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,,@ t’s a dangerous business,

Frodo, going out your door.
You step onto the road,
and if you don’t keep your feet,
there’s no knowing

where you might be swept off to.

J.R.R. Tolkien
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ABSTRACT

fa)

WJ theoretical analysis of the effects caused in graphene monolayers as a result of different
external influences is presented. Due to the special dispersion relation around the Dirac points in
graphene where the electrons can be described in terms of massless ultrarelativistic particles, this
material offers the opportunity to investigate entirely new phenomena that may ultimately lead
to the creation of new technologies or a deeper understanding of elementary physical processes
for example in quantum electrodynamics.

Recent experimental progress in the fabrication of ultraclean graphene samples allows for the
consideration of the ballistic regime where disorder effects can be neglected. Therefore, this is a
very active field of research enabling transport experiments, or for example the investigation of
proximity effects caused by nearby superconductors.

Within the context of this thesis, three settings are considered. In the first, an inhomogeneous
magnetic field profile is used to create a waveguide. Therefore, the electrons either exhibit circular
motions, also known as Landau orbitals in regions of constant magnetic field or snake motions
in the vicinity of the field sign change. Furthermore, the setup is interesting since it creates a
zero-energy flat band caused by the Landau levels and it will be demonstrated that it is possible
to evoke a dispersion only by taking into account intraband interactions, and even to transform
this insulator to a conductor by considering virtual transitions to higher energy bands. Hence, a
method is obtained to probe for the existence of interactions by merely performing a transport
experiment. The resulting conductor, which is interaction-driven and whose peculiar dependence
on the filling factor only occurs for the zero-mode, is not captured by the conventional description
and predicted to also be realizable in other settings.

Whereas in semiconducting materials usually used to create p-n junctions, doping and other
technical steps are required, the situation for graphene is much simpler. As a consequence of the
previously mentioned linear dispersion relation, the application of gates suffices to fabricate a

highly tunable uni- or bipolar interface. Herein, snaking behaviour does not originate from a
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change in the magnetic field but from the Klein tunnelling paradox allowing an electron to be
transmitted as a hole through a potential barrier. In this second part, the two geometries of a
straight and a circular symmetric p-n junction subject to a magnetic field perpendicular to the
graphene layer are regarded. The exact solution of the quantum-mechanical eigenproblem is
evinced and various results such as the existence of a chiral interface state, which travels in a
combined snaking-skipping motion, are postulated.

For the third setup, the graphene monolayer is contacted with another fascinating material with
unusual properties, videlicet a superconductor, which reveals a vanishing resistance below a
certain critical temperature. The proximity of this object causes the presence of another parameter,
in particular the superconducting gap, raising off-diagonal terms in the Bogoliubov-de Gennes
Hamiltonian. In this setting, it is especially intriguing to consider the simultaneous influence
of a magnetic field, which was rendered possible in the frame of certain parameters by recent
findings in this particular field of research. At the Dirac point, the astonishing result of unaltered
relativistic Landau levels is obtained while the observables exhibit a pronounced dependence on
the gap since also the eigenstates are subject to this parameter. Furthermore, an edge, as well as a

finite and a linear potential are added to the model evoking dispersion, edge and snake states.



ZUSAMMENFASSUNG

Folge verschiedener dufierer Einfliisse verursacht werden. Wegen der besonderen Dispersion-

rasentiert wird die theoretische Betrachtung der Effekte, die in Graphenmonolagen als

srelation am Diracpunkt in Graphen, an dem die Eletronen als masselose ultrarelativistische
Teilchen beschrieben werden konnen, bietet dieses Material die Moglichkeit, vollkommen neue
Phénomene zu untersuchen, die auf lange Sicht zur Herstellung neuer Technologien oder dem
tieferen Verstandnis elementarer physikalischer Prozesse beispielsweise in der Quantenelektrody-
namik fithren kann.

Kiirzlich erfolgter experimenteller Fortschritt in der Herstellung besonders reiner Graphenproben
macht die Betrachtung des ballistischen Regimes méglich, in dem Defekte vernachlassigt werden
konnen. Daher stellt dies ein duflerst aktives wissenschaftliches Feld dar, das die Moglichkeit fiir
Transportexperimente oder beispielsweise die Untersuchung der Erzeugung von supraleitenden
Effekten hervorgerufen durch die Néhe eines Supraleiters bietet.

Im Rahmen dieser Arbeit wurden drei verschiedene Aufbauten betrachtet. Im ersten wird ein inho-
mogenes Magnetfeld benutzt, um einen Wellenleiter zu erschaffen. Als Konsequenz vollfithren die
Elektronen entweder Kreisbahnen (sogenannte Landauorbits) in den Bereichen mit konstantem
Magnetfeld oder Schlangenbewegungen in der Nihe des Vorzeichenwechsels des Feldes. Weit-
erhin ist diese Situation interessant, da im Spektrum ein flaches Band bei Energie Null entsteht,
das durch die Landauniveaus verursacht wird. Zudem wird demonstriert, dass es moglich ist,
eine Dispersion hervorzurufen, indem man Wechselwirkungen innerhalb des Bandes in Betracht
zieht, und diesen bisherigen Isolator sogar in einen Leiter zu verwandeln, wenn auch virtuelle
Ubergénge zu hoherenergetischen Bandern berticksichtigt werden. Infolgedessen liefert dies
eine Methode, um die Existenz von Wechselwirkungen ausschliefSlich durch Durchfithrung eines
Transportexperiments zu Uberpriifen. Der resultierende Leiter, der durch Wechselwirkungen
getrieben ist und dessen erstaunliche Abhangigkeit vom Fillfaktor nur fiir die Nullmode auftritt,

kann nicht mithilfe des tiblichen Formalismus beschrieben werden. Dennoch ist anzunehmen,
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dass man diesen Zustand auch in anderen Aufbauten realisieren kann.

Waihrend bei halbleitenden Materialien, die iiblicherweise zur Herstellung von p-n-Ubergéingen
benutzt werden, Dotierungen und andere technische Schritte von Néten sind, ist die Lage fiir
Graphen deutlich einfacher. Infolge der bereits eingangs genannten linearen Dispersionsrelation,
ist es ausreichend, Elektroden anzubringen, um eine im duflersten Mafle einstellbare uni- oder
bipolare Grenzflache zu erzeugen. In diesem Fall tritt ebenfalls eine schlangenartige Bewegung
auf, die jedoch in diesem Fall nicht von einem Wechsel des Magnetfeldes herriihrt, sondern
durch das Klein-Tunnel-Paradoxon hervorgerufen wird, das es einem Elektron gestattet, als
Loch durch eine Potentialbarriere zu transmittieren. In diesem zweiten Teil werden die beiden
Geometrien eines geraden, sowie eines radialsymmetrischen p-n-Ubergangs unter dem Einfluss
eines senkrecht zur Oberfliche stehenden magnetischen Feldes betrachtet. Die exakte Losung
des quantenmechanischen Eigenproblems wird aufgezeigt und verschiedene Ergebnisse, unter
anderem die Existenz eines chiralen Grenzflachenzustandes, der eine kombinierte schldngelnde
und springende Bewegung vollfithrt, werden postuliert.

Fiir den dritten Aufbau wird die Graphen-Monolage mit einem weiteren faszinierenden Material
mit aufBergewohnlichen Eigenschaften zusammengebracht, ndmlich einem Supraleiter, dessen
Widerstand unter einer bestimmten kritischen Temperatur verschwindet. Die Nihe dieses Ob-
jekts verursacht die Prasenz eines zusétzlichen Parameters, der supraleitenden Liicke, die zu
nicht-diagonalen Termen im Bogoliubov-de Gennes-Hamiltonoperator fithrt. Hier ist es von
besonderem Interesse, die gleichzeitige Einwirkung eines Magnetfeldes im Rahmen bestimmter
Parameter zu betrachten, was durch neuerliche Befunde in diesem Forschungsfeld erméglicht
wurde. Am Diracpunkt wird das unintuitive Ergebnis unbeeinflusster relativistischer Landauni-
veaus erzielt, wohingegen andere Observablen durchaus von der Liicke abhidngen, da auch die
Eigenzustdnde von diesem Parameter verandert werden. Auferdem werden nacheinander eine
die unendlich ausgedehnte Graphenlage begrenzende Kante, sowie ein konstantes, endliches und

ein lineares Potential hinzugefiigt, die zu Dispersion, Rand- und Schlangenzustanden fiithren.
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INTRODUCTION

@ight from the moment when graphene was discovered in 2004, it presented a rich topic
of research both experimentally and theoretically due to its exceptional properties and carried
the hopes to render the establishment of new technologies as well as the realization of proofs for
basic physical predictions for Dirac fermions possible. Thus, graphene can be considered as a
two-dimensional laboratory to verify the predictions of quantum electrodynamics. For example, a
direct test of the Klein paradox on the basis of elementary particles succeeded only nearly 80 years
after the prediction and could merely be accomplished as a result of the discovery of graphene
(1, 2].

When studying the physics of the two-dimensional monolayers of graphene, especially the
low-energy regime around the Dirac point where two-dimensional massless Dirac fermions
accurately describe the underlying electronic properties, is interesting [3-10]. As a result of
recent experimental efforts, the disorder-free ballistic transport regime classified by comparatively
long mean free paths has become accessible due to the fabrication of ultraclean samples that can
either be setup as suspended [8] or encapsulated graphene layers in boron nitride crystals [11].
These developments can also be considered as a foundation and motivation to investigate most of
the settings treated in this work.

In chapter 3, a magnetic waveguide caused by an inhomogeneous magnetic field profile applied
to a clean graphene sheet leads to a zero-energy Landau-like flat band in the single-particle
dispersion. Other electronic systems exhibiting flat bands have been studied intensively [12-14],
which are reported to arise, for example, in succession of interference effects on geometrically
frustrated lattices. When the Fermi level, however, lies inside this flat band, insulating behaviour
is anticipated for neglected interactions, resulting in a vanishing conductance. Interactions, on
the other hand, can provoke highly non-trivial effects in different materials described by different
lattice models with flat bands [15-18], for fermions interacting on a short range on lattices with
unit cells that are geometrically frustrated [19-24], and in so-called diamond chains [19, 20],

as well as for interacting bosonic [25, 26] and cold-atom systems [27]. Albeit, the magnetic
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graphene waveguide considered here exhibits an extraordinary feature: Usually, the presence of
electron-electron interactions causes the suppression of conductance whereas in this case the
existence of Coulomb interactions can transform the primarily insulating system into a conductor
with exceptional properties that cannot be captured by the standard description for interacting
one-dimensional conductors, namely the Tomonaga-Luttinger liquid theory.

Chapter 4 is concerned with different geometries of p-n junctions in graphene, in particular a
straight and a circular junction, under the influence of a perpendicular magnetic field. As in the
previously discussed system, there are Landau levels in the bulk and also snake states although in
contrast to above they are not caused by the sign change of a magnetic field but as a result of the
interface between regions with positive and negative potential in combination with the Klein
tunnelling phenomenon. Experimentally, p-n junctions are easily fabricated in graphene just by
attaching suitable electrostatic gates and have attracted plenty of attention [28-46] realizing the
theoretical and experimental study of various physical regimes and different geometries.
Chapter 5, contains the study what happens if a proximity-induced superconducting pairing gap
is induced in the graphene layer owing to a s-wave superconductor placed in the vicinity, and
the simultaneous impacts of this parameter and a magnetic field are explored. The possibility
of observing both effects at the same time despite phenomena such as the Meissner effect, has
been established due to recent experimental studies on Josephson transport in graphene flakes
in the ballistic regime that were contacted with superconductors [47-57] where it was proven
that both effects are able to coexist even if the magnetic field is high enough to generate Landau
quantization [52-54]. In this setting, the counter-intuitive prediction of standard Landau levels
is found at the Dirac point, and the behaviour in the presence of a constant potential as well as
the discovery of snake states in the presence of a linear potential evoked by the application of an
electric field is described.

To summarize, after illustrating the necessary basics in chapter 2, the theoretical considerations
of a graphene sheet exposed to diverse influences, namely an inhomogeneous magnetic field
(chapter 3), a homogeneous magnetic field in combination with a step-like potential (chapter 4)
and, finally, proximity-induced superconductivity together with a constant magnetic field and
different potentials (chapter 5), are presented, before everything will be briefly resumed in chapter
6. Thus, interesting effects such as flat bands, snake states, as well as superconductivity-induced
pairing of electrons and holes, and also their consequences on physical observables have been
studied.

Whenever appropriate, these results are contrasted with those obtained from the equivalent
setting of a two-dimensional electron gas, where another two-dimensional material with different
underlying physics is considered, as the electrons here are described as Schrodinger fermions.
The settings were designed and the observables chosen in a manner that allows for experimentalists

to test the predictions and thus will hopefully advance research in this area of interest.
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— Uhis chapter provides the general basis necessary to understand the different calculations
and interpretations explained in the chapters 3-5, beginning from the special material graphene
which is the underlying substance in all the setups and whose interesting properties are exploited
theoretically, as well as the electron gas, which will be utilized to contrast these findings with
those for a material with different physics. In the following section the general concept of Landau
levels and hence the Quantum Hall Effect are discussed for both these systems. Furthermore, the
concept of waveguides, which can be realised in graphene using an inhomogeneous magnetic field
profile leading to the so-called snake states (as shown also in chapter 3), is treated. Besides, an
overview regarding the state of research on p-n junctions will be given, presenting the foundation
for the results shown in chapter 4. Although already in the context of the dimensionally reduced
electron gas as well as the waveguide one-dimensional systems were discussed, it is insightful to
also mention the Luttinger liquid and emphasise the difference with respect to the common Fermi
liquid. Moreover, the convenient tool of the mean field theory is presented as well as the special
formulations which can be applied to the cases of an electron gas with Coulomb interactions and,
secondly, superconductors which prove to be materials with the most interesting properties. The
consequences of combining a superconducting material and a graphene flake are discussed in
chapter 5. Finally, different approximations to actually evaluate the expressions for the desired
physical quantities are portrayed, such as the concepts of perturbation and linear response theory,
which can be applied in the situation with only a small time-dependent perturbation causing the
system to deviate from its constant state, and the Keldysh Green’s function technique enabling to

further elaborate the results thus obtained.
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2.1 GRAPHENE

M raphene is a peculiar material which has attracted a lot of attention since its discovery

in 2004 by Andre Geim and Konstantin Novoselov who received the Nobel prize for their work in
2010.

2.1.1 STRUCTURE AND GENERAL PROPERTIES

van der Vaals bonds between the different layers, and therefore allow for the separation of

raphite possesses strong covalent bonds within the plane and only comparatively smaller

monolayers. Such a monolayer is denoted as graphene, and it has a hexagonal symmetry due to
the structure of the sp?-hybridised carbon atoms. These o-bonds are formed by the 2s-, 2p,- and
2p,-orbitals which are positioned within the plane under an angle of 120° leading to the common
denomination of this Bravais lattice as honeycomb lattice whereas the out-of-plane p,-orbitals
build the strong covalent m-bonds. Nevertheless, it is usually described using a triangular lattice
with two atoms as a basis each forming a trigonal sublattice, labelled as A and B. The lattice

vectors connecting the different atoms of one sublattice are given by

a1 = 5(3,V3)
ap = %(3, —\/g)

(2.1)

with the bonding length a &~ 1,42A, and these are also those vectors along which the unit cell

(shown in figure 2.1) has to be translated in order to fill the entire space without gaps and overlap.

Figure 2.1: Left: Schematic drawing of the lattice structure with the two sublattices A and B,
denoted with blue and red, respectively. The unit cell is shown in green. Right: Reciprocal lattice
with lattice vectors and first Brillouin zone in yellow. Loosely based on [6].
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The energy ¢ ~ 2.8 €V required for jumping from one atom to the next, which equals switching
the sublattice, is much higher than the one necessary for going from one atom to the next nearest
on the same sublattice, which is approximated to be within the range 0.02 ¢ < ¢’ < 0.2 ¢ [6].

When regarding instead the k-space, one finds that the reciprocal lattice has again the structure
of a honeycomb lattice - only this time it is rotated by an angle of 90° with respect to the original
real space lattice and its side lengths are different. The points at the six corners are called Dirac-

or K-points and the two inequivalent ones are given by

o (.2)
- \3a’ 3\/§a
2w 2
(T,
3a 3\/§a

These points are important for most calculations and also have special properties as described

(2.2)

later. The fact that an electron can belong to either of these points is denoted as Valley degree of

freedom or pseudo-spin. The reciprocal lattice vectors

27
= —(1
bl 30,( a\/g)
2

b2 = %(L _\/g)

span the first Brillouin zone, which is the Wigner-Seitz cell of the reciprocal lattice.

Although graphene forms ripples due to stability reasons, it can be thought of as a two-dimensional
material since it only has the thickness of one atom but can be much larger in the other two
directions. As such, it offers a variety of special and useful properties such as flexibility and
chemical reactivity since it is thin and thus has a large surface, and its value of the tensile strength

is extremely high.

2.1.2 DIRAC FERMIONS AND SPECIAL DISPERSION RELATION

=)

\
L urthermore, a tight-binding Hamiltonian including nearest- as well as next nearest

neighbour hopping of the electrons can be written as [6]

H = —t Z (aLibU,j—i—h.c.>
(id)o
=t > (] a0 + bl bo + hoc) (2.4)

((@.9)).0

where ¢ (') is the energy required for hopping between neighbouring atoms (next nearest atoms)

as shown before, i.e. between different sublattices (within the same sublattice) A and B. This is
() 5

o.i» Do Which create

denoted by the different letters for the second quantized ladder operators a
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Figure 2.2: Left: Dispersion relation obtained from equation (2.5) showing the sixfold symmetry
of the first Brillouin zone. Right: Zoom close to the Dirac point.

or annihilate an electron with spin ¢ = 1, ] on the ith site of the respective sublattice. From this,

the dispersion relation can be derived and reads [6]

Ei(k) = +t\/3+ f(k) — ' f(k) (2.5)

with the function
f(k) = 2cos (\/gkzya) + 4cos <\g§kya> cos (2]%;@) (2.6)

where a is the lattice constant describing the distance between closest atoms. The positive sign
refers to the conductance band while the negative sign applies to the valence band. Obviously, for
a finite ¢/, the electron-hole symmetry is broken, leading to asymmetric energy bands which are
shown in the left panel of figure 2.2. As one can see, the two bands only touch in very distinctive
points in the spectrum which form a hexagon in the reciprocal space: These are the so-called

Dirac or K and K’ points marking the corners of the first Brillouin zone. Expanding the energy

dispersion around these points writing the wave vector as k = K + q with |q| < |K]|, one

obtains an energy which depends linearly on q up to the first order [58]

()]

with the Fermi velocity vy = 3ta/2 ~ 10° m/s =~ ¢/300. In stark contrast to the standard case of

Ei(q) =~ tvplq|+ O

free electrons exhibiting a quadratic dispersion, the Fermi velocity does not depend on the energy

or momentum and the linear dispersion, which can also be seen directly when zooming in on the
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Dirac points of the spectrum as depicted in the right panel of figure 2.2, is obtained. It resembles
the light cone for photons or generally speaking the energy dispersion of ultrarelativistic particles
whose motion is described by the Dirac equation instead of the Schrédinger equation. Thus, the
electrons in graphene can be described as massless Dirac fermions obeying the 2D Dirac equation
(6]

—tvpo - Vi(r) = EY(r). (2.8)

2.1.3 KLEIN TUNNELLING

@riginaﬂy the Klein paradox was observed by Oskar Klein when he applied the Dirac

equation to the problem of an electron impinging on a potential barrier. The nonrelativistic
answer in quantum mechanics is that the particle tunnels into the barrier with exponentially
strong damping. Klein, on the other hand found for his case that for a high potential barrier
the electron is transmitted with probability one and judged that already for a barrier of a height
Vo which is a multiple of the rest energy F of the electron, it should be nearly transparent [1].
This effect is not only highly unintuitive and contradicts the non-relativistic observation that the
damping of the transmission increases exponentially with the potential height, but for a long
time it was also not possible to put this prediction to a test.

In [2] the situation was adapted for graphene with the result of perfect tunnelling of the electrons
hitting a suitably high square shaped potential barrier with perpendicular incidence. In general, a
formula for the transmission probability was found depending strongly on the angle of incidence
¢, which for this limit of a high barrier (Vy > E = EF) reads

B cos?(¢)
T(¢) = 1 — cos?(g,D)sin*(¢)

(2.9)

with D being the width of the potential step and ¢, = \/ (E — Vo)?/h?v}, — k2. This result can
be interpreted considering the linear dispersion at the Dirac points assuming the Fermi energy
E'r lies in the conduction band outside of the barrier such that electrons are the charge carriers.
In the region of the barrier however, the Dirac cone is lifted due to the finite potential and thus
the Fermi energy is found inside the valence band, compare figure 2.3. Electrons with energy
E and holes with energy —F propagating in the direction opposite to that of the electrons are
related due to symmetry and originate from the same branch in the electronic spectrum with
a pseudospin ¢ pointing in the same direction. Hence, the electron penetrating the barrier is
transmitted in the potential step as a hole with opposite momentum and the same pseudospin and
hence the opposite chirality since this quantity defines whether the pseudospin and the direction
of motion are parallel or anti-parallel. In this context the phenomenon can be explained making
use of the conservation of the pseudospin, whose flip would need the presence of a short range
potential, meaning that an electron moving in one direction can only be scattered into an electron

moving in the same or a hole moving in the opposite direction [2]. The position of the Fermi
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Figure 2.3: Schematic illustration of the Klein tunnelling. Red and green label the different
pseudospin branches. The height of the Dirac cone is determined by the potential while the filling
is given by the energy E. Freely adapted from [2].

energy furthermore eliminates the first possibility. After the potential step, the hole is again
transmitted as an electron.

This behaviour has not only been predicted but also been verified experimentally in the context
of p-n junctions [59].

A different aspect is that this effect couples electrons and holes, similarly to the Andreev reflection
at interfaces with superconductors where electrons can be reflected as holes while a Cooper pair is
transmitted to fulfil all conservation rules. In [60] it was shown that Klein tunnelling through p-n
interfaces and Andreev reflection at a superconductor can indeed be mapped, making predictions,
such as pseudosuperconducting behaviour, for other systems with a band structure corresponding

to that of graphene.

2.2 ELECTRON GAS

3 istorically the model of the electron gas was an important means on the route to devel-

opping quantum field theory but also nowadays this picture finds ample usage when there is the
need to find an easily understandable model of complex solids from insulators to metals.

Considering an atom in a metal, it is advisable for this model to distinguish between three parts:
the positively charged nucleus (not caring about its composition), the electrons close to it, which
are strongly bound, and the valence electrons furthest away from the ion, which have the pos-
sibility to disengage from the respective nucleus and form an electron gas delocalized among
the different ions. This picture of a periodic lattice made of ions and the free electron gas which
surrounds and also stabilizes it due to the electric force, is the ground state of the system for zero
temperature. From this system, several excitations can be obtained such as phonons, plasmons,

magnons or simply electron-hole excitations [61].
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2.2.1 GENERAL MODEL: NON-INTERACTING ELECTRON GAS

or a lot of applications, it is sufficient to study the simplified model of an electron gas

neglecting interactions and there are two models which can be deployed.

LATTICE MODEL

W

— Un the phenomenological lattice model, a periodic lattice structure is taken as basis and
the ions are expected to only vibrate around their strict positions due to the energy they get from
a finite temperature while an electric force pulls them back to their original spot. The general

Hamiltonian for this system is given as [61]
H = (Ejapr + Hpn) + (Ter + Ver—er) + (Ver—iatt + Ver—ph) (2.10)

where Ej,44 is the energy of the lattice and Vg;_44¢ is the related potential built from the kinetic
energy of the ions and the potential energies between ions and electrons and ions among them-
selves. The quantized vibrations are summarized in a phonon field whose non-interacting part is
given by H,,; and the electrons in the system have a kinetic energy T¢;, interact with each other
according to V,;_; and with the phonons as V;;_,;, due to the electrical potential arising from
the vibrating ion.
Switching to zero temperature all vibrations (except for the quantum mechanical zero point
motion) can be neglected and the lattice becomes static. The Hamiltonian of this so-called Bloch
theory is given as

Hpioch = Tt + Ver—tast (r). (2.11)

The potential possesses the periodicity of the lattice, namely Vo1 (r + R) = Voi_jast(r) when
R is an arbitrary lattice vector. In order to solve this problem, it is convenient to transform from
real to k-space and thereby use that the Fourier transform of a periodic function of the form
V(r+ R) = V(r) follows as

V)= Y Vge'®r (2.12)

with the reciprocal lattice (RL) vector G. Solving the Schrédinger equation H g0 = E for
this problem yields [61] eigenfunctions with the identical periodicity compared to the underlying

lattice structure
.
Un ko (T) = Uk (r)e™ "X, (2.13)

which is hidden in the lattice periodical function w,, x(r + R) = u,, k(r). Here, the spin part is

k-

Xo Whereas the spatial part is expressed via the exponential function ¢’%*, n is the respective

band index and the wave vector k is chosen to be within the first Brillouin zone since any other
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vector would solely yield a copy of the same set of equations. Thus, it is obvious that mere plane

waves simply modified via a periodic function yield solutions.

JELLIUM MODEL

fa)

..VI-' nother possibility to model the situation of an ion lattice with a free electron gas is offered
by the Jellium model. Instead of working with a strict lattice as before, the Jellium model starts
from a smeared out homogeneous positively charged background, the so-called ion jellium, which
is expressed in terms of a static density. Thus, the periodic lattice potential is transformed into a
constant one called V,;_;.;, see figure 2.4.

Ignoring interactions among the electrons and hence looking only at the homogeneous part, the

Hamiltonian of the Jellium model simply consists of the kinetic energy of the electrons

Hjel =T,. (2.14)
Solving the Schrodinger equation
R2k?
Hjelwk,a = ka,a (2'15)
m

for this problem in a box with volume V' and periodic boundary conditions leads to plane wave

solutions )
Y o(r) = —eik'rxo. (2.16)

N

From this, the Hamiltonian in second quantized form can be written as [61]

R2k?
Hjel = Z om Ck7o_Ck70 (217)
k,o
using annihilation (creation) operators cl(j)o_.
Velat L L Veljel L
2 2 2

Figure 2.4: Left: Potential originating from the ions as considered in the lattice model. Right:
Smeared out step-like potential obtained in the Jellium model picture. Based on [61].
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FERMI SEA

A EJ rdering these states representing the wave functions of single particles, expressed in

terms of kets as ¢y , = |k, o), regarding their energies e, = h?k?/2m from small to large and
then filling the first IV states according to the number N of electrons in the system, leads to the
Fermi sea. It is expressed as [61]

4 g
[FS) = Chy o 1ol " Gl 1%%1,110) (2.18)

and yields the zero temperature ground state. The Fermi energy is defined as that energy of the
highest occupied state and from this quantity also the Fermi wave number kr, wavelength Ar,

velocity v and temperature T can be obtained as

V2 2 hk E
fp = YR T = 2F (2.19)
h kg m kg

with the Boltzmann constant kp. Due to its definition, for a system in the ground state, the
states with wave number |k| < kr equalling to energies €y < e are occupied while all others
are empty. Hence, the occupation can be expressed using a step function such as the Heaviside
function 0(x) for zero temperature. When increasing the temperature, however the Fermi-Dirac
distribution

1
nF<€k> = Temn — H(M — Gk) for T'— 0 (220)
ekBT 41

describes the occupation with the chemical potential ;. Much use of these quantities will be made

in the various sections of chapters 3-5.

2.2.2 ADDING INTERACTIONS

@

hen not only the homogeneous, but also the inhomogeneous part including the inter-
actions among the electrons encoded in the potential V,;_; is taken into account on top of the
described Jellium model, this can be either done using perturbation theory results (see [61] and

2.9) or exploiting the Hartree Fock method (compare section 2.7.2).

2.2.3 REDUCED DIMENSIONS

fa)

w Iready in three dimensions, the model of the electron gas is useful to explain the oc-
currence of materials behaving as different as metals and insulators since the location of the
Fermi energy relative to the different energy bands of the specific material defines this property.

Nevertheless, also reducing the number of dimensions yields interesting results.
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When combining different semiconductors such as gallium-arsenide (GaAs) and gallium-alumin-
um-arsenide (Ga;_,Al; As) which have very similar crystal structures resulting in interfaces of
good quality, it is possible to obtain an electron gas reduced to two dimensions [61]. The general
trick is that one of the materials (in this case GaAs) has a conduction band at a lower energy than
the other. Doping the second material with silicon (Si) thus introduces conduction electrons to
the system which tend to flow to the material with the lower energy band until they are held back
by the resulting electrostatic potential caused by the Si ions. Thus, when balance is reached, a
two-dimensional electron gas (2DEG) is fabricated at the interface and no longer just a theoretical

construct. This also modifies the wave function from equation 2.16 to [61]

Uk ey () = ;Ze"’“”e““yycn(z)xa (2.21)
when A is the plane and the nth eigenfunction belonging to eigenenergy ¢, is expressed as (,,(2).
Plane waves are kept in z- and y-directions whereas for the z-direction a quantization is found.
An interesting and graphene-related example for a one-dimensional electron gas system is a
carbon nanotube. It can be envisioned as a sheet of graphene that has been rolled up to form
a cylindrical shape with a diameter of about 4nm and a much larger length. Like graphene,
these carbon nanotubes have extraordinary properties such as being very strong and stiff when
comparing their tensile strength and elastic modulus to other materials. They can be fabricated
single walled or multi-walled and depending on the way the tube is rolled (defined via the edge
that ends up at the end of the tube as zigzag, armchair or chiral), they can behave differently
regarding their electrical properties, occupying the entire spectrum from being insulating, to
semiconducting and metallic. The single particle wave function for this problem becomes one-
dimensional and due to the geometrical symmetries it is convenient to switch to cylindrical
coordinates (z,r, ¢) since the m-bonds of the graphene layer bind the electrons to the surface of

the nanotube. The result reads

Bty (6) = jze“%,xrmw)xa (2.22)
[61] with the length L, the polynomial degree of freedom [, the radial wave function R,, ;(r) and
the angular part given by the spherical harmonics Y;(¢). At room temperature there is only one
degree of freedom left, in which the electron can move, which is along the axis of the tube chosen
in x-direction where also the plane wave remains, yielding almost perfect 1D behaviour. This
makes carbon nanotubes interesting not only for experiments but also for testing one-dimensional
theories such as the Luttinger liquid model (compare chapter 2.6).
If also the last dimension, in which the particles are free to move, is restricted, for example by
adding the appropriate number of gates to a 2DEG, a zero-dimensional so-called artificial atom or
quantum dot is created.

However, the 2DEG has often been used to contrast the results obtained in the chapters 3-5 for
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graphene with results for a system with the same dimensions but different underlying physics

since the electrons behave as Schrédinger or massless Dirac fermions, respectively.

2.3 LANDAU LEVELS AND QUuANTUM HALL EFFecCT IN 2DEG AND

GRAPHENE

@ oth in the two-dimensional electron gas (2DEG) and graphene, the existence of Landau
levels and the Quantum Hall Effect have been predicted and experimentally observed.

When applying a magnetic field perpendicular to the plane in which the 2DEG is situated, it
is possible to define two sets of second-quantized bosonic ladder operators a(f) and b(*) which

define the eigenstate of a Landau level as

(a)"(oF)™
vnlm!

with n,m = 0,1,2,... and n being the Landau level index and the eigenvalue to the number

I, m) = 0,0) (2.23)

operator 72 = a'a and analogously for i = bb [62]. From the calculation follows the Hamiltonian

1
H = hw, <aTa + 2) , (2.24)

which formally describes a harmonic oscillator, and thus also the eigenenergies

1
B, = hw, (n + 2) (2.25)
depend only on the number n resulting in a high degeneracy since the energy is the same for all
different m. This equals the fact that the energy of a Landau level, which can semi-classically
be thought of as an electron describing a circular motion within the magnetic field, does not
depend on its position in the plane which is encoded in the operators b(f) [62]. The degree of this

degeneracy can be expressed for a finite sample of width L, and length L, as

_ LeLy
s 27Tl23

(2.26)

with the magnetic length I = \/Ac/eB yielding a useful length scale of the problem.

Adding leads to the 2DEG and applying a voltage results in a finite conductance since there are
edge modes which can carry a charge across the sample. Within the semi-classical picture they
can be thought of as skipping orbits consisting of a series of half-circles along the border of the
sample leading to a propagating electron as depicted in figure 2.5. In terms of the energy spectrum
this happens due to the bending of the Landau levels close to the edges of the Hall sample, which
then cross the Fermi energy, forming a situation where the bulk is insulating while there are

current carrying modes with opposite direction in the vicinity of the two sample edges. Thus, the
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Figure 2.5: Finite-sized sample subject to a constant magnetic field B with Landau orbits in the

bulk and skipping orbits along the edges.

counter-propagating modes are spatially well separated, reducing possible back-scattering and
leading to a very precise quantized value of the conductance for low temperatures, namely the

integer Quantum Hall Effect [61]
2

GH = 2N % (2.27)

where the factor 2 is included taking into account the spin degeneracy.

For graphene, however, the quantities have different values due to the difference in the behaviour
of particles described by the Schrodinger equation as for the 2DEG and those behaving according
to the Dirac equation like the massless Dirac fermions in graphene. Hence, the Landau levels in

graphene have the energies
Ep gr = sgn(n)hwey/2|n| (2.28)

with n € Z and also the Quantum Hall Effect shows plateaus at values differing from the ones

noted before, namely
4e? 1

Gl = - (N + 2) : (2.29)

making it a half-integer QHE. The reason for the heights of the plateaus is that all levels are
four-fold degenerate due to spin and valley (or pseudospin) degeneracy accounting for the factor
4 but the zero-energy Landau level is occupied both by electrons and holes since it marks the
symmetry point, and both plateaus at +1/2 - (4e2/h) belong to these contributions [4]. This
half-integer QHE is very peculiar for graphene since even for graphite, a normal integer QHE

with level spacing 4¢?/h is observed.

2.4 WAVEGUIDES

— Uhere are different methods to reduce the number of dimensions, a particle can possibly
move in, ranging from conventionally confinements using electronic gates to special techniques

only applicable to materials with peculiar properties such as graphene.
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2.4.1 CONVENTIONAL METHODS

~)

L vor example, a conventional method is to use a structure like GaAs-GaAlAs, in which the
electrons are already confined in a two-dimensional electron gas (compare section 2.2.3 and figure
2.6) a), and then to add gates such as Schottky gates using methods like lithography on top of the
structure. Applying a negative voltage to these gates results in an expulsion of the electrons from
the respective areas below the gates in the 2DEG-layer and thus an effectively one-dimensional
channel is created, in which the electrons are confined. Such a structure is referred to as quantum
wire or waveguide.

Furthermore, there are also other forms of quantum wires such as carbon nanotubes (as also

described in section 2.2.3).

2.4.2 METHODS FOR GRAPHENE

@egarding graphene, further methods exist to manufacture a waveguide. Within this
material the electrons are already confined in a two-dimensional space and only one more
dimension has to be reduced. The straightforward way would be to cut a nanoribbon using a
traditional method like lithography but the resulting features like dispersion relation and band
structure are expected to depend strongly on the width of this ribbon and the quality of its
border. Furthermore, unavoidable features like disorder would lead to backscattering and other
ramifications in such a geometry and hence not allow for the detection of effects such as the
conductance quantization which would give evidence for the successful formation of a quantum
wire.

Hence, it is desirable to find yet another route to achieve a waveguide without negative side

<«— metal electrodes ® ©
Ga; Al As B D B
/(Si doped) C
2DEG D
~— GaAs C
D
C
D
a) b)

Figure 2.6: Left: Conventional method to obtain a waveguide by building GaAS(blue)-
GaAlAs(green) heterostructures leading to the creation of a 2DEG (red) that can be further
restricted using metallic gates (yellow), freely adapted from [61]. Right: Schematic drawing of a
snake state.
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effects. As described in [63], an inhomogeneous magnetic field profile containing an outer region
with one direction and a strip in the center with opposite orientation of the magnetic field can be
utilized. Whereas in the regions of constant field Landau orbits arise as described in the previous
chapter, along the lines where the magnetic field changes direction so-called snake states are
evoked which travel unidirectionally along these lines. Similarly to the skipping orbits in the
Quantum Hall Effect, these states can be explained in the semi-classical picture: An electron in
one of the two regions close to the changing line describes a motion along the circle of a Landau
orbit but as soon as it crosses into the region with opposite magnetic field, the direction of rotation
is turned and thus it results in a winding motion in the in-plane direction perpendicular to the
axis in which the magnetic field profile is inhomogeneous, see figure 2.6 b). Since for a finite
width of the central region, these snake states are spatially well separated, no backscattering is
expected and for the finite-energy bands thus a quantized conductance can be found [63]. The

zero-mode case is treated in chapter 3.

2.5 P-N JUNCTIONS IN GRAPHENE IN THEORY AND EXPERIMENT

P

creation of different devices such as diodes, solar cells or transistors. With conventional materials,

-n junctions have widespread use in semi-conductor physics because they allow for the

however, the fabrication process can be involved since it requires the combination and/or doping
of materials.

Graphene’s special linear dispersion relation, on the other side, provides the possibility to avoid
chemical doping (e.g. by adding ions) entirely and create a p-n junction solely by applying metallic
contacts and voltages. For example by adding a large backgate covering the entire graphene
flake and a smaller top gate (compare figure 2.7), one can tune the entire junction continuously.
Applying a voltage shifts the height of the Fermi level and thus the filling of levels, which thus
becomes tunable in both valence and conductance band, such that all different strengths of p
(hole-like) and n (electron-like) doping can be realized in both regions independently of each
other. This makes the controlling of both carrier type and density possible within neighbouring
areas of a single atomic layer [28] allowing for p-n, n-n’ and p-p’ junctions.

Depending on the strength of the magnetic field, different regimes can be observed: For low
magnetic field strengths, the electron can cover a longer distance without being much affected by
the magnetic deviation. When it hits the junction, it can either be reflected or transmitted as a
hole due to the Klein tunnelling phenomenon in graphene (see section 2.1.3). Hence, it will be
reflected back and forth either both in its half and across the entire cavity, resulting in Fabry-Pérot
oscillations, whose signature can be observed experimentally [45].

Increasing the magnetic field, the regime is reached where the semi-classical picture of snake
states can be utilized to explain the obtained features [43]. Unlike in the previous chapter where

a magnetic field change lead to the characteristic bending of the trajectory, in the case of a p-n
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Figure 2.7: Experimental setup of a graphene sheet with top and back gates creating a p-n
junction and the corresponding band structure at the Dirac point for the two regions caused by
the potential U (x). Loosely based on [28, 37].

junction the magnetic field is homogeneous but the charge carrier changes since an electron is
transmitted as a hole and vice versa — and even perfectly under normal incidence due to the Klein
paradox. As a result of the change of sign of the charge, also the direction of rotation is altered
and the snaking motion is triggered. The cyclotron radius of this motion can be tuned either by
changing the strength of the overall magnetic field or by altering the carrier density which can be
achieved by tuning the relative voltage. When doing so over a wider range, the particle snake
trajectory will alternatingly end up in the p or n part and then continue via skipping orbits to the
respective lead. This effect was experimentally seen in an oscillating conductance [45].

In an even stronger magnetic field, the semi-classical picture does not hold and the quantum Hall
regime is found, compare figure 2.8. As a result of the number of counter- (for the bipolar or p-n
junction) or co-propagating (for the unipolar, i.e. n-n’ or p-p” junction) states along the junction,
a quantized conductance was observed [28] and explained [64, 65], whose plateaus depend on the

carrier densities and thus on the applied voltages as

e? e e? e?

2—,6—,10—, ...
76h70h)

g = min(jml, ) - = 2 (2:30

Here, v 5 are the densities with |;| being the number of edge modes in the region i and assumed
to have the same sign, which means they propagate in the same direction. This means that only a
certain number of states crosses the entire system and connects both leads, namely the smaller
number of the two, whereas the rest of the modes is coupled only to one reservoir and does not
add to the conductance [64].

For different signs of the densities, a multimode edge state is formed along the junction which
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Figure 2.8: Schematic illustration of the evolution of the trajectories of the particles in a graphene
p-n junction with increasing magnetic field B, from nearly undisturbed curves leading to Fabry-
Pérot resonances (top left), to snake and skipping states (top right) and Quantum Hall edge states
(bottom), freely adapted from [45].

consists of the || and |v»| states which circulate in opposite direction. If full mixing is assumed

to be present, the two-terminal conductance follows as

s 2

e e
— el ¢ & 20C 3¢ 2C 2.31
lv1| + |v2] R h h (231)

since there are |v1| 4 |v2| channels in which the respective particle can be emitted and |v1]|v2] is
the number of modes [64].

In the literature, also many examples of studies to heterojunctions of higher complexity such as
p-n-p’ or n-p-n’ junctions can be found [29-31] where the same phenomena such as conductance
quantization and oscillations have been reported. Referring to the topic of waveguides described
in the previous section, also p-n junctions can be used to guide electrons in a graphene channel
[36].

Furthermore, it is possible to vary the geometry of such a heterojunction. In [37] a STM tip
was used to create a circular region with opposite charge carrier polarity with respect to the
surrounding area and resulting effects such as whispering gallery modes have been observed.
Both a straight and a circular p-n junction in a constant magnetic field have been regarded

theoretically in chapter 4 using an inhomogeneous potential V' (r).

2.6 LUTTINGER LIQUID

%
@ ost itinerant electron systems with three dimensions in which they are free to move can

be captured using Landau’s Fermi liquid picture [66, 67]. It describes the behaviour of many-
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fermion systems without any phase transitions that could break symmetry and can be applied to
a vast variety of systems such as metals.

However, once the desire to describe the properties of strongly interacting fermions confined
to one dimension arises, which are not included in the Fermi liquid theory, it is convenient to
consider the so-called Luttinger liquid picture. In order to arrive at this theory, the concept of the
bosonization formalism can be exploited [68]. After going through the steps of this derivation,
the result is a Hamiltonian similar to that of an elastic string whose eigenmodes are given by
collective low-energy fluctuations of the density. This is one example where Luttinger liquids have
characteristics which differ fundamentally from those of higher dimensional Fermi liquids. They
on the other hand exhibit incoherent excitations of particle-hole pair type which are absent in a
Luttinger liquid, just as single particle or quasiparticle-like excitations in general since all excited
states are exclusively given by collective modes. This can be explained using a comparatively
simple picture: Imagining a one-dimensional array of particles, one accelerates one of these in
one direction. Out of necessity it will hit the next particle in line and transfer its momentum since
interactions are allowed. The same procedure also happens to this particle and so on until the
entire motion, which initially was localized, spreads throughout the chain.

Another intriguing property of the Luttinger liquid is the so-called spin-charge separation. Begin-
ning from the fact that in a general system with interactions the charge and spin velocities are
different, 1, # u,, meaning that the propagating charge and spin oscillations travel with varying
velocities, it is possible to calculate [68] that the respective degrees of freedom have separate
dynamics and after a certain time charge and spin are even localized at separate spatial positions.
Furthermore, it is possible to define coefficients K, and K, which depend heavily on the in-
teraction. The one linked to the spin can be set to unity and thus the resulting power laws are
all determined non-trivially by the Tomonaga Luttinger parameter g7, = K,. An important

signature is given by the power-law singularity of the momentum distribution function [68]
n(k) < ng, — cisgn(k — kp)|k — kp|” (2.32)
and the density of states at the Fermi energy F'r which can be expressed as [68, 69]
N(w) o |w|? (2.33)

where v = (grrr + 1/9rrr — 2)/4. The only case where grp;, = 1 and thus there is no
singularity at the Fermi level, is given for vanishing interactions, i.e. when crossing to the Fermi
liquid theory. In this model, the density of states should be finite and the momentum distribution
step-like, as discussed in section 2.2.1.

There are also other quantities which can be expressed using asymptotic power laws depending

only on g7y, such as the Green function [69]

G(z) oz~ 177, (2.34)
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The above named features distinguish a Luttinger liquid clearly from a Fermi liquid and will be

used in chapter 3 to identify the material on hand.

2.7 MEAN FIELD THEORY

fa)

WJ system of many interacting particles is often challenging to describe physically since the
motion of one particle is determined by all others due to the interaction correlating all movements.
An approximation, which creates a so-called mean field by averaging over the influences of all
particles on the one chosen, fabricates an effective single particle problem easier to be solved.
This is illustrated in figure 2.9. Moreover, in order to guarantee self-consistency, the mean field
is chosen such that the free energy of the system is minimized. This technique is referred to as

mean field theory.

2.7.1 GENERAL MECHANISM

tarting with a Hamiltonian of the form
H = Ho + Vit (2.35)

which describes the underlying system composed of particles of two different kinds which are
defined via the annihilation (creation) operators a,(j) and b,(J) and whose non-interacting part is
given by

Hy =Y ¢&ala, +> &blb, (2.36)
v Iz
while the potential defining the interaction reads
Vit = Z VVHaV/M/aJIr/bLbM'aV" (2.37)
vy pp!

following the derivation presented in [61].
The density operators a,a,, and bLbu’ are assumed to deviate only slightly from the averages
(ala,/) and <bLbu’>’ and these small differences are declared as d,,,» and e/, respectively. Con-

sequently, the Hamiltonian can be rewritten as

H= HO + VMF + Z VV[A,V’;I,/dVV/eMH/ (238)
v pp!

where the second term is the mean field interaction

Vur = Z Vuu,u’u’ (aiau’<bLbM/> + bLbu/<aia1/> - <aiau’><b};bu’>> ) (2-39)

vV !
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Figure 2.9: The mechanism of the mean field theory leads from the complicated situation of
many interacting particles (left) to the situation of one particle under the influence of an averaged
background (right). Freely adapted from [61].

and the last term can be neglected since it is by construction given as the product of two small
numbers. Thus, the Hamiltonian reduces to Hy;r = Ho + Vasr. The expectation value <aJ,La,/>

can be evaluated self-consistently as

1
<aia1//>MF = Tr (e_ﬁHMFalaz/) = (ala,ﬁ (2'40)
ZmF
since it is a result of minimizing the free energy of the system Fy;p = —kpT In(Zyr) [61].

The mean field theory, or special adjustments of it, find application in several fields such as
ferromagnets, superconductors where BCS theory is used (compare section 2.8.4) or the electron

gas where the formulation of the mean field theory is called Hartree-Fock method.
2.7.2 HARTREE-FOCK METHOD

@educing the situation considered in the previous chapter to just one species of particles,
or, to be more precise, electrons, only one set of operators remains necessary and the indices p
and v henceforth refer to the identical set of single particle states. The mean field theory for these
special requirements is referred to as Hartree-Fock theory.

The Hamiltonian consists again of the two parts already described earlier
H = Ho + Ving (2.41)

but unlike before, the interaction term now contains more possible parts. While in the system
with two different kinds of particles only direct interactions among one kind were allowed, which
are called Hartree type interactions, with identical particles also the exchange, or Fock term is

possible. Thus, the interaction potential can be written as [61]

1
Vit = B Z V,,Z,/MM/CJLCLC'M/CV/ (2.42)
v pp!
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where the ladder operator product CiCLCM/ ¢,s is within the picture of the mean field theory

approximated as [62]

ciczcﬂfc,/ ~ cic,,r<chM/>MF + <c;r,c,,r>MFchu/
+ Cicul <CLCZ//>MF + <Cicu’>MFCLCz/
— (cicl,/>MF<chu/>MF F <C:r/C“/>MF<CLC,,/>MF. (2.43)

This is a general expression where the upper arithmetic operator refers to bosons while the lower
applies if there are fermionic particles to be considered, like in the example of electrons. The first
two terms correspond to the direct interaction, the third and fourth yield the exchange interaction
and the last two terms consisting of averages are subtracted in order to avoid double counting
[61].

From this expression, the Hartree and Fock terms can be read off as

1 1
Hartree __ — t _ t
V= 25 Vol + 5 3 VonaTiarchi

1 _
— 52‘/1,“7,/#/711,,/%““/ (2.44)

where the 7 ,, are abbreviated notations for the averages and

1 1
Fock — _
mec = D) Z Vuu7u’u’nuu/CLCV’ Y Z vau’u’npu’cjzc,u’
1 _
+ B Z Vo My My - (2.45)
At last, the mean field Hamiltonian according to the Hartree-Fock approximation can be obtained

as
HHF — HO + Vszrt'ree +‘/iFOCk' (2.46)

wnt nt

2.7.3 APPLICATION: COULOMB INTERACTION

gj onsidering the case of a homogeneous electron gas as hinted at before, the underlying
interaction is caused by electric forces and called Coulomb interaction. In second quantized form

it is in momentum space expressed as [61]

1 i i
V= ﬁ Z Z chk1+q,01 Cko—q,00 k2,02 Cki,01 (2.47)
0102 klkzq

with the volume V), the spin states encoded in 0(1,2)> the momenta of the incoming electrons

k(1,2), the exchange momentum q and the coulomb potential V5. This situation is depicted in
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k1+q,c\ |k2-q,62)
[k, / k2,02)

Figure 2.10: Feynman diagram illustrating the Coulomb interaction with incoming particles with
wave momenta k1, ko and spins o1 and o, respectively, which interact via the Coulomb potential
Vy and exiting particles with the properties ki + q, 03 and ko — q, 04.

figure 2.10.

With this the Hartree-Fock Hamiltonian for Coulomb interactions in electron gas follows as
Z P ey (2.48)
with the quantity

=&+ Y (Vo = 000 Vie1e ) - (2.49)
k' o’

Regarding this expression, the conclusion can be drawn that the direct or Hartree interaction
corresponds to outgoing electrons which have the same properties as the incoming ones since the
interaction process took place with an exchange momentum of q = 0, while for the exchange or
so-called Fock term the exchange momentum reads q = k — k’. This is the case if the electrons
actually exchange their momenta during the process.

The Hartree-Fock method will be employed in chapter 3.4 to treat the intraband interactions in

the 0th6 Landau level in the zero mode sector.

2.8 SUPERCONDUCTIVITY

Y
L\J et another interesting example where symmetry breaking happens and a formulation of
the mean field theory can be applied, is given by the superconducting phase transition occurring

in superconductors.

2.8.1 RESISTANCE IN NORMAL CONDUCTORS

@enerally, as already described in the models in section 2.2.1, ions vibrate around their

lattice positions with quantized frequencies up to the maximally possible so-called Debye fre-
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T

Figure 2.11: Left: Comparison of the resistance of normal metals and superconductors depending
on the temperature. Right: The parameters of the critical temperature 7> and magnetic field B¢
determine the transition between a normal and a superconducting material. Freely adapted from
[70].

quency and electrons are randomly scattered due to these vibrations causing electron-phonon
interaction. When an additional electrical potential is applied, the electrons get an overall drift
and a current flows. Due to scattering at the vibrating ions or impurities, energy of the electrons
is lost and absorbed by the lattice in the form of heat. As a cause of this dissipation, there is
resistance, which for normal metals can be expressed as proportionality factor between current
and applied voltage

V=R-I. (2.50)

This simple expression is called Ohm’s law and captures despite its plainness the underlying
physics in a wide range of resistance up to 24 orders of magnitude [70].

The resistance, however, is not a fixed value but depends on the temperature. While there is
a temperature-independent part that originates from electron scattering at impurities or other
imperfections in the material and leads to a finite resistance Ry at zero temperature, the lattice

oscillations and thus the scattering due to phonons lowers with decreasing temperature.

2.8.2 CONFINES OF SUPERCONDUCTORS

D

sistance at low temperatures, as the Dutch physicist H. Kammerlingh Onnes found in 1911 but

ifferent from normal conductors, superconductors don’t develop a saturated finite re-

their resistance drops to zero below a certain critical temperature! T, compare the left panel

of figure 2.11. Considering different isotopes of the same metal leads to the conclusion that the

1/2

value of this critical temperature depends on the atomic mass as T o< M ~/<, which means that

the lattice influences the process but only very subtly.

There are also other materials which only exhibit superconducting properties under high pressure or as thin films
[70].
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Nevertheless, not only increasing the temperature can destroy the superconducting effect but
also the raise of an external magnetic field, see figure 2.11, right panel. The critical magnetic field

B¢ at which superconductivity is destroyed depends on the temperature and can be expressed as

(70] ,
Be = By [1 — (;;) ] . (2.51)

Thus, the maximum value By is reached for 7' = 0K while B¢ vanishes at the critical temperature.
For most elemental superconductors B¢ is very low [70]. The sharpness of the transition between
super- and normal conductor upon reaching the critical field is defined by several parameters
such as the relative direction and the geometry of magnetic field and material.

In addition to these two values, there is also a third quantity, namely the critical current I that
can destroy superconductivity. It can be obtained as the current which will produce a magnetic

field of the same magnitude as Bc¢.

2.8.3 MEISSNER EFFECT

fa)

w s in a superconductor ' = 0 must be true since it is not able to sustain electric voltages,
one can deduce from Maxwell’s equation that the magnetic flux inside it should be constant due
to

8; = _-VxE=0. (2.52)
Thus, once a perfect conductor is placed inside a magnetic field, the flux should be constant within,
also when it is cooled below the critical temperature 7. This, however, is not the result found
when observing the given situation. Instead of being frozen in the superconductor, the magnetic
field is pushed outside of its volume, see figure 2.12. This effect is named Meissner effect after
its discoverer Walter Meissner who found it in 1933 together with Robert Ochsenfeld [71]. The
order of the two limits, i.e. whether the superconducting material is first placed in the magnetic

field and then cooled down or vice versa, does not affect this finding in stark contrast to the

> e —
. —/\
7N - ——7 N2
( ] >
N > \/
~— > "7
- \/—>
> — ——— 5
> B > B
T>T, T<T.

Figure 2.12: Nllustration of the Meissner effect. Left panel: In a normal conductor, the magnetic
field is also present inside the volume. Right panel: In a superconductor, the magnetic field lines
are excluded from the body. Loosely based on [70].
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situation at hand in normal conductors. This suggests that superconductivity can be regarded as a
thermodynamical phase [70]. The expulsion of the magnetic field can be rationalised in terms of a
screening current which runs along the surface and causes a magnetic field of the same magnitude
and opposite orientation with respect to the external field, making the superconductor a perfect
diamagnet with susceptibility x = —1 [70]. This property can be used to levitate a magnet over a
superconductor.
The screening current flowing across the surface has to have a small but finite extension inside
the material since otherwise the current density at the surface would be infinite. Therefore, also
the magnetic field can reach into the superconductor although being exponentially suppressed
according to

B(z) = Bye % (2.53)

with the so-called penetration depth A whose magnitude is around 10—100 nm for most pure
metals [70]. Also the penetration depth depends on the temperature: Whereas between zero
temperature and about 0.8 it is nearly constant, it then rises exponentially fast until it is
infinitely large at the critical temperature.

The magnetisation increases with rising external magnetic field and thus works against the
penetration and then falls to zero upon advancing B¢, which turns out to be a reversible process.
As a result of the expulsion of magnetic field lines from the interior of the superconductor, there
is a higher concentration of these lines close to its surface, which leads to a modification of the
value of B¢. This demagnetization effect depends on the geometry and the relative orientation of

field and material? [70]. The inner magnetic field is given as

(2.54)

as a function of the externally applied magnetic field B, and the demagnetization factor n.

As aresult, it is possible that there are conflicting points: Due to the above formula it can happen
for non-zero n that the external field B, = B is applied such that the material should transform
into a normal conductor. If that had happened however, the magnetization would have become
approximately zero and the inner field would only still be a fraction of the critical field leading to
a superconducting behaviour. Thus, between this certain fraction determined as B¢/(1 — n) and
B¢ the material is neither completely normal nor superconducting but is in an intermediate state.
It manifests as alternating layers of superconducting and normal behaving material throughout
the sample, which are oriented parallel to the field [70]. With increasing magnetic field, the
proportion of normal areas increases at the cost of the superconducting amount and hence, the

resistance grows continuously.

’E.g. for a spherical superconductor, the demagnetization factor is n = 1/3 whereas for a long but thin cylindrical
shaped superconductor it depends on the relative orientation and is zero parallel to the axis and n = 1/2 for a
perpendicular field [70].
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2.8.4 BCS THEORY

fa)

WJ s already mentioned in section 2.7, there is also a symmetry breaking for the transition
from a normal to a superconductor: it is given by the loss of gauge invariance [61], which means
that it is possible to add a constant phase for all electrons without changing the Hamiltonian. This
was investigated by Bardeen, Cooper and Schrieffer and thus is called BCS theory. One finds, that
it is possible within these materials to minimize their free energy by carrying a dissipationless
current as long as the energy cost for this lies below the cost for leaving the superconducting state.
The critical current I is reached when both energies are the same. Since the electron-electron
interaction mediated by phonons is known [61] to couple electrons with opposite spin 0 = 1, |

and momentum k, an operator for so-called Cooper pairs can be defined as

by = Ck,|C_Xk - (2.55)
The BCS Hamiltonian reads [72]
Hpes =Y &l yoxo + 3 Viwekrcl i cow it (2.56)
ko Kk’

with a coupling strength Viy. This interaction leads to the coupling of electrons in time reversed
states as Cooper pairs.

Going through the steps described for the Hartree Fock method described in section 2.7.2, assuming
that the finite expectation value of the pair operator does not vary by a lot from its average, the

Hamiltonian can be rewritten as

MF §k Ak [
Hicg = Z (CLT C—k,¢) (A* ¢ ) (cT ) + const. (2.57)
k k k -k,
Hy

Using a unitary transformation

Uy = <“i‘ _Zk> (2.58)
Uk Uk
the problem can be diagonalized via
Ex 0
Ul H, U, = < ok i ) (2.59)
k
with
1 €k
2
= — (1423
= 5 (1+5)
(-5
2
v = —(1-—+ 2.60
|vk] 5 i (2.60)



28 CHAPTER 2. FUNDAMENTAL PRINCIPLES

and
By = /& + |Ax? = —E. (2.61)

Considering the newly found fermionic operators which diagonalize this Hamiltonian and obey

’Yik,i —U Uk CT—k,i

from the old operators, one finds that they are composed as superpositions of electrons and holes

the transformation [61]

and with these so-called bogoliubons, the Hamiltonian reads
Hpds = Ek(%i,Wk,T +9 | Vk|) + const. (2.63)
k

From equation (2.61) it becomes obvious that no fermion excitations are possible with an energy
of less than the value |A|. Thus, this mean field parameter creates an energy gap in the spectrum,
the so-called superconducting gap, which is given as [72]

A
Ag=-Y" ka’f:‘ (2.64)
k/

This is the self-consistent BCS equation. BCS theory also gives a prediction linking this parameter

to the critical temperature as [61, 72]

2A(T = 0)

= 3.53 2.65
KaTe (2.65)

in good agreement with experiments. It behaves similar as the gaps in semiconductors but is
about three orders of magnitude smaller [70]. Plotting the ratio A(7")/A(T = 0) against T'/T¢
yields a universal curve on which all BCS-superconducting materials lie.

The theory that states that the Cooper pairs and normal electrons can be regarded as two different
fluids which mix between 7' = 0 where only Cooper pairs exist and 7 where there are only
normal electrons, is called Two Fluid Model. It can be utilized to explain the peak in the specific
heat at Tc as being caused by the additional amount of energy needed to excite a Cooper pair to
a normal state [70], which can be identified with the superconducting gap.

Measuring the magnetic flux in a free space surrounded by a superconducting cylinder yields
quantized values with a quantum of ®(, = h/2e where the factor of 2e is given by the charge of a
Cooper pair [70].

The value of the energy gap can be determined using single particle tunnel experiments where a

sharp jump in the current-voltage characteristic can be observed once the applied voltage reaches

Ale.
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2.8.5 NAMBU FORMALISM

fa)

WA n alternative notation for the above problem is the Nambu formalism. Its applicability is
founded on the similarities between the Frohlich interaction and Coulomb based electron-electron
interaction. In, 1960 Yoichiro Nambu found a way to alter the formalism that was formerly used
for the normal state such that it could be applied to the superconducting state [73]. Within the

formalism, a spinor consisting of two components for the electron

wk = < iva > , wlT{ = (CL,T C_k’¢> (266)

€kl

is constructed as before, and additionally a bare-phonon field operator

¢q,y = qu/ + bT—q,V (267)

is implemented with q being the wave vector of the phonon defining the momentum exchange
due to the Coulomb interaction and v the phonon mode.
With this, the Hamiltonian of a system of electrons and phonons interacting via Coulomb interac-

tions can be formulated as [72]
H = bl + > Qqubl gy + > R RN
k av KK v

1
T3 > <k3k4|VC|k1k2>(wlt3az¢k1)(¢lt40'z7/}k2) (2.68)
ki,ka k3 kg

with the Bloch energy of an electron €y, the energy of a phonon €1 ,,, the matrix elements gy 1/,
of the electron-phonon interaction, the Coulomb potential Vo, which encodes the interaction
of incoming and outgoing electrons with the different wavevectors k;, and the z-Pauli matrix
o, = diag(1, —1).

2.8.6 PROXIMITY-INDUCED SUPERCONDUCTIVITY

= Uhe Hamiltonian for a s-wave superconductor® with the gap A can be written as [74]

i, = 5 [ @il 0) gpors + Ao (269)
where )
5p:£g_“ (2.70)

3This notation relates to the symmetry, e.g. the gap with s-wave symmetry is A ~ Age'®.
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is the normal state dispersion and the four-component Nambu spinors are given as

Y(r) = (Yr(x), vy (v), ] (r), —¥i(r)" (2.71)

where 1" denotes transposition. When put in the vicinity of another material, e.g. a one-dimensio-
nal wire, the superconductor provides modification of the physics of the wire due to the proximity

effect and the Bogoliubov-de Gennes Hamiltonian of the one-dimensional system reads

Hy = % / drd' (z)Hqd(z) (2.72)
with
d(w) = (d1(w), dy(2), d| (2), —d} (2))"" (273)
Close to the Fermi energy,
Ha = vfpe0s (2.74)

follows with the momentum p,, relative to the Fermi point. Finally, the hybridization between the

wire and the superconductor can be expressed via [74]

Hr == [ @i ()o.d(2) + ' @00 (:)5()5(2). (275)

After some calculations, the induced gap follows as

I' for T A
Ajpg =2 T =~ (2.76)
A forT'>A
with a renormalization factor .
= 2.77
T (2.77)

and I' = 2714t? and the two-dimensional density of states 1/ at the Fermi energy. This quantity

massively modifies the spectrum according to

B(k) = £\/(Zork)? + (Bina)? (2.79)

as well as the coherence length of the proximity-induced superconductivity

_ g

§=1 (2.79)

which is much smaller than the coherence length of the original s-wave superconductor for strong
hybridization.

What happens if one combines a superconducting layer and a graphene sheet, thus introducing a
proximity-induced superconducting gap also in the Hamiltonian of this system, will be discussed

in chapter 5.
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2.8.7 MAJORANA MODES

X

ajorana bound states have hermitian operators as creation and annihilation operators, i.e.

v =t (2.80)

and possess no dispersion depending on a momentum quantum number [74]. If they are in
addition spatially isolated, they have zero excitation energy and other (non-Majorana) excitations
are separated by a finite energy gap. Furthermore, when trying to define their quantum statistics,
one finds out that they are neither bosonic nor fermionic. Instead, they seem to be of an entirely
new type, which is denoted as nonabelian quantum statistics. This means that upon the exchange
of two Majorana bound states, the resulting many-body state is neither unchanged (as would be
the case for bosons obeying commutator algebra) nor simply multiplied with a minus sign (as for
the fermionic anti-commutator algebra) but is subject to a unitary rotation in the subspace of the
degenerate ground state [74].
It is no use to search for an excitation consisting in identical parts of electrons and holes to allow
for the properties mentioned above in a normal metal or semiconductor because such excitons
are bound states of two fermions, namely an electron sitting in the conduction band and a hole
situated in the valence band. Thus, they are realized by products of two fermionic operators
describing electrons and holes and hence obey bosonic algebra [74]. Required, on the other hand
is an operator linear in fermionic operators and consisting in equal parts of electron and hole
states such as

v = c+cl. (2.81)

This is closely related to the bogoliubons created in the BCS theory except for the fact that they
are usually defined with a spin part as 4 = ucy + vci which spoils the wanted relation since
then vy # 'yi. Thus, the considered fermions have to be spinless in order to fulfil the algebra. This
requirement, however, makes it impossible to use a conventional s-wave superconductor since its
electrons have anti-symmetric spin singlet configurations while the orbital wave function obeys
s-symmetry. The easiest solution is to use a spinless so-called p-wave superconductor whose
orbital electron wave functions are antisymmetric and to search for zero-energy excitations in

this setting. Indeed, it is possible to construct Majorana bound states in this environment [74].

2.8.8 THERMODYNAMICAL PROPERTIES

(\/Eﬁ
xploiting the laws of thermodynamics, a lot of specialities of superconductors can be
found which will be briefly summarized here. Firstly, the difference between the Gibbs free
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energies of a superconductor in the normal and superconducting state without external magnetic

field is given as
_ 1o BE:
2

with the vacuum permeability 1. This prediction can be precisely verified experimentally [70].

gn(T, B, =0) — g5(T, B = 0) (2.82)

The entropy of such a material in the superconducting state is always lower than in the normal
state, defining the superconducting one as an ordered state. This fact can be used to cool down a
sample as a result of applying a magnetic field.

The in comparison most characteristic feature for superconductors is, however, as mentioned
above, the anomaly in the specific heat which has a jump at the critical temperature T¢.

In the absence of an external magnetic field, both the free energy and the entropy are continuous
at T and these facts combined with the jump in the specific heat render this a transition of
second order. In the presence of a finite magnetic field, on the other hand, the situation looks
different. Both the latent heat, which is proportional to the difference of entropies, and the critical
value B¢, which defines the difference in the free energies according to (2.82), are non-zero and
the transition becomes first order.

Superconductors can also be used as thermal switches in the low temperature regime since their
thermal conductivity decreases orders of magnitude at the critical temperature.

Furthermore, the Seebeck, Peltier and Thomson coefficients are all zero in superconductors making

them perfect devices to measure the thermoelectric power of another material [70].

2.8.9 COHERENCE LENGTH

fa)

wd nother characteristic parameter is given by the coherence length. The fact, that the
transition happens at a very sharp temperature up to 1075 K implies that there must be long
range phase coherence between the Cooper pairs taking part in the transition process. The
distance over which the order parameter will change at the interface between a superconductor
and a normal conductor is defined as coherence length. This quantity depends on the purity of

the material since it is proportional to the mean free path of the electrons.

2.8.10 JOSEPHSON EFFECT

f

so-called DC Josephson effect. Below the critical temperature, Cooper pairs build due to virtual

Jombining two superconductors just separated by a thin insulating layer leads to the

phonon interactions as described before and then condense to a ground state where all pairs have
identical quantum-mechanical phase ¢ and can be described via one macroscopic wave function.
The Cooper pairs face no resistance for tunnelling through the insulating layer and thus generate

a supercurrent

I = Icsin(Ag) (2.83)
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which again leads to a phase difference A¢ between the superconducting order parameters on
both sides. The critical current of the junction, denoted as I depends both on the temperature
and parameters of the junction. For [ > I there is a finite voltage [70].

So far, there was no external electric field difference but still a supercurrent flow was ob-
served. When a finite voltage is applied, the supercurrent oscillates with time at frequency
v =V/®y =484 MHz/uV-V [uV] [70] with the flux quantum ®( defined earlier. The current-
voltage characteristic exhibits plateaus at quantized values

nhf

V, = 2.84
5% (2.84)

of the voltage with an integer n and a microwave frequency f with which the step height fluctuates.
This means that whenever the condition v £ nf = 0 is fulfilled, a new plateau emerges. The
height of the plateau is again determined by the charge of a Cooper pair since when for a given
voltage V' the requirement 2eV = nh f is met, a Cooper pair can tunnel through the junction

coherently with the absorption or emission of n microwave photons of frequency f [70].

2.8.11 EXPERIMENTAL VERIFICATION: SQUID-TECHNOLOGY

<_J oth the Josephson effect and the flux quantization can be exploited to create a device
referred to as Superconducting Quantum Interference Device (SQUID), which enables the user
to measure magnetic fields as weak as 107157 in a wide range of application fields such as
biomagnetism (e.g. to measure the neural activity inside a human brain), geomagnetism and solid
state physics [70].
A DC SQUID can be built from two Josephson junctions put together on a superconducting ring
with two side arms which are positioned at the two central points between the junctions. The
current enters from one of these arms, say the left, and exits through the other. Such a device
is shown in figure 2.13. In between, it branches in the two possible halves of the ring leading
to interference effects as known from laser experiments such as the double slit fringes. This is
possible since the Cooper pairs form a single wave function and are in phase, comparable to
coherent light.
Since there are the DC Josephson junctions in the branches, there will be a finite voltage across
the entire device once the current in the branch is larger than the critical current. The critical
supercurrent of the junction reacts furthermore sensitively to the application of an external
magnetic flux through the ring. It shows maximum values for a vanishing flux as well as for
integer values of the flux quantum ®( and is minimal for half-integer values of ®.
Hence, as a consequence of interference both current and voltage fluctuations can be observed
which resemble diffraction patterns. Due to its mechanism, the SQUID can detect small magnetic
fields of the size of a fraction of the flux quantum making the creation of real time brain maps

possible.
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AR
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Figure 2.13: Schematic drawing of a SQUID where insulating material is distinguished as red
while the superconductor is grey. Adapted from [70].

Another possibility is to build a resonant frequency (rf) SQUID which only needs one AC Josephson
junction. If the AC current reaches its resonant frequency, the voltage across the ring, which
again is interspersed by a magnetic flux, oscillates with the periodicity of the flux quantum. This
device has to be cooled to the temperature of liquid helium [70].

The SQUID method can be utilized to experimentally test some of the results shown in chapter 4.

2.9 PERTURBATION THEORY

)
@ xact solutions to mathematical problems are often beyond reach or depend intricately on
the different parameters so that they can hardly be used. Approximate solutions can be achieved
from a number of mathematical tools included in the perturbation theory. It can be exploited if
the problem can be expressed in two terms where the first has a strong effect on the system and

is exactly solvable and the second constitutes only a small perturbation as [75]
T(z)=T+2T". (2.85)

Here, x is a scalar parameter which is assumed to be small, 27" is the perturbation and 7'(0) = T'
gives the uperturbed situation. It is now possible to express such a problem as Taylor expansion
inx as

T(z) =T+ 2TW + 27?4 (2.86)

Since the perturbation and thus the deviation from the exact solution for the unperturbed system
is supposed to be small, it can be argued to truncate the series after a certain number of terms.

Inserting this approximation into the original problem and solving for the different terms finally
yields the values of the quantities 7(") and a sufficiently good estimation of the wanted solution,

unless the problem is nonperturbative.
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2.10 LINEAR RESPONSE THEORY

fa)

w nother way of handling the influence of an external perturbation on a system is given
by the linear response theory. As the name already tells, it assumes that the response of an
observable to this small perturbation is proportional to it and only leaves the question how the

coefficient defining this proportionality looks like.

2.10.1 KuBO FORMULA

@egarding a quantum system, which in thermodynamic equilibrium is described via the
unperturbed Hamiltonian Hy, with an added time dependent perturbation H'(t) switched on at a
time t = ¢ according to

H(t) = Ho+ H'(t)0(t — to), (2.87)

the expectation value of an operator A at a time ¢ > ¢y is given as [61]

(A1) = o ()| Aln(e)e ™ = - Trlp(t)A] (2.89)

Zy 4 0

In this expression, Zy = Tr[po] is the partition function to the density operator po, the {|n(t))}
form a complete set of time dependent eigenstates with eigenenergies { £, }, evolving according
to the Schrédinger equation

i0|n(t)) = H(t)n(t)), (2.89)

B = 1/kpT is the inverse temperature and the density matrix evolving with time reads
p(t) =D In(t))(n(t)|e . (2.90)
n
It is convenient to consider the interaction picture denoted as |7i(t)) = ¢of|n(t)) and thus
n(t)) = e~ (1)) = e T (1, 1) o)) (291)
with the unperturbed initial eigenstates |n(tp)) and the unitary operator [61]

. ) ) t
U(t,to) — e’LHote—ZH(t—t())e—’LHoto ~1—3 dt/H/(t/) (292)
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With this the expectation value follows to first order in the perturbation as

(A0) = (AW i [ a1 Y eI o) A H (W) — H (AW ol
= (A1 [ (AW, 29)

where (...)o denotes averaging in the equilibrium situation with only Hj acting on the system
and [z, y] = xy — yx is a commutator. This result can be rewritten using the retarded correlation

function

Ol (8,) = —if(t — ¢'){[A(t), H'(t)])o (2.94)

as the linear response result

S(A()) = (A(t)) — (A(t))o = |  d'CRy(t,t)e 1), (2.95)
to
which is referred to as Kubo formula where the exponential factor with infinitesimal small n — 0T
was added to ensure that a response is suppressed for times ¢ > tg [61].

Fourier transforming leads to

o g )
OB (t,8) = / eIt — ) (2.96)
—00

and thus the corresponding result in the frequency domain

5(Au) = Cly ,(w) = /_ dte™te " C Ry, (¢). (2.97)

2.10.2 CONDUCTANCE

— Whe Kubo formula finds useful application for a lot of calculations, as example, the conduc-
tance has been chosen here since it will be evaluated using exactly this method in chapter 3.5.

The conductance G is according to Ohm’s law
I=G-V (2.98)

the coeflicient defining the proportionality between the current I and the applied voltage V'
and therefore allows for the use of linear response theory. After some algebra, the conductance
follows as [61]

'6.62 R

w—0 w

with the retarded current-current correlation function which in time domain is given as

CRt—t) = —ib(t — ") (I (), I(t)]). (2.100)
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The current operator I (t) describes the current flowing through an arbitrarily chosen cross section
of the sample at a time ¢.

The open issue remains to calculate explicitly the value of the correlator. Since it requires
evaluation at different times and depends on the time dependent perturbation, one possibility is

to employ the Kelydish Green’s function approach discussed in section 2.11.

2.11 KELDYSH FORMALISM

@
idespread use in mesoscopic systems for the description of transport phenomena falls
to the Keldysh nonequilibrium Green’s function technique. The standard time-ordered zero-

temperature single-particle Green’s function is given by [76]

i (Wo| T{wu (w, )¥h; (', ') }[ o)
h (Wo|Wo)

Gx,t; 2, ') = (2.101)

with the time ordering operator 7, the wavefunctions ¢z (z, t) being eigenfuntions of the Hamil-
tonian H and the exact ground state |Uy).

In the interaction picture, which is adopted here, the starting point is given by a Hamiltonian
H = Hy+ V(t) where Hj does not depend on the time and is separated from the time-depending
part V (t). Performing a unitary transformation using only the trivial part Hy [61] leads to both
time-dependent states 1)(t) and operators O(t) where the states develop with the more intricate

interaction part of the Hamiltonian according to
b(t) = U)(0) (2102)

with the unitary operator
U(t) = ettlote—ilt (2.103)

whereas the operators are only influenced by Hy,
O(t) = ot O(0)e ot (2.104)
In the next step, it is useful to define the S-matrix

S(t,t)=U®)U(t) (2.105)

with which the wavefunction t(#') can be transformed to ¢)(t) as

D(t) = S, ) (). (2.106)
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One complexity of the definition in equation (2.101) is that the exact ground state |¥¢) required
for computing the Green’s function is actually a result to be obtained using this exact function. In
order to circumvent this intricacy, the known non-interacting ground state |®() can be used and

then connected to the exact one via
[Wo) = 5(0, —00)[Po) (2.107)
leading to [76]

i (Do T{S(c0, —o0)t(z, )t (2, ') }| Do)
B (@o]S (00, —00)|Po)

Gz, t;2' ) = — (2.108)
using (Vo] = (Pg|S(o0,0) and that the S-matrix conforms to the group property S(t,t') =
S(t,7)S(t,t'). Expanding the S-matrix perturbatively in V' (¢) yields

o0

n+1
Z / dty..dt, T{V (t1) - ...- V(t,)}. (2.109)

Due to the fact that an average potential V' (¢) contains three to four field operators, terms similar

to

(@o| T L) ()T (1) (t2)) (t2)3b (1)} @) (2.110)

and of higher order need to be evaluated. Using Wick’s theorem which states that this can be

done by summing over all pairwise contractions the result [76]

e o}

Gl b5, #) = =+ S (i) /Oo iyt (BT (@, ) (2 NV (1) - s V()| D) comn
n=0 -
(2.111)

is obtained after some combinatoric considerations. The sum only considers connected diagrams
which are topologically different from each other.

The above results were achieved studying a system in equilibrium. When turning to nonequilib-
rium, it is possible that the system does not return to the initial starting state even after infinitely
long times. Thus, the state at ¢ = —oo is not necessarily the same as the one at ¢ = co. The

Hamiltonian for the newly considered system is
H=h+H'(t), h=Hy+H; (2.112)

where H) is trivial and can be treated using Wick’s theorem, H; contains all many-body aspects,
and the rapidly varying time-dependent external perturbation H'(t), for example caused by an
electric field, i.e. the nonequilibrium term, is assumed to only be switched on after a time %.
Going through similar calculations as above, also for this more complicated case, a structurally
alike formalism can be obtained.

Due to the inequality between the initial and the final state, it is not advantageous anymore to
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Figure 2.14: Example of a Keldysh contour with positive and negative branches as well as the
real and imaginary time axes.

use time-ordering as implemented before using 7 but to order along the Keldysh contour. In
general, it starts at g but can also be extended to {g — —oo if initial correlations are not of
interest for the regarded problem since this piece of information gets lost doing this. The contour
then leads to the point ¢t where the wanted quantity should be evaluated, which is called the
forward branch and denoted by s = —. It can be extended to co before turning back to build
the backward branch s = +, which leads again to the starting point £y and from there along the
imaginary time-axis from 0 to —i3 where 5 = 1/kpgT is the inverse temperature, see figure 2.14.
If the initital contribution from the part from ¢ to £y — i is negligible and one thus performs
both extensions, the result is a contour with only two branches with the first starting at —oo,
going to oo called C' and the second returning to —oo called C'5. Hence, the contour-ordered

Green’s function is composed of four different parts as [76]

Ge(z, t; 2/, t")  t,t e Cy

Gt ) G (x,t;2,t") teCot' € Cy 2.113)
.t ) = .

GS(z,t;2,t") teC,t € Cy

ga(.l‘,t; $/,t/) t,t/ c CQ

with the time-ordered Green’s function

Ge(z,t;',t) = —i(T[gu (@, )Pl ¢)]) (2.114)
= —iO(t — ) (W (@, )l (2, 1)) + O — t) (Wl (2’ ) u(x,b)),

and the antitime-ordered Green’s function

Gela, t 2 1)) = —i(T[m(a, )l () (2.115)
= —iO(t' — ) (W (x, )l (2, 1) + Ot — ) (Wl (@', )u(a,1)),

as well as the greater function

G (z,t; 2! ) = —i(Pp (x, )l (/1)) (2.116)
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and the lesser function
G= (2, t;2',t') = +i (W} (2, ¥ ) (,1)). (2.117)

Due to G. + Gz = G< + G~, only three of the above are linearly independent.
With these functions important quantities such as the electron density or the current can be

calculated as done in chapter 3.5.
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I

— U n this chapter the general setup of a magnetic waveguide in a clean graphene sheet was
examined. For this situation a zero-energy flat band as well as finite energy snake states should be
present. The questions pursued in the following were whether it is possible to create a dispersion
and even conductance due to introducing interactions in and between the levels and if the answer
is positive, how the dispersion will look like. This is counter-intuitive from the outset since
usually interactions tend to suppress conductance. The entire chapter is based on the publication
[77].

This approach could lead to a novel experimental method to probe the existence of electron-
electron interactions in clean graphene via transport experiments since there is only a finite
conductance in the presence of interactions. Furthermore the peculiar state of the resulting
one-dimensional conductor is studied and contrasted to the standard description via the Luttinger

liquid theory.

41
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3.1 SETUP

m n contrast to other, conventional methods for building waveguides as described in sec-
tion 2.4, the confinement of electrons in this construction is realized through the usage of an

inhomogeneous magnetic field B = B(x)é, pointing in z-direction, given by
B(z) = B sgn(|z| — d/2) (3.1)

and shown in figure 3.1. It represents a special case of the magnetic field geometries considered
in [63]. This corresponds to a constant positive magnetic field everywhere except in a stripe of
width d around & = 0 where its direction is turned around while its magnitude stays the same. In
the areas of constant magnetic field, i.e. far away from the positions x = +d/2 where the field is
inverted, there are modes that correspond to relativistic Landau levels (depicted here with the
classical picture of cyclotron orbits), including also a zero energy mode [7, 9, 78, 79]. Along the
lines where the jump occurs, a different kind of modes can be observed. Due to their movement
according to the classical picture, they are called snake states. In this classical approach, electrons
close to the field changing lines show a circular motion until they reach the point where the

sign and their direction of rotation changes, and thus carry out a wave-like movement along the

=
o3

“B

=
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OO

RY

| WA (20 20\ 20 \ 20 W

N

OO
%4444%%%44

Ly

Figure 3.1: Graphene sheet with dimensions L, and L, seen from above. Coloured areas
correspond to the directions of the magnetic field as also indicated by the symbols referring
to in- and out-of-plane; the abrupt changes occur at * = +d/2. Furthermore depicted are
different classical electron orbits that correspond to the n = 1 mode: the cyclotron orbits that
happen far away from the changing points are an illustration of the Landau levels whereas the
wavy lines at the transition between the regions are called snake states. See also [77].
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transition line!. The different aspects of single-particle spectra for such a magnetic graphene
waveguide (MGW) have already been studied [63, 88—-91] and experimental evidence for the
existence of such modes has already been reported [43-45].

For the given setup the counterpropagating snake modes [63, 88, 92—-94] are well separated and
thus a quantized conductance will be found for non-zero energy bands [89], but still the question
arises whether there will be a conductance for the zero-energy modes and how it will look like.
It is worth noting that although this specific magnetic field profile is kept throughout the calcu-
lation to present determined results, a similar outcome is anticipated for different profiles [63].
Therefore it is not indispensable to experimentally realize atomically sharp magnetic field changes
as considered here theoretically.

Furthermore, the real magnetic field could also be replaced by strain-induced so-called pseudo-
magnetic fields [95, 96], or, allowing some small modifications, the surface states found on

three-dimensional topological insulators [97, 98] could be used to investigate a similar situation.
3.2 SINGLE-PARTICLE MODEL

@lose to the point of neutrality in graphene, the electrons behave as two-dimensional
massless Dirac fermions [6, 99] and thus the low-energy physics in this system are well described
by these low-energy quasiparticles. For the applied magnetic field in equation (3.1) the single-

particle description [63, 88] can be carried out utilizing the single-particle Hamiltonian
Hy = vpo - (—N + eA) —ed (3.2)
c

where the last term vanishes since there is only a magnetic and no electric field present. The
quantity vy ~ 10% m/s is the Fermi velocity in graphene, o = (0, 0,) consists of the 2 x 2
Pauli matrices, V = (0,, 0y) contains the partial derivatives and arises from substituting the
momentum p. The vector potential A entails the magnetic field, can be derived from the relation

B =V x A and follows as

r+d z<-—d/2
A= A(z)é,, A(x)=Bx —z, |z|<d/2, (3.3)
r—d, x>d/2

if one uses the Landau gauge. This choice ensures that the problem is homogeneous in the

y-direction, thus k£, = k is a good quantum number and classifies the eigenstate for every band

!Concepts of how to use inhomogeneous magnetic fields like this to direct Dirac fermions have been studied before
[80-87].
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index n.

Hence, the Hamiltonian is thoroughly defined and can be exploited to solve the Dirac equation
HoWy 1 = En kYo ks (3.4)

with the eigenenergies E,, , and the spinor eigenstates W,, ;(x,y) belonging to these energies.
Those quantities are labelled via the indices n (band-index) and k (the already mentioned conserved
momentum along the y-axis). Due to this conservation, the x- and y-dependent parts can be

separated and thus the wave functions can be written as

iky T
\Ijn,k(xvy) = ﬁ¢n,k(x)v wn,k(z) = ( Zimi((x)) ) (3'5)

where the spinor components ¢y, () and xy, x (), which refer to the two sublattices in graphene,
still include a normalization constant with the condition [ dm(gbz e T X%,k) = 1, while the y-
dependent part reduces to simple plane waves.

The eigenfunctions obey moreover the following symmetry relations ()* denotes the complex

conjugate of v):

wn,k(x) = O—zwfn,k(x) (n7é0)a (3'6)
Unp(z) = (=1)"yy i (—x).

The first one presents a connection of states with opposite band index via a particle-hole transfor-
mation, which implies a mirror-symmetry of the energy spectrum (i.e. £_,, = —FE,, ;) in the
single-particle picture, whereas the second is a result of the combination of the one-dimensional

node rule and inversion symmetry:.

3.2.1 GENERAL FINITE ENERGY WAVE FUNCTIONS

@nserting the Hamiltonian (3.2) into equation (3.4) and solving the resulting differential
equations, as it has also been done in [63, 100], yields solutions for the wave functions. The
calculation shall be briefly sketched in the following.

The differential equations can be easily expressed as

(2 -Vi+E)gp, = 0 (3.7)
(2 -V_+E)xpn = 0

where the dependencies of the different spinor components have been separated from one another,
dimensionless units have been introduced (lengths are measured in units of the magnetic length
ly = \/hc/eBy whereas the vector potential is expressed in [ By, the energy in Ep = hvp/l
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and the wave vector k is given in units of the inverse magnetic length, i.e. l;l), and the new
quantity Vi = 40, A(z) + (k + A(z))? has been adopted to shorten the notation.
For the three different areas of the magnetic field (which have a different vector potential A,

respectively), one can always find substitutions for the parameters, such that the result is the

d? 1 ¢
<dq2+p+2—4>¢—0 (3.8)

differential equation

for one of the spinor components. Two linear independent solutions of this equation are given by
the parabolic cylinder functions D,,(q) and D, (—¢q) [101, 102] and while for the two outer regions
only the normalizable solution survives, i.e. the one that goes to zero for x — 400, respectively,
a linear combination of both is kept for the central region |z| < d/2.

The second spinor component is obtained via recursion formulas [101]

(%-3) D) = Do
d

d*qu(Q)Jr%Dp(Q) —pDp1(q) = 0 (3.9)

and hence, inserting the different ¢ and p, the general wave equations follow as (compare [77, 100])

(3.10)

‘Z’nﬁk;ﬂf@:c}””“)( D_yipepn (—V2e +k+d)) )

~52Dpay (—V2a + b+ d))
for the first region where z < —d/2,

Do i\@(l' - k)>
() =S cmR [ & ’ '
w ,k,ll(x> g +,17 ( :FL\/EED_l_i_EQ/Q (:l:\/i(]} — k)) (3 11)

in the middle region with |z| < d/2 and for the last region, i.e. x > d/2 it reads

D_1ig2m (V20 +k—d)
(n,k) L+E2/2
o =C ‘ _ (3.12)
'lp ,kJII( ) III ( Z%EDEQ/Z gﬁ(x+k_d)§ )

The quantities C’,L»(n’k) are in general complex coefficients and all the energies £/ = E, ;. have to
be found for each band index n and disperse with k.

In order to further investigate the properties of these coefficients and the wave functions in total,
it is useful to restart again with the non-interacting Hamiltonian, which, for the given case, can

be shortened and for each k expressed as [77]

HY = —io,0, + [k + A(z)]oy. (3.13)
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Under inversion with respect to x, here denoted as R, : * — —x, A(z) is antisymmetric and
thus the entire Hamiltonian is symmetric under the inversion

[Hé’“), E} =0, ==TRiR.C, (3.14)

where C is the notation for complex conjugation and Ry, is defined analogously to R,. Applying

the operator =, whose eigenvalues are given by & = =+, to the wave functions, one obtains

Enp(1) = ¢y 1 (—2) = £Pn (7). (3.15)

From this relation also symmetry conditions for the coefficients follow, namely
n,k n,—k)\* n,k n,—k)\*
it =g (o), o) =g (el) (3.16)

For convenience the coefficients are assigned real values by choosing the overall phase accordingly.
Consequently also the spinor components ¢ and y can be chosen real valued.

From the matching conditions ¥y, k.7 (—d/2) = ¥y g.11(—d/2) and ¥y, k.171(d/2) = VP k:111(d/2)
that apply for the wave functions since they have to be continuous at the meeting of the three
regions, and the expressions for the wave functions (3.10) - (3.12), a system of equations is obtained.

It can be rewritten as a matrix-vector-multiplication and reads
M, ,(E)-Cpir =0 (3.17)

T
where the vector C,, ;, = (C}n’k), J(rn’ll?, Cfn}k}), C}?’Ik)) encodes all the coefficients.

3.2.2 THE DISPERSION RELATION

t I , I
&Z he 4 x 4 matrix M, ,,(F) however contains the parabolic cylinder functions obtained
from the matching conditions and thus depends non-trivially on the eigenenergies £/ = £, ;.

Therefore a numerical root-finding method has to be used to find the solutions of the condition
det M, ,,(E) =0 (3.18)

from which the energies should be obtained. In this case the bisection method was selected since
it is a rather simple algorithm that doesn’t for example require the analytical derivative.

For this method in general an interval [a, b] is chosen, on which the function f(z), whose root
with respect to x is wanted, is continuous. In the next step the values sgn(f(a)) and sgn(f (b)) are
compared because there is a single root f(x¢) = 0 with zo € [a, b] only if the signs are different,
ie. sgn(f(a)) # sgn(f(b)). If this is the case, a value exactly in the middle of this interval is
calculated, namely ¢ = (a + b)/2, and then again the signs are compared and for the next step

the interval [a, ¢] or [c, b] is chosen, depending on where the root is located [103]. This scheme is
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Figure 3.2: Dispersion relation of the non-zero energy modes gained via a numerical root-finding
method for a value d = 2[g. Energies F,, ;. are given in units of the magnetic energy g and the
momentum is measured in the inverse magnetic length lg,l. The energy bands n = 0, =1 will be
of special importance and there is an avoided crossing present between the n = £1 and n = £2
bands that is not visible without zooming in. See [63, 77].

iterated until the function value is sufficiently small or the interval is extremely small and the
value for the root is stored.
In this manner the dispersion relation in figure 3.2 was obtained. Furthermore, equation (3.17) also

)

yields the relations between the coefficients C'j(-n’]C for the different n- and k-valuesand j € 1, 2, 3.
Hence, while the first coeflicient is received from the normalization condition, the others follow

from these relations and thus the wave functions are finally fully acquired numerically.

3.2.3 DEPENDENCE ON WAVEGUIDE WIDTH

fa)

WJ s visible in the outer regions of figure 3.2, the dispersion becomes flat for large |k|-values
and assumes the characteristic values Ef:l: 0 - sgn(n)\/2[n| of the relativistic and k-independent
Landau levels [6, 7, 9, 78, 79] that are also obtained for the case of a vanishing waveguide d = 0.
The reason for this behaviour is easily found: For large | k| the system is in a state where a nearly
constant magnetic field is present since one is far away from the waveguide region.

But apart from this also another dependence on the waveguide width d can be observed. If the
eigenvalue problem from equation (3.18) is solved for different d, the energy of the gap between
the n = 1 and the zero mode n = 0 can be plotted versus this parameter and thus the figure 3.3 is

acquired.
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Figure 3.3: The main panel shows the dependence of the energy gap E, which is the difference
between the minimum energy of the first band and the zero-energy band, on the width of the
waveguide d. In the inset the first energy level with n = 1 is depicted for the small k-region to
see its behaviour. [77]

It is visible that this energy gap decays with the width d. Therefore only a certain width can be
considered and here d < 2lp is chosen since for bigger d the single-particle gap is no longer
large compared to the Coulomb energy scale typical in this system. Therefore, the implemented
approach of a perturbation treatment would break down.

Nevertheless, it is still valuable to consider the limit d — oo where the gap energy so rapidly
decays: Regarding the case of infinite d, it becomes obvious that the result is the opposite from
the situation with d = 0. Whereas for vanishing d the waveguide disappears and one is left with
a constant positive magnetic field B in z-direction, with increasing d the central region of the
waveguide becomes larger and finally there exists only a constant negative magnetic field with
strength — B. Therefore, as a result from increasing d, the magnetic field in the bulk is reversed as
Bé, — —Bé, and thus also the bulk eigenstates change from the well-known standard Landau

levels to shifted Landau levels with a modified index 72 € Z in the time-reversed system,

R 1 il (x + k) )
VT ) ( isgn(i)pp 1 (x+k) ) (19

Here the sign-function is defined as sgn(n) = (1,0, —1) for (n > 0,n = 0,n < 0) and the
normalized eigenstates of the one-dimensional harmonic oscillator are represented by ¢,,.
In the inset of figure 3.3 the behaviour of the n = 1 level is depicted. For increasing d it flattens

and approaches zero energy and ultimately it combines with the n = —1 level, which behaves
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analogously due to the mirror symmetry in the energy, to form the new zero mode. Simultaneously
the avoided crossing of the n = £1 and n = +2 levels shift to higher |k| values.

The newly built zeroth Landau level, that arises from the merging described before, only has an
upper spinor component while the original zero mode for finite d only has a lower component as

will be derived later. From the parabolic cylinder functions for this case one obtains

1

¢n,k($) N 7T—1/4e—(;v—lc)2/2 < .

) , E—=0. (3.20)

3.2.4 ZERO-MODE WAVE FUNCTIONS

CS tarting from the condition E,—¢ ; = 0 for the zero modes and solving again equation
(3.4), one ends up with a different result [77, 100].

For this situation, i.e. Eyj = 0 the differential equations (3.7) reduce to

0r —k — A(@)] ¢ro = 0 (3.21)
[0z + k + A(@) xko = 0.

Evaluating this, choosing the non-divergent solution and applying the matching conditions at
x = +d/2 one finds that the zero-mode wave functions only have a lower spinor component
which is non-zero - in contrast to the d — oo limit where the ground state only had an upper

component that did not vanish. They read

0
Yor(x) = ( ) with (3.22)
iXo,k(2)
@) edlzl—(z+k)?/2 1, |z| > d/2,
) = ——— X :
ok No elel=d/27 || < dj2,

where N 1, is a normalization constant. It can be rewritten as Ny ,, = /Y (k) with the auxiliary

function

Y(2) = Y (eEF D erfe ([ F d/2)) & ie” "+ Perfe (—if: 7 d/2))), (3.23)
+

which contains the complementary error function erfc(z) [101, 102] and is in principle complex-
valued but gives positive real values for real-valued arguments like & in this case.

It is obvious that the zero mode has a much simpler mathematical form since its main contribution
originates from exponential functions and not from parabolic cylinder functions as the general
result. Therefore, the zero-energy modes will be treated separately first before including the
interactions with other modes.

For a finite-size waveguide the following properties of the probability density distribution
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10, (2)|? are fulfilled: For |k| < d/2I% there is a local minimum in the probability density
at z = kl% whereas local maxima exist for |k| < d/I% in the vicinity but not inside the waveguide
region.

For d = 0 on the other hand, the zero mode describes the n = 0 Landau level in the resulting
constant magnetic field and thus the function xg » mathematically reduces to ground-state wave-
functions of the harmonic oscillator shifted by an offset.

In combination with the observation that the snake states, especially the ones with band index
n = =£1, develop a probability density maximum around the sign-changing points of the magnetic
field, i.e. for z = +d/2, the only interaction-induced transitions between zero and non-zero

bands that will be of importance in the later calculations occur under the condition |k| < d/1%.

3.3 INCLUDING INTERACTIONS

@

hen we consider the situation of a partially filled n = 0 level and subsequently filled
lower and empty upper bands, no conductance can arise without including interaction effects.
Therefore in this chapter we include the Coulomb interactions in a second-quantized notation via

the interaction Hamiltonian

A 1 N N N A

= / drd' V(r — )0 () ¥ ()& ()0 (r) (3.24)
where the fermionic annihilation (creation) field operators are given by

T () =3 wl () ). (3.25)
n,k

They act at the position » = (z,y), include the wave functions defined in equation (3.5) and

the fermionic operators, which obey the anticommutator algebra {c,, , CIL, k/} = 0Ok and
t

{cpenm}=0={c, CIL',M}-

The potential in the Hamiltonian is a Coulomb potential modified by a screening gate in the

distance I from the graphene plane, which results in an additional image charge term, and reads

1 1
V(ir)=a <|r| - \/|7“|2+74R2> : (3.26)

The fine structure constant « in graphene takes values that depend on the dielectric features of
its environment [6, 99] and lie in the range o = 0.1 to 2.

Performing a Fourier transform to momentum space, the Hamiltonian yields

_ (n1,n2,n3,n4) t T
Hr = Z Z Vk,k,;q Cry kCng k' Cns k' —qCra kg (3.27)

n1,n2,n3,n4 k.k' q
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Figure 3.4: The Feynman diagram for the Coulomb interaction with interaction strength
Vk(r,i} ’:2’n3’n4) is depicted with the incoming particles that are annihilated in bands n3 and ny with
respective wave vectors k' — ¢ and k + ¢, as well as the outgoing electrons. These are created in

the bands n; and n9 with the momenta k and &’.

|r4,k+q)

and can be visualized as in the Feynman diagram in figure 3.4. It includes the Coulomb matrix

elements dk
k{m}) L/ ku,q f]£721,n4)(k )]_-]im,ns)( km)’ (3.28)

which again are built using the the Fourier transform of the Coulomb potential from equation

(3.26), which reads
1 — o= 2R\/k2+K?

V(kLU? k) =21 \/m ) (329)
and the form factors
F ) = [ d e ] (@) g2, (3.30)

For the numerical evaluation described later it is convenient to exploit the symmetry relations

Fai k) = =FGT k), (331)

= F. T (ka),
= g e),
= (—)™FER) (k)

—R,—q

(z)
" (k)
" (k)
(k)

in order to save computation time and memory. The first and second of the relations in equation
(3.31) exclusively hold for n # 0 and n’ # 0. Another useful property, namely the behaviour

under complex conjugation,

Fig(ka) = (Fey™ (ko) (3.32)
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is the cause of real-valued Coulomb matrix elements. Furthermore they also obey a number of

handy symmetry relations:

(n1,m2,n3,m4) _ (n2,m1,m4,n3)
Vk,k’;q = Vkl7k;_q (3.33)
_ (na,n3,n2,n1)
- Vk+q,k’fq;fq
_ ni+ns+nz+ng (nl ,n2,n3 7714)
= (_1) V—k,—k’;—q .

An analytical expression for the result of the form factors is only possible for the zero modes and

yields

Y (ko k)
Y (k)Y (k+q)

with the auxiliary function Y (z) already defined in equation (3.23).

FOO (k) =

b (3.34)

For the general case of non-zero energy however, the z-integral in equation (3.30) has to be carried
out numerically for all combinations of k, ¢ and k, that remain necessary after making use of
the symmetry relations (3.31). To implement the integration, a numerical variant of the Riemann
integral has been used, which estimates the value of the integral along a curve with the sum of
the area of all rectangles, created by multiplying the distance of two points in the discrete grid on
the z-axis with the value of the function f(x). Thereafter the needed Coulomb matrix elements
can — under consideration of their symmetry relations (3.28) and the fact that not all elements
will influence the resulting conductance in the end - be calculated numerically by evaluating the
kx-integration. Additional checks of the quality of the numerical integrations have been made,
testing the convergence by changing the number of discrete points as well as the integration
limits since it is not possible to reach +o0o numerically.

For a shortened notation the quantity

Kiq 9

(n1,n2,n3,n4) __ 1 (n1,n2,n3,n4) (n2,n1,n3,n4)
W Vil K g+ k—k/ (335)

is introduced. It is obtained via an antisymmetrization, which echoes the anticommutator algebra

of the fermions, regarding the exchange of (n1, k) and (ng, k') from the Coulomb matrix elements.

3.4 HARTREE-FOCK TREATMENT OF THE ZERO MODE

=)

L, \/irst of all, the zero mode sector alone is regarded and therefore no virtual interband
transitions, i.e. interaction processes with n # 0 bands are allowed. We consider the already
mentioned situation of a zero mode that is partially filled with all upper bands (n > 0) empty
and all bands with negative energy (n < 0) fully occupied and define the zero mode filling via
the filling factor v = N/Nj. This is a valid assumption unless the typical scale of the Coulomb
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Figure 3.5: The discrete grid of the N, states in the first Brillouin zone of the k-space with
kmin < k < kmae and spacing Ak is shown.

energy reaches the order of the single-particle energy gap E,. The degree of degeneracy and also

the number of available k-states in the Brillouin zone

(Ly —2d)Ly

N. =
5 27rl23

(3.36)
can be achieved for the case of a rectangular sample with the lengths L, and L,, as shown
in figure 3.1, and is identical to the total magnetic flux expressed in units of the magnetic flux
quantum. The k-states are numbered by the index n, in the boundaries —N,/2 < n, < N;/2
and thus assumes the values k = 27n,,/L,,. This discrete grid is illustrated in figure 3.5.
The Hamiltonian for the considered system is given via the interaction Hamiltonian in equation
(3.27) since for the zero mode the kinetic energy term vanishes. Due to the fact that only intraband
interaction processes are permitted, all n; = 0 for j = 1,...,4 and furthermore the analytic
expressions (3.34) for the form factors can be employed. Nevertheless, it is impossible already for
this reduced situation to find numerically exact or even analytical solutions for system sizes that
are not very small.
Hence, here the standard Hartree-Fock theory (see section 2.7.2), that can be found in many
textbooks [61, 104], is used to gain results that are not expected to differ qualitatively from the
exact solutions. Also for the homogeneous magnetic field, which in our language means there is
no magnetic waveguide for d — 0, insight in the physics apart from the fractional quantum Hall
regime and the connected rational filling factors is gained via HF approximations [6, 99, 105-110].
With the Coulomb matrix elements defined in the section before, the HF potential can be written
as

Wi = 20009 0900 _ y;0000) o)
where the definition of the antisymmetrized Coulomb matrix elements (3.35) has been used. The
first term represents the direct interaction (Hartree term) with exchange momentum ¢ = 0
whereas the second expression comes from the exchange interaction (Fock term) with ¢ = k — &'

With this quantity the single-particle energies can be computed as

Ek = Z kak/nk/ (3.38)
k/
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employing the self-consistently determined occupation number

ng = <C$7k607k>, (3.39)

which is also the HF order parameter at the same time?. Taking its expectation value has to be
performed with respect to the zero-mode Hamiltonian in the HF approximation. Furthermore,
the HF parameter has to fulfil the condition ), ny, = N = v N, for a given filling factor v.

In the beginning of the HF iteration a normalized and randomly chosen initial distribution of the
occupation number is found and symmetrized according to n_j = nj, assuming even numbers
for N and N;. In the following step the HF single-particle energies are calculated as described
in equation (3.38). Because of the symmetry relations of the Coulomb matrix elements in (3.33)
also these energies are symmetric, e_; = €. According to this energy distribution, the N
states with lowest energy are occupied and thus the occupation distribution ny, is updated. This
procedure is repeated until the iteration reaches convergence. The ground-state energy in the HF

approximation is given as

1
e = 3 > ewny (3.40)
k

and can be utilized to check this convergence. While for most initial configurations the HF
energy quickly converges to a minimum, there is a number of local energy minima and therefore
it depends on the initial state where the iteration ends and which energy it results in. The
global minimum is found numerically by comparing the converged results of a few hundred
different random initial distributions. These results are reliable since all computed quantities,
like for example the Fermi momentum or the ground-state energy itself, behave smoothly when
parameters are varied.

The resulting single-particle energies of the converged iteration are shown in figure 3.6 for
different filling factors v. These values, as well as those shown in figure 3.7, are obtained for a fine
structure constant o = ap = 0.5. To take the step from these results to the ones corresponding
to other values o # «g an easy scaling of the important quantities is sufficient. With this
the changed variables for arbitrary a follow as 620[) = (a/ ao)el(cao) and as a consequence also
v(® = (a/ag)v(*) whereas the Fermi momentum kz exhibits no dependence on a.

Regarding the behaviour of the HF dispersion of the zero mode, one can see a lot of structure,
but the prominent features for all filling factors are the dips for small wave vectors k around the
origin as well as for large momenta. While the previously mentioned are what was expected,
namely states located in the region of the waveguide with momenta |k| < d/I%, the later are
more puzzling since originally one would expect flat behaviour of the dispersion for large |k|. The
existence of these profound energy minima, that lie below the chemical potential and therefore

represent occupied states, corresponds to spatially localized states, so-called “Pauli holes”, in the

®Due to this choice of the HF order parameter other scenarios as for example charge density wave ordering or Wigner
crystal formation, that has already been observed for a homogeneous magnetic field and some filling factors v
[104, 107-109], are neglected. In contrast to the unscreened situation (R — 0o) however, an externally gate screened
MGW is considered and thus phases like that are not anticipated to occur.
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(© d)

Figure 3.6: Zero-mode HF energies, self-consistently determined for different filling factors v,
plotted versus wave vector k. Energies are given in units of F'p, momenta in l;l. Calculations
are made for the following parameters: Wave guide width d = 2[p, fine structure constant
a = 0.5, number of available states N; = 400, system dimensions L, = 16/p and thus resulting

L, = 209.4lp and the zone boundary kyq, = m™Ns/Ly = 615", as well as the distance to the
screening gate R = d. [77]
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vicinity of the boundaries of the sample z = +L, /2.

Despite the fact that these boundary states do not affect the resulting conductance due to the small
interaction elements with the higher bands for these large £ values - in fact for the numerical
evaluation only states below a certain cutoff with |k| < k¢ ~ d/I% are kept - it is nevertheless
interesting to further investigate the occurrence of these states. In order to tackle this inquiry a look
at the case of a homogeneous magnetic field (d — 0) is helpful. For this limit, the auxiliary function
Y (2) defined in equation (3.23) simplifies to the expression Y (z) — 2¢*". As a consequence
also the form factors take the shorter and simpler form F, ,g?éo) (kz) — e~ (kita®)/4¢i(k+a/Dka gng

combining this, the zero-mode Coulomb matrix elements for d — 0 read

(0,0,0,0) 2a Y. _ 2 _ 2
VIO, = 1 [ (atk = ¥+ ) — Ko (lal/aR2 + k= +02)] Gy

where K is the modified Bessel function [101]. With these ingredients and the simple assumption

of an equal and k-independent occupation distribution n;, = v, the HF zero-mode energies defined

in equation (3.38) follow as

</
ep~ —2 dk' Wi, . (3.42)

Substituting the variable of integration &’ such that it absorbs k leads to energies ¢}, that are
independent of k. Already with this simplified model in the d — 0 limit, however, one finds that
states which are localized near the margin of the sample exhibit a similar dispersion.
Furthermore, the dependence of the dispersion on the filling factor v is an interesting feature:
There is always a minimum around the position £ = 0 in the dispersion although for small
fillings of v < 0.08 the dip becomes so shallow that it doesn’t cross the Fermi energy and thus no
occupation for these states happens. For the larger fillings shown in figure 3.6, it is obvious that
this minimum crosses the dotted line that marks the Fermi level and for further increase of v it
splits into two minima symmetrical around k£ = 0. This behaviour can be explained with a look
at the already mentioned minima in the probability density |0 x(x)|? which occur for z = ki3
under the condition |k| < d/21% since due to the lowered Coulomb repulsion the split minima
are thus energetically favourable.

Only the depicted regime for the filling factor, 0.1 < v < 0.4, will be kept in the following for
evaluation since there are no occupied states in the waveguide region for lower v and for higher
fillings of about v 2 0.5 the danger arises that the HF energy surpasses the energy gap. For this
case, i.e. when ¢, > FE,, the underlying assumption of bands that are separated, is not valid any
longer. Therefore, the perturbation method applied here is only reasonable in the filling factor
window noted above.

The positions in k-space where the energy band €, crosses the Fermi energy are identified as
Fermi momenta k¥ = £kr and shown in figure 3.7(a). It is visible that the dependence of the
effective Fermi momentum kr on the filling factor v is well described as linear and, for the
regarded fillings, stays below the waveguide width, kr < d. Linearising the spectrum around

these kp-points and taking the numerical derivative, one finds an approximation of the effective
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(a) Fermi momentum kp versus filling factor v. (b) Effective Fermi velocity v versus v.

Figure 3.7: Depicted is the v-dependence of Fermi momentum and corresponding effective Fermi
velocity in units of the Fermi velocity in graphene induced by interactions and shown for the
same parameters as in figure 3.6. The dotted curve does not represent a fit, but is only a straight
connection between neighbouring points and is meant to be only a guideline for the spectator.
[77]

Fermi velocity and the result can be seen in figure 3.7(b). Also this quantity shows a basically
linear dependence on the filling factor.

The results that have been shown in this section and obtained from the converged HF procedure
hint at the existence of a pair of left- and right-movers which are a result of the single-particle
dispersion that has been induced via interactions within the zero-mode band. Their Fermi
momenta are well defined by the crossing of the energy band with the Fermi level and the
dispersion around these points can be regarded as linear.

The current matrix element along the y-direction (evaluated at y = 0) is in general defined as

Iy i = vF / dx ) 1 (2) oy () (3.43)

with the symmetry relations

In,k;—n,k/ = *In,k”;—n,/w (3-44)

Iojmgey = (=1)" "o g

for arbitrary n. Since the zero-modes in equation (3.22) only have a lower spinor component,
there is no possibility to find a non-vanishing current as defined in equation (3.43). Therefore, no
current can arise for the n = 0 case, even though there are the left- and right-movers described
above. Thus, the counter-intuitive situation of a not flat dispersion without current is achieved.
This would even still be valid for exact solutions of this problem since they also can not create an

upper component, therefore no current can exist and thus

Io g0k =0 (3.45)
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holds, unless interactions with and virtual transitions to other bands are included. These will be

treated in the following section.

3.5 ZERO-TEMPERATURE DC-CONDUCTANCE

fa)
WA gain the situation with a partially filled n = 0 band is considered but to continue the
analysis, now not only intra- but also inter-band interactions are necessary. The aim is to find
out whether a finite linear zero-temperature DC-conductance can be induced by these Coulomb
interactions in the clean system regarded here. If it were possible, the presented setup would
yield the opportunity to probe for the existence of interactions in the sample by measuring the
conductance since it would only become finite in the presence of electron-electron interactions.
The HF results achieved for the interactions inside the 7 = 0 band that have been presented in the
previous section will be of further use in these calculations. They have been shown to give rise to
the existence of an effective filling factor-dependent Fermi momentum k() and an occupation
of states with energy below the corresponding Fermi energy Er = €},.. Hence, it is possible to
rewrite the full Hamiltonian as

H=Hy+W. (3.46)

But unlike before where solely the non-interacting physics were included in Hy, in this scenario
also the HF results of the intra-band n = 0 Coulomb interactions are treated within this quantity

and merely the interactions with other bands have to be considered for 1. Thus one can write

Hy=>" Enpcl o (3.47)
n,k

where the single-particle energies are included as the normal energies for higher bands En;ég,k =
E, 1. and the effective HF single-particle energies E’Qk = ¢}, for the n = 0 band.
Furthermore, the ground state |¥y) for W = 0 hence corresponds to a Fermi sea whose occupation

for zero temperature can be expressed as
Fos = F(Eng), f(E)=0(Ep - E) (3.48)
with the Fermi function f(E) and the Heaviside function defined as

1, ifz> 2z

O(z0 —2) =41 ifz=2 (3.49)
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3.5.1 STANDARD KUBO FORMALISM

@egarding linear response theory, the linear conductance follows from the standard Kubo
formula (compare section 2.10.1) with the Fourier transform of the retarded current-current
correlator IT7(w) as [61, 111]

ImIT#
G = ¢ im @) (3.50)
w—0 w
This correlation function is in the time domain defined as
I (t) = —i0(t)C(t) (3.51)
where ©(t) is again the Heaviside function and
C(t) = (D|[I(t),1(0)]-|2) (3.52)

includes the commutator of the time-dependent current operators I (t) = e tJe~iHt The particle

current operator that describes the current in y-direction is given by

I = Z ZIn,k;n’,k’CLkCn’,k’ (353)

n.n' kK’
where the matrix elements I, ., ;- are defined in equation (3.43). In addition, the normalized

ground state of the entire Hamiltonian H is |®).

For the further evaluation, it is convenient to rewrite the current-current correlator as
C(t)y=X(t)— X(-t) (3.54)
where the auxiliary correlation function X (¢) then reads
X(t) = (®|1(t)1(0)|®). (3.55)

Moreover, there are other properties of the correlator C'(t) worth mentioning: First of all, from
C(—t) = —C(t) follows that C'(0) = 0 must be true. Second, the relation C*(—t) = C(t) holds
and therefore the Fourier transform C'(w) has to be real-valued only. In addition, one can find that
C(w) is connected with the imaginary part of IT**(w), thus corresponding to a spectral function
describing fluctuations in the current, and this relation can be expressed as ImIT%(w) = —C'(w) /2.
All this put together, the conductance can also be written as

dC

G =nGo(w=0) (3.56)

with the conductance quantum G = €2 /h.
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3.5.2 KELDYSH FORMALISM

(=)

@/ mploying the Keldysh Green’s function approach (see also [111] and section 2.11) presents
a convenient way to involve W in the calculations. Within this technique, the value of a certain
quantity — in this case the correlator X (¢) — is evaluated at a specific time ¢ by considering
the entire time evolution which starts at ¢ = —oo and develops until ¢ = 400, which is called
forward branch, and afterwards returns to ¢ = —oo (backward branch). The forward and backward
branches are denoted with the Keldysh index s = 4. With operators defined within the interaction
picture according to I (t) = eitHo fe=itHo and adding an index s to all dynamical quantities which
corresponds to the different branches of the Keldysh contour, for example (t) — I,(t), the
variables in the Keldysh formalism are calculated. Hence X (¢) can be formulated using the time

evolution operator
Ut 1) = 0= = ¢t T oxp{— /t It drW (1) }e' o (3.57)
with the time-ordering operator 7, and reads
X(t) = <q>0 ’U(—oo, U (¢, +00)U (+00,0)1U (0, —oo)‘ <I>0> , (3.58)
or in a reformulated form:
X(t) = (0 |To [S(00)I-(t) 14 (0)] | @0) . (3.59)

Here

S(00) = To exp (z /OO dr Z 5W5(7)> (3.60)
-0 s=+

represents the time-evolution operator in the interaction picture and all these definitions require
the time-ordering operator 7 that works along the contour of the Keldysh branches. The variable
W(7) that appears in the last definition (3.60) inside the sum over s demonstrates that formally all

-00 \ +00

N LN

Figure 3.8: Schematic sketch of the Keldysh formalism concept. Depicted are the forward and
backward branches (denoted as s = =+, respectively) along the time axis, as well as a number of
discrete points in time.
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dynamical variables have been doubled when being labelled by the Keldysh index s and encodes

the interactions.

3.5.3 PERTURBATION THEORY

=)

L - ) or further evaluation, the conductance will be written as a perturbation expansion in the
interaction Hamiltonian W that has already been mentioned before and is constructed to yield
the effects of virtual inter-band transitions. The series up to the second order (compare section
2.9) reads
G=> 6" =60 4+c0+ 6@+ o). (3.61)
m

Accordingly, also the quantity X (¢) can be expressed via an analogous series as

X(t) = ZX(m) —xO 4 x@® 4 x@ 4 s (3.62)

where the term of mth order reads

—7\m e o]
XMy = (ni)' / dr - drm, Z S1° - Sm

81y, 8m=2%

x (| To [Wey(r1) -+« Wa, () - () 1(0)] | @) - (3.63)

Furthermore, the Keldysh Green’s function for fermions is defined as [111]
Groicor ot =) = =ilTedenna(t)ely oo (1))). (364

Applying Wick’s theorem to the products of free fermion operators, which are time-ordered along
the Keldysh contour, in equation (3.63), the ground state average X ("™ can be written in terms of

non-interacting Keldysh Green functions of the form
G5 (b —1) = —i(®o| Telen p o (e, o ()] 0). (3.65)

In Keldysh space the components after Fourier transformation are given by

5 S
G (B) = . _ ,
* E—FE,\+1issgn (Enk - EF) 0+
G5 (B) = 2misf(sE) 6 (B - Eny) (3.66)

where again the Fermi function f(F) and the sign function sgn(FE) are utilized.
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3.5.4 DIAGRAMMATIC APPROACH

/r vy

With these ingredients it is possible to calculate all necessary terms of the conduction, but
they also allow for the construction of conduction diagrams according to a certain number of
rules. First of all, every diagram has to consist of two two-point external vertices corresponding to
the current operators I_(t) and I (0) with respective Keldysh indices s = + in equation (3.63).
In the diagram language they are represented by filled circles.

Second, a diagram of mth order contains exactly m four-point internal vertices which represent
the interaction Hamiltonian W. Thus they stand for the m terms Wi, (11)...W,, (7,,,) and are
depicted as filled squares. The distinction between two- and four-point vertices is visible in the
scheme by the number (two or four, respectively) of lines coming in and/or going out of the
vertex, and it can be understood regarding the number of particles participating in the process.
Whereas for the current operator in equation (3.53) only two fermionic operators, namely c:rL K
and Cpy j @TE needed, four of these take part in the definition of the interaction Hamiltonian
W, which equals equation (3.27) without taking into account the intra-band interactions with
ny = ... = ngq = 0 that are already encoded in Hy.

In addition taking into account the Keldysh normalization condition (®¢|.S(c0)|®) = 1, which
pays respect to the fact that vacuum diagrams are considered here, and also (®|I(t)|®) = 0,
only connected diagrams have to be considered.

Furthermore, there is a so-called “selection rule” which allows the convenient neglecting of some
diagrams and the corresponding terms without the necessity of lengthy calculations. Its origin

is to be found in the vanishing current matrix elements (3.45) for intra-band interactions in the

(@)

Figure 3.9: Diagrammatic expressions for the orders m = 0 in panel (a) and m = 1 in pictures

(b) and (c). [77]
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Figure 3.10: Diagrams belonging to second order (m = 2). [77]

n = 0 band® and it states that the contribution of a certain diagram to the conduction is zero
whenever it contains a current vertex with a Keldysh index s which is linked to two other vertices
that happen to have the opposite index —s.

The corresponding diagrams up to the second order are shown in the figures 3.9 for the zeroth
and first order and 3.10.

3.5.5 CONDUCTANCE UP TO SECOND ORDER

!Jhe zeroth-order contribution to the conductance, which represents the case without

inter-band transitions is expected to vanish following the lines of the discussion made in section
3.4. To verify this anticipation, the calculation is carried out nevertheless. The expression related

to the only existing zeroth-order diagram in figure 3.9 (a) can be written as

XOW) = 3 |Lpww G5 0655 (1) (3.67)

! /
n,k;n’ k

and its Fourier-transform reads

v (0
X( )(w) =27 Z |In,k;n’,k’| (1 - fn k)fn’ k' ( n,k — En/,k’ - w)~ (3-68)
n,k;n’ k'
*To be precise, it is a consequence following from lim,,—0 dZs—+ (w)/dw = 0 where Z( f dE(. g< = S>( E+

50) Ly jint 0 G52 (E), which is obtained from Egs. (3.45) and (3.66).
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Using that dF(F)/dE = —0(E — EF) due to the definition of the Fermi function (3.48), the
zeroth-order conduction is given by
722
G0 /Gy = TO Trp(I o) (3.69)
where pg = 1/7v is the density of states and v = Oieg—k,.. Besides, further convenient definitions

to shorten the notation have been used in this expression: On the one hand, the symbol “o” stands

for Fermi level convolution and thus the matrix elements of A o B are given by

(A o B)n,k;n/,k’ = Z An,k;O,:tkpBO,ikF;n’,k’ (3-70)
+

while on the other hand “Trp” declares a Fermi level trace according to
TrrA = Aoihp02kp (3.71)
+

Considering these last two definitions (3.70) and (3.71), it is obvious that all matrix elements are
evaluated at the Fermi level which lies inside the n = 0 band and due to equation (3.45), this
conductance contribution vanishes, i.e. GO = .

Moreover, exploiting the first-order diagrams and the corresponding equations, the first-order

conductance correction can be calculated to be
GW /Gy = —2n%p3 Trp [I o (6] — K)). (3.72)
The first, term involving the quantity
oI =[I,A]_, (3.73)

originates from the diagram in figure 3.9 (b). Here, 6/ is the commutator of the current matrix

with the elements I, .,/ v and the auxiliary hybridization matrix A defined via

! /=
n,k;n’ k

5kk’(1_5nn’) (n,n1,m1,n)
—_ E W et 3.74
E’n,7k‘ - En/Ji' fn17k1 k7k17q70 ( )

ni,k1

In k-space A is diagonal and it captures the virtual transitions from one band to another, induced
due to interactions. Therefore, 1 describes the leading order of the renormalization of the current
matrix by virtual interband transitions.

The second term arises from diagram 3.9 (c) and includes the fluctuation matrix K, whose matrix
elements are given by

Iy k1 T Ji na,

ko (n2,m,n1,n')
Ko 'k = Z Ok ey +h' —k 2 Im,kum,kzwkz,k;k—kl : (3.75)
En - En17k1

n1,k1;n2,k2 2,k2
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Also this contribution, belonging to the first correction, vanishes identically, i.e. G = 0, since it
again entails the current matrix [ evaluated at the Fermi points. The first non-zero term for this
situation can therefore only be found in the second-order contribution. For a different situation,
however, which doesn’t sport the characteristic vanishing current matrix elements, the equations
(3.69) and (3.72) can also represent finite contributions and thus be considered as “non-interacting
conductance”, as well as the ballistic interpretation of the “interaction correction”, respectively
[112-114]. Such a setting would already be given for the considered magnetic graphene waveguide,
if there was an energy shift and hence a n # 0 band had been partially filled, since then the Fermi
level convolution and trace would take place in a finite-energy band with finite current matrix
elements.

The second-order conductance is given by a sum of topologically distinct diagrams shown in
figure 3.10. Taking a closer look at these pictures, one finds that, due to the “selection rule”
mentioned earlier, the process associated with diagram (c) does not contribute to the conductance
(as it was already true for the diagram in figure 3.9 (b)), because it is not possible to distribute a
Keldysh index to the lower four-point vertex such that there is no current vertex connected to
two vertices with opposite index. Furthermore, also the diagrams (f) and (g) yield no finite result
due to the fact that their expressions contain products of several Fermi functions and hence the
energy constraints which result from these can never be fulfilled.

Thus, the entire conductance up to second order in this perturbative approach is obtained as
G=G? =62 +cP +c0 +ac?. (3.76)
The first two terms, evaluated at once, yield
(G + G) /Gy = 2722 Trp(61 o 61) (3.77)
whereas the third term gives
Gq/Go = —47%p3 Trp (61 0 K) (3.78)
and the last diagram leads to
Ge/Go = 21°p2 Trp(K o K). (3.79)

Everything added up, the finite and positive result for the conductance to second order in W
reads
G/Go = 2n°p2 Trp [(01 — K) o (6] — K)]. (3.80)

For the limit d — 0 however, this result does not hold, since for the flat zero-mode dispersion ¢,

in this situation k is ill-defined.
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3.5.6 NUMERICAL EVALUATION AND RESULTING CONDUCTANCE
D
~_Jeeper insight in the behaviour and dependence of the result for the conductance in
equation (3.80) can only be achieved by exploiting numerical methods. The inquiry still left open
is whether there is a finite conductance for the zero-mode and also if and how it depends on the
filling factor.
In principle, for a thorough analysis all interaction matrix elements for interactions between all
possible energy bands have to be calculated. Since this would be lengthy and is additionally not
expected to yield much more information, only the n = 0 plus the energetically closest n = +1
bands are taken into account which create the main contribution to the conductance.
Furthermore, as already described earlier, a momentum cutoff %, is introduced. This bandwidth
allows only momenta |k| < k. for the evaluation to assure that the edge states with large momenta
do not take part in the calculations. This effectively implies a restriction of the single-particle
Hilbert space and has the additional benefit that less k-states have to be considered, hence less
values for all matrices and thus less calculations are needed. For the numerics the same parameters
have been chosen as before. Therefore, for the given value for the waveguide width d = 2(p a
cuttoff k. = 1.6l§1 has been selected. To validate this choice, also other values inside the cutoff
range 1.5 < k.lp < 1.7 have been tested and found not to change the result significantly.
For the numerical calculation of the conductance, a lot of steps are necessary: To begin with,
the energies of the three bands n = 0, 1 that have already been obtained via bisection and
HF techniques and shown before in figures 3.2 and 3.6, are needed®. In the next step, the wave

functions for all needed % and a discrete number of x states are evaluated where for the higher
bands first the different coefficients C*'*)

i have to be obtained via the normalization condition

and equation (3.17). Thirdly, the form factors and current matrix elements for the required values
of k, k', g and n have to be calculated using their definitions (3.30) and (3.43), respectively, making
also use of the corresponding symmetry relations (3.31) and (3.44), and stored. Moreover, the
necessary interaction matrix elements are evaluated in different loops varying the fine structure
constant « and all the dependent variables according to the rules given in section 3.4. In addition,
the filling factor v, which requires not only simple scaling arguments but reading of the different
results from the HF scheme for the depending quantities (effective Fermi velocity v, n = 0
energy spectrum ¢, and hence the Fermi energy Er and Fermi momentum kp), is included. To
achieve this, the definition (3.35) and furthermore included quantities, involving also the Coulomb
potential (3.29), are implemented and again the symmetry relations (3.33) are taken advantage
of to ensure that no expendable calculations are carried out. With all these stored values the
matrices I and K are built according to (3.73) and (3.75) where the Fermi factors are included
as Heaviside functions. Everything put together, the conductance for different v and « can be

obtained.

*It is worth noting that the energy dispersion for the n = 1 bands does not depend on the filling factor whereas the
n = 0 dispersion does as seen in figure 3.6.
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Figure 3.11: Zero-mode MGW DC-conductance as given in equation (3.80) depending on the
filling factor v for two chosen values of the fine structure constant « in the main panel, as well as
the dependence on « for two distinct values of v in the inset. Parameters are chosen as before
and the dotted line in the main panel is again only meant to be a guide to the eye instead of a real
fit. [77]

The zero-temperature MGW conductance clearly shows a dependence on the filling factor v,
as depicted in the main panel of figure 3.11. Obviously, there also exists a minimum around
I = Umin Where for a fine structure constant of & = 0.5 a value of v,in, &~ 0.145 can be read off.
An explanation for the existence of this prominent feature can be found in the Coulomb-assisted
hybridization between the zero-mode and n = +1 bands: Whereas the n = —1 band is still rather
close to the zero-mode band for small fillings, which imply also a little chemical potential as
explained in section 3.4, the Fermi level approaches the n = 1 band for larger v. Therefore, for
small v the quantity 6/ and the current renormalization effects included within are the dominant
force while for higher fillings the part of the fluctuation matrix K takes over and presides over
the other contribution. For a filling v ~ vy,j, almost total cancellation of the two terms can be
found.

Considering the dependence of the conductance on the fine structure constant a on the contrary
for two different values of v, as depicted in the inset of figure 3.11, positioned left and right of the
minimum, one finds a simpler behaviour, as expected from the simple scaling arguments made
before. For a certain filling, the conductance monotonically increases or falls with «, depending
on whether v < Vi, OF V > Vpyin, respectively. This is merely a consequence of the shifting of
the minimum to higher values with increasing «, as visible in the main panel, which again is a
result of the upward shifting of the chemical potential with a.. Due to this, the cancellation of the
terms in equation (3.80) is moved to larger v values.

Regarding the limit o — 0, from naive interpolation of the curves in the inset, one would assume
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a finite conductance. This cannot be true since without interactions the conductance must vanish
as explained before. The reason for this seeming contradiction lies in the fact that the HF theory
applied before remains valid only for a frequency scale w much smaller than the effective zero-
mode bandwidth, which is proportional to a. As a result the limit « — 0, which directly implies
that the e, bandwidth goes to zero, is not allowed within the boundaries of this model since then
the limit w — 0, which is essential for equation (3.80), cannot be accomplished any longer.
Furthermore, also the particle-hole symmetry seems to be broken since for larger values of v (not
shown here) where this approach is not substantiated any more the conductance has very high
values and the expected connection between v and 1 — v states is not present. This is a result of
the short-range interaction potential established in equation (3.29) since for a simple interaction
decaying as 1/r where V; /r(q = 0) = 0 is required by electroneutrality, particle-hole symmetry
would still hold and thus G /,.(v) = G /,(1 — v) should be true.

The questions asked in the beginning of this section can be answered affirmatively: First there is
a finite zero-mode conductance and second it strongly depends on the filling factor v. This might
enable the probing of the existence of interactions due to transport experiments because it yields
a conducting phase which is interaction-induced and shows a strong, measurable signature.
But still not all inquiries have been satisfactorily addressed yet. The question still arises, what
kind of a state of matter this interaction-induced conductor represents and whether it is possible

to be described using the Fermi liquid or Tomonaga-Luttinger liquid theory.

3.6 INTERPRETATION REGARDING THE TLL FORMALISM

T

— Uhe situation, when - in contrast to the calculations presented in this approach — the
chemical potential does not intersect the n = 0 but one of the other bands, is portrayed in [89]
for a similar MGW. Within this model, an entirely different result has been observed: While here
a conductance that strongly, but continuously depends on the filling factor v is obtained, for
the other case a conductance quantized in multiples of Gg is found. This originates from the
fact that transport is mainly dominated by the spatially well-separated (and thus protected from
back-scattering) left and right-moving snake states. Furthermore, no dependence on the filling
factor of the respective band is anticipated for this case in contrast to the result obtained here. In
[89], it is also shown that the state of matter achieved for the finite-energy bands intersected by
the chemical potential represents a conventional Tomonaga-Luttinger liquid, which is created by
electron-electron interactions and proves to be mostly unaffected by disorder effects. For this
case, it was also possible to obtain the finite temperature power-law corrections that are expected
for a TLL, compare section 2.6.

Hence, the question arises whether the state in which our system is, can also be described using
the TLL formalism. This might be possible since we have an effective one-dimensional material

as well as electron-electron interactions, which are known to have destabilizing effects on the
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state of the Fermi liquid for one-dimensional band metals with low-energy excitations close to
the Fermi points, limited due to phase-space restrictions. In case of an affirmative answer, all
properties for the low-energy regime should be describable using one parameter®[69, 116, 117].

This dimensionless interaction parameter gry, determines the Kubo conductance according to
G = grr1Go (3.81)

for a clean and infinitely long TLL and restores the Fermi liquid limit for g7r; = 1 [118]. It is
given by
~1/2
T 0%(E/Ly)
=|l-—F=5 3.82
gTLL [v T (3.82)

with the single-particle velocity v = |Ox€k=k,.| and the ground-state energy density &y/L,, and is
determined via the ground-state compressibility due to the interaction strength [69, 119]. With
this parameter also other quantities in a TLL can be expressed in terms of certain power-laws, for

example correlation functions as the single-particle equal-time Green’s function
(O, )8 (2,0)) ~ [y| (3.83)

where the exponent is given by v = 1 + [grrr, + 1/grLL — 2]/4, see [69, 120].

The parameter defined in equation (3.82) is the same as used in [89], and is derived from the
Coulomb interactions that exist between the counterpropagating snake states and can thus be
varied by changing the waveguide width d. Without these interactions, the snake states, which
are spatially located near the sign-changing lines of the magnetic field as seen in figure 3.1, simply
propagate without disturbance at the Fermi velocity vp.

This case with the partially filled n = 0 band, however, cannot be described using the TLL
formalism because of a number of reasons: In the first place, no Fermi surface exists without
interactions since only with Coulomb interactions switched on an effective dispersion, which is
not flat (compare figure 3.6), emerges. Secondly, assuming that the interactions cause the existence
of a TLL, it would be possible to calculate a Fermi velocity v and momentum kr (like shown in
figure 3.7) using the dispersion. As a consequence, a g7y 1, can be obtained from its definition (3.82)
and the HF ground-state energy in equation (3.40) can be calculated. This expression, however,
does not describe the conductance according to (3.81) adequately.

This is especially impossible due to the vanishing zero-mode conductance caused by the form of the
zero-mode eigenstates when only regarding the n = 0 band. Thus, this band cannot be classified
within Luttinger liquid theory using the bosonized Gaussian field formalism [116]. Even including
inter-band interactions when a non-vanishing conductance is received, the unconventional
dependence on the filling factor v, which does not fit the TLL definition (3.81) either, remains to

be considered.

*Ignoring the spin sector, still two parameters have to be considered in principle but since additionally Galilei invariance
holds for the continuum model considered here, the number of TLL parameters is further reduced to one.
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Summing up, the n = 0 band - in contrast to all other n # 0 bands — cannot be treated within

the Luttinger liquid theory. How to describe this phase in more detail is left for future research.

3.7 CONCLUSIONS

0\ B

Whﬂe electron-electron interactions normally tend to suppress conductance in materials,
as it has been shown in [112-114], for the case shown in this chapter a genuinely different effect
has been found. Instead of weakening the conductance, Coulomb interactions® create a finite
conductance in the MGW. Thus, an insulator is transformed into a conductor by switching on
interactions.

In the previous sections, the whole analysis has been described starting from the setup and the
single-particle description. Furthermore, the different wave functions have been derived and HF
results for the zero-mode sector and hence interactions only within the n = 0 band have been
presented. Finally, the non-vanishing zero-temperature result with a non-trivial dependence on
the filling factor v has been displayed. This state of matter cannot be described by the conventional
TLL description used for interacting 1D conductors [120].

In order to summarize the main message, the physics of the n = 0 band are different from those
of the other bands, which develop a quantized conductance. In contrast, the conductance found
for the zero-energy level is non-universal and shows a strong dependence on the partial filling of
the n = 0 level.

The vanishing of this conductance when the electron-electron interactions are switched off hence
yields a novel and direct way to probe the existence of interactions via transport experiments.
Furthermore, a similar behaviour is expected to arise also for other settings than the MGW.
One example is given by carbon nanotubes with metallic properties that are positioned inside a
magnetic field, which is inhomogeneous on the length scale of the radius, such that its direction
is perpendicular to the axis that runs along the tube [121]. Therefore, a finite magnetic flux exists
inside the tube and a finite degeneracy of the zeroth Landau level according to ®/(hc/e) can be
ensured using the index theorem [7, 91]. For such a system, a behaviour corresponding to the
MGW studied here is anticipated, including the n = 0 band dispersion for intra-band interactions,
as well as the development of a finite conductance only for the existence of inter-band interactions
and thus the possibility to switch between insulating and conducting states via interactions. In
addition, these n = 0 Landau level conductance features are expected to differ considerably from
those of the other n # 0 levels.

%In the case d = 0 these interband Coulomb interactions would correspond to Landau level mixing [115].
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w ithin the model considered in this chapter the applied magnetic field is — unlike in section
3 — taken constant over the entire graphene sample while now a p-n junction is evoked using
an inhomogeneous potential' V' (r). Similarly to the snake states that existed in the case of a
magnetic field with adjacent regions of positive and negative B, also in this case chiral interface
states are obtained that travel along the p-n interface. Due to Klein tunnelling in graphene it is
possible that an electron is transmitted from an n-doped region into a p-doped region as a hole
with a finite probability P(¢) that depends on the angle of incidence ¥. In the perpendicular
and constant magnetic field the two particles of opposite charge describe circular motions of
opposite orientation sense and thus allow again for a snaking movement along the p-n interface.
But other than in the previous chapters, this isn’t the only possibility: Unless the incidence angle
is ¥ = 0, i.e. the case of perpendicular impinging for which Klein tunneling becomes perfect
(resulting in P(0) = 1), there is always a finite probability 1 — P(¥) that the particle is reflected
back and performs a skipping orbit like in the semiclassical picture of an edge state, e.g. for the
conventional quantum hall effect. Hence, the motion of a particle will in general consist of a
random sequence of snaking and skipping orbits, semiclassically spoken [123-125].

In the following, two different geometries will be discussed, namely a straight and a circularly
shaped p-n junction. Numerical studies of related situations can be found in [126, 127]. For both
systems, a clean graphene sheet without disorder is assumed in agreement with the high quality
that can be accomplished lately and interaction effects are not taken into account (in contrast to
e.g. devices featuring p-n-p junctions where interactions between counter-propagating interface
states can lead to non-Fermi liquid behaviour [89]).

Possibly, the predictions within this chapter might also for example apply to the Dirac fermions
that arise in the surface states in topological insulators [128-131].

The content of this section can also be found in the publication [132].

! Another possibility to create qualitatively good p-n junctions in graphene is given by the controlled diffusion of
metallic contacts, compare [122].

71
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4.1 STRAIGHT P-N JUNCTION

fa)

w t first, the geometry of a straight interface between the p- and n-doped regions in the

plane is studied.

4.1.1 MoDEL

m

_

he low-energy Dirac fermions in the graphene sheet are described using the standard

Dirac-Weyl Hamiltonian in two dimensions according to

e e
H =vpo, (px + ch> +vpoy (py + CAy) + Voy, (4.1)

with the momentum p, , = —i0,, and the matrices o, , . (with identity () are the Pauli
matrices acting on the sublattices defined by the two-atomic basis in the Wigner-Seitz cell of the
honeycomb lattice. The spatial components of the vector potential, namely (A,, A,) contain the
homogeneous magnetic field B = 0, A, — 9, A, with B > 0 which is applied perpendicular to
the sheet®. Choosing the Landau gauge for simplicity, this yields (A, A,) = (0, Bx).

Electrostatic gating can create a scalar potential V' (z, y) which in this case of the straight junction

is considered to be constant in y-direction and to develop a step in z-direction as
V(z) = Vo sen(z), (42)

where 15 > 0. Although the model of a sharp junction is used for the calculations, the spatial
variation is assumed to be smooth on atomic distances in graphene since thus the quasiparticles
are not scattered between the different K -valleys. In experiments the realization of a sharp step
potential is involved, and also theoretically the minimum distance over which the potential varies
has been determined to be the magnetic length Ig [64]. Nevertheless, the description in (4.2)
describes sufficiently well the underlying physics and simplifies the mathematical treatment
[128, 129]. Furthermore, the situation at a single K point is considered and also the spin is not
considered allowing for compact notation.

Dimensionless units measuring energies® and length in multiples of the magnetic energy and

magnetic length according to

EB:\/ivp/lB, lB:\/C/eB (4.3)

®Here, a true external magnetic field is considered. Nevertheless the formalism can easily be adapted to also handle
strain-induced so-called pseudo-magnetic fields.

*Note the difference to the units in the last chapter is just given by a factor 4/2 in the energy and only used to simplify
the notation.
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Figure 4.1: Different graphene p-n junctions considered here, i.e. the straight case (left panel)
and the circular geometry (right panel), including sketches of examples for semiclassical cyclotron
and chiral skipping-snaking interface states. Blue and pink coloured areas symbolize n-doped

and p-doped regions, respectively, where the potential is constant V' = —Vj and V' = +V{;
everywhere a constant magnetic field B is applied. [132]

x Y

with & = 1 are employed during these chapters. The two setups for the straight and circular
geometry are schematically depicted in figure 4.1.
Due to the homogeneity along the y-direction, the problem of the straight junction can effectively

be reduced to a one-dimensional system, and the spinor eigenstates can be written as

Ty(e.y) = My (2), By(a) = ( k(@) ) , (4.0

vk (x)

with £ = k, being the conserved wavenumber. Defining the new coordinate ¢ = V2(z + k),
ladder operators a = 0, + ¢/2 and a’ = —9, + q/2 can be created which fulfil the commutation

relation [a, a'] = 1. With these (and the dimensionless units), the Dirac-Weyl Hamiltonian can be

H = (V(x) _m) . (4.5)

Furthermore, one finds that for regions where the potential has a constant value, ie. V(z) =V =

rewritten as

const,
(V-—Eu+aw=0,du+(V-Ewv=0 (4.6)

is obtained and inserting these into one another, this yields a representation of Weber’s differential

equation, namely

2 2

{aTa(EV)ﬂv:[d (E—-V)? %f— v=0. (4.7)

i "
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Weber’s equation is solved by parabolic cylinder functions and exploiting their recurrence relations
(compare [101, 102])

aDy(q) = pDyp-1(q), aTDp(q) = Dp+1(9), (4.8)

it becomes obvious that v = D, (q) with p = (E — V)? and q as defined above is a solution to
equation (4.6). The second, independent solution is given by D,,(—¢) which can easily be checked
regarding that ¢ — —¢ leads to a — —a as well as a' — —a' and thus the operator aa remains

unchanged. Hence, the two independent (non-normalized) spinor solutions can be constructed as

o) (2) = ( (E —V)Dg_yy2_1(vV2(x + k)) )

kv ZD(E_V)Z(\/§($ + k))

) | —(E=V)Dp_vyp_1(—V2(z + k)
(I)k:,v(x) = .

Considering the asymptotic behaviour for large real positive and negative values of the argument
[101], it follows that the solution ®(2) must be taken on the left side of the p-n interface where
z <0,V = =V, while 1 solves the problem on the right side (x > 0,V = V). With complex

coefficients c_ /-, this can be summarized as

(2)
By () = { ce®p”y (2), =<0, } (4.10)

c>¢,(€173rvo (x), x>0,

4.1.2 ENERGY SPECTRUM

— Yhe matching condition for x = 0 together with the condition of normalizability yields

the quantization condition for the energies
AR(E) = det [0, (0), 81y, (0)] =0 (4.11)

as well as the coefficients. Using a similar numerical bisection method as in chapter 3, equation
(4.11) can be solved and yields the spectra in figure 4.2 for different values of Vj. As visible the
solutions ¥ = F), j, which are labelled by the band index n which corresponds to the Landau level
index for zero potential, i.e. Vj = 0, and the wavenumber k have an antisymmetric behaviour

following from Ay (E) = A_i(—E):

E—n,—k = —Lnk- (4-12)

The energy spectrum just reduces to the relativistic Landau levels ES),Z: = sgn(n)+/|n| if the case

of a vanishing potential V5 = 0 is regarded. Here, sgn(n) represents the sign function and the
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Figure 4.2: Energy spectrum F, ; depending on wavenumber k obtained numerically for a
straight junction for different values of the potential 1§, namely: (a) Vo = 0.6, (b) Vo = 1.2, (¢)
Vo = 2.4. Red dashed curves are guides to the eye only and illustrate the central chiral interface
state passing through k = E = 0. The green (orange) arrows in (c) indicate states at fixed energy
FE = 2 (F = 0) for which density profiles are shown in figure 4.6 (figure 4.7). The avoided crossing
which is depicted in figure 4.5 happens at the position of the blue vertical arrow. [132]



76 CHAPTER 4. GRAPHENE P-N JUNCTIONS

energies become independent of the wavenumber £, although the corresponding cyclotron orbits
have their center at values £ = —k. Exactly such flat, dispersionless parts of the energy levels

can also be spotted in the spectra in figure 4.2 for large |k|. Since for large |k

, the corresponding
states are also located far away from the interface in the bulk (since this inflicts large |x| values)
these states are mostly unaffected by the change in the potential created by the p-n junction and
hence only experience a constant potential of +V};. Therefore, they are simply Landau levels
shifted by the respective potential. This can in addition be verified by expanding the parabolic

cylinder functions for large arguments according to [101]

N
Dy(z) = SPe—7 /4 (Z (—P/z?zzﬁtéiz—)fﬂ)n 4 O’xQ‘—N—1> , for |argz| < %TW’

n=0

N
O P e

n=0

/o N
_ V2T pmipt1 22/ 3 (P/Q)n(1/22+p/2)n SN
I'(—p) 0 nl(z2/2)n
for % <argz < % (4.13)

where the first line corresponds to positive real arguments z > 0 and the second expression is
valid for real negative arguments z < 0. Focussing for simplicity only on the limit £ — o0, the

determinant yields

(4.14)

ek’ V2r i ek V2 imp |
(E+Vo)<ﬁk—r(1_p)e >+(E—Vo)(—\/§k—r(p)e p>_0.

when inserting the asymptotic formula for large positive arguments from above. The quantity p
here has the value p = (E + V})? since for positive k, the negative z-region has to be considered.
Further analysis shows that there are only small corrections that exponentially depend on £,

1
namely i i
Voe ~ n(1+2V)e
k7" V2K + 2nVg)n!

where the first value is the correction of the zeroth and the second is the correction of the nth

0o =

(4.15)

Landau level. Analogously also for negative k values, finally exactly the shifted Landau levels are

obtained as

En,\k:\—wo = _Sgn(k)‘/o + Sgn(n) |7’L| (4.16)

Each level with a fixed band index n is continuously connected between these two flat asymptotic
values and thus for Vi > 0 there is always the n = 0 level that crosses £ = 0 at the position
k = 0. Additionally, when the n = £1 levels cross zero energy there will be two additional modes
that cross E = 0 at finite k, and so on, resulting in an odd number of such modes which in fact
correspond to the chiral interface states, for non-zero potential.

This continuity of the levels also leads to a closing of the gaps between neighbouring levels with
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increasing potential: Already for Vj = 0.5 the n = =£1 levels for £ — o0 align with the n = 0

level in the limit & — Foo and thus the spectrum becomes gapless for any larger values of V.

4.1.3 PROPERTIES OF CHIRAL INTERFACE STATES

=)

\
L urthermore, the chiral interface states can be analysed in more detail. From their slope,

one can calculate the velocity with which they travel along the y-axis as

Unk aEn,k . 8kAk(E)
e t=rvi) i

For the n = 0 mode this velocity can even be evaluated analytically around the position £/ = 0 = k:

First of all, the parabolic cylinder functions are expanded to lowest order in their argument q as

28y 25w

PO T ) T TED

q,9< 1. (4.18)

Next, this expression is inserted into the condition (4.11) and since considering small energies,
E < V) is assumed and hence the simplification (Vj E)2 ~ VO2 + 2EV) is implemented. With
the Taylor series of the form I'(a + bF) ~ I'(a) £ I''(a)bE, where a, b are functions of V{, and
some algebra, this results in

Vs V2r 2% VT (1 — VR)

E - 1+ V02[¢(1 _ {/02/2) _ ¢(1/2 - V02/2)] (4.19)

1 1
- GWU%WWm_FFWﬂEO—WﬂQ

where I'(z) is the Gamma function and the Digamma function is ¢(z) = dInI"/dz. This result
is shown in figure 4.3 and defined as v; = —v;,—0 x—0. The velocity first grows quickly with
increasing potential strength 1j and then develops an oscillatory behaviour that seems to be
damped. The steep increase for the small V < 1 limit is given by vs = (2/4/7)Volp. This value
is identical to the velocity of a classical particle caused by the drift force resulting from a crossed
magnetic and electric field (£ x B-drift) and represented by the blue dashed line. For the opposite
limit Vi > 1 the oscillations seem to die out and converge to a certain value. It is depicted by
the dotted red line and is given by vy = (2/7)vp. This value corresponds to the semiclassical
expectation for a situation where a pure snake trajectory built from alternating semi-circles occurs
caused by perpendicular incidence of the Dirac fermions on the interface [123-125]. The slopes
of the central state around £ = k£ = 0 that have been gained from linear regression fitted to the
spectra in figure 4.2 for the three values Vy = 0.6 (1.2, 2.4) of the potential strength yield values
of vs/vp =~ 0.76 (0.65, 0.63), respectively, in very good agreement with the result in equation
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Figure 4.3: Velocity vy = —v,,—0 x—0 of the central chiral interface state around £/ = 0 depending

on the potential strength V{. The analytical result from Eq. (4.19) is depicted as the black solid
line while the dashed blue line gives the drift velocity vs/vr = 21/2/mV; predicted for the limit
of a small potential step Vy < 1 and the dotted red line represents the limit of large Vjy where
vs/vp = 2/m ~ 0.63. [132]

(4.19). In addition, such fits have also been extracted for the large energy range of the spectra
since not only the regime |E| < 1 but also the range with |E| 2 1 shows linear behaviour but
with a different slope. For this region values of v, /vr =~ 0.95 (0.92, 0.82) have been found which
is in accordance with the expectation that vo, — v for |E| > Vj [63].
Also the oscillation as a function of V/Ep ~ Vo /B visible in figure 4.3 itself is noteworthy
since its extrema take place for special values of the potential strength, namely Vy = v/N with N
being a natural number. For exactly these specific values an analytical treatment of the matching
condition (4.11) for zero energy is possible since then the index p reduces to the integer values
p = N and hence the parabolic cylinder functions can be simplified using the Hermite polynomials
Hpy(z) as [102]

Dn(q) = =22~/ A Hy (q/V2). (4.20)

With this, one can show that there are 2N — 1 solutions of the matching equation A (E = 0) =0
at values k = {0, £k, ..., +kny_1}, where the k; are given by the N — 1 positive zeroes of the
Hermite polynomials H (k). From this, one can derive the number of energy bands E,, ;, that

cross ¥ = 0 at a certain value k for a given potential within the range
VN-1<Vy<VN (4.21)

to be 2NV — 1. This prediction is consistent with the spectra for the three values of the potential
strength where in figure 4.2 there are 1 (3, 11) states crossing zero energy in panel (a) ((b), (c)).

Hence, for an arbitrary non-zero potential strength Vj there will always be a chiral interface
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Figure 4.4: Zoom of the spectrum in figure 4.2 (b) for 1 = 1.2 showing in more detail the
avoided crossing between the energy levels with band indices n = 0 (black line, triangles up) and
n = 1 (red, triangles down). The triangles mark the positions where values have numerically
been calculated for the discrete k-grid.

state? — at least the one crossing the point £ = k = 0.

But what exactly is such a chiral interface state? In the different panels of figure 4.2 several can
be seen and as an example, the central one is always visibly enhanced utilizing the dashed red
line. Nevertheless it should be regarded as a guide to the eye only, as it does not represent a true
eigenstate for all values of k as it runs along different bands with different band indices n which
are divided by avoided crossings which become smaller with higher potential strength 1 and
energy E. A closer picture of such an avoided crossing is shown in figure 4.4 on whose scale the
different energy levels become distinguishable. The chiral interface state has a negative group
velocity and consists of parts of approximately linear slope that have already been discussed for

the central state before.

4.1.4 PROBABILITY DENSITY

fa)

w fter calculating the eigenfunctions ¥, ;.(x, ) for a given energy F,, j, from the matching
condition and the normalization, also further quantities like the probability density p,, x(x) or the
particle current density, or, to be more specific, its y-component .J,, () to the given eigenstate

can be evaluated as

Prje(x) = \IlLkUO\I/mk, In(x) = UF\I/L,kUy\Iln,k' (4.22)

*This contradicts a statement in [128] where a vanishing of all states was predicted for V; larger than a certain
threshold.



80 CHAPTER 4. GRAPHENE P-N JUNCTIONS

‘ ‘ ‘ N ‘ ‘ ‘ I
= k=-4.3640 = k=-4.3635 ]
0.8 4 _osf .
= 0.61 150060 ]
0.4 1 04 v ]
0.2} . 4 o02F R
ol R ol Loy ] oL T~ ]
‘4 2 0 2 4 6 8 ‘4 4 6 8
X
L I R L I B

L k=-4.3633 s k=-4.3630 ]
0.8 4 o8 .
r . T =~ r - . B
= 0.6 o 155060 D ]
04 4 04F ]
0.2 /\ ] S /\/\%
0? o J/\\/\‘ 0' e el ] ]
4 2 0 2 4 6 38 ‘4 2 0 2 4 6 8

X X

Figure 4.5: Probability density p,, . versus position x for different values of k£ around the avoided
crossing of the n = 0 (black line) and n = —1 (dotted red curve) levels for Vj = 2.4 indicated by
the blue arrow in figure 4.2 (c). [132]

With these properties the different states and energy levels can be further analysed. For example,
one of the already discussed avoided crossings has been considered in greater detail in figure 4.5.
Here, the probability density for the two bands (n = 0 and n = —1) participating in the crossing
has been depicted for different values of the wavenumber £ in the range where the crossing takes
place, namely for —4.364 < k£ < —4.363. In the first panel which means in the situation left of
the crossing in figure 4.2 (c) the n = —1 band has the probability density form of a Landau level.
This can be concluded from the fact that it is centered away from the interface and approximately
around the expected value & = —k. It corresponds to the flat dispersion left of the crossing. On
the other hand, observing the n = 0 band, which comes down with a steep slope to join the
other level in the avoided crossing considered, shows that it is located very close to the interface
marking it as a chiral interface state. Throughout the evolution of the panels the states morph
and exchange roles so that the interface state is furthermore carried by the n = 0 band which
evolves right of the crossing with approximately the same slope as the n = —1 band had before
while this band becomes a flat Landau-like level.

Furthermore, also the probability densities of other states have been observed and a choice is
shown in the following: In figure 4.7 four states for Vj = 2.4 and with energy £ = 0 have been
displayed which are indicated by the orange arrows in figure 4.2 (c) while the green arrows in
this panel correspond to the four states investigated in figure 4.6 which have energy F = 2.
These latter states can be seen to be centered on only one side of the interface and rather close
to it — in fact, much closer than the corresponding Landau levels at Vj = 0 would be, which
are centered at * = —k ~ +5.27, +4.48, +3.82, and +-3.21 for the chosen values. Hence, they
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Figure 4.6: Probability density p,,, k depending on the position x for states taken at energy £ = 2
and a potential strength of Vj = 2.4 represented by green arrows in figure 4.2 (c). Different panels
correspond to different wavenumbers k (given in the panel) and corresponding band indices.
[132]

would be expected to be found on the other side with respect to the junction and also much
further from it. Nevertheless, the shape of the probability density curves is very similar to that of
Landau levels, to be more specific the state in panel 1 (2, 3, 4) corresponding to a wavenumber
k ~ —5.27 (—4.48, —3.82, —3.21) resembles a Landau level with index n = 0 (1, 2, 3). A look at
the spectrum in figure 4.2 (c) verifies that these states evolve to exactly the bulk Landau levels with
the named band indices n when following the respective line through n + 1 avoided crossings to
the limit & — —oo. To see this, one has to stick to one state/curve and not switch them according
to the evolution of the chiral interface states. Thus, for example, the central chiral interface state
(red dashed curve) that passes through £ = k = 0 and there, of course, has a band index n = 0,
corresponds for the here considered energy 2 = 2 to a band with index n = 2.

In the next picture, some of the 2N — 1 = 11 modes crossing £ = 0 for V) = 2.4 have been
more closely considered. Obviously, these probability densities look different than the ones
shown before: First of all, they have more peaks, which are less distinguishable, and, more
importantly, they are not centred on only one side of the junction but have a finite probability on
both sides which is even symmetric for £ = 0 and becomes more asymmetric for larger values of
k. Remembering that we consider a p-n junction at the position # = 0 this means that these states
are carried by electrons (for x < 0) and holes (for = > 0) both. For the symmetric case for k£ = 0
the motion must consist of the same number of half circles on both sides (in the semi-classical
picture) like it would be the case for a pure snaking state while for the other more asymmetrical
situations the state behaves like an edge state consisting mostly of skipping orbits. These states

shown in figure 4.7 represent special features of the Dirac fermions in graphene which will be
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Figure 4.7: The same quantities as in figure 4.6 are depicted but here the eigenstates are taken at
energy I/ = 0 and are indicated by the orange arrows in figure 4.2 (c). [132]

highlighted by contrasting this version with the analogous problem of Schrédinger fermions as

they would be present for example in a conventional two-dimensional electron gas [133].

4.1.5 CompPARISON WITH 2DEG

fa)

WJ Iso for this setup, a straight p-n junction at the position = = 0 is inflicted, i.e. the potential
is again given as V' (x) = Vpsgn(x) and using the Landau gauge leads to (A,, A,) = (0, Bz) as
before. With the translational invariance in y-direction, the wave functions can be factorized
as above as Wy (x, y) = ey () where ¢ () now is a one-dimensional scalar wave function.
With ¢ = v/2(z + k) and the ladder operators a = 9, + ¢/2 and a' = —09, + ¢/2 defined as

before, the Schrodinger equation takes the form

[aTa - <E’ —V(z)— ;)} Yr(x) = 0. (4.23)

Energies are now measured in terms of the cyclotron energy defined as w. = eB/(mc) and
lengths as before in units of the magnetic length [p. Considering the two regions with constant
potential V' (z) = V = £V} on both sides of the interface, the solutions to this equation are given
by parabolic cylinder functions D,(+q) with the index p = F' —V — 1/2 and in general the
eigenstates follow as linear combinations of the wave functions %(5\’/2 ) (z) = Dp(£V2(x + k).
For a uniform potential without the here considered step, the requirement of normalizability

would imply integer values of the index p according top = N = 0, 1, 2, ... resulting in standard
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Figure 4.8: Energy spectrum F,, ;, (in units of the cyclotron energy w.) depending on the
wavenumber k (in ;') for Schrodinger fermions in a straight p-n junction for a potential strength
Vo/we = 2.4. Black arrows point out states for which density profiles are shown in figure 4.9.
[132]
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Figure 4.9: Probability densities p,, ;. vs position x for the Schrodinger version of a p-n junction
with strength Vj/w. = 2.4. Each panel illustrates profiles for states with different values of k at
the same energy FE,, j as indicated by arrows in figure 4.8, in detail: a) Energy F,, , = 0 with
k = —1.00205 (black solid) and k£ = 0.445883 (red dashed), b) F,, ;, = 1 with £ = —1.54421
(black solid), k = —0.322044 (red dashed), and k = 0.953544 (green dot-dashed), ¢) £}, ;, = 2
with & = —1.99022 (black solid), & = —0.899269 (red dashed), and k = 1.37079 (blue dot-
dashed), and d) E,, , = 3 with k = —2.35387 (black solid) and £ = —0.519357 (red dashed).
[132]
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Landau energy levels E = N + 1/2 4 V shifted by V. Whereas for the situation considered for

the junction, the normalizable eigenstates can be written as

ety (2), @ <0,

Yi(z) = { C>¢/SZLVO($)7 2> 0 (4.24)

with coefficients c. )5 = N'D B xFVo—1 /Q(i\@k) including a general normalization constant
N.

At the interface at x = 0, both the wave function ¢y (z) itself and its spatial derivative v} ()
have to be continuous and thus the matching condition reads

(2) (1)
AG (B = det Vi1, (0) —Up3,(0) =0 (4.25)
S [¢£?)V01(0) 7/1;(;‘)/0,1(0)

using the recurrence relations of the parabolic cylinder functions [102]. The numerically deter-
mined solutions of this condition yield the spectrum E,, ;, that is shown in figure 4.8 for Vj = 2.4
(in the here used energy unit w,). This spectrum does not exhibit the same anti-symmetry as the
one for the Dirac case but it also reveals the flat regions towards large |k| values that represent
the bulk Landau levels. In addition, one also observes avoided crossings and regions of linear
dispersion that can be interpreted as chiral interface states.

Figure 4.9 shows the probability density profiles p,, ;. for the states indicated by arrows in figure
4.8 which have an approximately constant slope. All of the densities in panels a)-c) are non-zero
only on one side of the junction (also those taken at energy F,, ; = 0 in contrast to the Dirac
version) and display on the other side only a weight which is exponentially small. Only for the
states in panel d), there are parts of the probability density on both sides. This corresponds to
the observation from the spectrum that these states are in the vicinity of regions with a flat
dispersion and hence can be interpreted as Landau like states coexisting with chiral interface
states while the states considered in the other three panels are taken from places with mostly
linear dispersion and hence can be thought of as the skipping orbit edge state-type of a chiral
interface state interpreting the interface as a boundary. Nevertheless, there are no states like the
one in the Dirac picture which crosses the ¥ = k = 0 point with linear dispersion and equal

weight of the probability density on both sides of the junction.

4.1.6 CURRENT DENSITY

@eturning to the Dirac fermionic case of graphene and a quantity which has already
been mentioned but not yet treated, namely the particle current density J,, (), this quantity
is depicted in figure 4.10 for a potential strength V) = 0.6 (compare figure 4.2 (a)), displaying

only the n = 0 states for different values of the wavenumber k. For k = 0, the curve shows a
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Figure 4.10: Profile of the particle current density J,, ;(x) plotted against the position « for the
eigenstates of the band with index n = 0 and several values of £ as indicated in the legend. The
potential strength of the straight p-n junction is given as Vj = 0.6. [132]

symmetric behaviour with the maximum absolute value at x = 0, i.e. it satisfies the symmetry
relation Jy o(z) = Joo(—x). Furthermore, one can inspect the current belonging to a certain

eigenstate which can be obtained by integrating over the transverse direction x and reads [63]

I, = / dxdy, p(x) = vy k. (4.26)

Here, one can see that the current /j o for the state in band n = 0 with £ = 0 is proportional to the
velocity v, defined before. Also in figure 4.10 the maximum value for the current |Ij ;| is reached
for k = 0. If one increases the wavenumber, this absolute value of the current decreases until
it reaches the limit |k| > V| where the bulk Landau levels occur and it becomes exponentially
small. Furthermore, during this process the profile becomes more and more asymmetric although
it keeps its peak around the position of the interface, i.e. in the vicinity of the position z = 0.
Nevertheless, the corresponding probability density py 1, (2) moves further away from the interface
with increasing |k|. The entire current for a certain chemical potential is obtained by summing
and integrating the current for each state as ), [ dk I, . f(E),  — 1) where f(E) is the Fermi

function.

4.2 CIRCULAR P-N JUNCTION

=)

\
L— or the circularly symmetric case schematically shown in figure 4.1 (b) where R is the
disc radius, it is helpful to employ polar coordinates (r, ¢) with the radial distance given as

r = /22 + y? and the angle ¢ in x-y-plane. Experimentally this geometry has received a lot of
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interest and such settings have already been realised creating the circular potential using various
methods such as gating with top and bottom electrodes that can be put on different potentials
[40, 46], by utilizing scanning tunneling microscopy tips which themselves alter the potential
already in a circularly geometric fashion [37], or via local manipulating defect charges within the

underlying substrate beneath the sample [42].

4.2.1 MODEL

t I ,[,
&Z he step-like potential

is considered and the magnetic field will again be encoded in the vector potential (A, A,). In order

V(z,y) = Vosgn(r — R) (4.27)

to sustain the rotational symmetry, the symmetric gauge is chosen, namely (4,, A,) = (0, Br/2).
Only small changes would be necessary to adjust this description to handle the pseudo-magnetic
fields that arise in graphene due to strain also in this case. With these ingredients, the Hamiltonian
from equation (4.1) is set up and the Dirac equation will be solved by spinor eigenstates of the
form [80, 134]

\I"n,j(ga 90) =

W( eli=2)9g, (&) ) (4.28)

V2 i, 5(€)

where ¢ = 12/2 (or & = R?/2 for the position of the interface, respectively) is used instead of
the normal radial component r for convenience. The solutions are labelled using the indices n, j
with the integer band index n which simply counts the different solutions to a given value of the
conserved and half-integer valued angular momentum j. The angular momenta of the two spinor
components differ by one as a result of the factorized phase ¢ and contain the radial functions

®n,;(€) and xp ;(§). They fulfil the normalization condition

/ " e €436 ([ + Ixag?) = 1. (4.29)
0

and their explicit form is given in terms of different types of the confluent hypergeometric function,

namely ®(«,v;€) and ¥(«, ;) [102] for regions of constant V. Here,

W(0,7:) = F e Dby + W

17 .
Tla—7y+1) E0(a—y+1,2-7¢) (430

is a linear combination of the two solutions

®(or,7;€) and £ 77@(a — v +1,2 — 7€) (431)
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which solve the differential equation of the form

2 2
[5d+d+<5m5> ¢; =0 (4.32)

aez " de i€ 4

that follows from the Dirac equation with m = |j| + 1/2. The variables «, /3,y are functions of

the different parameters. Explicitly, the wave functions follow as [80, 134]

MmP (1 — 2 m:
( 2 ) = ¢c<O(&—¢) ( \/gq)( (B +Vo)%, m;¢) )
X; (E 4 Vo)® (m — (E + Vp)?%, 14+ m;§)

(4.33)

EVog (m — (B — Vp)2,m; €)
U (m— (B —Vp)2,1+m;¢) .

+ e0(E - &) ( Ve

for positive angular momenta, i.e. j > 0 with the Heaviside step function ©(x) and the complex

coefficients ¢ /. whereas they read

or _ . B VEE +Vp)® (1 — (E+Vp)%, 1 +m;€)
(Xj> = c<O(& 5)( o (—(E 1 Vo). i) ) (434)
ﬁ(E—%)\P(l—(E—VoV,Hm;&)>.

+ 0 —&) ( U (—(E - Vo)?,m;€)

for j < 0. For these states, the solution ¥(«,7; £) has been discarded in the inner region of the
disc, i.e. for £ < & since it is not regular at the origin £ = 0, while for the outer region the

requirement of normalizability forbids the solution ®(«, 7; £) since for large &
§

o' ala+1
O, ;8) =14+ -7 +
( ) v (v +1)

4 (4.35)

)§+a(a+1)(a+2)§3
21 " y(y+1)(y +2) 3!

behaves like ® ~ ef.
Exploiting again the continuity of the wavefunction at the interface, i.e. for & = &, delivers

another matching and hence an energy quantization condition which reads

(E - Vo) [1 - j{ln@ (m = (B + V5)2, m;¢) ‘5:50]

= (E+W) [1 - j{lan (m — (B —Vp)?, m; 5) )5:50} : (4.36)
for positive j and
(B = V) @ (~(B+ Vol mi€)|_ = (B+ Vo) g (~(B - VoPmig)|__ .
(4.37)

for j < 0.
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4.2.2 ENERGY SPECTRUM

/F vy

m ith the help of these equations the energy spectrum can be determined numerically and
an example is shown in figure 4.11. Without a potential, i.e. for Vj = 0, there is an analytical way
to determine this spectrum: For this case, only the solution proportional to ®(c, v; &) can be kept
(again due to the fact that ¥(a, 7; €) is not regular at the origin) and since normalizability is still

required, the behaviour of ® for large £ leads to a constraint regarding the parameter «, namely

that it has to equal a negative integer, « = —n with n = 0,1,2,.... With this, the spectrum
follows as
0 . .
Efzg) =sgn(n)\/|In|, |n|=n.+(+1/2)0(j), (4.38)

with n, > 0 being the radial quantum number. This corresponds to a spectrum with flat Landau
levels for negative values of j, which is effectively independent of j, while the region with positive
j exhibits a square root-shaped dispersion according to E7(103>0 ~ +/7 for a fixed n,..

On the other hand, for finite V{), as shown in figure 4.11 for V{; = 0.6 in the main panel and
Vo = 1.2 in the inset, the shape of the curve for j > 0 doesn’t change much except for the fact
that it experiences a global energy shift of potential strength V) that follows from the positive
potential outside the disk (i.e. for r > R), resulting in E, js1 ~ Vj + E©

g At the same time,

there is a substantial change for the energies with negative j: The formerly flat Landau levels don’t
stay dispersionless any longer and especially the n = 0 level develops a pronounced dependence

on the angular momentum j. One can determine the maximum value of the negative slope for

the different potential strengths considered here which is situated at j = —11/2 for Vj = 0.6
4F . ‘\. ¥ R
* M A *
L - A
. R A
. A
2*‘"“00000¢, 0. N
fAa, e, tAFTTTOT TR
. [ “aa A N 5
Lu; LI R . A Aa L
07 - - [ ] -
farsaaa g, A 4 N
A
DI 4 A N
e e 0 c el A, R
2k il
L \ ‘ \ ‘ \
-10 -5 0
J

Figure 4.11: Dependence of the energy spectra I, ; on the angular momentum j for a circularly
shaped p-n junction with radius R = 3.3. The different colours and symbols stand for the different
(integer) values of the radial quantum number n, = |n|—(j+1/2)©(j) = 0, 1, 2, 3. The potential
strength is given by V{) = 0.6 in the main panel and Vj = 1.2 in the inset. [132]
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and at j = —17/2 for Vp = 1.2. This result has a direct connection to the ring current which will

flow unidirectionally around the p-n disk.

4.2.3 RING CURRENTS

— WUhe current density of this current is given by

C =i
Jéﬂz_) (r) = UF\I/LJ ( Z.(g(p —zz ® ) v, (4.39)
belonging to a certain eigenstate W, ;(7, ¢) which carries the current, runs in the azimuthal
direction while the radial component of the current density vanishes. The n = 0 eigenstates
WUy j<o exhibit a maximum in the corresponding probability density pg_;(r) for potential strengths
below unity (Vo ~ 1) for the values » = R and the half-integer valued j = jo ~ —R?/2. If 1}
becomes larger, there are oscillations around the position of the disk radius for both the probability
density and the current density. For some (negative) values of the angular momentum j of the
n = ( states, figure 4.12 shows the dependence of the current density on the radial coordinate 7.

The circulating current follows as

L= [ drJ¥) ). (4.40)
0

(NN

S
~
T
|
|
1

Figure 4.12: Dependence of the azimuthal current density ./, () (r) for the n = 0 states on the

n?j
radial distance r from the center of the circular p-n junction in units of /5. Results are shown for

a radius of R = 3.3, a potential strength of Vj = 0.6 and several values of j < 0. [132]
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There is also a second way to express the current which is by exploiting its connection to the

dispersion relation — analogously as to the case of the straight junction, again it can be written as

derivative, this time with respect to the angular momentum for a fixed value of n,- and it reads
V2

From this equation that directly relates the resulting current carried by an eigenstate to the
dependence of the respective eigenenergy on the angular momentum, it is obvious that for n = 0
the magnitude of the current will be maximal for the already discussed state with j = jo < 0
with the steepest slope 0; Fp ;. Hence, it should lead to maximally enhanced ring currents caused
by chiral interface states if there is an alignment of the Fermi energy with this respective energy
Ej j,- For the flat bands of the dispersion, for negative j and a vanishing potential Vj = 0, this
current is obviously given as IO 5 <0 = 0 (explanation as in the previous chapter 3) whereas for

small but finite V{) the current is obtained as

veW(
Ios<o =7 75 Coi(6o) + O(VE). (4.42)

The coefficients Cy ; are dimensionless and can be obtained via perturbation theory while the
prefactor results from restoring the different units (namely length |5 and energy E'g) in order
to clarify that the strength B of the magnetic field enters the ring current solely due to the
coefficients depending on the magnetic flux &, = 1/2(R/I)? through the n-doped region.
There are two ways that yield these coefficients: Either they can be calculated analytically
using perturbation theory as shown in the next paragraph, or numerically from (4.41). They
show a peak for the special value of the angular momentum j = jg with a maximum value of
|Co4,| = 0.25/1/2€y = 0.25(p/R and they are negative.

For small potential strengths, the potential can be written as V(r) = Vj + VP(r) where
yrert(yr) = —2VyO(R — r) is considered as a small perturbation which does not couple states
that possess different angular momenta. Thus, the Landau levels withn = 0 =n, and j < 0

experience the correction

g:ejrt(é) ) _ ﬁ ( 0 > <n’j|VPert|0’j>
( Xbg (€) Moy \1) " 2 —sgn(n)/[n[Nn,;

n#0
) (-sgnnVIT¢( In| + 1, m+1f)) (4.43)
®(—|n|,m;§)

of first order in V" with N? ; = 4x|n|![(m — 1)!]*/[(m + |n| — 1)!] including m = |j] 4 1/2,
and ¢ = 72 /2. Expressing the matrix elements of the perturbation via the basis of the unperturbed

Landau levels using the notation {|n, j)} yields

42 7 ngQ)

(o) =g S
7] n7]

(In] +m,m + 1; =&o). (4.44)
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Figure 4.13: Dependence of the dimensionless coefficients —C’,—g j<o on the angular momentum
j from perturbation theory up to first order. The disk radius of the circular p-n junctionis R = 3.3
in the main panel and R = 10 in the inset. Dotted black lines are merely meant to be guides to
the eye. [132]

Using the physical units instead of dimensionless ones, the integrated current to lowest order

reads

o0 0 —iei¥
tf pert
Iy = v / dr WP v
,J<0 F .
0 07] ZeZgO 0 07.7

= ”F—V‘)Co,j +O(Vg), (4.45)
ZBEB

and performing the integral over the radial coordinate yields the coefficients

V2 & i@(n+m7m+17—§o)

=1

These are shown in figure 4.13. Obviously, the curves shown for different values of the disk radius
R reveal maxima for half-integer values around the predicted value j = jo ~ —R?/2 ~ —5.5 for
R = 3.3 and —50 for R = 10.

The quantum-mechanical persistent current which flows though a ring of the radius R in equi-
librium in the presence of a magnetic flux presents a good measure with which the current
resulting from the present setup can be compared. Such a mesoscopic persistent current exhibits
a maximum value of 1" = v /(27 R) and depends in an oscillatory manner on the strength
of the magnetic field [135-138]. In contrast, the maximum current for the present situation is

reached for j = jo and with the respective value for the coefficient, the estimate results in

|IOJO| —~ E&
Iee) 7 2 Ep’

(4.47)
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These ring currents Iy j, and the thereby generated magnetic moments caused by chiral interface
states will be experimentally measurable for not too small values of the ratio Vj/Ep. In the case
of the persistent current, SQUID techniques (compare [139] and section 2.8.11) have been used.

For the p-n disk considered here, current density profiles like those depicted in figure 4.12 could
be experimentally measured using the techniques explained in [49, 140] if the energy F), ; is
aligned with the Fermi energy. Induced by the chiral interface states which circulate around the
disk, these densities show maxima around the radial position » = R. Nevertheless, this feature is
only clearly visible for a not overly large potential strength since for Vjy 2 1, there are oscillations
to be observed rather than clear peaks. By integrating one of these curves of the current density,
the entire current I ; can be obtained. By means of measuring the resulting ring currents for
different values assigned to the Fermi energy, it might be possible to distinguish between different

quantum states labelled by the angular momentum j.

4.3 CONCLUSIONS

graphene, namely a straight and a circularly shaped potential step have been analysed and the

ummarizing the findings of this chapter, two different geometries for p-n junctions in

resulting interface states in a perpendicular magnetic field have been studied.

For the straight junction with a height of the potential step of 2V}, there is always at least one
interface state which crosses — for the symmetric situation considered — the point £ = k = 0
and whose group velocity is given by the £ x B drift velocity for small potential strengths.
However, for larger values of V) this velocity oscillates as a function of Vj and finally approaches
the semiclassical velocity 2vp /7 of a snaking state. Furthermore, when the bulk Landau levels
cross from positive to negative energies or vice versa due to the shift caused by Vj, always a pair
of interface states at finite % is added, resulting in an odd number of these modes. A comparison of
the Dirac case in graphene to a Schrédinger version as it would be present in a 2DEG has revealed
that modes of edge-state type which move via skipping orbits can be found in both situations
while modes with also snaking behaviour exist only in the case of Dirac fermions.

Also for the circular case, there are chiral interface states which depend on the potential strength
Vo and also the disk radius R which determines the angular momentum jo for which the circular
current is maximal. The current is also localized close to the p-n interface. In the n = 0 Landau
level, a finite potential can cause a chiral interface mode which induces a measurable magnetic
moment whose value could even be larger than the one for a persistent current within a similarly

sized quantum ring.
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fa)

WA nother promising experimental setup is to combine graphene with a layer of a supercon-
ducting material thus creating an external proximity-induced pairing gap A. One may expect
that such a gap cannot coexist with a magnetic field B, which in this setup is assumed to be
homogeneous and perpendicular to the plane of the graphene sheet, since these effects tend to
annihilate each other. Here, however, a material is considered which has a sufficiently high critical
field allowing for a coexistence of both phenomena. Furthermore, the geometry is important:
Whereas in a three-dimensional bulk BCS superconductor the Meissner effect discussed in chapter
2.8.3 will push out a magnetic field, the usage of a thin superconducting layer should make the
observation of the interesting regime where both effects occur, possible. It has been demonstrated
for graphene [52-54] (and other two-dimensional electron gases [141]) that especially supercon-
ductivity that is induced due to the proximity effect! is able to coexist with magnetic fields of
a magnitude high enough that Landau quantization is achieved. The results following in this

chapter are mainly presented in [144].

""This is necessary since intrinsic superconductivity predicted in [142, 143] was not found experimentally for graphene.
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5.1 SETUP

@/ | here are several possibilities to realize a situation of a graphene sample with both a
superconducting gap and a magnetic field. One alternative is the setting of a lateral interface
between graphene and the superconductor, which allows for specular Andreev reflection where
an electron is reflected as a hole under an inverted reflection angle and has been discussed in
detail [5, 145-147]. The presented proposal for a hybrid structure, which is shown in figure 5.1,
is started with a substrate of standard hexagonal boron nitride (h-BN) of a thickness of about
20 nm, then a thin layer of two to four monolayers of the superconducting material NbSe; is
added. This is a two-dimensional so-called van der Waals superconductor which is appropriate to
induce superconductivity in graphene [148] and able to develop interfaces of high quality with
this material [50]. Furthermore, it has a high critical magnetic field with values of B, ~ 5T
at temperatures of 7' = 1K and keeps its superconducting properties even when reduced to a
thickness of only a few monolayers. If tuning via gates is desirable, it is possible to add another
monolayer of h-BN at the expense of reducing the proximity effect. On top of this stack, the
graphene flake is positioned and in this case the option to add another layer of h-BN closing the
structure was not taken to allow for probing for example via scanning tunnelling microscopy
as indicated or utilizing a graphite finger tip as demonstrated in [57]. Further opportunities
to measure the different properties of this setup are given by transport experiments and the

technique of locally manipulating the defect charges present in the substrate [42].

Figure 5.1: Schematic drawing of a vertical hybrid structure consisting of an h-BN substrate,
a thin layer of NbSe; and another monolayer of h-BN which allows for gating the device. The
graphene flake is deposited on top of this stack and can be probed using for example an STM tip.
The entire structure is subject to a perpendicular magnetic field B. [144]
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5.2 EXACT SOLUTION FOR V=0

@ eglecting spin?, the Bogoliubov-de Gennes Hamiltonian for the above described system

can be written as [5, 145]

H:<UF<ﬁ+§A)-a+v A ) 65.1)

A* —vp (p—CA) -0 -V

where the Fermi energy E'r or chemical potential y, respectively, is absorbed into the potential
V as V — p — V. The Pauli matrices o, , refer to the sublattice space and the explicitly shown
matrix acts in Nambu (particle-hole) space defined by the Nambu spinors ¥(r) = (u,v)? with
the spin-up electron-like wave function u close to the K valley and the spin-down hole-like v near
K. The spinors u(r) = e (uy (), us(x))” and v(r) = e*¥(vi(z), v2(z))" are again given in
sublattice space and depend on the position 7 = (z,y). The y-dependence can once more be
expressed in terms of plane waves as a result of the homogeneity along this direction.

The magnetic field is encoded in the vector potential as A = (0, Bx) using the convenient Landau
gauge® and neglecting Zeeman splitting, and A is the proximity-induced pairing gap, which is
assumed to be real valued. However, the magnetic field reduces the superconducting gap and also
the magnetic field is screened in the graphene layer but B and A are already assumed to be the
effective parameters after renormalization*

Inserting all the above and expressing lengths in units of the magnetic length I = +/hc/eB,
wave numbers k in 1/{p and energies in the cyclotron energy Ep = hvr /I, the Hamiltonian

can be written as

Vv —i0y —i(k + x) A 0
—i0; +i(k Vv 0 A
g |t +i(k +x) (5.2)
A 0 -V 10y + i(k — x)
0 A 10y — i(k — ) -V
From this two different sets of ladder operators can be defined according to
a = a(k)=(—idy —i(z+k))/V2
ol = al(k) = (—id, +i(z +k))/V2 (5.3)

?This would only result in an identical and decoupled copy of the Hamiltonian with the opposite spin and can hence
without loss of generality be ignored.

’It can be shown that changing the gauge for example to the symmetric gauge A = B/2(—y, x) does not change the
resulting energy eigenvalues.

*In general, it is possible to obtain these renormalized values from self-consistency equations, compare [149, 150].
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and
a = a(—k)= (=0, —i(z —k))/V2
a' = al(—k) = (=0, +i(z —k))/V2 (5.4)
which define the commutator algebra according to [a, a] = [af, al] = [a,a] = [af,al] = [a,a] =

[a,a'] = 0 and [a,a!] = [a,a'] = [wal] = [@,a'] = 1 - as (absorbing also the factor of /2 in
the ladder operators, i.e. V2a — a)

V a A 0
v o A
o= (5.5)
A 0 -V —af
0 A —a -V

Inserting this in the Bogoliobov-de Gennes equation HV = E'V yields a system of linear equations

Vui +aus +Avy = Euy
atu; + Vug + Avy = Fus
Aup — Vo — &Tvg = FEun
Aug —avy — Ve = Euvy (5.6)

which can be simplified drastically for the special case V = E = 0 to the system

ausg + Avy =
aTul + Avy =

Aul — fLT’Ug =

o o o O

AUQ —av; = (5.7)

where only two components are coupled. Therefore, it is possible to obtain two second order

differential equations for two components, e.g. u; and ug

(02 4+ 200, + 22 = (B2 =1+ A)]uy = 0
(02 =200, +2% - (R +1+ A% w = 0 (5.8)

and in addition the relations connecting them to the remaining components, i.e. v; and va,

B 1
v = auy
— 1 T
vy = a'uy. (5.9)

A
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The differential equations (5.8) for u; and ug can be solved with

Uy = bleé(x"'zO)Q + b2€%(z_$0)2

uy = bye 2@t 4 p o5 (@=20)” (5.10)

and result in a wave function of the form®

1 1
\If(r) _ eiky ble%(x-i-azo)2 0 + bze%(x—a:o)2 0
0 0
— % (k — xo) —x (k + )
0 0
1 1
thye 3@ | +bgem @m0’ | (5.11)
% (k —z0) % (k+ o)
0 0

where the Gaussian exponential functions are shifted by the quantity g = Vk% + AZ.
Starting from this result, a basis transformation is executed from the functions uy, ug, v; and v9

to new z-dependent functions f1, f2, g1 and go using the ansatz

ui(z) = fi(z) + fao(2)

uz() = g1(z) + g2(2) _
we) = {k-2)n) + L (k+ ()
va(e) = —x(k—0)fil@) = 5 (k+w0)fo(0). (5.12)

Inserting this into the system of linear equations displayed in equation (5.6), relations for the new

functions according to

Vofi+Vofot(a+ik-)g + (a+iky)ga =

(al ik ) fi+ (al =ik ) o+ Vo +Vo)ge =

(ik_a' + A% f1 + (k' + A fo —iVik_g1 —iVikyge =
iVik_f1 +iViky fo + (—ik_a + A*)gy + (—ikra + A%) gy =

o o o O

(5.13)

exploiting a condensed notation with V4 = V £ F and k4 = k & x¢ are obtained. Rearranging
these equations employing another set of operators defined as c1x = 0, + (z £ x9), Cit =

0r — (z + x0) (which are thought of only as a short hand notation and not really used as creation

Normally, the solution proportional to e® +20)*/2 would be neglected since it diverges for z — F-oco but here it is

kept intentionally since it is necessary to perform the following basis transformation.
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and annihilation operators, also they lack factors of i and v/2 in order to fulfil the necessary

commutation algebra of second quantized ladder operators) leads to

cygrtcgo = —iV_(fi+ fo)
A fitcfo = —iVo(g1+ go)
koch fi kel fo = iVi(k_gi + kige)
k_cigi+kic_gs = iVi(k_fi+ ks fo) (5.14)

Inserting the first into the fourth and the second into the third equation yields

dfy = —i :(:DV— E> g1+ (;‘;VJFV) gQ:

Ay =i K:()v-v) g1+ <fOV+E> gg}

on = (kv ()

c gy = i{(f()V—V) fi+ (£V+E) fg} : (5.15)

It is obvious that for V' = 0 and E = 0 the above case of Gaussian functions shifted by £z is
retrieved but already for V = 0 and arbitrary E the equations decouple and only two functions

are connected

dfi = iEq
c fo = iEg
crgr = Efi
c_gy = iEfs. (5.16)

Inserting the first equation of (5.16) into the third, a differential equation of second order for

f1(x) is obtained as

1,
Ec+c+f1 =iEf (5.17)
which results in
(02 — (x4 20)* + E* —1]f1 =0 (5.18)

and can be rewritten using the quantities ¢ = v/2(z + 2¢) and p = E?/2 — 1 as

d? 2 1

- _ =0. 5.19
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The solution to this special differential equation is known and given by parabolic cylinder functions
(compare [101]) from which the two linearly independent variants D,,(q) and D,(—q) are chosen

and hence the solution for f; reads

fi@) =eDg (V2w +w0)) + 2D (—V2(x+ x0)). (5.20)

2

From the recursion formula

d
D) - 5905(0) + Dy () =0 (5.21)
from [101] also g; follows as
V2
gi(z) = ﬁ(—chE;(\/i(x + 20)) + CzD%2(—\/§($ +20))- (5.22)

An analogous calculation yields the missing functions fy and g9
fo(x) = 03DL2_1(/§($ —x)) + C4DE72_1(—\/§(ZL' — x9))
2 2

V2 (esD s (V(x — 20) + eaD gz (V2 — 20) 5.23)

gg(a;) 1B =

and the entire wavefunction can be expressed using the relations (5.12) as

Dbﬁ,l(\/i(ﬂxo)) Dy (=V2(x + x9))
v - ik \[DEz (\/>(£U+.’E0)) g;)?(_ﬂ(w"i‘xO))
- “ _7\[(§AIE0)D%2(\/§(3}+$0)) e %D%z(— 2(1‘+330))
SO p (V3w + 20) ~UID g (~V3 (@ + x0)
D g L (V2(z = x0)) Dy (=V2(z — 29))
fDEa (V2(z — x0)) gi?%z(—\/?(fﬁ—%o))
+ f(k—&-mo) (\@( )) T \/E%CZ””O,)DETQ(—\/i(x — mo))
ity Dz, (2w~ 20) —H5 D, (V2w - 20))

with constants ¢;. Normalizability requires p to be an integer and thus one obtains quantization
conditions for the energy, namely the Landau levels E = 4-1/2(n + 1) for p = E?/2 — 1 and
E = 4+/2n for p = E?/2 with n being an integer.

This result stands in marked contrast to the situation when a strain-induced pseudo-magnetic
field is considered where the magnetic field has a different sign in both Dirac points and thus
is proportional to the 7, Pauli matrix acting in electron-hole space instead of 79 = 1 as the real
magnetic field is implemented here. In this case, the spectrum depends on A [151, 152].
Although this simple outcome is not intuitive and was not expected from the outset, it can be

understood easily enough when the notation is changed.
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5.3 CHIRAL FOUR-DIMENSIONAL REPRESENTATION

@ewriting the Bogoliubov-de Gennes Hamiltonian as indicated before using o; (with
¢ = 1,2,3 corresponding to x,y, z respectively, and ¢ = 0 denoting the unity matrix) Pauli

matrices for sublattice and 7; Pauli matrices for Nambu space yields
H = [0,(—i0y) + 0y (—i0y + x7;) + V]| 72 + ATy (5.24)

From this formulation it is more obvious than before that it could be useful to implement a

four-dimensional formalism. The 4 x 4 Dirac matrices in the chiral representation are given by

o 0 —00 i 0 0
(0 ) e(n 0 o

and the gamma matrices follow as

0 —o - - 0 o o 0
Y =8= "], A =5l = C = . (520)
—00 0 —0; 0 0 —00

These matrices possess the usual properties
(=1 ()P=-1 (°)P=1 (5.27)
and obey the anticommutation relations
{v*, 7"} = 29", {7“,75} = 0. (5.28)
With these matrices, the Hamiltonian from above can be expressed as

H = a'p,+a*(py+29°) +9°V - BA
= 9P + 12Dy + 27°) +7°V =2 A, (5.29)

Rephrased that way, the Hamiltonian formally gives a description of Dirac fermions of mass —A
in the presence of a pseudo-scalar potential V' and a pseudo-vector potential A since these terms
are proportional to 'y5.

If Uy = (ug,vg)’ is an eigenstate of the Hamiltonian related to an energy E > 0, it is now easy

to find the particle-hole transformation

U p(r) = W) = ( —ovi(T) ) (5.30)

oyuf(r)
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which yields the corresponding eigenstate with energy —FE rendering it unnecessary to find
energy solutions for both signs and furthermore presenting a self-conjugative relation for the
zero energy states.

Analogously to the coefficients of BCS theory, two quantities

ay(k) = a(£k) = (1 + i > o = VA2 4+ k2 (5.31)

Zo

can be defined and with them a transformation matrix

M =a, (k) —a_(k)y? (5.32)
_ ( At —a-0y ) (5.33)
a_0y a4
connecting two states via ¢ = M ¢ where 1 is the z-dependent part of the wave function

U(r) = e™e)(z). With M a transformed Hamiltonian is obtained as

_ k—+~2A
H = M "HyM = o'p, + o (Xk + mf’) + }77751/(:5), (5.34)
k
and fulfils the Bogoliubov-de Gennes equation Hp(z) = Ep(x).
5.3.1 ZERO MAGNETIC FIELD, CONSTANT POTENTIAL
=)
L
or B = 0, the Hamiltonian reduces to
H =79k, ++%220 (5.35)
_ ozky + oyx0 0 (5.36)
0 —[ozks + oy0)] ’
and as solutions plane waves can be chosen. The resulting eigenvalues
By (ko k) = £E(ky, k) = £1/k2 + a3 = £/k2 + k2 + A2, (5.37)

[145] are doubly degenerate and depend on A. The density of states for positive V and FE can be

calculated from

p(w;r) 22/ 5 lus(k )|?6(w — Es(k —i-QZ/ 5lvs(k )?6(w + Es(k)), (5.38)
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and follows as

0, E <A
_ ; EV—(EQ—Az) D) D)
,O(E) - W(h’UF)z X T VETAZ A< FE< VV2 4+ A s (5-39)

E-V, E > VVZEAZ

Remarkably, there is no BCS square-root singularity for V' = 0 but instead a finite jump at the

position £ = A with a linear behaviour of p(E) for larger energies.

5.3.2 ZERO POTENTIAL, FINITE MAGNETIC FIELD

etting V' = 0 leads to a simplified expression for the Hamiltonian
H = 5"v"py + 1" (0 + 27°). (5.40)

The main effect of the transformation consists of the momentum £ being replaced by z(. As
mentioned before, there is a difference between a pseudo- and a real magnetic field, which becomes
obvious in this notation since a pseudo-vector potential is invariant under transformation with M
due to M ~'4%42~° M = 4%42+> while a normal vector potential is not.

Considering this Hamiltonian, it is obvious that it can be obtained from the original Hamiltonian
H by setting A — 0 and p, — x9. Consequently, the energy spectrum complies with the
relativistic Landau levels Ey ,, ; = £, = V2nEp withn = 0,1,2,... [6] and thus does not
depend on k or A. Hence, for all £ the energies are the same but there is also a supplementary
degeneracy denoted by s = =+.

The corresponding eigenstates can be obtained from the relativistic Landau states via the trans-

formation matrix M and read

Orms () = (Fulz + X1),07,  dpm_ () = (0,0 Fn(z — x0))" (5.41)

with the sublattice spinors

1

T
Fn(x) = (\ﬁ)l_dn’o (Sgn(n)90|n\—1>i90|n|) (5.42)
and normalized oscillator eigenfunctions
pn(@) = (VA2"nl) 2" 20, (2) (5.43)

with the Hermite polynomials H,. With this, the eigenstates are given as

(5.44)

Wi 1) —eiky< Eaa (@ £ 20) )
,N,8= - :

ag 0y Fn(T £ x0)
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These eigenstates are, in contrast to the eigenenergies, influenced by the superconducting gap A
since their center of mass coordinate, which for normal Landau states is given by k, is replaced
by £x¢ in the electron and hole spinor components, respectively.

Due to the relation (5.30), which for the given states and energies reads

U gnt(r) =+, o (r), (5.45)

a state with ¥ = —F), can be constructed from a given eigenstate Uy, ,, ;. Regarding the special
case of n = 0, this relation links states with +% and —k and it is thus possible to construct two

1D zero-energy Majorana fields labelled by s = +

5.4 DENSITY OF STATES

fa)

w t the Dirac point, the exact eigenstates from equation (5.44) can be used to calculate the
local density of states (DOS).

E) = s20,0(2)|? O(E 2 = as(k)sag.n(x))? 0(E — Ey
pB) = 3 [ G W@ 6B+ 42 S [ a8 — B

s=4,n>0

b [ S o) 5B + )

= 2906(E) + Y (gn—1+ gn)6 (\EI - \/%EB), (5.46)

n>0

where a factor of 2 results from the sum over s = +. With the dimensionless quantity a = A/FEp,

the functions g, follow as

o = / dk 2 ( (kip)2 +a2> = %ll%ln(a) (5.47)

with the integrals

In(a) = H? (Vu) e ™. (5.48)

1 / o0 U
ﬁ2”n' a2 vVu — a2
The H,(z) are again the Hermite polynomials. Setting A = 0 results in integrals of unity,
I,(0) = 1, and therefore all weights g,, have the same value positioned at the energies of the
Landau levels, thus reproducing the Landau comb. Furthermore, evaluating Ip(a) leads to the
prefactor of 0(E), namely 2¢gp = e’ /ml%. Hence, it is sufficient to evaluate the finite energy
expressions in the following.

Introducing an effective parameter D, which undertakes the part of a high-energy bandwidth
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and eventually has to be sent to infinity, the expression of the local DOS can be reformulated and

yields
p(E) = W > e 2 /PP (1, (a) + Ln(a)) 0 (|B] - V2nEp)
B n>0
|E| Z . 1-|—I 72n(EB/D)2 /+OO dX IN(E%2—2nE%) (5.49)
B n>0 > 27T

where the J-function §(E? — 2nE%) = (2|E|)~6(|E| — v2nEp) is replaced by an alternative
integral representation. Without loss of generality, the sum over n and the integral over A can
be exchanged. Moreover, the integral parameter )\ is rescaled as A — A\/A2, also energies F are

measured in units of the proximity-induced pairing gap A and D = D/A. Hence, it follows that

_ A|E| —(E/D)? /+°° dA B2 (2 3
pE) = i se e (e 1) G,

with the functions

Ga(N) = Li(a)e 2 X = a% (/\ — [;2> . (5.50)

~2iA| < 1 and with the Poisson kernel [102], this series can be summed up according to

Since ‘e

: L du HAVE) o
Ga(\ L n e Ue—2iAn
N = L) Vame o

9e—2iA )
ex u —
]. o0 du p ( 1+672z>\ eiu

VT a2 Vu—a2 (1 — e—4in)1/2
1 1— — 2\
= —=exp —;cﬂ . (5.51)
1 — e—2iA 1+ e—2iA

As next step, equation (5.51) is inserted into the expression (5.50) and

_AIE| _(s/Dy / +oo—i/D? g\ eiAE?—a® tan(X/a?)

p(E) = (om)E

— 5.52
so—i/p2 2mi a?tan(\/a?) (5:52)
is obtained. Taking the limit D — oo, adding the primarily neglected peak for £ = 0, and
restoring the units that were rescaled, the final exact integral representation of the DOS is

achieved and reads

—(A/EB)? |E| +oo—i0t g\ .
e 2 2 2
EF)=——§EFE)+ ——— —C UETA=ATan A /B (o ) 5.53
p(E) ﬁl% + m(hvp)? /_oo_im 2772'6 0 (5:53)
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Figure 5.2: DOS weights GG, vs Landau energy E,, for different values of A/FEp as bar plot.
[144]

The DOS can also be characterized using the dimensionless weights

En+07T
G = 7l% / dEp(E) (5.54)
En,—0+

that define the height of the peaks at the positions of the Landau energies E,, = v/2nEp as well
as their degeneracy and are depicted in figure 5.2 for different values of A.

For small A as in the upper left figure, the situation is close to that of the Landau comb obtained
for A = 0, the heights of all bars are nearly identical. With increasing A this gradually changes
until for large A — oo — which in these units since A is measured in Eg ~ /B equals the
limit B — oo — the picture painted in equation (5.39) is reached. Here, the levels with energies
E < A are depleted, followed by a jump to finite height at A. Another feature of these pictures is
given by the oscillations depending on the energy. This quantity should be possible to investigate

experimentally via tunneling experiments.

5.5 EDGE STATES

@ather than considering an infinitely extended graphene sheet as before, now an edge
along the line where x = 0 is implemented assuming boundary conditions [5, 6] and the semi-

infinite graphene sheet to be spread in the negative half-plane, i.e. for x < 0.
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5.5.1 WITHOUT PAIRING

@

ithout pairing, the system reduces to the well-known problem of electrons in graphene
under the influence of a perpendicular magnetic field in the presence of an edge which has already
been discussed in the literature [153]. However, it is nice to have a result to compare to.

The wave functions for this situation reduce to

W(r) = cre®ay p(a), Y (r) = cae™ao, i p(2), (5.55)
—LZ Dy 1(—q) Dy(—q)
U, e(T) ( iDy(—q) ) ; oy i, E(T) ( —i%Dp_l(—q) (5.56)

with p = E2/2 and ¢ = v/2(z + k). The armchair boundary condition is given by

Y4(0,y) + 94(0,y) =0, (5.57)
¥B(0,y) +¥p(0,y) =0 (5.58)

with A and B denoting the respective trigonal sublattice. Therefore inserting the wave functions

yields the following set of equations translated in matrix formulation as

o s (), oo
Dp(=a)  =5Dp1(=a) )\ 2

where now ¢ = v/2k since the conditions are taken at the edge, i.e. for z = 0, and the dispersion

is thus obtained from the secular equation

2
E?Dg,l(—\@k) — D2(—V2k) = 0. (5.60)

5.5.2 WITH PAIRING

=)

\!
L or a finite value of A, the wave functions take on a more complicated form and read

Ty o) = re ( a+wxo,E<x>) ) © ety ( ~a )y 1(2) ) (5.61)

a,O‘yiﬂzO’E(x a+0yw_$0,E(x)

where the v4,, g are essentially given by equation (5.56) except for the fact that ¢ has to be
replaced by ¢+ = v/2(x & ). The solutions depending on +¢ have already been discarded
because they diverge for z — —oo and thus wouldn’t fulfil the requirement of normalizability.

Since these are solutions of the Bogoliubov-de Gennes equation, the upper spinor corresponds

to the wave function of an electron in the valley K, which possesses a wave vector k and and
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energy E while the lower spinor on the other hand is equivalent to the complex conjugate of the
wave function of an electron in the other valley K’ with a wave vector —k and opposite energy
—FE. Thus,

( Vr,E,A(T) ) = M (cray ey B(T) — caa_th_yy 5(7)), (5.62)
Ui, g,B(T)
( ZI_Z—Z;‘EZ; ) = e thy (—CTCL,Uy?ﬁ;O,E(:U) — C§a+0y¢izo,E($)) : (5.63)

where the ' indicates the spinor at valley K’, and the armchair boundary conditions at z = 0,

which have to be satisfied for all y, follow as

Ya(0,y) +¢4(0,y) =0 (5.64)
¥5(0,y) + ¢¥p(0,y) = 0. (5.65)

In order to meet these conditions, it is necessary to formulate another set of wave functions that

have the same energies but opposite wave vector:

( Vopp.alr) ) = Y (dya_tpey p(2) — daas gy 5 (), (5.66)
Yk, p,B(T)
( ZZ_;;‘EZ; ) — kY (7d>fa+0'y1/};o,E(lL“) — dEa,o—y@Dfmo’E(x)) . (5.67)

With these, the set of equations from the boundary condition reads

(10112, £(0) — c2a-1—z £(0)] + [diatoythuy £(0) + dya—oytp sy £(0)] =0 (5.68)
[cra—oytpey —£(0) + coatoyth s —£(0)] + [—dia—1buy —£(0) + d5at s, —(0)] = 0.

Spelled out, this linear system of equations includes four equations in four unknowns and the

problem reduces to finding the energies where the determinant det[W (E)] = 0 of the matrix

—a+613£;21 a+]_~)£;) a,ef)g_)l a,]:)gr)

a+l~)(_) —a+eb(_) —a_DS) —a_eDY

W(E) = _€ 251 5 L -1 5.69
(E) a_DS) —a_eDg_)l a+D£2+) CL+6DSF_)1 (69
a,eDEQ__)l —a,f)gg_) a+6DSF_)1 G+D£;)

vanishes with ¢ = F/1/2 and the short hand notation E](;i) = D,(++/210). The determinant

was expanded with respect to the first row using Laplace’s formula

N
det W = Z(—l)i“wijdet Wi; (5.70)
j=1
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Figure 5.3: Main panel: Edge state spectrum depending on k for A = 0.5Ep (black solid line)
and for A = 0 (red dotted) obtained for V' = 0 using armchair conditions at = = 0. Inset: Current
density J, () measured in units of —evp depending on the position x in [, for klp = 0.705. As
indicated by the blue circle and green diamond in the main panel, the curves are displayed for
A/Ep =0.5[A =0]at By, s/Ep ~ 0.2683 (blue) [~ 0.3520 (green)]. Solid and dashed curves
correspond to the two degenerate eigenstate solutions labelled with s = =+, respectively. [144]

where w;; is the matrix element in the ith row and the jth column and W;; denotes the submatrix
of W that is given when row number ¢ and column j are deleted and afterwards evaluated using
numerical root finding methods as described in the previous chapters. The resulting spectrum is
shown in the main panel of figure 5.3.

For A — 0, the result from equation (5.60) and [153-155] showing chiral edge states is reproduced
while for finite A the dispersion develops gaps at k = 0 that result from mixing of states identified
with electron- and hole-like edge states.

Another important quantity is the charge current density, denoted as J = (.J;, J,)T which for a

given eigenstate labelled by ) is given as

Ji(r) = —evp (uir\au)\ + v;av)\) . (5.71)

The z-component vanishes, i.e. J, = 0, whereas the y-component follows from the edge solution

Uy = [Cla-i-wl‘o,E - CQG—w—wo,E] y (572)

U\ = 0y [c1a_Yg B + 20405 E] (5.73)

where ¢; and ¢y are obtained from the solution of the boundary conditions, as

2 2
Ty = uhoyur +vloyon = le1 [P0l poytben s + 2!, poyth—sym

= lea* (~V2EDp1(~q1)Dp(=44)) + leal* (~V2ED, 1(~q-)Dy(—q-)) . (5.74)
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The result is depicted in the inset of figure 5.3 for the two degenerate states labelled with s = +
taken at £ = 0.705 and the lowest energy level for both A = 0 and A = 0.5. As expected,
the picture can be interpreted as unidirectional states travelling along the edge at z = 0. In
comparison to the case for vanishing A, the magnitude of the current is decreased for finite A as

it happens also for snake states, see below.

5.6 FINITE POTENTIAL

-

@

O ntil now, all results only visualize the physics at the Dirac point where V = Er = 0.
As described there are only flat Landau levels for the bulk situation and dispersion can only be
achieved by changing this, for example by employing an edge as done in the previous chapter.

Yet, the underlying system changes once a finite potential V' # 0 is applied. Again, the infinitely

extended graphene sheet is considered. Here, it is possible to expand the Nambu spinors as
Zun 1/}kn Zvn O'yw kn ) (5.75)

in terms of the eigenstates of the usual graphene Landau levels

1 ( sgn(n)y/[n] Dy 1 (V2(z + k) )
/21700 /7| ! iDjp (V2(x + k)

_ ( sgn(n)dja1(z + k) )
V/21=0n0 Z¢|n‘ (33 + k‘)

e Pul2e =) )
ol (o 4)

/21700 /7! 1)/ Dpp -1 (V2(z —

_ 1 Pl (z — k) )
V21=ono < isgn(n) -1 (x —k) ) 579

wk,n (Z‘) =

The matrix By, (k) defines the overlaps of the respective wave functions according to

B (k) = / dz Y1y (2)0y (@) (5.77)
1
= T Grotomo)/2 (Sgn<n)A|m|,\n|fl<k) + Sgn(m)A|m|fl,|n|(k)) . (5.78)

with the functions

A (F) = / A6 (z — K)bn(z + ) = Apon(—F) = (=1)™7 A (=)

22 (2™"m/! Enm /2 el ln—m
= (2mn!> (enmk) IL‘(m+n‘)/2+e,m(m ny/2(2K%) (5.79)
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Figure 5.4: Main panel: Dispersion relation with potential V' = 0.2Ep for A = 0.5Eg. Inset:
Spectrum for the same potential and A = 2Ep. Only the regime with £ > 0, £ > 0 is shown
since the spectrum is symmetric for kK — —k and £ — —F. Solid black lines correspond to
the result of numerical diagonalization of equation (5.80) while dashed blue curves refer to the
perturbative results from the energies modified by equation (5.81), respectively. [144]

where ¢,, () are the ordinary normalized Landau orbitals in Landau gauge, £,,,,, = sgn(n—m-+0.5)
and L{(r) denotes the Laguerre polynomials. Hence, the problem can be written as H (k) Z (k) =
EZ(k), where Z(k) is the infinite dimensional vector

ZT(k’) = ( .. ,U_Q(k),v_g(k>, u_l(k), U_l(k), UQ(k‘),Uo(lﬂ),ul(k), Ul(k),UQ(k), ’Ug(k‘), .. )

and H (k) is the infinite matrix

H(k) =
&4 0 0 AB_q(—k) 0 AB_11(—k)
0 =& A*B_q (k) 0 A*B_11(k) 0
0 ABO,_l(fk) &o 0 0 ABO,l(fk)
A*By,_1(k) 0 0 —&o A*Bo 1 (k) 0
0 AB;_1(—k) 0 AB; o(—k) & 0
A*By (k) 0 A*By (k) 0 0 e

(5.80)

with &, = sgn(n)\/2|n| — Er where it was taken into account that B,,,, obeys the symmetry
relation By, (k) = 0. For finite maximum values of n and m, the problem can be solved numeri-
cally and the spectrum follows from the condition det(H (k)) = 0. It is shown in figure 5.4. For

large values of | k| the standard relativistic Landau levels are again recovered, this time shifted by
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the potential while there are deviations around k = 0. Thus, dispersion is caused by applying a
potential, or, as V' includes also p, shifting the chemical potential of the system.

In order to test these results, it is useful to execute also a perturbative calculation. To achieve
this, the V' = 0 solution given in equation (5.44) can be used to expand around it, utilising the
term in equation (5.34), which is ~ V/, as small perturbation. Thus, expressing the energies as
Ei s = B, 4+ 0E) p, s and executing the calculations of the first-order degenerate perturbation

theory, the correction is given by

v
§Ejpt = i|Xk‘1 [k? + A2S} . (5.81)

Sk n includes the overlap between Landau states F,, centered at +x¢ and —x and can be expressed
as Sk = e~ % and Skn>0 = %8*993 [Ln—1(2X?) + L, (2X})] with the Laguerre polynomials
L,, [102]. The results are also shown in figure 5.4. For |k| > A, i.e. in the outer regions of the
figure, the correction (5.81) results in a uniform shift of magnitude +|V| of all Landau energies,
whereas for k = 0, it is reduced to +|V'Sy ,|. The function Sy ,, oscillates when changing n

leading to the features depicted.

5.7 PERPENDICULAR ELECTRIC AND MAGNETIC FIELD

mnstead of considering a constant potential as in the previous section, now a uniform
electric field £ is applied causing the linear electrostatic potential V' = e£x. The Hamiltonian for

this system in the four-dimensional representation reads

Hppac(k) = vr

B
alp, + o (hk + eca:’yg’)} +efxy® — AR, (5.82)
and the Bogoliubov-de Gennes equation follows as
[ryo(—iat + ex7°) + 7' pe + Y2k + 279°) — A} U=0 (5.83)

with € = ¢€ /vp B assumed to be in the regime where |e| < 1. Following the steps of [156] where
the analogous problem for A = 0 was solved, it is possible to apply an appropriate Lorentz boost
in y-direction into the reference frame where the electric field vanishes and the exact solution is
known. With this trick, it is possible to obtain an exact result for a linear potential although the
same was not realizable for the supposedly simpler case of a constant potential.

Moving to the time-independent problem, i.e. replacing i0; — E yields

[V(—E + B7®) + 7' + 42 (k + 29°) — A] @ =0, (5.84)
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Next, a transformation according to

U =SS0 = <cosh (;7) — sinh (g) 7072> ] (5.85)

can be done with the Lorentz angle = tanh ! ¢ defining the reference frame with £ = 0.
In the next step, it is necessary to rescale a number of variables using the rescaling parameter
¢ = (1 — )Y namely

o=z, K =(k+eE)/® E =(E+ek)/®, A=A/ (5.86)

where rescaled parameters can be identified by the tick. With , = V&2 + A2, the transform
yields the situation as considered in section 5.2 and a back-transformation from equation (5.44)
produces the spectrum and eigenstates for the linear potential. With restored units the dispersion

that again does not depend on A is given by

Eypns = —hevpk + sgn(n)\/2]n\C3EB, (5.87)

where n € Z and k is only allowed to take on values for which Ej,, s > 0. All levels have a

two-fold degeneracy according to s = +. The respective eigenstates to these energies follow as

\Pk,n,i(r) — 6iky<3/2

cosh(n/2) ( EapwFale’ & 04) )

ap w0y Fn(x £ ()

, (5.88)

, o ,Zl: /
+ sinh(n/2) ( Faw 0y Fn (' % 2) )

ap +Fn(x’ £ xp)

whereas states with negative energy can be calculated from the relation (5.30). Setting ¢ = 0 leads
from equation (5.88) to the original solution (5.44) in the reference frame.

The line along which the potential changes sign, i.e. from V' < 0 to V > 0, can be interpreted as
p-n junction (compare chapter 2.5). In absence of proximity induced pairing A = 0, it was shown
that snake states propagating along the interface exist not only for step-like but also for smeared
out potential changes. For the present setup, they would travel in y-direction with a rescaled
Fermi velocity evp = ¢£/B. For finite A > 0, however, the spectrum described by equation
(5.87) which defines states with linear dispersion in k defined by the negative slope —hA¢ and the
spacing of the relativistic Landau levels rescaled due to ¢, indicates that the snake states survive
in the superconducting case and keep the same snake velocity. The lowest level n = 0 especially
is localized close to the interface at z = 0.

Furthermore, it is possible to calculate the total charge current I = [ dz.J, (), which is carried
by a certain state travelling in y-direction along the interface. Combining the equations (5.71)
and (5.88) yields the relation

= . (5.89)
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As for the current by edge states discussed in section 5.5, also in this situation the current is
maximal for A = 0 and is reduced for the superconducting case, decreasing gradually with

increasing A.

5.8 ComprAaRrisoN WITH 2DEG

@ ontrasting the results obtained in the infinite bulk case (i.e. without an edge) for the
Dirac fermions in graphene with the case of electrons in a 2DEG which are described via the
Schrédinger equation, reveals some differences®.

The spectrum can be obtained in a similar manner as for the graphene case, namely by expanding

in the Landau level basis according to

iky

ur(@,y) = = > ul (k) du(w + k)
n.9) = S Y i k)l — ) (590

n

with the normalized Landau orbitals in the Landau gauge

L 2
() = (\ﬁ;nn,) " Hy()e 5 (5.91)
and the Hermite polynomials H,,(z). The index n = 0, 1,2, ... only runs over positive integers
since we are concerned with the 2DEG Landau levels. With energy eigenvalues {,, = n + 1/2 +
V' — EF of the original Hamiltonian of the system and the funtcions A,,,, which express the
overlap between the Landau levels and have been defined in equation (5.79), the infinite matrix
H (k) to the eigenvalue equation H(k)Z (k) = EZ(k) reads

H(k) =
&] AAO()(—]{I) 0 AAOl(—ki) 0 AAOQ(—]C) 0
A Aw(k)  —&  A*Ag(k) 0 A*Aga (k) 0 A* Ags (k)
0 AAig(—Fk) 3 Ay (—k) 0 AAiy(—Fk) 0

A*Alo(k) 0 A*All(k}) —{1 A*Alg(k) 0 A*Alg(k)

(5.92)

and numerical diagonalization yields the spectrum in figure 5.5. The most obvious difference to the
graphene case for the spectrum given by the black solid lines, which is obtained for V = Er = 0,
is given by the height of the Landau levels for large k since here, there are the equidistantly

®These results are not contained in [144].
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Figure 5.5: Dispersion relation for Schrodinger fermions in the presence of a superconducting
gap A = 1 at the Dirac point (black solid), i.e. V' = Er = 0, and for a finite potential V' = 0.2
(green dotted).

spaced standard Landau levels positioned at £, = n + 1/2. On the second glance, it becomes
obvious that in the 2DEG case, there is already dispersion simply caused by a finite A without
adding a potential. This occurs due to the fact that there is no such symmetry as in the graphene
case which leads to the transformation described in section 5.3 and the unperturbed spectrum.
For finite V' again these levels are shifted according to V' (dotted green spectrum) but otherwise
there are no obvious changes. Perturbative results also mirror the main features in this case.

The local density of states can also be computed. Here, a small broadening of the §-peaks according

the Lorentzian distribution .
s

JE) = 752+ (E — BEy,)?

(5.93)

was used where the influence of the Landau level at Landau energy F,, on the particle with energy
E due to the broadening s of the peak is calculated for all energies. The result, weighted by the

2 is presented in figure 5.6 and shows that for small values of A,

wave functions as [t ;(z = 0)
all levels are visible since they don’t deviate a lot from their normal equally spaced positions while
for large A the gap around k& = 0 increases and the levels get pushed together at £ = A, leading
to a depletion of the lower energy states and a large peak in the local DOS at A. In contrast to the

Dirac case, here the square root singularity of BCS theory is present.

5.9 CONCLUSIONS

mn this chapter a theoretical analysis of the combined effects of an orbital magnetic field
and proximity-induced pairing in a graphene monolayer for an experimentally realizable setup
has been presented. Surprisingly, at the Dirac point, i.e. for Ep = V' = 0, the exact solution

yields an energy spectrum consisting of the relativistic Landau levels independent of A which
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Figure 5.6: Local density of states vs energy for different values of the proximity-induced gap A
and a finite broadening of the levels at F'r = 0.

is different to other known systems, as was emphasized when opposing to the 2DEG situation.
Nevertheless, the eigenstates exhibit a dependence on the superconducting gap A and therefore
also observables are expected to reveal pairing effects. A displayed example of this was given by
the density of states, which depicts the entire crossover from the zero magnetic field BCS-type
density of states to the Landau comb expected for a magnetic field but no pairing.

Moving away from the Dirac point by applying a constant potential, the counter-intuitive result
of an independent spectrum vanishes, as well as for the case where an edge restricts the graphene
sheet. Furthermore, the situation of crossed electric and magnetic fields has been discussed, which
can be mapped to the problem at the Dirac point in the absence of an electric field. The solution
obtained by back transformation reveals snake states which continue to propagate with the same
velocity in the presence of pairing. Both in the case of edge states and the snake states in the

crossed fields, the resulting current is reduced with increasing A.



116 CHAPTER 5. GRAPHENE WITH PROXIMITY-INDUCED PAIRING




SUMMARY AND OUTLOOK

[

F vy

w ithin the scope of this thesis, the impact of a variety of influences on different inherent
properties of a single graphene sheet was theoretically analysed.

The first setting was concerned with a clean graphene monolayer in the presence of an inhomoge-
neous magnetic field profile consisting of a central region with negative magnetic field surrounded
by parts with positive magnetic field. The field strength was chosen high enough such that Landau
quantization takes place. Thus, in a semi-classical picture there are Landau orbits in the areas
with a constant field and snake states along the lines of a field change, effectively creating a
waveguide, i.e. a one-dimensional quantum wire. In this chapter the emphasis was based on the
zero-energy sector where the single-particle dispersion relation exhibits a Landau-like flat band
only and therefore all current matrix elements vanish. As a consequence the conductance has to
remain zero unless virtual transitions to bands with a finite energy are taken into account, which
can be caused by Coulomb interactions. Whereas the zero-mode sector was treated using the
Hartree-Fock theory leading to a dispersing energy spectrum but no conductance yet, taking into
account also the finite energy band transitions was implemented making use of the Kubo formula
evaluated with the Keldysh Green’s function technique. The resulting conductance was calculated
and is found not to be quantized as for the non-zero energy bands but to depend characteristically
on the filling factor of the zero-mode. Therefore, a non-zero conductance is achieved only if
interactions are present and hence this setting presents a novel opportunity to test for the presence
of electron-electron interactions in a sample using transport experiments only. Moreover, the
state of this conductor induced from a zero-mode cannot be captured using the standard picture
for one-dimensional solids including interactions, namely the Tomonaga-Luttinger liquid theory.
Another possibility to obtain snake states in graphene is not to use inhomogeneous magnetic field
but to utilize the special dispersion relation around the Dirac points to fabricate a p-n junction.
This can be achieved merely by applying gates with different electrostatic potential causing
the Fermi level to lie in the conduction and valence band of the continuously adjustable Dirac

cone on both sides of the interface. As a result of the Klein phenomenon, an electron can thus

117
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tunnel through the potential barrier as a hole with finite probability or be reflected leading to
a combined snaking-skipping state propagating unidirectionally along the interface due to the
homogeneous underlying magnetic field. The first geometry considered was that of a straight p-n
junction where always a chiral interface state can be found close to the Dirac point whose group
velocity was found to illustrate the crossover between the classical drift velocity in crossed electric
and magnetic fields and the semi-classical value predicted for a motion entirely determined as
caused by a pure snake state. Interface states away from the Dirac point, on the other hand, yield
skipping motions only. The latter are the only states also found for the Schrédinger fermions in a
two-dimensional electron gas. These features and the behaviour of the states close to the avoided
crossings in the spectra was observed using the probability density and also the current density
was calculated. The second considered geometry is given by a circular p-n junction since both
of these geometries are easily realizable and have already been investigated also experimentally.
Here, the chiral interface state induces sizeable equilibrium ring currents of the magnitude of the
highest possible persistent current in a comparatively sized quantum ring, which are close to the
interface and cause a magnetic moment.

The third influence that was investigated, is the effect summarized in the superconducting gap
which can be proximity-induced by contacting a graphene sheet with a s-wave superconductor.
In recent works [52-54] it was demonstrated that this effect can coexist with comparatively
high magnetic fields sufficient for Landau-quantization although this is usually prevented by the
Meissner effect. For a chemical potential directly at the Dirac point, an exact analytical solution of
the Bogoliubov-de Gennes equation has revealed the counter-intuitive result of a unperturbed and
independent relativistic Landau levels. The observables, however, are changed by the pairing since
the eigenstates are found to depend on the superconducting gap. As an example, the local density
of states was computed for different values of this gap and the transition from the Landau comb
for vanishing superconductivity to the situation for vanishing magnetic field was presented where
the proximity-induced gap results in a gapped spectrum and thus the levels with a smaller energy
are depleted. Furthermore, the situation with an edge was considered where a dispersion and
edge state currents occur. In addition, starting again from the infinitely expanded graphene sheet,
a constant potential was assumed and revealed to also cause dispersion. For a linear potential, on
the other hand, it is possible to find a transformation coupling these solutions to the exact result
obtained at the Dirac point via a Lorentz boost and thus the spectrum is given by flat bands tilted
by an angle leading to linear slopes.

Possible further ideas could be to regard other geometries both for the inhomogeneous magnetic
field and the potential, or to consider two coupled p-n junctions forming a p-n-p junction since
there is also a lot of research in this field. Besides, the combination of a proximity-induced gap
and a p-n junction in a magnetic field could be investigated as well as different models to include
edges. Also, it would be very desirable that the predictions presented could be put to experimental

tests because the evaluated observables were chosen such that they are experimentally accessible.
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LIST OF PUBLICATIONS

1y

of the own contributions will be given.

n this appendix, the publications will be included as full reference and also a description

INTERACTION-INDUCED CONDUCTANCE FROM ZERO MODES IN A CLEAN MAGNETIC GRA-

PHENE WAVEGUIDE, PUBLISHED 20 AUGUST 2015 1N PHYSIcAL REVIEW B

gﬁ n this paper, my part consists of the single particle description including the numerical and
analytical calculation of wave functions, current- and interaction matrix elements, the numerical
root finding evaluation to find the dispersion and its dependence on the waveguide width d (see
also Appendix A in the paper). I was also involved in the Hartree-Fock theory although the code
yielding the final results was not written by me but I extracted the values of the Fermi velocity and
momentum given in figure 5. Finally, the numerical evaluation of the results for the conductance
that were analytically obtained via the Kubo formula due to the Keldysh technique was realized
by me.

Reference: L. Cohnitz, W. Hausler, A. Zazunov and R. Egger, Interaction-induced conductance from

zero modes in a clean magnetic graphene waveguide, Phys. Rev. B 92, 085422 (2015)

CHIRAL INTERFACE STATES IN GRAPHENE D — N JUNCTIONS, PUBLISHED 25 OCTOBER 2016

IN PHYSICAL REVIEW B

krp/r'

— Whe analytical solution for the wave functions, as well as the numerical evaluation of the
conditions and therefore the spectra including the chiral edge state were done by me in the case
of the straight junction. I also found an approximative expression for the velocity vs. I found the

analytical wave function solutions for the circular junction and helped in the numerical analysis
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of the spectra. Also the numerical root finding for the spectrum in the Schrédinger case presented
in the appendix was carried out by me.

Reference: Laura Cohnitz, Alessandro De Martino, Wolfgang Héusler, and Reinhold Egger, Chiral
interface states in graphene p-n junctions, Phys. Rev. B 94, 165443 (2016)

PROXIMITY-INDUCED SUPERCONDUCTIVITY IN LANDAU-Q_UANTIZED GRAPHENE MONOLAY-

ERS, SUBMITTED TO PHYSICAL REVIEW LETTERS, 9 AUGUST 2017

g\m n this project, I found the surprising exact solution of the unaltered spectrum at the
Dirac point and the influenced eigenstates which the main emphasis of the paper is on, although
originally carried out in a different notation. Moreover, I was involved in the calculation of the
edge states and did the numerical evaluation on which the spectra of both the edge state and the
bulk for finite potential are based, as well as the numerical implementation of the analytically
obtained formulas for the density of states and the perturbative results. In addition, the calculation
and numerical implementation of the current density in figure 3 were carried out by me.
Reference: L. Cohnitz, A. De Martino, W. Hausler, R. Egger, Proximity-induced superconductivity
in Landau-quantized graphene monolayers, preprint arXiv:1708.02892 (2017)
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