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Introduction

In this thesis we consider two nonlinear, time and space dependent systems of
partial differential equations stemming from fluid dynamics and from chemical
engineering on nonsmooth domains. While the first part is devoted to the Navier-
Stokes equations on a wedge domain, in the second part a model of heteroge-
neous catalysis on a finite cylinder is considered. The aim of this thesis is to give
an analytic approach for both systems under consideration. We show local-in-
time well-posedness results for both systems and a global-in-time result for the
catalysis model. In each case the analysis is done in the strong LP- respectively
L?-setting.

Fluid Flow in a Wedge Domain

The fundamental equations of fluid mechanics are the Navier-Stokes equations,
which describe the motion of a viscous incompressible fluid. In the continuum
mechanical derivation conservation of momentum and mass are postulated. Only
the isothermal case is considered. Therefore the fluid’s incompressibility yields
that the density is constant. In particular the mass balance equation reduces to
the divergence condition of the velocity. Hence only the balance of momentum
equation exhibits a time evolution. For an introduction to fluid dynamics and
more information on the continuum mechanical derivation see [Bat00O, TROO]
and [TMO5]. In many situations one single fluid may be described entirely sat-
isfactory. However, in many problems several phases are involved. In particular
contact line phenomena constitute three-phase problems with usually one solid
and two fluid phases. As a typical example one may think of a water drop run-
ning down glass. There the glass is the solid, the water and the surrounding air
constitute the two fluids. The contact line occurs where glass, water and air meet.
At this line a certain contact angle between the solid and the interface of the
two fluids can be measured. Usually it is not prescribed and it can be observed
that it behaves dynamically. Contact line problems occur in a vast variety of sit-
uations like ink-jet printing, liquid coating, spin coating, lubrication, painting,
condensation and generally in wetting and de-wetting phenomena. An analytic
treatment of such problems leads to a wedge domain as a prototype geometry.
This is due to a local transformation of the three-phase (liquid/gas/solid) contact
line to a wedge domain by employing a suitable Hanzawa transformation, see e.g.
[DGH™11] or Section 4 in [PSSS12]. Due to the free boundary of the fluid/gas
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Figure 0.1: three dimensional wedge type domain G = S, X R

interface, this however, usually leads to intricate quasilinear problems with dy-
namic boundary conditions in wedge domains. An analytical treatment of these
problems appears very hard. In fact, it seems only the special values of contact
angles, that is ¢y = 0,7/2, 7, could be handled so far, cf. [Sol95, FV97, SchO1].
A major objective of this thesis is to show that at least for a specific set of bound-
ary conditions the Stokes equations are well-posed on a three-dimensional wedge
for arbitrary angles ¢y € (0, 7). Note that contact line problems for the case of
Darcy’s instead of Stokes flow have been considered in [KM15] for a prescribed
contact angle. The underlying wedge problem was content of [KM13].

Let us consider the wedge problem we intend to study in this thesis. Let 7" > 0
be a fixed time and let G := S, x R denote a three dimensional wedge of angle
wo € (0,7) with

Seo 1= {(xl,xg) = (rcosp,rsing) € R%: r>0,0< < apo}.

We consider the non-stationary Navier-Stokes equations. Here we impose perfect
slip boundary conditions on the wedge G, such that the complete initial boundary
value problem reads

(( Oiu—Au+Vp+ (u-V)u = f in (0,7
divu = 0 in (0,7) x G,
vxeurlu=0, w-vr = 0 on (0,7

L u(0) = up in G.

Here v denotes the outer normal vector at 0G. Let t € (0,7) and (z,y) =
(x1,22,y) € G. For given data, here an external force f = f(¢,z) and initial
velocity field uy = ug(x) we aim to find a unique velocity field u = u(¢,z) and a
corresponding pressure p = p(t,z) — which is uniquely determined up to a con-
stant — which solve (0.1). Note that (0.1) is semilinear as the convection (u - V)u
is the only nonlinearity. Also note that the Stokes equations formally arise from
(0.1) just by omitting the convection (u - V)u.

The aim of our analysis is to prove the strong well-posedness of the Stokes equa-
tions associated to (0.1) in a weighted LP-setting and the strong local-in-time
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LP-well-posedness of (0.1) in the unweighted setting and for at least some angles
and small p-intervals close to 1. The main results of Part I are given by Theorem
3.1, Corollary 3.2 and Theorem 3.3 and may be summarized as follows:

Let the Stokes operator .Ag associated to (0.1) be defined as in Theorem 3.1. Sup-
pose that the integrability index 1 < p < oo, the weight exponent v € R, and the
angle ¢ € (0, ) satisfy a certain condition which stems from the spectral proper-
ties of Ag. Then Ag admits a bounded H*°-calculus on the y-weighted LP-space
of solenoidal fields Lt (G) with angle ¢%. < 7/2. Here the domain of .Ag con-
tains all derivatives up to order two, such that we obtain full Sobolev regularity.
Consequently, under the same condition the Stokes equations corresponding to
(0.1) admit maximal LY-regularity, again in the sense of full Sobolev regularity.
Moreover, let

5 5 2
v =0, @06(0,—7T), pe|l =z, —m | .
9 3" 3—m/po

Then on a given finite time interval the Navier-Stokes equations (0.1) admit a
unique strong LP-solution for sufficiently small initial data.

The strategy we pursue is as follows. In a first step we consider the resolvent
problem
A=Au = f in G,

vxcurlu = 0 on 0G, (0.2)
u-v = 0 on 0G,

in the Kondrat’ev space
LE(G,R?) := LP(G, |z[Vd(x1, 22, y), R?)

for appropriate v € R. (Actually in a certain subspace of L(G), see Chapter 5.)
A common approach, which is also utilized here, is to transform this system to
a layer by introducing polar coordinates and applying the Euler transformation.
The resulting transformed system then can be handled by abstract results on op-
erator sums, cf. [PG75, DV87]. In our situation we apply suitable Kalton-Weis
type theorems, cf. [KWO1]. In fact, the corresponding transformed linear opera-
tor consists of a sum in which every summand admits a bounded #*°-calculus. A
specific feature here is that some of the operators are non-commuting in the resol-
vent sense. Here we apply [PSO7, Theorem 3.1] which represents a Kalton-Weis
type theorem for the non-commuting case based on the Labbas-Terreni commuta-
tor condition, which was introduced in [LT87]. Hence the H*°-calculus transfers
to the full sum. This, in turn, yields this property to be valid for the Laplacian
related to (0.2) as well.

Priiss and Simonett already successfully applied this method in [PSO7] to the
scalar time dependent version of problem (0.2) in case of Dirichlet boundary
conditions on JG. In fact, Priiss and Simonett precisely recovered the results on
maximal regularity for the Dirichlet-Laplacian on wedge type domains obtained
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before in [Naz01] by Nazarov via direct methods based on Green’s function. The
outcome in [Naz01] also covers the case of Neumann boundary conditions.
Having the 7{*°-calculus for the Laplacian corresponding to system (0.2) at hand
we turn to the Stokes equations. This is the point where the perfect slip conditions
become essential. In fact, for this type of boundary conditions it can be proved
that the Helmholtz projection and the Laplacian commute. Thus the Stokes op-
erator can be regarded as the part of the Laplacian in the solenoidal subspace
L% (@), see Chapter 5. This immediately yields the 7*°-calculus also to hold for
the Stokes operator Ag. This in particular implies that .Ag generates a bounded
analytic C-semigroup on L% - (G) and that it has maximal regularity.

Note that the fact that Helmholtz projection and Laplacian commute in the per-
fect slip setting has already been utilized by Mitrea and Monniaux in [MMO09a]
and [MMO09b]. Indeed, in [MMO9b] well-posedness for the Navier-Stokes sys-
tem is studied in the context of bounded (graph) Lipschitz domains. For the linear
(Hodge-) Stokes operator it is proved that it is the generator of an analytic Cp-
semigroup on L? provided p is within the usual range ((3+¢)’, 3+¢), cf. [MMO09a].
Although it is the same set of equations, the outcomes of [MM09a, MM(09b] and
the underlying note are in some sense not comparable. The roughness of the
boundary forces the authors in [MM09a, MMO09b] to work in Hodge spaces (i.e.
curl u,divu € LP instead Vu € LP) which in that case do not coincide with corre-
sponding Sobolev spaces.

Finally, we exploit maximal regularity and apply the contraction mapping princi-
ple as it is commonly done to prove the stong local-in-time well-posedness result.

Heterogeneous Catalysis on a Cylindrical Domain

There is a vast variety of examples for heterogeneous catalysis occuring in in-
dustrial application of chemical engineering. For instance in contact processes
to produce sulfuric acid, the Harber-Bosch process for ammonia synthesis or the
production of high-octane gasoline. Another example are exhaust gas converters,
in particular the so called three-way catalytic converter in automobiles. In the last
examples the reduction of nitrogen oxides to nitrogen and oxygen, the oxidation
of carbon monoxide to carbon dioxide and the oxidation of unburnt hydrocarbons
to carbon dioxide and water take place.

The use of catalysis is twofold: It is employed to increase the speed of chemi-
cal reactions and it may be used to change the selectivity in favor of a desired
product. In a heterogeneous catalysis the catalyst, does not appear in the same
phase as the substrate. While the substrate is typically present in a gas or a lig-
uid, the catalyst is usually given on a solid wall, where the catalysis takes place.
Therefore it is often referred to as catalytic wall or active surface. Note that het-
erogeneous catalysis requires a high area-to-volume ratio. This is the case in
porous structures, where the smallest unit is a single pore. For more information
on such reactors see [Ari75, Lev99, Whi90].
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To get a first impression what happens during a heterogeneous catalysis we may
think about the following process: The given advection field pushes chemical
species — here the educts — into a micro pore, which we assume to be of cylinder-
like shape with circular intersection. There they are driven by diffusive fluxes and
adsorbed onto the catalytic wall, i.e. the lateral surface of the cylinder. Here the
heterogeneous catalysis, that is a chemical reaction itself takes place. The chemi-
cal products are desorbed into the bulk phase again where they are driven outside
by the advection field. So there are several mechanisms involved: advection and
diffusion in the bulk phase, and sorption, reaction and surface diffusion on the
active surface. Note that these processes underlie two different time scales: The
advection, diffusion and sorption kinetics take place far more slowly than the
chemical reaction. Also note that the sorption as well as the reaction, which may
be seen as the most interesting parts of the heterogeneous catalytic process, take
place on the surface which is in a mathematical view of interest itself. For more
information on catalysis in general see e.g. the textbooks [Mas96] or [Rot08] and
the references cited therein.

Let us briefly comment on the model of the heterogeneous catalytic process we
study in this thesis. The modeling is based on continuum thermodynamics with
several restrictions. In particular we only consider the isothermal case. After
the derivation of partial mass balances for bulk and surface molar mass concen-
trations, constitutive laws for the material dependent quantities are introduced.
Especially, we assume that the bulk and surface diffusive fluxes are governed by
Fickian diffusion with constant coefficients. An outline of the modeling is given
in Chapter 9. A related, but more complicated model is derived in the upcoming
work [BMOS]. A note on the complexity of heterogeneous catalysis modeling is
[Keil3].

We turn to the full system we intend to study. Due to the geometry of certain
mirco-pores which are similar to a cylinder with circular intersection, this seems
to be a possible choice for the underlying domain. Therefore, let us choose the
domain Q := Bgr(0) x (0,h) C R3 with an open two dimensional ball By (0)
around 0 for a radius R > 0 and a height h > 0. Throughout the thesis let
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Iy := Bgr(0) x {0} denote the bottom of the cylinder, ¥ := 0Br(0) x (0, h) the
lateral surface of the cylinder and I'yyy = Br(0) x {h} the top of the cylinder.
In terms of the heterogeneous catalytic process described above the boundary
parts ['j,, 3 and 'y correspond to inflow area through which the species are
driven inside, the active surface and the outflow area through which the chemical
products are driven outside, cf. Figure 0.2.
For N € N chemical species Ay, ..., Ay respectively their adsorbed counterparts
1,..., A}y being involved into the reaction we formulate the complete catalysis
system in terms of corresponding concentrations cy, ..., ¢y respectively surface
concentrations c7, ..., cy. It is given by

[ Oici + (u-V)ei — diAe; = 0 in (0,7) x ©Q,
e — dZAxc? = 1°P(c;, 7)) +rh(c®) on (0,T) x %,
(u-v)e; — didye; = g on (0,7) x Iy,
) —d;0y¢; = r?orp(ci, c’) on (0,7) x 03)
—d;0,c; = 0 on (0,7) x Loy,
—d70p.c; = 0 on (0,7) x 0%,
¢i(0) = co; in €,
\ c;(0) = on X,

where the index ¢ runs over i = 1,..., N as always in Part II of the thesis. Here
;™ is a given sorption rate function and r$" stands for the rate of molar mass
production due to chemical reactions. System (0.3) consists of 2NV partial dif-
ferential equations acting in (2, respectivley, on X. So this system is built up of
a diffusion-advection equation for ¢; in €2 in the first line, a diffusion-sorption-
reaction equation for ¢; on X in the second line, complemented by initial con-
ditions, and boundary conditions on each of the boundary components T,
and ['yy. On Ty, we impose a inhomogeneous Danckwerts boundary condition
, which describes the rate of mass feed through the inflow area for some given
data gi". On ¥, respectively, ',y We impose nonlinear inhomogeneous, respec-
tively, homogeneous Neumann boundary conditions, where the nonlinear bound-
ary condition on X stems from the continuum mechanical derivation of the model.
There we may derive bulk and surface balance equations at once, as well as just
look at the surface mass balance. This way we obtain an identification of the
sorption rate which gives rise to the boundary condition on . Last but not least
we ask ¢ to respect a homogeneous Neumann boundary condition on 9%. Note
that (0.3) is a semilinear problem with nonlinearities r$" and r;°", where 7" is
the only coupling term, which mixes up the different components c7, ..., c3, and
lines. As a constitutive law we choose Fickian diffusion with constant diffusivi-
ties d;,d? > 0. Note that although this special choice of diffusion on the surface
does not seem to be physically accurate enough for large surface concentrations,
however finite time blow-ups may occur in general in case di # d; for some
i,j7 € {1,..., N}, cf. [PSO0]. Among others we suppose that the given velocity
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field u is solenoidal.

We also make several assumptions on the nonlinearities 7¢" and 7;°": Besides
some regularity assumption, the sorption r;°" is supposed to be monotonically
increasing in ¢; and monotonically decreasing in ¢7. In view of r;°F = rad — yde
this reflects the following phenomelogical observation: The higher the concen-
tration of a constituent in the bulk — the more is absorbed onto the active surface
— the higher the total sorption. Analogously the higher a concentration of an ad-
sorbed species on the surface — the more is desorbed in the bulk — the lower the
total sorption. Moreover, the sorption admits linear bounds, i.e. we assume there

exist adsorption and desorption constants k29, k3¢ > 0 such that

1 0
de = sorp b ad b
—kice; <yt (e, ) < Kifei, ¢, ¢; > 0,

which seems to be quite restrictive but in particular allows for showing nonnega-
tivity of concentrations without getting too technical. This estimate applied point-
wise on ¥ implies that ;°"(0,-) < 0and 0 < r;°P(-,0). In view of r}”P = yad —pde
with positive ad- and desorption rates this may be understood as follows: If there
are no bulk species A; at the surface, there is no adsorption possible. If there are
no adsorbed species A7, there is no desorption possible. In particular a pointwise
application of the linear bounds implies 737 (0,0) = 0.

We also assume the reaction rate to admit several crucial properties which al-
low for a systematic treatment. It is well-known that a necessary and sufficient
condition providing nonnegativity of concentrations is quasi-positivity of the pro-
duction rate, see [Piel10]. In our case this assumption has to be combined with the
afore stated properties of the sorption rate in order to prove the nonnegativity of ¢;
and c?. Another essential assumption is that 7" admits polynomial growth, which
will be employed in the proof of the global existence theorem. Furthermore, we
make use of a structural condition on r"': We assume r" to admit a triangular
structure, which means that there exists an invertible matrix Q € RY*N with
strictly positive diagonal entries and ¢;; > 0 for all ¢, j = 1, ..., N such that

N
Qrf(y) < C <1 + Zw) v, y € [0,00)" 0.4)
j=1

for some constant C' > 0 and v = (1, ..., 1). Note that (0.4) is meant componen-
twise. This triangular condition has been widely studied by several authors, e.g.
[Mor89, BS98, MP92, Piel0, BFPR] and allows for a treatment of the reaction
term by a summation of different lines and an iteration over . Roughly speaking,
this condition allows for linear estimates of r$", r$h + r$h and 7§ + r$t + r$h and
so on. For 7" which is subject to (0.4), quasi-positive, and admits polynomial
growth and suitable data, a pure reaction-diffusion system of the form

&gq—diAci:rfh(cl,...,cN) i=1,..,N

on some suitable domain in R" subject to homogeneous Neumann boundary con-
ditions admits a unique global classical solution as has been shown in [Mor89].
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A typical example of a reaction rate admiting this triangular structure is a three
component system studied by Rothe [Rot84]. There the reaction rate for con-
centrations ¢ = (c},c3,c3) reads réh(c®) = o;k™(cFcy — ¢§) with sign vector
o = (—1,-1,1) and k™ > 0 denoting a reaction constant, see example (R1) in
Chapter 8.

We aim to show strong LP-local-in-time and also strong L?-global-in-time well-
posedness of (0.3). More precisely, the main results on our heterogeneous catal-
ysis model are given by Proposition 10.1, Theorem 8.1, Theorem 8.3 and may be
summarized as follows: The fully inhomogeneous linear catalyst equations cor-
responding to (0.3) admit maximal LP-regularity for all p € (5/3,00) and p # 3.
Moreover, system (0.3) admits a unique local strong LP-solution for 5/3 < p < oo
and p # 3 on small time intervals. Eventually, we show that system (0.3) admits
a unique global strong L2-solution for arbitrarily large data. The major objective
is to extend known results from reaction-diffusion equations to the more compli-
cated case of heterogeneous catalysis.

Let us outline the plan of the proofs of these results: In a first step we treat the
inhomogeneous linear problem associated to (0.3), where we employ cylindrical
LP-theory [Naul3] and solve the diffusion equations subject to Neumann bound-
ary conditions. At best of the author’s knowledge, no reference for the surjectivity
of the occuring Neumann trace operator on the cylinder with respect to maximal
regularity classes seems to be available. Therefore, we show the surjectivity —
here by a reflection in axial direction. As a consequence, we obtain the solvabil-
ity of the inhomogeneous diffusion equations — but only without the terms (u-v)¢;
and (u - V)¢;. In the next step these are treated as perturbation terms.

The nonlinear system (0.3) is then solved via maximal regularity of the linear
system and the contraction mapping principle. Nonnegativity of concentrations c¢;
and surface concentrations ¢ follows from the quasi-positivity of r', the mono-
tonicity and the linear bounds of r;”® as well as a suitable sign of the data and
u - v on the different boundary parts ['y,, 2, Toy.

In order to show the global well-posedness of (0.3) we make use of estimates
of weak type, which we state in three lemmas: a linear comparison principle to
estimate solutions against each other corresponding to their data, LP-estimates
for 2 < p < oo as well as an estimate which is proven by duality techniques and
maximal regularity, cf. [Piel0]. With these three lemmas at hand we are able
to prove the global existence theorem: To this end we assume 7% < oo, i.e. that
the maximal time interval of existence of the local L?-solution is finite, and show
that the solution stays bounded in the phase space H'(Q) x H'(X) as T — T*.
For this purpose it is sufficient to show a priori L*°-bounds for the solution on
Q7 respectively Yp. To this end we proceed as follows: In a first step we derive
Li-estimates for ¢; and ¢;|y, via the comparison principle and the weak-type L9-
estimates. In a second step we treat the surface concentrations. Here we employ
the linear bounds of 7*°'P, the triangular structure of r", as well as the nonnega-
tivity of concentrations. From the comparison principle we infer LP-L?-estimates
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for ¢ against ¢ and ¢;|y. At this point we may exploit the triangular structure
of the reaction rate by an iteration over i = 1,..., N. We combine the estimates
and infer the LP-boundedness of concentrations for sufficiently large p, such that
an argument as in [BR, Theorem 4] yields the boundedness of ¢;, ¢ in L*° ()
respectively L>°(Xr) for T < T*. Note in passing that for the application of this
last argument we employ the linear bounds of ;" and the polynomial growth of
rfh.

Let us comment on some technical difficulties and compare this thesis to other
works. In the last decades there has been a vast variety of results for parabolic
equations and reaction-diffusion equations. Usually, a lot of authors work in a
weak setting and assume a sufficiently smooth boundary of the underlying do-
main. We emphasize the special challenge which occurs in the present work
when dealing with nonsmooth boundaries and constructing strong LP-solutions.
Since, in general, a direct treatment of such problems is analytically hard, up to
now there only seem to be few works in such directions, see [NS11], [NS12],
[Naul3] for an operator theoretical approach, [Amal35] for parabolic equations,
[K6h13, Chapter 8] for Stokes equations, [Seg13] for coupled elliptic-parabolic
systems.

In the proof of the global existence theorem the treatment of the trace of ¢; on the
surface requires a special effort, since an estimation needs some extra regularity.
This is also the point, where a pure L?-energy approach, without having L>- a
priori bounds at hand, fails. Also in this view, the surface-bulk-coupling of the
system is mathematically a special challenge.

The maximal regularity classes we employ for the surface concentrations and
for the corresponding data are mainly used due to the ‘weak’ coupling which
vanishes completely in the discussion of the linear equations. There we are free
to choose the same regularity for ¢ on the boundary as in the domain for c;.
Note that in general for stronger coupled systems, admitting an evolution on the
boundary, other regularity classes are used [DPZ08].

Note that the treatment of the triangular structure is similar as for instance in
the proof of Theorem 3.5 in [PielO] or in [BFPR]. However, in contrast to
[Pie10, BFPR], the problem considered here is more involved since reaction and
sorption have to be treated simultanuously and the full system does not decom-
pose into a pure ¢; and a pure ¢ system in any step of the derivation of a priori
L°°-bounds.

Overall there seem to be only a few notes considering related models. In [KOO0],
the existence of a unique weak L'-solution is proved. In [MS06], the case of fast
sorption is considered. See [HJ91] for scale-reduced models which are in partic-
ular interesting in porous media. Another work on the existence of time-periodic
solutions of heterogeneous catalysis itself is [BotO1].
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Structure of the Thesis

This thesis consists of two major parts, Part I (Chapter 3 - 7) contains the analysis
of the Stokes- and Navier-Stokes equations subject to perfect slip boundary con-
ditions on three-dimensional wedges and Part IT (Chapter 8 - 12) is devoted to the
catalytic model from above and its analysis. Part I is based on the joint work with
Jiirgen Saal [MS14], while the content of Part II is based on the joint work with
Dieter Bothe, Matthias Kohne und Jiirgen Saal [BKMS]. Before starting with
Part I we provide the reader with necessary and useful preliminaries in Chapter
1 and as a preperation we take a close look on the relevant operator theory in
Chapter 2.

Part I:

Part II:

10

In Chapter 1 we fix the basic notation and collect some general results on
fundamental theorems and auxiliary statements which we use throughout
this thesis. Chapter 2 is devoted to operator classes, maximal regularity
and operator sums. There we give an introduction to the functional analytic
framework which we employ in the analysis of the linear equations in Part
I and Part II. We state some important results which we apply in Chapter
5 and Chapter 10 and also have a look on the relations of the individual
introduced notions. In particular we give a short motivation of the concept
of operator sums.

In Chapter 3 we give the main results of the analysis of the Stokes- and also
the Navier-Stokes equations subject to perfect slip boundary conditions on
wedge domains. In Chapter 4 the transformation of the wedge problem
in weighted spaces to the layer problem in unweighted spaces is carried
out completely. In particular, we compute the resulting operator originat-
ing from the Laplacian. In Chapter 5 we decompose it ‘cylindrically’ with
respect to the coordinates of the obtained layer. These obtained ‘intersec-
tion operators’ are analyzed separately and then are summed up again. By
the results stated in Chapter 2 we then derive a bounded H°°-calculus of
the transformed Laplacian. This result for the Laplacian carries over to the
Stokes operator thanks to perfect slip boundary conditions as is shown in
Chapter 6. Chapter 7 gives a local-in-time result for small data on arbi-
trary given finite time intervals for an admissible combination of angles ¢,
weights v and a corresponding range of p.

Chapter 8 collects the main results of the analysis of the heterogeneous
catalysis model considered in this thesis. In Chapter 9 an outline of the
derivation of the underlying catalysis model is given. We show that this
model arises from two kinds of mass balances — one for concentrations in
the bulk phase and one for adsorbed surface concentrations of the involved
chemical species. Chapter 10 is devoted to the study of the linear version of
the catalyst equations. We give a rigorous analysis by starting with the ho-
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mogeneous diffusion equations subject to Neumann boundary conditions,
where again the collection of functional analytic theory presented in Chap-
ter 2 is applied. After having proved the surjectivity of the Neumann trace
operator, a perturbation argument yields maximal regularity of the fully
inhomogeneous linear catalyst equations. Based on this linear result, we
obtain the local-in-time well-posedness of the catalyst equations for small
times and arbitrary data by the contraction mapping principle in Chapter 11.
Besides this we also prove nonnegativity of solutions in Chapter 11. Finally
Chapter 12 contains the proof of the strong L?-well-posedness globally in
time. In the first half of Chapter 12 we prove three main auxiliary results:
comparison principles, LP-estimates, and estimates based on a duality ar-
gument. Ultimately the proof of the global existence theorem is based on
L*>-estimates and given in the second half of Chapter 12.

We close this thesis by summaries in English and in German.

11
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Chapter 1

Preliminaries

1.1. Basic Notation

Let us fix the basic notation. By N = {1,2,3,...} we denote the natural numbers
and denote Ny := N U {0}. The symbols Z,Q, R, C stand for integers, rational,
real and complex numbers respectively.

Throughout this thesis we employ the following standard symbols for partial
derivatives and differential operators: Let 7' > 0 be given and let 2 C R" be
a domain. For a suitable function f : (0,7) x 2 — R we denote the time deriva-
tive of f by 0, f and the derivative with respect to the space coordinate x;. by 0, f
for k = 1,...,n. We employ multi-index notation, i.e.

o%f =0y ...0x" f, a e Nj.

The gradient of f is given by Vf = (04, f, ..., 9, f), while the divergence for a
suitable vector field F': (0,7) x © — R" is defined via

n
div F = Z Oy, F.
k=1

Finally the Laplacian of f is defined by

Af = En:agkf.
k=1

In the same manner but understood componentwise we define AF'. For n = 3 and
F :Q c R? — R3 we also employ the three-dimensional curl which we define as

angS - 8I3F2
curl F:= | 0y, F — 0y, F3
8{1’1F2 - a.IJQFl

Similarly we employ the vector product a x b for a, b € R3. The normal derivative
of a function u : 2 C R"™ — R" shall be denoted by d,u. Moreover, when dealing
with Cauchy problems the time derivative of u = u(t) is also denoted by 1.

Let X be a Banach space. Then the norm of X will be denoted by | - || x. For
1 < p < o and a measure space (S, %, u), we write LP(S, u, X) for the usual

13



1. Preliminaries

Bochner-Lebesgue space. If Q@ € R” and p is the (Borel-) Lebesgue measure,
we also write LP(Q, X). The symbol W"?(Q, X) denotes the X-valued Sobolev
space of order k € Ny, where WP := L. It is defined through

WhP(Q, X) = {ue LP(Q,X): 0% e LP(, X) (a € NZ, |a| < k)},
where its norm is given by

1/p
(S 10l 0 x)) o <00,

maxX|q|<k |0 pe,x) P = 00

[ullwer,x) =
For sake of convenience we also employ H* := W*2. For s € (0,00) \ N let
W3 (€, X) denote the X-valued Sobolev-Slobodeckij space, where
W;(Q,X) = {u € LP(Q, X): HUHW;(Q,X) < oo},
and for s = k + A with £ € Ny and X € (0, 1) the norm reads

1/p

|0°ur) — 0*uly)
lullws(@.x) = lullwrr@x + | S / / T
lel=kq

provided p < oco. We also introduce corresponding spaces for negative k£ and
s respectively as the dual spaces. In the same manner we employ C™ for m-
times continuously differentiable functions, and BC™ for those with bounded
derivatives up to order m € Ny. The space of smooth X-valued functions is
given through C>(Q, X) := (;—; C*(€2, X). In order to introduce some auxiliary
results in this chapter we also use the symbol C** for the usual Holder space
with k£ € Ny and A € (0,1) and analogously BC*+. They are defined in the same
manner as Sobolev-Slobodeckij space introduced above. Moreover, we need zero
time trace spaces which we define in the same manner as all other spaces occured
so far. The X -valued Sobolev-Slobodeckij space with zero time trace for instance
is given as

OW;((()?T)?X) = {Ci S W;((O’T>’X) : Ci|t=0 = 0} (1.1)

with s € (0,1) and sp > 1. We employ this notation for all appearing spaces
whenever time traces make sense.

We work with the duality product in several spaces as e.g. with respect to LP and
L¥ with 1/p + 1/p' = 1. Tt will be denoted by (-, -),,s. If no confusion is possible
we leave away the index.

For given Banach spaces X, Y the space of bounded linear operators from X to
Y shall be denoted by Z(X,Y), where Z(X) := Z(X,X). The subclass of
isomorphisms is denoted by .Zjs(X,Y) or .Z;5(X), respectively. The space of all
real analytic functions from X to Y shall be denoted by C*¥(X,Y’). If A is a linear

14



1.2. Useful Results

operator in X then D(A), R(A) and N(A) stand for its domain, range and kernel
respectively, where o(A), 0,(A) and p(A) mean its spectrum, point spectrum and
its resolvent set. For a closed subspace Xy of X we define the part Ay of A in Xy
by

D(Ap) :={r e XoNnD(A) : Az € Xo}, Apz = Ax.

We write X = Y if the spaces X and Y are isomorphic, i.e. there exists a linear
and bijective map ¢« : X — Y which is continuous with respect to the norms of X
and Y and admits a continuous inverse. Note that in case X, Y are Banach spaces
the continuity of :~! follows by the continuous inverse theorem.

Suppose {X, Y} is an interpolation couple. By (X, Y")g, we denote the real inter-
polation space with parameters ¢ € (0,1) and p € [1,00]. By [X, Y]y we denote
the complex interpolation space with parameter § € (0,1). An introduction to
interpolation theory can be found in [BL76].

Note in passing that the Sobolev-Slobodeckij space introduced above via integral
norms coincides with a real interpolation space. That is for s € (0,00) \ N and
s=Fk+ Awithk € Nand X € (0,1) the representation

W39, X) = (WHQ, X), wh(Q, X))

),

holds true.

All appearing constants, e.g. C, M > 0 denote generic constants which may vary
from line to line, as long as it is not pointed out otherwise.

Note that further notation which is only employed in Part I respectively Part II
is introduced in Section 3.1 respectively Section 8.1. Occasionally, we introduce
some extra notation where it is needed. For convenience a list of symbols is
added at the end of this thesis. In particular, it contains all maximal regularity
spaces and operators we use throughout this thesis.

1.2. Useful Results

In this section we collect some useful results. Among others we give important
embedding and also trace theorems.

We frequently employ embedding theorems, in particular Sobolev embedding
theorems also of anisotropic type. The following propositions are given in [AF03,
Theorem 4.12] and [Ama09, Chapter 3]. Let us first give the definition of class
HT.

15



1. Preliminaries
Definition 1.1 Let X be a Banach space and let f € . (R, X'), where

(R, X) = {u ceC®MR,X): max sup|zuP(2)]x <o (N e N)} :
a,ﬁé{O,...,N} z€R

Hf(t) = \/%?L% / @d&

|s|>e

Then X is of class HT, if there exists ap € (1,00) such that H € Z(LP(R, X)).

Set

Note that all LP-, W*P- and W, -spaces for 1 < p < oo are of class HT, [KWO04].
Now we are able to state

Proposition 1.2 (Sobolev embedding theorem) Let F; = W*? if s is an integer
and F; = W, otherwise.

(i) Let Q2 C R™ be a domain satisfying the cone condition. Let 0 <t < s < o0
and 1 < p < ¢ < oo such that

s— sy (1.2)
D q

Then the embedding F;(2) — F.(Q2) holds true.
If't is a nonnegative integer, i.e. t = k + X\ with k € Ny and \ € (0, 1), and

s— sy (1.3)
p

then F3(Q2) — BC*(Q) holds true.

(ii) Let X be a Banach space of class HT and suppose T' > 0. Moreover, let
l1<t<s<ooandl < p < q < oo satisty (1.2) for n = 1, then the
embedding F;((0,T), X) < F;((0,T), X) holds true.

If t is a nonnegative integer, i.e.t = k + A with k € Ny and \ € (0, 1), and
(1.3) is satisfied for n = 1 then
F5((0,T),X) < BC*([0,T], X) holds true.

We continue with anisotropic embeddings which are content of [Ama09, Chapter
3] by H. Amann, in particular of Theorem 3.3.2, Theorem 3.7.5 and Theorem
3.9.1 therein. Note that we do not use the fact that Amann considered the vector
valued case.

Proposition 1.3 (Anisotropic embedding theorems) Let 2; € R™, Qs C R™ be
domains satistying the cone condition. For the parabolic weight vector w = (2, 1)
letw - n = 2ny + ng. Let Fj = W*P if s is an integer and F; = W, otherwise.

(i) Suppose 1 <p<g<oocand0 <t < s < oo and that

s— 2 T>p 2T (1.4)

16



1.2. Useful Results

Then the embedding
F5? (S0, P () N L (1, F (22) = Fyl (0, L(Q2)) 0 LU, Fi(22)
holds true.

(i1) Suppose 1 < p < oo and 0 < s,t < oo, such that t is a natural even number
with
w-n
s>t+ ——.
p

Then the embedding
]—";/2(91, LP(Q9)) N LP(Q, Fp(22)) — Ct2(Q1, C(Q)) N C(Q, CH(Q))
holds true.
Occasionally we require some embeddings respectively corresponding estimates
with constants being independent of 7. In particular such estimates are employed

in Part IT in the proof of the local existence theorem. The following two lemmas
provide necessary results.

Lemmald [etl <p<o0,0<s5<1,0<T < T < ooandX be a Banach
space. Set
E(T) € {L4((0,T), X), Wg((0,T), X)},

such that there is a continuous embedding W;((0,T"), X) < E(T") for a certain
q € (1,00). Let us denote the zero time trace space of E(T') by (E(T), i.e. we
have ¢ E(T) = L9((0,T),X) or o E(T) = ¢W/((0,T),X). Then for all T € (0,1")
there is a continuous embedding

oW, ((0,7), X) = o E(T)

whose embedding constant does not depend on T'.

Proof. Forafixed T € (0,7") let o&7 denote the extension operator from [PSS07,
Proposition 6.1]

ofr : oW ((0,T),X) = oW ((0,T), X),

where s € (0,1). Its norm does not depend on 7. Moreover, let Ry denote the
restriction operator

RT : OW;((O,T/),X) — OWPS((O,T),X).

Then the commuting diagram

OW;«O? T), X) L OW;((OJ T/)v X)

| |

0E(T) 0E(T")

Rr

17
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implies the assertion. Because of the embedding oW} ((0,7"), X) — oE(T") the

embedding constant of

in general depends on 7" but not on 7. [

Lemma 1.5 Let X be a Banach space and 0 < T' < oo. For s > 1/p — 1/q not an
integer and q > p the following statements hold true.

(i) We have
oW5((0,T), X) — LI((0,T), X) = LP((0,T), X).
Moreover, for all u € oW, ((0,T), X) the estimate

[ull zo(o0,7).x) < CT[ull yws ((0.1),x)

is valid for a constant C' > 0 and an exponent n > 0 both being independent
of T

(ii) Let s € (0,1). For a q € (1,00) chosen sufficiently close to p lete > 0 be a
number satisfying 2/p —2/qg < e < s. Sett :=s+1/p—1/q—¢c € (0,1).
Then we obtain the embedding chain

oW ((0,T), X) = oW, ((0,T), X) = ¢W5*((0,T), X).

In addition to above, suppose T' € (0,1). Then for all u € ¢W,((0,T), X)
the estimate
lellowrz <0y, < CT ullyws (0,1, x)

is valid for a constant C' > 0 and an exponent n > 0 both being independent
of T.

Proof. (i): Firstly, for ¢ > pand 1/p = 1/q + 1/¢ Holder’s inequality yields

T 1/p T ¢ , r 1/q
Jrarar) < { farae] | frgar] = o
0 0 0
Therefore we may estimate
lwllze (o), x) < T ullLago,7),x) (1.5)

forn:=1/p—1/¢>0.
Secondly, Sobolev’s embedding theorem yields for s > 1/p — 1/q

W3 ((0.7), X) = L9((0,T'), X)
for 77 > T. An application of Lemma 1.4 yields

OW;((OaT)ﬂX) - L%(O,T),X),

18
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where the embedding constant C' > 0 is independent of 7", but may depend on 7".
Therefore

[ull Lo 0,17, x) < CTM[ull yws ((0.1),3)-
(i1): We proceed similarly to the proof of (i). Let u € oW },((0,7), X). Firstly, we
estimate the two summands in

1/p

T T|
X
el om0 = Ilzsgomsn + | [ [P aras
0 O

separately. The first summand has already been estimated in (1.5). For the second
one, we also employ Holder’s inequality with 1/p = 1/¢ + 1/¢’. We have

1/p 1/p

T T
lu(r) — u(o)|l% lu(r) = u(@)llx )"
‘7- _ O.|1+ s—e)p drdo o |7- _ J|1/p+ s—¢) drdo
0 0
T 1/q
< 19 drdo Hu Gl drdo
o |7‘—0‘|Q/p+ s—e)q
0

0

TT|

— 72/q X

- | [ [ e
0 O

witht = s+ 1/p—1/¢ —e due to q/p = 1 + q/¢". We may add the esimtates of
both terms and conclude

1/q

lwllyws=—=(0.m),x) < T ullywe0.1),x) (1.6)
withn:=1/p—1/¢ > 0since T € (0, 1). This is the fact that
t s—
W, ((0,T), X) = W;=((0,T), X) (1.7)

holds. Note that although ¢ > p by assumption, estimate (1.6) and embedding
(1.7) remain valid since (0,7) is of finite length, cf. [AF03, Remark 4.13]. Due
to the choice of ¢ the Sobolev indices satisfy s — 1/p >t — 1/q and hence

WE((0,7), X) — W((0,T"), X)

holds for 7”7 € (T, 00). Thanks to Lemma 1.4 the embedding constant of
OW;<(07 T)7 X) — OWf]((O? T), X)

does not depend on 7' < T". In view of (1.6) we infer

lullyws=—=(0,m),x) < CTullows (0.1),x)

with a constant C' > 0 and an exponent 1 > 0 both being independent of 7. [
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1. Preliminaries

A useful result for Sobolev spaces on domains 2; x 9 is given by the next
Lemma.

Lemma 1.6 Let1l < p < oo and 0 < s < co. Moreover, let Q; c R™, Qs C R™
be domains. Let F; = W*P if s is an integer and F,; = W otherwise. Then
f;(Ql X Qg) = f;(Ql, LP(QQ>> N Lp(Ql,f;(Qg))

holds true in the sense of equivalent norms.

Proof. 1f s is an integer the claim follows by writing down the norms. The case
s € (0,00) \ N is contained as a special case in [Ama09, Theorem 3.6.3]. []

In the discussion of inhomogeneous boundary values in Part II suitable trace
operators for maximal regularity classes need to be studied. To this end, we
employ the following result, which is content of [Mar87, Theorem 2].

Proposition 1.7 (Trace theorem) Let 2 be a bounded or unbounded Lipschitz
domain. Suppose 1 < p < occands >1—1/p. Incase s —1/p > 1 suppose in
addition that ) is a C**-domain and k + \ > s — 1/p. Moreover, suppose s — 1/p
is not an integer. Then the mapping

-1
Tr - () — [[ w7 (0
j=0

is a surjection and admits a bounded linear right inverse, where F,; = W*P if s is
an integer and F; = W, otherwise.

In the proof of the local existence theorem in Part II of this thesis we employ map-
ping properties for Nemytskij operators acting on Sobolev-Slobodekij spaces.
See Section 3.1 in [Sic96] for the following result:

Proposition 1.8 Let0 < s < land1 < p < oco. Letg : R — R be sufficiently
smooth.
(1) Suppose W — L. Then the following assertions are equivalent:

o g: W5 —W,.
e There exists a constant C' > 0, such that
lg © dllws < Cllg || Lo (amn)) |0l
holds for all ¢ € W (R").
e g(0)=0and ¢ € L2 (R).
(i) Suppose W &+ L>°. Then the following assertions are equivalent:

o g: W5 —W,.
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e There exists a constant C' > 0, such that

lg o ¢llw; < Clig'llz=lldllw;

holds for all ¢ € Wji(R").
e g(0)=0andg € L.

In order to prove the local existence result in Part IT we also employ

Lemma 1.9 (Mean value theorem — integral representation) Let X,Y be Banach
spaces and let K C X be convex and f € C1(K,Y). Then

1

flu)— f(v) = /Df[tu+(1—t)v]dt (u—v) (u,v € K).

0

Moreover, the estimate
1 (u) = f()lly < sup [Df[w]llzxyyllu—vlx  (u,veK)
weK
holds true, where D f denotes the Fréchet derivative of f.

For the proof of the local-in-time results in Chapter 7 and Chapter 11 we employ
the contraction mapping principle.

Proposition 1.10 (Contraction mapping principle) Let (M, d) be a complete met-
ric space and suppose the map ® : M — M is a contraction, i.e. there exists a
6 € (0,1), such that

d(®(x), ®(y)) < Od(z,y)  (z,y € M).
Then ® admits a unique fixed point xg € M, i.e. ®(xg) = xg.

The global-in-time existence result in Part II makes use of LP-estimates, where
Gronwall’s inequality is required. It reads

Lemma 1.11 (Gronwall inequality) Let T' > 0 be given and let ¢ € L'(0,T) be
nonnegative and satisfy a.e. the integral inequality

t

o(t) < Cy /go(s)ds +
0

for constants Cy,Cy > 0. Then
p(t) < Ca(1+ Crte™)

holds for a.e. t € (0,T).
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Chapter 2

Operator Classes, Maximal
Regularity and Closedness of
Operator Sums

In this chapter we give basic definitions and important results on operator classes
used throughout this work. In particular, we introduce the notions of sectoriality,
bounded H°-calculus and bounded imaginary powers. For a comprehensive in-
troduction to these concepts we refer to [DHP03, KW04] and [Haa06]. We give
some results on the relationships of these operator properties and in particular
illuminate the link of the corresponding angles.

We introduce maximal regularity in the setting of Cauchy problems and concen-
trate on the connection to the operator properties introduced before.

Having the standard results at hand we put the focus on the operator sum method
which we employ in Chapter 5. For more information on this topic, see [DV87,
KWO01, PSSO07].

2.1. Operator Classes

Let us start with the notion of sectoriality for which we refer to [DHPO3]. Let
¢ € (0, ) be fixed. We denote the complex sector of angle ¢ by

Yo ={2€C: 2#£0, |arg(z)| < ¢}.

Definition 2.1 A closed linear operator A in a Banach space X is called sectorial,
if

(i) D(A) = X, R(A) = X,

(ii) (—00,0) C p(A) and there is a ¢ > 0 such that ||t(t + A)~!| ¢ (x) < ¢ for all
t > 0.

In this case it is well-known (Taylor expansion), that there exists a ¢ € [0, ) such
that the uniform estimate in (ii) extends to all A € ¥,_,. We call

A :=inf{¢: p(=A) D Xr_y, ,\Sgp 1A+ A) 7 2(x) < o0}
Clin—g
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the spectral angle of A. The class of sectorial operators is denoted by S(X).

It is well-known that in case A € S(X) with ¢4 < 7/2 then —A generates a
bounded holomorphic Cy-semigroup on X. Note that the density of R(A) in X in
Definition 2.1 implies that A is injective. The following statements can be found
in [Haa06, Proposition 2.2.1].

Proposition 2.2 Let A be a sectorial operator on a Banach space X .
(a) N(A)N R(A) = {0}, i.e. density of R(A) implies N(A) = {0}.

(b) If X is reflexive it follows that X = N(A) & R(A).

We turn to the notion H*-calculus. For a comprehensive introduction to this
concept we refer to [DHP03, KWO01, KW04, Haa06].

For o € (0, 7) we define
H*(Xs) :={f:3; — C: fholomorphic, ||f||c < oo}

where
[ flloo :=sup{|f(2)| : 2 € X5}
For p(z) := z/(1 + z)? we define the subalgebra

Ho(Xe) :={f € H*(E,): C,e > 0Vz € X, : |f(2)] < Clp(2)|7}.

Let A be a sectorial operator in X with spectral angle ¢4. Let 0 € (¢4, 7) and
0 € (¢4,0). The path

T ={te”: co>t>0}U{te ™ : 0<t< o0} (2.1)

stays with the only possible exception at zero in the resolvent set of A. Note that
I" is oriented counterclockwise. It may be shown that due to Cauchy’s integral
formula and the sectoriality of the operator A

F)i= 5 [ F0n = A 2.2)
I

is a well-defined element of .Z(X) for every f € Ho(X,). Formula (2.2) gives
rise to the algebra homomorphism

Da:Ho(Xs) = Z(X), [ f(A), (2.3)
called Dunford calculus. We extend ® 4 to f € H>*(X,) by
FA) = p(A)Hpf)(A),  D(f(A) = {z € X : (pf)(A)z € D(A) N R(A)},

which gives rise to a closed and densely defined operator in X which may be
unbounded in general. This definition is compatible to the one above in case
f € Ho(X,) (Cauchy’s Theorem, resolvent identity). Let us introduce the notion
of a bounded H*>°-calculus, which goes back to McIntosh [McI86].
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Definition 2.3 Let A € S(X). The operator A is said to admit a bounded H>-
calculus on X, if there exists o > ¢ 4 such that ® 4 given in (2.3) is bounded (with
respect to the topologies on H*>(X,) and (X)), that is there exists a C, > 0,
such that

F(Allzx) < Collflle (f € Ho(Xs))- 2.4)

We denote by H°(X) the class of operators admitting a bounded H*°-calculus
on X. The number

¢% = 1inf{o € (pa, ) : (2.4) holds}

is called H*>°-angle of A.

Remark 2.4 The boundedness as it is given in (2.4) is equivalent to require
|F)llx) < Co forall | € Ho(S,) with ||l < 1.

Let us give a reformulation of the integral representation given in (2.2).

Lemma 2.5 Let X be a Banach space, T' € H*°(X) and let ¢ € (¢, 7). Then

h(T) = 2% / @T(A — 7))~ tdA (h € Ho(Zy)), (2.5)
I

where I' denotes the path in (2.1).

Proof. Let ¢ € (¢, ) and let 01,62 € (¢, ¢) with ) < 02 and 0 < 9 < 7. For
k=1,2set

Ty o={te® 1 co>t > U{re®: 0, > o> —0,}U{te ™ . 1, <t < oo},

such that I'; stays on the right hand side of I's. Let Iy denote the right-hand side
of (2.5). Then

Iy —L/@ L/M(M—T)_ldﬂ (A —=T)"'dx

271 271
Fl FQ

and due to the resolvent identity we have

(=NA=T) =Ty ' =(A=T)" = (u-17)""  (AeTypely).
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Therefore

1 h(\ _ _
b= / / P 3 1) = 1)

I'y I's

1 h(A
~w | [ - T

I'y Tz
1 h(\ _
- (2m)2//x(,5 _)MA)“(“_T) dud

I'n I's

1 h(N) [ 1 i _1
S [ CSAVAY [ T O S AR
27ri/ \ 27ri/u—)\ | A=T)

Fl FQ

PR L/—h()\)/AdA (1 —T) " dp.

211 2mi A—p
Iy N I

-~

=:J (1)

By Cauchy’s theorem indr, (\) = 1 and indp, (1) = 0 yield I(A\) = Aand J(p) = 0.
Hence by taking the limit r1, 79 — 0 the assertion follows. [

It is well-known that, if A € H*°(X), then &4 extends to a bounded algebra
homomorphism from H*°(3,) to Z(X) for o > ¢%, cf. [KWO04]. That is (2.4)
holds true for all f € H>(X,). This is due to the so called Convergence lemma,
see e.g. [Haa06, Proposition 5.1.4].

Lemma 2.6 Let A € S(X) and o € (¢4, 7). Suppose (hy)n, C H*(X,) be a se-
quence with sup,,cy ||hn|lcc < 0o and that h(z) := lim,,_,« hy,(2) exists pointwise
ony,.
If sup,en [|hn(A)l| 2(s) < oo, then h(A) € Z(X) and hy(A)x — h(A)x for all
x e X.

We turn to another important class: operators admitting bounded imaginary pow-
ers. Again we refer to [DHP03, KW04, Haa06].

Definition 2.7 Let A € S(X). Then A is said to admit bounded imaginary powers
f;s € Z(X) forall s € R and if there exists a constant C > 0, such that
|A®| gx) < C (Is| <1).
The class of such operators shall be denoted by BZP(X ). The number
0 := limsup % log [| A" 2 x)

|s|—o0

is called power angle of A € BIP(X).
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2.1. Operator Classes

The relationships between H°°-calculus, bounded imaginary powers and sectori-
ality

H™(X) CBIP(X) CS(X),  da<04<o} (2.6)

hold true. To see this we make use of the following characterization of bounded
imaginary powers. An operator A admits bounded imaginary powers if and only
if there exist a constant A/ > 1 and a number 0, such that

|A™ || g(x) < Mefls! (s € R). (2.7)

The power angle may be characterized through 64 = inf{6# : (2.7) holds}, see
[DHPO3]. Then for s € R and ¢ € (0,7) we consider the imaginary power
function f : ¥, — C, f(2) := 2. From

‘f(Z)‘ _ ’Zis‘ _ |eislogz‘ _ e|s|arg(z) < ea|s\ (Z c Za)
we infer || f||o < e°*l and consequently 64 < ¢%. Hence (2.6) follows.

By a well-known result the BZP(X) property of A allows for a description of
the domain of fractional powers D(A®) for 0 < a < 1 by means of complex
interpolation, see e.g. [Tri78]. Let

Xo = (DAY - lla): lzlla = llzllx +1A%]x (0 <a<1).
Then by [DHPO3, Section 2.3]
DA CcX,CX 0<a<l)

and we have

Proposition 2.8 Suppose A € BIP(X) andlet0 < o < 1. Then X, is isomorphic
to the complex interpolation space [ X, D(A)],.

A proof of Proposition 2.8 can be found in [Tri78] or [Yag84]. See also [See71].

Remark 2.9 The statement of Proposition 2.8 is false in general if A is ‘only’
sectorial even in case X is a Hilbert space. This follows e.g. from [Are04, 4.4.10
Fractional powers and BIP] in combination with [Ven93], see also [MS00].

We turn to the R-bounded versions of sectoriality and holomorphic functional
calculus. For an introduction of R-boundedness see [DHP03, KW04]. The R-
boundedness of a family of operators is stronger then the uniform boundedness
with respect to the operator norm and allows for a characterization of maxi-
mal regularity of a Cauchy problem due to celebrated results by Weis, [Wei0Ola,
WeiO1b] (see next section).

Definition 2.10 (R-boundedness) Let X and Y be Banach spaces. Then a family
of operators
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2. Operator Classes, Maximal Regularity and Closedness of Operator Sums

T C Z(X,Y) is called R-bounded, if there are a constant C' > 0 and ap € [1, 00),
such that for all N € N, T; € T, z; € X, and all independent symmetric {—1,1}-
valued random variables €; on a probability space (2, M, P) forj =1,...,.N we
have that

N N
| Z ezl ry) < C Z £j%5 v (00, x)- (2.8)

j=1 J=1
The smallest C' > 0 such that (2.8) is satisfied is called R-bound of T and denoted
by R(T).
Based on the notion of R-boundedness we introduce R-sectoriality.

Definition 2.11 A sectorial operator A € S(X) is called R-sectorial if there
exists an angle ¢ € (0,7) and a constant Cy > 0, such that

R{AMAN+A): Nen4}) <Cy. (2.9)
The class of R-sectorial operators is denoted by RS(X). The number
o :=inf{¢ € (0,7) : (2.9) holds} (2.10)
is called R-angle of A.
We have ¢4 < ¢7j. Similarly, we introduce the notion of R-bounded #H°°-

calculus:

Definition 2.12 Let A € S(X). We say that A admits an R-bounded H>-
calculus, if there exists a o > ¢4, such that f(A) € ZL(X) for all f € Ho(Xs)
and if there exists a constant C,, > 0, such that

RES(A) - feHo(Es), [fllee <1}) < Co. (2.11)
The number
5> = inf{o € (¢a,7): (2.11) holds}
is called RH>°-angle of A.

A wide range of operators are known to admit a bounded #“°-calculus or even
an R-bounded one. Let us have a look at some examples:

Example 2.13 (a) In Hilbert spaces linear m-accretive operators admit an R-
bounded H*°-calculus.

(b) A classical example is given by the Laplacian A; := —A in LP(R"™) for
1 < p < oo with domain D(Ap) = W2P(R"). It is well-known that
A € RH*(LP(R™)) with qbﬁfo = 0. This follows by Fourier transform
and application of the Mikhlin multiplier theorem to estimate the Dunford
integral.

(c) Another more general example is given by parameter-elliptic operators in
LP(R™, X) for a Banach space X of class HT and 1 < p < oo, see [DHPO03].
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2.1. Operator Classes

(d) In some situations also the Stokes operator Ag as e.g. in halfspace subject
to Robin boundary conditions is known to admit a bounded H*°-calculus
with %, =0, cf. [Saa03].

In the abstract results applied below the notion of of property («) for Banach
spaces appears. Let us give its definition. For more information we refer again to
[DHPO3, KWO01, KW04]. Here we only remark that reflexive L spaces and their
closed subspaces, hence all crucial spaces used in this thesis, enjoy this property.

Definition 2.14 (Property («)) For a probability space P let Ep denote the set
of all independent symmetric {—1,1}-valued random variables on P. A Banach
space X admits property («) if there exist probability spaces P = (2, M, P),
P = (Y,M P, p e [l,c0) and a constant o > 0, such that for all N € N,
zir € X, a5, € C, laj| <1, and (¢5)j=1,..N C Ep, (6} )k=1,..N8 C Ep: the estimate

N N
I Z €j€§€ajk$ijLp(QxQ',X) < af Z 5j5;<;xjk”LP(Q><Q’,X)
Jik=1 Jik=1

holds.

Let us give some known results in case X is of class H7 or admits property ().
The following proposition can be found in [CPO1].

Proposition 2.15 Let X be a Banach space of class HT and suppose A € BIP(X).
Then A € RS(X) and ¢%} < 04.

Altogether, we obtain the following inclusion chain for a given Banach space X
of class HT:

RHX(X) C HX(X) C BIP(X) C RS(X) C S(X). (2.12)
The corresponding angles satisfy
o4 < Of <04 < oY <o (2.13)

A result on the equality of angles is given in [KWOI, Proposition 5.1]. Here no
restriction on the underlying Banach space is required:

Proposition 2.16 Let X be a Banach space. If A € H*>(X) N RS(X) then we
have ¢ = ¢.

In [KWO04, Remark 12.10] the equivalences of H*°-calculus and RH*°-calculus
is given in case we additionally assume that X admits property («):

Proposition 2.17 Let the Banach space X enjoy property («). Then A € H*(X)
if and only if A € RH*>°(X). In this case ¢ = ¢¥>°.
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2. Operator Classes, Maximal Regularity and Closedness of Operator Sums
2.2. Maximal Regularity

In this section we define the notion of maximal regularity of a Cauchy problem,
that is of the corresponding operator A, respectively. For more information on
this topic see again e.g. [DHPO3] and [KWO04]. We give sufficient criteria for
maximal regularity in terms of the operator properties introduced above and also
give a famous characterization by Weis. Maximal regularity needs to be defined
rigorously since several different notions appear even in closely related literature,
such that this term may differ from author to author. We consider the Cauchy
problem

(2.14)

W+Au = f in J=(0,T),
uw(0) = wup,

with 7' € (0, o] for a closed and densely defined operator A : D(A) — X and
data f and ug.

Definition 2.18 Let 1 < p < oo, let X be a Banach space and J = (0,T) for
T € (0,00]|. Suppose A is closed and densely defined. Then A is said to admit
maximal LP-regularity on X for J if for each f € LP(J, X) and each initial value
ug € Ip(A) :== (X, D(A))1_1/p, there exists a unique solution u : J — D(A) of
(2.14) satisfying

ullwre(g,x) + AUl o x) < C (1 e, x) + luollz,a) (2.15)

with a constant C' > 0 independent of f,uy. We denote the class of operators
which admit maximal LP-regularity for J by MR (X).

Note that due to [Sob64] the class MR (X) does not depend on p. If A admits
maximal LP-regularity for a p € (1,00) then for all p € (1,00). Therefore it
remains meaningful to speak of ‘maximal regularity’ only instead of ‘maximal
LP-regularity’.

Remark 2.19 Maximal regularity of A in the sense from above means that

<8t—|-A

- ) cWWP(J, X) N LP(J, D(A)) — LP(J, X) x I,(A)

is an isomorphism. However, there are different definitions in literature. In partic-
ular some authors ask only for ||u|[1»(; x) in (2.15) and not ||ully1»(5 x). In case
of J = Ry and 0 ¢ p(A) these two requirements differ, since then (2.15) with
[2]| v (s, x) would be too weak to guarantee the invertibility of 0, + A. However,
in case of finite T < oo or 0 € p(A), we may replace |[ul[yy1.r(s.x) by |4l o7 x)
and the two definitions coincide, see [KW04]. Note that this is the case in this
thesis, since we only work with maximal regularity on finite time intervals.
More generally, following the spirit of Definition 2.18 we will introduce the no-
tion of maximal regularity with respect to an initial boundary value problem via
the isomorphism property, see Definition 8.4.
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2.3. Closedness of Operator Sums

Let us briefly comment on the maximal regularity of shifted operators: When
A+ € MRp(X) for a shift 6 > 0 we have to distinguish in general the cases
T < oo and T' = oo again. In case 7" < oo this still yields A € MRy(X) by
replacing f by e f € LP(J,X) and u by ¢®u € W'P(J, X). Apparently, in case
T = oo this does not work.

Due to a celebrated result by Weis [Wei0O1b, Theorem 4.2] a characterization of
maximal regularity may be given in terms of R-sectoriality provided the under-
lying Banach space is of class H7. We state this result for the special case of
0 € p(A).

Proposition 2.20 Let X be a Banach space of class HT and let A € S(X) with
¢4 < m/2. Suppose 0 € p(A). Then A admits maximal regularity on X for
J = (0,00) if and only if A € RS(X) with ¢% < /2.

Let us state a corollary to the famous Dore-Venni Theorem of 1987 [DV87]. In
view of Proposition 2.15 and Proposition 2.20 it yields a sufficient condition for
A having maximal regularity. See Section 2.3 below for the precise statement of
the Dore-Venni theorem.

Proposition 2.21 Let X be a Banach space of class HT and let J = (0,T) for
T € (0,00]. Suppose A € BIP(X) with64 < w/2. Then A € MRp(X).

Remark 2.22 Note that this in particular implies that A € H*°(X), with angle
¢F < m/2yields A € MRr(X), by (2.12) and (2.13). In applications this is more
convenient than showing BZP.

2.3. Closedness of Operator Sums

Before coming to the basic ideas of studying operator sums we consider the
canonical extension of an operator.

Definition 2.23 Let X be a Banach space and let A : D(A) — X be an operator
in X. For1 < p < oo and a domain 2 C R" we define the canonical extension of
Ato LP(Q, X) by

Au = Au, u € D(A) := LP(Q, D(A)).
All properties which we employ carry over from A to its canonical extension.
This is given by

Lemma 2.24 Let 2 C R” be a domain. Suppose X is a Banach space and
A : D(A) — X is an operator in X, closed and densely defined. Let 1 < p < o0
and let A denote its canonical extension to LP(§2, X'). Then

(@) p(A) = p(A), op(A) = 0,(A) and so on.
(b) A € S(X) with spectral angle ¢ 4 implies A € S(LP(Q, X)) with ¢ ; = ¢ 4.

31



2. Operator Classes, Maximal Regularity and Closedness of Operator Sums

(c) A € H®(X) with H*>®-angle ¢ implies A € H>(LP(Q, X)) with T = 0%

(d) Let QY ¢ R™ be a domain, X = LP(Q) and let A be accretive in X. Then A
is accretive in LP(Q x Q') = LP(Q, LP(Y)).

In the following chapters, we will denote A again by A in slight abuse of notation.

Let us briefly give a motivation from an application point of view why studying
the closedness of sums of operators. Indeed, it gives another equivalent formu-
lation of maximal regularity of a Cauchy problem, i.e. an operator sum of the
form ‘d/dt + A’ needs to be studied. We may read this as the sum of two closed
operators. The question of maximal regularity of the Cauchy problem (2.14) —
for convenience with ug = 0 — is the question if d/dt + A is invertible. More pre-
cisely, suppose X is a Banach space and A € S(X) with ¢4 < 7/2, such that A
generates a holomorphic Cp-semigroup on X. For a finite time interval J = (0, 7))
we consider

d
B:D(B) = IP(].X), Bu:=_u, D(B) = ¢WhP(J, X)

and define the canonical extension A of A to E := LP(J, X) as in Defnition 2.23
for Q = J, i.e.

Au = Au, u € D(A) := LP(J, D(A)).
Then A € S(E) and ¢ i = ¢4, by Lemma 2.24. We have
D(A) N D(B) = LP(J, D(A)) N gWiP(J, X)
and we may work with the sum
A+ B:D(A)ND(B) - E.

From A € S(X) with ¢4 < 7/2 it follows that N(A + B) = {0} and also that

R(A+ B) = E. Now it becomes clear, that the following three statements are
equivalent:

(1) The Cauchy problem (2.14) admits maximal regularity.
(ii) The operator sum A + B is invertible in F.
(ii1) The operator sum A+ Bisclosed in E.

In particular this motivates for an investigation of the closedness of the sum of
closed operators. A lot results on this topic are known by now, e.g. the celebrated
Theorem by Dore and Venni from 1987, [DV87]:

Proposition 2.25 Let E be a Banach space of class HT and let A, B € S(E) with
0 € p(A) N p(B). Suppose

A A=A p—B)"=(u-B)"'(A—=A)~" forall A € p(A), u € p(B),
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2.3. Closedness of Operator Sums

(ii)) A, B € BIP(E) with power angles 0 4,0p,
(ii1)) 04 +0p <
are valid. Then the sum A+ B : D(A) N D(B) — E is closed and 0 € p(A + B).

The restriction 0 € p(A) N p(B) in Proposition 2.25 is not necessary. Moreover,
even
A+ B € BIP(FE) may be obtained as has been shown in [PS90, Theorem 4].

The next Proposition is crucial in our approach, since it gives a sufficient condi-
tion for the invertibility of an operator sum. It is due to Prii}, cf. [Prii93, Theo-
rem 8.5]. By (2.12) and (2.13) the class BZP(X) appearing in the statement of
the proposition below contains the class #°°(.X ). Hence it applies to our situation
in Chapter 5.

Proposition 2.26 Suppose the Banach space E belongs to the class HT and as-
sume

(1) wa+ A, wp + B € BIP(F) for some wa,wp € R,
(2) A and B are resolvent commuting,

3) Oates + 054wy < .

Then A + B with its natural domain D(A + B) = D(A) N D(B) is closed and
o(A+ B) C o(A) + o(B). In particular, if c(A) No(—B) = () then A + B is
invertible.

Besides this approach to the closedness question with bounded imaginary pow-
ers, there are also results on an approach with R-sectoriality and #°°-calculus.
Here Kalton and Weis gave an ‘asymmetrical’ result in [KWO1, Theorem 6.3] in
the sense that the closedness of A + B follows if one operator is R-sectorial and
the other one admits a bounded #>°-calculus. More precisely, they proved

Proposition 2.27 Let X be a Banach space and let A € RS(X) and B € H*(X)
be two resolvent commuting operators such that ¢% + ¢% < 7. Then the operator
sum A + B with domain D(A + B) := D(A) N D(B) is closed and sectorial.
Moreover, there exists C' > 0 such that

[Az|x +|Bzlx < Cl(A+B)zlx (v € DA+ B))

is satisfied and 0 € p(A) U p(B) implies 0 € p(A + B). If X enjoys property («),
then A+ B € RS(X) and ¢ 5 < max{¢%, 0%}

Not that this is of particular interest when Cauchy problems are considered, since
the property A € BZP(X) is weakened to A € RS(X).

Let us have a look at two more results, which we will directly apply in Chapter 5.
The first one gives a "symmetric" statement on the sum A+ B and the composition
AB provided A and B are resolvent commuting, see [KWO1, Theorem 4.4] or
[NS12, Proposition 3.5]:
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2. Operator Classes, Maximal Regularity and Closedness of Operator Sums

Proposition 2.28 Let X be a Banach space of class HT having property («).
Suppose
A, B € H*(X) with ¢F + ¢% < 7 be two resolvent commuting operators.

(a) Then A+ B admits an R-bounded H*°-calculus with ngf’B < max{¢%’, ¢% }

(b) Let further 0 € p(A). Then AB admits an R-bounded H*°-calculus with
05T < OF + 9%

The second result deals with the non-commuting case and is crucial for this work.
Let us give the analogous statement to Proposition 2.28 by Priiss and Simonett in
the case A and B are non-commuting, see [PS07, Theorem 3.1]. To this end we
state a commutator condition by Labbas and Terreni:

(LT) Commutator condition by Labbas-Terreni. Let 0 € p(A). Further, assume
that there are constants C' > 0,0 < a < 8 < 1, ¥4 > ¢F, ¥p > ¢F satisfying
Y4 +vyp < mand such that forall A € ¥, and all p € Xy,

C
(L4 [AD 77

A+ A) AT (1 + B) Mllgx) < (2.16)

where [A, B| = AB — BA denotes the commutator.

Having the Labbas-Terreni commutator condition at hand the statment on non-
commuting operators reads as

Proposition 2.29 Let E be a Banach space having property («). Moreover, let
A, B € H*(E) and suppose (LT) is valid. Then there exists a shift v > 0 such
thatv + A+ B € H>™(E) with ¢7° 4 p < max{¢a,¥p}.

Remark 2.30 Notice that in [PS07] instead of property («) for E the stronger
property of an R-bounded H*>°-calculus for B is assumed. However, in spaces
having property («) this is equivalent to having merely a bounded H°-calculus,
see Proposition 2.17.
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Part 1.

Stokes- and Navier-Stokes
Equations with Perfect Slip
on Wedge Type Domains

35






Chapter 3

Main Results

The content of Part I is based on the joint work with Jiirgen Saal [MS14]. Both
authors contributed equally to [MS14]. The author of this thesis checked if the
underlying approach is applicable. He computed the transformation and did a
major part of the analysis of the arisen operators. The nonlinear result in this
thesis is not included in [MS14].

We study the well-posedness of the Stokes equations subject to perfect slip bound-
ary conditions on wedge domains. We employ the operator sum method to show
that the Stokes operator admits a bounded #>°-calculus in weighted L%-spaces.
As a consequence the linear Stokes equations admit maximal regularity. This in
turn implies strong local-in-time well-posedness of the Navier-Stokes equations
on wedges with suitable angles for small data and a p-interval close to 1 in the
unweighted LP-setting.

We consider the Navier-Stokes equations subject to perfect slip boundary condi-
tions given as

((Ou—Au+Vp+(u-V)u = f in (0,T) %G,
divu = 0 in (0,7) x G,
. (3.1)
vxcurlu=0, w-v = 0 on (0,7)x0G,
L u(0) = wup in G.

Here
G=258, xR, S, = {(:z:l,acg) = (rcosp,rsing) € R?: >0, 0< ¢ < goo}

represents a domain of wedge type and v denotes the outer normal vector at 0G.
As a standard linearization we consider the Stokes equations

( ou—Au+Vp = f in (0,7)xG,
divu = 0 in (0,7) x G,
(3.2)
vxecurlu=0, u-vr = 0 on (0,7)x9G,
L u(0) = up in G.

Our main result on the Stokes system reads as follows.
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Theorem 3.1 Assume that1 < p < oo,y € R, and g € (0, ) satisfy

2 94 2
min{l, (1—1) }> (2——7> . (3.3)
%0 p

Then the Stokes operator
Agu = —Au,

u € D(Ag) = {u €Ll (G): vxcurlu=0, v -u=00ndG,
u/|(a1, 7). 07w € L2(G,RBP) (a € N3, o < 2>}

associated to system (3.2) admits a bounded H>°-calculus on L% (G) with H-
angle
Ox, < 7/2.

Theorem 3.1 in particular implies that .4g generates a bounded analytic Cp-
semigroup on
L% (G) and that it has maximal regularity. Hence we also have

Corollary 3.2 Suppose the assumptions of Theorem 3.1 hold and let J = (0,T)
be a time interval with T € (0,00). Then for each f € LP(J, L} (G)) and ug €
(L6~(G), D(As))1-1p, there exists a unique solution u € LP(J, L (G)) of (3.2)
possessing the regularity

u,uf| - |2,8tu, 0% € LP(J, LQ(G,R?’)) (la] < 2).

In particular, the map [u — f| defines an isomorphism between the corresponding
spaces.

Corollary 3.2 yields the following result concerning the nonlinear system (3.1).

Theorem 3.3 (Local-in-time existence, small data). Lety = 0, pg € (0, 877),
p € (3 ﬁ). Suppose T' € (0,00) is given. Let the spaces ES,(T), IS, be
given as in the definition below in Section 3.1. Then there exists a x > 0, such
that for all uy € ]Igg with [uo|[1g, < r the nonlinear problem (7.1) admits a unique

solution u € EG (T).

Remark 3.4 We remark that by obvious modifications of the proofs our main re-
sults remain valid in case that the underlying domain is a two-dimensional wedge.
Then we have

G = Sy, C R? and the boundary conditions take the form

curlu =0, w-v=0,

where curlu = 0, us — 0y,u1 for a two dimensional vector field .
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We proceed as follows. In Chapter 4 we transform the resolvent problem as-
sociated to (3.2) via polar coordinates and Euler transformation to a degenerate
problem on a layer. In Chapter 5 we prove an H*°-calculus for the related lin-
ear operator of the transformed system. In Chapter 6 it is demonstrated how this
result transfers to the Stokes operator associated to (3.2), i.e., we prove Theo-
rem 3.1. Finally in Chapter 7 we show well-posedness of (3.1), i.e. we prove
Theorem 3.3.

3.1. Notation in Part I

Let us fix the notation which we use in Part I. For a domain 2 ¢ R” let C2°(£2, X)
denote the space of smooth and compactly supported X -valued functions defined
on Q and C25 (Q,R") := {p € C°(Q,R") : divyp = 0}. For v € R set

i (U) = / (a1, 2)[ d(zn,z2y) (U € BERD)),
U

where %(R3) denotes the Borel o-algebra. On the wedge G = S,,, x R we define
weighted Bochner-Lebesgue and Sobolev spaces via
LG, X) = LP(G,py, X),
k, ._ fe% 3
WIP(G, X) = {ue L5(G,X)| 0% € LH(G, X) (e € Ny, |a| <k)}
forke N, 1 <p<oo.

For X = R we define the weighted version of the homogeneous Sobolev space
of first order via

WIP(G) = {p € LL,(G) : Ve L2(G,R3)} (3.4)

and where v € L] (G) means that u is p-integrable on every compact K C G.
For the local-in-time existence result proved in Chapter 7 we employ the maximal
regularity spaces

Eg(T) = WLP((0,T), LP(G,R®)) N LP((0,T), W*P(G,R?)),

IFZC;'(T) = LP((0,T) x G,R3),
and also set
ES, (T) == W'P((0,T), LE(G)) N LP((0,T), D(As)),
FS,(T) := LP((0,T). I}(G)).
I, = (L5(G), D(As))1_1p, -
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Chapter 4

Transformation of the Linear
Resolvent Problem

In the present and the next chapter we consider the resolvent problem

A=Au = f in G,
vxcurlu = 0 on 0G, 4.1)
u-v = 0 on 0G,

on a three-dimensional wedge as it is given above. We aim to prove that the
associated Laplacian admits a bounded 7 °°-calculus. To this end we proceed as
follows. In the first step we introduce cylinder coordinates, while in a second
step we apply the Euler transformation. In a third step we rescale the appearing
terms such that in the transformed setting we can work in unweighted LP-spaces
on a layer. This chapter is devoted to the transformation of (4.1).

Let again ¢y € (0,7) denote the angle of the wedge and set I := (0, ¢p). The
transformation to polar coordinates, respectively cylinder coordinates is given by

Yp:i Ry xIXR =G, (r,9,y) = (reosp,rsing,y) = (x1,72,9).

Since we deal with vector fields, we also employ the standard orthogonal basis
for cylinder coordinates in R? given by

cos —sing 0
ey = sing |, €p = cos , ey=1_10
0 0 1

The orthogonal transformation matrix O for a vector field then reads
cosep —sing 0
O=| sing cosp 0
0 0 1

In radial direction we apply the Euler transformation » = e”, where in slight
abuse of notation x € R denotes the new variable. We set 2 := R x I x R and

wE:Q%R+XIXR7 (x,w,y)H(em,¢,y) = (r,cp,y).
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4. Transformation of the Linear Resolvent Problem

z2 A A
v =e, 4
Ql i
¥ = %0
0 - =0 L i
Figure 4.1: two-dimensional wedge with vertex in 0 Figure 4.2: strip in polar coordinates after applying
and angle ¢ polar coordinate and Euler transformation

It 1s then clear that
@Z)I:@/}PO’(ﬁEIQ%G

is a diffeomorphism.

Having introduced all required transformations we define the induced pull-back
mapping for a parameter § € R which we determine below.

Definition 4.1 Let S € R be given. Suppose u is the solution of (4.1). We define
the pull-back ©* through

vi= 0% = e POy o,
We call the inverse of ©* push-forward and denote it by ©, = (©*)~1,
By Definition 4.1 it is clear that the push-forward is given by
u=0,v=0("v)oy L. (4.2)
In the following we also employ ©* which is given through
9= (92, 9p, gy) 1= O f 1= €*7O" [. (4.3)

Then we have

Lemma 4.2 Let O be given through (4.3). Then
A% 3 3
0" : LB(G,R?) — LP(Q,R”)
is an isomorphism.

Proof. ©* is well-defined: To see this let f € L5(G,R?). Then

10 I,y sy = PO f(y (2, 0, ) Pd(z, ¢) | dy
(Q,R3)

R, e X1y

< O™y / / €O (o, y) P, ) | dy.

Vv

<1 Ry w X1y

4.4)
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We employ the diffeomorphism v : Q — G from above with det 1/ = ¢2* which
yields the transform

/ / €202 § (4, o, )Pz, ) | dy

Ry, \RexI,

:/ /H(f’Uhﬂ??:0)|2_6f(90173727y)|p' (21,22, 0)|2d(21, 72) | dy

Ry S#’O

:/|f(l'1,J]27y)|p|<l‘1,l‘2,O)’p(Q_’B)_2d({L‘1,{L‘2,y)
G

= 1170 sy (4.5)

where in the last step we used p(2 — 3) = v + 2. Since ©* is linear (4.4) and (4.5)
also imply that
O : LF(G,R%) — LP(2,R?)

is continuous. Its inverse is given by ©,u = Qel#~2%y 0 ¢)=1. The open mapping
principle yields that ©, : LP(Q, R?) — L(G, R3) is continuous, too. O

Therefore ¢ given in (4.3) in particular fullfils ¢ € LP(€2,IR3) and the choice
p(2—pB)=~v+2,1.e.=2—(y+2)/pallows for a treatment of the transformed
system in unweighted spaces. Note that this choice of 5 has already been utilized
in [PSO7]. In order to transform system (4.1) we compute the transformed dif-
ferential operators div , curl , A and the transformed boundary conditions. These
formal computations are given in the following. Employing u = ©,v we have:

Opuy 01p = B~ {(5 cos? @ + sin’ ), + (cos @ sin p — [ cos @ sin ©)vy
+ cos? p(Dyv,) — cos @ sin ©(0pvz) — cos @ sin p(0yv,)
+ sin? @(8@%)} : (4.6)

Op,up 0 1p = eB1T {(B cos psin @ — cos @ sin @)v, 4 (—Fsin? p — cos? )V,
+ cos @ sin ¢(dyv,) + cos? @(9pvy) — sin® p(0yvy)
—cos psing(Oyvy)}, 4.7)

Oyui 0 =" {cos ©(Oyvz) — sinp(Oyvy)}, (4.8)
Dpug 0 1h = BT {(,8 cos sin ¢ — cos psin v, + (B cos? ¢ + sin? p)u,

+ cos @ sin (D, v,) — sin? ©(0pvz) + cos? ©(0zvy)
—cos psinp(d,v,)}, 4.9)
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4. Transformation of the Linear Resolvent Problem
Op,ug 0 1h = eBD® {(ﬂ sin? o + cos® p)vy + (8 cos @ sin g — cos @ sin )V,
+ sin? (9, v;) + cos @ sin p(Jyvy) + cos psin p(0zvy)
+ cos? ¢(8¢v¢)} , (4.10)
Dyug o b =P {sin p(dyv,) + cos p(Ayv,)} 4.11)
O uz 0 0 =PV {3 cos Uy + cos p(Oyvy) —sinp(Opvy)},  (4.12)

Dpyuz 0 p =ePDT {3gin Uy + sin (0, vy) + cos p(0pvy)} (4.13)

dyuz o 1 =ePd,v,. (4.14)
Consequently, we obtain

(divu) oy = (div 6*1)) P
=BV (Bu, + v + Dpvy + Opv,) + PTDyvy, (4.15)

and

O*(curl u) = e** (e_x Uy — 8va) er + €2 (%vx — e *(Poy + @;Uy)) ey
+ € ((B+ 1)vy, + 0pvy, — 0 0z) €y. (4.16)

Note that we use ©*(curl u) in order to transform the boundary conditions, while
(divu) o ¢ is employed in Chapter 6 in the proof of Lemma 6.1 for the investi-
gation of the Stokes operator. We turn to the transformation of the second order
derivatives appearing in the Laplacian.

(aglu) P =Bz {(52008 © — Bcos® p + 36 cos psin? p — 3 cos @ sin? go)
)( B cos? psin g + 2 cos? psin g — sin® p)u,

+
+

+(8 -
+(26 cos® <p cos® ¢ + 3 cos psin? ) (0, vx)
(=26 cos® psin ¢ + 2 cos® psin ¢ — 2sin gp)(@@vx)
(=2 cos? gpsmgp + 3cos? gpsmgp — sin® ) (0, Uy)
+(28 cos psin? ¢ — 4 cos psin? ) (Dpv,,)
+ cos® p(92vy) — 2 cos® psin (9, 0,v,) + cos ¢ sin? gp(@évx)

— cos? psin p(92v,) + 2 cos psin? p(9,0,v,) — sin® 90(8321@)} :
(4.17)

44



(8£2u1) oyp =P {(52 cos g sin? ¢ — 33 cos sin? p + 2 cos psin® ¢ + [ cos’ ¢

— cos® ), +(—F%sin® p + Fsin® p — 38 cos® psin

+ 3 cos? @ sin ©)v, +(28 cos ¢ sin? ¢ — 3 cos psin? @ 4 cos® ©)(Dpvy)

+(28 cos® psin ¢ — 4 cos? sin ©) ()

+(—28sin® ¢ + sin® p — 3 cos? Ysin ) (Ipv,)

+(—28 cos @ sin? ¢ + 2 cos psin? ¢ — 2 cos® ©)(0,v,)

+ cos psin? p(92v,) + 2 cos? psin (0, 0,v,) + cos® go(@iv@

—sin® p(92v,) — 2 cos psin® p(0,0,v,) — cos® psin go(aévw)} ,
(4.18)

(8§u1) o ¢ =e’*(cos 4,0(85%) — sin gp(f)ﬁv@)), (4.19)

(82@2) o) =22 {(52 cos? @ sin ¢ — 3 cos? psin p + 2 cos® psin g + Fsin® ¢

— sin® @), +(5% cos® p — B cos ¢ + 33 cos psin?

— 3cos psin? v, +(28 cos? psin @ — 3 cos? @sin ¢ + sin® ) (0, v,)

+(—28 cos psin? p + 4 cos @ sin? ) (d,vy)

+(26 cos® ¢ — cos® p + 3 cos @ sin® ©)(0zvy)

+(—28 cos? @ sin ¢ + 2 cos® psin ¢ — 2sin® ©)(0,v,)

+ cos? g sin p(92v;) — 2 cos psin? p(0,0,v,) + sin® (p(aivx)

+ cos® p(0%v,) — 2 cos? psin p(00,0,) + cos p sin’ (p(@év@)} ,
(4.20)

(92, us) 01 —e(f—2)e {(62 sin® ¢ — Bsin® o + 3 cos? psin p — 3 cos? @ sin ),
+(32 cos psin? ¢ — 3 cos psin’ p + 2 cos psin? ¢ + B cos®
— cos® ), +(28sin®  — sin® p + 3 cos? Ysin ) (D)
+(28 cos psin? p — 2 cos wsin? @ + 2 cos® ©)(0pvz)
+(26 cos @ sin? p — 3 cos psin ¢ + cos® ©)(0zvy)
+(26 cos? psin p — 4 cos® psin ) (Opvy)
+sin® p(92v;) + 2 cos sin? (8, 0pv;) + cos® psin go(@gvx)
+ cos  sin? go(@g%) + 2 cos? ¢ sin ©(0z0,v,) + cos’ 90(83%)}
(4.21)

(8§u2) o ¢ =eP*(sin gp(@ivx) + cos 90(85%)), (4.22)
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4. Transformation of the Linear Resolvent Problem

(02, u3) o1 —e(A-2)z {ﬁ2 cos? p — Beos? p + Bsin® p)v, + (28 cos® p — cos® o
+ sin? ) (9pvy) + (—28 cos @sin p + 2 cos @ sin ) (,vy)
+ cos? p(02vy) — 2 cos psin (9, 0pvy) + sin’ @(821@)} . (4.23)

(8222@,) o) =elI=2)7 {(62 sin? p — Bsin® ¢ + B cos® p)u, + (28sin? p — sin? @
+ cos? ) (9xvy) +(2 cos psin g — 2 cos @ sin ) (D,vy)
+sin? p(0%v,) 4 2 cos psin ©(0z0,vy) + cos? gp(@évy)} , (4.24)

(02uz) o v =" (02vy). (4.25)

We sum up the second order derivatives componentwise and obtain the scalar
Laplacian of each component:

Auy op =(0% u1) o)+ (02,u1) 0 + (Oquy) o ¢
—e(B-2)z {(62 oS p — 08 P)vg + (—B%sin ¢ + cos? sin @ + sin® ©)Vy
+23 cos p(0,vz) — 28in (Opvy) — 26 sin p(0xv,) — 2 cos p(0,v,)
+ cos p(02v,) + cos gp(@évx) — sin p(92v,) — sin cp(ai%)

+e%* cos gp(@iv:p) — *sin gp(é?;up)} ,

Aug o 1h =(07 ug) o ¥ + (07,uz) 0 ¥ + (Dug) 0 ¢
% 0)vg + (8% cos ¢ — cos p)vy,
123 sin 9(0,vz) + 2 cos p(0,vz) + 28 cos (0rv,) — 2sin @(yvy,)
+ sin p(9%v,) + sin @(azvm) + cos p(92v,) + cos gp((?f,v@)

+€2% sin go(@ivx) + e?® cos cp(ﬁng)} :

—e(A-2)z {(52 sin ¢ — cos? @ sin @ — sin

Aug o p =(85,uz) 09 + (87,u3) 0 ¥ + (D uz) 0 ¥
—e(B=2)x {62"”(85%) + (82vy) + (iny) +28(0pvy) + BZUy} .

Having the transformed second order derivatives at hand we may compute the
full transformation of the Laplacian via

Aul (¢] 1/)
O (Au) = @071 | Augo |,
Aug oy

and obtain
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i 6295(85%) + (0%0;) + 2B(0pve) + By + (83;%) — vz — 2(0,v,)
O*(Au) = 62”3(65%) + (92vp) + 2B(030,) + B2y, + (85,1@) — vy + 2(0pvz)
6295(@5%) + (83%%) + 2B(0yvy) + 52”@/ + (aivy)

We introduce the polynomial P given through
P(0) = —(0; + (28)0: + B°). (4.26)
Then we end up with
) 21020, — P(0r)vz + 050 — vp — 20,0,

O (Au) = | e* v, — P(Dr)vp + 020, — vy + 20,0,
6290851@ — P(0z)vy + iny

It remains to transform the boundary conditions
u-v=>0, vxcurlu =0 on 0G.
They are equivalent to
u-v=20, (curlu)-7 =0, (curlu)-m»=0 on G

for two linearly independent tangential vectors 71, 7o. Besides using v = +e,, it is
nearby to choose

TL =€, T2=¢y
at o = 0 and ¢ = ¢ respectively. Together with (4.16) this yields
Opty =0, v,=0, OJyvy,=0 ondQ=Rx{0,p0} xR.

Remark 4.3 We employ two different transformations for v and for f, namely
v = ©*uw and g = ©*f. This is due to the factor ¢2* arising from second order
derivatives with respect to the variables z; and zo. Employing ©* and ©* we may
absorb this factor such that we end up with g € LP(Q,R3) in (4.3) and have

O* (A= A)u) = 0*((A — A)O,w) = g.
In particular we obtain

O* (M) = 0*(A\O,v) = ¥ .

As a consequence for the analysis the domain of the Laplacian is transformed via
©* and the ground space via ©*.
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4. Transformation of the Linear Resolvent Problem

Summarizing our computations, the transformed system (4.1) reads as

(2 )\, — 62“85% + P(0y)vy — Q%Um + vy +20,0, = gp INQ,
) €2\, — 629:35% + P(0z)vy — 83,% + vy — 20, = gp INQ, 427)
e* vy, — e%a;vy + P(0g)vy — iny = gy InQ,
L Opvr =0, v, =0, Opvy, = 0 onL

In the next chapter we prove strong well-posedness for system (4.27). As in
[PSO7] one difficulty here is to handle the non-standard differential operator
e**(\ — 02) and the fact that this operator and P(9,) do not commute.
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Chapter 5

Holomorphic Functional
Calculus and Maximal
Regularity of the Laplacian

The aim of this chapter is to prove an H*-calculus for the linear operator corre-
sponding to problem (4.1). This will be derived by building up the full operator
by its single parts via the operator sum method introduced in Chapter 2. In fact,
we will prove that each single part admits a bounded #°°-calculus. Based on
commutative (Proposition 2.28, i.e. [KWO01]) and non-commutative (Proposition
2.29, i.e. [PSO07]) Kalton-Weis theorems this property transfers to the full linear
operator, cf. Chapter 2.

For1 < p < oo and = R? x I we set
X = LP (Q,R%).

Note that for the sake of convenience from now on we write the space variables
in the order (z,y,p) € R? x I, although we keep the order of components as
v = (vg,Vyp,vy). Occasionally we also write R;, Ry, I, to indicate the relation
between domain and the corresponding variable. Note that we may interchange
the order of Sobolev spaces in the sense that for all domains 2; C R", Qy C R™,
integers k, ! € Ny and a Banach space F Fubini’s theorem yields

WhP(Qy, WHP(Qq, E)) = WP (S, WHP (1, B))
and the norms are equal.

The full operator given in (4.27) consists of the following single parts:

(1) Let P be given by (4.26). We define B in LP(R) by means of

Bu(z) = P(0,)u(z), z€R, wue D(B)=W>>R).
Its spectrum is given by the parabola P(iR), which is symmetric about the real
axis, open to the right, and has its vertex in ag := —3? € R. It is known that

w+ B € H*(LP(R)) for w > —ap, with ¢77, p < 7/2, see [PSO7]. Additionally,
B — ag 1s accretive in X which can be seen as follows: The shifted operator
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5. Holomorphic Functional Calculus and Maximal Regularity of the Laplacian

B — ag = —0? — 230, admits the same domain as B. Hence we have to show that
((B — ao)u, u|u|P=2),,» > 0 for arbitrary u € D(B). Indeed, from

0o (u(@)|u(@)[P~?) = o' (@)|u(@) P~ + u(@)(p — 2)|u(z)[P~* - sign(u(z))u'(z)

— (p— D () [u() "2 (w # 0)
and
23 / o (@) (u(@) [u(@) [P~ ?)dx = 28(p — 1) / o (@)u(z)u(z) P~ 2de
R R
that is
/ o (@) () u(@)P)de = 0,
R
we infer
(B = ag)uulul™?), = =" ulul ™)y = 280 ululP )

— () / W @Plu@)P2de >0 (ue D(B)).

5.1

Therefore B — ag is accretive. By Lemma 2.24 all listed properties also hold true
for the canonical extension of B to X which we again denote by B.

(2) We denote by L, the Laplacian in LP(R) in the y-variable:
Lyu(y) = —0quly),  y€R, ue€ D(Ly) = W?P(R).

The operator L, admits a bounded H*°-calculus in LP(R) with ¢%° = 0, see Ex-
ample 2.13 (b). The spectrum is o(L,) = [0,00). Furthermore Lyy 1s accretive.
As for B, by Lemma 2.24 the same holds true for the canonical extension to X
which we again denote by L,,.

(3) We also have to deal with the multiplication operator M in LP(R) defined by

Mu(z) = e*u(z), zeR,

D(M) = {ucIP(R): [z~ e*u(z)] € LP(R)}.
Its spectrum is given by o(M) = [0, c0). Moreover, this operator admits a bounded
H°-calculus with ¢3; = 0. To see thislet o € (0, 7) and § € (0, ) and let I denote

the path in (2.1). Note that for all A € p(M) the resolvent (A — M)~! is realized
through the multiplication with (A — ¢2*)~!. Then due to Cauchy’s formula

p

1000l = [ |5 / FVA = ) A g(o)| do = / (&) Plala) P,

R
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and hence

1F(M)gllr@y < I fllcllgllr@®y — (f € Ho(Eq), g € LP(R)).

Hence ¢3; = 0. Likewise the canonical extension of M to X enjoys the same
properties by Lemma 2.24 and will again be denoted by M.

(4) We define Ly p in LP(I,R?) and Ly in LP(I) by
1-09% 20
Lypv = ( —26; . —gi )v’, Lyvy := —02v,
on
D(Ly.p) = {v' = (vg,v,) € W*P(I,R?) : dyv, =0, v, = 0o0n dI},
D(Ly) := {v, € W?P(I) : v, =0ondl},

respectively. So, Ly p is subject to the Neumann conditions of v, and the Dirich-
let conditions of v, and Ly to the Neumann conditions of v, in (4.27). Further-
more, we set

Lyp O
Lv = ’ D(L
v ( 0 LN)U, v e D(L),

D(L) := {v € W?P(I,R?) : d,v, = 0, v, =0, dyvy, = 0 0n I}

in LP(I,R3). The spectrum of these operators can be determined explicitly. In
fact, it is straight forward to verify that

L 2
op(Ly.p) = {<W—i1) : keN}U{l}
o

with corresponding eigenfunctions

k cos (Lkgp)
(“g): 70 , keNy, pel.
Yy + sin (%‘ap)

Next, by well-known results on eigenvalues of the Neumann-Laplacian we obtain

2
O’(LN) = O'p(LN) = {0} U {W—Ql{iz ke N} .
%0
Consequently, 0(L) = 0,(L) = 0,(Ly,p) Uop(Ly), that is

2
a(L){O}U{l}U{<%§i1) :keN}u{lsz:keN}. (5.2)

%0

Furthermore, L admits a bounded #*-calculus on LP(I,R?) with ¢ = 0, see
e.g. [Duo90]. Therein the author constructs H°-estimates for elliptic operators
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5. Holomorphic Functional Calculus and Maximal Regularity of the Laplacian

on smooth domains in L? for 1 < p < co. Again, by Lemma 2.24 the canonical
extension of L to X enjoys the same properties and will again be denoted by L.

As it is shown later on (see Lemma 6.1), eigenfunctions to the eigenvalue 0 will
play no further role when dealing with the Stokes equations. Thus, we may
exclude it. Note that this is even essential for the applicability of Proposition 2.26
below. To exclude the corresponding eigenspace we set

LH(I):==<ue LP(): /u(gp)d@zo
T

The projection onto this subspace is given as

1
mo s LP(I) — LE(I),u > u— m/u(gp)dgp.
1

Then
10 0
My:=| 01 0 (5.3)
0 0 ™0
is the projection onto the new ground space
Xo := LP(R? LP(I) x LP(I) x Ly(I)). (5.4)

We obviously have (1 — IIp) X = LP(R?, Ey) with

0
E< : > 5
1

X=X9® LP(RQ, E()). (5.6)

hence the decomposition

In particular we have IlpL = LIIp. Thus Ly := L|x, is well-defined from its
natural domain D(Lg) :=IIoD(L) = D(L) N Xy to X and we have

2
a(Lo){l}U{(Lkil) :keN}U{W—sz:keN}. (5.7)
¥0 b0

Remark 5.1 By similar arguments we also could exclude the eigenspace corre-
sponding to the eigenvalue 1. Observe that then the span of the two excluded
spaces contains solenoidal fields, e.g. ¢ € C°(R?, R3) given through

(b(ﬂ?, y) = (bp(x? y) ’ 67(/8+1)x 0 )

.
¢p<$>y) — e rP—(@2+y2) - |(:L"y)| <p . T,y € R,
0 :[(z,y)=p
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where p > 0 is a given radius, such that ¢, € C°(R?) (with supp ¢, C B,(0))
implies ¢ € C°(R%,R3). To check the divergence free condition we apply the
transformed divergence (4.15) to the function ¢ = (¢, 0, ¢,) and have

dive = 6(’671)1’ ((B + 1)¢x + am¢:z:) + el y¢ya

and
(B+ )¢y + 0y + €0y = —(B+ 1) Amrn FHD7y
o~ (B+1)a 202wy )
+ e PP-EP+y?) LB+ 1)y
((,02 T2 )2 ( )

2
_ e_pz_(;)2+y2)_(/3+1)x 2P Ty
(0? = (2% + %))

However, we want such fields to be included in the approach to the Stokes equa-
tions in Chapter 6.

=0.

By permanence properties of the #°°-calculus this property remains valid for Ly,
1.e. we have
Lo € H¥(Xo), o =0, (5.8)

cf. [DHPO3, Proposition 2.11].

The full linear operator related to (4.27) is now build up by an operator sum. We
start by considering the operator A := (x + L,)M in X, for fixed ~ > 0 and with
natural domain

D(A) :={ue DM): Mue D(Ly)}.

Lemma 5.2 The operator A defined above admits a bounded H>°-calculus on X
with ¢°F = 0.

Proof. Since L, has a bounded H>°-calculus on X with ¢° = 0 this remains true
for the shifted operator x4 L. By the fact that X has propérty (a), M € H*™®(X)p)
with ¢57 = 0, and since 0 € p(x + L) for £ > 0, we may apply Proposition 2.28,
(that is [NS12, Proposition 3.5]) which yields the result. []

Next, we consider A+ B with natural domain D(A)ND(B). Note that this domain
reads as

D(A)N D(B) ={v € D(M) : Mv € D(L,)} N D(B)
—{ve P(R2RY): [(0,y) = ¥, y)] € LP(Ry, W2P(R,, R?))}
N W2P(R,, LP(R,, R3)). (5.9)

Since A and B are non-commuting (in the resolvent sense), we employ Propo-
sition 2.29 (that is [PSO7, Theorem 3.1]) which is based on the Labbas Terreni
commutator condition (LT), see (2.16). Having Proposition 2.29 at hand, we can
prove
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5. Holomorphic Functional Calculus and Maximal Regularity of the Laplacian

Lemma 5.3 There is a v > 0 such that

v+ A+ BeH (X)), 0 aip< g

Proof. We compute the commutator in the Labbas Terreni condition (2.16) for
A and B. To this end, note that on the one hand it is clear that B and L, + &
are resolvent commuting, while on the other hand M and B do not commute.
Instead, we have the relation

MBf = > P(0,)f = P(0y — 2)e** f = B_oM f (5.10)

for all f € D(MB) = {v € D(B) : Buv € D(M)}, satisfied in the sense of
distributions, where at this point A/ and B are regarded as operators in LP(R).
Note that D(B_2) = D(B). Now, fix n > 0 such that

o(n+B)Uo(n+ B_2) C {z€ C: Rez > 0}.
For ¢ € C2°(R) we therefore obtain

((n+ B_2) '"M(n+ B)f,(n+ B 5)¢) = (M(n+ B)f,¢)
(n+B-2)Mf,¢)
= (Mf,(n+B.y)e).

Since (1 + B',)(C=°(R)) lies dense in L¥' (R), where 1/p + 1/p' = 1, this yields
that
M(D(MB)) C D(B),

hence D(M B) C D(BM). Setting f = (u +n + B)~'g we arrive at
(h+n+B_2) 'Mg=M(u+n+B)""g (9€DM), p€Irpe).
Regarded as operators in X again, we further compute for g € D(M) and

f=W+n+B)lge D(MB) c D(BM) :

(wtn+BMf—Mp+n+B)f=BMf— MB f
=B_oM

Mf—(u+n+B) "Mu+n+B)f=(u+n+B)"YB—-By)Mf
M(p+n+B)"'g—(n+n+B)"'Mg
=(u+n+B) (B=B-g)M(u+n+B) g
=(u+n+‘l§72)*1M
& [M,(n+n+B) g=(u+n+B)"(B=Ba)(u+n+Ba) 'Mg.

T3

For A = (k + Ly)M this results in

[(w+A) (u+n+ B = (u+n+B)'Qu+n+Bo) w+4) (.11
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on D(A) forall p € X )5, ., w > 0, and with the first order differential operator
Q=B—B_9g=P(0;) — P(0; —2) = Q(0y) = —40, — 40 + 4. (5.12)
Note that we have D(AB) C D(BA), since

D(AB) = D(L,MB) = {v € D(MB) : MBuv € D(L,)}
c {ve D(BM): B_yMv e D(L,)}
— {ve D(M): Mve D(L,B)}
BBZBL 1 e D(M) : Mv e D(BL,)} = D(BA).
Therefore for all g € Xg and f := (w + A)~lg € D(A) it follows

(w+A)(u+tn+B)"'f e D(B).

eD(AB)CD(BA)

Hence for such g € Xy and f € D(A) we infer from (5.11)

(w+A), (u+n+B) f=@u+n+B)'Qu+n+B_g) Hw+Af

& (u+n+B) N w+A)f—(w+A)(p+n+B)7'f
= —(u+n+B)'Qu+n+B_o) Hw+ A)f

& (W+n+B)lg—(w+A)(u+n+B)Hw+A) g
=—(u+n+B)7'Q(u+n+B_3) g

& A+w+A) N ut+n+B)ly

—A+n+ A w+A)(u+n+B) Hw+A) g

=—A+w+A) Hu+n+B)'Qu+n+B_2) g

& (W+AN+w+ A w+A) T (wt+n+B)g
=—A+w+A) " (p+n+B)'Qu+n+ B_2) g

Thus we obtain

W+ AA+w+ A w+ A (p+n+B)7Y
= A +w+A) (p+n+B)'Qu+n+ B!

which implies by the sectoriality estimates and interpolation

C
w+AN+w+ A w+A) L (u+n+B)! < -
H( )( ) [( ) (:u n ) ]HX(XO) — (1+|)\|)|M|3/2
forall A € X, sand € X )5, for fixed e € (0,7/2 — ¢F) and 6 € (0,7/2 —¢).
Hence, the Labbas Terreni condition (2.16) holds true with « = 0, § = 1/2,
g = ¢ and Yp = w/2 — . Applying Proposition 2.29 in combination with
Lemma 5.2 the assertion follows. []
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5. Holomorphic Functional Calculus and Maximal Regularity of the Laplacian

—\
ag = *[33'
| z

Figure 5.1: spectral condltlon o(—Lo)No(A+B)=10

Applying Proposition 2.26 to A + B and L leads to

Lemma 5.4 Let the operator A+ B + Lg in Xy with domain D(A + B) N D(Ly)
be defined as above. Furthermore, let A1 > 0, being the first eigenvalue of L (see

(5.7)), satisty
2
A1>52=<2—2—1> . (5.13)

Then A + B + Ly is invertible.

Proof. By Lemma 5.3 and (5.8) conditions (1), (2) and (3) of Proposition 2.26
are readily fulfilled. Hence, A + B + Ly is closed. Next, A + B + 32 with domain
D(A) N D(B) is accretive: We have

((("i + Ly)M + B+ 52)U7U‘U|p72)p,p/,R2 = (kMu, ululP"?), g2

+ (LyMu,ululP~2), e + (B + BH)u, ululP~2), g2 (u € D(A+ B)).
The third term is greater or equal zero by the accretivity of B + 5% by (5.1). From

Oy(ululP~?) = (Byw)[ul’~* + u(p — 2)|ulP~*sign(u)(9,u)
= (Oyu)lulP(p — 1) (z #0)

and

(M, ulP), e = / 2 |uPd(z, y) > 0,
R2

(LyMu, uluP™%), gz = —/e2x(8§u)(u|u|p_2)d(x,y)
RQ

—(p-1) / 0P ufPPd(e,y) >0 (ue D(A+ B))

RQ
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the accretivity of A+ B + 3% on D(A + B) follows. As a consequence we obtain
o(A+ B) C {z e C: Rez> —52}.

Thus, if condition (5.13) is satisfied, we have o(A + B) No(—Lg) = () and Propo-
sition 2.26 yields the assertion. [

Note that A+ B+ L represents the full linear operator of the transformed problem
(4.27). Combining Lemma 5.3 and Lemma 5.4 leads to

Proposition 5.5 Let condition (5.13) be satistied. Then we have

A+ B+ Lo € H¥(X0), oXipir, < g

Proof. For simplicity set ' = A + B + Lo. In view of Lemma 5.3 we know that
¢ arp < 7/2 and by the discussion before also that ¢7° = 0. Due to the fact that
v+ A+ B and Ly are resolvent commuting, Proposition 2.28, that is the standard
Kalton-Weis theorem, therefore implies v + T € H>(Xy) and ¢75 - < m/2. Now,
fix ¢ € (9%, 7) and let for 6 € (¢75 1, ¢) the path I' be given as in (2.1). Then
for h € Ho(X4) we have to estimate the Dunford integral

h(T) i/h(A)(A—T)ldA. (5.14)

2w
T

If we split this integral into two parts corresponding either to |A\| < 1 orto |A| > 1,
then the desired estimate for small A easily follows from 0 € p(7") which has been
proved in Lemma 5.4. On the other hand, the part corresponding to || > 1 easily
reduces to v + T' € H*°(Xy) which has been derived above. Hence the assertion
is proved. ]

Now we are in position to rigorously prove the equivalence of problems (4.1) and
(4.27). To this end, recall that the domain of A+ B + Lg in view of (5.9) is given
as

D(A+ B+ Lo)
={ve X: e*ve P(R; x I,, W*P(R,,R*)} nW*P(R,, LP(I, x R,, R%))
N{v e Xo: ve PR WP (1,,R?)), dpv, = vy = vy = 0 0on 0N},

Implicitely all mixed derivatives with respect to the variables = and ¢ are con-
tained in D(A + B + Lg). This follows by Lemma 1.6, due to

LP(Q1, W2P(Q0)) AW 2P (Qy, LP(Qa)) = W2P(Q x () (5.15)

(in the sense of equivalent norms) for all domains 2; C R”, Q5 € R™ . Applying
(5.15) to 1 = R,, Q2 = I, we obtain a more explicit representation of the
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5. Holomorphic Functional Calculus and Maximal Regularity of the Laplacian
domain D(A + B + Ly), that is
DA+ B+ Ly) = {U = (Vg,Vp,vy) € Xo ¢ v € LP(Ry x I,, W*P(R,, R%)),

v e LP(Ry, W*P(R, x I, R?)),  Opvy = v, = Opvy, = 0 0on 89}.
(5.16)

Hence we obtain the following lemma on the equivalence of the wedge and the
layer problem.

Lemma 5.6 Let1 < p < oo,y € R, and ¢g € (0,7) be given such that condition
(5.13) is satisfied. Assume that f € ©, X, and g = ©*f. Thenv € D(A+ B + Lo)
(which is given through (5.16)) is the unique solution of (4.27) if and only if
u = O,v € D(Ag) (given through (5.21)) is the unique solution of (4.1). In
particular, 0* e G%S(C:)*Xo, Xo) and

0* € Zs(D(A.), D(A+ B+ Ly)), (5.17)

where here the domains are equipped with the modified graph norms

lull pean) = l1ullrz e ey + IAsull iz @ ray + 11w/1C5 - 0Pl 6 re),
10l pa+B+1o) = IVl Lr(re) + 1A+ B+ Lo)vl ogors) + €0/l 1o re),

respectively.

Proof. Let1 < p < oo,y € R, and ¢y € (0, 7) be given such that condition (5.13)
is satisfied. Let ©* be the pull-back defined in (4.2) and ©* be the transformation
given in (4.3). By Lemma 4.2

Ok . 3 3
6" : I2(G,R?) — L(Q,R?)

is an isomorphism with inverse ©, = ©,e~2*. Utilizing decomposition (5.6) we
see that
LX(G,R?) = 6,X¢ ® 0,LF(R? Ey), (5.18)

hence that also
OF: @*X() — X()

is an isomorphism with X, defined in (5.4).

Observe that by the discussion in Chapter 4 — in particular Remark 4.3, we also
have
O (k — A u=0*f =g=(A+ B+ Ly)O*w. (5.19)

Thus, we can define

Agu = (k—A)u, u€ D(Ag) :=0.D(A+ B+ Ly), (5.20)
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which is an operator in ©,X,. By the transforms calculated in Chapter 4 it is
straight forward to show that D(.A,) is explicitly given as

D) ~{ 1€ 8. X0 ufllnn OF, 0% € LGB (ol <)
(5.21)
v x curlu =0, u-u—OonaG}.

To this end we employ again the isomorphism ©* between the LP-ground spaces:
For
v € D(A+ B+ Ly) let u = O,0. First we use

ull 22 (o rsy = 1850l 2 (o R3) = 1O > ]| 12 (R
= [184(* V)|l 2 r2) < Clle* 0] Lo(ore),
[/1(, - 0) Pl £z rey = 1950/1C - 0) Pl 2 (G rsy = Hé*UHLz(G,RS) < Cllvllpro,rs),

for a constant C' > 0. In a second step we consider the second order derivatives
with exception 9,, dyu and 0,,0,u. We directly see that

0%, u, Oo,u, Oju, O, Opyu € LE(G,R?)
by (4.17)-(4.25) and since
v, v, 8ye2xv, 8562%, 0pv, 00, 0z0,, %, (982021 e LP(Q,R?)

due to the assumption v € D(A + B + Lg). Note that the transforms of the second
order mixed partial derivative d,,0,u admits the same structure as 92 u and 92, u
concerning the weight. In a third step we take care of first order derivatives
by suitable interpolation inequalities. Indeed, by explicitly considering the LP-
norms of e“v, e*0d,v and e”0,v, performing partial integrations (in case of e*0,v
and e”0,v), employing Holder’s inequality and Young’s inequality we obtain

e V|l Lr(Q,R3) = ||V[|Lr(0,R3) €Vl Lr(Q,R3), .

el < ol o) + €] (5.22)
z 111/2 1/2

le*0pvll o) < Cle vl g oy 10201 oo 20 (5.23)
z 11/2 1/2 1/2

le*uvl oo ps) < Clle®vll g mo 10200 ot gy + Clvll sy (5:24)

with a constant C' > 0. Estimate (5.22) follows by splitting up the integral into
two parts, one for x € (—o0,0) where e* < 1 and the other one for z € (0, 0)
where e” < €2*, Estimate (5.23) for instance can be seen by employing

/ €0, 0Pd(z, ) = / €%0,0]2 70,0 2d(z, ¢)

RxI RxI

—— [ @ v@oeop o - i)

RxI
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5. Holomorphic Functional Calculus and Maximal Regularity of the Laplacian

Then after the application of Holder’s inequality and Young’s inequality the fac-
tor [e*d,v[P~% may be absorbed into the left-hand side. Thus we infer e*v, e*d,v,
e®0,v € LP(Q, R3) and hence by considering the first order transformations (4.6)-
(4.14), that

Op, U, Op,u, Oyu € LQ(G,R?’).

Because of
Wf’p(Swo x Ry) = LP(S,, WQ’p(Ry)) N Wf’p(S%, LP(Ry))

we also see that 9, d,u, 0,,0,u € L5(G,R?). This yields the representation (5.21)
of the domain of A,. Employing ©* = ¢~ 2*©* and the isomorphism ©* with
respect to L? yields

| &1 lers + | A+ B+ L0z + €70 laz)

=e—220*y =0+ A.u SR

< C (Iu/1C, 0Pl e rey + 1Al 2o re) + 1l 22 (G R3) ) (u € D(Ay))

for a constant C' > 0. Likewise, the converse estimate can be shown. Hence
(5.17) follows. [

By the fact that the property of having a bounded H°-calculus is invariant un-
der conjugation with isomorphisms the bounded 7{°°-calculus carries over from
A+ B+ Lg to A, see the statement on this permanence property in [DHPO3,
Proposition 2.11 (vi)]. This result is given by

Proposition 5.7 For v > 0 let A, be defined as above. Let1 < p < oo, v € R,
and ¢ € (0, 7) be given such that condition (5.13) is satisfied. Then we have
™

A € H®(0:Xp), ¢% < 5

Proof. Due to Lemma 2.5 the Dunford integral (2.2) can be written as

WT) = % / @T(A — 7)) tdx (5.25)
r

for h € Ho(Xy), T € S(X), and ¢ € (¢, 7). The fact that T € H*>*(X) then
means that
M)l 2x) < Cllhllc (b € Ho(Ey)) (5.26)

for h(T') given through (5.25). By Proposition 5.5 this is true for 7' = A+ B + Ly
and ¢ € (¢§O+B+LO, ).

Now, observe that in view of (5.19) we have

Au=0,(A+ B+ Lp)O"u (ue€ D(Ag)).
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Thanks to Lemma 5.6 this yields
AxA = Ae) ™ = 0.(A+ B+ Lo)(A— (A+ B+ Lp))~'6"

for A € p(Ax) = p(A+ B+ Lp). By this representation and formula (5.25) we
easily achieve that (5.26) remains valid for 7' = A, and ¢ € (¢4 p+1,, 7). Hence
the assertion is proved. [

Proposition 5.5 in combination with Remark 2.22 yields that A + B + L admits
maximal regularity. Then by Lemma 5.6 we infer

Corollary 5.8 Suppose the assumptions of Proposition 5.7 are satisfied and let
the time interval J = (0,T) with T € (0,00). Then for each f € LP(J,©.Xy) there
exists a unique solution u € LP(.J,0,Xy) of (4.1) such that

w/|(x1, 2) |2, Opu, d%u € LP(J, LE(G, R?)) (e N3, |a| < 2).

In particular, the map [u — f] defines an isomorphism between the corresponding
spaces.

Before turning to the Stokes equations let us have a closer look at the essential
condition (5.13). Especially we are interested when it is allowed to choose v = 0,
that is when we can work in the unweighted setting. The relationship on the first
eigenvalue \; of Ly can be written as

2= VMp—2<y<2+VM)p-2,

Since \; = min{1, (% — 1)2}, we have a closer look at the condition

(3—1>p—2<’y<(1+1)p—2 (5.27)
¥0 2

in terms of v € R, p € (1,00) and the angle ¢y € (0,7). The following tabular
displays v-intervals for some characteristic angles ¢y.

’ 0 ‘ Y€ "y:O:pE‘
w0 <% (p—2,3p—2) (1,2)
20 =4 Gr—23p-2) (1.9

o= (- | (3= 1/(1—ePp 2,0+ 1/ -)p-2) | (1.552)

In terms of condition (5.13) the answer to the above question is illustrated in the
last column of the table.

Remark 5.9 Let us compare the situation here to some known conditions on
the weight ~ for the heat equation in a wedge. Nazarov discussed the case of
Dirichlet and Neumann boundary conditions in [Naz01]. In the special case of a
three-dimensional wedge Nazarovs’ conditions take the form

2 2
2———)\D<1<2——+)\D
p

D D
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5. Holomorphic Functional Calculus and Maximal Regularity of the Laplacian

for a Dirichlet boundary condition and

2 2
2% _min{h\y,2} <L <2-2
D p p
for a Neumann boundary condition. Here \p = Ay = 7/yo denote the square
roots of the first nonnegative eigenvalues of the related azimuthal operators which
corresponding to L in this work.

Thus, in the situations considered in [Naz01] the admissible range for vy is larger
than the range for perfect slip obtained by condition (5.13). We remark, how-
ever, that for the problem considered in this work the form of the first eigenvalue
A1 = min{1, (7/po — 1)} in (5.13) is due to the fact that we have to transform a
system including vector fields. We also remark that by excluding the eigenspace
corresponding to the eigenvalue 1 of L (see (5.2)) our condition would improve
in case that oy < m/2. Then, however, we miss some solenoidal functions, see
also Remark 5.1. On the other hand, including the eigenspace corresponding
to the eigenvalue 0 would cause our approach to fail, since then the condition
o(A+ B)No(—L) =0 (see proof of Lemma 5.4) cannot be satisfied anymore.
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Chapter 6

The Stokes Equations on a
Wedge

We turn to the Stokes equations (3.2). To this end, we first have to fix a suitable
space of solenoidal vector fields. Let 1 < p < oo and 1/p + 1/p' = 1. In our
setting it seems appropriate to choose

L{,’W(G) = u€ L{;(G,Rg') : /u -Ved(z1,22,y) =0 ((p € Wif, (G)) ,
G

where 7/ = vp//p and Wif,,(G) is given as in (3.4). Note that by

/ u - Vipd(n, wa,)| < / |1, 22) [PVl (21, 22)]Pd(ar, 2, y)
G G

< |‘UHL2(G,R3)||V90||L11' (G,R3) (u € Lg,'y(G)a WS Wif’ (G>>

p'/p

Holder’s inequality guarantees well-definedness of L% - (G). Note that because
of CX(G) C I;[\/if(G), it is obvious that v € L} (G) satisfies divu = 0 in the
sense of distributions. Moreover, by the generalized Gaul} theorem, cf. [Galll,
Theorem I11.2.2], the trace v - u is well-defined in the trace space (Slobodeckij

space) Wp_l/ P(0) for every bounded domain O such that
O c oG\ ({(0,0)} x R).

Hence u - v = 0 on OG is fulfilled at least in a local sense away from {(0,0)} x R.
Our intention is to regard the Stokes operator as the part of the Laplacian in the
space O, X. For this purpose, we first need to show

Lemma 6.1 There is a canonical embedding
12,,(G) = ©. X, (6.1)
that is, L5 ,(G) can be regarded as a closed subspace of 0, X.

Proof. Consider the factor space

Y = LF(G,R?)/0,LP(R?, Ey)
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6. The Stokes Equations on a Wedge

with Ej defined in (5.5). Recall that an element of LP(R?, Ej) is represented by
(0,0,w) with w € LP(R?). Applying the transformed divergence operator (see
(4.15)) to (0,0, w) yields dyw = 0. Thus w is constant in y which results in w = 0.
This implies
Lg,'y(G) N é*Lp(R27 EO) = {0}7
hence that
P (G) =Y.

From decomposition (5.18) we infer that Y is isomorphic to ©, X, (with respect
to the L -norm), hence embedding (6.1) is well-defined in a canonical way. Since
5 .(G) and ©, X, are obviously closed with respect to the norm in L (G, R?), the
claim is proved. [

Remark 6.2 Observe that the embedding operator which maps L%, (G) isomor-
phically onto a closed subspace of ©, X is represented by ©,11,0* with I1 de-
fined in (5.3). Hence we identify L} . (G) actually with ©,11,0* (L5 (G)). How-
ever, the fact that ©*(x — A)©, = A+ B+ L commutes with Il justifies it to work
directly with L% - (G) in the set up of the Stokes operator, as it is presented below.

Let A, : D(A,) C (:)*Xo — (:)*Xo be the Laplacian as defined in (5.20) with
domain D(.A,) as given in (5.21). We also set A := Ay, i.e. for x = 0. Thanks to
Lemma 6.1 (and Remark 6.2) we can define the Stokes operator as the part of A
in L7 ,(G). We set

Asu = Al u, u€ D(Ag),
D(As) = {ue DA)NLE (G): Aue LT (G)}.

Note that then (3.2) is equivalent to the Cauchy problem

{ i+ Agu=f in (0,T), 62)
u(0) =0,

with f € LP((0,T), L} ,(G)). The following lemma justifies the above definition
of the Stokes operator.
Lemma 6.3 We have

D(Ag) = D(A) N L2, (G).

Proof. We only have to show, that the right hand side is a subset of D(Ag). To this
end, let u € D(A) N I (G). We have to show that f := Au = curl *u € L} (G).
The divergence theorem yields

/f -Ved(xy,z2,y) = /(Curlcurlu) -Ved(z1,22,Y)
G G

= /(1/ x curlu) - Vipdo = 0
oG
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for all p € C> (G'\ ({(0,0)} x R)) N W!7/(G). This in turn implies f € L},(G)
and hence v € D(Ag), provided C*>(G \ ({(0,0)} x R)) N Wif,/(G) lies dense in

A~

Wif,/ (G). This can be seen by a mollifier argument. []

Remark 6.4 For v = 0 we can work with the Helmholtz projection P as usually.
It is given by
P:LP(G,R? — L2(G), u—u— Vp,

where p is the solution of the weak Neumann problem
(V9. V) = (1, Vo) (p € WH(G)),

foru € LP(G,R3) and 1/p+1/p’ = 1. We refer to [BM86] for the existence of the
Helmholtz decomposition of LP(G,R3), 1 < p < oco. Note also that in this case
we have

- P

L5(G) = C25(G) .
With this projection at hand the Stokes operator takes the form

Asu =PAu = —PAu, ue D(Ag). (6.3)

This representation will be utilized in the next section.

By Lemma 6.3 we have the relation
(A= As) " == Az 6), (6.4)

for A € p(A) = p(Ag). Proposition 5.7 therefore immediately implies

Proposition 6.5 For x > 0 let Ag, := k + Ag with Ag the Stokes operator as
defined above. Let1 < p < oo, v € R, and ¢y € (0,7) be given such that
condition (5.13) is satisfied. Then we have

o0 0 ™
Asgi € H(LE (G)), ¢, < 5

Remark 6.6 Applying a scaling argument like in [McC81, BM88, NS03, Saa03]
to the H>°-estimate for Ag , yields that Proposition 6.5 also holds for x = 0. This,
of course, is also true for Proposition 5.7 and essentially relies on the fact that a
wedge is scaling invariant. More precisely, for r > 0 we consider

(Jru) (w1, 2, y) := u(rwy, ree, 1y), (z1,22,y) € G.

As in [Saa03] we set
(Ag)r == TQJTAS(]l/T

and have

1
(As)yr = 5 NirAstr = As,
A=k —r2Ag) = Jy (A — k= Ag) ", (A — K € p(Ag)).
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6. The Stokes Equations on a Wedge

Hence we obtain for f € L5(G,R?), h € Ho(3y) with angles ¢ € (¢%, ) ,
0 € (¢, . ¢) and the path " as in (2.1) that

h(gws)f:%/h(m (u—%—As)lfdu

r
1
= o— [ M) (rp — & =12 Ag) " fdp
2ms
r
1 A 2 4 31
S (72) (A =k — 12 Ag) " fdx

1 A _
= ‘]1/7' Q_M/h <7§) ()\ — kR — AS) 1dA Jrf
r
= Jl/r(Jl/r2h (K/ + AS)JTf (65)

Note that J,»h is well-defined and uniformly bounded. Thus by the integral
transformation (z1, z2, z3) = (rx1, rxe, ry) and Proposition 6.5 we infer

| (G +-5) 1

= 91/ (D12 (5 + As) T f |l 126 e
o r(3+’7)/P||(J1/7_2h)(/§ + Ag)Jy fHLP(G R3)
< r(3+’¥)/p0||(Jl/r2h>||oo||Jrf||L2(G,R3)
= Cl[hllooll fll 2 (c r3)

LY (G,R3)

for a constant C' > 0 which is independent of r. Passing to the limitr — oo yields
the assertion.

Note that Proposition 6.5 and Remark 6.6 imply Theorem 3.1, our main result for
the linearized situation.

Let us briefly comment on open questions. Among others one question is whether
the H>°-angle of the Stokes operator which is shown to be less than 7/2 can be
improved to 0. Note that here this is only due to the polynomial operator arising
from the radial direction.

Up to now it also seems to be open if Theorem 3.1 and Corollary 3.2 remain valid
for other boundary conditions than perfect slip.
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Chapter 7

The Navier-Stokes Equations

We consider the nonlinear Navier-Stokes equations (3.1) on the three-dimensional
wedge G. For simplicity we restrict to the case v = 0, i.e. the unweighted set-
ting. We prove Theorem 3.3, i.e. we derive a local-in-time strong LP-solution for
small initial data, angles ¢ € (0, 57/9) and a p-interval contained in (5/3, c0).
By Remark 6.4 we may reformulate (3.1) by applying the Helmholtz projection
PP to the first line in (3.1), such that (3.1) is equivalent to

{u<t>+Asu<t> = Flu®), teO.D), (.1

u(0) = up,

where F’ contains the nonlinearity F'(u) = —P((u - V)u). Let

Loru:= <at + AS) u, Ry(u) == (F(u)) .

70 uo

Here we employ the spaces

E;(T), F (D). EJ,(T), Fyo(T), Ij]

p ) Tp,o
introduced in Section 3.1. By Corollary 3.2 in case v = 0
Lr:ES(T) — FS(T) x IS,

constitutes an isomorphism. Hence we may reformulate (7.1) as the fixed point
equation

u= L Ryp(u) = dp(u). (7.2)

Lemma 7.1 LetT € (0,00) be given and let p € (5/3,00). Then
(a) F: ES(T) — FG(T) is real analytic.

(b) The Fréchet derivative of F' is given through

DFww = —-P((v-V)w+ (w- V)v) (v,w € EE(T)) (7.3)
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7. The Navier-Stokes Equations

Proof. (a): We show that F' is well-defined: To thisend leta > 2 and p > 3/a+ 1.
Letu e EE(T). We apply Holder’s inequality in time and space for indices

1 1 1 1 1 a—1

)

p 2p 2p p ap ap

and the Sobolev embedding theorem in space, where we assume that the condi-
tions

a— 2

a
ap>—p, p>3
a—1

are fulfilled. Thus we infer
[(w - V)ullpg 1y < [lull 2o ((0,7), 190 (G RNV Ul L2 ((0,1), Lorr@1 (G R3x3))

< CHU||%2p((o7:r),w1,ap/<a71)(GRS)) (7.4)

for some constant C' > 0. Because of p > 3/a + 1 there is an £ > 0, such that
p > 3/a+ 1+ . Setting

1
gi—tE €(0,1)
2p
the Sobolev embedding theorem in space with
3
P > p, p>—+1+¢
a—1 a
and in time with
1 - 1 - 1+¢ 1
§— > _— —
p 2p 2p 2p

yields

[l 2o 0,1y w1 0/ a=0 (G R2)) < Clll Lo 0.1y w209 (@ R3)

< Cllvll oy wze— cpeyy (7.5)
By the mixed derivative theorem the embedding
WLP((0,T), LP(G)) N LP((0,T), W2P(G)) = W3((0,T), W' ~(@))
holds true and hence
”U’HW;((O’T)7W5(175>(G’R3)) < CH“HE?(T)- (7.6)
Combining (7.4), (7.5) and (7.6) we infer
I(u- V)ullpgr) < Cllullggry — (u € EJ(T)) (7.7)

if the conditions p > 3/a + 1, p > 3(a — 2)/a are satisfied for a constant C' > 0
depending on G, T, p. The best possible value of a > is the graphs’ intersection
of

3 a—2
p=-+1L p=3

a
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which is given by (ag,po) = (9/2, 5/3). Hence F is a well-defined mapping for
all p € (5/3,00). F € C¥(ES(T),FS(T)) follows from the fact that F is a product
of linear functions.
(b): We show that

1F(u) = F(v) =P ((v- V)0 —u) + (v —u) - Vo) [[rg (1)

|u —vllgg(T)

— 0,

as
|u—vllgg () — 0. (7.8)
We have
Fu) = Fv) =P((v-V)(u—v) + ((u—v)-V)v)
=-P((u-Vu—(v-V)v—(v-V)u+ (v-V)v—(u-V)v+ (v-V)v)
= =P ((u-V)(u-2v)+ - V)(v-u)
= —P(((u—-2)-V)(u—-v)),
and hence by (7.7)
[1F(w) = F(v) =P ((v- V)(u =) + ((u=2) - V)o) [lgg(r)
<Cllu—vldgq — (uveES(T)).

This yields the assertion. [

In the proof of Lemma 7.1 we made use of several Sobolev embeddings and
employed the mixed derivative theorem instead of anisotropic embeddings. It
goes back to Sobolevskii [Sob75], see also [DSS08, Lemma 4.1] or the appendix
of [PSSO7]. The only reason why employing mixed derivatives here is due to
the application of Holder’s inequality where we obtained different integrability
exponents. Proposition 1.3 on the other hand is formulated for common ‘p’ only.
However, more general anisotropic embeddings with different ‘p’ are feasable,
cf. for instance [Tri78], but for simplicity not employed in this thesis.

Remark 7.2 Lemma 7.1 holds for the p-interval (5/3,00). This is due to the
convection term in the Navier-Stokes equations and was already shown in [Saa07]
for a domain in R™ with arbitrary n > 2. There the p-interval turns out to be
((n+2)/3,00).

We have all ingredients at hand to prove Theorem 3.3.

Proof of Theorem 3.3. The nonlinear problem (7.1) admits a unique solution
u € ]Egg(T) if u is the unique fixed point of &7 given in (7.2). We apply the
contraction mapping principle to ®7. Let » > 0. We set

M = L3 2@, (myx15, S, (1))

p,01=p,0
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7. The Navier-Stokes Equations

and choose
-— 1 7’. —_
T oM luollsg, < 537 =

Let B,(0) denote the closed ball in EIC;: »(T) around zero with radius r.

Contraction property: For u,v € B,(0) we obtain by Lemma 7.1 in combination
with the mean value theorem

|7 (u) — @7 (v)llgg, (1) < M||F(u) — F(v)|lrg, (1)

<M sup |DFwll|gEg,)Fs,m)lv—vlEeg, 1)

”wH]EgU(T)ST

By Lemma 7.1 DF[0] = 0 and DF is continuous. Hence for ¢ given above we
may choose r > 0, such that

sup  |[DF ]| 2&s, (1)) Fs, 1) <&

lwlleg, ry<

and we infer

1 _
127 (u) = 7(v)lgg, (1) < 5 llu = vlgg, (1) (u,v € B(0)).

Self mapping property : Let u € B,.(0). We proceed analogously to the contrac-
tion estimate:

17 (w) kg, 1y < M (IR (u) = Re(0)|lrg, (1yx15, + IRT(0)l5g, (1)x15., )
<M (|1F(u) = F(0)|lrg, (1) + lluollig, )
< M (ellullgg, (1) + lluollg, )
<M(i +o) = (u € B.(0))
~ 2M7’ 2M =T u r .

From the contraction mapping principle we infer that ®; admits a unique fixed
point . € B,(0). This completes the proof. O]

Remark 7.3 In the two-dimensional case, i.e.on S, the result improves in terms

of g and p: Fory =0, o € (0,27) andp € (3, ?2/@0) Theorem 3.3 holds true.

Remark 7.4 Note that at least for angles small enough and a corresponding range
of p Corollary 3.2 is still strong enough to show that there exists a unique local-

in-time strong LP-solution. On the one hand Lemma 7.1 needs p > 5/3. On the
other hand (5.27) for v = 0 yields

e( 2 2 )
p T T )
14+ 25732
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such that we eventually obtain a well-posedness result for

p€(5 2 )
3'3- 1

Note that o9 < 5/9m guarantees that this p-interval is not empty. In particular
Theorem 3.3 covers the case of pg < /2 andp € (5/3,2).
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Part 11.

Global Solutions for a Class of

Heterogeneous Catalysis
Models
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Chapter 8

Main Results

The content of Part II is based on the joint work with Dieter Bothe, Matthias
Kohne and Jiirgen Saal [BKMS]. The authors contributed equally to [BKMS].
The application of cylindrical LP-theory was done by the author of this thesis.
The remainder linear theory arose in mutual work with the other authors. As well
the local-in-time existence result, the nonnegativity of concentrations, as weak-
type estimates are due to him. For the proof of the final global-in-time existence
result he did a significant contribution.

A heterogeneous catalysis in a finite three-dimensional cylinder is studied. The
system under consideration is built-up of a diffusion-advection system acting in
the bulk phase and a reaction-diffusion-sorption system acting on the catalytic
wall, i.e. here the lateral surface of the cylinder. We assume Fickian diffusion
with constant coefficients. Moreover, sorption kinetics is assumed to be general
while the catalysis is assumed to be a reversible chemical reaction with triangular
structure. Our main result includes the existence of a unique global strong L>-
solution to this model.

Let © := Br(0) x (0, h) C R3 denote a finite three-dimensional cylinder of height
h > 0. Its boundary decomposes into bottom T'j,, top "oy and lateral surface
¥, standing for inflow area, outflow area and active surface. For given constant
diffusivities d;, d? > 0 we aim to solve

( Oie; + (u-V)eg —diAe; = 0 in (0,7) x 9,
e — &7 Axe? = 1P(e, 7)) +r(c®) on (0,T) x X,
(u-v)e; — didye; = g on (0,7) x [y,
) —d;iOye; = r"P(ci,cF) on (0,7)x X, &.1)
—d;0,c; = 0 on (0,7) x Loy,
—d70yc; = 0 on (0,7) x 0%,
¢(0) = coy in Q,
\ c’(0) = C(E),z' on X,
for the unknown concentrations (c;, ¢;) withi =1,..., N.
(A" Throughout this part we assume that the velocity field satisfies
u € Ug(T) = WLP((0,T), LP(Q,R3)) N LP((0,T), W?P(Q, R?)), (8.2)
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8. Main Results

for given time 7' > 0. Moreover, let

u-v <0 onlj, u-v=0 on, u-v >0 on gy,

and div v = 0 in the distributional sense.

Examples for sorption and reaction rates

We give a few examples for sorption and reaction rate functions.

(S

(52)

(R1)

Let k24, k8¢ > 0 denote adsorption and desorption rate constants. The sim-
plest sorption rate is given by the linear Henry law, 1.e.

rgg’(ci, ?) = kMe; — ke,
This law models dilute systems.

For moderate concentrations, Langmuir’s law given by

>
rj-jgp(ci, ) = k¥e; (1 - g—l> — kdec?
00,1
may be employed. Here ¢, > 0 denotes the maximum capacity constant
for adsorption of species i. Inan application of our main results, we actually
consider a modified version; see Remark 12.7, which satisfies all of our
assumptions on the sorption rate stated in Chapter 11.

A standard example for a reaction rate function considers a reversible chem-

ical reaction of type A + B = P with N = 3 components. If mass action

kinetics is employed, the mass productions are governed by the rate func-
tion

>

2

rg(c) = | —k=(cies — we3)

+k(erey — key)

Here £ > 0 denotes the rate constant of the forward reaction, while x is
the equilibrium constant for this reaction, determined as the ratio between
forward and backward reaction rates. For more information on r%‘} and a
global analysis of the corresponding reaction-diffusion system, including
equilibria see [Rot84].

Main Results

The main results of this part are the local-in-time existence of a unique nonnega-
tive strong LP-solution and the global-in-time existence of a unique nonnegative
strong L?-solution. In all chapters, (0, 7") denotes a finite time interval. The local
existence result reads as follows. For the assumptions imposed on the sorption
and reaction rates see the beginning of Chapter 11 and Chapter 12.
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8.1. Notation in Part I

Theorem 8.1 (Local existence) Let T" > 0 be given and 5/3 < p < oo with
p # 3. Suppose u satisfies (A™), P satisfies (A'F), (A7), (A¥™) and reh
fulfills (ASh), (ASh), (ASh). Then for every set of data

o' € Wy (0, 77), LP(Ti)) 1 LP((0.77), Wy~ (D),
co,i € W5_2/p(9),
i €Wy (D),

which, if p > 3, satisfy the compatibility conditions

(ult=0 - V)coi — diOvcoi = 9i™i=0 on I,
Cdd s = PO >
iOvC0; = Ti (CO,M CO,i> on 2,
—d;iOyco; = 0 on Iy,
> > _
_dZ 61/20072' — O OH 827

there exists a T* € (0,7") and a unique strong solution (c;, c;’) of (8.1) satisfying

G € WLp((Ov T)v Lp(Q)) N Lp((07 T)v W27P(Q))v
i € WHP((0,7), LP()) N LP((0,T), W>P(%)),

forall T € (0, T*). If additionally g;f“ <0onTlj,co;>0,inQ,c;,; >0onx, then
c; and c; are nonnegative a.e., either.

Remark 8.2 If ¢;,c] are not continuous functions, then c¢; > 0 has to be under-
stood in the a.e. sense with respect to Lebesgue measure on (2, and c; > 0 with
respect to the surface measure on .

The global existence is given by

Theorem 8.3 (Global existence) Let the assumptions of Theorem 8.1 be satisfied
forp =2 and T' = co. Additionally, assume that <! fulfills (Agh), see (12.2) and
that cg; € BC(2), ¢, € BC(X), and that —g!™ ¢ ;, and ¢ ; are nonnegative. Then
the local solution (cg, c;’) extends to a global solution of7(8.1), i.e., for p = 2 the
assertions of Theorem 8.1 hold for every T > 0.

8.1. Notation in Part I1

When working in time-space domains we use the notation Q7 := (0,7) x Q and
analogously Y7 := (0,T) x ¥ for a finite T > 0. We set H* := W*?2 for k € N.

We denote
0,00)Y :={z e RV : z; >0foralli=1,..,N}

and call it the closed cone in RY for N € N. For the sake of convenience we
employ x < y for z,y € RY and mean z), <y, forall k =1,..., N.
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8. Main Results

We denote by f*, f~ the positive and negative part of a function f, i.e., we set
[t :=max{0, f}, f~ := —min{0, f}. Moreover, we use sets of functions, whose
elements are nonnegative or nonpositive, e.g. we write L>°(Q)* for functions
which admit a bounded essential supremum on €2 and which are nonnegative a.e.
in Q. With the corresponding meaning we employ e.g. L>°(Q2)~.

Throughout this work let Vyu = (Vu)|apg — v(v - (Vu)|gq) denote the surface
gradient and let moreover Ayu = Vy - Vyu denote the Laplace-Beltrami operator
on X. The normal derivative of ¢} with respect to 0% shall be denoted by d,.c} .

8.1.1. Maximal Regularity Spaces

For 1 < p < oo let us introduce the following maximal regularity spaces. The
solution spaces for the unknown functions ¢;, ¢}’ are given by

E,(T) = WP((0,T), L’ () N LP((0,T), W>P(Q2)),

Ey(T) :== W'2((0,T), LP(£)) N LP((0, T), W*P(%)).

For the data spaces we first establish regularity classes. We set

F3(T) == LP((0,T) x Q),

F>(T) := LP((0,T) x %),
= W, (0, 7). 2P (T)) N (0,7, Wy~ P (D)),
(0,7), L(£)) N LP((0,T), W~ /7(2)),
(0,7), ¥ (Cou)) 1V LP((0, T), Wy ™7 (Tow)),

Sk
— —~ — ~—~
~
~—
|

We define the tupel data space for the catalyst equations without initial data
through

Q. by in by
F)5(T) =) (T) x F3(T) x GNT) x G5 (T) x G)™(T) x {0}
and the tupel data space with initial spaces through
F27(T) o= FS(T) < I < I

In some statements we also employ the Dirichlet trace space on ¥, which is given
through

HY(T) := W, ((0,T), () N LP((0,T), Wy /P(£)).
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8.1. Notation in Part I

In Part II of this thesis we employ zero time trace spaces also in case of the
maximal regularity classes introduced above. We write e.g. OE]?(T), OEE(T) etc.

In Part II we make use of a generalized notion of maximal regularity suitable for
inhomogeneous initial boundary value problems.

Definition 8.4 If £ is a linear operator from the Banach space E into the Banach
space ¥, we say that £ has maximal regularity if £ : £ — [ is an isomorphism.

For instance, £ can represent the full left hand side of (8.1), where we choose

E = EXT)N x Ex(T)" as the space of solutions and F = FS}Z(T)N as the data
class. Note that Definition 8.4 is consistent with Definition 2.18.
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Chapter 9

Outline of the Modeling

Let us briefly comment on the fundamental modeling of the heterogeneous catal-
ysis. For a more general model see the upcoming work [BMOS]. The modeling
is based on continuum mechanics in consistency with the second law of ther-
modynamics. We restrict ourselves to the isothermal case and assume that the
bulk phase is occupied by a dilute mixture, i.e. one of the given constituents
A1, ..., Ay 1s the solvent — without loss of generality Ay, —and Ay, ..., Ay are
solutes. The corresponding molar concentrations and mass densities are denoted
by ci,...,en41 and p1, ..., py 1. Similarly, we write A7, ..., A% for the correspond-
ing adsorbed species and so on. We assume the solvent to be an incompressible
fluid, such that the total molar mass and the total mass density are constant. We
derive partial mass balances (continuity equations) by employing a fixed controll
volume and applying the divergence theorem in its bulk and surface version to the
integral balances for A;. This way we obtain the differential form of the balance
equations in the underlying domain Q C R? with active surface ¥ C 9Q. Let u
denote the velocity field describing the motion of the solvent Ay . In absence of
chemical reactions in the bulk phase and in view of the conditions divu = 0 and
u - v = 0 on X the balance equations read

Orp; + div (piu —i—]z) = 0 in (O,T) x 0,
op? +divs(j7) = Mt + M on (0,7) x .

Here M; denotes the molar mass, j; the diffusive bulk flux for A;, ;> the diffusive
surface flux for A%, r the molar mass production rate due to chemical reactions
and r;°? the one due to sorption. Here we also made use of a pure surface mass
balance in order to identify r;°". In terms of molar mass concentrations given
through ¢; = p;/M; and ¢} = p?/M; and molar diffusive fluxes J; := j;/M;,
J? = j*/M; we may formulate molar mass balance relations

Oc; +div (gu+ J;) = 0 in (0,7) x Q,
e +dive(JP) = r+° on (0,T) x X,
with 73" = rad — pde and rad standing for the pure adsorption and r¢ for the pure

desorption rate.

In order to close the model we have to introduce consitutive laws for the material
dependent quantaties J;, JZ, r{" and r}”P. This is done in consistency with the
entropy inequality, i.e. the total free energy is non-increasing in case of a closed
system.
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9. Outline of the Modeling

e The simplest possible and meaningful choice of the diffusive fluxes J; is
Fickian diffusion wich constant diffusivities d; > 0 which goes back to
[Fic55] and read

Ji = —d;Ve, 1=1,...,N.

Note that due to the diluteness assumption in the bulk this is a possible
natural choice.

e The surface fluxes are more involved since it is not clear why A%, ; should
be a major absored species. In general the diluteness assumption is only
satisfied in the bulk and does not carry over to the active surface. However,
for the mathematical treatment we choose the same type of fluxes on the
surface as in the bulk and constitute

Jf:—dl-szCiZ, iZl,...,N

with surface diffusion coefficients d > 0.

e Following the spirit of [BD15] we choose a suitable ratio of forward and
backward reaction rate. Let us note that we intend to restrict ourselves to
reversible reactions. For R = R(N) € N of such reactions of the adsorbed
species A7, ..., A}, taking place simultaneously we formally write

QAT 4 oA = BIAT L+ B AN, 1< <R,

where o/, 37 € Név denote stoichiometric coefficients of the j** reaction.
By mass action kinetics the production rate is the difference of forward and
backward rates, where — up to constants — each of them are products of
powers of concentrations, see [SFH89, Esp95].

e The sorption rate is chosen analogously. We insert the quotient r2d/rd.
Then by choosing — without loss of generality ¢ — the remaining rate 724
is given implicitely.

Closing this model with these listed constitutive laws we end up with

{ &gci + (u . V)CZ' — dz‘ACi =0 n (O,T) X Q,

Ot — d7Asc? = rh+ " on (0,7) x .
This system of partial differential equations has to be complemented by suitable
boundary conditions on 052 and — since describing an evolution of concentrations
¢; and ¢ — also by initial conditions.

Let us briefly comment on the model. In this work we assume sorption kinetics
with no maximal capacity on the catalytic wall. Another possible approach to
heterogeneous catalysis — different from the one we choose here — is a model
with a maximal capacity. Indeed, it seems to lead to a more realistic model if free
sites are introduced on the active surface, see the upcoming paper [BMOS]. Such
a model would better fit to the original Langmuir-Hinshelwood sorption kinetics
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which goes back to the works of Langmuir and can be found in the pioneering
work [Lan18].

Another modification could be of further interest: Replacing Fickian diffusion
by Maxwell-Stefan type diffusion for fluxes in the bulk as well as on the surface.
It is not clear at all why diluteness should hold on the surface. Therefore Fick-
ian diffusion seems to be less appropriate than Maxwell-Stefan diffusion, which
recently attracted great attention by several authors in different fields including
fluid dynamics [BD15, Botl1, HMPW].
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Chapter 10

Linear Equations

We discuss a suitable linearization of the catalyst equations as it is given below
in (10.1) and show maximal regularity for 5/3 < p < oo and p # 3 by means
of cylindrical LP-theory, the surjectivity of the Neumann trace operator and a
perturbation argument. For homogeneous cylindrical problems, such as arising
as an auxiliary problem in this work, a rich literature concerning #°°-calculus
respectively R-sectoriality is available. Therefore, only an application of existing
theory is required here. Unfortunately, trace operators for our purposes have not
been studied so far to the best of the author’s knowledge. Hence the proof of
the surjectivity of the trace operator is carried out in Section 10.2. Finally, the
velocity terms are treated as lower order perturbation terms. Here we employ
suitable results on pointwise multiplication and the Neumann series lemma.

For given data

i 0.2
(fir £7, 91 97, 99" 0, co.v c55) € FE2(T)

we consider the linear system:

[ Oci+ (u-V)ei—diAe; = fi in (0,T) x €,
O —d7Asc; = f7 on (0,T) x X,
(u-v)e; —diOye; = g%n on (0,7) x [y,
) —d;i0y,c; = g7 on (0,T)xX, (10.1)
—diOyc; = g on (0,7T) x Tou,
—d70y,c; = 0 on (0,7)x 0%,
¢(0) = ¢y in Q,
\ ¢i(0) = ¢; In X

Our purpose is to solve (10.1) for the unknown concentrations ¢;, ¢7. The main
result of this chapter is given by

Proposition 10.1 (Maximal regularity) Let 5/3 < p < oo with p # 3 and let
T > 0 be finite. Suppose the velocity field u satisfies assumption (A*¢!). Then
(10.1) admits a unique solution

(ci,cf) € EN(T) x EX(T)
if and only if the data satisfy the regularity condition

i 198
(fis 175087 97 99", 0, co., 5,) € B (T),
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and in case of p > 3 the compatibility conditions

(ult=o - V)coi — diOyco; = gm0 on Ty,
—diOycoi = g7li=0 onX,
_dial/CO,i = g$Ut’t:0 on Fouta
—di&,cai = 0 on 0.

Additionally, the corresponding solution operator (S with respect to zero time
trace spaces satisfies

||OSTH$(OF§?’E(7)N,OIEIS,Z(T)NXO]E%(T)N) S M (O <T< T)

for a constant M > 0 independent of 7.

Plan of the proof: System (10.1) decomposes completely into two systems: One
for the concentrations ¢; in €2 and one for the boundary concentrations c; on .
In the first step we neglect the velocity terms (u - V)¢; and (u - v)¢; — playing the
role of perturbation terms — and consider only homogeneous boundary data, i.e.
we start with

Oci —diAc; = f; in (0,T) x Q,
—diOyc; = 0 on (0,T) x 09, (i1=1,..,N) (10.2)
¢i(0) = coi In Q,
and
oic; —d>Axc; = f7 on (0,7) x X,

—dZ0,cF = 0 on (0,T)x0%, (i=1,..,N) (10.3)

1

c;(0) = ¢; on X

We proceed as follows: We solve (10.2) and (10.3) separately via cylindrical LP-
theory. For more information on this topic see [NS11, NS12, Naul2, Naul3].
Then a symmetric extension in axial direction of (2 yields the surjectivity of the
Neumann trace operator and consequently the solvability of the inhomogeneous
initial boundary value problem. By perturbation arguments the obtained result
carries over to (10.1). Note that in the perturbation step the condition p > 5/3 is
employed in order to apply multiplication results.

Remark 10.2 (Compatibility conditions) Note that in this thesis we only have
to take care of compatibility conditions between boundary data and initial data
in case of p > 3. This is due to the special choice and combination of boundary
conditions on each boundary component I'y,, ¥ and ',y In general a weakly
singular domain such as a finite cylinder considered here, leads to a second set
of compatibility conditions which naturally arise between the boundary data at
edges of adjacent smooth boundary components. These conditions occur for all
p > po for a certain py € (1,0) depending on the order of the involved boundary
operators. For more information on the compatibility conditions arising from
singularities at the boundary of the underlying domain see, e.g., [K6h13, Chapter
8] or [Segl3] and the references cited therein, in particular [BDMO3].
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10.1. #H>-Calculus for the Laplacian

We employ the theory on operator sums introduced in Chapter 2 to solve (10.2)
and (10.3). More precisely, we directly apply results by Nau and Saal who proved
results on homogeneous cylindrical problems like (10.2) by employing Kalton-
Weis type theorems, cf. Chapter 2. To work in the functional analytic setting
given therein we define

A; = —diA, A; D(AZ) C Lp(Q) — Lp(Q),
D(AZ) = {Ci € Wz’p(Q) . —d;0,c; = 0on 6&2}, (Z =1,.., N)

and analogously

A7 = —d; Ay, A7 :D(AY) C LP(X) = LP (D),

D(AY) :={cZ e W?P(2): —d70yc =00n I8} (i=1,.., N).
In this section we aim to show that A;, A> admit a bounded #*°-calculus which
implies the desired maximal regularity, cf. [DHPO03], [KWO04]. For A; we directly
apply [Naul3, Theorem 4.1]. To this end, we employ the following cylindrical
decomposition. We set

Vi == Bg(0) c R? and V4 := (0, h) C R for the radius R > 0 and height & > 0 of
the cylinder (2.

e Let us start with intersection given through the ball V; = Bg(0):

Ai,l : D(AZ‘J) C Lp(Vl) — Lp(Vl), Ai,lci = —di(agl + 8%2)01‘,
D(AZ'J) = {Ci € W2’p(‘/1) : BiJCi = —d;0,c; = 0 on 8V1}

e The remaining dimension of the cylinder leads to an operator on an interval:

A@Q : D(Aig) C Lp(VQ) — Lp<‘/é), Az‘ygci = —diﬁggq,
D(ALQ) = {Ci S W2’p(V2) : Bi,QCi = —diayci =0on 8\/2}

Obviously we are in the setting of [Naul3] in the case of the strong Neumann
Laplacian given on both intersections Vi, V5. Therefore [Naul3, Theorem 4.1
a)] yields that A; + § for some § > 0 admits a bounded #°°-calculus on LP(£2)
with H>-angle ¢ s < 5. This implies maximal regularity for (10.2) on finite
intervals (0,7") by Remark 2.22.

We continue with the discussion of A>. Here we first employ polar coordinates
and apply afterwards [Naul3, Theorem 4.1]. To this end, we introduce

R cos
. 2 2
Yy (0,2m) — R, ng(Rsincp)

and the induced pull-back

U= LP(OV1) — LP((0,27)), W™ cF = ¢} oy,
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10. Linear Equations

With ¥* at hand we are able to describe the occurring Laplace-Beltrami operator
Asx 1 on 0V; concretely. Indeed, we have

LRFoud)  (Few @),  (104)

V(=i A }) = 750

This allows to consider the ¥*-transformed operator —83, on (0,27) subject to
periodic boundary conditions instead of Ay ; on 0V; directly. The domain of
—82 is given as

D(—&%) = {7 e W?P((0,2n)) : %cﬂwzo = %cﬂ@:gﬁ (7=0,1)}.

We have
Lemma 10.3 Let the pull-back ¥> be given as above, then

(@) V> : LP(0Vy) — LP((0,2)) is an isomorphism.

(b) V= : D(Ax ) — D(—ag) is an isomorphism, i.e. with respect to the graph

norms.
Proof. (a): First of all we show that
> LP(OVR) — LP((0,27))

is well-defined and continuous. Let us compute Gram’s determinant of ¢}

OpYE - Ory OpYE - O wz) <1 0) 2
det R R B "PYR ) — (et = R*.
(‘%wﬁ ) aRw}% ‘990%% ’ asﬁ%% 0 R?

Hence by definition of the surface integral we have

2w

/ 6301, 22) Pdo {2y, v2) = / SWIG)PRg, (& € IOV))

A% 0

and therefore
2
1
1= 18 02my) = / (e} o vR) ()P = = / ¢} (ar,22)Pdor (i, 1)
0 oh

1
= }—%Hcf”ip(avl),

and equivalently
195 N Lo (0.20)) = BPlIeE ooy (c; € LP(0W)). (10.5)

This yields that ¥ : LP(0V;) — LP((0,2n)) is well-defined and continuous. Since
the function ¢}, is bijective, the same holds true for U*. The continuity of (¥*>)~!
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10.1. H*°-Calculus for the Laplacian

also follows by (10.5).

(b): Let ¢ € D(Ax1). We show that
| — Rgafa(\ljz )l r(o2ny = B PdEAs 16|l 1o govs)-

then the isomorphism property of W* with respect to the graph norms on the

domains readily follows. By (10.4) we have

2 dz bl
[ S| / ‘—ﬁaéciw%(w))
0

27
1
- & [ WP ra;

1 v
-1 / (~dAs1cF) 0 w3)(0) PRy

1
= E / | —degJC?(CL‘l,xg)‘pda(:lj'l,:lfl)
ovy

= —H — dEAE 1CE||LP avi) (CzE S D(AZJ)),
where R~ is due to Gram’s determinant. Due to (a) we obtain

pY ~1
195l pez) = B™7116 |l p(as.1)-

Hence the graph norms are equivalent and ¥* : D(Ayg ;) — D(&fo) 1S an isomor-
phism. []

Having Lemma 10.3 at hand we go on with the cylindrical decomposition of
(10.3) respectively A>.

Analogously to A; we resolve the transformation of A? into two cylindrical parts:

e We set

2 D(A7) C LP((0,27)) = LP((0,27)),  AFye} i= ——=02¢F

Z,

D( il) ={c € W2’p((072ﬂ')) 3] Ci lp=0 = (9] ¢i'lo=2r (7 =0,1)}.

e The axial direction of 2 corresponds to

Fo 1 D(ATy) C LP(V) = LP(Va),  Afpc) = —dF0R e},
D(A}y) = {c} € W*P(Vh) 1 —d}0y,c} = 00ondVa}.
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10. Linear Equations

Note that Lemma 10.3 justifies to directly work with A7, instead of Ay, ;. Apply-
ing again [Naul3, Theorem 4.1 a)] we infer that there is a shift 6 > 0 such that
0 + A? for some § > 0 admits a bounded H°-calculus on LP(X) with H*-angle
¢<22 .5 < 5. This implies maximal regularity for (10.3) on finite intervals (0,7)
by Remark 2.22. We summarize the results of subsection 10.1 in

Lemma 104 Let1 < p < oo withp # 3 and T > 0 be given.

(a) System (10.2) admits a unique solution c¢; € IEI?(T) if and only if the data
satisfies the regularity condition f; € F}(T), co,; € IS} and in case of p > 3
the compatibility condition —d;0,co; = 0 on 0f.

(b) System (10.3) admits a unique solution c; € EE(T) if and only if the data
satisfies the regularity condition f? € F5(T), i € I and in case of p > 3
the compatibility condition —d; 0y,co; = 0 on 0X.

10.2. Inhomogeneous Neumann Boundary
Conditions

We turn to the discussion of inhomogeneous boundary values. We show surjec-
tivity of the trace operator which leads to the solvability of the corresponding
inhomogeneous boundary value problem.

Lemma 10.5 Let1 < p < oo withp # 3 and let T > 0. Then the Neumann trace
operator

n EXT) = GNT) x G3(T) x GS"(T)

C — (ayC|F aIJC|E7 aych—‘om)

in’?

iS a retraction.
Proof. Assume that
€ Gg‘(T), g~ € GE(T), g € Ggut(T)

are given boundary data. We show that there exists a ¢ € Eﬁ(T) such that

dyc= g™ on Ty, (10.6)
dy,c=g¢g° onx, (10.7)
dyc = ¢° on Loy (10.8)

Note that for the sake of readability we skip the index i and we work with the
domain 2 = Br(0)x(—h, h), such that 'y, = Br(0)x{—h} and Ty = Br(0)x{h}
in this section. Let us define the halfspaces

H_j :=R?x (=h,00), Hj:=R?x (—o0,h).
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10.2. Inhomogeneous Neumann Boundary Conditions

Figure 10.1: Finite cylinder bounded by 0 H+p,

We proceed in two steps.

Step 1. Due to [AF03, Chapter 5] there is an extension of ¢ to
g" e GY(T),
and of ¢°" to
g e GYm(T).
We have
~in 1-3/p ~out 1-3/p
n0) e WpTPOH ), §70) € W0 H)).
In case that p > 3 we may choose a & € W2 2/p( ») and " e WZ?*Q/p(Hh)

such that

AN — gin0)  on OH_y,
a ~0ut Out(o) on aHh,

due to Proposition 1.7, that is the known trace result by Marschall with respect to

mere space variables and without time. In case that p < 3 let &P € W2 2/p (H_p)
and
S Wg 2 (Hp) be arbitrary. Due to [DHPO7] we may solve the parabolic
problem

Gtvi“ — Avi“ =0 in (O,T) X H,h,

o = g™ on (0,7) x OH_y,
o(0) = &M in H_y,

for a unique solution
" e By (T)

and analogously we solve
Ot — At = 0 in (0,7) x Hp,
9, = g on (0,7) x OHp,

vU(0) = &M in  Hy,
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10. Linear Equations

for a unique solution
v € Eﬁh(T).

Let the cut-off function ¢ € C*°(R, [0, 1]) satisfy
Cli—oo—ns3) =1, Clin/3,00) = 0. (10.9)
Then the convex combination
vi= oo + (1= Ov™la € E(T)

fulfills the boundary conditions on top and bottom of {2 by construction. Note
that this construction in particular respects all appearing compatibility conditions
between boundary and initial data.

Step 2. It remains to show that there exists a w € Eg(T) such that

ayw - 0 on Fin?
dyw =¢g” — v onY,
ayw —_= 0 On Fout.

To this end we reduce this problem to an equation on a bounded C?-domain,
which works as follows. To this end, first define €2_; as the domain resulting
from extending €2 in some way boundedly and smoothly (at least in the C?-sense)
on the top. For instance, we connect half of a ball to 2 at I',,,. We also set
Y_p = 0Q_p \ Tin. In a similar manner we define Q;, and ¥, by extending ©
suitably at the bottom. Then, let G+ denote the domains resulting from reflecting
Q4p at hy and set I'y := 0G1. Then G4 has e.g. the form of a ‘pill’. It is clear
that this way we always can find a suitable extension such that G is of class C?.

Let ¢ be the cut-off function with the properties given in (10.9). We extend the
function ((¢* — d,v) to

32 € GZH(T) = W72 ((0,7), LP(S_) N IP((0,T), Wy /(S )

by 0 and §* to
. r_
92 € G, (T)

by even reflection. Note that the extension by even reflection conserves the reg-
ularity Wp1 “Y? in axial direction. Next, let ¢ € Wg —2p (G-) solve a suitable
Neumann problem on G_ with boundary data

06y =9-(0) onl_,
if p > 3. Observe that then ¢ is even with respect to I';,. We solve the problem
duw™ —Aw™ = 0 in (0,T)xG_,
duw™ = §= on (0,7)xT_, (10.10)
w™(0) = & in G_,

m
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10.2. Inhomogeneous Neumann Boundary Conditions

half ball added on the top

— — —+h

————h

Figure 10.3: Left hand side: ‘pill’ G_, right hand side: ‘pill’ G,

by [DHPO7, Theorem 2.1] to obtain
w € ES-(T).
Defining
" =g, € BJM(T),

we have 9,0 = §® on ¥_j. Since §° and ¢ are even in axial direction we have
0, 0™ = 0 on I'j,. In order to see J,w™ = 0 let us set

: w (2!, x3) :xg > —h,
w™ (2!, 13) = (z' € Br(0) c R?)
’ w2, —2h — x3) a3 < —h, f

such that @'" is even with respect to 3 = —h. One easily verifies that @™ is
a solution of (10.10). Since (10.10) is uniquely solvable we infer @' = w™.
Moreover, Sobolev embedding theorem applied in axial direction yields
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10. Linear Equations

Opyw™ € WIP((—2h, h) x Bp(0))
— WP((=2h, h), LP(BR(0))) N LP((—2h, k), WP(BR(0)))
— C%((=2h, h), LP(BR(0)))

for all p > 1. Therefore we may employ the continuity of 9,,w™ in the z3-
direction. Indeed, taking the limit from above for 3 > —h we have

lim &;Swin( :, —h + 5) = 8x3win( ) _h)a
el0

while taking the limit from below for 23 < —h we have

lsiﬁ)l Dpyw™(-, —h — &) = lslﬁjl Dy @™ (-, —h —¢)
= lim (O w™(+, —2h — 3)) |uye—ne
= — lglﬁ)l O™ (-, —h +€)
= —0p,w" (-, —h).
Therefore d,,w™(-, —h) = 0 and hence 8,%™ = 0 on T}, holds true.
Analogously we proceed with I'oy. Here we extend (1 — ¢)(¢® — d,v) to obtain a

W™ € B (T)

with ayu”;o‘it = (1 - ¢)(¢g® — dyv) on ¥ and 9,w°" = 0 on T'yy. Let the cut-off
functions (1, (o € C*(R, [0, 1]) satisfy

> |1 (—o0,h/2) :  J 0 (—o00,—2h/3)
G0 0 @h300) T TV L o (h/200)

Then the combination
w = Q"o + ™o € EX(T)

satisfies by construction d,w = 0 on (0,7") x I'j; and d,w = 0 on (0,7") X 'oyr. The
remaining inhomogeneous boundary condition on ¥ is satisfied either, since

Opw = LA™ + (o0, ™™

= C1¢(g" — ) + Ga(1 = Q) (g™ — Do)
=g =)+ (1 —=0(g" —0w)=9g" — v on (0,7) x X.

Putting together Step 1 and Step 2 we define ¢ := v+ w € ]EI?(T) and obtain that
c satisfies (10.6)-(10.8). Thus we have proved that there exists a bounded linear
right-inverse to ; which yields that the trace operator

n EXT) — GINT) x G3(T) x GS™(T)

in fact is a retraction. O]
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10.2. Inhomogeneous Neumann Boundary Conditions

Having Lemma 10.5 on the surjectivity of the Neumann trace operator at hand,
we turn to the fully inhomogeneous Neumann system which is given through

;

8tci - diACZ‘ = fZ in (0, T) X Q,
oy —d>Asc; = f7 on (0,T) x X,
—d;0y¢; = g%n on (0,7) x Dy,
T = gron O T)E Ly o)
—di0yc; = g™ on (0,T) x Tou,
—d70,c; = 0 on (0,7)x 0%,

Ci(O) = €0, in Q,
X

\ c’(0) = ¢;; in

The result of this section is given by

Lemma 10.6 Let1 < p < oo withp # 3 and let T > 0 be given. Then (10.11)
admits a unique solution

Q
(ci,c;) € B (T) x EE(T)
if and only if the data satisfies the regularity conditions
(fi7 2'27 g;:nv gzz7 g'?uta 0, C0,i5 Cai) € Fg}E(T>

and in case of p > 3 the compatibility conditions

—d;iOyco; = ¢s=o onTlj,
—d;iOycoi = g7li=0 onx,

—diOyco; = 9Mi=0 onT oy,
—dzﬁycal- = 0 on 0.

Additionally, the corresponding solution operator (St with respect to homoge-
neous initial values satisfies

HOSTHf(oFg’E(T)N,OE?(T)NXoEE(T)N) S M (O < T < T) (10.12)

for a constant M > 0 independent of .

Proof. By Lemma 10.5 for given g € GI(T), g7 € G(T), g™ € G"(T) there
exists a ¢} € E(T) with

—d;dyct =g on (0,T) x Ty,
—~d;i0yc; = g7 on (0,T) x %,
—d;dyct = ¢ on (0,T) x Cou.

7
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10. Linear Equations

Secondly, due to Lemma 10.4 for f; € F?(T), coi € I[Z?(T) we find a unique
¢} € E(T) such that

( 8t022 — alZ'Acl2 = fi— (0 — diA)cl-l in (0,7) x Q,
—d;0yc7 = 0 on (0,7) x T},
X —d;0yc7 = 0 on (0,7)x X,
—d;0yc? = 0 on (0,7) x Toy,
\ (0) = co; — ¢l (0) in Q.

By construction ¢; := ¢} + ¢ € E(T) satisfies (10.11). We employ the extension
operator in zero time trace spaces from [PSS07, Proposition 6.1] to get

H(fla Z.E’g%n7gi27g;)m, O)”OIF;Z’E(T) < KH(fZ> 1'279?179@'279'?“’ O)HO}F;)’E(T)7

where K = K(T') > 0 denotes its norm and is independent of 7 < 7" due to the
zero time trace. Hence we infer

(o)

oS+ (/i Z;7g7%n7gi27giut7o>‘|oEg(T)XoEE(T)
< loSzalfis £7, 91" 955 97 O kg (o3 (1)
< M'\(fis 7,97 97, 98 Ol gy
< MlKH(fia Z‘Eag%nﬂfagz(‘m? O)HOF;Z»Z(T)a

which yields the estimate (10.12) of the solution operator (¢S, with a constant
M := M'(T)K(T) > 0 being independent of + < T.. [

10.3. Perturbation

Assume that v satisfies (A®"). We prove Proposition 10.1 by perturbation. To this
end, we have to show that the results obtained in Lemma 10.6 carry over when
adding the two perturbation terms (u - V)¢; and (u - v)c;. Here we employ [UZ(}(T)
as given in (8.2) and the Dirichlet trace space

UN(T) := Wy~ 20, T), LP(Ti, R®)) N LP((0,T), Wy~ /P (Tin, RY)).

In the following we restrict to 5/3 < p < oo with p # 3 to apply pointwise
multiplication results.

Proof of Proposition 10.1. The proof is carried out in three steps.

Step 1. We estimate both perturbation terms occuring in (10.1). Let ¢ € (0,1) be
sufficiently small. Then the following algebra properties hold for 5/3 < p < oo,
cf. [KS]:

U(T) - W, > ((0,T), LP(Q, R?)) N LP((0,T), WL ~5(Q, R?)) — F(T),
Un(T) - W, PR ((0,T), LP(Din)) 0 LP((0,T), Wy~ /P75 (0)) <= GIN(T).
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The first embedding follows by a direct calculation and the second by taking trace
of the following embedding

UXT) - W, (0, T), LP(Q,R?)) N LP((0,T), W25 (2, R?))
< W, 2((0,T), LP(2)) N LP((0,T), WP (Q)),

which follows by a straight forward calculation, too. For 0 < 7 < T we infer the
following estimates:

(- Veillopgr) < Cllellogm Vel wierz o, 1.z 0mwi @)
< Clllloganliedl w20, Lo@ynaom.w-=@)

< Ceillyrs () (c; € oE (7))

with a constant C' > 0 and an exponent 1 > 0 both being independent of 7 thanks
to Lemma 1.5. Analogously

It v)eillygpry < Cllvllugenylleillwirerera o m) powapnso.n.wi= =)

< Cllullogenlleill w2207, o@yynzs (0.7 .w2-= @)
< O7eill gger) (ci € o, (7))

with a constant C' > 0 and an exponent 1 > 0 both being independent of 7 thanks
to Lemma 1.5. It follows that the linear operator

N N N
B:oES(r) % 0By (1) — oF3 (1)

B(C, CE) = ((u ) V>Ci7 0, (u ) V>Ci7 0, 0, O)z’:l,...,N

may be estimated by

3 3 3 N N
1B(e, )l gozyv < O gy xomzirys ((66%) € 0ES(R) X 0B (7))

(10.13)

with a constant C' > 0 and an exponent n > 0 both being independent of 7 < T'.

Step 2. We give the construction of the solution of (10.1) as a sum ¢; = ¢; + ¢;,
7 =& +¢. Let (¢,¢7) € EX(r) x EY(r) be the solution to (10.11) with gi"

Z . i .
replaced by some g;" satisfying the compatibility condition —d;0,¢p; = ¢;"(0) in
case p > 3 and which exists according to Lemma 10.6. Next, we set

fi=—(u-V)é, g =gi" — " — (- v)é.
Note that then for p > 3 the compatibility condition

"i=0 = gi"lt=0 — §"lr=0 — (uls=0 - ¥)coi =0

97



10. Linear Equations

is satisfied by construction. Thus, the task is reduced to prove that for 0 < 7 < T

there exists a unique solution (¢;, ¢}) € QES(T) X QEE(’T) of

( 0iC; + (u . V)El —d;A¢; = ﬁ n
oc; —d;Axc; = 0 on

(0,7)
(0,7)
(u-v)e; —didye; = g™ on (0,7) x Dy,
(0,7)
(0,7)
(0,7)

—d;0y,¢; = 0 on ,T) X 2,
< (10.14)
—d;0,¢; = 0 on ,T) X Lout,
—d;0,c; = 0 on (0,7)x 9%,
\ c;(0) = 0 in X

This will be done in the final step.

Step 3. We show the unique solvability of (10.14) on some interval (0, 7). The
proof will show that 7 is independent of the data f;, f7, g}“, 97, 9", co, Cai' Due to

the linearity of the system solvability then carries over to the whole time interval
(0,7).

We apply a Neumann series argument to (10.14). To this end let us reformulate
(10.14) by means of the operators (£, induced by the left-hand side of (10.14)
and B. Let

Fy = (£1,0,41,0,0,0) € oF ()N, (i=1,..,N)

such that (10.14) is equivalent to

0Lr(6,) + BE ) = F  ((6,8) € oBXr) % oBE(r)™).

Due to

O»CT +B = (I + BOS’T) O‘CT
with the solution operator ¢S; = oL ! from Lemma 10.6, the invertibility of
(I + BoS;) from oFy > (r)N to oEg(r)Nx oE> (r)" and, in turn, of oL, + B from
oEg(T)NX oEY ("™ to o> (1)N readily follows from (10.13) if we choose 7 so
small that C7" M < 1 with M from (10.12). Note that this is possible since M is
independent of 7 < 7. U
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Chapter 11

Local Well-Posedness

In this chapter we derive unique solvability of the nonlinear catalyst equations.
After stating the precise assumptions on the nonlinearities, i.e. ;°" and r¢t we
show nonnegativity of concentrations and surface concentrations for data admit-
ing the ‘right’ sign in Section 11.1. Finally, in Section 11.2 we prove the local-
in-time well-posedness result given through Theorem 8.1. We consider

[ Oici + (u-V)ei — dile; = fi in (0,T) x €,
e — d7Axe? = 1P(e, 7)) +r(c®) on (0,T) x X,
(u-v)e; — diOye; = gt on (0,7) x Iy,
—d;iOyc; = r"P(ci,cF) on (0,7) x 3,
< —d;0,c; = 0 on (0,7) x Loy,
—d70yc; = 0 on (0,7) x 0%,
¢i(0) = co; in €,
\ ci(0) = ¢, on X,

(11.1)
in the strong LP-sense, locally in time. Recall when the index i is used we mean
i=1,..,N,and have e.g. ¢ = (¢;)i=1,.. .y and ¢® = (¢})i=1,.. N-

Let us state the assumptions on the sorption and reaction terms. They are required
to satisfy the following assumptions:

(AR"™®) The sorption rate acts as a function satisfying

PO = O (e B) P e C2(R2), Vi € BOL(R2 R).

7 7 )

(A1) The sorption rate increases monotonically in ¢; and decreases monotoni-
1 >
cally in c}.
(AR"®) The sorption rate admits linear bounds
—kfecE <% (cy, ) < k¥ (ciycf >0)

for given adsorption and desorption constants k24, k9 > 0.

(A%h) We assume that the chemical reactions fulfill

= (), 1 e OY([0, 00)N RY).
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11. Local Well-Posedness

(AcNh) The reaction is supposed to be quasi-positive, i.e.

ri(y) >0, (y € [0,00)", y; = 0).

(A§") The reaction admits polynomial growth, i.e. there exist a constant M > 0
and an exponent vy € [1,00) if p € [2,00) and v = 1—;]3/2 € [1,6] if p € (5/3,2),
such that

rM ) < M(L+[yl)  (y € [0,00)%).
Additionally, suppose the Jacobian fulfills

(Y ) <ML+ (v e[0,00)%).

Remark 11.1 Let us comment on the polynomial growth conditions of r°! and
/
et

a) In (AS") we restrict to~ € [1,6] if p € (5/3,2). This is due to the embedding
oE, (T) = L¥(Sr)
for p > 5/3, cf. Proposition 1.3, which we employ in the proof of the local

existence result. In case p > 2 only an arbitrary polynomial growth is
required.

b) The growth rate v of r°I in (Af)h) yields that r°! acts as a Nemytskij operator

rét s P (2p)N = P2,

cf. [AZ90, Theorem 3.1]. Analogously the growth rate v — 1 of (rCh)/ in
(A yields

(Tch)’ L (Ep)N 5 L/ 0D () NN,

In particular (rh)" maps a ball Bs of radius § > 0 in LPY(S7)N into a ball of
radius

k(6) > 0 in LPY/ (=D (57)N*N | Hence a pointwise application of the mean
value theorem to the real function r°" gives us

1
rCh(cE(t, r)) — rCh(zE(t,x)) = /rd{ (z5(t,x) + 7(c*(t,x) — 27 (¢, z))) dr
0

(P (t,x) — 25(tx)), ((t,z) € Xp)
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11.1. Nonnegativity of Concentrations

and Holder’s inequality with

1 1 1

p:m/(v—l)+m

yields

1rP(e®) = () | oy

/
< sup H(?“c}]) (Uz)HLm/M*U(ET)NXNHCE — zEHLm(ET)N
vEEDBs

SEO)e” = 2Pllm(spy - (€7,27 € By),

i.e.7! acts as a locally Lipschitz continuous Nemytskij operator, cf. [AZ90,
Theorem 3.10].

For y € RY let us denote y™ = (y;");=1,. n Where as before y;" = max{0, y;}.
Since we do not know a priori whether a corresponding solution (¢, ¢*) is non-
negative, we extend r" as

rh DRV SR, e () =yt (y e RY).

Then (11.1) remains meaningful even if ¢ or ¢* take negative values.

The main result of this chapter is given by Theorem 8.1. The proof is based
on maximal regularity of the linear system (10.1) proved in Chapter 10 and the

contraction mapping principle. We start by proving the nonnegativity of ¢; and of

>
C,L'.

11.1. Nonnegativity of Concentrations

For data admitting the right sign we have the following result.

Lemma 11.2 (Nonnegativity) Let 5/3 < p < oo withp # 3. Let T > 0 and let
co; € LY, c5, € )" and gi* € GI(T)~ be given. Suppose u satisfies (A*"),
SO satisfies (A7), (Ay ), (Ax'") and r°1 fulfills (Ah), (AS), (ASh). Moreover,
suppose (c;, cf) € ES(T) x EX(T) is a strong LP-solution of (11.1). Then

¢; >0 a.e. in€rp, c; >0 ae. onXp

hold true.

Proof. Let ¢. € C*°(R) be a pointwise approximation of

¢(r):{ —Or r <0 ’

r >0
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11. Local Well-Posedness

as ¢ — 0, which satisfies ¢. > 0, ¢. < 0and ¢! > 0, e.g.

be(r) = { _Tes/; im0

cr >0

Then we have for ¢; = max{0, —¢;} that

be(ci) = ¢; cidl(c;) = ¢ { —1 g <0 } =c; (11.2)

0 :¢>0

as € — 0. We show

hm /qbgczdx—i—/ :(c7)do| <0.

Applying ¢. to ¢; we obtain by partial integration

7 /qﬁg (cj)dx = /qf)g (¢i)Ocidr = /qb6 (¢;)div (d;Ve; — ue;)dx

/¢E ci)(d;i0ye; — (u - v)e da—/qﬁ” ¢i)Ve; - (diVe; — uc)dx

/qﬁE ¢ glnda—/qb(S )" (ci, ¢ )do — /¢E ¢)(u - v)eido

FOUI

—d; /(b8 ci |Vcl|2d:v+/¢5 ci)Vejucdz (11.3)

due to the boundary conditions. In the same way we have

/aﬁe da_/¢s 8t02d"—/¢g ) dF Axcf + 137 (i, ¢F) + 1 (¢7))do

_d2/¢ D) Vser| d0+/¢e (r;"(ci, ¢f) + 7§ (%)) do.
(11.4)

Let us go through all the integrals appearing on the right-hand side of (11.3) and
(11.4). The first and the fourth integrals on the right-hand side of (11.3) and the
first integral on the right-hand side of (11.4) are negative or zero such that we
may drop them. The remaining four integrals are treated as follows: We combine
the sorption boundary integrals to

/ () — B ()™ (e, c3)do

%
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11.1. Nonnegativity of Concentrations

and split up this integral into three integrals on
{sign(c)) =sign(})},  {u <0<}, {F<0<al).

When ¢; and ¢} have the same sign this integral tends to 0 as ¢ — 0. Whereas on
{ci <0< ¢’} we have

/ Lo cocesy (665 — (e (cr, )do

Y

%/rfom(ci,cf)da < /r?orp(o,cf)da <0
)y 5

as ¢ — 0 by monotonicity of r;

{c? <0 < ¢;} we obtain

P and r}°P(0,¢7) < 0. In the same way on

/ 1 ios ooy (BLcF) — 6L(ce))ri™(ci, ¢F)do

»
- - /Tﬁorp(cza c;)do < — /rf”p(ci,c))da <0
X by

sorp

i

as £ — 0 by monotonicity of ;*F and r
we see that

(c;,0) > 0. Because of w-v > 0 on gy

—/gbg(q)(u-y)ng = —/c;<u-y)da <0.

Fout Foul

We treat the boundary integral with the chemical reaction term by the quasi-
positivity of r°! as follows. We show

/ (S (o < 0
>

through

/ B (¢)do = / () 5oy () o
> »

; / B sy () + / BN o5 <y () do.
> )

The first integral vanishes by the properties of ¢., the second one is less or equal
zero by quasi-positivity and ¢.(0) < 0 as e — 0 and the third one is less or equal
zero by definition of the extension of r! to RY, i.e. because of ¢¥ < 0 implies
" = 0 and r$"(c>") > 0 by quasi-positivity. We turn to the remaining integral
Jq ¢2(ci)Veiuedz. For its treatment we make use of V(¢L(¢;)) = ¢(c;)Ve; and
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11. Local Well-Posedness

in the same manner of V(¢.(¢;)) = ¢.(¢;)V¢; and integrate by parts twice, such
that

/gzﬁ i)V - uczdx—/V(gzﬁls(ci))~ucidx

/gbg (ci)(u- l/clda—/gb6 (c;)div ( ucZ

=u- Vcl

:34 &) (u - v)erdo — Q/ V(e (ci))udz
:84 ¢-(ci)(u - v)eido —84 ¢e(ci)(u - v)do

where in the second and in the last step we made use of divu = 0. Employing
(11.2) we see

/gb (ci)Ve¢i - ucidr = /(¢5(Cz) — ¢e(¢))(u-v)do — 0

o0

as ¢ — 0. Therefore summing up (11.3) and (11.4), integration in time over |0, |
and taking the limit ¢ — 0 yields

/ ()dHE/ dg_/m dx+/gb
g/ cos d:c+2/¢002 /(c()’i)der/(cai)da:O

%

which in turn gives us ¢, = 0 a.e. in Qp, ¢;~ = 0 a.e. on X and therefore ¢; > 0
a.e. in Qp, ¢ > 0 a.e. on Xp. Note in passing that for ¢ — 0 we make use of
Lebesgue’s theorem on dominated convergence. [

11.2. Existence of Solutions

Let 7" > 0 be given and 7' < 7’. Assume a set of fixed data
(fi,0,",0,0,0, co4,¢5,;) € Fy (1)
is given. We denote by

Lr;  EXN(T) x EJ(T) — F>(T)

104



11.2. Existence of Solutions

the isomorphism induced by maximal regularity of (10.1) (Proposition 10.1), that
is, L7 1s the full linear operator on the left hand side of (10.1) except for the time
traces. The full nonlinear problem (8.1) then is reformulated as

ETvi(Ci’Ciz) = <fi707g%n707070) +NT,i<Cv CE)? (115)
¢i(0) =coq, ¢ (0)=cig, i=1,...,N,

where N ; includes the nonlinear sorption and reaction terms, i.e.,

Nri(e,c®) = (O,Tsorp(ci,cf) + rfﬂ_(cz),o rsorp(ci,ciz),(),()).

T
In order keep the constants resulting from the estimates below independent of 7',
we employ a suitable zero time trace splitting as described in the following.
First we take care of the compatibility condition arising from the nonlinear bound-
ary condition on ¥. Taking time trace results in r°®(co;,c3,) € W, 3y,
which will be extended to G§ (T') by setting

. tAy, sorp s>
ri=Rye e Ey 1 (C0,is €g)-

Here & ., denotes the extension operator from the lateral surface ¥ to the
infinite cylinder ¥_, ) and Ry the corresponding restriction operator (note
that both act as bounded operators on the function classes considered here, cf.
[AF03]). Since ¢**=. has the same regularizing properties as the Laplacian
on the whole space R", for which the desired regularity is well known [PSS07],
we see that r} € G(T).

Now we define the reference solution (¢, ™) € Eﬁ(T’ ) X EE(T’ ), existing ac-
cording to Proposition 10.1, via

£T7i(C:,C?*) = (fi,0,9",77,0,0), ¢(0)=co; InQ, ¢(0)= cai on Y.
(11.6)
Decomposing (c;, c;’) as

- * = = >k
G=¢+c, ¢ =¢ +¢

and subtracting (11.6) from (11.5), we end up with the reduced and equivalent
zero time trace problem

0Lr(¢,c”) = oN1,(c,c”) (i=1,..,N).
Here (Lr; denotes the restriction of Lp; to (EX(T) x oE¥(T) and
ONT,Z'(Q EZ) = NT,i(Ei + 02(7 Ezz + C'LE*) - (07 07 07 7,;#’ 07 0)
Next, we define (@7 := (0®r;)i—1,...n through
N N N N
0®r; + oy (1) oy (T) " — oB)(T)"x oE(T) ",

0@’1"71‘(6, EE) = OST,i ONT,Z'<67 62)7 (7’ = 17"'7N>7
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11. Local Well-Posedness

with the bounded linear inverse ¢St ; of oL7; given in Proposition 10.1.

Proof of Theorem 8.1. We apply the contraction mapping principle to (@, i.e. we
show that there exists a § > 0, such that the mapping (P constitutes a contraction

on the closed ball B;(0) ¢ oEX(T)"x oEE(T)" and fulfills ¢®; : Bs(0) — B5(0).
(i) Contraction property: Let (¢,c%), (z, 2%) € Bs(0). Then we have
lo®2(2.2) = @22 2) gy oz < CloN (%) = 0N (2, ) ggzys

= C||r*°®(c + c¢*, & + ™) — r*P(z + ¢*, 2 + ) N

| (FF (T)NoGy (T))
O (@ 4+ ) =+ ) ey (11.7)

with
€ o= sup {087 i =y, sepryseampery * T € (0.7
independent of 7', cf. Proposition 10.1. From Remark 11.1 we infer that
I (@ + ) ) = (2 4+ ) oy < LIS = 27 Loz

for a constant L. > 0 depending on ¢ but not on 7" and ~ € [1, 6]. Note in passing
that we also used that » — A is globally Lipschitz continuous from L??(X7) to
LPY(¥7) with Lipschitz constant 1. By the fact that p > 5/3 we can estimate as

”EE — EEHLP’Y(ZT)N < [(TnHEE - ZEHOIEE(T)N

with a constant K > 0 and an exponent n > 0 independent of 7', see Remark 11.1
(a). For the T-independence of K see Lemma 1.5. We arrive at

IR (@ + =) F) = r (2 + ) Dllepryy < LETj@ = 22| gpryn.  (11.8)

We turn to the estimate of the sorption rate. By (Ap'"), (Ag'") the mapping ;"
acts as a Nemytskij operator from W (X7) x W, () to Wi (Xr) for s € (0, 1), cf.
Proposition 1.8. Note that (Ag"") implies ;7 (0,0) = 0 which is needed therein.
A pointwise application of the mean value theorem to the real function ;""" gives
us

Pzt @), 2 (8 @) = (et @), ()

1
— /Vrl?orp(ci +7(2 — ), ¢+ 7(2F — )t x)dr (Zigt,x) - ciz(t, T) > '
0

for (t,2) € Sp. Utilizing Vri°® € BC!(R2, R?) yields

sorp sy __,.S0rp

I (i, 20) = (i ) lwip )

< HVT’EOWHBCI(R{R?) (sz' - CiHW;(zT) + |27 — C%SHW;(ET)) )
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11.2. Existence of Solutions

i.e. the global Lipschitz continuity of the induced Nemytskij operator of 7",
Hence we may employ

due to Lemma 1.6 for s € (0,1) and

oHY(T) x oEL(T) < (oWy ~P7((0,7), LP(S)) N LP((0,T), W, /PH(x)))?

S oWy T MPE(0,T), LP()) N LP((0,T), Wy~ P (S)) < oGI(T),

for sufficiently small ¢ > 0, such that we obtain similarly as for the estimate of
the reaction term that

I

it ) =P (2 + 2 4 )| gy

1

< L'K'T" (|& - zillogg(r) + 16 — 2 ez (1) (11.9)

with constants L', K/ > 0 and an exponent > 0 independent of 7" < T, see
Lemma 1.5. Combining (11.8) and (11.9) yields

lo®7 (e, &%) — 0@1(2, Z5) | mo (1) o3 (1)
<C(LK + L'K"T"|(c,e”) — (2,27 oES(T) o3 (T)

for (¢,¢%), (z,2%) € Bs(0). We choose T so small that

C(LK + L'K"T" < % (11.10)

which is possible since all other constants appearing in (11.10) are independent
of T < T'. Hence (@ is a contraction on Bg(0).

(ii) Self mapping property: Let (¢,¢%) € Bs(0). Then we have
lo®@r (€, EE)HOE;}(T)NXOEI;(T)N < ClloNr(e+c* e + CE*)HO[F;W(T)N
< C|rP(E+ e, & + ) = gz + Clr™ (@ + ) ) llrgy»-
Analogously to (i) we estimate the reaction term by
I (@ + ) )| oy
< (@ + 7)) = () D ey + () D) o

< LIl por(seyy + e () ) (s

< KT go oy + Ir () ) ooz (11.11)
7 (T)
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11. Local Well-Posedness

with constants L, K > 0 being independent of 7T". For the sorption term we obtain
in the same manner as in (i) the estimate

17570 (E + ¢, & + ) =i les )

<|1r"P(e + ¢ 6 + ) = (e ) ez

+ 177 ) ey + i ez o)

< UK'T (@, ) goryeoms ey + 175 (66 Mlapery + i llogpery (11.12)

with constants L', K’ > 0 and an exponent n > 0 being all independent of 7.
Putting together (11.11) and (11.12) yields

lo®7 (& &)l g (ryomp ey~ < C(LK + L'K')T"6 + 1P () ) | o spyn
+ 17 (e M ez + 17 ez

Since ¢}, ¢7*, and r} are fixed functions, notice that the latter three terms can be
made small by choosing 7" > 0 small. Thus, by choosing 7" so small that the sum
of those three terms is less that §/2 and such that (11.10) is satisfied, we arrive at

lo®r(E. &) gy <8 (@) € Bs(0)).

The proof of Theorem 8.1 is now complete. O]
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Chapter 12

Global Well-Posedness

In this chapter we show that the local-in-time strong solutions obtained via The-
orem 8.1 in fact exist globally, provided the reaction rates satisfy some structural
condition that allows for the derivation of the necessary a-priori estimates. To be
precise, we will consider the nonlinear problem

( Oci+ (u-V)ei —diAe; = f; in Ry xQ,
et — d&EAse? = 17, )+ (") in Ry x X,
(u-v)e; —diOye; = g%n on Ry x Ty,
—d;0yc; = rforp (i, ) on R, x X,
< —d;0,c; = 0 on R x oy,
—d70ysc; = 0 on R, x 9%,
¢i(0) = cos in Q,
\ i(0) = on 3,

(12.1)
where we assume (A}'P), (AY™), (A}™). In addition to (Af"), (AS') and (A"
we make the following assumption on the structure of the reaction rates.

(Agh) The structure of the reaction rates is such that there exists an invertible
lower triangular matrix Q = (g;j)1<i j<n € R¥*Y with strictly positive diagonal
entries such that

N
Qr(y) < C <1 + Zyj) v, yel0,00)" (12.2)
j=1
for some constant C' > 0and v = (1, ..., 1).

Reaction-diffusion systems with the triangular condition given through (A§h)
have been widely studied by several authors; see for instance [Piel0] and the
references cited therein. When proving global existence results, condition (12.2)
allows for an iteration scheme which has been applied successfully in many situ-
ations. A major objective of Chapter 12 is to generalize this iteration scheme for
standard reaction-diffusion systems subject to (Agh) to heterogeneous catalysis.
The main difference compared to standard systems lies in the fact that the reac-
tion takes place on the boundary instead inside the bulk and that we also have to
deal with terms arising from sorption processes.
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12. Global Well-Posedness

In this setting, we obtain the global-in-time well-posedness result given by The-
orem 8.3. The proof of Theorem 8.3 is given in Section 12.2. Besides the maxi-
mal regularity estimates obtained in Chapter 10 it also requires some comparison
principles and some weak-type estimates, which are provided by the following
results in Section 12.1.

12.1. Comparison Principle and
Weak-type Estimates

Lemma 12.1 LetT > 0andletl <p < oo. Leta, 8 > 0.
(a) Assume f € F{(T), g™ € GIN(T), g* € G (T) and vy € I} with

(u-v)vg — Bdyvo = ¢g™(0)  on Ty, ~Bdyvg = g%(0) onX,

ifp>3. Letv € ]E]?(T) be a strong solution to

((adw+ (u-Vv—pBAv = f in (0,7T) xQ,
(w-v)v—Bov = gi" on (0,T) x iy,
S —B0,v = ¢” on (0,7)x3,
—Bo,v = 0 on (0, 7T) x Doy,
v(0) = w in .

\

If f, vo > 0 and ¢™, ¢* < 0, then v > 0.

(b) Assume f € Fy(T) and vy € I3 with —30,,v9 = 0 on 9%, if p > 3. Let
v € E3(T) be a strong solution to
adw — fAyv = f on (0,7)x%,
—B0yv = 0 on (0,7T)x 0%,
v(0) = wp on .

If f, vg >0, thenv > 0.

Proof. The proof follows the lines of the proof of Lemma 11.2, except that here
we deal with a linear problem, only. [

We turn to the first kind of weak-type estimates, i.e. LP-estimates. First we state
and prove two lemmas which give us estimates for (10.1) with respect to the LP-
norm. This will be carried out in detail since the treatment of the velocity term
(u - V)¢; requires some effort and is worth a closer look. This yields the desired
estimates only in case of p < oo, see Lemma 12.3. As a second step we obtain
the remaining case p = oo for ¢; by employing the comparison principle (Lemma
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12.1). This is content of Lemma 12.5. Let us start by stating an auxiliary lemma,
which together with its proof can be found in [Fis13].

Lemma 12.2 Let G C R" be adomain, 0 < a < b <T < oo and suppose «, 3 > 2
satisfy

1 n{>4, ifn=2ando=2,0orn=1anda =4, (12.3)

a * 28 | > 2, else.
Then it holds true that
Xap = L>((a,b), L*(G)) N L*((a,b), W'(G)) = L%((a,b), L(G))

and there is a constant C' > 0 depending on G, «, 3,'T" but not on a, b such that
1/2

ol oy 2oy < C | €55 5Py 022 e / V()22 gy

(12.4)
forallv e Xqp.

We make use of Lemma 12.2 to treat the advection term in the proof of Lemma
12.3. More precisely, we estimate [, u- V(¢ / ) /2d(t, ) by an application of
Holder’s inequality for suitable exponents and Young’s inequality. Consequently,

we have to deal with ||c! /2 | Lo (@) for a suitbale a € (2, 00). At this point Lemma
12.2 comes into play for o = . Let us go on with

Lemma 12.3 LetT* > 0and0 < T < T* and let 5/3 < p < co. Assume (A*?) is
fulfilled and that the data satisfies the regularity condition

(fir £7,91". 67,0,0, 04, ¢5,) € By (T)
and in case of p > 3 the compatibility conditions
(u . V)C(M' — dz‘a,,C()J' = ggn(O) on an, —dial,C()ﬂ‘ = gZ-E(O) on X.
Let (¢;,c}) € Eg(T) X EE(T) be the strong solution of (10.1). Moreover, suppose
that
fia fiza _g;na _gzz7 €0,3, C(E)J,Z' Z 0.

Then there exists a constant M > 0 depening only on

||u||[U§jz(T),di,diE,p,Q (125)

but which is independent of T, such that
t

sy HIE @I ) + / (1825 sy + 1 sy ) s
0

SM( o T IbillTosy + 1fillfo i + I w0

g8 1y + 951, ET) (12.6)

holds for allt € (0,T).
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12. Global Well-Posedness

Proof. We proceed in two steps — In a first step we treat the c;-equations, in a
second step we come to the c;-equations.
Step 1. Let us first treat the equation in . Note that by Lemma 12.1 we have

c¢i > 0. Up to a change of ¢; into e~tc;, gi" into e~'g!", ¢¥ into e~'g?, f; into e~ f;,
and co; into e*cp; we obtain

Orc; + ¢i +u- Ve, — diAc; = Ope; + ¢; + div (UCZ' - dZVCZ) = f; n Q.
(12.7)

Note that this is possible due to the linearity of (10.1). Multiplying (12.7) by
pc? ~! and integrating over €2 yields

%/cfdﬂﬂ—i-p/cfdx +p/(div (UCZ‘ _divci))c?_ld‘r:p/ficg_ldx_

Partial integration yields

p/(div (uc; — dchi))cffldx

Q

= p/((u . V)Ci — di&,ci)cf_lda — p/(uci — dzvcz)< )Clp Q(VCZ)

o0 Q

by

Fin Foul

—p/(ucz‘ —d;iVe)(p— 1) 2(Ve,)da.
Q
Note that

yields
AL VPR = dip(p — 1)|Vei 22,

from which we infer

dip(p — 1) /|Vcl|2(:p dr =421 1d/|v %) da.

Hence we obtain

d _ 2
el + Dl + 45524 [ 190 Pao
Q

Sp/ficf1dx—p/g§“6f1d0—p/9?6f1d0—p/(w1/)0§’d0
Q

Fin by Tout

+plp—1) / cfflu -Veidx
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12.1. Comparison Principle and Weak-type Estimates

and because of ||¢; ||’£p(ﬂ) = || /2 ||%2(Q) we may rewrite this inequality in the form

d _
1 By + 91 gy + 40524, [ 190 P

Q
<p/fch dr — /gmcp do — /gfcf_lda—p/(u-y)cfda

Fm E F()Ut

—i—p(p—l)/cf_ u- Ved.

Employing
2(p — DV = 2(p = 1) (5> Ve = plp — 1) Ve

we obtain

o1 [ Vede=2p- 1) [0 (&N

Q Q
such that
I By + 1 ey + 42524, [ 190 P
Q
Sp/ficf_ldx—p/g}“Cf_lda—p/ngf_ldU—p/(u-V)Cde
Q Tin ¥ Tout

+2(p—1) /u V(& .
Q

We turn to the three boundary integrals. By Lemma 11.2 we may neglect the third
one, since it is negative or zero. Let 1 = 1/p+ 1/p’. Because of p’ = p/(p — 1) we

may use
e l/@ww—/&Mﬂw

Q
This in combination with Holder’s inequality and Young’s inequality yields

/ﬁ | <pll il ey < MM o) + 51 1y

M filly gy + 0 = Dllilly

and

. 1 . _1 1
p/g%“cf do| < pllglrwam el oy < MENG o, +eblld 17 o0
Pin
= MEGPIE, 0, + 0= Dlil 0
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with a constant M > 0 depending on p and ¢ > 0, which in turn is arbitrary.
Again, we reformulate the LP-norm of ¢; in terms of the L?-norm of cf /2. Then
we employ a standard trace theorem, such that
21192 212
leill? a0y = 12213200y < CllE g

for a constant C' > 0 yields

/fch do| < ME il + 0~ DI By
and
p [ dpct o) < MO ey + 2 0= DI e

Fin

for a constant A/ > 0 depending on ¢/ = ¢C. We treat g7 in the same manner as
g;", and we arrive at

b [ o < MENGE s+ =0~ DI W

by

Combining these estimates we infer foran e > 0
2 2 -1 2
G0y + Pl a0y + 451V ()32 020

M fill gy + M E)llg 7, Mg o s
(>)

Fin)
+3(p—1)e ||cp/2||H1 |+ 2(p - )/u-V(cf/Q)cg?/zdx.
Q

dtH

Choosing
€= @min {p,4%di} >0
we have .
2 . _ 2
3(p— 1)5HC?/ H%’l(ﬁ) = §m1n {p,4%di} HCZZD/ H%{l(g)

and we may absorb the e-term on the right-hand side such that

d
SlE 2y + 51 W) + 255 iV () 2o
< Mgy + M+ MG Wy + 20 1) [ T8
Q
(12.8)
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holds with a constant M > 0.
We turn to the treatment of [, |u - V(c} / e /?|dx, which we will absorb into the
left-hand side. Integration of (12.8) over [0, ¢'] with ¢’ <t < T yields

Hf”Wmémy+&/W§mﬁmm%fw%fﬁmn+ﬁﬂﬁﬂm7
0
MG, o, )+ M, +2@—1r/u«v@”»£”ﬂam (12.9)
Qy
for

0; = min{]—9 QP;d } > 0.
27 p

We choose « := 5 := 10/3. Then 1/a+3/2a = 3/4 and Lemma 12.2 is applicable.
For arbitrary £ > 0 Holder’s inequality for the relation § + 2 = 1 and afterwards
for 1 5+ 1 /3 1 and Young’s inequality yield

/ﬁbv )72 4(s, ) < Jull gm0 IV s o | o

< eI V() a0, ) + CENulEsa, oy 1 ey

Note that for all p > 5/3
UHT) — LP(Qp,R?)

due to the relation

)
2——-—>-1
p

of the anisotropic indices of the spaces Ulf}(T) and L°(Qy, R3) thanks to Proposi-
tion 1.3. By estimate (12.9) we infer

2 2 2 i
|@Mmm@+¢ﬁMW%@@swﬂm + M fills ) + Mg,

2
+MIIgE I8 s, + Cllull3s, mo) 1 213y

where ¢; := §; — e > 0. Taking the supremum over all ¢ < ¢ on both sides and
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using Lemma 12.2 with a = 5 we obtain

2
sup |2 ()22 g / N2 0yds < C| e/ E12aq + M,

t'€[0,t]

MG ey + MG s

Hlul sz - (s 1423500 / IV (5) 320,20 ds)]
t'€[0,¢]
(12.10)

where C' > 0 denotes a constant being independent of ¢ by Lemma 12.2. Now we
choose m € N sufficiently large for

|} <

1
L5((BAT, A7), L5 (Q,R3)) = @ h € {1, ...,m},

to hold and obtain

1
2 2
Fellisncre oy ooy < Mellio i ny 1o ey < 36
By (12.10) it follows for all h € {1, ..., m} that
by
(e (Z6))P2 (1720 + / |y(cf/2)f’/2\|§{1(mds
h
c{||<ci<%t>>fo/2||§(m +M / U5y + 19812+ G712 ) .
h—1
—t

Iterating this computation for i € {1,...,m} yields

les(t) / 122(5) ey

SM(HCO,iH ) 15 oy + N9+ 197 sy ) (121D

In

with a constant M > 0 depending merely on the parameters given in (12.5).
Step 2. We consider

Oc; — dy Avcy = f7 on X,
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12.1. Comparison Principle and Weak-type Estimates
and as already seen in Step I we rescale this equation by replacing ¢ by e 'c?,
cgi by e7'eg i ci by e 'ei, and f7 by e £, such that we deal with
oc; + ¢ —di Asce; = f7 on .

Analogously to Step I we multiply by p(c?)” ~! and obtain

d
B sy + Py + (o — 1) / Vac ()P 2do = / G

by
We infer
d > > > > 3 — > > —
1 sy + DSy + Eptp 1) [ Vst -2 < [ ey tao
by

By the same techniques as above employed in Step I we have

p / FEEP o < ME gy + (0~ Vel
%

for a constant A/ > 0 which depends on ¢ > 0. Note that analogously to the
treatment of the gradient of ¢; in Step I

Ep(p—1) /|Vgc21 2P 2y = 421 %F/yv 222 2do.

We arrive at
d b b p 1 g5 D/2\ (12
||c oy T N sy + 45 IV () )L 5 ey

M(e)llffH’;p(z) + (0= el - (12.12)

Choosing ¢ := m > 0 we may absorb the last term on the right hand side of
(12.12) into ||c§||1£p(2) and obtain

d 1 b p— 1 b ) b
Py + GNP oy + 422 [ (Tl < M

with M = M (e). By choosing

1 -1
§" := min {5,4]?—612-2} >0
p

and integrating over [0, ¢] it follows

(EP/2(0) 2 5+ / P2 sy

MO, (<T).  (1213)

LP(E)
Summing up the estimates (12.11) and (12.13) the assertion given through (12.6)
follows with a constant M/ > 0 depending merely on the parameters in (12.5). [
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12. Global Well-Posedness

Remark 12.4 Note that the full strength of Lemma 12.3 is not exploited in the
following. We only make use of p = 2 for the c;-estimates in order to prove
Lemma 12.5, see Case 1, ¢ = 2 therein. Indeed it would have been sufficient to
give L?-estimtates of ¢; only. Since L?-estimates for system (10.1) nearly take
the same effort as LP-estimates, we preferred to directly give LP-estimates of the
full linear system (10.1).

Lemma 12.5 LetT* >0and0 < T <T* andlet2 <p < oo and2 < q < co. Let
a, B> 0. Assume f € FT), g™ € GI(T), g € G3(T) and vy € I} N BC(Q)
with

(u-v)vy — BO,vy = gi"(O) onT},, —Bdyv0 =¢>(0) onX,

ifp>3. Letv € ]E]?(T) be a strong solution to

(@O + (u-V)v—pBAv = f in (0,7T)x 9,
(u-v)v—pBow = ¢g" on (0,T)x I,
. —Bo,v = ¢> on (0,T)x3, (12.14)
—po,v = 0 on (0, 7T) x Tou,
L v(0) = wg in 9.

Then
vl Lagry + 1ol Lo(nr) < C(||f||Lq(QT) + ||9in||Lq(1“i.,,T) + g% Lanr) + ||Uo||Lq(Q))
for some constant C' = C(q) > 0 that is independent of p and 0 < T < T*.

Proof. 1f the right hand side is infinite, nothing has to be shown. So, we may now
assume that the data admits finite L?-norm. We distinguish two cases:

Case 1: p > 5/2, such that EZ?(T) < BC(Qr), see Proposition 1.3.

q = 2: This follows from Lemma 12.3.

q = oo: Let L7 denote the operator given by the left-hand side of system (12.14),
such that L7v = (f, g™, g%, 0,v). For fixed 5/2 < r < 3 let ¢ € E(T') denote the
solution of

Lrd=(1,-1,-1,0,1) = F.

Note that E(T) — BC(Qr) by Proposition 1.3 and that no compatibility condi-
tions for the ¢-data occur. Let

8 = [I£lz@r) + 19" oo () + 1971 Ee(52) + 100l £ (02)

and let v € Eg(T) be given by L7v = §F. Then the comparison principle
(Lemma 12.1 (a)) applied to © — v yields v < © on Q7. Since v = d¢ and
15|/ gc = 6]|¢|| pe it follows that

v <0 ([19]l L (97) + 0]l Lo () =2 6C
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12.1. Comparison Principle and Weak-type Estimates

on Qr. Analogously —6C < v, such that ||v| Le(Qr) < C6. Since in this case
v € BC(Qr) we trivially have

0]l Lo 2y < M0l ) < C9,
and as a consequence
[Vl zoe 27y + 10l Lo (027) < C0.
For 2 < g < oo we set
Xy = LUQp) x LASr), Yy = LUQ) x LT r) x LUST) x {0} x LI(Q).

Let Sy denote the system’s solution operator. By the L2- and the L>-estimates
obtained above we have

St € L(Ya, X2) N2 (Yoo, Xoo).

By the Riesz-Thorin interpolation theorem Sy € Z(Y,, X,) which yields the
assertion for Case 1.

Case 2: 2 <p <5/2.
For convenience set F := (f,0, 4™ ¢>,0,0,v9,0) € Fﬁ}z(T). Let » > 5/2 and
assume

Fn ::(fTh 07 g1171,17 grzn 07 07 Vo,n, O) S Y1"7q =
F7(T) N (L9(Q) x {0} L(Tin ) x LU(S7) x {0} x {0} x LI(Q) x {0})

for n € N, such that ,, — F in Y, , (e.g. by extension of F to R x R? respectively
R x (0BR(0) x R) and mollification). Let v,, € E}(T") denote the corresponding
solution. Then Case 1 applies to F;,, v, and there exists a C' > 0 independent of
n € N, such that

vnllpa@r) + llvnllasyy < CllFallLa- (12.15)
Obviously (vy,), is a Cauchy sequence in
Xpq = EJ(T) N (L(Qr) x LU(27)),

such that we may pass to the limit n — oo in (12.15). Hence we obtain v,, — v in
X, ¢ with v being the solution to F” and

vl La(ar) + 10l Lagsr) < ClIF | La-

[]

The next Lemma is standard for equations on standard domains €2, cf. [Piel0,
Lemma 3.4] or [BFPR]. Here we give a proof since we employ it on >:
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12. Global Well-Posedness

Lemma 12.6 Let 7* > 0 and let 1 < p, ¢ < co. Let u > 0 and let arbitrary co-

efficients a1, ..., an, B, ..., By € R be given. Assume f, g1, ..., gy € F3(T)
and suppose that ug, v}, ..., v} € I N BC(X) with Oyyug = dyyv)) = 0 on 9%, if
p>3. Letu, vy, ..., vy € EE(T) be strong solutions to
ou — plAsu = f, a;j0wj — BiAsv; = gj on (0,7)x3%,
—pOysu = 0, —Bi0v; = 0 on (0,7)x 0%,
u(0) = wuy, v;(0) = vg on X,
(12.16)

forsome 0 < T <T* If f < Z;V:l gj, then
N
[t | osg) < C (1 +> mq@T))
j=1
for some constant C' > 0 depending on
S, 7%, 4,1, 05, 85, ol pegsys vollpe), - 198 I sers) (12.17)

but which is independent of 0 < T' < T*.

Proof. Let 6 € LY (Sp)T for 1/q+1/¢ = 1 and let 0 < 7 < T. By the transfor-
mation ¢ — 7 — t applied to the equation for » in (12.16) with data f = 60, ug =0
we obtain the backward heat equation

~[0rp+ pAsg] = O(r 1) on (0,7) x %,
—p0yp = 0 on (0,7) x 9%, (12.18)
o(r) = 0 on X,
which admits maximal L7 -regularity, cf. Chapter 10. Hence (12.18) admits a
unique solution ¢ € E?, (1), which is nonnegative by the same arguments em-
ployed in the proof of Lemma 11.2. This solution satisfies

Il 0.7),L9 ) + 10l Lo (0.1 02 (2) < ClON Lo (5,)- (12.19)

Consequently we obtain ¢ € BUC([0, 7], L7 (%)) and

16(s) | Lo () = | /5t¢dt||m’(2) < / 10| o sy 8t < TH9[OuBl| o (s3,y (12.20)
s 0
for s € (0, 7). Combining (12.19) and (12.20) we obtain

sup [[¢(s)ll o sy + 10t o5,y + 1l As@ll Lo s,y < CllOll o2,y (12.21)

s€[0,7]

120



12.2. Proof of Theorem 8.3

for a constant C' > 0 depending on X, 7', ¢, u but not on 7 < 7. Hence by plugging
in the first line of (12.18) and multiple partial integrations — once in time and
twice in space — we have

[ w0 =~ [ oo + ndseacto)

s, s,

= /uoqb(O)da—f—/gb@tud(t, a)—l—,u//Vg-qubdadt
2 pa 0 %

= /u0¢(0)da+/gb(atu—uAEu)d(t,a).
S,

by

Due to the nonnegativity of ¢ and f < Zjvzl g; we may estimate as follows and
perform partial integrations backwards:

/u@d(t,a) < /uogb d0+2/¢ (ajOpv; — BjAxvj)d(t, o)

5, J=ly

by
/UO_ZO‘JUO da—l—Z/ —a;0ip — BiAxd) vid(t, o).

]12

Therefore, by (12.21) and Holder’s inequality for 1/¢ 4+ 1/¢' = 1 we obtain

N
/Wd(tag) < OOl Lo (s, (1 +> Uqu(&))
=1

S,

with a constant C' > 0 depending merely on the constants occuring in (12.17).
Employing

T
[u* | Lo(sr) = sup //u@da 0 € LY(S) ", 100 v (g < 1
0

the assertion follows. ]

12.2. Proof of Theorem 8.3

Having the comparison principle and the weak-type estimates at hand, we are in
a position to prove Theorem 8.3.
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12. Global Well-Posedness

Proof of Theorem 8.3. Since according to Theorem 8.1 the (local-in-time) solu-
tions to (12.1) generate a local semi-flow in the phase space which coincides with
I x I3 = H'(Q) x H'(X), we may assume T* < oo and show that the solution
stays bounded in H!(Q2) x H(X) on (0, T*) in order to obtain a contradiction. It
is sufficient to establish L°°-bounds for the solution in order to obtain bounded-
ness in the phase space. To this end we employ [BR, Theorem 4], which yields
that solutions stay bounded in L if the nonlinearities are bounded in a certain
Li-norm for sufficiently large ¢. This is where the linear and polynomial growth
of 7 and 7°!" enter the game, due to which it is sufficient to show that solutions
are bounded in an L"-norm with sufficiently large ». Note in passing that this
argument had been widely used for reaction-diffusion equations, cf.e.g. [BFPR],
and goes back to [LSU68, Theorem III 7.1].

Then the H'-boundedness of solutions follows as is shown in the last part of this
proof. The uniqueness of global solutions is a consequence of uniqueness of local
solutions.

We will now derive L°°-bounds, which requires several steps. Note, however,
that we may use the fact that ¢;, ¢ > 0 on (0, 7*) thanks to Lemma 11.2.

Step 1. We have ¢; € EQ(T) = H'((0, T), L2(Q)) N L2((0, T), H%(2)) and

([ Oici + (u-V)e; — diAe; = f; in (0, 7)x9Q,
(u-v)e; —diOye; = g;“ on (0,7) x I'iy,
< —d;0yc; = r?orp(ci, c?) on (0,7)x X, (12.22)
—d;0,c; = 0 on (0, T) x Loy,
\ ¢i(0) = co4 in Q,

fori =1,...,Nandall 0 < T < T*. Now, r;""(c;, ¢¥) > —kdc?. Thus, by

7 7
Lemma 12.1 (a) we have 0 < ¢; < z; for the unique maximal regular solution z;
to

((Oizi + (u-V)z —d;i Az = f; in (0, 7) x Q,
(u-v)z; — diOyz; = g%n on (0,7) X Ty,
—d;0yz; = —Cc; on (0,7)xX,
—diByz = 0 on (0, T) x Tou,
\ zi(0) = co in Q,

with some appropriate constant C' = C' ((k:;le) j=1,...n) > 0. Note that this problem
allows for a strong solution in the L?-setting without any compatibility conditions
between the right hand sides of the boundary conditions and the initial value.
Since z; 1s a solution to a linear problem, we may write z; = u; + v;, where u;
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12.2. Proof of Theorem 8.3

solves
( Qi + (u-V)u; —diAu; = 0 in (0,7T)xQ,
(u-v)u; — didyu; = 0 on (0, 7) X Ty,
< —d;ioyu; = —Cc; on (0,7)xX,
—didyu; = 0O on (0, T) x Tou,
L u;(0) = 0 in Q
and v; solves
( Qi + (u- Vv —diAv;, = f; in (0, 7)xQ,
(u-v)v; — didyv; = g on (0,7) x I'iy,
4 —didyv; = 0 on (0,T)x %,
—d;0,v; = 0 on (0, 7) x Loy,
\ vi(0) = co; in Q.

For these solutions we have

uill Lary + il Locsry < Cllei Lo
as well as
||UiHLq(QT) + ||Ui”L‘1(ET) < A

provided that 2 < ¢ < co. Here, we employed Lemma 12.5 to obtain postitive
constants ¢’ = C'(C.q) and A; = Ai(|| fllze(r)s 19™ 2o )+ lcosill o). @) that
are independent of 0 < 7" < T*. Since ||¢;||ze < ||zille < ||uillze + ||vil| L« We may
sum up the above estimates to obtain

N N N
> leillary + D lleill gy < € (1 ) c§|Lq<zT>> . (1223
i=1 i=1 j=1

where C* = C*(C', (Aj)j=1,..n) > 0 denotes a constant that is independent of
0 < T < T*. Note that this estimate is available for all 2 < ¢ < cc.

Step 2. We have ¢ € EX(T) = H'((0, T), L*(X)) N L2((0, T'), H*(X)) and

oc; — d7Ayc; = Tsorp(cl-, c’) + rfh(cz) on (0,7)xX,

7 7

—d70yc; = 0 on (0,7) x 0%, (12.24)

ci(0) = ¢, on X,
fori =1,..., Nand all 0 < T < T*. Now we use the triangular structure of the
reaction rates that is guaranteed by (Agh) totreatthecasesi=1landi=2, ..., N

separately.
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12. Global Well-Posedness

Step 2.1. According to assumption (AR"") we have rio (c1, ¢§) < k¥e; and
according to (A ) we have ¢117§ by <0+ Z i1 j ) for some fixed constant
C > 0. Thus, by Lemma 12.1 (b) we have 0 < ¢] < 27 for the unique solution z7
to
92% — BAg2} = c’(1 o+, J) on (0,T)x 3,
—d{0us2y = 0 on (0,7) x 0%,
27(0) = 1 on Y,

with some appropriate constant C’ = C’(C, k¥, ¢11) > 0. Since z} is a solution
to a linear problem, we may write 27 = u] + v], where uj solves

dui — & Asuy = C/(1+c1+zj ' J) on (0,7)x ¥,

—dj0p,uy = 0 on (0,7) x 0%,
uj(0) = 0 on X,
and v} solves
oy —djAxv] = 0 on (0,7)xX,
—d{0yv} = 0 on (0,7) x 0%,
vi(0) = ¢, on X

For these solutions we have

N
17| Loger) < Lluillgy ry < MLC! <@+ letllzoqse) + D Ieflze m)
j=1

with © = O(p) = [[1{|r(5,.) as well as

1) N Loz < At

provided that 2 < p, g < oco. Here, L = L(p, ¢) > 0 denotes the norm of the
embedding OEE (T) — L%(X7) (see Proposition 1.3) and M = M (p) > 0 denotes
the norm of the solution operator in the LP-setting for the time interval (0, T),
which are both independent of 0 < 7" < 7™ thanks to the homogeneous initial
condition, see Lemma 1.5. Moreover A; = A;(||cg [/ Bc(s), ¢) > 0 denotes the
constant delivered by Lemma 12.6, which is also independent of 0 < 7' < T™.
Note that 0 < 27 < u} + (v7)*. Therefore,

leilliasry < N2 llzasr) < uillasy) + 100) Loy

N
< ¢’ (1 + lletll zr(se) + Z C]E'LP(ZT)> :

j=1
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12.2. Proof of Theorem 8.3

provided that 2 < p, ¢ < oo. Here C” = C"(MLC’, ©, A;) denotes a positive
constant, which is independent of 0 < 7" < T™.

Step 2.2. Now fixi e {2,..., N}. By (12.24) we obtain

Gii(Orc] — dF D)+ qij (0 — d5AxcT) = [QroP(c, )] + [QrP ()]s

Jj<i

on (0, T) x ¥. According to assumption (Ag'") we have

[Qr*°™® (e, ¢¥)]; = Z%’jr;o cj, €5) Z qukj G~ Z qukde j

1<t 7<,q:5>0 7<1,q:5<0

and according to (A") we have [Qrh(c¢®)]; < C(1 + ZJ 1 ¢;) for some fixed
constant C' > 0. Thus, by Lemma 12.1 (b) we have 0 < ¢ < 27 for the unique
maximal regular solution 2} to

(
p2F — dPAgz? = C’(l Y+ cj.)

= i (0t — &5 Axc mm (0,7)x %,
Jj<i'¥ J J J

]
—d70p 27 = 0 on (0,7) x 0%,
\ z7(0) = g, on 3,

with some appropriate constant ¢’ = C'(C, k3%, k%, ¢ij) > 0 and ri; = qi/qii-
Since 2 is a solution to a linear problem, we may write 2z = u} + v, where v}
solves

ol — EAs = C'(1+2j§icj+z§v_lc§) in (0, T)x%,
—d70yu; = 0 on (0,7) x 0%,
u?(0) = 0 on X%,

and v solves

oy —d7Asv; = — ZKZ. Tij (ath2~ - dJE.Agc]Z.) in (0,7)x X,
—d70ysv; = 0 on (0,7) x 0%,
v7(0) = ¢, on .

For these solutions we have

lflzoory < Ll gz < MLC <@+Z|cm o) +Z||cj|m 2T>

3<i 7=1

with © = O(p) = [[1{|r(5,.) as well as

1@7)  llzogr) < A (1 + 3 N5 Lo ) ,

J<i
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12. Global Well-Posedness

provided that 2 < p, ¢ < oco. Here, L = L(p, ¢) > 0 denotes the norm of the
embedding OEE(T) — L%(X7) and M = M(p) > 0 denotes the norm of the
solution operator in the LP-setting for the time interval (0, 7'), which are both
independent of 0 < 7" < T thanks to the homogeneous initial condition, see
Lemma 1.5. Moreover

Ai = Ai(([lep 4

BC())j=1,...i» ) > 0

denotes the constant delivered by Lemma 12.6, which is also independent of
0 <T < T*. We again have 0 < 27 < u? + (v7)". Therefore,

I Loz < N2 lpamey < Nui oy + 1(07) Lo

N
< o (1 + 3 el + Y CJE'LP(ET)> A DIz,
=1

j<i i= j<i
provided that 2 < p, ¢ < co. Here C” = C"(MLC’, ©, A;) denotes a positive

constant, which is independent of 0 < 7" < T™*.

Step 2.3. Now we may combine the estimates obtained in Step 2.1 and Step 2.2
recursively and infer that

N N N
> el asny < € (1 + > el + > |c§-Lp(zT>) (12.25)
i=1 j=1 j=1

provided that 2 < p, ¢ < co. Here, C* = C*(C"”, (Aj);=1,..n) > 0 is independent
of 0 < T < T

Step 3. We combine estimates (12.23) and (12.25) to obtain

N N N
> leillzon + Y lleillzosn + > Ief o)
=1 =1 =1

N N N
<c (1 + > leille@n + D leilloen + Y c§|mm>,
j=1 j=1 j=1

(12.26)
provided that 2 < p, ¢ < co. Here, C* > 0 is independent of 0 < 7" < T™*. Using
this inequality for p = 2 we may obtain L9-L?-estimates for arbitrary 2 < ¢ < oo.

Step 4.1. The surface concentrations satisfy

ot —d>Axc; = f7 on (0,T)x X,

—d?0yc; = 0 on (0,T)x 0%,

> _ >
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12.2. Proof of Theorem 8.3

with 7 := r}"P(c;, ¢7) + r$"(c®). Due to the polynomial growth of the nonlineari-
ties we may estimate f* in terms of ¢ and ¢* and employ (12.26) to obtain

N N N N
S 1l en < C° (1 + 3 leillzn@n + D lleillzoen + > chp@T)) ,
i=1 j=1 j=1 j=1

where 2 < p, r < oo and C* > 0 is independent of 0 < 7" < T*. Thus, for given
2 < g < oo we may use this estimate for sufficiently large 2 < r < oo together
with a classical result from [LSU68], which yields the estimate

N N N N
> leflzogsy < C* (1 + 3 lejlon@n + D _lleilloen + > cm@T))-
=1 j=1 j=1 j=1

(12.27)
Let us note that [LSU68, Theorem I11.7.1] is stated for Dirichlet boundary con-
ditions, but the result remains true in the Neumann case; see [BR, Theorem 4],
whose proof carries over to smooth manifolds such as 3. Note that in contrast
to (12.25) obtained in the second step, the estimate (12.27) is available for all
2<p<ooandall 2 <qg < oo, while C* > 0is still independent of 0 < T" < T™*.

Step 4.2. Now we combine estimates (12.23) and (12.27) to obtain

N N N
> leillo@n + Y leillasey + Dl o
=1 =1 =1
N N N
c (1 + 3 lejlon@n + D _lleilloen + > c§Lp@T>>,
j=1 Jj=1 J=1

(12.28)
provided that 2 < p < oo and 2 < ¢ < oo. Here, C* > 0 is independent of
0 < T < T*. Using this inequality for p = 2 we may in particular obtain L4-L>-
estimates for arbitrary 2 < ¢ < oo.

Step 5.1. The estimate (12.28) applied for p = 2 and ¢ = oo yields

N N
D lei®Z2) + D lei®lls +Z le? (D1 72(x
=1 1=1

N N
¢ (HZ J1esy s+ 3 [ ol
=179 7=17

N t
+3° [ 156, ds)
0

J=1

forall 0 < ¢t < T < T* where C* > 0 is independent of 0 < 7" < T*. Thus, a
standard Gronwall argument (Lemma 1.11) implies

leill 2@ays lleill 2ays IEF e,y < Me™, 0<T<T (12.29)
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12. Global Well-Posedness

with some constants M, w > 0, which are independent of 0 < 7" < T™.
Step 5.2. The estimate (12.28) again applied for p = 2 and ¢ = oo together with
(12.29) yields

leill Loy leill sy N ey < MeT, 0<T<T% (12.30)

with some constants M, w > 0, which are independent of 0 < 7" < T™*.

Step 6. Now the obtained a priori estimates (12.30) carry over from L to
HY(Q) and H'(¥). This may be seen by the following argument: Due to the
L>®-estimates, the L?-solution of (8.1) is contained in Eg(T) X IE? (T") for each
1 < p < oo with p # 3 by bootstrapping. Here the crucial estimate is

I (ei, c)llez(ry < Cll(ei ) lmgeryxmz(r)

q

with suitable ¢ < p, see the proof of Theorem 8.1. This, in turn, yields

ci € BC(Qr), ¢t € BC(Xy), (T <T%)

due to Proposition 1.3. Hence by plugging in ¢, ¢ into r*°'?, M we may consider

(8.1) again, as a linear problem, this time for data being continuous in time. More
precisely, we consider (10.1) for data

fi € BC([07T*)7L2(Q))7 fiz € BO([O7T*)7L2(E>)7
g € BC([0,T%),L*(Tn)), g7 € BC([0,T%), L*(%)),
g™ € BC([0,T*), L*(Tou)),

and
co; € HY(Q), g € H'(D).

Following the strategy of the proof of our linear result in Chapter 10, in particular
by transferring Lemma 10.5, in a very similar manner we obtain that the unique
solution of (8.1) satisfies

ci € BC([0,T%), H'(®)), ¢ € BO([0,T*), H'(Y)),
and the corresponding a priori estimates

sup ([lei(®)ll ) + 15Ol ) < Me™ suwp (1fi(®)ll 2@ + 17 Oll2w)
t€]0,T t€[0,T]

Hg" Ol e + 197 Ollres) + 192 Ol 2ry). (T <T7)
(12.31)

for constants M, w > 0 independent of 7. Hence, we may pass to the limit 7" — T
and see that both sides of (12.31) stay finite. The proof of Theorem 8.3 is now
complete. [l
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12.2. Proof of Theorem 8.3

Remark 12.7 (Sorption and reaction examples) A few remarks on the exam-
ples given in the introduction concerning the assumptions (Ag'?), (Ay7), (Ag'T),
(ASh), (ASh), (A$h) and (AS") stated in Chapter 11 and Chapter 12 are in order
here. Evidently, Henry’s law (S1) satisfies all of our assumptions. However,
Langmuir’s law (S2) needs to be modified in order to meet all assumptions on
the sorption. To this end we introduce ¢, a smooth cut-off function, which ap-
proximates (-)* pointwise and (P a smooth and bounded function with bounded
derivatives up to order 2, which is monotonically increasing. In addition suppose
¢+ (0) = 0 and ¢P(0) = 0. Then we consider

RSO L 2 pad By o+ 1_<+<Ci2> _ pde,s
Tri (ci, i) = ki“CP(ci)C e i Cis

00,1

which indeed satisfies (Ay'T), (Ay, ) and (Ag'") and therefore is covered by our
main results. This modification is only necessary due to technical reasons, since

o (AZ®) is violated due to Vr;"? ¢ BC'(R? R?),
e (Ay,?) is not guaranteed since 7 < ¢Z_, is not postulated and

o for the same reason (Ay'") is not satisfied since (1 — ¢}’ /c3, ;) could be neg-
ative.

For the time being it is not clear to the author whether there are still global solu-
tions in case we omit the cut-off functions. Observe that in our model there is no
maximal capacity on the active surface, which is required in the original Lang-
muir law (S2) to gain nonnegativity of concentrations. Nonnegativity in turn is
employed in the proof of the global existence result.

The reaction rate r$ given in (R1) satisfies (A$"), admits quadratic growth (A§h),
is quasi-positive (AS?) and respects the triangular structure (AD) with correspond-
ing matrix

o = O
_= O O

1
Qr=10
1

Remark 12.8 There are some questions left open. To the best of the author’s
knowledge time asymptotics and equilibria of (12.1) are unknown up to now. We
only remark that to this end the stationary equations have to be studied for non-
constant solutions, which seems to be quite involved.

Another open question arises when studiyng a biquadratic reaction rate — say
for A7, ..., A} — rate instead of the one from above, which admits "only" linear
backward rates. The biquadratic reaction A} + A5 = A3 + A} admits quadratic
forward and backwards rates of the form rf(c®) = o;(—c3c3 + c3c3) with a sign
vector o = (—1,—1,1,1). Reaction-diffusion systems with such reaction rates are
known to admit global weak solutions in any space dimension. In one and two
space dimensions solutions stay bounded if the initial data is bounded. However
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12. Global Well-Posedness

in three space dimensions blow ups could occur in finite time, [Piel0, Problem
3] and [GV09]. There only an estimate for the Hausdorff dimension of the set
of blow-up points is known. Therefore a guess would be that an analogue of our
global existence result also holds for the biquadratic case, since the reaction on
%) takes place on a two-dimensional submanifold of R3.
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Summary

In this thesis we consider two nonlinear time-dependent systems of partial dif-
ferential equations and investigate their well-posedness. The first system stems
from fluid mechanics and is treated in Part I. The second one originates from
chemical engineering and is content of Part II. Both systems are studied on three
dimensional domains with nonsmooth boundaries for strong solutions. In case of
the second system we give a global-in-time analysis.

I. Stokes- and Navier-Stokes Equations with Perfect
Slip on Wedge Type Domains

In the first part we consider the Stokes- and Navier-Stokes equations subject to
perfect slip boundary conditions on a three dimensional domain of wedge type
G = S,, x R with

Spo 1= {(xl,xg) = (rcosp,rsing) e R?: r >0, 0< ¢ < goo}.

LetT > 0be givenand lett € (0,7) and (z,y) = (z1,x2,y) € G. In the following
v denotes the outer normal at the boundary 0G of the domain G. For a given
external force f = f(¢,x) and a given initial velocity field uy = ugp(z) we aim to
find a unique velocity field v = u(t, z) and a corresponding pressure p = p(t, x) —
which is unique up to a constant — that satisfy the Stokes equations

( du—Au+Vp = f in (0,7)xG,
divu = 0 in (0,7) x G,
(13.1)
vxecurlu=0, u-vr = 0 on (0,7)x0G,
\ w(0) = wy in G,

respectively the Navier-Stokes equations which formally arise from (13.1) by
adding the convection term (u - V)u in the first line. We intend to prove that
the Navier-Stokes system corresponding to (13.1) is strongly LP-well-posed —
locally in time — for nontrivial angles ¢y € (0,7) of the wedge. We choose L%
as a ground space, which is standard in this setting. The main results of Part
I are given through Theorem 3.1, Corollary 3.2 und Theorem 3.3 and may be
summarized as:
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e Letl <p<oo,veRand gy € (0, ) satisfy the condition

2 9 2
min{l, (1 - 1) } > (2— ﬂ) . (13.2)
©o p

Then the Stokes operator .4g defined as in Theorem 3.1 admits a bounded
H>-calculus on L - (G) with ¢% < /2.

e Under the assumptions from above the Stokes equations given in (13.1)
admit maximal L5-regularity.

e Lety =0, ¢ € (O,%W),pé (27 3 nTo0

T/
Stokes equations associated to (13.1) admit a unique strong LP-solution on

(0,7 for sufficiently small initial data.

2—). For given T € (0,00) the Navier-

Strategy of the proof: We proceed in several steps. In a first step we trans-
form the resolvent problem associated to (13.1) to a three dimensional layer of
height ¢y by employing polar respectively cylinder coordinates and the Euler
transformation » = ¢”. By introducing a parameter 5 and choosing it appropri-
ately we may manipulate the weight such that the new ground space on the layer
Q = R? x (0,¢p) is the unweighted LP(©2,R3). Now we apply the operator sum
method we introduced in Chapter 2 to this transformed problem. In particular
we make use of Proposition 2.29 for the case of non-commuting operators and
apply it to €2 and — (02 + (28)0, + B?), see also [PSS07, Theorem 3.1]. For
this it is crucial that the Labbas-Terreni commutator condition is satisfied. Al-
together the results for the intersection operators carry over to the operator sum,
i.e. to the whole transformed Laplacian up to a shift. A result on invertibility by
Priif} [Prii93, Theorem 8.5] shows that we get rid of this shift if a certain spectral
condition is satisfied. This condition leads to (13.2). Since the employed trans-
formation is an isomorphism the #*°-calculus carries over to the Laplacian on G
in the weighted setting.

In a third step we make use of the perfect slip boundary conditions, which are
curcial for the approach chosen here: The Laplacian subject to these bound-
ary conditions and the Helmholtz projection commute, cf. Mitrea und Monni-
aux [MM09a, MMO09b]. Hence resolvent estimates and consequently the #°°-
calculus carry over to the Stokes operator, which yields the first main result.
Then the maximal regularity of (13.1) follows from a corollary to the Dore-Venni
Theorem. Finally, an application of the contraction mapping principle yields
the strong LP-well-posedness of the Navier-Stokes equations locally in time for
v = 0, corresponding angles g and a small p-interval.
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I1. Global Solutions for a Class of Heterogeneous Catal-
ysis Models

For a finite cylinder Q c R? with I, 2, Ty denoting circular bottom, lateral
surface and top, we consider the heterogeneous catalyst equations

( Oyc; + (u-V)e; —diAc; = 0 in (0,7) x ,
e — d7Axe? = 1P(e, 7)) +r(c®) on (0,T) x X,
(u-v)e; —diOye; = g%n on (0,7) x Iy,
—d;i0yc; = (¢, cF) on (0,7) x 3,
< —d;0,c; = 0 on (0,7) x Loy,
—d; 0y c; = 0 on (0,7) x 0%,
¢i(0) = €0,i in €,
\ c’(0) = 0 on X,

(13.3)

with i = 1, ..., N. Concentrations of species X1, ..., Xy are denoted by ¢y, ..., cy,
while c7, ..., ¢, stand for their adsorbed surface concentration counter parts. Here
réh denotes the reaction rate of the catalysis and ;""" the sorption rate, which
is given as the difference of adsorption and desorption rate. We study (13.3)
for local-in-time strong LP-well-posedness and global-in-time strong L?-well-
posedness. In particular for a given velocity field v = (¢, ), a given mass feed
gi" = ¢i"(¢,z) and given initial concentrations cp; = co;(z) and ¢f, = cZ () we
aim to find a vector of concentrations (cy, ..., cy) wWith ¢; = ¢;(¢, x) and a vector of
surface concentrations (c7, ..., c3;) with ¢ = ¢7(t, z) that satisfy (13.3) in the LP-
respectively L?-sense.
Among others the nonlinear sorption and reaction rates r;° " and r¢" satisfy the
following assumptions: The sorption rate is supposed to be monotonically in-
creasing in the first and monotonically decreasing in the second argument, it ad-
mits linear bounds. The reaction rate is quasi-positive, admits polynomial growth
and satisfies a triangular structural condition. The main results in Part II are given
by Proposition 10.1, Theorem 8.1 and Theorem 8.3 and may be summarized as:

e The fully inhomogeneous linear system admits maximal LP-regularity pro-
vided p € (5/3,00) and p # 3.

e System (13.3) admits a unique local and strong LP-solution for 5/3 < p < oo
and p # 3 in case of small times and arbitrary data.

e System (13.3) admits a unique global strong L?-solution for arbitrary data.

Strategy of the proof: In order to treat the associated inhomogeneous linear
problem we employ cylindrical LP-theory [Naul3] and solve the diffusion equa-
tions subject to Neumann boundary conditions. We show the surjectivity of the
Neumann trace operator with respect to the maximal regularity classes on the
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cylinder by reflection in axial direction. As a consequene we obtain the solvabil-
ity of the inhomogeneous diffusion equations — but only without the terms (u-v)c;
and (u - V)c;. In the next step the latter are treated as perturbation terms. Hence
a standard Neumann series argument yields the well-posedness of the fully inho-
mogeneous linear system including advection.

The nonlinear system (13.3) is then solved for 5/3 < p < oo and p # 3 via
maximal regularity of the linear system and the contraction mapping principle.
Nonnegativity of the concentrations ¢; and the surface concentrations c; follows
from the quasi-positivity of ", the monotonicity and the linear bounds of r;°®,
as well as the suitable sign of the data and w - v on the different boundary parts
Lins 2, Dot

In order to show the global well-posedness of (13.3) we make use of three lem-
mas: a linear comparison principle to estimate solutions against each other in
accordance to their data, linear LP-estimates for 2 < p < oo, as well as an esti-
mate of the nonnegative part of ¢ based on a combination of a duality argument
and maximal regularity, cf. [Pie10]. With these three lemmas at hand we are able
to prove the global existence theorem: To this end we assume that the maximal
time interval of existence of the local L2-solution is finite, i.e. T* < oo and show
that the solution stays bounded in the phase space H'(Q) x H'(X) as T — T*.
For this purpose it is sufficient to show a priori L°°-bounds for the solution on Qp
respectively Y.
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Zusammenfassung

In der vorliegenden Dissertation werden zwei nicht-lineare zeitabhingige Sys-
teme partieller Differentialgleichungen auf Wohlgestelltheit untersucht. Das er-
ste System stammt aus der Stromungsmechanik und wird in Teil I behandelt. Das
zweite System entspringt dem Chemieingenieurswesen und ist Gegenstand von
Teil II. Beide Systeme werden auf dreidimensionalen nicht-glatten Gebieten auf
eindeutige starke Losungen untersucht — im Falle des zweiten Systems global in
der Zeit.

I. Navier-Stokes-Gleichungen mit "'perfect slip''-
Randbedingungen auf einem Keilgebiet

Im ersten Teil werden die Stokes- und Navier-Stokes-Gleichungen mit "perfect
slip"-Randbeding- ungen auf einem drei-dimensionalen Keilgebiet G = S, x R
mit
Spo 1= {(xl,xg) = (rcosp,rsing) e R?: >0, 0< ¢ < 900}

betrachtet. Seien 7' > 0 gegeben, ¢t € (0,7) und (z,y) = (z1,22,y) € G. Im Fol-
genden bezeichne v die duBlere Normale an den Rand 0G des Gebiets G. Fiir eine
gegebene dullere Kraft f = f(¢,x) und ein gegebenes Anfangsgeschwindigkeits-
feld ugp = wup(z) ist ein eindeutiges Geschwindigkeitsfeld v = u(¢,x) und ein
zugehoriger — bis auf eine Konstante eindeutig bestimmter — Druck p = p(t, x)
gesucht, welche die Stokes-Gleichungen

( ou—Au+Vp = f in (0,7T)xG,
divu = 0 in (0,7) xG,
X (14.1)
vxcurlu=0, w-v = 0 auf (0,7)x0G,
\ U(O) = Uup in G,

bzw. die zugehorigen Navier-Stokes-Gleichungen, welche formal aus der ersten

Zeile durch Hinzufiigen des Konvektionsterms (v - V)u hervorgehen, 16sen. Wir

mochten beweisen, dass das zu (14.1) gehdrende Navier-Stokes-System fiir "nicht-
triviale" Offnungswinkel ¢ € (0, 7) des Keils zeitlich lokal im starken LP-Sinne

wohlgestellt ist. Als Grundraum wéhlen wir den fiir solche Probleme iiblichen

LY. Die Hauptresultate von Teil I sind gegeben durch Theorem 3.1, Korollar 3.2

und Theorem 3.3 und lauten zusammengefasst:
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Zusammentassung

e Erfiillen 1 < p < 00,y € Rund ¢y € (0, 7) die Bedingung

2 9 2
min {1, (1 - 1) } > (2 - ﬂ) , (14.2)
©0 p

so besitzt der wie in Theorem 3.1 definierte Stokes-Operator Ag einen
beschrinkten H>-Kalkiil auf L ., (G) mit ¢ < 7/2.

e Unter den Voraussetzungen wie oben besitzen die Stokes-Gleichungen (14.1)
maximale L%-Regularitit.

e Seien y = 0, o € (0, 3m) und p € (3, 3=2-). Fiir gegebenes T' € (0, o0)

besitzen die zu (14.1) gehorenden Navier-Stokes-Gleichungen genau eine
starke LP-Losung auf (0, T') fiir hinreichend kleine Anfangsdaten.

Vorgehen: Wir gehen in mehreren Schritten vor. In einem ersten Schritt trans-
formieren wir das zu (14.1) gehorige Resolventenproblem mittels Polar- bzw.
Zylinderkoordinaten und der Euler-Transformation » = ¢* auf eine dreidimen-
sionale Schicht der Hohe ¢y. Durch passende Wahl eines zum Ausgleich des
Gewichts eingefiihrten Parameters ( ergibt sich als Grundraum auf der Schicht
Q = R? x (0, ¢g) der ungewichtete LP(2, R?). Auf das so erhaltene transformierte
Problem wird in einem zweiten Schritt die in Kapitel 2 vorgestellte Operator-
summenmethode angewendet. Insbesondere wird Proposition 2.29, siehe auch
[PSSO7, Theorem 3.1] fiir den Fall nicht-kommutierender Operatoren auf e>*
und — (92 + (28)0, + B?) angewendet. Entscheidend ist hierbei, dass die Labbas-
Terreni-Bedingung erfiillt ist. Insgesamt iibertragen sich somit bekannte Resul-
tate fiir die Querschnittsoperatoren auf die Operatorsumme, d.h. also auf den
gesamten transformierten Laplace-Operator bis auf eine Verschiebung. Ein Re-
sultat iiber Invertierbarkeit von Prii} [Prii93, Theorem 8.5] zeigt, dass auf diese
Verschiebung verzichtet werden kann, sofern eine gewisse Spektralbedingung
erfiillt ist, die auf (14.2) fiihrt. Da die benutzte Transformation ein Isomorphis-
mus ist, tibertridgt sich der #°°-Kalkiil auf den Laplace-Operator auf G in den
gewichteten Rdumen.

In einem dritten Schritt werden die "perfect slip"-Randbedingungen ausgenutzt,
welche entscheidend fiir diesen Zugang sind: Da der Laplace-Operator beziiglich
"perfect-slip"- Randbedingungen und die Helmholtz-Projektion kommutieren,
vgl. Mitrea und Monniaux [MMOQ09a], [MMO9b], iibertragen sich die Resolven-
tenabschidtzungen und somit auch der #H°°-Kalkiil auf den Stokes-Operator, was
somit das erste Hauptresultat liefert. Aus einem Korollar zum Satz von Dore-
Venni folgt damit bereits die maximale Regularitit von (14.1). Letztlich folgt
aus einer Anwendung des Banach’schen Fixpunktsatzes die zeitlich lokale LP-
Wohlgestelltheit der Navier-Stokes-Gleichungen fiir die Wahl v = 0, passende
Offnungswinkel ¢, und ein kleines zugehoriges p-Intervall.
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I1. Globale Losungen fiir eine Klasse von Modellen
zur Heterogenen Katalyse

Fiir einen endlichen Zylinder Q c R3 mit rundem Boden T,, Mantel ¥ und
Deckel I'yy betrachten wir die Gleichungen zur Heterogenen Katalyse

( Oici + (u-V)e; —diAe; = 0 in  (0,7) x Q,
et — &EAge? = 1°P(e,cf) +rh(c®) auf (0,7) x X,
(u-v)e; — diOye; = g%n auf (0,7) x Iy,
—d;iOye; = r"P(e;,cF) auf (0,7) x X,
< —d;0,c; = 0 auf (0,7) x Loy,
—d70yc; = 0 on (0,7) x 0%,
ci(0) = co in  Q,
\ ci(0) = ¢, auf ¥

(14.3)

wobei i = 1, ..., N. Die Konzentrationen der chemischen Spezies X7, ..., Xy seien
mit ¢y, ..., ¢y bezeichnet, wihrend c7, ..., ¢ fiir die zugehorigen adsorbierten Ober-
flichenkonzentrationen stehen. Dabei bezeichnen 7" die Reaktionsraten der Katal-
yse und r;°P die Sorptionsraten, die sich als Differenz aus Adsorptions- und
Desorptionsraten ergeben. Wir untersuchen (14.3) auf zeitlich lokale starke LP-
Wohlgestelltheit und zeitlich globale starke L2-Wohlgestelltheit. Insbesondere
ist fiir ein gegebenes Geschwindigkeitsfeld v = u(t, =), eine gegebene Massen-
zufuhr gi" = ¢i"(¢,x) und gegebene Anfangskonzentrationen cy; = co;(r) und
cyi = ¢p,(x) ein Vektor von Konzentrationen (ci,...,cy) mit ¢; = ¢;(t,x) und
ein Vektor von Oberflichenkonzentrationen (c],...,cy) mit ¢ = c}(t, x) gesucht,
welcher (14.3) im LP- bzw. L?-Sinne erfiillt.
Unter anderem sollen die nicht-linearen Sorptions- und Reaktionsraten ;" und
réh folgende Annahmen erfiillen: Die Sorptionsrate ist monoton wachsend im er-
sten und monoton fallend im zweiten Argument. Sie besitzt lineare Schranken.
Die Reaktionsrate ist quasi-positiv, besitzt polynomielles Wachstum und geniigt
einer Dreiecksstruktur-Bedingung. Die Hauptresultate von Teil II sind gegeben
durch Proposition 10.1, Theorem 8.1 und Theorem 8.3 und lauten zusammenge-
fasst:

p

e Das voll-inhomogene lineare Katalysatorsystem besitzt maximale
LP-Regularitit fiir p € (5/3, c0) und p # 3.

e Das System (14.3) besitzt genau eine lokale, starke LP-Losung fiir
p € (5/3,00) und p # 3 im Falle kleiner Zeiten und beliebiger Anfangs-
daten.

e Das System (14.3) besitzt genau eine globale starke L?-Losung fiir be-
liebige Anfangsdaten.
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Vorgehen: Um das inhomogene lineare Problem zu behandeln, verwenden wir
zunéchst zylindrische LP-Theorie [Naul3] und 16sen die homogenen Neumann-
Diffusionsprobleme. Wir zei-gen die Surjektivitidt des Neumann-Spuroperators
bzgl. der Maximale-Regularititsklassen auf dem Zylinder durch eine Spiegelung
in axiale Richtung. Dadurch erhalten wir die Losbarkeit des inhomogenen Diffu-
sionsproblems — ohne die Terme (u-v)c; bzw. (u-V)¢;. Diese werden anschlieBend
als Storterme behandelt. Ein Standard-Neumann-Reihen-Argument liefert somit
die Wohlgestelltheit des voll-inhomogenen linearen Systems.

Das nicht-lineare System (14.3) wird fiir 5/3 < p < oo und p # 3 mittels max-
imaler Regulartitit den linearen Gleichungen und des Banach’schen Fixpunkt-
satzes gelost. Die Nichtnegativitit der Konzentrationen ¢; und Oberfldchenkonzen-
trationen ¢ folgt aus der Quasi-Positivitit von r", der Monotonie und der lin-
earen Schranken von r;°", sowie den richtigen Vorzeichen der Daten als auch der
Spuren u - v auf den Randstiicken Ty, 3, Toyt.

Fiir die globale Wohlgestelltheit von (14.3) bendtigen wir drei Hilfsaussagen:
ein lineares Vergleichsprinzip um Losungen gegeneinander geméil ihrer Daten
abzuschitzen, lineare LP- Abschitzungen fiir 2 < p < oo sowie eine auf einer
Kombination aus einem Dualititsargument und maximaler Regularitiit beruhende
Abschitzung des nicht-negativen Teils von ¢, vgl. [Piel0]. Mittels dieser Hil-
fssitze ldsst sich der globale Existenzsatz beweisen: Dazu nehmen wir an, das
aus dem lokalen Existenzsatz erhaltene maximale Existenzintervall ist endlich,
d.h. T* < oo, und zeigen, dass die L2-Losung in der Norm des Phasenraums
H'(Q) x H'(X) beschrinkt bleibt fiir 7 — T*. Dazu reicht es, a priori L>-
Schranken fiir die Losung in Qp bzw. auf ¥ nachzuweisen.
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sectorial operator, 23
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trace theorem, 20, 63
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modified pull-back ©*, 42
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push-forward ©,, 42
relationship of ©* and ©*, 47
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List of Symbols

Maximal Regularity Spaces
Q - .

[E,)(T") bulk solution space for the catalyst equations , 78

EE(T) surface solution space for the catalyst equations , 78

IEZC;:U(T) solution space for the Navier-Stokes equations , 39

Eg (T') regularity class of the solution space for the Navier-Stokes equations , 39
Q .

IF,/(T") bulk data space for the catalyst equations , 78

IFE(T) surface data space for the catalyst equations , 78

FgU(T) data space for the Navier-Stokes equations , 39

G . . .
[, (T') regularity class of the data space for the Navier-Stokes equations , 39

FS’Z(T) tupel data space for the catalyst equations (without initial data space) ,
78

IFZ?,’IZ(T) tupel data space for the catalyst equations (with initial data space) , 78
GE(T) active—surface data space for the catalyst equations (Neumann type) , 78
G;n(T) inflow data space for the catalyst equations (Neumann type) , 78
G,"(T) outflow data space for the catalyst equations (Neumann type) , 78
HE(T) active—surface data space for the catalyst equations (Dirichlet type) , 78
]I]?(T) bulk initial data space for the catalyst equations , 78

]I?(T) surface initial data space for the catalyst equations , 78

]Igfa initial data space for the Navier-Stokes equations , 39

[Ug(T) velocity space for the catalyst equations , 76

[Ug‘(T) velocity trace space of Dirichlet type for the catalyst equations , 96
Operators and Mappings

A, shifted Laplacian on the wedge , 58

Ag  Stokes operator, 64
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As, shifted Stokes operator , 65

Es extension to X(_, ) » 105

(—00,00)
L7  operator induced by the left-hand side , 104

L7  operator induced by the left-hand side , 67

Nr  mapping containing the nonlinearities , 105

Rs.  restriction to X, 105

Rr  mapping induced by the right-hand side , 67

&  fixed point mapping , 67

A=(k+Ly)M ,53

B = P(0,) second order polynomial , see equation (5.1), 49
B_9=P(0, —2) ,54

L compounded g-operator , 51

Ly part of L in X, 52

Ly, = —82 y-Laplacian , 50

Ln.p ¢-operator for v, v, , 51

Ly  y-operator for v, , 51

M multiplication operator , 50

() = B — B_y first order polynomial , see equation (5.12), 55
oST solution operator , 95

0o®r fixed point mapping , 105

Transformations

©*  pull-back , 42

O,  push-forward , 42

©*  pull-back for the ground space , 42
©,  push-forward for the ground space , 42
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