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Zusammenfassung

Das Ziel dieser Dissertation besteht darin, die reelle topologische K-Theorie komplexer
Fahnenvarietaten zu bestimmen.

Als eine der ersten nicht-gewthnlichen Kohomologietheorien wurde topologische K-
Theorie entdeckt. Genauer gesagt beinhaltet sie zwei Kohomologietheorien, namlich
komplexe und reelle topologische K-Theorie K* und KO*.

Als komplexe Fahnenvarietiten bezeichnen wir homogene Raume G/H, wobei G eine
kompakte einfach-zusammenhéngende Liegruppe und H = Cg(S) der Zentralisator eines
Torus S C G ist. Jede komplexe Fahnenvarietét ist eine glatte komplexe projektive Varietét.
Ihre komplexe K-Theorie K* ist nach Arbeiten von Hodgkin und Pittie [Pit72] bekannt. Im
Gegensatz hierzu ist unser Versténdnis ihrer rellen K-Theorie duflerst liickenhaft und es sind
nur Teilergebnisse bekannt. Zum Beispiel werden die KO-Gruppen aller Fahnenvarietaten
der Form SU(n)/H in [KKO14] bestimmt, aber nach unserem Kenntnisstand wurden
G = Sp(n) und Spin(n) bisher nur in Spezialféllen behandelt.

Die klassische Herangehensweise zur Berechnung von KO*(G/H) verwendet die Atiyah-
Hirzebruch-Spektralsequenz. In [Zib15] entwickelt der Autor einen anderen Ansatz: Statt
die KO-Theorie direkt zu betrachten, wird der sogenannte Wittring eines topologischen
Raumes als Kokern der Realifizierungsabbildung rg,: K2* — KO?* definiert. Es wird
gezeigt, wie der Wittring einer komplexen Fahnenvarietat durch die Darstellungstheorie
kompakter Liegruppen verstanden werden kann und dass er den Torsionsanteil ihrer KO-
Gruppen bestimmt. Der freie Anteil der KO-Gruppen wird durch die rationale Kohomologie
festgelegt, deren Berechnung bereits wohlbekannt ist. In [Zib15] berechnet der Autor dann
den Wittring aller vollen Fahnenvarietdten, das heifit aller komplexen Fahnenvarietdaten
G /T, wobei T ein maximaler Torus in G ist.

In dieser Dissertation benutzen wir den Ansatz in [Zib15], um den Wittring allgemeinerer
komplexer Fahnenvarietdten zu berechnen. Wir berechnen die Wittringe aller komplexer
Fahnenvarietdten G/H mit G = SU(n), Spin(2n + 1), Sp(n), G2, Fy und berechnen
zumindest die Wittgruppen fir G = Spin(2n). Aulerdem bestimmen wir den Wittring
aller fast-vollen Fahnenvarietiten, also derjenigen komplexen Fahnenvarietédten, die in

einem gewissen Sinne den vollen Fahnenvarietdten am néchsten sind.






Abstract

The aim of this thesis is to compute the real topological K-groups of complex flag varieties.

Topological K-theory was one of the first extraordinary cohomology theories to be
discovered. To be more precise, it entails two cohomology theories, namely complex and
real topological K-theory K* and KO*.

By a complex flag variety, we mean a homogeneous space G/H where G is a compact
simply connected Lie group and H = Cg(S) is the centraliser of a torus S C G. It is a
smooth complex projective variety. The complex K-theory K* of complex flag varieties is
well-understood by work of Hodgkin and Pittie [Pit72]. On the contrary, our knowledge of
their real K-theory has been rather patchy and only partial results are known. For example,
KO* of all complex flag varieties of the form SU(n)/H are computed in [KKO14], but to
our knowledge G = Sp(n) and Spin(n) have been treated only in special cases.

The classical approach to compute KO*(G/H) is via the Atiyah-Hirzebruch spectral
sequence. In [Zib15], the author develops a different approach: Instead of considering the
KO-theory directly, the so-called Witt ring of a topological space is defined as the cokernel
of the realification map ro.: K2* — KO?*. It is shown how the Witt ring of complex flag
varieties can actually be understood via the representation theory of compact Lie groups,
and that it determines the torsion part of their KO-groups. The free part of the KO-groups
is determined by the rational cohomology groups, which are already well-understood. In
[Zib15], the author then computes the Witt ring of all full-flag varieties, which are the
complex flag varieties of the form G /T where T is a maximal torus in G.

In this thesis, we use the approach of [Zib15] to compute the Witt ring of more general
complex flag varieties. We are able to compute the Witt ring of all complex flag varieties
G/H where G = SU(n), Spin(2n + 1), Sp(n), Ga, Fy, and we compute at least the Witt
groups for G = Spin(2n). We also determine the Witt ring of all almost full flag varieties,

which are those that are in some sense closest to the full flag varieties.






Acknowledgements

First and foremost, I am highly indebted to my supervisor Marcus Zibrowius. I would like
to thank him for his enduring patience and for innumerable discussions on the questions
considered in this thesis. I could not have asked for a more committed supervisor.

I would like to thank Stefan Schréer for agreeing to write the second review for this thesis
and for taking the time to answer my commutative algebra questions.

Peter Arndt and Oihana Garaialde Ocafia have provided me with persistent encouragement
and quick and thorough proofreading services. I am very grateful to them.

Last but not least, I wish to thank my friends and family, in particular my parents, for

their constant support.






Contents

1 KO-Theory and Representations 7
1.1 KO-rings and Witt rings . . . . . . . ... ... . L 7

1.2 Complex flag varieties . . . . . . .. .. . o 12

1.3 Representation rings . . . . . . . . ... o oL 18

1.3.1 Preliminaries . . . . . . . .. .o 18

1.3.2 Representation rings of centralisers of tori . . . . . .. ... ... .. 21

2 Tate Cohomology 29
2.1 Witt rings are Tate cohomology rings . . . . . . . . ... ... ..... 29

2.2 Properties of Tate cohomology . . . . . . . . ... .. .. ... ... .. 31

2.3  Tate cohomology of representation rings . . . . ... .. .. ...... 36

3 Regular Sequences 44
3.1 Basic facts about regular sequences . . . . . .. ..o oL 45

3.2 Application: A regular sequence of homogeneous polynomials . . . . . 49

3.3 Regular sequences of inhomogeneous elements of graded rings . . . . . 50

4 Outline of the Computation of Witt Rings 54
4.1  K-theory of G/H . . . . . . . . 54

4.2 Tate cohomology of KO(G/H) . . ... ... ... ... .. ... .... 56

43  Wittring of G/H . . . . . . ... 58

5 Witt Rings of Ordinary Flag Varieties 61
5.1 Type An - o o o e 61

5.1.1 Representation rings and their Tate cohomology . . . . . .. . . .. 61

5.1.2 Tate cohomology of flag varieties of type A, . . . . . . . . ... ... 63

5.1.3 Witt ring of flag varieties of type A, . . . . . . . . ... ... 65

5.2  Type By . . o o 67

5.2.1 Representation rings and their Tate cohomology . . . . . . ... .. 67

5.2.2 Tate cohomology of flag varieties of type B, . . . . . . . .. .. ... 69

5.2.3 Witt ring of flag varieties of type B, . . . . . . . . . ... ... 72

5.3 Type Cn . o o o o o 75

5.3.1 Representation rings and their Tate cohomology . . . . . . ... .. 75



CONTENTS

5.3.2 Tate cohomology of flag varieties of type Cy, . . . . . . . . . . .. ..
5.3.3 Witt ring of flag varieties of type C, . . . . . . . ...
5.4 Type Dy - o o o o o e e
5.4.1 Representation rings and their Tate cohomology . . . . . .. .. ..

5.4.2 Witt ring of flag varieties of type Dy, . . . . . . . .. ..

6 Relations between Certain Polynomials
6.1 The polynomials p; . . . . ... .. ...
6.1.1 Regularity and dimension . . . . . . ... ... oL,
6.1.2 Linear combinations . . . . . . .. .. ... . 0oL,
6.2  The polynomials v; . . . . ... ... ... ...
6.2.1 Regularity and dimension . . . . . . .. ...
6.2.2 Relations betweenthe v; . . . . . . . . ... ...
6.3  The polynomials § . . . . .. ... ... ... ...
6.3.1 Regularity and dimension . . . . . . . . ... ... oL
6.3.2 Relations between the & . . . . . . . . .. ...

7 Witt Rings of Extraordinary Flag Varieties
7.1 A root system approach . . . ... ... L
7.2 Almost full flag varietiesand G . . . . . . . .. ... L.
7.3  Flag varietiesof type Fy . . . . . . . . ..

Appendices
A Rank of Exterior Algebras

B Macaulay2 Program

ii

107
108
113
115

121

121

123



Introduction

In more primitive forms, many ideas that are now regarded as part of K-theory can be
traced back to the 19th century. However, one of the first origins of K-theory that began
to establish it as a separate subject can be found in the 1950s. In 1957, Grothendieck
defined the abelian group now known as Ky(X) for an algebraic variety X [BS58]. In
modern language, it is the Grothendieck group associated with the exact category of vector
bundles over X. It was an essential ingredient in Grothendieck’s reformulation of the
Riemann-Roch theorem. This marked the beginning of modern algebraic K-theory.

In 1959, Atiyah and Hirzebruch gave an analogous construction in the context of
complex or real topological vector bundles over topological spaces [AH59], thus establishing
the subject of topological K-theory. They showed that this gives rise to extraordinary
cohomology theories K* and KO* [AH61]. These subsequently proved to be extremely
powerful and successful in applications: For example, Atiyah and Hirzebruch proved a
Riemann-Roch theorem for differentiable manifolds [AH59], and Adams determined the

maximal number of linearly independent vector fields on spheres [Ada62].

Our problem

In this thesis, we shall be concerned with the computation of real topological K-theory
KO* of certain homogeneous spaces, namely complex flag varieties. Let G be a compact
connected semisimple Lie group and H C G be a closed connected subgroup. We call G/H
a complex flag variety if it is a smooth complex projective variety. Since any compact
connected semisimple Lie group is finitely covered by a compact simply connected Lie
group, we could restrict to compact simply connected Lie groups G for this definition.
There is a very satisfying classification of those subgroups H C G such that G/H is a
complex flag variety. First, any such subgroup H turns out to be the centraliser C(S) of
a torus S C G (cf. Theorem 1.5). In turn, there is a surjective map (cf. Proposition 1.8)

e Bynin dagam of &} = {Ca(S) | S € G torus} /conjugation (1)

so that any complex flag variety G/H can be specified by a choice of a subset of the nodes
of the Dynkin diagram of G, i.e. by a choice of a subset of the simple roots of G. For
example, the empty subset yields a maximal torus H = T and the whole set yields H = G.
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For the compact simple Lie groups of ordinary type, one obtains the following classifi-

cation (cf. Proposition 1.12).

Type G Subgroups H (up to conj.) s.t. G/H is a complex flag variety
A, SU(n) S(U(ny) x ... xU(ny)) where ny +...+n;=n
B, | SO2n+1) | SO2m+1) xU(ny) x ... x U(ny) where m+n1+...+n,=n
Ch Sp(n) Sp(m) x U(ny) X ... x U(n;) where m+n1+...+n,=n
D, SO(2n) SO2m) x U(ny) X ... x U(ny) where m+n;+...+ny=n

The main result of this thesis is the computation of the KO-groups of the above complex
flag varieties and of all the flag varieties where G is of extraordinary type G2 or Fy. To be
more precise, we compute the torsion part of the KO-groups. The free part can be derived

from the rational cohomology, which is already well-understood.

Known results

To put these results into perspective, we give an overview of what is currently known. The
complex K-theory K* of complex flag varieties is completely understood by the works
of Hodgkin [Hod75] and Pittie [Pit72]. However, the case of real K-theory KO* is more
complicated and our knowledge has been rather patchy.

In [Fuj67], all KO-groups of complex projective space CP" are computed. This is
generalised to determine the KO-groups of complex Grassmannians SU(m +n)/S(U(m) x
U(n)) in [KH91]. Much more recently, the computation of the KO-groups of all complex
flag varieties of the form SU(ni +...+mn;)/S(U(n1) x ... x U(n;)), i.e. where G is of type
Ay, has been achieved in [KKO14]|. However, this paper contains some minor arithmetic
mistakes so that their table of the KO-groups is flawed. This can already be seen from the
fact that their expressions for the ranks that are given in their table do not always yield
integers but fractions.

The computations of the KO-theory of full flag varieties G/T, where T is a maximal
torus in G, are obtained for the simple groups G of ordinary type in [KKOO04]. This was
extended to include G = G, Fy, Fg in [KO13].

All the mentioned results about the KO-theory of complex flag varieties were obtained in
essentially the same way: The authors considered the Atiyah-Hirzebruch spectral sequence
for KO*, computed the Es-page including the differentials, obtained the Es3-page from this
and then showed in each individual case that the spectral sequence collapses on the third
page. The arguments required to make this work are intricate, which is why only partial
results are known.

In [Zib15], the author develops an alternative approach and computes the KO-groups
of all full flag varieties, i.e. of all quotients G/T where G is a compact simply connected
Lie group and T is a maximal torus, in an essentially type-independent way. The basic

strategy is to consider the so-called Witt groups W*. For a topological space X, denoting
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by ri: K?(X) — KO?%(X) the realification, they are defined as
WH(X):= KO*(X)/r;

Since the KO-groups are 8-periodic, the Witt groups are 4-periodic. The important
observations in [Zib15] are that these Witt groups are computable via a result of Bousfield
(cf. Lemma 2.3) and that they completely determine the torsion in the KO-groups of

complex flag varieties. Even more is true: The total Witt group

W*(X) == P W(X)
<ym
is a graded ring, and the ring structure of W* determines part of the ring structure of KO*.
The whole computation is essentially representation-theoretic, in that our understanding
of the representation theory of compact Lie groups enters crucially. The result can be

concisely stated as follows:

Theorem ([Zib15, Thm. 3.3]). Let G be a simply connected compact Lie group and T C G
be a mazimal torus. The Witt ring of G/T is an exterior algebra on by generators of
degree 1 and %C + br generators of degree 3, where bc, br and by denote the number of

fundamental representations of G of complex, real and quaternionic type, respectively.

Witt groups also occur in different contexts. We justify our terminology in Remark 1.7.

Our results

In this thesis, we extend the approach in [Zib15] to compute the Witt rings of more general
complex flag varieties. Let us consider some of our results. Extending the above result of
Zibrowius, we determine the Witt ring of almost full flag varieties. By an almost full flag
variety we mean a flag variety G/H where H arises via (1) from a choice of a single node
of the Dynkin diagram of G. We prove (cf. Theorem 7.9):

Theorem 0.1. Let G/H be an almost full flag variety. Then the Witt ring of G/H is an
exterior algebra with by — € generators of degree 1 and %C + bg — €' generators of degree 3,
where {e,€'} ={0,1} and bc, br and by denote the number of fundamental representations

of G of complex, real and quaternionic type, respectively.

The exact values of € and ¢ are actually determined by a criterion which can be
expressed merely in terms of the root system of G (cf. Theorem 7.9 for details).

The Dynkin diagram of G5 only has two nodes. So the only complex flag varieties of
the form Go/H are the respective full flag variety, a singleton and two almost full flag

varieties. Then we immediately obtain (cf. Theorem 7.10):

Theorem 0.2. Let H be a subgroup of Go obtained via (1) from a subset of the nodes
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of the Dynkin diagram of Gy containing o nodes. The Witt ring of G/H is an exterior

algebra on 2 — a generators, all of which are of degree 3.

We will show that the Witt ring of a complex flag variety Fy/H is also always an
exterior algebra with all generators in degree 3 (cf. Theorem 7.13).

However, Witt rings of complex flag varieties are in general more complicated than
just exterior algebras. This can be seen from the Witt rings of complex flag varieties of
ordinary type. In this thesis, we compute the Witt groups of all ordinary flag varieties.
Except in some special cases for type D,,, we are able to determine W* as a ring. As an

illustration, we obtain the following result (cf. Theorem 5.11):

Theorem 0.3. Let

o Sp(n
X= Sp(m) x U(ny) x ... x U(ny)

where m+n1 + ...+ n; =n and set

vim 3] o 3] 3] = [252),

Then there is a ring isomorphism

Zo [al,...,atm/gﬂ ®®;:1 Zo [bgp)""’b([i)p/%]
(ks -5 pn)

W*(X) = ®7, /\(ul,...,Uf,vl,...,vg),

where
= Y ab®o 0y (27?>,
cter+...+o=j 2j

taking into account that we set

ag :=1 and a; := ap—; for all |m/2| <i<m,

bép) =1 forall<p<Il and bz(p) = bg;)_i forall1 <p <1, [ny/2] <i<ny,.

The left factor in the above tensor product is contained in W°(X). Furthermore, u; € W3(X)
forall1 <i< f andv; € WY(X) forall1<j<g.

Of course, our computation of the Witt rings of ordinary flag varieties includes the
ordinary almost full flag varieties and Theorem 0.1 can be checked on a case-by-case basis.
However, our proof of Theorem 0.1 is actually type-independent and in particular applies
to the exceptional types Eg, E7 and Fg, for which we do not give full computations here.

In summary, in this thesis we compute the Witt groups of all ordinary flag varieties and
all extraordinary flag varieties of types G2 and Fy. We can determine the ring structure
except in some special cases for type D,,. We deal with each type A, By, Cyn, Dy, Go, Fy

individually. However, we make a general observation:
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Theorem 0.4. For all the flag varieties G/H where G is simple of type A, By, Cpn, G2

or Fy and for all full and almost full flag varieties, we have an isomorphism
W*(G/H) = Az, \(u1,...,u)

where A is a Zy-algebra which is completely contained in WO(G/H) and each generator

Ui,...,u, of the exterior algebra is of degree 1 or 3. Furthermore, we observe in all cases
that o .
b b
r:§+bg+bﬁ—§—b§—b§

where bg,bg,bﬁ are the number of fundamental representations of G of complex, real,
quaternionic type respectively and bg, bg, bﬁr are the number of fundamental representations

of the simply connected component' of H of complex, real, quaternionic type respectively.

This theorem can be checked on a case-by-case basis from our computations, see
Theorems 5.3, 5.7, 5.11, 7.9, 7.10 and 7.13. The theorem is also true for those flag varieties
where G is simple of type D, for which we were able to compute the Witt ring, see
Propositions 5.14 and 5.16 and Remarks 5.15 and 5.17. For all we know, the theorem could
hold in general.

We see from the above that for full or almost full flag varieties and for all exceptional
flag varieties of types G2 and Fy, we have A = Zs. However, Theorem 0.3 says that A can
be a quite complicated ring in general. Furthermore, notice that Theorem 0.1 implies that
the Witt ring of the almost full flag variety G/H is an exterior algebra with %C +br+bg—1
generators. This is of course the same number of exterior algebra generators as predicted
by Theorem 0.4. However, the root system-theoretic determination of the grading of these
generators in Theorem 7.9 does not generalise in an obvious way, as is apparent in our

computations for ordinary types.

Outline of this thesis

Let us give a brief outline of this thesis. Chapter 1 serves two purposes: It introduces our
main objects of study and provides some general background that we require. It starts by
giving a quick review of topological K-theory, defines the Witt ring of a topological space
and explains how the Witt groups of certain homogeneous spaces determine the torsion in
their KO-theory. We also show how the free part of the KO-groups can be read off from
the rational cohomology. Then we introduce the spaces we want to study, complex flag
varieties, and give a proof of their aforementioned classification. Finally, we review some

representation theory of compact Lie groups.

1By the classification of compact Lie groups, H is isomorphic to (H x T') /C for some simply connected
(hence semisimple) Lie group H, a torus T and some finite central subgroup C'. We call H the simply
connected component of H. In our case, H is the centraliser of a torus obtained from a choice of subset ©
of simple roots of G. The Dynkin diagram of H is actually the subdiagram of the Dynkin diagram of G
spanned by all the nodes corresponding to roots in ©.
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In Chapter 2, we explain Bousfield’s lemma which shows that Witt rings can be
computed as Tate cohomology rings. So the remainder of the chapter is spent proving
some technical results about the computation of Tate cohomology that we will need later.
There we will already see that the notion of regular sequences in a ring play an important
role for these sorts of computations.

Therefore we dedicate Chapter 3 to first reviewing some results about regular sequences.
We then prove a result about regularity of sequences of inhomogeneous elements in graded
rings which will be crucial for our concrete computations.

We are then ready to give a complete outline of our computation of the Witt rings of
complex flag varieties in Chapter 4. The basic approach is the same as in [Zib15] and we
generalise results there to put them to work for all complex flag varieties.

The computations for simple G of ordinary type are finally conducted in Chapter 5,
with the proof of some technical lemmas postponed to Chapter 6.

In Chapter 7, we deal with the extraordinary types Go and Fy. The basic approach is
the same as for the ordinary types, but the representation-theoretic part is dealt with in a
different and (at least for the extraordinary types) somewhat simpler manner, extracting
the required information just from the root system of G instead of the representation
ring. We also use this viewpoint to prove the result about the Witt ring of almost full flag

varieties in this chapter.



Chapter 1

KO-Theory and Representations

1.1 KO-rings and Witt rings

We first want to review the construction and basic properties of topological K-theory, all
of which can be found in the literature such as in [Ati94] or [Hat]. We then define our
main objects of interest, namely Witt rings, and show how they relate to real topological
K-theory.

For our purposes, it suffices to restrict to compact Hausdorff spaces. Therefore, we
assume all spaces in this section are compact Hausdorff. To more generally define K-theory
of non-compact spaces, one has to resort to a definition in terms of classifying spaces
[AH61, §1.3].

So let X be a compact Hausdorff space. We denote by Vectr(X) and Vectc(X)
respectively the set of isomorphism classes of real and complex vector bundles over X
respectively. We allow for the fibres of a vector bundle to have different dimensions over
different connected components of X. Both Vectg(X) and Vectc(X) are abelian monoids
with addition induced by the direct sum of vector bundles. We define

KO%X) := K(Vectg(X))
KY%(X) := K (Vectc (X))

where K (—) denotes the Grothendieck group associated with an abelian monoid. Actually,
KO°(X) and K°(X) are even commutative rings where the product is induced by taking
tensor products of vector bundles. Moreover, KO° and K are functorial: If f: X — Y is
a map between compact Hausdorff spaces, then taking pullbacks of vector bundles over Y
along f induces ring homomorphisms f*: KO°(Y) — KO%X) and K°(Y) — K°(X).
We can also define reduced versions of the groups KO%(X) and K°(X). If (X, z¢) is a

based space, we let

KO'(X) = ker(KO°(X) — KO°({zo}))
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K2(X) :=ker(K°(X) — K°({}))

Now we want to define groups K" and KO" for n € Z to extend K° and KO° to
extraordinary cohomology theories. It turns out to be easier to first do this for reduced
groups. Let (X, zp) be a based space and SX denote the reduced suspension of (X, ).
In order to satisfy the suspension axiom, we are forced to define the groups as follows for
n > 0:

KO "(X) = KO'(5"X)
K™ := K°(S"X)

To extend this definition to positive degrees, we crucially require the celebrated Bott

periodicity theorem, which shows in our context that
—0 —0 ~ ~
KO (X)2 KO (88X) and K°(X) = K°(S%X)

The isomorphisms are induced by taking exterior products of elements in [/(\60 (X) and
K°(X) with classes in 1?60(58) and K°(52) coming from the tautological bundles over
OP! = §% and CP' = S? respectively. This then allows us to extend our definition of
KO" and K to positive degrees to obtain 8-periodic and 2-periodic reduced cohomology
theories KO and K* respectively. These reduced cohomology theories yield unreduced
cohomology theories KO* and K* respectively. The product structure on KO° and K°
can be extended to KO* and K* so that they become graded-commutative rings.
Topological K-theory was one of the first extraordinary cohomology theories to be

discovered: KO* and K* satisfy all the Eilenberg-Steenrod axioms'

except for the dimension
axiom. We have

K'(pt)=Z K '(pt) =0

and

As rings,

I

K*(pt) = Z[t, t7']
KO*(pt) 2 Z[n, a, \, A7/ (20,0, na, o — 4\)

Here t € K—2(pt) is the Bott element in complex K-theory, A € KO~8(pt) is the Bott
element in KO-theory and 7 and « are generators in degrees —1 and —4 respectively.

As for any generalised cohomology theory, one of the most important computational

'The Eilenberg-Steenrod axioms for cohomology theories can be found in [May99, §18.1].
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tools is the associated spectral sequence called the Atiyah-Hirzebruch spectral sequence?.

It takes the form

EPT = HP(X; KO%(pt)) = KOPT(X)
'EY? = HP(X; K%(pt)) = KPT9(X)

The differentials on the Fo-page for KO* can be described explicitly in terms of Steenrod
squares [Fuj67, §1].

There are natural maps relating real and complex K-theory. Given a real vector space,
we can apply — ®gr C to obtain a complex vector space. Conversely, given a complex vector

space, it has an underlying real vector space. All this can be promoted to maps

¢ KOY(X) — KY(X)
7 KY(X) — KO'(X)

We will mostly be interested in even degrees, so for each i, we denote by

ci: KO*(X) — K°(X)

ri: K9(X) — KO*(X) (1)

the maps é9; and 79; composed with appropriate powers of the periodicity isomorphism
for K*. We call these maps the complexification and realification maps. The map
cx: KO*(X) — K°(X) is a ring homomorphism whereas r.: K%(X) — KO (X) is just
an additive homomorphism.

We also have an involution *: K°(X) — K°(X) induced by assigning to each complex
vector bundle its dual bundle.

The following relations hold [Bou90, 4.7]:

ciri =1id 4+ (=1)"  x¢; = (=1)'¢;  risici = 1P

ric; = 2 rix = (—=1)ir;
The realification and complexification can be assembled to form a long exact sequence
known as the Bott sequence. It takes the shape [Bot69, p. 75]

. . . & . #4400 -1 .
o KOM(X) L KOY(X) & Ki(X) 122 KOM2(X) - ...

We now want to think about the K-theory of homogeneous spaces. So let G be a compact
connected Lie group and H C G be a closed connected subgroup of maximal rank, i.e. one
that contains a maximal torus of G.

The complex K-theory of G/H is well-understood by the works of Hodgkin and Pittie.
We will explain this in greater detail in Chapter 4. For now, we just quote the following

facts which are immediate from Lemma 9.2 and (9.1) in [Hod75].

2The Atiyah-Hirzebruch spectral sequence for topological K-theory is introduced in [AH61, §2].
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Theorem 1.1. Let G and H be as above. Then K'(G/H) = 0 and K°(G/H) is a free

abelian group of finite rank.

As already indicated in the introduction, our knowledge of KO*(G/H) is rather patchy
and most attempts so far have used the Atiyah-Hirzebruch spectral sequence. Following

[Zib15], we use a different approach. For a space X, we define its Witt groups as
WH(X) = KO*(X)/r;

The Witt groups are clearly 4-periodic. As for any x € KO%*(X), we have z +z = rjc;(z) €
im(r;), we see that W¥(X) is 2-torsion. Since z-7;(y) = r5+;(c;(x) y) for any € KO¥(X)
and y € K°(X), the total Witt group

W (X) = P Wi(X)

sym

inherits a product from KO?* and thus becomes a ring.

In subsequent chapters, we will see how to compute the Witt ring of flag varieties. For
now, let us see how W*(X) relates to KO*(X). Basically, W*(X) determines the 2-torsion
in KO*(X) and the free part can be determined by different means.

Proposition 1.2 ([Zib15, Lem. 1.2]). Suppose K'(X) =0 and K°(X) is free. Then for

all 7,

KO*(X) = W"™YX) - n* @ free part
KO* (X)) =W (X) 7

Remark. By Theorem 1.1, this applies in particular to X = G/H.

Proof. Since K'(X) = 0, the Bott sequence becomes
Ci—1

0— KO* 1(x) 4 KO¥ 2(X) =5 KO9(X) & KO¥(X) L KO* 1(X) =0

We see that multiplication by 7 induces an isomorphism between W¥(X) & KO*(X)/r;
and KO?*~1(X). This proves one part of the Proposition. Moreover, multiplication by 7>
induces an isomorphism between W*(X) and ker(c;_1). Since K°(X) is free, im(c;_1) is

also free and so the short exact sequence
0 — ker(ci_1) = KO* 3(X) — im(c;i_1) — 0
splits. This yields

KO*7*(X) = ker(ci—1) @ free part = W*(X) - n* & free part =

10
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Remark 1.3 ([Zib15, Rem. 1.3]). The products KO°(X) @ KO°(X) — KO (X)

are determined by the products in W*(X) according to the following commutative square:

Wi(X) @ Wi(X) —  WH(X)

e |

KO¥1(X) @ KO¥Y(X) —— KOX+%-2(X)

Here, the horizontal maps are the products.

Given that we can compute the Witt ring of G/H, we are thus left to determine the
free part of KO%*(X).

Proposition 1.4. Let G be a compact connected Lie group and H C G be a closed
connected subgroup of mazimal rank. Then the free part of KO%*(G/H) has rank ng; where

ny = ng = dimg (@ H4i(G/H;Q)>

1=0

ng = ng = dimg (@HMJFZ(G/H;Q))

1=0

Proof. By a result of Hopf [Hat01, Thm. 3C.4|, H*(H;Q) is an exterior algebra over
Q on generators of odd degree. Applying the Serre spectral sequence to the fibration
H — EH — BH, we deduce that H*(BH;Q) is a polynomial algebra over Q with all
generators in even degree. In particular, H*(BH; Q) is concentrated in even degrees. By a
result of Borel [McC01, Thm. 8.3], the map

j*: H(BH;Q) - H*(G/H;Q)

is onto, where j: G/H — BH is the classifying map of the principal H-bundle G — G/H.
Hence H*(G/H;Q) is concentrated in even degrees. Thus we obtain that the Atiyah-
Hirzebruch spectral sequence of G/H for rational KO-theory

E} = HY(G/H; KO'(pt) © Q) = KO"*(G/H) © Q

collapses on the Fs-page for geographical reasons. The claim follows from this. O

As already indicated in the proof of the Proposition, the rational cohomology of G/H
is well-understood (see [McCO01, §8.1]) so that it enables us to compute the ranks of the
free parts of KO*(G/H).

We will be particularly interested in computing the Witt rings and KO-theory of

complex flag varieties, which we now introduce.

11
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1.2 Complex flag varieties

In [Ser54], Serre classifies all the subgroups of a compact connected semisimple Lie group

for which the associated homogeneous space is a smooth complex projective variety.

Theorem 1.5. Let G be a compact connected semisimple Lie group. If S C G is a torus,
then G/Cg(S) is a smooth complex projective variety. Conversely, if H C G is a closed
subgroup such that G/H is a smooth complex projective variety, then H = Cg(S) for some
torus S C G.

Proof. See [Ser54], Théoreme 1 and Théoréme 2. O

Remark 1.6. It is a result of Hopf that for a torus S C G, its centraliser C(.S) must be
connected. For if z € C(S), i.e. if x commutes with all elements in .S, then there must be
a torus in G containing both = and S [Ada69, Prop. 4.25], and this torus is then clearly
contained in Cg(S5).

In light of the above theorem, we define a complezx flag variety to be the quotient of a

compact connected semisimple Lie group by the centraliser of a torus in the Lie group.

Remark 1.7. Even though the results of the previous section apply to quotients of compact
Lie groups by arbitrary closed connected subgroups of maximal rank, in this thesis we
shall focus on complex flag varieties only. One motivation for this is that the Witt ring
of a complex variety, as defined in the previous section, can be viewed from a different
perspective, which we briefly explain.

The Witt ring of a field, classifying non-degenerate anisotropic quadratic forms, dates
back to the 1930s. Subsequently, this was vastly generalised by defining 4-periodically
graded Witt rings of schemes and triangulated categories with duality®. These algebraic
Witt rings are closely related to the topological Witt rings that we defined above: Zibrowius
showed [Zib11l, Thm. 2.5] that for a smooth complex cellular variety X, the algebraic Witt
ring of X coincides with the topological Witt ring of X (C).

Now the projective varieties G/Cg(S) are actually cellular: Letting G¢ be the com-
plexification of G, there is a parabolic subgroup P C G¢ such that PN G = Cg(S). So
Gc/P = G/Cg(S) and the Bruhat decomposition for G¢ shows that this is a cellular
variety. Hence by the theorem of Zibrowius, the algebraic and topological Witt rings
of G/Cg(S) coincide. Thus our computations are also of interest from the viewpoint of

algebraic Witt rings of schemes.

It turns out that there is a simple classification of the centralisers of tori in compact Lie
groups in terms of their roots, which we shall now describe. This classification is certainly

implicit in [Serb4] even though a proof is not given there. Due to a lack of reference, we

3See [Bal05] for an overview.

12
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give a direct proof. We use basic facts and terminology from the representation theory of
compact Lie groups and refer to [Ada69] and [BD85] as general references.

First, let us fix some notation. Let G be a compact connected Lie group (we do not
require semisimple here) and 7' C G be a maximal torus. We denote by LG and LT the
respective tangent spaces at the identity element and by exp: LG — G or LT — T the
exponential map. Let Ad: G — Aut(LG) be the adjoint representation whose restriction
Ad|p makes LG into a T-space. As such, LG splits into a direct sum

LG=ILT s PV
=1

of some 2-dimensional vector spaces V; on which ¢ € T acts via a matrix

Ri(t) = <c9s(27r9i(t)) —sin(27rei(t))>
sin(270;(t))  cos(2m6;(t))

for some homomorphisms ;: T — R/Z induced by linear forms 6;: LT — R taking integer
values on the integer lattice I := exp~1(0) C LT [Ada69, Prop. 4.12]. The linear forms
+6; € LT* are the roots of G. If necessary, we change the signs so that the chamber

FWC:={ve LT |0;(v) >0forl<i<m}

is non-empty and take it as our fundamental Weyl chamber. The roots Rt = {0; | 1 <i < m}
are then the positive roots and we denote the subset of the simple roots by X.
For any subset © C X, we write Ug := [ycg ker(6), a subspace of LT. Then exp(Ug) C

T is a torus. This yields a map

@: {subsets of £} — {C(S) | S C G torus} /conjugation,
© — Cg(exp(Ue))

Proposition 1.8. ¢ is surjective.

Before we prove this, we need a lemma.
Lemma 1.9. Let X € LG andt € T. Then X € LCq(t) if and only if Ad(t)X = X.
Proof. Let 74: G — G denote the map = — tzt~'. We have

X € LCg(t) & sX € LCq(t) VseR < exp(sX) e Ca(t) VseR
& T1i(exp(sX)) =exp(sX) VseR

Differentiating this with respect to s at s = 0 yields Ad(¢)X = X. Conversely, assuming that
Ad(t)X = X, it follows that Ad(t)sX = sX for all s € R. Thus from the commutativity of

13
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the square
¢ 2% ra
expl lexp
G == G
we deduce that 7 (exp(sX)) = exp(sX) for all s € R. O

Proof of Proposition 1.8. Suppose S C G is a torus. Since any two maximal tori in G are
conjugate, we may assume without loss of generality that S C T. Any torus is monogenic,
so there exists b € S such that S = cl({b" | n € Z}). Then Cq(S) = Cg(b). Now pick
some X € LS C LT with exp(X) = b. Without loss of generality, we may assume that
X € cl(FWC() since the Weyl group acts transitively on Weyl chambers. We may also
assume that |0(X)| < 1 for all roots 6 (otherwise, replace X by +X for sufficiently large N
and b by exp (+X)). We define © := {# € £ | §(X) = 0}. We claim that ©(6) = Cg(b).
Once we prove this, we are done.

Note that X € Ug and so b € exp(Ug). Hence p(0) = Cg(exp(Ug)) C Ci(b).

Now let g € Cg(b). Since Cg(b) = Cg(S) is a compact connected Lie group (see
Remark 1.6), the exponential map LCg(b) — Cg(b) is onto. So we can pick Y € LCg(b)
with exp(Y) = g. Then Ad(b)Y =Y by Lemma 1.9. Suppose now Z € Ug. We aim to
show that Ad(exp(Z))Y =Y. If we prove this, then by Lemma 1.9, Y € LCq(exp(%2))
and so g = exp(Y) € Cg(exp(2)).

We write Y = Yy + >, Y; where Yr € LT and Y; € V; for 1 < ¢ < m. Since
Ad(b)Y =Y, we have

Yr+) Yi=Yr+) RD)Y;
i=1 =1

By definition of ©, we have §(X) =0if # € ® and 0 < §(X) < 1if § € ¥\ O. Every
positive root is a sum of simple roots. If # € R is not in the subspace spanned by O,
we deduce that §(X) > 0, and we have #(X) < 1 by our choice of X. Thus for every
1 <i < m, we have that R;(b) is a nontrivial rotation matrix if 6; is not a sum of the
simple roots in ©. So from the above equation, we deduce that Y; = 0 if #; is not a sum of
roots in O.
Since Z € Ug, we have that R;(exp(Z)) = id if ; is a sum of simple roots in ©. Thus
we obtain that .
Ad(exp(2))Y =Yr+ Y _ Ri(exp(2))Y; =Y
i=1

as required. O

Remark 1.10. Let © C ¥ and Hg := ¢(0) = Cg(exp(Ug)). We deduce that the root
system of Hg is precisely the sub-root system of G generated by O:

14
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Suppose X € LG. By Lemma 1.9, we have that X € LHg if and only if Ad(t)X = X
for all t € exp(Ug). Hence
LHe = LT & P V;
iclg

where
To={i|1<i<m, 6;(t)=0Vtcexp(Uo)} ={i|1<i<m, 6;(X)=0VX € Up}

We have Ig = {i | 1 <i<m, 0; € span(©)}: The inclusion “D” is clear. For “C”, note
that Ug = [yeo ker(d) ¢ ker(r) if 7 € X\ © since the simple roots ¥ are linearly

independent. This implies the claim.

Remark 1.11. There is an algebraic analogue of Proposition 1.8. It is well-known that
there is a bijective correspondence between isomorphism classes of compact connected Lie
groups and complex reductive groups [Lee02, Thm. 4.29]: We can assign to a compact
connected Lie group its complexification, which turns out to be reductive, and conversely
we can assign to a complex reductive group its maximal compact subgroup (which is unique
up to conjugation).

Letting G be a complex simple algebraic group, a Zariski-closed subgroup P C G is
called parabolic if the quotient G/P is projective. There is a bijective correspondence
between subsets of the simple roots of G and the parabolic subgroups of G up to conjugation
[FHO4, §23.3]. The reason why this correspondence is bijective in this case and not only
surjective is, roughly speaking, that there are more conjugacy classes of parabolic subgroups
in a complex simple algebraic group than there are conjugacy classes of centralisers of tori
in compact simple Lie groups. As an example, consider SU(3) whose complexification is

SL3(C). Then the two subgroups of SU(3) consisting of matrices of the form

* % 0 * 0 0
and 0 * x| respectively
* 0 = =

are centralisers of tori and are actually conjugate in SU(3), whereas the two parabolic

subgroups of SL3(C) consisting of matrices of the form

x k% x k%
* and 0 * = respectively
* 0 * =

are not conjugate in SL3(C).

We now apply Proposition 1.8 to determine all the centralisers of tori in the compact
simple Lie groups of ordinary type. The compact simple simply connected Lie groups are

classified by their Dynkin diagrams (cf. Figure 1.1) where each node corresponds to one of

15
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Dynkin diagram Type Group
o—O——0—=0 Ay, SU(n)
O—O——O0—0O==0 B, | Spin(2n+1)

O—O——O0—0O==0 Chn Sp(n)
o—O0— w—{ D, Spin(2n)
o==e¢) Go Ga
O—C—0—=0 F4 F4

Q—O—i—@—@ FEs FEsg
Q—@—i—@—@—@ E; FEr
Q—@—i—@—@—@—@ Eg FEg

Figure 1.1: Dynkin diagrams and their corresponding compact simple simply connected
Lie groups

16
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the simple roots. By Proposition 1.8, we can thus determine a centraliser of a torus Hg in
the respective simple Lie group by marking the nodes corresponding to the simple roots in
the set © C ¥ white and marking the other nodes black. For example, the Dynkin diagram
with all nodes marked black corresponds to a maximal torus.

Let us consider the symplectic group Sp(n) of type C,,. There is an inclusion U(n) —

Sp(n), and the maximal torus 7" in U(n) given by all the diagonal matrices
diag(e?™1 ... *™n) ¢ U(n)

is also a maximal torus in Sp(n). A set of simple roots of Sp(n) is given by 0; :== z; — x;41
for 1 <i<mn-—1and6, :=2r, Now given I = {i1,...,ix} C {1,...,n} and setting
I:={1,...,n}\T and © := {6; | i € I}, the torus exp(Ug) in Sp(n) consists of all elements
in T of the form diag(y,...,y,) where:

yj =y if j € I\ {n} and y, = yn—1 = = Yipmaxq) = LR ET
This is a subtorus of T" with centraliser
U(Zl) X U(ig — il) X ... X U(Zk - ik—l) X Sp(n - Zk) C Sp(n)

Hence we have shown that up to conjugation, every centraliser of a torus in Sp(n) is of
this form. Thus every smooth complex projective variety which is a quotient of Sp(n) can
be obtained as a quotient by a subgroup of this form.

A similar analysis can be done for types A, B,, D,. Before we formulate the result,
we review a few facts about the group Spin(n), the connected double cover of SO(n).
Since there is an inclusion U(n) < SO(2n), we have an inclusion U(n) < Spin(2n) where

U(n) denotes the connected double cover of U(n). Furthermore, there are natural maps
Ymn: Spin(m) x Spin(n) — Spin(m + n)

covering the inclusion SO(m) x SO(n) <= SO(m + n). Thus ), , has the cyclic group of
order 2 as kernel: If we denote, for every k, by € € Spin(k) the nontrivial element in the
kernel of Spin(k) - SO(k), then ker(¢, ) = {(1,1), (e, €)}.

Proposition 1.12. Up to conjugation, every centraliser of a torus in ...
o ... SU(n) is of the form S(U(ny) x...xU(ny)) for some ny,...,n; with Zi’:l n; = n.
Here, S(U(n1) X ...xU(ny)) is the closed subgroup of U(ny) X ...x U(n;) comprising
all elements (Ay,...,A;) € U(ny) x ... x U(ny) such that Hi’:l det(A;) = 1.
e ... Sp(n) is of the form Sp(m) x U(ny) X ... x U(ny) for some m,ny,...,n; with

m+ YL n=n.

17
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e ... Spin(2n+ 1) or Spin(2n) is of the form

(Spin(2m + 1) x U(ny) x

.xU(m))/C
or (Spin(2m) x U(ny) x ... x U(ny)

)/C  respectively

for some m,ny,...,n; with m+ Zlizl n; = n, where C' is the subgroup of all elements
(20,21, .., 21) of Spin(2m+1)xU(ny) x...xU(ny) or Spin(2m)xU(n1)x...xU(n;)

respectively such that x; € {1,€} for all0 < i <1 and x; = € for an even number of j.

1.3 Representation rings

It will be crucial for our computations to have a good understanding of the representation
rings of compact connected Lie groups. For the whole general theory, we refer to [Ada69]
and [BD85]. In this section, we briefly revisit some of the most important definitions and
results that are relevant to us. We then describe the complex representation rings of the
groups in Proposition 1.12, i.e. the centralisers of tori in a simply connected compact

simple Lie group.

1.3.1 Preliminaries

Throughout this section, let G be a compact connected Lie group. All representations are

finite-dimensional and continuous.

Theorem 1.13. Any representation of G over C, R or H can be written as a direct sum

of irreducible representations.
Proof. See [Ada69, Thm. 3.20]. O

By RO(G), RSp(G), R(G) respectively we denote the free abelian group on the
isomorphism classes of irreducible F-representations of G for F' = R, H, C respectively.
We call elements in these groups virtual representations of G. By Theorem 1.13, we see
that elements > n;[V;i], where V; is an irreducible F-representation and n; > 0 for all
1, are in bijective correspondence with the isomorphism classes of F-representations of
G. Furthermore, taking tensor products of real or complex representations of G induces
products on RO(G) and R(G), making them into commutative rings.

We can alternatively define R(G) and RO(G) via equivariant K-theory. Observe that
a G-equivariant real or complex vector bundle over a point is just a real or complex
representation of G. Thus we can define graded representation rings extending RO(G) and
R(G) by setting, for i € Z,

ROY(G) := KOL(pt)
R'(G) := Kg(pt)
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Similarly to the non-equivariant case, RO* is 8-periodic and R* is 2-periodic. The groups
RO*(G) can be expressed more concretely in terms of RO(G) and RSp(G) [BG10, Thm.

2.2.12]. In particular, we have

R%@)=R(G) RYG)=0
RO°(G) = RO(G) RO*G) = RSp(G)

Analogously to the non-equivariant case, we obtain realification, complexification and a

duality:

ri: R°(G) = RO*(Q)
ci: RO* — RY(G)
x: R(G) — R(G)

These satisfy the same relations as in the non-equivariant case. We call a virtual rep-
resentation in R(G) of real type or of quaternionic type if it is in the image of ¢y or ¢
respectively. Every complex self-dual irreducible representation is either of quaternionic or
of real type [Ada69, Prop. 3.56].

Let us return to our ordinary RO(G) and R(G). Taking exterior powers of representa-
tions induces A-operations on RO(G) and R(G) making them special A-rings [AT69, Thm.
1.5]. In particular, the following identities hold:

e A%x) =1and Al(z) =z for all z € R(G).

e A"(u) =0 if p is an actual (not just a virtual) representation and n > rk(u).
o N'(x+y) =1 A (z)A"(y) for all z,y € R(G).

o A" (ax) = a"A™(z) if a is an actual representation of rank 1 and x € R(G).

Theorem 1.14. Let T' C G be a mazimal torus. Then the inclusion induces an isomor-
phism R(G) — R(T)W, where R(T)W is the ring of characters invariant under the action
of the Weyl group W = Ng(T)/T of G.

Proof. See [Ada69, Thm. 6.20]. O
If G is simply connected, its complex representation ring can be easily described:
Theorem 1.15. Suppose G is simply connected. Then

R(G) Z ZIA AT, ooy Moy Aoy 1y - 5 1]

for some irreducible representations \;, p; of G where the u; are self-dual. These are called

the fundamental representations of G.
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Proof. See [BD85], Corollary VI.2.11 and Note VI1.4.2. O

Example 1.16. We recall the representation rings of the compact simply connected simple
Lie groups of ordinary type (cf. [BD85, Chapters VL5 and VI.6]):

R(SU(TL)) =7 [)\1, ey )\nfl]

where )1 is the standard complex representation of rank n and A; = A%(A\;) for all i. The
duality is given via A} = \,,—; for all ¢. Suppose n = 2k, then ), is self-dual. It is of real
type if k is even and of quaternionic type if k is odd.

R(Sp(n)) = Z]u; .- s pn]

where y; is the standard complex representation of rank 2n and p; = A%(u) for all 4. All
representations are self-dual and p; is of real type if ¢ is even and of quaternionic type if ¢

is odd.

R(Spin(2n+1)) 2 Z[vi,...,Vn—1,4]
R(szn(Qn)) =7 [517 s 7671—27 A-‘r? A—]

Here, v is induced by the standard complex representation of SO(2n + 1) of rank 2n + 1,
v; = A (1) for all i, and A is the spin representation of rank 2. All representations of
Spin(2n + 1) are self-dual, \; is of real type for all i and A is of real type if n = 0,3 (mod
4) and of quaternionic type if n = 1,2 (mod 4).

The representation &; is induced by the standard complex representation of SO(2n) of
rank 2n and & = A(¢1) for all 4 and A, A_ are the half-spin representations of Spin(2n)
of respective rank 2"~!. The representations &; are all self-dual and A, A_ are self-dual
if n is even and mutually dual if n is odd. In the case that n is even, A, A_ are of real
type if n =0 (mod 4) and of quaternionic type if n =2 (mod 4).

Furthermore, we can express v, = A"(q) and &, 1 = A" 1(&1), &, = A™(&1) in terms

of the polynomial generators above as follows:

AP=14vi4...+vp 1+,
A+A— :fn—1+€n—3+‘£n—5+---
A1+A2—:§n+2€n—2+2§n—4+---

Theorem 1.17. If both G and H are compact connected Lie groups, the projection maps
induce an isomorphism

R(G x H) = R(G) ®z R(H)

Proof. See [Ada69, Thm. 3.65]. O
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Lemma 1.18. Suppose C C G is a finite central subgroup. Then G — G/C induces an
injection R(G/C) — R(G), mapping R(G/C) isomorphically onto the subring R(G)¢ C
R(G) additively generated by all irreducible representations of G via which C' acts trivially.

Furthermore, R(G) is integral over R(G/C). In particular, R(G) and R(G/C) have

the same Krull dimension.

Proof. The first part follows easily from the observation that an irreducible representation
of G descends to an irreducible representation of G/C' if and only if the restriction of the
representation to C yields a trivial representation.

Now suppose p is an irreducible representation of G. By Schur’s lemma, each ¢ € C
acts via p by multiplication by some n.th root of unity. Let N :=1lem{n. | ¢ € C}, then C
acts trivially via p’. This shows that all irreducible representations of G are integral over
R(G/C). Since they generate R(G), the whole of R(G) is integral over R(G/C). O

Sometimes we want to consider a basis of R(G) and R(G/C) other than the one given

by the irreducible representations:

Lemma 1.19. Suppose C C G is a finite central subgroup. Let (p;)ic; be a Z-basis of
R(G) where each p;: G — GLy,(C) is an actual (not just a virtual) representation of G.
Suppose that each ¢ € C' acts by multiplication by a scalar via all p;. Letting J C I denote
the set of j € I such that C' acts trivially via pj, a Z-basis of R(G/C) is given by (pj)je-

Proof. Every p; can be written as a sum of irreducible representations. Since every c € C'
acts by multiplication by some scalar (.; via p;, it also acts by multiplication by (.; via
every irreducible summand of p;. In particular, C' acts trivially via p; if and only if it acts

trivially via each irreducible summand. This shows that

PBzoic P Zo and @ Zpic &y Zr
jeJ ceR(G/C) iel\J TER(G\R(G/C)

irred. irred.
Since the p; form a basis of R(G), we have

RG) =70 P Zoic P Zoo . Z7 = R(G)

JjeJ iel\J c€R(G/O) TER(G)\R(G/C)
irred. irred.

So the inclusions must in fact be equalities. In particular, EBJ-EJ Zp; = Docrc/c) Lo.
irred.

But this is R(G/C) by Lemma 1.18. O

1.3.2 Representation rings of centralisers of tori

We will determine the representation rings of the groups that occur as centralisers of tori

in simple Lie groups, which we described in Proposition 1.12.
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Let us first determine the representation ring of U (n), the connected double cover of
U(n), as well as the induced map R(U(n)) — R(U(n)). We first construct U(n) explicitly.

Its representation ring is then easy to compute.

We define a surjective homomorphism

SU(n) x S* = U(n), (A x)—zA
It is easy to see that the kernel is cyclic of order n, generated by ((I,,(~!) where ¢ := esn
Thus we have

U(n) = SU(n) x S*/{(¢Ln, ¢H)

Suppose n is even. Then we define
U(n) := SU(n) x 8 /((*1,,¢7%)

with the obvious 2:1 projection m,: U(n) — U(n) with ker(m,) = {lTn, 1)}, [(CLns ¢}
Note that if we made the same definition for odd n, then U(n) — U(n) would just be an

isomorphism.

If n is odd, we define
U(n) := SU(n) x 8 /{(((*1n,¢ )

with projection map

T Un) = Un), [(A,2)]— [(4,z?)]

It is easy to check that ker(m,) = {[(I,,1)], [(In, —1)]}. If we made this definition for even
n, then [(I,,, —1)] = [(I,1)] in U(n) and m, would be an isomorphism.

We know that
R(SU(n) x SYY Z Z[\1, ..., A1) @ Z[z, 27

where ); is the standard representation of SU(n) and \; = A*(A\;). Now ((I,,(71) €
SU(n) x St acts by multiplication by ¢* via A; and by multiplication by ¢(~! via z. Hence
by Lemma 1.19 (taking all the monomials as a Z-basis of R(SU(n) x S')), the subring of
R(SU(n) x S1) generated by representations via which (¢I,,,¢~!) acts trivially is

R(U(n)) = Zzhi, 2° Ay, ..., 2" Ay 1] @ Z[a", 27"

Observe that since z is of rank 1, A% () = z');. We similarly determine R(U(n)) as a
subring of R(SU(n) x S'):

Suppose n is even. Since (¢2I,,¢~?) acts by multiplication by (% via ); and by
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multiplication by ¢~2 via z, we obtain

R(U(n)) 2 Z[zr1, 220, ..., 2" 1] ® Z [x%x’%}

Observe that since z is of rank 1, A%(z\1) = x%\;.
Suppose n is odd. Since (¢%I,,(~!) acts by multiplication by ¢% via )\; and by

multiplication by ¢~! via z, we obtain

R(U(n)) = Z[z*A1, 2" Ag, ..., 22U\, 1] @ Z[z", 27"

Observe that since x is of rank 1, Al(x2\1) = 2%)\,;.

In summary, we deduce:

Proposition 1.20. The representation rings of U(n) and U(n) are

R(U(n)) =
R(U(n))

[xlw .. 7'1"71*173:77,71:7:1]

Z
1 1
2o, e, (w0)3, (@) 3]

I

L 2p_i. Here 1 € R(U(n)) is the stan-

dard representation of U(n) and x; := A'(x1). Under this identification, the projection

with duality in both cases given by x; = x,

Tn: U(n) — U(n) induces the inclusion indicated by the chosen notation, and the non-

trivial element in ker(m,) acts trivially via x; € R(U(n)) for 1 < i <mn and by multiplication
by —1 via (;vn)%
Later, we will need to know the map on representation rings induced by the inclusion

U(n) — Spin(2n).

Lemma 1.21. Using the notation for the representation rings of Spin(2n + 1), Spin(2n)
and U(n) as in Example 1.16 and Proposition 1.20, the restriction R(Spin(2n)) — R(U(n))
maps £ — x1 + ] and

1

Tn?(l+zo+24+...+20) ifniseven
Ar—=<¢ 1

(x4 as+a5+...+x,) ifnisodd

1

T (l+zo+a24+...+2p_1) ifn isodd
A=< 1

Tn?(r1+x3+ a5+ ... +xp_1) ifn is even

The restriction R(Spin(2n+ 1)) — R(Spin(2n)) maps v1 — & + 1 and A — Ay + A_.

Proof. The claim about R(Spin(2n)) — R(U(n)) can be proved by comparing weights. For
the weights of Ay and A_, see [Ada96, Prop. 4.2]. The claim about R(Spin(2n + 1)) —
R(Spin(2n)) is immediate from [Ada96, Prop. 4.4]. O

Finally, we determine the representation rings of the groups in Proposition 1.12. The
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following lemma will be useful:

Lemma 1.22. Let R, S be integral domains of the same Krull dimension and f: R — S

be a surjective ring homomorphism. Then f is an isomorphism.

Proof. Tt suffices to show that f is injective. So let P = ker(f). Since f is surjective,
R/P = S and hence P is a prime ideal because S is an integral domain. We have
dim (S) = dim(R/P) < dim(R)—ht(P) < dim(R). Since dim(R) = dim(S) by assumption,
we deduce ht(P) = 0. But since R is an integral domain, this means that ker(f) = P = 0.

So f is an isomorphism. O

Type A,

A maximal torus T in Hy := S(U(ny) x ... x U(ny)) is given by all diagonal matrices

diag (z?), ... ,zlel), § ), e 7(122), . .,zT(Lll)>
-
where Z§p) — eZ’Tme with Zp 1 Z] 1 ] = 0. Simple roots are given by agp) ;21 for

1<p<land1<j<mn,andso we can deduce that the Weyl group W is S, x ... x Sy,
where each symmetric group S, acts by permuting the z](-p ) for 1 < j <mnyp. Thus R(T Wis

generated by the elementary symmetric polynomials a,(cp ) = > 2P (p )

11 <...<tp “11
-1 —1
with <07(1p)> = (Hﬂf z.(p)) where 1 <p <land 1 <k <n, One can check that

=171
(p)
Oy

together

is precisely the character of the representation :L'l(f ) = A (xgp )>, where x(lp ) is the

representation of S(U(ny) x ... x U(n;)) where the pth block U(n,) acts via the standard

representation on C™».

Proposition 1.23. There is an isomorphism
l

R(HA)g(g)z[xgp) } ﬁ @1

p=1

-1
The duality on R(H ) is given by ( (p )> (x%p )) acq(f; )7,6 under this isomorphism, using

P
the convention that JJ[() P) _ 1.

+1 +1
Proof. Letting S := ®p 1 Z {(251’)) .. <z££)) } be a Laurent ring, the map

l
fr@z[xP, x| o Q7 [ng;), (X,Qf;))l} -8, X" s ol
p=1

is injective since the elementary symmetric polynomials are algebraically independent.
Now R(T) = S/ (Hp T Z — 1). Denoting by 7: S — R(T) the projection map,
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CHAPTER 1. KO-THEORY AND REPRESENTATIONS

by the comments above, m o f maps surjectively onto R(T)"W. We have ker(r o f) =
f! <(H;:1 12, zi(p ) 1)) = (H;Zl X,(f;) — 1). The second equality here follows from
the fact that f is just the embedding of the subring of S of all elements invariant under
the action of S,,; x ... x Sy,. This yields the isomorphism. The fact that the duality is as
described follows immediately from considering the duals of the GZ@ ) e R(T)V. O]

Type B),

Let Hg :=U(n1) X ... x U(ny) x Spin(2m + 1). By Theorem 1.17 and Proposition 1.20,

we have

Q-

+1
R(Hp) z [xgm,...,xggl, (;ng;)) 2] ifm=0

I
—

p

+1
R(Hp) Z [:ng),...,:vglp)l, <a3(p)> 2] QZly1,- -y Ym—1, Al if m >0

P np

Q-

I
—

p

By € we denote the nontrivial element in U(n,) or Spin(2m + 1) in the kernel of U(n,) —
U(np) or Spin(2m + 1) — SO(2m + 1). Let Cp be the subgroup of Hp consisting of all

elements (ay,...,a;,b) where a;,b € {1, €} such that € occurs an even number of times.

Proposition 1.24. If m > 0, there is an isomorphism
l (p) () @)
®Z |:£L‘1 PR AT (:p,{;) ] QZlyi,- -, Ym—1] ®Z[t]| — R(Hp/CR)
p=1

(p)

t— A ZH;:l (x%))_é.

If m =0, there is an isomorphism

where x Hml(p)fora,lllgpglandlgignp,yj»—)yjforl§j§m—1 and

+1
®L_1Z [w&p), . ,xﬁff_l, (m%’?) ] ® Z[t]
-1
(t2 - (Hp xg;)) >

where x(p) —> xgp) foralll<p<landl<i<mn, andt— H;Zl (:L‘ﬁ,,?)i .

7

— R(HB/CB)

N|=

Under the above isomorphisms, the duality is given by

(xz(»p)>*:<a?(p)>_lx(p) » foralll1<p<Il, 1<i<mn,

nyp np—1i

Y =yj foralll1<j<m-—1,

tr=t- [«
p
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Remark. By Lemma 1.18, the ring R(Hp/Cp) is a subring of R(Hp). This justifies our
(»)

notation, for example regarding x;"’ as a representation of both Hg and Hg/Cp.

Proof of Proposition 1.24. Suppose m > 0. Observe that Cgp C Hp acts trivially via
azgp) € R(Hp) and y; € R(Hp) forall 1 <p <land 1 <i <npandforall 1 <j<m.

1
Furthermore, Cp acts trivially via AP - H;Zl (iL'SfQ) e € R(Hp) if and only if all of a,, b
are even or all of a,, b are odd, and otherwise some elements of Cp act trivially and the
others act by multiplication by —1.

This shows by Lemma 1.19 (taking all the monomials as a Z-basis of R(Hp)) that the
described map is surjective. The ring on the left is an integral domain of Krull dimension
1+m+ 3, np. By Lemma 1.18, R(Hp/Cp) is an integral domain with the same Krull
dimension as R(Hp), i.e. also 1 + m+ 3 np. So by Lemma 1.22, the map must be an
isomorphism.

Similar arguments apply for m = 0. O

Type Cp

Let Ho :=U(ny) x ... x U(ny) x Sp(m). From Theorem 1.17, we immediately obtain:

Proposition 1.25. There is an isomorphism
: (v) ® ()
®Z [azl Y AR (CL‘,,%;) ] ® Zly1, - - ym) = R(Hc)
p=1

where azgp) corresponds to the standard action of the pth block U(ny) and xl(p) = A’ <x§p)),

and yy corresponds to the standard representation of the block Sp(m) on C*™ and Y =

. * —1
AN (y1). Under this isomorphism, the duality on R(H¢) is given by (:c(p)) = (ng;)) 2P

i np—1

and y; = yj.

Type D,

The case m = 1 need not be considered separately. It is already contained in the case
m = 0 since Spin(2) = U(1).
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As for type By, we let € denote the nontrivial element in U(n,) or Spin(2m) which
is in the kernel of U(n,) — U(n,) or Spin(2m) — SO(2m). Let Cp be the subgroup of
Hp consisting of all elements (ay,...,a;,b) where a;,b € {1, €} such that e occurs an even

number of times.

Proposition 1.26. If m > 2, there is an isomorphism

» ()
®z 2P np_l,( n) ® Ly, ..., Yyms2] ® Z[d,,d_] — R(Hp/Cp)
1 _1
where :z:z(p) — xgp) and y; — y; and dy — T’y H;:1 (x,(lp)> *andd_ —T_ H (xnp)> 2

If m =0, there is an isomorphism
+1
®p1 Z [;pgp),,,,’mfg_l, (wﬁf;)) } ® Z[t]
(tQ — 11, x%’))

1
wherex”»—mz: foralll1<p<landl<i<mn, andtb—>H (1:7(5,))2.

R(Hp/Cp)

Under these isomorphisms, the dualities are determined by

-1
(x?’))* = (xq(f;))il xg;)—i and y =y; and t"=t"" =t (H x,&’?)
p

d_ if m is odd dy if m is odd
dj_ - -1 s d* =

dy - Hp (a:ff?) if m is even - d_ - Hp acg;) if m is even

Remark. By Lemma 1.18, the ring R(Hp/Cp) is a subring of R(Hp). This justifies our
(p)

notation, for example regarding x;"’ as a representation of both Hp and Hp/Cp.

Proof. Suppose m > 2. We know that e acts trivially via all acgp) € R(Hp) and all
+1

y; € R(Hp), but it acts by multiplication by —1 via I'y, I'_ and (x%}) forl< p <lI.

Hence Cp acts trivially via all xl(-p) € R(Hp) and all y; € R(Hp), and it acts trivially via

a_— a4 l ( ) i%bp
reT I (xnp) (1.2)
p=1
if and only if a; + a_ and all of b, are even or a4 + a_ and all of b, are odd. Thus Cp
acts trivially via (1.2) if and only if it can be written as a product of powers of

L H (o) ana T H (+0)

1
2

[N

and x()f0r1<p<l
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All this shows by Lemma 1.19 (taking the monomials as a Z-basis of R(Hp)) that the
described map is surjective. Now observe that both R(Hp/Cp) and the domain of the
map are integral domains with Krull dimension 14+m + 3 n, (cf. Lemma 1.18). Thus we
deduce from Lemma 1.22 that the map is an isomorphism.

Similar arguments apply for m = 0. O
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Chapter 2
Tate Cohomology

In the previous chapter, we defined the Witt ring and showed that it determines the torsion
in the real topological K-theory of a complex flag variety. We shall now begin to see how
to compute Witt rings. The decisive result is Bousfield’s lemma, which shows that Witt
rings of complex flag varieties are isomorphic to Tate cohomology rings of their complex
topological K-theory. This makes the Witt ring computable for us in many cases, as we
shall see in subsequent chapters.

This chapter is organised as follows. In the first section, we define Tate cohomology
and formulate Bousfield’s lemma. We largely follow [Zib15] here. In the second section,
we develop the main technical results to compute Tate cohomology. These will be used
in our concrete computations. It may be advisable for the reader to skim through this
section at first and refer back to it later as required. In the third section, we deal with
Tate cohomology of representation rings. In particular, we compute the Tate cohomology
of the representation rings of the Lie groups in Proposition 1.12, i.e. of centralisers of tori.

This will be important for our computations later.

2.1 Witt rings are Tate cohomology rings

A x-ring A is a commutative unital ring with an involution *: A — A which is a ring
isomorphism. A x-ideal of a *-ring is an ideal which is closed under the involution. A
x-module is an abelian group with an additive involution. A x-module M over a x-ring A
is an A-module M which is also a *-module, such that the involutions on A and M are
compatible with the module structure, i.e. (a-m)* =a*-m* for all a € A and m € M.
For example, any x-ideal of A is a x-module over A. Every *-module is a *-module over Z
with the trivial involution on Z. A morphism of *-modules is a homomorphism of modules
that preserves the involution and a morphism of *-rings is a ring homomorphism that
preserves the involution. For a x-module M, an element m € M is self-dual if m* = m

and anti-self-dual if m* = —m.

Example 2.1. For any compact Hausdorff space X, its complex topological K-theory
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CHAPTER 2. TATE COHOMOLOGY

K%(X) is a *-ring with the duality induced by assigning to each complex vector bundle its
dual bundle.

For any compact connected Lie group G, its complex representation ring R(G) is
a *-ring with the duality induced by assigning to each complex representation its dual

representation.

For a #-module M, we define its Tate cohomology to be h*(M) = h™ (M) & h™ (M)

where

00 = S
B (M) = ker(id + x)

In other words, h™ (M) and h™ (M) consist of the self-dual and anti-self-dual elements of
M respectively modulo those elements that are self-dual and anti-self-dual respectively for
trivial reasons.

If A is a x-ring, it is easily checked that the multiplication on A induces a ring structure
on h*(A) with

Rt (A) - Rt (M) C hT(M)
hT(A)-h~ (M) C h™ (M)
h™(A)-hT (M) C h™ (M)
h=(A)-h~ (M) C b (M)

Example 2.2. Let T be a torus of dimension n, then

R(T)=Z[a7, ... 25
with 2 = ;" for all i. The Tate cohomology of R(T) is trivial:
h*(R(T)) = Zs -1

Let G be a compact simply connected Lie group, then

R(G) gZ[plapi'"7pk7p27ﬂla'--7ﬂlayla'"aym]
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CHAPTER 2. TATE COHOMOLOGY

where the p; are the real fundamental representations (hence self-dual) and the v; are
the quaternionic fundamental representations (hence also self-dual). Then we have a ring
isomorphism

Zolai,...,ag,b1,...,bc1,...,cm] = R*(R(G))

where a; — [pip}], bi — [ui] and ¢; — [15].

We now prepare to formulate Bousfield’s lemma. Let X be a compact Hausdorff space.
Recall from (1.1) the complexification and realification maps ¢;: KO*(X) — K°(X) and
ri: KO(X) — KO?%(X). Since *¢; = (—1)%c; and ¢;7; = id + (—1)%, the map ¢; descends
to a map

G: KO*(X)/ri — h(K°(X))

where KO?%(X)/r; denotes the cokernel of r;. Since ¢;r; =id + (—1)% and r;* = (—1)'r;,

the map r; descends to a map
70 B(KY(X)) = ¢ \KO*(X)
where ¢;\ KO?(X) denotes the kernel of ¢;.

Lemma 2.3 (Bousfield’s lemma). Let X be a compact Hausdorff space with K'(X) = 0.

The complexification and realification maps induce isomorphisms

WO(X) e WA(X) % hH(KY(X)) ﬁ AKO™(X) & \KO*(X)

WHX) e W3(X) % h(KO(X)) (i)> AKOY(X) @ \KO*(X)

n? 0
0 n?
homomorphism, we get an isomorphism of rings ¢: W*(X) — h*(K°(X)).

The composition along each row is given by < Since complexification is a ring

Proof. A simple proof can be found in [Zib15, §1.2]. O

Note that for any complex flag variety X, we have K'(X) = 0 by Theorem 1.1. So

Bousfield’s lemma applies in this case.

2.2 Properties of Tate cohomology

We have now reduced the computation of Witt rings to the computation of Tate cohomology
rings. So let us do the necessary groundwork by proving some basic general results about
Tate cohomology. In particular, we are interested in computing the Tate cohomology of
quotients of x-rings by *-ideals.

In this section, we need the notion of a reqular sequence in a ring. It is important to

deal with regular sequences in greater detail later. For now, we only require the definition,
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for which we refer to Definition 3.1.

The most important computational tool is the long exact sequence in Tate cohomology.

It follows immediately from the snake lemma of homological algebra.
Lemma 2.4. A short exact sequence of x-modules
0—-M —-M-—M"—0

induces a 6-periodic long exact sequence on Tate cohomology groups:

ht(M') —— hH(M) —— ht(M")

I |

h=(M") +—— h=(M) «—— h=(M’)

We are first interested in relating the Tate cohomology of *-ideals to the Tate cohomology

of the ambient ring.

Lemma 2.5 ([Zib15, Prop. 4.1)). Let A be a %-ring.

(i) If p € A is self-dual and not a zero divisor, then
* [N] *
h*(A) — h*(nA)
1 a graded isomorphism.

(ii) If A\, \* is a reqular sequence in A, then

AN
T

h*(A) h* (A, AF)

1$ a graded isomorphism.

We will also need the following lemma about the Tate cohomology of an ideal generated

by two independent self-dual elements:

Lemma 2.6. Let A be a x-ring with h=(A) = 0 and let py, p2 € A be self-dual elements
that form an A-regular sequence. Suppose that Anny+(ay ([pa], [u2]) = 0. Then

h™(Api + Apz) =0

and we have an isomorphism of h*(A)-modules given by

ht(A) ® ht(A)

h+(A) - ([p2], [n]) = 0 (A A), - (,y) = ] + ylpe]
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Proof. We define an A-module homomorphism by
0 ADA— Apr + Ape,  (a,b) — auy + bus

¢ is clearly onto. Let (a,b) € ker(y), i.e. api + bua = 0. By regularity of the sequence
1, p2, we deduce that b = b’y for some b’ € A, so (a+ b'puz)puy = 0. Again by regularity,
we have a + b'pus = 0 and so

ker(p) = {(zp2, —xm1) | © € A},

which is isomorphic to A as a smodule via the isomorphism xk: A — ker(y), = +—

(zpo, —zp1). Now the short exact sequence of x-modules over A
0 ASABAD App + Apg — 0
induces the following exact sequence on Tate cohomology, using that A~ (A) = 0:
0 — h™ (A1 + Apg) = KT (A) =5 hT(A) & hT(A) 25 hH (A + Apg) — 0
The assertions follow from this exact sequence since
Kt WY (A) = hT(A) @ T (A), =~ (x[pa], x[p])

is injective as Anny+ (4 ([11], [p2]) = 0 by assumption. O

We next consider the Tate cohomology of some quotient rings. The following will help

us to reduce to considering only one self-dual element instead of two mutually dual ones.

Lemma 2.7. Let A be a x-ring and A € A such that X\, \* is a regular sequence and AN

is not a zero divisor. Then the natural map
q: AJ(AN") — AJ(ANT)
induces an isomorphism on Tate cohomology.

Proof. Consider the commutative diagram

0 —— (A9 A > A/(AN) —— 0
[ " =
0 —— (A% A > A/(A\ ) —— 0

where the rows are exact. Since A\* is not a zero divisor and A, \* is a regular sequence,

Lemma 2.5 implies that the vertical maps in the following commutative diagram are
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isomorphisms:

h*(AX7)) —— B*((A, A7)

T[m Tm*]

hHA) ——  Rh*(A)

Hence the homomorphism h*((AA*)) — h*((A, A*)) induced by inclusion is also an isomor-

phism.
Now consider the long exact sequences induced by diagram (2.1). The assertion follows

immediately from the five lemma. O

Remark. If A\, \* is a regular sequence in A, it is easily verified that A\* is not a zero

divisor if and only if A*, A is also regular.

Now we show how Tate cohomology of some quotients can be computed.

Lemma 2.8. Let A be a x-ring and u, A € A such that u is self-dual and not a zero divisor

and A\, \* is a reqular sequence.

(i) If [1u] = 0 in h*(A), then
h*(A/(n)) = h*(A) @ [a] - h*(A)
where u € A with u+u* = 1.
(ii) If [\X¥] = 0 in b+ (A), then
h*(A/(A, X)) = h*(A) @ [u] - h*(A)

where u € A with u + u* = A\*.

(111) Suppose further that h=(A) = 0. Then h™(A/uA) = 0 if and only if [u] € hT(A) is
not a zero divisor in h™(A). Furthermore, we have h*(A/(n)) = ht(A)/([u]).

(i) Suppose further that h=(A) = 0. Then h™(A/(A\,\*)) = 0 if and only if [AN*] € bt (A)
is not a zero divisor in h(A). Furthermore, we have h*(A/(A, A*)) = ht(A)/([AN*]).

Proof. Parts (i) and (ii) are proved in [Zib15, Prop. 4.1]. We prove (iii), part (iv) is similar.

The short exact sequence of x-modules
0AB A A/(n) =0

induces a long exact sequence on Tate cohomology. Using that A~ (A) = 0 by assumption,

it can be written as

0 h™(A/ (1) = hH(A) 5 WH(A) = BT (A/(n) = 0
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The assertion now follows immediately. O

The following corollary follows immediately by induction from parts (iii) and (iv) of

the previous lemma.

Corollary 2.9. Let A be a x-ring such that h=(A) = 0. Let py,...,u, € A be self-dual
and Ai,...,A\m € A such that pa, ..., pn, A1, AL, ooy Am, A, 48 a reqular sequence in A.

Then the following are equivalent:
(1) The sequence ], ..., [pn], [MAT]s - - oy [Am AL is regular in KT (A).

(2) h=(A/ (s px)) =0 foralll <k <mandh™(A/ (1, pny A1, AT5 -5 NG, AT)) =
0 foralll <j<m.

If these equivalent conditions hold, then

WA (s s A AT, A AL)) =BT (A)/ ([l ] AT - AT

Let us now consider the situation where the element by which we divide is not regular

in Tate cohomology, but is a zero divisor with special properties.

Lemma 2.10. Let A be a x-ring with h™ (A) =0 and p € A be a self-dual reqular element.
Suppose that Anny+(ay([p]) = Bt (A) - [u] so that in particular (1] = 0. Then

W(A) o (A
(e) (1)

is a free hT(A)/([u])-module of rank 2 where u € A such that u + u* = p?.

h*(A/pA)

12

- [1]

Proof. The short exact sequence of A-modules
045 A A/uA—0
induces an exact sequence of h™(A)-modules given by
0= h=(A/uA) 2 ntA) B pra) = ptA/u4) =0

We immediately obtain h*(A/uA) = ht(A)/([u]). Now choose u € A such that u+u* = p?.
Then u € A/uA defines an element [u] € h™(A/pA) and 9([u]) = [u] € h*(A) by definition

of the boundary map. Now 0 induces an isomorphism

B (A/pA)

IR l@

im(9) = Annye () (1)) = b (A) - [4]

Since Annys (i) = h* (4) - [1], the map h+(A)/([u) 2 h*(4) - [, T 7+ [u] Is
well-defined isomorphism. Thus as an ht(A)/([u])-module, b~ (A/pA) is freely generated

by [@] € h~(A/uA). O
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Finally, we quotient out an ideal generated by two elements which could be zero divisors

in Tate cohomology.

Lemma 2.11. Let A be a *-ring with h™(A) = 0 and let p1, us € A be self-dual elements
that form an A-regular sequence. Suppose that Annp+(ay ([p1], [H2]) = 0. Then we have

isomorphisms of h (A)-modules

W (A/ (1, p2)) < b (A)/ (], [2])

B (A (a1, 12)) 2

where v¥: hT(A) ® ht(A) — ht(A), (a,b) — alu1] + blus].

Proof. This follows immediately from Lemma 2.6 and the long exact sequence on Tate

cohomology induced by 0 — (1, p2) = A — A/(p1, p2) — 0. O

2.3 Tate cohomology of representation rings

After a general lemma about the Tate cohomology of representation rings, we will determine
the Tate cohomology of the representation rings of centralisers of tori in compact connected

Lie groups. We computed these representation rings in section 1.3.2 for the ordinary types.

Lemma 2.12. Let G be a compact connected Lie group. Then h™ (R(G)) = 0. Furthermore,
if C C G is a finite central subgroup, then the map h™ (R(G/C)) — ht (R(G)) induced by
the quotient map G — G/C is an inclusion, and h* (R(G)) is integral over its subring
Rt (R(G/C)). In particular, they have the same Krull dimension.

Proof. As a group, R(G) is the free group on isomorphism classes of irreducible representa-
tions of (G. Any irreducible representation is either self-dual or dual to another irreducible
representation. This immediately implies h~(R(G)) = 0.

We saw in Lemma 1.18 that R(G/C) is the subgroup of R(G) generated by all iso-
morphism classes of irreducible representations via which C' acts trivially. As a Zs-vector
space, h™(R(G)) has a basis comprising all irreducible self-dual representations of G, and
hT(R(G/C)) has a basis comprising all irreducible self-dual representations of G via which
C acts trivially. This shows that hT(R(G/C)) — hT(R(G)) is an inclusion. If p € R(G)
is an irreducible self-dual representation, then by Schur’s Lemma, C acts trivially via
pV for some N € N. Hence [p]N € h*(R(G/C)) and so [p] € hT(R(G)) is integral over
hT(R(G/C)). O

Let us now compute the Tate cohomology of the representation rings that we determined

in section 1.3.2.
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Type A,
We use the notation as in Proposition 1.23.

Proposition 2.13. If not all of n1,...,n; are even, we have an isomorphism

l
QR Z2 |87, 8L )| = b (R(HA)) (2.2)
=1

where ﬁi(p) — {xgp) (ép))*}'
If all of ny,...,n; are even, we have an isomorphism
@) 22 |, 0| @ 2l

— h+(R(HA)) (2.3)
(’72 +11, 5”717)

where ,Bi(p) — [xz(.p) (ngp)>*} and v +— [pr:1 x%}} .

Proof. Recall the express1on for R(H 4) from Proposition 1.23. The monomials in indeter-

minates :U(p) and (x(q)> for1<p<land1<k<mny,and1<gq <! (note that we are
O]

missing out xy, ) form a Z-basis of R(H ). Since the duality takes monomials to monomials,

a Za-basis of h*(R(H,)) is given by the self-dual monomials in these indeterminates. Now

suppose
I mp—1 ®) NORN by
SILIT ()7 1 ()
p=1 i=1 q=1

where az(p ) € No and b, € Z. Then

®) —a(.p) (p) a(p) ) —agl) a(l) 1 ml (1) (z(.l) -1 (@ —by
7 p 7 nyp— J
( w) () () AT () - T (=2)
j=1 q=1
—a® a! - PONN - —bgt+alP+.. +a¥
i (p) i (l) j q 1 ny;—1
[T () )" T ) T ™
j=1 q=1
—1
recalling that 3:,(1[2 = (H;_:ll ng;)) in R(Hu).
So z = z* if and only if the following conditions hold:

(D) 0 (9) ()

agp) :a(p) and 2bq:a1 —|—...+am_1—a1 IR |

np—1i

forall1<p<land1<i<mnpandalll<gqg<lI
(@)

If z = 2* and some n, is odd, then we deduce from the above conditions that au,

must be even for all ¢ where n, is even. In this case, it follows that z is a monomial in
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*
indeterminates acgp ) (acgp )) where 1 <p <land 1 <1i < |n,/2|. This shows that the map
(2.2) above maps a Zso-basis to a Zg-basis, so it is an isomorphism.

If all of ny,...,n; are even, then we deduce that the self-dual monomials are in bijective

correspondence with the z of the form

d
o) T (@ (@
e= (L% 'HH(%‘Q (‘”jq>>
p=1 g=1 j=1
where d € {0,1} and a§p) € Ny. Thus we see that the map (2.3) maps a Zsa-basis to a
Zo-basis, so it is an isomorphism. ]
Type B,

We use the same notation as in Proposition 1.24. We see immediately that h™(R(Hp))
is a polynomial ring over Zy in m + 3 |n,/2] indeterminates, so h* (R(Hp)) has Krull
dimension m + 37 [n,/2]. So h*(R(Hp/Cp)) has Krull dimension m + 3 |n,/2] by
Lemma 2.12.

Proposition 2.14. If not all of ni,...,n; are even, there is an isomorphism
!
®Z2 { ip)w--,ﬂfilm} ® Zao[an, ..., am] — BT (R(Hp/CBR)) (2.4)
p=1

where ﬁi(p) — [m(p) (a:(p))*} and

3 3

ly;) if 1<j<m-—1

O[jf—)
A" (y)] =t —1—y1— ... —ym-] ifj=m

If all of nq,...,n; are even, there is an isomorphism

Ry Zs [5@, - ,57%)/2] ® Lo, . . ., ) @ Zald)]

M 0 — W (R(Hp/CB))  (2.5)
((52+(1+0z1+...+am)ﬂn1/2...5m/2>

where ,Bi(p) and o; are mapped as in the previous homomorphism and

_1
ATL, (:L'%;)) ? :L'(n;] = [tnpm({g] ifm>0

0 [ B
[Hp (x%@) 1:(7;4 = [t]_[px(%)} ifm=0

[NIES

Proof. Suppose m > 0. In Proposition 1.24, we saw that R(Hp/Cp) is a tensor product

of a Laurent and polynomial ring. The duality takes monomials to monomials, so the
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self-dual monomials are a Zo-basis of h* (R(Hg/Cpg)). Suppose

TV T ey T
e \P)\ * q q
Z tpl:[lil;[l(xl ) ql:[l(:vnq) ql:[ly

is a self-dual monomial where a, bl(p ), dy € Ny and ¢, € Z. Then

! o, Ll Ly ! . m—l
e [T T () (o) L) ™ T
r=1 p=1 i=1 qg=1 q=1
This equality holds if and only if
2cp=a—bP — . b | and oY =07,

forall1 <p<land1l<i<n,.

Suppose there is some 1 < p <[ so that n, is odd. Then an 1pP) — 9 Z(n” D/2y, )
is even and so a is even. Then we must also have that bglr) /2 is even When n, is even. ThlS
shows that z can in fact be written as a product of powers of

tt* and azg-p ) <$§p )> and y,

for 1 <p<land1l<j<|ny/2] and 1 < g < m. This proves that the above map (2.4)
is surjective, noting that under the isomorphism of Proposition 1.24, {t* corresponds to
A2=1+y+...+ Ynm.

Now suppose that nq,...,n; are all even. If we choose a odd, we must also choose bg; ) /2

odd for all 1 < p <. We deduce that z can be written as a product of powers of

tt* and t H xnp and xgp) (xg-p)y and y,
p=1
for 1 <p<land1<i<mnyand 1l <g < m. This proves that the above map (2.5) is
surjective, again noting that under the isomorphism of Proposition 1.24, ¢t* corresponds to
A2=14y+...+yn.
Note that in both cases, both the domain and codomain of the surjective maps are
integral domains with the same Krull dimension m + Zé:l n;. Hence the maps must in

fact be isomorphisms.

Similar arguments apply for m = 0. 0

Type C,

We use the notation of Proposition 1.25. We immediately obtain:
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Proposition 2.15. We have an isomorphism
®ZQ [Bl ye e Ln /2J] ®Z2[a1,...,am]—>h+(R(Hc))

where ,Bi(p) — [%(p) (xgp))*} and o — [y;].

Type D,
Recall the notation from Proposition 1.26.

Proposition 2.16. If m > 2 is odd, we have an isomorphism

l
Zofor, . om] © @ Za (B, 82 )| = 0 (R(HD/Cp))
=1

where
lyj] if 1<j<m-—1
Qg = 1 o
A" Yy1)] = [dyd —ym—3 —Ym—s5—...] f j=m—1
and ,Bi(p) — [wl(-p) <w§p)>*}
If m > 2 is even and not all of ny,...,n; are even, we have an isomorphism

ZQ[O&L.. s Oy — 2,(51,(52, ) N
(0162 + 02) ®®Z2 [ ,-..’Bl_np/Qj] — h"(R(Hp/Cb)) (2.6)

where aj and Bi(p) are mapped as before and §1 — [d+dj_] and 6o > [d_d*_] and 0 — [dyd_].

If m > 2 is even and all of ny,...,n; are even, we have an isomorphism

Zylon, ..., Qm—2,61,02,8,(1,Co] © @' _, Zo [ﬁ?’),...,ﬁﬁfﬁ
2
I

] — K (R(Hp/Cp)) (2.7)
where
I= (6162 + 0%, G+61Y, (G +6Y, GG +3Y, 6¢ + (b1, 6+ (162)

with Y = ﬂ&iﬁ e ,Bglll), mapping o and pr) as before and
2

2

5> 04T_] = [dod_], &> [I2] [dznx ] 5 2] :[ 1 (=) ]
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¢1— [F 11 (:Ugqu))é 7q)

q

@ [r T () o) - oo TT (x;?)‘lxs;g] |

2

If m =0 and not all of the ny,...,n; are even, we have an isomorphism
l
®ZQ [ﬁgp),...,ﬂmp/zj] — h+(R(HD/CD)) (2.8)
=1

where ﬁi(p) — [xz(-p) (xgp)y]

If m =0 and all of the ny,...,n; are even, we have an isomorphism

Ry Zo [5@, o 7»3%17} ® Za[]
(72 +11, ﬁsqu)>

where 51.(7’) is mapped as before and vy — [Hq (ﬂg}) 2 m(fq)] = [t—l Hq x(é{])]

Proof. Suppose m > 2 is odd. Then d* = d_ and from Proposition 1.26, we see that
R(Hp/Cp) is a tensor product of x-rings, the Tate cohomology of each of which we know.
Noting that d_dy =Ty T'_ = ypm—1 + Ym—3 + . . ., the result follows.

Suppose m > 2 is even. The self-dual monomials in R(Hp/Cp) form a Zs-basis of the
Tate cohomology. So suppose that

m—2 1 np—1 ( ) C(.p) l fq
_ J
st L THIT () 11 ()
= 7=1 g=1
where a+,a_,bl,c§ P) ¢ Np and f, € Z. Then
-1
fa— a++a_7c(f1) 5:1)_1 Tp P
a a_—
2 = did Hy T1(=9) COTLIT ()
q=1 p=1 j=1
So z = z* if and only if
c§p) = cg;)_j and 2f; =a_ —a4 — ng) T cffq)fl (2.10)
forall 1 <p,g<land 1< j<mn,,.
Suppose in addition that not all of the nq,...,n; are even. Then we deduce from the

above that if z = 2*, we must have that a_ — a4 is even. Thus if ¢ is such that n, is even,
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(@)

1o /2 is even. All this implies that z is a product of powers of

it follows that also ¢

l

l
o (o) and T (o42) " and L) and it
q=1 q=1

This shows that the map (2.6) is surjective. We know by Lemma 2.12 that h™(R(Hp/Cp))
is an integral domain of the same Krull dimension as h*(R(Hp)). From the description of
R(Hp) before Proposition 1.26, we see that if m is even, then h*(R(Hp)) is a polynomial
algebra over Zy in m+ 3 |n,/2| indeterminates. So its Krull dimension is m+3_ [n,/2].
Observe that the ring in the domain of (2.6) is also an integral domain of the same Krull
dimension. Hence the surjection must in fact be an isomorphism by Lemma 1.22.

On the other hand, still assuming m > 2 is even, suppose in addition that all of

ni,...,n; are even. If z = z*, we deduce from (2.10) that z is a product of powers of

l

l
2 (ngp))* and d2 -] (xgq))‘l and d* - [[2'? and d,d_
q=1 q=1

! !
and d, T (+0) "+ and d_ [
q=1 g=1 2

2

This shows that the map (2.7) is surjective. The ring in the domain is an integral domain
of Krull dimension at most m + > |n,/2]. We defer the proof of this to Lemma 2.17.
Assuming this, the Krull dimension must be exactly m+3_ |n,/2] since it surjects onto an
integral domain of this Krull dimension, and the surjection must actually be an isomorphism
by Lemma 1.22.

For m = 0, the arguments are analogous. O

Lemma 2.17. Let

l
S =79 [051, .. .,am_2,51,52,5, Cl,CQ] X ®Z2 [ §p)7 o 7/3]8;)}
p=1

and consider the chain of ideals Iy C Is C I3 where

I := (8162 + 67)
I := (61024 0,3 + 1Y),
Iy := (6102 4+ 0%, (T +01Y, G +62Y, (16 +68Y, 8¢+ (o1, 6 + (162)

with Y = B,(i) e B,ii) Then 1,1y, I3 are prime. In particular, ht(I3) > 3.

Proof. We consider the ring

T := ZQ [51752757 ClaCZaZ]
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and we define ideals of T by

J1 = (5152 + (52) ,
Jy = (0102 + 62, + 012)
J3 = (6102 + 0%, (T + 012, (3 + 622, C1Ca+ 62, 6G1+ (b1, 6 + (162)

One can check, for example using a computer algebra system, that Jy, Js, J3 are prime
ideals in S and that Z ¢ Js. For a € {1, 2,3}, we define

l
S@ .= T/J, @ Z [al,...,am,z]@@(g)zz[ §p>,...,5,8;)}
p=1
gT/Ja[ai,,BJ(.p)Hgigm—Q, 1<p<l, 1§j§kp},

a polynomial ring over T'/J,. We have that T'/.J, is an integral domain and Z # 0 in T/ J,.
Observe that S/I, = 5@/ <7+ ﬁlg) . B,g?) S(@). We want to show this is an integral

domain. This now follows from:

Claim. Let R be an integral domain and r € R\ {0}. Then the ideal (r + X;...X,) of
R[X1,...,X,] is prime.

Proof of claim. Let A := R[X1,...,X,]/(r + X1...X,,). We want to show that A is an
integral domain. We prove this by induction on n. It is clear for n = 1.

X is not a zero divisor in A: For, suppose we have f,g € R[X1,...,X,] with fX; =
g-(r+X1...X,). Then (f —gXs...X,) X1 = gr, so gr € (X;). Since R is an integral
domain, (X;) C R[Xy,...,X,] is a prime ideal. As r € R\ {0} we deduce g € (X1), so
there is ¢’ € R[X1,...,X,] with ¢ = ¢’X;. But then fX; = ¢ X 1(r + X1 ...X,) and thus
f=¢ (r+X1...X,),s0 f € (r+X1...X,). This proves that X1 is not a zero divisor
in A.

Now
Ag, 2 R[X{N Xo o X J(r+ X1 X)) 2 R[XT Xo, o X J(r X7+ Xo LX)
Setting R’ := R [X fd] and 7/ := r X[ ', we see by induction hypothesis that
x, ER[X2,..., Xp]/(r + X2 Xn)

is an integral domain. Since X1 € A is not a zero divisor, this shows A is an integral

domain. ]

This completes the proof of our lemma. O
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Chapter 3
Regular Sequences

As we already indicated in the previous chapter, regular sequences play an important role
in the computation of Tate cohomology of quotient rings. In fact, as we will see in the next
chapter, proving that certain polynomials form a regular sequence is at the heart of our
computations of the Witt ring of complex flag varieties. We therefore dedicate a chapter
to regular sequences to present the theory and results which we will need later. More
specifically, the aim is to lay the necessary groundwork to prove regularity of a certain

sequence of polynomials occurring in our computations.

In the first section, we recall the basic definitions and explain some results about regular
sequences. Most importantly, we give equivalent criteria in terms of Krull dimension to
determine if a sequence of elements of a ring is regular. We use these criteria in the second
section to prove regularity of homogeneous polynomials in a particular example. It is
important for our computations in the next chapter. In the third section, we consider
sequences of inhomogeneous elements in a graded ring, for example a polynomial ring. We
prove that we can often deduce regularity of such a sequence by just looking at the highest
homogeneous components of the inhomogeneous elements. This is the central result to

prove regularity of the sequence of polynomials occurring in our computation.

Everything in the first section is standard theory and can be found in the literature,
for instance in [BH93] and [Mat80]. We suppose that the application in the second section
should also be contained somewhere in the literature although we have not been able to

find a reference. The content of the third section is our own work.

We have tried to keep this chapter reasonably self-contained and give precise references

for the results we do not prove here.

Throughout this chapter, let R, S be commutative rings with a multiplicative unit. If

x1,...,Tn € R, we denote by (z1,...,x,) the ideal generated by x1,...,z),.
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3.1 Basic facts about regular sequences

We explain some basic definitions and results. We can naturally only give a glimpse of the
whole theory and have left out what we did not deem necessary for the understanding of
the following two sections.

Roughly speaking, a sequence of elements in R is regular if the elements are as

independent as possible.

Definition 3.1. A sequence z1,...,x, € R is almost R-regular (or simply almost regular

if there is no ambiguity about the underlying ring) if for every 1 <i < n, the map
R/(l‘l, e ,.%'i_l) i) R/(J:‘l, N ,xi_l)

is injective. If in addition, (z1,...,2,) # R holds, it is called R-regular (or regular).

In the literature, one finds the more general notion of M -reqular sequences for an
R-module M. Our restriction to the case M = R in the above definition suffices for our

purposes.
Example 3.2.

(i) The standard example of a regular sequence is indeterminates in a polynomial ring:

Let A be aring and R = A[X1,...,Xy,], then X1,..., X, is clearly a regular sequence.

(ii) The order of the elements matters in regular sequences. For example, the sequence
X, Y1-X), Z1-X)
is regular in C[X,Y, Z], while
Y(1-X), Z(1-X), X

is not. We will see however that in Noetherian local rings, the order of the elements

does not matter.

(iii) Any regular system of parameters in a regular local ring forms a regular sequence
[Eis04, Cor. 10.15].

Almost-regularity is preserved under flat ring extensions:

Proposition 3.3. If R and S are rings such that S is a flat R-module and z1,...,2, € R

is an almost R-reqular sequence, then it is almost S-reqular.

Proof. Since S is a flat R-module, S ® g — is an exact functor. In particular, it preserves

injectivity of homomorphisms. O

We will use the following consequence later:
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Corollary 3.4. Let FF C L be a field extension and R be an F-algebra. A sequence
Z1,y...,Tn € R is almost R-reqular if and only if it is almost L @ R-reqular.

Proof. Note that L is a free F-module since F' is a field, so L is a faithfully flat F-module.
Thus one implication is immediate by Proposition 3.3 and the other one follows similarly,
using that L is faithfully flat. O

We will now see that regularity of a sequence has strong implications for Krull dimension.
First, recall that the height of a prime ideal P, denoted by ht(P), is defined as the maximal

n such that there is a chain of prime ideals
PbhCPC...CP,=P
For any ideal I, its height is defined as the minimal height of the prime ideals containing I.

Lemma 3.5. Let P be a minimal prime of R and 0 # x € P. Then x is a zero divisor.

Proof. In the localised ring Rp, we have a unique prime ideal Pp which is hence also the
nilradical. Thus z/1 € Rp is nilpotent, so there are t € R\ P and n € N such that tz" = 0.

So z is a zero divisor. O
Proposition 3.6. Let R be Noetherian and x1,...,x, € R be a reqular sequence. Then
ht(xy,...,zn) = n.

Proof. We prove this by induction on n. Suppose n = 1 and let 1 € R be a regular
element. By Lemma 3.5, x; is not contained in any minimal prime, so ht(z1) > 1. On the
other hand, ht(x1) < 1 by Krull’s principal ideal theorem. Hence ht(z1) = 1.

Suppose now that ht(xi,...,z,—1) = n — 1. Since xz, is not a zero divisor in
R/(x1,...,xn—1), it cannot be contained in a minimal prime of R/(z1,...,%,—1) by Lemma
3.5. So any minimal prime of (z1,...,z,) is not a minimal prime of (z1,...,2,—1). Thus

ht(zy,...,zn) > ht(x1,...,2p-1) +1=n

By Krull’s principal ideal theorem, ht(z1,...,z,) < n. Hence ht(z1,...,x,) = n and we

have proved the claim. O

We now define one of the most important numerical invariants of a ring besides its

Krull dimension:

Definition 3.7. Let R be Noetherian and I be a proper ideal. We call the maximal length
of a regular sequence in I the I-depth of R and denote it by depth;(R).

Proposition 3.6 immediately implies the following relationship between depth and Krull

dimension:

Proposition 3.8. Let R be Noetherian and I be a proper ideal. Then depth;(R) < ht(I).
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The rings where the notions of depth and height coincide have a rich theory and get

their own terminology.
Definition 3.9. Let R be Noetherian.

(i) If R is local with maximal ideal m, we say that R is Cohen-Macaulay if depth,,(R) =
ht(m).

(ii) In general, R is called Cohen-Macaulay if the localisation of R at every maximal

ideal is Cohen-Macaulay.

In fact, one can show that in a Cohen-Macaulay ring R, depth;(R) = ht([) for every
proper ideal I [BH93, Cor. 2.1.4]. Cohen-Macaulay rings are useful for us precisely because
the notions of depth and height coincide and so we are able to use dimension theory to
show that a sequence of elements is regular. Let us first consider some (non-)examples of

Cohen-Macaulay rings.
Example 3.10.

(i) Regular local rings are Cohen-Macaulay since any regular system of parameters is a

regular sequence (cf. Example 3.2(iii)).

(ii) Let k be a field. Since the localisation of the polynomial ring k[X7, ..., X,] at any
prime ideal is regular local and hence Cohen-Macaulay, k[X1,...,X,] is Cohen-

Macaulay.

(iii) If k is a field, R = k[X,Y]/(X?, XY) is not Cohen-Macaulay: Every element of the
maximal ideal (X,Y’) is annihilated by the non-trivial element X and is hence a zero
divisor. So depth x yy(R) =0 < ht(X,Y).

As already indicated, we want to deduce dimension-theoretical criteria for regularity of
a sequence in Cohen-Macaulay rings. We are particularly interested in polynomial rings.
We will first consider regular sequences in local rings and then move on to graded rings in
order to deal with polynomial rings afterwards.

We saw in Example 3.2(ii) that the order of the elements generally matters in regular

sequences. However, in Noetherian local rings, it does not.

Proposition 3.11. Suppose (R, m) is Noetherian local and x1,...,x, € R is a reqular

sequence. Then for any permutation o € Sy, the sequence Ty (1), ..., Ty(n) 1S Tegular.

Proof. 1t suffices to prove this for n = 2 and o € Sy the non-trivial transposition. So let
x1,x2 € R be a regular sequence. Suppose a € R with axg = 0. Then a € (1) since x1, x2
is regular. Say a = a’z1 where @’ € R. Then a’z1292 = 0. Since x; is not a zero divisor,
we deduce a’ry = 0. Hence @’ € (z1) and so a € (z1)?. Continuing in this way, we obtain

a € N3, (z1)*. So by Krull’s intersection theorem, a = 0 as required.
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Hence x5 € R is not a zero divisor. Now let b € R with bxy € (z2). Then there is ¢ € R
with bxy = cxg, so cxe € (21), s0 ¢ € (x1) since x1, x2 is a regular sequence. Say ¢ = c'x;.

Hence bxy = xox1 and so b = 'z € (x2) since x; is not a zero divisor. O

Here is finally a dimension-theoretical criterion for regularity of sequences in local

Cohen-Macaulay rings:

Theorem 3.12. Let (R, m) be local Cohen-Macaulay. A sequence x1,...,x, € R is reqular
if and only if ht(z1,...,x,) = n.

Proof. See [Mat80, Thm. 31]. O

We move on to graded rings. Many results about local rings can be carried over to

analogous results about graded rings: Let R be a graded ring, i.e. there are abelian
subgroups R; C R for i € Z with R; =0ifi <0 and R = @,., R; and R;R; C R;,; for
all 4,7 € Z. We suppose further that R is Noetherian and that Ry = k is a field.
Then R has a unique homogeneous maximal ideal m = @;°, R;. For this reason, as long
as we restrict to considering homogeneous elements, R behaves like a local ring. We will
see that with regard to the notions of depth and regular sequences, this is indeed the case.
This often makes it easier to prove regularity for a sequence of homogeneous elements, for
example in polynomial rings. So let us now formulate results analogous to Proposition 3.11
and Theorem 3.12.

Proposition 3.13. Let R be graded as above and f1,..., fn € R be a reqular sequence of

homogeneous elements. Then any permutation of the f; is again a reqular sequence.

Proof. Tt suffices to consider the case n = 2. So let f1, fo € R be a homogeneous regular
sequence. Note that f; and fo must have positive degree since (f1, f2) # R. Since
localisation is an exact functor, %, fT2 is an Ry-regular sequence. By Proposition 3.11, it
now suffices to show that if f € R is homogeneous such that { is not a zero divisor in Ry,
then neither is f a zero divisor in R. This is easy: Suppose g € R such that fg = 0. Then
{ -4 =0in Ry and so § = 0. Hence there is h ¢ m such that gh = 0. Since h ¢ m, it must
have a non-zero homogeneous component hg € Ry = k in degree 0. Suppose g # 0 and let
its lowest non-zero homogeneous component be g, € Ry. Then gh = 0 implies hogr = 0

and thus g; = 0, but this is a contradiction. Hence g = 0 as required. O

We want to find equivalent criteria for the regularity of a sequence of homogeneous
elements in a graded ring. From now, let R be as above and assume in addition that R is
finitely generated as an Ry = k-algebra. Then we can define the Hilbert series of R as the

formal power series

F(R,\) =) dimy(R,)A\" € Z[[N]
n=0

where dimg(R,,) denotes the k-vector space dimension of R,,.
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Theorem 3.14. Let R = @;°) R; be a graded ring such that Ry = k is a field and suppose
R is finitely generated as a k-algebra. Let f1,..., fn € R be homogeneous of positive degree.
Then (1)< (2) if R is Cohen-Macaulay and (1)< (3) in general, where

(1) fi,..., fn is an R-regular sequence.
(2) ht(f1,..., fn) =n
(3) F(R/(f1,--sfn),A) = F(R,\) - TTi; (1 — Aeslfo))

Proof. We saw in Proposition 3.6 that (1) implies (2). Suppose now (2) holds. Since the

fi are homogeneous, any minimal prime over (f1,..., f,) is homogeneous [BH93, Lem.
1.5.6(a)]. By (2), we can find a chain of prime ideals Py C P, € ... € P,, where P, is a
minimal prime over (f1,..., f,). We may assume the P; are homogeneous [BH93, Thm.
1.5.8], so they are contained in m. Thus we deduce that ht (%, cee an) =nin Ry. So by
Theorem 3.12, it follows that %, cees % is Rp-regular. By the same argument as in the
proof of Proposition 3.13, fi,..., f, is a R-regular sequence.

The equivalence of (1) and (3) is shown in [Sta78, Cor. 3.2]. O

3.2 Application: A regular sequence of homogeneous poly-

nomials

We want to apply Theorem 3.14 to prove regularity of a particular sequence of homogeneous
polynomials, which together with the result in the next section of this chapter will be
important for our computations of Witt rings.

Let K be a field. We consider the polynomial ring
A= K[Xl,la X1,21 e 7X1,n1aX2,1a e 7Xm,1a ceey Xm,nm]

as a graded ring with grading given by |X; ;| = j. Recall that we showed in Example 3.10(ii)
that polynomial rings over a field are Cohen-Macaulay. We define certain polynomials @,
by

m
Qa = Z X17i1X271'2 . 'Xm,im 1 <a< N = 2 :nj
i1+...+im=a =

where in this sum, we follow the convention that X o =1 for 1 <k < m. Note that @), is

homogeneous of degree a.

Proposition 3.15. The QQ, for 1 < a < N form a regular sequence.

Proof. Since the @, are homogeneous, it is sufficient by Theorem 3.14 to show that the
ideal generated by the ), is of maximal height. So let P be a prime ideal with @), € P for
1 <a < N. It is sufficient to show that P = (X;; |1 <i<m, 1 <j <ny).
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Suppose this is false and let {i1,...,4,} = {i | 3j: X;; € P}. By assumption, this set is
non-empty. For every 1 < k <7, let j, be the largest j with X;, ; & P.

Let J = Y ;_;Jjk. Then every monomial in @ either contains some X;; with i ¢
{i1,...,4,}, in which case this monomial is in P, or it contains only monomials X; ; with
i € {i1,...,ir}. In the latter case, there is either some 1 < k < r such that the monomial
contains Xj;, ; with j > ji (in which case this monomial is in P according to the maximality
condition on jj) or the monomial is equal to Xj, j, ... Xj, j., which is not in P since P is
prime. So there is only one monomial in @y which is not in P. Thus @y ¢ P. But this is

a contradiction. Hence P = (X; ;) as required. O

Let I be the ideal in A generated by the @, for 1 <a < N. As the @), form a regular
sequence, by Theorem 3.14 we have ht(/) = N and so A/I has Krull dimension 0. Hence
A/I is a finite-dimensional K-vector space. We want to use the Hilbert function of A/ to
compute this dimension.

We have that

F(A)N) =

[Tm [T, (1 = A9
By Theorem 3.14, it follows that
Al [1;5, (1= V)
AN = P TT0 =3 = i =5
(1 -\ H A+ A+ o+ N
T =NV T (1+)\+...+)\i—1)
B szl( FAF. N
Lo TE2 (T A+ AL

This implies:

Proposition 3.16. dimx(A/I)=F(A/I,1) = M

Nm !

3.3 Regular sequences of inhomogeneous elements of graded

rings

After considering homogeneous elements, we now consider sequences of inhomogeneous
elements in graded rings. Our aim is to prove that if the highest homogeneous components
form a regular sequence, then so do the inhomogeneous elements. This will be useful
because as we have seen in the previous sections, we have dimension-theoretical tools at

our disposal to prove regularity of homogeneous elements.

Suppose R = @pez R, is a commutative graded ring with R, = 0 for p < 0. We define
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an ascending filtration of R by subgroups by

F'R:= (PR,

p<a

This is not a filtration by ideals, but F® . F® ¢ Fo*t for all a,b € Z. So grpR :=
D.cz F®R/F* 1R inherits a ring structure. It is easy to see that grpR = R. Suppose

now we are given elements y1,...,y, € R with
y; = x; + lower degree terms (1 <1i < n)

where z; € Ry, is homogeneous.

Lemma 3.17. Suppose x1,...,xy is a reqular sequence in every order in R andry,...,1] €
R with
z:=riy1+...+my € F'R

Then the term of degree a of z is in (z1,...,x).
Proof. We write r; = 1} + r/ where r] is homogeneous of highest degree in r; and r/ is a
sum of terms of lower degree. We prove the claim by induction on

M := max ({deg(rj)deg(z;) | 1 <i < 1})

If M < a, then the term in z of degree a is a sum of some of the terms r/x; and so is in
(T1,...,27).

Suppose M > aandlet 1 < iy,...,4; < beall the distinct indices such that deg(rgp)deg(x,;p)
M for 1 <p <k. Then r{ x;, +...+ 7] x;, is the term in 2 of highest degree M and so

/ / o
i Tiy + ..o+, x, =0

since M > a and z € F*R. Since the z; are a regular sequence in any order, we deduce
that r; € (z1,...,2;) for 1 <p < k. But then consider

k k
2=z Zr;pyip =ryr+...+ny — Zr;pyip
p=1 p=1
By induction, we deduce that the term of degree a in 2’ is in (z1,...,2;). But since
rgp € (x1,...,xy) for 1 < p <k, this also holds for z. O

Remark. The assertion is not true if we do not assume regularity of the sequence x;. For
example, consider R = Zs[«, 3] with deg(a) = deg(8) = 1, and set y; = o and yo = a? + 3
so that z1 = @ and 9 = a®. Then ay; +y2 = 8 € F'R, but 8 & (z1,22).

The filtration F*R induces a filtration F*R; of R; := R/(y1,...,y;) forevery 1 <1 <n
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via the quotient map ¢q;: R — R;.
Proposition 3.18. We use the notation introduced in this section.

(i) There is a surjective ring homomorphism

R/(1,...,m) = gre(R) = @ F*Ri/F* 'R,

a€Z

of graded rings for every 1 <1 < n.

(ii) If x1,...,x, is an R-reqular sequence in every order, the surjection from (i) is an

isomorphism.

Remark. Since the x; are homogeneous,

R,
R ) 2 )

et - T1)
is naturally a graded ring. Furthermore, the condition in (ii) that x1,...,z, be regular in
every order is not much stronger than that x1,...,x, be regular in some order, as we saw

in Proposition 3.13: If R is Noetherian and Ry is a field, these conditions are equivalent.

Proof. (i) For every a € Z, we have a surjective additive homomorphism
FeR im(F'R 2 R/ (y1, ..., 0)) FOR,
—» = ,
Fo-lR im(Fe 1R R/ (y1,-.., 1)) FamlRy
[z] = |a(=)]

These homomorphisms induce a surjective ring homomorphism grpR — grpR; and

thus we obtain a surjective ring homomorphism

R=@DR.=grpR — grpRy
a€Z

We observe that x1,...,xz; are all in the kernel of this map. Hence this induces a

surjective ring homomorphism

f: R/([Ifl,...,l'l) _»ngRl

(i) We define an inverse of the map f in (i). First, for every a € Z we define a map

F°R; = im(F*R % R/(y1,...,y1)) = Ra/(Ra N (%1, 2)),

qi(x + lower degree terms) — [z] (where x € R,)
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This is well-defined by Lemma 3.17. It is clearly an additive homomorphism for every
a € Z and induces a homomorphism

FR; . R,
Fao-lp, Ry (x1,...,27)

for every a € Z. All these maps induce a ring homomorphism
g:grpRy — R/(x1,...,1)

which is, by construction, inverse to the homomorphism f constructed in (i).

We can now prove the main result of this section:

Corollary 3.19. Let R = @pez be a commutative graded ring with R, =0 for p < 0. Let
Yly- -, Yn € R be such that for all 1 <i <mn,

y; = x; + lower degree terms

where x; € Ry, ts homogeneous. If x1,...,x, ts R-regular in every order, then so is
y17 A 7yn'
Proof. Suppose y1,...,y; is an R-regular sequence and suppose r € R with ry;.q1 €

(y1,...,y1). Suppose ¢(r) # 0in Ry = R/(y1,...,y;). Then there is a minimal p € Z
such that ¢(r) € FPR;. Consider [g(r)] € FPR/FP'R; and [qi(y141)] = [@i(z141)] €
Fri Ry /Fr1—1 R, Then

+kig1
0= () (o) = ) fa(osn)] i g  geR

Applying the isomorphism ¢ from the proof of Proposition 3.18 (ii) and using that

T1,...,2141 is R-regular, we deduce that ¢;(r) = 0 in FPR;/FP~'R; and so q;(r) € FP~'R;.
This contradicts the minimality of p. O
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Chapter 4

Outline of the Computation of
Witt Rings

We are now ready to outline our method of computation of the Witt ring of complex flag
varieties in detail. We use the approach developed in [Zib15]. There the author computes
the Witt ring of all full flag varieties. We slightly generalise the approach to be able to
apply it to all flag varieties.

Throughout this section, let G be a compact simply connected Lie group and H be a
closed connected subgroup of maximal rank. We denote by ¢: H — G the inclusion map.
We have seen that by Bousfield’s lemma, W*(G/H) = h*(K°(G/H)). So as a first step,
we need to be able to compute KY(G/H). This is done via a theorem of Hodgkin reducing
this to a computation with representation rings of G and H, which are well-understood.
We then use the results of section 2.2 to compute h*(K°(G/H)) and finally see how to
determine the Witt grading of h*(K°(G/H)) = W*(G/H).

4.1 K-theory of G/H

We first want to construct a map «: R(H) — K°(G/H).

Construction 4.1. Let p: H — GL,(C) be a complex representation of H. We define
E,:=Gx,C":=GxC"/(gh,v) ~ (g,p(h)v) forall ge G, he H,v e C"

The projection G x C* — G/H induces a well-defined map E, — G/H. It is an n-
dimensional complex vector bundle over G/H. This construction p — E, induces a

well-defined ring homomorphism
a: R(H) — K°(G/H)
It is easy to see that « is also a *-homomorphism with the usual dualities on R(H) and

K°(G/H).
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We can immediately spot elements in the kernel of «:
Lemma 4.2. Let 0: G — GL,(C) be a representation of G. Then i*(c) —n € ker(a).

Proof. 1t is sufficient to show that Ej:() is a trivial vector bundle. We do this by
constructing n linearly independent sections: For 1 < j < n, let ¢; € C" be the jth

standard basis vector and define

sj: G/H — Ep gy = G x C"/(gh,v) ~ (g,0(h)v)
gH = [(g.0(g7")e;]

It is easy to see that the s; are well-defined continuous sections of Ej« () and that they are

linearly independent. O

So let a(G) C R(H) be the ideal generated by all i*(0) — rk(o) € R(H) for o € R(G).

Lemma 4.2 shows that a(G) C ker(a), so o induces a map
a: R(H)/a(G) - K°(G/H)

Recalling our standing assumption that G is compact, simply connected and that H C G

is of maximal rank, Hodgkin’s theorem states:
Theorem 4.3 ([Pit72, Thm. 3|). @ is an isomorphism.

Remark 4.4. As outlined in [Zib15, §2.2 and §2.3] for example, we can apply Construction
4.1 analogously to real representations of H and real vector bundles over G/H to obtain
maps

al: RO’(H) — KO (G/H)
Let RO’ (G) be the kernel of the restriction map ROJ(G) — RO7({1}) and denote by
an(G) C RO*(H)

the ideal generated by the image of I%B*(G) under the restriction map ¢* and by the images

of a(G) under the realification map .. Then az) induces a map
@l,: RO(H)/al,(G) — KO (G/H)

See [Zib15, §2.3] for all of this. However, Proposition 2.2 and Example 2.3 in [Zib15] show

that @y, is often far from being surjective.

A crucial ingredient in the proof of Theorem 4.3 is the following result, which we shall

also need later:
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Theorem 4.5 ([Ste75, Thm. 1.1)). Let K be a connected compact Lie group with m1(K)
free and U be a closed connected subgroup of mazimal rank. Then R(U) is free as a module

over R(K) by restriction.
Let us now apply Hodgkin’s theorem 4.3 concretely. Since G is simply connected, its
representation ring is a polynomial ring:

R(G) 2 Z[M, A,y Xas Aoy Oat1y - - - 0n)

Here we suppose that the o; are self-dual. If ¢ is a representation, let us write :=¢ —1k(()
for the reduced virtual representation of rank 0. As R(H) is a free R(G)-module by
Theorem 4.5, it follows by Proposition 3.3 that

Z*()‘l)ﬂ*(j‘}(): cee 7i*(5‘a)7i*(:\:)a i*(&a—i-l)v s >i*(5n)

is an R(H )-regular sequence. Letting I be the ideal generated by all these elements, we
obtain by Theorem 4.3 that

a: R(H)/I S KY%G/H) (4.1)

is an isomorphism of *-rings.

4.2 Tate cohomology of K'(G/H)

Via the isomorphism (4.1), it is now possible to compute h*(K°(G/H)) by computing
h*(R(H)/I) using the results of section 2.2. We define the following elements in h* (R(H)):

- [z (xjx;)} ifl1<i<a
[i* (55)] ifa<j<n

We make the following assumptions:

(A1) Thereisasubset S C {1,...,n} such that the ug for s € S form an ™ (R(H))-regular

sequence in some order.
(A2) For every t € {1,...,n}, the element y; is contained in the ideal (us | s € S).

As we will see in subsequent chapters, these assumptions are frequently satisfied in our
concrete computations. In fact, showing that they hold will be the essential remaining step.
However, we will see that in a few situations, these assumptions are not quite satisfied. In
those cases, we will have to make slight adaptions.

Let

I (5\575\:]365, 1§s§a)+(5syses, a<s<n)C R(H)
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From (A1), it follows by Corollary 2.9 that as rings,

h*(R(H))

W (RC)/T') & WE(RUD/T) = 070G

12

Let S:={1,...,n}\ S. By (A2), for every t € S there exists u; € R(H) such that:

If 1 <t < a, then z‘*(Z\S\*) =Ty + )
. UL i RO

If a <t <n, then i*(5¢) = + uyf

Now by Lemma 2.8, we have that as modules over h*(R(H)/I'),

W(R(H)/T) = 0 (RH)/I') © N\ ([@]) (4.2)

tes
where [u;] € h=(R(H)/I) for all t € S.
To show that (4.2) is also a ring isomorphism, it suffices to show that

[@)* =0 foralltec S

This is immediately implied by the following Proposition, which is also of independent

interest:

Proposition 4.6. Let X be a finite cell complexr with K'(X) =0 and x € W 1{(X) @
W=3(X). Then x? = 0.

Proof. Let © = ZT_1 + Z_3 where z; € KO?(X) for i € {—1,-3}. We consider the

commutative square

Wf]_(X) @ ng(X) Eodd:(ifl)zf?))

L e (KO(X))

| l

WOX) @ WR(X) SR (R(X))

where the vertical maps are the squaring maps and the horizontal maps are isomorphisms
by Bousfields lemma 2.3. We have

Eeven(lj) = Eodd(x)2 = [Cfl(xfl)]2 + [673(-T73)]2 (43)

In KY(X), we have for i € {—1,—3} that ¢;(z;) + ¢;(z;)* = 0. Hence in h~ (K°(X)),

[ci(zi)] = [—ci(z:)"] = [ei(@i)7]

o7



CHAPTER 4. OUTLINE OF THE COMPUTATION OF WITT RINGS

where the second equality holds since h~ (K°(X)) is 2-torsion. Thus from (4.3),

Eeven(x2) = [C—l(l'—l) : C_1(:L‘_1)*] + [0—3(1:—3) : 6—3($—3)*] (44)

Now for any y € K°(X), it is a well-known fact that y - y* € im(cg). So (4.4) implies that
Coven(7?) € im(Gp). Thus 22 € WO(X).
On the other hand,
2 =[x4)? + [2_3)* €e W2(X)

Consequently, 22 € WO(X) N W~2(X). So 22 = 0 as asserted. O

In summary, we have proved:

Proposition 4.7. Using the notation introduced above and assuming that (A1) and (A2)

hold, we have a ring isomorphism

* ~ h+
(gm0 “A @

O)

where the first factor in the tensor product is completely contained in h* and all the

generators of the exterior algebra on the right are contained in h™.

4.3 Witt ring of G/H

We have now computed the Tate cohomology of R(H)/I and thus also the Tate cohomology
of K°(G/H) via the isomorphism

[@: h*(R(H)/I) = h*(K°(G/H))

induced by (4.1). It remains to determine the Witt grading of h*(K°(G/H)) under the
isomorphism

W*(G/H) 5 h*(K°(G/H))

of Bousfield’s lemma. Using the notation as introduced in this chapter, we prove two
lemmas to this end. They are generalisations of the assertion about the Witt grading of
the Tate cohomology of full flag varieties in [Zib15, Thm. 3.3].

Lemma 4.8. Let x € R(H) be self-dual. Then it gives rise to an element [a(x)] €
ht(KY(G/H)).

If z is a real representation, then [a(x)] corresponds to an element in W°(G/H) under
Bousfield’s isomorphism €.

If x is a quaternionic representation, then [a(x)] corresponds to an element in W—2(G/H)

under Bousfield’s isomorphism €.
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Proof. Suppose z is real. Then there is 2 € ROY(H) such that = = ¢g (z*). From the

commutative diagram

RO°(H) —2— R(H)

L J

KO(G/H) —— K°(G/H)

a(z) = a (co <xR>> ~ o <a% (mR»

Thus «a(x) € im(cp). Passing to Tate cohomology, we obtain

we deduce that

[a(x)] € im(co: WO(G/H) — hH(K°(G/H)))

and hence the claim follows.

Similarly, if z is quaternionic, we obtain from the commutative square

RO*H) —2— R(H)
KOYG/H) —2— K°G/H)

that a(r) € im(cy) and hence [a(z)] € hT(K°(G/H)) corresponds to an element in
W~2(G/H) under Bousfield’s isomorphism ¢. O

Lemma 4.9. Let w € R(H) be such that there are v; € R(H) and fi; € R(G) with
7k (fij) = 0 such that

n
utut = vi-i (i)
j=1

Then u gives rise to [a(u)] € h~ (K°(G/H)).

If all the v;, fi; are of real type, then [a(u)] € h™ (K°(G/H)) corresponds to an element
in W~Y(G/H) under Bousfield’s isomorphism.

If all the fij are of real type and all the v; are of quaternionic type, then [o(u)] €
h=(K°(G/H)) corresponds to an element in W—3(G/H) under Bousfield’s isomorphism.

Remark. Note that to apply this lemma to the [u;] where t € S, we need to assume
something stronger than (A2). We will see that in our concrete computations, this stronger

condition is satisfied.

Proof. First suppose all the v, fi; are of real type. Then there exist I/;R € RO°(H) and

59



CHAPTER 4. OUTLINE OF THE COMPUTATION OF WITT RINGS

ﬂ%@ € RO°(G) with vj = ¢ (V;R) and fi; = ¢ (,&%{). Thus we have

colro(u) = u+u* = co (Z vE i (ﬁ%-*))

Since co is injective, we have ro(u) = >, I/;R - ([Lg{) € ad(G). From the commutative

square

R(H)/a(G) —2— KYG/H)
ROY(H)/a%(G) —22—s KOY(G/H)

we see that a(u) € ker(rg). Hence' [a(u)] € ker (Fo: h™ (K°(G/H)) — ¢\KO°(G/H)) and
so [a(u)] € im (¢3: W3(G/H) — h™(K°(G/H))) by Bousfield’s lemma 2.3. Thus the claim
follows.

Now suppose the ji; are real and the v; are quaternionic. Then there are [ng € RO°(H)
and V;EI € RO*(H) such that cg (ﬂg[g) = [i; and ¢y (V?) = v;. Thus we have

ea(ra(u) = utu” = Zz () -0 (i (i5)) = 2 (Z v i (B ))

Since ¢y is injective, we obtain

R(H)/a(G) —2— K9G/H)

ROMH)Jab(G) —22 KOMG/H)

we see that a(u) € ker(r2). So by Bousfield’s lemma 2.3, the claim follows. O

'Recall that ¢\KO°(G/H) denotes the kernel of co: KO°(G/H) — K°(G/H).
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Chapter 5

Witt Rings of Ordinary Flag

Varieties

We are finally ready to compute the Witt rings of complex flag varieties G/H where G is
a compact connected simple Lie group of ordinary type and H is a centraliser of a torus
in G. We follow the approach outlined in Chapter 4. We saw in Proposition 1.2 that the
Witt groups determine the torsion part of the KO-groups of complex flag varieties and the
free part can be read off from their rational cohomology.

In the Introduction, we already gave an overview of known topological computations of
KO-groups. Complete algebraic computations of the Witt groups of flag varieties have also
only been obtained in special cases: For projective spaces [Wall, split quadrics [Nen09] and

Grassmannians [BC12].

5.1 Type A,

We consider G = SU(n). Up to conjugation, every centraliser of a torus in G is of the form
H(ny,...,m) :=S{U(ny) x...xU(ny)) where n; + ...+ n; = n (cf. Proposition 1.12).

So we let

SU(n)
X =
(1) = g S % < T
where ny + ...+ n; = n. We will sometimes simply write X instead of X (nq,...,n;) and

H instead of H(nq,...,n;). Suppose further that precisely k of the integers ny,...,n; are
odd.

5.1.1 Representation rings and their Tate cohomology

For convenience, we first recall the representation rings of the Lie groups involved and

their Tate cohomology from previous sections. We have an isomorphism

R(SU(TL)) = Zp\l, PN ,)\n,ﬂ
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where \; is the standard n-dimensional complex representation of SU(n) and \; = A%(\1)
for 1 <i <n—1. The duality on R(SU(n)) is given by A} = \,_;.

By Proposition 1.23,
l l
R(S(U(m) x ... x U(ny))) = R) Z [m§p>7 . ,xg;)} /]2 -1
p=1

p=1

Here, for 1 < p <, the element xgp ) is the n,-dimensional representation of S(U(n1) x

... xU(ny)) letting the pth block act on C™». Furthermore, xgp )= A (J:gp )> and the duality

is given by (:vgp))* = (:1;%’;)>_1 '3355,)—2"

For Tate cohomology, we obtain from Proposition 2.13:

If £ > 0, then an isomorphism is given by

(é)ZQ B0, B2 )] = e (RO)), (5.1)
=1
’ B s {%(p) <~’U£p))*]

If kK =0, then an isomorphism is given by

l
z .
&) 22 [ o vﬂff;)/z} ® Zs[]/ (72 + B8 .B,ﬂl’/z) — W*(R(H)),
p=1

It will later be convenient to define the following elements in h*(R(H)) (under the above

identifications respectively):

BP =1for 1 <p<l,
(p) (p) . (5.2)
B;" = p, _, for 1 <p<land |n,/2] <i<mn,

p—i

Note that with these definitions, we have ﬁi(p ) = [xl(p ) (xgp )> } forall 1 <p <[ and all
0<i<ny
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5.1.2 Tate cohomology of flag varieties of type A,

Let i: H — SU(n) be the inclusion map. To compute K°(X) using Hodgkin’s theorem,

we need to determine the induced map
l
Z[A,. . haet] 2 R(SU(n) — R(H) = Q) Z [x“’) . <P>} Hw 1

p=1

We see directly that i*(A\) = xgl) +...+ xgl). Hence we obtain for 1 < j <n — 1:

i (= 1k = 210 - ()

=N (:L‘gl) +... 4+ azgl)) — <ZL>
= an (o) (o) - (1)

a1+...+a;=j

1 l n
. xgg...xgg_(,):;pj
a1+...4a;=j J

Then by Hodgkin’s theorem 4.3,
K%X)=R(H)/(Py,...,Py1)

We want to compute the Tate cohomology of this ring using Proposition 4.7. We have
Pr = P,_jfor1 <j<n-—1 Thusif nis odd, we have (n —1)/2 mutually conjugate
pairs of P;’s and if n is even, we have n/2 — 1 mutually conjugate pairs of P;’s and one
self-conjugate one, namely P, /5. So in order to use Proposition 4.7, we need to consider
the elements [PjPﬂ in K (R(H)). Using repeatedly that [a + a*] =0 in AT (R(H)) for all

a € R(H), we compute:

% n n
=] 5w () (5 et ()
a1+...+a;=j bi+...+b=j
n\* n
= Z _'ac((zl) (xé?) . .x((lll) (a:l()l)) + (j)
al+...+a;=j3
_b1+...+bl:j i
* n
| X el (o)l (o) +<j)
_a1+...+al—j i
- X el () =m
ar+...+a;=j ‘]
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For the sum defining the 1, remember the definitions we made in (5.2).

If n is even, we also need to consider

Pl=| Y xgp...wgg_(n) _
2

a1+...+a;=n/2 Y ifk=0

This equality holds for the following reason: If k£ > 0, then none of the summands x,(zll) o azl(lll)

(1) @

with a; +...+a; = § is self-dual, and if £ = 0, the only self-dual summand is UNTRRRE My

In order to finally apply Proposition 4.7, we need to investigate the relations between
the u; € h*(R(H)). In other words, we need to check that (Al) and (A2) from Chapter 4
are satisfied. We state the result now, postponing the proof to Propositions 6.2 and 6.4 in

the next chapter.

Proposition 5.1. Setting m := |n1/2] + ...+ [n/2], the elements py, ..., fim form an
h*(R(H))-regular sequence and each u; for m < i < |n/2] can be written as a Zo-linear

combination of pi, ..., tm-

Remark. If k = 0, then s, = 7 and so we have that p1,..., flm_1,7 = [Pn/g} also form
an h*(R(H))-regular sequence.

Let r := |[n/2| — m. Note that if £k = 0, then » = 0. As a consequence of Proposition
5.1, we can find uq,...,u, € R(H) such that

1<j<rifnisodd
€Z-PPf+...+7Z-P,P;, for (5.3)

U +uj *PerjP*
1<j<rifniseven

m—+j

uy +uy = P, 9 if n is even

These give rise to [u;] € h~(R(H)/(P1, ..., Pn—1)). Now from Proposition 4.7, we immedi-
ately obtain:

Proposition 5.2. Let m = [n1/2| + ...+ [n/2] and r = [n/2| —m. Then

! () (p)
®p:1 Lo [ 1p 7"'76Lﬁp/2Ji|
(b1, -+ pm)

1

h*(R(H)/(Pr,. .., Pun_1))

o N([@l,....[@m])  (5.4)

where

RS @gp...ﬁ,ggu(?) fori<j<m,

ai+...+a;=j

recalling and sticking to the definitions we made in (5.2). We have that ﬂ](p) € ht for all
1<p<land1<j<ny andu; €h™ foralll <i<r.

64



CHAPTER 5. WITT RINGS OF ORDINARY FLAG VARIETIES

5.1.3 Witt ring of flag varieties of type A,

Recall from Bousfield’s lemma 2.3 that there is an isomorphism

W (X) - B(K°(X)

1R TE

W (R(H)/(Pr1,..., Po1))

R | o

We have computed the 2-graded Tate cohomology on the right and now want to determine

the 4-periodic grading of the Witt ring.

(p) € h*(R(H)/(P1,...,Pu 1))

7

Let bl(-p ) e w (X) be the element corresponding to 3
under the above isomorphism for 1 < p <l and 0 < ¢ < n,. From (5.1) we see that
ng) € W"(R(H)/(Py,...,P,_1)) is represented by a real representation for all p and i as

pp* is always of real type for any complex representation p. So by Lemma 4.8,
b € WOX) forall 1 <p<land0<i<n,

For1 <i <r, letv; € W*(X) be the element corresponding to [w;] € h*(R(H)/(P1,- .., Pn-1))
under the above isomorphism. Using (5.3) and the fact that P;Pr is real for all j, Lemma
4.9 shows that

v eWHX) for1<i<r—1

If n is even, P, 5 is real if n = 0 (mod 4) and quaternionic if n =2 (mod 4) (see Example
1.16). We deduce from Lemma 4.9 that

W-HX) if n # 2 (mod 4)

U €
W=3(X) if n = 2 (mod 4)

Summing up, we have proved:

Theorem 5.3. Let m :=|n1/2| +...4+ |n/2] and r:=|n/2] —m. Then as a ring,

Q' _, Z [b&p), SN
(15 -+ s pm)

} ®/\(v1,...,v7~)

12

W*(X(ni,...,n))

where

= 3 W)+ () frisism
a1+...+a;=j J

where we define b(()p) =1 forl1 <p<Iand bgp) = bfi)_i for1 <p<land|n,/2| <i<mny,
(just as in (5.2)). We have

b@(p) e WOX) forall1 <p<I and 0 <1 < nyp,
v; € WHX) foralll1 <j<r—1,
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W-YX) ifn#2 (mod 4)
W=3(X) ifn=2 (mod 4)

Ur €

We want to tabulate the ranks of the Witt groups in different degrees. From Appendix
A and Proposition 6.3, we immediately deduce:

Theorem 5.4. Let

m!
m:=|ni/2|+...+ |0 /2], a:= ,
[n1/2] /2] [n1 /2] ... [/2]!
We have W (X (ny,...,m)) = 257 where z; is given as follows:
If r =0 (i.e. at most one n; is odd), then zo =1 and 21 = z_9 = 2_3 = 0.
If r >0 and n # 2 (mod 4), we have:

r:=|n/2| —m.

T (4) 20 z1 Z_o Z_3

r—5

1| 2722 (-4)F [ 222 (-4)T | 27242 (—4)T | 2242 (—4)T

2 2r72 27"72 + (_4) T12 27"72 27”72 _ (_4) TZQ
30| 22 (—)T | 224 (4T | (-T2 (—4)T
If r >0 and n =2 (mod 4), we have:
r (4) 20 Z_1 Z_9 Z_3
0 9r—2 272 4 2. (—4)"T 9r—2 272 _ . (—4) T

r—5

249 (—4) T | 222 (—4) T | 22— 2. (—4) T

2 27“72 + (74)7 27“72 2772 o (74) i 2772

r—3 r—3 N r—3

3 o2y (—4)T | 224 (—4)T =2 _ (—4)"7
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5.2 Type B,

By Proposition 1.12, up to conjugation, all centralisers of tori in G = Spin(2n + 1) are of

the form

H(m,ny,...,n;) = Spin(2m +1) x U(ny) x ... x U(ny)/C

where m +ny + ...+ n; =n and C is the kernel of the map

H(m,ny,...,n;) = Spin(2m +1) x U(ny) x ... x U(n;) = Spin(2n + 1)

Note that this map factors through the map

H(m,ny,...,n;) = Spin(2m + 1) x Spin(2ny) x ... x Spin(2n;) — Spin(2n + 1)
So fix m,n1,...,n; € Nwith m+n; 4+ ...+ n; =n and set
X(m,ni,...,ny) = Spin(2n+1)/H(m,n1,...,n;)

We will sometimes simply write X and H instead of X (m,ny,...,n;) and H(m,nq,...,n;).

Suppose that precisely k of the integers ni,...,n; are odd.

Remark. Note that we can write X as a quotient of SO(2n + 1). However, we have to
work with the Spin groups here because Hodgkin’s theorem 4.3, which computes K°(G/H),

requires that G be simply connected.

5.2.1 Representation rings and their Tate cohomology

We have an isomorphism
R(Spin(Qn + 1)) = Z[)q, ceey >\n—17 A]

where A; is induced by the standard (2n + 1)-dimensional complex representation of
SO(2n+1) via the covering map Spin(2n+1) — SO(2n+1) and A is the spin representation.
Moreover, \; = A%(\;) for all 7. All representations of Spin(2n + 1) are self-dual.

l
RUD) 2 Z[y, . ym1, T @ @ Z [y, T, 1P
p=1

Here, y; is the standard (2m+1)-dimensional complex representation of the block Spin(2m+

1) and y; = A%(y;) for all i and T is its spin representation. Furthermore, y%p ) is the standard

(p) — Al (ygp))

2n,-dimensional complex representation of the block Spin(2n,) and y; for all
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1 and I‘gf ) are the half-spin representations.

! 1
RUE) = Zly.... ym1.T] @ R Z [w A0, (a2 ]
=1

Here, y; is the standard (2m+1)-dimensional complex representation of the block Spin(2m+
1) and y; = A%(y;) for all i and I is its spin representation. Furthermore, a:gp ) is the standard
n,-dimensional representation of the block U (n,) and a:(p ) = Af (:cgp ) > for all 7. The duality

is given by
* —1
yi =yi, I"=T, (wz(p )) = (!L“?(i,)) 2P

We computed the representation ring of H in Proposition 1.24. It is a subring of R(ﬁ ).
By Proposition 2.14, we have the following isomorphisms in Tate cohomology, using the

notation for representations in R(H) and its subring R(H) introduced above:

If £ > 0, we have an isomorphism given by

Zofon, ..o ®®Z 80, B0 )] = B (R()

= [A' (1))
ﬁz(p) s {xz(p) (mgp)y}

If K =0, an isomorphism is given by

Lolay, . .., o) ®®§7:1 L [ %p)v"wﬁr(f;)/g} ® Zol0]

- = — h*(R(H))
(52 t (1 +ar+...+am)b, - ..ﬁmp)

a; = [A(y1)]
®) [P (@)
87 [ (s ) )
[F :pnp Zx(n)] ifm>0
0+
.+
It will be convenient to make the following definitions in h*(R(H)):

ap =1 and apqj = apmyr—j foralll <j<m+1
(5.5)

Bép) ;=1 and BZ.( ﬂ(p forall 1 <p <land |n,/2] <i<n,

Note that with these definitions, we have a; = [A(y)] for all 0 < j < 2m + 1 and
51.(7?) = [xgp) <x§p)>*} forall1 <p<land 0 <i < nyp.
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5.2.2 Tate cohomology of flag varieties of type B,

We want to compute the Tate cohomology of K°(X) following Chapter 4. Let i: H — G be
the inclusion map. As a first step, we need to compute the restriction map i*: R(G) — R(H).
We see directly that

! ! *
i*()\l):y1+2$gp)+ ngp)
p=1 p=1
Consequently, in h™(R(H)) we have

(A = tk(A)] = [AT (7 (\)) = k()]

<y1 +Za¢ + (;mgp)>*) N <2n; 1)]
i o)) 07
| (A2 ()] - [AJ' (Zl; ;cgm) A (Zl; xgm)*] . <2n;r 1>

2n+1
apoic Y B&’--ﬂéﬁ>+( ; >=:ff,

=0 a1+...+a;=j

—

.Fﬂﬂx

— <
=
%) (@)

[e=]

/

[
o
S

.

keeping in mind the definitions we made in (5.5). We still need to compute the restriction

of the spin representation A. So let iy : H — G be the natural map. Then by [Ada96,

Prop. 4.5],

iA)y=r- > Tl 1Y,
e€{+,—}

so in h*(R(H)), we have
[ZZ(A)} _ 0 1 l if k>0
INED S [rﬁl)} . [Fﬁ}} if k=0

(»)

This is because I'y” are self-dual if and only if n, is even. Hence by Lemma 1.21, which
describes the restriction map R(Spin(2a)) — R(U(a)), we deduce that in h*(R(H)),

0 ifk>0
[i"(A)] = { , (5.6)
6 k=0

In order to apply the results of Chapter 4 to compute h*(K°(X)), we need to investigate
the relations between &1, ..., &,—1,[i*(A)] € W*(R(H)).
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Proposition 5.5. Let

S::{i€Z|1§i§m}U{i€Z\m<i§2(L%J—i—L%J—f—...—i—{%J) even}

and consider R := ®;:1 Lo [ (p) , - "’BLn /2j] as a subring of h*(R(H)).

Suppose k > 0. Then the elements &; for j € S form an h*(R(H))-regular sequence in
some order. Ifi € {1,2,...,n—1}\ S, then & is an R-linear combination of the &;
for 3 € S. We have [i*(A)] = 0.

Suppose k =0 and m is even. Then the elements &; for j € S\ {n} together with
[i*(A)] = 0 form an h*(R(H))-regular sequence in some order. Ifi € {1,...,n—1}\
S, then & is an R-linear combination of the & where j € S\ {n}.

Suppose k =0 and m is odd. Then the elements &; for j € S form an h*(R(H))-regular
sequence in some order. Let I be the ideal generated by these elements. Then
0 € h*(R(H))/I is a zero divisor with annihilator the ideal generated by & itself. The
elements & fori € {1,2,...,n—1}\ S are R-linear combinations of the &; for j € S.

Proof. The claims for k£ > 0 are immediate from Propositions 6.16 and 6.20, Remark 6.21
and equation (5.6).

Suppose k = 0 and m is even. Proposition 6.16 shows that

515 527 e )gmfla gm, £m+23 £m+47 Tt 55n727 é-n (57)

is a regular sequence in the subring
A= Tolan, ... cm ®®22 [51 B | e (r())

In h*(R(H)), we have

S

zaz 8 . B

Remark 6.17 shows that in the sequence (5.7), we may replace &, by 62 and still have an
A-regular sequence. But since h*(R(H)) is a free module of rank 2 over A, the sequence is
also h*(R(H))-regular by Proposition 3.3. But then replacing 62 by ¢ clearly still gives an
h*(R(H))-regular sequence, as required.

The statement about the linear relations is immediate from Proposition 6.20 and
Remark 6.21.

Lastly, suppose k = 0 and m is odd. From Proposition 6.16, we deduce that the &; for
j € S form an h*(R(H))-regular sequence. Proposition 6.20 and Remark 6.21 imply that
the elements &; for i € {1,2,...,n — 1} \ S are R-linear combinations of the ; for j € S.
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Now from Lemma 6.19, we have that o; + ;1 € I for every odd 1 < i < m. This shows
that
2 _ (1) ®
0 —(1+a1+...+am_1+am)'Bnl/Z...ﬁnl/Q el

Let us identify the annihilator of § in AT (R(H))/I. Let A be as defined above in the
previous case, then h*(R(H)) is still a free A-module of rank 2 with basis 1, . Since [ is
generated by elements in A, we deduce that h™(R(H))/I is a free A/A N I-module with
basis 1, §. From this and the fact that 5 = 0, it follows immediately that the annihilator
of § in h™(R(H))/I is as claimed. O

Now let S be as in the previous Proposition and

!
S:={1,...,n—1}\ S and B := ®Z {$gp) (xgp)) ,...,az(ﬁl/% (x(LIT)l)p/QJ> } ,
p=1
where we regard B as a subring of R(H). The previous Proposition implies the following:

In all cases and for all ¢ € S, we can find w; € R(H) such that

we + w; —i* (A — k(M) € > B i (A —1k()y)) (5.8)
seS

Moreover, if £ > 0, we see from (5.6) that we can find n € R(H) such that
n+n" =i'(4) (5.9)
If k =0 and m is odd, we can find kK € R(H) such that

K+ e —i"(A)? €Y B-i*(A — k() (5.10)
seS

We use Proposition 5.5 to show:

Proposition 5.6. If not all of n1,...,n; are even, then

(K%(X)) =

Zz[al,...,am]@)@;:lZQ {ﬁiﬁ)w”,ﬁ(ﬁgj] B )
GCIEE) ® A(@d) e A

If m,ny,...,n; are even, then

ZQ[OQ, .. .,am] X® ®§):1 Zs |: %p)’ o ’BEZ)]
2

W (K%(X)) = ® /\ ([w])
(& | jeS\{n})+(amﬁ,§?/2... fjl)/Q) A

tesS
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If ni,...,n; are even and m is odd, then
ZQ[alv s ,Oém] ® ®§):1 Z2 [ﬁ%p)a ey E'LI;):|
* ~Y 2 —_— —
R (K°(X)) = ©77¢9 o A\ (@) © ()
J tesS
In the abowve,
L5/2]
2 1
G= aae 2 A+ (M)
=0 ar+...+a;=t J
1+...ta;

recalling the definitions we made in (5.5). In all the above expressions, the left factors of
the tensor products are contained in h™ and the generators of the exterior algebras all lie
mn h™.

Proof. The first case follows immediately from Propositions 5.5 and 4.7. So does the second
case, using in addition that a1 + ag; is contained in the ideal (§; | j € S, j < 2i+ 1) for
all ¢ by Lemma 6.19. The third case follows similarly from Proposition 5.5, using Lemma
2.10 in addition. O
5.2.3 Witt ring of flag varieties of type B,

Recall from Bousfield’s lemma 2.3 that there is an isomorphism
WH(X) S ¥ (KO(X)) <2 ¥ (R(H) /a(G))

We have computed the Tate cohomology on the right and want to determine the Witt
grading. So under the above isomorphism, we let

e a; € W*(X) correspond to @; for 1 <i < m in all cases

° b§p) € W*(X) correspond to ng) forall 1 <p<land 0 <j <mn,in all cases
o u; € W*(X) correspond to [wy] for all t € S in all cases

e ¢; € W*(X) correspond to [7] if not all of ny,...,n; are even

o ¢y € W*(X) correspond to [R] if ny,...,n; are even and m is odd

Recall that the subring B of R(H) consists entirely of real representations and \; €
R(Spin(2n + 1)) is real for all j.

We deduce from Lemma 4.8 that a; € W9(X) for all 1 <4 < m and bg.p) € WY(X) for
all 1 <p<land1<j<|n,/2|.

From equation (5.8) and Lemma 4.9, we deduce that u; € W~1(X) for all t € S.

Suppose not all of ny,...,n; are even. From equation (5.9) and Lemma 4.9, recalling
that A € R(Spin(2n + 1)) is of real type if n = 0,3 (mod 4) and of quaternionic type if
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n =1,2 (mod 4), we deduce that

W-1(X) ifn=0,3 (mod 4)
W3(X) ifn=1,2 (mod 4)

c1 €

Suppose nq, ..., n; are even and m is odd. Then Lemma 4.9 and equation (5.10) show that
Ccy € w1 (X)

In summary, we have proved:
Theorem 5.7. Let

S::{iEZ]1§i§m}U{ieZ\m<i§2Q%J—|—L—J+
S:={1,...,n—1}\ S

If not all of m,nq,...,n; are even, then

Zolar,. .. am] @ @, Zs [bgm, o

W) = &17es) \

If m,ny,...,n; are even, then

ZQ[al, - ,am] X ®L:1 ZQ |:bgp), e ,b(rﬁ,):|
W*(X) = -

Glies\im+ (@t o)

In the above,

] h (2041
1
G=d war X o+ (M)
=0

Qt.Aq=t

where we make the following definitions:
ap := 1 and apmyj = amy1—j forall1 <j<m+1
b((]p) =1 and bgp) = bgf;)_i for alll1 <p <l and |n,/2] <i<m,

Furthermore, we have that all a;, b§p) e WUX) and all uy € W1(X) and

W=3(X) if not all of n1,...,n; are even and n = 1,2 (mod 4)
W-YHX) else

cEc

It is easily checked that in all of the above cases, the number of exterior algebra

generators in the above expressions is 22:1 n; — |n;/2]. From Proposition 6.18 and
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Appendix A, we can tabulate the ranks of the Witt groups in all degrees:

Theorem 5.8. Let

oo Bl e
BRI = d —2} [ni/2]

We have W' (X) = Z5% where z; is given as follows:
2

If r=0, then zo =1 and z_.1 = z_9 = 2_3 = 0.

If not all of ny,...,n; are even and n =1 or 2 (mod 4), then we have:
r(4) 20 z-1 Z-2 z-3
0 972 224 2. (—4)"T 9r—2 272 . (—4)T

2 27“72 + (74) rzz 27“72 2772 _ (74) TZZ 2772

r—3

3 202 4 (—4)2 272 4 (—4)

Otherwise, we have:

r (4) 20 Z_1 Z_9 Z_3

r—5

3 | 22— (-4)F
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5.3 Type C,
Proposition 1.12 shows that up to conjugation, every centraliser of a torus in G = Sp(n) is
of the form

H(m,ny,...,n;) = Sp(m) x U(ny) x ... x U(ny),
wheren =m+mn1+...4+n;. Sofixn € Nand m,nq,...,n e Nwithn=m+n1+...+n
and set

X( ) S

m,ny,...,ny) =
Sp(m) x U(ny) X ... x U(ny)

We will sometimes simply write X and H instead of X (m,ny,...,n;) and H(m,nq,...,n;).

5.3.1 Representation rings and their Tate cohomology

For convenience, we recall some representation rings and their Tate cohomology from

previous sections.
R(Sp(n)) =2 Z[A1, ..., A\

where \; is the standard representation of Sp(n) on C** and \; = A%(\;) for all i. All

representations of Sp(n) are self-dual. The representation ring of H is given by
R(H ~ Z 7, (p) (p) (p) +1
( (manlv"-7nl>): yla'-'aym ®® 7"'7xnp—17<xnp)

where g is the standard 2m-dimensional representation of the block Sp(m) and xgp ) is the

standard n,-dimensional representation of the block U(n,), and

:Ai(yl) for all 0 <¢ < 2m
(p) Al( ()> forall 1 <p<land0<i<n,

We have that y; = yom—; for all 0 < i < 2m and the duality on R(H) is given by

y; =y; forall 1 <i<m

(xgp))*:< (p)> l-x,(i)fi foralll1<p<land1l<i<mn,

"p

From Proposition 2.15, we have a ring isomorphism

Zolo, ..., am ®®ZQ[ .. Ep)m}—>h*(R(H(m,n1,...,nl))) (5.11)

= [yi]
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Bi(p) N [fﬂz('p) (:Egp))*}

In all that follows, we will identify the Tate cohomology in this way via the given isomor-

phism. It will be convenient to make the following definitions in A*(R(H)):

ap =1 and amy; = am—; for all 1 <4 < m, ( )
5.12
AP :=1forall 1 <p<land B := 8P forall1 <p<l, [ny/2] <i<ny

np—1

Note that with these definitions, we have a; = [A/(y;)] for all 0 < j < 2m and 61.(])) =
{xgp) <x§p)> } forall 1 <p<land0<i<mn,.

5.3.2 Tate cohomology of flag varieties of type C),

Let i: H — Sp(n) be the inclusion map. We need to determine the induced map * on

representation rings. We see directly that

l l
i*(A\1) =y + Zxﬁ”) + Z (;vgp))
p=1 p=1

Hence we obtain for 1 < j < n that

J

Y () () - (3) =

ctdi+di+...+di+dj=j J

l l
0y o) - (303 ()] - ()
p=1 p=1

Using that [a + a*] = 0 in b (R(H)) for all a € R(H), we deduce that in h*(R(H)),

1 ! 2n
Pl= > acﬁfh>.../3§}+< )
c+2d1+...+2d;=j J
& (1) W, (2n
:Zaj_2d Z ﬁdl"'ﬁdl—i_(')::yj
d=0 di+...+dj=d J

where we keep in mind the definitions we made in (5.12).

In order to apply Proposition 4.7 to compute h*(K°(X)), we need to determine the
relations between the v; € h*(R(H)), i.e. show that (A1) and (A2) from Chapter 4 are
satisfied. We state the result now and postpone the proof to Propositions 6.12 and 6.14.

Proposition 5.9. Let

S:={keN|1<k<m}uU{keN|m<k<2(|m/2]|+ |n1/2] +...4+ |n/2]) even}
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Then the vs for s € S form an h™ (R(H))-regular sequence in some order.
If k is even, then vy is a Zo-linear combination of the vg for even s € S.

If k is odd, then vy is a ®§):1 Zo [/ng), e ”BEZL/% -linear combination of the vy for odd
seSs.

In particular, all vy are contained in the ideal (vs | s € S).

Let
S:={1,...,n}\ S and 4 := gz [mgp) <$§P)>*,,,,,x(§;/2j (;p@p/ﬂ)*] )

where A is regarded as a subring of R(H). Then Proposition 5.9 shows that for all t € S,
we can find wy € R(H) such that

wy+w; — P € Z Z - P;ift € S is even,

1€S even B (5.13)
we+w; —P € Y A PifteSisodd
1€S odd
Now from Proposition 4.7, we deduce that
Lolon, . om] © @)y Zo | B, ..., B
W(R(H)/(Py, ..., Pp)) = - ] © A (@)

(vs | s€S)
We will show in Lemma 6.11 that
(vs|s€Sodd)=(a; |1 <i<modd)

Hence setting v; := a; for 0 < ¢ < m, we can simplify the above expression and deduce:

Proposition 5.10. Let h:= [m/2| + |n1/2]| + ...+ |n/2]|. There is a ring isomorphism

Zo [ty Ampg) © @y Za [B7, 67 ]

h*(X(m,nlw'-)nl))g (/‘Ll //Jh)

® N ()
teS
with )
l n .
Hi = Z 7c5§}>...ﬁ§l)+(2j) for1<j <h,

ctei+...+c =3

where we recall the definitions we made in (5.12) and that yo = 1, i = Ym—i for |[m/2] <
1< m.
The left factor in the tensor product is contained in h™ and [w,] € h™ for allt € S.
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5.3.3 Witt ring of flag varieties of type C,

Recall from Bousfield’s lemma 2.3 that there is an isomorphism

W (X) - B(K°(X)

R | o
IR T@

W (R(H)/(P1,.. ., Py))

We have computed the Tate cohomology on the right and want to determine the Witt
grading.

Let k£ be the number of odd integers among m, n1,...,n;. We set

T ] L Y TP L

Then f is the number of even integers in S and g is the number of odd integers in S.

Under the above isomorphism, let

. bgp) € W*(X) correspond to B(p) € h*(R(H)/(Py,...,P,)) for all i, p.

e a; € W*(X) correspond to 7; € h*(R(H)/(Pi, ..., Py,)) for all 4.

o u; € W*(X) for 1 < i < f correspond to the [w;] € h*(R(H)/(P,...,P,)) for all
event € S.

e v; € W¥*(X) for 1 < j < g correspond to the [w;] € h*(R(H)/(P,...,P,)) for all
odd t € S.

From the isomorphism (5.11) we see that ng) € W(R(H)/(Py,...,P,)) is represented by
a real representation (as pp* is real for any complex representation p). Thus by Lemma
4.8, bgp) eWOX)foralll <p<land1<i<|n,/2|.

As ; = a; is represented by a real representation (cf. (5.11), noting that y; € R(H)
is real if j is even), Lemma 4.8 implies that a; € W9(X) for all 4.

We know that P; € R(H) is quaternionic for odd ¢ and real for even i. Thus we deduce
from (5.13) and Lemma 4.9 that u; € W(X) for 1 <i < f and that v; € W3(X) for
Il<j=gy

All in all, we have shown:

Theorem 5.11. Let

R P

There is a ring isomorphism

Ly [a1,...,a)m/2)] © ®§a:1 L2 [bgp)’ - "b(LfL)p/%]

wHx) = )

®/\(u1,...,uf,vl,...,vg)
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where

2n
l
wi= Y ac- bl b+ <2j>’

ctei+...+e=j

recalling that we set

ap :=1 and a; := am—; for all (m/2| <i<m

bép) =1 foralll1<p<lI andbgp) = bg;)_i foralll <p<lI, [ny/2] <i<my,

The left factor in the above tensor product is contained in W°(X). Furthermore, u; €
WYX) for all1<i < f andv; € W3(X) forall 1 <j < g.

We now tabulate the ranks of the Witt groups in the different degrees. This immediately
follows from Proposition 6.13 and Appendix A.

Theorem 5.12. Let h, f and g be as in the previous theorem and

h!
a:=
lm/2]! ni/2]!. .. [ng/2)!
We have W (X (m,n1,...,n)) = Z5* where z; is given as follows:

If f=g=0,thenzy=1and z_1 = z_9=2_3=0.
If (f,g9) # (0,0), then the z; are given as in Appendiz A.

79



CHAPTER 5. WITT RINGS OF ORDINARY FLAG VARIETIES

5.4 Type D,

We consider G = Spin(2n). If m 4+ ny + ...+ n; = n, we define

Hp(m,ny,...,n;) := Spin(2m) x Spin(2n1) x ... x Spin(2n;)
Hp(m,ny,...,m) := Spin(2m) x U(ny) x ... x U(ny)

Note that Hp C Hp. Let Cp(m,ny,...,n;) = ker(ﬁD — Spin(2n)), then Cp C Hp
and any centraliser of a torus in Spin(2n) is conjugate to a subgroup of the form
H(m,ny,...,n;) := Hp(m,n1,...,n;)/Cp by Proposition 1.12. So we fix m,nqy,...,n
such that n =m +n; + ... 4+ n; and set

X(m,n1,...,n;) = Spin(2n)/H(m,n1,...,n;)

Since Spin(2) = U(1), we may assume that m # 1. We will sometimes simply write X

instead of X (m,ni,...,n;) etc.

5.4.1 Representation rings and their Tate cohomology

We recall and fix some notation. We know that
R(Spin(2n)) 2 Z[p1,. .., pn—2, Ay, A_]

where p; is the representation induced by the complex standard representation of SO(2n)
of rank 2n, p; = A%(p;) for all i and Ay, A_ are the half-spin representations. We have
p; = p; for all j and

Ay if n is even A_ if n is even
Al = AY =
A_ if nis odd A, if nis odd

Furthermore, we write

l
R(Hp) ZZ[\, . A2, T T @ QZ AP, AP, T 1|

9 np727
p=1

For the representation rings of Hp and H, we use the notation as introduced in section 1.3.2
(Type D,). We use the notation as in Proposition 2.16 to identify the Tate cohomology
ring of R(H). Using that notation, recall that we have

aom—j=0;V0<j<2m, ap=0ifk¢{0,....2m}, ay=1

ﬂ(p) —,B(p)V1< <l,0<j5< (p)—()‘fk- 0 (p)_lv (5.14)
np—j J SPb —J—nl” k 1 g{ 7"'7np}7 0o — P
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Note that with these definitions, we have a; = [A7(y;)] for all 0 < j < 2m and Bi(p) =
[x(p) (3:@) } forall1 <p<land 0<1i<n,

7

5.4.2 Witt ring of flag varieties of type D,

Let i: H — Spin(2n) be the inclusion map. Following Chapter 4, we need to compute the
restriction i*: R(Spin(2n)) — R(H). We see directly that

*

l !
(o) =y + 32t + | D af”
p=1 p=1

Hence we obtain for 1 < j < n that

J

=Y e (@) 0 () - (Qj) e

ctdi+d)+...+di+dj=j

l l
s vt~ [ 304 3 (o)) - ()
p=1 p=1

Using that [a 4+ a*] =0 in AT (R(H)) for all a € R(H), we deduce that in h*(R(H)),

2n
Pl= ¥ acﬁg?...ﬁ;gu(,)
c+2d1+...42d;=75 J
l7/2

]
2n
S Sl () =

d=0 di4.tdy=d J

keeping in mind (5.14). Note that these are very similar to the elements we obtained in

the computations for type C,. We need to investigate the relations between the v;.

Proposition 5.13. Let

S::{j€N|1§j<m}U{j€N|m§j§2Q%J+{%J+...+L%D even}

The vg for s € S form an h* (R(H))-regular sequence in some order.

If j is even, then v; is a Za-linear combination of the vs for s € S.

Regarding hT (R(H)) as a co(RO°(H))-module via the complexification co: RO°(H) —
R(H), if j is odd, then v; is a co(RO°(H))-linear combination of the vs for s € S.

In particular, all vj are contained in the ideal (vs | s € S).

Proof. Suppose first that m is even. Then the subalgebra A of h*(R(H)) generated by
a1, ..., 0y (note that ayy—1 =0+ am—3 + @m—s5 + ... and o, = d1 + 2 if m > 2) and all
ﬁi(p )is a polynomial ring in these indeterminates, and h*(R(H)) is a free A-module. Note

that v; € A for all j. Now Proposition 6.12 shows that the v, for s € S form an A-regular
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sequence in this case. So by Proposition 3.3 they also form an A" (R(H))-regular sequence.

Suppose now m > 2 is odd. Then oy, = [IT2+T2] = 0 in A" (R(H)) and by
Proposition 2.16, h*(R(H)) is a polynomial ring in indeterminates oy, ..., ;-1 and BZ-(p)
where 1 < p <l and 1 <1i < |n,/2]. Note that if j is even, then the expression for v;
does not contain any «; for odd . So none of the expressions for v, for s € S contains .
Hence Proposition 6.12 shows that

V1,V2y. ..y Vm—1,Vm+1,Vm+3,- - - 7V2(L%J+L%J+...+L%J)7

i.e. vg for s € 9, is an h'(R(H))-regular sequence.

The remainder of the Proposition follows immediately from Proposition 6.14. O

Define S := {1,2,...,n — 1} \ S. By Proposition 5.13, we can find w; € R(H) for every
t € S such that

wi+wf — i (pr — k(o) € 3 co(ROVH)) - i*(p, — rk(ps)) (5.15)
seS

Now we also need to consider the restrictions of Ay and A_.

If n is odd, then A% = A_ and so for the Tate cohomology computation, we need to
determine the restriction of AL A_ (cf. Chapter 4). Since Ay A_ = pp_1+pn—3+pn-s5+-..,

we have

W (KOG/H)) = RH) S
(#(p3) = 1k(py) | 1 < j <n—2) + (#*(Ay), (A1)
~ g R(H) (5.16)
(#(p3) — 1k(py) | 1 < j < n—2)+ (#(B4A))

1%

. R(H)
" ((i*(ﬂj) —1k(pj) [1<j<n-— 1))

where we used Lemma 2.7 for the second isomorphism and set Ki =A4 —2""1 Soit

suffices in this case to consider the restriction of p,_; which we already computed above.

Now we can compute the Tate cohomology of K°(X) if n is odd:

Proposition 5.14. Let N := L%J + L%J +...+ L%J

If n and m > 2 are odd or if n is odd and m = 0, we have a ring isomorphism

Zs [’m---ﬁtgﬂ @ @y Zo BT, B,
W) = (ml1<i< NL . J] © \(w)

82



CHAPTER 5. WITT RINGS OF ORDINARY FLAG VARIETIES

If n is odd and m > 2 is even, we have a ring isomorphism

ZZ 715"'?7%561562 ®®;122|: %p)7”"ﬁip2lJ
2
(01 + 02 + ym, 6102) + (pi | 1 <7 < N)

1

} ® N\ (@)

W (K°(X))

In the above, we have
S D DI 2n
’ e a 2i
atai+...4+a;=1

using the conventions that

Yo :=1 and i := ym—i for all |m/2| <i<m,
B(gp) =1 foralll <p<l andﬁi(p) ::ﬁ,(f;)fi foralll <p<lI, [ny/2] <i<my,

Under the above isomorphisms, we have that the respective first factor in the tensor product

is contained in h™ and [wy] € h™ for allt € S.

Proof. Suppose n is odd. By equation (5.16), we deduce from Proposition 4.7 and Proposi-

tion 5.13 that we have an isomorphism

IR o A ()

W (K°(X)) ilses)

12

teS

Suppose now n and m > 2 are odd. By Proposition 2.16,

l
h+(R(H)) & Zolan,...,am—1] ® ®ZQ [5517)7 o ,ﬁfz)p/%}
p=1

Recall from Lemma 6.11 that
(vi|1<i<modd)=(a;|1<i<modd).

Setting ; := «g;, we can write

i

_ | () g (2 _ (W g (2 _

VZZ—Zlede Z /Bdl "'ﬁdl + <22> = Z "Ydo/Bdl "'Bdl + (22> = K
d=0 di+...+d;=d do+di+...4+d;=i

The given expression for h*(K°(X)) now follows from this.

The other case is similar. O

Remark 5.15. As in previous sections, Bousfield’s lemma identifies h*(K°(X)) with
W*(X). Under this identification, by Lemma 4.8 we then have in the cases of Proposition
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5.14 that for all 1 < j < [m/2] and all 1 <p <land 1l <1i < |n,/2],
Vj)glagzagz(p) € WO(X)

By (5.15), we deduce from Lemma 4.9 and the fact that the p; are representations of real
type that
(W] € WH(X) forallte S

The ranks of the Witt groups in different degrees can be expressed as follows: Let

N!
a:=
|m/2|!|ni/2]. .. |ng/2)!
It is easy to check that if not all of m,ny,...,n; are even, then
o ni L)
=|—= —1 =1
5= 3]+ + ]3]

Let z; be the rank of degree i of a 4-periodically graded exterior algebra with |.S| generators
of degree —1. The value of z; can be found in Appendix A (setting f = [S| and g = 0).
Then from Proposition 6.13 and Proposition 5.14, we deduce:

If n and m > 2 are odd or if n is odd and m = 0, we have k(W (X)) = a - 2.

If n is odd and m > 2 is even, we have rk(W#(X)) = 2a - 2;.

Now suppose n is even. Then A, and A_ are self-dual, so we need to consider their
restrictions to H. Letting ¢ Ay Hp — G be the natural map with kernel C'p, we conclude
from [Ada96, Prop. 4.5] that

Ay = > rr...Td

e,eie{“r,;}
€E]...6]=
(5.17)
% 1 l
(A= > rry...rd
e,c;e{+,—}
€€]...6=—
Suppose that at least one of m,ny,...,n; is odd, then
[i;ID(Ag} - [i*ﬁD(A_)] =0 in h*(R(Hp))
since no summand in expressions (5.17) is self-dual. Consequently,
[i*(A4)] = [i"(A-)] =0 in hT(R(H)) (5.18)

Suppose that m = 0 and nq,...,n; are even. Let 7 :=|{j | n; =2 (mod 4)} |. Then from
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Lemma 1.21, we deduce that in A" (R(H)), we have

. ~ if r is even " ~ if r is odd
[("(A4)] = _ [i"(A-)] = , (5.19)
0 otherwise 0 otherwise
The case that m > 2,n1,...,n; are all even remains. We will deal with it later. Let us

now first determine the Tate cohomology in all other cases.
If n is even but not all of m,nq,...,n; are even, by (5.18) we can find ny,n- € R(H)
such that

N+ +n =149 (Ay) and n- +nt =i"(A) (5.20)
If m =0 and all of ny,...,n; are even, by (5.19) there is n € R(H) such that

. i*(Ay) if ris odd
n+nt = (5.21)
i*(A_) if r is even

We now obtain:

Proposition 5.16. Let N := |2 + [%| + ...+ | %].
If n is even and m > 2 is odd or if n is even and m = 0 and not all of ny,...,n; are
even, we have a ring isomorphism

Zs [71,...,7L%ﬂ ® Q' Z [ﬁgp)’“.’ﬁ(tpn J

Zp
2

h*(KO(X)) = w71

(K°() TAREAEe e N (@)
teS\{n—1}

If n is even, m > 2 is even and not all of ny,...,n; are even, we have a ring isomorphism

Ly |15y, 01,0 ®®;122[ fp)w--»ﬁipr?pﬂ

R (K°(X)) = 222 ® wy, 7
teS\{n—1}
If m =0 and nq,...,n; are even, we have a Ting isomorphism
®)or Za | 5% |
h*(KO(X)) = 2 w 7
teS\{n—1}

In the above, the p; are defined as in Proposition 5.14.
Proof. Similarly to Proposition 5.14, this follows from Proposition 4.7. 0

Remark 5.17. As before, Bousfield’s lemma identifies 2*(K°(X)) with W*(X). Under

85



CHAPTER 5. WITT RINGS OF ORDINARY FLAG VARIETIES

this identification, by Lemma 4.8 we then have in the cases of Proposition 5.16 that for all
1<j<|m/2]andalll <p<land1<i<|n,/2],

701,82, 8, € W(X)
By (5.15), we deduce from Lemma 4.9 and the fact that the p; are representations of real

type that
[w;] € W (X)) forallt €S

Recall that Ay, A_ are of real type if n = 0 (mod 4) and of quaternionic type if n = 2

(mod 4). Hence (5.21) and Lemma 4.9 show that if m = 0 and n1,...,n; are even, then

M) € ,
W=3(X) if n =2 (mod 4)
Furthermore, if n is even but not all of m,ny,...,n; are even, then from (5.20) and Lemma
4.9, we have
- - W=HX) if n =0 (mod 4)
], [1-] €

W3(X) if n = 2 (mod 4)

Let z;(f,g) be the rank of degree i of a 4-periodically graded exterior algebra with f
generators of degree —1 and g generators of degree —3. Values of the z;(f, g) in terms of f

and g can be found in Appendix A. Let

B N!
a:= [m/2|!|ny/2]". .. |ng/2]!

It is easy to check that if n is even and m # n, then

{%] +...+[%1+m—2L%J — 2 if not all of m,nq,...,n; are even

ni+...+ng
2

B\ {n—1}| =

—1if all of m,nq,...,n; are even

We deduce from Proposition 6.3 that in the cases of Proposition 5.16, we have

_ ; 2a - z;(f,g) if n is even, m > 2 is even and some nq,...,n; is odd
dimz, (W*(X)) = ;
a- z(f,g) otherwise

where f and g are chosen as follows:

3] +m—2|%],0) if n=0 (mod 4)
(f:9) = (n1+”+nl_ ,1) if n =2 (mod 4),m = 0 and ny,...,n; are even

([%]+. 4+ (%] +m—2|%] —2,2) otherwise
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Now suppose that all of m > 2,n4,...,n; are even. We set 7 := |{j | n; =2 (mod 4)} |

as before. Still using the notation of Propositions 1.26 and 2.16, we have

_ L
Iy Hézl (xg;)) ’ x(nl) = (o if ris even
(Al =19 1 ?
11, (x%;)) xﬁ%’%,? — ¢ ifris odd
. I (5.22)
I H;ﬂ (Uvn‘?) ’ x(rll = ( if r is even
(Al =9t U
Ly Hézl (-'Enz;)) x(rz,) = (y if ris odd
L 2 |

We define ideals Ieg C IS, C I of R(H) by

reg

Lieg =(Ps | s € S\ {n})
Iny =lheg + (*(Ay) — 2771, i*(A) — 2771

reg —

I=Pj|1<j<n-2)+ ("(Ap) -2, *(An) -2 1)

In order to compute the Tate cohomology of K°(X) = R(H)/I, we first determine the
Tate cohomology of R(H) /I es and R(H)/IrAeg.

Let
ZZ[ah .. .,Olm] ® ®;):1 Z2 |:B§p)v s 7ﬂ£§o):|
(vs [ s €S\ {n})
Since (o |1 < j<modd) = (v |1 <j <m odd) by Lemma 6.11, we have a@; =0in A
if j is odd, and

A=

Zg[”yl, .. ,'y%] ® ®i):1 Zo |: §p)’ .. ,ﬂ%,)]

A
(i [1<i<N)

1%

where N and p; are defined as in Proposition 5.14. We deduce from Proposition 5.13 and
Proposition 4.7 that

h* (R(H)/Iyeg) = (A ® Z3[0,01, 02, (1, (o)) /J =2 A
where, setting Y := H;zl B(ﬁ?,
2

J=04+qn-1+@n-3+ ..., Cn+ 9 + 2,
6102 + 6%, 2+ 81Y, G + 82, (1Ga +8Y, 8¢ + (201, 6Ca + (162)

From the above, we have @,,_1 = a,,_3 = ... =0 and so § € J. Hence

J = (9, Ym + 014 02, 0102, G461, GG +82Y, (12, (201, (102)
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We see from this that h* (R(H)/Iieg) is a free A-module with basis 1,1, ¢y, .

Lemma 5.18. The element W%Y is not a zero divisor in A. Thus neither Y nor Y isa

zero divisor in A.

Proof. By Proposition 5.13, Ty is not a zero divisor in A. But Uy = @y Hp B(nﬁ O
2

In order to deal with the fact that [i*(Ai)}, i.e. (; and (,, are zero divisors in
h* (R(H)/Iieg), we want to use Lemma 2.11 to compute h* (R(H)/Iég). In this direction,

we first show:

Lemma 5.19. Anna ((y,(y) =0
Proof. For i = 1,2, we consider the maps
fi:r A=A, = (x

These maps are A-linear, and taking 1,81, (;,(, as an ordered A-basis of A/, they can be

represented by matrices

0 0 0 0 000 FuY
10 0 Y O 1000 Y
Fl_ligOO B=10 00 o
0 0 0 0 100 0

Since Y and Y and W%Y are not zero divisors in A by Lemma 5.18, we conclude

Ay (()=A -G+ A-(Fz +5) and Ama((y) =A-51+A-

The claim follows immediately. O

Now let 1p: A’@ A" — A’, (a®b) — al; +b(s. To avoid clashing with the notation for
an ideal generated by certain elements, we denote elements in A’ @ A’ by (a @ b) (instead

of (a,b), which to us means the ideal in A" generated by a and b) where a,b € A'.
Lemma 5.20. ker(y) = A+ ((Fm +01)@0)+A-((L20)+A- (000 +A-(08¢)
Proof. We take

(1690)’ (81@0>7 (Zl@o)v (22@0)7 (0@1)7 (06931)’ (0@21)7 (0@22)

as an ordered A-basis of A’® A’ and 1,81,(;, (5 as an ordered A-basis of A’. With respect
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to these ordered bases, we can represent ¥ by the matrix

0 0 0 0 O0O0O0 V%Y

0 0 Y 00O0O0O Y

1 Ym 0 00O0O0 O

0 0 00100 O

Since Y and Y are not zero divisors in A by Lemma 5.18, the claim follows. O
By Lemma 2.11, the short exact sequence
H H
0— (i*(Ap) —2"1 if(An) -2 ) — RI( ), RI(A ) 0

reg reg

induces a long exact sequence on Tate cohomology yielding isomorphisms

1

A —
I reg

RO v bzl 0 @ 2 [5§p>7,..,6(tﬂ)pj] ® Za[61, 2]
nt A :
< > (¢1,¢2) (i | 1<i< N)+J

where J' = <51 + 02 +7m, 0102, 01 Hpﬁ(ni), 62 [1, B(rﬁ)), and
2

2

B Ay o, ker(®)
VR D) 2 37 0 6

We have identified ker(¢)) as an A-module in Lemma 5.20. Furthermore, as A-modules,

A (G ) =A- (B C) + 401 (@) +AG - (Ca@ () +AG - (Go¢)
:A-(ZQ@21)+A-<0@7%21)+A-(0@Y51)+A-(Y&@O)

Hence by Lemma 5.20, we have isomorphisms of A-modules

- AN O ker(1)) ~ i
h (R(H) Ireg) : A (ZZ @Zl) - (Y) ((52 @0) @

A

A
w

(’Y’").(O@Cl)

2

0®6) D

We want to describe the elements in h~ (R(H)/Irieg) corresponding to (62 @ 0) and (0 @ 1)
and (0 @ ¢;) under the isomorphism 9 more concretely by giving elements in R(H) repre-
senting them.

We have that (cf. Proposition 2.16)

82 € hT(R(H)/Ieg) is represented by T2 € R(H)

01 € hT(R(H)/Ieg) is represented by T2 € R(H)
!
¢1 € hH(R(H)/Iteg) is represented by T'— H (xff;))
p=1

[NIES
H/—\
g
m
v
—~
3
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CHAPTER 5. WITT RINGS OF ORDINARY FLAG VARIETIES

Recall that = | {j | n; =2 (mod 4)}|. By (5.22), we can find 4y, U9, i3 € R(H) such that
u1 + fLT — Fi_ e (A(,)H—l — 2n_1) = F2 (

fig + 115 — T2 - i* (Ayr — 2771) = F+H<

l 1

g + @ — H( > 2

2
_1
(A =27 1) =T_T; (l | (m,&?) : x(n;,))

p=1

Let T:= " cq\fn} co(ROP(H)) - i*(ps — 1k(ps)) as a subgroup of R(H). By Lemma 6.11,
we can find v € R(H) and w € T such that

Ll =ym 1+ ymst.. . typ=v+v +w

Setting
uy =iy — - r+ﬁ( ) 2,
ll 3
uy =iy —v - T_ Hl( ) e
iy (H (x;w)%%?y
ot N
we obtain
wn bl — T2 0 (A — 27 1)er+1i[l(x%i))_éx%ﬁ-ff
e
up +us — T2 - i* (A — 2771 eP_ﬁ (mﬁﬁ})_%x@ T (5.23)

U,3+U3 I'_ H( (p)) El’f 'Z'*(A(,)r—

[N}
7
—
SN—
m
-~
e N |
i
S
~
|
N
HA
EES
~
o
~

Then by definition of the boundary map 0, the elements u; € R(H) yield elements
[wi] € h~(R(H)/ reg) corresponding to (d2 & 0) and (04 6;) and (0 (1) respectively.

Thus we have an isomorphism of A-modules

A A A _
h™ (R(H)/I%,) ) [uﬂ@(y)-[uﬂ@()-[u:i]

IIZ
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CHAPTER 5. WITT RINGS OF ORDINARY FLAG VARIETIES

We have now computed h*(R(H)/ 1reg) as an A-module. To determine the ring structure,
one would have to determine for example the products [@;] [t;]. We shall not do so here.
But now using Proposition 5.13 again together with Lemma 2.8, we can immediately
determine the Tate cohomology of R(H)/I = K°(X) as a group:

Proposition 5.21. Suppose m > 2,nq,...,n; are even. Then we have a group isomor-
phism

W(KY(X)) = | k¥ (R(H)/I7,) @

A
] @ 5 - [m] & - [1s] | @ ([@)
(¥) (¥) (72) ’ A

teS\{n—1}

where

. . ZQ[’yl,...,’yrg]®®;_1ZQ|: ,...,6np:| ®Zg[(51,(52]
W (R(H)/I2,) =

reg

(i | 1<i<N)+ <51+52+’7T;7 6102, 51Hp5£57)>
2

Zaln,. - vz] ® ®§;:1 Ly [ {p),---,ﬁg?}

A
(i | 1<i<N)

12

wnd ¥ =TT B and s = Spanvag 8 80+ ().
)

Remark 5.22. As before, Bousfield’s lemma identifies h* (K°(X)) with W*( ). Under this
identification, by Lemma 4.8 we deduce that the summand h™ (R reg) is completely
contained in W°(X), and by Lemma 4.9 we have that [w;] € W~(X) for all t € S. Recall
that A, A_ are real if n = 0 (mod 4) and quaternionic if n = 2 (mod 4). From (5.23) and
Lemma 4.9, we deduce that the summands

A A W=HX) if n=0 (mod 4)
W=3(X) if n =2 (mod 4)

and that 4~ - [u3] € W~1(X) always.
g

Now from slight modifications in the computation for Proposition 3.16, we deduce:

(n/2 —1)! n AN
dimz, (A/ (V) = a2 (G +5) =t
: oy (n/2 —1)! m
Az, (4/(75)) T2 (/2 (2! 2
dimgz, h* (R(H)/I5,) = (n/2)! b atb

(m/2)l- (n1/2)! ... (m/2)!

Note that a = b+c. It is easy to check that [S\ {n — 1} | = Mtetm 1 —: f. So letting 2

denote the rank of degree i of the 4-periodically graded exterior algebra with f generators
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CHAPTER 5. WITT RINGS OF ORDINARY FLAG VARIETIES

of degree —1 (the values of which can be found in Appendix A), we can deduce:

. : (a+b)(z + ziy1) if n =0 (mod 4)
dimz, (W'(X)) =
(a+0)z; + cziy1 + 2bziy3 if n =2 (mod 4)
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Chapter 6

Relations between Certain

Polynomials

In this chapter, we want to give proofs for Propositions 5.1, 5.5, 5.9 and 5.13, thus filling
the last gap in our computations. In the first section, we consider the polynomials u;
occurring in our computation for type A, and prove Proposition 5.1. These polynomials
are special cases of the polynomials v; occurring in the computations for types C,, and
D,,. We use the results of the first section to prove corresponding results for the v; in
the second section, completing the proofs of Propositions 5.9 and 5.13. Finally, we prove

Proposition 5.5 about the polynomials §; from our computation for type B,.

6.1 The polynomials y;

Let n; € N for each ¢ € N be such that for some [ € Ny, the integer n; is even if 1 <i <1
and odd if ¢ > [. For every k € Ny, we define

CRTAL T

Ry :=
(37 + 8011 <p <kl osi<n)+ (87 +111<p<h+1)

k+1
p=1
in Ry ensure that there is a sort of mirror symmetry among each family of generators.

Clearly, Ry, is isomorphic to a polynomial ring in ) " | n, /2| indeterminates. The relations

The ring Ry reflects of course the Tate cohomology ring of representation rings of
centralisers of tori in SU(n) in our computations for type A,. We define a mod-2 rank

ring homomorphism via

rk: Ry — Zo,  BP s <n.p)

v 7

This is, of course, also a reflection of the mod-2 rank function induced on Tate cohomology

by the rank function on the representation ring of centralisers of tori.
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CHAPTER 6. RELATIONS BETWEEN CERTAIN POLYNOMIALS
Now for k > 1, we define an inclusion map
Kk—1: Rp—1 — Ry, 51-@) — 51'(17)

The following polynomials are the main objects of study in this section: For m € Z and
k € Ng, we define
W= Y e R

ai+...tag=m

(k)

From the interpretation of the i, as restrictions of representations of SU(n) to centralisers
of tori in Tate cohomology (cf. section 5.1.2) or directly from a combinatorial interpretation,
it is clear that rk (p@) = ("”"J"’““). We define a reduced version of the above
polynomials by

) = )+ k(D)

These are precisely the polynomials we considered in section 5.1.2. Note that ugf) =0 if
m¢{0,1,...,n1+ ...+ ngy} and ,u[()k) = 1. Furthermore,

k) _ 1 k+1) __ (1) (k+1)
MS”) - Z 5‘(11) o 'ﬁf(lkil) - Z Bnl—al : "5nk+l—ak+l
ai+...+ag=m ai1+...+ag=m
— (1) (k+10) _ (k)
- Z Bbl : /Bbk_H - n1+---+nk+l—m

b1+...+bk+l:n1+...+nk+l—m

So we will only consider the polynomials pg,{f) for0<m < |(ni+...+ng41)/2].
Example 6.1. Let [ = 0 and k = 2 and n; = 3, ny = 5. We write the polynomials p; in
terms of the indeterminates BZ-(p ) where i < |np/2]:
1 2
p = i =8 + 617
H2 = g = By +ﬁl '8 +52

ps = s =1+ 8787 + B 57 + By
pa =0

Already in the above example, the polynomials j; appear to be quite complicated. We

will however show that there is a quite orderly pattern of how they relate to one another.

6.1.1 Regularity and dimension

We noted above that Ry is just a polynomial ring in [n; /2] +... 4 [nk+1/2] indeterminates.

Hence this is also the maximal length of a regular sequence in Rj. In fact, we show:
Proposition 6.2. The elements

(k) (k) (k)
H1 B2 e By 2] g /2 € B
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CHAPTER 6. RELATIONS BETWEEN CERTAIN POLYNOMIALS

form an Ry-regular sequence. The same holds for

B k) k)
s iy e By g g (g 2) € AT

Proof. We regard Ry as a graded ring where the grading is defined by setting | BZ-(p =i
forall 1 <p <k+1land 0 <1i < |[n,/2|. Note that the ugﬁ) are not homogeneous with
respect to this grading. But if 1 < m < |n1/2] 4+ ...+ [ngy/2], then %) has highest

homogeneous component of degree m given by

Z B ’ /Baii_zl = %)

al+...+agp=m
ap<|np/2] for 1<p<k+l

In Proposition 3.15, we showed precisely that these hg,];:)

1<m<[ni/2|+...+ [ng+i/2]. Hence we deduce from Corollary 3.19 that the ,ugi) form

an Ry-regular sequence for 1 <m < [n1/2| + ...+ [ng41/2].
(k)

The same proof also works for the fi,,” since they have the same homogeneous compo-

(k)

nents as the puy,” except in degree 0. O

form a regular sequence for

From Proposition 3.18, we see that

(k) (k) (k)
Rk/ (:ul ""”ML”I/QJJF +Lnk+l/2J> and Rk/ (hl 7'--:thl/QJerJankH/QJ)

have the same Zs-vector space dimension because the former ring has a filtration such that
the associated graded ring is the latter ring. We computed this dimension in Proposition
3.16 and thus obtain:

Proposition 6.3.

, _(k) (k) (L% ]+ ...+ [ 22!
dimg, <Rk/ (/h v g j2) +Lnk+l/2j>> L?J!' . L%J!

6.1.2 Linear combinations

We now want to show the following:

Proposition 6.4. For every [n1/2] + ...+ |ng1/2] <m < [(n1 + ...+ ng41)/2], the

polynomaial ugf) (or ﬁﬁ,’f)) 18 a Zo-linear combination of the polynomials

CICIG ® o)
O Bl i /2) (O B B oy 121/

The proof will take up the remainder of this section.
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CHAPTER 6. RELATIONS BETWEEN CERTAIN POLYNOMIALS

Let us first see how the assertion about the ugi) implies the assertion about the /17(7]?).

Assuming the claim about the unreduced polynomials, it follows that for every m,
i) € Zy 1429 3P 4.+ 25 i
oy, 2 2 Nl 2 NLn1/2J+A..+|_nk+l/2j

(%)

Applying the rank function rk to both sides and using that rk (/]j ) = 0 for all j, we see

that actually,
A € Zo- i+ A T B
as required.
Thus we are left to prove the assertion about the unreduced polynomials. Let us first

change the numbering of the indeterminates and the polynomials in a convenient way. In

Ry, we define

o — Bz‘(—zi:)an/QJ forall1 <p<k+land — |n,/2] <i<[ny,/2]

(k) . (k)
Tin’ = Pt Ing /2] 4ot I /2) for all m € Z.
These definitions are chosen so that
Pl il <p <kl
and so that the o) form an Ry-regular sequence for all —|ny/2| —...— |ng/2] <m <0
and
olf) = U@Hk for all m (6.2)
Also note that
k 1 k41
dH— Y Al

ai+...tagp=m

Now we rephrase Proposition 6.4 as follows:

Proposition 6.5. For every 0 < m < |k/2|, the polynomial 07(,’;) is a Zy-linear combina-

tion of the polynomials O'i(k) fori <0.
We prove a few first lemmas in this direction:

Lemma 6.6. If k > 2 is even, then 0121;)2 =0.

Proof. J,(;;)Q is the sum of all monomials of the form 04,(111) . agztll) with Zfill a; = k/2. But

by (6.1), we have

ar  Qagyy T Xeay - Ay —ajy1+1 T —apy+1

NNt NN C RN G I (= VRN (e (6.3)
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CHAPTER 6. RELATIONS BETWEEN CERTAIN POLYNOMIALS

Since — ZZ 1 Gi+ Z] l+1( +1)=k— ZfJ“ll a; = k/2, the right hand side of (6.3) also
gives a summand in J,(!;;, Wthh is always distinct from the one on the left hand side since
k > 0. So all the monomial summands in 0,(;;)2 cancel out each other. O

Lemma 6.7. If k > 3 is odd, then ng[k/2j JJ(»k) =0

Proof. We have

Z 0 Z Z(O‘ (k) o (j(i—ﬁ)))

J<1k/2] J<|k/2] meZ

-y ¥ <a<k+z> (a](’;nl)) +alHh (Uj(’]i:nl)—1>>

j<|k/2] m=0

S ol [ X (Do)

m20 J<[k/2]

NowﬂnARk,h

N CTRC TR Y

J<Lk/2] Lk/2]—m<j<|k/2]+m
::Ugiin‘+ zi: (Oék—1)+_092;241) —0

2
k—1 . _k—1
jf~4n§]<4§f

where we use (6.2) and Lemma 6.6. Hence the claim follows. O

The previous lemmas already yield some of the linear relations we need. It turns out
that we can deduce more linear relations from the basic ones above by induction on k.
To see how to obtain these, it is useful to rephrase the problem in terms of power series.
Very roughly, we shall see that obtaining a new linear relation from the basic ones above
corresponds to a manipulation of the corresponding series that is easy to describe.

Let Zs(t) denote the ring of series of the form ), , a;t* with a; € Zs for all i € Z and
a; = 0 for i > 0. For each k£ > 0, we define a map

Y Zao(t) — Ry, Zajtj — Zajaj(k)

= JEZ

This map is well-defined since aj(-k) =0 for j < 0. Clearly, v is a group homomorphism.
(k)

Finding linear relations among the o
Let

is now the same as finding elements in ker(vy).

>t e Lyt)

J<[k/2]

We deduce from Lemmas 6.6 and 6.7 and from (6.2):

(P1) If £ > 3 is odd, then Py(t) € ker(¢y).
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CHAPTER 6. RELATIONS BETWEEN CERTAIN POLYNOMIALS
(P2) If k > 2 is even, then t*/2 € ker(vy,).
(P3) For every k > 0 and every s € Z, we have t~* + t57% € ker(yy,).

We want to find more elements in the kernel of 4 by induction on k. So we need to be

able to reduce from k to k — 1:

Lemma 6.8. Let Q(t) € Za(t) and k > 1. Then

Q1) =3 o L g (T +E7HQ)

i=1

Proof. Let Q(t) =3 ¢z a;jt’. Then

Q) =Y a0

JEL
_ Z a; Z a§k+z) P (Ujglzl))
JEZ USY/
_ Z al(k—i—l) N Z ajaj(li;l)
1€Z JEZ
=> o k1 (77Q(1)
€L
= Z agkﬂ) p—1tr—1 (T +7HQ()
i>1
as required. =

The following result now yields the elements of ker(v) that we need:

Proposition 6.9. If k =2m + 1 > 3 is odd, then

1 .
[fEE=P A Py_2j(t) € ker(vy) for all0 < j <m

If k =2m > 4 is even, then

1

W : Pk—?j—l(t) S ker(¢k) fOT’ all 0 S ] <m-—1

Before proving this, let us see how it implies Proposition 6.5.

Proof of Proposition 6.5. Suppose k = 2m + 1 is odd. For all 0 < j < m, the highest
non-zero term of

1

. () = —1 4 42 2 i
e Pogj(t) =1+t +t24..0% - Y ¢

i<m—j
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CHAPTER 6. RELATIONS BETWEEN CERTAIN POLYNOMIALS

is of degree m — j. Since all these elements are in ker(v), this means that for each

0<j<m=|k/2|, we can write o*) as a Zy-linear combination of the agk)

J for i < j.

This implies the claim.

For k = 2m even and 0 < j < m — 1, the highest non-zero term of

1 —_ — .
Arnmr D) =0+t Lppzgpp Y

j<m—j—1

(k)

is of degree m — 1 — j. Thus for every 0 < j < m = k/2, we can write o~ as a Zs-linear

J
combination of the O'i(k) for ¢ < j. Thus for every 0 < j < m, we can write Uj(-k)

(k)

Za-linear combination of the o,

Uﬁ,{f) = 0. So we are done in this case as well. O

as a

for ¢ < 0. Furthermore, from Lemma 6.6 we know that

Proof of Proposition 6.9. We prove this by induction on k. For k = 3, this is (P1).
So suppose kK =2m > 4 is even and let 0 < j < m — 1. By Lemma 6.8, it suffices to

show that
t—a + tafl

m . Pk;—2j—1(t) S ker(wk_l) for all a Z 1.

Note that

t—¢ 4ot _ a— 1 i Py Lg—25-1\L) )
W'Pkfﬁfl() "+t Zt T+t 1)

:(t—a+1+t—a+2+_“+ta 24t Q1)
=qa—1(t) - Qr,(t)

where Qg ;(t) := Py_oj_1(t) - (1 +t71) 7% and g1 (t) := 2lij<a—1 t' is a finite sum with

Qa—l(t) = Qa—l(t_l)-
By induction hypothesis, we know that for all 0 < b < m — 1,

1
ker (¢g—1) 97(1 FEEY + Pr—2p-1(t)
e e Peaia(t)
(1Lt )26 (g a2 b DRI
(L4+177) (L+¢77) (4t 1)

=01+ +71)2070 L Qp(t)
=rj(t) - Qr,;(t)

where r;_y(t) := 7 7°(1 +¢71)20=b). For all 0 < b < j, the element r;_;(t) is a finite sum
with highest non-zero term of degree j — b such that r;_,(t71) = r;_4(2).
Furthermore, by (P3), for every ¢ € Z, we have that t© 4+ t~°tk=1 ¢ ker(¢_;). We can

write

(1+tH%  Prgja(t)
Prgja(t) (1471

tc+t—c+k 1 (tc+t—c+2m 1)

99



CHAPTER 6. RELATIONS BETWEEN CERTAIN POLYNOMIALS

k—2j—1
2

=t 7o) ()2 R e Qi)
G ity R ¢ N s A AU BY O I ()
:(tc—m + tm—c—l) . tj—i—l . (1 + t_1)2j+1 . Qk,j(t)
=5c-m,j(t) - Qr,;(t)
where Se_p, j(t) = (™ + ML) 49T (14471271 Note that se_p, ;(t) is a finite sum,

we have sc_pm j(t71) = sc_m j(t) and for ¢ > m it has highest term of degree 1+ j + ¢ — m.

Hence we see that
{rj—p(t) 10 <b < j}U {scom,;(t) | ¢ >m}

is a basis of the Zo-vector space

{Z a;t € Zz<t> ‘ a; = a—; for all 7 € Z}
1E€EL
Thus for all a € Z, the element g,—1(t) can be written as a Zg-linear combination of these

basis elements. But by the above, this shows that g,—1(t) - Q, () can be written as a

Zy-linear combination of elements in ker(t¢;_1) for all @ > 1. So it is itself in ker(¢g_1).

The case that k is odd follows similarly. O

6.2 The polynomials v;

We extend the results of the previous section to the more general polynomials occurring in

the computations for types C), and D,,.
Let m,n1,...,n; € N and define

ZQ[O(0,0Q, ey O[Qm] & ®§):1 ZZ [ (()p)a Bip)v DRI ’I(ll;)
S =
Ia —i—[g
where
I, :(Oéi + a2m—; | 0<1 < 2m) + (Ozo + 1)
I = (87 + 87 | 1<p<t,0<i<n)+ (AP +111<p<1)
We set n := m +ny + ... + n;. The ring S is isomorphic to a polynomial ring in

m+ [n1/2] + ...+ |n;/2] indeterminates. Just as in the previous section, we define a
mod-2 rank ring homomorphism
rk: S — ZQ

7 K3

via tk (a;) == (*") and rk (51.(1?)) = ("7).
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CHAPTER 6. RELATIONS BETWEEN CERTAIN POLYNOMIALS

We define elements in S by

D D a7

[k/2] o
Vg = Z Qp—2i * [ + <k>
i=0

From the interpretation of the v as elements in the Tate cohomology of a representation
ring and the above mod-2 rank function as computing the rank of representations modulo
2 (see sections 5.3 and 5.4), it is clear that rk(v;) = 0 for all k. The py are basically the
polynomials that we considered in the previous section. Up to the additive constant, they

can be obtained as a special case of the vy by taking m = 0.

Example 6.10. Let [ =2 and m =2, ny = 3, ng = 5. Then n = 10 and

V) = Q1 Vg = g + i1

v3g = o1+ a1 vy =1+ aour +p2+1
Vs = Qji + Qo p2 Vg = p1 + oo + 3
V7 = Q2 + a3 vg = o + aops + fig
Vg = Qi3 + Qg V10 = Qa4

The polynomials p1; were given in Example 6.1.

6.2.1 Regularity and dimension

Lemma 6.11. If k is odd, then vy is a ®§):1 Lo 66;7)7 %p), . ,ﬁ,(f;)} -linear combination
of the a; where i is odd.

We have (v; | 1 < i < m odd) = (a; | 1 < i < m odd). Moreover, the elements in
{vi|1<i<m odd} are S-regular in any order.
Proof. Let k be odd. Then (2:) = 0 (mod 2) and both k — 2i and 2m — (k — 2i) are odd for
every i. So from the definition, we obtain that vy is a ®L:1 Zo [6817 ), B;p ), e ,ﬁ,(f?]—linear

combination of the «; where 7 is odd. Furthermore, note that if 0 < k < m is odd, then

V= Qf + €,

where each ¢ is a ®;:1 Zo [Bép ), 5?3 ), ceey Béi)]—linear combination of the «; where 7 is odd
with 1 <4 < k. This implies the second part of the lemma. O

Proposition 6.12. Let

Ay ={y; |1 <i<m odd},
Ao ={r; |2 <i<2(m/2] + |n1/2] + ...+ |/2]) even}
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The elements in A := Ay U Ay form an S-regular sequence in some order.

Proof. First note that if 7 is even, then the expression for v; does not contain any «; for

odd j. By Lemma 6.11, the elements in A; form an S-regular sequence. Let
S:=8/(A1) = S/(; | i odd)

In S, we define %, := @o;. Then 7,, ; = Qg(m—s) = aiz; =7, for all 4. Note that for every 4,

i i
_ _ _ 2n _ _ 2n
V2i:§ a2i—2j'ﬂj+<i):§ Vi_j'ﬂj—i‘(i)
j=0 5=0

Up to the constant (2?), this now is an element in S of the type that we considered in the pre-
vious section. So from Proposition 6.2, we deduce that V2, Vs, ..., Va(|m/2)+n1/2]+...4 [n1/2]))

is an S-regular sequence. This finishes the proof. O

From Propositions 3.18 and 3.16, we deduce:

Proposition 6.13.

dimz, (S/ (A U Ay)) = f*ﬁf}”'
Ey

6.2.2 Relations between the v,

Recall the definition of A; and As in Proposition 6.12.

Proposition 6.14. Ifi is odd, then v; is a ®§):1 Zo [B((]p), £p)7 ey 67(11;)} -linear combina-
tion of the v; where 1 < j <'m are odd. In particular, v; € (A1). If i is even, then v; is a

Za-linear combination of elements in As. In particular, v; € (Asg).

Proof. The claim about odd 7 follows immediately from Lemma 6.11. Now consider the v;
for even . For each j, we define v; := apj in S. We have v,,—; = aom—25 = aaj = 7, for

all 7 and then for every ¢,
: 2n : 2n
Vzizzam—2j'ﬂj+ ( ; ) ZZ%—j'Nj‘i‘ ( z)
=0 §=0

and so up to the constant (2?), the vo; are polynomials of the form considered in the
previous section in the variables v; and ﬂj(-p ). Thus Proposition 6.4 implies that each vy; is
a Zs-linear combination of 1 and the v; € Az. But applying the rank function, we see that

it is actually a Zs-linear combination of just the v; € A since rk(v;) = 0 for all j. O
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6.3 The polynomials ¢;

We now consider the polynomials occurring in the computation for type B,,.

Let m,nq,...,n; € N. Weset n:=m+nj+ ...+ n; and define

ZQ[a07 ap,... 7a2m+1] ® ®§7:1 Z2 /Bép)v §p)7 o 757(57)]
Jo + Jg

T :=

where

Ja :(ai—l—agmﬂ_i\0§i§2m+1)+(a0+1)
J6:<5§p)+ﬁf£}_i\1§pgl, ogz‘gnp)Jr( ép)+1\1§p§l)

Note that T is very similar to the ring S from the previous section, but the largest index
2m + 1 occurring for the «; is odd for T'. The ring T is isomorphic to a polynomial ring in

m+ [n1/2] + ...+ [n;/2] indeterminates. We define a mod-2 rank ring homomorphism
tk: T'— Zo

via rk(a;) = (27”;“1) and rk (5](?)) = (7;1’) In T, we define elements

= S ALY,

a1+...+al:k
[k/2]
2n+1
gk ~—§ak—21'ﬂz+< k >

From the interpretation of the & as elements in the Tate cohomology of a representation
ring and the above mod-2 rank function as computing the rank of representations modulo
2 (see section 5.2), it is clear that rk(&;) = 0 for all k. These polynomials &; in 7" formally
look the same as the polynomials v; in S. However, due to the fact that the highest
occurring index of the «; is odd in one case and even in the other, the polynomials ¢;
and v; are actually qualitatively different. To illustrate this, compare the following with
Example 6.10.

Example 6.15. Let [ =2 and m = 2, ny = 3, ny = 5. We then have n = 10 and

S=a1+1 S =2+

§3 =g+ a1 §a =01+ agpur +p2+1
&5 = aapn + a1 jiz §6 = a1 + azpiz + 413
§7 = 1 + agpe + a1y §s = aipio + aopiz + fig
§o = p2 + aguz + iy §10 = a1z + Qopig + 3
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The expressions for the u; were given in Example 6.1.

6.3.1 Regularity and dimension

Proposition 6.16. The elements in

{&L11<i<m odd}U{éi\Zgz’S?({%J + L%J 4+ ..+ L%J) even}
form a T-regular sequence in some order.
Proof. If 1 <1i < m is odd, then
SG=ait+mn+ <2n:_ 1)
where n; € (a1, as,...,q;_2) for every odd 1 <i < m. Hence it is clear that the &; for odd

1 <i < m form a T-regular sequence.
So now let
T:=T/(&|1<i<modd)

We see from the above that if 1 <4 < m is odd, then @; € T can be expressed in terms of
the ng) and a constant. Note that T is still a polynomial ring. We can define a grading on
T by setting

p)‘::i forall1<p<lI, 1<i<|n,/2|

|aig;| ;=14 forall 1 <i<[m/2]

Then for all 2 < 27 < 2([m/2] +[n1/2|+.. .4+ [ny/2]), we see that the highest homogeneous
component of &,; € T is of degree i, and Proposition 3.15 shows that they form a T-regular
sequence. Hence by Corollary 3.19, the elements &,; for 2 < 2i < 2(|m/2| + |n1/2] + ...+
|n;/2]) form a T-regular sequence.

This completes the proof. ]

Remark 6.17. The proof of the previous Proposition shows that we may replace &o; for
1<i<|m/2|+|n1/2] +...+ |n/2] by any 6 € T such that § € T has the same highest

homogeneous component as £,; € T and still obtain a regular sequence.
From Propositions 3.18 and 3.16, we deduce:

Proposition 6.18. Let I be the ideal in T generated by the & where 1 < ¢ < m is odd
and by the & where 2 < i < 2(|m/2] 4+ |n1/2| + ...+ |n/2]) is even. Then

(3] + 15 )+ o+ [M57)!
BT [5T [5

dimg, (T/I) =
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6.3.2 Relations between the ¢;

Lemma 6.19. If1 < 2j + 1 < m, then azjt1 +ag; € (& |1 < i < m). More precisely,

Qi1+ isa ®p 1 Zo ﬁo , fp), e T(Lp)] -linear combination of the & where 1 < i < m.

Proof. We prove this by induction on j.

For j = 0, the assertion holds as

2n+1

041-1-0402041+1=Oé1+< 1

):&e@u@'sm

Suppose now j > 0. Then

J J
2n+1 2n+1
o541 + &25 :Za2j+1—2i "M+ <2 " 1) + ZOQJ 2i i + < 2 >

=0
J
= 2(0@]’—2i+1 + Qg2 i (6.4)
i=0

J
=gj41 + agj + E (02j—2i41 + Q2j—2;) i
=1

using that (22?1%) + (27;;1) = (%’;If) = 0 (mod 2). By induction hypothesis, for all 1 <i < j,
the element ao; 2,11 + aigj_2; is a ®p 1 Lo [BO ,B(p ) . ﬁy(g,)}—linear combination of the

&§p for 1 < p < m. Hence we deduce that so is agj11 + ag;. This completes the proof. [

Proposition 6.20. Foralll < j <n,

fje(ﬁi\lgigm0dd)—|—<§i|2§i§2(L%J+[%J—|—...+[%J) even) =]

Proof. By equation (6.4) and Lemma 6.19, the claim for odd j follows from the statement
for even j. Let T :=T / I. We need to show that the elements éj € T represented by § €T
are zero in T’ for even J-

Note that (&1,...,&m) C I. Let & € T be the element represented by a; € T. For
0 <1i < m, wedefine v; := &o; € T. By Lemma 6.19, we have dig; = Gigi41 for 1 < 2i+1 < m.
Hence, for m > i > |m/2],

Vi = Q2i = Qamt1-2i = Q2(m—i)+1 = C2(m—i) = Ym—i 0T

Furthermore, for 1 < j < |n/2|, we can write
. [+
§oj = Z Qg 2ifl; + 9
1=0
J
N 2n+1
:Z’Yj—iﬂi+( 9 )
‘ J
=0
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A A 2n+1
1 l
= 2 vaoﬁél)--ﬂ&)*( 2j )

a0+...+al:j

Thus Proposition 6.4 implies that égj is a Zo-linear combination of

1, &, &a.ons §2(|m/2)+n1/2) 4ot 1 /2))

But applying the rank function and using that rk(&;) = 0 for all 4, we see that égj is actually

a Zso-linear combination of

~

§25 Eay -y Eo(lm/2)+ 1 /2] /2))
But &y =0in T forall 1 <i < [m/2|+ |n1/2]+...4|ni/2]. So the assertion follows. [J

Remark 6.21. We see from Lemma 6.19 and the proof of Proposition 6.20 that a slightly
stronger claim holds: For all 1 < j <n, the element &; is a ®;:1 Zo [ (()P)7 59), . ,31(11;) _

linear combination of the generators of I displayed above. We may even restrict to those

generators & € I for which i < j.
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Chapter 7

Witt Rings of Extraordinary Flag

Varieties

Let G be a compact connected simple Lie group of one of the extraordinary types Ga, Fy,
Es, E7, Eg and H C G be a centraliser of a torus in G. To compute the Witt ring of G/H,
we can, of course, use the same approach as outlined in Chapter 4. The advantage is that
while we had to consider infinite families of spaces for the ordinary types, we only have
finitely many flag varieties G/H derived from G of extraordinary type. However, there is a
different difficulty involved: The extraordinary groups themselves are more complicated to
define and so are their fundamental representations, which are cumbersome to work with.
Furthermore, it is not obvious how the H lie in G (see [Yok]), and all this makes it more
complicated to compute the restriction R(G) — R(H) than for the ordinary types, which
is essential for our computation of W*(G/H).

To overcome this difficulty, we will explain a different approach to compute the restriction
map R(G) — R(H), or at least the map h*(R(G)) — h*(R(H)), that does not make use
of explicit constructions of the fundamental representations of G or of an explicit inclusion
of the subgroups H in G. The idea is, of course, to extract the required information just
from the root systems, which capture enough information about the representations of G
and H. We will see that for the extraordinary Lie groups, this root system approach is
much easier to handle.

We could have used this approach for the Lie groups of ordinary type as well. However,
there we had easy explicit descriptions of the fundamental representations of G available
and it was not hard to compute the restrictions R(G) — R(H). So it would not have given
us an advantage.

This chapter is organised as follows: In the first section, some notation is fixed and the
general approach is explained. We recall basic definitions and facts about roots associated
with a Lie group, its Weyl group and weights. We then explain the relationship between
the root system of G and its representations. Finally, we consider centralisers of tori in

G, whose root systems are contained in the root system of G. We shall identify their
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representation rings and see how to compute the duality operation on them from the root
system in order to be able to compute their Tate cohomology. It will be clear that from
this viewpoint, it is easy to compute the restriction R(G) — R(H), in the sense that it
can easily be implemented on a computer.

In the second section, all this is applied to compute the Witt ring of almost full flag
varieties. We then derive the Witt ring of Go/H for all centralisers of a torus H. We will
see that this follows more or less effortlessly from the considerations in the first section.

Finally, we compute W*(G/H) for every centraliser of a torus H in Fy. Here the root
system is handled by a computer to make the computations.

We have not included computations for Eg, E7 and Eg. The approach outlined should
be just as successful for these. However, the Weyl groups are much bigger than for G5 and
Fy, making it computationally more difficult to determine the restrictions R(G) — R(H).
We feel that with enough computing power and a clever and efficient implementation in a
computer program, this should be feasible though.

Section 1 contains mostly standard theory as can be found in any book on representation
theory of compact Lie groups. We refer to [BD85] and [Ada69] as general references. The
description of the representation ring of parabolic subgroups and the duality on them can
be found in [Zib14]. We have just adapted the results to our context. As far as we are

aware, the computation of the Witt rings for G of type G2 and F are new.

7.1 A root system approach

Basic notation and facts

Let G be a compact connected Lie group and T' C G be a maximal torus. We denote by
LG and LT the tangent spaces of G and T respectively at the identity element.
The conjugation action of G on itself induces a homomorphism G — Aut(G) and hence
a homomorphism
Ad: G — Aut(LG),

the adjoint representation.

The roots of G are the non-zero weights of Ad|r. We denote them by +6,,...,460,, €
LT*. The Weyl group of G is given by W = Ng(T)/T. 1t is always a finite group. W acts
on LT and we can choose a W-invariant inner product (-,-) on LT. Throughout, we thus
identify LT with its dual LT™* via the isomorphism

LT - LT*, v+ (v,-) (7.1)

We summarise the important facts about the action of W on LT™*. For any choice of
€; = =1 for 1 <7 < m, we call

{veLT|ebi(v)>0forall<i<m}
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a Weyl chamber, provided that it is non-empty. We suppose that the signs of the roots are
arranged so that the chamber corresponding to ¢; = 1 for 1 < ¢ < m is non-empty. We
define the corresponding Weyl chamber to be the fundamental Weyl chamber, denoted by
FWC. The roots 61, ...,0,, are then the positive roots. Suppose we have ordered them so
that 60y, ...,0, are the simple roots, i.e. those that are not the sum of two positive roots.
The fundamental dual Weyl chamber is the subset of LT™* corresponding to FWC under

the isomorphism (7.1), i.e.

FDWC ={a € LT" | (a,6;) >0 forall 1 <i <r}

We denote by FWC and FDWC the closure of the fundamental and fundamental dual
Weyl chamber respectively. One can show that W sends roots to roots. It acts simply
transitively on the set of Weyl chambers. W can be identified with the group generated by
reflections LT* — LT™* in planes orthogonal to the simple roots 6; (1 <i <r).

Moreover, let I = exp~!(1) C LT be the integral lattice, where exp: LT — T is the
exponential map. We define the lattice of weights to be

I"={aeLT" |a(v)eZforallvel} C LT*

One can see that every root is a weight. Furthermore, W sends weights to weights, so one
can restrict the action of W to I*.

We introduce a partial order on I*. If wy,ws € I'*, we write wy < wo if wq lies in the
convex hull in LT™ of the orbit of wy under W. It is clear that for any given w € I*, there
are only finitely many w’ € I'* such that w’ < w. Adams [Ada69, Prop. 6.25] shows: If
wi,wz € I*NFDWC, then wy < ws if and only if wy(v) < wa(v) for all v € FWC.

Root system and representations

The following results explain the connection between the action of W on I* and the

representation ring of G:

Theorem 7.1. The inclusion T — G induces an isomorphism

where R(T)W is the subring of R(T) of elements invariant under the action of W.
Proof. See [Ada69, Thm. 6.20]. O

If w € I*, we denote by Ww the orbit of w under the action of W and define the

elementary symmetric sum of w by

Sww) = Y ™ eRT)W
TeWw
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Lemma 7.2. If wi,ws € I*, then Sy (w1)Sw(w2) = Sw (w1 + wa) + lower terms

Proof. See [Ada69, Prop. 6.36]. O

Theorem 7.3. There is a bijective correspondence between FDWCN I* and irreducible
complex representations of G in which w € FDWCN I* corresponds to an irreducible

representation x such that
X|r = Sw(w) + lower terms

Proof. See [Ada69, Thm. 6.33]. O

If G is simply connected, it turns out we can say more about the structure of FDWCNI*
and thus, by the above, about R(G).

Theorem 7.4. Suppose G is simply connected. Then there are weights wi,...,w, called

fundamental weights determined by the conditions that

2<wi70j> .
————== =Y foralll1 <j<r
(0.0, 7

The map
,
Ny = FDWC, (ni,...,n,) — Zniwi
i=1

is then a bijection and we have an isomorphism
Z[plv s 7P7‘] - R(T)W = R(G)’ Pi SW(WZ)

Proof. See [Ada69, Thm. 6.41]. O

Remark 7.5. In the above isomorphism of representation rings, we could as well map p;
to the irreducible representation with highest weight w; and also obtain an isomorphism.
This is what Adams actually does in [Ada69, Thm. 6.41]. However, when computing the
restriction map R(G) — R(H) in what follows, it will be more convenient to restrict the

symmetric sums. These are, of course, generally only virtual representations of G.

We now want to describe the duality operation x on R(G) in terms of the weights in
FDWC N I'*. Note that for any weight w € I'*, we have

S (w)* = Sy (—w)

So let wg be the unique element in W which takes FDWC to —FDWC. This is usually
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referred to as the longest element of the Weyl group'. Then

Sw(w)* = Sw(—wo.w)

where now —wg.w € FDWC if w € FDWC. So we define an involution on the weight lattice
by
o: FDWCNI*— FDWCNI*, wr w’®:=—wyw

Then under the correspondence of Theorem 7.3, dual irreducible representations correspond
to o-dual weights. In particular, the self-dual irreducible representations correspond to
fixed points of the above involution on FDWC N I'*. This often lets us easily determine the

Tate cohomology of R(G), for example in the following favourable situation:

Lemma 7.6. Let L C FDWCN I* be the subset of fired points of the involution o. Note
that L is closed under addition. If L is a free commutative monoid with fundamental system
Vi,...,v € L, then

Q: Zg[al, ... ,al] — h+(R(G)), oy [Sw(vl)]

18 an isomorphism of rings.

Proof. We know from Theorem 7.1 that h*(R(G)) has a Zy-basis given by ([Sw (w)]),ep.-
For any w € L, we may replace [Sw(w)] by [Sw(w)] + > cq [Sw(w')] where Q C L is
finite and W’ < w for all W’ € Q and still have a Zs-basis for h™ (R(G)).

Now Zs[aq, . .., o] has the monomials (o/f1 . alnl) as Zo-basis and

ni,...,n €No

o (o' o) =p(an)™ .. op(ay)™ = [Sw ()™ ... Sw ()™

= [SW(TL1V1 + ...+ anl)] + Z [Sw(w/)]
w'eN

where Q C L is finite and ' < nivy+...+nv; for all W’ € Q. Since L is a free commutative
monoid with fundamental system v, ..., v;, we deduce from all this that ¢ maps a basis of
Zslaq, ..., o) bijectively to a basis of ht(R(G)). Hence ¢ is an isomorphism.

O

Let us consider the case that G is simply connected. The fundamental weights are
precisely the indecomposable elements in FDWC N I*. Note that the involution on
the weights in FDWC maps indecomposable elements to indecomposable elements, so

that it maps the set of fundamental weights to itself. This implies that the fundamental

We have said that W is generated by reflections in the planes orthogonal to the simple roots. For
w € W, we can define [(w) € Ny to be the minimal length of a word that writes w as a product of reflections
in the planes orthogonal to the simple roots. This defines a length function [: W — Ny. One can show that
I(w) equals the number of positive roots that are mapped to negative roots by w [Hil82, Thm. (3.4)]. From
this it is clear that there is a unique element of maximal length, namely the wo € W which sends FDWC
to —FDWC.
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representations of G consist of self-conjugate representations and pairs of mutually conjugate

representations.

Centralisers of tori

From now, we assume that G is a compact simply connected Lie group with fundamental
weights wy,, . . ., wy, corresponding to the simple roots 6y, ...,0, of G. Let ¥ = {61,...,0,}.

We have seen in Proposition 1.8 that up to conjugation, any centraliser of a torus can
be obtained from a choice of subset of the simple roots. So let © C X be such a subset and
Hg C G be the corresponding centraliser of a torus. By Remark 1.10, the root system of
Hg is the subsystem of the root system of G generated by O, and the Weyl group Wg of

Hg is generated by reflections LT* — LT™ in the planes orthogonal to the simple roots in
0.

Proposition 7.7 ([Zibl4, Cor. 3.5]). We have an isomorphism of rings

Zlwg, x5 |0 € ©,8€ %\ 6] = R(T)"® = R(Ho)

sending wy to Swe(wg) and xg to Swe(wg) = €>™5.

Given the representation ring of Hg as above, it is then sufficient to understand the
action of the longest element of Wg on I* in order to determine the duality on R(Hg). So

let wq be the longest element in Wg. For w € I'*, we write w® := —wg.w. We have:

Proposition 7.8 ([Zib14, Cor. 3.13]). For every 0 € ©, there are m% € Z such that

wy = wye + Z mgwg
BEX\O

Furthermore, for every € ¥\ O, we have w% = —wg, and under the isomorphism of

Proposition 7.7, the duality on R(Hg) corresponds to the duality % given by
mG
wy = wege - H xﬁﬂ for all 8 € ©
xgzwgl foralle¥ -0

Now that we can determine R(Hg) and the duality on it just via the root system, we
can in principle compute the Tate cohomology of K°(G/Hg) and thus the Witt ring of

G/Hg: Consider the commutative square

R +=— R(G)

! !

R(T)We +—=— R(He)
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where the horizontal isomorphisms are induced by the inclusion of the maximal torus.
Since Sw (wg,) for 1 < i < r are polynomial generators of R(T)" by Theorem 7.4, we
deduce from Hodgkin’s theorem 4.3 that

R(T)"e
(Sw(WQi) — S; | 1 S 7 S T’)

K°(G/Hg) = (7.2)
where s; := |Wuwy,|, the size of the W-orbit of wy,. Note here that for any w € I*, the
symmetric sum Sy (w) € R(T)W is also an element in the subring R(T)"e c R(T)". The

Tate cohomology of this quotient ring is now computable: We have, for every 1 <i < r,

Sw (we,) = > Swe (W)

wEWwy, "(FDWCe

and we are able to determine R(7)"e and the duality on it from Propositions 7.7 and 7.8.
Then we can, in principle, use the results of section 2.2 to compute the Tate cohomology
of KY%(G/Hg).

7.2 Almost full flag varieties and G5

We illustrate our approach by computing the Witt ring of almost full flag varieties. This
then yields the Witt rings of all the flag varieties that are quotients of the exceptional Lie
group Ga.

An almost full flag variety is a homogeneous space G/H where G is a compact simply
connected Lie group and H is a subgroup obtained via the map ¢ in Proposition 1.8 from

a one-element subset of the simple roots of G.

Theorem 7.9. Let G be a compact simply connected Lie group with Weyl group W and X
be the set of simple roots of G. We denote by bc, bg and by the number of fundamental
representations of G of complezx, real and quaternionic type, respectively. Let © = {0} C X
and Hg be the subgroup of G obtained from © wvia the map .

There is a fundamental weight w of G such that W.(w+w®)NR-6 # (. Up to the duality
o (which here denotes the duality induced by the longest element in W), this fundamental
weight is unique.

The Witt ring of G/Hg 1is an exterior algebra with by — € generators of degree 1 and
%C + bg — €' generators of degree 3, where (e,€') = (1,0) if w = w° and the fundamental

representation with highest weight w is of quaternionic type, and (e,€') = (0,1) otherwise.

Proof. Let Wg be the Weyl group of Hg. By Remark 1.10, the root system of Hg only
consists of the roots £60. Thus Wg is the group of order 2, generated by the reflection in

the plane orthogonal to # € LT*. By Lemma 7.6, we have an isomorphism

Zsla] = W (R(He)), a v [Swe (8)] = [ + 727
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where 0 := s - 0 with s := min {z € R* | z-0 € I*}. Let

e w; and wy for 1 < ¢ < %C be the highest weights of the complex fundamental

representations of G,

e u; for 1 < i < bg be the highest weights of the fundamental representations of real
type of G,

e 1; for 1 < ¢ < by be the highest weights of the fundamental representations of

quaternionic type of G.

Using (7.2) and Lemma 2.7, we deduce

h*(K°(G/He)) = h* <%>

where the ideals I, I, and I, are defined as

I = (Sl + ) — (Sl + ) [ 1 <7< )

\V)

(Sw (1s) — tk(Sw () | 1 < i < bg)

IH
IV (Sw(%) - I‘k(Sw(I/i)) | 1 < ) < bH)

Suppose that for all 4, j, k, we have
W (wi +wf)NZO =W N2 = W, NZO =
Then for all 4, j, k, we have that in h*(R(Heg)),
[Sw (wi + wy) — rk(Sw (wi +wi)] = [Sw ;) — rk(Sw ()] = [Sw(ve) — rk(Sw (v))] = 0

So from Proposition 4.7, we deduce that h*(K°(G/Hg)) is the tensor product of h*(R(Heg))
with an exterior algebra. But then h*(K°(G/Hg)) is an infinite-dimensional Zs-vector
space. This is a contradiction since h*(K°(G/Hg)) = W*(G/Hg) is finite-dimensional.

Hence there must be ¢ € N such that ¢ - 6 is in the Weyl orbit of one of w; +wy, ;, V.
Since the w; 4+ w7, pj, vy are linearly independent and have pairwise disjoint Weyl orbits,
there is a unique such among the w; + wy, 1, V.

So suppose there is w € W such that w.(w; +w?) = ¢- 6 for some ¢ > 0 (the other cases
are completely analogous). Then 1 (w; +wf) = w.0. So 1 (w; +wy) is a weight. But since
w; and w; are part of a fundamental system of the weight lattice, we must have ¢ = 1.
Thus we deduce that in h*(R(Hg)), we have

(Sw (wi + )] = [Swo (9)]

As [SW(_) <0)} generates h*(R(Hg)) as a polynomial ring, it follows from Proposition 4.7
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that the Tate cohomology of K°(G/Hg) is as claimed. The Witt grading follows from
Lemma 4.9. We have that e = 0 and ¢ = 1 if § is in the Weyl orbit of one of the w; + w;
or pj, and e =1 and ¢ =0 if 6 is in the Weyl orbit of one of the vy. O

We want to apply the above theorem to G3. The Dynkin diagram of G is given by

=0

So the only flag varieties G2/ H are the full flag variety, two almost full flag varieties and
the singleton. All fundamental representations of G are of real type [Yok67, §6]. Thus
Theorem 7.9 together with the computation of the Witt ring of full flag varieties [Zib15,
Thm. 3.3] immediately implies:

Theorem 7.10. Let Y be the set of simple roots of Ga, let © C ¥ and Hg be the centraliser
of a torus in Gy corresponding to ©. Then W*(Ga/Heg) is an exterior algebra on 2 — |O)|

generators, with each generator of degree 3.

7.3 Flag varieties of type F}

Details on the root system of F4 can be found in [Bou02, Plate VIII]. Since the root system
of F, is much more complicated than for G2 and in particular the Weyl group is much
bigger, it is more convenient to make some of the computations using a computer algebra
system. So we make use of the WeylGroups package? in Macaulay2 of Calmes and Petrov.
We have included our Macaulay2 program that obtained the data provided in this section
in Appendix B.

The Dynkin diagram of Fy is given by

O—C—0—->0

We denote by 64, 65,0s,04 a choice of simple roots corresponding to the nodes in the
Dynkin diagram from left to right. This is the same numbering as in [Bou02, Plate VIII].
Let ¥ = {61,609, 603,04} and denote by w; the fundamental weight corresponding to 6; for
1 <4 < 4. The fundamental weights constitute a Z-basis of the weight lattice I*. They are
self-dual under the duality induced by the longest element of the Weyl group of Fy since
the only automorphism of the Dynkin diagram of F} is the identity.

Let © C X. We are first interested in computing the Tate cohomology of R(Hg) using
the results of section 7.1. We used Macaulay2 (cf. Appendix B) to compute the duality

o: I =T, w+— —we.w

where wg € Wg is the longest element in Wg. The duals of the fundamental weights w;
are given in Table 7.1, and they determine the duality on I* since it is spanned by the

2The documentation can be found at http://www2.macaulay2.com/Macaulay2/doc/Macaulay2-1.11/
share/doc/Macaulay2/WeylGroups/html/
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G t
S wy ws w3 wy il | Le free?
{1,2,3,4} w1 wo w3 Wy W1,Ww2,W3,W4 yes
w1 —w4g
{1, 2, 3} w1 — 2wy wy — 4wy w3 — 3wy —wq w2 —2wy yes
2w3—3w4q
w1 two—2ws
{1,2,4} | w2 —2ws w1 — 2ws —ws3 Wy —wg | g yes
2 —
{1,3,4} W1 — Wy —wo w4 — wo W3 — w2 | it yes
2&)2—30)1
2wgq—w1
{2,3,4} —w1 w9 — 3wy w3 — 2w1 We— Wi | o re no
w3—w1
{1,2} wy — 2ws w1 — 2ws —ws —wy w1tws—2ws3 yes
2w —w
{1,3} w1 — w —wy w3 —wy—wy | —wa | 9T yes
2w1 —w2
{1,4} w1 — wo —wa —ws3 wWq — w3 et yes
w2 —W1—Ww.
{2,3} —w1 wy — 2wy — 2wy | wg — w1 — 2wy —wy P W yes
2wo —w1 —2w:s
{2,4} —w wo — wy — 2ws —ws3 wWq — w3 s yes
{3, 4} —w1 —Ww9 Wq — W9 w3 — W w3tws—w2 yes
{1} Wi — Woy —wo —ws —wy 2w1 —w2 yes
{2} —Ww1 Wy — w1 — 2wW3 —ws3 —Wy 2wz —w1 —2w3 yes
{3} —wi —wa W3 — Wy — Wy —wa 2w3 —wa—w4 yes
{4} —w1 —W9 —w3 Wqg — W3 2wq—ws3 yes
0 —w1 —wo —ws —wy 0 yes

Table 7.1: In the first column, we indicate the choice of subset © of the simple roots by
displaying the indices of the simple roots in ©. In columns 2-5, the duals of the fundamental
weights under the duality induced by the longest element in Wg are given. In column
6, we use the duals described in the previous columns to give generators of Lg, and in
column 7 we determine whether Lg is a free commutative monoid.
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fundamental weights. Given these values of w7, it is easy to determine generators for the
abelian monoid

Lo = {w € FDWCp | w° = w}

Such generators are also given in table 7.1. We see that except in the case © = {05, 03,04},
Lg is actually a free commutative monoid with the given generators as a fundamental
system. Suppose for now that © # {63,03,0,}. We will deal with this exceptional case
later. Denoting by 7P, ... ,7'529) the basis elements of Lg displayed in the individual cases
in Table 7.1, Lemma 7.6 yields that

Zs [oa,...,a0e)] = BT (R(Ho)), a;i+ [Swe (77)] (7.3)

2

is an isomorphism.
Now we want to determine the Tate cohomology of K°(Fy/Hg), knowing by Hodgkin’s
theorem 4.3 that
R(He)
(Sw (wi) — rk(Sw(wi)) [ i € {1,2,3,4})
If © # {02, 03,04}, we can check from Table 7.2 (which was also obtained using Macaulay2)
that there is always a subset Mg = {ny,... ,na(e)} C {1,2,3,4} such that in h*(R(Hg)),

K°(Fy/He) =

[Sw (wn,)] = Z [Swe ()] = [Swe (7°)] forall 1 <i < a(©)
YELeNWwn,

Since the [Sw, (72)] for i = 1,...,a(O) are polynomial generators of h™(R(Hg)) by (7.3),
Proposition 4.7 immediately implies that h*(K°(Fy/Hg)) is an exterior algebra on 4 — a(©)

generators.

Now we consider the exceptional case.

Lemma 7.11. Let © = {0,,03,04}. Then h*(K°(Fy/Heo)) = \(u) with u € h~.

Proof. By Proposition 7.7, we have an isomorphism
Z [’(}2, 03,114,$i1] — R(Hop)

where v; — Sy (w;) for all i € {2,3,4} and @ — Sy, (w1) = e*™1. By Table 7.1, we have
that

wl = —wi, wy=ws—3wl, Wws=w3—2W], W;=ws—w
So by Proposition 7.8, under the above isomorphism, the duality on R(Hg) is given by

* —1

e =a7l v =wr 3 vl =wrT? v =wa!
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Hence it is easy to check that we have an isomorphism

ZZ[OQv asg, Oy, B]

e I (R(He))

where o; = [v7] if i = 2,4 and ag — [vsz ] and B+ [vovgxr™?].

Now from Table 7.2, we see that in h*(R(He)),

[Sw (w1)] = [Swe (2ws — w1)] = [Swe (2ws) - Swe (—w1)] = [Swie (wa)? - Swe (w1) '] = o

using that Sy, (w-v) = Swe (W) - Swe (V) if We.v = {v} and the fact that Tate cohomology

is 2-torsion. Similarly, we have

[Sw (w2)] = [Swe (2w2 = 3w1)] = [Swe (2w2) - Swe (—3w1)] = [Swe (w2)? - S (w1) 7*] = a2
and

[Sw (wa)] = [Sw (w3 — w1)] = [Swe (ws) - Sw (w1) '] = a3
In a similar fashion, we want to determine the element [Sy (ws3)] = [Sw, (w2 + wa — 2w1)]

in h*(R(He)). We have

St (w2 + wi — 2u1) = S (w2) Stwg (i) Swio (1) = 3 by Sy (0)
veV

where V' . FDWCg such that v < wg+ws —2w; forallv € V and b, € N. Soifv € VNLeg,
then v must be a Ny-linear combination of 2wy — w1, 2ws — 3w1, w3 — wi. By applying
Lemma 7.2 inductively, we deduce that [Sw, (v)] can be written as a polynomial over Zs
in ag, g, oy for all v € VN Lg. This shows that in h*(R(Hg)),

[SW@ (wo +wy —2w1)]| =B+ P (7.4)

where P is a polynomial in as, as, ay.

All in all, noting that g, as,ay is a regular sequence in h*(R(Hg)), we have by
Corollary 2.9 that

. ( R(He) > . Tolf]
(Sw(w;) = rk(Sw(wj)) [ 7 € {1,2,4}) ) (B+71k(5))?

and then by (7.4), we have that

[Sw (ws) = 1k(Sw (w))| = B+ 1k(B)
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) Lo NW.uw Lo N W.uwy Lo N W.ws Lo N Wy Gengrators
{1.2.3,4) fwr} ) {uwn} fwr}
{1,2,3} {ws — 2wy} {wi + 2ws — dwy} {2ws — 3wy} {wr — wy} 2{5{%
{1,2,4} | {wi4+ws—2w3} | {wi+wo+4dws —4ws} | {wi +wo + 2wy — 3ws} {2w4 — w3} Wiy~ 2
{1,3,4} {2w; — wa} {2w1 + 2w3 + 2wy — 3w} | {2w1 + w3 + wg — 2wa} {ws + wg —wa} wfﬂ;f@
20z —3uwn
{2,3,4} {2ws — w1} {2ws — 3w1} {wa + wy — 2wy} {ws —wi} o
w3 —w1
{1,2} {w1 4+ w2 — 2w3} 0 0 0 wi w23
{1,3} {2w1 — w2} {2w1 + 4wz — 3wz — 2w4} | {2w1 + 2ws — 2w2 — w4} | {2w3 — wo —wa} 2w23“’joj;fw4
(1,4} {2w1 — wa} {2w1 + 4wy —wa — 2wz} | {201 + 204 — w2 — w3} {2ws — ws} S
{2,3} {2w3 — w1 — 2wy} 1] 0 {wa — w1 —wa} | 92Tt 758,
{2,4} {2wy — w1 — 2ws3} | {2wa + 4wy — w1 — dws} | {2w2 + 2ws — w1 — Bws} {2w4 — w3} 2‘“?2;:’1;32“3
{3,4} 1] 1] 1] {ws +wg —wo} | watws—wz
{1} {2w1 — wo} 0 0 0 %ot —ws
{2} {2wy — wi — 2ws3} 0 0 0 Ysg—w1 —2ws3
{3} 0 0 0 {2w3 —wy — w4} | 2ws—wa—ws
{4} 0 0 1] {2w4 — w3} Qwi—ws
0 0 0 0 0 0

Table 7.2: The intersections of the Weyl orbits of the fundamental weights of Fy with the
lattice Lo of self-dual weights in FDWCg are described. The generators of Lg in the last
column were already described in Table 7.1.

in this Tate cohomology ring. This is a zero divisor. By Lemma 2.10, it now follows that

R(Ho) >
(Sw(wj) — rk(Sw(wj)) | 7 € {1,2,3,4})

(RO Ho) = 0
is an exterior algebra on one generator. O

Thus we see that in all cases, including the exceptional case of Lemma 7.11, the Tate
cohomology is an exterior algebra. The number of generators that arise can be described

in a concise way.

Notation. If © C X, the duality on the weight lattice induced by the longest element
in Wg induces an involution of the set © of simple roots of Hg (in other words, an
involution of the Dynkin diagram). Suppose © contains Né)l) self-conjugate simple roots
and Ng) pairs of mutually-conjugate simple roots. Then Ng) + 2Ng) = |0©|. We define
No := N + NO.
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Example 7.12. Suppose © = {61,03,60,4}. Then the root system of Hg is A1 x Ay. The
duality fixes 07 and exchanges #3 and 6,4, so Ng) = Ng) =1 and Ng = 2.

We are led to the following concise formulation of our result.

Theorem 7.13. Let © C X = {01,602,03,04}. Then W*(Fy/Hg) is an exterior algebra on
4 — Ng generators, all of which are of degree 3.

Proof. Bousfield’s lemma gives an isomorphism between the Tate cohomology and the
Witt ring. So all that remains to show is that the generators of the exterior algebra are in
W~L(Fy/Hg). But since all complex representations of F are of real type [Yok68], this

follows from Lemma 4.9. O
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Rank of Exterior Algebras

Suppose W* = A(vi,...,vp,w1,...,wy) is a Zy-graded exterior algebra over Z, with
v; € W1 for all i and wj € W3 for all j. Let uy, := dimZZWk for 0 > k > —3.
If we regarded W* as a Z-graded algebra with generators in the degrees given above,

its Hilbert polynomial would be
H(t) =1+t -1 +t73)9 e 2]t

Noting that in C, we have the identities

we deduce that if (f, g) # (0,0), then

i ( (=% H(=1) +i* - H() + (—i)* H(—z))
% (2f+9 +2-Re(i* - H(i))
% (2f+9 +2-Re ( 11— +z‘)g)>

Let ¢ := e be a primitive eighth root of unity. Then 1 4+i=+2-Cand 1 —i=+2 (!

and so we deduce

U_f = of+9—2

Re <<2k—f+g)

Concretely, we obtain the following table for (f,g) # (0,0). The first two columns contain
the values of f and g modulo 4. Throughout, we write = := f + g.
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APPENDIX A. RANK OF EXTERIOR ALGEBRAS

NCOREACH uo U1 u_y u_3
0 0 |272—2.(—4)F 972 202 1 9. (—4) T P
1 0 [2972-2.(—4)"T | 2072 — 2. (—4)"T | 227242 (—4)"T | 27242 (—4)"T
2 0 2r—2 97-2 4 (—4)" 7 9r—2 91-2 _ (_4)"7
z—3 z—3 z—3 z—3
4 — (= 4 R — 4 - — 4 4 — (= 4
3 0 2072 — (—4)' T 2072 4 (—4) T 2072 4 (—4)'T 2072 — (—4)
0 129722 (—4)" 7 | 22242 (—4)" T | 227242 (—4)" T | 222 - 2. (—4)"T"
1| 1| 202 ()T 972 202 _ (—4)*T 202
7—9 z—3 —2 z—3 z—2 z—3 z—9 z—3
2 1 2772 4 (—4) 1 2770 (—4) 1 2772 — (—4) 1 2772 — (—4) 1
3 1 972 202 4 2. (—4)" T 97~2 202 _ 9. (—4)" T
0 | 2 272 202 _ (—4)*T 272 272 1 (—4)*F
x—2 z—3 T—2 =3 z—2 z—3 T—2 z=3
1 2 2072 4 (—4) 2 2772 — (—4)73 272 — (—4) 1 22724 (—4) 3
2 9 23@72 +2. (_4) 124 2;1:72 2:672 —92. (_4) TZAL 2;1272
3 2 | 20242 (—4)T | 22242 (<) T |22 -2 (—4) T | 272 -2 (—4)"T
0 | 3 | 222 (—a)"F | 222 (—a)"T | 2724 (—4) T | 2024 (—4)"T
1 3 2v—2 202 _ 9. (—4)"T 272 2772 42 (—4)°T
2 3020242 (—4) T | 202 2. (—4)" T | 272 — 2. (—4)T | 22 42 (—4) T
3 3 9z—2 _ (74)17_2 9z—2 9z —2 + (74)1042 9z —2
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Appendix B

Macaulay2 Program

We include the Macaulay2 program that we used to obtain Tables 7.1 and 7.2.

loadPackage "WeylGroups";

R=rootSystemF4;

fundweights={weight(R,{1,0,0,03}) ,weight(R,{0,1,0,0}),
weight (R,{0,0,1,0}),weight(R,{0,0,0,1}1)};

wl=longestWeylGroupElement (R); a=coxeterLength(wl);

L={}; for i from O to a do L=L|listWeylGroupElements(R,1i);

#L

S={4}; P=parabolic(R,set(S)); wO=longestWeylGroupElement (R,P);
M=matrix{{},{},{},{}};

for s in S do (M=M|matrix(-wOxfundweights_(s-1)));

M

X={};
for fw in fundweights do (X=append(X,unique(delete(null,apply(L,

i->if isMinimalRepresentative(P,i) and -wOxixfw==i*fw then (i*fw))))));
X

It basically executes the following steps: After loading the root system of Fy, all the
elements in the Weyl group of Fj are saved in a list L. Then we require a subset S of
the simple roots numbered as 1,2,3,4 as input and load the root system of the parabolic
subgroup corresponding to S. The longest element w0 of the Weyl group of the parabolic
subgroup is computed and then the o-duals of the fundamental weights of Fj are output in
a matrix M. This yields the first five columns of Table 7.1. Finally, by going through all
the elements of the Weyl group of Fj, saved in L, the self-dual weights in the Weyl orbits
of the fundamental weights are determined and saved in a list X. This yields Table 7.2.
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