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Abstract

Soft condensed matter is an interesting yet also demanding research area in modern
physics, due to its many connections to biology, chemistry or medicine. Many
systems in those related disciplines are of high importance for human life and their
understanding can be enhanced by insight into the underlying physical mechanisms.
Examples are the diffusion of enzymes within cells or the flow of blood within narrow
channels. But also technical applications like the genetic fingerprint or liquid crystal
displays (LCDs) rely on soft matter systems.

This dissertation focuses on two complex systems, which are connected to these
two technical applications. When determining the genetic fingerprint, small DNA
fragments diffuse in an electric field through a gel matrix. Although commonly used,
the underlying mechanisms in the diffusion of macromolecules through gels are still
under discussion and similarly, fundamental properties of gels like the mean pore size
are still controversly discussed. Such topics are the main issue of the first part of this
dissertation. By combination of three complementary experimental techniques and
additional simulations, information about the dynamics of different macromolecules
in the gel is obtained, which allows for conclusions about the underlying structure of
the gel by deducing its pore size distribution.

The second part investigates different aspects of the behavior of a liquid containing
anisotropic colloidal hard particles. Depending on the particles’ shapes, their density,
or other parameters, these particles can form different patterns. Such liquid crystals are
the basis for LCDs and therefore of great importance. Additional interesting effects can
be observed at the boundaries between liquids and hard walls, as the lotus effect is only
one well known example. This work deals with colloidal systems, which are confined to
two dimensions. Even though our world is three dimensional, this restriction is more
than just a mathematical gimmick as processes on surfaces are effectively taking place
in two dimensions. This dissertation focuses especially on dispersions of rodlike and
rectangular colloidal particles, since their shape anisotropy allows for many interesting
effects. Using simulations and density functional theory calculations, their phase
behavior in various environments is investigated, including flat and curved surfaces
and the presence or absence of walls or external fields. Furthermore, the interfacial
free energies in the presence of walls are calculated.

The results presented in this thesis provide fundamental insights into the beha-
vior of both two dimensional systems of anisotropic particles and the diffusion of
macromolecules in gels and will help guide future research.
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Kurzfassung

In der modernen Physik ist das Gebiet der weichen Materie durch seine vielen
Schnittstellen zur Biologie, Chemie oder Medizin ein sowohl interessantes als auch
anspruchsvolles Forschungsgebiet. Viele Systeme, die in angrenzenden Disziplinen
von höchster Bedeutung für den Menschen sind, lassen sich durch Erkenntnisse
über die zugrunde liegenden physikalischen Vorgänge besser verstehen. Beispiele sind
die Diffusion von Enzymen in Zellen oder das Flussverhalten von Blut in engen
Kanälen. Auch für technische Anwendungen, wie bei der Bestimmung des genetischen
Fingerabdruckes oder bei LCD-Bildschirmen, bilden Systeme der weichen Materie die
Grundlage.

In dieser Arbeit wird der Schwerpunkt auf zwei komplexe Systeme gelegt, die mit
den beiden letztgenannten technischen Anwendungen in enger Verbindung stehen.
Bei der Bestimmung des genetischen Fingerabdruckes diffundieren DNA-Fragmente
bei angelegtem elektrischem Feld durch eine Gel-Matrix. Obwohl die Diffusion von
Makromolekülen durch Gele in vielen Anwendungen eine Rolle spielt, sind viele
Vorgänge hierbei noch nicht restlos erforscht. Ebenso werden viele Eigenschaften der
Gele, wie beispielsweise ihre mittlere Porengröße, immer noch kontrovers diskutiert. Als
erster Schwerpunkt dieser Dissertation wird unter Verwendung von computergestützten
Simulationen und drei unterschiedlicher experimenteller Techniken die Dynamik von
Makromolekülen in einem Gel durch Berechnung der Diffusionskoeffizienten untersucht.
Dadurch werden Rückschlüsse auf die Struktur des Gels durch Bestimmung der
Porengrößenverteilung ermöglicht.

Der zweite Teil dieser Arbeit untersucht verschiedenste Aspekte des Verhaltens
richtungsabhängiger, kolloidaler, harter Teilchen. Je nach Teilchenform, Teilchendichte
und anderen Parametern können diese durch ihr kollektives Verhalten unterschiedliche
Strukturen bilden. Solche Flüssigkristalle bilden die Grundlage von LCD-Bildschirmen
und sind daher von großer Relevanz. An Grenzflächen zwischen harten Wänden und
Flüssigkeiten treten weitere interessante Effekte auf, von denen der Lotus-Effekt der
wohl bekannteste ist. Diese Arbeit beschäftigt sich mit solchen kolloidalen Systemen in
zwei Dimensionen. Auch wenn die reale Welt dreidimensional ist, ist die Einschränkung
auf zwei Dimensionen mehr als nur eine mathematische Spielerei. Schließlich sind alle
Prozesse, die auf Oberflächen stattfinden, effektiv zweidimensional.

Im Rahmen des zweiten Teils dieser Arbeit wird dabei ein Schwerpunkt auf
Flüssigkeiten mit stäbchenförmigen oder rechteckigen Teilchen gelegt, da diese im
Gegensatz zu Scheiben eine Orientierungsabhängigkeit vorweisen und so durch ihre
Form weitere interessante Effekte ermöglichen. Unter Verwendung von Simulationen
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und Dichtefunktionaltheorierechnungen wird das Phasenverhalten dieser Flüssigkeiten
unter verschiedenen Bedingungen betrachtet. Im Speziellen werden die Einflüsse der
Oberflächenkrümmung, eines externen Feldes oder von Wänden auf das jeweilige
System untersucht und dabei auch die Oberflächenspannungen in der Anwesenheit
von Wänden berechnet.

Die in dieser Dissertation präsentierten Ergebnisse liefern grundlegende Einblicke in
das Verhalten von anisotropen Teilchen in zwei Dimensionen sowie in die Diffusion
von Makromolekülen in Gelen und können als Basis für zukünftige Forschungsprojekte
dienen.
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unzulässige fremde Hilfe unter Beachtung der

”
Grundsätze zur Sicherung guter wis-

senschaftlicher Praxis an der Heinrich-Heine-Universität Düsseldorf“ erstellt worden ist.

Düsseldorf,



viii



ix

Vorwort

Die Inhalte dieser Dissertation beruhen auf den folgenden vier Publikationen in inter-
nationalen wissenschaftlichen Fachjournalen mit anerkannten Begutachtungsverfahren
(peer review), zu denen ich während meiner Arbeit am Institut für Theoretische Physik
II: Weiche Materie der Heinrich-Heine-Universität Düsseldorf zwischen Mai 2013
und September 2017 beigetragen habe.

I. D. Sandrin∗, D. Wagner∗, C. E. Sitta∗, R. Thoma, S. Felekyan, H. E. Hermes,
C. Janiak, N. de Sousa Amadeu, R. Kühnemuth, H. Löwen, S. U. Egelhaaf
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Kapitel 1

Einleitung

In der Physik befasst sich der Bereich der weichen Materie mit einer Vielzahl unter-
schiedlicher Systeme und Teilchen, wie beispielsweise Polymeren, Gelen, Tensiden,
Flüssigkristallen oder auch biologischen Zellbestandteilen wie DNA oder Proteinen.1–4

Damit befindet sich die weiche Materie im Grenzgebiet zur Chemie, Medizin und
Biologie.

Wichtige Systeme in der weichen Materie sind kolloidale Dispersionen.2;5 Diese
bestehen aus mindestens zwei Komponenten unterschiedlicher Größenordnung, nämlich
einer dispersen Phase, die sich in einem Dispersionsmedium, beispielsweise Wasser,
befindet. Die disperse Phase besteht dabei aus Teilchen, auch Kolloide genannt,
die mindestens einige Nanometer groß sind.4 So können zum einen Quanteneffekte
vernachlässigt werden und zum anderen sind die Teilchen wesentlich größer als die
Moleküle des Dispersionsmediums, sodass Letzteres als Kontinuum dargestellt werden
kann. Gleichzeitig dürfen Kolloide höchstens etwa 10 Mikrometer groß sein, damit die
thermische Energie immer noch die Gravitation überwiegt und dadurch die Brownsche
Bewegung, also die scheinbar zufällige Bewegung durch Stöße mit Molekülen des
Dispersionsmediums, sichtbar ist.5

Wie der Name schon impliziert, haben Systeme in der weichen Materie neben der
gemeinsamen Größenordung der relevanten Teilchen eine Gemeinsamkeit darin, dass
sie sich bei externen Kräften relativ leicht verformen lassen.4 Aufgrund der Vielzahl der
auftretenden Teilchen sind zur Beschreibung dieser Systeme Methoden der statistischen
Physik nötig, da die Berechnung der Bewegung jedes einzelnen Moleküls zu komplex
wäre. Durch die Interaktion vieler Teilchen sind die auftretenden Strukturen dabei
sowohl komplex als auch interessant und durch technische Anwendungen für den
menschlichen Alltag relevant. So sind Flüssigkristalle ein zentraler Baustein von LCD-
Bildschirmen, aber auch lebenswichtige Substanzen wie Milch oder Blut fallen unter
kolloidale Systeme und motivieren zu ihrer Erforschung.1

Die dieser kumulativen Dissertation zugrunde liegenden Veröffentlichungen haben
sich mit zwei komplexen Systemen aus dem Bereich der weichen Materie befasst,
nämlich mit der Diffusion von Makromolekülen durch Gele sowie mit zweidimensionalen
Flüssigkristallen. Beide Systeme werden in den folgenden Kapiteln vorgestellt.
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1.1 Diffusion in Hydrogelen

Stellt man die scheinbar einfache Frage, ob man wisse, was ein
”
Gel“ sei, so wird diese

Frage meist bejaht werden, da Assoziationen zu
”
Alltags-Gelen“ wie beispielsweise

Götterspeise oder Haargel hergestellt werden. Fragt man unabhängig davon, ob man
generell zwischen flüssig oder fest unterscheiden könne, wird diese Frage ebenso bejaht
werden. Fragt man jedoch, ob ein Gel flüssig oder fest sei, so wird es komplexer und
Antworten wie

”
beides“ oder

”
weder noch“ scheinen auf einmal zulässig.

Als erstes System befasst sich diese Arbeit mit Hydrogelen. Dabei handelt es sich
um dreidimensionale Netzwerke aus (festen) Polymeren, deren Zwischenräume mit
(flüssigem) Wasser gefüllt sind. Für kleine Moleküle, wie beispielsweise Wasser, sind
solche Netzwerke durchlässig. Dies gilt jedoch nicht zwangsläufig für Makromoleküle,
also größere, aus sich wiederholenden Bausteinen aufgebaute Teilchen wie Polymere
oder Proteine.

Die Diffusion von solchen Makromolekülen in Gelen ist in vielerlei Hinsicht inter-
essant.∗ Zum einen spielt sie eine Rolle in technischen Analyseverfahren, wie bei der
Gelelektrophorese, die u.a. zur Bestimmung des genetischen Fingerabdrucks verwen-
det wird,6 aber auch bei der Gel-Chromatographie,7 der Expansions-Mikroskopie,8

bei biologischen Mikrochips in der Genetik9 oder bei der Untersuchung von Dif-
fusion in Biofilmen10. Neben diesen Anwendungen in Analyseverfahren ergibt sich
eine weitere Relevanz in medizinischen und pharmazeutischen Fragestellungen, wie
bei Kontaktlinsen11 oder der kontrollierten Abgabe12–16 bzw. Flusskontrolle17 phar-
mazeutischer Wirkstoffe, aber auch bei technischen Verfahren wie beispielsweise
der Ölrückgewinnung18;19 oder der Entwicklung saugfähiger Stoffe14;20. Trotz dieser
vielfältigen Anwendungen und ausgiebiger Forschung auf diesem Gebiet sind viele
Antworten auf grundlegende Fragestellungen noch unbekannt, da bei der Bewegung
von Makromolekülen durch Gele viele Effekte gleichzeitig auftreten können. Beispiele
hierfür sind chemische oder elektrische Wechselwirkungen zwischen dem Makromolekül
und dem Gel, eine mögliche Einwicklung des Makromoleküls durch die Polymerketten,
ein Siebeffekt durch die Maschen des Polymernetzwerks oder Fluktuationen der Po-
rengrößen im Gel durch die Flexibilität der Polymerketten.21–27 Selbst grundlegende
Charakteristika wie die mittlere Porengröße im Gel sind häufig nicht bekannt.

Verschiedenste Methoden und Instrumente zur Bestimmung der mittleren Poren-
größe sind u.a. mit der Chromatographie,28 der Thermoporometrie,29 der Elektro-
phorese,23;30–32 der Rasterelektronenmikroskopie,33–35 der Rasterkraftmikroskopie,36

der Transmissionselektronenmikroskopie29 oder dem neuen fluorescence correlation
spectroscopy super-resolution optical fluctuation imaging 37 bekannt. Allerdings un-
terscheiden sich die Ergebnisse verschiedener Methoden für vergleichbare Gele oft
signifikant um teilweise mehr als das tausendfache,28;30–35;38 sodass die mittlere Poren-
größe in Gelen immer noch ein kontrovers diskutierter Bestandteil aktueller Forschung

∗Siehe auch die Einleitung in Veröffentlichung I, an die Teile dieses Abschnittes angelehnt sind.
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ist.38

Allerdings werden nicht nur die Phänomenologien und die experimentellen Ver-
fahren vielfältig und kontrovers diskutiert. Auch in der theoretischen Beschreibung
von Hydrogelen gibt es eine Vielzahl verschiedener theoretischer Modelle39;40 und
Simulationsansätze41–53 mit unterschiedlichen Vor- und Nachteilen.

Um einen Beitrag zur aktuellen Forschung auf diesem Gebiet zu leisten, werden in
Veröffentlichung I die Diffusionskoeffizienten sowohl für Wasser als auch für mehrere
unterschiedlich große Makromoleküle innerhalb einer Gelprobe ermittelt.54 Diese Daten
erlauben Rückschlüsse auf die mittlere Porengröße im Gel. Dabei werden mit der
Multiparameter Fluorescence Image Spectroscopy (MFIS),55;56 der Makroskopischen
Transmissions Bildgebung (engl. macroscopic transmission imaging (MTI))57;58 und
der Kernspinresonanzspektroskopie (NMR)59;60 drei unterschiedliche experimentelle
Verfahren kombiniert und die Ergebnisse mit Brownsche Dynamik Simulationen (siehe
auch Kap. 1.3.1) verglichen.54

Durch die Übereinstimmung der Resultate unterschiedlicher Verfahren erlangen die
gefundenen Ergebnisse eine besonders hohe Validität und wurden bereits von anderen
Arbeitsgruppen für ihre Forschung weiterverwendet.61;62

1.2 Anisotrope Teilchen auf zweidimensionalen
Mannigfaltigkeiten

Auch wenn wir in einer dreidimensionalen Welt leben, haben zweidimensionale Systeme
eine große Bedeutung. Alles, was sich auf Oberflächen abspielt, findet effektiv in einem
zweidimensionalen System statt. Solange Menschen zu Fuß gehen, bewegen sie sich
auf der Erdoberfläche näherungsweise auf einer zweidimensionalen Mannigfaltigkeit.
Deshalb werden solche Systeme relevant, wenn es beispielsweise darum geht, Mas-
senpaniken zu untersuchen63;64 oder die Bewegung von Menschen auf Konzerten zu
modellieren65. Auch im kleineren, kolloidalen Maßstab sind zweidimensionale Systeme
relevant, beispielsweise im Flüssig-Mosaik-Modell von Zellmembranen.66

In dieser Arbeit werden Systeme aus monodispersen, kolloidalen, anisotropen, harten
Teilchen betrachtet, die sich auf einer zweidimensionalen Mannigfaltigkeit frei bewegen
und drehen können. Dabei meint

”
monodispers“, dass alle Teilchen die gleiche Größe

haben und
”
anisotrop“, dass diese Teilchen im Gegensatz zu kreisrunden Scheiben

eine Orientierungsabängigkeit vorweisen. Konkret handelt es sich im Rahmen dieser
Arbeit bei diesen Teilchen entweder um gewöhnliche Rechtecke (in Veröffentlichung
II und Veröffentlichung IV) oder um Rechtecke mit abgerundeten Kappen an zwei
gegenüberliegenden Seiten (in Veröffentlichung III), welche im Folgenden als

”
Stäbchen“

bezeichnet werden. Beide Teilchensorten sind in Abb. 1.1 skizziert.

Auf zwei Dimensionen eingeschränkt können reale Teilchen wie DNA-Helizes67 oder
stäbchenförmige Viren68;69 in guter Näherung durch solchen Formen beschrieben wer-
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den. Bei der Untersuchung dieser Systeme werden in dieser Arbeit zwei Schwerpunkte
gesetzt:

Einerseits wird das Phasenverhalten sowohl von Stäbchen (in Veröffentlichung III)
als auch von Rechtecken (in Veröffentlichung IV) untersucht und dabei im letzteren
Fall auch auf den Einfluss externer Felder und/oder gekrümmter Oberflächen (beides
in Veröffentlichung IV) eingegangen. Auf der anderen Seite wird der Einfluss von
Wänden auf ein solches System durch die Bestimmung der Oberflächenspannungen (in
Veröffentlichung II) ermittelt. Auf beide Aspekte wird in den folgenden Unterkapiteln
weiter eingegangen.

1.2.1 Phasenverhalten

Um in diese Thematik einzuleiten, sei zunächst wieder ein Problem aus dem alltäglichen
Leben vorgestellt:

Sollen Würstchen auf einem Grill zubereitet werden, so ist es wünschenswert, dass
sich diese nicht überlappen. Auf dem Rost betrachtet man effektiv ein zweidimensio-
nales System harter Stäbchen. Ist der Grill sehr groß und sollen nur zwei Würstchen
zubereitet werden, so ist die Dichte der Würstchen auf dem Rost sehr gering und man
könnte sie mit zufälliger Orientierung auf zufällige Stellen des Rosts legen, ohne dass
ihre relative Position oder Orientierung zueinander in einer besonderen Beziehung
stehen müssten. Will man auf diesem Rost jedoch sehr viele Würstchen gleichzeitig
zubereiten und dabei annähernd die ganze Grillfläche füllen (hohe Dichte), so würde
man sie intuitiv parallel ausrichten, um den Platz ohne Überlappung abzudecken.
Durch die Anwesenheit vieler Teilchen ist dann von außen eine Struktur gut erkennbar.

Ähnliches passiert auch selbstständig in viel kleinerem Maßstab. So können Kollek-
tive kolloidaler Teilchen viele verschiedene Strukturen (oder auch Phasen) annehmen.
Solche Phasen können stabil, meta-stabil oder instabil sein, wobei diese Arbeit sich
auf stabile Gleichgewichtsphasen konzentriert.

Welche Phase jeweils im Gleichgewicht vorliegt, ist allerdings eine komplexe Fra-
gestellung, denn sie hängt von vielen Faktoren ab. Einen großen Einfluss auf die
vorliegende Struktur haben die Eigenschaften der einzelnen Teilchen: Wie ist die
Form der Teilchen? Gibt es nur eine Teilchensorte oder Mischungen verschiedener
Teilchen? Wie ist die Teilchen-Teilchen-Wechselwirkung (hart oder weich, anziehend
oder abstoßend, ...)? Sind sie passiv oder bewegen sie sich aktiv?†

Allerdings spielen auch andere Faktoren eine Rolle: Wie viele Teilchen gibt es,
d.h. wie groß ist die Teilchendichte? Gibt es externe Potentiale, die bestimmte Orien-
tierungen oder Positionen begünstigen? Ist die Oberfläche, auf der die Teilchen liegen,
eben oder gekrümmt?

Im Folgenden wird ein Überblick über die in dieser Arbeit relevanten Phasen

†Im Falle aktiver Teilchen kann man zwar beispielsweise durch Schwarmbildungen Strukturen
erkennen, allerdings würde man nicht mehr von einer Gleichgewichtsphase sprechen.
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anisotroper Teilchen in zwei Dimensionen gegeben. Dabei sei erwähnt, dass es gerade
in drei Dimensionen durchaus noch mehr flüssigkristalline Phasen gibt.70–75

(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

Abbildung 1.1: Skizzen zur Veranschaulichung unterschiedlicher flüssigkristalliner Pha-
sen. (a) isotrop, (b) nematisch, (c) tetratisch, (d) binematisch, (e)
smektisch A, (f) kolumnar, (g) smektisch C, (h) Kristall anisotroper
Teilchen, (i) Kristall isotroper Teilchen.

In Abbildung 1.1 sind die unterschiedlichen Phasen durch Skizzen veranschaulicht.
Für geringe Teilchendichten sind sowohl die Teilchenorientierungen als auch ihre
Positionen zufällig. Dabei sind alle Orte und Orientierungen gleich wahrscheinlich.
Diese isotrope Phase ist in Abb. 1.1(a) abgebildet.

Betrachtet man Teilchen mit einem großen Länge-Breite-Verhältnis, so findet man
ab einer bestimmten Dichte eine nematische Phase, in der die Teilchenorientierung
nicht mehr gleichverteilt, sondern entlang einer Achse ausgerichtet ist. Dadurch
liegen benachbarte Teilchen tendenziell parallel zueinander. Dabei ist eine räumliche
strukturelle Ordnung der Teilchenpositionen nur kurzreichweitig, sodass sich kaum
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Vorhersagen über die Positionen nächster oder gar übernächster Nachbarn treffen
lassen. Diese Phase ist in Abb. 1.1(b) veranschaulicht.

Die tetratische Phase ähnelt der nematischen Phase insofern, als dass die Orientie-
rungsverteilung nicht gleichverteilt ist und sie auch keine langreichweitige Ordnung der
Teilchenpositionen zeigt. Wie in Abb. 1.1(c) deutlich wird, besteht der Unterschied
zur nematischen Phase darin, dass die Teilchenausrichtung nun entlang zweier zuein-
ander senkrechter Achsen überwiegt und daher benachbarte Teilchen dazu neigen,
sich entweder parallel oder senkrecht zueinander anzuordnen. Diese Phase wird nur
für Rechtecke und nicht für Stäbchen beobachtet, da die abgerundeten Kappen der
Stäbchen diese Phase verhindern.

Eine Mischphase zwischen der tetratischen und nematischen Phase kann mit der
binematischen Phase auftreten, wenn beispielsweise in einem System mit tetratischer
Phase ein externes Feld angelegt wird, das die Ausrichtung entlang einer der beiden
tetratischen Achsen leicht bevorzugt. Wie in Abb. 1.1(d) erkennbar ist, sind weiterhin
die meisten Teilchen entlang einer der beiden senkrecht zueinander liegenden Achsen
orientiert, wobei nun die Ausrichtung entlang der vertikalen Achse überwiegt. Auch
hier gibt es keine langreichweitige räumliche Struktur.

Für hohe Teilchendichten hingegen bildet sich ein Flüssigkristall, der eine räumliche
Struktur der Teilchenpositionen zeigt. Diese räumliche Ordnung kann auf eine Raum-
richtung beschränkt sein, sodass die Teilchenpositionen in der anderen Raumrichtung
weiter keine langreichweitige Struktur zeigen. In diesem Fall bildet sich ein Streifen-
muster und man unterscheidet je nach mittlerer Orientierung der Teilchen innerhalb
dieser Streifen die folgenden Phasen:

Sind die einzelnen Teilchen senkrecht zu den Streifen ausgerichtet (siehe Abb. 1.1(e)),
so wird diese Struktur als smektische A Phase bezeichnet. Wenn die gemeinsame
Orientierung der Teilchen entlang der Streifen ist, spricht man von einer kolumnaren
Phase (siehe Abb. 1.1(f)). Ist die mittlere Orientierung der Teilchen weder senkrecht
noch parallel zu den Streifen, wird sie als smektische C Phase bezeichnet (siehe
Abb. 1.1(g)).

Andererseits können die Teilchenpositionen aber auch in beiden Raumrichtungen
geordnet sein. In diesem Fall spricht man von einer kristallinen Phase und ein Beispiel
hierfür ist in Abb. 1.1(h) für Stäbchen und in Abb. 1.1(i) für Scheiben skizziert.

Um das Verhalten unterschiedlicher harter Teilchen zu untersuchen, wurde bereits
eine Vielzahl an Experimenten76–78, Simulationen73;79–87 und Dichtefunktionaltheorie-
rechnungen73;87–101 konzipiert und durchgeführt. Auch wenn viele Veröffentlichungen
sich auf drei Dimensionen konzentrieren, gibt es doch auch mehrere Untersuchungen
zweidimensionaler Systeme.81–83;87;89–91;93;95;97;102–104 Hier liegt der Schwerpunkt meist
auf ebenen Oberflächen, aber auch gekrümmte Oberflächen wurden für verschiedene
Systeme betrachtet.105–122

Allerdings gibt es trotz dieser Vielzahl an Studien noch viele ungeklärte Fragen,
von denen manche im Rahmen dieser Dissertation untersucht werden. So wurde eine
tetratische Phase zwar für harte Rechtecke in Simulationen und Experimenten beob-



1.2 Anisotrope Teilchen auf zweidimensionalen Mannigfaltigkeiten 7

achtet,76–78;82–84;89–91;93;97;100 allerdings gab es bis zu den hier vorgestellten Ergebnissen
in Veröffentlichung IV keine systematische Auswertung eines Phasendiagramms für
harte Rechtecke mittels einer Dichtefunktionaltheorie, die eine stabile tetratische
Phase ermöglicht. Darüber hinaus fehlte es bisher an systematischen Studien über
das Verhalten harter Rechtecke sowohl in der Ebene als auch auf einer Zylinderober-
fläche bei angelegtem externem Potential, welches in Veröffentlichung IV untersucht
wird. Des Weiteren war zwar ein Phasendiagramm für Stäbchen in zwei Dimensionen
bekannt,81 allerdings wurde dort nicht der Übergang zwischen der smektischen und
kristallinen Phase aufgelöst. Diese Lücke wird ebenfalls im Rahmen dieser Arbeit in
Veröffentlichung III geschlossen.

1.2.2 Oberflächenspannung

Wenn eine Flüssigkeit in Kontakt mit einer Wand tritt, kann es zu vielen verschie-
denen Effekten kommen. So kann der Kontaktwinkel zwischen der Wand und einem
Flüssigkeitstropfen, je nach Beschaffenheit der Wandoberfläche und der Flüssigkeit,
variieren.123;124 Anschaulich bedeutet das, dass ein Wassertropfen sich auf einer festen
Oberfläche in einem Extremfall vollständig ausbreiten könnte oder aber auch im
anderen Extremfall komplett abperlt (auch bekannt als Lotus-Effekt125–127).

Stellt man sich eine Flüssigkeit mit nadelförmigen Kolloiden vor, so ist anschaulich
klar, dass alle Nadeln, die sich mit ihrem Schwerpunkt sehr nahe an der Wand befinden,
parallel zu ihr ausgerichtet sein müssen, damit es zu keiner Überlappung mit der Wand
kommt. Dadurch entwickeln sich in der Nähe der Wand Strukturen. Darüber hinaus
kann eine Wand eine Keimbildung, wie sie beispielsweise für einen Gefriervorgang
nötig ist, unterstützen.128–130

Betrachtet man die nähere Umgebung von Teilchen in einer Flüssigkeit weit weg von
der Wand, so finden sich in allen Richtungen benachbarte Teilchen. Betrachtet man
jedoch die nähere Umgebung eines Teilchens direkt an der Wand, so finden sich in
Richtung der Wand keine benachbarte Teilchen. Diese Asymmetrie an der Grenzfläche
führt zu einer Differenz ΩWand − Ω0 zwischen den Energien in einem System mit
(ΩWand) und einem System ohne Wand (Ω0). Normiert auf die Wandlänge LWand ergibt
diese Energiedifferenz (hier betrachtet im großkanonischen Ensemble) die physikalisch
wichtige Größe der Oberflächenspannung :

γ =
ΩWand − Ω0

LWand

. (1.1)

Diese Oberflächenspannung γ ist von der Beschaffenheit der Wand abhängig. Insbe-
sondere hängt sie in der Regel auch von ihrer Krümmung ab. Werden gekrümmte
Wände betrachtet, so kann für schwache Krümmungen folgende Näherung für die
Oberflächenspannung gemacht werden:131

γ(R) = γ(∞)
(

1− 2`T
R

+O(R−2)
)
. (1.2)
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Dabei bezeichnet R den Krümmungsradius, γ(∞) die Oberflächenspannung für eine
gerade Wand (also R→∞) und `T die sogenannte Tolman-Länge 131. Dem Vorzeichen
der Tolman-Länge kommt dabei eine besondere Bedeutung zu. Bei einem negativen
Vorzeichen

”
kostet“ die gekrümmte Wand das System mehr Energie, als es bei einer

geraden Wand der Fall wäre. Umgekehrt ist eine gekrümmte Wand bei einem positiven
Vorzeichen energetisch günstiger für das System als eine gerade Wand, was bei einer
verformbaren Wand zu einer Krümmung führen würde.

In der Vergangenheit wurden bereits diverse Studien bezüglich der Tolman-Länge
und der Oberflächenspannung an gekrümmten Wänden durchgeführt.132–151 Jedoch
wurden dabei keine frei drehbaren anisotropen Teilchen betrachtet, sondern nur Schei-
ben (in zwei Dimensionen) bzw. Kugeln (in drei Dimensionen). Veröffentlichung II
schließt diese Lücke. Dabei findet sich übereinstimmend in analytischen Rechnungen,
Dichtefunktionaltheorierechnungen und Monte-Carlo-Simulationen eine bislang unbe-
kannte Abhängigkeit des Vorzeichens der Tolman-Länge sowohl von der Teilchendichte
als auch von dem Länge-Breite-Verhältnis der Teilchen.

1.3 Methoden

Da es sich bei den meisten Systemen in der weichen Materie um komplexe Vielteil-
chensysteme handelt, sind diese oft nur unter starken Näherungen für analytische
Rechnungen zugänglich. Hier gibt es jedoch durch die Möglichkeit computergestützter
Rechnungen und Simulationen alternative Ansatzpunkte. Im Rahmen dieser Arbeit
werden zwar analytische Rechnungen in Veröffentlichung II durchgeführt, jedoch beru-
hen die meisten Ergebnisse auf numerischen Methoden. In den folgenden Unterkapiteln
werden die für diese Arbeit relevanten Methoden vorgestellt.

1.3.1 Simulation

Teilchenaufgelöste Simulationen sind ein wichtiger Bestandteil der modernen Forschung.
Durch den technischen Fortschritt lassen sich immer größere und komplexere Systeme
untersuchen. Ihre Einsatzmöglichkeiten sind vielfältig. Zum einen sind ihre Ergebnisse
eine hervorragende Referenz, wenn es darum geht, neue Theorien zu testen. In diesem
Zusammenhang werden in Veröffentlichung II, Veröffentlichung III und Veröffentlichung
IV Monte-Carlo-Simulationen durchgeführt, um die Vorhersagen der hier verwendeten
Dichtefunktionaltheorien zu testen. Zum anderen ermöglichen Simulationen eine
Hilfestellung bei der Erstellung von Experimenten und erlauben es, Vorhersagen über
reale experimentelle Systeme zu treffen sowie physikalische Größen aus ihnen zu
extrahieren.

In diesem Zusammenhang werden in Veröffentlichung I Brownsche Dynamik Simu-
lationen durchgeführt, um u.a. die durchschnittliche Porengröße eines Hydrogels zu
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bestimmen. Eine gute Übersicht über diese und weitere numerische Simulationsmetho-
den bietet das Buch von Allen und Tildesley.152

Im Folgenden wird nur auf die von mir angewandte Methode der Brownsche Dynamik
Simulationen (BD-Simulationen) eingegangen.

Brownsche Dynamik Simulationen

Wie in Kapitel 1 erwähnt, zeichnen sich kolloidale Systeme durch die unterschiedlichen
Größenordnungen der dispersen Phase und der Teilchen des Dispersionsmediums
aus. Während die kolloidalen Teilchen der dispersen Phase viel größer sind, ist ihre
Bewegung viel langsamer als die der Moleküle des Dispersionsmediums. Dies hat für
die Simulation solcher Systeme weitreichende Konsequenzen. Bei der Brownschen
Bewegung kommt es zu einer Bewegung der Kolloide durch eine Vielzahl von Stößen
mit den Molekülen des Dispersionsmediums. Würde man die Trajektorie eines dieser
Kolloide exakt beschreiben wollen, indem man die exakten Trajektorien aller Moleküle
des Dispersionsmediums‡ und ihre Stöße mit dem Kolloid berechnet, so wäre der Re-
chenaufwand viel zu hoch, als dass in einer vertretbaren Zeit Ergebnisse möglich seien.
Darüber hinaus sind die einzelnen Trajektorien der Moleküle des Dispersionsmediums
meist nicht von Interesse, wenn man die Eigenschaften der Kolloide untersuchen will.
Brownsche Dynamik Simulationen sind eine Möglichkeit, mit dieser Problematik um-
zugehen. Sie beruhen mathematisch auf der Langevin Gleichung, welche die Bewegung
eines Teilchens i wie folgt beschreibt:153

mi
d2~ri
dt2

= −ζ d~ri
dt

+ ~Fi(~ri, t) + ~fi,ran(t) . (1.3)

Dabei bezeichnet mi die Masse des Teilchens i am Ort ~ri und ζ den Reibungskoeffi-
zienten des Teilchens im Medium. Die Kraft ~Fi(~ri, t) umfasst alle Beiträge der zum
Zeitpunkt t auf das Teilchen wirkenden Kräfte. Diese können sowohl aus externen
Feldern als auch aus Teilchen-Teilchen-Wechselwirkungen stammen.§ Bis zu dieser
Stelle ist die Gleichung komplett deterministisch und analog zur Netwon’schen Mecha-
nik. Den Unterschied macht der Term ~fi,ran(t) aus, welcher die Zufallsbewegung durch
die Brownsche Bewegung über eine Gauß-verteilte Zufallskraft modelliert, die auf das
Teilchen wirkt. Diese Kraft ist im zeitlichen Mittel ungerichtet und ihre Amplitude
hängt von der Temperatur T und dem Medium ab. Beide Eigenschaften lassen sich
mathematisch durch

〈~fi,ran(t)〉 = ~0,

〈~fi,ran(t)~fj,ran(t′)〉 = 2kBTζδijδ(t
′ − t)δ,

(1.4)

‡Abhängig vom betrachteten System wären tausende oder auch viele Milliarden Moleküle zu
simulieren.

§Je nach Darstellung werden diese Kräfte auch alternativ über den Gradienten eines Potentials mit
~Fi(~ri, t) = −~∇~riUi(~ri, t) dargestellt.
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darstellen,¶ wobei kB die Boltzmannkonstante, δij das Kronecker-Delta, δ(t′ − t) die
Delta-Distribution und δ den Einheitstensor zweiter Ordnung bezeichnet.152;154

Im Gegensatz zur Bewegung von Teilchen im Vakuum wird die Bewegung von
Kolloiden in Flüssigkeiten sehr stark von der Reibung beeinflusst. Dadurch kommt
eine Bewegung in den meisten Medien rasch zum Erliegen, falls keine permanente Kraft
auf das Kolloid einwirkt. Dieser überdämpfte Fall rechtfertigt daher die Annahme

|mi
d2~ri
dt2
| � |ζ d~ri

dt
| , (1.5)

sodass der Trägheitsterm auf der linken Seite von Gleichung (1.3) vernachlässigt
werden kann.‖ Schreibt man nun in Gleichung (1.3)

d~ri
dt

=
~ri(t+ ∆t)− ~ri(t)

∆t
(1.6)

als Differenzenquotienten und löst nach ~ri(t + ∆t) auf, ergibt sich eine numerische
Lösung der stochastischen Differentialgleichung nach dem Euler-Verfahren:152;154

~ri(t+ ∆t) =
(
~Fi(~ri, t)∆t+ ~fi,ran(t)

√
∆t
)
/ζ + ~ri(t) . (1.7)

Mit ihr lässt sich die Bewegung aller Teilchen sukzessiv in Zeitschritten ∆t bestimmen,
da alle Positionen ~ri(t) und Kräfte zum aktuellen Zeitpunkt t auf der rechten Seite von
Gleichung (1.7) bekannt sind. Dabei muss ∆t hinreichend groß gewählt werden, um
eine Lösung der Gleichung in akzeptabler Zeit zu ermöglichen, gleichzeitig jedoch hin-
reichend klein, um eine korrekte Integration der Bewegungsgleichung zu gewährleisten.
Um zu testen, ob ∆t ausreichend klein gewählt wurde, sollte daher überprüft werden,
ob die Simulationsergebnisse von einer Verringerung des Zeitschrittes unabhängig
sind.

Aus den so bestimmten Teilchentrajektorien lassen sich anschließend makroskopische
Größen des Systems berechnen. In Veröffentlichung I wurden auf Basis der simulierten
Trajektorien in drei Dimensionen die Diffusionskonstanten der Makromoleküle über
folgende Relation bestimmt:152;155

D =
1

6
lim
τ→∞

d〈~r 2(τ)〉
dτ

. (1.8)

Dabei bezeichnet 〈~r 2(τ)〉 das mittlere Verschiebungsquadrat (engl. mean squared
displacement) der Teilchen in einem ausreichend großen Zeitintervall τ .

¶Je nach Darstellung wird die zweite Gleichung auch mit dem Diffusionskoeffizienten D = kBT/ζ
geschrieben.

‖Charakterisiert wird das Verhältnis der Trägheit zur Reibung auch über die Reynolds-Zahl, welche
im überdämpften Fall sehr klein ist.
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1.3.2 Dichtefunktionaltheorie (DFT)

Neben der im vorherigen Kapitel vorgestellten Möglichkeit, ein System teilchenauf-
gelöst zu beschreiben, indem die Trajektorien aller relevanten Teilchen berechnet
werden, gibt es auch die Möglichkeit einer Dichtefeldbeschreibung. Dies meint, dass
der aktuelle Zustand eines Systems durch die Einteilchendichte ρ(~r) charakterisiert
wird, welche proportional zur Wahrscheinlichkeit ist, ein Teilchen am Ort ~r zu finden.
Diese Beschreibung lässt sich ebenso für Mischungen verschiedener Teilchensorten
anwenden, indem für jede Teilchensorte α ein eigenes Dichtefeld ρα(~r) angegeben wird.
Zudem können weitere Freiheitsgrade, wie beispielsweise der Orientierungswinkel ϕ
anisotroper Teilchen, als Argument in das Dichtefeld eingehen. Da sich diese Arbeit mit
monodispersen, anisotropen Teilchen in zwei Dimensionen befasst, wird im Folgenden
ein Dichtefeld ρ(~r, ϕ) angenommen und dabei der Index α zur hier nicht relevanten
Unterscheidung unterschiedlicher Teilchensorten weggelassen, um die Lesbarkeit zu
erleichtern. Die Wahrscheinlichkeit ρ̄(~r), ein Teilchen mit beliebiger Orientierung am
Ort ~r zu finden, ergibt sich dann durch die Integration über alle Winkel ϕ:∗∗

ρ̄(~r) =

∫ 2π

0

dϕρ(~r, ϕ) . (1.9)

Eine Methode, um das Gleichgewichtsdichteprofil ρ0(~r, ϕ) eines Systems zu bestim-
men, ist die in den 1970er Jahren entwickelte klassische Dichtefunktionaltheorie,156–158

deren Grundzüge in Analogie zu der in den 1960er Jahren entwickelten quanten-
mechanischen Dichtefunktionaltheorie159–161 stehen, für welche Walter Kohn 1998
mit dem Nobelpreis für Chemie ausgezeichnet wurde.162 Im Rahmen der klassischen
Dichtefunktionaltheorie kann gezeigt werden, dass ein Energiefunktional Ω[ρ] existiert,
welches folgende Eigenschaften besitzt:158

• Es wird durch das Gleichgewichtsdichteprofil ρ0 minimiert, d.h. Ω[ρ] ≥ Ω[ρ0].

• Der Wert dieses Energiefunktionals für das Gleichgewichtsprofil Ω[ρ0] entspricht
dem großkanonischen Potential Ω des Systems.

Die erste Eigenschaft wird auch in dem folgenden Variationsprinzip zusammenge-
fasst:158;163

δΩ[ρ]

δρ(~r, ϕ)

∣∣∣∣
ρ=ρ0

= 0 . (1.10)

∗∗Alternativ kann man den Zusammenhang zwischen ρ̄(~r) und ρ(~r, ϕ) auch über eine Mittelung

über alle Orientierungen durch ρ̄(~r) = (
∫ 2π

0
dϕ ρ(~r, ϕ))/(

∫ 2π

0
dϕ ) =

∫ 2π

0
dϕ ρ(~r, ϕ)/(2π) definieren.

Diese Darstellung ist äquivalent zur Interpretation über eine Integration (Gl. (1.9)) und die dazu
konsistenten Gleichungen ergeben sich durch eine Substitution von ρ(~r, ϕ) durch ρ(~r, ϕ)/(2π) in
den folgenden Gleichungen. Im Gegensatz zu Veröffentlichung II und Veröffentlichung IV haben
wir in Veröffentlichung III die Darstellung über eine solche Mittelung verwendet, um Konsistenz
zu den vorherigen Veröffentlichungen meines Co-Autors Dr. René Wittmann zu gewährleisten.
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Für ein gegebenes externes Potential Vext ist das Energiefunktional Ω[ρ] eindeutig158

und kann geschrieben werden als

Ω[ρ] = F [ρ] +

∫

R2

d2r ρ(~r, ϕ)(Vext(~r, ϕ)− µ) , (1.11)

wobei F [ρ] das Funktional für die intrinsische freie Helmholtz Energie, µ das chemische
Potential und Λ die thermische De-Broglie-Wellenlänge bezeichnet.

Für den Fall eines idealen Gases, d.h. keine Teilchen-Teilchen-Wechselwirkungen,
ist Fid[ρ] exakt bekannt158 und durch

Fid[ρ] = β−1
∫

R2

d2r

∫ 2π

0

dϕρ(~r, ϕ)
(

ln(2πΛ2ρ(~r, ϕ))− 1
)

(1.12)

für anisotrope Teilchen gegeben, wobei β−1 = kBT die thermische Energie mit der
Boltzmann-Konstante kB und der Temperatur T bezeichnet.

Setzt man Gl. (1.12) für F [ρ] in Gl. (1.11) ein, so ergibt sich nach Gl. (1.10) die
Gleichgewichtsdichteverteilung

ρ0(~r, ϕ) = eβ(µ−Vext(~r,ϕ))/(2πΛ2) . (1.13)

Ohne externes Potential stellt sich also eine isotrope Phase mit einer homogenen
(d.h. von der Position und Teilchenorientierung unabhängigen) Gleichgewichtsdichte-
verteilung

ρ0(~r, ϕ) = ρ0 = eβµ/(2πΛ2) = konst. (1.14)

ein.
Werden andere Systeme als ein ideales Gases betrachtet, so wird F [ρ] = Fid[ρ] +
Fexc[ρ] üblicherweise als Summe aus dem exakten idealen-Gas-Term Fid[ρ] und ei-
nem korrigierenden Überschussterm Fexc[ρ] (engl. excess term) dargestellt. Fexc[ρ]
ist jedoch nur in den seltensten Fällen exakt bekannt. Eine Ausnahme bildet das
Percus-Funktional,164 welches das Tonks-Gas165 monodisperser, harter Teilchen in
einer Raumdimension beschreibt. Relevant für diese Arbeit ist das zweidimensionale
Onsager-Funktional166

βFOns[ρ] = −1

2

∫

R2

d2r

∫ 2π

0

dϕρ(~r, ϕ)

∫

R2

d2r′
∫ 2π

0

dϕ′ρ(~r ′, ϕ′)f(~r − ~r ′, ϕ, ϕ′) (1.15)

mit der Mayer-Funktion

f(~r − ~r ′, ϕ, ϕ′) =





−1 , wenn Teilchen mit den Koordinaten

(~r, ϕ) und (~r ′, ϕ′) überlappen,

0 , sonst,

(1.16)
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dessen dreidimensionales Äquivalent den Grenzfall unendlich langer Nadeln und
verschwindender Dichte ebenfalls exakt beschreibt. Zur Beschreibung aller anderen
Systeme muss Fexc[ρ] möglichst gut genähert werden. Dazu wurden in den vergan-
genen Jahrzehnten verschiedene Ansätze entwickelt, von denen mit der local density
approximation (LDA),167 der weighted density approximation (WDA)168–170 oder der
Ramakrishnan-Yussouff approximation (RY)171 hier einige genannt seien. Für Details
zu diesen und weiteren Ansätzen sei auf die entsprechenden Veröffentlichungen und
die Übersichtsartikel in den Referenzen [163,172,173,174] verwiesen.

Fundamental Measure Theory (FMT)

Von Bedeutung für diese Arbeit ist vor allem die 1989 von Rosenfeld entwickelte
sogenannte fundamental measure theory (FMT).175†† FMT beruht auf der Idee, die
Mayer-Funktion (Gl. (1.16)) mit Hilfe von gewichteten Dichten (engl. weighted den-
sities) zu zerlegen. Während die Mayer-Funktion noch von den Positionen zweier
Teilchen abhängt und gerade bei Mischungen verschiedener Teilchensorten immer
unterschiedlich aussieht, so sind die gewichteten Dichten nur noch von Einteilchendich-
ten abhängig. Darüber hinaus haben diese einen direkten Bezug zur Geometrie der
Teilchen (Volumen, Oberfläche, etc.). Dadurch vereinfacht sich u.a. die Beschreibung
von Mischungen verschiedener Teilchensorten. Während die ursprüngliche Version
von Rosenfelds FMT noch einzelne Nachteile hatte, da u.a. der Gefrierpunkt harter
Kugeln nicht korrekt vorhergesagt wurde,163 wurden diese im Laufe der Jahre durch
verschiedene Arbeiten behoben.178–180

Im Folgenden wird nun detaillierter auf die mathematischen Inhalte der FMT
eingegangen: Die beschriebenen gewichteten Dichten ni(~r) erhält man durch die
orientierungsintegrierte Kreuzkorrelation ? der Einteilchendichte ρ(~r, ϕ) mit den geo-
metrischen Gewichtungsfunktionen ω(i)(~r, ϕ):‡‡

ni(~r) =

∫ 2π

0

dϕ [ρ ? ω(i)](~r, ϕ)

=

∫ 2π

0

dϕ

∫

R2

d2r′ ρ(~r ′, ϕ)ω(i)(~r ′ − ~r, ϕ) .

(1.17)

In Anlehnung an Rosenfelds Formulierung der geometrischen Gewichtungsfunktionen
in drei Dimensionen,175 lauten die skalaren Gewichtsfunktionen in zwei Dimensionen

††Eine alternative Version wurde ein Jahr darauf von Kierlik und Rosinberg veröffentlicht,176 welche
jedoch äquivalent zu Rosenfelds FMT ist.177

‡‡In der Literatur wird diese Operation irreführenderweise auch oft als Faltung bezeichnet. Allerdings
unterscheidet sich die Kreuzkorrelation [g ? h](x) =

∫
dx′ g(x′)h(x′− x) zwischen zwei Funktionen

g(x) und h(x) von einer Faltung [g ∗ h](x) =
∫

dx′ g(x′)h(x− x′), außer in dem Fall, dass beide
Funktionen g(x) und h(x) gerade sind. In diesem Zusammenhang befindet sich in Rosenfelds
ursprünglicher Formulierung175 ein Vorzeichenfehler.177
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für frei drehbare anisotrope Teilchen:90;181

ω(2)(~r, ϕ) = Θ
(
|~R(~̂r, ϕ)| − |~r|

)
,

ω(1)(~r, ϕ) =
δ
(
|~R(~̂r, ϕ)| − |~r|

)

~n(~̂r, ϕ) · ~̂r
,

ω(0)(~r, ϕ) =
K(~̂r, ϕ)

2π
ω(1)(~r, ϕ) , (1.18)

wobei δ(x) die Delta-Distribution und Θ(x) die Heaviside-Stufenfunktion bezeich-
nen. Der Vektor vom Mittelpunkt eines Teilchens mit Orientierung ϕ entlang des
Einheitsvektors ~̂r = ~r/|~r| zu seinem Rand ist mit ~R(~̂r, ϕ) bezeichnet. Des Weiteren

ist ~n(~̂r, ϕ) der Normalenvektor und K(~̂r, ϕ) die lokale Krümmung an der Stelle des

Teilchenrandes ~R(~̂r, ϕ). Diese Größen sind in Abbildung 1.2 veranschaulicht.

Abbildung 1.2: Veranschaulichung der Größen ~R(~̂r, ϕ), ~̂r = ~r/|~r| und ~n(~̂r, ϕ) für ein

Stäbchen in zwei Dimensionen. ~R(~̂r, ϕ) zeigt bei einem Teilchen mit
Orientierung ϕ von seinem Teilchenmittelpunkt entlang der Richtung
~̂r bis zu seinem Rand. Der Normalenvektor des Randes an dieser Stelle
ist ~n(~̂r, ϕ).
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Die geometrischen Gewichtungsfunktionen haben jeweils konkrete geometrische
Bedeutungen. So lässt sich ω(2)(~r, ϕ) beispielsweise mit

ω(2)(~r, ϕ) =





1 , für alle Orte ~r innerhalb eines Teilchens

im Koordinatenursprung mit Orientierung ϕ,

0 , sonst,

(1.19)

übersetzen. Bei der Berechnung von n2(~r) entspricht die Kreuzkorrelation also einer
(orientierungsintegrierten) Integration der Einteilchendichte ρ(~r, ϕ) über die Fläche
eines an ~r zentrierten Teilchens mit Orientierung ϕ. Im Umkehrschluss folgt daraus,
dass n2(~r) die Bedeutung der lokalen Packungsdichte hat. Analog zur Einschränkung
der Integration auf eine Teilchenfläche durch ω(2)(~r, ϕ), schränkt ω(1)(~r, ϕ) die Inte-
gration auf den Rand eines Teilchens am Koordinatenursprung mit Orientierung ϕ
ein und ω(0)(~r, ϕ) wiederum gewichtet diesen Rand noch mit der lokalen Krümmung.

Im Falle harter Rechtecke, wie sie in Veröffentlichung II und Veröffentlichung IV
untersucht wurden, beträgt die Krümmung jedoch entweder 0 (an den Seiten) oder ∞
(an den Ecken). Folglich wird aus K(~̂r, ϕ) effektiv eine Delta-Distribution, wodurch
bei der Berechnung von n0(~r) über alle Ecken summiert wird. Für frei drehbare
Rechtecke mit Länge L und Breite D lauten dann die relevanten geometrischen
Gewichtsfunktionen:90;182;183

ω(0)(~r, ϕ) =
1

4
δ
(D

2
− |xϕ|

)
δ
(L

2
− |yϕ|

)
, (1.20)

ω(1x)(~r, ϕ) =
1

2
δ
(D

2
− |xϕ|

)
Θ
(L

2
− |yϕ|

)
, (1.21)

ω(1y)(~r, ϕ) =
1

2
Θ
(D

2
− |xϕ|

)
δ
(L

2
− |yϕ|

)
, (1.22)

ω(2)(~r, ϕ) = Θ
(D

2
− |xϕ|

)
Θ
(L

2
− |yϕ|

)
. (1.23)

Dabei sind xϕ and yϕ durch xϕ = x cos(ϕ) − y sin(ϕ) und yϕ = x sin(ϕ) + y cos(ϕ)
definiert.

Verschiedene Ansätze zur Erweiterung von Rosenfelds FMT wurden u.a. mit dem
White-Bear Funktional,184;185 dem White-Bear mark II Funktional,186 der extended
deconvolution fundamental measure theory (edFMT)92;94 oder der fundamental mixed
measure theory (FMMT)99 vorgestellt, allerdings außer der edFMT noch nicht in
zwei Dimensionen angewandt. Eine solche Adaption für zwei Dimensionen der FMMT
wird in Veröffentlichung III vorgenommen. Daher wird in der Folge kurz auf ihre
Grundideen eingegangen.

Fundamental Mixed Measure Theory (FMMT)

In der ursprünglichen FMT gehen nur gewichtete Dichten ni(~r) ein, die durch Kreuz-
korrelationen der Dichte mit Gewichtsfunktionen ω(i)(~r ′ − ~r, ϕ) bestimmt werden,
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welche jeweils nur von der Position und Orientierung eines Teilchens abhängen. Folglich
wird bei ihrer Berechnung auch nur einmal über alle Orte und Orientierungen integriert
(siehe Gl. (1.17)). In der FMMT gehen nun mit den gemischten gewichteten Dichten
auch Terme nächst höherer Ordnung der Form

N(~r) =

∫

R2

d2r′
∫

R2

d2r′′
∫ 2π

0

dϕ′
∫ 2π

0

dϕ′′ρ(~r ′, ϕ′) ρ(~r ′′, ϕ′′)Ω(~r − ~r ′, ~r − ~r ′′, ϕ′, ϕ′′) (1.24)

ein. Hier hängt die gemischte Gewichtungsfunktion Ω(~r − ~r ′, ~r − ~r ′′, ϕ′, ϕ′′) von den
Positionen ~r ′, ~r ′′ und den Orientierungen ϕ′, ϕ′′ zweier Teilchen ab. Somit muss auch
zwei mal über alle Positionen und Orientierungen integriert werden.

Beim Vergleich von Gl. (1.24) mit dem Onsager-Funktional (Gl. (1.15)) fällt sofort
ihre gemeinsame Struktur auf. Bei niedrigen Dichten reduziert sich die FMMT wegen
ihrer Herleitung exakt auf das Onsager-Funktional. Dieses entspricht, im Gegensatz zu
drei Raumdimensionen, in zwei Raumdimensionen allerdings nicht mehr dem exakten
Funktional für Fexc bei niedrigen Dichten, ermöglicht jedoch eine gute Ausgangsbasis.

Die gemischte Gewichtsfunktion hängt in der FMMT mit

Ω(~r ′, ~r ′′, ϕ′, ϕ′′) =

arccos
(
~n(~̂r ′, ϕ′) · ~n(~̂r ′′, ϕ′′)

)

2π

∣∣∣~n(~̂r ′, ϕ′)× ~n(~̂r ′′, ϕ′′)
∣∣∣ ω(1)(~r ′, ϕ′)ω(1)(~r ′′, ϕ′′)

(1.25)

weiterhin von den aus der FMT bekannten Gewichtungstermen einzelner Teilchen ab,
was ihre Berechnung im Vergleich zur Mayer-Funktion erleichtert. Die Definitionen
in Gl. (1.25) sind hierbei analog zu Kapitel 1.3.2. Für weitere Details sei auf die
Herleitung in Veröffentlichung III verwiesen.

Bei all den verschiedenen Ansätzen für eine Dichtefunktionaltheorie-basierte Be-
schreibung kolloidaler Flüssigkeiten sei betont, dass es sich in der Regel jeweils nur
um Näherungen der nicht exakt bekannten Energiefunktionale handelt und in diesem
aktiven Forschungsfeld ständig neue Funktionale vorgestellt werden. Auch diese Ar-
beit leistet neue Beiträge in diesem Forschungsgebiet: In Veröffentlichung IV wurde
ein für ein System paralleler harter Rechtecke hergeleitetes FMT-Funktional187;188

modifiziert und in ein neues Funktional eingearbeitet, wodurch das Phasenverhalten
für frei drehbare Rechtecke in Übereinstimmung mit Simulationen beschrieben wurde.
In Veröffentlichung III wird die für drei Dimensionen schon ausführlich diskutierte
FMMT99;189 in ihrer zweidimensionalen Version hergeleitet und implementiert. Ihre
Qualität wird dort im Beispielsystem harter Stäbchen getestet und mit Simulations-
ergebnissen verglichen.
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Diffusion of macromolecules in a polymer
hydrogel: from microscopic to macroscopic
scales†

D. Sandrin,‡a D. Wagner,‡b C. E. Sitta,‡c R. Thoma,d S. Felekyan,a H. E. Hermes,b

C. Janiak,d N. de Sousa Amadeu,d R. Kühnemuth,*a H. Löwen,*c S. U. Egelhaaf*b

and C. A. M. Seidel*a

To gain insight into the fundamental processes determining the motion of macromolecules in polymeric

matrices, the dynamical hindrance of polymeric dextran molecules diffusing as probe through a poly-

acrylamide hydrogel is systematically explored. Three complementary experimental methods combined

with Brownian dynamics simulations are used to study a broad range of dextran molecular weights and

salt concentrations. While multi-parameter fluorescence image spectroscopy (MFIS) is applied to investigate

the local diffusion of single molecules on a microscopic length scale inside the hydrogel, a macroscopic

transmission imaging (MTI) fluorescence technique and nuclear magnetic resonance (NMR) are used to

study the collective motion of dextrans on the macroscopic scale. These fundamentally different

experimental methods, probing different length scales of the system, yield long-time diffusion coefficients

for the dextran molecules which agree quantitatively. The measured diffusion coefficients decay markedly

with increasing molecular weight of the dextran and fall onto a master curve. The observed trends of the

hindrance factors are consistent with Brownian dynamics simulations. The simulations also allow us to

estimate the mean pore size for the herein investigated experimental conditions. In addition to the diffusing

molecules, MFIS detects temporarily trapped molecules inside the matrix with diffusion times above 10 ms,

which is also confirmed by anisotropy analysis. The fraction of bound molecules depends on the ionic

strength of the solution and the charge of the dye. Using fluorescence intensity analysis, also MTI confirms

the observation of the interaction of dextrans with the hydrogel. Moreover, pixelwise analysis permits to

show significant heterogeneity of the gel on the microscopic scale.

1. Introduction

The motion of macromolecules through disordered matrices is
of great importance in analytical and preparatory techniques
(chromatography,1 expansion microscopy,2 genomics,3 biofilms4)
as well as in biomedical (imbibition,5 controlled drug delivery,6–9

flow control,10 implantable devices,9 contact lenses,11 cellular and

tissue engineering12,13) and technical applications (enhanced
oil recovery14,15). From a fundamental point of view, precise
measurements for model systems are needed to reveal the
underlying transport principles.16–19 It is known that the pre-
sence of obstacles slows down the transport and that this is
more pronounced for larger molecules. However, the basic
underlying mechanisms and their effects are not yet completely
understood. In particular, the motion of particles through a gel
matrix represents an intricate problem as the gel matrix can
respond to the particle motion. A nontrivial dependence of the
diffusion behavior on both the host and the guest, i.e. the gel
and the diffusing particles, is expected. The behavior of the
host is mainly characterized by a typical pore size. However,
topological constraints resulting from the nontrivial and
dynamically changing connectivity of the pores20 also have an
impact on the diffusion of the guest molecules. This connec-
tivity is expected to result in a wide spread in the translocation
rate of the individual particles. The translational rate is also
influenced by the structural properties of the guest molecules
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such as hydrodynamic radius, shape, molecular weight or
charge distribution. The significance of sieving, entanglements,
(chemical) interactions, partitioning, oscillation of pores etc. is
still controversially discussed.21–27 In addition, the average size
of the pores is also under debate.23,28–34

It is accepted that the mesh sizes in polymer hydrogels
depend on the specific gel preparation such as (I) the mass
concentration of polymeric material in the reaction solution,
[T], and (II) the weight fraction of cross-linker, CR, but the
absolute average size of the pores is subject to debate.23,28–34

Considering hydrogels (0.035 g ml�1 r [T] r 0.065 g ml�1,
0.02 r CR r 0.05) with similar compositions to the one studied
here ([T] = 0.04 g ml�1, CR = 0.035), different methods give
very different results for the pore sizes (please note that the
numbers given for [T] and CR, multiplied by 100, correspond to
the parameters %T and %C, respectively, which were used in
the above publications). The reported pore sizes range from
2.00–2.25 nm (chromatography28) through 5–9 nm (electro-
phoresis studies in the 1960s and 1980s29,30) and 60–156 nm
(electrophoresis studies in 199123,31) up to values of 2–20 mm
(for the largest pores found by scanning electron microscopy32–34).
This also complicates any systematic study of particle diffusion in
a well-characterized model system, which however is important to
understand the principles of translocation and to test theoretical
approaches.

Here we study polymeric dextran molecules diffusing through
a polyacrylamide hydrogel without interfering with the sample
during the measurements. We use dextrans as tracer particles,
because they have a good water solubility, low toxicity, relative
inertness and are flexible polymers. Moreover, they are commer-
cially available over a broad range of molecular weights and
hence sizes. Most dextrans can be also obtained as derivatives
labelled with fluorescent dyes (fluorescein sodium salt (FLU),
Alexa Fluor 488 (A488), tetramethylrhodamine (TMR)). The
molecular weight of the dextrans is varied between Mw = 3 kDa
to 2000 kDa. For comparison the diffusion of free dyes, FLU,
A488 and TMR is studied in our hydrogel, too. To investigate the
interactions of the particles with the hydrogel in more detail,
we study the influence of solution conditions like pH-value, salt
and tracer particle concentrations. Using three complementary
methods, multiparameter fluorescence image spectroscopy
(MFIS), macroscopic transmission imaging (MTI) with fluores-
cence detection and nuclear magnetic resonance (NMR), we
measure the long-time diffusion coefficient of the fluorescently
labelled and unlabelled probe particles, respectively. MFIS also
allows us to detect the heterogeneity of the gel. The data are
compared to a model by Ogston35 which predicts the dynamical
hindrance in a network of randomly distributed fibers due to
geometric confinement. The Ogston model provides a simple
analytical formula for the particle dynamics via an effective
excluded volume. Another theoretical approach is to perform
computer simulations. As modeling a hydrogel on an atomic basis
over huge length- and timescales is computational unaffordable,
various different model assumptions including different degrees
of molecular details have been used in the past.36–48 The most
detailed model for the gel matrix was used by Linse and

coworkers36–39 and Holm and coworkers40–42 who resolved the
monomers of the polymer chains connecting the nodes expli-
citly within a bead-spring model. Within their approach the
swelling behavior of the gels was explored but the diffusion of
tracer particles within the gel network was not addressed. In a
more coarse-grained approach, the matrix was described by
either a static network of points,43 rods,43,44 or chains45 or as
fluctuating network of spheres46,47 which indeed allows for the
computation of tracer diffusion. Following the latter coarse
grained approach of Zhou and Chen,47 we perform Brownian
dynamics (BD) simulations representing three different levels
of complexity to resolve the different physical effects that are
operating in the hydrogel. Our simulation study provides a
simple and systematic framework, taking into account the
flexibility of the matrix particles, the effective dextran–matrix
excluded volume and finding strong indications for effective
attractive interactions. Our combined results provide a consis-
tent picture of polymers diffusing through a hydrogel matrix and
may serve to test more quantitative theories and other experi-
mental approaches.

2. Materials and methods
2.1. Samples

2.1.1. Hydrogel: a polymer matrix in an aqueous environ-
ment. The polyacrylamide (PAAm) hydrogels were formed by
copolymerization of acrylamide (AAm, monomer) with the
tetrafunctional cross-linking agent N,N0-methylenebis(acryl-
amide) (BIS), using ammonium peroxodisulphate (APDS) and
tetramethylethylenediamine (TEMED) as redox initiators. The
monomer and cross-linker were both purchased from Sigma-
Aldrich, APDS from Roth and TEMED from Merck. All compo-
nents were used without further purification. AAm, BIS and
APDS were separately dissolved in deionized and filtered water
and cooled to 4 1C. The individual solutions were then mixed at
a low temperature. The reaction mixture contained 75 mg of
AAm, 2.71 mg of BIS, 6 mg of APDS and 10 ml of TEMED in a
total volume of 2 ml which corresponds to a molar ratio of
cross-linker to monomer of 1 : 60. The total monomer concen-
tration, defined as the mass concentration of AAm and BIS in the
total reaction volume, is [T] = 0.04 g ml�1 and the weight fraction
of cross-linker with respect to the total mass of the polymeric
material (AAm and BIS) is CR = 0.035.

After mixing, the solution was transferred to Teflon molds
and allowed to warm up and react at room temperature. After
one to two hours, polymerization was complete and the hydro-
gel was transferred into a larger container filled with deionized
water. The gel was left for five days to ensure that the hydrogel
swells to equilibrium. The excess water was exchanged daily
to wash out residual chemicals that had not reacted in the
gelation process.49

Discs with a radius Rd E 0.3 cm were cut from the hydrogels
using a simple stamp. In corresponding MTI and MFIS experi-
ments, samples cut from one gel block were used. For the NMR
measurements, the gelation process was carried out in cylindrical
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Teflon molds (Rd E 0.5 cm, height 5 cm). The hydrogels were
then transferred into a container filled with deuterium oxide.

The hydrogel was characterized by determining the polymer
volume fraction in the fully swollen state, j, the average mole-
cular weight between cross-linking points, Mc, and the mesh size,
x. The polymer volume fraction of the hydrogel in the swollen
state j was calculated directly from eqn (1):50,51

j ¼ Vp

Vgel
¼

mprH2O

mprH2O
þmH2Orp

(1)

where Vp is the volume of the dry polymer (PAAm), Vgel is the
volume of the hydrogel after equilibrium swelling, mp is the
mass of the polymer, mH2O is the mass of water in the swollen
gel and rp and rH2O are the densities of polymer and water,
respectively.

The mass of the fully swollen hydrogel was measured after
removing the liquid on the surface of the hydrogel with a
pipette. It was then dried at 40 1C under vacuum for at least
6 h until constant weight was reached to determine mp. The
experiment was repeated for different pieces of hydrogel, and
the mass fraction was converted into volume fraction using the
known polymer density (rp = 1.3 g cm�3).52

The theoretical molecular weight of the polymer between cross-
links Mc is related to the degree of cross-linking in the hydrogel,
X (i.e., the molar ratio of cross-linker to monomer) and the mole-
cular weight of the repeating units (Mr,AAm = 71.1 g mol�1):51,53

Mc ¼
Mr

2X
(2)

The mesh size, x, which characterizes the space between macro-
molecular chains can be calculated using:50,54,55

x ¼ j�1=3z
Cn2Mc

Mr

� �1=2

(3)

where Cn is Flory’s characteristic ratio (Cn,AAm = 2.72) and z is
the carbon–carbon bond length (z = 0.154 nm).56 This calcula-
tion assumes ideal solvent quality, homogeneous cross-linking
densities and Gaussian distribution of chain lengths.

We characterized the polyacrylamide hydrogels as used in
these experiments, i.e. in water and in a 20 mM potassium
carbonate buffer at pH 10. The results are shown in Table 1.

2.1.2. Diffusing polymeric guest molecules. The dextrans
(Table 2) and free dyes were purchased from Invitrogen. For
the NMR experiments, unlabelled dextrans were dissolved in
deuterium oxide with a purity of 99.9% from Deutero GmbH.
For the remaining experiments, dextrans conjugated with Alexa

Fluor 488 (A488) or tetramethylrhodamine (TMR) were dissolved
in deionized water. To exclude fluorescence blinking due to
protonation–deprotonation dynamics, dextrans labelled with
fluorescein (FLU) were prepared in potassium carbonate buffer
at pH = 10, (20 mM) and the fluorescence measurements were
conducted after addition of 100 mM Trolox (Sigma-Aldrich) to
avoid photobleaching of the dye.

To investigate the local environment and possible probe–
polymer interactions inside the gel matrix, we measured the
most polar dye attached to one of the smaller dextrans, A488-
D10 under five different conditions: (i) H2O, (ii) aqueous KClO4

solution (10 mM, 20 mM, 40 mM, and 60 mM), (iii) aqueous
KCl solution (20 mM), (iv) aqueous potassium carbonate buffer
(20 mM) at pH = 7, and (v) at pH = 10.

2.1.3. Addition of polymeric guest molecules to the hydro-
gel. For MFIS experiments, each hydrogel disc was placed in a
chambered cover glass (Lab-Tekt, Thermo Fisher Scientific,
USA), incubated with guest molecule solution (400 ml in total)
and allowed to reach equilibrium before the measurement was
started (2 to 7 days depending on dextran size). When electro-
lyte solutions were used, the solution was exchanged approxi-
mately every 12 h during the incubation period to ensure
defined concentrations.

In the MTI experiments, the initial particle concentration in
the hydrogel was 0 and the concentration in the surrounding
solution was varied between 0.1 and 10 mM. The hydrogel
matrix was contacted with the particle (dye or dextran) solution
at the beginning of the experiments and the diffusion of guest
molecules from the solution into the hydrogel was studied.

For NMR measurements, the hydrogel cylinders were incu-
bated with concentrated amino dextran solution in deuterium
oxide for at least 48 h. The samples were then carefully trans-
ferred into NMR tubes ensuring that the gel texture was not
destroyed. Concentrations below 1 mM were used in order to
avoid aggregation. Bubbles were successfully avoided.

2.2. Measurement methods

2.2.1. Multiparameter fluorescence image spectroscopy
(MFIS). All measurements were conducted on a confocal fluores-
cence microscope (FV1000 Olympus, Hamburg, Germany),

Table 1 Polymer volume fraction in the swollen state (j), molecular
weight of the polymer between cross-links (Mc) and mesh size (x) for the
PAAm hydrogel in water and in potassium carbonate buffer 20 mM at pH 10.
The errors are the standard errors of repeated measurements of the polymer
volume fraction

PAAm in water PAAm pH 10

j 0.0390 � 0.0004 0.0150 � 0.0001
Mc [g mol�1] 2141 2141
x [nm] 5.7 � 0.1 7.8 � 0.1

Table 2 Overview of dyes and dextrans of different molecular weights,
Mw, as obtained from manufacturer (for labelled dextrans already including
the dye) and their naming convention. The dextrans were either unlabelled
or conjugated with one of three different dyes: Alexa Fluor 488, tetra-
methylrhodamine and fluorescein. For more detailed information see S1.1
and S1.2 (ESI)

Mw

[kDa] Unlabelled
Alexa
fluor 488 Tetramethylrhodamine Fluorescein

0.33 FLU
0.39 TMR
0.53 A488
3 D3 A488-D3 TMR-D3 FLU-D3
10 D10 A488-D10 TMR-D10 FLU-D10
40 D40 TMR-D40 FLU-D40
70 TMR-D70
500 FLU-D500
2000 TMR-D2000
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which had been modified to allow time-resolved experiments.57,58

A488 and FLU were excited using a polarized pulsed diode-laser
(LDH-D-C-485, PicoQuant, Berlin, Germany) at 485 nm, while for
TMR a supercontinuum laser (SuperK Extreme, NKT Photonics,
Birkerød, Denmark) at 555 nm was employed. Laser light was
directed into a 60� water immersion objective (NA = 1.2) by a
dichroic beam splitter and focused into the sample close to the
diffraction limit. The light emitted was collected by the same
objective and separated into two polarizations (parallel and
perpendicular) relative to the excitation beam. The fluorescence
signal was further divided into two spectral ranges (BS 560, AHF,
Tübingen, Germany). Bandpass filters for A488/FLU and TMR
fluorescence (HC 520/35 and HC 607/70, AHF), were placed in
front of the detectors. The signal from single photon sensitive
detectors (PDM50-CTC, Micro Photon Devices, Bolzano, Italy
and HPMC-100-40, Becker&Hickl, Berlin, Germany, respectively)
was recorded photon-by-photon with picosecond accuracy
(HydraHarp400, PicoQuant) and analyzed using custom software
(LabVIEW based). The temperature during all measurements
was 22.5 � 0.5 1C and the concentration of the dextrans was
adjusted between 0.05 and 3 nM, depending on their different
degree of labelling.

The sample was mounted on a piezo-controlled x–y scanner
(P-733.2CL, Physik Instrumente, Karlsruhe, Germany) and moved
perpendicular to the optical axis. It was moved in a stepwise
manner to permit multiparameter fluorescence detection at
defined locations. The pixel size is defined by the step size of
the scan (in our experiments 10.00 mm) while photons are collected
from the confocal detection volume only (Vdet = 0.55 fl). The
integration time per pixel was 30 min and the complete image
contains 18 pixels (probed spots).

2.2.2. Macroscopic transmission imaging (MTI). The
macroscopic transmission imaging experiments were per-
formed using a custom-built imaging apparatus similar to
that described previously.59 The sample was illuminated by a
parallel beam of light from an LED lamp (CoolLED, center
wavelength of 490 nm) whose wavelength was chosen to excite
the fluorescent particles in the sample. Using a dichroic mirror
that transmits wavelengths above and reflects wavelengths
below 502 nm, the transmitted light was split into excitation
light (bright-field transmission image) and emitted light from
the fluorophores (fluorescence image). The images were then
focused onto separate CCD cameras. Additional fluorescence
filters (excitation filter: 480/25, emission filter: longpass LP 520)
were applied. The hydrogel discs were placed between two
horizontally held glass plates with a fixed distance between
the plates of 1.5 mm using aluminum spacers. This distance
was chosen to ensure that the gels were compressed as little
as possible but still in contact with both glass plates. The
particle solution was added around the gel discs and allowed
to diffuse into the gel matrix. The image collection time was
varied between 5 s at the beginning and up to 300 s at the
end of a measurement. Images were collected for 3 to 72 h.
The sample cells were sealed to ensure that the solvent did
not evaporate and measurements were performed at room
temperature (23 1C).

2.2.3. Nuclear magnetic resonance (NMR). A Bruker AVANCE
DRX-500 NMR spectrometer operating at 500 MHz for 1H was
used. The spectrometer was equipped with a Bruker Great 1/10
gradient amplifier and a Bruker selective inverse (SEI) probe with
z-gradient coils. The gradient amplitudes were calibrated using
dodecane, 1-pentanol and water as standard samples.60 The
temperature sensor was calibrated using methanol as described
by van Geet.61 All diffusion measurements were acquired by using
stimulated echo with bipolar gradient pulses (pulse program
name STEBPGP).62,63 This sequence was also followed by a
WATERGATE sequence to suppress the water signal.64,65

In each experiment, the magnetic field gradient strength of
the bipolar pulses was linearly arrayed along 16 values from 10
to 60 G cm�1 while all other parameters were kept constant.
The gradient pulse length, d and the diffusion delay, DN, were
chosen such that the echo signal was suppressed considerably.

The diffusion coefficients of unlabelled aminodextrans in
hydrogels and in deuterium oxide were measured at 23 1C in
NMR sample tubes of 5 mm diameter. Dextran concentrations
depended on the dextran’s molecular weight and varied from
3.0 M for the 3 kDa dextran to 0.3 M for the 40 kDa dextran to
avoid agglomeration in solution. We performed several diffu-
sion measurements with each sample, varying the key para-
meters d and DN. Our experience showed that this is a good
practice which helps identifying artifacts affecting the experi-
ments or errors in the processing routines. The diffusion
delays, DN were chosen between 0.1 and 2.0 s and the gradient
pulse widths, d were between 600 and 1400 ms. Several combi-
nations of DN and d were applied within those ranges. Later
examination revealed high agreement among all those measure-
ments, indicating good reproducibility.

2.3. Analysis methods

2.3.1. Multiparameter fluorescence image spectroscopy
(MFIS). The recorded MFIS data can be correlated to yield
correlation curves (fluorescence correlation spectroscopy, FCS,
is part of the MFIS). Those fluorescence correlation curves that
were measured inside the hydrogel usually exhibited multiple
overlapping bunching terms in the time regime of the diffusion
process. To establish the number of independent species, M,
needed in the model function to reproduce the data, we fitted a
distribution of diffusion coefficients applying the maximum
entropy method (MEMFCS).66 Having determined M we then
fitted a model function containing M diffusion terms (eqn (4)):

G tcð Þ ¼ 1þ 1

N

XM
i¼1

xi 1þ tc

td;i

� � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ tc

z0=o0ð Þ2�td;i

s !�1

� 1� AT þ AT � e
�tc
tT

� �
with

XM
i¼1

xi ¼ 1

(4)

For species with identical brightness, xi represents their true
molecular fractions. In this case, N is the number of molecules
in the singlet state in the detection volume element and tc is
the correlation time. The model assumes a three-dimensional
Gaussian-shaped volume element with spatial distribution of
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the detection probabilities w(x,y,z) = exp(�2(x2 + y2)/o0
2)

exp(�2z2/z0
2). The 1/e2 radii in x and y or in z direction are

denoted by o0 or z0, respectively. The characteristic diffusion
time is td = o0

2/4D, with the translational diffusion coefficient
D. The confocal detection volume, Vdet is calculated as follows:
Vdet = p3/2z0o0

2.
Basic photophysical processes such as triplet transitions

which result in temporary dark states are accounted for by an
additional bunching term. Here AT and tT represent the triplet
population and the triplet relaxation time.

The correlation curves for A488- and TMR-dextrans in water
and most FLU-dextrans in carbonate buffer were fitted pixel
by pixel, the remaining samples image-integrated. At mean
irradiances in the focus of 1.2 kW cm�2, A488- and TMR-samples
did not exhibit noticeable triplet populations (AT o 0.01), only
fluorescein showed fluorescence bunching in the ms regime at
even lower irradiances of 0.4 kW cm�2. For pixelwise analysis,
error bars for td (and equivalently for D) were calculated as
standard error of the mean while for single point (i.e. solution)
or image integrated measurements a bootstrapping procedure
was applied.

Diffusion coefficients can be derived from the extracted
diffusion times (td) provided that the size and shape of the
confocal detection volume element are characterized. In prac-
tice, a photostable reference dye with known diffusion proper-
ties is used to calibrate the system. In the present case, we
chose rhodamine 110 (Rh110). Thus all presented diffusion
coefficients derived from FCS are based on the reported value of
DRh110 = (4.3 � 0.3) � 10�6 cm2 s�1 at 295.65 K in dilute
aqueous solutions.67 The characteristic diffusion time of Rh110
in deionized water was td = 30 ms with day-to-day variations of
less than 5%. Due to increased aberrations with changes in the
refractive index upon addition of salt, a systematic increase of
td was observed (e.g. td = 33 ms for Rh110 in 20 mM potassium
carbonate buffer at pH 7 and pH 10, respectively). The longer
wavelength required for the TMR experiments caused an increase
in focus area po0

2 = td4pD and thus of td of about 30%, as
expected from the changed diffraction limit.

A variety of possible artifacts have been reported that could
cause uncertainties in translational diffusion measurements
by FCS.68 In particular optical saturation effects are known
to distort the detection volume element and thus alter the
observed average dwell times of the fluorophores. These effects
have been minimized by keeping the excitation power low and
by performing reference measurements under identical condi-
tions. Low excitation power also diminishes the probability of
photobleaching. Successful minimization of this effect is con-
firmed by the observation of extremely slow diffusing molecules
with dwell times of up to 1 s.

A further possible artifact, focal distortions due to a refrac-
tive index mismatch (below 0.01, see S1.6, ESI†) is estimated to
result in a small corresponding error in D (below 1%69). This is
supported by the good agreement of the FCS data with the
independent MTI and NMR results (see below). Additionally,
the possible refractive index mismatch between solution and
hydrogel was checked using FCS and found to be negligible.

No readjustment of the correction collar setting on the objec-
tive was required after switching the sample from pure water to
hydrogel (see S1.6, ESI†).

The steady state anisotropy, r, which is another parameter
detected by MFIS is defined via the intensities of the fluorescence
signal polarized parallel (FJ) and perpendicular (F>) with respect
to the excitation polarization. As described by Koshioka et al.,70

the fluorescence signal recorded with a confocal microscope is
slightly depolarized by the objective due to its high numerical
aperture. To account for this experimental artifact, correction
factors l1 and l2 have been introduced:70

r ¼
GFk � F?

1� 3l2ð ÞGFk þ 2� 3l1ð Þ2F?
(5)

The correction factors l1 and l2 as well as the factor G, that
compensates for the slightly different detection efficiencies of the
two detection channels, were determined experimentally using
the reference dyes enhanced green fluorescent protein (EGFP)58

or rhodamine 110 and TMR, respectively, (l1 = 0.0308, l2 = 0.0368,
G = 0.99). In detail, the G-factor is defined as the ratio of the
detection efficiencies between perpendicular and parallel polarized
fluorescence light. The fluorescence signal F is obtained from
the detected signal by subtracting the appropriate background
(scattering) measured in clean water or an unloaded gel.

2.3.2. Macroscopic transmission imaging (MTI). We found a
linear relation between fluorescence intensity and concentration in
the concentration range of 0.1 to 10 mM for all samples. Thus, we
can directly determine the relative change in concentration from
the image intensity. Especially for the larger dextran molecules,
equilibration between the hydrogel and the surrounding solution
takes several days. However, for most samples, it was found that
measurement times of about 24 h were sufficient to allow diffusion
coefficients to be extracted from the data. Some additional longer
measurements were performed to capture the long time behavior.
Even though the dyes used were relatively photostable and the
incident intensity was reduced as much as possible, some photo-
bleaching could be seen for these long measurement times. Thus,
a photobleaching correction as described in ref. 71 and 72 was
applied: the change in the normalized intensity F of an area in
the solvent far outside the hydrogel, where no significant change
in the concentration is expected, could be fitted with a double
exponential function:

FðtÞ
Fðt ¼ 0Þ ¼ Pe�pt þQe�qt (6)

The intensity of the region of interest in the gel of every image
was then corrected by dividing the original value by the one
extracted from the bleach curve.

The hydrogel discs had a quasi-two-dimensional geometry
and homogeneous radial diffusion was observed. Thus, by
azimuthally averaging all pixels that are a certain distance away
from the gel–reservoir interface, a concentration profile for
every time step could be determined. Comparison of the
concentration profiles with diffusion equations, including
appropriate boundary conditions, yields diffusion coefficients
(see Section 3.2.1).
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The hydrogels were fully swollen and in equilibrium before
the measurements and no change in the hydrogel size was
expected. However, for some samples we observed a decreasing
gel radius of up to 6% within the first hours of the experiments
in the bright-field transmission images and the change in
radius was taken into account in the analysis. The reason for
this is not clear. A change in temperature or an expansion of the
sample cell and with that a slight increase in sample thickness
might play a role.73

2.3.3. Nuclear magnetic resonance (NMR). As is usual
practice, the diffusion coefficients D were obtained by fitting the
echo amplitudes (integral of the signals between 2.8 and 4.4 ppm)
to the following equation:74,75

Ei

E0
¼ exp �D ggidð Þ2 DN �

d
3
� tN

2

� �� �
(7)

where Ei and E0 are the echo intensities at increment i and with
zero gradient applied, g is the gyromagnetic ratio, gi is the
gradient amplitude at increment i, d is the gradient pulse width,
DN is the diffusion delay and tN is the delay between the two
magnetic field gradient pulses laying at one side of the echo pulse
sequence. For the purpose of comparison, the diffusion coeffi-
cients measured in D2O were recalculated for H2O using the
known viscosities of both solvents.76

2.4. Models for Brownian dynamics simulations

Brownian dynamics simulations were used to calculate the
diffusion coefficients of dextran particles within the polymer
network. Inspired by previous investigations,46,47 we considered
simple models of effective spheres for the matrix particles and
the dextrans. For this, we used a microscopic model resolving
the matrix explicitly and coarse-graining the diffusing polymer
coil as an effective soft sphere. There are further underlying
model assumptions: (i) the polymer matrix is not resolved on
the monomer level, (ii) the matrix structure is derived from a
periodic structure, and (iii) explicit hydrodynamic interactions
caused by the solvent are ignored.

In order to obtain a systematic insight, the flexibility of the
polymer matrix and the softness of the dextran–matrix inter-
action were modeled on three different levels. A schematic
illustration of the models is shown in the Results section (see
Section 3.2.2 and Fig. 9). On the first level (also referred to as
model 1 in the following), the matrix particles were fixed on a
periodic simple-cubic lattice with lattice constant a providing
static steric obstacles for the diffusing dextran molecules. For
simplicity, the latter were modeled as effective spheres. On this
crude level any fluctuations in the pore sizes were neglected.
The repulsive steric interaction between an obstacle i at position
-
si and another particle j (either tracer or obstacle) at position -

sj,
separated by the distance sij, was modeled as in ref. 47 with a
truncated and shifted repulsive Lennard Jones potential (also
known as WCA-potential):

Us sij
� �

¼ 4es
sij
sij

� �12

� sij
sij

� �6

þ 1

4

" #
(8)

where es = 1kBT (B4.05 � 10�21 J at 20 1C) and the additive
diameter sij = 2Robst for the obstacle–obstacle-interaction and
sij = Robst + Rh for the interaction between a matrix obstacle and a
tracer of radius Rh. The cutoff was set at the potential’s minimum
at lij = 21/6sij.

For the second level (model 2), we introduced fluctuating
matrix particles. The network connectivity was ensured by
coupling neighboring matrix particles by harmonic springs.
For the harmonic spring potentials, we used Hooke’s law:

Usp(sij) = 0.5k(sij � s0,ij)
2 (9)

for two matrix particles i and j with their distance at rest s0,ij.
Setting k = 2kBT/(2Rh,D3)2 (B0.6 mJ m�2) allowed the dextran D3
to push a gap of its own diameter 2Rh,D3 through two neighboring
matrix particles in rest positions when overcoming an energy of
1kBT. This parameter is kept fixed in all simulations. Moreover
the matrix particles were exposed to thermal fluctuations and
repelled each other and the dextran particles via steric inter-
actions as in model 1 (eqn (8)). To broaden the pore size
distribution, the matrix particles were randomly shifted up to
half the lattice constant a in each direction with respect to their
initial positions before attaching undistorted springs between
neighboring matrix particles.

At a third level of modeling, two different extensions were
tested by changing the dextran–matrix interactions. In model
3a, we replaced the WCA potential for the steric interactions
with a softer effective Gaussian potential which is a good model
for penetrating polymer coils of different architecture:77–79

UG sij
� �

¼ eG exp � sij
2

2b2

� �
(10)

with b2 = (Ri + Rj)
2/(2ln(eG/(kBT))). This relation keeps the

potential at sij = Ri + Rj for 1kBT. We used eG = 12kBT (for more
details see S11, ESI†).

In model 3b, an attractive shell with the size of a typical
fluorescent dye’s radius (RD0 = 0.55 nm) was added to the
steric repulsion to account for a possible weak sticking of the
dextrans to the matrix using a cosine function for a smooth
transition:

Usp sij
� �

¼

4es
sij
sij

� �12

� sij
sij

� �6

þ1
4

" #
� ea sij � lij

�ea
2

cos
p sij � lij
� �
RD0

� �
þ 1

� �
lij o sij � lij þ RD0

0 lij þ RD0 � sij

8>>>>>>>><
>>>>>>>>:

(11)

We obtained ea = 3.0 � 0.3 kBT as fitted value in both
investigated systems. This value seems reasonable as it should
cause a significant slowdown of the dextrans’ motion while still
allowing a thermal escape out of the shells.

By tracking the tracer’s trajectories, the mean square dis-
placements can be calculated as:

Ds2(t) = h(-s(t0 + t) � -
s(t0))2i (12)
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For a given sufficiently large elapsed time t, the long-time
diffusion coefficients could then be extracted as:80,81

D ¼ lim
t!1

1

6

d

dt
Ds2ðtÞ (13)

such that the hindrance factors are D/D0.
For a given value of a, which sets the mean pore size, the

hindrance factors for all tracer particles were calculated and
this set of simulation data was compared to the experimental
data. An optimal value for a was found by the best fit, using
a as the single fitting parameter. Only in model 3b, ea was
used as a second fitting parameter. For more technical details,
see S11 (ESI†).

3. Results and discussion

The different experimental techniques used here allowed us to
estimate the precision of the measurements in different ways.
In MTI and NMR, the experiments are conducted by averaging
over one gel, calculating therefore the dispersion of the data
between different gels.

In MFIS we are able to detect two kinds of dispersion of
the data: (i) we measured different spots within the same gel
(pixelwise analysis) and (ii) we executed measurements between
different gels (different data points in Fig. 12b).

It is known that the hydrogels in practice always exhibit an
inhomogeneous cross-link density distribution, causing spatial
heterogeneity.82,83 The scattering of experimental data from
various independent measurements, beyond the shot noise
limits of the single measurements, indicates the heterogeneity
in the gel structure. Spatial heterogeneity on the macroscopic
scale is detected by pixelwise analysis. Different locations within
the same gel display slightly different results. These feature were
visible in all MFIS studies reported below.

3.1. Several populations of guest molecules detected by MFIS

FCS. In contrast to the single diffusion times observed in
solution, for most of the gel samples we have observed that up
to three independent diffusion times are needed to fit the

FCS curves. Differently diffusing species, extending from free
molecules just hindered by the limiting pore size (td B 410 ms)
up to temporarily trapped particles (td 4 10 ms) were found
(SI2–4, ESI†). Fig. 1a displays a set of image-integrated correla-
tion curves for A488-D10 at different electrolyte conditions
which reveal the decreasing fraction of slowly diffusing tem-
porarily trapped particles for increasing salt concentration.
Temporary sticking and accumulation of the probe molecules
in the hydrogel are indicated by time trace analysis (Fig. 4a). Such
tracer–hydrogel interactions already have been studied in the
past, showing different effects depending on the chemical struc-
ture of the gel, the solvent and the nature of the tracer.21,25,27

Interestingly, Vagias and coworkers21 also found interactions
between the hydrogel and different tracers when employing FCS.
Although they used another hydrogel than in our study, the
different fluorescence intensity between gel and solution is clearly
shown by them.

A simple binding model was applied to describe the observed
equilibrium fractions of mobile and trapped probe molecules
(xbound), where ffree is the activity coefficient for free molecules
and Kd

0 the effective binding constant (see S1.7, ESI†):

xbound ¼
ffreeKd

0

1þ ffreeKd
0 (14a)

It was assumed that the activity of the freely diffusing (mobile)
species is most affected by the ionic strength of the solvent.
The Debye–Hückel equation84 describes the dependency of the
activity coefficient, ffree, on the charge, Zi, the effective radius of
the ion, Ri, and the ionic strength, I, in the limit of low salt
concentrations:

ffree ¼ 10
� AZi

2
ffiffi
I
p

1þBRi

ffiffi
I
p

(14b)

with tabulated values84 for the constants A = 0.507 mol�1/2 dm3/2

and B = 3.28 nm�1 mol�1/2 dm3/2 for aqueous solution at 22.5 1C.
A combination of eqn (14a) and (14b) can be fit to the equili-
brium fraction of trapped molecules as a function of the
ionic strength. The fit shown in Fig. 1b yields Zi E 3, which
is in good agreement with the estimated mean number of

Fig. 1 (a) Image-integrated normalized correlation curves for A488-D10 in hydrogels at different salt conditions, (b) decreasing fraction of slow,
temporarily bound molecules for A488-D10 in the hydrogel with increasing ionic strength I. A fit of eqn (14) yields Zi = 3.0 � 0.4; Kd

0 = 0.42 � 0.03;
Ri = (0.7 � 0.5) nm. The inset shows one possible mesomeric structure and charge distribution of Alexa488.
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charges per labelled dextran, estimated as follows. D10 samples
have B5 labelling sites per molecule. The specified mean
degree of labelling (DoLav) of the investigated A488-D10
samples is 1, if the unlabelled dextran molecules are also
considered. However, considering only labelled dextrans in a
first approximation of random labelling, we can expect around
1.5 dyes per labelled and thus detected dextran (for more details
of this calculation, see S1.3, ESI†), which corresponds to a mean
charge Zi(A488-D10) E 3. For the higher salt concentrations, the
Debye length k�1 is of the order of the macromolecule’s dimen-
sion (k�1 E 1.4 nm for I = 0.05 M), producing conditions beyond
some of the approximations made to derive eqn (14b). Never-
theless, the fit shown in Fig. 1b describes the experimental data
sufficiently well.

The analysis reveals that mainly the presence or screening of
charges determine the sticking behavior of the probe molecules
and not the kind of anion as suggested by the Hofmeister
series.85,86 In particular, perchlorate, chloride or hydrogen
carbonate ions at the same ionic strength had a comparable
influence on the diffusion properties of the studied samples
(see Fig. 1b).

Fluorescence anisotropy. To compare the restricted motion
of A488-D10, TMR-D10 and FLU-D10 in the hydrogel to its
behavior in solution, we performed measurements of steady
state anisotropy r and time resolved anisotropy r(t) for each
pixel. For this, a possible distribution of r due to the hetero-
geneous environment needed to be separated from shot-noise
broadening. Thus, a plot of r vs. number of detected photons,
NF, was analyzed (Fig. 2a), and the mean anisotropy, hri was
calculated:87

r ¼ rh i � 1

3

2þ rh ið Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� rh ið Þ 1þ 2 rh ið Þ

p
ffiffiffiffiffiffiffi
NF

p (15)

It is clear that, on average, A488-D10 exhibits a higher aniso-
tropy in the gel than in aqueous solution. This can be attributed
to a temporary trapping of the solute in the matrix network.
The plotted values for r in the gel are pixel-averages where

about 30% of molecules were trapped for this sample (Fig. 1b).
During the measurement time of 1800 s, many probe transits
are averaged, so that the anisotropy reports on the average
trapping probability. In our samples different pixels display
different anisotropies, so that the width of the distribution
significantly exceeds the shot-noise broadening as found in the
solution measurement. This can only be explained by the spatial
heterogeneity of the hydrogel.

To study probe–polymer interactions inside the gel matrix,
r measurements where performed for A488-D10 under different
conditions (KClO4 10 mM, 20 mM, 40 mM, 60 mM; KCl 20 mM;
potassium carbonate buffer pH 7, 20 mM and pH 10, 20 mM,
for TMR-D10 and FLU-D10 in H2O, in potassium carbonate
buffer 20 mM pH 10 and in Tris buffer 50 mM pH 7.5). The 2D
r–NF plots for all conditions are shown in S7 (ESI†). Fig. 3 shows
the relation of the ratio of r in the hydrogel to r in different
aqueous electrolyte solution and the fraction of trapped particles,
x, which is directly calculated from FCS curves by applying eqn (4)
(for values see Table S8, ESI†).

In a two-component system the additive behavior of aniso-
tropies predicts a linear dependence of rgel on the fraction of
the trapped species x: rgel = xrtrapped + (1 � x)rsol. To take into
account different initial solution anisotropies of the differently
labeled probe molecules relative anisotropies rgel/rsol are plotted
in Fig. 3. By fitting a line to the data and using rsol = 0.037
(Fig. 2) we estimate mean rtrapped = 0.10 � 0.01 for A488-D10.
This is much less than the fundamental anisotropy of A488
(r0 = 0.37) which would be expected for the completely immobilized
dye. The low density of labels renders energy transfer between
identical chromophores an unlikely cause for the reduced aniso-
tropy, leaving partial mobility of the dye even in the trapped
environment as most probable explanation.

Fluorescence time traces. Time-traces of A488-D10 at low
concentration in the hydrogel were investigated to further
analyze the sticking behavior (Fig. 4a). Temporary sticking
and accumulation of the probe molecules in the hydrogel
are indicated by relatively long dwell times (up to seconds)
and count rates which are significantly above average, both of

Fig. 2 (a) Anisotropy r vs. photon number NF in different time windows for A488-D10 in water (gray contour lines) and in hydrogel (red contour lines)
with one-dimensional projections for the gel data. The time window for the gel data was 1800 s. The theoretical shot-noise limits of r are calculated with
eqn (15) with hri = 0.037 (blue lines). (b) Anisotropy decays, r(t) for Rh110, A488 and A488-D10 in H2O and gel/H2O.
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which are not observed for molecules freely diffusing in
solution (Fig. 4a). A strong correlation between the fraction of
the trapped molecules is revealed by the slow decay between
10 ms and several seconds and the mean count rate for this
time range in the corresponding fluorescence correlation curves
(Fig. 4b).

The interaction of A488-D10 with the matrix is revealed by
several different observations: first, a reduction of the fluores-
cence lifetime (tgel/tsol E 0.95), mainly attributed to quenching
since a change in radiative lifetime due to refractive index
differences between gel and solvent is expected to only account
for 1/3 of the effect (tr(gel)/tr(sol) E 0.987, see S1.6, ESI†),88,89

and, second, an increased anisotropy (rsol = 0.037, rgel = 0.049)
with broadened distribution inside the gel (see Fig. 2 and 3).
Third, the apparent brightness Bapp of A488-D10 in the hydro-
gel, obtained as the ratio of detected count rate to the apparent
number of particles N (taken from the FCS amplitude, eqn (4)), is
significantly lower than B measured in solution (Bapp/B E 0.37)
which is not consistent with the weak dynamic quenching
indicated by the small change in fluorescence lifetime. One
possible explanation could be that a fraction of the molecules are

trapped on a longer time scale (41 min) which results in a virtually
uncorrelated background reducing the correlation amplitude.
Taking long term trapping into account for the highly inter-
acting A488-D10, an effective concentration of trapping sites in
the range from 10 to 50 nM can be deduced for low salt conditions
(detailed discussion in the S1.4 and S1.5, ESI†). The observation of
systematically higher fluorescence intensities inside the loaded
gel than in the surrounding solution supports the idea of the
enrichment of probe molecules in the gel (for details see S1.1
and S6, ESI†).

3.2. Mobile guest molecules

3.2.1. Experimental results
MFIS. As already discussed, the analysis of FCS correlation

curves as displayed in Fig. 1a revealed different populations of
guest molecules with differing diffusion times. In this section,
we only consider the freely diffusing species with the smallest
diffusion time. With MFIS, the hydrogel was studied in deionized
water as well as in 20 mM potassium carbonate buffer at pH 10.
Significantly different results were found for the two experimental
conditions. These differences can be explained by a solvent
dependent degree of swelling of the hydrogel (see sample details,
Section 2.1.1). The diffusion coefficients from FCS experiments
are shown in Table 3.

MTI. Fig. 5a shows an example set of fluorescence images at
the beginning and the end of an MTI experiment of A488-D10
diffusing into a hydrogel disc. Due to the influx of fluorescent
particles into the polymer hydrogel, the fluorescence intensity
inside the hydrogel increases with time. A higher intensity inside
the hydrogel is clearly visible at the end of the measurement. This
indicates enhanced fluorescence of the dyes inside the gel and/or
an attraction of the dye to the hydrogel. As expected, a variation of
the particle concentration between 0.1 mM and 10 mM did not
change the diffusion coefficient.

In these experiments the two faces of the hydrogel discs
were not accessible to the solvent. Thus, the samples can be
described as infinitely long cylinders in a reservoir of dye or
dextran in solution, i.e. a quasi two-dimensional geometry with
radial diffusion. Assuming azimuthally homogeneous diffu-
sion, for every fluorescence image, the azimuthally averaged

Fig. 3 Average anisotropy ratio, rgel/rsol as a function of the fraction of
trapped particles derived from FCS measurements for A488-D10 (see
Fig. 1), TMR-D10 and FLU-D10. Linear extrapolation (without H2O value)
yields rgel/rsol = 2.7 � 0.3 for x = 1.

Fig. 4 (a) Fluorescence time traces (sum of perpendicular and parallel channel) for a single pixel in the image of A488-D10 in solution and in the gel in
water conditions, (b) correlation curves of count rate selected subsets of the trace (for details see S5, ESI†).
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intensity profiles were determined. Typical intensity–distance
profiles for three times are displayed in Fig. 5b. The 46 h data
illustrate that the fluorescence intensity in the gel is higher
than in solution.

Diffusion equations for radial diffusion in an infinite cylinder
with radius Rd suspended in an infinite reservoir with a diffusion
coefficient Dgel yield a radial concentration profile c(s,t) of the
diffusing substance with the radial position s inside the infinite
cylinder:94

cðs; tÞ ¼ c1

þ ci � c1
2Dgelt

� �
e
� s2

4Dgelt

ðRd

0

e
� s02
4DgeltI0

ss0

2Dgelt

� �
s0ds0 (16)

with the modified Bessel function of the first kind of order
zero, I0, and the initial and final concentrations ci and cN,
respectively.

Analysis of the complete concentration profiles is nontrivial
because if the hydrogel edge is not perfectly perpendicular, this can
lead to scattering and edge effects which will influence the shape of
the measured concentration profiles. We thus first considered a
more robust approach and analyzed the temporal increase in
concentration in the center of the hydrogel. To enhance statistics,
we averaged over an area of 0.2 mm by 0.2 mm in the center of the
hydrogel. This area is small compared to the overall size of the gel
(Rd E 3.5 mm). One typical dataset for the increase of A488-D10 in
the center of a cylindrical hydrogel is shown in Fig. 6.

From eqn (16) an expression for s = 0 was derived:94

cðtÞ ¼ ci þ c1 � cið Þe�
Rd

2

4Dgel tþt0ð Þ (17)

An imperfectly perpendicular hydrogel edge and potential
scattering from the gel edge will lead to a broadened start
profile (Fig. 5). This was accounted for by adding a time-offset
t0 in eqn (17). This equation was fitted to the time evolution of
the intensity in the center of the hydrogel. This resulted in very
good agreement with the data (see Fig. 6). As the gel radius
plays an important role in the determination of Dgel, we fitted
all datasets with both the initial and the final radius (given in
Section 2.3.2) and estimated Dgel to be between the values we
get from these fits (Table 4).

Since the reservoir in the experiments was finite, the above
model does not perfectly describe the experimental conditions.
In the experiments, the volume of the solution surrounding the

Table 3 Diffusion coefficients of free dye and dextran conjugates in
solution, Dsol, and in the hydrogel, Dgel, at 22.5 1C

Sample Dyea
Mw

b

[kDa]
Rh

c

[nm]
Dsol

[10�6 cm2 s�1]
Dgel

[10�6 cm2 s�1]

Free dye A488 0.53 0.56 3.69 � 0.05 2.7 � 0.1
TMR 0.39 0.56 3.45 � 0.07 2.6 � 0.1
FLU 0.33 0.54 4.33 � 0.09 3.9 � 0.1

D3 A488 3 1.7 � 0.1 1.05 � 0.02 0.59 � 0.02
TMR 1.13 � 0.02 0.62 � 0.02
FLU 1.45 � 0.03 1.24 � 0.04

D10 A488 10 3.1 � 0.2 0.64 � 0.01 0.32 � 0.02
TMR 0.99 � 0.02 0.47 � 0.02
FLU 0.60 � 0.02 0.54 � 0.02

D40 TMR 40 6.0 � 0.3 0.38 � 0.01 0.10 � 0.01
FLU 0.32 � 0.01 0.18 � 0.03

D70 TMR 70 7.9 � 0.4 0.33 � 0.01 0.083 � 0.004

D500 FLU 500 20 � 2 0.107 � 0.002 0.04 � 0.02

D2000 TMR 2000 40 � 4 0.068 � 0.002 —
FLU 0.060 � 0.001 —

a A488 and TMR samples measured in deionized water, FLU in 20 mM
potassium carbonate buffer at pH10. b Molecular mass Mw as obtained
from manufacturer. c Hydrodynamic radii Rh for free dyes are calculated
from reported diffusion coefficients via Stokes–Einstein equation.90–93

Rh of dextran conjugates are obtained from a fitted Flory scaling law to
our MFIS and NMR data (see Fig. 8). Errors for Dsol and Dgel are standard
errors of the averages from multiple measurements, errors for Rh are
68% confidence intervals (�1s) from the fit.

Fig. 5 (a) Example fluorescence images at the beginning (t0) and the end
of an experiment, (b) intensity–distance profiles for 29 s, 30 min and 46 h
after contacting a cylindrical polymer hydrogel with A488-D10 solution.

Fig. 6 Increase in A488-D10 concentration in the center of a hydrogel
disc with time. The inset shows the original data (open circles) and the data
after a photobleaching correction has been applied (closed squares).
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gel was about 11 times the cylinder volume. This should result
in a homogeneous final dye concentration cN E 0.92ci in both
the gel and reservoir. This has not been observed (Fig. 5). Thus we
considered a second model; diffusion into a cylinder from a stirred
solution of limited volume.94 The fitting results from this model
were compared to those from the above model (eqn (16)). The
second model was found to describe the data for short and inter-
mediate measurement times, but failed to describe the long time
behavior. The model suggests that saturation between cylinder and
reservoir should be achieved much faster than seen in the experi-
ments. This discrepancy could be due to an attractive interaction
between the hydrogel and the diffusing molecules as indicated by
the MFIS experiments. In line with this idea is the observation that
for all measurements with Alexa-labelled particles, the fluorescence
intensity of the hydrogel was higher than that of the surrounding
solution at the end of the measurement (Fig. 5). If the particles are
attracted to the hydrogel, they will preferentially diffuse into the gel
even after the concentration difference between gel and reservoir is
balanced. This corresponds to a larger effective reservoir as
described by eqn (16), which is based on an infinite reservoir.

NMR. Diffusion coefficients of unlabelled dextrans in D2O
and inside the hydrogel were extracted from the NMR measure-
ments using eqn (7) to fit the echo amplitudes. For D40 in the
hydrogel, one typical decay curve and the corresponding fit
using eqn (7) is shown in Fig. 7 (for more details see S10, ESI†).

Very good agreement between experimental data and the fit can
be observed. The resulting diffusion coefficients (average of three
measurements with varying gradient length) are shown in Table 5.

Summary. Although all applied techniques probe different
length scales of the sample, for the same conditions they yield

remarkably consistent diffusion coefficients, which are displayed in
Fig. 8. Fits to the Flory scaling law were used to determine the
hydrodynamic radii Rh (also see S9, ESI†) of the dextrans in solution.
As expected, the diffusion coefficients of all our guest molecules
decay markedly with increasing molecular weight and the results for
all methods agree quantitatively. The heterogeneity in the gel
structure is indicated by the scatter of the gel data around the fit
curve from various independent measurements beyond the shot
noise limit.

3.2.2. Comparison with Ogston theory. Besides adsorp-
tion or temporary binding phenomena, the hindrance of diffu-
sion, i.e. a reduction of the macroscopic diffusion coefficient
inside the matrix with respect to the bulk diffusion coefficient
is a fundamental property characterizing the transport behavior
of particles within the matrix. Diffusion of solutes inside the
pores has been approximated by many models.97–99 Here we
applied a simple fiber network theory. This model goes back
to Ogston et al.35 and describes a hydrogel as a network of
randomly distributed fibers. Based on this model, the hindrance
factor is

H ¼ exp �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
j 1þ Rh

Rf

� �2
s0

@
1
A (18)

Table 4 Diffusion coefficients of A488 free dye and dextran conjugates in
the hydrogel at 23 1C measured by MTI. Errors for Dgel are standard errors
of the averages from multiple measurements

Sample Dye Dgel [10�6 cm2 s�1]

Free dye A488 3.2 � 0.1
D3 A488 0.73 � 0.02
D10 A488 0.42 � 0.01

Fig. 7 NMR data and fit using eqn (7) for unlabelled dextrans (40 kDa) in
the hydrogel. The data was normalized.

Table 5 Diffusion coefficients of unlabelled dextran in solution, Dsolution,
and in the hydrogel, Dgel, at 23 1C measured by NMR

Sample Dye Rh
a [nm] Dsolution [10�6 cm2 s�1] Dgel [10�6 cm2 s�1]

D3 unl. 1.7 � 0.1 1.37 � 0.01 0.80 � 0.01
D10 unl. 3.1 � 0.2 1.158 � 0.003 0.38 � 0.01
D40 unl. 6.0 � 0.3 0.451 � 0.003 0.110 � 0.003

a Hydrodynamic radii Rh from Dsolution (free dye) or fitted power law (dextran
conjugates, from experimental data, see Table 3). Errors for Dsolution and Dgel

are standard errors of the averages from multiple measurements, errors for
Rh are 68% confidence intervals (�1s) from the fit.

Fig. 8 Experimental diffusion coefficients D at 22.5 1C and (for solution
data) hydrodynamic radii Rh for equivalent spheres as estimated by the
Stokes–Einstein equation. Solution data (filled symbols) were approximated
by the Flory scaling law (red line, Rh [nm] = (1.01� 0.07)� (Mw [kDa])0.48�0.02),
and compared to reference data (black line, Rh [nm] = (0.96 � 0.13) �
(Mw [kDa])0.48�0.04, see S9, ESI†).90,95,96 Dashed lines represent fits of the
Ogston model (black: H2O, blue: buffered solution at pH 10; for para-
meters see Table 6) to the gel data (open symbols).
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where Rf is the radius and j the volume fraction of the fibers in
the gel and Rh the hydrodynamic radius of the diffusing species.

The important assumptions behind this model are known:
(i) the solute/fiber interaction is purely hard-sphere in nature,
(ii) the fibers are infinitely long and were placed randomly in
the matrix, and (iii) the solute concentration is very low, so that
solute–solute interactions are negligible in both phases. It is
clear that such approach can only be a crude approximation of
the real physical effects that are governing the translocation in
the matrix in our system. Nevertheless, Ogston’s model yields a
convenient and simple analytic expression to analyze funda-
mental trends. Moreover, such approach implies the use of
effective parameters, permitting in terms of the volume fraction
(j), to obtain reasonable results in comparison to the experi-
mental values as estimated from analysis of the swelling behavior
(see Section 2.1.1).

As expected and shown in Fig. 8, the diffusion coefficient
D decreases with dextran size, with the decrease being more
pronounced in the gel. Thus, the hindrance factor, H = Dgel/Dsol,
will also decrease with increasing hydrodynamic radius Rh of
the dextrans (see Fig. 12).

Dashed lines in Fig. 8 represent the curves calculated with the
Ogston model (eqn (18)) using the fit parameters listed in Table 6.

The agreement with our data is already very good. Using newer,
comparable models (such as the Amsden-model97) did not
noticeably improve agreement with our data (thus not shown
in Fig. 8).

3.2.3. Comparison with Brownian dynamics simulations.
While the Ogston model provides a simple analytical formula to
describe the trends for the dextran dynamics with an effective
excluded volume, we now apply our Brownian dynamics simu-
lations (see Section 2.4) for a more detailed modeling approach.
Different approaches to model a hydrogel have been used in
previous works. When investigating the swelling behavior of a gel,
Linse and coworkers36–39 and Holm and coworkers40–42 resolved the
individual monomers of the gel network. However the dynamics of
tracer particles through the network was not performed within this
level of modelling. Addressing tracer motion within monomer-
resolved modelling requires much more computational resources
in particular for long-time diffusion. Also the fitting procedure
would require several sets of runs. Therefore we leave monomer
resolved studies to future work. Instead we decided to follow the
more coarse-grained approach by Zhou and Chen.47 This type of
modeling provides a simple and systematic framework in which
to include different physical effects, namely the mobility of the
matrix particles (i.e. fluctuations in the matrix structure), the
effective dextran–matrix excluded volume, and sticky attractions.
The matrix-dextran interactions are expected to play a key role in
spreading the delay times of the diffusive process of the dextran
molecules through the matrix. Fig. 9 shows schematic two-
dimensional representations of the three-dimensional simula-
tions on the three different levels that were used to explain the
experimental data.

In qualitative terms, one would expect increasing agreement
between the simulation and experimental data as we increase

Table 6 Results from fitted model function with standard errors and the
experimentally determined polymer volume fraction (j in the swollen
hydrogel)

TMR-Dx/H2O FLU-Dx/pH 10

j (exp.) 0.0390 � 0.0004 0.0150 � 0.0001
Fiber network
model (eqn (18))

j 0.06 � 0.03 0.005 � 0.007
Rf [nm] 1.4 � 0.5 1.3 � 1.1

Fig. 9 Four models for the dextran–matrix system. Model 1: fixed gel matrix (steric interaction, eqn (8)), model 2: flexible gel matrix (steric interaction,
eqn (8)), model 3a: flexible gel matrix (soft interaction, eqn (10)) and model 3b: flexible gel matrix (steric interaction and attractive shell, eqn (11)). The
sketches illustrate two-dimensional representations of the three-dimensional models used for the simulations.
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the level of complexity. This is indeed what is observed and
displayed in Fig. 10, where the different simulation results are
compared to FCS data. In model 1, hard matrix particles are
fixed on simple cubic lattice sites, providing a uniform matrix
with just one pore size. This results in a very sharp drop in the
hindrance factor when the dextran’s size is increased to this
pore size. Introducing elastically connected matrix particles
(model 2) broadens the pore size distribution and leads to a
slower decrease of the hindrance factors with dextran size, as
expected. However, this decrease is still too sharp compared to
the experimental data. Softening the interactions by changing
the interaction potentials from WCA to a Gaussian potential
(model 3a) shows an even lower, yet still too distinct decrease, of
the hindrance factor with increasing dextran size. The agreement
is still unsatisfactory. Especially the hindrance of the smaller
dextrans is too weak in the previous approaches. When these
small dextrans collide with matrix particles, they can easily find
another way to pass due to their small size.

The introduction of an attractive contribution in the matrix-
guest interaction (model 3b) is found to be crucial to describe the
observed slow decay with increasing dextran sizes. If the smaller
dextrans collide with matrix particles in this model, they can still
find another path to pass. However, they are more likely to first
become stuck resulting in a slowdown even for small dextrans.

Model 3b is the only one which includes a repulsive inter-
action and an attractive shell and it is the best representation of
our experimental data. Additional simulations performed within
model 3b using a Gaussian softened core showed a similar fit
quality as that with a WCA-core. The results show that, within
the framework of the model classes considered here, an effective
attraction is needed to describe the spreading of the dynamics
correctly given the statistical uncertainties of the experimental
data. The origin of this attraction still needs to be resolved. For
specific simulation parameters see the Table S11 (ESI†).

3.3. Estimation of the average pore size

The theoretical study permits an estimation of the average pore
size of the investigated hydrogel in the two experimental environ-
ments. We optimized for the a priori unknown average pore size by
fitting the simulated hindrance factors to the experimental data.
Since the positions of all matrix particles in the BD-simulation

are known, one can estimate the size of a specific pore in the gel as
the center-to-center distance of two neighboring matrix-particles
minus the matrix-particle-diameter. The decision which matrix
particle pairs have to be counted as ‘neighbors’, is subject to a
certain degree of arbitrariness. We chose to consider all particle
pairs that are connected with springs, therefore possibly over-
estimating the correct value by neglecting close, but unconnected,
matrix particle-pairs. Fig. 11 shows this distribution for both
investigated conditions calculated using model 3b.

We obtained an average value of 11 � 1 nm for gels in water
and 38 � 3 nm for gels in buffer at pH 10 for the final set of
parameters after the fit. While this average pore size is an
output from fitting the simulated hindrance factors to the
experimental data, the shape of the distribution is rather an
input as the width of this distribution (standard deviation
s = 5 nm for water, s = 16 nm for pH 10 in Fig. 11) scales with
the average value as defined in the models. The average values
are in the same order of magnitude as calculated from swelling
experiments, where we estimated 5.7 nm and 7.8 nm, respectively,
assuming ideal solvent quality, homogeneous cross-linking densities
and Gaussian distribution of chain lengths (see Section 2.1.1). In
H2O both results differ by less than a factor of 2.

Fig. 10 Comparison between FCS experimental data and Brownian dynamic simulations with 4 different models for TMR-dextran in water conditions (a)
and FLU-dextran in 20 mM potassium carbonate buffer at pH 10 (b).

Fig. 11 The distribution of the free space between connected matrix
particles (dots) in the BD simulation and the average pore size (bars) of
the polymer matrix in both experimental conditions. It is based on the final
set of parameters after the fit within the applied model 3b. Black dots
correspond to H2O, blue dots to 20 mM potassium carbonate buffer at
pH 10 (for details see text).
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We now compare the results of our gel ([T] = 0.04 g ml�1,
CR = 0.035), obtained in water conditions, with literature values
for gels with similar composition. Significant discrepancy between
pore size values resulting from scanning electron microscopy SEM
(10–20 mm)32–34 and swelling analysis (2.0 nm) was reported.33

When using SEM, the structure of the gel may become damaged
during the freeze-drying processes, resulting in systematically too
large pore sizes. In our study, we measured under native condi-
tions without disturbing the gel matrix structure thus circumvent-
ing this problem.

In gel electrophoresis with DNA as a cylindrical tracer mole-
cule,23,30,31 pore sizes between 5.9 and 133 nm are reported for gels
with similar composition to ours. The hydrodynamic radius of the
DNA was not measured directly but calculated using different
models which is known to be an intrinsic problem. Approximating
DNA by a sphere becomes more reasonable for shorter DNA
molecules. Therefore it is notable, that the electrophoresis study
using the shortest DNA30 matches our result the best.

Very early work of polyacrylamide gels, using electrophoresis
of proteins29 in phosphate buffer, pH 7 ([T] = 0.06 g ml�1,
CR = 0.05) and chromatography of proteins28 in water ([T] =
0.065 g ml�1, CR = 0.02) agree well with our results, yielding
8.5 nm and 2.25 nm, respectively. In addition, recent studies96

based on dynamic light scattering revealed mesh sizes of the
same order of magnitude for polyacrylamide hydrogels of about
15 nm and for poly(N-isopropylacrylamide) of about 19 nm.

4. Combined results and conclusions

All data for the hindrance factor H obtained from the three
different and independent methods we have applied are displayed
and compared to Brownian dynamics simulations performed with
model 3b in Fig. 12. For the MTI measurements, the average
values of Dsol from NMR and MFIS were used to scale the data, as
they could not be measured with this technique.

We have shown that the long time diffusion coefficients of
dextran molecules moving in solution and in a polyacrylamide gel

matrix determined on different length scales by using multipara-
meter fluorescence image spectroscopy (MFIS), macroscopic trans-
mission imaging (MTI) and nuclear magnetic resonance (NMR)
are consistent. The measured diffusion coefficients decrease with
increasing molecular weight and fall on a master curve. This
supports the reliability of our data set, which might thus serve
as possible calibration data for future experiments and theories.

In addition, although our results could be described by the
Ogston model (Fig. 12), a more realistic model of a flexible gel
matrix was applied to describe the experimental data and to
estimate the average pore size in the gel. The simulated average
pore sizes of 11 nm (water) and 38 nm (pH 10) agree reasonably
well with estimations from swelling theory of 5.7 nm and
7.8 nm, respectively. Within the experimental error bars and
the limitations of the applied models, our results for the gel
equilibrated in water are in good agreement with published
studies employing comparable globular macromolecular probes
(2.25 nm28 or 8.5 nm29) as well as with light scattering investiga-
tions (15 nm)96 in native gels with similar composition.

Combining experiments and simulations enabled us to
achieve a better understanding of the effects determining the
diffusion of molecules in the gel network. Moreover, using the
MFIS method, a significant interaction between hydrogel and
macromolecules was observed, in particular for A488 samples.
The MTI results support the idea of the attractive interaction of
Alexa-labelled particles and the gel, showing that the fluorescence
intensity in the hydrogel was higher than that of the surrounding
solution at the end of the measurements. This suggests to use
uncharged dyes or, in case of charged dyes, to add a sufficiently
high salt concentration for future investigations.

The heterogeneity inside a single hydrogel sample was probed on
a length scale of 10 mm in anisotropy experiments by comparing
different pixels and hence different positions in the hydrogel (Fig. 2).
Furthermore, for the experiments at pH 10, the scattering of data
from various independent samples in Fig. 12b was significantly
beyond shot noise limits (or other experimental uncertainties),
revealing a heterogeneity, which persisted over the complete
measurement times.82,83

Fig. 12 Hindrance factors H = Dgel/Dsol of dextrans in hydrogel. A488 (red), TMR (black) and unlabelled samples (magenta) measured in deionized water
(a), FLU labelled samples (blue) measured in 20 mM potassium carbonate buffer at pH 10 (b). Experimental data: FCS (filled circles); MTI (open squares);
NMR (open triangles); fitted model function: fiber network (eqn (18), dashed black and blue lines, parameters Table 6) and Brownian dynamics simulation
(green points). The errors are the standard errors of repeat measurements.
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Despite our application of a wide range of methods and the
general consistency of the results we have obtained, open ques-
tions remain. For example, while the hindrance factor in the limit
of small tracer particle sizes tends to 1 in our FLU/pH 10 system, it
seems to approach B0.8 in our TMR/H2O system (Fig. 12). A value
close to 1 might still be approached for smaller tracer particles in
our H2O system, but we could not investigate these in our study
due to experimental limitations. If one assumes that there really is
a difference for smaller tracer molecules, the question whether
this is due to different swelling in different environments or
caused by different interactions of the matrix with different dyes
cannot be answered with certainty yet.

For future studies, the diffusion of the same dextran molecules
with the same dyes in differently crosslinked matrices should be
explored systematically in order to distinguish between different
modes governing the translocation.

Abbreviations

Mass concentration of polymeric material [T]
in total volume
Weight fraction of cross-linker with respect to CR

the total mass of the polymeric material
Diffusion time td

Gel disk radius Rd

Volume dry polymer Vp

Volume gel after swelling Vgel

Mass m
Water density rH2O

Polymer density rp

Polymer volume fraction in the swollen state j
Molecular weight of the polymer between Mc

cross-links points
Molecular weight of the repeating units Mr

Polymer mesh size x
Cross-linking degree in the hydrogel X
Carbon–carbon bond length z
Flory characteristic ratio Cn

Numerical aperture NA
Detection volume in MFIS Vdet

Temperature T
Diffusion coefficient D
Gradient pulse width d
Diffusion delay DN

FCS fit model function G(tc)
Triplet time tT

Triplet amplitude AT

Correlation time tc

Confocal volume radius in x and y o0

Confocal volume radius in z z0

Detection probability w(x,y,z)
Number of molecules N
Molecular fraction xi

Position coordinates x, y, z
Fluorescence intensity F, FJ, F>

Polarization correction factors l1, l2

Fluorescence anisotropy of species i ri

G-Factor G
Intensity fit parameters in MTI P, p, Q, q
Echo intensities Ei, E0

Gyromagnetic ratio g
Gradient amplitude at increment i gi

Delay between pulses tN

Boltzmann constant kB

Lattice constant a
Distance in simulations models si,j

Radius R
Hydrodynamic radius Rh

Matrix particle radius Robst

Position of particles in simulations models -
s

Mean square displacement Ds2

Time, reference time t, t0

Potential between i and j particles Ui,j

Energy steric constant es

Energy Gaussian constant eG

Energy attractive constant ea

Constant in simulations models b
Additive diameter si,j

Position of minimum in simulations models li,j

Hindrance factor H
Charge Zi

Effective binding constant Kd
0

Ionic strength I
Effective ion radius Ri

Activity ai

Concentration ci

Activity coefficient fi

Debye–Hückel constants A, B
Debye length k�1

Photon number NF

Fluorescence lifetime of species i ti

Radiative lifetime of species i tr,i

Bessel function I0

Radial position inside an infinity cylinder for MTI fit s, s0

Fiber radius Rf
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Materials and Methods 

S1. Dextran samples & hydrogel – fluorescence properties and quantitative FCS

S1.1. Manufacturers details of fluorescent samples

Samples

Degree 
of 

labelling

Number 
of 

lysines

Number 
of 

amines(a)
Charge(b)

Absorption 
Max
[nm]

Emission 
Max
[nm]

Quantum 
yield(c)

A488-D3 1 0 ≥ 1 a 495 517 0.6

A488-D10 1 10 ≥ 2.5 a 494 516 0.6

FLU-D3 1 0 ≥ 1 a 497 523 0.5

FLU-D10 2 0 ≥ 2.5 a 496 521 0.5

FLU-D40 5 0 ≥ 5 a 496 521 0.5

FLU-D500 86 58 ≥ 50 a 496 521 0.2

TMR-D3 1 0 ≥ 1 a 560 584 0.7

TMR-D10 3 0 ≥ 2.5 n 559 586 0.5

TMR-D40 8 0 ≥ 5 n 560 586 0.6

TMR-D70 10 0 ≥ 10 n 560 585 1
TMR-
D2000 138 456 not 

specified
not 

specified 560 583 0.8

Table S1. The table shows the manufacturers specification of dye-labelled dextran conjugates (data 
sheets of used sample batches, Invitrogen). (a) Specified for unlabelled aminodextrans. (b) a: anionic, 
n: neutral. (c) Fluorescence quantum yield  determined relative to fluorescein at pH 8.0 (FLU and F

A488; 1) or relative to 5-(and-6)-carboxytetramethylrhodamine (TMR).015.0925.0FLU F

Veröffentlichung I Phys. Chem. Chem. Phys. 18, 12860 (2016) 37
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S1.2. Investigation of partial quenching (quantum yield and fluorescence lifetime):

For the sample A488-D10 the partial quenching of the labels as indicated in table S1 was 

investigated applying time-correlated single photon counting (TCSPC, table S2).

fl. lifetime
(species fraction)

1 [ns]
(x1)

2 [ns]
(x2)

3 [ns]
(x3)

4 [ns]
(x4)

5 [ns]
(x5)

2 x [ns]

A488 / H2O
4.125

(0.978)
0.459

(0.022) / / / 1.13 4.045

A488-D10 / H2O
4.125

(0.742)
2.459

(0.104)
0.932

(0.066)
0.260

(0.089) / 1.30 3.400

A488-D10 / H2O
(corr.)

4.125
(0.548)

2.459
(0.077)

0.932
(0.049)

0.260
(0.065)

0
(0.262) 1.30 2.511

Table S2. Lifetime components of A488 and A488-D10 in H2O (FT300, PicoQuant, Berlin; 
excitation: 485 nm, emission: 517-523 nm, magic angle, photons recorded: total 5108, peak channel 
106 photons, T=20 °C). x: species averaged fluorescence lifetime.

While free A488 decays almost mono-exponentially its D10-conjugate exhibits at least four lifetime 

components, indicating dynamic quenching of a subset of the labels. Albeit, the obtained species 

averaged lifetimes, , of conjugated and free dye are not consistent with the determined  iix x 

corresponding fluorescence quantum yields, . According to the ratio of the quantum yields of the F

labelled dextran , measured versus Rhodamine 110, ,2 consistent 57.0( )D10(expA488  
F 85.0Rh110 F

with manufacturers information ) and the A488 dye free in aqueous 56.0925.06.0D10(man)A488  
F

solution ( , Invitrogen online) a ratio of the species averaged fluorescence lifetimes of 92.0A488 F

 is expected. Thus a fraction of completely 62.092.0/57.0/ A488D10A488A488D10A488  
FFxx 

(statically) quenched labels of x5 = 0.262 can be deduced (last row in table S2; 

). The resulting unquenched fraction then is 62.0045.4/511.2A488corrD10,A488 
xx 

 and the remaining fraction of  represents the 560.0A488
1

D10A488
1  xx 179.0262.0560.01 

partially (=dynamically) quenched dyes. For sake of simplicity, in the following the partially 

quenched fraction will be ignored and instead an effective totally quenched portion of xq = 0.38 and a 

corresponding fluorescent portion of xf = 1- xq = 0.62 will be assumed.
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S1.3. The effective degree of labelling (DoLeff.):

The fluorescently labelled dextrans (as provided by Invitrogen, their specifications being 

summarized in table S1) are produced by exposing aminodextrans with an average number na of free 

amino groups to amine-reactive dye conjugates. Except for the A488 conjugates, once the dye has 

been added, the unreacted amines on the dextran are capped to yield a neutral or anionic dextran. 

Some of the samples carry additional lysines. Due to the applied labelling procedure, for any average 

degree of labelling, DoLav, a distribution, P(nd), of the number of dyes per dextran molecule, nd, is 

anticipated, i.e. even samples with a DoLav = 1 will contain unlabelled as well as higher  )1(  da nn

labelled molecules. In case of random labelling, the distribution of nd can be approximated by the 

binomial distribution:

                      (S1)
dad nn

a

av
n

a

av

dad

a
avad n

DoL
n

DoL
nnn

n
DoLnnP






















 1
)!(!

!
),,(

For many labelled dextrans the fluorescence quantum yield is significantly reduced as compared to 

the free dye. Assuming only static quenching of the dyes (on the time scale of the experiment) three 

different distributions can be defined: (1) the distribution of dextrans P(nt) containing any number nt 

of dyes (fluorescent or quenched) in the range of , (2) the distribution of dextrans P(nf) 0 ta nn

carrying nf fluorescent (non-quenched) dyes, and (3) the distribution of dextrans containing any dye 

(fluorescent or quenched) under the condition that at least one fluorescent dye is present, P(nt(f)). 

While P(nt) = P(nd), P(nf) can easily be obtained from eq. S1 by replacing DoLav with DoLav  xf. 

The fluorescent fraction of the dyes xf is approximated by the relative quantum yield of the labelled 

dextran as compared to the corresponding free dye, (see S1.2). The third dyefreedextran / FFfx 

distribution, P(nt(f)), is obtained for  from P(nt) by randomly distributing quenched dyes 0)(  fta nn

among the labelled dextrans, i.e. multiplying a second binomial distribution with P(nt) and adding 

the probabilities for all species with the same nt that contain at least one fluorescent label. The 

unlabelled fraction is P(nt(f)= 0) = P(nf  = 0). 

By omitting the corresponding unlabelled fractions (nt = 0, nf = 0 or nt(f) = 0, respectively), three 

different effective degrees of labelling, , can be calculated from the obtained distributions x
effDoL

using eq. S2: 

           (S2)
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with x = t, f or t(f), as defined above. 

For A488-D10, the sample investigated in greatest detail in the current study, this will be shown in 

the following (table S3). For this sample DoLav = 1 as determined by the manufacturer and xf = 0.62 

for the fluorescent fraction of the labels (see lifetime analysis S1.2) was assumed. Since the number 

of initial amino groups (na) per dextran could not be obtained from the manufacturer an average 

number of na=5 was estimated (being the mean <na> for the currently available 18 batches of 

unlabelled aminodextrans D10 as specified on the manufacturers homepage). Choosing na=4 or na=6 

does not significantly change the following considerations.

nx 0 1 2 3 4 5 x
effDoL xf

P(nt) 0.328 0.410 0.205 0.051 0.006 3 10-4 1.49 1
P(nf) 0.515 0.365 0.104 0.015 0.001 3 10-5 1.28 0.62
P(nt(f)) 0.515 0.254 0.175 0.048 0.006 0.003 1.60 0.62

Table S3. Expected distribution of probabilities of labelled dextrans D10 (P(nt)) assuming random 
labelling and a binomial distribution of the labels number, nt, as well as corresponding distributions 
taking the fluorophores partial static quenching into account (P(nf) and P(nt(f)). DoLav=1, available 
labelling sites na=5. xf is the fluorescent (non-quenched) fraction of the dyes. with x = t, f, t(f) x

effDoL

are the effective degrees of labelling considering all labels and labelled dextrans, only fluorescent 
labels and fluorescently labelled dextrans and all labels but only fluorescent dextrans, respectively.
 The estimation of assumed only static quenching for the partially quenched sample and thus )( ft

effDoL

presents a border case, but can be justified by the fact that, according to fluorescence lifetime 

analysis, the fraction of completely quenched dyes significantly exceeds the dynamically quenched 

portion (26% vs. 18%). The distribution of the total number of labels (P(nt) or P(nt(f))) is relevant for 

the estimation of average ionic charges carried by the label. Here P(nt(f)) yields the higher number of 

the two but might be an overestimation, since partial quenching of the individual fluorophores was 

excluded. Thus the true value of as required to estimate the molecular charge due to labelling )( ft
effDoL

is expected to be in between the lower and upper limits as calculated via P(nt) and P(nt(f)), 

respectively.

The distribution of fluorescent labels, P(nf), has implications on the molecular brightness as observed 

by FCS as will be shown in S1.4.
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S1.4. Implications of the distribution of molecular brightnesses for quantitative FCS:

In FCS the molecular brightness B is estimated by dividing the detected fluorescence count rate F by 

the observed number of fluorescent molecules, Ntot, simultaneously present in the confocal detection 

volume element, B =F/Ntot. In case of identical brightness of all particles Ntot can directly be obtained 

from the amplitude of the correlation function (eq. 4 main document, Ntot=N for negligible triplet 

population). A distribution of brightnesses as discussed above would increase the observed 

amplitude, i.e. yielding an apparent (or effective) number of molecules Neff (eq. S3).3

                      (S3) 











ff n
ff

n
fftoteff nPnnPnNN )()( 2

2

Applying eq. S3 to the numbers in the table S3 yields Neff=0.856 Ntot. With DoLeff, f.=1.28 an 

effective molecular brightness BA488-D10/BA488=1.28/0.856=1.5 is predicted and fully confirmed by 

experiment (BA488-D10≈6.8 kHz/molecule, BA488≈4.5 kHz/molecule;  BA488-D10/BA488 =1.5). Ignoring 

the distribution of labels would falsify the determined molecular concentrations by almost 15 % and 

the corresponding brightnesses by 50 %. To derive the total number of dextran molecules, Ndex, in 

the confocal volume in addition the non-fluorescent labels portion needs to be considered (P(nf=0)  = 

0.515, table SI 3): Ndex=Neff∙(0.856)-1 (1-0.515)-1=2.41∙Neff. Comparing the concentrations of a 

series of A488-D10/H2O solutions (not shown) as determined by FCS (confocal detection volume 

element Vdet=0.55 fl) and its extinction (71,000 cm-1M-1 at 496 nm, Invitrogen) we find 

Ndex(exp)=2.9 Neff, consistent with the estimated number within the anticipated uncertainties of the 

confocal volume determination (±15 %), the measured quantum yield (± 10 %), the average degree 

of labelling (manufacturers specification) and the approximations made by calculating the dye 

distributions. 

The experimental confirmation of the estimated effective brightness justifies the assumption made 

above of a random distribution of the quenched labels. An alternative scenario, e.g. quenching due to 

dye-dye interaction, might be indicated by the similarity of the estimated portion of the singly 

labelled dextrans (P(nt=1) =0.41, corresponding to 61 % of the labelled molecules) and the fraction 

of unquenched dye as determined by TCSPC (56 %). This would lead to an expected effective 

molecular brightness of the dextran A488-D10 close to the free dye brightness and is not consistent 

with our FCS results. 
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S1.5. Effect of immobile fluorophores on molecular brightness in FCS:

In a stationary confocal measurement, i.e. keeping the location of the confocal volume fixed, the 

number of fluorophores that are immobile on the time scale of the experiment, Nimmob, will not 

contribute to fluctuations of the fluorescence, provided temporary dark state population is negligible. 

In that case their fluorescence, Fimmob, can be considered like uncorrelated background. This would 

reduce the correlation amplitude, 1/Nmob (the inverse number of diffusing fluorescent particles) 

corresponding to the fluorescence, Fmob, of mobile fluorophores and yield an apparent amplitude, 

1/Napp
3.

                  (S4)
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Ftot=Fmob+Fimmob is the total fluorescence, Ntot=Nmob+Nimmob the total number of fluorescent particles. 

For brightness Bmob=B of mobile and Bimmob=niB of immobile particles follows (with ni>0):
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Provided translational diffusion is the only process leading to fluorescence fluctuations, e.g. for ni=1 

(identical brightness), the mobile fraction can easily be obtained from xmob=Nmob/Ntot=Bapp/B. Thus 

the apparent change in molecular brightness as determined by stationary FCS can give information 

about the portion of mobile species otherwise invisible to this method. 
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For the samples studied, in particular the A488-D10, only a minor change in fluorescence lifetime 

due to quenching upon entering the hydrogel was observed (gel/sol≈0.97, approximately half of the 

effect being caused by refractive index changes. See main document and S1.6), suggesting that the 

average molecular brightness in a first approximation can be considered as unaffected by the 

hydrogel. From FCS investigations of different concentrations of A488-D10/H2O in the hydrogel 

between 30 and 100 nM we obtained an apparent molecular brightness of Bapp≈2.5 kHz/molecule. 

With B≈6.8 kHz/molecule as measured free in solution a completely immobile fraction of 

ximmob≈0.63 would have to be concluded from eq. S5. Since higher labelled molecules are 

preferentially trapped (see main document) this must be considered as an upper limit. In case all 

immobile particles were doubly labelled and the mobile ones would carry one fluorophore 

(Bmob=BA488=4.5 kHz/molecule=0.5Bimmob) an estimation according to the above analysis would yield 

xmob=2/((B/Bapp)+1) and ximmob≈0.29. This is higher than the estimated fraction of A488-D10 with nf 

>1 (12 %, table S3) and could indicate an enrichment of higher labelled dextrans inside the hydrogel, 

consistent with the observation of a higher binding constant for those probe molecules (main 

document). 

S1.6. Refractive index mismatch – effect on fluorescence lifetime and diffusion measurements:

Inside the PAAm hydrogel the refractive index, n, is reported to be slightly higher than in dilute 

aqueous solutions.4 For the densities of hydrogels and the wavelength used in our study a linear 

dependence of dn/dc’=0.188 ml/g can be extracted, with c’ being the mass of PAAm per ml 

hydrogel. With n0=1.3361 for water (=525 nm and T=22 °C)5 and the measured densities of the gels 

(see main document, converted using a density of PAA)=1.3 g/cm3) we estimate the refractive 

indices in table S4. 

Based on the refractive index, changes in radiative lifetimes, r, can be calculated according to 

Toptygin by a modified Strickler-Berg approach.6 The empty spherical cavity model (ESC, 

Toptygin, eq. 59) was found to successfully describe radiative lifetimes of small fluorophores in 

solution (eq. S1.5): 

                  (S6)
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r,1 and n1 are radiative lifetime and index of refraction in water, r,2 and n2 the corresponding 

quantities in the gel (table S.4).
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hydrogel c [ml/ml] c’ [g/ml] n r(gel)/r(sol)
pH7 0.038 0.049 1.3454 0.987
ph10 0.015 0.020 1.3398 0.995

Table S4. Index of refraction at =525 nm and T=22 °C for PAAm hydrogels and its estimated 
effect on radiative lifetimes.

For A488 and A488-D10 the observed changes in fluorescence lifetimes are bigger than the 

predicted changes in radiative lifetime, suggesting additional fluorescence quenching due to matrix 

effects (see main document). 

The relative small deviation of n from n0 (H2O) is well within the range of the correction collar of 

current water immersion objectives. This was shown for a Zeiss CApo40x/1.2 W objective,7 

comparable to our Olympus UPlanSApo 60x/1.2 W, and verified by experiment. Furthermore, in a 

calibration measurement we confirmed that for our conditions (wavelength, depth of the focal point 

in the sample) no readjustment of the correction collar setting was required after switching the 

sample from pure water to hydrogel.  

S1.7. Binding model 

A simple binding model was applied to describe the observed equilibrium fractions of mobile and 

trapped probe molecules:

'
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 (S7)

Here, Kd is the binding constant, a the activity for free (afree) and bound (abound) molecules with the 

respective concentration (cbound and cfree). The number of binding sites in the matrix asites defines the 

effective binding constant Kd'.
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Results 

S2. Image integrated normalized correlations curves measured in hydrogel for A488-Dx and TMR-
Dx in water and for FLU-Dx in carbonate buffer 20 mM pH 10 
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Figure S1. Image integrated normalized correlations curves for A488 and TMR free dye and with 
dextran in hydrogel in water conditions. In this case, more than one diffusion time is clearly visible, 
indicating the presence of temporarily trapped molecules in the hydrogel. FLU samples were 
measured in carbonate buffer 20 mM, pH 10, in this case the bound molecules are much less, only 
for samples D40 and D500 trapping is visible and amounts to about 1%.
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S3. Diffusion times from FCS experiments in the hydrogel at standard conditions

Table S5 shows the diffusion times for A488, TMR and FLU for free dye and with dextran at 

standard conditions: water for A488 and TMR, carbonate buffer pH 10 for FLU in the hydrogel.

fast
 component

slow
componentDye Sample Solvent td

 [ms]
fraction 

x
td

 [ms]
fraction

x 
A488 Free dye H2O 0.049 ± 0.002 0.991 200-500 0.009
A488 D3 H2O 0.220 ± 0.007 0.626 10-2000 0.374
A488 D10 H2O 0.410 ± 0.017 0.704 10-6000 0.296
TMR Free dye H2O 0.065 ± 0.001 1 - 0
TMR D3 H2O 0.272 ± 0.010 0.873 10-8000 0.127
TMR D10 H2O 0.363 ± 0.011 0.962 1000-10000 0.038
TMR D40 H2O 1.699 ± 0.105 0.688 20-10000 0.312
TMR D70 H2O 2.026 ± 0.079 0.719 40-12000 0.281
FLU Free dye KHCO3 20 mM pH 10 0.036 ± 0.001 1 - 0
FLU D3 KHCO3 20 mM pH 10 0.116 ± 0.001 1 - 0
FLU D10 KHCO3 20 mM pH 10 0.263 ± 0.004 1 - 0
FLU D40 KHCO3 20 mM pH 10 0.823 ± 0.032 0.992 10-140 0.008
FLU D500 KHCO3 20 mM pH 10 3.664 ± 0.470 0.988 20-3000 0.012

Table S5. Results of FCS fits for A488, TMR and FLU (free dye and labelled dextran) in hydrogel. 
For some samples fitting the model function to the data required two or more diffusion times. In the 
latter case the fraction of the slow component (last column) is the sum of two terms that in total 
represent the fraction of trapped molecules. The diffusion times of fast components are the averages 
from different pixels. For the slow component, td is given as range because it significantly differs 
from pixel to pixel. 
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S4. Diffusion times from FCS experiments for Rh110, A488, TMR and FLU free dye and labelled 
D10 at different salt conditions in the hydrogel.

fast
 component

slow
component

Sample Solvent
td

 [ms]
fraction

x 
td

 [ms]
fraction

x 
Rh110 H2O 0.036 1 - 0

A488 H2O 0.049 0.991 200-500 0.009

A488-D10 H2O 0.410 0.704 10-6000 0.296

A488-D10 KClO4 10 mM 0.384 0.832 10-6000 0.168

A488-D10 KClO4 20 mM 0.383 0.875 10-6000 0.125

A488-D10 KCl  20 mM 0.352 0.904 400-6000 0.096

A488-D10 KClO4 40 mM 0.401 0.900 10-6000 0.100

A488-D10 KClO4 60 mM 0.352 0.910 10-6000 0.090

A488-D10 KHCO3 20 mM pH 7 0.345 0.924 400-6000 0.076

A488-D10 KHCO3 20 mM pH 10 0.354 0.930 400-6000 0.070

TMR-D10 H2O 0.363 0.960 500-7000 0.040

TMR-D10 KHCO3 20 mM pH 10 0.303 1 - 0

TMR-D10 TRIS 50 mM pH 7.5 0.212 1 - 0

FLU-D10 KHCO3 20 mM pH 10 0.265 1 - 0

FLU-D10 H2O 0.260 1 - 0

FLU-D10 TRIS 50 mM pH 7.5 0.262 1 - 0

Table S6. Results of FCS fits for the reference Rh110, A488, A488-D10, TMR-D10 and FLU-D10 
in solution and in the hydrogel at different salt conditions. For some samples fitting the model 
function to the data required two or more diffusion times. In the latter case the fraction of the slow 
component (last column) is the sum of two terms that in total represent the fraction of trapped 
molecules. The diffusion times of the fast components are the averages obtained from different 
pixels. For the slow component, td is given as range because it significantly differs from pixel to 
pixel.
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S5. Trace analysis

The fluorescence time trace was split into small segments and sorted according to their approximated 

mean count rate employing a special feature of the binary single photon data format *.ht3 

(PicoQuant, Berlin, Germany). Depending on the inter-photon time (i.e. the inverse count rate) in 

addition to the photon information extra entries are generated to store each overflow of the 

macroscopic time counter. Thus, sections containing the same total number of entries (as were 

generated upon splitting the recorded file) can be sorted by their content of photons and extra entries 

and thereby by their mean count rate. The produced subsets of split files were subsequently 

correlated and analyzed.
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Figure S2. Fraction of fast component x, effective mean fluorophore number Neff and occurrence of 
different count-rate based sections in time trace (Main document Figure 4). Neff is the inverse 
correlation amplitude at c=0 and corresponds to the total number of diffusing molecules in case of 
equal brightness for all components. Temporary accumulation of particles due to trapping is clearly 
visible.
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S6. Fluorescence intensity ratio between gel and the solution surrounding the gel plotted against 

experimental concentration for A488-D10 in H2O from FCS measurements
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Figure S3. The plot shows that the fluorescence intensity ratio between gel and the solution 
surrounding the gel, Fgel / Fsol with gel, is decreasing with increasing experimental concentration. The 
enrichment of the fluorophores inside the gel, as indicated by the fluorescence intensity ratio is 
concentration dependent and strongest for small concentrations until high-affinity trap sites are 
saturated.
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S7. Fluorescence anisotropies of A488-D10, TMR-D10 and FLU-D10 in solution and hydrogel 
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Figure S4. 2D plots of anisotropy r vs. photon number NF for A488-D10, TMR-D10 and FLU-D10 
in solution (gray contour lines) and in hydrogel (red contour lines) with 1D projections for the gel 
data.
For A488-D10 the plots show markedly different anisotropies inside the hydrogel for different 
solvent conditions. In case of KClO4 10 mM, 20 mM, 40 mM and KCl 20 mM the anisotropy in the 
gel is higher as compared to the solution value, in these cases the trapped fraction is≥10 %. The 
decrease in anisotropy starts with higher ionic strength: 60 mM KClO4 and 20 mM in carbonate 
buffer pH 7 and 10, clearly correlated with the trapped fraction of the molecules as determined by 
FCS. For TMR-D10 and FLU-D10 the anisotropy is slightly higher or equal in comparison to 
solution measurements in different conditions (trapped fraction≤4%).
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S8. Fluorescence anisotropy A488-D10, TMR-D10 and FLU-D10

r
Sample Solvent

Solution Hydrogel

Trapped fraction 
x

Rh110 H2O 0.010 0.010 0
A488 H2O 0.014 0.018 0.011

A488-D10 H2O 0.037 0.049 0.296
A488-D10 KClO4 10 mM 0.037 0.049 0.168
A488-D10 KClO4 20 mM 0.037 0.046 0.125
A488-D10 KCl  20 mM 0.037 0.046 0.096
A488-D10 KClO4 40 mM 0.037 0.045 0.100
A488-D10 KClO4 60 mM 0.036 0.041 0.090
A488-D10 KHCO3 20 mM pH 7 0.039 0.040 0.076
A488-D10 KHCO3 20 mM pH 10 0.037 0.037 0.070
TMR-D10 H2O 0.093 0.096 0.040
TMR-D10 KHCO3 20 mM pH 10 0.093 0.094 0
TMR-D10 TRIS 50 mM pH 7.5 0.092 0.092 0
FLU-D10 KHCO3 20 mM pH 10 0.044 0.046 0
FLU-D10 H2O 0.047 0.049 0
FLU-D10 TRIS 50 mM pH 7.5 0.047 0.047 0

Table S7. Average anisotropy (r) for Rh110, A488, A488-D10, TMR-D10 and FLU-D10 in solution 
and in the hydrogel for different salt conditions.
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S9. Reference data

Published experimental hydrodynamic radii for dextrans labelled with A488, TMR or fluorescein are 

compiled in Figure SI 5.
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Figure S5. Fit of Flory scaling law to reference data for A488-D3 & A488-D108, A488-D709, TMR-
Dx10 and FLU-Dx8. Rh was taken as published or calculated via Stokes-Einstein equation. The 
systematic difference between TMR-Dx data (measured at 23 °C) and A488-Dx and Flu-Dx data 
(measured at 32 °C, except A488-D70 measured at 25 °C) is mainly attributed to calibration 
uncertainties. Reported temperature effects on Rh of dextrans in the relevant temperature and size 
range are about one order of magnitude smaller than the deviation of the two data sets and in the 
opposite direction: (extracted from Figure 1 in ref.11).  1K003.0  TRR hh
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S10. NMR Measurements 
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Figure S6. NMR data and fits for unlabelled dextrans (3 kDa, 10 kDa and 40 kDa) in hydrogels and 
in D2O. Data was normalized and xy offset-corrected. For clarity reasons, the solution data (red) was 
vertically offset by 0.2.

The diffusion coefficients D were obtained by fitting the echo amplitudes (integral of the signals 
between 2.8 and 4.4 ppm) using Eq.7 (See main text). We performed several diffusion measurements 
with each sample, varying the key parameters and and keeping constant the values of N = 0.001 
s and =26752.22005 rad/s Gauss. Several combinations of andwere applied and the specific 
parameters are listed in the table S8.

Solution Hydrogel


[µs]


[s]

Dsol
[10-10m2/s]


[µs]


[s]

Dgel
[10-10m2/s]

600 0.60 1.12 600 1.80 0.67
800 0.30 1.15 700 1.40 0.65D3
1000 0.10 1.16 800 1.00 0.68
1000 0.30 0.97 750 1.70 0.30
1200 0.25 0.96 1000 1.30 0.33D10
1600 0.10 0.97 1500 0.50 0.31
800 1.00 0.38 1200 1.60 0.096
1000 0.80 0.38 1300 2.00 0.085D40
1200 0.60 0.37 1400 1.80 0.096

Table S8. Parameters used for NMR measurements for unlabelled dextrans D3, D10 and D40. The 
fit provides the diffusion coefficient for each sample for the different experimental settings. The 
rows marked in yellow represent the curves shown in figure S6.
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S11. Technical details of the Brownian dynamics simulation

General

In our Brownian dynamics simulation12, we use a cubic simulation box with periodic boundary 

conditions containing 512 matrix particles and 1 tracer particle. About 200 independent simulation 

runs have been performed to generate typical trajectories for the statistical averages of the tracer's 

mean square displacements. The Brownian equations of motion were integrated with an Euler-

algorithm. The time step Δt for the integration was chosen as Δt < 2∙10-5 τB (for model 1, 2 and 3a, 

TMR) and Δt < 1.5∙10-6 τB (for model 3b, TMR). denotes the Brownian time. Here, a is 0
2 / DaB 

the lattice constant of the matrix and D0 the diffusion constant of the tracer particle in a pure solvent 

as obtained from the experiments. For FLU, Δt had to be chosen 10 times smaller. We carefully 

checked that the results for the statistical averages did not change upon further decreasing the time 

step such that the magnitude of Δt was small enough.

Simulation protocol

In our simulations we used the following protocol: 

 Generation of the underlying gel structure:

o The gel obstacles were placed on a simple cubic lattice of lattice constant a. 

o The matrix particles were randomly shifted up to half the lattice constant in each 

direction in model 2, 3a and 3b.

o Springs were attached between the centers of neighboring matrix particles which were 

all undistorted, i.e. the rest lengths equaled exactly the corresponding particle 

separations. 

 The tracer particle was placed in a void. 

 The BD simulation was started and the system was equilibrated for a typical time of teq >= 1 

τB. 

 Statistics for the dynamical correlations was gathered by storing at least 100000 snapshots of 

the tracer trajectory at equidistant times within a sufficiently large time window of tmax>= )(tsr

40τB. In this time window, the tracer moved on average a distance of several lattice constants 

a. 
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Calculation of the hindrance factors

It was carefully checked that the long-time limit of the tracer's mean square displacement 

 was reached. Here, <…> denotes the average over all t0 ∈ [0, tmax - t]     200
2 )( tsttsts 

and all independent simulation runs. The diffusion coefficient was obtained as .12,  tsD
t

2

dt
d

6
1lim 



13 As for an example, see Figure S7. We then performed a fitting procedure to describe the 

experimental hindrance factors H=D/D0 as a function of Rh.
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Figure S7. Hindrance factor D/D0 versus time for two different tracers (D10 and D70) within model 
3b. For very short times, the Diffusion coefficient approaches the Diffusion coefficient in solution 
D0, as no collisions occur during these times. The long-time-limes is reached before 1 τB, as the 
diffusion coefficient does not decrease any further

Parameters

All model parameters were fixed according to Table S9 except the lattice constant a, which sets the 

pore size, and the obstacle radius Robst, which was scaled with a factor such that the constraint of the 

experimentally prescribed volume fraction, φ, (measured by swelling analysis, see main text 

Sec.2.1.1) was fulfilled: . This leads to a coarse-grained obstacle radius comparable to aRobst
3

4
3





the tracer size at least of the same order of magnitude. The additive diameters ij used in Eq. (8), 

(10), (11) were therefore also fixed by ij=2 Robst for the obstacle-obstacle-interaction and ij=Robst + 

Rh for the interaction between a matrix obstacle and a tracer of radius Rh. For the guest particle radii 
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Rh, we used our experimental values (see Rh in Table 3 in the results, 3.2.1). The short-time 

diffusivity of the obstacles was calculated via the Stokes-Einstein relation . Here,  
obst

B
obst R

TkD
6



= 0.00095 Pa s is the viscosity of the solvent at T = 295 K (= 22 °C). We used s=1 kBT for the 

WCA-potential used in model 1, 2 and 3b. In model 3a, we used G =12 kBT since this value is above 

the value of 2 kBT, which is found for self-avoiding polymers 14  but we expect our system to be 

stiffer. We have changed G within the range of 4 kBT and 20 kBT and did not obtain an improved fit 

to the experimental data.

In conclusion, out of the 12 parameters shown in Table S9, 9 are fixed by physical constraints, 

namely the obstacle radius Robst, and consequently also the obstacle self-diffusion constant Dobst and 

the additive diameters σobst, obst, σobst, D0 , σobst, D3 , σobst, D10, σobst, D40 , σobst, D70, σobst, D500. Hence only 3 

parameters are left: The lattice constant a, the spring constant k and the interaction parameters εs, 

resp. εG, (plus possibly the parameter εa in model 3b). εa and a are real fit parameters. We have 

checked that a change of k and the interaction parameters εs, resp. εG give indifferent fit quality.

Fitting and conclusion

For the fixed choice of a, the whole hindrance factors H were simulated as a function of Rh, i.e. for 

all tracer radii used in the experiments. These sets of simulation data were compared to the 

experimental data and an optimal value of a was obtained by the best fit. For model 3b, two fit 

parameters were used, namely the lattice constant a and the attraction strength a. This results in 

better fitting in particular for small Rh. We remark here that the attraction was essential. In a purely 

repulsive dextran-matrix interaction model, a second fit parameter would not give a significant 

improvement of the fit. Additional simulations performed within model 3b using a Gaussian softened 

core showed a similar fit quality as that with a WCA-core such that we conclude that the attraction 

itself rather than the details of the repulsion is crucial to describe the experimental data properly.
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Dye Model

initial gel
simple 
cubic 
lattice 

constant
[10-9m]

obstacle 
radius

[10-9m]

obstacle
self diffusion 

constant

[10-11m2/s]

spring
constant

[10-4N/m]

Matrix-dextran-
interaction 
parameters
(at T=20 °C)

[10-20J]

σ obst,obst

[10-9m]

σ obst,D0

[10-9m]

σ obst,D3

[10-9m]

σ obst,D10

[10-9m]

σ obst,D40

[10-9m]

σ obst,D70

[10-9m]

σ obst,D500

[10-9m]

1 11.75 2.48 0 inf εs = 1kBT ≈ 0.405 4.95 3.03 4.19 5.55 8.48 10.34
2 11.75 2.48 9.18 6.17 εs = 1kBT ≈ 0.405 4.95 3.03 4.19 5.55 8.48 10.34

3a 10.03 2.11 10.77 6.17 εG = 12kBT ≈ 4.86 4.23 2.66 3.82 5.18 8.11 9.97TMR

3b 14.35 3.02 7.52 6.17 εs = 1kBT ≈ 0.405
εa = 3kBT ≈ 1.21 6.05 3.57 4.73 6.09 9.02 10.88

1 31.73 4.86 0 inf εs = 1kBT ≈ 0.405 9.73 5.41 6.57 7.93 10.86 25.16
2 31.73 4.86 4.68 6.17 εs = 1kBT ≈ 0.405 9.73 5.41 6.57 7.93 10.86 25.16

3a 30.29 4.64 4.90 6.17 εG = 12kBT ≈ 4.86 9.29 5.19 6.35 7.71 10.64 24.94FLU

3b 44.71 6.85 3.32 6.17 εs = 1kBT ≈ 0.405
εa = 3kBT ≈ 1.21 13.71 7.40 8.56 9.92 12.85 27.15

D0 D3 D10 D40 D70 D500
radius [10-9m] 0.55 1.7 3.1 6.0 7.9 20

Table S9. Parameters used for Brownian dynamics simulations for model 1 (fixed gel matrix, steric interaction), model 2 (flexible gel matrix, steric 
interaction), model 3a (flexible gel matrix, soft interaction), model 3b (flexible gel matrix, steric interaction and attractive shell).
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Veröffentlichung II J. Chem. Phys. 145, 204508 (2016) 61
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Combining analytic calculations, computer simulations, and classical density functional theory we
determine the interfacial tension of orientable two-dimensional hard rectangles near a curved hard
wall. Both a circular cavity holding the particles and a hard circular obstacle surrounded by particles
are considered. We focus on moderate bulk densities (corresponding to area fractions up to 50%) where
the bulk phase is isotropic and vary the aspect ratio of the rectangles and the curvature of the wall.
The Tolman length, which gives the leading curvature correction of the interfacial tension, is found
to change sign at a finite density, which can be tuned via the aspect ratio of the rectangles. Published
by AIP Publishing. [http://dx.doi.org/10.1063/1.4967876]

I. INTRODUCTION

When a fluid is in contact with a wall, the interfacial ten-
sion (also called “wall tension”) γ measures the free-energy
cost per boundary area due to the presence of the wall. Many
boundary and interfacial effects are governed and controlled
by the interfacial tension γ. For example, the wetting proper-
ties of a wall by a liquid droplet in the bulk gas phase depend
crucially on the wall-gas, wall-liquid, and bulk liquid-gas inter-
facial tensions as described by Young’s famous equation for
the contact angle.1,2 Moreover, heterogeneous nucleation at
the wall is strongly affected by the interfacial tension.3 Simple
classical theory for heterogeneous nucleation4,5 predicts that
the size of the critical nucleus is determined by the degree of
undercooling and the interfacial tensions between the wall, the
bulk phase, and the nucleating phase.6

In the simplest case, the wall is planar in three spatial
dimensions or a straight line in a two-dimensional system.
However, in many practical situations the wall is curved.
Examples are provided by spherical obstacles or impurities
which can act as a seed for heterogeneous nucleation, by
porous materials with a lot of inner curved walls and cavi-
ties, and by a rough or patterned substrate.7,8 This raises the
question of the curvature dependence of the interfacial tension
γ. For weak curvature, Tolman suggested the asymptotic series
expansion9

γ(R) = γ(∞)
(
1 −

2`T

R
+O(R−2)

)
, (1)

where R is the radius of curvature of the wall, γ(∞) is the inter-
facial tension for an uncurved wall, and the constant `T, which
has the dimensions of a length, is referred to as the Tolman
length.10 Of particular importance is the sign of the Tolman
length. If it is negative, there is a free-energy penalty upon
bending the wall, whereas a positive Tolman length implies a
free-energy decrease for a curved wall. For a flexible wall

a)Present address: Institut für Theoretische Physik, Westfälische Wilhelms-
Universität Münster, D-48149 Münster, Germany.

which can change shape, a positive Tolman length would
induce a spontaneous curvature of the wall under appropriate
conditions.

Therefore, there is a need to understand the sign of the Tol-
man length on a microscopic (i.e., particle-resolved) level. This
is achieved best for simple model systems of classical statisti-
cal mechanics. Hard objects have been studied extensively in
this respect as temperature scales out and density is the only rel-
evant thermodynamic parameter.11–13 In three spatial dimen-
sions, hard spheres near a hard wall have received considerable
attention.14,15 The interfacial tension between a planar hard
wall and a fluid hard-sphere bulk phase has been explored
by computer simulations16–20 and provides an ideal testing
ground for the performance of approximations in classical den-
sity functional theory (DFT) of inhomogeneous fluids.21–26

Subsequent analytic calculations,27 simulations,28 and DFT
calculations29–31 have considered a curved wall exposed to
a hard-sphere fluid and found a negative sign of the Tolman
length for hard spheres around a spherical obstacle. Moreover,
the Tolman length has been accessed for other interactions
such as (modified) Lennard-Jones potentials20,32–38 or Yukawa
potentials,32,39 at phase boundaries37,40 and in lattice models.41

In some systems with not only excluded volume interactions,
such as a Lennard-Jones fluid, the magnitude and sign of the
Tolman length are still under debate.33,35,36,38,39,92,93

However, no studies have been done so far for the Tolman
length of orientable shape-anisotropic particles, which have a
nontrivial rotational degree of freedom. These particles show
more complex structuring near walls as both translational and
orientational degrees of freedom are coupled. Although one of
the simplest of such systems, namely, orientable hard rectan-
gles in two spatial dimensions near a wall, has been intensely
studied by means of experiments,42–45 simulations,46–49 DFT
calculations,45,49–52 and other theories,53 the curvature depen-
dence of the interfacial tension in this system has not yet been
explored. Here we close this gap. At moderate aspect ratios,
hard rectangles exhibit a stable isotropic phase at densities up
to at least 50% in area fraction (also called “packing fraction”)

0021-9606/2016/145(20)/204508/13/$30.00 145, 204508-1 Published by AIP Publishing.
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but display significantly more complex ordering at higher
densities.54 For various aspect ratios and particle number den-
sities corresponding to a bulk isotropic state, we explore in
detail the effects of both a concave and a convex wall, corre-
sponding, respectively, to a circular cavity holding the rectan-
gles and a hard circular obstacle surrounded by rectangles.

Our results are threefold: first, we show that this model
yields an analytic expression for the Tolman length at low den-
sities. This is remarkable as any analytic result is helpful in
testing approximative theories and understanding qualitative
trends directly. Second, we calculate the Tolman length for a
range of densities and aspect ratios in the isotropic phase by
Monte Carlo (MC) computer simulations and thermodynamic
integration. Interestingly, we find a zero in the Tolman length
at finite density. This implies that the Tolman length is tunable
to a large extent via particle shape and density. Finally, we per-
form DFT calculations for the Tolman length and discuss their
performance by comparing the DFT results with our simula-
tion data. For all investigated aspect ratios, we observe good
agreement between MC simulations and DFT calculations up
to moderate densities.

The paper is organized as follows: in Sec. II, analytic
expressions for the Tolman length in systems with a concave
and a convex wall, respectively, are derived. Our MC simula-
tions and DFT calculations are described in Sec. III. The results
of our analytic and numerical calculations are presented and
discussed in Sec. IV. Finally, we conclude in Sec. V.

II. ANALYTIC CALCULATIONS

We study a two-dimensional system of orientable hard
rectangular particles with length L ≥ σ and width σ in the
presence of a hard unstructured wall. The wall has a con-
stant radius of curvature R so that it forms either a circular
cavity (concave wall) containing the rectangular particles (see
Fig. 1(a)) or a circular obstacle (convex wall) surrounded by
the particles (see Fig. 1(b)). In the latter case, we assume peri-
odic boundary conditions far away from the circular obstacle.
We define the domain A of the system as the total area acces-
sible to any part of a rectangle (i.e., the light blue areas in
Fig. 1). The limiting case R → ∞ of an infinite wall curva-
ture radius corresponds to a system with a flat wall, which
has already been studied in detail.3,16,18–20,44,46,48,50,55 For the

FIG. 1. A two-dimensional system of hard rectangular particles with length
L and width σ either (a) confined by a circular hard wall that forms a cavity
with radius R or (b) surrounding a circular hard wall that forms an obstacle
with radius R.

three situations of a flat wall, a cavity containing the particles,
and an obstacle surrounded by the particles, we are interested
in the particle number density ρ(~r, φ), which denotes the prob-
ability to find a particle with orientation φ at center-of-mass
position~r = (x, y), the interfacial tension γ(R), and the Tolman
length `T. While for high particle concentrations the quantities
ρ(~r, φ), γ(R), and `T are difficult to determine analytically, in
the low-density limit, interactions between the particles can be
neglected and analytic results can be obtained. Therefore, in
this section we will focus on low densities. We start with con-
sidering the ideal-gas limit where particle-particle interactions
are completely negligible. Afterwards we extend our results to
higher but still small densities on the level of a second-order
virial expansion.

Note that we define the interfacial tension γ, and therefore
the Tolman length `T, in the grand-canonical ensemble, i.e.,29

γ =
Ωwall −Ωbulk

Lwall
, (2)

using the grand-canonical free energy of the system in the pres-
ence (Ωwall) and absence (Ωbulk) of a wall of length Lwall, at
fixed temperature T and chemical potential µ. Similar defini-
tions can be written down in other ensembles (using, e.g., the
Helmholtz free energy), which are equivalent in the thermody-
namic limit for both flat walls and circular obstacles. However,
in the case of a circular cavity, the length and curvature of the
wall are inherently linked to the system size, which leads to an
ensemble-dependence of the apparent Tolman length if Eq. (1)
is followed directly.

A. Tolman length in the ideal-gas limit

In the ideal-gas limit, where particle-particle interactions
can be completely neglected, the particle number density in
the grand-canonical ensemble is given by

ρ(~r, φ) =
ρ0

2π
e−βU(~r,φ) (3)

with the constant bulk particle number density ρ0 = eβµ/Λ2.
Here, β = 1/(kBT ) is the inverse thermal energy with
Boltzmann’s constant kB and Λ is the thermal de Broglie
wavelength corresponding to the particles. U(~r, φ) is the wall
potential that describes the interaction of a particle with center-
of-mass position ~r and orientation φ with the hard wall. This
potential is ∞ if ~r < A or if the particle and the wall (par-
tially) overlap and 0 otherwise. The wall potential U(~r, φ) and
thus the particle number density ρ(~r, φ) can therefore be deter-
mined by simple geometrical considerations. (For analogous
calculations for spherocylinders in three spatial dimensions see
Ref. 94.) If ρ(~r, φ) is known, one can calculate the interfacial
tension γ from Eq. (2). Since particle-particle interactions can
be neglected in the ideal-gas limit, the grand-canonical free
energies Ωwall and Ωbulk are here given by the exact analytic
expressions56

Ωwall =
1
β

∫
A

d2r
∫ 2π

0
dφ ρ(~r, φ)

(
ln(2πΛ2ρ(~r, φ)) − 1

+ βU(~r, φ) − βµ
)
, (4)

Ωbulk = −
Aeβµ

βΛ2
(5)
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with the domain area A = |A|.
Together with Eq. (3), inserting Eqs. (4) and (5) into

Eq. (2) leads to the interfacial tension

γ = −
p

Lwall

( 1
2π

∫
A

d2r
∫ 2π

0
dφ e−βU(~r,φ) − A

)
(6)

with the bulk pressure

p =
eβµ

βΛ2
. (7)

From γ the Tolman length `T is obtained by expansion (1). In
the following, the quantities U(~r, φ), which gives ρ(~r, φ) when
inserted into Eq. (3), γ(R), and `T are given both for circular
and rectangular particles in systems with a flat wall, a cavity
(concave wall), and an obstacle (convex wall).

1. Hard disks

For disk-shaped particles of radius R0, the orientation φ
of the particles is trivial due to their full rotational symmetry.

a. Flat wall. We consider a flat wall at x = 0 and circu-
lar particles with center-of-mass positions at x > 0. The wall
potential is then given by

U(~r, φ) =

{
∞, if x ≤ R0,
0, if R0 < x.

(8)

Using Eq. (6), one obtains the interfacial tension

γ = γ(∞) = pR0 (9)

with the bulk pressure p for a circular particle given by Eq. (7).

b. Cavity (concave wall). If a circular particle is inside a
circular cavity of radius R centered at ~r = ~0, its interaction
with the wall of length 2πR is described by the potential

U(~r, φ) =

{
0, if r < R − R0,
∞, if R − R0 ≤ r,

(10)

with r = |~r | denoting the distance of the particle’s center of
mass from the center of the cavity. Using Eq. (6), one obtains
the interfacial tension

γ(R) = γ(∞)
(
1 −

R0

2
1
R

)
. (11)

Note that this expression is exact and no higher-order terms
appear. The corresponding Tolman length is `T = R0/4.

c. Obstacle (convex wall). A circular obstacle with radius
R centered at ~r = ~0 interacts with a circular particle via the
potential

U(~r, φ) =

{
∞, if r ≤ R + R0,
0, if R + R0 < r,

(12)

with r = |~r | denoting the distance of the particle’s center of
mass from the center of the obstacle. The integral

Af =
1

2π

∫
A

d2r
∫ 2π

0
dφ e−βU(~r,φ) (13)

in Eq. (6) is basically the angle-averaged free area that is acces-
sible for a particle’s center of mass. Its calculation simplifies
significantly when using Af − A = −(Aov −Ao) and the follow-
ing expression for the overlap area Aov of an arbitrary convex

particle with area Ap and circumference Op and an arbitrary
convex obstacle with area Ao and circumference Oo:57

Aov = Ap + Ao +
OpOo

2π
. (14)

For the special case of a circular obstacle with radius R, the
interfacial tension for any convex particle reads according to
Eq. (6)

γ(R) = p
Ap + OpR

2πR
. (15)

Inserting Ap = πR2
0 and Op = 2πR0 into Eq. (15) and using

Eq. (9), this simplifies to the interfacial tension for circular
particles

γ(R) = γ(∞)
(
1 +

R0

2
1
R

)
. (16)

The corresponding Tolman length is `T = −R0/4.

2. Hard rectangles

The calculation of the free area Af becomes more com-
plicated for rectangular particles with length L and width σ
as their orientation φ must be considered. Due to the discrete
rotational symmetry of the rectangles, only angles φ ∈ [0, π/2]
need to be taken into account. In the following, the diameter
of the rectangles is denoted as D =

√
L2 + σ2 and the angle

between the long side of a rectangle and its diagonal is denoted
as α = arctan(σ/L).

a. Flat wall. We consider the same situation as in
Sec. II A 1 a, but now for rectangular particles. The angle
φ is defined as the angle between the wall, i.e., the y axis, and
the long side of the rectangle. Depending on the rectangle’s
distance to the wall, only certain angles are allowed for φ, i.e.,
correspond to U(~r, φ) < ∞. The rectangle’s center of mass at
distance x from the wall must not approach the wall closer than
σ/2. For x > σ/2 all angles between 0 and a threshold angle

φ1(x) = arcsin(2x/D) − α (17)

are allowed, at which a rectangle’s corner touches the wall.
Additionally, for x > L/2 the rectangle can be orthogonal to
the wall (φ = π/2) and also rotate around this orientation up
to another threshold angle

φ2(x) = − arcsin(2x/D) + π − α (18)

at which the same corner collides with the wall again. For
x ≥ D/2 the particle cannot overlap with the wall. This results
in the following wall potential (with 0 ≤ φ ≤ π/2):

U(~r, φ) =




0, if σ/2 < x ≤ L/2 ∧ φ ∈
[
0, φ1(x)

]
,

0, if L/2 < x ≤ D/2
∧ φ ∈

[
0, φ1(x)

]
∪

[
φ2(x), π/2

]
,

0, if D/2 < x,
∞, otherwise.

(19)

The interfacial tension is then according to Eq. (6)

γ = γ(∞) = p
L + σ
π

, (20)

with the bulk pressure p for a rectangular particle given by
Eq. (7).
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b. Cavity (concave wall). The wall potential for a rectan-
gular particle in a cavity with radius R centered at ~r = ~0 can
be written as

U(~r, φ) =




0, if r < R − D
2 ,

0, if R − D
2 ≤ r <

√
R2 − σ2

4 −
L
2

∧ φ ∈
[
0, φ3(r)

]
∪
[
φ4(r), π2

]
,

0, if
√

R2 − σ2

4 −
L
2 ≤ r <

√
R2 − L2

4 −
σ
2

∧ φ ∈
[
0, φ3(r)

]
,

∞, otherwise,
(21)

with r = |~r | denoting the distance of the rectangle’s center
of mass from the center of the cavity and φ defined as the
angle between~r and a short side of the rectangle. The contact
angles of the rectangle’s corner with the wall are in analogy to
Sec. II A 2 a

φ3(r) = arccos
( r2 + D2

4 − R2

Dr

)
−
π

2
− α, (22)

φ4(r) =
3π
2
− α − arccos

( r2 + D2

4 − R2

Dr

)
. (23)

In a circular cavity, the accessible area for a rectangle’s center
of mass is independent of the orientation φ due to the rota-
tional symmetry of the cavity. This simplifies the integration in
Eq. (6) and the interfacial tension reads

γ(R) =
p

2πR

(
πR2 − Lσ + L

√
R2 −

L2

4
+ σ

√
R2 −

σ2

4

+ 2R2 arctan
( σ
√

4R2 − σ2

)
− 2R2 arctan

(√4R2

L2
− 1

))
.

(24)

The series expansion

γ(R) = γ(∞)
(
1 −

Lσ
2(L + σ)

1
R
−

L3 + σ3

24(L + σ)
1

R2

−
L5 + σ5

640(L + σ)
1

R4
+O(R−6)

) (25)

with respect to 1/R at R → ∞ results in the Tolman length
`T = Lσ/(4(L + σ)).

c. Obstacle (convex wall). The wall potential for a rect-
angular particle outside of a circular obstacle with radius R
centered at ~r = ~0 is given by

U(~r, φ) =




0, if R + σ
2 ≤ r <

√
R2 + D2

4 + Rσ
∧ φ ∈

[
0, φ5(r)

]
,

0, if
√

R2 + D2

4 + Rσ ≤ r < R + D
2

∧ φ ∈
[
0, φ6(r)

]
,

0, if R + L
2 < r ≤

√
R2 + D2

4 + RL

∧ φ ∈
[
φ7(r), π2

]
,

0, if
√

R2 + D2

4 + RL < r ≤ R + D
2

∧ φ ∈
[
φ8(r), π2

]
,

0, if R + D
2 < r,

∞, otherwise,

(26)

with r = |~r | denoting the distance of the rectangle’s center of
mass from the center of the obstacle, φ defined as the angle
between ~r and a short side of the rectangle, and the contact
angles

φ5(r) = arccos
(R + σ

2

r

)
, (27)

φ6(r) = arcsin
( r2 + D2

4 − R2

Dr

)
− α, (28)

φ7(r) = arcsin
(R + L

2

r

)
, (29)

φ8(r) = arccos
( r2 + D2

4 − R2

Dr

)
− α +

π

2
. (30)

Here, the rectangle is not restricted to touch the wall with a
corner (corresponding to the contact angles φ6(r) and φ8(r)).
It can also touch the wall with its edges. Therefore, additional
cases appear in the potential, where φ= φ5(r) corresponds to
a collision with a long edge and φ = φ7(r) corresponds to
a collision with a short edge. The interfacial tension can be
calculated analogously to the situation for a circular particle
in Sec. II A 1 c by inserting Ap = Lσ and Op = 2(L + σ) into
Eq. (15) and is given by

γ(R) = γ(∞)
(
1 +

Lσ
2(L + σ)

1
R

)
. (31)

Note that this analytic result is exact and no terms of higher
order in 1/R appear. The corresponding Tolman length is
`T = −Lσ/(4(L + σ)).

Comparing the Tolman lengths for disks and rectangles
derived above, two features are remarkable. First, the only
difference between the Tolman lengths for the cavity and the
obstacle is the sign. Second, for both a cavity and an obstacle,
the magnitude of the Tolman length is related to the particle’s
area Ap and circumference Op via |`T | = Ap/(2Op). We note
here that in ensembles other than the grand-canonical one,
neither of these two features is reproduced. For example, in
the canonical ensemble we can define the interfacial tension

γF =
Fwall − Fbulk

Lwall
, (32)

where F denotes the Helmholtz free energy and the systems
with and without wall are compared at equal particle number
N, domain area A, and temperature T. For an ideal gas, we then
have

βF = N ln(NΛ2/Af) − N (33)

with Af as defined in Eq. (13). Note that in the canonical ensem-
ble, the overall density N /A is fixed rather than the bulk density
ρ0. As a result, any change in local density near the walls has to
be compensated by a change in the bulk density. This is in con-
trast to the grand-canonical ensemble, where the bulk density
is set by the external chemical potential. For flat walls and cir-
cular obstacles, γF converges to γ in the thermodynamic limit,
i.e., when the domain area A is much larger than the region
where a particle interacts with the wall. However, in the case
of a cavity, this limit is only reached when R→ ∞. Explicitly
performing the series expansion of γF in 1/R for hard disks
with radius R0, we obtain

γF(R) = γ(∞)

(
1 +

R0

2
1
R
+O(R−2)

)
. (34)
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Similarly, for rectangular particles we obtain

γF(R) = γ(∞)

(
1 +

(
L + σ
π
−

Lσ
2(L + σ)

)
1
R
+O(R−2)

)
. (35)

Comparison to Eqs. (11) and (24) shows significant changes to
the term proportional to 1/R, which defines the Tolman length.
In fact, for a cavity in the canonical ensemble, we obtain a pos-
itive Tolman length for both disks and rectangles (regardless
of L/σ), which is in contrast to a negative one in the grand-
canonical ensemble. As this is essentially a finite-size effect,
we define the interfacial tension in the remainder of this paper
in the grand-canonical ensemble.

B. Low-density expansion of the Tolman length

The grand-canonical partition function Ξ is given by

Ξ =

∞∑
N=0

eβµN

Λ2N
QN . (36)

Here, we have defined the N-particle partition function QN as

QN =
1

(2π)N N!

∫
A

d2N r
∫ 2π

0
dNφ e−βU(~rN ,φN ) (37)

with the N-particle interaction potential U(~rN , φN ). In the limit
of low chemical potential µ, the first few terms in the sum over
N in Eq. (36) dominate. Expanding up to second order in the
fugacity z = exp(βµ)/Λ2, we obtain

βΩ = − ln(Ξ) = − ln(1 + zQ1 + z2Q2 +O(z3))

= −zQ1 + z2 *
,

Q2
1

2
− Q2+

-
+O(z3).

(38)

Using Eq. (2), we can now write the interfacial tension γ as

βLwallγ = z(Qbulk
1 − Qwall

1 ) + z2
(
Qbulk

2 − Qwall
2

−
1
2

((Qbulk
1 )

2
− (Qwall

1 )
2
)

)
+O(z3). (39)

Here, Qbulk
1 and Qwall

1 are equal to A and Af, respectively, with
Af as defined in Eq. (13). Additionally, Qbulk

2 = A(A−Abulk
ex )/2,

with Abulk
ex the orientationally averaged excluded area between

two particles in the bulk, which is given by Eq. (14) as

Abulk
ex = 2Lσ + 2(L + σ)2/π. (40)

Thus, the only remaining unknown quantity is Qwall
2 , which

can be written as

Qwall
2 =

1

2(2π)2

∫
A

d2r1

∫
A

d2r2

∫ 2π

0
dφ1

∫ 2π

0
dφ2 e−β(U1+U2+U12),

(41)
where U1 and U2 represent the interactions of particles
1 and 2 with the wall, respectively, and U12 is the pair-
interaction potential of the particles. Although this integral
is too cumbersome to tackle analytically, it can be rewritten as

Qwall
2 =

Af

2

〈
1

2π

∫
A

d2r2

∫ 2π

0
dφ2 e−β(U2+U12)

〉
1
, (42)

where 〈·〉1 denotes averaging over all positions ~r1 ∈ A and
orientations φ1 of particle 1 which do not correspond to a

particle-wall interaction. The expression in the average in
Eq. (42) simply represents the free area available to particle 2
for a given choice of ~r1 and φ1. Thus, Qwall

2 can be written as

Qwall
2 =

Af

2

(
Af − 〈A

wall
ex 〉

)
, (43)

where 〈Awall
ex 〉 is the orientationally and translationally aver-

aged excluded area between two particles in the given wall
geometry. As 〈Awall

ex 〉/Af is simply the probability that two
non-interacting particles overlap in the same wall geometry,
it can be numerically measured in simple two-particle MC
simulations.

Combining Eqs. (39) and (43), we obtain

βγ =
A − Af

Lwall
z −

AAbulk
ex − Af〈Awall

ex 〉

2Lwall
z2 +O(z3). (44)

Rewriting this expression in terms of the bulk density

ρ0 =
〈N〉
A
=

1
A

∑∞
N=0 NzN QN∑∞
N=0 zN QN

= z + z2(2Qbulk
2 − A2)/A +O(z3)

(45)

yields

βγ =
A − Af

Lwall
ρ0

+
(A − Af)Abulk

ex + Af(〈Awall
ex 〉 − Abulk

ex )
2Lwall

ρ2
0

+O(ρ3
0). (46)

Note that the first term here corresponds to the ideal-gas limit
considered in Sec. II A 2 as

A − Af

Lwall
=

L + σ
π

(
1 +

Lσ
2(L + σ)

1
R

)
(47)

for the obstacle (the corresponding expression for the cavity
can be obtained by substituting R → −R and adding O(R−2)
on the right-hand side of Eq. (47)). We calculate 〈Awall

ex 〉 and the
resulting interfacial tensions γ for walls with various radii of
curvature and for several different aspect ratios. On this basis,
we extract from our results the (linear) low-density behavior
of the Tolman length.

III. NUMERICAL METHODS

In the following, we define the orientation φ of a rectan-
gular particle as the angle measured counterclockwise from
the y axis to the long axis of the particle (i.e., the particle
is parallel to the y axis for φ = 0). To calculate the particle
number density ρ(~r, φ) and interfacial tension γ at moderate
particle densities, where analytic results are no longer possi-
ble, we perform MC simulations and numerical calculations
based on DFT. The Tolman length `T is again determined from
the wall-curvature dependence of the interfacial tension γ. In
this section, we describe both numerical approaches in detail.

A. Monte Carlo simulations

We perform MC simulations of perfectly hard rectangular
particles in the grand-canonical ensemble and employ thermo-
dynamic integration to obtain the interfacial tensions.11 The
simulations are performed at constant domain area A = |A|,
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constant chemical potential µ, and constant temperature T in
the presence of flat or curved walls, as well as in the absence of
walls. During each simulation, we measure the average number
of particles 〈N〉 in the simulation box as well as average den-
sity profiles ρ(~r, φ). Overlaps between rectangles are detected
using the separating axis theorem (see, e.g., Ref. 58). Simula-
tions are run for at least 1010 MC steps. For simulations where
the particles are not completely confined by a wall, the area of
the simulation box is chosen such that A = 2500σ2.

To calculate the interfacial tension γ, we take the deriva-
tive of Eq. (2) with respect to the chemical potential µ and
obtain

Lwall
dγ
dµ
= 〈N〉bulk

µ − 〈N〉wall
µ . (48)

Here, 〈N〉bulk
µ and 〈N〉wall

µ indicate the average number of par-
ticles in a simulation at chemical potential µwithout and with
a wall, respectively. Integrating with respect to µ from the
low-density limit µ = −∞, we obtain

γ =
1

Lwall

∫ µ

−∞

dµ′
(
〈N〉bulk

µ′ − 〈N〉
wall
µ′

)
. (49)

Note that no additional integration constant is required as
γ(µ=−∞)= 0. Thus, in order to calculate γ(µ) in each
wall geometry, we integrate a fit to the simulation results
〈N〉bulk

µ − 〈N〉wall
µ . We make use of our analytic results for the

ideal-gas limit (see Sec. II A) in order to improve accuracy at
low chemical potential. Finally, to convert γ(µ) to a function
of the bulk density ρ0, we simply measure

ρ0(µ) =
〈N〉bulk

µ

A
(50)

in the simulations without walls.

B. Density functional theory

In addition to MC simulations, we use DFT calculations
in order to obtain density profiles ρ(~r, φ) and free energies.
The Helmholtz free energy F of the system can be written as
the sum of an ideal-gas term Fid and an excess term Fexc

F = Fid + Fexc. (51)

While the free energy for an ideal gasFid is analytically known
and given by

Fid = kBT
∫
A

d2r
∫ 2π

0
dφ ρ(~r, φ)

(
ln(Λ2ρ(~r, φ)) − 1

)
, (52)

the exact excess termFexc is only known in rare cases (e.g., for
a hard-rod fluid in one spatial dimension59) and usually needs
to be approximated.

An expression for the excess free energy Fexc

= kBT
∫
A

d2r Φexc(~r) for hard rectangles in two spatial dimen-

sions was proposed by Martı́nez-Ratón et al.60 It is based on
an approximation for the rescaled excess free-energy density
Φexc(~r). In order to match both the low-density and the high-
density limit, they combined the Onsager approximation61 and
fundamental-measure theory (FMT).62 Their expression for
Φexc(~r) also recovers results from scaled particle theory in the
uniform limit.

In the scope of FMT, weighted densities ni(~r) are defined
as the angle-integrated cross correlations

ni(~r) =
∫ 2π

0
dφ

[
ρ?ω(i)

]
(~r, φ)

=

∫ 2π

0
dφ

∫
A

d2r ′ ρ(~r ′, φ)ω(i)(~r ′ −~r, φ)

(53)

of the density profile ρ(~r, φ) with the geometric weight
functions

ω(0)(~r, φ) =
1
4
δ

(
σ

2
− |xφ |

)
δ

(
L
2
− |yφ |

)
, (54)

ω(2)(~r, φ) = Θ

(
σ

2
− |xφ |

)
Θ

(
L
2
− |yφ |

)
. (55)

Here, δ(x) is the Dirac delta function, Θ(x) is the Heaviside
function, xφ = x cos(φ)− y sin(φ), and yφ = x sin(φ)+ y cos(φ).
The approximative rescaled excess free-energy density reads60

Φexc(~r) = −n0(~r) ln(1 − n2(~r)) −
n0(~r)n2(~r)
1 − n2(~r)

+
1
2

∫ 2π

0
dφ ρ(~r, φ) [(1 − n2)−1 ?ω(0)](~r, φ)

×

∫
A

d2r ′
∫ 2π

0
dφ′ρ(~r ′, φ′)f (~r −~r ′, φ, φ′), (56)

where f (~r −~r ′, φ, φ′) is the (negative) Mayer function

f (~r −~r ′, φ, φ′) =



1, if particles with coordinates
(~r, φ) and (~r ′, φ′) overlap,

0, otherwise.
(57)

To obtain the equilibrium density ρeq(~r, φ), we minimize the
grand-canonical free-energy functional

Ω[ρ(~r, φ)] = F [ρ(~r, φ)] − µ
∫
A

d2r
∫ 2π

0
dφ ρ(~r, φ) (58)

in real space with respect to ρ(~r, φ) using a Picard iteration
scheme24 in combination with direct inversion in the iterative
subspace (DIIS).63–66

For fixed values of the chemical potential µ, we calculate
the equilibrium densities in the bulk, allowing to translate µ
into the corresponding bulk area fraction η. Then the equilib-
rium density profiles for flat and curved walls with several dif-
ferent radii of curvature R are calculated. From the equilibrium
profiles, we determine the corresponding grand-canonical free
energies using Eq. (4) in the presence and Eq. (5) in the absence
of a wall. On this basis, the interfacial tensions γ(R) are calcu-
lated using Eq. (2). According to Eq. (1), the Tolman length is
proportional to the slope of γ(1/R) in the limit 1/R→ 0, which
can be accessed by a polynomial fit through the data points for
γ(1/R). By considering various values of µ, we obtain the Tol-
man length `T(η) as a function of the bulk area fraction η. This
procedure was repeated for the aspect ratios L/σ = 1, 2, 3, and
4. Further details on the density-functional minimization are
given in the Appendix.

IV. RESULTS

Figure 2 shows typical snapshots from our MC simula-
tions (top row) and density profiles from our DFT calculations
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FIG. 2. Snapshots from MC simulations (top row) and equilibrium density profiles from DFT calculations (bottom row) are shown for rectangular particles with
length L = 2σ and bulk area fraction η = 0.5 in a cavity (left column) and around an obstacle (right column) with R = 5σ, respectively. For the DFT results,
the orientation-integrated density ρ(~r) is shown by the density plots and the green dashes depict the local mean orientation of the particles as well as—through
their length—the amount of local particle alignment |S(~r) | (a dash with length corresponding to |S(~r) | = 1 is indicated in (c) for scale). Note that in (b) and (d)
the full system is significantly larger than the region shown in these plots.

(bottom row)67 for equilibrated systems of rectangular parti-
cles with L = 2σ at bulk area fraction η = 0.5 in a circular cav-
ity (left column) and around a circular obstacle (right column)
with R = 5σ. For the DFT results, the orientation-integrated
particle number density

ρ(~r) =
∫ 2π

0
dφ ρ(~r, φ) (59)

is shown as a density plot and the orientation field of the par-
ticles is depicted with green dashes. The orientation of the
dashes shows the local mean orientation of the particles and
the length of the dashes is proportional to the absolute value
of the orientational order-parameter field

S(~r) = 2

∫ 2π

0
dφ sin2(φ − θ) ρ(rû(θ), φ)∫ 2π

0
dφ ρ(rû(θ), φ)

− 1 (60)

with the polar angle θ and the parametrization ~r = rû(θ) with
û(θ) = (cos(θ), sin(θ)). S(~r) describes the amount of local par-
ticle alignment relative to the wall with |S(~r)| = 1 for a perfect
alignment and S(~r) = 0 for a uniform distribution of the ori-
entation φ. In Fig. 2, a layering of the particles near the wall
is visible. Like the density field, also the orientation field is
rotationally symmetric and shows a damped oscillation as a
function of the distance from the wall. Near the wall, the

local mean orientation of the particles is aligned parallel to
the wall. When the distance from the wall is increased, the
local mean particle orientation oscillates between an alignment
perpendicular (S(~r) < 0) and parallel (S(~r) > 0) to the wall.

In order to compare the different approaches, we calcu-
late from our analytic, MC, and DFT results the orientation-
integrated density ρ(d) and the orientational order parameter
S(d), where d is the distance of a rectangle’s center of mass
from the wall in units of σ, i.e., d = (R − r)/σ with r = |~r |
for a cavity, d = x/σ for a flat wall, and d = (r − R)/σ for
an obstacle. These profiles are shown in Fig. 3 for rectangular
particles with L = 2σ in the ideal-gas limit (analytic results,
left) and at area fraction η = 0.5 for both MC simulations (mid-
dle) and DFT calculations (right). Both a cavity (orange) and
an obstacle (blue) with R = 5σ are considered and compared
to the limiting case of a flat wall (green). The profiles for the
cavity and the obstacle at η = 0.5 correspond to the snapshots
and density profiles shown in Fig. 2.

In the ideal-gas limit (left column in Fig. 3), we find dif-
ferences between the three systems, which can be explained
by geometrical considerations. Clearly, the rectangle’s center
of mass cannot approach a wall closer than half the rectan-
gle’s width (d = 0.5). In the cavity, this inaccessible area is
larger, due to the concave curvature of the wall, which prevents
the rectangle from touching the wall with its edges. There-
fore, this threshold shifts to dc

1 = (σ/2 + R −
√

R2 − L2/4)/σ.
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Veröffentlichung II J. Chem. Phys. 145, 204508 (2016) 69



204508-8 Sitta et al. J. Chem. Phys. 145, 204508 (2016)

FIG. 3. (a)-(c) The orientation-integrated particle number density ρ(~r) and (d)-(f) the orientational order parameter S(~r) are shown for rectangular particles with
L = 2σ as a function of the distance from the wall for a circular cavity (R = 5σ, orange), a flat wall (R = ∞, green), and a circular obstacle (R = 5σ, blue).
The columns correspond to (a) and (d) analytic results in the ideal-gas limit with dc

1 = (σ/2 + R −
√

R2 − L2/4)/σ and dc
2 = (L/2 + R −

√
R2 − σ2/4)/σ, (b)

and (e) MC results for η = 0.5, and (c) and (f) DFT results for η = 0.5. Note that the local mean particle alignment is either perpendicular (S(~r) < 0) or parallel
(S(~r) > 0) to the wall.

At distances smaller than those threshold values, ρ(d) vanishes
and S(d) is not defined. As the orientational freedom grows
with increasing distance to the wall, ρ(d) increases with d in
all three systems. However, we find a qualitatively different
behavior for the profiles near a cavity or flat wall, in com-
parison to that near an obstacle. While ρ(d) is convex in the
former two cases, meaning that its second derivative is always
positive, we observe a sharp increase of ρ(d) at d = 0.5 and
then a transition from a concave to a convex curve in the latter
case. In this concave regime of the density profile around an
obstacle, the freedom of rotation of a rectangle is limited by the
contact between one of its long edges and the obstacle, rather
than its corners, allowing a significantly larger amount of ori-
entational freedom. When looking at the orientational order
parameter very closely to the wall, the rectangles are aligned
exclusively parallel to the wall (S(d) = 1) as only this orien-
tation is possible. Due to the increased orientational freedom
further away from the wall, S(d) decreases monotonically with
d. As soon as the rectangle’s distance from the wall reaches
half its length (d = L/(2σ)) in case of the flat wall or obstacle,
or dc

2 = (L/2 + R −
√

R2 − σ2/4)/σ in case of the cavity, the
rectangles may also be aligned orthogonal to the wall and with
further increasing distance they also rotate around this orien-
tation. This gives rise to a kink in the profiles for both ρ(d) and
S(d) in all systems under consideration. For larger distances
to the wall, the density profiles increase monotonically with
the same qualitative differences between the cavity and the flat

wall on one side and the obstacle on the other side as observed
very close to the wall (see above). This is accompanied with
an ongoing monotonic decrease of S(d). As all orientations are
allowed for d ≥ D/(2σ), ρ(d) reaches the bulk density ρ0 and
S(d) reaches 0 at d = D/(2σ). Both ρ(d) and S(d) are constant
for d ≥ D/(2σ).

We now turn our attention to larger area fractions and
focus on η = 0.5 (middle and right columns in Fig. 3). For
both MC simulations and DFT calculations, the broadened
inaccessible area for the cavity as explained for the ideal-gas
limit is retrieved. As in the ideal-gas limit, we find kinks for
ρ(d) and S(d) at d ≈ 1 for both methods.68 For larger distances
d, an accumulation of particles close to the wall as well as a
successive layering is clearly visible. Such a layering close
to a hard wall is frequently reported in the literature.29,46,55,69

Though the amplitudes of the density peaks slightly deviate
between MC simulations and DFT calculations, we find very
good qualitative agreement when comparing the different wall
curvatures, as the relative amplitude differences between the
different systems (amplitude for cavity > amplitude for flat
wall > amplitude for obstacle) are in agreement. For large dis-
tances from the wall, these density fluctuations damp out and
the bulk density ρ0 is reached, if enough space is available.
Note that in a small cavity (as shown for R = 5σ in Fig. 3(c)),
the bulk density is not reached in the center, which gives rise
to strong finite-size effects; we therefore exclude those small
cavities in the calculations of the Tolman length further below.
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In contrast, the bulk reservoir for the flat wall and the obstacle
can always be chosen sufficiently large to reach the bulk den-
sity in the isotropic phase. In our MC simulations and DFT
calculations, we carefully confirmed that the bulk density was
reached far away from the wall.

Based on our results for the equilibrium density profiles,
we determine the interfacial tension γ for various aspect ratios
L/σ, bulk area fractions η, and wall curvatures±1/R, using Eq.
(46) for our analytic calculations, Eq. (49) for our MC sim-
ulations, and Eq. (2) for our DFT calculations as described
in Secs. II B and III. Figure 4 shows γ(η) as obtained by
analytic calculations, MC simulations, and DFT calculations
for squares with L =σ (top row) and rectangles with L = 2σ
(bottom row) in a circular cavity (left column) and around
a circular obstacle (right column) with R= 5σ. In each plot,
we also show the reference case of a flat wall for compari-
son. We find perfect agreement with our analytic results in
the low-density limit. Additionally, at bulk area fractions up to
η ' 0.3, we also observe good quantitative agreement between
MC and DFT results. For both flat and curved walls, we find
a monotonic increase in γ with the area fraction. At low den-
sities, a concave curvature of the wall (left column) results
in a clear decrease in γ, whereas a convex curvature (right
column) increases γ, as one would expect from the signs of
the Tolman lengths as predicted in the ideal-gas limit (see

Sec. II A). However, at high densities, the interfacial ten-
sion for both the cavity and the obstacle appears to be higher
than that for a flat wall. This surprising result occurs for both
aspect ratios L/σ = 1 and L/σ = 2, and in both the MC sim-
ulations and DFT calculations for R = 5σ. We note here that
for R > 10σ the interfacial tension at high densities is lower
for the obstacle than for the flat wall. Although this behavior
clearly demonstrates that for R = 5σ the first-order expansion
of γ in terms of 1/R in Eq. (1) is no longer an accurate approx-
imation, it also strongly suggests that the Tolman length may
be strongly dependent on the particle density.

We therefore now consider the Tolman length in more
detail. In both MC simulations and DFT calculations, we
obtain the Tolman lengths at finite densities from polynomial
fits to the interfacial tension γ(R). Consistent with our analytic
results, we expected the Tolman lengths for the cavity and the
obstacle—also at higher densities—to differ only in sign and
not in magnitude. Therefore, we plotted the data for both cavity
and obstacle simultaneously, with the cavities corresponding
to negative curvatures −1/R. Figure 5 shows an example for
L = 2σ and η = 0.5. In this representation, the Tolman length
`T can be obtained from the slope of γ(R)/γ(∞) as a function
of the wall curvature ±1/R, taken in the limit 1/R→ 0, which
we obtained using a single polynomial fit through the data for
both the cavities and obstacles to optimize the fit accuracy. In

FIG. 4. Analytic results from our low-density expansion, MC results, and DFT results for the interfacial tensions γ are shown as a function of the bulk area
fraction η for squares with L = σ (top) and rectangles with L = 2σ (bottom) in a circular cavity (left) and around a circular obstacle (right) with R = 5σ. For
small area fractions, the agreement between the results is very good, whereas for larger area fractions, deviations become visible. In the case of the MC and DFT
results, even the differences of the curves for R = 5σ and R = ∞ are consistent for both methods.
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FIG. 5. For both (a) MC simulations and (b) DFT calculations, the normalized
interfacial tension γ(R)/γ(∞) is shown for rectangular particles with L = 2σ
at bulk area fraction η = 0.5 in systems with cavities (orange) and obstacles
(blue) with various radii of curvature R including a flat wall as limiting case
(green, R=∞). Note that the curvature of the cavity is −1/R, whereas the
curvature of the obstacle is 1/R. A third-order polynomial fit is also shown. Its
slope at σ/R = 0 is 2`T/σ for the cavity and −2`T/σ for the obstacle, which
allows to determine the Tolman length `T.

Fig. 5, γ shows a clear negative slope near 1/R = 0 in both
our MC and DFT results, resulting in a negative Tolman
length for the cavity and a positive Tolman length for the
obstacle.70 This is in sharp contrast to the positive Tolman
length we find at low densities for the cavity (or negative Tol-
man length at low densities for the obstacle) and indicates a
sign change of the Tolman length as a function of the area
fraction for this system. In other words, a bulk particle den-
sity exists at which `T = 0, i.e., where the interfacial tension
γ(R) is, to first order in 1/R, independent of the radius of
curvature R.

In order to examine this intriguing behavior in more detail,
we obtained the Tolman lengths for the aspect ratios L/σ = 1,
2, 3, and 4 for various area fractions using MC simulations
and DFT calculations and compare these results in Fig. 6 with
our theoretical results from Sec. II. For comparison, we also
include MC results for disks of diameter σ. To maintain read-
ability, we skip distinguishing between cavity and obstacle
but instead focus on the obstacle in the following, as the Tol-
man lengths for the cavity and the obstacle only differ in sign.

FIG. 6. Tolman lengths `T for a fluid inside a circular cavity and for a fluid
surrounding a circular obstacle as a function of the bulk area fraction η.
The data are obtained using MC simulations (circles with dashed lines) and
DFT calculations (squares with dotted lines) for rectangular particles with
aspect ratios L/σ = 1, 2, 3, and 4. In addition, MC results for disks with radii
R0 = σ/2 are shown. These MC and DFT results are compared with the
analytic results from our low-density expansion (solid lines). The agreement
is very good for low and intermediate densities. Especially in the ideal-gas
limit, our analytic results (±0.125 for disks and for L = σ, ±1/6 ≈ 0.1667
for L = 2σ, ±0.1875 for L = 3σ, and ±0.2 for L = 4σ) match our numerical
results precisely.

(The discussion for the Tolman length in the cavity is therefore
obtained when exchanging the terms “positive” and “negative”
as well as “increase” and “decrease,” etc.) At low bulk area
fractions η, we find negative Tolman lengths for all aspect
ratios and observe very good agreement between analytic
results, MC simulations, and DFT calculations. With increas-
ing η, the Tolman length increases monotonically, with higher
aspect ratios resulting in a stronger increase. This increase
eventually leads to a sign change in `T for rectangular parti-
cles of all investigated aspect ratios. This sign switching is one
of the main results of our article and can be observed for lower
area fractions as the aspect ratio increases. To our knowledge,
a dependence of the sign of the Tolman length on the bulk area
fraction was not observed before, and indeed we do not observe
this phenomenon for disk-shaped particles. Although the Tol-
man length for disks may change sign at area fractions higher
than those investigated here, extrapolation would suggest that
this does not occur before the onset of the hexatic phase around
area fraction η ≈ 0.7.71,72 This observation for disks in two
spatial dimensions is in agreement with previous works, in
which no change of sign of the Tolman length was observed
for spheres around a cylinder in three spatial dimensions.28

When scaled accordingly, our results for disks are in qualita-
tive agreement with Fig. 2 in Ref. 28. As we do not see a change
of sign of the Tolman length for disks, we conclude that the
change of sign of the Tolman length is caused by the anisotropy
of the particle shape and not by the restriction to two spatial
dimensions.

The effect of particle shape on the density-dependence of
the Tolman length, as well as its sign change, is qualitatively
captured by the second-order expansion of the interfacial ten-
sion in terms of the bulk density in Sec. II B. This suggests that
this behavior can be explained by simple one- and two-particle
arguments, even if it occurs at relatively high densities. We
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recall that up to second order in the fugacity z, the interfacial
tension can be written as

βLwallγ = (A − Af)z −
(
AAbulk

ex − Af〈A
wall
ex 〉

) z2

2
+O(z3). (61)

On the right-hand side of this equation, only Af and 〈Awall
ex 〉

depend on the radius of curvature of the wall R. The ini-
tial negative Tolman length at low density results from the
first term of this expansion in z. Given the same total avail-
able area A and wall length Lwall, the effective free area Af

is smaller for convex than for flat walls, resulting in a higher
interfacial tension γ. This corresponds to a negative Tolman
length.

We now consider the second term on the right-hand side of
Eq. (61). The term 〈Awall

ex 〉 represents the average area excluded
by one particle to another particle within the relevant wall
geometry. While far away from the wall, the area excluded
by the first particle to the second is simply equal to the bulk
value Abulk

ex , close to the wall a part of this excluded area is
inaccessible to the second particle due to its interaction with
the wall, ensuring that 〈Awall

ex 〉 < Abulk
ex . Since Af is also smaller

than A in all cases, the second term on the right-hand side
of Eq. (61) is always negative. Moreover, for convex walls,
Af is again smaller, and the particles are on average closer
to the wall than for a concave wall (see Fig. 3), resulting
in a smaller 〈Awall

ex 〉 as well. Thus, for convex walls, the z2

term in Eq. (61) is more strongly negative, resulting in a
positive contribution to the Tolman length, which becomes
more important at higher fugacity z (i.e., at higher bulk den-
sity ρ0 ∝ η). This explains the positive slope of the Tolman
length `T(η) as a function of the bulk area fraction η, which
at sufficiently high density leads to a sign change. Finally,
we note that for longer particles, the effect of the curvature
on both Af and 〈Awall

ex 〉 is stronger, resulting in a stronger
positive slope in `T(η), consistent with our observations in
Fig. 6.

V. CONCLUSIONS

In conclusion, we combined analytic calculations, com-
puter simulations, and classical density functional theory to
calculate the interfacial tension in a two-dimensional fluid of
orientable hard rectangular particles near a curved hard wall.
We considered particle densities where the bulk phase of the
fluid is isotropic and found that the sign and magnitude of the
Tolman length, which characterizes the leading-order curva-
ture contribution to the interfacial tension, vary strongly with
the particle shape and density. Specifically, we found a transi-
tion from negative to positive Tolman length for a fluid around
a circular obstacle (and vice versa for a fluid in a cavity)
at a density controlled by the aspect ratio of the rectangles.
This sign change does not appear for hard disks in the same
geometry.

Our results are in principle verifiable in experiments with
sterically stabilized colloidal42,45,73–77 or granular43,78 parti-
cles on a two-dimensional substrate. However, it should be
noted that the particle number density field near the wall is

more direct to obtain than the interfacial tension itself, which
requires a thermodynamic integration.

For future studies it would be interesting to general-
ize our results to various directions: first of all, other bulk
phases different from the isotropic fluid such as nematic,
smectic, and crystalline phases should be considered. This
situation is much more complex and hardly explored, except
for the case of the planar hard wall, which was investigated
using a restricted-orientation approximation.50 For complex
bulk phases, the interfacial tension will depend also on the
relative orientation of the wall with respect to the macro-
scopic nematic director. Second, other shapes of hard par-
ticles should be considered both in two and in three spa-
tial dimensions. These will typically exhibit more complex
phase diagrams (see, e.g., Ref. 79). Concomitantly, new clas-
sical density functional theories for shape-anisotropic hard
particles69,80–83 should be used to access the Tolman length
for bodies of more complex shapes. Some of these were
already used for planar hard walls69 and could be applied
to more general systems with curved walls. Finally, also
other particle-particle or particle-wall interactions (such as
Lennard-Jones potentials or homeotropic anchoring) could be
considered.
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APPENDIX: NUMERICAL DETAILS
ON THE DENSITY FUNCTIONAL MINIMIZATION

The area of a rectangle with its center at position
~r = (x, y) and with orientation φ is denoted asA(~r, φ), whereas
the corners of the rectangle A(~r, φ) are denoted as C(~r, φ). The
cross correlations in the calculation of the weighted densities
are performed in real space as they can be written as corner
and area integrals

n0(~r) =
∫ 2π

0
dφ
∫
C(~r,φ)
d2r ′ρ(~r ′, φ), (A1)

n2(~r) =
∫ 2π

0
dφ
∫
A(~r,φ)
d2r ′ρ(~r ′, φ), (A2)

using the following notation for the corner and area integrals
of a function g(~r, φ):

∫
C(~r,φ)
d2r ′ g(~r ′, φ) =

∫
A

d2r ′ω(0)(~r ′ −~r, φ)g(~r ′, φ), (A3)∫
A(~r,φ)
d2r ′ g(~r ′, φ) =

∫
A

d2r ′ω(2)(~r ′ −~r, φ)g(~r ′, φ). (A4)

The functional derivative of the excess free-energy func-
tional Fexc[ρ(~r, φ)], which is needed for the minimization, is
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given by

δ βFexc

δρ(~r, φ)
= −

∫
C(~r,φ)
d2r ′

(
ln

(
1 − n2(~r ′)

)
+

n2(~r ′)
1 − n2(~r ′)

)
−

∫
A(~r,φ)
d2r ′

n0(~r ′)n2(~r ′)

(1 − n2(~r ′))2
+ m1(~r, φ)m2(~r, φ)

+

∫ 2π

0
dφ′

∫
A

d2r ′ ρ(~r ′, φ′)m2(~r ′, φ′)f (~r ′ −~r, φ′, φ)

+
1
2

∫ 2π

0
dφ′′

∫
A

d2r ′′ ρ(~r ′′, φ′′)m1(~r ′′, φ′′)

×

∫
C(~r′′,φ′′)∩A(~r,φ)

d2r ′
1

(1 − n2(~r ′))2
(A5)

with the auxiliary functions m1(~r, φ) and m2(~r, φ) defined as

m1(~r, φ) =
∫ 2π

0
dφ′

∫
A

d2r ′ ρ(~r ′, φ′)f (~r −~r ′, φ, φ′), (A6)

m2(~r, φ) =
1
2

∫
C(~r,φ)
d2r ′

1
1 − n2(~r ′)

. (A7)

The grand-canonical free-energy functional (58) is min-
imized in real space with respect to ρ(~r, φ) using the Picard
iteration scheme24

ρ(i+1)(~r, φ) = (1 − α)ρ(i)(~r, φ)

+ α
1

Λ2
exp

(
βµ −

δ βFexc

δρ(~r, φ)

) (A8)

with the mixing parameter α ≤ 0.02 and Λ set to σ. As
in previous works,26,84 this iteration is combined with the
DIIS63–66 to improve the convergence significantly. The iter-
ation is terminated when the relative change in the grand-
canonical free energy during the last 50 iteration steps is less
than 10−8: |Ω[ρ(n)(~r, φ)]/Ω[ρ(n−50)(~r, φ)] − 1| < 10−8. Reduc-
ing the threshold value from 10−8 to 10−9 does not affect the
results. Alternatively, the functional Ω[ρ(~r, φ)] could also be
minimized using algorithms based on the conjugate gradient
method85,86 or dynamical density functional theory.87–91

The discrete orientations φi of the particles are chosen in
equidistant steps of ∆φ = 2π/64. The orientations are shifted
by ∆φ/2 relative to the orientation of the spatial grid (so that
φ1 = π/64) to avoid particle orientations parallel to the grid
which might be numerically discriminated or favored. Making
use of the particle’s symmetries, only 16 (for L = σ) or 32 (for
L > σ) different orientations have to be taken into account.

The step size of the spatial grid is chosen as ∆x = ∆y
≈ 0.03σ. Increasing the resolution of the spatial grid has only
a negligible effect on the results. For the corners and edges in
the corner and area integrals, a bilinear interpolation is used.

For the bulk system, periodic boundary conditions in the
x- and y-directions are used. In the case of the flat-wall sys-
tem, the periodic boundaries in the x-direction are replaced by
hard walls at the borders of the system. It is carefully checked
that the bulk density is reached between the walls and that
the results do not change upon further increasing the distance
between the walls (e.g., a wall distance Lx = 30σ is used for
L = 2σ and η = 0.5).

For systems with curved walls, we placed the center of
the cavity or obstacle at ~r = ~0. Making use of the rotational
symmetry of our system, we only consider a quarter of the

full system (x ≥ 0, y ≥ 0) and “mirror” the density profiles
at the edges of the system, which significantly speeds up the
calculations. When calculating the equilibrium density profiles
for an obstacle, we ensure that the domain A is sufficiently
large so that all wall-induced fluctuations are damped out at
the edges of the system.

We calculate equilibrium density profiles for various val-
ues of the chemical potential µ and consider at least 26 wall
curvatures ±1/R for each value of µ. To reduce finite-size
effects, we limit the radii of curvature to R >10σ for the cavity
and R > 5σ for the obstacle. The interfacial tensions γ cor-
responding to the equilibrium density profiles are normalized
by the interfacial tension for a flat wall γ(∞) and plotted as
a function of the curvature ±1/R as described in Sec. IV (see
Fig. 5). To access the slope of the data at σ/R = 0 and thus
to determine the Tolman length, we use a least-squares fit to
a polynomial in σ/R (up to 3rd order for L ≤ 3σ and up to
4th order for L = 4σ). We do not force the fit to pass through
the data point for the flat wall at σ/R = 0, i.e., the value of
the polynomial at σ/R = 0 is not fixed to 1 but kept as a free
fit parameter. In our calculations, this value never differs from
1 for more than 0.005, demonstrating internal consistency of
the data.
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22R. Ohnesorge, H. Löwen, and H. Wagner, Phys. Rev. E 50, 4801 (1994).
23J. M. Brader, M. Dijkstra, and R. Evans, Phys. Rev. E 63, 041405 (2001).
24R. Roth, J. Phys.: Condens. Matter 22, 063102 (2010).
25A. Gallardo, S. Grandner, N. G. Almarza, and S. H. L. Klapp, J. Chem.

Phys. 137, 014702 (2012).
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A density functional theory for the bulk phase diagram of two-dimensional orientable hard rods is
proposed and tested against Monte Carlo computer simulation data. In detail, an explicit density
functional is derived from fundamental mixed measure theory and freely minimized numerically
for hard discorectangles. The phase diagram, which involves stable isotropic, nematic, smectic, and
crystalline phases, is obtained and shows good agreement with the simulation data. Our functional
is valid for a multicomponent mixture of hard particles with arbitrary convex shapes and provides a
reliable starting point to explore various inhomogeneous situations of two-dimensional hard rods and
their Brownian dynamics. Published by AIP Publishing. https://doi.org/10.1063/1.4996131

I. INTRODUCTION

Classical density functional theory (DFT) of inhomoge-
neous fluids1 provides a microscopic theory for freezing, for
reviews see Refs. 2–7. This has been exploited for spherical
particles with radially symmetric pairwise potentials (such as
hard or soft spheres) both in three8–10 and two11 spatial dimen-
sions where the freezing line of liquids has been predicted with
good accuracy. Density functional theory of freezing can also
be formulated for orientational degrees of freedom as docu-
mented in Onsager’s seminal work for the isotropic–nematic
transition.12 This has been applied to investigate the stabil-
ity of liquid-crystalline phases (such as isotropic, nematic,
and smectic) in three13–22 and in two22–30 dimensions. For
both translational and orientational degrees of freedom, many
different “meso-phases” with partial translational or orienta-
tional order are conceivable and therefore the resulting phase
diagram is typically much more complex.31

The most elaborate DFTs were derived for hard particles
which possess only steric or excluded-volume interactions. In
these systems, temperature scales out such that the density
(or packing fraction) is the only remaining parameter apart
from the particle shape. In particular, the Fundamental Mea-
sure Theory (FMT) originally invented by Rosenfeld32 has
proven to be very successful for hard-body fluids in three
dimensions, including the isotropic phase of particles with
non-spherical shape.33,34 The basic input into FMT is differ-
ent weighted densities, which depend only on the geometry
of a single body. This simple structure allows for an efficient
numerical implementation. The versatile framework of Rosen-
feld’s FMT allows one to use the same building blocks to
construct a new version yielding a more accurate equation of
state35 and, upon introducing additional weighted densities,

a)R. Wittmann and C. E. Sitta contributed equally to this work.

to obtain generalized functionals for freezing11,36 and liquid
crystal phases.18–20

The usual first step to derive FMT is to take the low-
density limit and decompose the Mayer function of the hard-
core interaction. However, there is no exact representation
based on a finite number of weighted densities in two (and
other even) dimensions37 or in any dimension if the shape of
the freely rotating bodies is anisotropic.33 Instead, for two-
dimensional hard disks (HDs)11 and arbitrary convex bodies
in three dimensions,18 an infinite series of tensorial weighted
densities is necessary, which, for practical reasons, is usu-
ally truncated after the term including rank-two tensors. A
more sophisticated expansion can be defined in terms of
orthonormal functions, such as spherical harmonics in three
dimensions.38

Regarding the ongoing progress in numerical techniques
and computer speed, versions of FMT based on two-body
weighted densities,21,36,39,40 which are exact in the low-density
limit, become a valid alternative to an approximate treatment,
particularly in two dimensions. Another tractable functional
involving many-body measures has been derived for infinitely
thin disks in three dimensions.41 The most general formulation
of FMT for mixtures of arbitrary convex bodies in any dimen-
sion is the so-called Fundamental Mixed Measure Theory
(FMMT).21,40

In this paper, we consider an explicit DFT based on
FMMT for a simple model system of orientable hard rods in
two spatial dimensions. We study particles with a “discorectan-
gular” shape (the two-dimensional analog of spherocylinders)
whose phase diagram is spanned by their packing fraction and
aspect ratio only, while also considering the HD limit. Monte
Carlo (MC) computer simulation42 data are available for the
bulk phase diagram of these discorectangles43 and involve an
isotropic, nematic, and crystalline phase. Here we evaluate our
FMMT functional analytically and numerically and obtain a
bulk phase diagram. In doing so, we also extend the previous
MC data43 and resolve between a two-dimensional smectic

0021-9606/2017/147(13)/134908/9/$30.00 147, 134908-1 Published by AIP Publishing.
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and a full crystalline phase. Our DFT reproduces the topol-
ogy of this enhanced phase diagram. It is therefore the first
functional which gets the stability of four liquid-crystalline
phases simultaneously in two dimensions. The FMMT func-
tional is given in a general form for multicomponent mixtures
of arbitrary convex hard particles. It can serve as an input
for future DFT studies of two-dimensional liquid crystals at
interfaces44 and for Brownian dynamics of rods45 similar in
spirit as the FMT functional for HD proposed by Roth and
co-workers.11

This paper is organized as follows: in Sec. II we derive an
analytical expression for the DFT functional. Our MC sim-
ulations and our numeric DFT minimization are described
in Sec. III and results of our calculations are presented and
discussed in Sec. IV. We conclude in Sec.V.

II. DENSITY FUNCTIONAL THEORY

To tackle the general case first, we consider a two-
dimensional system of κ components of anisotropic particles.
The equilibrium configuration of the particles of each species
i is described by a density profile ρi (R) ≡ ρi (r, ϕ) which
depends on position r and orientation ϕ. For any external
potential V ext

i (R) acting on the particles, the fundamental vari-
ational principle δΩ/δρi(R) = 0 of DFT1 states that the
unique equilibrium densities minimize the functional

Ω[{ρi}] = F[{ρi}] +
κ∑

i=1

∫
dRρi(R)(V ext

i (R) − µi), (1)

which then equals the grand potential Ω of the system. The
short notation ∫ dR denotes the integral ∫R2 dr over all posi-

tions and the orientational average ∫
2π

0
dϕ
2π and µi denote the

chemical potentials of each species.
The intrinsic free energy

βF[{ρi}] = βFid + βFexc =

∫
dr(Φid(r) + Φexc(r)) (2)

or its density Φ(r) is usually separated into excess (Fexc)
and ideal-gas (Fid) contributions. The density of the latter
reads as Φid(r) =

∑κ
i=1 ∫

2π
0

dϕ
2π ρi(r, ϕ)

(
ln(ρi(r, ϕ)Λ2) − 1

)
,

with the thermal wavelength Λ and the inverse temperature
β−1 = kBT .

In order to derive the excess free energy density Φexc for
a system with hard interactions along the lines of FMT,32 we
consider the exact functional

βFexc → −
1
2

κ∑
i,j=1

∫∫
dR1 dR2 ρi(R1) ρj(R2) fij(R1,R2)

(3)

in the dilute limit ρi → 0, where only the interactions between
two particles are relevant. These are represented by the Mayer
function

fij(R1,R2) = e−βUij − 1 =



0 if Bi ∩ Bj = ∅

−1 if Bi ∩ Bj , ∅
(4)

of two hard bodies Bi and Bj with the pair interaction potential
Uij(R1,R2). Since this interaction only depends on whether
the intersection

Iij(R1,R2) B Bi(R1) ∩ Bj(R2) (5)

is the empty set ∅ or not, Eq. (3) can be simplified using
purely geometrical arguments to rewrite fij(R1,R2) in terms
of quantities that are functions of R1 or R2 only.

A. Mayer function of two-dimensional hard bodies

For two-dimensional HD mixtures, an exact decompo-
sition of the Mayer function from Eq. (4) can be found by
means of (i) simple geometrical considerations,39 (ii) the
Gauss-Bonnet theorem from differential geometry,11 or (iii)
the translative integral formula21,40 from integral geometry.46

Considering now mixtures of arbitrary convex bodies in two
dimensions, we will show that both strategies (ii) and (iii)
lead to the same decomposition as for HDs, in the sense that
all terms are still present in the HD limit. Quite in contrast,
the hard-sphere limit in three dimensions can be simplified
to a deconvolution in terms of one-body weighted densi-
ties.18,19,21,40 The origin of FMMT lies in strategy (iii) since
it provides the proper mathematical foundation of employ-
ing two-body weighted densities. There are some alternative
ways to derive such a functional from (iv) zero-dimensional
cavities47 or (v) an approximate virial series,48 which imply
the same decomposition of the Mayer function for anisotropic
bodies.

Following Rosenfeld,37 we define the three scalar weight
functions

ω(2)
i (R) = Θ

(��Ri(R̂)�� − |r|
)

,

ω(1)
i (R) =

δ(��Ri(R̂)�� − |r |)
ni(R̂) · r̂

,

ω(0)
i (R) =

Ki(R̂)
2π

ω(1)
i (R)

(6)

in the general form required for an anisotropic shape.18 A point
on the boundary ∂Bi of bodyBi with orientation ϕ in the direc-
tion of the unit vector r̂ = r/|r| is denoted by Ri(R̂), with
R̂ short for (r̂, ϕ). At this point, Ki(R̂) is the curvature and
ni(R̂) is the vector normal to the boundary. The orientation-
dependence of the weight functions ω(ν)

i (R) can be treated
as described for three dimensions49,50 or by considering each
discrete orientation as an individual species.

Here we briefly outline the idea behind FMMT.21,40

For a more detailed description of the mathematical back-
ground, see Refs. 46 and 50. First we identify in any spa-
tial dimension the Mayer function −fij = χ(Iij) with the
Euler characteristic χ(Iij) = ∫ Φ0(Iij, dr) of the intersec-
tion. The latter can be further written as the spatial integral
of the local curvature measure Φ0, which is closely related
to the weight function ω(0)

i when evaluated for a body Bi.40

Applying in two dimensions the translative integral formula
(iii) to Eq. (3) results for any orientations ϕ1 and ϕ2 in the
decomposition

−

∫∫
fij(R1,R2) dr1 dr2

=

∫∫∫
dr

2∑
k=0

Φ(0)
k,2−k(B̄i(r, ϕ1), B̄j(r, ϕ2); d(r1, r2)),

(7)
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defining an inverted body as B̄i(r, ϕ1) B 2r − Bi(r, ϕ1) and
introducing the mixed measures Φ(0)

k,2−k .21,40 For the precise

definitions ofΦ0 andΦ(0)
k,2−k , see Ref. 46.

It can be shown40 that for k = 0 and k = 2, the expression
on the right-hand side of Eq. (7) factorizes into a convolution
product

ω(ν)
i ⊗ ω

(µ)
j =

∫
dr′ω(ν)

i (r′ −R1) ω(µ)
j (r′ −R2) (8)

(integrated over dr1 and dr2) of the scalar weight functions
with labels 0 and 2, where (r − R1) is short for (r − r1, ϕ1).
In a similar way, we can define from Φ(0)

1,1 the mixed weight

function40

Ω(11)
ij (R1,R2) =

arccos(ni · nj)

2π
|ni × nj |

×ω(1)
i (R1)ω(1)

j (R2), (9)

where the vector product of the normals ni = ni(R̂1) and
nj = nj(R̂2) can be calculated by adding a z component equal
to zero or according to |ni × nj | = sin(arccos(ni · nj)). Thus
we find the decomposition21,40

− fij = ω
(0)
i ⊗ ω

(2)
j + ω(2)

i ⊗ ω
(0)
j + Ω(1⊗1)

ij (10)

of the Mayer function, where we define

Ω(1⊗1)
ij =

∫
dr′ Ω(11)

ij (r′ −R1, r′ −R2) (11)

according to Eq. (8) for two one-body weights.
To show that the same decomposition can be obtained

from the Gauss-Bonnet theorem (ii), we recall the
result

− 2πfij =
∫

∂Bi∩Bj

dli Ki +
∫

Bi∩∂Bj

dlj Kj +
∑

∂Bi∩∂Bj

φ (12)

of Ref. 11, where φ = arccos(ni · nj) is the angle between
the normal vectors at each intersection point and ni/j = ni/j(r′

−R1/2). The only difference is that we here consider an arbi-
trary convex body rather than a HD. This generalization does
not violate the underlying assumption −fij = χ(Iij).

The line integrals in Eq. (12) involving the curvature K i

at the boundary of the intersection can be deconvoluted in the
standard way of FMT.11 To see that the last term is equal to
Ω(1⊗1)

ij , we rewrite the sum as a pseudo three-dimensional line

integral19∫
φ sin φ ds
|ni × nj |

=

∫
dr′ φ sin φω(1)

i (r′ −R1)ω(1)
j (r′ −R2),

(13)

where sin φ = |ni×nj |. Thus we have shown that Eq. (12) also
results in the decomposition given by Eq. (10).

The manner in which the Mayer function is rewritten in
Eq. (12) depends on the dimensionality, as the Gauss-Bonnet
theorem only applies to two-dimensional manifolds. In three
dimensions, we set −fij = χ(∂Iij)/2 for the two-dimensional
boundary ∂Iij of the three-dimensional intersection.18 There
is no obvious analog of strategy (ii) in other dimensions. In
contrast, FMMT (iii) provides a formal decomposition of the
Mayer function in an arbitrary dimension.21,40 Finally, we

note that although the last term in Eq. (10) still depends on
two bodies simultaneously, the presented decomposition con-
siderably facilitates the numerical implementation compared
to the bare Mayer function. This is because the two-body
weight functions exclusively depend on geometrical quantities
of the single bodies, which, however, cannot be further simpli-
fied by factorization21,40 without considering an approximate
expansion.11,18,19

B. Excess free energy

Following the standard procedure in FMT, we define the
weighted densities18,32

nν(r) =
κ∑

i=1

∫
dR1 ρi(R1) ω(ν)

i (r −R1) (14)

for the scalar weight functions in Eq. (6) and the mixed
weighted density21,40

N(r) =
κ∑

i,j=1

∫∫
dR1 dR2 ρi(R1) ρj(R2)

× Ω(11)
ij (r −R1, r −R2) (15)

corresponding to Eq. (9). With the decomposition of the Mayer
function from Eq. (10), we obtain the excess free energy den-
sity Φexc = n0n3 + 1

2 N in the low-density limit, Eq. (3), i.e.,
the FMT version of the Onsager functional in two dimen-
sions. Following the procedure for the HD functional,11,37 the
extrapolation to higher densities results in

Φexc = −n0 ln(1 − n2) +
N

2(1 − n2)
. (16)

The uncommon choice of the prefactor in the second term
stems from the definition of the mixed weight function accord-
ing to the decomposition in Eq. (7) in terms of mixed
measures.

Although we have the means to perform a free minimiza-
tion of the functional in Eq. (16), an expansion in terms of
tensorial one-body weighted densities as in three dimensions18

might prove fruitful. Such an approximation can be obtained
in a completely analog way as for HDs,11 as the structure of
the decomposition in Eq. (12) is exactly the same. Thus we
Taylor expand the term arccos(ni ·nj) sin(arccos(ni ·nj))/(2π)
in Eq. (9) up to quadratic order in ninj and identify the
vectorial

−→ω (1)
i (r) = ni (r̂) ω(1)

i (r) (17)

and tensorial

←→ω
(1)
i (r) = ni (r̂) nT

i (r̂) ω(1)
i (r) (18)

weight functions to factorize each term of this expansion. The
corresponding one-body weighted densities −→n 1 and ←→n 1 are
then calculated according to Eq. (14). Note that it is important
to write here ni instead of r̂, which is only equivalent to ni(r̂)
for HD parametrized in polar coordinates.

Following Ref. 11, we will consider the expansion coeffi-
cients as free parameters, which we adapt for a one-component
system to ensure (I) the correct second virial coefficient of the
homogeneous and isotropic fluid, (II) the correct dimensional
crossover to one dimension, and (IIIa) the best fit to the Mayer
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function of HDs. Conditions (I) and (II) do not depend on the
specific shape, so we find

N ≈
2 + a
6π

n1n1 +
a − 4

6π
−→n 1 ·

−→n 1 +
2 − 2a

6π
Tr

[
←→n 1
←→n 1

]
, (19)

in agreement with the approximation for HDs,11 where (IIIa)
results in aHD = 11/4.

For general convex bodies, we should demand a weaker
criterion than (IIIa), as the excluded area of two bodies depend-
ing on their intermolecular angle is not exactly represented,
which corresponds to the Mayer function integrated over
the particle positions. Hence, we will determine the final,
shape-dependent parameter a, as in three dimensions,19 by
requiring (IIIb) a minimal quadratic deviation from the exact
excluded area. This criterion can be refined in various ways
following the examples19–21,51 in three dimensions. In order
to further improve the general functional according to criteria
(IIIa) and (IIIb), it becomes necessary to introduce additional
parameters by including higher-order terms of the expansion
of the mixed weight function, which we will not consider
here.

III. NUMERICAL METHODS

In the following, we study the phase behavior of (one com-
ponent, κ = 1) hard discorectangles of aspect ratio l = L/D in
two dimensions, i.e., capped rectangles of length L and width
D equal to the diameter of the capping disks. The goal of our
work is twofold. First, we demonstrate for the first time a free
numerical minimization of a FMMT functional, which is exact
in the low-density limit, including the transitions between
spatially inhomogeneous phases of anisotropic hard particles.
Second, we extend the available reference data43 for a system
of hard discorectangles by performing new detailed MC simu-
lations, which resolve between smectic and crystalline phases
at high density. The used numerical techniques are described
below.

A. Monte Carlo simulations

We perform MC simulations of perfectly hard rods in the
isobaric-isothermal ensemble, i.e., at constant pressure p, num-
ber of particles N, and temperature T. Each simulation contains
N = 5760 particles in a rectangular simulation box with vari-
able box lengths, and simulations were run for approximately
106 MC sweeps (consisting of a rotation and translation move
per particle, as well as several volume moves). All simulations
were started using a perfect crystalline lattice as the initial con-
figuration. Overlaps were detected using the two-dimensional
equivalent of the algorithm introduced by Vega and Lago for
spherocylinders.52

In the simulations, we measure the pair correlation func-
tion g‖(r) along a crystalline or smectic layer, averaged over
the width of a single layer. We then plot g‖(r)−1 as a function
of the distance r and investigate how the oscillations decay
towards zero at large distances. In particular, we associate
exponential decay (indicating short-ranged positional order)
with the smectic phase and algebraic decay (associated with
quasi-long-range order) with the crystalline phase. Figure 1
shows typical examples of correlation functions for aspect ratio

FIG. 1. Translational ordering in the high-density smectic and crystalline
phases for aspect ratio l = 4. At lower packing fractions η . 0.85, we observe
a fast (exponential) decay of the in-plane pair correlation function g‖ (r) − 1,
while for higher η we find an algebraic decay.

l = 4. For all aspect ratios l ≥ 2, we observe a crossover from
exponential to algebraic decay in the correlation functions as
the packing fraction increases. We estimate the transition line
between the smectic and crystalline phases by extracting for
each aspect ratio the packing fraction at which this crossover
occurs.

In our simulations, we observe noticeable diffusion of par-
ticles between layers in the smectic phase, but essentially no
diffusion in the crystal phase. This suggests that our observa-
tion of a transition to a crystalline phase might occur simply
when our simulations are too short to sample the transfer of
particles between layers. This would ensure that the number
of particles per layer in our simulation is artificially fixed,
favoring a crystalline state. To ensure that this effect does not
meaningfully affect our result, we repeated simulations for
several aspect ratios using shifted periodic boundary condi-
tions, which facilitate transfer of particles between layers. Our
results show no significant differences in the transition density
measured using the two different approaches.

B. Density functional theory

Using the full expression (15) for N(r) in the excess
free energy density (16), we minimize the grand-canonical
free energy functional in real space with respect to ρ(R)
by analogy with Ref. 53 using the following Picard iteration
scheme:7

ρ(i+1)(R) = (1 − α̃)ρ(i)(R)

+ α̃
1

Λ2
exp

(
βµ(i) −

δ βFexc

δρ(R)

)
(20)

with the mixing parameter α̃ ≤ 0.01, Λ set to D, and the
functional derivative δβFexc

δρ(R) [see also Eq. (58) in Ref. 40]. The

chemical potential µ(i) is recalculated in every iteration step
to maintain the desired area fraction and converges to a finite
value in the iteration. As in previous studies,53–55 we combine
this iteration with a direct inversion in the iterative subspace
(DIIS)56–59 to improve the convergence. The resolution of the
spatial grid was chosen as ∆x = ∆y ≈ 0.03D and the discrete
orientations of the particles are chosen in equidistant steps of
∆φ = 2π/48.

IV. RESULTS FOR THE PHASE DIAGRAM
OF HARD DISCORECTANGLES

The functional, Eq. (16), based on the expansion in Eq.
(19) can be minimized analytically for hard discorectangles
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when we assume a homogeneous density. Demanding that
condition (IIIb) from Sec. II B holds, the remaining parameter
becomes a = 3 for any aspect ratio l of the discorectangles.
Note that in the HD limit, l → 0, where there is no distinction
between an isotropic and a nematic phase, condition (IIIb) is
equivalent to (I) so that the parameter a = aHD = 11/4 can
be used to fulfill (IIIa) instead.11 However, the present choice
a = 3 was found in Ref. 11 to be even more consistent with
the simulation data for the bulk pressure of the HD crystal.
Moreover, the excluded area of parallel discorectangles can be
exactly represented by choosing a = 4.

By analogy with the functional in three dimensions, we
expect that the choice a = 3 will provide reliable results for
the isotropic and moderately ordered nematic phases but will
not allow us to describe a stable smectic phase.20,51 The lat-
ter is only possible qualitatively for a = 4, ensuring that the
free energy per particle does not diverge in the limit l → ∞.
However, this parameter will result in a poor description
of the homogeneous phases,20,51 which is most apparent by
comparing to aHD in the HD limit.

To avoid the ambiguity of choosing a proper value of a,
our main objective is to perform a free numerical minimization
of the full functional from Eq. (16) with the mixed weighted
density from Eq. (15), which is feasible in two dimensions.
The employed algorithm is described in Sec. III. As a first
step, however, we will demonstrate the utility of expanding the
functional by calculating a closed expression for the isotropic–
nematic transition line.

To characterize the homogeneous phases, we repre-
sent the density ρ(ϕ) = ρ g(cos ϕ) in terms of a normal-
ized orientational distribution function g(cos ϕ). The two-
dimensional nematic order parameter is conveniently defined
as

S =
2
π

∫ π/2

0
dϕ

(
2 cos2 ϕ − 1

)
g(cos ϕ). (21)

For discorectangles, we obtain the weighted densities

n2 = ρ
(
LD +

π

4
D2

)
= η,

n1 = ρ (2L + πD), n0 = ρ,

(←→n 1)11 = ρ
(
L(1 + S) +

π

2
D
)

,

(←→n 1)22 = ρ
(
L(1 − S) +

π

2
D
)

,

(22)

where η denotes the packing fraction. For a given aspect ratio
l, the (nematic) free energy thus becomes a function of η and
S when we use the approximation in Eq. (19).

Minimization with respect to the orientational distribution
function18 results in

g(α, cos ϕ) =
exp

(
α2(2 cos2 ϕ − 1)

)
I0(α2)

, (23)

where In denotes the modified Bessel function of the
first kind, which follows from the normalization condition
∫
π/2

0 dϕ g(cos ϕ) = π/2. The parameter α(η, l) then follows
from the self-consistency equation

α2 B −
∂Φex(η, S, l)

ρ ∂S
. (24)

Inserting Eq. (23) into Eq. (21), we obtain the nematic order
parameter

S(α) =
I1(α2)

I0(α2)
=

1
2
α2 −

1
16
α6 + O(α10) (25)

as a function of α.

A. Isotropic–nematic transition

In order to study the isotropic–nematic transition, one has
to solve Eq. (24). For the functional from Eqs. (16) and (19),
there is at most one (stable) solution to Eq. (24) at a given
density, which is not the case in three dimensions. This can
be easily seen by rewriting the condition in the generic form
α2

� CS(α) = 0 with a positive parameter C ' C(η, l). The
position Cmin(α) at which the expression on the left-hand side
becomes minimal increases monotonously with increasing α.
Therefore, at α = 0 the isotropic and nematic solutions are
indistinguishable, denoting a second-order phase transition,
as it is expected from computer simulations,43,60 although also
first-order transitions between the isotropic and nematic phases
are discussed in the literature.25,61,62 Nevertheless, in three
dimensions, the corresponding result for S(α) admits a non-
monotonic behavior of Cmin(α), indicating that the nematic
phase is only metastable at small order parameters, i.e., the
isotropic–nematic transition is of first order.18

Solving Eq. (24) for η yields a closed expression for the
packing fraction

ηN(α) =

(
1 +

8l2(a − 1)I1(α2)

3π(4l + π)α2I0(α2)

)−1

(26)

at which the nematic phase is stable for a given α. Numerically
inverting ηN(α) and comparing to Eq. (25), we can calculate
the nematic order parameter S(η) as a function of the packing
fraction. In the limit of vanishing orientational order, we obtain
the packing fraction

ηIN B lim
α→0

ηN(α) =

(
1 +

4l2(a − 1)
3π(4l + π)

)−1

(27)

at the second-order isotropic–nematic transition of hard dis-
corectangles in two dimensions for an arbitrary aspect ratio l
and the parameter a. Obviously, with increasing the aspect
ratio, the transition density decreases down to the scaled
density

cN B lim
l→∞

ηINl =
3π

a − 1
(28)

obtained in the Onsager limit l → ∞.
As the isotropic–nematic transition in two dimensions is

of second order, the influence of higher-order terms in the
expansion of the mixed weighted density from Eq. (19) is
negligible, if the appropriate value a = 3 is chosen in a way
that it ensures that the leading term in the order-parameter
dependence is retained. Therefore, the result for ηIN given
by Eq. (27) with a = 3 is equivalent to that obtained with
the full functional from Eq. (19) based on the exact two-
body representation. This is well confirmed for infinitely long
rods where the Onsager result63 for the transition density is
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given by Eq. (28) with a = 3. A more detailed explanation
has been given for the analogous three-dimensional case,40,50

addressing the limit of metastability of the isotropic phase.
Up to the first non-vanishing term in the parameter α, we can
write

ηN(α) − ηIN =
6l2π(4l + π)(a − 1)

(4l2(a − 1) + 3π(4l + π))2
S2 + O(α8) (29)

with the help of Eq. (25). This result suggests that the nematic
order parameter S approaches the critical point with a critical
exponent of 1/2.

In Fig. 2 we show the density at the isotropic–nematic
transition of hard discorectangles given by Eq. (27) as a func-
tion of the (inverse) aspect ratio D/L for different values of
the parameter a. Our full minimization confirms the analyti-
cal finding that the transition is of second order. As discussed
above, the results agree perfectly with those for a = 3 within
the numeric error. For instance, at l = 9 we find ηIN = 0.363
and numerically ηIN = 0.365 ± 0.002. However, compared
to the simulation data,43,60 the DFT predicts much smaller
values. This discrepancy is comparable to the inaccuracy of
the Onsager functional63 due to disregarding the virial coef-
ficients higher than the second, which do not vanish in two
dimensions. From this perspective, Eq. (28) provides a sim-
ple method to fix the parameter a to recover the simulation
result cIN ≈ 7 for l → ∞,60 which appears more reasonable
than fitting to simulation data at finite aspect ratio, as proposed
in three dimensions,18 but is still empirical in nature. Indeed,
accordingly choosing a = 3π/7 + 1 results in better agreement
with the simulation data for rods of finite thickness but deviates
more and more with decreasing aspect ratio. Since this purely

FIG. 2. Packing fraction at the second-order isotropic–nematic transition of
two-dimensional hard discorectangles from the analytic prediction given by
Eq. (27) (lines) for the parameters a = 3π/7+1 ≈ 2.35 [obtained to fit Eq. (28)
to the simulation result60 in the Onsager limit, magenta], a = 3 (cyan), and a
= 4 (red) as a function of the inverse aspect ratio l�1 = D/L. The approximation
(19) with a = 3 matches the isotropic–nematic transition of the full functional
with Eq. (15) (points), which was numerically evaluated under the constraint
of a spatially homogeneous density. Data from MC simulations43 are shown
for comparison (black line).

empirical approach is also inconsistent with the proper imple-
mentation of FMMT, we will not further discuss it here. On
the other hand, choosing a = 4 results in the poorest functional
for the isotropic–nematic transition.

Now we study the nematic phase of discorectangles with
aspect ratio l = 9 in more detail. For various densities close
to the isotropic–nematic transition, we compare in Fig. 3
the nematic order parameter S obtained according to Eq.
(21) from a minimization of the full functional (red) and
the analytical approximation with a = 3 using Eqs. (25) and
(26) (black). We observe that beyond the common (up to
a horizontal shift due to the numeric error) transition point
with S(ηIN) = 0, the numerical result for the order param-
eter increases faster than that of the approximation in terms
of rank-two tensors. Fitting b

√
η − ηIN with fit parameter

b≈ 3.22 (gray) to the numeric data shows a very good agree-
ment close to ηIN and also points to a critical exponent of
1/2. From Eq. (29) we find b̃≈ 2.94< b for the analytical
approximation.

The reason for the stronger increase of the order parameter
in the numerical data is that the orientational distribution, Eq.
(23), and thus the expansion of the nematic order parameter S
in Eq. (25) are only exact at leading order in the orientational
anisotropy, i.e., up to the quadratic term in α. As demonstrated
in three dimensions,40,50 it is possible to include tensors of
higher rank to the expansion from Eq. (19) in a systematic
way (suitably chosen correction parameters). This results in
the presence of additional order parameters and a more accu-
rate analytic solution for the nematic orientational distribution.
For example, the nematic order parameter in Fig. 3 calculated
from such an approach would converge to the data from a free
minimization of the full functional.

FIG. 3. Nematic order parameter S(η) for discorectangles with aspect ratio
l = 9 close to the area fraction of the isotropic–nematic transition ηt as a
function of the area fraction η. Both numeric results for Eq. (15) (red) and
analytic results for the approximation (19) with a = 3 (black) show a second-
order transition between the isotropic and the nematic phases. Close to this
transition, the nematic order parameter can be fitted with a square root function
(gray), showing a critical exponent of 1/2, which agrees with that suggested
by Eq. (29). The inset compares the shape of S(η) for Eqs. (15) and (19) when
rescaled.
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FIG. 4. Density and orientation profiles for various
aspect ratios l and area fractions η. The orientation inte-
grated center-of-mass density is shown in the color plot,
while the local mean orientation is indicated with green
dashes for (a) the isotropic phase at l = 4, η = 0.4, (b) the
nematic phase at l = 9, η = 0.6, (c) the smectic phase
at l = 2, η = 0.8, (d) the crystalline phase at l = 2,
η = 0.9. For scale, a dash with length corresponding to
perfect nematic order (|S| = 1) is drawn in (a).

B. Inhomogeneous phases

Taking now also spatially inhomogeneous phases into
consideration, it is no longer possible to obtain an accurate
analytic solution of the functional. Instead, we perform a full
numerical minimization of the functional including the full
expression, Eq. (15), for the mixed weighted density. We
find in total four different phases for both DFT and MC:
(a) an isotropic phase with neither orientational nor spatial
order, (b) a nematic phase with orientational but no spa-
tial order, (c) a smectic phase with orientational order and
spatial order in one dimension, and (d) a crystalline phase
with both orientational order and spatial order in two dimen-
sions. Typical DFT profiles for these four phases are shown
in Fig. 4 and particle resolved sketches for these phases are
shown in the insets of Fig. 5. The phase diagram for vary-
ing aspect ratios (l = L/D) and area fractions (η) is shown in
Fig. 5.

The isotropic phase (I, green) is dominating at low area
fractions. For all aspect ratios at sufficiently high area frac-
tions, the discorectangles freeze into a crystal (Cry, purple),
with layers of discorectangles. Particles of adjacent layers are
shifted by half a particle width, allowing the rounded caps of
one particle to fill the voids between two rounded caps in each
adjacent layer [see the density profile in Fig. 4(d) or the inset
in Fig. 5]. Such a crystal allows for the closest packing (gray
dotted line in Fig. 5). The closest packing ηcp as a function of
the aspect ratio l is given by

ηcp =
l + π/4

l +
√

3/2
. (30)

For large aspect ratios, a nematic phase (N, blue) is found for
intermediate area fractions for both DFT and MC, although
the stability of the nematic phase is overestimated by DFT
when compared with MC data (black dashed line, Ref. 43), as
discussed in Sec. IV A.

For the first-order phase transition between a solid phase
(either smectic or crystal) and a fluid phase (either isotropic

or nematic), MC data are taken from the work of Bates
and Frenkel.43 These “melting/freezing lines” (black solid
lines in Fig. 5) are coexistence lines, which were calculated
via free energy calculations for l ≤ 7 and extrapolated to
larger aspect ratios.43 For this phase transition, the agreement
between the MC data and our DFT is very good. In particu-
lar, in the HD limit (l = 0), the transition density between the

FIG. 5. The phase diagram for discorectangles as a function of aspect ratio
and area fraction is shown for FMMT data (points) and compared with MC
data (lines). For the transition between a solid phase (S or Cry) and a fluid
phase (I or N), the corresponding melting and freezing lines for MC (black
solid lines, adopted from Ref. 43) are in very good agreement with DFT. At
sufficiently high aspect ratios, we find for the solid a transition from a smectic
(red) to a crystalline (purple) phase for both MC (red line) and DFT. Close
to this transition, the energy difference between the smectic and crystalline
phases was close to our numeric error bars. Those points are displayed with
open symbols for the slightly dominating phase. The stability of the nematic
phase (blue) is overestimated when compared with MC data (black dashed
line, adopted from Ref. 43). The topology is identical for both DFT and MC,
except that we find a columnar phase once in the DFT (gray). The closest
packing (gray dotted line) is shown for comparison. Sketches for the phases
are shown in the insets.
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isotropic and the crystalline phases matches the values found in
early computer simulations64 and DFT calculations based on
Eq. (19).11

For small aspect ratios (l ≤ 1), the discorectangles directly
freeze into a crystal when increasing the area fraction. At
higher aspect ratios (l ≥ 1.7), the discorectangles freeze first
into a smectic phase (S, red) with orientational and transla-
tional order in just one spatial dimension, before they cross
over to the crystal at even higher area fractions. We find this
behavior for both DFT and our refined MC. Close to this transi-
tion, the energy difference between the smectic and crystalline
phases is close to our numeric error bars. This uncertainty is
depicted in Fig. 5 with open symbols indicating the slightly
dominating phase. At l = 1.3 (close to the isotropic–smectic–
crystal triple point), we find in DFT a columnar phase, with
particle alignment parallel to the density layer, instead of a
smectic phase at a single state point between the isotropic and
the crystal. We do not observe this in MC.

Note that the MC data in Fig. 5 for the melting of the solid
does not take into account the possibility of melting via the
Kosterlitz-Thouless (KT) dislocation unbinding mechanism,
which would not be visible in DFT,11 but could influence sim-
ulations. However, such a melting scenario is only likely to
occur for very short rods, close to the HD limit where a KT
crystal–hexatic transition and a first-order hexatic–isotropic
transition are predicted.65,66 Reference 43 reported no evi-
dence of topological defects even for l = 1, and hence in
the regime explored with simulations here, we do not expect
this scenario. In contrast, the nematic–isotropic transition does
occur via a continuous KT transition.43

V. CONCLUSIONS

In conclusion, we have predicted the bulk phase diagram
of two-dimensional hard rods from fundamental mixed mea-
sure theory and found a stable isotropic, nematic, smectic, and
crystalline phase depending on the particle aspect ratio and
density. In general, it is mandatory to use a free minimization
technique to obtain the correct minimizing equilibrium state
in the density functional theory. At intermediate area frac-
tions, the second-order isotropic–nematic transition is equally
described by an analytical curve found from a simple expan-
sion of the functional. The density functional results for the
phase diagram agree well with our MC calculations, which
also show a stable smectic phase.

For the first time, we have implemented a free minimiza-
tion of the two-dimensional version of FMMT, which is not
feasible in higher dimensions. In further contrast to the three-
dimensional case, the mixed weighted density does not vanish
in the HD limit,36 and thus our approach also provides the
most accurate way to study the crystallization of the HD fluid
within the framework of FMT. Moreover, the value of the
free parameter in the computationally more efficient expanded
functional from Ref. 11 derived here appears to give bet-
ter results for the HD crystal11 and the liquid crystal surface
tension.67

For the inhomogeneous phases of very long rods at
high densities, a free minimization of FMMT becomes more
demanding. Following the examples in three dimensions,

this region of the phase diagram can be explored more effi-
ciently by systematically expanding the mixed weighted den-
sity for intermediate aspect ratios38 or by a linearization in
the orientation-dependence for highly aligned systems of very
long rods.21,50 Another possible simplification would be to
perform an (approximate) parametrized minimization, in com-
bination with the decoupling approximation.20 The latter is
well justified for the smectic phase since Fig. 4(c) indicates
that the orientational order is independent of the spatial coor-
dinate. This procedure could allow for an analytic calculation
in the limit of strong alignment.21,50

We have seen that the onset of crystallization is pre-
dicted very accurately for the aspect ratios considered here,
which should also be the case for longer rods since FMMT
recovers the cell theory limit.51 Note that, for some ver-
sions of the cubic term in the density, the three-dimensional
FMMT can diverge in an unphysical way when applied to
highly aligned long rods.20,51 There is no such pitfall for
FMMT (and the expanded form with a = 4) in two dimen-
sions. By construction, FMMT also reduces to scaled particle
theory for a homogeneous fluid, which is known to overes-
timate the pressure at finite density, and to Onsager theory
for infinitely long rods, which omits all relevant virial coeffi-
cients higher than the second. As a result, the nematic phase
is severely overstabilized compared to the isotropic fluid,
and we expect that the nematic–smectic transition of long
rods predicted by FMMT will occur at smaller densities than
found in computer simulations, which is also the case in three
dimensions.21

In the future, the theory should be applied and generalized
towards different situations: first of all, other particle shapes
such as two-dimensional ellipses68,69 or rectangles with sharp
edges53,70 can be considered, as well as mixtures between
particles of different sizes37,71 or shapes.72 Second, our bulk
phase diagram provides the starting point for a microscopic
theory of interfaces49,55 between two coexisting phases that
show interesting translational and orientational structures.73

Third, our density functional theory can be generalized towards
dynamical density functional theory74–80 describing transla-
tional and orientational Brownian dynamics of rods.45 Finally
our results for the phase diagram can in principle be veri-
fied by experiments using layers of monodisperse sterically
stabilized colloidal rod-like particles.29,81–86 Another macro-
scopic option is shaken granular rods87,88 on a substrate which
resemble equilibrium phase behavior.
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Veröffentlichung III J. Chem. Phys. 147, 134908 (2017) 87



88 Kapitel 2 Publikationen
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Using the classical density functional theory of freezing and Monte Carlo computer simulations,
we explore the liquid-crystalline phase behavior of hard rectangles on flat and cylindrical manifolds.
Moreover, we study the effect of a static external field which couples to the rectangles’ orientations,
aligning them towards a preferred direction. In the flat and field-free case, the bulk phase diagram
involves stable isotropic, nematic, tetratic, and smectic phases depending on the aspect ratio and
number density of the particles. The external field shifts the transition curves significantly and
generates a binematic phase at the expense of the tetratic phase. On a cylindrical manifold, we
observe tilted smectic-like order, as obtained by wrapping a smectic layer around a cylinder. We
find in general good agreement between our density functional calculations and particle-resolved
computer simulations and mention possible setups to verify our predictions in experiments.

I. INTRODUCTION

There are many ways to control structural ordering
and topological defects in liquid crystals. One way is to
expose them to an external field which aligns the particle
orientations and therefore favors the formation of orien-
tationally ordered phases.1–11 Another way is to confine
liquid crystals on a curved manifold which enforces the
formation of defects due to topological constraints.11–23

Our fundamental understanding of the structuring of liq-
uid crystals has been strongly aided by simulation stud-
ies of hard anisotropic particles, the minimal model re-
quired to obtain liquid-crystalline phase behavior.24–32

Moreover, dating back to the seminal work of Onsager,33

these systems have been studied extensively by the den-
sity functional theory of freezing (DFT).26,32,34–47

Although most studies on liquid crystals of hard par-
ticles are performed in three spatial dimensions, two-
dimensional systems have been considered extensively
as well.27,28,32,35–37,39,41,43,48,49 In two dimensions, the
phase behavior is often more subtle: even the phase
behavior of hard disks differs significantly from that
of hard spheres, due to the intervention of a hexatic
phase between the fluid and crystalline states.50,51 An
additional source of complexity can be formed by the
shape of the substrate supporting the particles. For
example, two-dimensional sheets of liquid crystals can
be constrained on a curved manifold resulting in liquid-
crystalline shells52,53 with many novel structural ordering
phenomena.54,55 These structures can be further tuned
by aligning fields to, e.g., control the number of defects
in the liquid-crystalline structure.56 One of the simplest
substrate shapes is a cylindrical manifold, where one of
the principal curvatures vanishes. Interestingly, system-
atic studies for highly ordered liquid-crystalline phases
(like smectics) on cylinders are not available for freely
orientable rods or rectangles. Previous work addressed
liquid crystals confined between two planar walls (see,
e.g., Ref. 57) and the anisotropic dynamics of isotropic
disks58,59 or parallel cylinders60 on a cylindrical mani-

fold.
In this article we combine two aspects of controlling

liquid-crystalline ordering, namely aligning external
fields and constraints by curved manifolds. We do this
for a two-dimensional system of hard rectangles and first
study its bulk phase behavior in the flat and field-free
case as a function of the particles’ aspect ratio and num-
ber density. To tackle this problem, we propose a new
DFT and perform complementary Monte Carlo (MC)
computer simulations, showing stable isotropic,36,49,61

nematic,36,37,43,46,49,62 tetratic,27–29,35–37,39,43,46,62–64

and smectic36,41,43,62 phases. Upon applying an aligning
external field, the phase transition curves are shifted
significantly and a binematic phase occurs at the expense
of the tetratic phase. We then consider the same system
on a cylindrical manifold, adjusting the external field
to favor orientation along the cylindrical perimeter.
Interestingly, a new tilted smectic-like order is observed,
which emerges from wrapping a smectic layer around a
cylinder. This is similar in spirit to helical hard-sphere
configurations inside cylinders.65,66 In general, we find
good agreement between our DFT calculations and the
particle-resolved computer simulations. Our predictions
can be verified in real-space experiments on strongly
confined colloidal rods67–74 and granulates.62–64,75,76

The paper is organized as follows: In Sec. II, we present
our new DFT and describe the MC simulations. The re-
sults from the DFT calculations and MC simulations are
presented in Sec. III, including the phase diagrams for
the flat bulk system of hard rectangles with and with-
out an external field as well as the extension towards a
cylindrical manifold. Finally, we conclude in Sec. IV.

II. METHODS

A. Density functional theory

DFT77–79 provides a versatile framework for determin-
ing the equilibrium density profile ρeq(~r, φ) of a system
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of interacting particles. The one-particle density profile
ρ(~r, φ) represents the probability density for finding a
particle with orientation φ at position ~r = (x, y)T. For
the rectangular particles considered in this work, φ de-
notes the angle measured counterclockwise from the pos-
itive x axis to the long axis of a particle. The key expres-
sion in DFT is the grand-canonical free-energy functional

Ω[ρ(~r, φ)] = F [ρ(~r, φ)]+

∫

R2

d2r

∫ 2π

0

dφ ρ(~r, φ)(Vext(~r, φ)−µ) ,

(1)
which is minimized by ρeq(~r, φ) and whose value
Ω[ρeq(~r, φ)] matches the equilibrium value of the grand
potential of the system. In Eq. (1), F [ρ(~r, φ)] is the
Helmholtz free-energy functional, Vext(~r, φ) is the exter-
nal potential acting on the particles, and µ is the chemical
potential. Unfortunately, F [ρ(~r, φ)] is rarely known ex-
cept for a few special cases (e.g., for monodisperse hard
particles in one spatial dimension80) and therefore usu-
ally needs to be approximated. It is commonly split as
F = Fid + Fexc into a sum of the analytically known
ideal-gas contribution Fid and an unknown excess term
Fexc. The ideal-gas term is given by

βFid =

∫

R2

d2r

∫ 2π

0

dφ ρ(~r, φ)
(

ln(2πΛ2ρ(~r, φ))− 1
)

(2)

with the inverse thermal energy β (also called thermo-
dynamic beta) and the thermal de Broglie wavelength
Λ.

For the excess term we propose a phenomenological
approximation

βFexc =

∫

R2

d2rΦ(~r) (3)

with the rescaled excess free-energy density Φ(~r),
which features all phases that were observed by
simulations27–29,37 and experiments62–64 for a fluid of
hard rectangles, i.e., an isotropic, a nematic, a tetratic,
and a smectic phase. An illustration of the different
phases is given by Fig. 1 further below. We write Φ(~r)
as a sum of four terms,

Φ(~r) = ΦOns(~r) + ΦFMT(~r) + ΦT(~r) + ΦP(~r) , (4)

which are explained and justified in detail in the follow-
ing.

To equip our functional with an appropriate
low-density limit, we start by using the Onsager
approximation33

ΦOns(~r) = −1

2

∫ 2π

0

dφ ρ(~r, φ)

∫

R2

d2r′
∫ 2π

0

dφ′ρ(~r ′, φ′)f(~r−~r ′, φ, φ′)
(5)

with the Mayer function

f(~r − ~r ′, φ, φ′) =





−1 , if particles with coordinates

(~r, φ) and (~r ′, φ′) overlap,

0 , otherwise,

(6)

which should perform well in the low-density limit of long
rods. As this term scales with second order in density,
our functional Fexc will inherit this low-density behavior
as long as all other terms on the right-hand side of Eq.
(4) scale with third or higher order in density. The term
ΦOns(~r) already yields an isotropic and a nematic phase
but does not feature a stable tetratic phase except for
squares. For high densities and spatial density modula-
tions, which are necessary, e.g., for a smectic phase, func-
tionals based on fundamental measure theory are known
to perform better than the Onsager functional.81

Thus, another term is needed to model a smectic
phase at high densities. As the particles should be well
aligned at high densities, we adopt the excess free-energy
functional for parallel hard rectangles, which was de-
rived by Cuesta and Mart́ınez-Ratón by a dimensional
crossover,82,83 and therefore introduce the term

ΦFMT(~r) = n2(~r)
(
−n0(~r) ln

(
1−n2(~r)

)
+
n1x(~r)n1y(~r)

1− n2(~r)

)

(7)
in our rescaled free-energy density. Here, the ni(~r) with
i ∈ {0, 1x, 1y, 2} are weighted densities as typical for fun-
damental measure theory.79,84 In the case of freely ori-
entable rectangles, they are defined as in Ref. 36 by the
angle-integrated cross-correlations

ni(~r) =

∫ 2π

0

dφ [ρ ? ω(i)](~r, φ)

=

∫ 2π

0

dφ

∫

R2

d2r′ ρ(~r ′, φ)ω(i)(~r ′ − ~r, φ)

(8)

of the one-particle density ρ(~r, φ) with the geometric
weight functions

ω(0)(~r, φ) =
1

4
δ
(D

2
− |xφ|

)
δ
(L

2
− |yφ|

)
, (9)

ω(1x)(~r, φ) =
1

2
δ
(D

2
− |xφ|

)
Θ
(L

2
− |yφ|

)
, (10)

ω(1y)(~r, φ) =
1

2
Θ
(D

2
− |xφ|

)
δ
(L

2
− |yφ|

)
, (11)

ω(2)(~r, φ) = Θ
(D

2
− |xφ|

)
Θ
(L

2
− |yφ|

)
. (12)

Here, δ(x) is the Dirac delta function and Θ(x) is the
Heaviside function; D and L with D < L denote the
width and length of the rectangular particles, respec-
tively, and xφ and yφ are defined as xφ = x cos(φ) −
y sin(φ) and yφ = x sin(φ) + y cos(φ). Except for the
prefactor n2(~r), Eq. (7) is identical to the correspond-
ing expression from Cuesta and Mart́ınez-Ratón.82,83 As
their original expression scales with O(ρ2), we need the
dimensionless prefactor n2(~r), which scales with order
O(ρ), in Eq. (7) to maintain the low-density behavior
from the Onsager term in Eq. (4).

Since the two previous terms do not feature a stable
tetratic phase yet, we introduce an empirical term ΦT(~r),
which suppresses nematic order and favors tetratic order.
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We make use of the squared Fourier coefficients |A2(~r)|2
and |A4(~r)|2, which are defined as

|An(~r)|2 =
1

ρ̄(~r)2

(∫ 2π

0

dφ ρ(~r, φ) e−inφ
)(∫ 2π

0

dφ ρ(~r, φ) einφ
)

(13)
with the angle-integrated center-of-mass density (i.e.,

concentration field) ρ̄(~r) =
∫ 2π

0
dφ ρ(~r, φ). On the one

hand, |A2(~r)|2 → 1 and |A4(~r)|2 → 1 holds for twofold
nematic order in a perfect nematic phase. On the other
hand, |A2(~r)|2 → 0 and |A4(~r)|2 → 1 holds for fourfold
tetratic order in a perfect tetratic phase. Thus a term as
simple as ΦT ∝ a |A2|2 − |A4|2 will favor tetratic order
while suppressing nematic order if a > 0, whereas a < 0
will favor nematic order. Since tetratic order is present
only in the tetratic phase, while the nematic and smec-
tic phases include nematic order, we require the switch-
ing coefficient a = a(L/D, n2) to dependent on both the
aspect ratio L/D and the weighted density n2(~r) in or-
der to adjust the phases at the correct positions in the
phase diagram. Choosing a = χT(L/D) − n2(~r) allows
a to switch between negative values for local area frac-
tions n2(~r) above an aspect-ratio-dependent threshold
area fraction χT(L/D) > 0 and positive values below
this threshold. For the area fraction χT(L/D) describ-
ing the transition between nematic and tetratic states,
we shift a tanh to positive values by writing χT(L/D) =
0.5c1

(
1 + tanh(c2(c3 − L/D))

)
. The parameter c1 corre-

sponds to the largest area fraction where tetratic order
is still possible, the parameter c2 describes the steepness
of χT(L/D) at its inflection point, and the parameter c3
sets the position of the inflection point. c3 should be close
to the largest aspect ratio where tetratic order is still ob-
served. Testing several values for these parameters, the
choice c1 = 0.85, c2 = 2/3, and c3 = 9 resulted in the
best agreement of the phase diagram obtained from the
functional (1) and the MC simulation data.85 The full
tetratic term then reads

ΦT =
5

2
ρ̄(~r)n2(~r)2

(
1 +

(
χT(L/D)− n2(~r)

)
|A2|2

− χT(L/D)|A4|2
) (14)

with the threshold area fraction

χT(L/D) = 0.425
(

1 + tanh
(
2
3 (9− L/D)

))
. (15)

In Eq. (14), the summand 1 in the outer parentheses
and the positive prefactor χT(L/D) in front of |A4|2 are
included to improve numerical stability. The prefactor
(5/2)ρ̄(~r)n2(~r)2 with the angle-integrated local density
ρ̄(~r) ensures both that the dimensions of ΦT are correct
and that ΦT scales with O(ρ3) so that the low-density
behavior of the Onsager term is maintained in Eq. (4). In
this prefactor, the proportionality constant 5/2 is chosen
to match the MC simulation data and constitutes the
fourth fitted parameter in this model.

Finally, we add the penalty term

ΦP(~r) = −n2(~r)2

D2
ln
(
1− n2(~r)

)
, (16)

which diverges for local area fractions n2(~r)→ 1, avoid-
ing unphysical overlap of the hard particles and enhanc-
ing the numerical stability of the full functional. Again, a
prefactor (n2(~r)/D)2 is chosen for reasons of dimension-
ality and to maintain the low-density limit described by
the Onsager term in Eq. (4) through ΦP(~r) scaling with
O(ρ3).

After inserting Eqs. (5), (7), (14), and (16) into the
rescaled excess free-energy density (4) and choosing an
expression for the external potential Vext(~r, φ), the equi-
librium density ρeq(~r, φ) can be obtained by a free min-
imization of the functional (1) with respect to ρ(~r, φ).
When an aligning external field is taken into account, we
choose the external potential as

Vext(~r, φ) = V0 sin(φ)2 (17)

with the amplitude V0. Otherwise, Vext(~r, φ) is set to
zero. Note that these expressions for Vext maintain the
φ→ φ+ π invariance of the system.

As in Refs. 61 and 86, the minimization of the func-
tional (1) is performed numerically in real space by using
a Picard iteration scheme79

ρ(i+1)(~r, φ) = (1− α)ρ(i)(~r, φ)

+
α

2πΛ2
exp

(
β
(
µ(i) − Vext(~r, φ)− δFexc

δρ(~r, φ)

))
(18)

with the mixing parameter α ≤ 0.01, Λ set to D/
√

2π,
and the functional derivative δFexc/δρ(~r, φ). To maintain
a constant area fraction, the chemical potential µ(i) is re-
calculated in every iteration step i. It converges to a finite
value during the iteration. As in previous works,61,86–88

we combine this iteration with a direct inversion in the
iterative subspace89–92 to improve the convergence. The
orientations of the rectangles are discretized in equidis-
tant steps of ∆φ ≤ π/24 and a spatial Cartesian grid with
step sizes ∆x = ∆y ≈ 0.03D is used. For the simulation
box, a rectangular domain with a size much larger than
that of a particle and with periodic boundary conditions
is used. When considering a flat system, we minimize the
grand-canonical free energy per area also with respect to
the width and length of the simulation box. In the case
of particles on a cylindrical manifold, the width of the
box is kept constant and equal to the circumference of
the cylinder, while its length is varied. In both cases,
the width and length of the box shall correspond to the
x and y directions of our Cartesian coordinate system,
respectively.

B. Monte Carlo simulations

In order to estimate the bulk phase behavior of hard
rectangles in the regime of interest, we make use of MC
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simulations. In particular, we simulate perfectly hard
rectangular particles in rectangular boxes with periodic
boundary conditions, at constant number of particles N ,
pressure P , and temperature T ∝ 1/β. Overlaps between
rectangles are detected using the separating axis theorem
(see, e.g., Ref. 93). Simulations consist of single-particle
translations and rotations, as well as cluster movements
that collectively rotate all particles whose centers lie in a
small circular region around the center of a random parti-
cle by 90 degrees. Additionally, in order to keep the pres-
sure fixed, the simulations include volume changes which
adapt the length of the simulation box along either the x
or y direction. We estimate the isotropic-to-nematic and
isotropic-to-tetratic transitions by measuring the aver-
age nematic and tetratic order parameters in the system,
which are defined as

Sk =

∣∣∣∣∣∣
1

N

N∑

j=1

exp(ikφj)

∣∣∣∣∣∣

2

(19)

with k = 2 for the nematic and k = 4 for the tetratic
order parameter. Here, φj is the angle measured from
the x axis of the system to the long axis of the jth par-
ticle. These order parameters are zero for an isotropic
system. In a perfectly nematic phase, where all parti-
cles are aligned along one axis, S2 = 1 and S4 = 1,
while in a perfectly tetratic phase S2 = 0 and S4 = 1.
Since the boundary between the smectic phase and the
lower-density phases is a first-order phase transition, the
simulation results typically exhibit hysteresis. In partic-
ular, the transition from a tetratic to a smectic phase
upon increasing density is often kinetically prevented, as
the system gets trapped in a state with multiple small
smectic domains. The effect of hysteresis is weaker on
decompression, as the smectic phase always eventually
transforms into a tetratic phase at sufficiently low den-
sity. Hence, to estimate the transition curve for the smec-
tic phase, we start simulations in the smectic phase and
determine at which density the layering disappears by
visual inspection. This approach is expected to overesti-
mate the stability range of the smectic phase, and hence
will underestimate the transition density by up to a few
percent. Note that while we refer to this phase as smec-
tic in this work, we did not closely examine the decay of
translational ordering in the system and hence do not re-
solve any distinction between a crystalline and a smectic
phase, which would both show similar layering.

We follow the same approach for determining the phase
diagram for rectangles in an aligning field, where we ap-
ply the external potential (17). To explore self-assembly
on a cylindrical surface, we fix the width of the peri-
odic simulation box to the desired circumference C of
the cylinder and allow volume fluctuations only along
the perpendicular direction. The length of the simula-
tion box is always much larger than C. To compare more
directly to the DFT results with constant area fraction,
we first compress the system from a low-density isotropic
fluid to the desired density by slowly ramping up the pres-

sure, and then fix the volume once the desired volume is
reached. In this effectively one-dimensional system, there
are no true phase transitions. As a result, the system
typically fluctuates between qualitatively different struc-
tures during a single simulation, and even forms domains
with different structures in different parts of the simula-
tion box. Hence, we usually find a variety of likely states
for a given combination of the cylinder circumference in
units of particle length C/L, the aspect ratio L/D of the
particles, their total area fraction η, and the amplitude
V0 of the external potential. To address this ambiguity,
we perform multiple independent simulation runs at each
state point and collect data on the observed structures
by visual inspection. The simulations involve N = 1000-
4000 particles for the flat space and N = 120 particles
on a cylindrical surface.

III. RESULTS

In this section, we explore the self-assembly of hard
rectangles. We first test the developed functional on flat
systems without an aligning external field and then ap-
ply it to both flat systems with an external field and to
systems on a cylindrical manifold.

A. Phase behavior on a plane without an external
field

For flat systems of hard rectangles in the absence of
any aligning fields, we find four distinct phases in the
parameter range considered here: an isotropic phase, a
nematic phase, a tetratic phase, and a smectic phase.
Typical equilibrated systems of rectangular particles ob-
tained from DFT calculations and MC simulations are
shown in Fig. 1 for all observed phases.

In the isotropic phase (see Fig. 1a), the particles are
disordered with respect to both position and orientation.
This phase is observed at low densities for all aspect
ratios. Also the nematic and tetratic phases are disor-
dered in space, but they show an anisotropic distribution
of the orientation. We find a nematic phase (see Fig.
1b) at intermediate area fractions for large aspect ratios,
which are L/D & 7 in DFT calculations and L/D & 9
in MC simulations. Although spatially disordered (i.e.,
spatial correlations are absent in DFT results and decay
exponentially in MC simulations), the orientational dis-
tribution shows a twofold symmetry, indicating that most
particles are aligned parallel to a certain axis. On the
other hand, the tetratic phase (see Fig. 1d) shows a four-
fold symmetry in the orientational distribution, which
indicates alignment along two perpendicular axes. This
phase is found at intermediate area fractions for small
aspect ratios. For high area fractions, we observe a tran-
sition to a spatially ordered smectic phase (see Fig. 1e),
where aligned particles form layers, with their orienta-
tions perpendicular to the layers. This is also known as
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FIG. 1. Typical equilibrium density profiles ρ̄(~r) and orientation fields indicating the local particle alignment (green dashes)
obtained from DFT calculations as well as snapshots of MC simulations are shown for all observed types of structures of hard
rectangular particles in two spatial dimensions. When V0 6= 0, an external field that aligns the particles in parallel to the x
axis is present. Perfect isotropic and tetratic phases were only found without such an external field, while a binematic phase
was only found in the presence of an external field.

a smectic A phase. In this phase, we also find parti-
cles that are located between and oriented parallel to the
layers, which is in agreement with observations in three
spatial dimensions.26

Figure 2 shows the DFT and MC results for the phase
diagram of rectangular particles on a plane. Both ap-
proaches lead to qualitatively similar phase diagrams
that include the same phases. Note that, in principle,
we expect crystalline phases at very high area fractions
for all aspect ratios, including a solid where the parti-
cles are tetratically ordered27 and a periodic crystal of
aligned particles on a rectangular lattice. However, it is
difficult to distinguish these phases from the tetratic fluid
and smectic phases, respectively. Hence, we do not at-
tempt to distinguish between the tetratic solid and fluid
or between the orientationally ordered crystal and smec-
tic phase in this work. Instead, we refer to them simply
as tetratic and smectic phases, respectively.

B. Phase behavior on a plane with an external field

We now extend our approach to systems of hard rect-
angles on a plane that are exposed to an aligning external
potential (see Eq. (17)), which acts purely on the orien-
tation of each particle. To investigate the effect of the
potential’s amplitude V0 on the phase diagram, we now
keep the aspect ratio of the particles fixed at L/D = 4
and show the phase diagram for varying potential ampli-
tudes V0 and area fractions η in Fig. 3. A striking effect of
the aligning field is the complete absence of the isotropic
and tetratic phases for potential amplitudes V0 > 0. As
the field favors alignment of the particles along the x axis,
it makes a purely isotropic phase impossible. Likewise,
the tetratic phase with four equally pronounced peaks in
the orientational distribution is no longer possible, as the
probability of alignment along the x axis will always be
larger than the probability of alignment along the y axis.
When considering, for example, a system with L/D = 4
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FIG. 2. Bulk phase diagram of freely orientable hard rectan-
gular particles on a plane without an external field obtained
from both DFT calculations and MC simulations. The aspect
ratio L/D and area fraction η of the particles are varied.

and η = 0.7, the tetratic phase is stable without an exter-
nal field, but turns smoothly into a nematic phase (with
preferred orientation along the x axis) when increasing
the potential amplitude V0. During this transition, the
peaks in the orientational distribution that correspond
to the y direction gradually decrease. As long as the
height of the former tetratic peaks is still at least 10%
of the height of the main peaks corresponding to the x
direction, we call this intermediate phase binematic (see
Fig. 1c). Note that these isotropic-nematic and tetratic-
binematic transitions are no true thermodynamic phase
transitions, since they do not involve jumps in the order
parameters.

In the phase diagram (see Fig. 3), the results of the
DFT calculations and MC simulations show the same
trends. When increasing the external field from V0 = 0
to βV0 ≤ 1, the binematic phase becomes stable at lower
densities for low aspect ratios. At V0 = 0, the tetratic
phase should be more stable than the nematic phase but
less stable than the isotropic phase for densities just be-
low the isotropic-tetratic transition density. When im-
posing an external field, which helps the particles to align
parallel or antiparallel to the x axis, at this density, some
tetratic order is maintained if the field is weak enough,
giving rise to a minimum in the nematic-binematic tran-
sition curve found for both methods. As the external
field is further increased, it eventually causes (nearly) full
alignment of the particles and a purely nematic phase be-
comes stable. Similarly, increasing the field strength en-

MC:
smectic melting curve
N-B transition

DFT:
isotropic (I) tetratic (T)
nematic (N) smectic (S)
binematic (B)

0

0.1

0.2
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N

S

B

I

T

FIG. 3. Phase diagram of freely orientable hard rectangular
particles on a plane in the presence of an aligning external
field for both DFT calculations and MC simulations. The
aspect ratio of the particles is now L/D = 4, whereas the
amplitude V0 of the external potential and the particles’ area
fraction η are varied. Perfect isotropic or tetratic phases are
found only for V0 = 0.

hances the stability of the smectic phase, where the par-
ticles are aligned along one axis. At large field strengths
with βV0 ≥ 4 in the case of DFT calculations and βV0 ≥ 2
for MC simulations, this effect saturates and no further
stabilization of the smectic phase is observed. In this
parameter region, the particles in both the nematic and
smectic phases are essentially fully aligned, and hence
further increasing the field strength has no effect on the
relative stability of the phases. It is important to note
that while the parameters of our density functional were
chosen in Eq. (14) to improve the agreement with the MC
simulation data for systems without an external field,
we made no adaptations to the functional for the case
with an aligning field. Therefore, it is remarkable that
the phase behavior predicted by our DFT calculations
and MC simulations still shows good agreement when an
aligning external field is present.

C. Phase behavior on a cylinder with an external
field

We now turn our attention from rectangles on the
plane to rectangles on the lateral surface of an infinitely
long cylinder, whose axis is parallel to the y axis. To
investigate the effect of the periodic confinement on a
cylinder, we vary the radius of the cylinder such that
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its circumference C ranges between 9D = 2.25L and
21D = 5.25L for a fixed aspect ratio L/D = 4 of the
rectangles. The lower limit is sufficiently large to avoid
cases where two particles could interact with each other
on both sides of the cylinder. In order to prevent the
system from simply forming nematic and smectic phases
with the preferred particle orientation parallel to the axis
of the cylinder, which would result in a phase diagram
quite similar to that for the flat case, we include an exter-
nal field to align the particles along the x direction. This
promises interesting results, because it favors the forma-
tion of smectic phases where the particles are aligned
along the (short) circumference of the cylinder. Such
an alignment results in a competition between the fa-
vored layer spacing of the smectic phase and the fixed
circumference C, leading to more complex self-assembled
structures that attempt to satisfy both constraints.

As on a plane, we observe a binematic phase with-
out spatial order and a smectic phase where the parti-
cles are aligned according to the external field. In the
latter phase, the layers are parallel to the axis of the
cylinder. In addition to these phases, we observe two
new phases that occur only on a cylinder: firstly, a tilted
smectic phase with layers along any other direction than
the cylinder axis and particle orientations still orthogo-
nal to the layers (see Fig. 4a) and, secondly, a smectic C
phase, where the particles are no longer oriented perpen-
dicular to the layers (see Fig. 4b). We observe these two
phases in both DFT calculations and MC simulations.
In the MC simulations, two further phases are found: a
columnar phase and a tilted columnar phase with particle
layers parallel to the particle orientation.

Figure 5 displays the phase behavior close to the tran-
sition between the binematic and the smectic phase ob-
tained from DFT calculations and MC simulations for
different cylinder radii. As one might expect, the smec-
tic phase is most stable for circumferences C just above
an integer number of particle lengths L and least stable
for circumferences equal to or just below an integer num-
ber of particle lengths. These circumferences correspond
to cases where an integer number of smectic layers fits,
or does not fit, onto the cylinder in the direction pre-
ferred by the field, respectively. Although observed at
η = 0.75 on a plane, no inhomogeneous density profiles
with smectic layers are found at circumferences 2.75L,
3L, and 4L, when using the DFT. In the MC simu-
lations, we observe multiple competing states for most
choices of the circumference and area fraction, indicated
by the presence of multiple colored slices at the same
state point in Fig. 5a. These fluctuations are a result
of the quasi-one-dimensional nature of our system: since
the system size is limited in the direction perpendicu-
lar to the cylinder axis, multiple structures can form in
the same system without macroscopically large interfaces
between them. Hence, fluctuations allow the system to
partly or fully transform to a different structure without
large free-energy penalties. Note that, since in the finite
systems considered here there are no true phase bound-
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FIG. 4. As in Fig. 1, but now for a (a) tilted smectic phase and
a (b) smectic C phase, which are observed only on a cylinder in
the presence of an external field that favors particle alignment
along the x direction. The plots show the unrolled cylindrical
surface (see Fig. 5b for the snapshots of MC simulations on
a cylinder). In both cases, the aspect ratio of the particles is
L/D = 4, their area fraction is η = 0.8, and the amplitude of
the external potential is V0 = 1/β.

aries between different states, classification of different
phases is partially subjective.

Interestingly, for increasing area fractions we observe
an increasing tilt of the smectic layers away from the
cylinder axis. This is understandable, as at lower area
fractions the system can more easily distort or incorpo-
rate defects that allow for a better total alignment of the
system. The observed increasing tilt of the particles is
further characterized by Fig. 6. There, we show the aver-
age particle orientation φavg ∈ [0, π) (see Fig. 6a) relative
to the x axis, i.e., to the direction along the circumfer-
ence, for the area fractions η = 0.75 and 0.8 and for
both the DFT calculations and MC simulations. As ex-
tracting the average particle orientation is difficult in MC
simulations, where the system continually shifts between
configurations with different average tilt angles, which
can be both positive and negative, we also show the av-
erage potential energy per particle Vavg (see Fig. 6b). We
typically find larger tilting and a higher potential energy
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FIG. 5. (a) Phase diagrams obtained from DFT calculations
and MC simulations as well as (b) MC snapshots illustrating
the individual phases for hard rectangular particles of aspect
ratio L/D = 4 on a cylinder, where an external field with
βV0 = 1 is present. We focus here on circumferences C and
area fractions η close to the transition between spatially or-
dered and disordered phases.

when we approach, but not exceed, an integer ratio C/L
from below. This effect is tendentially stronger at larger
area fractions. We observe these trends for both meth-
ods. The tilting allows the system to reduce the size
of the gaps between the smectic layers. At larger area
fractions, the lack of free space makes gaps between the
smectic layers even more unfavorable, further favoring
tilting over the formation of defects.

IV. CONCLUSIONS

We combined DFT and MC computer simulations to
investigate the phase behavior of two-dimensional ori-
entable hard rectangular particles both on a plane and
on a cylindrical manifold for systems with and without
aligning external fields. As a basis for our DFT calcula-
tions, we designed a new density functional that yields
all liquid-crystalline phases observed in experiments with
layers of hard rectangular particles.62–64 The resulting
phase diagrams agree well with our particle-resolved sim-

2.5 3 3.5 4 4.5 5
0

0.05
0.1

0.15
0.2

0.25
0.3

0.35
0

0.05

0.1

0.15

0.2a

b

DFT
MC

FIG. 6. (a) The average orientation angle φavg ∈ [0, π) due
to the particle alignment in the external field and (b) the
average potential energy per particle Vavg in a system of hard
rectangular particles with aspect ratio L/D = 4 on a cylinder
are shown as a function of the cylinder circumference C for
different area fractions η and the potential amplitude V0 =
1/β. Circumferences that are exactly an integer multiple of
the particle length L are indicated by dashed lines.

ulations.

Depending on the aspect ratio and number density of
the particles, we found stable isotropic, nematic, tetratic,
and smectic phases in the flat and field-free case. Apply-
ing an aligning external field shifts the transition curves
and enhances nematic order at the expense of tetratic or-
der, which generates a binematic phase. For a cylindrical
manifold, we observed in our DFT calculations both un-
tilted and tilted smectic-like order around the cylinder.
Additionally, the MC simulations showed both untilted
and tilted columnar phases.

Future studies could generalize our DFT towards a
dynamical density functional theory,94–101 which would
provide insights into the nonequilibrium Brownian dy-
namics of such systems. It would also be interesting to
consider other two-dimensional manifolds like cones and
spheres or other particle interactions like those of ionic
liquid crystals102 and magnetic nanorods.103 Our results
can be verified in experiments using sterically-stabilized
rectangular colloidal particles67–72,74,103 or shaken gran-
ular particles.75,76
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H. Löwen, Journal of Chemical Physics 145, 204508
(2016).

62 V. Narayan, N. Menon, and S. Ramaswamy, Journal
of Statistical Mechanics: Theory and Experiment 2006,
01005 (2006).

63 K. Zhao, C. Harrison, D. Huse, W. B. Russel, and P. M.
Chaikin, Physical Review E 76, 040401 (2007).

64 R. Sánchez and L. A. Aguirre-Manzo, Physica Scripta 09,
095002 (2016).

65 A. Mughal, H. K. Chan, and D. Weaire, Physical Review
Letters 106, 115704 (2011).

66 E. C. Oğuz, R. Messina, and H. Löwen, Europhysics Let-
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99 P. Español and H. Löwen, Journal of Chemical Physics
131, 244101 (2009).

100 R. Wittkowski and H. Löwen, Molecular Physics 109,
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Kapitel 3

Zusammenfassung

In diesem Kapitel werden die wichtigsten Forschungsbeiträge der dieser Dissertation
zugrunde liegenden Publikationen zusammengefasst:

Im Rahmen dieser Arbeit wurden zwei unterschiedliche Systeme im Bereich der
weichen Materie erforscht.

Auf der einen Seite wurde die Diffusion von Makromolekülen durch ein Hydrogel
untersucht: Dabei ist es durch Kombination dreier unterschiedlicher experimenteller
Methoden meiner Co-Autoren sowie mit Hilfe der von mir durchgeführten Brownsche
Dynamik Simulationen gelungen, präzise Werte für die Diffusionskoeffizienten in
diesen Systemen zu ermitteln und die mittlere Porengröße im untersuchten Hydrogel
zu bestimmen. Des Weiteren wurden starke Hinweise auf eine nicht-triviale anziehende
Wechselwirkung zwischen den Makromolekülen und der Polymer-Gelmatrix gefunden.

Auf der anderen Seite wurden Systeme anisotroper Teilchen auf zweidimensionalen
Mannigfaltigkeiten untersucht: Von methodischer Seite her wurden mit Dr. René
Wittmanns Adaption der FMMT auf zwei Raumdimensionen und der von mir ent-
wickelten Beschreibung harte Rechtecke in zwei Raumdimensionen zwei neue Dichte-
funktionaltheorien hergeleitet. Beide wurden von mir numerisch ausgewertet und mit
Monte-Carlo-Simulationen von Dr. Frank Smallenburg verglichen. Dadurch konnten
in der Ebene sowohl für Stäbchen als auch für Rechtecke die Phasendiagramme in
Abhängigkeit der Teilchendichte und des Länge-Breite-Verhältnisses bestimmt wer-
den. Für Rechtecke wurde darüber hinaus das Phasenverhalten unter Einwirkung
eines externen Potentials untersucht und das Phasendiagramm in Abhängigkeit der
Teilchendichte und der Potentialstärke in der Ebene ermittelt. Ebenso wurde das
Phasendiagramm von Rechtecken auf einer Zylinderoberfläche in Abhängikeit der
Teilchendichte und des Zylinderumfanges bestimmt. Zuletzt wurde das Verhalten
von Rechtecken in der Nähe gekrümmter Wände untersucht und dabei erstmals eine
Dichteabhängigkeit des Vorzeichens der Tolman-Länge entdeckt.
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dimensional hard rods from fundamental mixed measure density functional theory,
Journal of Chemical Physics 147, 134908 (2017)

[182] C. E. Sitta, F. Smallenburg, R. Wittkowski & H. Löwen, Hard rectangles near curved
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