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❍❡❛(❡0 ❜❡❛♠✳ ❇② ❛ ❉0✐✈❡0✲♦♥❧② ✐♥(❡0❛❝(✐♦♥ ✇✐(❤ (❤❡ (❛0❣❡(✱ ♥♦ ✐♦♥' ✇❡0❡ ❞❡(❡❝(❡❞✳
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❞✉&❝❤❣❡❢F❤&)✳ ❉✐❡ ▼9❣❧✐❝❤❦❡✐) ❞❡& ❩✇❡✐✲❙)&❛❤❧✲❑♦♥✜❣✉&❛)✐♦♥ ❡&❧❛✉❜) ❞✐❡ ■♥)❡&❛❦)✐♦♥

③✇❡✐❡& ❤♦❝❤ ✐♥)❡♥%✐✈❡& ✭❜✐% ③✉ ∼ 1020❲✴❝♠

2
✮✱ ✉❧)&❛❦✉&③❡& ✭∼ 30 ❢%✮ ▲❛%❡&♣✉❧%❡ ♠✐)

❡✐♥❡♠ ❚❛&❣❡)✳ ❊✐♥ ❞&✐))❡& ▲❛%❡&%)&❛❤❧ ♠✐) ♥✐❡❞&✐❣❡& ■♥)❡♥%✐)E) ❦❛♥♥ ③✉ ❉✐❛❣♥♦%❡③✇❡❝❦❡♥

✈❡&✇❡♥❞❡) ✇❡&❞❡♥✳

❉✐❡ ■♦♥❡♥❜❡%❝❤❧❡✉♥✐❣✉♥❣ ✇✉&❞❡ ✐♥ ③✇❡✐ ✈❡&%❝❤✐❡❞❡♥❡♥ ❱❡&%✉❝❤%❛✉❢❜❛✉)❡♥ ✉♥)❡&%✉❝❤)✳

■♥ ❜❡✐❞❡♥ ❆♥♦&❞♥✉♥❣❡♥ ✇✉&❞❡♥ ❲❛%%❡&%)♦✛✲ ♦❞❡& ❍❡❧✐✉♠✐♦♥❡♥ ❞✉&❝❤ ❡✐♥❡ ❊✐♥③❡❧✲ ♦❞❡&

❉♦♣♣❡❧%)&❛❤❧✲❲❡❝❤%❡❧✇✐&❦✉♥❣ ♠✐) ❡✐♥❡♠ 1♠♠●❛%)❛&❣❡) ✭0.01n
❝

−0.228n
❝

✮ ❛✉❢ ✹✵✵ ❦❡❱

❊♥❡&❣✐❡ ❜❡%❝❤❧❡✉♥✐❣)✳ ❩✇❡✐ ❚❤♦♠%♦♥✲U❛&❛❜❡❧%♣❡❦)&♦♠❡)❡&✱ ❞✐❡ ❍❛✉♣)❞✐❛❣♥♦%)✐❦❡♥✱ ❞❡✲

)❡❦)✐❡&)❡♥ ❞✐❡ ■♦♥❡♥ ✉♥❞ ✐❤&❡ ❊♥❡&❣✐❡✈❡&)❡✐❧✉♥❣ ✇✉&❞❡ ❛✉❢❣❡❧9%)✳ ❩✉%E)③❧✐❝❤ ✇✉&❞❡♥ ❜❡✲

%❝❤❧❡✉♥✐❣)❡ ❊❧❡❦)&♦♥❡♥ F❜❡& ❡✐♥ ✇❡✐)❡&❡% ♠❛❣♥❡)✐%❝❤❡% ❙♣❡❦)&♦♠❡)❡& ❞❡)❡❦)✐❡&)✳ ❆✉V❡&✲

❞❡♠ ✇✉&❞❡♥ ❞✐❡ ▲❛%❡&✐♥)❡&❛❦)✐♦♥❡♥ ❞✉&❝❤ ❡✐♥❡ ♦♣)✐%❝❤❡ ♦&)%✲ ✉♥❞ ③❡✐)❛✉❢❣❡❧9%)❡ ❉✐❛❣♥♦✲

%)✐❦ ✉♥)❡&%✉❝❤) ✉♥❞ ❡❧❡❦)&♦♠❛❣♥❡)✐%❝❤❡ ❋❡❧❞❡& ✐♠ U❧❛%♠❛ ✇✉&❞❡♥ ♠✐))❡❧% ❡✐♥❡% ❉✐❛❣♥♦✲

%)✐❦%)&❛❤❧% ❜❡%)❡❤❡♥❞ ❛✉% ❣❡❧❛❞❡♥❡♥ ❚❡✐❧❝❤❡♥ ✐❞❡♥)✐✜③✐❡&)✳ ❱❡&%❝❤✐❡❞❡♥❡ ■♦♥❡♥❜❡%❝❤❧❡✉✲

♥✐❣✉♥❣%♠❡❝❤❛♥✐%♠❡♥ ✇✉&❞❡♥ ❡♥)❞❡❝❦) ✉♥❞ ♥❡✉❛&)✐❣❡ ♠♦♥♦❡♥❡&❣❡)✐%❝❤❡ ▼❡&❦♠❛❧❡ ✐♥

❞❡♥ ■♦♥❡♥%♣❡❦)&❡♥ ✉♥❞ X❜❡&❣E♥❣❡ ③✇✐%❝❤❡♥ ❞❡♥ ✈❡&%❝❤✐❡❞❡♥❡♥ ❇❡%❝❤❧❡✉♥✐❣✉♥❣%%②%)❡✲

♠❡♥ ❜❡♦❜❛❝❤)❡)✳

❩✉♥E❝❤%) ✇✉&❞❡♥ ■♦♥❡♥ ❡&❢♦❧❣&❡✐❝❤ ❞✉&❝❤ ❈♦✉❧♦♠❜✲❊①♣❧♦%✐♦♥ ✭❈❊✮ ✇E❤&❡♥❞ ❡✐♥❡& ❊✐♥③❡❧✲

▲❛%❡&%)&❛❤❧ ❲❡❝❤%❡❧✇✐&❦✉♥❣ ❞❡% ❍❡✐③❧❛%❡&% ✭2.4 · 1019❲✴❝♠

2
✱ ❢✴✶✵ ♦✛✲❛①✐% ♣❛&❛❜♦❧❛

✭❖❆U✮✮ ♠✐) ❞❡♠ ●❛%)&❛❣❡) ✐♥ ◗✉❡&&✐❝❤)✉♥❣ ❞❡& ▲❛%❡&❛❝❤%❡ ❜❡%❝❤❧❡✉♥✐❣) ❜✐% ③✉ ❡✐♥❡&

❉✐❝❤)❡ ✈♦♥ 0.12n
❝

✳ ❉✐❡ ■♥)❡&♣&❡)❛)✐♦♥ ❜❛%✐❡&) ❛✉❢ ❞❡♥ ❡①♣❡&✐♠❡♥)❡❧❧❡♥ ❇❡♦❜❛❝❤)✉♥❣❡♥

❡✐♥%❝❤❧✐❡V❧✐❝❤ ③✉%E)③❧✐❝❤❡& ❉✐❛❣♥♦%)✐❦❡♥ ✉♥❞ ♥✉♠❡&✐%❝❤❡& ❙✐♠✉❧❛)✐♦♥❡♥✳ ❉✐❡ ❙❝❤❧✉%%❢♦❧❣❡✲

&✉♥❣❡♥ F❜❡& ❞❡♥ ❇❡%❝❤❧❡✉♥✐❣✉♥❣%♠❡❝❤❛♥✐%♠✉% ✇❡&❞❡♥ ❞✉&❝❤ ❛♥❛❧②)✐%❝❤❡ ❇❡&❡❝❤♥✉♥❣❡♥

❣❡%)F)③)✳

❉✉&❝❤ ❍✐♥③✉❢F❣❡♥ ❡✐♥❡% ③✇❡✐)❡♥ ❙)&❛❤❧%✱ ❞❡% ❚&❡✐❜❡&% ✭1·1020❲✴❝♠

2
✱ ❢✴✷ ❖❆U✮✱ ✐♥ %❡♥❦✲

&❡❝❤)❡& ❘✐❝❤)✉♥❣ ❞❡& ❍❡✐③❧❛%❡&❛❝❤%❡✱ ✇✉&❞❡ ❞✐❡ ❇❡%❝❤❧❡✉♥✐❣✉♥❣ ❞❡& ■♦♥❡♥ ❜✐% ③✉ ❤♦❤❡♥

❚❛&❣❡)❞✐❝❤)❡♥ ✭F❜❡& 0.12n
❝

✮ ✈❡&❧E♥❣❡&)✳ ❉✐❡ ❇❡%❝❤❧❡✉♥✐❣✉♥❣ ❜❛%✐❡&) ❛✉❢ ❡✐♥❡♠ ❚◆❙❆✲

❛&)✐❣❡♥ ▼❡❝❤❛♥✐%♠✉% ❞❡% ❚&❡✐❜❡&%✱ ❞❡& ♠✐) ❡✐♥❡♠ ❞✉&❝❤ ❞❡♥ ❍❡✐③%)&❛❤❧ ✈♦&❣❡❢♦&♠)❡♥

U❧❛%♠❛ ✇❡❝❤%❡❧✇✐&❦)✳ ❉✉&❝❤ ❡✐♥❡ &❡✐♥❡ ❚&❡✐❜❡&✲■♥)❡&❛❦)✐♦♥ ♠✐) ❞❡♠ ❚❛&❣❡) ✇✉&❞❡♥ ❦❡✐✲

♥❡ ■♦♥❡♥ ❞❡)❡❦)✐❡&)✳ ❉✐❡ ■♦♥❡♥ ✇✉&❞❡♥ ❥❡❞♦❝❤ ❡&❢♦❧❣&❡✐❝❤ ❞✉&❝❤ ❞✐❡ ❉♦♣♣❡❧❧❛%❡&%)&❛❤❧✲

❲❡❝❤%❡❧✇✐&❦✉♥❣ ✐♥ ▲E♥❣%&✐❝❤)✉♥❣ ❞❡& ❚&❡✐❜❡&❛❝❤%❡ ❜❡%❝❤❧❡✉♥✐❣)✳ ◆✉♠❡&✐%❝❤❡ ❙✐♠✉❧❛✲

)✐♦♥❡♥ ✉♥❞ ❛♥❛❧②)✐%❝❤❡ ❇❡&❡❝❤♥✉♥❣❡♥ ✇✐❡%❡♥ ❞❡♥ ❚◆❙❆✲E❤♥❧✐❝❤❡♥ ❇❡%❝❤❧❡✉♥✐❣✉♥❣%♠❡✲

❝❤❛♥✐%♠✉% ❤✐♥✳

❙❝❤❧✐❡V❧✐❝❤ ✇✉&❞❡ ❡✐♥❡ %)❛❜✐❧❡ ♠♦♥♦❡♥❡&❣❡)✐%❝❤❡ ■♦♥❡♥a✉❡❧❧❡ ♠✐) ❤♦❤❡& ❲✐❡❞❡&❤♦❧&❛)❡

❡♥)✇✐❝❦❡❧)✳ ❉❡& ❚◆❙❆✲E❤♥❧✐❝❤❡ ❇❡%❝❤❧❡✉♥✐❣✉♥❣%♠❡❝❤❛♥✐%♠✉% ❞✉&❝❤ ❞✐❡ ❉♦♣♣❡❧%)&❛❤❧

❲❡❝❤%❡❧✇✐&❦✉♥❣ ♠✉%%)❡ ❛♥❣❡♣❛%%) ✇❡&❞❡♥✱ ✉♠ ❡✐♥ ❤♦♠♦❣❡♥❡% ✉♥❞ ❣❡&✐❝❤)❡)❡% ❡❧❡❦)&✐✲

%❝❤❡% ❋❡❧❞ ③✉ ❡&③❡✉❣❡♥✱ ✉♠ %❝❤♠❛❧❜❛♥❞✐❣❡ ■♦♥❡♥ ③✉ ❜❡%❝❤❧❡✉♥✐❣❡♥✳ ❉✐❡%❡% ❘❡❣✐♠❡ ✇✉&❞❡

❞✉&❝❤ ❡✐♥❡ ❱❡&&✐♥❣❡&✉♥❣ ❞❡& ■♥)❡♥%✐)E) ❞❡% ❍❡✐③%)&❛❤❧% ❡&&❡✐❝❤) ✭6.6 · 1017❲✴❝♠
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✱ ❢✴✷✺



❖❆"✮✳ ❊✐♥ (♣❡③✐❡❧❧ ✈♦/❣❡❢♦/♠3❡( ❚❛/❣❡3 ✇✉/❞❡ ❡♥3✇✐❝❦❡❧3 ✉♥❞ ♠✐33❡❧( ❜❡(3✐♠♠3❡/ ▲❛(❡/✲

✉♥❞ ❚❛/❣❡3(♣❡③✐✜❦❛3✐♦♥❡♥ ✇✉/❞❡♥ ♠♦♥♦❡♥❡/❣❡3✐(❝❤❡ ■♦♥❡♥♠❡/❦♠❛❧❡ ❞❡3❡❦3✐❡/3✳ ❉✉/❝❤

❦❧❡✐♥❡ ➘♥❞❡/✉♥❣❡♥ ❞❡/ ❡①♣❡/✐♠❡♥3❡❧❧❡♥ "❛/❛♠❡3❡/ ✇✉/❞❡♥ ❇/❡✐3❜❛♥❞✲❊♥❡/❣✐❡(♣❡❦3/❡♥

❜❡♦❜❛❝❤3❡3✳



❈♦♥#❡♥#%

✶ ■♥#$♦❞✉❝#✐♦♥ ✶

✷ ❚❤❡♦$❡#✐❝❛❧ ❜❛1✐❝1 ♦❢ ❧❛1❡$ ♣❧❛1♠❛ ✐♥#❡$❛❝#✐♦♥1 ✼

✷✳✶ ■♦♥✐'❛)✐♦♥ ♣+♦❝❡''❡' ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼

✷✳✶✳✶ ▼✉❧)✐✲♣❤♦)♦♥ ✐♦♥✐'❛)✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽

✷✳✶✳✷ ❚✉♥♥❡❧ ✐♦♥✐'❛)✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵

✷✳✷ ❙✐♥❣❧❡ ❝❤❛+❣❡❞ ♣❛+)✐❝❧❡ ♠♦)✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷

✷✳✷✳✶ ;❛+)✐❝❧❡ ♠♦)✐♦♥ ✐♥ ❡❧❡❝)+♦♠❛❣♥❡)✐❝ ✇❛✈❡' ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷

✷✳✷✳✷ ;♦♥❞❡+♦♠♦)✐✈❡ ❋♦+❝❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✹

✷✳✸ ▲❛'❡+ ♣❧❛'♠❛ ✐♥)❡+❛❝)✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✻

✷✳✸✳✶ ❈❤❛+❛❝)❡+✐')✐❝' ♦❢ ❧❛'❡+ ♣❧❛'♠❛' ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✼
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✻✳✹ ❘❡@✉❧&@ ♦❢ &❤❡ ❝♦♠♣❧❡♠❡♥&❛+② ❞✐❛❣♥♦@&✐❝@ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✹✼

✻✳✹✳✶ ❊❧❡❝&+♦♥ ❛❝❝❡❧❡+❛&✐♦♥ ❜② &❤❡ ❉+✐✈❡+ ✐♥&❡+❛❝&✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✹✼

✻✳✹✳✷ ❖♣&✐❝❛❧ ♣+♦❜✐♥❣ ♦❢ &❤❡ ❉+✐✈❡+✲&❛+❣❡& ✐♥&❡+❛❝&✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✹✾

✻✳✺ ❙✉♠♠❛+② ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺✶

✼ ❉❡✈❡❧♦♣♠❡♥) ♦❢ ❛ ♠♦♥♦❡♥❡(❣❡)✐❝ ✐♦♥ /♦✉(❝❡ ❢(♦♠ ✉♥❞❡(❞❡♥/❡ )❛(❣❡)/ ✶✺✸

✼✳✶ ❆❝❝❡❧❡+❛&✐♦♥ ♦❢ ♠♦♥♦❡♥❡+❣❡&✐❝ ♣+♦&♦♥@ ❢+♦♠ ❍②❞+♦❣❡♥ ❣❛@ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺✺

✼✳✷ ❆❝❝❡❧❡+❛&✐♦♥ ♦❢ ❍❡❧✐✉♠ ✐♦♥@ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✻✷

✼✳✸ ❊❧❡❝&+♦♥ ❛❝❝❡❧❡+❛&✐♦♥ ❜② &❤❡ ❞♦✉❜❧❡ ❜❡❛♠ ✐♥&❡+❛❝&✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✻✽

✼✳✹ ❈♦♥❝❧✉@✐♦♥@ ❛♥❞ ❞✐@❝✉@@✐♦♥ ❛❜♦✉& &❤❡ ✐♦♥ ❛❝❝❡❧❡+❛&✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✼✵

✼✳✺ ❙✉♠♠❛+② ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✼✺

✽ ❙✉♠♠❛(② ❛♥❞ ❖✉)❧♦♦❦ ✶✼✼

❇✐❜❧✐♦❣(❛♣❤② ❳■

▲✐/) ♦❢ ❋✐❣✉(❡/ ❳❳❱■■

▲✐/) ♦❢ ❚❛❜❧❡/ ❳❳❳■

❙❝✐❡♥)✐✜❝ ♣✉❜❧✐❝❛)✐♦♥/ ❳❳❳■■■
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❲✐"❤✐♥ "❤❡ ❧❛(" "✇♦ ❞❡❝❛❞❡( "❤❡ ❞❡✈❡❧♦♣♠❡♥" ♦❢ ✉❧"2❛✲(❤♦2"✱ ❤✐❣❤✲✐♥"❡♥(✐"② ❧❛(❡2( ❜❡❝❛♠❡

❛ ♣2♦♠✐(✐♥❣ "♦♦❧ ❢♦2 ❝♦♠♣❛❝" ♥♦✈❡❧ ♣❛2"✐❝❧❡ ❛❝❝❡❧❡2❛"♦2( ❛♥❞ (♦✉2❝❡( ♦❢ ❤✐❣❤ ❡♥❡2❣❡"✐❝

♣❤♦"♦♥(✳ ❉✉2✐♥❣ "❤❡ ✐♥"❡2❛❝"✐♦♥ ♦❢ ❛ ❤✐❣❤✲✐♥"❡♥(✐"② ❧❛(❡2 ♣✉❧(❡ ✇✐"❤ ❛ ♣❧❛(♠❛✱ ♠✉❧"✐

▼❡❱ ♣2♦"♦♥(✱ ✐♦♥( ❬✶✱ ✷❪ ❛♥❞ ❤✐❣❤ ❡♥❡2❣② ❡❧❡❝"2♦♥ ❜❡❛♠( ✇✐"❤ ♠♦♥♦❡♥❡2❣❡"✐❝ ❢❡❛"✉2❡(

❬✸✱ ✹❪ ❝❛♥ ❜❡ (✉❝❝❡((❢✉❧❧② ❛❝❝❡❧❡2❛"❡❞✳ ■♥ ❛❞❞✐"✐♦♥✱ ❤✐❣❤ ❜2✐❧❧✐❛♥" ❣❛♠♠❛✲2❛② (♦✉2❝❡( ❬✺❪

❛2❡ 2❡❛❧✐(❡❞ ❛( ❛ ♣2♦❞✉❝" ♦❢ ❞✐✛❡2❡♥" ♣❛2"✐❝❧❡ ❛❝❝❡❧❡2❛"✐♦♥ (❝❤❡♠❡(✳

■♥ ♦2❞❡2 "♦ ❣❡" ❛ ❜❡""❡2 ✉♥❞❡2("❛♥❞✐♥❣ ♦❢ "❤❡ ✉♥❞❡2❧②✐♥❣ ♣❤②(✐❝(✱ ✐" ✐( ✐♠♣♦2"❛♥" "♦

✐♥✈❡("✐❣❛"❡ ❜♦"❤✱ ❡①♣❡2✐♠❡♥"❛❧❧② ❛♥❞ ✈✐❛ (✐♠✉❧❛"✐♦♥(✱ "❤❡ ❢✉♥❞❛♠❡♥"❛❧ ♣2♦❝❡((❡( ♦❢ "❤❡

✐♥"❡2❛❝"✐♦♥ ❛♥❞ "❤❡ ♣❧❛(♠❛ ♣2♦♣❡2"✐❡(✳ ❚❤✉(✱ "❤❡(❡ ♥♦✈❡❧ (♦✉2❝❡( ❝❛♥ ❜❡ ❢✉2"❤❡2 ✐♠♣2♦✈❡❞

❢♦2 ❢❡❛(✐❜❧❡ ❛♣♣❧✐❝❛"✐♦♥( ❡✳❣✳✱ ✐♥ ✐♥❡2"✐❛❧ ❝♦♥✜♥❡♠❡♥" ❢✉(✐♦♥ ❬✻❪✱ ❝❛♥❝❡2 "❤❡2❛♣② ❬✼❪ ♦2 ①✲2❛②

♠✐❝2♦(❝♦♣② ❬✽❪✳

❚❛2❣❡" ◆♦2♠❛❧ ❙❤❡❛"❤ ❆❝❝❡❧❡2❛"✐♦♥ ✭❚◆❙❆✮ ❬✾❪ ✐( ♦♥❡ ♦❢ "❤❡ ❜❡(" ✉♥❞❡2("♦♦❞ ♣2♦❝❡((❡(

"♦ ❛❝❝❡❧❡2❛"❡ ✐♦♥( ❢2♦♠ (♦❧✐❞ "❛2❣❡"(✳ ❆" ❧❛(❡2 ✐♥"❡♥(✐"✐❡( ❛❜♦✈❡ 1018❲✴❝♠2
❛ ♣❧❛(♠❛ ✐(

❝2❡❛"❡❞ ❛" "❤❡ ❢2♦♥" (✉2❢❛❝❡ ♦❢ ❛ "❤✐♥ (♦❧✐❞ "❛2❣❡"✳ ❖2✐❣✐♥❛"✐♥❣ ❢2♦♠ "❤✐( ♣♦✐♥"✱ 2❡❧❛"✐✈✐("✐❝

❡❧❡❝"2♦♥( ❛2❡ ❛❝❝❡❧❡2❛"❡❞ "❤2♦✉❣❤ "❤❡ "❛2❣❡" ❛♥❞ ✜♥❛❧❧② ♣✉(❤❡❞ ♦✉" ♦❢ "❤❡ (♦❧✐❞ ♠❛"❡2✐❛❧

❝❧♦(❡ "❤❡ "❛2❣❡" 2❡❛2 (✐❞❡✳ ❆ ("2♦♥❣ (❤❡❛"❤ ✜❡❧❞ ♦❝❝✉2( ❜② "❤❡ ❡❧❡❝"2♦♥ ❝❧♦✉❞✳ ▼♦2❡♦✈❡2✱

"❤✐( ❝❤❛2❣❡ (❡♣❛2❛"✐♦♥ ❜❡"✇❡❡♥ "❤❡ ♣♦(✐"✐✈❡❧② ❝❤❛2❣❡❞ "❛2❣❡" ❛♥❞ "❤❡ ❡❧❡❝"2♦♥ ❝❧♦✉❞

✐♥❞✉❝❡( ❛ ("2♦♥❣ ❧♦♥❣✐"✉❞✐♥❛❧ ❡❧❡❝"2✐❝ ✜❡❧❞✱ ✇❤✐❝❤ ❛❝❝❡❧❡2❛"❡( ✐♦♥( ❢2♦♠ "❤❡ 2❡❛2 (✐❞❡

♦❢ "❤❡ "❛2❣❡"✳ S2♦"♦♥( ❛2❡ ♣2❡❢❡2❡♥"✐❛❧❧② ❛❝❝❡❧❡2❛"❡❞ ✭❞✉❡ "♦ "❤❡✐2 ❤✐❣❤ ❝❤❛2❣❡ "♦ ♠❛((

2❛"✐♦✮ ❢2♦♠ ❛ ❤②❞2♦❝❛2❜♦♥ ❝♦♥"❛♠✐♥❛♥" ❧❛②❡2 ❞❡(♦2❜❡❞ ♦❢ "❤❡ "❛2❣❡" (✉2❢❛❝❡✳ ■♥ ❛❞❞✐"✐♦♥✱

❤❡❛✈② ✐♦♥( (✉❝❤ ❛( ❝❛2❜♦♥ ✐♦♥( ❛2❡ ❛❧(♦ ❛❝❝❡❧❡2❛"❡❞✳ ❙♣❡❝✐❛❧❧② ("2✉❝"✉2❡❞ "❛2❣❡"( ❝❛♥ ❜❡

♣♦((✐❜❧② ❛♣♣❧✐❡❞ "♦ ❛❝❤✐❡✈❡ (✐♥❣❧❡ (♣❡❝✐❡( ✐♦♥ ❛❝❝❡❧❡2❛"✐♦♥✱ ❡✳❣ ❬✶✵❪✳
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■♥ "❤✐% &❡❣❛&❞✱ ✉♥❞❡&❞❡♥%❡ ❣❛% "❛&❣❡"% ♦✛❡& ♣♦"❡♥"✐❛❧ ❛❞✈❛♥"❛❣❡% %✉❝❤ ❛% %✐♥❣❧❡ %♣❡❝✐❡%

✐♦♥%✱ ❧❡%% ❞❡❜&✐% ❛♥❞ "❤❡ ❝❛♣❛❜✐❧✐"② "♦ &✉♥ ✇✐"❤ ❛ ❤✐❣❤ &❡♣❡"✐"✐♦♥ &❛"❡✳ ❙♦ ❢❛&✱ ❑!✉#❤❡❧♥✐❝❦

❡+ ❛❧✳ ♦❜%❡&✈❡❞ ✐♦♥ ❛❝❝❡❧❡&❛"✐♦♥ ❛" 90◦ ✇✐"❤ &❡%♣❡❝" "♦ "❤❡ ❧❛%❡& ♣&♦♣❛❣❛"✐♦♥ ❛①✐% ✉♣ "♦ ❛

❢❡✇ ▼❡❱ ✉%✐♥❣ ❞✐✛❡&❡♥" ❣❛%❡% ❛" "❤❡ ❤✐❣❤✲♣♦✇❡& ❱❯▲❈❆◆ ❧❛%❡& ❛" ❘✉"❤❡&❢♦&❞ ❆♣♣❧❡"♦♥

▲❛❜♦&❛"♦&②✳ ❆ ♣❧❛%♠❛ ❝❤❛♥♥❡❧ ✐% ❣❡♥❡&❛"❡❞ ❜② "❤❡ ❤✐❣❤ ✐♥"❡♥%✐"② ❧❛%❡& ✐♥"❡&❛❝"✐♦♥ ❞✉❡

"♦ "❤❡ ♣♦♥❞❡&♦♠♦"✐✈❡ ❡①♣✉❧%✐♦♥ ♦❢ ❡❧❡❝"&♦♥% ✐♥ "❤❡ "&❛♥%✈❡&%❡ ❞✐&❡❝"✐♦♥ "♦ "❤❡ ❧❛%❡&

❛①✐%✳ ❆ ❝❤❛&❣❡ %❡♣❛&❛"✐♦♥ ✐% ✐♥❞✉❝❡❞ ❝❛✉%✐♥❣ "❤❡ ❛❝❝❡❧❡&❛"✐♦♥ ♦❢ "❤❡ ✐♦♥% ❛% ❞❡%❝&✐❜❡❞

✐♥ ❬✶✶❪✳ ❚❤✐% ♣&♦❝❡%% ✐% ❝❛❧❧❡❞ ❈♦✉❧♦♠❜ ❡①♣❧♦%✐♦♥ ❬✶✶❪✳ ❲❡✐ ❡+ ❛❧✳ ♠❡❛%✉&❡❞ ❛♥ ✐♥❝&❡❛%❡

♦❢ "❤❡ ♠❛①✐♠✉♠ ✐♦♥ ❡♥❡&❣② ✇✐"❤ ❤✐❣❤❡& ♣❧❛%♠❛ ❞❡♥%✐"✐❡% ❜② ❛❞❞✐"✐♦♥❛❧ ❝♦❧❧✐%✐♦♥❧❡%%

%❤♦❝❦ ❛❝❝❡❧❡&❛"✐♦♥ ❛" "❤❡ ❱❯▲❈❆◆ I❲ ❧❛%❡& ❢❛❝✐❧✐"② ❬✶✷❪✳ ❇② ♠❡❛♥% ♦❢ "❤❡ %❛♠❡ ❧❛%❡&

❲✐❧❧✐♥❣❛❧❡ ❡+ ❛❧✳ ✇❡&❡ ❛❜❧❡ "♦ ♠❡❛%✉&❡ "❤❡ ❛❝❝❡❧❡&❛"✐♦♥ ♦❢ ✐♦♥% ✐♥ ❧❛%❡& ♣&♦♣❛❣❛"✐♦♥

❞✐&❡❝"✐♦♥ ❛♣♣❧②✐♥❣ ❛ %♣❡❝✐✜❝ ❣❛% ❞❡♥%✐"② "❤&❡%❤♦❧❞✳ ❆ ❚◆❙❆✲❧✐❦❡ ♠❡❝❤❛♥✐%♠ ♦❝❝✉&%

✐♥ ❛❞❞✐"✐♦♥ "♦ "❤❡ ❈♦✉❧♦♠❜ ❡①♣❧♦%✐♦♥ ❢♦& ❛ ❧♦♥❣✐"✉❞✐♥❛❧ ❛❝❝❡❧❡&❛"✐♦♥ ❬✶✸❪✳ ❘❡❝❡♥"❧②✱

▲✐❢#❝❤✐+③ ❡+ ❛❧✳ ❛❝❤✐❡✈❡❞ ❛♥ ❛❝❝❡❧❡&❛"✐♦♥ ♦❢ ♥♦♥✲"❤❡&♠❛❧ ✐♦♥ ❜✉♥❝❤❡% ✐♥ 90◦ "♦ "❤❡ ❧❛%❡&

❛①✐% ❜② ♠❡❛♥% ♦❢ "❤❡ ❤✐❣❤ ✐♥"❡♥%✐"② ❙❛❧❧❡ ❏❛✉♥❡ ❧❛%❡& ❛" ▲❛❜♦&❛"♦✐&❡ ❞✬❖♣"✐R✉❡ ❆♣♣❧✐R✉S❡✳

■♥ "❤✐% ❝❛%❡ ❛ ❝♦♠❜✐♥❛"✐♦♥ ♦❢ ❚◆❙❆ ❛♥❞ ❈♦✉❧♦♠❜ ❡①♣❧♦%✐♦♥ ❤❛% ❝♦♥"&✐❜✉"❡❞ "♦ "❤❡

❛❝❝❡❧❡&❛"✐♦♥ ♣&♦❝❡%% ❬✶✹❪✳

■♥ ♦✉& &❡❝❡♥" ❡①♣❡&✐♠❡♥"% ❛" "❤❡ ❆❘❈❚❯❘❯❙ ❧❛%❡& ❢❛❝✐❧✐"② ❛" ❍❡✐♥&✐❝❤ ❍❡✐♥❡ ❯♥✐✈❡&✲

%✐"② ❉W%%❡❧❞♦&❢ ✇❡ ♦❜%❡&✈❡❞ ❛❝❝❡❧❡&❛"✐♦♥ ♦❢ ♣&♦"♦♥% ♦& ❍❡❧✐✉♠ ✐♦♥% ✉♣ "♦ ✹✵✵ ❦❡❱ ❢&♦♠

❛♥ ✉♥❞❡&❞❡♥%❡ ❣❛% "❛&❣❡"✳ ❋✐&%"✱ ✐♦♥% ✇❡&❡ ❛❝❝❡❧❡&❛"❡❞ ✐♥ "❤❡ "&❛♥%✈❡&%❡ ❞✐&❡❝"✐♦♥ ✈✐❛

❈♦✉❧♦♠❜ ❡①♣❧♦%✐♦♥ ❜② ❛ %✐♥❣❧❡ ❧❛%❡& ❜❡❛♠ ✐♥"❡&❛❝"✐♦♥✳ ❙❡❝♦♥❞✱ ✐♦♥% ✇❡&❡ ❛❝❝❡❧❡&❛"❡❞ ✐♥

"❤❡ ❧♦♥❣✐"✉❞✐♥❛❧ ❞✐&❡❝"✐♦♥ ✈✐❛ ❛ ❚◆❙❆✲❧✐❦❡ ♠❡❝❤❛♥✐%♠ ❜② ❛ ♥♦✈❡❧ ❞♦✉❜❧❡ ❜❡❛♠ ✐♥"❡&❛❝✲

"✐♦♥ %❝❤❡♠❡✳ ❋✉&"❤❡&♠♦&❡✱ ✐" "✉&♥❡❞ ♦✉"✱ "❤❛" "❤✐% ✐♥"❡&❛❝"✐♦♥ ✇❛% ❝❛♣❛❜❧❡ "♦ ❛❝❤✐❡✈❡

♠♦♥♦❡♥❡&❣❡"✐❝ ✐♦♥ ❢❡❛"✉&❡%✳ ❙❡✈❡&❛❧ ❞✐✛❡&❡♥" ❡①♣❡&✐♠❡♥"❛❧ ❝♦♥❞✐"✐♦♥%✱ %✉❝❤ ❛% ❞✐✛❡&❡♥"

❣❛%❡% ❛" ✈❛&✐♦✉% ❞❡♥%✐"✐❡%✱ ❞✐✛❡&❡♥" ❧❛%❡& ❡♥❡&❣✐❡% ❛♥❞ ✐♥"❡♥%✐"✐❡% ❛♥❞ ♥✉♠❡&♦✉% &❡❧❛"✐✈❡

"✐♠❡ ❞❡❧❛②% ❜❡"✇❡❡♥ "❤❡ ❜❡❛♠% ✇❡&❡ ✐♥✈❡%"✐❣❛"❡❞ ✐♥ ♦&❞❡& "♦ ❝♦♥"&♦❧ "❤❡ ❧❛%❡& ♣❧❛%♠❛ ✐♥✲

"❡&❛❝"✐♦♥% ✐♥ ❡❛❝❤ ❝♦♥✜❣✉&❛"✐♦♥%✳ ◆✉♠❡&✐❝❛❧ %✐♠✉❧❛"✐♦♥% ♦❢ "❤❡ ❡①♣❡&✐♠❡♥"❛❧ ❝♦♥❞✐"✐♦♥%

✐♥❞✐❝❛"❡❞ "❤❡ ❛❝❝❡❧❡&❛"✐♦♥ &❡❣✐♠❡%✱ %✉♣♣♦&"❡❞ ❜② ❛♥❛❧②"✐❝❛❧ ❝❛❧❝✉❧❛"✐♦♥%✳

❚❤❡ ❣❡♥❡&❛❧ ❡①♣❡&✐♠❡♥"❛❧ %❡"✉♣ ✐♥❝❧✉❞❡❞ "✇♦ ❤✐❣❤ ♣♦✇❡&✱ ✸✵ ❢% %❤♦&" ♣✉❧%❡ ❧❛%❡& ❜❡❛♠%✱

✇❤✐❝❤ ✇❡&❡ ❢♦❝✉%❡❞ ♦&"❤♦❣♦♥❛❧ "♦ ❡❛❝❤ ♦"❤❡& ✐♥"♦ ❛ ✶ ♠♠ ❣❛% ❥❡"✳ ❚❤❡ ❉&✐✈❡& ❧❛%❡&

❜❡❛♠ ❢♦❝✉%❡❞ ❜② ❛♥ ❢✴✷ ♦✛✲❛①✐% ♣❛&❛❜♦❧❛ ✭❖❆I✮ ❤❛❞ ❛♥ ✐♥"❡♥%✐"② ♦❢ 1 · 1020 ❲✴❝♠

2

❛♥❞ "❤❡ ❍❡❛"❡& ❧❛%❡& ❜❡❛♠ &❡❛❝❤❡❞ ✐♥"❡♥%✐"✐❡% ♦❢ ❛❜♦✉" 2.4 · 1019 ❲✴❝♠

2
✱ ❢♦❝✉%❡❞ ❜② ❛♥

❢✴✶✵ ❖❆I ❛♥❞ ✐♥ ❛ %❡❝♦♥❞ %❡"✉♣ 6.6 · 1017 ❲✴❝♠

2
✱ ❢♦❝✉%❡❞ ❜② ❛♥ ❢✴✷✺ ❖❆I✳ ❆% ♠❛✐♥

❞✐❛❣♥♦%"✐❝% "✇♦ ❚❤♦♠%♦♥ ♣❛&❛❜♦❧❛ %♣❡❝"&♦♠❡"❡&% ❡R✉✐♣♣❡❞ ✇✐"❤ ♠✐❝&♦ ❝❤❛♥♥❡❧ ♣❧❛"❡

✷



✭▼❈#✮ ❞❡'❡❝'♦*+ ✇❡*❡ ❡♠♣❧♦②❡❞ ❛❧♦♥❣ 0◦ ❛♥❞ 10◦ *❡❧❛'✐✈❡ '♦ '❤❡ ❞*✐✈❡* ❧❛+❡* ❜❡❛♠ ❛①✐+✳

❍②❞*♦❣❡♥ ❛♥❞ ❍❡❧✐✉♠ ❣❛+ ❥❡' ❞❡♥+✐'✐❡+ ♦❢ ne ∼ 1019−1020 cm−3
✱ ❝♦**❡+♣♦♥❞✐♥❣ '♦ ❛❜♦✉'

0.01n
❝

− 0.228n
❝

✱ ✇❡*❡ ❛♣♣❧✐❡❞✳

❚❤❡#✐# #%&✉❝%✉&❡✿

❈❤❛♣'❡* ✷ ❣✐✈❡+ ❛♥ ♦✈❡*✈✐❡✇ ♦❢ '❤❡ ✉♥❞❡*❧②✐♥❣ '❤❡♦*② ❛♥❞ ❢✉♥❞❛♠❡♥'❛❧+ ✐♥ ❧❛+❡* ♣❧❛+♠❛

♣❤②+✐❝+✳ ❋✐*+' ♦❢ ❛❧❧✱ ❜❛+✐❝ ♣*✐♥❝✐♣❧❡+ ♦❢ '❤❡ ✐♦♥✐+❛'✐♦♥ ♣*♦❝❡++❡+ ♦❢ ❛'♦♠+ ❜② ❡❧❡❝'*♦♠❛❣✲

♥❡'✐❝ ✇❛✈❡+ ❛*❡ ❞❡+❝*✐❜❡❞✱ ❡✳❣✳ ♠✉❧'✐✲♣❤♦'♦♥ ✐♦♥✐+❛'✐♦♥ ❛♥❞ '✉♥♥❡❧ ✐♦♥✐+❛'✐♦♥✳ ❋✉*'❤❡*✲

♠♦*❡✱ '❤❡ ❡✛❡❝' ♦❢ ❡❧❡❝'*♦♠❛❣♥❡'✐❝ ✇❛✈❡+ '♦ ❛ +✐♥❣❧❡ ❝❤❛*❣❡❞ ♣❛*'✐❝❧❡ ✐+ ❞✐+❝✉++❡❞✳ ❚❤❡♥✱

❢✉♥❞❛♠❡♥'❛❧ ❧❛+❡* ♣❧❛+♠❛ ❝❤❛*❛❝'❡*✐+'✐❝+ ❛♥❞ ♥♦♥✲❧✐♥❡❛* ❡✛❡❝'+ ✐♥ ✉♥❞❡*❞❡♥+❡ ♣❧❛+♠❛+

❛*❡ ♦✉'❧✐♥❡❞✳ ❚❤❡ ♠♦+' ✐♠♣♦*'❛♥' ✐♦♥ ❛❝❝❡❧❡*❛'✐♦♥ ♠❡❝❤❛♥✐+♠+ ✐♥ ♦*❞❡* '♦ ✉♥❞❡*+'❛♥❞

'❤❡ ♣❤②+✐❝❛❧ ♣*♦❝❡++✱ ❞✐+❝✉++❡❞ ✐♥ '❤✐+ '❤❡+✐+✱ ❛*❡ +✉♠♠❛*✐+❡❞✿ ❚❛*❣❡' ◆♦*♠❛❧ ❙❤❡❛'❤

❆❝❝❡❧❡*❛'✐♦♥✱ ❈♦✉❧♦♠❜ ❊①♣❧♦+✐♦♥ ❛♥❞ ❈♦❧❧✐+✐♦♥❧❡++ ❙❤♦❝❦ ❆❝❝❡❧❡*❛'✐♦♥✳ ▼♦*❡♦✈❡*✱ +♦♠❡

♣*❡✈✐♦✉+ ❡①♣❡*✐♠❡♥'❛❧ *❡+✉❧'+ ♦❢ ✐♦♥ ❛❝❝❡❧❡*❛'✐♦♥ ❢*♦♠ ✉♥❞❡*❞❡♥+❡ ❣❛+ '❛*❣❡'+ ❛*❡ ♣*❡✲

+❡♥'❡❞✳

❈❤❛♣'❡* ✸ ✐❧❧✉+'*❛'❡+ '❤❡ ❆❘❈❚❯❘❯❙ ❧❛+❡* ❢❛❝✐❧✐'② ❢*♦♠ '❤❡ ♦+❝✐❧❧❛'♦* '♦ '❤❡ ✈❛*✐♦✉+

❛♠♣❧✐✜❝❛'✐♦♥ +'❛❣❡+ ❧❡❛❞✐♥❣ '♦ '❤❡ ❤✐❣❤ ✐♥'❡♥+✐'② ❜❡❛♠ ❢♦❝✉+❡❞ ❜② ❛ ♣❛*❛❜♦❧❛ ✐♥ '❤❡

*❛❞✐❛'✐♦♥ +❤✐❡❧❞❡❞ '❛*❣❡' ❛*❡❛✳ ❆❧❧ '❤*❡❡ ❧❛+❡* ❜❡❛♠+ ♦❢ '❤❡ ❆❘❈❚❯❘❯❙ ✇❡*❡ ❡♠♣❧♦②❡❞

✐♥ '❤❡ ❡①♣❡*✐♠❡♥'❛❧ ❝❛♠♣❛✐❣♥+✳ ❚❤❡ '♦♣✐❝ ♦❢ '❤✐+ '❤❡+✐+ ✐+ '❤❡ ✐♥✈❡+'✐❣❛'✐♦♥ ♦❢ '❤❡ ✐♦♥

❛❝❝❡❧❡*❛'✐♦♥ ❞✉❡ '♦ '❤❡ ✐♥'❡*❛❝'✐♦♥ ♦❢ '❤❡ ❧❛+❡*+ ✇✐'❤ ❛♥ ✉♥❞❡*❞❡♥+❡ ❣❛+ '❛*❣❡'✳ ❚❤✐+

'❛*❣❡' ✇❛+ ❝❤❛*❛❝'❡*✐+❡❞ ❜② ♠❡❛♥+ ♦❢ ❛♥ ✐♥'❡*❢❡*♦♠❡'*✐❝ ♠❡❛+✉*❡♠❡♥' ❛' ❞✐✛❡*❡♥' ❣❛+

♣*❡++✉*❡+ ❛♥❞ ❞✐✛❡*❡♥' ✐♥'❡*❛❝'✐♦♥ ❤❡✐❣❤'+✳ ❋✐♥❛❧❧②✱ ❛ ♣*❡++✉*❡ '♦ ♥❡✉'*❛❧ ❞❡♥+✐'② *❡❧❛'✐♦♥

✇❛+ ❞❡✜♥❡❞✳

❈❤❛♣'❡* ✹ ❞❡+❝*✐❜❡+ ❛❧❧ '❤❡ ❞✐❛❣♥♦+'✐❝+ ♦♣❡*❛'❡❞ ✐♥ '❤❡ ❡①♣❡*✐♠❡♥'❛❧ ❝❛♠♣❛✐❣♥+✳ ■♥

♦*❞❡* '♦ ❞❡'❡❝' ❛♥❞ +♣❡❝'*❛❧❧② *❡+♦❧✈❡ '❤❡ ❛❝❝❡❧❡*❛'❡❞ ✐♦♥+✱ '✇♦ ♠❛✐♥ +♣❡❝'*♦♠❡'❡*+ ✇❡*❡

✉+❡❞ ✐♥ '❤❡ ❝♦♥✜❣✉*❛'✐♦♥ ♦❢ ❚❤♦♠+♦♥ ♣❛*❛❜♦❧❛+ ❛' '✇♦ ❞✐✛❡*❡♥' ♦❜+❡*✈❛'✐♦♥ ❛♥❣❧❡+✳ ❚❤❡

❞❡✢❡❝'❡❞ ✐♦♥+ ✇❡*❡ ❞❡'❡❝'❡❞ ❜② ♠✐❝*♦ ❝❤❛♥♥❡❧ ♣❧❛'❡+✳ ❋♦* '❤❡ ✐♥✈❡+'✐❣❛'✐♦♥ ♦❢ '❤❡ ❧❛+❡*

♣❧❛+♠❛ ✐♥'❡*❛❝'✐♦♥✱ ❛++♦❝✐❛'❡❞ ✇✐'❤ '❤❡ ♣❧❛+♠❛ ❞❡♥+✐'✐❡+ ❛♥❞ '❤❡ ❡❧❡❝'*✐❝ ❛♥❞ ♠❛❣♥❡'✐❝

✜❡❧❞+ ✐♥ '❤❡ ♣❧❛+♠❛✱ ♦♣'✐❝❛❧ ♣*♦❜✐♥❣ ✇✐'❤ +❤❛❞♦✇❣*❛♣❤② ❛♥❞ ✐♥'❡*❢❡*♦♠❡'*② ❛♥❞ ❝❤❛*❣❡

♣❛*'✐❝❧❡ ♣*♦❜✐♥❣ ✇❡*❡ ❡♠♣❧♦②❡❞✳ ❋✉*'❤❡*♠♦*❡✱ '❤❡ ❛❝❝❡❧❡*❛'✐♦♥ ♦❢ ❡❧❡❝'*♦♥+ ✇❛+ ♦❜+❡*✈❡❞

❜② ❛ ♠❛❣♥❡'✐❝ +♣❡❝'*♦♠❡'❡* *❡+♦❧✈✐♥❣ '❤❡ ❡❧❡❝'*♦♥ ❡♥❡*❣✐❡+✳ ❋✐♥❛❧❧②✱ ❞❡+❝*✐♣'✐♦♥+ ♦❢ '❤❡

❡①♣❡*✐♠❡♥'❛❧ +❡'✉♣+ ❛♥❞ ❧❛+❡* ♣❛*❛♠❡'❡*+ *❡❧❡✈❛♥' ❢♦* '❤❡ ❡①♣❡*✐♠❡♥'❛❧ ❝❛♠♣❛✐❣♥+ ♦❢

'❤✐+ '❤❡+✐+ ❛*❡ ✐♥'*♦❞✉❝❡❞✳

✸



❈❤❛♣$❡& ✶ ■♥$&♦❞✉❝$✐♦♥

❈❤❛♣$❡& ✺ ♦✉$❧✐♥❡- ✐♦♥ ❛❝❝❡❧❡&❛$✐♦♥ ✈✐❛ ❈♦✉❧♦♠❜ ❡①♣❧♦-✐♦♥ ✐♥ ✉♥❞❡&❞❡♥-❡ $❛&❣❡$-✳ ❆

-✐♥❣❧❡ ❧❛-❡& ❜❡❛♠✱ ❝❛❧❧❡❞ ❍❡❛$❡&✱ ✇❛- ❡♠♣❧♦②❡❞ $♦ ✐♥$❡&❛❝$ ✇✐$❤ ❍❡❧✐✉♠ ♦& ❍②❞&♦❣❡♥

❣❛-✳ ❆❝❝❡❧❡&❛$❡❞ ✐♦♥- ✇❡&❡ ❞❡$❡❝$❡❞ ✐♥ $❤❡ $&❛♥-✈❡&-❡ ❞✐&❡❝$✐♦♥ $♦ $❤❡ ❧❛-❡& ❛①✐- ✉♣ $♦

❛ ❝❡&$❛✐♥ ❞❡♥-✐$②✳ ❚❤❡ ❛❝❝❡❧❡&❛$✐♦♥ ♣&♦❝❡-- ✐- ✈❛❧✐❞❛$❡❞ ❜② ♥✉♠❡&✐❝❛❧ -✐♠✉❧❛$✐♦♥- ❛♥❞

-✉♣♣♦&$❡❞ ❜② ❛♥❛❧②$✐❝❛❧ ❝❛❧❝✉❧❛$✐♦♥-✳ ❋✉&$❤❡&♠♦&❡✱ &❡-✉❧$- ♦❢ ❛ ♠❛❣♥❡$✐❝ -♣❡❝$&♦♠❡$❡&✱

♦♣$✐❝❛❧ ♣&♦❜✐♥❣ ❛♥❞ ❝❤❛&❣❡ ♣❛&$✐❝❧❡ ♣&♦❜✐♥❣ ❛&❡ ❞✐-❝✉--❡❞ ❛♥❞ ❜&♦✉❣❤$ ✐♥$♦ ❝♦♥♥❡❝$✐♦♥

✇✐$❤ $❤❡ ❛❝❝❡❧❡&❛$✐♦♥ ♠❡❝❤❛♥✐-♠✳

❈❤❛♣$❡& ✻ ♣&❡-❡♥$- ✐♦♥ ❛❝❝❡❧❡&❛$✐♦♥ ✈✐❛ ❛ ❚◆❙❆✲❧✐❦❡ ♠❡❝❤❛♥✐-♠ ✐♥ ✉♥❞❡&❞❡♥-❡ $❛&❣❡$-✳

■♥ ❛❞❞✐$✐♦♥ $♦ $❤❡ ❍❡❛$❡& ❧❛-❡&✱ ❛ -❤♦&$ ❢♦❝❛❧ ❧❡♥❣$❤✱ ❤✐❣❤ ✐♥$❡♥-✐$② ❉&✐✈❡& ❧❛-❡& ✇❛-

❡♠♣❧♦②❡❞ ♥♦&♠❛❧ $♦ $❤❡ ❍❡❛$❡& ❛①✐-✳ ❇② ♠❡❛♥- ♦❢ $❤✐- ❞♦✉❜❧❡ ❜❡❛♠ ✐♥$❡&❛❝$✐♦♥✱ $❤❡

✐♦♥ ❛❝❝❡❧❡&❛$✐♦♥ ✇❛- ❡①$❡♥❞❡❞ ✉♣ $♦ ✈❡&② ❤✐❣❤ $❛&❣❡$ ❞❡♥-✐$✐❡-✳ ❚❤❡ ✐♦♥- ✇❡&❡ ❞❡$❡❝$❡❞

❛❧♦♥❣ $❤❡ ❉&✐✈❡& ❧❛-❡& ❛①✐-✳ ◆✉♠❡&✐❝❛❧ -✐♠✉❧❛$✐♦♥- ✐♥❞✐❝❛$❡❞ $❤❡ ❚◆❙❆✲❧✐❦❡ ❛❝❝❡❧❡&❛✲

$✐♦♥ ♣&♦❝❡-- ✐♥ $❤✐- ♥♦✈❡❧ ❡①♣❡&✐♠❡♥$❛❧ &❡❣✐♠❡✱ -$&❡♥❣$❤❡♥❡❞ ❜② ❛♥❛❧②$✐❝❛❧ ❝❛❧❝✉❧❛$✐♦♥-✳

▼♦&❡♦✈❡&✱ &❡-✉❧$- ♦❢ $❤❡ ❡❧❡❝$&♦♥ ❛❝❝❡❧❡&❛$✐♦♥ ❛♥❞ ♦❢ -❤❛❞♦✇❣&❛♣❤② ✐♠❛❣❡- ♦❢ $❤❡ ❉&✐✈❡&✲

♦♥❧② ✐♥$❡&❛❝$✐♦♥ ❛&❡ ❞✐-❝✉--❡❞✳

❈❤❛♣$❡& ✼ ✐♥$&♦❞✉❝❡- ❛ -$❛❜❧❡✱ ❤✐❣❤ &❡♣❡$✐$✐♦♥ &❛$❡ ♠♦♥♦❡♥❡&❣❡$✐❝ ✐♦♥ -♦✉&❝❡✳ ❚❤❡ ✐♦♥

❛❝❝❡❧❡&❛$✐♦♥ ❜② $❤❡ ❞♦✉❜❧❡ ❜❡❛♠ ✐♥$❡&❛❝$✐♦♥ ✈✐❛ $❤❡ ❚◆❙❆✲❧✐❦❡ ♠❡❝❤❛♥✐-♠ ✇❛- ❢✉&$❤❡&

❞❡✈❡❧♦♣❡❞✳ ❚❤❡ $❛&❣❡$ ❤❛- $♦ ❜❡ ♠❛♥✐♣✉❧❛$❡❞ ✐♥ ♦&❞❡& $♦ ❣❡♥❡&❛$❡ ❛ -$❡❡♣ ❞❡♥-✐$②

❣&❛❞✐❡♥$ ❧❡❛❞✐♥❣ $♦ ❛ -♣❛$✐❛❧❧② ❤♦♠♦❣❡♥♦✉- ❧♦❝❛❧✐-❡❞ ❡❧❡❝$&✐❝ -❤❡❛$❤ ✜❡❧❞✳ ❆ &❡❞✉❝$✐♦♥

♦❢ $❤❡ ❍❡❛$❡& ✐♥$❡♥-✐$② ❧❡❞ $♦ ❛ -♣❡❝✐❛❧❧② ♣&❡✲❢♦&♠❡❞ ♣❧❛-♠❛ ❢♦& $❤❡ ❉&✐✈❡& ✐♥$❡&❛❝$✐♦♥ ✐♥

❢❛✈♦✉& ♦❢ $❤❡ ❞❡-✐&❡❞ -♦✉&❝❡✳ ❆$ ❛ ❝❡&$❛✐♥ $❛&❣❡$ ❞❡♥-✐$② ✇✐$❤ ❛ ❞❡✜♥❡❞ ❧❛-❡& ✐♥$❡♥-✐$② ❛♥❞

$❡♠♣♦&❛❧ ❞❡❧❛② ❜❡$✇❡❡♥ $❤❡ ❜❡❛♠-✱ ♠♦♥♦❡♥❡&❣❡$✐❝ ♣&♦$♦♥- ✇❡&❡ ❣❡♥❡&❛$❡❞✳ ❉✐✛❡&❡♥$

♣❛&❛♠❡$❡&- ♦❢ $❤❡ $❛&❣❡$ ❛♥❞ $❤❡ ❧❛-❡& ✇❡&❡ ❝❤❛♥❣❡❞ ✐♥ ♦&❞❡& $♦ ❝♦♥$&♦❧ $❤❡ ❝♦♥❞✐$✐♦♥- ❢♦&

$❤❡ ♥♦✈❡❧ ♠♦♥♦❡♥❡&❣❡$✐❝ ✐♦♥ -♦✉&❝❡✳ ■♦♥- ✇❡&❡ ❞❡$❡❝$❡❞ ♦♥❧② ❛❧♦♥❣ $❤❡ ❉&✐✈❡& ❛①✐-✳ ❚❤✐-

✇❛- ❝♦♥✜&♠❡❞ ❜② $❤❡ ❛❜-❡♥❝❡ ♦❢ ❛❝❝❡❧❡&❛$❡❞ ✐♦♥- ✐♥ $❤❡ -♣❡❝$&♦♠❡$❡& ✐♥ $❤❡ $&❛♥-✈❡&-❡

❞✐&❡❝$✐♦♥ $♦ $❤❡ ❉&✐✈❡& ❜❡❛♠✳

❈❤❛♣$❡& ✽ -✉♠♠❛&✐-❡- ❛❧❧ $❤❡ &❡-✉❧$- ❛♥❞ $&❡♥❞- ♦❢ $❤❡ ❧❛-❡& ♣❧❛-♠❛ ✐♥$❡&❛❝$✐♦♥ ❛♥❞

❣✐✈❡- ❛♥ ♦✉$❧♦♦❦ ♦♥ ❢✉&$❤❡& ❡①♣❡&✐♠❡♥$❛❧ ❝❛♠♣❛✐❣♥-✳

✹



❘♦❧❡ ♦❢ %❤❡ ❛✉%❤♦)✿

❚❤❡ ❛✉%❤♦' ❤❛❞ %❤❡ ❧❡❛❞✐♥❣ '♦❧❡ ✐♥ ❞❡-✐❣♥✐♥❣ ❛♥❞ ❡①❡❝✉%✐♥❣ %❤❡ ❡①♣❡'✐♠❡♥%- ♣'❡-❡♥%❡❞

✐♥ %❤✐- %❤❡-✐- ♣❡'❢♦'♠❡❞ ❛% %❤❡ ❆❘❈❚❯❘❯❙ ❧❛-❡' ❢❛❝✐❧✐%② ✭❉;--❡❧❞♦'❢✮✳ ❚❤❡ ❜♦❞② ♦❢

✇♦'❦ ❞❡-❝'✐❜❡❞ ✐♥ %❤✐- %❤❡-✐- ✐- ♦'✐❣✐♥❛❧ ❛♥❞ ✇❛- ✉♥❞❡'%❛❦❡♥ ❜② %❤❡ ❛✉%❤♦'✱ ❡①❝❡♣% ✇❤❡'❡

✐♥❞✐❝❛%❡❞ ❜② '❡❢❡'❡♥❝❡- %♦ ♦%❤❡' ✇♦'❦✳ ❚❤❡ -✉❜-❡B✉❡♥% ❞❛%❛ ♣'♦❝❡--✐♥❣ ❛♥❞ ❛♥❛❧②-✐- ✇❛-

❝❛''✐❡❞ ♦✉% ❜② %❤❡ ❛✉%❤♦'✱ ✉♥❞❡' %❤❡ ❣✉✐❞❛♥❝❡ ♦❢ C'♦❢❡--♦' ❉'✳ ❖-✇❛❧❞ ❲✐❧❧✐✳ ❙♦♠❡ ✐♦♥

❡♥❡'❣② -♣❡❝%'❛ ✇❡'❡ ❛♥❛❧②③❡❞ ❜② ♠❡❛♥- ♦❢ ❛ ▼❛%❧❛❜ '♦✉%✐♥❡ ✇'✐%%❡♥ ❜② ❆✳ ❆❧❡❥♦ ♦❢ %❤❡

◗✉❡❡♥- ❯♥✐✈❡'-✐%② ❇❡❧❢❛-%✳ ✷❉ C■❈ -✐♠✉❧❛%✐♦♥- ✇❡'❡ ♣❡'❢♦'♠❡❞ ❜② ❉'✳ ❚✳ ▲✐-❡②❦✐♥❛

♦❢ %❤❡ ❯♥✐✈❡'-✐%② ♦❢ ❘♦-%♦❝❦ ✇✐%❤ ❛❞❞✐%✐♦♥❛❧ ❣✉✐❞❛♥❝❡ ♦❢ C'♦❢❡--♦' ❉'✳ ❆✳ ▼❛❝❝❤✐ ♦❢

%❤❡ ❯♥✐✈❡'-✐%② ♦❢ C✐-❛ ✐♥ %❤❡ ❝♦♥%❡①% ♦❢ %❤❡ ♣'♦❥❡❝% ■❙❈❘❆ ❇ ✏C❯▲C■❈❙✑ ❣'❛♥%❡❞ ❜②

❈■◆❊❈❆ ❜② ♠❡❛♥- ♦❢ %❤❡ -✉♣❡'❝♦♠♣✉%❡' ▼❆❘❈❖◆■ ✭❈■◆❊❈❆✱ ❇♦❧♦❣♥❛✮✳

✺





❈❤❛♣$❡& ✷

❚❤❡♦&❡$✐❝❛❧ ❜❛.✐❝. ♦❢ ❧❛.❡& ♣❧❛.♠❛

✐♥$❡&❛❝$✐♦♥.

❇❛"✐❝ ♣&♦❝❡""❡" ♦❢ ✐♦♥✐"❛+✐♦♥ ❛♥❞ ✐♥+❡&❛❝+✐♦♥ ♦❢ ❡❧❡❝+&♦♠❛❣♥❡+✐❝ ✇❛✈❡" ✇✐+❤ ❝❤❛&❣❡❞

♣❛&+✐❝❧❡" ❛&❡ ❞❡"❝&✐❜❡❞ ✐♥ +❤✐" ❝❤❛♣+❡&✳ ❋✉&+❤❡&♠♦&❡ "♦♠❡ ❜❛"✐❝ ❝♦♥❝❡♣+" ♦❢ ❧❛"❡& ♣❧❛"♠❛

♣❤②"✐❝" ❛♥❞ ✐♠♣♦&+❛♥+ ♥♦♥✲❧✐♥❡❛& ❡✛❡❝+"✱ ✇❤✐❝❤ ♣❧❛② ❛ &♦❧❡ ✐♥ +❤❡ ❡①♣❡&✐♠❡♥+"✱ ❛&❡ ❧✐♥❡❞

♦✉+✳ ▼♦&❡♦✈❡&✱ ✐♠♣♦&+❛♥+ ✐♦♥ ❛❝❝❡❧❡&❛+✐♦♥ ♠❡❝❤❛♥✐"♠" ❛&❡ ❞✐"❝✉""❡❞ ❛♥❞ ❛+ +❤❡ ❡♥❞

♦❢ +❤✐" ❝❤❛♣+❡& "♦♠❡ ♣&❡✈✐♦✉" ❡①♣❡&✐♠❡♥+" ♦❢ ✐♦♥ ❛❝❝❡❧❡&❛+✐♦♥ ❢&♦♠ ✉♥❞❡&❞❡♥"❡ +❛&❣❡+"

❛&❡ "✉♠♠❛&✐"❡❞✳ ❚❤❡ +❤❡♦&❡+✐❝❛❧ ❡①♣❧❛♥❛+✐♦♥" ❛&❡ ❜❛"❡❞ ♦♥ "❡✈❡&❛❧ ❧❛"❡& ♣❧❛"♠❛ ♣❤②"✐❝"

❜♦♦❦"✱ ❧✐❦❡ +❤♦"❡ ✇&✐++❡♥ ❜② ▼❛❝❝❤✐ ❬✶✺❪✱ ❈❤❡♥ ❬✶✻❪✱ ●✐❜❜♦♥ ❬✶✼❪ ❛♥❞ ❑,✉❡, ❬✶✽❪✳

✷✳✶ ■♦♥✐'❛)✐♦♥ ♣+♦❝❡''❡'

❉✐✛❡&❡♥+ ✐♦♥✐"❛+✐♦♥ ♣&♦❝❡""❡" ♥❡❡❞ +♦ ❜❡ ✐♥✈❡"+✐❣❛+❡❞ ✐♥ ♦&❞❡& +♦ ❣❡+ ❛ ❞❡❡♣❡& ✉♥❞❡&✲

"+❛♥❞✐♥❣ ♦❢ ❧❛"❡& ♣❧❛"♠❛ ✐♥+❡&❛❝+✐♦♥"✳ ❚❤❡&❡❢♦&❡✱ ❞✐✛❡&❡♥+ ❜❛"✐❝ ♠❡❝❤❛♥✐"♠" ♦❢ ♣❧❛"♠❛

❣❡♥❡&❛+✐♦♥✱ ❞✉❡ +♦ ❧✐❣❤+✲♠❛++❡& ✐♥+❡&❛❝+✐♦♥✱ ❛&❡ ❡①♣❧❛✐♥❡❞ ✐♥ +❤❡ ❢♦❧❧♦✇✐♥❣✱ ❜❛"❡❞ ♦♥

❬✶✼❪✳

❋♦& ❛❧❧ ❢♦❧❧♦✇✐♥❣ ♣&♦❝❡""❡"✱ +❤❡ "✐♠♣❧❡"+ ✈❡&"✐♦♥ ✐" +❤❡ ✐♦♥✐"❛+✐♦♥ ♦❢ ❛ ❍②❞&♦❣❡♥ ❛+♦♠✳

❚❤❡ ✜&"+ ❛♣♣&♦①✐♠❛+✐♦♥ ✐" +❤❡ ♠❛+❝❤✐♥❣ ♦❢ +❤❡ ❡❧❡❝+&♦"+❛+✐❝ ♣♦+❡♥+✐❛❧✱ ✇❤✐❝❤ ❜♦✉♥❞" +❤❡

❡❧❡❝+&♦♥ +♦ +❤❡ ♣&♦+♦♥✱ ✇✐+❤ +❤❡ ❡❧❡❝+&✐❝ ✜❡❧❞ ♦❢ +❤❡ ❧❛"❡& ✐♥ ♦&❞❡& +♦ ✐♦♥✐"❡ +❤❡ ❛+♦♠✳

❚❤❡ ❡❧❡❝+&♦"+❛+✐❝ ✜❡❧❞ ✇✐+❤✐♥ +❤❡ ❍②❞&♦❣❡♥ ❛+♦♠ ✐"

✼



❈❤❛♣$❡& ✷ ❚❤❡♦&❡$✐❝❛❧ ❜❛.✐❝. ♦❢ ❧❛.❡& ♣❧❛.♠❛ ✐♥$❡&❛❝$✐♦♥.

E
❍

=
e

4πǫ0a2
❇

≈ 5.1 · 109❱✴❝♠, ✭✷✳✶✮

✇✐+❤ e ❛. ❡❧❡❝+1♦♥ ❝❤❛1❣❡✱ ǫ0 ❛. ✈❛❝✉✉♠ ♣❡1♠✐++✐✈✐+② ❛♥❞ a
❇

❛. ❇♦❤# 1❛❞✐✉.✳ ❚❤❡

✐♥+❡♥.✐+② ❛+ ✇❤✐❝❤ +❤❡ ❧❛.❡1 ✜❡❧❞ .+1❡♥❣+❤ ♠❛+❝❤❡. +❤❡ ❛+♦♠✐❝ ❡❧❡❝+1♦.+❛+✐❝ ✜❡❧❞ ❛♥❞

+❤❡1❡❢♦1❡ +❤❡ ❜✐♥❞✐♥❣ .+1❡♥❣+❤ ❝❛♥ ❜❡ ❞❡✜♥❡❞ ✈✐❛

I
▲

≥ ǫ0cE
2
❍

2
≈ 3.51 · 1016❲✴❝♠2. ✭✷✳✷✮

❈♦♥.❡A✉❡♥+✐❛❧❧② ✇✐+❤ ❛ ❧❛.❡1 ✐♥+❡♥.✐+② ♦❢ ❛♣♣1♦①✐♠❛+❡❧② 1016❲✴❝♠2
❡✈❡1② +❛1❣❡+ ♠❛✲

+❡1✐❛❧ ❝❛♥ ❜❡ ✐♦♥✐.❡❞✳ ❍♦✇❡✈❡1✱ ✐♦♥✐.❛+✐♦♥ ❝❛♥ +❛❦❡ ♣❧❛❝❡ ❡✈❡♥ ✇✐+❤ ❛ ❧♦✇❡1 ❧❛.❡1 ✜❡❧❞

.+1❡♥❣+❤✱ ❛. ❞❡.❝1✐❜❡❞ ✐♥ +❤❡ ❢♦❧❧♦✇✐♥❣ .❡❝+✐♦♥.✳

✷✳✶✳✶ ▼✉❧&✐✲♣❤♦&♦♥ ✐♦♥✐-❛&✐♦♥

❙✐♥❝❡ +❤❡ ✶✾+❤ ❝❡♥+✉1②✱ ✐♦♥✐.❛+✐♦♥ ❞✉❡ +♦ 1❛❞✐❛+✐♦♥ ❡①♣♦.✉1❡ ✐. ❛ ✇❡❧❧ ❦♥♦✇♥ ♣❤❡♥♦♠❡♥♦♥✳

■♥ +❤❡ ♣❤♦+♦❡❧❡❝+1✐❝ ❡✛❡❝+ ❛♥ ❡❧❡❝+1♦♥ ✐. ❡❥❡❝+❡❞ ♦❢ +❤❡ ❛+♦♠ ❜② ❛ .✐♥❣❧❡ ♣❤♦+♦♥ +1❛♥.✲

❢❡11✐♥❣ ✐+. ❡♥❡1❣② +♦ +❤❡ ❛+♦♠✳ ❚❤❡ 1❛❞✐❛+✐♦♥ ❡♥❡1❣② ❤❛. +♦ ❜❡ ❧❛1❣❡1 ♦1 ❡A✉❛❧ +♦ +❤❡

✐♦♥✐.❛+✐♦♥ ❡♥❡1❣② ♦❢ +❤❡ ❛+♦♠✳ ▲❛+❡1✱ ✐+ ✇❛. ❢♦✉♥❞✱ +❤❛+ +❤❡ ✐♦♥✐.❛+✐♦♥ ❝❛♥ ❜❡ ❛❝❤✐❡✈❡❞

❡✈❡♥ ❜② ❧♦✇❡1 ❡♥❡1❣② 1❛❞✐❛+✐♦♥✱ ❝❛♣+✉1✐♥❣ ♠✉❧+✐♣❧❡ ♣❤♦+♦♥.✱ ♥❡❝❡..❛1② ❢♦1 +❤❡ ✐♦♥✐.❛+✐♦♥

❬✶✾❪✳ ❚❤❡ ✐♦♥✐.❛+✐♦♥ 1❛+❡ ❢♦1 +❤❡ ♥♦♥✲1❡.♦♥❛♥+ ♥✲♣❤♦+♦♥ ✐♦♥✐.❛+✐♦♥ ✐.

Γn = σnΦn. ✭✷✳✸✮

σn ✐. +❤❡ ❣❡♥❡1❛❧✐.❡❞ ❝1♦.. .❡❝+✐♦♥ ❛♥❞ Φn +❤❡ ♣❤♦+♦♥ ✢✉①✱ ✇❤✐❝❤ ✐. ❝❛❧❝✉❧❛+❡❞ ❜② Φ =

I
▲

/E
#❤♦&♦♥

✱ ✭I
▲

✿ ▲❛.❡1 ✐♥+❡♥.✐+②❀ E
#❤♦&♦♥

✿ R❤♦+♦♥ ❡♥❡1❣②✮✳ ❋1♦♠ +❤❡ ♠✉❧+✐♣❧❡ ♣❤♦+♦♥

✐♦♥✐.❛+✐♦♥ ✭▼R■✮ ❝♦♥❝❧✉.✐♦♥. ❝❛♥ ❜❡ ❞1❛✇♥ ❛❜♦✉+ +❤❡ ❛+♦♠✐❝ ❢❡❛+✉1❡.✱ ❛✛❡❝+❡❞ ❜② +❤❡

❡❧❡❝+1♦♠❛❣♥❡+✐❝ 1❛❞✐❛+✐♦♥✱ ❛♥❞ +❤❡ ❧❛.❡1 ❝❤❛1❛❝+❡1✐.+✐❝.✳

❚❤❡ ♣❤♦+♦♥ ❡♥❡1❣② ♦❢ +❤❡ ❆❘❈❚❯❘❯❙ ❧❛.❡1 1❛❞✐❛+✐♦♥ ✐.✿ E = hν ≈ 1.55 ❡❱✱ ❛+ +❤❡

❝❡♥+1❛❧ ✇❛✈❡❧❡♥❣+❤ ♦❢ λ = 800 ♥♠✳ ❍♦✇❡✈❡1✱ +❤❡ ✐♦♥✐.❛+✐♦♥ ❡♥❡1❣✐❡.✱ E
✐♦♥

✱ ❢♦1 ❍②❞1♦❣❡♥

❛1❡ ✶✸✳✻ ❡❱ ❛♥❞ ❢♦1 ❍❡❧✐✉♠ ❛+♦♠. ✷✹✳✻ ❡❱ ❛♥❞ ✺✹✳✹ ❡❱ ❢♦1 +❤❡ ❢✉❧❧ ✐♦♥✐.❛+✐♦♥✳ ❚❤❡.❡

❡♥❡1❣✐❡. ❛1❡ ❤✐❣❤❡1 +❤❛♥ +❤❡ ♣❤♦+♦♥ ❡♥❡1❣② ♦❢ +❤❡ ❆❘❈❚❯❘❯❙ ❧❛.❡1✳ ❚❤❡1❡❢♦1❡✱ ❛♥

❛❜.♦1♣+✐♦♥ ♦❢ ♠✉❧+✐♣❧❡ ♣❤♦+♦♥. ✭▼R■✮ ✐. ♥❡❝❡..❛1② +♦ ✐♦♥✐.❡ +❤❡.❡ ❛+♦♠.✱ ❝♦♠♣❛1❡ ♣❧♦+

✽



✷✳✶ ■♦♥✐'❛)✐♦♥ ♣+♦❝❡''❡'

✭❛✮ ♦❢ ✜❣✉(❡ ✷✳✶✳ ❚❤❡ ♠✐♥✐♠✉♠ ♥❡❝❡33❛(② ♥✉♠❜❡( ♦❢ ♣❤♦7♦♥3 n 7♦ ✐♦♥✐3❡ ❍②❞(♦❣❡♥ ✐3

❛❜♦✉7 ✾ ❛♥❞ ❢♦( ❍❡

+
✐7 ✐3 ❛❜♦✉7 ✶✻ ❛♥❞ ❢♦( ❍❡

++
✸✻✳ ❚❤❡3❡ ✈❛❧✉❡3 ❛(❡ ♠✉❝❤ ❧♦✇❡( 7❤❛♥

7❤❡ ♥✉♠❜❡( ♦❢ ♣❤♦7♦♥3 ✐♥ ♦♥❡ ❧❛3❡( ♣✉❧3❡✳ ❚❤❡(❡❢♦(❡ 7❤❡ ♠✉❧7✐♣❧❡ ♣❤♦7♦♥ ✐♦♥✐3❛7✐♦♥

7❤(❡3❤♦❧❞ ✐3 ❡❛3✐❧② ❡①❝❡❡❞❡❞✱ ❛3 3❡❡♥ ✐♥ ♣❧♦7 ✭❜✮✳

-E
ion

x

V(x)

0

n·hν

✭❛✮ ▼$■

Ground stateGround state

H+

13.6 eV

He+

24.6 eV

He++

54.4 eV

9

16

36

✭❜✮ ▼$■ ❛' ❆❘❈❚❯❘❯❙

E
f

-E
ion

x

V(x)

0

n·hν

s·hν

✭❝✮ ❆❚■

❋✐❣✉+❡ ✷✳✶✿ ❙❝❤❡♠❛7✐❝ ✐❧❧✉37(❛7✐♦♥ ♦❢ ♠✉❧7✐♣❧❡ ♣❤♦7♦♥ ✐♦♥✐3❛7✐♦♥ ✭▼D■✮ ❛♥❞ ❛❜♦✈❡

7❤(❡3❤♦❧❞ ✐♦♥✐3❛7✐♦♥ ✭❆❚■✮✳ ❚♦ (❡❧❡❛3❡ ❛♥ ❡❧❡❝7(♦♥ ❢(♦♠ ❛♥ ❛7♦♠✱ 7❤❡ ❈♦✉❧♦♠❜ ♣♦7❡♥✲

7✐❛❧ ❤❛3 7♦ ❜❡ ❡①❝❡❡❞❡❞✳ ❚❤✐3 ❝♦✉❧❞ ❤❛♣♣❡♥ ❜② ❛❜3♦(❜✐♥❣ ♠✉❧7✐♣❧❡ ♣❤♦7♦♥3 ✉♥7✐❧ 7❤❡

❜✐♥❞✐♥❣ ❡♥❡(❣② Eion ♦❢ 7❤❡ ❡❧❡❝7(♦♥ ❝❛♥ ❜❡ ❜❛❧❛♥❝❡❞ ✭▼D■✮✱ ♣❧♦7✭❛✮✳ ❚❤✐3 ♥✉♠❜❡(3 ❛(❡

❝❛❧❝✉❧❛7❡❞ ❢♦( 7❤❡ ✐♦♥✐3❛7✐♦♥ ♦❢ ❍②❞(♦❣❡♥ ❛♥❞ ❍❡❧✐✉♠ ✐♦♥3 ❜② ♠❡❛♥3 ♦❢ λ = 800 ♥♠

♣❤♦7♦♥3✱ ✐✳❡✳ 7❤❡ ❝❡♥7(❛❧ ✇❛✈❡❧❡♥❣7❤ ♦❢ 7❤❡ ❆❘❈❚❯❘❯❙ ❧❛3❡(✱ ✐♥ ♣❧♦7✭❜✮✳ ❚❤❡ ❡❧❡❝✲

7(♦♥3✱ ❤♦✇❡✈❡(✱ ❝❛♥ ❣❛✐♥ ❡✈❡♥ ♠♦(❡ ❡♥❡(❣② ❜② ❛❜3♦(❜✐♥❣ ♠♦(❡ ♣❤♦7♦♥3 7❤❛♥ ♥❡❝❡33❛(②

7♦ ❜❡ ❢(❡❡❞ ✭❆❚■✮✱ ♣❧♦7✭❝✮✳

❚❤❡ ❡❧❡❝7(♦♥ ❝❛♥ ❣❛✐♥ ❡✈❡♥ ❛ ❤✐❣❤❡( ❦✐♥❡7✐❝ ❡♥❡(❣② 7❤❛♥ ♥❡❡❞❡❞ ❢♦( ✐♦♥✐3❛7✐♦♥✱ ❜② ❛❜✲

3♦(❜✐♥❣ ♠♦(❡ ♣❤♦7♦♥3 7❤❛♥ ♥❡❝❡33❛(② 7♦ ❡❥❡❝7 ✐7 ❢(♦♠ 7❤❡ ❛7♦♠✳ ❚❤✐3 ♣(♦❝❡33 ✐3 ❝❛❧❧❡❞

❛❜♦✈❡ 7❤(❡3❤♦❧❞ ✐♦♥✐3❛7✐♦♥ ✭❆❚■✮✱ 3❡❡ ♣❧♦7 ✭❝✮✳ ❚❤❡ ❡♥❡(❣② ❝❛♥ ❜❡ ❝❛❧❝✉❧❛7❡❞ 7♦

E
❢

= (n+ s)hν − E
✐♦♥

, ✭✷✳✹✮

✇✐7❤ 7❤❡ ♠✐♥✐♠✉♠ ♥✉♠❜❡( ♦❢ ♣❤♦7♦♥3 n✱ ✇❤✐❝❤ ❛(❡ ♥❡❡❞❡❞ 7♦ ♦✈❡(❝♦♠❡ 7❤❡ ✐♦♥✐3❛7✐♦♥

7❤(❡3❤♦❧❞ ❛♥❞ 7❤❡ ♠✉❝❤ ❧❛(❣❡( ♥✉♠❜❡( s ♦❢ 7❤❡ ❛❞❞✐7✐♦♥❛❧ ❛❜3♦(❜❡❞ ♣❤♦7♦♥3✱ ✇❤✐❧❡ E
✐♦♥

(❡♣(❡3❡♥73 7❤❡ ✐♦♥✐3❛7✐♦♥ ❡♥❡(❣② ❢♦( ❡❛❝❤ ❛7♦♠✳ ❚❤❡ ❆❘❈❚❯❘❯❙ ♣✉❧3❡ ❡♥❡(❣② ✐♥ ❛

❢♦❝❛❧ 3♣♦7 ♦❢ d0 = 12µ♠ ✇❛3 ♠❡❛3✉(❡❞ ❛(♦✉♥❞ ✵✳✽ ❏✱ ✇❤✐❝❤ ❝♦((❡3♣♦♥❞3 7♦ ❛ ♥✉♠❜❡(

♦❢ ♣❤♦7♦♥3 ♦❢ ❛❜♦✉7 3 · 1024✴❝♠2
✳ ❊✈❡♥ ✐❢ 7❤❡ ❧❛3❡( ❡♥❡(❣② ✐3 (❡❞✉❝❡❞ ❞(❛37✐❝❛❧❧②✱ 7❤❡

✾



❈❤❛♣$❡& ✷ ❚❤❡♦&❡$✐❝❛❧ ❜❛.✐❝. ♦❢ ❧❛.❡& ♣❧❛.♠❛ ✐♥$❡&❛❝$✐♦♥.

♣❤♦#♦♥ ✢✉① ❛♥❞ #❤❡ ♥✉♠❜❡- ♦❢ ♣❤♦#♦♥/ ✐/ /#✐❧❧ ❤✐❣❤✳ ❚❤✐/ ✈❛❧✉❡/ ❛-❡ ♠✉❝❤ ❧❛-❣❡- #❤❛♥

#❤❡ ♥✉♠❜❡- ♦❢ ♣❤♦#♦♥/ ♥❡❡❞❡❞ ✐♥ ❛ ❝❡-#❛✐♥ #✐♠❡ ❢♦- #❤❡ ▼8■✳ ❈♦♥/❡;✉❡♥#❧②✱ ❛❧/♦ #❤❡

#❤-❡/❤♦❧❞ ❢♦- #❤❡ ❆❚■ ✐/ ❡❛/✐❧② ❡①❝❡❡❞❡❞ ❡✈❡♥ ❜② ❛ ✈❡-② ❧♦✇ ✐♥#❡♥/✐#② ❧❛/❡- ❜❡❛♠✳

✷✳✶✳✷ ❚✉♥♥❡❧ ✐♦♥✐*❛,✐♦♥

❚❤❡ ❧❛/❡- ✜❡❧❞ ❞♦❡/ ♥♦# ❞✐/#✉-❜ #❤❡ ❈♦✉❧♦♠❜ ♣♦#❡♥#✐❛❧ ♦❢ #❤❡ ❛#♦♠ ✐♥ ▼8■✳ ❍♦✇❡✈❡-✱

❢♦- ❤✐❣❤ ✐♥#❡♥/✐#② ❧❛/❡-/ ✭I
▲

≥ 1014❲✴❝♠

2
✮ #❤❡ ❛#♦♠✐❝ ❜✐♥❞✐♥❣ ♣♦#❡♥#✐❛❧ ♦❢ #❤❡ ❡❧❡❝#-♦♥

#♦ #❤❡ ❛#♦♠ ✐/ ❞✐/#♦-#❡❞ ❛♥❞ ❛ ♥❡✇ ♠❡❝❤❛♥✐/♠ ♦❢ ✐♦♥✐/❛#✐♦♥ #❛❦❡/ ♣❧❛❝❡✱ #❤❡ #✉♥♥❡❧✐♥❣

✐♦♥✐/❛#✐♦♥ ♣-♦❝❡// ✭❚■✮✳ ■♥ ♦-❞❡- #♦ ❣❡# ❛♥ ❡/#✐♠❛#✐♦♥✱ ✐❢ #❤❡ ✐♦♥✐/❛#✐♦♥ ♠❡❝❤❛♥✐/♠ ✐/

▼8■ ♦- ❚■✱ #❤❡ ❑❡❧❞②/❤ ♣❛-❛♠❡#❡- γ ❝❛♥ ❜❡ ❝♦♥/✐❞❡-❡❞✳

γ = ω
▲

√
2E

✐♦♥

eE0

∼
√

E
✐♦♥

Φ
$

, ✭✷✳✺✮

✇❤❡-❡ E0 ✐/ #❤❡ ❡❧❡❝#-✐❝ ✜❡❧❞ /#-❡♥❣#❤ ♦❢ #❤❡ ❧❛/❡- ♣✉❧/❡ ❛♥❞ Φ
$

✐/ #❤❡ ♣♦♥❞❡-♦♠♦#✐✈❡

♣♦#❡♥#✐❛❧✱ ✇❤✐❝❤ ✇✐❧❧ ❜❡ ❞✐/❝✉//❡❞ ❧❛#❡- ✐♥ #❤✐/ ❝❤❛♣#❡-✳ ■❢ γ > 1 ▼8■ ✇✐❧❧ ❞♦♠✐♥❛♥#❧②

#❛❦❡ ♣❧❛❝❡✱ ✇❤✐❧❡ ❢♦- γ < 1 #❤❡ ❚■ ✇✐❧❧ ♣-❡✈❛✐❧ #❤❡ ♣-♦❝❡//✳

-E
ion

x

V(x)

0
x

max

-eEx

✭❛✮ ❚■

-E
ion

x

V(x)

0

✭❜✮ ❇❙■

❋✐❣✉&❡ ✷✳✷✿ ❙❝❤❡♠❡ ♦❢ #❤❡ #✉♥♥❡❧ ✐♦♥✐/❛#✐♦♥ ✭❚■✮✱ ❛/ ✇❡❧❧ ❛/ #❤❡ ❜❛--✐❡- /✉♣♣-❡//✐♦♥ ✐♦♥✲

✐/❛#✐♦♥ ✭❇❙■✮✳ ❚❤❡ ❧❛/❡- ✜❡❧❞ ✐/ /#-♦♥❣ ❡♥♦✉❣❤ #♦ ❞✐/#✉-❜ #❤❡ ❛#♦♠✐❝ ❜✐♥❞✐♥❣ ♣♦#❡♥#✐❛❧

✐♥ ❛ ✇❛② #❤❛# ❡❧❡❝#-♦♥/ ❝❛♥ ❡/❝❛♣❡ ❢-♦♠ #❤❡ ❈♦✉❧♦♠❜ ♣♦#❡♥#✐❛❧ /♣♦♥#❛♥❡♦✉/❧②✳

❚❤❡ ❝❧❛//✐❝❛❧ ❈♦✉❧♦♠❜ ♣♦#❡♥#✐❛❧✱ ♠♦❞✐✜❡❞ ❜② #❤❡ ❧❛/❡- ✜❡❧❞ ❢♦- ❚■ #♦ ♦❝❝✉- ❝❛♥ ❜❡

✇-✐##❡♥ ❛/

✶✵



✷✳✶ ■♦♥✐'❛)✐♦♥ ♣+♦❝❡''❡'

V (x) = −Ze2

x
− eEx, ✭✷✳✻✮

✇❤❡(❡ ❊ ✐+ ,❤❡ ❡❧❡❝,(✐❝ ✜❡❧❞ ♦❢ ,❤❡ ❧❛+❡(✱ ❧✐♥❡❛(❧② ♣♦❧❛(✐③❡❞ ❛❧♦♥❣ ,❤❡ ①✲❛①✐+✳ ❚❤❡ (❡+❤❛♣❡❞

❜❛((✐❡( ❤❛+ ❜❡❡♥ +✉♣♣(❡++❡❞ ♦♥ ♦♥❡ +✐❞❡✳ ❚❤❡ ❡❧❡❝,(♦♥ ♠❛② ,✉♥♥❡❧ ,❤(♦✉❣❤ ,❤✐+ ❜❛((✐❡(

✇✐,❤ ❛ ❝❡(,❛✐♥ ♣(♦❜❛❜✐❧✐,②✱ ❛+ ✐❧❧✉+,(❛,❡❞ ✐♥ ♣❧♦, ✭❛✮ ♦❢ ✜❣✉(❡ ✷✳✷✳ ■❢ E
✐♦♥

✐+ ❛❜♦✈❡

,❤❡ ❜❛((✐❡(✱ ,❤❡ ❡❧❡❝,(♦♥ ✇✐❧❧ ❡+❝❛♣❡ +♣♦♥,❛♥❡♦✉+❧②✱ ✇❤✐❝❤ ✐+ ❝❛❧❧❡❞ ❜❛((✐❡( +✉♣♣(❡++✐♦♥

✐♦♥✐+❛,✐♦♥ ✭❇❙■✮✱ ♣✐❝,✉(❡❞ ✐♥ ♣❧♦, ✭❜✮✳ ❚❤❡ ♠❛①✐♠✉♠ ♣♦+✐,✐♦♥ ♦❢ ,❤❡ ❜❛((✐❡( ❝❛♥ ❜❡

❡①♣(❡++❡❞ ❛+

x
♠❛①

=
Ze

E
. ✭✷✳✼✮

■❢ ,❤❡ ♣♦,❡♥,✐❛❧ ❛, ,❤✐+ ♣♦✐♥, ✐+ +❡, ,♦ ,❤❡ ✐♦♥ ❜✐♥❞✐♥❣ ❡♥❡(❣②✿ V (x
♠❛①

) = E
✐♦♥

✱ ,❤❡ ✜❡❧❞

,❤(❡+❤♦❧❞ ♦❢ ,❤❡ ❇❙■ ❝❛♥ ❜❡ ❝❛❧❝✉❧❛,❡❞ ✇✐,❤

E
❝

=
E2

✐♦♥

4Ze3
. ✭✷✳✽✮

❇② ♠❡❛♥+ ♦❢ ❡G✉❛,✐♦♥ ✷✳✽ ❛♥ ✐♥,❡♥+✐,② ❢♦( ,❤❡ ✐♦♥✐+❛,✐♦♥ ,❤(❡+❤♦❧❞

I
❇❙■

=
c

8π
E2

❝

= 4 · 109E❜✐♥❞

[eV ]4

Z2
[❲✴❝♠

2], ✭✷✳✾✮

✐+ ♥❡❡❞❡❞✳ ❚❤❡ (❡G✉✐(❡❞ ❧❛+❡( ✐♥,❡♥+✐,② ❢♦( ,❤❡ ❇❙■ ♣(♦❝❡++ ❢♦( ❍②❞(♦❣❡♥ ❛♥❞ ❍❡❧✐✉♠

❛,♦♠+ ❝❛♥ ❜❡ ❞❡✜♥❡❞ ❛+

I❍

❇❙■

≈ 1.4 · 1014 ❲✴❝♠

2,

I❍❡

+

❇❙■

≈ 1.4 · 1015 ❲✴❝♠

2,

I❍❡

++

❇❙■

≈ 8.8 · 1015 ❲✴❝♠

2.

✭✷✳✶✵✮

❚❤❡(❡❢♦(❡✱ ,❤❡ ,❛(❣❡, ❝❛♥ ❛❧(❡❛❞② ❜❡ ✐♦♥✐+❡❞ ❜② ❛ (❡❧❛,✐✈❡❧② ❧♦✇ ✐♥,❡♥+✐,② ❧❛+❡( ❜❡❛♠✳

❚❤❡ ,❡♠♣♦(❛❧ ❝♦♥,(❛+, ♦❢ ,❤❡ ❧❛+❡( ✐+ ❞❡✜♥❡❞ ❜② ❛ ♣❡❞❡+,❛❧ ❧❡✈❡❧ ❞✉❡ ,♦ ❛♠♣❧✐✜❡❞ +♣♦♥✲

,❛♥❡♦✉+ ❡♠✐++✐♦♥ ✭❆❙❊✮ ✐♥ ,❤❡ ♣✐❝♦ +❡❝♦♥❞ ,✐♠❡ (❛♥❣❡✱ ❛+ ❞✐+❝✉++❡❞ ❧❛,❡( ♦♥ ✐♥ +✉❜✲

+❡❝,✐♦♥ ✸✳✶✳✸✳ ❚❤✐+ ♣❡❞❡+,❛❧ ❧❡✈❡❧ ✐+ ❛❜♦✈❡ ,❤❡ ✐♦♥✐+✐♥❣ ,❤(❡+❤♦❧❞ ❛♥❞ ❝♦✉❧❞ ✐♦♥✐+❡ ,❤❡

,❛(❣❡, ❜❡❢♦(❡ ,❤❡ ♠❛✐♥ ❧❛+❡( ♣✉❧+❡ ❛((✐✈❡+✳ ❚❤✐+ +❤♦✉❧❞ ❜❡ ,❛❦❡♥ ✐♥,♦ ❛❝❝♦✉♥, ❢♦( ❢✉(,❤❡(

❛♥❛❧②+✐+ ♦❢ ,❤❡ (❡+✉❧,+ ❞✐+❝✉++❡❞ ✐♥ ,❤✐+ ,❤❡+✐+✳

✶✶



❈❤❛♣$❡& ✷ ❚❤❡♦&❡$✐❝❛❧ ❜❛.✐❝. ♦❢ ❧❛.❡& ♣❧❛.♠❛ ✐♥$❡&❛❝$✐♦♥.

✷✳✷ ❙✐♥❣❧❡ ❝❤❛+❣❡❞ ♣❛+.✐❝❧❡ ♠♦.✐♦♥

■♥ ♦#❞❡# &♦ ✉♥❞❡#(&❛♥❞ ❞✐✛❡#❡♥& ♣#♦❝❡((❡( ✐♥ ❧❛(❡# ♣❧❛(♠❛ ✐♥&❡#❛❝&✐♦♥✱ &❤❡ ♠♦&✐♦♥ ♦❢ ❛

(✐♥❣❧❡ ❝❤❛#❣❡❞ ♣❛#&✐❝❧❡ ♦❢ &❤❡ ♣❧❛(♠❛ ✐♥ &❤❡ ❡❧❡❝&#♦♠❛❣♥❡&✐❝ ✜❡❧❞ ♦❢ ❛ ❧❛(❡# ❤❛( &♦ ❜❡

✐♥✈❡(&✐❣❛&❡❞✳ ❚❤✐( (❡❝&✐♦♥ ✐( ❜❛(❡❞ ♦♥ ❜♦♦❦( ❬✶✺❪ ❛♥❞ ❬✶✻❪✳

✷✳✷✳✶ #❛%&✐❝❧❡ ♠♦&✐♦♥ ✐♥ ❡❧❡❝&%♦♠❛❣♥❡&✐❝ ✇❛✈❡1

❆♥ ❡❧❡❝&#♦♥ ✐♥&❡#❛❝&✐♥❣ ✇✐&❤ ❛ ♠❛❣♥❡&✐❝ ✜❡❧❞ ✇✐❧❧ ❝❛##② ♦✉& ❛ ❝✐#❝✉❧❛# ❣②#❛&✐♦♥ ♠♦&✐♦♥

❞✉❡ &♦ &❤❡ ♠❛❣♥❡&✐❝ ▲♦#❡♥&③ ❢♦#❝❡✳ ❲✐&❤ ❛♥ ❛❞❞✐&✐♦♥❛❧ ❡❧❡❝&#✐❝ ✜❡❧❞✱ &❤❡ ❣✉✐❞✐♥❣ ❝❡♥&#❡

♦❢ &❤❡ ❡❧❡❝&#♦♥( ✇✐❧❧ ❛❧(♦ ❤❛✈❡ ❛ ❞#✐❢&✳ ❚❤❡ ❡E✉❛&✐♦♥ ♦❢ ♠♦&✐♦♥ ❝❛♥ ❜❡ ✇#✐&&❡♥ ❛(

m
❡

dv

dt
= −e

[

E(r, t)+
v

c
×B(r, t)

]

. ✭✷✳✶✶✮

❲❤❡#❡ r = xx̂ + yŷ + zẑ = r(t) ✐( &❤❡ ♣❛#&✐❝❧❡ ♣♦(✐&✐♦♥ ✇✐&❤ dr/dt = v✱ ✇❤✐❧❡ &❤❡

❡❧❡❝&#✐❝ ❛♥❞ ♠❛❣♥❡&✐❝ ✜❡❧❞( ♦❢ ❛ ♣❧❛♥❡ ✇❛✈❡✱ ♣#♦♣❛❣❛&✐♥❣ ✐♥ ① ❞✐#❡❝&✐♦♥✱ ❛#❡

E = E(x, t) = E0ǫ̂ exp (✐(kx− ωt)) = E0ǫ̂[cos(kx− ωt) + ✐ sin(kx− ωt)],

B = B(x, t) = x̂×E = x̂× E0ǫ̂[cos(kx− ωt) + ✐ sin(kx− ωt)].
✭✷✳✶✷✮

❚❤❡ ✇❛✈❡ ✈❡❝&♦# ✐( k = ω/c ✇✐&❤ ω ❛( ❛♥❣✉❧❛# ❢#❡E✉❡♥❝② ❛♥❞ ❝ ❛( (♣❡❡❞ ♦❢ ❧✐❣❤&✳ ǫ̂ ✐(

&❤❡ ❝♦♠♣❧❡① ♣♦❧❛#✐③❛&✐♦♥ ✈❡❝&♦#✱ ✇❤✐❝❤ ✐( ǫ̂ = ŷ(ẑ) ❢♦# ❧✐♥❡❛# ♣♦❧❛#✐③❡❞ ❧✐❣❤& ❛❧♦♥❣ y(z)

❛♥❞ ǫ̂ = (ŷ ± ✐ẑ)/
√
2 ❢♦# ❝✐#❝✉❧❛# ♣♦❧❛#✐③❛&✐♦♥✳

■♥ ❛ ❧✐♥❡❛# ❛♣♣#♦①✐♠❛&✐♦♥ &❤❡ v×B &❡#♠ ♦❢ ❡E✉❛&✐♦♥ ✷✳✶✶ ❝❛♥ ❜❡ ♥❡❣❧❡❝&❡❞ ✐♥ &❤❡ ❝❛(❡

♦❢ ✇❡❛❦ ✜❡❧❞( ❛♥❞ ❢♦# |v| ≪ c✳ ❆ (♦❧✉&✐♦♥ ✈✐❛ ❛ ✜#(& ♦#❞❡# ❛♣♣#♦❛❝❤ ✐( ♦❜&❛✐♥❡❞ ❛(

v1 = −
✐e

m
❡

ω
E,

r1 =
e

m
❡

ω2
E.

✭✷✳✶✸✮

❆((✉♠✐♥❣ ♥♦ ❛❞❞✐&✐♦♥❛❧ ❢♦#❝❡ ✐♥ &❤❡ x̂ ❞✐#❡❝&✐♦♥✱ &❤❡ ❡❧❡❝&#♦♥ &#❛❥❡❝&♦#② ✐( ❧✐♥❡✲(❤❛♣❡❞

❢♦# ❧✐♥❡❛# ❛♥❞ ❛ ❝✐#❝❧❡ ❢♦# ❝✐#❝✉❧❛# ♣♦❧❛#✐③❡❞ ❧✐❣❤&✳

✶✷
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❆ ♥❡✇ ♣❛&❛♠❡(❡& ❝❛♥ ❜❡ ❞❡✜♥❡❞ (♦ ❞✐/(✐♥❣✉✐/❤ ❜❡(✇❡❡♥ (❤❡ ♥♦♥✲&❡❧❛(✐✈✐/(✐❝ ❛♥❞ &❡❧❛✲

(✐✈✐/(✐❝ &❡❣✐♠❡/ ♦❢ (❤❡ ✐♥(❡&❛❝(✐♦♥✳ ❚❤❡ ♥♦&♠❛❧✐/❡❞ ❛♥❞ ❞✐♠❡♥/✐♦♥❧❡// ❛♠♣❧✐(✉❞❡ ♦❢ (❤❡

❧❛/❡& ✜❡❧❞ ♦& ♥♦&♠❛❧✐/❡❞ ✈❡❝(♦& ♣♦(❡♥(✐❛❧ a0✱ ✇❤✐❝❤ ❝❛♥ ❜❡ ❡①♣&❡//❡❞ ❛/

a0 =
v1
c

=
eE0

m
❡

ωc
. ✭✷✳✶✹✮

■❢ a0 > 1✱ ✇❤✐❝❤ ♠❡❛♥/ (❤❡ ❡❧❡❝(&♦♥ ✈❡❧♦❝✐(② ✐/ ❝♦♠♣❛&❛❜❧❡ (♦ (❤❡ /♣❡❡❞ ♦❢ ❧✐❣❤( ❝✱

(❤❡ ❡❧❡❝(&♦♥ ♠♦(✐♦♥ ✇✐❧❧ ❜❡ &❡❧❛(✐✈✐/(✐❝✳ a0 ❝❛♥ ❛❧/♦ ❜❡ ✇&✐((❡♥ ✐♥ ♣&❛❝(✐❝❛❧ ✉♥✐(/ ❢♦& ❛

❝♦♥✈❡♥✐❡♥( ❞❡/❝&✐♣(✐♦♥ ✭❢♦& ❧✐♥❡❛& ♣♦❧❛&✐③❛(✐♦♥✮ ❛/

a0 =
e

m
❡

c

λ

2πc

√

8πI

c
= 0.85

√

Iλ2
µ

1018❲❝♠−2
. ✭✷✳✶✺✮

❆( (❤❡ ❉F//❡❧❞♦&❢ ❆❘❈❚❯❘❯❙ ❧❛/❡& ❢❛❝✐❧✐(②✱ ♣❡❛❦ ✐♥(❡♥/✐(✐❡/ ✐♥ (❤❡ &❛♥❣❡ ♦❢ 1020❲✴❝♠2

❝❛♥ ❜❡ &❡❛❝❤❡❞✳ ❚❤✐/ ❝♦&&❡/♣♦♥❞/ (♦ ❛♥ a0 ≈ 8✱ ✇❤✐❝❤ ♠❡❛♥/ &❡❧❛(✐✈✐/(✐❝ ❡✛❡❝(/ ❤❛✈❡ (♦

❜❡ (❛❦❡♥ ✐♥(♦ ❛❝❝♦✉♥(✳

■♥ (❤❡ &❡❧❛(✐✈✐/(✐❝ ❛♣♣&♦①✐♠❛(✐♦♥ ✭a0 ≥ 1✮✱ (❤❡ ❡N✉❛(✐♦♥/ ✷✳✶✸ ❛&❡ ♥♦( ✈❛❧✐❞ ❛♥②♠♦&❡✳

◆♦✇✱ (❤❡ ♠❛❣♥❡(✐❝ ✜❡❧❞ ❤❛/ (♦ ❜❡ ✐♥❝❧✉❞❡❞✳ ❚❤❡ ♥❡①( ♦&❞❡& (❡&♠ ✐/ ❝♦♥/✐❞❡&❡❞ ❛/✿

v = v1 + v2 ❛♥❞ (❤❡ ❡N✉❛(✐♦♥ ♦❢ ♠♦(✐♦♥ ❝❤❛♥❣❡/ (♦

m
❡

d(v1 + v2)

dt
= −e

[

E(r, t)+
v1 + v2

c
×B(r, t)

]

. ✭✷✳✶✻✮

❲✐(❤ E = E0ŷ sin(ωt) ❛♥❞ B = E0ẑ cos(ωt) (❤❡ (&❛❥❡❝(♦&② ♦❢ (❤❡ ❡❧❡❝(&♦♥/ ❝❛♥ ❜❡

&❡❞✉❝❡❞ (♦

16X2 = Y 2(1− Y 2), ✭✷✳✶✼✮

✇✐(❤ (❤❡ ❞✐♠❡♥/✐♦♥❧❡// ❝♦♦&❞✐♥❛(❡/ X = (ωx/c)/a20 ❛♥❞ Y = (ωy/c)/a0✳ ❚❤✐/ ♠♦✈❡♠❡♥(

&❡♣&❡/❡♥(/ (❤❡ ✜❣✉#❡✲♦❢✲❡✐❣❤* ✐♥ (❤❡ &❡/( ❢&❛♠❡ ✇✐(❤ ♥♦ ❛✈❡&❛❣❡ ♠♦✈❡♠❡♥( ❛❧♦♥❣ (❤❡

♣&♦♣❛❣❛(✐♦♥ ❞✐&❡❝(✐♦♥ x✱ ✜❣✉&❡ ✷✳✸✳

❚❤❡ &❡❧❛(✐✈✐/(✐❝ ❡N✉❛(✐♦♥ ♦❢ ♠♦(✐♦♥✱ ❡①♣&❡//❡❞ ❜② (❤❡ ♠♦♠❡♥(✉♠✱ ❝❛♥ ❜❡ ❞❡✜♥❡❞ ❛/

✶✸



❈❤❛♣$❡& ✷ ❚❤❡♦&❡$✐❝❛❧ ❜❛.✐❝. ♦❢ ❧❛.❡& ♣❧❛.♠❛ ✐♥$❡&❛❝$✐♦♥.

-0,1250,000
-1,0

0,0

0,5

X

-0,125

-1,0

Y

0,5

❋✐❣✉&❡ ✷✳✸✿ ❚!❛❥❡❝&♦!② ♦❢ ❛♥ ❡❧❡❝&!♦♥ ✐♥ ❛ ♣❧❛♥❡ ❡❧❡❝&!♦♠❛❣♥❡&✐❝ ✇❛✈❡ ✐♥ &❤❡ ❛✈❡!❛❣❡

!❡❢❡!❡♥❝❡ ❢!❛♠❡ ♠♦✈✐♥❣ ✇✐&❤ &❤❡ ❞!✐❢&✳

dp

dt
= −e

[

E +
v

c
×B

]

, ✭✷✳✶✽✮

✇✐&❤ &❤❡ ♠♦♠❡♥&✉♠ p = m
❡

γv✳ γ ✐; &❤❡ !❡❧❛&✐✈✐;&✐❝ ❢❛❝&♦!✱ ✇❤✐❝❤ ❝❛♥ ❜❡ ❞❡✜♥❡❞ ❜②

♠❡❛♥; ♦❢ a0✿ γ = 1/
√

1− v2/c2 ≈ 1/
√

1− a20✳ ❋♦! ❛ ;✉♠♠❛!② ♦❢ &❤❡ !❡❧❛&✐✈✐;&✐❝ ♣❛!&✐❝❧❡

♠♦&✐♦♥ ✐♥ ❛♥ ❡❧❡❝&!♦♠❛❣♥❡&✐❝ ✜❡❧❞ ;❡❡ ❬✶✺❪ ♣✳ ✾✳

✷✳✷✳✷ "♦♥❞❡'♦♠♦)✐✈❡ ❋♦'❝❡

❚❤❡ ❝❛❧❝✉❧❛&✐♦♥; ❛❜♦✈❡ ❛!❡ ♦♥❧② ✈❛❧✐❞ ❢♦! ♣❧❛♥❡ ❡❧❡❝&!♦♠❛❣♥❡&✐❝ ✇❛✈❡;✳ ❚❤✐;✱ ❤♦✇❡✈❡!✱ ✐;

♥♦& &❤❡ ❝❛;❡ ❢♦! ✐♥&❡!❛❝&✐♦♥; ♦❢ ✉❧&!❛ ;❤♦!& ❧❛;❡! ♣✉❧;❡; ✇✐&❤ ❛ ♣❧❛;♠❛✳ ❋♦! ❡①❛♠♣❧❡✱ ❛♥

✐♥&❡♥;✐&② ❣!❛❞✐❡♥& ✐; ❝❛✉;❡❞ ❜② &❤❡ &✐❣❤& ❢♦❝✉;✐♥❣ ♦❢ &❤❡ ❧❛;❡! ✇✐&❤ ❛ ●❛✉;;✐❛♥ ✐♥&❡♥;✐&②

♣!♦✜❧❡✳ ■♥ &❤❡ ❢♦❧❧♦✇✐♥❣ ✐& ✐; ❞❡;❝!✐❜❡❞ ❤♦✇ &❤✐; ❢❛❝& ✇✐❧❧ ❛✛❡❝& &❤❡ ♣❛!&✐❝❧❡ ♠♦&✐♦♥ ✐♥ &❤❡

✜❡❧❞ ♦❢ ❛♥ ❡❧❡❝&!♦♠❛❣♥❡&✐❝ ✇❛✈❡✳ ■❢ &❤❡!❡ ✐; ♥♦ ❡♥❡!❣② &!❛♥;❢❡!!❡❞ ❢!♦♠ &❤❡ ✇❛✈❡ &♦ &❤❡

♣❛!&✐❝❧❡;✱ ❡❧❡❝&!♦♥; ❛♥❞ ✐♦♥; ❥✉;& ♦;❝✐❧❧❛&❡ ✐♥ &❤❡ ✜❡❧❞✳ ❍♦✇❡✈❡!✱ ✐❢ &❤❡ ♣❡!&✉!❜❛&✐♦♥ ❞✉❡

&♦ &❤❡ ✇❛✈❡ ❣❡&; ❜✐❣❣❡!✱ ♥♦♥✲❧✐♥❡❛! &❡!♠; ❤❛✈❡ &♦ ❜❡ ❝♦♥;✐❞❡!❡❞✳ ❉✉❡ &♦ &❤❛& &❤❡ ❡❧❡❝&!♦♥

♠♦&✐♦♥ ❝♦♥;✐;&; ♦❢ ❛ ;❧♦✇❧② ✈❛!②✐♥❣ ♣❛!& ;✉♣❡!♣♦;❡❞ ❜② &❤❡ ❢❛;& ♦;❝✐❧❧❛&✐♥❣ &❡!♠✳

❲✐&❤ ❡M✉❛&✐♦♥ ✷✳✶✶ ❛♥❞ &❤❡ ❧✐♠✐& v/c≪ 1✱ &❤❡ ❡M✉❛&✐♦♥ ♦❢ ♠♦&✐♦♥ ✐;

dv1

dt
= − e

m
❡

E(r
!

(t), t). ✭✷✳✶✾✮
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■♥ ❝♦♥$%❛'$ $♦ $❤❡ ❝❛❧❝✉❧❛$✐♦♥' ❜❡❢♦%❡✱ $❤❡ ❛♠♣❧✐$✉❞❡ ♦❢ $❤❡ ❡❧❡❝$%✐❝ ✜❡❧❞ ✐' ♥♦✇ ❞❡♣❡♥❞❡♥$

♦♥ $❤❡ %❛❞✐❛❧ ❝♦♠♣♦♥❡♥$✳ ❆ ❚❛②❧♦% ❡①♣❛♥'✐♦♥ ❧❡❛❞' $♦

E(r
 

(t), t) = E(r
 

(t) + r0(t), t) ≈ E(r
 

(t), t) + (r0(t) ·∇)E(r
 

(t), t). ✭✷✳✷✵✮

❚❤❡ ✜%'$ ♦%❞❡% '♦❧✉$✐♦♥ ❛$ $❤❡ ✐♥✐$✐❛❧ ♣♦'✐$✐♦♥ r0✱ ♥❡❣❧❡❝$✐♥❣ $❤❡ v/c×B $❡%♠ ✐' %❡❞✉❝❡❞

$♦

dv1

dt
= − e

m
❡

E(r0)❝♦'ωt,

v1 = −
✐e

m
❡

ω
E

 

(r
 

(t))'✐♥ωt,

r1 =
e

m
❡

ω2
E

 

(r
 

(t))❝♦'ωt.

✭✷✳✷✶✮

❇② ✉'✐♥❣ ▼❛①✇❡❧❧✬' ❡C✉❛$✐♦♥

∇×E = −∂B

∂t
,

B1 = −
1

ω
∇×E

 

(r0)'✐♥ωt,

✭✷✳✷✷✮

❛♥❞ $❤❡ ♥❡①$ ♦%❞❡% $❡%♠✱ $❤❡ ❡C✉❛$✐♦♥ ♦❢ ♠♦$✐♦♥ ❝❛♥ ❜❡ ✇%✐$$❡♥ ❛'

dv2

dt
= − e

m
❡

[

(r1 ·∇)E(r
 

(t), t) +
v1

c
×B1

]

. ✭✷✳✷✸✮

❇② ♠❡❛♥' ♦❢ ❡C✉❛$✐♦♥ ✷✳✷✶ ❛♥❞ ✷✳✷✷ ❛♥❞ ❛✈❡%❛❣✐♥❣ ♦✈❡% $✐♠❡✱ $❤❡ ♥♦♥ ❧✐♥❡❛% ❢♦%❝❡ ♦♥ ❛

'✐♥❣❧❡ ❡❧❡❝$%♦♥ ❝❛♥ ❜❡ ❝❛❧❝✉❧❛$❡❞ ✇✐$❤

m
❡

〈

dv2

dt

〉

= − e2

m
❡

ω2

1

2
[(E

 

(r
 

(t)) ·∇)E
 

(r
 

(t)) +E
 

(r
 

(t))× (∇×E
 

(r
 

(t)))] ,

✭✷✳✷✹✮

❛♥❞ ✜♥❛❧❧② '✉♠♠❛%✐'❡❞ ❛'

F
"

= m
❡

〈

dv2

dt

〉

= − e2

4m
❡

ω2
∇

〈

E
 

(r
 

(t))2
〉

. ✭✷✳✷✺✮
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❚❤❡ ♣♦♥❞❡'♦♠♦)✐✈❡ ♣♦)❡♥)✐❛❧ ♦' )❤❡ ❡♥❡'❣② ♦❢ )❤❡ ❛✈❡'❛❣❡❞ ❝②❝❧❡ ♦2❝✐❧❧❛)✐♦♥ ✐2 ❝❛❧❝✉❧❛)❡❞

❜② ✐♥)❡❣'❛)✐♥❣ ❡5✉❛)✐♦♥ ✷✳✷✺ )♦

Φ
 

=
1

2
m
❡

〈

v2
2

〉

=
e2

2m
❡

ω2

〈

E(r
"

(t))2
〉

. ✭✷✳✷✻✮

❚❤❡ ♣♦♥❞❡'♦♠♦)✐✈❡ ❢♦'❝❡ ✐2 ❞❡♣❡♥❞❡♥) ♦♥ )❤❡ ♥❡❣❛)✐✈❡ ❣'❛❞✐❡♥) ♦❢ )❤❡ 25✉❛'❡ ♦❢ )❤❡

❡❧❡❝)'✐❝ ✜❡❧❞ ❛♠♣❧✐)✉❞❡✱ ✇❤✐❝❤ ✐2 ♣'♦♣♦')✐♦♥❛❧ )♦ )❤❡ ❣'❛❞✐❡♥) ♦❢ )❤❡ ❧❛2❡' ✐♥)❡♥2✐)②

✭〈E(r
 

(t))2〉 ∝ I
▲

✮✳ ■♥ $❤❡ '❡❧❛$✐✈✐,$✐❝ ❝❛,❡ $❤❡ ♣♦♥❞❡'♦♠♦$✐✈❡ ❢♦'❝❡ ❝❛♥ ❜❡ ❡①♣'❡,,❡❞

❜② ♠❡❛♥, ♦❢ $❤❡ ♥♦'♠❛❧✐,❡❞ ✈❡❝$♦' ♣♦$❡♥$✐❛❧ a0 ❛,

F
"

= −m
❡

c2∇γ = −m
❡

c2∇
√

1 + a20. ✭✷✳✷✼✮

❆, ❛ ❝♦♥,❡:✉❡♥❝❡✱ ❝❤❛'❣❡❞ ♣❛'$✐❝❧❡, ✇✐❧❧ ❥✉,$ ♦,❝✐❧❧❛$❡ ❛♥❞ ❣❛✐♥ ♥♦ ❡♥❡'❣② ✐♥ ❛ ♣❧❛✐♥

❤♦♠♦❣❡♥♦✉, ❡❧❡❝$'♦♠❛❣♥❡$✐❝ ✇❛✈❡✳ ❆, ,♦♦♥ ❛, $❤❡ ❧❛,❡' ❤❛, ♣❛,,❡❞ $❤❡ ✐♥$❡'❛❝$✐♦♥

'❡❣✐♦♥✱ $❤❡ ♦,❝✐❧❧❛$✐♥❣ ❡❧❡❝$'♦♥✱ ❢♦' ❡①❛♠♣❧❡✱ ✇✐❧❧ '❡♠❛✐♥ ✐♥ ✐$, ♦'✐❣✐♥❛❧ ♣♦,✐$✐♦♥✳ ❇✉$ ✐❢

❛ ❧❛,❡' ✐♥$❡♥,✐$② ❣'❛❞✐❡♥$ ✐, ♣'❡,❡♥$✱ $❤❡ ♣❛'$✐❝❧❡, ✇✐❧❧ ❜❡ ♣✉,❤❡❞ ❜② $❤❡ ♣♦♥❞❡'♦♠♦$✐✈❡

❢♦'❝❡ ✭❡:✉❛$✐♦♥ ✷✳✷✺✮ $♦ ❛'❡❛, ✇✐$❤ ❛ ❧♦✇❡' ✜❡❧❞ ❛♠♣❧✐$✉❞❡ ♦' ❧❛,❡' ✐♥$❡♥,✐$②✳ C♦,✐$✐✈❡✱

❛, ✇❡❧❧ ❛, ♥❡❣❛$✐✈❡ ❝❤❛'❣❡❞ ♣❛'$✐❝❧❡, ❛'❡ ❛✛❡❝$❡❞ ✐♥ $❤❡ ,❛♠❡ ❞✐'❡❝$✐♦♥ ❜② $❤✐, ❢♦'❝❡✱

❜❡❝❛✉,❡ ♦❢ $❤❡ ,:✉❛'❡ ♦❢ $❤❡ ❝❤❛'❣❡✳ ❇✉$ ❞✉❡ $♦ $❤❡ ❤❡❛✈② ♠❛,, ♦❢ $❤❡ ✐♦♥,✱ $❤❡②

❛'❡ ❧❡,, ❛✛❡❝$❡❞ $❤❛♥ $❤❡ ❧✐❣❤$ ❡❧❡❝$'♦♥,✳ ❈♦♥,✐❞❡'✐♥❣ $❤✐, ♠❡❝❤❛♥✐,♠✱ $❤❡ ❡❧❡❝$'♦♥, ❛'❡

❛❝❝❡❧❡'❛$❡❞ '❛❞✐❛❧❧② ❛✇❛② ❢'♦♠ $❤❡ ❧❛,❡' ❛①✐,✳ ❆$ $❤✐, ♣♦✐♥$✱ $❤❡ ❧❛,❡' ✐♥$❡♥,✐$② ✐, ,♠❛❧❧❡'

❛♥❞ $❤❡'❡❢♦'❡ ❛❧,♦ $❤❡ ♣♦♥❞❡'♦♠♦$✐✈❡ ❢♦'❝❡✳ ❚❤❡ ❡❧❡❝$'♦♥, ❝❛♥♥♦$ '❡❛❝$ ✇✐$❤ $❤❡ ,❛♠❡

,$'❡♥❣$❤✱ ,♦ $❤❛$ $❤❡② ❛'❡ ❢♦'❝❡❞ $♦ ,$❛② ✐♥ $❤❡ ♦✉$❡' '❡❣✐♦♥,✳ ❆ ❝❤❛'❣❡ ❞✐,♣❧❛❝❡♠❡♥$

$❛❦❡, ♣❧❛❝❡✳ ■♥ ❡❛❝❤ ❤❛❧❢ ❧❛,❡' ♣✉❧,❡ ❝②❝❧❡ $❤❡ ❡❧❡❝$'♦♥ ✐, ❢✉'$❤❡' ❛❝❝❡❧❡'❛$❡❞ ❛♥❞ ❣❛✐♥,

♠♦'❡ ❛♥❞ ♠♦'❡ ❦✐♥❡$✐❝ ❡♥❡'❣②✳ ❚❤✐, ♣'♦❝❡,, '❡❝✉', ✉♥$✐❧ $❤❡ ❡♥❡'❣② ♦❢ $❤❡ ❡❧❡❝$'♦♥ ✐,

❤✐❣❤ ❡♥♦✉❣❤ $♦ ❡①✐$ $❤❡ ❧❛,❡' '❡❣✐♦♥✳

✷✳✸ ▲❛%❡' ♣❧❛%♠❛ ✐♥-❡'❛❝-✐♦♥

❈❤❛'❛❝$❡'✐,$✐❝ ♣❛'❛♠❡$❡', ✐♥ ♦'❞❡' $♦ ❞❡,❝'✐❜❡ ❛♥❞ ❝♦♠♣❛'❡ ❞✐✛❡'❡♥$ ❧❛,❡' ♣❧❛,♠❛ ✐♥✲

$❡'❛❝$✐♦♥, ❛'❡ ♣'❡,❡♥$❡❞✱ ❢♦❧❧♦✇❡❞ ❜② ❛ ,✉♠♠❛'② ♦❢ ,♦♠❡ ♥♦♥✲❧✐♥❡❛' ❡✛❡❝$, ♦❝❝✉''✐♥❣

❞✉'✐♥❣ $❤❡ ✐♥$❡'♣❧❛②✳ ❚❤✐, ,❡❝$✐♦♥ ✐, ❜❛,❡❞ ♦♥ ❬✶✺✱ ✶✻✱ ✶✼✱ ✶✽❪✳

✶✻



✷✳✸ ▲❛%❡' ♣❧❛%♠❛ ✐♥-❡'❛❝-✐♦♥

✷✳✸✳✶ ❈❤❛'❛❝)❡'✐,)✐❝, ♦❢ ❧❛,❡' ♣❧❛,♠❛,

❆ ❞✐✛❡%❡♥' ❛♣♣%♦❛❝❤ '♦ ❝❤❛%❛❝'❡%✐-❡ '❤❡ ❧❛-❡% ♣❧❛-♠❛ ✐♥'❡%❛❝'✐♦♥ ✐-✱ '♦ ❛--✉♠❡ ❛ ♣❧❛-♠❛

❛- ❛ ❝♦❧❧❡❝'✐✈❡ ❝❧♦✉❞ ♦❢ ❡❧❡❝'%♦♥-✳ ❚❤❡ ❤❡❛✈② ✐♦♥- ❝❛♥ ❜❡ ❛--✉♠❡❞ '♦ ❜❡ -'❛'✐♦♥❛%② ♦✈❡%

'❤❡ ♣✉❧-❡ ❞✉%❛'✐♦♥ ♦❢ '❤❡ ❧❛-❡%✳

❚❤❡ ❡❧❡❝'%♦♥ ❞❡♥-✐'② ✐♥ ❛ '❤❡%♠❛❧ ❡8✉✐❧✐❜%✐✉♠ ✇✐'❤ ❛ 8✉❛-✐✲-'❛'✐❝ ❡❧❡❝'%✐❝ ✜❡❧❞ ❝❛♥ ❜❡

✇%✐''❡♥ ❛-

n
❡

= n
❡0❡①♣

(

eΦ

k
❇

T
❡

)

. ✭✷✳✷✽✮

■' -❤♦✇- '❤❡ ❝❤❛%❛❝'❡%✐-'✐❝- ♦❢ ❛ ❇♦❧'③♠❛♥♥ ❞✐-'%✐❜✉'✐♦♥✱ ✇✐'❤ ne0 ❛- ❡❧❡❝'%♦♥ ❞❡♥-✐'②

❢❛% ❛✇❛② ❢%♦♠ '❤❡ ❡❧❡❝'%♦-'❛'✐❝ ♣♦'❡♥'✐❛❧ Φ✳ k
❇

✐- '❤❡ ❇♦❧'③♠❛♥♥ ❝♦♥-'❛♥' ❛♥❞ T
❡

'❤❡

❡❧❡❝'%♦♥ '❡♠♣❡%❛'✉%❡✳

❆ ✜❡❧❞✱ ✐♥❞✉❝❡❞ ❜② ❝❤❛%❣❡❞ ♣❛%'✐❝❧❡-✱ ✐- -❤✐❡❧❞❡❞ ❜② '❤❡ ♣❧❛-♠❛ ❡❧❡❝'%♦♥- ✇✐'❤ '❤❡

❝❤❛%❛❝'❡%✐-'✐❝ ❞✐-'❛♥❝❡ ♦❢ '❤❡ ❉❡❜②❡ ❧❡♥❣'❤✱ λD

λ
❉

=

√

ǫ0k❇T❡

n
❡0e2

. ✭✷✳✷✾✮

❆--✉♠✐♥❣ ❛ ♣❧❛-♠❛ ✇✐'❤ ❛ ❤♦♠♦❣❡♥♦✉- ❞❡♥-✐'② ❛♥❞ ♥♦ ♠❛❣♥❡'✐-❛'✐♦♥✱ ❛ ❞✐-♣❡%-✐♦♥

%❡❧❛'✐♦♥ ❢♦% '❤❡ ❡❧❡❝'%♦♠❛❣♥❡'✐❝ ✇❛✈❡✱ ♣%♦♣❛❣❛'✐♥❣ '❤%♦✉❣❤ '❤❡ ♣❧❛-♠❛✱ ❝❛♥ ❜❡ ❡①♣%❡--❡❞

❜②

ω2
▲

= ω2
$

+ k2c2, ✭✷✳✸✵✮

✇✐'❤ ✇❛✈❡ ♥✉♠❜❡% k✱ ❧❛-❡% ❢%❡8✉❡♥❝② ω
▲

❛♥❞ ♣❧❛-♠❛ ❢%❡8✉❡♥❝② ω
$

✳

❚❤❡ ♣❧❛-♠❛ ❢%❡8✉❡♥❝②✱ ω
$

✱ ✐- ❛♥♦'❤❡% ✐♠♣♦%'❛♥' ♣❛%❛♠❡'❡% '♦ ❞❡-❝%✐❜❡ '❤❡ ♣❧❛-♠❛✳

❚❤❡ ✐♦♥- ❛%❡ ❛--✉♠❡❞ '♦ ❜❡ -'❛'✐♦♥❛%②✱ ❜✉' '❤❡ ❡❧❡❝'%♦♥- ❣❡' ❛♥ ♦✛-❡' '♦ '❤❡✐% ♦%✐❣✐♥❛❧

❧♦❝❛'✐♦♥✳ ❆♥ ❡❧❡❝'%✐❝ ✜❡❧❞ ✐- ❣❡♥❡%❛'❡❞ '♦ %❡-'♦%❡ '❤❡ ❡❧❡❝'%✐❝ ♥❡✉'%❛❧✐'② ♦❢ '❤❡ ♣❧❛-♠❛✳

❍♦✇❡✈❡%✱ '❤❡ ❧✐❣❤' ❡❧❡❝'%♦♥- ✇✐❧❧ ♦✈❡%-❤♦♦' ❞✉❡ '♦ '❤❡✐% ✐♥✐'✐❛❧ ♠♦'✐♦♥ ❛♥❞ ❛♥ ♦-❝✐❧❧❛'✐♥❣

♠♦'✐♦♥ ✐- ❝%❡❛'❡❞✳ ❚❤✐- ♦-❝✐❧❧❛'✐♦♥ ❛%♦✉♥❞ '❤❡ ❡8✉✐❧✐❜%✐✉♠ ♣♦-✐'✐♦♥ ♦❢ '❤❡ ❡❧❡❝'%♦♥- ✐-

❝❤❛%❛❝'❡%✐-❡❞ ❜② '❤❡ ♣❧❛-♠❛ ❢%❡8✉❡♥❝②

✶✼



❈❤❛♣$❡& ✷ ❚❤❡♦&❡$✐❝❛❧ ❜❛.✐❝. ♦❢ ❧❛.❡& ♣❧❛.♠❛ ✐♥$❡&❛❝$✐♦♥.

ω
 

=

√

n
❡0e2

ǫ0m❡

. ✭✷✳✸✶✮

❋'♦♠ *❤❡ ❞✐/♣❡'/✐♦♥ '❡❧❛*✐♦♥ ✭❡4✉❛*✐♦♥ ✷✳✸✵✮ ❢♦❧❧♦✇/✿ ■❢ *❤❡ ❢'❡4✉❡♥❝② ω
▲

♦❢ *❤❡ ❡❧❡❝✲

*'♦♠❛❣♥❡*✐❝ ✇❛✈❡✱ *'❛✈❡❧✐♥❣ ✐♥*♦ *❤❡ ♣❧❛/♠❛✱ ✐/ /♠❛❧❧❡' *❤❛♥ *❤❡ ♣❧❛/♠❛ ❢'❡4✉❡♥❝②

✭ω
▲

< ω
 

✮✱ *❤❡ ❧❛/❡' ✇✐❧❧ ❜❡ ❛❜❧❡ *♦ ♣❡♥❡*'❛*❡ *❤❡ ♣❧❛/♠❛✳ ❖*❤❡'✇✐/❡ *❤❡ ❡❧❡❝*'♦♥/

✇✐❧❧ /❤✐❡❧❞ *❤❡ ❧❛/❡' ✜❡❧❞ ❜② *❤❡✐' ♦/❝✐❧❧❛*✐♦♥/✳ ❚❤❡'❡❢♦'❡ ❛ ❞❡♥/✐*② ✐/ ❞❡✜♥❡❞ *♦ ✇❤✐❝❤

*❤❡ ❧❛/❡' ❝❛♥ ♣❡♥❡*'❛*❡ *❤❡ ♣❧❛/♠❛✳ ■* ✐/ ❝❛❧❧❡❞ ❝'✐*✐❝❛❧ ❞❡♥/✐*② n
❝

n
❝

=
ǫ0m❡

ω2
▲

e2
∼= 1.1 · 1021

(λ[µm])2
[cm−3]. ✭✷✳✸✷✮

❚❤❡ ♣❧❛/♠❛ ✐/ ❞❡✜♥❡❞ ❛/ ♦✈❡'❞❡♥/❡✱ ✐❢ n
❡

> n
❝

✱ *②♣✐❝❛❧❧② ❢♦' /♦❧✐❞ *❛'❣❡*/✱ ♦' ❛/ ✉♥❞❡'✲

❞❡♥/❡✱ ✐❢ n
❡

< n
❝

✱ ✇❤✐❝❤ ❛'❡ ♠♦/*❧② ❣❛/ *❛'❣❡*/ ♦' ✈❡'② *❤✐♥ ♠❡*❛❧ *❛'❣❡*/✱ ❞❡♣❡♥❞✐♥❣ ♦♥

*❤❡ ❧❛/❡' ♣❛'❛♠❡*❡'/✳

❋✉'*❤❡'♠♦'❡✱ *❤❡'❡ ❛'❡ ❧♦✇ ❢'❡4✉❡♥❝② ♦/❝✐❧❧❛*✐♦♥/ ✐♥ *❤❡ ♣❧❛/♠❛ ❜❡/✐❞❡ *❤❡ ❤✐❣❤ ❢'❡4✉❡♥❝②

❡❧❡❝*'♦♥ ♣❧❛/♠❛ ♦/❝✐❧❧❛*✐♦♥/✳ ■* ✐/ ❝❛❧❧❡❞ ✐♦♥ ❛❝♦✉/*✐❝ ✇❛✈❡✱ ❞❡*❡'♠✐♥❡❞ ❜② *❤❡ ❤❡❛✈② ♠❛//

♦❢ *❤❡ ✐♦♥/✳ ❚❤❡ ❞✐/♣❡'/✐♦♥ '❡❧❛*✐♦♥ ✐/ ❞❡✜♥❡❞ ❜②

ω
▲

= kc
$

. ✭✷✳✸✸✮

c
$

✐/ *❤❡ ✐♦♥ /♦✉♥❞ /♣❡❡❞✱ ✇✐*❤ c
$

=
√

(Zk
❇

T
❡

+ 3k
❇

T
✐

)/m
✐

✳ ■❢ *❤❡ *❡♠♣❡'❛*✉'❡ ♦❢ *❤❡

✐♦♥/ ✐/ /♠❛❧❧✱ ❝♦♠♣❛'❡❞ *♦ *❤❡ ❡❧❡❝*'♦♥ *❡♠♣❡'❛*✉'❡✱ *❤❡ /♦✉♥❞ /♣❡❡❞ ❝❛♥ ❜❡ '❡❞✉❝❡❞

*♦

c
$

=

√

Zk
❇

T
❡

m
✐

. ✭✷✳✸✹✮

❚❤❡ ✐♦♥/ ❛'❡ ❛//✉♠❡❞ *♦ ❜❡ ✜①❡❞ ✐♥ *❤❡ ❡❧❡❝*'♦♥ ♣❧❛/♠❛ ♦/❝✐❧❧❛*✐♦♥/✳ ❍❡'❡✱ *❤❡ ❡❧❡❝*'♦♥/

❛'❡ ❜✉♥❝❤❡❞ ✇✐*❤ *❤❡ ✐♦♥/ ✐♥ ♦'❞❡' *♦ '❡❞✉❝❡ *❤❡ ❡❧❡❝*'✐❝ ✜❡❧❞/ ♦❢ *❤❡ ❛❝❝✉♠✉❧❛*❡❞ ✐♦♥/✱

❤♦✇❡✈❡'✱ *❤✐/ /❤✐❡❧❞✐♥❣ ✐/ ♥♦* ♣❡'❢❡❝*✳ ❚❤❡ ✐♦♥/ ♦/❝✐❧❧❛*❡ ❧♦♥❣✐*✉❞✐♥❛❧❧② ❛/ ❛♥ ❛❝♦✉/*✐❝

✇❛✈❡ ✐♥ '❡❣✉❧❛' ❣❛/❡/✳ ❇❡❝❛✉/❡ ♦❢ *❤❡ *❤❡'♠❛❧ ♠♦*✐♦♥ ❛♥❞ ❡❧❡❝*'✐❝ ✜❡❧❞/✱ *❤❡ ✐♦♥/ ❛'❡

♣✉/❤❡❞ ❢'♦♠ ❞❡♥/❡ '❡❣✐♦♥/ *♦ ❛'❡❛/ ✇✐*❤ ❧❡// ✐♦♥/ ❛♥❞ *❤❡ ✐♦♥ ❛❝♦✉/*✐❝ ✇❛✈❡ ♣'♦♣❛❣❛*❡/✳

❚❤❡ ✐♦♥ ❢'❡4✉❡♥❝② ♦❢ *❤❡ ♦/❝✐❧❧❛*✐♦♥ ✐/ ❞❡*❡'♠✐♥❡❞ ❜②

✶✽



✷✳✸ ▲❛%❡' ♣❧❛%♠❛ ✐♥-❡'❛❝-✐♦♥

ω
 ✐

= ω
 

√

Zm
❡

m
✐

=

√

n
❡0Ze2

ǫ0m✐

. ✭✷✳✸✺✮

❆ ❢✉)*❤❡) ♣❛)❛♠❡*❡) ✐1 *❤❡ )❡❢)❛❝*✐✈❡ ✐♥❞❡① η ♦❢ *❤❡ ♣❧❛1♠❛✱ ✇❤✐❝❤ ❝❛♥ ❜❡ ❝❛❧❝✉❧❛*❡❞ ❜②

♠❡❛♥1 ♦❢ *❤❡ ♣❧❛1♠❛ ❢)❡=✉❡♥❝② ♦) *❤❡ ❝)✐*✐❝❛❧ ❞❡♥1✐*②✳

η =

√

1− ω2
 

ω2
▲

=

√

1− n
❡

n
❝

< 1. ✭✷✳✸✻✮

■♥ *❤❡ )❡❧❛*✐✈✐1*✐❝ ❝❛1❡ ω2
 

❝❤❛♥❣❡1 *♦ ω2
 ✲&❡❧

= ω2
 

/γ ❛♥❞ *❤❡ ❡❧❡❝*)♦♥ ♠❛11 ❛❧1♦ ❤❛1 *♦

❜❡ ♠✉❧*✐♣❧✐❡❞ ❜② *❤❡ )❡❧❛*✐✈✐1*✐❝ ❢❛❝*♦) *♦ m
❡✲&❡❧

= m
❡

γ✳

✷✳✸✳✷ ◆♦♥✲❧✐♥❡❛+ ❡✛❡❝./ ✐♥ ✉♥❞❡+❞❡♥/❡ ♣❧❛/♠❛/

■❢ ❛ ❤✐❣❤ ✐♥*❡♥1✐*② ❧❛1❡) ❜❡❛♠ ✐1 ❢♦❝✉1❡❞ *✐❣❤*❧② *♦ ❛ ●❛✉11✐❛♥ ✐♥*❡♥1✐*② ♣)♦✜❧❡✱ 1♦♠❡

♥♦♥✲❧✐♥❡❛) ❡✛❡❝*1 ❝♦✉❧❞ ♦❝❝✉) ✐♥ 1♣❡❝✐❛❧ ❝❛1❡1✳ ❘❡❧❛*✐✈✐1*✐❝ 1❡❧❢✲❢♦❝✉1✐♥❣✱ F♦♥❞❡)♦♠♦*✐✈❡

❝❤❛♥♥❡❧✐♥❣ ❛♥❞ ✜❧❛♠❡♥*❛*✐♦♥ ❡✛❡❝*1 ❛)❡ ❞❡1❝)✐❜❡❞ ✐♥ ❞❡*❛✐❧ ✐♥ *❤❡ ❢♦❧❧♦✇✐♥❣✳

❘❡❧❛$✐✈✐'$✐❝ '❡❧❢✲❢♦❝✉'✐♥❣ ✐1 ♦♥❡ ♦❢ *❤❡ ♥♦♥✲❧✐♥❡❛) ❡✛❡❝*1✳ ■* ♦❝❝✉)1✱ ✐❢ ❛ ❤✐❣❤ ✐♥*❡♥1✐*②

❧❛1❡) ♣)♦♣❛❣❛*❡1 *❤)♦✉❣❤ ❛ ❢✉❧❧② ✐♦♥✐1❡❞ ❣❛1 ✇✐*❤ ❛♥ ✐♥✐*✐❛❧ ❧❛1❡) ♣♦✇❡)✱ ❛❜♦✈❡ ❛ ❝)✐*✐❝❛❧

✈❛❧✉❡ P
❝

P
❝

≈ 17.5

(

ωL

ω
 

)2

●❲. ✭✷✳✸✼✮

❉✉❡ *♦ *❤❡ )❛❞✐❛❧ ✐♥*❡♥1✐*② ♣)♦✜❧❡ ♦❢ *❤❡ ❧❛1❡) ♣✉❧1❡✱ *❤❡ )❡❢)❛❝*✐✈❡ ✐♥❞❡① ✭❡=✉❛*✐♦♥ ✷✳✸✻✮

♦❢ *❤❡ ♣❧❛1♠❛ ♠❡❞✐✉♠ ✐1 ❞✐✛❡)❡♥* ❛* ❡✈❡)② ♣♦✐♥*✳ ❚❤❡ ❤✐❣❤❡1* )❡❢)❛❝*✐✈❡ ✐♥❞❡① ✐1 ♦♥

*❤❡ ❝❡♥*)❛❧ ❧❛1❡) ❛①✐1✱ )❡1✉❧*✐♥❣ ✐♥ ❛ )❡❢)❛❝*✐♦♥ *♦✇❛)❞1 *❤❡ ❛①✐1✳ ❚❤❡ ❧❛1❡) ❜❡❛♠ ✇✐❧❧ ❜❡

❢♦❝✉1❡❞ ♦✈❡) 1❡✈❡)❛❧ ❘❛②❧❡✐❣❤ ❧❡♥❣*❤1✱ ❜❡❝❛✉1❡ ♦❢ *❤❡ )❡❧❛*✐✈✐1*✐❝ 1❡❧❢✲❢♦❝✉1✐♥❣ ❡✛❡❝*✳

■❢ P
▲

= P
❝

✱ *❤❡ ❜❡❛♠ 1❤♦✉❧❞ ♣)♦♣❛❣❛*❡ ✉♥♣❡)*✉)❜❡❞ *❤)♦✉❣❤ *❤❡ ♠❡❞✐✉♠ ✇✐*❤♦✉* ❛♥②

✐♥1*❛❜✐❧✐*✐❡1✳ P
▲

> P
❝

✐1 *❤❡ *❤)❡1❤♦❧❞ ❢♦) *❤❡ ❛❜♦✈❡ ♠❡♥*✐♦♥❡❞ 1❡❧❢✲❢♦❝✉1✐♥❣ ❝♦♥❞✐*✐♦♥

❛♥❞ P
▲

< P
❝

✐1 ❝❛✉1✐♥❣ ❛ ❜❡❛♠ 1♣)❡❛❞✐♥❣ ❞✉❡ *♦ ❞✐✛)❛❝*✐♦♥✳

✶✾



❈❤❛♣$❡& ✷ ❚❤❡♦&❡$✐❝❛❧ ❜❛.✐❝. ♦❢ ❧❛.❡& ♣❧❛.♠❛ ✐♥$❡&❛❝$✐♦♥.

❇② "❤❡ %✐♠♣❧❡ ❛♥❛❧②"✐❝❛❧ ♠♦❞❡❧ ♦❢ ❇✉❧❛♥♦✈ ❡( ❛❧✳ ❬✷✵✱ ✷✶❪ ❜❛%❡❞ ♦♥ ❬✷✷❪✱ "❤❡ ♥♦7♠❛❧✐%❡❞

✈❡❝"♦7 ♣♦"❡♥"✐❛❧ ❛♥❞ "❤❡ ❢♦❝❛❧ %♣♦" ❞✐❛♠❡"❡7✱ ❛✛❡❝"❡❞ ❜② "❤❡ %❡❧❢✲❢♦❝✉%✐♥❣ ❡✛❡❝"✱ ❝❛♥ ❜❡

❝❛❧❝✉❧❛"❡❞ ✇✐"❤

a
 ❢

=

(

2

K

P
▲

Psf

n
❡

n
❝

)1/3

,

d
 ❢

= 2 ∗ √a
 ❢

c

ω
%

=
λ

π

√

a
 ❢

n
❝

n
❡

.

✭✷✳✸✽✮

K = 0.074 ✐% ❜❛%❡❞ ♦♥ ❬✷✶❪✱ ❛%%✉♠✐♥❣ ❛ ♣✉❧%❡ ❞✉7❛"✐♦♥ ♦❢ τ = 30 ❢% ❛♥❞ ❛♥ ✐♥"❡❣7❛"✐♦♥

♦✈❡7 "❤❡ "7❛♥%✈❡7%❡ ❝♦♦7❞✐♥❛"❡%✳ P
 ❢

✐% "❛❦❡♥ ❛% %"❛"✐❝ "②♣✐❝❛❧ ♣♦✇❡7 ♦❢ %❡❧❢✲❢♦❝✉%✐♥❣✱

P
 ❢

= 2m2
❡

c5/e2 = 17●❲✳

 ♦♥❞❡%♦♠♦'✐✈❡ ❝❤❛♥♥❡❧✐♥❣ ❛♣♣❡❛7%✱ ✐❢ τω
%

≫ 1✳ ■♥ "❤✐% ❝❛%❡✱ "❤❡ ♣❧❛%♠❛✲✇❛✈❡

❝7❡❛"✐♦♥ ❝❛♥ ❜❡ ♥❡❣❧❡❝"❡❞✱ ❜✉" "❤❡7❡ ✇✐❧❧ ❜❡ ❛♥ ❛❞✐❛❜❛"✐❝ ❡❧❡❝"7♦♥ 7❡%♣♦♥%❡ "7❛♥%✈❡7%❡

"♦ "❤❡ ✐♥❝♦♠✐♥❣ ❡❧❡❝"7♦♠❛❣♥❡"✐❝ ✇❛✈❡✳ ❉✉❡ "♦ "❤❡ ♣♦♥❞❡7♦♠♦"✐✈❡ ❢♦7❝❡ ❛♥❞ "❤❡ 7❛❞✐❛❧

♣7♦✜❧❡ ♦❢ "❤❡ ❧❛%❡7 ✐♥"❡♥%✐"②✱ ❡❧❡❝"7♦♥% ❛7❡ ❡①♣❡❧❧❡❞ ❢7♦♠ "❤❡ ❧❛%❡7 ❛①✐%✳ ❚❤❡ ❤✐❣❤ ❧❛%❡7

✐♥"❡♥%✐"② ♦♥ "❤❡ ❧❛%❡7 ❛①✐% 7❡%✉❧"% ❞✉❡ "♦ "❤❡ ❛❧7❡❛❞② ♠❡♥"✐♦♥❡❞ "✐❣❤" ❢♦❝✉%✐♥❣ ♦7 ❡✈❡♥

❜❡❝❛✉%❡ ♦❢ "❤❡ 7❡❧❛"✐✈✐%"✐❝ %❡❧❢✲❢♦❝✉%✐♥❣ ❡✛❡❝"✳ ❚❤❡7❡❢♦7❡ "❤❡ ❡❧❡❝"7♦♥ ❞❡♥%✐"② ❛♥❞ "❤❡

♣❧❛%♠❛ ❢7❡K✉❡♥❝② ❛7❡ ❧♦✇❡%" ❛" "❤❡ ❧❛%❡7 ❛①✐% ✭x = 0✮ ❛♥❞ ❤✐❣❤❡7 ✐♥ "❤❡ "7❛♥%✈❡7%❡

❞✐7❡❝"✐♦♥ ✭x = r✮ "♦ "❤❡ ❧❛%❡7 ♣7♦♣❛❣❛"✐♦♥ ✭n
❡

(0) < n
❡

(r) ❛♥❞ ω
♣

(0) < ω
♣

(r)✮✳ ❇❡❝❛✉%❡

♦❢ "❤❛"✱ "❤❡ 7❡❢7❛❝"✐✈❡ ✐♥❞❡① ✐♥ "❤❡ ❝❡♥"7❡ ✇✐❧❧ ❜❡ ❤✐❣❤❡7 ✭η(0) > η(r)✮ ❛♥❞ "❤❡ ❢♦❝✉%✐♥❣

❡✛❡❝" ❝❛♥ ♦❝❝✉7✱ ✇❤✐❧❡ ❝7❡❛"✐♥❣ ❛ ❝❤❛♥♥❡❧ ♦♥ "❤❡ ❧❛%❡7 ❛①✐% ❜② ♠♦✈✐♥❣ ❡❧❡❝"7♦♥% ♦✉" ❢7♦♠
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❝

, a0 ≫ 1.

✭✷✳✹✼✮

❋♦- ❡①❛♠♣❧❡✱ ❛ ❚✐✿❙❛♣♣❤✐-❡ ❧❛4❡-✱ ❡✳K✳ .❤❡ ❆❘❈❚❯❘❯❙ ❧❛4❡-✱ ✇✐.❤ ❛♥ ✐♥.❡♥4✐.② ♦❢ ❛❜♦✉.

2.4 · 1019 ❲✴❝♠

2
✇✐.❤ ❛♥ a0 = 3.3 ❢♦❝✉4❡❞ ✐♥.♦ ❛ ❍②❞-♦❣❡♥ ❣❛4 .❛-❣❡. ✭Z = 1,m

✐

/m
❡

=

1836✮ ❛♥❞ ❛44✉♠✐♥❣ ❛ ❝❤❛♥♥❡❧ -❛❞✐✉4 ♦❢ ❛❜♦✉. r
❝

= 2µ♠✱ ❣✐✈❡4 ❛♥ ❛❝❝❡❧❡-❛.✐♦♥ .✐♠❡ ♦❢

∆t
✐

= 0.186 ♣4✳ ❆ ✸✵ ❢4 ❧❛4❡- ♣✉❧4❡ ✇✐❧❧ ❜❡ ❣♦♥❡✱ ✇❤❡♥ .❤❡ ✐♦♥ ❝❤❛♥♥❡❧✐♥❣ ♦❝❝✉-4 ❛♥❞

.❤❡ ❡❧❡❝.-♦♥4 ✇✐❧❧ ❜❡ ❢✉❧❧② ❡✈❛❝✉❛.❡❞ ❢-♦♠ ♦❢ .❤❡ ❝❤❛♥♥❡❧ ❛. .❤❛. .✐♠❡✳ ❇✉. .❤❡ ✐♦♥4 ✇✐❧❧

✷✹



✷✳✹ ■♦♥ ❛❝❝❡❧❡*❛+✐♦♥ ♠❡❝❤❛♥✐/♠/

 !✐❧❧ ❜❡ ♣✉ ❤❡❞ ♦✉! ❞✉❡ !♦ !❤❡✐+ ❤✐❣❤ ✐♥❡+!✐❛✳ ❚❤✐ ❞❡♣❧❡!❡❞ ❝❤❛♥♥❡❧ ❝❛♥ ❜❡ ❞❡!❡❝!❡❞ ✈✐❛

♦♣!✐❝❛❧ ♣+♦❜✐♥❣✱ ✇❤✐❝❤ ✇✐❧❧ ❜❡ ❞✐ ❝✉  ❡❞ ❧❛!❡+ ✐♥ !❤✐ !❤❡ ✐ ✳

❚❤❡ ♠❛①✐♠✉♠ ❝✉!✲♦✛ ❡♥❡+❣② ♦❢ !❤❡ ❛❝❝❡❧❡+❛!❡❞ ✐♦♥ ✐♥ !❤❡ ♣♦♥❞❡+♦♠♦!✐✈❡ ♣♦!❡♥!✐❛❧ ❝❛♥

❜❡ ❝❛❧❝✉❧❛!❡❞ ✈✐❛ v
✐

= ∆x
✐

/∆t
✐

!♦

E
♠❛①

= Zm
❡

c2
a0

2
√
2
. ✭✷✳✹✽✮

■♥ ❬✷✼✱ ✶✶❪ !❤❡ ♠❛①✐♠✉♠ ❡♥❡+❣② ✐ ❝❛❧❝✉❧❛!❡❞ ♠♦+❡ ♣+❡❝✐ ❡❧②✿

E
♠❛①

= Zm
❡

c2(γ − 1) = Zm
❡

c2
(

√

1 + a20 − 1

)

. ✭✷✳✹✾✮

■! ✐ ❤✐❣❤❧② ❞❡♣❡♥❞❡♥! ♦♥ !❤❡ ❧❛ ❡+ ❜❡❛♠ +❛❞✐✉ ✱ ✇❤✐❝❤ ❛✛❡❝! !❤❡ ✐♥!❡♥ ✐!② ❛♥❞ !❤❡+❡❢♦+❡

a0✳ ❚❤❡ +❛❞✐✉ ❝❛♥ ❜❡  ♠❛❧❧❡+ !❤❛♥ ❡①♣❡❝!❡❞ ❞✉❡ !♦  ❡❧❢✲❢♦❝✉ ✐♥❣ ❡✛❡❝! ✳ ■❢ !❤❡ ❡♥❡+❣② ♦❢

!❤❡ ❛❝❝❡❧❡+❛!❡❞ ✐♦♥ ✱ !❤❡ ❧❛ ❡+ ❡♥❡+❣② ❛♥❞ ♣✉❧ ❡ ❞✉+❛!✐♦♥ ❛+❡ ❦♥♦✇♥✱ !❤❡ ❧❛ ❡+  ♣♦!  ✐③❡

✐♥ ✐❞❡ !❤❡ ♣❧❛ ♠❛ ❝❛♥ ❜❡ ❝❛❧❝✉❧❛!❡❞ ❛♥❞ !❤❡ ❡♥❤❛♥❝❡❞ ❧❛ ❡+ ✐♥!❡♥ ✐!② ❝❛♥ ❜❡ ❞❡❞✉❝❡❞✳

✷✳✹✳✸ ❈♦❧❧✐(✐♦♥❧❡(( (❤♦❝❦ ❛❝❝❡❧❡/❛0✐♦♥

❆ ✇❡❧❧ ❦♥♦✇♥ ♣❤❡♥♦♠❡♥♦♥ ♦❢ ❛  ✉♣❡+ ♦♥✐❝  ❤♦❝❦ ✇❛✈❡ ✐ ❛♥ ❛✐+♣❧❛♥❡ !+❛✈❡❧❧✐♥❣ ❢❛ !❡+

!❤❛♥ !❤❡  ♣❡❡❞ ♦❢  ♦✉♥❞✳ ❇✉! ❛ ✇❡❧❧✱ !❤❡ ❧❛ ❡+ ❧✐❣❤! ❝❛♥ ❜❡ ❛  ♦✉+❝❡ ♦❢ ❛  ❤♦❝❦ ✇❛✈❡ ✐♥ ✐❞❡

!❤❡ ♣❧❛ ♠❛ ❬✶✺✱ ✶✻✱ ✷✼✱ ✷✽❪✳ ❆  ✉♣❡+ ♦♥✐❝✱ ❤✐❣❤ ▼❛❝❤✲♥✉♠❜❡+ ❝♦❧❧✐ ✐♦♥❧❡  ❡❧❡❝!+♦ !❛!✐❝

 ❤♦❝❦ ❝❛♥ ❜❡ ❣❡♥❡+❛!❡❞✳ ❉✉❡ !♦ !❤❡ +❛❞✐❛!✐♦♥ ♣+❡  ✉+❡ ♦❢ !❤❡ ❧❛ ❡+ ✜❡❧❞✱ ✇❤✐❝❤ ❛❝! ❛ 

❛ ♣✐ !♦♥ ❬✷✽❪✱ ❛♥ ✐♦♥ ❢+♦♥! ✐ ❞+✐✈❡♥ ✐♥!♦ !❤❡ !❛+❣❡! ✇✐!❤ ❛ ✈❡❧♦❝✐!② ♦❢ ✭❬✶✺❪✮

v
♣✐&'♦♥

=

√

I

m
✐

n
✐

c
=

√

Z

A

m
❡

m
♣

n
❡

n
❝

a0c. ✭✷✳✺✵✮

■❢ v
♣✐&'♦♥

> c
&

✱ ❛  ❤♦❝❦ ✇✐❧❧ ♣+♦♣❛❣❛!❡ ✐♥!♦ !❤❡ ❤♦! ♣❧❛ ♠❛ ✇✐!❤ v
&❤♦❝❦

≈ v
♣✐&'♦♥

✳ ■♦♥ ✱

✇❤✐❝❤ ❛+❡ ❛! +❡ ! ❛! !❤❡ ❜❡❣✐♥♥✐♥❣✱ ❣❛✐♥ ❛ ✈❡❧♦❝✐!② ❞✉❡ !♦ ❛ +❡✢❡❝!✐♦♥ ♦❢ !❤❡ ❡❧❡❝!+♦ !❛!✐❝

♣♦!❡♥!✐❛❧ ❜❛++✐❡+ Φ
♠❛①

❛! !❤❡  ❤♦❝❦ ❢+♦♥!✳ ❚❤❡ +❡✢❡❝!✐♦♥ ✐ ❞❡♣❡♥❞❡♥! ♦♥ !❤❡ ❜❛++✐❡+

❤❡✐❣❤! ❛♥❞ !❤❡ ✐♥✐!✐❛❧ ✐♦♥ ❡♥❡+❣②✳ ■❢ ZeΦ
♠❛①

> m
✐

v2
✐

/2✱ !❤❡ ✜♥❛❧ ✐♦♥ ✈❡❧♦❝✐!② v
✐

✇✐❧❧

❜❡ v
✐

= 2v
&❤♦❝❦

✱ ✇❤✐❧❡ !❤❡ ✐♦♥ ❢+♦♥! ✐ !♦!❛❧❧② +❡✢❡❝!❡❞ ❜② !❤❡  ❤♦❝❦ ❢+♦♥!✳ ❚❤❡+❡❢♦+❡

✷✺



❈❤❛♣$❡& ✷ ❚❤❡♦&❡$✐❝❛❧ ❜❛.✐❝. ♦❢ ❧❛.❡& ♣❧❛.♠❛ ✐♥$❡&❛❝$✐♦♥.

 ❤❡ ♠❛①✐♠✉♠ ❡♥❡)❣② ♦❢  ❤❡ )❡✢❡❝ ❡❞ ✐♦♥1 ❜②  ❤❡ ♠♦✈✐♥❣ 1❤♦❝❦ ❢)♦♥ ✇✐ ❤ ❛ 1✉♣❡)1♦♥✐❝

▼❛❝❤✲♥✉♠❜❡) M = v
 ❤♦❝❦

/c
 

> 1 ✐1

E
♠❛①

=
1

2
m

✐

(2v
 ❤♦❝❦

)2 = 2m
✐

v2
 ❤♦❝❦

= 2ZM2T
❤♦)

. ✭✷✳✺✶✮

❆♥♦ ❤❡) 1❤♦❝❦ ❛❝❝❡❧❡)❛ ✐♦♥ ✐♥ ✉♥❞❡)❞❡♥1❡  ❛)❣❡ 1 ✇❛1 ✐♥✈❡1 ✐❣❛ ❡❞ ✐♥ ❬✷✾❪✱ ❬✸✵❪ ❛♥❞ ❬✸✶❪✱

 ❤❡ ▲♦✇ ❉❡♥1✐ ② ❈♦❧❧✐1✐♦♥❧❡11 ❙❤♦❝❦ ❆❝❝❡❧❡)❛ ✐♦♥ ✭▲❉❈❙❆✮✳ ❚❤❡ ❛❝❝❡❧❡)❛ ✐♦♥ )❡❣✐♠❡ ✇❛1

1 ✉❞✐❡❞ ❜② ❡①♣❧♦❞✐♥❣ ✈❡)②  ❤✐♥ ❢♦✐❧1 ❜② ♠❡❛♥1 ♦❢ ❛ 1❡❝♦♥❞❛)② ❧♦♥❣❡) ❛♥❞ ❧♦✇ ✐♥ ❡♥1✐ ②

❧❛1❡) ♦) ❜②  ❤❡ ❆❙❊ ♣❡❞❡1 ❛❧ ❧❡✈❡❧ ♦❢  ❤❡ ❧❛1❡) ♣✉❧1❡ ✐ 1❡❧❢✳ ❆♥ ✉♥❞❡)❝)✐ ✐❝❛❧ ❞❡♥1✐ ②

♣)♦✜❧❡ ♦❢ ❛ ♠✐♥✐♠✉♠ ✇✐❞ ❤ ♦❢ ❛❜♦✉ 100µ♠ ✉♣  ♦ ♠✐❧❧✐♠❡ )❡1 ✐1 ♥❡❡❞❡❞  ♦ ❜❡ ✐♥  ❤✐1

❛❝❝❡❧❡)❛ ✐♦♥ )❡❣✐♠❡✳ ❚❤❡)❡❢♦)❡✱ ❞✐✛❡)❡♥ ❧❛1❡) ❢♦✐❧ ✐♥ ❡)❛❝ ✐♦♥1 ✇❡)❡ ✐♥✈❡1 ✐❣❛ ❡❞ ✐♥ ♦)❞❡)

 ♦ ❣❡  ❤❡ ❜❡1 ❞❡♥1✐ ② ♣)♦✜❧❡ ❛1 ♣)❡❝♦♥❞✐ ✐♦♥✳ ▲❉❈❙❆ ✐1 ❛ ❝♦♠❜✐♥❛ ✐♦♥ ♦❢ ❛♥ ✐♥✐ ✐❛❧

❈❙❆ ❛♥❞ ❛ ❚◆❙❆✲❧✐❦❡ 1❤❡❛ ❤ ✜❡❧❞ ✐♥  ❤❡ ❞❡❝)❡❛1✐♥❣ ❞❡♥1✐ ② )❛♠♣ ♦❢  ❤❡ ❣❛1  ❛)❣❡ ✳

❙❡✈❡)❛❧ ♥❡❝❡11❛)② 1 ❡♣1 ❝❛♥ ❜❡ ❞✐1❝✉11❡❞ ❢♦)  ❤❡ ❛❝❝❡❧❡)❛ ✐♦♥ ♠❡❝❤❛♥✐1♠✿ ■♥ ❛ ✜)1 

1 ❡♣✱  ❤❡ ✐♦♥1 ❛)❡ ❛❝❝❡❧❡)❛ ❡❞ ❞✉❡  ♦ ❛♥ ❡❧❡❝ )✐❝ ✜❡❧❞ ❣❡♥❡)❛ ❡❞ ❜② ❤♦ ❡❧❡❝ )♦♥1✳ ❚❤❡

❡❧❡❝ )✐❝ ✜❡❧❞ ❝♦♥1✐1 1 ♦❢  ✇♦ ❝♦♠♣♦♥❡♥ 1✿ ❆♥ ❡❧❡❝ )♦1 ❛ ✐❝ ✜❡❧❞ ❝)❡❛ ❡❞ ❜② ❤♦ ❡❧❡❝ )♦♥1

✐♥  ❤❡ ❡①♣❛♥❞❡❞ 1❤❡❛ ❤ ❢)♦♥ ❛♥❞ ❛♥ ✐♥❞✉❝ ✐✈❡ ✜❡❧❞ ♣)♦❞✉❝❡❞ ❜② ❛ ❧♦♥❣ ❧✐✈✐♥❣ R✉❛1✐1 ❛ ✐❝

♠❛❣♥❡ ✐❝ ✜❡❧❞ ❛  ❤❡ ❜❛❝❦1✐❞❡ ♣❧❛1♠❛ ✈❛❝✉✉♠ ✐♥ ❡)❢❛❝❡✳ ❚❤✐1 ❝♦♠❜✐♥❡❞ ❡❧❡❝ )✐❝ ✜❡❧❞

❞❡❝)❡❛1❡1 ❝♦♥1 ❛♥ ❧② ✇✐ ❤ ❣)♦✇✐♥❣ ❞✐1 ❛♥❝❡  ♦  ❤❡ ❤✐❣❤✲❞❡♥1✐ ② ❛)❡❛✳ ❚❤❡)❡❢♦)❡✱ ✐♦♥1 ♦❢

 ❤❡ ❧♦✇✲❞❡♥1✐ ② )❡❣✐♦♥ ❛)❡ ❧❡11 ❛✛❡❝ ❡❞ ❜② ❛ ❧♦✇❡) ❡❧❡❝ )✐❝ ✜❡❧❞✱  ❤❛♥ ✐♦♥1 ♦❢  ❤❡ ❤✐❣❤✲

❞❡♥1✐ ② )❡❣✐♦♥✳ ❚❤✐1 ❧❡❛❞1  ♦ ❛ ❢♦)♠❛ ✐♦♥ ♦❢ ❛♥ ❡❧❡❝ )♦1 ❛ ✐❝ 1❤♦❝❦ ❢)♦♥ ❣❡♥❡)❛ ❡❞ ❜②

❢❛1 ✐♦♥1 ♦❢  ❤❡ ❤✐❣❤✲❞❡♥1✐ ② ❛)❡❛ ♦✈❡) ❛❦✐♥❣  ❤❡ 1❧♦✇ ✐♦♥1 ❧♦❝❛ ❡❞ ✐♥  ❤❡ ❧♦✇✲❞❡♥1✐ ②

❛)❡❛✳ ❆1 ❛ )❡1✉❧ ✱ ❛♥ ✐♦♥ ❞❡♥1✐ ② 1♣✐❦❡ ♣)♦♣❛❣❛ ❡1 ✇✐ ❤✐♥  ❤❡ ❞❡❝)❡❛1✐♥❣ ❞❡♥1✐ ② )❛♠♣✳

■♦♥1✱ ✇❤✐❝❤ ❛)❡ ❛❤❡❛❞ ♦❢  ❤❡ ♠♦✈✐♥❣ 1❤♦❝❦ ❢)♦♥ ✱ ❛)❡ )❡✢❡❝ ❡❞✳ ❋✐♥❛❧❧②✱  ❤❡1❡ ✐♦♥1

❛)❡ ❛❝❝❡❧❡)❛ ❡❞ ✉♣  ♦  ✇✐❝❡  ❤❡ 1❤♦❝❦ ✈❡❧♦❝✐ ②✳ ■♥  ❤❡ ❝❛1❡ ♦❢ ▲❉❈❙❆  ❤❡ ✐♦♥1 ❛)❡

❡✈❡♥ ❢✉) ❤❡) ❛❝❝❡❧❡)❛ ❡❞ ❜②  ❤❡ ❡①♣❛♥1✐♦♥ ✐♥❤♦♠♦❣❡♥❡♦✉1 ❡❧❡❝ )♦1 ❛ ✐❝ ❚◆❙❆✲❧✐❦❡ ✜❡❧❞✱

❝♦♥ )✐❜✉ ✐♥❣  ♦ ❛ ❜)♦❛❞❜❛♥❞ ❡♥❡)❣② 1♣❡❝ )✉♠✳

✷✳✺ ❙✉♠♠❛'② ♦❢ ♣'❡✈✐♦✉/ ❡①♣❡'✐♠❡♥2/ ♦❢ ✐♦♥

❛❝❝❡❧❡'❛2✐♦♥ ❢'♦♠ ✉♥❞❡'❞❡♥/❡ ❣❛/ 2❛'❣❡2/

■♥ ✶✾✾✾ ❑!✉#❤❡❧♥✐❝❦ ❡+ ❛❧✳ ❬✶✶❪ ♣✉❜❧✐1❤❡❞ )❡1✉❧ 1 ❛❜♦✉ ▼❡❱ ✐♦♥1 ❛❝❝❡❧❡)❛ ❡❞ ❜②  ❤❡

✐♥ ❡)❛❝ ✐♦♥ ♦❢  ❤❡ ◆❞✿❣❧❛11 ❱❯▲❈❆◆ ❧❛1❡) ✇✐ ❤ ❛ ❣❛1  ❛)❣❡ ❛  ❤❡ ❘✉(❤❡+❢♦+❞ ❆♣♣❧❡(♦♥

✷✻



✷✳✺ ❙✉♠♠❛'② ♦❢ ♣'❡✈✐♦✉/ ❡①♣❡'✐♠❡♥2/ ♦❢ ✐♦♥ ❛❝❝❡❧❡'❛2✐♦♥ ❢'♦♠ ✉♥❞❡'❞❡♥/❡

❣❛/ 2❛'❣❡2/

▲❛❜♦$❛%♦$② ✭❘❆▲✮✳ ❚❤❡ ❤✐❣❤ ✐♥)❡♥*✐)② ❧❛*❡. ❜❡❛♠ ✭❊= 50 ❏✱ τ
▲

= 0.9 ♣*✱ λ = 1.054µ♠✱

■≈ 6.6 · 1019 ❲✴❝♠

2
✮ ✇❛* ❢♦❝✉*❡❞ ❜② ❛♥ ❢✴✹ ♦✛✲❛①✐* ♣❛.❛❜♦❧❛ ✭❖❆D✮ ✐♥)♦ ❛♥ ✉♥❞❡.❞❡♥*❡

❣❛* ❥❡) ✇✐)❤ ❛ ♥♦③③❧❡ ❞✐❛♠❡)❡. ♦❢ ✹♠♠ ❛♥❞ )❛.❣❡) ❞❡♥*✐)✐❡* ♦❢ n
❡

< 0.005n
❝

✳ ❑.✉*❤❡❧✲

♥✐❝❦ ❡) ❛❧✳ ✉*❡❞ ❉❡✉)❡.✐✉♠✱ ❍❡❧✐✉♠ ❛♥❞ ◆❡♦♥ ❣❛*❡* ❛* ♣♦**✐❜❧❡ )❛.❣❡)*✳ ❈❘✲✸✾ ♥✉❝❧❡❛.

❞❡)❡❝)♦.* ❛♥❞ ❚❤♦♠*♦♥ ♣❛.❛❜♦❧❛* ✭✇✐)❤ ❈❘✲✸✾✮ ✭*❡❡ ❝❤❛♣)❡. ✹✮ ✇❡.❡ ✉*❡❞ )♦ ❞❡)❡❝)

❛❝❝❡❧❡.❛)❡❞ ✐♦♥* ✐♥ ❞✐✛❡.❡♥) ❛♥❣❧❡* ❛.♦✉♥❞ )❤❡ ✐♥)❡.❛❝)✐♦♥ ❛.❡❛✳ ■♥ ❛❞❞✐)✐♦♥✱ ❡❧❡❝).♦♥*

❝♦✉❧❞ ❜❡ ♦❜*❡.✈❡❞ ✐♥ )❤❡ ❧♦♥❣✐)✉❞✐♥❛❧ ❞✐.❡❝)✐♦♥ )♦ )❤❡ ❧❛*❡. ❛①✐*✳ ❚❤❡ ♠♦*) *✐❣♥✐✜✲

❝❛♥) ❡♠✐**✐♦♥ ♦❢ ✐♦♥* ✇❛* ❞❡)❡❝)❡❞ ).❛♥*✈❡.*❡ )♦ )❤❡ ❧❛*❡. ❛①✐*✱ ✇❤✐❧❡ ❡❧❡❝).♦♥*✱ ❛.♦✉♥❞

✶✵✵▼❡❱✱ ✇❡.❡ ✐❞❡♥)✐✜❡❞ ♦♥❧② ✐♥ )❤❡ ❧♦♥❣✐)✉❞✐♥❛❧ ❞✐.❡❝)✐♦♥✳ ▼❛①✐♠✉♠ ✐♦♥ ❡♥❡.❣✐❡* ✭✇✐)❤

❛ *✉✣❝✐❡♥) ❤✐❣❤ ✢✉①✮ ♦❢ ✶✳✵▼❡❱ ❢♦. ❉❡✉)❡.✐✉♠✱ ✸✳✻▼❡❱ ❢♦. ❍❡❧✐✉♠ ❛♥❞ ✻✳✵▼❡❱ ❢♦.

◆❡♦♥ ✇❡.❡ *❡❡♥✳ ❇♦)❤ *♣❡❝✐❡* ♦❢ ❍❡❧✐✉♠ ✐♦♥* ✇❡.❡ ❞❡)❡❝)❡❞ ✈✐❛ )❤❡ ❚❤♦♠*♦♥ ♣❛.❛❜♦❧❛✱

❛❧)❤♦✉❣❤ )❤❡ ❧❛*❡. ✐♥)❡♥*✐)② ✇❛* ❤✐❣❤ ❡♥♦✉❣❤ )♦ ✐♦♥✐*❡ ♥❡❛.❧② )❤❡ )♦)❛❧ ❣❛*✳ ❚❤❡.❡❢♦.❡

❍❡

++
♠✉*) ✉♥❞❡.❣♦ ❛ ❝❤❛.❣❡ ❡①❝❤❛♥❣❡ ♦. .❡❝♦♠❜✐♥❛)✐♦♥ ❛) )❤❡ ♣❧❛*♠❛ ❡❞❣❡✱ ✐♥ ♦.❞❡. )♦

❜❡❝♦♠❡ ❍❡

+
✳ ❑.✉*❤❡❧♥✐❝❦ ❡) ❛❧✳ .❡❢❡.❡❞ )♦ )❤❡ ❝❧❛**✐❝❛❧ ❝❤❛.❣❡ ❡①❝❤❛♥❣❡ ❝.♦** *❡❝)✐♦♥✿

σ ∼= π(Z1Z2e
2)2/∆E3

✳ ∆E ✐* )❤❡ ❞✐✛❡.❡♥❝❡ ✐♥ )❤❡ ❦✐♥❡)✐❝ ❡♥❡.❣② ♦❢ )❤❡ )✇♦ *♣❡❝✐❡* ✇✐)❤

❝❤❛.❣❡ *)❛)❡* Z1 ❛♥❞ Z2✳ ❋♦. )❤❛) .❡❛*♦♥✱ ❧♦✇ ❡♥❡.❣② ✐♦♥* ❤❛✈❡ ❛ ❤✐❣❤❡. ♣.♦❜❛❜✐❧✐)② ♦❢

❝❤❛.❣❡ ❡①❝❤❛♥❣❡ ✇✐)❤ ♥❡✉).❛❧*✱ ✇❤✐❝❤ ❝♦..❡*♣♦♥❞* )♦ ❛ ❤✐❣❤❡. ♣❡❛❦ ❡♥❡.❣② ♦❢ ❍❡

++
✐♦♥*

)❤❛♥ ❢♦. ❍❡

+
✳ ❋✉.)❤❡.♠♦.❡✱ )❤❡② ❞❡*❝.✐❜❡❞ )❤❡ ❢❛❝)✱ )❤❛) )❤❡.❡ ♠✉*) ❜❡ *❡❧❢✲❢♦❝✉*✐♥❣

✐♥*✐❞❡ )❤❡ ❣❛*✱ ❡♥❤❛♥❝✐♥❣ )❤❡ ❧❛*❡. ✐♥)❡♥*✐)②✳ ❚❤❡ ✐♦♥ ❛❝❝❡❧❡.❛)✐♦♥ ✐♥ ✾✵

◦
)♦ )❤❡ ❧❛*❡.

❛①✐* ✇❛* ❝❧❛✐♠❡❞ )♦ ❜❡ ❞✉❡ )♦ ❈♦✉❧♦♠❜ ❡①♣❧♦*✐♦♥✳

❲❡✐ ❡# ❛❧✳ ♣.❡*❡♥)❡❞ .❡*✉❧)* ✐♥ ✷✵✵✹ ♦❢ ❛♥ ❡①♣❡.✐♠❡♥) ✇✐)❤ )❤❡ ◆❞✿❣❧❛** ❱❯▲❈❆◆

-❡%❛✇❛%% ❧❛*❡. ❜❡❛♠ ❛) ❘❆▲ ❬✶✷❪✳ ❍❡❧✐✉♠ ✐♦♥* ✇❡.❡ ❛❝❝❡❧❡.❛)❡❞ ✉♣ )♦ ❡♥❡.❣✐❡* ♦❢

✶✸✳✷±✶✳✵▼❡❱ ❜② )❤❡ ✐♥)❡.❛❝)✐♦♥ ♦❢ )❤❡ ❤✐❣❤ ✐♥)❡♥*✐)② ❧❛*❡. ❜❡❛♠ ✭❊= 180 ❏✱ τ
▲

= 0.7 ♣*✱

λ = 1.054µ♠✱ ■= 3 ·1020 ❲✴❝♠

2
✮✱ ❢♦❝✉*❡❞ ❜② ❛♥ ❢✴✸ ❖❆D✱ ✇✐)❤ ❛ ❣❛* )❛.❣❡)✳ ❚❤❡ ♥♦③③❧❡

❞✐❛♠❡)❡. ✇❛* ✷♠♠ ❛♥❞ )❤❡ ❡❧❡❝).♦♥ ❞❡♥*✐)② ♦❢ )❤❡ ❣❛* )❛.❣❡) ✇❛* 0.01 − 0.14n
❝

✳ ❆

❚❤♦♠*♦♥ ♣❛.❛❜♦❧❛ ❛) ✶✵✵

◦
)♦ )❤❡ ❧❛*❡. ❛①✐* ✇❛* ✉*❡❞ ❛* ♠❛✐♥ ❞✐❛❣♥♦*)✐❝✳ ■♥ ❛❞❞✐)✐♦♥✱

)❤❡.❡ ✇❡.❡ *❡✈❡.❛❧ .❛❞✐♦❝❤.♦♠✐❝ ✜❧♠* ♣❧❛❝❡❞ ❛.♦✉♥❞ )❤❡ ✐♥)❡.❛❝)✐♦♥ ❛.❡❛ )♦ ♦❜*❡.✈❡ )❤❡

❛♥❣✉❧❛. *♣.❡❛❞ ♦❢ )❤❡ ❛❝❝❡❧❡.❛)❡❞ ✐♦♥*✳ ❚✇♦ ♠❛✐♥ ♠❛❥♦. ❢❡❛)✉.❡* ✇❡.❡ ♦❜*❡.✈❡❞ ✐♥ )❤❡

❍❡❧✐✉♠ ✐♦♥✲❡♥❡.❣② *♣❡❝).❛✿ ❆) ❤✐❣❤ ❣❛* ❞❡♥*✐)✐❡*✱ )❤❡ ♠❛①✐♠✉♠ ✐♦♥ ❡♥❡.❣② ❛♥❞ ✢✉①

♦❢ )❤❡ ✐♦♥* ✇❡.❡ ✐♥❝.❡❛*❡❞✱ ❝♦♠♣❛.❡❞ )♦ )❤❡ ❧♦✇ ❞❡♥*✐)② ❝❛*❡✳ ❋✉.)❤❡.♠♦.❡✱ ❛) ❤✐❣❤

❣❛* )❛.❣❡) ❞❡♥*✐)✐❡*✱ ❛ ♣❧❛)❡❛✉ ✐♥ )❤❡ *♣❡❝).❛ ✐♥ )❤❡ ❤✐❣❤ ❡♥❡.❣② ✐♦♥* ✇❛* ❞❡)❡❝)❡❞✳

❇♦)❤ ✐♦♥ ❝❤❛.❣❡ *)❛)❡* ✇❡.❡ ♦❜*❡.✈❡❞ ♦✈❡. )❤❡ ✇❤♦❧❡ ❞❡♥*✐)② *❝❛♥✱ ✇❤✐❧❡ ❍❡

++
✐♦♥*

.❡❛❝❤❡❞ ❤✐❣❤❡. ❡♥❡.❣✐❡*✳ ❆♥♦)❤❡. ❞✐✛❡.❡♥❝❡ ✇❛* ✐❞❡♥)✐✜❡❞ ✐♥ )❤❡ ❛♥❣✉❧❛. *♣.❡❛❞ ♦❢

)❤❡ ❛❝❝❡❧❡.❛)❡❞ ✐♦♥*✿ ■♥ )❤❡ ❧♦✇ ❞❡♥*✐)② ❝❛*❡✱ )❤❡ ♠❛❥♦. ❞✐.❡❝)✐♦♥ ♦❢ )❤❡ ❛❝❝❡❧❡.❛)✐♦♥

✷✼



❈❤❛♣$❡& ✷ ❚❤❡♦&❡$✐❝❛❧ ❜❛.✐❝. ♦❢ ❧❛.❡& ♣❧❛.♠❛ ✐♥$❡&❛❝$✐♦♥.

✇❛" #$❛♥"✈❡$"❡ #♦ #❤❡ ❧❛"❡$ ❛①✐"✱ ✇❤✐❧❡ ❛# ❤✐❣❤ #❛$❣❡# ❞❡♥"✐#✐❡" #❤❡ ❛♥❣✉❧❛$ "♣$❡❛❞ ✇❛"

"❤✐❢#❡❞ ❛♥❞ ✐♥❝$❡❛"❡❞✳ ❋✉$#❤❡$♠♦$❡✱ ✐# ✇❛" ✐❞❡♥#✐✜❡❞ ✐♥ "✐♠✉❧❛#✐♦♥" ❛♥❞ ❜② ♥✉♠❡$✐❝❛❧

❝❛❧❝✉❧❛#✐♦♥"✱ #❤❛# #❤❡ ❧❛"❡$ ❜❡❛♠ ✐♥#❡♥"✐#② ✇❛" ✐♥❝$❡❛"❡❞ ❞✉❡ #♦ "❡❧❢✲❢♦❝✉"✐♥❣ ❡✛❡❝#"✳

❚❤❡ ❛❝❝❡❧❡$❛#✐♦♥ ♠❡❝❤❛♥✐"♠ ✇❛" ❞❡"❝$✐❜❡❞ ❛" ♣♦♥❞❡$♦♠♦#✐✈❡ ❡①♣✉❧"✐♦♥ ♦$ ❈♦✉❧♦♠❜

❡①♣❧♦"✐♦♥ ✐♥ #❤❡ ❧♦✇ ❞❡♥"✐#② $❡❣✐♠❡ ✇✐#❤ ❛❞❞✐#✐♦♥❛❧ ❡♥❤❛♥❝❡♠❡♥# ✐♥ #❤❡ ❤✐❣❤ ❞❡♥"✐#②

$❡❣✐♠❡✳ ❚❤✐" ❡♥❤❛♥❝❡♠❡♥#✱ ✈✐"✐❜❧❡ ❛" ♣❧❛#❡❛✉ ✐♥ #❤❡ ❡♥❡$❣② "♣❡❝#$❛✱ ✇❛" ❞❡❝❧❛$❡❞ ❛" ❛

❝♦❧❧✐"✐♦♥❧❡"" "❤♦❝❦ ❛❝❝❡❧❡$❛#✐♦♥✳

❲✐❧❧✐♥❣❛❧❡ ❡' ❛❧✳ ♣✉❜❧✐"❤❡❞ $❡"✉❧#" ✐♥ ✷✵✵✻ ❛❜♦✉# ❛ ❝♦❧❧✐♠❛#❡❞ ✐♦♥ ❜❡❛♠✱ ❛❝❝❡❧❡$❛#❡❞

❞✉❡ #♦ #❤❡ ✐♥#❡$❛❝#✐♦♥ ♦❢ #❤❡ ✐♥#❡♥"✐✈❡ ◆❞✿❣❧❛"" ❱❯▲❈❆◆ &❡(❛✇❛(( ❧❛"❡$ ✭❘❆▲✮ ✭❊=

340 ❏✱ τ
▲

= 1.0 ♣"✱ λ = 1.054µ♠✱ ■= 5.5·1020❲✴❝♠2
✮ ✇✐#❤ ❛♥ ✉♥❞❡$❞❡♥"❡ ❣❛" #❛$❣❡# ❬✶✸❪✳

❆ "✉♣❡$"♦♥✐❝ ♥♦③③❧❡ ✇✐#❤ ❛ ❞✐❛♠❡#❡$ ♦❢ ✷♠♠ ✇❛" ✉"❡❞✳ ❚❤❡ ♣♦""✐❜❧❡ ❍❡❧✐✉♠ ❣❛" #❛$❣❡#

❞❡♥"✐#② $❡❛❝❤❡❞ ❛❜♦✉# 0.01−0.04n
❝

✳ ❚❤♦♠"♦♥ ♣❛$❛❜♦❧❛ "♣❡❝#$♦♠❡#❡$" ✐♥ ✹✺

◦
❛♥❞ ✾✵

◦
#♦

#❤❡ ❧❛"❡$ ❛①✐" ✇❡$❡ ✉"❡❞ ❛♥❞ ❛❞❞✐#✐♦♥❛❧ ♠❛❣♥❡#✐❝ "♣❡❝#$♦♠❡#❡$" #♦ ❞❡#❡❝# ❡❧❡❝#$♦♥" ❛♥❞

✐♦♥" ✐♥ ✶✵

◦
❛♥❞ ✵

◦
✳ ❚❤❡② ❞❡#❡❝#❡❞ ♠♦"# ♦❢ #❤❡ ❛❝❝❡❧❡$❛#❡❞ ✐♦♥" ❢$♦♠ ❧♦✇ ❞❡♥"✐#② #❛$❣❡#"

✐♥ #❤❡ #$❛♥"✈❡$"❡ ❞✐$❡❝#✐♦♥✳ ❚❤❡ ❢❛✈♦✉$❛❜❧❡ ❞✐$❡❝#✐♦♥ ✇❛" ❝❤❛♥❣❡❞ ❛# #❤❡ ❤✐❣❤❡"# ❞❡♥"✐#②✳

■♥ #❤❡ ❧❛##❡$ ❝❛"❡✱ ❡❧❡❝#$♦♥" ✇✐#❤ ❛ ♠❛①✐♠✉♠ ❡♥❡$❣② ♦❢ ✻✺▼❡❱ ❛♥❞ ❍❡❧✐✉♠ ✐♦♥" ♦❢ ❛❜♦✉#

✹✵▼❡❱ ✭❍❡

++
✮ ❛♥❞ ✶✵▼❡❱ ✭❍❡

+
✮ ✇❡$❡ ❛❝❝❡❧❡$❛#❡❞ ✐♥ #❤❡ ❧♦♥❣✐#✉❞✐♥❛❧ ❞✐$❡❝#✐♦♥✳ ❚❤❡

♠❛①✐♠✉♠ ❡♥❡$❣② ♦❢ #❤❡ ✐♦♥"✱ ❧❡❛✈✐♥❣ #❤❡ ✐♥#❡$❛❝#✐♦♥ ✐♥ #❤❡ #$❛♥"✈❡$"❡ ❞✐$❡❝#✐♦♥ ✇❛"

❛$♦✉♥❞ ✼✳✽▼❡❱ ✭❍❡

++
✮ ❛♥❞ ✸✳✹▼❡❱ ✭❍❡

+
✮✳ ❆# #❤❡ "❛♠❡ #✐♠❡✱ #❤❡ "♣❡❝#$♦♠❡#❡$ ❛# ❛

✹✺

◦
❞❡#❡❝#✐♦♥ ❛♥❣❧❡ "❤♦✇❡❞ ❧♦✇❡$ ♠❛①✐♠✉♠ ✐♦♥ ❡♥❡$❣✐❡" #❤❛♥ ✐♥ ❛❧❧ ♦#❤❡$ ❞✐$❡❝#✐♦♥"✳ ❚❤❡

❛✉#❤♦$" ❝♦♥❝❧✉"✐♦♥ ✇❛"✱ #❤❛# #❤❡② ❤❛❞ ❛ ❤✐❣❤❧② ❝♦❧❧✐♠❛#❡❞ ✐♦♥ ❛❝❝❡❧❡$❛#✐♦♥✳ ❇❛"❡❞ ♦♥

"✐♠✉❧❛#✐♦♥" #❤❡② ❝❧❛✐♠❡❞ #❤❡ #$❛♥"✈❡$"❡ ❧♦✇ ❞❡♥"✐#② ❛❝❝❡❧❡$❛#✐♦♥ ❛" ❈♦✉❧♦♠❜ ❡①♣❧♦"✐♦♥

❛♥❞ #❤❡ ❧♦♥❣✐#✉❞✐♥❛❧ ❛❝❝❡❧❡$❛#✐♦♥ ❛# ❤✐❣❤ ❞❡♥"✐#✐❡" ❛" ❛♥ ❛❝❝❡❧❡$❛#✐♦♥ ♠❡❝❤❛♥✐"♠ "✐♠✐❧❛$

#♦ ❚◆❙❆✳ ❆ ❤♦# ❡①♣❛♥❞✐♥❣ ❡❧❡❝#$♦♥ "❤❡❛#❤ ❢$♦♥#✱ ❡①♣❡❧❧❡❞ ❜② #❤❡ ❧❛"❡$✱ ❛❝❝❡❧❡$❛#❡"

#❤❡ ✐♦♥" ✐♥ #❤❡ ❢♦$✇❛$❞ ❞✐$❡❝#✐♦♥✳ ❇✉❧❛♥♦✈ ❝♦♠♠❡♥#❡❞ ♦♥ #❤❡ ❞✐"❝✉""❡❞ ♠❡❝❤❛♥✐"♠

❬✸✷❪✳ ❍❡ ♣♦✐♥#❡❞ ♦✉#✱ #❤❛# #❤❡ ❧♦♥❣✐#✉❞✐♥❛❧ ❛❝❝❡❧❡$❛#✐♦♥ ❛♥❞ ❝♦❧❧✐♠❛#✐♦♥ ♦❢ #❤❡ ✐♦♥"

✇❛" ❛ $❡"✉❧# ♦❢ [✉❛"✐"#❛#✐❝ ♠❛❣♥❡#✐❝ ✜❡❧❞" ❛# #❤❡ ♣❧❛"♠❛ ❡❞❣❡✱ ♣$♦❞✉❝❡❞ ♦❢ ✈♦$#✐❝♦"❡

♠♦#✐♦♥ ♦❢ ❡❧❡❝#$♦♥"✳ ❚❤❡ $❡♣❧② ♦❢ ❲✐❧❧✐♥❣❛❧❡ ❬✸✸❪ ❜✉✐❧# ♦♥ ♥❡✇ "✐♠✉❧❛#✐♦♥"✳ ❚❤❡ ♠❛✐♥

❛❝❝❡❧❡$❛#✐♦♥ ♠❡❝❤❛♥✐"♠ ✇❛" ❞✉❡ #♦ #✐♠❡ ❝❤❛♥❣✐♥❣ ♠❛❣♥❡#✐❝ ✜❡❧❞" ❛♥❞ #❤❡ ❝♦$$❡"♣♦♥❞✐♥❣

❤♦# ❡❧❡❝#$♦♥" ❢♦$♠✐♥❣ ❛ "❤❡❛#❤ ✜❡❧❞✳ ❚❤❡ [✉❛"✐"#❛#✐❝ ♠❛❣♥❡#✐❝ ✜❡❧❞ ❡♥❤❛♥❝❡❞ #❤❡ ❝❤❛$❣❡

"❡♣❛$❛#✐♦♥ ❛♥❞ #❤❡$❡❢♦$❡ #❤❡ ✐♦♥ ❛❝❝❡❧❡$❛#✐♦♥✱ ✇❤✐❝❤ ✐"✱ ❤♦✇❡✈❡$✱ ♥♦# ♥❡❝❡""❛$② ❢♦$ #❤❡"❡

❡①♣❡$✐♠❡♥#❛❧ ❝♦♥❞✐#✐♦♥"✳

▲✐❢+❝❤✐'③ ❡' ❛❧✳ ♣✉❜❧✐"❤❡❞ $❡"✉❧#" ♦❢ ✐♦♥ ❛❝❝❡❧❡$❛#✐♦♥ ❢$♦♠ #❤❡ ❧❛"❡$ ✐♥#❡$❛❝#✐♦♥ ✇✐#❤ ❛♥

✉♥❞❡$❞❡♥"❡ ❍❡❧✐✉♠ ♣❧❛"♠❛ ✐♥ ✷✵✶✹ ❬✶✹❪✳ ❚❤❡ ❚✐✿"❛♣♣❤✐$❡ ❙❛❧❧❡ ❏❛✉♥❡ ❧❛"❡$ ♦❢ #❤❡ ▲❛❜♦3❛✲

✷✽



✷✳✺ ❙✉♠♠❛'② ♦❢ ♣'❡✈✐♦✉/ ❡①♣❡'✐♠❡♥2/ ♦❢ ✐♦♥ ❛❝❝❡❧❡'❛2✐♦♥ ❢'♦♠ ✉♥❞❡'❞❡♥/❡

❣❛/ 2❛'❣❡2/

 ♦✐#❡ ❞✬❖♣ ✐)✉❡ ❆♣♣❧✐)✉-❡ ✭❊= 800♠❏✱ τ
▲

= 35 ❢&✱ λ = 0.8µ♠✱ ■= 1.3 · 1019 ❲✴❝♠

2
✮ ✇❛&

❢♦❝✉&❡❞ ✐♥4♦ ❛ ❍❡❧✐✉♠ ❥❡4 ✇✐4❤ ❛ ♥♦③③❧❡ &✐③❡ ♦❢ ✼✵✵ µ♠ ❛♥❞ ❛ ❞❡♥&✐4② ♦❢ 0.005− 0.035n
❝

✳

❚✇♦ ❚❤♦♠&♦♥ ♣❛@❛❜♦❧❛ &♣❡❝4@♦♠❡4❡@& ✐♥ ✵

◦
❛♥❞ ✽✵

◦
@❡❧❛4❡❞ 4♦ 4❤❡ ❧❛&❡@ ❛①✐& ✇❡@❡ ✉&❡❞

4♦ ❞❡4❡❝4 4❤❡ ❛❝❝❡❧❡@❛4❡❞ ✐♦♥&✳ ◆♦ ✐♦♥ &✐❣♥❛❧ ✇❛& ♦❜&❡@✈❡❞ ✐♥ 4❤❡ ❧♦♥❣✐4✉❞✐♥❛❧ ❞✐@❡❝4✐♦♥✱

❜✉4 ❜♦4❤ ❍❡

++
❛♥❞ ❍❡

+
✇❡@❡ ✐❞❡♥4✐✜❡❞ ✐♥ ✽✵

◦
✉♣ 4♦ ❛ ♠❛①✐♠✉♠ ❡♥❡@❣② ♦❢ ❛❜♦✉4 ✷✵✵ ❦❡❱✳

❚❤❡② @❡❝♦❣♥✐&❡❞ ❛ ❣❛♣ ✐♥ 4❤❡ ❧♦✇ ❡♥❡@❣② ❍❡

+
&♣❡❝4@❛✱ ♥❡✈❡@4❤❡❧❡&& ❜♦4❤ &♣❡❝4@❛ ♦❢ ❡❛❝❤

&♣❡❝✐❡& ❛@❡ ✐♥ 4❤❡ @❛♥❣❡ ♦❢ ✻✵ 4♦ ✷✵✵ ❦❡❱✳ ❇② ♠❡❛♥& ♦❢ &✐♠✉❧❛4✐♦♥&✱ 4❤❡② ❡①♣❧❛✐♥❡❞ 4❤❡

❛❝❝❡❧❡@❛4✐♦♥ ♦❢ 4❤❡ ❧♦✇ ❡♥❡@❣② ❜@❛♥❝❤ ❜② @❛❞✐❛❧ ✜❡❧❞& ✐♥ 4❤❡ ✇❛❦❡✜❡❧❞ ✐♥ 4❤❡ ❝❡♥4@❡ ♦❢

4❤❡ ❥❡4✳ ■♥ ❝♦♥4@❛&4✱ 4❤❡ ❤✐❣❤ ❡♥❡@❣② ♣❛@4 ✇❛& ❛❝❝❡❧❡@❛4❡❞ ❛4 4❤❡ ♣❧❛&♠❛ ❡❞❣❡ ✐♥ 4❤❡

❞❡❝@❡❛&✐♥❣ ❞❡♥&✐4② ♣@♦✜❧❡✳ ❍❡@❡✱ ❛ ❚◆❙❆✲❧✐❦❡ &❤❡❛4❤ ✜❡❧❞ ✇❛& ♣@♦❞✉❝❡❞✳ ❚❤✐& ✜❡❧❞

❝❛✉&❡❞ ❛ ❧♦♥❣✐4✉❞✐♥❛❧ ❛❝❝❡❧❡@❛4✐♦♥✱ ✇❤✐❝❤ ✇❛& ❤♦✇❡✈❡@ ♥♦4 &4@♦♥❣ ❡♥♦✉❣❤ 4♦ ♦✈❡@❝♦♠❡

❛ ❢♦❝✉&✐♥❣ ❡❧❡❝4@✐❝ ✜❡❧❞✱ ✇❤✐❝❤ ✇❛& ♣✐♥❝❤✐♥❣ ❛ &♠❛❧❧ ❝❤❛♥♥❡❧ ♦@ ✜❧❛♠❡♥4 ♦❢ ✐♦♥& ✇✐4❤ ❛

❤✐❣❤ ❞❡♥&✐4②✳ ❚❤❡ ❝❤❛♥♥❡❧ @❡❛❝❤❡❞ ✐4& ♠✐♥✐♠✉♠ ❛❢4❡@ ❛ ❢❡✇ ♣& ❛♥❞ ❛ &4@♦♥❣❡@ ❈♦✉❧♦♠❜

❡①♣❧♦&✐♦♥ ❤❛♣♣❡♥❡❞✱ ✇❤✐❝❤ ❛❝❝❡❧❡@❛4❡❞ ✐♦♥& ✐♥ 4❤❡ @❛❞✐❛❧ ❞✐@❡❝4✐♦♥✳ ❚❤❡ ❛❝❝❡❧❡@❛4✐♦♥ ✇❛&

❞✐@❡❝4❡❞ ✐♥ ✽✵

◦
❛♥❞ ♥♦4 ❢✉❧❧② ♣❡@♣❡♥❞✐❝✉❧❛@ 4♦ 4❤❡ ❛①✐&✱ ❜❡❝❛✉&❡ ♦❢ 4❤❡ &♠❛❧❧ ❝♦❡①✐&4✐♥❣

❧♦♥❣✐4✉❞✐♥❛❧ ✜❡❧❞✳

❆ ❢✉@4❤❡@ ♣❛♣❡@ ✐♥ ✷✵✶✻ ❜② ❑❛❤❛❧② ❡& ❛❧✳ ❬✸✹❪ ❜✉✐❧❞& ♦♥ 4❤❡ ❡①♣❡@✐♠❡♥4 ❜② ▲✐❢&❝❤✐4③

❡4 ❛❧✳✳ ❚✇♦ ♥❡✇ ❝♦♥❞✐4✐♦♥& ✇❡@❡ ❤✐❣❤❧✐❣❤4❡❞✿ ❚❤❡ ❧❛&❡@ ♣✉❧&❡ ❞✉@❛4✐♦♥ ✭τ✮ ✇❛& &❤♦@4❡@
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❧✐❦❡ ❛♠♣❧✐✜❝❛'✐♦♥✱ 1'$❡'❝❤✐♥❣✱ ❝♦♠♣$❡11✐♦♥ ❛♥❞ ❝❧❡❛♥✐♥❣✳ ❊❛❝❤ ♦❢ '❤✐1 1❡❝'✐♦♥✱ ❢$♦♠ '❤❡
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#✉%%♦✉♥❞✐♥❣ ✈❛❝✉✉♠ ❞✉%✐♥❣ $❤❡ ✐♥$❡%❛❝$✐♦♥✳ ❆ ❞❡$❛✐❧❡❞ ❝❤❛%❛❝$❡%✐#❛$✐♦♥ ♦❢ $❤❡ ❣❛# $❛%❣❡$

✐# ♥❡❝❡##❛%② $♦ ♣%♦✈✐❞❡ ✐♥❢♦%♠❛$✐♦♥ ❛❜♦✉$ $❤❡ ♥❡✉$%❛❧ ❞❡♥#✐$② ♦❢ $❤❡ $❛%❣❡$✳ ❚❤❡%❡❜②✱ ❛

❞❡❡♣❡% ❛♥❛❧②#✐# ♦❢ $❤❡ ❧❛#❡% ♣❧❛#♠❛ ✐♥$❡%❛❝$✐♦♥ ✐# ♣♦##✐❜❧❡✳ ❚❤❡ ♥❡✉$%❛❧ ❞❡♥#✐$② ♦❢ $❤❡

$❛%❣❡$ ✇✐❧❧ ❝❤❛♥❣❡✱ ✇❤✐❧❡ ✈❛%②✐♥❣ $❤❡ ❜❛❝❦✐♥❣ ♣%❡##✉%❡ ♦❢ $❤❡ ❣❛#✳ ❇② ❝❤❛♥❣✐♥❣ $❤❡ $②♣❡

♦❢ $❤❡ ♥♦③③❧❡ ✇✐$❤ ❛ ❞✐✛❡%❡♥$ ❣❡♦♠❡$%✐❝❛❧ ❝♦♥#$%✉❝$✐♦♥✱ $❤❡ ❣❛# ❥❡$ #❤❛♣❡ ✇✐❧❧ ❜❡ ❞✐✛❡%❡♥$✳

❚❤❡ ♥❡✉$%❛❧ ❣❛# ❞❡♥#✐$② ♣%♦✜❧❡ ✐# ❛❞❥✉#$❛❜❧❡ ✉♣ $♦ ❛ #$❛❜❧❡ ♦♣$✐♠✉♠ ❜② ♠♦❞✐❢②✐♥❣ $❤❡

♦♣❡♥✐♥❣ $✐♠❡ ♦❢ $❤❡ ❣❛# ✈❛❧✈❡✳ ❋♦% $❤❛$ %❡❛#♦♥✱ ❞✐✛❡%❡♥$ ♣❛%❛♠❡$❡%# ❛%❡ ❝♦♥#✐❞❡%❡❞ ❢♦%

$❤❡ $❛%❣❡$ ❝❤❛%❛❝$❡%✐#❛$✐♦♥✳

❉✉%✐♥❣ ❛❧❧ $❤❡ ❡①♣❡%✐♠❡♥$❛❧ ❝❛♠♣❛✐❣♥# ❞❡#❝%✐❜❡❞ ✐♥ $❤✐# $❤❡#✐#✱ $❤❡ #❛♠❡ ♣❤②#✐❝❛❧ ♣❛✲

%❛♠❡$❡%# ♦❢ $❤❡ ♥♦③③❧❡ ❛♥❞ $❤❡ #❛♠❡ ✈❛❧✈❡ ✇❡%❡ ✉#❡❞✳ ❚❤❡ #♦❧❡♥♦✐❞ ✈❛❧✈❡ ✭#✉✐$❛❜❧❡ ✉♣

$♦ ✷✵✵ ❜❛%✮ ✐# ❝♦♠♠❡%❝✐❛❧❧② ❛✈❛✐❧❛❜❧❡ ❜②  ❛"❦❡" ❍❛♥♥✐✜♥✱ ✇❤✐❧❡ ❛ #❡❧❢✲♠❛❞❡ ❞❡ ▲❛✈❛❧

♥♦③③❧❡ ✇❛# ✉#❡❞ ❛# $❤❡ ❤❡❛❞✳ ❋♦% ❢✉%$❤❡% ❞❡$❛✐❧# #❡❡ ✜❣✉%❡ ✸✳✼✳

✸✳✷✳✶ ❙✉♣❡()♦♥✐❝ ♥♦③③❧❡)

❆# ❞✐#❝✉##❡❞ ✐♥ ❬✹✶❪ ❛♥❞ ❬✹✷❪✱ ❛ #✉♣❡%#♦♥✐❝ ❞❡ ▲❛✈❛❧ ♥♦③③❧❡ ✐# $❤❡ ❜❡#$ ♦♣$✐♦♥ ❢♦% ❛ ♣%♦♣❡%

✢❛$✲$♦♣ ❣❛# $❛%❣❡$ ♣%♦✜❧❡✳ ❍❡%❡✱ ❛ ❣❛# %❡#❡%✈♦✐% ✇✐$❤ ❛ ♣%❡❞❡$❡%♠✐♥❡❞ $❡♠♣❡%❛$✉%❡ T0✱

♣%❡##✉%❡ p0✱ ❛♥❞ ❞❡♥#✐$② n0 ✐# ❢♦❧❧♦✇❡❞ ✉♣ $♦ $❤❡ $❤%♦❛$ ❜② ❛ ❝♦♥✈❡%❣❡♥$ #❡❝$✐♦♥ ♦❢ $❤❡

♥♦③③❧❡✳ ❚❤✐# ✐# ❝♦♥♥❡❝$❡❞ $♦ ❛ ❞✐✈❡%❣❡♥$ #❡❝$✐♦♥ ✉♣ $♦ $❤❡ ♥♦③③❧❡ $♦♣ ✐♥$♦ $❤❡ ✈❛❝✉✉♠

❝❤❛♠❜❡% ✇✐$❤ ❛ ❣✐✈❡♥ ❜❛❝❦✐♥❣ ♣%❡##✉%❡ p
❜

✳ ■♥ $❤❡ ✜%#$ ❝♦♥✈❡%❣❡♥$ ♣❛%$ ♦❢ $❤❡ ♥♦③③❧❡✱ $❤❡

❣❛# ✢♦✇ ✐# #✉❜#♦♥✐❝ ✭▼❛❝❤ ♥✉♠❜❡% M < 1✮ ✉♣ $♦ $❤❡ ♥♦③③❧❡ $❤%♦❛$✳ ■$ ✐# ❛❝❝❡❧❡%❛$✐♥❣ ❛♥❞

❡①♣❛♥❞✐♥❣✱ ✇❤✐❧❡ $❤❡ $❡♠♣❡%❛$✉%❡ ❛♥❞ ♣%❡##✉%❡ ❛%❡ ❞❡❝%❡❛#✐♥❣✳ ❆$ $❤❡ $❤✐♥♥❡#$ ♣❛%$ ♦❢

$❤❡ ♥♦③③❧❡ ❤❡❛❞ $❤❡ ▼❛❝❤✲♥✉♠❜❡% ❡=✉❛❧# ♦♥❡ ✭M = 1✮✳ ❚❤❡♥✱ ✐♥ $❤❡ ❞✐✈❡%❣❡♥$ #❡❝$✐♦♥✱

$❤❡ ❣❛# ✐# ❢✉%$❤❡% ❡①♣❛♥❞❡❞✱ ❛❝❝❡❧❡%❛$❡❞ ❛♥❞ ❝♦♦❧❡❞ ❞♦✇♥✳ ❚❤❡%❡❢♦%❡✱ ✐$ ✐# #✉♣❡%#♦♥✐❝✱

✹✷



✸✳✷ ❚❛%❣❡( ❝❤❛%❛❝(❡%✐,❛(✐♦♥

✭❛✮ ●❛$ ✈❛❧✈❡ ❛♥❞ ♥♦③③❧❡ ,❡❛❧

0.5 mm

1 mm

T
0
, p

0
, n

0

4
 m

m

gas reservoir

vacuum chamber

D
crit

D
exit

✭❜✮ ●❛$ ♥♦③③❧❡ ❞,❛✇✐♥❣

❋✐❣✉%❡ ✸✳✼✿ ❛✳✮ ✐♠❛❣❡ ♦❢ )❤❡ ❣❛+ ✈❛❧✈❡ ❛♥❞ ♥♦③③❧❡ ♠♦✉♥)❡❞ ✐♥+✐❞❡ ♦❢ )❤❡ )❛2❣❡) ✈❛❝✉✉♠

❝❤❛♠❜❡2✳ ■♥ ❞2❛✇✐♥❣ ❜✳✮ )❤❡ ♥♦③③❧❡ ♣❛2❛♠❡)❡2+ ❛2❡ +❤♦✇♥✳

✇❤✐❝❤ ♠❡❛♥+✱ )❤❡ ▼❛❝❤ ♥✉♠❜❡2 ✐♥❝2❡❛+❡+ ✭M > 1✮✳ ❚❤✐+ ❧❡❛❞+ )♦ ❛ +❧♦✇ )2❛♥+✈❡2+❡

❡①♣❛♥+✐♦♥ ✐♥ )❤❡ ✈❛❝✉✉♠✱ ✇❤✐❝❤ ✐+ ❛ ❣♦♦❞ 2❡=✉✐2❡♠❡♥) ❢♦2 ❧❛+❡2✲♣❧❛+♠❛ ✐♥)❡2❛❝)✐♦♥+

✭❝♦♠♣❛2❡ ❬✹✶✱ ✹✷❪✮✳

❚❤❡ ▼❛❝❤ ♥✉♠❜❡2 ✐+ ❞❡✜♥❡❞ ❛+ 2❛)✐♦ ❜❡)✇❡❡♥ )❤❡ +♣❡❡❞ ♦❢ )❤❡ ❣❛+ ✢♦✇ v ❛♥❞ )❤❡ +♦✉♥❞

✈❡❧♦❝✐)② a ❜② M = v/a✳ ❚❤❡ +♣❡❡❞ ♦❢ +♦✉♥❞ ✐+ ❞❡✜♥❡❞ ❛+ a =
√

γp/n =
√
γRT ✱ ✇✐)❤

♣2❡++✉2❡ p✱ ❞❡♥+✐)② n✱ γ ❛+ +♣❡❝✐✜❝ ❤❡❛) 2❛)✐♦ ✭2❛)✐♦ ❜❡)✇❡❡♥ ❤❡❛) ❝❛♣❛❝✐)② ❛) ❝♦♥+)❛♥)

♣2❡++✉2❡ ❛♥❞ ❝♦♥+)❛♥) ✈♦❧✉♠❡✱ c
♣

/cv✮✱ +♣❡❝✐✜❝ ❣❛+ ❝♦♥+)❛♥) R ❛♥❞ )❡♠♣❡2❛)✉2❡ T ✳ ❚❤❡

+♣❡❝✐✜❝ ❤❡❛) 2❛)✐♦ ❢♦2 ❍❡❧✐✉♠ ✐+ γ
❍❡

= 5/3 ❛♥❞ ❢♦2 ❍2 ✐) ✐+ γ
❍✷

= 7/5✳ ❚❤❡ ❣❛+ ❝♦♥+)❛♥)

✐+✿ R
❍❡

= 2.077 ❦❏✴✭❦❣❑✮ ❛♥❞ R
❍✷

= 4.124 ❦❏✴✭❦❣❑✮✳ ❆♥♦)❤❡2 ✐♠♣♦2)❛♥) ❢❛❝)♦2 ✐+

)❤❡ 2❡❢2❛❝)✐✈❡ ✐♥❞❡① ♦❢ )❤❡ ❣❛+❡+✱ ✇❤✐❝❤ ✐+✿ η
❍❡

= 1.0000348 ❛♥❞ η
❍✷

= 1.0001424 ❛)

+)❛♥❞❛2❞ )❡♠♣❡2❛)✉2❡ ❛♥❞ ♣2❡++✉2❡ ❢♦2 ❛ ✇❛✈❡❧❡♥❣)❤ ♦❢ ✹✵✵ ♥♠ ❬✹✸❪✳ ❈♦♥+✐❞❡2✐♥❣ )❤❡+❡

♣❛2❛♠❡)❡2+✱ ❛ ❝❛❧❝✉❧❛)✐♦♥ ♦❢ )❤❡ ▼❛❝❤ ♥✉♠❜❡2✱ )❡♠♣❡2❛)✉2❡✱ ♣2❡++✉2❡ ❛♥❞ ❞❡♥+✐)② ✐♥+✐❞❡

)❤❡ ❞❡ ▲❛✈❛❧ ♥♦③③❧❡ ✇✐)❤ )❤❡ ❢♦❧❧♦✇✐♥❣ ❡=✉❛)✐♦♥+ ✐+ ♣♦++✐❜❧❡ ❬✹✶✱ ✹✷❪✳

A
❝%✐'

A
= M

[

1 +
γ − 1

γ + 1
(M2 − 1)

]−
γ+1

2(γ−1)

=
216M

(M2 + 5)3

∣

∣

∣

∣

γ
❍✷

=7/5

❛♥❞ =
16M

(M2 + 3)2

∣

∣

∣

∣

γ
❍❡

=5/3

✭✸✳✶✮
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❈❤❛♣$❡& ✸ ▲❛)❡& ❛♥❞ ❚❛&❣❡$ ❝❤❛&❛❝$❡&✐)$✐❝)

T

T0

=

(

1 +
γ − 1

2
M2

)−1

=
5

M2 + 5

∣

∣

∣

∣

γ
❍✷

=7/5

❛♥❞ =
3

M2 + 3

∣

∣

∣

∣

γ
❍❡

=5/3

✭✸✳✷✮

p

p0
=

(

1 +
γ − 1

2
M2

)−
γ

γ−1

=
125
√
5

(M2 + 5)7/2

∣

∣

∣

∣

γ
❍✷

=7/5

❛♥❞ =
9
√
3

(M2 + 3)5/2

∣

∣

∣

∣

γ
❍❡

=5/3

✭✸✳✸✮

n

n0

=

(

1 +
γ − 1

2
M2

)−
1

γ−1

=
25
√
5

(M2 + 5)5/2

∣

∣

∣

∣

γ
❍✷

=7/5

❛♥❞ =
3
√
3

(M2 + 3)3/2

∣

∣

∣

∣

γ
❍❡

=5/3

,

✭✸✳✹✮

✇✐+❤ +❤❡ ❝/♦11 1❡❝+✐♦♥ ❛/❡❛ ❆

❝!✐#

= π(D
❝!✐#

/2)2 ❛+ +❤❡ ♥♦③③❧❡ +❤/♦❛+✱ ❛♥❞ T0 ≈ 293❑✱

p0 = 5 − 95 ❜❛/ ❛♥❞ n0 = (p0V )/(kBT0) ❛1 ✐♥✐+✐❛❧ ✈❛❧✉❡1✳ A✱ T ✱ p ❛♥❞ n ❝❛♥ ❜❡

❝❛❧❝✉❧❛+❡❞ ❛+ +❤❡ ♣♦✐♥+ ♦❢ ✐♥+❡/❡1+✱ ❢♦/ ❡①❛♠♣❧❡ ❛+ +❤❡ ♥♦③③❧❡ ❡①✐+✳ ❆ 1✉♣❡/1♦♥✐❝ ♠❛❝❤

♥✉♠❜❡/ ♦❢ M
❍✷

= 2.94 ❢♦/ ♠♦❧❡❝✉❧❛/ ❍②❞/♦❣❡♥ ❛♥❞ M
❍❡

= 3.44 ❢♦/ ❍❡❧✐✉♠ ❛+ +❤❡

♥♦③③❧❡ +♦♣ ✐1 /❡❛❝❤❛❜❧❡ ❜② 1♦❧✈✐♥❣ ❡A✉❛+✐♦♥ ✸✳✶ ✇✐+❤ ❛ ♥♦③③❧❡ ✇✐❞+❤ ♦❢ D
❝!✐#

= 0.5♠♠

❛♥❞ D
❡①✐#

= 1♠♠ ❛♥❞ ❛ +❤/♦❛+ ❧❡♥❣+❤ ♦❢ l
#❤!♦❛#

= 4♠♠ ✭❝♣✳ ✜❣✉/❡ ✸✳✼✮✳ ❆❝❝♦/❞✐♥❣ +♦

+❤✐1✱ ❜♦+❤ ❣❛1❡1 ❤❛✈❡ ❞✐✛❡/❡♥+ ♣/❡11✉/❡ +♦ ❞❡♥1✐+② /❛+✐♦1✳

❚❤❡ ❞❡♥1✐+② ❢♦/ ❞✐✛❡/❡♥+ ❣❛1❡1 ❛+ +❤❡ ♥♦③③❧❡ ❡①✐+ ❝❛♥ ❜❡ ❝❛❧❝✉❧❛+❡❞ ❜② ♠❡❛♥1 ♦❢ ❡A✉❛+✐♦♥

✸✳✹✳ ❆ ❣❛1 ✢♦✇ ✇✐+❤ ❛ ❞✐✈❡/❣❡♥❝❡ ❛♥❣❧❡ ♦❢ ϕ ✇✐+❤ ϕ = α + θ✱ ❛♥❞ α ❛1 ▼❛❝❤ ❝♦♥❡

❤❛❧❢✲❛♥❣❧❡ ✭α = ❛/❝1✐♥(M−1)✮ ❛♥❞ θ = ❛/❝+❛♥((D
❡①✐#

/2)/(l
#❤!♦❛#

+x)) ❛1 ♥♦③③❧❡ ❡①♣❛♥1✐♦♥

❛♥❣❧❡ ❛/❡ ❛11✉♠❡❞ ❬✹✹❪✳ ❚❤❡ /❛❞✐✉1 ♦❢ +❤❡ ❞❡♥1✐+② ♣/♦✜❧❡ ✐♥ ❝②❧✐♥❞/✐❝❛❧ ❝♦♦/❞✐♥❛+❡1 ✐1✿

r = r
❡①✐#

+ ❤+❛♥(ϕ)✱ ✇✐+❤ h ❛1 ❤❡✐❣❤+ ❛❜♦✈❡ +❤❡ ♥♦③③❧❡ ❡①✐+✳ ■♥ +❤✐1 ❡①♣❡/✐♠❡♥+✱ +❤❡

✐♥+❡/❛❝+✐♦♥ +♦♦❦ ♣❧❛❝❡ ❛+ ❛ ❤❡✐❣❤+ h = 600µ♠ ✭+❛/❣❡+ ❝❤❛♠❜❡/ ❝❡♥+/❡ ✭❚❈❈✮✮✱ ✇❤❡/❡ ❛❧❧

♠❛✐♥ ❧❛1❡/1 ✇❡/❡ ❢♦❝✉1❡❞ ✐♥+♦ +❤❡ ❣❛1 ❥❡+✳ ❚❤❡♦/❡+✐❝❛❧❧② ❛11✉♠✐♥❣✱ +❤❛+ ϕ ✐1 ❝♦♥1+❛♥+✱

+❤❡ ❣❛1 ❞❡♥1✐+② ❝❛♥ ❜❡ ❝❛❧❝✉❧❛+❡❞ ❛+ ❛ 1♣❡❝✐✜❝ ❤❡✐❣❤+ ❜②✿ n = n
❡①✐#

(r
❡①✐#

/r)2✳

■♥ ✜❣✉/❡ ✸✳✽ +❤❡ ♥❡✉+/❛❧ ❣❛1 ❞❡♥1✐+② +♦ ♣/❡11✉/❡ /❡❧❛+✐♦♥ ❢♦/ +❤✐1 ❡①♣❧✐❝✐+ ♥♦③③❧❡ ✐1 ❝❛❧✲

❝✉❧❛+❡❞ ❜② +❤❡ ❛❜♦✈❡ ❢♦/♠✉❧❛1✳ ❈♦♥1✐❞❡/✐♥❣ +❤❡ 1❛♠❡ ♣/❡11✉/❡✱ ❍❡❧✐✉♠ ❤❛1 ❛ ❤✐❣❤❡/

❞❡♥1✐+② ❝♦♠♣❛/❡❞ +♦ ❍②❞/♦❣❡♥✳ ❚❤❡ ❞❡♥1✐+② ❛+ +❤❡ ♥♦③③❧❡ ❡①✐+ ✐1 ♦❢ ❝♦✉/1❡ ❤✐❣❤❡/ +❤❛♥

❛+ +❤❡ ✐♥+❡/❛❝+✐♦♥ ❤❡✐❣❤+ ♦❢ ✻✵✵ µ♠✳

✹✹
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0
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H2_exit

H2 height of 600 µm

He_exit

He height of 600 µm

❋✐❣✉%❡ ✸✳✽✿ ❚❤❡♦$❡%✐❝❛❧ ❝❛❧❝✉❧❛%✐♦♥ ♦❢ %❤❡ ❞❡♥.✐%② %♦ ♣$❡..✉$❡ $❡❧❛%✐♦♥ ❢♦$ ❍2 ✭$❡❞✮ ❛♥❞

❍❡ ✭❜❧❛❝❦✮ ❣❛. ❛% %❤❡ ♥♦③③❧❡ ❡①✐% ❛♥❞ ✐♥ %❤❡ ✐♥%❡$❛❝%✐♦♥ ❤❡✐❣❤% ♦❢ ✻✵✵ µ♠ ❛❜♦✈❡ %❤❡

♥♦③③❧❡✳

✸✳✷✳✷ ❉❡♥&✐(② ♠❡❛&✉-❡♠❡♥(

❆♥ ✐♥%❡$❢❡$♦♠❡%❡$ ✐. ✉.❡❞ %♦ ❞❡%❡$♠✐♥❡ ❡①♣❡$✐♠❡♥%❛❧❧② %❤❡ ♥❡✉%$❛❧ ❣❛. ❞❡♥.✐%② n
❣❛"

❢♦$ ❛

.♣❡❝✐✜❝ ♣$❡..✉$❡ p0✳ ❆ ❢$✐♥❣❡ ♣❛%%❡$♥ ♦❢ ❛ $❡❢❡$❡♥❝❡ ✐♠❛❣❡ ✇✐%❤♦✉% ❣❛. ✢♦✇ ❛♥❞ ❛ ♣❛%%❡$♥

♦❢ ❛♥ ✐♠❛❣❡ ✇✐%❤ ❣❛. ✢♦✇ ❛$❡ ❝♦♠♣❛$❡❞✳ ❚❤❡ ♣❤❛.❡ .❤✐❢% ❜❡%✇❡❡♥ %❤❡ %✇♦ ✐♠❛❣❡. ✐. ❡①✲

%$❛❝%❡❞ ✈✐❛ ❋❛.% ❋♦✉$✐❡$ ❚$❛♥.❢♦$♠❛%✐♦♥✳ ❯.✐♥❣ %❤✐. ♣❤❛.❡ .❤✐❢%✱ %❤❡ ♥❡✉%$❛❧ ❣❛. ❞❡♥.✐%②

✐. ❝❛❧❝✉❧❛%❡❞ ❜② ❛♥ ❆❜❡❧ ✐♥✈❡$.✐♦♥✳ ❋✉$%❤❡$ ❞❡%❛✐❧.✱ ❤♦✇ %♦ ❛♥❛❧②③❡ ✐♥%❡$❢❡$♦❣$❛♠.✱ ❛$❡

❣✐✈❡♥ ✐♥ .❡❝%✐♦♥ ✹✳✸✳

❚❤❡ ❝❤❛♥❣❡. ✐♥ ❞❡♥.✐%② ✐♥ %❤✐. ♥♦③③❧❡ ❝❤❛$❛❝%❡$✐.❛%✐♦♥✱ ✇❡$❡ ❞❡%❡❝%❡❞ ❜② ✉.✐♥❣ ❛ ▼❛❝❤✲

❩❡❤♥❞❡, ✐♥%❡$❢❡$♦♠❡%❡$ ❬✹✺❪✳ ❆ .❦❡%❝❤ ♦❢ %❤❡ .❡%✉♣ ✐. ♣✐❝%✉$❡❞ ✐♥ ✜❣✉$❡ ✸✳✾✳ ❚✇♦ ❜❡❛♠

.♣❧✐%%❡$. ❞✐✈✐❞❡ ❛♥❞ ❝♦♠❜✐♥❡ %❤❡ ♣$♦❜❡ ❜❡❛♠✱ ✐♥ ♦$❞❡$ %♦ ❤❛✈❡ %✇♦ ❜❡❛♠❧❡%. ♦✈❡$❧❛♣♣✐♥❣

%♦ ❣❡% ❛ ❢$✐♥❣❡ ♣❛%%❡$♥✳ ◆♦ .❤♦$%✲♣✉❧.❡ ❧❛.❡$ ✐. ♥❡❝❡..❛$② ❢♦$ %❤✐. ✐♥✈❡.%✐❣❛%✐♦♥✱ ❜❡❝❛✉.❡ ✐%

✐. .✉✣❝✐❡♥% %♦ ❤❛✈❡ ❛ ♠✐❧❧✐.❡❝♦♥❞ $❡.♦❧✉%✐♦♥ ✭❚❤❡ ❣❛. ✢♦✇ ❛♥❞ ❞❡♥.✐%② ❞♦ ♥♦% ❝❤❛♥❣❡ ✈❡$②

❢❛.%✮✱ ✇❤✐❝❤ ❝❛♥ ❜❡ ♣$♦✈✐❞❡❞ ❜② %❤❡ ❞❡%❡❝%✐♥❣ ❝❛♠❡$❛ .❤✉%%❡$✳ ❚❤❡$❡❢♦$❡✱ ❛ ❝♦♥%✐♥✉♦✉.

❜❧✉❡ ❧❛.❡$ ✭λ = 405 ♥♠✮ ✇✐%❤ ❛ ♠❛①✐♠✉♠ ♣♦✇❡$ ♦❢ P = 50♠❲ ✇❛. ✐♥.%❛❧❧❡❞✳ ❚❤❡ ❜❡❛♠

✇❛. .♣❛%✐❛❧❧② ❝❧❡❛♥❡❞ ❜② ❛ ♣✐♥❤♦❧❡ ❛♥❞ ❛❢%❡$✇❛$❞. ❡①♣❛♥❞❡❞ ❛♥❞ ❝♦❧❧✐♠❛%❡❞✳ ❚❤❡ ❧❛.❡$

%$❛✈❡❧❡❞ %❤$♦✉❣❤ %❤❡ ❣❛. ❥❡% ❛♥❞ %❤❡♥ %♦ %❤❡ ▼❛❝❤✲❩❡❤♥❞❡, ✇✐%❤ ❛❞❞✐%✐♦♥❛❧ ❧❡♥.❡. %♦

♠❛❣♥✐❢② %❤❡ ✐♠❛❣❡ ♦❢ %❤❡ ❥❡%✳ ❚❤❡ ❜❡❛♠ ✐. .♣❧✐% ✐♥%♦ %✇♦ ❜❡❛♠❧❡%. ✇✐%❤ %✇♦ ❛❞❥✉.%❛❜❧❡

❛$♠.✱ %♦ .❡% ❛ ❞❡❧❛② ❜❡%✇❡❡♥ %❤❡ ❜❡❛♠. ❛♥❞ %♦ ❝❤❛♥❣❡ %❤❡ ❢$✐♥❣❡ ♦$✐❡♥%❛%✐♦♥ ❛♥❞ ✇✐❞%❤✳

◆❡①%✱ %❤❡ %✇♦ ❜❡❛♠. ❛$❡ ❣✉✐❞❡❞ %♦ ❛ ❈❈❉ ❝❛♠❡$❛✱ ✇❤❡$❡ %❤❡ ❞✐.%✉$❜❡❞ ♣❛$% ♦❢ %❤❡

❧❛.❡$ ❜❡❛♠ ♦✈❡$❧❛♣. %❤❡ ✉♥❞✐.%✉$❜❡❞ $❡❢❡$❡♥❝❡ ♣❛$% ♦❢ %❤❡ ❜❡❛♠❧❡%. ✭❢✉$%❤❡$ ❞❡%❛✐❧. ✐♥
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✸✳✷ ❚❛%❣❡( ❝❤❛%❛❝(❡%✐,❛(✐♦♥

✭❛✮ ●❛$ ♥♦③③❧❡ ❢+✐♥❣❡$ +❡❢❡+❡♥❝❡ ✭❜✮ ●❛$ ♥♦③③❧❡ ❢+✐♥❣❡$

❋✐❣✉%❡ ✸✳✶✵✿ ❚❤❡ ❞❡$❡❝$❡❞ ✐♠❛❣❡* ♦❢ $❤❡ ▼❛❝❤✲❩❡❤♥❞❡) ✐♥$❡.❢❡.♦♠❡$❡. ❛.❡ *❤♦✇♥✳ ❚❤❡

❜❧❛❝❦ *❤❛❞♦✇ ❛$ $❤❡ ❜♦$$♦♠ ♦❢ $❤❡ ✐♠❛❣❡* ✐* $❤❡ $♦♣ ♦❢ $❤❡ ♥♦③③❧❡✳ 6✐❝$✉.❡ ✭❛✮

✐❧❧✉*$.❛$❡* $❤❡ .❡❢❡.❡♥❝❡ ✐♠❛❣❡✱ ✇✐$❤♦✉$ ❣❛*✳ ■♥ ♣✐❝$✉.❡ ✭❜✮ ❛ ❢.✐♥❣❡ *❤✐❢$ ❞✉❡ $♦ $❤❡

❣❛* ✢♦✇ ✐* ✈✐*✐❜❧❡✳ ❚❤❡ *❤✐❢$ ✐* ❤✐❣❤❧✐❣❤$❡❞ ✐♥ $❤❡ ♠❛❣♥✐✜❡❞ *?✉❛.❡ ♣❧❛♥❡* ✭❍2 ❣❛*

✇✐$❤ p0 = 70 ❜❛. ❛♥❞ $❤❡ ✐♠❛❣❡ ✐* $❛❦❡♥ ✻♠* ❛❢$❡. $❤❡ ✈❛❧✈❡ ✐* $.✐❣❣❡.❡❞✮✳

❚❤❡ ❝❛❧❝✉❧❛$❡❞ ♣❤❛*❡ *❤✐❢$ ✐* ❞✐*♣❧❛②❡❞ ✐♥ ✜❣✉.❡ ✸✳✶✶ ✭❛✮✳ ❆♥ ✐♠❛❣❡ ♦❢ $❤❡ ♥❡✉$.❛❧ ❣❛*

❞❡♥*✐$②✱ ❞❡$❡.♠✐♥❡❞ ❢.♦♠ $❤❡ ♣❤❛*❡ *❤✐❢$✱ ✐* ♣.❡*❡♥$❡❞ ✐♥ ✜❣✉.❡ ✸✳✶✶ ✭❜✮✳ ❇♦$❤ ✐♠❛❣❡*

❛.❡ ✷❉ ♣*❡✉❞♦✲❝♦❧♦✉. ♣❧♦$*✱ ❝♦..❡*♣♦♥❞✐♥❣ $♦ $❤❡ ❝♦♠♣❧❡$❡ ✐♥$❡.❢❡.♦❣.❛♠* ❛❜♦✈❡ ✭✜❣✉.❡

✸✳✶✵✮✳

✭❛✮ ●❛$ ♥♦③③❧❡ ♣❤❛$❡ $❤✐❢2

[cm-3]

✭❜✮ ●❛$ ♥♦③③❧❡ ♥❡✉2+❛❧ ❞❡♥$✐2②

❋✐❣✉%❡ ✸✳✶✶✿ 6❤❛*❡ *❤✐❢$ ❝❛❧❝✉❧❛$❡❞ ✈✐❛ ❋♦✉.✐❡. $.❛♥*❢♦.♠❛$✐♦♥ ✭❛✮ ❛♥❞ $❤❡ ❡①$.❛❝$❡❞

♥❡✉$.❛❧ ❞❡♥*✐$② ✭❜✮✳ ✭❚❤❡ ✐♠❛❣❡*✴❝❛❧❝✉❧❛$✐♦♥* ❝♦..❡*♣♦♥❞ $♦ $❤❡ ✐♥$❡.❢❡.♦❣.❛♠* ✐♥ ✜❣✳

✸✳✶✵✮

❆ ❝♦..❡*♣♦♥❞✐♥❣ ❧✐♥❡✲♦✉$ ❛$ ❛ *♣❡❝✐✜❝ ❤❡✐❣❤$ ✭❤♦.✐③♦♥$❛❧ ❧✐♥❡✲♦✉$✮ ❛♥❞ ❛ ❧✐♥❡✲♦✉$ ❛❧♦♥❣
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horizontal 

line out

vertical line out

µ

n = g1(x) + g2(x) + y [cm−3]

= 5.7 · 1019exp
(

−
( x

325

)4
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+ 5.2 · 1019exp
(

−
( x

575

)6
)

+ 5 · 1018
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(♦ ✐♥✈❡1(✐❣❛(❡ (❤❡ ✐♥(❡'❛❝(✐♦♥✱ ✐♥❝❧✉❞✐♥❣ ❡❧❡❝('✐❝ ❛♥❞✴♦' ♠❛❣♥❡(✐❝ ✜❡❧❞ 1('✉❝(✉'❡1 ✐♥1✐❞❡

(❤❡ ♣❧❛1♠❛ ❝❤❛♥♥❡❧✱ ✐1 ❝❤❛'❣❡❞✲♣❛'(✐❝❧❡✲♣'♦❜✐♥❣ ✈✐❛ ❛ 1❡❝♦♥❞❛'② 1♦✉'❝❡ ♦❢ ❛❝❝❡❧❡'❛(❡❞

♣'♦(♦♥1 ✭1❡❝(✐♦♥ ✹✳✺✮ ♦❜1❡'✈❡❞ ❜② '❛❞✐♦❝❤'♦♠✐❝ ✜❧♠ ❞❡(❡❝(♦'1 ✭1❡❝(✐♦♥ ✹✳✹✮✳ ❆1 ❛ ♠✐✲

♥♦' ❞✐❛❣♥♦1(✐❝ ❛ 1♣❡❝('♦♠❡(❡' ✇❛1 ❡♠♣❧♦②❡❞ (♦ '❡1♦❧✈❡ (❤❡ ❡♥❡'❣② ❞✐1('✐❜✉(✐♦♥ ♦❢ (❤❡

❛❝❝❡❧❡'❛(❡❞ ❡❧❡❝('♦♥1 ✭1❡❝(✐♦♥ ✹✳✻✮✳

✹✳✶ ❈❘✸✾

❈❘✲✸✾✱ ❈♦❧✉♠❜✐❛ ❘❡1✐♥ ★✸✾✱ ✐1 ❛ ('❛♥1♣❛'❡♥( 1(✐✛ ♣❧❛1(✐❝ ♣♦❧②♠❡' ❬✭❈12❍18❖7✮❪n ✇✐(❤

❛ ❞❡♥1✐(② ♦❢ ✶✳✸ ❣✴❝♠

3
✳ ■( ❝❛♥ ❜❡ ✉1❡❞ ❛1 ❛ 1♦❧✐❞ 1(❛(❡ ♥✉❝❧❡❛' ('❛❝❦ ❞❡(❡❝(♦'✳ ❈❘✲✸✾

♣❧❛(❡1 ❛'❡ ♥♦( 1❡♥1✐(✐✈❡ (♦ ❡❧❡❝('♦♠❛❣♥❡(✐❝ ✇❛✈❡1 ❛♥❞ ❡❧❡❝('♦♥1✳ ❚❤❛( ✐1 ✇❤② (❤❡② ❛'❡

✉1❡❞ (♦ ❞❡(❡❝( ❝❤❛'❣❡❞ ✐♦♥1 ❛♥❞ ♣'♦(♦♥1 ✇✐(❤ ♠♦1(❧② ❡♥❡'❣✐❡1 ❛❜♦✈❡ ✶✵✵ ❦❡❱✴♥✉❝❧❡♦♥✳

R❡♥❡('❛(✐♥❣ ♣❛'(✐❝❧❡1 ❝'❡❛(❡ ❛ ('❛❝❦ ♦❢ ❜'♦❦❡♥ ♠♦❧❡❝✉❧❛' ❝❤❛✐♥1 ❛♥❞ ❢'❡❡ '❛❞✐❝❛❧1 ❛❧♦♥❣

(❤❡✐' ♣❛(❤ (❤'♦✉❣❤ (❤❡ ♠❛(❡'✐❛❧✳ ❚❤❡ ('❛❝❦ ❞❡♣(❤ ✐1 ❞❡(❡'♠✐♥❡❞ ❜② (❤❡ ♣❛(❤ ❧❡♥❣(❤
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❈❤❛♣$❡& ✹ ❉✐❛❣♥♦-$✐❝-✱ ✐♥✈❡-$✐❣❛$✐♦♥ ♠❡$❤♦❞- ❛♥❞ ❡①♣❡&✐♠❡♥$❛❧ -❡$✉♣-

♦❢ "❤❡ ♣❛'"✐❝❧❡✳ ▼♦'❡♦✈❡'✱ "❤❡ ❛♠♦✉♥" ♦❢ ❞❛♠❛❣❡4 ❛❧♦♥❣ "❤❡ "'❛❝❦ ✐4 ♣'♦♣♦'"✐♦♥❛❧ "♦

"❤❡ '❛"❡ ♦❢ ❡♥❡'❣② ❧♦44 ♦❢ "❤❡ ♣❛'"✐❝❧❡ ❬✹✻❪✳ ❚❤❡ ❈❘✲✸✾ ❤❛4 "♦ ❜❡ ❡"❝❤❡❞ ✐♥ ❛ 4♦❞✐✉♠

❤②❞'♦①✐❞❡ ✭◆❛❖❍✮ 4♦❧✉"✐♦♥ "♦ ❡✈❛❧✉❛"❡ ❛♥❞ "♦ ♠❛❦❡ "❤❡4❡ "'❛❝❦4 ♦❢ ❡❛❝❤ 4✐♥❣❧❡ ♣❛'"✐❝❧❡

✈✐4✐❜❧❡✳ ❚❤❡ ❞❛♠❛❣❡❞ ♣♦❧②♠❡' 4"'✉❝"✉'❡ ❤❛4 ❛ ❢❛4"❡' ❡"❝❤✐♥❣ '❛"❡ ❝♦♠♣❛'❡❞ "♦ "❤❡ ✐♥"❛❝"

♦♥❡✳ ❇❡❝❛✉4❡ ♦❢ "❤❛"✱ ❝♦♥✐❝❛❧ ♣✐"4 ✇✐"❤ 4❤❛'♣❧② ❞❡✜♥❡❞ ❝✐'❝✉❧❛' ❤♦❧❡4 ❛'✐4❡ ♦✉" ♦❢ "❤❡

✐''❛❞✐❛"❡❞ ♣❛'"4 ♦❢ "❤❡ ❈❘✲✸✾ ❞✉'✐♥❣ ❡"❝❤✐♥❣ ❬✹✻✱ ✹✼✱ ✹✽❪✳

❚❤❡ ❈❘✲✸✾ ♣❧❛"❡4 ✉4❡❞ ✐♥ "❤❡4❡ ❡①♣❡'✐♠❡♥"❛❧ ❝❛♠♣❛✐❣♥4 ✇❡'❡ ❡"❝❤❡❞ ❛" 80 ◦
❈ ✐♥ ❛

∼ ✻♠♦❧✴❧ ◆❛❖❍ 4♦❧✉"✐♦♥ ❢♦' ✷✵ "♦ ✸✵ ♠✐♥✉"❡4✳ ❆❢"❡' ❡"❝❤✐♥❣✱ "❤❡ ❈❘✲✸✾ ✐4 4❝❛♥♥❡❞

✇✐"❤ ❛ ♠✐❝'♦4❝♦♣❡ ✇✐"❤ ❞✐✛❡'❡♥" ♠❛❣♥✐✜❝❛"✐♦♥4 ❢♦' ❢✉'"❤❡' ✐♥✈❡4"✐❣❛"✐♦♥4✳ ■♥ ✜❣✉'❡ ✹✳✶

"✇♦ ❞✐✛❡'❡♥" 4❝❛♥4 ♦❢ "❤❡ 4❛♠❡ ❈❘✲✸✾ ♣❧❛"❡ ❛'❡ 4❤♦✇♥✳ ❆❧❧ '♦✉♥❞ 4♣♦"4 ✇✐"❤ "❤❡ 4❛♠❡

4✐③❡ ❛'❡ "'❛❝❦4 ♦❢ ✐♦♥4✱ ✇❤✐❝❤ ❝❛♥ ❜❡ ❝♦✉♥"❡❞ "♦ ❞❡"❡'♠✐♥❡ "❤❡ ❛❝"✉❛❧ ♥✉♠❜❡' ♦❢ "❤❡

♣❛'"✐❝❧❡4✳

100 µm

✭❛✮ ❈❘✲✸✾ ✷✵① ♠❛❣♥✐✜❡❞

10 µm

✭❜✮ ❈❘✲✸✾ ✶✵✵① ♠❛❣♥✐✜❡❞

❋✐❣✉&❡ ✹✳✶✿ ❚✇♦ ♠✐❝'♦4❝♦♣❡ ✐♠❛❣❡4 ♦❢ ❛♥ ✐''❛❞✐❛"❡❞ ❛♥❞ ❡"❝❤❡❞ ❈❘✲✸✾ ♣❧❛"❡ ❛'❡ 4❤♦✇♥✳

✭❛✮ ✐4 ✷✵ "✐♠❡4 ♠❛❣♥✐✜❡❞✳ ❙♦♠❡ ❞✐'" ❛♥❞ ❧♦"4 ♦❢ "'❛❝❦4 ❛'❡ ✈✐4✐❜❧❡✳ ■♠❛❣❡ ✭❜✮ ✐4 ✶✵✵

"✐♠❡4 ♠❛❣♥✐✜❡❞ ❛♥❞ "❤❡ 4✐♥❣❧❡ "'❛❝❦4 ❛'❡ ❝❧❡❛'❧② ❞✐4"✐♥❣✉✐4❤❛❜❧❡✳

■♥ "❤❡4❡ ❡①♣❡'✐♠❡♥"❛❧ ❝❛♠♣❛✐❣♥4 "❤❡ ❈❘✲✸✾ ✐♦♥ ❞❡"❡❝"♦'4 ✇❡'❡ ✉4❡❞ ❢♦' "✇♦ ❞✐✛❡'❡♥"

♣✉'♣♦4❡4✳ ❋✐'4"✱ "♦ ❝❛❧✐❜'❛"❡ "❤❡ ❞❡"❡❝"♦' ✭♠✐❝'♦ ❝❤❛♥♥❡❧ ♣❧❛"❡ ✭▼❈W✮✮ ♦❢ "❤❡ ❚❤♦♠4♦♥

♣❛'❛❜♦❧❛ 4♣❡❝"'♦♠❡"❡' ✭4❡❡✳ 4✉❜4❡❝"✐♦♥ ✹✳✷✳✸✮✱ ♦❜"❛✐♥✐♥❣ ✐♥❢♦'♠❛"✐♦♥ ❛❜♦✉" "❤❡ ❛❜4♦❧✉"❡

♥✉♠❜❡' ♦❢ "❤❡ ♣❛'"✐❝❧❡4 ❜② ❝♦✉♥"✐♥❣ ❛❧❧ 4✐♥❣❧❡ "'❛❝❦4✳ ❙❡❝♦♥❞✱ "♦ '❡4♦❧✈❡ "❤❡ ❞✐✈❡'❣❡♥❝❡

♦❢ "❤❡ ❛❝❝❡❧❡'❛"❡❞ ✐♦♥ ❜❡❛♠✳ ▼♦'❡♦✈❡'✱ ❡4♣❡❝✐❛❧❧② ❢♦' ❧♦✇ ❡♥❡'❣② ✐♦♥4✱ "❤❡ 4✉'❢❛❝❡ ♦❢ "❤❡

❈❘✲✸✾ ✇❛4 ♦✈❡'✲4❛"✉'❛"❡❞✱ '❡4✉❧"✐♥❣ ✐♥ ♦✈❡'❧❛♣♣✐♥❣ "'❛❝❦4 ❛♥❞ ♣✐"4✱ 4♦ "❤❛" ❝♦✉♥"✐♥❣ ♦❢

"❤❡ ♣❛'"✐❝❧❡4 ✇❛4 ♥♦" ♣♦44✐❜❧❡ ❛♥②♠♦'❡✳
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❈❤❛♣$❡& ✹ ❉✐❛❣♥♦-$✐❝-✱ ✐♥✈❡-$✐❣❛$✐♦♥ ♠❡$❤♦❞- ❛♥❞ ❡①♣❡&✐♠❡♥$❛❧ -❡$✉♣-

❆ !✐♠♣❧❡ ❞(❛✇✐♥❣ ♦❢ /❤❡ !♣❡❝/(♦♠❡/❡( ✐! ✐❧❧✉!/(❛/❡❞ ✐♥ ✜❣✉(❡ ✹✳✷✳ ❚❤❡ ❞❡✢❡❝/✐♦♥ ❛♥❞

♣♦!✐/✐♦♥ ♦❢ /❤❡ ✐♦♥ ❛/ /❤❡ ❞❡/❡❝/♦( ❝❛♥ ❜❡ ❡①❛❝/❧② ❝❛❧❝✉❧❛/❡❞ ❜② /❤❡ ❛!!✉♠♣/✐♦♥ ♦❢ ❛

❤♦♠♦❣❡♥♦✉! ❛♥❞ ❜♦①✲!❤❛♣❡❞ ♠❛❣♥❡/✐❝ ✭B0✮ ❛♥❞ ❡❧❡❝/(✐❝ ✜❡❧❞ ✭E0✮ ❛♥❞ ❛ ♥♦♥✲(❡❧❛/✐✈✐!/✐❝

♠♦/✐♦♥ ♦❢ /❤❡ ♣❛(/✐❝❧❡!✳ ■♥ /❤❡ ✜(!/ ♣❛(/ ♦❢ /❤❡ !♣❡❝/(♦♠❡/❡( ✭❇✲✜❡❧❞✮✱ /❤❡ ♣❛(/✐❝❧❡

♠♦/✐♦♥ ✐! ♦♥ ❛ ❝✐(❝✉❧❛( ♦(❜✐/ ❞✉❡ /♦ /❤❡ ▲♦(❡♥/③ ❢♦(❝❡ F
▲

✳ ❚❤❡ ❝♦((❡!♣♦♥❞✐♥❣ ▲❛(♠♦(

(❛❞✐✉! ❝❛♥ ❜❡ ❞❡(✐✈❡❞ ❢(♦♠ /❤❡ ❜❛❧❛♥❝❡ ❜❡/✇❡❡♥ F
▲

❛♥❞ /❤❡ ❝❡♥/(✐❢✉❣❛❧ ❢♦(❝❡ F
❩

/♦✿

r
▲

= (mv20)/(qB0)✳ ❚❤❡ ❝♦♦(❞✐♥❛/❡! ♦❢ /❤❡ ❞❡/❡❝/♦( ♣❧❛♥❡ ❝❛♥ ❜❡ !✉♠♠❛(✐!❡❞ ❛❝❝♦(❞✐♥❣

/♦ ❬✺✵✱ ✺✶❪ ✐♥ ❛ ♥♦♥✲(❡❧❛/✐✈✐!/✐❝ ❝❛!❡✱ ✇✐/❤ /❤❡ ❝✐(❝✉❧❛( ♠♦/✐♦♥ ♦❢ r
▲

=
√

(y(z)− r
▲

)2 + z2

❛♥❞ /❤❡ ❡❧❡❝/(✐❝ ❢♦(❝❡ F
❡

= qE0 = md2x
d2t
✱ /♦✿

x =
q

mv20
E0l❊

(

d
❊

+
l
❊

2

)

,

y =
q

mv0
B0l❇

(

d
❇

+
l
❇

2

)

,

✭✹✳✶✮

✇❤❡(❡ v0✱ q ❛♥❞ m ❛(❡ /❤❡ ✈❡❧♦❝✐/②✱ ❝❤❛(❣❡ ❛♥❞ ♠❛!! ♦❢ /❤❡ ✐♦♥ ❛♥❞ l
❊

✱ d
❊

✱ l
❇

❛♥❞ d
❇

❛(❡

/❤❡ ❞✐!/❛♥❝❡! ❜❡/✇❡❡♥ /❤❡ ❝♦♠♣♦♥❡♥/! ♦❢ /❤❡ ❞✐❛❣♥♦!/✐❝ ✭❝♦♠♣❛(❡ ✜❣✉(❡ ✹✳✷✮✳ ❚❤❡ ✜♥❛❧

♣❛(❛❜♦❧✐❝ /(❛❥❡❝/♦(② ❞❡♣❡♥❞! ♦♥ /❤❡ (❡❧❛/✐♦♥ ♦❢ q/m ❬✺✷❪ ❛♥❞ ❝❛♥ ❜❡ ❡①♣(❡!!❡❞ ❜②✿

y2 =
q

m

B2
0

E0

l2
❇

l
❊

(d
❇

+ l
❇

/2)2

(d
❊

+ l
❊

/2)
x. ✭✹✳✷✮

❍✐❣❤ ❡♥❡(❣② ✐♦♥! ❛(❡ ❧❡!! ❞❡✢❡❝/❡❞ /❤❛♥ ❧♦✇ ❡♥❡(❣② ✐♦♥! ✭✐♥ ✈❡(/✐❝❛❧ ❞✐(❡❝/✐♦♥✱ ②✮ ❛♥❞

♣❛(/✐❝❧❡! ✇✐/❤ ❛ ❤✐❣❤ M✴♠ (❛/✐♦ ❛(❡ ♠♦(❡ ❞❡✢❡❝/❡❞ ✐♥ ❤♦(✐③♦♥/❛❧ ❞✐(❡❝/✐♦♥✱ ①✳ ❆♥ ✐♠❛❣❡

♦❢ /(❛❝❡! ♦❢ ❞✐✛❡(❡♥/ ✐♦♥ !♣❡❝✐❡! ♦♥ ❛ ▼❈R ❞❡/❡❝/♦( ❝❛♣/✉(❡❞ ❜② ❛ ❈❈❉ ❝❛♠❡(❛ ✐! !❤♦✇♥

✐♥ ✜❣✉(❡ ✹✳✸✳

❚❤❡ ❡♥❡(❣② !♣❡❝/(✉♠ ✐! ❡①/(❛❝/❡❞ ❢(♦♠ /❤❡ (❛✇ ❞❛/❛ ❛♥❞ ❢✉(/❤❡( ❡✈❛❧✉❛/❡❞ ❢♦( ❛ ♣(♦♣❡(

❞❛/❛ ❛♥❛❧②!✐!✳ ❆♥ ❡♥❡(❣② ✐♥/❡(✈❛❧✱ ∆❊✱ ✐! ❝❤♦!❡♥ ❛♥❞ ❛❧❧ ♣❛(/✐❝❧❡! ✐♥ /❤✐! ❛(❡❛ ❛(❡ !✉♠♠❡❞

✉♣ ❛♥❞ ♥♦(♠❛❧✐!❡❞ ❜② /❤❡ ✐♥/❡(✈❛❧✳ ❚❤✐! ✈❛❧✉❡ ✐! /❤❡♥ ❞✐✈✐❞❡❞ ❜② /❤❡ !♦❧✐❞ ❛♥❣❧❡ ♦❢ /❤❡

!♦✉(❝❡ !✐③❡✱ ✇❤✐❝❤ ❝❛♥ ❜❡ ❝❛❧❝✉❧❛/❡❞ ❜②✿
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l
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H+
C6+

C+

C5+

C4+

C3+

C2+

y

xz

zero

point

e
n
e
rg
y q/m

❋✐❣✉+❡ ✹✳✸✿ ❆♥ ❡①❛♠♣❧❡ ♦❢ ❛♥ ❡①♣❡*✐♠❡♥,❛❧❧② ❞❡,❡❝,❡❞ ✐♦♥ 0♣❡❝,*❛ ❜② ,❤❡ ❚❤♦♠0♦♥

♣❛*❛❜♦❧❛ 0♣❡❝,*♦♠❡,❡*✳

l
P

l
D

Pinhole Detector

Source

DP

❋✐❣✉+❡ ✹✳✹✿ ❙❦❡,❝❤ ❢♦* ,❤❡ ❝❛❧❝✉❧❛,✐♦♥ ♦❢ ,❤❡ 0♦❧✐❞ ❛♥❣❧❡✿ ❚❤❡ ✐♦♥ 0♦✉*❝❡ ✐0 *❡❞✉❝❡❞ ❜②

❛ ♣✐♥❤♦❧❡ ❛, ,❤❡ ❡♥,*❛♥❝❡ ♦❢ ,❤❡ ❚❤♦♠0♦♥ ♣❛*❛❜♦❧❛ 0♣❡❝,*♦♠❡,❡* ❢♦* ❛ ❜❡,,❡* 0♣❛,✐❛❧

✭❜❡,✇❡❡♥ ,❤❡ ,*❛❝❦0✮ ❛♥❞ ❡♥❡*❣② ✭✇✐,❤✐♥ ♦♥❡ ,*❛❝❦✮ *❡0♦❧✉,✐♦♥✳

✺✼



❈❤❛♣$❡& ✹ ❉✐❛❣♥♦-$✐❝-✱ ✐♥✈❡-$✐❣❛$✐♦♥ ♠❡$❤♦❞- ❛♥❞ ❡①♣❡&✐♠❡♥$❛❧ -❡$✉♣-

✇✐"❤ "❤❡ ❞✐❛♠❡"❡( ♦❢ "❤❡ ❉❡"❡❝"♦( ❉✱ "❤❡ ♣✐♥❤♦❧❡ 1 ❛♥❞ "❤❡ ❞✐2"❛♥❝❡2 l
❉

❛♥❞ l
!

✱ ❛2

2❤♦✇♥ ✐♥ ✜❣✉(❡ ✹✳✹✳ ❚❤❡ 2♦❧✐❞ ❛♥❣❧❡ ✐2 ❞❡✜♥❡❞ ❛2 (❡❧❛"✐♦♥ ❜❡"✇❡❡♥ "❤❡ ❝✐(❝✉❧❛( ❛(❡❛ ❛♥❞

"❤❡ 2✉(❢❛❝❡ ♦❢ ❛ 2♣❤❡(❡ ♠✉❧"✐♣❧✐❡❞ ❜② 4π✿

∆Ω =
πD2

4

4πl2
❉

4π ✭✹✳✹✮

❯2✐♥❣ ❡?✉❛"✐♦♥ ✹✳✸ ❛♥❞ ✹✳✹ "❤❡ ❞❡✜♥✐"✐♦♥ ✐2 (❡❞✉❝❡❞ "♦✿

∆Ω =
π
(

P 2

2

)2

l2
!

=
A
!

l2
!

,

✭✹✳✺✮

✇✐"❤ A
!

❛2 "❤❡ "✇♦✲❞✐♠❡♥2✐♦♥❛❧ ❝✐(❝✉❧❛( ❛(❡❛ ♦❢ "❤❡ ♣✐♥❤♦❧❡✳ ❈♦♥2✐❞❡(✐♥❣ ❛❧❧ "❤❡2❡

❝❛❧❝✉❧❛"✐♦♥2✱ "❤❡ ✢✉① ❝♦✉♥" ✐2 ♥♦(♠❛❧✐2❡❞ ❜② "❤❡ ❡♥❡(❣② ✐♥"❡(✈❛❧ ❛♥❞ "❤❡ 2♦❧✐❞ ❛♥❣❧❡✱ "♦✿

♣❛("✐❝❧❡2✴∆❊✴∆Ω✳

■♥ "❤❡2❡ ❡①♣❡(✐♠❡♥"❛❧ ❝❛♠♣❛✐❣♥2✱ "✇♦ ❚❤♦♠2♦♥ ♣❛(❛❜♦❧❛ 2♣❡❝"(♦♠❡"❡(2 ✇❡(❡ ✉2❡❞ ✐♥ "✇♦

❞✐✛❡(❡♥" ♣♦2✐"✐♦♥2 ♦❢ "❤❡ 2❡"✉♣✳ ❖♥❡ ❛❧♦♥❣ 0◦ "♦ "❤❡ ❞(✐✈❡( ❜❡❛♠ ❛♥❞ ❛ 2❡❝♦♥❞ ♦♥❡ ❛❧♦♥❣

10◦ "♦ "❤❡ ❞(✐✈❡( ✭❛ ❞❡"❛✐❧❡❞ ❞❡2❝(✐♣"✐♦♥ ♦❢ "❤❡ 2❡"✉♣ ✐2 ❣✐✈❡♥ ✐♥ 2❡❝"✐♦♥ ✹✳✽✮✳ ❇♦"❤ ✇❡(❡

✐♥2"❛❧❧❡❞ ✐♥ "❤❡ 2❛♠❡ ✈❛❝✉✉♠ ❝❤❛♠❜❡(✱ ❜✉" ✇✐"❤ "✇♦ 2❧✐❣❤"❧② ❞✐✛❡(❡♥" ❝♦♥✜❣✉(❛"✐♦♥2 ❛♥❞

❡❛❝❤ ♦♥❡ ✇✐"❤ ❛ ♠✐❝(♦ ❝❤❛♥♥❡❧ ♣❧❛"❡ ❛2 ❞❡"❡❝"♦(✳ ■♥ "❛❜❧❡ ✹✳✶ ❛❧❧ (❡❧❡✈❛♥" ♣❛(❛♠❡"❡(2 ♦❢

"❤❡ ❚❤♦♠2♦♥ ♣❛(❛❜♦❧❛ 2♣❡❝"(♦♠❡"❡(2 ❛♥❞ "❤❡ ♠✐♥✐♠❛❧ ❡♥❡(❣②✱ ✇❤✐❝❤ ❝❛♥ ❜❡ ❞❡"❡❝"❡❞

❢(♦♠ "❤❡2❡ ❣❡♦♠❡"(✐❝❛❧ 2❡"✉♣2✱ ❛(❡ ❧✐2"❡❞✳ ❚❤❡ ♠❛❣♥❡"✐❝ ✜❡❧❞ ✇❛2 ♠❡❛2✉(❡❞ ✇✐"❤ ❛ ❍❛❧❧

♣(♦❜❡✳ ❚❤❡ ❡❧❡❝"(✐❝ ✜❡❧❞ ✇❛2 2✉♣♣❧✐❡❞ ❜② ❛ ✈♦❧"❛❣❡ 2♦✉(❝❡✳

✹✳✷✳✷ ▼✐❝&♦ ❝❤❛♥♥❡❧ ♣❧❛.❡ ❞❡.❡❝.♦&

❆ ♠✐❝(♦ ❝❤❛♥♥❡❧ ♣❧❛"❡ ✭▼❈1✮ ❞❡"❡❝"♦( ✐2 ❡❛2② "♦ ❤❛♥❞❧❡ ❛♥❞ ❛ ❡✣❝✐❡♥" ✇❛② "♦ ❞❡"❡❝"

"❤❡ ❞❡✢❡❝"❡❞ ✐♦♥2 ♦❢ "❤❡ ❚❤♦♠2♦♥ ♣❛(❛❜♦❧❛ 2♣❡❝"(♦♠❡"❡(✳ ❚❤❡ ❛❞✈❛♥"❛❣❡ ♦❢ "❤❡ ▼❈1

♦✈❡( ♦"❤❡( ❞❡"❡❝"♦(2✱ ❧✐❦❡ ✐♠❛❣❡ ♣❧❛"❡2 ♦( "(❛❝❦ ❞❡"❡❝"♦(2 ✭❈❘✲✸✾✮✱ ✐2✱ "❤❛" ✐" ❝❛♥ ❜❡ ✉2❡❞

✇✐"❤ ❛ ✈❡(② ❧♦✇ ✢✉① ♦❢ ❛❝❝❡❧❡(❛"❡❞ ✐♦♥2✳ ■♥ ❛❞❞✐"✐♦♥ "♦ "❤❛"✱ "❤❡ ❚❤♦♠2♦♥ ♣❛(❛❜♦❧❛✱

✐♥❝❧✉❞✐♥❣ "❤❡ ▼❈1 ❞❡"❡❝"♦(✱ ✐2 ❛♥ ♦♥❧✐♥❡ ❞✐❛❣♥♦2"✐❝✱ ✇❤✐❝❤ ❝❛♥ ❜❡ ✉2❡❞ ❢♦( "❤❡ ✇❤♦❧❡
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❙♣❡❝$%✳ 0◦ ❙♣❡❝$%✳ 10◦

❇ ❬❚❪ ✵✳✺ ✵✳✶✼

❊ ❬❦❱✴❝♠❪ ✷ ✹

l
❇

❬♠♠❪ ✺✵ ✺✵

l
❊

❬♠♠❪ ✺✵ ✺✵

d
❇

❬♠♠❪ ✶✸✵ ✶✹✽

d
❊

❬♠♠❪ ✶✷✹✳✺ ✶✸✵

♣✐♥❤♦❧❡ ∅ ❬♠♠❪ ✶ ✶

∆Ω ❬µ=%❪ ✶✳✺✽ ✶✳✼✾

=♣❡❝✐❡= ❍✰

E
♠✐♥

❬❦❡❱❪ ✶✽✵ ✸✵

=♣❡❝✐❡= ❍❡

+

E
♠✐♥

❬❦❡❱❪ ✺✵ ✶✵

=♣❡❝✐❡= ❍❡

++

E
♠✐♥

❬❦❡❱❪ ✷✵✵ ✸✵

❚❛❜❧❡ ✹✳✶✿ A❛%❛♠❡$❡%= ❛♥❞ ♠✐♥✐♠❛❧ ❡♥❡%❣② ♦❢ $❤❡ ❚❤♦♠=♦♥ ♣❛%❛❜♦❧❛ =♣❡❝$%♦♠❡$❡%=

✉=❡❞ ✐♥ $❤❡=❡ ❡①♣❡%✐♠❡♥$❛❧ ❝❛♠♣❛✐❣♥=✳

❡①♣❡%✐♠❡♥$❛❧ ❝❛♠♣❛✐❣♥ ✇✐$❤♦✉$ ❛♥② ♠❛✐♥$❡♥❛♥❝❡ ❛♥❞✴♦% ❝❤❛♥❣❡=✱ ✇❤✐❝❤ ♠❛❦❡= ✐$ ❡❛=②

$♦ ❤❛♥❞❧❡✳

■♥ ✜❣✉%❡ ✹✳✺ $❤❡ ✇♦%❦✐♥❣ ♣%✐♥❝✐♣❧❡ ♦❢ $❤❡ ▼❈A ✐= ❞❡♠♦♥=$%❛$❡❞✳ ❆= =♦♦♥ ❛= ❛ =✐♥❣❧❡

♣❛%$✐❝❧❡ ✭✐♦♥✱ ❡❧❡❝$%♦♥ ♦% ♣❤♦$♦♥✮ ❡♥$❡%= ❛ =♠❛❧❧ ❡❧❡❝$%♦♥ ♠✉❧$✐♣❧✐❡% $✉❜❡ ♦❢ ❛♥ ❛%%❛② ♦❢

❛%♦✉♥❞ 104 − 107✱ ❜✉♥❞❧❡❞ $♦❣❡$❤❡%✱ ✐$ ✇✐❧❧ ❡♠✐$ =❡❝♦♥❞❛%② ❡❧❡❝$%♦♥= ♦✉$ ♦❢ $❤❡ ✇❛❧❧✳

❚❤❡=❡ ❛%❡ ❛❝❝❡❧❡%❛$❡❞ ❛❧♦♥❣ $❤❡ ❝❤❛♥♥❡❧ ❜② ❛♥ ❡❧❡❝$%✐❝ ✜❡❧❞✱ ❣❡♥❡%❛$❡❞ ❜② ❛ ✈♦❧$❛❣❡✱

✇❤✐❝❤ ✐= ❛♣♣❧✐❡❞ ❜❡$✇❡❡♥ ❢%♦♥$ ❛♥❞ %❡❛% =✐❞❡ ♦❢ $❤❡ ▼❈A✳ ❲❤✐❧❡ $%❛✈❡❧❧✐♥❣ ❛❧♦♥❣✱ $❤❡②

❝♦❧❧✐❞❡ ✇✐$❤ $❤❡ ♦♣♣♦=✐$❡ ✐♥♥❡% ❝❤❛♥♥❡❧ ✇❛❧❧✱ ❡♠✐$$✐♥❣ ♠♦%❡ ❡❧❡❝$%♦♥= ❜② ❡✈❡%② ✐♠♣❛❝$

✭❛✈❛❧❛♥❝❤❡ ❡✛❡❝$✮✳ ■$ ✐= ❛ ❝❛=❝❛❞❡ ♣%♦❝❡== ✉♥$✐❧ ❛♥ ❡①♣♦♥❡♥$✐❛❧❧② ✐♥❝%❡❛=❡❞ ❛♠♦✉♥$ ♦❢

❡❧❡❝$%♦♥= %❡❛❝❤ $❤❡ %❡❛% =✐$❡ ♦❢ $❤❡ ♠✉❧$✐♣❧✐❡%✳ ❚❤❡=❡ ❡❧❡❝$%♦♥= ❛%❡ ❢✉%$❤❡% ❛❝❝❡❧❡%❛$❡❞
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 ❤❡ ❡♥❞ ♦❢  ❤❡ +❡ ✉♣✱  ❤❡ ♣!♦❜❡ ❧✐❣❤ ✐+ ❞❡ ❡❝ ❡❞ ❜② ❈❈❉ ❝❛♠❡!❛+✳ ■♥  ❤❡+❡ ❡①♣❡!✐♠❡♥ ❛❧

❝❛♠♣❛✐❣♥+✱  ❤❡ ❜❡❛♠ ✐+ +♣❧✐ ✐♥ ♦  ✇♦ ❛!♠+✳ ❖♥❡ +✉❜✲❞✐❛❣♥♦+ ✐❝  ♦ ❛♥❛❧②+❡  ❤❡ ♣❧❛+♠❛

+ !✉❝ ✉!❡ ✐+ +❤❛❞♦✇❣!❛♣❤②✳ ❚❤❡ ♦ ❤❡! ♦♥❡ ✐+ ✐♥ ❡!❢❡!♦♠❡ !② ❢!♦♠ ❛ ♣❡! ✉!❜❡❞ ♣❛! ♦❢  ❤❡

♣!♦❜❡ ❜❡❛♠ ♦✈❡!❧②✐♥❣ ✇✐ ❤ ❛♥ ✉♥♣❡! ✉!❜❡❞ !❡❢❡!❡♥❝❡ ♣❛! ♦❢  ❤❡ ❧❛+❡!  ♦ ❣❡  ❤❡ ♣❧❛+♠❛

❡❧❡❝ !♦♥ ❞❡♥+✐ ②✳ ❙❤❛❞♦✇❣!❛♣❤② ✐+ ❞❡♣❡♥❞❡♥ ♦❢ ❞❡✢❡❝ ✐♦♥+ ❛♥❞ ❞✐+♣❧❛❝❡♠❡♥ + ♦❢  ❤❡

❧❛+❡! ❜❡❛♠+ ❛  ❤❡ ❞❡ ❡❝ ✐♦♥ ♣❧❛♥❡✱ ✇❤✐❧❡  ❤❡+❡ ❡✛❡❝ + ❛!❡ ♥❡❣❧❡❝ ❡❞ ✐♥  ❤❡ ✐♥ ❡!❢❡!♦♠❡ !②✳

❚❤❡ ❧❛  ❡! !❡❧✐❡+ ♦♥  ❤❡ ❝❤❛♥❣❡+ ♦❢  ❤❡ ♦♣ ✐❝❛❧ ♣❛ ❤ ❧❡♥❣ ❤ ❞✉❡  ♦ ✈❛!✐❛ ✐♦♥+ ♦❢  ❤❡

!❡❢!❛❝ ✐✈❡ ✐♥❞❡① ✐♥+✐❞❡ ♦❢  ❤❡ ♣❧❛+♠❛✳ ❚❤❡!❡❢♦!❡ ✐♥ ❡!❢❡!♦♠❡ !② ✐+ +❡♥+✐ ✐✈❡  ♦ +♠❛❧❧

❣!❛❞✐❡♥ +✱ ✇❤✐❧❡  ❤❡ ❧❛+❡! ✐+ ♦♥❧② ❞❡✢❡❝ ❡❞ ❛♥❞ ❞✐+♣❧❛❝❡❞ ❜② ❧❛!❣❡ ❣!❛❞✐❡♥ +✳ ❚❤❡ ❢♦!♠✐♥❣

✐♥ ❡!❢❡!♦♠❡ !② ✐♠❛❣❡ ✐+ ❞✐!❡❝ ❧② ❝♦♥♥❡❝ ❡❞  ♦ ❝❤❛♥❣❡+ ✐♥  ❤❡ !❡❢!❛❝ ✐✈❡ ✐♥❞❡① ✭∼ η✮✳ ❚❤❡

!❡❧❛ ✐✈❡❧② ❝❤❛♥❣❡ ✐♥ ✐♥ ❡♥+✐ ② ✐♥  ❤❡ +❤❛❞♦✇❣!❛♣❤② ✐+ ✐♥ ❝♦♥ !❛+ ❞❡♣❡♥❞❡♥ ♦♥  ❤❡ +❡❝♦♥❞
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✹✳✸✳✶ ❙❤❛❞♦✇❣+❛♣❤②

❚❤❡ ✐♥%❡&❛❝%✐♦♥ ♦❢ %❤❡ ♠❛✐♥ ❧❛-❡& ✇✐%❤ %❤❡ %❛&❣❡% ❝&❡❛%❡- ❛ ♣❧❛-♠❛ ✇✐%❤ ❞✐✛❡&❡♥% ❣&❛❞✐❡♥%-

✐♥ ❡❧❡❝%&♦♥ ❞❡♥-✐%②✳ ❇❡❝❛✉-❡ ♦❢ %❤❛%✱ %❤❡ &❡❢&❛❝%✐✈❡ ✐♥❞❡① η ✭❡;✳ ✹✳✻✮ ♦❢ %❤❡ ♠❡❞✐✉♠

❝❤❛♥❣❡- ❛♥❞ %❤❡ ♣&♦❜❡ &❛②- ✇✐❧❧ ❜❡ ❞❡✢❡❝%❡❞✳

η =

√

1−
(

ω
♣

ω
✵

)2

✭✹✳✻✮

❲✐%❤ ω
♣

=
√

n
❡

e2/ǫ0m❡

❛♥❞ ω0 =
√

n
❝

e2/ǫ0m❡

%❤❡ &❡❢&❛❝%✐✈❡ ✐♥❞❡① ✐- ✭❛--✉♠✐♥❣ n
❡

<<

n
❝

✮✿

η =

√

1− n
❡

n
❝

≈ 1− n
❡

2n
❝

✭✹✳✼✮

❚❤❡ ❝&✐%✐❝❛❧ ♣❧❛-♠❛ ❞❡♥-✐%② n
❝

❞❡♣❡♥❞- ♦♥ %❤❡ ❧❛-❡& ✇❛✈❡❧❡♥❣%❤ ❛♥❞ ❝♦♥-❡;✉❡♥%❧② %❤❡

&❡❢&❛❝%✐✈❡ ✐♥❞❡①✳ ❚❤❡ ♣&♦❜❡ &❛②- ❛&❡ ❞❡✢❡❝%❡❞ ❞✉❡ %♦ %❤❡ ✐♥❤♦♠♦❣❡♥❡✐%✐❡- ✐♥ %❤❡ ♣❧❛-♠❛✱

❝♦&&❡-♣♦♥❞✐♥❣ %♦ ✈❛&✐♦✉- &❡❢&❛❝%✐✈❡ ✐♥❞✐❝❡-✳ ❉❛&❦ &❡❣✐♦♥- ✐♥ %❤❡ -❤❛❞♦✇❣&❛♠ ❝♦&&❡❧❛%❡

✇✐%❤ ❛&❡❛- ✐♥ %❤❡ ♣❧❛-♠❛✱ ✇❤❡&❡ %❤❡ ♣&♦❜❡ &❛②- ❛&❡ ❛❜-♦&❜❡❞ ♦& ❞❡✢❡❝%❡❞✴&❡✢❡❝%❡❞ ❛✇❛②

❢&♦♠ %❤❡✐& ♦&✐❣✐♥❛❧ ♣❛%❤✳ ❋✐&-% ❝❧✉❡- ♦❢ %❤❡ ❞❡♥-✐%② ❣&❛❞✐❡♥%- ❛♥❞ %❤❡✐& ❡✈♦❧✉%✐♦♥ ✐♥

%✐♠❡ ✐♥ %❤❡ ♣❧❛-♠❛ ❬✺✾❪ ❝♦✉❧❞ ❜❡ ❡-%✐♠❛%❡❞ ❞✉❡ %♦ %❤❡ ❜&✐❣❤% ❛♥❞ ❞❛&❦ ♣❛&%- ♦❢ %❤❡

-❤❛❞♦✇❣&❛♠ ✐♠❛❣❡ ✭❝♦♠♣❛&❡ ✜❣✉&❡ ✹✳✶✶✮✳

✹✳✸✳✷ ■♥1❡+❢❡+♦♠❡1+②

▼♦&❡ ❞❡%❛✐❧- ❛❜♦✉% %❤❡ ♣❧❛-♠❛ ♣&♦♣❡&%✐❡- ❝❛♥ ❜❡ ❡①%&❛❝%❡❞ ❢&♦♠ %❤❡ ✐♥%❡&❢❡&♦♠❡%&②✳ ❆

❝♦♠♣❛&✐-♦♥ ♦❢ %❤❡ ✐♥%❡&❢❡&❡♥❝❡ ♣❛%%❡&♥ ♦❢ %❤❡ ❞✐-%✉&❜❡❞ ♣❛&% ♦❢ %❤❡ ♣&♦❜❡ ❜❡❛♠ ✇✐%❤

❛ &❡❢❡&❡♥❝❡ ❜❡❛♠ ❧❡❛❞- %♦ %❤❡ ❞❡%❡&♠✐♥❛%✐♦♥ ♦❢ %❤❡ ❧♦❝❛❧ ♣❧❛-♠❛ ❡❧❡❝%&♦♥ ❞❡♥-✐%②✳ ❚❤❡

♣❤❛-❡ -❤✐❢% ❜❡%✇❡❡♥ ❜♦%❤ ❜❡❛♠- ❝❛♥ ❜❡ ♦❜-❡&✈❡❞ ❛- ❢&✐♥❣❡ -❤✐❢% ✐♥ %❤❡ ✐♥%❡&❢❡&❡♥❝❡ ♣❛%✲

%❡&♥✳ ■% ✐- ♣&♦♣♦&%✐♦♥❛❧ %♦ %❤❡ ✐♥%❡❣&❛❧ ♦❢ %❤❡ &❡❢&❛❝%✐✈❡ ✐♥❞❡① ❛❧♦♥❣ %❤❡ ❜❡❛♠ ♣&♦♣❛❣❛%✐♦♥

❧❡♥❣%❤ ✭▲✮ ❬✻✵❪ ❛♥❞ ❝❛♥ ❜❡ ❡①♣&❡--❡❞ ❜②✿

∆Φ(x, z) =

∫

▲

(k
♣

− k0) dy =
ω
▲

c

∫

▲

[η(x, y, z)− 1] dy =
2π

λ

∫

▲

[η(x, y, z)− 1] dy, ✭✹✳✽✮

✻✼



main laser

probe rays

shadowgraphy image

target

k0 = ω /c

k = ηω /c

∆Φ(x, z) =
2π

λ

∫ [√

1− n

n
− 1

]

dy.

η

r =
√

x2 + y2 dy = rdr/
√
r2 − x2

∆Φ(x, z) =
2π

λ

∫ r0

x

[η(r, z)− 1]√
r2 − x2

rdr = − π

λn

∫ r0

x

n (r, z)√
r2 − x2

rdr.
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❋✐❣✉*❡ ✹✳✶✷✿ ❙❝❤❡♠❛&✐❝ ✐♠❛❣❡ ♦❢ &❤❡ ♣❧❛-♠❛✱ ✇❤✐❝❤ ❧❡❛❞- &♦ &❤❡ ❆❜❡❧ ✐♥✈❡3-✐♦♥ ❬✻✶❪✳

❚❤❡ ♠❛✐♥ ✐♥&❡3❛❝&✐♥❣ ❜❡❛♠ ♣3♦♣❛❣❛&❡- ✐♥ ③ ❞✐3❡❝&✐♦♥✱ ✇❤✐❧❡ &❤❡ ♣3♦❜❡ ❜❡❛♠ ♣❛--❡-

❛❧♦♥❣ &❤❡ ②✲❛①✐-✳ ❖♥ &❤❡ 3✐❣❤& -❦❡&❝❤ -❤♦✇- &❤❡ ❡✈♦❧✉&✐♦♥ ♦❢ &❤❡ ♣❤❛-❡ -❤✐❢& ❛❧♦♥❣ &❤❡

①✲❛①✐-✳

F (x, z) = 2

∫ r0

x

f(r, z)
rdr√
r2 − x2

←→ f(r, z) = − 1

π

∫ ro

r

∂F (x, z)

∂x

dx√
x2 − r2

. ✭✹✳✶✶✮

❇② ❛♣♣❧②✐♥❣ &❤✐- ❆❜❡❧ ✐♥✈❡3-✐♦♥ &♦ &❤❡ ♣❤❛-❡ -❤✐❢&✱ &❤❡ 3❡❢3❛❝&✐✈❡ ✐♥❞❡① ✐- ❝❛❧❝✉❧❛&❡❞

&♦✿

2π

λ
[η(r, z)− 1] = − 1

π

∫ r0

r

∂∆Φ(r, z)

∂y

dx√
x2 − r2

, ✭✹✳✶✷✮

✇❤✐❝❤ ✐- ❞❡♣❡♥❞❡♥& ♦♥❧② ♦♥ &❤❡ ❧♦❝❛&✐♦♥ ❛♥❞ &❤❡ ♣❤❛-❡ -❤✐❢& ❜❡&✇❡❡♥ &❤❡ ❜❡❛♠ ♣❛3&-✳

❊J✉❛&✐♦♥ ✹✳✶✷ ❝❛♥ ❜❡ -✐♠♣❧✐✜❡❞ &♦✿

η(r, z) = 1− λ

2π

1

π

∫ r0

r

∂∆Φ(r, z)

∂y

dx√
x2 − r2

= 1− λ

2π
κϑ(r),

✭✹✳✶✸✮

✐♥ ✇❤✐❝❤✱ ❛❝❝♦3❞✐♥❣ &♦ ❬✻✵❪ ❛♥❞ ❬✹✷❪✱ κ ♣3❡-❡♥&- ❛♥ ❡①♣❡3✐♠❡♥&❛❧ ❣❡♦♠❡&3✐❝ -❝❛❧✐♥❣ ❢❛❝&♦3

✭❝♦♥✈❡3-✐♦♥ ♦❢ ♣✐①❡❧ &♦ &❤❡ ❛❝&✉❛❧ ❞✐-&❛♥❝❡✮ ❛♥❞ ϑ(r) ✐- ✐♥&3♦❞✉❝❡❞ ❛- ❧♦❝❛❧ ♣❤❛-❡ ❛& ❡✈❡3②

♣♦✐♥& ♦❢ ✐♥&❡3❡-&✳ ❚❤❡ ❡❧❡❝&3♦♥ ❞❡♥-✐&② ❝❛♥ ♥♦✇ ❜❡ ❝❛❧❝✉❧❛&❡❞ ❜② ♠❡❛♥- ♦❢ &❤❡ 3❡❢3❛❝&✐✈❡

✐♥❞❡① ✭❡J✳ ✹✳✼✮✿

✻✾
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η(r, z) = 1− λ

2π
κϑ(r) =

√

1− n
❡

n
❝

⇔ n
❡

= n
❝

[

1−
(

1− λ

2π
κϑ(r)

)2
]

.

✭✹✳✶✹✮

❚♦ ❝❤❛*❛❝+❡*✐.❡ +❤❡ +❛*❣❡+ ✭.❡❡ .❡❝+✐♦♥ ✸✳✷✮✱ +❤❡ ♥❡✉+*❛❧ ❣❛. ❞❡♥.✐+② ❝❛♥ ❛. ✇❡❧❧ ❜❡

❝❛❧❝✉❧❛+❡❞ ❢*♦♠ ❡<✳ ✹✳✶✷✳ ❲✐+❤ +❤❡ ❞❡✜♥✐+✐♦♥. ♦❢ ❬✻✵❪✱ +❤❡ ♥❡✉+*❛❧ ❣❛. ❞❡♥.✐+② ❝❛♥ ❜❡

❞❡✜♥❡❞ ❛.✿

η(r, z)− 1 =
λ

2π

1

π

∫ r0

r

∂∆Φ(r, z)

∂y

dx√
x2 − r2

=
λ

2π
κϑ(r)

!
= (η

❣❛$

− 1)
n
❣❛$

n0

⇔ n
❣❛$

=
N0

(η
❣❛$

− 1)

λ

2π
κϑ(r),

✭✹✳✶✺✮

✇✐+❤ N0 = 2.68 · 1019 ❝♠

−3
❛. ❛+♦♠ ❞❡♥.✐+② ❛+ .+❛♥❞❛*❞ +❡♠♣❡*❛+✉*❡ ❛♥❞ ♣*❡..✉*❡✱ ❛.

✇❡❧❧ ❛. η
❣❛$

❜❡✐♥❣ +❤❡ *❡❢*❛❝+✐✈❡ ✐♥❞❡① ♦❢ ❛ ❞❡✜♥❡❞ ❣❛. ❢♦* ❛ .♣❡❝✐✜❝ ❧❛.❡* ✇❛✈❡❧❡♥❣+❤✳

✹✳✸✳✸ ❊①♣❡'✐♠❡♥+❛❧ .❡+✉♣ ❛♥❞ ❛♥❛❧②.✐. ♦❢ +❤❡ ❞❛+❛

❆ ◆♦"♠❛"%❦✐ ✐♥+❡*❢❡*♦♠❡+❡* ❬✻✷❪ ✇❛. ✉.❡❞ ❛. ♣*♦❜❡ ❞✐❛❣♥♦.+✐❝ ✐♥ +❤❡ ❡①♣❡*✐♠❡♥+.✳ ■+

✐. ❛♥ ❡❛.② ♠❡+❤♦❞ +♦ ♠❡❛.✉*❡ +❤❡ ♣❤❛.❡ ❞✐✛❡*❡♥❝❡ ❛♥❞ +❤❡*❡❢♦*❡ +❤❡ ❡❧❡❝+*♦♥ ❞❡♥.✐+②

♦❢ ❛ ♣❧❛.♠❛✳ ❚❤❡ ✐♥+❡*❢❡*♦♠❡+❡* ✐. ❡❛.✐❧② ❛❧✐❣♥❡❞✱ ❡.♣❡❝✐❛❧❧② ❢♦* +❤❡ +❡♠♣♦*❛❧ ♦✈❡*❧❛♣ ♦❢

✉❧+*❛ .❤♦*+ ❜❡❛♠.✳ ❚❤❡ ✇♦*❦✐♥❣ ♣*✐♥❝✐♣❧❡ ✐. ❜❛.❡❞ ♦♥ ♦♥❡ ♣*♦❜❡ ❜❡❛♠✱ ✇❤✐❝❤ ✐. ✜*.+

♣*♦♣❛❣❛+✐♥❣ +❤*♦✉❣❤ +❤❡ ✐♥+❡*❛❝+✐♦♥ ❛*❡❛✱ ❛♥❞ +❤❡♥ +❤*♦✉❣❤ ❛♥ ♦♣+✐❝❛❧ ♣❛+❤ ✉♣ +♦ ❛

❧❡♥.✱ ✇❤❡*❡ ✐+ ✐. ❢♦❝✉.❡❞ ❝❧♦.❡ +♦ ❛ ❲♦❧❧❛%*♦♥ ♣*✐.♠✳ ❖♥❧② ♥♦✇ +❤❡ ❜❡❛♠ ✐. .♣❧✐+ ✐♥+♦

+✇♦ ❜❡❛♠❧❡+. ✐♥ +❤❡ ❲♦❧❧❛%*♦♥ ❝*②.+❛❧ ✭+✇♦ ✈✐*+✉❛❧ ❢♦❝✐✱ ❋✬ ❛♥❞ ❋✑✱ ❛*❡ ❝*❡❛+❡❞✮✳ ❚❤❡

❲♦❧❧❛%*♦♥ ❝*②.+❛❧ ❝♦♥.✐.+. ♦❢ +✇♦ ♦*+❤♦❣♦♥❛❧ ♣*✐.♠. ❛♥❞ ♦♣+✐❝❛❧ ❛①✐.✳ ❈♦♥.❡<✉❡♥+❧②✱ +❤❡

♣❛*❛❧❧❡❧ ♣♦❧❛*✐③❡❞ ❧❛.❡* ✐. ❞✐✈✐❞❡❞ ✐♥+♦ +✇♦ ♣❡*♣❡♥❞✐❝✉❧❛* ❧✐♥❡❛* ♣♦❧❛*✐③❡❞ ❜❡❛♠❧❡+. ✇✐+❤

❛ ♣*❡❞❡✜♥❡❞ ❛♥❣❧❡ ❜❡+✇❡❡♥ ❡❛❝❤ ♦+❤❡*✳ ■♥ ♦*❞❡* +♦ ❣❡+ ✐♥+❡*❢❡*❡♥❝❡ ♦❢ +❤❡ +✇♦ ❜❡❛♠.✱

+❤❡✐* ♣♦❧❛*✐③❛+✐♦♥ ❤❛. +♦ ❜❡ ❛❞❥✉.+❡❞ ❜② ❛ ♣♦❧❛*✐③❡* ✐♥ 45◦ +♦ +❤❡ ♦*✐❣✐♥❛❧ ♣♦❧❛*✐③❛+✐♦♥✳

❚❤❛+ ✐. ✇❤② ♥♦ +❡♠♣♦*❛❧ ❛❧✐❣♥♠❡♥+ ♦❢ +❤❡ +✇♦ ❜❡❛♠. ✐. ♥❡❝❡..❛*②✳ ❚❤❡ ♦♥❧② *❡<✉✐*❡♠❡♥+

✐.✱ +❤❛+ +❤❡ ❜❡❛♠ ❞✐❛♠❡+❡* ✐. ❜✐❣❣❡* +❤❛♥ +❤❡ ✐♥+❡*❛❝+✐♦♥ ❛*❡❛✱ +♦ ♦✈❡*❧❛♣ ❛ ♣❡*+✉*❜❡❞

✼✵



✹✳✸ ❖♣%✐❝❛❧ ♣*♦❜✐♥❣

♣❛"# ♦❢ #❤❡ ❜❡❛♠❧❡# ✇✐#❤ ❛♥ ✉♥♣❡"#✉"❜❡❞ ♣❛"# ♦❢ #❤❡ 0❡❝♦♥❞ ❜❡❛♠❧❡#✳ ❚❤❡ ❢"✐♥❣❡ ✇✐❞#❤

i ✐0 ❝❛❧❝✉❧❛#❡❞ ❜② ✭❛❝❝♦"❞✐♥❣❧② #♦ ❬✻✷❪✮✿

i =
λ

α

L

l
, ✭✹✳✶✻✮

✇✐#❤ ❛ ❣✐✈❡♥ ✇❛✈❡❧❡♥❣#❤ λ✱ ❛♥ ♦♣❡♥✐♥❣ ❛♥❣❧❡ α ❞❡✜♥❡❞ ❜② #❤❡ ❝"②0#❛❧ ❛♥❞ ❛ ✈❛"✐❛#✐♦♥

❜❡#✇❡❡♥ #❤❡ ❞✐0#❛♥❝❡0 ♦❢ #❤❡ ❢♦❝✉0 ♦❢ #❤❡ ❧❡♥0 #♦ #❤❡ ❲♦❧❧❛$%♦♥ ✭l✮ ❛♥❞ ❲♦❧❧❛$%♦♥ #♦ #❤❡

✐♠❛❣❡ ♣❧❛♥❡ ✭L✮✳ ❆ 0❝❤❡♠❛#✐❝ ✈✐❡✇ ♦❢ #❤❡ ◆♦(♠❛($❦✐ ✐♥#❡"❢❡"♦♠❡#❡" ✐0 0❤♦✇♥ ✐♥ ✜❣✉"❡

✹✳✶✸✳

F

F‘

F‘

l L

1st polarizer 2nd polarizerWollastonlens

❋✐❣✉*❡ ✹✳✶✸✿ ❙❦❡#❝❤ ♦❢ #❤❡ ◆♦(♠❛($❦✐ ✐♥#❡"❢❡"♦♠❡#❡"✳ ❆ ♣"❡♣♦❧❛"✐③❡❞ ♣"♦❜❡ ❜❡❛♠

♣"♦♣❛❣❛#❡0 #❤"♦✉❣❤ ❛♥ ✐♥#❡"❛❝#✐♦♥ ❛"❡❛✳ ■# ✐0 ❢♦❝✉0❡❞ ❝❧♦0❡ #♦ ❛ ❲♦❧❧❛$%♦♥ ♣"✐0♠✱

✇❤❡"❡ ✐# ✐0 0♣❧✐# ✐♥#♦ #✇♦ ♣❡"♣❡♥❞✐❝✉❧❛" ♣♦❧❛"✐③❡❞ ❜❡❛♠❧❡#0✳ ❆ 0❡❝♦♥❞ ♣♦❧❛"✐③❡" ✐0

♥❡❝❡00❛"② ❢♦" ❛ ♣"♦♣❡" ✐♥#❡"❢❡"❡♥❝❡ ❜❡#✇❡❡♥ #❤❡ #✇♦ ❜❡❛♠0✳

❙♦♠❡ ✐♥#❡"❢❡"❡♥❝❡ ♣❛##❡"♥0 ♦❢ #❤❡ ❡①♣❡"✐♠❡♥#❛❧ "❡❝♦"❞❡❞ ✐♠❛❣❡0 ❛"❡ ♠❛♥✉❛❧❧② #"❛❝❡❞ ❜②

❛❞❞✐#✐♦♥❛❧ ❝♦♠♣✉#❡" ♣"♦❣"❛♠0 ✐♥ ♦"❞❡" #♦ ❣❡# ❛ ❜❡##❡" ❝♦♥#"❛0# ♦❢ #❤❡ ❢"✐♥❣❡0✳ ❚❤❡ ♣❤❛0❡

0❤✐❢# ∆Φ(x, z) ♦❢ #❤❡ ✐♥#❡"❢❡"❡♥❝❡ ♣❛##❡"♥ ✐0 ❡①#"❛❝#❡❞ ❜② ❛ ♠❡#❤♦❞ ❜❛0❡❞ ♦♥ ♥✉♠❡"✐❝❛❧

❋❛$% ❋♦✉(✐❡( ❚(❛♥$❢♦(♠ ✭❋❋❚✮ ❬✻✸✱ ✻✹❪✱ ❞❡0❝"✐❜❡❞ ✐♥ #❤❡ ❢♦❧❧♦✇✐♥❣ ♣❛"#✳ ❇❛0❡❞ ♦♥ ❬✻✺❪✱

#❤❡ ✐♥#❡♥0✐#② ♦❢ #❤❡ ❢"✐♥❣❡ ♣❛##❡"♥ ♦❢ #❤❡ ❞✐0#✉"❜❡❞ ✐♠❛❣❡ ❝❛♥ ❜❡ ❝❛❧❝✉❧❛#❡❞ ❜②✿

g(x, z) = a(x, z) + b(x, z)cos(2πfuz +∆Φ(x, z))

= a(x, z) + c(x, z)exp(2πifuz) + c∗(x, z)exp(−2πifuz),
✭✹✳✶✼✮

✇✐#❤ ∆Φ(x, z)) ❛0 ♣❤❛0❡ 0❤✐❢#✱ ❛0 ❞❡0❝"✐❜❡❞ ❜❡❢♦"❡✳ a(x, z) ❛♥❞ b(x, z) "❡♣"❡0❡♥# ✐♥#❡♥0✐#②

✢✉❝#✉❛#✐♦♥0 ❢"♦♠ ✐""❡❣✉❧❛" "❡✢❡❝#✐♦♥0 ❛♥❞ #"❛♥0♠✐00✐♦♥ ♦❢ #❤❡ ❧✐❣❤# ❜② #❤❡ ♣❧❛0♠❛✳ c

❞❡♣✐❝#0 #❤❡ ❝♦♥#"❛0# ♦❢ #❤❡ ✐♥#❡"❢❡"❡♥❝❡ ♣❛##❡"♥ ❛♥❞ ❝❛♥ ❜❡ ✇"✐##❡♥ ❛0✿ c(x, z) = 1/2 ·

✼✶



❈❤❛♣$❡& ✹ ❉✐❛❣♥♦-$✐❝-✱ ✐♥✈❡-$✐❣❛$✐♦♥ ♠❡$❤♦❞- ❛♥❞ ❡①♣❡&✐♠❡♥$❛❧ -❡$✉♣-

b(x, z) · exp(i∆Φ(x, z))✱ ✇❤✐❧❡ c∗ ✐& '❤❡ ❝♦♠♣❧❡① ❝♦♥❥✉❣❛'❡✳ fu ✐& '❤❡ &♣❛'✐❛❧ ❝❛33✐❡3

❢3❡5✉❡♥❝② ♦❢ '❤❡ ✉♥♣❡3'✉3❜❡❞ ❢3✐♥❣❡&✳ ■❢ ❡5✉❛'✐♦♥ ✹✳✶✼ ✐& ❋♦✉3✐❡3 '3❛♥&❢♦3♠❡❞ ❛❧♦♥❣ ③✱

'❤3❡❡ ❝♦♠♣♦♥❡♥'& 3❡&✉❧' ✭❝❛♣✐'❛❧ ❧❡''❡3& 3❡♣3❡&❡♥' '❤❡ ❋♦✉3✐❡3 '3❛♥&❢♦3♠✮✿

G(x, f) = A(x, f) + C(x, f − fu) + C∗(x, f + fu), ✭✹✳✶✽✮

f

x

0-f f
u

C(f-f
u
) C(f+f

u
)

C(f)

C(f)

f

x

0-f f
u

❋✐❣✉&❡ ✹✳✶✹✿ ▼❡'❤♦❞ ♦❢ '❤❡ ❋♦✉3✐❡3 '3❛♥&❢♦3♠❛'✐♦♥ '♦ ❡①'3❛❝' '❤❡ ♣❤❛&❡ ❢3♦♠ ❛♥ ✐♥✲

'❡♥&✐'② ♣❛''❡3♥ ♦❢ '❤❡ 3❡❝♦3❞❡❞ ✐♠❛❣❡& ♦❢ '❤❡ ✐♥'❡3❢❡3♦♠❡'❡3✳ ❚❤❡ ❋♦✉3✐❡3 &♣❡❝'3✉♠

❝♦♥&✐&'& ♦❢ '❤3❡❡ ♣❛3'&✱ ❜✉' ♦♥❧② ♦♥❡ ✐& &❡❧❡❝'❡❞ ❛♥❞ &❤✐❢'❡❞ ❜② −fu✳

✇❤✐❧❡ ❢ ✐& '❤❡ &♣❛'✐❛❧ ❢3❡5✉❡♥❝② ♦❢ '❤❡ ✐♥'❡3❢❡3❡♥❝❡ ♠♦❞✉❧❛'✐♦♥✳ a(x, z)✱ b(x, z) ❛♥❞ c(x, z)

❝❤❛♥❣❡ ✈❡3② &❧♦✇❧② ❝♦♠♣❛3❡❞ '♦ '❤❡ ❝❛33✐❡3 ❢3❡5✉❡♥❝② fu✱ &♦ '❤❛' '❤❡② ❛3❡ &❡♣❛3❛'❡❞ ❜②

fu✳ C(x, f − fu) ✐& &❡❧❡❝'❡❞ ✐♥ '❤❡ ❋♦✉3✐❡3 '3❛♥&❢♦3♠ ❛♥❞ &❤✐❢'❡❞ ❜② fu ✭❝♦♠♣❛3❡ ✜❣✉3❡

✹✳✶✹✮ '♦✇❛3❞& C(x, f)✳ ❚❤❡ ✈❛3✐❛'✐♦♥ ✐♥ '❤❡ ❜❛❝❦❣3♦✉♥❞✱ &'♦3❡❞ ✐♥ a(x, z)✱ ✐& ✜❧'❡3❡❞ ❛♥❞

C ♦3 C∗
❝❛♥ ❜❡ ✐♥✈❡3&❡❧② ❋♦✉3✐❡3 '3❛♥&❢♦3♠❡❞ '♦ c(x, z)✳ ❋3♦♠ '❤❡ ❝♦♠♣❧❡① ♣❛3' ♦❢ '❤❡

❧♦❣❛3✐'❤♠ ♦❢ c(x, z)✱ '❤❡ ♣❤❛&❡ ∆Φ(x, z) ❝❛♥ ❜❡ ❝❛❧❝✉❧❛'❡❞✿

log[c(x, z)] = iΦ(x, z) + log[1/2b(x, z)] ✭✹✳✶✾✮

❚❤❡ ♣❤❛&❡ ❡①'3❛❝'✐♦♥ ❝❛♥ ❜❡ &✉♠♠❛3✐&❡❞ ❛&✿

g(x, z)
FFT→ G(x, f)→ C(x, f − fu)→ C(x, f)

iFFT→ c(x, z). ✭✹✳✷✵✮

L❤❛&❡ ∆Φ(x, z) ❝❛♥ ❜❡ ❝❛❧❝✉❧❛'❡❞ ❜❡'✇❡❡♥ 0 ❛♥❞ 2π ❞✉❡ '♦ '❤❡ ♣❡3✐♦❞✐❝✐'② ♦❢ '❤❡ ✐♠❛❣✐✲

♥❛3② ❧♦❣❛3✐'❤♠✳ ❆♥ ✉♥✇3❛♣♣✐♥❣ ♣3♦❝❡❞✉3❡ ✐& ♥❡❝❡&&❛3② ✐♥ ♦3❞❡3 '♦ 3❡&♦❧✈❡ '❤❡ 3❡❛❧ ♣❤❛&❡✳

✼✷



✹✳✹ ❘❛❞✐♦❝❤)♦♠✐❝ ✜❧♠-

❏✉♠♣$ ❛&❡ ❞❡)❡❝)❡❞ ❛♥❞ ❡❧✐♠✐♥❛)❡❞ )♦ ❝♦♥♥❡❝) )❤❡ ♣❤❛$❡✳ ❆ ♠♦&❡ ❞❡)❛✐❧❡❞ ❞❡$❝&✐♣)✐♦♥

✐$ ♠❡♥)✐♦♥❡❞ ✐♥ ❬✻✻❪✳

❆ ▼❛"❧❛❜ &♦✉)✐♥❡ ✇❛$ ✉$❡❞ )♦ ❡①)&❛❝) )❤❡ ♣❤❛$❡ ✈✐❛ ❋❋❚ ❛♥❞ ✈✐❛ ❆❜❡❧ ✐♥✈❡&$✐♦♥ )❤❡

❡❧❡❝)&♦♥ ❛♥❞ ♥❡✉)&❛❧ ❣❛$ ❞❡♥$✐)② ❢&♦♠ )❤❡ &❡❝♦&❞❡❞ ✐♠❛❣❡$✳

✹✳✹ ❘❛❞✐♦❝❤)♦♠✐❝ ✜❧♠-

❘❛❞✐♦❝❤&♦♠✐❝ ✜❧♠$ ✭❘❈❋$✮ ❛&❡ $❡❧❢✲❞❡✈❡❧♦♣✐♥❣ ✜❧♠$✳ ❚❤❡② ❛&❡ $❡♥$✐)✐✈❡ )♦ ✐♦♥✐$✐♥❣

&❛❞✐❛)✐♦♥ ❧✐❦❡ ❡❧❡❝)&♦♥$✱ ✐♦♥$✱ ❳✲&❛②$ ❛♥❞ ●❛♠♠❛ &❛②$ ❛♥❞ ✈❡&② ❡❛$② )♦ ❤❛♥❞❧❡✱ ❜❡❝❛✉$❡

♥♦ ♣♦$)✲❡①♣♦$✉&❡ ♣&♦❝❡$$✐♥❣ ✐$ ♥❡❝❡$$❛&② )♦ ❡①)&❛❝) ❢✉&)❤❡& ✐♥❢♦&♠❛)✐♦♥✳ ❆ ✜❧♠ ❝♦♥$✐$)$

♦❢ ❛) ❧❡❛$) ♦♥❡ ♣♦❧②❡$)❡& ♣❧❛$)✐❝ $✉❜$)&❛)❡ ❛♥❞ ❛ ❧❛②❡& ♦❢ &❛❞✐❛)✐♦♥✲$❡♥$✐)✐✈❡ ♦&❣❛♥✐❝ ♠✐❝&♦

❝&②$)❛❧ ♠♦♥♦♠❡& ❬✻✼❪✳ ❚❤❡ ❛❝)✐✈❡ ❧❛②❡& ✐$ ❝❤❛♥❣✐♥❣ ✐)$ ❝♦❧♦✉&✱ ✇❤✐❧❡ ❜❡✐♥❣ ✐&&❛❞✐❛)❡❞✱

❛❧♠♦$) ✐♥❞❡♣❡♥❞❡♥) ♦❢ )❤❡ &❛❞✐❛)✐♦♥ ❡♥❡&❣②✳ ❚❤❡&❡❢♦&❡✱ )❤❡ ♦♣)✐❝❛❧ ❞❡♥$✐)② ✭❖❉✮ ♦❢ )❤❡

❡①♣♦$❡❞ ❛&❡❛ ❝❤❛♥❣❡$✳ ❆ ❤✐❣❤ ❖❉ ❝♦&&❡$♣♦♥❞$ )♦ ❛ ❤✐❣❤ ❞❡♣♦$✐)❡❞ ❡♥❡&❣② ♦❢ )❤❡ ✐♦♥✐$✐♥❣

&❛❞✐❛)✐♦♥✳ ■) ✐$ ❞✐&❡❝)❧② ♣&♦♣♦&)✐♦♥❛❧ )♦ )❤❡ ❛❜$♦&❜❡❞ &❛❞✐❛)✐♦♥ ❞♦$❡ ✭❛♠♦✉♥) ♦❢ ❡♥❡&❣②

❛❜$♦&❜❡❞ ♣❡& ✉♥✐) ♠❛$$✮ ✐♥ )❤❡ ❛❝)✐✈❡ ❧❛②❡&✳ ❆ ❝❛❧✐❜&❛)✐♦♥ ♦❢ )❤❡ ❝♦❧♦✉& ❝❤❛♥❣❡ ❝❛♥

)❤❡&❡❢♦&❡ ♣&♦✈✐❞❡ ✐♥❢♦&♠❛)✐♦♥ ❛❜♦✉) )❤❡ ✢✉① ♦❢ )❤❡ ♣❛&)✐❝❧❡$✳ ❚❤✐$ ❝♦✉❧❞ ❜❡ ♦♥❡ ♣♦$$✐❜❧❡

♣✉&♣♦$❡ ♦❢ )❤❡ ❘❈❋$✱ )♦ ♠❡❛$✉&❡ )❤❡ ✢✉① ♦❢ )❤❡ ✐♥❝✐❞❡♥) ♣❛&)✐❝❧❡$✳ ❚❤❡ ♦)❤❡& ♦♥❡ ✐$ )♦

&❡$♦❧✈❡ $)&✉❝)✉&❡$ ❜② ♣❛&)✐❝❧❡$ ❡①♣♦$✐♥❣ )❤❡ ✜❧♠✱ ✇❤✐❝❤ ❛&❡ ❞❡✢❡❝)❡❞ ✐♥ )❤❡ ♣❧❛$♠❛✱ ❛$

❞❡$❝&✐❜❡❞ ✐♥ )❤❡ ❢♦❧❧♦✇✐♥❣ $❡❝)✐♦♥ ✹✳✺✳

❆ ❤✐❣❤ $♣❛)✐❛❧ &❡$♦❧✉)✐♦♥ ✉♣ )♦ $✉❜✲♠✐❝&♦♥ &❛♥❣❡ ✐$ ❛❝❤✐❡✈❛❜❧❡✱ ❜❡❝❛✉$❡ )❤❡ ♣♦❧②♠❡&✐✲

$❛)✐♦♥ &❡❛❝)✐♦♥$ ✐♥ )❤❡ ❛❝)✐✈❡ ❧❛②❡& ❞♦ ♥♦) $♣&❡❛❞ ❜❡)✇❡❡♥ )❤❡ ♠✐❝&♦ ❝&②$)❛❧$ ❬✻✽❪✳ ❚❤❡

❜✐❣❣❡$) ❝❤❛♥❣❡ ✐♥ ❝♦❧♦✉& ♦❢ )❤❡ ❛❝)✐✈❡ ❧❛②❡& )❛❦❡$ ♣❧❛❝❡ ✐♠♠❡❞✐❛)❡❧② ❛❢)❡& )❤❡ ✐&&❛❞✐❛)✐♦♥✱

✐♥ ❛ ❢❡✇ ♠✐❧❧✐$❡❝♦♥❞$✱ ❜✉) ✐$ ♥♦) ❝♦♠♣❧❡)❡❞✳ ❈♦♥$❡P✉❡♥)❧②✱ )❤❡ ✜❧♠$ $❤♦✉❧❞ ❜❡ &❡❛❞ ♦✉)

❛) ❧❡❛$) ✷✹ ❤♦✉&$ ❛❢)❡& )❤❡ ✐❧❧✉♠✐♥❛)✐♦♥✱ ❡✈❡♥ ❜❡))❡& ❛❢)❡& ✹✽ ❤♦✉&$ ❬✻✾❪✳ ❙♦♠❡ ♦❧❞❡& )②♣❡$

♦❢ ❘❈❋ ✜❧♠$ ❝♦✉❧❞ ❜❡ $❧✐❣❤)❧② ♣&❡✲❡①♣♦$❡❞ ❜② &♦♦♠ ❧✐❣❤) ❬✼✵❪✱ ✇❤✐❝❤ ♠❛❦❡$ ♥❡❝❡$$❛&② ❛

$)♦&❛❣❡ ✐♥ )❤❡ ❞❛&❦✳ ▼♦&❡♦✈❡&✱ )❤❡ ❡①❛❝) )❤✐❝❦♥❡$$ ♦❢ )❤❡ ❛❝)✐✈❡ ❧❛②❡& ✈❛&✐❡$ ❢&♦♠ ✜❧♠

)♦ ✜❧♠ ❬✻✽✱ ✼✶❪✳
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❈❤❛♣$❡& ✹ ❉✐❛❣♥♦-$✐❝-✱ ✐♥✈❡-$✐❣❛$✐♦♥ ♠❡$❤♦❞- ❛♥❞ ❡①♣❡&✐♠❡♥$❛❧ -❡$✉♣-

✹✳✹✳✶ ❈♦♠♣♦'✐)✐♦♥ ♦❢ )❤❡ ❘❈❋'

■♥ "❤❡%❡ ❡①♣❡(✐♠❡♥"❛❧ ❝❛♠♣❛✐❣♥%✱ "✇♦ ❞✐✛❡(❡♥" "②♣❡% ♦❢ (❛❞✐♦❝❤(♦♠✐❝ ✜❧♠% ✇❡(❡ ✉%❡❞✿

"❤❡ ●❛❢❝❤%♦♠✐❝ ✜❧♠ ❍❉✲❱✷ ✇✐"❤ ❛ ❞♦%❡ (❛♥❣❡ ♦❢ ✶✵●② "♦ ✶✵✵✵●② ❬✻✽❪ ❛♥❞ "❤❡ ♠♦(❡

%❡♥%✐"✐✈❡ ●❛❢❝❤%♦♠✐❝ ❊❇❚✷ ✜❧♠✱ ✇❤✐❝❤ ❤❛% ❛ ✇♦(❦✐♥❣ (❛♥❣❡ ♦❢ ✵✳✵✶●② ✉♣ "♦ ✹✵●② ❬✼✷❪✳

❚❤❡ ❝♦♠♣♦%✐"✐♦♥ ♦❢ "❤❡ "✇♦ ✜❧♠% ✐% %❤♦✇♥ ✐♥ ✜❣✉(❡ ✹✳✶✺✳ ❚❤❡ ❛❝"✐✈❡ ❧❛②❡(% ♦❢ ❜♦"❤ ✜❧♠%

❤❛✈❡ ♦♥❧② %❧✐❣❤"❧② ❞✐✛❡(❡♥" ❝❤❡♠✐❝❛❧ ❝♦♠♣♦%✐"✐♦♥% ❬✼✸❪✳ ❚❤❡ ♠❛✐♥ ❝❤❛(❛❝"❡(✐%"✐❝ ✐% "❤❡

"❤✐❝❦♥❡%% ♦❢ "❤✐% ❧❛②❡(✳

Active layer 10 µm

Polyester Substrate

97 µm

Polyester Overlaminate 

50 µm

Active layer 30 µm

Polyester Substrate

175 µm

Adhesive Layer 25 µm

Topcoat 5 µm

HD-V2

EBT2

❋✐❣✉&❡ ✹✳✶✺✿ ❚✇♦ ❞✐✛❡(❡♥" "②♣❡% ♦❢ (❛❞✐♦❝❤(♦♠✐❝ ✜❧♠%✳ ❚❤❡ ❧❡❢" ✐❧❧✉%"(❛"✐♦♥ %❤♦✇% "❤❡

❝♦♠♣♦%✐"✐♦♥ ♦❢ "❤❡ ❍❉✲❱✷ ✜❧♠ ✇✐"❤ ❛ "❤✐♥ ✶✵ µ♠ ❛❝"✐✈❡ ❧❛②❡( ❛♥❞ "❤❡ (✐❣❤" ♦♥❡ "❤❡

❝♦♠♣♦%✐"✐♦♥ ♦❢ "❤❡ ♠♦(❡ %❡♥%✐"✐✈❡ ❊❇❚✷ ✜❧♠ ✇✐"❤ ❛ "❤✐❝❦❡( ❛❝"✐✈❡ ❧❛②❡(✳

◆♦" ♦♥❧② ♦♥❡ %✐♥❣❧❡ ✜❧♠ ✇❡(❡ ✉%❡❞ ❞✉(✐♥❣ "❤❡ ❧❛%❡( ♣❧❛%♠❛ ❡①♣❡(✐♠❡♥"%✱ ✐♥%"❡❛❞ ♠✉❧"✐♣❧❡

❧❛②❡(% ♦❢ ✜❧♠% ✇❡(❡ %"❛❝❦❡❞ "♦❣❡"❤❡(✳ ❚❤✉%✱ ✐♥❢♦(♠❛"✐♦♥ ❛❜♦✉" "❤❡ ✢✉①✱ "(❛♥%✈❡(%❡

♣(♦✜❧❡% ♦❢ "❤❡ ♣❛("✐❝❧❡ ❡♥❡(❣✐❡% ❛♥❞ %♣❛"✐❛❧ %"(✉❝"✉(❡% ❝❛♥ ❜❡ ♦❜"❛✐♥❡❞✳ ❚❤❡ %"❛❝❦ ✐%

❛❧✇❛②% ❝♦✈❡(❡❞ ✐♥ ❛♥ ❛❧✉♠✐♥✉♠ ❢♦✐❧ ✇✐"❤ ❛ "❤✐❝❦♥❡%% ♦❢ ❛❜♦✉" 14µ♠ "♦ %❡❝✉(❡ "❤❡ ✜❧♠

♦❢ ❧❛%❡( ❧✐❣❤" ❛♥❞ ❛❧❧ ❧♦✇ ❡♥❡(❣② ✐♦♥%✳ ■♥ "❤❡%❡ ❡①♣❡(✐♠❡♥"❛❧ ❝❛♠♣❛✐❣♥%✱ ❛ %"❛❝❦ ♦❢ ✜✈❡

❍❉✲❱✷ ❛♥❞ "✇♦ ❢♦❧❧♦✇✐♥❣ ❊❇❚✷ ✜❧♠% ✇❛% ✉%❡❞ ✭❝♦♠♣❛(❡ ✜❣✉(❡ ✹✳✶✻✮✳ ❉✉❡ "♦ "❤❡ ❤✐❣❤

%❡♥%✐"✐✈✐"②✱ "❤❡ ❊❇❚✷ ✜❧♠% ❛(❡ "❤❡ ❧❛%" "✇♦ ♦❢ "❤❡ %"❛❝❦ "♦ (❡%♦❧✈❡ "❤❡ ❤✐❣❤ ❡♥❡(❣②

♣❛("✐❝❧❡% ✇✐"❤ ❧♦✇ ✢✉①✳ ❚❤❡ ❤✐❣❤ ❞♦%❡ ♦❢ "❤❡ ❧♦✇ ❡♥❡(❣② ♣❛("✐❝❧❡% ✇♦✉❧❞ ♦✈❡(%❛"✉(❛"❡

"❤❡ ❊❇❚✷%✳
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❈❤❛♣$❡& ✹ ❉✐❛❣♥♦-$✐❝-✱ ✐♥✈❡-$✐❣❛$✐♦♥ ♠❡$❤♦❞- ❛♥❞ ❡①♣❡&✐♠❡♥$❛❧ -❡$✉♣-

♦! ❧❡$$ ❛!❡ $&♦♣♣❡❞ ❜② &❤❡ ✶✹ µ♠ ❛❧✉♠✐♥✉♠ ❧❛②❡!✳ ❚❤❡ &!❛✈❡❧✐♥❣ ❧❡♥❣&❤ ♦❢ &❤❡ ♣!♦&♦♥$

&❤!♦✉❣❤ &❤❡ $&❛❝❦ ❢!♦♠ ♦♥❡ ❛❝&✐✈❡ ❧❛②❡! &♦ &❤❡ ♥❡①& ✐$ &❤❡ $❛♠❡ ❢♦! ❛❧❧ ❍❉ ✜❧♠$✳ ❍♦✇❡✈❡!✱
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♦♥❡ ❧❛%❡! %❤♦#✳ ❘❈❋% ✭❞❡#❛✐❧% ✐♥ %❡❝#✐♦♥ ✹✳✹✮ ❛% ❞❡#❡❝#♦!%✱ ❝❛♥ !❡%♦❧✈❡ #❤❡ ❞✐✛❡!❡♥# #✐♠❡

%#❡♣% ✐♥ ❛ ♠✉❧#✐✲❢!❛♠❡ ❛!!❛♥❣❡♠❡♥#✳

✹✳✺✳✶ $%✐♥❝✐♣❧❡, ♦❢ ♣%♦/♦♥ ✐♠❛❣✐♥❣

❚❤❡ ✐♠❛❣✐♥❣ ✐% ❜❛%❡❞ ♦♥ #❤❡ ❞❡✢❡❝#✐♦♥ ♦❢ #❤❡ ♣!♦❜✐♥❣ ❜❡❛♠ ♦❢ ❝❤❛!❣❡❞ ♣❛!#✐❝❧❡% ❛# #❤❡

❛!❡❛ ♦❢ ✐♥#❡!❡%#✳ ❚❤✐% ❛!❡❛ ❝♦♥%✐%#% ♦❢ ❡❧❡❝#!✐❝ ❛♥❞✴♦! ♠❛❣♥❡#✐❝ ✜❡❧❞% ❞✉❡ #♦ #❤❡ ❧❛%❡!✲

♣❧❛%♠❛ ✐♥#❡!❛❝#✐♦♥ ♦❢ #❤❡ ♠❛✐♥ ❧❛%❡! ♣✉❧%❡ ✇✐#❤ ✐#% ♦✇♥ #❛!❣❡#✳ ■♥ #❤❡%❡ ❝❛♠♣❛✐❣♥% ❜❡❛♠

✷ ♦❢ #❤❡ ❆❘❈❚❯❘❯❙ ❧❛%❡! ❢❛❝✐❧✐#② ✇❛% ❢♦❝✉%❡❞ ❜② ❛♥ ❋✴✶✵ ❖❆K ✐♥#♦ ❛ ❣❛% ❥❡#✱ ✇❤✐❝❤

❛❝#% ❛% ❛!❡❛ ♦❢ ✐♥#❡!❡%#✳ ▼♦!❡ ❞❡#❛✐❧% ❛❜♦✉# #❤❡ %❡#✉♣ ❛♥❞ ✐♥#❡!❛❝#✐♦♥ ✇✐❧❧ ❜❡ ❞✐%❝✉%%❡❞

✐♥ %✉❜%❡❝#✐♦♥ ✹✳✽✳✺✳

E/B
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Detector
y

x

l
virt
+l

T
l
D
-l

T

ε
y

Object

❋✐❣✉$❡ ✹✳✷✶✿ ❚❤❡ ♣!✐♥❝✐♣❧❡ ♦❢ #❤❡ ♣!♦#♦♥ ✐♠❛❣✐♥❣✳

❆ %✐♥❣❧❡ ♣!♦#♦♥ ♣❛%%✐♥❣ #❤!♦✉❣❤ #❤❡ ❞❡✢❡❝#✐♥❣ ❛!❡❛ ✭❝♦♠♣❛!❡ %❦❡#❝❤ ✹✳✷✶✮ ✐% ❛✛❡❝#❡❞ ❜②

#❤❡ ▲♦!❡♥#③ ❢♦!❝❡ ♦❢ #❤❡ ❡❧❡❝#!✐❝ ❛♥❞ ♠❛❣♥❡#✐❝ ✜❡❧❞% ✭E ❛♥❞ B✮✿

F
▲

= m
!

a
!

= m
!

dv
!

dt
= −e(E(t) + v

!

(t)×B(t)), ✭✹✳✷✷✮
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✇❤❡#❡ m
 

❛♥❞ v
 

❛#❡ '❤❡ ♣#♦'♦♥ ♠❛++ ❛♥❞ ✈❡❧♦❝✐'② ✈❡❝'♦# ✐♥ '❤❡ ❞✐+'✉#❜❡❞ #❡❣✐♦♥✳ ❚❤❡

✜❡❧❞+ ❛#❡ ❜♦'❤ '✐♠❡ ❞❡♣❡♥❞❡♥'✱ ❜❡❝❛✉+❡ '❤❡ ♣❧❛+♠❛ ❡✈♦❧✈❡+ ✐♥ '✐♠❡ ❛♥❞ '❤❡ ❝❤❛#❣❡❞

♣❛#'✐❝❧❡+ ❝❤❛♥❣❡ '❤❡✐# ♣♦+✐'✐♦♥+✳ ❇② ♠❡❛♥+ ♦❢ ❡:✉❛'✐♦♥ ✹✳✷✷✱ '❤❡ '#❛♥+✈❡#+❡ ✈❡❧♦❝✐'② ♦❢

'❤❡ ❝❤❛#❣❡❞ ♣❛#'✐❝❧❡+ ✐♥ '❤❡ ✐♥'❡#❛❝'✐♦♥ ❛#❡❛ ✇✐'❤ ❛ ❧✐♥❡❛# ❡①'❡♥+✐♦♥ d ❝❛♥ ❜❡ ✇#✐''❡♥

❛+✿

δvy =
e

m
 

∫

(E(t) + v
 

(t)×B(t))ydt

≃ e

m
 

v
 

∫

d

(E(t) + v
 

(t)×B(t))ydx,

✭✹✳✷✸✮

✐♥ ✇❤✐❝❤ '❤❡ '#❛♥+✈❡#+❡ ♠♦'✐♦♥ ♦❢ '❤❡ ❧❛♠✐♥❛# ✢♦✇ ♦❢ '❤❡ ❚◆❙❆ ♣#♦'♦♥+ ❝❛♥ ❜❡ ♥❡❣❧❡❝'❡❞✱

❝♦♠♣❛#❡❞ '♦ '❤❡ ❧♦♥❣✐'✉❞✐♥❛❧ ♠♦'✐♦♥ ✇✐'❤✿

vx =
dx

dt
≃ v

 

⇔ dt =
dx

v
 

. ✭✹✳✷✹✮

❚❤❡ '#❛♥+✈❡#+❡ ❞✐+♣❧❛❝❡♠❡♥' ❛' '❤❡ ❞❡'❡❝'♦# ✐+ ❞❡✜♥❡❞ ❜② '❤❡ '✐♠❡✲♦❢✲✢✐❣❤' ♦❢ '❤❡ ♣#♦'♦♥+

❢#♦♠ '❤❡ ✐♥✈❡+'✐❣❛'❡❞ ✐♥'❡#❛❝'✐♦♥ ❛#❡❛ '♦ '❤❡ ❞❡'❡❝'♦#✱ ∆t ≃ (l
❉

− l
❚

)/v
 

✱ ❛♥❞ '❤❡ ✐♥✐'✐❛❧

♣#♦'♦♥ ❡♥❡#❣② E
 

= (1/2)m
 

v2P ✱ ❛+ ❢♦❧❧♦✇+✿

ǫy ≃ δvy∆t ≃ e(l
❉

− l
❚

)

2E
 

∫

d

(E(t) + v
 

(t)×B(t))ydx

=
e(l

❉

− l
❚

)

2E
 

d 〈(E(t) + v
 

(t)×B(t))y〉d .
✭✹✳✷✺✮

■❢ '❤❡ ❞✐+♣❧❛❝❡♠❡♥' ✐+ ❦♥♦✇♥ ♦# ❝❛♥ ❜❡ ❝❛❧❝✉❧❛'❡❞ ❢#♦♠ '❤❡ ❞❡'❡❝'♦# ✐♠❛❣❡+✱ '❤❡ ❛✈❡#❛❣❡

✜❡❧❞ ✈❛❧✉❡+ ♦❢ '❤❡ ✐♥✈❡+'✐❣❛'❡❞ ❛#❡❛ ❝❛♥ ❜❡ ❛++✉♠❡❞ ❛+✿

〈(E(t) + v
 

(t)×B(t))y〉d =
1

d

∫

d

(E(t) + v
 

(t)×B(t))ydx

≃ 2E
 

e(l
❉

− l
❚

)d
ǫy.

✭✹✳✷✻✮

■♥ ♦#❞❡# '♦ ❣❡' ♠♦#❡ ✐♥❢♦#♠❛'✐♦♥ ❛❜♦✉' '❤❡ ♠❛✐♥ ❧❛+❡#✲♣❧❛+♠❛ ✐♥'❡#❛❝'✐♦♥ ❛#❡❛ +✐♠✉❧❛✲

'✐♦♥+ ♦❢ '❤❡ ♣❧❛+♠❛ ✜❡❧❞+ ❝❛♥ ❜❡ ❞♦♥❡ ❛♥❞ ❛♥❛❧②+❡❞ ❜② ❡:✉❛'✐♦♥ ✹✳✷✻✳
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m

eB

√

γ2 − 1c,

γ m B
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E = E0





√

(

eBr
▲

m
❡

c

)2

+ 1− 1



 . ✭✹✳✷✽✮

■♥ ♦)❞❡) ,♦ ❣❡, ,❤❡ ❡♥❡)❣② ♦❢ ,❤❡ ❡❧❡❝,)♦♥3 ,❤❡ ❞❡✢❡❝,✐♦♥ ♦♥ ,❤❡ ❞❡,❡❝,♦) ❝❛♥ ❜❡ ❝❛❧❝✉❧❛,❡❞

❛♥❞ ❝♦♠♣❛)❡❞ ✇✐,❤ ,❤❡ ❞❡,❡❝,❡❞ ✐♠❛❣❡3 ✈✐❛ ❣❡♦♠❡,)✐❝❛❧ ❝❛❧❝✉❧❛,✐♦♥3✳

✹✳✼ ❙✉♠♠❛'② ♦❢ ❛❧❧ ❞✐❛❣♥♦01✐❝ ♠❡1❤♦❞0

■♥ ,❤✐3 ❝❤❛♣,❡) ❛❧❧ ❞✐❛❣♥♦3,✐❝3✱ ✇❤✐❝❤ ✇❡)❡ ✉3❡❞ ✐♥ ,❤❡3❡ ❡①♣❡)✐♠❡♥,❛❧ ❝❛♠♣❛✐❣♥3✱ ❛)❡

❞❡3❝)✐❜❡❞ ✐♥ ❞❡,❛✐❧✳ ❚✇♦ ❚❤♦♠3♦♥ ♣❛)❛❜♦❧❛3 ✇❡)❡ ,❤❡ ♠❛✐♥ ❞✐❛❣♥♦3,✐❝3 ,♦ ❞❡,❡❝, ,❤❡

❛❝❝❡❧❡)❛,❡❞ ✐♦♥3 ❛♥❞ ,♦ ✐♥✈❡3,✐❣❛,❡ ,❤❡✐) ❡♥❡)❣② ❞✐3,)✐❜✉,✐♦♥✳ ❚❤❡ ▼❈B ❞❡,❡❝,♦) ♦❢ ,❤❡

❚B3 ✇❛3 ❝)♦33✲❝❛❧✐❜)❛,❡❞ ❜② ❈❘✲✸✾ ♥✉❝❧❡❛) ,)❛❝❦ ❞❡,❡❝,♦)3 ✐♥ ♦)❞❡) ,♦ ❛❝❤✐❡✈❡ ❛♥ ❛❜✲

3♦❧✉,❡ ♣❛),✐❝❧❡ ♥✉♠❜❡) )❡❛❝❤✐♥❣ ,❤❡ ▼❈B✳ ▼♦)❡♦✈❡)✱ ♦♣,✐❝❛❧ ♣)♦❜✐♥❣ ✇❛3 ❡♠♣❧♦②❡❞ ,♦

3,✉❞② ,❤❡ ,❡♠♣♦)❛❧ ❡✈♦❧✉,✐♦♥ ♦❢ ,❤❡ ♣❧❛3♠❛✱ ✐♥❝❧✉❞✐♥❣ ,❤❡ ❡❧❡❝,)♦♥ ❞❡♥3✐,② ✈✐❛ 3❤❛❞♦✇❣✲

)❛♣❤② ❛♥❞ ✐♥,❡)❢❡)♦♠❡,)②✳ ❈❤❛)❣❡ ♣❛),✐❝❧❡ ♣)♦❜✐♥❣ ✇❛3 ✉3❡❞ ,♦ ✐♥✈❡3,✐❣❛,❡ ,❤❡ ❡✈♦❧✉,✐♦♥

♦❢ ,❤❡ ♠❛❣♥❡,✐❝ ❛♥❞ ❡❧❡❝,)✐❝ ✜❡❧❞3 ✐♥3✐❞❡ ,❤❡ ✐♥,❡)❛❝,✐♦♥ ❛)❡❛✳ ❚❤❡ ❘❈❋3 ✐♥ ❛ ♠✉❧,✐✲

❢)❛♠❡ ❛))❛♥❣❡♠❡♥, ✇❡)❡ ✉,✐❧✐3❡❞ ❛3 ❛ ❞❡,❡❝,♦)✱ ✇❤✐❝❤ ❝❛♥ )❡3♦❧✈❡ ,❤❡ ❞❡✢❡❝,❡❞ ♣❛),✐❝❧❡3

✇✐,❤ ❞✐✛❡)❡♥, ,✐♠❡✲♦❢✲✢✐❣❤,3 ✐♥ ♦♥❡ ❧❛3❡) 3❤♦,✳ ❋✉),❤❡)♠♦)❡✱ ❛♥ ❡❧❡❝,)♦♥ 3♣❡❝,)♦♠❡,❡)

✇❛3 ❡♠♣❧♦②❡❞ ,♦ ❡①♣❧♦)❡ ,❤❡ ❛❝❝❡❧❡)❛,❡❞ ❡❧❡❝,)♦♥3 ❛3 ❛ ❜②♣)♦❞✉❝, ♦❢ ,❤❡ ❧❛3❡) ♣❧❛3♠❛

✐♥,❡)❛❝,✐♦♥✳
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❚❤❡ ❡①♣❡%✐♠❡♥)❛❧ ❝❛♠♣❛✐❣♥. ✇❡%❡ ♣❡%❢♦%♠❡❞ ❛) )❤❡ ❆❘❈❚❯❘❯❙ ❧❛.❡% ❢❛❝✐❧✐)②✳ ❇♦)❤

♠❛✐♥ ❜❡❛♠. ✇❡%❡ ❡♠♣❧♦②❡❞ ❢♦% )❤❡ ❧❛.❡% ♣❧❛.♠❛ ✐♥)❡%❛❝)✐♦♥✳ ❚❤❡② ✇❡%❡ ❢♦❝✉.❡❞ ❞♦✇♥

✐♥)♦ )❤❡ ❣❛. )❛%❣❡) ✐♥ )❤❡ ♣❡%♣❡♥❞✐❝✉❧❛% ❞✐%❡❝)✐♦♥ )♦ ❡❛❝❤ ♦)❤❡%✳ ❚❤❡ ✉♥❞❡%❞❡♥.❡ ❣❛.

❥❡)✱ ❞❡.❝%✐❜❡❞ ❛♥❞ ❝❤❛%❛❝)❡%✐.❡❞ ✐♥ ❞❡)❛✐❧ ✐♥ .❡❝)✐♦♥ ✸✳✷✱ ✇❛. ✉.❡❞ ❢♦% ❛❧❧ ❡①♣❡%✐♠❡♥)❛❧

❝❛♠♣❛✐❣♥.✳ ❲❤✐❧❡ ❞✉%✐♥❣ )❤❡ ♠❡❛.✉%❡♠❡♥).✱ ❞✐✛❡%❡♥) ❧❛.❡% ❛♥❞ )❛%❣❡) ♣❛%❛♠❡)❡%. ✇❡%❡

❝❤❛♥❣❡❞ ✐♥ ♦%❞❡% )♦ ✐♥✈❡.)✐❣❛)❡ ✈❛%✐♦✉. ❛❝❝❡❧❡%❛)✐♦♥ ♣%♦❝❡..❡.✳ ❚❤❡ ❣❛. ❥❡) )❛%❣❡) ✇❛.

♦♣❡%❛)❡❞ ✇✐)❤ ❍❡❧✐✉♠ ♦% ❍②❞%♦❣❡♥ ❣❛. ✇✐)❤ ❞✐✛❡%❡♥) ♥❡✉)%❛❧ ❞❡♥.✐)✐❡.✱ %❡.♣❡❝)✐✈❡❧②✳

❋✉%)❤❡%♠♦%❡✱ )❤❡ ❡♥❡%❣② ♦❢ )❤❡ ❧❛.❡% ♣✉❧.❡. ❛♥❞ )❤❡ )✐♠❡ ❞❡❧❛② ❜❡)✇❡❡♥ )❤❡ )✇♦ ♣✉❧.❡.

✇❡%❡ ❛❧.♦ ❝❤❛♥❣❡❞✳

✹✳✽✳✶ ▲❛&❡( ❜❡❛♠ ♣❛(❛♠❡,❡(&

❚❤❡ ❡♥❡%❣② ♦❢ ❜❡❛♠ ✶ ❛♥❞ ❜❡❛♠ ✷ ✇❛. ❛❜♦✉) ✸ ❏ ❛❢)❡% )❤❡ ♠❛✐♥ ❛♠♣❧✐✜❡%.✳ ❇♦)❤ ❜❡❛♠.

✇❡%❡ ❝♦♠♣%❡..❡❞ )♦ ❛ ♣✉❧.❡ ❞✉%❛)✐♦♥ ♦❢ ∼✷✼ ❢.✳ ❇♦)❤ ❜❡❛♠. ✇❡%❡ ✉.❡❞ ✇✐)❤♦✉) ❛ ♣❧❛.♠❛
♠✐%%♦%✳ ❆. ❛ %❡.✉❧) )❤❡ )❡♠♣♦%❛❧ ❧❛.❡% ❝♦♥)%❛.) ✐. ❛. .❤♦✇♥ ✐♥ .✉❜.❡❝)✐♦♥ ✸✳✶✳✸ ✐♥ ✜❣✉%❡

✸✳✺✳ ❚❤❡%❡❢♦%❡✱ )❤❡ )❛%❣❡) ✇❛. ♣%♦❜❛❜❧② ♣%❡❤❡❛)❡❞ ❜② )❤❡ ♣❡❞❡.)❛❧ ❧❡✈❡❧ ♦❢ )❤❡ ❧❛.❡%✳

❊❛❝❤ ❜❡❛♠ ❧♦♦.❡. ♣❛%) ♦❢ ✐). ❡♥❡%❣② ✐♥ )❤❡ ❝♦♠♣%❡..♦% ❛♥❞ ✐♥ )❤❡ ✈❛❝✉✉♠ ❜❡❛♠❧✐♥❡ ✉♣

)♦ )❤❡ )❛%❣❡) ❝❤❛♠❜❡%✳ ❚❤✉.✱ ❛♥ ❡♥❡%❣② ♦❢ ❛❜♦✉) ✶✳✹✹ ❏✱ ❝♦%%❡.♣♦♥❞✐♥❣ )♦ ❛ )❤%♦✉❣❤♣✉)

♦❢ ❛❜♦✉) ✹✽✪✱ ✇❛. ♠❡❛.✉%❡❞ ✐♥.✐❞❡ )❤❡ ❡①♣❡%✐♠❡♥)❛❧ ❝❤❛♠❜❡% ❜❡❢♦%❡ )❤❡ ❜❡❛♠. ✇❡%❡

❢✉%)❤❡% ❣✉✐❞❡❞ ❛♥❞ ❢♦❝✉.❡❞ ❜② )❤❡ ♣❛%❛❜♦❧❛.✳

❇❡❛♠ ✶✱ ✇❤✐❝❤ ❢%♦♠ ♥♦✇ ♦♥ ✐. ❝❛❧❧❡❞ ✏❉%✐✈❡%✑✱ ✇❛. ❢♦❝✉.❡❞ )♦ ❛ ∼ ✹µ♠ ❞✐❛♠❡)❡% ❢♦❝❛❧

.♣♦) ✭❋✉❧❧ ❲✐❞)❤ ❍❛❧❢ ▼❛①✐♠✉♠ ✭❋❲❍▼✮✮ ❜② ❛ ❣♦❧❞ ❝♦❛)❡❞ ✾✵

◦
♦✛✲❛①✐. ♣❛%❛❜♦❧❛ ✭❖❆Y✮

✇✐)❤ ❛ ❢♦❝❛❧ ❧❡♥❣)❤ ♦❢ ✶✺✷✳✹♠♠ ✭❢✴✷ ❖❆% ✮✳ ▼♦%❡ ❞❡)❛✐❧. ❛❜♦✉) )❤❡ ✐♥✈❡.)✐❣❛)✐♦♥ ♦❢

)❤❡ ❢♦❝❛❧ .♣♦). ❛%❡ ❢♦❧❧♦✇✐♥❣ ✐♥ )❤❡ ♥❡①) .✉❜.❡❝)✐♦♥✳ ❚❤❡ ❋❲❍▼ ❝♦♥.✐.). ♦❢ ✸✽✪ ♦❢ )❤❡

)♦)❛❧ ❡♥❡%❣② ♦❢ )❤❡ ❜❡❛♠✱ ❜❡❝❛✉.❡ )❤❡ ❢♦❝✉. ❛%❡❛ ✐. ♥♦) ❡♥)✐%❡❧② ❤♦♠♦❣❡♥♦✉. ✇✐)❤ .♦♠❡

❤♦) ✇✐♥❣. ❛%♦✉♥❞ )❤❡ ❛❝)✉❛❧ .♣♦)✳ ❆♥ ✐♥)❡♥.✐)② ♦❢ 1.5 · 1020❲✴❝♠2
✇❛. %❡❛❝❤❡❞ ♦♥ )❤❡

)❛%❣❡) ❜② ❛ ❉%✐✈❡% ❡♥❡%❣② ♦❢ ∼ ✵✳✺✺ ❏ ✐♥ )❤❡ ❢♦❝❛❧ .♣♦)✳

❚✇♦ ❞✐✛❡%❡♥) ❝♦♥✜❣✉%❛)✐♦♥. ✇❡%❡ ❡♠♣❧♦②❡❞ ❢♦% ❜❡❛♠ ✷✱ )❤❡ ✏❍❡❛)❡%✑✱ ✐♥ )❤❡ ❡①♣❡%✐♠❡♥)❛❧

.❡)✉♣✳ ■♥ ♦♥❡ ❛%%❛♥❣❡♠❡♥)✱ )❤❡ ❍❡❛)❡% ❜❡❛♠ ✇❛. ❢♦❝✉.❡❞ ♦✈❡% ❛ ❧❡♥❣)❤ ♦❢ ✵✳✽♠ ❜②

❛ ❞✐❡❧❡❝)%✐❝ ❢✴✶✵ ❖❆% ✳ ❚❤✐. ❝♦%%❡.♣♦♥❞. )♦ ❛ ❢♦❝❛❧ .♣♦) ❞✐❛♠❡)❡% ♦❢ ✶✷ µ♠ ❛♥❞ ❛♥

❡♥❡%❣② ♦❢ %♦✉❣❤❧② ∼ 56% ❋❲❍▼✱ ✇❤✐❝❤ ❝♦%%❡❧❛)❡. )♦ ✵✳✽ ❏ ♦♥ )❤❡ )❛%❣❡)✳ ❆❝❝♦%❞✐♥❣❧②✱
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❈❤❛♣$❡& ✹ ❉✐❛❣♥♦-$✐❝-✱ ✐♥✈❡-$✐❣❛$✐♦♥ ♠❡$❤♦❞- ❛♥❞ ❡①♣❡&✐♠❡♥$❛❧ -❡$✉♣-

❛♥ ✐♥#❡♥%✐#② ♦❢ 2.4 · 1019❲✴❝♠

2
✇❛% .❡❛❝❤❡❞✳ ❆ %❦❡#❝❤ ♦❢ #❤✐% %❡#✉♣ ✐% %❤♦✇♥ ✐♥ ✜❣✉.❡

✹✳✷✸✳

Driver

Heater

Thomson 

parabolas

B-"eld

E-"eld

MCP

CCD

B-"eld

CCD

Electron 

spectrometer

Pinholes

Screen

Mirror

❋✐❣✉&❡ ✹✳✷✸✿ ❙❦❡#❝❤ ♦❢ #❤❡ ❢✴✶✵ %❡#✉♣ ♦❢ #❤❡ ❡①♣❡.✐♠❡♥#❛❧ ❝❛♠♣❛✐❣♥% ❡♠♣❧♦②❡❞ ❢♦.

✐♦♥ ❛❝❝❡❧❡.❛#✐♦♥ ✈✐❛ ❈♦✉❧♦♠❜ ❡①♣❧♦%✐♦♥ ✭❍❡❛#❡.✲♦♥❧②✮ ♦. ✈✐❛ ❛ ❚◆❙❆✲❧✐❦❡ ♠❡❝❤❛♥✐%♠

✭❞♦✉❜❧❡ ❜❡❛♠✮✳ ❉.✐✈❡.✲ ✭❇❡❛♠ ✶✮ ❛♥❞ ❍❡❛#❡. ❧❛%❡.% ✭❇❡❛♠ ✷✮ ❛.❡ ❢♦❝✉%❡❞ ♣❡.♣❡♥❞✐❝✲

✉❧❛.❧② #♦ ❡❛❝❤ ♦#❤❡. ✐♥#♦ ❛ ❣❛% #❛.❣❡#✳ ❚❤❡ ❉.✐✈❡. ✐% ❢♦❝✉%❡❞ ❜② ❛♥ ❢✴✷ ❣♦❧❞ ❝♦❛#❡❞

❖❆L ❛♥❞ #❤❡ ❍❡❛#❡. ❜② ❛ ❞✐❡❧❡❝#.✐❝ ❢✴✶✵ ❖❆L✳ ❚✇♦ ❚❤♦♠%♦♥ ♣❛.❛❜♦❧❛% ✇✐#❤ ▼❈L

❞❡#❡❝#♦.% ❛❧♦♥❣ 0◦ ❛♥❞ 10◦ .❡❧❛#❡❞ #♦ #❤❡ ❉.✐✈❡. ❜❡❛♠ ✇❡.❡ ✉%❡❞ #♦ ✐♥✈❡%#✐❣❛#❡ ❛❝✲

❝❡❧❡.❛#❡❞ ♣❛.#✐❝❧❡% ❛% ♠❛✐♥ ❞✐❛❣♥♦%#✐❝%✳ ❆ ♠❛❣♥❡#✐❝ %♣❡❝#.♦♠❡#❡. ✇✐#❤ ❛ %❝✐♥#✐❧❧❛#✐♥❣

%❝.❡❡♥ ✇❛% ✐♥%#❛❧❧❡❞ #♦ ♦❜%❡.✈❡ #❤❡ ❡❧❡❝#.♦♥ ❡♥❡.❣② %♣❡❝#.✉♠ ❛# 90◦ #♦ #❤❡ ❉.✐✈❡.✳

❙❡❝♦♥❞✱ ✐♥ ❝♦♥#.❛%# #♦ #❤❡ ❢✴✶✵ %❡#✉♣✱ #❤❡ ❍❡❛#❡. ✇❛% ❢♦❝✉%❡❞ ❜② ❛♥ ❢✴✷✺ ❖❆& ✭❢❂✷♠✮

#♦ ❛ 75µ♠ ❢♦❝❛❧ %♣♦# ✭❋❲❍▼✮ ✇✐#❤ ❛♥ ❡♥❡.❣② ♦❢ 61% ♦❢ #❤❡ ❢✉❧❧ ❜❡❛♠ .❡❛❝❤✐♥❣ #❤❡

♣❛.❛❜♦❧❛✳ ❚❤✐% ❝♦..❡%♣♦♥❞% #♦ .♦✉❣❤❧② ✵✳✽✼ ❏ ❛♥❞ ∼ 6.6 · 1017❲✴❝♠

2
♦♥ #❤❡ #❛.❣❡#✳

❚❤✐% ♣❛.# ✐% ♣.❡%❡♥#❡❞ ✐♥ ✜❣✉.❡ ✹✳✷✹✳

✽✹



✹✳✽ ❊①♣❡'✐♠❡♥+❛❧ .❡+✉♣.

Driver

Heater

Thomson 

parabolas

B-"eld

E-"eld

MCP

CCD

B-"eldMCPCCD

Electron/ion 

spectrometer

Pinholes

Pinhole

❋✐❣✉'❡ ✹✳✷✹✿ ❙❦❡#❝❤ ♦❢ #❤❡ ❢✴✷✺ +❡#✉♣ ♦❢ #❤❡ ❡①♣❡/✐♠❡♥#❛❧ ❝❛♠♣❛✐❣♥+ ❡♠♣❧♦②❡❞ ❢♦/ #❤❡

❛❝❝❡❧❡/❛#✐♦♥ ♦❢ ♠♦♥♦❡♥❡/❣❡#✐❝ ✐♦♥+✳ ❉/✐✈❡/✲ ✭❇❡❛♠ ✶✮ ❛♥❞ ❍❡❛#❡/ ❧❛+❡/+ ✭❇❡❛♠ ✷✮

❛/❡ ❢♦❝✉+❡❞ ♣❡/♣❡♥❞✐❝✉❧❛/ #♦ ❡❛❝❤ ♦#❤❡/ ✐♥#♦ ❛ ❣❛+ #❛/❣❡#✳ ❚❤❡ ❉/✐✈❡/ ✐+ ❢♦❝✉+❡❞ ❜②

❛♥ ❢✴✷ ❣♦❧❞ ❝♦❛#❡❞ ❖❆E ❛♥❞ #❤❡ ❍❡❛#❡/ ❜② ❛ ❞✐❡❧❡❝#/✐❝ ❢✴✷✺ ❖❆E✳ ❚✇♦ ❚❤♦♠+♦♥

♣❛/❛❜♦❧❛+ ✇✐#❤ ▼❈E ❞❡#❡❝#♦/+ ❛❧♦♥❣ 0◦ ❛♥❞ 10◦ /❡❧❛#❡❞ #♦ #❤❡ ❉/✐✈❡/ ❜❡❛♠ ✇❡/❡ ✉+❡❞

#♦ ✐♥✈❡+#✐❣❛#❡ ❛❝❝❡❧❡/❛#❡❞ ♣❛/#✐❝❧❡+ ❛+ #❤❡ ♠❛✐♥ ❞✐❛❣♥♦+#✐❝+✳ ❆ ♠❛❣♥❡#✐❝ +♣❡❝#/♦♠❡#❡/

✇❛+ ✐♥+#❛❧❧❡❞ #♦ ♦❜+❡/✈❡ #❤❡ ✐♦♥ ❛♥❞ ❡❧❡❝#/♦♥ ❡♥❡/❣② +♣❡❝#/❛ 90◦ #♦ #❤❡ ❉/✐✈❡/✳ ■♥

❛❞❞✐#✐♦♥✱ #❤❡ ♣/♦❜❡ ❜❡❛♠ ✇❛+ ❡♠♣❧♦②❡❞ #♦ ♣❡/❢♦/♠ +❤❛❞♦✇❣/❛♣❤② ♦❢ #❤❡ ❉/✐✈❡/ ❜❡❛♠✳
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❈❤❛♣$❡& ✹ ❉✐❛❣♥♦-$✐❝-✱ ✐♥✈❡-$✐❣❛$✐♦♥ ♠❡$❤♦❞- ❛♥❞ ❡①♣❡&✐♠❡♥$❛❧ -❡$✉♣-

✹✳✽✳✷ ❊♠♣❧♦②❡❞ ❞✐❛❣♥♦01✐❝0

■♥ "❤❡ ❢✴✶✵✲❍❡❛(❡)✱ ❈♦✉❧♦♠❜ ❡①♣❧♦3✐♦♥ 3❡(✉♣ "✇♦ ❚❤♦♠)♦♥ ♣❛,❛❜♦❧❛ )♣❡❝",♦♠✲

❡"❡,) ✇❡,❡ "❤❡ ♠❛✐♥ ❞✐❛❣♥♦)"✐❝)✳ ❚❤❡② ✇❡,❡ ♣❧❛❝❡❞ ❛❧♦♥❣ 0◦ ❛♥❞ 10◦ ✭,❡❧❛"❡❞ "♦ "❤❡

❉,✐✈❡,✮✱ ❛) )❤♦✇♥ ✐♥ ✜❣✉,❡ ✹✳✷✸✳ ❋♦, ♠♦,❡ ❞❡"❛✐❧) ❛❜♦✉" "❤❡ ❞✐❛❣♥♦)"✐❝✱ )❡❡ )❡❝"✐♦♥ ✹✳✷✳

■♥ ❛❞❞✐"✐♦♥✱ "❤❡,❡ ✇❛) ❛♥ ❡❧❡❝",♦♥ )♣❡❝",♦♠❡"❡, ✐♥)✐❞❡ "❤❡ ✈❛❝✉✉♠ ❝❤❛♠❜❡, ✇✐"❤ ❛ )❝✐♥✲

"✐❧❧❛"✐♥❣ )❝,❡❡♥ ❛) ❞❡"❡❝"♦,✱ ♠♦♥✐"♦,❡❞ ❜② ❛ ❈❈❉ ❝❛♠❡,❛ ❢,♦♠ ♦✉")✐❞❡ ♦❢ "❤❡ ❝❤❛♠❜❡,✳

❚❤❡ )❛♠❡ "✇♦ ❚❤♦♠)♦♥ ♣❛,❛❜♦❧❛) ✇❡,❡ "❤❡ ♠❛✐♥ ❞✐❛❣♥♦)"✐❝) ✐♥ "❤❡ ❢✴✷✺✲❍❡❛(❡) 3❡(✉♣ ✳

❖♥❡ ♠♦,❡ )♣❡❝",♦♠❡"❡, ✭♠❛❣♥❡"✮ ✇❛) ❡♠♣❧♦②❡❞ "♦ ♦❜)❡,✈❡ ♣♦))✐❜❧❡ ❛❝❝❡❧❡,❛"❡❞ ✐♦♥) 90◦

"♦ "❤❡ ❉,✐✈❡,✳ ▲❛"❡, ♦♥ ✐" ✇❛) ✉)❡❞ ❛) ❛♥ ❡❧❡❝",♦♥ )♣❡❝",♦♠❡"❡, ✭)❡❡ )❡❝"✐♦♥ ✹✳✻✮✳

❈♦♠♣❛,❡ ✜❣✉,❡ ✹✳✷✹✳

✹✳✽✳✸ ❋♦❝❛❧ 0♣♦1 ❝❤❛6❛❝1❡6✐0❛1✐♦♥

❚❤❡ ❢♦❝❛❧ )♣♦" ✇❛) ♠♦♥✐"♦,❡❞ ❛♥❞ ♦♣"✐♠✐)❡❞ ✐♥ ❛ ❞❛✐❧② ,♦✉"✐♥❡ ❢♦, ❡❛❝❤ ❜❡❛♠✳ ❚❤❡ ❛✐♠

✇❛) "♦ ❣❡" "❤❡ ❤✐❣❤❡)" ♣♦))✐❜❧❡ ✐♥"❡♥)✐"② ♦❢ ❡❛❝❤ ❜❡❛♠ ♦, ❛" ❧❡❛)" "♦ ❦♥♦✇ "❤❡ ❛❝"✉❛❧ ❢♦❝❛❧

)♣♦" )✐③❡ ✐♥ ♦,❞❡, "♦ ❛❞❥✉)" "❤❡ ❜❡❛♠ ✐♥"❡♥)✐"② ❢♦, "❤❡ ❜❡)" ❧❛)❡, "❛,❣❡" ✐♥"❡,❛❝"✐♦♥✳ ❚❤❡

❧❛)❡, ❢♦❝✉) ❛" "❤❡ "❛,❣❡" ❝❤❛♠❜❡, ❝❡♥",❡ ✭"❝❝✮ ✐) ✐♠❛❣❡❞ ❛♥❞ ♠❛❣♥✐✜❡❞ ♦✉")✐❞❡ ♦❢ "❤❡

✈❛❝✉✉♠ ❝❤❛♠❜❡, "♦ ❛ ❈❈❉ ❝❛♠❡,❛ ❜② ❛❞❥✉)"✐♥❣ ❛ ❤✐❣❤ I✉❛❧✐"②✱ ✐♥✜♥✐"② ❝♦,,❡❝"❡❞✱ ❧♦♥❣

✇♦,❦✐♥❣ ❞✐)"❛♥❝❡ ♦❜❥❡❝"✐✈❡ ♦❢ "❤❡ ❝♦♠♣❛♥② ▼✐"✉"♦②♦✳ ❚❤❡ ❉,✐✈❡, ✇✐"❤ "❤❡ )❤♦," ❢♦❝❛❧

❧❡♥❣"❤ ✐) ♠❛❣♥✐✜❡❞ ✶✵①✱ ✇❤✐❧❡ "❤❡ ❍❡❛"❡, ✐) ♠❛❣♥✐✜❡❞ ✺①✳ ❊❛❝❤ ♠✐❝,♦)❝♦♣❡ ♦❜❥❡❝"✐✈❡

❛♥❞ "❤❡ ♦✉"❝♦✉♣❧✐♥❣ ♠✐,,♦,) ❛,❡ ♠♦✉♥"❡❞ ♦♥ ♠♦"♦,✐)❡❞ ❧✐♥❡❛, )"❛❣❡) "♦ ♠♦✈❡ "❤❡♠

,❡♠♦"❡❧② ✉♥❞❡, ✈❛❝✉✉♠ ✐♥ "❤❡ ❡①♣❡,✐♠❡♥"❛❧ ❝❤❛♠❜❡,✳ ❚❤,❡❡ ❡①❡♠♣❧❛,② ✐♠❛❣❡) ♦❢ "❤❡

❢♦❝❛❧ )♣♦") ❛,❡ )❤♦✇♥ ✐♥ ✜❣✉,❡ ✹✳✷✺✱ ✭❛✲❝✮✳

❚❤❡ ,❛❞✐❛❧ ♣,♦✜❧❡ ✐) ,❡❛❞ ♦✉" ❛♥❞ ❛✈❡,❛❣❡❞ ♦❢ )❡✈❡,❛❧ ✐♠❛❣❡) ♦❢ "❤❡ ❢♦❝❛❧ )♣♦")✳ P❧♦"

✭❞✲❢✮ ♦❢ ✜❣✉,❡ ✹✳✷✺ )❤♦✇) ♣❧♦") ♦❢ "❤❡ ♥♦,♠❛❧✐)❡❞ ✐♥"❡❣,❛"❡❞ ✐♥"❡♥)✐"✐❡) ❛,♦✉♥❞ ❝♦♥❝❡♥",✐❝

❝✐,❝❧❡) ❛) ❛ ❢✉♥❝"✐♦♥ ♦❢ ❞✐)"❛♥❝❡ ❢,♦♠ "❤❡ ❝❡♥",❡ ♦❢ "❤❡ ❝✐,❝❧❡✳ ❚❤❡ ❣,❛♣❤) ❛,❡ ❝♦,,❡❧❛"❡❞ "♦

"❤❡ ✐♠❛❣❡) ✐♥ ✜❣✉,❡ ✹✳✷✺✳ ❚❤❡ )✐❣♥❛❧ ✐) "❤❡ )✉♠ ♦❢ ❛❧❧ ♣✐①❡❧ ✈❛❧✉❡) ❛❧♦♥❣ ❛ ❝✐,❝❧❡✳ ❚❤❡ ❋✉❧❧

❲✐❞"❤ ❍❛❧❢ ▼❛①✐♠✉♠ ❝❛♥ ❜❡ ❡)"✐♠❛"❡❞ ❢,♦♠ "❤❡ ❣,❛♣❤) ❜② ✜♥❞✐♥❣ "❤❡ ❝♦,,❡)♣♦♥❞✐♥❣

,❛❞✐✉) ✈❛❧✉❡ ❢♦, ❤❛❧❢ ♦❢ "❤❡ ♠❛①✐♠✉♠ ♦❢ "❤❡ ✐♥"❡❣,❛"❡❞ ✐♥"❡♥)✐"②✳ ❚❤❡ ❞✐❛♠❡"❡, ♦❢ "❤❡

❢♦❝❛❧ )♣♦" ❛♥❞ "❤❡ ❛,❡❛ ♦❢ "❤❡ ❜❡❛♠ ❛" "❤❡ ❋❲❍▼ ♦❢ "❤❡ ✐♥"❡♥)✐"② ❝❛♥ ❜❡ ❝❛❧❝✉❧❛"❡❞✳

❆ ❢♦❝❛❧ )♣♦" )✐③❡ ♦❢ ✹ µ♠ ± ✵✳✶µ♠ ❛♥❞ ❛♥ ❛,❡❛ ✇✐"❤ ,❡)♣❡❝" "♦ "❤❡ "♦"❛❧ ❜❡❛♠ ♣,♦✜❧❡

♦❢ ✸✽✪ ± ✷✪ ❢♦, "❤❡ ❉,✐✈❡, ❜❡❛♠ ✇❛) ❞❡"❡,♠✐♥❡❞ ❜② "❤❡ ❡✈❛❧✉❛"✐♦♥ ♦❢ )❡✈❡,❛❧ ✐♠❛❣❡)✳

✽✻
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❆ !♣♦$ !✐③❡ ♦❢ ✶✷ µ♠ ± ✶µ♠ ✇✐$❤ ❛ ❋❲❍▼ ❛3❡❛ ♦❢ ✺✻✪ ± ✷✪ ✐! ❝♦♥!✐❞❡3❡❞ ❢♦3 $❤❡

!❤♦3$❡3 ❢♦❝❛❧ ❧❡♥❣$❤ ❍❡❛$❡3 ❜❡❛♠✳ ❋♦3 $❤❡ ❢✴✷✺ ❖❆@ ❛ !♣♦$ !✐③❡ ♦❢ ✼✺ µ♠ ❛♥❞ ❛ ❢♦❝❛❧

❛3❡❛ ♦❢ ✻✶✪ ✐! ❝❛❧❝✉❧❛$❡❞✳

50 µm

✭❛✮ ❢✴✷ ❉'✐✈❡' ❜❡❛♠

50 µm

✭❜✮ ❢✴✶✵ ❍❡❛0❡' ❜❡❛♠

50 µm

✭❝✮ ❢✴✷✺ ❍❡❛0❡' ❜❡❛♠
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✭❢✮ ❢✴✷✺ ❍❡❛0❡' ❜❡❛♠

❋✐❣✉'❡ ✹✳✷✺✿ ❋♦❝❛❧ !♣♦$ ✐♠❛❣❡! ♦❢ $❤❡ ❉3✐✈❡3 ✭❛✮ ❛♥❞ $❤❡ ❍❡❛$❡3 ❜❡❛♠! ✭❜✮ ❛♥❞ ✭❝✮✳

❚❤❡ !♣♦$ ❛$ $❤❡ $❛3❣❡$ ❝❤❛♠❜❡3 ❝❡♥$3❡ ✐! ♠❛❣♥✐✜❡❞ ❜② ♠✐❝3♦!❝♦♣❡ ♦❜❥❡❝$✐✈❡! $♦ ❛

❈❈❉ ❝❛♠❡3❛ ♦✉$!✐❞❡ $❤❡ ✈❛❝✉✉♠ ❝❤❛♠❜❡3✳ ■♥ ♦3❞❡3 $♦ ❤❛✈❡ $❤❡ 3❛❞✐❛❧ ♣3♦✜❧❡! ✭❞✲❢✮

♦❢ $❤❡ ❢♦❝❛❧ !♣♦$!✱ $❤❡ ✐♥$❡♥!✐$② ✐! ✐♥$❡❣3❛$❡❞ ❛❧♦♥❣ ❝♦♥❝❡♥$3✐❝ ❝✐3❝❧❡! ❢♦3 ❡❛❝❤ ❞✐!$❛♥❝❡

$♦ $❤❡ !♣♦$ ❝❡♥$3❡✳ ❚❤❡ ❋❲❍▼ ♦❢ $❤❡ ❢♦❝❛❧ !♣♦$ !✐③❡ ❛♥❞ ❛3❡❛ ❝❛♥ ❜❡ ❡!$✐♠❛$❡❞

❛❝❝♦3❞✐♥❣ $♦ $❤❡ ❣3❛♣❤!✳
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❈❤❛♣$❡& ✹ ❉✐❛❣♥♦-$✐❝-✱ ✐♥✈❡-$✐❣❛$✐♦♥ ♠❡$❤♦❞- ❛♥❞ ❡①♣❡&✐♠❡♥$❛❧ -❡$✉♣-

❇❡❛♠ ✶ ❇❡❛♠ ✷

♥❛♠❡ ❉(✐✈❡( ❍❡❛,❡(

❖❆/ ❢✴✷ ❢✴✶✵ ❢✴✷✺

❋❲❍▼ ❢♦❝❛❧ :♣♦, ❞✐❛♠❡,❡( ❬µ♠❪ ✹ ✶✷ ✼✺

❋❲❍▼ ❢♦❝❛❧ :♣♦, ❛(❡❛ ❬✪❪ ✸✽ ✺✻ ✻✶

❧❛:❡( ✐♥,❡♥:✐,② ❬❲✴❝♠

2
❪ 1.5 · 1020 2.4 · 1019 6.6 · 1017

❚❛❜❧❡ ✹✳✸✿ ❙✉♠♠❛(② ♦❢ ,❤❡ ❧❛:❡( ♣❛(❛♠❡,❡(: ✇✐,❤ ❢♦❝❛❧ :♣♦, ❝❤❛(❛❝,❡(✐:,✐❝: ❛♥❞ ❧❛:❡(

✐♥,❡♥:✐,✐❡: ❢♦( ,❤❡ ,✇♦ ❞✐✛❡(❡♥, ♠❛✐♥ :❡,✉♣:✳

✹✳✽✳✹ ❙♣❛&✐❛❧ ❛♥❞ &❡♠♣♦.❛❧ ♦✈❡.❧❛♣ ♦❢ &❤❡ ❜❡❛♠3

❚❤❡ ❧❛:❡( ❜❡❛♠: ❤❛❞ ,♦ ❜❡ ♣(❡❝✐:❡❧② ❛❧✐❣♥❡❞ ✐♥ ❛ (❡❣✉❧❛( ♣(♦❝❡❞✉(❡✱ ✐♥ ♦(❞❡( ,♦ ❡♥:✉(❡

❛  ♣❛#✐❛❧ ♦✈❡)❧❛♣ ✐♥ ,❤❡ ❝❡♥,(❡ ♦❢ ,❤❡ ❣❛: ,❛(❣❡,✳ ❚❤❡(❡❢♦(❡✱ ,❤❡ ,❛(❣❡, ❤♦❧❞❡( ✇❛:

♠♦,♦(✐:❡❞ ✇✐,❤ ❧✐♥❡❛( ①✱ ② ❛♥❞ ③ :,❛❣❡: ❛♥❞ ❛ ✽✵ µ♠ ,❤✐♥ ✇✐(❡ ✇❛: ♠♦✉♥,❡❞ ♦♥ ,❤❡

♥♦③③❧❡ ❤❡❛❞✳ ❊❛❝❤ ❜❡❛♠ ✇❛: ❛❧✐❣♥❡❞ ♦♥ ,❤❡ :❛♠❡ ✇✐(❡ ,♦ ❛❝❤✐❡✈❡ ,❤❡ :♣❛,✐❛❧ ♦✈❡(❧❛♣✱

❜② ♠❡❛♥: ♦❢ ,❤❡ ♠✐❝(♦:❝♦♣❡ ♦❜❥❡❝,✐✈❡:✳ ❆❢,❡(✇❛(❞:✱ ,❤❡ ❜❡❛♠ ❛❧✐❣♥♠❡♥, ✇❛: ✜①❡❞ ❛♥❞

,❤❡ ♥♦③③❧❡ ✇❛: ♠♦✈❡❞ ❛♥❞ ❛❞❥✉:,❡❞ ,♦ ✐,: ❝❡♥,(❡✳

❆ ❢❛:, ♣❤♦,♦❞✐♦❞❡ ❛♥❞ ❛♥ ♦:❝✐❧❧♦:❝♦♣❡ ✇❡(❡ ✉:❡❞✱ ,♦ ♦❜,❛✐♥ ❛ ♣(❡❧✐♠✐♥❛(② ♥❛♥♦:❡❝♦♥❞

#❡♠♣♦)❛❧ ♦✈❡)❧❛♣ ✳ ❚❤✐: (♦✉❣❤ ,❡♠♣♦(❛❧ ♦✈❡(❧❛♣ ✇❛: ❛❞❥✉:,❡❞ ❜② :❡,,✐♥❣ ✉♣ ❛ ✜①❡❞

❞❡❧❛② ✐♥ ,❤❡ ❉(✐✈❡( ❜❡❛♠ ♣❛,❤✳ ❍♦✇❡✈❡(✱ ❛ ♠♦(❡ ♣(❡❝✐:❡ ♠❡,❤♦❞ ❤❛❞ ,♦ ❜❡ ✐♠♣❧❡♠❡♥,❡❞

✐♥ ♦(❞❡( ,♦ ❣❡, ❛♥ ♦✈❡(❧❛♣ ♦❢ ,❤❡ ✉❧,(❛ :❤♦(, ♣✉❧:❡: ✇✐,❤ ❢❡♠,♦:❡❝♦♥❞ ❛❝❝✉(❛❝②✳ ❋♦( ,❤✐:

(❡❛:♦♥✱ ,❤❡ ❍❡❛,❡( ❜❡❛♠ ✐,:❡❧❢ ✇❛: ❡♠♣❧♦②❡❞ ❛: ♦♣,✐❝❛❧ ♣(♦❜❡ ❜❡❛♠✳ ❚❤❡ ❧❛:❡( ✇❛:

:❡♥, ✐♥,♦ ,❤❡ ,❛(❣❡, ❛(❡❛ ✇✐,❤ ✈❡(② ❧♦✇ ❡♥❡(❣② ,♦ ♦❜:❡(✈❡ ,❤❡ ✐♥,❡(❛❝,✐♦♥ ♦❢ ,❤❡ ❉(✐✈❡(

❜❡❛♠ ✇✐,❤ ,❤❡ ❣❛: ,❛(❣❡,✳ ❚❤❡ ❍❡❛,❡( ❣❡,: ❛ ❤♦♠♦❣❡♥❡♦✉: ❛✐(② ♣❛,,❡(♥ ❛♥❞ ✐❧❧✉♠✐♥❛,❡: ❛

❜✐❣❣❡( ❛(❡❛ ✐♥ ,❤❡ ❢♦❝❛❧ ♣❧❛♥❡ ❜② ❞❡❝(❡❛:✐♥❣ ❛♥ ❛♣❡(,✉(❡ ♦♥ ,❤❡ ♠❛✐♥ ❛♠♣❧✐✜❡( ✐♥ ,❤❡ ❧❛:❡(

❧❛❜♦(❛,♦(②✳ ❈♦♥:❡V✉❡♥,❧②✱ ,❤❡ ❍❡❛,❡( ❜❡❛♠ ❝♦✉❧❞ ❜❡ ✉:❡❞ ❢♦( ❛ :❤❛❞♦✇❣(❛♠✱ ✇❤✐❧❡ ,❤❡

❉(✐✈❡( ✇❛: :❧✐❣❤,❧② ❛♠♣❧✐✜❡❞ ,♦ ❛❜♦✉, 25♠❏ ❛❢,❡( ,❤❡ ♠❛✐♥ ❛♠♣❧✐✜❡(✱ ✇❤✐❝❤ ❝♦(❡::♣♦♥❞:

,♦ ❛♥ ✐♥,❡♥:✐,② ♦❢ (♦✉❣❤❧② 10 ·1018❲✴❝♠2
♦♥ ,❤❡ ,❛(❣❡,✳ ❉✉❡ ,♦ ,❤❛,✱ ❛♥ ✐♦♥✐:❡❞ ♣❧❛:♠❛

❝❤❛♥♥❡❧ ✇❛: ❢♦(♠❡❞ ✐♥ ,❤❡ ,❛(❣❡, ❛♥❞ ♣(♦❜❡❞ ❜② ,❤❡ ❍❡❛,❡(✳ ❚❤❡ ✜♥❡ ♠♦,♦(✐:❡❞ ❞❡❧❛②

:,❛❣❡ ♦❢ ,❤❡ ❍❡❛,❡( ✭❜❡❛♠ ✷✮ ✇❛: ♠♦✈❡❞ ✐♥ ✺✵✵ ❢❡♠,♦:❡❝♦♥❞ :,❡♣: ✉♥,✐❧ ,❤❡ ❝❤❛♥♥❡❧ ✇❛:

❥✉:, ♥♦ ❧♦♥❣❡( ✈✐:✐❜❧❡✳ ❚❤❡ ❡✈♦❧✉,✐♦♥ ♦❢ ,❤❡ ♣❧❛:♠❛ ❝❤❛♥♥❡❧ :,❛(,: ✇✐,❤✐♥ ❢❡♠,♦:❡❝♦♥❞:✱

❛: :❡❡♥ ✐♥ ♦,❤❡( ❡①♣❡(✐♠❡♥,: ❬✽✷✱ ✽✸✱ ✽✹❪ ♦( ❧❛,❡( ♦♥ ✐♥ ,❤❡ (❡:✉❧,: ♦❢ ,❤✐: ❝❛♠♣❛✐❣♥✳ ▲❛:❡(

✐♥,❡♥:✐,✐❡: ♦❢ ❛❜♦✉, 1014−1015❲✴❝♠2
❛(❡ ♥❡❡❞❡❞ ❢♦( ,❤❡ ✐♦♥✐:❛,✐♦♥✱ ❛: ❞✐:❝✉::❡❞ ❜❡❢♦(❡✳

✽✽
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❋✐❣✉'❡ ✹✳✷✻✿ ❚❤❡ #❡♠♣♦'❛❧ ❉'✐✈❡' ❧❛-❡' ❝♦♥✲

#'❛-# ❛♥❞ ❛ ♠❛❣♥✐✜❝❛#✐♦♥ ♦❢ #❤❡ ♣❡❛❦✳

❚❤❡ ✐♦♥✐-❛#✐♦♥ '❛#❡ ❛♥❞ #❤❡'❡❢♦'❡ #❤❡

❞✉'❛#✐♦♥ ♦❢ #❤❡ ♣'♦❝❡-- ❝❛♥ ❜❡ ❝❛❧❝✉✲

❧❛#❡❞ ❜② ♠❡❛♥- ♦❢ #❤❡ ❢♦'♠✉❧❛- ♣'❡✲

-❡♥#❡❞ ✐♥ ❬✽✺❪✳ ❚❤❡ ✐♦♥✐-❛#✐♦♥ ♣'♦❝❡--

♦❢ #❤❡ ♥❡✉#'❛❧ ❍②❞'♦❣❡♥ ❛♥❞ ❍❡❧✐✉♠

-#❛'#- ✇✐#❤✐♥ #❤❡ ✐♥#❡'❛❝#✐♦♥ ♦❢ #❤❡

❧❛-❡' ♣✉❧-❡ ✇✐#❤ #❤❡ ❣❛-✱ #❤❛# ♠❡❛♥- ♦♥

❛ ❢❡♠#♦-❡❝♦♥❞ -❝❛❧❡✳ ■♥ ♦'❞❡' #♦ ❢✉❧❧②

✐♦♥✐-❡ ❍❡

+
#♦ ❍❡

++
❛ ❜✐# ♠♦'❡ #✐♠❡

✐- ♥❡❡❞❡❞✳ ■# #❛❦❡- ❛❜♦✉# 50 ❢- ✇✐#❤ ❛

❧❛-❡' ✐♥#❡♥-✐#② ♦❢ I
▲

= 5 · 1015❲✴❝♠2
✱

350 ❢- ✇✐#❤ I
▲

= 4 · 1015❲✴❝♠2
❛♥❞

❛❜♦✉# 2 ♣- ✇✐#❤ I
▲

= 3 · 1015❲✴❝♠2
✳

■❢ #❤❡ ❧❛-❡' ❝♦♥#'❛-# ♦❢ #❤✐- ❧♦✇ ❡♥❡'❣②

❉'✐✈❡' ✐- ❝♦♥-✐❞❡'❡❞✱ #❤❡ -❤♦✉❧❞❡' ♦❢ #❤❡ ♣❡❛❦✱ ❤✐❣❤❧✐❣❤#❡❞ ✐♥ ✜❣✉'❡ ✹✳✷✻✱ ✇✐❧❧ ❤❛✈❡

❛♥ ✐♥#❡♥-✐#② ♦❢ ❛❜♦✉# 1015❲✴❝♠2 500 ❢- ❜❡❢♦'❡✱ ✇❤✐❝❤ ✐- ✐♥ #❤❡ -❝♦♣❡ ♦❢ #❤❡ #❡♠♣♦'❛❧

-❝❛♥✳ ❆ ❣❛- ✐♦♥✐-❛#✐♦♥ ❛♥❞ ❝'❡❛#✐♦♥ ♦❢ ❛ ♣❧❛-♠❛ ❝❤❛♥♥❡❧ ❝❛♥ ♦❝❝✉' ♦♥❧② ✐♥ #❤✐- #✐♠❡

'❛♥❣❡✳ ❍❡♥❝❡✱ #❤❡ ❜❡❛♠- ✇❡'❡ #✐♠❡❞ ✇✐#❤ ❛♥ ❛❞❡H✉❛#❡ ♣'❡❝✐-✐♦♥ ❢♦' #❤❡-❡ ❡①♣❡'✐♠❡♥#❛❧

❝❛♠♣❛✐❣♥-✳

✹✳✽✳✺ ❋✉&'❤❡& ❡①♣❡&✐♠❡♥'❛❧ 1❡'✉♣1

■♥ ❛❞❞✐#✐♦♥ #♦ #❤❡ ❛❧'❡❛❞② ❞❡-❝'✐❜❡❞ -❡#✉♣-✱ #✇♦ ♠♦'❡ ♠❛❥♦' ♠❡❛-✉'❡♠❡♥#- ✇❡'❡ ♣❡'✲

❢♦'♠❡❞ ✐♥ #❤❡ ❢✴✶✵ ❍❡❛#❡' ❜❡❛♠ ❝♦♥✜❣✉'❛#✐♦♥✿ ❖♣#✐❝❛❧ ♣'♦❜✐♥❣ ❛♥❞ ❝❤❛'❣❡❞ ♣❛'#✐❝❧❡

♣'♦❜✐♥❣✳

❋♦' ❢✉'#❤❡' ✐♥✈❡-#✐❣❛#✐♦♥- ♦❢ #❤❡ ✐♥#❡'❛❝#✐♦♥ ♦❢ #❤❡ ❍❡❛#❡' ❜❡❛♠ ✇✐#❤ #❤❡ ❣❛- #❛'❣❡#✱

❜❡❛♠ ✶ ✇❛- ✉-❡❞ ❛- ❛♥ ♦♣'✐❝❛❧ ❞✐❛❣♥♦.'✐❝ ♣/♦❜❡ ❜❡❛♠ ❢♦' ✐♥#❡'❢❡'♦♠❡#'② ❛♥❞ -❤❛❞✲

♦✇❣'❛♣❤② ✭-❡❡ -❡❝#✐♦♥ ✹✳✸✮✳ ❚❤✐- -❡#✉♣ ✐- -❤♦✇♥ ✐♥ ✜❣✉'❡ ✹✳✷✼✱ ♣❧♦# ✭❛✮✳ ❚❤❡ ❜❡❛♠

✇❛- ❣✉✐❞❡❞ #♦ #❤❡ #❝❝ ✇✐#❤♦✉# ❛♥② ❢♦❝✉-✐♥❣ ♦♣#✐❝✳ ❚❤❡ ❖❆T ✇❛- ❝❤❛♥❣❡❞ ✇✐#❤ ❛ ♠✐'✲

'♦' #♦ ❤❛✈❡ ❛ ❤♦♠♦❣❡♥♦✉- ❧❛-❡' ❜❡❛♠ ✇✐#❤ ❛ ❜❡❛♠ ❞✐❛♠❡#❡' ♦❢ -❡✈❡'❛❧ ❝❡♥#✐♠❡#❡'-✳

❚❤❡ #❡♠♣♦'❛❧ ♦✈❡'❧❛♣ ✇❛- ❛❝❤✐❡✈❡❞ ❜② ✉-✐♥❣ #❤❡ ✐♦♥✐-❛#✐♦♥ ♠❡#❤♦❞ ❞❡-❝'✐❜❡❞ ❜❡❢♦'❡ ❜②

♠❡❛♥- ♦❢ #❤❡ -❤❛❞♦✇❣'❛♣❤② ❞✐❛❣♥♦-#✐❝✳ ❚❤❡ ❍❡❛#❡' ✇❛- ♠♦✈❡❞ ✐♥ #✐♠❡ ✉♥#✐❧ ♥♦ ♣❧❛-♠❛

❝❤❛♥♥❡❧ ✇❛- ✈✐-✐❜❧❡ ✐♥ #❤❡ ❣❛- ❥❡#✳ ❋✉'#❤❡'♠♦'❡✱ ♦♣'✐❝❛❧ .❤❛❞♦✇❣/❛♣❤② ♦❢ #❤❡ ❉'✐✈❡'

✐♥#❡'❛❝#✐♦♥ ✇❛- ♣❡'❢♦'♠❡❞ ❜② ♠❡❛♥- ♦❢ #❤❡ ❆❘❈❚❯❘❯❙ ♣/♦❜❡ ❜❡❛♠✱ -❡❡ ♣❧♦#✭❜✮✳

✽✾



❈❤❛♣$❡& ✹ ❉✐❛❣♥♦-$✐❝-✱ ✐♥✈❡-$✐❣❛$✐♦♥ ♠❡$❤♦❞- ❛♥❞ ❡①♣❡&✐♠❡♥$❛❧ -❡$✉♣-

Driver

Heater

Shadowgraphy

Interferometry

✭❛✮ ❖♣%✐❝❛❧ ♣)♦❜✐♥❣ ♦❢ %❤❡ ❍❡❛%❡)

Shadowgraphy

Probe

beam

Driver

✭❜✮ ❖♣%✐❝❛❧ ♣)♦❜✐♥❣ ♦❢ %❤❡ ❉)✐✈❡)

❋✐❣✉&❡ ✹✳✷✼✿ ❙❦❡#❝❤ ♦❢ #❤❡ ✜)*# ♠♦❞✐✜❝❛#✐♦♥ ♦❢ #❤❡ ❢✴✶✵ ❖❆5 *❡#✉♣✳ 5❧♦# ✭❛✮✿ ❇❡❛♠

✶ ✐* ✉*❡❞ ❛* ♦♣#✐❝❛❧ ❞✐❛❣♥♦*#✐❝ ❜❡❛♠✱ ✇❤✐❧❡ #❤❡ ❍❡❛#❡) ❜❡❛♠ ✐* *#✐❧❧ ❢♦❝✉*❡❞ ❜② #❤❡

❞✐❡❧❡❝#)✐❝ ❢✴✶✵ ❖❆5 ✐♥#♦ #❤❡ ❣❛* #❛)❣❡#✳ ■♥#❡)❢❡)♦♠❡#)② ❛♥❞ *❤❛❞♦✇❣)❛♣❤② ♦❢ #❤❡ ❧❛*❡)

♣❧❛*♠❛ ✐♥#❡)❛❝#✐♦♥ ✇❡)❡ ❡♠♣❧♦②❡❞ ❛* ♠❛✐♥ ❞✐❛❣♥♦*#✐❝*✳ 5❧♦# ✭❜✮✿ ❙❤❛❞♦✇❣)❛♣❤② ♦❢

#❤❡ ❉)✐✈❡) ❜❡❛♠ ✐♥#❡)❛❝#✐♦♥ ✇❛* ♣❡)❢♦)♠❡❞ ❜② ♠❡❛♥* ♦❢ #❤❡ ♦♣#✐❝❛❧ ♣)♦❜❡ ❜❡❛♠✳

❋✉)#❤❡)♠♦)❡✱ #❤❡ ✐♥#❡)❛❝#✐♦♥ ♦❢ #❤❡ ❍❡❛#❡) ✇✐#❤ #❤❡ ♣❧❛*♠❛ ✇❛* *#✉❞✐❡❞ ❜② ❝❤❛#❣❡❞

♣❛#(✐❝❧❡ ♣#♦❜✐♥❣ ✭*❡❡ *❡❝#✐♦♥ ✹✳✺✮✳ ❚❤❡)❡❢♦)❡✱ ❜❡❛♠ ✶ ✇❛* ✉*❡❞ #♦ ❛❝❝❡❧❡)❛#❡ ♣)♦#♦♥*
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❢♦❝✉(❡❞ ❜② #❤❡ ❞✐❡❧❡❝#:✐❝ ❢✴✶✵ ❖❆4 ✐♥#♦ #❤❡ ❣❛( #❛:❣❡#✳ ❇❡❛♠ ✶ ✐( ❢♦❝✉(❡❞ ✇✐#❤ ❛♥

❢✴✷ ❣♦❧❞ ❝♦❛#❡❞ ❖❆4 ♦♥#♦ ❛ (♦❧✐❞ #❛:❣❡#✳ ❆❝❝❡❧❡:❛#❡❞ ♣:♦#♦♥( ❛:❡ ❞❡✢❡❝#❡❞ ✐♥(✐❞❡ #❤❡
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❢♦❝✉%✐♥❣ ❡✛❡❝"% ❜② "❤❡ ❧❛%❡* ❜❡❛♠✳ ❆ ♥♦♥✲♥❡✉"*❛❧ ❝❤❛♥♥❡❧ ❡✈❛❝✉❛"❡❞ ♦❢ ❡❧❡❝"*♦♥% ✇❛%

❝*❡❛"❡❞✳ ❈♦♥%❡K✉❡♥"❧②✱ "❤❡ ✐♦♥% ✇❡*❡ *❛❞✐❛❧❧② ❡①♣❡❧❧❡❞ ❛♥❞ ❛❝❝❡❧❡*❛"❡❞ ♦✉"✇❛*❞% ✐♥ "❤❡

"*❛♥%✈❡*%❡ ❞✐*❡❝"✐♦♥ ❜② "❤❡✐* ♦✇♥ %♣❛❝❡✲❝❤❛*❣❡ ✜❡❧❞✱ ✇❤✐❝❤ ✐% ❝❛❧❧❡❞ ❈♦✉❧♦♠❜ ❡①♣❧♦%✐♦♥

✭❈❊✮✳

❊①♣❡*✐♠❡♥"❛❧❧② ❛❝❝❡❧❡*❛"❡❞ ✐♦♥% ✇❡*❡ ❞❡"❡❝"❡❞ ✐♥ "❤❡ "*❛♥%✈❡*%❡ ❞✐*❡❝"✐♦♥ ✈✐❛ ❚❤♦♠%♦♥

♣❛*❛❜♦❧❛ %♣❡❝"*♦♠❡"❡*%✳ ❚❛*❣❡" ❞❡♥%✐"✐❡% ❛♥❞ "❤❡ ❣❛% "②♣❡✱ ❍❡❧✐✉♠ ♦* ❍②❞*♦❣❡♥✱ ✇❡*❡

✈❛*✐❡❞ "♦ ❢✉❧❧② ♦♣"✐♠✐%❡ "❤❡ ✐♥"❡*❛❝"✐♦♥ ❝♦♥❞✐"✐♦♥%✳ ❋✉*"❤❡*♠♦*❡✱ "❤❡ ♣❤②%✐❝❛❧ ❝♦♥❝❡♣" ♦❢

"❤❡ ❛❝❝❡❧❡*❛"✐♦♥ ♠❡❝❤❛♥✐%♠ ✇❛% ✐❞❡♥"✐✜❡❞ ❜② ♥✉♠❡*✐❝❛❧ %✐♠✉❧❛"✐♦♥%✱ ✇❤✐❝❤ *❡♣*♦❞✉❝❡❞

✇❡❧❧ "❤❡ ❡①♣❡*✐♠❡♥"❛❧ *❡%✉❧"%✳ ❋✐*%" ✐♥%✐❣❤"% ✐♥"♦ "❤❡ ♣❛*"✐❝❧❡ ❞✐%"*✐❜✉"✐♦♥ ❛♥❞ ❡❧❡❝"*✐❝

❛♥❞ ♠❛❣♥❡"✐❝ ✜❡❧❞% ✐♥ "❤❡ ♣❧❛%♠❛ ❛*❡❛ ✇❡*❡ ❣✐✈❡♥✳ ❈♦♥%❡K✉❡♥"✐❛❧❧②✱ "❤❡ ❝♦♥❞✐"✐♦♥% ❢♦*

"❤❡ ♥♦♥❧✐♥❡❛* ❡✛❡❝"% *❡%♣♦♥%✐❜❧❡ ❢♦* "❤❡ ❈❊ ❛♥❞ "❤❡ ♥❡❝❡%%❛*② ❝♦♥❞✐"✐♦♥% ❢♦* "❤❡ ❈❊✱

♣❧✉% "❤❡ ♠❛①✐♠✉♠ ✐♦♥ ❡♥❡*❣✐❡% ✇❡*❡ ❝❛❧❝✉❧❛"❡❞ ❜② ♠❡❛♥% ♦❢ ❛♥❛❧②"✐❝❛❧ ♠♦❞❡❧%✳

▼♦*❡♦✈❡*✱ ✈❛*✐♦✉% ❞✐❛❣♥♦%"✐❝%✱ ❡❧❡❝"*♦♥ %♣❡❝"*♦♠❡"❡*✱ ♦♣"✐❝❛❧ ♣*♦❜✐♥❣ ❛♥❞ ❝❤❛*❣❡ ♣❛*"✐❝❧❡

♣*♦❜✐♥❣✱ ✇❡*❡ ❡♠♣❧♦②❡❞✱ ✇❤✐❝❤ ❛❧❧♦✇❡❞ ❛ ❞❡❡♣ ✉♥❞❡*%"❛♥❞✐♥❣ ♦❢ "❤❡ ♣❤②%✐❝❛❧ ♣*♦❝❡%%❡%

❛" ♣❧❛②✳ ❚❤❡ ❡❧❡❝"*♦♥ ❛❝❝❡❧❡*❛"✐♦♥ ❜② "❤❡ ❍❡❛"❡* ✐♥"❡*❛❝"✐♦♥ ❛" ❧♦✇ "❛*❣❡" ❞❡♥%✐"✐❡% ✇❛%

✐♥✈❡%"✐❣❛"❡❞ ❛♥❞ ❞✐%❝✉%%❡❞✳ ❉✉❡ "♦ ♦♣"✐❝❛❧ ♣*♦❜✐♥❣ ♦❢ "❤❡ ❝*❡❛"❡❞ ♣❧❛%♠❛ ❝❤❛♥♥❡❧✱ "❤❡

✾✺



❈❤❛♣$❡& ✺ ■♦♥ ❛❝❝❡❧❡&❛$✐♦♥ ✈✐❛ ❈♦✉❧♦♠❜ ❡①♣❧♦3✐♦♥ ✐♥ ✉♥❞❡&❞❡♥3❡ $❛&❣❡$3

❡✈♦❧✉%✐♦♥ ✐♥ ❧♦♥❣✐%✉❞✐♥❛❧ ❛♥❞ %+❛♥,✈❡+,❡ ❞✐+❡❝%✐♦♥ ✇❛, ❛♥❛❧②,❡❞✳ ❱✐❛ ❝❤❛+❣❡ ♣❛+%✐❝❧❡

♣+♦❜✐♥❣✱ ,♦❧✐%♦♥ ,%+✉❝%✉+❡, ✇❡+❡ ♦❜,❡+✈❡❞ ❛% %❤❡ ❝❤❛♥♥❡❧ ❝❡♥%+❡✳ ❚❤❡,❡ ,%+✉❝%✉+❡, ❝❛♥

❡①♣❧♦❞❡ ❛♥❞ ❝♦♥%+✐❜✉%❡ %♦ %❤❡ ❧♦✇ ❡♥❡+❣② ✐♦♥ ,♣❡❝%+❛✳

✺✳✶ ❊①♣❡'✐♠❡♥+❛❧ '❡.✉❧+.

■♦♥, ✇❡+❡ ❛❝❝❡❧❡+❛%❡❞ ❛❧♦♥❣ 0◦ ❛♥❞ 10◦ ✭+❡❧❛%❡❞ %♦ %❤❡ ❉+✐✈❡+ ❜❡❛♠✮ ❜② ♦♥❧② %❤❡ ❍❡❛%❡+

✭❢✴✶✵✮ ✐♥%❡+❛❝%✐♥❣ ✇✐%❤ %❤❡ ❣❛, %❛+❣❡%✳ ❚❤❡ ❡①♣❡+✐♠❡♥%❛❧ ,❡%✉♣ ❝❛♥ ❜❡ ,❡❡♥ ✐♥ ✜❣✉+❡

✹✳✷✸✳

❋✐❣✉+❡ ✺✳✶ ✭❛✮ ,❤♦✇, %❤❡ ♣+♦%♦♥ ,♣❡❝%+❛ ♦❢ %❤❡ ❜❡,% ♠❡❛,✉+❡♠❡♥%,✱ ❞❡%❡+♠✐♥❡❞ ❜② %❤❡

❚❤♦♠,♦♥ ♣❛+❛❜♦❧❛ ❛❧♦♥❣ 0◦✳ ❚❤❡ ♣+♦%♦♥, ✇❡+❡ ❛❝❝❡❧❡+❛%❡❞ ❜② %❤❡ ✐♥%❡+❛❝%✐♦♥ ♦❢ %❤❡

❢✴✶✵✲❍❡❛%❡+ ❜❡❛♠ ✇✐%❤ %❤❡ ❍②❞+♦❣❡♥ ❣❛, ❥❡% ✇✐%❤ ❞✐✛❡+❡♥% ♥❡✉%+❛❧ ❞❡♥,✐%✐❡,✳ ❚❤❡ ,♣❡❝✲

%+❛❧ ❝❤❛+❛❝%❡+✐,%✐❝, ❛% ❞✐✛❡+❡♥% ❞❡♥,✐%✐❡, ❛+❡ ❛❧♠♦,% ,✐♠✐❧❛+✳ ❚❤❡ ❜❛❝❦❣+♦✉♥❞ ✢✉① ❧❡✈❡❧ ✐,

❛❜♦✉% 1.5 · 108 ♣❛+%✐❝❧❡,✴,+✴▼❡❱✳ ❚❤❡ ♠✐♥✐♠✉♠ ❡♥❡+❣② ✐, +❡❧❛%❡❞ %♦ %❤❡ ❧♦✇❡+ ❞❡%❡❝%✐♦♥

❧✐♠✐% ♦❢ %❤❡ ❚❤♦♠,♦♥ ♣❛+❛❜♦❧❛✳ ❚❤❡ ♠❛①✐♠✉♠ ❝✉%✲♦✛ ❡♥❡+❣② ❢♦+ ❡❛❝❤ ♣+❡,,✉+❡ ✐, ❛♣✲

♣+♦①✐♠❛%❡❧② ✷✸✵ ❦❡❱✳ ❖♥❧② ❛% ❛ ❧♦✇ ❞❡♥,✐%② ✭0.019n
❝

✮ ❛ ❝✉%✲♦✛ ❡♥❡+❣② ♦❢ ❛❜♦✉% ✸✶✵ ❦❡❱

✐, +❡❛❝❤❡❞✱ ✇❤✐❝❤ ✇❛, ❛♥ ❡①❝❡♣%✐♦♥✳ ❋✉+%❤❡+♠♦+❡✱ %❤❡ ❛❝❝❡❧❡+❛%✐♦♥ ✈❛♥✐,❤❡❞ ❛% ❤✐❣❤

❞❡♥,✐%✐❡, ✭❛❜♦✈❡ 0.121n
❝

✮✱ ♥♦ ♣+♦%♦♥, ✇❡+❡ ♠❡❛,✉+❡❞ ❛❜♦✈❡ %❤✐, ✈❛❧✉❡✳ O+♦%♦♥, ✇❡+❡

❞❡%❡❝%❡❞ ❜② %❤❡ 10◦ ❚❤♦♠,♦♥ ♣❛+❛❜♦❧❛ ,♣❡❝%+♦♠❡%❡+ ❢♦+ %❤❡ ✇❤♦❧❡ ❞❡♥,✐%② +❛♥❣❡✱ ❛,

✈✐,✐❜❧❡ ✐♥ ♣❧♦% ✭❜✮ ❛♥❞ ✐♥ %❤❡ ❝♦♠♣❛+✐,♦♥ ❜❡%✇❡❡♥ ,✐♥❣❧❡ ❛♥❞ ❞♦✉❜❧❡ ❜❡❛♠ ❝♦♥✜❣✉+❛%✐♦♥✳

❚❤❡ ♠❛①✐♠✉♠ ❝✉%✲♦✛ ❡♥❡+❣✐❡, ✇❡+❡ ❛❜♦✉% ❤❛❧❢ %❤❡ ✈❛❧✉❡ ♦❢ %❤❡ 0◦ ❚O✳

✾✻



✺✳✶ ❊①♣❡'✐♠❡♥+❛❧ '❡.✉❧+.
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✭❜✮ ❈✉&✲♦✛ ❡♥❡$❣✐❡+

❋✐❣✉'❡ ✺✳✶✿ ●!❛♣❤ ✭❛✮✿ (!♦*♦♥ ❡♥❡!❣② /♣❡❝*!❛ ❢♦! ❞✐✛❡!❡♥* ♥❡✉*!❛❧ *❛!❣❡* ❞❡♥/✐*✐❡/ ✐♥

*❤❡ /✐♥❣❧❡ ❜❡❛♠ ❝♦♥✜❣✉!❛*✐♦♥✱ ❞❡*❡❝*❡❞ ❜② *❤❡ 0◦ ❚❤♦♠/♦♥ ♣❛!❛❜♦❧❛✳ ❚❤❡ ♣!♦*♦♥/

❛!❡ ❛❝❝❡❧❡!❛*❡❞ *!❛♥/✈❡!/❡ *♦ *❤❡ ❜❡❛♠ ❛①✐/✳ (❧♦* ✭❜✮✿ ▼❛①✐♠✉♠ ❝✉*✲♦✛ ❡♥❡!❣✐❡/ ♦❢

*❤❡ ♣!♦*♦♥/ ❞❡*❡❝*❡❞ ❜② *❤❡ 0◦ ✭❜❧❛❝❦✮ ❛♥❞ 10◦ ✭!❡❞✮ /♣❡❝*!♦♠❡*❡!✳

❚❤❡ ❡♥❡!❣② /♣❡❝*!❛✱ ❞❡*❡❝*❡❞ ❜② *❤❡ 0◦ ❚❤♦♠/♦♥ ♣❛!❛❜♦❧❛✱ ♦❢ *❤❡ ❛❝❝❡❧❡!❛*❡❞ ❍❡+ ✐♦♥/

❝❛♥ ❜❡ /❡❡♥ ✐♥ ✜❣✉!❡ ✺✳✷ ✭❛✮✳ (❛!*✐❝❧❡/ ✇❡!❡ ❛❝❝❡❧❡!❛*❡❞ ♦✈❡! *❤❡ ✇❤♦❧❡ ✈❛!✐❡*② ♦❢ ♣♦//✐❜❧❡

*❛!❣❡* ❞❡♥/✐*✐❡/✳ ▼❛①✐♠✉♠ ❡♥❡!❣✐❡/ ♦❢ ❛❜♦✉* ✷✵✵ *♦ ✸✵✵ ❦❡❱ ✇❡!❡ ❛❝❤✐❡✈❡❞✳ ❖♥❧② ❛*

❛ ✈❡!② ❧♦✇ *❛!❣❡* ❞❡♥/✐*② ✭0.012n
❝

✮ ❛♥❞ ❛ ✈❡!② ❤✐❣❤ ❞❡♥/✐*② ✭0.12n
❝

✮ *❤❡ ♠❛①✐♠✉♠

❡♥❡!❣② ✐/ ❧♦✇✱ ❝✐!❝❛ ✶✷✺ ❦❡❱✳ (❧♦* ✭❜✮ /❤♦✇/ *❤❡ ❍❡

++
❡♥❡!❣② /♣❡❝*!❛✳ ❍❡

++
✇❛/ ♦♥❧②

❞❡*❡❝*❡❞ ❛* ❤✐❣❤ ❞❡♥/✐*✐❡/✱ ❧✐❦❡ 0.084n
❝

♦! ❤✐❣❤❡!✳ ❚❤❡ ✢✉① ✐/ ♠♦!❡ *❤❛♥ ✶✵ *✐♠❡/ ❧♦✇❡!✱

❝♦♠♣❛!❡❞ *♦ *❤❡ ❍❡

+
❝❛/❡✱ ❛♥❞ *❤❡ ♠❛①✐♠✉♠ ❛❝❤✐❡✈❡❞ ❡♥❡!❣✐❡/ ❛!❡ ❛❜♦✉* ✷✺✵ ❦❡❱✳

❚❤❡ ♠✐♥✐♠✉♠ ❡♥❡!❣② ✐/ ❧✐♠✐*❡❞ *♦ ✷✶✵ ❦❡❱ ❞✉❡ *♦ *❤❡ ❚❤♦♠/♦♥ ♣❛!❛❜♦❧❛ ❝♦♥✜❣✉!❛*✐♦♥✳

❲❤❡!❡❛/✱ *❤❡ 10◦ ❚❤♦♠/♦♥ ♣❛!❛❜♦❧❛ ✇❛/ ❜✉✐❧* ✐♥ ❛ ✇❛② *♦ ❞❡*❡❝* ✈❡!② ❧♦✇ ✐♦♥/✳ ❍❡!❡✱

❍❡

+
❛♥❞ ❍❡

++
✇❡!❡ ✐❞❡♥*✐✜❡❞ ❢!♦♠ ❛ ❧♦✇ *❛!❣❡* ❞❡♥/✐*② ♦♥✳ ❚❤✐/ ❝❛♥ ❜❡ /❡❡♥ ✐♥ ❣!❛♣❤

✭❝✮✱ ✇❤✐❝❤ ✐❧❧✉/*!❛*❡/ *❤❡ ♠❛①✐♠✉♠ ❝✉*✲♦✛ ❡♥❡!❣✐❡/ ✈❡!/✉/ *❛!❣❡* ❞❡♥/✐*✐❡/ ❢♦! *❤❡ 0◦ ❛♥❞

10◦ ❞❡*❡❝*✐♦♥ ❛♥❣❧❡✳ ❇❡/✐❞❡/✱ ♥♦ ✐♦♥/ ✇❡!❡ ❞❡*❡❝*❡❞ ❛* *❛!❣❡* ❞❡♥/✐*✐❡/ ❛❜♦✈❡ 0.12n
❝

✳

✾✼



❈❤❛♣$❡& ✺ ■♦♥ ❛❝❝❡❧❡&❛$✐♦♥ ✈✐❛ ❈♦✉❧♦♠❜ ❡①♣❧♦3✐♦♥ ✐♥ ✉♥❞❡&❞❡♥3❡ $❛&❣❡$3
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++
❡♥❡&❣② )♣❡❝,&❛
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✭❝✮ ❈✉,✲♦✛ ❡♥❡&❣✐❡)

❋✐❣✉&❡ ✺✳✷✿ ❍❡

+
✱ ❣$❛♣❤ ✭❛✮ ❛♥❞ ❍❡

++
✱ ❣$❛♣❤ ✭❜✮ ✐♦♥ ❡♥❡$❣② 0♣❡❝2$❛ ♦❢ 2❤❡ 0◦ ❚❤♦♠0♦♥

♣❛$❛❜♦❧❛ ❢♦$ ❞✐✛❡$❡♥2 2❛$❣❡2 ❞❡♥0✐2✐❡0✳ ●$❛♣❤ ✭❝✮ 0❤♦✇0 2❤❡ ♠❛①✐♠✉♠ ❝✉2✲♦✛ ❡♥❡$❣✐❡0

❢♦$ ❞✐✛❡$❡♥2 2❛$❣❡2 ❞❡♥0✐2✐❡0 ❞❡2❡❝2❡❞ ❜② 2❤❡ 0◦ ❛♥❞ 10◦ ❚> 0♣❡❝2$♦♠❡2❡$✳

✾✽



✺✳✷ ◆✉♠❡'✐❝❛❧ ,✐♠✉❧❛-✐♦♥,

✺✳✷ ◆✉♠❡'✐❝❛❧ ,✐♠✉❧❛-✐♦♥,

❚✳ ▲✐$❡②❦✐♥❛ ♦❢ "❤❡ ✉♥✐✈❡)*✐"② ♦❢ ❘♦*"♦❝❦ ♣)♦✈✐❞❡❞ ✷❉ "■❈ %✐♠✉❧❛+✐♦♥% ♦❢ "❤❡ ❍❡❛"❡)

❜❡❛♠✬* ✐♥"❡)❛❝"✐♦♥ ✇✐"❤ "❤❡ ❣❛* "❛)❣❡"✳ ❇② ♠❡❛♥* ♦❢ "❤❡ *✐♠✉❧❛"✐♦♥ )❡*✉❧"* ❛ ✜)*" ✐♥*✐❣❤"

✐♥"♦ "❤❡ ❧❛*❡) ♣)♦♣❛❣❛"✐♦♥✱ ❞❡♥*✐"② ❛♥❞ ✜❡❧❞ ❞✐*")✐❜✉"✐♦♥* ❛♥❞ ❛❝❝❡❧❡)❛"✐♦♥ ♦❢ ♣❛)"✐❝❧❡*

❛" ❞✐✛❡)❡♥" ♦❜*❡)✈❛"✐♦♥ "✐♠❡* ❝❛♥ ❜❡ ✐♥✈❡*"✐❣❛"❡❞✳ ■♥ ❛ *❛+,✐❝❧❡✲■♥✲❈❡❧❧ ✭@■❈✮ ❝♦❞❡

❝♦♠♣✉"❛"✐♦♥❛❧ ♣❛)"✐❝❧❡* ❛♥❞ ❡❧❡❝")♦♠❛❣♥❡"✐❝ ✜❡❧❞* ❛)❡ ❞✐*❝)❡"✐*❡❞ ✐♥ ❛ ❣)✐❞ )❡♣)❡*❡♥"✐♥❣

❛ ❝♦❧❧✐*✐♦♥❧❡** ♣❧❛*♠❛✳ ❇② ♠❡❛♥* ♦❢ "❤✐* ♣❛)"✐❝❧❡✲❣)✐❞ ♥✉♠❡)✐❝❛❧ ♠❡"❤♦❞ "❤❡ ♣❛)"✐❝❧❡

❞❡♥*✐"② ❝❛♥ ❜❡ ❝❛❧❝✉❧❛"❡❞ ❛" ❡✈❡)② ❣)✐❞ ♣♦✐♥" ❜② )❡❝♦♥*")✉❝"✐♥❣ "❤❡ ♣❛)"✐❝❧❡ ❧♦❝❛"✐♦♥

❛♥❞ ✈❡❧♦❝✐"②✱ ✇❤✐❝❤ ❧❡❛❞* "♦ "❤❡ ❡❧❡❝")♦♠❛❣♥❡"✐❝ ✜❡❧❞* ❛❝❝❡❧❡)❛"✐♥❣ "❤❡ ❝❤❛)❣❡❞ ♣❛)"✐❝❧❡*

❬✽✻❪✳

❚❤❡ ❛❞✈❛♥❝❡❞ *❛+,✐❝❧❡✲✐♥✲❈❡❧❧ ❝♦❞❡ ❯▼❑❆ ✇❛* ❡♠♣❧♦②❡❞✳ ❚❤✐* ❝♦❞❡ ✐* ♦♣❡)❛"❡❞ ❜②

❞✐✛❡)❡♥" ♥✉♠❡)✐❝❛❧ ❛❧❣♦)✐"❤♠* *✉❝❤ ❛* "❤❡ ❨❡❡ ❈❛)"❡*✐❛♥ ❧❛""✐❝❡ "♦ ❝❛❧❝✉❧❛"❡ "❤❡ ❡❧❡❝")♦✲

♠❛❣♥❡"✐❝ ✜❡❧❞*✱ "❤❡ ❇♦)✐* ♣✉*❤❡) "♦ ✐♥"❡❣)❛"❡ "❤❡ ▲♦)❡♥"③ ❢♦)❝❡ ❛♥❞ "❤❡ ❝✉))❡♥" )❡❝♦♥✲

*")✉❝"✐♦♥ *❝❤❡♠❡ "♦ *❛"✐*❢② "❤❡ ❝♦♥"✐♥✉✐"② ❡L✉❛"✐♦♥✱ ❛* ❞❡*❝)✐❜❡❞ ✐♥ ❬✽✼✱ ✽✽❪✳ ❚❤❡ ❯▼❑❆

❝♦❞❡ ❤❛* ♦❢"❡♥ ❜❡❡♥ ❛♣♣❧✐❡❞ "♦ ❝♦♠♣❛)❡ ❡①♣❡)✐♠❡♥"❛❧ )❡*✉❧"* ♦) ❛♥❛❧②"✐❝❛❧ ♠♦❞❡❧*✱ *❡❡

❬✽✾✱ ✾✵✱ ✾✶✱ ✾✷✱ ✾✸❪✳

Hydrogen density n/n
e

1.0

0.8

0.6

0.4

0.2

0.0
0 100 200 300 400 500 600

x/λ

❋✐❣✉$❡ ✺✳✸✿ ●❛" ❞❡♥"✐'② ♣*♦✜❧❡

♥♦*♠❛❧✐"❡❞ '♦ '❤❡ ♠❛①✐♠✉♠

'❛*❣❡' ❞❡♥"✐'② ❢♦* '❤❡ 4■❈

"✐♠✉❧❛'✐♦♥"✳

❚❤❡ ❡①♣❡*✐♠❡♥'❛❧ ❧❛"❡* ♣❛*❛♠❡'❡*" ✇❡*❡ ✉"❡❞ ❛"

✐♥♣✉' ❢♦* '❤❡ ❯▼❑❆ ❝♦❞❡✿ d0 = 12µ♠ ✭❋❲❍▼✮✱

λ = 800µ♠✱ τ = 30 ❢"✱ I
▲

≈ 2.4 ·1019❲✴❝♠2
✭a0 =

3.4✮ ❛♥❞ ♣✲♣♦❧❛*✐③❛'✐♦♥✳ ❆❧❧ ① ❛♥❞ ② ❞✐♠❡♥"✐♦♥" ❛*❡

✐♥ '❤❡ ✉♥✐' ♦❢ λ✳ ❆❧❧ '✐♠❡ "'❡♣" ❛*❡ ✐♥ '❤❡ ✉♥✐' ♦❢

♦♥❡ ❧❛"❡* ❝②❝❧❡ ❚✱ ✇❤✐❝❤ ✐" ❚ ≈ 2.6 ❢"✳ ❚❤❡ ❞❡♥"✐'②

♣*♦✜❧❡ ♦❢ '❤❡ ❣❛" ✇❛" *❡❞✉❝❡❞ ✐♥ "✐③❡ ✐♥ ♦*❞❡* '♦

"❛✈❡ ❝♦♠♣✉'❛'✐♦♥❛❧ '✐♠❡ ❛" ✐❧❧✉"'*❛'❡❞ ✐♥ ✜❣✉*❡ ✺✳✸

✇✐'❤ '✇♦ ✶✺✵ λ ❧♦♥❣ ❡❞❣❡" ♦♥ ❜♦'❤ "✐❞❡" ❛❞♦♣'❡❞ '♦

❛ sin2
✜' ❛♥❞ ❛ ❝♦♥"'❛♥' ❝❡♥'*❛❧ ❞❡♥"✐'② ♦❢ ❛ ❧❡♥❣'❤

♦❢ ✸✵✵λ✳ ❚❤❡ ❞❡♥"✐'② ♦❢ '❤❡ ♣*♦✜❧❡ ✐" ♥♦*♠❛❧✐"❡❞

'♦ '❤❡ ♠❛①✐♠✉♠ '❛*❣❡' ❞❡♥"✐'②✳

❚❤❡ "✐♠✉❧❛'✐♦♥" ✐♥✈❡"'✐❣❛'❡❞ ❛♥ ❡①❡♠♣❧❛*② ❍②❞*♦✲

❣❡♥ '❛*❣❡' ✇✐'❤ ❛ ❞❡♥"✐'② ♦❢ ne = 9.9 · 1019 ❝♠−3 ≈
0.056n

❝

✳ ❋✐*"' ♦❢ ❛❧❧✱ '❤❡ ❧❛"❡* ✐♥'❡♥"✐'② ✐♥"✐❞❡ '❤❡ ♣❧❛"♠❛ ✇❛" ♦❜"❡*✈❡❞ ✐♥ "✐① ❞✐✛❡*❡♥'

'✐♠❡ "'❡♣"✱ ✈✐"✐❜❧❡ ✐♥ ✜❣✉*❡ ✺✳✹✳ ❚❤❡ ✐♥'❡♥"✐'② ✇❛" ♣❧♦''❡❞ ✐♥ ❧♦❣❛*✐'❤♠✐❝ "❝❛❧❡ ✭ lg(I/I0)✮

✾✾



❈❤❛♣$❡& ✺ ■♦♥ ❛❝❝❡❧❡&❛$✐♦♥ ✈✐❛ ❈♦✉❧♦♠❜ ❡①♣❧♦3✐♦♥ ✐♥ ✉♥❞❡&❞❡♥3❡ $❛&❣❡$3

❛♥❞ ❝♦❧♦✉' ❜❧✉❡ '❡♣'❡+❡♥,+ ,❤❡ ✈❛❝✉✉♠ ✐♥,❡♥+✐,②✱ ✇❤✐❧❡ ❞❛'❦ ❜❧❛❝❦ ✐❧❧✉+,'❛,❡+ ❛♥ ✐♥,❡♥+✐,②

❡♥❤❛♥❝❡♠❡♥,✳ ❚❤❡ ❜❧❛❝❦ ❝✐'❝❧❡+ ✐♥ t = 120❚= 312 ❢+ ✉♣ ,♦ t = 210❚= 546 ❢+ ❤✐❣❤❧✐❣❤,

+❡❧❢✲❢♦❝✉+✐♥❣ ❡✛❡❝,+ ✇✐,❤ ❛♥ ✐♥❝'❡❛+❡ ♦❢ lg(I/I0) = 0.5✱ ✇❤✐❝❤ ❝♦''❡+♣♦♥❞+ ,♦ I = 3I0✳

❆, t = 300❚= 780 ❢+ ,❤❡ ❧❛+❡' ♣✉❧+❡ ❤❛+ ♥❡❛'❧② '❡❛❝❤❡❞ ,❤❡ ❝❡♥,'❡ ♦❢ ,❤❡ ♥♦③③❧❡ ❛,

x = 300λ = 240µ♠ ❛♥❞ ✐+ ❞❡♣❧❡,❡❞ ✐♥+✐❞❡ ,❤❡ ♣❧❛+♠❛ ✇✐,❤ ❛ ❧♦++ ♦❢ ❛❧♠♦+, ✐,+ ✐♥✐,✐❛❧

✐♥,❡♥+✐,②✳

❋✐❣✉&❡ ✺✳✹✿ ▲❛+❡' ✐♥,❡♥+✐,② ❞✐+,'✐❜✉,✐♦♥ ✐♥+✐❞❡ ,❤❡ ♣❧❛+♠❛ ❢'♦♠ >■❈ +✐♠✉❧❛,✐♦♥+ ❛,

❞✐✛❡'❡♥, ♦❜+❡'✈❛,✐♦♥ ,✐♠❡+✳

❋✐❣✉'❡ ✺✳✺ +❤♦✇+ ,✇♦ +✐♠✉❧❛,✐♦♥ '❡+✉❧,+ ❛, ,✐♠❡+ t = 570❚= 1.482 ♣+ ✭❧❡❢,✮ ❛♥❞ t =

810❚= 2.106 ♣+ ✭'✐❣❤,✮ ♦❢ ,❤❡ ✐♦♥ ❞❡♥+✐,② ✭,♦♣ ♦❢ ❡❛❝❤ ✐♠❛❣❡+✮ ❛♥❞ ❡❧❡❝,'♦♥ ❞❡♥+✐,②

✭❜♦,,♦♠ ♦❢ ❡❛❝❤ ✐♠❛❣❡✮✳ ❚❤❡ ❝♦❧♦✉' +❝❛❧❡ ✐+ ❛❞♦♣,❡❞ ,♦ ,❤❡ ✉♥✐,+ ♦❢ n
❡

/n
❝

✳ ❆ ❢♦'♠❛,✐♦♥

♦❢ ❛ ♣❛',❧② ❡✈❛❝✉❛,❡❞ ❞❡♥+✐,② ❝❤❛♥♥❡❧ ❛❧♦♥❣ ,❤❡ ❧❛+❡' ❛①✐+ ❝❛♥ ❜❡ ♦❜+❡'✈❡❞✳ ❊❧❡❝,'♦♥+

❛♥❞ ❝♦♥+❡G✉❡♥,❧② ✐♦♥+ ❛'❡ ❡①♣❡❧❧❡❞ ✐♥ ,❤❡ ,'❛♥+✈❡'+❡ ❞✐'❡❝,✐♦♥✱ ❞✉❡ ,♦ ,❤❡ ♣♦♥❞❡'♦♠♦,✐✈❡

❝❤❛♥♥❡❧✐♥❣ ❛♥❞ +❡❧❢✲❢♦❝✉+✐♥❣ ❡✛❡❝,+✳ ❚❤❡'❡❢♦'❡✱ ,❤❡ ♣❧❛+♠❛ ❞❡♥+✐,② ✐♥+✐❞❡ ,❤❡ ❝❤❛♥♥❡❧

✐+ ❧♦✇❡' ❝♦♠♣❛'❡❞ ,♦ ,❤❡ ❞❡♥+✐,② ♦❢ ,❤❡ +✉''♦✉♥❞✐♥❣ ♣❧❛+♠❛✳ ❆, ,❤❡ ❝❤❛♥♥❡❧ ❡❞❣❡+ ,❤❡

❞❡♥+✐,② ✐+ ♠♦'❡ ,❤❛♥ ❛ ❢❛❝,♦' ,❤'❡❡ ❤✐❣❤❡' ,❤❛♥ ,❤❡ ❞❡♥+✐,② ❛, ,❤❡ ❝❤❛♥♥❡❧ ❛①✐+✳ ❚❤❡

❝❤❛♥♥❡❧ ✇❛❧❧+ ♦❢ ,❤❡ ❡❧❡❝,'♦♥ ❞❡♥+✐,② ❞✐+,'✐❜✉,✐♦♥ ❛'❡ ❧❡++ +❤❛'♣ ,❤❛♥ ,❤❡ ✇❛❧❧+ ♦❢ ,❤❡ ✐♦♥

❞✐+,'✐❜✉,✐♦♥✱ ❜❡❝❛✉+❡ ♦❢ ✈❛❝✉✉♠ ❤❡❛,✐♥❣ ❡✛❡❝,+ ❛, ,❤❡ ❡❞❣❡+✳ ■♥ ❛❞❞✐,✐♦♥✱ ,❤❡ ❝❤❛♥♥❡❧

✇✐❞,❤ ✐+ +❧♦✇❧② ❣'♦✇✐♥❣ ❞✉'✐♥❣ ✻✷✹ ❢+ ❜❡,✇❡❡♥ ,❤❡ ✐♠❛❣❡+✱ ❢'♦♠ ❛❜♦✉, 25µ♠ ,♦ 35µ♠✳

✶✵✵



✺✳✷ ◆✉♠❡'✐❝❛❧ ,✐♠✉❧❛-✐♦♥,

■♥ "❤❡ ❝❡♥"&❡ ♦❢ "❤❡ ♣❧❛,♠❛ ✭x = 300λ = 240µ♠✮✱ "❤❡ ❧❛,❡& ❜❡❛♠ ✐, ❞✐,♣❡&,❡❞ ❛, ,❡❡♥

✐♥ ✜❣✉&❡ ✺✳✹✳ ❚❤✉,✱ "❤❡ ❝❤❛♥♥❡❧ ,"&✉❝"✉&❡ ✐♥ "❤❡ ❞❡♥,✐"② ❞✐,"&✐❜✉"✐♦♥ ,❧♦✇❧② ✈❛♥✐,❤❡, ✐♥

"❤❡ ❧♦♥❣✐"✉❞✐♥❛❧ ❞✐&❡❝"✐♦♥ ❜② ❛ ❞❡❝&❡❛,✐♥❣ ✇✐❞"❤✳
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❋✐❣✉'❡ ✺✳✺✿ ❈❤❛♥♥❡❧ ✐♦♥ ✭"♦♣✮ ❛♥❞ ❡❧❡❝"&♦♥ ✭❜♦""♦♠✮ ❞❡♥,✐"② ❞✐,"&✐❜✉"✐♦♥ ♦❢ ?■❈ ,✐♠✲

✉❧❛"✐♦♥, ❛" "✇♦ ❞✐✛❡&❡♥" "✐♠❡, ♦❢ t = 570❚= 1.482 ♣, ✭❧❡❢"✮ ❛♥❞ t = 810❚= 2.106 ♣,

✭&✐❣❤"✮✳

❚❤❡ ❡❧❡❝"&✐❝ ✭"♦♣✮ ❛♥❞ ♠❛❣♥❡"✐❝ ✭❜♦""♦♠✮ ✜❡❧❞ ❞✐,"&✐❜✉"✐♦♥, ❛&❡ ✐❧❧✉,"&❛"❡❞ ✐♥ ✜❣✉&❡

✺✳✻ ❢♦& "❤❡ ,❛♠❡ "✇♦ ,✐♠✉❧❛"✐♦♥ &✉♥ "✐♠❡, ❛, ❜❡❢♦&❡ ✭t = 570❚= 1.482 ♣, ✭❧❡❢"✮ ❛♥❞

t = 810❚= 2.106 ♣, ✭&✐❣❤"✮✳ ❚❤❡ ❝❤❛♥♥❡❧ ❡❞❣❡, ❛&❡ ,✉♣♣♦&"❡❞ ❜② ❡❧❡❝"&✐❝❛❧ ✜❡❧❞, ♦❢

"❤❡ ❝❤❛&❣❡❞ ♣❛&"✐❝❧❡,✳ ■♥ ❛❞❞✐"✐♦♥ ❜✉❜❜❧❡✲❧✐❦❡ ✜❡❧❞ ,"&✉❝"✉&❡,✱ ❡,♣❡❝✐❛❧❧② ❛" t = 570❚=

1.482 ♣,✱ ❝❛♥ ❜❡ &❡❝♦❣♥✐,❡❞ ❛" ❛❜♦✉" x = 220λ✳ ❋✉&"❤❡&♠♦&❡ ❛ E✉❛,✐,"❛"✐❝ ♠❛❣♥❡"✐❝

✜❡❧❞ ✐, ❜✉✐❧" ✉♣ ❛&♦✉♥❞ "❤❡ ❧❛,❡& ❛①✐, ✐♥,✐❞❡ "❤❡ ❝❤❛♥♥❡❧✱ ✇❤✐❝❤ ❡①✐,", ♦✈❡& "❤❡ ✇❤♦❧❡

"✐♠❡ ♣❡&✐♦❞✳ ❚❤❡ ❝❤❛♥♥❡❧ ❛♥❞ ✜❡❧❞ ,"&✉❝"✉&❡, ✇❡&❡ ❛❧,♦ ,✐♠✉❧❛"❡❞ ❢♦& "❤❡ ✐♥"❡&❛❝"✐♦♥ ♦❢

❛ ?❡"❛✇❛"" ❧❛,❡& ✇✐"❤ ❛♥ ✉♥❞❡&❞❡♥,❡ ❣❛, "❛&❣❡" ,❧❛❜ ✐♥ ❬✽✾✱ ✾✹✱ ✾✺❪✳

❚❤❡ ♥❡①" ,"❡♣ ✇❛, "♦ ❛♥❛❧②,❡ "❤❡ ♣&♦"♦♥ ❛❝❝❡❧❡&❛"✐♦♥ ❞✉❡ "♦ "❤❡ ✜❡❧❞, ✐♥,✐❞❡ "❤❡ ♣❧❛,♠❛✳

❚❤❡ ♣❤❛,❡ ,♣❛❝❡ ♣❧♦", ❛&❡ ♣✐❝"✉&❡❞ ✐♥ ✜❣✉&❡ ✺✳✼✳ ❚❤❡ ❧♦♥❣✐"✉❞✐♥❛❧ ❛❝❝❡❧❡&❛"✐♦♥ ✐♥ "❤❡

①✲❞✐&❡❝"✐♦♥ ✭"♦♣✮ ❛♥❞ "❤❡ "&❛♥,✈❡&,❡ ❛❝❝❡❧❡&❛"✐♦♥ ✭❜♦""♦♠✮ ✐♥ "❤❡ ②✲❞✐&❡❝"✐♦♥ ✇❡&❡ ✐♥✈❡,✲

"✐❣❛"❡❞✳ ❚❤❡ ✐♥"❡❣&❛"❡❞ ❦✐♥❡"✐❝ ❡♥❡&❣② E(P ) ♦❢ "❤❡ ✐♦♥,✱ ♥♦&♠❛❧✐,❡❞ "♦ m
✐

c✱ ✐, ♣❧♦""❡❞

✈❡&,✉, ① ❢♦& "❤❡ "✇♦ ❞✐✛❡&❡♥" "✐♠❡, ♦❢ "❤❡ ♣❧❛,♠❛ ❡✈♦❧✉"✐♦♥ ✭t = 570❚= 1.482 ♣, ✭❧❡❢"✮

❛♥❞ t = 810❚= 2.106 ♣, ✭&✐❣❤"✮✮✳ ❚❤❡ ❝♦❧♦✉& ,❝❛❧❡ ✐, ,❡" "♦ ❜❡ ❧♦❣❛&✐"❤♠✐❝ ♦❢ "❤❡ ♣❛&"✐❝❧❡

❞❡♥,✐"② f
✐

✱ ✇❤✐❝❤ ✐, ♣&♦♣♦&"✐♦♥❛❧ "♦ "❤❡ ♥✉♠❜❡& ♦❢ ♣❛&"✐❝❧❡, ✐♥ "❤❡ ✐♥"❡&✈❛❧ ❬∆x,∆P ❪✳

❚❤❡ ,❤❛&♣❡," ❡❞❣❡, ✐♥ "❤❡ ❞❡♥,✐"② ❛♥❞ ❡❧❡❝"&✐❝ ✜❡❧❞, ❛&❡ ✈✐,✐❜❧❡ ✐♥ "❤❡ ❝❡♥"&❡ ♦❢ "❤❡

♥♦③③❧❡✱ ❛&♦✉♥❞ x = 300λ✳ ❚❤✐, ✐♥❞✐❝❛"❡, ❛ &❛❞✐❛❧ ❛❝❝❡❧❡&❛"✐♦♥ ♦❢ ♣&♦"♦♥, ✐♥ "❤✐, ❛&❡❛✱

✇❤✐❝❤ ❝❛♥ ❜❡ ,❡❡♥ ✐♥ ,"&♦♥❣ ♠♦❞✉❧❛"✐♦♥, ✐♥ "❤❡ "&❛♥,✈❡&,❡ ✐♦♥ ♠♦♠❡♥"✉♠ ❞✐,"&✐❜✉"✐♦♥✳
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❈❤❛♣$❡& ✺ ■♦♥ ❛❝❝❡❧❡&❛$✐♦♥ ✈✐❛ ❈♦✉❧♦♠❜ ❡①♣❧♦3✐♦♥ ✐♥ ✉♥❞❡&❞❡♥3❡ $❛&❣❡$3

❋✐❣✉&❡ ✺✳✻✿ ❊❧❡❝$%✐❝ ✜❡❧❞ ✭$♦♣✮ ❛♥❞ ♠❛❣♥❡$✐❝ ✜❡❧❞ ✭❜♦$$♦♠✮ ❞✐2$%✐❜✉$✐♦♥ ✐♥ $❤❡ ♣❧❛2♠❛

❛$ $✇♦ ❞✐✛❡%❡♥$ $✐♠❡ 2$❡♣2✱ t = 570❚= 1.482 ♣2 ✭❧❡❢$✮ ❛♥❞ t = 810❚= 2.106 ♣2 ✭%✐❣❤$✮✳

❚✇♦ ❧♦❝❛❧ 2♣✐❦❡2 ❛$ $❤❡ ❜❡❣✐♥♥✐♥❣ ✭x = 0λ✮ ❛♥❞ ❛$ $❤❡ ❡♥❞ ✭x = 600λ✮ ♦❢ $❤❡ ♣❧❛2♠❛

❛%❡ ❞✐2$✐♥❣✉✐2❤❛❜❧❡ ✐♥ $❤❡ ❧♦♥❣✐$✉❞✐♥❛❧ ♣❤❛2❡ 2♣❛❝❡ ♣❧♦$2✱ ✇❤✐❝❤ ♦❝❝✉%%❡❞ ❞✉❡ $♦ ❢❛2$

❡2❝❛♣✐♥❣ ❡❧❡❝$%♦♥2 ❢%♦♠ $❤❡ ❧♦✇ ❞❡♥2✐$② ♣❧❛2♠❛✴❣❛2 ❡❞❣❡2✳ ❚❤❡ ❢♦%✇❛%❞ ❛❝❝❡❧❡%❛$✐♦♥✱

♦%✐❣✐♥❛$✐♥❣ ❢%♦♠ $❤❡ ❝❡♥$%❛❧ ♣❛%$ ♦❢ $❤❡ ♣❧❛2♠❛✱ ✐2 ✇❡❛❦❡% ✐♥ ❡♥❡%❣② ❝♦♠♣❛%❡❞ $♦ $❤❡

$%❛♥2✈❡%2❡ ❛❝❝❡❧❡%❛$✐♦♥✳
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✺✳✷ ◆✉♠❡'✐❝❛❧ ,✐♠✉❧❛-✐♦♥,

❚❤❡ ✐♦♥ &♣❡❝)*❛ ❝❛❧❝✉❧❛)❡❞ ❜② ♠❡❛♥& ♦❢ )❤❡ ♣❤❛&❡ &♣❛❝❡ ♣❧♦) ❛) t = 810❚= 2.106 ♣&
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♣❛*)✐❝❧❡& ❛❝❝❡❧❡*❛)❡❞ ✐♥ )❤❡ )*❛♥&✈❡*&❡ ❞✐*❡❝)✐♦♥ ❣❛✐♥ ❤✐❣❤❡* ❡♥❡*❣✐❡& ✉♣ )♦ ❛❜♦✉) ✽✺✵ ❦❡❱

✇✐)❤ ❛ ♣❧❛)❡❛✉ ✐♥ )❤❡ ♣❛*)✐❝❧❡ ✢✉①✳ ❚❤❡&❡ ❡♥❡*❣✐❡& ❛*❡ ♠♦*❡ )❤❛♥ )✇✐❝❡ ❛& ❤✐❣❤ ❛& )❤❡

❡♥❡*❣② ♦❢ )❤❡ ❢♦*✇❛*❞ ❛❝❝❡❧❡*❛)❡❞ ♣❛*)✐❝❧❡&✳ ❆ &♣❡❝)*✉♠ ♦❢ ❛❧❧ ♣❛*)✐❝❧❡& ❛❝❝❡❧❡*❛)❡❞ ✐♥

❡✈❡*② ❞✐*❡❝)✐♦♥ ✐& ✐❧❧✉&)*❛)❡❞ ❜② )❤❡ ❜❧❛❝❦ ❝✉*✈❡✳ ❙♦♠❡ ✐♦♥& ❛*❡ ❛❝❝❡❧❡*❛)❡❞ ✉♣ )♦ ❛❜♦✉)

✶✳✷▼❡❱✱ ❜✉) )❤❡ ✢✉① ✐♥ )❤❡ ❤✐❣❤ ❡♥❡*❣② ❛*❡❛✱ ❤♦✇❡✈❡*✱ ✐& ❧♦✇✳

d
N
/
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E, keV

❋✐❣✉'❡ ✺✳✽✿ ❊♥❡*❣② &♣❡❝)*❛ ♦❢ )❤❡ ♣*♦)♦♥& ❛❝❝❡❧❡*❛)❡❞ ✐♥ ❧♦♥❣✐)✉❞✐♥❛❧ ✭*❡❞✮ ❛♥❞ )*❛♥&✲

✈❡*&❡ ✭❣*❡❡♥✮ ❞✐*❡❝)✐♦♥ ❛♥❞ )❤❡ ❣❧♦❜❛❧ &♣❡❝)*✉♠ ♦❢ ❛❧❧ ♣❛*)✐❝❧❡& ✐♥ ❜❧❛❝❦✳

❋✐♥❛❧❧②✱ )❤❡ &✐♠✉❧❛)✐♦♥ *❡&✉❧)& ✜) ✇❡❧❧ ✇✐)❤ )❤❡ ❡①♣❡*✐♠❡♥)❛❧ *❡&✉❧)&✳ ❚❤❡ ♣❛*)✐❝❧❡ ✢✉①

✐& ✐♥ )❤❡ ♦*❞❡* ♦❢ )❤❡ ❡①♣❡*✐♠❡♥)❛❧❧② ❡✈❛❧✉❛)❡❞ ♣*♦)♦♥ ✢✉① ✭❙✐♠✉❧❛)✐♦♥✿ 105 1/❦❡❱✱ ✐♥

❝♦♠♣❛*✐&♦♥ )♦ )❤❡ ❡①♣❡*✐♠❡♥)✿ 105 1/❦❡❱= 1011 #✴&*✴❦❡❱✮✳ ❚❤❡ ❝❛❧❝✉❧❛)❡❞ ❡♥❡*❣✐❡& ❛*❡

✐♥ )❤❡ ♦*❞❡* ♦❢ )❤❡ ❡①♣❡*✐♠❡♥)❛❧ ❡♥❡*❣✐❡&✱ ❜✉) &❧✐❣❤)❧② ❤✐❣❤❡*✱ ❜❡❝❛✉&❡ ♦❢ )❤❡ ✷❉ ❝❛❧❝✉✲

❧❛)✐♦♥&✳ ■❢✱ ✐♥ )❤❡ ❡①♣❡*✐♠❡♥)✱ )❤❡*❡ ❤❛✈❡ ❜❡❡♥ ♣❛*)✐❝❧❡& ❛❝❝❡❧❡*❛)❡❞ ✐♥ )❤❡ ❧♦♥❣✐)✉❞✐♥❛❧

❞✐*❡❝)✐♦♥✱ )❤❡✐* ❡♥❡*❣✐❡& ✇♦✉❧❞ ❤❛✈❡ ❜❡❡♥ ❡✈❡♥ &♠❛❧❧❡* )❤❛♥ )❤❡ ❝❛❧❝✉❧❛)❡❞ ❡♥❡*❣✐❡& ✭*❡❞

❝✉*✈❡✮✳ ■♥ ❛❞❞✐)✐♦♥ )❤❡ ♣❛*)✐❝❧❡& ♥✉♠❜❡* ✐& ❢❛&) ❞❡❝*❡❛&✐♥❣✳ ❚❤✐& )✇♦ ❢❛❝)& ❧❡❛❞ )♦ ♥♦

❡①♣❡*✐♠❡♥)❛❧ ♦❜&❡*✈❛)✐♦♥ ♦❢ ♣❛*)✐❝❧❡& ✐♥ )❤❡ ❧♦♥❣✐)✉❞✐♥❛❧ ❞✐*❡❝)✐♦♥✳
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❈❤❛♣$❡& ✺ ■♦♥ ❛❝❝❡❧❡&❛$✐♦♥ ✈✐❛ ❈♦✉❧♦♠❜ ❡①♣❧♦3✐♦♥ ✐♥ ✉♥❞❡&❞❡♥3❡ $❛&❣❡$3

❆♥♦#❤❡& '✐♠✉❧❛#✐♦♥ ✇❛' ♣❡&❢♦&♠❡❞ ✇✐#❤ ❛ ❤✐❣❤❡& ✐♥#❡♥'✐#② ❍❡❛#❡& ❜❡❛♠ ✇✐#❤ IL =

1.5 · 2.4 · 1019❲✴❝♠2
✱ '❡❡ ✜❣✉&❡ ✺✳✾✳ ❚❤❡ ❝❤❛♥♥❡❧ ❞❡♥'✐#② ❞✐'#&✐❜✉#✐♦♥✱ ♣✐❝#✉&❡ ✭❛✮✱

'❤♦✇' ❛ ❝❤❛♥♥❡❧ ✇✐#❤ &❡❛❧❧② ♣❛&❛❧❧❡❧ ❤✐❣❤ ❞❡♥'✐#② ✇❛❧❧' ❛# #❤❡ ❡❞❣❡'✱ ✇❤✐❝❤ ❧❡❛❞' #♦

❛ ❜❡##❡& ❛❝❝❡❧❡&❛#✐♦♥ ✐♥ #❤❡ #&❛♥'✈❡&'❡ ❞✐&❡❝#✐♦♥✱ ✐♥ ❝♦♠♣❛&✐'♦♥ #♦ ❛ '❧✐❣❤#❧② ✇❡❛❦❡&

❍❡❛#❡& ❧❛'❡& ❜❡❛♠ ✐♥ ✜❣✉&❡ ✺✳✺✳ ❚❤❡ ❡✈❛❝✉❛#✐♦♥ ♦❢ #❤❡ ♣❧❛'♠❛ ❝❤❛♥♥❡❧ ✐' ❛ ❜✐# '#&♦♥❣❡&

❛♥❞ ♠♦&❡ ♣&♦♥♦✉♥❝❡❞✳ ❚❤❡ ❡❧❡❝#&✐❝ ✜❡❧❞ ❞✐'#&✐❜✉#✐♦♥✱ ♣❧♦# ✭❜✮✱ ✐❧❧✉'#&❛#❡' ❛ '✐♠✐❧❛&

✜❡❧❞ ❞✐'#&✐❜✉#✐♦♥ ✐♥ #&❛♥'✈❡&'❡ ②✲❞✐&❡❝#✐♦♥ ✭#♦♣ ✐♠❛❣❡✮✱ ✇❤✐❧❡ ❛ ✈❡&② ✇❡❛❦ '❤❡❛#❤ ✜❡❧❞

❛&♦✉♥❞ x = 600λ ❝❛♥ ❜❡ '❡❡♥ ✐♥ ❧♦♥❣✐#✉❞✐♥❛❧ ①✲❞✐&❡❝#✐♦♥ ✭❜♦##♦♠ ✐♠❛❣❡✮✳ ❚❤✐' '❤❡❛#❤

✜❡❧❞ ❛❝❝❡❧❡&❛#❡' ♣&♦#♦♥' ✐♥ #❤❡ ❧♦♥❣✐#✉❞✐♥❛❧ ❞✐&❡❝#✐♦♥✱ ❛' ✐❧❧✉'#&❛#❡❞ ✐♥ #❤❡ #♦♣ ♣❤❛'❡

'♣❛❝❡ ♣❧♦#' ♦❢ ♣✐❝#✉&❡ ✭❝✮✳ ❚❤✐' '❤❡❛#❤ ✜❡❧❞ ✐' ❜✉✐❧# ✉♣ ❛# ❧❛#❡ ✐♥#❡&❛❝#✐♦♥ #✐♠❡'✱ ❧❛#❡&

#❤❛♥ t = 626❚= 1.628 ♣'✳ ❚❤❡ ♣❤❛'❡ '♣❛❝❡ ♣❧♦#' ✐♥ #❤❡ ❧♦♥❣✐#✉❞✐♥❛❧ ❞✐&❡❝#✐♦♥ ❛&❡ '✐♠✐❧❛&

✐♥ '#&❡♥❣#❤ ❛♥❞ '#&✉❝#✉&❡ ❝♦♠♣❛&❡❞ #♦ #❤❡ ♣❧♦#' ✐♥ ✜❣✉&❡ ✺✳✼ ♦❢ #❤❡ ✇❡❛❦❡& ❍❡❛#❡& ❜❡❛♠✳

❚❤❡ #&❛♥'✈❡&'❡ ❛❝❝❡❧❡&❛#✐♦♥ ✭❜♦##♦♠ ✐♠❛❣❡'✮ ✐' ♠✉❝❤ '#&♦♥❣❡& ✉♣ #♦ ❛♥ ✐♦♥ ♠♦♠❡♥#✉♠

♦❢ ✷▼❡❱✳ ❚❤❡'❡ ♣❤❡♥♦♠❡♥❛ ❧❡❛❞ #♦ ❛ '#&♦♥❣❡& ❛❝❝❡❧❡&❛#✐♦♥ ♦❢ ♣&♦#♦♥' ✐♥ #❤❡ #&❛♥'✈❡&'❡

❞✐&❡❝#✐♦♥✱ '❡❡ ♣❧♦# ✭❞✮✳ ■♦♥' #♦ ❛❜♦✉# ✷▼❡❱ ❡♥❡&❣② ❛&❡ ❛❝❝❡❧❡&❛#❡❞✳

❆ ❧❛'❡& ✐♥#❡♥'✐#② ❡♥❤❛♥❝❡♠❡♥# ✇✐#❤ ❛ ❢❛❝#♦& ♦❢ ✶✳✺ ❞♦✉❜❧❡' #❤❡ ❡♥❡&❣② ♦❢ #❤❡ #&❛♥'✈❡&'❡

❛❝❝❡❧❡&❛#❡❞ ♣&♦#♦♥'✳ ❙#&♦♥❣❡& ❡❧❡❝#&✐❝ ✜❡❧❞' ❛# #❤❡ ❝❤❛♥♥❡❧ ❡❞❣❡ ❧❡❛❞ #♦ ❛ '#&♦♥❣❡&

❈♦✉❧♦♠❜ ❡①♣❧♦'✐♦♥✳ ❆' ❛❧&❡❛❞② ♠❡♥#✐♦♥❡❞✱ ❤♦✇❡✈❡&✱ ♥♦# ♦♥❧② #❤❡ ✜❡❧❞' ❛&❡ '#&♦♥❣❡&✱

❜✉# ❛❧'♦ #❤❡ ❝❤❛♥♥❡❧ '#&✉❝#✉&❡ ✐' ❞✐✛❡&❡♥#✳ ❚❤❡ ❝❤❛♥♥❡❧ ❡❞❣❡' ✐♥ #❤❡ ✜&'# '✐♠✉❧❛#✐♦♥ ❛&❡

❝❧♦✉❞② ❛♥❞ ♥♦# '❤❛&♣ ❛# x < 300λ✳ ■♥'#❡❛❞✱ #❤❡ ❝❤❛♥♥❡❧ ❝&❡❛#❡❞ ❜② #❤❡ ✐♥#❡&❛❝#✐♦♥ ♦❢

#❤❡ '❧✐❣❤#❧② '#&♦♥❣❡& ❍❡❛#❡& ❤❛' ♥❡❛&❧② '#&❛✐❣❤# ❜♦✉♥❞❛&✐❡' ❛# #❤❡ ❝❤❛♥♥❡❧ ❡❞❣❡'✱ ❡✈❡♥

❢&♦♠ x = 150λ ♦♥✇❛&❞'✳

❆' ❛ ❝♦♥❝❧✉'✐♦♥✱ #❤❡&❡ ❛&❡ #✇♦ ❜✐❣ ❞✐✛❡&❡♥❝❡' ✇❤❡♥ #❤❡ ❍❡❛#❡& ✐♥#❡♥'✐#② ✐' ❝❤❛♥❣❡❞✿

❚❤❡ ✜❡❧❞ '#&❡♥❣#❤ ❛♥❞ #❤❡ ✜❡❧❞ '#&✉❝#✉&❡✳ ❚❤❡'❡ ❝❤❛♥❣❡' ❛✛❡❝# ♦♥❧② #❤❡ #&❛♥'✈❡&'❡

❛❝❝❡❧❡&❛#✐♦♥✱ ✇❤❡&❡❛' #❤❡ ❧♦♥❣✐#✉❞✐♥❛❧ ♣&♦#♦♥ ❛❝❝❡❧❡&❛#✐♦♥ ✐' ♥♦# ❛✛❡❝#❡❞ ❜② #❤❡ ❍❡❛#❡&

✐♥#❡♥'✐#②✳ ❚❤❡ ✐♥#❡&❛❝#✐♦♥ ♦❢ ❛ ❧❛'❡& ✇✐#❤ #❤❡ '❛♠❡ ❢♦❝❛❧ ❝❤❛&❛❝#❡&✐'#✐❝' ✇✐#❤ #❤❡ '❛♠❡

❣❛' #❛&❣❡#✱ ❜✉# ✇✐#❤ ❛ ❤✐❣❤❡& ✐♥#❡♥'✐#②✱ ✇✐❧❧ ❧❡❛❞ #♦ ❤✐❣❤❡& ✐♦♥ ❡♥❡&❣✐❡'✱ ✇❤✐❝❤ ❝❛♥ ❜❡

'❡❡♥ ✐♥ #❤❡ ♣&❡✈✐♦✉' ❡①♣❡&✐♠❡♥#' ❛# #❤❡ ❱❯▲❈❆◆ ❧❛'❡&✳
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“Global” spectra
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✺✳✸ ❆♥❛❧②(✐❝❛❧ ❞✐,❝✉,,✐♦♥

❚❤❡ ✐♦♥& ✇❡(❡ ❛❝❝❡❧❡(❛,❡❞ ✐♥ ,❤❡ ,(❛♥&✈❡(&❡ ❞✐(❡❝,✐♦♥ ❢(♦♠ ,❤❡ ❧❛&❡( ❛①✐&✳ ❉✐✛❡(❡♥,

❧❛&❡( ❛♥❞ ♣❧❛&♠❛ ♣❛(❛♠❡,❡(& ✇❡(❡ &❝❛♥♥❡❞ ❢♦( ❛ ❞❡,❛✐❧❡❞ ✐♥✈❡&,✐❣❛,✐♦♥ ❛♥❞ ✐♥ ❛❞❞✐,✐♦♥

♥✉♠❡(✐❝❛❧ &✐♠✉❧❛,✐♦♥& (❡❝(❡❛,❡❞ ,❤❡ ❡①♣❡(✐♠❡♥,❛❧ ❝♦♥❞✐,✐♦♥&✳ ▼♦&,❧② ❡❧❡❝,(♦♥& ✇❡(❡

❛❝❝❡❧❡(❛,❡❞ ✐♥ ,❤❡ ❧♦♥❣✐,✉❞✐♥❛❧ ❞✐(❡❝,✐♦♥✱ ❛& ❞✐&❝✉&&❡❞ ❧❛,❡( ✐♥ ,❤✐& ❝❤❛♣,❡(✳ ;(❡&✉♠❛❜❧②✱

♦♥❧② ❛ ✈❡(② ✇❡❛❦ &♣❛❝❡✲❝❤❛(❣❡ ✜❡❧❞ ✭❝(❡❛,❡❞ ❜② ,❤❡ ❡❧❡❝,(♦♥&✮ ❤❛& ❛❝,❡❞ ♦♥ ,❤❡ ✐♦♥&✱

❜❡❝❛✉&❡ ,❤❡ ❤✐❣❤❡&, ❡♥❡(❣② ❡❧❡❝,(♦♥& ❤❛✈❡ ❧❡❢, ,❤❡ ♣❧❛&♠❛ ❜❡❢♦(❡ ❛♥❞ ,❤❡ ✢✉① ✇❛& ,♦♦

❧♦✇✱ ❛& ❞✐&❝✉&&❡❞ ✐♥ ,❤❡ &✐♠✉❧❛,✐♦♥ (❡&✉❧,&✳

■♥ ♦(❞❡( ,♦ ❡①♣❧❛✐♥ ,❤❡ ❡①♣❡(✐♠❡♥,❛❧ ❛♥❞ &✐♠✉❧❛,❡❞ ♦❜&❡(✈❛,✐♦♥&✱ ❧✐❦❡ ,❤❡ ,(❛♥&✈❡(&❡

❛❝❝❡❧❡(❛,✐♦♥ ♦❢ ✐♦♥&✱ ,❤❡ &❡❧❢✲❢♦❝✉&✐♥❣ ❡✛❡❝,& ❛♥❞ ,❤❡ ✜❡❧❞ ❞✐&,(✐❜✉,✐♦♥& ❞✐✛❡(❡♥,✱ ❛♥❛✲

❧②,✐❝❛❧ ❝❛❧❝✉❧❛,✐♦♥& ❛♥❞ ❛&&✉♠♣,✐♦♥& ❝❛♥ ❜❡ ♠❛❞❡✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ❞✐&❝✉&&✐♦♥ &,❛(,& ✇✐,❤

,❤❡ ❛♥❛❧②&✐& ♦❢ ♥♦♥✲❧✐♥❡❛( ❡✛❡❝,& ❛♥❞ ❡♥❞& ✇✐,❤ ❛ ♠♦❞❡❧ ♦❢ ❈♦✉❧♦♠❜ ❡①♣❧♦&✐♦♥✳

❚❤❡ (❡E✉✐(❡♠❡♥,& ❢♦( &❡✈❡(❛❧ ♥♦♥✲❧✐♥❡❛( ❡✛❡❝,&✱ ❛& ❞✐&❝✉&&❡❞ ✐♥ &✉❜&❡❝,✐♦♥ ✷✳✸✳✷✱ ✇❡(❡

❢✉❧✜❧❧❡❞ ✐♥ ,❤❡ ❡①♣❡(✐♠❡♥,❛❧ ❝♦♥❞✐,✐♦♥&✳ ❚❤❡ ,❤(❡&❤♦❧❞ ❢♦( ,❤❡ ✜❧❛♠❡♥,❛,✐♦♥ ✭❡E✉❛,✐♦♥

✷✳✸✾✮ ✇❛& ❡①❝❡❡❞❡❞ ❜② ,❤❡ ❧❛&❡( ✐♥,❡♥&✐,② ✐♥ ,❤❡ ❢✴✶✵ ❖❆; ❝♦♥✜❣✉(❛,✐♦♥✱ ✇❤✐❝❤ ✐& ❞❡♣❡♥✲

❞❡♥, ♦♥ ,❤❡ ❤♦, ❡❧❡❝,(♦♥ ,❡♠♣❡(❛,✉(❡ ✭❡E✉❛,✐♦♥ ✷✳✹✶✮✱ ,❤❡ ♣❧❛&♠❛ ❧❡♥❣,❤ ✭✶♠♠✮ ❛♥❞ ❛

❝❡(,❛✐♥ ,❛(❣❡, ❞❡♥&✐,②✳ ❚❤❡ ❝❛❧❝✉❧❛,❡❞ ,❤(❡&❤♦❧❞& ❛(❡ ❧✐&,❡❞ ✐♥ ,❛❜❧❡ ✺✳✶✳

,❛(❣❡, ❞❡♥&✐,② ♠✐♥ ♠❛①
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❬❝♠
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n
❡

/n
❝
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▲
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2
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♣

❬❲✴❝♠

2
❪ 3.4 · 1017 1.39 · 1016

τω
♣

✻✳✼✽ ✸✸✳✺✻

P
▲

❬❚❲❪ ✷✻✳✽✽ P
❝

❬❚❲❪ ✶✳✽✽ ✵✳✵✽

❚❛❜❧❡ ✺✳✶✿ ❚❤(❡&❤♦❧❞& ❢♦( ♥♦♥✲❧✐♥❡❛( ❡✛❡❝,& ✐♥ ,❤❡ ❧❛&❡( ♣❧❛&♠❛ ✐♥,❡(❛❝,✐♦♥✳

;♦♥❞❡(♦♠♦,✐✈❡ ❝❤❛♥♥❡❧✐♥❣ ❛♥❞ &❡❧❢✲❢♦❝✉&✐♥❣ ❝❛♥ ❛✛❡❝, ,❤❡ ❧❛&❡( ♣(♦♣❛❣❛,✐♦♥ ✐♥&✐❞❡ ,❤❡

♣❧❛&♠❛✱ ❛& ✇❡❧❧✳ ❚❤❡ (❡E✉✐(❡♠❡♥, ❢♦( ♣♦♥❞❡(♦♠♦,✐✈❡ ❝❤❛♥♥❡❧✐♥❣ ✭τω
$

≫ 1✮ ✇❛& ❢✉❧✜❧❧❡❞✱

❛& ✇❡❧❧ ❛& ,❤❡ (❡E✉✐(❡♠❡♥, ❢♦( &❡❧❢✲❢♦❝✉&✐♥❣ P
▲

> P
❝

♦( P
▲

/P
❝

> 1 ❢♦( ,❤❡ ✇❤♦❧❡ ,❛(❣❡,

❞❡♥&✐,② (❛♥❣❡✱ ❛& ❝❛❧❝✉❧❛,❡❞ ✐♥ ,❛❜❧❡ ✺✳✶✳ ❚❤❡(❡❢♦(❡✱ ,❤❡ ❧❛&❡( ❜❡❛♠ ✇❛& ❡✈❡♥ ♠♦(❡

❢♦❝✉&❡❞ ,♦ ❛ &♠❛❧❧❡( &♣♦, &✐③❡ ❛♥❞ ❤✐❣❤❡( ✐♥,❡♥&✐,② ✇❤❡♥ ♣❛&&✐♥❣ ,❤(♦✉❣❤ ,❤❡ ❣❛& ❥❡,✳

❋✐❣✉(❡ ✺✳✶✵ ✐❧❧✉&,(❛,❡& ,❤❡ ❞❡✈❡❧♦♣♠❡♥, ♦❢ ,❤❡ (❡❧❛,✐♦♥ ❜❡,✇❡❡♥ ,❤❡ ✈❛❝✉✉♠ ❧❛&❡( ♣♦✇❡(
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❛♥❞ ❝$✐&✐❝❛❧ ♣♦✇❡$ ♦♥ &❤❡ ❞❡♣❡♥❞❡♥❝❡ ♦❢ &❤❡ ♥♦③③❧❡ /✐③❡ ✭♣❧♦& ✭❛✮✮ ❛♥❞ &❤❡ &❛$❣❡& ❞❡♥/✐&②

$❛♥❣❡ ✭♣❧♦& ✭❜✮✮✳ ■& ✇❛/ ❝❛❧❝✉❧❛&❡❞ ✉/✐♥❣ &❤❡ ❡8✉❛&✐♦♥ ✷✳✸✼ ❛♥❞ ❜② ♠❡❛♥/ ♦❢ &❤❡ ❞❡♥/✐&②

♣$♦✜❧❡/ ♦❢ ✜❣✉$❡ ✸✳✶✺ ❢♦$ ✸✵ ❛♥❞ ✼✵ ❜❛$✳ ❚❤❡ ♣$♦✜❧❡ ♦❢ &❤❡ ❜❧❛❝❦ ❝✉$✈❡ ✐♥ ❣$❛♣❤ ✭❛✮

✐/ ❝❛❧❝✉❧❛&❡❞ ✇✐&❤ &❤❡ ❞❡♥/✐&② ♣$♦✜❧❡ ♦❢ ✼✵ ❜❛$ ❛❧✐❛/ 0.131n
❝

❛♥❞ &❤❡ $❡❞ ❝✉$✈❡ ✐/ ❢♦$

❛ &❛$❣❡& ♣$❡//✉$❡ ♦❢ ✸✵ ❜❛$ ❛❧✐❛/ 0.056n
❝

✳ P
▲

/&❛$&/ &♦ ❜❡ /✐❣♥✐✜❝❛♥&❧② ❧❛$❣❡$ &❤❛♥ P
❝

❛& ❛ ❞✐/&❛♥❝❡ ♦❢ ✼✵✵ µ♠ ❢$♦♠ &❤❡ ♥♦③③❧❡ ❝❡♥&$❡ ❢♦$ &❤❡ ❤✐❣❤❡$ ❞❡♥/✐&② ❝✉$✈❡ ❛♥❞ ❛& ❛

❞✐/&❛♥❝❡ ♦❢ ✻✵✵ µ♠ ❢♦$ &❤❡ ❧♦✇❡$ ❞❡♥/✐&② ❝✉$✈❡✳ ❆& &❤❡/❡ ♣♦✐♥&/ &❤❡ ❝♦♥❞✐&✐♦♥ ❢♦$ /❡❧❢✲

❢♦❝✉/✐♥❣ ✐/ ❢✉❧✜❧❧❡❞✳ ▼❛①✐♠✉♠ ✈❛❧✉❡/ ♦❢ ❛❜♦✉& P
▲

= 180P
❝

❛♥❞ P
▲

= 100P
❝

❛$❡ $❡❛❝❤❡❞✳

❚❤✐/ ❝❛❧❝✉❧❛&✐♦♥ ✐/ ♥♦& ❝♦♠♣❧❡&❡❧② ❛❝❝✉$❛&❡✱ ❜✉& ❣✐✈❡/ ❛♥ ❛♣♣$♦❛❝❤ ♦❢ &❤❡ ❞❡♣❡♥❞❡♥❝❡

♦❢ &❤❡ &✇♦ ♣❛$❛♠❡&❡$/✳ ❚❤❡ ❧❛/❡$ ♣♦✇❡$ ✐♥/✐❞❡ &❤❡ ❣❛/ ❥❡& ✇✐❧❧ ❜❡ $❡❞✉❝❡❞✱ ❜❡❝❛✉/❡ &❤❡

❧❛/❡$ ❧♦♦/❡/ ♣❛$& ♦❢ ✐&/ ❡♥❡$❣② ❞✉$✐♥❣ &❤❡ ✐♥&❡$❛❝&✐♦♥ ✇✐&❤ &❤❡ &❛$❣❡&✳ ◆❡✈❡$&❤❡❧❡//✱ &❤❡

❝♦♥❞✐&✐♦♥ ❢♦$ /❡❧❢✲❢♦❝✉/✐♥❣ ✇✐❧❧ /&✐❧❧ ❜❡ ❢✉❧✜❧❧❡❞✱ ❡✈❡♥ ✇✐&❤ ❛ ❝$✐&✐❝❛❧ ♣♦✇❡$ ♦❢ /♦♠❡ ❚❲✱

✐♥/&❡❛❞ ♦❢ &❤❡ ❢✉❧❧ ❧❛/❡$ ♣♦✇❡$✳ ●$❛♣❤ ✭❜✮ /❤♦✇/ &❤❡ ❡✈♦❧✉&✐♦♥ ♦❢ &❤❡ ♣♦✇❡$ $❡❧❛&✐♦♥

♣❡$ &❛$❣❡& ❞❡♥/✐&②✳ ❚❤❡ ❞❛/❤❡❞ ❧✐♥❡ $❡♣$❡/❡♥&/ &❤❡ ❡✈♦❧✉&✐♦♥ ✇✐&❤ &❤❡ ❛//✉♠♣&✐♦♥ ♦❢ ❛

$❡❞✉❝❡❞ ❧❛/❡$ ♣♦✇❡$ &♦ ❤❛❧❢ ♦❢ ✐&/ ✈❛❧✉❡✱ ❛♥❞ /&✐❧❧✱ &❤❡ /❡❧❢✲❢♦❝✉/✐♥❣ ❝♦♥❞✐&✐♦♥ ✐/ ❢✉❧✜❧❧❡❞✳
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❋✐❣✉1❡ ✺✳✶✵✿ ❘❡❧❛&✐♦♥ ❜❡&✇❡❡♥ ❧❛/❡$ ♣♦✇❡$ ❛♥❞ ❝$✐&✐❝❛❧ ♣♦✇❡$✳ ■❢ &❤❡ ❧❛/❡$ ♣♦✇❡$ ❡①✲

❝❡❡❞/ &❤❡ ❝$✐&✐❝❛❧ ♣♦✇❡$ &❤❡ ❝♦♥❞✐&✐♦♥ ❢♦$ /❡❧❢✲❢♦❝✉/✐♥❣ ❡✛❡❝&/ ✐/ ❢✉❧✜❧❧❡❞✳ P
❝

✐/ ❞❡♣❡♥✲

❞❡♥& ♦♥ &❤❡ &❛$❣❡& ❞❡♥/✐&②✱ ✇❤✐❝❤ ❤❛/ ❛ ❝❡$&❛✐♥ ♣$♦✜❧❡ ❛❧♦♥❣ &❤❡ ♥♦③③❧❡ ♦♣❡♥✐♥❣✳ ❚❤❡

$❡❧❛&✐♦♥ ✐/ ❝❛❧❝✉❧❛&❡❞ ❢♦$ &✇♦ ❞✐✛❡$❡♥& ❞❡♥/✐&② ❧✐♥❡✲♦✉&/ ✐♥ ❣$❛♣❤ ✭❛✮✳ ❚❤❡ $❡❞ ❝✉$✈❡

$❡♣$❡/❡♥&/ ❛ &❛$❣❡& ❞❡♥/✐&② ♦❢ 0.056n
❝

✭❍2✱ ✸✵ ❜❛$✮ ❛♥❞ &❤❡ ❜❧❛❝❦ ♦♥❡ ❛ &❛$❣❡& ❞❡♥/✐&②

♦❢ 0.131n
❝

✭❍2✱ ✼✵ ❜❛$✮✳ ●$❛♣❤ ✭❜✮ ✐❧❧✉/&$❛&❡/ &❤❡ ♣♦✇❡$ ❡✈♦❧✉&✐♦♥ ❢♦$ &❤❡ ✇❤♦❧❡ &❛$❣❡&

❞❡♥/✐&② $❛♥❣❡✳

❇❛/❡❞ ♦♥ &❤❡ ❢❛❝&✱ &❤❛& &❤❡ ❝♦♥❞✐&✐♦♥ ❢♦$ /❡❧❢✲❢♦❝✉/✐♥❣ ✐/ ❢✉❧✜❧❧❡❞ ❛♥❞ ❛♥ ❡✈❛❝✉❛&❡❞ ❝❤❛♥✲

♥❡❧ ✐/ ❛//✉♠❡❞✱ &❤❡ ❡✈♦❧✉&✐♦♥ ♦❢ &❤❡ ♥♦$♠❛❧✐/❡❞ ✈❡❝&♦$ ♣♦&❡♥&✐❛❧ ❛♥❞ &❤❡ ❢♦❝❛❧ /♣♦& $❛❞✐✉/
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❈❤❛♣$❡& ✺ ■♦♥ ❛❝❝❡❧❡&❛$✐♦♥ ✈✐❛ ❈♦✉❧♦♠❜ ❡①♣❧♦3✐♦♥ ✐♥ ✉♥❞❡&❞❡♥3❡ $❛&❣❡$3

✐♥ "❤❡ %❡❧❢✲❢♦❝✉%✐♥❣ ❝❛%❡ ❝❛♥ ❜❡ /♦✉❣❤❧② ❝❛❧❝✉❧❛"❡❞ ❜② ♠❡❛♥% ♦❢ ❡3✉❛"✐♦♥ ✷✳✸✽✳ ❋✐❣✉/❡

✺✳✶✶ %❤♦✇% "❤❡ /❡❧❛"✐♦♥ ♦❢ "❤❡ "✇♦ ✈❛❧✉❡% ♣❡/ "❛/❣❡" ❞❡♥%✐"②✳ ❲❤✐❧❡ "❤❡ ✈❡❝"♦/ ♣♦"❡♥"✐❛❧

✭/❡❞✮ ✐% ✐♥❝/❡❛%✐♥❣ ✇✐"❤ "❛/❣❡" ❞❡♥%✐"② "❤❡ ❢♦❝❛❧ %♣♦" /❛❞✐✉% ✭❣/❡❡♥✮ ✐% ❞❡❝/❡❛%✐♥❣✳ ❚❤❡

❞❛%❤❡❞ ❝✉/✈❡% /❡♣/❡%❡♥"% "❤❡ ❝❛❧❝✉❧❛"✐♦♥% ❢♦/ ❛ /❡❞✉❝❡❞ ❧❛%❡/ ♣♦✇❡/ "♦ ❤❛❧❢ ♦❢ ✐"% ✈❛❧✉❡✱

✇❤✐❝❤ ♠✐❣❤" ❜❡ ❡✈❡♥ ❛♥ ✉♥❞❡/❡%"✐♠❛"❡❞ ✈❛❧✉❡✳ ❍♦✇❡✈❡/✱ "❤❡ ✈❡❝"♦/ ♣♦"❡♥"✐❛❧ ✐% %"✐❧❧

❤✐❣❤❡/ "❤❛♥ "❤❡ ✈❛❝✉✉♠ ✈❛❧✉❡ ♦❢ a0 = 3.3✳ ❚❤❡ ❢♦❝❛❧ %♣♦" /❛❞✐✉% ✐% ❛% ✇❡❧❧ %♠❛❧❧❡/ "❤❛♥

"❤❡ ✈❛❝✉✉♠ %♣♦" %✐③❡ ✭r0 = 6µ♠✮ ♦✈❡/ "❤❡ ✇❤♦❧❡ ❞❡♥%✐"② /❛♥❣❡✳
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❋✐❣✉&❡ ✺✳✶✶✿ ❊✈♦❧✉"✐♦♥ ♦❢ "❤❡ ♥♦/♠❛❧✐%❡❞ ✈❡❝"♦/ ♣♦"❡♥"✐❛❧ ✭/❡❞✮ ❛♥❞ ❢♦❝❛❧ %♣♦" /❛❞✐✉%

✭❣/❡❡♥✮ ❞✉/✐♥❣ %❡❧❢✲❢♦❝✉%✐♥❣ ♣❡/ "❛/❣❡" ❞❡♥%✐"②✳ ❚❤❡ ❞❛%❤❡❞ ❧✐♥❡% /❡♣/❡%❡♥"% "❤❡ "/❡♥❞%

❝❛❧❝✉❧❛"❡❞ ✇✐"❤ ❤❛❧❢ ♦❢ "❤❡ ✈❛❝✉✉♠ ❧❛%❡/ ♣♦✇❡/✳ ❲❤✐❧❡ "❤❡ ✈❡❝"♦/ ♣♦"❡♥"✐❛❧ ✐% ✐♥❝/❡❛%✲

✐♥❣✱ "❤❡ ❢♦❝❛❧ %♣♦" %✐③❡ ✐% ❞❡❝/❡❛%✐♥❣✳

❙❡❧❢✲❢♦❝✉%✐♥❣ ❛♥❞ ♣♦♥❞❡/♦♠♦"✐✈❡ ❝❤❛♥♥❡❧✐♥❣ ✇✐❧❧ ❧❡❛❞ "♦ ❛ "/❛♥%✈❡/%❡ ❡①♣✉❧%✐♦♥ ♦❢ "❤❡

❡❧❡❝"/♦♥% ❞✉❡ "♦ "❤❡ /❛❞✐❛❧ ♣♦♥❞❡/♦♠♦"✐✈❡ ❢♦/❝❡✳ ■♦♥% ♦♥ "❤❡ ♦"❤❡/ ❤❛♥❞ ✇✐❧❧ ❜❡ ❛❝✲

❝❡❧❡/❛"❡❞ ✐♥ "❤❡ %❛♠❡ ❞✐/❡❝"✐♦♥ ❜② "❤❡✐/ ♦✇♥ %♣❛❝❡✲❝❤❛/❣❡ ✜❡❧❞ ❞✉❡ "♦ "❤❡ ❝♦♠♣❧❡"❡

❡✈❛❝✉❛"✐♦♥ ♦❢ ❡❧❡❝"/♦♥% ♦♥ "❤❡ ❧❛%❡/ ❛①✐%✳ ❚❤❡ ♣/♦❝❡%% ✐% ❝❛❧❧❡❞ ❈♦✉❧♦♠❜ ❡①♣❧♦%✐♦♥✳ ■♥

♦/❞❡/ "♦ /❡❛❝❤ "❤✐% /❡❣✐♠❡✱ "❤❡ ❝♦♥❞✐"✐♦♥%✿ ω0 > ω
♣

✱ τ > 1/ω
♣

❛♥❞ cτ > r0 ❤❛✈❡ "♦

❜❡ ❢✉❧✜❧❧❡❞✱ ❛% ❞✐%❝✉%%❡❞ ✐♥ %✉❜%❡❝"✐♦♥ ✷✳✹✳✷ ❛♥❞ %✉♠♠❛/✐%❡❞ ✐♥ "❛❜❧❡ ✺✳✷✳ ❚❤❡ ❧❛%❡/

❢/❡3✉❡♥❝② ω0 = 2.35 · 1015 ❍③ ✐% ❧❛/❣❡/ "❤❛♥ "❤❡ ♣❧❛%♠❛ ❢/❡3✉❡♥❝② ❛♥❞ "❤❡ ❧❛%❡/ ♣✉❧%❡

❧❡♥❣"❤ τ = 30 ❢% ✐% ❛❧%♦ ❧♦♥❣❡/ "❤❛♥ "❤❡ ❡❧❡❝"/♦♥ /❡%♣♦♥%❡ "✐♠❡ ❢♦/ ❛❧❧ "❛/❣❡" ❞❡♥%✐"✐❡%✳

❚❤❡ %♣❛"✐❛❧ ♣❧❛%♠❛ %❝❛❧❡ ✭✇✐❞"❤ ♦❢ "❤❡ ♣❧❛%♠❛ ❝❤❛♥♥❡❧✮ ❛♥❞ "❤❡ ❧❛%❡/ ✐♥"❡♥%✐"② %❝❛❧❡

❛/❡ ❧❛/❣❡/ "❤❛♥ "❤❡ ❧❛%❡/ ✇❛✈❡❧❡♥❣"❤ λ = 0.8µ♠✳ ❍❡♥❝❡✱ "❤❡%❡ ❝♦♥❞✐"✐♦♥% ❛/❡ %❛"✐%✜❡❞

❛♥❞ "❤❡ ❡❧❡❝"/♦♥ /❡%♣♦♥%❡ ❝❛♥ ❜❡ ❛✈❡/❛❣❡❞ ♦✈❡/ "❤❡ ❧❛%❡/ ♣✉❧%❡ ♣❡/✐♦❞✳ ❚❤❡ /❛❞✐❛❧ ♣♦♥✲

❞❡/♦♠♦"✐✈❡ ❢♦/❝❡ ❛❝"% ❛% ❧❡❛❞✐♥❣ ❡✛❡❝" ♦♥ "❤❡ ❡❧❡❝"/♦♥%✳ ■♥ ❛❞❞✐"✐♦♥✱ "❤❡ ♣✉❧%❡ ❧❡♥❣"❤
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✺✳✸ ❆♥❛❧②(✐❝❛❧ ❞✐,❝✉,,✐♦♥

cτ = 8.99µ♠ ✐" ❧❛%❣❡% (❤❛♥ (❤❡ ♣✉❧"❡ %❛❞✐✉"✱ ✇❤✐❝❤ ✐" ❡✈❡♥ %❡❞✉❝❡❞ ❞✉❡ (♦ (❤❡ "❡❧❢✲

❢♦❝✉"✐♥❣✳ ❚❤❡%❡❢♦%❡✱ ✐♦♥" ❛%❡ ❛❝❝❡❧❡%❛(❡❞ (%❛♥"✈❡%"❡ (♦ (❤❡ ❧❛"❡% ❛①✐" ❞✉❡ (♦ ❡✈❛❝✉❛(✐♦♥

♦❢ (❤❡ ❡❧❡❝(%♦♥" %❡"✉❧(✐♥❣ ✐♥ ❛ "(%♦♥❣ "♣❛❝❡ ❝❤❛%❣❡ ✜❡❧❞✳

❆" ❞✐"❝✉""❡❞ ✐♥ "✉❜"❡❝(✐♦♥ ✷✳✹✳✷✱ (❤❡ ❡❧❡❝(%♦♥" ❛%❡ %❛❞✐❛❧❧② ❡①♣❡❧❧❡❞✱ ✐❢ (❤❡ ❢♦%❝❡ ♦❢ (❤❡

❡❧❡❝(%✐❝ ✜❡❧❞ ✐♥ (❤❡ ❞❡♣❧❡(❡❞ ❛%❡❛ ✐" "♠❛❧❧❡% (❤❛♥ %❛❞✐❛❧ ♣♦♥❞❡%♦♠♦(✐✈❡ ❢♦%❝❡✳ ❚❤✐"

❝♦♥❞✐(✐♦♥ %❡"✉❧(" ✐♥ (❤❡ (❤%❡"❤♦❧❞ ❢♦% a0 ✭"❡❡ ❡?✉❛(✐♦♥ ✷✳✹✺✮✱ ✇❤✐❝❤ ✐" ✐♥ (❤❡ %❛♥❣❡ ♦❢

a0 = [10 − 248]✱ ❞❡♣❡♥❞✐♥❣ ♦♥ (❤❡ (❛%❣❡( ❞❡♥"✐(②✳ ❚❤❡"❡ ✈❛❧✉❡" ❛%❡ ❛❜♦✈❡ (❤❡ ✈❛❝✉✉♠

a0 = 3.3✳ ❍♦✇❡✈❡%✱ ❝♦♥"✐❞❡%✐♥❣ ❛ %❡❞✉❝(✐♦♥ ♦❢ (❤❡ ❢♦❝❛❧ "♣♦( "✐③❡ ✭r0 = 6µ♠✮ ❜② ✶✴✹ ❞✉❡

(♦ "❡❧❢✲❢♦❝✉"✐♥❣ ❡✛❡❝(" (♦ r0 ❢ = 4.5µ♠✱ (❤❡ ♠✐♥✐♠✉♠ ✈❡❝(♦% ♣♦(❡♥(✐❛❧ ✐" ❛❧%❡❛❞② %❡❞✉❝❡❞

(♦ a0 = [6− 140]✳ ❆❝❝♦%❞✐♥❣ (♦ ❬✷✼❪ ❛ ❝♦♠♣❧❡(❡ ❡❧❡❝(%♦♥ ❡①♣✉❧"✐♦♥ ❝❛♥ "(✐❧❧ (❛❦❡ ♣❧❛❝❡ ❛(

❧♦✇❡% ✐♥(❡♥"✐(✐❡" (❤❛♥ ❝❛❧❝✉❧❛(❡❞ ❜② (❤❡ ❡?✉❛(✐♦♥✳ ❚❤✐" (❤%❡"❤♦❧❞ ✐" ❛ %♦✉❣❤ ❡"(✐♠❛(✐♦♥

✈✐❛ ❛ ✶❉ ❛♥❛❧②(✐❝❛❧ ♠♦❞❡❧✳ ▼❛❝❝❤✐ ❡& ❛❧✳ ❤❛✈❡ ♣%❡"❡♥(❡❞ ✐♥ ❬✷✼❪ ❛❧"♦ %❡"✉❧(" ♦❢ ♥✉♠❡%✐❝❛❧

"✐♠✉❧❛(✐♦♥"✱ ✇❤✐❝❤ ❛%❡ ♠♦%❡ ✈❛❧✐❞ ❢♦% (❤❡ ✐♥(❡♥"✐(② (❤%❡"❤♦❧❞ ♦❢ a0✳ ❋✐❣✉%❡ ✺✳✶✷ "❤♦✇" (❤❡

%❡❧❛(✐♦♥ ❜❡(✇❡❡♥ (❤❡ ✐♥(❡♥"✐(② (❤%❡"❤♦❧❞ ❛♥❞ n
❡

r20✳ ❚❤❡ ✇❤✐(❡ ❞✐❛♠♦♥❞" ❞❡"❝%✐❜❡ (❤❡ "♦✲

❝❛❧❧❡❞ ♣♦♥❞❡%♦♠♦(✐✈❡ %❡❣✐♠❡ ✇✐(❤ ♥♦ ❝♦♠♣❧❡(❡ ❡❧❡❝(%♦♥ ❞❡♣❧❡(✐♦♥ ❛❧♦♥❣ (❤❡ ❝❡♥(%❛❧ ❛①✐"✳

❚❤❡ ✐♦♥" ❛%❡ ❛❝❝❡❧❡%❛(❡❞ ❞✉❡ (♦ ❛ ❢♦%❝❡ ♣%♦♣♦%(✐♦♥❛❧ (♦ (❤❡ ♣♦♥❞❡%♦♠♦(✐✈❡ ❢♦%❝❡✱ ✇❤✐❝❤

✐" ❛❧♠♦"( ❡①❛❝(❧② ❜❛❧❛♥❝❡❞ ✇✐(❤ (❤❡ ❛((%❛❝(✐✈❡ ❡❧❡❝(%♦"(❛(✐❝ ✜❡❧❞✳ ❚❤❡ ❜❧❛❝❦ ❞✐❛♠♦♥❞"

✐♥❞✐❝❛(❡ (❤❡ ❢✉❧❧② ❡✈❛❝✉❛(❡❞ ❝❤❛♥♥❡❧✱ ✇❤❡%❡ ✐♦♥" ❛%❡ ❛❝❝❡❧❡%❛(❡❞ ❞✉❡ (♦ (❤❡✐% ♦✇♥ "♣❛❝❡

❝❤❛%❣❡ ✜❡❧❞ ✐♥ (❤❡ ❈♦✉❧♦♠❜ ❡①♣❧♦"✐♦♥ %❡❣✐♠❡✳ ❍❡%❡ (❤❡ ♣♦♥❞❡%♦♠♦(✐✈❡ ❢♦%❝❡ ❡①❝❡❡❞"

(❤❡ ❡❧❡❝(%✐❝ ❢♦%❝❡ ♦❢ (❤❡ ❞❡♣❧❡(❡❞ ❛%❡❛✳ ●%❛② ♠❛%❦❡%" %❡♣%❡"❡♥( ❛ ♥❡❛%✲(❤%❡"❤♦❧❞ ❞❛(❛

"❡(✱ ✇❤❡%❡ (❤❡ ❡❧❡❝(%♦♥ ❞❡♣❧❡(✐♦♥ ❛♣♣❡❛%" ♦♥❧② ♥❡❛% (❤❡ ❧❛"❡% ❛①✐" ❛♥❞ (❤❡ ❝♦♥❞✐(✐♦♥

F
#

> eE
❉

✐" ♠♦"(❧② ❢✉❧✜❧❧❡❞✳ ❚❤❡ ❞❛(❛ ♣♦✐♥(" ✏❛✑ ❛♥❞ ✏❜✑ ❤❛✈❡ "✐♠✐❧❛% a0 ❛♥❞ n
❡

r20

✈❛❧✉❡"✱ ❜✉( (❤❡ ❧❛"❡% ♣✉❧"❡ ❞✉%❛(✐♦♥ ✐♥ ❝❛"❡ ✏❜✑ ✐" ❛❜♦✉( (✇♦ (✐♠❡" (❤❡ ♣✉❧"❡ ❞✉%❛(✐♦♥ ♦❢

"✐♠✉❧❛(✐♦♥ ✏❛✑✳ ❚❤❡ ❡❧❡❝(%♦♥ ❡✈❛❝✉❛(✐♦♥ ✐♥ ✏❜✑ ✐" ♠✉❝❤ "(%♦♥❣❡% (❤❛♥ ✐♥ ✏❛✑✱ ✇❤✐❝❤ "❤♦✇"

❛♥ ✐♠♣♦%(❛♥( ❞❡♣❡♥❞❡♥❝❡ ♦♥ (❤❡ ✈❛%✐❛(✐♦♥ ♦❢ (❤❡ ❧❛"❡% ♣❛%❛♠❡(❡%"✳ ❚❤❡ "♦❧✐❞ ❧✐♥❡ "❤♦✇"

(❤❡ (❤%❡"❤♦❧❞ ❝❛❧❝✉❧❛(❡❞ ❜② (❤❡ ✶❉ ❡?✉❛(✐♦♥ ✷✳✹✺✱ ✇❤✐❝❤ ✐" ❝❧♦"❡ (♦ (❤❡ (%❛♥"✐(✐♦♥ %❡❣✐♦♥

❜❡(✇❡❡♥ (❤❡ ♣♦♥❞❡%♦♠♦(✐✈❡ ❛♥❞ ❈♦✉❧♦♠❜ ❡①♣❧♦"✐♦♥ %❡❣✐♠❡✳ ❚❤❡ %❡❞ ❛%%♦✇ ✐♥❞✐❝❛(❡"

(❤❡ (❛%❣❡( ❞❡♥"✐(② ♦❢ (❤✐" ❡①♣❡%✐♠❡♥(❛❧ ❝❛♠♣❛✐❣♥ ✐♥ ❛ ❤❡✐❣❤( ♦❢ (❤❡ ✈❛❝✉✉♠ a0 = 3.3✳

❆( ❧❡❛"( ❢♦% ❛ ✇✐❞❡ ❞❡♥"✐(② %❛♥❣❡✱ (❤❡ ♣❧❛"♠❛ ❝❤❛♥♥❡❧ ✐" ❢✉❧❧② ❞❡♣❧❡(❡❞ ♦❢ ❡❧❡❝(%♦♥" ❛♥❞

❈♦✉❧♦♠❜ ❡①♣❧♦"✐♦♥ ✐" (❤❡ ❞♦♠✐♥❛(✐♥❣ ❛❝❝❡❧❡%❛(✐♦♥ ♠❡❝❤❛♥✐"♠✳

✶✵✾



❈❤❛♣$❡& ✺ ■♦♥ ❛❝❝❡❧❡&❛$✐♦♥ ✈✐❛ ❈♦✉❧♦♠❜ ❡①♣❧♦3✐♦♥ ✐♥ ✉♥❞❡&❞❡♥3❡ $❛&❣❡$3

our experimental regime

❋✐❣✉&❡ ✺✳✶✷✿ ▲❛"❡$ ✐♥'❡♥"✐'② ✐♥ '❡$♠" ♦❢ a0 ❛" ❛ ❢✉♥❝'✐♦♥ ♦❢ n
❡

r20✳ ❲❤✐'❡ ❞✐❛♠♦♥❞"

$❡♣$❡"❡♥'" $❡❣✐♦♥" ✇✐'❤ ♥♦ ❝♦♠♣❧❡'❡ ❡❧❡❝'$♦♥ ❞❡♣❧❡'✐♦♥✱ ✇❤✐❧❡ '❤❡ ❝❤❛♥♥❡❧ ✐" ❢✉❧❧②

❡✈❛❝✉❛'❡❞ ♦❢ ❡❧❡❝'$♦♥" ✐♥ '❤❡ ❜❧❛❝❦ ❞✐❛♠♦♥❞" ❞❛'❛ ♣♦✐♥'"✳ ❚❤❡$❡ ✇✐❧❧ ❜❡ ❈♦✉❧♦♠❜

❡①♣❧♦"✐♦♥✱ ✇❤✐❧❡ '❤❡ $❡❣✐♦♥ ✇✐'❤ '❤❡ ✇❤✐'❡ ♠❛$❦❡$" ✇✐❧❧ ❜❡ ✐♥ '❤❡ ♣♦♥❞❡$♦♠♦'✐✈❡

$❡❣✐♠❡✳ ●$❛② ❞✐❛♠♦♥❞" ❞❡♣✐❝' '❤❡ ♥❡❛$✲'❤$❡"❤♦❧❞ $❡❣✐♠❡✱ ✇❤❡$❡ '❤❡ ❝❤❛♥♥❡❧ ✐" ♥♦'

❝♦♠♣❧❡'❡❧② ❞❡♣❧❡'❡❞✱ ❜✉' '❤❡ ♣♦♥❞❡$♦♠♦'✐✈❡ ❢♦$❝❡ ✐" "'✐❧❧ ❜✐❣❣❡$ '❤❛♥ '❤❡ ❡❧❡❝'$♦"'❛'✐❝

❢♦$❝❡✳ ❚❤❡ ❞❛'❛ ♣♦✐♥'" ✏❛✑ ❛♥❞ ✏❜✑ ❤❛✈❡ "✐♠✐❧❛$ ✈❛❧✉❡"✱ ❜✉' '❤❡ ❧❛"❡$ ♣✉❧"❡ ❞✉$❛'✐♦♥ ✐♥

✏❜✑ ✐" ❛❜♦✉' '✇♦ '✐♠❡" '❤❡ ♣✉❧"❡ ❞✉$❛'✐♦♥ ♦❢ "✐♠✉❧❛'✐♦♥ ✏❛✑✳ ❚❤❡ $❡❞ ❛$$♦✇ ❝♦$$❡"♣♦♥❞"

'♦ '❤❡ ✐♥'❡♥"✐'② ❛♥❞ ❞❡♥"✐'② ✈❛❧✉❡" ♦❢ '❤✐" ❡①♣❡$✐♠❡♥'❛❧ ❝❛♠♣❛✐❣♥✳ ✭❋✐❣✉$❡ ✺ ♦❢ ❬✷✼❪✮

❆ "✉♠♠❛$② ♦❢ '❤❡ ❝♦♥❞✐'✐♦♥" ❛♥❞ '❤❡✐$ ✈❛❧✉❡" ✐" ♣$❡"❡♥'❡❞ ✐♥ '❛❜❧❡ ✺✳✷ ❢♦$ '❤❡ ♠✐♥✐♠✉♠

❛♥❞ ♠❛①✐♠✉♠ '❛$❣❡' ❞❡♥"✐'②✳

'❛$❣❡' ❞❡♥"✐'② ♠✐♥ ♠❛①

n
❡

❬❝♠

−3
❪ 1.6 · 1019 3.92 · 1020

n
❡

/n
❝

✵✳✵✵✾ ✵✳✷✷✽

ω0 ❬❍③❪ 2.35 · 1015 ω
♣

❬❍③❪ 2.26 · 1014 1.12 · 1015

τ ❬❢"❪ ✸✵ 1/ω
♣

❬❢"❪ ✹✳✹✷ ✵✳✾

cτ ❬µ♠❪ ✽✳✾✾ r0 ❬µ♠❪ ✻

a0 ✸✳✸ a0max✭✶❉✮ ✶✵ ✷✹✽

❚❛❜❧❡ ✺✳✷✿ ❉✐✛❡$❡♥' ❝♦♥❞✐'✐♦♥"✱ ✇❤✐❝❤ ❤❛✈❡ '♦ ❜❡ ❢✉❧✜❧❧❡❞ ✐♥ ♦$❞❡$ '♦ ❛❝❝❡❧❡$❛'❡ ✐♦♥"

❞✉❡ '♦ ❈♦✉❧♦♠❜ ❡①♣❧♦"✐♦♥ ❛' '❤❡ ♠✐♥✐♠✉♠ ❛♥❞ ♠❛①✐♠✉♠ '❛$❣❡' ❞❡♥"✐'②✳

✶✶✵



✺✳✸ ❆♥❛❧②(✐❝❛❧ ❞✐,❝✉,,✐♦♥

❚❤❡ ✐♦♥ ❞✐'♣❧❛❝❡♠❡♥- ∆xi ❛♥❞ -❤❡ -✐♠❡ -❤❡② ♥❡❡❞ -♦ ❞✐'❧♦❝❛-❡ ∆ti ✭❡0✉❛-✐♦♥ ✷✳✹✻✮ ❝❛♥

❜❡ ❝❛❧❝✉❧❛-❡❞ ❜② ❛''✉♠✐♥❣ ❛ ♣❧❛'♠❛ ❝❤❛♥♥❡❧ 9❛❞✐✉' r
❝

✱ '♠❛❧❧❡9 -❤❛♥ -❤❡ ❢♦❝❛❧ '♣♦- 9❛❞✐✉'✳

■♦♥' ❛9❡ ♣✉'❤❡❞ ✻ µ♠ ❛✇❛② ❢9♦♠ -❤❡ ❝❤❛♥♥❡❧ ❛①✐' ✐♥ ✵✳✶✽✻ ♣'✱ ✐❢ ❛ ❝❤❛♥♥❡❧ 9❛❞✐✉' ♦❢ ✷ µ♠

✐' ❝♦♥'✐❞❡9❡❞✳ ❚❤❡ ♠❛①✐♠✉♠ ❡♥❡9❣② ❝❛❧❝✉❧❛-❡❞ ❜② -❤❡ -❤❡♦9❡-✐❝❛❧ ♠♦❞❡❧' ❢♦9 ❈♦✉❧♦♠❜

❡①♣❧♦'✐♦♥ ✭❡0✉❛-✐♦♥' ✷✳✹✽ ❛♥❞ ✷✳✹✾✮ ✐' ❜❡-✇❡❡♥ ✻✵✵ ❦❡❱ ❛♥❞ ✶✳✷▼❡❱ ❢♦9 ♣9♦-♦♥' ❛♥❞ ❍❡

+

✐♦♥'✱ ✇❤✐❧❡ ✐- ✐' -✇✐❝❡ -❤❡ ✈❛❧✉❡✱ ✶✳✷▼❡❱ -♦ ✷✳✹▼❡❱✱ ❢♦9 ❍❡

++
✐♦♥' ✭❞❡♣❡♥❞❡♥❝❡ ♦♥ ∼ Z✮✱

'❡❡ -❛❜❧❡ ✺✳✸✳ ❚❤❡'❡ ❡♥❡9❣✐❡' ❛9❡ '❧✐❣❤-❧② ♦✈❡9❡'-✐♠❛-❡❞ ❜② -❤❡ ♠♦❞❡❧ ❝♦♠♣❛9❡❞ -♦ -❤❡

❡①♣❡9✐♠❡♥-❛❧ ❝✉-✲♦✛ ❡♥❡9❣✐❡'✱ ✇❤✐❝❤ ✐' ❛♥ ❛❝❝❡♣-❛❜❧❡ ❛❝❝✉9❛❝②✳ ■❢ -❤❡ ♣❧❛'♠❛ ❝❤❛♥♥❡❧

✐' ♥♦- ❝♦♠♣❧❡-❡❧② ❡✈❛❝✉❛-❡❞ ❛♥❞ -❤❡ 9❡❣✐♠❡ ✐' ✐♥ -❤❡ -9❛♥'✐-✐♦♥ 9❡❣✐♦♥ ❜❡-✇❡❡♥ -❤❡

♣♦♥❞❡9♦♠♦-✐✈❡ ❛♥❞ ❈♦✉❧♦♠❜ ❡①♣❧♦'✐♦♥ 9❡❣✐♠❡✱ -❤❡ '♣❛❝❡ ❝❤❛9❣❡ ✜❡❧❞ ✇✐❧❧ ❜❡ '♠❛❧❧❡9

❛♥❞ -❤❡9❡❢♦9❡ -❤❡ ❡♥❡9❣② ♦❢ -❤❡ ❛❝❝❡❧❡9❛-❡❞ ✐♦♥' ✐' ❞❡❝9❡❛'❡❞ ❝♦♠♣❛9❡❞ -♦ -❤❡ ♣✉9❡

❈♦✉❧♦♠❜ ❡①♣❧♦'✐♦♥✳ ❚❤❡ ❧❛'❡9 ✐♥-❡♥'✐-② -❤9❡'❤♦❧❞ ✐' ♠♦9❡ ❞✐✣❝✉❧- -♦ ❢✉❧✜❧❧ ❢♦9 ❤✐❣❤❡9

-❛9❣❡- ❞❡♥'✐-✐❡'✱ ✇❤✐❝❤ ✐' ✈✐'✐❜❧❡ ✐♥ ✜❣✉9❡ ✺✳✶✷✳ ❚❤❡ ❛❝❝❡❧❡9❛-✐♦♥ ♦❢ ♣9♦-♦♥' ❛♥❞ ✐♦♥'

✇❛' 9❡❞✉❝❡❞ ❛- ❛ ❞❡♥'✐-② ♦❢ ❛❜♦✉- 0.12n
❝

✱ ✇❤✐❝❤ ❝❛♥ ❜❡ '❡❡♥ ✐♥ ✜❣✉9❡ ✺✳✶ ❛♥❞ ✺✳✷✳ ❚❤✐'

❝♦99❡'♣♦♥❞' -♦ -❤❡ ❢❛❝- ♦❢ ❛♥ ✐♥❝9❡❛'✐♥❣ a0 -❤9❡'❤♦❧❞ ❢♦9 ❈♦✉❧♦♠❜ ❡①♣❧♦'✐♦♥✳ ■♥ ❛❞❞✐-✐♦♥✱

-❤❡ ❧❛'❡9 ♣✉❧'❡ ♠✐❣❤- ♥♦- ❜❡ ❛❜❧❡ -♦ ♣9♦♣❛❣❛-❡ -♦ -❤❡ ❝❡♥-❡9 ♦❢ -❤❡ ❞❡♥'❡ -❛9❣❡-✳ ❆ ♣❛9-❧②

❡✈❛❝✉❛-❡❞ ❝❤❛♥♥❡❧ ❝❛♥ ❜❡ ❣❡♥❡9❛-❡❞ ✐♥ -❤❡ ✐♥❝9❡❛'✐♥❣ ❞❡♥'✐-② ❣9❛❞✐❡♥- ❛- -❤❡ ❜❡❣✐♥♥✐♥❣

♦❢ -❤❡ -❛9❣❡-✳ ❚❤❡ ♦9✐❣✐♥ ♦❢ -❤❡ ✐♦♥ ❛❝❝❡❧❡9❛-✐♦♥ ❝❛♥ ❜❡ '❤✐❢-❡❞✳

E
❍

❬▼❡❱❪ ✵✳✻ ✲ ✶✳✷

E
❍❡

+
❬▼❡❱❪ ✵✳✻ ✲ ✶✳✷

E
❍❡

++
❬▼❡❱❪ ✶✳✷ ✲ ✷✳✹

❚❛❜❧❡ ✺✳✸✿ ❚❤❡ ♠❛①✐♠✉♠ ❝✉-✲♦✛ ❡♥❡9❣✐❡' ♦❢ -❤❡ ❈♦✉❧♦♠❜ ❡①♣❧♦'✐♦♥ ♠❡❝❤❛♥✐'♠ ❢♦9

❍②❞9♦❣❡♥ ❛♥❞ ❍❡❧✐✉♠ ✐♦♥'✳

❚❤❡ 9❡❛'♦♥ ❢♦9 -❤❡ ❛♣♣❡❛9❛♥❝❡ ♦❢ ❍❡

++
✐♦♥' ❢♦9 ❤✐❣❤ -❛9❣❡- ❞❡♥'✐-✐❡' ♦♥❧② ❛- -❤❡ 0◦

❞❡-❡❝-✐♦♥ ❛♥❣❧❡✱ ❝♦♠♣❛9❡ ✜❣✉9❡ ✺✳✷✱ ❝❛♥ ❜❡ ❡①♣❧❛✐♥❡❞ ❜② -❤❡ ❡①♣❡9✐♠❡♥-❛❧ ❛99❛♥❣❡♠❡♥-

♦❢ -❤❡ '♣❡❝-9♦♠❡-❡9✳ ❚❤❡ ❧♦✇❡'- ❞❡-❡❝-❛❜❧❡ ❡♥❡9❣② ♦❢ -❤❡ ❍❡

++
✐♦♥' ✐' ❛❜♦✉- ✷✵✵ ❦❡❱✱

✇❤✐❧❡ ❛- -❤❡ '❛♠❡ -✐♠❡ -❤❡ ♠❛①✐♠✉♠ ❝✉-✲♦✛ ❡♥❡9❣② ♦❢ -❤❡ '♣❡❝-9✉♠ ✐' ♠❛9❣✐♥❛❧ ❤✐❣❤❡9 ❛-

❛❜♦✉- ✷✺✵ ❦❡❱✳ ❍❡

++
✐♦♥' ❛9❡ ✈❡9② ❧✐❦❡❧② ❛❝❝❡❧❡9❛-❡❞ ❛❧'♦ ❢♦9 ❧♦✇ ❞❡♥'✐-✐❡'✱ ❜✉- ♥♦- ❛❜♦✈❡

-❤❡ -❤9❡'❤♦❧❞✱ ❧✐♠✐-❡❞ ❜② -❤❡ ❚❤♦♠'♦♥ '♣❡❝-9♦♠❡-❡9 ❝♦♥✜❣✉9❛-✐♦♥✳ ❚❤❡ ❧❛'❡9 ✐♥-❡♥'✐-②

✐' ❤✐❣❤ ❡♥♦✉❣❤ -♦ ✐♦♥✐'❡ -❤❡ ❣❛' -❛9❣❡- ❝♦♠♣❧❡-❡❧② ✭I ≥ 1016❲✴❝♠2
✮ ❛♥❞ ❍❡

++
✐♦♥'

❤❛✈❡ -♦ 9❡❝♦♠❜✐♥❡ ♦9 ✉♥❞❡9❣♦ ❝❤❛9❣❡ ❡①❝❤❛♥❣❡ ❛- -❤❡ ♣❧❛'♠❛ ❡❞❣❡ ✐♥ ♦9❞❡9 -♦ ❜❡❝♦♠❡

❍❡

+
✐♦♥'✳ ❚❤❡ ❤✐❣❤❡9 -❤❡ -❛9❣❡- ❞❡♥'✐-②✱ -❤❡ ❤✐❣❤❡9 ✐' -❤❡ ♣9♦❜❛❜✐❧✐-② -♦ 9❡❝♦♠❜✐♥❡ ❜②

❛♥ ♦♥❡✲❡❧❡❝-9♦♥✲❝❛♣-✉9❡✳ ❚❤❡9❡❢♦9❡✱ -❤❡ ✢✉① ♦❢ -❤❡ ❍❡

++
'♣❡❝-9✉♠ ✐' ❧♦✇❡9 ❝♦♠♣❛9❡❞

✶✶✶



❈❤❛♣$❡& ✺ ■♦♥ ❛❝❝❡❧❡&❛$✐♦♥ ✈✐❛ ❈♦✉❧♦♠❜ ❡①♣❧♦3✐♦♥ ✐♥ ✉♥❞❡&❞❡♥3❡ $❛&❣❡$3

 ♦  ❤❡ ❍❡

+
%♣❡❝ (✉♠✳ ❚❤❡ ♣❤❡♥♦♠❡♥❛ ♦❢ ♥♦ ❛❝❝❡❧❡(❛ ✐♦♥ ❛ ✈❡(② ❤✐❣❤ ❞❡♥%✐ ✐❡% ✭❛❜♦✈❡

0.12n
❝

✮✱ ❝♦♠♣❛(❡ ✜❣✉(❡ ✻✳✹ ❝❛♥ ❜❡ ❛❧%♦ ❡①♣❧❛✐♥❡❞ ❜②  ❤✐%  ❤❡♦(②✳ ❚❤❡ ❍❡

+
❝❛♥ ❡✈❡♥ ❜❡

♥❡✉ (❛❧✐%❡❞ ❛  ❤❡ ♣❧❛%♠❛ ❡❞❣❡✳

❚❤✐% ❛♥❛❧② ✐❝❛❧ ❞✐%❝✉%%✐♦♥ ❡①♣❧❛✐♥%  ❤❡  (❛♥%✈❡(%❡ ✐♦♥ ❛❝❝❡❧❡(❛ ✐♦♥✱ ✈✐%✐❜❧❡ ✐♥  ❤❡ ❡①♣❡(✲

✐♠❡♥ ❛❧ ❛♥❞ %✐♠✉❧❛ ❡❞ (❡%✉❧ %✳ ❚❤❡ ❧❛%❡( ♣✉❧%❡ ✉♥❞❡(❣♦❡% %❡✈❡(❛❧ ♥♦♥✲❧✐♥❡❛( ❡✛❡❝ %✱ ❛%

%❡❡♥ ✐♥  ❤❡ ♥✉♠❡(✐❝❛❧ %✐♠✉❧❛ ✐♦♥%✳ ❊❧❡❝ (♦♥% ❛(❡ ♣✉%❤❡❞ (❛❞✐❛❧❧② ♦✉ ✇❛(❞% ❛♥❞ ❛♥ ❡✈❛❝✲

✉❛ ❡❞ ❝❤❛♥♥❡❧ ✐% ❝(❡❛ ❡❞✳ ❊❧❡❝ (✐❝ ✜❡❧❞% ❢(♦♠  ❤❡ ❝❤❛♥♥❡❧ ❡❞❣❡% ❛♥❞  ❤❡ ❡①♣❡❧❧✐♥❣ ❢♦(❝❡

♦❢  ❤❡ (❡♠❛✐♥✐♥❣ ✐♦♥% ❧❡❛❞✐♥❣  ♦ ❛ ❈♦✉❧♦♠❜ ❡①♣❧♦%✐♦♥ ❛♥❞ ❛  (❛♥%✈❡(%❡ ❛❝❝❡❧❡(❛ ✐♦♥✳

❚❤❡ (❡%✉❧ % ♦❢ ❈♦✉❧♦♠❜ ❡①♣❧♦%✐♦♥ ❞❡♠♦♥% (❛ ❡❞ ❜② ❑!✉#❤❡❧♥✐❦ ❡* ❛❧✳ ❬✶✶❪ ❛♥❞ ❲❡✐ ❡*

❛❧✳ ❬✶✷❪ ❛(❡ ✈❡(② %✐♠✐❧❛(  ♦  ❤❡ (❡%✉❧ % ♣(❡%❡♥ ❡❞ ✐♥  ❤✐%  ❤❡%✐%✳ ❚❤❡② ✉%❡❞ ❛ ❞✐✛❡(❡♥ 

♣♦✇❡(❢✉❧ ❧❛%❡( ✭❱❯▲❈❆◆✮✱ ❛% ❞❡%❝(✐❜❡❞ ✐♥ %❡❝ ✐♦♥ ✷✳✺✱ ✇✐ ❤ ❞✐✛❡(❡♥ ♣✉❧%❡ ❡♥❡(❣② ❛♥❞

♣✉❧%❡ ❞✉(❛ ✐♦♥✱ ✇❤✐❝❤ ❤❛% ❛♥ ✐♠♠❡❞✐❛ ❡ ❡✛❡❝ ♦♥  ❤❡ ❛❝❝❡❧❡(❛ ✐♦♥ % (❡♥❣ ❤ ❛♥❞ %❡❧❢✲

❢♦❝✉%✐♥❣ ❡✛❡❝ %✳ ❚❤❡(❡❢♦(❡  ❤❡② ♦❜%❡(✈❡❞ ✐♦♥% ✉♣  ♦ ❛ ❢❡✇ ▼❡❱ ✐♥ ✶✾✾✾ ❛♥❞ %❡✈❡(❛❧ ▼❡❱

✐♥ ✷✵✵✹✳ ▲✐❢#❝❤✐*③ ❡* ❛❧✳ ❬✶✹❪ ❛♥❞ ❑❛❤❛❧② ❡* ❛❧✳ ❬✸✹❪ ✉%❡❞ ❛ ❧❛%❡( %②% ❡♠ ✈❡(② %✐♠✐❧❛(

 ♦  ❤❡ ❆❘❈❚❯❘❯❙ ❧❛%❡(✳ ❍♦✇❡✈❡(✱ ♠♦% ✐♠♣♦( ❛♥  ♦ ♠❡♥ ✐♦♥ ✐%  ❤❡✐(  ❛(❣❡ ❞❡♥%✐ ②

(❛♥❣❡✱ ✇❤✐❝❤ ✐% ♠✉❝❤ ❧♦✇❡(  ❤❛♥ ✐♥  ❤✐% ❝❛♠♣❛✐❣♥%✳ ❚❤❡ ❛❝❝❡❧❡(❛ ✐♦♥ ❛♥❞ ❝✉ ✲♦✛ ❡♥❡(❣②

❢♦( ❤✐❣❤❡( ❞❡♥%✐ ✐❡% ❞✉❡  ♦ ❈♦✉❧♦♠❜ ❡①♣❧♦%✐♦♥ ✐% ❝♦♠♣❛(❛❜❧❡  ♦  ❤❡ (❡%✉❧ % ❞❡%❝(✐❜❡❞

❤❡(❡✳ ❚❤❡② ❝❧❛✐♠  ♦ ❤❛✈❡ ❛♥ ❛❞❞✐ ✐♦♥❛❧ %❤❡❛ ❤ ✜❡❧❞ ✐♥  ❤❡ ❧♦♥❣✐ ✉❞✐♥❛❧ ❞✐(❡❝ ✐♦♥✱ ✇❤✐❝❤

✐% ♥♦ % (♦♥❣ ❡♥♦✉❣❤  ♦ ♦✈❡(❝♦♠❡  ❤❡ ❡❧❡❝ (✐❝ ✜❡❧❞% ✐♥%✐❞❡  ❤❡ ❝❤❛♥♥❡❧✱ ❜✉  ♦ ♣✉%❤  ❤❡

❛❝❝❡❧❡(❛ ❡❞ ✐♦♥% ❛ ❜✐ ✐♥  ❤❡ ❢♦(✇❛(❞ ❞✐(❡❝ ✐♦♥✱  ♦ ❜❡ ♠♦% ❧② ❞❡ ❡❝ ❡❞ ❛ ✽✵

◦
♦❢  ❤❡ ❧❛%❡(

❛①✐% ✐♥% ❡❛❞ ♦❢ ✾✵

◦
✳ ■♥  ❤❡ ❆❘❈❚❯❘❯❙ ❝❛♠♣❛✐❣♥ ❛ % (♦♥❣ ❛❝❝❡❧❡(❛ ✐♦♥ ❡①❝❧✉%✐✈❡❧② ✐♥

 ❤❡  (❛♥%✈❡(%❡ ❞✐(❡❝ ✐♦♥  ♦  ❤❡ ❧❛%❡( ❛①✐% ✇❛% ♦❜%❡(✈❡❞✳ ❚❤❡ ♠❛①✐♠✉♠ ✐♦♥ ❡♥❡(❣② ❛ ❛

✶✵

◦
❛♥❣❧❡ ✇❛% ❞(❛% ✐❝❛❧❧② ❞❡❝(❡❛%❡❞ ✐♥ ❝♦♥ (❛%  ♦  ❤❡ ▲✐❢#❝❤✐*③ ❛♥❞ ❑❛❤❛❧② ❞❛ ❛✳

✶✶✷



✺✳✹ ❘❡%✉❧(% ♦❢ (❤❡ ❝♦♠♣❧❡♠❡♥(❛1② ❞✐❛❣♥♦%(✐❝%

✺✳✹ ❘❡%✉❧(% ♦❢ (❤❡ ❝♦♠♣❧❡♠❡♥(❛1② ❞✐❛❣♥♦%(✐❝%

❆! ♠❡♥%✐♦♥❡❞ ❡❛*❧✐❡* ✈❛*✐♦✉! ❞✐❛❣♥♦!%✐❝! !✉❝❤ ❛! ❛♥ ❡❧❡❝%*♦♥ !♣❡❝%*♦♠❡%❡*✱ ♦♣%✐❝❛❧ ♦*

❝❤❛*❣❡ ♣❛*%✐❝❧❡ ♣*♦❜✐♥❣✱ ✇❡*❡ ❡♠♣❧♦②❡❞ ✐♥ ❛❞❞✐%✐♦♥ %♦ %❤❡ ❚❤♦♠!♦♥ ♣❛*❛❜♦❧❛ !♣❡❝%*♦♠✲

❡%❡*✳ ❚❤❡!❡ ❞✐❛❣♥♦!%✐❝! ❣*❡❛%❧② ❤❡❧♣ %♦ ❣❡% ❛♥ ✐♥!✐❣❤% ✐♥%♦ %❤❡ ✐♥%❡*❛❝%✐♦♥ ♣*♦❝❡!!❡!

%❛❦✐♥❣ ♣❧❛❝❡✳ ❋✐*!%✱ %❤❡ ❧♦♥❣✐%✉❞✐♥❛❧ ❛❝❝❡❧❡*❛%✐♦♥ ♦❢ ❡❧❡❝%*♦♥! ❞✉❡ %♦ %❤❡ ❍❡❛%❡* ✐♥%❡*✲

❛❝%✐♥❣ ✇✐%❤ %❤❡ ❣❛! %❛*❣❡% ✇✐❧❧ ❜❡ ❛♥❛❧②!❡❞✳ ❖♥❧② ❛% ❧♦✇ %❛*❣❡% ❞❡♥!✐%✐❡!✱ ❡❧❡❝%*♦♥! ✇❡*❡

❛❜❧❡ %♦ ❡①✐% %❤❡ ♣❧❛!♠❛ *❡❣✐♦♥✳ ❙❡❝♦♥❞❧②✱ %❤❡ *❡!✉❧%! ♦❢ %❤❡ ♦♣%✐❝❛❧ ♣*♦❜✐♥❣ %❡❝❤♥✐@✉❡

✇✐❧❧ ❜❡ ❞✐!❝✉!!❡❞✳ ❚❤❡ ♣❧❛!♠❛ ❝❤❛♥♥❡❧ ❡✈♦❧✉%✐♦♥ ✐♥ ❧♦♥❣✐%✉❞✐♥❛❧ ❛♥❞ %*❛♥!✈❡*!❡ ❞✐*❡❝%✐♦♥

✇❛! !%✉❞✐❡❞✳ ❋✉*%❤❡*♠♦*❡ ❛ ♣*❡✲❢♦*♠❡❞ ❝❤❛♥♥❡❧ ❣❡♥❡*❛%❡❞ ❜② %❤❡ ♣❡❞❡!%❛❧ ❧❡✈❡❧ ♦❢ %❤❡

❜❡❛♠ ✇❛! ❞✐!❝♦✈❡*❡❞✳ ❋✐♥❛❧❧②✱ ❛ ❞✐✛❡*❡♥% !%✉❞② ♦❢ %❤❡ ✐♥!✐❣❤% ✐♥%♦ %❤❡ ❧❛!❡* ❣❛! ✐♥%❡*❛❝✲

%✐♦♥ ✇✐❧❧ ❜❡ ♣*❡!❡♥%❡❞ ✈✐❛ %❤❡ ❝❤❛*❣❡ ♣❛*%✐❝❧❡ ♣*♦❜✐♥❣ %❡❝❤♥✐@✉❡✳ ❙♦❧✐%♦♥ !%*✉❝%✉*❡! ✇❡*❡

✐❞❡♥%✐✜❡❞✱ ✇❤✐❝❤ ❝❛♥ ❝♦♥%*✐❜✉%❡ %♦ %❤❡ ✐♦♥ ❡♥❡*❣② !♣❡❝%*❛ ❜② %❤❡✐* ❡①♣❧♦❞✐♥❣ ♥❛%✉*❡✳ ■♥

%❤❡ ❢♦❧❧♦✇✐♥❣ !✉❜!❡❝%✐♦♥! %❤❡ *❡!✉❧%! ♦❢ ❡❛❝❤ ❞✐❛❣♥♦!%✐❝ ❛♥❞ %❤❡✐* ♠❛❥♦* *♦❧❡ ❢♦* ❛ ❜❡%%❡*

✉♥❞❡*!%❛♥❞✐♥❣ ♦❢ %❤❡ ❛❝❝❡❧❡*❛%✐♦♥ ♣*♦❝❡!! ✇✐❧❧ ❜❡ ❞✐!❝✉!!❡❞ ✐♥ ❞❡%❛✐❧✳

✺✳✹✳✶ ❊❧❡❝()♦♥ ❛❝❝❡❧❡)❛(✐♦♥ ❜② (❤❡ ❍❡❛(❡) ❜❡❛♠

❆❝❝❡❧❡*❛%❡❞ ❡❧❡❝%*♦♥! ✇❡*❡ ❞❡%❡❝%❡❞ ❛% ❧♦✇ %❛*❣❡% ❞❡♥!✐%✐❡! ❛❧♦♥❣ 90◦ ✇✐%❤ *❡!♣❡❝% %♦ %❤❡

❉*✐✈❡* ❜❡❛♠ ♦* ✐♥ %❤❡ ❧♦♥❣✐%✉❞✐♥❛❧ ❞✐*❡❝%✐♦♥ %♦ %❤❡ ❍❡❛%❡* ❜❡❛♠✱ ❛! ✐❧❧✉!%*❛%❡❞ ✐♥ ✜❣✉*❡

✹✳✷✸✳ ❋✐❣✉*❡ ✺✳✶✸ !❤♦✇! %❤❡ ❜❡!% ❢♦✉* ❡❧❡❝%*♦♥ ❡♥❡*❣② !♣❡❝%*❛ ❢*♦♠ ❍②❞*♦❣❡♥ ❣❛! ❛! ✇❡❧❧

❛! %❤❡ ❝♦**❡!♣♦♥❞✐♥❣ *❛✇ ✐♠❛❣❡!✳ ❚❤❡ *❡!✉❧%! ♦❢ %❤❡ %✇♦ ❜❡❛♠ ❝♦♥✜❣✉*❛%✐♦♥ ♦❢ ❉*✐✈❡*

❛♥❞ ❍❡❛%❡* ✐♥%❡*❛❝%✐♥❣ %♦❣❡%❤❡* ✇✐%❤ %❤❡ ♣❧❛!♠❛✱ ❛*❡ ❛! ✇❡❧❧ ✐♥❝❧✉❞❡❞ ✐♥ %❤✐! ❛♥❛❧②!✐!

❛♥❞ ❛*❡ ♠❛*❦❡❞ ✐♥ ❜❧❛❝❦✱ ✇❤✐❧❡ %❤❡ ❍❡❛%❡*✲♦♥❧② !❤♦%! ❛*❡ ♠❛*❦❡❞ ✐♥ *❡❞✳ ❚❤❡ *❡!✉❧%! ♦❢

%✇♦ ✈❛*✐♦✉! %❛*❣❡% ❞❡♥!✐%✐❡! ❛*❡ ✐❧❧✉!%*❛%❡❞✳ ❍✐❣❤ ❡❧❡❝%*♦♥ ❡♥❡*❣✐❡! ✉♣ %♦ ✶✻✵▼❡❱ ✇❡*❡

*❡❛❝❤❡❞ ❛% %❤❡ ❧♦✇❡!% ❞❡♥!✐%② ♦❢ 0.009n
❝

✭❞❛!❤❡❞ ❧✐♥❡!✮✳ ❆❢%❡* ❛❧❧✱ ❡❧❡❝%*♦♥ ❡♥❡*❣✐❡! ♦❢

❛❜♦✉% ✹✵ %♦ ✻✵▼❡❱ ✇❡*❡ ❛❝❤✐❡✈❡❞ ❛% ❛ !❧✐❣❤%❧② ❤✐❣❤❡* ❞❡♥!✐%② ✭0.019n
❝

✱ !♦❧✐❞ ❧✐♥❡✮✳ ❚❤❡

♠❛①✐♠✉♠ ❡♥❡*❣② ✐! !✐♠✐❧❛* ✐♥ ❜♦%❤ ❧❛!❡* ❜❡❛♠ ❝♦♥✜❣✉*❛%✐♦♥! ❛% %❤❡ ✈❡*② ❧♦✇ %❛*❣❡%

❞❡♥!✐%②✳ ❆% %❤❡ ❤✐❣❤❡* ❞❡♥!✐%② %❤❡ ❞♦✉❜❧❡ ❜❡❛♠ ✐♥%❡*❛❝%✐♦♥ !❡❡♠! %♦ ❜❡ ♠♦*❡ ❡✛❡❝%✐✈❡

❢♦* %❤❡ ❛❝❝❡❧❡*❛%✐♦♥ ♦❢ ❤✐❣❤❡* ❡♥❡*❣② ❡❧❡❝%*♦♥! ✇✐%❤ ❛ !❧✐❣❤%❧② ❤✐❣❤❡* ✢✉①✳

❚❤❡ %✇♦ ❜❡!% ❡♥❡*❣② !♣❡❝%*❛ ♦❢ %❤❡ ❛❝❝❡❧❡*❛%❡❞ ❡❧❡❝%*♦♥! ❢*♦♠ %❤❡ ❍❡❧✐✉♠ ❣❛! %❛*❣❡% ❛*❡

!❤♦✇♥ ✐♥ ✜❣✉*❡ ✺✳✶✹✳ ❚❤❡ *❡❧❛%✐✈❡ ♣❛*%✐❝❧❡ ✢✉① ✐! %❤❡ ♠♦!% ♦❜✈✐♦✉! ❞✐✛❡*❡♥❝❡ ❜❡%✇❡❡♥ %❤❡

%✇♦ ❡❧❡❝%*♦♥ !♣❡❝%*❛ ♦❢ ❍②❞*♦❣❡♥ ❛♥❞ ❍❡❧✐✉♠ ❣❛!✳ ❚❤❡ ✢✉① ✐! ❤✐❣❤❡* ✐♥ %❤❡ ✐♥%❡*❛❝%✐♦♥

✶✶✸
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✇✐"❤ "❤❡ ❍❡❧✐✉♠ ❣❛+ "❛,❣❡"✱ ✇❤✐❝❤ ✐+ ❛❧,❡❛❞② ✈✐+✐❜❧❡ ✐♥ "❤❡ ,❛✇ ✐♠❛❣❡+ ♦❢ "❤❡ ❡❧❡❝",♦♥

+♣❡❝",❛✳ ❚❤❡ ♠❛①✐♠✉♠ ❡♥❡,❣② ♦❢ ❛❜♦✉" ✺✵ "♦ ✻✵▼❡❱ ✐+ ❡①❛❝"❧② ❜❡"✇❡❡♥ "❤❡ ♠❛①✐♠✉♠

❡♥❡,❣✐❡+ ✐♥ "❤❡ ❍②❞,♦❣❡♥ ❣❛+ ❛♥❛❧②+✐+✳ ❚❤❡ "❛,❣❡" ❞❡♥+✐"② +❡❛♠+ "♦ ❜❡ "❤❡ ,❡❛+♦♥ ❢♦,

"❤✐+ ❡✛❡❝"✱ ❜❡❝❛✉+❡ "❤❡ ❧♦✇❡+" "✉♥❛❜❧❡ ❍❡❧✐✉♠ ❞❡♥+✐"② ✇❛+ 0.012n
❝

✱ ✇❤✐❝❤ ❝♦,,❡+♣♦♥❞+

"♦ ❛ ♠❡❞✐✉♠ ❍②❞,♦❣❡♥ "❛,❣❡" ❞❡♥+✐"② ✭♥❡❝❡++❛,② ❢♦, ❛♥ ❡❧❡❝",♦♥ ❛❝❝❡❧❡,❛"✐♦♥✮✳
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✭❜✮ ❊❧❡❝./♦♥ )♣❡❝./❛

❋✐❣✉&❡ ✺✳✶✸✿ ❊❧❡❝",♦♥ ❡♥❡,❣② +♣❡❝",❛ ❢,♦♠ "❤❡ ✐♥"❡,❛❝"✐♦♥ ♦❢ "❤❡ ❧❛+❡, ❜❡❛♠+ ✇✐"❤ ❛

❍②❞,♦❣❡♥ ❣❛+ "❛,❣❡"✳ ❙✐❣♥❛❧+ ❞❡"❡❝"❡❞ ❞✉,✐♥❣ "❤❡ ❞♦✉❜❧❡ ❜❡❛♠ ✐♥"❡,❛❝"✐♦♥ ❛,❡ ♠❛,❦❡❞

✐♥ ❜❧❛❝❦✱ ✇❤✐❧❡ "❤❡ ❍❡❛"❡,✲♦♥❧② +❤♦"+ ❛,❡ ♠❛,❦❡❞ ✐♥ ,❡❞✳ ■♠❛❣❡ ✭❛✮ +❤♦✇+ "❤❡ ,❛✇

+♣❡❝",♦♠❡"❡, ✐♠❛❣❡+ ❢♦, "✇♦ ❞✐✛❡,❡♥" "❛,❣❡" ❞❡♥+✐"✐❡+ ❛♥❞ "❤❡ "✇♦ ❧❛+❡, ❝♦♥✜❣✉,❛"✐♦♥+✳

H❧♦" ✭❜✮ ✐❧❧✉+",❛"❡+ "❤❡ ❡✈❛❧✉❛"❡❞ ❡♥❡,❣② +♣❡❝",❛✳ ❚❤❡ ❞❛+❤❡❞ ❧✐♥❡+ ,❡♣,❡+❡♥"+ ❛ ✈❡,②

❧♦✇ "❛,❣❡" ❞❡♥+✐"② ♦❢ 0.009n
❝

✱ ✇❤✐❧❡ "❤❡ +♦❧✐❞ ❧✐♥❡+ ❞✐+♣❧❛② ❛ ❞❡♥+✐"② ♦❢ 0.019n
❝

✳ ▲♦✇❡,

"❛,❣❡" ❞❡♥+✐"✐❡+ ❧❡❛❞ "♦ ❤✐❣❤❡, ❝✉"✲♦✛ ❡♥❡,❣✐❡+✳

✶✶✹
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❋✐❣✉1❡ ✺✳✶✹✿ ❊❧❡❝$%♦♥ ❡♥❡%❣② *♣❡❝$%❛ ❢%♦♠ $❤❡ ✐♥$❡%❛❝$✐♦♥ ♦❢ $❤❡ ❧❛*❡% ❜❡❛♠* ✇✐$❤ ❛

❍❡❧✐✉♠ ❣❛* $❛%❣❡$ ❛$ ❛ ❞❡♥*✐$② ♦❢ 0.012n
❝

✳ ❙✐❣♥❛❧* ❞❡$❡❝$❡❞ ❞✉%✐♥❣ $❤❡ ❞♦✉❜❧❡ ❜❡❛♠

✐♥$❡%❛❝$✐♦♥ ❛%❡ ♠❛%❦❡❞ ✐♥ ❜❧❛❝❦✱ ✇❤✐❧❡ $❤❡ ❍❡❛$❡%✲♦♥❧② *❤♦$* ✐♥ %❡❞✳ ■♠❛❣❡ ✭❛✮ *❤♦✇*

$❤❡ %❛✇ *♣❡❝$%♦♠❡$❡% ✐♠❛❣❡* ❢♦% $❤❡ $✇♦ ❧❛*❡% ❝♦♥✜❣✉%❛$✐♦♥*✳ ?❧♦$ ✭❜✮ ✐❧❧✉*$%❛$❡* $❤❡

❡✈❛❧✉❛$❡❞ ❡♥❡%❣② *♣❡❝$%❛✳
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❋✐❣✉1❡ ✺✳✶✺✿ ❊✈♦❧✉$✐♦♥ ♦❢ $❤❡ ♠❛①✐♠✉♠ ❝✉$✲♦✛ ❡❧❡❝$%♦♥ ❡♥❡%❣② ✐♥ ❞❡♣❡♥❞❡♥❝❡ ♦❢ $❤❡

$❛%❣❡$ ❞❡♥*✐$② ❢♦% ❍②❞%♦❣❡♥ ❛♥❞ ❍❡❧✐✉♠✳
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❋✐❣✉$❡ ✺✳✶✺ ✐❧❧✉*+$❛+❡* +❤❡ ❡✈♦❧✉+✐♦♥ ♦❢ +❤❡ ♠❛①✐♠✉♠ ❝✉+✲♦✛ ❡❧❡❝+$♦♥ ❡♥❡$❣② ✐♥ ❞❡♣❡♥✲

❞❡♥❝❡ ♦❢ +❤❡ +❛$❣❡+ ❞❡♥*✐+②✳ ❚❤❡ ✈❛❧✉❡* ✇❡$❡ ❛✈❡$❛❣❡❞ ♦✈❡$ ❛❧❧ ❡❧❡❝+$♦♥ *✐❣♥❛❧*✱ ✐♥❝❧✉❞✐♥❣

+❤❡ ♣$❡*❡♥+❡❞ *♣❡❝+$❛ ♦❢ ❍②❞$♦❣❡♥ ❛♥❞ ❍❡❧✐✉♠✳ ❚❤❡ ❞❛+❛ ✇❛* ✜++❡❞ ❜② ❛♥ ❡①♣♦♥❡♥✲

+✐❛❧ ❞❡❝❛②✱ ✇❤✐❝❤ *❡$✈❡* ✇❡❧❧ ❛* +❤❡ *❧♦♣❡ ♦❢ +❤❡ ❡♥❡$❣② ❞❡❝$❡❛*❡ ✇✐+❤ ❞❡❝$❡❛*✐♥❣ +❛$❣❡+

❞❡♥*✐+②✳

■+ ✇❛* ♥♦+ +❤❡ ♠❛✐♥ ✐♥✈❡*+✐❣❛+✐✈❡ ❢♦❝✉* +♦ *+✉❞② +❤❡ ❡❧❡❝+$♦♥ ❛❝❝❡❧❡$❛+✐♦♥✳ ❍♦✇❡✈❡$✱ ❛

*✐❣♥✐✜❝❛♥+ ✢♦✇ ♦❢ ❡❧❡❝+$♦♥* ✇❛* ❞❡+❡❝+❡❞ ❜② ❛ *♣❡❝+$♦♠❡+❡$ ❛+ ❧♦✇ ❞❡♥*✐+✐❡* ✉♣ +♦ 0.019n
❝

✭n
❡

= 3.2 · 1019 ❝♠−3
✮ ❛* ❞❡*❝$✐❜❡❞ ❜❡❢♦$❡ ✐♥ +❤❡ *✉❜*❡❝+✐♦♥ ✺✳✹✳✶✳ ❚❤❡ ❛❝❝❡❧❡$❛+✐♦♥ ♦❢

❡❧❡❝+$♦♥* ✐* ✈❡$② *❡♥*✐+✐✈❡ +♦✇❛$❞* ❛ ❝❤❛♥❣❡ ♦❢ +❤❡ ❧❛*❡$ ♣❛$❛♠❡+❡$* ♦$ +❤❡ ♣❧❛*♠❛ ❞❡♥*✐+②✳

❚❤❡$❡❢♦$❡✱ ❞✐✛❡$❡♥+ ❛❝❝❡❧❡$❛+✐♦♥ $❡❣✐♠❡* ❝❛♥ ❜❡ ❡❛*✐❧② ♦❜+❛✐♥❡❞✳ ❚❤❡ ❧❛*❡$ ♣✉❧*❡ ❧❡♥❣+❤✱

cτ ✱ ❝❛♥ ❜❡ ❝♦♠♣❛$❡❞ +♦ +❤❡ ♣❧❛*♠❛ ✇❛✈❡❧❡♥❣+❤✱ λ
"

= 2πc/ω
"

✳ ❚❤❡ $❡*♦♥❛♥+ ❝♦♥❞✐+✐♦♥

λ
"

/2 < cτ ≈ λ
"

✐* ❢✉❧✜❧❧❡❞ ❢♦$ +❤❡ ❍❡❛+❡$ ❜❡❛♠ ❢♦$ +❤❡ ❧♦✇❡*+ +❛$❣❡+ ❞❡♥*✐+②✱ *❡❡ +❛❜❧❡

✺✳✹✳ ❚❤✐* ♠❡❛♥*✱ +❤❡ ❛❝❝❡❧❡$❛+✐♦♥ ♠❡❝❤❛♥✐*♠ ❝❛♥ ❜❡ *❡❧❢✲♠♦❞✉❧❛+❡❞✲❧❛*❡$✲✇❛❦❡✜❡❧❞✲

❛❝❝❡❧❡$❛+✐♦♥ ✭❙▼▲❲❋❆✮ ♦$ ▲❲❋❆✳ ❚❤❡ $❡K✉✐$❡♠❡♥+ ❢♦$ *❡❧❢✲❢♦❝✉*✐♥❣ ✭P
▲

> P
❝

✮ ✐* ❛*

✇❡❧❧ ❢✉❧✜❧❧❡❞ ❢♦$ +❤❡*❡ ❧❛*❡$ ♣❛$❛♠❡+❡$* ❛♥❞ +❛$❣❡+ ❞❡♥*✐+✐❡*✱ ✇❤✐❝❤ ❝❛♥ ❧❡❛❞ +♦ ✇❛✈❡✲

❜$❡❛❦✐♥❣ ❛♥❞ ❜✉❜❜❧❡ *+$✉❝+✉$❡*✳ ❚♦ ❡①♣❧❛✐♥ ❛❧❧ +❤❡ ❢❡❛+✉$❡* ✇♦✉❧❞ ❣♦ ❜❡②♦♥❞ +❤❡ *❝♦♣❡

♦❢ +❤✐* +❤❡*✐*✳ ❋♦$ ❢✉$+❤❡$ ❞❡+❛✐❧* ❛❜♦✉+ +❤❡ ❛❝❝❡❧❡$❛+✐♦♥ ♠❡❝❤❛♥✐*♠ *❡❡ ❬✾✻❪✳

+❛$❣❡+ ❞❡♥*✐+② ♠✐♥ ♠❛①

n
❡

❬❝♠

−3
❪ 1.6 · 1019 3.92 · 1020

n
❡

/n
❝

✵✳✵✵✾ ✵✳✷✷✽

cτ ❬µ♠ ❪ ✽✳✾✾ λ
"

❬µ♠❪ ✽✳✸✸ ✶✳✻✽

❚❛❜❧❡ ✺✳✹✿ ▲❛*❡$ ♣✉❧*❡ ❧❡♥❣+❤ ❛♥❞ ♣❧❛*♠❛ ✇❛✈❡❧❡♥❣+❤ ❢♦$ +❤❡ ♠✐♥✐♠✉♠ ❛♥❞ ♠❛①✐♠✉♠

+❛$❣❡+ ❞❡♥*✐+✐❡*✳

❚❤❡ ❞✐✛❡$❡♥❝❡ ❜❡+✇❡❡♥ ❍❡❛+❡$ ❛♥❞ ❍❡❛+❡$ ♣❧✉* ❉$✐✈❡$ ✐♥ +❤❡ ❛✈❡$❛❣❡❞ ♠❛①✐♠✉♠ ❝✉+✲♦✛

❡♥❡$❣✐❡* ❛$❡ ♠❛$❣✐♥❛❧ ❛♥❞ ❝❛♥ ❜❡ ♥❡❣❧❡❝+❡❞✳ ❚❤❡ ♠❛✐♥ ❡❧❡❝+$♦♥ ❛❝❝❡❧❡$❛+✐♦♥ ❤❛♣♣❡♥❡❞

❞✉❡ +♦ +❤❡ ❍❡❛+❡$ ❧❛*❡$✳ ❚❤❡ ♦❜*❡$✈❡❞ ❡✛❡❝+ ♦❢ ❛ ❞❡❝$❡❛*❡ ✐♥ ❡❧❡❝+$♦♥ ❡♥❡$❣② ✇✐+❤

✐♥❝$❡❛*✐♥❣ ❣❛* ❞❡♥*✐+② ❝❛♥ ❜❡ ❡①♣❧❛✐♥❡❞ ❜② +❤❡ ❞❡♣❤❛*✐♥❣ ♦❢ +❤❡ $❡❧❛+✐✈✐*+✐❝ ❡❧❡❝+$♦♥*✳

■❢ +❤❡ ♣❧❛*♠❛ ❧❡♥❣+❤ ✐* ❧♦♥❣❡$ +❤❛♥ +❤❡ ❞❡♣❤❛*✐♥❣ ❧❡♥❣+❤✱ L
❞♣❤

∝ n
−3/2
❡

✱ !❤❡ ❡❧❡❝!&♦♥)

✇✐❧❧ ❞❡❝❡❧❡&❛!❡✳ ▼♦&❡♦✈❡&✱ !❤❡ ❡♥❡&❣② ❣❛✐♥ ❝❛♥ ❜❡ ❛))✉♠❡❞ ❛) ∇E ∝ 1/n
❡

✳ ❚❤❡&❡❢♦&❡

!❤❡ ❡❧❡❝!&♦♥ ❛❝❝❡❧❡&❛!✐♦♥ ✐) ♠♦&❡ ♣&♦♠✐)✐♥❣ ✐♥ !❤❡ ❧♦✇ ❞❡♥)✐!② &❡❣✐♠❡✳ ❚❤✐) ❞❡♣❡♥❞❡♥❝❡

✐) ❞❡)❝&✐❜❡❞ ✐♥ ❬✾✼❪ ✐♥ ❞❡!❛✐❧ ❛♥❞ ❝❛♥ ❜❡ ❡✈❡♥ )❡❡♥ ✐♥ !❤❡ ❛♥❛❧②)✐) ♦❢ !❤✐) ❡①♣❡&✐♠❡♥!❛❧

❝❛♠♣❛✐❣♥ ✐♥ ✜❣✉&❡ ✺✳✶✺✳

✶✶✻



✺✳✹ ❘❡%✉❧(% ♦❢ (❤❡ ❝♦♠♣❧❡♠❡♥(❛1② ❞✐❛❣♥♦%(✐❝%

✺✳✹✳✷ ❖♣&✐❝❛❧ ♣+♦❜✐♥❣ ♦❢ &❤❡ ❍❡❛&❡+ ✐♥&❡+❛❝&✐♦♥

❇❡❛♠ ✶ ♦❢ '❤❡ ❆❘❈❚❯❘❯❙ ❧❛0❡1 0②0'❡♠ ✇❛0 ❡♠♣❧♦②❡❞ ❛0 ♦♣'✐❝❛❧ ♣1♦❜❡ ❜❡❛♠✱ '♦ ✐♥✲

✈❡0'✐❣❛'❡ '❤❡ ✐♥'❡1❛❝'✐♦♥ ♦❢ '❤❡ ❍❡❛'❡1 ✇✐'❤ '❤❡ ❣❛0 '❛1❣❡' ✈✐❛ 0❤❛❞♦✇❣1❛♣❤② ❛♥❞ ✐♥✲

'❡1❢❡1♦♠❡'1②✱ ❛0 0❡❡♥ ✐♥ ♣❧♦' ✭❛✮ ♦❢ ✜❣✉1❡ ✹✳✷✼✳ ❉✐✛❡1❡♥' ❞❡❧❛②0 ❛♥❞ '❤❡1❡❢♦1❡ ❞✐✛❡1❡♥'

'✐♠❡ 0'❡♣0 ♦❢ '❤❡ ♣❧❛0♠❛ ❡✈♦❧✉'✐♦♥ ✇❡1❡ ❝♦♥0✐❞❡1❡❞✱ ❛0 ✇❡❧❧ ❛0 ❞✐✛❡1❡♥' '❛1❣❡' ❞❡♥0✐'✐❡0✳

❋✐❣✉1❡ ✺✳✶✻ 0❤♦✇0 '❤❡ ♣❧❛0♠❛ ❝❤❛♥♥❡❧ ♦❢ '❤❡ ✐♥'❡1❛❝'✐♦♥ ♦❢ '❤❡ ❍❡❛'❡1 ❜❡❛♠ ✇✐'❤ ❛

❍❡❧✐✉♠ ❣❛0 '❛1❣❡' ❛' ❛ ❞❡♥0✐'② ♦❢ 0.024n
❝

✳ ❚❤❡ ❧❛0❡1 ✐♥'❡1❛❝'❡❞ ❢1♦♠ '❤❡ 1✐❣❤' '♦ '❤❡

❧❡❢'✳ ❚❤❡ ❧❡❢' ❝♦❧✉♠♥ ♦❢ ✐♠❛❣❡0 ❛1❡ ❢1♦♠ '❤❡ 0❤❛❞♦✇❣1❛♣❤②✱ ✇❤✐❧❡ '❤❡ ❝❡♥'1❛❧ ❝♦❧✉♠♥

❛1❡ ✐♥'❡1❢❡1♦♠❡'1② ✐♠❛❣❡0✳ ❚❤❡ ♣1♦❝❡00❡❞ ❢1✐♥❣❡ ♣❛''❡1♥ ✐0 ✐♠♣1♦✈❡❞ ✐♥ ❝♦♥'1❛0' ❢♦1 ❛

❜❡''❡1 ❛♥❛❧②0✐0✳ ❚❤❡ ❡✈❛❧✉❛'❡❞ ♣❧❛0♠❛ ❡❧❡❝'1♦♥ ❞❡♥0✐'② ✐0 ✐❧❧✉0'1❛'❡❞ ✐♥ '❤❡ 1✐❣❤' ❝♦❧✉♠♥

♦❢ ✐♠❛❣❡0 ❛♥❞ '❤❡ ❞❛0❤❡❞ 1❡❞ ❧✐♥❡ 1❡♣1❡0❡♥'0 '❤❡ ❝❡♥'1❡ ♦❢ '❤❡ ♥♦③③❧❡✳ ❚❤❡ ✐♥'❡1❛❝'✐♦♥ ✐0

✐♥✈❡0'✐❣❛'❡❞ ❛' ❢♦✉1 ❞✐✛❡1❡♥' '✐♠❡ 0'❡♣0 ❛♥❞ '❤❡ ♣❧❛0♠❛ ❝❤❛♥♥❡❧ ❝❛♥ ❤❛✈❡ ❛ ♠❛①✐♠✉♠

❡①♣❛♥0✐♦♥ ♦❢ 1♦✉❣❤❧② ✶✳✽♠♠✱ ❜❡❝❛✉0❡ ♦❢ ❛❞❞✐'✐♦♥❛❧ ❣❛0 0✉11♦✉♥❞✐♥❣ '❤❡ ♠❛✐♥ ❣❛0 ❥❡'

✇✐'❤ ❛ 0✐③❡ ♦❢ ♦♥❧② ✶♠♠✳ ❚❤❡ ♣❧❛0♠❛ ❝❤❛♥♥❡❧ ❡✈♦❧✈❡0 ✐♥ ❧❡♥❣'❤ ❛♥❞ ✇✐❞'❤ ✇✐'❤ '✐♠❡✳

❆' ✸ ♣0 ❛❢'❡1 '❤❡ ❍❡❛'❡1 ❤❛0 1❡❛❝❤❡❞ '❤❡ ❝❡♥'1❡ ♦❢ '❤❡ ♥♦③③❧❡✱ ❛ 0♠❛❧❧ ♣❧❛0♠❛ ❝❤❛♥♥❡❧

✐0 0♣1❡❛❞ ♦✉' ✉♣ '♦ '❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ ❛ ♠❡♥'✐♦♥❛❜❧❡ ❣❛0 ❞❡♥0✐'② ✭0❡❡ ❣❛0 ♣1♦✜❧❡0 ❛0 ❛

❢✉♥❝'✐♦♥ ♦❢ ♥♦③③❧❡ ❧❡♥❣'❤ ✐♥ ✜❣✉1❡ ✸✳✶✺✮✳ ❆' ✺ ♣0✱ '❤❡ ❝❤❛♥♥❡❧ ✐0 ❡✈♦❧✈❡❞ ✉♣ '♦ '❤❡ '❛1❣❡'

❝❡♥'1❡ ❛♥❞ ❛' ❛ ❞❡❧❛② ♦❢ ✾ ♣0 '❤❡ ♣❧❛0♠❛ ❝❤❛♥♥❡❧ ✐0 ✈✐0✐❜❧❡ ♦✈❡1 '❤❡ ❢✉❧❧ ❧❡♥❣'❤✳ ❚❤❡ ♠♦0'

❞❡♥0❡ ♣❛1' ♦❢ '❤❡ ❝❤❛♥♥❡❧ ✐0 ❛' '❤❡ ♥♦③③❧❡ ❝❡♥'1❡✱ ❛0 ✇❡❧❧ ❛0 ♦♥ '❤❡ ✐♠❛❣❡ ✇✐'❤ ❛ ❞❡❧❛②

♦❢ ✺ ♣0✳ ▼❛①✐♠✉♠ ❡❧❡❝'1♦♥ ❞❡♥0✐'✐❡0 ✉♣ '♦ 0.024n
❝

❛1❡ 1❡❛❝❤❡❞✳ ❆' ❛ ❞❡❧❛② ♦❢ ✷ ♥0✱ '❤❡

❝❤❛♥♥❡❧ ✐0 ✈❛♥✐0❤✐♥❣ ♦✉' ❛♥❞ ❞❡♥0❡1 1❡❣✐♦♥0 ❛' '❤❡ ❝❤❛♥♥❡❧ ❡❞❣❡ ❛1❡ ❞❡✈❡❧♦♣❡❞✳

❋✐❣✉1❡ ✺✳✶✼ 0❤♦✇0 '❤❡ ❡✈♦❧✉'✐♦♥ ♦❢ '❤❡ ♣❧❛0♠❛ ❝❤❛♥♥❡❧ ♦❢ '❤❡ ✐♥'❡1❛❝'✐♦♥ ♦❢ '❤❡ ❍❡❛'❡1

❜❡❛♠ ✇✐'❤ ❛ ❍❡❧✐✉♠ ❣❛0 '❛1❣❡' ♦❢ 0.048n
❝

❛♥❞ 0.072n
❝

✳ ❆ 0✐♠✐❧❛1 ❡①♣❛♥0✐♦♥ ✐♥ '✐♠❡ ✇❛0

♦❜0❡1✈❡❞✱ ❛0 0❤♦✇♥ ✐♥ ✜❣✉1❡ ✺✳✶✻✳ ❚❤❡ ❤✐❣❤❡0' 1❡❛❝❤❛❜❧❡ ❡❧❡❝'1♦♥ ❞❡♥0✐'✐❡0 ❛1❡ ✐♥❝1❡❛0❡❞

❝♦♠♣❛1❡❞ '♦ '❤❡ ❧♦✇❡1 ❞❡♥0✐'② ♣❧❛0♠❛ ❝❤❛♥♥❡❧✳ ❚❤❡ ❢1✐♥❣❡ ♣❛''❡1♥ ✐♥ ♣❧♦' ✭❜✮ ✇❛0 ♥♦'

❝❧❡❛1❧② ❞✐0'✐♥❣✉✐0❤❛❜❧❡ ❢♦1 ❧❛'❡1 '✐♠❡0✳ ❚❤❡1❡❢♦1❡ '❤❡ ❡❧❡❝'1♦♥ ❞❡♥0✐'② ✐0 1❡'1✐❡✈❡❞ ❜❡❢♦1❡

❛♥❞ ❛❢'❡1 '❤❡ ♦✈❡1❞❡♥0❡ ③♦♥❡0✳ ❚❤❡ ♣❧❛0♠❛ ❝❤❛♥♥❡❧ ✷ ♥0 ❛❢'❡1 '❤❡ ❧❛0❡1 ✐♥'❡1❛❝'✐♦♥ ✇❛0

❡✈❡♥ '♦♦ ❞❡♥0❡ '♦ ❛♥❛❧②0❡ ♦✈❡1 '❤❡ ✇❤♦❧❡ ✜❡❧❞ ♦❢ ✈✐❡✇✳

✶✶✼
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~5 ps

400 µm

Laser

❋✐❣✉&❡ ✺✳✶✻✿ ❖♣"✐❝❛❧ ♣'♦❜✐♥❣ ♦❢ "❤❡ ❍❡❛"❡' ❜❡❛♠ ✇✐"❤ ❛ ❍❡❧✐✉♠ ❣❛3 "❛'❣❡" ✭0.024n
❝

✮✳

▲❡❢" ❝♦❧✉♠♥✿ ❙❤❛❞♦✇❣'❛♣❤② ✐♠❛❣❡3❀ ▼✐❞❞❧❡ ❝♦❧✉♠♥✿ ❚'❛❝❡❞ ❢'✐♥❣❡3 ♦❢ "❤❡ ✐♥"❡'❢❡'✲

♦♠❡"'② ✐♠❛❣❡3❀ ❘✐❣❤" ❝♦❧✉♠♥✿ ❊✈❛❧✉❛"❡❞ ♣❧❛3♠❛ ❞❡♥3✐"②✳ ❚❤❡ "✐♠❡ ❞❡❧❛② ❛❢"❡' "❤❡

❧❛3❡' ❤❛3 ✐♥"❡'❛❝"❡❞ ✇✐"❤ "❤❡ "❛'❣❡" ✐3 ✐♥❝'❡❛3✐♥❣ ❢'♦♠ "♦♣ "♦ ❜♦""♦♠✳ ❆♥❞ "❤❡ ❍❡❛"❡'

❜❡❛♠ ✐♥"❡'❛❝"3 ❢'♦♠ "❤❡ '✐❣❤" "♦ "❤❡ ❧❡❢"✳ ❚❤❡ ✈❡'"✐❝❛❧ ❞❛3❤❡❞ '❡❞ ❧✐♥❡ 3"❛♥❞3 ❢♦' "❤❡

❝❡♥"'❡ ♦❢ "❤❡ ♥♦③③❧❡✳

✶✶✽



✺✳✹ ❘❡%✉❧(% ♦❢ (❤❡ ❝♦♠♣❧❡♠❡♥(❛1② ❞✐❛❣♥♦%(✐❝%
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length [µm]

~3 ps

~2 ns
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400 µm

✭❛✮ ❖♣%✐❝❛❧ ♣)♦❜✐♥❣ ♦❢ %❤❡ ❧❛1❡) ✐♥%❡)❛❝%✐♥❣ ✇✐%❤ ❛ ❣❛1 %❛)❣❡% ❛% 0.048n
❝
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Laser

400 µm

✭❜✮ ❖♣%✐❝❛❧ ♣)♦❜✐♥❣ ♦❢ %❤❡ ❧❛1❡) ✐♥%❡)❛❝%✐♥❣ ✇✐%❤ ❛ ❣❛1 %❛)❣❡% ❛% 0.072n
❝

❋✐❣✉1❡ ✺✳✶✼✿ ❖♣"✐❝❛❧ ♣'♦❜✐♥❣ ♦❢ "❤❡ ❍❡❛"❡' ❜❡❛♠ ✐♥"❡'❛❝"✐♥❣ ✇✐"❤ ❛ ❍❡❧✐✉♠ ❣❛3 "❛'❣❡"

❛" "✇♦ ❞✐✛❡'❡♥" ❞❡♥3✐"✐❡3✿ 0.048n
❝

❛♥❞ 0.072n
❝

✐♥ ✭❛✮ ❛♥❞ ✭❜✮ '❡3♣❡❝"✐✈❡❧②✳ ▲❡❢"

❝♦❧✉♠♥✿ ❙❤❛❞♦✇❣'❛♣❤② ✐♠❛❣❡3❀ ▼✐❞❞❧❡ ❝♦❧✉♠♥✿ ❚'❛❝❡❞ ❢'✐♥❣❡3 ♦❢ "❤❡ ✐♥"❡'❢❡'♦♠❡"'②

✐♠❛❣❡3❀ ❘✐❣❤" ❝♦❧✉♠♥✿ ❊❧❡❝"'♦♥ ❞❡♥3✐"②✳ ❚❤❡ "✐♠❡ ♦❢ ♣'♦❜✐♥❣ ✐♥❝'❡❛3❡3 ❢'♦♠ "♦♣ "♦

❜♦""♦♠✱ ✇❤✐❧❡ "❤❡ ❍❡❛"❡' ❜❡❛♠ ♣'♦♣❛❣❛"❡❞ ❢'♦♠ '✐❣❤" "♦ ❧❡❢"✳ ❚❤❡ ✈❡'"✐❝❛❧ ❞❛3❤❡❞

'❡❞ ❧✐♥❡ '❡♣'❡3❡♥"3 "❤❡ ❝❡♥"'❡ ♦❢ "❤❡ ♥♦③③❧❡✳

✶✶✾



❈❤❛♣$❡& ✺ ■♦♥ ❛❝❝❡❧❡&❛$✐♦♥ ✈✐❛ ❈♦✉❧♦♠❜ ❡①♣❧♦3✐♦♥ ✐♥ ✉♥❞❡&❞❡♥3❡ $❛&❣❡$3

❚❤❡ #❡$✉❧'$ ♦❢ '❤❡ $❤❛❞♦✇❣#❛♣❤② ❞✐❛❣♥♦$'✐❝ $❤♦✇ '❤❡ ♣❧❛$♠❛ ❝❤❛♥♥❡❧ ❛♥❞ '❤❡ ❡✈♦❧✉✲

'✐♦♥ ✐♥ ❧♦♥❣✐'✉❞✐♥❛❧ ❛♥❞ '#❛♥$✈❡#$❛❧ ❞✐#❡❝'✐♦♥✳ ❚❤❡ ✇❤♦❧❡ ❝❤❛♥♥❡❧✱ ✈✐$✐❜❧❡ ✐♥ '❤❡ ✜❣✉#❡$

❜❡❢♦#❡✱ ❛♣♣❡❛#$ ❧❛#❣❡# ✐♥ ✇✐❞'❤ '❤❛♥ '❤❡ ❛❝'✉❛❧ ❝❤❛♥♥❡❧✱ ❝#❡❛'❡❞ ❞✉❡ '♦ '❤❡ ❧❛$❡# ✐♥'❡#❛❝✲

'✐♦♥✱ ❝❛✉$❡❞ ❜② #❡❢#❛❝'✐♥❣ ❡✛❡❝'$ ♦❢ '❤❡ ♣#♦❜❡ ❜❡❛♠✳ ❍♦✇❡✈❡#✱ '❤❡ ❛❝'✉❛❧ ✐♥♥❡# ♣❧❛$♠❛

❝❤❛♥♥❡❧ ❝❛♥ ❜❡ ❛$ ✇❡❧❧ #❡❝♦❣♥✐$❡❞ ✐♥ ❜#✐❣❤'❡# ❛#❡❛$ ✐♥ '❤❡ ✐♠❛❣❡$✱ ✇❤✐❝❤ ❛#❡ ❤✐❣❤❧✐❣❤'❡❞

❞✉❡ '♦ $❡❧❢✲❡♠✐$$✐♦♥ ❢#♦♠ '❤❡ ♥♦♥❧✐♥❡❛# ❡✛❡❝'$ ✐♥ '❤❡ ✐♥'❡#❛❝'✐♦♥✳ ❚❤❡ '#❛♥$✈❡#$❡ ❡✈♦✲

❧✉'✐♦♥ ♦❢ '❤✐$ ❝❤❛♥♥❡❧ ✐$ ♣❧♦''❡❞ ✐♥ ✜❣✉#❡ ✺✳✶✽✳ ❚❤❡ ❝❤❛♥♥❡❧ $✐③❡ ✐♥❝#❡❛$❡$ ❢❛$' ✐♥ '❤❡

✜#$' ♣✐❝♦ $❡❝♦♥❞$ ❢#♦♠ ❛❜♦✉' 50µ♠ '♦ 70µ♠ ✇✐❞'❤ ❛' '❤❡ ❧♦✇❡$' ❞❡♥$✐'②✳ ❚❤✐$ ❢❛$'

✐♥❝#❡❛$❡ ✐$ ❢♦❧❧♦✇❡❞ ❜② ❛ $❧♦✇ #✐$❡ ♦❢ '❤❡ ✇✐❞'❤ ✉♣ '♦ ❛❜♦✉' 210µ♠ ❛❢'❡# 2 ♥$✳ ❆ ❤✐❣❤❡#

'❛#❣❡' ❞❡♥$✐'② ❧❡❛❞$ '♦ ❛ $❧✐❣❤'❧② ❧❛#❣❡# ❝❤❛♥♥❡❧ ✇✐❞'❤✱ ❞✉❡ '♦ ❛ ❤✐❣❤❡# ❝❤❛#❣❡ ❞❡♥$✐'② ♦❢

'❤❡ ❡❧❡❝'#♦♥$✳ ❚❤❡ ❝❤❛♥♥❡❧ ❡✈♦❧✉'✐♦♥ ✐♥ '❤❡ ❧♦♥❣✐'✉❞✐♥❛❧ ❞✐#❡❝'✐♦♥ ❞❡✈❡❧♦♣$ ✇✐'❤ ♥❡❛#❧②

$♣❡❡❞ ♦❢ ❧✐❣❤'✱ ✇❤✐❝❤ ✇✐❧❧ ❜❡ ❞✐$❝✉$$❡❞ ❧❛'❡# ✐♥ '❤✐$ $✉❜$❡❝'✐♦♥ ❜② ♠❡❛♥$ ♦❢ ✜❣✉#❡ ✺✳✷✵✳

❚❤❡#❡❢♦#❡ '❤❡ ❝❤❛♥♥❡❧ ✐$ ❝#❡❛'❡❞ ❛❧♠♦$' ✐♥$'❛♥'❛♥❡♦✉$❧② ❜② '❤❡ ❧❛$❡# ✐♥'❡#❛❝'✐♦♥✳ ❚❤❡

♣#♦♣❛❣❛'✐♦♥ ❞✐$'❛♥❝❡ ♦❢ '❤❡ ❧❛$❡# ✐♥ 3 ♣$ ✐$ ❛❜♦✉' 900µ♠✱ ✇❤✐❝❤ ✐$ ✐♥ ❣♦♦❞ ❛❣#❡❡♠❡♥'

✇✐'❤ '❤❡ $❤❛❞♦✇❣#❛♣❤② ✐♠❛❣❡$✳ ❋♦# '❤✐$ #❡❛$♦♥✱ '❤❡ '❡♠♣♦#❛❧ ♦✈❡#❧❛♣ ♦❢ '❤❡ ❍❡❛'❡# ❛♥❞

'❤❡ ♣#♦❜❡ ❜❡❛♠ ✇❛$ '✐♠❡❞ ✐♥ ❛ ✇❛②✱ '❤❛' ❛' ♥♦ '❡♠♣♦#❛❧ ❞❡❧❛②✱ '❤❡ ❍❡❛'❡# ❧❛$❡# ✇❛$ ❥✉$'

❛❜♦✉' '♦ ❡♥'❡# '❤❡ ❣❛$ '❛#❣❡'✳ 3.5 ♣$ ❧❛'❡#✱ '❤❡ ❧❛$❡# #❡❛❝❤❡❞ '♦ ❢♦❝❛❧ ♣♦✐♥' ✐♥ '❤❡ ❝❡♥'#❡

♦❢ '❤❡ '❛#❣❡'✳ ❚❤❡ ✐♠❛❣❡$ ❛#❡ ♥♦' ❝♦♠♣❛#❛❜❧❡ ♦♥❡ '♦ ♦♥❡ ✇✐'❤ '❤❡ ♥✉♠❡#✐❝❛❧ #❡$✉❧'$✱

❤♦✇❡✈❡# ✐♥ ❣♦♦❞ ❛❣#❡❡♠❡♥'✳
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❋✐❣✉&❡ ✺✳✶✽✿ ❲✐❞'❤$ ♦❢ '❤❡ ✐♥♥❡# ❧❛$❡# ♣❧❛$♠❛ ❝❤❛♥♥❡❧ ❛' '❤#❡❡ ❞✐✛❡#❡♥' ❞❡♥$✐'✐❡$✱

❡①'#❛❝'❡❞ ❢#♦♠ '❤❡ $❤❛❞♦✇❣#❛♣❤② ✐♠❛❣❡$ ❛❜♦✈❡✳

❆' '❤❡ $❛♠❡ '✐♠❡ ❛$ '❤❡ $❤❛❞♦✇❣#❛♣❤② ✐♠❛❣❡$ ✇❡#❡ #❡❝♦#❞❡❞✱ ✐♥'❡#❢❡#♦♠❡'#② ❞❛'❛ ✇❡#❡

❛$ ✇❡❧❧ #❡❝♦#❞❡❞✳ ❚❤❡ ♠❛❣♥✐✜❝❛'✐♦♥ ♦❢ '❤❡ ❞✐❛❣♥♦$'✐❝ ✇❛$ '♦♦ $♠❛❧❧ ✐♥ ♦#❞❡# '♦ #❡$♦❧✈❡

'❤❡ ✜♥❡ ❝❤❛♥❣❡$ ✐♥ '❤❡ ❢#✐♥❣❡ ♣❛''❡#♥ ❜② '❤❡ ✐♥♥❡# ♣❧❛$♠❛ ❝❤❛♥♥❡❧✳ ❉✉❡ '♦ ❤✉❣❡ ❣#❛❞✐❡♥'$

❛' '❤❡ ♦✉'❡# ❡❞❣❡$ '❤❡ ❡❧❡❝'#♦♥ ❞❡♥$✐'② ✇❡#❡ ♦✈❡#❡$'✐♠❛'❡❞ ❢♦# '❤❡ ✇❤♦❧❡ ❝❤❛♥♥❡❧✳ ❖♥❧②
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✺✳✹ ❘❡%✉❧(% ♦❢ (❤❡ ❝♦♠♣❧❡♠❡♥(❛1② ❞✐❛❣♥♦%(✐❝%

❛! ❧❛!❡ !❡♠♣♦'❛❧ ❞❡❧❛②* ❜❡!✇❡❡♥ !❤❡ ♣'♦❜✐♥❣ !✐♠❡ ❛♥❞ !❤❡ ✐♥!❡'❛❝!✐♦♥✱ ❛ ❝❤❛♥♥❡❧ ♣❛!!❡'♥

✇❛* '❡❝♦❣♥✐*❡❞✳

❚❤❡*❡ '❡*✉❧!* *❤♦✇ !❤❡ ❣❡♥❡'❛!✐♦♥ ♦❢ ❛ ♣❧❛*♠❛ ❝❤❛♥♥❡❧ ✇✐!❤ *❤❛'♣ ❡❞❣❡*✱ ✇❤✐❝❤ ✐* ❛ ❤✐♥!

♦♥ !❤❡ ❡①♣❧♦❞✐♥❣ ❝❤❛♥♥❡❧ *!'✉❝!✉'❡ ✐♥ !❤❡ ❈♦✉❧♦♠❜ ❡①♣❧♦*✐♦♥ ♠❡❝❤❛♥✐*♠✳

0 ps

1 ps

2 ps

-2 ps

-1 ps

-3 ps

-2.5 ps

Laser

300µm

main channel

❋✐❣✉1❡ ✺✳✶✾✿ 9❧❛*♠❛ ♣'❡✲

❝❤❛♥♥❡❧ ❞❡!❡❝!❡❞ ❜② !❤❡

*❤❛❞♦✇❣'❛♣❤② ❢♦' ❞✐✛❡'✲

❡♥! ✐♥!❡'❛❝!✐♥❣ !✐♠❡*✳

❋✉'!❤❡'♠♦'❡✱ !❤❡ *✐♠✉❧❛!✐♦♥ '❡*✉❧!* '❡♣'♦❞✉❝❡ !❤❡ ♣❤②*✐✲

❝❛❧ ❝♦♥❝❡♣! ♦❢ ❛ ❝❤❛♥♥❡❧ ❣❡♥❡'❛!✐♦♥✱ ✇❤✐❝❤ ❡✈♦❧✈❡* ✐♥ !✐♠❡

✐♥ ❧♦♥❣✐!✉❞✐♥❛❧ ❛♥❞ !'❛♥*✈❡'*❡ ❞✐'❡❝!✐♦♥✳ ▼♦'❡♦✈❡'✱ ❛ ♣'❡✲

❝❤❛♥♥❡❧ *!'✉❝!✉'❡ ❝❛♥ ❜❡ '❡❝♦❣♥✐*❡❞ ✐♥ !❤❡ *❤❛❞♦✇❣'❛♣❤②

✐♠❛❣❡*✱ ✇❤✐❝❤ ✐* ✐♠♣♦'!❛♥! ❢♦' !❤❡ ✐♥✈❡*!✐❣❛!✐♦♥ ♦❢ !❤❡

❢♦❧❧♦✇✐♥❣ ❞♦✉❜❧❡ ❜❡❛♠ ✐♥!❡'❛❝!✐♦♥*✳

■♥ !❤❡ *❤❛❞♦✇❣'❛♣❤② ✐♠❛❣❡* !✇♦ ♦✉!❡' ❝❤❛♥♥❡❧ ❡❞❣❡* ♦❢

!❤❡ *❛♠❡ *✐③❡ ❛* !❤❡ ♣❧❛*♠❛ ❝❤❛♥♥❡❧ ♦❢ !❤❡ ♠❛✐♥ ✐♥!❡'❛❝✲

!✐♦♥ ❛'❡ ✈✐*✐❜❧❡✱ ✇❤✐❝❤ ❛'❡ ❛❧*♦ ❡✈♦❧✈✐♥❣ ✐♥ !✐♠❡✳ ❚❤❡② ✇❡'❡

❥✉*! !♦♦ ✇❡❛❦ ♦' ♥♦! ❞❡♥*❡ ❡♥♦✉❣❤ !♦ ❞✐*!✐♥❣✉✐*❤ !❤❡♠ ✈✐❛

!❤❡ ✐♥!❡'❢❡'♦♠❡!'②✳ ❚❤❡ ❧♦✇❡*! ❞❡!❡❝!❛❜❧❡ ❞❡♥*✐!② ✐♥ !❤❡

✐♥!❡'❢❡'♦♠❡!'② ❞✐❛❣♥♦*!✐❝ ✐* ❛❜♦✉! 1017 ❝♠−3
✳ ■! ❝♦✉❧❞ ❜❡

♣♦**✐❜❧❡ !♦ ✐❞❡♥!✐❢② !❤❡♠ ✇✐!❤ ❛ *♠❛❧❧❡' ❢'✐♥❣❡ ❞✐*!❛♥❝❡

❛♥❞ !❤❡'❡❢♦'❡ ❤✐❣❤❡' '❡*♦❧✉!✐♦♥✳ ❚❤✐* ♣'❡✲❝❤❛♥♥❡❧✱ ✇❤✐❝❤

✐* ❢♦'♠❡❞ ❜② !❤❡ ❧❛*❡' ♣❡❞❡*!❛❧ ❧❡✈❡❧✱ ✐* !❤❡ ♠♦*! ✐♠♣♦'✲

!❛♥! '❡*✉❧! ♦❢ !❤❡ ❛♥❛❧②*✐* ♦❢ !❤❡ ♦♣!✐❝❛❧ ♣'♦❜✐♥❣ ✐♠❛❣❡*✳

❆* *❡❡♥ ✐♥ ✜❣✉'❡ ✸✳✺✱ !❤❡ ♣❡❞❡*!❛❧ ❧❡✈❡❧ ♦❢ !❤❡ ❍❡❛!❡' ❜❡❛♠

❤❛* *!✐❧❧ ❛♥ ✐♥!❡♥*✐!② ♦❢ ❛❜♦✉! 1014 − 1015 ❲✴❝♠

2
✳ ❚❤❡*❡

❧❛*❡' ✐♥!❡♥*✐!✐❡* ❛'❡ ❛! !❤❡ ❡❞❣❡ ♦❢ !❤❡ ✐♦♥✐*❛!✐♦♥ !❤'❡*❤♦❧❞*

❢♦' ❍②❞'♦❣❡♥ ❛♥❞ ❍❡❧✐✉♠ ✭*❡❡ *❡❝!✐♦♥ ✷✳✶✮✳ ❋✐❣✉'❡ ✺✳✶✾

*❤♦✇* *❡✈❡'❛❧ ✐♠❛❣❡* ♦❢ !❤❡ ♣'❡✲❝❤❛♥♥❡❧✱ ❞❡!❡❝!❡❞ ❜② !❤❡

*❤❛❞♦✇❣'❛♣❤② ❞✐❛❣♥♦*!✐❝✳ ❚❤❡ ❡❞❣❡* ♦❢ !❤❡ ♣'❡✲❝❤❛♥♥❡❧

❝❛♥ ❡❛*✐❧② ❜❡ *❡❡♥ ♦♥ !❤❡ ❝♦♥!'❛*! ❡♥❤❛♥❝❡❞ ❞✐❣✐!❛❧ ✈❡'✲

*✐♦♥✳ ❇✉! ✐♥ ♦'❞❡' !♦ ♠❛❦❡ !❤❡♠ ✈✐*✐❜❧❡ ❡✈❡♥ ✐♥ !❤❡ ♣'✐♥!❡❞

✈❡'*✐♦♥✱ !❤❡ ❡❞❣❡* ❛'❡ ♠❛'❦❡❞ ✇✐!❤ ✇❤✐!❡ ❧✐♥❡*✳ ❚❤❡ ✈❡'✲

!✐❝❛❧ ❞❛*❤❡❞ '❡❞ ❧✐♥❡ '♦✉❣❤❧② '❡♣'❡*❡♥!* !❤❡ ❝❡♥!'❡ ♦❢ !❤❡

♥♦③③❧❡✳ ❚❤❡ !✐♠❡ ✐* '❡❧❛!❡❞ !♦ !❤❡ ❝❤❛♥♥❡❧ ♦❢ !❤❡ ✐♥!❡'❛❝✲

!✐♦♥ ♦❢ !❤❡ ♠❛✐♥ ❧❛*❡' ♣✉❧*❡ ✇✐!❤ !❤❡ ❣❛* !❛'❣❡!✳ ❚❤❡ ❧❛!❡

!✐♠❡* ✐♠❛❣❡* ❝❛♥ ❜❡ *❡❡♥ ❛! !❤❡ ❜♦!!♦♠✱ ✇❤✐❧❡ !❤❡ ✈❡'②
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❈❤❛♣$❡& ✺ ■♦♥ ❛❝❝❡❧❡&❛$✐♦♥ ✈✐❛ ❈♦✉❧♦♠❜ ❡①♣❧♦3✐♦♥ ✐♥ ✉♥❞❡&❞❡♥3❡ $❛&❣❡$3

❡❛"❧② ❡✈♦❧✉(✐♦♥ ✐+ ♣"❡+❡♥(❡❞ ♦♥ (❤❡ (♦♣ ✐♠❛❣❡✳ ❲✐(❤✐♥ ✹ ♣+ (❤❡ ♣❧❛+♠❛ ♣"❡✲❝❤❛♥♥❡❧ ✐+

❢✉❧❧② ❡①(❡♥❞❡❞ ♦✈❡" (❤❡ ✇❤♦❧❡ ♥♦③③❧❡ ❛"❡❛✳

❋✐❣✉"❡ ✺✳✷✵ ✐❧❧✉+("❛(❡+ (❤❡ ❧♦♥❣✐(✉❞✐♥❛❧ ❡✈♦❧✉(✐♦♥ ♦❢ (❤❡ ♣"❡✲❝❤❛♥♥❡❧ ✭❜❧❛❝❦✮ ❛♥❞ ♠❛✐♥✲

❝❤❛♥♥❡❧ ✭"❡❞✮ ✈❡"+✉+ (❤❡ (✐♠❡ ♦❢ (❤❡ ♦♣(✐❝❛❧ ♣"♦❜✐♥❣✳ ❚❤❡ ♣"❡✲❝❤❛♥♥❡❧✱ ❛+ ❛❧"❡❛❞② ❞❡✲

+❝"✐❜❡❞ ✐+ ❤❛"❞ (♦ "❡❝♦❣♥✐+❡ ♦♥ (❤❡ +❤❛❞♦✇❣"❛♣❤② ✐♠❛❣❡+✳ ❚❤❡"❡❢♦"❡✱ ✐( ✇❛+ ♥♦( ✈✐+✐❜❧❡

♦✈❡" (❤❡ ✇❤♦❧❡ ✜❡❧❞✲♦❢✲✈✐❡✇ ❛♥❞ ❤❛+ ♥♦( (❤❡ +❛♠❡ +✐③❡ ❛+ (❤❡ ♠❛✐♥✲❝❤❛♥♥❡❧✳ ❆❢(❡" ✹

(♦ ✺ ♣+ (❤❡ ♠❛①✐♠✉♠ ✈✐+✐❜❧❡ ❡①(❡♥+✐♦♥ ✐+ "❡❛❝❤❡❞ ❛♥❞ (❤❡ ♣"❡✲❝❤❛♥♥❡❧ ♦✈❡"❧❛♣+ ✇✐(❤

(❤❡ ♠❛✐♥ ❝❤❛♥♥❡❧✳ ■( (♦♦❦ ❛❜♦✉( ✹ ♣+ ❢♦" (❤❡ ♠❛✐♥ ❝❤❛♥♥❡❧ (♦ "❡❛❝❤ (❤❡ +✐③❡ ♦❢ (❤❡ ♣"❡✲

❝❤❛♥♥❡❧ ❛♥❞ ❛❢(❡" ✼ ♣+ (❤❡ ♠❛✐♥✲❝❤❛♥♥❡❧ ✇❛+ ❢✉❧❧② ❞❡✈❡❧♦♣❡❞ ♦✈❡" (❤❡ ✇❤♦❧❡ ✜❡❧❞✲♦❢✲✈✐❡✇✳

❆❣❛✐♥✱ (❤❡ ❝❤❛♥♥❡❧ +✐③❡ ✐+ ❜✐❣❣❡" (❤❛♥ (❤❡ ❛❝(✉❛❧ ❣❛+ ❥❡( ✇✐❞(❤✱ > 2♠♠ ❝♦♠♣❛"❡❞ (♦

1♠♠✳ ●❛+ ♠♦❧❡❝✉❧❡+ ❛"♦✉♥❞ (❤❡ ❥❡( ❤❛+ (♦ ❜❡ ❝♦♥+✐❞❡"❡❞ ✐♥ ♦"❞❡" (♦ ✐♦♥✐+❡ (❤❡ ❣❛+ ❡✈❡♥

❜❡+✐❞❡+ (❤❡ ♠❛✐♥ ❣❛+ (❛"❣❡(✳ ❋♦" (❤❡ ❜❡+( ✜( ❢♦" ❡❛❝❤ ❣❛+ ❞❡♥+✐(② ♣"♦✜❧❡ ✭✜❣✉"❡ ✸✳✶✺✮✱

❞❡♥+✐(✐❡+ ♦❢ ❛❜♦✉( 1018 ❝♠−3
✇❡"❡ ❝♦♥+✐❞❡"❡❞ ❛( (❤❡ ♦✉(❡" ♣❛"( ♦❢ (❤❡ ♥♦③③❧❡ ❤❡❛❞✳ ❆❢(❡"

✼ ♣+✱ (❤❡ ❝❤❛♥♥❡❧ ✇❛+ ♥♦( ❣"♦✇✐♥❣ ❛♥②♠♦"❡✱ ❜✉( +❛(✉"❛(✐♥❣ ❛♥❞ +❧♦✇❧② ✈❛♥✐+❤✐♥❣ ✐♥ ❛

(✐♠❡ ♣❡"✐♦❞ ❧♦♥❣❡" (❤❛♥ ✷ ♥+✳ ❇② ♠❡❛♥+ ♦❢ ❧✐♥❡❛" ✜(+ ♦❢ (❤❡ ❞❛(❛ ♣♦✐♥(✱ (❤❡ ❡✈♦❧✉(✐♦♥

✈❡❧♦❝✐(② ❝❛♥ ❜❡ ❝❛❧❝✉❧❛(❡❞✳ ❚❤❡ +♣❡❡❞ ❢♦" ❜♦(❤ ❦✐♥❞ ♦❢ ♣❧❛+♠❛ ❝❤❛♥♥❡❧+ ✐+ ♥❡❛"❧② (❤❡

+♣❡❡❞ ♦❢ ❧✐❣❤( ❝✱ v
♣!❡

= 2.97 · 108 ± 13♠✴+ ❛♥❞ v
♠❛✐♥

= 2.99 · 108 ± 9♠✴+✳ ❚❤❡"❡❢♦"❡✱ ❛♥

✐♥+(❛♥(❛♥❡♦✉+❧② ✐♦♥✐+❛(✐♦♥ ❤❛❞ (♦ (❛❦❡ ♣❧❛❝❡✱ ❛+ +✐♠✐❧❛"❧② +❤♦✇♥ ✐♥ ❬✾✽❪✳
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❋✐❣✉&❡ ✺✳✷✵✿ ▲❡♥❣(❤ ♦❢ (❤❡ ♣"❡ ✭❜❧❛❝❦✮ ❛♥❞ ♠❛✐♥ ✭"❡❞✮ ♣❧❛+♠❛ ❝❤❛♥♥❡❧ ♣❡" (✐♠❡✳ ❚❤❡

♠❡❛+✉"❡♠❡♥(+ ❛"❡ ✜((❡❞ ❧✐♥❡❛"❧② (♦ ❛♥❛❧②+❡ (❤❡ ❧♦♥❣✐(✉❞✐♥❛❧ ❡✈♦❧✉(✐♦♥ ♦❢ (❤❡ ♣❧❛+♠❛

❝❤❛♥♥❡❧✳
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❚✇♦ ❜✉❜❜❧❡✲❧✐❦❡ +()✉❝(✉)❡+ ❝❛♥ ❜❡ +❡❡♥ ✐♥ (❤❡ ❝❡♥()❡ ♦❢ (❤❡ (❛)❣❡( ✐♥ ❛)❡❛ ✭✷✮ ♦❢ ✜❣✉)❡

✺✳✷✷✳ ❚❤❡② ❤❛✈❡ ❛ ✈❡)(✐❝❛❧ ❡①(❡♥❞ ♦❢ ❛❜♦✉( 700µ♠ ❛♥❞ ❛ ❤♦)✐③♦♥(❛❧ ✇✐❞(❤ ♦❢ ❛❜♦✉(

250µ♠✳ ❊❛❝❤ ❜✉❜❜❧❡ ❤❛❞ ❛ ❞✐❛♠❡(❡) ♦❢ ❛❜♦✉( 250µ♠✳ ❚❤❡+❡ ❜✉❜❜❧❡✲❧✐❦❡ +()✉❝(✉)❡+

❝♦))❡+♣♦♥❞ (♦ )❡❣✐♦♥+✱ ✇❤❡)❡ (❤❡ ♣)♦❜✐♥❣ ♣❛)(✐❝❧❡+ ❤❛✈❡ ❜❡❡♥ ❞❡✢❡❝(❡❞ ❜❡❝❛✉+❡ ♦❢ ❡❧❡❝()✐❝

❛♥❞ ♠❛❣♥❡(✐❝ ✜❡❧❞+ ✐♥+✐❞❡ (❤❡ ♣❧❛+♠❛✳ ❇✉❧❛♥♦✈ ❡( ❛❧✳ +❤♦✇❡❞ (❤❡ ❛♣♣❡❛)❛♥❝❡ ♦❢ ❧♦♥❣✲

❧✐✈❡❞ +♦❧✐(♦♥+ ✐♥ (❤❡ ✇❛❦❡ ♦❢ (❤❡ ❧❛+❡) ♣✉❧+❡ ✐♥ ❛♥ ✉♥❞❡)❞❡♥+❡ ♣❧❛+♠❛ ❬✶✵✹❪✳ ❆ +♦❧✐(♦♥

✐+ ❞❡✜♥❡❞ ❛+ ❡❧❡❝()♦♠❛❣♥❡(✐❝ )❛❞✐❛(✐♦♥✱ ✇❤✐❝❤ ✐+ ()❛♣♣❡❞ ✐♥ +♠❛❧❧ ❝❛✈✐(❛(❡❞ ♦✈❡)❞❡♥+❡

❛)❡❛+ ♦❢ (❤❡ ♣❧❛+♠❛✳ ❆+ ❛ )❡+✉❧( ♦❢ (❤❡ ♣♦♥❞❡)♦♠♦(✐✈❡ ❡①♣✉❧+✐♦♥ ♦❢ (❤❡ ❡❧❡❝()♦♠❛❣♥❡(✐❝

✇❛✈❡✱ ❡❧❡❝()♦♥+ ❛)❡ ❡①♣❡❧❧❡❞ ❢)♦♠ (❤❡ ❝♦)❡✱ ❧❡❛✈✐♥❣ ♣)♦(♦♥+ ❜❡❤✐♥❞✳ ❚❤❡)❡❢♦)❡✱ ❧♦❝❛❧✐+❡❞

❡❧❡❝()✐❝ ✜❡❧❞+ ❛❝(❡❞ ()❛♥+✈❡)+❡ (♦ (❤❡ ♣)♦❜✐♥❣ ♣)♦(♦♥ ♣)♦♣❛❣❛(✐♦♥ ❞✐)❡❝(✐♦♥ ❞❡✢❡❝(✐♥❣

(❤❡ ♣)♦(♦♥+ ❢)♦♠ (❤❡ ✐♥♥❡) ♣❛)( ♦❢ (❤❡ ❜✉❜❜❧❡✱ ❝♦♥()✐❜✉(✐♥❣ (♦ ❡♥❤❛♥❝❡❞ ❡❞❣❡+ ♦❢ (❤❡

+♦❧✐(♦♥+ ✐♥ (❤❡ ✐♠♣)✐♥( ♦♥ (❤❡ ❘❈❋✳ ▼♦)❡ ❣❡♥❡)❛❧ ✐♥❢♦)♠❛(✐♦♥ ❛❜♦✉( +♦❧✐(♦♥+ ❝❛♥ ❜❡

❢♦✉♥❞ ✐♥ ❬✶✵✺❪✳ ■♦♥+ ❝❛♥ ❜❡ ❝♦♥+✐❞❡)❡❞ (♦ )❡+( ❞✉)✐♥❣ (❤❡ ❢♦)♠❛(✐♦♥ ♦❢ +♦❧✐(♦♥+✱ ✇❤✐❝❤

❧❛+( ❧❡++ (❤❛♥ (❤❡ ✐♦♥ )❡+♣♦♥+❡ (✐♠❡✳ ❚❤❡ ❢)❡R✉❡♥❝② ♦❢ ❛ +♦❧✐(♦♥ ω
 

✐+ ❝♦♥♥❡❝(❡❞ (♦ (❤❡

♠❛①✐♠✉♠ ✜❡❧❞ ❛♠♣❧✐(✉❞❡ a
♠

♦❢ (❤❡ ❡❧❡❝()♦♠❛❣♥❡(✐❝ ✇❛✈❡+ ✐♥+✐❞❡✱ a
♠

= 2
√

ω2
♣

− ω2
 

/ω
 

✳

❚❤❡ ❛♠♣❧✐(✉❞❡ ❝❛♥ )❡❛❝❤ (❤❡ ♠❛①✐♠✉♠ ✈❛❧✉❡ ♦❢ a
♠

✱ ♦(❤❡)✇✐+❡ (❤❡ +♦❧✐(♦♥ +()✉❝(✉)❡

✇✐❧❧ ❜❡ ✉♥+(❛❜❧❡ ❛♥❞ ♠✐❣❤( ❜)❡❛❦ ❬✶✵✻❪✳ ❚❤❡ (②♣✐❝❛❧ ✇✐❞(❤ ♦❢ ❛ +♦❧✐(♦♥ ♦♥ (❤❡ ❡❧❡❝()♦♥

(✐♠❡ +❝❛❧❡ ✐+ ✐♥ (❤❡ ♦)❞❡) ♦❢ (❤❡ ❡❧❡❝()♦♥ +❦✐♥ ❞❡♣(❤✿ d
❡

= c/ω
♣

✱ ✇❤✐❝❤ ✐+ ❜❡❧♦✇ ♦♥❡

♠✐❝)♦♠❡()❡ ✐♥ (❤❡ (❛)❣❡( ❞❡♥+✐(② )❛♥❣❡ ♦❢ (❤✐+ ❡①♣❡)✐♠❡♥(❛❧ ❝❛♠♣❛✐❣♥✳

❚❤❡ ♣)♦♣❛❣❛(✐♦♥ ✈❡❧♦❝✐(② ♦❢ ❛ +♦❧✐(♦♥ ✐+ ❜❡❧♦✇ (❤❡ ❣)♦✉♣ ✈❡❧♦❝✐(② ♦❢ (❤❡ ❧❛+❡) ❛♥❞ ✐+

❛❧♠♦+( ③❡)♦ ✐♥ ❤♦♠♦❣❡♥♦✉+ ♣❧❛+♠❛+✳ ❉✉❡ (♦ (❤❡ ❡✈❛❝✉❛(✐♦♥ ♦❢ ❡❧❡❝()♦♥+ ✐♥+✐❞❡ (❤❡

+♦❧✐(♦♥+✱ (❤❡ ❈♦✉❧♦♠❜ )❡♣✉❧+✐♦♥ ♦❢ (❤❡ ✐♦♥+ ❧❡❛❞+ (♦ ❛ )❛❞✐❛❧ ❡①♣❛♥+✐♦♥ ♦❢ (❤❡ +()✉❝(✉)❡✳

❚❤❡)❡❢♦)❡✱ +♦❧✐(♦♥+ ❡①♣❛♥❞ ❛♥❞ ♠❡)❣❡ (♦❣❡(❤❡)✱ ❢♦)♠✐♥❣ ❧❛)❣❡) ♣♦+(✲+♦❧✐(♦♥ +()✉❝(✉)❡+

❬✶✵✼❪✱ ✇❤✐❝❤ ✐♥❝❧✉❞❡ ❛ ()❛♥+✈❡)+❡ ♦✉(✇❛)❞+ ❞✐)❡❝(❡❞ ❡❧❡❝()♦+(❛(✐❝ ✜❡❧❞✳ ❚❤✐+ ✜❡❧❞ ❞❡✢❡❝(+

(❤❡ ❝❤❛)❣❡ ♣❛)(✐❝❧❡ ♣)♦❜❡ ❜❡❛♠ ❛♥❞ ❝✐)❝✉❧❛)❧② +❤❛♣❡❞ ❢♦)♠❛(✐♦♥+ ♦❝❝✉) ♦♥ (❤❡ ❞❡(❡❝(✐♦♥

♣❧❛♥❡✳ ❚❤❡ ❛♣♣❡❛)❛♥❝❡ ❛♥❞ ♠❡)❣✐♥❣ ❛)❡ +✐♠✉❧❛(❡❞ ❛♥❞ ❛+ ✇❡❧❧ ❡①♣❡)✐♠❡♥(❛❧❧② ♦❜+❡)✈❡❞

✐♥ ❬✽✸✱ ✶✵✽✱ ✶✵✾❪✳ ❆+ ❝❛❧❝✉❧❛(❡❞ ✐♥ ❬✶✵✼❪✱ (❤❡ ✐♦♥+ ✐♥+✐❞❡ (❤❡ ♣♦+(✲+♦❧✐(♦♥ ❝❛♥ ❜❡ ❛++✉♠❡❞

(♦ ❜❡ ✜①❡❞ ❞✉)✐♥❣

√

m
✐

/m
❡

♦+❝✐❧❧❛(✐♦♥ ♣❡)✐♦❞+ ✭∼ 2πω−1
♣

✮ ♦❢ (❤❡ ()❛♣♣❡❞ ❡❧❡❝()♦♠❛❣♥❡(✐❝

✶✷✺



❈❤❛♣$❡& ✺ ■♦♥ ❛❝❝❡❧❡&❛$✐♦♥ ✈✐❛ ❈♦✉❧♦♠❜ ❡①♣❧♦3✐♦♥ ✐♥ ✉♥❞❡&❞❡♥3❡ $❛&❣❡$3

✜❡❧❞ ✐♥&✐❞❡ '❤❡ &♦❧✐'♦♥✳ ◆❡✈❡-'❤❡❧❡&&✱ '❤❡ ✐♦♥& ✇✐❧❧ ❜❡ ❛✛❡❝'❡❞ ❜② '❤❡ ♣♦♥❞❡-♦♠♦'✐✈❡ ❢♦-❝❡

❛❢'❡- ❛❜♦✉' ✷✹✵ ❢&✳ ❍♦✇❡✈❡-✱ '❤❡ &❧♦✇❧② ❡①♣❛♥❞✐♥❣ ♣♦&'✲&♦❧✐'♦♥ ♥❛'✉-❡ -❡♠❛✐♥& ✐♥'❛❝'

✐♥❝❧✉❞✐♥❣ '❤❡ ❝❛♣'✉-❡❞ ❡❧❡❝'-♦♠❛❣♥❡'✐❝ ✇❛✈❡& ♣❛❝❦❡'✳ ❚❤✐& -❡♣✉❧&✐✈❡ ♣-♦❝❡&& ✐& &✐♠✐❧❛- '♦

'❤❡ ❈♦✉❧♦♠❜ ❡①♣❧♦&✐♦♥ ♠❡❝❤❛♥✐&♠✳ ■♥ ❬✶✵✼❪ '❤❡ ✐♥'❡-❛❝'✐♦♥ ♦❢ ❛ ❧❛&❡- ♣✉❧&❡ ✭I
▲

= 1.37 ·
1018❲✴❝♠

2
✱ λ = 1µ♠✱ τ = 13.3 ❢&✱ a = 1✮ ✇✐'❤ ❛♥ ✉♥❞❡-❞❡♥&❡ '❛-❣❡' ✭n0 = 0.36n

❝

✮ ✐&

✐♥✈❡&'✐❣❛'❡❞ ✈✐❛ ✷❉ &✐♠✉❧❛'✐♦♥&✳ ❘❡❧❛'✐✈✐&'✐❝ &'-♦♥❣ ❡❧❡❝'-♦♠❛❣♥❡'✐❝ &♦❧✐'♦♥& ❡✈♦❧✈❡ ✐♥'♦

♣♦&'✲&♦❧✐'♦♥&✱ ❧❡❛❞✐♥❣ '♦ ❛♥ ✐♦♥ ❛❝❝❡❧❡-❛'✐♦♥✳ ❉✉-✐♥❣ '❤❡ ❈♦✉❧♦♠❜ ❡①♣❧♦&✐♦♥✲❧✐❦❡ ♣-♦❝❡&&

❧♦✇ ❡♥❡-❣② ✐♦♥& ❛-❡ -❛❞✐❛❧❧② ❛❝❝❡❧❡-❛'❡❞✳ ❇② ♠❡❛♥& ♦❢ ❛ ✸❉ &✐♠✉❧❛'✐♦♥& ✇✐'❤ '❤❡ &❛♠❡

❧❛&❡- ❛♥❞ ❣❛& ♣❛-❛♠❡'❡-& ❡♥❤❛♥❝❡❞ ✐♦♥ ❡♥❡-❣✐❡& ✉♣ '♦ ✸✵ ❦❡❱ ✇❡-❡ ❝❛❧❝✉❧❛'❡❞ ✐♥ ❬✶✶✵❪✳ ■♥

'❤❡ ✷❉ &✐♠✉❧❛'✐♦♥& ✐♥ ❬✶✵✹❪✱ '❤❡ ❡❧❡❝'-✐❝ ✜❡❧❞ ✐♥&✐❞❡ '❤❡ &♦❧✐'♦♥ ✐& 1.5 '✐♠❡& &'-♦♥❣❡- ✇✐'❤

❧❛&❡- ♣❛-❛♠❡'❡-& ✈❡-② ❝❧♦&❡ '♦ '❤❡ ❆❘❈❚❯❘❯❙ ❍❡❛'❡- ❧❛&❡- ❜❡❛♠✱ I
▲

= 2 ·1019❲✴❝♠

2
✱

λ = 1µ♠✱ τ = 40 ❢&✱ a = 3 ❛♥❞ ❛ ♣❧❛&♠❛ ❞❡♥&✐'② ♦❢ n0 = 0.2025n
❝

✳ ❍❡♥❝❡✱ '❤❡ ✐♦♥&

♦-✐❣✐♥❛'✐♥❣ ❢-♦♠ '❤❡ &♦❧✐'♦♥& ❣❛✐♥ ❛♥ ❡♥❡-❣② ♦❢ ❛❜♦✉' ✹✺ ❦❡❱✳

U-❡❧✐♠✐♥❛-② &✐♠✉❧❛'✐♦♥& ♦❢ '❤❡ ❍❡❛'❡-✲❣❛& ✐♥'❡-❛❝'✐♦♥ ✐♥❞✐❝❛'❡ &♦♠❡ ❧♦♥❣✲❧✐✈✐♥❣ ❡❧❡❝'-✐❝

&'-✉❝'✉-❡&✱ ✇❤✐❝❤ ❝❛♥ ❜❡ &❡❡♥ ✐♥ ✜❣✉-❡ ✺✳✻ ❛& ❞❛-❦ ❜❧✉❡ ❛♥❞ ②❡❧❧♦✇ &♣♦'& ✐♥&✐❞❡ '❤❡

♣❧❛&♠❛ ❝❤❛♥♥❡❧✳ ❚❤❡&❡ ✜❡❧❞ &'-✉❝'✉-❡& ❝❛♥ ❤✐♥' ❛' '❤❡ &♦❧✐'♦♥ &'-✉❝'✉-❡& ✈✐&✐❜❧❡ ✐♥ '❤❡

❝❤❛-❣❡ ♣❛-'✐❝❧❡ ♣-♦❜✐♥❣✳ ❈♦♥&❡W✉❡♥'❧②✱ ❛❧&♦ '❤❡ &♦❧✐'♦♥& ♦❜&❡-✈❡❞ ✐♥ '❤❡ ❍❡❛'❡- ❝❤❛♥♥❡❧

❝❛♥ ❡①♣❧♦❞❡ ❛♥❞ ❝♦♥'-✐❜✉'❡ '♦ '❤❡ ✐♦♥ ❛❝❝❡❧❡-❛'✐♦♥✳ ■♥ ❝♦♠♣❛-✐&♦♥ '♦ '❤❡ ♣-❡✈✐♦✉&
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♠❛✐♥ ❝❤❛♥♥❡❧ #3❛'3❡❞ 3♦ ❡✈♦❧✈❡✱ ✇❤✐❝❤ ✇❛# ✐♠♣♦'3❛♥3 3♦ ✐♥✈❡#3✐❣❛3❡ 3❤❡ ♣❤②#✐❝# ♦❢ ❛
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3♦ 3❤❡ ❧♦✇ ❡♥❡'❣② ✐♦♥ #♣❡❝3'❛ ✐♥ ❝♦♠❜✐♥❛3✐♦♥ ✇✐3❤ 3❤❡ ❈♦✉❧♦♠❜ ❡①♣❧♦#✐♦♥ ♦❢ 3❤❡ ❢✉❧❧
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❜② ❡♠♣❧♦②✐♥❣ ❛ #❡❝♦♥❞ ❧❛#❡) ❜❡❛♠✱ '❤❡ ❉)✐✈❡)✱ ❢♦❝✉#❡❞ ❜② ❛♥ ❢✴✷ ❖❆L '♦ ❛♥ ✐♥'❡♥#✐'②

♦❢ ❛❜♦✉' 1.5 · 1020❲✴❝♠2
✱ '❤❡ ❛❝❝❡❧❡)❛'✐♦♥ ♠❡❝❤❛♥✐#♠ ✇❛# ❡①'❡♥❞❡❞ '♦ ❛ '❛)❣❡' ❞❡♥#✐'②

♦❢ ❛❜♦✉' 0.18n
❝

✳ ❚❤❡ ❡①♣❡)✐♠❡♥'❛❧ #❡'✉♣ ❝❛♥ ❜❡ #❡❡♥ ✐♥ ✜❣✉)❡ ✹✳✷✸✳ ■♥#'❡❛❞ ♦❢ ❛❝❝❡❧❡)✲

❛'✐♥❣ ✐♦♥# ✐♥ '❤❡ ')❛♥#✈❡)#❡ ❞✐)❡❝'✐♦♥ ❜② '❤❡ ❣❡♥❡)❛'✐♦♥ ♦❢ ❛ ♣❧❛#♠❛ ❝❤❛♥♥❡❧ ✐♥ '❤❡ ❣❛#

'❛)❣❡' ❞✉❡ '♦ '❤❡ #✐♥❣❧❡ ❜❡❛♠ ✐♥'❡)❛❝'✐♦♥✱ ❛ ♥♦✈❡❧ '❛)❣❡' ❞❡#✐❣♥ ✇❛# ✐♠♣❧❡♠❡♥'❡❞✳ ❚❤❡

❉)✐✈❡) ✐♥'❡)❛❝'❡❞ ✇✐'❤ ❛ ♣)❡✲❢♦)♠❡❞ ♣❧❛#♠❛ ♣)♦✜❧❡ ❝)❡❛'❡❞ ❜② '❤❡ ❍❡❛'❡) ❝♦♥#✐#'✐♥❣ ♦❢

'✇♦ ❞❡♥#✐'② #♣✐❦❡# ❝♦♠❜✐♥❡❞ ✇✐'❤ ❛ ❞❡♥#✐'② ❣❛♣ ✐♥ ❜❡'✇❡❡♥✳ ■' #❤♦✉❧❞ ❜❡ ♠❡♥'✐♦♥❡❞✱

'❤❛' ♥♦ ✐♦♥# ✇❡)❡ ❛❝❝❡❧❡)❛'❡❞ ♥❡✐'❤❡) ✐♥ ')❛♥#✈❡)#❡✱ ♥♦) ✐♥ '❤❡ ❧♦♥❣✐'✉❞✐♥❛❧ ❞✐)❡❝'✐♦♥ ❜② ❛

✶✷✾



❈❤❛♣$❡& ✻ ■♦♥ ❛❝❝❡❧❡&❛$✐♦♥ ❢&♦♠ ✉♥❞❡&❞❡♥2❡ $❛&❣❡$2 ✈✐❛ ❛ ❚◆❙❆✲❧✐❦❡

♠❡❝❤❛♥✐2♠

 ✐♥❣❧❡ ❉'✐✈❡' ✐♥)❡'❛❝)✐♦♥✳ ❚❤❡ '❡ ✉❧) ✇❡'❡ ❡①♣❡'✐♠❡♥)❛❧❧② ♦❜ ❡'✈❡❞ ❛♥❞ '❡♣'♦❞✉❝❡❞ ❜②

♥✉♠❡'✐❝❛❧  ✐♠✉❧❛)✐♦♥ ✱ ❤❡❧♣✐♥❣ )♦ ✐♥✈❡ )✐❣❛)❡ )❤❡ ❧❛ ❡' ♣❧❛ ♠❛ ✐♥)❡'❛❝)✐♦♥✳ ❆ ❚◆❙❆✲❧✐❦❡

❛❝❝❡❧❡'❛)✐♦♥ ♣'♦❝❡  ✇❛ ✐❞❡♥)✐✜❡❞ ❜②  )✉❞②✐♥❣ )❤❡ ❞❡♥ ✐)② ❛♥❞ ✜❡❧❞ ❞✐ )'✐❜✉)✐♦♥ ✳ ❋✐✲

♥❛❧❧②✱ ❛♥❛❧②)✐❝❛❧ ❝❛❧❝✉❧❛)✐♦♥  ✉♣♣♦')❡❞ )❤❡ ❝♦♥❝❧✉ ✐♦♥ ❛❜♦✉) )❤❡ ✐♥)❡'❛❝)✐♦♥ ♣'♦❝❡  ❡ ✳

▼♦'❡♦✈❡'✱ )❤❡ ❡ '❡ ✉❧) ✱ ♦❜ ❡'✈❡❞ ❢♦' )❤❡ ✜' ) )✐♠❡✱ ❤❡❧♣❡❞ )♦ ✉♥❞❡' )❛♥❞ )❤❡ ❝'♦  ♦✈❡'

♦❢ )❤❡ ✐♥)❡'❛❝)✐♦♥ ♣❤② ✐❝ ✳

■♥ ❛❞❞✐)✐♦♥✱ ❛ ♠❛❣♥❡)✐❝  ♣❡❝)'♦♠❡)❡' ✇❛ ❡♠♣❧♦②❡❞ ✐♥ )❤❡  ❡)✉♣ ✐♥ )❤❡ )'❛♥ ✈❡' ❡ ❞✐✲

'❡❝)✐♦♥ )♦ )❤❡ ❉'✐✈❡' ❧❛ ❡' ❛①✐ ✳ ❚❤❡ ♠❛✐♥ ♣✉'♣♦ ❡ ♦❢ )❤❡ ❞✐❛❣♥♦ )✐❝ ✇❛ )❤❡ ❞❡)❡❝)✐♦♥

♦❢ ✐♦♥ ✐♥ )❤✐ ❞✐'❡❝)✐♦♥✳ ❍♦✇❡✈❡'✱ ♦♥❧② ❡❧❡❝)'♦♥ ✇❡'❡ ❞❡)❡❝)❡❞ ❜② )❤❡ ✐♥)❡'❛❝)✐♦♥ ♦❢

)❤❡ ❉'✐✈❡' ✇✐)❤ )❤❡ )❛'❣❡)✳ ◆♦ ✐♦♥ ✇❡'❡ ♦❜ ❡'✈❡❞ ✐♥ )❤✐ ❞✐'❡❝)✐♦♥ ❞✉'✐♥❣ )❤❡ ✈❛'✐✲

♦✉ )❛'❣❡) ❛♥❞ ❧❛ ❡' ❛❞❥✉ )♠❡♥) ✳ ▼♦'❡♦✈❡'✱ )❤❡ ❉'✐✈❡' ✐♥)❡'❛❝)✐♦♥ ✇❛ ✐♥✈❡ )✐❣❛)❡❞

❜② ♦♣)✐❝❛❧  ❤❛❞♦✇❣'❛♣❤②✳ ❚❤❡ ♣❧❛ ♠❛ ❝❤❛♥♥❡❧ ❜❧❛ )❡❞ ✐♥ )❤❡ )❛'❣❡) ❝❡♥)'❡✱ ❝♦♥ ✐ )❡♥)

✇✐)❤ )❤❡ '❡ ✉❧)✱ )❤❛) ♥♦ ✐♦♥ ✇❡'❡ ❛❝❝❡❧❡'❛)❡❞ ✐♥ )❤❡ )'❛♥ ✈❡' ❡ ❞✐'❡❝)✐♦♥ ❜② )❤❡ ❉'✐✈❡'

✐♥)❡'❛❝)✐♦♥✳

✻✳✶ ❊①♣❡'✐♠❡♥+❛❧ '❡.✉❧+.

❋✐❣✉'❡ ✻✳✶ ✐❧❧✉ )'❛)❡ )❤❡ ♣'♦)♦♥  ♣❡❝)'❛ ♦❢ )❤❡ ✐♥)❡'❛❝)✐♦♥ ♦❢ ❍❡❛)❡' ❛♥❞ ❉'✐✈❡'✱ ✐♠✲

♣✐♥❣✐♥❣ ♦♥)♦ )❤❡ ❍②❞'♦❣❡♥ )❛'❣❡) ❛) )❤❡  ❛♠❡ )✐♠❡✳ ■❢ )❤✐ ✜❣✉'❡ ✐ ❝♦♠♣❛'❡❞ )♦ ✜❣✉'❡

✺✳✶ ✐♥  ❡❝)✐♦♥ ✺✳✶✱ ❤✐❣❤❡' ❝✉)✲♦✛ ❡♥❡'❣✐❡ ❛♥❞ ❛ ✢✉① ❛❜♦✉) ✽ )✐♠❡ ❤✐❣❤❡' ✐ ❝❧❡❛'❧② ❞✐ ✲

)✐♥❣✉✐ ❤❛❜❧❡✳ ▼♦'❡♦✈❡'✱ )❤❡ ❛❝❝❡❧❡'❛)✐♦♥ )♦♦❦ ♣❧❛❝❡ ❡✈❡♥ ❛) ✈❡'② ❤✐❣❤ )❛'❣❡) ❞❡♥ ✐)✐❡ 

❛❜♦✈❡ 0.121n
❝

✳ ❚❤❡ ❝✉)✲♦✛ ❡♥❡'❣② ✐ ❤✐❣❤❡' )❤❛♥ ✐♥ )❤❡  ✐♥❣❧❡ ❜❡❛♠ ❝❛ ❡ ❛♥❞  ❧✐❣❤)❧②

✐♥❝'❡❛ ✐♥❣ ✇✐)❤ ✐♥❝'❡❛ ✐♥❣ )❛'❣❡) ❞❡♥ ✐)②✳

❋✐❣✉'❡ ✻✳✷  ❤♦✇ ❛ ❝♦♠♣❛'✐ ♦♥ ♦❢ )❤❡ ❝✉)✲♦✛ ❡♥❡'❣② ♦❢ )❤❡ ❛❝❝❡❧❡'❛)❡❞ ♣'♦)♦♥ ♦❢ )❤❡

 ✐♥❣❧❡ ❜❡❛♠ ✭'❡❞✮ ✈❡' ✉ )❤❡ ❞♦✉❜❧❡ ❜❡❛♠ ✭❜❧❛❝❦✮ ❝♦♥✜❣✉'❛)✐♦♥✳ ❚❤❡ ✈❛❧✉❡ ❛'❡ ❛✈❡'❛❣❡❞

♦✈❡'  ❡✈❡'❛❧  ❤♦) ❛♥❞ )❤❡'❡❢♦'❡ '❡♣'❡ ❡♥) ❛  )❛)✐ )✐❝ ♦❢ )❤❡ ❡✈♦❧✉)✐♦♥ ♦❢ )❤❡ ♠❛①✐♠✉♠

❡♥❡'❣② ♦❢ )❤❡ ♣'♦)♦♥ ❢'♦♠ )❤❡ ❍②❞'♦❣❡♥ ❣❛ )❛'❣❡)✳ ❚❤❡ ❣'❛♣❤ ✐❧❧✉ )'❛)❡ )❤❡ )'❡♥❞ 

♦❢ )❤❡ ❝✉)✲♦✛ ❡♥❡'❣② ❢♦' ❜♦)❤ ❚❤♦♠ ♦♥ ♣❛'❛❜♦❧❛ ✿ 0◦ ✲  ♦❧✐❞ ❧✐♥❡ ❛♥❞ 10◦ ✲ ❞❛ ❤❡❞ ❧✐♥❡✳

❚❤❡ )'❡♥❞ ❧✐♥❡ ✐♥ )❤❡ ❞♦✉❜❧❡ ❜❡❛♠ ❝♦♥✜❣✉'❛)✐♦♥  ❤♦✇ ❛  ❧✐❣❤) ✐♥❝'❡❛ ❡ ✇✐)❤ ✐♥❝'❡❛ ✐♥❣

)❛'❣❡) ❞❡♥ ✐)② ✐♥ ❜♦)❤ ❞❡)❡❝)✐♦♥ ❛♥❣❧❡ ✳ ❲❤❡'❡❛ )❤❡ ♠❛①✐♠✉♠ ❡♥❡'❣② ♦❢ )❤❡ ♣'♦)♦♥ 

✐♥ )❤❡  ✐♥❣❧❡ ❜❡❛♠  ❡)✉♣ '❡♠❛✐♥ ♥❡❛'❧② )❤❡  ❛♠❡ ♦' ✐ ❡✈❡♥ ❞❡❝'❡❛ ✐♥❣ ❛❣❛✐♥ ❢♦' ❤✐❣❤
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❋✐❣✉'❡ ✻✳✶✿  !♦#♦♥ ❡♥❡!❣② (♣❡❝#!❛ ❢♦! ❞✐✛❡!❡♥# ❣❛( #❛!❣❡# ❞❡♥(✐#✐❡( ✐♥ #❤❡ ❞♦✉❜❧❡ ❜❡❛♠

❝♦♥✜❣✉!❛#✐♦♥✱ ❞❡#❡❝#❡❞ ❜② #❤❡ 0◦ ❚❤♦♠(♦♥ ♣❛!❛❜♦❧❛✳ ❚❤❡ ♣!♦#♦♥( ❛!❡ ❛❝❝❡❧❡!❛#❡❞

#!❛♥(✈❡!(❡ #♦ #❤❡ ❜❡❛♠ ❛①✐(✳

#❛!❣❡# ❞❡♥(✐#✐❡(✳ ■♥ #❤❡ ❣❛♣ ❛# 0.065n
❝

✭0◦ ❛♥❣❧❡✮ #❤❡ ♣!♦#♦♥ ❡♥❡!❣② ✐( ♣!♦❜❛❜❧② ❜❡❧♦✇

#❤❡ ❞❡#❡❝#✐♦♥ #❤!❡(❤♦❧❞ ♦❢ ✶✻✵ ❦❡❱✳
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❋✐❣✉'❡ ✻✳✷✿ ❚❤❡ ❣!❛♣❤ ❞❡♠♦♥(#!❛#❡( #❤❡ ❡✈♦❧✉#✐♦♥ ♦❢ #❤❡ ❝✉#✲♦✛ ❡♥❡!❣② ♦❢ #❤❡ ♣!♦#♦♥

(♣❡❝#!❛ ❢♦! ❛ ❣✐✈❡♥ ❣❛( ❞❡♥(✐#②✳ ❚❤❡ ❜❧❛❝❦ ❝✉!✈❡ !❡♣!❡(❡♥#( #❤❡ (❧♦✇❧② ✐♥❝!❡❛(✐♥❣ #!❡♥❞

♦❢ #❤❡ ❡♥❡!❣② ✐♥ #❤❡ ❞♦✉❜❧❡ ❜❡❛♠ ❝♦♥✜❣✉!❛#✐♦♥✱ ✇❤✐❧❡ #❤❡ !❡❞ ❝✉!✈❡ !❡♣!❡(❡♥#( #❤❡

♠❛①✐♠✉♠ ❡♥❡!❣② ❢♦! #❤❡ (✐♥❣❧❡ ❜❡❛♠✱ ❍❡❛#❡!✲♦♥❧② (❤♦#(✳ ❚❤❡ (♦❧✐❞ ❧✐♥❡ !❡♣!❡(❡♥#(

#❤❡ 0◦ ❚❤♦♠(♦♥ ♣❛!❛❜♦❧❛ ❛♥❞ #❤❡ ❞❛(❤❡❞ ❧✐♥❡ #❤❡ 10◦ ❚❤♦♠(♦♥ ♣❛!❛❜♦❧❛✳

❚❤❡ ❍❡

+
✐♦♥ ❡♥❡!❣② (♣❡❝#!❛ ✐♥ #❤❡ ❞♦✉❜❧❡ ❜❡❛♠ ❝♦♥✜❣✉!❛#✐♦♥ ❛!❡ ❛❧♠♦(# (✐♠✐❧❛! #♦ #❤❡

✶✸✶



❈❤❛♣$❡& ✻ ■♦♥ ❛❝❝❡❧❡&❛$✐♦♥ ❢&♦♠ ✉♥❞❡&❞❡♥2❡ $❛&❣❡$2 ✈✐❛ ❛ ❚◆❙❆✲❧✐❦❡

♠❡❝❤❛♥✐2♠

 ✐♥❣❧❡ ❜❡❛♠  ♣❡❝+,❛ ✭ ❡❡ ✜❣✉,❡ ✻✳✸ ✭❛✮✮✳ ❚❤❡ ♣❛,+✐❝❧❡ ✢✉① ✐  ❧✐❣❤+❧② ✐♥❝,❡❛ ❡❞ ❛♥❞ +❤❡

♠❛①✐♠✉♠ ❡♥❡,❣② ❝✉+✲♦✛ ❤♦✇❡✈❡, ✐ ❛+ ❛❜♦✉+ ✷✵✵ +♦ ✸✵✵ ❦❡❱✳ ❖♥❧② +❤❡ ❛❝❝❡❧❡,❛+✐♦♥ ❛+

0.12n
❝

✐ ❛♥ ♦✉+❧✐❡,✱ ,❡❛❝❤✐♥❣ ❛ ♠❛①✐♠✉♠ ❡♥❡,❣② ♦❢ ❛♣♣,♦①✐♠❛+❡❧② ✹✵✵ ❦❡❱✳ ▼♦,❡♦✈❡,✱

❛♥ ❛❝❝❡❧❡,❛+✐♦♥ ✇❛ ♦❜ ❡,✈❡❞ ❡✈❡♥ ❛+ ❛ ✈❡,② ❤✐❣❤ ❣❛ ❞❡♥ ✐+② ♦❢ 0.18n
❝

✳ ❚❤❡ ❧❛++❡,

✐ ❛❧ ♦ ✈❛❧✐❞ ❢♦, +❤❡ ❞❡+❡❝+❡❞ ❍❡

++
 ✐❣♥❛❧ ✭✻✳✸ ✭❜✮✮✳ ❍❡

++
✐ ❛❣❛✐♥ ❞❡+❡❝+❡❞ ♦♥❧② ❛+

❤✐❣❤ ❞❡♥ ✐+✐❡ ✳ ❚❤❡ ♠❛①✐♠✉♠ ❡♥❡,❣✐❡ ❛,❡  ❧✐❣❤+❧② ❤✐❣❤❡, +❤❛♥ ✐♥ +❤❡ ❍❡❛+❡,✲♦♥❧② ❝❛ ❡✱

❛,♦✉♥❞ ✸✵✵ +♦ ✹✵✵ ❦❡❱✳
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+
❡♥❡&❣② )♣❡❝,&❛
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✭❜✮ ❍❡

++
❡♥❡&❣② )♣❡❝,&❛

❋✐❣✉&❡ ✻✳✸✿ ❍❡

+
❛♥❞ ❍❡

++
✐♦♥ ❡♥❡,❣②  ♣❡❝+,❛ ❢♦, ❞✐✛❡,❡♥+ ❣❛ +❛,❣❡+ ❞❡♥ ✐+✐❡ ✐♥ +❤❡

❞♦✉❜❧❡ ❜❡❛♠ ❝♦♥✜❣✉,❛+✐♦♥✱ ❞❡+❡❝+❡❞ ❜② +❤❡ 0◦ ❚❤♦♠ ♦♥ ♣❛,❛❜♦❧❛✳ ❚❤❡ ✐♦♥ ❛,❡

❛❝❝❡❧❡,❛+❡❞ ❛♥❞ ❞❡+❡❝+❡❞ +,❛♥ ✈❡, ❡ +♦ +❤❡ ❜❡❛♠ ❛①✐ ✳

❋✐❣✉,❡ ✻✳✹ ♣,❡ ❡♥+ +❤❡ ❝✉+✲♦✛ ❡♥❡,❣✐❡ ✐♥ +❤❡ ❞♦✉❜❧❡ ❜❡❛♠ ❝♦♥✜❣✉,❛+✐♦♥ ✈❡, ✉ +❤❡

 ✐♥❣❧❡ ❜❡❛♠  ❡+✉♣✳ ❚❤❡ ❍❡❛+❡,✲♦♥❧② ❛♥❛❧② ✐ ✐ ❞,❛✇♥ ✐♥ ,❡❞ ❛♥❞ +❤❡ ❞♦✉❜❧❡ ❜❡❛♠

❝♦♥✜❣✉,❛+✐♦♥ ✐♥ ❜❧❛❝❦✳ ▼♦,❡♦✈❡,✱ ❍❡

+
✐♦♥ ❛,❡ ✐❧❧✉ +,❛+❡❞ ❜② ❢✉❧❧  J✉❛,❡ ❧❛❜❡❧ ❛♥❞

❍❡

++
✐♦♥ ❜② ✇❤✐+❡ ❢,❛♠❡❞  J✉❛,❡ ✳ ❚❤❡ ♠❛①✐♠✉♠ ❡♥❡,❣✐❡ ✭●,❛♣❤ ✭❛✮ 0◦ ❚L ❛♥❞

✭❜✮ 10◦ ❚L✮ ,❡♠❛✐♥❡❞ ♠♦,❡ ♦, ❧❡  +❤❡  ❛♠❡ ✐♥ ❛♥②  ❡+✉♣ ❛♥❞ ❛♥❣❧❡ ❢♦, ❧♦✇ +❛,❣❡+

❞❡♥ ✐+✐❡ ✳ ❲❤✐❧❡ ❛❜♦✈❡ ❛ ❞❡♥ ✐+② ♦❢ 0.12n
❝

+❤❡ ❛❝❝❡❧❡,❛+✐♦♥  +♦♣♣❡❞ ✐♥ +❤❡  ✐♥❣❧❡ ❜❡❛♠

❝♦♥✜❣✉,❛+✐♦♥ +❤❡ ❝✉+✲♦✛ ❡♥❡,❣② ✐♥ +❤❡ ❞♦✉❜❧❡ ❜❡❛♠  ❡+✉♣ ✐ ✈❡,② ❤✐❣❤ ❛❜♦✉+ ✸✵✵ +♦

✸✺✵ ❦❡❱✳ ❋✉,+❤❡,♠♦,❡✱ ✐+ ✐ ❝❧❡❛,❧② ✈✐ ✐❜❧❡ ✐♥ +❤❡ ,❡ ✉❧+ ♦❢ +❤❡ 0◦ ❚❤♦♠ ♦♥ ♣❛,❛❜♦❧❛✱

+❤❛+ ❍❡

++
✐♦♥ ✇❡,❡ ♦♥❧② ❞❡+❡❝+❡❞ ❛❜♦✈❡ ❛ ❝❡,+❛✐♥ +❛,❣❡+ ❞❡♥ ✐+② ✭0.084n

❝

✮ ✐♥ ❜♦+❤ ❧❛ ❡,

❝♦♥✜❣✉,❛+✐♦♥ ✳ ❇❡❧♦✇ +❤✐ ❞❡♥ ✐+②✱ ♦♥❧② ❍❡

+
✐♦♥ ✇❡,❡ ❞❡+❡❝+❡❞✳ ■♥ +❤❡ 10◦ ❞❡+❡❝+♦, ❛❧❧

✐♦♥  ♣❡❝✐❡ ❛,❡ ✈✐ ✐❜❧❡ ❢♦, +❤❡ ✇❤♦❧❡ ❞❡♥ ✐+② ,❛♥❣❡ ✇✐+❤ ♥❡❛,❧② +✇♦ +✐♠❡ ❧♦✇❡, ♠❛①✐♠✉♠

❝✉+✲♦✛ ❡♥❡,❣②✳

✶✸✷



✻✳✷ ◆✉♠❡'✐❝❛❧ ,✐♠✉❧❛-✐♦♥,
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✭❜✮ ▼❛①✐♠✉♠ ❡♥❡*❣② ✲ 10
◦

❚/

❋✐❣✉'❡ ✻✳✹✿  ❧♦# ✭❛✮ '❡✈❡❛❧* #❤❡ ❡✈♦❧✉#✐♦♥ ♦❢ #❤❡ ❝✉#✲♦✛ ❡♥❡'❣② ♦❢ #❤❡ ❍❡❧✐✉♠ ✐♦♥ *♣❡❝#'❛

❢♦' ❛ ❣✐✈❡♥ ❣❛* ❞❡♥*✐#②✳ ❚❤❡ ❜❧❛❝❦ ❝✉'✈❡ '❡♣'❡*❡♥#* #❤❡ #'❡♥❞ ♦❢ #❤❡ ❡♥❡'❣② ✐♥ #❤❡

❞♦✉❜❧❡ ❜❡❛♠ ❝♦♥✜❣✉'❛#✐♦♥✱ ✇❤✐❧❡ #❤❡ '❡❞ ❝✉'✈❡ '❡♣'❡*❡♥#* #❤❡ ♠❛①✐♠✉♠ ❡♥❡'❣② ❢♦'

#❤❡ *✐♥❣❧❡ ❜❡❛♠✱ ❍❡❛#❡'✲♦♥❧② *❤♦#*✳ ❍❡

+
✐♦♥* ❛'❡ ❧❛❜❡❧❡❞ ❜② ❢✉❧❧ *A✉❛'❡ ♠❛'❦❡'*✱ ✇❤✐❧❡

❍❡

++
✐* ✐❧❧✉*#'❛#❡❞ ❜② ✇❤✐#❡ ❢'❛♠❡❞ *A✉❛'❡*✳ ❚❤❡ *❛♠❡ ✐❧❧✉*#'❛#✐♦♥ ✐* ✉*❡❞ ❢♦' ♣❧♦#

✭❜✮✱ ✇❤✐❝❤ *❤♦✇* #❤❡ '❡*✉❧#* ♦❢ #❤❡ 10◦ ❚❤♦♠*♦♥ ♣❛'❛❜♦❧❛✳

✻✳✷ ◆✉♠❡'✐❝❛❧ ,✐♠✉❧❛-✐♦♥,

■♥ ♦'❞❡' #♦ ❣❡# ❛ ❜❡##❡' ✉♥❞❡'*#❛♥❞✐♥❣ ♦❢ #❤❡ ♣❧❛*♠❛ ❛♥❞ #❤❡ ❛❝❝❡❧❡'❛#✐♦♥ ♣'♦❝❡**❡* ❛♥❞

#♦ ❝♦''♦❜♦'❛#❡ #❤❡ ❡①♣❡'✐♠❡♥#❛❧ ✜♥❞✐♥❣*✱ ♥✉♠❡'✐❝❛❧ ✷❉  ■❈ *✐♠✉❧❛#✐♦♥* ✇❡'❡ ♣❡'❢♦'♠❡❞

❜② ❚✳ ▲✐$❡②❦✐♥❛ ✇✐#❤ #❤❡ *❛♠❡ *✐♠✉❧❛#✐♦♥ *❡#✉♣ ❛* ❞✐*❝✉**❡❞ ✐♥ *❡❝#✐♦♥ ✺✳✷✳ ❍♦✇❡✈❡'✱

✐♥*#❡❛❞ ♦❢ '✉♥♥✐♥❣ ❛ ❝♦♠♣❧✐❝❛#❡❞ #✇♦ ❜❡❛♠ *✐♠✉❧❛#✐♦♥✱ ❛ ♣'❡❢♦'♠❡❞ ❞❡♥*✐#② ♣'♦✜❧❡ ✇❛*

❛**✉♠❡❞ ❢♦' #❤❡ ❉'✐✈❡' ✐♥#❡'❛❝#✐♦♥✳ ❚❤❡ ❍❡❛#❡' ✐♥#❡'❛❝#❡❞ ❛❧'❡❛❞② ✇✐#❤ #❤❡ #❛'❣❡# ❛♥❞

❝'❡❛#❡❞ ❛ ❝❤❛♥♥❡❧ *#'✉❝#✉'❡✳ ❚✇♦ ❞❡♥*❡ ✇❛❧❧* *✉''♦✉♥❞ ❛ ❧♦✇ ❞❡♥*✐#② ❛'❡❛✱ ❡✈❛❝✉❛#❡❞ ♦❢

♣❛'#✐❝❧❡* ❞✉❡ #♦ #❤❡ ♣♦♥❞❡'♦♠♦#✐✈❡ ♣✉*❤ ♦❢ #❤❡ ❍❡❛#❡' ✐♥#❡'❛❝#✐♦♥✳ ❆ ❞❡♥*✐#② ♣'♦✜❧❡✱ ❛*

*❤♦✇♥ ✐♥ ♣❧♦# ✭❜✮ ✐♥ ✜❣✉'❡ ✻✳✺✱ ✇❛* ❡♠♣❧♦②❡❞ ✐♥ #❤❡ *✐♠✉❧❛#✐♦♥* ❢♦' ❛ ❍②❞'♦❣❡♥ ♣❧❛*♠❛

✇✐#❤ ❛♥ ❛✈❡'❛❣❡ ❞❡♥*✐#② ♦❢ 0.056n
❝

✳  ❧♦# ✭❛✮ *❤♦✇* #❤❡ ❡❧❡❝#'♦♥ ❞❡♥*✐#② ❞✐*#'✐❜✉#✐♦♥ ♦❢

#❤❡ ❍❡❛#❡'✲♦♥❧② ✐♥#❡'❛❝#✐♦♥ ❛♥❞ ❛ ✈❡'#✐❝❛❧ ❧✐♥❡✲♦✉#✳ ❚❤✐* ♣❧♦# ✐* #❛❦❡♥ ❛* ♠♦❞❡❧ ❢♦' #❤❡

❞❡♥*✐#② *#'✉❝#✉'❡ ✐♠♣❧❡♠❡♥#❡❞ ✐♥ #❤❡ ❝♦❞❡✳ ❚❤❡ ❝❤❛♥♥❡❧ ✇❛❧❧* ♦' ❞❡♥*✐#② *♣✐❦❡* ✐♥ #❤❡

❉'✐✈❡' *✐♠✉❧❛#✐♦♥ ❤❛❞ ❛ #❤✐❝❦♥❡** ♦❢ ❛❜♦✉# 2.7µ♠ ❛♥❞ ❛ ❣❛♣ ♦❢ ❛❜♦✉# 32µ♠✱ ♣❧❛❝❡❞

❛# x = 280λ = 224µ♠ ❛♥❞ x = 320λ = 256µ♠✳ ❆ ❉'✐✈❡' ❧❛*❡' ✇✐#❤ #✇♦ ❞✐✛❡'❡♥#

✐♥#❡♥*✐#✐❡* ✇❛* ❡♠♣❧♦②❡❞ ✐♥ #✇♦ ❞✐✛❡'❡♥# '✉♥*✳

✶✸✸



❈❤❛♣$❡& ✻ ■♦♥ ❛❝❝❡❧❡&❛$✐♦♥ ❢&♦♠ ✉♥❞❡&❞❡♥2❡ $❛&❣❡$2 ✈✐❛ ❛ ❚◆❙❆✲❧✐❦❡

♠❡❝❤❛♥✐2♠

❚❤❡ ❡①♣❡%✐♠❡♥)❛❧ ❧❛,❡% ♣❛%❛♠❡)❡%, ✇❡%❡ d0 = 4µ♠ ✭❋❲❍▼✮✱ λ = 800µ♠✱ τ = 30 ❢,✱

I
▲

≈ 5 · 1019❲✴❝♠2
✭a0 = 3.4✮ ❛♥❞ ♣✲♣♦❧❛%✐③❛)✐♦♥✳ ❚❤❡ ❉%✐✈❡% ✐♥)❡♥,✐)② ✇❛, %❡❞✉❝❡❞✱

❜❡❝❛✉,❡ )❤❡ ❢✉❧❧② ❛♠♣❧✐✜❡❞ ❉%✐✈❡% ❜❡❛♠ ✐♥ )❤❡ ❡①♣❡%✐♠❡♥)❛❧ ❛%%❛♥❣❡♠❡♥) ❤❛❞ ❤♦) ✇✐♥❣,

❛%♦✉♥❞ )❤❡ ❢♦❝❛❧ ,♣♦)✱ ✇❤✐❝❤ %❡❞✉❝❡❞ )❤❡ ❜❡❛♠ D✉❛❧✐)② ❛♥❞ )❤❡ ❧❛,❡% ✐♥)❡♥,✐)②✳ ■♥ )❤❡

,❡❝♦♥❞ %✉♥ )❤❡ ✐♥)❡♥,✐)② ✇❛, ❝❤❛♥❣❡❞ )♦ )❤❡ ♦%✐❣✐♥❛❧ I
▲

≈ 1.5 · 1020❲✴❝♠2
✭a0 =

8.2✮✳ ❚❤❡ %❡,✉❧), ♦❢ )❤❡ ✜%,) ❧♦✇❡% ✐♥)❡♥,✐)② ,✐♠✉❧❛)✐♦♥ %✉♥ ❛%❡ ,❤♦✇♥ ✐♥ ❞❡)❛✐❧ ✐♥ )❤❡

❢♦❧❧♦✇✐♥❣✳

-40 -20 0 20 40
-80

-60

-40

-20

0

20

40

60

80

e
le

c
tr

o
n

 d
e

n
s
it
y
 [

a
.u

.]

y [ ]

n
e
= 0.056 n

c

n
e
≈ 0.2 n

c

n
e
< 0.02 n

c
200 300 400

x

✭❛✮ ▲✐♥❡✲♦✉* ♦❢ ,✐♠✉❧❛*❡❞ n
❡

♣1♦✜❧❡ ❛❢*❡1 ❍❡❛*❡1 ✐♥*❡1❛❝✲

*✐♦♥

electron density n/n
e

1.0

0.8

0.6

0.4

0.2

0.0

3.5

0 100 200 300 400 500 600
y/λ

✭❜✮ ❊①♣❡❝*❡❞ n
❡

♣1♦✜❧❡ ❢♦1 ❉1✐✈❡1

,✐♠✉❧❛*✐♦♥

❋✐❣✉$❡ ✻✳✺✿  !❡✲❢♦!♠❡❞ ❞❡♥)✐+② ♣!♦✜❧❡) ❢♦! +❤❡ ✐♥+❡!❛❝+✐♦♥ ♦❢ +❤❡ )❡❝♦♥❞ ❉!✐✈❡! ❧❛)❡!✳

●!❛♣❤ ✭❜✮ )❤♦✇) ❛ ✈❡!+✐❝❛❧ ❧✐♥❡✲♦✉+ ♦❢ +❤❡ ❍❡❛+❡!✲♦♥❧② )✐♠✉❧❛+✐♦♥) ❛♥❞ ✭❝✮ ✐❧❧✉)+!❛+❡)

+❤❡ +♦+❛❧ ♠♦❞✐✜❡❞ ❞❡♥)✐+② ♣!♦✜❧❡ ❢♦! +❤❡ ❉!✐✈❡! )✐♠✉❧❛+✐♦♥✳

❋✐❣✉!❡ ✻✳✻ ✐❧❧✉)+!❛+❡) +❤❡ ❡✈♦❧✉+✐♦♥ ♦❢ +❤❡ ❧❛)❡! ♣✉❧)❡ ❛♥❞ ✐+) ✐♥+❡♥)✐+② ✐♥)✐❞❡ +❤❡ ♣❧❛)♠❛

❛+ ❞✐✛❡!❡♥+ +✐♠❡) ❛♥❞ ❧♦❝❛+✐♦♥)✳ ❚❤❡ ❉!✐✈❡! ❜❡❛♠ ✐♥+❡!❛❝+❡❞ ❢!♦♠ ❧❡❢+ +♦ !✐❣❤+ ✇✐+❤

+❤❡ +❛!❣❡+✳ ❚❤❡ ❜❧❛❝❦ ❝✐!❝❧❡) ❤✐❣❤❧✐❣❤+ +❤❡ ❛!❡❛) ♦❢ )❡❧❢✲❢♦❝✉)✐♥❣ ❡✛❡❝+)✱ ✇❤❡!❡ +❤❡ ❧❛)❡!

✐♥+❡♥)✐+② ✇❛) ✐♥❝!❡❛)❡❞ ✉♣ +♦ I = 3I0✳ ❚❤❡ ❧❛)+ ♣✐❝+✉!❡) )❤♦✇)✱ +❤❛+ +❤❡ ❧❛)❡! ♣✉❧)❡ ❝❛♥

❜❡ )❡❡♥ ❡✈❡♥ ❜❡❤✐♥❞ +❤❡ ❝❤❛♥♥❡❧ )+!✉❝+✉!❡ ❛+ x = 375λ = 300µ♠✳
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Driver, I=5x1019W/cm2, and n=0.0576n
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❋✐❣✉'❡ ✻✳✻✿ ❉!✐✈❡! ✐♥&❡♥'✐&② ❞✐'&!✐❜✉&✐♦♥ ✐♥'✐❞❡ &❤❡ ♣❧❛'♠❛ ❢!♦♠ 3■❈ '✐♠✉❧❛&✐♦♥' ❢♦!

❞✐✛❡!❡♥& ♦❜'❡!✈❛&✐♦♥ &✐♠❡'✳

❚❤❡ ✐♦♥ ✭&♦♣✮ ❛♥❞ ❡❧❡❝&!♦♥ ✭❜♦&&♦♠✮ ❞❡♥'✐&② ❞✐'&!✐❜✉&✐♦♥' ❛!❡ '❤♦✇♥ ✐♥ ✜❣✉!❡ ✻✳✼✳ ❚❤❡

✜!'& ✐♠❛❣❡ '❤♦✇' &❤❡ ❞✐'&!✐❜✉&✐♦♥' ♦✈❡! &❤❡ ❢✉❧❧ ❧❡♥❣&❤ ♦❢ &❤❡ &❛!❣❡&✳ ❆& x = 280λ

❛♥❞ x = 320λ &❤❡ &✇♦ ❞❡♥'✐&② ✇❛❧❧ ❝❛♥ ❜❡ ❝❧❡❛!❧② ❞✐'&✐♥❣✉✐'❤❡❞✳ ❆ ❝❤❛♥♥❡❧ '&!✉❝&✉!❡

❛♥❞ ✜❧❛♠❡♥&❛&✐♦♥' ❛!❡ ✈✐'✐❜❧❡ ✐♥ 50λ < x < 280λ✳ ❍♦✇❡✈❡!✱ &❤❡ ♥♦✈❡❧ ✐♥&❡!❛❝&✐♦♥

❤❛♣♣❡♥❡❞ ❛& &❤❡ ♣!❡❢♦!♠❡❞ ❞❡♥'❡ ✇❛❧❧'✳ ❚❤❡ '✐① ❧♦✇❡! ✐♠❛❣❡' '❤♦✇ ♠❛❣♥✐✜❡❞ ♣❧♦&'

♦❢ &❤❡ ❞✐'&!✐❜✉&✐♦♥' ❛!♦✉♥❞ &❤❡ ❞❡♥'✐&② '♣✐❦❡ ♣!♦✜❧❡ ❛& ❞✐✛❡!❡♥& ✐♥&❡!❛❝&✐♦♥ &✐♠❡'✳ ❆&

&❤❡ &✐♠❡ t = 360❚= 936 ❢' ❡❧❡❝&!♦♥' ✇❡!❡ ❛❧!❡❛❞② ♣✉'❤❡❞ ♦✉& ♦❢ &❤❡ ✜!'& ❞❡♥'✐&② ✇❛❧❧

✭x = 280λ✮ ✐♥&♦ &❤❡ ❧♦✇ ❞❡♥'✐&② !❡❣✐♦♥✳ ❊'♣❡❝✐❛❧❧② ❛& &❤❡ ❝❡♥&❡! ✭y = 0λ✮ &❤❡ ❜✐❣❣❡'&

❛♠♦✉♥& ♦❢ ❛❝❝❡❧❡!❛&❡❞ ❡❧❡❝&!♦♥' ❝❛♥ ❜❡ ❢♦✉♥❞✳ ▲❛&❡! ♦♥✱ ❛ ✇❤♦❧❡ ❧❛②❡! ♦❢ ❡❧❡❝&!♦♥' ❛♥❞

✐♦♥' ♦!✐❣✐♥❛&✐♥❣ ❢!♦♠ &❤❡ ✜!'& ❞❡♥'✐&② ✇❛❧❧ ♠♦✈❡❞ ✐♥ &❤❡ ❧♦♥❣✐&✉❞✐♥❛❧ ①✲❞✐!❡❝&✐♦♥ ✭✈✐'✐❜❧❡

❛' ✈❡!&✐❝❛❧ ❧✐♥❡ ✐♥ &❤❡ ❞❡♥'✐&② ♣!♦✜❧❡✮✳ ❲❤❡♥ &❤❡ ✜!'& ♣❛!&✐❝❧❡' ❤✐& &❤❡ '❡❝♦♥❞ ❞❡♥'✐&②

✇❛❧❧ ✭x = 320λ✮✱ ✐& '&❛!&❡❞ &♦ ❞✐'♣❡!'❡ ❝❧❡❛!❧②✱ ❛❧!❡❛❞② ❛& t = 420❚= 1.092 ♣'✳ ❍♦✇❡✈❡!✱

&❤❡ ♠♦'& ✐♠♣♦!&❛♥& ♣❤❡♥♦♠❡♥❛ ❛!❡ &❤❡ ♣❛!&✐❝❧❡' ❛❝❝❡❧❡!❛&❡❞ ❛!♦✉♥❞ y = 0λ ❛& ❡❛!❧②

&✐♠❡' ✭t ≤ 480❚= 1.248 ♣'✮✱ ❞✐'&✐♥❣✉✐'❤❛❜❧❡ ❜② &❤❡ ♠♦✈✐♥❣ ❝❡♥&!❛❧ ❧❛②❡! ♦❢ ❡❧❡❝&!♦♥'

❢♦❧❧♦✇❡❞ ❜② &❤❡ ✐♦♥'✳
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♠❡❝❤❛♥✐2♠

Driver, I=5x1019W/cm2, and n=0.0576n
c
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❋✐❣✉&❡ ✻✳✼✿ ❈❤❛♥♥❡❧ ✐♦♥ ✭)♦♣✮ ❛♥❞ ❡❧❡❝).♦♥ ✭❜♦))♦♠✮ ❞❡♥1✐)② ❞✐1).✐❜✉)✐♦♥ ♦❢ 5■❈ 1✐♠✲

✉❧❛)✐♦♥1 ❛) ❞✐✛❡.❡♥) )✐♠❡1 ♦❢ )❤❡ ✐♥)❡.❛❝)✐♦♥✳ ❚❤❡ )♦♣ ✐♠❛❣❡ 1❤♦✇1 )❤❡ ✇❤♦❧❡ ✐♥)❡.✲

❛❝)✐♦♥ ❛.❡❛✱ ✇❤❡.❡❛1 )❤❡ 1✐① ❜♦))♦♠ ✐♠❛❣❡1 ♣.❡1❡♥) ❛ ♠❛❣♥✐✜❝❛)✐♦♥ ♦❢ )❤❡ ❞❡♥1✐)②

❞✐1).✐❜✉)✐♦♥1 ❛.♦✉♥❞ )❤❡ ❝❤❛♥♥❡❧ 1).✉❝)✉.❡✳
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✻✳✷ ◆✉♠❡'✐❝❛❧ ,✐♠✉❧❛-✐♦♥,

■♥ ❋✐❣✉&❡ ✻✳✽ +❤❡ ♠❛❣♥❡+✐❝ ❛♥❞ ❡❧❡❝+&✐❝ ✜❡❧❞3 ❛&❡ ✐❧❧✉3+&❛+❡❞✳ ❚❤❡ +♦♣ +✇♦ ✐♠❛❣❡3 3❤♦✇

+❤❡ ❡❧❡❝+&✐❝ ✜❡❧❞ ✐♥ +❤❡ +&❛♥3✈❡&3❡ ②✲❞✐&❡❝+✐♦♥ ✭E
②

✮ ❛♥❞ +❤❡ ♠❛❣♥❡+✐❝ ✜❡❧❞ ✐♥ +❤❡ ③✲

❞✐&❡❝+✐♦♥ ✭B
③

✮ ❢♦& +✇♦ ❞✐✛❡&❡♥+ +✐♠❡3 ♦❢ +❤❡ ✐♥+❡&❛❝+✐♦♥✳ ❚❤❡ ❝❤❛♥♥❡❧ 3+&✉❝+✉&❡ ❝&❡❛+❡❞

❜② +❤❡ ❉&✐✈❡& ❜❡❛♠ ✐♥+❡&❛❝+✐♦♥ ❝❛♥ ❛❣❛✐♥ ❜❡ &❡❝♦❣♥✐③❡❞ ✐♥ 50λ < x < 280λ✱ 3✉&&♦✉♥❞❡❞

❜② ❛ ❧♦✇ +&❛♥3✈❡&3❡ ❡❧❡❝+&✐❝ ✜❡❧❞ ❛♥❞ +❤❡ C✉❛3+✐3+❛+✐❝ ♠❛❣♥❡+✐❝ ✜❡❧❞✳ ■♥ ❜❡+✇❡❡♥ +❤❡ ♣&❡✲

❢♦&♠❡❞ ❞❡♥3✐+② ✇❛❧❧3 ✭280λ < x < 320λ✮ ❛ +&❛♥3✈❡&3❡ ❡❧❡❝+&✐❝ ✜❡❧❞ ❛♥❞ ❛ 3+&♦♥❣ ❜✐♣♦❧❛&

♠❛❣♥❡+✐❝ ✜❡❧❞ ❝❛♥ ❜❡ ♦❜3❡&✈❡❞✳ ❚❤❡ ❧♦♥❣✐+✉❞✐♥❛❧ ❛❝+✐♥❣ ❡❧❡❝+&✐❝ ✜❡❧❞ ❞✐3+&✐❜✉+✐♦♥3 ✭E
①

✮

❛&❡ 3❤♦✇♥ ✐♥ +❤❡ 3✐① ❜♦++♦♠ ✐♠❛❣❡3✳ ❚❤❡ ✜❡❧❞ 3+&❡♥❣+❤ ✐3 +✇✐❝❡ ❛3 ❤✐❣❤ ❛3 ♦❢ E
②

✱ ✇❤✐❝❤ ✐3

✐♥ ❢❛✈♦✉& ♦❢ +❤❡ ❧♦♥❣✐+✉❞✐♥❛❧ ❛❝❝❡❧❡&❛+✐♦♥✳ ❆❧♦♥❣ +❤❡ ♠♦✈✐♥❣ ♣❛&+✐❝❧❡ ❢&♦♥+ ✭♦❢ ✜❣✉&❡ ✻✳✼✮

❛♥❞ ❡3♣❡❝✐❛❧❧② ❛&♦✉♥❞ y = 0λ ❛♥ ❛❝❝❡❧❡&❛+✐♥❣ ❡❧❡❝+&✐❝ ✜❡❧❞ ❝❛♥ ❜❡ ✐❞❡♥+✐✜❡❞✱ ❡3♣❡❝✐❛❧❧②

❛+ t = 420❚= 1.092 ♣3 ❛♥❞ t = 480❚= 1.248 ♣3✳ ❚❤✐3 3+&♦♥❣ 3❤❡❛+❤ ✜❡❧❞ ✇✐❧❧ ❛❝❝❡❧❡&❛+❡

+❤❡ ✐♦♥3 ✐♥ ❢♦&✇❛&❞ ❞✐&❡❝+✐♦♥✳ ▼♦&❡♦✈❡&✱ ♥♦ 3+&♦♥❣ 3❤❡❛+❤ ✜❡❧❞ ❝❛♥ ❜❡ &❡❝♦❣♥✐3❡❞ ❛&♦✉♥❞

+❤❡ 3❡❝♦♥❞ ❞❡♥3✐+② ✇❛❧❧ ❛+ x = 320λ✳ ❆❧+❤♦✉❣❤✱ +❤✐3 3❡❝♦♥❞ ✇❛❧❧ ✈❛♥✐3❤❡❞ ✐♥ +❤❡ ❞❡♥3✐+②

❞✐3+&✐❜✉+✐♦♥✱ ✐+ ✐3 ♥♦+ ❛♥ ♦&✐❣✐♥ ♦❢ ❛ 3+&♦♥❣ ✐♦♥ ❛❝❝❡❧❡&❛+✐♦♥✳ ❖♥❧② ❞✉❡ +♦ +❤❡ ✐♥+❡&❛❝+✐♦♥

♦❢ +❤❡ ❉&✐✈❡& ❧❛3❡& ✇✐+❤ +❤❡ ✜&3+ ❞❡♥3✐+② ✇❛❧❧✱ ❛♥ ❛❝❝❡❧❡&❛+✐♥❣ 3❤❡❛+❤ ✜❡❧❞ ✇❛3 ❝&❡❛+❡❞✳

❋✉&+❤❡&♠♦&❡✱ +❤❡ ✐♦♥ ♣❤❛3❡ 3♣❛❝❡ ✇❛3 ♣❧♦++❡❞ ✐♥ ✜❣✉&❡ ✻✳✾ ❛+ +✇♦ ❞✐✛❡&❡♥+ ✐♥+❡&❛❝+✐♦♥

+✐♠❡3✳ ❆ 3+&♦♥❣ ❧♦♥❣✐+✉❞✐♥❛❧ ❛❝❝❡❧❡&❛+✐♦♥ 3+❛&+❡❞ ❛+ t = 360❚= 936 ❢3 ❛+ +❤❡ ❧♦❝❛+✐♦♥

♦❢ +❤❡ ✜&3+ ♣&❡❢♦&♠❡❞ ❞❡♥3✐+② ✇❛❧❧ ❛+ x = 280λ✳ J❛&+✐❝❧❡3 ✇❡&❡ +&❛♥3✈❡&3❡ ❛❝❝❡❧❡&❛+❡❞

❜❡❢♦&❡ ❛♥❞ ✐♥ +❤❡ ❣❛♣ ♦❢ +❤❡ ♣&❡❢♦&♠❡❞ 3+&✉❝+✉&❡✳ ❆+ ❧❛+❡& +✐♠❡ ✭t = 797❚= 2.072 ♣3✮

+❤❡ ❧♦♥❣✐+✉❞✐♥❛❧ ♣❛&+✐❝❧❡3 ✇❡&❡ ❢✉&+❤❡& ❛❝❝❡❧❡&❛+❡❞ +♦ ❡♥❡&❣✐❡3 ♦❢ &♦✉❣❤❧② ✹▼❡❱✱ ❤♦✇❡✈❡&

3+✐❧❧ ♦&✐❣✐♥❛+✐♥❣ ❢&♦♠ +❤❡ ✜&3+ ❞❡♥3✐+② ✇❛❧❧✳ ❆3 ❛❧&❡❛❞② ❞✐3❝✉33❡❞ ❜❡❢♦&❡✱ ❛+ +❤❡ 3❡❝♦♥❞

✇❛❧❧ ❛+ x = 320 ♦♥❧② ❛ ✇❡❛❦ ❧♦♥❣✐+✉❞✐♥❛❧ ❛❝❝❡❧❡&❛+✐♦♥ ❤❛♣♣❡♥❡❞✳ ❚❤❡ ❡♥❡&❣② ♦❢ +❤❡

+&❛♥3✈❡&3❡ ❛❝❝❡❧❡&❛+❡❞ ♣❛&+✐❝❧❡3 ✐♥❝&❡❛3❡❞ +♦ &♦✉❣❤❧② ✶✳✺▼❡❱✱ ✇❤✐❝❤ ♦&✐❣✐♥❛+❡❞ ❢&♦♠

+❤❡ ❣❛♣ ♦❢ +❤❡ ❞❡♥3✐+② ❢♦&♠❛+✐♦♥ ✭280λ < x < 320λ✮✳

❇② ♠❡❛♥3 ♦❢ +❤❡ ♣❤❛3❡ 3♣❛❝❡ ♣❧♦+✱ +❤❡ ✐♥+❡❣&❛+❡❞ ✐♦♥ ❡♥❡&❣② 3♣❡❝+&❛ ✇❡&❡ ❝❛❧❝✉❧❛+❡❞ ❛+

t = 798❚= 2.075 ♣3✳ ▲♦♥❣✐+✉❞✐♥❛❧ ❛❝❝❡❧❡&❛+❡❞ ✐♦♥3 ✭&❡❞ ❝✉&✈❡✮ &❡❛❝❤❡❞ ❛♥ ❡♥❡&❣② ♦❢

❛❜♦✉+ ✸✳✷▼❡❱✱ ✇❤✐❧❡ ❛ ❧♦✇❡& ♥✉♠❜❡& ♦❢ +&❛♥3✈❡&3❡ ❛❝❝❡❧❡&❛+❡❞ ✐♦♥3 ✭❣&❡❡♥ ❝✉&✈❡✮ &❡❛❝❤❡❞

❛♥ ❡♥❡&❣② ♦❢ ❛❜♦✉+ ✶✳✺▼❡❱✳ ❚❤❡ ✐♦♥ ❡♥❡&❣✐❡3 ❛&❡ ♦♥❡ ♦&❞❡& ♦❢ ♠❛❣♥✐+✉❞❡ ❤✐❣❤❡& +❤❛♥

+❤❡ ❡①♣❡&✐♠❡♥+❛❧ ✐♦♥ ❡♥❡&❣✐❡3 ❛♥❞ +❤❡ 3✐♠✉❧❛+✐♦♥3 &❡3✉❧+❡❞ ✐♥ ❛ +&❛♥3✈❡&3❡ ❛❝❝❡❧❡&❛+✐♦♥

♦❢ ✐♦♥3✱ ✇❤✐❝❤ ✇❛3 ♥♦+ ❞✐3+✐♥❣✉✐3❤❡❞ ✐♥ +❤❡ ❡①♣❡&✐♠❡♥+❛❧ ❝❛♠♣❛✐❣♥3✳ ❋✉&+❤❡& 3✐♠✉❧❛+✐♦♥

&✉♥3 ❤❛✈❡ +♦ ❜❡ ❝❛&&✐❡❞ ♦✉+ ✇✐+❤ ❞✐✛❡&❡♥+ ❧❛3❡& ❛♥❞ +❛&❣❡+ ♣❛&❛♠❡+❡&3 ✐♥ ♦&❞❡& +♦ &❡♣&♦✲

❞✉❝❡ +❤❡ ❡①❛❝+ ❡①♣❡&✐♠❡♥+❛❧ ❝♦♥❞✐+✐♦♥3✳ ❍♦✇❡✈❡&✱ +❤❡ ♣❤②3✐❝❛❧ ❝♦♥❝❡♣+ ♦❢ ❛ ❧❛3❡& ♣✉❧3❡

♣&♦♣❛❣❛+✐♥❣ +❤&♦✉❣❤ ❛♥ ✉♥❞❡&❞❡♥3❡ +❛&❣❡+ ❛♥❞ ✐♥+❡&❛❝+✐♥❣ ✇✐+❤ ❛ ❞❡♥3✐+② 3♣✐❦❡ ❛+ +❤❡

❝❡♥+&❡ ♦❢ +❤❡ ♣❧❛3♠❛ ✇❛3 3✉❝❝❡33❢✉❧❧② ✐♥✈❡3+✐❣❛+❡❞ ✈✐❛ +❤❡ ✷❉ J■❈ 3✐♠✉❧❛+✐♦♥3✳ ■+ ✇❛3
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▲

≈ 1.5 · 1020❲✴❝♠
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✳ ❚❤✐( ❉!✐✈❡! ✐♥#❡!❛❝#❡❞ ♦♥❝❡ ✇✐#❤

#❤❡ ♣!❡❢♦!♠❡❞ ❞❡♥(✐#② (#!✉❝#✉!❡ ❛♥❞ ✐♥ ❛♥♦#❤❡! !✉♥ ✇✐#❤ #❤❡ ♥♦!♠❛❧ ✉♥❞✐(#✉!❜❡❞ ❞❡♥(✐#②

♣!♦✜❧❡✳ ■♥ ✜❣✉!❡ ✻✳✶✶ ❛!❡ #✇♦ ❞❡♥(✐#② ❞✐(#!✐❜✉#✐♦♥( ❛♥❞ #✇♦ ✐♠❛❣❡( ♦❢ #❤❡ ♣❤❛(❡ (♣❛❝❡

(❤♦✇♥✳ ❖♥ #❤❡ ❧❡❢# ✐♠❛❣❡( ✐( #❤❡ ❉!✐✈❡! ✐♥#❡!❛❝#✐♥❣ ✇✐#❤ #❤❡ #❛!❣❡#✱ ❞❡(❝!✐❜❡❞ ❜❡❢♦!❡✱

✐♥❝❧✉❞✐♥❣ #❤❡ ♣!❡❢♦!♠❡❞ ❞❡♥(✐#② (♣✐❦❡ (#!✉❝#✉!❡✱ ✈✐(✐❜❧❡✳ ❚❤❡ !✐❣❤# ✐♠❛❣❡( ♠❛#❝❤ ✇✐#❤

❛ ❉!✐✈❡! ✐♥#❡!❛❝#✐♥❣ ✇✐#❤ ❛♥ ✉♥❞✐(#✉!❜❡❞ #❛!❣❡# ♣!♦✜❧❡✳ ❚❤❡ ✇❤✐#❡ ❧✐♥❡ ✐❧❧✉(#!❛#❡( #❤❡

❧♦❝❛#✐♦♥ ♦❢ #❤❡ ✜!(# ❞❡♥(✐#② (♣✐❦❡ ✭x = 280λ✮ ♦❢ #❤❡ ❧❡❢# (✐♠✉❧❛#✐♦♥ !❡(✉❧#(✳ ❚❤❡ !✐❣❤#

✶✸✾



❈❤❛♣$❡& ✻ ■♦♥ ❛❝❝❡❧❡&❛$✐♦♥ ❢&♦♠ ✉♥❞❡&❞❡♥2❡ $❛&❣❡$2 ✈✐❛ ❛ ❚◆❙❆✲❧✐❦❡

♠❡❝❤❛♥✐2♠

❞❡♥#✐%② ✐♠❛❣❡ ✐# ♠♦+❡ ♠❛❣♥✐✜❡❞ ✐♥ %❤❡ ②✲❞✐+❡❝%✐♦♥✱ ✇❤✐❝❤ ❡①♣❧❛✐♥# %❤❡ ❞✐✛❡+❡♥❝❡# ✐♥ %❤❡

❝❤❛♥♥❡❧ #✐③❡ ❛♥❞ ✜❧❛♠❡♥%#✳

❚❤❡ ❉+✐✈❡+ ❝+❡❛%❡❞ ❛ ♣❧❛#♠❛ ❝❤❛♥♥❡❧ ✐♥ ❜♦%❤ #✐♠✉❧❛%✐♦♥#✳ ❍♦✇❡✈❡+✱ %❤❡ ♦❜✈✐♦✉# ❞✐❢✲

❢❡+❡♥❝❡ ✐♥ %❤❡ ❞❡♥#✐%② ♣+♦✜❧❡# ✐# %❤❡ ❞✐#+✉♣%✐♦♥ ❛% x = 280λ ❛% %❤❡ ❧♦❝❛%✐♦♥ ♦❢ %❤❡

✜+#% ❞❡♥#✐%② #♣✐❦❡✱ ✇❤❡+❡ ❛ ❧❛②❡+ ♦❢ ♣❛+%✐❝❧❡# ♠♦✈❡❞ ✐♥ %❤❡ ❧♦♥❣✐%✉❞✐♥❛❧ ❞✐+❡❝%✐♦♥✱ ❛#

❞❡#❝+✐❜❡❞ ❜❡❢♦+❡✳ ❆# #❡❡♥ ✐♥ %❤❡ ❧♦✇ ✐♥%❡♥#✐%② #✐♠✉❧❛%✐♦♥✱ %❤❡ ❧❛#❡+ ♣✉❧#❡ ✇❛# ❝❛♣❛❜❧❡

♦❢ ♣+♦♣❛❣❛%✐♥❣ %❤+♦✉❣❤ %❤❡ #♣✐❦❡#✱ ✇❤✐❝❤ ✇✐❧❧ ❜❡ ❡✈❡♥ #%+♦♥❣❡+ ✐♥ %❤✐# ❤✐❣❤❡+ ✐♥%❡♥#✐%②

#✐♠✉❧❛%✐♦♥✳ ❚❤❡+❡❢♦+❡✱ %❤❡ ❤✐❣❤❡+ ✐♥%❡♥#✐%② ❧❛#❡+ ✇❛# ❛❜❧❡ %♦ ❣❡♥❡+❛%❡ ❛ ♣❧❛#♠❛ ❝❤❛♥♥❡❧

❡✈❡♥ ❜❡❤✐♥❞ %❤❡ #❡❝♦♥❞ #♣✐❦❡ ✭x > 320λ✮✳ ❚❤❡ ❜♦%%♦♠ ♣❤❛#❡ #♣❛❝❡ ♣❧♦%# #❤♦✇ %❤❡ ❞✐✲

+❡❝%✐♦♥ ❛♥❞ #%+❡♥❣%❤ ♦❢ %❤❡ ❛❝❝❡❧❡+❛%✐♦♥ ♦✈❡+ %❤❡ ❡♥%✐+❡ %❛+❣❡% ❧❡♥❣%❤✳ ❖♥ %❤❡ ❧❡❢% ✐♠❛❣❡

✭❉+✐✈❡+ ✰ ♣+❡❢♦+♠❡❞ ♣❧❛#♠❛✮ ❛ %+❛♥#✈❡+#❡ ❛♥❞ ❛ #%+♦♥❣ ❧♦♥❣✐%✉❞✐♥❛❧ ❛❝❝❡❧❡+❛%✐♦♥ ❝❛♥ ❜❡

+❡❝♦❣♥✐#❡❞✱ ✇❤✐❧❡ ❞✉❡ %♦ %❤❡ ✐♥%❡+❛❝%✐♦♥ ♦❢ %❤❡ ❉+✐✈❡+ ✇✐%❤ ❛♥ ✉♥❞✐#%✉+❜❡❞ %❛+❣❡%✱ %❤❡

%+❛♥#✈❡+#❡ ❛❝❝❡❧❡+❛%✐♦♥ ❡①❝❡❡❞# %❤❡ ❧♦♥❣✐%✉❞✐♥❛❧ ♦♥❡✳

❈❧❡❛+❧② %✇♦ ❢❛❝%# ❝❛♥ ❜❡ ❤✐❣❤❧✐❣❤%❡❞✳ ❋✐+#%✱ ❛ #%+♦♥❣❡+ ❉+✐✈❡+ ✐♥%❡+❛❝%✐♦♥ ✐♥❞✉❝❡❞ ❛

#%+♦♥❣❡+ %+❛♥#✈❡+#❡ ♣♦♥❞❡+♦♠♦%✐✈❡ ♣✉#❤ ❧❡❛❞✐♥❣ %♦ ❛ #%+♦♥❣❡+ %+❛♥#✈❡+#❡ ❛❝❝❡❧❡+❛%✐♦♥

♦❢ ✐♦♥#✳ ▼♦+❡♦✈❡+✱ %❤❡ ❡♥❡+❣② ♦❢ %❤❡ ❧♦♥❣✐%✉❞✐♥❛❧ ❛❝❝❡❧❡+❛%❡❞ ✐♦♥# ✇❛# ❛# ✇❡❧❧ #%+♦♥❣❡+

✐♥❞✉❝❡❞ ❜② ❛ #%+♦♥❣❡+ ❡❧❡❝%+✐❝ #❤❡❛%❤ ✜❡❧❞✳ ❙❡❝♦♥❞ ❛♥❞ %❤❡ ♠♦#% ✐♠♣♦+%❛♥% ❢❛❝%✱ %❤❡

❉+✐✈❡+ ✐♥%❡+❛❝%✐♥❣ ✇✐%❤ %❤❡ #♣❡❝✐❛❧❧② ♣+❡❢♦+♠❡❞ %❛+❣❡% ✐♥❞✉❝❡❞ ❛♥ ❡♥❤❛♥❝❡♠❡♥% ♦❢ %❤❡

❧♦♥❣✐%✉❞✐♥❛❧ ❛❝❝❡❧❡+❛%✐♦♥ ✐♥ ❝♦♠♣❛+✐#♦♥ ✇✐%❤ %❤❡ +❡#✉❧%# ♦❢ %❤❡ ❉+✐✈❡+ ✐♥%❡+❛❝%✐♥❣ ✇✐%❤

❛ ✉♥❞✐#%✉+❜❡❞ ❞❡♥#✐%② ♣+♦✜❧❡✳ ❚❤❡#❡ I■❈ #✐♠✉❧❛%✐♦♥# #❤♦✇ %❤❡ ♣❤②#✐❝❛❧ ❝♦♥❝❡♣% ♦❢ %❤❡

✐♥%❡+❛❝%✐♦♥ ✇✐%❤ ❛ #♣❡❝✐❛❧ ❣❛# %❛+❣❡%✱ ❛❧%❤♦✉❣❤ %❤❡ ❡①♣❡+✐♠❡♥%❛❧ +❡#✉❧%# ✇❡+❡ #❧✐❣❤%❧②

❞✐✛❡+❡♥%✳ ◆♦ %+❛♥#✈❡+#❡ ❛❝❝❡❧❡+❛%❡❞ ✐♦♥# ✇❡+❡ ❞❡%❡❝%❡❞✱ ✇❤✐❝❤ ❝❛♥ ❜❡ ❞✉❡ %♦ %❤❡ ❢❛❝%✱

%❤❛% %❤❡ ❡①♣❡+✐♠❡♥%❛❧ %❛+❣❡% ❤❛❞ ❛ #✐③❡ ♦❢ ♦♥❡ ♠✐❧❧✐♠❡%+❡✳ ❚❤❡ ❉+✐✈❡+ ❝♦✉❧❞ ❤❛✈❡ ❝+❡❛%❡❞

❛ ♣❧❛#♠❛ ❝❤❛♥♥❡❧ ✐♥ %❤❡ ✈❡+② ❜❡❣✐♥♥✐♥❣ ♦❢ %❤❡ ❣❛#✳ ❖♥❧② ♣❛+%✐❝❧❡# ♦+✐❣✐♥❛%✐♥❣ ❢+♦♠ %❤❡

❝❡♥%+❡ ♦❢ %❤❡ %❛+❣❡% ❝♦✉❧❞ ❤❛✈❡ ❜❡❡♥ ❞❡%❡❝%❡❞✳ ❋✉+%❤❡+♠♦+❡✱ %❤❡ ❢✉❧❧② ❛♠♣❧✐✜❡❞ ❧❛#❡+

♣✉❧#❡ ❤❛❞ ❛ ❢♦❝❛❧ #♣♦% #✉++♦✉♥❞❡❞ ❜② ❤♦% ✇✐♥❣#✱ ❧❡❛❞✐♥❣ %♦ ❛ ✇❡❛❦❡+ ✐♥%❡♥#✐%② ❛# ♣+❡❞✐❝%❡❞

✐♥ %❤❡ ❛♥❛❧②%✐❝❛❧ ❝❛❧❝✉❧❛%✐♦♥#✱ ✇❤✐❝❤ ✐# ❛❣❛✐♥ ❧❡❛❞✐♥❣ %♦ ❛ ✇❡❛❦❡+ %+❛♥#✈❡+#❡ ❛❝❝❡❧❡+❛%✐♦♥✳

❍♦✇❡✈❡+✱ %❤❡ #✐♠✉❧❛%✐♦♥# #❤♦✇ %❤❡ ❜❛#✐❝ ♣+✐♥❝✐♣❧❡ ♦❢ ❛ ❧❛#❡+ ✐♥%❡+❛❝%✐♥❣ ✇✐%❤ ❛ #♣❡❝✐❛❧❧②

♣+❡❢♦+♠❡❞ ❣❛# %❛+❣❡% ❛♥❞ ♣+❡❞✐❝% ❛ ❚◆❙❆✲❧✐❦❡ ❛❝❝❡❧❡+❛%✐♦♥ ♠❡❝❤❛♥✐#♠ ♦❢ %❤❡ ✐♦♥# ✐♥

❧♦♥❣✐%✉❞✐♥❛❧ ❞✐+❡❝%✐♦♥✳
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❋✐❣✉1❡ ✻✳✶✶✿ ❘❡"✉❧%" ♦❢ (■❈ "✐♠✉❧❛%✐♦♥" ♦❢ %❤❡ ✐♥%❡♥"❡ ❉1✐✈❡1 ✐♥%❡1❛❝%✐♥❣ ✇✐%❤ ❛ ♣1❡✲

❢♦1♠❡❞ "♣❡❝✐❛❧ %❛1❣❡% ✭❧❡❢% ✐♠❛❣❡"✮ ❛♥❞ ♦❢ ❛♥ ✐♥%❡1❛❝%✐♦♥ ✇✐%❤ ❛ ✉♥❞✐"%✉1❜❡❞ %❛1❣❡%

♣1♦✜❧❡ ✭1✐❣❤% ✐♠❛❣❡"✮✳ ❚❤❡ ❞❡♥"✐%② ❞✐"%1✐❜✉%✐♦♥" ❛1❡ "❤♦✇♥ ✐♥ %❤❡ %♦♣ ❛♥❞ %❤❡ ♣❤❛"❡

"♣❛❝❡ ♣❧♦%" ♦❢ %❤❡ ❛❝❝❡❧❡1❛%✐♦♥ ❛1❡ "❤♦✇♥ ✐♥ %❤❡ ❜♦%%♦♠✳

✻✳✸ ❆♥❛❧②(✐❝❛❧ ❞✐,❝✉,,✐♦♥

❚❤❡ "❧♦✇❧② ✐♥❝1❡❛"✐♥❣ %1❡♥❞ ✐♥ %❤❡ ♠❛①✐♠✉♠ ♣❛1%✐❝❧❡ ❡♥❡1❣② ✇✐%❤ %❤❡ %❛1❣❡% ❞❡♥"✐%②

✐" ♦♥❡ "✐❣♥✐✜❝❛♥% ❞✐✛❡1❡♥❝❡ ✐♥ %❤❡ ❛❝❝❡❧❡1❛%✐♦♥ ❢❡❛%✉1❡" ❝♦♠♣❛1❡❞ %♦ %❤❡ "✐♥❣❧❡ ❜❡❛♠

❝♦♥✜❣✉1❛%✐♦♥✳ ❆♥♦%❤❡1 ❞✐✛❡1❡♥❝❡ ✐" %❤❡ ❛❝❝❡❧❡1❛%✐♦♥ ❡✈❡♥ ❛% ✈❡1② ❤✐❣❤ ❞❡♥"✐%✐❡"✱ ❛❜♦✈❡

0.12n
❝

✳ ❆ ❉1✐✈❡1✲♦♥❧② ✐♥%❡1❛❝%✐♦♥ ✇✐%❤ %❤❡ %❛1❣❡% ✇❛" ♥♦% ❛❜❧❡ %♦ ♣1♦❞✉❝❡ ❛♥② ✐♦♥"

❛% ❛♥② ❣❛" ❞❡♥"✐%②✳ ❇♦%❤ ❜❡❛♠" %♦❣❡%❤❡1✱ ❉1✐✈❡1 ✇✐%❤ ❍❡❛%❡1✱ ♠✉"% ♣❧❛② ❛ 1♦❧❡ ✐♥ %❤✐"

❛❝❝❡❧❡1❛%✐♦♥ ♠❡❝❤❛♥✐"♠✱ ❛" ❛❧1❡❛❞② 1❡♣1♦❞✉❝❡❞ ❜② %❤❡ ♥✉♠❡1✐❝❛❧ "✐♠✉❧❛%✐♦♥"✳

■♥ %❤❡ ❧♦✇ ❞❡♥"✐%② 1❡❣✐♠❡✱ %❤❡ ❈♦✉❧♦♠❜ ❡①♣❧♦"✐♦♥ ❜② %❤❡ ❍❡❛%❡1 ✇❛" ♣1♦❜❛❜❧② %❤❡

❞♦♠✐♥❛♥% ♠❡%❤♦❞ %♦ ❛❝❝❡❧❡1❛%❡ %❤❡ ♣❛1%✐❝❧❡"✳ ▼♦1❡♦✈❡1✱ %❤❡1❡ ❝♦✉❧❞ ❜❡ ❛" ✇❡❧❧ ❛♥ ✐♦♥

✶✹✶



❈❤❛♣$❡& ✻ ■♦♥ ❛❝❝❡❧❡&❛$✐♦♥ ❢&♦♠ ✉♥❞❡&❞❡♥2❡ $❛&❣❡$2 ✈✐❛ ❛ ❚◆❙❆✲❧✐❦❡

♠❡❝❤❛♥✐2♠

❛❝❝❡❧❡$❛%✐♦♥ ❜② %❤❡ ✐♥%❡$♣❧❛② ♦❢ ❉$✐✈❡$ ❛♥❞ ❍❡❛%❡$ %♦❣❡%❤❡$ ✐♥ %❤❡ ❧♦✇ ❞❡♥4✐%② $❡❣✐♠❡✳

❇✉% %❤❡ ❈❈❉ ❝❛♠❡$❛✱ $❡❝♦$❞✐♥❣ %❤❡ ✐♦♥ %$❛❝❡4 ♦♥ %❤❡ ▼❈< ❞❡%❡❝%♦$✱ ✐♥%❡❣$❛%❡4 %❤❡

✐♠❛❣❡ ♦✈❡$ 4❡✈❡$❛❧ ♠✐❧❧✐4❡❝♦♥❞4✳ ❚❤❡$❡❢♦$❡✱ ❡✈❡♥ ✐❢ %❤❡$❡ ✇❛4 ❛♥ ✐♦♥ ❛❝❝❡❧❡$❛%✐♦♥ ♦❢ %❤❡

❞♦✉❜❧❡ ❜❡❛♠ ✐♥%❡$❛❝%✐♦♥✱ ✐% ✇❛4 4✉♣❡$✐♠♣♦4❡❞ ✇✐%❤ %❤❡ ❛❝❝❡❧❡$❛%❡❞ ✐♦♥4 ♦❢ %❤❡ ❍❡❛%❡$✲

♦♥❧② ✐♥%❡$❛❝%✐♦♥✳ ❈❡$%❛✐♥❧②✱ ♦♥❧② ✐♥ %❤❡ ❤✐❣❤ ❞❡♥4✐%② $❡❣✐♠❡ %❤❡ ♣✉$❡ ✐♦♥ 4✐❣♥❛❧ ♦❢ %❤❡

❞♦✉❜❧❡ ❜❡❛♠ ✐♥%❡$❛❝%✐♦♥ ✇❛4 ❞❡%❡❝%❡❞✱ ❜❡❝❛✉4❡ ♦❢ %❤❡ ♠✐44✐♥❣ 4✐❣♥❛❧ ✐♥ %❤❡ 4✐♥❣❧❡ ❜❡❛♠

❝♦♥✜❣✉$❛%✐♦♥✳

❚❤❡ ❝♦♥❞✐%✐♦♥4 %♦ ❛❝❝❡❧❡$❛%❡ ✐♦♥4 ❜② ❛ ❉$✐✈❡$✲♦♥❧② ✐♥%❡$❛❝%✐♦♥ ✐♥ %❤❡ %$❛♥4✈❡$4❡ ❞✐$❡❝%✐♦♥

✈✐❛ ❈♦✉❧♦♠❜ ❡①♣❧♦4✐♦♥ ❛$❡ ❢✉❧✜❧❧❡❞✱ 4❡❡ %❛❜❧❡ ✻✳✶✳ ❍♦✇❡✈❡$✱ ♥♦ ✐♦♥4 ✇❡$❡ ❞❡%❡❝%❡❞ ✐♥

%❤✐4 ❞✐$❡❝%✐♦♥✳ ❚❤❡ 4❤♦$% ❘❛②❧❡✐❣❤ ❧❡♥❣%❤ ♦❢ %❤❡ ❉$✐✈❡$✱ ❢♦❝✉4❡❞ ❜② %❤❡ ❢✴✷ ❖❆< ✐4 ♥♦%

%❛❦❡♥ ✐♥%♦ ❛❝❝♦✉♥% ❜② %❤❡ ❛♥❛❧②%✐❝❛❧ ♠♦❞❡❧ ❝❛❧❝✉❧❛%✐♦♥4 ♦❢ %❤❡ %❤$❡4❤♦❧❞4✳ ❆4 ❞✐4❝✉44❡❞

✐♥ %❤❡ ❢♦❧❧♦✇✐♥❣ ❝❤❛♣%❡$ ❛❜♦✉% %❤❡ 4❤❛❞♦✇❣$❛♣❤② $❡4✉❧%4 ✭4✉❜4❡❝%✐♦♥ ✻✳✹✳✷✮✱ %❤❡ ❧❛4❡$

♣✉❧4❡ ✇❛4 ♥♦% ❛❜❧❡ %♦ ♣$♦♣❛❣❛%❡ %❤$♦✉❣❤ %❤❡ ❢✉❧❧ ♣❧❛4♠❛ ❛♥❞ %♦ ❝$❡❛%❡ ❛ ♣$♦♣❡$ ♣❧❛4♠❛

❝❤❛♥♥❡❧✳ ❘❛%❤❡$ %❤❡ ♣❧❛4♠❛ ❝❤❛♥♥❡❧ ❜✉$4%4 ✐♥ %❤❡ ❝❡♥%$❡ ♦❢ %❤❡ %❛$❣❡%✳ ❍♦✇❡✈❡$✱ ✐♥

%❤❡ 4✐♠✉❧❛%✐♦♥4✱ %❤❡ ❧❛4❡$ ✇❛4 ❛❜❧❡ %♦ ❝$❡❛%❡ ❛ ♣❧❛4♠❛ ❝❤❛♥♥❡❧✳ ❚❤❡ $❡❛4♦♥ ❝❛♥ ❜❡✱

%❤❛% ❣❛4 %❛$❣❡% ✇❛4 $❡❞✉❝❡❞ ✐♥ 4✐③❡✱ ✇❤✐❝❤ ♠❡❛♥4 ❢♦$ %❤❡ ❡①♣❡$✐♠❡♥%✱ %❤❛% %❤❡ ❧❛4❡$

❝$❡❛%❡❞ ❛ ❝❤❛♥♥❡❧ ♦♥❧② ✐♥ %❤❡ ✜$4% ❤✉♥❞$❡❞4 ♦❢ ♠✐❝$♦♠❡%❡$4 ♦❢ %❤❡ %❛$❣❡%✳ ❋✉$%❤❡$♠♦$❡✱

❛ ❤♦♠♦❣❡♥♦✉4 ❢♦❝❛❧ 4♣♦% ✇✐%❤ ❛ ❤✐❣❤ ✐♥%❡♥4✐%② ✇❛4 ❛44✉♠❡❞ ❢♦$ %❤❡ 4✐♠✉❧❛%✐♦♥✱ ✇❤✐❧❡ %❤❡

❢✉❧❧② ❛♠♣❧✐✜❡❞ ❧❛4❡$ ✇❛4 ❢♦❝✉4❡❞ %♦ ❛ 4♣♦% ✐♥❝❧✉❞✐♥❣ ❤♦% ✇✐♥❣4 ❧❡❛❞✐♥❣ %♦ ❛ $❡❞✉❝%✐♦♥ ✐♥

✐♥%❡♥4✐%② ❛♥❞ ❤♦♠♦❣❡♥❡✐%② ♦❢ %❤❡ ♣$♦✜❧❡✳

%❛$❣❡% ❞❡♥4✐%② ♠✐♥ ♠❛①

n
❡

❬❝♠

−3
❪ 1.6 · 1019 3.92 · 1020

n
❡

/n
❝

✵✳✵✵✾ ✵✳✷✷✽

ω0 ❬❍③❪ 2.35 · 1015 ω
♣

❬❍③❪ 2.26 · 1014 1.12 · 1015

τ ❬❢4❪ ✸✵ 1/ω
♣

❬❢4❪ ✹✳✹✷ ✵✳✾

cτ ❬µ♠❪ ✽✳✾✾ r0 ❬µ♠❪ ✷

a0 ✵✳✻ a0max✭✶❉✮ ✶ ✷✾

❚❛❜❧❡ ✻✳✶✿ ❉✐✛❡$❡♥% ❝♦♥❞✐%✐♦♥4✱ ✇❤✐❝❤ ❤❛✈❡ %♦ ❜❡ ❢✉❧✜❧❧❡❞ ❜② %❤❡ ❉$✐✈❡$ ❧❛4❡$ ✐♥ ♦$❞❡$

%♦ ❛❝❝❡❧❡$❛%❡ ✐♦♥4 ❞✉❡ %♦ ❈♦✉❧♦♠❜ ❡①♣❧♦4✐♦♥✱ ❛% %❤❡ ♠✐♥✐♠✉♠ ❛♥❞ ♠❛①✐♠✉♠ %❛$❣❡%

❞❡♥4✐%②✳

❋♦$ ❞❡♥4✐%✐❡4 ❤✐❣❤❡$ %❤❛♥ 0.12n
❝

%❤❡ %❤❡♦$❡%✐❝❛❧ ❝♦♥❞✐%✐♦♥ ❢♦$ ❝♦❧❧✐4✐♦♥❧❡44 4❤♦❝❦ ❛❝❝❡❧✲

❡$❛%✐♦♥ ❞✉❡ %♦ %❤❡ ❉$✐✈❡$ ❜❡❛♠ ✐4 ❢✉❧✜❧❧❡❞✳ ❚❤❡ ♣✐4%♦♥ ✈❡❧♦❝✐%② ✭❡U✉❛%✐♦♥ ✷✳✺✵✮ ❤❛4

✶✹✷



✻✳✸ ❆♥❛❧②(✐❝❛❧ ❞✐,❝✉,,✐♦♥

 ♦ ❜❡ ❜✐❣❣❡&  ❤❛♥  ❤❡ *♦✉♥❞ ✈❡❧♦❝✐ ② ✭❡2✉❛ ✐♦♥ ✷✳✸✹✮✱ v
♣✐"#♦♥

> cs✱ ✐♥ ♦&❞❡&  ♦ ❤❛✈❡ ❛

*❤♦❝❦ ♣&♦♣❛❣❛ ✐♥❣ ✐♥*✐❞❡  ❤❡ ♣❧❛*♠❛ ❛♥❞  ❤❡ ▼❛❝❤✲♥✉♠❜❡& M = vshock/cs ❤❛*  ♦ ❡①❝❡❡❞

♦♥❡✳ ❚❤✐* ❝♦♥❞✐ ✐♦♥* ❛&❡ ❢✉❧✜❧❧❡❞ ❢&♦♠  ❤✐* ❞❡♥*✐ ②  ❤&❡*❤♦❧❞ ♦♥✱ ❛* *❤♦✇♥ ✐♥  ❛❜❧❡ ✻✳✷✳

◆❡✈❡& ❤❡❧❡**✱  ❤❡ ❉&✐✈❡&✲♦♥❧② ✐♥ ❡&❛❝ ✐♦♥ ❞✐❞ ♥♦ ❛❝❝❡❧❡&❛ ❡ ❛♥② ✐♦♥* ❛♥❞  ❤❡ *✐♠✉❧❛ ✐♦♥

&❡*✉❧ * ❤✐♥  ♦ ❛ ❚◆❙❆✲❧✐❦❡ ❛❝❝❡❧❡&❛ ✐♦♥ ♠❡❝❤❛♥✐*♠✳

 ❛&❣❡ ❞❡♥*✐ ② ♠✐♥ ✐♥ ❡&♠❡❞✐❛ ❡ ♠❛①

n
❡

❬❝♠

−3
❪ 1.6 · 1019 2.06 · 1020 3.92 · 1020

n
❡

/n
❝

✵✳✵✵✾ ✵✳✶✷ ✵✳✷✷✽

cs ❬♠✴*❪ 9.45 · 106 v
♣✐"#♦♥

❬♠✴*❪ 2.78 · 106 9.98 · 106 1.38 · 107

❚❛❜❧❡ ✻✳✷✿ ❙♦✉♥❞ *♣❡❡❞ ❛♥❞ ♣✐* ♦♥ ✈❡❧♦❝✐ ✐❡* ❢♦& ❞✐✛❡&❡♥  ❛&❣❡ ❞❡♥*✐ ✐❡*✱ ❝❛❧❝✉❧❛ ❡❞

❢♦&  ❤❡ ❉&✐✈❡& ❜❡❛♠✳

❍♦✇❡✈❡&✱ ✐♦♥ ❛❝❝❡❧❡&❛ ✐♦♥ ❢&♦♠ ❛ ❣❛*  ❛&❣❡ ❞✉❡  ♦ ❈♦❧❧✐*✐♦♥❧❡** ❙❤♦❝❦ ❆❝❝❡❧❡&❛ ✐♦♥

✭❈❙❆✮ ✇❛* ♦❜*❡&✈❡❞ ♦♥❧② ✐♥ ♦✈❡&❝&✐ ✐❝❛❧ ❣❛* ❥❡ * ❜②  ❛❧♠❡% ❡& ❛❧✳ ❬✶✶✶❪✱ ❍❛❜❡%❜❡%❣❡% ❡&

❛❧✳ ❬✶✶✷❪ ❛♥❞ ❈❤❡♥ ❡ ❛❧✳ ❬✶✶✸❪✳ ❆ ❈❖2 ❧❛*❡& ✇❛* ❡♠♣❧♦②❡❞ ✐♥ ♦&❞❡&  ♦ ❡❛*✐❧② &❡❛❝❤ ❛♥

♦✈❡&❞❡♥*❡  ❛&❣❡ ❞❡♥*✐ ② ✐♥ ❛ ❍②❞&♦❣❡♥ ❣❛* ❥❡ ❛♥❞ ❈❤❡♥ ❡& ❛❧✳ ❡♠♣❧♦②❡❞ ❛ ❤✐❣❤ ♣&❡**✉&❡✱

❤✐❣❤ ❞❡♥*✐ ② ❣❛* ♥♦③③❧❡ ❝♦♠❜✐♥❡❞ ✇✐ ❤ ❛ ❚✐✿❙❛ ❧❛*❡& *②* ❡♠✳ ■♥  ❤❡*❡ ❡①♣❡&✐♠❡♥ *✱  ❤❡

&❛❞✐❛ ✐♦♥ ♣&❡**✉&❡ ♣✉*❤❡* ❡❧❡❝ &♦♥* ✐♥ ♦  ❤❡  ❛&❣❡ ✱ ✇❤✐❝❤ ❧❛✉♥❝❤ ❛♥ ❡❧❡❝ &♦* ❛ ✐❝ *❤♦❝❦

✇❛✈❡ ✐♥ ❛♥ ♦✈❡&❝&✐ ✐❝❛❧ ♣❧❛*♠❛✳ ■♦♥* ❛&❡ ♦✈❡& ❛❦❡♥ ❛♥❞ &❡✢❡❝ ❡❞ ❜②  ❤❡ ✇❛✈❡ ✐♥ ♦  ❤❡

❡①♣❛♥❞✐♥❣ ♣❧❛*♠❛ ❧❡❛❞✐♥❣  ♦ ❛♥ ♥❛&&♦✇❜❛♥❞ ❛❝❝❡❧❡&❛ ✐♦♥✳

❆ ❞✐✛❡&❡♥ ♠❡❝❤❛♥✐*♠  ♦ ❛❝❝❡❧❡&❛ ❡ ✐♦♥* ❢&♦♠ ✉♥❞❡&❞❡♥*❡  ❛&❣❡ * ✐* ▲♦✇ ❉❡♥*✐ ② ❈♦❧✲

❧✐*✐♦♥❧❡** ❙❤♦❝❦ ❆❝❝❡❧❡&❛ ✐♦♥ ✭▲❉❈❙❆✮ ❡①♣❡&✐♠❡♥ ❛❧❧② ♦❜*❡&✈❡❞ ❜② ●❛✉&❤✐❡% ❡& ❛❧✳ ❬✷✾❪

❛♥❞ ❆♥&✐❝✐ ❡& ❛❧✳ ❬✸✵❪ ❛♥❞  ❤❡♦&❡ ✐❝❛❧❧② *✐♠✉❧❛ ❡❞ ❜② ❞✬❍✉♠✐❡%❡5 ❡& ❛❧✳ ❬✸✶❪✳ ❚❤❡ ❛❝✲

❝❡❧❡&❛ ✐♦♥ ♠❡❝❤❛♥✐*♠ ✐* ❞✐*❝✉**❡❞ ✐♥ *✉❜*❡❝ ✐♦♥ ✷✳✹✳✸✳ ❚❤❡*❡ &❡*✉❧ * *❤♦✇  ❤❛  ❤❡&❡

❝♦✉❧❞ ❛♣♣❡❛& ♥♦ ♦♥❧② ❛ ♣✉&❡ ❡❧❡❝ &♦* ❛ ✐❝ ✜❡❧❞  ♦ ❛❝❝❡❧❡&❛ ❡  ❤❡ ✐♦♥*✱ ❜✉ ❛❧*♦ ❛ *❤♦❝❦

♠❡❝❤❛♥✐*♠ ❝❛♥ ♦❝❝✉&✱ ❞❡♣❡♥❞✐♥❣ ♦♥  ❤❡  ❛&❣❡ ♣&♦✜❧❡ ✇✐ ❤ ❞✐✛❡&❡♥ ❣&❛❞✐❡♥ * ❛♥❞ ♦♥

 ❤❡ ❞❡♥*✐ ② ✐ *❡❧❢✳ ❋✐❣✉&❡ ✻✳✶✷ ✭❛✮ *❤♦✇*  ❤❡ ❞✐✛❡&❡♥ ✉♥❞❡&❞❡♥*❡  ❛&❣❡ ♣&♦✜❧❡* ♦❢

 ❤❡ ▲✐✈❡&♠♦&❡ ❡①♣❡&✐♠❡♥ ❬✸✵❪✳ ❖♥  ❤❡ ❧❡❢ ♦❢ Z✐❝ ✉&❡ ✭❜✮ ✐*  ❤❡ ❞❡♥*✐ ② ♣&♦✜❧❡ ♦❢  ❤❡

❢✴✶✵✲❍❡❛ ❡& *✐♠✉❧❛ ✐♦♥* &❡♣♦& ❡❞ ❜❡❢♦&❡✳ ❆ ✈❡& ✐❝❛❧ ❧✐♥❡✲♦✉ ✭&❡❞ ❛&&♦✇✮ ✐❧❧✉* &❛ ❡*  ❤❡

❞❡♥*✐ ② ♣&♦✜❧❡ ❢♦&  ❤❡ ❉&✐✈❡& ✐♥ ❡&❛❝ ✐♦♥✳ ❍♦✇❡✈❡&✱  ❤❡  ❛&❣❡ ❝♦♥❞✐ ✐♦♥* ❢♦&  ❤❡ ▲❉❈❙❆

♠❡❝❤❛♥✐*♠ ❛&❡ ♥♦ ❣✐✈❡♥ ✐♥  ❤✐* ❡①♣❡&✐♠❡♥ ❛❧ ❛&&❛♥❣❡♠❡♥ ♣&❡*❡♥ ❡❞ ❤❡&❡✳ ❋✐✉③❛ ❡& ❛❧✳

❤❛✈❡ ❝❛❧❝✉❧❛ ❡❞ ❛♥❛❧② ✐❝❛❧  ❤&❡*❤♦❧❞* ❢♦& ❛ *✉❝❝❡**❢✉❧ ✐♦♥ ❛❝❝❡❧❡&❛ ✐♦♥ ❞✉❡  ♦ ❛ *❤♦❝❦

❛❝❝❡❧❡&❛ ✐♦♥ ✐♥ ✉♥❞❡&❞❡♥*❡  ❛&❣❡ * ❬✶✶✹❪✳ ❆  ❛&❣❡ ♣&♦✜❧❡ ♦❢ *❡✈❡&❛❧ ❤✉♥❞&❡❞ ♠✐❝&♦♠❡✲

✶✹✸



❈❤❛♣$❡& ✻ ■♦♥ ❛❝❝❡❧❡&❛$✐♦♥ ❢&♦♠ ✉♥❞❡&❞❡♥2❡ $❛&❣❡$2 ✈✐❛ ❛ ❚◆❙❆✲❧✐❦❡

♠❡❝❤❛♥✐2♠

 !❡# ❛♥❞ ❛ ❤✐❣❤❡! ▼❛❝❤ ♥✉♠❜❡! ✇♦✉❧❞ ❜❡ ♥❡❝❡##❛!②  ♦ !❡❛❝❤  ❤❡ ❝♦♥❞✐ ✐♦♥#✳ ❚❤❡!❡❢♦!❡✱

▲❉❈❙❆ ✇❛# ♥♦  ❤❡ ❛❝❝❡❧❡!❛ ✐♥❣ ♣!♦❝❡## ✐♥  ❤❡ !❡#✉❧ # ✐♥✈❡# ✐❣❛ ❡❞ ✐♥  ❤✐#  ❤❡#✐#✳
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❋✐❣✉&❡ ✻✳✶✷✿ >!❡✲❢♦!♠❡❞ ❞❡♥#✐ ② ♣!♦✜❧❡# ❢♦!  ❤❡ ✐♥ ❡!❛❝ ✐♦♥ ♦❢  ❤❡ #❡❝♦♥❞ ❧❛#❡! ♦! !❛ ❤❡!

 ❤❡ ❉!✐✈❡! ❧❛#❡!✳ ●!❛♣❤ ✭❛✮ #❤♦✇#  ❤❡ ❞✐✛❡!❡♥ ✉♥❞❡!❞❡♥#❡  ❛!❣❡ ♣!♦✜❧❡# ❢♦! ❞✐✛❡!❡♥ 

✐♥✐ ✐❛❧ ❢♦✐❧  ❛!❣❡  ❤✐❝❦♥❡##❡#✱ ♣❧♦ ♦❢ ❬✸✵❪✳ ✭❜✮ ❝♦♥ ❛✐♥# ❛ ✈❡! ✐❝❛❧ ❧✐♥❡✲♦✉ ♦❢  ❤❡

❍❡❛ ❡!✲♦♥❧② #✐♠✉❧❛ ✐♦♥# ❛♥❞ ✭❝✮ ✐❧❧✉# !❛ ❡#  ❤❡  ♦ ❛❧ ♠♦❞✐✜❡❞ ❞❡♥#✐ ② ♣!♦✜❧❡✳

❲✐❧❧✐♥❣❛❧❡ ❡' ❛❧✳ ❬✶✸❪ ♣✉❜❧✐#❤❡❞ !❡#✉❧ # ❛❜♦✉ ❛ ❧♦♥❣✐ ✉❞✐♥❛❧ ✐♦♥ ❛❝❝❡❧❡!❛ ✐♦♥ ❞✉❡  ♦ ❛♥

❡❧❡❝ !✐❝ ✜❡❧❞ ❛❝ ✐♥❣ ❛# #❤❡❛ ❤ ✜❡❧❞ ❢♦! ❛ ❚◆❙❆✲❧✐❦❡ ❛❝❝❡❧❡!❛ ✐♦♥✳ ✷❉ >■❈ #✐♠✉❧❛ ✐♦♥# ✇❡!❡

♣❡!❢♦!♠❡❞  ♦ ❢✉! ❤❡! ✐♥✈❡# ✐❣❛ ❡  ❤❡ ❡①♣❡!✐♠❡♥ ❛❧❧② ♦❜#❡!✈❛ ✐♦♥#✳ ❚❤❡ ❧❛#❡! ♣❛!❛♠❡ ❡!#

✇❡!❡ ❞✐✛❡!❡♥  ♦  ❤❡ ❆❘❈❚❯❘❯❙ ❧❛#❡!✱ ✇✐ ❤ τ = 500 ❢#✱ d = 8µ♠ ❛♥❞ ❛ ♣❡❛❦ ✈❡❝ ♦!

♣♦ ❡♥ ✐❛❧ ♦❢ a0 ∼ 13✳ ■ ✇❛# ❞✐#❝✉##❡❞✱  ❤❛  ❤❡ ❡❧❡❝ !♦♥# ✇❡!❡ ❛❝❝❡❧❡!❛ ❡❞ ❜② ✜❡❧❞# ✐♥#✐❞❡

 ❤❡ ♣❧❛#♠❛ ❛♥❞ ❞✐!❡❝ ❧❛#❡! ❛❝❝❡❧❡!❛ ✐♦♥✳ ❆ ❧♦♥❣✐ ✉❞✐♥❛❧ ❡❧❡❝ !✐❝ ✜❡❧❞ ❝❛♥ ❜❡ #❡❡♥ ✐♥  ❤❡

#✐♠✉❧❛ ✐♦♥#✱ ✇❤✐❝❤ ❛❝ ❡❞ ❛# ❛♥ ❛❝❝❡❧❡!❛ ✐♥❣ #❤❡❛ ❤ ✜❡❧❞ ❢♦!  ❤❡ #❧♦✇❧② !❡#♣♦♥❞✐♥❣ ✐♦♥#

❛  ❤❡ ♣❧❛#♠❛✲✈❛❝✉✉♠ ✐♥ ❡!❢❛❝❡✳ ❋✉! ❤❡! #✐♠✉❧❛ ✐♦♥# #❤♦✇❡❞ ❛  ✐♠❡ ✈❛!②✐♥❣ ♠❛❣♥❡ ✐❝

✜❡❧❞✱ ✇❤✐❝❤ ✇❛# ❛❧❧  ❤❡  ✐♠❡ #♠❛❧❧❡! ❝♦♠♣❛!❡❞  ♦  ❤❡ ❡❧❡❝ !✐❝ ✜❡❧❞ ✭❜✉✐❧❞ ✉♣ ❜② ❛ ❝❤❛!❣❡

#❡♣❛!❛ ✐♦♥✮✱ ❝♦♠♣❛!❡ ✜❣✉!❡ ✻✳✶✸✳ ❍♦✇❡✈❡!✱ ❞✉❡  ♦  ❤✐# ♠❛❣♥❡ ✐❝ ✜❡❧❞  ❤❡ ❡❧❡❝ !♦♥#

✇❡!❡ ♣✐♥❝❤❡❞✱ ✇❤✐❝❤ ❧❡❞  ♦ ❛ ❝♦❧❧✐♠❛ ❡❞ ❡❧❡❝ !✐❝ ✜❡❧❞✳ ❆# ❛ #✉♠♠❛!②✱ ❲✐❧❧✐♥❣❛❧❡ ❡ ❛❧✳

♦❜#❡!✈❡❞ ❛♥ ✐♦♥ ❛❝❝❡❧❡!❛ ✐♦♥ ❢!♦♠ ❛♥ ✉♥❞❡!❞❡♥#❡ ❣❛#  ❛!❣❡ ✐♥  ❤❡ ❧♦♥❣✐ ✉❞✐♥❛❧ ❞✐!❡❝ ✐♦♥✱

❝❛✉#❡❞ ❜② ❛ ❝❤❛!❣❡ #❡♣❛!❛ ❡❞ ✜❡❧❞ #✉♣♣♦! ❡❞ ❜② ❛ U✉❛#✐# ❛ ✐❝ ♠❛❣♥❡ ✐❝ ✜❡❧❞✳ ❚❤❡

❞✐✛❡!❡♥❝❡  ♦  ❤❡ ❡①♣❡!✐♠❡♥ ❛❧ ❞❛ ❛ ✐♥  ❤✐#  ❤❡#✐# ✇❡!❡  ❤❡ ❧❛#❡! ❛♥❞  ❛!❣❡ ♣❛!❛♠❡ ❡!#✳
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&❤❡ ❧♦♥❣✐&✉❞✐♥❛❧ ❞✐)❡❝&✐♦♥ )❡❢❡)❡❡❞ &♦ &❤✐+ C✉❛✲

+✐+&❛&✐❝ ♠❛❣♥❡&✐❝ ✜❡❧❞ ❛& &❤❡ ♣❧❛+♠❛✲✈❛❝✉✉♠

✐♥&❡)❢❛❝❡ ❛+ &❤❡ ♠❡❝❤❛♥✐+♠ &♦ ❛❝❝❡❧❡)❛&❡ ❛♥❞

❝♦❧❧✐♠❛&❡ &❤❡ ✐♦♥+ ❬✸✷✱ ✽✾✱ ✶✶✺✱ ✶✶✻❪✳ ❚❤❡ ♠❛❣✲

♥❡&✐❝ ✜❡❧❞ ✇❛+ ❜✉✐❧❞ ✉♣ ❜② ❛ ✈♦)&✐❝♦+❡ ♠♦&✐♦♥

♦❢ &❤❡ ❡❧❡❝&)♦♥+ ❛❧♦♥❣ &❤❡ ♣❧❛+♠❛ ❝❤❛♥♥❡❧✳ ❆&

&❤❡ +❛♠❡ &✐♠❡✱ ❡❧❡❝&)♦♥+ ✇❡)❡ ♣✉+❤❡❞ ♦✉& ✐♥&♦

&❤❡ ✈❛❝✉✉♠ ❜② &❤❡ ♠❛❣♥❡&✐❝ ✜❡❧❞+ ❛♥❞ ✇❡)❡

)❡❞✐+&)✐❜✉&❡❞ ✐♥&♦ &❤❡ ♣❧❛+♠❛ ✐♥ ♦)❞❡) &♦ ❢♦)♠

❛ ♣♦+✐&✐✈❡❧② ❝❤❛)❣❡❞ ❛)❡❛✳ ❚❤❡)❡❢♦)❡✱ ❛ ❧♦♥❣

❧✐✈✐♥❣ ❡❧❡❝&)♦+&❛&✐❝ +❤❡❛&❤ ✇❛+ ❜✉✐❧❞ ✉♣✱ ❞✉❡

&♦ ✇❤✐❝❤ ❛ ❝♦❧❧✐♠❛&❡❞ ✐♦♥ ❜❡❛♠ ♦)✐❣✐♥❛&✐♥❣

❢)♦♠ &❤❡ ❝❡♥&)❛❧ ❝❤❛♥♥❡❧ ❛①✐+ ✐+ ❛❝❝❡❧❡)❛&❡❞✱

❝♦♠♣❛)❡ ✜❣✉)❡ ✻✳✶✹✳ ❚❤❡ ❜✐❣ ❞✐+❛❣)❡❡♠❡♥& ✐♥

&❤✐+ +❝❡♥❛)✐♦ ✇❡)❡ ❛+ ✇❡❧❧ &❤❡ ❧❛+❡) ♣❛)❛♠❡✲

&❡)+✱ ✇❤✐❝❤ ❤❛✈❡ )❡❛❝❤❡❞ .❲✲✐♥&❡♥+✐&✐❡+ ✇✐&❤

❛ ❤✉❣❡ ♥♦)♠❛❧✐+❡❞ ✈❡❝&♦) ♣♦&❡♥&✐❛❧✱ ❡✈❡♥ ♠♦)❡

❞✐✈❡)+❡ ❝♦♠♣❛)❡❞ &♦ &❤❡ ❲✐❧❧✐♥❣❛❧❡ ❡' ❛❧✳ ❞❛&❛✳

✶✹✺



❈❤❛♣$❡& ✻ ■♦♥ ❛❝❝❡❧❡&❛$✐♦♥ ❢&♦♠ ✉♥❞❡&❞❡♥2❡ $❛&❣❡$2 ✈✐❛ ❛ ❚◆❙❆✲❧✐❦❡

♠❡❝❤❛♥✐2♠

❆ ♠♦#❡ ♣#♦♠✐'✐♥❣ ✐♥*❡#♣#❡*❛*✐♦♥ ✐' ❛♥ ❛❝❝❡❧❡#❛*✐♦♥ ❞✉❡ *♦ ❛ ❚◆❙❆✲❧✐❦❡ ♠❡❝❤❛♥✐'♠✱ ❛'

❛❧#❡❛❞② ✐♥❞✐❝❛*❡❞ ❜② *❤❡ '✐♠✉❧❛*✐♦♥'✳ ❚❤❡ ♣❡❞❡'*❛❧ ❧❡✈❡❧ ♦❢ *❤❡ ❍❡❛*❡# ❜❡❛♠ ❝#❡❛*❡' ❛

♣#❡✲♣❧❛'♠❛✲❝❤❛♥♥❡❧✱ ✇❤✐❝❤ ✐' ❡✈♦❧✈❡❞ ✉♣ *♦ *❤❡ ❝❡♥*#❡ ♦❢ *❤❡ ♥♦③③❧❡ ✇❤❡♥ *❤❡ ❉#✐✈❡#

❜❡❛♠ ✐♥*❡#❛❝*' ✇✐*❤ *❤✐' ❤✐❣❤ ❞❡♥'✐*② ❜❛##✐❡#✳ ❊❧❡❝*#♦♥' ❣❛✐♥ ❡♥❡#❣② ♦❢ *❤❡ ❧❛'❡# ✜❡❧❞

❛♥❞ ❛#❡ ❛❝❝❡❧❡#❛*❡❞ ✐♥ *❤❡ ❢♦#✇❛#❞ ❞✐#❡❝*✐♦♥✳ ❆ '❤❡❛*❤ ✜❡❧❞ ✐' ❝#❡❛*❡❞✱ ❞✉❡ *♦ ✇❤✐❝❤

*❤❡ ✐♦♥' ♦❢ *❤❡ ❞❡♥'✐*② ❜❛##✐❡# ❛#❡ ❛❧'♦ ❛❝❝❡❧❡#❛*❡❞ ✐♥ *❤❡ ❢♦#✇❛#❞ ❞✐#❡❝*✐♦♥✳ ❚❤❡ ❤✐❣❤❡#

*❤❡ *❛#❣❡* ❞❡♥'✐*②✱ *❤❡ ❤✐❣❤❡# *❤❡ ❛♠♦✉♥* ♦❢ ❛❝❝❡❧❡#❛*❡❞ ❡❧❡❝*#♦♥' ❛♥❞ *❤❡#❡❢♦#❡ *❤❡

❤✐❣❤❡# *❤❡ ✐♦♥ ❡♥❡#❣②✱ ❜❡❝❛✉'❡ ♦❢ ❛ ❤✐❣❤❡# ❝♦##❡❧❛*❡❞ ❡❧❡❝*#✐❝ ✜❡❧❞✳ ❚❤❡ ♣#❡❝❤❛♥♥❡❧ ✐'

'*✐❧❧ ❝#❡❛*❡❞ ❜② *❤❡ ❍❡❛*❡# ❡✈❡♥ ❛* ✈❡#② ❤✐❣❤ ❞❡♥'✐*✐❡'✱ ❜❡❝❛✉'❡ *❤❡ ✐♥*❡♥'✐*② ❧❡✈❡❧ ✐' '*✐❧❧

❤✐❣❤ ❡♥♦✉❣❤ *♦ ❞♦ ♠✉❧*✐♣❤♦*♦♥ ✐♦♥✐'❛*✐♦♥✳ ❍♦✇❡✈❡#✱ ♦♥❧② *❤❡ ❞♦✉❜❧❡ ❜❡❛♠ ✐♥*❡#❛❝*✐♦♥

✐' ❡✛❡❝*✐✈❡ ❛* ✈❡#② ❤✐❣❤ ❞❡♥'✐*✐❡'✱ ❛' ❛❧#❡❛❞② ❞✐'❝✉''❡❞✳ ❚❤❡ *❛#❣❡* ✐' *♦♦ ❞❡♥'❡ ❢♦# *❤❡

❍❡❛*❡# ❜❡❛♠ ✐♥ ♦#❞❡# *♦ ❝#❡❛*❡ ❛ ❢✉❧❧② ❡✈❛❝✉❛*❡❞ ❝❤❛♥♥❡❧ ❢♦# ❈❊✱ ❜✉* *❤❡ ✐♥*❡#❛❝*✐♦♥ ✐'

'*✐❧❧ ❛❜❧❡ *♦ ♣#♦❞✉❝❡ ❛ ♥❡❝❡''❛#② ❞❡♥'✐*② '♣✐❦❡ ✐♥ *❤❡ *❛#❣❡* ♦❢ *❤❡ ❉#✐✈❡# ❜❡❛♠✳

*❛#❣❡* ❞❡♥'✐*② ♠✐♥ ♠❛①

n
❡

❬❝♠

−3
❪ 1.6 · 1019 3.92 · 1020

n
❡

/n
❝

✵✳✵✵✾ ✵✳✷✷✽

E
❍

❬❦❡❱❪ ✷✼✽ ✶✸✶✸

E
❍❡

+
❬❦❡❱❪ ✶✹✵ ✻✼✺

E
❍❡

++
❬❦❡❱❪ ✶✾✼ ✾✹✸

❚❛❜❧❡ ✻✳✸✿ ❚❤❡ ♠❛①✐♠✉♠ ❝✉*✲♦✛ ❡♥❡#❣✐❡' ♦❢ *❤❡ ❚◆❙❆ ♠❡❝❤❛♥✐'♠ ❢♦# ❍②❞#♦❣❡♥ ❛♥❞

❍❡❧✐✉♠ ✐♦♥' ❛* *❤❡ ♠✐♥✐♠✉♠ ❛♥❞ ♠❛①✐♠✉♠ *❛#❣❡* ❞❡♥'✐*②✳

❚❤❡ ♣❧❛'♠❛ ❡①♣❛♥'✐♦♥ ✐♥*♦ ✈❛❝✉✉♠ ✇❛' '✐♠✉❧❛*❡❞ ❢♦# *❤❡ ✐♦♥ ❛❝❝❡❧❡#❛*✐♦♥ ❝❛✉'❡❞ ❜②

❡❧❡❝*#♦'*❛*✐❝ '❤❡❛*❤ ✜❡❧❞' ❢♦# ❡①❛♠♣❧❡ ❜② ▼♦"❛ ❬✶✶✼❪✳ ❇② ❛''✉♠✐♥❣ ❛♥ ❚◆❙❆✲❧✐❦❡ ❛❝✲

❝❡❧❡#❛*✐♦♥ ♠❡❝❤❛♥✐'♠✱ *❤❡ ♠❛①✐♠✉♠ ❛❝❤✐❡✈❛❜❧❡ ❡♥❡#❣② ❝❛♥ ❜❡ ❝❛❧❝✉❧❛*❡❞ ❛' ❞❡'❝#✐❜❡❞

❜❡❢♦#❡ ✐♥ ❡S✉❛*✐♦♥ ✷✳✹✵✳ ❇② ✐♥'❡#*✐♥❣ *❤❡ ❧❛'❡# ♣❛#❛♠❡*❡#' ♦❢ *❤❡ ❉#✐✈❡# ❜❡❛♠ ❛♥❞ *❤❡

♠✐♥✐♠✉♠ ❛♥❞ ♠❛①✐♠✉♠ *❛#❣❡* ❞❡♥'✐*②✱ *❤❡ ❝✉*✲♦✛ ❡♥❡#❣✐❡' ✇✐*❤ ❛ ❤♦* ❡❧❡❝*#♦♥ *❡♠♣❡#✲

❛*✉#❡ ♦❢ T
❤♦%

= 3.73▼❡❱ ❝❛♥ ❜❡ ❝❛❧❝✉❧❛*❡❞✱ '❡❡ *❛❜❧❡ ✻✳✸✳ ❚❤❡'❡ ❡♥❡#❣✐❡' ❛#❡ '❧✐❣❤*❧②

❤✐❣❤❡# *❤❛♥ ✐♥ *❤❡ ❡①♣❡#✐♠❡♥*✱ ❜✉* *❤❡② ✜* ✇❡❧❧ ✇✐*❤✐♥ *❤❡ #❛♥❣❡ ♦❢ *❤❡ ♠❡❛'✉#❡❞ ✈❛❧✲

✉❡'✳ ■♥ ❛❞❞✐*✐♦♥✱ *❤❡ *❤❡♦#❡*✐❝❛❧ ❝❛❧❝✉❧❛*❡❞ ♠❛①✐♠✉♠ ❡♥❡#❣② ✐' #❡❞✉❝❡❞ ❞✉❡ *♦ *❤❡

♣#♦✜❧❡ ♦❢ *❤❡ ❞❡♥'✐*② ✇❛❧❧✳ ❆ '♦❧✐❞ *❛#❣❡* ✇✐*❤ ♥♦ ♣❧❛'♠❛ '❝❛❧❡ ❧❡♥❣*❤ ✐' ❛''✉♠❡❞ ❢♦#

*❤❡ ❝❛❧❝✉❧❛*✐♦♥ ♦❢ *❤❡ ❛❝❝❡❧❡#❛*✐♥❣ ✜❡❧❞ ✐♥ *❤❡ ❚◆❙❆ ♠❡❝❤❛♥✐'♠✳ ❍♦✇❡✈❡#✱ ❛' '❤♦✇♥ ✐♥

❬✶✶✽✱ ✶✶✾❪ *❤❡ ❡❧❡❝*#✐❝ ✜❡❧❞ ✐' ❞#❛'*✐❝❛❧❧② #❡❞✉❝❡❞ ❜② ✐♥❝#❡❛'✐♥❣ *❤❡ ❞❡♥'✐*② '❝❛❧❡ ❧❡♥❣*❤

❛* *❤❡ *❛#❣❡* #❡❛# '✉#❢❛❝❡ *♦✿ E = T
❡

/(eL
♥

)✱ ✇✐*❤ L
♥

❛' ❧♦❝❛❧ ♣❧❛'♠❛ '❝❛❧❡ ❧❡♥❣*❤✳ ❚❤❡

✶✹✻



✻✳✹ ❘❡%✉❧(% ♦❢ (❤❡ ❝♦♠♣❧❡♠❡♥(❛1② ❞✐❛❣♥♦%(✐❝%

❡①♣❡#✐♠❡♥'❛❧❧② ♦❜-❡#✈❡❞ ❝❤❛♥♥❡❧ ❜❛##✐❡# ✭✐♥ '❤✐- '❤❡-✐-✮ ✇❛- ❧❛#❣❡#✱ ❛❜♦✉' ✶✵ µ♠✱ '❤❛♥

'❤❡ ♣❧❛-♠❛ ❉❡❜②❡ ❧❡♥❣'❤ ✭❡;✉❛'✐♦♥ ✷✳✷✾✮✱ ✇❤✐❝❤ ✇❛- ✐♥ '❤❡ ♦#❞❡# ♦❢ ✵✳✹✷ '♦ ✷ µ♠✱ ❞❡✲

♣❡♥❞✐♥❣ ♦♥ '❤❡ '❛#❣❡' ❞❡♥-✐'②✳ ❚❤✐- -❤♦✉❧❞ ❧❡❛❞ '♦ ❛ #❡❞✉❝'✐♦♥ ♦❢ '❤❡ ♠❛①✐♠✉♠ ✐♦♥

❡♥❡#❣② ❝♦♠♣❛#❡❞ '♦ '❤❡ ❝❛❧❝✉❧❛'❡❞ ✈❛❧✉❡- ♦❢ '❛❜❧❡ ✻✳✸✳ ❚❤❡#❡❢♦#❡✱ '❤❡ ♠❛①✐♠✉♠ ❡♥❡#❣②

♦❢ ❛#♦✉♥❞ ✷✵✵ ❦❡❱ ❛' '❤❡ ❧♦✇❡-' '❛#❣❡' ❞❡♥-✐'② ✭#❡❢❡# '❛❜❧❡ ✻✳✸✮✱ ✇♦✉❧❞ ❜❡ ❡✈❡♥ ❧❡--✱ ❞✉❡

'♦ '❤❡ ❞❡♥-✐'② ♣#♦✜❧❡ ❡✛❡❝'✳ ❚❤✉-✱ '❤❡ ❡♥❡#❣② ♦❢ '❤❡-❡ ❛❝❝❡❧❡#❛'❡❞ ✐♦♥- ✇❛- ❜❡❧♦✇ '❤❡

✐♦♥ ❡♥❡#❣② ♦❢ '❤❡ '#❛♥-✈❡#-❡ ❛❝❝❡❧❡#❛'❡❞ ✐♦♥- ✈✐❛ ❈❊✳ ❆- ❛ ❝♦♥-❡;✉❡♥❝❡ ♦♥❧② '❤❡ ✐♦♥-

❛❝❝❡❧❡#❛'❡❞ ❢#♦♠ ❤✐❣❤ ❞❡♥-✐'② '❛#❣❡'- ✇❡#❡ ❞❡'❡❝'❡❞✳ ■♥ ♦'❤❡# ✇♦#❞-✱ '❤❡ ❚◆❙❆✲❧✐❦❡

❛❝❝❡❧❡#❛'✐♦♥ ♦❢ '❤❡ ❞♦✉❜❧❡ ❜❡❛♠ ✐♥'❡#❛❝'✐♦♥ ✐- ❞♦♠✐♥❛♥' ❛' ❤✐❣❤ '❛#❣❡' ❞❡♥-✐'✐❡-✱ ✇❤✐❧❡

❛' ❧♦✇❡# '❛#❣❡' ❞❡♥-✐'✐❡- '❤❡ ❈♦✉❧♦♠❜ ❡①♣❧♦-✐♦♥ ♦❢ '❤❡ ❍❡❛'❡# ✐♥'❡#❛❝'✐♦♥ ❞♦♠✐♥❛'❡- '❤❡

❛❝❝❡❧❡#❛'✐♦♥✳

✻✳✹ ❘❡%✉❧(% ♦❢ (❤❡ ❝♦♠♣❧❡♠❡♥(❛1② ❞✐❛❣♥♦%(✐❝%

❆ ❞✐✛❡#❡♥' ♠❛❣♥❡'✐❝ -♣❡❝'#♦♠❡'❡# ✇❛- ❡♠♣❧♦②❡❞ ✐♥ '❤❡ '#❛♥-✈❡#-❡ ❞✐#❡❝'✐♦♥ '♦ '❤❡ ❉#✐✈❡#

❧❛-❡# ❛①✐-✳ ❚❤❡ ♠❛✐♥ ♣✉#♣♦-❡ ♦❢ '❤❡ -♣❡❝'#♦♠❡'❡# ✇❛- '❤❡ ❞❡'❡❝'✐♦♥ ♦❢ ✐♦♥-✳ ❍♦✇❡✈❡#✱ ♥♦

✐♦♥- ✇❡#❡ ♦❜-❡#✈❡❞✱ #❛'❤❡#✱ ❡❧❡❝'#♦♥- ✇❡#❡ ❞❡'❡❝'❡❞ ❞✉#✐♥❣ ❛ ❉#✐✈❡#✲♦♥❧② ✐♥'❡#❛❝'✐♦♥ ♦#

❛ ❞♦✉❜❧❡ ❜❡❛♠ ✐♥'❡#❛❝'✐♦♥✳ ❋✉#'❤❡#♠♦#❡✱ ✐' ✇❛- ❝♦♥✜#♠❡❞ ❜② ♠❡❛♥- ♦❢ -❤❛❞♦✇❣#❛♣❤②

✐♠❛❣❡- ♦❢ '❤❡ ❉#✐✈❡# ❧❛-❡# ✐♥'❡#❛❝'✐♦♥✱ '❤❛' '❤❡ ❧❛-❡# ✇❛- ♦♥❧② ❛❜❧❡ '♦ ♣#♦♣❛❣❛'❡ '♦ '❤❡

'❛#❣❡' ❝❡♥'#❡✳ ❚❤❡ ❝❤❛♥♥❡❧ ❜✉#-' ❛♥❞ ✜❧❛♠❡♥'❡❞✱ ❛❢'❡#✇❛#❞-✳ ❚❤❡#❡❢♦#❡✱ ♥♦ ♣❧❛-♠❛

❝❤❛♥♥❡❧✱ ♥❡❝❡--❛#② ❢♦# ❛ ❈♦✉❧♦♠❜ ❡①♣❧♦-✐♦♥ ✇❛- ❣❡♥❡#❛'❡❞ ❜② '❤❡ ❉#✐✈❡# ❧❛-❡#✳

✻✳✹✳✶ ❊❧❡❝()♦♥ ❛❝❝❡❧❡)❛(✐♦♥ ❜② (❤❡ ❉)✐✈❡) ✐♥(❡)❛❝(✐♦♥

❆ ❞✐✛❡#❡♥' ♠❛❣♥❡'✐❝ -♣❡❝'#♦♠❡'❡# ❛❧-♦ ✐♥ 90◦ ❞✐#❡❝'✐♦♥ '♦ '❤❡ ❉#✐✈❡# ❧❛-❡# ❛①✐- ✇❛-

✐♥-'❛❧❧❡❞✱ ❛- -❤♦✇♥ ✐♥ ✜❣✉#❡ ✹✳✷✹✳ ❚❤❡ -♣❡❝'#♦♠❡'❡# ❤❛❞ '✇♦ ♣✉#♣♦-❡- ✐♥ '❤❡ -❡'✉♣ ♦❢

'❤❡ ❢✴✷✺ ❍❡❛'❡# ❜❡❛♠✳ ❆ ♠❛❣♥❡' ✇✐'❤ ❛♥ ❛✈❡#❛❣❡ ✜❡❧❞ -'#❡♥❣'❤ ♦❢ B = 0.178❚ ❛♥❞

❣❡♦♠❡'#✐❝❛❧❧② ❛❧✐❣♥❡❞ '♦ '❤❡ ❝❡♥'#❡ ♦❢ '❤❡ ❧❛-❡# ❛①✐- ✇❛- ✉-❡❞ ✐♥ ♦#❞❡# '♦ -♣❡❝'#❛❧❧②

#❡-♦❧✈❡ ❡❧❡❝'#♦♥- ❛♥❞ ✐♦♥- ❛' '❤❡ -❛♠❡ '✐♠❡✳ ❊❧❡❝'#♦♥- ✇✐'❤ ❛ ♠✐♥✐♠✉♠ ❡♥❡#❣② ♦❢

❛❜♦✉' ✺▼❡❱ ❛♥❞ ✐♦♥- #❡-♣❡❝'✐✈❡❧②✱ ❞❡✢❡❝'❡❞ ✐♥ '❤❡ ♦♣♣♦-✐'❡ ❞✐#❡❝'✐♦♥✱ ✇✐'❤ ❛ ♠✐♥✐♠✉♠

❡♥❡#❣② ♦❢ ❛❜♦✉' ✺ '♦ ✸✵ ❦❡❱ ❞❡♣❡♥❞✐♥❣ ♦♥ '❤❡ ✐♦♥ -♣❡❝✐❡- ❝♦✉❧❞ ❜❡ ❞❡'❡❝'❡❞✳ ■♥ ❛❧❧

✐♥'❡#❛❝'✐♦♥ ✇✐'❤ ❞✐✛❡#❡♥' ❧❛-❡# ❛♥❞ '❛#❣❡' ♣❛#❛♠❡'❡#-✱ ♥♦ ✐♦♥ -✐❣♥❛❧ ✇❛- ❞❡'❡❝'❡❞ ✈✐❛

'❤❡ -♣❡❝'#♦♠❡'❡#✳

✶✹✼



❈❤❛♣$❡& ✻ ■♦♥ ❛❝❝❡❧❡&❛$✐♦♥ ❢&♦♠ ✉♥❞❡&❞❡♥2❡ $❛&❣❡$2 ✈✐❛ ❛ ❚◆❙❆✲❧✐❦❡
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✭❜✮ ❊❧❡❝'(♦♥ ❡♥❡(❣② ✈+✳ ❞❡♥+✐'②

ions electrons

zero point

✭❝✮ ❘❛✇ ✐♠❛❣❡+

❋✐❣✉$❡ ✻✳✶✺✿ ❊❧❡❝$%♦♥ ❡♥❡%❣② *♣❡❝$%✉♠ ❢%♦♠ $❤❡ ✐♥$❡%❛❝$✐♦♥ ♦❢ $❤❡ ❉%✐✈❡% ✇✐$❤ ❛ ❍❡✲

❧✐✉♠ ❣❛* $❛%❣❡$ ❛$ ❛ ❞❡♥*✐$② ♦❢ 0.024n
❝

✳ ■♠❛❣❡ ✭❛✮ *❤♦✇* $❤❡ ❡❧❡❝$%♦♥ ❡♥❡%❣② *♣❡❝$%✉♠✱

❣%❛♣❤ ✭❜✮ $❤❡ ❡✈♦❧✉$✐♦♥ ♦❢ $❤❡ ♠❛①✐♠✉♠ ❡♥❡%❣② ✈❡%*✉* $❛%❣❡$ ❞❡♥*✐$② ❛♥❞ ❣%❛♣❤ ✭❝✮

✐❧❧✉*$%❛$❡* $❤❡ %❛✇ *♣❡❝$%♦♠❡$❡% ✐♠❛❣❡✳

❋✐❣✉%❡ ✻✳✶✺✱ ♣❧♦$ ✭❝✮✱ *❤♦✇* $❤❡ %❛✇ ❈❈❉ ❝❛♠❡%❛ ✐♠❛❣❡ ♦❢ $❤❡ ▼❈E *❝%❡❡♥✳ ❚❤❡ ③❡%♦

♣♦✐♥$ ✐* ✐❧❧✉*$%❛$❡❞ ❜② ❛ ❣%❡❡♥ ❞♦$✳ ■♦♥* ✇♦✉❧❞ ❜❡ ❞❡✢❡❝$❡❞ ❜② $❤❡ ♠❛❣♥❡$ $♦ $❤❡ ❧❡❢$

❛♥❞ ❡❧❡❝$%♦♥* $♦ $❤❡ %✐❣❤$✳ ❚❤✐* ✐♠❛❣❡ ❛♥❞ $❤❡ $%❛❝❡ ✈✐*✐❜❧❡ ♦♥ $❤❡ %✐❣❤$ ❝♦%%❡*♣♦♥❞*

$♦ $❤❡ ❡❧❡❝$%♦♥ *♣❡❝$%✉♠ ✐♥ ♣❧♦$ ✭❛✮✳ ❚❤❡ ❡❧❡❝$%♦♥* ✇❡%❡ ❛❝❝❡❧❡%❛$❡❞ ❜② ❛ ❉%✐✈❡%✲♦♥❧②

✐♥$❡%❛❝$✐♦♥ ✇✐$❤ ❛ ❍❡❧✐✉♠ $❛%❣❡$ ❛$ ❛ ❞❡♥*✐$② ♦❢ 0.024n
❝

✳ ❆ ❝✉$✲♦✛ ❡♥❡%❣② ♦❢ ❛❜♦✉$

✶✹▼❡❱ ✇❛* ❛❝❤✐❡✈❡❞✳ E❧♦$ ✭❜✮ ✐❧❧✉*$%❛$❡* ❛ *$❛$✐*$✐❝* ♦❢ $❤❡ ♠❛①✐♠✉♠ ❝✉$✲♦✛ ❡♥❡%❣②

✈❡%*✉* $❛%❣❡$ ❞❡♥*✐$② ❢♦% ❛♥ ✐♥$❡%❛❝$✐♦♥ ♦❢ $❤❡ ❉%✐✈❡% ✇✐$❤ ❛♥ ❍❡❧✐✉♠ $❛%❣❡$✳ ❚❤❡

♠❛①✐♠✉♠ ❝✉$✲♦✛ ❡♥❡%❣② ♦❢ $❤❡ ❛❝❝❡❧❡%❛$❡❞ ❡❧❡❝$%♦♥* *❧✐❣❤$❧② ❞❡❝%❡❛*❡❞ ✇✐$❤ ❞❡♥*✐$②

❢%♦♠ ❛❜♦✉$ ✶✸✳✺▼❡❱ $♦ ❛%♦✉♥❞ ✶✶✳✺▼❡❱ ❛$ ❛ ❞❡♥*✐$② ♦❢ 0.072n
❝

✳

❇❡❢♦%❡✱ ✐♥ *✉❜*❡❝$✐♦♥ ✺✳✹✳✶ ✭❡❧❡❝$%♦♥ ❛❝❝❡❧❡%❛$✐♦♥ ❞✉❡ $♦ $❤❡ ❍❡❛$❡%✮ ♥♦ ❡❧❡❝$%♦♥* ❛❝❝❡❧✲

❡%❛$❡❞ ❜② ❛ ❉%✐✈❡%✲♦♥❧② ✐♥$❡%❛❝$✐♦♥ ✇❡%❡ ❞✐*$✐♥❣✉✐*❤❡❞✱ ❜❡❝❛✉*❡ ♦❢ $❤❡ *❡♥*✐$✐✈✐$② ♦❢ $❤❡

❞❡$❡❝$✐♦♥ ♠❡❞✐✉♠ ❛♥❞ $❤❡ *♣❡❝$%♦♠❡$❡% ❝♦♥✜❣✉%❛$✐♦♥✳ ❚❤❡ ❞❡$❡❝$✐♦♥ ❡✣❝✐❡♥❝② ♦❢ $❤❡

▼❈E✱ ✇❤✐❝❤ ❛❝$✐✈❡❧② ❛♠♣❧✐✜❡* $❤❡ *✐❣♥❛❧✱ ✐* ♠✉❝❤ ❤✐❣❤❡% ❝♦♠♣❛%❡❞ $♦ $❤❡ ♣❛**✐✈❡ ❑♦✲

❞❛❦ *❝✐♥$✐❧❧❛$♦% *❝%❡❡♥✳ ❆* ❛ %❡*✉❧$✱ $❤❡ ✢✉① ♦❢ $❤❡ ❡❧❡❝$%♦♥*✱ ❞❡*❝%✐❜❡❞ ✐♥ ❤❡%❡✱ ♠✉*$ ❜❡

✈❡%② ❧♦✇✱ ❝♦♠♣❛%❡❞ $♦ $❤❡ ▲▼❋❆ ❛❝❝❡❧❡%❛$✐♦♥ ❜② $❤❡ ❢✴✶✵✲❍❡❛$❡% ❜❡❛♠✳ ❙❡❝♦♥❞❧② $❤❡

✶✹✽



✻✳✹ ❘❡%✉❧(% ♦❢ (❤❡ ❝♦♠♣❧❡♠❡♥(❛1② ❞✐❛❣♥♦%(✐❝%

 ♣❡❝$%♦♠❡$❡% ❝♦♥✜❣✉%❛$✐♦♥ ✇❛ ❞✐✛❡%❡♥$✿ ❚❤❡ ❧♦✇❡% ❞❡$❡❝$✐♦♥ ❧✐♠✐$ ✇❛ ❛❜♦✉$ ✶✶▼❡❱✳

❋♦% $❤❛$ %❡❛ ♦♥✱ $❤❡ ❧♦✇ ❡♥❡%❣② ❡❧❡❝$%♦♥ ❛❝❝❡❧❡%❛$❡❞ ❜② ❛ ❉%✐✈❡%✲♦♥❧② ✐♥$❡%❛❝$✐♦♥ ❝♦✉❧❞

♥♦$ ❜❡ ❞✐ ❝♦✈❡%❡❞ ✐♥ $❤❡  ✉❜ ❡❝$✐♦♥ ✺✳✹✳✶✳

❚❤❡ ❡ ❧♦✇ ✢✉① ❛♥❞ ❧♦✇ ❡♥❡%❣② ❡❧❡❝$%♦♥ ✇❡%❡ ❛❝❝❡❧❡%❛$❡❞ ♥♦%♠❛❧ $♦ $❤❡ ❉%✐✈❡% ❛①✐ ✳

❚❤❡ ❡❧❡❝$%♦♥ ✇❡%❡ ♣✉ ❤❡❞ ❜② $❤❡ $%❛♥ ✈❡% ❡ ❛❝$✐♥❣ ♣♦♥❞❡%♦♠♦$✐✈❡ ❢♦%❝❡✳ ❍♦✇❡✈❡%✱ ❛ 

❞✐ ❝✉  ❡❞ ❧❛$❡% ✐♥  ✉❜ ❡❝$✐♦♥ ✻✳✹✳✷✱ ✐$ ✐ ✈✐ ✐❜❧❡ ✐♥ $❤❡  ❤❛❞♦✇❣%❛♣❤② ✐♠❛❣❡ ♦❢ $❤❡ ❉%✐✈❡%

✐♥$❡%❛❝$✐♥❣ ✇✐$❤ $❤❡ $❛%❣❡$✱ $❤❛$ ♥♦ ♣❧❛ ♠❛ ❝❤❛♥♥❡❧ ✇❛ ❝%❡❛$❡❞✳ ❚❤❡%❡❢♦%❡✱ $❤❡%❡ ✇❛ 

♥♦ ❢✉❧❧② ❡✈❛❝✉❛$✐♦♥ ♦❢ $❤❡ ❡❧❡❝$%♦♥ ✐♥ $❤❡ $%❛♥ ✈❡% ❡ ❞✐%❡❝$✐♦♥ ❛♥❞ ❛❝❝♦%❞✐♥❣❧② ♥♦ ✐♦♥

❛❝❝❡❧❡%❛$✐♦♥ ❞✉❡ $♦ ❈♦✉❧♦♠❜ ❡①♣❧♦ ✐♦♥✳ ❖♥❧② ❛ ❢❡✇ ❡❧❡❝$%♦♥ ❝♦✉❧❞ ❡ ❝❛♣❡ $❤❡ ❈♦✉❧♦♠❜

♣♦$❡♥$✐❛❧ ❛♥❞ ❜❡ ❞❡$❡❝$❡❞ ❜② $❤❡  ♣❡❝$%♦♠❡$❡%✳

✻✳✹✳✷ ❖♣&✐❝❛❧ ♣+♦❜✐♥❣ ♦❢ &❤❡ ❉+✐✈❡+✲&❛+❣❡& ✐♥&❡+❛❝&✐♦♥

❙❤❛❞♦✇❣%❛♣❤② ♦❢ $❤❡ ❉%✐✈❡% ❜❡❛♠ ✇❛ ♣❡%❢♦%♠❡❞ ❜② ♠❡❛♥ ♦❢ $❤❡ ❆❘❈❚❯❘❯❙ ♣%♦❜❡

❜❡❛♠✱ ❛  ❡❡♥ ✐♥ $❤❡ ✐❧❧✉ $%❛$✐♦♥ ♦❢ $❤❡  ❡$✉♣✱ ♣❧♦$✭❜✮ ♦❢ ✜❣✉%❡ ✹✳✷✼✳ ■♠❛❣❡ ♦❢ ❞✐✛❡%❡♥$

$✐♠❡ ♦❢ $❤❡ ✐♥$❡%❛❝$✐♦♥ ♦❢ $❤❡ ❧❛ ❡% ❜❡❛♠ ✇✐$❤ ❛ ❍❡❧✐✉♠ $❛%❣❡$ ❛$ ❛ ❞❡♥ ✐$② ♦❢ 0.024n
❝

❛%❡  ❤♦✇♥ ✐♥ ✜❣✉%❡ ✻✳✶✻✳ ❚❤❡ %❡❞ ❞❛ ❤❡❞ ❧✐♥❡ %❡♣%❡ ❡♥$ $❤❡ ❝❡♥$%❡ ♦❢ $❤❡ ❣❛ ♥♦③③❧❡✳

❚❤❡ ❧❛ ❡% ✐♥$❡%❛❝$❡❞ ❢%♦♠ $❤❡ ❧❡❢$ $♦ $❤❡ %✐❣❤$ ✇✐$❤ $❤❡ ❣❛ ❥❡$✱ ❛ ✐❧❧✉ $%❛$❡❞ ❜② $❤❡ %❡❞

❛%%♦✇ ✐♥ $❤❡ ✜% $ ✐♠❛❣❡✳

❆ ❛❧%❡❛❞② ❞✐ ❝✉  ❡❞ ❜❡❢♦%❡✱ ✐♥ ❋✐❣✉%❡ ✺✳✹✳✷✱ $❤❡ ♣❧❛ ♠❛ ❝❤❛♥♥❡❧ ♥❡❡❞❡❞ ❛❜♦✉$ ✸ ♣ $♦

%❡❛❝❤ $❤❡ ❝❡♥$%❡ ♦❢ $❤❡ ❣❛ $❛%❣❡$✳ ❍♦✇❡✈❡%✱ $❤❡ ❞✐✛❡%❡♥❝❡ ✐♥ $❤❡ ♣❧❛ ♠❛ ❝❤❛♥♥❡❧✱ ❝%❡❛$❡❞

❜② $❤❡ ❉%✐✈❡% ❜❡❛♠✱ ✐ ❛♥ ❡①♣❧♦ ✐♦♥ ♦❢ $❤❡ ❝❤❛♥♥❡❧ ❛❢$❡% ✷✳✺ ♣ ✳ ❚❤❡ ❝❤❛♥♥❡❧ ✜❧❛♠❡♥$❡❞

✐♥ $❤❡ ❝❡♥$%❛❧ ♣❛%$ ♦❢ $❤❡ ♥♦③③❧❡✳

❚❤❡ ❉%✐✈❡% ✇❛ ❢♦❝✉ ❡❞ ❜② $❤❡ ❢✴✷ ❖❆V $♦ ❛ ✈❡%② ❤✐❣❤ ✐♥$❡♥ ✐$② ♦❢ a0 = 8 ❛♥❞ ❛ $✐❣❤$

❢♦❝❛❧  ♣♦$ %❛❞✐✉ ♦❢ r0 = 2µ♠✳ ❚❤❡ ✐♥$❡%❛❝$✐♦♥ ❧❡♥❣$❤ ✇✐$❤ $❤❡ ♣❧❛ ♠❛ ✇❛  ❤♦%$✱ ❞✉❡ $♦

$❤❡ ✈❡%②  ❤♦%$ ❘❛②❧❡✐❣❤ ❧❡♥❣$❤ ♦❢ z
!✲❢✴✷

∼ 4µ♠✱ ✐♥ $❡❛❞ ♦❢ z
!✲❢✴✶✵

∼ 102µ♠✳ ❚❤❡%❡❢♦%❡✱

♥♦ ♣❧❛ ♠❛ ❝❤❛♥♥❡❧ ❝♦✉❧❞ ❜❡ ❝%❡❛$❡❞ ❛♥❞ ❛ ❜✉% $ ❛$ $❤❡ $❛%❣❡$ ❝❡♥$%❡ $♦♦❦ ♣❧❛❝❡✳ ❚❤✐ 

✐♥❞✐❝❛$❡ ✱ $❤❛$ ♥♦ ❈♦✉❧♦♠❜ ❡①♣❧♦ ✐♦♥ ❝♦✉❧❞ ❤❛♣♣❡♥ ❜② ♠❡❛♥ ♦❢ $❤❡ ❉%✐✈❡% ❜❡❛♠✱ ❛ 

❛❧%❡❛❞② ❞✐ ❝✉  ❡❞✳

✶✹✾



❈❤❛♣$❡& ✻ ■♦♥ ❛❝❝❡❧❡&❛$✐♦♥ ❢&♦♠ ✉♥❞❡&❞❡♥2❡ $❛&❣❡$2 ✈✐❛ ❛ ❚◆❙❆✲❧✐❦❡

♠❡❝❤❛♥✐2♠

timed 2 ps 4 ps

0.5 ps 5 ps

3 ps

2.5 ps

1 ps 6 ps

3.5 ps1.5 ps

Laser

nozzle

❋✐❣✉&❡ ✻✳✶✻✿ ❙❤❛❞♦✇❣'❛♣❤② ♦❢ +❤❡ ❉'✐✈❡' ❧❛1❡' ❜❡❛♠ ❛+ ❞✐✛❡'❡♥+ +✐♠❡1 ♦❢ +❤❡ ✐♥+❡'❛❝✲

+✐♦♥ ✇✐+❤ ❛ ❍❡❧✐✉♠ ❣❛1 +❛'❣❡+ ✇✐+❤ ❛ ❞❡♥1✐+② ♦❢ 0.024n
❝

✳ ❚❤❡ ❧❛1❡' ❝♦♠❡1 ❢'♦♠ ❧❡❢+

+♦ '✐❣❤+ ❛♥❞ +❤❡ ❞❛1❤❡❞ '❡❞ ❧✐♥❡ '❡♣'❡1❡♥+1 +❤❡ ❝❡♥+'❡ ♦❢ +❤❡ ♥♦③③❧❡✳

✶✺✵



✻✳✺ ❙✉♠♠❛'②

✻✳✺ ❙✉♠♠❛'②

❆ ♥♦✈❡❧ ❡①♣❡(✐♠❡♥+❛❧ -❝❤❡♠❡ ❧❡❛❞✐♥❣ +♦ ❛♥ ✐♦♥ ❛❝❝❡❧❡(❛+✐♦♥ ❢(♦♠ ✉♥❞❡(❞❡♥-❡ +❛(❣❡+- ✐-

♣(❡-❡♥+❡❞ ✐♥ +❤✐- ❝❤❛♣+❡(✳ ❇② +❤❡ ✉♥✐7✉❡ ❝❛♣❛❜✐❧✐+② ♦❢ +❤❡ ❆❘❈❚❯❘❯❙ ❞♦✉❜❧❡ ❜❡❛♠

❝♦♥✜❣✉(❛+✐♦♥ ✐♦♥- ✇❡(❡ ❛❝❝❡❧❡(❛+❡❞ ✈✐❛ ❛ ❚◆❙❆✲❧✐❦❡ ♠❡❝❤❛♥✐-♠✳

❆ ❤✐❣❤ ✐♥+❡♥-✐+② -❤♦(+ ❢♦❝❛❧ ❧❡♥❣+❤ ❉(✐✈❡( ❜❡❛♠ ✭❢✴✷ ❖❆H✱ 1.5 · 1020❲✴❝♠2
✮ ✇❛- ❡♠✲

♣❧♦②❡❞ ♥♦(♠❛❧ +♦ +❤❡ ❍❡❛+❡( ✭❢✴✶✵ ❖❆H✮ ❛①✐- ✐♥ ❛❞❞✐+✐♦♥ +♦ +❤❡ -✐♥❣❧❡ ❜❡❛♠ ❝♦♥✜❣✉✲

(❛+✐♦♥✱ ✇❤❡(❡ ✐♦♥- ✇❡(❡ ❛❝❝❡❧❡(❛+❡❞ ✐♥ +❤❡ +(❛♥-✈❡(-❡ ❞✐(❡❝+✐♦♥ ✈✐❛ ❈♦✉❧♦♠❜ ❡①♣❧♦-✐♦♥✳

❇♦+❤ ❜❡❛♠- ✇❡(❡ ♦✈❡(❧❛♣♣❡❞ ✐♥ +✐♠❡ ❛♥❞ -♣❛❝❡✳ ❲❤✐❧❡ +❤❡ ❛❝❝❡❧❡(❛+✐♦♥ ❞✉❡ +♦ ❈❊ ✇❛-

♥♦+ -✉✣❝✐❡♥+ ❡♥♦✉❣❤ ❛+ +❛(❣❡+ ❞❡♥-✐+✐❡- ❤✐❣❤❡( +❤❛♥ 0.12n
❝

✱ ✐♦♥- ✇❡(❡ ❞❡+❡❝+❡❞ ✉♣ +♦

0.18n
❝

❜② ♠❡❛♥- ♦❢ +❤❡ ❞♦✉❜❧❡ ❜❡❛♠ ✐♥+❡(❛❝+✐♦♥✳ ❚❤❡ ❛❝❝❡❧❡(❛+✐♦♥ ♣(♦❝❡-- ✇❛- -+✐❧❧ ✐♥

+❤❡ -❛♠❡ ❞✐(❡❝+✐♦♥✱ +(❛♥-✈❡(-❡ +♦ +❤❡ ❍❡❛+❡( ❛①✐- ♦( ❧♦♥❣✐+✉❞✐♥❛❧ +♦ +❤❡ ❉(✐✈❡( ❛①✐-✳ ❆

❉(✐✈❡(✲♦♥❧② ✐♥+❡(❛❝+✐♦♥ ✇❛- ♥♦+ ❛❜❧❡ +♦ ❛❝❝❡❧❡(❛+❡ ❛♥② ✐♦♥- ♥❡✐+❤❡( ✐♥ +❤❡ ❧♦♥❣✐+✉❞✐♥❛❧

❞✐(❡❝+✐♦♥ ♥♦( ✐♥ +❤❡ +(❛♥-✈❡(-❡ ❞✐(❡❝+✐♦♥✳ ❚❤❡ ❡①♣❡(✐♠❡♥+❛❧ (❡-✉❧+- -❤♦✇❡❞✱ +❤❛+ ❈❊ ✇❛-

+❤❡ ❞♦♠✐♥❛+✐♥❣ ♣(♦❝❡-- ❛+ ❧♦✇ +❛(❣❡+ ❞❡♥-✐+✐❡-✱ ✇❤❡(❡❛- ❛+ ❤✐❣❤ ❞❡♥-✐+✐❡-✱ ❛ ❚◆❙❆✲❧✐❦❡

♣(♦❝❡-- +♦♦❦ ♣❧❛❝❡✳ ❆ ♥♦✈❡❧ +(❛♥-✐+✐♦♥ ♦❢ +❤❡ ❧❡❛❞✐♥❣ ❛❝❝❡❧❡(❛+✐♦♥ ♠❡❝❤❛♥✐-♠ ✐♥ ❛ ♥❡✇

❡①♣❡(✐♠❡♥+❛❧ -❝❤❡♠❡ +♦♦❦ ♣❧❛❝❡✳ ❚❤❡ ♣❧❛-♠❛ ✇❛- ♣(❡✲❢♦(♠❡❞ ❜② +❤❡ ✐♥+❡(❛❝+✐♦♥ ♦❢ +❤❡

♣❡❞❡-+❛❧ ❧❡✈❡❧ ❛♥❞ +❤❡ ♠❛✐♥ ♣✉❧-❡ ♦❢ +❤❡ ❍❡❛+❡( ❧❛-❡( ❜❡❛♠✱ ❢♦(♠✐♥❣ ❛ ♣(❡✲❝❤❛♥♥❡❧ -+(✉❝✲

+✉(❡✳ ❚❤❡ ❉(✐✈❡( ❧❛-❡( ✐♥+❡(❛❝+❡❞ ✇✐+❤ +❤✐- ❝❤❛♥♥❡❧ ❡❞❣❡✱ ❛♣♣❡❛(✐♥❣ ❧✐❦❡ ❛ ❞❡♥-✐+② -♣✐❦❡

❝❧♦-❡ +♦ +❤❡ ❝❡♥+(❡ ♦❢ +❤❡ ✉♥❞❡(❞❡♥-❡ +❛(❣❡+✳ ■♦♥- ✇❡(❡ ❛❝❝❡❧❡(❛+❡❞ ✈✐❛ ❛♥ ❡❧❡❝+(✐❝ ✜❡❧❞ ✐♥

❛ ❚◆❙❆✲❧✐❦❡ ♣(♦❝❡--✳ ❊①♣❡(✐♠❡♥+❛❧ (❡-✉❧+- (❡♣(♦❞✉❝❡❞ ❜② ♥✉♠❡(✐❝❛❧ -✐♠✉❧❛+✐♦♥- ❛❧❧♦✇❡❞

+❤❡ ✐❞❡♥+✐✜❝❛+✐♦♥ ♦❢ +❤❡ ❛❝❝❡❧❡(❛+✐♦♥ ♠❡+❤♦❞✳ ❆♥❛❧②+✐❝❛❧ ❝❛❧❝✉❧❛+✐♦♥- ❡①❝❧✉❞❡❞ ✈❛(✐♦✉-

♦+❤❡( ♣(♦❝❡--❡- ❛♥❞ -+(❡♥❣+❤❡♥❡❞ +❤❡ ❝♦♥❝❧✉-✐♦♥ ❛❜♦✉+ +❤❡ ❚◆❙❆✲❧✐❦❡ ♠❡❝❤❛♥✐-♠✳

❆ ♠❛❣♥❡+✐❝ -♣❡❝+(♦♠❡+❡( ✇❛- ❡♠♣❧♦②❡❞ ❛- ❛♥ ❛❞❞✐+✐♦♥❛❧ ❞✐❛❣♥♦-+✐❝ ✐♥ ♦(❞❡( +♦ ❞❡+❡❝+

✐♦♥- ❛♥❞ ❡❧❡❝+(♦♥- ❛+ +❤❡ -❛♠❡ +✐♠❡ ✐♥ +❤❡ +(❛♥-✈❡(-❡ ❞✐(❡❝+✐♦♥ +♦ +❤❡ ❉(✐✈❡( ❛①✐-✳ ❚❤❡

♠♦-+ ✐♠♣♦(+❛♥+ (❡-✉❧+ ♦❢ +❤❡ ❞✐❛❣♥♦-+✐❝ ✇❛-✱ +❤❛+ ♥♦ ✐♦♥- ✇❡(❡ ❞❡+❡❝+❡❞✳ ❖♥❧② ❧♦✇

❡♥❡(❣② ❡❧❡❝+(♦♥- ✇❡(❡ ✐❞❡♥+✐✜❡❞ ❞✉(✐♥❣ ❛ ❉(✐✈❡( ✐♥+❡(❛❝+✐♦♥✳ ▼♦(❡♦✈❡(✱ +❤❡ ✐♥+❡(❛❝+✐♦♥

♦❢ +❤❡ ❉(✐✈❡( ✇❛- ✐♥✈❡-+✐❣❛+❡❞ ✈✐❛ ♦♣+✐❝❛❧ -❤❛❞♦✇❣(❛♣❤②✳ ◆♦ ♣❧❛-♠❛ ❝❤❛♥♥❡❧ ✇❛- ❝(❡❛+❡❞

❜② +❤❡ ❉(✐✈❡( ❧❛-❡(✳ ❚❤❡ ❝❤❛♥♥❡❧ ❜✉(-+ ✐♥ +❤❡ ❝❡♥+(❡ ♦❢ +❤❡ +❛(❣❡+✱ ✇❤✐❝❤ ✐♥❞✐❝❛+❡- +❤❛+

❛ ❈❊ ❜② ❛ ❉(✐✈❡(✲♦♥❧② ✐♥+❡(❛❝+✐♦♥ ✇❛- ♥♦+ ♣♦--✐❜❧❡✳

✶✺✶
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2♦✉&❝❡ ❢&♦♠ ✉♥❞❡&❞❡♥2❡ $❛&❣❡$2

■♥ "❤✐% ❝❤❛♣"❡*✱ "❤❡ ❞❡✈❡❧♦♣♠❡♥" ♦❢ ❛ ♠♦♥♦❡♥❡*❣❡"✐❝ ✐♦♥ %♦✉*❝❡ ❢*♦♠ ✉♥❞❡*❞❡♥%❡ "❛*❣❡"%

✐% ❞❡%❝*✐❜❡❞✳ ❚❤❡ ❚◆❙❆✲❧✐❦❡ ❛❝❝❡❧❡*❛"✐♦♥ ♠❡❝❤❛♥✐%♠ ❜② "❤❡ ❞♦✉❜❧❡ ❜❡❛♠ ✐♥"❡*❛❝"✐♦♥

✇✐"❤ "❤❡ ❣❛% "❛*❣❡" ❧❡❞ "♦ ❛ ♥♦✈❡❧ ❛♣♣❧✐❝❛❜❧❡ %♦✉*❝❡ ♦❢ ❛ %"❛❜❧❡✱ ❤✐❣❤ *❡♣❡"✐"✐♦♥ *❛"❡

♠♦♥♦❡♥❡*❣❡"✐❝ ✐♦♥ ❜❡❛♠✳ ❚❤❡%❡ %♦✉*❝❡% ❛*❡ ❞❡%✐*❛❜❧❡ ✐♥ ♠❛♥② ❛♣♣❧✐❝❛"✐♦♥% %❝❤❡♠❡%

%✉❝❤ ❛% ✐%♦❝❤♦*✐❝ ❤❡❛"✐♥❣ ❬✶✷✵❪✱ ♠❡❞✐❝❛❧ ♣❤②%✐❝% ❬✶✷✶❪ ❛♥❞ ✐♥❡*"✐❛❧ ❝♦♥✜♥❡♠❡♥" ❢✉%✐♦♥

❬✶✷✷❪✳

❆% ❞✐%❝✉%%❡❞ ✐♥ ❝❤❛♣"❡* ✻✱ "❤❡ ✐♥"❡*❛❝"✐♦♥ ♦❢ ❛ ❉*✐✈❡* ❜❡❛♠ ✇✐"❤ ❛ ♣*❡❢♦*♠❡❞ "❛*❣❡"

♣*♦✜❧❡ ✐♥❝❧✉❞✐♥❣ ❞❡♥%✐"② ❜♦✉♥❞❛*✐❡% ❧❡❞ "♦ ❛♥ ✐♦♥ ❛❝❝❡❧❡*❛"✐♦♥ ✈✐❛ ❛ ❚◆❙❆✲❧✐❦❡ ♣*♦❝❡%%✳

❈❧❡❛*❧② "❤❡ ❞❡♥%✐"② %♣✐❦❡ ❛" "❤❡ ✇❛❧❧ ♦❢ "❤❡ ❞❡♣❧❡"❡❞ ❝❤❛♥♥❡❧ ❡♥❛❜❧❡❞ ❛ %❤❡❛"❤ ✜❡❧❞ ❢♦*✲

♠❛"✐♦♥ ❛♥❞ ❝♦♥%❡G✉❡♥"❧② ✐♦♥ ❛❝❝❡❧❡*❛"✐♦♥ "♦♦❦ ♣❧❛❝❡✳ ◆❡✈❡*"❤❡❧❡%%✱ "❤❡ ♣❧❛%♠❛ ❝❤❛♥♥❡❧

❝*❡❛"❡❞ ❜② "❤❡ %"*♦♥❣ ❢✴✶✵ ❍❡❛"❡*✱ ❛% ❞❡%❝*✐❜❡❞ ❜❡❢♦*❡✱ ❡①♣❛♥❞❡❞ ✐♥ "✐♠❡✱ ❜❡❝❛✉%❡ ♦❢

"❤❡ ❡①♣❡❧❧✐♥❣ ♥❛"✉*❡ ♦❢ "❤❡ ❈♦✉❧♦♠❜ ❡①♣❧♦%✐♦♥ ♠❡❝❤❛♥✐%♠✳ ❚❤❡ ❞❡♣❧❡"✐♥❣ ❝❤❛♥♥❡❧ ✇❛❧❧%

✇❡*❡ ♣✉%❤❡❞ *❛❞✐❛❧❧② ❛✇❛② ❢*♦♠ "❤❡ ❧❛%❡* ❛①✐%✳

❇❛%❡❞ ♦♥ "❤❡ ♣*❡✈✐♦✉% ❡①♣❡*✐♠❡♥"❛❧ %"✉❞✐❡% ❛❝*♦%% ✈❛*✐♦✉% ❧❛❜♦*❛"♦*✐❡%✱ "❤❡ ✐♦♥ ❛❝❝❡❧❡*❛✲

"✐♦♥ ✇❛% ♠♦%"❧② ♦❜%❡*✈❡❞ ✈✐❛ ❈♦✉❧♦♠❜ ❡①♣❧♦%✐♦♥ ♦❢ "❤❡ ♣❧❛%♠❛ ❝❤❛♥♥❡❧ ♦* ♣♦♥❞❡*♦♠♦"✐✈❡

❛❝❝❡❧❡*❛"✐♦♥ ✐♥ ✉♥❞❡*❞❡♥%❡ "❛*❣❡"%✳ ❆" "❤❡ %❛♠❡ "✐♠❡✱ ✈❛*✐♦✉% %"✉❞✐❡% %❤♦✇ ❛ %"❡❡♣ ❞❡♥✲

%✐"② ❣*❛❞✐❡♥" ✐♥ ♦✈❡*❞❡♥%❡ "❛*❣❡"% ❛% ♣*❡❝♦♥❞✐"✐♦♥ ❢♦* ♠♦♥♦❡♥❡*❣❡"✐❝ ✐♦♥ ❛❝❝❡❧❡*❛"✐♦♥ ✈✐❛

❛ ❚◆❙❆ ♣*♦❝❡%%✳ ❚❤❡*❡❢♦*❡✱ "❤❡ ✐❞❡❛ ✇❛% ❝♦♥❝❡✐✈❡❞ ♦❢ ❝*❡❛"✐♥❣ ❛ %♣❡❝✐❛❧❧② ♣*❡❢♦*♠❡❞

♣❧❛%♠❛ ♣*♦✜❧❡ ✐♥ ♦*❞❡* "♦ ❣❡♥❡*❛"❡ ❛ %♣❛"✐❛❧❧② ❤♦♠♦❣❡♥♦✉% ❧♦❝❛❧✐%❡❞ ❡❧❡❝"*✐❝ ✜❡❧❞ ✐♥ "❤❡

❚◆❙❆✲❧✐❦❡ ♣*♦❝❡%%✳ ❚❤❛♥❦% "♦ "❤❡ ❛✈❛✐❧❛❜✐❧✐"② ♦❢ "❤❡ %❡❝♦♥❞ %❤♦*" ❢❡♠"♦%❡❝♦♥❞✱ ❤✐❣❤

✶✺✸
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♣♦✇❡$ ❧❛'❡$ ♣✉❧'❡ ♦❢ *❤❡ ❆❘❈❚❯❘❯❙ ❧❛'❡$ ❛ ♣$❡❢♦$♠❡❞ *❛$❣❡* ✇❛' ❛**❛✐♥❡❞✱ ✇❤✐❝❤ ✇✐❧❧

♠♦'* ❧✐❦❡❧② ❤❡❧♣ *♦ ❣❡♥❡$❛*❡ ❛ ♠♦♥♦❡♥❡$❣❡*✐❝ ✐♦♥ '♦✉$❝❡✳ ❋♦$ *❤✐' $❡❛'♦♥✱ *❤❡ ✐♥*❡$❛❝*✐♦♥

'*$❡♥❣*❤ ♦❢ *❤❡ ❍❡❛*❡$ ❜❡❛♠ ✇❛' $❡❞✉❝❡❞ ❜② ❢♦❝✉'✐♥❣ *❤❡ ❜❡❛♠ ❜② ♠❡❛♥' ♦❢ ❛♥ ❢✴✷✺

❖❆C *♦ ❛❜♦✉* 6.6 · 1017❲✴❝♠

2
✱ ❣♦✐♥❣ ❛❧♦♥❣ ✇✐*❤ ❛♥ ✐♥❝$❡❛'❡❞ ❘❛②❧❡✐❣❤ ❧❡♥❣*❤ ✭'❡*✉♣

✐♥ ✜❣✉$❡ ✹✳✷✹✮✳ ❚❤✐' ❜❡❛♠ ✇❛' ♥♦* '*$♦♥❣ ❡♥♦✉❣❤ *♦ ✐♥✐*✐❛*❡ ❛♥ ✐♦♥ ❛❝❝❡❧❡$❛*✐♦♥ ✈✐❛ ❈❊✱

❜✉* '*✐❧❧ ❛❞❡K✉❛*❡ ✐♥*❡♥'❡ *♦ ❣❡♥❡$❛*❡ ❛ ♣❧❛'♠❛ ❝❤❛♥♥❡❧ ❢♦$ *❤❡ ❞♦✉❜❧❡ ❜❡❛♠ ✐♥*❡$❛❝*✐♦♥✳

❚❤❡$❡❢♦$❡✱ ✉♥❧✐❦❡ *♦ *❤❡ ❝❛'❡ ♦❢ *❤❡ ♣$❡✈✐♦✉' ❝❤❛♣*❡$✱ ❛ '❡*✉♣ ✇❛' ❞❡'✐❣♥❡❞✱ ✇❤❡$❡ ❛

❧♦♥❣ ❢♦❝✉'✐♥❣ ♣❛$❛❜♦❧❛ ✇❛' ❡♠♣❧♦②❡❞ *♦ ❝$❡❛*❡ '❤❛$♣ ❞❡♥'✐*② '♣✐❦❡'✱ ✇❤✐❧❡ *❤❡ ❉$✐✈❡$

❜❡❛♠✱ ❤♦✇❡✈❡$✱ $❡♠❛✐♥❡❞ *❤❡ '❛♠❡✳ ❋✉$*❤❡$♠♦$❡✱ ❛♥ ❛$$❛♥❣❡♠❡♥* ✇✐*❤ ❛ ❧♦✇❡$ ✐♥*❡♥✲

'✐*② ❍❡❛*❡$ ❜❡❛♠ ❛❧❧♦✇' ❛ ✈❡$② ✢❡①✐❜❧❡ ❛♥❞ ❝♦♠♣❛❝* '♦✉$❝❡✱ ✇❤✐❝❤ ❝❛♥ ❜❡ ❞❡✈❡❧♦♣❡❞ ❛*

✉♥✐✈❡$'✐*② '❝❛❧❡ ❧❛❜♦$❛*♦$✐❡'✳

■♥ *❤❡ ❢♦❧❧♦✇✐♥❣✱ *❤❡ ✐♥*❡$❛❝*✐♦♥ ♦❢ *❤❡ ❉$✐✈❡$ ❜❡❛♠ ✇✐*❤ ❛ '✉✐*❛❜❧② *❛✐❧♦$❡❞ ❞❡♥'✐*②

♣$♦✜❧❡ ❣❡♥❡$❛*❡❞ ✇✐*❤ *❤❡ ❤❡❧♣ ♦❢ ❍❡❛*❡$ ❜❡❛♠ ✐' ✐♥✈❡'*✐❣❛*❡❞ ✈✐❛ ✈❛$②✐♥❣ ♥✉♠❡$♦✉' ❧❛'❡$

❛♥❞ *❛$❣❡* ♣❛$❛♠❡*❡$'✳ ■♦♥ ❛❝❝❡❧❡$❛*✐♦♥ ❢$♦♠ ❍❡❧✐✉♠ ♦$ ❍②❞$♦❣❡♥ ❣❛' ✇❛' ✐♥✈❡'*✐❣❛*❡❞

✈✐❛ *✇♦ ❚❤♦♠'♦♥ ♣❛$❛❜♦❧❛ '♣❡❝*$♦♠❡*❡$ ✐♥ *❤❡ ❧♦♥❣✐*✉❞✐♥❛❧ ❞✐$❡❝*✐♦♥ *♦ *❤❡ ❉$✐✈❡$

❛①✐'✳ ■♥ ❛❞❞✐*✐♦♥✱ ❛ ♠❛❣♥❡*✐❝ '♣❡❝*$♦♠❡*❡$ ✇❛' ❡♠♣❧♦②❡❞ ✐♥ *❤❡ '❡*✉♣ ✐♥ *❤❡ *$❛♥'✈❡$'❡

❞✐$❡❝*✐♦♥ *♦ *❤❡ ❉$✐✈❡$ ❧❛'❡$ ❛①✐'✳ ❚❤❡ ♠❛✐♥ ♣✉$♣♦'❡ ♦❢ *❤✐' ❞✐❛❣♥♦'*✐❝ ✇❛' *❤❡ ❞❡*❡❝*✐♦♥

♦❢ ✐♦♥' ✐♥ *❤✐' ❞✐$❡❝*✐♦♥✳ ❍♦✇❡✈❡$✱ ♦♥❧② ❡❧❡❝*$♦♥' ✇❡$❡ ❞❡*❡❝*❡❞ ❜② *❤❡ ✐♥*❡$❛❝*✐♦♥ ♦❢ *❤❡

❉$✐✈❡$ ❛♥❞ ♦❢ ❉$✐✈❡$ ♣❧✉' ❍❡❛*❡$ ✇✐*❤ *❤❡ *❛$❣❡*✳ ◆♦ ✐♦♥' ✇❡$❡ ♦❜'❡$✈❡❞ ✐♥ *❤✐' ❞✐$❡❝*✐♦♥

❞✉$✐♥❣ *❤❡ ✈❛$✐♦✉' *❛$❣❡* ❛♥❞ ❧❛'❡$ ❛❞❥✉'*♠❡♥*'✳ ▼♦$❡♦✈❡$✱ ♥♦ ✐♦♥' ✇❡$❡ ❞❡*❡❝*❡❞ ✐♥ ❛

'✐♥❣❧❡ ❜❡❛♠ ✐♥*❡$❛❝*✐♦♥ ♥❡✐*❤❡$ ❛❧♦♥❣ 90◦ ♥♦$ ❛❧♦♥❣ 0◦ ✇✐*❤ $❡'♣❡❝* *♦ *❤❡ ❉$✐✈❡$✳ ❖♥❧②

❞✉❡ *♦ *❤❡ ❞♦✉❜❧❡ ❜❡❛♠ ✐♥*❡$❛❝*✐♦♥✱ ✐♦♥' ✇❡$❡ '✉❝❝❡''❢✉❧❧② ❛❝❝❡❧❡$❛*❡❞ ❜② ❛ ✈❛$✐❛*✐♦♥ ♦❢

*❤❡ ❚◆❙❆✲❧✐❦❡ ♠❡❝❤❛♥✐'♠✱ ✐❞❡♥*✐✜❡❞ ❜② *❤❡ ✐♥✈❡'*✐❣❛*✐♦♥' ❞❡'❝$✐❜❡❞ ✐♥ *❤❡ ❧❛'* ❝❤❛♣*❡$✳

❍♦✇❡✈❡$✱ *❤❡ ♣$❡❢♦$♠❡❞ *❛$❣❡* ✇❛' ♠♦$❡ ❡①♣❛♥❞❡❞✱ ❧❡'' ❡✈❛❝✉❛*❡❞ ♦❢ ❡❧❡❝*$♦♥'✱ ❜✉* *❤❡

❞❡♣❧❡*✐♦♥ ♦❢ *❤❡ ❞❡♥'✐*② '♣✐❦❡' ✇❛' '❧♦✇❡$ ❞✉❡ *♦ *❤❡ ✐♥*❡♥'✐*② $❡❞✉❝*✐♦♥ ♦❢ *❤❡ ❍❡❛*❡$

❧❛'❡$✳ ❆* ❛ ❝❡$*❛✐♥ ❞❡♥'✐*② $❛♥❣❡ ✭0.056 − 0.103n
❝

✮ ✇✐*❤ ❞❡✜♥❡❞ ❧❛'❡$ ♣❛$❛♠❡*❡$' ❛♥❞

❛ '♣❡❝✐✜❝ *❡♠♣♦$❛❧ ❞❡❧❛② ❜❡*✇❡❡♥ *❤❡ ❜❡❛♠'✱ *❤❡ ♣$❡✲❢♦$♠❡❞ ♣❧❛'♠❛ ✇❛' ❣❡♥❡$❛*❡❞ ✐♥

❛ '♣❡❝✐✜❝ ✇❛②✳ ❆' ❛ $❡'✉❧*✱ ❛ '♣❛*✐❛❧❧② ❤♦♠♦❣❡♥♦✉' ❧♦❝❛❧✐'❡❞ ❡❧❡❝*$✐❝ ✜❡❧❞ ✇❛' ❝$❡❛*❡❞

✐♥ ♦$❞❡$ *♦ ❛❝❝❡❧❡$❛*❡ ♠♦♥♦❡♥❡$❣❡*✐❝ ✐♦♥' ❞✉❡ *♦ *❤❡ ❉$✐✈❡$ ✐♥*❡$❛❝*✐♥❣ ✇✐*❤ ❛ '♣❡❝✐❛❧❧②

'❤❛♣❡❞ *❛$❣❡*✳ ❙♠❛❧❧ ✈❛$✐❛*✐♦♥' ✐♥ *❤❡ *❛$❣❡* ❛♥❞ ❧❛'❡$ ♣❛$❛♠❡*❡$' $❡'✉❧*❡❞ ✐♥ ❜$♦❛❞❜❛♥❞

'♣❡❝*$❛✳ ❆ ❧❛$❣❡ $❛♥❣❡ ♦❢ ❧❛'❡$ ❛♥❞ *❛$❣❡* ♣❛$❛♠❡*❡$' ✇❡$❡ ❡①♣❧♦$❡❞ ✐♥ ♦$❞❡$ *♦ ♦♣*✐♠✐'❡

*❤❡ ♥♦✈❡❧✱ ❤✐❣❤ $❡♣❡*✐*✐♦♥ $❛*❡✱ ♠♦♥♦❡♥❡$❣❡*✐❝ '♦✉$❝❡✱ $❡K✉✐$❡❞ ❣$❡❛*❧② ✐♥ ♠❛♥② ♣♦*❡♥*✐❛❧

❛♣♣❧✐❝❛*✐♦♥'✳

✶✺✹



✼✳✶ ❆❝❝❡❧❡'❛)✐♦♥ ♦❢ ♠♦♥♦❡♥❡'❣❡)✐❝ ♣'♦)♦♥1 ❢'♦♠ ❍②❞'♦❣❡♥ ❣❛1

✼✳✶ ❆❝❝❡❧❡'❛)✐♦♥ ♦❢ ♠♦♥♦❡♥❡'❣❡)✐❝ ♣'♦)♦♥1 ❢'♦♠

❍②❞'♦❣❡♥ ❣❛1

❚❤❡ ♣$♦&♦♥ ❛❝❝❡❧❡$❛&✐♦♥ ❞✉❡ &♦ &❤❡ ❧❛.❡$ ✐♥&❡$❛❝&✐♦♥ ✇✐&❤ ❛ ❍②❞$♦❣❡♥ ❣❛. &❛$❣❡& ✐. ✐♥✈❡.✲

&✐❣❛&❡❞ ✐♥ ❞❡&❛✐❧ ❜② ❝❤❛♥❣✐♥❣ ❞✐✛❡$❡♥& ♣❛$❛♠❡&❡$. ♦❢ &❤❡ &❛$❣❡& ❛♥❞ &❤❡ ❧❛.❡$.✳ ❋✐$.& .♦♠❡

❝❤❛$❛❝&❡$✐.&✐❝ ♣$♦&♦♥ ❡♥❡$❣② .♣❡❝&$❛ ❛$❡ .❤♦✇♥✳ ❚❤❡♥ &❤❡ ❡✈♦❧✉&✐♦♥ ♦❢ &❤❡ ♠❛①✐♠✉♠

❝✉&✲♦✛ ❡♥❡$❣② ✈❡$.✉. $❡❧❛&✐✈❡ ❧❛.❡$ &✐♠❡ ❞❡❧❛② ❛♥❞ &❛$❣❡& ❞❡♥.✐&② ✐. ✐❧❧✉.&$❛&❡❞✳ ▼♦$❡✲

♦✈❡$✱ &❤❡ ❛♣♣❡❛$❛♥❝❡ ♦❢ ❛ ♠♦♥♦❡♥❡$❣❡&✐❝ ❢❡❛&✉$❡ ✐♥ &❤❡ ♣$♦&♦♥ .♣❡❝&$❛ ✐. ❢✉$&❤❡$ .&✉❞✐❡❞

❜② ❝❤❛♥❣✐♥❣ &❤❡ ❧❛.❡$ ❡♥❡$❣② ❛♥❞ &❤❡ $❡❧❛&✐✈❡ &✐♠❡ ❞❡❧❛② ❜❡&✇❡❡♥ &❤❡ &✇♦ ❜❡❛♠.✳

 !♦#♦♥ ❡♥❡!❣② (♣❡❝#!❛

❋♦✉$ .❡❧❡❝&❡❞ ♣$♦&♦♥ .♣❡❝&$❛ ❛& ❢♦✉$ ❞✐✛❡$❡♥& ❍②❞$♦❣❡♥ ❣❛. &❛$❣❡& ❞❡♥.✐&✐❡.✱ $❡❝♦$❞❡❞ ❜②

&❤❡ 0◦ ❚❤♦♠.♦♥ ♣❛$❛❜♦❧❛✱ ❛$❡ .❤♦✇♥ ✐♥ ✜❣✉$❡ ✼✳✶✳ ❚❤❡ ✢✉① ♦❢ &❤❡ ♣$♦&♦♥. ✐♥ &❤❡ .♣❡❝&$❛

✐. ❛❜♦✈❡ &❤❡ ✢✉① ❞❡&❡❝&✐♦♥ ❧✐♠✐& ♦❢ 1.5 · 108 ♣❛$&✐❝❧❡.✴.$✴▼❡❱✳ ❆& ❛ ❞❡♥.✐&② ♦❢ 0.056n
❝

✭❜❧❛❝❦✮ ❛♥❞ ♦❢ 0.103n
❝

✭$❡❞✮ .❤❛$♣ ♠♦♥♦❡♥❡$❣❡&✐❝ ❢❡❛&✉$❡. ❝❛♥ ❜❡ $❡❝♦❣♥✐.❡❞✳ ❚❤❡ ✐♦♥.

♦❢ &❤❡ ❧♦✇❡$ ❞❡♥.✐&② ❢❡❛&✉$❡ ✭0.056n
❝

✮ ❤❛❞ ❛♥ ❡♥❡$❣② ♦❢ ❛❜♦✉& ✷✷✺ ❦❡❱ ❛♥❞ ❛ .♣❡❝&$❛❧

✇✐❞&❤ ♦❢ ✷✺ ❦❡❱✱ ✇❤✐❧❡ &❤❡ ♠♦♥♦❡♥❡$❣❡&✐❝ ✐♦♥. ❛& 0.103n
❝

$❡❛❝❤❡❞ ❛♥ ❡♥❡$❣② ♦❢ ❛$♦✉♥❞

✸✹✵ ❦❡❱ ❛♥❞ ❛❧.♦ ❛ .♣❡❝&$❛❧ ✇✐❞&❤ ♦❢ ❛❜♦✉& ✷✺ ❦❡❱✳ ❍♦✇❡✈❡$✱ &❤❡ ✐♦♥.✱ ❛❝❝❡❧❡$❛&❡❞ ❛&

❤✐❣❤❡$ &❛$❣❡& ❞❡♥.✐&✐❡. ✭0.14n
❝

✱ ❜❧✉❡ ❛♥❞ 0.177n
❝

✱ ❣$❡❡♥✮ ❤❛❞ ❜$♦❛❞❜❛♥❞ ❡♥❡$❣② .♣❡❝&$❛

❛♥❞ ❤✐❣❤❡$ ❝✉&✲♦✛ ❡♥❡$❣✐❡. ♦❢ ❛❜♦✉& ✹✵✵ ❦❡❱✳ ❈♦♥.❡N✉❡♥&✐❛❧❧②✿ ❚❤❡ ❤✐❣❤❡$ &❤❡ &❛$❣❡&

❞❡♥.✐&②✱ &❤❡ ❤✐❣❤❡$ &❤❡ ❝✉&✲♦✛ ❡♥❡$❣②✳ ❋✐❣✉$❡ ✼✳✷ ♣$❡.❡♥&. &❤❡ $❛✇ ✐♠❛❣❡. ♦❢ &❤❡ ❡♥❡$❣②

.♣❡❝&$❛ ♦❢ &❤❡ 0◦ ❛♥❞ $❡.♣❡❝&✐✈❡❧② ♦❢ &❤❡ 10◦ ❚❤♦♠.♦♥ ♣❛$❛❜♦❧❛ .♣❡❝&$♦♠❡&❡$ ♦❢ &❤❡

❡✈❛❧✉❛&❡❞ .♣❡❝&$❛ ♦❢ ✜❣✉$❡ ✼✳✶✳ ❚❤❡ ♠♦♥♦❡♥❡$❣❡&✐❝ ❢❡❛&✉$❡. ✇❡$❡ ♦♥❧② ✐❞❡♥&✐✜❡❞ ❛❧♦♥❣

0◦ ❛♥❞ ♥♦& ❜② &❤❡ .♣❡❝&$♦♠❡&❡$ ❛❧♦♥❣ 10◦✳ ❚❤❡$❡❢♦$❡ &❤❡ ❛❝❝❡❧❡$❛&✐♦♥ ♦❢ &❤❡ ♣$♦&♦♥. ✐♥

&❤✐. $❡❣✐♠❡ ✇❛. ♥♦& ♦♥❧② ♠♦♥♦❡♥❡$❣❡&✐❝✱ ❜✉& ❛. ✇❡❧❧ ❤✐❣❤❧② ❝♦❧❧✐♠❛&❡❞✳

✶✺✺



❈❤❛♣$❡& ✼ ❉❡✈❡❧♦♣♠❡♥$ ♦❢ ❛ ♠♦♥♦❡♥❡&❣❡$✐❝ ✐♦♥ 2♦✉&❝❡ ❢&♦♠ ✉♥❞❡&❞❡♥2❡

$❛&❣❡$2
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❋✐❣✉&❡ ✼✳✶✿  !♦#♦♥ ❡♥❡!❣② (♣❡❝#!❛ ❢♦! ❞✐✛❡!❡♥# ♥❡✉#!❛❧ #❛!❣❡# ❞❡♥(✐#✐❡(✱ ❞❡#❡❝#❡❞ ❜②

#❤❡ 0◦ ❚❤♦♠(♦♥ ♣❛!❛❜♦❧❛ (♣❡❝#!♦♠❡#❡!✳ ▼♦♥♦❡♥❡!❣❡#✐❝ ❢❡❛#✉!❡( ❝❛♥ ❜❡ !❡❝♦❣♥✐(❡❞

✉♣ #♦ ❛❜♦✉# 0.103n
❝

✱ ✇❤✐❧❡ #❤❡ ❡♥❡!❣② (♣❡❝#!❛ ✐( ❜!♦❛❞❜❛♥❞ ❛# ❤✐❣❤❡! #❛!❣❡# ❞❡♥(✐#✐❡(✳

0° TP 10° TP
: zero point

0.056 n
c

0.103 n
c

0.140 n
c

0.177 n
c

0.056 n
c

0.103 n
c

0.140 n
c

0.177 n
c

❋✐❣✉&❡ ✼✳✷✿ ❘❛✇ ✐♠❛❣❡( ♦❢ #❤❡ ♣!♦#♦♥ #!❛❝❡( ♦❢ #❤❡ 0◦ ❛♥❞ 10◦ (♣❡❝#!♦♠❡#❡!( ✭!❡❧❛#❡❞

#♦ #❤❡ ❉!✐✈❡! ❜❡❛♠✮✳ ▼♦♥♦❡♥❡!❣❡#✐❝ ❢❡❛#✉!❡( ❛!❡ ♦♥❧② ✈✐(✐❜❧❡ ❛❧♦♥❣ 0◦✳ ❚❤❡ ❝♦!!❡✲

(♣♦♥❞✐♥❣ ❡♥❡!❣② (♣❡❝#!❛ ❛❧♦♥❣ 10◦ !❡✈❡❛❧ ♦♥❧② ❜!♦❛❞❜❛♥❞ ❡♥❡!❣② ❞✐(#!✐❜✉#✐♦♥(✳
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✼✳✶ ❆❝❝❡❧❡'❛)✐♦♥ ♦❢ ♠♦♥♦❡♥❡'❣❡)✐❝ ♣'♦)♦♥1 ❢'♦♠ ❍②❞'♦❣❡♥ ❣❛1

❙♣❡❝$%❛❧ ❢❡❛$✉%❡* ✈❡%*✉* $❛%❣❡$ ❞❡♥*✐$②

❚❤❡ #♣❡❝&'❛❧ ❢❡❛&✉'❡# ✈❡'#✉# &❛'❣❡& ❞❡♥#✐&②✱ ❞❡&❡❝&❡❞ ❜② &❤❡ 0◦ ❚❤♦♠#♦♥ ♣❛'❛❜♦❧❛ #♣❡❝✲

&'♦♠❡&❡'✱ ❝❛♥ ❜❡ #✉♠♠❛'✐#❡❞ ✐♥ ❛ #✐♠♣❧❡ #&❛&✐#&✐❝#✳ ◆❡❛'❧② ♥♦ ♣'♦&♦♥ #✐❣♥❛❧ ✇❛# ❞❡&❡❝&❡❞

❢♦' ❧♦✇ ❣❛# ❞❡♥#✐&✐❡#✳ ▼♦♥♦❡♥❡'❣❡&✐❝ ♣❛'&✐❝❧❡# ✇❡'❡ ♦❜#❡'✈❡❞ ✐♥ ❛ ♠✐❞ '❛♥❣❡ ❞❡♥#✐&② ❛♥❞

❜'♦❛❞❜❛♥❞ #♣❡❝&'❛ ❛♣♣❡❛'❡❞ ❛& ❤✐❣❤ &❛'❣❡& ❞❡♥#✐&✐❡#✳ ❆ ❝❤❛♥❣❡ ✐♥ &❤❡ ❞❡♥#✐&② ♦❢ ❛ ❢❛❝&♦'

♦❢ &✇♦ ♦' ❡✈❡♥ ❧❡## ❝❤❛♥❣❡❞ &❤❡ ♣'♦&♦♥ ❡♥❡'❣② ♣'♦✜❧❡ ❞'❛#&✐❝❛❧❧②✳

❋✐❣✉'❡ ✼✳✸ ✐❧❧✉#&'❛&❡# &❤❡ ❡✈♦❧✉&✐♦♥ ♦❢ &❤❡ ❡♥❡'❣② #♣❡❝&'❛❧ ❝❤❛'❛❝&❡'✐#&✐❝#✳ ❚❤❡ #♠❛❧❧

♥✉♠❜❡'# ❜❡❧♦✇ &❤❡ ①✲❛①✐# #❤♦✇ &❤❡ ❛❜#♦❧✉&❡ ♥✉♠❜❡' ♦❢ ❧❛#❡' ✐♥&❡'❛❝&✐♦♥# ❝♦✉♥&✐♥❣ ❢♦'

&❤❛& ❤✐#&♦❣'❛♠ ❝♦❧✉♠♥✳ ❋♦' &❛'❣❡& ❞❡♥#✐&✐❡# ❜❡❧♦✇ 0.056n
❝

♥♦ ✐♦♥ #✐❣♥❛❧ ✇❛# ❞❡&❡❝&❡❞

✐♥ ✾✵✪ ♦❢ ✼✹ ❧❛#❡' ✐♥&❡'❛❝&✐♦♥#✳ ❆& ❞❡♥#✐&✐❡# ❛❜♦✈❡ &❤✐# ✈❛❧✉❡ ❛♥❞ ❜❡❧♦✇ 0.103n
❝

&❤❡

♣'♦❜❛❜✐❧✐&② ♦❢ ❛ ♠♦♥♦❡♥❡'❣❡&✐❝ ❛❝❝❡❧❡'❛&✐♦♥ ✭∼✼✵✪ ♦❢ ✸✹ ✐♥&❡'❛❝&✐♦♥#✮ ❡①❝❡❡❞# &❤❡ ♦♥❡

❤❛✈✐♥❣ ❛ ❜'♦❛❞❜❛♥❞ ✭∼✷✵✪✮ ❡♥❡'❣② #♣❡❝&'✉♠ ♦' ❡✈❡♥ ♥♦ ✐♦♥ #✐❣♥❛❧ ✭∼✶✵✪✮✳ ▼♦#& ♦❢
&❤❡ &✐♠❡ &❤❡ #♣❡❝&'❛❧ ❝❤❛'❛❝&❡'✐#&✐❝# ✇❡'❡ &'❛♥#❢♦'♠❡❞ &♦ ❜'♦❛❞ #♣❡❝&'❛ ✭✐♥ ✼✺✪ ♦❢ ✺✸

'❡❝♦'❞❡❞ #♣❡❝&'❛✮ ❛& ❤✐❣❤❡' ❞❡♥#✐&✐❡#✳

< 0.056 n
c

≤ 0.103 n
c

≤ 0.177 n
c
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❋✐❣✉'❡ ✼✳✸✿ ❙&❛&✐#&✐❝# ♦❢ &❤❡ #♣❡❝&'❛❧ ❝❤❛'❛❝&❡'✐#&✐❝# ♦❢ &❤❡ ♣'♦&♦♥# ❢♦' ❞✐✛❡'❡♥& ❞❡♥#✐&②

'❡❣✐♠❡#✳

▼❛①✐♠✉♠ ❝✉$✲♦✛ ❡♥❡%❣② ✈❡%*✉* %❡❧❛$✐✈❡ ❞❡❧❛② ❛♥❞ $❛%❣❡$ ❞❡♥*✐$②

❚❤❡ ♠❛①✐♠✉♠ ♣'♦&♦♥ ❡♥❡'❣②✱ ❡①❝❧✉❞✐♥❣ &❤❡ #♣❡❝&'❛❧ ❝❤❛'❛❝&❡'✐#&✐❝# ✐♥ &❤❡ ❛♥❛❧②#✐#✱ ✇❛#

♠❛✐♥❧② ❞❡♣❡♥❞❡♥& ♦♥ &❤❡ &❛'❣❡& ❞❡♥#✐&②✱ &❤❡ ❞❡❧❛② ❜❡&✇❡❡♥ &❤❡ ❜❡❛♠# ❛♥❞ &❤❡ ❞❡&❡❝&✐♦♥

❛♥❣❧❡✳

■♥ ❝♦♥❝❧✉#✐♦♥ ❜♦&❤ #♣❡❝&'♦♠❡&❡'# #❤♦✇❡❞ &❤❛& &❤❡ ❤✐❣❤❡' &❤❡ &❛'❣❡& ❞❡♥#✐&②✱ &❤❡ ❤✐❣❤❡'

&❤❡ ❝✉&✲♦✛ ❡♥❡'❣②✳ ❍♦✇❡✈❡'✱ ♣'♦&♦♥# ❛❝❝❡❧❡'❛&❡❞ ❜② &❤❡ ✐♥&❡'❛❝&✐♦♥ ✇✐&❤ &❤❡ ❧♦✇❡#&

✶✺✼



❈❤❛♣$❡& ✼ ❉❡✈❡❧♦♣♠❡♥$ ♦❢ ❛ ♠♦♥♦❡♥❡&❣❡$✐❝ ✐♦♥ 2♦✉&❝❡ ❢&♦♠ ✉♥❞❡&❞❡♥2❡

$❛&❣❡$2

❞❡♥#✐%② %❛(❣❡% ✇❡(❡ ♥♦% ✐❞❡♥%✐✜❡❞ ❛❧♦♥❣ 0◦✱ ❜❡❝❛✉#❡ %❤❡ ❡♥❡(❣② ✇❛# ❜❡❧♦✇ %❤❡ ❞❡%❡❝%✐♦♥

❧✐♠✐% ♦❢ ❛❜♦✉% ✶✽✵ ❦❡❱✱ ✇❤✐❧❡ ✐♥ %❤❡ 10◦ ❚; ✐♦♥# %♦ ❛❜♦✉% ✸✵ ❦❡❱ ❝♦✉❧❞ ❜❡ (❡#♦❧✈❡❞✳

❆ ❉(✐✈❡( ✐♥%❡(❛❝%✐♥❣ ❡❛(❧✐❡( %❤❛♥ %❤❡ ❍❡❛%❡( ✇✐%❤ %❤❡ %❛(❣❡% ✇❛# ✐♥❡✣❝✐❡♥% ❢♦( %❤❡

❛❝❝❡❧❡(❛%✐♦♥✱ ✇❤✐❧❡ %❤❡ ❜❡#% ❝♦♥❞✐%✐♦♥ ✇❛# ❛% ±10 ♣# ♦❢ %❤❡ %✇♦ ❧❛#❡( ♣✉❧#❡#✳ ❆ ❧♦♥❣

(❡❧❛%✐✈❡ ❞❡❧❛② ❜❡%✇❡❡♥ ❍❡❛%❡( ❛♥❞ ❉(✐✈❡( ✭✇✐%❤ ❍❡❛%❡( ✜(#%✮ ❧❡❞ %♦ ❛ ❧♦✇❡( ❡♥❡(❣②

❛❝❝❡❧❡(❛%✐♦♥✳ ❚❤✐# ❡✛❡❝% ✇❛# #❡❡♥ ✐♥ %❤❡ 0◦ ❛♥❞ 10◦ #♣❡❝%(♦♠❡%❡(✳

❲♦(%❤ ♠❡♥%✐♦♥✐♥❣ ✐#✱ %❤❛% %❤❡ ❝✉%✲♦✛ ❡♥❡(❣② ❛❧♦♥❣ 0◦ ✇❛# ♥❡❛(❧② %✇✐❝❡ %❤❛% ❤✐❣❤ ❛# ✐♥

❛ 10◦ ❞❡%❡❝%✐♦♥ ❛♥❣❧❡✳
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✭❜✮ ▼❛①✐♠✉♠ ❡♥❡*❣② ✲ 10
◦

❚/

❋✐❣✉&❡ ✼✳✹✿ ❉❡♣❡♥❞❡♥❝❡ ♦❢ %❤❡ ♠❛①✐♠✉♠ ♣(♦%♦♥ ❡♥❡(❣② ♦♥ %❤❡ ❞✐✛❡(❡♥% %❛(❣❡% ❞❡♥#✐%✐❡#

❛♥❞ %✐♠❡ ❞❡❧❛②# ❜❡%✇❡❡♥ %❤❡ %✇♦ ❧❛#❡( ♣✉❧#❡#✳ ;❧♦% ✭❛✮ (❡♣(❡#❡♥%# %❤❡ ✈❛❧✉❡# ❞❡%❡❝%❡❞

❜② %❤❡ 0◦ ❚❤♦♠#♦♥ ♣❛(❛❜♦❧❛ #♣❡❝%(♦♠❡%❡( ❛♥❞ ♣❧♦% ✭❜✮ ❜② %❤❡ 10◦ ❚;✳

❋✐❣✉(❡ ✼✳✹ #❤♦✇# %❤❡ ❞❡♣❡♥❞❡♥❝❡ ♦❢ %❤❡ ❝✉%✲♦✛ ❡♥❡(❣✐❡# ❛❧♦♥❣ 0◦✱ ♣❧♦% ✭❛✮✱ ❛♥❞ 10◦✱ ♣❧♦%

✭❜✮✱ ❢♦( ❞✐✛❡(❡♥% %❛(❣❡% ❞❡♥#✐%✐❡# ❛♥❞ ❞✐✛❡(❡♥% (❡❧❛%✐✈❡ %✐♠❡ ❞❡❧❛②# ❜❡%✇❡❡♥ %❤❡ %✇♦ ❧❛#❡(

♣✉❧#❡#✳ ❚❤❡ ❉(✐✈❡( ❜❡❛♠ ✇❛# ✐♠♣✐♥❣✐♥❣ ❡❛(❧✐❡( ✐♥ %❤❡ ♥❡❣❛%✐✈❡ ①✲❞✐(❡❝%✐♦♥✱ %❤❡ ❍❡❛%❡(

✐♥ %❤❡ ♣♦#✐%✐✈❡ ①✲❞✐(❡❝%✐♦♥✳ ❇♦%❤ ❣(❛♣❤# ❞❡♠♦♥#%(❛%❡ ❛ #✐♠✐❧❛( %(❡♥❞ ❢♦( ❡❛❝❤ %❛(❣❡%

❞❡♥#✐%②✳ ❲❤❡♥ %❤❡ ❉(✐✈❡( ❜❡❛♠ (❡❛❝❤❡❞ %❤❡ %❛(❣❡% ✷✵ ♣# ❜❡❢♦(❡ %❤❡ ❍❡❛%❡(✱ %❤❡ ❝✉%✲♦✛

❡♥❡(❣② ✇❛# ❞❡❝(❡❛#❡❞ ❞(❛#%✐❝❛❧❧② %♦ ❛❜♦✉% ✶✽✵ ❦❡❱ ❛❧♦♥❣ 0◦ ❛♥❞ ❛❜♦✉% ✽✵ ❦❡❱ ❛❧♦♥❣ 10◦✳

■♥ ❝♦♠♣❛(✐#♦♥✱ %❤❡ ❝✉%✲♦✛ ❡♥❡(❣✐❡# ❛% ③❡(♦ ❞❡❧❛② ✇❡(❡ ❛❜♦✉% ✸✺✵ ❦❡❱ ❛❧♦♥❣ 0◦ ❛♥❞ ✶✼✵ ❦❡❱

❛❧♦♥❣ 10◦✱ ✇❤✐❝❤ ✇❡(❡ ❛❜♦✉% %✇✐❝❡ ❛# ❤✐❣❤ ❛# %❤❡ ✈❛❧✉❡# ❛% %❤❡ ♥❡❣❛%✐✈❡ %✐♠❡ ❞❡❧❛②✳ ❋♦(

♣♦#✐%✐✈❡ %✐♠✐♥❣#✱ ❍❡❛%❡( ❜❡❢♦(❡ ❉(✐✈❡(✱ %❤❡ ❝✉%✲♦✛ ❡♥❡(❣② ✇❛# ❞❡❝(❡❛#✐♥❣ #❧♦✇❧②✱ ❜✉% ✇❛#

♠♦(❡ ♦( ❧❡## ❝♦♥#%❛♥% ✉♣ %♦ ♠✐♥✐♠✉♠ ✈❛❧✉❡# ♦❢ ❛❜♦✉% ✷✷✵ ❦❡❱ ❛♥❞ ✶✸✵ ❦❡❱✳ ■♥ ❝♦♥❝❧✉#✐♦♥✱

%❤❡ ❤✐❣❤❡( %❤❡ %❛(❣❡% ❞❡♥#✐%②✱ %❤❡ ❤✐❣❤❡( %❤❡ ❝✉%✲♦✛ ❡♥❡(❣②✱ ✐# ♠❛✐♥❧② ✈❛❧✐❞ ❢♦( ❛ ♣♦#✐%✐✈❡
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✼✳✶ ❆❝❝❡❧❡'❛)✐♦♥ ♦❢ ♠♦♥♦❡♥❡'❣❡)✐❝ ♣'♦)♦♥1 ❢'♦♠ ❍②❞'♦❣❡♥ ❣❛1

 ✐♠❡ ❞❡❧❛②✳ ■♦♥, ❛❝❝❡❧❡.❛ ❡❞ ❢.♦♠ ❛ ❧♦✇  ❛.❣❡ ❞❡♥,✐ ② ✭≤ 0.037n
❝

✮ ✇❡.❡ ♥♦ ❞❡ ❡❝ ❡❞

❜②  ❤❡ 0◦ ❚❤♦♠,♦♥ ♣❛.❛❜♦❧❛ ,♣❡❝ .♦♠❡ ❡.✱ ❜✉ ❛❧♦♥❣ 10◦✳ ❚❤❡ ❝✉ ✲♦✛ ❡♥❡.❣② ❛  ❤❡

❞❡♥,✐ ✐❡, ♦❢ 0.037n
❝

❛♥❞ 0.019n
❝

✇❡.❡ ♠✉❝❤ ❧♦✇❡.  ❤❛♥ ❢♦. ❤✐❣❤❡. ✈❛❧✉❡,✳

▼♦♥♦❡♥❡$❣❡&✐❝ ❢❡❛&✉$❡,

❚❤❡ ❤✐❣❤❧✐❣❤ ♦❢  ❤❡ ♥♦✈❡❧ ❛❝❝❡❧❡.❛ ✐♦♥ ❢❡❛ ✉.❡,✱  ❤❡ ♠♦♥♦❡♥❡.❣❡ ✐❝ ,♣❡❝ .❛✱ ✇❡.❡ ✐♥✈❡,✲

 ✐❣❛ ❡❞ ✐♥ ♠♦.❡ ❞❡ ❛✐❧ ❢♦. ❛ ❜❡  ❡. ✉♥❞❡., ❛♥❞✐♥❣ ❜② ✈❛.②✐♥❣  ❤❡ ❧❛,❡. ❡♥❡.❣② ❛♥❞  ❤❡

.❡❧❛ ✐✈❡  ✐♠❡ ❞❡❧❛② ❜❡ ✇❡❡♥  ❤❡  ✇♦ ❜❡❛♠,✳ ❚❤❡,❡ ♣❛.❛♠❡ ❡. ❝❤❛♥❣❡, ✇❡.❡ ♣❡.❢♦.♠❡❞

❛ ❛  ❛.❣❡ ❞❡♥,✐ ② ♦❢ 0.103n
❝

✱ ✇❤❡.❡ ♠♦, ♦❢  ❤❡  ✐♠❡ ♠♦♥♦❡♥❡.❣❡ ✐❝ ❢❡❛ ✉.❡, ✇❡.❡

♦❜,❡.✈❡❞✳

❙♣❡❝&$❛❧ ❢❡❛&✉$❡, ✈❡$,✉, ❧❛,❡$ ❡♥❡$❣②

■♥ ♦.❞❡.  ♦ ✐♥✈❡, ✐❣❛ ❡  ❤❡ ❞❡♣❡♥❞❡♥❝❡ ♦❢  ❤❡,❡ ♠♦♥♦❡♥❡.❣❡ ✐❝ ❢❡❛ ✉.❡, ♦♥  ❤❡ ❧❛,❡.
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♣.♦ ♦♥, ✇❡.❡ ❛❝❝❡❧❡.❛ ❡❞ ❜②  ❤❡ ✐♥ ❡.❛❝ ✐♦♥✳ ■♥ ❝♦♥ .❛, ✱  ❤❡ ❝♦♠❜✐♥❛ ✐♦♥ ♦❢ ❛ ❤✐❣❤

❡♥❡.❣② ❉.✐✈❡. ❜❡❛♠ ❛♥❞ ❛ .❡❞✉❝❡❞ ❍❡❛ ❡. ❡♥❡.❣② ✇❛, , ✐❧❧ ❧❡❛❞✐♥❣  ♦ ❛ ♠♦♥♦❡♥❡.❣❡ ✐❝

♣.♦ ♦♥ ❛❝❝❡❧❡.❛ ✐♦♥ ❡✈❡♥ ✇✐ ❤ ❛ ❍❡❛ ❡. ❜❡❛♠ ♦❢ ✹✸✪ ♦❢ ✐ , ✐♥✐ ✐❛❧ ❡♥❡.❣②✳ ❚❤❡.❡❢♦.❡✱ ❛

❍❡❛ ❡. ✇✐ ❤ ❛♥ ✐♥ ❡♥,✐ ② ♦❢ 3 · 1017 ❲✴❝♠
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✇❛, , ✐❧❧ ❛❜❧❡  ♦ ,❡  ❤❡ .✐❣❤ ❝♦♥❞✐ ✐♦♥ ❢♦. ❛
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 ✐♦♥, ❛ ♦♥❧② ♦♥❡  ❛.❣❡ ❞❡♥,✐ ② ♦❢ 0.103n
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❡♥❡.❣②✱ ✇❤✐❧❡  ❤❡ ❍❡❛ ❡. ❡♥❡.❣② .❡♠❛✐♥❡❞ ❛ ✶✵✵✪✳ ❚❤❡ ♣.♦❜❛❜✐❧✐ ② ♦❢ ❤❛✈✐♥❣ ♠♦♥♦❡♥✲

❡.❣❡ ✐❝ ❢❡❛ ✉.❡, ❞❡❝.❡❛,❡❞ ✇✐ ❤ ❞❡❝.❡❛,✐♥❣ ❧❛,❡. ❡♥❡.❣② ❢.♦♠ ∼✼✵✪ ✭♦❢ ✸✹ ✐♥ ❡.❛❝ ✐♦♥,✮

❞♦✇♥  ♦ ③❡.♦ ✭✐♥ ✶✻ ✐♥ ❡.❛❝ ✐♦♥,✮✱ ✇❤✐❧❡  ❤❡ ♣.♦❜❛❜✐❧✐ ② ♦❢ ❤❛✈✐♥❣ ❜.♦❛❞❜❛♥❞ ❡♥❡.❣②

♣.♦ ♦♥ ,♣❡❝ .❛ ✐♥❝.❡❛,❡❞ ❢.♦♠ ∼✷✵✪ ✭♦❢ ✸✹ ✐♥ ❡.❛❝ ✐♦♥,✮ ✉♣  ♦ ✺✵✪ ✭♦❢ ✶✻ ✐♥ ❡.❛❝ ✐♦♥,✮✳

❇✉ ❛  ❤❡ ,❛♠❡  ✐♠❡✱  ❤❡ ✇❤♦❧❡ ✐♦♥ ❛❝❝❡❧❡.❛ ✐♦♥ ♣.♦❝❡,, ♦❝❝✉..❡❞ ❧❡,, ❢.❡O✉❡♥ ❧② ❢.♦♠

∼✶✵✪ ✭♦❢ ✸✹ ,❤♦ ,✮ ✉♣  ♦ ✺✵✪ ✭✐♥ ✶✻ ❧❛,❡. ✐♥ ❡.❛❝ ✐♦♥,✮✳

I❧♦ ✭❜✮ ,❤♦✇,  ❤❡ ❝❤❛♥❣❡, ♦❢  ❤❡ ,♣❡❝ .❛❧ ❝❤❛.❛❝ ❡.✐, ✐❝,✱ ✇❤✐❧❡ .❡❞✉❝✐♥❣  ❤❡ ❍❡❛ ❡.

❡♥❡.❣② ❢.♦♠ ✶✵✵✪  ♦ ♦♥❧② ✽✳✼✪✳ ❚❤❡ ♣.♦❜❛❜✐❧✐ ② ♦❢ ❤❛✈✐♥❣ ♠♦♥♦❡♥❡.❣❡ ✐❝ ,♣❡❝ .❛❧

❢❡❛ ✉.❡, ❞❡❝.❡❛,❡❞ ❢.♦♠ ∼✼✵✪ ✭♦❢ ✸✹ ✐♥ ❡.❛❝ ✐♦♥,✮ ❞♦✇♥  ♦ ∼✸✵✪ ✭♦❢ ✶✾ ✐♥ ❡.❛❝ ✐♦♥,✮ ❛♥❞

✶✺✾
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❋✐❣✉'❡ ✼✳✻✿ ❙#❛#✐0#✐❝0 ♦❢ #❤❡ 0♣❡❝#"❛❧ ❝❤❛"❛❝#❡"✐0#✐❝0 ♦❢ #❤❡ ♣"♦#♦♥ ❡♥❡"❣② ❢♦" ❞✐✛❡"❡♥#

"❡❧❛#✐✈❡ ❞❡❧❛②0 ❜❡#✇❡❡♥ #❤❡ #✇♦ ❧❛0❡" ♣✉❧0❡0 ❢♦" ♦♥ #❛"❣❡# ❞❡♥0✐#② ♦❢ 0.103n
❝
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❈❤❛♣$❡& ✼ ❉❡✈❡❧♦♣♠❡♥$ ♦❢ ❛ ♠♦♥♦❡♥❡&❣❡$✐❝ ✐♦♥ 2♦✉&❝❡ ❢&♦♠ ✉♥❞❡&❞❡♥2❡

$❛&❣❡$2

✼✳✷ ❆❝❝❡❧❡'❛)✐♦♥ ♦❢ ❍❡❧✐✉♠ ✐♦♥1

❇♦"❤ ✐♦♥ &♣❡❝✐❡& ♦❢ ❍❡❧✐✉♠ ✇❡0❡ ❛❝❝❡❧❡0❛"❡❞ ❜② "❤❡ ✐♥"❡0❛❝"✐♦♥ ♦❢ "❤❡ ❍❡❛"❡0 ❛♥❞ ❉0✐✈❡0

❧❛&❡0 ✇✐"❤ "❤❡ ❍❡❧✐✉♠ ❣❛& "❛0❣❡"✳ ❚❤❡ ✐♦♥ ❡♥❡0❣② ❞✐&"0✐❜✉"✐♦♥ ❛♥❞ &♣❡❝"0❛❧ ❝❤❛0❛❝"❡0✐&"✐❝&

❛0❡ ❞✐&❝✉&&❡❞ ✐♥ "❤❡ ❢♦❧❧♦✇✐♥❣✳ ❋✐0&" ♦❢ ❛❧❧✱ ❢♦✉0 ❝❤❛0❛❝"❡0✐&"✐❝ ❍❡❧✐✉♠ ✐♦♥ ❡♥❡0❣② &♣❡❝"0❛

❛0❡ &❤♦✇♥✳ ❆❢"❡0✇❛0❞&✱ "❤❡ ❞❡"❡❝"✐♦♥ ♦❢ "❤❡ ❞✐✛❡0❡♥" ✐♦♥ &♣❡❝✐❡& ❛♥❞ &♣❡❝"0❛❧ ❢❡❛"✉0❡& ❛0❡

✐❧❧✉&"0❛"❡❞✳ ❚❤❡♥✱ "❤❡ ❡✈♦❧✉"✐♦♥ ♦❢ "❤❡ ♠❛①✐♠✉♠ ❝✉"✲♦✛ ❡♥❡0❣② ✈❡0&✉& 0❡❧❛"✐✈❡ ❧❛&❡0 "✐♠❡

❞❡❧❛② ❛♥❞ "❛0❣❡" ❞❡♥&✐"② ✐& ♣0❡&❡♥"❡❞✳ ▼♦0❡♦✈❡0✱ "❤❡ ❛♣♣❡❛0❛♥❝❡ ♦❢ "❤❡ "✇♦ ❞✐✛❡0❡♥" ✐♦♥

&♣❡❝✐❡& ✐♥ "❤❡ &♣❡❝"0❛ ✇❛& ❢✉0"❤❡0 ✐♥✈❡&"✐❣❛"❡❞ ❜② ❝❤❛♥❣✐♥❣ "❤❡ ❍❡❛"❡0 ❧❛&❡0 ❡♥❡0❣②✳

❍❡❧✐✉♠ ✐♦♥ ❡♥❡(❣② +♣❡❝.(❛

❋♦✉0 "②♣✐❝❛❧ ✐♦♥ &♣❡❝"0❛ ❞❡"❡❝"❡❞ ❜② "❤❡ 0◦ ❚❤♦♠&♦♥ ♣❛0❛❜♦❧❛ &♣❡❝"0♦♠❡"❡0 ❛0❡ ♣0❡✲

&❡♥"❡❞ ✐♥ ✜❣✉0❡ ✼✳✼✳ ❍❡

+
✐♦♥& ✇❡0❡ ❛❝❝❡❧❡0❛"❡❞ ❢0♦♠ ❛ ❧♦✇ ❞❡♥&✐"② ❣❛&✱ 0.024n

❝

✭❜❧❛❝❦✮✱

✉♣ "♦ ❛♥ ❡♥❡0❣② ♦❢ ❛❜♦✉" ✷✶✵ ❦❡❱✳ ❆" ❛ "❛0❣❡" ❞❡♥&✐"② ♦❢ 0.060n
❝

✭0❡❞✮ ❛ ♠♦♥♦❡♥❡0❣❡"✐❝

❍❡

+
✐♦♥ &♣❡❝"0✉♠ ✇❛& ✈✐&✐❜❧❡✱ ✇✐"❤ ❛ ♠❛①✐♠✉♠ ❡♥❡0❣② ♦❢ ❛❜♦✉" ✸✺✵ ❦❡❱ ❛♥❞ ❛ &♣❡❝"0❛❧

✇✐❞"❤ ♦❢ ✻✵ ❦❡❱✳ ▼♦0❡♦✈❡0✱ "❤❡ &♣❡❝"0✉♠ ✇❛& ❜0♦❛❞❜❛♥❞ ❛❣❛✐♥ ❛" ❛ ❞❡♥&✐"② ♦❢ 0.084n
❝

✭❜❧✉❡✮ ✇✐"❤ ❛ ♠❛①✐♠✉♠ ❡♥❡0❣② ♦❢ ❛❜♦✉" ✷✵✵ "♦ ✷✷✵ ❦❡❱✳ ❲✐"❤ "❤❡ ❤✐❣❤❡&" ❞❡♥&✐"② ♦❢

0.228n
❝

✭❣0❡❡♥✮✱ ❍❡

+
✉♣ "♦ ✶✷✵ ❦❡❱ ❛♥❞ ❛" "❤❡ &❛♠❡ "✐♠❡ ❢✉❧❧② ✐♦♥✐&❡❞ ❍❡❧✐✉♠✱ ❍❡

++
✱ ✉♣

"♦ ✷✻✵ ❦❡❱ ✇❡0❡ ✐❞❡♥"✐✜❡❞✳ ❚❤❡ ❞❡"❡❝"✐♦♥ ❧✐♠✐" ♦❢ "❤❡ ❚❤♦♠&♦♥ ♣❛0❛❜♦❧❛ &♣❡❝"0♦♠❡"❡0

❢♦0 ❍❡

++
✇❛& ❛" ❛❜♦✉" ✶✼✵ ❦❡❱✱ ✇❤✐❧❡ ❍❡

+
✐♦♥& ❝♦✉❧❞ ❜❡ ❞✐&"✐♥❣✉✐&❤❡❞ "♦ ❛ ♠✐♥✐♠✉♠

❡♥❡0❣② ♦❢ ❛❜♦✉" ✺✵ ❦❡❱✳ ❚❤❡ ❝♦00❡&♣♦♥❞✐♥❣ 0❛✇ ✐♠❛❣❡& ♦❢ "❤❡ &♣❡❝"0❛ ❛0❡ &❤♦✇♥ ✐♥ ✜❣✉0❡

✼✳✽✳ ❚❤❡ ✐♠❛❣❡& ♦❢ "❤❡ 0◦ ❚❤♦♠&♦♥ ♣❛0❛❜♦❧❛ &♣❡❝"0♦♠❡"❡0 ❛0❡ ✐❧❧✉&"0❛"❡❞ ♦♥ "❤❡ ❧❡❢"

&✐❞❡✱ ✇❤❡0❡❛& "❤❡ 0❛✇ ✐♠❛❣❡& ♦❢ "❤❡ 10◦ ❚❤♦♠&♦♥ ♣❛0❛❜♦❧❛ &♣❡❝"0♦♠❡"❡0 ♦♥ "❤❡ 0✐❣❤"✲

❤❛♥❞ &✐❞❡✳ ❚❤❡ "0❛❝❡& ♦❢ "❤❡ "✇♦ &♣❡❝✐❡& ❛0❡ ❧❛❜❡❧❧❡❞ ❛♥❞ ❝❛♥ ❜❡ ❝❧❡❛0❧② ❞✐&"✐♥❣✉✐&❤❡❞ "♦

❡❛❝❤ ♦"❤❡0✳ ❍❡

++
"0❛❝❡& ✇❡0❡ ✈✐&✐❜❧❡ ❡✈❡♥ ❛" ❧♦✇ "❛0❣❡" ❞❡♥&✐"✐❡& ✐♥ "❤❡ 10◦ ❞✐0❡❝"✐♦♥✳

❙♣❡❝.(❛❧ ❢❡❛.✉(❡+ ❛♥❞ ✐♦♥ +♣❡❝✐❡+ ✈❡(+✉+ .❛(❣❡. ❞❡♥+✐.②

❚❤❡ ♦❜&❡0✈❡❞ ✐♦♥ &♣❡❝✐❡& ❝❤❛♥❣❡❞ ✇✐"❤ 0❡&♣❡❝" "♦ "❤❡ "❛0❣❡" ❞❡♥&✐"②✳ ❚❤❡ ♣0♦❜❛❜✐❧✐"② "♦

❞❡"❡❝" ❍❡

+
❞❡❝0❡❛&❡❞ ♦✈❡0 "❤❡ ✇❤♦❧❡ ❞❡♥&✐"② 0❛♥❣❡✱ ✇❤✐❧❡ ❍❡

++
♦♥❧② ❛♣♣❡❛0❡❞ ❛" ✈❡0②

❤✐❣❤ ❞❡♥&✐"✐❡&✳ ▼♦♥♦❡♥❡0❣❡"✐❝ ❢❡❛"✉0❡& ✇❡0❡ ❡①❝❧✉&✐✈❡❧② ♦❜&❡0✈❡❞ ✐♥ "❤❡ ❍❡

+
&♣❡❝"0✉♠

❛" ❛ &♣❡❝✐✜❝ ❞❡♥&✐"②✳

❚❤❡ ❤✐&"♦❣0❛♠ ✐♥ ✜❣✉0❡ ✼✳✾ &❤♦✇& "❤❡ ❡✈♦❧✉"✐♦♥ ♦❢ "❤❡ &♣❡❝"0❛❧ ❢❡❛"✉0❡& ❛♥❞ ❞❡"❡❝"❡❞

❍❡❧✐✉♠ &♣❡❝✐❡& ✐♥ 0◦ ❞✐0❡❝"✐♦♥ ✈❡0&✉& "❛0❣❡" ❞❡♥&✐"②✳ ❚❤❡ ♣0♦❜❛❜✐❧✐"② "♦ ❞❡"❡❝" ❍❡

+

❞❡❝0❡❛&❡❞ ♦✈❡0 "❤❡ ✇❤♦❧❡ ❞❡♥&✐"② 0❛♥❣❡✱ ✇❤✐❧❡ ❍❡

++
❛♣♣❡❛0❡❞ ❢0♦♠ ❛ ❤✐❣❤ ❞❡♥&✐"② ♦❢

✶✻✷
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$❛&❣❡$2

0.132n
❝

♦♥✳ ❚❤✐& ❡✛❡❝* ❤❛❞ ♥♦*❤✐♥❣ *♦ ❞♦ ✇✐*❤ *❤❡ ❛❝*✉❛❧ ❛♣♣❡❛2❛♥❝❡ ♦❢ *❤❡ &♣❡❝✐❡&

✐♥ *❤❡ ♣❧❛&♠❛✱ 2❛*❤❡2 *❤❡ ❞❡*❡❝*✐♦♥ ✇❛& ❧✐♠✐*❡❞ ❞✉❡ *♦ *❤❡ &♣❡❝✐✜❝ ❝♦♥✜❣✉2❛*✐♦♥ ♦❢ *❤❡

&♣❡❝*2♦♠❡*❡2 &❡*✉♣&✳ ❚❤❡ ❡♥❡2❣② ♦❢ *❤❡ ❛❝❝❡❧❡2❛*❡❞ ❍❡

++
♣2♦❜❛❜❧② ❞❡❝2❡❛&❡❞ ❜❡❧♦✇

< 170 ❦❡❱ ✭*❤❡ ❞❡*❡❝*✐♦♥ ❧✐♠✐*✮ ❛* ❧♦✇ *❛2❣❡* ❞❡♥&✐*✐❡&✱ ✇❤✐❝❤ ✇❛& *♦♦ ❧♦✇ *♦ ❜❡ 2❡&♦❧✈❡❞

❜② *❤❡ ❚❤♦♠&♦♥ ♣❛2❛❜♦❧❛ &♣❡❝*2♦♠❡*❡2✳ ❍♦✇❡✈❡2✱ ❛* *❤❡ &❛♠❡ *✐♠❡ ❜♦*❤ &♣❡❝✐❡& ✇❡2❡

❞❡*❡❝*❡❞ ❜② *❤❡ ❚? &♣❡❝*2♦♠❡*❡2 ❛❧♦♥❣ 10◦✳ ▼♦♥♦❡♥❡2❣❡*✐❝ ❢❡❛*✉2❡& ✇❡2❡ ♦♥❧② ✈✐&✐❜❧❡

✐♥ *❤❡ &♣❡❝*2❛ ♦❢ *❤❡ ❍❡

+
✐♦♥& ❛♥❞ ♠♦&*❧② ❛* ❛ *❛2❣❡* ❞❡♥&✐*② ♦❢ 0.060n

❝

✐♥ ♦✈❡2 ✻✵✪ ♦❢

✸✵ 2❡❝♦2❞❡❞ &♣❡❝*2❛✳ ❆* *❤❡ *❛2❣❡* ❞❡♥&✐*② ♦❢ 0.132n
❝

*❤❡ ❝❤❛♥❝❡ ✇❛& ❧♦✇ *♦ ❞❡*❡❝* ❛♥②

✐♦♥ &✐❣♥❛❧✳ ■♥ ✺✵✪ ♦❢ ✽ ❧❛&❡2 ✐♥*❡2❛❝*✐♦♥& ♥♦ ✐♦♥ &✐❣♥❛❧ ✇❛& ✐❞❡♥*✐✜❡❞✳
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❋✐❣✉&❡ ✼✳✾✿ ❙*❛*✐&*✐❝& ♦❢ *❤❡ &♣❡❝*2❛❧ ❝❤❛2❛❝*❡2✐&*✐❝& ♦❢ *❤❡ ❍❡❧✐✉♠ ✐♦♥ ❡♥❡2❣② ❢♦2 ❞✐❢✲

❢❡2❡♥* ❞❡♥&✐*② 2❡❣✐♠❡&✳

▼❛①✐♠✉♠ ❝✉'✲♦✛ ❡♥❡-❣② ✈❡-1✉1 -❡❧❛'✐✈❡ ❞❡❧❛② ❛♥❞ '❛-❣❡' ❞❡♥1✐'②

❚❤❡ *2❡♥❞ ♦❢ *❤❡ ♠❛①✐♠✉♠ ✐♦♥ ❡♥❡2❣② ✈❡2&✉& ❞❡❧❛② ❜❡*✇❡❡♥ *❤❡ ❧❛&❡2 ♣✉❧&❡& ✇❛& &✐♠✐❧❛2

*♦ *❤❡ ❡✈♦❧✉*✐♦♥ ♦❢ *❤❡ ♣2♦*♦♥ ❡♥❡2❣② ❞✐&*2✐❜✉*✐♦♥ ❞❡&❝2✐❜❡❞ ❜❡❢♦2❡ ✭&❡❡ ✜❣✉2❡ ✼✳✹✮✳ ❚❤❡

✐♦♥ ❡♥❡2❣✐❡& ✐♥ *❤❡ 0◦ ❞✐2❡❝*✐♦♥ ✇❡2❡ ❛❧&♦ ❛❜♦✉* *✇✐❝❡ ❛& ❤✐❣❤ ❛& ✐♥ 10◦ ❞✐2❡❝*✐♦♥✳ ❲♦2*❤

♠❡♥*✐♦♥✐♥❣✱ ❤♦✇❡✈❡2✱ ✐&✿ ❚❤❡ ❤✐❣❤❡2 *❤❡ ❞❡♥&✐*②✱ *❤❡ ❤✐❣❤❡2 *❤❡ ❍❡

++
❡♥❡2❣② ❛♥❞ *❤❡

❧♦✇❡2 *❤❡ ❍❡

+
✐♦♥ ❡♥❡2❣②✳

❇② ❛❞❥✉&*✐♥❣ *❤❡ 2❡❧❛*✐✈❡ *✐♠❡ ❞❡❧❛② ❜❡*✇❡❡♥ *❤❡ ❉2✐✈❡2 ❛♥❞ *❤❡ ❍❡❛*❡2 ❛ ❞✐✛❡2❡♥❝❡

✐♥ *❤❡ ♠❛①✐♠✉♠ ❡♥❡2❣② ♦❢ *❤❡ ❛❝❝❡❧❡2❛*❡❞ ✐♦♥& ❝❛♥ ❜❡ ❢♦✉♥❞✱ &❡❡ ✜❣✉2❡ ✼✳✶✵✱ ♣❧♦* ✭❛✮✳

❉2✐✈❡2 ❜❡❢♦2❡ ❍❡❛*❡2 ✭♥❡❣❛*✐✈❡ *✐♠✐♥❣✮ ❧❡❞ *♦ ❧♦✇❡2 ❝✉*✲♦✛ ❡♥❡2❣✐❡& ♦❢ *❤❡ ❍❡❧✐✉♠ ✐♦♥&

✉♥*✐❧ *❤❡ ❛❝❝❡❧❡2❛*✐♦♥ ✈❛♥✐&❤❡❞ ❝♦♠♣❧❡*❡❧②✳ ▼❛①✐♠✉♠ ❡♥❡2❣✐❡& ✇❡2❡ 2❡❛❝❤❡❞ ❛* ❛2♦✉♥❞

+10 ♣& ✭❍❡❛*❡2 ❜❡❢♦2❡ ❉2✐✈❡2✮ ❢2♦♠ ❛2♦✉♥❞ ✶✵✵ ❦❡❱ ✉♣ *♦ ✸✷✺ ❦❡❱✱ ❞❡♣❡♥❞✐♥❣ ♦♥ *❤❡

*❛2❣❡* ❞❡♥&✐*②✳ ❆* ❤✐❣❤❡2 ❞❡❧❛②& ✭❧❛*❡2 *✐♠✐♥❣✮ *❤❡ ❝✉*✲♦✛ ❡♥❡2❣✐❡& ✇❡2❡ ❝♦♥&*❛♥* ♦✈❡2

✶✻✹
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✭❜✮ ▼❛①✐♠✉♠ ❡♥❡+❣② ✲ ❛2 ③❡+♦ ❧❛6❡+ 2✐♠❡ ❞❡❧❛②

❋✐❣✉'❡ ✼✳✶✵✿ ❉❡♣❡♥❞❡♥❝❡ ♦❢ (❤❡ ♠❛①✐♠✉♠ ❍❡❧✐✉♠ ✐♦♥ ❡♥❡1❣② ♦♥ (❤❡ ❞✐✛❡1❡♥( (❛1❣❡(

❞❡♥5✐(✐❡5 ❛♥❞ (✐♠❡ ❞❡❧❛②5 ❜❡(✇❡❡♥ (❤❡ (✇♦ ❧❛5❡1 ♣✉❧5❡5✳ 9❧♦( ✭❛✮ 1❡♣1❡5❡♥(5 (❤❡ ✈❛❧✉❡5

❞❡(❡❝(❡❞ ❜② (❤❡ 0◦ ❚❤♦♠5♦♥ ♣❛1❛❜♦❧❛ ❛♥❞ ♣❧♦( ✭❜✮ (❤❡ ♠❛①✐♠✉♠ ❝✉(✲♦✛ ❡♥❡1❣② ❛(

③❡1♦ (✐♠❡ ❞❡❧❛② ❜❡(✇❡❡♥ (❤❡ ❧❛5❡1 ♣✉❧5❡5 ❛❧♦♥❣ 0◦ ❛♥❞ 10◦✳

(❤❡ ✇❤♦❧❡ (✐♠❡ ♣❡1✐♦❞✱ ❜❡(✇❡❡♥ ✼✺ ❛♥❞ ✷✺✵ ❦❡❱✱ ♦♥ ❛✈❡1❛❣❡✳ 9❧♦( ✭❜✮ 5❤♦✇5 (❤❡ ❝✉(✲♦✛

❡♥❡1❣② ✈❡15✉5 (❛1❣❡( ❞❡♥5✐(② ❢♦1 ❛ ③❡1♦ 1❡❧❛(✐✈❡ (✐♠❡ ❞❡❧❛② ❜❡(✇❡❡♥ (❤❡ (✇♦ ❧❛5❡15 ✐♥ 0◦

✭❜❧❛❝❦✮ ❛♥❞ 10◦ ❞✐1❡❝(✐♦♥ ✭1❡❞✮ ❛( ❛❧❧ (❛1❣❡( ❞❡♥5✐(✐❡5✳ ❚❤❡ ❡✈♦❧✉(✐♦♥ ✇❛5 ♥♦( ❛5 ❝❧❡❛1

❛5 ❢♦1 ❍②❞1♦❣❡♥ ✐♥ (❤❡ ❧♦✇ ❞❡♥5✐(② 1❡❣✐♠❡✳ ❖♥❧② ❛( ❤✐❣❤ (❛1❣❡( ❞❡♥5✐(✐❡5 (❤❡ ♠❛①✐♠✉♠

✐♦♥ ❡♥❡1❣✐❡5 ♦❢ ❍❡

+
❛♥❞ ❍❡

++
✐♥❝1❡❛5❡❞ ✇✐(❤ (❤❡ ❞❡♥5✐(② ✐♥ (❤❡ 0◦ ♦❜5❡1✈❛(✐♦♥ ❛♥❣❧❡✳

❚❤❡ (1❡♥❞ ✐♥ 10◦ ❞✐1❡❝(✐♦♥ (✉1♥❡❞ ♦✉( (♦ ❜❡✿ ❚❤❡ ❤✐❣❤❡1 (❤❡ ❞❡♥5✐(②✱ (❤❡ ❤✐❣❤❡1 (❤❡

❝✉(✲♦✛ ❡♥❡1❣②✱ ♦♥❧② ✈❛❧✐❞ ❢♦1 ❍❡

++
✐♦♥5✳ ❚❤❡ ♠❛①✐♠✉♠ ❡♥❡1❣② ♦❢ ❍❡

+
✐♦♥5 ❞❡❝1❡❛5❡❞

✇✐(❤ ❞❡♥5✐(②✳

❙♣❡❝$%❛❧ ❢❡❛$✉%❡* ❛♥❞ ✐♦♥ *♣❡❝✐❡* ✈❡%*✉* ❍❡❛$❡% ❧❛*❡% ❡♥❡%❣②

▼♦1❡♦✈❡1✱ (❤❡ ❡✛❡❝( ♦❢ (❤❡ ❍❡❛(❡1 ❧❛5❡1 ❡♥❡1❣② ♦♥ (❤❡ ❛❝❝❡❧❡1❛(✐♦♥ ♠❡❝❤❛♥✐5♠ ✇❛5

❢✉1(❤❡1 ✐♥✈❡5(✐❣❛(❡❞ ❛( (✇♦ ❞✐✛❡1❡♥( (❛1❣❡( ❞❡♥5✐(✐❡5✳ ❆( ❛ ❧♦✇ (❛1❣❡( ❞❡♥5✐(②✱ (❤❡ ❍❡❛(❡1

❡♥❡1❣② ❝♦✉❧❞ ❜❡ 1❡❞✉❝❡❞ ❞♦✇♥ (♦ ✷✳✽✪ ♦❢ ✐(5 ✐♥✐(✐❛❧ ✈❛❧✉❡✱ ✇❤✐❝❤ ❝♦11❡5♣♦♥❞5 (♦ ❛♥

✐♥(❡♥5✐(② ♦❢ ❛♣♣1♦①✐♠❛(❡❧② 1 · 1016❲✴❝♠2
✱ ✇❤✐❧❡ ❍❡

+
✐♦♥5 ✇❡1❡ 5(✐❧❧ ♦❜5❡1✈❡❞ ✇✐(❤ ♠♦1❡

♦1 ❧❡55 (❤❡ 5❛♠❡ ♠❛①✐♠✉♠ ❡♥❡1❣②✳ ❇② 1❡❞✉❝✐♥❣ (❤❡ ❍❡❛(❡1 ❡♥❡1❣② ❛( (❤❡ ❤✐❣❤❡5( (❛1❣❡(

❞❡♥5✐(②✱ (❤❡ ♣1♦❜❛❜✐❧✐(② ♦❢ (❤❡ ❛♣♣❡❛1❛♥❝❡ ❛♥❞ (❤❡ ❡♥❡1❣② ♦❢ (❤❡ ❍❡

++
❞❡❝1❡❛5❡❞✳ ❆(

(❤❡ 5❛♠❡ (✐♠❡ (❤❡ ♣1♦❜❛❜✐❧✐(② (♦ ❞❡(❡❝( ❍❡

+
✐♦♥5 ✐♥❝1❡❛5❡❞✱ ✇❤✐❧❡ (❤❡ ❡♥❡1❣② ♦❢ (❤❡ ❍❡

+

✐♦♥5 ✇❛5 ❛❜♦✉( (♦ 5(❛② ❝♦♥5(❛♥( ❛( ❛ ✈❛❧✉❡ ♦❢ ❛❜♦✉( ❤❛❧❢ (❤❡ ❍❡

++
❡♥❡1❣②✳

❋✐❣✉1❡ ✼✳✶✶ 5❤♦✇5 (❤❡ 5(❛(✐5(✐❝5 ❛( (❤❡ (✇♦ ❞✐✛❡1❡♥( ❞❡♥5✐(✐❡5✱ 0.036n
❝

❛♥❞ 0.228n
❝

✱
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❈❤❛♣$❡& ✼ ❉❡✈❡❧♦♣♠❡♥$ ♦❢ ❛ ♠♦♥♦❡♥❡&❣❡$✐❝ ✐♦♥ 2♦✉&❝❡ ❢&♦♠ ✉♥❞❡&❞❡♥2❡

$❛&❣❡$2

❛❧♦♥❣ %❤❡ 0◦ ❞❡%❡❝%✐♦♥ ❛♥❣❧❡✳ ■♥ ♣❧♦% ✭❛✮ %❤❡ 0♣❡❝%1❛❧ ❢❡❛%✉1❡0 ❛% ❛ ❞❡♥0✐%② ♦❢ 0.036n
❝

❛1❡ ✐❧❧✉0%1❛%❡❞✱ ✇❤✐❧❡ 1❡❞✉❝✐♥❣ %❤❡ ❍❡❛%❡1 ❧❛0❡1 ❡♥❡1❣② ❢1♦♠ ✶✵✵✪ %♦ ✵✳✻✪ ❛♥❞ ❦❡❡♣✐♥❣

❛ ❉1✐✈❡1 ❡♥❡1❣② ♦❢ ✶✵✵✪ ♦❢ ✐%0 ✐♥✐%✐❛❧ ✈❛❧✉❡✳ ❇1♦❛❞❜❛♥❞ ❍❡

+
✐♦♥ ❡♥❡1❣② 0♣❡❝%1❛ ✇❡1❡ %❤❡

♠❛✐♥ ❞❡%❡❝%❡❞ ❢❡❛%✉1❡0 ✭✐♥ ♦✈❡1 ✼✵✪ ♦❢ ❛❧❧ ✐♥%❡1❛❝%✐♦♥0✮ %♦ ❛ ❍❡❛%❡1 ❡♥❡1❣② ♦❢ ✷✳✽✪✳ ❚❤❡

✐♥%❡1❛❝%✐♦♥ ♦❢ ❛ ❧♦✇❡1 ❡♥❡1❣② ❍❡❛%❡1 ✇❛0 ♥♦% ❡✣❝✐❡♥% ❛♥②♠♦1❡✳ G❧♦% ✭❝✮ ♣✐❝%✉1❡0 %❤❡

❝♦11❡0♣♦♥❞✐♥❣ ❝✉%✲♦✛ ❡♥❡1❣✐❡0 ✭❜❧❛❝❦✮ ♦❢ %❤❡ ❞❡%❡❝%❡❞ ✐♦♥ 0✐❣♥❛❧✳ ❆❧%❤♦✉❣❤ %❤❡ ❍❡❛%❡1

❡♥❡1❣② ✇❛0 1❡❞✉❝❡❞✱ %❤❡ ♠❛①✐♠✉♠ ❡♥❡1❣② ✇❛0 ♥❡❛1❧② ❝♦♥0%❛♥% ❛% ❛ ✈❛❧✉❡ ♦❢ ❛❜♦✉%

✶✺✵ ❦❡❱✳ G❧♦% ✭❜✮ 0❤♦✇0✱ %❤❛% ❍❡

++
✇❛0 ✐❞❡♥%✐✜❡❞ ❛% ❛ ❞❡♥0✐%② ♦❢ 0.228n

❝

✳ ❍♦✇❡✈❡1✱ ❜②

1❡❞✉❝✐♥❣ %❤❡ ❍❡❛%❡1 ❡♥❡1❣②✱ %❤❡ ♣1♦❜❛❜✐❧✐%② %♦ ❞❡%❡❝% %❤❡ ❢✉❧❧② ✐♦♥✐0❡❞ ❍❡❧✐✉♠ ❞❡❝1❡❛0❡❞✳

❆% ❛ ❍❡❛%❡1 ❡♥❡1❣② ♦❢ ✼✵✪ %❤❡ ♣♦00✐❜✐❧✐%② %♦ ❞✐0%✐♥❣✉✐0❤ ❡✐%❤❡1 ❛ ❜1♦❛❞❜❛♥❞ 0✐❣♥❛❧ ♦❢

❍❡

++
♦1 ❍❡

+
♦1 ❡✈❡♥ %♦ ❞❡%❡❝% ♥♦ 0✐❣♥❛❧ ✇❛0 ♥❡❛1❧② ❡O✉❛❧❧② ❞✐0%1✐❜✉%❡❞ ❡❛❝❤ ❛% ❛1♦✉♥❞

✸✵✪ ♦❢ ✶✷ ❧❛0❡1 ✐♥%❡1❛❝%✐♦♥0✳ ❇② ❢✉1%❤❡1 1❡❞✉❝✐♥❣ %❤❡ ❍❡❛%❡1 ❡♥❡1❣②✱ %❤❡ ♣1♦❜❛❜✐❧✐%②

♦❢ ♦❜0❡1✈✐♥❣ ❍❡

+
✐♥❝1❡❛0❡❞ ♠❡❛0✉1❛❜❧② %♦ ❛❜♦✉% ✼✺✪ ♦❢ ✶✷ ✐♥%❡1❛❝%✐♦♥0 ✇✐%❤ ❛ ❍❡❛%❡1

❡♥❡1❣② ♦❢ ♦♥❧② ✽✳✼✪✳ ❚❤❡ ❝♦11❡0♣♦♥❞✐♥❣ ❝✉%✲♦✛ ❡♥❡1❣✐❡0 ✭♣❧♦% ✭❝✮✱ 1❡❞✮ ❢♦1 ❍❡

+
✇❡1❡

1❡❧❛%✐✈❡❧② ❝♦♥0%❛♥% ❛% ❛ ✈❛❧✉❡ ♦❢ ❛❜♦✉% ✶✵✵ ❦❡❱✱ ✇❤✐❝❤ ✐0 ❛❜♦✉% ✶✳✺ %✐♠❡0 ❧♦✇❡1 %❤❛♥ %❤❡

✐♦♥ ❡♥❡1❣✐❡0 ❛% ❛ ❧♦✇❡1 %❛1❣❡% ❞❡♥0✐%②✳ ❚❤❡ %1❡♥❞ ♦❢ %❤❡ ❍❡

++
❝✉%✲♦✛ ❡♥❡1❣✐❡0 ❞❡❝1❡❛0❡❞

♣1♦❜❛❜❧② ❜❡❧♦✇ %❤❡ ❞❡%❡❝%✐♦♥ ❧✐♠✐% ♦❢ %❤❡ ❚G ❜② 1❡❞✉❝✐♥❣ %❤❡ ❍❡❛%❡1 ❡♥❡1❣②✳

✶✻✻
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✭❝✮ ❈✉&✲♦✛ ❡♥❡,❣② ✈0 ❍❡❛&❡, ❡♥❡,❣②

❋✐❣✉$❡ ✼✳✶✶✿ ❙!❛!✐$!✐❝$ ♦❢ !❤❡ $♣❡❝!+❛❧ ❝❤❛+❛❝!❡+✐$!✐❝$ ❛♥❞ $♣❡❝✐❡$ ♦❢ !❤❡ ❍❡❧✐✉♠ ✐♦♥$

❢♦+ ❛ +❡❞✉❝!✐♦♥ ♦❢ !❤❡ ❍❡❛!❡+ ❡♥❡+❣② ❛! !✇♦ ❞✐✛❡+❡♥! !❛+❣❡! ❞❡♥$✐!✐❡$ ♦❢ 0.036n
❝

❛♥❞

0.228n
❝

✳

✶✻✼



❈❤❛♣$❡& ✼ ❉❡✈❡❧♦♣♠❡♥$ ♦❢ ❛ ♠♦♥♦❡♥❡&❣❡$✐❝ ✐♦♥ 2♦✉&❝❡ ❢&♦♠ ✉♥❞❡&❞❡♥2❡

$❛&❣❡$2

✼✳✸ ❊❧❡❝'(♦♥ ❛❝❝❡❧❡(❛'✐♦♥ ❜② '❤❡ ❞♦✉❜❧❡ ❜❡❛♠

✐♥'❡(❛❝'✐♦♥

❆ ♠❛❣♥❡&✐❝ )♣❡❝&+♦♠❡&❡+ ✇❛) ❡♠♣❧♦②❡❞ ❛) ❝♦♠♣❧❡♠❡♥&❛+② ❞✐❛❣♥♦)&✐❝ ✐♥ &❤❡ ❡①♣❡+✐♠❡♥✲

&❛❧ ❛++❛♥❣❡♠❡♥&✱ ❛) )❤♦✇♥ ✐♥ ✜❣✉+❡ ✹✳✷✹✳ ❋✐+)& +❡)✉❧&) ❛♥❞ )♣❡❝✐✜❝❛&✐♦♥) ✇❡+❡ ❛❧+❡❛❞②

❞❡)❝+✐❜❡❞ ✐♥ )❡❝&✐♦♥ ✻✳✹✳ ❚❤❡ ♠❛✐♥ ♣✉+♣♦)❡ ♦❢ &❤❡ )♣❡❝&+♦♠❡&❡+ ✇❛) &❤❡ ❞❡&❡❝&✐♦♥ ♦❢

✐♦♥) ❛♥❞ ❡❧❡❝&+♦♥) ❛& &❤❡ )❛♠❡ &✐♠❡ ✐♥ &❤❡ &+❛♥)✈❡+)❡ ❞✐+❡❝&✐♦♥ &♦ &❤❡ ❉+✐✈❡+ ❛①✐)✳ ❍♦✇✲

❡✈❡+✱ ♥♦ ✐♦♥ )✐❣♥❛❧ ✇❛) ♦❜)❡+✈❡❞ ♥❡✐&❤❡+ ❜② ❛ )✐♥❣❧❡ ❧❛)❡+ ✐♥&❡+❛❝&✐♦♥✱ ❉+✐✈❡+✲♦♥❧② ♦+

❍❡❛&❡+✲♦♥❧②✱ ♥♦+ ❜② ❛ ❞♦✉❜❧❡ ❜❡❛♠ ✐♥&❡+❛❝&✐♦♥✳ ❘❛&❤❡+✱ ❡❧❡❝&+♦♥) ✇❡+❡ ❞❡&❡❝&❡❞ ❛& ❛

❉+✐✈❡+✲♦♥❧② ✐♥&❡+❛❝&✐♦♥ ❛) ♣+❡)❡♥&❡❞ ❜❡❢♦+❡ ♦+ ❛& ❛ ❞♦✉❜❧❡ ❜❡❛♠ ✐♥&❡+❛❝&✐♦♥✳ ◆♦♥❡ ✇❡+❡

❛❝❝❡❧❡+❛&❡❞ ❞✉❡ &♦ ❛ ❍❡❛&❡+✲♦♥❧② ✐♥&❡+❛❝&✐♦♥✳
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✭❜✮ ▼❛①✐♠✉♠ ❡♥❡(❣② ✈+ ❞❡♥+✐'②

ions electrons

zero point

✭❝✮ ❘❛✇ ✐♠❛❣❡

❋✐❣✉&❡ ✼✳✶✷✿ ❊❧❡❝&+♦♥ ❡♥❡+❣② )♣❡❝&+✉♠ ♦❢ ❛ ❞♦✉❜❧❡ ❧❛)❡+ ❜❡❛♠ ✐♥&❡+❛❝&✐♦♥ ✇✐&❤ ❛ ❍②✲

❞+♦❣❡♥ ❣❛) &❛+❣❡& ❛& ❛ ❞❡♥)✐&② ♦❢ 0.103n
❝

✳ ■♠❛❣❡ ✭❛✮ )❤♦✇) &❤❡ ❡❧❡❝&+♦♥ ❡♥❡+❣②

)♣❡❝&+✉♠✱ ❣+❛♣❤ ✭❜✮ &❤❡ ❡✈♦❧✉&✐♦♥ ♦❢ &❤❡ ♠❛①✐♠✉♠ ❡♥❡+❣② ✈❡+)✉) &❛+❣❡& ❞❡♥)✐&② ❛♥❞

❣+❛♣❤ ✭❝✮ ✐❧❧✉)&+❛&❡) &❤❡ +❛✇ )♣❡❝&+♦♠❡&❡+ ✐♠❛❣❡ ❝♦++❡)♣♦♥❞✐♥❣ &♦ ❣+❛♣❤ ✭❛✮✳

❋✐❣✉+❡ ✼✳✶✷✱ )❤♦✇) &❤❡ +❡)✉❧&) ♦❢ &❤❡ ❞♦✉❜❧❡ ❜❡❛♠ ❡❧❡❝&+♦♥ ❛❝❝❡❧❡+❛&✐♦♥ ❛♥❞ ❛ ❝♦♠♣❛+✐)♦♥

❜❡&✇❡❡♥ ❉+✐✈❡+✲♦♥❧② ❛♥❞ ❉+✐✈❡+ ♣❧✉) ❍❡❛&❡+ ✐♥&❡+❛❝&✐♦♥✳ ❚❤❡ ❡❧❡❝&+♦♥) ✐♥ ♣❧♦& ✭❛✮ ❛♥❞

✭❝✮ ✇❡+❡ ❛❝❝❡❧❡+❛&❡❞ ❜② ❛ ❞♦✉❜❧❡ ❜❡❛♠ ✐♥&❡+❛❝&✐♦♥ ✇✐&❤ ❛ ❍②❞+♦❣❡♥ &❛+❣❡& ❛& ❛ ❞❡♥)✐&② ♦❢

0.103n
❝

✳ ❆ ♠❛①✐♠✉♠ ❡❧❡❝&+♦♥ ❡♥❡+❣② ♦❢ ❛❜♦✉& ✾▼❡❱ ✇❛) +❡❛❝❤❡❞✳ M❧♦& ✭❜✮ ✐❧❧✉)&+❛&❡)
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✼✳✸ ❊❧❡❝'(♦♥ ❛❝❝❡❧❡(❛'✐♦♥ ❜② '❤❡ ❞♦✉❜❧❡ ❜❡❛♠ ✐♥'❡(❛❝'✐♦♥

❛ !"❛"✐!"✐❝! ♦❢ "❤❡ ♠❛①✐♠✉♠ ❝✉"✲♦✛ ❡♥❡/❣② ✈❡/!✉! "❛/❣❡" ❞❡♥!✐"② ❢♦/ ❍❡❧✐✉♠ ✭❜❧❛❝❦✮

❛♥❞ ❍②❞/♦❣❡♥ ✭/❡❞✮ "❛/❣❡"! ♦/ /❛"❤❡/ ❡❧❡❝"/♦♥! ❛❝❝❡❧❡/❛"❡❞ ❜② ❛ ❉/✐✈❡/✲♦♥❧② ✭❜❧❛❝❦✮

❛♥❞ ❛ ❞♦✉❜❧❡ ❜❡❛♠ ✭/❡❞✮ ✐♥"❡/❛❝"✐♦♥✳ ❚❤❡ ♠❛①✐♠✉♠ ❡♥❡/❣② ♦❢ "❤❡ ❉/✐✈❡/✲♦♥❧② /❡!✉❧"!

❞❡❝/❡❛!❡❞ ✈❡/② !❧♦✇❧② ✇✐"❤ ✐♥❝/❡❛!✐♥❣ ❞❡♥!✐"②✳ ❚❤❡ ❞♦✉❜❧❡ ❜❡❛♠ ✐♥"❡/❛❝"✐♦♥ ❧❡❞ "♦ ❛♥

❛❝❝❡❧❡/❛"✐♦♥ ✉♣ "♦ ❛ ❞❡♥!✐"② ♦❢ 0.14n
❝

✇✐"❤ ❛ ❝♦♥!"❛♥" ♠❛①✐♠✉♠ ❝✉"✲♦✛ ❡♥❡/❣② ♦❢ ❛❜♦✉"

✽ "♦ ✾▼❡❱✳

❚❤❡ !✐♥❣❧❡ ❉/✐✈❡/ ✇❛! ♥♦" ❛❜❧❡ "♦ ❛❝❝❡❧❡/❛"❡ ❡❧❡❝"/♦♥! ❛" ❞❡♥!✐"✐❡! ❛❜♦✈❡ 0.072n
❝

✱ ✇❤✐❧❡

❡❧❡❝"/♦♥! ❝♦✉❧❞ ❜❡ ❞❡"❡❝"❡❞ "♦ ❛ ❞❡♥!✐"② ♦❢ 0.14n
❝

❞✉❡ "♦ "❤❡ ❞♦✉❜❧❡ ❜❡❛♠ ✐♥"❡/❛❝"✐♦♥✱

❛❧"❤♦✉❣❤ "❤❡ ♠❛①✐♠✉♠ ❡♥❡/❣② ✇❛! /❡❞✉❝❡❞✳ ❆! ❛❧/❡❛❞② ❞✐!❝✉!!❡❞✱ ♦♥❧② ❜② ❜♦"❤ ❧❛!❡/

❜❡❛♠! ✐♥"❡/❛❝"✐♥❣ ✇✐"❤ "❤❡ "❛/❣❡"✱ ✐♦♥! ✇❡/❡ ❛❝❝❡❧❡/❛"❡❞ ✐♥ "❤❡ ❧♦♥❣✐"✉❞✐♥❛❧ ❞✐/❡❝"✐♦♥ "♦

"❤❡ ❉/✐✈❡/✳ ❚❤❡ ♣/❡✐♦♥✐!❛"✐♦♥ ♦❢ "❤❡ ✈❡/② ❞❡♥!❡ "❛/❣❡"! ❜② "❤❡ ❍❡❛"❡/ ❜❡❛♠✱ ❡♥❤❛♥❝❡❞

"❤❡ ❝♦♥❞✐"✐♦♥! ❢♦/ ❛ "/❛♥!✈❡/!❡ ♣✉!❤ ♦❢ "❤❡ ❡❧❡❝"/♦♥! ❜② "❤❡ ❉/✐✈❡/ ✐♥"❡/❛❝"✐♦♥✳ ❚❤❡

❡♥❡/❣② ♦❢ "❤❡ ❡❧❡❝"/♦♥! ✇❛! /❡❞✉❝❡❞✱ ❜❡❝❛✉!❡ ❡❧❡❝"/♦♥! ❛♥❞ ✐♦♥! ✇❡/❡ ♠❛✐♥❧② ❛❝❝❡❧❡/❛"❡❞

✐♥ "❤❡ ❢♦/✇❛/❞ ❞✐/❡❝"✐♦♥✳ ▼♦/❡♦✈❡/✱ "❤❡ ❢✴✷✺✲❍❡❛"❡/ ❜❡❛♠ ✇✐"❤ ❛♥ ✐♥"❡♥!✐"② ♦❢ a0 < 1

✇❛! ♥♦" !"/♦♥❣ ❡♥♦✉❣❤ "♦ ❛❝❝❡❧❡/❛"❡ ❛♥② ❡❧❡❝"/♦♥! ✐♥ "❤❡ ❢♦/✇❛/❞ ❞✐/❡❝"✐♦♥✳

■♥ !✉♠♠❛/② ✐" ❝❛♥ ❜❡ ❝♦♥❝❧✉❞❡❞ "❤❛"✱ ❜② ♠❡❛♥! ♦❢ "❤❡ !♣❡❝"/♦♠❡"❡/ ✐♥ "❤❡ "/❛♥!✈❡/!❡

❞✐/❡❝"✐♦♥ "♦ "❤❡ ❉/✐✈❡/✱ ❡❧❡❝"/♦♥! ✇❡/❡ ❞❡"❡❝"❡❞✱ ❜✉" ♥♦ ✐♦♥! ✐♥ ❛♥② ❧❛!❡/ ❛♥❞ "❛/❣❡"

❝♦♥✜❣✉/❛"✐♦♥✳

✶✻✾



❈❤❛♣$❡& ✼ ❉❡✈❡❧♦♣♠❡♥$ ♦❢ ❛ ♠♦♥♦❡♥❡&❣❡$✐❝ ✐♦♥ 2♦✉&❝❡ ❢&♦♠ ✉♥❞❡&❞❡♥2❡

$❛&❣❡$2

✼✳✹ ❈♦♥❝❧✉)✐♦♥) ❛♥❞ ❞✐)❝✉))✐♦♥ ❛❜♦✉. .❤❡ ✐♦♥

❛❝❝❡❧❡1❛.✐♦♥

❉✐✛❡$❡♥& &$❡♥❞( ❛♥❞ ❡✛❡❝&( ❝❛♥ ❜❡ (✉♠♠❛$✐(❡❞ ❢♦❧❧♦✇✐♥❣ &❤❡ ❛♥❛❧②(✐( ♦❢ &❤❡ ✐♦♥ ❛❝❝❡❧✲

❡$❛&✐♦♥ ❢$♦♠ ❍②❞$♦❣❡♥ ❛♥❞ ❍❡❧✐✉♠ ❣❛(✳ ❚❤❡ ♠♦(& ✐♠♣♦$&❛♥& ❢❛❝& ✐(✱ &❤❛& &❤❡$❡ ✇❛(

♥♦ (✐❣♥✐✜❝❛♥& ❞❡&❡❝&❛❜❧❡ ❛❝❝❡❧❡$❛&✐♦♥ ♦❢ ✐♦♥( ❜② ❛ (✐♥❣❧❡ ❜❡❛♠ ✐♥&❡$❛❝&✐♦♥ ✇✐&❤ &❤❡ ❣❛(

&❛$❣❡&✳ ❖♥❧② ❜♦&❤ ❜❡❛♠( ✐♥&❡$❛❝&✐♥❣ &♦❣❡&❤❡$ ✇✐&❤ &❤❡ ❣❛( ✇❡$❡ ❛❜❧❡ &♦ ❛❝❝❡❧❡$❛&❡ ✐♦♥(✳

■♥ &❤✐( ❝❛(❡✱ ✐♦♥( ✇❡$❡ ♦❜(❡$✈❡❞ ❜② &✇♦ ❚❤♦♠(♦♥ ♣❛$❛❜♦❧❛ (♣❡❝&$♦♠❡&❡$( ✐♥ 0◦ ❛♥❞

10◦ ❞✐$❡❝&✐♦♥ $❡❧❛&❡❞ &♦ &❤❡ ❉$✐✈❡$ ❧❛(❡$ ❛①✐(✳ ◆♦ ✐♦♥ (✐❣♥❛❧ ✇❛( ❞✐(&✐♥❣✉✐(❤❡❞ ✐♥ &❤❡

&$❛♥(✈❡$(❡ ❞✐$❡❝&✐♦♥ &♦ &❤❡ ❉$✐✈❡$ ❧❛(❡$ ❛①✐(✱ ❛( ❞❡(❝$✐❜❡❞ ❜❡❢♦$❡✳

■♥ "❤❡ ❢♦❧❧♦✇✐♥❣ "❤❡ +❡,✉❧", ♦❢ "❤❡ ♣+♦"♦♥ ❛❝❝❡❧❡+❛"✐♦♥ ❢+♦♠ ❍②❞+♦❣❡♥ ❣❛, ❛+❡

,✉♠♠❛+✐,❡❞✿

❚❤❡ ❡✈♦❧✉&✐♦♥ ♦❢ &❤❡ ♠❛①✐♠✉♠ ❝✉&✲♦✛ ❡♥❡$❣②✿

• ❚❤❡ ♠❛①✐♠✉♠ ❡♥❡$❣② ❛❧♦♥❣ 0◦ ✇❛( &✇✐❝❡ ❛( ❤✐❣❤ ❛( ❛❧♦♥❣ 10◦✳

• ❍✐❣❤❡$ &❛$❣❡& ❞❡♥(✐&✐❡( ❧❡❞ &♦ ❤✐❣❤❡$ ❝✉&✲♦✛ ❡♥❡$❣✐❡(✳

• ❆ $❡❧❛&✐✈❡ &❡♠♣♦$❛❧ ❞❡❧❛② ♦❢ < 10 ♣( ❧❡❞ &♦ ❛ ❞❡❝$❡❛(❡ ✐♥ &❤❡ ♠❛①✐♠✉♠ ❡♥❡$❣②✳

• ❆& ❛ $❡❧❛&✐✈❡ &❡♠♣♦$❛❧ ❞❡❧❛② ♦❢ 10 ♣( ✉♣ &♦ 5 ♣( &❤❡ ♠❛①✐♠✉♠ ♦❢ &❤❡ ❝✉&✲♦✛

❡♥❡$❣② ✇❛( $❡❛❝❤❡❞✳

• ❆ $❡❧❛&✐✈❡ &❡♠♣♦$❛❧ ❞❡❧❛② ♦❢ > 5 ♣( ✐♥&$♦❞✉❝❡❞ ❛ ✈❡$② (❧♦✇ ❞❡❝$❡❛(❡✳

❆ ❞❡♥(✐&② (❝❛♥ ❧❡❛❞( &♦✿

• ❆& &❛$❣❡& ❞❡♥(✐&✐❡( ♦❢ < 0.056n
❝

♥♦ ✐♦♥( ✇❡$❡ ❞❡&❡❝&❡❞✳

• ❚❤❡ (♣❡❝&$❛❧ ❢❡❛&✉$❡ ✇❛( ♠♦♥♦❡♥❡$❣❡&✐❝ ❛& &❛$❣❡& ❞❡♥(✐&✐❡( ♦❢ ≤ 0.103n
❝

✳

• ❚❤❡ (♣❡❝&$❛❧ ❢❡❛&✉$❡ ✇❛( ❜$♦❛❞❜❛♥❞ ❛& &❛$❣❡& ❞❡♥(✐&✐❡( ♦❢ ≤ 0.177n
❝

✳

■♥ ♦$❞❡$ &♦ ❢✉$&❤❡$ ✐♥✈❡(&✐❣❛&❡ &❤❡ ♠♦♥♦❡♥❡$❣❡&✐❝ ❢❡❛&✉$❡(✱ ❞✐✛❡$❡♥& ❤✐❣❤❧✐❣❤&( ❝❛♥ ❜❡

♠❡♥&✐♦♥❡❞✳

❙&$♦♥❣ ❝♦❧❧✐♠❛&✐♦♥✿

• ❖♥❧② ❛❧♦♥❣ 0◦✱ ♠♦♥♦❡♥❡$❣❡&✐❝ ❢❡❛&✉$❡( ✇❡$❡ ♦❜(❡$✈❡❞✳

• ❚❤❡ (♣❡❝&$❛❧ ❢❡❛&✉$❡( ❛❧♦♥❣ 10◦ ✇❡$❡ ❜$♦❛❞❜❛♥❞✳

✶✼✵



✼✳✹ ❈♦♥❝❧✉)✐♦♥) ❛♥❞ ❞✐)❝✉))✐♦♥ ❛❜♦✉. .❤❡ ✐♦♥ ❛❝❝❡❧❡1❛.✐♦♥

❚✇♦ ♠♦$❡ ❞❡♣❡♥❞❡♥❝✐❡+ ✇❡$❡ ✐♥✈❡+-✐❣❛-❡❞ ❛- -❤❡ 0◦ ❞❡-❡❝-✐♦♥ ❛♥❣❧❡✿

❚❤❡ ❧❛+❡$ ❡♥❡$❣② ❛✛❡❝-+ -❤❡ ❛❝❝❡❧❡$❛-✐♦♥ ❛+ ❢♦❧❧♦✇+✿

• ■❢ -❤❡ ❉$✐✈❡$ ❡♥❡$❣② ✇❛+ ❞❡❝$❡❛+❡❞ ❛♥❞ -❤❡ ❍❡❛-❡$ ✇❛+ ❦❡♣- ❛- ✐-+ ✐♥✐-✐❛❧ ❡♥❡$❣②✱

♠♦♥♦❡♥❡$❣❡-✐❝ ❢❡❛-✉$❡+ ✇❡$❡ -✉$♥❡❞ -♦ ❜$♦❛❞❜❛♥❞ +♣❡❝-$❛ ✇✐-❤ ❛ ❝♦♥+-❛♥-

♠❛①✐♠✉♠ ❝✉-✲♦✛ ❡♥❡$❣②✳

• ■❢ -❤❡ ❍❡❛-❡$ ❡♥❡$❣② ✇❛+ ❞❡❝$❡❛+❡❞ ❛♥❞ -❤❡ ❉$✐✈❡$ ✇❛+ ❦❡♣- ❛- ✐-+ ✐♥✐-✐❛❧ ❡♥❡$❣②✱

♠♦♥♦❡♥❡$❣❡-✐❝ ❢❡❛-✉$❡+ ✇✐-❤ ❛ +-❛❜❧❡ ♠❛①✐♠✉♠ ❝✉-✲♦✛ ❡♥❡$❣② ✇❡$❡ ❝❤❛♥❣❡❞ -♦

♥♦ ❞❡-❡❝-✐♦♥ ♦❢ ✐♦♥+✳

❚❤❡ $❡❧❛-✐✈❡ -✐♠❡ ❞❡❧❛② ❜❡-✇❡❡♥ -❤❡ ❧❛+❡$ ❜❡❛♠+ ❛✛❡❝-+ -❤❡ +♣❡❝-$❛❧ ❢❡❛-✉$❡+ ❛+ ❢♦❧❧♦✇+✿

• ❆- ♥❡❣❛-✐✈❡ ❞❡❧❛②+ ♦❢ −20 ♣+✱ -❤❡ +♣❡❝-$❛❧ ❢❡❛-✉$❡+ ✇❡$❡ ❜$♦❛❞❜❛♥❞✳
• ❆- ❞❡❧❛②+ ❜❡-✇❡❡♥ −10 ♣+ ❛♥❞ 0 ♣+ ♠♦♥♦❡♥❡$❣❡-✐❝ ❢❡❛-✉$❡+ ✇❡$❡ ♦❜+❡$✈❡❞✳

• ❆- ❞❡❧❛②+ ♦❢ > 2.5 ♣+ -❤❡ +♣❡❝-$❛ ✇❡$❡ ❛❣❛✐♥ ❜$♦❛❞❜❛♥❞✳

❙✉♠♠❛$✐+✐♥❣ -❤❡ ♠❡♥-✐♦♥❡❞ ❞❡♣❡♥❞❡♥❝✐❡+✿ ❚❤❡ ❝❤❛$❛❝-❡$✐+-✐❝+ ♦❢ -❤❡ ♣$♦-♦♥ ❡♥❡$❣②

+♣❡❝-$❛ ✇❡$❡ ❛✛❡❝-❡❞ ❜② -❤❡ -❛$❣❡- ❞❡♥+✐-②✱ -❤❡ ❧❛+❡$ ❡♥❡$❣② ❛♥❞ -❤❡ $❡❧❛-✐✈❡ ❞❡❧❛②

❜❡-✇❡❡♥ -❤❡ ❧❛+❡$ ♣✉❧+❡+✳

❈♦♥#❡❝✉'✐✈❡❧②✱ '❤❡ ❝♦♥❝❧✉#✐♦♥# ♦❢ '❤❡ ❍❡❧✐✉♠ ✐♦♥ ❛❝❝❡❧❡2❛'✐♦♥ ❛2❡ #✉♠♠❛2✐#❡❞✿

❆ ❝❤❛♥❣❡ ✐♥ -❤❡ -❛$❣❡- ❞❡♥+✐-② ❧❡❛❞+ -♦✿

• 0.056n
❝

≤ n
❡

≤ 0.228n
❝

✿ ❚❤❡ ❛♣♣❡❛$❛♥❝❡ ♦❢ ❍❡

+
❞❡❝$❡❛+❡❞

• 0.132n
❝

≤ n
❡

≤ 0.228n
❝

✿ ❚❤❡ ❛♣♣❡❛$❛♥❝❡ ♦❢ ❍❡

++
✐♥❝$❡❛+❡❞

• 0.060n
❝

✿ ♠♦+-❧② ♠♦♥♦❡♥❡$❣❡-✐❝ ❍❡

+
✇❛+ ♦❜+❡$✈❡❞

❚❤❡ ♠❛①✐♠✉♠ ❝✉-✲♦✛ ❡♥❡$❣② ♣❡$ $❡❧❛-✐✈❡ ❞❡❧❛② ❛♥❞ -❛$❣❡- ❞❡♥+✐-② ✐+ $❡❧❛-❡❞ ❛+✿

• ❚❤❡ ♠❛①✐♠✉♠ ❡♥❡$❣② ❛❧♦♥❣ 0◦ ✇❛+ -✇✐❝❡ ❛+ ❤✐❣❤ ❛+ ❛❧♦♥❣ 10◦ ❢♦$ ❍❡+ ❛♥❞ ❍❡++
✳

• ❍✐❣❤❡$ -❛$❣❡- ❞❡♥+✐-✐❡+ ❧❡❞ -♦ ❤✐❣❤❡$ ❝✉-✲♦✛ ❡♥❡$❣✐❡+ ❢♦$ ❍❡

+
❛♥❞ ❍❡

++
✳

• ❆ $❡❧❛-✐✈❡ -❡♠♣♦$❛❧ ❞❡❧❛② ♦❢ < 0 ♣+ ❧❡❞ -♦ ❛ ❞❡❝$❡❛+❡ ✐♥ -❤❡ ♠❛①✐♠✉♠ ❡♥❡$❣②✳

• ❆- ❛ $❡❧❛-✐✈❡ -❡♠♣♦$❛❧ ❞❡❧❛② ♦❢ 0 ♣+ ✉♣ -♦ 20 ♣+ -❤❡ ♠❛①✐♠✉♠ ♦❢ -❤❡ ❝✉-✲♦✛

❡♥❡$❣② ✇❛+ $❡❛❝❤❡❞✳

• ❆ $❡❧❛-✐✈❡ -❡♠♣♦$❛❧ ❞❡❧❛② ♦❢ > 20 ♣+ ✐♥-$♦❞✉❝❡❞ ❛ ✈❡$② +❧♦✇ ❞❡❝$❡❛+❡✳

✶✼✶



❈❤❛♣$❡& ✼ ❉❡✈❡❧♦♣♠❡♥$ ♦❢ ❛ ♠♦♥♦❡♥❡&❣❡$✐❝ ✐♦♥ 2♦✉&❝❡ ❢&♦♠ ✉♥❞❡&❞❡♥2❡

$❛&❣❡$2

❚❤❡ ❍❡❛%❡& ❧❛(❡& ❡♥❡&❣② ❛✛❡❝%( %❤❡ ❛❝❝❡❧❡&❛%✐♦♥ ❛( ❢♦❧❧♦✇(✿

• 0.036n
❝

✿ ■❢ %❤❡ ❍❡❛%❡& ❡♥❡&❣② ✇❛( ❞❡❝&❡❛(❡❞ ❛♥❞ %❤❡ ❉&✐✈❡& ✇❛( ❦❡♣% ❛% ✐%(

✐♥✐%✐❛❧ ❡♥❡&❣②✱ ❜&♦❛❞❜❛♥❞ ❍❡

+
(♣❡❝%&❛ ✇❡&❡ ❞❡%❡❝%❡❞ ✇✐%❤ ❛ (%❛❜❧❡ ♠❛①✐♠✉♠

❝✉%✲♦✛ ❡♥❡&❣②✳

• 0.228n
❝

✿ ■❢ %❤❡ ❍❡❛%❡& ❡♥❡&❣② ✇❛( ❞❡❝&❡❛(❡❞ ❛♥❞ %❤❡ ❉&✐✈❡& ✇❛( ❦❡♣% ❛% ✐%(

✐♥✐%✐❛❧ ❡♥❡&❣②✱ %❤❡ ❛♣♣❡❛&❛♥❝❡ ♦❢ ❜&♦❛❞❜❛♥❞ ❍❡

++
(♣❡❝%&❛ ❛♥❞ %❤❡ ♠❛①✐♠✉♠

❍❡

++
❝✉%✲♦✛ ❡♥❡&❣② ❞❡❝&❡❛(❡❞✱ ✇❤✐❧❡ %❤❡ ❛♣♣❡❛&❛♥❝❡ ♦❢ ❜&♦❛❞❜❛♥❞ ❍❡

+

(♣❡❝%&✉♠ ✐♥❝&❡❛(❡❞ ✇✐%❤ ❛ (%❛❜❧❡ ♠❛①✐♠✉♠ ❝✉%✲♦✛ ❡♥❡&❣②✳

❖✉%❧✐♥✐♥❣ %❤❡ ♠❡♥%✐♦♥❡❞ ❞❡♣❡♥❞❡♥❝✐❡(✱ %❤❡ ❝❤❛&❛❝%❡&✐(%✐❝( ♦❢ %❤❡ ❍❡❧✐✉♠ ✐♦♥ ❡♥❡&❣②

(♣❡❝%&❛✱ %❤❡ %②♣❡ ♦❢ %❤❡ ❛❝❝❡❧❡&❛%❡❞ ✐♦♥ (♣❡❝✐❡( ❛♥❞ %❤❡ ♠❛①✐♠✉♠ ❝✉%✲♦✛ ❡♥❡&❣② ✇❡&❡

❛✛❡❝%❡❞ ❜② %❤❡ %❛&❣❡% ❞❡♥(✐%② ❛♥❞ ❧❛(❡& ❡♥❡&❣②✳

❆♥❛❧②%✐% ♦❢ )❤❡ ❛❝❝❡❧❡-❛)✐♦♥ ♠❡❝❤❛♥✐%♠%✿

❚❤❡ ❍❡❛%❡& ❜❡❛♠ ✐♥ %❤✐( ❡①♣❡&✐♠❡♥%❛❧ (❡%✉♣ ✇❛( %♦♦ ✇❡❛❦ %♦ ❛❝❝❡❧❡&❛%❡ ✐♦♥( ✈✐❛ ❈♦✉❧♦♠❜

❡①♣❧♦(✐♦♥ ✭❈❊✮✳ ❆❧❧ ♥❡❝❡((❛&② ♣❛&❛♠❡%❡&( ❢♦& %❤❡ ❈♦✉❧♦♠❜ ❡①♣❧♦(✐♦♥ %❤&❡(❤♦❧❞( ❛&❡ ❧✐(%❡❞

✐♥ %❛❜❧❡ ✼✳✶✳ ❆❧%❤♦✉❣❤ %❤❡ ♣❧❛(♠❛ ❢&❡H✉❡♥❝② ✇❛( ❧♦✇❡& %❤❛♥ %❤❡ ❧❛(❡& ❢&❡H✉❡♥❝②✱ %❤❡

❢♦❝❛❧ (♣♦% &❛❞✐✉( ✇❛( %♦♦ ❜✐❣ ✭r0 = 37.5µ♠✮ ❛♥❞ %❤❡ ♥♦&♠❛❧✐(❡❞ ✈❡❝%♦& ♣♦%❡♥%✐❛❧ ✇❛( %♦♦

❧♦✇ ✭❛❜♦✉% a0 = 0.3✮ %♦ ❡✈❛❝✉❛%❡ %❤❡ ❝❤❛♥♥❡❧ ♦❢ ❡❧❡❝%&♦♥( ❜② %❤❡ &❛❞✐❛❧ ❝♦♠♣♦♥❡♥% ♦❢ %❤❡

♣♦♥❞❡&♦♠♦%✐✈❡ ❢♦&❝❡✳ ❚❤❡&❡❢♦&❡✱ ❛ %&❛♥(✈❡&(❡ ✐♦♥ ❛❝❝❡❧❡&❛%✐♦♥ ✈✐❛ ❈❊ ❜② ❛ ❍❡❛%❡&✲♦♥❧②

✐♥%❡&❛❝%✐♦♥ ✇❛( ♥♦% ♣♦((✐❜❧❡ ✐♥ %❤✐( ❡①♣❡&✐♠❡♥%❛❧ (❡%✉♣✱ ❛❧%❤♦✉❣❤ ❛ ♣❧❛(♠❛ ❝❤❛♥♥❡❧ ♠✉(%

❤❛✈❡ ❜❡❡♥ ❝&❡❛%❡❞ ✭❞✐(❝✉((✐♦♥ ✐( ❢♦❧❧♦✇✐♥❣✮✳

%❛&❣❡% ❞❡♥(✐%② ♠✐♥ ♠❛①

n
❡

❬❝♠

−3
❪ 1.6 · 1019 3.92 · 1020

n
❡

/n
❝

✵✳✵✵✾ ✵✳✷✷✽

ω0 ❬❍③❪ 2.35 · 1015 ω
♣

❬❍③❪ 2.26 · 1014 1.12 · 1015

τ ❬❢(❪ ✸✵ 1/ω
♣

❬❢(❪ ✹✳✹✷ ✵✳✾

cτ ❬µ♠❪ ✽✳✾✾ r0 ❬µ♠❪ ✸✼✳✺

a0 ✵✳✻ a0max✭✶❉✮ ✸✾✽ ✾✼✻✼

❚❛❜❧❡ ✼✳✶✿ ❉✐✛❡&❡♥% ❝♦♥❞✐%✐♦♥(✱ ✇❤✐❝❤ ❤❛✈❡ %♦ ❜❡ ❢✉❧✜❧❧❡❞ ✐♥ ♦&❞❡& %♦ ❛❝❝❡❧❡&❛%❡ ✐♦♥(

❞✉❡ %♦ ❈♦✉❧♦♠❜ ❡①♣❧♦(✐♦♥ ❛% %❤❡ ♠✐♥✐♠✉♠ ❛♥❞ ♠❛①✐♠✉♠ %❛&❣❡% ❞❡♥(✐%② ✐♥ %❤❡ ❢✴✷✺

❍❡❛%❡& (❡%✉♣✳

✶✼✷



✼✳✹ ❈♦♥❝❧✉)✐♦♥) ❛♥❞ ❞✐)❝✉))✐♦♥ ❛❜♦✉. .❤❡ ✐♦♥ ❛❝❝❡❧❡1❛.✐♦♥

❆! ❞❡!❝%✐❜❡❞ ✐♥ !❡❝)✐♦♥ ✻✳✸✱ )❤❡ ❝♦♥❞✐)✐♦♥! ❢♦% ❛ ❈❙❆ ❛♥❞ ❈❊ ❜② ♠❡❛♥! ♦❢ )❤❡ ❉%✐✈❡%✲

♦♥❧② ✐♥)❡%❛❝)✐♦♥ ✇❡%❡ ❢✉❧✜❧❧❡❞ ❢♦% ❤✐❣❤ )❛%❣❡) ❞❡♥!✐)✐❡!✱ ❜✉) )❤❡%❡ ✇❡%❡ ♥♦ ❛❝❝❡❧❡%❛)❡❞

✐♦♥! ❞❡)❡❝)❡❞ ❢%♦♠ ❛ ❉%✐✈❡%✲♦♥❧② ✐♥)❡%❛❝)✐♦♥✳ ❚❤❡%❡❢♦%❡✱ )❤❡ ♥❡✇ ❚◆❙❆✲❧✐❦❡ ❛❝❝❡❧❡%❛✲

)✐♦♥ %❡❣✐♠❡ ✇❛! ❛❝❤✐❡✈❡❞ ❜② )❤❡ ✐♥)❡%❛❝)✐♦♥ ♦❢ ❜♦)❤ ❧❛!❡% ❜❡❛♠! )♦❣❡)❤❡% ✇✐)❤ )❤❡ ❣❛!

)❛%❣❡)✳

❚❤❡ !♣❡❝✐✜❝ ❦✐♥❞ ♦❢ ♣%❡✲❢♦%♠❡❞ ♣❧❛!♠❛ ❤❛❞ )♦ ❜❡ ❜✉✐❧) ✐♥!✐❞❡ )❤❡ )❛%❣❡) ✐♥ ♦%❞❡% )♦

❛❝❝❡❧❡%❛)❡ ✐♦♥!✳ ❆! ❞✐!❝✉!!❡❞ ✐♥ !❡❝)✐♦♥ ✻✳✸✱ ❛ ♣❧❛!♠❛ ❝❤❛♥♥❡❧ !)%✉❝)✉%❡ ✐! ❢♦%♠❡❞ ❛❧%❡❛❞②

❜② )❤❡ ♣❡❞❡!)❛❧ ❧❡✈❡❧ ♦❢ )❤❡ ❢✴✶✵ ❍❡❛)❡% ✇✐)❤ ❛♥ ✐♥)❡♥!✐)② ♦❢ ❛❜♦✉) 1014 − 1015❲✴❝♠2
✳

❚❤❡%❡❢♦%❡✱ )❤❡ ❢✴✷✺ ❍❡❛)❡% ❜❡❛♠ ✇✐)❤ ❛♥ ✐♥)❡♥!✐)② ♦❢ ❛❜♦✉) 6.6 · 1017❲✴❝♠2
❝%❡❛)❡! ❛!

✇❡❧❧ ❛ ♣❧❛!♠❛ ❝❤❛♥♥❡❧ ✇✐)❤ ❛ ❧❛%❣❡% ❛♥❞ ♠♦%❡ ❤♦♠♦❣❡♥♦✉! ♣%♦✜❧❡✱ ✇❤✐❝❤ ❞❡♣❧❡)❡❞ !❧♦✇❡%✱

❜❡❝❛✉!❡ ♦❢ )❤❡ ✐♥❝%❡❛!❡❞ ❢♦❝❛❧ !♣♦) !✐③❡ ❛♥❞ ❧❡!! ✐♥)❡♥!✐)②✳ ❆❝❝♦%❞✐♥❣❧②✱ )❤❡ ❞✐!❝✉!!✐♦♥

♦❢ )❤❡ %❡!✉❧)! ❜❡❢♦%❡ ❛♥❞ )❤❡ !✐♠✉❧❛)✐♦♥! ♦❢ )❤❡ ❉%✐✈❡% ✐♥)❡%❛❝)✐♦♥ ❛%❡ ❛❧!♦ ✈❛❧✐❞ ❢♦% )❤✐!

!♣❡❝✐❛❧ ❞♦✉❜❧❡ ❜❡❛♠ ✐♥)❡%❛❝)✐♦♥✳

❍♦✇❡✈❡%✱ ❛! !❡❡♥ ✐♥ )❤❡!❡ ❡①♣❡%✐♠❡♥)❛❧ %❡!✉❧)!✱ )❤❡ !♣❡❝)%❛❧ ❢❡❛)✉%❡! ❞❡♣❡♥❞ ♦♥ )❤❡ )❛%❣❡)

❞❡♥!✐)②✱ )❤❡ ❞❡❧❛② ❜❡)✇❡❡♥ )❤❡ ❜❡❛♠! ❛♥❞ )❤❡ ❧❛!❡% ❡♥❡%❣②✳ ❆❧❧ )❤❡!❡ )❤%❡❡ ♣❛%❛♠❡)❡%!

❛✛❡❝) )❤❡ ♣❧❛!♠❛ ❝❤❛♥♥❡❧ !)%✉❝)✉%❡ ❝%❡❛)❡❞ ❜② )❤❡ ❍❡❛)❡% ❜❡❛♠✳ ❆ ❞✐✛❡%❡♥) )❛%❣❡)

❞❡♥!✐)② ❧❡❛❞! )♦ ❛ ❞✐✛❡%❡♥) ❍❡❛)❡% ♣❧❛!♠❛ ✐♥)❡%❛❝)✐♦♥ ✇✐)❤ ❛ ❞✐✛❡%❡♥) ❣❡♥❡%❛)❡❞ ♣❧❛!♠❛

❝❤❛♥♥❡❧ ❡✈♦❧✉)✐♦♥✳ ❚❤❡ )✐♠❡ ❞❡❧❛② ❜❡)✇❡❡♥ )❤❡ )✇♦ ❜❡❛♠! ❧❡❛❞! )♦ ❛ ❞✐✛❡%❡♥) ❡✈♦❧✉)✐♦♥

♦❢ )❤❡ ❝❤❛♥♥❡❧ !)%✉❝)✉%❡ ❛♥❞ ❝❤❛♥♥❡❧ ❡❞❣❡ !❝❛❧❡ ❧❡♥❣)❤!✱ ✇❤✐❝❤ ❣%♦✇ ✐♥ )✐♠❡✳ ❚❤❡ ❧❛!❡%

❡♥❡%❣② ♣%♦✈✐❞❡! ❛ ❞✐✛❡%❡♥) ❝♦♥❞✐)✐♦♥ ❢♦% ❛ !)%♦♥❣❡% ♦% ✇❡❛❦❡% ✐♥)❡%❛❝)✐♦♥ ❛♥❞ )❤❡%❡❢♦%❡ ❛

❞✐✛❡%❡♥) ❝❤❛♥♥❡❧ ❢♦%♠❛)✐♦♥✱ ❛! ❛♥❛❧②!❡❞ ✐♥ )❤❡ ♥✉♠❡%✐❝❛❧ !✐♠✉❧❛)✐♦♥! ✐♥ !❡❝)✐♦♥ ✺✳✷ ❛♥❞

✐♥ !❡❝)✐♦♥ ✻✳✷✳ ❖♥❧② ✐♥ ❛ !♣❡❝✐✜❝ ❞❡♥!✐)② %❡❣✐♠❡ ✇✐)❤ ❛ !♣❡❝✐✜❝ ♣❧❛!♠❛ !)%✉❝)✉%❡✱ )❤❡
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❈❤❛♣$❡& ✼ ❉❡✈❡❧♦♣♠❡♥$ ♦❢ ❛ ♠♦♥♦❡♥❡&❣❡$✐❝ ✐♦♥ 2♦✉&❝❡ ❢&♦♠ ✉♥❞❡&❞❡♥2❡

$❛&❣❡$2

♣!♦#♦♥✲!✐❝❤ ❞♦# ❛# #❤❡ !❡❛! ,✉!❢❛❝❡ ✇❛, ✉,❡❞ ❜② ❙❝❤✇♦❡&❡& ❡' ❛❧✳ ❬✶✷✹❪✳ ❑❧✐♠♦ ❡' ❛❧✳ ❬✶✷✺❪

✐♥✈❡,#✐❣❛#❡❞ ❛ !❛❞✐❛#✐♦♥ ♣!❡,,✉!❡ ❛❝❝❡❧❡!❛#✐♦♥ ✭❘>❆✮ ♣!♦❝❡,, ♦❢ ✉❧#!❛ #❤✐♥ ♥♠✲❢♦✐❧, ♦❢

♠♦♥♦❡♥❡!❣❡#✐❝ ✐♦♥, ❜② ♠❡❛♥, ♦❢ ❛ ❝✐!❝✉❧❛! ♣♦❧❛!✐③❡❞ ❧❛,❡!✳ ❍♦✇❡✈❡!✱ ♠♦♥♦❡♥❡!❣❡#✐❝ ✐♦♥

❢❡❛#✉!❡, ❢!♦♠ ❛ ❣❛, #❛!❣❡# ✭♦✈❡!❝!✐#✐❝❛❧ ❞❡♥,✐#②✮ ✇❡!❡ ♦❜,❡!✈❡❞ ❜② .❛❧♠❡& ❡' ❛❧✳ ❬✶✶✶❪ ❛♥❞

❍❛❜❡&❜❡&❣❡& ❡' ❛❧✳ ❬✶✶✷❪ ❜② ♠❡❛♥, ♦❢ ❛ ❈❖2 ❧❛,❡!✳ ❑❛❤❛❧② ❡' ❛❧✳ ❬✸✹❪ ❣❡♥❡!❛#❡❞ ❛ ,♦✉!❝❡

♦❢ H✉❛,✐✲♠♦♥♦❡♥❡!❣❡#✐❝ ❢❡❛#✉!❡, ✐♥ #❤❡ #!❛♥,✈❡!,❡ ❞✐!❡❝#✐♦♥ #♦ #❤❡ ❧❛,❡! ❛①✐, ❛# ✈❡!② ❧♦✇

#❛!❣❡# ❞❡♥,✐#② ♦❢ ❛❜♦✉# 0.001n
❝

❜② ❛ ♣✐♥❝❤✐♥❣ ♦❢ #❤❡ ♣❧❛,♠❛ ❝❤❛♥♥❡❧ ✐♥ ❝♦♠❜✐♥❛#✐♦♥

✇✐#❤ ❛ ❚◆❙❆ ,❤❡❛#❤ ✜❡❧❞✳ ❚❤❡ ♠♦♥♦❡♥❡!❣❡#✐❝ ❢❡❛#✉!❡, ♦❜,❡!✈❡❞ ✐♥ #❤✐, ❡①♣❡!✐♠❡♥#❛❧

❝❛♠♣❛✐❣♥ !❡,✉❧#❡❞ ❢!♦♠ #❤❡ ❚◆❙❆✲❧✐❦❡ ♠❡❝❤❛♥✐,♠ ✭❞✐,❝✉,,❡❞ ✐♥ ❝❤❛♣#❡! ✻✮✳ ❍♦✇❡✈❡!✱

❞✉❡ #♦ ❛ !❡❞✉❝#✐♦♥ ♦❢ #❤❡ ❍❡❛#❡! ✐♥#❡♥,✐#②✱ ❛ ,❤❛!♣ ❞❡♥,✐#② ,♣✐❦❡ ✇❛, ❣❡♥❡!❛#❡❞✳ ❇② #❤❡

✐♥#❡!❛❝#✐♦♥ ♦❢ #❤❡ ❉!✐✈❡! ✇✐#❤ #❤✐, ,♣❡❝✐❛❧❧② ,❤❛♣❡❞ ❞❡♥,✐#② ♣!♦✜❧❡ ❛ ❤♦♠♦❣❡♥♦✉, ❡❧❡❝#!✐❝

,❤❡❛#❤ ✜❡❧❞ ✇❛, ❣❡♥❡!❛#❡❞✱ ❛, ❞❡,❝!✐❜❡❞ ✐♥ #❤❡ ♣!❡✈✐♦✉, ♠❡♥#✐♦♥❡❞ !❡,✉❧#, ✐♥ ♦✈❡!❞❡♥,❡

#❛!❣❡#,✱ ,✉✐#❛❜❧❡ ♦❢ ❝❛✉,✐♥❣ ❛ ♠♦♥♦❡♥❡!❣❡#✐❝ ✐♦♥ ,♦✉!❝❡✳

❋♦! ❢✉!#❤❡! ✐♥✈❡,#✐❣❛#✐♦♥, ♦❢ #❤❡ ❡①♣❡!✐♠❡♥#❛❧ !❡,✉❧#,✱ ❛❞❞✐#✐♦♥❛❧ ,✐♠✉❧❛#✐♦♥, ❤❛✈❡ #♦

❜❡ ♣❡!❢♦!♠❡❞ ✐♥ ♦!❞❡! #♦ !❡♣!♦❞✉❝❡ #❤❡ ❝♦♥❞✐#✐♦♥, ❢♦! ❛ ♠♦♥♦❡♥❡!❣❡#✐❝ ✐♦♥ ,♦✉!❝❡✳ ■♥

❝♦♥#!❛,# #♦ #❤❡ ,✐♠✉❧❛#✐♦♥ !❡,✉❧#, ✐♥ ,❡❝#✐♦♥ ✻✳✷✱ ❛ ❞✐✛❡!❡♥# ❞❡♥,✐#② ♣!♦✜❧❡ ❤❛, #♦ ❜❡

❛,,✉♠❡❞✳ ❆ ❧❛!❣❡! ❝❤❛♥♥❡❧✱ ❧❡,, ❡✈❛❝✉❛#❡❞ ✇✐#❤ ,♠❛❧❧❡! ❞❡♥,✐#② ❜❛!!✐❡!, ❤❛, #♦ ❜❡

✐♠♣❧❡♠❡♥#❡❞✳ ❙♠❛❧❧ ❝❤❛♥❣❡, ❧❡❛❞ #♦ ❛♥ ✐♥❤♦♠♦❣❡♥❡♦✉, ❡❧❡❝#!✐❝ ✜❡❧❞ ❝♦♥#!✐❜✉#✐♥❣ #♦

❛ ❜!♦❛❞❜❛♥❞ ✐♦♥ ❡♥❡!❣② ,♣❡❝#!✉♠✳ ❚❤❡!❡❢♦!❡✱ #❤❡ !✐❣❤# ❝♦♠❜✐♥❛#✐♦♥ ♦❢ ❞❡♥,✐#② ❛♥❞

✐♥#❡♥,✐#② ❤❛, #♦ ❜❡ ❢♦✉♥❞ ✐♥ ❢❛✈♦✉! ♦❢ ❛ ,♣❛#✐❛❧❧② ❤♦♠♦❣❡♥♦✉, ❧♦❝❛❧✐,❡❞ ❛♥❞ ❞✐!❡❝#✐♦♥❛❧

❡❧❡❝#!✐❝ ,❤❡❛#❤ ✜❡❧❞ #♦ ❛❝❝❡❧❡!❛#❡ ♠♦♥♦❡♥❡!❣❡#✐❝ ✐♦♥,✳
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✼✳✺ ❙✉♠♠❛'②

✼✳✺ ❙✉♠♠❛'②

❚❤❡ ❞❡✈❡❧♦♣♠❡♥* ♦❢ ❛♥ ✐♦♥ .♦✉0❝❡ ❢0♦♠ ✉♥❞❡0❞❡♥.❡ *❛0❣❡*. *♦✇❛0❞. ❛ .*❛❜❧❡✱ ❤✐❣❤ 0❡♣✲

❡*✐*✐♦♥ 0❛*❡✱ ♠♦♥♦❡♥❡0❣❡*✐❝ ✐♦♥ ❜❡❛♠ ✐. ❞❡♠♦♥.*0❛*❡❞ ✐♥ *❤✐. ❝❤❛♣*❡0✳ ❚❤❡ ❚◆❙❆✲❧✐❦❡

❛❝❝❡❧❡0❛*✐♦♥ ♣0♦❝❡..✱ ❞✐.❝✉..❡❞ ❜❡❢♦0❡✱ ❧❡❞ *♦ ❛ ♥❛00♦✇❜❛♥❞ ✐♦♥ .♦✉0❝❡✱ ❜② *❤❡ ✐♥*❡0❛❝*✐♦♥

♦❢ *❤❡ ❉0✐✈❡0 ❜❡❛♠ ✇✐*❤ ❛ .*❡❡♣ ❞❡♥.✐*② ❣0❛❞✐❡♥*✳ ❚❤❡ 0❡.✉❧*. ♦❢ ❛ ♠♦❞✐✜❡❞ ❡①♣❡0✐♠❡♥*❛❧

❞♦✉❜❧❡ ❜❡❛♠ .❡*✉♣ ✐♥ ♦0❞❡0 *♦ ❢✉0*❤❡0 ❞❡✈❡❧♦♣ *❤❡ ✐♦♥ .♦✉0❝❡ ❛0❡ ♣0❡.❡♥*❡❞✳

❚❤❡ ❍❡❛*❡0 ❧❛.❡0 ❜❡❛♠ ✇❛. 0❡❞✉❝❡❞ ✐♥ .*0❡♥❣*❤ ❜② ❢♦❝✉.✐♥❣ ✇✐*❤ ❛♥ ❢✴✷✺ ❖❆E *♦ ❛♥

✐♥*❡♥.✐*② ♦❢ ❛❜♦✉* 6.6·1017❲✴❝♠2
✳ ❚❤✐. ❍❡❛*❡0 ❜❡❛♠ ✇❛. ♥♦* ✐♥*❡♥.❡ ❡♥♦✉❣❤ *♦ ❛❝❝❡❧❡0✲

❛*❡ ✐♦♥. ✈✐❛ *❤❡ ❈♦✉❧♦♠❜ ❡①♣❧♦.✐♦♥ ♠❡❝❤❛♥✐.♠✳ ❍♦✇❡✈❡0✱ *❤❡ ✐♥*❡0❛❝*✐♦♥ ✇❛. ❢❛✈♦✉0❛❜❧❡

*♦ ❣❡♥❡0❛*❡ ❛ ❝❤❛♥♥❡❧ .*0✉❝*✉0❡✱ ❧❡.. ❡✈❛❝✉❛*❡❞ ♦❢ ❡❧❡❝*0♦♥. ✇✐*❤ ❛ .❧♦✇ ❞❡♣❧❡*✐♦♥ *✐♠❡ ♦❢

*❤❡ ❝❤❛♥♥❡❧ ✇❛❧❧.✱ ❜❡❝❛✉.❡ ♦❢ *❤❡ ♠✐..✐♥❣ .*0♦♥❣ 0❛❞✐❛❧ ♣❛0*✐❝❧❡ ❛❝❝❡❧❡0❛*✐♦♥✳ ❇② *❤❡ ✐♥✲

*❡0❛❝*✐♦♥ ♦❢ *❤❡ ❉0✐✈❡0 ✇✐*❤ *❤✐. .♣❡❝✐❛❧❧② ♣0❡❢♦0♠❡❞ ♣❧❛.♠❛ ✇✐*❤ ❛ .❤❛0♣ ❞❡♥.✐*② .♣✐❦❡✱

❛ .♣❛*✐❛❧❧② ❤♦♠♦❣❡♥♦✉. ❧♦❝❛❧✐.❡❞ ❛♥❞ ❞✐0❡❝*✐♦♥❛❧ ❡❧❡❝*0✐❝ .❤❡❛*❤ ✜❡❧❞ ✇❛. ❣❡♥❡0❛*❡❞✱

.✉✐*❛❜❧❡ ❢♦0 *❤❡ ♠♦♥♦❡♥❡0❣❡*✐❝ ✐♦♥ .♦✉0❝❡✳ ❚❤❡0❡❢♦0❡✱ *❤❡ ✐♦♥. ✇❡0❡ ❛❝❝❡❧❡0❛*❡❞ ✐♥ *❤❡

❧♦♥❣✐*✉❞✐♥❛❧ ❞✐0❡❝*✐♦♥ *♦ *❤❡ ❉0✐✈❡0 ❧❛.❡0 ❛①✐. ✈✐❛ ❛♥ ❛❞❥✉.*♠❡♥* ♦❢ *❤❡ ❚◆❙❆✲❧✐❦❡ ♠❡❝❤✲

❛♥✐.♠✳ ❇② ❝❤❛♥❣✐♥❣ *❤❡ 0❡❧❛*✐✈❡ *❡♠♣♦0❛❧ ❞❡❧❛② ❜❡*✇❡❡♥ *❤❡ ❜❡❛♠.✱ *❤❡ *❛0❣❡* ❞❡♥.✐*②

♦0 *❤❡ ❧❛.❡0 ❡♥❡0❣②✱ *❤❡ ♣0❡✲❢♦0♠❡❞ ❝❤❛♥♥❡❧ .*0✉❝*✉0❡ ✇❛. ✈❛0✐❡❞✳ ❖♥❧② ✇✐*❤ .♣❡❝✐✜❝

❡①♣❡0✐♠❡♥*❛❧ ♣❛0❛♠❡*❡0.✱ *❤❡ ❝♦♥❞✐*✐♦♥. ❡♥❛❜❧❡❞ *❤❡ ❣❡♥❡0❛*✐♦♥ ♦❢ ❛ .♣❛*✐❛❧❧② ❤♦♠♦❣❡✲

♥♦✉. ❧♦❝❛❧✐.❡❞ ❛♥❞ ❞✐0❡❝*✐♦♥❛❧ ❡❧❡❝*0✐❝ .❤❡❛*❤ ✜❡❧❞ ❜② *❤❡ ✐♥*❡0❛❝*✐♦♥ ♦❢ *❤❡ ❉0✐✈❡0 ❧❛.❡0

✇✐*❤ *❤❡ .♣❡❝✐✜❝ ❞❡♥.✐*② *❛0❣❡* ♣0♦✜❧❡✳ ❋0♦♠ *❤✐. ✐♥*❡0❛❝*✐♦♥✱ ♠♦♥♦❡♥❡0❣❡*✐❝ ✐♦♥. ✇❡0❡

❛❝❝❡❧❡0❛*❡❞ ❜② ❝♦♥*0♦❧❧✐♥❣ ❛♥❞ ♠❛♥✐♣✉❧❛*✐♥❣ *❤❡ *❛0❣❡* ♣0♦✜❧❡✳ ▼♦0❡♦✈❡0✱ ❛♥ ✐♥❝0❡❛.❡ ♦❢

*❤❡ .❝❛❧❡ ❧❡♥❣*❤ ♦❢ *❤❡ ❞❡♥.✐*② .♣✐❦❡. ❜② ✈❛0②✐♥❣ *❤❡ *❛0❣❡*✱ ❧❛.❡0 ❞❡❧❛② ♦0 ❧❛.❡0 ❡♥❡0❣②

❧❡❞ *♦ ❛ ❜0♦❛❞❜❛♥❞ ❡♥❡0❣② .♣❡❝*0❛✳

❆❞❞✐*✐♦♥❛❧❧②✱ ❛♥ ♠❛❣♥❡*✐❝ .♣❡❝*0♦♠❡*❡0 ✇❛. ❡♠♣❧♦②❡❞ ✐♥ *❤❡ *0❛♥.✈❡0.❡ ❞✐0❡❝*✐♦♥ *♦

*❤❡ ❉0✐✈❡0 ❛①✐. ✐♥ ♦0❞❡0 *♦ ❞❡*❡❝* ✐♦♥. ❛♥❞ ❡❧❡❝*0♦♥. ❛* *❤❡ .❛♠❡ *✐♠❡✳ ❍♦✇❡✈❡0✱ ♦♥❧②

❧♦✇ ❡♥❡0❣② ❡❧❡❝*0♦♥. ✇❡0❡ ✐❞❡♥*✐✜❡❞ ❜② ❛ ❉0✐✈❡0✲♦♥❧② ♦0 ❞♦✉❜❧❡ ❜❡❛♠ ✐♥*❡0❛❝*✐♦♥✳ ❚❤❡

❝♦♥❞✐*✐♦♥. ❢♦0 ❛ ❧♦♥❣✐*✉❞✐♥❛❧ ❡❧❡❝*0♦♥ ❛❝❝❡❧❡0❛*✐♦♥ ❜② *❤❡ ❧♦✇ ✐♥*❡♥.✐*② ❍❡❛*❡0 ❜❡❛♠ ✇❡0❡

♥♦* 0❡❛❝❤❡❞✳

✶✼✺





❈❤❛♣$❡& ✽

❙✉♠♠❛&② ❛♥❞ ❖✉$❧♦♦❦

■♥ "❤✐% "❤❡%✐% ❡①♣❡)✐♠❡♥"❛❧ ✐♥✈❡%"✐❣❛"✐♦♥% ♦♥ ✐♦♥ ❛❝❝❡❧❡)❛"✐♦♥ ❣❡♥❡)❛"❡❞ ❜② "❤❡ ✐))❛❞✐❛"✐♦♥

♦❢ ❣❛%❡♦✉% "❛)❣❡"% ❜② ✉❧")❛%❤♦)" ✭∼ 30 ❢%✮ ❚✐✿❙❛♣♣❤✐)❡ ❧❛%❡) ♣✉❧%❡% ❛)❡ ♣)❡%❡♥"❡❞✳ ❚❤❡

❢✉❧❧ ❝❛♣❛❝✐"② ♦❢ "❤❡ ✉♥✐<✉❡ ❝❛♣❛❜✐❧✐"② ♦❢ "❤❡ ❞✉❛❧ ❜❡❛♠ ❝♦♥✜❣✉)❛"✐♦♥ ♦❢ "❤❡ ❆❘❈❚❘❯❙

❧❛%❡) ✐♥ ❛ 90◦ ❣❡♦♠❡")② ✇✐"❤ )❡%♣❡❝" "♦ ❡❛❝❤ ♦"❤❡) ✇❛% ✉%❡❞ "♦ ✐♥"❡)❛❝" ✇✐"❤ ❛ 1♠♠

❞✐❛♠❡"❡) ❍②❞)♦❣❡♥ ♦) ❍❡❧✐✉♠ ❣❛% "❛)❣❡"✳ ❆ ❍❡❛"❡) ❧❛%❡) ❜❡❛♠ ❢♦❝✉%❡❞ "♦ ✐♥"❡♥%✐"✐❡% ♦❢

∼ 1017 − 1019 ❲✴❝♠

2
❛♥❞ ❛ ❉)✐✈❡) ❢♦❝✉%❡❞ "♦ ❛♥ ✉❧")❛✲❤✐❣❤ ✐♥"❡♥%✐"② ♦❢ ∼ 1020 ❲✴❝♠

2

✇❡)❡ ❣✉✐❞❡❞ ✐♥"♦ "❤❡ ❣❛% ❥❡"✳ ❉✐✛❡)❡♥" ✐♦♥ ❛❝❝❡❧❡)❛"✐♦♥ )❡❣✐♠❡% ✇❡)❡ ❞❡♠♦♥%")❛"❡❞ ❛♥❞

♥♦✈❡❧ ✐♦♥ %♦✉)❝❡%✱ ❛% ✇❡❧❧ ❛% ")❛♥%✐"✐♦♥% ❜❡"✇❡❡♥ "❤❡ ♠❡❝❤❛♥✐%♠% ✇❡)❡ ♦❜%❡)✈❡❞✳ ❚♦ ♦✉)

❜❡%" ❦♥♦✇❧❡❞❣❡✱ "❤❡%❡ ♦❜%❡)✈❛"✐♦♥% ❛)❡ )❡♣♦)"❡❞ ❢♦) "❤❡ ✜)%" "✐♠❡ ✐♥ "❤✐% "❤❡%✐%✳

❚❤❡ "❤❡%✐% ✐% %")✉❝"✉)❡❞ ✐♥ "✇♦ ♠❛✐♥ "♦♣✐❝%✱ ❞✐%"✐♥❣✉✐%❤❛❜❧❡ ❢)♦♠ ❡❛❝❤ ♦"❤❡) ❜② "❤❡

❛❝❝❡❧❡)❛"✐♦♥ ♠❡❝❤❛♥✐%♠✿ ❚)❛♥%✈❡)%❡ ✐♦♥ ❛❝❝❡❧❡)❛"✐♦♥ ✈✐❛ ❈♦✉❧♦♠❜ ❡①♣❧♦%✐♦♥ ❛♥❞ ❧♦♥❣✐✲

"✉❞✐♥❛❧ ✐♦♥ ❛❝❝❡❧❡)❛"✐♦♥ ✈✐❛ ❛ ❚◆❙❆✲❧✐❦❡ ♠❡❝❤❛♥✐%♠ ❧❡❛❞✐♥❣ "♦✇❛)❞% "❤❡ ❞❡✈❡❧♦♣♠❡♥" ♦❢

❛ ♠♦♥♦❡♥❡)❣❡"✐❝ ✐♦♥ %♦✉)❝❡✳ ❚❤❡ ❦❡② ♦♣❡)❛"✐♥❣ ❞✐❛❣♥♦%"✐❝% ✇❡)❡ "✇♦ ❚❤♦♠%♦♥ ♣❛)❛❜♦❧❛

%♣❡❝")♦♠❡"❡)% "♦ ❞❡"❡❝" "❤❡ ❛❝❝❡❧❡)❛"❡❞ ✐♦♥% ❛♥❞ "♦ )❡%♦❧✈❡ "❤❡✐) ❡♥❡)❣② %♣❡❝")❛ ❛❧♦♥❣

"❤❡ ❉)✐✈❡) ❜❡❛♠ ❞✐)❡❝"✐♦♥✳ ❇② ♠❡❛♥% ♦❢ ❛ ♠❛❣♥❡"✐❝ %♣❡❝")♦♠❡"❡) ✐♦♥% ❛♥❞ ❡❧❡❝")♦♥%

❝♦✉❧❞ ❤❛✈❡ ❜❡❡♥ ❞❡"❡❝"❡❞ ❛❧♦♥❣ "❤❡ ")❛♥%✈❡)%❡ ❞✐)❡❝"✐♦♥✳ ❈♦♠♣❧❡♠❡♥"❛)② ❞✐❛❣♥♦%"✐❝%

✇❡)❡ ♦♣❡)❛"❡❞ "♦ %"✉❞② "❤❡ ✐♥%✐❞❡ ♦❢ "❤❡ ♣❧❛%♠❛ ❢♦) ❛ ❜❡""❡) ✉♥❞❡)%"❛♥❞✐♥❣ ♦❢ "❤❡ ✐♥✲

"❡)❛❝"✐♦♥ ♣)♦❝❡%%❡%✳ ❆❝❝❡❧❡)❛"❡❞ ❡❧❡❝")♦♥% ✇❡)❡ ❞❡"❡❝"❡❞ ❜② ❛ ♠❛❣♥❡"✐❝ %♣❡❝")♦♠❡"❡)✳

❚❤❡ ❉)✐✈❡) ❛♥❞ ❍❡❛"❡) ❧❛%❡) ✐♥"❡)❛❝"✐♦♥% ✇❡)❡ ✐♥✈❡%"✐❣❛"❡❞ ❜② ♦♣"✐❝❛❧ ♣)♦❜✐♥❣ ❛♥❞ "❤❡

❍❡❛"❡)✲♦♥❧② ✐♥"❡)❛❝"✐♦♥ ✇❛% ❢✉)"❤❡) ❛♥❛❧②%❡❞ ❜② ♠❡❛♥% ♦❢ ❝❤❛)❣❡❞ ♣❛)"✐❝❧❡ ♣)♦❜✐♥❣✳

✶✼✼



❈❤❛♣$❡& ✽ ❙✉♠♠❛&② ❛♥❞ ❖✉$❧♦♦❦

■♥ "❤❡ ✜&'" ♣❛&" ♦❢ "❤✐' "❤❡'✐'✱ "❤❡ ❡①♣❡&✐♠❡♥"❛❧ &❡'✉❧"' ♦❢ "❤❡ ✐♦♥ ❛❝❝❡❧❡&❛"✐♦♥ ✈✐❛ ❈❊ ✐♥

✉♥❞❡&❞❡♥'❡ "❛&❣❡"' ✇❡&❡ ✐♥✈❡'"✐❣❛"❡❞✳ ❆ '✐♥❣❧❡ ❧❛'❡&✱ "❤❡ ❍❡❛"❡&✱ ✭I
▲

= 2.4 ·1019 ❲✴❝♠

2
✱

a0 = 3.3✱ ❢✴✶✵ ❖❆B✮ ✐♥"❡&❛❝"❡❞ ✇✐"❤ "❤❡ ❣❛' "❛&❣❡"✳ ■♦♥' ✇❡&❡ ❛❝❝❡❧❡&❛"❡❞ ❢&♦♠ "❤❡ ❝❡♥✲

"&❡ ♦❢ "❤❡ ♣❧❛'♠❛ ✐♥ "❤❡ "&❛♥'✈❡&'❡ ❞✐&❡❝"✐♦♥ "♦ "❤❡ ❧❛'❡& ❛①✐' ❜② "❤❡ ❈❊ ♠❡❝❤❛♥✐'♠

❢&♦♠ ❛ "❛&❣❡" ✇✐"❤ ❞❡♥'✐"✐❡' "♦ ❛❜♦✉" 0.12n
❝

✳ ❆ ♣❧❛'♠❛ ❝❤❛♥♥❡❧ ✇❛' ❝&❡❛"❡❞ ❞✉❡ "♦

'❡❧❢✲❢♦❝✉'✐♥❣ ❛♥❞ ♣♦♥❞❡&♦♠♦"✐✈❡ ❝❤❛♥♥❡❧✐♥❣ ❡✛❡❝"' ❛❧♦♥❣ "❤❡ ❧❛'❡& ❛①✐'✱ ✇❤✐❝❤ ✇❛' ❡①✲

♣❡&✐♠❡♥"❛❧❧② ♦❜'❡&✈❡❞ ❜② ♦♣"✐❝❛❧ ❛♥❞ ❝❤❛&❣❡ ♣❛&"✐❝❧❡ ♣&♦❜✐♥❣✳ ❲❤❡♥ "❤❡ ♣♦♥❞❡&♦♠♦"✐✈❡

❢♦&❝❡ ❡①❝❡❡❞❡❞ "❤❡ &❡♣❡❧❧✐♥❣ ❡❧❡❝"&✐❝ ✜❡❧❞✱ "❤❡ ❛❝❝✉♠✉❧❛"❡❞ ✐♦♥' ✇❡&❡ ♣✉'❤❡❞ ✐♥ "❤❡ "&❛♥'✲

✈❡&'❡ ❞✐&❡❝"✐♦♥ ❜② "❤❡✐& ♦✇♥ '♣❛❝❡✲❝❤❛&❣❡ ✜❡❧❞✳ ◆✉♠❡&✐❝❛❧ '✐♠✉❧❛"✐♦♥' &❡♣&♦❞✉❝❡❞ "❤❡

❡①♣❡&✐♠❡♥"❛❧ &❡'✉❧" ❛♥❞ ♣&♦✈✐❞❡❞ "❤❡ ✐♥❞✐❝❛"✐♦♥' ♦❢ ❈♦✉❧♦♠❜ ❡①♣❧♦'✐♦♥✳ ❇② ♠❡❛♥' ♦❢

"❤❡ ✐♥'✐❣❤"' ✐♥"♦ "❤❡ ❧❛'❡& ♣❧❛'♠❛ ✐♥"❡&❛❝"✐♦♥ ❞✉❡ "♦ ❧❛'❡&✱ ❞❡♥'✐"② ❛♥❞ ✜❡❧❞ ❞✐'"&✐❜✉"✐♦♥'✱

❝♦♥❝❧✉'✐♦♥' ❛❜♦✉" "❤❡ ❛❝❝❡❧❡&❛"✐♦♥ ♠❡❝❤❛♥✐'♠ ✇❡&❡ ♠❛❞❡✳ ❆♥❛❧②"✐❝❛❧ ♠♦❞❡❧' ❝♦♥✜&♠❡❞

"❤❡ &❡'✉❧"' ✈✐❛ ❝❛❧❝✉❧❛"✐♦♥' ❢♦& "❤❡ '❡❧❢✲❢♦❝✉'✐♥❣ ❡✛❡❝"' ❛♥❞ "❤&❡'❤♦❧❞ ♦❢ "❤❡ ❈❊✳ ❋✉&"❤❡&✲

♠♦&❡✱ ✈❛&✐♦✉' ❞✐❛❣♥♦'"✐❝' ✇❡&❡ ❡♠♣❧♦②❡❞ ❢♦& ❛ "❤♦&♦✉❣❤ ✉♥❞❡&'"❛♥❞✐♥❣ ♦❢ "❤❡ ♣❤②'✐❝❛❧

♣&♦❝❡''❡' "❛❦✐♥❣ ♣❧❛❝❡ ✐♥'✐❞❡ "❤❡ ✐♥"❡&❛❝"✐♦♥ &❡❣✐♦♥✳ ❊❧❡❝"&♦♥' ❛❝❝❡❧❡&❛"❡❞ ✐♥ "❤❡ ❧♦♥❣✐✲

"✉❞✐♥❛❧ ❞✐&❡❝"✐♦♥ ✇❡&❡ ❞❡"❡❝"❡❞ ❛" ❧♦✇ "❛&❣❡" ❞❡♥'✐"✐❡'✳ ▼♦&❡♦✈❡&✱ "❤❡ ♣❧❛'♠❛ ❝❤❛♥♥❡❧

❡✈♦❧✉"✐♦♥ ✐♥ "❤❡ ❧♦♥❣✐"✉❞✐♥❛❧ ❛♥❞ "❤❡ "&❛♥'✈❡&'❡ ❞✐&❡❝"✐♦♥' ✇❛' ✐♥✈❡'"✐❣❛"❡❞ ✈✐❛ '❤❛❞♦✇❣✲

&❛♣❤② ❛♥❞ ✐♥"❡&❢❡&♦♠❡"&②✳ ❆❞❞✐"✐♦♥❛❧❧②✱ ❜② ❝❤❛&❣❡❞ ♣❛&"✐❝❧❡ ♣&♦❜✐♥❣✱ '♦❧✐"♦♥ '"&✉❝"✉&❡'

✇❡&❡ ❞✐'"✐♥❣✉✐'❤❡❞✱ ✇❤✐❝❤ ❝❛♥ ❛❝❝❡❧❡&❛"❡ ❧♦✇ ❡♥❡&❣② ✐♦♥' ✐♥ "❤❡ &❛❞✐❛❧ ❞✐&❡❝"✐♦♥ ❜② ❛

❈❊✲❧✐❦❡ ♣&♦❝❡''✳

■♥ "❤❡ '❡❝♦♥❞ ♣❛&" ♦❢ "❤❡ "❤❡'✐'✱ "❤❡ ❡①♣❡&✐♠❡♥"❛❧ &❡'✉❧"' ♦❢ ✐♦♥ ❛❝❝❡❧❡&❛"✐♦♥ ✈✐❛ ❛

❚◆❙❆✲❧✐❦❡ ♠❡❝❤❛♥✐'♠ ❜② ❛ ❞♦✉❜❧❡ ❧❛'❡& ❜❡❛♠ ✐♥"❡&❛❝"✐♦♥ ✇✐"❤ ❛♥ ✉♥❞❡&❞❡♥'❡ "❛&❣❡"

✇❡&❡ ✐♥✈❡'"✐❣❛"❡❞✳ ■♥ ❛❞❞✐"✐♦♥ "♦ "❤❡ ❍❡❛"❡& ❜❡❛♠✱ ❛ ❉&✐✈❡& ❧❛'❡& ✭I
▲

= 1.5·1020 ❲✴❝♠

2
✱

a0 = 8.2✱ ❢✴✷ ❖❆B✮ ✇❛' ✐♥❝❧✉❞❡❞ ✐♥ "❤❡ ❡①♣❡&✐♠❡♥"❛❧ '❡"✉♣ ♥♦&♠❛❧ "♦ "❤❡ ❍❡❛"❡& ❧❛'❡&

❛①✐'✳ ■" ✐' ✇♦&"❤ ♠❡♥"✐♦♥✐♥❣✱ "❤❛" ♥♦ ✐♦♥' ✇❡&❡ ❞❡"❡❝"❡❞ ❜② ❛ ❉&✐✈❡&✲♦♥❧② ✐♥"❡&❛❝"✐♦♥✱

♥❡✐"❤❡& ✐♥ "❤❡ ❧♦♥❣✐"✉❞✐♥❛❧ ♥♦& ✐♥ "❤❡ "&❛♥'✈❡&'❡ ❞✐&❡❝"✐♦♥✳ ❖♥❧② ❞✉&✐♥❣ "❤❡ ❞♦✉❜❧❡

❜❡❛♠ ✐♥"❡&❛❝"✐♦♥✱ ✐♦♥' ✇❡&❡ ❞❡"❡❝"❡❞✳ ❍❡&❡ "❤❡ ♠❛✐♥ ❤✐❣❤❧✐❣❤" ✇❛' "❤❡ ❡①"❡♥'✐♦♥ ♦❢

"❤❡ ❛❝❝❡❧❡&❛"✐♦♥ ❡✈❡♥ ❛" ✈❡&② ❤✐❣❤ "❛&❣❡" ❞❡♥'✐"✐❡' ✉♣ "♦ 0.18n
❝

✱ ✇❤❡&❡ ❛❝❝❡❧❡&❛"✐♦♥ ❞✉❡

"♦ "❤❡ '✐♥❣❧❡ ❜❡❛♠ ✐♥"❡&❛❝"✐♦♥ ✇❛' ❞✐♠✐♥✐'❤❡❞✳ ❇② ♠❡❛♥' ♦❢ "❤❡ ♦♣"✐❝❛❧ ♣&♦❜✐♥❣ ❛♥❞

"❤❡ ♥✉♠❡&✐❝❛❧ '✐♠✉❧❛"✐♦♥' ♦❢ "❤❡ '✐♥❣❧❡ ❍❡❛"❡& ❜❡❛♠ ✐♥"❡&❛❝"✐♦♥✱ ✐♥❢♦&♠❛"✐♦♥ ❛❜♦✉" "❤❡

❝&❡❛"❡❞ ♣❧❛'♠❛ ❝❤❛♥♥❡❧ ✇❛' ❡①"&❛❝"❡❞✳ ❚❤❡ ❉&✐✈❡& ❧❛'❡& ✐♥"❡&❛❝"❡❞ ✇✐"❤ "❤✐' ♣&❡✲❢♦&♠❡❞

♣❧❛'♠❛ ❝❤❛♥♥❡❧✳ ❚❤❡ ❞❡♥'✐"② ♣&♦✜❧❡ ✇✐"❤ "✇♦ ❞❡♥'❡ '♣✐❦❡' ❛♥❞ ❛ ❞❡♥'✐"② ❣❛♣ ✐♥ ❜❡✲

"✇❡❡♥ ✇❛' ✐♠♣❧❡♠❡♥"❡❞ ✐♥ "❤❡ ♥✉♠❡&✐❝❛❧ '✐♠✉❧❛"✐♦♥'✳ ❚❤❡ ✐♥"❡&❛❝"✐♦♥ ♦❢ "❤❡ ❉&✐✈❡&

✇✐"❤ "❤✐' '♣❡❝✐❛❧ '❤❛♣❡❞ "❛&❣❡" ✇❛' ✐♥✈❡'"✐❣❛"❡ ✐♥ ♦&❞❡& "♦ ❣❡" ✐♥❢♦&♠❛"✐♦♥ ❛❜♦✉" "❤❡

✶✼✽



❛❝❝❡❧❡$❛%✐♦♥ ♠❡❝❤❛♥✐+♠✳ ❇② ♠❡❛♥+ ♦❢ %❤❡ ❞❡♥+✐%② ❞✐+%$✐❜✉%✐♦♥+ ❛♥❞ %❤❡ ❡✈♦❧✉%✐♦♥ ♦❢

%❤❡ ❧♦♥❣✐%✉❞✐♥❛❧ ❡❧❡❝%$✐❝ ✜❡❧❞✱ ❝❧❡❛$❧②✱ ❛ ❚◆❙❆✲❧✐❦❡ ♣$♦❝❡++ ✇❛+ ✐❞❡♥%✐✜❡❞ ❞✉❡ %♦ %❤❡

✐♥%❡$❛❝%✐♦♥ ♦❢ %❤❡ ❉$✐✈❡$ ✇✐%❤ %❤❡ ❞❡♥+✐%② +♣✐❦❡ ❛% %❤❡ ❞❡♣❧❡%❡❞ ❝❤❛♥♥❡❧ ✇❛❧❧✳ ▼♦$❡✲

♦✈❡$✱ ❞✐✛❡$❡♥% ❛❝❝❡❧❡$❛%✐♦♥ ♠❡%❤♦❞+ ✇❡$❡ ❞✐+❝✉++❡❞ ❛♥❞ ❡①❝❧✉❞❡❞ ❢♦$ %❤✐+ +❝❡♥❛$✐♦✳ ❚❤❡

$❡+✉❧%+ ♦❢ %❤❡ ❚◆❙❆✲❧✐❦❡ ♠❡❝❤❛♥✐+♠ ✇❡$❡ ❝♦♥✜$♠❡❞ ❜② ❛❞❞✐%✐♦♥❛❧ ❛♥❛❧②%✐❝❛❧ ❝❛❧❝✉❧❛✲

%✐♦♥+✳ ❋✉$%❤❡$♠♦$❡✱ ✇✐%❤ ❤❡❧♣ ♦❢ ❛ ♠❛❣♥❡%✐❝ +♣❡❝%$♦♠❡%❡$ ✐♥+%❛❧❧❡❞ ✐♥ %❤❡ %$❛♥+✈❡$+❡

❞✐$❡❝%✐♦♥ %♦ %❤❡ ❉$✐✈❡$ ❛①✐+✱ ✐% ✇❛+ ❝♦♥✜$♠❡❞ %❤❛% ✐♦♥+ ✇❡$❡ ❛❝❝❡❧❡$❛%❡❞ ♣$❡❢❡$❛❜❧❡ ♦♥❧②

❛❧♦♥❣ %❤❡ ❉$✐✈❡$ ❜❡❛♠ ❛①✐+✳ ❖♥❧② ❡❧❡❝%$♦♥+ ✇❡$❡ ♦❜+❡$✈❡❞ ❜② ❛ ❉$✐✈❡$✲♦♥❧② ♦$ ❛ ❞♦✉❜❧❡

❜❡❛♠ ✐♥%❡$❛❝%✐♦♥✳ ▼♦$❡♦✈❡$✱ ❈❊ ❜② %❤❡ ❉$✐✈❡$ ✇❛+ ♥♦% ♣♦++✐❜❧❡✱ ❜❡❝❛✉+❡ %❤❡ ❝$❡❛%❡❞

♣❧❛+♠❛ ❝❤❛♥♥❡❧ ❜❧❛+%❡❞ ✐♥ %❤❡ ❝❡♥%$❡ ♦❢ %❤❡ %❛$❣❡%✱ ♦❜+❡$✈❡❞ ✈✐❛ +❤❛❞♦✇❣$❛♣❤② ♦❢ %❤❡

❉$✐✈❡$✲♦♥❧② ✐♥%❡$❛❝%✐♦♥✳

■♥ %❤❡ %❤✐$❞ ♣❛$% ♦❢ %❤✐+ %❤❡+✐+✱ %❤❡ ❞❡✈❡❧♦♣♠❡♥% ♦❢ ❛ +%❛❜❧❡✱ ❤✐❣❤ $❡♣❡%✐%✐♦♥ $❛%❡ ♠♦♥♦❡♥✲

❡$❣❡%✐❝ ✐♦♥ +♦✉$❝❡ ❢$♦♠ ✉♥❞❡$❞❡♥+❡ %❛$❣❡%+ ✐+ ♣$❡+❡♥%❡❞✳ ❆ ♥❡✇ ❛❝❝❡❧❡$❛%✐♦♥ +❝❤❡♠❡ ✇❛+

✐♥✈❡♥%❡❞✳ ❚❤❡ ✐♥%❡$❛❝%✐♦♥ ♦❢ %❤❡ ❉$✐✈❡$ ❛♥❞ ❍❡❛%❡$ ✇❛+ ❛❞❥✉+%❡❞ ✐♥ ♦$❞❡$ %♦ ❣❡♥❡$❛%❡

❛ +❤❛$♣ ❞❡♥+✐%② ❣$❛❞✐❡♥% ✐♥ ❢❛✈♦✉$ ♦❢ ❛ +♣❛%✐❛❧❧② ❤♦♠♦❣❡♥♦✉+ ❧♦❝❛❧✐+❡❞ ❛♥❞ ❞✐$❡❝%✐♦♥❛❧

❡❧❡❝%$✐❝ +❤❡❛%❤ ✜❡❧❞ ✐♥ %❤❡ ❚◆❙❆✲❧✐❦❡ ♣$♦❝❡++✳ ❚❤❡$❡❢♦$❡✱ %❤❡ ❍❡❛%❡$ ❜❡❛♠ ✐♥%❡♥+✐%② ✇❛+

$❡❞✉❝❡❞ ❛♥❞ %❤❡ ❘❛②❧❡✐❣❤ ❧❡♥❣%❤ ✐♥❝$❡❛+❡❞ ✭I
▲

= 6.6 · 1017❲✴❝♠

2
✱ a0 < 1✱ ❢✴✷✺ ❖❆P✮✳

❆ ❈♦✉❧♦♠❜ ❡①♣❧♦+✐♦♥ ✐♥✐%✐❛%❡❞ ❜② %❤✐+ ❍❡❛%❡$ ❜❡❛♠ ✇❛+ ♥♦% ♣♦++✐❜❧❡ ❛♥②♠♦$❡✱ ✇❤❡$❡❜②

❛ +❧♦✇❧② ❞❡♣❧❡%✐♥❣ ❛♥❞ ❧❡++ ❡✈❛❝✉❛%❡❞ ❝❤❛♥♥❡❧ ✇❛+ ❣❡♥❡$❛%❡❞✳ ❚❤❡ ❉$✐✈❡$ ✐♥%❡$❛❝%✐♦♥

✇✐%❤ %❤✐+ +♣❡❝✐❛❧❧② +❤❛♣❡❞ %❛$❣❡% ❧❡❞ %♦ ❛ ♠♦♥♦❡♥❡$❣❡%✐❝ ✐♦♥ ❛❝❝❡❧❡$❛%✐♦♥ ✈✐❛ %❤❡ ❚◆❙❆✲

❧✐❦❡ ♠❡❝❤❛♥✐+♠✳ ❉✐✛❡$❡♥% ❡①♣❡$✐♠❡♥%❛❧ ♣❛$❛♠❡%❡$+ ✇❡$❡ ❝❤❛♥❣❡❞ ✐♥ ❛❧❧ ❝♦♥✜❣✉$❛%✐♦♥+

✐♥ ♦$❞❡$ %♦ ❣❡% ❛ ❞❡❡♣❡$ ✉♥❞❡$+%❛♥❞✐♥❣ ♦❢ %❤❡ ❛❝❝❡❧❡$❛%✐♦♥ ♣$♦❝❡++✳ ❉❡♣❡♥❞✐♥❣ ♦♥ %❤❡

%❛$❣❡% ❞❡♥+✐%②✱ %❤❡ $❡❧❛%✐✈❡ %✐♠❡ ❞❡❧❛② ❜❡%✇❡❡♥ %❤❡ ❧❛+❡$ ❜❡❛♠+ ❛♥❞ %❤❡ ❡♥❡$❣② ♦❢ %❤❡

✐♥❞✐✈✐❞✉❛❧ ♣✉❧+❡+✱ ❛ ♥♦✈❡❧ +♦✉$❝❡ ♦❢ ♠♦♥♦❡♥❡$❣❡%✐❝ ✐♦♥+ ✇❛+ ❣❡♥❡$❛%❡❞✳ ❙♠❛❧❧ ✈❛$✐❛✲

%✐♦♥+ ✐♥ %❤❡ ❡①♣❡$✐♠❡♥%❛❧ ♣❛$❛♠❡%❡$+ ❝❤❛♥❣❡❞ %❤❡ ❛❝❝❡❧❡$❛%✐♦♥ $❡❣✐♠❡ %♦ ❛ ❜$♦❛❞❜❛♥❞
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❆✳ ●✳ ❚❤♦♠❛8✱ ▼✳ ❙✳ ❲❡✐✱ ❛♥❞ ❑✳ ❑&✉8❤❡❧♥✐❝❦✳ ❈♦❧❧✐♠❛9❡❞ ♠✉❧9✐✲♠❡✈ ✐♦♥ ❜❡❛♠8

❢&♦♠ ❤✐❣❤✲✐♥9❡♥8✐9② ❧❛8❡& ✐♥9❡&❛❝9✐♦♥8 ✇✐9❤ ✉♥❞❡&❞❡♥8❡ ♣❧❛8♠❛✳ &❤②) ❘❡✈ ▲❡""✱

✾✻✭✷✹✮✿✷✹✺✵✵✷✱ ✷✵✵✻✳

❬✶✹❪ ❆✳ ▲✐❢8❝❤✐9③✱ ❋✳ ❙②❧❧❛✱ ❙✳ ❑❛❤❛❧②✱ ❆✳ ❋❧❛❝❝♦✱ ▼✳ ❱❡❧9❝❤❡✈❛✱ ●✳ ❙❛♥❝❤❡③✲❆&&✐❛❣❛✱

❊✳ ▲❡❢❡❜✈&❡✱ ❛♥❞ ❱✳ ▼❛❧❦❛✳ ■♦♥ ❛❝❝❡❧❡&❛9✐♦♥ ✐♥ ✉♥❞❡&❞❡♥8❡ ♣❧❛8♠❛8 ❜② ✉❧9&❛✲8❤♦&9

❧❛8❡& ♣✉❧8❡8✳ ◆❡✇ ❏♦✉$♥❛❧ ♦❢ &❤②)✐❝)✱ ✶✻✱ ✷✵✶✹✳

❬✶✺❪ ❆✳ ▼❛❝❝❤✐✳ ❆ )✉♣❡$✐♥"❡♥)❡ ❧❛)❡$ ♣❧❛)♠❛ ✐♥"❡$❛❝"✐♦♥ "❤❡♦$② ♣$✐♠❡$✳ ❙♣&✐♥❣❡&✱

❉♦&❞&❡❝❤9✱ ✷✵✶✸✳
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❬✶✻❪ ❋✳ ❋✳ ❈❤❡♥✳ ■♥"#♦❞✉❝"✐♦♥ "♦ ♣❧❛,♠❛ ♣❤②,✐❝, ❛♥❞ ❝♦♥"#♦❧❧❡❞ ❢✉,✐♦♥ ✴ ❇❞✳ ✶ ✿ 7❧❛,♠❛

♣❤②,✐❝,✳ *❧❡♥✉♠ *.❡//✱ ◆❡✇ ❨♦.❦ ✉✳❛✳✱ ✷✳ ❡❞✳ ❡❞✐:✐♦♥✱ ✷✵✶✵✳

❬✶✼❪ *✳ ●✐❜❜♦♥✳ ❙❤♦#" ♣✉❧,❡ ❧❛,❡# ✐♥"❡#❛❝"✐♦♥, ✇✐"❤ ♠❛""❡# ✿ ❛♥ ✐♥"#♦❞✉❝"✐♦♥ ✳ ■♠♣❡.✐❛❧

❈♦❧❧❡❣❡ *.❡//✱ ▲♦♥❞♦♥✱ ✷✵✵✺✳

❬✶✽❪ ❲✳ ▲✳ ❑.✉❡.✳ ❚❤❡ ♣❤②,✐❝, ♦❢ ❧❛,❡# ♣❧❛,♠❛ ✐♥"❡#❛❝"✐♦♥,✳ ❲❡/:✈✐❡✇ *.✳✱ ❇♦✉❧❞❡.✱

❈♦❧♦✳✱ ✷✵✵✸✳

❬✶✾❪ ●✳ ▼❛✐♥❢.❛② ❛♥❞ ❈✳ ▼❛♥✉/✳ ▼✉❧:✐♣❤♦:♦♥ ✐♦♥✐③❛:✐♦♥ ♦❢ ❛:♦♠/✳ ❘❡♣♦#", ♦♥ 7#♦❣#❡,,

✐♥ 7❤②,✐❝,✱ ✺✹✭✶✵✮✿✶✸✸✸✕✶✸✼✷✱ ✶✾✾✶✳

❬✷✵❪ ❙✳ ❙✳ ❇✉❧❛♥♦✈✱ ❱✳ ❨✳ ❇②❝❤❡♥❦♦✈✱ ❱✳ ❈❤✈②❦♦✈✱ ●✳ ❑❛❧✐♥❝❤❡♥❦♦✱ ❉✳ ❲✳ ▲✐:③❡♥❜❡.❣✱

❚✳ ▼❛:/✉♦❦❛✱ ❆✳ ●✳ ❚❤♦♠❛/✱ ▲✳ ❲✐❧❧✐♥❣❛❧❡✱ ❱✳ ❨❛♥♦✈/❦②✱ ❑✳ ❑.✉/❤❡❧♥✐❝❦✱ ❛♥❞

❆✳ ▼❛❦/✐♠❝❤✉❦✳ ●❡♥❡.❛:✐♦♥ ♦❢ ❣❡✈ ♣.♦:♦♥/ ❢.♦♠ ✶ ♣✇ ❧❛/❡. ✐♥:❡.❛❝:✐♦♥ ✇✐:❤ ♥❡❛.

❝.✐:✐❝❛❧ ❞❡♥/✐:② :❛.❣❡:/✳ 7❤②, 7❧❛,♠❛,✱ ✶✼✭✹✮✱ ✷✵✶✵✳

❬✷✶❪ ❙✳ ❙✳ ❇✉❧❛♥♦✈✱ ❊✳ ❊/❛.❡②✱ ❈✳ ❇✳ ❙❝❤.♦❡❞❡.✱ ❲✳ *✳ ▲❡❡♠❛♥/✱ ❙✳ ❱✳ ❇✉❧❛♥♦✈✱ ❉✳ ▼❛.✲

❣❛.♦♥❡✱ ●✳ ❑♦.♥✱ ❛♥❞ ❚✳ ❍❛❜❡.❡.✳ ❍❡❧✐✉♠✲✸ ❛♥❞ ❤❡❧✐✉♠✲✹ ❛❝❝❡❧❡.❛:✐♦♥ ❜② ❤✐❣❤

♣♦✇❡. ❧❛/❡. ♣✉❧/❡/ ❢♦. ❤❛❞.♦♥ :❤❡.❛♣②✳ 7❤②,✐❝❛❧ ❘❡✈✐❡✇ ❙♣❡❝✐❛❧ ❚♦♣✐❝,✲❆❝❝❡❧❡#❛"♦#,

❛♥❞ ❇❡❛♠,✱ ✶✽✭✻✮✱ ✷✵✶✺✳

❬✷✷❪ ●✳ ❩✳ ❙✉♥✱ ❊✳ ❖::✱ ❨✳ ❈✳ ▲❡❡✱ ❛♥❞ *✳ ●✉③❞❛.✳ ❙❡❧❢✲❢♦❝✉/✐♥❣ ♦❢ /❤♦.: ✐♥:❡♥/❡ ♣✉❧/❡/

✐♥ ♣❧❛/♠❛/✳ 7❤②,✐❝, ♦❢ ❋❧✉✐❞,✱ ✸✵✭✷✮✿✺✷✻✕✺✸✷✱ ✶✾✽✼✳

❬✷✸❪ *✳ ❊✳ ❨♦✉♥❣✱ ❏✳ ❍✳ ❍❛♠♠❡.✱ ❙✳ ❈✳ ❲✐❧❦/✱ ❛♥❞ ❲✳ ▲✳ ❑.✉❡.✳ ▲❛/❡.✲❜❡❛♠ ♣.♦♣❛❣❛✲

:✐♦♥ ❛♥❞ ❝❤❛♥♥❡❧ ❢♦.♠❛:✐♦♥ ✐♥ ✉♥❞❡.❞❡♥/❡ ♣❧❛/♠❛/✳ 7❤②,✐❝, ♦❢ 7❧❛,♠❛,✱ ✷✭✼✮✿✷✽✷✺✕

✷✽✸✹✱ ✶✾✾✺✳

❬✷✹❪ ❏✳ ❋✉❝❤/✱ *✳ ❆♥:✐❝✐✱ ❊✳ ❉✬❍✉♠✐❡.❡/✱ ❊✳ ▲❡❢❡❜✈.❡✱ ▼✳ ❇♦.❣❤❡/✐✱ ❊✳ ❇.❛♠❜.✐♥❦✱

❈✳ ❆✳ ❈❡❝❝❤❡::✐✱ ▼✳ ❑❛❧✉③❛✱ ❱✳ ▼❛❧❦❛✱ ▼✳ ▼❛♥❝❧♦//✐✱ ❙✳ ▼❡②.♦♥❡✐♥❝✱ *✳ ▼♦.❛✱

❏✳ ❙❝❤.❡✐❜❡.✱ ❚✳ ❚♦♥❝✐❛♥✱ ❍✳ *❡♣✐♥✱ ❛♥❞ ❘✳ ❆✉❞❡❜❡.:✳ ▲❛/❡.✲❞.✐✈❡♥ ♣.♦:♦♥ /❝❛❧✐♥❣

❧❛✇/ ❛♥❞ ♥❡✇ ♣❛:❤/ :♦✇❛.❞/ ❡♥❡.❣② ✐♥❝.❡❛/❡✳ ◆❛"✉#❡ 7❤②,✐❝,✱ ✷✭✶✮✿✹✽✕✺✹✱ ✷✵✵✻✳

❬✷✺❪ ❙✳ ❈✳ ❲✐❧❦/✱ ❲✳ ▲✳ ❑.✉❡.✱ ▼✳ ❚❛❜❛❦✱ ❛♥❞ ❆✳ ❇✳ ▲❛♥❣❞♦♥✳ ❆❜/♦.♣:✐♦♥ ♦❢ ✉❧:.❛✲

✐♥:❡♥/❡ ❧❛/❡. ♣✉❧/❡/✳ 7❤②, ❘❡✈ ▲❡""✱ ✻✾✭✾✮✿✶✸✽✸✕✶✸✽✻✱ ✶✾✾✷✳
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❬✷✻❪ ●✳ ❙✳ ❙❛(❦✐+♦✈✱ ❱✳ ❨✳ ❇②❝❤❡♥❦♦✈✱ ❱✳ ◆✳ ◆♦✈✐❦♦✈✱ ❱✳ ❚✳ ❚✐❦❤♦♥❝❤✉❦✱ ❆✳ ▼❛❦✲

+✐♠❝❤✉❦✱ ❙✳ ❨✳ ❈❤❡♥✱ ❘✳ ❲❛❣♥❡(✱ ●✳ ▼♦✉(♦✉✱ ❛♥❞ ❉✳ ❯♠+E❛❞E❡(✳ ❙❡❧❢✲❢♦❝✉+✐♥❣✱

❝❤❛♥♥❡❧ ❢♦(♠❛E✐♦♥✱ ❛♥❞ ❤✐❣❤✲❡♥❡(❣② ✐♦♥ ❣❡♥❡(❛E✐♦♥ ✐♥ ✐♥E❡(❛❝E✐♦♥ ♦❢ ❛♥ ✐♥E❡♥+❡

+❤♦(E ❧❛+❡( ♣✉❧+❡ ✇✐E❤ ❛ ❤❡ ❥❡E✳  ❤②# ❘❡✈ ❊ ❙)❛)  ❤②#  ❧❛#♠❛# ❋❧✉✐❞# ❘❡❧❛) ■♥)❡3✲

❞✐#❝✐♣ ❚♦♣✐❝#✱ ✺✾✭✻✮✿✼✵✹✷✕✺✹✱ ✶✾✾✾✳

❬✷✼❪ ❆✳ ▼❛❝❝❤✐✱ ❋✳ ❈❡❝❝❤❡(✐♥✐✱ ❋✳ ❈♦(♥♦❧E✐✱ ❙✳ ❑❛(✱ ❛♥❞ ▼✳ ❇♦(❣❤❡+✐✳ ❊❧❡❝E(✐❝ ✜❡❧❞

❞②♥❛♠✐❝+ ❛♥❞ ✐♦♥ ❛❝❝❡❧❡(❛E✐♦♥ ✐♥ E❤❡ +❡❧❢✲❝❤❛♥♥❡❧✐♥❣ ♦❢ ❛ +✉♣❡(✐♥E❡♥+❡ ❧❛+❡( ♣✉❧+❡✳

 ❧❛#♠❛  ❤②#✐❝# ❛♥❞ ❈♦♥)3♦❧❧❡❞ ❋✉#✐♦♥✱ ✺✶✭✷✮✿✶✽✱ ✷✵✵✾✳

❬✷✽❪ ▲✳ ❖✳ ❙✐❧✈❛✱ ▼✳ ▼❛(E✐✱ ❏✳ ❘✳ ❉❛✈✐❡+✱ ❘✳ ❆✳ ❋♦♥+❡❝❛✱ ❈✳ ❘❡♥✱ ❋✳ ❙✳ ❚+✉♥❣✱ ❛♥❞

❲✳ ❇✳ ▼♦(✐✳ ](♦E♦♥ +❤♦❝❦ ❛❝❝❡❧❡(❛E✐♦♥ ✐♥ ❧❛+❡(✲♣❧❛+♠❛ ✐♥E❡(❛❝E✐♦♥+✳  ❤②# ❘❡✈

▲❡))✱ ✾✷✭✶✮✿✵✶✺✵✵✷✱ ✷✵✵✹✳

❬✷✾❪ ▼✳ ●❛✉E❤✐❡(✱ ❆✳ ▲❡✈②✱ ❊✳ ❞✬❍✉♠✐❡(❡+✱ ▼✳ ●❧❡++❡(✱ ❇✳ ❆❧❜❡(E❛③③✐✱ ❈✳ ❇❡❛✉❝♦✉(E✱

❏✳ ❇(❡✐❧✱ ❙✳ ◆✳ ❈❤❡♥✱ ❱✳ ❉❡(✈✐❡✉①✱ ❏✳ ▲✳ ❋❡✉❣❡❛+✱ ]✳ ◆✐❝♦❧❛✐✱ ❱✳ ❚✐❦❤♦♥❝❤✉❦✱

❍✳ ]❡♣✐♥✱ ]✳ ❆♥E✐❝✐✱ ❛♥❞ ❏✳ ❋✉❝❤+✳ ■♥✈❡+E✐❣❛E✐♦♥ ♦❢ ❧♦♥❣✐E✉❞✐♥❛❧ ♣(♦E♦♥ ❛❝❝❡❧❡(❛E✐♦♥

✐♥ ❡①♣❧♦❞❡❞ E❛(❣❡E+ ✐((❛❞✐❛E❡❞ ❜② ✐♥E❡♥+❡ +❤♦(E✲♣✉❧+❡ ❧❛+❡(✳  ❤②#✐❝# ♦❢  ❧❛#♠❛#✱

✷✶✭✶✮✱ ✷✵✶✹✳

❬✸✵❪ ]✳ ❆♥E✐❝✐✱ ❊✳ ❇♦❡❧❧❛✱ ❙✳ ◆✳ ❈❤❡♥✱ ❉✳ ❙✳ ❆♥❞(❡✇+✱ ▼✳ ❇❛(❜❡(✐♦✱ ❏✳ ❇e❦❡(✱ ❋✳ ❈❛(❞❡❧❧✐✱

❏✳ ▲✳ ❋❡✉❣❡❛+✱ ▼✳ ●❧❡++❡(✱ ]✳ ◆✐❝♦❧❛✐✱ ▲✳ ❘♦♠❛❣♥❛♥✐✱ ▼✳ ❙❝✐+❝✐♦✱ ▼✳ ❙E❛(♦❞✉❜E+❡✈✱

❖✳ ❲✐❧❧✐✱ ❏✳ ❈✳ ❑✐❡✛❡(✱ ❱✳ ❚✐❦❤♦♥❝❤✉❦✱ ❍✳ ]❡♣✐♥✱ ▲✳ ❖✳ ❙✐❧✈❛✱ ❊✳ ❞✬❍✉♠✐❡(❡+✱ ❛♥❞

❏✳ ❋✉❝❤+✳ ❆❝❝❡❧❡(❛E✐♦♥ ♦❢ ❝♦❧❧✐♠❛E❡❞ 45♠❡✈ ♣(♦E♦♥+ ❜② ❝♦❧❧✐+✐♦♥❧❡++ +❤♦❝❦+ ❞(✐✈❡♥

✐♥ ❧♦✇✲❞❡♥+✐E②✱ ❧❛(❣❡✲+❝❛❧❡ ❣(❛❞✐❡♥E ♣❧❛+♠❛+ ❜② ❛ 1020 ✇✴❝♠

2
✱ 1µ♠ ❧❛+❡(✳ ❙❝✐❡♥)✐✜❝

❘❡♣♦3)#✱ ✼✭✶✮✿✶✻✹✻✸✱ ✷✵✶✼✳

❬✸✶❪ ❊✳ ❞✬❍✉♠✐❡(❡+✱ ]✳ ❆♥E✐❝✐✱ ▼✳ ●❧❡++❡(✱ ❏✳ ❇♦❡❦❡(✱ ❋✳ ❈❛(❞❡❧❧✐✱ ❙✳ ❈❤❡♥✱ ❏✳ ▲✳ ❋❡✉❣❡❛+✱

❋✳ ❋✐❧✐♣♣✐✱ ▼✳ ●❛✉E❤✐❡(✱ ❆✳ ▲❡✈②✱ ]✳ ◆✐❝♦❧❛✐✱ ❍✳ ]❡♣✐♥✱ ▲✳ ❘♦♠❛❣♥❛♥✐✱ ▼✳ ❙❝✐+❝✐♦✱

❱✳ ❚✳ ❚✐❦❤♦♥❝❤✉❦✱ ❖✳ ❲✐❧❧✐✱ ❏✳ ❈✳ ❑✐❡✛❡(✱ ❛♥❞ ❏✳ ❋✉❝❤+✳ ■♥✈❡+E✐❣❛E✐♦♥ ♦❢ ❧❛+❡(

✐♦♥ ❛❝❝❡❧❡(❛E✐♦♥ ✐♥ ❧♦✇✲❞❡♥+✐E② E❛(❣❡E+ ✉+✐♥❣ ❡①♣❧♦❞❡❞ ❢♦✐❧+✳  ❧❛#♠❛  ❤②#✐❝# ❛♥❞

❈♦♥)3♦❧❧❡❞ ❋✉#✐♦♥✱ ✺✺✭✶✷✮✿✼✱ ✷✵✶✸✳

❬✸✷❪ ❙✳ ❱✳ ❇✉❧❛♥♦✈ ❛♥❞ ❚❩❤ ❊+✐(❦❡♣♦✈✳ ❈♦♠♠❡♥E ♦♥ ✧❝♦❧❧✐♠❛E❡❞ ♠✉❧E✐✲♠❡✈ ✐♦♥ ❜❡❛♠+

❢(♦♠ ❤✐❣❤✲✐♥E❡♥+✐E② ❧❛+❡( ✐♥E❡(❛❝E✐♦♥+ ✇✐E❤ ✉♥❞❡(❞❡♥+❡ ♣❧❛+♠❛✧✳  ❤②# ❘❡✈ ▲❡))✱

✾✽✭✹✮✿✵✹✾✺✵✸❀ ❞✐+❝✉++✐♦♥ ✵✹✾✺✵✹✱ ✷✵✵✼✳

❳■❱
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❬✸✸❪ ▲✳ ❲✐❧❧✐♥❣❛❧❡✱ ❙✳ .✳ ❉✳ ▼❛♥❣❧❡1✱ .✳ ▼✳ ◆✐❧1♦♥✱ ❘✳ ❏✳ ❈❧❛7❦❡✱ ❆✳ ❊✳ ❉❛♥❣♦7✱ ▼✳ ❈✳

❑❛❧✉③❛✱ ❙✳ ❑❛71❝❤✱ ❑✳ ▲✳ ▲❛♥❝❛1@❡7✱ ❲✳ ❇✳ ▼♦7✐✱ ❩✳ ◆❛❥♠✉❞✐♥✱ ❏✳ ❙❝❤7❡✐❜❡7✱

❆✳ ●✳ ❘✳ ❚❤♦♠❛1✱ ▼✳ ❙✳ ❲❡✐✱ ❛♥❞ ❑✳ ❑7✉1❤❡❧♥✐❝❦✳ ❈♦♠♠❡♥@ ♦♥ ✧❝♦❧❧✐♠❛@❡❞ ♠✉❧@✐✲

♠❡✈ ✐♦♥ ❜❡❛♠1 ❢7♦♠ ❤✐❣❤✲✐♥@❡♥1✐@② ❧❛1❡7 ✐♥@❡7❛❝@✐♦♥1 ✇✐@❤ ✉♥❞❡7❞❡♥1❡ ♣❧❛1♠❛✧ ✲

✇✐❧❧✐♥❣❛❧❡ ❡@ ❛❧✳ 7❡♣❧②✳  ❤②#✐❝❛❧ ❘❡✈✐❡✇ ▲❡--❡.#✱ ✾✽✭✹✮✱ ✷✵✵✼✳

❬✸✹❪ ❙✳ ❑❛❤❛❧②✱ ❋✳ ❙②❧❧❛✱ ❆✳ ▲✐❢1❝❤✐@③✱ ❆✳ ❋❧❛❝❝♦✱ ▼✳ ❱❡❧@❝❤❡✈❛✱ ❛♥❞ ❱✳ ▼❛❧❦❛✳ ❉❡@❛✐❧❡❞

❡①♣❡7✐♠❡♥@❛❧ 1@✉❞② ♦❢ ✐♦♥ ❛❝❝❡❧❡7❛@✐♦♥ ❜② ✐♥@❡7❛❝@✐♦♥ ♦❢ ❛♥ ✉❧@7❛✲1❤♦7@ ✐♥@❡♥1❡ ❧❛1❡7

✇✐@❤ ❛♥ ✉♥❞❡7❞❡♥1❡ ♣❧❛1♠❛✳ ❙❝✐ ❘❡♣✱ ✻✿✸✶✻✹✼✱ ✷✵✶✻✳

❬✸✺❪ .✳ ▼❛✐♥❡✱ ❉✳ ❙@7✐❝❦❧❛♥❞✱ .✳ ❇❛❞♦✱ ▼✳ .❡11♦@✱ ❛♥❞ ●✳ ▼♦✉7♦✉✳ ●❡♥❡7❛@✐♦♥ ♦❢ ✉❧@7❛✲

❤✐❣❤ ♣❡❛❦ ♣♦✇❡7 ♣✉❧1❡1 ❜② ❝❤✐7♣❡❞ ♣✉❧1❡ ❛♠♣❧✐✜❝❛@✐♦♥✳ ■❡❡❡ ❏♦✉.♥❛❧ ♦❢ ◗✉❛♥-✉♠

❊❧❡❝-.♦♥✐❝#✱ ✷✹✭✷✮✿✸✾✽✕✹✵✸✱ ✶✾✽✽✳

❬✸✻❪ ❍✳ ❑✐7✐②❛♠❛✱ ❚✳ ❙❤✐♠♦♠✉7❛✱ ❍✳ ❙❛1❛♦✱ ❨✳ ◆❛❦❛✐✱ ▼✳ ❚❛♥♦✉❡✱ ❙✳ ❑♦♥❞♦✱

❙✳ ❑❛♥❛③❛✇❛✱ ❆✳ ❙✳ .✐7♦③❤❦♦✈✱ ▼✳ ▼♦7✐✱ ❨✳ ❋✉❦✉❞❛✱ ▼✳ ◆✐1❤✐✉❝❤✐✱ ▼✳ ❑❛♥❞♦✱ ❙✳ ❱✳

❇✉❧❛♥♦✈✱ ❑✳ ◆❛❣❛1❤✐♠❛✱ ▼✳ ❨❛♠❛❣✐✇❛✱ ❑✳ ❑♦♥❞♦✱ ❆✳ ❙✉❣✐②❛♠❛✱ .✳ ❘✳ ❇♦❧@♦♥✱

❚✳ ❚❛❥✐♠❛✱ ❛♥❞ ◆✳ ▼✐②❛♥❛❣❛✳ ❚❡♠♣♦7❛❧ ❝♦♥@7❛1@ ❡♥❤❛♥❝❡♠❡♥@ ♦❢ ♣❡@❛✇❛@@✲❝❧❛11

❧❛1❡7 ♣✉❧1❡1✳ ❖♣- ▲❡--✱ ✸✼✭✶✻✮✿✸✸✻✸✕✺✱ ✷✵✶✷✳

❬✸✼❪ ❆✳ ❘✐❝❝✐✱ ❆✳ ❏✉❧❧✐❡♥✱ ❏✳ .✳ ❘♦✉11❡❛✉✱ ❨✳ ▲✐✉✱ ❆✳ ❍♦✉❛7❞✱ .✳ ❘❛♠✐7❡③✱ ❉✳ .❛♣❛❞♦♣♦✉✲

❧♦1✱ ❆✳ .❡❧❧❡❣7✐♥❛✱ .✳ ●❡♦7❣❡1✱ ❋✳ ❉7✉♦♥✱ ◆✳ ❋♦7❣❡@✱ ❛♥❞ ❘✳ ▲♦♣❡③✲▼❛7@❡♥1✳

❊♥❡7❣②✲1❝❛❧❛❜❧❡ @❡♠♣♦7❛❧ ❝❧❡❛♥✐♥❣ ❞❡✈✐❝❡ ❢♦7 ❢❡♠@♦1❡❝♦♥❞ ❧❛1❡7 ♣✉❧1❡1 ❜❛1❡❞ ♦♥

❝7♦11✲♣♦❧❛7✐③❡❞ ✇❛✈❡ ❣❡♥❡7❛@✐♦♥✳ ❘❡✈✐❡✇ ♦❢ ❙❝✐❡♥-✐✜❝ ■♥#-.✉♠❡♥-#✱ ✽✹✭✹✮✱ ✷✵✶✸✳

❬✸✽❪ ❇✳ ❉7♦♠❡②✱ ❙✳ ❑❛7✱ ▼✳ ❩❡♣❢✱ ❛♥❞ .✳ ❋♦1@❡7✳ ❚❤❡ ♣❧❛1♠❛ ♠✐77♦7 ✲ ❛ 1✉❜♣✐❝♦1❡❝✲

♦♥❞ ♦♣@✐❝❛❧ 1✇✐@❝❤ ❢♦7 ✉❧@7❛❤✐❣❤ ♣♦✇❡7 ❧❛1❡71✳ ❘❡✈✐❡✇ ♦❢ ❙❝✐❡♥-✐✜❝ ■♥#-.✉♠❡♥-#✱

✼✺✭✸✮✿✻✹✺✕✻✹✾✱ ✷✵✵✹✳

❬✸✾❪ ❈✳ ❚❤❛✉7②✱ ❋✳ ◗✉❡7❡✱ ❏✳ .✳ ●❡✐♥❞7❡✱ ❆✳ ▲❡✈②✱ ❚✳ ❈❡❝❝♦@@✐✱ .✳ ▼♦♥♦@✱ ▼✳ ❇♦✉❣❡❛7❞✱

❋✳ ❘❡❛✉✱ .✳ ❉✬❖❧✐✈❡✐7❛✱ .✳ ❆✉❞❡❜❡7@✱ ❘✳ ▼❛7❥♦7✐❜❛♥❦1✱ ❛♥❞ .✳ ❍✳ ▼❛7@✐♥✳ .❧❛1♠❛

♠✐77♦71 ❢♦7 ✉❧@7❛❤✐❣❤✲✐♥@❡♥1✐@② ♦♣@✐❝1✳ ◆❛-✉.❡  ❤②#✐❝#✱ ✸✭✻✮✿✹✷✹✕✹✷✾✱ ✷✵✵✼✳

❬✹✵❪ ❆✳✲▲✳ ●✐❡1❡❝❦❡✳  .♦♣❛❣❛-✐♦♥ ❉②♥❛♠✐❝# ❛♥❞ ❍✐❣❤ ❍❛.♠♦♥✐❝ ●❡♥❡.❛-✐♦♥ ❯#✐♥❣

❍✐❣❤ ❈♦♥-.❛#- ❯❧-.❛#❤♦.- ▲❛#❡.  ✉❧#❡#✳ .❤❞ @❤❡1✐1✱ ❍❡✐♥7✐❝❤ ❍❡✐♥❡ ❯♥✐✈❡71✐@②

❉g11❡❧❞♦7❢✱ ✷✵✶✸✳

❬✹✶❪ ❙✳ ❙❡♠✉1❤✐♥ ❛♥❞ ❱✳ ▼❛❧❦❛✳ ❍✐❣❤ ❞❡♥1✐@② ❣❛1 ❥❡@ ♥♦③③❧❡ ❞❡1✐❣♥ ❢♦7 ❧❛1❡7 @❛7❣❡@

♣7♦❞✉❝@✐♦♥✳ ❘❡✈✐❡✇ ♦❢ ❙❝✐❡♥-✐✜❝ ■♥#-.✉♠❡♥-#✱ ✼✷✭✼✮✿✷✾✻✶✕✷✾✻✺✱ ✷✵✵✶✳
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❬✹✷❪ ❑✳ ❙❝❤♠✐❞ ❛♥❞ ▲✳ ❱❡✐1③✳ ❙✉♣❡51♦♥✐❝ ❣❛1 ❥❡91 ❢♦5 ❧❛1❡5✲♣❧❛1♠❛ ❡①♣❡5✐♠❡♥91✳ ❘❡✈✐❡✇

♦❢ ❙❝✐❡♥*✐✜❝ ■♥-*.✉♠❡♥*-✱ ✽✸✭✺✮✱ ✷✵✶✷✳

❬✹✸❪ ▼✐❦❤❛✐❧ ◆✳ I♦❧②❛♥1❦✐②✳ ❘❡❢5❛❝9✐✈❡ ✐♥❞❡① ❞❛9❛❜❛1❡✳ ❤99♣1✿✴✴5❡❢5❛❝9✐✈❡✐♥❞❡①✳✐♥❢♦✳

❆❝❝❡11❡❞ ♦♥ ✷✵✶✼✲✵✸✲✷✵✳

❬✹✹❪ ❑✳ ❙✈❡♥11♦♥✱ ▼✳ ❍❛♥11♦♥✱ ❋✳ ❲♦❥❞❛✱ ▲✳ ❙❡♥❥❡✱ ▼✳ ❇✉5③❛✱ ❇✳ ❆✉5❛♥❞✱ ●✳ ●❡♥♦✉❞✱

❆✳ I❡511♦♥✱ ❈✳ ●✳ ❲❛❤❧195X♠✱ ❛♥❞ ❖✳ ▲✉♥❞❤✳ ❙✉♣❡51♦♥✐❝ ❥❡91 ♦❢ ❤②❞5♦❣❡♥ ❛♥❞

❤❡❧✐✉♠ ❢♦5 ❧❛1❡5 ✇❛❦❡✜❡❧❞ ❛❝❝❡❧❡5❛9✐♦♥✳ 1❤②-✐❝❛❧ ❘❡✈✐❡✇ ❆❝❝❡❧❡.❛*♦.- ❛♥❞ ❇❡❛♠-✱

✶✾✭✺✮✿✵✺✶✸✵✶✱ ✷✵✶✻✳

❬✹✺❪ I✳ ❍❛5✐❤❛5❛♥✳ ❇❛-✐❝- ♦❢ ✐♥*❡.❢❡.♦♠❡*.②✳ ❆❝❛❞❡♠✐❝ ♣5❡11 ♦❢ ❊❧1❡✈✐❡5✱ ✷ ❡❞✐9✐♦♥✱

✷✵✵✼✳ ♣✳ ✾✸ ✛✳

❬✹✻❪ ❋✳ ❍✳ ❙❡❣✉✐♥✱ ❏✳ ❆✳ ❋5❡♥❥❡✱ ❈✳ ❑✳ ▲✐✱ ❉✳ ●✳ ❍✐❝❦1✱ ❙✳ ❑✉5❡❜❛②❛1❤✐✱ ❏✳ ❘✳ ❘②❣❣✱

❇✳ ❊✳ ❙❝❤✇❛59③✱ ❘✳ ❉✳ I❡95❛11♦✱ ❙✳ ❘♦❜❡591✱ ❏✳ ▼✳ ❙♦✉5❡1✱ ❉✳ ❉✳ ▼❡②❡5❤♦❢❡5✱ ❚✳ ❈✳

❙❛♥❣19❡5✱ ❏✳ I✳ ❑♥❛✉❡5✱ ❈✳ ❙♦5❝❡✱ ❱✳ ❨✳ ●❧❡❜♦✈✱ ❈✳ ❙9♦❡❝❦❧✱ ❚✳ ❲✳ I❤✐❧❧✐♣1✱ ❘✳ ❏✳

▲❡❡♣❡5✱ ❑✳ ❋❧❡9❝❤❡5✱ ❛♥❞ ❙✳ I❛❞❛❧✐♥♦✳ ❙♣❡❝95♦♠❡95② ♦❢ ❝❤❛5❣❡❞ ♣❛59✐❝❧❡1 ❢5♦♠

✐♥❡59✐❛❧✲❝♦♥✜♥❡♠❡♥9✲❢✉1✐♦♥ ♣❧❛1♠❛1✳ ❘❡✈✐❡✇ ♦❢ ❙❝✐❡♥*✐✜❝ ■♥-*.✉♠❡♥*-✱ ✼✹✭✷✮✿✾✼✺✕

✾✾✺✱ ✷✵✵✸✳

❬✹✼❪ ❆✳ I✳ ❋❡✇1✳ ❋✉❧❧② ❛✉9♦♠❛9❡❞ ✐♠❛❣❡✲❛♥❛❧②1✐1 ♦❢ ❡9❝❤❡❞ 95❛❝❦1 ✐♥ ❝5✲✸✾✳ ◆✉❝❧❡❛.

■♥-*.✉♠❡♥*- ❛♥❞ ▼❡*❤♦❞- ✐♥ 1❤②-✐❝- ❘❡-❡❛.❝❤ ❙❡❝*✐♦♥ ❇✲❇❡❛♠ ■♥*❡.❛❝*✐♦♥- ✇✐*❤

▼❛*❡.✐❛❧- ❛♥❞ ❆*♦♠-✱ ✼✶✭✹✮✿✹✻✺✕✹✼✽✱ ✶✾✾✷✳

❬✹✽❪ ▼✳ ❋5♦♠♠✱ ❋✳ ▼❡♠❜5❡②✱ ❆✳ ❈❤❛♠❜❛✉❞❡9✱ ❛♥❞ ❘✳ ❙❛♦✉❧✐✳ I5♦9♦♥ ❛♥❞ ❛❧♣❤❛ 95❛❝❦

♣5♦✜❧❡1 ✐♥ ❝5✸✾ ❞✉5✐♥❣ ❡9❝❤✐♥❣ ❛♥❞ 9❤❡✐5 ✐♠♣❧✐❝❛9✐♦♥1 ♦♥ 95❛❝❦ ❡9❝❤✐♥❣ ♠♦❞❡❧1✳

■♥*❡.♥❛*✐♦♥❛❧ ❏♦✉.♥❛❧ ♦❢ ❘❛❞✐❛*✐♦♥ ❆♣♣❧✐❝❛*✐♦♥- ❛♥❞ ■♥-*.✉♠❡♥*❛*✐♦♥✳ 1❛.* ❉✳

◆✉❝❧❡❛. ❚.❛❝❦- ❛♥❞ ❘❛❞✐❛*✐♦♥ ▼❡❛-✉.❡♠❡♥*-✱ ✶✾✭✶✲✹✮✿✶✻✸✕✶✻✽✱ ✶✾✾✶✳

❬✹✾❪ ❏✳ ❏✳ ❚❤♦♠1♦♥✳ ❇❛❦❡5✐❛♥ ❧❡❝9✉5❡✿ ❘❛②1 ♦❢ ♣♦1✐9✐✈❡ ❡❧❡❝95✐❝✐9②✳ 1.♦❝❡❡❞✐♥❣- ♦❢ *❤❡

❘♦②❛❧ ❙♦❝✐❡*② ❆✿ ▼❛*❤❡♠❛*✐❝❛❧✱ 1❤②-✐❝❛❧ ❛♥❞ ❊♥❣✐♥❡❡.✐♥❣ ❙❝✐❡♥❝❡- ✱ ✽✾✭✻✵✼✮✿✶✕✷✵✱

✶✾✶✸✳

❬✺✵❪ ❆✳ ❆❧❡❥♦✱ ❉✳ ●✇②♥♥❡✱ ❉✳ ❉♦5✐❛✱ ❍✳ ❆❤♠❡❞✱ ❉✳ ❈✳ ❈❛55♦❧❧✱ ❘✳ ❏✳ ❈❧❛5❦❡✱ ❉✳ ◆❡❡❧②✱

●✳ ●✳ ❙❝♦99✱ ▼✳ ❇♦5❣❤❡1✐✱ ❛♥❞ ❙✳ ❑❛5✳ ❘❡❝❡♥9 ❞❡✈❡❧♦♣♠❡♥91 ✐♥ 9❤❡ 9❤♦♠1♦♥

♣❛5❛❜♦❧❛ 1♣❡❝95♦♠❡9❡5 ❞✐❛❣♥♦19✐❝ ❢♦5 ❧❛1❡5✲❞5✐✈❡♥ ♠✉❧9✐✲1♣❡❝✐❡1 ✐♦♥ 1♦✉5❝❡1✳ ❏♦✉.✲

♥❛❧ ♦❢ ■♥-*.✉♠❡♥*❛*✐♦♥✱ ✶✶✭✶✵✮✿❈✶✵✵✵✺✕❈✶✵✵✵✺✱ ✷✵✶✻✳
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❬✺✶❪ ❉✳ ●✇②♥♥❡✱ ❙✳ ❑❛/✱ ❉✳ ❉♦/✐❛✱ ❍✳ ❆❤♠❡❞✱ ▼✳ ❈❡/❝❤❡③✱ ❏✳ ❋❡/♥❛♥❞❡③✱ ❘✳ ❏✳ ●/❛②✱

❏✳ ❙✳ ●/❡❡♥✱ ❋✳ ❍❛♥>♦♥✱ ❉✳ ❆✳ ▼❛❝▲❡❧❧❛♥✱ A✳ ▼❝❑❡♥♥❛✱ ❩✳ ◆❛❥♠✉❞✐♥✱ ❉✳ ◆❡❡❧②✱

❏✳ ❆✳ ❘✉✐③✱ ❆✳ ❙❝❤✐❛✈✐✱ ▼✳ ❙>/❡❡>❡/✱ ▼✳ ❙✇❛♥>✉G❝❤✱ ❖✳ ❲✐❧❧✐✱ ▼✳ ❩❡♣❢✱ ❛♥❞

▼✳ ❇♦/❣❤❡G✐✳ ▼♦❞✐✜❡❞ >❤♦♠G♦♥ G♣❡❝>/♦♠❡>❡/ ❞❡G✐❣♥ ❢♦/ ❤✐❣❤ ❡♥❡/❣②✱ ♠✉❧>✐✲G♣❡❝✐❡G

✐♦♥ G♦✉/❝❡G✳ ❘❡✈✐❡✇ ♦❢ ❙❝✐❡♥*✐✜❝ ■♥-*.✉♠❡♥*-✱ ✽✺✭✸✮✿✻✱ ✷✵✶✹✳

❬✺✷❪ ❉✳ ❏✉♥❣✱ ❘✳ ❍♦/❧❡✐♥✱ ❉✳ ❑✐❡❢❡/✱ ❙✳ ▲❡>③/✐♥❣✱ ❉✳ ❈✳ ●❛✉>✐❡/✱ ❯✳ ❙❝❤/❛♠♠✱ ❈✳ ❍✉❜✲

G❝❤✱ ❘✳ ❖❤♠✱ ❇✳ ❏✳ ❆❧❜/✐❣❤>✱ ❏✳ ❈✳ ❋❡/♥❛♥❞❡③✱ ❉✳ ❍❛❜G✱ ❛♥❞ ❇✳ ▼✳ ❍❡❣❡❧✐❝❤✳

❉❡✈❡❧♦♣♠❡♥> ♦❢ ❛ ❤✐❣❤ /❡G♦❧✉>✐♦♥ ❛♥❞ ❤✐❣❤ ❞✐G♣❡/G✐♦♥ >❤♦♠G♦♥ ♣❛/❛❜♦❧❛✳ ❘❡✈ ❙❝✐

■♥-*.✉♠✱ ✽✷✭✶✮✿✵✶✸✸✵✻✱ ✷✵✶✶✳

❬✺✸❪ ❏✳ ▲✳ ❲✐③❛✳ ▼✐❝/♦❝❤❛♥♥❡❧ ♣❧❛>❡ ❞❡>❡❝>♦/G✳ ◆✉❝❧❡❛. ■♥-*.✉♠❡♥*- ❛♥❞ ▼❡*❤♦❞-✱

✶✻✷✭✶✲✸✮✿✺✽✼✕✻✵✶✱ ✶✾✼✾✳

❬✺✹❪ ❍❛♠❛♠❛>G✉ A❤♦>♦♥✐❝G✳ ▼❈8 ✭▼✐❝.♦❝❤❛♥♥❡❧ 8❧❛*❡✮ ❛♥❞ ▼❈8 ❛--❡♠❜❧②✳

❬✺✺❪ ❚✳ ❲✳ ❏❡♦♥❣✱ A✳ ❑✳ ❙✐♥❣❤✱ ❈✳ ❙❝✉❧❧✐♦♥✱ ❍✳ ❆❤♠❡❞✱ ❑✳ ❋✳ ❑❛❦♦❧❡❡✱ A✳ ❍❛❞❥✐G♦❧♦♠♦✉✱

❆✳ ❆❧❡❥♦✱ ❙✳ ❑❛/✱ ▼✳ ❇♦/❣❤❡G✐✱ ❛♥❞ ❙✳ ❚❡/✲❆✈❡>✐G②❛♥✳ ❊①♣❡/✐♠❡♥>❛❧ ❡✈❛❧✉❛>✐♦♥ ♦❢

>❤❡ /❡G♣♦♥G❡ ♦❢ ♠✐❝/♦✲❝❤❛♥♥❡❧ ♣❧❛>❡ ❞❡>❡❝>♦/ >♦ ✐♦♥G ✇✐>❤ ✶✵G ♦❢ ♠❡✈ ❡♥❡/❣✐❡G✳ ❘❡✈

❙❝✐ ■♥-*.✉♠✱ ✽✼✭✽✮✿✵✽✸✸✵✶✱ ✷✵✶✻✳

❬✺✻❪ ❈✳ ▼❛✉❣❡/✱ ▲✳ ▼❡❡G✱ ▼✳ ▼✐❝❤❛/❞✱ ❆✳ ❆③♦✉③✐✱ ❛♥❞ ❙✳ ❱❛❧❡>>❡✳ ❙❤❛❞♦✇❣/❛♣❤✱

G❝❤❧✐❡/❡♥ ❛♥❞ ✐♥>❡/❢❡/♦♠❡>/② ✐♥ ❛ ✷❞ ❝❛✈✐>❛>✐♥❣ ❝❤❛♥♥❡❧ ✢♦✇✳ ❊①♣❡.✐♠❡♥*- ✐♥ ❋❧✉✲

✐❞-✱ ✺✸✭✻✮✿✶✽✾✺✕✶✾✶✸✱ ✷✵✶✷✳

❬✺✼❪ ❆✳ ❙/✐✈❛G>❛✈❛✱ ❑✳ ▼✉/❛❧✐❞❤❛/✱ ❛♥❞ A✳ ❑✳ A❛♥✐❣/❛❤✐✳ ❈♦♠♣❛/✐G♦♥ ♦❢ ✐♥>❡/❢❡/♦♠❡✲

>/②✱ G❝❤❧✐❡/❡♥ ❛♥❞ G❤❛❞♦✇❣/❛♣❤ ❢♦/ ✈✐G✉❛❧✐③✐♥❣ ❝♦♥✈❡❝>✐♦♥ ❛/♦✉♥❞ ❛ ❦❞♣ ❝/②G>❛❧✳

❏♦✉.♥❛❧ ♦❢ ❈.②-*❛❧ ●.♦✇*❤✱ ✷✻✼✭✶✲✷✮✿✸✹✽✕✸✻✶✱ ✷✵✵✹✳

❬✺✽❪ A✳ ❑✳ A❛♥✐❣/❛❤✐ ❛♥❞ ❑✳ ▼✉/❛❧✐❞❤❛/✳ ❙❝❤❧✐❡.❡♥ ❛♥❞ ❙❤❛❞♦✇❣.❛♣❤ ▼❡*❤♦❞- ✐♥ ❍❡❛*

❛♥❞ ▼❛-- ❚.❛♥-❢❡.✳ ❙♣/✐♥❣❡/❇/✐❡❢G ✐♥ ❚❤❡/♠❛❧ ❊♥❣✐♥❡❡/✐♥❣ ❛♥❞ ❆♣♣❧✐❡❞ ❙❝✐❡♥❝❡✳

❙♣/✐♥❣❡/ ◆❡✇ ❨♦/❦✱ ✷✵✶✷✳ ♣✳ ✷✸ ✛✳

❬✺✾❪ ■✳ ❍✳ ❍✉>❝❤✐♥G♦♥✳ 8.✐♥❝✐♣❧❡- ♦❢ 8❧❛-♠❛ ❉✐❛❣♥♦-*✐❝-✳ ❈❛♠❜/✐❞❣❡ ❯♥✐✈❡/G✐>② A/❡GG✱

✷ ❡❞✐>✐♦♥✱ ✷✵✵✷✳ ♣✳ ✶✶✷ ✛✳
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❬✻✵❪ ❱✳ ▼❛❧❦❛✱ ❈✳ ❈♦✉❧❛✉❞✱ ❏✳ 0✳ ●❡✐♥❞5❡✱ ❱✳ ▲♦♣❡③✱ ❩✳ ◆❛❥♠✉❞✐♥✱ ❉✳ ◆❡❡❧②✱ ❛♥❞

❋✳ ❆♠✐5❛♥♦✛✳ ❈❤❛5❛❝D❡5✐③❛D✐♦♥ ♦❢ ♥❡✉D5❛❧ ❞❡♥F✐D② ♣5♦✜❧❡ ✐♥ ❛ ✇✐❞❡ 5❛♥❣❡ ♦❢ ♣5❡F✲

F✉5❡ ♦❢ ❝②❧✐♥❞5✐❝❛❧ ♣✉❧F❡❞ ❣❛F ❥❡DF✳ ❘❡✈✐❡✇ ♦❢ ❙❝✐❡♥*✐✜❝ ■♥-*.✉♠❡♥*-✱ ✼✶✭✻✮✿✷✸✷✾✕

✷✸✸✸✱ ✷✵✵✵✳

❬✻✶❪ ◆✳❍✳ ❆❜❡❧✳ ❆✉✢WF✉♥❣ ❡✐♥❡5 ♠❡❝❤❛♥✐F❝❤❡♥ ❛✉❢❣❛❜❡✳ ❏♦✉.♥❛❧ ❢4. ❞✐❡ .❡✐♥❡ ✉♥❞

❛♥❣❡✇❛♥❞*❡ ▼❛*❤❡♠❛*✐❦✱ ✶✿✶✺✸✕✶✺✼✱ ✶✽✷✻✳

❬✻✷❪ ❘✳ ❇❡♥❛DD❛5✱ ❈✳ 0♦♣♦✈✐❝F✱ ❛♥❞ ❘✳ ❙✐❣❡❧✳ 0♦❧❛5✐③❡❞ ❧✐❣❤D ✐♥D❡5❢❡5♦♠❡D❡5 ❢♦5 ❧❛F❡5
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