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Zusammenfassung

Das wesentliche Ziel des Wendelstein 7-X Stellaratorexperiments ist die Demonstration von Dauer-

strichbetrieb mit Hochleistungsplasmen vergleichbar mit denen eines ähnlich groÿen Tokamaks.

Zur Unterstützung der Szenarioentwicklung im Zuge der bevorstehenden Langpuls-Kampagne

wurden drei seiner magnetischen Kon�gurationen (Die �Standard�-, �High-Iota�- und �Low-Iota�-

Kon�guration) auf ihre Emp�ndlichkeit gegenüber Plasma-Beta-E�ekten auf ihren Randmagnet-

feldtopologie untersucht. Diese Untersuchung studierte, mittels Anwendung des HINT-Codes, die

Emp�ndlichkeit der Randfelder gegenüber Änderungen des zentralen und des volumengemittel-

ten Plasmabetas (bis hin zu Werten von 5% respektive 2.5%). Anschlieÿend wurden, basierend

auf den Gleichgewichtsrechnungen, die zu erwartenden E�ekte auf die Divertor-Wärmelasten mit

einem Feldlinien-Di�usions-Code simuliert.

Laut den Simulation ist die magnetische Standardkon�guration, in Bezug auf den Hoch-Beta-

Betrieb, die vielversprechendste der drei untersuchten Kandidatinnen. Selbst in den berechneten

Szenarien mit höchstem Beta bleibt in dieser Kon�guration die Magnetfeldtopologie des Insel-

divertors erhalten. In der �High-Iota�-Kon�guration dagegen geht diese Struktur aufgrund von

Randschichtstochastisierung verloren. Dieses Phänomen wird von punktuellen Wärmelastspitzen

auf plasmaexponierten Teilen auÿerhalb des Divertors begleitet. In der �Low-Iota�-Kon�guration

dagegen werden die 5/6-Divertorinseln mit zunehmendem volumengemittelten Beta verkleinert,

was einen Übergang in eine limiterartige Kon�guration nach sich zieht. Dieser Übergang wird

von beträchtlichen Wärmelasten auÿerhalb der Divertorprallplatte, sowie von einem Wechsel der

Wärmelastform auf der Prallplatte von einer divertor-typischen Linienform zu einer Limiter-artigen

Kreisform, begleitet.

Die Gleichgewichtsrechnungen wurden auf drei Arten in Standardkon�guration validiert. Zum

einen wurde das berechnete Magnetfeld mit den Messungen einer eigens zu diesem Zweck en-

twickelten verfahrbaren Magnetsonde verglichen. Zum anderen wurde die 3D-Druckverteilung des

berechneten Gleichgewichts mit experimentell gemessenen Pro�len der Elektronen- und Ionen-

Plasmaparameter verglichen. Zu diesem Zweck wurde ein neuartiges, mit Machine-Learning-

Methoden arbeitendes, Verfahren entwickelt, welches die Messpunkte in eine Pro�lkoordinate ab-

bildet, die mit der Struktur der Wendelstein 7-X-Randinseln übereinstimmt. Zu guter Letzt wurden

die Wärmelastsimulationen direkt mit Infrarot-Kamera-Messungen der Divertor-Wärmelasten im

Experimentbetrieb verglichen.

Synopsis

The Wendelstein 7-X Stellarator experiment aims to demonstrate steady-state operation in high-

performance plasmas comparable to similarly-sized Tokamaks. To support the scenario develop-

ment for its up-coming long-pulse campaign, three of its magnetic con�gurations (the standard-,

high-iota- and low-iota- con�guration) were investigated for their susceptibility to plasma-beta

driven e�ects on their edge magnetic �eld topology. This investigation, performed using the HINT

code, studies the edge magnetic �eld sensitivity against changes in both central and volume-

averaged plasma beta (up to 5% and 2.5%, respectively). Based on the calculated equilibria,

expected e�ects on the divertor heat-loads were then simulated with a �eld-line di�usion code.

Simulations indicate that the standard magnetic con�guration is the most promising of the
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three candidate con�gurations for high-beta operation. In the standard con�guration, the island

divertor topology prevails even in the highest-beta cases. Conversely, in the high-iota con�gura-

tion, the island magnetic surface structure is lost due to stochastization in the edge, a phenomenon

accompanied by hot-spots on plasma-facing components outside the divertor. In the low-iota con-

�guration, the 5/6 divertor islands were found to shrink away with increasing volume-averaged

beta, resulting in a transition towards a limiter-like edge con�guration. This transition is accom-

panied by substantial heat-loads outside of the main divertor plate, as well as a transition from

the strike-line pattern typical for a divertor con�guration towards a limiter-like heat spot on the

main divertor target.

The validity of the �nite-beta calculation was benchmarked experimentally in the standard

con�guration by three approaches. Firstly, the calculated magnetic �elds were compared to direct

magnetic �eld measurements performed with a purpose-built reciprocating magnetic probe. Sec-

ondly, the 3D equilibrium pressure distribution was compared to experimental pro�le measurements

for electron and ion plasma parameters. For this purpose, a novel machine-learning-based system

was developed to map the diagnostic observations onto �ux surface labels compatible with the edge

island structure of Wendelstein 7-X. Finally, the heat-load simulations were directly compared to

infra-red camera measurements of the divertor heat-loads.



Declaration of authorship

I declare that the work in this dissertation was conducted in accordance with the requirements of

the University's Regulations and Code of Practice for Research Degree Programmes and that it

has not been submitted for any other academic award. Except where indicated by specic references

in the text, the work is the candidate's own work.Work done in collaboration with, or with the

assistance of, others, is indicated as such. Any views expressed in the dissertation are those of the

author.

Date / location: Signature:

v



vi



Publications

As corresponding author

� Subsection 4.6.1.2,4.6.2,4.6.3 and 5.1.2 have been previously published in [1]. In this publi-

cation, the thesis author was responsible for the design and the calibration of the magnetic

probe system inside the combined probe.

� Chapter 6 and section 5.3 as well as �gures 1.6, 1.5 and 1.7 have been submitted to Nuclear

Fusion under the title "Plasma beta e�ects on the edge magnetic �eld structure and divertor

heat-loads in Wendelstein 7-X high-performance scenarios".

As co-author

� The papers [2, 3, 4, 5] all present SOL measurements obtained with manipulator probes

during the divertor campaigns OP1.2a and OP1.2b. The author of this thesis has made

technical contributions in the form of manipulator operation (a task shared among all mem-

bers of the MPM team). Additionally, the author has participated in the design process for

the manipulator probes presented therein (with the exception of the IPP-FLUC1 and the

RFX-HRP probes) and in the maintenance of the manipulator diagnostics (although these

responsibilities were primarily ful�lled by engineers).

References

[1] A. Knieps et al. �Design and characteristics of a low-frequency magnetic probe for magnetic

pro�le measurements at Wendelstein 7-X�. In: Review of Scienti�c Instruments 91.7 (2020),

p. 073506. doi: 10.1063/5.0002193.

[2] P. Drews et al. �Edge plasma measurements on the OP 1.2a divertor plasmas at W7-X using

the combined probe�. In: Nuclear Materials and Energy 19 (May 2019), pp. 179�183. doi:

10.1016/j.nme.2019.02.012.

[3] Carsten Killer et al. �Characterization of the W7-X scrape-o� layer using reciprocating

probes�. In: Nuclear Fusion 59.8 (June 2019), p. 086013. doi: 10.1088/1741-4326/ab2272.

[4] J. Cai et al. �A new multi-channel Mach probe measuring the radial ion �ow velocity pro�le

in the boundary plasma of the W7-X stellarator�. In: Review of Scienti�c Instruments 90

(Mar. 2019), p. 033502. doi: 10.1063/1.5054279.

vii

https://doi.org/10.1063/5.0002193
https://doi.org/10.1016/j.nme.2019.02.012
https://doi.org/10.1088/1741-4326/ab2272
https://doi.org/10.1063/1.5054279


viii

[5] P. Drews et al. �Operation of probe heads on the Multi-Purpose-Manipulator at W7-X in

OP 1.2a�. In: Fusion Engineering and Design 146 (2019). SI:SOFT-30, pp. 2353�2355. issn:

0920-3796. doi: https://doi.org/10.1016/j.fusengdes.2019.03.188.

https://doi.org/https://doi.org/10.1016/j.fusengdes.2019.03.188


List of Figures

1.1 Fusion rate coe�cients for di�erent fusion reactions as functions of the temperature[5] 2

1.2 Toroidal cross-section of a poloidal divertor magnetic con�guration. . . . . . . . . . 7

1.3 Layout of the Wendelstein 7-X Stellarator. Surfaces and lines indicate magnetic

surfaces and �eld-lines. Planar coils are shown in bronze, non-planar coils in silver.

Trim coils are shown in yellow. [19] . . . . . . . . . . . . . . . . . . . . . . . . . . . 8

1.4 Rotational transform pro�le of Wendelstein 7-X for four magnetic con�gurations

against average minor radius of the �ux surfaces. Solid lines indicate rotational

transform pro�les obtained form equilibrium calculations. Dashed lines indicate

spline-based extrapolations of these pro�les. The black lines indicate the resonant

values of ι ∈ {5/6, 5/5, 5/4}. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9

1.5 Overview of the magnetic �ux surface structure of W7-X, including the islands

and in blue the last closed �ux-surface in magnetic standard con�guration, (top),

the divertor components (target plate in grey, ba�es in yellow, toroidal closure in

cyan) together with con�ned island remnants (middle) and the complete structure

of plasma-facing components with steel panels in terracotta, heat shield in purple

and the U-port highlighted (bottom) . . . . . . . . . . . . . . . . . . . . . . . . . . 13

1.6 Overview of a single divertor half-module with divertor geometry indicated in grey,

magnetic topology for standard 5/5 con�guration overlaid as green and blue and

the simulated heat-load distribution (normalized to total power) for D⊥ = 1m2 s−1

overlaid on top of the divertor geometry . . . . . . . . . . . . . . . . . . . . . . . . 14

1.7 PFC structure of the Wendelstein 7-X divertor system, including the structure of

the divertor target plate. Colored components together form the divertor plate. . . 14

2.1 Toroidal current-density pro�les (�ux-surface averaged) against poloidal �ux chosen

for the example Tokamak simulations . . . . . . . . . . . . . . . . . . . . . . . . . . 22

2.2 Pressure pro�les against poloidal �ux chosen for the example simulation of the Grad-

Shafranov equation. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22

2.3 Flux surfaces obtained for the three simulated pressure cases in the Tokamak simu-

lation. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22

2.4 Absolute magnitude of example Tokamak toroidal current densities obtained for the

three di�erent simulated cases . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23

2.5 Example Tokamak toroidal magnetic �elds obtained for the three di�erent simulated

cases assuming B = R0

R · 0.5T, R0 = 5.5m at the edge . . . . . . . . . . . . . . . . 23

ix



x LIST OF FIGURES

2.6 Pro�le obtained for the normalized toroidal �eld (the G-term) assuming B = R0

R ·
0.5T, R0 = 5.5m at the edge. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23

2.7 Example Tokamak poloidal magnetic �elds obtained for the three di�erent simulated

cases . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24

2.8 Pitch angle distribution (in degrees) of the example Tokamak for the three simulated

cases . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24

2.9 Poincaré map (see equation 2.3) of the kicked rotator for di�erent values of the kick

strength K. Coordinate axes correspond to the phase space of the kicked rotator. . 26

2.10 Edge stochastization of a simpli�ed Heliotron stellarator (left) at various central

plasma beta values (right). The colorbar indicates the decadic logarithm of the

connection length onto the plasma-facing components, the dashed line highlights

the Shafranov shift of the magnetic axis. Adapted from [34] . . . . . . . . . . . . . 28

3.1 Overview of complete modeling pipeline . . . . . . . . . . . . . . . . . . . . . . . . 30

3.2 Structure of the HINT code. Dashed boxes indicate external data sources . . . . . 31

3.3 Con�guration grid used for training of the �ux-surface mapping network. The x-axis

corresponds to the edge rotational transform, the y-axis to the magnetic mirror. The

pie diagrams indicate the number of variants included for the given con�guration.

Blue dots correspond to a single vacuum con�guration. . . . . . . . . . . . . . . . 40

3.4 Hyperparameter dependence (upper row) and time evolution (lower row) of the

training process. Dots indicate the best training loss of the run (lower is better)

against run parameters and run index. Lines indicate the evolution of all training

runs over time. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 42

4.1 Setup of the W7-X Thomson scattering system in toroidal cross-section. [48] . . . 46

4.2 Viewing geometry of the XICS system in standard con�guration. ρ indicates the

normalized minor radius. Shown in red is the last closed magnetic surface. Adapted

from [51] . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 47

4.3 Raw XICS detector image of an Ar16+ emission spectrum, adapted from [52] . . . 47

4.4 Viewing lines of the Helium-beam diagnostic, overlapped with a simulation of He-line

emission[53] . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 48

4.5 Location of the di�erent magnetic diagnostics in Wendelstein 7-X. Numbers indicate

the ten half-modules. Shown in black are saddle coils for MHD equilibrium recon-

struction, in green continuous Rogowski coils (saturated inside and lighter color

outside vessel), in blue the segmented Rogowski coils, in purple the diamagnetic

loops and in red the Mirnov coils. Beige elements are not yet installed. [54] . . . . 49

4.6 Immersion tube holding a single overview IR-camera (red) and a visible and H-alpha

light camera (blue), cooled by a pressurized air cooling loop (green) and protected

by a rotating shutter (magenta)[56] . . . . . . . . . . . . . . . . . . . . . . . . . . . 50

4.7 Overview of the viewing angle of the divertor IR cameras, with portions of the

divertor geometry highlighted. TM1-4h, TM5-6h and TM7-9h correspond to the

three sections HL, HM and HH of the horizontal divertor target, TM1-3V to the

vertical target.[56] . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 50



LIST OF FIGURES xi

4.8 Measurement path of the MPM imposed with the magnetic �eld structure in stan-

dard (a), low-iota (b) and high-iota (c) con�guration.[58] . . . . . . . . . . . . . . . 51

4.9 Collection of di�erent manipulator probes, with the Retarding Field Analyzer probe

FZJ-RFA1 probe (left), the combined probe FZJ-COMB2 (middle) and the poloidal

�uctuation array IPP-FLUC1 (right) [61] . . . . . . . . . . . . . . . . . . . . . . . 52

4.10 Location of the 3D and the di�erential coil sensors inside the combined probe[63] . 53

4.11 Simpli�ed schematic of the integrating pre-ampli�er (unintentional parasitic resis-

tance displayed in dashed lines)[63] . . . . . . . . . . . . . . . . . . . . . . . . . . . 54

4.12 Setup of the signal processing stack for the pickup coil[63] . . . . . . . . . . . . . . 54

4.13 Circuitry model for the coil characterization. A, R and L are the parameters to

be determined, while C is externally set and Rmeas is a function of the voltage

measurement device[63] . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 54

4.14 Input and output measurements - as well as background levels - for the radial sen-

sitivity measurement[63] . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 55

4.15 Total system characteristics of the di�erent pickup coil systems (calculated using

equation 4.3). Red lines mark the 1/
√
2 cuto�. To improve readability the phase

axis does not include the 180° from the inversion during integration.[63] . . . . . . 56

4.16 Time-traces of signals related to the magnetic probe measurement - a): Radial posi-

tion of the magnetic probe, b): Comparison of hardware-integrated toroidal coil sig-

nal with and without post-compensation, c) Post-compensated hardware-integrated

and software-integrated toroidal coil signal, d) Post-compensated hardware-integrated

and software-integrated toroidal coil signal, e) Vertical acceleration measurement in

the probe interface on the manipulator arm[63] . . . . . . . . . . . . . . . . . . . . 59

5.1 Overview of experimental program. Shown are power balance (ECRH and NBI heat-

ing, radiative power loss, sni�er interlock for ECRH shinethrough - top), particle

balance (integrated electron density from interferometer, peak Thomson Scatter-

ing electron density, and fuelling rate - 2nd row), temperatures (electron tempera-

tures from Thomson Scattering and ECE, ion temperatures from XICS, 3rd row),

plasma energy (stored energy, 4th row), radiation measured by Bolometer cameras

(including times MPM plunge and injection of TRacer Encapsulated Solied PEL-

let, 5th row), and toroidal plasma current (annotated with vacuum con�guration,

VMEC reference equilibrium and trim coil currents, bottom row). Figure provided

by Adrian von Stechow. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 69

5.2 Measurements of magnetic �eld pro�les (left) and plasma response (right). Plasma

response is calculated as the di�erence between in-plasma and vacuum magnetic

pro�les.[63] . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 70

5.3 Comparison of magnetic probe measurements and HINT calculations for changes in

the radial �eld. Shown are both measurements as well as HINT equilibria (p ∝ 1−s)
with similar range of central beta (top), linear combinations of measurements and

HINT equilibria (middle) and radial magnetic �eld change predictions for di�erent

pressure pro�le shapes (bottom). . . . . . . . . . . . . . . . . . . . . . . . . . . . . 71



xii LIST OF FIGURES

5.4 Pro�le / Sight lines of the He-beam, Thomson scattering and the MPM. All sight-

lines (including the He-Beam line, which is almost vertical) are sliced against their

major radius. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 72

5.5 Electron temperature and -density pro�les for Thomson-Scattering, He-Beam and

MPM in r⊥ coordinate. Lines indicate the radial ordering of the observed datapoints.

The black lines indicate estimations for the last closed �ux-surface and the island

O-point based on r⊥ analysis of the ϕ = 0◦ and ϕ = 180◦ planes. . . . . . . . . . . 73

5.6 Comparison of an infrared observation sample and a corresponding heat-�ux sim-

ulation. All images show normalized heat-�uxes. For experimental measurements,

the convective divertor power was approximated as PECRH − Prad . . . . . . . . . . 74

5.7 Pressure pro�le obtained from XICS and Thomson Scattering, as well as reduced

low-degree-of-freedom �t, both plotted against normalized toroidal �ux. . . . . . . 75

5.8 Estimation of the systematic port-to-port deviation using up-down asymmetry and

1/1 and 2/2 contributions, plotted against ι = 1 helical angle. . . . . . . . . . . . . 75

5.9 Overview of the grid of HINT runs (upper) and corresponding experimental data

(lower). Ellipses mark the 1σ, 2σ and 3σ intervals around the data. Dashed lines

indicate the principal components. Cross-correlations of x- and y-axis are indicated

in the top corner. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 75

5.10 Errors (deviation from x = y-line) and uncertainties (error bar) for the linear strike-

line position regression (y-axis) in the synthetic (left) and the experimental dataset

(right) against the actual distances of the strike-line's weighted center from the

pumping gap for the synthetic (left) and experimental (right) strike-line data (x-axis). 76

5.11 4D dataset plots of central beta, pressure pro�le peaking factor, toroidal plasma cur-

rent (via color) and distance from strike-line to pumping gap (thin points), connected

to three of their projections into 3D datasets (with the third dimension indicated

by color color), together with a linear �t of the dataset indicated with dashed lines 76

6.1 : Plasma response in standard con�guration at �xed pressure pro�le (p ∝ 1 − s)
to changes in axial beta for vacuum case (left), βax = 2% (middle) and βax =

5% (right). Poincaré-maps are shown in the ϕ = 0◦ plane (bean-plane), while

connection-length distributions are plotted at the front (low-iota) end of the divertor

plate. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 80

6.2 : Plasma response in standard con�guration at �xed axial beta (βax = 5%) to

changes in pressure pro�le shape, with p ∝ (1− s)5 (left), p ∝ (1− s)3 (center)

and p ∝ 1 − s (right). Poincaré-maps are shown in the ϕ = 0◦ plane (bean-plane),

while connection-length distributions are plotted at the front (low-iota) end of the

divertor plate. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 80

6.3 Changes in divertor heat-loads in standard con�guration with increasing axial beta. 81

6.4 Plasma response in high-iota con�guration at �xed pressure pro�le (p ∝ 1 − s) to
changes in axial beta for vacuum case (left), βax = 2% (middle) and βax = 5%

(right). Poincaré-maps are shown in the ϕ = 0◦ plane (bean-plane, top) and the

ϕ = 180◦ plane (triangular plane, middle), while connection-length distributions are

plotted at the front (low-iota) end of the divertor plate . . . . . . . . . . . . . . . . 83



LIST OF FIGURES xiii

6.5 Divertor heat-load distributions in high-iota con�guration for di�erent central beta

values . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 84

6.6 Plasma response in high-iota con�guration at �xed axial beta (βax = 5%) to changes

in pressure pro�le shape, with p ∝ (1− s)5 (left), p ∝ (1− s)3 (center) and p ∝
1 − s (right). Poincaré-maps are shown in the ϕ = 0◦ plane (bean-plane), while

connection-length distributions are plotted at the front (low-iota) end of the divertor

plate. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 85

6.7 Divertor ba�e heat-load calculations in high-iota con�guration at di�erent central

beta values. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 86

6.8 Heat-�ux distributions on the outer U-port in high-iota con�guration for a vacuum-

�eld calculation (top), a βax = 5%, βvol = 1.25% case (middle) and a βax =

5%, βvol = 2.5% case (bottom) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 87

6.9 Plasma response in low-iota con�guration at �xed pressure pro�le (p ∝ 1 − s)

to changes in axial beta for vacuum case (left), βax = 2% (middle) and βax =

5% (right). Poincaré-maps are shown in the ϕ = 0◦ plane (bean-plane), while

connection-length distributions are plotted at the front (low-iota) end of the diver-

tor plate. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 89

6.10 Plasma response in low-iota con�guration at �xed axial beta (βax = 5%) to changes

in pressure pro�le shape, with p ∝ (1− s)5 (left), p ∝ (1− s)3 (center) and p ∝
1 − s (right). Poincaré-maps are shown in the ϕ = 0◦ plane (bean-plane), while

connection-length distributions are plotted at the front (low-iota) end of the divertor

plate. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 89

6.11 Divertor heat-load distributions in low-iota con�guration for di�erent central beta

values . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 90

A.1 Schematic of the continuous cable model . . . . . . . . . . . . . . . . . . . . . . . . 107



xiv LIST OF FIGURES



Nomenclature

βax Axial beta or central beta

βvol Volume-averaged beta

∆⋆ Grad-Shafranov elliptic operator

�
Average value

ι Rotational transform

ψ Poloidal magnetic �ux

Dµν Contravariant electromagnetic displacement �eld density

Fµν Covariant electromagnetic �eld-strength tensor

G Normalized toroidal �eld rBϕ

gµν Contravariant (inverse) metric tensor

gµν Covariant metric tensor

jµ Contravariant current density
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1 | Introduction

Personally, I would believe nuclear fusion rightfully deserves its nickname as the �holy grail of energy

production�. It promises to deliver tremendous amounts of power derived from fuel available in

abundance. Deuterium can be found in one in ten-thousand water molecules[1], while Tritium

can be bred from Lithium inside the reactor [2]. A single fusion reaction releases over 17MeV

of energy [3]. A single ton of fusion fuel could therefore yield over 320PJ of power, enough to

power the entire city of Berlin for over a year ([4, pages 8/9 and 13] determines the annual primary

energy consumption of Berlin at 270PJ). The sheer abundance of available raw fuel, coupled with

a waste-free fuel cycle (as Helium is an industrially highly useful element), makes nuclear fusion a

highly attractive option in future energy production mixes.

1.1 Achieving a Self-Sustaining Burn: The Triple Product

In order to fuse, the reacting nuclei must �rst overcome the electrical Coulomb potential pushing

them apart. Once su�ciently close, attractive nuclear forces, which are as strong as they are

short-ranged, take over and merge them into a new nucleus. As the repulsive force grows with

charge, hydrogen isotopes are the primary candidates for fusion at achievable temperatures. Since

the nuclear force takes over easier when fusing larger nuclei (at an identical charge) due to the

increased distance between the charged protons, higher neutron counts facilitate the fusion process.

Out of those fusion processes producing a stable isotope, the most readily achievable one is the

Deuterium-Tritium fusion process (H2 +H3 → He5⋆ → He4 + n).

The likelihood of a nuclear reaction is characterized by its cross-section σ, an area-like quantity.

If a test particle were to travel through a gas of target particles with density n at velocity v, the

rate of fusion reactions would be given as R = nvσ. In a thermalized gas, the velocity is a random

variable, and the cross-section is dependent on it. Therefore, only the mean rate can be calculated

as ⟨R⟩ = n ⟨σ (v) v⟩. In the technically accessible regime around 10 keV, the fusion rate coe�cient

⟨σ (v) v⟩ (see �gure 1.1) can be approximated as a quadratic function of the temperature, which

gives the approximate fusion power as

Pfusion = αnNT 2

1
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Figure 1.1: Fusion rate coe�cients for di�erent

fusion reactions as functions of the temperature[5]

with N being the number of hydrogen

atoms contained in the reactor. Assuming the

energy leaving the reactor to be proportional

to the thermal power stored in its core, we can

characterize the power output by the energy

con�nement time τ .

Pout =
NkBT

τ

In a self-sustaining fusion reaction, we want

Pfusion ≥ Pout. From this requirement we ob-

tain

anNT 2 ≥ NkBT

τ
⇒

nTτ ≥ kB/α

which is the ignition condition for a plasma

burn, also known as the triple-product value.

Currently, no reactor capable of achieving

a self-sustaining plasma burn is known to the

author. The di�erence in power must therefore

be continuously supplied by an external heat-

ing system. In this case, reactor operation is

characterized by the ampli�cation factor, which

goes towards in�nity as the triple product ap-

proches the ignition threshold.

Q =
Pfusion

Pheating

=
Pfusion

Pout − Pfusion

=

(︃
kB/α

nTτ
− 1

)︃−1

Note that the ampli�cation factor does not take into account the fact that the heating power

also has to leave the reactor again. Achieving a sustained and viable reactor is therefore not given

by the somewhat arbitrary Q = 1 threshold (which just implies a 50/50�contribution from fusion

power and external heating to the total output), but by the requirement that the output power

recovered after all conversion processes (steam turbines, generators etc.) must exceed the heating

power spent:

pconv · Pout = pconv · (Q+ 1)Pheating

≥ Pheating

⇒

pconv · (Q+ 1) ≥ 1

with pconv being the heat-to-electricity conversion e�ciency of the power plant. With pconv
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of modern steam turbines usually being around 70% [6], a Q value of 0.45 would be required to

achieve energy break-even (assuming no thermal losses prior to the turbine). Everything above

that would directly translate to usable power.

1.2 Magnetic con�nement concepts

The conditions in which nuclear fusion can be achieved can only be described as obscenely extreme.

The required temperatures are so large that measuring them in Kelvin loses any and all degree of

meaning. Instead, temperatures in fusion devices (or, more precisely, their energy scales kBT ) are

commonly referred to in kilo-electronvolts. Given that the average fusion temperature is measured

in thousands of the typical atomic/molecular binding energies, it is painfully evident that no

material can bottle up such a reaction simply because it can not even exist at these conditions.

Ironically, the circumstances responsible for this conundrum also provide us with the solution to

it.

1.2.1 The magnetic bottle

Given that particles are usually completely ionized at fusion temperatures, this same statement

obviously also holds for the fusion reactants themselves. At these temperatures, all electrons are

stripped from the atomic nuclei, and the constituents form an overall electrically neutral two-�uid

gas of electrons and nuclei, a plasma. Because all independently moving particles are charged,

and unlike motion in a gas, the movement of plasmas is substantially impaired by magnetic �elds.

Charged particles can move uninhibited along the magnetic �eld, but Lorentz forces prohibit direct

perpendicular motion and force the particles onto circular paths instead. As a result, particles can

only escape perpendicularly either by drifts of these helical gyration orbits or by collisions with

other plasma particles, which exchange momentum between particles and reset their movement

directions. Their motion decomposes nicely into a gyration perpendicular to the magnetic �eld

and a guiding-center motion, mostly (but not completely) along the magnetic �eld line. The

gyration is characterized by its oscillation frequency, the cyclotron frequency fe = 1
2π

eB
m and its

gyration radius, the Larmor radius ra = mv⊥
eB . Note that the cyclotron frequency does not depend

on the particles' perpendicular velocity.

An important property of this motion is that the magnetic moment µ =
mv2⊥
2B is an adiabatic

invariant (conserved in �rst order with slow changes in B). Any local variance in B will create (by

Faraday's law of induction) a looped electric �eld, which will modify the velocity of the atom. By

Faradys's law, we know

mv⊥̇ = F ≈ area covered by loop path
circumference of loop

·
(︂
∇× E⃗

)︂
= e

πr2a
2πra

Ḃ =
1

2
mv⊥

Ḃ

B
⇒

0 =
1

2

Ḃ

B
− v⊥̇
v⊥

= −1

2

d

dt

[︃
ln

(︃
v2⊥
B

)︃]︃
⇒

const. =
v2⊥
B

(1.1)
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However, this e�ective electric �eld is only visible in the co-moving frame of the particle.

In the stationary device frame, the magnetic �eld is constant over time and the electric �eld

vanishes. Since the Lorentz forces of the magnetic �eld can not perform any work, the change in

the perpendicular kinetic energy must be fed from the parallel kinetic energy. The perpendicular

kinetic energy (which is, as seen in equation 1.1, is proportional to the �eld) therefore forms a

potential energy term, which creates a magnetic mirror-force, a force pushing particles against the

parallel �eld gradient. This gives us a �rst concept for magnetic plasma con�nement, the magnetic

mirror.

1.2.2 Stellarators & Tokamaks

The strength of the magnetic mirror force depends on the magnitude of the perpendicular velocity.

Any particle with
E∥
E⊥

> Bmax

Bmin
will be able to penetrate the mirror, and leak out at the end. The

solution to this problem is to close o� the ends by bending the magnetic �eld onto itself. This

eliminates the end-leakage found in magnetic mirrors but replaces it with a new source of leakage:

Cross-�eld drift. In a toroidally bent system, the parallel magnetic �eld is usually stronger on the

inboard side. Because the Larmor radius is slightly smaller on the high-�eld side of the gyration,

the guiding center will drift perpendicularly to the gradient (and the �eld). This creates a charge-

separating vertical drift, where particles of one polarity will accumulate at the top and the other

polarity at the bottom end of the con�nement bottle. The electric �eld resulting from this charge

imbalance will, in turn, create an outward radial drift, which will quickly push all plasma particles

out of their con�ning �eld. However, not all is lost. By adding a poloidal twist to the magnetic

�eld lines, both stages of this process can be simultaneously interrupted. As particles move along

the twisted �eld lines, the poloidal motion will lead upward and downward displacements into

each other, so the upward (or downward, depending on charge) drifts will cancel each other out.

Additionally, the parallel connection from the top- to the bottom-side will allow parallel currents

to cancel quickly any up-down charge imbalances, as the parallel conductivity of con�ned plasmas

is extremely high.

This concept was �rst presented to the public by Lyman Spitzer in 1951 [7], and remains relevant

until today. Spitzer showed that a �gure-8 shaped magnetic loop generated by two circular coils can

con�ne a plasma in a twisted magnetic bottle. His magnetic bottle design opened up the research

into a large class of magnetic bottles with twisted vacuum �elds, the Stellarators. Unfortunately,

while Stellarators achieved orders of magnitude in con�nement improvement, they could at the

time not reach the con�nement times predicted by classical plasma transport theory, and it took

quite some time to understand why that was the case. The culprit was later identi�ed in the

residual magnetic mirror remaining in these machines. As the inboard �eld is larger than the

outboard �eld, not all particles can make full turns across the machine but are instead trapped in

localized orbits on the outboard side. A closer study of these orbits, coined neo-classical transport

theory, revealed that - in contrast to the passing orbits circulating fully around the bottle - these

trapped orbits were indeed unstable and had a tendency to drift outward. At the time, researchers

attempted to �nd alternative con�gurations that would prove more stable, but analytical solutions

for these orbits were rare, and computers were not powerful enough at the time to explorer larger

con�guration spaces.

All the more did a shock go through the western fusion research community when Russian
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researchers around Andrej Sacharov and Igor Tamm revealed the T1 device [8, Please note that

Tamm and Sacharov are not mentioned as authors, as their involvement was classi�ed at the time],

which showed con�nement numbers beyond what was believed practically achievable. Sacharov

and Tamm had employed a completely di�erent strategy to achieve the poloidal twist in their con-

�nement �eld. By inducing a toroidal current in their (initially poorly con�ned) plasma, they could

achieve the same �eld twist that the Stellarator achieves, without having to rely on a complicated

vacuum �eld geometry. This con�nement strategy, coined Tokamak by its inventors, has the advan-

tage of having a powerful continuous symmetry, which makes it virtually immune to neo-classical

orbit drifts, and therefore allowed it to outperform its western counterparts signi�cantly. This

good neoclassical con�nement, together with the fact that symmetric systems are much easier to

design and construct, has made the Tokamak the world-leading approach to magnetic con�nement

fusion and the most likely candidate for the �rst fusion power plant.

The race between the Tokamak and the Stellarator is, however, far from being decided yet.

While Tokamaks are comparatively easy to design and construct, they are challenging to operate,

as Tokamak plasmas tend to be, for lack of a better word, lively. Where the structure of the

Stellarator plasma is governed dominantly by its vacuum �eld, the vacuum �eld of the Tokamak is

not twisted and therefore lacks a poloidal component to stabilize the plasma shape. The structure

of the plasma is therefore fully derived from internal dynamics, which are governed by complex

non-linear relations between pressure gradients, magnetic �elds and thermal properties. As a

result, Tokamaks frequently require continuous active stabilization of their plasma position. When

improperly stabilized, they tend to eject all the energy stored in their plasma in a short burst.

These plasma disruptions were a nuisance in small machines but are becoming increasingly more

threatening as machines grow, and the amount of energy dumped increases likewise [9]. While not

presenting a personal safety risk, the local damage caused by disruptions must still be repaired, and

local radioactivity from the plasma fuel and activated machine components will make short-term

access into the plasma vessel challenging.

Stellarators mostly do not su�er from these problems. The plasma surfaces are structured by

the vacuum �eld, which dominates both the toroidal and the poloidal components (as opposed to

just the toroidal component in a Tokamak). While the author can testify that Stellarators, too, can

disrupt if provoked su�ciently, doing so requires a substantially larger amount of mistreatment,

and even when occurring, disruptions are far less threatening due to the low toroidal current

present in these devices.1 Advances in numerical modeling have allowed the simulation of neo-

classical orbit losses and the systematic exploration of con�guration spaces that minimize these

losses. The results of these e�orts are several new kinds of numerically optimized stellarators which

o�er performance competitive with their Tokamak counterparts while having inherent steady-state

capabilities (while still being somewhat challenging to build).

1.3 Characteristic quantities of toroidal con�nement devices

Both Stellarators and Tokamaks are designed such that their magnetic �eld lines usually form

closed magnetic surfaces (also called �ux-surfaces). These surfaces are commonly represented via

1There is a common saying among pilots about planes and helicopters. Most planes just love �ying, and when
not actively prevented from it, will do all their best to continue doing it. Helicopters, however, dream of a sweet
death, and your job as a pilot is to prevent them from ever realizing it (and dragging you along).
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a label function mapping real-space points onto a �ux surface label. Popular label functions are

the toroidal magnetic �ux (surface integral of the toroidal magnetic �eld) in Stellarators and the

poloidal magnetic �ux (surface integral of the poloidal magnetic �eld) in Tokamaks. This thesis will

mainly use the normalized toroidal �ux s, which is normalized to 1 at the last closed (not opened

by divertor components) magnetic surface, which is usually referred to as last closed �ux-surface

(LCFS).

An important property is the degree to which the �eld-lines inside a magnetic surface are

twisted. Locally, this can be characterized by the �eld line' pitch angle arctan (Bpol/Btor). As

the pitch angle is not constant along a �eld-line, one often prefers to use the rotational transform

ι =
� RBpol

rBtor
dL, which represents the average number of poloidal turns taken for each toroidal turn

of the �eld line. The Tokamak community often prefers the safety factor q = ι−1. The name safety

factor is rooted in the fact that a large rotational transform makes a Tokamak susceptible to kink

instabilities.

The �ux-surfaces where the rotational transform is a rational number ι = n/m are particularly

interesting. Field-lines along these surfaces travel along a path that takes them back to their

starting position in only lcm (n,m) turns. This makes them particularly susceptible to magnetic

�eld perturbations. If the (minor-)radial magnetic �eld along these lines experiences a perturbation

of the form ∆Br = cos (ϕ0 + n · ϕ+m · θ) (with ϕ being the toroidal angle, and θ chosen so that
dθ/dϕ = const. along �eld-lines), a particle travelling along this line would see a constant (minor-

)radial �eld. Therefore, even small magnetic �eld perturbations can form magnetic structures,

so-called magnetic islands, on these surfaces. The width of these islands depends on the rotational

transform pro�le, more speci�cially, its gradient, the magnetic shear. A large magnetic shear

suppresses magnetic island formation.

The magnetic �eld driven by external coils and the induced plasma current is also superim-

posed by currents driven by outward plasma �ows (due to the Lorentz force). The strength of

these currents, and the e�ects they create on the con�ning magnetic �eld, is proportional to the

gradient of the thermal plasma pressure. The relative magnitude of these e�ects against the con-

�ning magnetic �eld strength is usually characterized by the plasma beta β = p
B2/2µ0

. This is

an important quantity that will repeatedly be mentioned throughout this thesis. In-

tuitively, one should understand this quantity as the degree at which the plasma presses against

its con�ning magnetic �eld. In magnetohydrodynamics (MHD), the plasma beta is the primary

scaling parameter. An important corollary of this property is that low-�eld con�gurations can be

used as a proxy for high-pressure operation to determine the impact of high-beta operation on

con�nement devices.

This thesis primarily requires on speci�c variants volume-averaged toroidal beta βvol and central

toroidal beta or on-axis toroidal beta βax, which are de�ned below:

βvol = 2µ0

�
volume

pdV

B2
tor,ax

βax = 2µ0

�
axis

pdL

B2
tor,ax

Btor,ax =

 
axis

BtordL



fp = β /β

Z

Z2

Z
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plate. This detached divertor operation is highly bene�cial for the lifetime of the divertor target

[11, 12].

To properly trap sputtered neutrals in the edge, the parallel connection length between the outer

and inner side of the scrape-o� layer must be su�ciently long. The longer the parallel connection

length is, the wider the strike-line of the in-coming heat �ow will be (due to perpendicular di�usion),

and the harder it will be for partially ionized impurities to reach the boundary of the core plasma.

Most common - especially in Tokamaks - is the poloidal divertor [13, 14, 15], which follows the

toroidal symmetry of the Tokamak (�gure 1.2). A set of divertor coils generates a strong poloidal

�eld in the edge, which creates its own private �ux region separated from the core. The shared

inner boundary, where the two �ux regions meet, is called the separatrix. The scrape-o� layer is

formed by the surrounding �ux surfaces, which encompass both the plasma core and the divertor

private �ux region and move excess heat and particles from the plasma core onto the divertor plate.

While popular in Tokamaks, this type of divertor is not suited for Stellarators, which can not have a

toroidally symmetric plasma edge. Most Stellarator lines include their own unique divertor concept,

both to tailor the divertor to their speci�c geometric requirements and to experiment with di�erent

divertor types to see which one is the easiest to implement and operate. Recent examples include

the island divertor of Wendelstein 7-X [16], the helical divertor of the Large Helical Device (LHD)

[17] and the non-resonant divertor of the Helically Symmetric eXperiment (HSX) [18].

1.5 The Wendelstein 7-X Stellarator

Figure 1.3: Layout of the Wendelstein 7-X Stellarator. Surfaces and lines indicate magnetic surfaces
and �eld-lines. Planar coils are shown in bronze, non-planar coils in silver. Trim coils are shown
in yellow. [19]

The main focus of this thesis is the Wendelstein 7-X (W7-X) Stellarator [12] (see �gure 1.3).

W7-X is the newest member of the HELIAS line of stellarators and is in operation in the Max-

Planck-Institute for Plasma Physics in Greifswald, Germany. At present, W7-X is the largest

Stellarator in the world. The machine has a �ve-fold discrete rotation symmetry around the

vertical axis and a �ip symmetry around the x-axis. In the fusion research community, this is
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commonly labeled as a �ve-fold stellarator symmetry, while mathematicians usually know this

symmetry as the dihedral group of order 10, D5 (the symmetries of the pentagon). W7-X is a

modular stellarator, which means that, like in a Tokamak, it is completely built out of toroidally

localized coils (in contrast to other Stellarator designs which include helical coils). In W7-X, �ve

(all distinct) non-planar and two planar coils (for adjustment of the toroidal �eld) form a half-

module, two oppositely oriented half-modules form a module, and �ve modules together form the

complete Stellarator. Each half-module also contains a single control coil to adjust the island phase

and size (not shown), and each module also features a trim-coil for the correction of low-order error

�elds. In total, the coil systemW7-X consists of 50 non-planar and 20 planar coils, 10 control coils

and 5 trim coils.

The main experimental goal of W7-X is to demonstrate steady-state operation in a high-

performance (and high-con�nement) operational regime. To achieve this, all major components

of the device have been designed with steady-state water cooling in mind. However, the present

campaigns were focused on validating the divertor concept and testing the operational safety in

low-beta scenarios, where the machine has (so far) performed well [12]. The 2021 experimental

campaign will, for the �rst time, include the water-cooled divertor, which will enable the device to

push into the steady-state scenario regime.

Figure 1.4: Rotational transform pro�le of Wen-

delstein 7-X for four magnetic con�gurations

against average minor radius of the �ux surfaces.

Solid lines indicate rotational transform pro�les

obtained form equilibrium calculations. Dashed

lines indicate spline-based extrapolations of these

pro�les. The black lines indicate the resonant val-

ues of ι ∈ {5/6, 5/5, 5/4}.

For heat- and particle exhaust, W7-X uses a

variant of the divertor concept called the island

divertor. In the island divertor, the scrape-o�

layer is formed by a group of magnetic islands,

which form closed �ux tubes around the core

plasma. These islands are then intersected and

cut open by 10 divertor target plates, which

follow the half-module structure of the over-

all device. In some magnetic con�gurations,

these islands are not cut open completely, and a

small remnant island remains toroidally closed.

Magnetic island chains form on �ux surfaces

where the rotational transform ι (the change in

poloidal angle during one toroidal turn) is a ra-

tional number ι = n
m , and the magnetic �eld (in

minor radial direction) has a matching Fourier

component of shape cos (m · θ − n · ϕ+∆ϕ).

The width of the island is proportional to the

strength of this component and inversely pro-

portional to the gradient of ι, the magnetic

shear. Since W7-X has a shallow ι-pro�le, and

therefore a low magnetic shear, magnetic is-

lands (intentionally) are wide and also have a

low internal rotational transform. In the cases

of ι = 5/4, ι = 5/5 and ι = 5/6 at the plasma boundary, these islands form chains with 4, 5, and

6 islands respectively, which have their O-point (the center of the island) and their X-point (the

intersection point of two neighboring islands) centered on the respective rational surfaces. The
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divertor consists of two target plates (horizontal and vertical target), holding the main strike-line

of the edge plasma (see �gures 1.5 and 1.6). The gap between the target plates (�gure 1.7) serves

as an exit to pump out neutral particles. The horizontal target plate itself is further subdivided

into three subsections. The front (low-iota) and back (high-iota) sections of the horizontal target,

as well as the vertical target, can bear heat-loads up to 10MWm−2, while the middle section can

only bear 0.5MWm−2. To close o� the divertor assembly and prevent neutrals from escaping the

pumping volume, the divertor target plates are surrounded by ba�e tiles (�gure 1.7). These tiles

are cooled but are not designed to bear the heat loads of the main strike-line. They can only

sustain a heat-load of 0.25MWm−2. Beyond the divertor assembly itself, W7-X also features a

heat-shield protecting select regions of the plasma vessel (�gure 1.5, bottom sub�gure), which has

non-uniform maximum heat-loads. The only heat-shield region relevant for this region is the region

protecting the outer observation ports of the triangular plane, the U-Ports, whose location is also

highlighted in �gure 1.5. Around these ports, the heat-shield is limited to 0.2MWm−2.

W7-X has an adjustable con�guration space. The reference con�guration space of W7-X con-

sists of 9 con�gurations, shown in table 1.1. By increasing or decreasing the current in the planar

coils, the ratio between poloidal and toroidal �eld, and therefore the overall rotational transform,

can be tuned. This can be used to modify the location of the divertor islands and select between

the di�erent island chains. By creating opposing currents in the planar coils, the magnetic axis can

be shifted by a vertical �eld. Furthermore, the currents in the individual nonplanar coils can be

varied to modify the magnetic mirror strength, which in�uences the neoclassical toroidal bootstrap

current. In the �rst operational campaign, W7-X did not operate with a divertor but instead re-

lied on �ve limiters directly intersecting the last closed �ux-surface, operating in a correspondingly

designed limiter con�guration.

Con�guration In [MA] Non-Planar Factor Planar Factor

Standard 1.45 1.0 1.0 1.0 1.0 1.0 0.0 0.0

Low-Iota 1.32 1.0 1.0 1.0 1.0 1.0 0.25 0.25

High-Iota 1.6 1.0 1.0 1.0 1.0 1.0 −0.23 −0.23
Low-Mirror 1.49 0.94 0.98 0.98 1.06 1.06 0.0 0.0

High-Mirror 1.44 1.08 1.05 1.0 0.95 0.92 0.0 0.0

Low-Shear 1.47 1.13 1.12 1.05 0.85 0.84 −0.2 0.2

Inward-Shifted .1.47 0.96 0.95 0.97 1.07 1.08 0.1 −0.2
Outward-Shifted 1.46 1.04 1.04 1.01 0.96 0.96 −0.14 0.14

Limiter 1.43 1.07 1.1 1.02 0.92 0.89 −0.1 0.2

Table 1.1: List of reference con�gurations for Wendelstein 7-X. In gives the current factor required
to reach a mean axial �eld of 2.5T [20]

1.6 Key research objective and prior works

To ensure a safe operation of W7-X, it is absolutely critical that the distribution of heat is controlled

during operation. A typical discharge involves around 3MW to 5MW of heating power, and can

yield local heat-�ux densities exceeding 1MWm−2. If plasma-facing components were continuously
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exposed to excessive heat �uxes, they would experience overload and, eventually, structural failure.

In such a case, sensitive electric components, cooling pipes, and mechanical load-bearing structures

would be directly exposed to the substantial heating power carried by the plasma. This would

induce damages in the device which would be time-consuming to repair and probably delay the

experimental campaigns by weeks (at least). For example, a damaged water pipe would release

substantial amounts of steam into the vacuum vessel. After repair of the pipe and pump-down of

the vessel volume to a vacuum, all the small water and oxygen deposition pockets would have to

be baked out over multiple days.

It is, therefore, highly desirable to avoid undesired heat loads on plasma-facing components of

the device. On the experimental side, there are multiple diagnostics installed to monitor for tem-

perature overload. The main divertor is constantly monitored by a set of infra-red cameras, while

key locations on the divertor ba�es will - in upcoming campaigns - be equipped with thermocou-

ples to ensure that temperature limits are observed. However, none of these diagnostics provides a

complete view. Therefore, accurate forward modeling of the various magnetic con�gurations and

their heat-load patterns is a key tool in ensuring the operational safety of W7-X. As plasmas are

excellent conductors, and therefore have strong internal currents that shape the con�ning �eld as

well, it is not su�cient to simply draw on the vacuum �eld calculations for this information. Ad-

ditionally, the main drivers of structural change in fusion plasmas, the pressure (or its normalized

equivalent, the plasma beta), and the plasma current, need to be included in such an analysis.

This motivation yields the key research objective, which is to assess the e�ects of �nite plasma

beta on the magnetic topology of the edge islands and the resulting changes in the heat load distri-

bution on plasma-facing components.

As part of the design of W7-X and its divertor, con�gurations have been reviewed for �nite-

beta e�ects before. Early e�orts are the works in [21, 22, 23, 24, 25, 26], which look at �nite-beta

equilibria of standard and high-iota con�guration (see table 1.1). Unfortunately, these works

cover only isolated cases, and the covered range of information computed from these equilibrium

calculations is incoherent between the di�erent publications. This provided the main motivation of

this thesis, which is the provision of a comprehensive and coherent overview of a large �nite-beta

con�guration space, in which both the e�ects of �nite-beta operation on the magnetic topology

and the corresponding e�ects on the heat-load distributions are uniformly covered. A work quite

similar to this thesis in its methodical approach is the Ph.D. thesis of Hauke Hölbe [27]. That work

is mainly focused on the scenarios relevant for the evaluation of the divertor scraper element, and

therefore primarily concerns itself with the e�ect of the toroidal plasma current on the divertor,

which is not a primary focus of this thesis, as it is already comprehensively covered in existing

research ([28]).

1.7 Structure of this thesis

� Chapter 2 will give an introduction into the theory of the MHD equilibrium in fusion devices,

the plasma beta (a fundamentally important scaling parameter in con�nement fusion), and

stochastization e�ects. Wherever possible, the chapter will take a dual approach. Simple

mathematical models will be used to provide hints at possible expected e�ects, while addi-

tional explanations will be provided to motivate the physical mechanisms driving these e�ects

(which sometimes stow away in simpli�cations of the mathematical models). Starting from
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the basic principles of MHD, the �rst part will focus on the derivation and discussion of the

Grad Shafranov equation, an equation for axisymmetric Tokamaks. The second part of this

chapter is oriented towards introducing the concept of stochastization driven by overlapping

perturbations.

� Chapter 3 will provide an overview over the various numerical tools necessary for an inte-

grated numerical treatment of the plasma edge. It opens up with a discussion of two magnetic

equilibrium codes for fusion devices (VMEC and HINT) based on opposing design principles.

Afterwards, the numerical techniques applied to derive high-resolution heat-load distribution

on PFCs from the equilibrium �elds are discussed. The chapter then closes with a treatment

on a newly developed method for geometric diagnostic mapping based on �ux-surface label

calculations accelerated with machine learning.

� Whereas the previous chapters are more concerned with theoretical and modeling aspects of

this work, Chapter 4 is primarily focused on experimental techniques and their implementa-

tion. The �rst half introduces the reader to the various diagnostic systems that provide the

experimental data used during this thesis. The second half discusses a diagnostic developed

and calibrated throughout this thesi: A reciprocating magnetic probe sensitive enough to di-

rectly measure the di�erence in magnetic �eld pro�les driven by internal plasma currents. A

particular focus is placed on the design of the time-integration system and a post-processing

method that inverts the measurement chain's calibrated forward model to improve the accu-

racy of the measured time traces.

� Chapter 5 focuses on benchmarking the equilibrium models against experimental measure-

ments. This chapter holds three separate contributions. Firstly, the changes in the edge

magnetic �eld predicted by the equilibrium simulation are compared against direct mea-

surements achieved with the reciprocating probe presented in chapter four. Secondly, the

pressure distribution obtained during the equilibrium calculations is benchmarked against

measurements provided by the diagnostics outlined in chapter four. The pro�les measured

by the di�erent diagnostics are also mapped onto each other taking the island geometry

into account, a feat enabled by the mapping approach developed in chapter three. Finally,

the predicted stability of the standard con�guration is benchmarked against experimental

low- and medium-beta data by separating the plasma-beta related variations of its strike-line

position from the (substantially larger) e�ects of the toroidal plasma current.

� Being the �nal chapter holding original contributions, Chapter 6 is exclusively concerned with

the results obtained from heat-load modeling outlined in the �rst three chapters. Founding

the back-bone of this thesis, this chapter discusses the e�ects observed on the di�erent mag-

netic con�gurations in �nite-pressure operation. For three magnetic con�gurations, the mag-

netic standard-, high-iota-, and low-iota-con�guration (which di�er in the structure of their

edge islands), both the e�ects on the edge magnetic �eld topology as well as the e�ects on

the divertor heat-loads are discussed in-depth. Particularly, this also outlines risk-scenarios

which will require avoidance and mitigation in high-performance operation.
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Figure 1.5: Overview of the magnetic �ux surface structure of W7-X, including the islands and in
blue the last closed �ux-surface in magnetic standard con�guration, (top), the divertor components
(target plate in grey, ba�es in yellow, toroidal closure in cyan) together with con�ned island
remnants (middle) and the complete structure of plasma-facing components with steel panels in
terracotta, heat shield in purple and the U-port highlighted (bottom)
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Figure 1.6: Overview of a single divertor half-module with divertor geometry indicated in grey,
magnetic topology for standard 5/5 con�guration overlaid as green and blue and the simulated
heat-load distribution (normalized to total power) for D⊥ = 1m2 s−1 overlaid on top of the divertor
geometry

Figure 1.7: PFC structure of the Wendelstein 7-X divertor system, including the structure of the
divertor target plate. Colored components together form the divertor plate.



2 | MHD equilibrium theory

Whether Stellarator or Tokamak, all fusion plasmas are characterized by their strong internal cur-

rent dynamics. Plasmas are excellent conductors, and the internal currents are both structured

by and modify the con�ning magnetic �eld. Magnetohydrodynamics (MHD) is the theory which

studies these complex interactions between the plasma and its magnetic �eld, particularly in the

�uid limit (where the plasma is not modeled on a per-particle basis but in a collective �uid ap-

proach). MHD equilibria are steady-state solutions of MHD equations, where the exact structure

of the equilibrium depends on the MHD theory itself. This chapter will be divided into four sec-

tions. The �rst section will introduce the general conditions necessary to achieve a steady-state

MHD equilibrium. These conditions are, however, very complex and general and give very few

hints in terms of actually expected e�ects. Therefore, the second section will restrict itself to ideal

MHD equilibria in Tokamaks, where much more speci�c and informative conditions can be derived.

These will then be discussed in more detail both on the equilibrium equations themselves and on

a numerical example derived using 2D �nite element simulations. Finally, a �nal section will in-

troduce the topic of stochastization in chaotic systems and discuss its implications on con�nement

devices.

This chapter contains two original contributions:

� A new, simple derivation of the Grad-Shafranov equation based on covariant electrodynamics

in slab coordinates

� A simple �nite-element based solver for the Grad-Shafranov equation based on the FeNICs

package and its application.

2.1 First principle conditions for MHD equilibria

MHD equilibrium theories can be mainly divided along two orthogonal axes:

� Depending on whether electrons and ions (and di�erent ion species) are treated separately

or as velocities and currents of a single �uid, MHD theories can be divided into single-�uid

and multi-�uid theories.

� Furthermore, MHD theories can be subdivided into resistive MHD theories, which include a

resistive energy dissipation channel, and ideal MHD theories, which do not take into account

15
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resistive e�ects and instead suppress electric �elds altogether. Resistive MHD theories can

capture a larger class of changes in the plasma structure, as magnetic reconnection (creation

and annihilation of magnetic dipoles) is forbidden in ideal MHD theory due to the suppression

of electric �elds (which would invariable arise during such an annihilation event). Because

purely-resistive MHD e�ects rely on energy dissipation, they are usually orders of magnitude

slower than e�ects in ideal MHD, which only redistribute magnetic energy densities inside

the plasma.

The focus of this section will be placed on the equilibrium state in single-�uid MHD theories. The

di�erence between resistive and ideal equilibria mostly concerns the magnitude of the perpendicular

plasma �ow, which is mostly ignored throughout this thesis. Therefore, from an equilibrium

perspective, resistive and ideal theories are assumed to yield equivalent equilibria.

The MHD equilibrium is characterized by stationarity of all describing �elds, usually the plasma

�ow, its pressure, and the magnetic �eld. The most important condition is the force balance

condition, given by the stationarity of mass �ow:

0 = ρ
∂v⃗

∂t

= F⃗ − ρv⃗ · ∇⃗v⃗

=
(︂
F⃗Lorentz − ∇⃗p

)︂
− ρv⃗ · ∇⃗v⃗

=
(︂
µ−1
0

(︂
∇⃗ × B⃗

)︂
× B⃗ − ∇⃗p

)︂
− ρv⃗ · ∇⃗v⃗

Please note, that F⃗ and j⃗ refer to force- and current-densities, and not forces and currents.

Oftentimes, the inertial contributions can be neglected in the force balance due to the extremely

low plasma densities (ρv⃗ · ∇v⃗ ≪ F⃗ ). This equation is therefore usually simpli�ed as

µ−1
0

(︂
∇× B⃗

)︂
× B⃗ = j⃗ × B⃗

= ∇p (2.1)

The stationarity of the magnetic �eld is usually used to simplify the expression for the electric

�eld. When neglecting sheath e�ects (∇⃗ · E⃗ = 0), and assuming 0 = ∂B⃗
∂t = −∇⃗ × E⃗, we get

E⃗ = E⃗Lorentz + E⃗Resistive

=
q

m
ρv⃗ × B⃗ − ηj⃗

=
q

m
ρv⃗ × B⃗ − η

(︂
∇⃗ × B⃗

)︂
µ0

with the mean charge / mass ratio q/m. For an equilibrium solution neglecting sheath e�ects,

we require E⃗ = 0. If the resistivity η (which is usually a tensor) is zero, we get the ideal MHD

condition v⃗ ∥ B⃗ forbidding perpendicular plasma �ow. In the case of resistive MHD, however, we

get a relation between perpendicular �ow and the plasma current.
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∇⃗ × B⃗ =
µ0

η

q

m
ρv⃗ × B⃗ (2.2)

These two relations together form the primary equations for resistive MHD equilibria. A third

requirement commonly imposed in MHD models is the requirement that no heat is transported

between plasma particles. In such a plasma, all expansion must be adiabatic, and therefore

pρ−γ = const.

By varying the adiabatic coe�cient, multiple di�usive heat transport regimes can be approx-

imated. Additionally, this constraint has a γ → −∞ limit representing a constant density at a

freely decoupled pressure. This corresponds to the limit towards an in�nite heat capacitance.

2.2 Axi-symmetric ideal MHD equilibria

2.2.1 The Grad-Shafranov equation

One of the most important special cases of MHD is the subspace of axisymmetric systems, the

ideal Tokamaks. As the axial rotation is a sub-group of the Lorentz-group, the Lorentz-invariance

of electrodynamics and mechanics mandates that this symmetry should be preserved by the equi-

librium solution as well. The axisymmetric solutions of single-�uid MHD are described by the

Grad-Shafranov-equation [29, 30], which is a common basic equation in plasma physics. In this

section, I will present a new approach for shortly deriving the Grad-Shafranov equation in co-

variant electrodynamics. Note that the idea to derive the Grad-Shafranov equation covariantly

is not new, but was so far only used to derive stellar solutions including gravitation, but not for

simpli�cation of the derivation.

Using a slab coordinate system (t, ϕ, r, z), the covariant vector potential can be written as

a function of only r and z. We assume the equilibrium to be both time-invariant and ideal in

the sense of an in�nite conductivity limit. In this case, we can restrict ourselves to the spatial

components and neglect the t component. The derivation will be done in curvilinear coordinates

with the following notations:

� Covector coordinates and vector basis elements (derivatives along coordinate functions) will

have lower indices

� Vector coordinates and covector basis elements (coordinate function gradients) will have

upper indices

� Doubly-occurring indices are implicitly summed over

In toroidally symmetric slab coordinates, the following expressions hold:
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Aµ =

⎛⎜⎝ Aϕ

Ar

Az

⎞⎟⎠

Fµν =

⎛⎜⎝ 0 −∂rAϕ −∂zAϕ
∂rAϕ 0 ∂rAz − ∂zAr
∂zAϕ ∂zAr − ∂rAz 0

⎞⎟⎠

gµν =

⎛⎜⎝ −r
2 0 0

0 −1 0

0 0 −1

⎞⎟⎠

gµν =

⎛⎜⎝ −r
−2 0 0

0 −1 0

0 0 −1

⎞⎟⎠
√︁
− det g = r

Dµν =

√
− det g

µ0
gµαgνβFαβ

jν = µ−1
0 ∂µDµν

with the covariant vector potential Aµ (covector), the covariant �eld-strength tensor Fµν , the

covariant metric tensor gµν , the contravariant inverse metric tensor gµν , the local volume den-

sity
√
− det g, the contravariant electromagnetic displacement density Dµν and the contravariant

current density jµ. We now de�ne the poloidal �ux ψ = Aϕ and the normalized toroidal �eld

G = rBϕ = r (∂rAz − ∂zAr), and can explicitly calculate the current:

Fµν =

⎛⎜⎝ 0 −∂rψ −∂zψ
∂rψ 0 r−1G

∂zψ −r−1G 0

⎞⎟⎠
Dµν =

√
− det g

µ0
gµαgνβFαβ

=
1

µ0

⎛⎜⎝ 0 r−1∂rψ r−1∂zψ

−r−1∂rψ 0 −G
−r−1∂zψ G 0

⎞⎟⎠
jν =

1

µ0
∂µDµν

= µ−1
0

⎛⎜⎝ −
[︁
∂rr

−1∂rψ + r−1∂2zψ
]︁

−∂zG
∂rG

⎞⎟⎠
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In cartesian coordinates, the expression for the pressure gradient force density reads as:

j⃗ × B⃗ = ϵijkei⃗jjBk

= ϵijkei⃗jj

(︃
1

2
ϵklmFlm

)︃
=

1

2
ei⃗jj [Fij − Fji]

= ei⃗jjFij

= ∇p

As gradients are covector-�elds, the corresponding co-variant expression for the pressure gra-

dient force density has to read as:√︁
− det g∂µp = r∂µp

= jνFµν

= µ−1
0

⎛⎜⎝ r−1 (−∂zG) (−∂rψ) + r−1 (∂rG) (−∂zψ)
−
[︁
∂rr

−1∂rψ + r−1∂2zψ
]︁
∂rψ − r−1 (∂rG)G

−
[︁
∂rr

−1∂rψ + r−1∂2zψ
]︁
∂zψ − r−1 (∂zG)G

⎞⎟⎠
Taking the Ansatz of G to be representable as a function of G (ψ) with derivatives G′ and G′′,

we can further simplify this expression:

r∂µp = µ−1
0

⎛⎜⎜⎝
r−1G′ [(∂zψ) (∂rψ)− (∂rψ) (∂zψ)]

−
[︁
∂rr

−1∂rψ + r−1∂2zψ
]︁
∂rψ − r−1

(︂
1
2
d
dψG

2
)︂
∂rψ

−
[︁
∂rr

−1∂rψ + r−1∂2zψ
]︁
∂zψ − r−1

(︂
1
2
d
dψG

2
)︂
∂zψ

⎞⎟⎟⎠
= −µ−1

0

[︃
∂rr

−1∂rψ + r−1∂2zψ + r−1 1

2

d

dψ
G2

]︃
∂µψ

This suggests that p must also be representable as a function of ψ. This brings us to a scalar

equation for ψ

−µ0r
dp

dψ
= ∂rr

−1∂rψ + r−1∂2zψ + r−1 1

2

d

dψ
G2

⇔

−µ0r
2 dp

dψ
− 1

2

d

dψ
G2 = r∂rr

−1∂rψ + ∂2zψ

= ∆⋆ψ

= µ0rj
ϕ

, which is commonly referred to as the Grad Shafranov equation [29, 30]. To avoid confusion,

please note a few specialties of this equation:

� The elliptic operator ∆⋆ is not the Laplacian operator, which would be expressed as ∆ =

r−1∂rr∂r + ∂2z , but is closely related (in particular, the second order terms are identical).

� jϕ is the ϕ-component of the contra-variant current vector density in slab coordinates. This

is not the local toroidal current, which would be express as jtor = rjϕ (since |eϕ| = r).
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In this equation, the plasma is now decoupled into a set of �ux surfaces, which are the isocontours

of the poloidal �ux function ψ.

2.2.2 Equilibrium e�ects in axi-symmetric plasmas

To determine the e�ects of equilibria on the pro�le, it is instructive to perform a qualitative

examination of the Grad-Shafranov equation and infer some properties about its solution space.

For simplicity, we limit ourselves to solutions with ψ = 0 at the edge and
�
Ω
ψ > 0 inside (positive

average �ux, non-negative net toroidal current).

� In order to have an overall positive solution for ψ, the left-hand side of the equation has

to be overall negative. Therefore we would mostly (but not necessarily everywhere) expect
d
dψG

2 > 0. When assuming a positive toroidal �eld B0, we can �x G (0) = r0B0 at the edge

(with r0 being the radius of a point on the plasma edge, and B0 being the toroidal �eld at

that point). In a vacuum, we could have a solution with constant G, but in a solution with

�nite current density, G has to increase towards the plasma core to maintain a positive slope

in ψ. This implies that the toroidal �eld must be increased as soon as a toroidal plasma

current is present. Physically, this is related to the divergence-freedom of the total current.

The ∇p ⊥ j-requirement prohibits radial balance currents. However, a �eld-aligned helical

toroidal current is by itself not divergence-free (due to the spatial metric being larger on the

inboard side of the torus). Therefore, a parallel current must always also be accompanied

by a perpendicular current balancing out the charge �ow, which is called the diamagnetic

current. The same e�ect also holds vice-versa. The resulting perpendicular current enhances

the toroidal �eld.

� If the pressure-in�uence can be neglected, G can be obtained directly from the requested

current pro�le. G =
√︂
B0 +

� ψ
0
jϕ (ψ) dψ, Because Bpol = ∇ϕ×∇ψ = r · eϕ|eϕ| ×∇ψ and B

� More generally, assuming p (0) = 0, dpdψ > 0, the left-most term in the Grad-Shafranov equa-

tion is negative, and therefore enhances the e�ects of the second term. To maintain the

average current pro�le, the diamagnetic current, therefore, has to be decreased and, even-

tually, inverted. This turns the low-pressure enhancement of the toroidal �eld required by

the plasma current into a suppression of the toroidal �eld at high pressure, the diamagnetic

e�ect.

� The two terms on the left-hand side can not exactly match, as the r2p′ term is radially

unbalanced. Even when balanced in �ux surface average, the left-hand side will become

overall more negative in the out-board region and less negative in the in-board region of the

device. As the di�erential operator is Laplacian-like, the peak point of the �ux will generally

move with the peak of its source density. Therefore, the magnetic axis would be expected to

move outwards. This e�ect is commonly referred to as the Shafranov shift. Physically, the

increased and unbalanced diamagnetic current, driven by the pressure gradient, drives an

unbalanced parallel return current to balance out the charge �ow. This return current, the

P�rsch-Schlüter-current, �ows around the axis on the out-board side. Therefore it causes

a vertical �eld in the central plasma core. This vertical �eld changes the location of the

Bz = 0, which de�nes the magnetic axis.
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� Surprisingly, all equilibrium e�ects are completely independent of the toroidal �eld, even

though the strength of the diamagnetic current is strongly coupled to it. The only limitation

imposed is that rB0 must be su�ciently large at the edge to guarantee G2 ≥ 0 everywhere.

Provided that this condition is ful�lled, identical poloidal �ux distributions can be found for

any valid toroidal �eld value at the outer edge.

2.2.3 A simple Tokamak equilibrium

To showcase the e�ects mentioned above, I implemented a simple 2D numerical simulation of the

Grad-Shafranov equation. As a model, I chose a circular Tokamak with major radius R0 = 5.5m

and minor radius r0 = 1.5m. Pressure- and toroidal current-pro�les over poloidal �ux were chosen

as sigmoid functions p, j ∝ 1
1+exp(−ax−b) (see �gures 2.1 and 2.2). This limits the pro�les to

bounded ranges, which eliminates local instabilities in the equation. In the simulations the toroidal

current density was kept �xed, while the magnitude of the pressure was varied in three steps.

For the toroidal �eld and the pitch-angle visualizations, I chose a vacuum �eld distribution of

Bϕ (R) = R0

R · 0.5T, which translates into a boundary condition for G (ψ = 0). Similarly, the

poloidal �ux function was constrained at the edge to ψ (r = r0) = 0. The equation was discretized

with a H1-conforming (standard Lagrange elements) �nite-element discretization on a 50 × 50

mesh using the FEniCS toolkit[31, 32]. Interested parties can �nd the code under [33, released on

GitHub, archived by CERN].

The most obvious e�ect of the increase in pressure is the Shafranov shift, visible in the �ux

surface shape (2.3). It is accompanied by a strong asymmetry in the toroidal current density, up

to the point where the current reverses on the inboard side (�gure 2.4), and an accompanying

reduction in the toroidal �eld (2.5). This current pinch indicates that the right-most equilibrium is

probably highly unstable. Concerning the toroidal magnetic �eld, an interesting quirk of the Grad-

Shafranov equation also outlined above is the increase of the toroidal �eld at low plasma pressures

(but �nite plasma current), which then turns into the actual �eld decrease at higher pressures

that is commonly associated with the diamagnetic e�ect. This can be nicely seen in the pro�le

of the normalized toroidla �eld G (�gure 2.6). A secondary e�ect of the Shafranov shift is the

compression of the �ux function at the outboard side and an expansion on the inboard side. Since

the poloidal �eld is proportional to the gradient of the poloidal �ux, the poloidal �eld increases

in the outboard region and decreases on the inboard side (2.7). Together with the reduction of

the toroidal �eld in the outboard region, this leads to a strong imbalance of the local pitch angle

α = arctan (Bpol/Btor) (�gure 2.8).
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Figure 2.1: Toroidal current-density pro�les (�ux-surface averaged) against poloidal �ux chosen
for the example Tokamak simulations

Figure 2.2: Pressure pro�les against poloidal �ux chosen for the example simulation of the Grad-
Shafranov equation.

Figure 2.3: Flux surfaces obtained for the three simulated pressure cases in the Tokamak simulation.
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Figure 2.4: Absolute magnitude of example Tokamak toroidal current densities obtained for the
three di�erent simulated cases

Figure 2.5: Example Tokamak toroidal magnetic �elds obtained for the three di�erent simulated
cases assuming B = R0

R · 0.5T, R0 = 5.5m at the edge

Figure 2.6: Pro�le obtained for the normalized toroidal �eld (the G-term) assuming B = R0

R ·
0.5T, R0 = 5.5m at the edge.
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Figure 2.7: Example Tokamak poloidal magnetic �elds obtained for the three di�erent simulated
cases

Figure 2.8: Pitch angle distribution (in degrees) of the example Tokamak for the three simulated
cases
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2.3 Island formation and stochastization e�ects

Many magnetic topologies contain magnetic island structures similar to the structures in W7-X's

island divertor. Generally, these islands appear whenever the toroidal and poloidal mode numbers

n andm of a radial magnetic perturbation∆Br ∝ cos (ϕ0 + n · ϕ−m · θ) (with ϕ being the toroidal
and θ being the poloidal angle) interact with a magnetic surface. To allow for these interactions

to interfere constructively, the magnetics surface's rotational transform ι (ratio of average poloidal

to toroidal angle change) must ful�ll the resonance condition ι = n/n. Whenever this is the case,

an island chain with m poloidal islands will form on this �ux surface.

At �rst order, these islands will have clean nested �ux surfaces. However, once these island

structures start to overlap, the intersecting region becomes chaotic. Since the magnetic island size

usually depends on the plasma beta, this makes stochastization e�ects an important beta-related

e�ect. This section will shortly discuss a popular toy model for stochastization, the kicked rotator

model, and then will give a more practice-oriented example for stochastization characteristics (and

avoidance strategies) on a practically used Stellarator type.

2.3.1 The Kicked Rotator Model

The simpliest toy model to study is the kicked rotator model, which is given by the Hamiltonian

H (θ, p, t) = p2

2 +K cos (θ)
∑︁∞
i=−∞ δ (t− i). In this model, θ is the angle of a massive rod and p is

its angular momentum. Periodically, the rod is kicked at its end in a �xed direction with magnitude

K. When sampled at integer time intervals (right before every kick), the angular momentum p is

only relevant for the angle's time series up to a multiple of 2π. Therefore, the whole phase space of

this time series �ts in the [0, 2π]2 window and its timeslices at t = {2πn|n ∈ N} can be represented

by the time series

θt+1 = θt + pt+1

pt+1 = pt +K cos (θt) (2.3)

which is also called the standard map. Figure 2.9 shows the phase space surfaces formed by

the kicked rotator's trajectories. Between 0.9 and 1.0 lies the critical K value at which the two

resonances in phase space start to overlap. As K increases beyond this threshold, the overlapping

region is transformed into a stochastic region, where �eld-lines mostly do not follow any nested

structures anymore.

2.3.2 Plasma-beta driven edge stochastization

The phenomenon of stochastization is not limited to the growth of already existing islands. The

harmonic magnetic �eld components which drive the creation (and overlap) of islands can often

be purely driven by MHD equilibrium e�ects. Figure 2.10 shows an example of how stochastiza-

tion can practically a�ect a Stellarator. In the shown system (which is a simpli�ed model for a

Heliotron-type Stellarator like LHD), large beta plasmas exhibit a severe degradation of the mag-

netic surfaces in the edge, which not only leads to a signi�cant loss of con�ned plasma volume but

also creates a strong deviation in scrape-o� layer structure. Since the magnetic islands originate
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Figure 2.9: Poincaré map (see equation 2.3) of the kicked rotator for di�erent values of the kick
strength K. Coordinate axes correspond to the phase space of the kicked rotator.

from a resonant �ux surface, and their width is inversely proportional to the magnetic shear, there

are three strategies to design robust magnetic con�gurations for high plasma beta:

1. Avoid rational �ux surfaces with ι resonant to magnetic Fourier components driven by plasma

beta

2. Have a su�cient magnetic shear around these surfaces in order to limit the growth of magnetic

islands due to the resonant magnetic components

3. Design the vacuum geometry to contain Fourier components opposite to the ones driven by

plasma pressure so that high-β-operation annihilates existing magnetic islands instead of

creating new ones

In Wendelstein 7-X, the second option directly opposes the requirements for an island divertor and

the nature of its low-shear optimization. Option one can be implemented through scanning the

ι-range of the core (by adding an additional toroidal �eld), while option three is a component of

the standard magnetic con�guration. In this con�guration, there is the potential of a magnetic

ι = 5/6-surface appearing in the core. The vacuum n/m = 5/6-component was design such that it

would cancel out against the plasma contribution at βaxis = 5%, suppressing the associated island

at high-beta operation.

2.4 Summary

This chapter gave an elementary introduction to the theoretical foundations of MHD equilibria and

discussed the e�ects that should be expected when transitioning from a vacuum-magnetic topology

to a �nite-pressure plasma. The �rst principles of this theory were brie�y introduced, and then the

Grad-Shafranov equation for axisymmetric systems was derived from them in a covariant approach
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in cylindrical coordinates. The most important e�ects, the diamagnetic e�ect and the Shafranov

shift, were introduced by numerically examining a simple model Tokamak. The characteristical

scale of such e�ects, the plasma beta, was introduced in multiple variants. Afterwards, the e�ects

of magnetic �eld stochastization by overlapping magnetic islands was brought into play via a simple

toy model. The possible interactions between stochastization processes and beta-driven islands -

and general ideas on avoiding and mitigating their e�ects - were shown based on a practically

relevant Stellarator design.

With the end of this chapter, this thesis will close its focus on simple and instructive models,

and will instead proceed to the more complex models required for real-world Stellarators. In

particular, the next chapter will deal with a more detailed modeling approach suitable for complex

geometries such as Wendelstein 7-X, which can be used to derive �nite-beta magnetic �eld, analyze

their structure, and then make heat-load predictions for plasma-facing components.





3 |
Numerical codes for �nite-

beta equilibrium and heat-

load modeling

In order to understand the internal dynamics of pressure-driven changes in the edge plasma, one

must �rst understand the dynamics of the primary shaper of the plasma, the con�ning magnetic

�eld. While analytical solutions can be obtained for simple cases, such as restricted subsets of the

Tokamak con�guration space, generally, a numerical solution of the equations is required. On the

coarsest level, MHD equilibrium solvers for fusion devices can be divided into two branches:

� Flux-surface based solvers: These solvers approximate MHD equilibria in a restricted sub-

space, namely the subset of equilibria with nested �ux-surfaces. The �ux surfaces are usually

described as isocontours of a 3D �ux surface label function, and the magnetic �eld is �xed

by parametrizing magnetic �ux functions over the �ux surface label. Since this approach

is very close to an explicit vector potential, it yields stable and fast discretization schemes

(the equations are closely related to vectorial Poisson equations, which are outstandingly

well-behaved).

� Full-�eld solvers: These codes rely on a more explicit description of the equilibrium �eld.

Oftentimes, they directly apply standard discretization methods (�nite di�erence, �nite vol-

ume, �nite element) directly on the �eld and related equations. These codes can represent a

far wider space of possible equilibria, including those with stochastization and magnetic is-

lands. Unfortunately, the improved representational capability comes at the cost of massively

increased resource demands. Where �ux-surface codes can usually run in a few minutes on a

single PC, full-�eld codes are a strict supercomputer-only domain, not least due to the large

amounts of memory required.

These codes then need to be integrated into a pipeline of post-processing systems, which analyze

the �nite-beta magnetic con�gurations to obtain experimentally relevant information (such as

synthetic diagnostic data, but also un-observable information). A full overview of the pipeline

applied in this thesis is shown in �gure 3.1. The pipeline is divided into three stages. The �rst

stage is the computation of �nite-beta equilibria using the equilibrium codes HINT and VMEC.

The second stage is the direct and di�usive tracing of the �nite-beta �elds (combined with the

machine geometry) to obtain Poincaré-maps, connection-length distributions, and strike-points

distributions for heat-carrying test particles. The purpose of this chapter is the introduction of the

individual components making up this numerical modeling chain.
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along the �eld-line. In the equilibrium case, this implies that p = const. on all closed �ux surfaces,

which corresponds to the γ → ∞ limit of the MHD equilibrium equations. Magnetic relaxation

is achieved by integrating the resistive MHD equations over time. In order to bring the inertial

and resistive time-scales onto a similar level, the resistivity is assumed at an un-physically high

level. This speeds up the speed of the magnetic relaxation without modifying the equilibrium

�eld (as the equilibrium conditions are independent of the plasma resistivity). As HINT uses

a direct formulation for the magnetic �eld and does not rely on the vector potential, it has to

explicitly preserve the divergence freedom of the magnetic �eld. It does so by adding an additional

κ · ∇⃗ ·
(︂
∇⃗B

)︂
term into the time derivative that annihilates emerging magnetic monopoles.

As the magnetic �eld relaxes, the pressure averaging process ensures consistency of the pressure

distribution with the magnetic topology. It does, however, not ensure consistency of the pressure

pro�le with the requested pro�le. Especially during the early iterations, where the �eld changes

the most, the pressure pro�le is smeared out by the repeated averaging over di�erent �ux surfaces.

Therefore, the requested pressure pro�le has to be periodically recovered. Figure 3.2 shows an

overview of these three di�erent processes, which are detailed below.

3.2.1 Magnetic Relaxation

Magnetic relaxation is performed in HINT by integrating the resistive MHD equations. For the

magnetic �eld, it uses the equations

dB1

dt
= ∇× E + κ∇ · ∇B

E = v ×B − η (j1 − jn)

B = B0 +B1

j1 = µ−1
0 ∇×B1

jn = µ−1
0 ∇×B0

v = v0 + v1

with the vacuum �eld B0, the plasma �eld B1, the anisotropic arti�cial resistivity η, the sta-

tionary �ow v0 and the dynamic �ow v1. The resistivity η can be speci�ed separately for the

plasma- and wall-domain, and is averaged once over a local 3× 3 grid by HINT to prevent sharp

transitions.

Like the magnetic �eld, the �ow is decomposed into a stationary and a dynamic component,

and only the dynamic component is evolved over time:



3.2. HINT 33

dv1
dt

= ρ−1fBF

F = −v · ∇v −∇p+ j ×B

+ ν0,paraB̂
⟨︂
B̂, V0

⟩︂
+ ν0,perp

(︂
V − B̂

⟨︂
B̂, V0

⟩︂)︂
+ ν0V0 + ν1V1

V0 = ∆ν0

V1 = ∆ν1

with the background and foreground viscosities ν0 and ν1 and the anisotropic background

viscosities v0,para and v0,perp. fB (referred to in the code as factorb or factorc) is a stabilization

factor that is set to 0 inside the coils (it is determined by thresholding the vacuum �eld and its

current and then smoothing) in order to prevent a build-up of �ow in the coils. Both equations are

integrated together over a �xed time step-size with a high-order Runge-Kutta integrator. A �xed

number of magnetic relaxation steps are performed per macrocycle, where each time relaxation

step is a single time step of the integrator.

The boundary conditions enforced during the time-stepping process are Dirichlet conditions on

the normal �eld and �ow:

dv

dt
· n = 0

dB

dt
· n = 0

In addition to the above relaxation scheme, HINT relies on a mixing-smoothing scheme for

�ow stabilization. Smoothing is performed by partial convolution with a 1D kernel along every

direction

v1 ← λvref + (1− λ) (v1 − vref) ∗K

with λ = 0.375 and K having the �xed representation 1
6 [−1, 4, 0, 4,−1] on the �nite-di�erence

grid. The reference �ow vref is copied from v1 periodically.

3.2.2 Pressure relaxation

After magnetic relaxation, the 3D pressure distribution has to be modi�ed to ful�ll B⃗ · ∇⃗p ≈ 0

of the new magnetic �eld. HINT achieves this by averaging the �eld along a �xed distance. The

�eld-lines traced for averaging are started from the grid points and are traced in both directions.

The �eld-lines are not traced with a �xed 3D step size or a �xed multiplier of the vacuum �eld.

Instead, the code performs a �xed step size in the toroidal angle on each Runge-Kutta iteration.

If any direction encounters the wall domain during tracing, the contribution of that direction to

the average pressure is completely set to 0 (but the other direction can still contribute).

When focusing on core plasma physics, especially on islands appearing in the plasma core, the

averaging length of the pressure relaxation process should be set high enough to connect both ends
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of the inner islands. This is, however, undesirable when analyzing divertor islands, as the truncation

of the pressure will prevent the buildup of pressure gradients at the edge. In practice, even values

orders of magnitude shorter than the connection length (Lin = 10m vs. a connection length of

250m) still make it di�cult to build up signi�cant edge pressures, as the repeated application of

pressure relaxation acts similar to a parallel di�usion process. This value should, therefore, be

chosen as low as possible without compromising the �ux-surface alignment of the isobaric surfaces

in the core. For the results presented in this thesis, the edge pro�les were not matched exactly,

and the averaging length was chosen as 2m.

3.2.3 Pressure pro�le reconstruction

The pressure relaxation step alone has a tendency to overly dissipate pressure gradients, especially

during the early phases where the magnetic �eld varies a lot between pressure relaxation steps.

Therefore the requested pressure pro�le has to be periodically re-established. HINT achieves this

with a three-step process:

1. Build a histogram of the toroidal magnetic �eld over the pressure

2. Use this histogram to calculate the toroidal magnetic �ux enclosed by each isobaric surface

on every grid point

3. Re-calculate the pressure distribution from the 3D �ux distribution and the requested pres-

sure pro�le

The pressure pro�le is calculated from a pro�le shape and a requested plasma beta. The target

pressure is estimated from the requested axial plasma beta and the on-axis magnetic �eld in the

ϕ = 0 plane.

3.2.4 Required Inputs

In order to perform its calculation, HINT must be given the following information:

� The 3D vacuum �eld must be explicitly passed. Not only is it used as the initial �eld for the

calculation, but it also contains the information necessary to derive the fB factor for �ow

stabilization. This factor is derived from coils detected in the magnetic domain, which is

achieved by analyzing the vacuum current distribution

� Additionally, HINT requires an initial magnetic �ux distribution to calculate its starting

value for the 3D pressure distribution. The inputs were here created by sampling the 3D

�ux distribution of VMEC equilibria. In cases of short LC with a high number of repeated

relaxations, the outputs of HINT were found to be remarkably stable against perturbations

in this parameter, to the point where VMEC equilibria from di�erent con�gurations could

be used as an input and would yield nearly the same result (if the vacuum �eld was kept the

same). It should be stressed that this high degree of stability can not be expected for higher

Lin con�gurations, where the initial �ux distributions will quickly lock in the shape of the

pressure pro�le.

� Finally, HINT requires a description of the machine geometry. Since triangle-line intersection

tests are numerically complex and expensive, HINT instead relies on a voxel description of the
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machine geometry. In this work, the machine geometry was voxelized by casting rays from

�ux surfaces of a VMEC equilibrium towards the target point in question (most commonly the

surfaces at normalized toroidal �ux s = 0 and s = 0.2 in standard magnetic con�guration).

If any of the rays were to intersect a triangle of the machine geometry, the corresponding

voxel would be marked as �in-wall�, otherwise it was assigned to the plasma domain. This

scheme produces high-quality solid volume representations of the plasma boundary.

When calculating the �ux distributions from VMEC equilibria, care should be taken on how the

coordinates are mapped. VMEC uses a non-linear coordinate system (ϕ, s, θ) with toroidal slab

angle ϕ, normalized �ux s, and poloidal angle θ, which can be easily transformed to cartesian

coordinates by a Fourier series. The inverse transform form cartesian into VMEC coordinate

space, however, is highly non-trivial and usually not analytically solvable, so a numerical inversion

scheme has to be used instead. Since VMEC's coordinate systems are polar, standard Newton-

Raphson methods are unsuitable near the axis. This problem was solved by inverting the transform

from virtual slab coordinates (ϕ, s cos (θ) , s sin (θ)) to slab coordinates (ϕ,R, z), which is stable also

around the magnetic axis, and would recommend interested researchers to do the same.

3.3 Divertor heat load modeling

At lowest order, the heat loads on plasma-facing components can be approximated by a convective-

di�usive streaming model. Test particles are instantiated on the closed surfaces of the plasma

and stream along the �eld-line. To enable the particles to leave the con�ned plasma, a small

Brownian motion is superimposed onto the particle trajectories. In its discrete form, this model

is called the �eld-line di�usion model. A naive implementation would have the particle travel a

very short distance and then apply a �xed variance Brownian motion step. A straight-forward

numerical optimization is to �rst sample the mean free path from an exponential distribution L←
p (L = l) = exp(−λl)

λ , propagate this distance along the �eld-line, and then sample the Brownian

motion conditioned on the travel distance ∆x ← p (∆x = s) = 1

(2π)
3/2σ(l)

exp
(︂
− |∆x|2

σ(l)2

)︂
, σ (l) =√︂

D · lv . This work relies on the �eld-line di�usion implementation provided by a web-service

installed in the Institute of Plasma Physics in Greifswald [40].

Like all test-particle Monte-Carlo models, and unlike a numerical �uid model, this model does

not immediately yield a heat-�ux approximation. Instead, it constructs a three-dimensional cloud

of impact points which needs to be projected onto the machine geometry and binned to obtain heat-

�ux predictions. Usually, these approaches require a manual mapping of the machine geometry

into 2D space. This is a long-winded and time-consuming manual process. A newly developed

approach developed during this thesis is a synthetic camera-based binning concept. All particles

are transformed into the camera space and then binned in the 2D grid representing the camera

image. The resulting distribution can then be multiplied with a (pixel-dependent) conversion

factor to obtain the heat-load distribution. The mathematical concepts underlying this model are

as follows:

� Transformations in 3D space can be modeled as matrices in the 4D homogenous coordinate

space. In this space, 3D points are represented as (x, y, z, 1) and distance / direction vectors

as (x, y, z, 0). This space is well de�ned in the sense that distances and directions may be
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summed and scaled, and 3D points can be subtracted to yield a distance. Likewise, adding

distance to a 3D point is also legal. In this space, translations, rotations, shear transforms,

and similar spatial operations can be expressed as 4 × 4 matrices with the last row always

being (0, 0, 0, 1).

� Projective camera transforms (which are no pure spatial transforms) can be, in homogenous

coordinates, expressed by a spatial transform, a matrix of the form M =

⎛⎜⎜⎜⎜⎝
1 0 0 0

0 1 0 0

0 0 1 0

0 0 α 0

⎞⎟⎟⎟⎟⎠
and a non-linear renormalization operation (x, y, z, w)→ (x/w, y/w, z/w, 1).

� If a surface is modeled as a function from a surface parameter space to 3D space f : (u, v)→
(x, y, z) and a projective transform form 3D space to screen g : (x, y, z) → (xs, ys), then

the surface area covered by a pixel is in �rst order approximated as the ratio between the

surface element
⃓⃓⃓
df
du ×

df
dv

⃓⃓⃓
and the screen element |det (Dg◦f )| (assuming that a pixel is 1× 1

in screen coordinates)

� The normalized heat-�ux on a surface element represented by a pixel is given as Pnorm =
npix
ntot

A−1
pix, where npix is the number of test particles in the virtual screen pixel, ntot the total

number of test particles that reached a PFC, and Apix is the surface area covered by this

pixel.

This approach allows the fast construction of heat-load images from varying camera angles, �elds

of view, and positions. It also has the distinct advantage of working well on non-planar geometries

that can not be easily un-rolled (e.g. close-up views of gaps in divertor targets). Additionally,

because such a model re-uses calculations commonly performed in video games, it should also map

extremely well onto GPU hardware.

3.4 Machine-learning assisted magnetic surface coordinate

reconstruction in 3D magnetic �elds

A major challenge in experimental plasma physics is the task of combining the measurements from

di�erent diagnostics. Most diagnostics are specialized in measuring one or two plasma parameters

and have unique sight-lines. Plasma-facing camera diagnostics, such as bolometers, measure line-

integrated data, while other diagnostics (such as Thomson scattering or reciprocating Langmuir

probes) measure along a speci�c path. Physical conclusions usually require more parameters than

can be provided by a single observation system. Generally, there are two methods to achieve this.

The gold standard for physical evaluation is full 3D modeling of the involved physical processes.

The model can then be iteratively adapted to match the plasma parameters to the observations

provided by the available diagnostics. This approach allows a full reconstruction of the plasma and

provides a large amount of additional information about the modeled experiment. It faces, however,

two challenges. The �rst issue comes from the fact that simulation codes often implement simpli�ed

models, which can sometimes not provide a full match of the observations in question. This is not a

major issue with well-established and extensively benchmarked models but can become a hindrance
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when investigating novel (and consequentially poorly understood) physics. An additional problem

is the cost of such a process, especially in a complex magnetic geometry like W7-X. Full simulation

requires extensive computing resources and expert operators. Additionally, large scale observation

�tting usually not only combines multiple diagnostics but also requires the combination of multiple

modeling codes. Coupling models which make di�erent, and sometimes con�icting, assumptions

about the studied system requires long attention windows by highly trained experts on both the

codes and the diagnostics, which is a far higher expense than the computational resources needed.

Many cases, however, do not require a full reconstruction of the target system. A large number

of applications only want to either combine information about related magnetic surfaces or want to

compare observations of the same plasma parameter at di�erent spots on the same magnetic surface.

A full model is neither necessary nor feasible for these projects (e.g. due to time constraints on the

analysis). They therefore usually take approaches based on the magnetic geometry of the plasma.

The most common approach is to provide a label for magnetic surfaces and then plot measured

plasma parameters over this �ux surface label. The most popular labels are the s coordinate of

VMEC equilibria (which assume nested �ux surfaces) and the average distance between a �eld-line

and the magnetic axis. Unfortunately, both of these labels are only suitable for the plasma core

and do not provide �ux-surface aligned (which is broken in the VMEC equilibria) and distinct

(which is lost for the average distance to the axis) magnetic surface labels in the plasma edge of

W7-X, which is dominated by magnetic islands.

This sub-chapter introduces a novel approach to this problem of mapping coordinate construc-

tion, which borrows heavily from the �eld of machine learning.

In particular, the mapping coordinate function will be approximated through a neural network,

which has several bene�ts. The trained neural network is a simple, small, feed-forward network.

It can therefore be easily shared between researchers and evaluated quickly (in real-time if using

a Graphics Processing Unit). Additionally, neural network libraries routinely provide support for

automatic algebraic di�erentiation, as it is required for their training processes. The network can

therefore be di�erentiated in the con�guration parameters to quickly evaluate the �best-matching�

con�guration under any required set of constraints. This is particularly of interest for diagnostics

with many independent measurements, which can then leverage fast gradient-based optimizers to

�nd the most consistent magnetic con�guration for their observations. Additionally, the network

can also be trained to produce secondary outputs, for example an estimation on whether the

queried point lies on an open or closed �eld line.

3.4.1 De�nition of an island-aware radial coordinate

For most considerations in nuclear fusion experiments (with the notable exception of parallel �ow

in open �eld lines such as divertors), plasma parameters can be assumed as constant along �eld

lines. When comparing positions in the magnetic geometry, we would therefore like to neglect the

parallel component of the distance and only rely on the remaining perpendicular component of

paths between points. Based on this motivation, we can de�ne the following quantities for a given

magnetic �eld B⃗ : R3 → R3:

� The perpendicular path length l⊥ of a smooth (arbitrarily di�erentiable) path γ : [0, 1]→ R3

between points p and q (γ (0) = p, γ (1) = q) is de�ned as the integral of its parallel di�erential

component l⊥ [γ] =
� 1

0

⃓⃓⃓
B⃗ (γ (τ)) · dγdτ (τ)

⃓⃓⃓
dτ
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� The perpendicular distance of two points p and q is de�ned as the in�mum of all possible

such path lengths d⊥ (p, q) = inf {l⊥ [γ] |γ smooth path from p to q}

� The perpendicular distance of two magnetic surfaces S1 and S2 (where a magnetic surface

is de�ned as a set S ⊂ R3 with ∀p, q ∈ S : d⊥ (p, q) = 0) is de�ned as d⊥ (S1, S2) =

inf {d⊥ (p, q) |p ∈ S1, q ∈ S2}

� The perpendicular radius r⊥ (p) of a point p is de�ned as its perpendicular distance d⊥ (p, pax)

to a pre-de�ned reference point pax on the magnetic axis.

� The perpendicular radius r⊥ (S) of a magnetic surface S is de�ned as the perpendicular

radius of an arbitrary point p ∈ S (this is independent of the choice of point)

It should be noted that the last de�nition is independent of the choice of reference point on the

magnetic axis. d⊥ is symmetric and ful�lls the triangle inequality (d⊥ (a, b) ≤ d⊥ (a, c)+d⊥ (b, c)).

Unfortunately, the calculation of r⊥ as formulated here is numerically infeasible. It can, however, be

approximated for a �nite set of magnetic �ux surfaces through the following three-stage approach:

� Calculate the distance of closest mutual approach between all given magnetic surfaces

� Calculate the distance of all magnetic surfaces to the magnetic axis

� Calculate the shortest path from the magnetic axis to each surface, which can be achieved

by hopping from one surface to the next (can be calculated from the above two points)

With this calculation, approximations for r⊥ can be obtained on each of the pre-determined mag-

netic surfaces.

In a case of well-aligned nested �ux surfaces, the shortest path from one �ux-surface to another

is usually orthogonal to the �ux-surface in-between. In such a case, the di�erence in perpendicular

radius should be approximately equal to the perpendicular distance of the surfaces. This allows

us to de�ne topologically related zones Zi ⊂ P
(︁
R3

)︁
, which are sets of �ux surfaces that ful�ll the

consistency relation

∀S1,S2 ∈ Z : |d (S1, S2)− |r⊥ (S1)− r⊥ (S2)|| ≤ ϵ (3.1)

with a mismatch tolerance parameter ϵ (which de�nes the minimum scale of structures that

should be partitioned out into separate zones) and the real-space surface distance d (S1, S2) =

inf {|p− q| |p ∈ S1, q ∈ S2}. In addition to the perpendicular radius coordinate, the network will

also be tasked to assign a zone label to each input �ux surface in order to identify topological

fault-lines (e.g. island separatrices) in the magnetic structure.

3.4.2 Training of the mapping network

Training of neural networks and other surrogate models involves three components which need to

be assembled:

� The data-�ow and computation pattern, as well as the parameters available for tuning by

the optimizer, have to be de�ned

� Input data for the training loop have to be provided
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� A loss function which is optimized by the training framework needs to be speci�ed

The particular approach towards each of these sub-tasks is outlined below.

3.4.2.1 Structure of the surrogate neural network

The mapping network for Wendelstein 7-X takes as an input the cartesian coordinates of the re-

quested point and 10 parameters describing the magnetic con�guration. The cartesian coordinates

are then converted into R =
√︁
x2 + y2, ϕ = arctan (y/x) , z coordinate, and ϕ is further converted

into sin (5ϕ) and cos (5ϕ), which enforces the 5x. The raw x, y and ϕ values are then dropped.

This coordinate representation enforces the �ve-fold symmetry of W7-X and assists in the sta-

bility of the training. Furthermore, all current-like parameters (including coil-, but also toroidal

plasma current) are then normalized to the mean non-planar coil current to model equivalence of

con�gurations under scalar magnetic �eld scaling.

Afterwards, the inputs are passed to a number of dense layers with a �leaky ReLU� (leaky

recti�ed linear unit) [41, 42] activation function. Each of these layers amounts to a dense d ×
d matrix multiplication, followed by an element-wise application of the leaky ReLU activation

function LRU (x) =

⎧⎨⎩x x ≥ 0

αx x < 0
. Both the bandwidth d and the number of these layers are

hyperparameters, which are automatically optimized over. Finally, three output layers extract the

following information from the �nal internal layer:

� The radial coordinate value r⊥ (x)

� A list of unnormalized logarithmic probabilities (�logits�) lZ,i representing con�dence values

for each zone assignment

� Two logits lopen and lclosed representing con�dences in the associated �ux surface being an

open (cut by divertor or other plasma-facing components) or a closed zone

The logit values l··· can be converted into probabilities by the softmax function. We therefore

get the probabilistic con�dence values for the zones p (Z = k) =
exp(lZ,k)∑︁n

j=1 lZ,j
and the probability of

the magnetic surfaces being opened by a divertor p (open) = exp(lopen)
exp(lopen)+exp(lclosed)

. As the softmax

function is monotonous, the most likely zone can be chosen as the zone with the highest lZ value

while a point is likely on an open �eld-line if lopen > lclosed.

3.4.2.2 Grid of training con�gurations

For a �rst experiment, the network was trained on a training set of 23 vacuum �eld con�gurations

and 47 HINT equilibria3.3. The vacuum con�gurations were chosen from a T-shaped grid ranging

from standard to high-iota, to low-iota and to high-mirror con�guration. Due to availability from

previous simulations, equilibrium calculations were used for standard-, low-iota- and high-iota

con�guration. The con�guration set is parametrized by the following 10 parameters:

� Non-planar and planar coil currents (7 values)

� Toroidal plasma current

� On-axis plasma beta



40 CHAPTER 3. NUMERICAL CODES

� Pressure pro�le coe�cient α, describing a pro�le of shape p ∝ (1− s)α over normalized

toroidal �ux s

Figure 3.3: Con�guration grid used for training of the �ux-surface mapping network. The x-axis
corresponds to the edge rotational transform, the y-axis to the magnetic mirror. The pie diagrams
indicate the number of variants included for the given con�guration. Blue dots correspond to a
single vacuum con�guration.

3.4.2.3 Choice of loss function

The loss function represents the optimization target. It is a scalar function on the input data, which

is evaluated by the optimization routine. The optimizer adjusts the parameters of the model (in

this case, the neural network) against the gradient of the loss function, eventually �nding a local

minimum. The optimization problem de�ned here is a supervised learning problem, where the

model is presented with speci�c inputs and has to replicate a reference output. The loss function

is evaluated on the data as follows:

� Select a pair of pre-computed magnetic surfaces S1 and S2 from the dataset, along with the

pre-computed perpendicular radii r⊥,truth (S1) and r⊥,truth (S2)and their real-space distance

d (S1, S2)

� Sample two points p1, p2 from these surfaces as well as a point from the magnetic axis pax

� Apply the black-box model to these points to compute the output parameters (perpendicular

radii, zone assignment probabilities and con�dences of open and closed �eld-lines)

� Evaluate the loss function as given in equation 3.2
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Loss =
1

2
|r⊥,estimated (p1)− r⊥,truth (p1)|2 +

1

2
|r⊥,estimated (p2)− r⊥,truth (p2)|2 (3.2)

+ αzone

[︂
|d (S1, S2)− |r⊥,truth (p1)− r⊥,truth (p2)||2 − ϵ2

]︂
· P (Z (p1) = Z (p2))

+ αO/C ·

⎡⎣⎧⎨⎩log (p (open) (p1)) S1 is open

log (p (closed) (p1)) S1 is closed

⎤⎦
The �rst component is a quadratic regression loss. The second component is a custom loss

component that encourages surface pairs satisfying equation 3.1 to be assigned to identical zones,

and discourages it otherwise. The third component is a cross-entropy loss for a binary classi�cation

scheme. As the primary task of the mapping network is the reconstruction of the perpendicular

radius coordinate, the second and third loss terms are multiplied by a small scale factor to reduce

their impact on the outcome. This encourages the training process to prefer improving the r⊥
estimator when having to make trade-o�s between the di�erent components.

3.4.2.4 Training process

The network is implemented in TensorFlow in a custom training loop. The loss function is not

evaluated on a single sample from the data but averaged over sampled batches. The sampling

of these batches is performed on ten con�gurations simultaneously. For training, 20000 samples

are drawn simultaneously from each con�guration and combined into one training batch. For

validation, 10000 points are sampled from every con�guration of the input grid. To reduce noise in

the validation loss, the validation set is not resampled every time. Instead, the sample points are

kept constant globally (by caching them on-disk). The network was trained using TensorFlow's [43]

implementation of ADAM [44], with the learning rate being a hyperparameter. Hyperparameters

were selected by Optuna's [45] Tree Parzen Estimator[46]. Unpromising runs were aborted early by

an ASHA/Hyperband[47] pruner. For this pruner, Optuna's initial implementation was modi�ed

to only promote iterations to the next rung in a bracket if another run had completed this bracket

already. Figure 3.4 shows an overview of the training run for the neural network, including the

in�uence of the two most important hyperparameters, the learning rate (multiplier for all parameter

adjustments by the optimizer) and the bandwidth (the number of individual neuron channels per

layer).

The learning rate is the most impactful parameter for the training process. Even a slightly

reduced learning rate will quickly lead to a very ine�cient training process, as the incremental

improvements required to optimize the network will take too long to incorporate. Conversely,

if the learning rate is set too high, the updates to the network's weights will overshoot beyond

the optimum, and, eventually, the training will become unstable. This instability often leads to

a catastrophic numerical divergence of the weights optimization. Such events are detected and

compensated by reverting both network and optimizer (as the ADAM optimizer holds internal

state as well) to a checkpoint, which is saved every minute if the validation loss improves. Even

with the divergence being accounted for, an overly frequent occurrence of these resets is prone to

slow down the training process.

Another relevant optimization parameter is the bandwidth (and, therefore, the complexity and

expressive power) of the network. On the one hand, if the bandwidth is set too low, the network will

be unable to learn a su�ciently expressive internal representation of the inputs to correctly infer a
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consistent set of outputs and zone partitions. On the other hand, the amount of work performed

during the training process is almost proportional to the network's bandwidth. Therefore, a higher

bandwidth leads to a lower number of training cycles per minute and a lower rate of training data

consumption. Since training is budgeted over time and not over training cycles, the hyperparameter

optimizer avoids the upper end of the bandwidth spectrum.

The upper two sub�gures of �gure 3.4 show the training times and �nal loss function values of

all training attempts. The learning rate shows clear slopes towards an optimum value of 3 · 10−3.

The bandwidth hyperparameter also shows a cluster of high-performing runs on its lower end.

However, this might also be a bias of the Tree-Parzen-Estimator, which preferentially samples

new hyperparameters around previously well-performing runs. The lower left sub�gure of �gure3.4

indicates that the performance, while improving slightly over time, is overall a noisy property of

the training runs. This points at a signi�cant dependency on the initial weights of the network,

which are sampled from a pseudo-random distribution. The bottom-right sub�gure showcases the

behavior of the Hyperband pruner, which stops unpromising runs after a time of six minutes, and

again after a time of one hour.

Figure 3.4: Hyperparameter dependence (upper row) and time evolution (lower row) of the training
process. Dots indicate the best training loss of the run (lower is better) against run parameters
and run index. Lines indicate the evolution of all training runs over time.

3.5 Summary

Numerical modeling forms the backbone of this research work. At the end of this chapter, the

reader should be familiar with the equilibrium codes VMEC and HINT, and the kind of inputs
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these codes need to build an equilibrium magnetic �eld. Furthermore, this chapter introduces

the convective (parallel)-di�usive (perpendicular) �eld-line di�usion model, which can be used to

generate strike-point distributions for test particles onto the divertor components. Finally, this

chapter introduced two novel contributions to the modeling approaches, which are a full-resolution

synthetic camera and a neural-network-based approach to obtain �ux surface coordinates in non-

nested topologies.
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4 | Diagnostic systems for

plasma observation in mag-

netic con�nement devices

Con�nement experiments require a large number of diagnostic systems in order to characterize

their plasmas reliably. They feature large numbers of non-uniformly distributed parameters, such

as electron and ion temperatures and densities, parallel and perpendicular �ows, turbulent �uctu-

ations, magnetic mode excitations, impurity densities, and others, which should preferentially be

observed simultaneously by multiple measurement systems each to con�rm each others' measure-

ments in a research setting. The purpose of this chapter is to introduce a subset of these diagnostic

systems, which can obtain the plasma parameters relevant for these studies.

This chapter presents one original contribution, which is the reciprocating magnetic probe

system embedded inside the combined probe (excluding the coil support structure, which was

already designed beforehand). This contribution does not include the combined probe as a whole,

but does encompass the design and calibration of the analog ampli�er system and the associated

post-processing, both of which are key components in its successful operation.

4.1 Thomson Scattering System

Thomson scattering is the elastic scattering of low-energy electromagnetic waves o� a charged

particle. Speci�cially, in contrast to Compton scattering, the Thomsons scattering limit assumes

the velocity of the charged particle to be una�ected. If the luminosity of the scattering light source

is known, the amount of photons scattered from a speci�c volume is directly proportional to the

density of charged particles. If the light source has a narrow frequency bandwidth, the spectrum

of the scattered light also contains the information required to infer the velocity distribution of the

charged particles. Since lighter particles have a stronger tendency to scatter light, the dominant

contributor to Thomson scattering is the electron gas portion of the plasma.

In W7-X, Thomson scattering is used to determine electron density and temperature pro�les

mostly in the plasma core [48, 49, 50]. In standard con�guration, the beam path of the laser light

source usually covers only a limited portion of the magnetic islands, as it crosses the islands near

the X-point on both sides. However, the in-board side can still cover the outer 3rd of the island in

standard con�guration.

45
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Figure 4.1: Setup of the W7-X Thomson scattering system in toroidal cross-section. [48]

4.2 X-Ray Imaging Crystal Spectrometer

The X-ray Imaging Crystal Spectrometer (XICS) is an imaging system for X-Ray radiation coming

from highly charged impurities in the plasma. The centerpiece of the XICS system is a spherically

bent crystal, which di�racts the in-coming X-Rays according to their (wavelength-dependent)

Bragg di�raction angle. Due to its spherical bend, like a spherical mirror, such an imaging crystal

has a focal length and can be used to image objects onto a detector. The X-ray detectors are

oriented so that they lie in the image planes of a vertical slit aperture close to the plasma. Each

point of the aperture transmits light onto the di�racting crystal from a limited region of the plasma.

Since a wavelength-change of the emitted X-Ray lines lead to a change in their Bragg di�raction

angles, the horizontal component of the slit's image directly depends on the wavelength spectrum

of the observed line, and therefore the velocity distribution of the emitting impurity ions. The

vertical component corresponds roughly to the vertical location of the emitting region (although

this match is not exact since the plasma can not lie precisely in the imaging system's object plane).

By inversion of the optical transmission forward model, XICS can then determine density-, �ow-

and temperature-pro�les for the observed impurity ion species, from which it can, in turn, infer

the ion temperature distribution of the background plasma.
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Figure 4.2: Viewing geometry of the XICS system in standard
con�guration. ρ indicates the normalized minor radius. Shown
in red is the last closed magnetic surface. Adapted from [51]

Figure 4.3: Raw XICS
detector image of an
Ar16+ emission spec-
trum, adapted from
[52]

4.3 Helium-Beam

The Helium-Beam system [53] is a two-part diagnostic, consisting of a gas injection system embed-

ded into the divertor plates and two viewing ports observing the injection nozzles connected to a

Line-Ratio Spectroscopy system (see �gure 4.4). Since the relative population of the excited elec-

tronic levels (which are excited primarily by collisions with surrounding thermal electrons) depends

on both the density and temperature of surrounding electrons, the measurement of multiple line

ratios allows a deduction of Te and ne without sensitivity to the neutral emitter density (except the

signal/noise ratio of the measurement). If the neutral emitter is concentrated along a line (which

is the case shortly after a gas pu�), the spatial distributions of the observed lines can be used to

infer linear pro�les for both of these parameters.

4.4 Magnetic Equilibrium Diagnostics

W7-X features a large array of magnetic pick-up coils to measure the distribution of toroidal and

poloidal currents in the plasma. Of particular interest for this research work are two of these

systems:

� The diamagnetic loops are poloidally wound around the plasma domain and measure the

change in integrated toroidal �ux. This change in toroidal �ux can then be used to reliably

estimate the total thermal energy stored in the plasma via equilibrium calculations. [55, 54]

� To measure the total toroidal plasma current, W7-X currently features a total of 5 sets of

Rogowski coils, all of which feature both in-vessel and out-of-vessel coils to distinguish plasma

and vessel currents. Two additional sets have only their out-of-vessel components currently

installed. Out of these seven coil sets, �ve are further segmented into eight segments, which

allows measurements of the poloidal distribution of the toroidal currents.[54]
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Figure 4.4: Viewing lines of the Helium-beam diagnostic, overlapped with a simulation of He-line
emission[53]

� For equilibrium reconstruction, the plasma vessel is also lined with saddle coils, which can

pick up low-order radial magnetic �eld components, which can have a strong in�uence on the

edge islands.

� Additionally, W7-X contains multiple poloidal Mirnov coil arrays, which can pick up local

magnetic �eld �uctuations and provide information about electromagnetic mode activity

(both frequency and spatial structure of the modes).

Both of these coil systems are equipped with compensation coils to take into account the in�uence

of external error �elds during operation. Since magnetic coils only measure the time derivative of

the magnetic �ux passing through them, the signals have to be integrated over time. The W7-X

magnetic equilibrium diagnostics rely on a digital integrator stabilized with a signal chopper in the

analog signal path to eliminate long-term drifts.

4.5 Divertor IR cameras

In order to measure the heat-loads on the divertor systems, W7-X is equipped with LWIR cameras

providing wide-angle (116°) observations of 9 out of its 10 divertors [56]. Each camera consists of

a wide-band 1024× 1024 microbolometer array, which measures the spectrally integrated power of

the incoming radiation by detecting the local temperature changes on the sensor due to deposited
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Figure 4.5: Location of the di�erent magnetic diagnostics in Wendelstein 7-X. Numbers indicate
the ten half-modules. Shown in black are saddle coils for MHD equilibrium reconstruction, in green
continuous Rogowski coils (saturated inside and lighter color outside vessel), in blue the segmented
Rogowski coils, in purple the diamagnetic loops and in red the Mirnov coils. Beige elements are
not yet installed. [54]

power. As long as the emissivity of the divertor surfaces is known, these measurements can then be

directly translated into local surface temperatures of the divertor plate. The surface temperatures

are then again translated into heat-�ux measurements by modeling the internal heat-di�usion in

the divertor with the 2D code THEODOR [57].

4.6 Reciprocating Probes on the Multi-Purpose Manipulator

The Multi-Purpose Manipulator (MPM) [59, 60, 58] is a probe manipulator system that can

quickly insert and retract diagnostic probes into/from the edge plasma. It is located in the ϕ =

200.8°, z = −17 cm line and can theoretically plunge up to 35 cm inwards from its parking position.

In practice, heat �uxes onto the probes limit its plunges to shallower plunges outside of the con�ned

plasma region. Thanks to a secondary probe chamber, the probes can be exchanged during the

experimental campaign without breaking the vacuum of the main vessel. This has allowed the

Multi-Purpose Manipulator to be equipped with a variety of specialized probes, including multi-

channel retarding �eld analyzers for ion plasma parameter measurements, toroidal and poloidal

Mach-probe arrays for plasma �ow studies, material exposition and laser-blow-o� sample holders,

and gas-pu�ng systems.

4.6.1 The combined probe

The combined probe is a diagnostic system for the integrated measurement of a multitude of

plasma parameter pro�les. Its front surface features a triple probe for electron temperature and

density measurements, two protruding �oating potential pins, a pair of up- and downstream facing

Mach probes for parallel �ow measurements, a gas inlet, a tungsten sample for exposition, and
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Figure 4.6: Immersion tube holding a single
overview IR-camera (red) and a visible and H-
alpha light camera (blue), cooled by a pressur-
ized air cooling loop (green) and protected by a
rotating shutter (magenta)[56]

Figure 4.7: Overview of the viewing angle
of the divertor IR cameras, with portions
of the divertor geometry highlighted. TM1-
4h, TM5-6h and TM7-9h correspond to the
three sections HL, HM and HH of the hori-
zontal divertor target, TM1-3V to the verti-
cal target.[56]

an experimental ion-sensitive probe [62]. The probe interior - including the magnetic coils - is

shielded by a Boron Nitride cover. Magnetic plasma response measurements are restricted to the

outboard side of the magnetic islands due to interference between the pickup coil system and

currents drawn via the Langmuir probes. This interference would manifest itself as a jump in the

integrated voltage occurring simultaneously with short transient current bursts appearing on the

Langmuir probe channels. To ensure that smaller variations of this interference - potentially not

visible to the naked eye on the raw signals - do not accumulate in the integrated signal, the error

analysis was designed to be sensitive to di�erences in the magnetic �eld measurement during the

inward and outward motion.

4.6.1.1 Langmuir Probes

Langmuir probes consist of conductive pins directly inserted into the active plasma. The potential

di�erence between the probe and its surrounding plasma creates a potential barrier, which shields a

portion of the in�owing ions or electrons (depending on orientation). By simultaneously sampling

multiple points of this potential-/current-curve, the Triple probe can infer the electrostatic plasma

potential, electron temperatures and densities, and a constraint on the Ti ↔ ni relation (the ion

saturation current).

4.6.1.2 The magnetic sensor

The magnetic probe is a 3D pickup probe consisting of three concentric mutually orthogonal

coils. Each coil consists of 500 windings of a 0.1mm copper wire with a Polyimide �lm (Kapton)

insulation. The coils have a (calculated) e�ective area per winding of 1.342 cm2, 1.464 cm2 and

1.83 cm2 in radial, toroidal and vertical direction, respectively. The common center point is o�set

39.2mm from the front-most pin, 111mm from the base of the probe along the probe path, and

6mm below the MPM center axis (see �gure 4.10). For measured total e�ective areas, see table

4.1. The design also features a di�erential coil pair (2198 windings each, oppositely wound, 1cm

apart) for gradient �uctuation measurements, but these coils were out of operation during the
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Figure 4.8: Measurement path of the MPM imposed with the magnetic �eld structure in standard
(a), low-iota (b) and high-iota (c) con�guration.[58]

2018 campaign. The pickup probe is connected via 14m long twisted cable pairs to the integration

circuit.

4.6.2 Integration circuitry for the magnetic probe

For this probe, an analog integrator was chosen over a chopper-stabilized digital integration for

two reasons:

� Robustness of the integration scheme at a limited sample rate and piece-wise signal acquisition

� Availability of high-performance stock components and ease of implementation (limited time-

frame between the 2017 and 2018 experimental campaigns)

To minimize distortion of the signal prior to integration (mainly by 1
f noise), the integrator was

implemented as an integrating pre-ampli�er. It uses a standard inverting ampli�er circuit with

the parameters Ramp = 10 kΩ and Camp = 10 µF (see �gure 4.11). In an ideal scenario, such an

integrator has an ampli�cation factor of α = −10 s−1. The chosen operational ampli�er AD8628

suppresses common-mode drift using a built-in signal chopper and feedback loop. This con�g-

uration provides a strong noise reduction at low frequencies (< 10Hz) at the cost of additional

output noise at the chopping frequency. This drawback is mitigated by pseudo-random chopping,

spreading the noise up to 15 kHz wide.

4.6.3 Signal acquisition

To protect the data acquisition system from the high voltages present inside W7-X, all probe

signals, including the output of the integrator, are passed through a set of DEWETRON® HSI-LV

variable isolation ampli�er before being recorded by a DTAQ® ACQ132CPCI and stored in an

MDSplus [64, 65] tree (see �g. 4.12). Data can be acquired in a single block or over multiple

segments. The isolation ampli�ers have a bandwidth of 2MHz, while the sampling rate of the
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Figure 4.9: Collection of di�erent manipulator probes, with the Retarding Field Analyzer probe
FZJ-RFA1 probe (left), the combined probe FZJ-COMB2 (middle) and the poloidal �uctuation
array IPP-FLUC1 (right) [61]

digitizers could be selected from a range between 250 kHz (for up to 16 s) and 2MHz (for up to

2 s) during the last experimental campaign.

4.6.4 Characteristics of the magnetic probe

4.6.4.1 Characteristics of the pickup coils

Coil Aradial

[︁
cm2

]︁
Atoroidal

[︁
cm2

]︁
Avertical

[︁
cm2

]︁
L [mH] R [Ω]

Radial 675± 10 3.9 +5
−3.9 6.9± 5 3.0± 0.6 167± 10

Toroidal 1.9 +5
−1.9 707± 4 5.4± 5 2.7± 0.1 167± 10

Vertical 10.7± 5 3.0+5
−3 888± 5 3.4± 0.1 187± 2

Table 4.1: Empirically obtained coil parameters[63]

Coil 1 Coil 2 Mutual inductance [µH]

Toroidal Radial 34
Vertical Radial 18
Toroidal Vertical 16

Table 4.2: Upper bounds for mutual inductances of the coils[63]

The pickup coils' response curves (phase and sensitivity) were determined in a pair of Helmholtz

coils. The probe was set up as it would be inside the manipulator, so the measurement also

includes shielding e�ects from the cover and metal components. Adding capacitors parallel to the

voltage measurement allowed measurement of the coil's self-inductance and internal resistance.

The equivalent circuitry for this measurement is shown in �gure 4.13 and can be used to obtain

the frequency response (equation 4.1) to an external magnetic �eld (substituting X = ˜︁Xeiωt), the
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Figure 4.10: Location of the 3D and the di�erential coil sensors inside the combined probe[63]

derivation of which can be found in appendix A.

˜︁Vcoil
B̃

=
iωAcoil

h (ω)
(4.1)

h (ω) =1 +
Rcoil

Rmeas
− ω2LcoilCmeas

+ iω

(︃
RcoilCmeas +

Lcoil
Rmeas

)︃
The parameter Cmeas was varied to better characterize the self-inductances, while the input

impedance Rmeas of the measurement digitizer is �xed at 1MΩ. The parameters in table 4.1

were estimated by �tting equation 4.1 to the measurements in �gure 4.14 in a range from 1Hz to

10 kHz. In this range, the characteristics of the signal cables do not yet play a signi�cant role.

If one were doing a characterization into the MHz regime, one would have to take into account

transmission delays as well as impedance matching e�ects. The non-monotonic relation between

the e�ective area A and the inductance L shows that the exact winding geometry of the coil plays

a vital role in determining the self-inductance. Given that the dynamic ranges have approximately

a 2 : 1 : 1 ratio for toroidal, vertical and radial signals respectively, the additional error from

cross-direction coupling should be bounded at about 2%, which is far below the intrinsic error level

of the measurement itself (see section 4.6.4.4 for a discussion of the magnetic pro�le error). This

limit, of course, only holds as long as the integration circuitry operates linearly, as this implies

proper error cancellation when combining �eld measurements.

The uncertainties of the measurement in the upper-frequency region are related to two e�ects,

which are visible in �gure 4.14. Firstly, the current amplitude from the KEPCO power supply

powering the Helmholtz coils drops (as the current supply is driven near its speci�ed frequency

limit of 10 kHz), reducing both the magnetic �eld and the coil signal. Secondly, there is an increase

in background noise near 8 kHz, which causes the signal level to drop below the uncertainty. The
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Figure 4.11: Simpli�ed schematic of the in-
tegrating pre-ampli�er (unintentional para-
sitic resistance displayed in dashed lines)[63]

Figure 4.12: Setup of the signal processing
stack for the pickup coil[63]

Figure 4.13: Circuitry model for the coil characterization. A, R and L are the parameters to be
determined, while C is externally set and Rmeas is a function of the voltage measurement device[63]

noise peak obtained by the background characterization (where the power supply was set to a

zero control voltage) exceeds the measured signal in magnitude at a few frequencies in the coil

voltage measurement. This indicates a noise reduction when the power supply is actively driven to

a speci�c frequency, which is possible if the power supply contains a non-linear feedback loop. This

means that the background measurement is likely an over-estimation of the actual measurement

error, but obtaining a more accurate estimate is experimentally challenging.

By replacing the external Helmholtz coil pair with the pick-up coils themselves as the magnetic

�eld sources, the mutual inductances of the sensors can be determined. Due to the high ohmic

resistivity of the coil, only small source currents could be applied. Upper bound measurements

obtained as such are shown in table 4.2. Due to the mutual inductances being two orders of

magnitude below the self-inductances, and due to the comparable dynamic ranges of the signals,

we assume inductive e�ects to be dominated by the self-inductances.
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Figure 4.14: Input and output measurements - as well as background levels - for the radial sensi-
tivity measurement[63]

4.6.4.2 Characteristics of the analog integrator

In a simple linear model, the integrator can be described using equation 4.2 with the (integrating)

input ampli�cation α and the output signal decay time τ .

dVout
dt

= αVcoil − τ−1Vout (4.2)

This model implies the transfer function ˜︁Vout = α
τ−1+iω

˜︁Vcoil which has a 1/
√
2 cuto� at f1/

√
2 =

1
2πτ . Table 4.3 shows empirical parameters for model 4.2, obtained by �tting it onto the response

to a single sine-shaped pulse of 500ms duration mimicking a typical magnetic signal during a

manipulator plunge. The high decay rate τ−1 coincides with a ≈ 3MΩ scale parasitic resistance,

which was only present when the integrators were mounted on their auxiliary power supply board.

This parasitic decay stresses the importance of proper isolation between the signal line and external

circuitry and will be addressed in the next iteration of the circuitry.

Integrator α
[︁
s−1

]︁
τ−1

[︁
s−1

]︁
f1/

√
2 [Hz]

Radial −11.68 0.22 0.035
Toroidal −11.42 0.31 0.049
Vertical −11.34 0.35 0.055

Ideal −10 0 0

Table 4.3: Parameters for the linear integrator model described in equation 4.2[63]
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Figure 4.15: Total system characteristics of the di�erent pickup coil systems (calculated using
equation 4.3). Red lines mark the 1/

√
2 cuto�. To improve readability the phase axis does not

include the 180° from the inversion during integration.[63]

4.6.4.3 Total characteristics and post-processing

Combining the transfer function of the coil with the transfer function of the integrator leads to the

total system transfer function derived in appendix A:

˜︁Vout˜︁B =
2iωA exp (ikl)

(1− λ) (1− κ) + (1 + κ) (λ+ exp (2ikl))

· α

1 + 1
iωτ

(4.3)

λ = Z−1 (Rcoil + iωLcoil)

κ = Z
(︁
R−1
meas + iωCmeas

)︁
Z =

√︃
Lcable
Ccable

− i

ω

Rcable

Ccable

k =

√︃
ω2
LcableCcable

l2
− iωRcableCcable

l2

with the manipulator cable resistanceRcable = 2.3(1)Ω, the cable capacitance Ccable = 11(1) nF,

its inductance Lcable = 9.4(1) µH, and the integrator's input impedance Rmeas = 10 kΩ. The length

of the cable is implicitly captured in R, C and L and does not explicitly appear in either kl, κ or

λ.

As can be seen in �gure 4.15, the system has good sensitivity up into the low kHz regime,

which is more than su�cient for accurate integration of the magnetic �eld in the absence of ex-
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ternal disturbance. The low-frequency behavior is, however, slightly problematic since the average

measurement duration lies around 8-10 seconds. While the system is still sensitive at these fre-

quencies, the deviations from the ideal case do already distort the magnetic �eld measurements in

the form of a hysteresis opposite to the measured magnetic �eld change. Figure 4.16 b shows such

a hysteresis in the form of a negative o�set after the plunge.

4.6.4.4 Post-correction of low-frequency cut-o�

To recover the correct �eld, two corrections are applied to the integrated signal:

� A linear compensation is added so that V (tstart) = V (tend) = 0

� A corrected integrated voltage is de�ned as Vout,corr =
� t
tstart

Vcoil, estimating Vcoil using

equation 4.2. The backwards application of equation 4.2 results in a correction shown in

equation 4.4.

Vout,corr =

� t

tstart

α−1

(︃
dVout
dt
− τ−1Vout

)︃
(4.4)

It may seem unintuitive to �rst put in the e�ort to introduce an analog integrator, only to dif-

ferentiate the signal and then again apply numerical integration. However, this scheme retains

the low susceptibility against intermediate drifts in the signal processing chain. Additionally, Vout
only varies slowly between manipulator plunges (which does not apply for Vin) and therefore can

be accurately interpolated if the signal acquisition is disabled in-between. A further advantage is

that the Vout component can be natively sampled at a low rate, while the unintegrated signal must

either be sampled at a high rate or pre-processed using an analog low-pass �lter. On the downside,

while this correction scheme can be used to re-adjust frequency components of the order of τ−1, at

even lower frequencies it exceedingly ampli�es small noise components, requiring an improvement

of the integrator hardware's τ value for long-pulse operation.

An example of the signal correction is shown in �gure 4.16 b. Besides a 10% reduction in peak

height from 0.21T to 0.19T due to the correction of α from −10 to about −11, the correction

also signi�cantly reduces the short-term o�set of the magnetic �eld after the plunge and brings the

time-trace more in line with the position measurement (compare �gures 4.16 a and b).

As can be seen in �gure 4.16 b - d, the post-corrected integrator output (also referred to as

�hardware integrated� in �gure 4.16 c and d) shows a signi�cantly improved stability against low-

frequency drifts, compared to both a simple software integration with a linear drift compensation

(referred to as �software integrated� in �gure 4.16 c and d) and the uncorrected integrator signal

shown in �gure 4.16 b. An unusual feature in the signal is a post-plunge oscillation at about 6Hz

that decays over about 1 s. This feature is caused by a small vertical oscillation of the manipulator's

arm after the plunge, which is also visible in the arm's acceleration sensor (�gure 4.16 e, see also

[59]) after the plunge. The oscillation is not visible in all �eld components (compare �gure 4.16 c

and d). For pro�le derivation, the radial probe position is obtained using a laser-based distance

measurement system. As visible in �gure 4.16 a, the manipulator arm does not immediately retract

to the starting position, but instead overshoots a little bit on the way back (likely due to inertia of

the arm) before returning to the parking position. This overshoot is also visible in the magnetic

�eld measurement, especially for the toroidal �eld pro�le (�gure 4.16 b and c), which has a steeper
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gradient at the edge.

4.7 Summary

This chapter's primary focus has been the introduction and discussion of diagnostic methods ap-

plied in this research work, introducing the Thomson Scattering system, the X-Ray Imaging Crystal

Spectrometer, the Helium-Beam, the magnetic diagnostics, and last the Multi-Purpose Manipula-

tor. Secondarily, it also discussed the design, implementation, and calibration of a magnetic probe

system for the Multi-Purpose-Manipulator (and its magnetic integrator subsystem), which is an

original contribution of this research project.
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Figure 4.16: Time-traces of signals related to the magnetic probe measurement - a): Radial position
of the magnetic probe, b): Comparison of hardware-integrated toroidal coil signal with and without
post-compensation, c) Post-compensated hardware-integrated and software-integrated toroidal coil
signal, d) Post-compensated hardware-integrated and software-integrated toroidal coil signal, e)
Vertical acceleration measurement in the probe interface on the manipulator arm[63]
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5 | Benchmarking of predictions

against experiments

While the primary goal of this thesis is to obtain predictive heat-load models for the W7-X PFCs,

clarifying the limitations of the methodical approach is just as important, if not even more so, as

discussing the predictions themselves. There are two stages to the predictive model, which need

to be independently benchmarked:

� The equilibrium magnetic �eld obtained from HINT must be checked in its structure against

the divertor topology of the real machine

� The limitations of the �eld-line di�usion model must be clari�ed

Both the HINT equilibria and the �eld-line di�usion rely on simpli�cations of the machine

model to achieve an acceptable trade-o� between accuracy and computation time. On the HINT

modeling side, the machine is assumed to be �ve-fold symmetric. Additionally, error �elds coming

both from the magnetic forces �attening the non-planar coils and additional asymmetries in the

machine were not parametrized in the equilibrium modeling. This is mainly due to the fact that the

parameter space for these models is (without more a-priory assumptions such as sti�ness models

for the coils) too large to explore cost-e�ectively, and the present best-guess for these parameters

is known to be inaccurate (improved sti�ness models for the coils are on-going active research).

On the �eld-line di�usion side, the accuracy of the transport model is the main source of

concern. Field-line di�usion models are easy to set up (compared with more involved self-consistent

plasma codes such as EMC3-EIRENE), but their dominantly convective transport deviates from

the usually conductive (gradient-driven) nature of plasma �ow. Flow stagnation and reversal,

in particular, can not be represented in �eld-line di�usion. Benchmarking the transport model

in particular is complicated by the fact that even discharges in identical plasma conditions can

show wildly di�erent transport behavior simply due to di�erent boundary conditions imposed by

the state of the wall and the divertor. Depending on the recent discharge history, the wall can

have accumulated signi�cant amounts of impurities, which it will then release over the following

discharges. Therefore, any benchmarks of heat-load models should, if possible, be performed as

ensemble models over larger numbers of discharges.

Unfortunately, most experiments to date have been performed in rather moderate scenarios

of βaxis ≤ 2% and βvolavg ≤ 1%. This means that most beta-e�ects on the divertor heat-loads

are comparatively weak and are buried below far greater changes in the heat-loads driven by the

61
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evolving plasma current. The toroidal plasma current creates an additional poloidal �eld, and

therefore increases the rotational transform ι at the edge. As the island location is de�ned by

the location of the ι ∈ [5/4, 5/5, 5/6] resonances, this creates an inward shift of the magnetic island.

Every analysis looking of plasma beta e�ects in the edge should currently, therefore, include an

analysis of toroidal current e�ects, if only to separate the two from each other.

While simulations shown in chapter 6 present three di�erent magnetic con�gurations, the stan-

dard con�guration has by far the most extensive experimental coverage. Therefore, this chapter

will concern itself primarily with the investigation of the standard magnetic con�guration.

The results presented in this chapter are all original results in the sense that the data presented

here were all collated by the author. However, credit for the individual diagnostic measurements lies

with the diagnostic group of the W7-X team which operates these diagnostics. The major work lies

in the combination and preparation of all these diagnostic measurements to form an integrated view

which can be compared to the equilibrium simulations. This includes cross-discharge regression

analysis. The only major exception is the overview plot in �gure 5.1, which is provided externally.

5.1 Direct magnetic pro�le measurements

The most straightforward idea for benchmarking an equilibrium model is to compare the predicted

magnetic �eld with experimental observations. This section presents an experiment in which

the plasma-driven component of the magnetic �eld is directly measured and compared against

predictions from equilibrium simulations with the HINT code.

5.1.1 Experimental setup

The experimental program shown here is part of a set of discharges designed to achieve a high core

ion temperature and, potentially, an improved con�nement state. The speci�c scenario, overviewed

in �gure 5.1, consists of a combination of heating through electron cyclotron resonance microwaves

(ECRH) and neutral beam injection (NBI), as well as a pellet injection phase 1 s after plasma

startup. The MPM was equipped with the combined probe, including the magnetic pick-up system

described in section 4.6.1.2, and plunged into the scrape-o� layer region three times. The �rst

plunge was performed before the plasma startup to provide a vacuum reference. The last two

plunges were shallower plunges during plasma operation, which measured the equilibrium magnetic

�eld's radial pro�le. The chosen program was selected due to its good data quality in the magnetic

probe signal (which was the primary motivation for the shallow plunges) and its low toroidal plasma

current.

5.1.2 Magnetic probe measurements

Figure 5.2 shows radial pro�les of all three magnetic �eld components, as well as theoretical �eld

pro�le calculations obtained by applying the Biot-Savart law to the ideal CAD coil geometry. The

radial pro�les were obtained by binning the magnetic �eld time trace radially over the position

signal, using the mean and standard deviation of the bin ensembles as, respectively, value and

error estimates. This ensures that any di�erences in the measured magnetic �eld between the

inward and outward movement of the manipulator are appropriately captured in the error bars.

To remove the in�uence of high-frequency MHD events, the magnetic signal was low-pass �ltered



5.2. PRESSURE PROFILES 63

before binning. The cuto� frequency was varied between 50Hz and 500Hz without any signi�cant

variation of the pro�le or its error estimates. Toroidal current measurements were obtained from

the W7-X Rogowski coil system, and the peak plasma beta was estimated from Thomson scattering

measurements for electron-density and -temperature measurements assuming nI = ne for the ion

density and Ti = min (Te, 1.5 keV) for the ion temperature. Because the pro�les are obtained by

integration, they are only de�ned up to a constant. This constant is chosen so that the integrated

signal is 0T at the start of the measurement (which is before the t = 0 s time of plasma startup).

The measured pro�les do not agree perfectly with the expected pro�les from a Biot-Savart cal-

culation assuming an ideal coil con�guration. The �rst visible disagreement is a small positive

o�set from zero at the outer-most radius (which is the start- and end-point of the plunge) in all

components. This is probably a small low-frequency drift that could not be fully corrected during

post-processing. The additional slope disagreements in vertical and toroidal direction could be

error �elds related to the �attening of the main coils generating the magnetic �eld[66]. All of these

deviations are not limited to this discharge but can be observed systematically during the whole

day in standard magnetic con�guration.

Since the �rst probe plunge was always performed before the plasma startup, it can be used as

an experimental vacuum reference for plasma response calculation. Error analysis estimates that

the magnetic probe has a �eld resolution of about 4mT in vertical and radial, and about 10mT

in toroidal direction (the di�erence is likely due to the stronger overall magnetic �eld change in

toroidal direction). The radial magnetic �eld measurement, in particular, is accurate enough to

detect a signi�cant (given the measurement uncertainties) deviation between the vacuum magnetic

�eld and the magnetic �eld during the discharge. When comparing the measured magnetic �eld

change to the magnetic �eld generated by a hypothetical current �lament of 1 kA on the magnetic

axis, it can be seen, that an on-axis current of about −4 kA (far more than present during the

discharge) would be required to even poorly match the change in edge magnetic �eld. Therefore,

the magnetic �eld changes observed are likely not driven by a parallel bootstrap current (which is

usually strongest in the core), but are instead probably related to diamagnetic and P�rsch-Schlüter

currents.

Figure 5.3 shows a more in-depth comparison of the measured radial magnetic �eld pro�les with

various di�erent HINT equilibria. To achieve a better match between experiment and modelling,

both the HINT equilibria and the probe measurements were linearly combined. First, the probe

measurements were combined as ∆B = I2∆B1−I1∆B2

I2−I1 , which would cancel the toroidal current

contribution at �rst order. Then, the HINT equilibria of βax = 1% and βax = 2% were interpolated

to match the βax = 1.2% of the interpolated experimental discharges. Unfortunately, the probe

could not plunge deep enough to measure the rollover point of the radial �eld change. As visible in

the lower part of �gure 5.3, a measurement of the rollover point's location would provide a direct

indicator of the pressure pro�le shape.
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5.2 Integrated observation of pressure pro�les and compar-

isons to HINT

A second intrinsic physical quantity of equilibrium calculations is the pressure distribution obtained

in the equilibrium con�guration. While the consistency of the pressure pro�le with its magnetic

�eld is enforced by the equilibrium codes, the radial pro�le is a high-dimensional input which the

codes attempt to match. All analyses done in this thesis focus on a two-dimensional pressure

pro�le space, which aims to capture the central pressure as well as the stored kinetic energy (the

integrated pressure), but does not capture e�ects related to the detailed shape of the pro�le.

It would, therefore, be interesting to see how well the equilibrium simulations match the pro�le

shape. Another question is the behavior of the �eld-line averaging process in the edge, which is

a very simple approximation of edge transport physics. While pressures are small in the edge

compared to the core, the impact of small localized gradients in the edge is an open question. A

comparison between the assumptions in the equilibria and the measurement observations serves

is useful in steering present and future research on this matter. A related issue of particular

importance in the edge is the probable disagreement between up- and downstream measurements

of plasma parameters. It must be clari�ed where diagnostics agree enough with each other to rely

on geometric information for interpolation between experimental data, and where additional input

from more expensive plasma transport simulations is required.

To achieve the goals outlined above, this section combines the observations provided by four

diagnostics into a consistent view. Electron temperature and density measurements are sourced

from Thomson scattering, the He-Beam, and reciprocating manipulator probes, while ion tem-

perature measurements are provided by XICS. To inspect the potential mutual agreement of the

plasma parameter measurements along magnetic surfaces, the neural network presented in section

3.4 was employed to map all diagnostics into the surface-aligned r⊥ coordinate. The sight-lines

of the electron-related diagnostics are shown in �gure 5.4, together with the resulting coordinate

mapping of their sight-line. XICS measures line-integrated emissions and relies on a VMEC coor-

dinate system for its tomographic inversion. The sight-line of the Thomson scattering system was

used to bridge the VMEC coordinate into the coordinate space used here.

Figure 5.5 shows a combined view of electron-temperature and -density by Thomson Scatter-

ing, the Helium-Beam and the MPM, as well as ion temperature measurements by XICS. In the

plasma edge, all three diagnostics agree on the electron temperature where they observe identical

magnetic surfaces. Both the MPM and the He-Beam also observe a hollow structure in the electron

temperature in the island, with the electron temperature �rst falling and then rising again as the

surface label moves from the separatrix to the island O-point. In the plasma core, both sides of the

Thomson scattering side-line agree well on the electron temperature pro�le. However, in the deep

core (r⊥ < 3 cm), the pro�les are not fully self-consistent. The density pro�les are substantially

more challenging to interpret, as most observations disagree with each other. There are, however,

two statements that can be clearly made. The �rst one is the observation that the MPM and the

Thomson-Scattering measurements appear to connect reasonably well. The second clear observa-

tion is that the He-Beam consistently measures higher electron density values than the MPM. This

could be related to the fact that the He-Beam measures directly above the divertor target, which

is itself a particle source. It should also be mentioned that the XICS measurements presented here
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were inverted using a vacuum VMEC surface description. The shape of these surfaces does not

match the �nite-beta surface labels provided by the mapping network, which results in a pro�le

hysteresis in the edge.

When combining the XICS and Thomson-measurements, the resulting total pressure pro�le

shows a double-hump structure. This structure is not re�ected in the HINT equilibria, which

suggests that future HINT investigations into the standard con�guration should potentially expand

the pressure pro�le domain beyond the two-degrees-of-freedom-approach currently employed. In

the plasma edge, the current setup of the HINT runs does also not allow the code to build up a

signi�cant pressure in the scrape-o� layer, with the pressure distribution quickly falling even below

the electron pressures observed by the edge diagnostics. This could, in the future, be remedied

by modi�cation of the pressure pro�le at the edge, but has to be likely accompanied by a further

decrease of the pressure-averaging length and potentially an increase in grid resolution to better

resolve the divertor structure.

5.3 Beta-e�ects on divertor heat-loads

Beyond consistency checks on the calculated equilibria, it is also of interest to compare the predicted

divertor heat-loads against measurements from divertor IR cameras. The primary motivation for

this is the desire to accurately tune the �eld-line di�usion model to provide the best match to

experimental measurements. Figure 5.6 shows an overview of divertor heat-�ux measurements by

divertor infrared (IR) cameras and a �eld-line di�usion result in a similar equilibrium. Overall, the

main strike-line (left portion) shows a decent agreement between experimental observation and the

synthetic camera. The heat-loads on the vertical target also show a similar qualitative structure

in simulation and experiment. However, there is a hot region in the horizontal divertor's high-

iota tail which is not predicted by the model. This is most likely a short-coming of the �eld-line

di�usion part of the model, which does not permit particles to change their toroidal velocity once

launched. Speci�cally, particles are prohibited from performing U-turns. E�ects of parallel �ow

stagnation and bi-directional di�usion are therefore poorly captured. Transport codes including

parallel di�usion models, such as the plasma transport simulation code EMC3-EIRENE, should be

able to reproduce this experimental feature if this was indeed the cause. Furthermore, the strike-

line width exhibits a deviation between the upper and lower divertors, with the upper divertors

(viewed from port AEF31 as an example in �gure 5.6) showing generally wider strike-line patterns

than the lower divertors (example being viewed from port AEF30 in �gure 5.6).

What can also be seen, however, is an asymmetry between the upper and lower divertors in

the experimental observations. Such asymmetries can not be reproduced by the theoretical mod-

eling process applied here. The HINT equilibrium calculation assumes a high degree of symmetry

(�ve-fold stellarator symmetry) for both the magnetic �eld and the machine geometry. In the

experiment, low order magnetic error �elds are almost universally present in any magnetic con�g-

uration. The lowest order perturbations are usually:

� The machine and its magnetic axis are not perfectly aligned. Mismatches in the horizontal

plane result in a n/m = 1/1 radial error �eld along the �ux surfaces, while a vertical mismatch

results in a n/m = 0/1 error �eld (vertical shift).

� While most of W7-X is built out of non-magnetic metal, diamagnetic e�ects are still present
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in many materials. These responses create tiny error �elds. For components which are

present in all plasmas, these will be n/m = 5/1 error �elds. For unique components, these

perturbations will generate small 1/1 error �elds

The vertical shift, together with the fact that the upper and lower divertor support structures

are di�erently loaded (pushing vs. pulling load), usually results in up-down asymmetries of the

divertor heat-loads. The e�ects of magnetic error �elds are usually dominated by the lowest-order

modes resonant with the relevant �ux-surfaces. As the standard con�guration has a rotational

transform of ι = 1 at the edge, the edge �eld is most sensitive to the 1/1 and 2/2error �elds.

Like-wise, the induced changes in the strike-line should only be a function with the helical angle

ζ = n · ϕ−m · θ = ϕ− θ.
As �gure 5.8 shows, this picture is apparently incomplete. Fitting an 0/1+ 1/1+ 2/2 model onto

strike-line positions averaged over a larger dataset (see section 5.3.1 for an overview of the experi-

mental data), while containing signi�cant asymmetries of all three kinds, also leaves a signi�cant

variance between the observation ports which can not be attributed to either. Unfortunately, since

only 9 divertor modules are available for observation most of the time, a more descriptive model

can not be �tted without risking signi�cant over�tting.

5.3.1 An experimental and a synthetic dataset

In order to properly benchmark the simulated divertor heat-loads, I selected an ensemble of experi-

mental discharges and created a large number of equilibria to cover the same parameter space. For

the dataset, I chose the discharges of August 14th 2018 and discarded all discharges with a modi-

�ed vacuum magnetic con�guration. The particular experiment day was chosen for the following

reasons:

� A single day was used to avoid e�ects from day-to-day switching, such as wall condition

changes

� The whole day was run in standard con�guration

� The discharge ensemble includes a large number of �reference� discharges with many repeti-

tions, designed to provide stable environments for plasma characterization

The discharges were then sliced in 1 s intervals. Observations were (after extraction of the strike-line

parameters) averaged over upper and lower divertor observations of 4 out of 5 modules (excluding

module 5) and then aggressively cut to ensure good contrast in the divertor heat-�ux reconstruc-

tions in all used cameras. For modeling comparison, the same data processing was applied to

synthetic heat-�ux distributions obtained with �eld-line di�usion. Equivalents of the experimen-

tal parameters were extracted from the equilibrium calculations. The parameters going into the

comparison are described fully in table 5.1.

In the end, the benchmarking model holds 15 full-�eld equilibria and corresponding �eld-line

di�usion runs. Projections of the grid onto colored 2D plots (�gure 5.9) show that these 15

equilibria are su�cient to achieve a good coverage of the experimental parameter distributions.
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Parameter Observation Synthesis

Normalized
heat-�ux

distribution

Heat-�uxes reconstructed from, that
the HINT equilibria IR camera
observations, normalized against
PECRH (heating power) - Prad
(radiated power, measured by

bolometer cameras)

Obtained using �eld-line di�usion and
virtual heat-�ux camera

Pressure pro�le
(including on-axis
beta and peaking

factor)

Electron density and temperature
observed by Thomson Scattering, Ion

temperature observed by X-Ray
Imaging Crystal Spectrometer (XICS),

Restricted by two-parameter �t
(p = p0 · (1− s)α)

Speci�ed as input to the HINT code

Plasma stored
energy

Measured by change in toroidal �ux by
the diamagnetic loop

Calculated by integrating the 3D
pressure distribution

Toroidal plasma
current

Total current measured by Rogowski
coils, pro�le unknown

Total current speci�ed as input to
HINT, peaked current pro�le assumed

(j ∝ (1− s)2)
Radiative power
fraction Prad/PECRH

PECRH measured by control system,
Prad measured by bolometer cameras

Assumed as 0

Table 5.1: Physical parameters shared between synthetic and experimental device and method of
observation and synthesis

5.3.2 Evolution of the strike-line position

As a target for quantitative comparison of the model and experimental measurements, the distance

of the strike-line from the pumping gap along the blue line shown in �gure 5.6 was chosen. The

evolution of the strike-line position is mostly robust against changes in edge transport and therefore

provides a reliable accuracy measurement for the calculated equilibria. The change in strike-line

position was then approximated by a linear regression in central beta, peaking factor, and toroidal

plasma current. Errors on the linear �t parameters were estimated by repeatedly performing

the same �t on subsamples of the dataset to obtain distributions of the �t parameters. Figure

5.10 shows a comparison of the predictions for strike-lien distances based on the linear estimation

against the data points in the dataset. The dataset appears to scatter beyond the uncertainty of

the regression. This does not mean that the error bar on the �tted parameters is underestimated

but rather indicates the presence of nonlinearities and/or statistical �uctuations in the input data.

The full datasets and the regression results are shown in �gure 5.11. Both theory and experiment

do not showcase any signi�cant shift of the strike-line over the dataset range, with the strike-line

shifting about 3mm over the 1% to 2% range of central beta in the theoretical modeling and no

statistically signi�cant shift with central beta being visible in the experimental data. However, the

small di�erence between the modeled and measured trends appears to be statistically signi�cant.

Theory and experiment also both predict a 2.5mm shift in the strike-line position due to pressure

pro�le shape changes at �xed central beta. The main driver for strike-line position changes in both

datasets is the toroidal plasma current, which can shift the strike-line by 2 cm when evolving in a

range up to 5 kA. Finally, the model appears to underestimate the distance between the strike-line

center and the pumping gap by 6mm to 1 cm. This o�set is also present in low-beta current-e�ect

studies [28] and extends all the way down to the vacuum �eld. Therefore, it is most likely an e�ect
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of the �eld-line di�usion model and requires signi�cantly more detailed and resource-intensive

numerical modeling (e.g., EMC3-EIRENE) to overcome.

5.4 Summary

The comparison with low-beta experiments seems to indicate the limitations of the employed

�eld-line di�usion model clearly. On the positive side, the �eld-line di�usion correctly predicts

the strike-pattern evolution on the divertor, both the absolute location of the main strike-line

and the relative heat-load distribution between di�erent sections of the horizontal target plate.

However, a primary limitation of this model seems to be its single-directional �ow approximation.

The relaxation of this assumption would be a worth-while investigation point in the near future.

Concerning the behavior of the HINT equilibria, the results appear to compare favorably with the

experimental results. The reduced parameter space used for the equilibrium calculations seems to

decently capture the behaviors in central beta and the peaking factor, and the code's predictions

seem to match the experimental measurements in their (albeit considerable) con�dence intervals.

The magnetic �eld plasma response measurement especially still su�ers from a somewhat poor

signal-to-noise ratio, which is expected to improve in the next operational campaign through hard-

ware improvements and overall higher plasma beta (as well as longer discharges, which potentially

provide more measurement opportunities in steady conditions). The coming experimental cam-

paign will also provide a more series testing ground for the equilibrium predictions, as many changes

outlined in chapter 6 will only then start to become apparent.
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Figure 5.1: Overview of experimental program. Shown are power balance (ECRH and NBI heating,
radiative power loss, sni�er interlock for ECRH shinethrough - top), particle balance (integrated
electron density from interferometer, peak Thomson Scattering electron density, and fuelling rate
- 2nd row), temperatures (electron temperatures from Thomson Scattering and ECE, ion tem-
peratures from XICS, 3rd row), plasma energy (stored energy, 4th row), radiation measured by
Bolometer cameras (including times MPM plunge and injection of TRacer Encapsulated Solied
PELlet, 5th row), and toroidal plasma current (annotated with vacuum con�guration, VMEC ref-
erence equilibrium and trim coil currents, bottom row). Figure provided by Adrian von Stechow.
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Figure 5.2: Measurements of magnetic �eld pro�les (left) and plasma response (right). Plasma
response is calculated as the di�erence between in-plasma and vacuum magnetic pro�les.[63]
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Figure 5.4: Pro�le / Sight lines of the He-beam, Thomson scattering and the MPM. All sight-lines
(including the He-Beam line, which is almost vertical) are sliced against their major radius.
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Figure 5.5: Electron temperature and -density pro�les for Thomson-Scattering, He-Beam and
MPM in r⊥ coordinate. Lines indicate the radial ordering of the observed datapoints. The black
lines indicate estimations for the last closed �ux-surface and the island O-point based on r⊥ analysis
of the ϕ = 0◦ and ϕ = 180◦ planes.
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Figure 5.6: Comparison of an infrared observation sample and a corresponding heat-�ux simulation.
All images show normalized heat-�uxes. For experimental measurements, the convective divertor
power was approximated as PECRH − Prad
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Figure 5.7: Pressure pro�le obtained from
XICS and Thomson Scattering, as well as
reduced low-degree-of-freedom �t, both plot-
ted against normalized toroidal �ux.

Figure 5.8: Estimation of the systematic
port-to-port deviation using up-down asym-
metry and 1/1 and 2/2 contributions, plot-
ted against ι = 1 helical angle.

Figure 5.9: Overview of the grid of HINT runs (upper) and corresponding experimental data
(lower). Ellipses mark the 1σ, 2σ and 3σ intervals around the data. Dashed lines indicate the
principal components. Cross-correlations of x- and y-axis are indicated in the top corner.
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Figure 5.10: Errors (deviation from x = y-line) and uncertainties (error bar) for the linear strike-
line position regression (y-axis) in the synthetic (left) and the experimental dataset (right) against
the actual distances of the strike-line's weighted center from the pumping gap for the synthetic
(left) and experimental (right) strike-line data (x-axis).

Figure 5.11: 4D dataset plots of central beta, pressure pro�le peaking factor, toroidal plasma
current (via color) and distance from strike-line to pumping gap (thin points), connected to three
of their projections into 3D datasets (with the third dimension indicated by color color), together
with a linear �t of the dataset indicated with dashed lines



6 |
Equilibrium magnetic topol-

ogy and divertor heat-loads

in simulated high-beta plas-

mas

This chapter holds the main result of this thesis, the analysis of plasma beta e�ects on the edge mag-

netic �eld structure, and the derived e�ects on the divertor heat loads. The results are reviewed on

a per-con�guration basis for the standard (5/5)-, high-iota (5/4)-, and low-iota-(5/6)-con�guration.

For each con�guration, two main studies were performed. First, central and volume-averaged beta

were varied together by varying the on-axis plasma beta from 0 (vacuum case) to 5%. Afterwards,

the volume-averaged beta was varied at βaxis = 5% by varying the pressure pro�le shape. An

overview of the obtained heat-load distributions is provided in table 6.1, and discussed in the

sections of each individual con�guration. The calculated quantities are:

� Expected peak heat-�uxes on individual components, normalized to the total power

� Power-load distribution to the individual components

� Estimated total power limitations for attached divertor conditions derived from the peak-

loads, as well as information about the limiting components

Components were abbreviated as follows:

� V = Vertical divertor target plate

� HL = Horizontal target plate, low-iota front section

� HH = Horizontal target plate, high-iota tail section

� HM = Horizontal target plate, center section

� Baf = Divertor ba�e tiles

� U-P = Outboard diagnostic port in the triangular (ϕ = 180◦ and equivalent) planes, labeled

�U-Port�

These abbreviations match the labels in �gure 1.7. Simulations were performed both for D⊥ =

0.3m2 s−1, where strike-line comparisons match more closely between modeling and experiment,

and D⊥ = 1m2 s−1, which have a more accurate match to the wetted area measurements in [67].

All predictions presented in this chapter are original work performed by the author, based on

the tools outlined in chapter 3.

77
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�
pdV Limit Peak Flux Load Wetted Area

Divertor Baf. U-P. Divertor Baf. U-P. Divertor Baf. U-P. Divertor
Pmax By Pmax Pmax V HL HM HH Total V HL HM HH Total

Con�g. βax p(s) Itor [kA] D/D∥

5/4 0.0 Vac Vac 10−6 0 0.7 HM 0.8 0.7 0.9 0.1 0.7 1.3 1.3 0.3 0.3 29% 8% 5% 56% 97% 2% 1% 0.8
10−7 0 0.8 HM 2.2 - 0.9 0.1 0.7 2.1 2.1 0.1 0.1 19% 3% 3% 75% 99% 0% 0% 0.5

2.0 (1− s)5.0 0.0 10−6 221 0.9 HM 0.7 0.3 0.7 0.2 0.5 1.0 1.0 0.4 0.7 22% 10% 4% 52% 88% 4% 8% 0.8
10−7 221 0.8 HM 3.1 - 0.7 0.1 0.6 2.1 2.1 0.1 0.1 15% 3% 2% 80% 99% 0% 0% 0.5

1− s 0.0 10−6 868 0.8 HM 2.0 0.4 0.5 0.1 0.6 1.3 1.3 0.1 0.5 16% 7% 4% 70% 96% 1% 3% 0.7
10−7 868 0.9 HM 6.7 1.5 0.3 0.0 0.6 1.9 1.9 0.0 0.1 6% 2% 2% 89% 99% 0% 1% 0.5

5.0 (1− s)3.0 0.0 10−6 768 0.8 HM 3.5 0.5 0.4 0.1 0.6 1.2 1.2 0.1 0.4 12% 7% 4% 73% 96% 1% 3% 0.8
10−7 768 0.9 HM 0.4 0.0 0.4 1.0 0.5 1.7 1.7 0.6 4.2 6% 4% 1% 73% 84% 3% 13% 0.5

(1− s)5.0 0.0 10−6 541 0.9 HM 1.0 0.6 0.4 0.1 0.6 1.2 1.2 0.2 0.3 14% 8% 4% 70% 96% 1% 3% 0.8
10−7 541 1.0 HM 5.5 1.1 0.3 0.0 0.5 1.8 1.8 0.0 0.2 9% 3% 2% 85% 98% 0% 1% 0.6

1− s 0.0 10−6 1609 1.0 HM 2.4 0.3 0.1 0.1 0.5 1.1 1.1 0.1 0.8 4% 6% 3% 78% 92% 1% 7% 0.8
10−7 1609 1.1 HM 8.1 0.1 0.1 0.0 0.5 1.6 1.6 0.0 1.9 1% 2% 1% 91% 95% 0% 4% 0.6

5/5 0.0 Vac Vac 10−6 0 1.4 HM 1.0 - 0.4 0.5 0.4 0.7 0.7 0.3 0.0 27% 42% 14% 9% 92% 8% 1% 1.3
10−7 0 1.3 HM 2.1 - 0.6 0.7 0.4 0.4 0.7 0.1 0.0 23% 62% 9% 4% 97% 3% 0% 1.3

2.0 (1− s)3.0 0.0 10−6 480 1.6 HM 1.5 - 0.3 0.5 0.3 0.5 0.5 0.2 0.0 26% 46% 12% 8% 92% 8% 1% 1.7
10−7 480 1.8 HM 4.4 - 0.5 0.7 0.3 0.3 0.7 0.1 0.0 25% 64% 6% 3% 98% 2% 0% 1.4

(1− s)5.0 0.0 10−6 331 1.4 HM 1.4 - 0.3 0.5 0.4 0.6 0.6 0.2 0.0 26% 45% 13% 8% 92% 8% 1% 1.6
10−7 331 1.9 HM 3.8 - 0.5 0.7 0.3 0.3 0.7 0.1 0.0 24% 65% 6% 3% 98% 2% 0% 1.3

1− s 0.0 10−6 1052 1.8 HM 1.8 - 0.3 0.4 0.3 0.5 0.5 0.1 0.1 24% 47% 12% 9% 92% 8% 1% 1.7
10−7 1052 2.1 HM 4.8 - 0.5 0.7 0.2 0.3 0.7 0.1 0.0 23% 65% 6% 3% 98% 2% 0% 1.4

5.0 (1− s)3.0 0.0 10−6 1091 1.8 HM 2.3 - 0.3 0.4 0.3 0.5 0.5 0.1 0.1 26% 49% 10% 7% 92% 8% 1% 2.0
10−7 1091 2.1 HM 3.1 - 0.5 0.7 0.2 0.3 0.7 0.1 0.0 33% 59% 4% 2% 98% 2% 0% 1.4

(1− s)5.0 0.0 10−6 792 1.7 HM 2.0 - 0.3 0.4 0.3 0.5 0.5 0.1 0.0 26% 48% 11% 7% 92% 8% 1% 1.8
10−7 792 2.0 HM 5.3 - 0.5 0.7 0.3 0.3 0.7 0.0 0.0 30% 62% 4% 2% 98% 2% 0% 1.4

1− s 0.0 10−6 2584 2.5 HM 0.7 0.7 0.3 0.4 0.2 0.3 0.4 0.3 0.3 19% 52% 8% 8% 86% 12% 2% 2.1
10−7 2584 2.4 HM 1.2 - 0.5 0.7 0.2 0.2 0.7 0.2 0.1 27% 64% 3% 2% 95% 4% 0% 1.4

5.0 10−6 2422 2.8 HM 0.9 0.7 0.3 0.3 0.2 0.3 0.3 0.3 0.3 21% 52% 8% 8% 88% 10% 1% 2.7
10−7 2422 3.0 HM 1.9 - 0.6 0.6 0.2 0.2 0.6 0.1 0.1 28% 64% 3% 2% 97% 3% 0% 1.6

10.0 10−6 2442 2.5 HM 0.9 0.8 0.3 0.3 0.2 0.3 0.3 0.3 0.2 21% 52% 7% 9% 89% 10% 1% 2.8
10−7 2442 3.3 HM 2.2 - 0.6 0.5 0.2 0.2 0.6 0.1 0.1 26% 66% 3% 2% 97% 2% 0% 1.7

5/5 HM 0.0 Vac Vac 10−6 0 2.7 HM 0.3 - 0.9 0.4 0.2 0.6 0.9 0.8 0.0 61% 16% 6% 4% 84% 15% 1% 0.9
10−7 0 2.5 HM 0.5 - 1.1 0.4 0.2 0.3 1.1 0.6 0.0 79% 12% 2% 2% 93% 7% 0% 0.9

2.0 1− s 0.0 10−6 856 3.1 HM 0.4 - 0.7 0.3 0.2 0.5 0.7 0.6 0.1 63% 16% 5% 5% 87% 12% 1% 1.3
10−7 856 3.2 HM 0.8 - 1.1 0.4 0.2 0.4 1.1 0.3 0.0 82% 10% 2% 2% 95% 5% 0% 0.9

5.0 (1− s)3.0 0.0 10−6 903 3.2 HM 0.7 - 0.5 0.3 0.2 0.5 0.5 0.4 0.1 61% 18% 5% 4% 87% 12% 1% 1.6
10−7 903 2.9 HM 0.8 - 0.9 0.5 0.2 0.3 0.9 0.3 0.0 78% 13% 2% 2% 94% 5% 0% 1.1

(1− s)5.0 0.0 10−6 626 2.8 HM 0.5 - 0.6 0.3 0.2 0.5 0.6 0.5 0.1 62% 18% 5% 4% 86% 12% 1% 1.5
10−7 626 2.8 HM 1.6 - 1.0 0.5 0.2 0.3 1.0 0.2 0.0 79% 13% 2% 2% 95% 5% 0% 1.0

1− s 0.0 10−6 2113 3.4 HM 0.7 0.9 0.6 0.3 0.1 0.4 0.6 0.4 0.2 57% 22% 4% 5% 87% 10% 2% 1.5
10−7 2113 3.0 HM 0.7 - 0.9 0.5 0.2 0.2 0.9 0.4 0.1 74% 18% 1% 1% 94% 5% 0% 1.0

5/6 0.0 Vac Vac 10−6 0 5.1 HM 0.2 - 0.1 0.5 0.1 0.1 0.5 1.3 0.0 3% 72% 5% 1% 80% 18% 2% 1.6
10−7 0 4.4 HM 0.4 - 0.0 0.9 0.1 0.0 0.9 0.7 0.0 1% 92% 2% 0% 95% 5% 0% 1.1

2.0 (1− s)5.0 0.0 10−6 363 5.4 HM 0.3 - 0.1 0.5 0.1 0.1 0.5 0.9 0.0 2% 76% 5% 1% 83% 15% 2% 1.5
10−7 363 5.6 HM 0.7 - 0.0 0.9 0.1 0.0 0.9 0.4 0.0 1% 94% 2% 0% 96% 3% 0% 1.1

1− s 0.0 10−6 1145 6.0 HM 0.4 - 0.1 0.6 0.1 0.1 0.6 0.6 0.0 1% 82% 4% 1% 88% 11% 1% 1.4
10−7 1145 8.2 HM 2.0 - 0.0 1.0 0.1 0.0 1.0 0.1 0.0 0% 96% 2% 0% 98% 2% 0% 1.0

5.0 (1− s)3.0 0.0 10−6 1007 6.8 HM 0.6 - 0.1 0.7 0.1 0.0 0.7 0.4 0.0 1% 84% 4% 1% 88% 11% 1% 1.3
10−7 1007 8.3 HM 3.9 - 0.0 0.9 0.1 0.0 0.9 0.1 0.0 0% 96% 1% 0% 98% 2% 0% 1.1

(1− s)5.0 0.0 10−6 691 6.1 HM 0.4 - 0.1 0.6 0.1 0.0 0.6 0.6 0.0 1% 81% 4% 1% 86% 12% 1% 1.4
10−7 691 8.1 HM 1.7 - 0.0 0.9 0.1 0.0 0.9 0.1 0.0 0% 95% 2% 0% 97% 2% 0% 1.1

1− s 0.0 10−6 2203 6.3 HM 1.3 - 0.0 0.8 0.1 0.0 0.8 0.2 0.0 0% 83% 3% 0% 87% 12% 1% 1.1
10−7 2203 8.2 HL 2.5 - 0.0 1.2 0.0 0.0 1.2 0.1 0.0 0% 96% 1% 0% 96% 3% 0% 0.8

Table 6.1: Overview of power limits, peak normalized heat �uxes and heat-�ux distributions in
calculated scenarios. The �rst columns indicate magnetic con�guration, plasma beta, toroidal
current and di�usion coe�cients. For convenience, the stored energy is also included. Limits are
indicated for divertor plate (including the limiting subsection), divertor ba�es and U-port heat-
shield. Peak �uxes are indicated for all divertor subtargets, the divertor plate as a whole, divertor
ba�es and the U-port heat-shield. Likewise, integrated load distributions are reported for these
areas.

6.1 Standard con�guration (5/5)

Figure 6.1 shows the in�uence of overall plasma beta on the standard con�guration's edge magnetic

�eld structure. As on-axis plasma beta increases, the separatrix of the island chain begins to show

stochastization. However, even at high plasma beta, a structured set of nested �ux surfaces remains

intact both surrounding, as well as in the interior of the island chain. The outboard stochastic

side of the island intersects slightly with the U-port in the triangular plane (see �gure 1.6 for

location of these ports). However, no signi�cant heat-�ux was visible on this port in the p ∝ s

cases even at 5% central beta. At higher plasma beta, the edge islands near the divertor plates are

moved slightly inwards (towards the center of the machine, not the magnetic axis). This changes

the connection structure of the island. Where in the vacuum �eld only the bottom left part of

the separatrix connected directly to the divertor, the shift of the island causes �rst a connection

to the vertical target plate and then, at higher plasma beta, a connection to the outboard side
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of the divertor island. The heat-load distribution on the divertor (shown in �gure 6.31) re�ects

this behavior directly, forming �rst an additional strike-line on the vertical target plate and then

a secondary (albeit weak) strike-line on the horizontal target. While peak heat-loads vary in the

high-load areas (mostly HL and V), the load-limiting middle section appears to be subjected to a

constant normalized peak-�ux of 0.1MWm−2, which limits the convective divertor power to about

2MW (see table 6.1).The main power-limiting heat-loads in the high-beta simulations, however,

are substantial heat loads on the divertor ba�e tiles, with peak heat-�uxes on the ba�e tiles

approaching 0.5m−2, theoretically limiting the total power to less than 0.5MW.

The area of the stochastic region in the edge does not appear to have a signi�cant dependence

on volume averaged beta at �xed central beta (as shown in the pro�le scan in �gure 6.2). However,

the separatrix shape and the position of the island's O-point react to the change in pro�le like they

react to the change in central beta. This indicates that the primary driver for the island shaping

e�ect is the central pressure, while the stochastization depends on volume integrated pressure.

1Due to layout constraints, the order of �gures in this chapter deviates from the order in which they are mentioned
in the main text.
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Figure 6.1: : Plasma response in standard con�guration at �xed pressure pro�le (p ∝ 1 − s) to
changes in axial beta for vacuum case (left), βax = 2% (middle) and βax = 5% (right). Poincaré-
maps are shown in the ϕ = 0◦ plane (bean-plane), while connection-length distributions are plotted
at the front (low-iota) end of the divertor plate.

Figure 6.2: : Plasma response in standard con�guration at �xed axial beta (βax = 5%) to changes
in pressure pro�le shape, with p ∝ (1− s)5 (left), p ∝ (1− s)3 (center) and p ∝ 1 − s (right).
Poincaré-maps are shown in the ϕ = 0◦ plane (bean-plane), while connection-length distributions
are plotted at the front (low-iota) end of the divertor plate.
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Figure 6.3: Changes in divertor heat-loads in standard con�guration with increasing axial beta.
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6.2 High-Iota con�guration (5/4)

In the ι = n/m = 5/4 con�guration, the edge islands form a single �ux tube winding helically

around the plasma core. The vacuum con�guration features no nested �ux surfaces outside of

the edge islands. Therefore, these islands are highly susceptible to stochastization due to the lack

of nested magnetic surfaces outside the island-region [22, 16]. As �gure 6.4 shows, the nested

magnetic surface structure of the islands is lost with increasing beta. This can be attributed

to the growth of the edge islands with increasing beta. As the edge islands grow, the overlap

with the outer stochastic region increases, which leads to a loss of the islands' nested �ux surface

structure. However, the connection-length distribution reveals a deterministic lobe-like structure

in the chaotic Poincaré-map. It can also be seen from both �gures that, although the microscopic

edge structure becomes increasingly chaotic at high beta, the O- and X-point position of the

lowest-mode perturbation remains remarkably stable.

Nonetheless, the distortion of the separatrix due to the stochastization has visible e�ects on

the edge magnetic �eld topology. In the low-beta cases, the separatrix of the island chain passes

the vertical target nearly tangentially by less than 1 cm. As plasma beta increases, this part of

the separatrix retracts from the vertical target, and the heat �ux is redistributed toward the tail

of the horizontal divertor plate (see �gure 6.5), balancing out the divertor heat-load. The strike-

line width itself, however, appears to be mostly una�ected by the stochastization e�ects. The

stochastization of the magnetic island region also appears to have a dependency on the pressure

pro�le at �xed central beta, but the magnetic islands are not fully recovered in the cases with high

central plasma beta (βax = 5%) and low volume-averaged beta (βvol = 0.5%) (�gure 6.6).

As seen in table 6.1, the high-iota con�guration is subject to the highest peak heat-�uxes (at

above 1.5m−2) onto the divertor target plate. This creates the somewhat unique situation that

the divertor heat-loads are sometimes not limited by the loads onto the middle section but by the

strongly focused peak loads on the high-iota tail section (HH). The exact limitation scenario is

sensitive to the perpendicular di�usion coe�cient, as an increase of di�usivity in the edge both

defocuses the heat-loads on the high-iota tail and increases the indirect (supplied by di�usion) heat-

�ow onto the middle section. Similarly sensitive to the di�usivity is the limitation imposed by the

ba�e heat-loads. As can be seen in �gure 6.7, this is mainly related to a set of ba�e tiles sitting

right above the vertical target. Since the closeby passing separatrix recedes with increasing plasma

beta, this area is progressively unloaded as plasma pressure increases. This e�ect is, however,

substantially less pronounced at high edge di�usivity.

At high plasma beta, the outboard side of the triangular-plane cross-section (�gure 6.4, middle

row) starts - due to the stochastization - overlapping with the plasma-facing components. As can

be seen in �gure 6.8, this can lead to the deposition of a substantial amount of power onto the

horizontal port in this plane, with up to 13% of the total heating power being deposited near the

�ve U-ports (see �gure 1.5 for the location of these ports). A signi�cant share of this power is

deposited onto small spots (estimated at about 0.7 dm2 per spot) at the edge of the port. For

steady-state operation, care must be taken in this con�guration in high-performance scenarios, as

these heat-loads could quickly exceed the heat-dissipation ability of the cooling system.
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Figure 6.4: Plasma response in high-iota con�guration at �xed pressure pro�le (p ∝ 1 − s) to
changes in axial beta for vacuum case (left), βax = 2% (middle) and βax = 5% (right). Poincaré-
maps are shown in the ϕ = 0◦ plane (bean-plane, top) and the ϕ = 180◦ plane (triangular plane,
middle), while connection-length distributions are plotted at the front (low-iota) end of the divertor
plate
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Figure 6.5: Divertor heat-load distributions in high-iota con�guration for di�erent central beta
values
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Figure 6.6: Plasma response in high-iota con�guration at �xed axial beta (βax = 5%) to changes
in pressure pro�le shape, with p ∝ (1− s)5 (left), p ∝ (1− s)3 (center) and p ∝ 1 − s (right).
Poincaré-maps are shown in the ϕ = 0◦ plane (bean-plane), while connection-length distributions
are plotted at the front (low-iota) end of the divertor plate.
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Figure 6.7: Divertor ba�e heat-load calculations in high-iota con�guration at di�erent central beta
values.
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Figure 6.8: Heat-�ux distributions on the outer U-port in high-iota con�guration for a vacuum-
�eld calculation (top), a βax = 5%, βvol = 1.25% case (middle) and a βax = 5%, βvol = 2.5% case
(bottom)
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6.3 Low-Iota con�guration (5/6)

The 5/6 island (�low-iota�) con�guration also shows topological sensitivity to the plasma beta. As

was �rst discovered in [24]2, the phase of the beta-driven 5/6 magnetic �eld component is opposite

to the vacuum �eld's 5/6 component. The resulting annihilation of the 5/6 island chain (at around

5% plasma beta in this study, see �gure 6.9) is bene�cial for operation in standard con�guration (as

the presence of 5/6 islands in the core would degrade con�nement). However, it has a detrimental

e�ect when these islands are used as an island divertor, as discussed in [26]. As the islands shrink

in size, the separatrix mostly disconnects from the divertor target plate (�gure 6.9), and the overall

magnetic topology changes towards a limiter-like con�guration. The pro�le scan (�gure 6.10) shows

very similar behavior to the central beta scan, indicating that the change in the 5/6 component is

probably related to volume averaged beta, with the βax = 5% and βvol = 0.5% (p ∝ (1− s)5)-case
showing almost the same magnetic topology as the vacuum case.

According to the �eld line di�usion simulations, the e�ect of this transition on the heat �ux

distribution (�gure 6.11) is quite profound. As the pitch angle of the outer separatrix on the

target plate decreases due to the shrinking islands, the wetted area increases at �rst due to a larger

strike-line width. After the transition towards the limiter-like con�guration, however, the heat �ux

is focused into a wide spot in front of the usual strike-line position. This circular structure was

already observable in lower-beta experiments and showed a strong up-down asymmetry, which can

be attributed to particle drifts in the magnetic �eld (see [69] for an in-depth discussion of these

observations).

Due to the reduction in island width and the resulting transition towards a limiter-like con�g-

uration, the outboard ba�e tiles near the front of the divertor experience additional heat-loads.

While the total load on the ba�es varies with the volume-averaged beta, the peak normalized

heat-�ux density is near 0.1m−2 in almost all of the scenarios (see table 6.1). As the circular di-

vertor heat pattern lies on the same �ux surface as the ba�e hot-spots, particle drift e�ects might

create similar up-down asymmetries in heat-�ux intensity here.

It should be noted that the islands disappear due to a fairly precise cancellation of the plasma-

driven- and vacuum magnetic �eld component. The island return at higher plasma beta at opposite

island phase due to the plasma-driven magnetic �eld component overcoming the vacuum magnetic

�eld. The required central beta values (around 7%) are, however, probably outside of the near-term

experimentally achievable range.

2This initial work relied on a preliminary version of the planned W7-X coil set, which was changed afterwards.
The same e�ect was then con�rmed for the �nalized coils in [68] and [16]
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Figure 6.9: Plasma response in low-iota con�guration at �xed pressure pro�le (p ∝ 1−s) to changes
in axial beta for vacuum case (left), βax = 2% (middle) and βax = 5% (right). Poincaré-maps are
shown in the ϕ = 0◦ plane (bean-plane), while connection-length distributions are plotted at the
front (low-iota) end of the divertor plate.

Figure 6.10: Plasma response in low-iota con�guration at �xed axial beta (βax = 5%) to changes
in pressure pro�le shape, with p ∝ (1− s)5 (left), p ∝ (1− s)3 (center) and p ∝ 1 − s (right).
Poincaré-maps are shown in the ϕ = 0◦ plane (bean-plane), while connection-length distributions
are plotted at the front (low-iota) end of the divertor plate.
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Figure 6.11: Divertor heat-load distributions in low-iota con�guration for di�erent central beta
values



6.4. SUMMARY 91

6.4 Summary

Applying the numerical methods introduced in chapter 3, this chapter showcased a detailed study

of plasma-beta e�ects on heat-loads on the divertor of W7-X (and some other plasma-facing com-

ponents). The standard-, high-iota-, and low-iota con�gurations were compared and systematically

searched for detrimental heat-load changes. Out of the three compared con�gurations, it is clear

that the standard con�guration is by far the most stable candidate for high-beta operation, with

the other two con�gurations showing signi�cant degradation of the edge magnetic islands at higher

plasma beta. The PFC heat-load distributions at high beta are summarized in the following points:

� The high- and low-iota sections of the divertor plate appear to be safe for high-power opera-

tion in all scenarios except low D⊥ high-iota operation, where the narrow strike-line on the

high-iota tail limits the power to about 6MW.

� The middle section, which has a restricted heat �ux limitation of 1MWm−2, generally im-

poses the strictest divertor load limit of all four target sections.

� In almost all scenarios, the power-limit related to hot-spots on the ba�es is far below the

limit of the divertor plates themselves. The relevance of this limit is di�cult to assess, as

the ba�es do not form a smooth geometry, and most of the loads are on or near the edges of

the ba�e tiles. Subtle erosion of the tiles during operation might su�ciently even out these

loads.

� In high-iota con�guration, care must be taken not to overload the U-port, as more heat �ows

into this region during high-beta operation.

� Depending on the edge di�usion coe�cient, large heat-loads should be expected on the ba�es

during high-beta low-iota operation due to the limiter-like equilibrium topology. These loads

are not toroidally elongated and focus a signi�cant fraction of the heat onto a few tiles.
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7 | Conclusion, discussion &

outlook

7.1 Conclusion

As de�ned in 1.6, the key objective of this thesis was to assess the e�ects of �nite plasma beta on

the magnetic topology of the edge islands and the resulting changes in the heat load distribution

on plasma facing components. Towards this end, the following contributions were made to achieve

this objective:

� Finite-beta equilibria were simulated with the HINT code for a systematic study of pressure

pro�les up to a central beta of 5% and a volume-averaged beta of 2.5% (chapter 3, chapter

6).

� Based on the simulated equilibria, the heat-loads on the plasma-facing components of W7-X

were estimated using the W7-X web service's �eld-line tracer and a new synthetic camera for

accurate interpretation of the �eld-line di�usion results (chapter 3, chapter 6)

� The simulated changes in the edge magnetic �eld were measured during the �rst campaign

using a newly developed reciprocating magnetic probe and compared with the predictions

from HINT (chapter 4, chapter 5).

� The predicted stability of heat-loads in the standard magnetic con�guration was experimen-

tally veri�ed using a statistical analysis across multiple discharges (chapter 5, 6).

� The pressure distributions of the HINT equilibria were compared with pressure pro�le mea-

surements derived from Thomson Scattering and XICS observations in the core, as well as

Helium-beam and reciprocating probe measurements in the edge (chapter 4, chapter 5).

� In addition to comparison with HINT measurements, pro�le diagnostics were mapped into

an island-aware magnetic surface coordinate via a machine-learning algorithm and compared

against each other (chapter 3, chapter 5).

7.2 Discussion of results

W7-X will be facing signi�cant new challenges in its �rst steady-state campaign as discharge

duration and heating power increase. According to �eld-line di�usion calculations, the standard

93
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con�guration is signi�cantly better-suited for these operational scenarios than its high- and low-

iota counterparts. In high-iota con�guration, the primary concern are the leading-edge loads on the

heat-shield tiles in the outboard triangular plane, which are directly related to a nearly complete

stochastization of the edge islands in high-beta scenarios. In the current time-frame, the geometry

of these tiles can still be modi�ed to move these leading edges out of the incoming plasma �ow.

In the low-iota case, the primary concern is a transition from a divertor- to a limiter-con�guration

due to the loss of the divertor islands around βax = 5% (although the islands should return at

higher pressures). This limiter-like con�guration imposes signi�cant heat-loads onto the divertor

ba�e regions, and should either be transitioned through of avoided through modi�cation of the

magnetic geometry.

It was shown in chapter 6 of this thesis, that the standard con�guration shows a signi�cantly

higher degree of stability against plasma-beta driven e�ects than its high- and low-iota peers. While

all three con�gurations exhibited the appearance of ba�e loads in high-beta scenarios, the other two

con�gurations showed additional detrimental e�ects on top. Both low- and high-iota con�guration

experience a loss of their nested magnetic islands due to di�erent physical mechanisms. Due

to interactions between the growing magnetic islands and the chaotic outer magnetic domain,

in high-iota con�guration, the island region is fully taken over by stochastization, which directs

substantial amounts of heat on small sections of the heat-shield near the triangular plane. In

low-iota con�guration, the vacuum magnetic Fourier component establishing the edge islands was

found to be cancelled out at high plasma beta, resulting in a substantial reduction in island width

and an eventual transition to a limiter-like con�guration, which changed the strike-line pattern

from a line-like to a spot-like shape with substantially smaller area.

The standard con�guration's relative stability could be con�rmed in chapter 5, where a sta-

tistical analysis of multiple discharges con�rmed a very weak variation of the strike-line with

plasma beta at achieved moderate-beta plasmas, completely dominated by the shifts induced by

the toroidal plasma current. Furthermore, radial magnetic pro�le measurements were found to

roughly agree with the predictions made by the HINT code, which builds con�dence in the accu-

racy of the underlying equilibria for the core-driven changes in the edge magnetic �eld. However,

a �nal analysis in this area is outstanding and requires a more accurate magnetic probe system.

Measurements with the magnetic probe during the second divertor campaign measured changes

in the edge magnetic �eld in agreement with the predictions with HINT and not in agreement with

simpler models purely assuming a toroidal current. These measurements also demonstrated a

deviation in the vacuum �eld pro�le from the ideal magnetic �elds based on CAD coil geometries.

This information could be used in the future as a diagnostic to validate models for magnetic-load

driven deformations of the main coils.

Potential improvements

Accuracy of the pressure distributions

The 2-degree structure of the pressure pro�les used in this thesis has served well in the process of

separately analyzing the e�ects related to central and volume-averaged plasma beta. However, the

space of experimental pro�les is too constrained to achieve an exact match to the experimental pro-

�les, mostly due to the separate dynamics of the ion- and electron-pressure, which both contribute

to the total plasma pressure. Constructing a larger parameter space will be vital in achieving
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a proper match between experiment and theory. Similarly, the pressure distributions currently

employed in the edge are entirely arti�cial and are mostly related to HINT's pressure averaging

scheme. To achieve a proper match between experiment and simulation in this region, further

reduction of the averaging length will be required. However, this length can not be arbitrarily

lowered without a�ecting the stability of the distribution in the plasma core.

Transport model accuracy

HINT relies on a simple �eld-line following method as a surrogate transport model. Similarly,

the �eld-line di�usion method used to calculate the heat load only gives a simpli�ed view of

the transport in the scrape-o� layer. Both steps, but especially the latter, would greatly bene�t

from the inclusion of more sophisticated transport models. Two key physical elements of interest

are the parallel transport model and the interaction between plasma and neutral particles as

well as impurities. Switching from a convective to a di�usive parallel �ow model would lift the

current restriction prohibiting counter-streaming �ows (due to the particles performing U-turns

in the parallel direction) and provide more accurate simulations of the heat-loads in attached

conditions. The in�uence of neutral particles is the key to modeling the physics of attached divertor

conditions. Currently, the interaction between equilibrium e�ects (e.g. stochastization in the edge)

and detachment is not fully understood. Combined modeling of these two e�ects is, however, a

key requirement to guarantee safe operation in the �nally envisioned high-performance scenarios

with up to 5% volume-averaged beta, which will very likely require steady-state detachment.

Con�guration space

The work of this thesis was mainly focused on characterizing the standard-, high-, and low-iota

con�guration. There is, however, a large, mostly unexplored con�guration space surrounding these

three con�gurations. Examples include inward- and outward-shifted con�gurations, intermediate

iota con�gurations to mimic high-current scenarios, and high- and low-mirror con�gurations. Par-

ticularly, there are two operationally relevant con�gurations missing from this analysis. The �rst

one is the high-mirror con�guration, which features - out of all designed con�gurations - the low-

est bootstrap current. The poor suitability of high- and low-iota for high-beta operation and the

similarity of the high-mirror to the standard con�guration (both feature a 5/5 island divertor) fur-

ther increase the relevance of this con�guration for future high-performance scenarios. The second

missing con�guration is an intermediate limiter-like con�guration between standard and high-iota,

in which the rotational transform is lifted just enough to separate the magnetic islands from the

divertor plate. This con�guration has been, during the past campaign, particularly subject to

discussion by research groups focused on studying edge plasma turbulence. Here, the equilibrium

calculation should primarily serve to provide an accurate mapping of the plasma edge, which is

required to correlate the spatial structure of turbulent dynamics to the magnetic topology.

7.3 Outlook

Through predictive modeling and experimental comparisons, HINT has clearly demonstrated its

usefulness in the modeling of high-beta plasmas. A particular strength the code has shown is the

ease of coupling to other fusion-related simulation tools such as �eld-line tracers, as it already gives
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the full 3D magnetic �eld as an output. This strength will be substantially exploited in the near

future, with analyses based on equilibria obtained through HINT already being worked on with

the plasma- and impurity-transport code EMC3-EIRENE, the wall-erosion and re-deposition code

ERO (and potentially its successor ERO 2.0), and various instances of the �eld-line tracing system

for W7-X.

Accuracy of the pressure distributions

There are already ongoing activities to improve the accuracy of equilibrium pressure distributions

in the plasma edge. On the parametric side, these activities particularly involve the tuning of

the pressure pro�le's edge component and HINT's pressure averaging length. However, further

adjustments will likely be necessary to achieve the desired match. A signi�cant limitation is the

resolution of the HINT code, which operates on a uniform cylindrical grid. Increasing the resolu-

tion is directly penalized by increases in the code's run-time. This pressure can be alleviated by

decoupling the grids used by di�erent sub-systems (particularly for the resolution of the divertor

geometry) or by introducing an adaptive grid into the code. The latter in particular is, unfortu-

nately, a substantial investment and could potentially require a nearly complete re-write of the

code (as the structure of the grid is intricately coupled to its discretization scheme).

Improving the match of the core pressure pro�les primarily mandates the design of a new,

higher-dimensional representation space for the plasma pro�les. The main challenge here lies

in the likely non-linear structure of such a space. A promising approach that might work well

in tandem with the already developed mapping approach lies in the application of variational

autoencoders (VAEs, [70]) for this purpose. Not only have these models already proven their ability

to capture complex but low-dimensional manifolds in computer vision, but their root in Bayesian

modeling theory also makes them compatible with the Bayesian forward modeling approaches

already popular in diagnostic modeling.

Transport model accuracy

Heat- and particle-transport in the plasma edge has already been the subject of intensive research

in the past decades, which has led to the development of multiple edge transport simulation codes.

Of particular interest as a replacement for �eld-line di�usion is the edge transport code EMC3-

EIRENE, which is a joint development between many European research agencies, and a proven

work-horse of Stellarator research. The main issue in coupling this code to HINT is that EMC3-

EIRENE relies on a �eld-line aligned grid to sample the equilibrium state of its Monte-Carlo

simulations. The alignment of this grid with the magnetic surface structure is particularly impor-

tant to correctly estimate the �uxes across these magnetic surfaces. However, the complex edge

topology of W7-X still necessitates a large amount of manual intervention in the grid generation

process, which makes an automatic coupling nearly impossible, and limits it to a two-digit number

of selected cases. This area would, therefore, greatly bene�t from research into fully automatic

grid generation for EMC3-EIRENE as well as constraint relaxations on the grid (potentially by

using other means to extract �uxes).
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Con�guration space

Simulations of the high-mirror con�guration are already on-going and partially completed, while

simulations of the intermediate con�guration between the standard- and high-iota-con�guration are

still pending for the future. Beyond the di�erent vacuum �eld and VMEC input, there are no major

modi�cations to the simulation pipe-line required for the evaluation of these two con�gurations.

Therefore, results in this area should be provided quickly. Considerably more challenging would be

the extension towards con�gurations that violate the Stellarator symmetry, which would multiply

the size of the grid, and also the lower bound on the computation time, by a factor of �ve (a factor

of ten for the �eld-line di�usion calculations). Studies in this domain would probably be limited

to the detailed modeling of a select few runs.
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A | Derivation of the full transfer

model for the magnetic probe

1/2 R/l dx

1/2 R/l dx

C/l dx

1/2 L/l dx

U(x) U(x+dx)

I(x)

I(x)

I(x+dx)

I(x+dx)1/2 L/l dx

Figure A.1: Schematic of the continuous cable model

Assuming the twisted wire pair to follow a standard di�erential LCR model, the di�erential

signal propagation equations can be extracted from �gure A.1 as:

dU

dx
= −Rcable

l
I(x)− Lcable

l

d

dt
I (x) (A.1)

dI

dx
= −Ccable

l

d

dt
U (x)

Using a propagating wave Ansatz U, I (x, t) = U, I± exp (i (ωt± kx)) yields the wave dispersion
relation
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±ikU± = −Rcable

l
I± − iω

Lcable
l

I±

±ikI± = −iωCcable

l
U±

⇒

−k2 = iω
Rcable

l

Ccable

l
− ω2Lcable

l

Ccable

l
⇒

k (ω) =

√︃
ω2
LcableCcable

l2
− iωRcableCcable

l2
(A.2)

Assuming that the coil is connected at x = 0 and the integrator input at x = l, one gets:

Ũ coil = U+ + U−

Ũ input = U+ exp (ikl) + U− exp (−ikl)

Ĩcoil =
ω

k

Ccable

l
(U− − U+)

= Z (ω)
−1

(U− − U+)

Ĩ input = Z (ω)
−1

(exp (−ikl)U− − exp (ikl)U+)

with the frequency-dependent cable impedance

Z (ω) =

(︃
ω

k

Ccable

l

)︃−1

=

√︃
Lcable
Ccable

− i

ω

Rcable

Ccable

The coil follows a linear di�erential equation and can be subjected to the same rotating wave

Ansatz

Vcoil =
d

dt
[AcoilB − LcoilIcoil]−RcoilIcoil

Ṽ coil = iω
(︂
AcoilB̃ − LcoilĨcoil

)︂
−RcoilĨcoil

= iωAcoilB̃ − (Rcoil + iωLcoil) Ĩcoil

while the integrator has a �xed input impedance of Rmeas = 10 kΩ, along with an optional

capacitor Cmeas used in characterization to determine the coil inductance.

Ĩ input =
(︁
R−1
meas + iωCmeas

)︁
Ũ input

Expanding for U± yields:

U+ + U− = iωAcoilB̃ − (Rcoil + iωLcoil)
U− − U+

Z
exp (−ikl)U− − exp (ikl)U+

Z
=

(︁
R−1
meas + iωCmeas

)︁
[U+ exp (ikl) + U− exp (−ikl)]
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U− =
1 + Z

(︁
R−1
meas + iωCmeas

)︁
1− Z

(︁
R−1
meas + iωCmeas

)︁ exp (2ikl)U+

Let κ = Z
(︁
R−1
meas + iωCmeas

)︁
and λ = Z−1 (Rcoil + iωLcoil) be the normalized dimensionless

output- and input-impedances. Then

[︃
1 +

1 + κ

1− κ
exp (2ikl)

]︃
U+ = iωAcoilB̃ + λ

[︃
1− 1 + κ

1− κ

]︃
U+

⇒[︃
1− λ+

1 + κ

1− κ
(λ+ exp (2ikl))

]︃
U+ = iωAcoilB̃

U+ =
1

1− λ+ 1+κ
1−κ (λ+ exp (2ikl))

iωAB̃

U− =
1+κ
1−κ exp (2ikl)

1− λ+ 1+κ
1−κ (λ+ exp (2ikl))

iωAB̃

This then gives an input voltage on the integrator of

Ũ input =

(︂
1 + 1+κ

1−κ

)︂
exp (ikl)

1− λ+ 1+κ
1−κ (λ+ exp (2ikl))

iωAcoilB̃

=
2 exp (ikl)

(1− λ) (1− κ) + (1 + κ) (λ+ exp (2ikl))
iωAcoilB̃ (A.3)

In the case of kl ≈ 0 (neglecting forward and backward phase delays due to the cable), one can

simplify this expression to:

Ũ input ≈ 2

(1− λ) (1− κ) + (1 + κ) (λ+ 1)
iωAcoilB̃

=
iωAcoilB̃

1 + λκ

=
iωAcoilB̃

1 + Rcoil

Rmeas
+ iω

(︂
RcoilCmeas +

Lcoil
Rmeas

)︂
− ω2LcoilCmeas

(A.4)
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B | Running HINT: A short

manual

B.1 Compiling and installing HINT

HINT is an MPI-based FORTRAN code. At this thesis's time of writing, the code is maintained

in a central repository, and the maintainer should be directly contacted to gain access to this

repository (currently the maintainer of the code is Dr. Yasuhiro Suzuki). In the newest versions,

HINT is distributed with a CMake �le, which will automatically detect and set up MPI and

optionally OpenMP. CMake does not allow in-source builds (where the top-level source directory

and the build directory are identical), but building in a subdirectory of the source dir is permitted.

CMake builds have two separate phases: A con�guration step, where CMake generates build �les

for a third party build tool (supported targets include �make�, �ninja� and - on Windows - Visual

Studio, which can also build cmake projects by itself), followed by an independent build step in

the external build tool. If one just wishes to build HINT, the standard command line is:

cmake {path to HINT source}

make -j {number of build processes}

If a speci�c FORTRAN compiler should be used, one can select the preferred compiler with the

FC environment variable

FC=ifort cmake {path to HINT source}

make -j {number of build processes}

If one wishes to install HINT, one can simply run

make install

after the build process. On most machines, this will fail as installing into system-level program

directories requires administrator rights. One can also specify a custom install directory by setting

the CMAKE_INSTALL_PREFIX option of CMake using the -D �ag.

cmake -DCMAKE_INSTALL_PREFIX={path to target directory} ...

{path to HINT source}

make -j {number of build processes}

make install

111
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B.2 Required inputs & input formats

HINT has two run modes, which require di�erent inputs:

� The follow mode is intended to continue a previous run, optionally with new parameters.

It requires a vacuum magnetic �eld, a machine geometry description and a snapshot of a

previous run to initialize the equilibrium �eld and the pressure distribution from.

� The initial mode is intended if one wishes to start a run from scratch. This mode requires

a vacuum magnetic �eld, a machine geometry description and an initial estimate for the

vacuum magnetic �ux surfaces.

HINT supports reading input data in multiple formats, but all formats contain essentially the same

data. I describe here only the data layout of the netCDF classes. The data layout of the other

formats can be easily gleamed from the source code.

� All input �les have the variables rminb, rmaxb, zminb, zmaxb parametrizing the ranges of the

R (major radius) and z axes. Additionally, the variable mtor holds the toroidal symmetry

descriptions. In the netCDF input format, the number of elements per direction is inferred

from the dimensions of the �eld variables. All variables are, in netCDF, stored in ϕ, z,R

order. Note that in the FORTRAN code itself, the data are handled in R, z, ϕ order. This

is because FORTRAN stores data in column major order, while the rest of the world uses a

row-major format. All grid variables (coordinate ranges, toroidal symemtry, grid size) of the

input �les must be exactly identical to the grid parameters chosen to execute the run. This

also implies that a di�erent grid also requires di�erent input �les. NetCDF also supports

variables named identically do dimensions, which contain the dimension values. HINT does

not require these variables, and but writing them into the �le is needed to use visualization

programs (e.g. Panoply) to visualize its contents. Even if present, HINT does not read

these �les and assumes equidistant coordinate grids described by the �les above.

� The vacuum �eld �les additionally contain three variables, Bv_R, Bv_Z and Bv_phi, which

hold the R, z and ϕ components of the magnetic �eld, unnormalized.

� Machine geometry �les additionally contain an integer-type variable limiter. This variable

must have the same dimensions as all other �eld variables, and contains a voxel-based de-

scription of the machine geometry. It should be set to 1 in every voxel occupied by machine

parts, and 0 everywhere else.

� Flux estimate �les should additionally hold a variable �ux, which holds a number between

in the [0, 1] range describing the normalized magnetic �ux.

B.3 Con�guration

The parametrization of the requested run is passed into the code in the form of FORTRAN namelist

inputs on the standard input (stdin) of the HINT processes. This information must be fed to each

worker process individually, and must be globally identical. Individual sections may be left out,

and individual variables may be left out or re-ordered within the same namelist section, but the
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order of individual namelist sections may not be changed. Passing in sections in the

wrong order will cause the input pipeline to drop / ignore some sections and the code

being con�gured incorrectly. Lines starting with ! are ignored by the reader and can be used

to comment lines.

!-----------------------------------------

! set MPI process numbers along R, Z, phi

!-----------------------------------------

&mpi_inp1

iprocs = 2, ! along R idrection

jprocs = 4, ! along Z direction

kprocs = 16, ! along phi direction

&end

The �rst section speci�es the distribution of the grid among the MPI nodes. This distribution

must satisfy iprocs · jprocs · kprocs = n with n being the number of MPI processes assigned to

the parallel task. If the code is run sequentially (single node, not recommended due to the high

resource usage), n = 1. The grid size along each dimension is not required to be a multiple of

this number, HINT supports creating balanced uneven grid partitions. However, not all grid

partitions executed successfully. In some parallel grid con�gurations, the code diverged on the

second macrocycle and crashed due to numerical explosion. A closer examination of the magnetic

�eld before the crash revealed block-like patterns aligned with the partition boundaries. Therefore,

it is likely that one of the parallel exchanges routines misbehaves for certain parallelization setups.

However, even after multiple thorough multi-person reviews of the related code sections show no

possible scenario which might allow this to happen. In principle, this could also relate to a bug in

the underlying MPI implementation, but this is itself also highly unlikely.

&nlinp1

!-----------------------------------------------------

! "initial": calculation set up from vacuum field

! "follow" : following up job

!-----------------------------------------------------

run_mode = 'initial',

!------------------------------------------------------------

! "file": normalized toroidal flux,

! s, is read from the file

! "calc": s is claulated from the pressure

! distribution

!------------------------------------------------------------

flx_type = 'file',

!------------------------------------

! lresetp: redistribute the pressure

!------------------------------------

lresetp = .true.,
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p_type = 'parabolic',

j_type = 'power_series',

lfile = .true.

&end

This section speci�es some general setup parameters for the code. The run_mode setting is used

to distinguish between an initial and follow-up run as mentioned above. This mainly concerns the

source of the initial equilibrium �eld. Note that the vacuum �eld is also required in a follow-up

run, as the code calculates some additional information based on that �eld. The �x_type setting

speci�es how the magnetic �ux, which is used to set the pressure pro�le from the con�guration,

should be obtained. �le mandates the �ux to be read from a speci�ed magnetic �ux �le, while calc

instrHowever, sucts the code to calculate the magnetic �ux values of the isobaric contours of the

pressure �eld, and use those surface as �ux surfaces. Note that the calc setting only works with

follow -type runs, as initial -type runs have no pressure distribution speci�ed at this stage.

The settings p_type and j_type determine the shape of pressure- and current-pro�le to be used.

Supported values are:

� linear : Interpolate the pro�le shape from s and p/j values speci�ed as input arrays. The

s coordinates of the pro�le have to be equi-distant. Otherwise the interpolation

will be performed incorrectly

� parabolic (only pressure pro�le): The pressure pro�le is of the shape p (s) ∝ c1 + (1− c1) ·
(1− sc3)c2 . Using c2 < 1 or c3 < 1 is not recommended. This will create square-root-like or

inverse pro�les, which have in�nite gradient near s = 0 or s = 1.

� power_series: Use a polynomial in s. Up to 20 polynomial coe�cients are supported.

!------------------------

! set control parameters

!------------------------

&nlinp2

!--------------------------------------------------------------------

! beta: toroidal beta value on axis

! bt0: toroidal magnetic field to prescribe the beta

! am0: polynominal coefficients to prescribe the

! pressure profile

! nprofp: # of support points in pressure profile

! profp: pressure profile

! nstep: step number of overall loops

! npchg: step number to rump up the beta

! nsvae: interval to save the magnetic field

! and other equilibrium fields

! npset: interval to redistribute the pressure

!--------------------------------------------------------------------

beta = 0.05,
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!---- 'parabolic'-type pressure profile ----

am0 = 0.02, 1.00, 1.00,

!---- 'linear'-type pressure profile ----

! nprofp = 5,

! profp = 5.0, 4.0, 3.0, 2.0, 1.0,

! torfp = 0.0, 0.25, 0.5, 0.75, 1.0,

nstep = 80,

npchg = 1,

nsave = 5,

npset = 10,

&end

This section describes the requested pro�les, as well as the timing behavior of the data writeout.

� beta: This value holds the target on-axis plasma beta.

� am0 : If the pressure pro�le type is parabolic, this variable holds the coe�cients c1, c2 and c3

� nprofp, torfp, profp: If the pressure pro�le is linear, these three variable hold respectively

the no. of interpolation points, their s (x) coordinates and the pressure (y) values on the

interpolation points

� nstep: This number describes the total no. of macrocycles (Step A, Step B) iterations, which

the code should perform.

� npchg : HINT supports a �slow-start� protocol for ramping up the pressure. If npchg is set to

a value larger than one, the �rst k iterations (starting at k = 1) will have the on-axis beta

target βintermediate =
βax
1000 · 1000

k
npchg .

� nsave: No. of macrocycles to perform between writing out output snapshots.

� npset : No. of macrocycles after which the pressure distribution is modi�ed by �rst calculating

the magnetic �ux surfaces from the pressure surfaces, and then re-creating the pressure

distribution according to the speci�ed pressure pro�le. This process is repeated every npset

macrocycles.

&nlinp3

!----------------------------------------------

! nr: grid number along R

! nz: grid number along Z

! ntor: grid number along phi

! rminb: minimum R of the computational domain

! rmaxb: maximum R of the computational domain

! zminb: minimum Z of the computational domain

! zmaxb: maximum Z of the computational domain

! mtor: toroidal field period

!----------------------------------------------

nr = 256,
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nz = 256,

ntor = 128,

rminb = 4.0,

rmaxb = 7.0,

zminb = -1.5,

zmaxb = 1.5,

mtor = 5,

&end

This section describes the coordinate distribution of the grid. The computational domain speci�ed

here must match the structure of the input �les.

&nlinp4

rstart = 5.9,

zstart = 0.3

&end

This section holds the starting values for the magnetic axis search. If the code is working properly,

these settings don't have to be very accurate. The points should, however, lie on a �ux surface

that surrounds the magnetic axis. Preferably, this surface should have ι ̸= 1, as the axis search

might otherwise become a bit unstable.

&nlinp5

&end

Pending

!----------------------------------

! set control parameters in step-A

!----------------------------------

&stepa_inp1

!------------------------------------------------------------

! h_in: step size of the Runge-Kutta integrator

! for field line tracing

! lc_in: length of field line tracing

!------------------------------------------------------------

h_in = 1.0E-02,

lc_in = 1.0E+01,

&end

!------

This section controls the behavior of the Step A (�eld-line averaging) part of the code. The h_in

parameter controls the step-size of the �eld-line tracing, which sets both the step-size of the Runge-

Kutta integrator of the magnetic �eld and the step-size of the averaging process itself. The lc_in

parameter controls the distance along which the �eld-line is followed during the averaging process.

&stepb_inp1

!---------------------------------------------------------
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! lhistoryb: switch to write debugging information

! nstepb: step number to evole MHD equations

! nrefb: interval to save refrences for smoothing

! nsmoothb: interval to apply smoothing filter

! nenergyb: interval to caluclate debugging information

! dt_b: time step to evole MHD equations

! eta0: resistivity in the plasma

! eta1: resistivity in the vacuum

! nu1: viscosity

!---------------------------------------------------------

lhistoryb = .true.,

nstepb = 1000,

nrefb = 1000,

nsmoothb = 1,

nenergyb = 100,

dt_b = 1.0E-03,

eta0 = 1.0E-03,

eta_diff = 1.0E-00,

! eta1 = 1.0E-08,

nu1 = 1.0E-08

! kappa_divb = 1.0E-03

&end

This section controls the behavior of the Step B (magnetic relaxation) part of HINT.

� lhistoryb is a boolean switch that enables the write-out of a diagnostic �le in CSV (comma-

separated-value) format, which contains information about the changes in magnetic �eld, �ow

velocity as well as a large set of energy-like quadratic functional values. These values are

extremely usedful for judging whether the code has converged. I would therefore recommend

them to be written out at all times.

� nstepb controls the total number of relaxation iterations that are performed in the Step B

part of each macrocycle.

� nrefb and nsmoothb together control an auxiliary smoothing system that stabilized the com-

putation of the magnetic �eld. The smoother updates the magnetic �eld as B ← B + Bcorr

every nsmoothb'th iteration and the reference �eld Bcorr ← ∆B (vector Laplacian) every

nrefb'th iteration.

� dt_b is the time-step size assumed for the MHD equations' explicit integrator in the magnetic

relaxation process

� eta_0 is the arti�cial resistivity assumed for the magnetic relaxation

� nu_1 is the arti�cial viscosity used to dampen initial oscillations in the �ow. This is necces-

sary as initially the force balance condition is strongly violated, and therefore strong �ows

are generated. This term dampens these �ow oscillations and speeds up convergence against

equilibrium (note that it is required not just for convergence speed, but also stabilization)
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� kappa_divb is a magnetic stabilization term used in the magnetic relaxation process to elim-

inate magnetic monopoles. It is set by default to κ∇·B = 10−3.

&fopen_stepb

historyb_file = 'testrun.historyb'

&end

This section controls the �lename of the history CSV �le mentioned above. If lhistoryb is not set

to true, this section can be ommitted.

&fopen

vac_file = '../../../shared/w7x/op12-standard-cw1cm.vacfile.nc',

flx_file = '../../../shared/w7x/vmec-w7x_ref_7-15640562fb7feb4b0411d5da7db381f0df15475a.fluxfile.nc',

! mag_file = 'v2test6.1/snapfile.40.nc',

limiter_file = '../../../shared/w7x/divertor-config-star.limiter.nc'

&end

This section tells HINT where to �nd the input �les for vacuum �eld (vac_�le), magnetic �ux

(�x_�le only required if �x_type is set to �le in section nlinp1, which is usually the case in initial -

type runs), previous run output (mag_�le, required only for follow -type runs) and the machine

geometry (limiter_�le).

B.3.1 Running the code

If the hint executable was placed in a location where the operating system can �nd it (usually this

means that the directory {CMAKE_INSTALL_PREFIX}/bin must be in the system's PATH

environment variable), executing the code is simply a matter of running HINT either via MPI:

mpiexec -n {Number of cores} hint < {Input control file}

If a job scheduler like SLURM is used, the submission command must be adapted accordingly.

If your super-computer supports batch submission, please do not use the mpiexec

command shown above. The command shown above will usually start up HINT on the cluster's

login nodes, which will most likely drain signi�cant amounts of CPU cycles and RAM from the

node. Your IT will not like it! (I speak from experience here).

B.4 Interpreting the output �les

Depending on the selected output �le types, after HINT has �nished executing, you will now �nd

the following �les in the working directory:

� A CSV �le corresponding to the name requested in fopen_stepb/historyb_�le

� A number of snap�le.{step no.}.nc or snap�le.{step no.} �les containing the equilibrium

snapshots, depending on whether the code was con�gured to use netCDF or FORTRAN-

type output �les. Only the netCDF format is discussed further.

An example netCDF format summarized by ncdump is shown below:
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[user@node workdir]$ ncdump -h snapfile.80.nc

netcdf snapfile.80

{

dimensions:

R = 256 ;

Z = 256 ;

phi = 128 ;

variables:

int kstep ;

double time ;

int mtor ;

double rminb ;

double rmaxb ;

double zminb ;

double zmaxb ;

double B_R(phi, Z, R) ;

double B_phi(phi, Z, R) ;

double B_Z(phi, Z, R) ;

double v_R(phi, Z, R) ;

double v_phi(phi, Z, R) ;

double v_Z(phi, Z, R) ;

double P(phi, Z, R) ;

}

� kstep and time hold information about the macrocycle step number and the time at the end

of the macrocycle (de�ned by the time stepping in the magnetic relaxation step)

� mtor, rminb, rmaxb, zminb, zmaxb contain the toroidal symmetry and the extent of the

calculation domain as usual

� B_R, B_Z and B_phi hold the magnetic equilibrium �eld.

� v_R, v_Z, and v_phi hold the plasma �ow of the equilibrium. Note that this �eld usually

does not correspond to the physical plasma �ow, as the resistivity and viscosity (which are

irrelevant for the equilibrium itself) are artido not correspond to their physical counterparts.
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