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Abstract

The hydrogen molecular ion (MHI) is the simplest three-body bound quantum mechani-
cal system, and therefore, it is an interesting system for advanced atomic and molecular
physics studies. The rotational and vibrational energy levels of the MHIs depend on fun-
damental constants of atomic and nuclear physics, and measurement of transition frequen-
cies between these levels enables determination of: Rydberg constant, electron-proton
mass ratio, proton-deuteron mass ratio, proton radius, deuteron radius, and quadrupole
moment of the deuteron. Spectroscopy of the MHIs is a complementary independent
approach to link between hydrogen spectroscopy and mass spectrometry of fundamental
particles. Besides, precision spectroscopy of the MHIs can be used to search for new
physics beyond the standard model of particle physics, through search for a hypothetical
fifth force between the nuclei.

The ab initio theory of the MHIs has been improved significantly in last two decades,
through a highly precise calculation of the energies and wave functions of the three-body
Schrödinger problem together with perturbation calculation of the relativistic and QED
corrections. Currently, the uncertainty of the ab initio theory of the MHIs is 13× 10−12

for rotational and 7.5×10−12 for vibrational transitions [1].

On the experimental side, laser spectroscopy of trapped and sympathetically cooled molec-
ular ions enhanced spectroscopic resolution and accuracy. However, residual Doppler
broadening in ion clusters limits the achievable resolution. Besides, unresolved hyperfine
structure complicates interpretation of observed experimental transitions.

Here, we invented and demonstrated a novel approach that enables sub-Doppler rotational
spectroscopy. The strong radial spatial confinement of molecular ions in a linear Paul trap,
with excitation direction transverse to the axis of trap, provides the Lamb-Dicke regime.
This approach enables Doppler-free spectroscopy of transitions with wavelength larger
than motional amplitude of the molecular ions.

We measured the rotational transition of the HD+ ions at 1.3 THz, where we achieved a
fractional uncertainty of 1.3× 10−11. Compared to previous experiments using the sym-
pathetic cooling method, we achieve a 100 times higher precision [2, 3]. This enormous
improvement has led to the most accurate verification of the three-body quantum problem
to date. Theory and experiment agree within an uncertainty of 5×10−11, where the agree-
ment is limited by the uncertainty of the fundamental constants, required to specify the
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theoretical energy values. Our result confirms the most recent (CODATA 2018) values of
the relevant fundamental constants.

The experimental results and theory also allow to precisely determine the combination of
fundamental constants '∞<e

(
1/<p +1/<d

)
, with fractional uncertainty of 1.9× 10−11,

which is in agreement but 2.4 times more precise than CODATA 2018. Alternatively, we
use the Rydberg constant, electron mass, deuteron mass, and charge radii from
CODATA 2018, and obtain the proton mass. We also deduce the value for the electric
quadrupole moment of the deuteron by comparison of the theoretical and experimental
spin averaged frequencies.

We used the experiment-theory agreement to set an upper limit on a hypothetical spin-
independent fifth force between proton and deuteron, with a factor of 21 improvement
compared to previous bounds from MHI spectroscopy.
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1. Introduction

1.1. Limitations of the standard model of particle physics

Today’s known physics asserts that everything in the universe is made of a few fundamen-
tal particles (6 quarks, 6 leptons, and 5 bosons), governed by four known fundamental
forces (see Tab.1.1). The Standard Model (SM) of particle physics is an overall frame-
work to explain how these particles and three of the forces (namely the electromagnetic,
the weak, and the strong forces) are related, and successfully predicts and describes nu-
merous physical phenomena [4].

Table 1.1. The four types of interaction fields distinguished in nature, their mediating
particles, and their spin.

Interaction field Boson (force carrier) Spin
Gravitational field “Graviton” (postulated) 2

Weak field ,+,,−, / bosons 1
Electromagnetic field Photon 1

Strong field Gluon 1

Although physicists have tested the SM extensively, it is still not considered as the ulti-
mate description of nature, because it fails to explain a number of experimental observa-
tions. First, in spite of the recent discovery of the Higgs boson, which completes the SM’s
predicted list of particles, 95% of the Universe’s content is still unknown (dark matter and
dark energy). Second, the discovery of Higgs boson proves that its mass is much lighter
than the Planck mass, while the SM suggests that the effective mass should be closer to
the Planck scale. This problem, which is called the electroweak hierarchy problem, is
essentially the question of why the electroweak interaction should be so much stronger
than gravity. Third, the SM cannot explain the imbalance of the matter and antimatter in
the aftermath of the big bang (baryogenesis problem). In addition, all attempts to unify
the gravity and the other three fundamental interactions have been unsuccessful, because
gravity cannot be described using quantum field theory. This gives a strong motivation to
search for new particles and forces beyond the SM.
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1.2 Search for new physics beyond the SM

1.2. Search for new physics beyond the SM

The search for new physics beyond the SM is currently one of the most challenging and
exciting research topics of fundamental physics. There are extensive searches, including,
but not limited to: parity violation, searches for permanent electric dipole moments, tests
of the combined charge conjugation, parity, and time-reversal (CPT) invariance theorem
and Lorentz symmetry, searches for spatio-temporal variation of fundamental constants,
tests of quantum electrodynamics, tests of general relativity and the equivalence principle,
searches for dark matter, dark energy and extra forces, and tests of the spin-statistics
theorem.

1.2.1. Exotic interactions

One way to find new physics beyond the SM is to try to detect the signature of new spin-
dependent or spin-independent interactions in experiments. On one hand, one can search
for exotic interactions where elementary particles possess new dipole couplings to known
fields, e.g. search for electron’s electric dipole moment [5]. On the other hand, there could
be undiscovered fields generating dipole couplings between elementary particles. An
interesting example of spin-independent hypothetical fields is a Yukawa-like modification
of the gravitational interaction, which in literature is referred to as a fifth force. Since in
quantum field theory each fundamental interaction is mediated through gauge bosons (see
Tab.1.1), any force can be phenomenologically parameterized by a Yukawa-like potential
of the form

+5(A) = U<1<2
4−A/_

A
, (1.1)

where the parameters U and _ characterize the strength and the range of the modified
interaction, respectively, and <1 and <2 are masses of the interacting particles. Any
experimental search for the fifth force will establish a limit or constraint for the coupling
constant U given an assumed range range _.

1.2.2. Spatio-temporal variation of fundamental constants

Number of theories beyond the SM and general relativity (GR) imply variation of funda-
mental constants in time and space. For instance, string theories propose existence of a
massless, gauge neutral, scalar field that couples directly to matter. Detailed form of the
scalar field couplings defines four-dimensional coupling constants, which are determined
in terms of various dynamical fields. Consequently, these constants become dynamic
fields. A detailed review of theories in which fundamental constants become dynamic
fields can be found in reference [6].
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1.3 Search for new physics with atoms and molecules

Essentially, fundamental constants of physics can only be measured experimentally and
they cannot be determined theoretically [7]. Since the currently known physics is de-
scribed by the GR and the SM, the Newtonian constant of gravitation G of the GR must
be combined with the SM parameters [6] to produce a list of fundamental physical con-
stants. This list does not include any description of either dark matter or dark energy
and contains no information about cosmological model of the universe. The Commit-
tee of Data for Science and Technology (CODATA) and the Particle Data Group (PDG)
compile measurement techniques and analyze the relevant published data, and continu-
ously revise and improve values of the fundamental constants [4, 8]. Recently, CODATA
provided the values of fundamental constants based on all of the data available until 31
December 2018. The 2018 CODATA recommended values of the fundamental constants
and their uncertainties are listed on the website of the National Institute of Standard and
Technology1 (NIST).

Among all of the fundamental constants, the dimensionless ones play a special role in
the precision tests of physical laws. The units of measurement are arbitrary conventions
that may eventually change in the future [9]. Basically, experimental measurements are
comparison of two physical systems, one of which defines the unit of measurement and
its fractional uncertainty sets the lower limit for any absolute values of all other measure-
ments. For example, the SI unit of time is defined based on the transition between the
two hyperfine levels of the ground state of the caesium (133Cs) atom at rest at a temper-
ature of 0 K. The fractional uncertainty of the Cs frequency standard is presently on the
order of 10−16 [10]. Therefore, no absolute frequency measurement can be performed
with fractional frequency uncertainty smaller than that of the best Cs frequency standard.
Thus, the focus of modern physics studies of the variation of fundamental constants is
on dimensionless constants, especially the fine-structure constant U and proton-electron
mass ratio <p/<e.

1.3. Search for new physics with atoms and molecules

Besides direct search for new interactions and new particles with experiments at TeV
energy scales, precision measurements using table top atomic, molecular, and optical
(AMO) experiments can also be employed as a complimentary approach to search for
physics beyond the SM. In the past thirty years, several extraordinary milestones have
been achieved in experimental AMO physics Laser cooling, trapping, and quantum con-
trol of atoms and ions, together with invention of optical frequency comb allow for precise
interrogation of ultracold atoms, ions, molecules, and molecular ions. These advances
improve time and frequency metrology and measurement techniques, that can be used to
probe the fundamental laws of physics.

1http://physics.nist.gov/constants
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1.4 Probing QED with atoms and molecules

An early example of discovering new physics using precision AMO experiments dates
back to the 1940s, when the observation of the Lamb shift [11] and the anomalous mag-
netic moment of the electron [12] spurred the development of quantum electrodynamics
(QED).

Modern high precision spectroscopic achievements can be used to inspect minute effects
expected from new physics, which opens the possibility of probing physics beyond the
SM in tabletop experiments. For instance, the unprecedented precision of atomic clocks
(fractional frequency uncertainty of 9.4× 10−19 [13]) allows to search for possible time
variations of U and <p/<e [14, 15]. Another example is search for time-reversal sym-
metry violation via search for permanent electric dipole moment (EDM) of a particle or
nucleus, through high precision spectroscopy of molecules and molecular ions [5]. A per-
manent EDM would violate time-reversal symmetry and thus requires charge conjugation
and parity violation in order to preserve the CPT symmetry, and is a signature of physics
beyond the SM [16].

1.4. Probing QED with atoms and molecules

In addition to the search for new physics, AMO experiments can be used for precision
tests of the existing theories. An early example of using AMO experiment to test the
electroweak part of the SM is based on investigation of optical transitions of Cs atom
to measure atomic parity non-conservation [17]. QED is the first relativistic quantum
field theory [18], and it is the most precisely tested part of the SM [19]. Comparison
of highly accurate theoretical QED predictions and high precision AMO experiments for
simple atoms and molecules tests the accuracy of theory and is crucial for determination
of fundamental constants.

Simple quantum systems are the best candidates for accurate tests of QED for bound
states and determination of fundamental constants, since, strong field, strong coupling,
nuclear structure, and hadronic effects are not significant. Especially, light hydrogen-like
atoms (hydrogen, anti-hydrogen, deuterium, muonium, positronium) and simple three-
body quantum systems (helium atom, lithium ion, helium-like ions, antiprotonic helium
atom, molecular hydrogen ions (MHIs), antihydrogen molecular ion) are good candi-
dates for test of QED theory of bound systems with high-order contributions.

An eminent application of high precision AMO experiment in probing QED and de-
termination of fundamental constants is measurement of the proton radius Ap. Differ-
ent approaches and quantum systems can be used to determine the proton radius. The
CODATA 2014 determination of Ap is based on adjustment of the input parameters from
the 1S→2S and 2S→nℓ (n = 2,3, ...and ℓ = S, P, D) transition frequencies of hydrogen
atom (which is indicated as the H world data point in Fig.1.1), the electron-proton scat-
tering [20], and the 2S→2P transition frequency of muonic hydrogen `H [21] (an exotic
form of hydrogen with a muon instead of an electron).
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1.5 Search for new physics and probing QED with molecular Hydrogen ions

The proton radius deduced from measuring 2S→4P transition frequency of hydrogen
atom [22] and, the muonic hydrogen transition frequency, and the recent Lamb shift mea-
surement of hydrogen [23], disagrees with the CODATA 2014 value. However there is a
good agreement between the CODATA 2014 and the 1S→3S transition frequency of hy-
drogen [24] (see Fig.1.1). So far there is no explanation for this challenging conundrum,

0.83 0.84 0.85 0.86 0.87 0.88
rp (fm)

CODATA2014CODATA2018

μH
Earlier H Spectroscopy

H: 2S → 4P e-p scattering

Lamb shift H: 1S → 3S

Figure 1.1. The proton radius measured by various techniques and CODATA adjusted
values. The earlier H spectroscopy corresponds to 15 individual optical and microwave
measurements of 1(→ 2( and 2(→ =ℓ transitions (see adjustment 8, table XXIX of
[8]).

thus perhaps high precision measurements of other bound quantum systems can shed light
on this so called “proton radius puzzle”.

1.5. Search for new physics and probing QED with
molecular Hydrogen ions

The MHIs (H+2 , HD+, D+2 , etc.) are composed of only two nuclei and an electron. There-
fore, their energy level structure calculations are simpler than neutral hydrogen molecule
H2. Currently, the precision of these calculations lies at the high-10−12 level [1]. In
chapter 2 an overview of ab initio calculations of energies of the MHIs are presented.
The MHIs have rich energy spectra with hundreds of metastable levels in their ground
electronic states.

The HD+ ion is a heteronuclear MHI that consists of a proton, a deuteron and an elec-
tron. It has an electric dipole moment, which allows to induce electric dipole transitions
between rotational and vibrational states. The vibrational and rotational transition fre-
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1.5 Search for new physics and probing QED with molecular Hydrogen ions

quencies of HD+, 5vib and 5rot, approximately scale as

5vib ≈'∞

√
<e

(
1
<p
+ 1
<d

)
, (1.2)

5rot ≈'∞<e

(
1
<p
+ 1
<d

)
, (1.3)

where <d is the deuteron mass.

The hyperfine structure adds a variety of dependence on the fundamental constants, like
electric quadrupole moment of the deuteron &d. Moreover, radiative and relativistic cor-
rections of the energy levels, which should be considered for high precision energy cal-
culations, depend on nuclear properties such as proton and deuteron nuclear radii. There-
fore, high precision spectroscopy of the HD+ ion is a complementary approach, from
which variety of fundamental constants are determined and the QED theory of three-body
quantum systems are tested. Since transition frequencies depend on the Rydberg con-
stant and the proton radius, measurements in HD+ can help to decipher the proton radius
puzzle.

Besides testing existing theories, HD+ spectroscopy can provide constraints on new phys-
ical theories. HD+ has been proposed as a suitable candidate for precise optical clock with
achievable uncertainty of 10−18 [25], and its frequency metrology can be used to put new
constraints on time variation of fundamental constants. Moreover, measuring the rovibra-
tional transitions of HD+ can put new constraints on the existence of hypothetical fifth
force between proton and deuteron, through search for deviations between experiment
and theory.

8



2. ab initio theory of the MHIs

2.1. Historical overview

In 1913 Niels Bohr published three seminal papers – now called the Bohr’s trilogy – where
he introduced a hypothesis to determine quantized energy orbits of bound electron. The
Bohr’s model for hydrogen atom is a pedagogically powerful tool to understand electronic
structure in atoms, despite it is proved to be incompatible with modern quantum theory. In
the third part of his trilogy, Bohr chose a simple model to explain and calculate hydrogen
molecule’s energy levels in its ground state. Since the Bohr’s model suggests that the
ground state of H2 is paramagnetic, while it is weakly diamagnetic [26], soon its faulty
concept revealed and it did not even gain a pedagogical application. However, it is the
first theoretical effort to calculate electronic energy levels of molecules.

Having only one electron, the MHIs are simpler quantum systems compared to the hy-
drogen molecule. Wolfgang Pauli in his doctoral dissertation in 1922 used the Bohr-
Sommerfeld quantization approach and found stable energy levels for H+2 , but his calcu-
lations gave rise to incorrect equilibrium nuclear distance [27].

The first successful quantum mechanical treatment of H+2 was carried out by Øjvind Bur-
rau in 1927 [28]. Burrau solved numerically the Schrödinger equation for an electron in
the field of two protons, considering the clamped nuclei approximation. Fig.2.1 shows
Burrau’s result for the ground electronic state of H+2 as a function of internuclear distance.
Burrau’s pioneering results can be arguably regarded as the birth of ab initio quantum
chemistry.

Burrau’s success motivated physicists in early 1930s to solve the Schrödinger equation
analytically using power series expansion within the Born-Oppenheimer (BO) approxi-
mation. The BO approximation is based on treating the electronic and nuclear motions
separately [29]. Jaffé in 1934 solved the problem for H+2 [30] and the heteronuclear di-
atomic molecular ions problem was solved in 1935 [31].

Instead of the BO approximation, where electronic and nuclear motions are separated into
fast and slow components, one can consider that the electronic wave function depends
on the nuclear coordinate, but motion of electron and nuclei are still separable. In this
so-called adiabatic approximation [32], the electron’s agility allows it to adjust to the
motion of the nuclei almost instantly, hence the electronic wave function is independent
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2.1 Historical overview

Figure 2.1. The stable ground electronic energy diagram of H+2 calculated by Ø. Burrau
[28]. The horizontal axis is the internuclear distance in units of Bohr radius, and �� is
the Hartree energy.

of the nuclear momenta and mixing of the electronic states are neglected. This will allow
to solve the full nonrelativistic Hamiltonian via expansion in terms of the BO solutions
and to calculate a complete set of rovibrational wave functions for a given electronic
state. Energies of rotational and vibrational levels and expectation values of internuclear
separations in the adiabatic approximation for the MHIs are calculated in reference [33].

In order to achieve higher accuracy, nonadiabatic corrections should be considered. An
important part of nonadiabatic correction is to consider that the nuclear momenta affect
the electronic motion. In the heteronuclear MHIs, like HD+, the nuclear mass asymme-
try mixes the ground and the first excited electronic states. The nuclear mass asymmetry
contributes to non-adiabatic correction of the Hamiltonian. Moss and Sadler proposed an
approach to solve the Hamiltonian, including the symmetry breaking term, by transform-
ing the Hamiltonian to a homonuclear case, e.g. H+2 [34].

More accurate calculations require variational method. Quantum variational calculation is
a powerful method to solve approximately the Coulomb three-body bound state problem.
Hylleraas in 1931 used variational method to calculate the eigenfunctions and eigenval-
ues of electronic terms in H+2 and H2 [35]. Several decades later, Bishop and Cheung used
variational method to accurately calculate the low-lying vibrational transition frequen-
cies for the MHIs, taking into account radiative, relativistic, and nonadiabatic corrections
[36]. In 1990s new calculations based on the variational exponential expansion with the
basis sets up to 2200 functions appeared [37], which provided 18 significant digits for
the ground state energy of the MHIs. Since then, theoretical calculation of transition
frequencies of the MHIs reached an unprecedented accuracy. Tab.2.1 shows progress of
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2.2 Overview of QED theory of the MHIs

theoretical solution of the nonrelativistic problem for the fundamental rotational transition
frequency of HD+, over the last five decades.

Table 2.1. Progress of theoretical nonrelativistic rotational frequency in atomic units
(0.D.) examined in this thesis [38]. The penultimate frequency in the list is calculated
using CODATA 2014 values of fundamental constants, but the last frequency is calcu-
lated using the updated values of CODATA 2018.

Year Method 5
(theor)

rot (×10−4 0.D.) Reference
1967 Multichannel BO 1.997 5 [39]
1977 Adiabatic 1.998 508 [36]
1977 Variational 1.998 39 [36]
1989 Adiabatic 1.998 5 [34]
1989 Transformed H, adiabatic 1.998 5 [34]
1989 Variational Σ 1.998 5 [40]
1989 Variational Σ, Π 1.998 4 [40]
1990 Transformed H, scattering 1.998 41 [41]
1999 Variational 1.998 404 167 [42]
1999 Transformed H, scattering 1.998 404 167 [42]
2005 Variational 1.998 404 167 20 [43]
2006 Variational 1.998 404 166 8 [44]
2006 Variational 1.998 404 166 8 [45]
2014 Variational 1.998 404 166 806 9 [46]
2018 Variational 1.998 404 166 825 29 chapter 4
2020 Variational 1.998 404 167 149 47 chapter 5

2.2. Overview of QED theory of the MHIs

Details of ab initio theory of the MHIs are beyond the context of this dissertation, hence
only a brief overview of the topic is presented here. The total energy of a MHI’s state can
be written as

� = �nr +�rel +�QED +�spin, (2.1)

where �nr is the nonrelativistic energy and �rel, �QED, and �spin are relativistic, QED, and
spin interaction corrections, respectively.

�nr can be calculated by solving the Schrödinger equation for a three-body system with
Coulomb interaction. Solutions of the nonrelativistic Hamiltonian determine the elec-
tronic and rovibrational energies, where the rovibrational states are labeled with the vibra-
tional quantum number and the quantum number of the total orbital angular momentum
as (E, !) (see Fig.2.2).
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2.2 Overview of QED theory of the MHIs
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Figure 2.2. Energy levels of the HD+ molecular ion. Top: the ground (1Bf) and first
excited (2?f) electronic states. The horizontal lines are the vibrational levels in the
ground electronic state. Bottom: all of the vibrational states and first nine rotational
states in the 1Bf level. The energy values of the rovibrational states are taken from
[47]. The curved red arrow indicates the rotational transition (with energy difference
of ∼1.3 THz) investigated in this thesis.

According to the theory of nonrelativistic QED (NRQED) [48], relativistic and QED en-
ergy corrections for a bound state problem can be expressed in powers of the fine structure
constant U. For high-precision theoretical calculations and to determine the fundamental
constants, relativistic and radiative corrections up to O(U7) are considered. These cor-
rections are evaluated using the nonrelativistic Rayleigh-Schrödinger perturbation theory
starting from the nonrelativistic wavefunction as the unperturbed zero-order state.

Different relativistic and radiative correction terms corresponding to different orders of U
are considered and evaluated for the MHIs. The corrections considered are:

• Leading-order relativistic corrections of order '∞U2 [1]:

– The major contribution is the relativistic correction for the bound electron.

– Retardation term, due to the finite nuclear masses (also called recoil correc-
tions).
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2.2 Overview of QED theory of the MHIs

– Kinetic energy term, due to dependence of the relativistic mass on velocity.

– Nuclear-size correction, due to finite size of the nuclei.

• Leading-order radiative corrections of order '∞U3 [1]:

– One-loop self-energy.

– Anomalous magnetic moment.

– One-loop vacuum polarization.

– Transverse photon exchange.

• '∞U4 order corrections [49]:

– Two-loop self-energy.

– Two-loop vacuum polarization.

• '∞U5 order corrections[49]:

– Wichman-Kroll contribution.

– Three-loop Feynman contribution.

Theoretical evaluation of the rovibrational energies for the MHIs reached accuracy of 13
ppt for rotational and 7.5 ppt for vibrational transitions [1]. These energies are evaluated
for spin-independent or more precisely spin-averaged frequencies. Tab.2 of chapter 5
shows the theoretical spin-averaged transition frequency of the fundamental rotational
transition of HD+, and contributions of relativistic and radiative corrections.

Precise comparison of theory and experiment requires an accurate calculation of hyper-
fine structure of rovibrational states. The Breit-Pauli Hamiltonian describes interaction
of spins of the particles with the spatial wave function of a state via orbital angular mo-
mentum operator. The Hamiltonian includes the electron-nuclear spin-spin interactions,
the electron-spin-rotation interactions, the nuclear spin-orbit couplings and the deuteron
electric quadrupole interaction. The effective Hamiltonian, after averaging over spatial
degrees of freedom, can be written as [50]

�hfs
eff =E1 (L·Se) +E2

(
L·Sp

)
+E3 (L·Sd) +E4

(
Sp·Se

)
+E5 (Sd·Se)

+E6
{
2L2 (

Sp·Se
)
−3

[ (
L·Sp

)
(L·Se) + (L·Se)

(
L·Sp

) ]}
+E7

{
2L2 (Sd·Se) −3 [(L·Sd) (L·Se) + (L·Se) (L·Sd)]

}
+E8

{
2L2 (

Sp·Sd
)
−3

[ (
L·Sp

)
(L·Sd) + (L·Sd)

(
L·Sp

) ]}
+E9

{
L2S2

d−
3
2
(L·Sd) −3 (L·Sd)2

}
, (2.2)
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2.2 Overview of QED theory of the MHIs

where E8’s are the spin Hamiltonian coefficients. L is the orbital angular momentum, and
Sd, Sp, and Se are the spins of deuteron, proton, and electron, respectively. Note that,
for vibrational states of zero orbital angular momentum (! = 0), all the terms in equation
2.2, except electron-nucleus spin-spin interactions (terms with E4 and E5 coefficients),
vanish. Extended Data Tab.1 of of chapter 5 shows spin Hamiltonian coefficients for
the transitions investigated in our experiment. Since the strongest coupling is due to the
E4

(
Sp·Se

)
interaction, the coupling scheme of angular momentum operators is

G1 = Sp +Se, G2 =G1 +Sd, F = L+G2, (2.3)

and an appropriate basis set are the vectors of the so-called “pure” states labeled by
|E, !,�1,�2, �〉. Fig.1 of chapter 5 shows the energy diagram of the hyperfine states
for |0,0,�1,�2, �〉 and |0,1,�1,�2, �〉 levels. Note that a hyperfine state in chapter 4 is
labled with |E, !, �, (, �〉, where�1,�2, and � are replaced with �, (, and �, respectively.

When the magnetic field is zero F2 commutes with �hfs
eff , which means each hyperfine

state has degenerate Zeeman components. Projection of the angular momentum F on
the quantization axis <� is a good quantum number to indicate these Zeeman compo-
nents |E, !,�1,�2, �,<�〉. Presence of magnetic field lifts the degeneracy and splits the
Zeeman components. In addition, time-dependent magnetic fields caused by alternating
currents in the ion trap can cause an AC Zeeman shift [51]. Precise comparison of the-
ory and experiment requires careful consideration of the Zeeman shifts. The interaction
potential of HD+ in an external magnetic field B has the form [52]

+mag = −M ·B, M =
∑
8

4/8
2<82

(
L8 + `8(8 S8

)
, (2.4)

where the summation is over the constituents of HD+ (8 = e, p, d), /8 is the electric charge
of particle 8 in unit of 4, <8 is its mass, `8 is the magnetic moment in unit of 4ℏ/2<82, and
(8 is the spin. For small external magnetic fields, +mag contains only the leading-order
terms, and corrections of relative order O(U2) and higher are ignored. By averaging over
spatial degrees of freedom the total Hamiltonian is

�total
eff = �hfs

eff +E10 (L ·B) +E11
(
Sp ·B

)
+E12 (Sd·B) +E13 (Se ·B) . (2.5)

The values of E10 can be calculated from the nonrelativistic wave function, while E11,
E12, and E13 are obtained from the fundamental constants [52]. Fig.3 of chapter 4 shows
the Zeeman splitting of the |0,0,1,2,3〉 and |0,1,1,2,2〉 states at 0.04 mT.

Besides the Zeeman effect, the DC and AC Stark effects should be considered in spec-
troscopy of the MHIs. Therefore, analysis of the DC Stark effect, light shift due to electric
field of lasers, and the black body radiation shift, is essential for high precision measure-
ments. Theoretical analyses of these systematic shifts requires accurate calculations of
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2.2 Overview of QED theory of the MHIs

static and dynamic polarizabilities of the MHIs. Polarizabilities of HD+, considering the
hyperfine structure, are calculated, and therefrom the DC Stark shift and black body radia-
tion shift are evaluated [53]. Since the precise frequency dependence of the polarizability
is considered, the results can be used to find the light shift induced by the electric fields
of the lasers.
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3. High precision spectroscopy of the
MHIs

3.1. Progress of precision spectroscopy of the MHIs

First indirect determination of vibrational frequencies of H+2 , via measurement of heat
of dissociation, was carried out by R. T. Birge in 1927 [54]. Direct experimental spec-
troscopy of rovibrational and hyperfine structures of the MHIs took place in 1960s. One of
the first notable achievements in spectroscopy of H+2 was performed in Hans G. Dehmelt’s
laboratory at the University of Washington, where radio-frequency (RF) spectroscopy be-
tween the Zeeman sublevels of different hyperfine states were performed [55]. In this
experiment, the hydrogen molecule was ionized by electron bombardment and trapped
in an RF quadrupole trap and detection was based on dissociation of the molecular ions.
K. B. Jefferts for the first time in 1969 observed the complete hyperfine structure of H+2 ,
where he measured the effective photo-dissociation rate of the molecule and compared
the population of the molecular ion to the dissociation products (here H+). The experi-
ment achieved resolution of '1.5 kHz for a transition at 1.243 GHz [56]. In 1976 infrared
spectrum of rovibrational transition of HD+ at 5.3− 6.0 `m range was observed using
ion-beam laser spectroscopy [57], where the hyperfine structure of HD+ was partially
resolved with experimental resolution of 60 MHz (1823.533± 0.002 cm−1). The frac-
tional uncertainty of 1 ppm for the last two experiments remained unchallenged for three
decades.

Development of new laser systems and application of advanced experimental techniques,
like laser cooling and trapping of ions, facilitated the high resolution spectroscopy of the
MHIs. In a pioneering work at the Institut für Experimentalphysik in Düsseldorf, HD+

ions were simultaneously trapped with Be+ ions in a linear Paul trap, where laser cooling
of the atomic ions, and Coulomb interaction between HD+ and Be+, led to cooling of
molecular ions. Since sympathetically cooled molecular ions are stored for long time at
temperatures as low as 10 mK, laser spectroscopy with higher resolution is achievable.
Rovibrational transitions between (0,2) → (4,1) and (0,2) → (4,3) with wavelength of
'1.4 `m and spectral resolution of 40 MHz were observed for the first time [58]. Appli-
cation of this technique drastically improved precision spectroscopy of the MHIs. Fig.3.1
shows a time evolution of some important measurements of the MHIs.
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resolved sideband cooling technique is an essential tool for quantum optics and quantum
computing with ions.

The MHIs do not have suitable transitions for direct laser cooling, hence sympathetic
cooling by another laser cooled ion remains as the only choice. The sympathetic cool-
ing was first shown in 1986 where Hg+ ion was sympathetically cooled by Be+ ion
[62]. Among very few atomic ions with suitable transition for laser cooling, Be+ has
a small charge-to-mass ratio close to that of the MHIs (@/< ' 0.114/D for Be+ and
@/< ' 0.334/D for HD+), which facilitates simultaneous stable trapping of both ion
species. The Lamb-Dicke regime can be reached by resolved sideband cooling of the
atomic ion, where the Coulomb interaction between the two species provides sympa-
thetic laser cooling and detection scheme for the molecular ion [63, 64]. In this technique
both atomic and molecular ions are cooled down to their motional ground state, which is
smaller than the wavelength of the investigated molecular transition. However, this tech-
nique is very challenging to implement, and we demonstrate a novel alternative to achieve
the Lamb-Dicke regime with a simpler approach.

Instead of trapping single ions, we trap and laser cool few thousand Be+ and few hundred
HD+ ions in a linear Paul trap [65, 66]. A frequency stabilized UV laser at 313 nm
cools the Be+ ions [67], where they form a prolate ellipsoidal shaped Coulomb crystal.
The different charge-to-mass ratios of Be+ and HD+ leads to spatial (radial) separation
which is determined by the trap parameters. The HD+ ions with higher charge-to-mass
ratio experience weaker trapping pseudo-potential and stay closer to the trap axis. We
exploit this phenomenon to confine radially the HD+ ions in a very small region. Lamb-
Dicke condition is satisfied by (a) choosing a molecular transition with its wavelength
larger than the radial extent of the ion (HD+), and (b) choosing the radiation propagation
direction transverse to the long axis of the prolate ellipsoidal. Fig.3.2 shows the molecular
dynamics simulation [68] of 2000 Be+ and 200 HD+ ions’ positions at an arbitrary time.
The projection of the ions’ positions on the GH-plane shows that the extent of the radial
positions of the HD+ ions is less than 20 `m. Since the wavelength of our choice of
fundamental rotational transition (Tab.2.1) is 228 `m (= 1.3 THz), the radial confinement
of the ions satisfies equation 3.1 if the radiation propagates along the H or G-axis.

3.3. Experimental setup

3.3.1. Trapping and cooling of Be+ and HD+

Ion trap

The ion trapping apparatus (Fig.A.1) is designed to confine HD+ ions in a laser cooled
Be+ Coulomb crystal. Beryllium atoms are evaporated from an oven inside the vacuum
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Figure 3.4. A sub-Doppler absorption spectrum of I2 molecule (15 cm long iodine cell
at 30 °C) in the range relevant for the Be+ laser cooling applications. The blue trace
is the Doppler background with hyperfine structure Lamb dips and the red trace is the
demodulated error signal. The arrow shows the error signal used for stabilization of the
cooling laser.

chamber detects the fluorescence and a CCD camera (PCO, type Sensicam) images the
Coulomb crystal. The blade electrode inside the vacuum chamber is used to excite the
secular motion of the trapped ions and consequently increases the atomic fluorescence.
Fig.3.5 shows the fluorescence change of Be+ ions with excitation of the radial secular
motion.
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Figure 3.5. Radial secular motion spectrum of Be+. The red trace is a fitted Gaussian
function.

Since the radial secular frequency lA depends on the trap geometry and the trap RF po-
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tential and the end-cap voltage,

lA =

√√
−&^*ec

<BeI
2
0
+

&2+2
RF

2<2
Be'

4Ω2
RF

, (3.2)

analysis of the secular motion spectrum defines the RF potential of the trap. In Eq. 3.2,
& is the charge and <Be is the mass of Be+, and ^ is a dimensionless constant which
depends on the geometry of the electrodes. For experimental determination of +RF, the
radial secular frequency lA is deduced from the secular spectrum for different values of
the end-cap voltage*ec (see Fig.3.6). Extrapolation oflA to zero end-cap voltage is equal
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Figure 3.6. Radial secular frequency of Be+ as a function of end-cap voltage (blue data
points fitted with the red line). The error bars of blue data points are smaller than the
marker size. The intercept of the fitted red line and H-axis can be used to find the
trap RF potential for a given output amplitude of the RF synthesizer. The green data
points show radial secular frequency of Be+ for different output amplitudes of the RF
synthesizer and 4 V end-cap voltage.

to
√
&2+2

RF/2<2
Be'

4Ω2
RF, where the only unknown is the trap RF potential. The result of

trap RF potential measurement is essential for analysis of trap-induced systematic shifts.

Trapping the HD+ ions

Following Be+ loading and characterization of the trap potential, HD gas is released into
the vacuum chamber via a piezo-electric leak valve (Oxford Applied Research, PLV1000).
The ionization of HD gas is achieved through electron impact. As mentioned in sec.3.2,
the amount of trapped HD+ ions is crucial to achieve the Lamb-Dicke regime, therefore
the voltage for the piezo-electric leak valve is applied carefully via analysis of the CCD
image and the vacuum pressure.
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The radial secular frequency of HD+ ions is essential for our spectroscopy scheme (as
explained in sec.3.3.2) and can be measured by applying secular excitation to the trapped
HD+ ions. The excitation of HD+ secular motion heats up the Be+ ions and consequently
the detected fluorescence changes. Fig.3.7 shows the detected fluorescence of Be+ while
scanning the excitation frequency around the secular frequency of HD+.
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Figure 3.7. Radial secular motion spectrum of HD+. The red trace is fitted Gaussian
function.

3.3.2. Detection scheme

An essential part of the experimental sequence is to read out the number of the HD+ ions
in the (0,1) state in presence of the THz radiation, and compare it with the case when
there is no THz radiation. If the THz radiation frequency is in resonance with the HD+

ion transition, the excited state population should be more compared to the non-resonant
THz frequency or in absence of the THz radiation. The population is detected by disso-
ciating HD+ ions in the (0,1) state. A quantitative prediction of fraction of dissociated
molecules, for an assumed radiation power of 50mJ/mm2, shows that a wavelength of 266
nm effectively dissociates HD+ ions from the E = 4 vibrational state [70]. Therefore, the
detection is performed through resonance enhanced multi-photon dissociation (REMPD),
where the population in the (0,1) state is excited with an infrared (IR) laser resonantly to
the (4,0) state and then the 266 nm radiation dissociates the molecular ions.

IR laser

A cw laser at 1.419 `m drives the (0,1) → (4,0) transition. For the experimental results
presented in chapter 4, a tunable laser source (Agilent 81600B) generating 1.419 `m radi-
ation is employed. The typical effective linewidth of the laser, when the coherence control
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is on, is around 50 MHz with 1.4 mW output power. In order to achieve better signal-to-
noise ratio for the experiment in chapter 5, we used a DFB laser (NTT electronics) with
maximum output power of 18 mW (∼6 mW is used for the spectroscopy), which is refer-
enced to a wavemeter (HighFinesse, WS/7) with a linewidth of ∼ 5 MHz. The narrower
linewidth of the DFB laser allows to precisely dissociate the HD+ ions from a specific
hyperfine state. The hyperfine selective dissociation is a crucial step towards resolving
specific Zeeman components of hyperfine transitions.

266 nm laser

The cw 266 nm radiation at 25 mW dissociates the molecules from (4,0) state. Since
the dissociation is into the continuum, the exact wavelength and linewidth of the 266 nm
laser is irrelevant. The 266 nm laser is generated by frequency doubling a 2 W laser at
532 nm (Verdi-5W). The second harmonic generation takes place in a Beta Barium Borate
(BBO) crystal placed inside a bow-tie enhancement cavity. The enhancement cavity is
stabilized using the Pound-Drever-Hall technique [71]. Fig.3.8 shows the scheme and
Fig.A.5 shows photo of the setup.

SHG in BBO

PZT

Servo

266 nm

20 MHz

Enhancement
cavity

VERDI laser
𝜆𝜆 = 532 nm EOM

PD

To 
experiment

Figure 3.8. Scheme of the cw 266 nm laser setup. PZT: piezo-electric transducer, PD:
photodetector, SHG: second harmonic generation.

Fractional loss of ions assessment

The fractional loss of HD+ number before and after the REMPD is detected through ap-
plying an RF field sweeping 20 kHz around the resonant secular frequency of HD+ (see
Fig.3.7). The indirect heating of Be+ ions, and therefore the change in fluorescence, is
proportional to the number of trapped HD+ molecules. Fig.3.9 illustrates the change in
the fluorescence for different amount of trapped molecular ions when the same continuous
secular excitation frequency and amplitude is applied. Repeating the “secular excitation
- REMPD - secular excitation” sequence for a fixed THz frequency and averaging the
fractional population loss provides the spectroscopy result.
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Figure 3.9. Top: CCD image of Be+ ion Coulomb crystal and simultaneously trapped
HD+ molecules. The thicker dark region in the center of crystal of the left image shows
that more HD+ molecules are trapped. Bottom: Change in the detected fluorescence
due to continuous excitation of secular motion of HD+, where the fluorescence changes
is proportional to the number of trapped molecular ions.

3.3.3. Laser induced rotational cooling of HD+

The excited vibrational levels of HD+ have lifetimes of order 10 ms and spontaneously
decay into the ground vibrational level, where black-body radiation redistributes the pop-
ulation between rotational sub-states until a thermal equilibrium is reached. Enhancement
of the population in the ground rotational state (0,0) is another crucial step towards im-
provement of signal-to-noise ratio. We use two cw lasers to drive (0,2) → (1,1) and
(0,1) → (2,0) transitions, where spontaneous decay from the respective excited states
populates the (0,0) state (see Fig.3.10).

L=0 L=1 L=2

v=0

v=1

v=2

v=3

2.7 μm

5.5 μm

Figure 3.10. Partial rovibrational energy level scheme of HD+ and the rotational cooling
transitions. The dashed arrows show the spontaneous decay channels.

A DFB laser (Nanoplus) generates 2.713 `m radiation with maximum output power of
5 mW. The laser power used for spectroscopy of HD+ is 200 `W. The DFB laser is
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Figure 3.14. Top: Absorption function of ammonia relevant for frequency stabilization of
the QCL laser. The data is extracted from HITRAN. Bottom: The error signal generated
by a molecular absorption of NH3 gas (Blue trace).

3.3.4. Spectroscopy procedure

The preparation and spectroscopy sequence consists a sequence of rotational cooling,
secular excitation, and REMPD shown in Fig.3.17, which provides one data point of
spectroscopy. The sequence is repeated sufficient number of times to obtain a reasonable
signal-to-noise ratio.

After each HD+ loading, typically 5 spectroscopy cycles are performed, and then all of
the trapped ions except Be+ are purged. The cleaning process of the Be+ crystal includes
two main parts. First, ions with charge-to-mass ratio smaller than Be+ are removed from
the trap. The linear Paul trap is a mass filter and unwanted trapped ions can be purged by
changing the stability conditions. By inducing sufficiently large DC electric field, the trap
will be unstable for the ions with smaller charge-to-mass ratio than Be+. The upper limit
for the applied DC electric field is defined with the stability condition of the Be+ ions.
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Figure 3.15. Detected fluorescence during tuning of the DC offset voltage of the QCL
laser’s error signal. When the DC offset is incorrect the number of trapped molecular
ions stays the same (blue trace). The decay in the red trace indicates that the DC off-
set, and hence the QCL frequency, is correctly tuned such that the REMPD procedure
dissociates the molecules and reduces the population of the trapped HD+ ions.

Second, ions with charge-to-mass ratio larger than Be+ are removed by scanning secular
excitation frequency between 350 kHz and 1650 kHz and blocking the cooling laser for
three to five seconds. The cleaning process is computer controlled and additional details
can be found in [72]. The CCD images of Coulomb crystal with contaminant ions, with
HD+ ions, and when it is cleaned are shown in Fig.3.18.

In each sequence of spectroscopy the magnetic field is set to �0 = 45 `T along the trap
axis, except during the REMPD, where it is set to a value �REMPD along the THz radi-
ation. The magnitude and direction of magnetic field in the trap center is controlled via
three sets of coils in nearly Helmholtz configuration. A three channel DC power supply
(R&SrHMP4030) is computer controlled and provides the currents for the coils. Since
every element of the trap apparatus is made of nonmagnetic materials, no magnetic hys-
teresis is observed. The magnitude of �REMPD is sufficient to split Zeeman components
of the studied hyperfine transitions. Different magnitudes of �REMPD are chosen to inves-
tigate the systematic DC Zeeman shift.

3.4. High precision rotational spectroscopy of HD+

3.4.1. Resolving hyperfine and Zeeman components

In chapter 4 we demonstrate the first experimental realization of the proposed technique.
We chose the |0,0,1,2,2〉 → |0,1,1,2,3〉 transition, which possesses the highest transition
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Figure 3.16. The REMPD from the (0,0) level, when the rotational cooling populates the
ground state (red trace) and when no ground state preparation is performed (blue trace).
The state preparation increases the population in the ground state, and hence increases
the HD+ ion loss rate. The time origin is shifted to start of the REMPD.

probability compared to other hyperfine transitions. A finite magnetic field (∼ 300 mG) in
the direction of the THz radiation wave vector was applied to remove the Zeeman degen-
eracy. Among different Zeeman components, we carried out the spectroscopy between
states with the maximum projection quantum number, <� = ±2→ <′

�
= ±3. According

to theory, these two Zeeman components have purely linear Zeeman shifts. Elimination of
Doppler broadening allowed us to observe these two componets. The power broadening
was observed by performing the spectroscopy at three different THz intensities, achieving
the full width at half maximum (FWHM) of 1 kHz for the lowest intensity. However, fur-
ther reduction of intensity was restricted due to small signal-to-noise ratio and insufficient
control of the THz power.

In chapter 5 a half-wave plate and a polarizer were used in the path of the THz radiation
to improve the power adjustment, and we applied the hyperfine selective dissociation to
enhance the signal-to-noise ratio (see sec.3.3.2). Consequently, we improved the exper-
imental resolution and exploited the full capacity of our novel technique to measure 9
Zeeman components of 6 different hyperfine transitions.

3.4.2. Experimental determination of systematic shifts

Any interaction of the HD+ ions with its environment, electric and magnetic fields, and
electric field of laser radiations during the REMPD introduces a frequency shift of the
transition. For high precision test of QED theory and determination of fundamental con-
stants, we need to measure these systematic frequency shifts very precisely and apply the
corresponding corrections in order to obtain the frequency of the unperturbed transition.
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Figure 3.17. State of lasers, magnetic field, and secular excitation during one spec-
troscopy sequence and detected fluorescence of Be+. The fluorescence decrease be-
tween 45.5 s and 49.5 s is due to the change in the magnitude and direction of the
magnetic field. SE: secular excitation.

For the HD+ ions the largest contribution to the systematic frequency shift, under our
conditions, is due to the DC Zeeman effect. The transitions between different Zeeman
components can have linear and/or quadratic dependence on the magnetic field. Other
important systematic shifts are the DC and AC Stark shifts. The high resolution of our
spectroscopy results allows us to study these systematic effects and compare the results
with the ab initio calculations for the Zeeman effect and polarizability of the HD+ ions.

In chapter 5, we present the first experimental analysis of different systematic shifts of
HD+ and use the results as corrections for the frequency of each transition. The quadratic
dependence on the trap RF amplitude (micromotion and phase-offset induced Stark shifts)
are measured by performing the spectroscopy of each individual transition at three differ-

(a)

(b)

(c)

Figure 3.18. Laser cooled Be+ Coulomb crystal image. (a) Contaminated crystal.
Ions with charge-to-mass ratio smaller than Be+ are located around the Be+ ions and
those with larger charge-to-mass ratio are located close to the axis. (b) Beryllium ion
Coulomb crystal with HD+ molecular ions. (c) Crystal image after the cleaning process.
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ent trapping potentials. Extended Data Fig.3 of chapter 5 illustrates the trap-induced shift
for the <� = +2→ <′

�
= +3 component of the |0,0,1,2,2〉 → |0,1,1,2,3〉 transition. We

also measured the transition frequencies at three different magnitudes of magnetic field,
for RF amplitudes close to 190 V. Consequently, we can use these measurements to de-
termine the transition frequencies extrapolated to zero magnetic and trap-induced fields.
Fig.3.19 shows the extrapolated to +RF→ 0 transition frequencies of three Zeeman com-
ponents of the |0,0,0,1,1〉 → |0,1,0,1,2〉 hyperfine transition, measured at different mag-
netic field magnitudes. The transitions with Δ<� = <� −<′� = ±1 have both linear and
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Figure 3.19. Zeeman shifts for three components of the |0,0,0,1,1〉 → |0,1,0,1,2〉 hy-
perfine transition at zero trap potential. The horizontal axis is the frequency splittings
of the <� = +1→ <′

�
= +2 and <� = −1→ <′

�
= −2 transitions. The inset shows the

<� = 0→ <′
�
= 0 component, with the same horizontal and vertical axes as the main

plot.

quadratic Zeeman dependence, while the Δ<� = 0 transition has pure quadratic depen-
dence. According to theory predictions, the linear Zeeman coefficients for the Δ<� = ±1
transitions are ∓0.399× 10−2 kHz/`T, and the quadratic Zeeman coefficient is the same
for both of the transitions, 5×10−6 kHz/`T2.

Light shifts induced by the lasers present during the REMPD, AC Zeeman shift induced
by the trap RF potential, DC Stark shift due to stray electric field, and line pulling effects
are experimentally analyzed and the corresponding corrections are applied to find the
unperturbed spin-averaged frequency.
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Sympathetic cooling of trapped ions has been established as a 
powerful technique for the manipulation of non-laser-coolable 
ions1–4. For molecular ions, it promises vastly enhanced spec-
troscopic resolution and accuracy. However, this potential 
remains untapped so far, with the best resolution achieved 
being not better than 5 ×  10−8 fractionally, due to residual 
Doppler broadening being present in ion clusters even at the 
lowest achievable translational temperatures5. Here we intro-
duce a general and accessible approach that enables Doppler-
free rotational spectroscopy. It makes use of the strong radial 
spatial confinement of molecular ions when trapped and crys-
tallized in a linear quadrupole trap, providing the Lamb–Dicke 
regime for rotational transitions. We achieve a linewidth of 
1 ×  10−9 fractionally and 1.3 kHz absolute, an improvement of 
≃ 50-fold over the previous highest resolution in rotational 
spectroscopy. As an application, we demonstrate the most 
precise test of ab initio molecular theory and the most accurate 
(1.3 ×  10−9) determination of the proton mass using molecular 
spectroscopy. The results represent the long overdue exten-
sion of Doppler-free microwave spectroscopy of laser-cooled 
atomic ion clusters6 to higher spectroscopy frequencies and to 
molecules. This approach enables a wide range of high-accu-
racy measurements on molecules, both on rotational and, as 
we project, vibrational transitions.

Rotational spectroscopy of gas-phase molecules is a time-
honoured technique that has been fundamental for developing 
our knowledge of molecular structure7. Its range continues to be 
extended (in the laboratory, in astronomical observatories and in 
space instruments), for example, to cold molecules8. Nevertheless, 
rotational spectroscopy has, in the majority of cases, not been 
able to achieve ultrahigh spectroscopic resolution and accuracy. 
Enabling this would open up numerous opportunities for studies 
in molecular physics and in fundamental physics, such as tests of 
molecular quantum theory, measurement of magnetic and optical 
susceptibilities, investigation of collision interactions, tests of the 
time-independence of particle masses9–13, and the measurement of 
fundamental constants5,14–16.

In conventional (linear) rotational spectroscopy, resolution can 
be improved by cooling of the molecules to a cryogenic transla-
tional temperature T, but the gains possible with thermal cooling 
methods (T ≃ 10 K) are modest8, due to the T -dependence of the 
Doppler linewidth. For untrapped, neutral molecules, a leap in 
resolution and accuracy in rotational spectroscopy was achieved 
with the introduction of Lamb-dip (saturation) spectroscopy17,18. It 
allowed the fractional line resolution to be improved by approxi-
mately a factor of 20–30 beyond the Doppler broadening, to 5 ×  10−8 
(ref. 17). However, this level has not improved for nearly 50 years19,20, 
because it is limited by time-of-flight broadening. In the context of 

molecular ions, ion trapping combined with sympathetic cooling by 
Doppler-laser-cooled atomic ions to the ‘crystallized’ cluster state 
provides a well-tested approach for further reducing T to the 10 mK 
level, with a concomitant reduction of the Doppler linewidth by 
approximately a factor 30 (ref. 5).

Here, we not only realize this improvement for rotational spec-
troscopy but also achieve Doppler-free spectral resolution, by 
reaching the rotational Lamb–Dicke regime (LDR). The LDR is 
defined by δx <  λ/2π , where δx is the range of the ions’ motion along 
the spectroscopy beam direction ∣∣� xk  (ref. 21), and λ is the radiation 
wavelength. In prolate ion clusters of appropriate size, the ranges of 
motion orthogonal to the clusters’ long axes (z) are δx, δy <  20 μ m.  
Directing �k orthogonal to z satisfies the LDR condition for rota-
tional transition wavelengths, with typical values λrot ≃  0.2–2 mm. 
Ultrahigh fractional and absolute frequency resolutions are thereby 
enabled. In contrast, vibrational spectroscopy, where wavelengths 
are λvib <  8 μ m, yields lines exhibiting the classic Doppler width5,22, 
often further complicated by unresolved hyperfine structure15,16. 
The presented method does not require complex techniques such 
as single-ion manipulation, ground-state cooling and quantum 
spectroscopy23,24 to capitalize on the advantage of the LDR regime. 
The performance improvement in terms of fractional resolution is 
a factor of ≃ 50 compared to both previous trapped molecular ion 
ensemble spectroscopy5,22 and to the highest-resolution rotational 
spectroscopy of neutral molecules reported so far20, to the best of 
our knowledge.

To perform a stringent test of the new method, we choose the 
polar molecule with the smallest fundamental rotational transition 
wavelength λrot,min ≃  228 μ m (frot,max ≃  1.3 THz): HD+ in its ground 
electronic state (2Σ+

g ). In addition, the feasibility of ab initio calcula-
tion of frot for HD+ and of its sensitivities to external fields allows the 
spectroscopic accuracy of the method to be tested.

The basic concept is depicted in Fig. 1. In a prolate ion cluster 
of appropriate size, trapped in a linear quadrupole trap (trap axis is 
along z), the sympathetically cooled ions arrange approximately as 
a narrow tube aligned along the trap axis. Maximum ion radial dis-
tances from the axis are significantly smaller than the tube length. 
Molecular dynamics simulations for a cluster containing N =  200 
HD+ ions (Cluster 1, see Methods) indicate r.m.s. transverse posi-
tion variations (corresponding approximately to the range δx/2) 
Δ x =  Δ y ≃  8.4 μ m at T =  12 mK, increasing slightly to 9.0 μ m at 
67 mK. These values are significantly smaller than λrot/2π  ≃  36 μ m, 
indicating the LDR if �k is chosen perpendicular to the trap axis. 
For a more quantitative treatment, we estimate the spectroscopy 
line shape L induced by the ions’ motion, neglecting recoil and 
spontaneous emission effects, by evaluating the ensemble-averaged 
Fourier spectrum of the spectroscopy wave’s electric field amplitude 
seen by each moving ion, E(ri, t) ∝  Re[exp(iΦ(ri(t)) −  iωt)], where 
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Φ(ri) =  k ⋅  ri. For transverse excitation along x, Φ(ri) =  2π xi/λ. We 
define π λΔ = ⟨∣ ∕ ∣ ⟩ΔFL f i x t( ) {exp( 2 ( ) )}f i

2 , where the argument 
Δ f of the Fourier transform F corresponds to the spectroscopic 

detuning from resonance and xi(t) are obtained from the molecu-
lar dynamics simulations and ⟨…⟩  denotes the ensemble average. 
As shown in Fig. 2c, for λ ≤  10 μ m (dashed lines) the line shape is 
close to Gaussian, with the full width at half maximum (FWHM) Δ 
fFWHM determined by the classic expression proportional to T . For 
wavelengths λ ≥  50 μ m, the line shape shows features directly related 
to the x-coordinate spectral density (Fig. 2a), such as the drop for 
detunings larger than the secular frequency. In particular, because of 
the decreasing relative range with increasing λ and with decreasing 
temperature, a substantial delta function peak L(0) (Lamb–Dicke 
peak) develops at Δ f =  0. It is given by λ= ⟨∣ π ∕ ∣ ⟩L i x t(0) exp( 2 ( ) )i

2
 

(the over-bar denotes the time average) and is shown in detail in 
Fig. 2d (points) as a function of wavelength. For the present wave-
length λrot ≃  230 μ m, nearly the complete line strength is in the 
Lamb–Dicke peak.

In the LDR, the absence of Doppler broadening and, because 
of ion confinement, also of transit-time broadening, puts into evi-
dence other broadening mechanisms. However, pressure (collision) 
broadening can be suppressed by operating under ultrahigh-vac-
uum (UHV) conditions. Collisions between the trapped ions them-
selves do not lead to appreciable frequency shifts or broadening, 
because minimum approach distances are of the order of 10 μ m. 
To reduce power (saturation) broadening below the 10−10 level for 
a typical strong transition, even for frot as high as 1012 Hz, extremely 
low power must be used (picowatt level).

THz wave

17 μm

500 μm

z

xxxBe+ HD+

2228 μm

Fig. 1 | Principle of the Lamb–Dicke rotational spectroscopy of 
sympathetically cooled molecular ions. The ion cluster is prolate, and 
the sympathetically cooled ions exhibit a relatively small motional range 
in the directions x, y perpendicular to the trap axis z. The spectroscopy 
radiation propagates perpendicular to z. The ion cluster image is a time 
average of ion trajectories obtained from a molecular dynamics simulation 
of an ensemble of N =  200 HD+ ions and =+N 2, 000Be  atomic ions (see 
Methods). Ion clusters generated in the experiment are similar to the one 
shown here.
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Fig. 2 | characteristics and consequences of the motion of molecular ions in laser-cooled Be+/HD+ coulomb clusters at different temperatures. Cluster 
C1 (C2): N =  200(50), =+N 2, 000(500)Be . The blue lines correspond to the situation in the experiment. a, Compound histogram of the transverse positions 
(xi, yi) of five randomly chosen molecular ions in cluster 1, at T ≃  33 mK; the ring shape is related to the fact that, for the chosen ion numbers, the molecular 
ions arrange and move in a tubular cylindrical structure (‘ion tube’). b, Ensemble average of the linear spectral density of the x coordinate of the ions (solid 
lines) and of the distance from the trap axis, ρ =  (x2 +  y2)1/2 (dashed lines). The two spectra reflect the fact (evidenced by inspecting the ions’ trajectories) 
that the transverse ion motion is a combination of a fast and small-range random motion perpendicular to the ‘tube’ axis, described by ρi(t), and of a slower  
azimuthal motion around the tube, having a wider range. c, Qualitative spectral line shape L(Δ f), for two different wavelengths λ =  50 μ m (solid lines), 10 μ m  
(dashed lines). Only the positive detunings are shown. d, Strength of the Lamb–Dicke peak (Δ f =  0). Points: exact values L(0); dashed and solid lines: 
approximate expressions Lg(0), Lsp(0), respectively, defined in the Methods. The same colours in b–d correspond to the same cluster type and temperature. 
The transverse secular frequency of the molecular ions is 0.81 MHz; a corresponding feature is seen in the spectra of x and in the line shapes L.
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= .f 1, 314, 935 8280(4) (3) MHz (2)rot,exp stat syst

The statistical uncertainty results from the experimental line centre 
resolution.

The value frot,exp is in agreement with the ab initio prediction 
frot,theory. This represents the most accurate test of a molecular physics 
prediction, and is limited by the current uncertainty of the theory 
value, 8 ×  10−10.

The ab initio value frot,theory is based on the CODATA2014 val-
ues of the fundamental constants26, in particular on the proton 
mass mp. Among the stable fundamental particles of atomic phys-
ics, this is the particle that currently has the largest fractional mass 
uncertainty (9 ×  10−11). We can obtain a value for mp from the pres-
ent experiment by treating it as a fit parameter, while taking the 
other constants, md, me, R∞ and α, and their uncertainties from 
CODATA2014. The value then is

= .m 1 0072764669(13) u (3)p

with fractional uncertainty 1.3 ×  10−9, where the statistical, the sys-
tematic and the theoretical error enter as a sum of squares. Our 
result is consistent with CODATA2014, and is obtained by a differ-
ent measurement method. It is the most accurate result for mp using 
molecular spectroscopy to date, and improves by a factor of 3.4 on 
the recent result16.

Our experiment–theory agreement is a direct proof that the pres-
ent method permits rotational frequency inaccuracy at the 9 ×  10−10 
level or better, without the necessity for corrections. The reasons for 
this are the long spectroscopy wavelength, the stretched-state tran-
sitions and the favourable conditions in the UHV ion trap, and not 
a particular insensitivity of the HD+ test molecule to perturbations. 
Rotational transitions between stretched states, with Zeeman split-
tings comparable to the present one, are available in most species, 
owing to the structure of the underlying magnetic Hamiltonian and 
of the wavefunctions25. Therefore, similar inaccuracy levels should 
be achievable for numerous other molecular species.

The present work opens outstanding perspectives for preci-
sion physics. With improvements in signal strength, we expect 
that the spectroscopic resolution can be increased by at least one 
order, leading in addition to a systematic uncertainty < 3 ×  10−11 
(see Methods). This will eventually allow testing of the ab ini-
tio prediction of the rotational frequency of the HD+ molecular 
ion27–30 with corresponding accuracy, then providing also a fairly 
direct test of the theory of the related molecular ions +H2  and +D2  
and of antiprotonic helium. Eventually, the fundamental con-
stants R∞, me, mp and md will become measurable at the 10−11 level 
by molecular spectroscopy. This complementary approach to the 
current ones will strengthen the overall consistency of this set of 
fundamental constants.

Our method opens up additional wide possibilities, for sev-
eral reasons. Given the mass (mc) of singly ionized laser-coolable 
atomic ions, molecular ions with a mass-to-charge-squared ratio 
m/q2 <  mc/e2 can be confined inside the atomic ion cluster, in 
the rotational Lamb–Dicke regime. Employing, for example, the 
high-mass ytterbium ion 171Yb+ as a coolant, many thousands 
of singly ionized (q =  e) molecular species, not counting isoto-
pologues, have a suitable mass. Many of these species exhibit a 
simpler spin structure than the test case used here, which can be 
advantageous in simplifying the spectrum and increasing state 
populations. A general method for preparing molecular ions in 
the ground rovibrational level (v =  0, N =  0) is cryogenic buffer 
gas cooling31. It is also applicable to homonuclear ions, including 

+H2  and +D2  (ref. 32).
Finally, the present method should be applicable also to rota-

tional stimulated Raman transitions driven by co-propagating 

waves and to two-photon vibrational transitions. The latter would 
be driven by counter-propagating waves f1 and f2 having a suffi-
ciently small frequency difference πδ∣ − ∣ < ∕f f c x21 2

, ensuring the 
LDR. It is particularly advantageous that, in diatomics, transitions 
exist for which f1 and f2 can be chosen to satisfy this condition and 
also to be near-resonant with a dipole-allowed transition to an 
intermediate rovibrational level, so that the two-photon transi-
tion rate is enhanced.

Methods
Methods, including statements of data availability and any asso-
ciated accession codes and references, are available at https://doi.
org/10.1038/s41567-018-0074-3.
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Methods
Simulation of ion dynamics in Coulomb clusters. The spatial distribution of 
ions in a two-species Coulomb crystal is well known35. Given an elongated trap 
and electrode geometry, and for typical magnitudes of the radiofrequency voltages 
and of the end-cap voltages, a strongly prolate atomic ion cluster can result. 
Sympathetically cooled molecular ions, if lighter than the atomic coolant ions, and 
if fewer in number, are distributed in a string-like or tube-like volume, centred on 
the trap axis (z). (Equal charge states are assumed.) The boundary shapes of the 
two species’ spatial distributions are constant in time.

Molecular dynamics simulations help to elucidate details, in particular effects 
of temperature and dynamics. We simulated two ion clusters. Cluster C1 contains 

=+N 2,000Be  Be+ ions that sympathetically cool N =  200 HD+ ions, resulting in a 
tubular configuration for the latter. C1 is similar to the experimentally produced 
clusters (Fig. 1). A smaller cluster (C2) was modelled for comparison: with 
N =  50, =+N 500Be , the molecular ions arrange as a string. The simulations are 
performed in the pseudopotential approximation, since the micromotion of HD+ 
ions gives only small corrections (here, the q-parameter is 0.15). The simulations 
extended over 5 ms. The equilibrium secular temperature T of the molecular ions 
is determined by the assumed cooling and heating rate parameters, which are 
varied in order to exhibit the temperature dependence of the clusters’ properties36. 
A key feature of large clusters such as C1 is that even at the lowest temperatures 
achievable experimentally by sympathetic cooling, T ≃  10–30 mK, the ions’ 
positions are not completely ‘frozen’. Instead, the ions diffuse through the cluster 
volume, with the diffusion speed being a function of temperature36.

The ion motion characteristics can be analysed in detail. One characteristic  
is the coordinate r.m.s. variation, defined as ξ ξΔ = ⟨Δ ⟩i , ξ ξ ξΔ = −t t( ) ( )i i i

2 2 2
,  

where i is the ion number, ξ =  x,y,z, the over-bar denotes the time average and 
⟨…⟩ = ∑ …−

=N i
N1

1  denotes the ensemble average. The values for C1 put in 
evidence transverse confinement and diffusion features: whereas for motion along 
the trap axis Δ zC1 =  (41, 142, 206) μ m over a time interval of 5 ms, at T =  (12, 33, 
67) mK, respectively, the transverse excursions are Δ xC1 =  Δ yC1 =  (8.4, 8.6, 9.0) μ m. 
These latter values are significantly smaller than λrot,min/2π . In Fig. 2a,b, we show 
some details of HD+ ion motion, the time-averaged spatial distribution of a tube-
like cluster and the spectral density of the x coordinate. Two characteristics of the 
spectral density related to the increasing localization with decreasing temperature 
are: the increasing strength for near-zero frequency; and the strong drop in spectral 
density at frequencies larger than 0.81 MHz, the secular frequency. At the smallest 
simulated temperatures, the drop is stronger for the string-like ion cluster than 
for the tube-like cluster. For the former, the secular frequency eventually becomes 
the largest frequency of motion possible, because it is the frequency of the small 
(thermally driven) oscillations around the equilibrium positions. For the latter, the 
ions can still perform azimuthal motion and thus the spectrum differs qualitatively.

If the ions’ coordinates xi(t) were Gaussian random variables, L(0) would 
simplify to π λ= ⟨ − Δ ∕ ⟩L x(0) exp( (2 ) )ig

2  (ref. 37). Since in clusters of the sizes as 
in C1, C2, most ions behave similarly, Lg(0) ≃  exp(− (2π Δ x/λ)2). This expression 
explicitly shows the wavelength dependence, and is presented as dashed lines in the 
figure. The Gaussian assumption is well satisfied when the number of molecules  
N is reduced so far (cluster C2) that they arrange approximately like a string along  
the z axis, since their x histogram is then found to be Gaussian. For C2, Δ xC2 =   
Δ yC2 ≃  (1.7, 3.0, 4.1) μ m at T =  (12, 33, 67) mK increase approximately with the 
square root of the temperature, and thus more strongly in relative terms than for 
C1. This leads to a more pronounced variation of L(0) with temperature than for 
C1 (see Fig. 2d). The small values Δ xC2, Δ yC2 lead to a substantial L(0) ≃  0.3 already 
for λ ≃  10 μ m when T =  13 mK.

For the C1 cluster, the Gaussian assumption is not correct (see the histogram 
in Fig. 2a); therefore, deviations between Lg(0) and L(0) are visible in Fig. 2d for 
intermediate and small wavelengths. Heuristically, we find that the expression 

π λ= Δ ∕L J x(0) (2 2 )sp 0
2, the result for a single ion harmonically oscillating 

along the x axis38, provides a better description of the exact values because of the 
similarity in the probability distributions of the x coordinate values.

Thus, the simulations indicate that even for only moderately cold ensembles 
(T ≃  70 mK) and for a relatively small rotational wavelength λrot,min =  228 μ m 
(frot,max =  1.3 THz), strong signatures of Lamb–Dicke confinement in rotational 
spectroscopy with transverse incidence can be expected. For string-like ion 
clusters, a similar signature might be possible also for axial irradiation, but only at 
the lowest temperatures (T ≃  10 mK), when ion position changes are infrequent.

Experimental apparatus. The ion trap apparatus used in the present work, shown 
in Supplementary Fig. 1, is based on the device used previously5,39–41, and upgraded 
in several respects: fully computer-controlled operation, accurate magnetic field 
control via solenoid pairs, improved frequency stabilization of the rotational 
cooling lasers L-RC1 and L-RC2, and improved terahertz source  
frequency control.

The vacuum chamber housing the ion trap provides UHV conditions 
(3 ×  10−11 mbar), minimizing spectral broadening and shifts due to ion–background 
gas collisions. Electron impact ionization inside the ion trap volume is used 
to generate beryllium ions from Be atoms emitted by a hot filament and HD+ 
ions from HD gas injected into the chamber. A 313 nm radiation laser cools the 
beryllium ions that sympathetically cool the HD+ ions, resulting in a structured ion  

cluster as shown in Fig. 1. Subsequently, radiation fields at 5.48 μ m and 2.71 μ m 
 perform rotational cooling. The 1.3 THz radiation for rotational spectroscopy 
propagates at 90 degrees with respect to the ion trap axis and thus the ion cluster 
axis, in order to provide the LDR. The beam radius at the centre of the trap is 
approximately 1 mm. A CCD (charge-coupled device) camera images the cluster’s 
spatial structure, allowing for a direct observation of the spatial confinement and 
also comparison with molecular dynamics simulations. The photo-multiplier 
tube detects the fluorescence of the Be+ ions, and also provides the signal for the 
spectroscopy.

The terahertz system consists of a hydrogen maser, whose frequency, 
fH ≃  1.4 GHz, is down-converted to 10 MHz and then used as a reference for a 
microwave synthesizer operating at fmmw/72 =  18.262 GHz. Its output is converted 
in a × 72 multiplier/amplifier chain to fmmw =  frot =  1.31 THz (ref. 42). We verified 
the high spectral purity of the terahertz wave at the intermediate frequency 
18.251 GHz, close to fmmw/72. The set-up used is shown in Supplementary Fig. 2 
(inset). The repetition rate frep ≃  250 MHz of a fibre-based optical frequency comb 
is stabilized by phase-locking the beat frequency between an ultrastable reference 
laser at 1.5 μ m (L-ULE, with optical frequency fULE

43) and a nearby comb mode 
(mode number n ≃  7.8 ×  105) to a (maser-referenced) direct digital synthesizer 
(DDS) set at fDDS =  50 MHz, by controlling the repetition rate. The comb’s carrier-
envelope offset frequency fCEO is independently stabilized to the H-maser. The 
absolute frequency stability of the reference laser is therefore transferred to the 
repetition rate, frep =  (fULE −  fDDS −  fCEO)/n. Comb radiation at 1.5 μ m is detected by 
a fast photo-detector, and a radiofrequency signal arising from the 73rd harmonic 
of the repetition rate, frep ×  73, is generated. This harmonic is chosen because it 
can be set close to fmmw/72. The difference frequency between frep ×  73 and fmmw/72 
is generated using a mixer and is analysed with a fast Fourier transform-based 
spectrum analyser. Supplementary Fig. 2 shows the linewidth of the difference 
frequency signal, which is 86 mHz. On the basis of this value and previous 
characterizations42, we estimate a linewidth < 10 Hz at 1.3 THz. We can also infer 
the long-term frequency stability of the terahertz wave, by comparing the maser 
frequency to a Global Positioning System (GPS)-derived 1 pulse per second signal 
and to a cryogenic silicon optical resonator44. The residual instability is negligible 
(<  1 ×  10−13 for integration times τ >  10 s) and so is drift.

Laser rotational cooling. In the present experiment, when molecular ions are 
generated and trapped and reach thermal equilibrium, the (v″  =  0, N″  =  0) level’s 
population is ≃ 10%, and thus only ≃ 1% is in a single state ∣ ⟩″g m, F . Therefore, 
before spectroscopy, we apply rotational laser cooling40 (lasers L-RC1, L-RC2 in 
Supplementary Fig. 1), to significantly increase the population in (v″  =  0, N″  =  0),  
a procedure that also increases the population in the Zeeman states ∣ ⟩″g m, F  to a 
level that can be observed.

We apply two laser fields that drive the fundamental vibrational transition 
(v″  =  0, N″  =  2) →  (v′  =  1, N′  =  1), and the overtone vibrational transition (v″  =  0, 
N″  =  1) →  (v′  =  2, N′  =  0), respectively. Owing to quantum mechanical selection 
rules, repeated absorption–spontaneous emission cycles transfer the majority of 
the ion population into the ground state (v =  0, N =  0).

The fundamental transition at 5.48 μ m is driven by a quantum cascade laser 
(L-RC2 in Supplementary Fig. 1), whose frequency is stabilized to the side of 
a fringe of an NH3 molecular transition. The overtone vibrational transition is 
excited by a distributed feedback laser at 2.71 μ m (L-RC1 in Supplementary Fig. 1).  
The laser is frequency-stabilized to a CO2 gas transition using an offset locking 
technique45 to bridge the frequency gap between the CO2 and the HD+ transition 
frequencies.

Experimental sequence. The preparation and spectroscopy sequence consists of 
the following steps: (1) HD+ generation by electron impact ionization; (2) impurity 
ion removal procedures; (3) rotational cooling for trc =  35 s; (4) secular excitation 
for tse =  3 s, with rotational cooling lasers on; (5) during tdet =  3 s, the rotational 
cooling lasers are blocked, while terahertz radiation and the 1.42 μ m and 266 nm 
waves for resonance-enhanced multi-photon dissociation are on; (6) secular 
excitation during tse. The signal is obtained from the difference in Be+ fluorescence 
recorded during intervals (4) and (6).

The magnetic field is set to 0.11 mT along the trap axis z, except during step (5), 
where it is set to a smaller value B, sufficient to produce Zeeman splitting of most 
components of the studied transition. The sequence is repeated a number of times 
sufficient to obtain a reasonable signal-to-noise ratio. Be+ ions are reloaded every 
100 to 150 sequences.

Rotational transition. The fundamental rotational transition of the molecular 
ion used here has an important spin structure because of the electron and 
nuclear magnetic moments33. Whereas in the ground rovibrational level (v″  =  0, 
N″  =  0) they give rise to four spin states (having total angular momentum F″  =  0, 
1, 2), in the first excited rotational level (v′  =  0, N′  =  1) the number increases 
to ten spin states (having F′  =  0, 1, 2, 3), because of the additional presence of 
rotational angular momentum N″ ≠  0. Figure 3 shows the two spin states relevant 
to the spectroscopy of this work (for a complete diagram, see Fig. 2 in ref. 41). A 
controllable magnetic field lifts the total angular momentum projection (mF) 
degeneracies. We address transitions between two individual Zeeman components 
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∣ ⟩″g m,
F

 of the F″  =  2 spin state of the N″  =  0 level, and two components  
∣ ⟩′e m, F  of the F′  =  3 spin state of the N′  =  1 level. These are the transitions T+: 

= → =″ ′m m2 3
F F

 and T−: = − → = −″ ′m m2 3
F F

, shown by green arrows in Fig. 3.

Ab initio theory of the HD+ rotational transition. The transition frequency 
frot,theory involves two contributions. The first is the spin-averaged frequency fspin-avg. 
We have computed it with high accuracy using the same technique as in ref. 30, 
obtaining

= .−f 1, 314, 925 752627(18) MHzspin avg

CODATA2014 values26 have been used and the relative uncertainty indicated 
is that due to theory, 1.4 ×  10−11. The second contribution is the hyperfine shift 
fspin due to spin interactions (including coupling with the total orbital angular 
momentum), = ∣ ⟩ − ∣ ⟩ ∕f E e E g h[ ( ) ( )]spin spin spin . Here, ∣ ⟩E e( )spin  and ∣ ⟩E g( )spin  
are the hyperfine spin energy shifts for the lower and upper states, respectively. So 
far, they have been calculated only within the Breit–Pauli approximation33. For the 
stretched states ∣ = ± ⟩″g m, 2

F
 and ∣ = ± ⟩′e m, 3

F
, including the Zeeman energy 

in a finite magnetic field B, we have previously derived the algebraic expression 
(equation (6) in ref. 25),

= + = ± ∕ = ∕ + ∕
+ + + + + + + ∕

− + + + ∕
± + + + ∕

E v N F N m F B h E E
E E E E E E E N

E E E E N
E N E E E B

( , , 2, , ) 4 2
( 2 2 2 ) 2

(2 4 4 2 ) 2
(2 2 ) 2

Fspin 4 5

1 2 3 6 7 8 9

6 7 8 9
2

10 11 12 13

where Ei =  Ei(v, N) are the coefficients of the effective spin Hamiltonian25,33 and 
E10 =  E10(v, N ≥  1) ≃  − 5 kHz mT−1 is the weakly v, N-dependent strength of the 
rotational Zeeman interaction N ⋅  B. E11, E12 and E13 are particle magnetic constants, 
with a =  (E11 +  2E12 +  E13)/2 ≃  14.0 MHz mT−1. Since the F″  =  2 →  F′  =  3 transition 
keeps the spin function untouched, the hyperfine shift fspin is most sensitive 
to the electron spin–orbit interaction E1(v =  0, N =  1)(se ⋅  N), where E1(v =  0, 
N =  1) ≃  32 MHz (ref. 33). The spin–spin interactions, proportional to E4 and E5, 
which are known with much higher accuracy than the other coefficients29, give a 
much smaller contribution to fspin, due to the similarity of the spin wavefunctions  
in ∣ ⟩ ∣ ⟩g e,  that leads to a substantial cancellation. The hyperfine shift of the 
transitions T± is

= . ± = =f E v N B10 0747(10) MHz ( 0, 1) (4)spin 10

Summing both above contributions, we obtain equation (1).
It is important to note that the theoretical considerations of the spin-averaged 

and the hyperfine spin shift contributions to frot,theory have recently been confirmed 
through a comparison, respectively, with one particular rovibrational transition 
frequency of HD+ at the 1.1 ×  10−9 level16 and with several spin transition 
frequencies (that is, radiofrequency transitions) of +H2  at the 10−6 level29.

The particular sensitivity of the observed transition to the accuracy of 
the effective spin Hamiltonian is characteristic for rotational transitions. For 
vibrational transitions, the much larger ratio of fspin-avg to fspin reduces the sensitivity 
to the latter significantly. This is the case for the most intensive hyperfine 
components of the transitions (for which ∣ ∣ <f 100 MHzspin

), and the Breit–Pauli 
approximation is then in most cases sufficient to guarantee a fractional uncertainty 
of the total transition frequency comparable to the fractional uncertainty of the 
theoretical spin-averaged frequency.

To improve the 1 kHz theoretical uncertainty of fspin, it will be necessary to 
calculate the higher-order corrections to the coefficients E1, E6 and E7. It is expected 
that a calculation of their contributions of relative order α4 and partially of α5 will 
be possible, with reduction of the uncertainty in fspin by a factor of up to 103 and 
thus in frot,theory to the 1 ×  10−11 level.

Systematic shifts. We have previously computed most relevant sensitivities of the 
rotational transition to external perturbations: Zeeman shift25, electric quadrupole 
shift46, d.c. Stark shift, black-body radiation shift, and spin-state dependences of 
the d.c. Stark and light shift47. For the experimental parameters of our trap, the 
cluster shape, and the moderate intensities of the radiation fields, the shifts of 
the transitions T± are all small, except for the linear Zeeman shift (the quadratic 
Zeeman shift is zero). In detail we have the following contributions.

(1) Since the orientation of the quantization axis and the populations of 
the lower Zeeman states are unknown, we assign a Zeeman uncertainty equal 
to half the Zeeman splitting of T+ and T−, 0.22 kHz. (2) The d.c. Stark shift has 
been computed taking into account ion trajectories and Coulomb fields, also 

allowing for d.c. offset potentials, and is less than 10 Hz. (3) Collision shifts 
related to background gas are negligible due to the UHV conditions, and effects 
of non-thermal velocity distribution16 are considered negligible because of the 
spectroscopy technique used here and the magnitude of the hyperfine splittings. 
(4) The light shift induced by the 266 nm dissociation laser (35 mW power) has 
been evaluated by performing an accurate calculation of the a.c. polarizabilities 
of the lower and upper rotational levels using the procedure described in ref. 47. 
We obtained the scalar (s) and tensor (t) polarizabilities αs(v =  0, N =  0(1), 
λ =  266.0 nm) =  3.677(3.687), αt(v =  0, N =  0(1), λ =  266.0 nm) =  0(− 1.044), in 
atomic units. For the considered transitions, the shift is 7 (40) Hz. (5) Black-body 
radiation shift and electric quadrupole shift are negligible.

In total, we obtain a frequency correction of δfrot,exp,syst =  0.0(3) kHz.
In future studies, any light shifts from the dissociation laser and from the 

1.4 μ m laser could be avoided by applying these lasers only after the rotational 
excitation. If the Zeeman pair were split and resolved, the Zeeman shift uncertainty 
should be reduced at least tenfold. This would then allow a total systematic 
uncertainty of < 3 ×  10−11.

Outlook. We note that radiation sources of appropriate spectral purity and stability 
can be implemented not only using an H-maser as a reference but also more simply 
and accessibly using a GPS-steered high-performance quartz oscillator. For most 
molecules, the fundamental rotational transition frequency is smaller than 1 THz, 
which simplifies the source further. In a complementary direction, the method 
could also be applied to other rotational transitions N″  >  0 →  N′  =  N″  +  1, with 
correspondingly higher frequencies and thus potentially higher fractional spectral 
resolution. It is possible that two-photon48 and electric quadrupole rotational 
transitions could also become accessible.

Data availability. The data that support the plots within this paper and other 
findings of this study are available from the corresponding author upon  
reasonable request.
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Results

We exploited the resolved hyperfine structure for a determination of the deuteron quadrupole
moment &d with 1.5% fractional uncertainty.

We set upper bounds on a hypothetical fifth force, acting between proton and deuteron
at separations of the order of 1 Å. Modeling such an interaction with a Yukawa-type
potential and computing the resulting frequency shift, we ruled out interactions at _ =
1−2 Å range and strengths larger than 2×10−11 Hartree with 95% confidence level.
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Conclusion and Outlook

We invented a method for Doppler-free rotational spectroscopy of molecular ions. Our
technique is based on spatial confinement of molecular ions inside a laser cooled atomic
Coulomb crystal of prolate ellipsoidal shape. When the charge-squared-to-mass ratio of
molecular ions is larger than that of the atomic ions, the former will stay close to the long
crystal axis.

With excitation direction transverse to the long axis of the crystal, the Lamb-Dicke regime
is achieved when the extent of radial motion of molecular ions is much smaller than wave-
length of spectroscopy radiation. The technique is also applicable to stimulated Raman
and two-photon transitions, if effective wavelength of transitions are large compared to
extent of radial motion of the molecular ions.

This technique is applicable to variety of molecular ions, with suitable choice of laser-
coolable atomic ion. For example, many molecular ions have charge-to-mass ratio close
to but greater than the ytterbium ion 171Yb+, which allow simultaneous trapping of the
atomic and molecular ions.

Among a multitude of molecular ions we choose the MHIs for our experiment, which
are interesting systems for metrological purposes. High precision calculations of their
energies allow comparison of theory and experiment to determine fundamental constants
and search for new physics. The HD+ ion possesses an electric dipole moment, which
allows single photon electric dipole transitions, we focus on its spectroscopy in this thesis.

A particularly interesting goal of Doppler-free spectroscopy of HD+ is to determine the
values of a subset of fundamental constants of physics. Our rotational spectroscopy re-
sults allowed determination of the proton mass, the proton-to-electron mass ratio, and the
combination of fundamental constants '∞<e(1/<p+1/<d) with fractional uncertainty of
10−11. Our results are in agreement with CODATA 2018 values, and in some cases are
measured with smaller uncertainty (see chapter 5 and Results). The hyperfine resolved
spectrum also enabled the determination of the deuteron quadrupole moment.

Additionally, our experimental and theoretical comparison allowed us to contribute to
the proton radius puzzle understanding. A combined experimental and theoretical rela-
tive frequency uncertainty of 5×10−11 allowed the independent consistency check of the
recent changes in CODATA 2018 values of the nuclear charge radii.
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Conclusion and Outlook

So far we have investigated 6 dipole allowed hyperfine transitions, but our technique
can be extended to spectroscopy of spin-forbidden (where quantum number �2 changes
but �2 stays the same, see Eq. 2.3) and doubly-spin-forbidden (where both quantum
numbers �1 and �2 change) transitions. High precision spectroscopy of spin-forbidden
and doubly-spin-forbidden transitions will allow us to fully resolve the hyperfine energy
splittings of the ground and excited rotational levels, which allows a complete test of the
spin structure calculations. The ability to excite the doubly-forbidden-transitions should
allow performing to perform an effective hyperfine selective quantum state preparation
and to improve the signal-to-noise ratio. For this purpose, during the rotational cooling,
THz radiation would be applied to remove the population of unwanted hyperfine states
which in turn would lead to more population in the desired state.

Molecular dynamics simulations for a string of HD+ ions at ∼30 mK indicated possibil-
ity of the Lamb-Dicke regime for transverse excitation at 5.1 `m [73]. Therefore, spec-
troscopy of rovibrational transitions with wavelength larger than 5 `m (e.g. (0,0) → (1,1)
or (0,2) → (1,1)), with spectral resolution comparable to or better than the present rota-
tional spectroscopy, can be achieved.

Besides, laser-stimulated electric quadrupole transitions in the MHIs exhibit very small
natural linewidth, and allow frequency metrology of the MHIs [74]. Since these transi-
tions are extremely weak, addressing and characterizing them is very challenging. Al-
though dipole forbidden transitions have been observed in N+2 molecular ion [75], they
remained untapped in the MHIs. A (0,0) → (1,2) transition in HD+ is a candidate that
can be investigated using our experimental apparatus.

This work also gives strong motivation for further improvement of spin structure theory
and more precise QED calculations of the spin-averaged frequency for both rotational
and vibrational transitions. The magnitude of the detected systematic shifts shows that
uncertainty of order 10−14 for vibrational overtone transitions is feasible. Through im-
provement of precision, combination of rotational and vibrational spectroscopy results,
and ab initio theory, the fundamental constants '∞, <e/<p, <e/<d, Ap, and Ad can be
determined independently with accuracies competitive or better than CODATA 2018.

Our technique can be employed also for high precision spectroscopy of homonuclear
H+2 , through stimulated Raman or two-photon transitions with large effective wavelength,
which can be used to independently determine the fundamental constants '∞, <p/<e, and
Ap. High precision spectroscopy of H+2 and the antihydrogen molecular ion H̄−2 (p̄p̄e+) is
sensitive to CPT violation and can be used to search for physics beyond the SM. Addi-
tionally, we anticipate that the search for the weak nuclear force induced parity violation
in chiral molecules can benefit from our technique.
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A. Appendix

Photos of the experimental apparatus

CCD

Coils

PZT valve

PMT

HD gas bottle

Trap supply
electronics

Cooling laser

Figure A.1. A picture of the setup, which shows ultra high vacuum chamber with the RF
trap electronics in a copper shielding on top. Optics on the table around the vacuum
chamber align the cooling laser and spectroscopy lasers into the trap (see Fig.A.2 and
Fig.A.3). Fluorescence of the Be+ ions are detected with the CCD camera and the
PMT, placed on the left side of the vacuum chamber. There are three magnetic coil
pairs to control the magnetic field. The PZT valve is between the vacuum chamber and
the HD gas bottle to control the amount of HD gas released into the chamber. Part of
the cooling laser can be seen on top of the picture.
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Appendix

Figure A.2. A picture of part of the optical setup around the vacuum chamber, which is
used to align the cooling laser (blue arrow) and the 2.713 `m laser (magenta arrow)
into the trap. The white stickers are covering the optical breadboard’s tapped holes to
allow air-tight box (other walls of the box are not visible in the picture) around the
vacuum chamber for nitrogen purging.

Figure A.3. A picture of part of the optical setup, which couples the 266 nm laser (cyan
arrow), the IR laser (green arrow), and the 5.483 `m laser (red arrow) into the trap. The
cooling laser (blue arrow) is used as a guide beam for geometrical alignment of other
lasers, but it will be blocked during the experiment.
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