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Abstract

Abstract

This thesis investigates the multivariate generalized ORNSTEIN-UHLENBECK (MGOU) pro-
cess introduced by BEHME and LINDNER and connections to stochastic objects that can
model semiselfsimilarity such as semiselfsimilar processes and semistable hemigroups. The
first part focuses on stochastic exponentials and MGOU processes both of which occur in a
left and right version due to the non-commutativity of matrix multiplication. Under numer-
ous commutativity assumptions it is proven that the left and right stochastic exponential of
a semimartingale are equal and a closed form expression for both is obtained that in the case
of a continuous semimartingale simplifies to a formula proven by YAN. Extending the work
of BEHME and LINDNER left MGOU processes driven by semi-LEVY processes are studied
and right MGOU processes are defined and studied when driven by either LEVY processes or
semi-LEVY processes. Conditions for periodic stationarity are given and MGOU processes
with real time parameter are defined. The second part introduces the notions of random
semiselfsimilar processes and random semistable hemigroups which are able to model ran-
dom space-time scaling properties and by their usage of stochastic exponentials allow for
connections to MGOU processes. A random LAMPERTI transform creates a one-to-one cor-
respondence between random semiselfsimilar processes and periodically stationary processes
and is used to construct MGOU processes out of random semiselfsimilar processes. A one-
to-one correspondence between random semistable hemigroups and random semiselfsimilar
processes with independent increments as well as a random integral representation of random
semistable hemigroups are proven and used to construct MGOU processes out of random
semistable hemigroups.




Zusammenfassung

Zusammenfassung

Diese Doktorarbeit untersucht den von BEHME und LINDNER eingefithrten multivariaten
verallgemeinerten ORNSTEIN-UHLENBECK-Prozess (MGOU-Prozess) und Verbindungen zu
stochastischen Objekten, die Semiselbstdhnlichkeit modellieren kénnen, wie beispielswei-
se semiselbstdhnliche Prozesse und semistabile Hemigruppen. Der erste Teil konzentriert
sich auf stochastische Exponentiale und MGOU-Prozesse, die beide aufgrund der Nicht-
Kommutativitiat der Matrizenmultiplikation in einer linken und rechten Version auftreten.
Unter zahlreichen Kommutativitdtsvoraussetzungen wird bewiesen, dass das linke und rech-
te stochastische Exponential eines Semimartingals {ibereinstimmen, und fiir beide wird eine
geschlossene Darstellung hergeleitet, die sich fiir stetige Semimartingale zu einer von YAN
bewiesenen Formel vereinfacht. Als Erweiterung der Arbeit von BEHME und LINDNER wer-
den linke MGOU-Prozesse untersucht, die von semi-LEVY-Prozessen angetrieben werden,
und es werden rechte MGOU-Prozesse definiert und untersucht, die von LEVY- oder semi-
LEvy-Prozessen angetrieben werden. Bedingungen fiir periodische Stationaritit werden an-
gegeben und MGOU-Prozesse mit reellem Zeitparameter werden definiert. Der zweite Teil
fiihrt zuféllig semiselbstéhnliche Prozesse und zuféllig semistabile Hemigruppen ein, welche
zuféllige Raum-Zeit-Skalierungen modellieren kénnen und durch die Verwendung von sto-
chastischen Exponentialen Verbindungen zu MGOU-Prozessen ermoglichen. Eine zuféllige
LAaMPERTI-Transformation stellt eine eins-zu-eins Beziehung zwischen zufillig semiselbst-
dhnlichen Prozessen und periodisch stationdren Prozessen her und wird dazu verwendet,
MGOU-Prozesse aus zufillig semiselbstdhnlichen Prozessen zu konstruieren. Eine eins-zu-
eins Beziehung zwischen zufillig semistabilen Hemigruppen und zufillig semiselbstdhnlichen
Prozessen sowie eine Darstellung zuféllig semistabiler Hemigruppen durch ein Zufallsintegral
werden bewiesen und dazu verwendet, MGOU-Prozesse aus zufillig semistabilen Hemigrup-
pen zu konstruieren.




1 Introduction

1 Introduction

The ORNSTEIN-UHLENBECK process originated from the physical problem of modelling the
velocity of a free particle that underlies BROWNian motion with friction, and was first studied
in [30]. From a mathematical perspective various generalizations of this process have been
developed and found to be connected to semiselfsimilar processes and semistable hemigroups.
For the multivariate generalized ORNSTEIN-UHLENBECK process introduced in [41], however,
connections of this kind have not been established yet which will be the main aim of this
thesis. In order to get familiar with the set of problems and our notation we first illustrate
the simple setting of the ORNSTEIN-UHLENBECK process.

The ORNSTEIN-UHLENBECK (OU) process V' = (V4)¢>0 is the unique strong solution of the
stochastic differential equation

AV, = —HV, dt + dB;, (1.1)

where B = (By):>0 is a one-dimensional BROWNian motion, the initial value Vj is a random
variable independent of B, and H is a positive real constant that is interpreted as the friction
coefficient in the physical model of particle movement. In closed form the OU process is given
by the stochastic integral

t
V, = e Ht (Vg - /eH“ dBu>. (1.2)
0

Because of H > 0 the limit

00 0
Voo ::/eH“dBu: /eH“dB_u (1.3)
0 —00

is almost surely a finite random variable and choosing the initial value V4 so that it has the
same distribution as Vy results in the OU process being stationary ([20]). By extending
BROWNian motion to real time parameters (1.2) can then be written in the form

t
V; = e Ht / efvdB,. (1.4)

—00

The stationary OU process can also be constructed in a second way. In fact, the LAMPERTI
transform V' = Lam(B) of BROWNian motion given by

V; = Lam(By) = ¢ ¥/’ B (1.5)
is stationary because by the %—selfsimilarity of BROWNian motion we have for all ¢ > 1
Vt+log(c) = Cil/2€7t/2Bcet 2 eit/QBet = V;g,

and V solves the stochastic differential equation (1.1) with H = % because by the integration
by parts formula

t t
1 1
‘/(]+Bt—2/vudU_B1+Bt—2/6u/2BeudU
0 0

t
=B+ B; + /Beu d(e"%/?)
0
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t
=By +B;+e/?By — By — / e 2 ABe — [e7/%, By]
0

et

—Bt+vt—/u—1/2dBu—vt.
1

Here the last step follows from an application of the DAMBIS-DUBINS-SCHWARZ theorem
(Theorem I1.42 in [31]) with the continuous local martingale M = (M;);>o defined by

et

M; = / u~'?dB,
1
which yields M; = Bjys ar), where

et et

(M, M], = Uulﬂ dBu,/u1/2 dBu] :7(u1/2)2d[B,B]u
1

1 1

et et

= /u_l du = [log(\u\)} =t.
1 u=1

On the other hand, if V' is the stationary OU process in (1.4) then its inverse LAMPERTI
transform Z = Lam~1(V) given by

Zy = Lam™ (V3) = t"Vioe0) (1.6)
is H-selfsimilar because by the stationary increments of B we have for all ¢ > 1
log(ct)
Zet = (ct)Viog(er) = (ct) e 11080 / e dB,
—o0

log(t)
/ eH(u+10g(c)) d (Bu+]og(c) - BIOg(C))

—00

log(t)
H / e 4B, = cHtHVIOg(t) =z,

—00

D

Using (1.4) the increments of Z = Lam ™ (V) can be written as the stochastic integral
log(t)
Zsy =T — Zs = t"Vigg() — " Vigg(s) = / e’ dB,. (1.7)
log(s)
Because of the properties of BROWNian motion and the stochastic integral the random vari-
ables Z,, and Z,; are independent whenever ¢ < r < s < ¢, it holds Z, s + Zs; = Z4

for all » < s <t, and the map (s,t) —> Zs; is continuous with respect to convergence in
distribution. The family (Zs)o<s<: is then called hemigroup, a notion that was introduced

in [16]. This hemigroup is H-stable which means that for all ¢ > 1 it holds
log(ct) log(t)
Zes ot = / efl*dB, = / 108D 4(B,, 4 10a(c) — Biog(e))
log(cs) log(s)
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log(t)
D . / HudB, = H 7, (1.8)
log(s)

On the other hand, if (Zs;)o<s<¢ is an H-stable hemigroup then Z = (Z;);>¢ defined by
Zy = Zoy is H-selfsimilar because

D H H
Lot = Zoet = C Lot =" Zy.

If additionally each Z,; has the integral representation (1.7) then V = Lam(Z) is the sta-
tionary OU process in (1.4) because

Vi =Lam(Zoy) = e ' Zy oo = e / e dB, .

Various generalizations of the OU process have been developed and many of the connections
to selfsimilar processes and stable hemigroups that were exemplified above have been proven
to hold true in a more general setting as well.

The first step to generalize the OU process is to replace the driving BROWNian motion B in
(1.2) with a more general stochastic process Y. Various choices for Y have been discussed
in the literature. The fractional ORNSTEIN-UHLENBECK (FOU) process replaces B with a
fractional BROWNian motion ([9], [20]), the ORNSTEIN-UHLENBECK type process or LEVY-
ORNSTEIN-UHLENBECK (LOU) process replaces B with a LEVY process ([33], [29], [18]), and
the fractional OU type process or fractional LEVY-ORNSTEIN-UHLENBECK (FLOU) process
replaces B with a fractional LEVY process ([14], [27], [28]).

The second step to generalize the OU process is to also replace the deterministic exponent
H in (1.2) with a stochastic process X so that the OU process is driven by a bivariate back-
ground driving process (X,Y). If X is a LEVY process and Y is fractional BROWNian motion
then V is called generalized fractional ORNSTEIN-UHLENBECK (GFOU) process ([12]). If
(X,Y) is a bivariate LEVY process then V is called generalized ORNSTEIN-UHLENBECK
(GOU) process. It is given by

Vi = exp(X;) ™ (Vo + /exp(Xu_) dYu> (1.9)
0

and solves the stochastic differential equation dV; = V;— dU; +dL; where (U, L) is a bivariate
LEVY process that can be calculated from the background driving process (X,Y) with the
formulas

Uy=-X: +[X, X[{+ > (1+AX)7 =1+ AX,), (1.10a)
0<s<t
Le=Y, - [X,Y]{+ > ((1+AX,)"' —1)AY,. (1.10b)
0<s<t

Here [X, X]€ is the continuous part of the quadratic variation of X and AX; = X; — X;_ is
the jump of X at time ¢ of which there are at most countably many in any given finite time
interval. The GOU process emerged in [10] as the solution of the continuous-time stochastic
difference equation V; = A ;Vs+ B, where (Ag ¢, Bs t)o<s<t is a family of real-valued random
variables that satisfy the equations

Ar,t = As,tAr,s and Br,t = As,tBr,s + Bs,t (111)
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for 0 < r < s < t alongside other independence, stationarity, and continuity assumptions.
A+ and By, can be expressed in terms of the background driving process (X,Y') with the
formulas

Agy = exp(Xy) ™" exp(X,), (1.12a)
t
By = exp(X;)~! /exp(Xu) dY,, . (1.12b)
S
As outlined in [23], [11], and [5] the stationarity of the GOU process is equivalent to the
existence of the limit
o0
Voo = /exp(Xu_)_l dL, .
0
Necessary and sufficient conditions for the existence of this limit are discussed in [13] in the

case of LEVY processes and in [0] in the case of MARKOV additive processes. GOU processes
have found application in option pricing, insurance and perpetuities, and risk theory. We
point to the survey [26] and the introduction of [23] for references regarding these topics.

The multivariate generalized ORNSTEIN-UHLENBECK (MGOU) process is a multivariate ex-
tension of the GOU process in which X and Y are both matrix-valued LEVY processes and
the deterministic exponential function in (1.3) is replaced with its stochastic analog, the
stochastic exponential. The stochastic exponential Exp(X) of a real-valued semimartingale
X is defined as the unique strong solution of the stochastic differential equation

dExp(X¢) = Exp(X;—) dX; (1.13a)

with initial value Exp(Xp) = 1. Due to the non-commutativity of matrix multlphcatlon

there is a left stochastic exponential ﬁ) and a right stochastic exponential Exp(X ) in
dimension n > 2 which correspond to the stochastlc differential equations

dExp(X;) = Exp(X,)dX, and dExp(X;) = dX, Exp(X, ) (1.13b)

—
with initial value gp(Xo) = Exp(Xy) = I. This allows for two different versions of the
MGOU process. The left version is given by

V, = Exp(x;) ™! (VO + / Exp(X,_) dn) (1.14)
0

and solves the stochastic differential equation dV; = V;_ dU; +dL; where (U, L) is a bivariate
LEvVY process that can be calculated from the background driving process (X,Y’) with the
formulas

Uy=-X;+[X, X[{+ > (I+AX,) ' —T+AX,), (1.15a)
0<s<t
Li=Y— [X,Y];+ > (I+AX,) ' —I)AY,. (1.15b)
0<s<t

The left MGOU process (1.14) was first considered in [2] and [!] as the solution of the
continuous-time stochastic difference equation V; = A, Vs + B, where (Ag ¢, Bst)o<s<t is a
family of matrix-valued random variables that satisfy (1.11) alongside other independence,

9
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stationarity, and continuity assumptions. A,; and B,; can be expressed in terms of the
background driving process (X,Y) with the formulas

Auy = Exp(Xy) ' Exp(X,), (1.16a)
By, = %(Xt)l/%(xu_)dyu. (1.16b)

Stationarity conditions for the left MGOU process are also given in [2] and [/] and formulas
for the first and second moments of stationary left MGOU processes are derived in [3]. Left
MGOU processes appear as the state vector process of COGARCH processes (Example 3.6
in [1]) and RC-CARMA processes ([3]). So far the right MGOU process

v = <V0 + / av, E—xE>(Xu_)> Exp(X;) ™! (1.17)
0

has not been studied in the literature although its treatment is similar to the left counterpart.

The relationships between the stationary OU process V, the %—selfsimilar BROWNian motion

B, and the stable hemigroup (Zs)o<s<: formed by the increments of Z = Lam™!(V') that
were exemplified at the beginning extend to a more general setting in the following way.

A matrix-valued process Z = (Z)>0 is called selfsimilar with exponent H € R™*™ or simply
H-selfsimilar if for all ¢ > 1

(Zet)iz0 2 (CHZt)tZO (1.18)

with ¢l = exp (H log(c)). If (1.18) only holds for some ¢ > 1 then Z is called H-semiselfsimilar.
If Z = (Zy)i>0 is H-selfsimilar then its LAMPERTI transform V = (V;)cr given by

Vi =Lam(Z;) = e ' 7, (1.19a)

is stationary. Conversely, if V' = (V})ser is stationary then its inverse LAMPERTI transform
Z = (Zy)t>0 given by
Zy = Lam™(V}) = " Vioe0) (1.19b)

is H-selfsimilar. This one-to-one correspondence between selfsimilar and stationary processes
was proven in [22] and it has been shown in [24] that it also holds true for semiselfsimilar and
periodically stationary processes. If Z = (Z;);~0 is an H-selfsimilar process then Y = (Y});er
given by

et

/quZu ., t>0

Y, = 1 (1.20)

—/u_HdZu , t<0

t

e

is a LEVY process and Lam(Z) is a stationary ORNSTEIN-UHLENBECK type process with
background driving process Y ([17]). Analogously, if Z = (Z;)i>0 is an H-semiselfsimilar
process then Y = (Yi)ier given by (1.20) is a semi-LEVY process, that is a LEVY process
except that the increments are only periodically stationary, and Lam(Z) is a periodically
stationary ORNSTEIN-UHLENBECK type process with background driving process Y. This
was proven in [1], where the stochastic integral in (1.20) is defined as a random integral in
the sense of [19], and independently in [25], where the stochastic integral in (1.20) is defined

10
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using a semimartingale approach in the sense of [32].

A family (Zs4)o<s<: of matrix-valued random variables is called stable hemigroup with ex-
ponent H € R™™"™ or simply H-stable hemigroup if Z,, and Z,; are independent whenever
g <r<s<t itholds Z, s+ Zsy = Z,; for all 0 < r < s < t, the map (s,t) —> Z; is
continuous with respect to convergence in distribution and for all ¢ > 1 and all 0 < s <t it
holds

Zost 2 P 7,4, (1.21)

If (1.21) only holds for some ¢ > 1 then (Zs;)o<s<t is called H-semistable hemigroup. It
has been proven in [!] that the increments Zs; = Z; — Z, of an H-semiselfsimilar process
Z = (Z¢)¢>0 with independent increments form an H-semistable hemigroup from which
the semiselfsimilar process can be reobtained by Z; = Zy;. Also, given an H-semistable
hemigroup (Zs+)o<s<t such that tH — 0 for t | 0, each Zst has the random integral
representation

log(t)

Zot = / efudy, (1.22)

log(s)
where Y is defined as in (1.20) with the H-semiselfsimilar process Z = (Zy)i>0 as the in-

tegrator. Conversely, (1.22) defines an H-semistable hemigroup if YV is a semi-LEVY process
that satisfies a logarithmic moment condition and t — 0 for ¢ | 0.

So far connections of this kind have not been established in the context of GOU or MGOU
processes in neither the stationary nor the periodically stationary case.

In this thesis we extend results about MGOU processes originally obtained in [1] to the
case that the background driving process is a semi-LEVY instead of a LEVY process, includ-
ing conditions for periodic stationarity, and build connections between MGOU processes,
semiselfsimilar processes, and semistable hemigroups by introducing the concept of random
semiselfsimilarity and random semistability. These generalizations of semiselfsimilarity and
semistability are able to model random scaling rather than just deterministic scaling and
work nicely in conjunction with MGOU processes.

The basic idea for incorporating random scaling is to replace the deterministic exponent H
in (1.18) and (1.21) with a LEVY process X, as in the transition from OU to GOU processes,
and then also replace deterministic exponentials with stochastic exponentials, as in the tran-
sition from GOU to MGOU processes. More precisely, for random left semiselfsimilarity we
write (1.18) in the form

(Zet)izo 2 ("Z) g = ((eHlog(C))_IZczt)t>0 2 (Z)izo. (1.23a)

replace the deterministic term e 1°8(¢) with the stochastic term gp(Xlog(c)) and obtain the
random scaling property

(gp(Xlog(c))ilzcthZO 2 (Zt)tZO- (123b)

For random left semistability we write (1.21) in the form

D —1 D
ch,ct = CHZ57t <~ (eHlog(c)) ch,ct = Zs,t) (1243')

replace the deterministic term e 1°8(¢) with the stochastic term gp(Xlog(c)) and obtain the
random scaling property

gp(Aleog(c))_1ch,ct L Zs,t- (1.24b)

11
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Right versions of (1.23b) and (1.24b) are defined similarly by utilizing right stochastic expo-
nentials and respecting the inverted order of multiplication. Since in general no independence
between X and Z is given it turns out that the random semiselfsimilarity in (1.23b) and the
random semistability in (1.24b) need to be simultaneous with the periodic stationarity of the
increments of X. This then necessitates a further distinction of the time parameter because
our definition of periodically stationary increments differentiates between a positive period
for positive time parameter and a negative period for negative time parameter in order to
be compatible with LEVY processes with real time parameter.

The structure of this thesis is as follows. In chapter 2 we provide the necessary background
for LEVY processes, quadratic covariations of semimartingales, and stochastic integrals. In
chapter 3 we discuss properties of the left and right stochastic exponential of a matrix-valued
semimartingale and prove a closed form expression that extends a corresponding result in
[34] but under even more commutativity conditions since we do not assume the semimartin-
gale to be continuous. These two chapters are mostly of preparative nature. In chapter
4 we take on the results about left MGOU processes in [1], prove corresponding results in
the case that the background driving process is a semi-LEVY instead of a LEVY process,
and construct left MGOU processes with real time parameter. We also study right MGOU
processes, which are not considered in [], and transfer all results from left MGOU processes
in both the stationary and periodically stationary case. In the last two chapters we connect
MGOU processes to random semiselfsimilar processes and random semistable hemigroups.
In chapter 5 we prove that a generalization of the LAMPERTI transform creates a one-to-one
correspondence between random semiselfsimilar processes and periodically stationary pro-
cesses and show that this random LAMPERTI transform allows the construction of an MGOU
process out of a random semiselfsimilar process and vice versa. In chapter 6 we prove a one-
to-one correspondence between random semistable hemigroups and random semiselfsimilar
processes with independent increments, derive a random integral representation of a random
semistable hemigroup and show that this integral representation allows the construction of a
periodically stationary process and an MGOU process out of a random semistable hemigroup
and vice versa.

12
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2 Stochastic Calculus

A matrix-valued stochastic process either takes values in the group R™*™ of n x m-matrices,
with the group action being addition, or in the group GL,,(R) of invertible n x n-matrices, with
the group action being multiplication. In the first case the process has additive increments
and in the second case the process has multiplicative increments. In each of these two cases
a stochastic process and its increments may have the following properties.

Definition 2.1. Let either I = [0,00) or I = R. Let X = (X})1er be a stochastic process
where each random variable X, takes values in the group (R"™*™, +) for some n,m € N.

For s < t the additive increment of X on the time interval (s,¢] is the random variable
Xt — Xs.

(a) X has independent increments if X;,, Xy, — Xy, ... , Xt — Xy, , are independent
forall tg < ... <ty, k€ N.

(b) X has stationary increments if X; — X D Xi_s— Xo for all s < ¢.

(c) X has periodically stationary increments with period p > 0 or simply p-station-
ary increments if

D D
(Xtap — Xpi>0 = (Xt — Xo)izo and  (Xi—p — X_pli<o = (X — Xo)t<o-  (2.1)

d) X is stationary if X; D X;forallt €I and h > 0.
+

(e) X is periodically stationary with period p > 0 or simply p-stationary if
D D
(Xirp)izo = (Xe)iz0 and  (Xi—p)i<o = (Xi)i<o- (2:2)

s—t

(f) X is continuous in probability if P(||X; — X;|| >¢) — 0 for all € > 0.

(g) X is cadlag/caglad if its paths are almost surely right/left continuous with limits
from the left /right.

(h) X is called semi-LEVY process with period p > 0 or simply p-semi-LEVY process
if Xg = 0 and X is cadlag and continuous in probability and has independent and
p-stationary increments.

(i) X is called LEVY process if X is a p-semi-LEVY process for all p > 0.

Definition 2.2. Let either I = [0,00) or I = R. Let X = (X})tc; be a stochastic process
where each random variable X; takes values in the group (GL,(R),-) for some n € N. For
s < t the multiplicative left/right increment of X on the time interval (s,t] is the
random variable X; X! respectively X, 1X;.

(a) X has independent left/right increments if XtO,thXt_Ol,...,thX_l respec-

lk—1

tively Xy, thlth, cee Xt_kLth are independent for all ty < ... <{tg, k € N.

(b) X has stationary left/right increments if X; X ! D X Xy ! for all s < t respec-
tively X71X, 2 X' X,_, for all s < t.

13



2 Stochastic Calculus

(c) X has periodically stationary left/right increments with period p > 0 or simply
p-stationary left /right increments if

(XeapX, Dizo 2 (X Dm0 and  (X—pX i< 2 (XX Di<o (2.3a)
respectively
_ D _ _ D _
(X, ' Xisp)izo = (X ' Xo)izo and (X, X; p)ico = (Xg ' Xi)i<o- (2.3b)

(d) X is stationary if X, D X, forallteIandh>0.

(e) X is periodically stationary with period p > 0 or simply p-stationary if
D D
(Xetp)iz0 = (Xi)i>0 and  (Xi—p)i<o = (Xi)i<o- (2.4)

(f) X is continuous in probability if P(||X:X ;|| > ¢) =250 for all € > 0.

(g) X is cadlag/caglad if its paths are almost surely right/left continuous with limits
from the left/right.

(h) X is called left/right semi-LEVY process with period p > 0 or simply left/right
p-semi-LEVY process if Xy = I and X is cadlag and continuous in probability and
has independent and p-stationary right/left increments.

(i) X is called left/right LEVY process if X is a left/right p-semi-LEVY process for all
p> 0.

To clarify the group action we could speak of “additive LEVY processes” and “multiplicative
LEVY processes” as LEVY processes with additive respectively multiplicative increments but
this would lead to confusion with the term “additive process” used by SATO for a process
that is continuous in probability and cadlag and has independent increments but does not
specify the group action. Instead we use the term “semi-LEVY process”, which is an additive
process that has periodically stationary increments, and have the group action be clear from
the context.

In the definition of periodically stationary increments in (2.1), (2.3a), (2.3b) and periodic
stationarity in (2.2), (2.4) we need to differentiate between negative and positive time pa-
rameter in order to be able to construct a LEVY process respectively semi-LEVY process with
time parameter ¢ € R from two independent copies of the same LEVY process respectively
semi-LEVY process with time parameter ¢ > 0. This construction is needed in chapter 4 for
the definition of MGOU processes with real time parameter.

Theorem 2.3. Let (X,Y) = (X, Yy)i>0 be a stochastic process in R™ ™ x R™™ and let
(X",Y") be an independent copy of (X,Y). Let X = (X;)ter and Y = (Yy)er be defined by

Y; fort >0

= Xt fort>0
Xi= { — —Y(’_t)_ fort <0 (2.5)

Xé_t)_ fort <0

and Y, = {
(a) If (X,Y) is a LEVY process then X, Y, and (X,Y) are also LEVY processes.

(b) If (X,Y) is a p-semi-LEVY process for some p > 0 then X, Y, and (X,Y) are also
p-semi-LEVY processes.

14
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Proof. We only prove that X isa ILEVY process respectively p-semi-Lévy process because
the argumentation is the same for Y and (X,Y’). The cadlag property of X and X’ and

the left limit X é_ - In (2.5) ensure that X is cadlag as well. (The left limit only ensures

the cadlag property of X but is not needed for distributional properties since at fixed times
LEVY processes almost surely do not have jumps.) Xy = Xy = 0 holds by definition. X has
independent increments because for 1 < to < 0 < t3 < t4 the random variables

(thl - Xt37)2t3 - th)?m - th) = (Xt4 - tha Xta - Xo + XLtQ - X(l)aXLtl - XLtg)

are independent. If X has stationary increments then X also has stationary increments
because in the case 0 < s < t the stationary increments of X yield

~ ~ D ~
Xe—Xs =Xt — Xs = Xps = Xt
and in the case s < t < 0 the stationary increments of X’ yield
~ ~ D ~
X —Xe=—(X,—X")= —X’_(t_s) = X; 5.
In the mixed case s < 0 < ¢t it holds
Xis = X4 =Xy s — X4 =X 5= X,_S =—X;

and because )?t is independent of both )?t—s — )?t and )Z'S this yields )?t—s 2 X't - )?5. If X
has p-stationary increments then X also has p-stationary increments because for ¢t > 0 the
p-stationary increments of X yield

~ ~ D -

Xt+p - Xp = Xt+p - Xp =X =Xy
and for ¢ < 0 the p-stationary increments of X’ yield

~ ~ D ~
Xip—Xp= *(X,—t+p - X;/>) =X, =X

2.1 One-dimensional stochastic integration

Our construction of a stochastic integral for one-dimensional stochastic processes follows
chapter II in the book [31] of PROTTER. Given a filtered and complete probability space
(Q, A, F, P) such that F = (F;)i>0 is right-continuous and Fy is complete, the first step is
to define a stochastic integral for simple predictable processes.

Definition 2.4. A process H = (H¢)¢>0 is called simple predictable if each H; is of the
form

n
H; = K()l{O} (t) + ZKil(ThTiJrl](t) (2.6)
i=1
where 0 = T < ... < T,41 are a.s. finite stopping times and Ky,..., K, are a.s. finite

random variables such that o(K;) C Fr, foralli =0,...,n.

Let S be the set of all simple predictable processes and S, the space S endowed with the
topology of uniform convergence. Let L be the set of bounded random variables and L°
the space L endowed with the topology of convergence in probability. For a given process
X = (X¢)t>0 a linear mapping Ix : S, — L is defined by

Ix(H) = KoXo+ > Ki(Xr,, — X1,) (2.7)
=1

15



2 Stochastic Calculus

for H € S with representation (2.6). The definition of a stochastic integral for more general
integrands H than simple predictable processes requires the integrator X to be a semimartin-
gale.

Definition 2.5. Let X = (X¢):>0 be a stochastic process.

(a) X is called total semimartingale if X is cadlag, adapted, and the mapping I'x defined
n (2.7) is continuous.

(b) X is called semimartingale if for each constant 7' > 0 the process X7 = (X;a7)i>0
is a total semimartingale.

(c) X is called classical semimartingale if X is cadlag, adapted, and there exist a local
martingale N and a finite variation process B such that Ny = By = 0 and

X; = Xo + N, + B,.

Theorem 2.6 gives basic properties of semimartingales. Notably finite sums of semimartin-
gales are also semimartingales.

Theorem 2.6. [31, Theorem II.1, I11.30, I11.47]

(a) The set of all semimartingales is a vector space.

(b) An adapted cadlig process X is a semimartingale if and only if X is a classical semi-
martingale.

Now let D be the set of adapted processes with cadlag paths and let IL be the set of adapted
processes with caglad paths. S, D, and L are endowed with the topology induced by the
following type of convergence.

Definition 2.7. A sequence (H"),en of processes H" = (H}")t>0 in S, D, or L converges

uniformly on compacts in probability to a process H = (Hy) >0, written H™ hal:d H, if

sup |H" — Hy| 250 forall t > 0. (2.8)
0<s<t
The spaces S, D and L endowed with this ucp-topology are denoted Sicp, Dyep and Ly
respectively. Sy, is dense in Ly, and Dy, is a complete metric space with respect to the

metric
[oe)

aXJQ::E:;ﬁ{mm(LO?E|Xy—n0] (2.9)
n=1 =81

Definition 2.8. For a simple predictable process H € S with representation (2.6) and an
adapted cadlag process X € DD the stochastic integral of H with respect to X is defined
as .
H X = /HS dXs = Jx(H) = KoXo + ZKZ(XT”I — XT1'>. (2.10)
i=1
Evaluating (2.10) at time t gives

/ﬁH dX, = Jx(H t-BhXb#—E:J((X&Nnﬂg—)QAn>

n
= KoXo+ Y Ki(Xp,, = Xb,) = Ly:(H).
i=1

(2.10) induces a linear mapping Jx : S — D. In the case that X is a semimartingale the
mapping Jx : Sycp —> Dyep is continuous by Theorem II.11 in [31]. Since Sy, is dense in
Lycp and Dy, is a complete metric space, there exists a unique extension of Jx to Lyp.
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Definition 2.9. For a semimartingale X the unique continuous and linear extension Jy :
Lycp — Dyep is called stochastic integral with respect to X.

The above steps in the construction of the stochastic integral show that it is a pathwise
construction.

Another important object in stochastic calculus is the quadratic covariation of two semi-
martingales.

Definition 2.10. Let X,Y be semimartingales in R.
(a) The quadratic covariation of X and Y is the process [X,Y] = ([X,Y];)r>0 defined
by

t t
(XY = X,V; — XoYp — / X,_dY, — / Yo dX,, . (2.11a)
0 0

(b) The path-by-path continuous part or simply continuous part of the quadratic
covariation [X, Y] is the process [X,Y]¢ = ([X, Y]{)i>0 defined by

(X, Y]§=[X,Y];— > AXAY,. (2.11Db)

0<s<t

Theorem 2.11 gives properties of the one-dimensional quadratic covariation and its continu-
ous part.

Theorem 2.11. Let X,Y, Z be semimartingales in R.

(a) The quadratic covariation [X,Y] is a semimartingale and has paths of finite variation
on compacts. It satisfies [X,Y]o =0 and A[X,Y] = AXAY.

(b) If X is adapted, cidlag and has paths of finite variation on compacts, then [X, Z]¢ = 0.
(¢) X,Y,Z satisfy the identities

C c
[[va]?Z} = {[X’Y]C’Z} = {[X,Y]C,Z} =0, (212&)
[X.Y],2] = > AXAYAZ, (2.12b)
¢ 0<s<t
Proof.  (a) These statements are Corollary I1.6.1 and Theorem II.23(i) in [31]. Note that
in [31] the quadratic covariation is defined without the term —XyYp and thus Theorem

I1.23(i) in [31] states that [X,Y]p = XoYp instead of [X, Y]y = 0.

(b) By Theorem II.26 in [31] it holds [X, X|¢ = 0 and then by Theorem II1.28 in [31] it also
holds [X, Z]° = 0.

(c) By (a) both [X,Y] and [X,Y]¢ satisfy the assumptions of (b) which implies that
[[X, Y], Z] =0 and [[X, Y)e, Z} — 0. Furthermore we have

[1x,v), 2] = [IX. Y]C,Z}: + 3 AIX,Y]°AZ, =0

0<s<t

and by using A[X,Y] = AXAY we have

1x,v),2] = [[X,Y],Z}:Jr Y AKX, YAZ = Y AXAYAZ,

0<s<t 0<s<t
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Theorem 2.12 gives calculation rules for one-dimensional stochastic integrals and quadratic
covariations of integral processes.

Theorem 2.12. [31, Corollary I1.6.2, Theorem I1.19, 11.29] Let X, Y be semimartingales in
R and let G, H € L.

(a) XY is a semimartingale and XY = XoYo+ X_ Y +Y_ - X + [X, Y] which in integral
notation becomes the integration by parts formula

t t
XY, = XoYp + /Xu_ ay;, + /Yu_ dX, + [X,Y].. (2.13a)
0 0

(b) G-X is a semimartingale and H-(G-X) = (HG)- X which in integral notation becomes

t u t
/Hud</Gv dXv> = /HuGu dx, . (2.13D)
0 0 0

(¢) G-X and H-Y are semimartingales and [G-X,H-Y| = (GH)-[X,Y] which in integral
notation becomes

t t t
[/Gu qu,/Hu dYu] = /GuHu d[X, Y], (2.13¢)
0 0 0

Again note that the integration by parts formula in [31] slightly differs from our integration
by parts formula (2.13a) because the quadratic covariation in [31] is defined without the
term —XpY).

Before we move on to the matrix-valued case we prove that for H,H' € L, and two
semimartingales X, X’ such that the bivariate processes (H, X) and (H’, X’) are equal in
distribution also the stochastic integrals Jx (H) and Jx/(H') are equal in distribution. This
result is implicitly used many times in chapters 4, 5, and 6 when we need the equality in
distribution of stochastic integrals and we know that the pairs of integrand and integrator
are equal in distribution. For the proof we need the following technical lemma.

Lemma 2.13. Let (Y"),en be a sequence of stochastic processes with cadlag paths that
converges in ucp to a stochastic process Y with cadlag paths. Then (Y™),en also converges
in distribution to Y.

Proof. We apply Theorem 13.1 in [7] with P, := Py» and prove that the family (P,)nen of
probability measures is tight and that the vector (Yt’f, ey YtZ) converges in distribution to
(Ye,,..., Y, forall ¢4 < ... < tg, k € N. For the tightness of (P,)nen we verify the two
conditions (13.4) and (13.5) in Theorem 13.2 in [7]. First, by the triangle inequality we have
forall T >0

lim limsup B, (||z > ) = lim limsu P( sup |Y;* >a)
Jim T sup Pl > @) = Jim timsup P sup (7] >

< lim limsupP( sup |Y' —Yi|+ sup |V > a)
0<t<T

a—00 300 0<t<T

a a
< lim limsup P | sup |V -V > =]+ lim P sup |Y}| > =| =0,
= a5 e <0<t£T‘ ! i 2) a—oo <0<t£T‘ "= 2)

=0 =0
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uc

because Y ~5 Y, which shows (13.4) in [7]. Second, using the notation in (12.2),(12.6)
and the inequality (12.7) in [7] we have

wyn (9) < wyn(29)

= sup sup |V = Y|
0<t<T—26 r,s€[t,t+20]

< swp o osup |V -V [V - Vil V- Vil Vs - V)
0<t<T—26 r,s€[t,t+20]

<2 sup |[V'-Ys[+2 sup  sup [V;-Y

0<s<T 0<t<T—26 s€[t,t+20]
and thus for all € > 0

laiin lim sup P, (w},(§) > ¢) = lim limsup P (wy« () > ¢)

n—00 010 n—oo
SlimlimsupP(2 sup |Y'—Ys|+2 sup sup |Y; — Y| 25)
30 n—oo 0<s<T 0<t<T—26 s€[t,t+24]

<limlimsup P | sup |Y," — Y] ZE +1lim P sup sup |Y; =Y ZE
00 n—oo 0<s<T 4 640 0<t<T—26 s€(t,t+26] 4

=0 =0

because Y “B Y and Y has cadlag paths, which shows (13.5) in [7]. Finally, for all & > 0

PV, Vi) = (Vs Yidlloo =€) = PO = Y, o, Y = Vi) lloo > )

— n__
= P( max, |V = Yi| >¢)
<P( swp [V Y| >¢) %0,
0<s<ty,
because Y™ “B Y. Thus (Y,...,Y") = (Yi,,...,Ys,) which implies (Y/,...,Y;?) =5
(Yiyy- -, V2. 0

o

Theorem 2.14. Let H,H' € Ly, and let X, X' be semimartingales such that (H,X)
(H',X"). Then Jx(H) 2 Jy (H").

Proof. Since Sy¢p is dense in Ly, there exist sequences (H™)pen, (H'")nen of simple pre-
ucp

dictable processes with H" “B H and H™ *2 H’. From the proof of Theorem IL.10 in [31]
it can be seen that the H" and H'" can be constructed directly from H and H’ respectively.

Thus (H", X) 2 (H'™, X’) for all n and by (2.10) also Jx (H") 2 Jy/(H'™) for all n. On the
other hand, since Jx, Jx/ : Lyep — Dyep are continuous, we have

Jx(H") 2B Jx(H) and Jx/(H™) =B Jx/(H').
Jx(H™), Jx(H) and Jx/(H'™), Jx/(H') have cadlag paths which by Lemma 2.13 implies
Jx(H") 25 Jx(H) and  Jx/(H'™) 25 Jy (H')

Since Jx (H™) 2 Jx/(H™) for all n it follows that Jy (H) 2 Jx/ (H'). O
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2.2 Multi-dimensional stochastic integration

Stochastic integrals for and quadratic covariations of matrix-valued processes are reduced to
the one-dimensional case by means of the matrix product. As in the one-dimensional case
we denote by D the set of adapted processes in R™*" with cadlag paths and by L the set of
adapted processes in R™*™ with caglad paths.

Definition 2.15. A process X in R™ " is called semimartingale if each component X (44
is a semimartingale in the sense of Definition 2.5(b).

If X and Y are semimartingales in R™*™ then the product XY is also a semimartingale
because each component (XY )7 is by definition of the matrix product and Theorem 2.12(a)
the sum of one-dimensional semimartingales and thus a semimartingale by Theorem 2.6(a).

Definition 2.16. Let X be a semimartingale in R™*™ and let G, H € L.

t

(a) The left stochastic integral is the process G - X = (/Gu qu) whose (i, j)-
0 t>0
component is defined by

@) ot
( / G qu> =Y / Gk g x (k3) (2.14a)
0

¢
(b) The right stochastic integral is the process X : H = </qu Hu> whose (i, 7)-
0 t>0
component is defined by
t (z ) n t
( / dXx, Hu> =Y / HD ax b (2.14b)
=19

0 1

t
(c) The two-sided stochastic integral is the process G- X : H = (/Gu dX, Hu>

0 t>0
whose (i, j)-component is defined by
¢ (4.9) n U
( / G, dX, Hu> =Y / GOk f i) q x (kD (2.14c)
0 kl=17)

G-X and X : H and G- X : H are semimartingales because each of their components is
by definition and Theorem 2.12(b) the sum of one-dimensional semimartingales and thus a
semimartingale by Theorem 2.6(a).

Definition 2.17. Let X,Y be semimartingales in R™*",
(a) The quadratic covariation of X and Y is the process [X,Y] = ([X,Y]t)t>0 whose
(i,j)-component is defined by

X,V = 3 [x 00,y ()] (2.15a)
k=1
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(b) The path-by-path continuous part or simply continuous part of the quadratic co-
variation [X, Y] is the process [X, Y] = ([X, Y]{):>0 whose (7, j)-component is defined
by

n

(X, y]e ) . Z[ X (0R) y( JL. (2.15b)

Theorem 2.18 and Theorem 2.19 show that the defining formulas (2.11a) and (2.11b) for the
one-dimensional quadratic covariation and its continuous part as well as the properties in
Theorem 2.11 also hold true in the multi-dimensional case.

Theorem 2.18. Let X,Y be semimartingales in R™ ",

(a) The quadratic covariation of X and'Y is for allt > 0 given by

t
[X,Y], = XY, — XoYo — /Xu_ dy, — /qu Y. (2.16a)
0

(b) The continuous part of the quadratic covariation [X,Y] is for all t > 0 given by

(X, Y]f=[X. Y], — > AX,AY,. (2.16b)
0<s<t

Proof. (a) By (2.15a), (2.11a), (2.14a) and (2.14b) we have for all i,j =1,...,n

n

Z {X(Lk)7 Y(’w’)]
t

k=1

t
Z < © k)Y 7) X i, k J) /X /Yékd) quSz,k))
0

X, Y]

(i-9) (i-9)
= (X)) — (XoYp) ) — ( / Xu- dYu> - < / dX, Yu_>
0
t t (i-9)
= (Xth — XoYp — / Xu—dY, — / dX, Yu_> :
0 0

(b) By (2.15b) and (2.11b) we have for all 4,7 =1,...,n

X Y = 3 60, y 9]

k=1
= <[X<i,k>,y<k,j>} _ Y AXEHAYE)
k=1 t 0<s<t
= {X(Zk 71)] 3 Z (AX,) ) (AY,)*d)
k=1 0<s<t k=1
= XY 3 (AXLAY)E)
0<s<t
(i)
- ([X,Y]t— > AXSAYS> .
0<s<t
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Theorem 2.19. Let X,Y, Z be semimartingales in R™ ",

(a) The quadratic covariation [X,Y] is a semimartingale and has paths of finite variation
on compacts. It satisfies [X,Y]p =0 and A[X,Y] = AXAY.

(b) If X is adapted, cidlag and has paths of finite variation on compacts, then [ X, Z]¢ = 0.
(c) XY, Z satisfy the identities

(x.v].2]" =[x,y 2] = [[X.v]5. 2] =0, (2.17a)
[[X,Y],ZL: Y AXAY,AZ. (2.17b)
0<s<t

Proof. (a) [X,Y] is a semimartingale because each component [X,Y]() is by definition
and Theorem 2.11(a) the sum of one-dimensional semimartingales and thus a semi-
martingale by Theorem 2.6(a). For 4,5 = 1,...,n we clearly have [X, Y](()m) =0 and

(A[X, YD) = A[X, V]9 = A Z [X(i,k),y(kvj)} — Z A [X(ivk)jy(k,j)}
k=1 k=1

AXERAY ®D) = 57 (AX) R (AY )R = (AXAY)ED).
1 k=1

M=

k

(b) Each component X@F) of X is adapted, cadlag and has paths of finite variation on
compacts and each component Z*7) of Z is by definition a semimartingale. Then by

Theorem 2.11(b) we have [X(i’k), Z(k’j)]c = 0 which implies that

n

(X, 7)) Z[ X @k), (lw} —0.

(c) By (a) both [X,Y] and [X Y|¢ satisfy the assumptions of (b) which implies that

{[X, Y], Z] =0 and { Zr = 0. Furthermore we have
X1 2] =[x, ,}+ZAXY}CAZ_0
0<s<t

and by using A[X,Y] = AXAY we have
X, Y],ZL =[x, 7], ] + 3 AKX YAZ = Y AXAYAZ,.
0<s<t 0<s<t
O
Theorem 2.20 shows that the calculation rules for one-dimensional stochastic integrals and
quadratic covariations of integral processes in Theorem 2.12 also hold true in the multi-

dimensional case but the distinction between left and right stochastic integrals becomes
important.

Theorem 2.20. Let X,Y be semimartingales in R™" and let G, H € L.

(a) XY = XoYo+ X_ - Y + X : Y_ + [X,Y] which in integral notation becomes the
integration by parts formula

t
X,Y; = XoYp + /Xu_ ay, + /qu Yoo + [X,Y)s. (2.18a)
0
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(b) H-(G-X)=(HG)-X and (Y : H) : G =Y : (HG) which in integral notation become

t

U t
/Hud</Gv dXv> = /HuGu dx, (2.18b)
0 0
t

0
u

t
/d(/dY; H) G, = /dYu H,Gh,. (2.18¢)
0

0 0

(c) [G-X,Y :H|]=G-[X,Y]: H which in integral notation becomes
t t t
UGu qu,/dYu Hul - /Gu d[X, Y], Ha. (2.18d)
0 0 0

(d) [X:G,H-Y]|=[X:(GH),Y]=[X,(GH) - Y] which in integral notation becomes

t t t t
Uqu Gu,/HudYu] - [/qu GuHu,Ytl - [Xt,/GuHudYu]. (2.18¢)
0 0 0 0

Proof. (a) (2.18a) is equivalent to (2.16a).
(b) By (2.14a) and (2.13b) we have for all 7,5 =1...,n

u u

: Gi) (k)
(/Gud</HvdXv>> :Z/ngv’ﬂd(/flvdxv)
0 k=1

0 0

G§jv’“d< / H{FD dX}}»J‘))
0

GUR g RD q x (1)

t u

(Jal Jorn)e)” =5 fea( forn)

0 0
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t t (V) I t (i.k) (k.)
[/quGu,/HudYul :Z[(/d){uau> ,(/HudYu> ]
0 k=1L \%

0
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and analogously

t t i) g ¢ (i.k) (k.)
[/quGu,/HudYu] :ZK/quGu) ,(/HudYu> ]
0 0 k=1 L\%
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3 Stochastic Exponential

3 Stochastic Exponential

Chapter 3 deals with the stochastic exponential of a semimartingale which will be utilized
throughout the entire thesis. It is a building block of the integral representation of MGOU
processes, it describes the scaling of random selfsimilar processes and random stable hemi-
groups, and it converts random selfsimilar processes into stationary processes and vice versa
by means of the LAMPERTI transform. In chapter 3.1 we give the definition and basic proper-
ties of the stochastic exponential and in chapter 3.2 we prove a closed form expression for the
stochastic exponential of a matrix-valued semimartingale under commutativity conditions.

3.1 Definition and general properties

The stochastic exponential of a real-valued semimartingale X is motivated by the fact that
the deterministic exponential function exp : R — R solves the deterministic differential
equation dy(t) = y(t) dt with initial condition y(0) = 1. Replacing the real-valued function
y(t) with a real-valued stochastic process Y and the deterministic differential d¢ with the
stochastic differential dX; leads to the stochastic differential equation dY; = Y; dX; with
initial condition Yy = 1. The unique strong solution is the stochastic exponential Exp(X).

Due to the non-commutativity of matrix multiplication there are two types of stochastic
exponentials in dimension n > 2 as one can consider the two stochastic differential equations
dY; =Y, dX; and dY; = d X, Y;.

Definition 3.1. Let (Q, .4, F, P) be a filtered and complete probability space such that
F = (Ft)et>0 is right-continuous and Fj contains all null sets of A. Let X = (X¢)¢>0 be an
F-adapted semimartingale in R™*™.

(a) The left stochastic exponential gp(X ) of X is the F-adapted cadlag process that
solves the stochastic differential equation

dExp(Xy) = Exp(X ) dXy , Bp(Xo) =1 = Ep(X) =1+ / Exp (X, ) d X, .
0
(3.1a)

—
(b) The right stochastic exponential Exp(X) of X is the F-adapted cadlag process that
solves the stochastic differential equation

t
—— — — — —
dExp(X;) = dX; Exp(Xi_) , Exp(Xo) =1 <= Exp(Xy) =1+ / dX, Exp(Xu_).
0

(3.1b)

By Theorem V.7 in [31] the solutions of (3.1a) and (3.1b) are unique in the strong sense

and are F-semimartingales. Thus Exp(X) and Exp(X) are semimartingales whenever X is a
semimartingale.

Similar to a stochastic exponential one can define a stochastic logarithm although stochastic
logarithms will not be as prevalent in this thesis as stochastic exponentials. Because of the
non-commutativity of matrix multiplication there are also two types of stochastic logarithms
in dimension n > 2.

Definition 3.2. Let (Q2, A, F, P) be a filtered and complete probability space such that
F = (Ft)t>0 is right-continuous and Fy contains all null sets of A. Let X = (X;);>0 be an
F-adapted semimartingale in GL,,(R).
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H
(a) The left stochastic logarithm Log(X) of X is defined by

t
Log(X,) = / X 'dX, < dlog(X)) = X;'dX,, Log(Xo)=0.  (3.2a)
0

(b) The right stochastic logarithm @(X ) of X is defined by

t
Log(X;) = /quxgl —  dlog(X,) =dX, X!, Log(Xo) =0.  (3.2b)
0

By Theorem I1.19 in [31] the integral processes X ~'- X and X : X! are F-semimartingales.

—
Thus Log(X) and Log(X) are semimartingales whenever X is a semimartingale.

(Ec)entimes a stochastic exponential needs to be inverted which means that gp(X ) and
Exp(X) need to be processes in GL,(R). By Theorem 1 in [21] this holds true if and only if

det(I + AX,) £ 0 for all . (3.3)

— — — =
In this case the processes gp(X)_1 and Exp(X)~! as well as Log (gp(X)) and Log(Exp(X))
are well-defined and the stochastic exponential and stochastic logarithm show properties that

are known from the deterministic exponential and logarithm functions.

Lemma 3.3. (a) Let X = (Xi)i>0 be a semimartingale in R™™™ with Xog = 0 which
satisfies (3.3). Then for all 0 < s <t

Exp(X; — X,) = Exp(Xs) ' Exp(Xy), (3.4a)
— — —
Exp(X; — X) = Exp(X;)Exp(X,) ™!, (3.4b)
%
LOg(%(Xt)) = X, (3.4c)
— —
Log (Exp(X7)) = X;. (3.4d)
(b) Let X = (X¢)t>0 be a semimartingale in GL,,(R) with Xo = I. Then for all 0 < s <t
Log(X:1X,) = Log(X;) — Log(X,), (3.52)
Log (X, X;") = Log(Xy) — Log(X.), (3.5D)
F
xp(Log(Xy)) = Xi, (3.5¢)
——
Exp (Log(X7)) = X;. (3.5d)

Proof.  (a) To prove (3.4a) we write Z := gp(X), Zsy =217, = gp(Xs)_lgp(Xt) and
t =s+ h with h > 0. Then

s -1 s s+h
Zgorn = <I + / T qu> (I + / Zu dX, + / T qu>
0 0 s

s+h h
=T+ 27! / Zy—dX, = I+/Zle(8+u) dXiu
0
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3 Stochastic Exponential

h
=71 +/Zs,(s+u)— d(XS+u — Xs) .
0

Since Zs s+0 = I and the left stochastic exponential is the unique solution of (3.1a) it
follows that

Exp(X.) " SExp(X0) = Zuy = Zooin = Exp(Xayn — X) = Exp(X; —

To prove (3.4b) we write Z = E—xp;(X), Zsy = ZiZ7! = E—xp)(X,g)E—X[})(XS)*1 and
t = s+ h with A > 0. Then

s s+h s -1
Zgsin = (I + / dX, Z,— + [ dX, Zu_> (I + / dX, Zu_>
0 S 0
s+h h
=1+ / dX, Z, Z;' = / AX o Z(sru)-Z5 '
0

h
=1+ /d(Xs+u - X;) Zs,(s+u)—-
0

Since Zs 10 = I and the right stochastic exponential is the unique solution of (3.1b)
it follows that

— — _ — —
Exp(X)Exp(Xs) ™! = Zsy = Zssrn = Exp(Xop — Xs) = Exp(X; — X).

For the proof of (3.4c) the integral form of (3.2a) and the differential form of (3.1a)
together yield

Cog (Exp(x0) = [ B, aBp(x) = [ Bp(X,o) Exp(Xo
0

0
t

—/qu—Xt—Xo—Xt.
0

For the proof of (3.4d) the integral form of (3.2b) and the differential form of (3.1b)
together yield

[en]

(b) For the proof of (3.5a) the integral from of (3.2a) yields

Log(Xt)—Log / X, tdx, / X(S - WXy
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3 Stochastic Exponential

t
= (Xng(eru)f)_l d(XL:lXS-i-U)
0
— —
= Log(X; ' Xsy1—s) = Log (X, 1 X;).

S

For the proof of (3.5b) the integral form of (3.2b) yields

t—s

0

d XS-‘ruX (X(s-i-u)—Xs_l)il

—
= Log(Xst1—s X, ) = Log(Xth_l).

For the proof of (3.5¢) the differential form of (3.2a) and the integral form of (3.1a)
respectively yield

t
%
Xt:I+Xt—X0:I+/qu:I+/XuXu_lqu:I+/XudLog(Xu)
0

and

fp(Log Xt —I+/ﬁ Log(X )dLog( w) -

Since Xy = I and gp(Log(X@) = [ it follows from the uniqueness of the solution of

(3.1a) that X; = gp(E(Xt)) for all ¢ > 0.

For the proof of (3.5d) the differential form of (3.2b) and the integral form of (3.1b)
respectively yield

t t t
Xt—I+Xt—Xo—I+/qu—I+/quX;_1Xu_—I+/d@(xu)xu_
0 0 0

and .
— —
Exp (Log(Xy)) = 1 + / dLog(X,,) Bxp(Log(X,-))
0
—
Since Xy = I and Exp(Log(Xo)) = I it follows from the uniqueness of the solution of

—y
(3.1b) that X, = Exp(Log(X,)) for all ¢ > 0.
0

The inverse of the left respectively right stochastic exponential of a semimartingale X is the
right respectively left stochastic exponential of a semimartingale U which can be directly
calculated from X.

Lemma 3.4. Let X = (X¢)i>0 be a semimartingale in R™*™ which satisfies (3.3) and let
= (Ut)e>0 be defined by

Up=-X + X, X[+ Y ((I+AX,)™ = T+AX,). (3.6)

0<s<t
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3 Stochastic Exponential

Then for allt >0

E'(Xt)—l = Bxp(U)), (3.72)

Exp(X:) "' = Exp(U), (3.7b)

det(I + Al,) = M (3.7¢)

Proof. (3.7a) has already been proven in Theorem 1 in [21]. (3.7b) can be proven similarly:
By definition of U we first have [U, X|{ = —[X, X]{ and

AU; = —AX + (T +AX) =T+ AX = (T +AXy) ' — 1. (3.8)

From this it follows
X+ U+ [U,X] = X = X+ [X, X5+ > ((T+AX)™ = T+ AX,)
0<s<t

+[U.XJf+ ) (AU)(AX,)

0<s<t

=X, — Xi + [ X, X]{ - [ X, X]{
+ 3 (I+AX)™ =T+ AX,+ (I +AX,)T'AX, - AX,)

0<s<t

=2 ((I+AXS)*1(I+AXS) —I+AX, — AX5> ~0

0<s<t

The integration by parts formula (2.18a) together with (3.1a), (3.1b), and (2.18d) now yield

t
Exp(U)Exp(X:) = Exp(Un)Exp(Xo) /fp ) dExp(X. +/d<E7p ) Exp(Xu_)
0

{fp Exp }
t
t
—
i [ X+ [ Bxp(Un) AU Bxp(X,.0)
0 0
t t
+ I+/§(U )dUu,I+/qu E_><p>(Xu)]
0
t t
1+ [Eo Exp(X,) + [ Brp(U) dU, Bp(X,)
0 0
t
+ [ Bow, ], Bp(X,.)
0
t
:1+/‘ETp d(Xo + Us + [U, X]u) Exp(Xa_) = I
0 ~0
which shows that Exp (X))~ fp U;). (3.7¢) follows from (3.8) because

1

det(I + AU;) = det ((I+AX,) ™) = det(I + AXy)”
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3 Stochastic Exponential

BEHME and LINDNER have shown that the stochastic exponential and stochastic logarithm
preserve the properties of LEVY processes.

Proposition 3.5. [, Proposition 2.4]

(a) Let X = (Xy)i>0 be a LEVY process in R™"*™ which satisfies (3.3). Then Exp(X) and
. /.
Exp(X) are left respectively right LEVY processes in GLy(R).

, — —
(b) Let X = (Xt)i>0 be a left or right LEVY process in GL,,(R). Then Log(X) and Log(X)
are LEVY processes in R™*™ which satisfy (3.3).

The stochastic exponential and stochastic logarithm also preserve the properties of semi-
LEVY processes in that stationary increments of X can be weakened to periodically sta-
tionary increments and gp(X ), E—XE)(X ), fjg(X ), Gé(X ) still have periodically stationary
increments. This enables the study of semiselfsimilarity and semistable hemigroups in con-
junction with semi-LEVY processes in chapters 5 and 6.

Theorem 3.6. (a) Let X = (X¢)i>0 be a p-semi-LEVY process in R™™ ™ for some p > 0
> o8¢ /
which satisfies (3.3). Then Exp(X) and Exp(X) are right respectively left p-semi-LEVY
processes in GLy,(R).

(b) Let X: (Xt)e>0 be_gz right or left p-semi-LEVY process in GL,(R) for some p > 0.
Then Log(X) and Log(X) are p-semi-LEVY processes in R"*"™ which satisfy (3.3).

Proof. In the proof of Proposition 2.4 in [1], which goes back to the proof of Proposition
5.5 in [2], the stationarity of the increments of X is only needed in order to show that

gp(X)7 E—)([>)(X), <IE(X), @(X) also have stationary increments, but not for the proof of
the remaining properties of a LEVY process. Thus we only need to prove that p-stationary
increments of X result in p-stationary increments of gp(X ), Exp(X), Log(X), Log(X) while
the remaining properties of a p-semi-LEVY process can be shown similarly to Proposition 5.5
in [2].

(a) (3.4a) and (3.4b) yield for all ¢ > 0

Exp(X,) " Exp(Xi4p) = Exp(Xi1p — X,) 2 Exp(X; — Xo) = Exp(X,),
Exp(X11)Exp(X,) ! = Bxp(Xpyp — X,)

(b) (3.5a) and (3.5b) yield for all ¢ >0

Ta T — D—
Log(X4p) — Log(X,) = Log(Xp 1Xt+p) = Log(X, 1Xy) = Log(Xy),

— — — L\ D — ~
Log(X+p) — Log(X,) = Log(Xi1pX, ") = Log(X: X ') = Log(Xy).

3.2 Closed form expression

In dimension n = 1 there is no need to specify the order of multiplication and the stochastic
exponential Exp(X) of a semimartingale X can be written in the closed form

1 1
Exp(X;) = exp (Xt -5 X]t) I] 0+ AX,)exp (—AXS + 2(AXS)2) :
0<s<t
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3 Stochastic Exponential

See Theorem I1.37 in [31] for a proof of this formula. BEHME and LINDNER mention in their
paper [1] that for dimension n > 2 no such closed form expression is known. YAN however
proved in [34] that the stochastic exponential of a continuous semimartingale in dimension
n > 2, under the assumption that various processes commute in the sense that their left and
right stochastic integral with respect to each other are equal, can be written in the closed
form

gp(Xt) = E—XF;(Xt) = exp (Xt - %[X, X]t) .

We now prove a closed form expression for the stochastic exponential of a semimartingale
in dimension n > 2 which generalizes both of the above mentioned results. We follow the
proof of YAN but allow the semimartingale to also have jump parts which requires additional
commutativity assumptions involving the jump parts of X.

Definition 3.7. [34, Definition 1.1] Let H = (H¢)¢>0 and Z = (Z;)+>0 be semimartingales
in R"*". Then the pair (H, Z) is called commutative if for all t > 0

t

t
/ H, dZ, = / dZ, H, (3.9)
0

0

which can also be written as (H_ - Z)y = (Z : H_); or as H;_ dZ; = dZ; H;_.

Note that since in [34] only continuous semimartingales are considered we have to integrate
H,_ rather than H, to ensure that we integrate a process with caglad paths.

Definition 3.8. [34, Definition 6.1] Let 7 € (0,00) U {00}, let f : By(z9) — C be analytic
oo
with TAYLOR series f(z) = Z ar(z — 20)¥ in B,(2) and let A € R™*™ with ||A — zI|| < 7.

k=0
Then the matrix

o0
FA) =" ap(A - zI)* (3.10)
k=0
is well-defined because the series converges absolutely.

The following proposition is a collection of the results in [34] that lead to the closed form
expression for the stochastic exponential of a continuous semimartingale in dimension n > 2.

Proposition 3.9. [34, Theorem 4.1,4.2,6.1] Let X = (X;)¢>0 be a continuous semimartingale
in R™"™ such that (X, X) and (X, [X, X]) are commutative.

(a) Forallk>1

-1
dXF = kX ldX, + MXZ“’Z d[X, X, (3.11a)
k(k—1
dXF = kdX, XF 1+ (2) d[X, X]; XF2. (3.11b)
(b) For any analytic function f : By(z9) — C
1
df(Xy) = f/(Xy)dX; + if//(Xt) d[X, X]¢, (3.12a)
1
df(Xy) =dX; f1(Xy) + 5 d[X, X]e f"(Xy). (3.12b)

32



3 Stochastic Exponential

(c) If additionally Xo =0 and V := X + 3[X, X], then Y = exp(X) is the unique solution
to both the stochastic integral equations

t ¢
Vi=1+ /Yu dV, and Yi=1+ /qu Y. (3.13)
0 0

(d) If additionally ([X, X], X) and ([X, X], [X, X]) are commutative as well, then

Exp(X) = Exp(X) = exp (X - %[X, X]) . (3.14)

The next four theorems generalize Proposition 3.9(a)-(d) and lead to a closed form expression
for the stochastic exponential of a semimartingale in dimension n > 2.

Theorem 3.10. Let X = (X;)i>0 be a semimartingale in R™™ such that (X,X) and
(X,[X, X]%) are commutative, Xo = 0, and X;X;— = Xy X; for allt > 0. Then for all
k>1

t t
-1
xXF=k / XFlax, + k1) / XFAX X+ (Axf - k:ijlAXs), (3.15a)
0 2 0 0<s<t
t

t
-1
xF =k / dx, xk=1 k(k2) / dX, X1 X2+ Y (AXf —ka:lAXs). (3.15D)
0 0

0<s<t
Proof. We first prove (3.15a) by induction over k. For k = 2, since (X_, X) is commutative,

the integration by parts formula yields

t
X} = / Xy dX, + [ dXy, X, +[X, X];
0

S —

t t
— /Xu qu+/Xu dX, + [X, X] + >0 (AX)?
0 0 0<s<t

t

t
- 2/Xu qu+/d[X, XJs+ Y (AxZ-2x, AX,).
0 0 0<s<t

In the last step we used the additional assumption X X, = XX for all s > 0 to obtain

(AX)? = (X, - X, ) =X?-X,X,. — X, X, + X2
= X2 - X2 +2X2 - 2X,X,_ = AX? - 2X,_ AX,. (3.16)

For the induction step we assume that (3.15a) holds for some k£ > 1. Then

t

t c
E(k—1
k/X{j:lquJr k(k—1) 5 )/X{j:?d[X,X]g,Xt]
0 0

(X%, X]; =

+ Y (AXf—ka:lAXS),Xtr

0<s<t

=0
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3 Stochastic Exponential

t t
= k;/X{j—ld[X, XI¢ + k;(k:;l)/ij_gd[[X, X, x|
0 0
t
= k:/X{f:ld[X, X1
0

and the integration by parts formula yields

t t
XM= xFx, = /ij dXx, +/dX{j X+ [XF X
0 0

t t
k(k—1
— / Xk dx, + / (kxff:1 dX, + (2)ij:2 d[X, X]Z) X
0

+/d< > (ax? —ka__lAXS)> Xoo (X5 X+ Y (AXF)(AX,)
0

0<s<u 0<s<t

t t t
k(k—1
= /X{;j quJrk/Xﬁ dX, + (Q)/ij:ld[X, X]¢
0 0 0

t

+ Y (AxE - kXEAX )X 4k / XX, xS+ Y (AXE)(AX,)
0<s<t 0 0<s<t
t t
= (k+1) /X{j dX, + k(k;” /X]j:l d[X, X]¢
0 0
+ Y ((Axt-rxilax) X, +(axh(ax,))

0<s<t
t t

1
_ (k+1)/xjj_ qu+k(k2+)/Xff_1d[X,X]§
0 0

+ > (AxE - (e 1)xEAX).
0<s<t

Here the last step follows from
(AXF — EXFIAX) X, + (AXF)(AX,)
= (Xf - Xf— - ng:l(Xs - Xsf))Xsf + (Xf - Xf—)(Xs - Xsf)
= XFX, - XM _pxMlx x4 EXEP L xEL O XEX, - XE X4 xEH
= —kXFIX X F EXM 4 XML XE X
= Xk xR (k4 ) XM kXXX - XE X
= XFH XM (e )X — (k1) XE X
= X§+1 - ij_l —(k+ 1)X§—(Xs - Xs-)
= AXF _ (k+ 1)XP AX,. (3.17)

We now prove (3.15b) in a similar way. For k = 2 the integration by parts formula together
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3 Stochastic Exponential

with (3.16) yields

X} = / Xy dX, + [ dX, X, +[X, X];

dXy Xuo 4+ [ dXu Xue + [ X, X5+ D (AX))?
0<s<t

Il
ok\_\\“ o
— . C—

0
t

t
dXy Xoe +/d[X, XJs+ Y (AxZ-2X, AX,).
0 0<s<t

o

For the induction step we assume that (3.15b) holds for some k£ > 1. Then

t t c
-1
(X%, X)¢ = k/qu Xh 4 k(kQ)/d[X, X}ZXS:z,Xt]
0 0

>y (AXf—ka_lAXS),Xt]C

0<s<t

X)e xk-1

Il
o~
ok\_\w“
o]
S

and the integration by parts formula together with (3.17) yields

t t

XM = XX, = /ij_ qu+/dX{qu + X, X,

0
t

t
:/quX{j_+/(kquij_1 k(zl)d[x X1¢ Xk 2) Xoo
0 0

+ / d( > (axt —kalAXS)> X + X5 X+ S0 (AXE)(AX)
0 0<s<u

0<s<t
t

t t
-1
= /quX{j_ +k/quX{j_ + k(kz)/d[X,X]‘;ijl
0 0 0

+ 3 (AxE - exEAX) X +k:/d[X XEXE 4 Y (axhyax,)
0<s<t 0 0<s<t
t t
:(k:+1)/dX X’f_+k(k2+1)/d[x X xk-1
0
+ 3 (AXk EXETTAX) X+ (AXD)(AX,))
0<s<t
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3 Stochastic Exponential

t t
k(k+1)
= (k+ 1)/quX{j + = + /d X)¢ xk-t
0

0

+ 3 (X - (k+)xEAX,).
0<s<t

O]

Theorem 3.11. Let f : C — C be analytic and let Z = (Z¢)i>0 be a semimartingale in
R™ ™ such that (Z,Z) and (Z,[Z, Z]¢) are commutative, Zy = zol, and ZyZy— = Zy_Zy for
allt > 0. Then

120 = 120 + [ 1(Zi)azis g [ 120 dz 25+ S (81(2) - 1(2)82,),
0

N | =
o\ﬁ

0<s<t
(3.18a)
¢ . ¢
f(Z) = f(Zo)+/dZu f/(Zu)+2/d[Z A )+ Z (Af £( S,)Azs),
(3.18b)
Proof. Let f(z) = Z ax(z — 20)* be the TAYLOR series of f and let X; == Z; — z9I. Then
k=0

dX; =dz, , dX,X]i=d[Z,Z]; , AX,=AZ.
X satisfies the assumptions of Theorem 3.10 because

Xo="Zyp—zl =20l — 20 =0
XiXi =1 Zy — 2 Zy — 207 + 221
=7y Ty — w0 Z — 207 + 221 = Xo_ Xy,
v dXy = Z,_ dZ, — 20l A2,
=dZ, Z,_ —dZ; 2ol = dX, X,_,
X, d[X, X = 2,_d[2, 2] — %I d]Z, Z]¢
=d[2,2]$ Z,_ —d[Z, Z]5 20] = d[X, X X;_.

We can therefore apply (3.15a), which obviously also holds true for k£ € {0, 1}, to every power
(Z; — zI)F = X[ in the TAYLOR series of f(Z;). This results in

00
f Zak Zt —Z()I Zaka

0<s<t

t
_ iak <k/X{j:1qu R L /Xk’ 2d[X, x),+ > (Axk- ka__lAXS>>
k=0 0

:/<ikakx’5:1> dX, + = /(Zk -1 akX5:2> d[X, X5
0 k=1

0

+ ¥ (ZakX ZakX —<§jkakX§:1>AXs>

0<s<t \ k=0 k=1
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3 Stochastic Exponential

N

/(Zkak u_—zOI) >dZu+
0

/ (Z k(k —1)ap(Zy_ — 20D) 2) d[z, z]¢
0

Z (Zak —ZOI Zak S_—Z()I (Zkak S_—zOI)k 1>AZS>
k=1

0<s<t

t t
:/f’( dZu—i—;/f” d7,2)5+ 3 (Af f’(ZS_)AZS)
0 0

0<s<t

which is (3.18a). Similarly we can instead apply (3.15b), which obviously holds for all & € Ny
as well, and obtain

o0

f Zak Zt—ZOI ZakXt
k=0
o t t
= ag u 57 5:7 s
3 <k/dXX ! /dXX X524 Y (AXE - kX! 1AX)>
k=0 0 0 0<s<t

Il
o\“
o,
£
(]2
-
~
e}
~
+
DO | =
c>\@F
2
I
<
N
g
v =
|
N
&S
>
>
—

i kag(Zy— — zOI)’“> + % /d[Z Z)¢ (Z k(k — )ag(Zy— — 20D)*~ )
- 0

k=2

+ (i ar(Zs — 201)* — i ar(Zs— — 2D)¥ — ( i kay(Zs— — zOI)k1> AZS>
0<s<t

which is (3.18b). O

Theorem 3.12. Let Z = (Z;)1>0 be a semimartingale in R™*" such that (Z,2), (Z,]Z, Z]°)
are commutative, Zy =0, and ZiZy_ = Zy_Zy for all t > 0. Let

Vo= Zt+ 2,21+ Y (exp(AZ) - (I +AZy)). (3.19)
0<s<t

Then'Y = exp(Z) is the unique solution to both of the stochastic integral equations
t
Yi=1+ /Yu_ dV, and Yi=1+ /qu Y._. (3.20)
0

Proof. We use Theorem 3.11 with the analytic function f : C — C defined by f(z) := exp(z)
to show that Y = exp(Z) = f(Z) is a solution to both equations in (3.20). First, an
application of (3.18a) to f(Z;) yields

exp(Zt) = f(Z4)
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1@+ [ F(Zydzir ) [ (Zo A2z Y (852 - (2.0)82.)
0 0

0<s<t

1 c
I+ / exp(Z,-) 70+ 0/ ex(Z )AL 2+ 3 (Aexp(Z,) — exp(Z.-)AZ,)

=1+ /exp(Zu_)d <Z + - 1 ) + Z (exp —exp(Zs—)(I + AZS)).

0<s<t
We now rewrite the remaining sum as a right stochastic integral of exp(Z,_) with respect to

> M, where M, :=exp(AZ)— (I + AZ). (3.21)

0<s<u

Note that My =0 if AZ; = 0. Since A Z M, = M, we have
0<s<u

Z (exp(Zs) —exp(Zs—)(I + AZS))

0<s<t

= Z eXp(Zs,)exp(Zs,)_l(exp(Zs)—exp(Zs,)(I—l—AZs))
0<s<t

= > exp(Ze)(exp(Zs-) " exp(Zy) — (I + AZy))
0<s<t

= > exp(Z)(ep(AZ) — (I +AZ,))
0<s<t

= ) exp(Zs_)M;
0<s<t

= Z exp(Z ( Z M)
0<s<t 0<r<s

t

- [ 2, )

0

Combining both terms into one integral then results in

exp(Zy) = I + 2.25)+ ¥ (expl2) - explZ)(1 + AZ,)

0<s<t

exp(Z,-)d (Zu+ 5

ok\_\ﬁ
~+ ~+

t

I—l—/exp(Zu_)d(Zu—i-;[Z,Z]Z) +/exp (02 M)
0 <s<u

0

t
- I—i—/exp(Zu_)d(Zu—i- %[Z, 215+ Y MS> = I—i—/exp(Zu_)qu

0<s<u 0

~+

0

which is the first equation in (3.20). Similarly, an application of (3.18b) to f(Z;) yields

exp(Zt) = f(Z4)
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3 Stochastic Exponential

t / L

:f(ZO)+O/dZ W f(Zy _)+2/d[Z Al +0<Zs<t (Af(20) - f'(Z)AZ,)

= /dZ exp(Z —i—;/d [Z, Z)S exp(Zy—) + Z (Aexp(Z ) —exp(Zs )AZ)
0 0 0<s<t

= I+/d <Z + - [Z AN >exp —i—O;sq(exp —(I+AZ )exp(ZS_)).

Again we rewrite the remaining sum as a left stochastic integral of exp(Z,_) with respect to
Z M, with M defined as in (3.21). We now have

0<s<u

(exp —(I+AZ )exp(Zs,))
(exp I+ AZ )exp(ZS_)) exp(Zs—) ' exp(Z,_)

(exp Yexp(Zs_ )t — (I + AZS)> exp(Zs—)

( exp(AZs) — (I + AZ )) exp(Zs—)
= Mg exp(Zs-)
0<s<t
Z ( Z M)exp -)
s<t 0<r<s

2/ <0<§S:<UMS> exp(Zy-)

and combining both terms into one integral with respect to Vi results in
¢

exp(Zy) :I—l—/d(Z + = [Z AN )exp )+ Z (exp - (I +AZ )exp(Zs_))

0<s<t

I+/td<Z + = [Z A )exp(Zu)—i-/td( > Ms> exp(Zy_)
0 0

0<s<u

t

:I+/d<Z + = [ZZ + > M>exp(z )= +/queXp(Zu)
0

0 0<s<u

which is the second equation in (3.20). O

Theorem 3.13. Let X = (X¢)i>0 be a semimartingale in R™*™ such that Xo = 0 and for
all s,t >0

IAX] <1, X Xee = X;- Xy, AX,AX, = AX,AX, , [X, XJSAX, = AX,[X, XS
Additionally assume that (X, X), (X, [X, X]9), (X, X% X), (X, X [X, X]¢) as well as

< 3 (1og(1 +AX,) — AXS),X> and ( 3 (1og(1 +AX,) — AXS>, X, X]C>

0<s<-— 0<s<—
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3 Stochastic Exponential

are commutative. Then the left and right stochastic exponential of X are equal and given by
- —
xp(X;) = Exp(X;) = exp <Xt X X+ > (1og I+ AX,) - AXS>>. (3.22)
0<s<t

Proof. Since ||AX¢|| < 1 for all ¢ > 0 the matrix logarithm log(/ + AX;) is defined for all
t > 0 by Theorem 2.8 in [15] and we can define

1
7y =Xy — [X XI¢ + Z (log (I +AX;)— AXS) = Zt(l) - §Zt(2) + Zt(g)
0<s<t

where 7V = X,, Z® = [X, X]¢ and

3 k+1
70 = % (logI +AX,) -~ AX,) = Y Z X,)F
0<s<t 0<s<t k=2
with increments AZt(l) = AX;, AZt(Q) =0 and
(3) o0 (_1)k+1
AZ =log(I + AXy) — AXy =) (AX,).
k=2

We verify that Z = (Z;);>¢ fulfills the assumptions of Theorem 3.12. First, Zy = 0 is clear
by definition. Second, the pair (Z, Z) is commutative because

t t
(Z(,l) ) Z(l))t _ /Xu— dX, = /quXu— — (Z(l) . Z(j))
0 0

+
t

t
(2. z?), = / X, d[X, X = / d[x, X5 X, = (2@ 2)
0

t?

0
(z0. 70y, = 3 X, (1og(I + AX,) — AXs)

0<s<t
X (_1)k+1
0<s<t k=2
1)k+1
- Z Z 2 (AX)FX,_
0<s<t k=2
- Z (log(I—i- AX,) — AXS>X87 _ (Z(3) : Z(—l))t’
0<s<t
A t

2 c c 2
(Z(_) : Z(l))t - /[X7X]uqu - /dX“ [X’X]u = (Z(l) : Z(—))t’
0

t
(2% 2), = [ 1x.X]5d0x. X5 =
0

d[X, X5 [X, X]g = (2@ : 21

t?

o — .

(Z(,Q) . Z(g))t = (X, X]g(log(f-k AX,) — AXS)
0<s<t
o0 _1 k+1 .
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3 Stochastic Exponential

k+1

-y >t

0<s<t k=2

= Z (log(I+ AXg) — AXS) (X, X]¢ = (2(3) : Z(}))t’
0<s<t
t
(z® .z, = [ 3 (1og(1 +AX,) — AXS) X,

0 0<s<u—

X)X, XS

dx, Y (log(I+AX,) - AX,) = (21 2%),

0<s<u—

(3) 2
AEwA ))t

0<s<u—

0
/ > (log(I + AX,) - AX,) d[X, X];
0

- /d[X xXJs > (logl +AX,) - AX,) = (2@ : 2),,

0<s<u—
(29.20),= 3 3 (log(I +AX,) ~ AX, ) (log(I + AX,) - AX,)

0<s<t 0<r<s—

Z Z Z k+l+2 )k(A )l

Xs
0<s<t 0<r<s— k,l=2
l+k+2
-y ¥y ¥ EE  axaxy

0<s<t 0<r<s—l,k=2
= > (log(I +AX,) - AXS> > (log( +AX,) - AX,)
0<s<t 0<r<s—

= (Z(?’) : Z(f’))

t’

and thus

1 1 2 2 3
(2029, 1 (22 -20),+ (22 29), + (2 - 2),)
1 1 3 ! ¥
= (20 20), 4+ (22 2%, + (29 29), + (29 2), + (20 29),
2 2 3
=5 ((22:29), 4+ (20 29, + (29: 22+ (225 29) )
:(Z:Z,)t

Third, the pair (Z,[Z, Z]¢) is commutative because [Z, Z]§ = [X, X|{ = Zt(2) for all t > 0 and
thus

Fourth, Z; 7, = Z;_Z; for all t > 0 because

zWz0 = x,x, = X,_X, = 2z2Y 2z,
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3 Stochastic Exponential

27 = [X X]ﬂ JXJ6 = [X, XX, X5 = [X, X]e [X,X]§= 7227,

29729 _ S (log( +AX,) - AX,) (log(I + AX,) — AX,)
0<5<t 0<r<t—
(—1)kHi+2

=2 2 fklmxs)’fmx«)l

0<s<t 0<r<t— k,|=2
l+k+2

= > > i (AX,)(AX)"

0<r<t— 0<s<tl,k=2

=3 ¥ (logI+AX) AX,)(log(I + AX,) - AX,) = 222,

0<r<t— 0<s<t

and for the mixed terms we have

2022 + 2Pz

=707 + 7972 1 Az 72 — 7D Az + AzP 7D — 7D Az
- t(_)z(l) + 202 + (AXIX, XJ§ - [X, X[5A%, ) + ALX, X[ 20 - 2D AL, X

-0 =0 =0

=222 + 2V 2

and
zM 7z + 2 z{V
=202" + 202" + AZ(1)2§3> — 79770 + Az 7 — 7 A7
3,0, ,0 D ; b
=207+ 72070+ Y Z ((AX)(AX,)F - (AX )M (AX)))
0<s<t— k=2
=0
k—i—l A A
+ Z ( AX)" X— — X (AXy) )
=0
=797 1 79 78
and
72273 + 709 7
=287 + 7278 4+ 7207 — 7IAZP) + 7z 7P — 7P Az
— 2822 + 2228 ¢ Alx, X): 2 — 28 A[X, X6
=0 =0
- (_1)k+1 k c c k
3 (AX)MX X - X X(AX)F)
k—
2 =0
=2828 + 22 28,
and thus
z7, =z0 7Y + %ZE)ZQ + 2029 + (2022 + 22 7))
Li,m, ) | 72 70) L@ ,6  ,6),0
75(2 +2220) - Q(Zt 7+ 2922
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3 Stochastic Exponential

1
=207+ 122027 + 2020 + (202 + 20 2?)

1 1
5 (222 + 2027 - 5 (2227 + 222 = 2,2,
Therefore Z fulfills all the assumptions of Theorem 3.12 and Y = exp(Z) is the unique
solution to both of the stochastic integral equations in (3.20) with V' given by (3.19). The
equations [Z, Z]§ = [X, X|{ and
AZ = AZY + AZP + AZP) = AX, +log(I + AX,) — AX; = log(I + AX)
show that

Vi = Zt+ 12,21+ 3 (exp(AZ,) - (I +AZ))
0<s<t

— X, — [XX + Y (log(I +AX,) - AX,)

0<s<t

+l X, X5+ Y (exp (log( + AX.) — (I +log(I + AX,)))

0<s<t

= X+ Y. (log(I + AX,) = AX, + 1+ AX, — I —log(I + AX,))
0<s<t

= Xt

— —
and we conclude that gp(Xt) = gp(‘/}) =Y, = exp(Z;) and Exp(X;) = Exp(V;) = Y, =
exp(Z;). Plugging in the definition of Z yields (3.22). O

Remark 3.14. Since [X, X|{ = [X, X]; — Z (AX,)?* we may also write (3.22) as
0<s<t

%(Xt):%(xt):exp<xt S X+ 3 (logI—i—AX) AX, + - (AX)))

0<s<t
In the special case n = 1 this simplifies to

Exp(X) = Bxp(Xy) = exp (Xt - f[X X] >0H< exp (log(l FAX,) - AX, 4 2 (AX ) )

— exp (Xt—;[X,X]t> 11 (1+AXS)exp< AX,+ 2 (AX) )

0<s<t

which is the well-known formula for the one-dimensional stochastic exponential as in Theorem
I1.37 in [31].

To conclude this chapter we give an example of a semimartingale X for which the assumptions
of Theorem 3.13 are fulfilled and the stochastic exponential can be computed with (3.22).

Example 3.15. Let B = (B;):>0 be a one-dimensional BROWNian motion and N = (N;)¢>0
a one-dimensional POISSON process with almost surely increasing jump times (T)ren and
increments

= ANy = L=y
k=1

We verify that X = (X;)i>0 defined by

1
sN; B,
X, =2
t (‘Bt 5Nt>
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3 Stochastic Exponential

—
fulfills the assumptions of Theorem 3.13 and compute gp(X ) and Exp(X) with (3.22). For
this purpose we need the identities

LAN, AB & ¢
AXe <—ABt LTAN, 0 %/ 2 !

and
IN B in B\
c __ 2 2
o= (25 5) (5 )]
- ( 5N, NJ; - [B, By §IN, BJ; ;[B,N}f>
—3[B,NI; — $[N, Bl —[B,BJ¢ + 1[N, NJ¢
—t 0
- (0 —t) =t
and
Cs Cs
3 (1og(1 +AX,) — AX8> =y <10g (1 + 21) - 21)
0<s<t 0<s<t
Ny
1
S ()1
s 2) 72
3\ 1
= (tox(5) ~ 5) s
Then Xy = 0 by definition, [|AX,|| = Jec] t| <1, and

XeXio = Xo(Xy — AXy) = X, (Xt - ZI)

(Xt - I) = (X, — AX)X; = X, X,

AX;AX, = <c2tl) ( > — <021> <C2t > AX AX,,
(X, X]5AX, = (—tI) ( ) (31) (—tI) = AX,[X, X].

For the various commutativity conditions we have

(éN_ B) (;N B)
1 ’ 1

-B IN_) ' \-B IN
IN..N-B-B ;N_.B+;B-N)

—1B-N-IN_.B -B-B+IN_.N

( IN:N_-B:B ;B:N_+;N:B)

X X

—IN:B—-LiB:N_. -B:B+1iN:N_

1 1
sN B sN_ B
2 1 >:<2 )zX:X,

1
IN.

(X_ - [X, X]%); = /tXu_ d[X, X]S = /Xu_ d(—ul) = /td(—uI) Xoe
0 0
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3 Stochastic Exponential

as well as

( > (log(I+AX,) - AX,) -X> = > (logl+AX,) - AX,)dX,
0 ‘ 0

<s<-—

dx, > (log(I+AX,) - AX,)

0<s<u—

- <X: > (log(I+AX5) —AX5)> )

0<s<-—

( > (log(I+AX,) - AX,) - [X, X]C> = | > (logl +AX,) - AX,)d[X, X];
0 ¢ 0

<s<-— <s<u—

(log(1 + AX,) — AX,)
0<s<u—

(log(1 + AX,) - AXS)> .

0<s<-— t

45



3 Stochastic Exponential

Thus X fulfills the assumption of Theorem 3.13 and by (3.22)

Exp(X,) = Exp(X}) = exp (Xt ;[X X+ > (1og (I +AX,) - AXS)>

0<s<t

3 1
X, I 1 — — | N I
t+ + 0g<2) 2) t>
ex Bt
P Bt 0

3

2

3\M [ cos(B,) sin(B)
) (b o)

oo
— et/? (
(
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4 Multivariate generalized Ornstein-Uhlenbeck processes

4 Multivariate generalized Ornstein-Uhlenbeck processes

Chapter 4 outlines the theory of MGOU processes based on the work of BEHME and LIND-
NER and extends some of their results. We recap the motivation behind and the definition
of MGOU processes and quote the characterization of MGOU processes as solutions of a
random recurrence equation and of a stochastic differential equation as well as conditions
under which MGOU processes are stationary. We prove that these results hold true in the
periodically stationary case and construct MGOU processes with real time parameter.

Due to the non-commutativity of matrix multiplication there are two types of MGOU pro-
cesses in dimension n > 2. BEHME and LINDNER only discussed left MGOU processes, which
are covered in chapter 4.1, but they did not consider right MGOU processes, which are the
topic of chapter 4.2. The theories of left and right MGOU processes closely resemble each
other but key distinctions are the different order of multiplication and the prevalence of
either left or right stochastic exponentials.

4.1 Left MGOU processes

In their paper [1] BEHME and LINDNER motivate the definition of a multivariate gener-
alized ORNSTEIN-UHLENBECK process V = (V;)¢>0 by a family of GL,(R) x R"*"-valued
random variables (A ¢, Bst)o<s<t, which they call random functional, such that V satisfies
the random recurrence equation

Vi = As,t‘/s + Bs7t (41)
almost surely for all 0 < s < t¢. They impose the following assumptions on (As¢, Bs.t)o<s<t-
(LO) At7t =1 and Bt,t =0 forall t > 0.

(L1) A,y = As A, s and By = Ag By s + B, almost surely for all 0 <r < s <t.

(L2) (Ast, Bst)a<s<t<p and (Agy, Bst)e<s<t<d are independent for all 0 <a <b < ¢ <d.

D
(L3) (Asy Bst)o<s<t = (Ao,t—s, Bot—s)o<s<t for all t > 0.

(L4) Ag; — T and By — 0 for ¢ | 0.

We refer to (L0),(L1),(L2),(L3),(L4) as the L-assumptions. There is a one-to-one cor-
respondence between a family (Asy, Bst)o<s<t of GL,(R) x R"*"-valued random variables
which satisfies the L-assumptions and a bivariate LEVY process (X,Y') such that X satisfies
(3.3).

Theorem 4.1. [, Theorem 3.1]

(a) Let (Asy, Bst)o<s<t satisfy the L-assumptions and let (A; = Ao t)i>0, (Bt = Bot)i>0
be cadlag. Then the process (X,Y) = (X, Yi)e>0 defined by

t

X, = / A, da;t = Dog(47h), (4.2a)
0
t

Y; = / A, d(A;'By) (4.2b)
0

is the unique LEVY process such that X satisfies (3.3) and

Auy = Exp(Xy) ' Exp(X,), (4.33)
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4 Multivariate generalized Ornstein-Uhlenbeck processes

B, = Exp(X;) ! / Exp(X._) dY, (4.3b)

almost surely for all 0 < s < t.

(b) Let (X,Y) = (X¢,Yy)i>0 be a LEVY process such that X satisfies (3.3). Then the family
(Ast, Bst)o<s<t defined as in (4.3) satisfies the L-assumptions.

The definition of a multivariate generalized ORNSTEIN-UHLENBECK process is motivated by
the formulas for As; and B,; in (4.3) and the random recurrence equation (4.1) as they
together yield

t
Vi = Ao4Vo + Boy = Exp(X,)~1Vp + Exp(X,) ! / Exp(X
0

— §p<xt>-1<vo + / Sp(Xu_)dYu)
0

Definition 4.2. [1, Definition 3.2] Let (X,Y) = (X;, Y;)i>0 be a LEVY process such that X
satisfies (3.3) and let Vj be an R™*"-valued random variable. Then the process V = (V4)¢>0

defined by
V; = Exp(X;) ! (VO + / Exp(X..) dn) (4.4)
0

is called left multivariate generalized ORNSTEIN-UHLENBECK process or simply left
MGOU process. The process (X,Y) is called background driving process.

Example 4.3. Let B = (B;);>0 be a one-dimensional BROWNian motion and N = (NV;)¢>0
a one-dimensional POISSON process with almost surely increasing jump times (Tk)ren. We
compute the left MGOU process V = (V;)i>0 with Vj = 0 and background driving process
(X,Y) = (X4, Yy)s>0 defined by

1
IN: B B, 0
X, : 2 Y, :
b <—Bt ;Nt> and Yy : <o Bt>'

In Example 3.15 we already computed that

—sin(Bt) cos(By)

and thus by (4.4)

Vi = Exp(x,) ! / Ep(X, ) dY,
0

¢
o 2\ (cos(By) —sin(By) ou/2 Nu=(" cos(B,)dB, sin(B,)dB,
— e t2(2 /
3 sin(B;)  cos(By) —sin(B,)dB, cos(B,)dB, /)"
0

In order to compute the stochastic integrals

t t
u/2 3 N u/2 3 N .
e 3 cos(B,)dB, and e 3 sin(B,,) dBy,
0 0
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4 Multivariate generalized Ornstein-Uhlenbeck processes

we apply the multi-dimensional ITO formula (see Theorem I1.33 in [31]) with the functions
f:R>— R and g:R? — R defined by

Y

flz,y,z) = e®/? (g)ysin(z) and g¢g(z,y,2) = e®/? (3) cos(z).

An application of the multi-dimensional ITO formula with f yields

Nt
et/? (Z) sin(By)
= f(t7 Nta Bt) - f(07N07 BO)

1 3\ Y 3\ | 3\ N

_ = u/2 [ 2 “ u/2 [ 2 R

2/6 <2) sin(By,) du + log <2>/e <2> sin(By) dN,,
0

0
t

i / o2 (;’)N cos(B,) B, | 0/ e (g)N sin(B,) d(B, BY;

f 3y a ( /2 (3)NS sm<Bs>> ~tog () e (g)N sin(B,)AN,

i (3) 3502 (3) s+ [ (3)" entian,

B ()0 Y- ()
s () S5 (3) o [er(3)" cols@u)dBu

1 3\* -
+ 3 Z eTk/? (2) sin(Br, ) — log ( ) Z eTk/2 ( ) sin(Bry, )
k=1
¢
= /e“/Q (3>Nu cos(By) dBy + ! zt: eTk/? <3)ksin(B )
2 wETe Ty 2 T
0 k=1
so that

[ 3) V- 3\
/e“/2 (2) cos(By) dB, = €'/ (2> sin(By) — Z eTk/? ( ) sin(Br,,).
0

An application of the multi-dimensional ITO formula with ¢ yields

Ny
et/? (2) cos(By;) —
g(t, Nt>Bt) — (0, No, Bo)

/ u/2 (2) cos(B du+log< )/ “/2< )Nu cos(By) AN,
Jrt)” o) wessun
0 0
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4 Multivariate generalized Ornstein-Uhlenbeck processes

+ Z Ales/? (3>NS cos(Bs) | —lo (3> e’/? <3>NS cos(Bs)AN,
O<s<t S g 2 2 S S
3 N 3 k—1 l 3 Ny
= log (2> Z ele/2 (2> cos(Br,) — /e“/2 <2> sin(B,,) dB,
k=1 0
N k k—1 k—1
+ kZ:: eTk/? <<§> — <2) ) cos(Br,) — log (2) eT/2 (Z) cos(Br,)
k—1 ¢
= log ( ) Z elk/2 ( ) cos(Br,) / u/2 < ) sin(By) dB,,
0
1 N 3 k 3 Ny k—1
+ 3 Z eTi/2 (2> cos(Br, ) — log (2> Z Ty /2 ( > cos(Br,)
k=1 1
t
w2 (3 N al Ty /2 F
—— | e B sin(B,)dB, + = Z COS(BTk)
2 k=1

so that

t
w2 (3N 2 () 1 o2 (3\"
e B sin(By)dB, =1—e¢ 3 cos(By) + 3 Z e B cos(Br,).
0 k=1

Inserting both stochastic integrals yields

(0 1 o (NN [sin(By) — cos(B;)
/ﬁ) ) dY = (—1 0) +el? <2> <COS(Bt) sin(By) >
1

-3 Z Te/2 (;)k (sin(BTk,) —.cos(BTk)>

= cos(Br,)  sin(Br,)
and thus the left MGOU process is given by

Vi = Exp(x,) ™! / Exp(X
= (3) t(zz:Sé:i - ()
e )7 (e ) () ()
e (5) (S ) s (5) (i) )
- (&’ 0 R e M)
Lo @N S a2 @’f <sin<BTk ~By) —cos(Br, - Bt>> |

~ cos(By, — By)  sin(Br, — By)

The left MGOU process is described by a stochastic differential equation driven by a bivariate
LEVY process (U, L) which is constructed from the background driving process (X,Y). The
process U already appeared in (3.6) when computing the inverse of a stochastic exponential
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4 Multivariate generalized Ornstein-Uhlenbeck processes

Theorem 4.4. [, Theorem 3.4]

(a) Let (X,Y) = (X, Yy)i>0 be a LEVY process such that X satisfies (3.3) and let the
process (U, L) = (U, Lt)1>0 be defined by

Uy=-X: +[X, X[{+ > (I+AX,)" ' =T+ AX,), (4.5a)
0<s<t
Li=Y— [X,Y];+ > (I+AX,) ' —I)AY,. (4.5b)
0<s<t

Then (U, L) is a LEVY process such that U satisfies (3.3) and the left MGOU process
V' defined as in (4.4) solves the stochastic differential equation

dV; = dU, Vi + dL; . (4.6)

(b) Let (U, L) = (Ut, Li)t>0 be a LEVY process such that U satisfies (3.3) and let Vi be
an R™™-valued random wvariable. Then the solution V' = (Vi)i>0 of the stochastic
differential equation (4.6) is a left MGOU process and its background driving process
(X,Y) = (X4, Yy)i>0 is the LEVY process given by

X, = Log(Bxp(U1) ), (47a)
Yi= Lo+ [Log(Bxp(t) "), 2] (4.7b)

Furthermore X satisfies (3.3).
The following relations between (X,Y") and (U, L) will be used in future proofs.

Proposition 4.5. [, Proposition 3.5] Let (X,Y) = (X4, Y;)i>0 be a LEVY process such that
X satisfies (3.3) and let the process (U, L) = (Uy, Li)1>0 be defined as in (4.5). Then for all
t>0

Lt = }/t + [U, Y]t, (48&)
Y; = L + [X, L];. (4.8b)

We now prove that Theorem 4.1 and Theorem 4.4 also hold true when the stationarity
property (L3) is weakened to a property (L3*) requiring only periodic stationarity and the
stationary increments of the background driving process of the left MGOU process are weak-
ened to periodically stationary increments. We thus replace (L3) by

D
(L3*) (Ap,p-i-ta Bp,p—‘rt)tZO = (A07t, B()’t)tzo for some p > 0

and refer to (L0),(L1),(L2),(L3*),(L4) as the L*-assumptions.

Theorem 4.6 and Theorem 4.7 show that there still is a one-to-one-correspondence between
(Ast, Bst)o<s<t and (X,Y) but imposing the L*-assumptions on the random functional
results in a semi-LEVY process as the background driving process.

Theorem 4.6. Let (Agy, Bsyt)o<s<t satisfy the L*-assumptions for some p > 0 and let
(At == Aot)t>0, (Bt == Bot)t>0 be cadlig. Then the process (X,Y) = (X¢, Yi)i>0 defined as
in (4.2) is the unique p-semi-LEVY process such that X satisfies (3.3) and (4.3) holds almost
surely.
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Proof. The proof is similar to the proofs of Theorem 3.1(a) and Proposition 6.1 in [1]. (X,Y)
is cadlag since (A;)i>0 and (By)i>o are cadlag, and (Xo,Yp) = (0,0) holds by definition. By
(L1) we have for all 0 < s <t

t
X — X, /Au_dA ! /Asu_Asd(AsuAs)_l

/AsuAd SAGL) /AsudAs‘u

Y;i_ s:/Au—d(A; u)

S

= /AS,uAs d((As,uAs)_l(As,uBs + Bs,u))

— / AguAs d(ATVA L AguBs + AT AL Bs )

t
:/As,u d(A;,st,u)

so that (X,Y) has independent increments because by (L2) the random variables

tit1 tiv1
(Xti+1 - thYtiJrl - Ytz) = < / At u— dAt 0 / Atmu— d(A;’luBt“u))

7 7

are independent for all ¢y < ... < tx, k € N. (X,Y) has p-stationary increments because by
(L2),(L3%)

t+p t+p
(Xewp = Xp, Yigp = Vp)iz0 = ( Apu— dAp’llt ’ / Apu— d(AZ;’llth:U) )
t>0

t
Ap7(p+u)— dAip+u ) / Ap,(p+u)— d(A ,117+u ,p+u) )
0 t>0

t
</Au quzl a/Au d(qulBu) ) = (Xta Y;f)tZO-
0 0 t>0

Thus (X,Y) is a p-semi-LEVY process. X = <I_o—g(A_l) satisfies (3.3) by Theorem 3.6(b) and
(4.3) is derived in exactly the same way as in the proof of Theorem 3.1 in [1]. O

o

Theorem 4.7. Let (X,Y) = (X4, Yi)i>0 be a p-semi-LEVY process for some p > 0 such
that X satisfies (3.3). Then the family (Ast, Bst)o<s<t defined as in (4.3) satisfies the L*-
assumptions.

Proof. (L0O), (L1), and (L4) are obtained in the same way as in the proof of Theorem 3.1(b)
in [1]. (L2) can also be shown in the same way as in [] since by Theorem 3.6(a) gp(X) is

52



4 Multivariate generalized Ornstein-Uhlenbeck processes

a p-semi-LEVY process and therefore still has independent increments. (L3*) follows from

(Ap,erta Bp,p+t)t20
t+p
= (%(Xt+p>—1§><xp>,%(xﬁp)—lmxp) / %(Xprlmxu)dm)
t>0
t+p ’
gP(Xtﬂo - Xp)_la gP(Xtﬂo - Xp)_l / gP(Xuf - Xp) dYu>

t>0

t>0

1o

(%(XHP — X)L Exp(X iy — X,) ! / Exp(X iy — Xp) d(Varp — Yp>>
0

gP(Xt)_lagp(Xt)_l/gp(Xu)dYu> = (Ao, Bo,t)i>0-
0

t>0
O

Theorem 4.8 and Theorem 4.9 show that the left MGOU process driven by a semi-LEVY
process is still described by the stochastic differential equation (4.6) but the process (U, L)
driving this equation now also is a semi-LEVY process.

Theorem 4.8. Let (X,Y) = (X4, Y;)i>0 be a p-semi-LEVY process for some p > 0 such that
X satisfies (3.3) and let the process (U, L) = (U, Lt)t>0 be defined as in (4.5). Then (U, L)
is a p-semi-LEVY process such that U satisfies (3.3) and the left MGOU process V defined
as in (4.4) solves the stochastic differential equation (4.6).

Proof. (U, L) is cadlag and has independent increments because (X,Y’) is cadlag and has
independent increments. (Up, Lp) = (0,0) holds by definition. Therefore we only need
to prove that (U, L) has p-stationary increments. As both U and L consist of summands
depending only on X or Y, AX or AY, respectively [X, X] or [X,Y], we first look at these
three summands separately. Since (X, Y’) has p-stationary increments we have

D
AXgip = Xeip — X(sp)— = (Xoqp — Xp) — (X(S+p)_ - Xp) =X — Xso = AX,,
D
AYs—i—p = Ys—&-p - Y(s—&-p)— = (YS-HD - Y},) - (Y(s—o—p)— - Y}?) =Y, - Y,_ =AY,
For the second summand of L we have

[Xv Y]t-‘rp - [X7 Y]p
t+p t+p P

p
= X1 pYiip — / X, dY, — / dX, Y, — XY, + / X, dY, + / dX, Y,
0 0 0 0
t+p t+p
= Xp4pYirp — XpYp — / X, dY, — / dX, Y,
p p

t t
= XiypYigp — XpYp — /X(u+p) AYouyp — /dXU-i-p Y(u+p)f
0 0

t t
= XegpYirp — Xp¥p — /(X(u+p) = Xp) dYuyp — /Xp dYutp
0 0
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t ¢
- /qu+p (}/(qup)* —-Yp) - /querYp
0 0
= XirpYirp — Xp¥p — /(X(u+p) = Xp) WYy = Xp(Yegp — Yp)
t
- [ iy V- = %) = (Kep = XY,
0
¢
= (Xegp = Xp) (Yigp — / (utp)— Xp) d(Yuyp —Yp)
0
t
- /d(Xu+p - Xp) (Y(u+p)f —-Y)
0

t
D x,y, - / X, dY, — / dX, Y, =[X,Y],
0

and therefore

(X Y]ey, — (XY = (X, Y]y — Y AXGAY, - [X,Y],+ ) AX,AY,

0<s<t+p 0<s<p
=[X,Y]ip — [ X, Y], — > AX,AY,
p<s<t+p
= [X, Y] — [X, Y]y Z AXs1pAYsrp
0<s<t
DX,y - Y AX,AY, = [X, Y
0<s<t

2

In the special case Y = X we also have [X, X|§,, — [X, X]j = [X, X]{. Together this yields

Uity = Up = =(Xigp — Xp) + [X, XJ5, = [X,X]5+ >0 (T +AX,) 7 =T+ AX,)
P<s<tAp
_(Xt—l—p B Xp) + X, X]ngp - [X, X];Ca + Z ((I + AXS-&-p)il - I+ AXs+p)
0<s<t

DX+ XX+ S (T+AX) ' =T+ AX,) = U,

0<s<t
Litp — Lp = Yiup — Y — ([X, Y]ter (X, Y]i) + Z ((I+ AXs)il — I)AY;
p<s<t+p
=Yerp =Y — (X, V)5, — [XYR) + D (I +AXy) ™ = 1)AYyy
0<s<t
2V, - [X, Y+ Y (I+AX,) "t~ DAY, = L.
0<s<t

Combining this we get (Us1p —Up, Li+p — Lp)t>0 D (Ut, Lt)¢>0. Thus (U, L) is a p-semi-LEVY
process. (3.3) is clear from (3.7c) and the stochastic differential equation (4.6) is derived in
exactly the same way as in the proof of Theorem 3.4(a) in [1]. O
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Theorem 4.9. Let (U,L) = (U, Lt)i>0 be a p-semi-LEVY process for some p > 0 such
that U satisfies (3.3) and let Vi be an R™™-valued random variable. Then the solution
V = (Vi)t>0 of the stochastic differential equation (4.6) is a left MGOU process and its
background driving process (X,Y) = (X, Yy)i>0 is the p-semi-LEVY process given by (4.7).
Furthermore X satisfies (3.3).

Proof. (X,Y) is cadlag and has independent increments because (U, L) is cadlag and has
independent increments. (Xo, Yy) = (0, 0) holds by definition. X has p-stationary increments
because by (3.5a), (3.4b), and the p-stationary increments of U we have for all t > 0

(Xt-i-p - Xp)tZO = E(E—”;(Ut-%p)_l) - E(E—XF;(UP)_I)>

t>0

(
— (E(Q(UP)EXP(UHP)_I)LZO
- (ng(E—xf)(UHp - Up)_1)>t20
2 (Fog(Bxp(tn) ™)), = (Kokzo

Inserting (4.7a) in (4.7b) yields Y; = L; + [X, L]; and since X and L have p-stationary
increments it can be shown as in the proof of Theorem 4.8 that [X, L] has p-stationary
increments as well. Therefore Y has p-stationary increments because

D
(Yirp = Yp)tz0 = (Lt4p — Lp + [X, Llt4p — [X, Llp)i>0 = (Lt — [X, L]t)t>0 = (Ye)r>0-

The fact that the solution of (4.6) is a left MGOU process driven by (X,Y’) is proven in
exactly the same way as in the proof of Theorem 3.4(b) in [!]. Furthermore, by (3.7b) and
(3.4c)

— = —— ~ ~
X = Log(Exp(Ut)_l) = Log(gp(UtD =U;
where U = (U)o is constructed from U by (3.6), and then by (3.7c) we have for all ¢ > 0

~ 1

O]

BEHME and LINDNER also give conditions under which the left MGOU process is stationary.

Theorem 4.10. [!, Theorem 5.2] Let (X,Y) = (X, Yi)i>0 be a LEVY process such that
X satisfies (3.3) and let V.= (Vi)i>0 be the left MGOU process driven by (X,Y). Let
(U,L) = (U, Lt)e>0 be defined as in (4.5).

(a) Let P- tlim gp(Ut) = 0. Then a finite random variable Vi can be chosen such that V

¢
is stationary if and only if the integral /gp(Uu) dL, converges in distribution to a
0

finite random variable. In this case Vy can be chosen independently of (X,Y) with

t
Vo 2 D- lim /%(Uu_)dLu. (4.92)
0
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(b) Let P- lim gp X:) = 0. Then a finite random variable Vi can be chosen such that V

s stationary if and only if the integral / ﬁ _)dY, converges in probability to a

0
finite random variable. In this case Vi can be chosen as
¢
Vo = —P- lim / Exp(Xy_)dY,. (4.9b)
t—o0
0

For the proof they need the following distributional equality of left stochastic integrals of
stochastic exponentials.

Theorem 4.11. [1, Proposition 8.3] Let (X,Y) = (X, Y:)i>0 be a LEVY process such that
X satisfies (3.3) and let (U, L) = (U, Lt)1>0 be defined as in (4.5). Then for all t >0

t t

Exp(Uy) / v, 2 / Exp(U_ ) dL, . (4.10)

0 0
In the situation of Theorem 4.11 the left side of (4.10) can also be written in the form

t

t t
Exp(U)) / <b(Un_) ' dY, = —/E—x;;(Ut—Uu)d )2 - / xp(Ur—ay—) dYi
0 0
0

t
- [ B v, = [ B av,
t 0

and (4.10) then becomes

/txp )dy, 2 /<E.p

We now prove an analogous result in the case of periodically stationary increments and use
it to derive conditions under which the left MGOU process is periodically stationary.

Theorem 4.12. Let (X,Y) = (X4, Yi)i>0 be a p-semi-LEVY process for some p > 0 such
that X satisfies (3.3) and let (U, L) = (U, Lt)¢>0 be defined as in (4.5). Then for alln € N

np

/Exp )ay, _/ﬁ (4.11)

0

Proof. The proof is similar to the proof of Proposition 8.3 in [4]. Let (U’,Y”) be an indepen-
dent copy of (U,Y). Then (U, L) and (U’, L") are p-semi-LEVY processes by Theorem 4.8.
For fixed n € N and 0 < s < np now let

Uy = Upp — Upp—s,
Yy = Yp — Yop_s
and for s > 0 let
Y. 17! /
Us = U(8+np)* Unp—»
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Ys/ = }/i{9+np)— Y/

np—-
Then
((/js; ?9)0<5<np = (Unp - Unp—37 an - an—s)OSsSnp

D

= (USa Ys)0<s<np

D

= (Us, Y)o<s<np

D / / /

- (U s+np)— Unp—7 Yv(s+np)_ Y, )O<s<np

( ;ayl)0§s<np
iys - _ —2np —np . . + np 2np

For partitions o,, = (..., =, —*,0) of the negative real line and o,;, = (0, >, =°%,...) of

the positive real line let

AT = ;} Exp (Trpis1y/m) (Vi1ym = Vpipm)
B = mzo Exp (0 ( np(i+1) fm— ) (?np@ﬂ)/m— - 1A/n:m'/m—) :

Then as |0, | =% 0 we have by Theorems I1.21 and I1.23 in [31]

AT = Z (E—P( np(i+1 /m) (Y' (i+1)/m ~ fﬁim/m)

m—l
= ;O %0 (Trism) (Vptiery/m = Yiegiym)
m—1

S 8 o) =65 ) (s~ o)
np

/ Exp(U,) aY; + [Bp(D7) Y’}

np

[ Bpw) v, + [Bew). V]
0

l*u

o

np

This equals the right side in (4.11) because from (4.8a), (2.18d), and (3.1a) we obtain

/?B dh—/?ﬁ A(Y, + [U,Y].)

/ﬁ dY+/<E_p

np

/ﬁ dY+Vﬁ dUu,/dYul

/<E.p L)y, + [Exp(0), Lp.
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As |0}t | ™2 0 we have by Lemma 8.2 in [4] and Theorem I1.21 in [31]

BT = Z <E_p( (i) /m—) (Vanti1)/m = Yaiym-—)
= ; <E‘p( wp = Unpton—i-1)/m) (Yaptm—)/m — Yap(m—i-1)/m)
ZT:%(UW)Q(UWW“)M)I (Yontm-a/m = Yaptm-i-1)/m)
:@(Unp)gﬁ(%(z—wm)l (Yopi/m = Yopti-13/m)
2 Bl | B v,

o

B7 = 3 B0 (Dupiison- ) (Vo

m—1
1=0
m—1
D o~
= Exp (U
=0

because at fixed times both gp(ﬁ )

Theorem 4.13. Let (X,Y) =

that X satisfies (3.3) and let V =

(U7 L) =

gp (Unp(i—i-l)/m

7/1p(i+1)/m) (?ép(z-i-l)/

0
— — _
dY,, = Exp(Uyyp) / Exp(Utnptu)—) ldan+u
“np
0
>
= - / Exp(Unp U(np+u)—)d(ynp an+u)
“np
0 np
2 [ B )= [ B, Y,
—np 0

~ ~

(i+1)/m— — ani/W-)

® (Oupiieym) = 859 (Tuptisim))

(o~ o) - (e 35,0

~

) ()A/n - anz/m)

p(i+1)/m

-Y, /m) — Aom

and Y almost surely do not have jumps. O

(X, Yy)i>0 be a p-semi-LEVY process for some p > 0 such
(Vi)e>o be the left MGOU process driven by (X,Y). Let

(Ut, Lt)e>0 be defined as in (4.5).
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—
(a) Let P- lim Exp(Uyp) = 0. Then a finite random variable Vi can be chosen such that V

is p-stationary if and only if the integral /?p _)dL, converges in distribution to

a finite random variable. In this case Vj can be chosen independently of (X,Y') with

np
Vo 2 D- lim. / Exp(U_) dL, . (4.12)
0

(b) Let P- lim Fp Xnp) = 0. Then a finite random variable Vi can be chosen such that

V' is p-stationary if and only if the integral /ﬁ —)dY, converges in probability

to a finite random variable. In this case Vj can be chosen as

Vo = —P- lim / Exp(X. (4.12b)

n—oo

Proof. The proof is similar to the proof of Theorem 5.2 in [1].

(a) Assume that V is p-stationary. Then V},, DV} for all n € N and thus

Vo 2 D- lim Vj,,
n—o0
np

— D- lim Exp(U, )<%+/E_><E>(Uu_)—1dyu>

n—00
0

np
2 D- lim Exp(U) Vi + [ Ep(U
0
np
—D- lim / Exp(Uy_
n—oo
0

Now assume that (4.12a) holds. Then for fixed t > 0 and all n € N

np t4+np

— — —
Vignp = EXP(Ut—l-np) <VO + / EXP(UU—)_l dYy, + / EXP(UU—)_1 dYU)
0 np

np

— — — — —
= Exp(Uan)Exp(Unp)_1 <Exp(Unp)Vo + Exp(Uyp) / Exp(Uu,)_1 dY,
0

t
+ EXP / XP (u+np)— dYu-i-np >
0

np

— — — —
= Exp(Ut4np — Unp) (Exp(Unp)Vo + Exp(Unp) / Exp(Uu_)f1 dY,
0
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0
D B (1) <Exp(Unp)Vo+ / (U ) dLy + / E—X.S(Uu_)ldyu>
0 0

as n — oo, where we have used (4.11) in the second to last step. Thus

D . . D
Vt-i-p = D- nhﬁﬂgo Vt—i—p+np = D- nhi& Vt+(n+1)p =V
(b) Assume that V' is p-stationary. Then V;,, D Vo for all n € Ny and thus
Vo + /fﬁ )dYy = Exp(Xpp)Vip 5 0 = Vp = —P- hm/ﬁ ay, .
Now assume that (4.12b) holds. Then for all n € N

Vnp = gp(an)_l (VO + / gp()(u—) dYu)

— Exp(Xny) ( /E'p ) av, +7F(Xu_)dyu>

0

= _%(an)_l/gp(Xu—
= —gp(an)_l/gp(X(u-an)—)dY“*"p

/ﬁ X(u+np np) d(Yu+np - an)

/ﬁ )dY, = Vy

and thus for all ¢ > 0 by the independence of V,, and (Ap p+t, Bpp+t)
D
Vitp = AppttVp + Bpprt = AoiVo + Boy = Vi
O

When studying the connection between left MGOU processes, left semiselfsimilar processes,
and left semistable hemigroups in chapters 5.1 and 6.1 we need the notion of a left MGOU
process with time parameter ¢ € R rather than just ¢ > 0. In order to define a left MGOU
process with real time parameter we make use of the construction of a LEVY process with
real time parameter in Theorem 2.3.
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Theorem 4.14. Let (X,Y) = (X, Yi)t>0 be a semimartingale such that X satisfies (3.5)
and let (X',Y") be an independent copy of (X,Y). Let (X,Y) be defined as in (2.5). Assume
that

0
Vo = / gp (—Xéfu)f) d(-Y’,) =P- hm /?p ) (=Y~ (4.13a)
exists and let the process V = (Vi)icr be defined by

V=B [ B, dv.. (4.13D)

(a) If (X,Y) is a LEVY process then V is stationary.
(b) If (X,Y) is a p-semi-LEVY process for some p > 0 then V is p-stationary.
Proof. First assume that (X,Y) is a LEVY process. Then (X,Y) is a LEVY process by

Theorem 2.3(a) and therefore has stationary increments. By (3.4a) we have for all ¢ € R and
h>0

t+h

Vien = B ! [ Bl
— Exp(Xisn — Xn) ' Exp(Xn) ™! j Bp(K ) Vo
= Exp(Xpan — X)) /t Ep(Xurn) — Xn) d(Varn — Ya)
D Eop(X)~ / Exp(X, ) dV, = Vi

Now assume that (X,Y) is a p-semi-LEVY process. Then (X,Y) is a p-semi-LEVY process
by Theorem 2.3(b) and therefore has p-stationary increments. By (3.4a) we have for all ¢ > 0

t+p

Vigp = gID()~(szr;7)_1 / gp()?
~ (X~ %) B0(%) ! [ BTy )Ty
t
— Bp(Xiy - %) / Bp(Kip)- ~ Xp) ATy~ Ty)

D (X)) /‘E‘p )dY, =V,
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and for t < 0

Vi =Bp(Xiy) ! [ Bl at,

= Bp(Xiey — X)) [ Bl )Ty

= gp()zt—’p B X—p)il / gp()z(ufp)f - X—p) d(Yu—p B Y—p)

D Bp(X) ! [ Bo(Xu )ty = Vi

For ¢ > 0 the process in (4.13b) can be written as

Vi = Bp(X,) ! / Eep(X) Y,

t

0
=<E7p(Xt)‘1< / gp(—XLu)J d(—Yiu)+/§p(Xu)dYu>

0

= Exp(X)) ! (vo + / %(Xﬂd)@)
0

which is the usual integral form of a left MGOU process as in (4.4) but by (4.13a) Vp can
be chosen independently of the background driving process (X,Y'). This fact together with
Theorem 4.14 now motivates the following definition.

Definition 4.15. Let (X,Y) = (X}, Y:)i>0 be a LEVY respectively semi-LEVY process such
that X satisfies (3.3) and let (X’,Y”) be an independent copy of (X,Y). Let (X,Y) be
defined as in (2.5) and assume that V) as in (4.13a) exists. Then V = (V})icr defined as in
(4.13Db) is called stationary left MGOU process respectively periodically stationary
left MGOU process. The process ()N( , 57) is called background driving process.

4.2 Right MGOU processes

Given a family of GL,,(R) x R™*"-valued random variables (A, Bs ¢)o<s<¢ We now study the
random recurrence equation

Vi=VsAst + Bsy (4.14)

which differs from (4.1) in that Vj is now multiplicated by Ay, from the right instead of from
the left. In order to obtain a similar characterization of the solutions V' = (V;);>0 of (4.14)
as in the left case we need to impose the following assumptions on (A, Bst)o<s<t-

(RO) Atﬂg = I and Bt,t =0 for all ¢ Z 0.

(R1) Ayt = Ay Ass and Bry = By sAst + B,y almost surely for all 0 <r < s <t.
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(R2) (Ast, Bst)a<s<t<p and (Agy, Bst)e<s<t<d are independent for all 0 <a <b <c <d.
(R3) (Ast, Bss)o<s<t = (Aos—ss Boy—s)o<s<s for all t > 0.

(R4) Ag; — T and By — 0 for ¢ | 0.

We refer to (R0),(R1),(R2),(R3),(R4) as the R-assumptions. In fact, the only difference
between the R- and L-assumptions is (R1) which reflects the change in the order of multi-
plication in (4.14).

In Theorem 4.16 and Theorem 4.17 we prove a one-to-one correspondence between a family
(As ¢, Bst)o<s<t of GLy, (R) x R™*"-valued random variables which satisfies the R-assumptions
and a bivariate LEVY process (X,Y) such that X satisfies (3.3). This result is similar to the
left case in Theorem 4.1 which was proven by BEHME and LINDNER.

Theorem 4.16. Let (Asy, Bst)o<s<t satisfy the R-assumptions and let (A; = Aot)i>0,
(Bt == Boy)i>0 be cadlag. Then the process (X,Y) = (X, Y:)i>0 defined by

t

X; = /dAulAu_ = L_oé(A;l), (4.15a)
0
t

Y; = / d(B,A;Y) Ay (4.15b)
0

is the unique LEVY process such that X satisfies (5.3) and

Ayr = Exp(Xs)Exp(X:) 1, (4.16a)
t
By = / Y, Exp(Xu_ ) Exp(X:) ! (4.16D)

S

almost surely for all 0 < s < 't.

Proof. (X,Y) is cadlag since (A¢)¢>0 and (By)e>o are cadlag, and (Xo,Yy) = (0,0) holds by
definition. By (R1) we have for all 0 < s <t

t

t
X, — X, = / dA A, = / A(AsAgn) ™ AgAq

S

m\“ m\“ m\“ m\“

s, utts

t
A(A LAY AsAg e = / dA; ) A
Y, - Y, = [ d(B,A,Y) A

d((AsAs,u)_l(BsAs,u + Bs,u)) AsAs,u—

A(BsAsuA7LATY 4 By y ATLATY) A A,

s,u‘ts s,u‘ts
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t

= / d(BsuA; ) Asu-

S
so that (X,Y) has independent increments because by (R2) the random variables

tit1 tit1
i1 Xti7)/ti+1 - Y;fz) - ( / dA;,lu Atu”-’ / d(Btz,UAt_l,lu) Atiﬂb—)

i 7

(Xt

are independent for all ¢ty < ... < tx, k € N. (X,Y) has stationary increments because by
(R2),(R3)

t t
(Xt XS,Y}/ (/A S,u dAs_uv/As,ud(A;ll,,Bs,u)>
t—

s

(/As, s+u dAs_s+u7/A s+u ss+uBS,S+U)>
0
t— t—s
D (/Au_ dAul,/Au_ d(AulBu)> = (Xt—s, Yios)-
0 0

, —
Thus (X,Y) is a LEVY process. X = Log(A™!) satisfies (3.3) by Proposition 3.5(b) and the
calculations to derive (4.16) are similar to the proof of Theorem 3.1(a) in [4]. In fact, from
the definition of X; we get
—y — —
Xi=Llog(A)) — Exp(Xy)=4;' < A, =Exp(X,)!

and (R1) then yields
— —l— — —
Asg = A7 Ar = (Bxp(X,)™!) Exp(X0) ! = Bxp(X,)Exp(Xy) !

for 0 < s < t. Analogously, from the definition of Y; we get
¢
Y; = / d(B, AN A, +— dVviA'=d(BA]Y) < By = / dy, A1 A,

and again (R1) yields

t s
Bsy = By — BsAg = / dy, At Ay — / dY, AP AATT A
0 0

t t
/dY AlA, = /dYu Exp(Xu_)Exp(X;)~!
S S

for 0 <s <t ]

Theorem 4.17. Let (X,Y) = (X;,Y1)i>0 be a LEVY process such that X satisfies (3.3).
Then the family (As+, Bst)o<s<t defined as in (4.16) satisfies the R-assumptions.
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Proof. The proof is similar to the proof of Theorem 3.1(b) in [4]. (RO) is clear from the
definition of As; and Bg; in (4.16). (R1) is obtained by direct calculation since for all
0<r<s<t

Exp

Ar,sAs,t = E—XF;(X’/‘) X E—>

_ — _ — — 7
(Xs) 1 xp(Xs)Exp(Xy) L= Exp(X,)Exp(X}) L= Ay
and

Br,sAs,t + Bs,t

S t
_ / AY, Exp (X ) Exp(Xs) ™ Exp(X,)Exp(X0) ™! + / AV, Bxp(X o )Exp (X)) "

T
t

— —
_ / AV, Bxp(Xu_)Exp(X0) ! = B

T

(R2) is a result of the independent increments of (X,Y’) and the fact that (As¢, Bsy) can be
written as

t
— — _ — — R B d — _
(As,t7Bs,t) = (EXP(XS)EXP(Xt) 17/dYu EXp(Xu_)EXp(XS) 1EXP(XS)EXP(X7§) 1)
t

(E—Xp>(Xt — X)) / Yy, Exp(Xu_ — Xo)Exp(X; — XS)‘1>.

S

(R3) follows from the same calculation since for fixed ¢ > 0 by the stationarity of the
increments of (X,Y)

(As,ta Bs,t)OSsSt

- (E_xé(Xt — X7 [ aY, Bxp(Xu- — X.)Exp(X; — Xs)1>
0<s<t

(X¢— Xs)_1>
0<s<t

S

— —
d(Yu+s - Y:e) EXP(X(u+s)— - XS)EXp

_> _
= (Exp(Xt - X5

ST T~

D = _
= (Exp (Xi—s) dY, E xp u— ) Exp(Xi—s) 1)

°\|

0<s<t
= (Ao,t—s, Bot—s)o<s<t-

_) ,
(R4) follows from the fact that by Proposition 3.5(a) Exp(X)~! is a LEVY process and

— —
therefore continuous in probability at 0 so that Ag; = Exp(X;)™? 2, Exp(Xo)~! = I for
t | 0, as well as from the continuity of the stochastic integral which gives

t
— —
Boy = /dYu Exp(Xu_)Exp(X,) ™ =50 fort 0.
0
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Theorem 4.17 motivates the definition of a right MGOU process as a counterpart to the left
MGOU process in Definition 4.2 as the formulas for As; and By, in (4.16) and the random
recurrence equation (4.14) together yield

t
Vi = Vodoy + Boy = Vobxp(Xy) ™! + / dY,, Exp(Xu_ )Exp(Xy) !
0

- (VO + / dyﬁET;)(Xu))Sp(Xt)—l.
0

Definition 4.18. Let (X,Y) = (X, Y:)i>0 be a LEVY process such that X satisfies (3.3)
and let Vp be an R™*"-valued random variable. Then the process V' = (V});>¢ defined by

Vi = (VO + /dYu %(Xu)> E—XF;(Xt)_l (4.17)
0

is called right multivariate generalized ORNSTEIN-UHLENBECK process or simply right
MGOU process. The process (X,Y) is called background driving process.

Example 4.19. Let B = (B;)>0 be a one-dimensional BROWNian motion and N = (NV;)¢>0
a one-dimensional POISSON process with almost surely increasing jump times (Tk)gen. We
compute the right MGOU process V = (V})¢>0 with Vp = 0 and background driving process
(X,Y) = (X4, Yy)s>0 defined by

1
5Ny By B 0
. 2 .
X = <—Bt éNt> and Y= <0 Bt) .

In Example 3.15 we already computed that

N : 3\ N cos(B;)  sin(By)
Exp(X;) = e!/? (2> <_ sin(B;) COS(Bt)>

and thus by (4.17)

t
— —
v = / aY, Exp(Xu_)Exp(X) !

B / w2 (3 Nu=( cos(B,)dB, sin(B,)dB, —ty2 (2 Ne (cos(B,) —sin(By)
_0/6 (2) —sin(By)dB, cos(By,)dBy, ¢ (3) sin(By) cos(By) |-

In Example 4.3 we already computed that

o

t

o 3\ Nu— 12 3\ Ve ) 1 N To/2 3 k '
e (3) eonBaan= e (3) " sinm 5> (3) (),
9 k=1

t /2 3 Noy— BAdB t/2 3 Nt B 1 Ny T /2 3 k B
u 2 : -1 _ 2 - k e
/e (2) sin(By)dB, =1—e¢ <2) cos( t)+3];e <2> cos(Br,).
2 -
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Inserting both stochastic integrals yields
¢
— (0 1 t/2 (3 Nt [sin(B;) —cos(By)
/ AV Bxp(Xu-) = (-1 o) e (2 cos(Bi)  sin(By)
0
%: Ty /2 ( k sin(Br,) — cos(Br,)
cos(Br,)  sin(Br,)
and thus the right MGOU process is given by

v = / AY,, Exp(Xu)Exp(X,) !

0
— ( 0 1) e t/? (2>Nt <C9S(Bt) —sin(Bt)>
-10 3 sin(By)  cos(By)

R (5) (o i) ) t(Z?ﬁ D)
S5 (3) (e ) () (snth) )
(1)) () i)

-5 (5 S ) (e R )

This result coincides with the left MGOU process in Example 4.3 which comes to no surprise

—
since gp(Xt) = Exp(X;) by Example 3.15 and all matrices appearing in the calculations are
either diagonal or belong to the commutative matrix group SO(2).

In Theorem 4.20 and Theorem 4.21 we prove that the right MGOU process is described
by a stochastic differential equation driven by a bivariate LEVY process (U, L) which is
constructed from the background driving process (X,Y’). This result is similar to the left
case in Theorem 4.4 which was proven by BEHME and LINDNER.

Theorem 4.20. Let (X,Y) = (X, Y1)i>0 be a LEVY process such that X satisfies (5.3) and
let the process (U, L) = (U, Lt)t>0 be defined by

Ur=—-X,+[X,X;+ > ((I+AX)7" — T+ AX,), (4.18a)
0<s<t
L=Y -V, X;+ Y AV ((I+AX,)™ - 1), (4.18b)
0<s<t

Then (U,L) is a LEVY process such that U satisfies (3.3) and the right MGOU process V
defined as in (4.17) solves the stochastic differential equation

dV; = Vi dU; + dL; . (4.19)

Proof. (U,L) is cadlag and has independent increments because (X,Y) is cadlag and has
independent increments. (Up, Lo) = (0,0) holds by definition. Therefore we only need
to prove that (U, L) has stationary increments. As both U and L consist of summands
depending only on X or Y, AX or AY, respectively [X, X] or [X, Y], we first look at these
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three summands separately. Since (X,Y') has stationary increments we have X; — X el Xi_s
and Y; — Y, D Y;_, and therefore

D
AXpis = Xogs — X(r—i—s)— = (Xogs — Xs) — (X(r—i-s)— -X5) =X, - X,- = AX,,
D
AYips =Yris — l/(rJrs)f = (Y;“-FS - }/S) - (Yp(rJrs)f - )/8) =Y, -Y,._ =AY,

For the second summand of L we have

S

t
Y, X, — [V, X]s = Vi X, — /Yu dx, — /dYu Xoo — Vi X, + /Yu dX, + /dYu Xoe
0

0
t

:YtXt—YSXS—/Yu_qu—/dYuXu_

S
t—s t—s

— VX = ViXe— [ Yoo dXus— [ Vari X
0
t—s

t—s
= Y%Xt - Y;Xs - /(}/—(u+s)_ - Y;) qu+s - / }/;qu+s
0

t—s t—s

_ / AVops (X gy — Xs) — / AV, X
0 0

s
- Y%Xt Xs (Yv(u-ks - Y;) qu—i—s - }/;(Xt - Xs)

O\T

t—s

- / dYu+s (X(u+s)— - Xs) - (Y;f - 1/3)Xs
0

=Y, - Yo)(Xe — Xo) — (Y(u-i-s)— —Y5) d(Xuts — Xs)

SY~T

t—s
- [ i = Y0 (K~ X)
0
t—s

t
D
2V, X, — / Y, dX, — / dY, X, = [Y, X]_
0

and therefore

Y, X]E— [V, XS = [V, X — 3 AV AX, — [V, X],+ 3 AV,AX,

0<r<t 0<r<s
=V, X], - [Y.X], - ) AYAX,
s<r<t
= [Y7 X]t - [Y7 X]s - Z AK‘+SAX7’+S
0<r<t—s
D
=V, X)i—s— Y. AV AX, = [V, X]{ ..
0<r<t—s
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=

In the special case Y = X we also have [X, X|{ — [X, X|¢ = [X, X]{_,. Together this yields

Up—Us = —(X; — Xo) + [X, X]§ - [X, X]S+ > (I+AX,)"' =T+ AX,)
s<r<t
—(Xp = X))+ [X, X - [X, X5+ > (T+AXp) ' =T+ AX)
0<r<t—s
DX+ XX+ Y (T+AX) ' —T+AX,) =Ups,
0<r<t—s
Li—Ly=Y, - Y,— (Y, X]{ - [\, X]9) + Y AV, (I+AX,)""'—1)
s<r<t
=YY, — (V,X[{ - [V, X))+ > AV ((I+AXes) ' = 1)
0<r<t—s
DY - Xf Y AT+ AX)T 1) = L.
0<r<t—s

Combining this we get (U; —Us, Ly — ) (Ug—s, Li—s). Thus (U, L) is a LEVY process. (3.3)
is clear from (3.7c). In order to derive the stochastic differential eqlition (4.19) let Ay = Ap
and B; = By be defined as in (4.16). By (3.7b) we have A; = Exp(X;)™! = gp(Ut) and
thus

dAt = dgp(Ut) = gp(Ut_) dUt = At_ dUt <~ A;_l dAt = dUt .

Equation (4.14) with s = 0 becomes V; = VyA; + B, and taking differentials yields

dV; = Vo dA; +dBy = VA dUy +dBy = (‘/()At, + Btf) dU; + dBy — B;_ dU;
=V, dU; +dB; — By_A; ' dA; =V, dU; + dL,

i
where LQ = By — / Bu_A;E dA,. In order to show that L} = L; we use the integration by

0
parts formula (2.18a) and (2.18e) to obtain
t
L) =B, — / B, A, dA,

t
= B; — (BtAt‘lAt — BoAgtAg — / d(B,AY) A, — [BATY, A]t>
0

t
d(B,A;Y) Ay + [BA™ A

[e=]
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t

=Y+ Yt,/dUul
0

=Y, +[Y,Ul.

Finally, using (2.17a) and (2.17b) the covariation of Y and U can be calculated as

YUl = —[Y, X]: + {Y, [X,X]CL +

Y, > ((I FAX) P - T+ AXS)]

0<s<t

VLX) Y AYAX + S AYA( 3 ((I+AXT)—1_I+AXT)>

0<s<t 0<s<t 0<r<s

—[V,X]f - Y AVAX + Y AY((I+AX) - T+ AX,)

0<s<t 0<s<t
=W xi+ > A (T+AaX)™ = 1) =L -V
0<s<t
sothat Ly =Y; + [Y, U]y = Yi + Ly — Y = Ly. O

Theorem 4.21. Let (U, L) = (U, Lt)i>0 be a LEVY process such that U satisfies (3.3) and
let Vo be an R™*™-valued random variable. Then the solution V = (V})i>0 of the stochastic
differential equation (4.19) is a right MGOU process and its background driving process is
the LEVY process (X,Y) = (X4, Yy)i>0 given by

X, = Log(Bxp(U) ™)), (4:200)
E=M+PI£¢$WYN{ (4.20b)

Furthermore X satisfies (3.3).

Proof. (X,Y) is cadlag and has independent increments because (U, L) is cadlag and has
independent increments. (Xo,Yy) = (0,0) holds by definition. X has stationary increments
because by (3.5b), (3.4a), and the stationary increments of U we have for all 0 < s <t

X - —Log(ﬁ(Ut ) — Log (Exp(U,) )
Log (Exp(U) ' Exp(U.))
xp(
(

5

Uy~ U)™)
0%(& Ut—s) )

t—s-

rl

Il
S

Inserting (4.20a) in (4.20b) yields Y; = L; + [L, X]; and since X and L have stationary
increments it can be shown as in the proof of Theorem 4.20 that [L, X] has stationary
increments as well. Therefore Y has stationary increments because

D
Yi—Ys=Li— Ls + [LaX}t - [LvX]s =Lt s — [LvX]t—s =Y s.

The calculations to derig> (4.15) are similar to the proof of Theorem 3.4(b) in [1]. In fact,
(4.20a) is equivalent to Exp(X;) = gp(Ut)*l which is (3.7b). (4.20b) can be written as

Yi=L,+[L, X}
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=L+ [L, X+ Y ALAX,
0<s<t

= Lo+ [L,X]f = 3 AL+ AX)((I+AX,) ™" — 1)

0<s<t

from which we deduce that [Y, X|{ = [L, X and
AY; = ALy = AL(I+ AX,) (I + AXy) ™' = T) = AL(I + AXy).
Inserting this yields

Vo= Lo+ [V, X = > AY((1+Ax) ™ —1)
0<s<t

which is equivalent to (4.18b). By Theorem 4.20 the right MGOU process V' driven by
(X,Y) is the unique solution of the stochastic differential equation (4.19). Furthermore, by
(3.7a) and (3.4d)

— _ i ~
Xi = Log(%(Ut) 1) = Log(Exp(Ut)) =U
where U = (U)o is constructed from U by (3.6), and then by (3.7c) we have for all ¢ > 0

~ 1

The following relations between (X,Y") and (U, L) will be used in future proofs.

Proposition 4.22. Let (X,Y) = (X3, Y:)i>0 be a LEVY-process such that X satisfies (5.3)
and let the process (U, L) = (Uy, Lt)t>0 be defined as in (4.18). Then for all t >0

Lt = Y;g + [Y, U]t, (421&)
Y; = Ly + [L, X];. (4.21b)

Proof. The proof is similar to the proof of Proposition 3.5 in [1]. In fact, (4.21a) has already
been shown in the last part of the proof of Theorem 4.20. For (4.21b), the definition of L in
(4.18b) yields [L, X]¢ = [V, X]{ and

AL = AY; + AY; (I +AX,)™ = 1) = AYy(I + AX,) ™!
so that

LX), = [L,X]{+ > ALAX,

0<s<t

=Y, X]{+ > AY,(I+AX,)'AX,
0<s<t

=Y, X[{+ > AY.(I+AX) ' (I+AX,—1)
0<s<t

=V, X - 3 A (r+ax)™ -1)
0<s<t

=Y, — L.
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We now procede similarly to the left case and prove that Theorem 4.16, Theorem 4.17, Theo-
rem 4.20, and Theorem 4.21 also hold true when the stationarity property (R3) is weakened
to a property (R3*) requiring only periodic stationarity and the stationary increments of
the background driving process of the right MGOU process are weakened to periodically
stationary increments. We thus replace (R3) by

D
(R3*) (App+ts Bppri)io = (Ao, Bo)e>o for some p >0

and refer to (R0),(R1),(R2),(R3*),(R4) as the R*-assumptions. In fact, (R3*) is the same
as (L3*).

Theorem 4.23 and Theorem 4.24 show that there still is a one-to-one-correspondence between
(Ast, Bst)o<s<t and (X,Y) but as in the left case imposing the R*-assumptions on the
random functional results in a semi-LEVY process as the background driving process.

Theorem 4.23. Let (Asy, Bst)o<s<t satisfy the R*-assumptions for some p > 0 and let
(At = Aot)e>0, (Bt == Boy)t>0 be cadlag. Then the process (X,Y) = (X, Yi)i>0 defined
as in (4.15) is the unique p-semi-LEVY process such that X satisfies (3.3) and (4.16) holds
almost surely.

Proof. The proof is similar to the proof of Theorem 4.16. (X,Y) is cadlag since (A¢)i>0
and (By)i>0 are cadlag, and (Xo,Yp) = (0,0) holds by definition. (X,Y’) has independent
increments because as in the proof of Theorem 4.16 the random variables

tit1 tit1
(Xti+1 - Xti7Y;5i+1 - Y;fz) = ( / dA;,lu Atiyu—7 / d(BtzauAt_l,lu) AtiaU—>

i i

are independent for all tg < ... < g, k € N. (X,Y) has p-stationary increments because by
(R2),(R3%)

t+p t+p
(Xt+p - Xpa Yt+p - Yp)tZO = ( / dA};,llL Ap,u—a / d(Bp,uA;ﬂlL) Ap,u—)
p P t>0
t t
= ( / A, b Ap, o) / A(Bpptudppra) Ap,<p+u>>
0 t>0

t

0
¢
D -1 -1 B
= (/dAu AU—’/d(BUAu )Au—> = (X4, Yi)i>0-
0

0 t>0

, —
Thus (X,Y) is a p-semi-LEVY process. X = Log(A™!) satisfies (3.3) by Theorem 3.6(b) and
(4.16) is derived in exactly the same way as in the proof of Theorem 4.16. O

Theorem 4.24. Let (X,Y) = (X, Yi)i>0 be a p-semi-LEVY process for some p > 0 such
that X satisfies (3.3). Then the family (Asy, Bst)o<s<t defined as in (4.16) satisfies the
R*-assumptions.

Proof. (R0O), (R1), (R2), and (R4) are obtained in the same way as in the proof of Theo-
rem 4.17. (R3*) follows from

(Ap,ertv Bp,p+t)t20
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5
X
T

(Xp)ET(l;(Xt-ﬁ-p)l)
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_ = = _
Exp (Xeap — Xp) 7, / dYy Exp(Xy— — Xp)Exp(Xeqp — Xp) 1)
£0

o

Il
/’_\\ /’_\\ /’—‘\\ VR

><
o
=
+
*s
V|
\.b—l

O\# s
[}

: = —
e
+
3
~
S~—
m
X
o
=2
is
e
+
=
|
<
S~—
m
pad
ho
—
e
+
=
B
]
—

~__—

-

V

=

O

Theorem 4.25 and Theorem 4.26 show that the right MGOU process driven by a semi-LEVY
process is still described by the stochastic differential equation (4.19) but as in the left case
the process (U, L) driving this equation now also is a semi-LEVY process.

Theorem 4.25. Let (X,Y) = (X, Yi)i>0 be a p-semi-LEVY process such that X satisfies
(3.3) and let the process (U,L) = (U, Lt)1>0 be defined as in (4.18). Then (U,L) is a p-
semi-LEVY process such that U satisfies (3.3) and the right MGOU process V' defined as in
(4.17) solves the stochastic differential equation (4.19).

Proof. Since (4.18a) is the same as (4.5a) and (4.18b) is similar to (4.5b), the proof of
Theorem 4.8 carries over in almost the exact same way. Notably we again only need to prove
that (U, L) has p-stationary increments. First, the p-stationary increments of (X,Y") yield
AX,yp 2 AX, and AY,y, 2 AY,. We then have
D D
Y Xy = [V, X = [V, X]e 0 [V XTgy, — [V, XD = [V, XTY
with the special case [X, X]5,, — [X, X]S 2 [X, X]¢. This yields Uy, — U, 2 U and

Lt—i—p_Lp:YIf-l-p_Y;lJ_([KX]f+p [YX "‘ Z AY (I"‘AX) I)

p<s<t+p

=Yiyp —Yp — ([Y, X]§+p Y, X + Z AYSﬂ?((I + AXerp) - I)
0<s<t

Dy, -, X+ S AY((I+AX) " 1) = L.

0<s<t

Combining this we get (Us1p —Up, Liyp — Lp)t>0 D (Ut, Lt)¢>0. Thus (U, L) is a p-semi-LEVY
process. (3.3) is clear from (3.7c) and the stochastic differential equation (4.19) is derived
in exactly the same way as in the proof of Theorem 4.20. O

Theorem 4.26. Let (U, L) = (U, Li)i>0 be a p-semi-LEVY process for some p > 0 such
that U satisfies (3.3) and let Vo be an R™"-valued random wvariable. Then the solution
V = (Vi)e=0 of the stochastic differential equation (4.19) is a right MGOU process and its
background driving process (X,Y) = (X, Yi)i>0 is the p-semi-LEVY process given by (4.15).
Furthermore X satisfies (3.3).
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Proof. (X,Y) is cadlag and has independent increments because (U, L) is cadlag and has
independent increments. (Xo,Yy) = (0,0) holds by definition. X has p-stationary increments
because by (3.5b), (3.4a), and the p-stationary increments of U we have for all ¢ > 0

(Xt+p - Xp)tZO = @(gp(mﬂ?)il) - @(%(Up)*l))
Bop(Ur,) ' Bpl(U))),

gP(Ut-H? - Up)_l))tzo
gp(Ut)_l>>t20 = (Xt)t>0.

t>0

Inserting (4.20a) in (4.20b) yields Y; = L; + [L, X]; and since X and L have p-stationary
increments it can be shown as in the proof of Theorem 4.25 that [L, X| has p-stationary
increments as well. Therefore Y has p-stationary increments because

D
(Yerp — Yp)iso = (Lip — Ly + [L, X]ewp — (L, X]p)ezo 2 (Lt — [L, X])ez0 = (Ye)eso-

The facts that the solution of (4.19) is a right MGOU process driven by (X,Y) and that X
satisfies (3.3) is proven in exactly the same way as in the proof of Theorem 4.21. O

We now give conditions under which the right MGOU process is stationary and state a
distributional equality of right stochastic integrals of stochastic exponentials that is needed
for the proof. These results are similar to the left case in Theorem 4.10 and Theorem 4.11
which were proven by BEHME and LINDNER. In fact, the proofs are analogous to the proofs
of Theorem 5.2 and Proposition 8.3 in [1] and we just state the corresponding results.

Theorem 4.27. Let (X,Y) = (X4, Y1)i>0 be a LEVY process such that X satisfies (3.3) and
let V.= (Vi)e=0 be the right MGOU process driven by (X,Y). Let (U, L) = (U, Lt)t>0 be
defined as in (4.18).

—
(a) Let P- tlim Exp(U;) = 0. Then a finite random variable Viy can be chosen such that V
—00
t

=y
is stationary if and only if the integral /dLu Exp(Uy—) converges in distribution to a

0
finite random variable. In this case Vi can be chosen independently of (X,Y) with

t
Vo 2 D- lim /dLu Exp(Uy_). (4.222)
0

(b) Let P- tli}m E—X[;(Xt) = 0. Then a finite random variable Vi can be chosen such that V'
t

—
is stationary if and only if the integral /dYu Exp(Xy—) converges in probability to a

0
finite random wvariable. In this case Vi can be chosen as

t
Vo= —P- lim [ dY,, Bxp(X,, ). (4.22D)
—00
0
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Theorem 4.28. Let (X,Y) = (X, Y1)i>0 be a LEVY process such that X satisfies (5.3) and
let (U,L) = (U, Lt)t>0 be defined as in (4.18). Then for allt >0

/ av, Exp(U,_) " Exp(Ty) 2 / AL, Bp(U). (4.23)
0 0

In the situation of Theorem 4.28 the left side of (4.23) can also be written in the form

/ aY,, Bp(U,-)  Exp(U7) = / A(Y; ~ Y.,) Exp(U; — Ue) 2 - / AY Exp(Up—a))
0

0

(=]

0

B — [,
t/dY (U ) 0/dY p(Us-)

and (4.23) then becomes

/dY p(Un_) 0/dLEp(U)

0

We now prove an analogous result in the case of periodically stationary increments and use
it to derive conditions under which the right MGOU process is periodically stationary.

Theorem 4.29. Let (X,Y) = (X, Yi)i>0 be a p-semi-LEVY process for some p > 0 such
that X satisfies (3.3) and let (U, L) = (Uy, Lt)1>0 be defined as in (4.18). Then for alln € N

/ av,, Ep(U, ) 2 / AL, Exp(U, ). (4.24)
0 0

Proof. The proof is similar to the proof of Theorem 4.12. Let (U’,Y’) be an independent
copy of (U,Y). Then (U, L) and (U’,L’) are p-semi-LEVY processes by Theorem 4.25. For
fixed n € Nand 0 < s < np now let

Us = Unp - Unpf&
5 = an - an—s

and for s > 0 let

U, = U(/S+np)— Upp—»
Y{ = Y(Is—i—np)— YT;P*

Then

U/s+np)— - U’f/lp*7 Y(/s-i—np)— - Yépf)oﬁsﬁnp
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4 Multivariate generalized Ornstein-Uhlenbeck processes

For partitions o, = ( . _fr?p, L, 0) of the negative real line and o}, = (O np Inp

the positive real line let

3

Acm

(Tistiym = Yopiym) B0 (Tpisnyjm)

I
o

3

B

Vst~ Yagifm— ) B0 (up(istyjm-) -
( )

[e=]

i=
m—00 ]

Then as |o,,| —— 0 we have by Theorems I1.21 and I1.23 in |

o~

Ao = ; (?Ap(ﬂrl)/m - Yém’/m) E_xp> ([7’/”9("“)/’”)
(

Vi tym = Vapiym) 50 (Unism)
+ 3 (Viptisny/m = Yipijm) (B0 (Trpiisym) = B0 (Taijm))

np

L [ VB, ) + [V, Be(0)
0
P

D / 4Y, Bxp(U-) + [V, %(U)}np'
0

This equals the right side in (4.24) because from (4.21a), (2.18d), and (3.1b) we obtain

np np
[ AL BbU.) = [ s + V.01 Bp()
0 0
np np
— —
- / AY,, Exp(Us_) + / ALY, U], Exp(Us_)
0 0
np np np
:/dYu Exp(Un_) + /dYu, au, E—xE)(Uu_)]
0 0 0

np
:/dYu Exp(Un) + Y. EBp(U)] .
np

0

As |0}t | ™=%% 0 we have by Lemma 8.2 in [4] and Theorem I1.21 in [31]

m—1
BJ:; = ot (}/}np(z#l)/mf - S}npi/mf) E—>(l>) (ﬁnp(iJrl)/m—)
m—1
- —~ (Y”P(m*i)/m - an(m*ifl)/M) E.XF; (Un - Unp(mfifl)/m)
m—1 B
-2 (Yaptm—iypm — Yaptm—i-1ypm ) Ex0 (Unpn—i1y/m ' Exp(Unp)

(Vpism = Yot m) B9 (Ui 1/m)  Exp(Uip)

o

=1
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4 Multivariate generalized Ornstein-Uhlenbeck processes

P, /dYu Exp(Uu-)Exp(Uny)-
0

Using the p-stationary increments of (U,Y’) we can also write this in the form

np 0
/dYu gp(Uu—>_1§p(Unp) = / dan-‘ru gp(U(anru)f)_1§p(Unp)
0 —np
0
= - / d(Yn - an-i-u) gp(Unp - U(np+u)f)
“np
0 np
2o [ v, Boty) = [ avBew.)
—np 0
which is the left side in (4.24). The equality in distribution now follows from the fact that
ot m—1 N N .
B = 3 (Vap(er1)fme — Yapijm—) B0 (Unp(iny/m-)
=0
m—1
=2 ((anuﬂ)/m - Aan(iH)/m) - (Ynm/m - AYnm/m))
— —
) (EXp (Unp(i—i-l)/m) — AExp (Unp(z—l—l)/m))
m—1 N N .
= ( np(i+1)/m — ani/m) Exp (Unp(i-l—l)/m)
1=0
m—1
D - - — o
= (Yrip(iJrl)/m B Yaépz/m) Exp (Urlzp(erl)/m) =4

— ,\
because at fixed times both Exp(U) and Y almost surely do not have jumps.

O

Theorem 4.30. Let (X,Y) = (X, Yi)i>0 be a p-semi-LEVY process for some p > 0 such
that X satisfies (3.3) and let V- = (Vi)i>0 be the right MGOU process driven by (X,Y). Let
(U,L) = (U, Lt)t>0 be defined as in (4.18).

(a) Let P- nh_)n(go xp(Unp) = 0. Then a finite random variable Vi can be chosen such that V

np
—
1s p-stationary if and only if the integral /dLu Exp(Uy—) converges in distribution to
0

a finite random variable. In this case Vi can be chosen independently of (X,Y) with

Vo 2 D- lim

np
—
Jim [ dLy, Exp(U,-).
0

(4.25a)

(b) Let P- lim E—><[>)(an) = 0. Then a finite random variable Viy can be chosen such that

n—oo

np

—
V' is p-stationary if and only if the integral /dYu Exp(Xy,—) converges in probability

0
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4 Multivariate generalized Ornstein-Uhlenbeck processes

to a finite random variable. In this case Vi can be chosen as

np

Vo= —P- lim [ dY, Exp(Xu_). (4.25)

Proof. The proof is similar to the proof of Theorem 4.13.

(a) Assume that V is p-stationary. Then V},, D Vo for all n € N and thus

D .
Vo = D- g, Vrp
np
= D- lim (VO + /dYu %(Uu)*) Exp(Upp)

0
np
2 D- nh—>r£>lo ‘/ng(Unp) + /dLu E—XS(Uu—)

0
np

—D- lim | dLyExp(Us).
0

Now assume that (4.25a) holds. Then for fixed t > 0 and all n € N

t+np

np
Vignp = <v0+ / av, Exp(U,-) ! + / dYu%<Uu)‘l><E_m<Ut+np>
0 np
= (%%(Uw - / aY, Exp(Un) " Exp(Uy)
0
- / dYnm‘E‘m(UnM-)l‘E‘mwnp))‘E‘mwnp)“E?pmw)
0

= (%‘E%(Unp) + / AY,, Exp(Uy )~ Exp(Uny)

0
t

+ /d(ynp—i-u - an) g|3(Unp+u— - Unp)_1> gF)(Ut—Hw - Unp)

0

L (VoETp(Uan / dL, Exp(U,) + / dYJETp(Uu)‘lyETp(Ut)
0 0

i) (VO + /dYu g|3(Uu)_1> gp(Ut) =V
0

as n — oo, where we have used (4.24) in the second to last step. Thus

D . . D
Vitp = D- lim Viypipp = D- im Vi y1)p = Vi
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4 Multivariate generalized Ornstein-Uhlenbeck processes

(b) Assume that V is p-stationary. Then V,,, D Vo for all n € Ny and thus

np np
— — —
Vo + / Ay, Exp(Xu-) = VipExp(Xp) — 0 <= Vo = —P- lim [ dY,, Exp(X,,).
0 0

Now assume that (4.25b) holds. Then for all n € N

o) np

Vnp = <‘/0 + /dYu EXP(Xu—)> E.XE(an)il
0

0 0
- / Y, Exp(Xu_ )Exp(Xyp) !
np

— — _
- / AV Bt X (Xinp) ™

—
d(Ynptu — Yap) Exp(Xoptu— — Xnp)

dY,, Exp(Xu_) = Vi

o

0\8 0\8 =)

and thus for all ¢ > 0 by the independence of V), and (Ap p+¢, Bpp+t)
Vitp = VpAppit + Byt = VoAoy + Boy = Vi

O]

When studying the connection between right MGOU processes, right semiselfsimilar pro-
cesses, and right semistable hemigroups in chapters 5.2 and 6.2 we need the notion of a right
MGOU process with time parameter ¢t € R rather than just ¢ > 0. In order to define a right
MGOU process with real time parameter we make use of the construction of a LEVY process
with real time parameter in Theorem 2.3.

Theorem 4.31. Let (X,Y) = (X, Yi)t>0 be a semimartingale such that X satisfies (3.5)
and let (X',Y") be an independent copy of (X,Y). Let (X,Y) be defined as in (2.5). Assume
that

0 0
— —
Vo = / (=Y, Bxp (X, ) = P-lim [ d(=Y’,)Exp (~X(_-) (4.26a)
oo —t

exists and let the process V = (Vi)icr be defined by

t
Ve / AV, Exp( Ko )Exp(X) L. (4.26b)

—0o0
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4 Multivariate generalized Ornstein-Uhlenbeck processes

(a) If (X,Y) is a LEVY process then V is stationary.
(b) If (X,Y) is a p-semi-LEVY process for some p > 0 then V is p-stationary.

Proof. First assume that (X,Y) is a LEVY process. Then (5(,17) is a LEVY process by
Theorem 2.3(a) and therefore has stationary increments. By (3.4b) we have for all ¢ € R
and h > 0

t+h
- =~
Vien = [ 4% B Bp(Krr)

t

- = = — = = = -

— [ AV B (i) JBDE) b~ K) !
— o0

t
- = - S = = -
= /d(Yu+h—Yh) Exp(X(utn)— — Xn)Exp(Xpsn — Xn) ™"

—00
t

~ — —
D / 47, Bxp (X, )Exp(Xe) ™ = .

Now assume that (X,Y) is a p-semi-LEVY process. Then (X,Y) is a p-semi-LEVY process
by Theorem 2.3(b) and therefore has p-stationary increments. By (3.4b) we have for all ¢ > 0

t+p
=~ =~
Vt—i—p: /dYu EXp(Xu—)EXp(XH-p) !
—o0

t

~ = — ==, = _
— / AYyp Exp(X (i) — ) Exp(Xp) T Exp(Xppp — Xp) 7
t
= N N S
— / d(Yutp — Yp) Exp(X(yip)— — Xp)Exp(Xppp — Xp) 7!

—00
t

D [ aF, B Bp(X) = Vi

and for t <0
t—p
~ — ~ — -
Viep = /dYu Exp(Xu—)Exp(X;—p) "

t
< = — s = s S
= /dYu_p Exp(X (u—p)— ) Exp(X_p) YExp(Xi—p — X_p) 7t

—0o0

- - L=~ B
_ / AV — Vo) Ep(Kupy) — X p)Ep(Kip — Xy
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4 Multivariate generalized Ornstein-Uhlenbeck processes

For ¢ > 0 the process in (4.26b) can be written as

t
v, = / AV, Exp(Xu ) Exp (K1)

- 0 t
[ f B (-xi )+ [ anERono B
—0o0 0

t
= (vo + / dv, E_xf)(Xu_)> Exp(X;) "
0

which is the usual integral form of a right MGOU process as in (4.17) but by (4.26a) Vj can
be chosen independently of the background driving process (X,Y'). This fact together with
Theorem 4.31 now motivates the following definition.

Definition 4.32. Let (X,Y) = (X;,Y:)i>0 be a LEVY respectively semi-LEVY process such
that X satisfies (3.3) and let (X’,Y”) be an independent copy of (X,Y). Let (X,Y) be
defined as in (2.5) and assume that Vj as in (4.26a) exists. Then V = (V;)icr defined as in
(4.26b) is called stationary right MGOU process respectively periodically stationary
right M GOU process. The process (X , }7) is called background driving process.
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5 Connection between MGOU and semiselfsimilar processes

5 Connection between MGOU and semiselfsimilar processes

Chapter 5 introduces random semiselfsimilarity as a generalization of semiselfsimilarity that
incorporates random scaling, and the random LAMPERTI transform as a generalization of
the LAMPERTI transform that is compatible with random semiselfsimilarity and MGOU
processes. We show how random semiselfsimilar processes are connected to periodically
stationary processes and MGOU processes by means of the random LAMPERTI transform.
These connections extend to the random selfsimilar and stationary case.

Due to the non-commutativity of matrix multiplication there are two types of random LAM-
PERTI transforms and two types of random semiselfsimilarity in dimension n > 2. Chapter
5.1 discusses the left random LAMPERTI transform, random left semiselfsimilarity, and the
connection to left MGOU processes while chapter 5.2 discusses the right random LAMPERTI
transform, random right semiselfsimilarity, and the connection to right MGOU processes.

5.1 Left MGOU and left semiselfsimilar processes

In the left case the generalization of the LAMPERTI transform and its inverse transform is
defined as follows.

Definition 5.1. Let X = (X;)cr be a semimartingale which satisfies (3.3).

(a) (1113 left X-random LAMPERTI transform of a process Z = (Z;);>0 is the process
Lam(Z) =V = (V})ier defined by

Lam(Z) =V, = Exp(X)) " Z,. (5.1a)

(b) The left(_f(_—random inverse LAMPERTI transform of a process V = (V;)er is the
process Lam™1(V) = Z = (Z;)y>¢ defined by

Lam~1(V}) = 2, = Exp(Xiog(t)) Viog(o) (5.1b)
In the left case the generalization of selfsimilarity and semiselfsimilarity is defined as follows.

Definition 5.2. Let X = (X;)cr be a semimartingale with Xy = 0 which satisfies (3.3).

(a) A process Z = (Z;)>0 is called random left selfsimilar with exponent X or simply
left X-selfsimilar if for all ¢ > 1

(Xlog(t)+log(c) - Xlog(c)u gp(Xlog(c))ilzct>

(Xlog(t)—log(c) - X_ log(c)» gp(AXlog(c—l))_IZc—lt)

D
1 (Xiog(t)s Zt)e=1, (5.2a)

D
0<t<1 = (Xiog(t)s Zt)o<t<1-  (5.2b)

(b) A process Z = (Z;)i>0 is called random left semiselfsimilar with exponent X,
or simply left Xj,,.)-semiselfsimilar if (5.2a) and (5.2b) hold for some ¢ > 1.

In the definition of left semiselfsimilarity we can without loss of generality assume ¢ > 1
because for ¢ = 1 (5.2a) and (5.2b) are automatically fulfilled and for 0 < ¢ < 1 swapping
(5.2a) and (5.2b) and rescaling the time parameter of Z leads to left semiselfsimilarity with
—1 > 1. In particular, left Xiog(c)-semiselfsimilarity for all ¢ > 1 implies left X-selfsimilarity.

If the exponent X is a semi-LEVY process the left random LAMPERTI transform and its
inverse transform establish a one-to-one correspondence between left semiselfsimilar processes
and periodically stationary processes. If the exponent X is a LEVY process the one-to-one
correspondence extends to left selfsimilar processes and stationary processes.
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5 Connection between MGOU and semiselfsimilar processes

Theorem 5.3. Let X = (X;)ier be a log(c)-semi-LEVY process for some ¢ > 1 which
satisfies (3.3).

(a) If Z = (Zi)i>0 is left Xiog(c)-semiselfsimilar, then its left X -random LAMPERTI trans-
form V = (Vy)ier is log(c)-stationary.

(b) If V.= (Vi)ier is log(c)-stationary and independent of X, then its left X-random
inverse LAMPERTI transform Z = (Z)i>o is left Xiog(c)-semiselfsimilar.

Proof.  (a) Because Z is left X),,(.)-semiselfsimilar and X has log(c)-stationary increments,
we have

(Xt+log( ) )71 Zet+log(6) )

Exp
gID(Xlog et)+log(c)) ﬁ) (Xiog(c)) ﬁ (Xiog(e)) 1Zcet>
Exp
Exp

t>0
t>0
(Xlog(et)—l—log(c) - Xlog ﬁ Xlog

t
ce >t20

(Xt)_lzet)tzo = (Vi)i>o0

(gp(thlog(c))ilzet 1og<c>)t<0
= (gp(Xlog et)—log c) ﬁ X_ log(c ﬁ) X_ log(c 1Zc—let>t<0
(gp(Xlog(et)—log(c) - X_ log(c))_lgp(Xlog(c—l))_IZc—let>

D (gp(Xt)_lZet)th = (Vi)t<o-

t<0

Thus V is log(c)-stationary.

(b) Because V is log(c)-stationary and X has log(c)-stationary increments, we have for
t>1

f(Xlog Zet = ﬁ (Xiog(e)) ﬁID (Xiog(et)) Viog(et)
= gID (Xiog(t)+10g(c) — Xiog(c)) Viog(t)-+log(c)
2 gID(Xlog(t))Vlog(t) =7
and similarly for 0 <t <1
gp(Xlog(cfl)) L1y = ﬁ X _tog(c ﬁ (Xiog(c—16)) Viog(c—14)
= ﬁ (Xiog(t)—log(c) — X—1og(c)) Viog(t)—log(c)
= ?P (Xiog(t)) Viog(t) = Zt-

Together with the log(c)-stationary increments of X this yields (5.2a) and (5.2b) and
thus Z is left Xjoq(.)-semiselfsimilar.
O

Corollary 5.4. Let X = (X;)ier be a LEVY process which satisfies (3.3).

(a) If Z = (Zy)i>0 s left X -selfsimilar, then its left X -random LAMPERTI transform V =
(Vi)ier is stationary.
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(b) If V.= (Vi)ier is stationary and independent of X, then its left X-random inverse
LAMPERTI transform Z = (Z;)iso s left X -selfsimilar.

Proof. X is a log(c)-semi-LEVY process for all ¢ > 1 and we can apply Theorem 5.3.

(a) Since Z is left Xj,4(.)-semiselfsimilar for all ¢ > 1, V' is log(c)-stationary for all ¢ > 1
by Theorem 5.3(a) and thus stationary.

(b) Since V is log(c)-stationary for all ¢ > 1, Z is left Xj,4(.)-semiselfsimilar for all ¢ > 1
by Theorem 5.3(b) and thus left X-selfsimilar.

O]

Given a semi-LEVY process X and a left semiselfsimilar process Z we now construct a new
semi-LEVY process Y by integrating the left stochastic exponential of X with respect to Z.
The bivariate process (X,Y’) will be the background driving process of a left MGOU process
that can be constructed from Z. The subsequent corollary shows that Y is a LEVY process
if X is a LEVY process and Z is left selfsimilar.

Lemma 5.5. Let X = (X3)ier be a log(c)-semi-LEVY process for some ¢ > 1 which sat-
isfies (3.3) and let Z = (Zi)i=0 be a left Xiog(c)-semiselfsimilar process with independent
increments. Then the stochastic process Y = (Yi)ier defined by

ot
/%(Xlog(u)—)_l dz, , t=0
1

Y : (5.3)

1
—/gp(Xlog(u))l dz, , t<0
ot

is a log(c)-semi-LEVY process.

Proof. By definition of the stochastic integral Y is continuous in probability, cadlag, and
satisfies Yy = 0. Because X and Z have independent increments, Y also has independent
increments. Because Z is left semiselfsimilar and X has log(c)-stationary increments, we
have for ¢t > 0

C

cet
Y;‘,+log(c) - Ylog(c) = /m(Xlog(u)>l dZ, — /gp(“)(log(u))1 dZ,
1 1
:/gp()(log(u)—)_1 dZy
c
et
_/gp(Xlog(cu)—)_l dZey
1

ot
:/SP(X(log(u)—Hog(c))—)_lgp(Xlog(c))gp(Xlog(c))_l dZeu
1

et
= /gp(X(log(u)Jrlog(c)) - )(log(c))i1 d(gp(Xlog(c))ilzcu)
1
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ot
2 /gp(Xlog(u)—>_l dZ, =Y;

1

and for t <0
1 1
Y;f—log(c) -Y_ log(c) = — / gp(Xlog(u)—)_l dZ, + / gp(Xlog(u)—)_l dZ,
c—let 1

- / gp()(h)g(u)—)_1 dZy,
et
1
_/gp(Xlog(clu)—)_l dZ.-1y
/ﬁ (log(u)—log(c))— ﬁ) X_ log(c ﬁ X_ log(c chflu

= _/SP(X(log(u)—log(c)) - X_ log c) (Fp Xlog(c—l) 1Zc—lu)
et

1
2 _/gp()(log(u)—)_1 dz, =Y.
et

Together with the independent increments Y therefore has log(c)-stationary increments.
Thus Y is a log(c)-semi-LEVY process. O

Corollary 5.6. Let X = (X¢)ier be a LEVY process which satisfies (3.3) and let Z = (Z;)¢=0
be a left X-selfsimilar process with independent increments. Then the stochastic process
Y = (Yy)ier defined as in (5.3) is a LEVY process.

Proof. X is a log(c)-semi-LEVY process for all ¢ > 1 and Z is left Xjqg()-semiselfsimilar for
all ¢ > 1. Then Y is a log(c)-semi-LEVY process for all ¢ > 1 by Lemma 5.5 and thus a
LEVY process. O

Theorem 5.7 and its subsequent corollary show how a left MGOU process can be constructed
out of a left semiselfsimilar respectively left selfsimilar process by means of the left random
LAMPERTI transform. Conversely, Theorem 5.9 and its subsequent corollary show how a left
semiselfsimilar respectively left selfsimilar process can be constructed out of a left MGOU
process by means of the left random inverse LAMPERTI transform.

Theorem 5.7. Let X = (X;)i>0 be alog(c)-semi-LEVY process for some ¢ > 1 which satisfies
(3.3) and let Z = (Z)1>1 be left Xiog(c)-semiselfsimilar. By Lemma 5.5Y = (Yi)i>o defined
as in (5.3) is a log(c)-semi-LEVY process. Then the left X-random LAMPERTI transform
Lam(Z) =V = (V)0 is a log(c)-stationary left MGOU process driven by (X,Y).

— T
Proof. By Theorem 5.3(a) Lam(Z) is log(c)-stationary. We prove that Lam(Z) solves the
stochastic integral equation

t
Vt:Vo+Lt+/dUuVu_,
0
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with (U, L) = (Ut, Lt)t>0 defined as in (4& which is equivalent to the stochastic differential
equation (4.6). By (3.7a) gp(Xt)*1 = Exp(U;) for all t > 0 and thus the left X-random

—
LAMPERTI transform of Z can be written as V; = Lam(Z;) = §p(Xt)71Zet = Exp(Up)Z
By (3.1b) and the integration by parts formula we have for all ¢ > 0

Vo+ Ly + /dUuV =4 Lt /dUu Exp(Us_) Zou
t
0
t
=Z1+ Ly + EXP(Ut et — 41 — / xp(Uy—) dZeu — [EXP(Ut) et
0

—
=L+ %(Xt)*lzet — /szp(ng(u))l dZ, — [Exp(Ut), Zet]

=Li+V; — [EXp(Ut) et
- ‘/t + [Ut7YVt] - [EXP(Ut), Zet] = ‘/;f
since Ly = Y; + [Uy, Y] by (4.8a), and (2.18¢) together with (3.1b) yields

_ et t

— —
[Utyy;f] = Utv/EXp<Ulog(u)—) dZu] = [Ut7/EXp(Uu—)dZeu]

-1 0
ot t

_ /dUu Exp(Us_ ] [/dE_xé ] [Exp(Th), Z.].
-0 0

<_&

By Theorem 4.9 Lam(Z) is a left MGOU process driven by (X,Y). O

Corollary 5.8. Let X = (X;);>0 be a LEVY process which satisfies (3.3) and let Z = (Z;)i>1
be left X -selfsimilar. By Corollary 5.6 Y = (Yi)i>0 defined as in (5.3) is a LEVY process.

%
Then the left X -random LAMPERTI transform Lam(Z) =V = (Vi)>0 is a stationary left
MGOU process driven by (X,Y).

Proof. X is a log(c)-semi-LEVY process for all ¢ > 1 and Z is left Xjog()-semiselfsimilar
H

for all ¢ > 1. By Theorem 5.7 Lam(Z) is a log(c)-stationary left MGOU process driven by

(X,Y) for all ¢ > 1 and thus a stationary left MGOU process. O

Theorem 5.9. Let (X,Y) = (X4, Y;)ier be alog(c)-semi-LEVY process for some ¢ > 1 such
that X satisfies (3.3) and let V.= (Vi)ier be the log(c)-stationary left MGOU process driven

by (X,Y) as in (4.13b). Then the left X -random inverse LAMPERTI transform m_l(V) is
left Xiog(c)-semiselfsimilar.

Proof. Because (X,Y") has log(c)-stationary increments we have for ¢t > 1
1=
gp(*Xlog(c)) "lam™! ?p Xlog Fp Xlog ct))viog(ct)

log(ct)

= gP(Xlog; / ﬁ
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log(t)
= F Xlog / Fp u+10g (c) )dYu—Hog( )
log(t)
= / ﬁ u+log Xlog(c)) d( u+log(c) — lflog(c))
log(t)
D
= / ﬁ _)dy, = ﬁ (Xiog(t)) Viog(t) = Lam™ '(V)
and for 0 <t <1
15
gF)(‘Xlog(c—l)) "lam™ ﬁ X log c) ﬁ) Xlog —1t))viog( —1t)
log _1t
- ﬁ X log c) / Fp
log(t)

= f X_ log( c) / ﬁ u log(c dY —log(c)

log(t)
= / Fp X(u log(c))— - X log(c)) d(Yu—log(c) -Y_ log(c))

log(t)

—
D / ﬁ, ) dY,, = Exp(Xiog(o)) Vies(n) = Lam—1(V2).

Z(Eether with the log(c)-stationary increments of X this yields (5.2a) and (5.2b) and thus
Lam=1(V) is left Xlog(c)-semiselfsimilar. O

Corollary 5.10. Let (X,Y) = (X¢, Y)ier be a LEVY process such that X satisfies (3.3) and
let V.= (Vi)ier be the stationary left MGOU process driven by (X,Y) as in (4.13b). Then

the left X -random inverse LAMPERTI transform Lam™1 (V) is left X -selfsimilar.

Proof. (X,Y) is a log(c)-semi-LEVY process for all ¢ > 1. Then f;n_l(V) is left Xjoe(c)-
semiselfsimilar for all ¢ > 1 by Theorem 5.9 and thus left X-selfsimilar. O
5.2 Right MGOU and right semiselfsimilar processes

In the right case the generalization of the LAMPERTI transform and its inverse transform is
defined as follows.

Definition 5.11. Let X = (X};)icr be a semimartingale with Xy = 0 which satisfies (3.3).

(a) T_he> right X-random LAMPERTI transform of a process Z = (Z;)~¢ is the process
Lam(Z) =V = (V4)ier defined by

Lam(Z,) = Vi == ZoExp(Xy) L. (5.4a)

(b) The riglLX—random inverse LAMPERTI transform of a process V = (V)R is the
process Lam (V) = Z = (Z;)y~0 defined by

N
Lam™! (V) = Vlog(t)EXP(Xlog( ))- (5.4b)
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5 Connection between MGOU and semiselfsimilar processes

In the right case the generalization of selfsimilarity and semiselfsimilarity is defined as follows.
Definition 5.12. Let X = (X;)icr be a LEVY process which satisfies (3.3).

(a) A process Z = (Z)¢>0 is called random right selfsimilar with exponent X or
simply right X-selfsimilar if for all ¢ > 1

— 1
(Xlog(t)+log(c) - Xlog(c)a thEXp(Xlog(c)) )

—) 7
(Xlog(t)flog(c) - X_ log(c)> ZcfltEXp(Xlog(c*I)) 1)

D
>1 = (Xlog(t)7 Zt)tZla (55&)

D
oorey — Kiog(e)s Ze)o<esi- (5:5b)

(b) Aprocess Z = (Z)>0 is called random right semiselfsimilar with exponent X
or simply right X, -semiselfsimilar if (5.5a) and (5.5b) hold for some ¢ > 1.

In the definition of right semiselfsimilarity we can without loss of generality assume ¢ > 1
because for ¢ = 1 (5.5a) and (5.5b) are automatically fulfilled and for 0 < ¢ < 1 swapping
(5.5a) and (5.5b) and rescaling the time parameter of Z leads to right semiselfsimilarity
with ¢! > 1. In particular, right Xiog(c)-semiselfsimilarity for all ¢ > 1 implies right X-
selfsimilarity.

If the exponent X is a semi-LEVY process the right random LAMPERTI transform and its in-
verse transform establish a one-to-one correspondence between right semiselfsimilar processes
and periodically stationary processes. If the exponent X is a LEVY process the one-to-one
correspondence extends to right selfsimilar processes and stationary processes.

Theorem 5.13. Let X = (Xi)ier be a log(c)-semi-LEVY process for some ¢ > 1 which
satisfies (3.3).

(a) If Z = (Zi)i>0 is right Xiog(c)-semiselfsimilar, then its right X-random LAMPERTI
transform V = (V;)er is log(c)-stationary.

(b) If V.= (Vi)ier s log(c)-stationary and independent of X, then its right X-random
inverse LAMPERTI transform Z = (Z)i>o is Tight Xiog(c)-semiselfsimilar.

Proof.  (a) Because Z is right Xje()-semiselfsimilar and X has log(c)-stationary incre-
ments, we have

(Vittog(e) )10 = (Zet+log<c>E—><P>(Xt+log(0))_1)t>0
- (ZcetE.Xp)(Xlog(C)rlE.Xp)(Xlog(C))E.”)>(X10g(et)+1°g(c))il)t>o
= (Zcet E—X[))(Xlog(c))flE—M)D(Xlog(et)Jrlog(C) - Xlog(c))il)tzo
2 (2aBp(X)7) = (Wi

H _
Z gr—108e) EXp(X_10g(c)) 1)t<0

<0

— = — _

(Zcflet EXP(X— log(c) ) ! EXP(X— log(c) ) Exp(Xlog(et)—log(c)) 1)
— B P g _

(Zcflet Exp(Xlog(cfl)) 1EXp<X10g(et)—log(c) - X_ 10g(c)) 1)t<0

—
2 (ZetEXp(Xt)_l)t<O = (V)i<o-

Thus V is log(c)-stationary.

88



5 Connection between MGOU and semiselfsimilar processes

(b) Because V is log(c)-stationary and X has log(c)-stationary increments, we have for
t>1

thE—X[;(Xlog(c))il = ‘/log(ct)E—)q;(Xlog(ct))E—xl;(Xlog(c))il
= V10g(t)+10g(c)E—><I>>(X10g(t)+1og(c) — Xiog(e))
2 ‘/log(t)E—X[;(Xlog(t)) =7
and similarly for 0 <t <1

— -~ —_— —t —
ZcfltEXp(Xlog(cfl)) b= log(cflt)Exp<Xlog(c*1t))EXp(Xflog(c)) !

—
- Viog(t)flog(c) EXp(Xlog(t)flog(c) - X log(c))

D —
= Viog(t) EXP(Xiog (1)) = Zt-

Together with the log(c)-stationary increments of X this yields (5.5a) and (5.5b) and

thus Z is right Xjog()-semiselfsimilar.
O]

Corollary 5.14. Let X = (X;)ier be a LEVY process which satisfies (5.3).

(a) If Z = (Zi)e>0 is right X -selfsimilar, then its right X -random LAMPERTI transform
V = (Vi)ter is stationary.

(b) If V.= (Vi)er is stationary and independent of X, then its right X -random inverse
LAMPERTI transform Z = (Z;)iso is right X -selfsimilar.

Proof. X is a log(c)-semi-LEVY process for all ¢ > 1 and we can apply Theorem 5.13.

(a) Since Z is right Xjoy(c)-semiselfsimilar for all ¢ > 1, V' is log(c)-stationary for all ¢ > 1
by Theorem 5.13(a) and thus stationary.

(b) Since V' is log(c)-stationary for all ¢ > 1, Z is right Xj,4(.)-semiselfsimilar for all ¢ > 1
by Theorem 5.13(b) and thus right X-selfsimilar.

O]

Given a semi-LEVY process X and a right semiselfsimilar process Z we now construct a new
semi-LEVY process Y by integrating the right stochastic exponential of X with respect to
Z. The bivariate process (X,Y) will be the background driving process of a right MGOU
process that can be constructed from Z. The subsequent corollary shows that YV is a LEVY
process if X is a LEVY process and Z is right selfsimilar.

Lemma 5.15. Let X = (Xi)ier be a log(c)-semi-LEVY process for some ¢ > 1 which
satisfies (3.3) and let Z = (Zt)i>0 be a right Xi,e(c)-semiselfsimilar process with independent
increments. Then the stochastic process Y = (Yi)icr defined by

—
/dZu Exp(Xiogu)—) " , t>0
Y, 1 (5.6)
—
_/dZu Exp()(log(u)—)_1 , <0

et

is a log(c)-semi-LEVY process.
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5 Connection between MGOU and semiselfsimilar processes

Proof. By definition of the stochastic integral Y is continuous in probability, cadlag, and
satisfies Yy = 0. Because X and Z have independent increments, Y also has independent
increments. Because Z is right semiselfsimilar and X has log(c)-stationary increments, we
have for ¢t > 0

cet C

-_— _ -— _
}/t—&—log(c) - Ylog(c) = /dZu Exp(Xlog(u)—) t— /dZu Exp(Xlog(u)—) !

1 1

cet

H _
/dZu EXp(Xlog(u)—) !

o

H _
= /chu Exp(Xlog(cu)f) !
1

— 1= — —
= /chu EXp(Xlog(c)) 1EXp(Xlog(c))EXp(X(log(u)+log(c))—) !
1

—t
= —/dzclu EXp(XlOg(Cflu)_)_l

et
1

—> = — _
- = / dZ -1y EXp(X, log(c)) 1EXp(X, log(c))Exp(X(log(u)flog(c))f) !

t
1

H B _) -
= —/d(Zc—luEXp(Xlog(c—l)) 1) EXP(X(IOg(u)—log(c))_ _ X—log(c)) 1

t

1
—
= —/dZu Exp(Xiog(u)—) " =Yz

et

€

e

wj

Together with the independent increments Y therefore has log(c)-stationary increments.
Thus Y is a log(c)-semi-LEVY process. O
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5 Connection between MGOU and semiselfsimilar processes

Corollary 5.16. Let X = (X;)ier be a LEVY process which satisfies (3.3) and let Z =
(Z)i>0 be a right X -selfsimilar process with independent increments. Then the stochastic
process Y = (Yi)ier defined as in (5.6) is a LEVY process.

Proof. X is a log(c)-semi-LEVY process for all ¢ > 1 and Z is right Xjog()-semiselfsimilar
for all ¢ > 1. Then Y is a log(c)-semi-LEVY process for all ¢ > 1 by Lemma 5.15 and thus a
LEVY process. O

Theorem 5.17 and its subsequent corollary show how a right MGOU process can be con-
structed out of a right semiselfsimilar respectively right selfsimilar process by means of the
right random LAMPERTI transform. Conversely, Theorem 5.19 and its subsequent corollary
show how a right semiselfsimilar respectively right selfsimilar process can be constructed out
of a right MGOU process by means of the right random inverse LAMPERTI transform.

Theorem 5.17. Let X = (X;)i>0 be a log(c)-semi-LEVY process for some ¢ > 1 which sat-
isfies (3.3) and let Z = (Z;)i>1 be right Xiog(c)-semiselfsimilar. By Lemma 5.15Y = (Y3)i>0
defined as in (5.6) is a log(c)-semi-LEVY process. Then the right X-random LAMPERTI

transform Lam(Z) = V = (Wi)i>0 is a log(c)-stationary right MGOU process driven by
(X,Y).

— —
Proof. By Theorem 5.13(a) Lam(Z) is log(c)-stationary. We prove that Lam(Z) solves the
stochastic integral equation

t
V=Yoo Lot [ ViedU,,
0
with (U, L) = (Uy, Lt)e>0 defined as in (4.18), which is equivalent to the stochastic differential

equation (4.19). By (3.7b) E—>q>)(Xt)_1 = gp(Ut) for all t > 0 and thus the right X-random

LAMPERTI transform of Z can be written as V; = Lam(Z;) = Z E—><F>>(Xt)_1 = Zetgp(Ut).
By (3.1a) and the integration by parts formula we have for all ¢ > 0

t t
Vo + Ly + / Voo dUy = Z1 + Li 4+ | Zow Exp(Us ) AU,
0

=Z1+Li+ | Zeu- ng(Uu)

S O~—

= 7y + Ly + ZuBxp(U) — 7 — / AZu Exp(Up) = [Zur, Exp(U1)]

0

et

—s —
=L+ Zet Exp(Xt)_l - /dZu Exp(‘Xrlog(u)—)_1 - [Zeta gp(Ut)]

1
=Li+Vi =Y, — [Ze, gp(Ut)]
= ‘/t + [Y;‘/, Ut] - [Zeta gp([]?f)] = V;f

since Ly = Y; + [Y;, U] by (4.21a), and (2.18e) together with (3.1a) yields

[Utay;i] = [/dZu gp(ljlog(u))7[]15‘| = [/dZe" gp([]u—%(]t“|

1 0
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5 Connection between MGOU and semiselfsimilar processes

- lzet,/ﬁ(Uu_)dUu] - [Zet,/dgp(Uu)] = [Zo, Exp(U)].
0 0

—
By Theorem 4.9 Lam(Z) is a right MGOU process driven by (X,Y). O

Corollary 5.18. Let X = (Xi)i>0 be a LEVY process which satisfies (3.3) and let Z =
(Z¢)e>1 be right X-selfsimilar. By Corollary 5.16 Y = (Yi)i>0 defined as in (5.6) is a
LEVY process. Then the right X -random LAMPERTI transform Lam(Z) =V = (V;)i>0 is a
stationary right MGOU process driven by (X,Y).

Proof. X is a log(c)-semi-LEVY process for all ¢ > 1 and Z is right Xj,e()-semiselfsimilar

>
for all ¢ > 1. By Theorem 5.17 Lam(Z) is a log(c)-stationary right MGOU process driven
by (X,Y) for all ¢ > 1 and thus a stationary right MGOU process. O

Theorem 5.19. Let (X,Y) = (X3, Yy)ier be alog(c)-semi-LEVY process for some ¢ > 1 such
that X satisfies (3.3) and let V = (Vi)icr be the log(c)-stationary right MGOU process driven

5
by (X,Y) as in (4.26b). Then the right X -random inverse LAMPERTI transform Lam~1(V)
is Tight Xiog(c)-semiselfsimilar.

Proof. Because (X,Y') has log(c)-stationary increments we have for ¢t > 1

— — _ — — _
Lam™" (‘/Ct> EXp(Xlog(c)) t= Wog(ct) EXp(Xlog(ct) ) Exp<Xlog(c) ) !

log(ct)
— —
= / dYy Exp()(u—)Exp(‘Xlog(c))i1
log(t)
—s — _
= / Y, 410g(e) EXP(X (ut10g(e)) — ) EXP(Xiog(e)) "

log(t)
2 / dY, EXP(XU*) - Viog(t) Exp(Xlog(t)) Lam_l(vt)

and for 0 <t <1

— — _ — — _
Lam l(mflt)EXp(Xlog(cfl)) ! :Wog(c*lt)Exp(Xlog(cflt))EXp(X—log(c)) !

log(c_lt)
— s _
= / dY, EXp(Xu*)EXp(X— log(c)) !
log(t)
— — i
= / dYu—log(c) Exp(X(u—log(c))—)EXp(X— log(c)) !
log(t)
—
= / d(Yu-tog(e) = Y=10g(c)) EXP(X (ut0g(c))— = X—1og(c))
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5 Connection between MGOU and semiselfsimilar processes

log()
D —» —» —y
2[4, Bp(X) = Vit B (Xio) = Lam (V)

—0o0

Together with the log(c)-stationary increments of X this yields (5.5a) and (5.5b) and thus
Lam~1(V) is right Xlog(c)-semiselfsimilar. O

Corollary 5.20. Let (X,Y) = (X, Y:)ter be a LEVY process such that X satisfies (3.3) and
let V.= (Vi)ier be the stationary right MGOU process driven by (X,Y) as in (4.26b). Then
the right X -random inverse LAMPERTI transform Lam~Y(V) is right X -selfsimilar.

, L
Proof. (X,Y) is a log(c)-semi-LEVY process for all ¢ > 1. Then Lam™(V) is right X
semiselfsimilar for all ¢ > 1 by Theorem 5.19 and thus right X-selfsimilar. 0
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6 Connection between MGOU and semistable hemigroups

6 Connection between MGOU and semistable hemigroups

Chapter 6 introduces random semistable hemigroups as a generalization of semistable hemi-
groups that incorporates random scaling. We prove that a random semistable hemigroup
admits an integral representation and show how random semistable hemigroups are con-
nected to random semiselfsimilar processes, periodically stationary processes, and MGOU
processes. These connections extend to the random stable, random selfsimilar, and station-
ary case.

Due to the non-commutativity of matrix multiplication there are two types of random
semistable hemigroups in dimension n > 2. Chapter 6.1 discusses random left semistable
hemigroups and the connection to random left semiselfsimilarity and left MGOU processes
while chapter 6.2 discusses random right semistable hemigroups and the connection to ran-
dom right semiselfsimilarity and right MGOU processes.

6.1 Left MGOU and left semistable hemigroups

In the left case the generalization of a stable and semistable hemigroup is defined as follows.
Definition 6.1. Let X = (X¢):cr be a semimartingale with Xy = 0 which satisfies (3.3).

(a) A family (Zs)o<s<t of random variables is called random left stable hemigroup
with exponent X or simply left X-stable hemigroup if it satisfies the following
four conditions.

(L1) Z,, and Z,; are independent for all 0 < ¢ <r < s <t.
(L2) Zy s+ Zsy = Zyy forall 0 <r < s <t.
(L3) Forall ¢ > 1

2 (Xlog(t)7 Zs,t)lgsgta
(6.1a)

(Xlog(t)Jrlog(c) - Xlog(c)7 gp()(log(c))71205,ct)

1<s<t

D
= (Xlog(t)7 ZS,t)0<s§t§1-

(6.1b)

(Xlog(t)flog(c) - X log(c)» gp()(log(c—l))ilZc—ls,c—lt)

0<s<t<1

(L4) The map (s,t) — Zs; is continuous with respect to convergence in distribution.

(b) A family (Zs+)o<s<¢ of random variables is called random left semistable hemi-
group with exponent X or simply left X, -semistable hemigroup if it
satisfies (L1), (L2), (L4), and (L3) holds true for some ¢ > 1.

In the definition of a left semistable hemigroup we can without loss of generality assume
¢ > 1 because for ¢ = 1 (6.1a) and (6.1b) are automatically fulfilled and for 0 < ¢ < 1
swapping (6.1a) and (6.1b) and rescaling the time parameters of (Zs¢)o<s<: leads to a left
semistable hemigroup with ¢=1 > 1. In particular, if (Zs+)o<s<t is a left Xlog(c)-semistable
hemigroup for all ¢ > 1 then it is a left X-stable hemigroup.

If the exponent X is a semi-LEVY process there is a one-to-one correspondence between
left semistable hemigroups and left semiselfsimilar processes. If the exponent X is a LEVY
process the one-to-one correspondence extends to left stable hemigroups and left selfsimilar
processes.
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6 Connection between MGOU and semistable hemigroups

Theorem 6.2. Let X = (X;)ier be a log(c)-semi-LEVY process for some ¢ > 1 which
satisfies (3.3).

(a) If (Zst)o<s<t s a left Xiog(c)-semistable hemigroup, then the process Z = (Zt)o<t<1
defined by Z := Zo has independent increments and is left Xiog(c)-semiselfsimilar.

(b) If Z = (Zt)t>0 is a left Xigg(c)-semiselfsimilar process that is continuous in probability
and has independent increments, then the family (Zs4)o<s<t defined by Zs, == Zy — Zs
is a left Xyog(c)-semistable hemigroup.

Proof. (a) By (L1) and (L2) Z has independent increments. By (L3) we have for 0 < ¢ < 1
_ _ D
gp(*XPlog(cfl)) 1Zc*1t = gp(Xlog(cfl)) 1ZO,C*115 = ZO,t‘

Together with the log(c)-stationary increments of X this yields (5.2b) and thus Z is
left Xjog(c)-semiselfsimilar.

(b) (L1) is clear from the independent increments of Z. (L2) follows by direct calculation
since forall 0 <r <s <t

Zr,s + Zs,t = Zs - ZT + Zt - Zs = Zt - Zr = Zr,t~
(L3) holds true because for 1 < s <t

gp()(log(c))ilzcs,ct = gp(~X10g(c))71(th - ch) 2 Zt — Zs = Zs,t
and for 0 <s<¢<1

_ D
—lsc=1t — gp()(log(cfl)) 1<Z -1 — Zcfls) = Zt - Zs = Zs,t-

Cc

gp()(log(cfl))ilz

c

Together with the log(c)-stationary increments of X this yields (6.1a) and (6.1b). (L4)
is a consequence of the continuity in probability of Z and the fact that convergence in

probability implies convergence in distribution.
O

Corollary 6.3. Let X = (X¢)ier be a LEVY process which satisfies (3.3).

(@) If (Zst)o<s<t is a left X-stable hemigroup, then the process Z = (Zy)o<i<1 defined by
Zy = Zo; has independent increments and is left X -selfsimilar.

(b) If Z = (Zi)e>0 is a left X -selfsimilar process that is continuous in probability and has
independent increments, then the family (Zst)o<s<t defined by Zs, = Zy — Zs is a left
X -stable hemigroup.

Proof. X is a log(c)-semi-LEVY process for all ¢ > 1 and we can apply Theorem 6.2.

(a) Since (Zst)o<s<t is a left Xj4()-semistable hemigroup for all ¢ > 1, Z is left Xjoq(c)-
semiselfsimilar for all ¢ > 1 by Theorem 6.2(a) and thus left X-selfsimilar. The inde-
pendent increments of Z also follow from Theorem 6.2(a).

(b) Since Z is Xjgg(c)-semiselfsimilar for all ¢ > 1, (Zs)o<s<t is a left Xjoq(c)-semistable
hemigroup for all ¢ > 1 by Theorem 6.2(b) and thus a left X-stable hemigroup.

O]
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6 Connection between MGOU and semistable hemigroups

Theorem 6.4 and its subsequent corollary show that a left semistable respectively left stable
hemigroup admits the integral representation (6.2). Conversely, Theorem 6.6 and its subse-
quent corollary show that the stochastic integral in (6.2) defines a left semistable respectively
left stable hemigroup.

Theorem 6.4. Let X = (X;)ier be a log(c)-semi-LEVY process for some ¢ > 1 which
satisfies (5.3) and let (Zs1)o<s<t be a left Xiog(c)-semistable hemigroup. By Theorem 6.2(a)
Z = (Zt)o<t<1 defined by Zy == Zy is a left Xiog(c)-semiselfsimilar process with independent
increments and by Lemma 5.5 Y = (Yi)i<o defined as in (5.3) is a log(c)-semi-LEVY process.
Then for all 0 < s <t <1 the random variable Zs; has the integral representation

log(t)
sy = / fP (6.2)
log(s)
Proof. For 0 < s <t <1 we have
log(t) log(t) 1
/ fP / ﬁ <— /gp(Xlog(v))l dZv)
log(s) log(s) v
log(t) et
- / ‘E%(Xu_)d( / %(ng@))ldzv>
log(s) 1
log(t)
— | BR(Xu ) B Xy ) ! 4
log(s)
log(t)
= / dZev = Z jogty — Zglog(s) = Zt — Zs = Zsy.
log(s)

O]

Corollary 6.5. Let X = (X;)ier be a LEVY process which satisfies (3.3) and let (Zs)o<s<t
be a left X -stable hemigroup. By Corollary 6.3(a) Z = (Zi)o<t<1 defined by Zy = Zyy is
a left X -selfsimilar process with independent increments and by Corollary 5.6 Y = (Y;)i<o
defined as in (5.3) is a LEVY process. Then for all 0 < s <t < 1 the random variable Zsit
has the integral representation (6.2).

Proof. The calculation to derive (6.2) is the same as in the proof of Theorem 6.4. O

Theorem 6.6. Let (X,Y) = (X4, Yi)er be a log(c)-semi-LEVY process for some ¢ > 1
such that X satisfies (3.3). Then (Zst)o<s<t defined as in (6.2) is a left Xiog(c)-semistable
hemigroup.

Proof. (L1) is clear from the independent increments of (X,Y). (L2) follows by direct
calculation since for all 0 < r < s <¢

log(s) log(t) log(t)
Lyt Zy = / Exp(X._)dY, + / Exp( X )dY, = / Exp(Xu_)dYy = Z.t.
log(r) log(s) log(r)
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6 Connection between MGOU and semistable hemigroups

(L3) holds true because for 1 < s <t

log(ct)
gID(Xlog(c))_Ich,ct = gp(Xlog(c))_l / gp(Xuf) dY,
log(cs)
log(t)+log(c)
= / Exp(Xy_ — Xiog(e)) AV — Yiog(c))
log(s)+log(c)

log()
= / gp(X(qulog(c))f - Xlog(c)) d(Yqulog(c) - leog(c))

log(s)

log(t)
2 gp(‘Xu—) dYu = Lt

log(s)

and for 0 < s <t<1
log(c’lt)
gp()(log(cfl))7120*1570*% = gp(‘leog(cfl))il / gp(XU—) dYy

log(c—1s)

log(t)—log(c)
= / gp(Xu* - X_ log(c)) d(Yu -Y_ log(c))

log(s)—log(c)

log(t)
= / g|O(X(u—1og(c))— — X 1og(c)) A(Yautog(c) = Y=10g(c))
log(s)
log(t)
L / Exp(Xuo) dY, = Zs.
log(s)

Together with the log(c)-stationary increments of X this yields (6.1a) and (6.1b). (L4) is a
consequence of the continuity in probability of (X,Y’) and the stochastic integral and of the
fact that convergence in probability implies convergence in distribution. O

Corollary 6.7. Let (X,Y) = (X3, Yi)ier be a LEVY process such that X satisfies (3.3).
Then (Zst)o<s<t defined as in (6.2) is a left X -stable hemigroup.

Proof. Since (X,Y) is a log(c)-semi-LEVY process for all ¢ > 1, (Zst)o<s<t is a left Xjog(0)-
semistable hemigroup for all ¢ > 1 by Theorem 6.6 and thus a left X-stable hemigroup. [

Theorem 6.8 and its subsequent corollary show how a left semistable respectively left stable
hemigroup can be constructed out of a periodically stationary respectively stationary process.
Conversely, Theorem 6.10 and its subsequent corollary show how a periodically stationary
respectively stationary process can be constructed out of a left semistable respectively left
stable hemigroup.

Theorem 6.8. Let X = (X;)wer be a log(c)-semi-LEVY process for some ¢ > 1 which
satisfies (3.3) and let V. = (Vi)ier be log(c)-stationary and independent of X. By Theo-
rem 5.3(b) the left X-random inverse LAMPERTI transform Z = (Zi)i>o of V' is left Xiog(c)-
semiselfsimilar and by Lemma 5.5 Y = (Yi)ier defined as in (5.3) is a log(c)-semi-LEVY
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6 Connection between MGOU and semistable hemigroups

process. Then (Zs)o<s<t defined by

Zs,t = gp(Aleog(lt))Vi ) — gp()(log(s))Viog(s) (6'33)

og(t
is a left Xiog(c)-semistable hemigroup and Zs; has the integral representation
log(¢)
Zyy = / Exp(X._)dY,. (6.3b)
log(s)

Proof. By Theorem 6.2(b) the family (Zs+)o<s<t defined by Zs; == Z; — Z is a left Xjoq(c)-
semistable hemigroup and by definition of the left X-random inverse LAMPERTI transform
we have

Zs,t =Z1— Zs= gp(‘Xlog(t))Vi ) — gp()(log(s))viog(s)

which is (6.3a). The integral representation in (6.3b) for 0 < s <t < 1 follows with the same
calculation as in the proof of Theorem 6.4. For 1 < s <t we have

og(t

log (1) log (1) o
| Botxyar.= [ %(Xu_m( [ BpCXing )" dzv)
log(s) log(s) 1
log(t)
— | BR(tu ) B Xy ) ! 02
log(s)
log(t)
= / dZeuw = Z oty — Zglog(s) = 2t — Zs = Zs
log(s)
and for 0 < s <1 <t we have
log(t) 0 1
/ Exp(X,_) dY, = / ‘Q,(Xu_)d( - / Exp(Xiog) )" dzv>
log(s) log(s) o
log(t) et
+ / gp(XU—)d</§p(Xlog(v))lev>
0 1
0
— | B ) B Xy ) ! 4
log(s)

log(t)

+ / gp(Xu—)gp(Xlog(e“)f)ilee“
0

log(t)

B / dZew = Zelog(t) - Zelog(S) =Zi— Zs = ZS,t'
log(s)
L]

Corollary 6.9. Let X = (Xi)ier be a LEVY process which satisfies (3.3) and let V =
(Vi)ter be stationary and independent of X. By Corollary 5.4(b) the left X -random inverse
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6 Connection between MGOU and semistable hemigroups

LAMPERTI transform Z = (Zy)i=o0 of V is left X -selfsimilar and by Corollary 5.6 Y = (Y;)er
defined as in (5.3) is a LEVY process. Then (Zs1)o<s<t defined as in (6.3a) is a left X -stable
hemigroup and Zs; has the integral representation (6.3b).

Proof. By Corollary 6.3(b) the family (Zs;)o<s<t defined by Zs; :== Z; — Zs is a left X-stable
hemigroup. (6.3a) is derived in the same way as in the proof of Theorem 6.8 and the integral
representation (6.3b) follows with the same calculations as in the proofs of Theorem 6.4 and
Theorem 6.8. U

Theorem 6.10. Let X = (X;)ier be a log(c)-semi-LEVY process for some ¢ > 1 which
satisfies (3.3) and let (Zsi)o<s<t be a left Xiog(c)-semistable hemigroup. Then the process
V = (W)i<o defined by

Vi i= Bxp(X)) " Zg o (6.4)

is log(c)-stationary.

Proof. By Theorem 6.2(a) Z = (Z)o<t<1 defined by Z; := Zy; is left Xj,4(.)-semiselfsimilar
<___
and then by Theorem 5.3(a) V = Lam(Z) is log(c)-stationary. O

Corollary 6.11. Let X = (X¢)ier be a LEVY process which satisfies (3.3) and let (Zs)o<s<t
be a left X -stable hemigroup. Then the process V.= (Vi)i<o defined as in (6.4) is stationary.

Proof. By Corollary 6.3(%)_Z = (Zt)o<t<1 defined by Z; := Zy, is left X-selfsimilar and then
by Corollary 5.4(a) V = Lam(Z) is stationary. O

Theorem 6.12 and its subsequent corollary show how a left semistable respectively left stable
hemigroup can be constructed out of the random functional (As+, Bst)o<s<¢ that defines a
left MGOU process via the random recurrence equation (4.1). Conversely, Theorem 6.14
and its subsequent corollary show how a periodically stationary respectively stationary left
MGOU process can be constructed out of a left semistable respectively left stable hemigroup.

Theorem 6.12. Let (X,Y) = (X¢,Yi)i>0 be a log(c)-semi-LEVY process for some ¢ > 1
such that X satisfies (3.3) and let (A, Bst)o<s<t be defined as in (4.3). Then the family

~1 -1
(Alog(t) Blog(t) B Alog(s) BIOg(S)) 1<s<t (65)

is a left Xyog(c)-semistable hemigroup.

Proof. Inserting the formulas in (4.3) we have for all 1 < s <t

log(t)
-1 —1 -1
Alog(t)BIOg(t) B Alog(s)Blog(S) = gp()(log(t))gp()(log(t)) / gp()(u—) dy;,
0
log(s)
- gp(‘Xlog(s))gp()(log(s))_l / gp()(u—) dYu
0
log(t)
- [ Botx.av,
log(s)
which is (6.2) and by Theorem 6.6 this defines a left Xlog(c)-semistable hemigroup. O
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6 Connection between MGOU and semistable hemigroups

Corollary 6.13. Let (X,Y) = (X¢,Yi)i>0 be a LEVY process such that X satisfies (3.3)
and let (Asy, Bst)o<s<t be defined as in (4.3). Then the family in (6.5) is a left X -stable
hemigroup.

Proof. With the same calculation as in the proof of Theorem 6.12 we get the integral repre-
sentation (6.2) which defines a left X-stable hemigroup by Corollary 6.7. O

Theorem 6.14. Let X = (Xi)ier be a log(c)-semi-LEVY process for some ¢ > 1 which
satisfies (3.3) and let (Zst)o<s<t be a left Xiog(c)-semistable hemigroup. By Theorem 6.2(a)
Z = (Zi)o<t<1 defined by Zy == Zoy is a left Xiog(c)-semiselfsimilar process with independent
increments and by Lemma 5.5Y = (Yi)i<o defined as in (5.3) is a log(c)-semi-LEVY process.
If the improper stochastic integral in (4.13a) exists then V = (Vi)i<o defined by

V, = Exp(X,) " Zo ot (6.6)
is a log(c)-stationary left MGOU process driven by (X,Y).

Proof. From the integral representation of Zs; in (6.3b) we obtain by (L2)
¢
Vi = Bp(X0) 2o = Bp(X) ! [ BplXo) Y,
—o0

which by (4.13b) shows that V' is a log(c)-stationary left MGOU process driven by (X,Y). O

Corollary 6.15. Let X = (Xy)ier be a LEVY process which satisfies (3.3) and let (Zs)o<s<t
be a left X -stable hemigroup. By Corollary 6.3(a) Z = (Zi)o<i<1 defined by Zy = Zy, is
a left X -selfsimilar process with independent increments and by Corollary 5.6 Y = (Y)i<o
defined as in (5.3) is a LEVY process. Then V = (V})i<o defined as in (6.6) is a stationary
left MGOU process driven by (X,Y).

Proof. The calculation to derive (4.13b) is the same as in the proof of Theorem 6.14. O]

6.2 Right MGOU and right semistable hemigroups

In the right case the generalization of a stable and semistable hemigroup is defined as follows.
Definition 6.16. Let X = (X;)cr be a semimartingale with Xy = 0 which satisfies (3.3).

(a) A family (Zs+)o<s<¢ of random variables is called random right stable hemigroup
with exponent X or simply right X-stable hemigroup if it satisfies the following
four conditions.

(R1) Z,, and Z,; are independent for all 0 < ¢ <r < s <t.
(R2) Zy s+ Zsy = Zpy forall 0 <r < s <t.
(R3) Forall ¢ > 1

2 (Xiog(t)) Zs,t)1<s<ts
(6.7a)

— _
(Xlog(t)+10g(0) - Xlog(C)’ Zes,ct EXp(Xlog(C)) 1)1<5<t

D
= (X Zst)o<s<t<1-
ocscict (Xiog(t), Zst)o<s<t<

(6.7b)

— _1
(Xlog(t)—log(c) - X log(c)» Zcfls,cfltEXp(Xlog(cfl)) )
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6 Connection between MGOU and semistable hemigroups

(R4) The map (s,t) — Zs; is continuous with respect to convergence in distribution.

(b) A family (Zs+)o<s<t of random variables is called random right semistable hemi-
group with exponent X, or simply right X, -semistable hemigroup if it
satisfies (R1), (R2), (R4) and (R3) holds true for some ¢ > 1.

In the definition of a right semistable hemigroup we can without loss of generality assume
¢ > 1 because for ¢ = 1 (6.7a) and (6.7b) are automatically fulfilled and for 0 < ¢ < 1
swapping (6.7a) and (6.7b) and rescaling the time parameters of (Z,)o<s<: leads to a right
semistable hemigroup with ¢~ > 1. In particular, if (Zs+)o<s<t is a right Xlog(c)-semistable
hemigroup for all ¢ > 1 then it is a right X-stable hemigroup.

If the exponent X is a semi-LEVY process there is a one-to-one correspondence between
right semistable hemigroups and right semiselfsimilar processes. If the exponent X is a
LEVY process the one-to-one correspondence extends to right stable hemigroups and right
selfsimilar processes.

Theorem 6.17. Let X = (Xi)ier be a log(c)-semi-LEVY process for some ¢ > 1 which
satisfies (3.3).

(a) If (Zst)o<s<t is a right Xlog(c)-semistable hemigroup, then the process Z = (Zt)o<t<1
defined by Zi = Zo+ has independent increments and is right Xiog()-semiselfsimilar.

(b) If Z = (Z1)i>0 is a right Xioe(c)-semiselfsimilar process that is continuous in probability
and has independent increments, then the family (Zs4)o<s<t defined by Zsy == Zy — Zs
is a right Xiog(c)-semistable hemigroup.

Proof. (a) By (R1) and (R2) Z has independent increments. By (R3) we have for 0 <t <1

— _ — 1D
ZcfltEXp(Xlog(cfl)) t= ZO,cfltEXp(Xlog(cfl)) t= ZO,t-

Together with the log(c)-stationary increments of X this yields (5.5a) and (5.5b) and
thus Z is right Xj,e(.)-semiselfsimilar.

(b) (R1) is clear from the independent increments of Z. (R2) follows by direct calculation
sinceforall 0 <r <s<t¢

Zns + Zs,t = Zs - ZT’ + Zt - Zs = Zt - Zr = Zr,t'
(R3) holds true because for 1 < s <t
e d _ _— 1D
ch,ctEXp(Xlog(c)) e (th - ch)EXp(Xlog(c)) L= Zt - Zs — Zs,t
and for 0 <s<t<1
—_— _ —_— 1D
Zcf1s7671tEXp(X10g(cfl)) 1 — (Zcflt — Zcfls)EXp(Xlog(Cfl)) 1= Zt — Zs = Zs7t-

Together with the log(c)-stationary increments of X this yields (6.7a) and (6.7b). (R4)
is a consequence of the continuity in probability of Z and the fact that convergence in
probability implies convergence in distribution.

O

Corollary 6.18. Let X = (X;)ier be a LEVY process which satisfies (5.3).

(a) If (Zst)o<s<t is a right X -stable hemigroup, then the process Z = (Zy)o<i<1 defined by
Zy = Zo has independent increments and is right X -selfsimilar.
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6 Connection between MGOU and semistable hemigroups

(b) If Z = (Zi)e>0 is a right X -selfsimilar process that is continuous in probability and has
independent increments, then the family (Zs)o<s<t defined by Zsy = Zy— Zs is a right
X -stable hemigroup.

Proof. X is a log(c)-semi-LEVY process for all ¢ > 1 and we can apply Theorem 6.17.

(a) Since (Zst)o<s<t is a right Xjog(c)-semistable hemigroup for all ¢ > 1, Z is right Xjog(c)-
semiselfsimilar for all ¢ > 1 by Theorem 6.17(a) and thus right X-selfsimilar. The
independent increments of Z also follow from Theorem 6.17(a).

(b) Since Z is Xjog(c)-semiselfsimilar for all ¢ > 1, (Zst)o<s<t is a right Xjog()-semistable
hemigroup for all ¢ > 1 by Theorem 6.17(b) and thus a right X-stable hemigroup.

O]

Theorem 6.19 and its subsequent corollary show that a right semistable respectively right
stable hemigroup admits the integral representation (6.8). Conversely, Theorem 6.21 and
its subsequent corollary show that the stochastic integral in (6.8) defines a right semistable
respectively right stable hemigroup.

Theorem 6.19. Let X = (Xi)ier be a log(c)-semi-LEVY process for some ¢ > 1 which
satisfies (3.3) and let (Zs)o<s<t be a right Xiog(c)-semistable hemigroup. By Theorem 6.17(a)
Z = (Zi)o<i<1 defined by Zy == Zy; is a right Xiog(c)-semiselfsimilar process with independent
increments and by Lemma 5.15Y = (Yi)i<o defined as in (5.6) is a log(c)-semi-LEVY process.
Then for all 0 < s <t <1 the random variable Zs; has the integral representation

log(t)
Zyy = / Y, Exp( X ). (6.8)
log(s)

Proof. For 0 < s <t <1 we have

log(t) log(t) 1
| anBeo = [ a( -/ dZUE—prng(v))l) Exp(Xu)
log(s) log(s) u
log(t) et
- [ q(/ dZUE_wYng(U)_)‘l) Exp(X.)
log(s) 1

log(t)
— =
— / dZew Exp(Xiog(eny— ) Exp(Xu—)
log(s)
log(t)
= / AZeu = Z jogtry — Z

e

log(s) = Zy— Zs= Zs,t-
log(s)

O

Corollary 6.20. Let X = (Xy)ier be a LEVY process which satisfies (3.3) and let (Zs)o<s<t
be a right X -stable hemigroup. By Corollary 6.18(a) Z = (Z;)o<i<1 defined by Z; = Zy, is a
right X -selfsimilar process with independent increments and by Corollary 5.16 Y = (Y)i<o
defined as in (5.6) is a LEVY process. Then for all 0 < s <t <1 the random variable Z;
has the integral representation (6.8).
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6 Connection between MGOU and semistable hemigroups

Proof. The calculation to derive (6.8) is the same as in the proof of Theorem 6.19. O

Theorem 6.21. Let (X,Y) = (X, Yi)ier be a log(c)-semi-LEVY process for some ¢ > 1
such that X satisfies (3.3). Then (Zst)o<s<t defined as in (6.8) is a right Xiog(.)-semistable
hemigroup.

Proof. (R1) is clear from the independent increments of (X,Y). (R2) follows by direct
calculation since forall 0 < r < s <t¢

log(s) log(t) log(t)
Lyt Zy = / Yy, Exp(Xa_) + / Yy, Exp(Xu_) = / Y, Exp(Xu_) = Zy..
log(r) log(s) log(r)

(R3) holds true because for 1 < s <t

log(ct)
— — —
ch,ctEXp(Xlog(c))il - / dy, Exp(Xu—)EXp(Xlog(c))il
log(cs)
log(t)+log(c)
—
= / d(Yu - Yiog(c)) EXp(Xu— - Xlog(c))
log(s)-+log(c)
log()
—
= / d(Yu—Hog(c) - Yiog(c)) EXp(X(u—I—log(c))— - Xlog(c))
log(s)
log(t)
b / Y, Exp(Xu_) = Zss
log(s)
and for 0 < s <t <1
log(c_lt)
— _ — — _
Zc—ls,c_ltEXp(Xlog(c—l)) b= / dYy EXP(XU*)EXP(Xlog(c—l)) !
log(c—1s)

log(t)—log(c)
—
= / d(Y, —Y_ log(c)) Exp(Xy— — X_ log(c))
log(s)—log(c)
log(t)
—
= / d(Yu—log(c) -Y log(c)) EXp(X(u—log(c))— - X log(c))
log(s)
log(t)
Y, Exp(Xu_) = Zs .

o

log(s)

Together with the log(c)-stationary increments of X this yields (6.7a) and (6.7b). (R4) is a
consequence of the continuity in probability of (X,Y") and the stochastic integral and of the
fact that convergence in probability implies convergence in distribution. O

Corollary 6.22. Let (X,Y) = (X, Yi)ier be a LEVY process such that X satisfies (3.3).
Then (Zst)o<s<t defined as in (6.8) is a right X -stable hemigroup.
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6 Connection between MGOU and semistable hemigroups

Proof. Since (X,Y) is a log(c)-semi-LEVY process for all ¢ > 1, (Zs ¢)o<s<¢ s a right Xjoe(c)-
semistable hemigroup for all ¢ > 1 by Theorem 6.21 and thus a right X-stable hemigroup. [

Theorem 6.23 and its subsequent corollary show how a right semistable respectively right
stable hemigroup can be constructed out of a periodically stationary respectively stationary
process. Conversely, Theorem 6.25 and its subsequent corollary show how a periodically
stationary respectively stationary process can be constructed out of a right semistable re-
spectively right stable hemigroup.

Theorem 6.23. Let X = (Xi)ier be a log(c)-semi-LEVY process for some ¢ > 1 which
satisfies (3.3) and let V.= (Vi)ier be log(c)-stationary and independent of X. By Theo-
rem 5.13(b) the right X-random inverse LAMPERTI transform Z = (Z)iso of V is right
Xiog(c)-semiselfsimilar and by Lemma 5.15Y = (Yi)ier defined as in (5.6) is a log(c)-semi-
LEVY process. Then (Zsy)o<s<t defined by

— —
Zst = Viog(t) EXP(Xiog(t)) — Viog(s) EXP(Xiog(s)) (6.9a)

is a Tight Xog(c)-semistable hemigroup and Zs; has the integral representation

log(t)
Zyy = / Y, Exp( X ). (6.9b)
log(s)

Proof. By Theorem 6.17(b) the family (Z¢)o<s<t defined by Zs ; := Z; — Z is a right Xjog(c)-
semistable hemigroup and by definition of the right X-random inverse LAMPERTI transform
we have _ _

Zs,t =7 —4s= Viog(t) Exp(Xlog(t)> - Viog(s)EXp(Xlog(s))

which is (6.9a). The integral representation in (6.9b) for 0 < s <t < 1 follows with the same
calculation as in the proof of Theorem 6.21. For 1 < s <t we have

log(t) log(t) et
| s - | d( [z, E—xp§<xlog(v)_>-1> Exp(X, )
log(s) log(s) 1
log(t)
— [ 420 B (i ) BB
log(s)
log(t)
= / dZev = Zpog(ty — Zgrog(s) = 2t — Zs = Zsy
log(s)
and for 0 < s <1 <t we have
log(t) 0 1
| anBs) - [ d( - [z, E—xé(xlog(v)_)—l) Exp(X-)
log(s) log(s) u
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log(#)
— =
+ / dZeu EXp(Xlog(e“)—) lEXp(Xu—)
0
log(t)
= /[ dZeu ::Zzbgﬁ)_‘zabgﬁ)::ZZ'_’Zg ::Zgi-
log(s)

O

Corollary 6.24. Let X = (X;)ier be a LEVY process which satisfies (3.3) and let V =
(Vi)ter be stationary and independent of X. By Corollary 5.14(b) the right X -random inverse
LAMPERTI transform Z = (Zi)iso of V is right X-selfsimilar and by Corollary 5.16 Y =
(Y1)ier defined as in (5.6) is a LEVY process. Then (Zst)o<s<t defined as in (6.9a) is a right
X -stable hemigroup and Zs; has the integral representation (6.9b).

Proof. By Corollary 6.18(b) the family (Zs;:)o<s<: defined by Zs; = Z; — Z is a right
X-stable hemigroup. (6.9a) is derived in the same way as in the proof of Theorem 6.23
and the integral representation (6.9b) follows with the same calculations as in the proofs of
Theorem 6.19 and Theorem 6.23. O

Theorem 6.25. Let X = (Xi)ier be a log(c)-semi-LEVY process for some ¢ > 1 which
satisfies (3.3) and let (Zst)o<s<t be a right Xiog(c)-semistable hemigroup. Then the process
V = (Vii<o defined by

—
Vi = Zp ot Exp(Xy) 7! (6.10)
is log(c)-stationary.

Proof. By Theorem 6.17(a) Z = (Z)o<t<1 defined by Z; := Zy ; is right Xjog(c)-semiselfsimilar
s
and then by Theorem 5.13(a) V = Lam(Z) is log(c)-stationary. O

Corollary 6.26. Let X = (X;);cr be a LEVY process which satisfies (3.3) and let (Zst)o<s<t
be a right X -stable hemigroup. Then the process V- = (V;)i<o defined as in (6.10) is station-
ary.

Proof. By Corollary 6.18(a) Z = (Z;)o<t<1 defined by Z; := Zy, is right X-selfsimilar and
then by Corollary 5.14(a) V = Lam(Z) is stationary. O

Theorem 6.27 and its subsequent corollary show how a right semistable respectively right sta-
ble hemigroup can be constructed out of the random functional (A, Bst)o<s<¢ that defines
a right MGOU process via the random recurrence equation (4.14). Conversely, Theorem 6.29
and its subsequent corollary show how a periodically stationary respectively stationary right
MGOU process can be constructed out of a right semistable respectively right stable hemi-

group.

Theorem 6.27. Let (X,Y) = (X;,Y:)i>0 be a log(c)-semi-LEVY process for some ¢ > 1
such that X satisfies (3.3) and let (Ast, Bst)o<s<t be defined as in (4.16). Then the family

(Blog(t)Algé(t) - Blog(s)Aﬂ)é(s)> (6.11)

1<s<t

is a right Xjog(c)-semistable hemigroup.
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Proof. Inserting the formulas in (4.16) we have for all 1 <s <t

log()
Blog(t)Alz)é(t) - -Blog(s)f4_1 = / dYy gp(Xu—)%(Xlog(t))ilgp(*xlog(t))

log(s)

0
log(s)

- / dYugp(Xu—)gp(Xlog(s))ilgp(Xlog(s))
0

log(t)

- / Y, Exp(Xu_)

log(s)

which is (6.8) and by Theorem 6.21 this defines a right Xlog(c)-semistable hemigroup. O

Corollary 6.28. Let (X,Y) = (X¢,Y:)i>0 be a LEVY process such that X satisfies (3.3) and
let (Ast, Bst)o<s<t be defined as in (4.16). Then the family in (6.11) is a right X -stable
hemigroup.

Proof. With the same calculation as in the proof of Theorem 6.27 we get the integral repre-
sentation (6.8) which defines a right X-stable hemigroup by Corollary 6.22. O

Theorem 6.29. Let X = (X;)ier be a log(c)-semi-LEVY process for some ¢ > 1 which
satisfies (3.3) and let (Zst)o<s<t be a right Xiog(c)-semistable hemigroup. By Theorem 6.17(a)
Z = (Zt)o<t<1 defined by Zy == Zy 1 is a right Xiog(c)-semiselfsimilar process with independent
increments and by Lemma 5.15Y = (Yi)i<o defined as in (5.6) is alog(c)-semi-LEVY process.
If the improper stochastic integral in (4.26a) exists then V = (Vi)i<o defined by

—
Vi = Zp ot Exp(Xy) 7! (6.12)
is a log(c)-stationary right MGOU process driven by (X,Y).

Proof. From the integral representation of Zs; in (6.9b) we obtain by (R2)

t
Vi = Zy o Bxp(X,) ! = / AY, Exp(X,_)Bxp(Xy) !

—00

which by (4.26b) shows that V' is a log(c)-stationary right MGOU process driven by (X,Y).
O

Corollary 6.30. Let X = (X¢)ier be a LEVY process which satisfies (3.3) and let (Zs)o<s<t
be a right X -stable hemigroup. By Corollary 6.18(a) Z = (Zi)o<t<1 defined by Z; .= Zyy is a
right X -selfsimilar process with independent increments and by Corollary 5.16 Y = (Y3)i<o
defined as in (5.6) is a LEVY process. Then V = (Vi)i<o defined as in (6.12) is a stationary
right MGOU process driven by (X,Y).

Proof. The calculation to derive (4.26b) is the same as in the proof of Theorem 6.29. O]

106



References

References

1]

Becker-Kern, P. (2004). Random integral representation of operator-semi-self-similar
processes with independent increments. Stochastic Processes and their Applications 109,
pp. 327-344.

Behme, A. (2011). Generalized Ornstein-Uhlenbeck Processes and Extensions (Doctoral
dissertation). http://www.digibib.tu-bs.de/?docid=00040009

Behme, A. (2012). Moments of MGOU processes and positive semidefinite matrix pro-
cesses. Journal of Multivariate Analysis 111, pp. 183-197.

Behme, A., and Lindner, A. (2012). Multivariate generalized Ornstein—Uhlenbeck pro-
cesses. Stochastic Processes and their Applications 122, pp. 1487-1518.

Behme, A., Lindner, A., and Maller, R. (2011). Stationary solutions of the stochastic
differential equation dV; = V;_ dU;+dL; with Lévy noise. Stochastic Processes and their
Applications 121, pp. 91-108.

Behme, A., and Sideris, A. (2019). Exponential functionals of Markov additive processes.
arXiv preprint arXiv:1911.03168.

Billingsley, P. (1999). Convergence of Probability Measures. Second Edition. Wiley, New
York.

Brandes, D. P. (2017). Continuous time autoregressive moving average processes with
random Lévy coefficients. ALEA, Latin American Journal of Probability and Mathemat-
ical Statistics 14, pp. 219-244.

Cheridito, P., Kawaguchi, H., and Maejima, M. (2003). Fractional Ornstein-Uhlenbeck
processes. Electronic Journal of Probability 8, paper no. 3.

De Haan, L., and Karandikar, R. L. (1989). Embedding a stochastic difference equation
into a continuous-time process. Stochastic Processes and their Applications 32, pp. 225-
235.

Endo, K., and Matsui, M. (2008). The stationarity of multidimensional generalized
Ornstein—Uhlenbeck processes. Statistics € Probability Letters 78, pp. 2265-2272.

Endo, K., and Matsui, M. (2008). Generalized Fractional Ornstein-Uhlenbeck Processes.
arXiv preprint arXiv:0807.2110.

Erickson, K. B., and Maller, R. A. (2005). Generalised Ornstein-Uhlenbeck processes
and the convergence of Lévy integrals. In: Emery, M., Ledoux, M. and Yor, M. (editors).
Séminaire de Probabilités XXXVIII, pp. 70-94. Springer, Berlin.

Fink, H., and Kliippelberg, C. (2011). Fractional Lévy-driven Ornstein—Uhlenbeck pro-
cesses and stochastic differential equations. Bernoulli 17, pp. 484-506.

Hall, B. (2015). Lie Groups, Lie Algebras, and Representations: An Elementary Intro-
duction. Second Edition. Springer, Cham.

Heyer, H. (1977). Probability measures on locally compact groups. Springer, Berlin.

Jeanblanc, M., Pitman, J., and Yor, M. (2002). Self-similar processes with independent
increments associated with Lévy and Bessel processes. Stochastic Processes and their
Applications 100, pp. 223-231.

107



References

[18] Jurek, Z. J., and Mason, J. D. (1993). Operator-Limit Distributions in Probability The-
ory. Wiley-Interscience, New York.

[19] Jurek, Z. J., and Vervaat, W. (1983). An integral representation for selfdecomposable
Banach space valued random variables. Probability Theory and Related Fields 62, pp.
247-262.

[20] Kaarakka, T., and Salminen, P. (2011). On fractional Ornstein-Uhlenbeck processes.
Communications on Stochastic Analysis 5, article 8.

[21] Karandikar, R. L. (1991). Multiplicative decomposition of nonsingular matrix valued
semimartingales. Séminaire de Probabilités de Strasbourg 25, pp. 262-269.

[22] Lamperti, J. (1962). Semi-stable stochastic processes. Transactions of the American
Mathematical Society 104, pp. 62-78.

[23] Lindner, A., and Maller, R. (2005). Lévy integrals and the stationarity of generalised
Ornstein—Uhlenbeck processes. Stochastic Processes and their Applications 115, pp.
1701-1722.

[24] Maejima, M., and Sato, K. I. (1999). Semi-selfsimilar processes. Journal of Theoretical
Probability 12, pp. 347-373.

[25] Maejima, M., and Sato, K. I. (2003). Semi-Lévy processes, semi-selfsimilar additive
processes, and semi-stationary Ornstein-Uhlenbeck type processes. Kyoto Journal of
Mathematics 43, pp. 609-639.

[26] Maller, R.A., Miiller, G., Szimayer, A. (2009). Ornstein-Uhlenbeck Processes and Ex-
tensions. In: Mikosch, T., Kreif}, J. P., Davis, R., Andersen, T. (editors). Handbook of
Financial Time Series, pp. 421-437. Springer, Berlin.

[27] Marquardt, T. M. (2006). Fractional Lévy processes, CARMA processes and related
topics (Doctoral dissertation). http://mediatum.ub.tum.de/602042

[28] Marquardt, T. (2007). Multivariate fractionally integrated CARMA processes. Journal
of Multivariate Analysis 98, pp. 1705-1725.

[29] Masuda, H. (2004). On multidimensional Ornstein-Uhlenbeck processes driven by a
general Lévy process. Bernoulli 10, pp. 97-120.

[30] Uhlenbeck, G. E., and Ornstein, L. S. (1930). On the theory of the Brownian Motion.
Physical Review 36, pp. 823-841.

[31] Protter, P. E. (2005). Stochastic Integration and Differential Equations. Second edition.
Springer, Berlin.

[32] Sato, K. I. (2004). Stochastic integrals in additive processes and application to semi-
Lévy processes. Osaka Journal of Mathematics 41, pp. 211-236.

[33] Wolfe, S. J. (1982). On a continuous analogue of the stochastic difference equation
X, = pX,_1 + By. Stochastic Processes and their Applications 12, pp. 301-312.

[34] Yan, L. (2012). Right and left matrix-valued stochastic exponentials and explicit solu-
tions to systems of SDEs. Stochastic Analysis and Applications 30, pp. 160-173.

108






Erklarung

Ich versichere an Eides statt, dass die Dissertation von mir selbstdndig und ohne unzuléssige
fremde Hilfe unter Beachtung der ,,Grundsétze zur Sicherung guter wissenschaftlicher Praxis
an der Heinrich-Heine-Universitdt Diisseldorf“ erstellt worden ist. Die Dissertation wurde
in der vorgelegten oder dhnlicher Form noch bei keiner anderen Institution eingereicht. Ich
habe bisher keine erfolglosen Promotionsversuche unternommen.

Diisseldorf, 20.11.2019

Christian Miiller



	Abstract
	Zusammenfassung
	Introduction
	Stochastic Calculus
	One-dimensional stochastic integration
	Multi-dimensional stochastic integration

	Stochastic Exponential
	Definition and general properties
	Closed form expression

	Multivariate generalized Ornstein-Uhlenbeck processes
	Left MGOU processes
	Right MGOU processes

	Connection between MGOU and semiselfsimilar processes
	Left MGOU and left semiselfsimilar processes
	Right MGOU and right semiselfsimilar processes

	Connection between MGOU and semistable hemigroups
	Left MGOU and left semistable hemigroups
	Right MGOU and right semistable hemigroups

	References

