2]/18

and ΠB,2 = t(1− α)(2α− 1) + [t(4α− 1)2]/18, respectively.

We keep the discussion of the symmetric subgame short, as Fudenberg and Tirole

(2000) provide the detailed intuitions in a similar setup. Following the results of Fu-

denberg and Tirole (2000), we find that if one firm’s market share in first period was

smaller than 1/4, it is willing to monopolize its segment in the second period even

against an opponent’s price of zero, due to the high customer loyalty on this segment.

This strategy, however, leads interestingly to the somehow counter-intuitive situa-

tion that the price on the own segment will be lower than on the rival’s one, due to

the much fiercer competition on the relative small segment. The larger segment gets

shared by both firms in this case, while firms share intuitively both segments in the

second period for intermediate values of α. Turning to firms’ second-period profits

depending on α, Figure 3.3 illustrates the well known u-shaped pattern, indicating

that in the second period firms suffer the most when firms followed their individual

short-term optimal action and shared the market equally in the first period.

Figure 3.3: Second-period profits of firm B (left) and firm A (right) depending on

α in the symmetric subgame with t = 1.

From a second-period point of view, firms would be best-off if one firm had monop-

olized the market in the first period, i.e. α = 0 or 1. Thinking about the first-period

market share as the quality of data, this means that data always hurts firms in the

second period in the symmetric sugbame. The worst situation arises for the best

data quality available, i.e. α = 0.5, since customers can then be divided into two

equally sized consumer groups, which additionally exhibit a clear preference for one

of the firms (at equal prices) respectively. This enables firms to clearly differentiate
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between their own loyal customers and the rival ones, leading to the maximal com-

petitive situation due to the mutual competitive pressure of each firm’s poaching

price.

The situation is somewhat different in the previous asymmetric subgame. While

in this case the profit pattern of the firm without the technology also exhibits an

u-shaped pattern, with only an slightly shifted minimum, we observe a fairly differ-

ent picture for the firm holding the technology. Here, profits also follow an (erratic)

u-shaped pattern, but only after the data quality exceeded a certain level. At first,

starting without customer data, the firm having the data in fact benefits from them

in the second period indicated by the inverse u-shaped pattern discussed above.

Therefore, we face in both considered subgames the rather typical situation that

less data tend to be better for firms. However, in the asymmetric subgame, at least

some data could be in fact optimal for both firms. This arises due to the fact that

the firm having the data is directly favored in the second period, while it would in

turn have to favor the other firm without the data with a higher market share in the

first period in order to create the desired amount and quality of data.15 This profit

sharing over the two periods could overall benefit both firms. Further, by comparing

the profit levels of both firms in the symmetric and the asymmetric subgame, we

first recognize that the profits of a firm having the data are clearly higher when it

alone invested into the screening technology, since competition becomes fiercer when

both firms have the technology and aim to poach customers of the rival respectively.

More interestingly, also the profits of the firm without the data in the asymmetric

subgame are, except for a small interval around each kink of the respective profit

pattern, higher than those of a firm with data in the symmetric subgame due to this

competition effect. This additionally indicates that both firms in fact could benefit

from the opportunity to collect data overall, given that only one firm invests into the

technology and firms are able to achieve the necessary (small) amount of customer

data in the first period. We next analyze the first period and this presumption

further.

15This strategy would also implicitly favor the firm without data further in the second period,
since second-period profits of that firm drop less with less precise data.
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3.5 Equilibrium Incentives to Acquire Screening

Technology

We distinguish between the cases with all consumers being either myopic or sophis-

ticated. In contrast to sophisticated consumers do myopic consumers not anticipate

that collected customer data will be used by firms for targeting in the future. We will

show that firms’ incentives to invest into a screening technology crucially depend

on consumers’ ability to anticipate the future effect of their first-period purchase

decisions.

3.5.1 Myopic Consumers

The following two Lemmas summarize our results on the equilibrium of the first

period when consumers are myopic. We first consider the asymmetric subgame

followed by the symmetric subgame.16

Asymmetric Subgame

Lemma 3.3. (First period. Asymmetric subgame. Myopic consumers.) Assume

that only firm A invested in the screening technology and consumers are myopic.

The equilibrium of the first period depends on the discount factor.

i) If the discount factor is small, δ ≤ 0.01, in equilibrium firm A charges a

(weakly) lower price than the rival in the first period, with pA,1 = [t(2δ2 − δ −
48)]/(7δ − 48) and pB,1 = [2t(δ2 − 3δ − 24)]/(7δ − 48). At the same time, it serves

(weakly) more consumers than firm B, precisely, those with x ≤ (δ − 24)/(7δ − 48).

Over two periods, firm A realizes higher profits than the rival. Moreover, the profits

of firm A (B) over two periods are higher (lower) compared to the subgame where

neither firm acquires the technology.

ii) If the discount factor is relatively large, δ ≥ 0.25, in equilibrium firm A

charges a higher price than the rival in the first period, with pA,1 = [t(24 + 29δ −
10δ2)]/(24 + 13δ) and pB,1 = [t(24 + 15δ − 10δ2)]/(24 + 13δ). At the same time, it

serves less consumers than firm B, precisely, those with x ≤ (24−δ)/(48+26δ). Over

two periods, firm A realizes higher profits than the rival and higher profits compared

to the subgame where neither firm acquires the technology. Firm B realizes higher

16Since there are no first-period pure strategy equilibria for some values of the discount factor
in the asymmetric subgame, we only consider the respective subset of δ in Lemma 3.3.
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profits compared to the subgame where neither firm acquires the technology only for

δ < 0.4.

While making their first-period pricing decision, firms also consider the resulting

effects on the second period. However, when the discount factor is small, firms are

pretty impatient and care very little about the profits of the second period. This is

the case in the first part of the Lemma. Instead, they essentially aim to maximize

their profits in the first period, which results in the typical result of an (almost)

equal market split between them. There are only small shifts to a slightly higher

market share of firm A, depending on δ, due to the second-period effects. Given a

very small discount factor in the asymmetric subgame, it is never optimal for firms

to distort the short-term optimal market share in a way that firms end up in a

different scenario than sharing both segments in the second period. Recalling the

profit effects of α on second-period profits, we have that firm A’s profits are (almost)

constant, while firm B’s profit slightly increase. This explains why firm A is more

willing to fight for (slightly) higher market shares in the first period than firm B

with higher discount factors. Comparing firms total profits over both periods, we

get the typical result that data intensifies competition and harms firms. Firm A is

only better off than firm B and compared to the situation without the opportunity

to acquire the technology due to its competitive advantage.

Firms behave very differently when the discount factor is intermediate or large.

Profits of the second period become relatively more important and especially firm

A is interested to distort the short-term optimal market share in a way that it

can monopolize its segment in the second period, granting a much higher second-

period profit as displayed in Figure 3.2. Accordingly, firm A charges a relatively

high price in order to lower its first-period market share. Since firm A moves with

this investment on the right hand side of its inverse u-shaped second-period profit

pattern, it is willing to invest more first-period market share with a higher discount

factor. Most interestingly, all incentives of firm A are in line with those of firm

B. Firm B obviously benefits in the first period from firm A being less competitive

and additionally, when firms share only the segment of firm B in the second period,

firm B also prefer a lower α from a second-period point of view. This lead to the

interesting fact that for intermediate values of δ firm B indeed also benefits from

the presence of data even though only the opponent is able to collect them. For

higher discount factors, this relation is again reversed because even though firm B

is also better off the higher the discount factor, since firm A then acts decreasingly
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aggressive in the first period and α shrinks, it is important to note that the marginal

increase in firm B’s profits decrease with δ. In contrast, in case neither firm invested

in the technology, profits increase constantly with δ and dominate the profits of the

firm not having the data in the asymmetric subgame for high discount factors.

Symmetric Subgame

Lemma 3.4.(First period. Symmetric subgame. Myopic consumers.) Assume that

both firms invested in the screening technology and consumers are myopic.

In equilibrium, in the first period, both firms charge the price p1 = t and firm A

serves consumers with x ≤ 0.5. Over two periods, both firms realize the profits of

ΠA,1+2 = ΠB,1+2 = [t(9 + 5δ)]/18 and are worse off compared to the subgame where

none of them holds the technology.

As firms are symmetric, they share the market equally in the first period. Moreover,

they set the same prices in each period as in a standard Hotelling model due to

consumer myopia. Accordingly, the second part of the Lemma directly follows from

the dominating competition effect in the second period as described by Fudenberg

and Tirole (2000) and Lemma 3.2.

Based on Lemma 3.3 and 3.4, we can conclude on firms’ incentives to obtain screen-

ing technology, which are summarized in the following Proposition.17 In order to

clearly differentiate the total industry profit, social welfare, and consumer surplus in

the different subgames, we use the superscripts “NN”, “II”, and “AS” respectively

for the case that neither firm, both firms, or only one firm invests.

Proposition 3.1. (Myopic consumers. Investment incentives and welfare.) If

consumers are myopic, two asymmetric equilibria exist, where only one of the firms

invests into the screening technology. Depending on the discount factor δ, we obtain

the comparisons for total industry profits (Π), social welfare (SW ), and consumer

surplus (CS) as stated in Table 3.1.

17Due to the restricted set of δ in Lemma 3.3, we restrict the set of δ in Proposition 3.1
accordingly.
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δ ≤ 0.01 δ ≥ 0.25

Π ΠNN � ΠAS � ΠII ΠAS � ΠNN � ΠII

SW SWNN � SWAS � SW II SWNN � SW II � SWAS

CS CSII � CSAS � CSNN CSII � CSNN � CSAS

Table 3.1: Comparison of total industry profits, social welfare, and consumer surplus

over two periods in the different subgames when consumers are myopic.

The literature on competitive third-degree price discrimination has identified the

famous prisoner’s dilemma result, which states that firms are worse off when they

are able to price discriminate. For instance, Fudenberg and Tirole (2000) derive

this result in the context of behavior-based price discrimination. Our results show

that this problem can be resolved when firms endogenously decide on their ability

to target consumers, precisely, if the discount factor is large enough and consumers

myopic. Then only one firm acquires the screening technology in equilibrium and

both firms together realize higher joint profits than when none of them holds the

technology.18 Moreover, when 0.25 ≤ δ < 0.4, not only the dominant profit increase

of the firm holding the technology drives this result, but both firms individually gain

from the asymmetric ability to target consumers in the second period, as explained

in Lemma 3.3.19

We also find an asymmetric investment equilibrium for very small discount fac-

tors, however, in this case the loss of the firm without the technology is always

greater than the gain of the firm holding the technology, such that the prisoner’s

dilemma is not resolved. Firms are nevertheless better off compared to the outcome

where both of them initial have a targeting technology as is the case, for instance,

in Fudenberg and Tirole (2000), such that the overall situation of firms is at least

improved. This result directly follows from the less intense competition when only

one of the firms can target consumers in the second period.

18Note that the asymmetric investment result seems a bit odd, due to the initial symmetry of
the game. However, it matches many current market observations such that our results reasonably
speak for still myopic consumers with respect to their data in the current state.

19Chen and Iyer (2002) and Baye and Sapi (2019) also find possibly asymmetric investments
in customer data, however, their set-ups analyze one-shot games with exogenously provided data.
For multi-period settings with the opportunity to invest into a technology to gain customer data
endogenously, Baye and Sapi (2020) also find the asymmetric investment result with myopic con-
sumers. However, in contrast to our result, firms are not able to resolve the prisoner’s dilemma in
their setting.
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As the market is always covered in our model, social welfare is determined by con-

sumer transportation costs. Social welfare is largest when none of the firms holds

the technology, since every consumer buys at the closer firm in this case and trans-

port costs are minimized. Accordingly, this set-up is clearly top ranked in Table

3.1. In the second benchmark set-up, when both firms initially hold the technology,

the efficient equal market split occurs in the first period. However, in the second

period each firm attracts 1/6 of the consumers on the rival’s turf. In our set-up

with myopic consumers, we find asymmetric investments for both intervals of the

discount factor. In both cases, firms (weakly) distort the welfare efficient first-period

outcome. However, compared to the case with both firms holding the technology,

the resulting first-period welfare loss can be recouped in the second period when

the discount factor is very low. In this case, the first-period equilibrium differs only

slightly from the efficient one and its competitive advantage in the second period en-

ables firm A mainly to prevent switching on its own turf than to attract considerable

more consumers on firm B’s turf, leading to a favorable situation for social welfare

compared to the scenario with both firms holding the technology. In contrast, when

the discount factor is higher, first-period market shares differ considerably from the

efficient ones and even the fact that firm A defend its entire turf in the second period

cannot recoup this initial welfare loss.20

Considering consumer surplus, we have to combine the above profit and trans-

port cost effects. From the consumers’ perspective, both effects are perfectly opposed

when the discount factor is very low. While prices are the highest with no firm hold-

ing the technology, transport costs are minimized. Since the price effect dominates,

we find that consumers favor the situation with both firms holding the technol-

ogy, followed by the asymmetric subgame, due to the increased competition. With

higher discount factors, firms make the highest profits while also transport costs

are the highest, when firms ability to target consumers is asymmetric. Accordingly,

consumer surplus is lowest in this situation. Comparing both firms holding the tech-

nology to none, once again, the former leads to higher consumer surplus due to the

dominating competition effect. Finally, it is worth to note that firms’ opportunity

to decide endogenously on their ability to target consumers always harms consumers

and favors firms with myopic consumers compared to the typical analyzed set-up

with firms initially holding the technology.

20This is also due to firm A attracting consumers with a higher loyalty to firm B in the second
period, compared to the symmetric subgame.
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3.5.2 Sophisticated Consumers

In this chapter, we conduct a similar analysis as in the previous one under the

assumption that all consumers are sophisticated. Sophisticated consumers correctly

anticipate that their first-period purchase data will be used for targeted pricing in

the following period. Accordingly, they consider the effect of their initial decision on

future prices in the first period. As the game has only two periods, the equilibrium

of the last period is the same with myopic and sophisticated consumers, since firms

cannot make use of additional customer data gained during this period. Therefore,

we only consider the first period here.

The following two Lemmas summarize our results on the first-period equilibrium

when consumers are sophisticated for the asymmetric and symmetric subgame, re-

spectively.21

Asymmetric Subgame

Lemma 3.5. (First period. Asymmetric subgame. Sophisticated consumers.) As-

sume that only firm A invested in the screening technology and consumers are so-

phisticated. The equilibrium of the first period depends on the discount factor δ.

i) If δ is very small, δ ∈ [0; 0.02), in equilibrium, in the first period, firm A

charges the price pA,1 = [t(82δ − 96 − 17δ2)]/(50δ − 96) and serves (weakly) less

consumers than firm B, namely those with x ≤ (24 − 13δ)/(48 − 25δ). Firm B

charges the price pB,1 = [t(48δ − 96 + δ2)]/(50δ − 96). Over two periods, firm A

realizes (weakly) lower profits than the rival irrespective of the discount factor. Each

firm realizes over two periods lower profits than in the case where neither of them

obtains the screening technology.

ii) For most values of the discount factor, δ ∈ (0.09; 0.81], in equilibrium, in the

first period, firm A charges the price pA,1 = [t(44δ−96+91δ2)]/(20δ−96) and serves

less consumers than the rival, namely those with x ≤ (24− 23δ)/(48− 10δ) . Firm

B charges the price pB,1 = [t(68δ − 96 + 47δ2)]/(20δ − 96). Over two periods, firm

A realizes higher profits than the rival if δ > 0.56 and lower profits otherwise. Each

firm realizes over two periods lower profits than in the case where neither of them

obtains the screening technology.

21As with myopic consumers, there are no first-period pure strategy equilibria for some values
of the discount factor in the asymmetric subgame with sophisticated consumers, such that we only
consider the respective subset of δ in Lemma 3.5.
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The striking finding of Lemma 3.5 is that despite its technological advantage and

(typically) charging the lower price, firm A serves less consumers than its rival

in the first period. This result depends on consumer sophistication, which makes

consumers anticipate that they will be charged with the smaller poaching price by

firm A in the second period when they buy at firm B in the initial period. As

a result, those consumers on firm A’s turf with a weaker preference for this firm

actually prefer to buy at its rival in the first period, even when firm B charges the

higher price. Hence, they are willing to invest into not being identified as a loyal

customer of firm A and somehow “punish” it for investing into the technology. The

resulting negative impact on the profits of firm A is so strong that, for a wide range of

discount factors, it realizes lower overall profits than the rival without the screening

technology. Only when δ is high enough, firm A makes more profits than firm B

over both periods, since in this case a lower market share in the first period can be

compensated with the resulting higher profits in the second period, especially when

α is low enough such that firm A can monopolize its segment. However, compared

to myopic consumers, asymmetrically investing into the technology is clearly less

attractive with sophisticated consumers and as we will show, never constitute an

equilibrium.

Symmetric Subgame

Lemma 3.6.(First period. Symmetric subgame. Sophisticated consumers, cf. Fu-

denberg and Tirole (2000).)

Assume that both firms hold the screening technology and consumers are sophis-

ticated.

In equilibrium, in the first period, both firms charge the price p1 = [t(3 + δ)]/3 such

that firm A serves those consumers with x ≤ 0.5. Over two periods, both firms

obtain profits of ΠA,1+2 = ΠB,1+2 = [t(9+ 8δ)]/18 and are worse off compared to the

subgame where none of them holds the technology.

In contrast to the asymmetric subgame, consumers cannot punish firms for investing

into the screening technology when both firms hold it. Even further, as Fudenberg

and Tirole (2000) analyzed, first-period demand becomes less elastic when both firms

hold the technology and consumers are sophisticated, such that first-period prices

are in equilibrium even higher than with none of the firms holding the technology.

However, since firms intuitively share the market equally in the first period, due to
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the initial symmetry in this subgame, they end up in the most competitive situation

in the second period and the first-period gains cannot recoup the large profit decrease

there.22

Using Lemmas 3.5 and 3.6, we derive the equilibrium incentives to obtain screen-

ing technology when consumers are sophisticated. Our results are summarized in

Proposition 3.2.23 In order to clearly differentiate the total industry profit, social

welfare, and consumer surplus in the different subgames, we use the superscripts

“NN”, “II”, and “AS” respectively for the case that neither firm, both firms, or only

one firm invests.

Proposition 3.2. (Sophisticated consumers. Investment incentives.) If consumers

are sophisticated and the discount factor is small, δ ∈ [0; 0.02), or intermediate,

δ ∈ (0.09; 0.81], there exist two symmetric equilibria in pure strategies, where both

or neither firm invests in screening technology while the no-investing equilibrium is

pareto-dominant. Depending on the discount factor δ, we obtain the relations for

total industry profits (Π), social welfare (SW ), and consumer surplus (CS) as stated

in Table 3.2.

δ < 0.02 δ ∈ (0.09, 0.81]

Π ΠNN � ΠII � ΠAS ΠNN � ΠII � ΠAS

SW SWNN � SWAS � SW II SWNN � SW II � SWAS

CS CSAS � CSII � CSNN CSAS � CSII � CSNN

Table 3.2: Comparison of total industry profits, social welfare, and consumer surplus

over two periods in the different subgames when consumers are sophisticated.

With myopic consumers, we showed that the famous prisoner’s dilemma result in the

context of third-degree price discrimination can be resolved when firms are able to

decide endogenously about their ability to target consumers. Here, we find that firms

are also better off with this endogenous investment opportunity when consumers are

sophisticated. Precisely, we find two symmetric equilibria with either both or none

of the firms investing in the technology, such that the prisoner’s dilemma is (at least)

22Since first-period prices with myopic consumers in the symmetric subgame are identical to
those with no firm holding the technology, sophisticated consumers are always better for firms when
both firms initially hold the technology, as it provides higher first-period profits while second-period
profits are identical.

23Due to the restricted set of δ in Lemma 3.5, we restrict the set of δ in Proposition 3.2
accordingly.
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avoidable if the equilibrium with no investments can be sustained.24 The intuition

that no firm investing in the technology constitute an equilibrium follows in this con-

text directly from Lemma 3.5, where we found no initial investment incentives if the

rival doesn’t have the technology due the punishment by sophisticated consumers

in the first period. However, the other firm also prefers to invest if the rival already

has the technology, since the less elastic first-period demand in the symmetric sub-

game is more profitable than being the favored non-investing firm in the asymmetric

subgame, while second-period profits are similar in both cases. Hence, both firms

investing constitute the second equilibrium when consumers are sophisticated and

the asymmetric subgame is clearly worst in the profit ranking followed by both and

then no firm investing, as found in Lemma 3.6.

Considering welfare and especially transport cost for social welfare, the equi-

librium with no investments is obviously, once again, best ranked due to the im-

plementation of the equal market split in each period. While having a different

ordering of the asymmetric and the both firm investing subgame under transport

cost considerations depending on the discount factor, we once again have a clear

ordering when combining profits and transport costs for consumer surplus due to

the dominating price effect. Consumer surplus is always highest in the asymmetric

subgame followed by both and then no firm investing, since competition is in the

latter always lower.

3.6 Comparison of the Equilibria with Myopic and

Sophisticated Consumers

In this section, we compare total industry profits, consumer surplus, and social

welfare in equilibrium depending on consumers sophistication. Our results are sum-

marized in Corollary 3.1.25

Corollary 3.1. (Comparison: Myopic vs. sophisticated consumers.)

The comparison of equilibria with myopic and sophisticated consumers depends on

the discount factor.

24Note that in contrast to the asymmetric investment equilibria with myopic consumers, we
find the more standard symmetric equilibria in such an initial symmetric game with sophisticated
consumers, as Colombo (2016).

25Due to the restricted set of δ in Proposition 3.1 and 3.2, we restrict the set of δ in Corollary
3.1 on the resulting common subset.
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i) If δ ≤ 0.01, then depending on the equilibrium with sophisticated consumers

two cases can emerge:

a) If in equilibrium firms do not invest into screening technology, total profits and

social welfare are higher with sophisticated consumers than with myopic consumers,

while consumer surplus is lower.

b) If both firms invested into screening technology in equilibrium, total profits and

social welfare are lower with sophisticated consumers than with myopic consumers,

while consumer surplus is higher.

ii) If δ ∈ [0.25, 0.81], then firms realize lower profits, while consumer surplus and

social welfare are higher with sophisticated consumers than with myopic consumers,

regardless of the equilibrium in the former case.

Corollary 3.1 shows that firms’ and consumers’ interests with respect to consumer

education are always opposed. For instance, when firms prefer consumers to be

myopic, the latter would be better off if they could anticipate price discrimination

by the firm(s) holding the screening technology. Additionally, for most values of the

discount factor, consumer surplus and social welfare are higher with sophisticated

consumers than with myopic ones. However, firms would not educate consumers by

informing them about the usage of their data in this case, because as we mentioned

above, their interests are opposed to those of consumers. Only for a very small range

of the discount factor, firms would prefer to educate consumers, which, however,

would happen at the expense of the latter.26

Overall, we observe that for most values of the discount factor, firms’ incentives

to educate consumers are insufficient, which speaks for public policies aimed at in-

forming consumers about firms’ use of customer data for targeted pricing. Our con-

clusion provides a theoretical justification for policies considering consumer naiveté,

expressed by their limited foresight, as a main source of consumer harm (see Europe

Economics, 2007).

26As we start in a situation with myopic consumers, for which our model predicts asymmetric
investments, it is much more reasonable to expect that after education, where we found the two
symmetric equilibria, the firm without the technology catches up than to expect that the firm
having the technology removes it. Accordingly, it makes sense to focus on the both firm investing
equilibrium for our education analysis, which generally speak for public policies aimed at consumer
education due to the clear favoring effect of consumer and typically also social surplus.
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3.7 Conclusion

With increasing opportunities to collect and analyze customer data, behavior-based

price discrimination became an affordable pricing strategy for firms in many indus-

tries. The seminal work by Fudenberg and Tirole (2000) has shown, however, that it

has a detrimental effect on firm profits because of intensified competition. Precisely,

firms end up in the prisoner’s dilemma: While it is unilaterally optimal for a firm to

use behavioral customer data for targeted pricing, both firms are overall worse off.

In this paper we endogenize firms’ ability to collect customer data through introduc-

ing the investment stage where firms decide whether or not to invest into screening

technology, which allows to recognize customers. Our set-up reflects the observa-

tion that a firm’s ability to practice behavioral targeting is a result of its strategic

decision. We show that in our model firms are able to avoid the prisoner’s dilemma

problem. Precisely, when consumers are myopic, only one of the firms invests into

screening technology. Provided the discount factor is sufficiently large, over both

periods firms realize larger profits than in the subgame, where none of them can

target based on behavior. When consumers are sophisticated, then two symmetric

equilibria exist, where both firms either invest or not. While the former equilibrium

corresponds to the situation considered in Fudenberg and Tirole (2000), in the lat-

ter equilibrium none of the firms practices behavioral targeting, which protects their

profits. We also show that in most cases consumers are better off when they are

able to foresee that the firm with a screening technology will use behavioral data

for targeted pricing. This result supports the intuition that consumer naiveté may

lead to consumer exploitation and justifies the introduction of consumer educating

policies.
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3.8 Appendix

Supplementary derivations for Section 3.4.1. We show first how we arrive at

the best-response functions of firm A on segments α and 1−α in the second period,

(3.2) and (3.3), respectively. We start with the derivation of the demand for firm

A’s product among its own and the rival’s former customers, which are given by

(3.4) and (3.5), respectively.

On segment α, demand for firm A is

Dα
A,2(p

α
A,2, pB,2) =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
0, if pαA,2 ≥ pB,2 + t

1
2
+

pB,2−pαA,2

2t
, if pB,2 + t(1− 2α) < pαA,2 < pB,2 + t

α, if pαA,2 ≤ pB,2 + t(1− 2α)

(3.4)

while demand for firm B is Dα
B,2(p

α
A,2, pB,2) = α−Dα

A,2(p
α
A,2, pB,2).

On segment 1− α, the demand for firm A’s product is

D1−α
A,2 (p

1−α
A,2 , pB,2) =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
0, if p1−α

A,2 ≥ pB,2 − t(2α− 1)

1
2
+

pB,2−p1−α
A,2

2t
− α, if pB,2 − t < p1−α

A,2 < pB,2 − t(2α− 1)

1− α, if p1−α
A,2 ≤ pB,2 − t

(3.5)

while demand for firm B is D1−α
B,2 (p

1−α
A,2 , pB,2) = 1− α−D1−α

A,2 (p
1−α
A,2 , pB,2).

Each demand function specifies three possible outcomes, where either one of the

firms gains all consumers on a given segment or both of them serve consumers. Using

these demand functions, we can directly derive the best-response functions (3.2) and

(3.3), yielding five possible market outcomes (depending on pB,2) as displayed in

Table 3.3. The respective demands in each case are determined by the indifferent

consumer given by firm A’s optimal prices in the respective market-sharing situation.

Case segment α segment 1− α DA,2 DB,2

(i) mon. by A shared
pB,2

4t
+ 1+2α

4
3−2α

4
− pB,2

4t

(ii) shared shared 1−α
2

+
pB,2

2t
1+α
2

− pB,2

2t

(iii) shared mon. by A 5−4α
4

+
pB,2

4t
4α−1

4
− pB,2

4t

(iv) shared mon. by B 1
4
+

pB,2

4t
3
4
− pB,2

4t

(v) mon. by A mon. by A 1 0

Table 3.3: Notation of market-sharing scenarios.
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We now turn to the proofs of Lemmata 3.1 to 3.6, Propositions 3.1 and 3.2, as

well as Corollary 3.1.

Proof of Lemma 3.1. From combining the best-reply functions given in equa-

tions (3.2) and (3.3) it follows that how the market will be shared among both firms

depends on α and pB,2 as follows:

1.) Consider first the case where α ≤ 2/3.

1. a) If pB,2 < t(2α − 1), segment α will be shared while segment 1− α will be

served only by firm B which corresponds to case (iv) in Table 3.3. In this case, firm

B would want to set a price of

p∗B,2 =
3t

2
(3.6)

which follows from maximizing ΠB,2 =
(
3/4− pB,2/4t

)
pB,2. As this price, however,

does not fulfill the condition that pB,2 < t(2α − 1), this case cannot emerge in

equilibrium.

1. b) If t(2α − 1) < pB,2 < t(4α − 1), both segments will be shared which

corresponds to case (ii) in Table 3.3. Maximizing its profit ΠB,2 =
(
(1 + α)/2 −

pB,2/2t
)
pB,2 leads firm B to set an optimal price of

p∗B,2 =
t(1 + α)

2
. (3.7)

This price fulfills the condition t(2α− 1) < pB,2 < t(4α− 1) only if 3/7 < α.

1. c) If t(4α− 1) < pB,2 < t(3− 2α), segment α will be served by firm A, while

segment 1 − α will be shared among both firms. This corresponds to case (i) in

Table 3.3 and in this case firm B would want to set a price of

p∗B,2 =
t(3− 2α)

2
. (3.8)

If α < 1/2, that price indeed fulfills the condition t(4α− 1) < pB,2 < t(3− 2α). Fol-

lowing the previous analysis, we can conclude that this price (and the corresponding

market-sharing situation) constitute an equilibrium for α < 3/7. For the range of

parameters where 3/7 < α < 1/2, we have to compare the profits under the optimal
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prices from 1. b) and 1. c)

ΠB,2

(
p∗B,2 =

t(1 + α)

2

)
=

t(1 + α)2

8
(3.9)

and

ΠB,2

(
p∗B,2 =

t(3− 2α)

2

)
=

t(3− 2α)2

16
, (3.10)

which yields that the price p∗B,2 = t(3− 2α)/2 (cf. case (i)) will apply if α ≤ 0.46

since
(3− 2α)2

16
≥ (1 + α)2

8
⇔ α ≤ 8− 5

√
2

2
≈ 0.46. (3.11)

If 0.46 < α ≤ 2/3, firm B will set an optimal price of p∗B,2 = t(1 + α)/2.

1. d) If t(3 − 2α) < pB,2, both segments will be served by firm A. As firm B

always has an incentive to lower its price, this is not an equilibrium.

2.) Consider now the case with α > 2/3.

2. a) If t(3 − 2α) < pB,2 < t(4α − 1), segment α will be shared while segment

1− α will be served only by firm A which corresponds to case (iii) in Table 3.3. In

this scenario, firm B would want to maximize ΠB,2 = ((4α− 1)/4− pB,2/4t)pB,2 by

setting

p∗B,2 =
t(4α− 1)

2
. (3.12)

This price fulfills the condition t(3− 2α) < pB,2 < t(4α − 1) only if 7/8 < α (while

for α < 7/8, the optimal price from 1. b) applies). For the range of parameters

where 7/8 < α < 1, we have to compare the profits under the optimal prices from

2. a) and 1. b)

ΠB,2

(
p∗B,2 =

t(1 + α)

2

)
=

t(1 + α)2

8
(3.13)

and

ΠB,2

(
p∗B,2 =

t(4α− 1)

2
, α >

7

8

)
=

t(1− 4α)2

16
(3.14)

which yields that the price p∗B,2 = t(4α− 1)/2 (cf. case (iii)) will apply if α > 0.93

since

α >
6 + 5

√
2

14
≈ 0.93. (3.15)

2. b) If t(4α − 1) < pB,2, both segments will be served by firm A. As firm B

always has an incentive to lower its price, this is no equilibrium.
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Bringing together the results for all intervals, we summarize that for α ∈ [0; 0.46],

case (i) will emerge, for α ∈ (0.46; 0.93] case (ii) and, finally, for α ∈ (0.93; 1] case

(iii) will emerge, which is stated in Lemma 3.1. Q.E.D.

Proof of Lemma 3.2. We will only analyze segment α and then, using sym-

metry, make conclusions for segment 1−α. The address of the indifferent consumer

is given by

x =
1

2
+

pB,2 − pA,2

2t
(3.16)

from which we derive firms’ best-response functions. Maximizing the profit of firm

A leads to

pA,2(pB,2) =

⎧⎨⎩
t+pB,2

2
, if pB,2 < t(4α− 1)

pB,2 − t(2α− 1), if pB,2 ≥ t(4α− 1).
(3.17)

The first part of the best-response function (3.17) results in the outcome, where

both firms serve consumers on segment α and, hence, can be referred to as the

market-sharing outcome. The second part of the best response (3.17) results in the

monopoly outcome on segment α, because firm A serves all consumers there. The

respective best-response function of firm B is given by

pB,2(pA,2) =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
0, if pA,2 ≤ t(1− 2α)

pA,2+t(2α−1)

2
, if t(1− 2α) < pA,2 < t(1 + 2α)

pA,2 − t, if pA,2 ≥ t(1 + 2α).

(3.18)

The first part of the best response (3.18) refers to the case where firm B does not

gain any of the past customers of firm A even at a zero price. The second part

refers to the market-sharing outcome and the last part gives rise to the outcome

where firm A serves none of its past customers. Combining both reaction functions

(equations (3.17) and (3.18)), we find that two types of equilibria might emerge:

Either both firms share the segment of firm A, or the segment is monopolized by

firm A. We obtain the following result, which under symmetry leads to Lemma 3.2:

If α < 0.25 firm A will serve all consumers on its segment. The respective prices are

pA,2 = t(1 − 2α) and pB,2 = 0. If α > 0.25, firms will share the market of segment

α. More precisely, firm A will serve all consumers with an address x < (1 + 2α)/6.

The respective prices are pA,2 = t(1 + 2α)/3 and pB,2 = t(4α− 1)/3. Q.E.D.
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Proof of Lemma 3.3. To obtain firms’ profits in the first period, we have to

distinguish between the three different cases how the market can be shared in the

second period depending on α as derived in Lemma 3.1.

1.) Assume that firms’ prices in the first period are such that α ≤ (8− 5
√
2)/2 ≈

0.46, to which we refer as the first interval. Then the discounted sum of firm B’s

profits is

ΠB,1+2 = (1− α)pB,1 +
δt(3− 2α)2

16
, (3.19)

where α = 1/2 + (pB,1 − pA,1)/2t is the address of the indifferent consumer. Firm

A’s discounted sum of profits is

ΠA,1+2 = αpA,1 +
5δt(5 + 4α− 12α2)

32
. (3.20)

Taking the derivatives w.r.t. the respective first-period prices and solving the FOCs

simultaneously gives the optimal first-period prices

p∗A,1 =
t(24 + 29δ − 10δ2)

24 + 13δ
(3.21)

and

p∗B,1 =
t(24 + 15δ − 10δ2)

24 + 13δ
, (3.22)

which are positive for all values of δ. The indifferent consumer indeed lies on the

first interval under those prices if

δ ≥ 24(7− 5
√
2)

5(13
√
2− 21)

≈ 0.13. (3.23)

Both prices lead to total profits of firm A and firm B depending on the discount

factor δ of

ΠB,1+2 =
t(576 + 1296δ + 645δ2 − 70δ3)

2(24 + 13δ)2
(3.24)

and

ΠA,1+2 =
t(576 + 1392δ + 931δ2 + 265δ3)

2(24 + 13δ)2
. (3.25)

We have to check whether there are any incentives for a deviation to a different

interval. Note that in order to stay on the first interval, it must hold that pA,1 >

pB,1 − t(7 − 5
√
2) and pA,1 > pB,1 + t(1/7 − (5

√
2)/7) (i.e. no deviation to a case

where α > 0.46).
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1. a) Consider the deviation of firm A on the second interval. The price of firm

A, which follows from the FOC is

pdA,1 =
2t(111δ2 − 25δ3 − 176δ − 384)

(24 + 13δ)(5δ − 32)
(3.26)

where the index d stands for deviation. This follows from maximizing the deviation

profit which firm A obtains if deviating to the second interval, ΠA,1+2 = αpdA,1 +

δt(9− 6α + 5α2)/16. Using the derived condition above, we find that firm A would

deviate to the second interval with this price only if δ ≤ 0.64 and otherwise use the

price of the corner solution given by

pdA,1 =
t(24 + 15δ − 10δ2)

24 + 13δ
− t(7− 5

√
2). (3.27)

However, both prices on the second interval lead to lower profits compared to

the profits that are obtained when staying on the first interval. Thus, a deviation

to the second interval is not profitable.

1. b) Consider a deviation of firm A on the third interval. The optimal price

(inner solution) that firm A would set when deviating to the third interval is

pdA,1 =
t(192 + 40δ − 67δ2 − 60δ3)

192 + 248δ + 78δ2
. (3.28)

This deviation price follows from maximizing the deviation profit ΠA,1+2 = δt(47−
120α + 48α2)/32 + αpdA,1.

However, it does not satisfy the condition that α indeed lies in the third interval

(pA,1 < pB,1+ t(1/7− (5
√
2)/7)). Therefore, firm A would set the price of the corner

solution if deviating to the third interval, which is

pdA,1 =
t(24 + 15δ − 10δ2)

24 + 13δ
+ t

(
1

7
− 5

√
2

7

)
. (3.29)

This price does not lead to higher profits than under pA,1 = p∗A,1. We conclude that

firm A doesn’t have an incentive to deviate from p∗A,1 for any δ ≥ 0.13.

1. c) Consider the deviation of firm B on the second interval. The FOC price is

pdB,1 =
2t(192 + 192δ − 35δ2 + 5δ3)

384 + 184δ − 13δ2
. (3.30)
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This deviation price follows from maximizing the deviation profit ΠB,1+2 = (1 −
α)pB,1 + δt(1 + α)2/8. Under this price it holds that 0.46 < α(p∗A,1, p

d
B,1) ≤ 0.93.

The SOC is also fulfilled, such that it is an optimal deviation price of firm B on this

interval. This price yields a deviation profit of

Πd
B,1+2 =

4t(1152 + 2592δ + 834δ2 − 235δ3 + 115δ4)

(16− δ)(24 + 13δ)2
, (3.31)

which is larger than the profit which firm B gets at pB,1 = p∗B,1 if

δ <
3(
√
12329− 83)

340
≈ 0.25. (3.32)

However, firm B doesn’t have an incentive to deviate on the second interval if δ ≥
0.25.

1. d) Consider the deviation of firm B on the third interval. The FOC price is

pdB,1 =
t(24δ + 45δ2 − 20δ3 − 96t− 84δt+ 20δ2t)

2(24 + 13δ)(δ − 2t)
, (3.33)

which follows from maximizing the deviation profit ΠB,1+2 = (1− α)pB,1 + δt(1− 4

α)2/16. That price, however, does not satisfy the condition pB,1 > pA,1 − t(1/7 −
(5
√
2)/7), so that the optimal deviation price of firm B on the third interval is

pdB,1 =
t(24(6 + 5

√
2) + 5δ(38 + 13

√
2)− 70δ2)

168 + 91δ
. (3.34)

As the resulting deviation profit is lower than the profit at pB,1 = p∗B,1, firm B

doesn’t have an incentive to deviate to the third interval.

Combining the results on the deviations of firm B on the two intervals, we con-

clude that it doesn’t have an incentive to deviate if δ ≥ 0.25. Summarizing our

results on the deviations of firms A and B, we conclude that the prices p∗A,1 and

p∗B,1 stated in (3.21) and (3.22), respectively, constitute the equilibrium in the first

period if δ ≥ 0.25.
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2.) Assume that firms’ prices in the first period are such that 0.46 ≈ (8− 5
√
2)/2 <

α ≤ (6 + 5
√
2)/14 ≈ 0.93, to which we refer as the second interval. Then the

discounted sum of firm B’s profits is

ΠB,1+2 = (1− α)pB,1 +
δt(1 + α)2

8
, (3.35)

while for firm A it is

ΠA,1+2 = αpA,1 +
δt(9− 6α + 5α2)

16
. (3.36)

Taking the derivatives w.r.t. the respective first-period prices and solving them

simultaneously gives the optimal first-period prices

p∗A,1 =
t(2δ2 − δ − 48)

7δ − 48
(3.37)

and

p∗B,1 =
2t(δ2 − 3δ − 24)

7δ − 48
, (3.38)

which are positive for all values of δ. Plugging the derived prices into the address

of the indifferent first-period consumer α, we get

α =
δ − 24

7δ − 48
(3.39)

which is increasing in δ and always strictly within the interval ∀ δ ∈ [0, 1].

The prices lead to total profits for firm A and firm B depending on the discount

factor δ of

ΠB,1+2 =
4t(288 + 126δ − 57δ2 + 5δ3)

(48− 7δ)
(3.40)

and

ΠA,1+2 =
t(4608 + 4080δ − 1444δ2 + 109δ3)

4(48− 7δ)2
. (3.41)

Note that firm A’s profit is larger ∀ δ ∈ [0, 1].

2. a) Consider the deviation of firm A to the first interval. In that case it must

hold that pA,1 > pB,1 − t(7− 5
√
2). The optimal price in case of a deviation (inner

solution) would be

pdA,1 =
2t(−384− 596δ − 2δ2 + 15δ3)

105d2 − 608δ − 768
(3.42)
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which holds whenever δ > 0.17. This deviation price follows from maximizing

the profit which firm A would obtain if deviating to the first interval ΠA,1+2 =

αpA,1 + δt(4α + 5− 12α2)/32. This price leads to a deviation profit of Πd
A,1+2 =

t(36864 + 79872δ + 35668δ2 − 16004δ3 + 1311δ4)/(2(48− 7δ)2(16 + 15δ)) which is

always higher than ΠA,1+2 (3.41). Thus, firm A will deviate (with the inner solution)

if δ > 0.17. For δ ≤ 0.17, firm A would deviate with the corner solution given by

pdA,1 = t(5
√
2− 7 +

48 + 6δ − 2δ2

48− 7δ
). (3.43)

The profit Πd
A,1+2 = t[−10752(5

√
2− 7)− 80(−805+579

√
2)δ+(−10979+7890

√
2)

δ2]/(32(7δ − 48)), that firm A obtains from deviating with this price, is larger than

ΠA,1+2 (3.41) if δ > 0.01.

2. b) Consider the deviation of firm A to the third interval. We find that it

would deviate with a corner solution price of

pdA,1 =
1

7

(
t− 5

√
2t+

14t(δ2 − 24− 3δ)

7δ − 48

)
(3.44)

that leads to a deviation profit of

Πd
A,1+2 =

t(1536(1− 5
√
2)− 80(−377 + 905

√
2)δ + 49(−89 + 220

√
2)δ2)

1568(7δ − 48)
. (3.45)

This profit is higher than ΠA,1+2 (3.41) if δ > 0.98, such that firm A in this case will

deviate to the third interval with the price pdA,1 (3.44).

2. c) Consider a deviation of firm B to the first interval. The FOC price in this

case is

pdB,1 =
t(384− 168δ + 5δ2 + 2δ3)

384− 104δ + 7δ2
(3.46)

if δ > 0.21.

This deviation price follows from maximizing the profit which firm B would obtain

when deviating to the first interval ΠB,1+2 = (1− α)pB,1 + δt(3− 2α)2/16.

If δ ≤ 0.21, firm B would deviate with the price of the corner solution of

pdB,1 = 7t− 5t
√
2 +

t(2δ2 − δ − 48)

7δ − 48
. (3.47)
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Comparing the respective profits with ΠB,1+2 (3.40), we find that for δ > 0.6

firm B would deviate with the inner solution to the first interval. Since equilibrium

profits are always more profitable than deviating with the corner solution, firm B

will only deviate with the inner solution as stated above. Moreover, firm B would

not want to deviate to the third interval, because the deviation profit resulting from

the price of the corner solution is always lower than ΠB,1+2 (3.40).

To sum up the results, we find that only for δ ≤ 0.01, there is indeed an equi-

librium on the second interval with prices and profits as stated in equations (3.37),

(3.38), (3.40), and (3.41).

3.) Assume that firms’ first-period prices are such that 0.93 ≈ (6 + 5
√
2)/14 <

α ≤ 1, to which we refer as the third interval. Then the discounted sum of firm B’s

profits is

ΠB,1+2 = (1− α)pB,1 +
δt(1− 4α)2

16
, (3.48)

while for firm A it is

ΠA,1+2 = αpA,1 +
δt(47− 120α + 48α2)

32
. (3.49)

Taking the derivatives w.r.t. the respective first-period prices and solving them

simultaneously gives the optimal first-period prices as

p∗A,1 =
t(6− 7δ + 6δ2)

6 + δ
(3.50)

and

p∗B,1 =
3t(4− δ + 4δ2)

2(6 + δ)
, (3.51)

which are positive for all values of δ. Plugging in the derived prices into the address

of the indifferent first-period consumer α, we get

α =
12 + 13δ

24 + 4δ
(3.52)

which is increasing in δ. This value, however, never lies in the interval (0.93, 1], such

that there is no equilibrium on the third interval. Q.E.D.
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Proof of Lemma 3.4. Following Lemma 3.2, we have to distinguish between

three different cases concerning the size of firm A’s segment. We analyze each case

separately.

1.) If firms’ first-period prices are such that α < 0.25, the discounted sum of profits

takes the form

ΠA,1+2(pA,1, pB,1) = pA,1α + δt

[
α(1− 2α) +

(3− 4α)2

18

]
(3.53)

and

ΠB,1+2(pA,1, pB,1) = pB,1(1− α) +
δt(3− 2α)2

18
. (3.54)

Maximizing firms’ profits, we obtain first period prices

pA,1 =
t(81 + 90δ − 22δ2)

81 + 24δ
(3.55)

and

pB,1 =
t(81 + 39δ − 22δ2)

81 + 24δ
(3.56)

which lead to α(pA,1, pB,1) = 9(3− δ)/(2(27 + 8δ)). For any δ it holds that α ≥ 0.25,

such that no equilibrium can exist in this range of α.

2.) If 0.25 < α < 0.75, the discounted sum of profits is

ΠA,1+2(pA,1, pB,1) = pA,1α + δt

[
(1 + 2α)2

18
+

(3− 4α)2

18

]
(3.57)

and

ΠB,1+2(pA,1, pB,1) = pB,1(1− α) + δt

[
(4α− 1)2

18
+

(3− 2α)2

18

]
. (3.58)

Maximization of profits leads to pA,1 = pB,1 = t and α = 0.5, such that the dis-

counted sum of profits simplifies to ΠA,1+2 = ΠB,1+2 = t(9 + 5δ)/18. This consti-

tutes an equilibrium since when the rival’s price is fixed, there is no incentive to

deviate for a firm such that α would lie outside the interval [0.25, 0.75] irrespective

of δ, because the function Πi,1+2(pi,1, pj,1) is always concave.

3.) It follows from symmetry that no equilibrium exists if α > 0.75, either. Q.E.D.
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Proof of Proposition 3.1. We start to prove the first part of the Proposition,

namely, with firms’ unilateral incentives to invest in screening technology.

1.) Consider the case where δ ≥ 0.25. If firm B does not invest, firm A’s profit

if investing is

ΠAS
A,1+2,(δ) =

t(576 + 1392δ + 931δ2 + 265δ3)

2(24 + 13δ)2
, (3.59)

while it is

ΠNN
A,1+2(δ) =

t(1 + δ)

2
(3.60)

if neither firm invests. For any δ, the discounted sum of profits ΠAS
A,1+2,(δ) (3.59) is

larger than ΠNN
A,1+2(δ) (3.60), such that firm A always invests. If firm A invests and

firm B does not invest, firm B will obtain a discounted sum of profits of

ΠAS
B,1+2(δ) =

t(576 + 1296δ + 645δ2 − 70δ3)

2(24 + 13δ)2
. (3.61)

If firm B invests and firm A also obtains screening technology, firm A’s profits will

be

ΠII
A,1+2(δ) =

t(9 + 5δ)

18
(3.62)

while firm A’s profits when it refuses to invest equal the profits ΠAS
B,1+2(δ) (3.61).

Since profits ΠAS
B,1+2(δ) (3.61) are larger than profits ΠII

A,1+2(δ) (3.62) for any δ,

it follows that when firm B invests, firm A will not want to do so. Taking the anal-

ysis together and given symmetry, we can conclude that there are two asymmetric

equilibria in pure strategies, namely those where respectively only one of the firms

invests into screening technology.

2.) Consider the case where δ ≤ 0.01. The analysis is similar, with the same

asymmetric equilibria emerging. The respective profits in the asymmetric subgames

are

ΠAS
A,1+2(δ) =

t(4608 + 4080δ − 1444δ2 + 109δ3)

4(48− 7δ)2
(3.63)

and

ΠAS
B,1+2(δ) =

4t(288 + 126δ − 57δ2 + 5δ3)

(48− 7δ)2
. (3.64)

We now proof the analysis about industry profits, social welfare, and consumer

surplus.
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1.) We first summarize industry profits over two periods. When neither of the firms

invests, total industry-profits are

ΠNN
A,1+2(δ) + ΠNN

B,1+2(δ) =
t(1 + δ)

2
+

t(1 + δ)

2
= t(1 + δ). (3.65)

If both firms invest into screening technology, total industry-profits are

ΠII
A,1+2(δ) + ΠII

B,1+2(δ) =
t(9 + 5δ)

18
+

t(9 + 5δ)

18
=

t(9 + 5δ)

9
. (3.66)

If δ ≤ 0.01, in equilibrium, total industry-profits are

ΠAS
A,1+2(δ) + ΠAS

B,1+2(δ) =

t(4608 + 4080δ − 1444δ2 + 109δ3)

4(48− 7δ)2
+

4t(288 + 126δ − 57δ2 + 5δ3)

(48− 7δ)2

=
t(9216 + 6096δ − 2356δ2 + 189δ3)

4(48− 7δ)2
. (3.67)

If δ ≥ 0.25, in equilibrium, total industry-profits are

ΠAS
A,1+2(δ) + ΠAS

B,1+2(δ) =

t(576 + 1392δ + 931δ2 + 265δ3)

2(24 + 13δ)2
+

(576 + 1296δ + 645δ2 − 70δ3)

2(24 + 13δ)2

=
t(1152 + 2688δ + 1576δ2 + 195δ3)

2(24 + 13δ)2
. (3.68)

2.) We now turn to the analysis of social welfare. When none of the firms holds

screening technology, social welfare over two periods is

SWNN
1+2 (δ) = (1 + δ)

(
v − 2t

1
2∫

0

x dx
)
= (1 + δ)

(
v − t

4

)
. (3.69)

If both firms hold screening technology, social welfare is

SW II
1+2(δ) =
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v(1+δ)−t
( 1

2∫
0

x dx+

1∫
1
2

(1−x) dx
)
−δt

( 1
3∫

0

x dx+

1
2∫

1
3

(1−x) dx+

2
3∫

1
2

x dx+

1∫
2
3

(1−x) dx
)

= v(1 + δ)− t(9 + 11δ)

36
. (3.70)

In the asymmetric equilibrium, if δ ≤ 0.01, social welfare is

SWAS
1+2(δ) = v(1 + δ)− t

( δ−24
7δ−48∫
0

x dx+

1∫
δ−24
7δ−48

(1− x) dx
)

−δt
( 84−11δ

192−28δ∫
0

x dx+

δ−24
7δ−48∫

84−11δ
192−28δ

(1− x) dx+

132−13δ
192−28δ∫
δ−24
7δ−48

x dx+

1∫
132−13δ
192−28δ

(1− x) dx
)

= v(1 + δ)− t(4608 + 3984δ − 1196δ2 + 53δ3)

8(48− 7δ)2
. (3.71)

while social welfare if δ ≥ 0.25 is

SWAS
1+2(δ) = v(1+δ)−t

( 24−δ
48+26δ∫
0

x dx+

1∫
24−δ

48+26δ

(1−x) dx
)
−δt

( 18+8δ
24+13δ∫
0

x dx+

1∫
18+8δ
24+13δ

(1−x) dx
)

= v(1 + δ)− t(576 + 1344δ + 1061δ2 + 178δ3)

4(24 + 13δ)2
. (3.72)

3.) We now turn to the analysis of consumer surplus. Consumer surplus when

none of the firms invests into screening technology is

SWNN
1+2 (δ)− (ΠNN

A,1+2(δ) + ΠNN
B,1+2(δ)) = (1 + δ)

4v − 5t

4
. (3.73)
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Consumer surplus when both firms invest into screening technology is

SW II
1+2(δ)− (ΠII

A,1+2(δ) + ΠII
B,1+2(δ)) = v(1 + δ)− t(45 + 31δ)

36
. (3.74)

In the asymmetric equilibrium, if δ ≤ 0.01, consumer surplus is

SWAS
1+2(δ)−(ΠAS

A,1+2(δ)+ΠAS
B,1+2(δ)) = v(1+δ)− t(23040 + 16176δ − 5908δ2 + 431δ3)

8(48− 7δ)2
,

(3.75)

while consumer surplus if δ ≥ 0.25 is

SWAS
1+2(δ)− (ΠAS

A,1+2(δ)+ΠAS
B,1+2(δ)) = v(1+ δ)− t(2880 + 6720δ + 4213δ2 + 568δ3)

4(24 + 13δ)2
.

(3.76)

Comparing total industry-profits, social welfare, and consumer surplus leads to the

order displayed in Table 3.1 of Proposition 3.1. Q.E.D.

Proof of Lemma 3.5. To calculate firms’ profits in the first period we have to

distinguish between the different cases depending on α as derived in Lemma 3.1.

1.) Assume that firms’ prices in the first period are such that 0 < α ≤ (8− 5
√
2)/2 ≈

0.46. The discounted sum of firm B’s profits is then

ΠB,1+2 = (1− α)pB,1 +
δt(3− 2α)2

16
, (3.77)

where α = (4pA,1 − 4pB,1 − 4t+ 5δt)/(2t(3δ − 4)) is the address of the indifferent

consumer. The discounted sum of firm A’s total profits is

ΠA,1+2 = αpA,1 +
5δt(5 + 4α− 12α2)

32
. (3.78)

Taking the derivatives w.r.t. the respective first-period prices and solving the FOCs

simultaneously gives the optimal first-period prices as

p∗A,1 =
t(−96 + 44δ + 91δ2)

−96 + 20δ
(3.79)

and

p∗B,1 =
t(−96 + 68δ + 47δ2)

−96 + 20δ
, (3.80)

which are both positive for δ ≤ 0.81.
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The indifferent consumer indeed lies in the first interval under the derived first-

period prices if δ > 0.09. Both prices lead to the following total profits of firm A

and firm B respectively depending on the discount factor δ

ΠA,1+2 =
t(2304− 384δ − 212δ2 + 553δ3)

8(24− 5δ)2
(3.81)

and

ΠB,1+2 =
t(2304 + 768δ − 1628δ2 − 579δ3)

8(24− 5δ)2
. (3.82)

In a next step we have to check firms’ incentives to deviate.

1. a) Consider the deviation of firm A to the second interval. The optimal price

(inner solution) in this case is

pdA,1 =
t(3072− 4096δ + 912δ2 + 397δ3)

4(5δ − 24)(17δ − 32)
. (3.83)

This deviation price follows from maximizing the profit ΠA,1+2 = αpdA,1+δt(9−6α+

5α2)/16. Controlling that firm A indeed deviates to the second interval, we find

that this price holds only for δ ≤ 0.19. Otherwise, firm A will deviate by using the

corner solution.

Both prices, however, lead to lower profits compared to those firm A gets at

pA,1 = p∗A,1. Thus, a deviation to the second interval is not profitable for firm A.

1. b) Consider the deviation of firm A to the third interval. The optimal price

(inner solution) that firm A then would set is

pdA,1 =
t(−384 + 1088δ − 576δ2 + 157δ3)

4(δ − 4)(5δ − 24)
. (3.84)

This deviation price follows from maximizing the profit ΠA,1+2 = αpdA,1+δt(47−120α

+48α2)/32. This price, however, does not satisfy the condition that α lies indeed in

the third interval. Therefore, firm A would set the price of the corner solution, but

this does not lead to higher profits than staying on the first interval. As a result,

firm A will not deviate from the first interval.

1. c) Consider the deviation of firm B to the second interval. The FOC price is

then

pdB,1 =
t(768− 448δ − 348δ2 + 197δ3)

2(5δ − 24)(7δ − 16)
. (3.85)

This deviation price follows from maximizing the deviation profit ΠB,1+2 = (1 −
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α)pB,1 + δt(1 + α)2/8. With this price, the indifferent consumer indeed lies on the

second interval if δ < 0.95. Otherwise, the corner solution applies. The deviation

profit with the corner solution, however, never leads to higher profits than with

pB,1 = p∗B,1. A deviation with the inner solution is only profitable for 0.83 < δ < 0.95,

for which there is no equilibrium in pure strategies.

1. d) Consider the deviation of firm B to the third interval. The FOC price is

then

pdB,1 =
t(192− 304δ − 137δ2 + 212δ3)

4(3δ − 2)(5δ − 24)
. (3.86)

This deviation price follows from maximizing the profit ΠB,1+2 = (1 − α)pB,1 +

δt(1− 4α)2/16. This price only lies on the third interval for a small range of discount

factors, namely if δ ∈ [0.76; 0.77]. For other discount factors firm B will use the

corner solution. Both deviation prices, however, lead to lower profits than under

pB,1 = p∗B,1.

To sum up, we find that the prices p∗A,1 (3.79) and p∗B,1 (3.80) and the respective

profits ΠA,1+2 (3.81) and ΠB,1+2 (3.82) constitute an equilibrium on the first interval

if 0.09 < δ ≤ 0.81.

2.) Assume that firms’ first-period prices are such that 0.46 ≈ (8− 5
√
2)/2 <

α ≤ (6 + 5
√
2)/14 ≈ 0.93. The discounted sum of firm B’s total profits is then

ΠB,1+2 = (1− α)pB,1 +
δt(1 + α)2

8
, (3.87)

where α = (4pA,1 − 4pB,1 − 4t+ 3δt)/(t(3δ − 8)) is the address of the indifferent

consumer. For firm A the sum of discounted total profits is

ΠA,1+2 = αpA,1 +
δt(9− 6α + 5α2)

16
. (3.88)

Taking the derivatives w.r.t. the respective first-period prices and solving the FOCs

simultaneously gives the optimal first-period prices as

p∗A,1 =
t(−96 + 82δ − 17δ2)

−96 + 50δ
(3.89)

and

p∗B,1 =
t(−96 + 48δ + δ2)

−96 + 50δ
, (3.90)
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which are both positive for any δ ∈ [0, 1]. The indifferent consumer indeed lies in

the second interval for any δ ∈ [0, 1]. Both prices lead to the following total profits

of firm A and firm B respectively depending on the discount factor δ

ΠA,1+2 =
t(1152− 564δ − 349δ2 + 172δ3)

(48− 25δ)2
(3.91)

and

ΠB,1+2 =
t(2304− 1008δ − 816δ2 + 373δ3)

2(48− 25δ)2
. (3.92)

2. a) Consider a deviation of firm B to the first interval. If 0.09 ≤ δ < 0.63, firm

B will find it optimal to set a price (inner solution) of

pdB,1 =
t(−1536 + 2976δ − 1728δ2 + 311δ3)

4(8− 7δ)(25δ − 48)
(3.93)

and if 0.03 < δ < 0.09 and 0.63 ≤ δ ≤ 1, firm B will find it profitable to deviate

with the corner solution given by

pdB,1 =
t(192(5

√
2− 8)− 4δ(305

√
2− 444) + δ2(375

√
2− 509))

4(25δ − 48)
.

2. b) Consider a deviation of firm A to the first interval. If δ > 0.15, it will

deviate with a price (inner solution) of

pdA,1 =
t(768− 248δ − 430δ2 + 183δ3)

(16 + 3δ)(48− 25δ)

and if 0.02 ≤ δ ≤ 0.15, firm A will deviate with a price (corner solution) of

pdA,1 =
t(192(5

√
2− 6)− 4δ(305

√
2− 379) + δ2(375

√
2− 477))

4(48− 25δ)
.

To sum up, we find that the prices p∗A,1 (3.89) and p∗B,1 (3.90) and the respective

profits ΠA,1+2 (3.91) and ΠB,1+2 (3.92) constitute an equilibrium on the second

interval if δ < 0.02.

Moreover, we find that neither of the firms wants to deviate to the third interval.

3.) Assume that firms’ first-period prices are such that 0.93 ≈ (6 + 5
√
2)/14 < α ≤

1. In this case, there is no equilibrium because firm A would always want to deviate

to the first interval. Q.E.D.
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Proof of Lemma 3.6. To calculate firms’ profits in the first period we have to

distinguish between the different cases, following Lemma 3.2. If α ∈ [0.25, 0.75],

firms’ total profits are, respectively

ΠA,1+2 = αpA,1 + δ
(t(1 + 2α)2

18
+

t(3− 4α)2

18

)
(3.94)

and

ΠB,1+2 = (1− α)pB,1 + δ
(t(4α− 1)2

18
+

t(3− 2α)2

18

)
(3.95)

where

α =
3t+ δt− 3pA,1 + 3pB,1

2t(3 + δ)
(3.96)

is the address of the consumer who is indifferent between buying from firm A or

from firm B in the first period. Maximizing firms’ profits w.r.t. their respective

price yields an equilibrium price of

pA,1 = pB,1 =
t(3 + δ)

3
. (3.97)

The indifferent consumer α (3.96) with these price lies at x = 1/2. This leads to

discounted profits over two periods for each firm of

ΠA,1+2 = ΠB,1+2 =
t(9 + 8δ)

18
. (3.98)

Both firms do not have an incentive to deviate, such that the prices pA,1 and pB,1

(3.97) constitute an equilibrium. If α /∈ [0.25, 0.75], there is no further equilibrium.

Q.E.D.

Proof of Proposition 3.2. We first show that two symmetric equilibria exist.

In the first equilibrium, both firms do not to invest, while in the second one both

firms obtain the screening technology.

1.) Consider first the case of a very low discount factor, δ < 0.02 (cf. case i)

of Lemma 3.5). If firm B does not invest, firm A’s profit in case of investment is

ΠAS
A,1+2,(δ) =

t(1152− 564δ − 349δ2 + 172δ3)

(48− 25δ)2
, (3.99)
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while it is

ΠNN
A,1+2(δ) =

t(1 + δ)

2
(3.100)

if neither firm invests. For any δ, the discounted sum of profits ΠAS
A,1+2,(δ) (3.99) is

smaller than ΠNN
A,1+2(δ) (3.100), such that firm A always decides not to invest. If

firm B invests and firm A does so too, its profits will be

ΠII
A,1+2(δ) =

t(9 + 8δ)

18
(3.101)

while profits when it refuses to invest will equal firm B’s profits in the case that only

firm A invests

ΠAS
B,1+2(δ) =

t(2304− 1008δ − 816δ2 + 373δ3)

2(48− 25δ)2
. (3.102)

Since ΠAS
B,1+2(δ) (3.102) is smaller than the profits ΠII

A,1+2(δ) (3.101) for any δ, it

follows that if firm B invests, firm A does so too. Taking the analysis together and

given symmetry, we can conclude that there are two symmetric equilibria in pure

strategies, namely those where both firms either decide to invest or not to invest

into screening technology.

2.) Consider the case of δ ∈ (0.09, 0.81]. Due to symmetry the analysis is sim-

ilar with the same symmetric equilibria emerging. The respective profits in the

asymmetric subgames are

ΠAS
A,1+2(δ) =

t(2304− 384δ − 212δ2 + 553δ3)

8(24− 5δ)2
(3.103)

and

ΠAS
B,1+2(δ) =

t(2304 + 768δ − 1628δ2 − 579δ3)

8(24− 5δ)2
. (3.104)

We now proof the analysis about industry profits, social welfare, and consumer

surplus.

1.) We first summarize industry profits over the two periods. When neither of the

firms invests, total industry-profits are

ΠNN
A,1+2(δ) + ΠNN

B,1+2(δ) =
t(1 + δ)

2
+

t(1 + δ)

2
= t(1 + δ). (3.105)
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If both firms invest into screening technology, total industry-profits are

ΠII
A,1+2(δ) + ΠII

B,1+2(δ) =
t(9 + 8δ)

18
+

t(9 + 8δ)

18
=

t(9 + 8δ)

9
. (3.106)

If δ < 0.02, total industry-profits in the asymmetric subgame are

ΠAS
A,1+2(δ) + ΠAS

B,1+2(δ) =

t(1152− 564δ − 349δ2 + 172δ3)

(48− 25δ)2
+

t(2304− 1008δ − 816δ2 + 373δ3)

2(48− 25δ)2

=
t(4608− 2136δ − 1514δ2 + 717δ3)

2(48− 25δ)2
. (3.107)

If δ ≥ 0.25, total industry-profits in the asymmetric subgame are

ΠAS
A,1+2(δ) + ΠAS

B,1+2(δ) =

t(2304− 384δ − 212δ2 + 553δ3)

8(24− 5δ)2
+

t(2304 + 768δ − 1628δ2 − 579δ3)

8(24− 5δ)2

=
t(2304 + 192δ − 920δ2 − 13δ3)

4(24− 5δ)2
. (3.108)

2.) We now turn to the analysis of social welfare. If none of the firms holds screening

technology, social welfare over two periods is (cf. Proof of Proposition 3.1)

SWNN
1+2 (δ) = (1 + δ)

(
v − 2t

1
2∫

0

x dx
)
= (1 + δ)(v − t

4
). (3.109)

If both firms hold screening technology, social welfare is

SW II
1+2(δ) =

v(1+δ)−t
( 1

2∫
0

x dx+

1∫
1
2

(1−x) dx
)
−δt

( 1
3∫

0

x dx+

1
2∫

1
3

(1−x) dx+

2
3∫

1
2

x dx+

1∫
2
3

(1−x) dx
)

= v(1 + δ)− t(9 + 11δ)

36
. (3.110)
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In the asymmetric subgame, if δ < 0.02, social welfare is

SWAS
1+2(δ) = v(1 + δ)− t

( 24−13δ
48−25δ∫
0

x dx+

1∫
24−13δ
48−25δ

(1− x) dx
)

−δt
( 21−11δ

48−25δ∫
0

x dx+

24−13δ
48−25δ∫

21−11δ
48−25δ

(1− x) dx+

66−35δ
96−50δ∫

24−13δ
48−25δ

x dx+

1∫
66−35δ
96−50δ

(1− x) dx
)

= v(1 + δ)− t(2304 + 264δ − 2170δ2 + 733δ3)

4(48− 25δ)2
. (3.111)

In the asymmetric subgame, if δ ∈ (0.09, 0.81], social welfare is

SWAS
1+2(δ) = v(1+ δ)− t

( 24−23δ
48−10δ∫
0

x dx+

1∫
24−23δ
48−10δ

(1−x) dx
)
− δt

( 6δ−18
5δ−24∫
0

x dx+

1∫
6δ−18
5δ−24

(1−x) dx
)

= v(1 + δ)− t(576 + 480δ − 59δ2 + 74δ3)

4(24− 5δ)2
. (3.112)

3.) We now turn to the analysis of consumer surplus. If none of the firms invests

into screening technology consumer surplus is (cf. Proof of Proposition 3.1)

SWNN
1+2 (δ)− (ΠNN

A,1+2(δ) + ΠNN
B,1+2(δ)) = (1 + δ)

4v − 5t

4
. (3.113)

Consumer surplus when both firms invest into screening technology is

SW II
1+2(δ)− (ΠII

A,1+2(δ) + ΠII
B,1+2(δ)) = v(1 + δ)− t(45 + 43δ)

36
. (3.114)

In the asymmetric subgame, if δ < 0.02, consumer surplus is

SWAS
1+2(δ)− (ΠAS

A,1+2(δ) + ΠAS
B,1+2(δ)) = v(1 + δ)− t(11520 + 4008δ + 5198δ2 − 2167δ3)

4(48− 25δ)2
.

(3.115)

In the asymmetric subgame, if δ ∈ (0.09, 0.81], consumer surplus is

SWAS
1+2(δ)−(ΠAS

A,1+2(δ)+ΠAS
B,1+2(δ)) = v(1+δ)− t(2880 + 672δ − 979δ2 + 61δ3)

4(24− 5δ)2
. (3.116)
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Comparing total industry-profits, social welfare, and consumer surplus leads to

the order displayed in Table 3.2. Q.E.D.

Proof of Corollary 3.1. We start with the comparison between myopic and

sophisticated consumers when the discount factor is low.

1.) If δ ≤ 0.01, in equilibrium one firm will invest if consumers are my-

opic and either both firms invest or both firms refuse to invest when consumers

are sophisticated. Concerning profits, a comparison of the asymmetric equilib-

rium ΠAS
A,1+2(δ) + ΠAS

B,1+2(δ)(3.67) and the non-investing equilibrium ΠNN
A,1+2(δ) +

ΠNN
B,1+2(δ) (3.105) shows that the latter yields higher industry profits. The asym-

metric equilibrium, however, leads to higher total industry profits than the equilib-

rium when consumers are sophisticated and both firms invest ΠII
A,1+2(δ) +ΠII

B,1+2(δ)

(3.106). Concerning social welfare, a comparison between the asymmetric equilib-

rium when consumers are myopic SWAS
1+2(δ) (3.71), the non-investing-equilibrium

SWNN
1+2 (δ) (3.109), and the investing-equilibrium SW II

1+2(δ) (3.110) when they are

sophisticated, shows that social welfare in the asymmetric equilibrium is lower

than when both firms refuse to invest but higher than in the case where both

firms obtain screening technology. Consumer surplus in the asymmetric equilib-

rium SWAS
1+2(δ)− (ΠAS

A,1+2(δ) + ΠAS
B,1+2(δ)) (3.75) is higher than in the non-investing

equilibrium SWNN
1+2 (δ)− (ΠNN

A,1+2(δ)+ΠNN
B,1+2(δ)) (3.113), but lower than in the equi-

librium when both firms invest SW II
1+2(δ)− (ΠII

A,1+2(δ) + ΠII
B,1+2(δ)) (3.114).

2.) If 0.25 ≤ δ ≤ 0.81, such that there is an equilibrium in pure strategies

irrespective of whether consumers are myopic or sophisticated, total industry profits

when consumers are myopic ΠAS
A,1+2(δ)+ΠAS

B,1+2(δ) (3.68) are higher compared to the

equilibrium when they are sophisticated and no firm invests ΠNN
A,1+2(δ) + ΠNN

B,1+2(δ)

(3.105) and both firms invest ΠII
A,1+2(δ) + ΠII

B,1+2(δ) (3.106). In contrast, social

welfare in the asymmetric equilibrium when consumers are myopic SWAS
1+2(δ) (3.72)

is lower, irrespective of whether both firms invest SW II
1+2(δ) (3.110) or do not invest

SWNN
1+2 (δ) (3.109) when consumers are sophisticated. Finally, consumer surplus in

the asymmetric equilibrium SWAS
1+2(δ)− (ΠAS

A,1+2(δ) +ΠAS
B,1+2(δ)) (3.76) is also lower

than in both symmetric equilibria SWNN
1+2 (δ)− (ΠNN

A,1+2(δ) + ΠNN
B,1+2(δ)) (3.113) and

SW II
1+2(δ)− (ΠII

A,1+2(δ) + ΠII
B,1+2(δ)) (3.114). Q.E.D.
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