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Abstract

In this thesis we are interested in the testing problem, whether there are rare and weak
signals (alternative) or no signals (null) within white noise background. To be more
specific, we study the asymptotic behaviour of the log-likelihood ratio test (LLRT) and
Tukey’s higher criticism test (HC) modified by Donoho and Jin [20] when the number of
observations n tends to infinity. First results were shown by Ingster [32], who studied
the asymptotic behaviour of LLRT in great detail under the assumption of normal distri-
butions. In the same context Jin [41] and Donoho and Jin [20] used the term detection
boundary, which divides the plane, that represents the parametrisation of signal strength
and the probability of a signal, into two areas. By doing this they illustrate their results
and the ones of Ingster [32]: Underneath the boundary LLRT yields no better results than
flipping a coin (as n — o0). Above the boundary LLRT can completely separate the null
and the alternative (as n — oo0). Moreover, Donoho and Jin [20] showed that the latter
is also valid for HC. In contrast to LLRT HC does not depend on the unknown signal
strength and probability of a signal. Thus, it is applicable in practice. Similar results
concerning HC were also shown for other distributions, see [10, 12, 20].

The first chapter serves as an introduction for this thesis. In the second chapter we present
an extension of the model which was studied in the literature. The main difference be-
tween these models is that the signal strength and the probability for a signal can differ
in each observation. Moreover, we do not restrict our model to normal or other specific
distributions. In the following first main part of this thesis we discuss the asymptotic be-
haviour of LLRT. We are especially interested in the limit distribution of the test statistic
on the detection boundary. There are already results in the literature concerning this, see
[10, 12, 20, 32], which we can extend to our general model. In the second main part of this
thesis we show that the detection boundaries of HC and LLRT coincide for some different
assumptions concerning the distributions. Moreover, we discuss the asymptotic behaviour
of HC on the detection boundary for these assumptions. We want to emphasise that the

last issue was an open problem until recently.






Zusammenfassung

In dieser Arbeit beschéftigen wir uns mit dem Testproblem, ob innerhalb von weiflem
Rauschen einige wenige Signale (Alternative) oder keine Signale (Nullhypothese) vorliegen.
Hierzu studieren wir das asymptotische Verhalten des Log-Likelihood-Quotienten Tests
(LLQ) und des von Donoho und Jin [20] modifizierten Higher Criticism Tests (HC), wenn
die Anzahl n der Beobachtungen gegen unendlich strebt. Erste Resultate wurden von In-
gster [32] erzielt, der unter Normalverteilungsannahmen das asymptotische Verhalten von
LLQ studierte. In diesem Kontext fithrten Jin [41] und Donoho und Jin [20] den Begriff
der Erkennungsgrenze ein, welche die Ebene, die die Parametrisierung der Signalstéirke
und -wahrscheinlichkeit darstellt, in zwei Bereiche teilt. Auf diese Weise visualisierten sie
ihre Ergebnisse sowie diejenigen von Ingster [32]: Unterhalb dieser Grenze erzielt LLQ
keine besseren Ergebnisse als ein Minzwurf (fiir n — 00). Oberhalb dieser Grenze kann
LLQ zwischen Nullhypothese und Alternative (fiir n — oo) ohne Fehler unterscheiden.
Weiterhin zeigten Donoho and Jin [20], dass HC Letzteres ebenfalls kann. Im Gegensatz
zu LLQ héngt HC nicht von der Signalwahrscheinlichkeit und -stérke ab und ist somit
in der Praxis anwendbar. Das zuvor erwédhnte, asymptotisch optimale Verhalten von HC
wurde auch fiir andere Verteilungsannahmen nachgewiesen, siehe [10, 12, 20].

Nach einem einleitenden ersten Kapitel stellen wir eine Erweiterung des bisher betra-
chteten Modells im zweiten Kapitel vor, indem wir zulassen, dass die Signalwahrschein-
lichkeit und -stérke fiir verschiedene Beobachtungen unterschiedlich sein kann. Zu-
dem schréinken wir das Modell nicht auf bestimmte Verteilungsannahmen, z.B. Nor-
malverteilung, ein. Im ersten Hauptteil der Arbeit beschéftigen wir uns mit dem asympto-
tischen Verhalten von LLQ. Insbesondere sind wir an dem Konvergenzverhalten der Test-
statistik auf der Erkennungsgrenze interessiert. Hierbei lassen sich die bisherigen Ergeb-
nisse beziiglich Normalverteilungsannahmen, siehe [10, 12, 20, 32], auf unser allgemeineres
Modell erweitern. Im zweiten Hauptteil der Arbeit widmen wir uns HC. Wir zeigen, dass
die Erkennungsgrenzen von HC und LLQ unter noch nicht betrachteten Verteilungsannah-
men {lbereinstimmen. Zudem prasentieren wir erste Ergebnisse zum Verhalten von HC

auf der Grenze, welches in der Literatur bisher noch nicht studiert wurde.
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1. Introduction

We are confronted with a lot of data nowadays. Thus, there is a lot of work to do for
the statistician. Omne task, which is the goal of this thesis, is to detect signals within
white noise. At the beginning of genomics, e.g., scientists were hopeful that the so called
common disease-common variant hypothesis was true, see [23]. This hypothesis says that
some known genes are differentially expressed in patients affected by a common disease.
Practice, however, showed us that this assumption is incorrect. In recent research the
assumption, that numerous unknown genes of an affected patient are differentially but only
slightly expressed, is often used, see [16, 24, 33]. Note that the number of the differentially
expressed genes is quite huge but relative to the observed genes it is small. That is why
the model, which is used in this case, is called the rare and weak model because the
number of signals is relatively small (rare signals) and so is the effect size (weak signals).
Consequently, it is very difficult to decide if there are signals or not. This model is also
applied in cosmology and astronomy, see [13, 40], and in local anomaly detection, especially
in disease outbreak detection, see [50, 55|. Donoho and Jin [20] modified Tukey’s higher
criticism, see [59-61], for the purpose of detecting (heterogeneous) normal mixtures, i.e.,
for the testing problem Hg , versus H1,, where

Hon: Yni,...,Ynn, are iid. with distribution Py := N(0,1)

)

(1.1)
Hin:Yni1,..., Yy, are iid. with distribution @ := (1 —&,)N(0,1) + &, N(Vp, 1)

for some ¢, > 0, ¥, € R, ¥,, # 0 and n € N. The null Ho, can be interpreted as
white noise. Furthermore, the alternative H1, can be interpreted as white noise, where a
random number of observations contains an additional signal ¥,,. We will later see that
under H, each observation is additionally shifted by ¥,, with probability e,, see our
Lemma 2.3. In other words, the parameter ¢, is the probability for a signal and 4, is
the signal’s strength. At first glance, this testing problem is quite easy because the null
and the alternative have one element each. Consequently, it is well known that the log-

likelihood ratio test, in short LLRT, achieves the best power among all tests, see, e.g., [58].
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Figure 1.1.: Phase diagram for (sparse heterogeneous) normal mixtures. The solid curve
represents the detection boundary given by (1.3), which splits the plane into
two areas, the detectable and undetectable area.

Ingster [32] as well as Donoho and Jin [20] considered the following parametrisation of &,
and ¥,:

1
en :=n"" and ¥, := \/2rlogn for some 3 € (2, 1) , € (0,1). (1.2)

Their results can be explained and visualised by using the so called detection boundary
and by plotting it in a phase diagram. This was first done by Donoho and Jin [20]. For the
testing problem (1.1) and the parametrisation (1.2) the detection boundary p* is given by

_ 1 el 3
T L fy<fsi (13

1-vI=p)?® if3<p<l

It divides the r-f-plane, see Figure 1.1, into the detectable and the undetectable area. If
r > p*(B) then (r, 3) belongs to the detectable area, i.e., LLRT can separate the null and
the alternative completely (asymptotically) and so the sum of type I and type II error
probabilities tends to 0. Conversely, if r» < p*(f) then (r, 5) belongs to the undetectable
area, i.e., the null and the alternative are asymptotically indistinguishable and so the sum
of type I and type II error probabilities converges to 1 for all tests. Donoho and Jin [20]
discussed also other mixture models, e.g., a Chi-squared model. Cai et al. [10] discussed
heteroscedastic normal mixtures, i.e., the variance under the alternative can differ from

1. Cai and Wu [12] discussed a great class of exponential families. For all these models a



phase diagram can be drawn and a detection boundary can be calculated. Recently the
case of multivariate Gaussian distributed observations Y;, ; was discussed in the literature,
see [47, 62]. Beside all these continuous models, Arias-Castro and Wang [5] discussed a
discrete mixture model, to be more specific a sparse Poisson mixture model. They deter-
mined the detection boundary for this model by drawing a parallel to the normal mixture
model mentioned above. We also want to mention the paper of Jin [41], who discussed
the detection problem for the multiple looks model. In this model the sample is divided
into m groups of the same size, where every group contains exactly one signal under the
alternative, and so the number of signals is not random. At least for normal distributions,
Jin [41] showed that the results for the mixture model (1.1) can be transferred to the
multiple looks model.

In practice LLRT cannot be used because it depends on the unknown parameters € and
9. But the higher criticism test of Donoho and Jin [20], in short HC, does not depend on
these parameters. The detectable areas of HC and LLRT coincide for the testing problem
(1.1). This is also valid for the other above-mentioned models, see [5, 10, 12, 20].

The testing problem (1.1) can also be interpreted as a multiple hypothesis testing problem
for the global null. In this context Gontscharuk et al. [25], see also [26], discussed the
asymptotic behaviour of HC by using local levels. The well known false discovery rate
(FDR) controlling procedure of Benjamini and Hochberg [6] can also be applied for this
problem. But Donoho and Jin [20] showed that this and other known procedures for multi-
ple testing problems do not achieve the same asymptotic optimality for the heterogeneous
normal mixture model, i.e., the corresponding detectable regions are smaller. Jager and
Wellner [35] studied a new class of goodness-of-fit tests based on Phi-divergences, which
includes HC and which are also independent of the unknown parameters. They showed
that the detectable area of each member of this class coincides with one of HC and LLRT
in the normal heterogeneous mixture model. Moreover, Stepanova and Pavlenko [57] sug-
gested another class of goodness-of-fit tests based on the ideas of Csorgd et al. [14] and
proved that all these tests behave asymptotically as good as HC and so as LLRT in the
heterogeneous normal mixture model. Similarly to the HC test statistic their statistics
are also sup-functionals of the empirical process weighted by a certain class of functions.
For all previous mentioned tests the null distribution need to be known. Arias-Castro and
Wang [4] considered that the null distribution is unknown but symmetric. They suggested
a variant of HC for symmetry. For the sparse generalised Gaussian mixture model they
proved that their test has the same asymptotically optimal behaviour as LLRT and HC.
To sum up, there are other adaptive tests that can compete with HC.

We have assumed that the observations are independent until now. But the correlated
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case is also of great interest, e.g., in genetics and genomics, see [16]. Hall and Jin [30]
proved that a modification of HC is even optimal for the correlated case under certain
assumptions for the correlation structure. But there are also unsatisfying results about
HC for strong dependence, see [29]. The model considered in [29, 30] can be seen as the

special case, that n = p, for the following linear regression model:
Y = XpB+0Z,

where ¢ > 0, Z is an n-dimensional multivariate normal distributed noise vector with the
identity as covariance matrix, X € R"*P is the design matrix and 8 € RP is the vector
of regression coefficients. The optimality of tests, among other variants of HC, for the
null 5 = 0 are discussed in [3, 31|, where the non-zero entries of /3 are supposed to be
sparse under the alternative. Beside the detection of signals, HC can be used to construct
estimates for &, see [11], and for feature selection, see [17, 18, 63]. For more details about
HC and possible application fields we refer the reader to the survey paper of Donoho and

Jin [19] and the huge number of references therein for more information.

The aim of this thesis is to extend the results mentioned above for HC and LLRT in the
context of signal detection to a more general model, where, e.g., the signal probability
en, can differ in each observation. We are especially interested in the asymptotic power
of both tests on the detection boundary. Some results about the asymptotic behaviour of
LLRT on the boundary are already known, e.g., for the heterogeneous and heteroscedastic
normal mixture model, see [10, 20, 32]. But the power of HC on the boundary was an

open question until now.

This introduction is followed by seven chapters, which finally conclude with the answer to

the very same question.

In Chapter 2 we introduce our more general mixture model. The new idea is to allow the
distribution of the observations Y,,; to depend on i, so that the observations do not need
to have the same distribution. We also present some examples for this model from which

we want to emphasise three types:
« heteroscedastic normal mixtures (light-tailed distribution).
o exponential families (including light- and heavy-tailed distributions).

o h-model (structure model for chimeric alternatives).
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Figure 1.2.: The detectable and the undetectable area of HC are visualised for (sparse
heterogeneous) normal mixtures. The boundary, which splits the plane into
these two areas, belongs to the undetectable area.

For all these examples we determine the detection boundary and the asymptotic behaviour

of HC and LLRT on the detection boundary in the upcoming chapters, respectively.

In Chapters 3 to 5, the first main part of this thesis, we discuss the asymptotic behaviour
of LLRT. The LLRT and its test statistic are introduced in Chapter 3. At the beginning
of Chapter 4 we explain the useful connection between the asymptotic behaviour of LLRT
and weak convergence of binary experiments. By this it is sufficient for our purpose to
determine the accumulation points of certain binary experiments. We distinguish between
trivial and non-trivial accumulation points. There are two trivial cases: Ho, and Hi
can be completely separated by LLRT (asymptotically) or Hg, and H;, merge (asymp-
totically). In the non-trivial case LLRT can successfully, but not completely, separate
Ho,n and Hi, (asymptotically). The non-trivial accumulation points correspond to the
behaviour of LLRT on the detection boundary. In Sections 4.2, 4.3 and 4.5 we present
necessary and sufficient conditions for trivial and non-trivial accumulation points of these
binary experiments. In Chapter 5 we make use of them for the examples introduced in
Chapter 2. By this we determine, among others, the detection boundary and the asymp-
totic behaviour of LLRT on it for models which are not discussed in the literature until

recently, e.g., the h-model.

In the last three chapters, the second main part, we focus on HC. The structure of this

part is the same as the one of the previous part. In Chapter 6 we introduce the test and
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the test statistic. The theoretical results are presented in Chapter 7. In Chapter 8 these
results are applied to our examples introduced in Chapter 2. To determine the detectable
area of HC we extend the ideas in [10, 12, 20] to our general model. By using this extension

we show for all our examples that
the detectable and the undetectable areas of HC and LLRT coincide.

We also discuss the model suggested by Cai and Wu [12]. We prove that under the
assumptions of Theorem 3 in [12] not only LLRT but also HC can completely separate
the null and the alternative. This was an unsolved problem in [12]. Similarly to the first

part we are in particular interested in the following question.
How does HC behave on the detection boundary asymptotically?

As far as we know, this question was unanswered in the literature until recently. We verify
for all our examples that HC cannot successfully separate the null and the alternative, i.e.,

the sum of type I and type II error probabilities converges to 1. In other words,
HC has no power on the detection boundary asymptotically.

Consequently, LLRT yields better results than HC asymptotically, at least on the bound-
ary. The results concerning HC are visualised in Figure 1.2 for the normal mixture model

introduced at the beginning of this chapter, see (1.1) and (1.2).

For a better understanding of this thesis, the appendix contains additional information
about infinitely divisible distributions, binary experiments and distances between proba-
bility measures for the readers, who are not familiar with these topics. Beside that, some

technical results are presented.



2. The model

2.1. Introduction

At first we present the general model, which we consider throughout the whole thesis. In
Sections 2.2 to 2.4 we introduce some specific and some quite general examples for this
model, among others the normal mixtures mentioned in Chapter 1. These examples are

referred to in the third chapter of each main part in order to apply our results to them.

Assumption 2.1. (i) Let (en)1<i<nen be a triangular array of real numbers in [0, 1]
and (2, A) be a measurable space. Moreover, let ji,; and P, ; be two different prob-

ability measures on (2, A) for all 1 <i <n € N. Suppose that

Epp i= max {en;} =0 asn— oo (2.1)
.

=1,...,

and pin; < Pn;  foralll <i<neN. (2.2)

Let fy; be the P, ;-density of ju,;, which is, here and subsequently, a short notation
for the Radon-Nikodym density of p,; with respect of P, ;. Define for all 1 < i <
neN

Qn,i = (1 - 5n,i)Pn,i + En,iln,i (23)

and for all n € N the product measures

Q(n) = ®Qn,z and P(n) = ®Pn,z
=1 =1

For all1 <i<n &N let g,; be the P, ;-density of Qn, i.e.,

d([1 = enil P, + Enjibing)
dP,;

9n,i = = 1+epn; (fn,z - 1) . (2.4)
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If (,A) = (R,R) we denote the distribution function of P, ; by Fy; and the left-

continuous quantile function of P ; by anﬂl foralll1 <i<mn, ie.,

F i (u) :=inf{t € R: F,;(t) >u} forall uc (0,1). (2.5)

n,t

(ii) Suppose that (i) holds, where P, ; and p,; do not depend on i, i.e.,
Poi=Py1 and pin; = pna for allie {1,....,n}.
Set for alln € N

Py = n,1s Hn ‘= MUn 1, Qn = Qn,lv
. . L -1 ._ -1
fn = fn,lygn ~—gn,17Fn = n,laFn = Fn’l-

(iii) Suppose that (ii) holds, where €y, ; does not depend on i as well. Set e, := ey 1 for

all n € N.

Remark 2.2. (i) In the following chapters we introduce some random variables and fur-
ther probability measures. For simplicity of the notation, they should also "live" on

(©,.A). Hence, we suppose that the measurable space (£2,.A) is rich enough.

(ii) Under Assumption 2.1(i) we have for all § > 0

max {Pn,z (5n,ifn,i > 6)} = max {/ 1 {5n,ifn,i > 5} dPn,z}

i=1,...,n i=1,...,n

.EIi'laX {/ 1 {5n,ifn,i 2 5} &MTJCTM dPn,z}
= 671 .EnaX {5n,i/1 {En,ifn,i > 5} dMn,i}

1

e

IA

<6 tepm — 0 asn — oc. O

Consequently, the generalisation of the testing problem (1.1) is given by
Hon o Py versus Hipn: Q- (2.6)

We already mentioned in Chapter 1 how the null and the alternative can be interpreted.
The null represents some white noise. For the interpretation of the alternative we need

the following elementary lemma.
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Lemma 2.3. Let X,Y,Z be random variables on the same probability space (2, A, P),
where Z ~ B(1,¢e) for some € € [0,1] and X, Y take values on some vector space V' over
the field R. Denote by P and p the distribution of X and Y, respectively, i.e., PX = P
and PY = p. Furthermore, let X and Z be independent as well as Y and Z. Then

(1-2)X+ZY ~(1—¢)P +ep.
Proof. Suppose that X, Y : (2, A) — (V, Ay). Then for all A € Ay

P((1-Z2)X+2Y €A) = P(X€AP(Z=0)+P(Y AP (Z=1). N

Remark 2.4. There are no assumptions on the dependence structure of X and Y. Conse-
quently, we obtain immediately:

Let U ~ U1y and Z ~ B(1,¢) for some ¢ € [0, 1] be two random variables on the same
probability space (€2,.4,P). Moreover, let P and p be probability measures on (R, B).
Denote the distribution functions of P, u by F', G and the corresponding left-continuous

quantile functions by F~!, G, compare to (2.5). Then

(1-2)F Y U)+2G ' (U)~ (1 —¢)P +ep. O

Thus, the alternative can be interpreted as a two-stage experiment. In the first step, it
is determined if the i*" observation contains a signal or not, where the probability for a
signal is equal to €, ; (in our general model). If the ith observation contains a signal then
it is a realisation of the distribution p,, ;. Otherwise, it is a realisation of the distribution
P, ;. Hence, the number of signals is random under the alternative. Note that models
with a fixed number of signals under the alternative are also discussed in the literature,

e.g., the multiple looks model, see [41].

In the introduction we only mentioned the parametrisation in (1.2). But for the same
model Cai et al. [10] also examined the case that ¥,, ~\, 0 and \/ne,, — oo. They described
this case as the dense case and the other case, where ¢,, — oo and /ne,, — 0, is described
as the sparse case. The main idea of these cases is to distinguish between relatively strong
but rare signals and very weak but many signals. Note that in the literature the signal
strength is called weak even for the sparse case because u, tends to infinity very slowly.
Other authors used the notation moderately sparse and very sparse case. But we prefer
the one, which was used in [10], and extend it to our more general model by using the

variational distance, defined in Definition and Lemma A.12(i).
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Notation 2.5. Suppose that Assumption 2.1(i) holds.

(i) We denote by the sparse case the case in which

n
lim inf mm || Pr,i — fn,il] >0 and nh_}rgl()Zgil =0.

n—oo 1<4<

(ii) We denote by the dense case the case in which

n
lim max [P, — pni|| =0 and linrgior.}fZaE%i > 0. O

n—oo 1<i<n —
1=

2.2. First examples

At the beginning we present the heteroscedastic normal mixture model, which we already

mentioned in Chapter 1.

Ezample 2.6 (Heteroscedastic normal mizture model). Suppose that Assumption 2.1(iii)

holds, where (2, A) = (R, B), P, = N(0,1) =: Py and p,, = N (9., 72) for some 7 € (0, 00),
Y, € R and all n € N. Then for all z € R
1 1122 9, 2

Remark 2.7. If T =1 we get the heterogeneous normal mixture model discussed in Chap-

ter 1, see (1.1). In this case the variances of P, and u, are equal. O

In the following we introduce examples corresponding to the three max-stable distribu-
tions, namely Gumbel, Fréchet and Exponential, see, e.g., [27], of which the latter one
represents the Weibull distributions. These are of special interest because there is a con-
nection between extreme value theory and determining the asymptotic behaviour of the

log-likelihood ratio test, see Section 4.4.

Ezample 2.8 (Gumbel distribution). Suppose that Assumption 2.1(iii) holds, where
(Q,A) = (R,B) and Py := P; = P, is the standard Gumbel distribution for all n € N. We
denote by A the distribution function of Py, i.e., for all z € R

A(z) = exp (—e™™) and ((ii—];( ) =exp(—xz—e 7). (2.7)

10



2.2. First examples

Moreover, suppose that pu, is equal to the convolution of Py and the dirac measure centred

at ¥, € R, i.e., the measure is uniquely determined by the shift J,:
fn (—00, 2] == Alx —1,) forallzeR.
Then

Ful@) = %(z ) <(j£:(x)> T exp (e [e™ —1]). 0

Beside the previous two (location) families, the following two examples correspond to scale

families.

Ezxample 2.9 (Fréchet distribution). Suppose that Assumption 2.1(iii) holds, where
(Q,A) = (R,B) and Py := P, = P, is a Fréchet distribution on (0,00) with param-
eter « > 0 for all n € N, i.e., for all z > 0

1 dP,
Po(0.0] = exp (- ) and “[0e) —aslexp (<)

Moreover, suppose p, is the distribution, which is uniquely determined by

tn (0,2] := Py (0, ;} for all x > 0 and some 9, > 0.

n

Then for all z > 0

Ezample 2.10 (Exponential distribution). Denote by Exp(\) the exponential distribution
with parameter A > 0. Suppose that Assumption 2.1(iii) holds, where (2,.4) = (R, B),
P, = Ezp(1l) =: Py and p, = Exp(1 + 9,) for some ¢, > —1 and all n € N. Then for

every x >0

fa(x) = (U +1)exp (—Vn2) . O

11
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2.3. Exponential families

2.3.1. Introduction

In this section we focus on exponential families (Qy)yeco, 0 € © C R, of the shape

dQy
dQy

() = C(V) exp (Vh(zx)), = € Q.

Given such a family (Qy)yco, we are interested in the model which arises from Assump-

tion 2.1(ii), where we set P, := Qp and p, := Qy, for all n € N and some sequence
(Un)pen in ©.

Assumption 2.11. Let (Qy)yeco, 0 € © C R, be a family of probability measures on
some measurable space (2, A) with Qy < Qqp for all ¥ € O. Furthermore, suppose that
the Qg-density of Qy, ¥ € O, is given by

dQy
= C(V) exp(—vh), 2.8
o = C) exp (-0 ©3)
where h : 8 — R is measurable and C(¥) < oo for all ¥ € ©. Let (U,),cy be a sequence
in ©. Suppose that Assumption 2.1(ii) holds with p, = Qy, and P, = Qq for all n € N.
Note that for alln € N

dQy,,

fn: dQO

Remark 2.12. (i) (Ezamples) Clearly, the heterogeneous normal mixture model, i.e., the
model given in Example 2.6 with 7 = 1, and the models given in Examples 2.8 to 2.10
fulfil Assumption 2.11. Consequently, light-tailed distributions, e.g., the normal and
the exponential distribution, as well as heavy-tailed distributions, e.g., Fréchet dis-

tribution, belong to the class of exponential families introduced in Assumption 2.11.

(ii) It is easy to see that
w(®) == C(W)~" = / exp (—0h) dQy for all ¥ € ©. (2.9)

The function w : ® — R is called the Laplace transform of Qg with respect to h. In
the following subsections we discuss some useful properties of this transform. For a
deeper discussion of it we refer the reader to [22, 64]. In both references only the
case h(x) = z, v € Q, is treated and so a Laplace transform in their sense is one

with respect to the identity function in our sense. But there is no loss of generality

12



2.3. Exponential families
in assuming h(x) = z, x € ), because by the transformation formula we have for all
¥ € © and every x €

aoh
doh

(x) = C(V) exp (—dx) .
Hence, the Laplace transform of Qg with respect to h and the one of O} with respect
to the identity are equal.

(iii) Suppose, in contrast to (2.8), that the Qp-density of Qy, ¥ € O, is given by

do -
. Qi (z) = C(¥) exp(—q(W)h(z)) forallz e, O

where ¢ : © — ¢(0) =: O. If ¢ is invertible, e.g., if q is strictly monotone, and 0 € ©
then (2.8) holds for the family (@9)966 given by Qp = Qy-1(p) for all 0 € ©. In

this case we would analyse the family (Q) 0cd first and transmit the corresponding

results to the original family (Qy)yco afterwards.

As we will see later, the asymptotic behaviour of C'(1¥,,) and w(¥,,) plays a crucial role. We
distinguish between ¢, — 0 and ¢,, — oo, which correspond to the distinction between
the dense and the sparse case, see Notation 2.5. For both cases we need some more specific

assumptions, which we introduce in the corresponding subsections.

2.3.2. Sparse case: Abelian and Tauberian theorem

At the beginning of this section we present the definition and some properties of slowly
varying functions. The terms regularly and slowly varying functions as used nowadays
were initiated by Karamata [42]. For a deeper discussion of these functions and possible
applications we refer the reader to Bingham et al. [8]. Important applications are the
Abelian and Tauberian theorems. These theorems deal with the convergence of the Laplace
transform w, see (2.9). We present such a theorem of Feller [22] and some corollaries of
it, which we apply in Sections 5.2.1 and 8.4.2. Moreover, we present the assumptions for
the sparse case. We want to mention that the heterogeneous normal mixture model does
not fulfil these assumptions. But the exponential distribution mixture model does. We
will explain later, see, e.g., Remark 5.9, that the results concerning the log-likelihood ratio
test and the higher criticism test can be transferred from the exponential distribution to
the Fréchet and the Gumbel distribution. Consequently, by using our assumptions for the

sparse case we can get results for light- and heavy-tailed distributions.

13



2. The model

Definition 2.13. A measurable function L : (0,00) — (0,00) varies slowly at infinity if

and only if for every fized x > 0

L(xt)
L(t)

—1ast— oo. (2.10)

Karamata [42] studied slowly varying functions under the assumption that L is continuous.
He proved the following uniform convergence theorem and the following property of L in
Lemma 2.15 under this additional assumption. Korevaar et al. [46] showed these results

for the general case of measurable functions L.

Theorem 2.14 (Uniform convergence theorem, 1.2.1 in [8]). Let L be a slowly
varying function at infinity. Then the convergence in (2.10) holds uniformly in x lying
in a compact subinterval [a,b] of (0,00). That means in particular that for any function

¥ (0,00) — (0,00) satisfying

tliglo wit) = x for some x € (0,00)
we have
L(Lw(g)) — 1 ast — oo.

Lemma 2.15 (1.3.6(v) in [8]). Let L be a slowly varying function at infinity. Then
L)t — oo and L(t)t™° =0 ast — oo

for every 6 > 0. Hence,

log (L(t))

log(t) — 0 and L(t) = t°Y as t — oo.

Assumption 2.16 (Exponential family, sparse case). Let Assumption 2.11 and the
following three conditions (i)-(iii) be fulfilled.
(i) We have © = [0,0), (2,.A) = ([a,0), B ([a,00))) and Qo({a}) =0 for some a € R.
(ii) We have 9, — 00 as n — oo .

(iii) There exists some & > 0 such that h is strictly increasing and continuous in [a, a+ 0],

h(a) =0 and h(t) > h(a+6) for allt > a+ 6.

14



2.3. Exponential families
Remark 2.17. (i) We can always assume without loss of generality that h(a) = 0, since
otherwise we work with  given by h(t) := h(t) — h(a) for all t > a.

(ii) Under Assumption 2.16 QF is a measure on [0, 00), where QF({0}) = 0. Thus, Q}
can be treated as a measure on ((0,00), B ((0,00))) and, consequently, the theorems

in [22] can be applied to it. O

Notation 2.18. Let t* € R.
(i) We write ¢t \(t* and ¢t A t* if t* <t — t* and t* > t — t*, respectively.

(ii) We call f,g : R — R asymptotically equivalent as t — t* (respectively, ¢ ~\, t* and
t /"), in symbols f(t) ~asy g(t), if as t — t* (respectively, ¢ \, t* and t " t¥)

f() = g@) (1+0(1)). .

Using the terminology of slowly varying functions we can formulate the Abelian and Taube-

rian theorem of Feller [22].

Theorem 2.19. Let L be a slowly varying function at infinity and p € [0,00). Suppose
that Assumption 2.16 holds. Let T': (0,00) — (0,00) be the gamma function, i.e.,

I'(s) = / ¥ Ye® dz for all s > 0. (2.11)
0

(i) The following two statements (2.12) and (2.13) are equivalent:

w(¥) ~asy 0P L (V) as ¥ — o0 (2.12)
and Q[0,t] ~asy F(le)tPL(D as t \, 0. (2.13)

(ii) Suppose that for some c,v >0
h(t) ~qsy c(t —a)” (2.14)

and Qola,t] ~asy (t —a)PL (t1a> as t \, a. (2.15)

Then

W) ~asy ¢ PT(p+ 1)19_pL(19%) as ¥ — o0.

15
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Remark 2.20. (i) The necessity of (2.12) for (2.13) is called an Abelian theorem. The

sufficiency is called a Tauberian theorem.

(ii) Because QSL and Qg are measures we have
Q0,1 = o(1) and Qpla,a +t] = o(1) as t \, 0.

Hence, if (2.13) or (2.15) holds for p = 0 then L(t) = o(1) as t — oo. Combining
this and Lemma 2.15 yields

w() — 0 as ¥ — o

under (2.13), as well as under (2.14) and (2.15). O

Proof of Theorem 2.19. Due to Remark 2.12(ii) and Remark 2.17(ii) the statement in (i)
is an immediate consequence of Theorems XIII.5.2 and XIIL.5.3 in [22]. Suppose that
(2.14) and (2.15) are fulfilled for some ¢, v > 0. By (iii) of Assumption 2.16 the mapping

N(a,a+s) is invertible. Clearly, its inverse h™! : [0, h(a + 6)] — [a, a 4 0] is continuous and

1
h™Hu) ~asy (z) " baasu\,0.

Combining this, Theorem 2.14 and (2.15) yields
QBI0.1) = Qo [,k (1)] ~asy (h71() — )7L (1) N <t)p L(#?)
0LY ) asy hil(t) —a asy

as t \, 0. Finally, (ii) follows from (i). [ |

The following lemma is needed in Section 5.2.1.

Lemma 2.21. Let L be a slowly varying function at infinity and p, M € (0,00). Suppose
that Assumption 2.16 and (2.13) hold. Let (n)nenujoy be a sequence of functions with
domain [0, 00) taking values in [—M, M] such that

Yn(x) = 0 forallz > M, ne NU{0} and N(E) = 0,
where E := {x € [0,00) : There exists a sequence (Tn)nen in [0,00) such that

lim z, =2 but lim Un () # Yo(z)}.

n—o0
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2.3. Exponential families

Moreover, assume that

/wo(x)xp_ldx £ 0.
Then
/ U (Onh(z)) dQo(2) ~asy F( J L () / Yo()a? L da as n — oc.
Remark 2.22. Note that E € B([0,00)), see, e.g., p. 226 in [7]. O

Proof. By (2.13) we have for all x € (0, M]

Q40,9 x]  aP
h—*l — —— as n — OoQ.
orl0, 95 M)  MP

For all sufficiently large n € N let v, and v be the (uniquely determined) probability
measures on ([0, M], B([0, M])) that for all z € [0, M]

on (0,9, 2] P

Vn[O,CL'] = M and I/[O,JJ] = m

Obviously,

Vp — v asmn — 00.
By Theorem 5.5 of Billingsley [7], an extension of the continuous mapping theorem,
vin Xy Y0 as n — 0.

n

Consequently, for all continuous functions g : R — R

M M
/gdl/ﬁf“ = /Mgduﬁf” — /Mgdl/¢0 = /gduw0 as nm — 0.

Finally, combining this and (2.13) completes the proof:

/ U (Onh()) dQo(x) =  Qf [0, MY, ] / z dvln(z)

MPYP
~ - n 7/)0
=Y T(p +1)L(?9n)/.%'dl/ ()
F(p+119pL /1/)0 2P~V dx as n — oo. [ |
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2.3.3. Dense Case

In this section we discuss the dense case briefly, i.e., ¢, — 0. Note that the Laplace
transform w is analytic in a neighbourhood around 0 under certain conditions, see, e.g.,
[22, 64]. Thus, we know the asymptotic behaviour of w(t) as t — 0. Using Remark 2.12(ii)
we can obviously extend the results in [22, 64] to our more general case that h is not
necessarily equal to the identity function. We first introduce the assumptions for the
dense case and then present the result about the Laplace transform mentioned before. We
want to emphasise that the heterogeneous normal mixture model and the models given in

Examples 2.8 to 2.10 fulfil our assumption for the dense case.

Assumption 2.23 (Exponential family, dense case). Let Assumption 2.11 be ful-
filled and suppose that

(Q,A) =(R,B), (—e,&) C O for somee >0 and ¥, -0 asn — oo.

Lemma 2.24. Let Assumption 2.23 be fulfilled. The Laplace transform w : © — (0,00)
given by (2.9) is analytic in (—e, ) with

w® (9) = / (—h(z))* exp (—0h(z)) dQo(z) for all k € NU{0}.
Remark 2.25. We are particularly interested in the case ¥ = 0. For this case we have
(= 1)k (0) = g, (h*) for all k € N U {0}.

That means in particular that all moments of h are finite under Q. O

2.4. The h-model

As mentioned in Chapter 1 our testing problem can also be interpreted as a multiple
hypothesis testing problem for the global null. A great amount of multiple testing proce-
dures are based on p-values including the famous one of Benjamini and Hochberg [6], and
so does the higher criticism test, which we discuss elaborately in Part II. In this section
we introduce a model for p-values, which is quite similar to the chimeric alternatives of
Khmaladze [43]. We call this (new) model h-model.

The basic idea of our h-model was analogously used in extreme value theory and can be

explained as follows. If extreme values are of interest, e.g., the flood of the ocean, then
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the information of interest is located in the tails and the specific shape of the distribution
excluding the tails can be neglected. An appropriate model for this is, e.g., the extreme
value tangent model of Janssen and Marohn [38]. In the context of multiple testing prob-
lems the interesting information is near 0. To be more specific, small p-values indicate that
the alternative is true or, in our situation, a signal is present. A possible way to model
p-values containing a signal is to consider the support of the corresponding distribution
being on (0, ) for small 6 > 0. Generalising this idea leads to our h-model, which we

present in the following.

Assumption 2.26 (h-model). Let h: (0,1) — [0,00) be a measurable function with
1
/ R™ dN = ¢, € (0,00) for m € {1,2}, where ¢; < 1. (2.16)
0
Let (en,i)1<i<neN, (Tn,i)1<i<nen be triangular arrays of real numbers in [0,1] such that

Tni >0 foralll <i<neN

and max {T,;+eni} -0 asn— oco. (2.17)
1<i<n & ’

For1<i<ne€N define hy; : (0,1) = R by

u

1 -7
MWW)Z—ﬁlmmUWW+T.’h<

)

)1mmﬂm%uemgy (2.18)

Tn,i

For1<i<neN set P,; = PFy:=U(0,1) and define the probability measure p, ; by its
P, ;-density

dlu'n,i
dPn,i

= f”vi =14+ hn,i- (219)
Remark 2.27. (i) By substitution it is easy to show that

1
/ hpi(u) du = 0.
0

Combining this and ¢; < 1 yields that pu,; is indeed a probability measure with
ni < Py i. Obviously, Assumption 2.1(i) holds under Assumption 2.26.

(ii) If ¢; = 1 then the support of p,; is a subset of or equal to (0,7,,) and becomes
progressively smaller as n — oo. This corresponds to what we suggested in the

introduction of this section. O
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Part 1.

Power of the log-likelihood ratio
test
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3. Introduction and motivation

Suppose that Assumption 2.1(i) holds. For all o € [0, 1] and every n € N denote by ®, ,

the set containing all tests of nominal level a for the null Hg,, i.e.,
Doy = {go (", A") = ([0,1], B([0,1])) : ¢ is measurable and Ep, () < a}.

Let o € [0,1] and n € N be fixed. By the Neyman-Pearson Lemma it is known, see, e.g.,
Section 2.8 of [58], that

inggn IEQ(H) (p) = IEQ(") (‘pn,a) ) (3.1)

where ¢y, , : (2", A") = ([0,1],B([0,1])) is a log-likelihood ratio test, in short LLRT, of

nominal level «. That means that

IEP(n) (‘p;,a) <a

and ¢, = { ! log ( dQ(n)) - Cno for some ¢, o € [—00, 0], (3.2)
' 0 dP) < ' ’

where the logarithm is canonically and continuously extended to [0, co] and %((:)) is defined

as in (A.18). In other words, ¢}, , is the best test for our testing problem (2.6). Thus, in

this first main part of the thesis we discuss the asymptotic power of LLRT. That is why

we are interested in necessary and sufficient conditions for the case that the test statistic

LLR, of LLRT, given by

LLR, := log ( dQ(")> , (3.3)

converges in distribution under the null Hg , and under the alternative H; ,, respectively.
At the beginning of Chapter 4 we explain that there is a connection between our purpose
and weak convergence of the binary experiments {P(n), Q(n)}. In Sections 4.2 and 4.3 we

present how accumulation points of LLR,, (in the sense of convergence in distribution) can
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3. Introduction and motivation

be determined under Hg ,, and under H, ,, respectively. We distinguish between trivial and
non-trivial accumulation points, both terms are explained in detail in Section 4.1. There
are two trivial cases: Ho , and H; , can be completely separated by LLRT (asymptotically)
or Ho,, and Hi, merge (asymptotically). In the non-trivial case LLRT can successfully,
but not completely, separate Ho, and H;,, (asymptotically). In Section 4.4 we explain,
as already mentioned in Section 2.2, that there is a connection between extreme value
theory and our problem. In the last section of this chapter we present some preliminary
results of a current research project, which completes in some sense the theory developed
in Sections 4.2 and 4.3.

In Chapter 5 we apply the results to the examples introduced in Sections 2.2 to 2.4. We
give the proofs for the dense heteroscedastic normal mixture model, which are omitted in
[10]. We also apply our results to the great class of exponential families suggested by Cai
and Wu [12]. Doing this we slightly extend their results, see Section 5.4. Finally, we discuss
the exponential family model and the h-model, which are not discussed in this context in
the literature until recently. Note that all our examples correspond to the univariate case,
ie., (2,A4) = (R,B). In Chapter 1 we mentioned briefly that the multivariate case is also
of interest and that there are first results for it, see [47, 62]. We want to emphasise that
almost all results in this part are applicable for general measurable spaces (€2,.4) and in

particular for the multivariate case.
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4. Theoretical results

4.1. Connection to binary experiments

First, we explain that our problem to determine the asymptotic power of LLRT can be
reformulated in terms of weak convergence of binary experiments. In Appendix A.3 we
collect some important definitions and results about binary experiments for readers who
are not familiar with them. Second, we present a tool based on Hellinger distances, see
Definition and Lemma A.12, to distinguish between the non-trivial and trivial cases. Both
terms are introduced more detailed in Remark 4.2. Using this tool we get a first impression

which choices of ,,;, Py,; and p,; (may) lead to trivial or non-trivial accumulation points.

Remark 4.1. Suppose Assumption 2.1(i) holds. Let Pg) and Qg be two further proba-
bility measures on (£2,.4). Moreover, let {k,, : n € N} be a subsequence of N, i.e.,

kn € N and k,, < kp41 for all n € N. (4.1)

Let @7 o+ (@ A") = ([0,1], B([0,1])) and ¢, = (€2,4) — ([0,1],B([0,1])) be a log-
likelihood ratio test for every n € N, a € [0, 1] such that (3.1) is fulfilled for it.

(i) By Theorem 16.10 in [58] {P,,), Q(k,)} converges weakly to {P), Q)} as n — oo
if and only if
lim g, | (go’,;ma> = Eq, (gpaa) for every a € [0, 1].

n—o0

ii) Suppose that { P, y, Q. 1} converges weakly to { Py, Qo } as n — oo . Moreover,
(kn)> "¢ (kn) (0),*<(0)

let (o )nen be a sequence of nominal levels such that
Ep,  (Phnan) = an = a€[0,1] asn — co.
Then by Corollary 15.11 in [58]

nh_)rgo Eq,. (‘pzn,an) = Eq,, ((paa) for every a € [0, 1].
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4. Theoretical results

(iii) Note that 1 — ¢, , is a log-likelihood ratio test for the testing problem

7—~[0 n - Q(n) versus 7-71,” : P(n)

)

for all n € N. Thus, if { Py, Q,)} converges weakly to { Pgy, Q) } as n — oo then
combining (i) and (ii) yields

lim [Ep, | (‘Pltn,a) = [Ep, (‘PS,a) for every o € [0, 1]. O

Here and subsequently, we mainly distinguish between three cases: two trivial and one

non-trivial case, which are introduced in the following remark.

Remark 4.2. Suppose that the assumptions of Remark 4.1 hold and that { Py, ), Q(x,)}

converges weakly to { Py, Q)} as n — 00.

(i) If {Pr), Qo) } is equivalent to the so called uninformative experiment {ep,€o} then
by Remark 4.1 (ii) and by using subsequence arguments the sum of type I and type

IT error probabilities of ¢}, tends to 1 for every a € [0, 1], i.e.,

Tim B, (4h,0,) + Eau, (1- @ha,) =1

Thus, LLRT yields no better results than the test ¢ = a (asymptotically) and so it

is asymptotically useless.

(ii) Let ¢ € R. Moreover, for all n € N let ;. be a log-likelihood ratio test with
nominal level a;, € [0,1] such that the critical value ¢y, o, equals ¢, see (3.2). Assume
that {P(g), Qo) } is equivalent to the so called full informative experiment {€_ oo, €00},
i.e., they have the same standard form. Then it is known, see Definition A.19 and
Corollary A.20, that

£ (LLR|Ppy) [Z(log ( jgg) ‘P(o)) = £(log ( ddee_;) o) =€ o

and £ (LLRH‘Q(n)> s o AS N — 00.

Consequently, the sum of type I and type II error probabilities of ¢y, = tends to 0.
Thus, Ho,, and H; , can be completely separated by using LLRT (asymptotically).

(iii) Suppose that {Pq),Q)} is not equivalent to {e_o,€x} and not equivalent to

{€0,€0}. Then Py and Q) are neither singular to each other nor equal. Hence,
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we can conclude from Lemmas A.13 and A.22 that for every sequence (o, )nen of

nominal levels

lim sup By, , (win,an) +Eq,,, (1 - wzn,an) >1-1lQu) — Poll > 0.

Furthermore, by Remark 4.1(i) the sum of type I and type II error probabilities
of ¢, tends to some C' € (0,1) for some a € [0,1]. Consequently, LLRT can
successfully but not completely separate Ho,, and H;, (asymptotically). O

A first tool to distinguish between the three cases is based on Hellinger distances. Some
definitions and results of different distances for probability measures, among others of the

Hellinger distance d, are collected in Appendix A.2. Under Assumption 2.1(i) we define

Lemma 4.3. Let {ky, : n € N} be a subsequence of N and Assumption 2.1(1) be fulfilled.

(i) The binary experiment {P(kn), Q(kn)} converges weakly to the uninformative experi-

ment {€o, €0} if and only if lim, oo Dy, = 0.

(i) The binary experiment {P(kn), Q(kn)} converges weakly to the full informative exper-

iment {€_o0, €x0} if and only if limy,_,oo D, = 0.

(iii) If {P(kn), Q(kn)} converges weakly to some binary experiment {15, @}, which is nei-

ther full informative nor uninformative, then lim,_ o, Dy, € (0,00).

(iv) All accumulation points of { Py, Q) } are neither full informative nor uninformative

if and only if 0 < liminf, . D, < limsup,,_,., D < 0.

Remark 4.4. By Lemma A.23 every sequence of binary experiments has at least one ac-

cumulation point. O

Proof. Set hy,, ; = d* (P, i, Qr, i) for all 1 <i < k,. Then

=S hy,; and H =l i) = 1= d*(Pig,), Qi)
=1

for all n € N. Moreover, by Lemma A.14

max hk?nfl < 1I<na‘X HPkn7 QkTL?i

1< e
max < Dax ek, Py i = 1k il| < Ekpik, =0
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as n — oo. Combining this, some basic calculations, Definition and Lemma A.12(iii),
Lemma A.21 and Lemma A.28 yields (i)-(iii). Clearly, (iv) follows from (i) and (ii). W

In general, it is difficult to calculate D,, exactly. In most cases, it is only possible to get
lower and upper bounds for D,,. Consequently, it is not a satisfying tool for our purpose,
in particular when we want to determine non-trivial accumulation points. Nevertheless,
we can use it to get a first idea which choices for &5, ;, Py i, fini (may) lead to (non-)trivial

accumulation points of { P, Q(n) }-
Remark 4.5. Suppose that Assumption 2.1(i) holds. By Lemma A.14

1 n n

3 Zsiﬂ-HPm — il €D, < fon,iHPn,i — fn,|| for all n € N. (4.3)
i=1 i=1

Let {ky : n € N} be a subsequence of N. Combining (4.3) and Lemma 4.3 yields:

(i) If

then {P(n), Q(n)} converges weakly to the uninformative experiment. If

n
lim sup Z En,i < 0O

n—oo -
=1

then no accumulation point of {P(n),Q(n)} is full informative. Both implications

hold independently of how the measures P, ; and u, ; are chosen.

(ii) Let us assume that one of the two following conditions, which are equivalent according

to Lemma A.14, holds:
liminf min ||Py,; — tk, || > 0
n—00 i=1,.. kn
or liminf min d(Py, ;, pt, i) > 0.

n—oo ¢=1,...,n

This situation corresponds to the sparse case introduced in Notation 2.5.

(a) If {P,) Qr,)} converges weakly to {eo, e} then

kn
lim ) & . =0.
n%oozl kni

1=
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4.2. Non-trivial accumulation points

(b) If {P,), Qr,)} converges weakly to {€_oo, €oo} then

kn
lim Ekp,i = OO.
1

n—+00 4
1=

kn
. _1
M ™ 2 S = 00
2

then by Lemma A.30

kn
. 2 .
lim E €L 5 = 00
n—00 4 1 s
1=

and, hence, {P,), Q(r,)} converges weakly to {€_oo, €oo}-

We can conclude among others from the above: if {F,),Q,)} has a non-trivial

accumulation point {P, Q} we can conclude from (i), (iic) and Lemma A.30 that

n n
lim sup Z €ns > 0, limsup n Z Efw- > 0,
i=1

n—00 n—00 :
=1

n n
e _1 e
liminfn™2 g En,i < 00 and hnIggf E 53%7; < 00. (4.4)

n—o0
i=1 i=1

For the simplest case, that €, ; = ¢, forall 1 <¢ <n and ¢, < g, for all sufficiently

large n € N, we can simplify (4.4): there exist some C7, Cy > 0 such that

Cin<e, <Oy n*% for sufficiently large n € N. O

4.2. Non-trivial accumulation points

Due to Section 4.1 we want to find necessary and sufficient conditions for the case that

{Prn), Qny} or at least {Py,.), Qx,)} converges weakly to a non-trivial binary experiment.

Note that Lemma 4.3 gives us only a necessary condition for that issue. The convergence to

trivial binary experiments is the topic of the upcoming section. For the purpose mentioned

above we need to examine the asymptotic behaviour of LLR,, in the sense of convergence

in distribution under Hg, and under H ,, respectively. Here, we are only interested in
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the case that the limiting random variables of LLR,,, or in general of LLRy, , are real-
valued. If the limiting random variables are real-valued then we show that the random
variables have infinitely divisible distributions. All results and definitions in the context of
infinitely divisible distributions, which are needed here, are collected in Appendix A.1. For
a deeper discussion we refer the reader to the book of Petrov [51], on which Appendix A.1 is
based. Finally, we want to mention that in general the limiting random variables of LLR,,
take values in R. Preliminary results for this general case are presented and discussed in

Section 4.5.

Here and subsequently, X, ; : " — () denotes the projection to coordinate j for all

1<j<neN,ie,
Xpj(w) = w; forall w=(wy,...,wy) € Q" (4.5)

The following Condition (A), in short (A), describes the case on which we are interested.

Condition (A). Suppose Assumption 2.1(1). Let P be a probability measure on (€2, A).
Furthermore, let {k, : n € N} be a subsequence of N and &1, & be real-valued random
variables on (2, A, P) such that

kn
D
Li, =Y _10g (g, i (Xp,.i)) §1 asn— o0 (A1)
Pt under P,
kn 5
and Ly, = Zlog (Gni (Xp, i) ———— & asn — oc. (A2)
e under Q(g,)

Remark 4.6. By Definition A.19 and Corollary A.20 the condition (A2) holds for some
random variable & : (Q,A,P) — (R,B) if and only if (A1) does so for some random
variable &; : (2, A,P) — (R, B). Moreover, if { Py Qi) } converges weakly to {P,Q}
then by A.18-A.20 the conditions (A1) and (A2) hold for

§1~ E<10g (jg) ’ P) =1, &~ E(log <jg> ‘ Q) =:vy and jZi = exp.

Note that in this case & and & are not necessarily real-valued. In this section we focus
on the case that £ and & are real-valued, whereas preliminary results for the general case

are presented in Section 4.5. Il

Due to Remark 4.6 it is sufficient to show that (A1) holds for a real-valued &; and to ensure

that & is also real. For the latter we use the first lemma of Le Cam, see Lemma A.26. But
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4.2. Non-trivial accumulation points

first we show that the condition of infinitely smallness, see Definition A.5, is fulfilled for
the triangular array (Y}, ;)1<i<nen given by Y;, ; 1= log(gn,i(Xy,)) for all 1 <1i < n under

the null and under the alternative.

Lemma 4.7. Under Assumption 2.1(i) we have for every 6 > 0

max {Pn7i<|10g (gn,i)| = 5)} + max {Qn7i<\log (gn.i)| > 5)} 50 asn— oo.

1<i<n 1<i<n

Proof. Note that
gni =1 —¢eni)+enifni> (1 —epnn) =14+0(1) as n — oo. (4.6)

Hence, from Remark 2.2

max {Pm(\log (Gn,i)| > 5)}

1<i<n

< max {Pn,i (gm > exp (5)) + Pm-((l — Enm) < exp (—6))}

1<i<n
< max {P(n) <5n7ifn,i > exp (0) — 1)} +o(l) = o(1l) asn — oo.

Moreover, note that for every triangular array (B, ;)i<, of sets in A we have as n — 0o

pax {Qni (Bni)} < max {Pni(Bni) + enn} = max {Fn;(Bni)} +o(1). u

Thus, we can conclude from Theorem A.6:

Corollary 4.8. Suppose that (A) holds for a subsequence {k, : n € N} of N and real-
valued random variables & and §. Then the distribution of &§; is infinitely divisible and,
thus, it is uniquely determined by its Lévy characteristic (v;, 032-, n;) for j =1,2. Moreover,

the characteristic function of & is given by (A.2) for j =1,2.

A first quite simple observation is that (—oo,0) is a null set of 7; and 72 under (A).

Lemma 4.9. Suppose that Assumption 2.1(i) holds. Then for every y < 0

n

U {x € Q:log(gni(z)) <y} = 0 ifneN is sufficiently large.
=1

If (A) holds and n1, n2 are the corresponding Lévy measures, see Corollary 4.8, then

m(=00,0) = 0 = n2(—00,0).
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Proof. From (4.6) we obtain for every fixed y < 0 and all sufficiently large n € N

n
U {x € Q:log (gni(z)) <y} C {zeQ:log(l—epny,) <y}=0. (4.7)
i=1
Suppose that (A) is fulfilled. Let 7; and 72 be the corresponding Lévy measures, see
Corollary 4.8. Combining Lemma 4.7 and (A.4) of Theorem A.7 yields

nj(—oo,y] = 0 for all y < 0 and so 7;(—00,0) = 0. [ |

Janssen et al. [39] discussed binary and more general statistical experiments, which have
infinitely divisible limiting experiments. The following conclusion of Discussion (8.3),
Remark (8.4) and Lemma (8.7)(c) from [39] can be used to determine further properties

of the Lévy characteristics under (A).

Lemma 4.10. Let CfOC(R) denote the set of all continuous and bounded functions f :
R — R which are twice continuously differentiable in an open subset U 5 0 of R. Let the

probability measure v on (R, B) be infinitely divisible with Lévy characteristic (y,a%,n).
(i) The Lévy characteristic of v is uniquely determined by the genmerating functional

A:CE(R) — R, which admits

o2 MW0)a
A = A0+ G0+ [ <f<x> £ - me)) an(@) (19

for all f € C2(R). Moreover, if (4.8) holds for some constants ¥ € R, > > 0 and

some Lévy measure n then (v,0%,n) = (3,52,7).

(ii) Assume

/exp dv =1. (4.9)

Then the probability measure v given by its v-density

dv
— = eX
dv P
is infinitely divisible with Lévy characteristic (3,52,7), where 6 = o2. Moreover,

the Lévy measures 1 and 1 are mutually continuous with

n
— = e
dn *P
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4.2. Non-trivial accumulation points

and we have

x
=9+ + e’ — 1) —— dn(z) € R. 4.10
¥=n7+0o R\{O}( ) T4 2 (=) (4.10)
(iii) The equation in (4.9) holds if and only if
/ exp dn < oo (4.11)
(—00,—1)U(1,00)

and +a2+/ (ez—l— * )d(m)—O (4.12)

K 2 R\{0} 22 +1 & - ’

Remark 4.11. Let f € C? (R) and & > 0 such that [—¢,e] C U. By Taylor’s formula there

exists some k, € [—¢,¢] for every x € [—¢, ] such that

2

F@) = £(0) = FOO) + FO () 5
Because f() is continuous on [—¢, ] there exists C' > 0 such that for every z € [—¢, €]

F(0)x
2 +1

:L"er?’—:c
14 22

fz) = f(0) — < Ca? (4.13)

= ‘f@’(fax)x: +£0(0)

Since f is bounded, combining (4.13), the basic property (A.1) of Lévy measures and
(4.13) shows that the integral from (4.8) is indeed finite. By similar arguments it can be
shown that the integral from (4.12) is finite if (4.11) holds. Furthermore, if (4.9) holds

and 7 is the Lévy measure from Lemma 4.10(ii) then

||
0 </ T _q d
< Jovor e |1+x2 n(x)

r_1
< / S z? dn(x) +/ 1 dn(x) +/ e’ dn(x)
[71,1}\{0} (700371) (1900)

x
< 2/ 2% dn(z) + n(—o0, —1) + 77(1,00) < oc.
[-1,1]\{0}

Hence, the integral from (4.10) is also finite if (4.9) holds. O

Proof. Combining Discussion (8.3) and Remark (8.4) of [39] proves (i). Suppose that (4.9)
holds. By Lemma (8.7)(b) of [39]

0'2 xr
= A = — —-1- d 4.14
0= Aww) =+ G [ (eo1e i) A, )

where A can be extended canonically so that it can be evaluated at f = exp, see Remark
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(8.6) of [39]. Moreover, by (4.14) and Lemma (8.7)(c) of [39] the generating functional A
of ¥ is given for every f € C? (R) by

A(f) = A(S -exp)
=2 [100 +10)] + G 120 + 200 + 50)
4 /IR o (f(:;;)ex — (0) - [f<1><1>++$£(0)} m) n(z)
= 00+ T [P0 2]+ [ [(f(z) ~gone -~ IO gy
= 30(0) + ff@)(ow /]R o [f(w) — () - ffli(i)f dif()-

Thus, (ii) follows. Respecting (4.14) we conclude (iii) from Lemma (8.7)(b) of [39]. |
Applying, among others, the first lemma of Le Cam, see Lemma A.26, we get the following
corollary.

Corollary 4.12. Suppose (A) and let (v, 0']2'7773') be the Lévy characteristic of &; for j =
1,2. Then the following statements (i)-(iii) hold.

(1) (Pey))nen and (Q,))nen are mutually contiguous, in symbols Py, y <> Q) (see
Definition A.2/).

(ii) The measuresn; and 1y are mutually absolutely continuous. That means in particular

that their continuity points coincide, in symbols C(m) = C(n2). Furthermore,

d
—— =exp. (4.15)

(iii) We have

Moreover,

o2
- 1—e®
2l 5 +/(O,oo ( e +1+ 2) dni(x)
S (4.16)
and v = 024-/(0 )(1—6”“}—1 2€x> dni ().
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Proof. Let v; be the distribution of §; for j = 1,2. Obviously, we have
vj(R) =1 and so v; ({—o0,00}) =0 for j =1,2. (4.17)
Therefore, (i) and

/ exp dv; =1 (4.18)
R

follow from Lemma A.18 and the first lemma of Le Cam, see Lemma A.26. Finally,
combining (4.18), Lemma 4.10(ii) and (iii) yields (ii) and (iii). [

We want to remind the reader that due to Remark 4.6 it is sufficient to verify (A1) for
some real-valued & and to ensure that & is also real. By the first lemma of Le Cam the

latter is fulfilled if and only if

/ exp dv; =1,
R

where & ~ 4. Finally, combining this, Remark 4.6, Lemma 4.9 and Lemma 4.10(iii)

yields immediately:

Corollary 4.13. Suppose Assumption 2.1(i). (A) holds for real-valued random variables
&1 and & if and only if (A1) holds for real-valued & with Lévy characteristic (y1,02,m1)
such that

/ exp dn < o0 (4.19)

(1,00)

and +02+/ (ew—l—w>d (r) = 0 (4.20)
7 2 (0,00) 72 +1 m = U .

Now we are interested in sufficient and necessary conditions for the case that (A1),
(4.19) and (4.20) hold for some real-valued random variable & with Lévy characteris-
tic (y1,02,m). By applying Theorem A.7 and simplifying the conditions corresponding to
(a)-(c) we will show that the following Condition (B), in short (B), is a possible option

for this purpose.
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Condition (B). Let Assumption 2.1(1) be fulfilled. Let 0> > 0, {k, : n € N} be a
subsequence of N and n1,m2 be measures on (R\ {0}, B(R\ {0})) such that

d
N (—00,0) = 0 = n2(—00,0) and n <K n2 < n1 with d—ZZ = exp. (4.21)
1

Moreover, suppose that the following conditions (B1), (B2) and (B3) hold.

(B1): One of the equations (Bla) and (B1b) holds for all z € C(n) N (0,00):

lim Py, <12§},§n{5kmifkmi (anl)} < e — 1) = exp(—m (x, oo)) € (0,1], (B1la)

n—oo
k’"/
1 . . . X — —
nlbrgozlpknﬂ(gknﬂfknﬂ > e —1) =mn (z,00) € [0, 00). (B1b)
1=

(B2): One of the equations (B2a) and (B2b) holds for all z € C(n2) N (0,00):

lim Q(kn) ( maXn{8ka‘fkmi (an,i)} <e' — 1> = exp(—ng (.T, OO)) S (0, 1], (B2a)

n—00 1<i<k
kn
nh—{léolekn,i (ki flni > € — 1) =2 (2, 00) € [0, 00). (B2b)

(B3): We have

kn

: lim sup 2 2 _ _ 2
i{% lim inf ngn:i Ep,, ; (fkn,il{ékn,ifkn,iéa} 1) =0
n—oo ;=1

lim sup

where the notation ;2P is a short way to say that the equation holds for the limes superior
1m 1

and limes inferior.
Remark 4.14. We do not assume in (B) that n; and 7 are Lévy measures. O

Theorem 4.15. (A) holds for a subsequence {ky, : n € N} of N, random variables &1, &2
with Lévy characteristics (y1,02,m) and (y2,0%,n2) if and only if (B) holds for {k, : n €
N}, 02 > 0 and measures n1,m2. Moreover, if (A) holds then (i)-(iii) of Corollary 4.12 is
fulfilled.

The proof of Theorem 4.15 can be found in Section 4.2.2. In the following lemma we show

that the two conditions from (B1) as well as the ones from (B2) are equivalent.
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4.2. Non-trivial accumulation points

Lemma 4.16. Suppose Assumption 2.1(i). Let x > 0 be fized and {k, : n € N} be a
subsequence of N. Then

k

Jim ; P, i (€kyifrni > ) = b € [0,00] (4.22)
if and only if
i . . Nl < = —
Jim Py (g (o ifis (i)} <o) =ep(-D €01, (423)

where we use the convention exp(—oo) = 0. The equivalence of (4.22) and (4.23) also
holds if we replace Py, ; in (4.22) by Q,,; and Py, in (4.23) by Q,)-

Hence, the equation in (Bla) holds for a given x € (0,00) if and only if (B1lb) does so,
and (B2a) holds for a given x € (0,00) if and only if (B2b) does so.

Proof. Fix z € (0,00). Let hy,; be defined by
hni = Py, i (k, ifi,i > ) for all n € N and every 1 <i < k,.

Note that for all n € N

kn kn
Zhnvi - Zpkn,z' (€kn,ifrni >2) and
i=1 i=1
En,

_ N — ' . - |
g (1 hn,z) P(kn) (122}]; {5kn,szn71 (an,z)} < .’E)

By Remark 2.2
max {h,;} — 0 asn— oo.

1<i<kn

Hence, the equivalence follows from Lemma A.28. Obviously, the proof is still valid if we

replace Py, ; by Q, ; and Pk, by Q(k;n)- [ |

Remark 4.17. By the second binomial formula we have for every A € A

kn 2
>t B, ((fii— 1) 14)
=1

kn kn kn
= e B (1) 200 e, a(A%) D P (A9,
i=1 i=1 i=1
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Thus, if for some € > 0

kn kn
lim_)supz €k ilbhinsi (Ekp i fln,i > €) + ngn,ipkn,i (Ekpifin,i >€) < 00 (4.24)
nToo i i=1

then due to e, .;, = o(1) as n — oo we have

kn,
Z gznvi ]EPkn»i <f’?n»i1{€kn,ifkn,i§5} - 1)
=1

kn 9
— Zsinl IEPkn,i((fkn,i - 1) 1{5kn,ifkn,i<5}> +o(1) (4.25)
=1

> o(l) asn — 0.

It is easy to see that by Lemma 4.16 that condition (4.24) holds for all € > 0 from a dense
subset of (0,00) if (B2a) does so. By Lemma 4.16 the latter holds if (B2) is fulfilled. O

Because of (4.15) and (4.16) the Lévy characteristics and so the distributions of &1, &
only depend on 7, and o2. Hence, a logical consequence is to ask whether we can spare
(B1). The answer is yes, as we show in the following. Condition (B) can be replaced by
a new condition denoted by (B’).

Condition (B’). Let Assumption 2.1(i) be fulfilled. Let 0> > 0, {k, : n € N} be a
subsequence of N and n1,n2 be measures on (R\ {0}, B(R\ {0})) such that (4.21), (B3)
and the following condition (B’2) hold.

(B’2): Condition (B2a) or (B2b) or the following (B2c) holds for all x € C(m):

kn
o . . . . z — P— —
Dt G ifs > € = 1) = 02 = m) ) € 0,00). (B2c)
1=
Remark 4.18. We do not assume in (B’) that 7, and 7y are Lévy measures. O

We show that (B’) is also sufficient and necessary for (A).

Theorem 4.19. Condition (A) holds for a subsequence {k, : n € N} of N, random
variables &1, & with Lévy characteristics (y1,0%,m) and (2, 0%, m2) if and only if Condition
(B’) holds for {ky : n € N}, 02 and measures n1,1n2. Moreover, if (A) holds then (i)-(iii)
of Corollary 4.12 hold.

Before we can prove Theorem 4.19 we need the following lemma.
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Lemma 4.20. Suppose that Assumption 2.1(i) holds. Then we have for all y > 0, every
subsequence {ky :n € N} of N and all1 <j <neN:

Y Pn,j (gn,jfn,j > y) < En,jHn,j (En,jfn,j > y)» (4'26)
kn kn
Jim ; Qi (Ekn,ifkn,i > 3/) <oo & lim ; kil i (5kn,ifkn,i > y) < 0o, (4.27)

kn kn

nh_{goz; Qi (5kzn,ifkn,i >y> =0 < lim Z;Ekn,i,ukn,i <5kn,ifk:n,i >y> =0, (4.28)
1= 1=
kn kn

Jim ; Py, i (5kn7ifk:n,i > y) =00 = lim_ ; ki, ibkn i (5kn7ifk:n,i > y) =00. (4.29)

Proof. Note that (4.27)-(4.29) follow immediately from (4.26) and the definition of @,
see (2.3). Fixy > 0and 1 < j <n € N. We conclude (4.26) from the following calculation:

?/Pn,j(é‘n,jfnyj >y) = / y dbny < / enjfnj dPn;- u
{En,jfn,j>y} {57L,jfn,j>y}

Proof of Theorem 4.19. By Theorem 4.15 it remains to show that (B’) is sufficient for (B).
Suppose that (B’) is fulfilled for the subsequence {k, : n € N}, the constant ¢ and the
measures 7)1, 12. For this purpose we use a typical subsequence argument. We show that
for every subsequence {k;, 1 : n € N} of N there exists a further subsequence {k:ﬁlz) :n € N}
of {/-cy(Ll) : n € N} such that (B) holds for {k,2 : n € N}, 02 and the measures 71, 72. Then
we can conclude that (B) holds for {k, : n € N}, 02 and the measures 11, 15.

First, assume (B2c) and (B3) are fulfilled for all z € C(11)N(0, 00). Thus, by Lemma 4.20

o ko
(€ =1) > Prpi (Ehnifrni > " = 1) <D itk i (€hnifkni > € — 1) = (2 — m1) (2, 00)
= im1

as n — oo for every x € C(n1) N (0,00). Let {k,(}) : n € N} be an arbitrary subsequence
of {k, : n € N} and D be a countable dense subset of C'(n1) N (0,00). By a well known
diagonalisation procedure for subsequences there exists a subsequence {ky2 : n € N} of

{kn1:n € N} and a non-increasing function h : (0,00) — (0, 00) such that

kn,2
Tim Z; Pr o (skng,i Frni > € — 1) = h(z) forall z € D, (4.30)
where 0 < h(z) < (e®—1)"" (g2 —m)(z,00) forall z € D. (4.31)

Due to monotonicity it is easy to see that (4.30) and (4.31) hold even for all x € C(h).
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Let 771 and 72 be measures on (R \ {0}, B(R \ {0})) such that for all x € C'(h)

771(.%',00) = h(.%'), 772@7700) = h(l‘) + (772 _771)(33700) (4'32)
and 71(—00,0) =0 = 12(—00,0). (4.33)

Since C'(h) is a dense subset of (0, 00) we conclude from (4.7), (4.32) and (4.33) that
(e — 1) = (n2—m). (4.34)

Note that by (2.1), (4.30), (4.32) and (B2c)

kn,2
Rk 2i (Ekn,z,z‘fkn,g,i > ¥ — 1)

i=1
kn’Q kn,Q

- Z(l N gkn727i)Pkn,27i (gk;n,Q,ifkn,27i > el‘ - 1) + Z 8k’n,27iukn,27i (gkn,Q,ifan,i > el‘ - 1)
i=1 2

— h(z)+ (na —m)(x,00) = 7To(x,00) asn — oo

for all x € C(h) N C(n1) and due to monotonicity also for all x € C(72) N (0, 00). Hence,
we can conclude that (B) holds for the subsequence {k, 2 : n € N}, the constant o2 and

the measures 71, 772. By Corollary 4.12 and Theorem 4.15

dim '
Combining this, (4.21) and (4.34) yields
m = m and 12 = 7.

Note that by Lemma 4.16 conditions (B2b) and (B2c) are equivalent. Thus, it remains
to consider the case that (B2b) and (B3) hold. Due to the definition of Qy, ; we have

anﬂ(A) > Ekn,iﬂkn,i(A) for all A € A.

Finally, using the same diagonalisation procedure as before completes the proof. |

Lemma 4.16 says that (B2a) and (B2b) are equivalent. If (B3) holds then a similar
statement can be made for (B2a), (B2b) and (B2c).

Corollary 4.21. If (B’) holds then (B2a)-(B2c) hold for all x € C(n1) N (0, 00).

Proof. Suppose (B’). By Theorem 4.19 (A) holds and so does (B) by Theorem 4.15.
This means in particular that (B2) is fulfilled. We conclude from Lemma 4.16 that
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(B2a) and (B2b) are fulfilled for all z € C(n2) N (0,00). Note that C(n1) = C(n2)
by Corollary 4.12(ii). Furthermore, we deduce from Lemma 4.16 that (B1b) holds for all
x € C(n1)N(0,00). Combining (B1b) and (B2b) verifies (B2c¢) for all z € C'(n:)N(0,00).1A

We are in particular interested in the case that FE, := {P(kn)aQ(kn)} converges weakly
to a Gaussian experiment. That is why we reformulate Theorem 4.19 for this special
case. Recall that the random variables & and & are normally distributed if and only if

n = n2 = 0. From this and Theorem 4.15 we obtain the following corollary.
Corollary 4.22. If (A) is fulfilled with & ~ N(mj,ajz), j € {1,2}, then for some o> >0

of = 05 =0" and m; = (—1)]?. (4.35)

In the following we formulate the new conditions belonging to the Gaussian case.

Condition (A normal). Suppose that (A) is fulfilled for & ~ N(mj,ajz-), ji=1,2,
where (4.35) holds for some o2 > 0.

Remark 4.23. By Corollary 4.22 the distributions of &; and & are uniquely determined by

one parameter, namely o2, under (A normal). O

Condition (B normal). Suppose that Assumption 2.1(i) holds. Moreover, assume that
there exist a subsequence {k, : n € N} of N and constants 0> > 0, yo > 0 such that the
following two conditions (B2 normal) and (B3 normal) are fulfilled.

(B2 normal): One of the following conditions (B2a normal)-(B2c normal) holds for

every y > 0:
Jim Q) (@ggn{ékn,ifkn,z‘ (Xkni)} < y) =1, (B2a normal)
k"/
Jim 21 Qk i <5kn,ifkn,i > y) =0, (B2b normal)
=
kn,
nh_{%o;gkn,i/‘kn,i (Eknsznl > y) =0. (B2c normal)
(B3 normal): We have
kn,
2 . 2 2
7 = nh_{{,lozgkn,z’ Ep,, ; (fk’n,il{%n,ifkn,iﬁyo} - 1) :
i=1

Remark 4.24. Combining Lemma 4.16 and (4.28) of Lemma 4.20 shows that

(B2a normal)-(B2c normal) are equivalent. O
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Now we can reformulate Theorem 4.19 for the Gaussian case. Note that the conditions of

Theorem 4.19 can be slightly weakened for this case, as we prove in the following.

Corollary 4.25. Let yp > 0. (A normal) holds for a subsequence {k,, : n € N} of N and
a constant o > 0 if and only if (B normal) holds for {k, : n € N}, 02 and yq.

Remark 4.26. (i) Assume (B2 normal). Because of the above-mentioned equivalence

(B3 normal) is fulfilled for all yo > 0 if it is fulfilled for one.

(ii) Suppose (A normal). It can be easily shown that

dN(o,1) o
1 —= | |[N0,1) ) =N | —— .

£ os dN<0,1>> vo.) ( 27

Hence, {P,,), Q(x,)} converges weakly to the Gaussian shift model {N(0,1), N(o,1)}
or equivalently to {N(—";, 02),]\7(%2, 02)}.

(iii) We use the convention N (a,0) = ¢, for a € R. Therefore, if (B2 normal) and (B3
normal) are fulfilled for 02 = 0 then (A) holds for £} = & = 0 (P-a.s.). In this case
{ Py Qi) } converges weakly to the uninformative experiment {ep, €o}. Note that

in this case (B normal) can be weakened, see Corollary 4.35. O

Proof. By Theorem 4.19 and Remark 4.24 it is sufficient to show that (B3 normal) and
(B3) are equivalent if (B2c normal) holds for all y > 0. Suppose that (B2c normal)
holds for all y > 0. Then for all £ € (0, yo]

kn
2 2
0< > Ep,, (%,z‘fkn,z‘1{e<akn,ifkn,i§yo})
i=1
kn
< Y0 Y kil (Ekn,ifkn,i > E) = o(1) as n — oo.
i=1
Hence, for all £ € (0, yo]
kn kn
2 2 2 2
ZIEPkn,z‘ <5kn,z’fkn,iI{Ekn,ifkn,iﬁyo}) = Z]EPknz (gkn7ifkmi1{5knyifknvi§€}) +o(1)
i=1 i=1
as n — oo. Thus, it is easy to see that (B3 normal) and (B3) are equivalent. |
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4.2. Non-trivial accumulation points

4.2.1. Some technical lemmas
In this section we discuss important properties of log (gn), fn,: and

Whi = /Gni—1foralli={1,...,n}, (4.36)

which we need in Section 4.2.2 to prove Theorem 4.15. By Lemma 4.3, (4.2) and (A.17)

iﬂapﬂ’i (w2,) = ZR:IEpn,i ((Vami-1)?%) = QidQ (PaisQng) = 2D, (4.37)
i=1 =1

i=1
for all n € N. Consequently, we see that W), ; plays an important role for our problem.

Lemma 4.27. Suppose Assumption 2.1(i). Define W, ; as in (4.36) and set
Apic = {1og (gni)| < e} foralll <i<n ande > 0. (4.38)

Let € > 0 be fized. If n is sufficiently large then for all1 <i <n

gn,i,a = {678 < gng < 65} = {gn,i < 65} = {5n,ifn,i <e -1+ En,i}, (4.39)
Avn,i,s = {gn,’i > 66} = {en,ifn,i >ef —1+ En,i}a (440)
{enifni < e =1} € Auie C {enifui < e -1}, (4.41)
—1<e s —1< Wy, 1; < e2 —1, (4.42)
Enilfni— 115 Enilfni— 117

z L S ‘Wn,z| ]-Av . S z n,Z,E’ (443)

ez +1 nyise e”2 41

Wi = gni—1—2Why. (4.44)

Furthermore, for all i € N

1/2
Whi= ((1 —eni) + Enyifn’i) —-1>(1- anm)l/z —1=1a,—>0asn—o00, (4.45)

pax ‘]Epw. (W”»J'IZM,S) — 0 as n — oo, (4.46)
2 ~
pax ‘Epn’j (Wn,lew,g) — 0 as n — oo. (4.47)

Proof. By (2.1), the definition (2.4) of g, ; and f,; > 0 it can easily be seen that (4.39),
(4.40) and (4.41) hold. We leave the details to the reader. (4.42) follows directly from

43



4. Theoretical results

(4.39) and the definition (4.36) of W, ;. By the third binomial formula

o |gn,i_1’ o En,i‘fn,i_H

B \/gn,i"i‘l B \/gn,i+1

Hence, (4.43) follows immediately from (4.39). Moreover,

)

W2, = (Vi — 1 = gni — 2(/Gni + 1 = gny — 1 — 2W,,,

which proves (4.44). Clearly, (4.45) holds. By Jensen’s inequality, Lemma 4.7 and (4.45)

0+ a, < max {Epn’i (Wn’ilgn,i,s)} = Imax {IEPn,i (\/gnﬁ 1271,1‘,5) — Pn,i(ﬁn,i,a)}

1<i<n 1<j<n
< 2% VR (000) = PrilAnio)
= max {1 — Pnz(ﬁnzs)}

1<i<n

PM(AV )}—>0 as n — 0o.

Thus, (4.46) follows. By Lemma 4.7, (4.44) and (4.46)

max {IEPn,i (Willgnle)} = max {]Epn’i <(gn,z — 1) 1271,1‘,8) — 2IEPn,i <Wn’i1;4vn,z‘,e)}

1<i<n 1<i<n
= lrg%xn {IEpn,i ((1 — Gnji) 12%@) —2Ep,, (Wn’ilgn,i,s)}
< o (P (Anic)} 2 oo {[Br (Watz, )} =0
as n — oo . Consequently, we obtain (4.47). |

In the following we extend a result of Witting and Nélle [65] for our purpose.

Lemma 4.28. Suppose Assumption 2.1(i). Define W, ; and An,m as in (4.36) and (4.38)
for everye > 0 and 1 < i < n € N. Then there exist some real-valued random variable

Znie and some constants c1. <0 < cae for alle >0 and 1 <i <n €N such that

log (gni) 1y = (2Wn,z’ ~ Wi~ Zn,i,EWv%,z’) 1 (4.48)
and c1 < max {Z,;.} < cae (4.49)
1<i<n
if n € N is sufficiently large. Moreover,
Ce :=max{—cie, 2.} =0 ase\,0. (4.50)
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Proof. Let e >0 and 1 <1i <n € N be fixed for the first part of the proof. Witting and
Nolle already showed, see p. 65 in [65], that

L2(1—2)
— 2 1. e S
(2Wii —log (gna) )15 = W21y /0 T4 (4.51)

Note that their W, ; differs from ours by a the factor of 2 and that the integral from (4.51)

is well defined because of (4.42) of Lemma 4.27. Define

Znjie =

1)

—10g (gn,i) + 2Wni — W7, 1~
ng n,i,sm{Wn,i7£0} ’

ot 2(1—-2) B
e =) (Hz(ez_l))?dz a

2(1—2)

e =), (142 (5 1))

dz—1.

Then (4.48) holds obviously. Furthermore, (4.49) follows from (4.42) and (4.51). Finally,

we can conclude (4.50) from Lebesgue’s dominated convergence theorem. |

Lemma 4.29. Suppose that (A) or (B) is fulfilled for a subsequence {ky : n € N} of N.
Define W,,; and ﬁma as in (4.36) and (4.38) for every e > 0 and all1 < i <n € N.
Then there exists some constant C € (0,00) such that

kn,
lim sup Z Ep,, . (W,fmlgw’s) < C for all sufficiently small € > 0. (4.52)

Proof. First, assume (A). We deduce from (4.37) that for alle >0, n € N
En K,
> Ep,, (Wk?n,ilgkn ) < Y Ep,, (W,fnz) = 2D,
i=1 o i=1

Thus, (4.52) follows from Lemma 4.3(ii).
Now let (B) be fulfilled. Since (B3) holds there exists some £ € C'(12) N (0, 00) such that

kn
limsup -} i (Br, (f2(e, 5, ,ep) —1) S 0°H1=C (453)

n—oco
=1

for all € € (0,€), where by Lemma 4.16 we can assume without loss of generality that
(B2a) holds for € and so does (4.24). Finally, we conclude from (4.53), Remark 4.17,
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(4.41) and (4.43) of Lemma 4.27 that for all £ € (0, 5 log( + 1))

kn kn

2 2 2
Z]EP}m,i (kailgk"’i&) < Z gkn,iIEPkn,i ((fk’n,i — 1) 1{€kn,ifkn,i§€25—1}>
i=1 i=1

kn
2
< Za%TH,L‘]EPkn’i ((fknyi - 1) l{akn,ifkn,igg}>
i=1

kn
= foin,i (IEPkn,i (flgn,il{akn’ifknJgg}) - 1) +o(1)
i—1

< C+o(l) as n — oo. [ |

4.2.2. Proof of Theorem 4.15

In this section we give the proof of Theorem 4.15. First, we introduce a new condition
denoted by (C). We show that (A) and (C) are equivalent under certain additional as-
sumptions. After having done this we prove that (C) can be replaced by (B). Finally, we
show that the mentioned additional assumptions are fulfilled under (A) as well as under

(B). Consequently, we deduce that (A) and (B) are equivalent.

Condition (C). Suppose Assumption 2.1(i). Let {k, : n € N} be a subsequence of N,
02 >0 and n1,m2 be measures on (R\ {0}, B(R\ {0})) such that (4.21) and the following
conditions (C1)-(C4) are fulfilled.

(C1): For all x € C(n1) N (0,00)
En
Jim 3 P i(log (9r,.) > ) = m(z. ) € 0,0) (Cla)

(C2): We have

kn
2 s I 2
o = lim IIHH;SIE?Z EPkn,i ((log (gkn,i)) l{llog(gkn,i)\ée}) .

E\IO n—oo ;=1
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4.2. Non-trivial accumulation points

(C3): We have

n—0o0

kn
. lim sup . L
C(nP)IanT\O (Hminf (; Ep,, (log (9..4) 1{|10g(gkn,i)’<f})> * /(T,oo) 1+ a2 dm(x))

2

g T
-z 1— e+ —2 ) dip(a).
2 " (0,00) ( ot 1 +ZL‘2> 771(1')

(C4): For all z € C(n2) N (0,00)

En
Jim 3 Qui(108 (91,.0) > 7) = el o0) € [0,00) (C4a)

Theorem 4.30. Suppose Assumption 2.1(i) and let

K, )
nlglgoz;lEPknvi (log (gk»n,i)1{|1Og(gkn7i),<€}) =0 (4.54)
for all sufficiently small e > 0. Then (C) holds for a subsequence {k, : n € N} of N,
a constant 0 > 0 and measures n1,m2 if and only if (A) holds for {k, : n € N} and
real-valued, infinitely divisible random variables &1, &2 with Lévy characteristics (1,02, m)

and (2,02, m1), where v1,72 € R are given by (4.16).

Proof. Note that due to Lemma 4.7, Lemma 4.9 and (4.54) we can apply Theorem A.10
for Yy, i == log (gr,,i (Xk,.i)), 1 < i < kp, under Py, ).

Suppose (C). By Theorem A.10 (A1) holds for a real-valued random variable &; with Lévy
characteristics (71,02, m1), where v, is given by (4.16). Moreover, by (4.21) and (C4) we
have for some 7 € C(n2) N (0,1)

/(1 )exp dm = na(1,00) < ma(r,00) < 0.

Consequently, (A) follows from Corollary 4.13.

Assume (A). By Lemma 4.9 and Corollary 4.12 the constants 71,7, are given by (4.16)
and, moreover, (4.21) is fulfilled. Applying Theorem A.10 yields (C1)-(C3). Note that
we can replace the relation sign > by > in (A.5) since we consider continuity points x
of a measure 7. Hence, applying Theorem A.7 for Y} ; under Q) while considering
Lemma 4.7 proves (C4). |

In the first step we show that (C1) and (C4) are equivalent to (B1) and (B2), respectively.
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Lemma 4.31. Suppose Assumption 2.1(i). (Cla) holds for a subsequence {ky : n € N}
of N, a measure my on (R\ {0}, B(R\ {0})) and a fired x € C(n1) N (0,00) if and only if
(Bla) does. Moreover, (C4a) holds for a subsequence {k, : n € N} of N, a measure ny
on (R\ {0}, B(R\ {0})) and a fized x € C(n2) N (0,00) if and only if (B2a) does.

Proof. Note that by (4.39) of Lemma 4.27 we have for all x € C(n;) N (0, c0)

kn kn
> Pr i (10g (g, i) < @) = > Pryi €k ifin < € — 1+ ep, i) (4.55)
iz1 i=1

if n € Nis sufficiently large. Due to the fact that x is a point of continuity, combining (2.1),
(4.55) and basic calculations yields the equivalence of (Bla) and (Cla). Analogously, the
equivalence of (B2a) and (C4a) follows. [ |

In the second step we verify the equivalence of (B3) and (C2) under (A) and under (B),

respectively.
Lemma 4.32. Suppose (A) or (B). Then (B3) holds if and only if

2

kn,

i g

lim lmsup N .(W2 1~ ) ———
e\ minf £ s \ TR iR 4, i) Ty

Moreover, (B38) holds if and only if (C2) does.

Proof. Note that by Lemma 4.31 (C1) and (C4) hold under (B). If (A) holds then ap-
plying Lemma 4.7 and Theorem A.7 with Yy, ; := log (gx,, i (X, ;)) under Py, ) and under
Q(x,) vields (C1) and (C4), respectively. To sum up, (C1) and (C4) are fulfilled. Let
Wh,..i and Zy, ;. be defined as in (4.36) and Lemma 4.28 for all 1 <i <n and € > 0. We
deduce from Lemma 4.28 that for all £ > 0 and every sufficiently large n € N

kn

; Ep,, (10g (ghni)* 1 an)

Fn 2
= ; ]EPkn,i ((2 kai — (1 + anmg) Wlil,i) lgkn’i,5>
kn
=4 Z IEPk"’i (Wk?"’ilgkn,i,s) (4.56)
=1

kn
+> Ep,_, ((—4 (L+ Ziyie) Wi + (L4 Ziy i 0) W;?,LJ Wifn,ilgk . ) (4.57)
i—1 e
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Note that by Lemma 4.28 and (4.42) of Lemma 4.27 we have for all sufficiently large n € N:

 max {1Zk, icl} <ce— 0 and max. {\Wkn

Akn} <es—1-0aseN\0. (4.58)
Define the sum in (4.57) by R,, .. Combining (4.58) and Lemma 4.29 shows that

lim 1 Rnc| =0.
1{‘mlrrgﬂﬁsupl el

Consequently, the first mentioned equivalence follows. From this equivalence, (4.25) of
Remark 4.17 and (4.43) of Lemma 4.27 we obtain the equivalence of (B3) and (C2). W

In the third and last step we prove that (C3) already holds under (B).

Lemma 4.33. Let (B) be fulfilled for some subsequence {k, : n € N} of N, 62 > 0 and
1,12, where we assume that the latter ones are Lévy measures. Then (C8) holds for
{ky :n € N}, m and o2.

Proof. First, we deduce (C1) and (C4) from Lemma 4.31. Let /Im-’e, Wi, Znie be
defined as in (4.38), (4.36) and Lemma 4.28 for all 1 < ¢ < n € Nand ¢ > 0. From
Lemma 4.28 and (4.44) of Lemma 4.27 we obtain

kn

ST Ep, | (10g (Gkn i) 12,%,-,5)

i=1

= f:IEpkn,i ((gkn i =1 =2+ Zk,,, E)Wk ) Ay, 15)
=1

kn,
_ Z IEPkn,z' ((1 _ gkn,i) 120 ) ZEPk p ((2 + Zkp i, E)Wkn i A, 6)
=1

kn,i,e i—1
kn
= > P, (log (gk,) > ¢) Zan, (log (gk,.i) > €) — ZIEPk 1((2+an,%,€)Wknz Ao )
=1 =1 =1

for all sufficiently large n € N and € > 0. Note that by Lemma 4.28

max |Z <ec.—0 as (0
1<i<kn | Zhniel < e ~

for all sufficiently large n € N. Combining this, (C2) and Lemma 4.32 yields

kn o2

lim sup E 2 VA W = —.
{%%n:gg ; P ’<( + Zknie) Wi, i1 Ay zs) 2
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Note that by Taylor’s theorem there are constants Cy, Ca,C3 € (0,00) such that

X
1—e"+
/(o,oo)‘ 1+ a2

x
dn(z) < /(0 5 (‘—x + 3024—1’ + Clx2> dni(z) + Cae” dny(x)

[1,00)

< /( )Cg 2% dny(z) + Cama[l, 00) < oo.
0,1

Finally, we conclude from the above, Lebesgue’s dominated limit theorem, (4.43) of
Lemma 4.27, (C1) and (C4) that

kn
. X
lim h.IﬂS.UP} Ep, , (1 )1~ / —d
Clm)en0 (hmmf s (og (G0 Aknﬁi,a) " (e,00) 1 4 22 771(35))

n—00 =1 €

02 X
— i _ T d
co ((771 m2)(e,00) = 5 +/(s,oo) 1122 771($)>

o + I / (1 e 4 > dni (x)
2 Cm)zeN0 J(e,00) 1+ a2 n

0.2

x
-7 1— ¢ dm (2). m
5 + (0,00)( e’ + 1+x2> ni(x)

To conclude Theorem 4.15 from Lemmas 4.31 to 4.33 and Theorem 4.30 it remains to

show (4.54) for all sufficiently small € > 0 under (A) as well as under (B).

Lemma 4.34. Let (A) or (B) be fulfilled for a subsequence {ky, : n € N} of N as well as
measures n1 and nz. Then (4.54) holds for all sufficiently small € > 0.

Proof. First, note that as explained at the beginning of the proof of Lemma 4.32 (C1) and
(C4) hold. Let W, ; and Z, ;. be defined as in (4.36) and Lemma 4.28 for all 1 <i <n
and every ¢ > 0. Since (a + b)? < 4a? + 4b? for all a,b € R we deduce from Lemma 4.28

kn

2
0<> Ep,., (10g (gkn,i)1{‘10g(gkn7i),<a}>
=1

kn 2
= ZIEPkn,i ((QWk:n,i - (1 + Zk:n,i,s) ngn,i) 1{|log(gkn,i)‘<a}>
=1

kn kn

2 2
B (Wi (o, ) <e}) 22 B (Wil g, <))

IN

for all sufficiently small ¢ > 0 and every sufficiently large n € N. It remains to show
that both sums in the last line of the previous inequality converge to 0 as n — oo for

all sufficiently small e > 0. Let y. € C(n1) N (0,¢) for every ¢ > 0. From Lemma 4.27,
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Lemma 4.29, (C1), (C4) and (2.1) we deduce that for all sufficiently small € > 0

kn 9
3 Bru, . (Wit (fog(s, ) <c})
1=
1 dm 9 2
= 12 Fr (900 = 1= WE) L og(an, ) <c})
1=
k

n 2 2
3 Bre, . (95 = DL (o, ) <e}) 2 Brins (WEeiL o )] <))
Z

i=1

IN

k

k
n 9 2 n 9 2
1=

=1

IN

k

43R i b (108 (9h,i) > Ye)® + Phi (108 (95,.0) > 92)°)
=1

IN

kn
+ e {Br (Wil oo, )22e) | 2 B (Wil a2
ma >

kn kn

Aepin O Qhnyi (108 (Ghni) > V) +4€kukn Y P 108 (gk,i) > ye) + o(1)
=1 =1

IN

= o(l1) asn — oco.

Furthermore, we conclude from (4.47) of Lemma 4.27, Lemma 4.28 and Lemma 4.29 that

for all sufficiently large n € N and every sufficiently small € > 0

kn

ZEPkn«i ((1 + an,i,s)wlgn,i]‘{|10g(gkn,i)|<5})2

i=1 En

. 212%%)2” {IEPkn,i (ngn,ilﬂlog(gkn,i)|S25})} ;Epkn’i (W]?n,ilﬂlog(gkn,i)|§25})

= o(l) asn — oo. -
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4.3. Trivial accumulation points

In this section we present sufficient and necessary conditions for the convergence of
{Pr,)» Qi)+ to one of the trivial binary experiments {ep, €0} or {€_co,€x}. We want
to emphasise that the conditions are quite similar to the ones for non-trivial limits. This
reduces the effort in calculations if we are interested in the non-trivial and trivial cases for
a given model. We also present some results under more restrictive conditions and first
results for the exponential families introduced in Section 2.3.1.

As mentioned in Remark 4.26(iii) (A) and (A normal) include the convergence to the
uninformative experiment. Thus, we can verify this convergence by showing that (B) or
(B’) or (B normal) holds for trivial measures 71 = 0 = 7o and 0? = 0. But we can

weaken these conditions more.

Corollary 4.35. Let yo > 0. Under Assumption 2.1(i) the following conditions (i)-(iii)

are equivalent for a subsequence {k, : n € N} C N.

(i) The binary experiment { Py, Q(r,)} converges weakly to the uninformative experi-

ment {€g, €0} as n — oo.
(ii) The sum Dy, given by (4.2) converges to 0 as n — 0.

(iii) One of the conditions (B2a normal)-(B2c normal) is fulfilled for y := yo. Fur-
thermore, (B3 normal) is fulfilled for yo and 0% = 0.

Remark 4.36. (i) Because yp can be chosen arbitrarily, condition (iii) is fulfilled for all

yo > 0 if it is for one.

(ii) Suppose one of the conditions (B2a normal)-(B2c normal) for some yy > 0. By
Lemma 4.16, Remark 4.17 and Lemma 4.20 (B3 normal) is fulfilled for yy and
0? = 0 if and only if

kn
Z&?zmi Ep, . (fl?n,il{skn,ifkn,iéyo} - 1) < o(l) asn — oo.
i=1
(iii) To prove the sufficiency of (iii) for (ii), we slightly modify the methods of Cai et
al. [10]. The following proof shows that this implication still holds if we replace
{€kn ifhni < vo} and {ek, ifk,: > yo} by arbitrary sets Ay, ; € A and Af ; in (B2
normal) and in (B3 normal), respectively. The advantage of our special sets is

that (iii) is even necessary. O

In the proof of Corollary 4.35 we apply the following lemma.
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Lemma 4.37. Suppose Assumption 2.1(i). Let D, be given by (4.2) for alln € N. Then
for every triangular array (Ap;)i<n of sets Ap; € A and every n € N

n .
D, < [Z (8’21 + Qei,i) fin,i (A%,i)

i=1

n
+ Zgi,iEPn,i (f’rzl,i]‘An,i - 1) :
i=1
The inequality mentioned above holds, e.g., for the sets A, ; given by
Apii=Aenifni <yo} for everyl <i<neN and some yo > 0. (4.59)

Proof. Let n € N be fixed. We have

n

Dn:Z1— (VIni)

IN

zn: 1 - ]EPn,i ( \/1 —Enyi T gn,ifn,i]-An,i ) . (460)
i=1

From the third binomial formula we deduce that for all © > 0

1
(w?-1)% = (u—-1)>*u+1)?* > §(u—1)2.
Substituting = u? — 1 yields
9 1 2z
x4 > 5(\/1—1—91:—1) :5—1—1—\/1—}—30 for all z > —1.

Hence,
z 2
1-— 1+x§—§+m for all x > —1.

Applying this for x = &,,;(fn,ila,, — 1) (pointwisely) we conclude from (4.60) that

IN

Dn Zn: [ 2::T”IEP (fn,ilAnyi - 1) + Ei,z‘]EPn’i ((fn,ilA,M- —1 )2>]

i=1

~.

i {gnlun i ( ) + ei,i]EPn,i (f'r%,i]‘An,i —1- 2f”’i1A"’i + 2)} ' -

1=

—_

Proof of Corollary 4.35. By Lemma 4.3 and Corollary 4.25 it remains to prove that (iii)
is sufficient for (ii). Assume (iii). By Remark 4.24 the conditions (B2a normal)-
(B2c normal) are equivalent. Thus, (B2c normal) holds for y = yo. Finally, (ii) follows

immediately from Lemma 4.37. |
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If for some y > 0 one of the sums in (B1lb), (B2b), (B2c) converges to co or one of
the probabilities in (Bla), (B2a) converges to 1 then we obtain n;(y,c0) = oo for j =1
or j = 2 heuristically. In this case {P,), Qk,)} converges weakly to {€_0,€x} by the

following corollary.

Corollary 4.38. Let yo > 0. Under Assumption 2.1(i) the following conditions (i)-(iii)

are equivalent for a subsequence {k, : n € N} CN.

(i) The binary experiment { Py, Q(x,)} converges weakly to the full informative exper-

iment {€_oo, €0} S M — 00 .
(ii) The sum Dy, given by (4.2) converges to oo as n — oo .

(iii) One of the following conditions (D1)-(D4) holds:

kn

T}g{}o;%nz Ep,, (f;?n,il{skn,,.fkn,igyo} - 1) = 00, (D1)
kn,

’g%i;sk”’i Pk i (Ek i fhn i > Yo) = 00, (D2)
kn,

nlggo; Qkyni (Ekpifhni > Yo) = 00, (D3)

Am Q) (1g%§n{€kn,ifkn,i (X)) < 3/0) =0. (D4)

Remark 4.39. (i) Because yo > 0 can be chosen arbitrarily, condition (iii) is fulfilled for
all yo > 0 if it is for one.

(ii) Suppose that (D3) or (D4) is fulfilled, where Qy,, ; is replaced by Py, ;. Lemma 4.20
yields that (iii) holds and so does (i). O

Proof. By Lemma 4.3 it is sufficient to show that (ii) and (iii) are equivalent.
"(ii) = (iii)": Conversely, suppose that none of the conditions (D1)-(D4) holds. Combin-
ing Lemma 4.37 and the fact, that (D1) and (D2) do not hold, yields

liminf D, < oo.
n—oo

"(iii)= (ii)": First, suppose one of the conditions (D2)-(D4). By Lemma 4.16 and (4.27)
of Lemma 4.20 we obtain (D2) in all three cases. Define A4,,; as in (4.59). Note that for
all sufficiently large n € N, every i = 1,... ky, and all w € A},

0
gkmi(w) = Ekn,ifkn,i(w) — €k, T 1 > yo—¢€p,k, +1 > % +1 > 1. (4.61)
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4.3. Trivial accumulation points
Set
-1
C:= (\/T_H + 1) .
2
By (4.61) and the third binomial formula

Wipilag - = (VGkoa — 1) Lag

Jknyi — 1
= knt T 2 1ye < C (gkn i— 1) 1 4c (4.62)
ki 17kt ’ Frot

for all sufficiently large n € N and every 1 < i < k,,. Note that C' < % From (D2), (4.26)
of Lemma 4.20, (4.37), (4.44) of Lemma 4.27 and (4.62) we obtain

2Dy, > ZIEpk C(WR s )
1=1

= Z]EPk )i ( ki — 1 _QWk"’ )1AC ’i)
i=1
kJn

(1-20) ZIEPkn,i ((gkn,i —1) 14 )

kn i
=1
kn

= (1-20) Y Ep,, (5kn,i (flwsi — 1) Lag )

=1

Z% it (A5,4) = enoiPo (45,

v

= (1-20)

> (1-20) <1 - 612;”) iEkn,z‘Mkn,i (Aimi) — 00 asn — oo.
i=1

Now assume (D1). Again, we want to verify (ii). For this purpose it is sufficient to show
that for every subsequence {ky, 1 : n € N} of {k,, : n € N} there is a further subsequence
{kn2:n € N} C {ky1:n € N} such that Dy, , tends to oo as n — oo. Let {ky1:n € N}
be an arbitrary subsequence of {k, : n € N}. If (D3) holds for {k,; : n € N} then we
set kp 2 := kp 1 for all n € N and due to the previous case (ii) holds for {k,2 : n € N}. If
(D3) does not hold for {k;, 1 : n € N} then there exists a subsequence {k; 2 : n € N} of
{kn1 :n € N} such that

an
JLHO% Zl ang % (5kn2,szn2 i > yO) € [0,00)
i
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4. Theoretical results

By this and Lemma 4.20 the inequality (4.24) holds for {k, > : n € N}. Hence, combining
(D1), Remark 4.17, (4.37), (4.41) and Lemma 4.27 there exists some C7 > 0 such that

kn,2
2
2Dy, , = Z Ekp,2,0 (Wkn,%i1{€kn,2,ifkn,2,i§y0}>
=1
kn,2 9
2
> O Z Ekn,ayi ((fk?n,Q,i - 1) 1{5kn’2,ifkn’2,igy0})
=1
kn,2
_ 2 2
= Z Eltnzsi (fkn,z,il{Ekn pifi 5 i<uo} — 1) +0o(l) - © asn—oo. N
i=1 ’ ’

The following corollary is an immediate consequence of Corollary 4.25, Corollary 4.35,

Corollary 4.38 and py,, ; < Py, i, see (2.2).

Corollary 4.40. Suppose Assumption 2.1(1). Let {k, : n € N} be a subsequence of N.
Assume that for every fized y > 0

lg%gn{Pkn,i (Ek i Sl > y)} =0 (4.63)

for all n > no(y) for some no(y) € N. Moreover, suppose that

kn,
Jlnéo;eimi Ep,,, (12— 1) = 0% €[0,00]. (4.64)

Then we have:
(i) (A normal) holds for o2 if and only if 0% € [0, c0).

(ii) The binary experiment {P(kn), Q(kn)} converges weakly to the full informative exper-

iment {€_oo, €00} if and only if 0% = co.

(iii) The binary experiment { Py, Qk,)} converges weakly to the uninformative experi-

ment {eg, €0} if and only if o® = 0.

Remark 4.41. (i) If

lgz&n {ekmi 21618 fk;n,z‘(l“)} —0 asn— oo (4.65)

then (4.63) is fulfilled.
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4.3. Trivial accumulation points

(ii) Due to Corollary 4.38 the equivalence in (ii) is still valid if (4.63) holds only for some
yo > 0. Furthermore, the equivalence in (iii) even holds if (4.63) does not hold for
any y > 0, see the following Lemma 4.42. O

Calculations with different distributions, e.g., the Gumbel distribution, showed us that,

in particular for the dense case,

max {fi,.i(x)} £ C < oo for every x € 2 and all sufficiently large n € N.

Under these circumstances, (4.63) and (4.65) hold obviously. Therefore, by Corollary 4.40
every accumulation point of {P(n), Q(n)} is either a Gaussian experiment or a trivial ex-

periment. If (4.63) does not hold for all y > 0 then (4.64) can still be a useful condition:

Lemma 4.42. Suppose that Assumption 2.1(i) and (4.64) hold for some o € [0,0) and a
subsequence {ky, : n € N} of N. Then no accumulation point of {P,,), Q(x,)} s equivalent
to the full informative experiment {€_o0, €co}-

Additionally, if 0 = 0 then {P)> Qi) } converges weakly to {eo, €0}

Proof. Let D,, be defined as in (4.2). By the third binomial formula, the definition of g, ,,
see (2.4), and (4.64) we have

2Dy, —Z/ V ki — de; —Z/ ki — ) d o,

(ki + 1
kn,i fkn, - ) Fn 2 2
< Z dPp,i =Y ctoi| [ frnidPr,i—1
0+ 1 i=1
— 02 as n — 0o. (4.66)

By Corollary 4.38 there exists no subsequence {k,; : n € N} of k, such that
{P nl
Corollary 4.35 yields that { Py, Qx,)} converges weakly to {eo, €0} [ |

) Q1)) converges weakly to {€_oo, €0} If 02 = 0 then combining (4.66) and

Remark 4.43. There are cases in which (4.64) holds for some 02 € (0, 00) and at the same
time { P, Q(k,)} converges weakly to {€g,€o}. Moreover, there are cases in which (4.64)
holds for 62 = oo and at the same time {P(kn), Q(kn)} converges weakly to a non-trivial

binary experiment. O

Suppose that Corollary 4.38(i) holds. Heuristically, we would expect that Corollary 4.38(i)

still holds if we only increase the signal probabilities e, 1, ..., €k, &, and keep the measures
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4. Theoretical results

P, ; and i, ; unchanged for all 1 <1i <n € N. We would also expect an analogous result
to Corollary 4.35(i) if we decrease the signal probabilities. Both implications are already

mentioned and verified in [12], see Lemma 8 and Remark 4 in their appendix.

Theorem 4.44. Suppose Assumption 2.1(1). Let (€,;)1<i<nen be a further triangular

array of real numbers in [0,1] such that

max &,; = o(l) as n — oo.
i<i<n "

Define for all1 <i<n €N
~ ~ n ~
Qn,i = (1 - gn,i)Pn,i + gn,iﬂn,i and Q(n) = ® Qn,i-
=1

Let {ky : n € N} be a subsequence of N.

1) Ifep, ;s < €k, i foralll <i <k, neN, and if {Py y, Q. \} converges weakly to
(%) ) ( ’Vl) ( n)

the full informative experiment {€_o,€x} then {P(kn), Q(kn)} does so as well.

() If ki = €y for all 1 < i < ky, n € N, and if {Py,), Qk,)} converges weakly to

the uninformative experiment {ep, €0} then {P(kn), @(kn)} does so as well.

Proof. 1t is easy to show that

5r—>d2(P, (1—5)P+5Q)

is non-decreasing in [0, 1] for every pair (P, Q) of probability measures on some measurable
space (2, A), see Lemma 8 in [12]. By carefully reading the proof one notes that the
word decreasing should be replaced by non-decreasing in their Lemma 8. Combining this

monotonicity, Corollary 4.35 and Corollary 4.38 completes the proof. ]

Simplifications for exponential families

For one-parametric exponential families introduced in Section 2.3.1 we can simplify (4.64)

as follows:
Lemma 4.45. Under Assumption 2.11 the condition (4.64) for o € [0, 0] holds if and
only if

k 2
_ = C (V)
2 n 2
Jim ZE:l ki [0(2191%) 11 =o°. (4.67)
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4.4. Connection to extreme value theory

Proof. The statement follows from (2.8) and basic calculations:

/f}?nZ —1dP,; = /C (ﬁkn)2exp (=20, h) dQp — 1

2 2

T C(20k,) dQy - C(20,)

Due to the previous lemma we are interested in the asymptotic behaviour of ¥ — C(19).
If C (Y,) is known for sufficiently large n then by the following corollary it is possible
to determine ¥, and ¢y, ; such that the limit of {Py,), Q,)} is Gaussian or equal to
the uninformative experiment {ep, € }. If the asymptotic behaviour of C' (¥, ) is unknown

then the results of Section 2.3.2 may be used to determine it.

Corollary 4.46. Let Assumption 2.11 and (4.67) be fulfilled for some o2 € [0,00). More-

over, assume that

C(O,) ek, ik, =0 asn — o0 (4.68)
and  exp [0, h(z)] < M € (0,00) for alln € N, x € Q. (4.69)

Then (A normal) holds for o>.

Proof. 1t is easy to see that (4.65) holds if (4.68) and (4.69) are fulfilled. Hence, applying
Corollary 4.40, Remark 4.41(i) and Lemma 4.45 completes the proof. |

4.4. Connection to extreme value theory

In the literature it is known that there is a strong connection between extreme value theory
and convergence to infinitely divisible distributions, see, e.g., Janssen [36] or the Extrema
Criterion 23.4C of Léeve [49]. In this section we explain the mentioned connection in our
setting and how to use it for verifying (Bla). Consequently, we can use this connection
to find parameters and measures such that (A) is possibly fulfilled. To prove that (A)
actually holds, Theorem 4.19 can be applied.

Let Y7,...,Y, be ii.d. real-valued random variables on some probability space (£, .4, P)
with non-degenerate cumulative distribution function F. A distribution function H is said
to be non-degenerate if H(s) € (0,1) for some s € R. The extreme value theory deals with
the asymptotic behaviour of the maximum statistic Y;,.,,. It is easy to see that this statistic

converges in probability to the endpoint z* = inf {x € R : F(z) = 1} of the distribution
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4. Theoretical results

of Y7, where the convention inf () = oo is used. Hence, a normalization is needed to get a
non-degenerate limit distribution. In this context the linear normalisation a,, 1 (Yon — bp)
with a, > 0 and b, € R for every n € N is well understood and leads to a rich theory.
For a thorough treatment of this theory we refer the reader to Resnick [53], [54] and Haan
and Ferreira [28]. Note that a,, ! (Y., — by,) converges in distribution to a non-degenerate

random variable Z if and only if we have for all

Yn'n — Un . n
lim P (b < t> = lim (F (ant+by,))" = G(t) forall t € C(G), (4.70)

n—o00 A, n—00
where G is the non-degenerate cumulative distribution function of Z.

We have to admit that the connection between our problem and extreme value theory can

only be used for a restricted version of our model, see the following remark for details.

Remark 4.47. Suppose that Assumption 2.1(iii) holds, where P, = P, =: Py and f, is
non-decreasing for all n € N. Furthermore, let Y7,...,Y, be ii.d. real-valued random
variables on (2, A, P) with Y; ~ Py. Then for all n € N

max {gknyifkni (E)} = 5knfkn (Ykn:kn) = Rkn’ (471)

1<i<ky,

(i) By (4.71) Ry, converges in distribution to some real-valued random variable R on
(Q, A, P) with

P(R<t)>0 foreveryt>0

if and only if (B1a) holds for all z € C(n1) N (0,00), where the measure 7; is given
by

m(y,00) = —log( P(R<e¥—1) ) for all y € C(n1) N (0, 00).

The case, that Ry, converges in probability to 0, is of specific interest because it

leads to 71 = 0 and so to Gaussian limit experiments of {P,,), Qx,)}-

(ii) Assume that
JLHC}OP(R'“" <e*—1) =0 (4.72)

for some x > 0. Then the probability in (Bla) converges to 0 and so by Lemma 4.16

the sum in (B1b) converges to oo for . Consequently, by Lemma 4.20 the condition
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4.4. Connection to extreme value theory

(D2) of Corollary 4.38 is fulfilled for x. Finally, we conclude from Corollary 4.38
that {P,,), Qx,)} converges weakly to {€_ oo, €oo}-
(4.72) is fulfilled, e.g., if Ry, converges in distribution to a random variable, which

is bounded away from zero (P-a.s.).

111 et (4. e tulfilled for some non-degenerate distribution function &, some sequence
iii) Let (4.70) be fulfilled f d distribution f ion G
(an)nen in (0, 00) and some sequence (b, )nen in R. Let Z ~ G. We can rewrite (4.71)
into

Vi b —b
Ry, = ¥x, (’“"'k;k '“”) (4.73)

n

with ¢kn (l’) = gknfkn (akn:): + bkn) , r €R.

Suppose that ¢, : R — R converges pointwisely to a continuous function ¢ : R — R.
Since fy, is non-decreasing and a,, > 0, the function 1)y, is non-decreasing for alln € N
and so is ¥. Thus, 9y, even converges to 1 uniformly on every compact interval.
By Theorem 5.5 of Billingsley [7], an extension of the continuous mapping theorem,

Ry, converges in distribution to R := 1(Z).

(iv) We get similar results to (i) and (iii) if f, is non-increasing for all n € N. In this

case Yj, .k, in (4.71) and (4.73) is replaced by the minimum statistic Y.k, . Because

Vi, = — _y;
Lk 122}1§n{ i

the results about the asymptotic behaviour of maximum statistics can be transferred

to the minimum statistic. O

At the end of this section we give an example how the above-mentioned remark can be

applied.

Example 4.48. Consider the Gumbel model introduced in Example 2.8, i.e.,
fulx) = e’ exp (—e_r [619" — 1}) , x,9, € R, neN.

Let {k, : n € N} be a subsequence of N and Y7,...,Ys, be iid. Py-distributed for all
n € N. It is known that (4.70) holds for

an = 1, b, = log(n) and G = A for all n € N.
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Clearly, f, is non-decreasing for all n € N and (4.73) holds for ¢, : R — R given by

1
W (x) = ene’™ exp (e‘x — (1 — eﬂ">> ,x€R, neN.
n

By using Remark 4.47(i) and (iii) we want to determine sequences of parameters (¥, ), <y

and (e, ) ey in [0,00) and [0, 1], respectively, such that (B1) is fulfilled.

(i)
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Suppose that
. Oy
nh_{lgo €k, € 0. (4.74)
Because 9, > 0 we have
Ur, (x) < ep, e for all z € R.

Combining this, Remark 4.47(i) and (iii) yields (B1) for 7, = 0. Note that (4.74)
is always fulfilled in the dense case, i.e., ¥y, = o(l) as n — oco. In Section 5.2.1
and Section 5.2.2 we show that under some additional assumptions {P(kn),Q(kn)}
converges weakly to some Gaussian experiment, see Corollaries 5.10(ii) and 5.13(ii)

for details.

Suppose that

lim 5kne“9"‘n =1 and lim kne_ﬂkn = 1.
n—oo n—oo

Clearly, it follows that lim,,_,~ kner, = 1 and that 1), converges pointwisely to

function ¥ : R — R given by
Y(z) = exp (—e™") for every x € R.

Let Z be standard Gumbel distributed on (2, A, P), i.e., the distribution function A
of Z is equal to 1. Thus, by Remark 4.47(iii)

R, -5 R = (Z) ~U(0,1) as n — oc.
From this and Remark 4.47(i) we deduce (B1) for n; given by

m(x,00) = —log (e” — 1) (g 0g(2)) (%), = > 0.



4.5. Outlook: further non-trivial accumulation points

Hence,

dny e’
a(x) = ﬁl(o,log(z))(w% r € R\ {0}.
In Section 5.2.1 we show that under the above-mentioned assumptions { P, ), Qk,)}

converges weakly to some non-trivial and non-Gaussian experiment, see Corol-

lary 5.10(iii) for details. O

4.5. Outlook: further non-trivial accumulation points

During the study we recognised that there are accumulation points of {P, Q} for certain
models which are neither trivial nor fulfilling (A). While proof-reading this thesis we finally
found the answer how to determine these accumulation points. In this section we present
and discuss briefly some first results for this issue which complete the theory of Sections 4.2
and 4.3. Moreover, we give an example in the following chapter, see Remark 5.8(i). We
refer the reader to an upcoming paper, which we plan to write after finishing this thesis,

for a fuller treatment of this issue and for the proofs which are omitted here.

Using the ideas of the proof of Theorem 4.15 and modifying them slightly we can show

the following lemma.

Lemma 4.49. Suppose that Assumption 2.1(i) holds. (A1) holds for some real-valued
random variable & and some subsequence {ky : n € N} of N if and only if there exist some
measure n on (R\ {0}, B(R\ {0})), some function 1 : (0,00) — [0,00) and some constant
02 € ]0,00) such that (i)-(iii) hold.

(i) We have

n(—00,0) = 0 and n(x,00) < oo for all x > 0.

(ii) (B1) and (B3) are fulfilled for n, :=n and 2.

(7ii) For all sufficiently small y € C(n) N (0,00) we have

ko
T}E?folozggkn,iﬂkn,i <5kn,ifkn,i > e¥ — 1) = P(y).
1=

Moreover, if both above-mentioned, equivalent conditions hold then we obtain (a)-(c).
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(a) & is infinitely divisible with Lévy characteristic (y,a%,n), where

2

g xr
- li — d .
v=-2 +C(mgg\0< bir) + /(m)wﬁ n<x>>

(b) (A2) holds for some random variable & : (Q,A,P) — (R,B). Denote by v; the
distribution of & for j = 1,2. Then 11 < va,

dl/1

Tm(x) = exp(—x) for allx € R and v ({—o0}) =1— /exp duv.

If vy ({—o00}) = 0 then & is also real-valued (P-a.s.).

(¢c) We have P,y <4Q1,)-

Combining Lemma 4.20, Corollary 4.38, Lemma 4.49 and subsequence arguments we can

verify the following theorem.

Theorem 4.50. Let Assumption 2.1 be fulfilled and {k, : n € N} be a subsequence of N.
Moreover, assume that {Py,,), Q(x,)} converges weakly to {P,Q} as n — oo. Then either
{P,Q} is a full informative experiment, i.e., its standard form is {€é_~,€x}, or (A1)

holds for some real-valued random variable &.

The theory developed and presented in Sections 4.2 and 4.3 is not rich enough to explain
all cases or, in other words, to determine all possible accumulation points of {P(n), Q(n)},
see Section 5.2.1 for a counter example. By Theorem 4.50 every non-trivial accumulation
point of {Py,.), Q(x,)} fulfils (A1) for some real-valued &;. For these accumulation points
Lemma 4.49 explains how to determine the distributions of £; and &2, where the latter
one is in general a distribution on (]1_%, B). The results presented in this section complete
the theory of Sections 4.2 and 4.3 in the sense that we are now able to determine every

accumulation point of { P, Qn)}-
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models

In this chapter we apply the theoretical results proved in Chapter 4 to some detection mod-
els, among others the ones introduced in Chapter 2. Donoho and Jin [20] suggested to use
the so called phase diagram and detection boundary to illustrate their results concerning
the heterogeneous normal mixture model. In the phase diagram a certain parametrisation
plane (the signal probability &, = €,; and the signal strength 1J,, are parametrised in
some way, see, e.g., (1.2)) is split into two areas by the detection boundary. One of the
areas is the detectable area, in which {P,),Q,} converges weakly to the full informa-
tive experiment or, in other words, in which LLRT can completely separate the null and
the alternative. The other one is the undetectable area, in which {P(n), Q(n)} converges
weakly to the uninformative experiment or, in other words, LLRT cannot successfully
separate the null and the alternative. An example of a phase diagram and a detection
boundary can be found in Chapter 1, see Figure 1.1 and Equation (1.3). Beside deter-
mining the detection boundary we are interested in the question, what happens on the
detection boundary. The answer for this question is already known in the literature for
the heterogeneous and heteroscedastic normal mixtures, see [10, 32, 41]. In Section 5.1
we present the known results concerning the detection boundary and the asymptotic be-
haviour of LLR,, on it for these normal mixtures by using our notation. Moreover, we
give the proof for the dense case, which was omitted in [10]. Note that we introduced
the terms sparse case and dense case in Notation 2.5. In Section 5.2 and Section 5.3 we
present results about the exponential families and the h-model introduced in Sections 2.3
and 2.4, respectively. For both we first prove a general result about trivial and non-trivial
accumulation points of { P, Q(,)} for the case, that &,; may depend on i. Using this
result we can determine the detection boundary for the case €,; = €, and, moreover,
we discuss the asymptotic behaviour of {F,), Q(n)} on it. One interesting observation is
that the limits on the boundary are non-trivial but not always Gaussian. Note that in

the literature it was already discovered that there are non-trivial and non-Gaussian limit
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experiments of {P,), @)}, see [10, 32, 41] for the normal mixtures and see also [9] for
a closely related detection problem. The results of Sections 5.1 to 5.3 are illustrated by
phase diagrams, see Figures 5.1 to 5.3. At the end of this chapter we apply our results to
the general class of exponential families suggested by Cai and Wu [12]. By doing this we
slightly extend their results, see Section 5.4.

5.1. Heterogeneous and heteroscedastic normal mixtures

Ingster [32], and Donoho and Jin [20] and Jin [41], determined the detection boundary
and discussed the asymptotic behaviour of LLR,, on it for the (sparse) heterogeneous
normal mixture model, i.e., the model discussed in Example 2.6 with 7 = 1. Cai et al.
[10] extended the results to the (sparse) heteroscedastic normal mixture model, i.e., to the
case of general 7 > 0. We want to emphasise that they presented results not only for the
sparse case but also for the dense case. However, they omitted the proofs for the results
concerning the dense case. Moreover, they only mentioned that there are non-trivial limits
on the boundary in the dense case without giving more details about them. In this section
we present the above-mentioned results and fill the gap for the dense case. We reformulate
the results of Cai et al. [10] in terms of binary experiments. We want to mention that
these results can also be shown by using our techniques, see for example Appendix A.5.
The results are illustrated by the phase diagrams for the dense and the sparse case, see

Figure 5.1.

Theorem 5.1 (Detection boundary for the sparse case, see [10]). Suppose that

the heteroscedastic normal mixture model, see Example 2.6, is given, where

1
eni=n"" and ¥, = V2rlogn for all n € N and some 5 € (2, 1) , € (0,1).

Moreover, let the detection boundary be defined by

2-7)(B-1%) #L<B<1-T,7€(0,V2)
1-7yI=5)* ifl—%<ﬁ<1,7’€(0,\@).
0 ifE<B<1—4,7>V2
(1—-7yI=B) ifl-L<p<1,7>V2

(i) If r < p*(B,7) then { Py, Qn)} converges weakly to {eo, €0}

(i) If r > p*(B,7) then { Py, Q) } converges weakly to {€ oo, €}
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5.1. Heterogeneous and heteroscedastic normal mixtures

2

iii) Assume that S € (1,1 — 2|, 72 < 2 and r = p*(B,7). Then (A normal) holds for
2 1

a-) <17
(T 2—7’2)_1 ifﬁzl—%.

Q
o
|

D= N

(iv) Suppose
72 1
(8,7) € (1 - 4,1) X (0, \/5) U (1— T2,1> x [\/ioo) (5.2)
and r = p*(B,7). Moreover, replace £, =n"" by

en=n"" (log(n))%(l_%ﬂ) for alln € N. (5.3)

Then (A) holds for real-valued, infinitely divisible random variables & and &y. Fur-
thermore, the Lévy characteristic of & is given by (;,0,m;), j € {1,2}, where the

Lévy measures are given by their N-densities

d771 1

d d
—1)273 e and i z 1

) = — (e (@) = e B (w)

x>0,

and where the constants 1, 2 are given by (4.16) with 0 = 0.

Remark 5.2. (i) If we do not add the logarithmic factor in the definition of ¢, see (5.3),

then {P,), Q) } converges weakly to {eo, o} under the assumptions of (iv).

(ii) By carefully reading the proof in [10], see in particular the top of page 658, there must
be an additional factor % in the exponent of the logarithmic term in their definition

of &,,. The definition of &, in (5.3) is the corrected version. O

Proof. The statements of (i)-(iii) were proved by Cai et al. [10], see their Theorems 3 to
5. It remains to prove the statement of (iv). Let ey J € {1,2}, be the characteristic

function of §; and v¢; be the function in the exponent, i.e.,

Pg; = exp (¢gj) :

By carefully completing the omitted parts of the proofs of Theorems 5 and 6 in [10] it is
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5. Application to practical detection models

sufficient to show that for all t € R

e, (t) = 3 - (t) and e, (t) = ¥§ () + 5, (¢), (5.4)
where 1/)2,7@) = ci ~ {exp (itlog[1 +¢€Y]) — 1 — itey} olc2—=2)y dy
1 J—o0

1 o)
and 1/%1-:,7(15) = o [ [exp (itlog [1 + €Y]) — 1]6(02—1)31 dy.

By using the substitution = = log[1 + €¥] and considering (4.16) it follows that for all
teR

W9L(t) = Cll . (¢ 1 =it (e = 1)) (" — )P e da
_ /(O’Oo) (éwt ~1-- ftxz +s f’; it (e — 1)) %(x} AN (x)
=int+ 000) <eixt —-1- 1 ftﬁ) fi?;; () dA(z)
= e, (1).
Analogously, the second equation in (5.4) can be proved. |

Theorem 5.3 (Detection boundary for the dense case, see [10]). Suppose  that

the heteroscedastic normal mixture model, see Example 2.6, is given, where

1 1
en=n"" and ¥, :=n"" for alln € N and some 3 € (O, 2) , T E (0, 2> .

Moreover, let the detection boundary be defined by

) 1.
pZense(ﬁvT) = C;O ZfT ?é (55)

(1) If 7> plonse(B,T) then { Py, Qny} converges weakly to {eo, €0}
(1) If 1 < plepse(B,T) then { Py, Q) converges weakly to {€ oo, €00}
(iii) If 7 = ponse(BsT) then (A mormal) holds for {k, :n € N} =N and 0 = 1.

Remark 5.4. The statements of (i) and (ii) are equivalent to the ones in Theorems 2.4 and
2.5 in [10]. Furthermore, Cai et al. [10] mentioned that there are non-trivial accumulation
points of {P;), @)} in the dense case but they did not present any details about these
points. The statement of (iii) fills this gap. O
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5.1. Heterogeneous and heteroscedastic normal mixtures

0.4

0.3

Undetectable

0.2

Detectable
0.1

0 0.1 0.2 0.3 0.4 0.5

Figure 5.1.: Detection boundaries for the sparse (left) and the dense (right) heteroscedas-
tic normal mixture model. Left: The function 8 — p*(8,7), see (5.1), is
plotted for 7 € {0.4,0.8,1,1.2,1/2,2,4}. If » > p*(B3,7) the limit experiment
of {Prn), Qm)} 18 {€-; €0} (Detectable). If r < p*(3,7) it is {eg,e0}. If
r = p*(B,7) it is Gaussian on the linear part (solid) and non-Gaussian on
the quadratic part (dashed). Right: 8 — pfouee(5,7), see (5.5), is plotted for
=1 Ifr > pl(5,1) the limit experiment is {ep, €} (Undetectable). If
T < Plense(B> 1) it is {€_oo, €xc} (Detectable). If r = pjj, (5, 1) it is Gaussian.

Proof. (i) follows immediately from Remark 4.1(i) by Theorem 8.8, which we will show
in Part II, because if any test can completely separate the null and the alternative then,
clearly, LLRT can do so. Hence, we only need to discuss the case 7 = 1. In Section 5.2.1 we
discuss the dense case for exponential family models including the heterogeneous normal
mixture model, i.e., the case 7 = 1. We can deduce (i)-(iii) for 7 = 1 immediately from

Corollary 5.13, which we prove there. [ |
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5. Application to practical detection models

5.2. Exponential families

5.2.1. Sparse case

In this section we discuss the behaviour of LLR,, for the model introduced in Assump-
tion 2.16. First, we present and prove a result for the general case that the signal prob-
ability may depend on 4. After that we discuss the case €,; = €, in the context of the
detection boundary. As in the previous section we show that the limits on the detection
boundary are non-trivial. In particular, we obtain Gaussian but also non-Gaussion limits
on the boundary. The results are illustrated by a phase diagram, which can be found in
the next section, see Figure 5.2 on p. 79. At the end of this section we discuss the specific

models introduced in Examples 2.8 to 2.10.

Theorem 5.5. Letp >0 and L : (0,00) — (0,00) be a slowly varying function at infinity.
If p = 0 we assume additionally that L(9) converges to 0 as 9 — oo. Suppose that
Assumption 2.16 holds and that for some subsequence {k, : n € N} of N

CW)™" = w() ~agy 9P L(Y) as 9 — oo (5.6)
b,
and €k i r— — M e |0,00] asn — oo. 5.7

(i) If M = 0 then {Py,), Qk,)} converges weakly to {eo, €0}
(ii) If M € (0,00) and

19])

ki
e L)

—0 asn— o0 (5.8)

then (A mormal) is fulfilled for o := M27P.
(iii) If M = oo and (5.8) hold then {Py,,), Qk,)} converges weakly to {€_co, €}

Remark 5.6. (i) By Lemma 2.15 and the fact, that L(¢) converges to 0 as ¥ — oo if
p =0, we have

19‘]277,
L(V%,)

— 00 as n — oQ.

Hence, if (5.7) holds for some M € [0,00) then

kn
Zezmi — 0 asmn— oo. (5.9)

i=1
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5.2. Exponential families

(ii) If
kn,l
. 2
HDILATES
i=1

for some subsequence {k,; : n € N} of {k, : n € N} then by Remark 4.5(ii)
{P(kn,l)’ Q(kn,l)} converges weakly to {€_o0, €x0}-

(iii) If w(¥) is unknown for large ¥ then Theorem 2.19 can be applied to determine the
asymptotic behaviour of it. If, e.g., (2.14) and (2.15) hold for some slowly varying
function L, p > 0 and ¢, v > 0 then (5.6) holds for the same p and L given by

L(9) := ¢ PT(p+ 1)L(9¥7) for all ¥ > 0.

(iv) If M € (0,00) then (5.8) is equivalent to

Ekp ik,
an 2
i=1 kn,

(v) Let e := ¢y = n=B+e) for some 8 € (%, 1) and all 1 <7 <n € N. Then

— 0 asn — oo.

Ekyikn

s = k1) — o(1)  as n — oo,
> ity €k i

Hence, we obtain (5.8) from (iv). O

Proof of Theorem 5.5. First, observe that due to Remark 5.6(i) and (ii) we can assume
(5.9) without loss of generality. We deduce from (2.8) of Assumption 2.11, Assump-
tion 2.16(iii), (5.6) and (5.8) that under (ii) and under (iii), respectively,

,lgp
1223;” {Ek ’Liulszn,( )} S gknknc(’ﬁkn) ~asy Ekn3k‘nL(:;Zn) - 0(1)

asn — oo . Consequently, by Corollary 4.40, Remark 4.41(i), Lemma 4.42 and Lemma 4.45
it is sufficient for the whole proof of Theorem 5.5 to show that

Z 1916") —>% as n — oo
ki G (20y,,) '

Finally, observe that by (5.6)

C (V) 9 L(204,) o

k) k) ey : n
C20) ™ 2 LWe)? Y L)
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5. Application to practical detection models

Now we consider the more specific case that ¢, ; does not depend on <.

Corollary 5.7. Letp > 0 and L : (0,00) — (0, 00) be a slowly varying function at infinity.
If p = 0 then we assume additionally that L(19) converges to 0 as 9 — oo. Suppose that
Assumption 2.16 and (5.6) hold. For some r >0 and B > % let

Un ~asyn' asn — 00 and ey := ¢y =nF foralll1 <i<mneN.

Define the detection boundary for B by

Al 1
ﬁﬁajp(r,p) = (rp2)+ (5.10)
(i) If B > 5§xp(7”> p) then { Py, Q)} converges weakly to {eo, €0}
(ii) If 6> 1, = ﬁﬁw(r, p) and we replace €, =n"" by
en =n"Py/L(n") for alln € N (5.11)

then (A mormal) is fulfilled for 0% :=27P.

(iii) Suppose that L is a constant function equal to some constant K > 0. Ifp >0, r = +

P
and 8 = ﬂgzp(%,p) then (A) holds for some & and &&. Moreover, the Lévy char-

acteristic of &;, j € {1,2}, equals (v;,0,n;), where the Lévy measure n; is uniquely
determined by its N\-density

dn; K é* . p—1
T);(x) = @m(‘log[(e - 1)K]) 1(0,log(K*1+1))(‘T)7 z € R\ {0},

and v; is given by (4.16) with o* = 0.

(iv) Suppose p > 0, r > % and B = ﬁ?xp(%,r). Then (B1) holds for my = 0, (B3) is
fulfilled for o® =0 and

nh_{rolo NER fbn (€nfn > y) = 1 for all y > 0.

(v) If B < Bﬁmp(r,p) then { Py, Qny} converges weakly to {€ oo, €0} -

Remark 5.8. (i) Suppose that the assumptions of (iv) hold. By Lemma A.23 there ex-
ist a subsequence {k, : n € N} C N and a binary experiment {P,Q} such that

{ Py Qi) } converges weakly to {P,Q} as n — co. But we can conclude from
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5.2. Exponential families

Theorem 4.19 and Corollary 4.38 that {P, @} is neither full informative nor uninfor-
mative nor fulfilling Condition (A). In Section 4.5 we briefly discussed this issue in
general. Applying Lemma 4.49 yields (A1) for & : (2, 4,P) — (R, B) with Lévy
characteristic (—1,0,0), i.e., & = —1 (P-a.s.). Finally, by Lemma 4.49

{P(n), Q(n)} converges weakly to {6_1 cete 4+ (1 - e_l)eoo}

as n — oo. A similar result can be proven, e.g., for the sparse heteroscedastic normal

mixture model discussed in Theorem 5.1 if » > 1 and 5 = 1.

(ii) The above-mentioned result can also be formulated by using the detection boundary

p*Emn ¢ for the parameter r given by

126-1) ifp>0andfe (%,1}. 512)

PEap,s(B,D) =
00 ifp=0or g >1. O
Proof. First, we prove (i), (ii) and (v) by applying Theorem 5.5. Second, we give the proof
of (iii). Finally, we verify (iv).
Observe that by Remark 4.5(i) {P,), Qn)} converges weakly to {ep,eo} for all 3 > 1.
Moreover, if § < 1 and ﬁgzp(r,p) < 3 then by Lemma 2.15

9P B # _
7”L€,217n N nl=2B+pr+o(l) _ nzﬁEw(T’p) 2+o(1) — 0 as n — oo.

('ﬁn) asy

Consequently, applying Theorem 5.5(i) proves (i). Under (ii) we have

— 1 asn— oo. (5.13)

From Lemma 2.15 and Remark 5.6(v) we obtain (5.8). Combining this, (5.13), Theo-
rem 5.5(ii) and Remark 5.6(v) yields (ii).
Now suppose 3 < Bgmp(r, p). Hence, < 1. By Lemma 2.15

9P # _
m% ey nl—28+prto(1) > 128 Eap(rp)—20+0(1)

L(Q?n) — 00 as n — Q.

Thus, we can conclude (v) from Theorem 5.5(iii) and Remark 5.6(v).
Now, consider p > 0, r = %, 8= ﬁﬁm(r, p) and L = K. Note that § = 1. By Theorem 4.19
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5. Application to practical detection models
it is sufficient for (iii) to show (B3) for o2 := 0 and
nh_}ngo NEp fin (x >a:epfn(x) > y) = (2 — nl)(log(l +vy), oo) (5.14)

for all y € (0,00) \ {K '}, where by substituting e * = [e® — 1] K

(2 —m) (log(1 + y), )
1

~ T(p) /<10g<1+y>,oo)
1

['(p) /<10g<1+y),log<z<1+1)

62m —e® ., p—1
Km (_ log [(6 - 1)K]) 1(0710g(%+1))($) dx

)(— log [(e" — 1)K})p_1Kex dz 1 x-1)(y)

1 /log(yK) ply—z 4,1 )
= — z (& z — .
F(p) 0 (0,K—1) Yy

Define for all y € (0,00) \ { K~} and every n € N
Any = {2 2 a:enfale) Sy} = {o 2 a:n"'C(0n) exp [Vah(@)] <y}

By (5.6)

nrC(W,) ~asy nTTPKT = Kl asn — 0. (5.15)
Thus, there exists a sequence (ay,)nen With lim, o oy, = 0 such that

Apy = {:z: >a:0ph(x) > —[1+ ay)log (yK)}
for all y € (0,00) \ {K '} and every n € N. Clearly, for all fixed y € (0, K1)

Gy :=—[14+ay|log (yK) >0
if n € N is sufficiently large. Moreover, for all fixed y € (K1, 00)
Gny=—[1+ay|log(yK) <0 and A,, = [a,0) (5.16)

if n € N is sufficiently large. Note that from Theorem 2.19(i) we obtain

QM0,1] ~agy tP as t \, 0,

K
pL'(p)

where I' is defined in (2.11). In other words, (2.13) holds for p and the slowly varying
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5.2. Exponential families

function L = K. In the following we apply Lemma 2.21 with M = —2log(yK),
() = 6_2$1[07Gn‘y)(1‘), x>0,neN, and Yo(z) := e_2x1[07_10g(yK))(x), x>0,

where y € (0, K~!). Note that in this case the set E from Lemma 2.21 equals {— log(yK)}.
Hence, by Lemma 2.21, (5.6) and (5.15) we have for all y € (0, K1)

ng?zIEQo (fT%]‘An,y)
= ne2CW)? [ exp(~20,h(2)) L, , 0 (9uh(z)) dQu(a)
~oaey N {w(zﬂn) - / W (9h(z) on(:z:)}

—log(yK)

= nK? lQ_pn_er(l +o(1)) — n_TpKF(p)_l/O e 2P~ dz (14 o(1))

KT ()17 —3 log(yK) -
~asy (p) 2 [(p) — g exp (—z) z dz

= Kﬁlf(p)712*p/ ) e ? 2P dz asn — oo (5.17)
— 3 log(yK)

Letting  \, 0 and considering ne? = o(1) yield (B3) for 02 = 0. From (5.16) we obtain
(5.14) for all y > K~!. Analogously to (5.17) we have for every y € (0, K1)

NER Ly (Afl,y) ~asy nk ! / exp (=t h(x)) 10,60y (Oph(z)) dQp(x)
~asy nk~! nierF(p)il / exp (_‘/L‘) 1[0,710g(yK))(x) 2P dx

Ly [ lesyE) .
~asy I'(p) / exp (—z) zP~" dz as n — oo.
0
Now we verify (iv). Note that § = 1. By Lemma 2.15 we have for all y > 0

Mn(ﬁnfn < y) = /fnl{snfngy} dQo

Thus, for every y > 0

NER [y (enfn > y) ~asy NEp = 1 as n — oo.

75



5. Application to practical detection models

Moreover, for every y > 0

ng?z/fgl{anfngy} dQy <y /fnl{gnfngy} dQy = o(1) as n — oo.
Note that by Lemma 2.15, Theorem 2.19(i) and (5.6)

Q0[0,4] = P7°M as t N\, 0

1 n — - -
— log (C(: )) = n "W o (nrp HO(D) = n "W as n - .

d
an 01@

Finally, we have for all y > 0
1
nky, <5nfn,i > y) = nQo (TLC (On) exp [—U,h] > y)

0, 5l (c&)ﬂ

= pl=pte) 4 0asn — . [ |

h

In the following we have a look at the specific models introduced in Examples 2.8 to 2.10,
which fulfil Assumption 2.16 obviously. Before we present the result, we want to make the

following remark to show that there is a strong connection between these examples.

Remark 5.9. Let {Pn 0.6, in9,.¢} {Pn0.F> b, r} and {Pyo g, ftn9, 5} be the binary
experiments belonging to Examples 2.8 to 2.10. Let a > 0 be the parameter from Exam-

ple 2.9. Moreover, define 77 : R — (0, 00) and 7% : (0,00) — (0,00) by
Ti(x) :=exp(—x) forallz e R and Th(y):=y © for all y € (0,00).

Using the transformation formula for densities with the transformations 77 and T5 yields

T T T T:
{Pn,lo,G’ 'un,llog(ﬁn+1),G} = {Pn701E7 /'an'&’ﬂvE} and {Pn,QO,F7 /‘Ln?ﬁn,F} = {Pn707E’ Mn?’ﬂ%_l?E}’

By Remark A.17(ii) and (iii) it is sufficient for later discussion to have a look at one of

these models in detail, because the results can be transferred to the other ones. O
Corollary 5.10. Let r > 0 and one of the following models (a)-(c) be given:

(a) (Gumbel) the model introduced in Example 2.8 with 1,, ~ .4, rlog(n) as n — oco.

(b) (Fréchet) the model introduced in Example 2.9 with 9, ~asy na as n — oo.

(¢) (Exponential) the model introduced in Example 2.10 with ¥y, ~qs n" as n — oco.
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5.2. Exponential families

Let e, :=n"P for all n € N and some 3 > % Define

rAl 1
/BgFE(r) = 7( 4 2) i .

(i) If 5 > BgFE(r) then {Prny, Qn)} converges weakly to {eo, €0}
(i) If 6 <1 and 8 = BéﬁFE(T) then (A normal) is fulfilled for 0% := %

(i) If B = 1 and r = 1 then (A) holds for real-valued random variables & and &s.
Moreover, the Lévy characteristic of §;, j € {1,2}, is equal to (v;,0,n;), where the

Lévy measure n; is uniquely determined by its \-density

j

dn; B e’

N (z) = emi_ll(o,log@))(l')’ r € R\ {0},

and v; is given by (4.16) with o = 0.
(v) If B < 5§FE(7“) then { Py, Qn)} converges weakly to {€ oo, €} -

Proof. By Remark 5.9 we can assume without loss of generality that the Exponential
model is given. Note that in this case the assumptions of Corollary 5.7 are fulfilled with

L=1and p=1. |

5.2.2. Dense case

Here, we focus on the dense case, i.e., ¥, — 0 as n — oco. To be more specific, we suppose

Assumption 2.23. The main result of this section is that the asymptotic behaviour of
n
By, = Zsiiﬁi , neN, (5.18)
i=1

characterises the asymptotic behaviour of {P(n), Q(n)} uniquely and independently of the
special shape of h. We obtain a dichotomy: every accumulation point of {F,),Q)} is
either equivalent to the full informative experiment or a Gaussian experiment. Note that

the uninformative experiment is also a Gaussian experiment, see Remark 4.26(ii).

The section is structured as follows. At the beginning we present the main results for
the general model, where the signal probability €,; can depend on i. After that we
determine the detection boundary for the case that €, ; = €, for all 1 <7 < n. Note that
the corresponding phase diagram is visualised in Figure 5.2. The remaining part of the

section comnsists of the proof of the main result including two technical lemmas.
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5. Application to practical detection models

Theorem 5.11. Suppose Assumption 2.23 and Varg, (h) € (0, 00).
(i) We have
kn
By, == Zein’iﬁ%n — K €[0,00) as n — o0 (5.19)

i=1
for some subsequence {k, : n € N} of N if and only if (A mormal) holds for
0% := K Varg, (h). (5.20)
Furthermore, (5.19) holds for K = 0 and a subsequence {k, : n € N} of N if and
only if {Py,), Qr,)} converges weakly to {eo, €0}
(ii) For some subsequence {ky, : n € N} of N we have

kn
By, = Zsimiﬁ%n — 00 as M — 00 (5.21)
i=1

if and only if { Py, Qi) } converges weakly to {€ oo, €co}-

Remark 5.12. (i) The assumption Varg, (h) > 0 is not an actual restriction because

otherwise h = ¢ € R (Qp-a.s.) and thus Qy = Qy for all ¥ € O.

(ii) We can conclude as an immediate consequence of Theorem 5.11 that every non-trivial
accumulation point of {P,),Q(,} is already Gaussian. This can easily be shown,

e.g., by a proof by contradiction. O

Corollary 5.13. Suppose Assumption 2.23 and Varg, (h) > 0. Moreover, let
Enyi = En ~asy n " and 9, ~asy Kn™" asn — oo

for some K,r >0 and some 3 € (0, %) Define the detection boundary for r by

1
PEapa(B) = 5 = B. (5.22)

(i) If r < ppupa(B) then { Py, Qy} converges weakly to {eo, €0}
(i) If r = phypa(B) then (A normal) is fulfilled for o2 given by (5.20).

(i6) If r > plyy a(B) then { Py, Q) } converges weakly to {€—oo, oo}

78



5.2. Exponential families

0.5
1.6
1.47
0.4
121 Undetectable
1 0.3
Detectable
7 0.8 r
0.2
0.6
Detectable
0.4
0.1
0.2
Undetectable
0- T T T T ) 0 T T T T >
0.5 0.6 0.7 0.8 0.9 1 0 0.1 0.2 0.3 0.4 0.5

Figure 5.2.: Detection boundaries for the sparse (left) and the dense (right) exponential
family mixture model. Left: [ — p*Exp7s(ﬁ,p), see (5.12), is plotted for
p € {0.6,0.8,1,1.5,3}. If r > pf,, (B,p) and B < 1 the limit experiment
of { Py, Qn) } 18 {€—00, €xc} (Detectable). If r < pf,, ((B,p) it is {€p, €0} (Un-
detectable). If 8 <1 and r = pj,, (B, p) it is Gaussian (solid line). If 8 =1,
T = Phups(B:p) and L = K € R it is non-Gaussian (solid circle). Right:
B = Piupa(B), see (5.22), is plotted. If r > pp., ;(B) the limit experiment
is {e0,€0} (Undetectable). If r < pp,., 4(B) it is {€—cc,€x} (Detectable). If

7= Ppapa(B) it is Gaussian.

In regard to Corollary 4.40, Lemmas 4.42 and 4.45 the asymptotic behaviour of

C (Vr,)”

cay ! (5.23)

is of great interest to prove the previous results. We want to mention that in general (4.63)
does not hold under Assumption 2.23 and, thus, Corollary 4.40 is not applicable. But we

can fix this issue. In the following lemma we determine the convergence rate of (5.23).

Lemma 5.14. Under the assumptions of Theorem 5.11

C(l?k )2 9
N Am— 1 ~as l) ‘/ — .
C (2 kn) y Uk, arg, (h) asn o0

Proof. By Taylor’s formula and Remark 2.25

w(2t) = w(0) + (2t — 0)w™(0) + (275_20)2 w®(0) + o (#2)

= 1-21Eg, (h)+ 22 Eq, (h?) +0(*) ast—0.
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5. Application to practical detection models

Moreover,

wt)? = w(0)2+t2w(0)wD(0) + t; 2 [w(0) + w(0) @ (0)] + 0 (#2)
= 1-2tEg, (h) + 1 [Bg, (1) + Eq, (h*)] +0(#)
= w(2t) — 2 Varg, (h) + 0 () ast—0. (5.24)

Note that w is continuous at 0, see Lemma 2.24. Combining this with (5.24) shows

C (9y,)

Coy 7 w (k) w0 (20,) — w (95,)’]
= () [0, Varg, (1) + o (0},

~asy Vg, Varg, (h) asn — oc. [ |

We also need the following technical lemma in order to prove Theorem 5.11.

Lemma 5.15. Under the assumptions of Theorem 5.11 we have for every A,y > 0

12%)1;1 Q29,,, (€k,i C (Vi) exp (=g, h) >y) = o (ﬁéﬂ) as n — 0o. (5.25)

Proof. Obviously, it is sufficient to show (5.25) for all A > 0 of the shape A = 2m — 1,
m € N. Let y > 0 and m € N be fixed. We deduce from the continuity of the Laplace

transform w at 0, see Lemma 2.24, and ¢y, .5, = o(1), see (2.1), that

Eky:k
€ky:ky, C (U = —— = o0(l) asn— o0
knikn C (V) o (Ur) (1)
and &g, .k, C (U1,) < e 2y for all sufficiently large n € N. (5.26)

Clearly, ¥y, € (—¢,¢) for all sufficiently large n € N. By Lemma 2.24 and (5.26)
ax Qa,,, (€kni C (Uk,) exp (—VUg,h) > y)

< C@20) / exp (=205, ) dQp
{exp(—D,, h—2)>1}

A1
(—ﬁ’“nh) exp (=201, h) dQy

< wen) | :

{0k, h>2}

vFm
= — h*™ exp (=20, h) dQ
w (20, ) 22m /{19knh>2} P (=20k, 1) dQo
_ 92m wm) (20,)
- w(2?9kn)22m
~asy VR 27Am w®™ (0) = o (1927) as n — 0o. ]
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5.2. Exponential families

Proof of Theorem 5.11. Regarding Corollaries 4.25 and 4.38 we first determine the asymp-
totic behaviour of the quantities from (B2c normal) and (B3 normal) (from (D1) and
(D3), respectively). Let {k, : n € N} be some subsequence of N. From the continuity of
w at 0, see Lemma 2.24, Lemmas 5.14 and 5.15 we obtain for all y > 0

kn
2 2

Z5kn,i / Ji,idQo —1
i=1 {€kn,ifrn, i<y}

kTL r
_ 2
- ZEkn,z‘

i=1

/ C (9p,)* exp (=20, h) dQp — 11
|/ {ekn i frn, i<y}

f -
" c
= Zszn, E kn)) QQﬁkn <Ekn,ic(19kn) exp(—ﬁknh) S y) - 1‘|
i=1
k
- C (9y,) w (20%,)
= 2 | CW0)" 2 Qg (ki C (Ok,) exp (—0k, h) >
; kny (2,l9kn) ('19]@-,”) 2'19k (kTu ( kn) p( kn ) y)
_ 0(191@”) 2
= [C 201) 1+ o(V%, ng’ﬂv asy Vvarg, (h)By, asn—oo. (5.27)

From Lemmas 2.24 and 5.15 we can conclude that for all y > 0

kn

n,t n,?
Z/ gkn,ifkn,i dQO < E / _Fn,te Bn,t dQO
i=1 {Ekn ifkn >y} =1 {Ekn,ifkn,¢>y} Y

C (v
- ‘12 2 T o (i O 9h) ex (00 > )

(20,
_ w (20
<y Z 2 WKM { Quoy, (2004 C (01,) exp (<01, 1) > ) )
S
— ! Z 0(192n) — 0(By,) asn — oo. (5.28)

The equivalence in (i) follows immediately from Corollary 4.25, (5.27) and (5.28).
Suppose that (5.21) holds for some subsequence {k,, : n € N} of N. Then from (5.27)
we obtain (D1) of Corollary 4.38(iii). Hence, by Corollary 4.38 the binary experiment
{Pn)> Qi) } converges weakly to {€_oo, €0}

Now, suppose that {Py,), Qk,)} converges weakly to {€_oo,€x0} for some subsequence
{kn : n € N} of N. Contrary to (ii) assume (5.19) for a subsequence {k, 1 : n € N} of
{kn : n € N}. By the equivalence in (i) {F, ), @k, )} converges weakly to {ep, €} or
a non-trivial Gaussian experiment. This contradicts our assumption that {P(kn), Q(kn)}

converges weakly to {€_c, €} and so does { P, 1), Qx, 1)} |
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5. Application to practical detection models
5.3. The h-Model

In this section we focus on the semi-parametric structure model introduced in Section 2.4,
namely the h-model. We determine the detectable and the undetectable areas, which do
not depend on the special shape of the function h. The behaviour of {F,), Q) } on the
detection boundary is comparable with the one in Section 5.2.1 for the sparse exponential
family model. The limit experiment { P, Q} of { Py, Q(y)} is non-Gaussian at the endpoint
of the detection boundary and Gaussian on the remaining part of the detection boundary.
In the Gaussian case { P, Q} only depends on ¢y and not on the special shape of h. But in
the non-Gaussian case {P,Q} does depend on the special shape of h.

We start by presenting the main results for the general case. After that we determine
the detection boundary using this result for the more specific model that neither ¢, ; nor
Tn,i depends on 7. The results are illustrated by a phase diagram, see Figure 5.3. The

remaining part of this section consists of a technical lemma and the proofs.

Theorem 5.16. Suppose Assumption 2.26. Let {ky : n € N} be a subsequence of N,

k

k 2
n 5 X n
Z SLITUNNENGY g [0,00] and ZE%M — 0 asn — oo. (5.29)
— 1 — ’

=1 "Fn, i=1

(i) If K =0 then {Py,,), Q,)} converges weakly to {ep, €0} asn — oo.
(ii) If K € (0,00) and

. Eknyi
lim max —=
n—00 1<i<kn Tk, i

=0 (5.30)

then (A mormal) is fulfilled for 0% := Kes.
(iii) If K = oo and

. €k i
limsup max —* < o0
n—oo 1<i<ky Tk‘n,i

then {Py,.), Qr,)} converges weakly to {€_oo,€c0} as n — oo.
(iv) Assume for allm € N that

Ekn,1 Ekn,2

3
< < ... hnbn (5.31)
Thn1 Thn,2 Thn ki

Let r, € {1,...,kp} for alln € N such that

kn Tn 8% )
Z €kni — 00 and Z St 5 00 asn — oo. (5.32)
=Ty =1 Tk”’i

Then { Py, Qk,)} converges weakly to {€_co, €ac} as n — 0.
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5.3. The h-Model

Remark 5.17. (i) There is no restriction of generality in assuming that (5.31) holds since
the standard form of { P, ), Qx,)} and its asymptotic behaviour are not affected by

reordering, see Remark A.17(iii).

(ii) If e, s = ek, and 7y, ; = 7, do not depend on 4 then choosing r, = %kzn yields that

(5.32) is equivalent to

kn 2 kn 6%
k i
knek, = ngn:i — oo and k,—= = Z—”l — 00 as n — oo.
i=1 Thn =1 Thn

Note that by Remark 4.5(i) "Zf;l €k,i — 00" is a necessary condition for weak

convergence t0 {€_oo, €00 }- O
Corollary 5.18. Suppose that Assumption 2.26 holds, where we assume additionally that

Eni = En = n~? and Tni =Tn =n""

for some B € (%, 1], 7 € (0,1] and all 1 <i <n € N. Define the detection boundary by

r+1

i) = ——.

(i) If 5 > ,6’#(7’) then { Py, Qn)} converges weakly to {€o, o}

(ii) If B < B (r) then {Py,), Quny} converges weakly to {e_co, €co}-
(iii) If B = B (r) and r < 1 then (A normal) is fulfilled for o == cs.
(iv) Define T : (0,00) — (0,00) by

T(z) :=exp(z) — 1 for all z > 0.

If p = B#(l) and v = 1 then (A) holds for some random variables & and &.
Moreover, the Lévy characteristic of &, j € {1,2}, is equal to (v;,0,n;), where the

Lévy measure ny is uniquely determined by n(—o00,0) =0 and
/ Tdm = / TAR] " 4 1(g10g2) () / T dpT'oh (5.33)
(z,00) (w,00) {=}

for all x > 0, ny is uniquely determined by its n-density g—gf = exp and vy; is given
by (4.16) with o2 = 0.
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5. Application to practical detection models

0.8

Detectable
0.6

0.4

Undetectable

0.2

0.5 0.6 0.7 0.8 0.9 1

Figure 5.3.: The detection boundary S — pj (), see Remark 5.19(ii), is plotted. If r
exceeds pj () the limit experiment of {P,), Q(,)} is {€-c0, €} (Detectable).
If r < pj(B) it is {eg, €0} (Undetectable). If r = p*(5) and § < 1 it is Gaussian
(solid line). If r = pj (5) and = 1 it is non-Gaussian (solid box).

Remark 5.19. (i) Suppose that the assumptions of Corollary 5.18(iv) hold. Since 7" > 0
we deduce from (5.33) that

o T loh
"|(log(2),00) = (PO )\(1og(2),oo)'

Moreover, if
P ({a}) = A(u € (0,1) s h(u) =" = 1) =0
for all € (0,1og 2) then
o PTfloh
m = o :

(ii) Clearly, Corollary 5.18 can also be formulated by using the detection boundary pj,
which is plotted in Figure 5.3, for the parameter r given by

pr(B) =28 —1forall g€ (;,1} . O

We prove Theorem 5.16 and Corollary 5.18 by applying Theorem 4.19, Corollary 4.25 and
Corollary 4.38. For this purpose we need to determine the sums from (B2c) and (B3).

In the following lemma we simplify these sums for the h-model.
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5.3. The h-Model

Lemma 5.20. Suppose Assumption 2.26. Define for all e € (0,00) and 1 <i<neN

Apie i ={ue(0,1):en;fni(u) <e}

Bz = {y €(0,1) Mh(y) <e- a} ,
mn,?

I
c .
Anza =

(0,1)\ Ay ie and ana = (0,1)\ Bpje-

If n € N is sufficiently large we have for all ¢ > 0 and every 1 <i <n

p (A52) = i (B i) + (1= ) [ )y (5.34)
If
kn
Ji)rgozgekm =0 (5.35)

for some subsequence {k, : n € N} of N then for alle >0

kn 1 kn 2

kn7
Zai"’i/o (f]?n,ilAkn,i,s — ) Z - /B | h2dAN| +o(1) as n — co. (5.36)
=1 =1 n,t kn,i,e

Proof. Fix € > 0. By (2.17)-(2.19) of Assumption 2.26

1— 7 U
ALie = u € (0,Tns) : Enyi + €Eni 'n’lh | >¢
Tn,i Tn,i

U{u € [mhi, 1) teni(1—c1) > e}

1— 7y U
= uw € (0,7n) : Eni L) >€—¢€ni¢,
Tn,i Tn,i

1— n,t
An,i,s = {u c (O,Tn,i) : 5n,i - n, h ( Y ) § g — En,i} U [Tn,i, 1) (5.37)

n,i Tn,i

for all 1 < ¢ < n if n is sufficiently large. By this, (2.18), (2.19) and substituting y = T;}u

fin,i (A%,z,a) = Tm/ fn,i(Tn,iy) dy
B(,

n,i,e

= T (Bl o) + (1= ) /B  hly) dy (5.38)

n,i,e

for all 1 <¢ < n if n € N is sufficiently large.
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5. Application to practical detection models

By (5.37) and substituting y = Tn_llu

1
0 ) 19y

- / ((1 - cl)ZlAn,i,Em[Tn,iyl) ('I,L) +

2
1—7; U
14— ™y ( )1 L(0,7.)NAn.s E(u)) du
Tn,i Tn,i ’ ’

1—7,; 2
= (= () + 7 (B + 20 m) [ by g+ B [ agay

Jiye Tn,i

1—Tni)?
:c%—c%Tn’i—I—l—Tn’i)}\(BfLZE)—2(1—7'”’1‘)/36 hd»mr(%)/B 12y

Tn,i

)

for all 1 <14 <mn if n € N is sufficiently large. Combining this and (5.35) yields (5.36). W

Proof of Theorem 5.16. First, we prove (i) and (ii). By Corollary 4.25 and Re-
mark 4.26(iii) it is sufficient to show that for every e > 0 (B2c normal) and (B3 normal)
are fulfilled for y = yg = € and 02 = 0 or 0% = 3K, respectively. For this purpose we

apply Lemma 5.20. Let ¢ > 0 be fixed. By (2.16) and (2.17) of Assumption 2.26

IN

Fon

C
D i Th i A (Bkn,i,e)
=1

€ Thy i

k
S ek Th N (m €(0,1): —nip (z) > 1)
=1

kn .2
dco e,k Z" €k
22

(5.39)
i=1 Thn i

for all sufficiently large n € N. Similarly, for all sufficiently large n € N

kn,
Y kil = iy i) / hilpe | dX
=1

kn
< . hl o d
< Z:&cn,z/ {16(0,1);%“‘%)%} A
2

ot / ! | AN (5.40)

c 1= 1 Thyi { max {Sk"’l} h(w)>;}

1<z‘§kn Tkn,i

IN

Obviously, from (5.34) of Lemma 5.20 we obtain (B2c normal) under (i). Moreover,

applying additionally Lebesgue’s dominated convergence theorem to (5.40) shows that
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5.3. The h-Model

(B2c normal) holds under (ii). By Lebesgue’s Theorem we have under (5.30)

Z ’f"’/ h2dN > i /h2 dA
i=1 Tknyi Y By ie = 1 Thy i { (0,1): max { k”’i}h(:r) ;}

1<i<kn Tkn,i

~asy Z o (5.41)

=1 Tkn:

as n — oo. Moreover, note that for all n € N

kn -2
k;n 2 ki
E ot hedA < E — . 5.42
/Bkn,i,s i=1 Tk’mi ( )

Combining (5.41), (5.42) and (5.36) of Lemma 5.20 completes the proof of (i) and (ii).
Now we verify (iv). Suppose that the assumptions of (iv) hold. We split the proof into

three cases.

First case: Suppose that

Shurn O g [0,00) asn — oo. (5.43)
Tkn:"’n

By (5.31), (5.36) of Lemma 5.20 and (5.43)
i 1
Zgin,i/ (ka‘n,i]‘Akn,i,s - 1) dA
i=1

s 2
: 1 . dA 1
;lTkm / {ye(o 1St EW} +o(1)

Tn e i
= [Z ]/h21{ye 0,1):(C+1)h(y)<3e} dA +o(1) as n — oo (5.44)

i=1 Tk

for all € > 0. Note that by Lebesgue’s theorem

n— oo

lim /h2 1rye(0,1):n(y)<n} dX\ = /h2 dN\ =c2 > 0.

Hence, for sufficiently large € > 0

1
/h 1{y€(01 ):(C+1)h(y)<Le} dx > 9¢2 > 0.

We deduce (D1) from (5.32) and (5.44). Applying Corollary 4.38 yields (iv).
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5. Application to practical detection models

Second case: Suppose that

Ekn I'n

Thkn sI'n

— 00 asn — oo. (5.45)

Set ¢ := 1. By Lemma 5.20, (5.31), (5.32) and Lebesgue’s theorem

h(z) dz

En Fn 1
Zekn,z'ukn,i (Ain,i,a> > [Z Ekmi] 5/
i—1 {

1=Tn

yG(O,l):Mh(y)>l}

Tkn,Tn

k
n c1
~asy Z Ekn,i§ — o0 asn — o0.

Hence, (D2) holds. Applying Corollary 4.38 yields the statement of (iv).

Third case: If neither (5.43) nor (5.45) holds then we use a typical subsequence argument.
Let {kn1 : n € N} be a subsequence of {k, : n € N}. Then there exists a further
subsequence {ky, 2 : n € N} of {k; 1 : n € N} such that either (5.43) or (5.45) holds for it.
Thus, by the first and second case {P(km), Q(kw)} converges weakly to the full informative
experiment {e_n, €x }. Because the subsequence {k, 1 : n € N} was chosen arbitrarily we

can conclude that all accumulation points of { P, ), Q,)} are equal to {€_oo, €00 }-

By following the argumentation of the first case discussed above (iii) can be proven, where

rp, is replaced by k, for all n € N. The details are left to the reader. [ |

Remark 5.21. Suppose (5.29) for some K € (0,00). It can be concluded from (5.34),
(5.36), (5.39)-(5.42) and subsequence arguments that for every subsequence {k, ; : n € N}
of {k, : n € N} there exists a further subsequence {k, 2 : n € N} of {k, 1 : n € N} such
that (B”) holds for it. From Theorem 4.19 and Corollary 4.12(i) we deduce that (A) holds
for {kn2 : n € N} and Q,, ,) <>Px, ,)- Hence, it is easy to see that (A) holds for all
accumulation points of { Py, Q(x,)}, and that Q) <>Fy,). The detailed verification of

the above-mentioned argumentation and statements are left to the reader. O

Proof of Corollary 5.18. Note that

9

no .2 n
Z = pl=264 and Z Eni = n'=# for all n € N.

=1 T i—1

Regarding Remark 5.17(ii) we deduce (i)-(iii) from Theorem 5.16.

Now suppose that the assumptions of (iv) are fulfilled. By Theorem 4.19 it is sufficient to

verify (B3) and (B2c) for 02 = 0, m1, 02 and all 2 > 0.
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5.4. Extensions of the results of Cai and Wu

First, we show that (B2c) is fulfilled. Fix x > 0. By Lemma 5.20 it is sufficient to
determine the two summands from the right side of (5.34) for € := T'(z) = e” —1 multiplied

by nep. Because By, 1. C (0,1) we have

1
NERTRA (sz,l,a) < nog 1 =o0(1) asn— oo.

By (5.33), Lebesgue’s theorem and the transformation formula for image measures

T /h Lye:1-2] h)>1() -2} 470
n—1
= n /h Leye©)nty)>r@)+ =2} 4

~asy /h {1{y€(0,l):h(y)>T(m)} + 11,0 (" = 2) 1{y€(0,1):h(y):T(w)}} dFy

= /T oT loh {1(33700) (Tfl o h) + 1(0’10g2)(x) 1{9@} (Til o h)} dPy

d
= / Tdm = / <7721) dm = (n2 —m)(z,00) asn — co.
(w:00) (w,00) \ A7

Consequently, (B2c) follows. Moreover, for every € > 0 and all n € N

62

0 < n=2 h?dA = h% dX
Tn JBn1,e {y€(0,1):(1—n—1)h(y)<e—n—1}
1\2 n?
<le-=) —/——.
- (8 n) (n—1)2
Combining this and (5.36) of Lemma 5.20 yields (B3) with o2 = 0. [ |

5.4. Extensions of the results of Cai and Wu

Cai and Wu [12] suggested how to determine the detection boundary for each mem-
ber of a general class of distributions including the heterogeneous and heteroscedastic
normal mixtures. For their proofs they used the Hellinger distance, see Definition and
Lemma A.12(iii), and the simplification of it for product measures, see Lemma A.15. In
contrast to [10, 20], Cai and Wu [12] determined thresholds for the parameter S belong-
ing to €, and not for the parameter r of the signal strength pu,, see (5.3) for a possible
parametrisation. Obviously, both approaches are equivalent and can be transferred to
each other, see Remark 5.8(ii) and Remark 5.19(ii). Note that Cai and Wu [12] only
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5. Application to practical detection models

presented results regarding the sparse case. They explained shortly why the dense case is
more difficult in some sense. It is still an open question how or whether the results and
ideas in [12] can be extended to the dense case.

We noticed that the model given in Corollary 5.7 does not fulfil the assumptions in [12].
But the results of Corollary 5.7 are exactly what we could deduce from Theorem 3 in [12]
if the assumptions of this theorem would be fulfilled for the model. In this section we
present a slight extension of Theorem 3 in [12] that can be applied to the model given in
Corollary 5.7. After this general result we present a simplification of it in the context of
detection boundaries. Afterwards we introduce Theorem 3 of [12] to explain the benefits of
our extension. At the end of this section we present an extension of Theorem 1 in [12] for
the case that the null distribution P, ; is a standard normal distribution for all 1 < ¢ < n.
Theorem 5.1(i) and (ii), the results concerning heteroscedastic normal mixtures, could be
concluded from their Theorem 1, see [12] for details, and so from our extension of it.

The proof of our extension is presented in the following subsection. It is inspired by the
ones in [12]. But instead of the Hellinger distance as criterion for the trivial limit experi-
ments, we use our results from Section 4.3. Doing this we want to show that our criterion

can compete.
First, we present the assumptions for the model.

Assumption 5.22. (i) Suppose that Assumption 2.1(i) hold with continuous measures
P, and p,; for all 1 <i <n e N. Moreover, let T, ; : (,.A) — ([0, 1], B[0, 1]) and
Tn_z1 :((0,1),B(0,1)) — (2,.A) be measurable mappings such that

PTVL K

n,.

= U(0,1) (5.46)
and Pn,i(w €Q: Ti(w) € (0,1), Tyt (Tni(w)) :w> =1 (5.47)

for all 1 < i <n € N. Moreover, define for all1 <i<ne€eN

ln,i = log (fn,z) .

(ii) Suppose that (i) and Assumption 2.1(ii) hold simultaneously. Moreover, suppose
that T,,; = Ty and Tn_z1 = Tn_ll foralll <i<n. SetT, =Ty, Tt 1 and

—In1

ly, =11 for alln € N.

(iii) Suppose that (ii) and Assumption 2.1(iii) hold simultaneously.

Now we present our extension of Theorem 3 in [12].
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5.4. Extensions of the results of Cai and Wu

Theorem 5.23. Suppose Assumption 5.22(i). Define

hn,l,i(s) = lni (Tn_,zl (n_s)) , hn,27i(5) = lp i (Tn_ﬂl (1 — n—8)> (5.48)
and hpi(s) =max{hn1:(s), hna2i(s)} (5.49)

foralll1 <i<neNands>0. Let {k, : n € N} be a subsequence of N and 7% € R.

(i) Suppose that for all sufficiently large n € N and some 6 > 0

kn
i=1
log(2) L hy,.i(s) SN 1) }
od s {2 (o2 00 8 - S s o o5

Let M € (1,00). If for all sufficiently large n € N

max {»(szMzﬁ#_1< P () _ [1—1%1%(1{:")} 3)}:0 (5.52)

1<i<kn ~ log(ky) log(ky,)
. . hn Z(S)
| . — =0 5.53
or if v 1%?3)% {SS;IJP\/[ log(n) 7(s) } ( )

for some measurable v : [M,00) — R then { P, Qk,)} converges weakly to {eo, €0}

(ii) If for some 6 > 0

kn kn
lim Zai“ =0, ngn,i > k}fﬁ#ﬂs foralln e N (5.54)
aanst i=1
o : log(2) o 1 _ hy,(s) sA1
> : ——< — .
and hnnigf lggllcn»\ <s Z Tog(k) g 3 = Tog(kn) 5+ 5 > >0 (5.55)

then { P,y Qk,)} converges weakly to {€ oo, €} -

Remark 5.24. (i) Since P, ; is a continuous measure (5.46) and (5.47) are always fulfilled
for the distribution function 7;,; = Fj,; and the left-continuous quantile function
Tn_z1 = Fn_zl, see (2.5). Another possible choice is T),; = 1 — F,,; and Tn_zl(u) =
Fn_zl(l —u) for all w € (0,1). In this section the choices T}, ; = Fy,; and 15, ; = 1 —F), ;
lead to the same results because the conditions of Theorem 5.23 are symmetric. But
in Part II, to be more specific in Section 8.3, we get different results for these two

cases.

(ii) Suppose (5.50) for some f# > 1. By Lemma A.30 we have Y g, = o(1) as
n — oo. Hence, by Remark 4.5 { Py, Q(x,)} converges weakly to {€g, €0} O
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5. Application to practical detection models

An immediate consequence of Theorem 5.23 is given in the following for the case that ¢, ;
does not depend on 4. This result should give the reader an idea how our extension can

be applied to determine, e.g., the detection boundary for the parameter of .

Corollary 5.25. Suppose that the assumptions of Theorem 5.23 are fulfilled with
_8 1
Eni =En1 =:6n:=mn" foralln € N and for some 3 € 3] (5.56)

Moreover, assume that there exists some % € R such that for every 6 > 0

- log(2) 1 hyi(s) sA1

12%}{71{»(8 ~ log(n) :B#+5_§ = log(n) et 2 )}:O (5:57)

if n € N is sufficiently large, and that for every § > 0

o . log(2) 1 hni(s) 5 A 1) }
lim inf A(s> pF < ,
00 1r<nzl£n{ (8 ~ log(n) b 2 ~ log(n) st 2 >0

Let M > 1. Additionally, suppose that for every § > 0

max{)k(sZM:ﬁ#—l—(S—lg}llgg’i((;))—[l—loigolgo(g?gl)}s)}:O (5.58)

1<i<n

if n € N is sufficiently large, or that for some measurable function v : [M,o0) — R

fni(s) _ 7(5)’} = 0.

s> | log(n)

lim max {sup

n—00 1<i<n

(i) If B exceeds 7 then {P,),Qn)} converges weakly to {eo, o}
(ii) If 3 is smaller than 57 then 1Py, Quny} converges weakly to {€ oo, €c0}-
In the following we present Theorem 3 of Cai and Wu [12], which follows immediately

from Corollary 5.25. Note that there is a typographically error in their theorem: F,, and

zn must be the distribution function and the quantile function of @), and not of G,,.

Corollary 5.26. Suppose Assumption 5.22(iii). Let (£,)nen be given by (5.56). Define

B () =l (T (7)) haa(s) i= b (171 (1 =n7%)
hi(s) == max {hy1(s), hn2(s)}
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5.4. Extensions of the results of Cai and Wu

for all s > 0 and for all n € N. Assume that

lim sup
n—oo |: log(2) )
log(n)”’

for some measurable v : (0,00) — R and define

1 Al
B#* :z—i—esssup{v(s)—s—ks }
2 >0 2

Suppose B# € R.
i) If B exceeds B7 then {P,y, QY converges weakly to {eo, o).
(n)> < (n)

(ii) If 3 is smaller than 57 then {Pn), Qmy} converges weakly to {€ oo, €o}-

As mentioned in the introduction Theorem 3 of [12] can not be applied to the model

discussed in Corollary 5.7. The main reason is that hfgﬁ does not converge uniformly for

this model. Note that 1’;;5;?) even converges to —oo for some s > 0. But the assumptions of
our extension are fulfilled. In the following we give an alternative proof of Corollary 5.7(i)
and (v). By doing this we want to display the benefits of our extension and its opportunities

to be applied. We refer the reader to [12] for more examples.

Alternative proof of Corollary 5.7 (i) and (v). Suppose that the assumptions of Corol-
lary 5.7 are fulfilled. It remains to show that the assumptions of Theorem 5.23 and

the one of Corollary 5.25 hold for
Tn:FO::TandTn*l:FO_1 =T 1foralneN,

where Fp and Fy L are the distribution function and the left continuous quantile function
of Qp, see (2.5). By Lemma 2.15, Assumption 2.16(iii) and the monotonicity of F, ' we

can deduce that

) max {—h (Fo_l (n78)> ,—h (Fo_l (1- ”7S)>}

log(n)  log(n) log(n
- log(n) a log(n)(1 +o(l)h (FO (n ))
= rp+o(1) — n"T°Wh (F(fl (n_s)) as n — 00 (5.59)

for all s > 0, where the o(1)-terms are independent of s.
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5. Application to practical detection models

Consider p > 0. Set g# := ,Bﬁw(r, p), see (5.10). By Corollary 5.25 it remains to show
that for all x € (0, rp)

)}\<S>0:ﬁ#—l—2/€—1< fins) —<1—b{5£5:)>s+521):o (5.60)

ghn(S)_S—FS;\l)zm (561)

if n € N is sufficiently large. Note that from (5.60) we obtain (5.57) and (5.58). Let
k € (0,7p) be fixed. By Assumption 2.16(iii) h(a,a+6) 18 strictly increasing and continuous.
Hence, it is invertible and its inverse h =1 : [0, h(a+6)] — [a, a+d] is also strictly increasing

and continuous. By this, Theorem 2.19(i) and (5.6)

(Fooh™1)(t) = QRO,t] ~usy tPLy C) as t \, 0 (5.62)
for some slowly varying function L;. Let F': R — R be a distribution function such that
Floe = (Foo h_1)|(0y5) for some € > 0.

Denote by F~! its left continuous quantile function. It is easy to see that
Flu) = (hoFy') (w)

for every sufficiently small u € (0,1). Combining Lemma 2.15, (5.62) and Theorem 1.5.12

of Bingham et al. [8], see Lemma A.32 for a more detailed verification, yields
(hoFyt) (u) = F7H(u) ~asy ur ™™ asu\,0. (5.63)
Hence, by (5.59)

2 (L~ (- )+ 4 e 1 )

Tp—K

< 2rp— W= o

as n — oo. Since h is non-negative, see 2.16(iii), we deduce from (5.59) that

hn(s) log log(n) sA1

s;};}i,{ {log(n) B <1 B log(n) )S+ 2 }

<ot o) — (1~ BESE) (- ) 4 L2 LA
1

Sﬁ#—§+gm as n — 0o. (5.64)
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5.4. Extensions of the results of Cai and Wu

Consequently, (5.60) is verified. From (5.59) and (5.63) we see that

sup {hn(s)_8+sA1}

s€(rp+k,rp+2k) lOg(n) 2

(rp+2k) A1

> rp(1 +0(1)) — n" oW (Fo_l (nfrpf’””)) —rp— 2K+ 5

_rpts 1
> o(1) — o= Blrep(r.p) — 52

1
Zﬁ#—§—3fi as n — oo.

Hence, (5.61) holds.

Now consider p = 0 and 8 > ngp(r, 0) = % Since h is non-negative we deduce from
(5.59) analogously to (5.64) that

hn(s) log log(n) sA1 1
igg{log(n) B (1_ log(n) >5+ 2 }30(1) <B-5—rasn— oo

for some x € (0,5 — %) Consequently, applying Theorem 5.23(i) with 3% := 3 — x shows
that {P(,), Q(,)} converges weakly to {eo, €} |

Cai and Wu [12] discussed the case P, ; = N(0,1) separately. In the following we present

our extension of it.

Theorem 5.27 (Extension of Theorem 1 in [12]). Suppose Assumption 5.22(i). Let

Em(a:):: ln,i (:L‘\/Qlog(n))

forallz € R andi € {1,...,n}. Let {kn : n € N} be a subsequence of N and f# € (3,00).

(i) Suppose that for all sufficiently large n € N and some § > 0

L ~
n Cond 1 hg,(x) 2 A1
2 gl 26%# -5 N P kn i 2 _
;Zl Ekni < Ky, and lg%)én AlzeR:p7 — 5 7log(kn) x°+ 5 =0

Let M € (1,00). If for all sufficiently large n € N

max N\ :UGR:|$]2M,B#—1§W—(1—M)§M)$Q =0
1<i<kn log (k) log(ky)

-0

for some measurable a : R — R then { Py, Q(r,)} converges weakly to {eo, €0}

hn,i (33)
log(n)

— a(x)

or lim max sup
norool<isn z€R:|z|>M
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5. Application to practical detection models

(i) If for some § >0

kn kn
. —p# 45
lim §' fﬁm =0, §' 1:5,%2- > k1P for alln € N (5.65)
1= 1=

and liminf min N <m eR: 5# —

n—00 1<i<ky

Z < SR 0
2 = log(kn) > |~

then { Py, Qr,)} converges weakly to {€_oo, €co}-

Remark 5.28. Note that by Lemma A.29 we have for all s >0 and n € N

— O () =11 —n%) = y/2slog(n) — U, (s), (5.66)

where \Tln(s) is some remainder. If we would ignore ¥ then we could deduce Theorem 5.27
from Theorem 5.23 with F}, ; = ® and

hn,i(sz) = max {ln,z‘ (Fn_l1 (1 — n_52>) s ni (Fn_,L1 (n_52>)}
~ {zn (s, /2log(n)> s <—s, /210g(n)> } — max { o (). Fona(~3) }.

But due to the remainder U we actually cannot conclude Theorem 5.27 from Theo-
rem 5.23. U

We paid more attention to the extension of Theorem 3 in [12] since in Part II we show a
new result concerning it. Due to this and the similarity of the corresponding proof and
the one of Theorem 5.23 we leave the proof of Theorem 5.27 to the reader and do not

present the simplification of it for the case €, ; = ey,.

5.4.1. Proof of Theorem 5.23

As Cai and Wu [12] did we use the random variables Y, ;, U, S and S,, defined in the
following lemma. The statements about the distributions of these random variables, see

Lemma 5.29, are a consequence of (5.46) and basic calculations.

Lemma 5.29. Suppose that the assumptions of Theorem 5.23 hold. Let P be a probability
measure on (2, A) and Y, ;, U, S, S, be real-valued random variables on (2, A, P) for all
1 <i<néeN such that

Vi~ Py, U~U0,1), S=—1log(U) and S, = log(n)~'S.
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5.4. Extensions of the results of Cai and Wu

Then for all1 <i<néeN

S ~ Exp(1), Sy ~ Exp(log(n)),
Yoi 2T,0(U) =T, (5,
and Yy, 2T, 1-U) =T, }1—n"5)

The proof of the following lemma is almost identical with the one of Lemma 2 in [12].

Lemma 5.30. Suppose the assumptions of Theorem 5.23. Let (5.53) be fulfilled for some
M > 1 and some measurable v. Then for all k > 0

/ nY W= gy < 20" (5.67)
M
if n € N is sufficiently large. Moreover,

A(u>M:y(u)—u>0)=0. (5.68)

Proof. Let k >0 and Y;,;, U, S, Sy, be defined as in Lemma 5.29. We deduce (5.67) from
Lemma 5.29, (5.48), (5.49), (5.53) since for all sufficiently large n € N

M
< / ~ exp(hnn(s) + log(n)x) P (s)

< " /fm (T —Sn}) P
e /f,m 1)) ap
= 2n”/fn7n(Yn7n) dP = 2n”/fn7n APy p.

/ n W= gy = log(n)_l/ n) dPon(s)
M

Suppose, contrary to (5.68), that there exist 1,2 > 0 such that
)}\(uzsz(u)—u>m) > Ka.
Thus, for all sufficiently large n € N

oo
/ YW= qyy > gon/
M

This contradicts (5.67). Consequently, (5.68) holds. [
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5. Application to practical detection models

Proof of Theorem 5.23. The statement of (ii) follows immediately from Theorem 8.10(i).
It remains to verify (i). In order to do this we apply Corollary 4.35. Let the random
variables Y, ;, U, S and S, on (Q,A,P), as introduced in Lemma 5.29, be given for all
1 <i < n € N. Suppose for the first part of the proof that x > 0,n € Nand i € {1,...,k,}

are fixed. Because U L 1-U

Mk, i (Ekn,ifkn,i > 33)

= / exp (lkn,z> dpkn,i
{ekn.ifrn.i>2}

/ exp (lk, i(Yk,.i)) dP
{ekn.ifon,i(Ven,i)>z}

‘/{Ekn,ifkn,i(Tknl,i(U))>x} exp (lkn,i (T,;}AU))) dp

/{Ugé, oot (T )52} T (s (T31(0)) ) aP

{US%vEkn,ifkn,i(Tk‘n{i(l—U))>m} ( ( En, )))
Note that
1 log(2)
< =
U< 5 & Sk, (k)

Due to this and (5.69)

Py i (Ekn,z'fkn,z’ > x)

2
= exp (h, j.i(s)) dP5kn(s). (5.70)
; /{szlzz%f;) ki XDt 54(5)) >0} "
By using the same arguments
2
Ep,. (f kn,z‘l{ekn,ifkn,éx})
2
= exp (2 by, ji(s)) dP%n (s). (5.71)
; /{ ,l(l,zg(gz) ifkn,iexp(hkn,j,i(s))ﬁx} -
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5.4. Extensions of the results of Cai and Wu

Let yo > 0,

Qhk 1(3) ))
=1 1 n P M A d
og(k Z €k /léog(g <8§1}6Xp ( og(kn) ( og(ky) ° $

and I, o := log(ky) ngnl/{ }exp (log(kn) (hk”’i(s) = s)) ds
i=1 s>1

log (k)

for all n € N. We conclude from (5.70) and (5.71) that for all n € N

kn

> ki iltn i <5kn,ifkn,i > yo)

i=1

< 2261% /

exp (hy, i(s))log(ky) exp (—log(ky)s) ds
{s >1c1f;g(22) t € i xP (i i(5)) >0

< 2log(ky) Z €k /

exp(hkn’i(s) — slog(kn)) ds
{s>1}

+ —log Z kn,/

2
= 21n,2 + *In,l
Yo

log(2)
ontray SS<1}

exp(2hkn,i(s) — slog(k:n)) ds

kn

2 2
and Zskmi Ep,, (fkn,il{ékn,ifkn,iﬁyo} - 1)
i=1

2 kn
2.

<
—= skn 4 / log(2)
7j=1 1i=1

foathy <5<1}

+ yoz Z&?kn, /

7j=1 =1 {s>1}

exp (2 hkmj7i(s)) dPSkn (s)

< 2I,1 + 2yoly2.

By Remark 4.36(ii) it remains to show that I,,; and I, 2 converge to 0 as n — oco. By
(5.50) and (5.51)

I, < fon 26% -3 ig@) exp(log( )(26# )) ds < k:;g = o(1)

log(kn)

as n — o0. Define for all n € N

_ loglog(kn)
-~ log(ka)

N
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5. Application to practical detection models

Note that by (5.50) and Lemma A.30

k k

- n _g#_3

kan,z‘ < \JE < krlz 7772 forall n e N. (5.72)
i=1 =1

First, suppose (5.52). We can conclude from (5.51) and (5.72) that
_p#_ls (M _p#_Lls [o©
Lip < ky 770 / K ds 4k TT / exp (log(kn) (B =1 = Aus)) ds
1 M
1 _1g [o0
< kn Y + kn 46/ exp(—sloglog(k,))ds = o(1) as n — oo.
M
Second, suppose (5.53). Let = — |z], x € R, be the floor function, i.e.,
|z] == max{m €Z : m <z} for all z € R.

From Lemma 5.30, (5.51), (5.53) and (5.72) we obtain

La < o)+ ke % [ Texp(log(ka) [(1=A)(E* = 1)+ Mu(a(9) — )]) ds

_p#_1 _ #_ o0
M

IN

IN

_1 oo
0(1)+k;n85/ lHog(kn)|7®) = ds
M

o(1) + k;éa |log(kn)] = o(1) as n — oc. |

IN

100



Part I1.

Power of the higher criticism test
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6. Introduction and motivation

In Chapter 1 we already gave an overview of the literature concerning the higher criticism
test, in short HC. We do not repeat the discussion here but rather focus on introducing

the HC statistic.

Definition 6.1 (Definition of HC). Let (pn,i)1<i<neN be a triangular array of p-values
on some probability space (Q, A, P), i.e., pni € (0,1) for all 1 <i <n € N. Denote by

P = (pn,la ce. 7pn,n)

the corresponding vector of p-values for every n € N. Let ﬁnyp : (0,1) — [0,1] be the

empirical distribution function of the p-values, i.e.,

ﬁn,p(t) =

S|

Z 104 (Pnyi) for allt € (0,1), n € N. (6.1)
=1

For every 1 <i<mn &N and allt € (0,1) we define

Fpp(t) —t
Znp(t) = \/ﬁ<t(1—t))' (6.2)

Let I, be a subinterval of (0,1) for alln € N. The one-sided HC statistic and the two-sided
HC statistic are given by

HCOPP! = sup {Zup(t)}  and HCPP? = sup {|Zy ()] } (6.3)
tel, tel,

for all n € N, respectively.

Remark 6.2. In order to improve the readability we omit, here and subsequently, the index
of p(,) within the definition of ﬁn,p, Zn.p HC’ZZP’I and HC’Z’I”Z. O

As already mentioned in Chapter 1 our testing problem is connected to the theory of

multiple testing problems, where numerous testing problems are treated simultaneously.
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6. Introduction and motivation

Multiple tests are often based on p-values and so does HC. A typical assumption of multiple
testing problems is that the p-values py 1, ..., ppn are i.i.d. uniformly distributed on (0, 1).
In this case it is well known that Z,, ,,(t) converges in distribution to a standard normally
distributed random variable for each fixed ¢ € (0, 1). That is why Tukey [59] suggested to
reject the (global) null if

Znp(B) > wi—a orin |[Znp(B)] > ui-g, respectively,

for some pre-chosen levels «, 8 € (0,1), where us is the d-quantile of the standard normal

distribution for every ¢ € (0,1), i.e.,
N(0,1) (—oo,us] = 0.

Now it can be seen why HC is sometimes called a second level test. The statistician counts
the number of p-values which are smaller than or equal to some pre-chosen (first) level
B € (0,1) or, in other words, the statistician counts the number of ¢ € {1,...,n} for which

Ho,in : Pni ~U(0,1) or in our context Hoin : P

)

is rejected at level 8. Finally, the statistician normalises this number according to (6.2)
and compares the resulting value to the critical value of a one- or two-sided Gauss test, in
practice often denoted as z-test, at pre-specified (second) level a € (0, 1).

This idea of standardisation maybe reminds the reader of the Anderson-Darling test statis-
tic [2], which is an integral-type test, where in the simplest case the integrand is equal
to wa. Instead of this integral-type statistic, Donoho and Jin [20] suggested to use a
supremum-type statistic, which reminds us of the Kolmogorov-Smirnov statistic. To be
more specific, they modified Tukey’s idea by taking the supremum of Z,, ,(f) or the ab-
solute value of it, respectively, for all 8 between 0 and some tuning parameter 5y € (0, 1),
i.e., B € (0,05y), where the choice Sy = % is recommended in [20]. As mentioned in Chap-
ter 1 the detectable area of HC and the one of LLRT coincide for several distributions,
see, e.g., [10, 12, 20]. Donoho and Jin [20] also suggested a modified version, where the
interval (0, 5p) is replaced by (%, Bo). By simulations they showed that the performance of
the modified version is better for moderate n. That is why the interval I,, in Definition 6.1
may depend on n.

The next chapter consists of the theoretical results. Among others, we present sufficient
conditions for the two trivial cases: HC cannot successfully separate Ho, and Hi, and

HC can completely separate them (asymptotically). As far as we know, there are no re-
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sults to be found in the literature concerning the first mentioned case. The proof of the
result of the second case is a generalisation of the ones in [10, 12, 20].

In the final chapter of this part we apply the theoretical results to the models which we
already discussed within the context of determining the accumulation points of LLR,, and
in particular the detection boundary. We show that the detectable areas of HC and LLRT
are the same for all our examples. By doing this we solve an unanswered problem concern-
ing the model of Cai and Wu [12]. They showed that the statement of their Theorem 1 (our
extension of it is Theorem 5.27), where only the standard normal distribution is allowed
as the null distribution, can be transferred to HC. But it was not clear if their Theorem
3 (our extension of it is Theorem 5.23) can also be transferred to HC. In Section 8.3 we

display that this is actually possible. The following question was also unanswered.

How does HC' behave on the detection boundary asymptotically?
Even for the heterogeneous normal mixture model the answer was unknown. Remember
that the power of LLRT is non-trivial on the detection boundary for the models discussed
in Sections 5.1 to 5.3. In Sections 8.1, 8.2 and 8.4 we show that

HC has no power on the detection boundary asymptotically

for all these models.
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7. Theoretical results

In this section we present the theoretical results concerning HC. Due to the definition of
HC, see Definition 6.1, we need to work with p-values here. First, we explain briefly that
the observations can be transferred to p-values without affecting the result of Part I. After
that we introduce the general assumption for Part II, which is almost equal to Assump-
tion 5.22, where we already dealt with transformations to the interval (0,1). Moreover,
we present the convergence of the HC statistic under the null, which was first proven by
Jaeschke [34]. Finally, we present conditions for the two trivial cases that the sum of type

I and type II error probabilities of HC tends to 0 or to 1, respectively.
Remark 7.1 (Transformation into p-values). Suppose Assumption 5.22(i).
(i) Instead of { P, Qn)} we can also analyse the transformed version of it
n n n n
{ Py Qay } = {@1) Pi’%@@i@”} = {@um, 1), @QZZ’} (7.1)
i= i= i= i—

for all n € N. By Remark A.17(ii) and (iii) the results of Chapter 3 are not affected
by this transformation. Moreover, note that by Lemma A.31
Tn,i
s dun,i dﬂn,i

o _ -1 _ —1 .
frg = dPnT’Z?’i = AP o Tn,i = fnio Tn’i foralll1<i<neN.

(ii) In Sections 2.3 and 5.2 we discussed exponential families (Qy)ycq- Suppose that
Thi =Ty = Tforalll<i<necN Wecan conclude from Lemma A.31 that

(QF)yeo is also an exponential family with

o7
dof

= C(v) exp(—ﬁhoT_1> = C(v) exp(—z?ﬁ), Y€ 0.

To sum up, there is no loss of generality in assuming that P, ;, fin, Qn,i are measures on
((0,1),B((0,1))) and that P, ; =U(0,1) for all 1 <i<n e N.
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7. Theoretical results

In Assumption 5.22(i) and so in the second part of this thesis we only consider continuous
measures. But also discrete measures P, ;, i, ; are of interest for signal detection, see, e.g.,
[5]. Note that the results of Chapter 4 can also be applied to discrete measures. In the
second part of this thesis we need uniformly distributed p-values under the null. That is
why we restrict our model to continuous measures P, ;. But we want to emphasise that
it is also possible to transform the data to uniformly distributed p-values under the null
in case of discrete measures, see, e.g., Lemma 1.5.4 of Reiss [52]. It is a possible future

project to have a more detailed look at discrete models. [

In the following we present the general assumption for Part II. It is almost equal to
Assumption 5.22, whereas it contains several additional definitions and notations, which

are needed afterwards.

Assumption 7.2. (i) (Parameters) Let ag € (0,1) and define for alln € N

1 1
an :=y/2loglog(n) and b, := 2loglog(n) + 5 loglog log(n) — 5 log (7).

(ii) (Shape of the intervals I,) Let ag be given as in (i). Moreover, let p, A, € (0,1) and
Pn1,Pn2 € R for every n € N such that for alln € N

1
Ap > — I)ogg((ofr[zo)) and pp1,Pn2, \p = 0(1) as n — oco. (7.2)
Define for allm € N
—14+An A

T =" , Spi=mn P2 = TP and uy, =0T

Let (I))nen be a sequence of subsets of (0,1) such that

either (rn,un) C I, C (0,a0) for alln € N (7.3)
or (P, up) U (1 —up, 1 —ry) C I, for allm € N. (7.4)

(iii) Let j € {1,2}, Assumption 5.22(i) be fulfilled and the parameters and intervals of
Assumption 7.2(1) and (ii) be given. Let P be a probability measure on (2, A, P) and
Ui,..., Uy be ii.d. random variables on (0, A, P) for all n € N such that

plni _ Pf}l =U(0,1) =: Py and L(U|P) = Py for alln € N.

n,.
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For all 1 <1i <n €N define the probability measure
2 Tn,i
Qn,i = Qnﬂ

and denote by Gy, ; its distribution function, i.e.,

Gi(u) = Qi (0,u] = wtep, i (1 (0,u] =) for allu € [0,1].

-1

ni s left-continuous quantile function, compare (2.5). Define

Moreover, denote by G

Y, =G () (7.5)

) n,

for all 1 < i <n € N. Furthermore, set
Uy = (Ur,...,Un) and Yy == (Yo, You)

for all n € N. In the following we use ﬁn,U, ﬁn’y, HC?’U’j, HC?’Y’j, Zns Zny
for the quantities defined ZTFLV (6.1)~—(6.3),~ where py is replaced by Up,y and Yy,
respectively. Moreover, let Py, Qu), fni be defined as in Remark 7.1(i) and set

~ Thi
/-’L'I’L,i = IU/'IZ,Z ‘

(iv) Suppose that (iii) and Assumption 2.1(ii) hold simultaneously. Set for alln € N

G =Gy, Gl =G}, Jin = fin1, Qn = Qn1 and f = fn1.

(v) Suppose that (iv) and Assumption 2.1(iii) hold simultaneously.

Remark 7.3. (i) Despite A, the constants p, p,. 1, pn2 do not have any effect on the

(iii)

statistic or the model. Hence, they can be freely chosen as long as p € (0,1) and
Pn1spn2 = 0(1) as n — oo. Moreover, note that (7.3) and (7.4), respectively, still
holds when we replace A, by Xn >\, for all n € N.

Obviously, Y{,) is @(n)—distributed for all n € N. Hence, H C}:U’j is a version of
the HC statistic under Hg, and H CZ;Y’j is one under #; ,, both, of course, for the

transformed experiment (7.1).

(Higher criticism test) Suppose Assumption 7.2(iii). Let (c¢,)nen be a sequence of
critical values in R. For some fixed n € N let )N((n) = ()N(nyl, R )N(nn) be either Pyy-
distributed or Q(y)- distributed. In practice our task is to decide if the distribution
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7. Theoretical results

of the observation vector X (n) corresponds to the null or to the alternative. Set
Png = T ()Z'mi) forall 1 <i<n.

Clearly, p() = (Pn.i)1<i<n is either ]5(,1)— or @(n)—distributed. Then a HC test is
given by

1 ;>
HOPP ~ e, neN.
0 "<

ons i (Xm) = {
(iv) The condition (7.3) holds, e.g., for I,, = (£, ag), which corresponds to the refinement
of Donoho and Jin [20] mentioned in Chapter 6. O

In the following we present the limit of the HC statistic under the null. The result was
first proved by Jaeschke [34], but he did not use the term HC. Contemporary Eicker [21]
determined the limit of very similar statistics. Proofs of their results can also be found in
[56]. A useful tool within the proofs is the Hungarian construction. For a deeper discussion
of this construction we recommend the textbook of Csorgé and Révész [15], the paper of

Csorg6 et al. [14] and, of course, the original work of Komlés et al. [44, 45].

Theorem 7.4. Suppose that Assumption 7.2(iii) is fulfilled. Let A be the distribution
function of a standard Gumbel distribution, see (2.7). Then

; P

an HC?dgf)U(l_rml) — by — —00 asn — 00, (7.6)

an, HC@Z’{_W) — by Py 5 asn — 0, (7.7)
; P

an HC?S’,LU,gn)u(lftn,lfsn) — by —00 as m — 0. (7.8)

Furthermore, if (7.3) holds then for allt € R

P(anHCﬂU’j—bn St) —>A(t)% asmn — oo. (7.9)
Otherwise, if (7.4) holds then for allt € R

P (an HCZ;UJ —b, < t) — A(t)  asn — oo. (7.10)

Remark 7.5 (Critical value). Let the assumptions of Remark 7.3(iii) be fulfilled. First,
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observe that

Ep (Soglczucn,j (U(n))) =P (anHC’Z;U’j — by, > ancy — bn) for all n € N. (7.11)

Suppose (7.4). By (7.9) and (7.11) %If,ﬂ,cn,j is an asymptotically exact test of level o €
[0, 1], i.e.,

: HC _
HILH;OEp (‘Pn,]n,cn,j (U(n))) = «, (7.12)
if and only if
_ . 1
Cp = apcy — by, — (M) (1 —a) = —log 3 log(1—a)] asn— oo, (7.13)

where we extend the logarithm continuously to [0,00], see (A.19). The sufficiency of
(7.13) for (7.12) is obvious. The necessity of (7.13) can be concluded from a simple proof
by contradiction. Assume that the limit of (cx, Jnen exists in R = [—o00,00] for some

{kn, : n € N} of N but is unequal to the limit in (7.13). Fix o € (0,1). By setting

—log (—Ylog(1—a))+b,
Cp 1= ( ! ) ,neN, (7.14)

an,

we get an asymptotically exact test of level . Note that

Cn ~asy \/2loglog(n) asmn — oo.

The statement of this remark is still valid if (7.3) holds and we replace j by % in (7.13)
and (7.14). O

Proof. Note that as mentioned by Jaeschke [34] his Corollaries 2 and 3 also hold for the
statistics W, V,,, W, introduced at the beginning of his Section 2. Consequently, (7.6) and

(7.7) can be concluded from these corollaries. From (1) and (2) of Jaeschke’s Theorem we
obtain (7.8),

(rn,1—ry)

Pan HCPY | = by <t) = AQt)

and P(anHC"’U’jO)—bngt) —>A(t)% as n — oo

(rn,a

for all t € R. Combining this and (7.6)-(7.8) yields (7.9) and (7.10). [

Below we present sufficient conditions for the case that HC can completely separate Ho .,
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and H1,. The proof of the corresponding theorem is a generalisation of the proof of

Theorem 1.2 in [20]. Quite similar techniques and ideas were also used in [10] and [12].
Theorem 7.6. Let {ky,, : n € N} CN be a subsequence of N. Suppose Assumption 7.2(iii).

(i) Let (vp)nen be a sequence in R such that
€
vy € InN (, a0> (7.15)
n
for alln € N and some e > 0. If j =1 then assume additionally that

k Ty, i
il ki (Mknz'l(ov Uk, | — ”kn>
lim inf

=00\ /ky g, (1 — vy, ) loglog(ky,)

> 2v/2. (7.16)

Otherwise, if j = 2 then assume additionally that

kn T TL’I
D it €k (Mk::,il(oﬂ Uk, ) — Uk'n)

\/kn Vg, (1 — vy, ) loglog (k) > 2v2. (7.17)

lim inf
n—oo

Then

ag, HC}C]:L’Y’J' — by, L0 asn— 0. (7.18)

(ii) Let (vp)nen be a sequence in R such that
€
vy € I, N |:C¥0, 1— ) (7.19)
n

for alln € N and some ¢ > 0. If j =2 and (7.17) is fulfilled then (7.18) holds.

Remark 7.7. (i) (Detectable) For simplicity suppose Assumption 7.2(iii) and (7.18) with
kn = n for all n € N. Then for every fixed ¢ € R

P(an HC’Z;Y’j — b, > c) — 1 asn — oo.
It is easy to show that there exists a sequence (c},)nen in R such that ¢, — oo and
P(akn HC’Z“YJ — by, > C;Z) — 1lasn — oo. (7.20)

Define for all n € N the critical value ¢, by

/
c, + bn
Qp

cp =
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By (7 20) and Remark 7.5 the type I and type II error probabilities of gofc =
<pn In en tend to 0. Consequently, ¢ can completely separate the null and the

alternative. Note that at least ¢} ° oo does so if (7.18) holds only for some subsequence
{kn :mn € N} of N.
(ii) If (7.16) holds then (7.17) does so as well.

(iii) Suppose that

k
1 n
—_— ; — 0 —
loglog () ngn, as n — oo.
By Lemma A.30
1
su €k, iV =o(1
p \/vl—vk log log(k Zk“ ()
1
and sup ngn, 1—v)=o0(1) as n — oo.

\/v 1 — )k, loglog(k

Thus, (7.17) under (7.15) and under (7.19) can be simplified to

k T i

T Ekni Mgy (0, Vg,
lim inf 2t k"’l 'uk”’z (0, v, | 22
=00\ /kp vy, (1 — v, ) log log(ky,)

kn i
T ki My (= vg,,, 1
and liminf 2i21 Ehnid Mk ( ka1

> 2\/5, respectively.
=00\ kv, 1—vkn)loglog(k ) P Y

Moreover, (7.16) and (7.17) are equivalent under (7.15). O

Proof of Theorem 7.6. Let (v, )nen be given as in (i) or as in (ii), respectively. First, note
that

aanC}C"’Y’j — bg, = V2 loglog (k) Tl oy o(1) as n — oo.
kn log log(ky)

Hence, it is sufficient for (7.18) to show that for some v > 0

H k’n7Y7]
P %Z\@—F’y —1 asn— oo. (7.21)
log log(kn)
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By (6.3) it is sufficient for (7.21) to prove

Z
P Mgﬁﬂ S0asn— oo ifj=1 (7.22)
loglog (ky,)
| Zky (Vi) L
and P -mme—ml <24 9] =0 asn— ooif j =2. (7.23)
loglog (k)

By applying Chebyshev’s inequality we show that (7.22) and (7.23) are fulfilled under the
assumptions of (i) as well as (ii). For this purpose, we need to calculate the expectation

and the variance of Z,, y (v, ) for all n € N:

k;1 Fn Q (0,0 | — v
Ep(Zi,v (k) = VEa 2if1 Qhni(0, 00, ] = Ok,
v, (1 — vg,,)

Sk egonsi (B i (0,v8,] — Vi)

- , 7.24
knvkn(l —’Ukn) ( )
k2 Sk Qe (0, vk, (1 — Qp,.i(0, Ukn])
Vare (Zeo.y (o)) = b (1~ )
- Sk Qi (0, vk, ]
- knvkn(l _'Uk:n)
X O 0 ki (ki (0, 0k,] — VR,
kn Ukn(l — Ukn)
1 Epr|Z
_ + Ep 2y (%)) (7.25)

L—vg,  VEnop,(1—vg,)

By Chebyshev’s inequality we have for every real-valued random variable Z on (92,4, P)

with a finite second moment and a non-zero expectation p € R\ {0} that

P121< ) = p(1z1- <) < 2 (-12-u < -1)

2 2
Varp(Z
- p(1z-uz ) < gl (7.26)

and, moreover, if ¢ > 0 then

7 ! 7 Varp(Z
P<Z§|2|) gP(Z—ug—Q) < 7’<|Z—M|Z2> < 4;’2(). (7.27)

Now suppose that the assumptions of (i) hold and 7 = 2. Then we can conclude from
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(7.15), (7.17) and (7.24)-(7.26) that for some sufficiently small v > 0

| Z,,.y (vk, )|
P (Gt = v
| Zhny (k) 1 EP (Zk,,y (V5,)]

<
- ( loglog (kn) — 2 loglog(k) >

< ‘1E7><an,y Uk, )‘ + ’IEP(an,Y (Ukn)ﬂil o ?1_% )
< ‘IEP(an,Y Uk, )‘ + ‘IEP<an,Y (Ukn)ﬂil E(f_ao) = o(1)

Hence, (7.23) holds. Replacing (7.26) by (7.27) in the argumentation above we obtain
(7.22) if the assumptions of (i) are fulfilled and j = 1. Finally, (i) is verified.

The proof of (ii) corresponds almost completely to the previous one of (i). We omit the
details. We only want to mention that instead of (7.25) the following inequality should

be used:

Sk (1 — Q,4(0, Uk:n]) 1 Ep (an,y (Ukn))
VarP(an,Y (Ukn)) < lkn o (=0 < Y e & n

Now we present sufficient conditions for the case that HC is (asymptotically) useless to

distinguish between the null and the alternative.

Theorem 7.8. Let {k, : n € N} C N be a subsequence of N and Assumption 7.2(v) be
fulfilled. Moreover, assume P,y 4> Q4,,)-

(i) Let for allm € N

In,l = [Tkn7 Skn] U [tkn’ukn]

and (7.3) be fulfilled. If

Tier,
g (0,7 = 7|
R, = ap, Vkneg, sup { —=— 7 = o(1) (7.28)
Teln,l \/,7—
as n — oo then for allt € R
P (akn HC?:’YJ — by, < ) — At )% asn — oo. (7.29)
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(ii) Let for alln € N

Img = [1 — Uk, 1-— tkn] U [1 — Skps 1-— Tkn]

and (7.4) be fulfilled. If in addition to (7.28)

‘,ufk” (0, 7] — T‘
ap, \Vknep, sup {"} =o(1) (7.30)

TG]n,Q

as n — oo then for allt € R

P (an HC?:’YJ —b, < t) — A(t)  asn — oco. (7.31)

Remark 7.9. (i) Let the assumptions of Remark 7.3(iii) and (7.29) or (7.31), respec-
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tively, be fulfilled. To improve the readability we set

cpgc = ‘Pﬁg,cmj for all n € N.

From the equivalence of (7.12) and (7.13) we can deduce that the following implica-
tion holds for every subsequence {ky 1 :n € N} of {k,, : n € N}:

Ep

C
<kn,1> (Span,l) - C e [07 1] as n — oo

= Eq, (goan(’l) — C asn — oo.

Hence, independently of the choice of the critical values (¢, )nen we obtain
HC HC
Py (P) + By, (1-0£7) =1

Thus, HC yields no better results than the test ¢ = a € [0,1] (asymptotically). In

other words, HC cannot successfully separate Ho, and 1, (asymptotically).

Suppose that

ak, \V kn g, =o(1) asmn — oo.

Then as n — oo

ves&)p%] {akn \/Eekn\%} =o(1) and Ues&p%] {akn Vkner, \}%} = o(1).

Hence, (7.28) and (7.30) can be simplified to



tnvAEn D { O} — o(1)

VE[Tn,8n|U[tn,un] f
(1-—
and a,v/ney, sup {,u } = o(1) as n — oo, respectively.
VE([rn,8Sn|U[En,un] \/>
(iii) By Corollary 4.12(i) we have P, )< >Q(x,) if (A) is fulfilled. Note that by a simple

modification within the proof the statement of Theorem 7.8 even holds without

assuming P, ) < >Qy,,) if we replace I, 1 by I, N (0, 3)and I, by I, N [5,1). O

Proof of Theorem 7.8. Clearly, f’(kn) N D@(kn) follows from Py, ) 4>Q 4, ). Hence, we can
deduce from (7.6) and (7.7) that

kn,Y, P
a, HC’( )\J(In,lLJIn,Q) — by, — —o00 as n — oo.
That is why it remains to show

P (an, HCIW Y — by, <t) = A®)? (7.32)

and P (akn C?"Iﬁ- o bk, < t) — A(t)’, respectively, as n — 0o (7.33)

for all t € R. Since Gy, (1) > u < 17> G,;nl (u) for all u € (0,1) and 7 € R we obtain

S (Loa, () (Us) =7
HOF Y = sup (Locu ) (7.34)
rel knT(1—17)
S (Log, (on(Us) — 7
and HC’?”’Y’2 = sup - ( 0Ck (7) ) (7.35)
el kn7(1—17)
for all I C (0,1) and all n € N. If n € N is sufficiently large then
1>7+¢r,,(1—7)> Gy, (1) > (1 —¢p,)7 >0 forall 7 € (0,1). (7.36)
For all sufficiently large n € N and every 7 € (0,1) we can define
S {1(0,Gkn(r)](Ui) — Gy, (7)} G, (1)
Akn,l,f = s Akn,2,‘r =
Vkn G, (1) (1 = Gy, (7)) T
1— _
Ak, 3,7 = L=G ) g Apyar = \/EL" -
"~ (1—-71) T T(1—1)
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Clearly, for all n € N and every I C (0,1)

Sl (I(O,Gkn (1 (Ui) = T)
knT(1—17)

Now suppose that (7.28) holds. The proof of (7.29) falls naturally into four steps:

lim sup |Ayg,;r— 1 =0forl e {23}, (7.38)
n—oo TEIn,l
lim ay, sup |Ag, 4. =0, (7.39)
n—oo TGInJ
lim P (akn sup {Ag,1,-} — bi, < t) = A(t)% for all t € R, (7.40)
n—0o0 TEITL,l

and le P (akn sup {|Ak, 17|} — bk, < t) = A(t) forallteR. (7.41)
n—00 r€ln

We can conclude from (7.36) that for all n € N and every 7 € I,,1 C (0, %)

1*Gkn(7—) < 1+ SknT

1-— <
hn = 1—7 - 1—7

<1+e¢g,.

Thus, (7.38) follows for [ = 3. Moreover, we can conclude from (7.28) that

€k
~ awp {
T€IR1 T

Gy, (1) —71
T

g —rlp < T — o) (ra2)

n V knrkn

sup
7€l 1

as n — oo. It follows immediately that

\/1+Gkn(7)—7_1
T

as n — oo . Consequently, (7.38) is proved. (7.39) follows from (7.28) since

sup |Ap,2r— 1] = sup — o(1)

M4y

Teln,l TEIn,l

ag, vV kner Ty, R,
ar, Sup |Ap, 4| = sup { —m——t 1 (0, 7] — 7| p € ——— = o(1
T€ln1 | r! T€ln1 { T(1—1) kn (0, 7] ‘} VT —uy, (1)

as n — oo. Set for all n € N

Ing = {Gkn (7%, ) Gk, (Skn)} U [Gkn (tk,) s G, (ukn)]
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From (7.42) we see that for all sufficiently large n € N

1 1 1 1
|:2Tkn,28kn:| @] [thn,Qukn] C In’4 C {27”1%,281%} U |:2tkna2ukn:| .

For the proof of (7.40) and (7.41) note that

sup {A,10} = HOpMand - sup {|Ay, 100} = HOP' (7.43)

4
TGIn’l TGIn’l ™

for all n € N. Applying Theorem 7.4 with the (new) constants

/ o 2 / e 1 t/ e 2_[/_ / e 1
'I"kn = 'I"k;n, Skn = §Sk;n, kn = kn > Ukn = §Ukn
- 1 _ ~ 1 ~

and 7, = irk"’ Sk, = 28k, tk, = §tkn, ug,, = 2uy,

and combining this with (7.43) verifies (7.40) and (7.41). Finally, (7.32) is shown and so is
(i). The proof of (7.33) and so the one of (ii) is very similar to the proof of (7.32). Thus,

we omit it and leave the details to the reader. [ |
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8. Applications to practical detection

models

In Chapter 5 we discussed the behaviour of LLRT for several examples. We determined,
among others, the detection boundary for the case that the signal probability ¢, ; = €,
does not depend on i. Donoho and Jin [20] showed that the detectable areas of LLRT and
HC coincide for the sparse heterogeneous normal mixture model. Cai et al. [10] confirmed
this result for the sparse and dense heterogeneous normal mixture model. In Sections 8.2
and 8.4 we do so for our h-model and our sparse and dense exponential family model.
Cai and Wu [12] showed that under the assumptions of their Theorem 1 (our extended
version is Theorem 5.27) the detectable areas of HC and LLRT coincide as well, see their
Theorem 4. By having done this they extended the results in [10, 20]. But it was an
unsolved problem if these areas also coincide under the assumptions of their Theorem 3
(our extended version is Theorem 5.23). In Section 8.3 we show that it is valid indeed.
Beside presenting models, for which the detectable areas of HC and LLRT coincide, we

are also interested in answering the following question.
How does HC behave on the detection boundary asymptotically?
As far as we know, there are no results about this issue in the literature until recently.
The accumulation points of {F,), @)} are non-trivial on the boundary for the models
discussed in Sections 5.1 to 5.3. We show that for all these models
HC cannot successfully separate Hon and Hi, on the boundary asymptotically.
In other words, the sum of type I and II error probabilities of HC tends to 1 for these

models on the boundary as n — oo. Consequently, LLRT yields indeed better than HC
(asymptotically), at least on the detection boundary.

121



8. Applications to practical detection models

8.1. Heteroscedastic normal mixtures

8.1.1. Sparse case

In this section we analyse the behaviour of HC for the sparse heteroscedastic normal
mixture model given in Example 2.6. In Theorem 5.1 the detection boundary p* for LLRT
was presented, see also Figure 5.1. Cai et al. [10] already showed that HC can completely
separate the null and the alternative if r exceeds the detection boundary p*(5, 7). With
respect to Theorem 5.1 we are also interested in the behaviour of HC on the detection
boundary. We verify that HC cannot successfully separate the null and the alternative on
the boundary (asymptotically). The results for the sparse heterogeneous normal mixture

model concerning HC are visualised in Figure 1.2.

First, we present the results mentioned above. Before we give the proof of them we present

and prove some technical lemmas.

Theorem 8.1. Suppose that Assumption 7.2(v) and the assumptions of Theorem 5.1 hold

simultaneously, where
T, = 1—® for alln € N.

(i) If r > p*(B,7) then (7.18) holds. In this case HC can completely separate Ho, and
Hin (asymptotically), see Remark 7.7(i).

(ii) Consider r = p*(8,7). If (5.2) holds then replace €, = n=% by e, defined as in
(5.3). Then (7.29) holds for all t € R if (7.3) is fulfilled, and (7.31) holds for all
t € R if (7.4) is fulfilled. Thus, HC cannot successfully separate Ho, and Hip
(asymptotically), see Remark 7.9(i).

Remark 8.2. (i) Note that we assume r > 0 in Theorem 5.1 and as well in Theorem 8.1.

Hence, r = p*(B, 7) implies that

either 7 < V2 or (8,7) € (1— 712,1> X [\/i,oo).

(ii) We deduce Theorem 8.1 from Theorems 7.6 and 7.8. We need to analyse the measure

fin = N (¥, 72)'=® for every n € N. Fix n € N. Let X be a random variable on
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(9, A, P) such that X ~ p,, = N(9,,,72). Then for all ¢t € (0,1)

fin(0.4] = pi7®(0,] =P (1= @(X) <) =P (X > @71 (1 - 1))
:1_@<¢4u—w—m?

T

:1—¢<—@4“*“%). (8.1)
g O

To prove Theorem 8.1(ii) we apply Theorem 7.8. In the corresponding proof at the end of
this section we split the interval I, ; from Theorem 7.8(i) into two subintervals. In each
of the following two lemmas we discuss R,, from Theorem 7.8(i) restricted to one of these

subintervals, respectively.

Lemma 8.3. Suppose that the assumptions of Theorem 8.1 are fulfilled with r = p*(B,7).
Let € > 0 be sufficiently small such that

1 k
e < (28-1-p(87). (8.2)
Then for all sufficiently large n € N

1_ Nn(oav] —
Rpi(e) :=a,n27° sup {}gn <.
" " veE(N™T 28 uy] ﬁ

Remark 8.4. Since r > 0 it is easy to verify that the term on the right side of (8.2) is
positive. O

Proof of Lemma 8.3. We have

Ry1(e) < annéf’BJr%HE — peM—z28-1-p"(Br)lHe < po)=3te 59y [ |

Lemma 8.5. Let the assumptions of Theorem 8.1 be fulfilled with

5loglog(n)

An >
= “log(n)

for alln € N. (8.3)

Let ¢ € (0, % — %r) If 7 < /2 assume additionally that

2) 2
2e < — | .
r—+ 2¢ r(2_T2>
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Then as n — 00

Rus) = {00

SnJl(T’B’T) log(n JQ(T’B’THO(I), 8.4
e A } (log(n)) (8.4)

r

s ifr< @20 o
2
- (‘/i_l) otherwise

where Jy(T,B,1) :=

NI—= N

ifr < 7(2_22)2, T <2
1

: (8.5)
= [L—+/r] =3  otherwise

and  Jo(1,B,71) :

|
"_‘ 0ol

[\

Moreover, there exists a sequence (v},), oy With vy, € [rp, uy] for all n € N such that

ﬁn(o>v;:,] _ nJl(T,B,T)-l—o(l)

as n — oo.
vk
n

(8.6)
Remark 8.6. Note that we have
* (2 B 7-2)2 2 . . 7-2 2
p (,B,T)<Tand7' < /2 if and only if B<1—Zand7' < V2.

By a simple calculation we obtain

1
Jl(’rvﬁap*(ﬁv,r)): ?

Hence,

Proof of Lemma 8.5. Throughout this proof, we use the parametrisation v = v, = n="".
Observe that

Vp =0 € [rp,n "% ifand only if K, € [+ 26,1 -\, (8.7)

In all following argumentations we only use Landau terms when the corresponding con-

vergence holds uniformly in ,, € [+ 2¢,1 — \,]. From (8.7) and Lemma A.29 we obtain
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for all v, = n~"" € [ry,n"""%] and some § > 0

O (v,) + 09, = —\/2k,log(n) + M(l +0(1)) + 4/2rlog(n)

2./2ky, log(n
— J2108(n) [\f SR+ 412@20?(\}(1+o(1))1 (8.8)
< \f2log(n) [V — Vit 2e+0(1)] < —dy/log(n) (8.9)

as n — oo. Combining (8.1), (8.8), (8.9) and (A.23) yields for all v,, = n="" € [r,,n """ %]
and every n € N

1

U;?ﬂn ((0,vn])

e L T BV RCOESAY
- V2or D (v,) + 9y R T

2
T 1 ikp—r2 [W—M+ﬁw(l+o(l))}
_ log(n))~% n? o&(n) v/rm
3/ (i = ) (8
T

"~ V7 (Ve — V)

(1+0(1))

(1+0(1))

nEn,l(“n) (log(n))En,z(nn) 7

Kn 1 r ) /Thn

where En,l(ﬁn) = 7 — ﬁ [Hn — 2\/7’:‘4/71, + T] = —ﬁ + 27_2 Kn + 2 7_2 s (810)

1 1 1
Bnalin) i= =5 = 52 (VI = Vi) = (1+0(1))+0(1)
n
! [1+ : ( i 1)} +o(1) as n — (8.11)
=—= — —_— as . )

2 T2 Kn © e

If 72 # 2 then

it = () [ 2] 2
- (7_2 - 2) l Fin = 22_\/7;-2] - 7227?22- (8.12)

Now we determine the (unique) global maximum point & € [r+2e,1— A,] of the function
Eni1:[r+2e1— X\, — R defined by (8.10), n € N. For this purpose we discuss three
cases.

First, assume that 7 < v/2 and r < (2 — 72)%. From (8.12) we see that

2/r 4 . .
fin = (2—#) - "2—22 and Epi(k;) = 0= —— foralln € N.
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Hence, (8.6) holds for v = n"n, n € N. Let § > 0 be sufficiently small such that

2
pi(1—0)"2 <1 and § < ﬁ for all n € N.
Note that Ey, 2 : [r+2¢,1—\;] — R defined by (8.11) is continuous and strictly increasing

for all n € N. Finally, we can conclude (8.4) since for all sufficiently large n € N

ﬂn(oav]} { 7 nfna(kn) Ep2(k )}
sup { = sup log(n))~m2\""
VE[rp,n 2] ﬁ kn€[r+2e,k% (1-8) 2] 2\/7? (\/ Kn — \/;) ( ( ))

T

= 3 (o )

n" -2 (log(n))En!Q(“;(l_‘;)_Q)

)

1 1 ((1=08)(2—72
where E,, o (H:l(l—é)_2>:—§ 1—|—2<(5)(2T>—1> +o(1)
.
1 1.2—72 1
= —— — < —_—
4—1-45 = +o(1) < 8—1—0(1)

as n — o0o. The other two cases can be discussed simultaneously. Let either 7 < /2 and

r>1(2—71%%or 7 > /2. It is easy to check that from (8.10) and (8.12) we have

ky=1—X, forallneN

in both cases. Note that 2,/r > 2 — 72 Hence,

rooTt=2 2
E,i(1—=X,) = 3 + 572 (1—=Xp) + = r(1—MA\)
r 22 24T

_ —72+27-2(1_)\n)+7'2<1_)\n % 0(1)>)

_l’_
—%(r+1—2\/7~)+>\n 12_;_\/5>+0<1%10g(n)> (8.13)

(Vr—1) . 5loglog(n) < 1 1

<
- T2 log(n)

N = N

From (8.13) we can deduce (8.6) for v := n®n, n € N. Since E,o: [r +2¢,1 —\,] = R is

strictly increasing for all n € N we can conclude (8.4) from the following equation:

1 1 U 11
En72(1—)\n)+5<72—2—72+0(1)> = ﬁ(l—\/?)—3+0(1)asn—>oo. ]

Proof of Theorem 8.1. We can assume (8.3) without loss of generality, see Remark 7.3(i).

Let (v})nen be the sequence from Lemma 8.5. Then as n — oo

NEnfln O,U;; 1 381, n—1 o " B+ 1o
Vnuk(l —va) log]log(n) = n2 T (01)72 fin (0, vp] = AT (8.14)
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8.1. Heteroscedastic normal mixtures

Note that r — Ji(7, 3,7) is strictly increasing in (0, 1). If r > p*(3, 7) then by Remark 8.6

Ji(7, B,7) > Ju(r, B, p*(B,7)) > B— é

Combining this, (8.14), Theorem 7.6(i) and Remark 7.7(iii) shows (i).

Now suppose that the assumptions of (ii) hold, in particular we have r = p*(f, 7). From
Corollary 4.12(i), Theorem 5.1(iii) and (iv) we see that P(,)<> Q). Thus, by Theorem 7.8
and Remark 7.9(ii) it is sufficient to show that

_ in (0, 0] - 1~ fin(0,1— 4]
Rn1:=apy/ne, sup { } and Ry 2 :=apy/ne, sup {
VE[In ,Un] ﬁ VE[rp,Un] ﬁ

converge to 0 as n — oo . Define

(1-1VT=B) if (5.2) holds

otherwise

E, =

o D=

In general we have
en = n P(log(n))F" for all n € N.

Combining Lemma 8.3, Lemma 8.5 and Remark 8.6 yields for some sufficiently small £ > 0

Ry1 = ann2~" (log(n))™ sup {Mn(o,v]}

VE([rn,n" " 28U 28 uy, \/17
< max { (log(n)™ Rp.1(e), 2 (log(n)) V) Ry 5(c)}

< max {n—6+0(1) , n%_ﬂ+J1(Tvﬁ7p*(ﬁ7T))(log(n))J2(T7ﬂvp*(ﬂvT))+El+o(l)}

= (log(n)) 2P Br)FEF) a5y s 0, (8.15)
Observe that

JQ(Taﬁup*(67T)> +E1
ifﬂ<1—§,72<2

% [1 — /p*(ﬁﬂ-)] -3+ % — 2—1T\/1 — [ otherwise

|
|

= ool

O

o=

ifp<1—7 72 <2

5

—
A=

1-0-— %} otherwise
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8. Applications to practical detection models

It is easy to check that

Jo(T, B, p* (B, 7))+ E1 < 0.

Combining this and (8.15) yields that En,l converges to 0 as n — oco. Furthermore, by
(8.1), the monotonicity and the symmetry of ®

1~ fin(0,1 0] = @(—‘1’_1<1‘“>”n> :1_<I><_(I)_1(U)+19”>

T T
! O, N
< o (R G
T
for every v € (0,1). Hence,
- 1— fin(0,1 — -
Rn2=apy/ne, sup { fin(0 U]} < Rp1=o0(1) asn— oo. [ |
VE ([T, Un ] \/5
Remark 8.7. Theorem 8.1(i) can also be shown by applying Theorem 8.13. O

8.1.2. Dense case

In this section we focus, again, on the model introduced in Example 2.6 but unlike in
the previous section we discuss the dense case, i.e., &, = n~? with 8 € (0, %) Below,
we prove that Theorem 8.1 holds analogously for the dense case. Similar to the sparse
case, Cai et al. [10] already showed that HC can completely separate the null and the
alternative underneath the detection boundary. We verify additionally that HC cannot
separate the null and the alternative on the detection boundary. We want to emphasise
that the dense exponential family model, which we will discuss in Section 8.4.1, includes
the dense heterogeneous normal mixture model, i.e., the case 7 = 1. We use this connection

to Section 8.4.1 for the proof of the following theorem. Moreover, we refer the reader to

Figure 8.2, see p. 142, for a visualisation of the results for the case 7 = 1.

Theorem 8.8. Suppose that Assumption 7.2(v) holds for the model given in Example 2.6
with &, :=n"" for some 3 € (0, %), U =n~" for some r € (0, %), T>0andT,=1—-®

for all n € N. Moreover, let p},, .. be defined as in (5.5).

(1) If T = 1 and r < pl,,..(B,7) then (7.18) holds. In this case HC' can completely
separate Ho, and Hyp, (asymptotically), see Remark 7.7(i).
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8.2. The h-model

(it) Consider r = p},,..(B,7). Then (7.29) holds for all t € R if (7.3) is fulfilled, and
(7.31) holds for all t € R if (7.4) is fulfilled. In this case HC cannot successfully
separate Ho n, and Hip (asymptotically), see Remark 7.9(1).

(tit) If T > 1 then (7.18) holds. In this case HC can completely separate Hop and Hip
(asymptotically), see Remark 7.7(i).

(tv) If T <1 and j = 2 then (7.18) holds. In this case HC can completely separate Hor,
and Hi, (asymptotically), see Remark 7.7(i).

Proof. In Section 8.4.1 we discuss the dense case for exponential family models including
the heterogeneous normal mixture model, i.e., the case 7 = 1. The results, which we prove
there, can be used to show (i) and (ii), see Example 8.18 for details. It remains to verify
(iii) and (iv). Let 7 # 1. We can assume without loss of generality that u, = o(1) as

n — 00, see Remark 7.3(i). By Remark 8.2(ii) and Lemma A.29 we have for some ¢ > 0

O (uy) + ﬁn>

T

—r L (e ) + 9, ?
e (uy) + 9n V21 *P 2 T

_ 2
(—210g(un)) "2 exp (—1 (- oloa(ay) + 080T +loglog (uy ) + o<1>> )

n(0,up) =1—@ (—

pa
~asy /7277'

272 2v/—2log(uy,)
T 1 1 3
= NG (—log(up))~ 2 exp (—27_2 (—Qlog(un) —log(4m) — loglog (unl) + 0(1)))
a
~asy € (— IOg(Un))iéJrQ%Q u = p (o) a1 oo,
From this and 8 < % we deduce that
ne 1 —2 oo ifr>1

—"(/jn(()?un] _ un) — p3—Bto(1) <n7,\nf +oAn) _ n*A") .

n u, loglogn coo Tl

as n — oo. Finally, we can conclude (iii) and (iv) from Theorem 7.6(i). [

8.2. The h-model

In Section 5.3 we discussed the asymptotic behaviour of LLRT for the A-model introduced

in Section 2.4. We determined, among others, the detection boundary for the case that
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8. Applications to practical detection models

0.81
Detectable
by HC
0.61
p
0.41
Undetectable
by HC
0.21
0 ‘ ‘ ‘ , ‘
0.5 0.6 0.7 0.8 0.9 1
B

Figure 8.1.: The detectable and the undetectable area of HC are visualised for the h-
model. The boundary, which splits the plane into these two areas, belongs to
the undetectable area.

neither 7, ; nor €,; depends on %, see Corollary 5.18 and Figure 5.3. In the following
we prove that the detectable areas of LLRT and HC coincide. Under some additional
assumptions we also show that HC cannot successfully separate the null and the alternative

on the detection boundary (asymptotically). The results are visualised in Figure 8.1.

Theorem 8.9. Suppose that Assumption 7.2(v) and the conditions of Corollary 5.18 hold
simultaneously with T, = T, ! := ido,1) for everyn € N.
(i) If B < 6#(7“) then (7.18) holds. In this case HC' can completely separate Ho, and
Hin (asymptotically), see Remark 7.7(i).

(ii) Suppose = B#(r) and
1
/ R AN < oo for some k > 0. (8.16)
0

Then (7.29) holds for allt € R if (7.3) is fulfilled, and (7.31) does so if (7.4) holds.
HC cannot successfully separate Hopn and Hi,y (asymptotically), see Remark 7.9(i).

Proof. Due to Remark 7.3(i) we can assume without loss of generality that
n~* loglog(n) = o(1) asn — oc. (8.17)

Substituting v = 7,y we deduce from (2.18) and (2.19) of Assumption 2.26 that
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8.2. The h-model

i (0, v = v, — 01)}\((0,%] Nnn™, 1)) +(1-n"") / hdX, (8.18)
(0,max{1,u, n"})

tn(l=vp, 1) =0, — A (1 =0y, 1) +0=(1—c1)vy, (8.19)

for all v, € (0, 3) and all sufficiently large n € N.

First, we verify (i). Assume § < 6#(1"). Set vy, :=n~" for all n € N. By (8.18)

1

Vientn(0,0n]  1pilrio() / hdN = B =B+o(1)
Von (1 —v,)loglogn — (0,1)

as n — 0o. Consequently, we conclude (i) from Theorem 7.6(i) and Remark 7.7(iii).

Now we verify (ii). Suppose that the corresponding conditions are fulfilled. By (8.19)

Nn(l_val)} 1.3 1
an\/ne,  sup { = an2 "(1—c) = o(1)
VE [, un] \ﬂ \ Un

as n — oo. Combining this and Remark 7.9(ii) yields (7.30). In the following we show
that (7.28) holds as well. If » = 1 = (3 then by (8.17)

_1

any/ne, sup {v_%,un(o,v]} < agnz 2 = \/211*)‘” loglog(n) = o(1) asmn — oo.
Ue[rnaun]

We can conclude from this and Remark 7.9(ii) that (7.28) is fulfilled if » = 1. It remains

to discuss the case r < 1. As mentioned in Remark 7.3(i) we can freely choose p, py 1, pn 2

from Assumption 7.2(i). Suppose that
1

p=r, ann(%fﬁ)p“ =o(1) and a, n"3Pnl = o(l) asn — oo. (8.20)

By Hoélder’s inequality and (8.16) there exists some ¢g > 0 such that

x 1 ) ﬁ x 1—2_%{ o1
/ hdX < (/ Rt d)k) (/ d)k) <cox 7z forallw € (0,1]. (8.21)
0 0 0

By (8.20) py2 is negative for all sufficiently large n € N. Hence, s, = n~?™Pn2 < n~" for
all sufficiently large n € N. Combining this, (8.18), (8.20) and (8.21) shows that
any/ne, sup {v_% |pn (0, 0] — v[} = ap n%_ﬁ(l —n~") sup v_%/ hdX
VE[Tn,8n] VE[rn,Sn] (0,on7)

! 1_1 _1
< apn2Pey  sup v TR (1= m)
VE([rn,Sn]

o aund=F+ () ) (1-7)

IN

1 1

Co ann(§_m)p"*2 —

A

o(1) as n — oo.
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8. Applications to practical detection models

Consequently, we obtain (7.28) since by (8.20)

an\/ne,  sup {v*%\,un(o,v]—v]} < anr ity ? = apnEt = o(1) asn — oo.
Ue[tnyun]

By Corollaries 4.12(i) and 5.18 P,y 4> Q). Hence (ii) follows from Theorem 7.8. |

8.3. Extensions of the results of Cai and Wu

Cai and Wu [12] showed that under the assumptions of their Theorem 1, treating the case
P,; = N(0,1), the detectable areas of HC and LLRT coincide, see their Theorem 4. It was
an unsolved problem if these areas also coincide under the assumptions of their Theorem
3, treating general P,; = P,. In this section we show that it is still valid, even for our

extension. At the end we also present an extension of their Theorem 4.
We begin by presenting the result concerning HC corresponding to our Theorem 5.23.

Theorem 8.10. (i) Let Assumption 7.2(iii), (7.4) and the assumptions of Theo-
rem 5.23(ii) be fulfilled simultaneously. Then (7.18) holds. Hence, HC can completely
separate the null Ho,, and the alternative Hi,, (asymptotically), see Remark 7.7(i).

(ii) Suppose that Assumption 7.2(iii), (7.3) and the assumptions of Theorem 5.23 hold
simultaneously. If (5.54) holds for some 6 > 0 and

. . log(2) |\ g%
imiat i 2 (o€ (i) 7 -

hi, 14(8) s A 1)
< Tyt . .22
= Tog(hy) s+t——)> 0 (8.22)

then (7.18) holds. Hence, HC can completely separate the null Ho,, and the alterna-
tive Hiy (asymptotically), see Remark 7.7(i).

Remark 8.11. (i) Note that there is a difference between assuming 7;,; = F),; and as-
suming T3, ; = 1 — F;,; in Theorem 8.10(ii). That is one of the reason why we use a
general mapping 7}, ; instead of F},; or 1 — I}, ;, respectively. We already mentioned

this issue in Remark 5.24(i).

(ii) If (7.3) holds then the values, which are near to 1, are excluded. That is why the

assumption (8.22) of (ii) only depends on hy, 1,; and not on hy, 2. O
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8.3. Extensions of the results of Cai and Wu

Proof. We only give the proof of (i). The one of (ii) runs analogously. Let 7, € {\,,1 —
Ak, } for all n € N. By (5.54), a similar calculation as the one in (5.69), Theorem 7.6 and

Remark 7.7(iii) it remains to prove that

1 B
Z Ekni Mkknz ' kn Tn]
VEn k™ loglog(ky) =1

_ 1(k 3ra1) ZE’% /’“ . (i (T3,150))] dv (8.23)

log log

or

1 o ) Ty, i 1 —Tn
ko k™ log log(ky) z;%’l( )

k

1 $(m—1) =Ty i e

= ——k; E €k, i R (Ve
loglog(k) ! i=1 bt s ( " ]

B 1

B loglog (k)

™n

Tn_l Zskn» /k exp [lkn,i (Tk;lz(l o U)ﬂ dv

converges to infinity as n — co. Because both terms are positive this holds if and only if
the sum of both converges to infinity as n — oco. By using the substitution v = k,* the

sum of both terms can be lower bounded for sufficiently large n € N in the following way:

kn (Tn 1) kn

\/W Z ki /knm exp {lkn,i (T,;M( ))} + exp [lknz( e Z(l—v))} dv

1 (Tn— -
= A l)zgknz/ Z exp hknmz( )} Iog(k‘n) knsds

loglog(ky,) L

\/11<§§T i:l /TOo exp {mg(kn) <?§g(k(j§ s % + 72”)} ds.  (8.24)

By (5.55) there exists some x > 0 such that for every sufficiently large n € N

25, { A (S €(Lio): ¥ —1+s< W) } > (8.25)
or i {2 (o <max{li§f3w}vl) B S i) 2 6

Let 7, =1 — A, for all n € N. From (5.54) and (8.24) we deduce that for all sufficiently
large n € N, for which (8.25) holds,
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8. Applications to practical detection models

Ay

log (k A _

M k}fﬁ#*%exp [log(kn) <5# 11— kn)} > kn 2 .
log log(ky,) 2

Now let 7, = Mg, for all n € N. Similar to the calculation above we conclude that for all

sufficiently large n € N, for which (8.26) holds,

log (ky,) k“k%
loglog(kn)

n —

To sum up,

s
S, > ki — oo as n — oo. [ |

Combining Corollary 5.25 and Theorem 8.10 yields the following corollary.

Corollary 8.12. Suppose that Assumption 7.2(iii), (7.4) and the assumptions of Corol-
lary 5.25 hold simultaneously.

(i) If B exceeds 7% then LLRT and HC cannot successfully separate the null Ho,n and
the alternative My, (asymptotically).

(i) If B is smaller than 8% then LLRT and HC can completely separate the null Hon
and the alternative Hyp (asymptotically).

Remember that Theorem 2 in [12] corresponds to Corollary 5.26 and is a special case of
Corollary 5.25. Hence, we can now give the answer to the unanswered question mentioned
in the introduction: the detection areas of HC and LLRT do coincide under the assump-
tions of Theorem 3 in [12]. Finally, we present the extension of Theorem 1 in [12]. The

proof is very similar to the one of Theorem 8.10 and, thus, we omit it.

Theorem 8.13 (Extension of Theorem 4 in [12]). (i) Let Assumption 7.2(iii),
(7.4) and the assumptions of Theorem 5.27(ii) be fulfilled simultaneously. Then
(7.18) holds and HC can completely separate Hon and Hi, (asymptotically).

(ii) Suppose that Assumption 7.2(iii), (7.3), the assumptions of Theorem 5.27 and (5.65)

for some & > 0 hold simultaneously. Assume additionally that

1 Iy 2A1
liminf min {%(mé(—l,l):ﬁ#—2gm:ﬁ2+m h >}>0.

n—o0 1<i<ky, log(ky) 2

Then (7.18) holds and HC can completely separate Ho, and Hip, (asymptotically).
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8.4. Exponential families

8.4.1. Dense case

In this section we discuss exponential families for the dense case. In Section 5.2.2 we
determined the asymptotic behaviour of LLRT for this case. We verified that it is uniquely
determined by By, as defined in (5.18). Below, we show that in the case ey, ; = €y, the
asymptotic behaviour of HC is uniquely determined by By, as well under some additional
assumptions. We will show at the end of this section that these additional assumptions
are fulfilled for the heterogeneous normal mixture model, see Section 8.1.2, and for the
exponential distribution mixture model introduced in Example 2.10. Due to Remark 5.9
we can also make use of the results to determine the asymptotic behaviour of HC for the
Gumbel and Fréchet distribution mixture model introduced in Example 2.8 and 2.9. In
all above-mentioned examples the detectable areas of LLRT and HC do coincide. We will
show for these examples that HC cannot successfully separate the null and the alternative
on the detection boundary (asymptotically). The results concerning the simple case €, ; =

en = n~ P, see Corollary 8.16, are visualised in the following section, see Figure 8.2.

Theorem 8.14. Suppose that Assumption 2.28 and Assumption 7.2(iii) hold simultane-
ously, where T, = Ty =: T and T, ' = Tfl =T for alln € N.

(i) Assume that

k

- 1
ng/‘n;iﬁkn = kN for some k > 5 sn—> 00
i=1

1
7/\kn

and ﬁinkn“ = o(l) as n — oo. (8.27)

Moreover, suppose that

lil’Ivl\‘S(l)lp (w(l)(O) + 11;/0U h(T™(y)) dy) < 0. (8.28)

Then (7.18) holds. Hence, HC can completely separate Ho, and Hi, (asymptoti-
cally), see Remark 7.7(i).

(ii) Assume that (8.27) is fulfilled and

kn,

1
E €kn iUk, = —k:ﬁ“’m for some k > 3 as n — oo.
=1

Moreover, suppose that
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8. Applications to practical detection models

hmlnf( )+ — / h(T ) > 0.
O

Then (7.18) holds and HC can completely separate Hon and Hi,p (asymptotically).

(iii) Suppose that j = 2. Additionally, assume that (8.27) is fulfilled and

1
Z5kn,i |0, | k””o for some k > 5 asm — 00.

Moreover, suppose that

)+ - / dy’>0

lim inf |w
N0

Then (7.18) holds and HC can completely separate Ho n, and Hi (asymptotically).

(iv) Suppose that €y, = €1 =: €, for all i € {1,...,n} and that By, given by (5.18)
converges to a positive constant as n — oo . Then (7.29) holds for all t € R if
(7.3) is fulfilled, and (7.31) holds for all t € R if (7.4) is fulfilled. Thus, HC cannot
successfully separate Ho,, and Hipn (asymptotically), see Remark 7.9(i).

Remark 8.15. If

1 1 1
(,ao) C I, for alln € N or (,1—) C1I, foralln eN
n n n

then we can choose \,, = @ for all n € N and so (8.27) is fulfilled. Hence, (8.27) is not

an actual restriction in practice. O

Before we give the proof of Theorem 8.14 we present the following immediate consequence

of Theorem 8.14 in the context of the detection boundary discussed in Corollary 5.13.

Corollary 8.16. Suppose that Assumption 7.2(v) and the assumptions of Corollary 5.13
hold simultaneously, where T,, = Ty =: T and T, ! = Tl_1 =: T for alln € N. Moreover,
assume (8.28).

(i) Suppose r = p,, 4(8). Then (7.29) holds for allt € R if (7.3) is fulfilled, and (7.31)
holds for all t € R if (7.4) is fulfilled. Thus, HC cannot successfully separate the
null and the alternative (asymptotically), see Remark 7.9(i).

(i) Ifr > plypa(B) then (7.18) holds. Hence, HC can completely separate Hon and Hip
(asymptotically), see Remark 7.7(i).
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Proof of Theorem 8.14. Due to Remark 7.1(ii) there is no loss of generality in assuming
Qo = Uy and T' = idg 1y : (0,1) = (0,1). Regarding Theorem 7.6 and Theorem 7.8 we

first determine
B0, 7] = T = [ Con) exp =0, h(w)] ~ 1 do
0

and pg, (0,1 —7] — (1 —1,) = Tp — pig,,i (1 — 7, 1]) (8.29)

_ /1 (W) exp Ok h(@)] 1) dz (8.30)

—Tn

for certain 7, € [0,1] and all n € N. Note that we introduced £ > 0 in Assumption 2.23.
Define the function x5 : (—¢,¢) — R for all = € [0, 1] by

Xz(¥) := C(9) exp [-0h(x)] — 1 for all ¥ € (—¢,¢).

Since w(®¥) > 0 for all ¥ € O, by Lemma 2.24 the function ¥ + C(¥) = w(9¥)~! is
indefinitely often differentiable in (—¢,¢) and so is x, for all z € [0,1]. Note that

XM(@) = W) exp(—9h(x)) — C(W)h(x) exp(—Vh(x))
= [-CW)%D W) = C(D)h(x)] exp(~Ih(x)) (8.31)
and X2 (9) = [C@ @) - 20 (@)h(x) + C(9)h*(x) | exp(~Ih(z)) (8.32)

T

for all ¥ € (—¢,¢) and every z € [0,1]. By Taylor’s theorem, (8.31) and (8.32) there exists
some function 7, : [0, 1] — R for all sufficiently large n € N such that for all « € [0, 1]

Irn(x)] < [W,| < % (8.33)
2
and xo(dx,) = O, |~ (0) = h(z)| + "92’%(;2) (rn(2)). (8.34)

Thus, by (8.29) and (8.30) we have for all 7 € (0, 1) and every sufficiently large n € N

T 192 T
pk, (0, 7] — 7= =0, T w(l)(O) — U, / h(z) dz + %/ X;(UQ) (rn(x)) dz (8.35)
0 0

and pp, (0,1 —7]—(1—71)
1 19% 1
= 0, () + 0, [ hw)da = e [T ) (@) dz (8.36)
1-7

1—7

Now we examine the asymptotic behaviour of the second integral from (8.35) and (8.36),

respectively. Since w and C are indefinitely often differentiable in (—¢, ) there exists some
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8. Applications to practical detection models

M > 1 such that
w®@)|+[cP@)| < M foralve [—;;} and k € {0,1,...,8}. (8.37)
Let
either B, := (0,7) for all 7 € (0,1) or By := (1 —7,1) for all 7 € (0,1).

Combining Lemma 2.24, (8.37) and Holder’s inequality shows for all 7 € (0,1):

3

< [frorad [ o]

1
WwWO)t < M7

/0 h)1p, (2) da

NS

:7’4

(8.38)

We can conclude from (8.32), (8.33), (8.37) and Holder’s inequality that for all 7 € (0,1)
and every sufficiently large n € N

[ A2 (@) do

2,1
< MY [ 1. @) @) e O d
k=0 "0
2 1 Tt i
MZ [/ KAk (z)e4rn(@)h(z) dx} [/ 1p (x) dx]
0 0

l
U B () (7100 4 A0 1)) dx}

IA

IN
»Moa

1
+’w<4’“>(—4z9kn)}4 < 6M271. (8.39)

= MT4 Hw (k) ( (49%,,)
k=0

Let v, := u, = n~* for all n € N. Obviously, (7.15) holds. Furthermore, if (8.27) is
fulfilled then by (8.35) and (8.39)

1
Vkn vi, loglog (k) Zg’fm (“kn (0, vy, ] — Ukn)

_ Uk, L[k 2 -
- Zekn,ﬁkn( )+ 5 [ ) ay +0 (97, (wn,)

_1., kn Vkn
= —kp2" W > iV, (w(l)(O) + 1/ ' h(y) dy + 0(1)) as n — oo.
i=1 0

Ulcn

e

)

Hence, applying Theorem 7.6(i) proves (i)-(iii).

Now suppose that the assumptions of (iv) hold. By Remark 7.3(i) we can assume without
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8.4. Exponential families

loss of generality that

Ly,

ap n~ 4" — 0asn — oo. (8.40)

Since M > 1 we deduce from (8.35)-(8.40) that

0, 7] — 0,1—7]—(1-
g,V kn ek, sup {|Mkn( =7l I (0,1 = 7] — T)]}
TE[T ko, 8k U [tk Uk, ] VT VT
< 2akn\/a€kn sup {Wkn|\ﬁM+ ‘ﬁkn!MT% +19%n3M27i}

TE[Thyy Sk ) Ut hory ier, |
1
< 10ap, M*Vkner, 95, | uf
1
_ 10M2@akn kn_l)\kn — 0 asn — oo.

Thus, (7.28) and (7.30) of Theorem 7.8 are fulfilled. Note that by Corollary 4.12(i) and
Theorem 5.11(i) we have P, ) <> Q(y,). Hence, (iv) follows from Theorem 7.8. [

The above-mentioned results can be applied, e.g., to the heterogeneous normal mixture
model discussed in Section 8.1.2, see Example 8.18, and to the exponential distribution

mixture model introduced in Example 2.10, see the following corollary.

Corollary 8.17. Letr > 0. Suppose that Assumption 7.2(v) holds for one of the following
models (a)-(c).

(a) (Gumbel) The model introduced in Example 2.8 with 0, ~qsy —rlog(n) as n — oco.
(b) (Fréchet) The model introduced in Example 2.9 with 0, ~as n~a asn — 0.
(¢) (Exponential) The model introduced in Example 2.10 with 9, ~qsy n™" as n — 0o.

Additionally, suppose that T and T~ are the distribution function and the left continuous
quantile function of Py, respectively. Furthermore, let P;pr,d(ﬁ) =p - % and e, == n"P
for all m € N and some 3 € (0, %)

(i) Suppose that v = pp,, 4(B). Then (7.29) holds for all t € R if (7.3) is fulfilled, and
(7.31) holds for all t € R if (7.4) is fulfilled. Thus, HC cannot successfully separate
the null and the alternative (asymptotically), see Remark 7.9(i).

(1) Ifr > phypa(B) then (7.18) holds. Hence, HC can completely separate Hopn and Hip
(asymptotically), see Remark 7.7(1).
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8. Applications to practical detection models

Proof. We can assume without loss of generality that the model in (c) is given, compare
to Remark 5.9. In this case Qy = Exp(1 + 9), ¥ € © := (—1,00). Thus,

hz) = 2, wd) = 1i19 and T-1(y) = —log(1 — 1)

forall z > 0,9 € © and y € (0,1). Let (v,)nen be a sequence in (0,1) with v, — 0 as
n — oo . Then

w1 (0) + 1/0% —log(1—y)dy=-1+ i((1 —vp) log(l —vy,) — (1 —v,) + 1)

Un Un
log(1 —
C 14 (1— el
Un
=—1+4+o0(1) as n — oc.
Finally, applying Corollary 8.16 completes the proof. [ ]

Ezample 8.18 (Heterogeneous normal mixtures). Let (v,)nen be a sequence in (0, 1) with

v, > 0asn—o0o. Let Qy:=N(¥,1) forally € © :=R and T := 1 — &. Clearly,

192
T Hu)=d'(1-u), h(z)=-z and w(?)=exp <2>
for all u € (0,1), * € R and every ¥ € ©. Substituting 1 — u = ®(x) and 2? = 2y we can
conclude from (A.24) of Lemma A.29 that

2w(1)(0)+1/0vnh(T1(y)) 0—7/ (1 —u) du

Un
1 [ 1 a2
= —— T e 2 dx =

Up Jo-1(1-v,) V27

B 1 1 log (47) + loglog (v, 1) + o(1) ?
= o exp <—2 [ —2log(vy) — 5 /—2Toa(vr) 1 )
1

e Ydy

_vn\/27r /;[cblu_vn)}?

1 1
- 1 ~log(4 ~loglog(v,* 1
5= exp (log(un) + ; log(dm) + 3 logloz(u7") +o(1)

— —00 asn — o0.

Consequently, Theorem 8.8(i) and (ii) follow from Corollary 8.16. O
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8.4. Exponential families

8.4.2. Sparse case

In contrast to the previous section we only present the results regarding Corollary 5.7 for
the sparse exponential family model, i.e., e,; = €, for all 1 <7 < n € N. These are
visualised in Figure 8.2 for the case p = 0.6. We show that the detection areas of HC and
LLRT coincide under the conditions of Corollary 5.7. Note that by this they coincide in
particular for the exponential, Gumbel and Fréchet distribution mixture models, respec-
tively, i.e. under the assumptions of Corollary 5.10. Moreover, we prove that HC has no
power on the detection boundary asymptotically, i.e., HC cannot successfully separate the
null and the alternative there. We conclude this result from a more general theorem which
can also be applied to the heterogeneous normal mixture model, i.e., the model introduced

in Example 2.6 with 7 = 1.

Theorem 8.19. Suppose that Assumption 7.2(v) and the assumptions of Corollary 5.7
hold for T,, .= T := Fy and Trjl = T1 .= Fo_l, n € N, where Fy and FO_1 are the

distribution function and the left continuous quantile function, see (2.5), of Qp.

(i) If B < 5§mp(r,p) then (7.18) holds. In this case HC can completely separate Hop
and Hiy (asymptotically), see Remark 7.7(i).

(it) Let B < 1 and § = ﬁgxp(r,p). Let €, be given by (5.11). Then (7.29) holds for all
t € R if (7.3) is fulfilled, and (7.31) holds for allt € R if (7.4) is fulfilled. Thus,
HC cannot successfully separate Ho n, and Hi,, (asymptotically), see Remark 7.9().

(iii) Supposep >0, r = 1%’ 8= Bgmp(r, p)=1and L =K € (0,00). Then (7.29) holds for
allt € R if (7.3) is fulfilled, and (7.31) holds for allt € R if (7.4) is fulfilled. Thus,
HC cannot successfully separate Ho n, and Hip, (asymptotically), see Remark 7.9(i).

The statement in (i) follows immediately from Corollary 8.12 and the alternative proof
of Corollary 5.7(v) on pp. 93ff. The proofs of Theorem 8.19(ii) and (iii) are given at the
end of this section. There we apply the following more general theorem, which gives us
a sufficient condition for the case that HC cannot successfully separate the null and the

alternative.

Theorem 8.20. Let {ky, : n € N} be a subsequence of N. Let (an)nen and (Bp)nen be
sequences in R such that o, and [y, tend to 0 asn — oco. Let Assumption 7.2(v) be fulfilled
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161 05,
1.4
1.21 Detectable 0.41
by HC Undetectable
d 031 by HC
7 0.8
N "' Detectabl
Undetectable etectable

" by HC ol by HC
0.2

ot : ‘ ‘ | | . | | | | |

0.5 0.6 0.7 0.8 0.9 1 0 0.1 02 03 0.4 05

b B

Figure 8.2.: The detectable and the undetectable area of HC are visualised for the dense
exponential family mixture model (right) as well as for the sparse one in the
case p = 0.6 (left). The boundary, which splits the plane into these two areas,
belongs to the undetectable area in both models.

and v : (1,3) = R be a function with ¥(2) = % such that one of the following conditions
(i)—(iii) holds, P(kn) 4> Q(kn) and

1
ek, = kn PP for alln € N and some § € (2, 1} . (8.41)

(i) We have

1

(/ £2 4P, )q < K@Dk, (8.42)
for all sufficiently large n € N, every q € (2 — k,2 4 k) \ {2} and some k € (0,1).
Moreover, v is differentiable at ¢ = 2 with ()(2) € (0, ﬁ).

(ii) (8.42) holds for all sufficiently large n € N, every q € (2,2 + k) and some k € (0,1).
Moreover,

_1
lim sup M

sup = < 0. (8.43)
q

(iii) (8.42) holds for every sufficiently large n € N, all q € (2 — k,2) and some k € (0,1).
Furthermore,
_1

P(q) 2 S 1

> o1 (8.44)

lim inf
q,/2 q—2
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8.4. Exponential families

Then (7.29) holds for all t € R if (7.3) is fulfilled, and (7.31) holds for allt € R if (7.4)
is fulfilled. Thus, HC cannot successfully separate the null and the alternative (asymptot-
ically), see Remark 7.9(i).

Remark 8.21. Assume that Assumption 2.11 holds. Let ¢ € (1,3) such that 9y, ¢ € ©.
Then

(/1. den,i)‘l’ = ([ €n )7 exp 4,2 on); - ch(:;:;

Q=

Thus, the conditions (8.41) and (8.42) remind us of (4.67). O

The exponential family (N (¢,1) : ¥ € R) does not fulfil (iii) of Assumption 2.16. Hence,
Theorem 8.20 is not applicable for this family, whereas the more general Theorem 8.20 is

applicable.

Ezample 8.22 (Heterogeneous normal mizture model). Let Qy := N(9,1) for all ¥ € ©.
Let g € (%, %), r:=p(8,1)=p0— %, Uy = +/2rlog(n) and €, := n~?. Then for all ¥ € R,
n € N and ¢ € (1,3) we have

C(¥) = exp (—;?92> and, hence, M — =9 — 26-1)35(a-1)
C (qV,)

Q|

by applying Theorem 8.20 with v defined by ¥(q) := %(q -1),q € (1,3). O

Proof of Theorem 8.20. First, we verify (i). To improve the readability we (only) give the
proof for the case {ky : n € N} = N. Suppose that the assumptions of (i) are fulfilled. Let

(gn,1)nen be a sequence in (2 — k,2) and (¢n,2)nen be a sequence in (2,2 + ) such that

Qi Bn log IOg(n)
=2+o0(1) and =o(1 8.45
qn7m ( ) 9 _ Qn,m 92 _ Qn,m (2 o Qn,m) log(n) ( ) ( )
for m = 1,2 as n — oo. As mentioned in Remark 7.3(i) we can arbitrarily choose

P, Pn1, Pn2 from Assumption 7.2(i). Define
pi=428 -1y (2) € (0,1). (8.46)
For all n € N and m € {1,2} let

w(Qn,m) —(2) B 2Gn,m (Ozn + B+ %)
Injm — 2 dnm — 2 :

_ —2¢y,mloglog(n)
P = (Gm — 2) log(n)

+ pP— Qn,m(46 - 2)
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8. Applications to practical detection models

Obviously, we can conclude from (8.45) and (8.46) that py 1, pn2 = o(1) as n — co. Let
B:1:=(0,7] and B;2:=(1—-7,1)

for all 7 € (0,1). From Hoélder’s inequality we can deduce that for all sufficiently large
n €N, every 7 € (0,1) and all [,m € {1,2}:

In(B
; 11
Ve M\(ﬁ) =7k T [ g, AP,
1 1=
an,m T
/1BT,l dp,

_ 1

< ’7'_% n%_ﬂ“rﬂn‘i‘w(Qn,m)(ZB—l)'i‘an |:Z/{(O 1 (BTZ):| an,m

an,m

75 3 Bthn

IN

/fgn’m dPn

T s =B+ B (an,m) (268—1)+an

1
= 72

an,m—2

= T 2qn,m n[w(%,m)—w(Q)](Qﬁ—l)'*‘ﬁn'i‘an

Combining this and the definition of p,, ,,, shows for every [ € {1,2}

,LLT"(B l) q;7272
an\/ﬁen Sup {n\/;’r,} Sn In,2 an n[d](q’ﬂﬂ)_¢(2)](26_1)+an+6n

TE[Tn,Sn]

qn,2*2
2qn,2

n(fp+pn72) +[w(Qn,2)7w(2)](2/371)+an+5"

= n

= exp (—loglog(n)) — 0 as n — oo. (8.47)

and analogously

pa (Br) | s
an\/nen,  Sup {”\/}TT’} < ty™ g, (@) —Y@1@6-D+antpn

TEtn,un]

= exp (—loglog(n)) — 0 as n — oo.

Consequently, (i) follows from Theorem 7.8 and Remark 7.9(ii).
Similar to (8.47) we conclude that for all n € N and every [ € {1,2}

T,

" (BTl)

ap\/ne, sup L (8.48)
" " TE[Tn,un] { \ﬁ

‘17L,2_2

< un2qn’2 Qnp, n[¢(qn72)_¢(2)} (Zﬁ_l)+a7b+ﬁn

B qn2 — 2 Y(gn2) — ¥(2) 2Gn 2 an
= exp <log(n) ST [—)\n +2¢,2(26 —1) A + dno—2 (an + Bn + log(n))]) .

)
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8.4. Exponential families

In case of strict inequality in (8.43) we can immediately deduce that (8.48) tends to 0 as
n — oo. Otherwise, we can assume without loss of generality due to Remark 7.3(i) that
A, tends to 0 sufficiently slowly as n — oco. Hence, as in the previous calculations we can
verify that (8.48) also tends to 0 in case of strict inequality in (8.43). Finally, (ii) is shown.

(iii) can be proven analogously. |

Proof of Theorem 8.19(ii) and (iii). Supppose that the assumptions of Theorem 8.19(ii)
or the ones of (iii) hold. Define ¢ : (1,3) — R by #(q) := 1 —q !, q¢ € (1,3). Note that
pM (2) = 1. By Lemma 2.15, (5.6) and Remark 8.21 we have for all ¢ € (1,3)

Q=

1
(/ I dQ0> T ey Ll(lq(gn))(l +0(1)) = pPf-De@+e) a5 5 0.

n

Moreover, from Corollary 4.12(i), Corollary 5.7(ii) and (iii) we obtain P, <> Q). Ap-
plying Theorem 8.20(i) completes the proof. |
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A. Appendix: additional information

A.1. Infinitely divisible distributions

In this section we present some useful results about infinitely divisible distributions from

the book of Petrov [51] and modify some of his results for our purpose.

Definition A.1 (Infinitely divisible distributions, see p. 25 in [51]). We call a
probability measure P on (R, B) infinitely divisible if for every n € N there exists some

probability measure P, on (R,B) such that P is equal to the n-fold convolution of P,.

Definition A.2 (Lévy measure). A measuren on (R\ {0}, B(R\{0})) is called a Lévy

measure if

/ min(z2,1) dn(z) < oo. (A1)
R\{0}

Clearly, a Lévy measure is not necessarily finite but at least it is o-finite on R\ {0}.

Theorem A.3 (Lévy’s formula, see Theorem 11.3.5 in [51]). Let P be a probability
measure on (R, B) and let ¢ be its characteristic function. Then P is infinitely divisible if

and only if there exists v € R, 0 > 0 and some Lévy measure 1 such that

. U2t2 itr it
o(t) = exp lwt -+ /R\{o} (et —1- . +a:2> dn(:p)] . (A.2)

The triple (,02,m) is called the Lévy characteristic of P and is unique.

Ezample A.4. Let P = N(a,b) for some (a,b) € R x (0,00). Then P is infinitely divisible
with Lévy characteristic (a,b,0), i.e., the Lévy measure 7 is the trivial measure, n(A) = 0
for all A € B(R\ {0}). O

In Chapter 4 we examined the asymptotic behaviour of > ;' ; Y;, ; for a certain triangular

array (Yyi)i<i<n with row-wise independent, real-valued random variables. In [51] the
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answer for the question, which limiting distribution can occur for such a sum, is given.
Without additional assumptions it is easy to see that any distribution can be the limiting
distribution for a suitable triangular array. Set, e.g., Y, 1 := X for some random variable
X for alln € Nand Y;,; := 0 for all 2 < i <n € N. Then the sum ;' Y, ; converges
obviously in distribution to X. Hence, it is reasonable to add more restrictions for the

random variables Y}, ;.

Definition A.5 (Infinite smallness, see p. 63 of [51]). Let (Y}, i)1<i<n be a triangu-
lar array of row-wise independent, real-valued random variables on some probability space
(Q, A, P). We say that (Yy,i)1<i<n fulfils the condition of infinite smallness if

lim max {P (|Y,:| >¢)} = 0 for every e > 0.

n—oo 1<i<n

Under this additional condition all accumulation points (in the sense of convergence in

distribution) of >~ Y}, ; are infinitely divisible.

Theorem A.6. Let (Y, ;)i<i<n be a triangular array of row-wise independent, real-valued
random variables on some probability space (0, A, P) such that the condition of infinite

smallness is fulfilled. Let {ky, : n € N} be a subsequence of N. If

kn
ZYkn,i Loy asn— oo (A.3)
i=1
for some real-valued random variable Y on (2, A, P) then the distribution of Y is infinitely
divisible. In the following we say that'Y is infinite divisible.

In regard to Theorem A.3 and Theorem A.6 it is of interest to determine the Lévy char-
acteristic (,02,7) of Y. In order to do so we present one of the results in [51]. Since we
prefer Lévy’s formula we rewrite Theorem IV.2.6 in [51] using the relation between this
formula and the one of Khintchine and Lévy. For more details about this relation we refer

the reader to [51], in particular to Section II.2.

Theorem A.7. Suppose that the assumptions of Theorem A.6 are fulfilled. Let 0% > 0,
v € R and n be a Lévy measure on (R\ {0}, B(R\ {0})). Moreover, let T € R such that
—7,7 € C(n). Then (A.3) holds for some infinitely divisible Y on (2, A, P) with Lévy
characteristic (y,0%,m) if and only if the following conditions (a)-(c) hold.
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(a) For all x € C(n) N (0,00) and y € C(n) N (—o0,0)

kn
> PYi,i<y) = n(-00,y) asn— oo (A.4)
i=1
kn

and ZP (Yi,i=>x) — nlx,00) asn — oo. (A.5)
i=1

(b) We have
kn 2
: lim sup 2 — ; =2
iy S |8t gy 7 ([t iy ) | =
(c) We have

kn
Jin 3 [ Vit f<r) 9P
1=

—+/ ””?’d(x)/ T dn()
-7 (—rr\fo} 1+ 22 g R\[-r,7] 1 + 22 M-

Remark A.8. Suppose that (a) and (b) hold. Due to the equivalence above, (c) holds for
some 7 > 0 with —7,7 € C(n) if and only if it does for all 7 > 0 with —7,7 € C(n). O

In Chapter 4 we showed that for our model certain conditions are always fulfilled. In the
following we present a simplification of Theorem A.7 under this additional conditions. In

order to prove this we need the following lemma.

Lemma A.9. Let n,m,mn,... be measures on ((0,00),B((0,00))) such that

nh_}rgo Mn(x,00) = n(z,00) €R forall x>0 (A.6)
and limsup t2dn,(t) < C for some C € (0,00). (A7)

n—oo J(0,1)

Then 1 uniquely determined by (A.8) is a Lévy measure on (R\ {0}, B(R\ {0})):
7(—00,0) :=0 and 7(x,00) := n(x,00) for all z > 0. (A.8)
Proof. By Definition A.2 and (A.6) it is sufficient to show that

/ t2dn(t) < oo. (A.9)
(0,1)
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Note that Portmanteau’s Theorem and Helly-Bray’s Theorem about weak convergence of
probability measures can be easily extended to finite measures. From (A.6) we obtain for

every € € (0,1)

M |(2,00) N N|(e,00) and, hence, / 12 dn,(t) — t? dn(t)
(e,1) (,1)

as n — oco. Combining this, the monotone convergence theorem and (A.7) yields (A.9):

t2dn(t) = lim 2 dn(t) = lim lim t2dn,(t) < C. ]
/(0,1) o) = Ty [ dne) =l i | () <

Theorem A.10. Let the assumptions of Theorem A.6 be fulfilled such that for all y <0
kn
U{Ykmi <y} = 0 ifn €N is sufficiently large. (A.10)

i=1

Assume additionally that

2

Let 0 > 0 and v € R. Let 1 be a measure on (R\ {0}, B(R\ {0})) with n(—o00,0) = 0.
Then (A.3) holds for some infinitely divisible random variable Y with Lévy characteristic
(7,02, m) if and only if the following conditions (i)-(iii) hold.

(i) For every x € C(n) N (0,00)

kn,
ZP (Yg,i>x) = n(z,00) asn — oo.
i=1
(ii) We have
lim su
lim L;glgf Z/Yknzl{m J<ey AP = o’ (A.12)

(iii) We have

k7L
I limsup /Y 1 d / — T 4 _—
cmf?i\o(mlgg (Z o l<7) 7’) oy T W0 | =7
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Remark A.11. (a) The assumption that 7 is a Lévy measure is not needed for the state-
ment of Theorem A.10. Applying Lemma A.9 we show in the following proof that 7
is a Lévy measure if (A.10) for all y < 0, (A.11), (i) and (ii) of Theorem A.10 are
fulfilled.

(b) Tt is well known that the continuity points of x — n(x, 00) are dense in (0, 00). Thus,
the term on the left side of (A.13) is well defined.

Proof of Theorem A.10. First, note that due to (A.10) the condition (A.4) holds for all y <
0. Consequently, (a) of Theorem A.7 and (i) of Theorem A.10 are equivalent conditions,
where we replaced the relation sign > by > and the set [¢,00) by (g,00) in (i). Note that
the last mentioned modifications do not affect the result since, obviously, we have under
(a) of Theorem A.7 as well as under (i) of Theorem A.10

kn
JL\HC}OZP (Yi,i=x)=0and n({z}) =0 forall z € C(n) N (0,0c0). (A.14)
i=1

By (A.11) the conditions (b) of Theorem A.7 and (ii) of Theorem A.10 are also equivalent,
where we replaced < by < in (ii). There is no loss in validity by doing this because the
integrand in (A.12) is non-negative. To conclude Theorem A.10 from Theorem A.7 it

remains to verify the following two statements SI and SII:
SI. If (i) and (ii) of Theorem A.10 are fulfilled then 7 is a Lévy measure.

SII. Condition (c) of Theorem A.7 and (iii) of Theorem A.10 are equivalent under (a)
and (b) of Theorem A.7.

Proof of SI: Let (i) and (ii) be fulfilled and 7y, 72, ... be measures on ((0,00), B ((0,00)))
uniquely determined by
kn
N (x,00) = ZP (Y, > x) for all z > 0 and n € N.

i=1

(A.6) follows from (i) of Theorem A.10. From (i) and (ii) of Theorem A.10 we obtain
(A.7). Applying Lemma A.9 yields that 7 is a Lévy measure.

Proof of SII: First, suppose that (a)-(c) of Theorem A.7 hold. As already explained, (i)
and (ii) of Theorem A.10 are fulfilled. By SI the measure 7 is a Lévy measure and so by
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Definition A.2

+x

3
0§/(0 )137 an(x)ST/(OI)x2d77(x)—>Ofor 7N 0. (A.15)

Combining Remark A.8, (A.14) and (A.15) yields (iii) of Theorem A.7.

Second, suppose that (a) and (b) of Theorem A.7 as well as (iii) of Theorem A.10 hold.
It is sufficient to show: for every subsequence {k, 1 : n € N} of {k, : n € N} there exists
a further subsequence {k, 2 : n € N} of {k,, 1 : n € N} such that (c) of Theorem A.7 holds
for {k,2 : n € N} and 7. Keep in mind that n(—o00,0) = 0. Let {k,1 : n € N} be an
arbitrary subsequence of {k, : n € N}. By (iii) and (A.14)

kn
xr
(2:1/3/1%1 1{|Ykn,i|<7*} dP) + /(T* o 1122 dn(z)

for some 7" € C'(h) N (0,1). Hence,

lim sup
n—oo

< 00 (A.16)

k'n,2
. €T
Jimn, (Z Vo) dP) * oy Ta 2 0 <R
1= )

for some subsequence {ky 2 : n € N} of {k, 1 : n € N}, and so (c) of Theorem A.7 holds for
{kn2 : n € N}, 7* and some constant 7 € R. We deduce from the first part of the proof
of SII that (iii) holds for {k,2 : n € N} and 5. Obviously, (a) and (b) of Theorem A.7
as well as (iii) of Theorem A.10 hold for the subsequence {kj 2 : n € N} and 7. Finally,

v =7. [ |

A.2. Distances between probability measures

In this section we introduce different distances for probability measures and some prop-
erties of these. All definitions and results can be found in Strasser [58], Chapter 1 §2.
Throughout this section, let P,Q,v be probability measures on some measurable space
(Q, A) with P,Q < v.

Definition and Lemma A.12. (i) We define the variational distance ||P—Q)|| between
P and Q by

1P~ Qll:=sup (1P(4) - Q)| A € ap = [|S0 -~ 52 v

P
dv dv

The variational distance is a distance with
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0<[|P—-Q| <1, where ||P— Q|| =1 if and only if P L Q,
and ||P — Q|| =0 if and only if P = Q.

(i) The affinity of P and @Q is given by

| dP d
a(P,Q) ::/ Ed—gdy.

The value a(P, Q) does not depend on the choice of v.

(iii) The Hellinger distance d(P,Q) between P and Q is given by

2
P2(P,Q) = ;/ (,/ff: _ 1/‘3"3) dv =1—a(P,Q). (A.17)

The Hellinger distance is a distance with
0<d(P,Q) <1, where d(P,Q) =1 if and only if P L Q,
and d(P,Q) = 0 if and only if P = Q.
Lemma A.13 (Lemma 2.3 in [58]). We have

[|IP— Q| = sup{]Ep(go) —Eg(p): ¢:(Q,A) — ([0,1],B[0,1]) is measumble}.

We can immediately conclude from Lemma 2.15 in [58]:
Lemma A.14. We have

d*(P,Q) < ||IP - Q|| < V2d(P,Q).

The Hellinger distance and the affinity are very useful if one deals with product measures.

By their definitions it is easy to see that the following lemma holds.
Lemma A.15. Let P;,Q1,..., Py, Qn be probability measures on (Q,.A). Then

a<®P®Q> - TLer.Q)

i=1 i=1 i=1

and, hence, d* (é Pi,éQi> =1- ﬁ [1 — g2 (Pi,Qi)] .

1=1 =1 =1
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A.3. Binary experiments

In this section we introduce binary experiments and the weak convergence of them. We
present some useful results concerning these experiments and at the end we formulate
the first lemma of Le Cam. To keep this section short we focus on the main results and
avoid to discuss them in detail. For a fuller treatment of binary and general statistical
experiments we can recommend the lecture notes of Janssen [37] and the book of Strasser
[58].

Definition A.16. Let (2,.A) be a measurable space. Let P and Q be probability measures
on (Q,A). We call (2, A,{P,Q}), in short {P,Q}, a binary experiment. The likelihood-
ratio of Q with respect of P is given by

%@ B <d(Pdf Q)) (d(de—2 Q)>_1 ;P +@)-as, (A.18)

where we use the convention § = oo and = =0 for x € (0,00). Let

V1 :zE(log (ji) ‘P), Vo :zﬁ(log <j§z> ’Q) and v := v1 + V9,

where we extend the logarithm continuously to [0, 00] by setting
log(0) := —o0 and log(oo) := oc. (A.19)
We call {v1,v2} the standard form of {P,Q}.

Remark A.17. (i) {v1,v2} is the standard form of itself.

(ii) By 16.5 in [58] binary experiments with the same standard form are equal informative
in the sense of 15.1 and 15.2 in [58]. Note that the following results and definitions,
A.18 to A.26, only depend on the standard form and not on the special choice of the

binary experiment.

(iii) Let T : (€2,.4) — (Q, A) be a measurable mapping. Suppose that there exists a
further measurable mapping 771 : (Q, A) — (2, A) such that

T l'oT = idg (P + Q)-almost everywhere.

It follows easily from Lemma A.31 that the standard form of { PT, Q*'} is also {v1, 15}
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(iv) In [58] and other references the standard form is defined without the logarithm
transform. But in the case of product measures and so for the purpose of our work

the logarithm transform is very useful.
(v) v1 and vy are probability measures on ([—o0, o0], B ([—00, o0])) with

n (o) =P (5 =) =0 mi-=h @G5 =0)=0. O

Lemma A.18. Let {P,Q} be a binary experiment. Then

diy 1 dis exp dio
= , = and =exp.
dv 1+ exp dv 1+ exp dvy
Proof. See Le Cam [48], p.24f., and (9.21) Example of Janssen et al. [39]. |

We want to remind the reader that a sequence of probability measures (Py)nen
on ([—o0,00],B([-00,00])) converges weakly to a probability measure P on

([—o0, 0], B ([—00, o¢0])) if for every continuous function f : [—o0,00] — R

/fdPn—>/fd73 as n — 0o.

Definition A.19. Let {P,Q} and {Py,),Qn)} be binary experiments for alln € N. We
say that { P, Q) } converges weakly to {P,Q} (asmn — oo ) if

_ dQm) w dQ B
Vi = E(log ( P ) ‘ P(n)> — E(log (dP) ‘ P) =V asn — oo.

Corollary A.20. Let {P,Q} and {Py),Q)} be binary erperiments for all n € N.
{Pn), Qny} converges weakly to {P,Q} (as n — oc ) if and only if

_ dQm) w dQ B
Von =1L <log (dP(n)> ’Q(n)> — L (log (dP) ‘ Q) =19 asn — oo.

Proof. By Theorem 16.8 in [58] it follows immediately that { P, Q(,)} converges weakly
to {P,Q} if and only if {Q(n),P(n)} converges weakly to {Q, P}. Furthermore,

(1) - e ()

Finally, the desired equivalence follows. |
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Lemma A.21 (17.4 in [58]). Let {P,Q} and { Py, Q)} be binary experiments for ev-
ery n € N. If {Pr,), Qn)} converges weakly to {P,Q} as n — oo then

d (P(n), Q(n)) —~d(P,Q) asn— oc.

A similar result is valid for the variational distance, see [58].

Lemma A.22. Let {P,Q} and {P,), Q) } be binary experiments for every n € N. If
{Pmy, Qny} converges weakly to {P,Q} as n — oo then

[Py — QI = [IP = Q|| asn — oo.

Lemma A.23. Let {P,),Q)} be a binary experiment for all n € N. Then there erist
a subsequence {ky, : n € N} C N and a binary experiment {P,Q} such that {Py,), Q(x,)}

converges weakly to {P,Q} asn — oo .
Proof. See Lemma 60.6 of Strasser [58]. [

Definition A.24 (18.2 in [58]). Let (2, An, {Prn), Qn)}) be a binary experiment for
all n € N. The sequence (Qn))nen is contiguous to (Py))nen, in symbols Qny < Py, if
for every sequence (Ay)nen with A, € A, for alln € N

Pny(An) — 0 implies Qn)(An) — 0 as n — oo.

We call (Pn))nen and (Qn))nen mutually contiguous, in symbols Py >Q(ny, if Prny<Q(n)
and Q(n) < P(n)

Lemma A.25 (18.4 of [58]). Let (S, A1, {Pu1),Qn)}), (2, A2, {P2), Q2)}),... be a
sequence of binary experiments such that Q) < Ppy. Let fo @ (Qn, Ay) — (R,B) be a
measurable function for all n € N. Then f, — 0 in Py,-probability implies f, — 0 in
Q(n)-probability (asn — o).

Lemma A.26 (First lemma of Le Cam). Suppose that { P, Q) } converges weakly

to {P,Q} asn — oo . Then the following statements (i)-(iv) are equivalent:

(1) Qny < Pyy- (ii) Q < P.
(vi1) /Rexp dvy = 1. (1v) va ({oo}) = 0.
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Moreover, the following statements (a)-(c) are also equivalent:

(@) Py <Qn)- (b) P < Q.

(©) /Rexp(—m) dva(z) = 1. (d) v ({—o0}) = 0.
Proof. Theorem 18.11 in [58] shows the equivalence of (i) and (ii). The equivalence of (ii)
and (4i7) is mentioned in the introduction of §18 in [58] and is easy to verify. Finally, the

equivalence of (i77) and (iv) follows immediately from Lemma A.18. The equivalence of

(a)-(d) follows analogously. [ |

A.4. Miscellaneous

In this section we present various results. Despite the first two ones, the results are not

connected to each other.

Lemma A.27. (i) For every x <1

— < log(l—2) < —u.

(it) For every M € (0,1) there exist constants Cpryp > 1> Cpr2 > 0 such that
log(1—2z) > —xCypy and log(l—y) > —yCuypo.
forall —-M <y <0< x <M. Moreover, for j =1,2
li i = 1. A2
m Cag (A.20)

Proof. (i) follows from the Mean Value Theorem. Fix M € (0,1). By (i)

v .Y
l—y = 1+M

log(1—y) >

for all y € [-M,0].

Using a Taylor’s series expansion we obtain

s Mkl —1 1-M
log(1 — x) = z%__xz el =0
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for all z € [0, M]. Define

~ —log(1 - M) 1
Cu = % and Cyr 2 1= Ml

Obviously, (A.20) holds for j = 2. For j = 1 the left side (A.20) equals the derivative of
x +— —log(1—z) at 0 and so it is equal to 1. [ |

The following equivalence is well known for sequences and can be easily extended to
triangular arrays. For the readers, who are not familiar with the extended version, we also

give the proof of it.

Lemma A.28. Let (hyi)1<i<nen be a triangular array of real numbers in [0, 00) such that

max {hni} = 0 as n — oc. (A.21)

Then the following two conditions are equivalent:
n

(1) T}gnéoz;hnl =beRU{—00,0}.
1=

(i1) Jim 1:[1(1 — hpi) = exp(—b) € [0,00], where exp(—oo) :=0.

Proof. We extend canonically the domain of log to [0, 00]. Then (ii) is equivalent to
n
(iti)  lim Z;log(l — hni) = —b.
1=
By (A.21) and Lemma A.27

—Chr Z hni < Zlog(l —hni) < — Zhn,i
i=1 i=1 i1

for all M € (0,1) if n € N is sufficiently large. By this, (A.20) and basic calculations (i)

and (ii1) are equivalent, and so are (i) and (i7). [ |
Lemma A.29. Denote by ¢, ® and ®~! the density, the distribution function and the

quantile function of a standard normal distributed random variable. Then

x 1—®(z) 1
< — 7 < 2
1+22 = o) — =

(A.22)
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for all x > 0. Furthermore,

1-®(z) = #(z) ( 14+0(x2) ) as T — 00. (A.23)

Moreover, for all sufficiently small u > 0

log(47) + loglog (u™1)
2y/2log (u=1)
9

where |¥(u)| < os(a)’ (A.25)

Proof. (A.22) follows from inequality 7.1.13 of Abramowitz and Stegun [1], p. 298, and

— ot u) =011 —u) =/2log (u=1) — + U(u), (A.24)

basic calculation. Since the proof is quite simple we give it nevertheless. From integration

by parts we obtain for all £ > 0

* 1 1 z? 1 % 1
1—®(t) = A xexp(f?)dx:?p(t)f/t ﬁgp(m)dx.

Consequently, the upper bound in (A.22) follows immediately. Furthermore,

1—®(t) > o(t),

~ | =

t2+1 1
t

o(t) — %(1 —a(1) andso (1 () >

which proves the lower bound in (A.22). We deduce (A.23) from (A.22).
We can conclude from (A.22) that for every x > 0

1-®(z) < Sof) = 21 e (A.26)
and 1-a@) > P& _ ! T (A.27)

T ool 4z V2r(z=1 + )
By Taylor’s formula there exist 71,72 € [— |z|,|z|] for all z € (—1,1) such that

2

1 T
Vito= 1+§x—§(1+rx,1)—% (A.28)
72
and log(l+z)=20— —/———. A.29
g(l+2) 2(1+ 14,2)? (429
In particular, 7, ; — 0 as « — 0 for j € {1,2}. Note that for y >0
log (y 4yt ) = log (y) + log (1 + y_2) . (A.30)
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If || is sufficiently small and y > 0 is sufficiently large we have by (A.28)-(A.30) that

1
1—|—§x—x2 < Vi+z <1+, (A.31)
1 1 ;) L, 4
plog)  Slog(y) = g <log(y+y™!) Slog(y) +y7* < glog(y) (A32)
and log (1 - y_l) > 2y L (A.33)

Note that ®~! is increasing and ®~1(1—u) — 0o as u \, 0. Hence, by setting u = 1—®(x)
for sufficiently large x > 0 we deduce from (A.26) and (A.31) that

P11 —u) < \/—210g (u V2rd-1(1 — u))

= \/m\/l + log(2m) +22k1)(§$—1(1 —u)

o e 1) —1 —u
< y/—2log(u) [1+ %1 g(2 )+22k1)gg(;1>) (1 )]
- \/m _log(27) 4+ 2log @' (1 — ) (A3

2y/—2log(u)
and in particular & 1(1 —u) < y/—2log(u). (A.35)

Note that for all sufficiently large y > 0

[log(y) ]* < v. (A.36)

Similar to as in (A.34) we can conclude from (A.27), (A.31), (A.32), (A.35) and (A.36)
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that for all sufficiently small u > 0

B log(2m) + 2log [®—1(1 —u) + &~ 1(1 —u)~1]
P11 —wu) > 1/—2log(u)\/1+ 2 log(u)

og(2m og [P~ 1(1—u “1(1 — )L
> \/—2log(u) 1+%1g(2 >+21g[¢)21(01g(u))+¢’ (1 )]
_ (310g @1 —w)+ 07 (1 —w) Y )2
2log(u)
- - -2
> \/2log(u) |1+ 082 +2log [@ IZSO; (uu))] +2[®71(1 — )]
(gl a -]’
(™) ]
o [ alogtu) g+ 2l [0 (1 —w)]  [@N1-w)] F 16071 - w)
2/ =2log (1) VER0s() [2log (u)]?
log(4m) +loglog (u™t)  [®@71(1 — )] —2 3
= V2ot 2\/~2log (u) - Vv —2log (u) + log (u (A'37)
> % —2log(u). (A.38)

Combining (A.37) and (A.38) shows that for all sufficiently small v > 0

_ _ log(4m) + loglog( - el - u)}_2 8
N1 —u) > 4/-21 -
(1-w) 2 ©8 2y/—2log (u v —2log (u * log (u

log(4m) —I—loglog( -1 9

> \/—2log(u) — NETIO) Tog (1) (A.39)
> \/~2log(w) [1 - (~log [u]) 3] (A40)

v (A.33), (A.34) and (A.40)

51wy [ ioge) 8T Hloglog u7t) o[- Clos )]

\/Wg() v/=2log (u)
log(4) + loglog (u™1) 2 (—log (u))~2
< \/~2log(u) - N By (A.41)
Finally, (A.24) and (A.25) follow from (A.39) and (A.41). [ |

The following lemma is an immediate consequence of Holder’s inequality. That is why we

omit the proof and only present the result.
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Lemma A.30. Let x1,...,2, € R and p € (1,00). Then

n % 1 1 n 2 n
< (Z\x#’) n'"% and, thus, - (le> <) af.
i=1

i=1 =1

n
>
i=1

The following lemma is well known. Nevertheless, we give a short proof of it.

Lemma A.31. Let (€, A;) be a measurable space for i = 1,2. Let vi,vs be o-finite
measures on (Q1,A1) such that vy < vy. Let T : (1, A1) — (Q2, A2) be a measurable
mapping. Suppose that there is a further measurable mapping T~ : (Qa, A2) — (1, .41)
such that

T loT = idg, (v9-a.e.). (A.42)
Then
T = I, oT (V5 -a.e.). (A.43)

Proof. It is easy to see that v{ < vd follows from vy < vo. Let A € Ay. From the
transformation theorem for image measures and (A.42) we obtain
dq duy duy

T —1 —1 T
vi (A :/ —dy = ol " oTdry=[| —oT ~dv,.
t(4) Ty dvg T-1(4) dip *7 Ja dvy ?

Hence, (A.43) follows. [

Lemma A.32. Let F : R — R be some distribution function and F~!:(0,1) — R be its

left continuous quantile function, compare to (2.5). If
1
F(t) ~asy Ly (t) ast \,0
for some slowly varying function Ly : (0,00) — (0,00) and some constant p > 0 then
1 1 1
F7 (u) ~asy u?Ly 7) asu N\ O

for some slowly varying function Lo : (0,00) — (0, 00).

Proof. Define f:[1,00) — (0,00) and f< : [f(1),00) — R by

flx) = F(;—l) and f<(s):=inf{y > 1: f(y) > s}

162



A.5. Explanatory calculation for heterogeneous normal mixtures

for all x > 1 and every s > f(1). Note that
F(2) ~asy 2PLy (2)7" as z — oo. (A.44)
Applying Theorems 1.4.1 and 1.5.12 of Bingham et al. [8] we can conclude from (A.44)
FT(8) ~asy S%Lg(s) as s — 00
for some slowly varying function L3 : (0,00) — (0, 00). Moreover,
T (s) = inf {y >1:s 1> F (y_l)} = inf{y >1:F! (5_1) > y_l} =

for all s > f(1). Combining the last two statements completes the proof. [ |

A.5. Explanatory calculation for heterogeneous normal

mixtures

In this section we show how easy it is to apply our tool the heterogeneous normal mixture
model by giving the proof of Theorem 5.1(iii) for 7 = 1. For this purpose we will apply
Corollary 4.25. Let y > 0 be arbitrary but fixed. First, note that

(r + 8) log(n) + log(y)

{x eR:enfn(x) >y} = (any,00) with oy, = )

Since =1+ % we obtain

NEpfin (az eER:epfn(z) > y) = nl_ﬁ(l — ®(any — 79n)) =n'’ (1 - q’(’me))a

log(n) n log(y)

2\r V2rlog(n)

It is easy to see that 7, , — oo as n — oco. Combining this and Lemma A.29 yield that

where v, , =

for some constant Cy > 0

1. _ C
Nénfn (l‘ €eR: 5nfn($) > y) ~asy T2 T’Yn,glﬁp(')/my) = Wiyn
/rL7y

10132
=17 5 0asn — .
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Consequently, (B2 normal) is fulfilled. Moreover, (B3 normal) holds for yg = 1:

Qn,1
ne2 / fo1genfa<1y AN(0,1) = nl_zﬁ/ exp(20,t — 92) AN(0,1)(t)
= nlfQﬂN(219n, 1)(—00, amp 1] exp(ﬁi)

()

1
— 1o 1)(r) + 51&}(7“) as n — oo.

1
1
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Lists of Abbreviations and Symbols

Abbreviations

(A) Condition (A), see p. 30.

(A normal) Condition (A normal), see p. 41.

(B) Condition (B), see p. 36.

(B?) Condition (B’), see p. 38.

(C) Condition (C), see p. 46.

a.s. Almost surely.

f., ff. Folio, folios following.

HC Higher criticism test.

LLRT Log-likelihood ratio test.

LLR, Test statistic of LLRT, see (3.3).

p., PP page, pages.

P-density of @ Radon-Nikodym density of @ with respect to P.

ii.d. Independent and identically distributed.
Symbols

14 Indicator function of A.

A€ Complement of the set A.

|Al, #A Cardinality of the set A.

A° Interior of the set A.

a(P,Q) Affinity of P and @, see A.12

Al ® Ag The o-algebra generated by the sets A7 x A for all A; € A; and As € As.

XA A" A ®...® A, and Q;_; A, respectively.

B,B(A),B Borel o-algebra on R, on A, on R, respectively.
B(n,p) Binomial distribution with parameters n € N, p € [0, 1].
C(f),C(n) Set of continuity points of the function f and the function

T = (=00, 7)1 (—oo,0) (%) + (2, 00)1(0,00)(2) for a measure 7, respectively.

C Complex numbers.
d(P,Q) Hellinger distance between P and @), see A.12
€2 Dirac measure centred on x.
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ess supea f ()
Exp(\)

f(t) ~asy g(t)

f':c—B

f7HA)

Ed
AN
TNy, T Y

D P
= —

w

—
1P —Qll
166

inf{K e R: N\ (z: f(z) > K) =0}.

Exponential distribution with parameter A\ € (0, 00).

The functions f and g are asymptotically equivalent, see Notation 2.18.
Inverse function of f: B — C.

Image set of A with respect to the function f: B — C, i.e.,
YA ={z € B: f(z) € A}.

kth derivative of f.

The gamma function, see (2.11).

11 and 72 are identically.

The general null and the general alternative, see (2.6).
Imaginary unity, i.e., i = —1.

Identity function idys : M — M, i.e., idpy(z) = x for all z € M.
Subsequence of N, see (4.1).

See the explanation at the end of Condition (B) on p. 36.

The distribution function of a standard Gumbel distribution, see (2.7).
Natural numbers, N = {1,2,...}.

P is absolutely continuous with respect to Q.

The product measure of P and Q.

P ®...® P, and @}, P, respectively.

The sequence (FP,,)nen is contiguous to (Qn)nen, see Definition A.24.
The sequences (P,,)nen and (Qn)nen are mutually contiguous, see A.24.
Image measure of X under P.

The probability measures P and @ are singular.

The distribution function of a standard normal distribution.

Landau symbols.

R U {—o00,00}.

Uniform distribution on the interval (a, b).

Variance with respect to the measure P, i.e., Varp(X) = [Ep(X?) — Ep(X)2.

Projection to coordinate j, see (4.5).

X and Y have the same distribution.

X is distributed according to the measure P and

the distribution function F, respectively.

max{m € Z : m < x}.

min(z, y).

y <z —yandy >z — y, respectively, see also Notation 2.18.
Convergence in distribution and in P-probability, respectively.
Weak convergence.

Variational distance between P and @), see A.12.
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