
❉✐♠❡♥s✐♦♥ r❡s✉❧ts ❢♦r ♦♣❡r❛t♦r s❡♠✐st❛❜❧❡

▲é✈② ♣r♦❝❡ss❡s

■ ♥ ❛ ✉ ❣ ✉ r ❛ ❧ ✲ ❉ ✐ s s ❡ r t ❛ t ✐ ♦ ♥

③✉r

❊r❧❛♥❣✉♥❣ ❞❡s ❉♦❦t♦r❣r❛❞❡s ❞❡r

▼❛t❤❡♠❛t✐s❝❤✲◆❛t✉r✇✐ss❡♥s❝❤❛❢t❧✐❝❤❡♥ ❋❛❦✉❧tät

❞❡r ❍❡✐♥r✐❝❤✲❍❡✐♥❡✲❯♥✐✈❡rs✐tät ❉üss❡❧❞♦r❢

✈♦r❣❡❧❡❣t ✈♦♥

▲✐♥❛ ❲❡❞r✐❝❤

❣❡❜♦r❡♥ ✐♥ ❉✉✐s❜✉r❣

❆♣r✐❧ ✷✵✶✻



❆✉s ❞❡♠ ▼❛t❤❡♠❛t✐s❝❤❡♥ ■♥st✐t✉t

❞❡r ❍❡✐♥r✐❝❤✲❍❡✐♥❡✲❯♥✐✈❡rs✐tät ❉üss❡❧❞♦r❢

●❡❞r✉❝❦t ♠✐t ❞❡r ●❡♥❡❤♠✐❣✉♥❣ ❞❡r

▼❛t❤❡♠❛t✐s❝❤✲◆❛t✉r✇✐ss❡♥s❝❤❛❢t❧✐❝❤❡♥ ❋❛❦✉❧tät ❞❡r

❍❡✐♥r✐❝❤✲❍❡✐♥❡✲❯♥✐✈❡rs✐tät ❉üss❡❧❞♦r❢

❘❡❢❡r❡♥t✿ Pr♦❢✳ ❉r✳ P❡t❡r ❑❡r♥

❑♦r❡❢❡r❡♥t✿ Pr♦❢✳ ❉r✳ ❍❛♥s✲P❡t❡r ❙❝❤❡✤❡r

❚❛❣ ❞❡r ♠ü♥❞❧✐❝❤❡♥ Prü❢✉♥❣✿ ✼✳ ❏✉❧✐ ✷✵✶✻



❆❜str❛❝t

❖♣❡r❛t♦r s❡♠✐st❛❜❧❡ ▲é✈② ♣r♦❝❡ss❡s ❛r❡ st♦❝❤❛st✐❝ ♣r♦❝❡ss❡s ✇✐t❤ ❛ s❡❧❢s✐♠✐❧❛r✐t② ♣r♦♣❡rt②

♦♥ ❛ ❞✐s❝r❡t❡ s❝❛❧❡✳ ❚❤❡② ❣❡♥❡r❛❧✐③❡ t❤❡ ❜❡tt❡r ❦♥♦✇♥ ❝❧❛ss ♦❢ ✭♦♣❡r❛t♦r✮ st❛❜❧❡ ▲é✈② ♣r♦✲

❝❡ss❡s✱ ✇❤✐❝❤ ❤❛✈❡ ❛ ❝♦♥t✐♥✉♦✉s s❝❛❧✐♥❣ ♣r♦♣❡rt②✳ ❙t♦❝❤❛st✐❝ ♣r♦❝❡ss❡s ✇✐t❤ ❝❡rt❛✐♥ s❝❛❧✐♥❣

❛♥❞ s❡❧❢s✐♠✐❧❛r✐t② ♣r♦♣❡rt✐❡s ❤❛✈❡ ❛♣♣❧✐❝❛t✐♦♥s ✐♥ ❞✐✛❡r❡♥t s❝✐❡♥t✐✜❝ ❛r❡❛s✳ ■♥ ♣❛rt✐❝✉❧❛r✱

t❤❡② ♣r♦✈❡ t♦ ❜❡ ❛ ✉s❡❢✉❧ t♦♦❧ ❢♦r ❞❡✈❡❧♦♣✐♥❣ ❛❞❡q✉❛t❡ ♠❛t❤❡♠❛t✐❝❛❧ ♠♦❞❡❧s✳ ❚❤❡② ❛r❡

❛♣♣❧✐❡❞✱ ❢♦r ✐♥st❛♥❝❡✱ ✐♥ ♦r❞❡r t♦ ❞❡s❝r✐❜❡ ♥❛t✉r❛❧ ❞②♥❛♠✐❝ ♣r♦❝❡ss❡s ✐♥ ♣❤②s✐❝s ♦r ♣r✐❝✐♥❣

❢♦r♠✉❧❛s ✐♥ ✜♥❛♥❝✐❛❧ ♠❛t❤❡♠❛t✐❝s✳ ■♥ t❤❡ ❧❛tt❡r ❝❛s❡✱ s❡❧❢s✐♠✐❧❛r ♣r♦❝❡ss❡s ❝❛♥ ❜❡ s❡❡♥ ❛s

❛♥ ✐♠♣r♦✈❡♠❡♥t ❝♦♠♣❛r❡❞ t♦ ✇❡❧❧ ❡st❛❜❧✐s❤❡❞ ♠♦❞❡❧s s✉❝❤ ❛s t❤❡ ❇❧❛❝❦✲❙❝❤♦❧❡s ♠♦❞❡❧✱

❛s t❤❡② ❛❧❧♦✇ t❛❦✐♥❣ ❧❛r❣❡ ❥✉♠♣s ❛♥❞ ❧♦♥❣✲t❡r♠ ❞❡♣❡♥❞❡♥❝✐❡s ✐♥t♦ ❛❝❝♦✉♥t✳ ■♥ ❧✐t❡r❛t✉r❡

♦♥❡ ❝❛♥ ✜♥❞ ♥✉♠❡r♦✉s ❡①❛♠♣❧❡s ❢♦r t❤❡ ❞❡t❡r♠✐♥❛t✐♦♥ ♦❢ t❤❡ ❍❛✉s❞♦r✛ ❛♥❞ ♦t❤❡r ❢r❛❝t❛❧

❞✐♠❡♥s✐♦♥s ❢♦r ❞❡t❡r♠✐♥✐st✐❝ s❡❧❢s✐♠✐❧❛r s❡ts ✭♦♥ ❛ ❞✐s❝r❡t❡ s❝❛❧❡✮✱ ❡✳❣✳ ❢♦r ❈❛♥t♦r s❡ts ♦r

❙✐❡r♣✐♥s❦✐ ❣❛s❦❡ts✳ ❍♦✇❡✈❡r✱ t❤❡r❡ ❞♦ ♥♦t ❡①✐st ♠❛♥② r❡s✉❧ts ♦♥ ❞✐♠❡♥s✐♦♥ ♣r♦♣❡rt✐❡s ❢♦r

▲é✈② ♣r♦❝❡ss❡s ✇✐t❤ ❛ s❝❛❧✐♥❣ ♦r s❡❧❢s✐♠✐❧❛r✐t② ♣r♦♣❡rt② ♦♥ ❛ ❞✐s❝r❡t❡ s❝❛❧❡ ②❡t✳

❚❤✐s ❝✉♠✉❧❛t✐✈❡ t❤❡s✐s ❡①❛♠✐♥❡s ❞✐♠❡♥s✐♦♥ ♣r♦♣❡rt✐❡s ♦❢ ♦♣❡r❛t♦r s❡♠✐st❛❜❧❡ ▲é✈② ♣r♦✲

❝❡ss❡s X = {X(t) : t ≥ 0} ✐♥ R
d ✇✐t❤ ❡①♣♦♥❡♥t E✱ ✇❤❡r❡ E ✐s ❛♥ ✐♥✈❡rt✐❜❧❡ ❧✐♥❡❛r ♦♣❡r❛t♦r

♦♥ R
d✳ ❚❤❡ t❤❡s✐s ❝♦♥s✐sts ♦❢ t❤r❡❡ ♠❛♥✉s❝r✐♣ts ♦♥ t❤❡ s✉❜❥❡❝t✳ ■♥ t❤❡ ✜rst ♠❛♥✉s❝r✐♣t✱ t❤❡

❍❛✉s❞♦r✛ ❞✐♠❡♥s✐♦♥ ♦❢ t❤❡ r❛♥❣❡ ❛♥❞ t❤❡ ❣r❛♣❤ ♦❢ ❛ st♦❝❤❛st✐❝ ♣r♦❝❡ss ❣❡♥❡r❛t❡❞ ❜② t❤❡

❧✐♠✐t ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ❝✉♠✉❧❛t✐✈❡ ❣❛✐♥s ✐♥ ❛ s❡r✐❡s ♦❢ ❙t✳ P❡t❡rs❜✉r❣ ❣❛♠❡s ✐s ❝❛❧❝✉❧❛t❡❞

♦✈❡r t❤❡ t✐♠❡ ✐♥t❡r✈❛❧ [12 , 1]✳ ❚❤✐s ❞✐str✐❜✉t✐♦♥ ❝❛♥ ❜❡ ❞❡✜♥❡❞ ❛s ❛ ❝♦♥t✐♥✉♦✉s tr❛♥s❢♦r✲

♠❛t✐♦♥ ♦❢ ❛ ♥♦♥✲str✐❝t❧②✱ s❡♠✐st❛❜❧❡ ❞✐str✐❜✉t✐♦♥✳ ❋✉rt❤❡r♠♦r❡✱ t❤❡ ❍❛✉s❞♦r✛ ❞✐♠❡♥s✐♦♥

dimH GrX(B) ❢♦r t❤❡ ❣r❛♣❤ ♦❢ ❛♥ ❛r❜✐tr❛r② ♦♣❡r❛t♦r s❡♠✐st❛❜❧❡ ▲é✈② ♣r♦❝❡ss X ✐♥ R
d ❛♥❞

❛♥② ❇♦r❡❧ s❡t B ⊆ R+ ✐s ❝❛❧❝✉❧❛t❡❞ ✐♥ t❤❡ s❡❝♦♥❞ ♠❛♥✉s❝r✐♣t ❜② ✐♥t❡r♣r❡t✐♥❣ t❤❡ ❣r❛♣❤

GrX(B) = {(t,X(t)) : t ∈ B} ❛s ❛ s❡♠✐✲s❡❧❢s✐♠✐❧❛r ♣r♦❝❡ss ✐♥ R
d+1✱ ✇❤♦s❡ ❞✐str✐❜✉t✐♦♥ ✐s

♥♦t ❢✉❧❧✳ ❚❤❡ ❍❛✉s❞♦r✛ ❞✐♠❡♥s✐♦♥ ✐s ❡①♣r❡ss❡❞ ✐♥ t❡r♠s ♦❢ t❤❡ r❡❛❧ ♣❛rts ♦❢ t❤❡ ❡✐❣❡♥✈❛❧✉❡s

♦❢ t❤❡ ❡①♣♦♥❡♥t E ❛♥❞ t❤❡ ❍❛✉s❞♦r✛ ❞✐♠❡♥s✐♦♥ ♦❢ B✳ ■♥ t❤❡ t❤✐r❞ ♠❛♥✉s❝r✐♣t✱ t❤❡ r❡s✉❧ts

♦♥ t❤❡ ♣❛t❤ ❜❡❤❛✈✐♦r ♦❢ ❝❡rt❛✐♥ ♦♣❡r❛t♦r s❡♠✐st❛❜❧❡ ▲é✈② ♣r♦❝❡ss❡s ❛r❡ r❡✜♥❡❞ ❜② t❤❡ ✐♥✲

✈❡st✐❣❛t✐♦♥ ♦❢ ❡①❛❝t ❍❛✉s❞♦r✛ ♠❡❛s✉r❡ ❢✉♥❝t✐♦♥s✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ❢♦r t❤❡ r❛♥❣❡ ♦❢ ❝❡rt❛✐♥

♦♣❡r❛t♦r s❡♠✐st❛❜❧❡ ▲é✈② ♣r♦❝❡ss❡s ✇✐t❤ ❛ ♣❛rt✐❛❧❧② ❞✐❛❣♦♥❛❧ ❡①♣♦♥❡♥t ❡①❛❝t ❍❛✉s❞♦r✛

♠❡❛s✉r❡ ❢✉♥❝t✐♦♥s ❛r❡ ❝❛❧❝✉❧❛t❡❞ ♦✈❡r t❤❡ t✐♠❡ ✐♥t❡r✈❛❧ [0, 1]✳



❩✉s❛♠♠❡♥❢❛ss✉♥❣

❖♣❡r❛t♦r✲s❡♠✐st❛❜✐❧❡ ▲é✈②✲Pr♦③❡ss❡ s✐♥❞ st♦❝❤❛st✐s❝❤❡ Pr♦③❡ss❡ ♠✐t ❡✐♥❡r ❙❡❧❜stä❤♥❧✐❝❤✲

❦❡✐ts❡✐❣❡♥s❝❤❛❢t ❛✉❢ ❡✐♥❡r ❞✐s❦r❡t❡♥ ❙❦❛❧❛✳ ❙✐❡ st❡❧❧❡♥ ❡✐♥❡ ❱❡r❛❧❧❣❡♠❡✐♥❡r✉♥❣ ❞❡r ❜❡ss❡r

❜❡❦❛♥♥t❡♥ ❑❧❛ss❡ ❞❡r ♦♣❡r❛t♦r✲st❛❜✐❧❡♥ ▲é✈②✲Pr♦③❡ss❡ ❞❛r✳ ❙t♦❝❤❛st✐s❝❤❡ Pr♦③❡ss❡ ♠✐t

❣❡✇✐ss❡♥ ❙❦❛❧✐❡r✉♥❣s✲ ✉♥❞ ❙❡❧❜stä❤♥❧✐❝❤❦❡✐ts❡✐❣❡♥s❝❤❛❢t❡♥ ✜♥❞❡♥ ❆♥✇❡♥❞✉♥❣ ✐♥ ✈❡rs❝❤✐❡❞❡✲

♥❡♥ ✇✐ss❡♥s❝❤❛❢t❧✐❝❤❡♥ ❇❡r❡✐❝❤❡♥✳ ■♥s❜❡s♦♥❞❡r❡ ❤❛❜❡♥ s✐❡ s✐❝❤ ❛❧s ❡✐♥ ♥üt③❧✐❝❤❡s ❲❡r❦③❡✉❣

❜❡✐ ❞❡r ❊♥t✇✐❝❦❧✉♥❣ ✈♦♥ ❛❞äq✉❛t❡♥ ♠❛t❤❡♠❛t✐s❝❤❡♥ ▼♦❞❡❧❧❡♥ ❡r✇✐❡s❡♥✳ ❙✐❡ ✇❡r❞❡♥ ❜❡✐✲

s♣✐❡❧s✇❡✐s❡ ✈❡r✇❡♥❞❡t✱ ✉♠ ♥❛tür❧✐❝❤❡ ❞②♥❛♠✐s❝❤❡ Pr♦③❡ss❡ ✐♥ ❞❡r P❤②s✐❦ ♦❞❡r Pr❡✐s♠♦❞❡❧❧❡

✐♥ ❞❡r ❋✐♥❛♥③♠❛t❤❡♠❛t✐❦ ③✉ ❜❡s❝❤r❡✐❜❡♥✳ ■♠ ❧❡t③t❡r❡♥ ❋❛❧❧ ❦❛♥♥ ❞✐❡ ❱❡r✇❡♥❞✉♥❣ s❡❧❜stä❤♥✲

❧✐❝❤❡r Pr♦③❡ss❡ ❛❧s ❡✐♥❡ ❱❡r❜❡ss❡r✉♥❣ ❡t❛❜❧✐❡rt❡r ▼❡t❤♦❞❡♥ ✇✐❡ ❞❡s ❇❧❛❝❦✲❙❝❤♦❧❡s✲▼♦❞❡❧❧s

❣❡s❡❤❡♥ ✇❡r❞❡♥✱ ❞❛ s✐❡ ❡s ❡r♠ö❣❧✐❝❤❡♥✱ ❧❛♥❣❢r✐st✐❣❡ ❆❜❤ä♥❣✐❣❦❡✐t❡♥ ✉♥❞ ❣r♦ÿ❡ ❙♣rü♥❣❡

③✉ ❜❡rü❝❦s✐❝❤t✐❣❡♥✳ ■♥ ❞❡r ▲✐t❡r❛t✉r ✜♥❞❡♥ s✐❝❤ ③❛❤❧r❡✐❝❤❡ ❇❡✐s♣✐❡❧❡ ❢ür ❞✐❡ ❇❡st✐♠♠✉♥❣

❞❡r ❍❛✉s❞♦r✛✲ ✉♥❞ ❛♥❞❡r❡r ❢r❛❦❛t❛❧❡r ❉✐♠❡♥s✐♦♥❡♥ ✈♦♥ ❞❡t❡r♠✐♥✐st✐s❝❤❡♥ s❡❧❜stä❤♥❧✐❝❤❡♥

▼❡♥❣❡♥✱ ✇✐❡ ❜❡✐s♣✐❡❧s✇❡✐s❡ ❞✐❡ ❞❡r ❈❛♥t♦r✲▼❡♥❣❡ ♦❞❡r ❞❡s ❙✐❡r♣✐♥s❦✐✲❉r❡✐❡❝❦s✳ ❇✐s ❤❡✉t❡

❡①✐st✐❡r❡♥ ❥❡❞♦❝❤ ✇❡♥✐❣❡ ❘❡s✉❧t❛t❡ ③✉ ❉✐♠❡♥s✐♦♥s❡✐❣❡♥s❝❤❛❢t❡♥ ✈♦♥ ▲é✈②✲Pr♦③❡ss❡♥ ♠✐t

❡✐♥❡r ❙❦❛❧✐❡r✉♥❣s✲ ♦❞❡r ❙❡❧❜stä❤♥❧✐❝❤❦❡✐ts❡✐❣❡♥s❝❤❛❢t ❛✉❢ ❡✐♥❡r ❞✐s❦r❡t❡♥ ❙❦❛❧❛✳

❉✐❡ ✈♦r❧✐❡❣❡♥❞❡ ❦✉♠✉❧❛t✐✈❡ ❉✐ss❡rt❛t✐♦♥ ✉♥t❡rs✉❝❤t ❉✐♠❡♥s✐♦♥s❡✐❣❡♥s❝❤❛❢t❡♥ ✈♦♥ ♦♣❡r❛t♦r✲

s❡♠✐st❛❜✐❧❡♥ ▲é✈②✲Pr♦③❡ss❡♥ X = {X(t) : t ≥ 0} ✐♥ R
d ♠✐t ❊①♣♦♥❡♥t E✱ ✇♦❜❡✐ ❡s

s✐❝❤ ❜❡✐ E ✉♠ ❡✐♥❡♥ ✐♥✈❡rt✐❡r❜❛r❡♥ ❧✐♥❡❛r❡♥ ❖♣❡r❛t♦r ❛✉❢ Rd ❤❛♥❞❡❧t✳ ❉✐❡ ❉✐ss❡rt❛t✐♦♥

❡♥t❤ä❧t ❞r❡✐ ▼❛♥✉s❦r✐♣t❡ ③✉ ❞✐❡s❡♠ ❚❤❡♠❛✳ ■♠ ❡rst❡♥ ▼❛♥✉s❦r✐♣t ✇✐r❞ ❞✐❡ ❍❛✉s❞♦r✛✲

❉✐♠❡♥s✐♦♥ ❞❡s ❇✐❧❞❡s ✉♥❞ ❞❡s ●r❛♣❤❡♥ ❡✐♥❡s st♦❝❤❛st✐s❝❤❡♥ Pr♦③❡ss❡s ü❜❡r ❞❡♠ ❩❡✐t✲

✐♥t❡r✈❛❧ [12 , 1] ❜❡r❡❝❤♥❡t✱ ❞❡r ✈♦♥ ❞❡r ●r❡♥③✈❡rt❡✐❧✉♥❣ ❞❡r ❦✉♠✉❧✐❡rt❡♥ ●❡✇✐♥♥❡ ✐♥ ❡✐♥❡r

❘❡✐❤❡ ✈♦♥ ❙t✳ P❡t❡rs❜✉r❣✲❙♣✐❡❧❡♥ ❣❡♥❡r✐❡rt ✇✐r❞✳ ❉✐❡s❡ ❱❡rt❡✐❧✉♥❣ ❦❛♥♥ ❛❧s ❦♦♥t✐♥✉✐❡r❧✐❝❤❡

❚r❛♥s❢♦r♠❛t✐♦♥ ❡✐♥❡r ♥✐❝❤t✲str✐❦t❡♥✱ s❡♠✐st❛❜✐❧❡♥ ❱❡rt❡✐❧✉♥❣ ❞❡✜♥✐❡rt ✇❡r❞❡♥✳ ❩✉❞❡♠ ✇✐r❞

✐♠ ③✇❡✐t❡♥ ▼❛♥✉s❦r✐♣t ❡✐♥❡ ❛❧❧❣❡♠❡✐♥❡ ❋♦r♠❡❧ ❢ür ❞✐❡ ❍❛✉s❞♦r✛✲❉✐♠❡♥s✐♦♥ dimH GrX(B)

❞❡s ●r❛♣❤❡♥ ❡✐♥❡s ♦♣❡r❛t♦r✲s❡♠✐st❛❜✐❧❡♥ ▲é✈②✲Pr♦③❡ss❡s ❢ür ❡✐♥❡ ❜❡❧✐❡❜✐❣❡ ❇♦r❡❧✲▼❡♥❣❡

B ⊆ R+ ❛✉❢❣❡st❡❧❧t✳ ❉✐❡s ✇✐r❞ ❡rr❡✐❝❤t✱ ✐♥❞❡♠ ❞❡r ●r❛♣❤ GrX(B) = {(t,X(t)) : t ∈ B}
❛❧s s❡♠✐✲s❡❧❜stä❤♥❧✐❝❤❡r Pr♦③❡ss ❞❡✜♥✐❡rt ✇✐r❞✱ ❞❡ss❡♥ ❱❡rt❡✐❧✉♥❣ ❥❡❞♦❝❤ ♥✐❝❤t ✈♦❧❧ ✐st✳ ❉✐❡

❍❛✉s❞♦r✛✲❉✐♠❡♥s✐♦♥ ✇✐r❞ ✐♥ ❆❜❤ä♥❣✐❣❦❡✐t ❞❡r ❘❡❛❧t❡✐❧❡ ❞❡r ❊✐❣❡♥✇❡rt❡ ❞❡s ❊①♣♦♥❡♥t❡♥

E ✉♥❞ ❞❡r ❍❛✉s❞♦r✛✲❉✐♠❡♥s✐♦♥ ✈♦♥ B ❛✉s❣❡❞rü❝❦t✳ ■♠ ❞r✐tt❡♥ ▼❛♥✉s❦r✐♣t ✇❡r❞❡♥ ❡①❛❦✲

t❡ ❍❛✉s❞♦r✛✲▼❛ÿ✲❋✉♥❦t✐♦♥❡♥ ❢ür ❣❡✇✐ss❡ ♦♣❡r❛t♦r✲s❡♠✐st❛❜✐❧❡ ▲é✈②✲Pr♦③❡ss❡ ♠✐t t❡✐❧✇❡✐s❡

❞✐❛❣♦♥❛❧❡♠ ❊①♣♦♥❡♥t❡♥ E ü❜❡r ❞❡♠ ❩❡✐t✐♥t❡r✈❛❧❧ [0, 1] ❡r♠✐tt❡❧t✳
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✹✳✷✳✷ ❙♣❡❝tr❛❧ ❞❡❝♦♠♣♦s✐t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✻

✹✳✷✳✸ ❊①♣❡❝t❡❞ s♦❥♦✉r♥ t✐♠❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✼

✹✳✸ ▼❛✐♥ ❘❡s✉❧t ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✽

✹✳✹ Pr♦♦❢ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✾

✹✳✹✳✶ ●r❡❛t❡r t❤❛♥ ③❡r♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✾

✹✳✹✳✷ ▲❡ss t❤❛♥ ✐♥✜♥✐t② ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✸

✹✳✹✳✸ Pr♦♦❢ ♦❢ t❤❡ ♠❛✐♥ r❡s✉❧t ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✶

✺ ❈♦♥❝❧✉s✐♦♥ ❛♥❞ ♦✉t❧♦♦❦ ✽✷

❇✐❜❧✐♦❣r❛♣❤② ✽✹



❈❤❛♣t❡r ✶

■♥tr♦❞✉❝t✐♦♥

✶



■♥tr♦❞✉❝t✐♦♥ ✷

✶✳✶ ●❡♥❡r❛❧ ✐♥❢♦r♠❛t✐♦♥

❙t♦❝❤❛st✐❝ ♣r♦❝❡ss❡s ✇✐t❤ ❝❡rt❛✐♥ s❝❛❧✐♥❣ ❛♥❞ s❡❧❢s✐♠✐❧❛r✐t② ♣r♦♣❡rt✐❡s ❤❛✈❡ ❛♣♣❧✐❝❛t✐♦♥s

✐♥ ❞✐✛❡r❡♥t s❝✐❡♥t✐✜❝ ✜❡❧❞s✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡② ♣r♦✈❡ t♦ ❜❡ ❛ ✉s❡❢✉❧ t♦♦❧ ❢♦r ❞❡✈❡❧♦♣✐♥❣

❛❞❡q✉❛t❡ ♠❛t❤❡♠❛t✐❝❛❧ ♠♦❞❡❧s✳ ❚❤❡② ❛r❡ ❛♣♣❧✐❡❞✱ ❢♦r ✐♥st❛♥❝❡✱ ✐♥ ♦r❞❡r t♦ ❞❡s❝r✐❜❡ ♥❛t✉r❛❧

❞②♥❛♠✐❝ ♣r♦❝❡ss❡s ✐♥ ♣❤②s✐❝s ♦r ♣r✐❝✐♥❣ ❢♦r♠✉❧❛s ✐♥ ✜♥❛♥❝✐❛❧ ♠❛t❤❡♠❛t✐❝s✳ ■♥ t❤❡ ❧❛tt❡r

❝❛s❡✱ s❡❧❢s✐♠✐❧❛r ♣r♦❝❡ss❡s ❝❛♥ ❜❡ s❡❡♥ ❛s ❛♥ ✐♠♣r♦✈❡♠❡♥t ❝♦♠♣❛r❡❞ t♦ ✇❡❧❧ ❡st❛❜❧✐s❤❡❞

♠♦❞❡❧s s✉❝❤ ❛s t❤❡ ❇❧❛❝❦✲❙❝❤♦❧❡s ♠♦❞❡❧✱ ❛s t❤❡② ❛❧❧♦✇ t❛❦✐♥❣ ❧❛r❣❡ ❥✉♠♣s ❛♥❞ ❧♦♥❣✲t❡r♠

❞❡♣❡♥❞❡♥❝✐❡s ✐♥t♦ ❛❝❝♦✉♥t✳

■♥ t❤✐s t❤❡s✐s✱ ■ ❡①❛♠✐♥❡ ❛ ❝❡rt❛✐♥ ❝❧❛ss ♦❢ s❡❧❢s✐♠✐❧❛r st♦❝❤❛st✐❝ ♣r♦❝❡ss❡s✱ t❤❡ s♦ ❝❛❧❧❡❞

♦♣❡r❛t♦r s❡♠✐st❛❜❧❡ ▲é✈② ♣r♦❝❡ss❡s✱ ✐♥ t❡r♠s ♦❢ t❤❡✐r ❢r❛❝t❛❧ ♣r♦♣❡rt✐❡s✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ t❤❡

st♦❝❤❛st✐❝ ♣r♦❝❡ss❡s ✉♥❞❡r ❝♦♥s✐❞❡r❛t✐♦♥ ❛r❡ s❡❧❢s✐♠✐❧❛r ♦♥ ❛ ❞✐s❝r❡t❡ s❝❛❧❡✳ ■♥ t❤❡ ❧✐t❡r❛t✉r❡✱

♦♥❡ ❝❛♥ ✜♥❞ ♥✉♠❡r♦✉s ❡①❛♠♣❧❡s ❢♦r t❤❡ ❞❡t❡r♠✐♥❛t✐♦♥ ♦❢ t❤❡ ❍❛✉s❞♦r✛ ❛♥❞ ♦t❤❡r ❢r❛❝t❛❧

❞✐♠❡♥s✐♦♥s ❢♦r ❞❡t❡r♠✐♥✐st✐❝ s❡❧❢s✐♠✐❧❛r s❡ts ✭♦♥ ❛ ❞✐s❝r❡t❡ s❝❛❧❡✮✱ ❡✳❣✳ ❢♦r ❈❛♥t♦r s❡ts ♦r

❙✐❡r♣✐♥s❦✐ ❣❛s❦❡ts✳ ❍♦✇❡✈❡r✱ ✉♥t✐❧ ♥♦✇✱ t❤❡r❡ ❞♦ ♥♦t ❡①✐st ♠❛♥② r❡s✉❧ts ♦♥ ❞✐♠❡♥s✐♦♥

♣r♦♣❡rt✐❡s ❢♦r ▲é✈② ♣r♦❝❡ss❡s ✇✐t❤ ❛ s❝❛❧✐♥❣ ♦r s❡❧❢s✐♠✐❧❛r✐t② ♣r♦♣❡rt② ♦♥ ❛ ❞✐s❝r❡t❡ s❝❛❧❡✳

❋♦r t❤✐s r❡❛s♦♥✱ t❤❡ ❛✐♠ ♦❢ t❤❡ ♣r❡s❡♥t t❤❡s✐s ✐s t♦ ❝❧♦s❡ s♦♠❡ ♦❢ t❤❡s❡ ❣❛♣s ❛♥❞ ❣❡♥❡r❛❧✐③❡

❛❧r❡❛❞② ❡①✐st✐♥❣ r❡s✉❧ts ❢♦r ♦t❤❡r ❝❧❛ss❡s ♦❢ ▲é✈② ♣r♦❝❡ss❡s ♦♥ ♦♣❡r❛t♦r s❡♠✐st❛❜❧❡ ♣r♦❝❡ss❡s✳

■♥ ♣❛rt✐❝✉❧❛r✱ t❤✐s t❤❡s✐s ❢♦❝✉s❡s ♦♥ t❤❡ ❞❡t❡r♠✐♥❛t✐♦♥ ♦❢ t❤❡ ❍❛✉s❞♦r✛ ❞✐♠❡♥s✐♦♥ ❢♦r t❤❡

❣r❛♣❤ ♦❢ ❛♥ ❛r❜✐tr❛r② ♦♣❡r❛t♦r s❡♠✐st❛❜❧❡ ▲é✈② ♣r♦❝❡ss ❛s ✇❡❧❧ ❛s t❤❡ ❝❛❧❝✉❧❛t✐♦♥ ♦❢ ❢♦r♠✉❧❛s

❢♦r ❡①❛❝t ❍❛✉s❞♦r✛ ♠❡❛s✉r❡ ❢✉♥❝t✐♦♥s ❢♦r t❤❡ r❛♥❣❡ ♦❢ ❛ ❝❡rt❛✐♥ ❝❧❛ss ♦❢ ♦♣❡r❛t♦r s❡♠✐st❛❜❧❡

▲é✈② ♣r♦❝❡ss❡s✳

❆ ▲é✈② ♣r♦❝❡ss X ✐♥ R
d ✐s ❛ st♦❝❤❛st✐❝❛❧❧② ❝♦♥t✐♥✉♦✉s ♣r♦❝❡ss ✇✐t❤ ❝á❞❧á❣ ♣❛t❤s ❛♥❞

st❛t✐♦♥❛r② ❛♥❞ ✐♥❞❡♣❡♥❞❡♥t ✐♥❝r❡♠❡♥ts ✇❤✐❝❤ st❛rts ✐♥ X(0) = 0 ❛❧♠♦st s✉r❡❧②✳ ❚❤❡

❞✐str✐❜✉t✐♦♥ ♦❢ X ✐s t❤❡♥ ✉♥✐q✉❡❧② ❞❡t❡r♠✐♥❡❞ ❜② t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ X(1)✳ ❚❤❡ ▲é✈②

♣r♦❝❡ss X ✐s ❝❛❧❧❡❞ (cE , c)✲♦♣❡r❛t♦r s❡♠✐st❛❜❧❡ ✐❢ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ X(1) ✐s ❢✉❧❧✱ ✐✳❡✳ ♥♦t

s✉♣♣♦rt❡❞ ♦♥ ❛♥② ❧♦✇❡r ❞✐♠❡♥s✐♦♥❛❧ ❤②♣❡r♣❧❛♥❡✱ ❛♥❞ t❤❡r❡ ❡①✐sts ❛ ❧✐♥❡❛r ♦♣❡r❛t♦r E ♦♥

R
d ❛♥❞ s♦♠❡ c > 1 s✉❝❤ t❤❛t

{X(ct)}t≥0
❢❞
=
{
cEX(t)

}
t≥0

, ✭✶✳✶✮

✇❤❡r❡
❢❞
= ❞❡♥♦t❡s t❤❡ ❡q✉❛❧✐t② ♦❢ ❛❧❧ ✜♥✐t❡✲❞✐♠❡♥s✐♦♥❛❧ ❞✐str✐❜✉t✐♦♥s ❛♥❞

cE :=
∞∑

n=0

(log c)n

n!
En.



■♥tr♦❞✉❝t✐♦♥ ✸

❚❤❡ ❧✐♥❡❛r ♦♣❡r❛t♦r E ✐s r❡❢❡rr❡❞ t♦ ❛s t❤❡ ❡①♣♦♥❡♥t ♦❢ t❤❡ ♦♣❡r❛t♦r s❡♠✐st❛❜❧❡ ▲é✈② ♣r♦❝❡ss

X✳ ■♥ ❝❛s❡ t❤❡ ❡①♣♦♥❡♥t E ✐s ❛ ♠✉❧t✐♣❧❡ ♦❢ t❤❡ ✐❞❡♥t✐t②✱ ✐✳❡✳ E = 1
α · I ❢♦r s♦♠❡ α ∈ (0, 2]✱

t❤❡ ♣r♦❝❡ss X ✐s ❝❛❧❧❡❞ (c1/α, c)✲s❡♠✐st❛❜❧❡✳ ■❢ ✭✶✳✶✮ ❤♦❧❞s ❢♦r ❛❧❧ c > 0✱ t❤❡ ▲é✈② ♣r♦❝❡ss ✐s

❝❛❧❧❡❞ ♦♣❡r❛t♦r st❛❜❧❡✳ ❋♦r ❛ ❝♦♠♣r❡❤❡♥s✐✈❡ ♦✈❡r✈✐❡✇ ♦♥ ♦♣❡r❛t♦r s❡♠✐st❛❜❧❡ ❞✐str✐❜✉t✐♦♥s✱

■ r❡❢❡r t♦ t❤❡ ♠♦♥♦❣r❛♣❤s ❬✹✺❪ ❛♥❞ ❬✺✵❪✳

❚❤✐s t❤❡s✐s ✐s str✉❝t✉r❡❞ ❛s ❢♦❧❧♦✇s✿ ❙❡❝t✐♦♥ ✶✳✷ ❝♦♥t❛✐♥s ❣❡♥❡r❛❧ ❞❡✜♥✐t✐♦♥s ❛♥❞ ❦♥♦✇♥

r❡s✉❧ts t❤❛t ✇✐❧❧ ❜❡ ✉s❡❢✉❧ t❤r♦✉❣❤♦✉t t❤✐s t❤❡s✐s✳ ◆❛♠❡❧②✱ ✐t st❛t❡s ❞❡✜♥✐t✐♦♥s ❢♦r t❤❡

❍❛✉s❞♦r✛ ❛♥❞ ❜♦①✲❝♦✉♥t✐♥❣ ❞✐♠❡♥s✐♦♥ ❛♥❞ ✐♥tr♦❞✉❝❡s ❡①❛❝t ❍❛✉s❞♦r✛ ♠❡❛s✉r❡ ❢✉♥❝t✐♦♥s

❢♦r ❛r❜✐tr❛r② ❇♦r❡❧ s❡ts F ⊆ R
d✳ ■ ❛❧s♦ r❡❝❛❧❧ s♣❡❝tr❛❧ ❞❡❝♦♠♣♦s✐t✐♦♥ r❡s✉❧ts ❢r♦♠ ❬✹✺❪

✇❤✐❝❤ ♠❛❦❡ ✐t ♣♦ss✐❜❧❡ t♦ ❞❡❝♦♠♣♦s❡ ❛♥ ♦♣❡r❛t♦r s❡♠✐st❛❜❧❡ ▲é✈② ♣r♦❝❡ss ❛❝❝♦r❞✐♥❣ t♦ t❤❡

❞✐st✐♥❝t r❡❛❧ ♣❛rts ♦❢ t❤❡ ❡✐❣❡♥✈❛❧✉❡s ♦❢ t❤❡ ❡①♣♦♥❡♥t E✳ ❚❤❡ s❡❝t✐♦♥ ❢✉rt❤❡r ❝♦♥t❛✐♥s ❝❡rt❛✐♥

✉♥✐❢♦r♠✐t② r❡s✉❧ts ❢♦r t❤❡ ❞❡♥s✐t② ❢✉♥❝t✐♦♥s ♦❢ ❛♥ ♦♣❡r❛t♦r s❡♠✐st❛❜❧❡ ▲é✈② ♣r♦❝❡ss ❛♥❞ ❣✐✈❡s

❛ ❞❡✜♥✐t✐♦♥ ❢♦r t❤❡ ❡①♣❡❝t❡❞ s♦❥♦✉r♥ t✐♠❡s✳ ❙❡❝t✐♦♥ ✶✳✸ ❝♦♥t❛✐♥s ❛♥ ♦✈❡r✈✐❡✇ ♦♥ ❡①✐st✐♥❣

❞✐♠❡♥s✐♦♥ r❡s✉❧ts ❢♦r ♦♣❡r❛t♦r st❛❜❧❡ ❛♥❞ s❡♠✐st❛❜❧❡ ▲é✈② ♣r♦❝❡ss❡s ❛♥❞ s✉♠♠❛r✐③❡s t❤❡

r❡s✉❧ts ♦❢ t❤✐s t❤❡s✐s✳ ❚❤❡ ♥❡①t ❝❤❛♣t❡rs ❝♦♥t❛✐♥ t❤❡s❡ r❡s✉❧ts ✐♥ t❤❡ ❢♦r♠ ♦❢ t❤r❡❡ ❡♥❝❧♦s❡❞

♠❛♥✉s❝r✐♣ts t✐t❧❡❞ ✧❉✐♠❡♥s✐♦♥ r❡s✉❧ts r❡❧❛t❡❞ t♦ t❤❡ ❙t✳ P❡t❡rs❜✉r❣ ❣❛♠❡✧✱ ✧❍❛✉s❞♦r✛

❞✐♠❡♥s✐♦♥ ♦❢ t❤❡ ❣r❛♣❤ ♦❢ ❛♥ ♦♣❡r❛t♦r s❡♠✐st❛❜❧❡ ▲é✈② ♣r♦❝❡ss✧ ❛♥❞ ✧❖♥ ❡①❛❝t ❍❛✉s❞♦r✛

♠❡❛s✉r❡ ❢✉♥❝t✐♦♥s ♦❢ ♦♣❡r❛t♦r s❡♠✐st❛❜❧❡ ▲é✈② ♣r♦❝❡ss❡s✧✱ r❡s♣❡❝t✐✈❡❧②✳ ❋✐♥❛❧❧②✱ ❈❤❛♣t❡r

✺ ❝♦♥❝❧✉❞❡s t❤✐s t❤❡s✐s ❛♥❞ ❣✐✈❡s ❛♥ ♦✉t❧♦♦❦ ♦♥ ♣♦ss✐❜❧❡ ❢✉t✉r❡ ❧✐♥❡s ♦❢ r❡s❡❛r❝❤✳

✶✳✷ Pr❡❧✐♠✐♥❛r✐❡s

✶✳✷✳✶ ❋r❛❝t❛❧ ❞✐♠❡♥s✐♦♥s

❖❢ t❤❡ ♠❛♥② ❡①✐st✐♥❣ ❢r❛❝t❛❧ ❞✐♠❡♥s✐♦♥s t❤❡ ❍❛✉s❞♦r✛ ❞✐♠❡♥s✐♦♥ ✐s ♣r♦❜❛❜❧② ♦♥❡ ♦❢ t❤❡

♦❧❞❡st ❛♥❞ ♠♦st ✐♠♣♦rt❛♥t ♦♥❡s✳ ❋♦r ❛♥ ❛r❜✐tr❛r② s✉❜s❡t F ♦❢ Rd t❤❡ s✲❞✐♠❡♥s✐♦♥❛❧ ❍❛✉s✲

❞♦r✛ ♠❡❛s✉r❡ Hs(F ) ✐s ❞❡✜♥❡❞ ❛s

Hs(F ) = lim
δ→0

inf

{ ∞∑

i=1

|F |si : |Fi| ≤ δ ❛♥❞ F ⊆
∞⋃

i=1

Fi

}
,

✇❤❡r❡ |F | = sup{‖x − y‖ : x, y ∈ F} ❞❡♥♦t❡s t❤❡ ❞✐❛♠❡t❡r ♦❢ ❛ s✉❜s❡t F ⊆ R
d ❛♥❞ ‖ · ‖

✐s t❤❡ ❊✉❝❧✐❞❡❛♥ ♥♦r♠✳ ■t ❝❛♥ ❜❡ s❤♦✇♥ t❤❛t t❤❡ ✈❛❧✉❡ dimH F = inf {s : Hs(F ) = 0} =

sup {s : Hs(F ) = ∞} ❡①✐sts ❛♥❞ ✐s ✉♥✐q✉❡ ❢♦r ❛❧❧ F ⊆ R
d✳ ❚❤❡ ❝r✐t✐❝❛❧ ✈❛❧✉❡ dimH F ✐s
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❝❛❧❧❡❞ t❤❡ ❍❛✉s❞♦r✛ ❞✐♠❡♥s✐♦♥ ♦❢ F ✳ ❋♦r ♠♦r❡ ❞❡t❛✐❧s ♦♥ t❤❡ ❍❛✉s❞♦r✛ ❞✐♠❡♥s✐♦♥ ❝♦♠♣❛r❡

❬✷✵❪ ❛♥❞ ❬✹✸❪✳

❋✉rt❤❡r♠♦r❡✱ ❛ ❢✉♥❝t✐♦♥ φ ❜❡❧♦♥❣s t♦ t❤❡ ❝❧❛ss Φ ✐❢ t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t δ > 0 s✉❝❤ t❤❛t

φ ✐s r✐❣❤t ❝♦♥t✐♥✉♦✉s ❛♥❞ ✐♥❝r❡❛s✐♥❣ ♦♥ t❤❡ ♦♣❡♥ ✐♥t❡r✈❛❧ (0, δ)✱ φ(0+) = 0 ❛♥❞ ❢✉❧✜❧❧s t❤❡

❞♦✉❜❧✐♥❣ ♣r♦♣❡rt②✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t K > 0 s✉❝❤ t❤❛t

φ(2s)

φ(s)
≤ K ❢♦r ❛❧❧ 0 < s <

1

2
δ. ✭✶✳✷✮

❋♦r ❛♥ ❛r❜✐tr❛r② ❇♦r❡❧ s❡t F ⊆ R
d ❛♥❞ ❛ ❢✉♥❝t✐♦♥ φ ∈ Φ t❤❡ φ✲❍❛✉s❞♦r✛ ♠❡❛s✉r❡ ✐s t❤❡♥

❞❡✜♥❡❞ ❛s

φ−m(F ) = lim inf
ǫ→∞

{ ∞∑

i=1

φ(|Fi|) : F ⊆
∞⋃

i=1

Fi, |Fi| < ǫ

}
. ✭✶✳✸✮

❚❤❡ ❢✉♥❝t✐♦♥ φ ∈ Φ ✐s ❝❛❧❧❡❞ ❛♥ ❡①❛❝t ❍❛✉s❞♦r✛ ♠❡❛s✉r❡ ❢✉♥❝t✐♦♥ ❢♦r F ⊆ R
d ✐❢ 0 <

φ−m(F ) <∞✳

❆s ♠❡♥t✐♦♥❡❞ ❜❡❢♦r❡✱ t❤❡ ❍❛✉s❞♦r✛ ❞✐♠❡♥s✐♦♥ ✐s ❥✉st ♦♥❡ ♦❢ t❤❡ ♠❛♥② ❢r❛❝t❛❧ ❞✐♠❡♥s✐♦♥s

✇❤✐❝❤ ❛r❡ ❢r❡q✉❡♥t❧② ✉s❡❞✳ ❆♥ ❛❧t❡r♥❛t✐✈❡ ✐s t❤❡ s♦ ❝❛❧❧❡❞ ❜♦①✲❝♦✉♥t✐♥❣ ❞✐♠❡♥s✐♦♥ ✭❢♦r ♠♦r❡

❞❡t❛✐❧s✱ s❡❡ ❬✷✵❪✮✳ ❋♦r ❛♥ ❛r❜✐tr❛r② s✉❜s❡t F ⊆ R
d ❞❡♥♦t❡ ❜② Nδ(F ) t❤❡ s♠❛❧❧❡st ♥✉♠❜❡r

♦❢ ❝❧♦s❡❞ ❜❛❧❧s ♦❢ r❛❞✐✉s δ > 0 t❤❛t ❝♦✈❡r F ✳ ❚❤❡♥✱ t❤❡ ❧♦✇❡r ❛♥❞ t❤❡ ✉♣♣❡r ❜♦①✲❝♦✉♥t✐♥❣

❞✐♠❡♥s✐♦♥ ♦❢ F ❛r❡ ❣✐✈❡♥ ❜②

dimB F = lim inf
δ→0

logNδ(F )

− log δ
❛♥❞ dimB F = lim sup

δ→0

logNδ(F )

− log δ

❛♥❞ t❤❡ ❜♦①✲❝♦✉♥t✐♥❣ ❞✐♠❡♥s✐♦♥ ✐s ❞❡✜♥❡❞ ❛s

dimB F = lim
δ→0

logNδ(F )

− log δ

♣r♦✈✐❞❡❞ t❤❛t t❤✐s ❧✐♠✐t ❡①✐sts✳ ❚❤❡ ❢r❛❝t❛❧ ❞✐♠❡♥s✐♦♥s ❞❡✜♥❡❞ ✐♥ t❤✐s s❡❝t✐♦♥ ❛r❡ r❡❧❛t❡❞

❛s ❢♦❧❧♦✇s✿

dimH F 6 dimB F 6 dimB F 6 d.

◆♦t❡ t❤❛t t❤❡r❡ ❛r❡ ♠❛♥② ❦♥♦✇♥ ❡①❛♠♣❧❡s ❢♦r ✇❤✐❝❤ t❤❡ ❛❜♦✈❡ ✐♥❡q✉❛❧✐t✐❡s ❛r❡ str✐❝t✳

✶✳✷✳✷ ❙♣❡❝tr❛❧ ❞❡❝♦♠♣♦s✐t✐♦♥

▲❡t X ❜❡ ❛ (cE , c)✲♦♣❡r❛t♦r s❡♠✐st❛❜❧❡ ▲é✈② ♣r♦❝❡ss✳ ❨♦✉ ❝❛♥ ♥♦✇ ❢❛❝t♦r t❤❡ ♠✐♥✐♠❛❧

♣♦❧②♥♦♠✐❛❧ ♦❢ E ✐♥t♦ q1(x) · . . . · qp(x) ✇❤❡r❡ ❛❧❧ r♦♦ts ♦❢ qi ❤❛✈❡ r❡❛❧ ♣❛rts ❡q✉❛❧ t♦ ai
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❛♥❞ ai 6= aj ❢♦r i 6= j✳ ❲✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t②✱ ♦♥❡ ❝❛♥ ❛❞❞✐t✐♦♥❛❧❧② ❛ss✉♠❡ t❤❛t

ai < aj ❢♦r i < j✳ ◆♦t❡ t❤❛t ❜② ❚❤❡♦r❡♠ ✼✳✶✳✶✵ ✐♥ ❬✹✺❪ aj ≥ 1
2 ❢♦r ❛❧❧ j ∈ {1, . . . p}✳

❉❡✜♥❡ Vj = Ker(qj(E))✳ ❆❝❝♦r❞✐♥❣ t♦ ❚❤❡♦r❡♠ ✷✳✶✳✶✹ ✐♥ ❬✹✺❪ V1 ⊕ · · · ⊕ Vp ✐s ❛ ❞✐r❡❝t s✉♠

❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ Rd ✐♥t♦ E ✐♥✈❛r✐❛♥t s✉❜s♣❛❝❡s✳ ■♥ ❛♥ ❛♣♣r♦♣r✐❛t❡ ❜❛s✐s✱ E ✐s t❤❡♥ ❜❧♦❝❦✲

❞✐❛❣♦♥❛❧ ❛♥❞ ✇❡ ♠❛② ✇r✐t❡ E = E1 ⊕ · · · ⊕ Ep ✇❤❡r❡ Ej : Vj → Vj ❛♥❞ ❡✈❡r② ❡✐❣❡♥✈❛❧✉❡

♦❢ Ej ❤❛s r❡❛❧ ♣❛rt ❡q✉❛❧ t♦ aj ✳ ❆❞❞✐t✐♦♥❛❧❧②✱ ❡✈❡r② Vj ✐s ❛♥ Ej✲✐♥✈❛r✐❛♥t s✉❜s♣❛❝❡ ♦❢

❞✐♠❡♥s✐♦♥ dj = dimVj ❛♥❞ d = d1 + . . . + dp✳ ❲r✐t❡ X(t) = X(1)(t) + . . . +X(p)(t) ✇✐t❤

r❡s♣❡❝t t♦ t❤✐s ❞✐r❡❝t s✉♠ ❞❡❝♦♠♣♦s✐t✐♦♥✱ ✇❤❡r❡ ❜② ▲❡♠♠❛ ✼✳✶✳✶✼ ✐♥ ❬✹✺❪✱ {X(j)(t), t ≥ 0}
✐s ❛ (cEj , c)✲♦♣❡r❛t♦r s❡♠✐st❛❜❧❡ ▲é✈② ♣r♦❝❡ss ✐♥ Vj ✳ ❆❞❞✐t✐♦♥❛❧❧②✱ ✇❡ ❝❛♥ ♥♦✇ ❝❤♦♦s❡ ❛♥

✐♥♥❡r ♣r♦❞✉❝t 〈·, ·〉 ♦♥ R
d s✉❝❤ t❤❛t t❤❡ Vj , j ∈ {1, . . . , p}✱ ❛r❡ ♠✉t✉❛❧❧② ♦rt❤♦❣♦♥❛❧✳

❚❤r♦✉❣❤♦✉t t❤✐s t❤❡s✐s✱ ✇❡ ✇✐❧❧ ❞❡♥♦t❡ ❜② αj = 1/aj t❤❡ r❡❝✐♣r♦❝❛❧s ♦❢ t❤❡ r❡❛❧ ♣❛rts ♦❢ t❤❡

❡✐❣❡♥✈❛❧✉❡s ♦❢ t❤❡ ❡①♣♦♥❡♥t E ✇✐t❤ 0 < αp < . . . < α1 < 2✳

✶✳✷✳✸ Pr♦♣❡rt✐❡s ♦❢ t❤❡ ❞❡♥s✐t② ❢✉♥❝t✐♦♥s

■♥ t❤❡ ❝❛❧❝✉❧❛t✐♦♥s ♦❢ t❤✐s t❤❡s✐s✱ ❝❡rt❛✐♥ ✉♥✐❢♦r♠✐t② r❡s✉❧ts ❢♦r t❤❡ ❞❡♥s✐t② ❢✉♥❝t✐♦♥s ♦❢ ❛

(cE , c)✲♦♣❡r❛t♦r s❡♠✐st❛❜❧❡ ▲é✈② ♣r♦❝❡ss X = {X(t) : t ≥ 0} ❛r❡ ♥❡❡❞❡❞✳ ❋♦r t❤✐s ♣✉r♣♦s❡✱

❧❡t gt ❞❡♥♦t❡ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❞❡♥s✐t② ❢✉♥❝t✐♦♥ ♦❢X(t) ❢♦r t > 0✳ ❆❝❝♦r❞✐♥❣ t♦ Pr♦♣♦s✐t✐♦♥

✷✽✳✶ ✐♥ ❬✺✵❪✱ t❤❡ r❛♥❞♦♠ ✈❡❝t♦r X(t) ❤❛s ❛ ❝♦♥t✐♥✉♦✉s ❛♥❞ ❜♦✉♥❞❡❞ ▲❡❜❡s❣✉❡ ❞❡♥s✐t② ❢♦r

❡✈❡r② t > 0✳ ■♥ t❤❡✐r ❛rt✐❝❧❡✱ ❑❡r♥ ❛♥❞ ❲❡❞r✐❝❤ ❬✸✻❪ r❡✜♥❡❞ t❤✐s r❡s✉❧t ❛♥❞ s❤♦✇❡❞ t❤❛t t❤❡

♠❛♣♣✐♥❣ (t, x)→ gt(x) ✐s ❝♦♥t✐♥✉♦✉s ♦♥ (0,∞)× R
d ❛♥❞ t❤❛t

sup
t∈[1,c)

sup
x∈Rd

|gt(x)| <∞. ✭✶✳✹✮

■♥❡q✉❛❧✐t② ✭✶✳✹✮ ❞✐r❡❝t❧② ❧❡❛❞s t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ✉♥✐❢♦r♠✐t② r❡s✉❧t ❢♦r t❤❡ ❡①✐st❡♥❝❡ ♦❢ ♥❡❣❛t✐✈❡

♠♦♠❡♥ts ✭❝♦♠♣❛r❡ ▲❡♠♠❛ ✷✳✸ ✐♥ ❬✸✻❪✮✿ ❋♦r ❛♥ ♦♣❡r❛t♦r s❡♠✐st❛❜❧❡ ▲é✈② ♣r♦❝❡ss X =

{X(t) : t ≥ 0} ✐♥ R
d ❛♥❞ ❛♥② δ > 0 ✇❡ ❤❛✈❡

sup
t∈[1,c)

E

[
‖X(t)‖−δ

]
<∞.

❋✉rt❤❡r♠♦r❡✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛ st❛t❡s ❛ ♣♦s✐t✐✈✐t② r❡s✉❧t ❢♦r t❤❡ ❞❡♥s✐t② ❢✉♥❝t✐♦♥s✿

▲❡♠♠❛ ✶✳✶ ✭❝❢✳ ▲❡♠♠❛ ✷✳✹ ✐♥ ❬✸✻❪✮

▲❡t {X(t)}t≥0 ❜❡ ❛♥ ♦♣❡r❛t♦r s❡♠✐st❛❜❧❡ ▲é✈② ♣r♦❝❡ss ✇✐t❤ α1 > 1✱ d1 = 1 ❛♥❞ ✇✐t❤ ❞❡♥s✐t②
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gt ❛s ❛❜♦✈❡✳ ❚❤❡♥ t❤❡r❡ ❡①✐st ❝♦♥st❛♥ts K > 0✱ r > 0 ❛♥❞ ✉♥✐❢♦r♠❧② ❜♦✉♥❞❡❞ ❇♦r❡❧ s❡ts

Jt ⊆ R
d−1 ∼= V2 ⊕ · · · ⊕ Vp ❢♦r t ∈ [1, c) s✉❝❤ t❤❛t

gt(x1, . . . , xp) ≥ K > 0 ❢♦r ❛❧❧ (x1, . . . , xp) ∈ [−r, r]× Jt.

❋✉rt❤❡r✱ ✇❡ ❝❛♥ ❝❤♦♦s❡ {Jt}t∈[1,c) s✉❝❤ t❤❛t λd−1(Jt) ≥ R > 0 ❢♦r ❡✈❡r② t ∈ [1, c)✳ ◆♦t❡

t❤❛t t❤❡ ❝♦♥st❛♥ts K, r ❛♥❞ R ❞♦ ♥♦t ❞❡♣❡♥❞ ♦♥ t ∈ [1, c)✳

◆♦t❡ t❤❛t ❢♦r ❛♥ ♦♣❡r❛t♦r st❛❜❧❡ ▲é✈② ♣r♦❝❡ss ✐t ✐s s✉✣❝✐❡♥t t♦ ✈❛❧✐❞❛t❡ t❤❡ ❛❜♦✈❡ ♣r♦♣❡rt✐❡s

❢♦r t❤❡ ❝❛s❡ t❤❛t t = 1 ❛s t❤❡ s❡❧❢✲s✐♠✐❧❛r✐t② ♣r♦♣❡rt② ♦❢ t❤❡ ♣r♦❝❡ss t❤❡♥ ❡♥s✉r❡s t❤❡

tr❛♥s❢❡r❛❜✐❧✐t② ♦❢ t❤❡ r❡s✉❧t t♦ ❛❧❧ t > 0✳

✶✳✷✳✹ ❊①♣❡❝t❡❞ s♦❥♦✉r♥ t✐♠❡s

❋♦r ❛ ▲é✈② ♣r♦❝❡ss X = {X(t) : t ≥ 0} ❧❡t

T (a, s) =

∫ s

0
1B(0,a)(X(t))dt

❜❡ t❤❡ s♦❥♦✉r♥ t✐♠❡ ✉♣ t♦ t✐♠❡ s > 0 ✐♥ t❤❡ ❝❧♦s❡❞ ❜❛❧❧ B(0, a) ✇✐t❤ r❛❞✐✉s a > 0✳ ❍❡r❡✱

1F (x) ❞❡♥♦t❡s t❤❡ ✐♥❞✐❝❛t♦r ❢✉♥❝t✐♦♥ t❤❛t ❡q✉❛❧s 1 ✐❢ x ∈ F ❛♥❞ 0 ✐❢ x /∈ F ✳ ❋✉rt❤❡r♠♦r❡✱

❧❡t K1 > 0 ❜❡ ❛ ✜①❡❞ ❝♦♥st❛♥t✳ ❆ ❢❛♠✐❧② Λ(a) ♦❢ ❝✉❜❡s ♦❢ s✐❞❡ a ✐♥ R
d ✐s ❝❛❧❧❡❞ K1✲♥❡st❡❞

✐❢ ♥♦ ❜❛❧❧ ♦❢ r❛❞✐✉s a ✐♥ R
d ❝❛♥ ✐♥t❡rs❡❝t ♠♦r❡ t❤❛♥ K1 ❝✉❜❡s ♦❢ Λ(a)✳ ❇❡❧♦✇✱ ■ ❝❤♦♦s❡ Λ(a)

t♦ ❜❡ t❤❡ ❢❛♠✐❧② ♦❢ ❝✉❜❡s ✐♥ R
d ♦❢ t❤❡ ❢♦r♠ [k1a, (k1 + 1)a] × . . . × [kda, (kd + 1)a] ✇❤❡r❡

(k1, . . . , kd) ∈ Z
d✳ ❖♥❡ ❝❛♥ ❡❛s✐❧② s❡❡ t❤❛t t❤❡ ❛❜♦✈❡ ❞❡✜♥❡❞ ❢❛♠✐❧② Λ(a) ✐s 3d✲♥❡st❡❞✳

❚❤❡ ❞❡✜♥✐t✐♦♥ ❣✐✈❡♥ ✐♥ ❙❡❝t✐♦♥ ✶✳✷✳✶ ♦❢ t❤✐s t❤❡s✐s ♠❛❦❡s ✐t ❝❧❡❛r t❤❛t ✐♥ ♦r❞❡r t♦ ❝❛❧❝✉❧❛t❡

t❤❡ ❍❛✉s❞♦r✛ ❞✐♠❡♥s✐♦♥ ✐t ✐s ❡ss❡♥t✐❛❧ t♦ ✜♥❞ ❛ s✉✐t❛❜❧❡ s❡q✉❡♥❝❡ ♦❢ ❝♦✈❡r✐♥❣s✳ ❋♦r t❤✐s

♣✉r♣♦s❡✱ Pr✉✐tt ❛♥❞ ❚❛②❧♦r ❬✹✽❪ ❛♥❛❧②③❡❞ t❤❡ ❝♦♥♥❡❝t✐♦♥ t♦ t❤❡ ❡①♣❡❝t❡❞ s♦❥♦✉r♥ t✐♠❡s ❛♥❞

♣r♦✈❡❞ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡♠❛r❦❛❜❧❡ ❝♦✈❡r✐♥❣ ❧❡♠♠❛ ✭s❡❡ ▲❡♠♠❛ ✻✳✶ ✐♥ ❬✹✽❪✮✿

▲❡♠♠❛ ✶✳✷

▲❡t X = {X(t)}t≥0 ❜❡ ❛ ▲é✈② ♣r♦❝❡ss ✐♥ R
d ❛♥❞ ❧❡t Λ(a) ❜❡ ❛ ✜①❡❞ K1✲♥❡st❡❞ ❢❛♠✐❧② ♦❢

❝✉❜❡s ✐♥ R
d ♦❢ s✐❞❡ a ✇✐t❤ 0 < a ≤ 1✳ ❋♦r ❛♥② u ≥ 0 ❧❡t Mu(a, s) ❜❡ t❤❡ ♥✉♠❜❡r ♦❢ ❝✉❜❡s

✐♥ Λ(a) ❤✐t ❜② X(t) ❛t s♦♠❡ t✐♠❡ t ∈ [u, u+ s]✳ ❚❤❡♥

E [Mu(a, s)] ≤ 2K3s ·
(
E
[
T
(
a
3 , s
)])−1

.
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●❡♥❡r❛t✐♥❣ r❡s✉❧ts ❢♦r t❤❡ ❍❛✉s❞♦r✛ ❞✐♠❡♥s✐♦♥ ❛♥❞ ❡①❛❝t ❍❛✉s❞♦r✛ ♠❡❛s✉r❡ ❢✉♥❝t✐♦♥s

❢♦r ♦♣❡r❛t♦r s❡♠✐st❛❜❧❡ ▲é✈② ♣r♦❝❡ss❡s ❝❛♥ ♥♦✇ ✐♥ ♣❛rts ❜❡ tr❛♥s❢❡rr❡❞ t♦ ❛♥❛❧②③✐♥❣ t❤❡

❛s②♠♣t♦t✐❝ ❜❡❤❛✈✐♦r ♦❢ t❤❡ ❡①♣❡❝t❡❞ s♦❥♦✉r♥ t✐♠❡s E[T (a, s)]✳

✶✳✸ ❖✈❡r✈✐❡✇

■♥ t❤❡ ♣❛st✱ ❡✛♦rts ❤❛✈❡ ❜❡❡♥ ♠❛❞❡ t♦ ❣❡♥❡r❛t❡ ❞✐♠❡♥s✐♦♥ r❡s✉❧ts ❢♦r ▲é✈② ♣r♦❝❡ss❡s ✇✐t❤

❝❡rt❛✐♥ s❡❧❢✲s✐♠✐❧❛r✐t② ♣r♦♣❡rt✐❡s✳ ❆♥ ♦✈❡r✈✐❡✇ ♦♥ ❡①✐st✐♥❣ r❡s✉❧ts ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❬✸✽❪

❛♥❞ ❬✺✾❪✳ ❋♦r ❛♥ α✲st❛❜❧❡ ▲é✈② ♣r♦❝❡ss X ✐♥ R
d✱ ✐✳❡✳ ❛♥ ♦♣❡r❛t♦r st❛❜❧❡ ▲é✈② ♣r♦❝❡ss

✇✐t❤ ❡①♣♦♥❡♥t E = 1
α · I✱ ❛♥❞ α ∈ (0, 2]✱ ❇❧✉♠❡♥t❤❛❧ ❛♥❞ ●❡t♦♦r ❬✸❪ ❡①❛♠✐♥❡❞ t❤❡ r❛♥❣❡

X([0, 1]) = {X(t) : t ∈ [0, 1]} ♦✈❡r t❤❡ t✐♠❡ ✐♥t❡r✈❛❧ [0, 1] ❛♥❞ s❤♦✇❡❞ t❤❛t ✐♥ t❤✐s ❝❛s❡

t❤❡ ❍❛✉s❞♦r✛ ❞✐♠❡♥s✐♦♥ ✐s dimH X([0, 1]) = min(α, d) ❛❧♠♦st s✉r❡❧②✳ ❙✉❜s❡q✉❡♥t❧②✱ Pr✉✐tt

❛♥❞ ❚❛②❧♦r ❬✹✽❪ ❝❛❧❝✉❧❛t❡❞ dimH X([0, 1]) ✐♥ ❝❛s❡ t❤❛t X ✐s ❛ ▲é✈② ♣r♦❝❡ss ✐♥ R
d ✇✐t❤

✐♥❞❡♣❡♥❞❡♥t st❛❜❧❡ ♠❛r❣✐♥❛❧s ♦❢ ✐♥❞❡① α1 ≥ . . . ≥ αd✳ ■♥ ✷✵✵✺✱ ▼❡❡rs❝❤❛❡rt ❛♥❞ ❳✐❛♦

❬✹✻❪ ❣❡♥❡r❛t❡❞ ❛ ❢♦r♠✉❧❛ ❢♦r t❤❡ ❍❛✉s❞♦r✛ ❞✐♠❡♥s✐♦♥ dimH X(B) ♦❢ ❛♥ ♦♣❡r❛t♦r st❛❜❧❡

▲é✈② ♣r♦❝❡ss X ✐♥ R
d ❛♥❞ ❛♥ ❛r❜✐tr❛r② ❇♦r❡❧ s❡t B ⊆ R+✳ ❚❤❡✐r r❡s✉❧t ✐s ❜❛s❡❞ ♦♥ t❤❡

✇♦r❦ ♦❢ ❇❡❝❦❡r✲❑❡r♥✱ ▼❡❡rs❝❤❛❡rt ❛♥❞ ❙❝❤❡✤❡r ❬✷❪ ✇❤♦ ❝❛❧❝✉❧❛t❡❞ t❤❡ ❍❛✉s❞♦r✛ ❞✐♠❡♥s✐♦♥

dimH X([0, 1]) ❢♦r ❛♥ ♦♣❡r❛t♦r st❛❜❧❡ ▲é✈② ♣r♦❝❡ss ✐♥ R
d ✉♥❞❡r t❤❡ ❛❞❞✐t✐♦♥❛❧ ❛ss✉♠♣t✐♦♥

t❤❛t ❢♦r α1 > min(1, d) t❤❡ ❞❡♥s✐t② ♦❢ X(1) ✐s ♣♦s✐t✐✈❡ ❛t t❤❡ ♦r✐❣✐♥✳

❙t❛rt✐♥❣ ♣♦✐♥t ♦❢ t❤❡ ❝❛❧❝✉❧❛t✐♦♥s ♦❢ t❤✐s t❤❡s✐s ✐s t❤❡ ✇♦r❦ ❢r♦♠ ❑❡r♥ ❛♥❞ ❲❡❞r✐❝❤ ❬✸✻❪ ✇❤♦

❣❡♥❡r❛❧✐③❡❞ t❤❡ ❞✐♠❡♥s✐♦♥ r❡s✉❧t ✐♥ ❬✹✻❪ ❛♥❞ ❝❛❧❝✉❧❛t❡❞ t❤❡ ❍❛✉s❞♦r✛ ❞✐♠❡♥s✐♦♥ dimH X(B)

❢♦r t❤❡ r❛♥❣❡ ♦❢ ❛♥ ♦♣❡r❛t♦r s❡♠✐st❛❜❧❡ ▲é✈② ♣r♦❝❡ss X ✐♥ R
d ♦✈❡r ❛♥ ❛r❜✐tr❛r② ❇♦r❡❧ s❡t

B ⊆ R+✳ ❋♦r d ≥ 2 t❤❡② s❤♦✇❡❞ t❤❛t

dimHX(B) =




α1 dimHB ✐❢ α1 dimHB ≤ d1,

1 + α2

(
dimHB − 1

α1

)
✐❢ α1 dimHB > d1

❛❧♠♦st s✉r❡❧② ✭s❡❡ ❚❤❡♦r❡♠ ✸✳✶ ✐♥ ❬✸✻❪✮✳ ■♥ ❝❛s❡ t❤❛t t❤❡ ♣r♦❝❡ss X ✐s ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ t❤❡

❞✐♠❡♥s✐♦♥ ❢♦r♠✉❧❛ r❡❛❞s ❛s ❢♦❧❧♦✇s ✭❝♦♠♣❛r❡ ❚❤❡♦r❡♠ ✸✳✸ ✐♥ ❬✸✻❪✮✿

dimHX(B) = min(α dimHB, 1) ❛❧♠♦st s✉r❡❧②✳

◆♦t❡ t❤❛t t❤❡ ❍❛✉s❞♦r✛ ❞✐♠❡♥s✐♦♥ ♦♥❧② ❞❡♣❡♥❞s ♦♥ t❤❡ r❡❛❧ ♣❛rts ♦❢ t❤❡ ❡✐❣❡♥✈❛❧✉❡s ♦❢

t❤❡ ❡①♣♦♥❡♥t E ♦❢ t❤❡ ♣r♦❝❡ss X ❛♥❞ t❤❡ ❍❛✉s❞♦r✛ ❞✐♠❡♥s✐♦♥ dimH B ♦❢ t❤❡ ❇♦r❡❧ s❡t
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B ⊆ R+✳ ❚❤❡ ♣r♦♦❢s ♦❢ t❤❡ r❡s✉❧ts ❛❜♦✈❡ ❛r❡ s♣❧✐t ✐♥t♦ t✇♦ ♣❛rts ✈❛❧✐❞❛t✐♥❣ dimH X(B) ≥ γ

❛♥❞ dimH X(B) ≤ γ ❢♦r s♦♠❡ γ ≥ 0✱ r❡s♣❡❝t✐✈❡❧②✳ ❚♦ ♦❜t❛✐♥ t❤❡ ✉♣♣❡r ❜♦✉♥❞ ❛ s✉✐t❛❜❧❡

s❡q✉❡♥❝❡ ♦❢ ❝♦✈❡r✐♥❣s ❢♦r X(B) ✐s ❝❤♦s❡♥✳ ❚❤✐s ♠❡t❤♦❞ ❣♦❡s ❜❛❝❦ t♦ ❍❡♥❞r✐❝❦s ❬✷✽❪ ❛♥❞

Pr✉✐tt ❛♥❞ ❚❛②❧♦r ❬✹✽❪✳ ❚❤❡ ♣r♦♦❢ ♦❢ t❤❡ ❧♦✇❡r ❜♦✉♥❞ ✉s❡s st❛♥❞❛r❞ ❝❛♣❛❝✐t② ❛r❣✉♠❡♥ts

❛♣♣❧②✐♥❣ ❋r♦st♠❛♥✬s ❧❡♠♠❛ ❛♥❞ ✉t✐❧✐③✐♥❣ t❤❡ r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ t❤❡ ❍❛✉s❞♦r✛ ❞✐♠❡♥s✐♦♥

❛♥❞ t❤❡ ❝❛♣❛❝✐t❛r② ❞✐♠❡♥s✐♦♥ ❛s st❛t❡❞ ✐♥ ❋r♦st♠❛♥✬s t❤❡♦r❡♠ ❬✸✹✱ ✹✸❪✳ ❚❤❡ ♠❡t❤♦❞s

❞❡s❝r✐❜❡❞ ❤❡r❡ ✇✐❧❧✱ ✐♥ ♣❛rts✱ ❜❡ ✉s❡❢✉❧ ✐♥ t❤❡ ♣r♦♦❢s ♦❢ t❤❡ r❡s✉❧ts ✐♥ t❤✐s t❤❡s✐s✱ ✇❤❡r❡ t❤❡②

❛r❡ ❣❡♥❡r❛❧✐③❡❞✱ ✇❤❡r❡ ♥❡❡❞❡❞✱ ❛♥❞ ❛❞❛♣t❡❞ t♦ t❤❡ s♣❡❝✐✜❝ r❡q✉✐r❡♠❡♥ts✳

❚❤❡ ✜rst ♠❛♥✉s❝r✐♣t ✐♥ ❈❤❛♣t❡r ✷✱ ✇❤✐❝❤ ✇❛s ♣✉❜❧✐s❤❡❞ ✐♥ Pr♦❜❛❜✐❧✐t② ❛♥❞ ▼❛t❤❡♠❛t✐❝❛❧

❙t❛t✐st✐❝s ❬✸✼❪✱ ❝♦♥t❛✐♥s ❛♥ ❡①❛♠✐♥❛t✐♦♥ ♦❢ t❤❡ ❢r❛❝t❛❧ ♣r♦♣❡rt✐❡s ♦❢ ❛ ♣r♦❝❡ss ✇✐t❤ ❛ s♣❡❝✐✜❝

s❡♠✐st❛❜❧❡ ❛♥❞ ♥♦♥✲st❛❜❧❡ ❞✐str✐❜✉t✐♦♥✳ ▼♦r❡ s♣❡❝✐✜❝❛❧❧②✱ t❤❡ ♠❛♥✉s❝r✐♣t ❞❡❛❧s ✇✐t❤ t❤❡

❧✐♠✐t ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ❝✉♠✉❧❛t✐✈❡ ❣❛✐♥s ✐♥ ❛ s❡r✐❡s ♦❢ ❙t✳ P❡t❡rs❜✉r❣ ❣❛♠❡s✳ ❇② ❬✶✶❪✱

t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♣r♦❝❡ss (Y (t))t∈[ 1
2
,1] ❝❛♥ ❜❡ ❞❡✜♥❡❞ ❛s ❛ ❝♦♥t✐♥✉♦✉s tr❛♥s❢♦r♠❛t✐♦♥ ♦❢ ❛

♥♦♥✲str✐❝t❧② s❡♠✐st❛❜❧❡ ▲é✈② ♣r♦❝❡ss (X(t))t≥0 ✇❤✐❝❤ ❢✉❧✜❧❧s

X(2kt)
d
= 2k(X(t) + kt)

❢♦r ❡✈❡r② k ∈ Z ❛♥❞ t ≥ 0✳ ◆♦t❡ t❤❛t✱ ❞✉❡ t♦ t❤❡ s❤✐❢t t❡r♠✱ t❤❡ s♦ ❞❡✜♥❡❞ ♣r♦❝❡ss ✐s

♥♦t ♦♣❡r❛t♦r s❡♠✐st❛❜❧❡ ✐♥ t❤❡ s❡♥s❡ ♦❢ t❤❡ ❞❡✜♥✐t✐♦♥ ✐♥ ❙❡❝t✐♦♥ ✶✳✶✳ ■♥ ❈❤❛♣t❡r ✷✱ t❤❡

❍❛✉s❞♦r✛ ❛♥❞ t❤❡ ❜♦①✲❝♦✉♥t✐♥❣ ❞✐♠❡♥s✐♦♥ ♦❢ t❤❡ r❛♥❣❡ ❛♥❞ t❤❡ ❣r❛♣❤ ♦❢ t❤✐s ♣❛rt✐❝✉❧❛r

s❡♠✐st❛❜❧❡ ♣r♦❝❡ss ❛r❡ ❝❛❧❝✉❧❛t❡❞ ♦✈❡r t❤❡ t✐♠❡ ✐♥t❡r✈❛❧ [12 , 1]✳ ❋✉rt❤❡r♠♦r❡✱ t❤❡ r❡s✉❧ts ❛r❡

❝♦♠♣❛r❡❞ t♦ t❤❡ ❢r❛❝t❛❧ ❞✐♠❡♥s✐♦♥ ♦❢ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❧✐♠✐t✐♥❣ ♦❜❥❡❝ts ✇❤❡♥ t❤❡ ❣❛✐♥s

❛r❡ ❣✐✈❡♥ ❜② ❛ ❞❡t❡r♠✐♥✐st✐❝ s❡q✉❡♥❝❡ ✐♥✐t✐❛t❡❞ ❜② ❍✉❣♦ ❙t❡✐♥❤❛✉s ❬✺✶❪✳

■♥ t❤❡ ♠❛♥✉s❝r✐♣t ✐♥ ❈❤❛♣t❡r ✸✱ ✇❤✐❝❤ ✐s ❛❝❝❡♣t❡❞ ❢♦r ♣✉❜❧✐❝❛t✐♦♥ ✐♥ t❤❡ ❏♦✉r♥❛❧ ♦❢ ❋r❛❝t❛❧

●❡♦♠❡tr② ❬✺✻❪✱ t❤❡ ♠❡t❤♦❞s ❛♣♣❧✐❡❞ t♦ t❤❡ ♣❛rt✐❝✉❧❛r s❡♠✐st❛❜❧❡ ▲é✈② ♣r♦❝❡ss ✐♥ t❤❡ ❢♦r❡✲

❣♦✐♥❣ ❝❤❛♣t❡r ❛r❡ ❣❡♥❡r❛❧✐③❡❞ ✐♥ ♦r❞❡r t♦ ❝❛❧❝✉❧❛t❡ t❤❡ ❍❛✉s❞♦r✛ ❞✐♠❡♥s✐♦♥ dimH GrX(B)

♦❢ t❤❡ ❣r❛♣❤ ♦❢ ❛♥ ❛r❜✐tr❛r② ♦♣❡r❛t♦r s❡♠✐st❛❜❧❡ ▲é✈② ♣r♦❝❡ss X ✐♥ R
d ❛♥❞ ❛♥② ❇♦r❡❧ s❡t

B ⊆ R+✳ ❚♦ ❞♦ s♦✱ t❤❡ ♣r♦❝❡ss Z = {Z(t) : t ≥ 0}✱ ❞❡✜♥❡❞ ❜② Z(t) := (t,X(t)) ❢♦r

❛❧❧ t ≥ 0✱ ✐s ✐♥tr♦❞✉❝❡❞✳ ❈♦♥s❡q✉❡♥t❧②✱ t❤✐s ❣✐✈❡s ✉s dimH GrX(B) = dimH Z(B)✳ ❚❤❡

♣r♦❝❡ss Z ✐s ❛❣❛✐♥ ❛ ▲é✈② ♣r♦❝❡ss ✇❤✐❝❤ ❢✉❧✜❧❧s t❤❡ s❝❛❧✐♥❣ ♣r♦♣❡rt② ✭✶✳✶✮ ♦❢ ❛♥ ♦♣❡r❛t♦r

s❡♠✐st❛❜❧❡ ♣r♦❝❡ss ❜✉t ✐s ✐ts❡❧❢ ♥♦t ♦♣❡r❛t♦r s❡♠✐st❛❜❧❡ ✐♥ t❤❡ s❡♥s❡ ♦❢ t❤❡ ❞❡✜♥✐t✐♦♥ ❣✐✈❡♥

✐♥ t❤❡ ✐♥tr♦❞✉❝t✐♦♥ ❛s t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ Z(1) ✐s ♥♦t ❢✉❧❧✳ ◆❡✈❡rt❤❡❧❡ss✱ ❢♦r t❤❡ r❡❛s♦♥s



■♥tr♦❞✉❝t✐♦♥ ✾

♠❡♥t✐♦♥❡❞ ❛❜♦✈❡✱ ♦♥❡ ✐s ♥♦✇ ❛❜❧❡ t♦ ✉s❡ t❤❡ ♣❛rts ♦❢ t❤❡ r❡s✉❧ts ❛♥❞ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣

♣r♦♦❢s ✐♥ t❤❡ ♣❛♣❡r ♦❢ ❑❡r♥ ❛♥❞ ❲❡❞r✐❝❤ ❬✸✻❪ ✇❤❡r❡ ❢✉❧❧♥❡ss ♦❢ t❤❡ ♣r♦❝❡ss ✇❛s ♥♦t r❡q✉✐r❡❞✳

❆❧❧ ♦t❤❡r ♣❛rts✱ ❤♦✇❡✈❡r✱ ❤❛✈❡ t♦ ❜❡ ❝❛❧❝✉❧❛t❡❞ ✇✐t❤ ❡♥❤❛♥❝❡❞ ♠❡t❤♦❞s✳ ❚❤❡ ♠❡t❤♦❞ ♦❢

❣❡♥❡r❛t✐♥❣ ❞✐♠❡♥s✐♦♥ r❡s✉❧ts ❢♦r ❛ ❝❧❛ss ♦❢ ▲é✈② ♣r♦❝❡ss❡s ✐♥ R
d ❜② ✐♥t❡r♣r❡t✐♥❣ t❤❡ ❣r❛♣❤

❛s ❛ (d+ 1)✲❞✐♠❡♥s✐♦♥❛❧ ▲é✈② ♣r♦❝❡ss ❝❛♥ ❛❧s♦ ❜❡ ❢♦✉♥❞ ✐♥ ▼❛♥st❛✈✐↔✐✉s ❬✹✶❪✳

❚❤❡ ♠❛♥✉s❝r✐♣t ✐♥ ❈❤❛♣t❡r ✹ ✇❛s s✉❜♠✐tt❡❞ ❢♦r ♣✉❜❧✐❝❛t✐♦♥ t♦ t❤❡ ❊❧❡❝tr♦♥✐❝ ❏♦✉r♥❛❧ ♦❢

Pr♦❜❛❜✐❧✐t② ✐♥ ❆♣r✐❧ ✷✵✶✻ ❛♥❞ ♦✛❡rs ❛ r❡✜♥❡♠❡♥t ♦❢ t❤❡ r❡s✉❧ts ♦♥ t❤❡ ❢r❛❝t❛❧ ♣r♦♣❡rt✐❡s ♦❢ ❛♥

♦♣❡r❛t♦r s❡♠✐st❛❜❧❡ ▲é✈② ♣r♦❝❡ss ❛s st❛t❡❞ ✐♥ ❈❤❛♣t❡r ✸ ❜② ❞❡❛❧✐♥❣ ✇✐t❤ t❤❡ s✉❜❥❡❝t ♦❢ ❡①❛❝t

❍❛✉s❞♦r✛ ♠❡❛s✉r❡ ❢✉♥❝t✐♦♥s✳ ❋♦r t❤❡ r❛♥❣❡ ♦❢ ❛♥ α✲st❛❜❧❡ ▲é✈② ♣r♦❝❡ss ❛♥ ❡①❛❝t ❍❛✉s❞♦r✛

♠❡❛s✉r❡ ❢✉♥❝t✐♦♥ ✇❛s ❢♦r♠✉❧❛t❡❞ ❜② ❚❛②❧♦r ✐♥ ❬✺✸❪✳ ❋✉rt❤❡r♠♦r❡✱ Pr✉✐tt ❛♥❞ ❚❛②❧♦r ❬✹✽❪

st✉❞✐❡❞ s❛♠♣❧❡ ♣❛t❤ ♣r♦♣❡rt✐❡s ♦❢ ▲é✈② ♣r♦❝❡ss❡s ✇✐t❤ ✐♥❞❡♣❡♥❞❡♥t st❛❜❧❡ ❝♦♠♣♦♥❡♥ts✳

❇❛s❡❞ ♦♥ t❤❡✐r ✇♦r❦✱ ❍♦✉ ❛♥❞ ❨✐♥❣ ❬✸✵❪ ❞❡t❡r♠✐♥❡❞ ❡①❛❝t ❍❛✉s❞♦r✛ ♠❡❛s✉r❡ ❢✉♥❝t✐♦♥s

❢♦r t❤❡ r❛♥❣❡ ♦❢ ❛♥ ♦♣❡r❛t♦r st❛❜❧❡ ▲é✈② ♣r♦❝❡ss ✇✐t❤ ❞✐❛❣♦♥❛❧ ❡①♣♦♥❡♥t E ♦✈❡r t❤❡ t✐♠❡

✐♥t❡r✈❛❧ [0, 1]✳ ■♥ t❤❡ t❤✐r❞ ♠❛♥✉s❝r✐♣t✱ ❡①❛❝t ❍❛✉s❞♦r✛ ♠❡❛s✉r❡ ❢✉♥❝t✐♦♥s ❢♦r ❝❡rt❛✐♥

♦♣❡r❛t♦r s❡♠✐st❛❜❧❡ ▲é✈② ♣r♦❝❡ss❡s ✇✐t❤ α1 < d1 ❛♥❞ ❞✐❛❣♦♥❛❧ ♣r✐♥❝✐♣❛❧ ❡①♣♦♥❡♥t✱ ✐✳❡✳

E1 = α−1
1 · Id1 ✱ ✇❤❡r❡ Id1 ❞❡♥♦t❡s t❤❡ ✐❞❡♥t✐t② ♦♣❡r❛t♦r ♦♥ t❤❡ d1✲❞✐♠❡♥s✐♦♥❛❧ s✉❜s♣❛❝❡

V1 ✭❝♦♠♣❛r❡ ❙❡❝t✐♦♥ ✶✳✷✳✷✮✱ ❛r❡ ❝❛❧❝✉❧❛t❡❞✳ ■♥ t❤❡ ♣r♦♦❢s ❛ ❞✐st✐♥❝t✐♦♥ ♠✉st ❜❡ ♠❛❞❡

✇❤❡t❤❡r t❤❡ ♣r♦❝❡ss ✐s ♦❢ ❚❛②❧♦r t②♣❡ A ♦r B ✭s❡❡ ❬✺✸❪ ❢♦r ❞❡t❛✐❧s✮✳ ❆ ▲é✈② ♣r♦❝❡ss ✐s s❛✐❞

t♦ ❜❡ ♦❢ t②♣❡ A ✐❢ t❤❡ ❝♦♥t✐♥✉♦✉s ❞❡♥s✐t② ❢✉♥❝t✐♦♥ g1 ♦❢ X(1) ✐s str✐❝t❧② ♣♦s✐t✐✈❡ ✐♥ ③❡r♦

❛♥❞ ♦❢ t②♣❡ B✱ ♦t❤❡r✇✐s❡✳ ❚❤❡ ❞✐st✐♥❝t✐♦♥ ❜❡t✇❡❡♥ t❤❡ t✇♦ ❞✐✛❡r❡♥t t②♣❡s ✐s ♥❡❝❡ss❛r②✱

❜❡❝❛✉s❡ t❤❡ r❡s♣❡❝t✐✈❡ ▲é✈② ♣r♦❝❡ss❡s ❞✐s♣❧❛② ❞✐✛❡r❡♥t ❛s②♠♣t♦t✐❝ ❜❡❤❛✈✐♦r ❝♦♥❝❡r♥✐♥❣

t❤❡✐r s♦❥♦✉r♥ t✐♠❡s ❛s ❞❡✜♥❡❞ ✐♥ ❙❡❝t✐♦♥ ✶✳✷✳✹✳ ❋✉rt❤❡r♠♦r❡✱ ✐♥ ♦r❞❡r t♦ ❞❡t❡r♠✐♥❡ ❡①❛❝t

❍❛✉s❞♦r✛ ♠❡❛s✉r❡ ❢✉♥❝t✐♦♥s✱ s❤❛r♣ ✉♣♣❡r ❛♥❞ ❧♦✇❡r ❜♦✉♥❞s ❢♦r t❤❡ ❡①♣❡❝t❡❞ s♦❥♦✉r♥ t✐♠❡s

❛r❡ ♥❡❡❞❡❞✳ ❚❤❡ ♣r♦♦❢s ❢♦❧❧♦✇ t❤❡ ♦✉t❧✐♥❡ ❣✐✈❡♥ ✐♥ ❬✸✵❪✳ ◆❡✈❡rt❤❡❧❡ss✱ t❤❡ ❛♣♣❧✐❡❞ ♠❡t❤♦❞s

✐♥ t❤❡ t❤✐r❞ ♠❛♥✉s❝r✐♣t ❣♦ ❜❡②♦♥❞ s✐♠♣❧❡ ❛❞❥✉st♠❡♥ts ♦❢ t❤❡ ❛r❣✉♠❡♥ts ❣✐✈❡♥ t❤❡r❡✳



❈❤❛♣t❡r ✷

▼❛♥✉s❝r✐♣t ✶

❉✐♠❡♥s✐♦♥ r❡s✉❧ts r❡❧❛t❡❞ t♦ t❤❡ ❙t✳

P❡t❡rs❜✉r❣ ❣❛♠❡

❏♦✐♥t ✇♦r❦ ✇✐t❤ P❡t❡r ❑❡r♥

✶✵



❉✐♠❡♥s✐♦♥ r❡s✉❧ts r❡❧❛t❡❞ t♦ t❤❡ ❙t✳ P❡t❡rs❜✉r❣ ❣❛♠❡ ✶✶

❉❡❝❧❛r❛t✐♦♥

●❡♥❡r❛❧ ✐♥❢♦r♠❛t✐♦♥✿

❚✐t❡❧✿ ❉✐♠❡♥s✐♦♥ r❡s✉❧ts r❡❧❛t❡❞ t♦ t❤❡ ❙t✳ P❡t❡rs❜✉r❣ ❣❛♠❡

❏♦✉r♥❛❧✿ Pr♦❜❛❜✐❧✐t② ❛♥❞ ▼❛t❤❡♠❛t✐❝❛❧ ❙t❛t✐st✐❝s

❙t❛t✉s✿ ♣✉❜❧✐s❤❡❞ ✭✷✵✶✹✱ ■ss✉❡ ✸✹✱ ♣❛❣❡s ✾✼✲✶✶✼✮

❆✉t❤♦rs✿ P❡t❡r ❑❡r♥

▲✐♥❛ ❲❡❞r✐❝❤

❈♦♥tr✐❜✉t✐♦♥s✿

■♥ t♦t❛❧✱ ■ ❝♦♥tr✐❜✉t❡❞ r♦✉❣❤❧② ✺✵ ✪ ♦❢ t❤❡ ❝♦♥t❡♥t ♦❢ t❤✐s ♠❛♥✉s❝r✐♣t✳ ▼♦r❡ s♣❡❝✐✜❝❛❧❧②✱

♠② ❝♦♥tr✐❜✉t✐♦♥s ❛r❡ ❛s ❢♦❧❧♦✇s✿

• ■ ❤❛✈❡ ❝♦♥tr✐❜✉t❡❞ t♦ t❤❡ ■♥tr♦❞✉❝t✐♦♥✳

• ■ ❤❛✈❡ ✇r✐tt❡♥ ♠❛❥♦r ♣❛rts ♦❢ ❙❡❝t✐♦♥ ✷✳✷ ✲ ❍❛✉s❞♦r✛ ❞✐♠❡♥s✐♦♥ ♦❢ t❤❡ ❙t✳ P❡t❡rs❜✉r❣

❣❛♠❡✳



❉✐♠❡♥s✐♦♥ r❡s✉❧ts r❡❧❛t❡❞ t♦ t❤❡ ❙t✳ P❡t❡rs❜✉r❣ ❣❛♠❡ ✶✷

✷✳✶ ■♥tr♦❞✉❝t✐♦♥

❚❤❡ ❢❛♠♦✉s ❙t✳ P❡t❡rs❜✉r❣ ❣❛♠❡ ✐s ❡❛s✐❧② ❢♦r♠✉❧❛t❡❞ ❛s ❛ s✐♠♣❧❡ ❝♦✐♥ t♦ss✐♥❣ ❣❛♠❡✳ ❚❤❡

♣❧❛②❡r✬s ❣❛✐♥ Y = 2T ✐♥ ❛ s✐♥❣❧❡ ❣❛♠❡ ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ❜② ♠❡❛♥s ♦❢ t❤❡ st♦♣♣✐♥❣ t✐♠❡

T = inf{n ∈ N : Xn = 1} ♦❢ r❡♣❡❛t❡❞ ✐♥❞❡♣❡♥❞❡♥t t♦ss❡s (Xn)n∈N ♦❢ ❛ ❢❛✐r ❝♦✐♥ ✉♥t✐❧ ✐t

✜rst ❧❛♥❞s ❤❡❛❞s✳ ❋♦r ❛ s❡q✉❡♥❝❡ ♦❢ ❣❛✐♥s (Yn)n∈N ✐♥ ✐♥❞❡♣❡♥❞❡♥t ❙t✳ P❡t❡rs❜✉r❣ ❣❛♠❡s

t❤❡ ♣❛rt✐❛❧ s✉♠ Sn =
∑n

k=1 Yk ❞❡♥♦t❡s t❤❡ t♦t❛❧ ❣❛✐♥ ✐♥ t❤❡ ✜rst n ❣❛♠❡s✳ ❚♦ ✜♥❞ ❛

❢❛✐r ❡♥tr❛♥❝❡ ❢❡❡ ❢♦r ♣❧❛②✐♥❣ t❤❡ ❣❛♠❡ ✐s ❝♦♠♠♦♥❧② ❝❛❧❧❡❞ t❤❡ ❙t✳ P❡t❡rs❜✉r❣ ♣r♦❜❧❡♠✱

❢r❡q✉❡♥t❧② r❛✐s❡❞ t♦ t❤❡ st❛t✉s ♦❢ ❛ ♣❛r❛❞♦①✳ ❙✐♥❝❡ t❤❡ ❡①♣❡❝t❛t✐♦♥ E[Y ] = ∞ ✐s ✐♥✜♥✐t❡✱

❛ ❢❛✐r ♣r❡♠✐✉♠ ❝❛♥♥♦t ❜❡ ❝♦♥str✉❝t❡❞ ❜② t❤❡ ❤❡❧♣ ♦❢ t❤❡ ✉s✉❛❧ ❧❛✇ ♦❢ ❧❛r❣❡ ♥✉♠❜❡rs✳ ❲❡

r❡❢❡r t♦ ❏♦r❧❛♥❞ ❬✸✸❪ ❛♥❞ ❉✉t❦❛ ❬✶✻❪ ❢♦r t❤❡ ❤✐st♦r② ♦❢ t❤❡ ❙t✳ P❡t❡rs❜✉r❣ ❣❛♠❡ ❛♥❞ ❢♦r ❡❛r❧②

s♦❧✉t✐♦♥s ♦❢ t❤❡ ✸✵✵ ②❡❛r ♦❧❞ ♣r♦❜❧❡♠✳

❚❤❡ ✜rst st❡♣ t♦✇❛r❞s ❛ ♠❛t❤❡♠❛t✐❝❛❧❧② s❛t✐s❢❛❝t♦r② s♦❧✉t✐♦♥ ❤❛s ❜❡❡♥ ❛❝❤✐❡✈❡❞ ❜② ❋❡❧❧❡r

❬✷✹✱ ✷✺❪ ✇❤♦ s❤♦✇❡❞ t❤❛t ❛ ♣r❡♠✐✉♠ ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ♥✉♠❜❡r n ♦❢ ❣❛♠❡s ❝❛♥ ❢✉❧✜❧❧ ❛

❝❡rt❛✐♥ ✇❡❛❦ ❧❛✇ ♦❢ ❧❛r❣❡ ♥✉♠❜❡rs

Sn
n log2 n

→ 1 ✐♥ ♣r♦❜❛❜✐❧✐t②✱

✇❤❡r❡ log2 ❞❡♥♦t❡s ❧♦❣❛r✐t❤♠ t♦ t❤❡ ❜❛s❡ 2✳ ❍♦✇❡✈❡r✱ ❋❡❧❧❡r✬s r❡s✉❧t ❞♦❡s ♥♦t t❡❧❧ ✐❢ t❤❡

❣❛♠❡ ✐s ❞✐s✲ ♦r ❛❞✈❛♥t❛❣❡♦✉s ❢♦r t❤❡ ♣❧❛②❡r✱ ✐✳❡✳ ✐❢ Sn − n log2 n ✐s ❧✐❦❡❧② t♦ ❜❡ ♥❡❣❛t✐✈❡

♦r ♣♦s✐t✐✈❡✳ ❚❤✐s q✉❡st✐♦♥ ❝❛♥ ♦♥❧② ❜❡ ❛♥s✇❡r❡❞ ❜② ❛ ✇❡❛❦ ❧✐♠✐t t❤❡♦r❡♠ ❛♥❞ t❤❡ ✜rst

t❤❡♦r❡♠ ♦❢ t❤✐s ❦✐♥❞ ❤❛s ❜❡❡♥ s❤♦✇♥ ❜② ▼❛rt✐♥✲▲ö❢ ❬✹✷❪ ❢♦r t❤❡ s✉❜s❡q✉❡♥❝❡ k(n) = 2n

Sk(n) − k(n) log2 k(n)

k(n)
→ X ✐♥ ❞✐str✐❜✉t✐♦♥✳ ✭✷✳✶✮

❚❤❡ ❧✐♠✐t X ✐s ✐♥✜♥✐t❡❧② ❞✐✈✐s✐❜❧❡ ✇✐t❤ ❝❤❛r❛❝t❡r✐st✐❝ ❢✉♥❝t✐♦♥ exp(ψ(y))✱ ✇❤❡r❡

ψ(y) =

∫ ∞

0+
eiyx − 1− iyx · 1{x61} dφ(x)

❛♥❞ t❤❡ ▲é✈② ♠❡❛s✉r❡ φ ✐s ❝♦♥❝❡♥tr❛t❡❞ ♦♥ 2Z ✇✐t❤ φ({2k}) = 2−k ❢♦r k ∈ Z✳ ❍❡♥❝❡ X ✐s ❛

s❡♠✐st❛❜❧❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ ❛♥❞ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ▲é✈② ♣r♦❝❡ss {X(t)}t>0 ✇✐t❤ X(1)
d
= X

✐s ❛ ✭♥♦♥✲str✐❝t❧②✮ s❡♠✐st❛❜❧❡ ▲é✈② ♣r♦❝❡ss ❢✉❧✜❧❧✐♥❣ t❤❡ s❡♠✐✲s❡❧❢s✐♠✐❧❛r✐t② ❝♦♥❞✐t✐♦♥

X(2kt)
d
= 2k(X(t) + kt) ❢♦r ❡✈❡r② k ∈ Z ❛♥❞ t > 0. ✭✷✳✷✮



❉✐♠❡♥s✐♦♥ r❡s✉❧ts r❡❧❛t❡❞ t♦ t❤❡ ❙t✳ P❡t❡rs❜✉r❣ ❣❛♠❡ ✶✸

❋♦r ❞❡t❛✐❧s ♦♥ s❡♠✐st❛❜❧❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s ❛♥❞ ▲é✈② ♣r♦❝❡ss❡s ✇❡ r❡❢❡r t♦ t❤❡ ♠♦♥♦❣r❛♣❤s

❬✹✺✱ ✺✵❪✳ ❋♦r ❛ s❡♠✐st❛❜❧❡ s❡t✉♣ ✐♥ ❣❡♥❡r❛❧ t❤❡r❡ ❡①✐sts ❛ ❝♦♥t✐♥✉✉♠ ♦❢ ♣♦ss✐❜❧❡ ❧✐♠✐t ❞✐str✐✲

❜✉t✐♦♥s ❜② ✈❛r✐❛t✐♦♥ ♦❢ t❤❡ s✉❜s❡q✉❡♥❝❡ k(n) → ∞ ✐♥ ✭✷✳✶✮✳ ❚❤❡ ♣♦ss✐❜❧❡ ❧✐♠✐t ❞✐str✐❜✉t✐♦♥s

❢♦r t❤❡ ❙t✳ P❡t❡rs❜✉r❣ ❣❛♠❡ ❤❛✈❡ ❜❡❡♥ ❝❤❛r❛❝t❡r✐③❡❞ ❜② ❈sör❣➤ ❛♥❞ ❉♦❞✉♥❡❦♦✈❛ ❬✶✶❪ ❛s

❢♦❧❧♦✇s✳ ❋♦r n ∈ N ❧❡t ✉s ✐♥tr♦❞✉❝❡ t❤❡ q✉❛♥t✐t②

γn = n · 2−⌈log2 n⌉ ∈ (12 , 1], ✭✷✳✸✮

✇❤✐❝❤ ❞❡t❡r♠✐♥❡s t❤❡ r❡❧❛t✐✈❡ ♣♦s✐t✐♦♥ ♦❢ n ∈ N ❜❡t✇❡❡♥ ✐ts ♥❡❛r❡st ❝♦♥s❡❝✉t✐✈❡ ♣♦✇❡rs ♦❢

2✳ ■❢ k(n) → ∞ ✐s ❛ s✉❜s❡q✉❡♥❝❡ s✉❝❤ t❤❛t γk(n) → t ∈ [12 , 1] ❈sör❣➤ ❛♥❞ ❉♦❞✉♥❡❦♦✈❛ ❬✶✶❪

❤❛✈❡ s❤♦✇♥ t❤❛t

Sk(n) − k(n) log2 k(n)

k(n)
→ Y (t) := t−1(X(t)− t log2 t) ✭✷✳✹✮

✐♥ ❞✐str✐❜✉t✐♦♥✱ ✇❤❡r❡ Y (12)
d
= Y (1)

d
= X ❞✉❡ t♦ ✭✷✳✷✮❀ ❝❢✳ ❛❧s♦ ❬✺✹❪✳ ■♥ ❢❛❝t ✐♥ ❚❤❡♦r❡♠

✷✳✷ ♦❢ ❬✶✶❪ t❤❡ ♥❡❝❡ss❛r② ❛♥❞ s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥ ❢♦r ❝♦♥✈❡r❣❡♥❝❡ ✐♥ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡

♥♦r♠❛❧✐③❡❞ ❛♥❞ ❝❡♥tr❛❧✐③❡❞ s✉♠s Sn ❛❧♦♥❣ t❤❡ s✉❜s❡q✉❡♥❝❡ k(n) → ∞ s❤♦✉❧❞ ❜❡ st❛t❡❞ ✐♥

t❡r♠s ♦❢ t❤❡ s♦✲❝❛❧❧❡❞ ❝✐r❝✉❧❛r ❝♦♥✈❡r❣❡♥❝❡ ♦❢ γk(n)❀ ❢♦r ❞❡t❛✐❧s ✇❡ r❡❢❡r t♦ ♣❛❣❡ ✸✵✶ ✐♥ ❬✾❪

♦r ♣❛❣❡ ✷✹✶ ✐♥ ❬✶✵❪✳ ■t ✐s ❛❧s♦ ♣♦ss✐❜❧❡ t♦ ✐♥t❡r♣r❡t ✭✷✳✹✮ ❛s ❝♦♥✈❡r❣❡♥❝❡ ✐♥ ❞✐str✐❜✉t✐♦♥ ♦❢

st♦❝❤❛st✐❝ ♣r♦❝❡ss❡s ♦♥ t❤❡ s♣❛❝❡ D[12 , 1] ♦❢ ❝à❞❧à❣ ❢✉♥❝t✐♦♥s ϕ : [12 , 1] → R ❡q✉✐♣♣❡❞ ✇✐t❤

t❤❡ ❙❦♦r♦❤♦❞ J1✲t♦♣♦❧♦❣② ❛s ❢♦❧❧♦✇s✳ ❋✐rst✱ ❛ ❞✐r❡❝t ❛♣♣❧✐❝❛t✐♦♥ ♦❢ ❚❤❡♦r❡♠ ✶✹✳✶✹ ✐♥ ❬✸✺❪

s❤♦✇s t❤❛t {
S⌊2nt⌋ − ⌊2nt⌋n

2n

}

t∈[ 1
2
,1]

→ {X(t)}t∈[ 1
2
,1] ✭✷✳✺✮

✐♥ ❞✐str✐❜✉t✐♦♥ ♦♥D[12 , 1]✳ ❆❧t❡r♥❛t✐✈❡❧②✱ ♦♥❡ ♠❛② ❞❡❞✉❝❡ ✭✷✳✺✮ ❢r♦♠ ❚❤❡♦r❡♠ ✷✳✶ ♦❢ ❋❛③❡❦❛s

❬✷✸❪✳ ❙❡❝♦♥❞❧②✱ ♦❜s❡r✈❡ t❤❛t

S⌊2nt⌋ − ⌊2nt⌋ log2⌊2nt⌋
⌊2nt⌋ =

2n

⌊2nt⌋

(
S⌊2nt⌋ − ⌊2nt⌋n

2n
− ⌊2nt⌋

2n
log2

⌊2nt⌋
2n

)
,

✇❤❡r❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ ❞❡t❡r♠✐♥✐st✐❝ ❝❡♥t❡r✐♥❣s

xn(t) = −⌊2nt⌋
2n

log2
⌊2nt⌋
2n

→ −t log2 t = x(t)

❛♥❞ ♥♦r♠❛❧✐③❛t✐♦♥s

yn(t) =
2n

⌊2nt⌋ → t−1 = y(t)



❉✐♠❡♥s✐♦♥ r❡s✉❧ts r❡❧❛t❡❞ t♦ t❤❡ ❙t✳ P❡t❡rs❜✉r❣ ❣❛♠❡ ✶✹

❝❛♥ ❛❧s♦ ❜❡ ✐♥t❡r♣r❡t❡❞ ❛s ❝♦♥✈❡r❣❡♥❝❡ ✐♥ D[12 , 1] ✇✐t❤ ❝♦♥t✐♥✉♦✉s ❧✐♠✐t ❢✉♥❝t✐♦♥s x ❛♥❞ y✳

❙✐♥❝❡ ❛❞❞✐t✐♦♥ ❛♥❞ ♠✉❧t✐♣❧✐❝❛t✐♦♥ ❛r❡ ❝♦♥t✐♥✉♦✉s ✐♥ ❡✈❡r② ❡❧❡♠❡♥t ♦❢ D[12 , 1] ×D[12 , 1] ❢♦r

✇❤✐❝❤ t❤❡ ❝♦♦r❞✐♥❛t❡✲❢✉♥❝t✐♦♥s ❤❛✈❡ ♥♦ ❝♦♠♠♦♥ ❞✐s❝♦♥t✐♥✉✐t✐❡s ✭s❡❡ ❚❤❡♦r❡♠ ✹✳✶ ✐♥ ❬✺✼❪✱

r❡s♣❡❝t✐✈❡❧② ❚❤❡♦r❡♠ ✶✸✳✸✳✷ ✐♥ ❬✺✽❪✮✱ ❛♥ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ t❤❡ ❝♦♥t✐♥✉♦✉s ♠❛♣♣✐♥❣ t❤❡♦r❡♠

②✐❡❧❞s

{
S⌊2nt⌋ − ⌊2nt⌋ log2⌊2nt⌋

⌊2nt⌋

}

t∈[ 1
2
,1]

→
{
t−1(X(t)− t log2 t) = Y (t)

}
t∈[ 1

2
,1]

✐♥ ❞✐str✐❜✉t✐♦♥ ♦♥D[12 , 1]✳ ❍❡♥❝❡ ✇❡ ❤❛✈❡ ❝♦♥✈❡r❣❡♥❝❡ ✐♥ ❞✐str✐❜✉t✐♦♥ ♦❢ st♦❝❤❛st✐❝ ♣r♦❝❡ss❡s

✐♥ ✭✷✳✹✮ ❢♦r k(n) = ⌊2nt⌋ ❢♦r ✇❤✐❝❤ ❝✐r❝✉❧❛r ❝♦♥✈❡r❣❡♥❝❡ ♦❢ γk(n) t♦✇❛r❞s t ∈ [12 , 1] ❤♦❧❞s✳

❚❤❡ ♦❜❥❡❝t ♦❢ ♦✉r st✉❞② ❛r❡ ❧♦❝❛❧ ✢✉❝t✉❛t✐♦♥s ♦❢ t❤❡ s❛♠♣❧❡ ♣❛t❤s ♦❢ t❤❡ st♦❝❤❛st✐❝ ♣r♦❝❡ss

Y = {Y (t)}t∈[ 1
2
,1]✳ ❋✐❣✉r❡ ✷✳✶ s❤♦✇s t②♣✐❝❛❧ ✭❛♣♣r♦①✐♠❛t✐✈❡✮ s❛♠♣❧❡ ♣❛t❤s ♦❢ {Y (t)}t∈[ 1

2
,1]

❣❡♥❡r❛t❡❞ ❜② n = 216 s✐♠✉❧❛t❡❞ ❙t✳ P❡t❡rs❜✉r❣ ❣❛♠❡s✳ ◆♦t❡ t❤❛t t❤❡ s❛♠♣❧❡ ♣❛t❤s ❞♦ ♦♥❧②

❤❛✈❡ ✉♣✇❛r❞ ❥✉♠♣s ❞✉❡ t♦ t❤❡ ❢❛❝t t❤❛t t❤❡ ▲é✈② ♠❡❛s✉r❡ φ ✐s ❝♦♥❝❡♥tr❛t❡❞ ♦♥ 2Z✳

❚❤❡ ♠❛✐♥ ❣♦❛❧ ♦❢ ♦✉r ♣❛♣❡r ✐s t♦ ❞❡t❡r♠✐♥❡ t❤❡ ❍❛✉s❞♦r✛ ❞✐♠❡♥s✐♦♥ ♦❢ t❤❡ r❛♥❣❡ Y ([12 , 1]) =

{Y (t) : t ∈ [12 , 1]} ❛♥❞ t❤❡ ❣r❛♣❤ GY ([
1
2 , 1]) = {(t, Y (t)) : t ∈ [12 , 1]} ♦❢ t❤❡ st♦❝❤❛st✐❝

♣r♦❝❡ss Y ❡♥❝♦❞✐♥❣ ❛❧❧ t❤❡ ♣♦ss✐❜❧❡ ❞✐str✐❜✉t✐♦♥❛❧ ❧✐♠✐ts ♦❢ ❙t✳ P❡t❡rs❜✉r❣ ❣❛♠❡s✳ ❋♦r ❛♥

❛r❜✐tr❛r② s✉❜s❡t F ⊆ R
d t❤❡ s✲❞✐♠❡♥s✐♦♥❛❧ ❍❛✉s❞♦r✛ ♠❡❛s✉r❡ ✐s ❞❡✜♥❡❞ ❛s

Hs(F ) = lim
δ→0

inf

{ ∞∑

i=1

|Fi|s : |Fi| 6 δ ❛♥❞ F ⊆
∞⋃

i=1

Fi

}
,

✇❤❡r❡ |F | = sup{‖x− y‖ : x, y ∈ F} ❞❡♥♦t❡s t❤❡ ❞✐❛♠❡t❡r ♦❢ ❛ s❡t F ⊆ R
d ❛♥❞ ‖ · ‖ ✐s t❤❡

❊✉❝❧✐❞❡❛♥ ♥♦r♠✳ ■t ❝❛♥ ♥♦✇ ❜❡ s❤♦✇♥ t❤❛t t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ ✈❛❧✉❡ dimH F > 0 s♦ t❤❛t

Hs(F ) = ∞ ❢♦r ❛❧❧ 0 6 s < dimH F ❛♥❞ Hs(F ) = 0 ❢♦r ❛❧❧ s > dimH F ✳ ❚❤✐s ❝r✐t✐❝❛❧ ✈❛❧✉❡

✐s ❝❛❧❧❡❞ t❤❡ ❍❛✉s❞♦r✛ ❞✐♠❡♥s✐♦♥ ♦❢ F ✳ ❙♣❡❝✐✜❝❛❧❧②✱ ✇❡ ❤❛✈❡

dimH F = inf {s : Hs(F ) = 0} = sup {s : Hs(F ) = ∞} .

❋♦r ❞❡t❛✐❧s ♦♥ t❤❡ ❍❛✉s❞♦r✛ ❞✐♠❡♥s✐♦♥ ✇❡ r❡❢❡r t♦ ❬✶✾✱ ✹✸❪✳

◆♦✇ ❧❡t F ⊆ R
d ❜❡ ❛ ❇♦r❡❧ s❡t ❛♥❞ ❞❡♥♦t❡ ❜② M1(F ) t❤❡ s❡t ♦❢ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡s ♦♥

F ✳ ❋♦r s > 0 t❤❡ s✲❡♥❡r❣② ♦❢ µ ∈ M1(F ) ✐s ❞❡✜♥❡❞ ❜②

Is(µ) =

∫

F

∫

F

µ(dx)µ(dy)

‖x− y‖s .



❉✐♠❡♥s✐♦♥ r❡s✉❧ts r❡❧❛t❡❞ t♦ t❤❡ ❙t✳ P❡t❡rs❜✉r❣ ❣❛♠❡ ✶✺

❋✐❣✉r❡ ✷✳✶✿ ❙✐♠✉❧❛t✐♦♥ ♦❢ ❢♦✉r ❛♣♣r♦①✐♠❛t✐♦♥s t♦ t❤❡ s❛♠♣❧❡ ♣❛t❤s ♦❢ Y ✳ ❋♦r ❜❡tt❡r ✈✐s✐❜✐❧✐t② t❤❡

❥✉♠♣s ❛r❡ s❤♦✇♥ ❛s ✈❡rt✐❝❛❧ ❧✐♥❡s✳

❇② ❋r♦st♠❛♥✬s ❧❡♠♠❛✱ ❡✳❣✳✱ s❡❡ ❬✸✹✱ ✹✸❪✱ t❤❡r❡ ❡①✐sts ❛ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡ µ ∈ M1(F )

✇✐t❤ Is(µ) < ∞ ✐❢ dimH F > s✳ ■♥ t❤✐s ❝❛s❡ F ✐s s❛✐❞ t♦ ❤❛✈❡ ♣♦s✐t✐✈❡ s✲❝❛♣❛❝✐t② Cs(F )

❣✐✈❡♥ ❜②

Cs(F ) = sup{Is(µ)−1 : µ ∈ M1(F )}

❛♥❞ t❤❡ ❝❛♣❛❝✐t❛r② ❞✐♠❡♥s✐♦♥ ♦❢ F ✐s ❞❡✜♥❡❞ ❜②

dimC F = sup{s > 0 : Cs(F ) > 0} = inf{s > 0 : Cs(F ) = 0}.

❆ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ❋r♦st♠❛♥✬s t❤❡♦r❡♠✱ ❡✳❣✳✱ s❡❡ ❬✸✹✱ ✹✸❪✱ ✐s t❤❛t ❢♦r ❇♦r❡❧ s❡ts F ⊆ R
d

t❤❡ ❍❛✉s❞♦r✛ ❛♥❞ ❝❛♣❛❝✐t❛r② ❞✐♠❡♥s✐♦♥ ❝♦✐♥❝✐❞❡✳ ❚❤❡r❡❢♦r❡✱ ♦♥❡ ❝❛♥ ♣r♦✈❡ ❧♦✇❡r ❜♦✉♥❞s

❢♦r t❤❡ ❍❛✉s❞♦r✛ ❞✐♠❡♥s✐♦♥ ✇✐t❤ ❛ s✐♠♣❧❡ ❝❛♣❛❝✐t② ❛r❣✉♠❡♥t✿ ✐❢ Is(µ) < ∞ ❢♦r s♦♠❡

µ ∈ M1(F ) t❤❡♥ dimH F = dimC F > s✳



❉✐♠❡♥s✐♦♥ r❡s✉❧ts r❡❧❛t❡❞ t♦ t❤❡ ❙t✳ P❡t❡rs❜✉r❣ ❣❛♠❡ ✶✻

❆♥ ❛❧t❡r♥❛t✐✈❡ ❢r❛❝t❛❧ ❞✐♠❡♥s✐♦♥ ✐s t❤❡ s♦ ❝❛❧❧❡❞ ❜♦①✲❝♦✉♥t✐♥❣ ❞✐♠❡♥s✐♦♥ ✭s❡❡✱ ❡✳❣✳✱ ❬✶✾❪✮✳

❋♦r t❤✐s ♣✉r♣♦s❡ ❧❡t Nδ(F ) ❜❡ t❤❡ s♠❛❧❧❡st ♥✉♠❜❡r ♦❢ ❝❧♦s❡❞ ❜❛❧❧s ♦❢ r❛❞✐✉s δ t❤❛t ❝♦✈❡r t❤❡

s❡t F ⊆ R
d✳ ❚❤❡ ❧♦✇❡r ❛♥❞ t❤❡ ✉♣♣❡r ❜♦①✲❝♦✉♥t✐♥❣ ❞✐♠❡♥s✐♦♥s ♦❢ ❛♥ ❛r❜✐tr❛r② s❡t F ⊆ R

d

❛r❡ ♥♦✇ ❞❡✜♥❡❞ ❛s

dimB F = lim inf
δ→0

logNδ(F )

− log δ
❛♥❞ dimB F = lim sup

δ→0

logNδ(F )

− log δ
✭✷✳✻✮

❛♥❞ t❤❡ ❜♦①✲❝♦✉♥t✐♥❣ ❞✐♠❡♥s✐♦♥ ♦❢ F ✐s ❣✐✈❡♥ ❜②

dimB F = lim
δ→0

logNδ(F )

− log δ

♣r♦✈✐❞❡❞ t❤❛t t❤✐s ❧✐♠✐t ❡①✐sts✳ ❚❤❡ ❞✐✛❡r❡♥t ❢r❛❝t❛❧ ❞✐♠❡♥s✐♦♥s ❛r❡ r❡❧❛t❡❞ ❛s ❢♦❧❧♦✇s✿

dimH F 6 dimB F 6 dimB F 6 d. ✭✷✳✼✮

◆♦t❡ t❤❛t t❤❡r❡ ❛r❡ ♣❧❡♥t② ♦❢ s❡ts F ⊆ R
d ✇❤❡r❡ t❤❡s❡ ✐♥❡q✉❛❧✐t✐❡s ❛r❡ str✐❝t✳

■♥ ❙❡❝t✐♦♥ ✷ ✇❡ ✇✐❧❧ ❞❡t❡r♠✐♥❡ t❤❡ ❍❛✉s❞♦r✛ ❛♥❞ ❜♦①✲❝♦✉♥t✐♥❣ ❞✐♠❡♥s✐♦♥ ♦❢ t❤❡ r❛♥❣❡

Y ([12 , 1]) ❛♥❞ t❤❡ ❣r❛♣❤ GY ([
1
2 , 1]) ❢♦r ❛❧♠♦st ❛❧❧ s❛♠♣❧❡ ♣❛t❤s ♦❢ t❤❡ st♦❝❤❛st✐❝ ♣r♦❝❡ss

Y ✳ ❆❞❞✐t✐♦♥❛❧❧②✱ ✐♥ ❙❡❝t✐♦♥ ✸ ✇❡ ✇✐❧❧ ❛❧s♦ ❝♦♥s✐❞❡r ❛ ❞❡t❡r♠✐♥✐st✐❝ s❡q✉❡♥❝❡ ✐♥tr♦❞✉❝❡❞ ❜②

❙t❡✐♥❤❛✉s ❬✺✶❪ ✇❤✐❝❤ ✐s ❝❛❧❧❡❞ t❤❡ ✏❙t❡✐♥❤❛✉s s❡q✉❡♥❝❡✑ ❛❝❝♦r❞✐♥❣ t♦ ❬✶✸❪✳ ❚❤❡ ❙t❡✐♥❤❛✉s

s❡q✉❡♥❝❡ (xn)n∈N ✐s ❞❡✜♥❡❞ ❜② xn = 2k ✐❢ n = 2k−1 +m · 2k ❢♦r s♦♠❡ k ∈ N ❛♥❞ m ∈ N0✳

❆❧t❡r♥❛t✐✈❡❧②✱ ❛s ✐♥ ❱❛r❞✐ ❬✺✺❪✱ ♦♥❡ ❝❛♥ ❞❡✜♥❡ xn t♦ ❜❡ t✇✐❝❡ t❤❡ ❤✐❣❤❡st ♣♦✇❡r ♦❢ 2 ❞✐✈✐❞✐♥❣

n✳ ❚❤❡ ❙t❡✐♥❤❛✉s s❡q✉❡♥❝❡ ✐s ❡①♣❧✐❝✐t❧② ❣✐✈❡♥ ❜②

2, 4, 2, 8, 2, 4, 2, 16, 2, 4, 2, 8, 2, 4, 2, 32, 2, 4, 2, 8, 2, 4, 2, 16, 2, 4, 2, 8, 2, 4, 2, 64, ...

❛♥❞ ❤❛s r❡❧❛t✐✈❡ ❢r❡q✉❡♥❝✐❡s limn→∞ n−1 card{1 6 j 6 n : xj = 2k} = 2−k ❢♦r k ∈ N✳ ❚❤❡

s❡q✉❡♥❝❡ (xn)n∈N ❤❛s ❜❡❡♥ ❝♦♥s✐❞❡r❡❞ ❛s ❡♥tr❛♥❝❡ ❢❡❡s ❢♦r r❡♣❡❛t❡❞ ❙t✳ P❡t❡rs❜✉r❣ ❣❛♠❡s

✐♥ ❬✺✶✱ ✶✸❪ ❛♥❞ ❤❛s ❜❡❡♥ ♣r♦✈❡♥ t♦ ❜❡ ❛ s❡q✉❡♥❝❡ ♦❢ ♥❡❛r❧② ❛s②♠♣t♦t✐❝❛❧❧② ❢❛✐r ♣r❡♠✐✉♠s

✐♥ ❛ ❝❡rt❛✐♥ s❡♥s❡✳ ❋♦r ❞❡t❛✐❧s ✇❡ r❡❢❡r t♦ ❬✶✸❪✳ ■♥ ❝♦♥tr❛st t♦ ❬✺✶✱ ✶✸❪ ✇❡ ✇✐❧❧ ❝♦♥s✐❞❡r

t❤❡ ❙t❡✐♥❤❛✉s s❡q✉❡♥❝❡ ❛s ❛ s❡q✉❡♥❝❡ ♦❢ ♣♦ss✐❜❧❡ ❣❛✐♥s ✐♥ r❡♣❡❛t❡❞ ❙t✳ P❡t❡rs❜✉r❣ ❣❛♠❡s✳

❆❣❛✐♥✱ ✇❡ ✇✐❧❧ ❞❡t❡r♠✐♥❡ t❤❡ ❍❛✉s❞♦r✛ ❛♥❞ ❜♦①✲❝♦✉♥t✐♥❣ ❞✐♠❡♥s✐♦♥ ♦❢ t❤❡ r❛♥❣❡ ❛♥❞ t❤❡

❣r❛♣❤ ♦❢ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❧✐♠✐t✐♥❣ ♦❜❥❡❝t ♦❢ t❤❡ ❝❡♥tr❛❧✐③❡❞ ❛♥❞ ♥♦r♠❛❧✐③❡❞ ❙t❡✐♥❤❛✉s

s❡q✉❡♥❝❡✳ ❚♦ ❞♦ s♦✱ ✇❡ ✇✐❧❧ ❡♠♣❧♦② r❡s✉❧ts ❢♦r ✐t❡r❛t❡❞ ❢✉♥❝t✐♦♥ s②st❡♠s ❛s ♣r❡s❡♥t❡❞ ✐♥

❬✷✷❪✳



❉✐♠❡♥s✐♦♥ r❡s✉❧ts r❡❧❛t❡❞ t♦ t❤❡ ❙t✳ P❡t❡rs❜✉r❣ ❣❛♠❡ ✶✼

✷✳✷ ❍❛✉s❞♦r✛ ❞✐♠❡♥s✐♦♥ ♦❢ t❤❡ ❙t✳ P❡t❡rs❜✉r❣ ❣❛♠❡

✷✳✷✳✶ ❍❛✉s❞♦r✛ ❞✐♠❡♥s✐♦♥ ♦❢ t❤❡ r❛♥❣❡

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ❡✈❛❧✉❛t❡ t❤❡ ❍❛✉s❞♦r✛ ❞✐♠❡♥s✐♦♥ ♦❢ t❤❡ r❛♥❣❡ ♦❢ t❤❡ st♦❝❤❛st✐❝ ♣r♦❝❡ss

Y = {Y (t)}t∈[ 1
2
,1]✳ ❲❡ ❡♠♣❧♦② ❝♦♠♠♦♥ t❡❝❤♥✐q✉❡s ✉s❡❞ t♦ ❝❛❧❝✉❧❛t❡ ❍❛✉s❞♦r✛ ❞✐♠❡♥s✐♦♥s

♦❢ s❡❧❢s✐♠✐❧❛r ▲é✈② ♣r♦❝❡ss❡s ✭s❡❡ ❬✺✾✱ ✹✻✱ ✸✻❪✮ ❛♥❞ ❛❞❛♣t t❤❡♠ t♦ ♦✉r s✐t✉❛t✐♦♥✳ ◆♦t❡ t❤❛t

t❤❡ ❣✐✈❡♥ ♣r♦❝❡ss Y ✐s ♥❡✐t❤❡r ❛ ▲é✈② ♣r♦❝❡ss ♥♦r ❞♦❡s ✐t ❤❛✈❡ t❤❡ s❡❧❢s✐♠✐❧❛r✐t② ♣r♦♣❡rt②

♦❢ ❛ s❡♠✐st❛❜❧❡ ♣r♦❝❡ss✳ ❚❤❡ r❡s✉❧t ✐s st❛t❡❞ ✐♥ t❤❡ t❤❡♦r❡♠ ❜❡❧♦✇✳

❚❤❡♦r❡♠ ✷✳✶

❲❡ ❤❛✈❡ dimH Y ([12 , 1]) = 1 ❛❧♠♦st s✉r❡❧②✳

◆♦t❡ t❤❛t ❚❤❡♦r❡♠ ✷✳✶ t♦❣❡t❤❡r ✇✐t❤ ✭✷✳✼✮ ②✐❡❧❞s

dimH Y ([12 , 1]) = dimB Y ([12 , 1]) = 1

❛❧♠♦st s✉r❡❧②✳ ❙✐♥❝❡ Y ✐s ❛ ♣r♦❝❡ss ♦♥ R ✐t ✐s ♦❜✈✐♦✉s t❤❛t dimH Y ([12 , 1]) 6 1 ❛❧♠♦st s✉r❡❧②✳

❋♦r t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✷✳✶ ✐t ✐s ❤❡♥❝❡ s✉✣❝✐❡♥t t♦ ♣r♦✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛✳

▲❡♠♠❛ ✷✳✷

❲❡ ❤❛✈❡ dimH Y ([12 , 1]) > 1 ❛❧♠♦st s✉r❡❧②✳

Pr♦♦❢✳ ❆s ♠❡♥t✐♦♥❡❞ ❛❜♦✈❡ ✇❡ ❝❛♥ ✇r✐t❡

Y (t) = t−1 (X(t)− t log2 t) ,

✇❤❡r❡ X = {X(t)}t>0 ✐s ❛ s❡♠✐st❛❜❧❡ ▲é✈② ♣r♦❝❡ss✳ ❚♦ ♣r♦✈❡ t❤❡ ❛ss❡rt✐♦♥ ✇❡ ✇✐❧❧ ❛♣♣❧②

❋r♦st♠❛♥✬s t❤❡♦r❡♠ ❬✸✹✱ ✹✸❪ ✇✐t❤ t❤❡ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡ σ = 2λ|[ 1
2
,1]✱ ✇❤❡r❡ λ ❞❡♥♦t❡s

▲❡❜❡s❣✉❡ ♠❡❛s✉r❡✳ ❋♦r t❤✐s ♣✉r♣♦s❡ ❧❡t 0 < γ < 1 ❛♥❞ ♥♦t❡ t❤❛t σ ✐s ❛♥ ❛❞♠✐ss✐❜❧❡ ♠❡❛s✉r❡

❢♦r ❋r♦st♠❛♥✬s ❧❡♠♠❛✱ ✐✳❡✳ ∫ 1

1
2

∫ 1

1
2

σ(ds)σ(dt)

|s− t|γ <∞.

❇② ❋r♦st♠❛♥✬s t❤❡♦r❡♠ ✐t ✐s ♥♦✇ s✉✣❝✐❡♥t t♦ s❤♦✇ t❤❛t ❢♦r ❛❧❧ γ ∈ (0, 1)

∫ 1

1
2

∫ 1

1
2

E
[
|Y (s)− Y (t)|−γ

]
ds dt <∞.



❉✐♠❡♥s✐♦♥ r❡s✉❧ts r❡❧❛t❡❞ t♦ t❤❡ ❙t✳ P❡t❡rs❜✉r❣ ❣❛♠❡ ✶✽

❋♦r r ∈ (0, 1] ❧❡t gr ❜❡ t❤❡ ▲❡❜❡s❣✉❡ ❞❡♥s✐t② ♦❢ X(r) ❝❤♦s❡♥ ❢r♦♠ t❤❡ ❝❧❛ss C∞(R) ❜②

Pr♦♣♦s✐t✐♦♥ ✷✳✽✳✶ ✐♥ ❬✺✵❪✳ ❚❤❡♥ ✇❡ ❤❛✈❡ M := supr∈(0,1] supx∈R |gr(x)| < ∞ ❛s ✐♥ ▲❡♠♠❛

✸ ♦❢ ❬✽❪❀ s❡❡ ❛❧s♦ ▲❡♠♠❛ ✷✳✷ ✐♥ ❬✸✻❪✳ ❇② s②♠♠❡tr② ♦❢ t❤❡ ✐♥t❡❣r❛♥❞ ✇❡ ❣❡t

∫ 1

1
2

∫ 1

1
2

E
[
|Y (s)− Y (t)|−γ

]
ds dt

= 2

∫ 1

1
2

∫ t

1
2

E

[∣∣s−1X(s)− log2 s− t−1 (X(s) + (X(t)−X(s))) + log2 t
∣∣−γ
]
ds dt

= 2

∫ 1

1
2

∫ t

1
2

∫

R2

∣∣s−1x− log2 s− t−1(x+ y) + log2 t
∣∣−γ gs(x) gt−s(y) dλ2(x, y) ds dt

= 2

∫ 1

1
2

∫ t

1
2

∫

R2

∣∣∣∣
t− s

st
x+ log2

(
t

s

)
− y

t

∣∣∣∣
−γ
gs(x) gt−s(y) dλ

2(x, y) ds dt

= 2

∫ 1

1
2

∫ t− 1
2

0

∫

R2

∣∣∣∣
w

t(t− w)
x+ log2

(
t

t− w

)
− y

t

∣∣∣∣
−γ
gt−w(x) gw(y) dλ

2(x, y) dw dt,

✇❤❡r❡ ✐♥ t❤❡ ❧❛st ❡q✉❛❧✐t② ✇❡ s✉❜st✐t✉t❡❞ w = t− s✳ ◆♦✇ ✇❡ ✇r✐t❡ w ∈ (0, 12 ] ❛s w = 2−mr

✇✐t❤ m = m(w) ∈ N ❛♥❞ r ∈ (12 , 1]✳ ❚❤✐s ❧❡❛❞s ✉s t♦

gw(y) =
d

dy
P (X(w) 6 y)

=
d

dy
P
(
X(2−mr) 6 y

)
=

d

dy
P
(
2−m(X(r)−mr) 6 y

)

=
d

dy
P (X(r) 6 2my +mr) = 2mgr (2

my +mr) .

❯s✐♥❣ t❤❡ s✉❜st✐t✉t✐♦♥s v = 2my +mr ❛♥❞ u = t
2−m

(
w

t(t−w)x+ log2

(
t

t−w

)
+ mw

t

)
✇❡ ❣❡t

∫

R2

∣∣∣∣
w

t(t− w)
x+ log2

(
t

t− w

)
− y

t

∣∣∣∣
−γ
gt−w(x) gw(y) dλ

2(x, y)

= 2m
∫

R2

∣∣∣∣
w

t(t− w)
x+ log2

(
t

t− w

)
− y

t

∣∣∣∣
−γ
gt−w(x) gr(2

my +mr) dλ2(x, y)

=

∫

R2

∣∣∣∣
w

t(t− w)
x+ log2

(
t

t− w

)
− 2−m

t
v +

mw

t

∣∣∣∣
−γ

gt−w(x)gr(v) dλ
2(x, v)

=
t− w

r

∫

R2

∣∣∣∣
2−m

t
(u− v)

∣∣∣∣
−γ
gt−w(x(u)) gr(v) dλ

2(u, v)



❉✐♠❡♥s✐♦♥ r❡s✉❧ts r❡❧❛t❡❞ t♦ t❤❡ ❙t✳ P❡t❡rs❜✉r❣ ❣❛♠❡ ✶✾

=
tγ(t− w)2mγ

r

(∫

A
+

∫

A∁

)
|u− v|−γ gt−w(x(u)) gr(v) dλ2(u, v),

✇❤❡r❡ A ❞❡♥♦t❡s t❤❡ s❡tA =
{
(u, v) ∈ R

2 : |u− v| 6 1
}
✳ ❲❡ ♥♦✇ ❡st✐♠❛t❡ t❤❡ t✇♦ ✐♥t❡❣r❛❧s

s❡♣❛r❛t❡❧②✳ ❋✐rst✱

∫

A
|u− v|−γ gt−w(x(u)) gr(v) dλ2(u, v)

6M

∫

R

(∫ v

v−1
(v − u)−γdu+

∫ v+1

v
(u− v)−γdu

)
gr(v) dv

=M

∫

R

2

1− γ
gr(v) dv =

2M

1− γ

❛♥❞ s❡❝♦♥❞❧②✱

∫

A∁

|u− v|−γ gt−w(x(u)) gr(v) dλ2(u, v) 6
∫

A∁

gt−w(x(u)) gr(v) dλ
2(u, v)

6
r

t− w

∫

R2

gt−w(x) gr(v) dλ
2(x, v) =

r

t− w
.

❚❤✐s ❧❡❛❞s ✉s t♦

∫

R2

∣∣∣∣
w

t(t− w)
x+ log2

(
t

t− w

)
− y

t

∣∣∣∣
−γ
gt−w(x) gw(y) dλ

2(x, y)

6 tγ2mγ
(
2M(t− w)

r(1− γ)
+ 1

)
6 tγ2mγ

(
4M

1− γ
+ 1

)
=: Ktγ2mγ .

❚❛❦❡♥ ❛❧❧ t♦❣❡t❤❡r✱ ✇❡ ♦❜t❛✐♥

∫ 1

1
2

∫ 1

1
2

E
[
|Y (s)− Y (t)|−γ

]
ds dt 6 2K

∫ 1

1
2

∫ t− 1
2

0
tγ2m(w)γ dw dt

= 2K

∫ 1
2

0

∫ 1

1
2
+w

tγ2m(w)γ dt dw = 2K
∑

m∈N

∫ 2−m

2−(m+1)

∫ 1

1
2
+w

tγ2mγ dt dw ✭✷✳✽✮

6 2K
∑

m∈N

∫ 1

1
2

∫ 1

1
2

tγ2mγ dt 2−m dr = K
∑

m∈N

(
2γ−1

)m
∫ 1

1
2

tγ dt <∞,

s✐♥❝❡ γ − 1 < 0✳ ❚❤✐s ❝♦♥❝❧✉❞❡s ♦✉r ♣r♦♦❢✳



❉✐♠❡♥s✐♦♥ r❡s✉❧ts r❡❧❛t❡❞ t♦ t❤❡ ❙t✳ P❡t❡rs❜✉r❣ ❣❛♠❡ ✷✵

✷✳✷✳✷ ❍❛✉s❞♦r✛ ❞✐♠❡♥s✐♦♥ ♦❢ t❤❡ ❣r❛♣❤

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ s❤♦✇ t❤❛t t❤❡ ❞✐♠❡♥s✐♦♥ r❡s✉❧t ❢♦r t❤❡ r❛♥❣❡ ♦❢ t❤❡ st♦❝❤❛st✐❝ ♣r♦❝❡ss

Y ❛❧s♦ ❤♦❧❞s ❢♦r ✐ts ❣r❛♣❤ GY ([
1
2 , 1])✳ ❲❡ ✇✐❧❧ s♣❧✐t t❤❡ ♣r♦♦❢ ✐♥t♦ t✇♦ ♣❛rts✱ ✜rst ✈❡r✐❢②✐♥❣

α = 1 ❛s ❛♥ ✉♣♣❡r ❜♦✉♥❞ ❛♥❞ s❡❝♦♥❞❧② ❛s ❛ ❧♦✇❡r ❜♦✉♥❞ ❢♦r t❤❡ ❍❛✉s❞♦r✛ ❞✐♠❡♥s✐♦♥ ♦❢

t❤❡ ❣r❛♣❤✳

❲❡ ✜rst ❝❛❧❝✉❧❛t❡ t❤❡ ✉♣♣❡r ❜♦✉♥❞ ❢♦r t❤❡ ❍❛✉s❞♦r✛ ❞✐♠❡♥s✐♦♥ ♦❢ t❤❡ ❣r❛♣❤ ♦❢ t❤❡

s❡♠✐st❛❜❧❡ ▲é✈② ♣r♦❝❡ss X ❛♥❞ ❧❛t❡r ♦♥ tr❛♥s❢❡r t❤❡ r❡s✉❧t t♦ t❤❡ ♣r♦❝❡ss Y ✳ ❆s X ✐s

♥♦t str✐❝t❧② s❡♠✐st❛❜❧❡ ✇❡ ❝❛♥♥♦t ✉s❡ t❤❡ ❞✐♠❡♥s✐♦♥ r❡s✉❧ts ♦❢ ❬✸✻❪✱ ✇✐t❤♦✉t ♠♦❞✐❢②✐♥❣ ✐t

❛❝❝♦r❞✐♥❣ t♦ ♦✉r s✐t✉❛t✐♦♥✳ ❚❤✐s ♣❛r❛❧❧❡❧s ✐♥✈❡st✐❣❛t✐♦♥s ❢♦r st❛❜❧❡ ▲é✈② ♣r♦❝❡ss❡s✱ ✇❤❡r❡

❞✐♠❡♥s✐♦♥ r❡s✉❧ts ❢♦r t❤❡ str✐❝t❧② st❛❜❧❡ ✭s②♠♠❡tr✐❝✮ ❈❛✉❝❤② ♣r♦❝❡ss ❛♥❞ ❢♦r ❛♥ ❛s②♠✲

♠❡tr✐❝ ✭♥♦♥✲str✐❝t❧②✮ st❛❜❧❡ ❈❛✉❝❤② ♣r♦❝❡ss ❤❛✈❡ ❜❡❡♥ ❛❞❞r❡ss❡❞ s❡♣❛r❛t❡❧②✳ ◆❡✈❡rt❤❡❧❡ss✱

t❤❡ ❍❛✉s❞♦r✛ ❞✐♠❡♥s✐♦♥ ♦❢ t❤❡ r❛♥❣❡✱ r❡s♣❡❝t✐✈❡❧② t❤❡ ❣r❛♣❤✱ ❝♦✐♥❝✐❞❡s ❢♦r ❜♦t❤ ❈❛✉❝❤②

♣r♦❝❡ss❡s❀ s❡❡ ❬✸✱ ✷✼✱ ✺✸❪✳

Pr♦♣♦s✐t✐♦♥ ✷✳✸

▲❡t {Z(t) := (t,X(t))}t>0✳ ❚❤❡♥ ❛❧♠♦st s✉r❡❧②

dimH Z([
1
2 , 1]) 6 1.

▲❡t T (a, s) =
∫ s
0 1B(0,a)(Z(t)) dt ❞❡♥♦t❡ t❤❡ s♦❥♦✉r♥ t✐♠❡ ♦❢ t❤❡ ▲é✈② ♣r♦❝❡ss Z ✉♣ t♦ t✐♠❡

s ✐♥ t❤❡ ❝❧♦s❡❞ ❜❛❧❧ B(0, a) ⊆ R
2 ✇✐t❤ r❛❞✐✉s a ❝❡♥t❡r❡❞ ❛t t❤❡ ♦r✐❣✐♥✳ ❚♦ ♣r♦✈❡ Pr♦♣♦s✐t✐♦♥

✷✳✸ ✇❡ ♥❡❡❞ t❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛✳

▲❡♠♠❛ ✷✳✹

▲❡t Z ❜❡ t❤❡ st♦❝❤❛st✐❝ ♣r♦❝❡ss ❞❡✜♥❡❞ ✐♥ Pr♦♣♦s✐t✐♦♥ ✷✳✸✳ ❚❤❡r❡ ❡①✐sts ❛ ♣♦s✐t✐✈❡ ❛♥❞ ✜♥✐t❡

❝♦♥st❛♥t K s✉❝❤ t❤❛t ❢♦r ❛❧❧ 0 < a 6 1 ❛♥❞ a√
2
6 s 6 1 ✇❡ ❤❛✈❡

E [T (a, s)] > Ka.

Pr♦♦❢✳ ❋✐① 0 < a 6 1 ❛♥❞ ❧❡t 0 < δ 6 1√
2
✱ s♦ t❤❛t

2−(i0+1) < aδ 6 2−i0 <
a√
2
< s,



❉✐♠❡♥s✐♦♥ r❡s✉❧ts r❡❧❛t❡❞ t♦ t❤❡ ❙t✳ P❡t❡rs❜✉r❣ ❣❛♠❡ ✷✶

❢♦r s♦♠❡ i0 ∈ N0✳ ❋✉rt❤❡r♠♦r❡ ✇❡ ❝❤♦♦s❡ 0 < δ 6
1√
2
s♠❛❧❧ ❡♥♦✉❣❤ ✭✐✳❡✳ i0 ∈ N0 ❜✐❣

❡♥♦✉❣❤✮ s♦ t❤❛t

2i 6
a

2
√
2
2i ❢♦r ❛❧❧ i > i0 ✭✷✳✾✮

❛♥❞ t❤❛t ❛❞❞✐t✐♦♥❛❧❧②

P

(
sup
r∈[1,2)

X(r) <
1

δ2
√
2

)
− P

(
inf

r∈[1,2)
X(r) 6 − 1

δ2
√
2

)
>

1

2
. ✭✷✳✶✵✮

■♥❡q✉❛❧✐t② ✭✷✳✶✵✮ ❤♦❧❞s ❢♦r δ > 0 s♠❛❧❧ ❡♥♦✉❣❤ s✐♥❝❡ X ✐s ❛ ▲é✈② ♣r♦❝❡ss ❛♥❞ ✐t ❝❛♥ ❜❡

❛ss✉♠❡❞ t❤❛t ✐t ❤❛s ❝à❞❧à❣ ♣❛t❤s✳ ❚❤✉s ❜♦t❤ supr∈[1,2)X(r) ❛♥❞ infr∈[1,2)X(r) ❛r❡ r❛♥❞♦♠

✈❛r✐❛❜❧❡s✳ ❲❡ ❤❛✈❡

E [T (a, s)] =

∫ s

0
P (‖Z(t)‖ < a) dt >

∫ s

0
P

(
|X(t)| < a√

2
, t <

a√
2

)
dt

=

∫ a√
2

0
P

(
|X(t)| < a√

2

)
dt >

∫ 2−i0

0
P

(
|X(t)| < a√

2

)
dt

=

∞∑

i=i0+1

∫ 2−i+1

2−i

P

(
|X(t)| < a√

2

)
dt =

∞∑

i=i0+1

2−i
∫ 2

1
P

(
|X(2−ir)| < a√

2

)
dr

=
∞∑

i=i0+1

2−i
∫ 2

1
P

(
|2−i(X(r)− ir)| < a√

2

)
dr

=
∞∑

i=i0+1

2−i
∫ 2

1
P

(
|X(r)− ir| < 2ia√

2

)
dr.

❇② ✭✷✳✾✮ ❛♥❞ ✭✷✳✶✵✮ t❤❡ ♣r♦❜❛❜✐❧✐t② ❛❜♦✈❡ ❝❛♥ ❜❡ ❡st✐♠❛t❡❞ ❢r♦♠ ❜❡❧♦✇ ❜②

P

(
|X(r)− ir| < 2ia√

2

)
= P

(
− a√

2
2i + ir < X(r) <

a√
2
2i + ir

)

> P

(
− a√

2
2i + 2i < X(r) <

a√
2
2i
)

= P

(
X(r) <

a√
2
2i
)
− P

(
X(r) 6 − a√

2
2i + 2i

)

> P

(
sup
r∈[1,2)

X(r) <
a√
2
2i

)
− P

(
inf

r∈[1,2)
X(r) 6 − a√

2
2i + 2i

)



❉✐♠❡♥s✐♦♥ r❡s✉❧ts r❡❧❛t❡❞ t♦ t❤❡ ❙t✳ P❡t❡rs❜✉r❣ ❣❛♠❡ ✷✷

> P

(
sup
r∈[1,2)

X(r) <
a

2
√
2
2i0+1

)
− P

(
inf

r∈[1,2)
X(r) 6 − a

2
√
2
2i0+1

)

> P

(
sup
r∈[1,2)

X(r) <
1

δ2
√
2

)
− P

(
inf

r∈[1,2)
X(r) 6 − 1

δ2
√
2

)
>

1

2
.

◆♦t❡ t❤❛t δ ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ a✳ ■t ❢♦❧❧♦✇s t❤❛t

E [T (a, s)] >
∞∑

i=i0+1

2−i
∫ 2

1

1

2
dr =

1

2

∞∑

i=i0+1

2−i =
1

2
2−i0 >

1

2
δa =: Ka,

✇❤✐❝❤ ❝♦♥❝❧✉❞❡s t❤❡ ♣r♦♦❢✳

Pr♦♦❢✳ Pr♦♣♦s✐t✐♦♥ ✷✳✸ ▲❡t K1 > 0 ❜❡ ❛ ✜①❡❞ ❝♦♥st❛♥t✳ ❆ ❢❛♠✐❧② Λ(a) ♦❢ ❝✉❜❡s ♦❢ s✐❞❡

a ∈ (0, 1] ✐♥ R
2 ✐s ❝❛❧❧❡❞ K1✲♥❡st❡❞ ✐❢ ♥♦ ❜❛❧❧ ♦❢ r❛❞✐✉s a ✐♥ R

2 ❝❛♥ ✐♥t❡rs❡❝t ♠♦r❡ t❤❛♥ K1

❝✉❜❡s ♦❢ Λ(a)✳ ❋♦r ❛♥② u > 0 ❧❡t Mu(a, s) ❜❡ t❤❡ ♥✉♠❜❡r ♦❢ t❤❡s❡ ❝✉❜❡s ❤✐t ❜② t❤❡ ▲é✈②

♣r♦❝❡ss Z ❛t s♦♠❡ t✐♠❡ t ∈ [u, u+ s]✳ ❚❤❡♥ ❛ ❢❛♠♦✉s ❝♦✈❡r✐♥❣ ❧❡♠♠❛ ♦❢ Pr✉✐tt ❛♥❞ ❚❛②❧♦r

❬✹✽✱ ▲❡♠♠❛ ✻✳✶❪ st❛t❡s t❤❛t

E[Mu(a, s)] 6 2K1s · (E[T (a3 , s)])−1.

▲❡♠♠❛ ✷✳✹ ♥♦✇ ❡♥❛❜❧❡s ✉s t♦ ❝♦♥str✉❝t ❛ ❝♦✈❡r✐♥❣ ♦❢ Z([12 , 1]) ✇❤♦s❡ ❡①♣❡❝t❡❞ s✲❞✐♠❡♥s✐♦♥❛❧

❍❛✉s❞♦r✛ ♠❡❛s✉r❡ ✐s ✜♥✐t❡ ❢♦r ❡✈❡r② s > 1✳ ❚❤❡ ❛r❣✉♠❡♥ts ❛r❡ ✐♥ ❝♦♠♣❧❡t❡ ❛♥❛❧♦❣② t♦ t❤❡

♣r♦♦❢ ♦❢ ♣❛rt ✭✐✮ ♦❢ ▲❡♠♠❛ ✸✳✹ ✐♥ ❬✸✻❪ ❛♥❞ t❤✉s ♦♠✐tt❡❞✳

■♥ ♦r❞❡r t♦ tr❛♥s❢❡r t❤❡ r❡s✉❧t ♦❢ Pr♦♣♦s✐t✐♦♥ ✷✳✸ t♦ t❤❡ ♣r♦❝❡ss Y ✇❡ ✐♥tr♦❞✉❝❡ t❤❡

❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥ τ : [12 , 1]×K1 → [12 , 1]×K2 ✇✐t❤

(
t

x

)
→ τ(t, x) =

(
t

t−1x− log2 t

)
, ✭✷✳✶✶✮

✇❤❡r❡ K1,K2 ⊆ R ❛r❡ ♥♦t ❢✉rt❤❡r s♣❡❝✐✜❡❞ ❝♦♠♣❛❝t ✐♥t❡r✈❛❧s t❤❛t ❝❛♥ ✈❛r② t❤r♦✉❣❤♦✉t

t❤❡ ♣❛♣❡r✳ ■t ❝❛♥ ❡❛s✐❧② ❜❡ s❤♦✇♥✱ t❤❛t ❢♦r ❛ ✜①❡❞ ❝♦♠♣❛❝t ✐♥t❡r✈❛❧ K1 ⊆ R t❤❡ ❢✉♥❝t✐♦♥

τ ✐s ❜✐✲▲✐♣s❝❤✐t③ ✇❤❡♥ ❝❤♦♦s✐♥❣ K2 s✉❝❤ t❤❛t [12 , 1] × K2 = Im(τ)✳ ❲❡ ❝❛♥ ♥♦✇ ✇r✐t❡ ❛❧❧

❡❧❡♠❡♥ts (t, Y (t))⊤ ∈ GY ([
1
2 , 1]) ❛s

(
t

Y (t)

)
=

(
t

t−1X(t)− log2 t

)
= τ (t,X(t)) .



❉✐♠❡♥s✐♦♥ r❡s✉❧ts r❡❧❛t❡❞ t♦ t❤❡ ❙t✳ P❡t❡rs❜✉r❣ ❣❛♠❡ ✷✸

❙✐♥❝❡ X ✐s ❛ ▲é✈② ♣r♦❝❡ss✱ ✐t ❝❛♥ ❜❡ ❛ss✉♠❡❞ t❤❛t ❛❧❧ ♣❛t❤s ❛r❡ ❝á❞❧á❣ ❛♥❞ ❤❡♥❝❡ t❤❛t ❢♦r

❛❧❧ ✜①❡❞ ω ∈ Ω t❤❡r❡ ❡①✐sts ❛ ❝♦♠♣❛❝t ✐♥t❡r✈❛❧ K1 ⊆ R s✉❝❤ t❤❛t

X(t)(ω) ∈ K1 ❢♦r ❛❧❧ t ∈ [12 , 1].

❚❤✐s ♠❡❛♥s t❤❛t ❢♦r Z = (Z(t) = (t,X(t)))t∈[ 1
2
,1] ❛♥❞ ❛❧❧ ω ∈ Ω ✇❡ ❤❛✈❡

dimH Z([
1
2 , 1])(ω) = dimH τ(Z([

1
2 , 1]))(ω) = dimHGY ([

1
2 , 1])(ω)

❜② ▲❡♠♠❛ ✶✳✽ ✐♥ ❬✶✼❪✳ ❙✐♥❝❡ ✇❡ ❤❛✈❡ s❤♦✇♥ ✐♥ Pr♦♣♦s✐t✐♦♥ ✷✳✸ t❤❛t dimH Z([
1
2 , 1]) 6 1

❛❧♠♦st s✉r❡❧②✱ ✇❡ ❤❛✈❡ t❤✉s ♣r♦✈❡♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✉♣♣❡r ❜♦✉♥❞✳

❚❤❡♦r❡♠ ✷✳✺

❲❡ ❤❛✈❡ dimHGY ([
1
2 , 1]) 6 1 ❛❧♠♦st s✉r❡❧②✳

❚♦ ♣r♦✈❡ t❤❡ ❧♦✇❡r ❜♦✉♥❞ ❢♦r t❤❡ ❍❛✉s❞♦r✛ ❞✐♠❡♥s✐♦♥ ♦❢ t❤❡ ❣r❛♣❤ ✇❡ ❝❛♥ ✉s❡ t❤❡ s❛♠❡

t❡❝❤♥✐q✉❡ ❛s ❢♦r t❤❡ ❧♦✇❡r ❜♦✉♥❞ ✐♥ ❝❛s❡ ♦❢ t❤❡ r❛♥❣❡ ♦❢ Y ✳

❚❤❡♦r❡♠ ✷✳✻

❲❡ ❤❛✈❡ dimHGY ([
1
2 , 1]) > 1 ❛❧♠♦st s✉r❡❧②✳

Pr♦♦❢✳ ▲❡t 0 < γ < 1✳ ❇② ✭✷✳✽✮ ✇❡ ❣❡t

∫ 1

1
2

∫ 1

1
2

E

[
‖(s, Y (s))⊤ − (t, Y (t))⊤‖−γ

]
ds dt

=

∫ 1

1
2

∫ 1

1
2

E

[(
(s− t)2 + (Y (s)− Y (t))2

)− γ
2

]
ds dt

6

∫ 1

1
2

∫ 1

1
2

E
[
|Y (s)− Y (t)|−γ

]
ds dt <∞.

❆s ✐♥ ▲❡♠♠❛ ✷✳✷ t❤❡ ❛ss❡rt✐♦♥ ❢♦❧❧♦✇s ❜② ❋r♦st♠❛♥✬s t❤❡♦r❡♠✳

❲✐t❤ s✐♠✐❧❛r t❡❝❤♥✐q✉❡s ✐t ✐s ❛❧s♦ ♣♦ss✐❜❧❡ t♦ ♣r♦♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❞✐♠❡♥s✐♦♥ r❡s✉❧t ❢♦r t❤❡

❜♦①✲❝♦✉♥t✐♥❣ ❞✐♠❡♥s✐♦♥ ♦❢ t❤❡ ❣r❛♣❤ ♦❢ t❤❡ ❙t✳ P❡t❡rs❜✉r❣ ♣r♦❝❡ss Y ✳

❚❤❡♦r❡♠ ✷✳✼

❲❡ ❤❛✈❡ dimBGY ([
1
2 , 1]) = 1 ❛❧♠♦st s✉r❡❧②✳



❉✐♠❡♥s✐♦♥ r❡s✉❧ts r❡❧❛t❡❞ t♦ t❤❡ ❙t✳ P❡t❡rs❜✉r❣ ❣❛♠❡ ✷✹

Pr♦♦❢✳ ❚❤❡ ❧♦✇❡r ❜♦✉♥❞ ❢♦❧❧♦✇s ❞✐r❡❝t❧② ❢r♦♠ t❤❡ ❛❧♠♦st s✉r❡ ✐♥❡q✉❛❧✐t✐❡s

1 6 dimHGY ([
1
2 , 1]) 6 dimBGY ([

1
2 , 1]) 6 dimBGY ([

1
2 , 1]).

❋♦r t❤❡ ✉♣♣❡r ❜♦✉♥❞ ✐t ✐s ♥♦✇ s✉✣❝✐❡♥t t♦ ✈❡r✐❢② dimBGY ([
1
2 , 1]) 6 1 ❛❧♠♦st s✉r❡❧②✳ ❉✉❡

t♦ t❤❡ ♥❛t✉r❡ ♦❢ t❤❡ ✉♣♣❡r ❜♦①✲❝♦✉♥t✐♥❣ ❞✐♠❡♥s✐♦♥ ✭s❡❡ ✭✷✳✻✮✮ ✇❡ ❝❛♥ ❛❣❛✐♥ ❝❛❧❝✉❧❛t❡ t❤❡

✉♣♣❡r ❜♦✉♥❞ ❢♦r dimB Z([
1
2 , 1]) 6 1 ✇✐t❤ t❤❡ s❛♠❡ ❝♦✈❡r✐♥❣ ❛r❣✉♠❡♥ts ❛s ✐♥ t❤❡ ♣r♦♦❢ ♦❢

♣❛rt ✭✐✮ ♦❢ ▲❡♠♠❛ ✸✳✹ ✐♥ ❬✸✻❪✳ ❲✐t❤ t❤❡ ❜✐✲▲✐♣s❝❤✐t③ ✐♥✈❛r✐❛♥❝❡ ♦❢ t❤❡ ✉♣♣❡r ❜♦①✲❝♦✉♥t✐♥❣

❞✐♠❡♥s✐♦♥ ✭s❡❡ ❙❡❝t✐♦♥ ✸✳✷ ✐♥ ❬✶✾❪✮ t❤❡ ♣r♦♦❢ ❝♦♥❝❧✉❞❡s✳

❘❡♠❛r❦ ✷✳✽

■❢ ♦♥❡ ♣r❡❢❡rs t♦ ✢✐♣ ❛♥ ✉♥❢❛✐r ❝♦✐♥ t❤✐s ♥❛t✉r❛❧❧② ❧❡❛❞s t♦ s♦ ❝❛❧❧❡❞ ❣❡♥❡r❛❧✐③❡❞ ❙t✳ P❡t❡rs❜✉r❣

❣❛♠❡s ❛s tr❡❛t❡❞ ✐♥ ❬✽✱ ✶✷✱ ✷✻✱ ✹✼❪✳ ▲❡t p ∈ (0, 1) ❜❡ t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ t❤❡ ❝♦✐♥ ❢❛❧❧✐♥❣ ❤❡❛❞s

❛♥❞ ❧❡t q = 1− p✳ ❚❤❡ s✐♥❣❧❡ ❣❛✐♥ ✐♥ ❛ ❣❡♥❡r❛❧✐③❡❞ ❙t✳ P❡t❡rs❜✉r❣ ❣❛♠❡ ✐s ❣✐✈❡♥ ❜② q−T/α

❢♦r s♦♠❡ α > 0✳ ❲❡ ❢♦❝✉s ♦♥ t❤❡ ❝❧❛ss✐❝❛❧ s✐t✉❛t✐♦♥ α = 1 ❛♥❞ s❧✐❣❤t❧② ♠♦❞✐❢② t❤❡ ❣❛✐♥ t♦

q1−T p−1 ❢♦r ❡❛s❡ ♦❢ ♥♦t❛t✐♦♥✱ ✇❤✐❝❤ r❡s✉❧ts ✐♥ t❤❡ ❧✐♠✐t t❤❡♦r❡♠

Sk(n) − k(n) log1/q k(n)

k(n)
→ Y (t) = t−1(X(t)− t log1/q t)

✐♥ ❞✐str✐❜✉t✐♦♥✱ ✇❤❡♥❡✈❡r

q⌈log1/q k(n)⌉k(n) → t ∈ [q, 1],

✇❤❡r❡ {X(t)}t>0 ✐s ❛ s❡♠✐st❛❜❧❡ ▲é✈② ♣r♦❝❡ss ✇✐t❤ t❤❡ s❡♠✐✲s❡❧❢s✐♠✐❧❛r✐t② ♣r♦♣❡rt②

X(q−kt)
d
= q−k(X(t) + kt) ❢♦r ❡✈❡r② k ∈ Z ❛♥❞ t > 0.

❲❡ ❡♠♣❤❛s✐③❡ t❤❛t ✇✐t❤ t❤❡ ❛❜♦✈❡ t❡❝❤♥✐q✉❡s ♦✉r ❚❤❡♦r❡♠s ✷✳✶✕✷✳✼ ❛❧s♦ ❤♦❧❞ ❢♦r t❤❡ ♣r♦❝❡ss

{Y (t)}t∈[q,1] ✐♥ t❤✐s ❣❡♥❡r❛❧✐③❡❞ s✐t✉❛t✐♦♥ ✇❤❡♥ r❡♣❧❛❝✐♥❣ t❤❡ ✐♥t❡r✈❛❧ ❜② [q, 1]✳ Pr❡s✉♠❛❜❧②✱

s✐♠✐❧❛r r❡s✉❧ts ❝❛♥ ❜❡ s❤♦✇♥ ❢♦r ❣❡♥❡r❛❧ α > 0✳

✷✳✸ ❍❛✉s❞♦r✛ ❞✐♠❡♥s✐♦♥ ♦❢ t❤❡ ❙t❡✐♥❤❛✉s s❡q✉❡♥❝❡

❘❡❝❛❧❧ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ❙t❡✐♥❤❛✉s s❡q✉❡♥❝❡ (xn)n∈N ❣✐✈❡♥ ✐♥ t❤❡ ■♥tr♦❞✉❝t✐♦♥✳ ❚❤❡

❛s②♠♣t♦t✐❝ ♣r♦♣❡rt✐❡s ♦❢ (xn)n∈N ❤❛✈❡ ❜❡❡♥ ❛♥❛❧②③❡❞ ✐♥ ❢✉❧❧ ❞❡t❛✐❧ ❜② ❈sör❣➤ ❛♥❞ ❙✐♠♦♥s

❬✶✸❪✳ ▲❡t s(n) = x1 + · · ·+ xn ❛♥❞ γn = n · 2−⌈log2 n⌉ ∈ (12 , 1] ❛s ✐♥ ✭✷✳✸✮✳ ❚❤❡♥ ❜② ❚❤❡♦r❡♠

✸✳✸ ✐♥ ❬✶✸❪ ✇❡ ❤❛✈❡ ❢♦r ❛♥② n ∈ N

s(n)− n log2 n

n
= ξ(γn), ✭✷✳✶✷✮



❉✐♠❡♥s✐♦♥ r❡s✉❧ts r❡❧❛t❡❞ t♦ t❤❡ ❙t✳ P❡t❡rs❜✉r❣ ❣❛♠❡ ✷✺

❋✐❣✉r❡ ✷✳✷✿ ●r❛♣❤ ♦❢ ξ ♦♥ t❤❡ ✐♥t❡r✈❛❧ [ 1
2
, 1)✳ ❋♦r ❜❡tt❡r ✈✐s✐❜✐❧✐t② t❤❡ ❥✉♠♣s ♦❢ ξ ❛r❡ s❤♦✇♥ ❛s

✈❡rt✐❝❛❧ ❧✐♥❡s✳

✇❤❡r❡ t❤❡ ❢✉♥❝t✐♦♥ ξ : [12 , 1] → [0, 2] ✐s ❞❡✜♥❡❞ ❜②

ξ(γ) = 2− log2 γ − 1

γ

∞∑

k=1

kεk
2k

❛♥❞ t❤❡ s❡q✉❡♥❝❡ (εk)k∈N ⊆ {0, 1} ✐s ❣✐✈❡♥ ❜② t❤❡ ❞②❛❞✐❝ ❡①♣❛♥s✐♦♥ γ =
∑∞

k=0
εk
2k

♦❢

γ ∈ [12 , 1] ✇✐t❤ t❤❡ ❝♦♥✈❡♥t✐♦♥ t❤❛t εk = 0 ❢♦r ✐♥✜♥✐t❡❧② ♠❛♥② k ∈ N✳ ❇② ❚❤❡♦r❡♠ ✸✳✶ ✐♥

❬✶✸❪ t❤❡ ❢✉♥❝t✐♦♥ ξ ✐s ❝à❞❧à❣ ✇✐t❤ ξ(12) = 2 = ξ(1) ❛♥❞ ❤❛s ❥✉♠♣s ♣r❡❝✐s❡❧② ❛t t❤❡ ❞②❛❞✐❝

r❛t✐♦♥❛❧s ✐♥ (12 , 1]✳ ❆❧❧ t❤❡s❡ ❥✉♠♣s ❛r❡ ✉♣✇❛r❞ ❛♥❞ t❤❡ ❧❛r❣❡st ❥✉♠♣ ♦❝❝✉rs ❢r♦♠ ξ(1−) = 0

t♦ ξ(1) = 2✳ ❚❤❡ ❣r❛♣❤ ♦❢ ξ s❡❡♠s t♦ ✐♥❤❡r❡ ❢r❛❝t❛❧ ♣r♦♣❡rt✐❡s ❛s ❝❛♥ ❜❡ s❡❡♥ ✐♥ ❋✐❣✉r❡ ✷✳✷

❜❡❧♦✇✱ ❛ r❡♣❧✐❝❛t✐♦♥ ♦❢ ❋✐❣✉r❡ ✶ ✐♥ ❬✶✸❪✳ ■t ❢♦❧❧♦✇s ❞✐r❡❝t❧② ❢r♦♠ ✭✷✳✶✷✮ t❤❛t t❤❡ s❡q✉❡♥❝❡

(s(n))n∈N ♦❢ t♦t❛❧ ❣❛✐♥s s❛t✐s✜❡s t❤❡ ❛s②♠♣t♦t✐❝ ♣r♦♣❡rt② ♦❢ ❋❡❧❧❡r

s(n)

n log2 n
→ 1 ✭✷✳✶✸✮



❉✐♠❡♥s✐♦♥ r❡s✉❧ts r❡❧❛t❡❞ t♦ t❤❡ ❙t✳ P❡t❡rs❜✉r❣ ❣❛♠❡ ✷✻

❛s n → ∞❀ s❡❡ ❬✶✸❪✳ ◆♦t❡ t❤❛t ❋❡❧❧❡r✬s ❧❛✇ ♦❢ ❧❛r❣❡ ♥✉♠❜❡rs ❞♦❡s ♥♦t ❤♦❧❞ ✐♥ ❛♥ ❛❧♠♦st

s✉r❡ s❡♥s❡✳ ❆❝❝♦r❞✐♥❣ t♦ ❝❧❛ss✐❝❛❧ r❡s✉❧ts ✐♥ ❬✻✱ ✶✱ ✶✹❪ ✐t ✐s ❦♥♦✇♥ t❤❛t

lim sup
n→∞

Sn
n log2 n

= ∞ ❛♥❞ lim inf
n→∞

Sn
n log2 n

= 1 ❛❧♠♦st s✉r❡❧②✳ ✭✷✳✶✹✮

▼♦r❡ ♣r❡❝✐s❡❧②✱ ✇❡ ❤❛✈❡ LIM{Sn/(n log2 n) : n ∈ N} = [1,∞] ❛❧♠♦st s✉r❡❧② ❜② ❈♦r♦❧❧❛r②

✶ ✐♥ ❬✺✺❪✱ ✇❤❡r❡ LIM ❞❡♥♦t❡s t❤❡ s❡t ♦❢ ❛❝❝✉♠✉❧❛t✐♦♥ ♣♦✐♥ts✳ ❇✉t t❤❡r❡ ✐s ❛ ✈❡rs✐♦♥ ♦❢ t❤❡

str♦♥❣ ❧❛✇ ♦❢ ❧❛r❣❡ ♥✉♠❜❡rs ❜② ❬✶✺❪ ✇❤❡♥ ♥❡❣❧❡❝t✐♥❣ t❤❡ ❧❛r❣❡st ❣❛✐♥

Sn −max16k6nXk

n log2 n
→ 1 ❛❧♠♦st s✉r❡❧②✳

❆ ❝♦♠♣❛r✐s♦♥ ♦❢ ✭✷✳✶✸✮ ❛♥❞ ✭✷✳✶✹✮ s❤♦✇s t❤❛t t❤❡ ❙t❡✐♥❤❛✉s s❡q✉❡♥❝❡ ❜❡❧♦♥❣s t♦ ❛♥ ❡①❝❡♣✲

t✐♦♥❛❧ ♥✉❧❧s❡t ✇✐t❤ r❡s♣❡❝t t♦ ✭✷✳✶✹✮ ❝♦♥❝❡r♥✐♥❣ t❤❡ ❛❧♠♦st s✉r❡ ❧✐♠✐t ❜❡❤❛✈✐♦r ♦❢ t❤❡ t♦t❛❧

❣❛✐♥ ✐♥ r❡♣❡❛t❡❞ ❙t✳ P❡t❡rs❜✉r❣ ❣❛♠❡s✳

▼♦r❡♦✈❡r✱ ❢♦r ❛♥② s❡q✉❡♥❝❡ kn → ∞ ✇✐t❤ γkn = kn · 2−⌈log2 kn⌉ → γ ∈ [12 , 1] ✇❡ ❣❡t ❢r♦♠

✭✷✳✶✷✮

∅ 6= LIM

{
s(kn)− kn log2 kn

kn
: n ∈ N

}
⊆ {ξ(γ), ξ(γ−)}.

❍❡♥❝❡ ✇❡ ♠❛② ❝♦♥s✐❞❡r t❤❡ ❢✉♥❝t✐♦♥ ξ ❛s t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❧✐♠✐t✐♥❣ ♦❜❥❡❝t ✇❤❡♥ ✉s✐♥❣ t❤❡

s❛♠❡ ❝❡♥t❡r✐♥❣ ❛♥❞ ♥♦r♠❛❧✐③❛t✐♦♥ s❡q✉❡♥❝❡s ❛s ✐♥ ✭✷✳✹✮✳ ❲❡ ✇✐❧❧ ♥♦✇ s❤♦✇ t❤❛t t❤❡ ❙t❡✐♥✲

❤❛✉s s❡q✉❡♥❝❡ ✐s ♥♦t ❡①❝❡♣t✐♦♥❛❧ ❝♦♥❝❡r♥✐♥❣ t❤❡ ❧♦❝❛❧ ✢✉❝t✉❛t✐♦♥s ♦❢ t❤❡ ❧✐♠✐t ♠❡❛s✉r❡❞

❜② t❤❡ ❍❛✉s❞♦r✛ ♦r ❜♦①✲❝♦✉♥t✐♥❣ ❞✐♠❡♥s✐♦♥✳

■t ❢♦❧❧♦✇s ❞✐r❡❝t❧② ❢r♦♠ t❤❡ ❛❜♦✈❡ st❛t❡❞ ♣r♦♣❡rt✐❡s ♦❢ ξ ❣✐✈❡♥ ✐♥ ❚❤❡♦r❡♠ ✸✳✶ ♦❢ ❬✶✸❪ t❤❛t t❤❡

r❛♥❣❡ ξ([12 , 1]) ✐s ❡q✉❛❧ t♦ t❤❡ ✐♥t❡r✈❛❧ (0, 2] ❛♥❞ ❤❡♥❝❡ dimH ξ([
1
2 , 1])

= 1 ❜② ❚❤❡♦r❡♠ ✶✳✶✷ ✐♥ ❬✶✼❪✳ ❚❤✐s s❤♦✇s t❤❛t dimH ξ([
1
2 , 1]) ❝♦✐♥❝✐❞❡s ✇✐t❤ t❤❡ ❍❛✉s✲

❞♦r✛ ❞✐♠❡♥s✐♦♥ ♦❢ t❤❡ r❛♥❣❡ ♦❢ ❛ t②♣✐❝❛❧ s❛♠♣❧❡ ♣❛t❤ ♦❢ {Y (t)}t∈[ 1
2
,1]✳ ❈❧❡❛r❧②✱ ❜② ✭✷✳✼✮

✇❡ ❛❧s♦ ❤❛✈❡ dimH ξ([
1
2 , 1]) = dimB ξ([

1
2 , 1]) = 1✳ ❆ ❧♦♦❦ ❛t ❋✐❣✉r❡ ✷✳✷ s✉❣❣❡sts t❤❛t ✐t ✐s

♠❡r❡❧② t❤❡ ❣r❛♣❤ ❛♥❞ ♥♦t t❤❡ r❛♥❣❡ ♦❢ ξ t❤❛t s❤♦✉❧❞ ✐♥❤❡r❡ ❢r❛❝t❛❧ ♣r♦♣❡rt✐❡s✳ ■♥ t❤❡ s❡q✉❡❧

✇❡ ✇✐❧❧ ❛r❣✉❡ t❤❛t ❛❧s♦ t❤❡ ❣r❛♣❤ Gξ([
1
2 , 1]) ✐s t②♣✐❝❛❧ ❝♦♥❝❡r♥✐♥❣ t❤❡ ❛❧♠♦st s✉r❡ ❞✐♠❡♥s✐♦♥

♣r♦♣❡rt✐❡s ♦❢ t❤❡ s❛♠♣❧❡ ❣r❛♣❤ ♦❢ {Y (t)}t∈[ 1
2
,1]✳ ❚♦ t❤✐s ❛✐♠ ✇❡ ✇✐❧❧ ❛♣♣❧② t❤❡ ✐♥✈❡rs❡ τ−1

♦❢ t❤❡ ❜✐✲▲✐♣s❝❤✐t③ ❢✉♥❝t✐♦♥ τ ❞❡✜♥❡❞ ✐♥ ✭✷✳✶✶✮ ✇✐t❤ K2 = [0, 2] ⊆ R✳ ■✳❡✳✱ ✇❡ ♥♦✇ ❝♦♥s✐❞❡r

t❤❡ ❢✉♥❝t✐♦♥ τ−1 : [12 , 1]× [0, 2] → [12 , 1]×K1 ✇✐t❤ τ−1(t, x) = (t, t(x+ log2 t))
⊤✱ ✇❤❡r❡ t❤❡

❝♦♠♣❛❝t ✐♥t❡r✈❛❧ K1 ⊆ R ✐s ❝❤♦s❡♥ s✉❝❤ t❤❛t [12 , 1] × K1 = Im τ−1✳ ❆♣♣❧✐❡❞ t♦ t❤❡ ❣r❛♣❤
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❋✐❣✉r❡ ✷✳✸✿ ■♠❛❣❡ ♦❢ τ−1(Gξ[
1

2
, 1))✳ ❋♦r ❜❡tt❡r ✈✐s✐❜✐❧✐t② t❤❡ ❥✉♠♣s ❛r❡ s❤♦✇♥ ❛s ✈❡rt✐❝❛❧ ❧✐♥❡s✳

♦❢ ξ ✇❡ ❣❡t ❢♦r ❛♥② γ ∈ [12 , 1]

τ−1(γ, ξ(γ)) =

(
γ

γ(ξ(γ) + log2 γ)

)
=

(
γ

2γ −∑∞
k=1

kεk
2k

)

❛♥❞ ❜② ❜✐✲▲✐♣s❝❤✐t③ ✐♥✈❛r✐❛♥❝❡ ✇❡ ❤❛✈❡

dimHGξ([
1
2 , 1]) = dimH τ

−1(Gξ([
1
2 , 1])). ✭✷✳✶✺✮

❚❤❡ s❛♠❡ ❡q✉❛❧✐t② ❤♦❧❞s ❢♦r ✉♣♣❡r ❛♥❞ ❧♦✇❡r ❜♦①✲❝♦✉♥t✐♥❣ ❞✐♠❡♥s✐♦♥s❀ ❡✳❣✳✱ s❡❡ ❬✶✾❪✳ ❚❤❡

✐♠❛❣❡ τ−1(Gξ([
1
2 , 1))) ✐s ✐❧❧✉str❛t❡❞ ✐♥ ❋✐❣✉r❡ ✷✳✸ ❛♥❞ s❤♦✇s ♣❡r❢❡❝t s❡❧❢s✐♠✐❧❛r✐t②✳ ❚♦ s❡❡

t❤✐s✱ ✇❡ ♠❛② ✇r✐t❡ τ−1(γ, ξ(γ)) = (γ, f(γ))⊤ ✇✐t❤

f(γ) = 2γ −
∞∑

k=1

kεk
2k

.
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▲❡♠♠❛ ✷✳✾

❋♦r ❛♥② γ ∈ [12 , 1) ✇❡ ❤❛✈❡

f(12γ + 1
2) =

1
2(1− γ + f(γ)) = f(12γ + 1

4).

Pr♦♦❢✳ ❋♦r t❤❡ ❞②❛❞✐❝ ❡①♣❛♥s✐♦♥ γ =
∑∞

k=1
εk
2k

♦❢ γ ∈ [12 , 1) ✇❡ ♥❡❝❡ss❛r✐❧② ❤❛✈❡ ε1 = 1✳

❈♦♥s❡q✉❡♥t❧②✱

1
2γ + 1

2 = 1
2 +

∞∑

k=1

εk
2k+1

=

∞∑

k=1

ε′k
2k

✇✐t❤ ε′k =




1 k = 1,

εk−1 k > 2

❛♥❞

1
2γ + 1

4 = 1
4 +

∞∑

k=1

εk
2k+1

=

∞∑

k=1

ε′′k
2k

✇✐t❤ ε′′k =





1 k = 1,

0 k = 2,

εk−1 k > 3.

■t ❢♦❧❧♦✇s t❤❛t

f(12γ + 1
2) = 2(12γ + 1

2)−
∞∑

k=1

kε′k
2k

= γ + 1
2 −

∞∑

k=2

kεk−1

2k
❛♥❞

f(12γ + 1
4) = 2(12γ + 1

4)−
∞∑

k=1

kε′′k
2k

= γ −
∞∑

k=3

kεk−1

2k
= γ + 1

2 −
∞∑

k=2

kεk−1

2k
.

❚❤✐s s❤♦✇s f(12γ + 1
2) = f(12γ + 1

4) = γ + 1
2 −∑∞

k=2
kεk−1

2k
❛♥❞ ❢✉rt❤❡r♠♦r❡ ✇❡ ❣❡t

γ + 1
2 −

∞∑

k=2

kεk−1

2k
= γ + 1

2 − 1
2

∞∑

k=1

(k + 1)εk
2k

= γ + 1
2 − 1

2

∞∑

k=1

kεk
2k

− 1
2γ = 1

2(1− γ + f(γ))

❝♦♥❝❧✉❞✐♥❣ t❤❡ ♣r♦♦❢✳

▲❡t τ0, τ1 : [
1
2 , 1]× [0, 12 ] → [12 , 1]× [0, 12 ] ❜❡ t❤❡ ❛✣♥❡ ❝♦♥tr❛❝t✐♦♥s ❣✐✈❡♥ ❜②

τ0(x, y) =

(
1
2x+ 1

4
1
2(1− x+ y)

)
=

(
1/2 0

−1/2 1/2

)(
x

y

)
+

(
1/4

1/2

)
,
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❋✐❣✉r❡ ✷✳✹✿ ❈♦♥tr❛❝t✐♦♥s ❣❡♥❡r❛t✐♥❣ t❤❡ ✐♠❛❣❡✳ ❚❤❡ ❤✐❣❤❧✐❣❤t❡❞ ♣❛r❛❧❧❡❧♦❣r❛♠s ❛r❡ τ0(D), τ1(D)

✇✐t❤ D = [ 1
2
, 1] × [0, 1

2
] ✭❧❡❢t✮ ❛♥❞ t❤❡✐r ✜rst ✐t❡r❛t❡s τ0(τ0(D)), τ1(τ0(D)), τ0(τ1(D)), τ1(τ1(D))

✭r✐❣❤t✮✳

τ1(x, y) =

(
1
2x+ 1

2
1
2(1− x+ y)

)
=

(
1/2 0

−1/2 1/2

)(
x

y

)
+

(
1/2

1/2

)
.

❚❤❡♥ τ0 ♠❛♣s τ−1(Gξ([
1
2 , 1))) ♦♥t♦ ✐ts ❧❡❢t ❤❛❧❢ ❛♥❞ τ1 ♦♥t♦ ✐ts r✐❣❤t ❤❛❧❢✱ ✐✳❡✳ ❢♦r ❛♥②

γ ∈ [12 , 1) ✇❡ ❤❛✈❡

τ−1(12γ + 1
4 , ξ(

1
2γ + 1

4)) = τ0(γ, f(γ)) = τ0
(
τ−1(γ, ξ(γ))

)
❛♥❞

τ−1(12γ + 1
2 , ξ(

1
2γ + 1

2)) = τ1(γ, f(γ)) = τ1
(
τ−1(γ, ξ(γ))

)
,

✇❤✐❝❤ ❢♦❧❧♦✇s ❞✐r❡❝t❧② ❢r♦♠ ▲❡♠♠❛ ✷✳✾✳ ❚❤❡s❡ ❝♦♥tr❛❝t✐♦♥ ♣r♦♣❡rt✐❡s ❛r❡ ✐❧❧✉str❛t❡❞ ✐♥

❋✐❣✉r❡ ✷✳✹ ❛♥❞ s❤♦✇ t❤❛t t❤❡ ✐♠❛❣❡ τ−1(Gξ([
1
2 , 1))) ❝❛♥ ❜❡ ❣❡♥❡r❛t❡❞ ❜② ❛♥ ✐t❡r❛t❡❞ ❢✉♥❝t✐♦♥

s②st❡♠✳ ❇② ❍✉t❝❤✐♥s♦♥ ❬✸✶❪ t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ ♥♦♥✲❡♠♣t② ❝♦♠♣❛❝t s❡t F ⊆ [12 , 1]×[0, 12 ]✱

❝❛❧❧❡❞ t❤❡ ❛ttr❛❝t♦r✱ s✉❝❤ t❤❛t F = τ0(F ) ∪ τ1(F ) ✇❤✐❝❤ ❢✉❧✜❧❧s

F =
∞⋂

r=1

⋃

(i1,...,ir)∈{0,1}r
τir ◦ · · · ◦ τi1([12 , 1]× [0, 12 ]).

■♥ ❢❛❝t ❢♦r ❛♥② (in)n∈N ∈ {0, 1}N t❤❡ ✐t❡r❛t❡❞ ❝♦♥tr❛❝t✐♦♥s τir ◦ · · · ◦ τi1 ❛♣♣❧✐❡❞ t♦ t❤❡

sq✉❛r❡ [12 , 1]× [0, 12 ] ❝♦♥✈❡r❣❡ t♦ ❛ s✐♥❣❧❡ ♣♦✐♥t ♦❢ F ❛s r → ∞ ❛♥❞ ❡✈❡r② ❡❧❡♠❡♥t ♦❢ F ❝❛♥

❜❡ ♦❜t❛✐♥❡❞ ✐♥ t❤✐s ✇❛②✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ ♦✉r ❝♦♥str✉❝t✐♦♥ s❤♦✇s t❤❛t ❢♦r γ ∈ [12 , 1) ✇✐t❤

❞②❛❞✐❝ ❡①♣❛♥s✐♦♥ γ =
∑∞

k=1
εk
2k

✇❡ ❤❛✈❡ ε1 = 1 ❛♥❞

d
(
τεr ◦ · · · ◦ τε2([12 , 1]× [0, 12 ]), τ

−1(γ, ξ(γ))
)
→ 0
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❛s r → ∞✱ ✇❤❡r❡ d(A, x) = inf{‖y−x‖ : y ∈ A} ❢♦r A ⊆ R
2 ❛♥❞ x ∈ R

2✳ ❙✐♥❝❡ ✇❡ r❡q✉✐r❡❞

εk = 0 ❢♦r ✐♥✜♥✐t❡❧② ♠❛♥② k ∈ N✱ t❤❡ ♦♥❧② ♣♦ss✐❜❧❡ ❧✐♠✐t ♣♦✐♥ts ♦❢ F ♠✐ss✐♥❣ ❛r❡ t❤♦s❡ ✇✐t❤

τεk = τ1 ❢♦r ❛❧❧ ❜✉t ✜♥✐t❡❧② ♠❛♥② k > 2✳ ❋♦r t❤❡s❡ ♥❡❝❡ss❛r✐❧② γ = 1
2 +

∑∞
k=2

εk
2k

∈ (12 , 1] ✐s

❛ ❞②❛❞✐❝ r❛t✐♦♥❛❧ ❛♥❞ ✇❡ ❤❛✈❡

d
(
τεr ◦ · · · ◦ τε2([12 , 1]× [0, 12 ]), τ

−1(γ, ξ(γ−))
)
→ 0

❛s r → ∞✳ ❚❤❡ ❛❜♦✈❡ ❛r❣✉♠❡♥ts s❤♦✇ t❤❛t F ✐s t❤❡ ❝❧♦s✉r❡ ♦❢ τ−1(Gξ([
1
2 , 1))) ❛♥❞ s✐♥❝❡

t❤❡ ❞②❛❞✐❝ r❛t✐♦♥❛❧s ❛r❡ ❝♦✉♥t❛❜❧❡✱ ❜② ❡❧❡♠❡♥t❛r② ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ❍❛✉s❞♦r✛ ❞✐♠❡♥s✐♦♥

❛♥❞ ✭✷✳✶✺✮ ✇❡ ❣❡t

dimH F = dimH τ
−1(Gξ([

1
2 , 1))) = dimHGξ([

1
2 , 1]). ✭✷✳✶✻✮

❚❤❡ s❛♠❡ ❡q✉❛❧✐t② ❤♦❧❞s ❢♦r ✉♣♣❡r ❛♥❞ ❧♦✇❡r ❜♦①✲❝♦✉♥t✐♥❣ ❞✐♠❡♥s✐♦♥s❀ ❡✳❣✳✱ s❡❡ ♣❛❣❡ ✹✹ ✐♥

❬✶✾❪✳

❆ ❝♦♠♠♦♥ ✇❛② t♦ ❝❛❧❝✉❧❛t❡ t❤❡ ❢r❛❝t❛❧ ❞✐♠❡♥s✐♦♥ ♦❢ t❤❡ s❡❧❢✲❛✣♥❡ ✐♥✈❛r✐❛♥t s❡t F ✐s ❜②

♠❡❛♥s ♦❢ t❤❡ s✐♥❣✉❧❛r ✈❛❧✉❡ ❢✉♥❝t✐♦♥✳ ❋♦r ❛♥ ♦✈❡r✈✐❡✇ ♦❢ s✉❝❤ ♠❡t❤♦❞s ✇❡ r❡❢❡r t♦ ❬✷✷❪✳

❚❤❡ ❧✐♥❡❛r ♣❛rt ♦❢ ❜♦t❤ ❛✣♥❡ ♠❛♣♣✐♥❣s τ0 ❛♥❞ τ1 ✐s ❡q✉❛❧ t♦ t❤❡ ❧✐♥❡❛r ❝♦♥tr❛❝t✐♦♥ ✇✐t❤

❛ss♦❝✐❛t❡❞ ♠❛tr✐①

L =

(
1/2 0

−1/2 1/2

)
.

❇② ✐♥❞✉❝t✐♦♥ ♦♥❡ ❡❛s✐❧② ❝❛❧❝✉❧❛t❡s ❢♦r r ∈ N

Lr =

(
1/2r 0

−r/2r 1/2r

)

❛♥❞ t❤❡ s✐♥❣✉❧❛r ✈❛❧✉❡s ♦❢ Lr ❛r❡ t❤❡ ♣♦s✐t✐✈❡ r♦♦ts ♦❢ t❤❡ ❡✐❣❡♥✈❛❧✉❡s ♦❢ (Lr)⊤Lr ✇❤✐❝❤

❝❛❧❝✉❧❛t❡ ❛s

α
(r)
1 =

1

2r

√
r2 + 2 +

√
r4 + 4r2

2
❛♥❞ α

(r)
2 =

1

2r

√
r2 + 2−

√
r4 + 4r2

2
.

❚❤❡s❡ ❞❡t❡r♠✐♥❡ t❤❡ s✐♥❣✉❧❛r ✈❛❧✉❡ ❢✉♥❝t✐♦♥ ♦❢ Lr ❢♦r r ∈ N ❣✐✈❡♥ ❜②

ϕs(Lr) =




(α

(r)
1 )s ❢♦r 0 < s 6 1,

α
(r)
1 (α

(r)
2 )s−1 ❢♦r 1 < s 6 2.

✭✷✳✶✼✮
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◆♦✇ t❤❡ ❛✣♥✐t② ❞✐♠❡♥s✐♦♥ ♦❢ F ✐s ❞❡✜♥❡❞ ❜②

dimA F = inf
{
s > 0 :

∞∑

r=1

∑

(i1,...,ir)∈{0,1}r
ϕs(Lir ◦ · · · ◦ Li1) <∞

}

= inf
{
s > 0 :

∞∑

r=1

2rϕs(Lr) <∞
}
,

✇❤❡r❡ L0, L1 ❛r❡ t❤❡ ❧✐♥❡❛r ♣❛rts ♦❢ t❤❡ ❛✣♥❡ ❝♦♥tr❛❝t✐♦♥s τ0✱ r❡s♣❡❝t✐✈❡❧② τ1✱ ❛♥❞ t❤❡ ❧❛st

❡q✉❛❧✐t② ❤♦❧❞s s✐♥❝❡ L0 = L = L1 ✐♥ ♦✉r s✐t✉❛t✐♦♥✳ ❚❤❡ s♣❡❝✐❛❧ ❢♦r♠ ♦❢ t❤❡ s✐♥❣✉❧❛r ✈❛❧✉❡s

α
(r)
1 , α

(r)
2 ♦❢ Lr t♦❣❡t❤❡r ✇✐t❤ ✭✷✳✶✼✮ s❤♦✇s t❤❛t dimA F = 1✳

❙✐♥❝❡ t❤❡ ✉♥✐♦♥ F = τ0(F )∪τ1(F ) ✐s ❞✐s❥♦✐♥t✱ ❜② Pr♦♣♦s✐t✐♦♥ ✷ ✐♥ ❬✷✶❪ ✇❡ ❣❡t ❛ ❧♦✇❡r ❜♦✉♥❞

❢♦r t❤❡ ❍❛✉s❞♦r✛ ❞✐♠❡♥s✐♦♥ ♦❢ F

dimH F > inf
{
s > 0 :

∞∑

r=1

∑

(i1,...,ir)∈{0,1}r

(
ϕs((Lir ◦ · · · ◦ Li1)−1)

)−1
<∞

}

= inf
{
s > 0 :

∞∑

r=1

2r
(
ϕs(L−r)

)−1
<∞

}
.

❆❣❛✐♥✱ ❜② ✐♥❞✉❝t✐♦♥ ♦♥❡ ❡❛s✐❧② ❝❛❧❝✉❧❛t❡s ❢♦r r ∈ N

L−r =

(
2r 0

r 2r 2r

)

❛♥❞ t❤❡ s✐♥❣✉❧❛r ✈❛❧✉❡s ♦❢ L−r ❛r❡

β
(r)
1 = 2r

√
r2 + 2 +

√
r4 + 4r2

2
❛♥❞ β

(r)
2 = 2r

√
r2 + 2−

√
r4 + 4r2

2
,

✇❤✐❝❤ s❤♦✇s t❤❛t dimH F > 1✳ ❙✐♥❝❡ ❜② Pr♦♣♦s✐t✐♦♥ ✶ ✐♥ ❬✷✷❪ ✇❡ ❤❛✈❡

dimH F 6 dimB F 6 dimB F 6 dimA F,

❛❧t♦❣❡t❤❡r t❤❡ ❛❜♦✈❡ ❝❛❧❝✉❧❛t✐♦♥s s❤♦✇✿

❚❤❡♦r❡♠ ✷✳✶✵

❲❡ ❤❛✈❡ dimHGξ([
1
2 , 1]) = 1 = dimBGξ([

1
2 , 1]).

❚❤✐s s❤♦✇s t❤❛t t❤❡ ❣r❛♣❤ ♦❢ ξ✱ ❜❡✐♥❣ t❤❡ ❧✐♠✐t✐♥❣ ♦❜❥❡❝t ♦❢ t❤❡ ❙t❡✐♥❤❛✉s s❡q✉❡♥❝❡ ✭❝♦♥s✐❞✲

❡r❡❞ ❛s ❛ ♣♦ss✐❜❧❡ s❡q✉❡♥❝❡ ♦❢ t♦t❛❧ ❣❛✐♥s ✐♥ r❡♣❡❛t❡❞ ❙t✳ P❡t❡rs❜✉r❣ ❣❛♠❡s✮✱ ✐s ♥♦t ❡①❝❡♣✲

t✐♦♥❛❧ ❝♦♥❝❡r♥✐♥❣ t❤❡ ❍❛✉s❞♦r✛ ♦r ❜♦①✲❝♦✉♥t✐♥❣ ❞✐♠❡♥s✐♦♥ ♦❢ t❤❡ s❛♠♣❧❡ ❣r❛♣❤ GY ([
1
2 , 1])

❝❛❧❝✉❧❛t❡❞ ✐♥ ❙❡❝t✐♦♥ ✷✳



❈❤❛♣t❡r ✸

▼❛♥✉s❝r✐♣t ✷

❍❛✉s❞♦r✛ ❞✐♠❡♥s✐♦♥ ♦❢ t❤❡ ❣r❛♣❤ ♦❢

❛♥ ♦♣❡r❛t♦r s❡♠✐st❛❜❧❡ ▲é✈② ♣r♦❝❡ss

✸✷



❍❛✉s❞♦r❢❢ ❞✐♠❡♥s✐♦♥ ♦❢ t❤❡ ❣r❛♣❤ ✸✸

❉❡❝❧❛r❛t✐♦♥

●❡♥❡r❛❧ ✐♥❢♦r♠❛t✐♦♥✿

❚✐t❡❧✿ ❍❛✉s❞♦r✛ ❞✐♠❡♥s✐♦♥ ♦❢ t❤❡ ❣r❛♣❤ ♦❢ ❛♥ ♦♣❡r❛t♦r s❡♠✐st❛❜❧❡ ▲é✈② ♣r♦❝❡ss

❏♦✉r♥❛❧✿ ❏♦✉r♥❛❧ ♦❢ ❋r❛❝t❛❧ ●❡♦♠❡tr②

❙t❛t✉s✿ ❛❝❝❡♣t❡❞ ✭✷✵✶✺✮

❆✉t❤♦r✿ ▲✐♥❛ ❲❡❞r✐❝❤



❍❛✉s❞♦r❢❢ ❞✐♠❡♥s✐♦♥ ♦❢ t❤❡ ❣r❛♣❤ ✸✹

✸✳✶ ■♥tr♦❞✉❝t✐♦♥

▲❡t X = (X(t))t≥0 ❜❡ ❛ ▲é✈② ♣r♦❝❡ss ✐♥ R
d✳ ◆❛♠❡❧②✱ X ✐s ❛ st♦❝❤❛st✐❝❛❧❧② ❝♦♥t✐♥✉♦✉s

♣r♦❝❡ss ✇✐t❤ ❝à❞❧à❣ ♣❛t❤s t❤❛t ❤❛s st❛t✐♦♥❛r② ❛♥❞ ✐♥❞❡♣❡♥❞❡♥t ✐♥❝r❡♠❡♥ts ❛♥❞ st❛rts ✐♥

X(0) = 0 ❛❧♠♦st s✉r❡❧②✳ ❚❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ X ✐s ✉♥✐q✉❡❧② ❞❡t❡r♠✐♥❡❞ ❜② t❤❡ ❞✐str✐❜✉t✐♦♥

♦❢ X(1) ✇❤✐❝❤ ❝❛♥ ❜❡ ❛♥ ❛r❜✐tr❛r② ✐♥✜♥✐t❡❧② ❞✐✈✐s✐❜❧❡ ❞✐str✐❜✉t✐♦♥✳ ❚❤❡ ♣r♦❝❡ss X ✐s ❝❛❧❧❡❞

(cE , c)✲♦♣❡r❛t♦r s❡♠✐st❛❜❧❡✱ ✐❢ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ X(1) ✐s ❢✉❧❧✱ ✐✳❡✳ ♥♦t s✉♣♣♦rt❡❞ ♦♥ ❛♥②

❧♦✇❡r ❞✐♠❡♥s✐♦♥❛❧ ❤②♣❡r♣❧❛♥❡✱ ❛♥❞ t❤❡r❡ ❡①✐sts ❛ ❧✐♥❡❛r ♦♣❡r❛t♦r E ♦♥ R
d s✉❝❤ t❤❛t

{X(ct)}t≥0
❢❞
=
{
cEX(t)

}
t≥0

❢♦r s♦♠❡ c > 1. ✭✸✳✶✮

❍❡r❡
❢❞
= ❞❡♥♦t❡s ❡q✉❛❧✐t② ♦❢ ❛❧❧ ✜♥✐t❡ ❞✐♠❡♥s✐♦♥❛❧ ❞✐str✐❜✉t✐♦♥s ❛♥❞

cE :=

∞∑

n=0

(log c)n

n!
En.

■❢ ❢♦r s♦♠❡ α ∈ (0, 2] t❤❡ ❡①♣♦♥❡♥t E ✐s ❛ ♠✉❧t✐♣❧❡ ♦❢ t❤❡ ✐❞❡♥t✐t②✱ ✐✳❡✳ E = α · I✱ ✇❡ ❝❛❧❧

t❤❡ ♣r♦❝❡ss (c1/α, c)✲s❡♠✐st❛❜❧❡✳ ❚❤❡ ▲é✈② ♣r♦❝❡ss ✐s ❝❛❧❧❡❞ ♦♣❡r❛t♦r st❛❜❧❡ ✐❢ ✭✸✳✶✮ ❤♦❧❞s

❢♦r ❛❧❧ c > 0✳

❚❤❡ ❛✐♠ ♦❢ t❤✐s ♣❛♣❡r ✐s t♦ ❝❛❧❝✉❧❛t❡ t❤❡ ❍❛✉s❞♦r✛ ❞✐♠❡♥s✐♦♥ dimH GrX(B) ♦❢ t❤❡ ❣r❛♣❤

GrX(B) = {(t,X(t)) : t ∈ B} ♦❢ ❛♥ ♦♣❡r❛t♦r s❡♠✐st❛❜❧❡ ▲é✈② ♣r♦❝❡ss X = (X(t))t≥0 ❢♦r

❛♥ ❛r❜✐tr❛r② ❇♦r❡❧ s❡t B ⊆ R+✳

❋♦r ❛♥ ❛r❜✐tr❛r② s✉❜s❡t F ♦❢ Rd t❤❡ s✲❞✐♠❡♥s✐♦♥❛❧ ❍❛✉s❞♦r✛ ♠❡❛s✉r❡ Hs(F ) ✐s ❞❡✜♥❡❞ ❛s

Hs(F ) = lim
δ→0

inf

{ ∞∑

i=1

|F |si : |Fi| ≤ δ ❛♥❞ F ⊆
∞⋃

i=1

Fi

}
,

✇❤❡r❡ |F | = sup{‖x − y‖ : x, y ∈ F} ❞❡♥♦t❡s t❤❡ ❞✐❛♠❡t❡r ♦❢ ❛ s❡t F ⊆ R
d ❛♥❞ ‖ · ‖

✐s t❤❡ ❊✉❝❧✐❞❡❛♥ ♥♦r♠✳ ■t ❝❛♥ ❜❡ s❤♦✇♥ t❤❛t t❤❡ ✈❛❧✉❡ dimH F = inf {s : Hs(F ) = 0} =

sup {s : Hs(F ) = ∞} ❡①✐sts ❛♥❞ ✐s ✉♥✐q✉❡ ❢♦r ❛❧❧ s✉❜s❡ts F ⊆ R
d✳ ❚❤❡ ❝r✐t✐❝❛❧ ✈❛❧✉❡ dimH F

✐s ❝❛❧❧❡❞ t❤❡ ❍❛✉s❞♦r✛ ❞✐♠❡♥s✐♦♥ ♦❢ F ✳ ❋✉rt❤❡r ❞❡t❛✐❧s ♦♥ t❤❡ ❍❛✉s❞♦r✛ ❞✐♠❡♥s✐♦♥ ❝❛♥ ❜❡

❢♦✉♥❞ ✐♥ ❬✷✵❪ ❛♥❞ ❬✹✸❪✳

■♥ t❤❡ ♣❛st ❡✛♦rts ❤❛✈❡ ❜❡❡♥ ♠❛❞❡ t♦ ❣❡♥❡r❛t❡ ❞✐♠❡♥s✐♦♥ r❡s✉❧ts ❢♦r ▲é✈② ♣r♦❝❡ss❡s✱ ✇❤✐❝❤

❢✉❧✜❧❧ ❝❡rt❛✐♥ s❝❛❧✐♥❣ ♣r♦♣❡rt✐❡s✳ ❆♥ ♦✈❡r✈✐❡✇ ❝❛♥ ❢♦r ❡①❛♠♣❧❡ ❜❡ ❢♦✉♥❞ ✐♥ ❬✸✽❪ ♦r ❬✺✾❪✳

❋♦r ❛♥ ♦♣❡r❛t♦r s❡♠✐st❛❜❧❡ ▲é✈② ♣r♦❝❡ss X ❛♥❞ ❛♥ ❛r❜✐tr❛r② ❇♦r❡❧ s❡t B ⊆ R+ ❑❡r♥ ❛♥❞

❲❡❞r✐❝❤ ❬✸✻❪ ❝❛❧❝✉❧❛t❡❞ t❤❡ ❍❛✉s❞♦r✛ ❞✐♠❡♥s✐♦♥ ♦❢ t❤❡ r❛♥❣❡ dimH X(B) ✐♥ t❡r♠s ♦❢ t❤❡



❍❛✉s❞♦r❢❢ ❞✐♠❡♥s✐♦♥ ♦❢ t❤❡ ❣r❛♣❤ ✸✺

r❡❛❧ ♣❛rts ♦❢ t❤❡ ❡✐❣❡♥✈❛❧✉❡s ♦❢ t❤❡ ❡①♣♦♥❡♥t E ❛♥❞ t❤❡ ❍❛✉s❞♦r✛ ❞✐♠❡♥s✐♦♥ ♦❢ B✳ ❚❤❡

r❡s✉❧t ✐s ❛ ❣❡♥❡r❛❧✐③❛t✐♦♥ ♦❢ t❤❡ ♦♥❡ st❛t❡❞ ✐♥ ▼❡❡rs❝❤❛❡rt ❛♥❞ ❳✐❛♦ ❬✹✻❪✱ ✇❤♦ ❝❛❧❝✉❧❛t❡❞

t❤❡ ❍❛✉s❞♦r✛ ❞✐♠❡♥s✐♦♥ dimH X(B) ❢♦r ❛♥ ♦♣❡r❛t♦r st❛❜❧❡ ▲é✈② ♣r♦❝❡ss✳

❋♦r ❛♥ ❛r❜✐tr❛r② ♦♣❡r❛t♦r s❡♠✐st❛❜❧❡ ▲é✈② ♣r♦❝❡ss X ♦✉r ❛✐♠ ✐s t♦ ❛❞❛♣t t❤❡ ♠❡t❤♦❞s ✉s❡❞

t♦ ♣r♦✈❡ t❤❡ r❡s✉❧ts ❛❜♦✈❡ ❜② ✐♥t❡r♣r❡t✐♥❣ t❤❡ ❣r❛♣❤ GrX(B) = {(t,X(t)) : t ∈ B} ❛s ❛

♣r♦❝❡ss ♦♥ R
d+1✱ ✇❤✐❝❤ ❢✉❧✜❧❧s t❤❡ s❝❛❧✐♥❣ ♣r♦♣❡rt② ✭✸✳✶✮ ❢♦r ❛ ❝❡rt❛✐♥ ❡①♣♦♥❡♥t ❜✉t ✇❤♦s❡

❞✐str✐❜✉t✐♦♥ ✐s ♥♦t ❢✉❧❧✳ ❚❤❡ ♠❡t❤♦❞ ♦❢ ❣❡♥❡r❛t✐♥❣ ❞✐♠❡♥s✐♦♥ r❡s✉❧ts ❢♦r ❛ ❝❧❛ss ♦❢ ▲é✈②

♣r♦❝❡ss❡s ❜② ✐♥t❡r♣r❡t✐♥❣ t❤❡ ❣r❛♣❤ ❛s ❛ (d + 1)✲❞✐♠❡♥s✐♦♥❛❧ ▲é✈② ♣r♦❝❡ss ❤❛s ❛❧s♦ ❜❡❡♥

❡♠♣❧♦②❡❞ ❜② ▼❛♥st❛✈✐↔✐✉s ✐♥ ❬✹✶❪✳

❚❤❡ ♠♦st ♣r♦♠✐♥❡♥t ❡①❛♠♣❧❡ ♦❢ ❛ s❡♠✐st❛❜❧❡✱ ♥♦♥✲st❛❜❧❡ ❞✐str✐❜✉t✐♦♥ ✐s ♣❡r❤❛♣s t❤❡ ❧✐♠✐t

❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ❝✉♠✉❧❛t✐✈❡ ❣❛✐♥s ✐♥ ❛ s❡r✐❡s ♦❢ ❙t✳ P❡t❡rs❜✉r❣ ❣❛♠❡s✳ ■♥ t❤✐s ♣❛rt✐❝✉❧❛r

❝❛s❡✱ ❑❡r♥ ❛♥❞ ❲❡❞r✐❝❤ ❬✸✼❪ ❛❧r❡❛❞② ❝❛❧❝✉❧❛t❡❞ t❤❡ ❍❛✉s❞♦r✛ ❞✐♠❡♥s✐♦♥ dimH GrX([0, 1])

♦❢ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❣r❛♣❤ ♦✈❡r t❤❡ ✐♥t❡r✈❛❧ [0, 1] ❡♠♣❧♦②✐♥❣ t❤❡ ♠❡t❤♦❞ ❞❡s❝r✐❜❡❞ ❛❜♦✈❡✳

❉✐♠❡♥s✐♦♥ r❡s✉❧ts ❢♦r t❤❡ ❣r❛♣❤ ♦❢ ❛ st❛❜❧❡ ▲é✈② ♣r♦❝❡ss ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❬✹❪ ❛♥❞ ❬✸✷❪✳

❋✉rt❤❡r♠♦r❡✱ ✐♥ t❤❡ ❝❛s❡ t❤❛t X ✐s ❛ ❞✐❧❛t✐♦♥ st❛❜❧❡ ▲é✈② ♣r♦❝❡ss ♦♥ R
d✱ ✐✳❡✳ ❛♥ ♦♣❡r❛t♦r

st❛❜❧❡ ▲é✈② ♣r♦❝❡ss ✇✐t❤ ❛ ❞✐❛❣♦♥❛❧ ❡①♣♦♥❡♥t✱ ❳✐❛♦ ❛♥❞ ▲✐♥ ❬✻✵❪ ❝❛❧❝✉❧❛t❡❞ t❤❡ ❍❛✉s❞♦r✛

❞✐♠❡♥s✐♦♥ dimH GrX(B) ❢♦r ❛♥ ❛r❜✐tr❛r② ❇♦r❡❧ s❡t B ⊆ R+ ❛♥❞ ❍♦✉ ❬✷✾❪ ❞❡t❡r♠✐♥❡❞ ❛♥

❡①❛❝t ❍❛✉s❞♦r✛ ♠❡❛s✉r❡ ❢✉♥❝t✐♦♥ ❢♦r GrX([0, 1])✳

❚❤✐s ♣❛♣❡r ✐s str✉❝t✉r❡❞ ❛s ❢♦❧❧♦✇s✿ ■♥ ❙❡❝t✐♦♥ ✷✳✶ ✇❡ r❡❝❛❧❧ s♣❡❝tr❛❧ ❞❡❝♦♠♣♦s✐t✐♦♥ r❡✲

s✉❧ts ❢r♦♠ ❬✹✺❪✱ ✇❤✐❝❤ ❡♥❛❜❧❡ ✉s t♦ ❞❡❝♦♠♣♦s❡ t❤❡ ❡①♣♦♥❡♥t E ❛♥❞ t❤❡r❡❜② t❤❡ ♦♣❡r❛t♦r

s❡♠✐st❛❜❧❡ ▲é✈② ♣r♦❝❡ss X ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❞✐st✐♥❝t r❡❛❧ ♣❛rts ♦❢ t❤❡ ❡✐❣❡♥✈❛❧✉❡s ♦❢ E✳ ❙❡❝✲

t✐♦♥ ✷✳✷ ❝♦♥t❛✐♥s ❝❡rt❛✐♥ ✉♥✐❢♦r♠✐t② ❛♥❞ ♣♦s✐t✐✈✐t② r❡s✉❧ts ❢r♦♠ ❬✸✻❪ ❢♦r t❤❡ ❞❡♥s✐t② ❢✉♥❝t✐♦♥s

♦❢ t❤❡ ♣r♦❝❡ss X✱ ✇❤✐❝❤ ✇✐❧❧ ❜❡ ❤❡❧♣❢✉❧ ✐♥ t❤❡ ♣r♦♦❢s ♦❢ ♦✉r ♠❛✐♥ r❡s✉❧ts✳ ❚❤❡ ♠❛✐♥ r❡s✉❧ts

♦♥ t❤❡ ❍❛✉s❞♦r✛ ❞✐♠❡♥s✐♦♥ ♦❢ t❤❡ ❣r❛♣❤ ♦❢ ❛♥ ♦♣❡r❛t♦r s❡♠✐st❛❜❧❡ ▲é✈② ♣r♦❝❡ss ❛r❡ st❛t❡❞

❛♥❞ ♣r♦✈❡♥ ✐♥ ❙❡❝t✐♦♥ ✸✳

❚❤r♦✉❣❤♦✉t t❤✐s ♣❛♣❡r K ❞❡♥♦t❡s ❛♥ ✉♥s♣❡❝✐✜❡❞ ♣♦s✐t✐✈❡ ❛♥❞ ✜♥✐t❡ ❝♦♥st❛♥t t❤❛t ❝❛♥ ✈❛r②

✐♥ ❡❛❝❤ ♦❝❝✉rr❡♥❝❡✳ ❋✐①❡❞ ❝♦♥st❛♥ts ✇✐❧❧ ❜❡ ❞❡♥♦t❡❞ ❜② K1,K2✱ ❡t❝✳



❍❛✉s❞♦r❢❢ ❞✐♠❡♥s✐♦♥ ♦❢ t❤❡ ❣r❛♣❤ ✸✻

✸✳✷ Pr❡❧✐♠✐♥❛r✐❡s

✸✳✷✳✶ ❙♣❡❝tr❛❧ ❞❡❝♦♠♣♦s✐t✐♦♥

▲❡t X ❜❡ ❛ (cE , c)✲♦♣❡r❛t♦r s❡♠✐st❛❜❧❡ ▲é✈② ♣r♦❝❡ss✳ ❋❛❝t♦r t❤❡ ♠✐♥✐♠❛❧ ♣♦❧②♥♦♠✐❛❧ ♦❢

E ✐♥t♦ q1(x) · . . . · qp(x) ✇❤❡r❡ ❛❧❧ r♦♦ts ♦❢ qi ❤❛✈❡ r❡❛❧ ♣❛rts ❡q✉❛❧ t♦ ai ❛♥❞ ai < aj ❢♦r

i < j✳ ▲❡t αj = a−1
j s♦ t❤❛t α1 > . . . > αp✱ ❛♥❞ ♥♦t❡ t❤❛t 0 < αj ≤ 2 ❜② ❚❤❡♦r❡♠ ✼✳✶✳✶✵

✐♥ ❬✹✺❪✳ ❉❡✜♥❡ Vj = Ker(qj(E))✳ ❆❝❝♦r❞✐♥❣ t♦ ❚❤❡♦r❡♠ ✷✳✶✳✶✹ ✐♥ ❬✹✺❪ V1 ⊕ · · · ⊕ Vp ✐s t❤❡♥

❛ ❞✐r❡❝t s✉♠ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ Rd ✐♥t♦ E ✐♥✈❛r✐❛♥t s✉❜s♣❛❝❡s✳ ■♥ ❛♥ ❛♣♣r♦♣r✐❛t❡ ❜❛s✐s✱ E

✐s t❤❡♥ ❜❧♦❝❦✲❞✐❛❣♦♥❛❧ ❛♥❞ ✇❡ ♠❛② ✇r✐t❡ E = E1 ⊕ · · · ⊕Ep ✇❤❡r❡ Ej : Vj → Vj ❛♥❞ ❡✈❡r②

❡✐❣❡♥✈❛❧✉❡ ♦❢ Ej ❤❛s r❡❛❧ ♣❛rt ❡q✉❛❧ t♦ aj ✳ ❊s♣❡❝✐❛❧❧②✱ ❡✈❡r② Vj ✐s ❛♥ Ej✲✐♥✈❛r✐❛♥t s✉❜s♣❛❝❡

♦❢ ❞✐♠❡♥s✐♦♥ dj = dimVj ❛♥❞ d = d1 + . . .+ dp✳ ❲r✐t❡ X(t) = X(1)(t) + . . .+X(p)(t) ✇✐t❤

r❡s♣❡❝t t♦ t❤✐s ❞✐r❡❝t s✉♠ ❞❡❝♦♠♣♦s✐t✐♦♥✱ ✇❤❡r❡ ❜② ▲❡♠♠❛ ✼✳✶✳✶✼ ✐♥ ❬✹✺❪✱ {X(j)(t), t ≥ 0}
✐s ❛ (cEj , c)✲♦♣❡r❛t♦r s❡♠✐st❛❜❧❡ ▲é✈② ♣r♦❝❡ss ♦♥ Vj ✳ ❲❡ ❝❛♥ ♥♦✇ ❝❤♦♦s❡ ❛♥ ✐♥♥❡r ♣r♦❞✉❝t

〈·, ·〉 ♦♥ R
d s✉❝❤ t❤❛t t❤❡ Vj , j ∈ {1, . . . , p}✱ ❛r❡ ♠✉t✉❛❧❧② ♦rt❤♦❣♦♥❛❧ ❛♥❞ t❤r♦✉❣❤♦✉t t❤✐s

♣❛♣❡r ✇❡ ✇✐❧❧ ❧❡t ‖x‖ =
√

〈x, x〉 ❜❡ t❤❡ ❛ss♦❝✐❛t❡❞ ❊✉❝❧✐❞❡❛♥ ♥♦r♠✳ ■♥ ♣❛rt✐❝✉❧❛r ✇❡ ❤❛✈❡

❢♦r t = crm > 0 t❤❛t

‖X(t)‖2 d
= ‖crEX(m)‖2 = ‖crE1X(1)(m)‖2 + . . .+ ‖crEpX(p)(m)‖2, ✭✸✳✷✮

✇✐t❤ r ∈ Z ❛♥❞ m ∈ [1, c)✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛ st❛t❡s ❛ r❡s✉❧t ♦♥ t❤❡ ❣r♦✇t❤ ❜❡❤❛✈✐♦r ♦❢ t❤❡ ❡①♣♦♥❡♥t✐❛❧ ♦♣❡r❛t♦rs

tEj ♥❡❛r t❤❡ ♦r✐❣✐♥ t = 0✳ ■t ✐s ❛ ✈❛r✐❛t✐♦♥ ♦❢ ▲❡♠♠❛ ✷✳✶ ✐♥ ❬✹✻❪ ❛♥❞ ❛ ❞✐r❡❝t ❝♦♥s❡q✉❡♥❝❡

♦❢ ❈♦r♦❧❧❛r② ✷✳✷✳✺ ✐♥ ❬✹✺❪✳

▲❡♠♠❛ ✸✳✶

❋♦r ❡✈❡r② j ∈ {1, . . . , p} ❛♥❞ ❡✈❡r② ǫ > 0 t❤❡r❡ ❡①✐sts ❛ ✜♥✐t❡ ❝♦♥st❛♥t K ≥ 1 s✉❝❤ t❤❛t ❢♦r

❛❧❧ 0 < t ≤ 1 ✇❡ ❤❛✈❡

K−1taj+ǫ ≤ ‖tEj‖ ≤ Ktaj−ǫ ✭✸✳✸✮

❛♥❞

K−1t−(aj−ǫ) ≤ ‖t−Ej‖ ≤ Kt−(aj+ǫ). ✭✸✳✹✮



❍❛✉s❞♦r❢❢ ❞✐♠❡♥s✐♦♥ ♦❢ t❤❡ ❣r❛♣❤ ✸✼

✸✳✷✳✷ Pr♦♣❡rt✐❡s ♦❢ t❤❡ ❞❡♥s✐t② ❢✉♥❝t✐♦♥

❚❤❡ ❢♦❧❧♦✇✐♥❣ t❤r❡❡ ❧❡♠♠❛s st❛t❡ ✉♥✐❢♦r♠✐t② r❡s✉❧ts ♦❢ ♦♣❡r❛t♦r s❡♠✐st❛❜❧❡ ▲é✈② ♣r♦❝❡ss❡s✳

❚❤❡② ✇✐❧❧ ❜❡ ✈❡r② ❤❡❧♣❢✉❧ ✐♥ t❤❡ ♣r♦♦❢s ♦❢ ♦✉r ♠❛✐♥ t❤❡♦r❡♠s✳ ❚❤❡ ❧❡♠♠❛s ❛r❡ t❛❦❡♥ ❢r♦♠

❑❡r♥ ❛♥❞ ❲❡❞r✐❝❤ ❬✸✻❪✳ ▲❡t X = {X(t)}t≥0 ❜❡ ❛ ❢✉❧❧ ❞✐♠❡♥s✐♦♥❛❧ ♦♣❡r❛t♦r s❡♠✐st❛❜❧❡ ▲é✈②

♣r♦❝❡ss ♦♥ R
d ❛♥❞ gt, t > 0✱ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❝♦♥t✐♥✉♦✉s ❞❡♥s✐t② ❢✉♥❝t✐♦♥s✳ ▲❡♠♠❛ ✷✳✷

✐♥ ❬✸✻❪ st❛t❡s t❤❡ ❢♦❧❧♦✇✐♥❣✿

▲❡♠♠❛ ✸✳✷

❚❤❡ ♠❛♣♣✐♥❣ (t, x)→ gt(x) ✐s ❝♦♥t✐♥✉♦✉s ♦♥ (0,∞)× R
d ❛♥❞ ✇❡ ❤❛✈❡

sup
t∈[1,c)

sup
x∈Rd

|gt(x)| <∞. ✭✸✳✺✮

❆s ❛ ❝♦♥s❡q✉❡♥❝❡ ✇❡ ❣❡t ❛ r❡s✉❧t ♦♥ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ♥❡❣❛t✐✈❡ ♠♦♠❡♥ts ♦❢ ❛♥ ♦♣❡r❛t♦r

s❡♠✐st❛❜❧❡ ▲é✈② ♣r♦❝❡ss X = {X(t)}t≥0 ♦♥ R
d ❣✐✈❡♥ ✐♥ ▲❡♠♠❛ ✷✳✸ ♦❢ ❬✸✻❪✳

▲❡♠♠❛ ✸✳✸

❋♦r ❛♥② δ ∈ (0, d) ✇❡ ❤❛✈❡

sup
t∈[1,c)

E[‖X(t)‖−δ] <∞. ✭✸✳✻✮

❋✉rt❤❡r♠♦r❡✱ ✇❡ ✇✐❧❧ ♥❡❡❞ ❛ ✉♥✐❢♦r♠ ♣♦s✐t✐✈✐t② r❡s✉❧t ❢♦r t❤❡ ❞❡♥s✐t② ❢✉♥❝t✐♦♥s t❛❦❡♥ ❢r♦♠

▲❡♠♠❛ ✷✳✹ ♦❢ ❬✸✻❪✳

▲❡♠♠❛ ✸✳✹

▲❡t {X(t)}t≥0 ❜❡ ❛♥ ♦♣❡r❛t♦r s❡♠✐st❛❜❧❡ ▲é✈② ♣r♦❝❡ss ✇✐t❤ ♠❛①✐♠❛❧ ✐♥❞❡① α1 > 1✱ d1 = 1

❛♥❞ ✇✐t❤ ❞❡♥s✐t② gt ❛s ❛❜♦✈❡✳ ❚❤❡♥ t❤❡r❡ ❡①✐st ❝♦♥st❛♥ts K > 0✱ r > 0 ❛♥❞ ✉♥✐❢♦r♠❧②

❜♦✉♥❞❡❞ ❇♦r❡❧ s❡ts Jt ⊆ R
d−1 ∼= V2 ⊕ · · · ⊕ Vp ❢♦r t ∈ [1, c) s✉❝❤ t❤❛t

gt(x1, . . . , xp) ≥ K > 0 ❢♦r ❛❧❧ (x1, . . . , xp) ∈ [−r, r]× Jt. ✭✸✳✼✮

❋✉rt❤❡r✱ ✇❡ ❝❛♥ ❝❤♦♦s❡ {Jt}t∈[1,c) s✉❝❤ t❤❛t λd−1(Jt) ≥ R ❢♦r ❡✈❡r② t ∈ [1, c)✳ ◆♦t❡ t❤❛t

t❤❡ ❝♦♥st❛♥ts K✱ r ❛♥❞ R ❞♦ ♥♦t ❞❡♣❡♥❞ ♦♥ t ∈ [1, c)✳

❘❡♠❛r❦ ✸✳✺

◆♦t❡ t❤❛t α1 > 1 ✐s ❛ ♥❡❝❡ss❛r② ❝♦♥❞✐t✐♦♥ ✐♥ ▲❡♠♠❛ ✸✳✹✳ ❚♦ s❡❡ t❤❛t✱ t❛❦❡ ❢♦r ❡①❛♠♣❧❡

t❤❡ α1✲st❛❜❧❡ s✉❜♦r❞✐♥❛t♦r ✇✐t❤ 0 < α1 < 1✳ ❍❡r❡ t❤❡ s✉♣♣♦rt ♦❢ t❤❡ ❞❡♥s✐t② ❢✉♥❝t✐♦♥ ✐s ❛

s✉❜s❡t ♦❢ R+✱ s♦ t❤❛t ✭✸✳✼✮ ❞♦❡s ♥♦t ❤♦❧❞ ❢♦r ❛♥② r > 0✳



❍❛✉s❞♦r❢❢ ❞✐♠❡♥s✐♦♥ ♦❢ t❤❡ ❣r❛♣❤ ✸✽

✸✳✸ ▼❛✐♥ r❡s✉❧ts

❚❤❡ ❢♦❧❧♦✇✐♥❣ t✇♦ ❚❤❡♦r❡♠s ❛r❡ t❤❡ ♠❛✐♥ r❡s✉❧ts ♦❢ t❤✐s ♣❛♣❡r✳ ❚❤❡ ❝♦♥st❛♥ts α1, α2 ❛♥❞

d1 ❛r❡ ❞❡✜♥❡❞ ❛s ✐♥ ❙❡❝t✐♦♥ ✷✳✶ ❜② ♠❡❛♥s ♦❢ t❤❡ s♣❡❝tr❛❧ ❞❡❝♦♠♣♦st✐t✐♦♥✳

❚❤❡♦r❡♠ ✸✳✻

▲❡t X = {X(t), t ∈ R+} ❜❡ ❛♥ ♦♣❡r❛t♦r s❡♠✐st❛❜❧❡ ▲é✈② ♣r♦❝❡ss ♦♥ R
d ✇✐t❤ d ≥ 2✳ ❚❤❡♥

❢♦r ❛♥② ❇♦r❡❧ s❡t B ⊆ R+ ✇❡ ❤❛✈❡ ❛❧♠♦st s✉r❡❧②

dimH GrX(B) =

{
dimH B ·max(α1, 1), ✐❢ α1 dimH B ≤ d1,

1 + max(α2, 1) · (dimH B − 1
α1
), ✐❢ α1 dimH B > d1.

❚❤❡ ❞✐♠❡♥s✐♦♥ r❡s✉❧t ❢♦r t❤❡ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ ❝❛s❡ r❡❛❞s ❛s ❢♦❧❧♦✇s✿

❚❤❡♦r❡♠ ✸✳✼

▲❡t X = {X(t), t ∈ R+} ❜❡ ❛ ✭c1/α, c✮✲s❡♠✐st❛❜❧❡ ▲é✈② ♣r♦❝❡ss ♦♥ R✳ ❚❤❡♥ ❢♦r ❛♥② ❇♦r❡❧

s❡t B ⊆ R+ ✇❡ ❤❛✈❡ ❛❧♠♦st s✉r❡❧②

dimH GrX(B) =

{
dimH B ·max(α, 1), ✐❢ α dimH B ≤ 1,

1 + dimH B − 1
α , ✐❢ α dimH B > 1.

▲❡t X = (X(t))t≥0 ❜❡ ❛ (cE , c)✲♦♣❡r❛t♦r s❡♠✐st❛❜❧❡ ▲é✈② ♣r♦❝❡ss ♦♥ R
d ❛♥❞ ❧❡t α1 > . . . >

αp ❞❡♥♦t❡ t❤❡ r❡❝✐♣r♦❝❛❧s ♦❢ t❤❡ r❡❛❧ ♣❛rts ♦❢ t❤❡ ❡✐❣❡♥✈❛❧✉❡s ♦❢ E ❛s ❞❡✜♥❡❞ ✐♥ ❙❡❝t✐♦♥ ✷✳✶✳

❲❡ ✇❛♥t t♦ ❝❛❧❝✉❧❛t❡ t❤❡ ❍❛✉s❞♦r✛ ❞✐♠❡♥s✐♦♥ ♦❢ t❤❡ ❣r❛♣❤ GrX(B) ♦❢ X ❢♦r ❛♥ ❛r❜✐tr❛r②

❇♦r❡❧ s❡t B ⊆ R+✳ ❚❤❡r❡❢♦r❡✱ ✇❡ ❞❡✜♥❡ t❤❡ ♣r♦❝❡ss Z = (Z(t))t≥0 ❛s Z(t) = (t,X(t)) ❢♦r

❛❧❧ t ≥ 0✳ ❚❤✐s ❣✐✈❡s ✉s dimH Z(B) = dimH GrX(B)✳ ❖♥❡ ❝❛♥ ❡❛s✐❧② s❡❡ t❤❛t Z ✐s ❛❧s♦ ❛

▲é✈② ♣r♦❝❡ss ❛♥❞ ❢✉❧✜❧❧s t❤❡ s❝❛❧✐♥❣ ♣r♦♣❡rt② ♦❢ ❛ (cF , c)✲♦♣❡r❛t♦r s❡♠✐st❛❜❧❡ ♣r♦❝❡ss ✇❤❡r❡

F =

(
1 0

0 E

)
.

◆❡✈❡rt❤❡❧❡ss✱ t❤❡ ♣r♦❝❡ss Z ✐ts❡❧❢ ✐s ♥♦t ♦♣❡r❛t♦r s❡♠✐st❛❜❧❡ ✐♥ t❤❡ s❡♥s❡ ♦❢ t❤❡ ❞❡✜♥✐t✐♦♥

❣✐✈❡♥ ✐♥ t❤❡ ■♥tr♦❞✉❝t✐♦♥ ❛s t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ Z(1) ✐s ♦❜✈✐♦✉s❧② ♥♦t ❢✉❧❧✳

❆s ♠❡♥t✐♦♥❡❞ ✐♥ t❤❡ ■♥tr♦❞✉❝t✐♦♥✱ t❤❡ ❍❛✉s❞♦r✛ ❞✐♠❡♥s✐♦♥ dimH X(B) ♦❢ t❤❡ r❛♥❣❡ ♦❢ ❛♥

♦♣❡r❛t♦r s❡♠✐st❛❜❧❡ ▲é✈② ♣r♦❝❡ss X ❤❛s ❛❧r❡❛❞② ❜❡❡♥ ❝❛❧❝✉❧❛t❡❞ ✐♥ ❬✸✻❪ ❛s

dimHX(B) =




α1 dimHB ✐❢ α1 dimHB ≤ d1,

1 + α2

(
dimHB − 1

α1

)
✐❢ α1 dimHB > d1,

✭✸✳✽✮



❍❛✉s❞♦r❢❢ ❞✐♠❡♥s✐♦♥ ♦❢ t❤❡ ❣r❛♣❤ ✸✾

❛❧♠♦st s✉r❡❧② ❢♦r d ≥ 2✳ ❍❡♥❝❡✱ ❢♦r t❤❡ r❡❛s♦♥s ♠❡♥t✐♦♥❡❞ ❛❜♦✈❡✱ ✇❡ ❛r❡ ♥♦✇ ❛❜❧❡ t♦ ✉s❡

t❤❡ ♣❛rts ♦❢ t❤❡ r❡s✉❧t ✭✸✳✽✮ ❛♥❞ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♣r♦♦❢s ✇❤❡r❡ ❢✉❧❧♥❡ss ♦❢ t❤❡ ♣r♦❝❡ss ✇❛s

♥♦t r❡q✉✐r❡❞✳ ❆❧❧ ♦t❤❡r ♣❛rts✱ ❤♦✇❡✈❡r✱ ❤❛✈❡ t♦ ❜❡ ❝❛❧❝✉❧❛t❡❞ ❛♥❡✇✳

❚❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✸✳✶ ✐s s♣❧✐t ✐♥t♦ t✇♦ ♣❛rts✳ ❋✐rst ✇❡ ✇✐❧❧ ♦❜t❛✐♥ t❤❡ ✉♣♣❡r ❜♦✉♥❞s

❢♦r dimH GrX(B) ❜② ❝❤♦♦s✐♥❣ ❛ s✉✐t❛❜❧❡ s❡q✉❡♥❝❡ ♦❢ ❝♦✈❡r✐♥❣s✳ ❚❤✐s ♠❡t❤♦❞ ❣♦❡s ❜❛❝❦

t♦ Pr✉✐tt ❛♥❞ ❚❛②❧♦r ❬✹✽❪ ❛♥❞ ❍❡♥❞r✐❝❦s ❬✷✽❪✳ ❆❢t❡r✇❛r❞s ✇❡ ✇✐❧❧ ✉s❡ st❛♥❞❛r❞ ❝❛♣❛❝✐t②

❛r❣✉♠❡♥ts ✐♥ ♦r❞❡r t♦ ♣r♦✈❡ t❤❡ ❧♦✇❡r ❜♦✉♥❞s✳

✸✳✸✳✶ ❯♣♣❡r ❇♦✉♥❞s

❋♦r ❛ ▲é✈② ♣r♦❝❡ss {X(t)}t≥0 ❧❡t

TX(a, s) =

∫ s

0
1B(0,a)(X(t))dt ✭✸✳✾✮

❜❡ t❤❡ s♦❥♦✉r♥ t✐♠❡ ✐♥ t❤❡ ❝❧♦s❡❞ ❜❛❧❧ B(0, a) ✇✐t❤ r❛❞✐✉s a ❝❡♥t❡r❡❞ ❛t t❤❡ ♦r✐❣✐♥ ✉♣ t♦

t✐♠❡ s > 0✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦✈❡r✐♥❣ ❧❡♠♠❛ ✐s ❞✉❡ t♦ Pr✉✐tt ❛♥❞ ❚❛②❧♦r ✭s❡❡ ▲❡♠♠❛ ✻✳✶ ✐♥ ❬✹✽❪✮✿

▲❡♠♠❛ ✸✳✽

▲❡t Z = {Z(t)}t≥0 ❜❡ ❛ ▲é✈② ♣r♦❝❡ss ✐♥ R
d+1 ❛♥❞ ❧❡t Λ(a) ❜❡ ❛ ✜①❡❞ K1✲♥❡st❡❞ ❢❛♠✐❧② ♦❢

❝✉❜❡s ✐♥ R
d+1 ♦❢ s✐❞❡ a ✇✐t❤ 0 < a ≤ 1✳ ❋♦r ❛♥② u ≥ 0 ❧❡t Mu(a, s) ❜❡ t❤❡ ♥✉♠❜❡r ♦❢ ❝✉❜❡s

✐♥ Λ(a) ❤✐t ❜② Z(t) ❛t s♦♠❡ t✐♠❡ t ∈ [u, u+ s]✳ ❚❤❡♥

E [Mu(a, s)] ≤ 2K1s ·
(
E
[
TZ
(
a
3 , s
)])−1

.

■♥ ♦r❞❡r t♦ ♣r♦✈❡ t❤❡ ✉♣♣❡r ❜♦✉♥❞s ♦❢ ❚❤❡♦r❡♠ ✸✳✻ ✇❡ ♥♦✇ ♥❡❡❞ t♦ ❝❛❧❝✉❧❛t❡ s❤❛r♣ ❧♦✇❡r

❜♦✉♥❞s ♦❢ t❤❡ ❡①♣❡❝t❡❞ s♦❥♦✉r♥ t✐♠❡s E[TZ(a, s)] ♦❢ t❤❡ ❣r❛♣❤ Z = {(t,X(t)), t ≥ 0} ♦❢ ❛♥

♦♣❡r❛t♦r s❡♠✐st❛❜❧❡ ▲é✈② ♣r♦❝❡ss ♦♥ R
d✳

■♥ t❤❡✐r ♣❛♣❡r ❑❡r♥ ❛♥❞ ❲❡❞r✐❝❤ ❝❛❧❝✉❧❛t❡❞ ✐♥ ❚❤❡♦r❡♠ ✷✳✻ ✐♥ ❬✸✻❪ ✉♣♣❡r ❛♥❞ ❧♦✇❡r ❜♦✉♥❞s

❢♦r t❤❡ ❡①♣❡❝t❡❞ s♦❥♦✉r♥ t✐♠❡s E[TX(a, s)] ♦❢ ❛♥ ♦♣❡r❛t♦r s❡♠✐st❛❜❧❡ ▲é✈② ♣r♦❝❡ss✿

❚❤❡♦r❡♠ ✸✳✾

▲❡t X = {X(t)}t≥0 ❜❡ ❛s ✐♥ ❚❤❡♦r❡♠ ✸✳✶✳ ❋♦r ❛♥② 0 < α′′
2 < α2 < α′

2 < α′′
1 < α1 < α′

1

t❤❡r❡ ❡①✐st ♣♦s✐t✐✈❡ ❛♥❞ ✜♥✐t❡ ❝♦♥st❛♥ts K6, . . . ,K9 s✉❝❤ t❤❛t

✭✐✮ ✐❢ α1 ≤ d1✱ t❤❡♥ ❢♦r ❛❧❧ 0 < a ≤ 1 ❛♥❞ aα1 ≤ s ≤ 1 ✇❡ ❤❛✈❡

K6a
α′
1 ≤ E[TX(a, s)] ≤ K7a

α′′
1 .



❍❛✉s❞♦r❢❢ ❞✐♠❡♥s✐♦♥ ♦❢ t❤❡ ❣r❛♣❤ ✹✵

✭✐✐✮ ✐❢ α1 > d1 = 1✱ ❢♦r ❛❧❧ 0 < a ≤ a0 ✇✐t❤ a0 > 0 s✉✣❝✐❡♥t❧② s♠❛❧❧✱ ❛♥❞ ❛❧❧ aα2 ≤ s ≤ 1

✇❡ ❤❛✈❡

K8a
ρ′ ≤ E[TX(a, s)] ≤ K9a

ρ′′ ,

✇❤❡r❡ ρ′′ = 1 + α′′
2(1− 1

α1
) ❛♥❞ ρ′ = 1 + α′

2(1− 1
α1
)✳

▲♦♦❦✐♥❣ ❛t t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ❧♦✇❡r ❜♦✉♥❞s ♦❢ ❚❤❡♦r❡♠ ✸✳✾ ✭✐✮ ✭✐✳❡✳ ❚❤❡♦r❡♠ ✷✳✻ ✭✐✮ ✐♥ ❬✸✻❪✮✱

✇❡ ✜♥❞ t❤❛t t❤❡ ❝♦♥❞✐t✐♦♥ α1 ≤ d1 ✐s ♥♦t ♥❡❡❞❡❞ ❤❡r❡✳ ❍❡♥❝❡✱ t❤❡ s❛♠❡ ♣r♦♦❢ ❛❞❞✐t✐♦♥❛❧❧②

❣✐✈❡s ✉s t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦r♦❧❧❛r②✿

❈♦r♦❧❧❛r② ✸✳✶✵

▲❡t X = {X(t)}t≥0 ❜❡ ❛s ✐♥ ❚❤❡♦r❡♠ ✸✳✶✳ ❋♦r ❛♥② 0 < α1 < α′
1 t❤❡r❡ ❡①✐sts ❛ ♣♦s✐t✐✈❡ ❛♥❞

✜♥✐t❡ ❝♦♥st❛♥t K̃6 s✉❝❤ t❤❛t ❢♦r ❛❧❧ 0 < a ≤ 1 ❛♥❞ aα1 ≤ s ≤ 1 ✇❡ ❤❛✈❡

K̃6a
α′
1 ≤ E[TX(a, s)].

❙✐♠✐❧❛r❧② t♦ t❤❡ r❡s✉❧ts ❛❜♦✈❡ ✇❡ ✇✐❧❧ ♥♦✇ ❝❛❧❝✉❧❛t❡ ❧♦✇❡r ❜♦✉♥❞s ❢♦r t❤❡ ❡①♣❡❝t❡❞ s♦❥♦✉r♥

t✐♠❡s E[TZ(a, s)] ♦❢ t❤❡ ❣r❛♣❤ Z = {(t,X(t)), t ≥ 0} ♦❢ ❛♥ ♦♣❡r❛t♦r s❡♠✐st❛❜❧❡ ▲é✈② ♣r♦❝❡ss

♦♥ R
d✳ ❚❤❡ ✉♣♣❡r ❜♦✉♥❞s ❝❛♥ ❛❧s♦ ❜❡ ❝❛❧❝✉❧❛t❡❞ ❜✉t ❛r❡ ♥♦t st❛t❡❞ ❤❡r❡ ❛s t❤❡② ❛r❡ ♥♦t

♥❡❡❞❡❞ t♦ ❞❡t❡r♠✐♥❡ t❤❡ ❍❛✉s❞♦r✛ ❞✐♠❡♥s✐♦♥✳

❚❤❡♦r❡♠ ✸✳✶✶

▲❡t Z = {(t,X(t)), t ≥ 0}✱ ✇❤❡r❡ X = {X(t), t ≥ 0} ✐s ❛s ✐♥ ❚❤❡♦r❡♠ ✸✳✶✳

✭✐✮ ■❢ α1 ≥ 1✱ t❤❡r❡ ❡①✐sts ❛ ♣♦s✐t✐✈❡ ❛♥❞ ✜♥✐t❡ ❝♦♥st❛♥t K2 s✉❝❤ t❤❛t ❢♦r ❛❧❧ 0 < a ≤ 1

❛♥❞ aα1 ≤ s ≤ 1 ❛♥❞ ❛♥② α1 < α′
1

E[TZ(a, s)] ≥ K2a
α′
1 .

✭✐✐✮ ■❢ α1 < 1✱ t❤❡r❡ ❡①✐sts ❛ ♣♦s✐t✐✈❡ ❛♥❞ ✜♥✐t❡ ❝♦♥st❛♥t K3 s✉❝❤ t❤❛t ❢♦r ❛❧❧ 0 < a ≤ 1

❛♥❞ a ≤ s ≤ 1 ❛♥❞ ❛♥② ǫ > 0

E[TZ(a, s)] ≥ K3a
1+ǫ.

✭✐✐✐✮ ■❢ α1 > d1 = 1 ❛♥❞ α2 ≥ 1✱ t❤❡r❡ ❡①✐sts ❛ ♣♦s✐t✐✈❡ ❛♥❞ ✜♥✐t❡ ❝♦♥st❛♥t K4 s✉❝❤ t❤❛t

❢♦r ❛♥② 0 < α2 < α′
2 < α1 ❛♥❞ ❛❧❧ a > 0 s♠❛❧❧ ❡♥♦✉❣❤✱ s❛② 0 < a ≤ a0✱ ❛♥❞ ❛❧❧

aα2 ≤ s ≤ 1

E[TZ(a, s)] ≥ K4a
1+α′

2(1− 1
α1

)
.



❍❛✉s❞♦r❢❢ ❞✐♠❡♥s✐♦♥ ♦❢ t❤❡ ❣r❛♣❤ ✹✶

✭✐✈✮ ■❢ α1 > d1 = 1 ❛♥❞ α2 < 1✱ t❤❡r❡ ❡①✐sts ❛ ♣♦s✐t✐✈❡ ❛♥❞ ✜♥✐t❡ ❝♦♥st❛♥t K5 s✉❝❤ t❤❛t

❢♦r ❛❧❧ a > 0 s♠❛❧❧ ❡♥♦✉❣❤✱ s❛② 0 < a ≤ a0✱ ❛♥❞ ❛❧❧ a√
p+1

≤ s ≤ 1

E[TZ(a, s)] ≥ K5a
2− 1

α1 .

Pr♦♦❢✳ ✭✐✮ ✫ ✭✐✐✮ ▲❡t α′
1 > α1✳ ▲♦♦❦✐♥❣ ❛t t❤❡ ♣r♦♦❢ ♦❢ ❈♦r♦❧❧❛r② ✸✳✶✵ ✭✐✳❡✳ ❚❤❡♦r❡♠ ✷✳✻

♣❛rt ✭✐✮ ✐♥ ❬✸✻❪✮ ♦♥❡ r❡❛❧✐③❡s t❤❛t t❤❡ ❢✉❧❧♥❡ss ✐s ♥♦t ♥❡❡❞❡❞ t❤❡r❡✳ ❍❡♥❝❡ ✇❡ ❝❛♥ ✉s❡ t❤✐s

r❡s✉❧t t♦ ♣r♦✈❡ ♣❛rt ✭✐✮ ❛♥❞ ✭✐✐✮ ♦❢ t❤❡ ♣r❡s❡♥t t❤❡♦r❡♠✳ ■♥ ♦r❞❡r t♦ ❞♦ s♦ ✇❡ ♥❡❡❞ t♦ ❢✉rt❤❡r

❡①❛♠✐♥❡ t❤❡ ❡①♣♦♥❡♥t

F =

(
1 0

0 E

)

♦❢ t❤❡ ♣r♦❝❡ss Z✳ ❆♥❛❧♦❣♦✉s❧② t♦ ❙❡❝t✐♦♥ ✷✳✶ ❞❡♥♦t❡ ❜② α̃1 > . . . > α̃q t❤❡ r❡❝✐♣r♦❝❛❧s ♦❢

t❤❡ r❡❛❧ ♣❛rts ♦❢ t❤❡ ❡✐❣❡♥✈❛❧✉❡s ♦❢ F ❛♥❞ ❜② d̃1 t❤❡ ❞✐♠❡♥s✐♦♥ ♦❢ t❤❡ F1 ✐♥✈❛r✐❛♥t s✉❜s♣❛❝❡

♦❢ Rd+1✱ ✇❤❡r❡ F1 ✐s ✭❛♥❛❧❛❣♦✉s❧② t♦ E1✮ t❤❡ ❜❧♦❝❦♠❛tr✐①✱ ✇❤♦s❡ ❡✐❣❡♥✈❛❧✉❡s ❤❛✈❡ r❡❛❧ ♣❛rt

❡q✉❛❧ t♦ α̃−1
1 ✳ ❋✉rt❤❡r♠♦r❡✱ ❧❡t α̃′

1 ❜❡ s✉❝❤ t❤❛t α̃′
1 = α̃1 + α′

1 − α1✳

■♥ ♣❛rt ✭✐✮ ✇❡ ❤❛✈❡ t❤❛t α1 ≥ 1✳ ❚❤❡♥ α̃1 = α1 ❛♥❞ d̃1 ≥ d1✳ ❇② ❈♦r♦❧❧❛r② ✸✳✶✵ t❤❡r❡ ♥♦✇

❡①✐sts ❛ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t K2 s✉❝❤ t❤❛t

E[TZ(a, s)] ≥ K2a
α̃′
1 = K2a

α′
1

❢♦r ❛❧❧ 0 < a ≤ 1 ❛♥❞ aα1 ≤ s ≤ 1✳

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞ ✐♥ ♣❛rt ✭✐✐✮ ✇❡ ❤❛✈❡ α1 < 1✳ ❚❤❡♥ α̃1 = 1 ❛♥❞ d̃1 = 1✳ ❋♦r ❛♥② ǫ > 0✱

❜② ❈♦r♦❧❧❛r② ✸✳✶✵ t❤❡r❡ ♥♦✇ ❡①✐sts ❛ ♣♦st✐✈❡ ❝♦♥st❛♥t K3 s✉❝❤ t❤❛t

E[TZ(a, s)] ≥ K3a
α̃1+ǫ = K3a

1+ǫ

❢♦r ❛❧❧ 0 < a ≤ 1 ❛♥❞ a ≤ s ≤ 1✳

✭✐✐✐✮ ▲❡t 0 < αj < α′
j < αj−1 ❢♦r ❛❧❧ j = 2, . . . , p✳ ❈❤♦♦s❡ i0, i1 ∈ N0 s✉❝❤ t❤❛t c−i0 < a ≤

c−i0+1 ❛♥❞ c−i1 < c−i0α
′
2 ≤ c−i1+1✳ ❋♦r t ∈ (0, 1] ✇❡ ❝❛♥ ✇r✐t❡ t = mc−i ✇✐t❤ m ∈ [1, c)

❛♥❞ i ∈ N0✳ ❇② ▲❡♠♠❛ ✸✳✶ ✇❡ t❤❡♥ ❤❛✈❡

‖X(j)(t)‖ d
= ‖c−iEjX(j)(m)‖ ≤ ‖c−iEj‖ ‖X(j)(m)‖ ≤ K c−i/α

′
j‖X(j)(cit)‖ ✭✸✳✶✵✮

❢♦r ❛❧❧ j = 1, . . . , p✳ ◆♦t❡ t❤❛t✱ s✐♥❝❡ d1 = 1✱ ❢♦r j = 1 ✐♥ ✭✸✳✶✵✮ ✇❡ ❝❛♥ ❝❤♦♦s❡ K = 1

❛♥❞ α′
1 = α1✳ ❋✉rt❤❡r♠♦r❡✱ s✐♥❝❡ α′

2 > 1 t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t a0 > 0 s✉❝❤ t❤❛t ❢♦r ❛❧❧



❍❛✉s❞♦r❢❢ ❞✐♠❡♥s✐♦♥ ♦❢ t❤❡ ❣r❛♣❤ ✹✷

0 < a ≤ a0 ✇❡ ❤❛✈❡ aα
′
2 ≤ a√

p+1
✳ ❆❧t♦❣❡t❤❡r✱ ❢♦r 0 < a ≤ a0 t❤✐s ❣✐✈❡s ✉s

E[TZ(a, s)] =

∫ s

0
P (‖Z(t)‖ < a) dt =

∫ s

0
P (‖(t,X(t))‖ < a) dt

≥
∫ s

0
P

(
|X(1)(t)| < a√

p+ 1
, ‖X(j)(t)‖ < a√

p+ 1
, 2 ≤ j ≤ p, |t| < a√

p+ 1

)
dt

≥
∫ aα

′
2

0
P

(
|X(1)(t)| < a√

p+ 1
, ‖X(j)(t)‖ < a√

p+ 1
, 2 ≤ j ≤ p

)
dt

≥
∫ c−i1

0
P

(
|X(1)(t)| < a√

p+ 1
, ‖X(j)(t)‖ < a√

p+ 1
, 2 ≤ j ≤ p

)
dt

=

∞∑

i=i1+1

∫ c−i+1

c−i

P

(
|X(1)(t)| < a√

p+ 1
, ‖X(j)(t)‖ < a√

p+ 1
, 2 ≤ j ≤ p

)
dt

≥
∞∑

i=i1+1

∫ c−i+1

c−i

P


|X(1)(cit)| < c

i
α1

−i0
√
p+ 1

, ‖X(j)(cit)‖ < K−1 c
i

α′
j
−i0

√
p+ 1

, 2 ≤ j ≤ p


 dt

≥
∞∑

i=i1+1

c−i
∫ c

1
P




|X(1)(m)| < c
i

α1
−i0

√
p+1

❛♥❞

‖X(j)(m)‖ < K−1 c

i
α′
j
−i0

√
p+1

, 2 ≤ j ≤ p


 dm,

✇❤❡r❡ t❤❡ ♣❡♥✉❧t✐♠❛t❡ ✐♥❡q✉❛❧✐t② ❢♦❧❧♦✇s ❢r♦♠ ✭✸✳✶✵✮✳ ❇② ▲❡♠♠❛ ✸✳✹ ❝❤♦♦s❡ K10 >

0✱ r > 0 ❛♥❞ ✉♥✐❢♦r♠❧② ❜♦✉♥❞❡❞ ❇♦r❡❧ s❡ts Jm ⊆ R
d−1 ✇✐t❤ ▲❡❜❡s❣✉❡ ♠❡❛s✉r❡ 0 <

K9 ≤ λd−1(Jm) < ∞ ❢♦r ❡✈❡r② m ∈ [1, c) s✉❝❤ t❤❛t t❤❡ ❜♦✉♥❞❡❞ ❝♦♥t✐♥✉♦✉s ❞❡♥s✐t②

gm(x1, . . . , xp) ♦❢ X(m) = X(1)(m) + . . .+X(p)(m) ❢✉❧✜❧❧s

gm(x1, . . . , xp) ≥ K10 > 0 ❢♦r ❛❧❧ (x1, . . . , xp) ∈ [−r, r]× Jm

❛♥❞ ❢♦r ❡✈❡r② m ∈ [1, c)✳ ❙✐♥❝❡ {Jm}m∈[1,c) ✐s ✉♥✐❢♦r♠❧② ❜♦✉♥❞❡❞ ❜② ▲❡♠♠❛ ✷✳✹ ✇❡ ❛r❡

❛❜❧❡ t♦ ❝❤♦♦s❡ 0 < δ ≤ c−3 < 1 s✉❝❤ t❤❛t

⋃

m∈[1,c)
Jm ⊆



‖xj‖ ≤ K−1c

−α1
αp

δ
√
p+ 1

, 2 ≤ j ≤ p



 .

▲❡t η = c
2
αp /

(
r
√
p+ 1

)
✳

❙✐♥❝❡ α1 > α′
2 > 1 t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t a0 ∈ (0, 1] s✉❝❤ t❤❛t (ηa)α1 < (δa)α

′
2 ❢♦r

❛❧❧ 0 < a ≤ a0✳ ◆♦✇✱ ❝❤♦♦s❡ i2, i3 ∈ N0 s✉❝❤ t❤❛t c−i2 <
(
δc−i0+1

)α′
2 ≤ c−i2+1 ❛♥❞



❍❛✉s❞♦r❢❢ ❞✐♠❡♥s✐♦♥ ♦❢ t❤❡ ❣r❛♣❤ ✹✸

c−i3 <
(
ηc−i0

)α1 ≤ c−i3+1✳ ◆♦t❡ t❤❛t

c−i3 <
(
ηc−i0

)α1
< (δa)α

′
2 ≤

(
δc−i0+1

)α′
2 ≤ c−i2+1

❛♥❞

c−(i1+1) ≥ c−2 · c−i0α′
2 ≥

(
c−2 · c−i0

)α′
2 =

(
c−3 · c−i0+1

)α′
2 ≥

(
δc−i0+1

)α′
2 > c−i2 ,

❤❡♥❝❡ i3 ≥ i2 − 1 ❛♥❞ i1 + 1 ≤ i2✳ ❲❡ ❢✉rt❤❡r ❤❛✈❡ ❢♦r ❛❧❧ i = i2, . . . , i3 + 1 ❛♥❞ ❡✈❡r②

j = 2, . . . , p

ci/α1−i0
√
p+ 1

≤ c(i3+1)/α1−i0
√
p+ 1

≤ c2/α1(ηc−i0)−1c−i0√
p+ 1

=
c2/α1

η
√
p+ 1

< r ✭✸✳✶✶✮

❛♥❞✱ s✐♥❝❡ α′
2 ≥ α′

j ❢♦r j = 2, . . . , p✱

ci/α
′
j−i0

√
p+ 1

≥ ci2/α
′
j−i0

√
p+ 1

≥ (δc−i0+1)−α
′
2/α

′
jc−i0√

p+ 1

=
(δ−1ci0−1)α

′
2/α

′
jc−i0√

p+ 1
≥ c−α

′
2/α

′
j

δ
√
p+ 1

≥ c−α1/αp

δ
√
p+ 1

.

✭✸✳✶✷✮

▲❡t Im = (− ci/α1−i0√
p+1

, c
i/α1−i0√
p+1

) × Jm✳ ❚❤❡♥ t♦❣❡t❤❡r ✇✐t❤ t❤❡ ❝❛❧❝✉❧❛t✐♦♥s ❛❜♦✈❡✱ ✇❡ ❣❡t

✉s✐♥❣ ✭✸✳✶✶✮ ❛♥❞ ✭✸✳✶✷✮

E[T (a, s)] ≥
i3+1∑

i=i2

c−i
∫ c

1
P




|X(1)(m)| < ci/α1−i0√
p+1

❛♥❞

‖X(j)(m)‖ ≤ K−1 c
i/α′

j−i0√
p+1

, 2 ≤ j ≤ p


 dm

≥
i3+1∑

i=i2

c−i
∫ c

1

∫

Im

gm(x) dx dm ≥
i3+1∑

i=i2

c−i(c− 1) 2
ci/α1−i0
√
p+ 1

·K10 ·K9

= Kc−i0
i3+1∑

i=i2

(
c−i
)1− 1

α1 = Kc−i0


1−

(
c−(i3+2)

)1− 1
α1

1− c
1
α1

−1
− 1−

(
c−i2

)1− 1
α1

1− c
1
α1

−1




= Kc−i0
((
c−i2

)1− 1
α1 −

(
c−(i3+2)

)1− 1
α1

)

≥ K41

(
c−i0

)1+α′
2

(

1− 1
α1

)

−K42

(
c−i0

)α1
.

✭✸✳✶✸✮



❍❛✉s❞♦r❢❢ ❞✐♠❡♥s✐♦♥ ♦❢ t❤❡ ❣r❛♣❤ ✹✹

❙✐♥❝❡ 1 + α′
2(1− 1

α1
) < 1 + α1(1− 1

α1
) = α1 ✇❡ ❤❛✈❡

(
c−i0

)α1−
(

1+α′
2

(

1− 1
α1

))

→ 0 ✐❢ a→ 0✱

✐✳❡✳ i0 → ∞✳ ❍❡♥❝❡ ✇❡ ❝❛♥ ❢✉rt❤❡r ❝❤♦♦s❡ a0 s✉✣❝✐❡♥t❧② s♠❛❧❧✱ s✉❝❤ t❤❛t

E[TZ(a, s)] ≥ K4a
1+α′

2(1− 1
α1

)

❢♦r ❛❧❧ 0 < a ≤ a0✳

✭✐✈✮ ▲❡t 0 < αj < α′
j < αj−1 ❢♦r ❛❧❧ j = 2, . . . , p✱ ❛♥❞ ❛❞❞✐t✐♦♥❛❧❧②✱ ❧❡t α2 < α′

2 < 1✳ ◆♦✇

❝❤♦♦s❡ i0, i1 ∈ N0 s✉❝❤ t❤❛t c−i0 < a ≤ c−i0+1 ❛♥❞ c−i1 < a√
p+1

≤ c−i1+1✳ ❋♦r t ∈ (0, 1] ✇❡

❝❛♥ ✇r✐t❡ t = mc−i ✇✐t❤ m ∈ [1, c) ❛♥❞ i ∈ N0✳ ❇② ✭✸✳✶✵✮ ✇❡ t❤❡♥ ❤❛✈❡

‖X(j)(t)‖ d
= ‖c−iEjX(j)(m)‖ ≤ K c−i/α

′
j‖X(j)(cit)‖ ✭✸✳✶✹✮

❢♦r ❛❧❧ j = 1, . . . , p✳ ◆♦t❡ t❤❛t✱ s✐♥❝❡ d1 = 1✱ ❢♦r j = 1 ✐♥ ✭✸✳✶✹✮ ✇❡ ❝❛♥ ❝❤♦♦s❡ K = 1 ❛♥❞

α′
1 = α1✳ ❙✐♠✐❧❛r❧② t♦ t❤❡ ♣r♦♦❢ ♦❢ ♣❛rt ✭✐✐✐✮✱ t❤✐s ❣✐✈❡s ✉s

E[TZ(a, s)] ≥
∫ a√

p+1

0
P

(
|X(1)(t)| < a√

p+ 1
, ‖X(j)(t)‖ < a√

p+ 1
, 2 ≤ j ≤ p

)
dt

≥
∫ c−i1

0
P

(
|X(1)(t)| < a√

p+ 1
, ‖X(j)(t)‖ < a√

p+ 1
, 2 ≤ j ≤ p

)
dt

≥
∞∑

i=i1+1

∫ c−i+1

c−i

P


|X(1)(cit)| < c

i
α1

−i0
√
p+ 1

, ‖X(j)(cit)‖ < K−1 c
i

α′
j
−i0

√
p+ 1

, 2 ≤ j ≤ p


 dt

≥
∞∑

i=i1+1

c−i
∫ c

1
P




|X(1)(m)| < c
i

α1
−i0

√
p+1

❛♥❞

‖X(j)(m)‖ < K−1 c

i
α′
j
−i0

√
p+1

, 2 ≤ j ≤ p


 dm,

✇❤❡r❡ t❤❡ ♣❡♥✉❧t✐♠❛t❡ ✐♥❡q✉❛❧✐t② ❢♦❧❧♦✇s ❢r♦♠ ✭✸✳✶✹✮✳ ❆s ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ♣❛rt ✭✐✐✐✮✱ ❜②

▲❡♠♠❛ ✸✳✹ ❝❤♦♦s❡ K10 > 0✱ r > 0 ❛♥❞ ✉♥✐❢♦r♠❧② ❜♦✉♥❞❡❞ ❇♦r❡❧ s❡ts Jm ⊆ R
d−1 ✇✐t❤

▲❡❜❡s❣✉❡ ♠❡❛s✉r❡ 0 < K9 ≤ λd−1(Jm) < ∞ ❢♦r ❡✈❡r② m ∈ [1, c) s✉❝❤ t❤❛t t❤❡ ❜♦✉♥❞❡❞

❝♦♥t✐♥✉♦✉s ❞❡♥s✐t② gm(x1, . . . , xp) ♦❢ X(m) = X(1)(m) + . . .+X(p)(m) ❢✉❧✜❧❧s

gm(x1, . . . , xp) ≥ K10 > 0 ❢♦r ❛❧❧ (x1, . . . , xp) ∈ [−r, r]× Jm

❛♥❞ ❢♦r ❡✈❡r② m ∈ [1, c)✳ ❙✐♥❝❡ {Jm}m∈[1,c) ✐s ✉♥✐❢♦r♠❧② ❜♦✉♥❞❡❞ ❜② ▲❡♠♠❛ ✷✳✹ ✇❡ ❛r❡

♥♦✇ ❛❜❧❡ t♦ ❝❤♦♦s❡ 0 < δ ≤ (
√
p+ 1 · c3)−1 < 1 s✉❝❤ t❤❛t

⋃

m∈[1,c)
Jm ⊆



‖xj‖ ≤ K−1c

−α1
αp

δ
√
p+ 1

, 2 ≤ j ≤ p



 .



❍❛✉s❞♦r❢❢ ❞✐♠❡♥s✐♦♥ ♦❢ t❤❡ ❣r❛♣❤ ✹✺

▲❡t η = c
2
αp /

(
r
√
p+ 1

)
✳

❙✐♥❝❡ α1 > 1 t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t 0 < a0 ≤ 1 s✉❝❤ t❤❛t ✇❡ ❤❛✈❡ (ηa)α1 < δa ❢♦r ❛❧❧

0 < a ≤ a0✳ ◆♦✇✱ ❝❤♦♦s❡ i2, i3 ∈ N0 s✉❝❤ t❤❛t c−i2 < δc−i0+1 ≤ c−i2+1 ❛♥❞ c−i3 <
(
ηc−i0

)α1 ≤ c−i3+1✳ ◆♦t❡ t❤❛t

c−i3 <
(
ηc−i0

)α1
< (ηa)α1 < δa ≤ δc−i0+1 ≤ c−i2+1

❛♥❞✱ s✐♥❝❡ δ ≤ 1√
p+1

· c−3✱

c−(i1+1) ≥ c−2 · a√
p+ 1

>
c−3

√
p+ 1

· c−i0+1 ≥ δc−i0+1 > c−i2 .

❍❡♥❝❡✱ ✇❡ ❛❧s♦ ❣❡t i2 − 1 ≤ i3 ❛♥❞ i1 + 1 ≤ i2✳ ❆s ✐♥ ✭✸✳✶✶✮✱ ✇❡ ❢✉rt❤❡r ❤❛✈❡ ❢♦r ❛❧❧

i = i2, . . . , i3 + 1 t❤❛t
ci/α1−i0
√
p+ 1

≤ r ✭✸✳✶✺✮

❛♥❞✱ s✐♥❝❡ α′
j < 1 ❢♦r ❛❧❧ j = 2, . . . , p✱

ci/α
′
j−i0

√
p+ 1

≥ ci2/α
′
j−i0

√
p+ 1

≥ (δc−i0+1)−1/α′
jc−i0√

p+ 1
=

(δ−1ci0−1)1/α
′
jc−i0√

p+ 1

≥ c−1/α′
j

δ
√
p+ 1

≥ c−1/αp

δ
√
p+ 1

≥ c−α1/αp

δ
√
p+ 1

.

✭✸✳✶✻✮

❉❡✜♥❡ t❤❡ s✉❜s❡ts {Im : m ∈ [1, c)} ⊆ R
d ❛s ❛❜♦✈❡✳ ❙✐♠✐❧❛r❧② t♦ t❤❡ ❝❛❧❝✉❧❛t✐♦♥s ✐♥ ✭✸✳✶✸✮✱

✉s✐♥❣ ✭✸✳✶✺✮ ❛♥❞ ✭✸✳✶✻✮ ✇❡ ❛rr✐✈❡ ❛t

E[TZ(a, s)] ≥ Kc−i0
((
c−i2

)1− 1
α1 −

(
c−(i3+2)

)1− 1
α1

)
✭✸✳✶✼✮

❆❧t♦❣❡t❤❡r✱ ✇❡ ❣❡t

E[TZ(a, s)] ≥ K51c
−i0 (c−i0

)1− 1
α1 −K52c

−i0 (c−i0
)α1−1

= K51

(
c−i0

)2− 1
α1 −K52

(
c−i0

)α1
.

❙✐♥❝❡ α1 > 1 ❛♥❞ t❤❡r❡❢♦r❡ 2 − 1/α1 = 1 + (1 − 1/α1) < 1 + α1(1 − 1/α1) = α1✱ ✇❡ ❝❛♥

❝❤♦♦s❡ a0 s✉✣❝✐❡♥t❧② s♠❛❧❧✱ s✉❝❤ t❤❛t

E[TZ(a, s)] ≥ K5a
2− 1

α1 .

❢♦r ❛❧❧ 0 < a ≤ a0✳



❍❛✉s❞♦r❢❢ ❞✐♠❡♥s✐♦♥ ♦❢ t❤❡ ❣r❛♣❤ ✹✻

❙✐♠✐❧❛r❧② t♦ t❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✸✳✹ ✐♥ ❬✸✻❪✱ ✇❡ ❝❛♥ ♥♦✇ ✜♥❞ ❛ s✉✐t❛❜❧❡ ❝♦✈❡r✐♥❣ ♦❢ Z(B)

❛♥❞ ♣r♦✈❡ t❤❡ ❞❡s✐r❡❞ ✉♣♣❡r ❜♦✉♥❞s✳

▲❡♠♠❛ ✸✳✶✷

▲❡t X = {X(t), t ∈ R+} ❜❡ ❛♥ ♦♣❡r❛t♦r s❡♠✐st❛❜❧❡ ▲é✈② ♣r♦❝❡ss ♦♥ R
d ✇✐t❤ d ≥ 2✳ ❚❤❡♥

❢♦r ❛♥② ❇♦r❡❧ s❡t B ⊆ R+ ✇❡ ❤❛✈❡ ❛❧♠♦st s✉r❡❧②

dimH GrX(B) ≤





α1 dimH B, ✐❢ α1 dimH B ≤ d1, α1 ≥ 1, (i)

dimH B, ✐❢ α1 dimH B ≤ d1, α1 < 1, (ii)

1 + α2(dimH B − 1
α1
), ✐❢ α1 dimH B > d1, α1 > α2 ≥ 1, (iii)

1 + dimH B − 1
α1
, ✐❢ α1 dimH B > d1, α1 > 1 > α2. (iv)

Pr♦♦❢✳ ✭✐✮ ❆ss✉♠❡ α1 dimH B ≤ d1 ❛♥❞ α1 ≥ 1✳ ❆♥❛❧♦❣♦✉s❧② t♦ t❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✸✳✹

✐♥ ❬✸✻❪ ❢♦r t❤❡ ❝❛s❡ α1 dimH B ≤ 1✱ ✐t ❢♦❧❧♦✇s ❜② ▲❡♠♠❛ ✸✳✽ ❛♥❞ ❚❤❡♦r❡♠ ✸✳✶✶ ✭✐✮ t❤❛t

dimH Z(B) ≤ α1 dimH B ❛❧♠♦st s✉r❡❧②✳

✭✐✐✮ ❆ss✉♠❡ α1 dimH B ≤ d1 ❛♥❞ α1 < 1 ≤ d1✳ ❋♦r γ > dimH B✱ ❝❤♦♦s❡ β > 1 s✉❝❤ t❤❛t

γ′ = 1 − β + γ > dimH B✳ ❋♦r ε ∈ (0, 1]✱ ❜② ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ❍❛✉s❞♦r✛ ❞✐♠❡♥s✐♦♥✱ t❤❡r❡

❡①✐sts ❛ s❡q✉❡♥❝❡ {Ii}i∈N ♦❢ ✐♥t❡r✈❛❧s ✐♥ R+ ♦❢ ❧❡♥❣t❤ |Ii| < ε s✉❝❤ t❤❛t

B ⊆
∞⋃

i=1

Ii ❛♥❞
∞∑

i=1

|Ii|γ
′
< 1.

▲❡t si = bi := |Ii|❀ t❤❡♥ bi/3 < si✳ ■t ❢♦❧❧♦✇s ❜② ▲❡♠♠❛ ✸✳✽ ❛♥❞ ❚❤❡♦r❡♠ ✸✳✶✶ ✭✐✐✮ t❤❛t

Z(Ii) ❝❛♥ ❜❡ ❝♦✈❡r❡❞ ❜② Mi ❝✉❜❡s Cij ∈ Λ(bi) ♦❢ s✐❞❡ bi s✉❝❤ t❤❛t ❢♦r ❡✈❡r② i ∈ N ✇❡ ❤❛✈❡

E[Mi] ≤ 2K1si

(
E

[
TZ

(
bi
3 , si

)])−1
≤ 2K1siK

−1
3

(
bi
3

)−β
= K sib

−β
i = K |Ii|1−β .

◆♦t❡ t❤❛t Z(B) ⊆ ⋃∞
i=1

⋃Mi
j=1Cij ✱ ✇❤❡r❡ bi

√
d+ 1 ✐s t❤❡ ❞✐❛♠❡t❡r ♦❢ Cij ✳ ■♥ ♦t❤❡r ✇♦r❞s✱

{Cij} ✐s ❛ (ε
√
d+ 1)✲❝♦✈❡r✐♥❣ ♦❢ X(B)✳ ❇② ♠♦♥♦t♦♥❡ ❝♦♥✈❡r❣❡♥❝❡ ✇❡ ❤❛✈❡

E

[ ∞∑

i=1

Mib
γ
i

]
=

∞∑

i=1

E [Mib
γ
i ] ≤

∞∑

i=1

K |Ii|1−β |Ii|γ = K
∞∑

i=1

|Ii|γ
′ ≤ K.

▲❡tt✐♥❣ ε→ 0✱ ✐✳❡ bi → 0 ❛♥❞ ❛♣♣❧②✐♥❣ ❋❛t♦✉✬s ❧❡♠♠❛✱ ✇❡ ❣❡t

E [Hγ(X(B))] ≤ E


lim inf

ε→0

∞∑

i=1

Mi∑

j=1

(
bi
√
d+ 1

)γ





❍❛✉s❞♦r❢❢ ❞✐♠❡♥s✐♦♥ ♦❢ t❤❡ ❣r❛♣❤ ✹✼

≤ lim inf
ε→0

√
d+ 1

γ
E

[ ∞∑

i=1

Mib
γ
i

]
≤

√
d+ 1

γ
K <∞,

✇❤✐❝❤ s❤♦✇s t❤❛t dimH Z(B) ≤ γ ❛❧♠♦st s✉r❡❧②✳ ❆♥❞ s✐♥❝❡ γ > dimH B ✐s ❛r❜✐tr❛r②✱ ✇❡

❣❡t dimH Z(B) ≤ dimH B ❛❧♠♦st s✉r❡❧②✳

✭✐✐✐✮ ❆ss✉♠❡ α1 dimH B > d1 ❛♥❞ α2 ≥ 1✳ ❙✐♥❝❡ dimH B ≤ 1✱ ✇❡ ❤❛✈❡ α1 > d1 = 1✳

❋♦r γ > dimH B ❝❤♦♦s❡ α′
2 > α2 s✉❝❤ t❤❛t γ′ = 1 − α′

2
α2

+
α′
2
α2
γ > dimH B✳ ❋♦r ε ∈ (0, 1]

❞❡✜♥❡ {Ii}i∈N ❛s ✐♥ ♣❛rt ✭✐✐✮ ❛♥❞ ❧❡t si := |Ii| ❛♥❞ bi := |Ii|
1
α2 ✳ ❚❤❡♥ (bi/3)

α2 < si✳ ❆❣❛✐♥✱

❜② ▲❡♠♠❛ ✸✳✽ ❛♥❞ ❚❤❡♦r❡♠ ✸✳✶✶ ✭✐✐✐✮ ✐t ❢♦❧❧♦✇s t❤❛t Z(Ii) ❝❛♥ ❜❡ ❝♦✈❡r❡❞ ❜② Mi ❝✉❜❡s

Cij ∈ Λ(bi) ♦❢ s✐❞❡ bi s✉❝❤ t❤❛t ❢♦r ❡✈❡r② i ∈ N ✇❡ ❤❛✈❡

E[Mi] ≤ 2K1si

(
E

[
TZ

(
bi
3 , si

)])−1
≤ 2K1siK

−1
4

(
bi
3

)−1−α′
2(1− 1

α1
)

= K sib
−1−α′

2(1− 1
α1

)

i = K |Ii|1−
1
α2

−α′
2

α2
·(1− 1

α1
)
.

❇② ♠♦♥♦t♦♥❡ ❝♦♥✈❡r❣❡♥❝❡ ✇❡ ❤❛✈❡

E

[ ∞∑

i=1

Mib
1+α′

2(γ− 1
α1

)

i

]
≤

∞∑

i=1

K |Ii|1−
1
α2

−α′
2

α2
·(1− 1

α1
) |Ii|

1
α2

+
α′
2

α2
(γ− 1

α1
)
= K

∞∑

i=1

|Ii|γ
′ ≤ K.

❙✐♥❝❡ γ > dimH B ❛♥❞ α′
2 > α2 ❛r❡ ❛r❜✐tr❛r②✱ ✇✐t❤ t❤❡ s❛♠❡ ❛r❣✉♠❡♥ts ❛s ✐♥ ♣❛rt ✭✐✐✮ ✇❡

❣❡t dimH Z(B) ≤ 1 + α2(dimH B − 1
α1
) ❛❧♠♦st s✉r❡❧②✳

✭✐✈✮ ❆ss✉♠❡ α1 dimH B > d1 ❛♥❞ α2 < 1✳ ❙✐♥❝❡ dimH B ≤ 1✱ ✇❡ ❤❛✈❡ α1 > d1 = 1✳

▲❡t γ = γ′ > dimH B✳ ❋♦r ε ∈ (0, 1] ❞❡✜♥❡ {Ii}i∈N ❛s ✐♥ ♣❛rt ✭✐✐✮ ❛♥❞ ❧❡t si := |Ii| ❛♥❞
bi := |Ii|✳ ❚❤❡♥ bi/(3

√
p+ 1) < si✳ ❆❣❛✐♥✱ ❜② ▲❡♠♠❛ ✸✳✽ ❛♥❞ ❚❤❡♦r❡♠ ✸✳✶✶ ✭✐✈✮ ✐t ❢♦❧❧♦✇s

t❤❛t Z(Ii) ❝❛♥ ❜❡ ❝♦✈❡r❡❞ ❜② Mi ❝✉❜❡s Cij ∈ Λ(bi) ♦❢ s✐❞❡ bi s✉❝❤ t❤❛t ❢♦r ❡✈❡r② i ∈ N ✇❡

❤❛✈❡

E[Mi] ≤ 2K1si

(
E

[
TZ

(
bi
3 , si

)])−1
≤ 2K1siK

−1
5

(
bi
3

)−2+ 1
α1 = K sib

−2+ 1
α1

i = K |Ii|−1+ 1
α1 .

❇② ♠♦♥♦t♦♥❡ ❝♦♥✈❡r❣❡♥❝❡ ✇❡ ❤❛✈❡

E

[ ∞∑

i=1

Mib
1+γ− 1

α1
i

]
≤

∞∑

i=1

K |Ii|−1+ 1
α1 |Ii|1+γ−

1
α1 = K

∞∑

i=1

|Ii|γ = K
∞∑

i=1

|Ii|γ
′ ≤ K.

❙✐♥❝❡ γ > dimH B ✐s ❛r❜✐tr❛r②✱ ✇❡ ❣❡t dimH Z(B) ≤ 1 + dimH B − 1
α1

❛❧♠♦st s✉r❡❧②✳



❍❛✉s❞♦r❢❢ ❞✐♠❡♥s✐♦♥ ♦❢ t❤❡ ❣r❛♣❤ ✹✽

✸✳✸✳✷ ▲♦✇❡r ❇♦✉♥❞s

■♥ ♦r❞❡r t♦ ♦❜t❛✐♥ t❤❡ ❧♦✇❡r ❜♦✉♥❞s ♦❢ dimH GrX(B) ✇❡ ❛♣♣❧② ❋r♦st♠❛♥✬s ▲❡♠♠❛ ❛♥❞

❚❤❡♦r❡♠ ❛♥❞ ✉s❡ t❤❡ r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ t❤❡ ❍❛✉s❞♦r✛ ❞✐♠❡♥s✐♦♥ ❛♥❞ t❤❡ ❝❛♣❛❝✐t❛r②

❞✐♠❡♥s✐♦♥ ✭s❡❡ ❬✷✵✱ ✹✸❪ ❢♦r ❞❡t❛✐❧s✮✳

▲❡♠♠❛ ✸✳✶✸

▲❡t X = {X(t), t ∈ R+} ❜❡ ❛♥ ♦♣❡r❛t♦r s❡♠✐st❛❜❧❡ ▲é✈② ♣r♦❝❡ss ♦♥ R
d ✇✐t❤ d ≥ 2✳ ❚❤❡♥

❢♦r ❛♥② ❇♦r❡❧ s❡t B ⊆ R+ ✇❡ ❤❛✈❡ ❛❧♠♦st s✉r❡❧②

dimH GrX(B) ≥





α1 dimH B, ✐❢ α1 dimH B ≤ d1, α1 ≥ 1, (i)

dimH B, ✐❢ α1 dimH B ≤ d1, α1 < 1, (ii)

1 + α2(dimH B − 1
α1
), ✐❢ α1 dimH B > d1, α1 > α2 ≥ 1, (iii)

1 + dimH B − 1
α1
, ✐❢ α1 dimH B > d1, α1 > 1 > α2. (iv)

Pr♦♦❢✳ ✭✐✮✰✭✐✐✐✮ ❙✐♥❝❡ ♣r♦❥❡❝t✐♦♥s ❛r❡ ▲✐♣s❝❤✐t③ ❝♦♥t✐♥✉♦✉s✱ ✇❡ ❤❛✈❡ dimH GrX(B) ≥ dimH X(B)✳

❍❡♥❝❡✱ t❤❡ ❞❡s✐r❡❞ ❧♦✇❡r ❜♦✉♥❞s ✐♥ t❤❡s❡ t✇♦ ♣❛rts ❝❛♥ ❜❡ ❞❡❞✉❝❡❞ ❢r♦♠ t❤❡ ❞✐♠❡♥s✐♦♥

r❡s✉❧t ✭✸✳✽✮ ❢♦r t❤❡ r❛♥❣❡ ♦❢ ❛♥ ♦♣❡r❛t♦r s❡♠✐st❛❜❧❡ ♣r♦❝❡ss✳

✭✐✐✮ ❈❤♦♦s❡ 0 < γ < dimH B ≤ 1✳ ❚❤❡♥ ❜② ❋r♦st♠❛♥✬s ❧❡♠♠❛ t❤❡r❡ ❡①✐sts ❛ ♣r♦❜❛❜✐❧✐t②

♠❡❛s✉r❡ σ ♦♥ B s✉❝❤ t❤❛t ∫

B

∫

B

σ(ds)σ(dt)

|s− t|γ <∞. ✭✸✳✶✽✮

■♥ ♦r❞❡r t♦ ♣r♦✈❡ dimH GrX(B) = dimH Z(B) ≥ γ ❛❧♠♦st s✉r❡❧②✱ ❜② ❋r♦st♠❛♥✬s t❤❡♦r❡♠

❬✸✹✱ ✹✸❪ ✐t s✉✣❝❡s t♦ s❤♦✇ t❤❛t
∫

B

∫

B
E
[
‖Z(s)− Z(t)‖−γ

]
σ(ds)σ(dt) <∞. ✭✸✳✶✾✮

▲❡t s, t ∈ B ⊆ R+✳ ❚❤❡♥

E



∥∥∥∥∥

(
t

X(t)

)
−
(

s

X(s)

)∥∥∥∥∥

−γ
 ≤ E

[
|s− t|−γ

]
= |s− t|−γ .

❍❡♥❝❡✱ ✭✸✳✶✾✮ ❢♦❧❧♦✇s ❞✐r❡❝t❧② ❢r♦♠ ✭✸✳✶✽✮✳

✭✐✈✮ ❆ss✉♠❡ α1 dimH B > d1 t❤❡♥ α1 > d1 = 1✳ ❈❤♦♦s❡ 1 < γ < 1 + dimH B − 1
α1
✱ t❤❡♥

ρ = γ− 1+ 1
α1
< dimH B✳ ❇② ❋r♦st♠❛♥✬s ❧❡♠♠❛✱ t❤❡r❡ ❡①✐sts ❛❣❛✐♥ ❛ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡

σ ♦♥ B s✉❝❤ t❤❛t ∫

B

∫

B

σ(ds)σ(dt)

|s− t|ρ <∞.



❍❛✉s❞♦r❢❢ ❞✐♠❡♥s✐♦♥ ♦❢ t❤❡ ❣r❛♣❤ ✹✾

❆❣❛✐♥✱ ✐♥ ♦r❞❡r t♦ ✈❡r✐❢② ✭✸✳✶✾✮ ✇❡ s♣❧✐t t❤❡ ❞♦♠❛✐♥ ♦❢ ✐♥t❡❣r❛t✐♦♥ ✐♥t♦ t✇♦ ♣❛rts✳

❋✐rst ❛ss✉♠❡ t❤❛t |s− t| = mc−i ≤ 1 ✇✐t❤ m ∈ [1, c) ❛♥❞ i ∈ N0✳ ❙✐♥❝❡ d1 = 1 ✇❡ ❣❡t

E



∥∥∥∥∥

(
t

X(t)

)
−
(

s

X(s)

)∥∥∥∥∥

−γ
 ≤ E

[(
c
−i 2

α1 · |X(1)(m)|2 + |s− t|2
)− γ

2

]

≤ K

∫

R

1

c
−i γ

α1 · |x1|γ + |s− t|γ
· gm(x1)dx1

= K

∫

R

1

m
− γ

α1 (mc−i)
γ
α1 · |x1|γ + |s− t|γ

· gm(x1)dx1

≤ K

∫

R

1

c
− γ

α1 · |s− t|
γ
α1 |x1|γ + |s− t|γ

· gm(x1)dx1

≤ K

∫

R

1

|s− t|
γ
α1 |x1|γ + |s− t|γ

· gm(x1)dx1

= K · |s− t|−
γ
α1

∫

R

1

|x1|γ + |s− t|γ(1−
1
α1

)
· gm(x1)dx1 =: K · |s− t|−

γ
α1 · Im,

✇❤❡r❡ gm(x1) ✐s t❤❡ ❞❡♥s✐t② ❢✉♥❝t✐♦♥ ♦❢ X(1)(m)✳ ▲❡t

Fm(r1) = P

(
|X(1)(m)| ≤ r1

)
=

∫

|x1|≤r1
gm(x1)dx1

❛♥❞ ♥♦t❡ t❤❛t ❜② ▲❡♠♠❛ ✸✳✷

sup
m∈[1,c)

sup
x1∈R

|gm(x1)| ≤ K8 <∞.

❚❤✐s ❧❡❛❞s t♦

Fm(r1) ≤ 1 ∧ 2K8 · r1 ∀r1 ≥ 0 ❛♥❞ ∀m ∈ [1, c).

❲❡ ❞❡♥♦t❡ z = |s− t|1−
1
α1 ✳ ❇② ✉s✐♥❣ ✐♥t❡❣r❛t✐♦♥ ❜② ♣❛rts✱ ✇❡ ❞❡❞✉❝❡

Im =

∫ ∞

0

1

rγ1 + zγ
Fm(dr1)

=

[
1

rγ1 + zγ
Fm(r1)

]∞

0

+

∫ ∞

0

γrγ−1
1

(rγ1 + zγ)
2 Fm(r1)dr1

≤ K

∫ ∞

0

γrγ−1
1

(rγ1 + zγ)
2 r1dr1 = K

∫ ∞

0

γrγ1

(rγ1 + zγ)
2 dr1



❍❛✉s❞♦r❢❢ ❞✐♠❡♥s✐♦♥ ♦❢ t❤❡ ❣r❛♣❤ ✺✵

= K

∫ ∞

0

zγ · (zs1)γ
((zs1)γ + zγ)2

ds1

= Kz−(γ−1) ·
∫ ∞

0

γsγ1

(sγ1 + 1)
2 ds1

≤ Kz−(γ−1) = K |s− t|−(γ−1)(1− 1
α1

)
,

✇❤❡r❡ t❤❡ ❧❛st ✐♥t❡❣r❛❧ ✐s ✜♥✐t❡ s✐♥❝❡ γ > 1✳ ❚♦❣❡t❤❡r ✇❡ ❣❡t ❢♦r |s− t| ≤ 1

E



∥∥∥∥∥

(
t

X(t)

)
−
(

s

X(s)

)∥∥∥∥∥

−γ
 ≤ K |s− t|−γ+1− 1

α1 = K |s− t|−ρ.

❋♦r |s− t| ≥ 1 ✇❡ ❤❛✈❡

sup
|s−t|≥1

E



∥∥∥∥∥

(
t

X(t)

)
−
(

s

X(s)

)∥∥∥∥∥

−γ
 ≤ sup

|s−t|≥1
E
[
|s− t|−γ

]
= sup

|s−t|≥1
|s− t|−γ ≤ 1.

❚❤❡r❡❢♦r❡ ✐t ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ❝❛❧❝✉❧❛t✐♦♥s ❛❜♦✈❡ t❤❛t

∫

B

∫

B
E



∥∥∥∥∥

(
t

X(t)

)
−
(

s

X(s)

)∥∥∥∥∥

−γ
σ(ds)σ(dt) <∞.

❯s✐♥❣ ❋r♦st♠❛♥✬s t❤❡♦r❡♠ ✇❡ ❣❡t

dimH GrX(E) ≥ γ.

❙✐♥❝❡ γ < 1 + dimH B − 1
α1

✇❛s ❛r❜✐tr❛r② t❤✐s ❝♦♥❝❧✉❞❡s t❤❡ ♣r♦♦❢✳

✸✳✸✳✸ Pr♦♦❢ ♦❢ ▼❛✐♥ ❘❡s✉❧ts

❚❤❡♦r❡♠ ✸✳✻ ♥♦✇ ❢♦❧❧♦✇s ❞✐r❡❝t❧② ❢r♦♠ ▲❡♠♠❛ ✸✳✶✷ ❛♥❞ ▲❡♠♠❛ ✸✳✶✸✳ ■t r❡♠❛✐♥s t♦ ♣r♦✈❡

t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❞✐♠❡♥s✐♦♥ r❡s✉❧t ❢♦r t❤❡ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ ❝❛s❡ ❛s st❛t❡❞ ✐♥ ❚❤❡♦r❡♠ ✸✳✼✳

❋♦r α dimH B ≤ 1 ▲❡♠♠❛ ✸✳✶✷ ❛♥❞ ✸✳✶✸ ❛r❡ st✐❧❧ ✈❛❧✐❞ ❢♦r d = 1 ✇✐t❤ α1 := α✳ ■♥ ❝❛s❡

α dimH B > 1 = d t❤❡ ♣r♦♦❢ r✉♥s ❛♥❛❧♦❣♦✉s❧② t♦ ▲❡♠♠❛ ✸✳✶✷ ♣❛rt ✭✐✈✮ ❛♥❞ ▲❡♠♠❛ ✸✳✶✸

♣❛rt ✭✐✈✮✳

❘❡♠❛r❦ ✸✳✶✹

❋♦r B = [0, 1]✱ ❛♥ ❛❧t❡r♥❛t✐✈❡ ✇❛② t♦ ❝❛❧❝✉❧❛t❡ dimH GrX(B) ❝❛♥ ❜❡ t♦ ❡①❛♠✐♥❡ t❤❡ ✐♥❞❡①



❍❛✉s❞♦r❢❢ ❞✐♠❡♥s✐♦♥ ♦❢ t❤❡ ❣r❛♣❤ ✺✶

✐♥tr♦❞✉❝❡❞ ❜② ❑❤♦s❤♥❡✈✐s❛♥ ❡t ❛❧✳ ✐♥ ❬✸✾❪✱ ✇❤✐❝❤ ❞❡♣❡♥❞s ♦♥ t❤❡ ❛s②♠♣t♦t✐❝ ❜❡❤❛✈✐♦r ♦❢ t❤❡

▲é✈② ❡①♣♦♥❡♥t ♦❢ t❤❡ ♣r♦❝❡ss X✳ ❆s t❤✐s ✐s s✉❜❥❡❝t ♦❢ ❝✉rr❡♥t r❡s❡❛r❝❤✱ ✐t ✐s ♥♦t ❛❞❞r❡ss❡❞

✐♥ t❤❡ ♣r❡s❡♥t ♣❛♣❡r✳



❈❤❛♣t❡r ✹

▼❛♥✉s❝r✐♣t ✸

❖♥ ❡①❛❝t ❍❛✉s❞♦r✛ ♠❡❛s✉r❡

❢✉♥❝t✐♦♥s ♦❢ ♦♣❡r❛t♦r s❡♠✐st❛❜❧❡

▲é✈② ♣r♦❝❡ss❡s

❏♦✐♥t ✇♦r❦ ✇✐t❤ P❡t❡r ❑❡r♥

✺✷



❊①❛❝t ❍❛✉s❞♦r❢❢ ♠❡❛s✉r❡ ❢✉♥❝t✐♦♥s ✺✸

❉❡❝❧❛r❛t✐♦♥

●❡♥❡r❛❧ ✐♥❢♦r♠❛t✐♦♥✿

❚✐t❡❧✿ ❖♥ ❡①❛❝t ❍❛✉s❞♦r✛ ♠❡❛s✉r❡ ❢✉♥❝t✐♦♥s ♦❢ ♦♣❡r❛t♦r s❡♠✐st❛❜❧❡ ▲é✈② ♣r♦❝❡ss❡s

❏♦✉r♥❛❧✿ ❊❧❡❝tr♦♥✐❝ ❏♦✉r♥❛❧ ♦❢ Pr♦❜❛❜✐❧✐t②

❙t❛t✉s✿ s✉❜♠✐tt❡❞ ✭❆♣r✐❧ ✷✵✶✻✮

❆✉t❤♦rs✿ P❡t❡r ❑❡r♥

▲✐♥❛ ❲❡❞r✐❝❤

❈♦♥tr✐❜✉t✐♦♥s✿

■♥ t♦t❛❧✱ ■ ❝♦♥tr✐❜✉t❡❞ r♦✉❣❤❧② ✽✵ ✪ ♦❢ t❤❡ ❝♦♥t❡♥t ♦❢ t❤✐s ♠❛♥✉s❝r✐♣t✳ ▼♦r❡ s♣❡❝✐✜❝❛❧❧②✱

♠② ❝♦♥tr✐❜✉t✐♦♥s ❛r❡ ❛s ❢♦❧❧♦✇s✿

• ■ ❤❛✈❡ ✇r✐tt❡♥ ♠❛❥♦r ♣❛rts ♦❢ t❤❡ ■♥tr♦❞✉❝t✐♦♥✳

• ■ ❤❛✈❡ ✇r✐tt❡♥ ♠❛❥♦r ♣❛rts ♦❢ t❤❡ Pr❡❧✐♠✐♥❛r✐❡s✳

• ■ ❤❛✈❡ ❞❡✈❡❧♦♣❡❞ t❤❡ ▼❛✐♥ ❘❡s✉❧ts✳

• ■ ❤❛✈❡ ✇r✐tt❡♥ ♠❛❥♦r ♣❛rts ♦❢ t❤❡ Pr♦♦❢s✳



❊①❛❝t ❍❛✉s❞♦r❢❢ ♠❡❛s✉r❡ ❢✉♥❝t✐♦♥s ✺✹

✹✳✶ ■♥tr♦❞✉❝t✐♦♥

▲❡t X = {X(t) : t ≥ 0} ❜❡ ❛ ▲é✈② ♣r♦❝❡ss ♦♥ R
d✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ X ✐s ❛ st♦❝❤❛st✐❝❛❧❧②

❝♦♥t✐♥✉♦✉s ♣r♦❝❡ss ✇✐t❤ ❝á❞❧á❣ ♣❛t❤s ❛♥❞ st❛t✐♦♥❛r② ❛♥❞ ✐♥❞❡♣❡♥❞❡♥t ✐♥❝r❡♠❡♥ts t❤❛t

st❛rts ✐♥ X(0) = 0 ❛❧♠♦st s✉r❡❧②✳ ❚❤❡♥ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ X ✐s ✉♥✐q✉❡❧② ❞❡t❡r♠✐♥❡❞

❜② t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ X(1) ✇❤✐❝❤ ❝❛♥ ❜❡ ❛♥ ❛r❜✐tr❛r② ✐♥✜♥✐t❡❧② ❞✐✈✐s✐❜❧❡ ❞✐str✐❜✉t✐♦♥✳ ❋♦r

c > 1 ❛♥❞ ❛ ❧✐♥❡❛r ♦♣❡r❛t♦r E ♦♥ R
d ✇❡ ❝❛❧❧ t❤❡ ▲é✈② ♣r♦❝❡ss X (cE , c)✲♦♣❡r❛t♦r s❡♠✐st❛❜❧❡

✐❢ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ X(1) ✐s ❢✉❧❧✱ ✐✳❡✳ ♥♦t s✉♣♣♦rt❡❞ ♦♥ ❛♥② ❧♦✇❡r ❞✐♠❡♥s✐♦♥❛❧ ❤②♣❡r♣❧❛♥❡✱

❛♥❞

{X(ct)}t≥0
❢❞
=
{
cEX(t)

}
t≥0

, ✭✹✳✶✮

✇❤❡r❡
❢❞
= ❞❡♥♦t❡s ❡q✉❛❧✐t② ♦❢ ❛❧❧ ✜♥✐t❡✲❞✐♠❡♥s✐♦♥❛❧ ❞✐str✐❜✉t✐♦♥s ❛♥❞

cE :=
∞∑

n=0

(log c)n

n!
En.

❚❤❡ ❧✐♥❡❛r ♦♣❡r❛t♦r E ✐s r❡❢❡rr❡❞ t♦ ❛s t❤❡ ❡①♣♦♥❡♥t ♦❢ t❤❡ ♦♣❡r❛t♦r s❡♠✐st❛❜❧❡ ▲é✈② ♣r♦❝❡ss

X✳ ■❢ ✭✹✳✶✮ ❤♦❧❞s ❢♦r ❛❧❧ c > 1✱ t❤❡ ▲é✈② ♣r♦❝❡ss ✐s ❝❛❧❧❡❞ ♦♣❡r❛t♦r st❛❜❧❡✳ ■❢ t❤❡ ❡①♣♦♥❡♥t

E ✐s ❛ ♠✉❧t✐♣❧❡ ♦❢ t❤❡ ✐❞❡♥t✐t②✱ ✐✳❡✳ E = 1/α · I✱ ✇❤❡r❡ ♥❡❝❡ss❛r✐❧② α ∈ (0, 2]✱ t❤❡ ♣r♦❝❡ss

X ✐s s✐♠♣❧② ❝❛❧❧❡❞ (c1/α, c)✲s❡♠✐st❛❜❧❡✳ ■♥ ❝❛s❡ ✭✹✳✶✮ ❤♦❧❞s ❢♦r ❛❧❧ c > 0✱ t❤❡ ▲é✈② ♣r♦❝❡ss

✐s ❝❛❧❧❡❞ ♦♣❡r❛t♦r st❛❜❧❡ ✇✐t❤ ❡①♣♦♥❡♥t E✱ ♦r α✲st❛❜❧❡ ✐♥ ❝❛s❡ E = 1/α · I✱ ✇❤❡r❡ α = 2

r❡❢❡rs t♦ t❤❡ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥ ❝❛s❡✳

■♥ t❤❡ ♣❛st✱ ❡✛♦rts ❤❛✈❡ ❜❡❡♥ ♠❛❞❡ t♦ ❣❡♥❡r❛t❡ r❡s✉❧ts ♦♥ ❡①❛❝t ❍❛✉s❞♦r✛ ♠❡❛s✉r❡ ❢✉♥❝t✐♦♥s

❢♦r t❤❡ r❛♥❣❡ ♦❢ st❛❜❧❡ ▲é✈② ♣r♦❝❡ss❡s✳ ❚❤❡ ❝❛s❡ ♦❢ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥ ✇❛s st✉❞✐❡❞ ❜②

❈✐❡s✐❡❧s❦✐ ❛♥❞ ❚❛②❧♦r ❬✼✱ ✺✷❪✳ ❆♥ ❡①❛❝t ❍❛✉s❞♦r✛ ♠❡❛s✉r❡ ❢✉♥❝t✐♦♥ ❢♦r t❤❡ r❛♥❣❡ ♦❢ ❛♥ α✲

st❛❜❧❡ ▲é✈② ♣r♦❝❡ss ✇❛s ❢♦r♠✉❧❛t❡❞ ❜② ❚❛②❧♦r ❬✺✸❪✳ ■t t✉r♥❡❞ ♦✉t t❤❛t t❤❡ ❣❛✉❣❡ ❢✉♥❝t✐♦♥

❞❡♣❡♥❞s ♦♥ ✇❤❡t❤❡r t❤❡ ▲❡❜❡s❣✉❡ ❞❡♥s✐t② ♦❢ X(1) ✐s ♣♦s✐t✐✈❡ ♦r ③❡r♦ ✐♥ t❤❡ ♦r✐❣✐♥✱ ✇❤✐❝❤ ❜②

❚❛②❧♦r ✇❡r❡ ❝❛❧❧❡❞ st❛❜❧❡ ♣r♦❝❡ss❡s ♦❢ t②♣❡ A ♦r t②♣❡ B✱ r❡s♣❡❝t✐✈❡❧②✳ ❋✉rt❤❡r♠♦r❡✱ Pr✉✐tt

❛♥❞ ❚❛②❧♦r ❬✹✽❪ st✉❞✐❡❞ s❛♠♣❧❡ ♣❛t❤ ♣r♦♣❡rt✐❡s ♦❢ ▲é✈② ♣r♦❝❡ss❡s ✇✐t❤ ✐♥❞❡♣❡♥❞❡♥t st❛❜❧❡

❝♦♠♣♦♥❡♥ts✱ ✐♥❝❧✉❞✐♥❣ ❡①❛❝t ❍❛✉s❞♦r✛ ♠❡❛s✉r❡s✳ ❇❛s❡❞ ♦♥ t❤❡✐r ✇♦r❦✱ ❍♦✉ ❛♥❞ ❨✐♥❣ ❬✸✵❪

❞❡t❡r♠✐♥❡❞ ❛♥ ❡①❛❝t ❍❛✉s❞♦r✛ ♠❡❛s✉r❡ ❢✉♥❝t✐♦♥ ❢♦r t❤❡ r❛♥❣❡ ♦❢ ❝❡rt❛✐♥ ♦♣❡r❛t♦r st❛❜❧❡

▲é✈② ♣r♦❝❡ss ♦❢ t②♣❡ A ✇✐t❤ ❞✐❛❣♦♥❛❧ ❡①♣♦♥❡♥t E✳ ❚❤❡② ❡♠♣❤❛s✐③❡ ✇✐t❤♦✉t ♣r♦♦❢ t❤❛t

s✐♠✐❧❛r ♠❡t❤♦❞s ❛❧s♦ ❧❡❛❞ t♦ ❛♥ ❡①❛❝t ❍❛✉s❞♦r✛ ♠❡❛s✉r❡ ❢✉♥❝t✐♦♥ ❢♦r t②♣❡ B✱ s❡❡ ❘❡♠❛r❦

✶ ✐♥ ❬✸✵❪✳ ❋♦r ❛♥ ♦✈❡r✈✐❡✇ ♦♥ ❣❡♥❡r❛❧ ❞✐♠❡♥s✐♦♥ r❡s✉❧ts ❢♦r ▲é✈② ♣r♦❝❡ss❡s s❡❡ ❬✸✽❪ ❛♥❞ ❬✺✾❪✳



❊①❛❝t ❍❛✉s❞♦r❢❢ ♠❡❛s✉r❡ ❢✉♥❝t✐♦♥s ✺✺

❖✉r ❛✐♠ ✐s t♦ ❣❡♥❡r❛❧✐③❡ t❤❡ r❡s✉❧ts ♦❢ ❍♦✉ ❛♥❞ ❨✐♥❣ ✐♥ t✇♦ r❡s♣❡❝ts✳ ❋✐rst❧②✱ ✇❡ ❝♦♥s✐❞❡r

t❤❡ ♠♦r❡ ❣❡♥❡r❛❧ ❝❧❛ss ♦❢ ♦♣❡r❛t♦r s❡♠✐st❛❜❧❡ ▲é✈② ♣r♦❝❡ss ✇✐t❤ t❤❡ ✇❡❛❦❡r ❞✐s❝r❡t❡ s❝❛❧✐♥❣

✭✹✳✶✮ ❛♥❞✱ s❡❝♦♥❞❧②✱ ✇❡ ✇✐❧❧ r❡❧❛① t❤❡ ❛ss✉♠♣t✐♦♥ t❤❛t t❤❡ ❡①♣♦♥❡♥t E s❤♦✉❧❞ ❜❡ ❞✐❛❣♦♥❛❧

❛♥❞ s❤♦✇ t❤❛t ✐t s✉✣❝❡s t♦ r❡q✉✐r❡ ❞✐❛❣♦♥❛❧✐t② ❢♦r ❛ ♣r✐♥❝✐♣❛❧ ❝♦♠♣♦♥❡♥t E1❀ s❡❡ ❙❡❝t✐♦♥

✷✳✷ ❢♦r ❞❡t❛✐❧s✳ ❚❤❡ ❍❛✉s❞♦r✛ ❞✐♠❡♥s✐♦♥ ❢♦r t❤❡ r❛♥❣❡ ❛♥❞ t❤❡ ❣r❛♣❤ ♦❢ ♦♣❡r❛t♦r s❡♠✐st❛❜❧❡

▲é✈② ♣r♦❝❡ss❡s ❤❛✈❡ r❡❝❡♥t❧② ❜❡❡♥ ❞❡t❡r♠✐♥❡❞ ✐♥ ❬✸✻❪ ❛♥❞ ❬✺✻❪✱ r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡ s♣❡❝✐❛❧

❝❛s❡ ♦❢ t❤❡ ❧✐♠✐t ♣r♦❝❡ss ✐♥ s✉❜s❡q✉❡♥t ❝♦✐♥✲t♦ss✐♥❣ ❣❛♠❡s ♦❢ t❤❡ ❢❛♠♦✉s ❙t✳ P❡t❡rs❜✉r❣

♣❛r❛❞♦① ❤❛s ❜❡❡♥ st✉❞✐❡❞ ✐♥ ❬✸✼❪ ✐♥ ❞❡t❛✐❧✳

❚❤❡ ♠❡t❤♦❞s ❛♣♣❧✐❡❞ ✐♥ t❤✐s ♣❛♣❡r ❛r❡ s✐♠✐❧❛r t♦ t❤❡ ♦♥❡s ✉s❡❞ ✐♥ ❬✺✸❪ ❛♥❞ ❬✸✵❪✳ ❚❤❡ ♣❛♣❡r

✐s str✉❝t✉r❡❞ ❛s ❢♦❧❧♦✇s✳ ❙❡❝t✐♦♥ ✷✳✶ ❣✐✈❡s t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ❛♥ ❡①❛❝t ❍❛✉s❞♦r✛ ♠❡❛s✉r❡

❢✉♥❝t✐♦♥ ❢♦r ❛♥ ❛r❜✐tr❛r② ❇♦r❡❧ s❡t F ⊆ R
d✳ ■♥ ❙❡❝t✐♦♥ ✷✳✷ ✇❡ r❡❝❛❧❧ s♣❡❝tr❛❧ ❞❡❝♦♠♣♦s✐✲

t✐♦♥ r❡s✉❧ts ❛s st❛t❡❞ ✐♥ ❬✹✺❪ ✇❤✐❝❤ ❡♥❛❜❧❡ ✉s t♦ ❞❡❝♦♠♣♦s❡ t❤❡ ♦♣❡r❛t♦r s❡♠✐st❛❜❧❡ ▲é✈②

♣r♦❝❡ss X ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❞✐st✐♥❝t r❡❛❧ ♣❛rts ♦❢ t❤❡ ❡✐❣❡♥✈❛❧✉❡s ♦❢ t❤❡ ❡①♣♦♥❡♥t E✳ ❚❤❡♥✱

❙❡❝t✐♦♥ ✷✳✸ ❝♦♥t❛✐♥s ✜rst r❡s✉❧ts ❢♦r t❤❡ ❡①♣❡❝t❡❞ s♦❥♦✉r♥ t✐♠❡s ♦❢ ♦♣❡r❛t♦r s❡♠✐st❛❜❧❡ ▲é✈②

♣r♦❝❡ss❡s✳ ❚❤❡ ♠❛✐♥ r❡s✉❧ts ❛r❡ st❛t❡❞ ❛♥❞ ♣r♦✈❡♥ ✐♥ ❙❡❝t✐♦♥ ✸ ❛♥❞ ✹✱ r❡s♣❡❝t✐✈❡❧②✳

❚❤r♦✉❣❤♦✉t t❤✐s ♣❛♣❡r✱ K ❞❡♥♦t❡s ❛♥ ✉♥s♣❡❝✐✜❡❞ ♣♦s✐t✐✈❡ ❛♥❞ ✜♥✐t❡ ❝♦♥st❛♥t t❤❛t ❝❛♥

✈❛r② ✐♥ ❡❛❝❤ ♦❝❝✉rr❡♥❝❡✱ ✇❤❡r❡❛s ✜①❡❞ ❝♦♥st❛♥ts ✇✐❧❧ ❜❡ ❞❡♥♦t❡❞ ❜② K1, C1,K2, C2✱ ❡t❝✳

✹✳✷ Pr❡❧✐♠✐♥❛r✐❡s

✹✳✷✳✶ ❊①❛❝t ❍❛✉s❞♦r✛ ♠❡❛s✉r❡ ❢✉♥❝t✐♦♥s

❆ ❢✉♥❝t✐♦♥ φ ✐s s❛✐❞ t♦ ❜❡❧♦♥❣ t♦ t❤❡ ❝❧❛ss Φ ✐❢ t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t δ > 0 s✉❝❤ t❤❛t φ

✐s r✐❣❤t✲❝♦♥t✐♥✉♦✉s ❛♥❞ ✐♥❝r❡❛s✐♥❣ ♦♥ t❤❡ ♦♣❡♥ ✐♥t❡r✈❛❧ (0, δ)✱ φ(0+) = 0 ❛♥❞ ❢✉❧✜❧❧s t❤❡

❞♦✉❜❧✐♥❣ ♣r♦♣❡rt②✱ ✐✳❡✳ t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t K1 > 0 s✉❝❤ t❤❛t

φ(2s)

φ(s)
≤ K1 ❢♦r ❛❧❧ 0 < s <

1

2
δ. ✭✹✳✷✮

❋♦r ❛ ❢✉♥❝t✐♦♥ φ ∈ Φ t❤❡ φ✲❍❛✉s❞♦r✛ ♠❡❛s✉r❡ ♦❢ ❛♥ ❛r❜✐tr❛r② ❇♦r❡❧ s❡t F ⊆ R
d ✐s t❤❡♥

❞❡✜♥❡❞ ❛s

φ−m(F ) = lim inf
ǫ→∞

{ ∞∑

i=1

φ(|Fi|) : F ⊆
∞⋃

i=1

Fi, |Fi| < ǫ

}
, ✭✹✳✸✮

✇❤❡r❡ |F | = sup{‖x − y‖ : x, y ∈ F} ❞❡♥♦t❡s t❤❡ ❞✐❛♠❡t❡r ♦❢ ❛ s❡t F ⊆ R
d ❛♥❞ ‖ · ‖ ✐s

t❤❡ ❊✉❝❧✐❞❡❛♥ ♥♦r♠✳ ❚❤❡ ❢✉♥❝t✐♦♥ φ ∈ Φ ✐s ❝❛❧❧❡❞ ❛♥ ❡①❛❝t ❍❛✉s❞♦r✛ ♠❡❛s✉r❡ ❢✉♥❝t✐♦♥ ❢♦r



❊①❛❝t ❍❛✉s❞♦r❢❢ ♠❡❛s✉r❡ ❢✉♥❝t✐♦♥s ✺✻

F ⊆ R
d ✐❢ 0 < φ−m(F ) <∞✳ ❲❡ ❡♠♣❤❛s✐③❡ t❤❛t ❛❧❧ t❤❡ ❣❛✉❣❡ ❢✉♥❝t✐♦♥s φ ❛♣♣❡❛r✐♥❣ ✐♥

t❤✐s ♣❛♣❡r ❜❡❧♦♥❣ t♦ t❤❡ ❝❧❛ss Φ✳

❋♦r ❛♥ ❛r❜✐tr❛r② ❇♦r❡❧ ♠❡❛s✉r❡ µ ♦♥ R
d ❛♥❞ ❛ ❢✉♥❝t✐♦♥ φ ∈ Φ✱ t❤❡ ✉♣♣❡r φ✲❞❡♥s✐t② ♦❢ µ ❛t

x ∈ R
d ✐s ❞❡✜♥❡❞ ❛s

D
φ
µ = lim sup

r→0

µ(B(x, r))

φ(2r)
, ✭✹✳✹✮

✇❤❡r❡ B(x, r) ❞❡♥♦t❡s t❤❡ ❝❧♦s❡❞ ❜❛❧❧ ✇✐t❤ r❛❞✐✉s r ❝❡♥t❡r❡❞ ❛t x✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛ ✐s

s✐♠✐❧❛r t♦ ▲❡♠♠❛ ✷✳✶ ✐♥ ❬✸✵❪ ❛♥❞ ✐s ❛ ❞✐r❡❝t ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ r❡s✉❧ts ✐♥ ❬✹✾❪✳

▲❡♠♠❛ ✹✳✶

❋♦r ❛ ❣✐✈❡♥ φ ∈ Φ✱ t❤❡r❡ ❡①✐sts ❛ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t K2 s✉❝❤ t❤❛t ❢♦r ❛♥② ❇♦r❡❧ ♠❡❛s✉r❡ µ

♦♥ R
d ❛♥❞ ❡✈❡r② ❇♦r❡❧ s❡t F ⊆ R

d✱ ✇❡ ❤❛✈❡

φ−m(F ) ≥ K2 µ(F ) inf
x∈F

1

D
φ
µ(x)

. ✭✹✳✺✮

✹✳✷✳✷ ❙♣❡❝tr❛❧ ❞❡❝♦♠♣♦s✐t✐♦♥

▲❡t X ❜❡ ❛ (cE , c)✲♦♣❡r❛t♦r s❡♠✐st❛❜❧❡ ▲é✈② ♣r♦❝❡ss✳ ❋❛❝t♦r t❤❡ ♠✐♥✐♠❛❧ ♣♦❧②♥♦♠✐❛❧ ♦❢

E ✐♥t♦ q1(x) · . . . · qp(x) ✇❤❡r❡ ❛❧❧ r♦♦ts ♦❢ qi ❤❛✈❡ r❡❛❧ ♣❛rts ❡q✉❛❧ t♦ ai ❛♥❞ ai 6= aj ❢♦r

i 6= j✳ ❲✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t②✱ ♦♥❡ ❝❛♥ ❛❞❞✐t✐♦♥❛❧❧② ❛ss✉♠❡ t❤❛t ai < aj ❢♦r i < j✳

◆♦t❡ t❤❛t aj ≥ 1
2 ❢♦r ❛❧❧ j ∈ {1, . . . p} ❜② ❚❤❡♦r❡♠ ✼✳✶✳✶✵ ✐♥ ❬✹✺❪✳ ❉❡✜♥❡ Vj = Ker(qj(E))✳

❆❝❝♦r❞✐♥❣ t♦ ❚❤❡♦r❡♠ ✷✳✶✳✶✹ ✐♥ ❬✹✺❪ V1 ⊕ · · · ⊕ Vp ✐s t❤❡♥ ❛ ❞✐r❡❝t s✉♠ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢

R
d ✐♥t♦ E ✐♥✈❛r✐❛♥t s✉❜s♣❛❝❡s✳ ■♥ ❛♥ ❛♣♣r♦♣r✐❛t❡ ❜❛s✐s✱ E ✐s t❤❡♥ ❜❧♦❝❦✲❞✐❛❣♦♥❛❧ ❛♥❞ ✇❡

♠❛② ✇r✐t❡ E = E1 ⊕ · · · ⊕Ep ✇❤❡r❡ Ej : Vj → Vj ❛♥❞ ❡✈❡r② ❡✐❣❡♥✈❛❧✉❡ ♦❢ Ej ❤❛s r❡❛❧ ♣❛rt

❡q✉❛❧ t♦ aj ✳ ❊s♣❡❝✐❛❧❧②✱ ❡✈❡r② Vj ✐s ❛♥ Ej✲✐♥✈❛r✐❛♥t s✉❜s♣❛❝❡ ♦❢ ❞✐♠❡♥s✐♦♥ dj = dimVj

❛♥❞ d = d1 + . . . + dp✳ ❲r✐t❡ X(t) = X(1)(t) + . . . + X(p)(t) ✇✐t❤ r❡s♣❡❝t t♦ t❤✐s ❞✐r❡❝t

s✉♠ ❞❡❝♦♠♣♦s✐t✐♦♥✱ ✇❤❡r❡ ❜② ▲❡♠♠❛ ✼✳✶✳✶✼ ✐♥ ❬✹✺❪✱ X(j) ={X(j)(t), t ≥ 0} ✐s ❛ (cEj , c)✲

♦♣❡r❛t♦r s❡♠✐st❛❜❧❡ ▲é✈② ♣r♦❝❡ss ♦♥ Vj ✳ ❲❡ ❝❛♥ ♥♦✇ ❝❤♦♦s❡ ❛♥ ✐♥♥❡r ♣r♦❞✉❝t 〈·, ·〉 ♦♥

R
d s✉❝❤ t❤❛t t❤❡ Vj , j ∈ {1, . . . , p}✱ ❛r❡ ♠✉t✉❛❧❧② ♦rt❤♦❣♦♥❛❧ ❛♥❞ t❤r♦✉❣❤♦✉t t❤✐s ♣❛♣❡r

✇❡ ✇✐❧❧ ❧❡t ‖x‖ =
√

〈x, x〉 ❜❡ t❤❡ ❛ss♦❝✐❛t❡❞ ❊✉❝❧✐❞❡❛♥ ♥♦r♠✳ ■♥ ♣❛rt✐❝✉❧❛r ✇❡ ❤❛✈❡ ❢♦r

t = crm > 0 t❤❛t

‖X(t)‖2 d
= ‖crEX(m)‖2 = ‖crE1X(1)(m)‖2 + . . .+ ‖crEpX(p)(m)‖2, ✭✹✳✻✮

✇✐t❤ r ∈ Z ❛♥❞ m ∈ [1, c)✳



❊①❛❝t ❍❛✉s❞♦r❢❢ ♠❡❛s✉r❡ ❢✉♥❝t✐♦♥s ✺✼

❚❤r♦✉❣❤♦✉t t❤✐s ♣❛♣❡r✱ ✇❡ ✇✐❧❧ ❞❡♥♦t❡ ❜② αj = 1/aj t❤❡ r❡❝✐♣r♦❝❛❧s ♦❢ t❤❡ r❡❛❧ ♣❛rts ♦❢ t❤❡

❡✐❣❡♥✈❛❧✉❡s ♦❢ t❤❡ ❡①♣♦♥❡♥t E✳ ❲❡ ❛ss✉♠❡ t❤❛t t❤❡ ♣r♦❝❡ss X ❤❛s ♥♦ ●❛✉ss✐❛♥ ❝♦♠♣♦♥❡♥t

✐♥ ✇❤✐❝❤ ❝❛s❡ 0 < αp < . . . < α1 < 2✳ ◆♦t❡ t❤❛t ✐♥ t❤✐s ♣❛♣❡r✱ ✇❡ ✇✐❧❧ ♦♥❧② ❝♦♥s✐❞❡r ♦♣❡r❛t♦r

s❡♠✐st❛❜❧❡ ▲é✈② ♣r♦❝❡ss❡s ✇✐t❤ ❞✐❛❣♦♥❛❧ ♣r✐♥❝✐♣❛❧ ❡①♣♦♥❡♥t✱ ✐✳❡✳ E1 = α−1
1 · Id1 ✱ ✇❤❡r❡ Id1

❞❡♥♦t❡s t❤❡ ✐❞❡♥t✐t② ♦♣❡r❛t♦r ♦♥ t❤❡ d1✲❞✐♠❡♥s✐♦♥❛❧ s✉❜s♣❛❝❡ V1✳ ❙✐♥❝❡ V1 ∼= R
d1 ✇❡

♠❛② ❝♦♥s✐❞❡r X(1) ❛s ❛♥ ♦♣❡r❛t♦r s❡♠✐st❛❜❧❡ ▲é✈② ♣r♦❝❡ss ♦♥ R
d1 ✇✐t❤ ❞✐❛❣♦♥❛❧ ❡①♣♦♥❡♥t

E1 = α−1
1 · Id1 ❛♥❞ ✐❞❡♥t✐t② ♠❛tr✐① Id1 ∈ R

d1×d1 ✳ ❯♥❧❡ss ♦t❤❡r✇✐s❡ st❛t❡❞✱ t❤r♦✉❣❤♦✉t t❤✐s

♣❛♣❡r t❤❡r❡ ✇✐❧❧ ❜❡ ♥♦ r❡str✐❝t✐♦♥ ♦♥ ❛❧❧ t❤❡ ♦t❤❡r s♣❡❝tr❛❧ ❝♦♠♣♦♥❡♥ts j = 2, . . . , p✱ ✐✳❡✳

X(j) ✐s ❛♥ ❛r❜✐tr❛r② (cEj , c)✲♦♣❡r❛t♦r s❡♠✐st❛❜❧❡ ▲é✈② ♣r♦❝❡ss ♦♥ Vj ∼= R
dj ✱ ✇❤❡r❡ t❤❡ r❡❛❧

♣❛rt ♦❢ ❛♥② ❡✐❣❡♥✈❛❧✉❡ ♦❢ t❤❡ ❡①♣♦♥❡♥t Ej ✐s ❡q✉❛❧ t♦ aj = α−1
j ∈ (0, 2)✱ ❜✉t ✐♥ ❣❡♥❡r❛❧ ✇❡

❞♦ ♥♦t ❛ss✉♠❡ t❤❛t Ej ✐s ❞✐❛❣♦♥❛❧ ❢♦r j = 2, . . . , p✳

✹✳✷✳✸ ❊①♣❡❝t❡❞ s♦❥♦✉r♥ t✐♠❡s

❋♦r ❛ ▲é✈② ♣r♦❝❡ss X = {X(t) : t ≥ 0} ❧❡t

T (a, s) =

∫ s

0
1B(0,a)(X(t))dt,

❜❡ t❤❡ s♦❥♦✉r♥ t✐♠❡ ✉♣ t♦ t✐♠❡ s > 0 ✐♥ t❤❡ ❝❧♦s❡❞ ❜❛❧❧ B(0, a) ✇✐t❤ r❛❞✐✉s a > 0 ❛♥❞

❝❡♥t❡r❡❞ ❛t t❤❡ ♦r✐❣✐♥✳ ❲❡ ♥♦✇ ❞❡t❡r♠✐♥❡ s❤❛r♣ ✉♣♣❡r ❛♥❞ ❧♦✇❡r ❜♦✉♥❞s ❢♦r t❤❡ ❡①♣❡❝t❡❞

s♦❥♦✉r♥ t✐♠❡s E[T (a, s)] ♦❢ ❛♥ ♦♣❡r❛t♦r s❡♠✐st❛❜❧❡ ▲é✈② ♣r♦❝❡ss ✇✐t❤ ❞✐❛❣♦♥❛❧ ❡①♣♦♥❡♥t

E✳ ❆❧t❤♦✉❣❤✱ ✐♥ t❤✐s ♣❛♣❡r ✇❡ ♦♥❧② ♥❡❡❞ t❤❡ r❡s✉❧t ❢♦r α1 < d1✱ ❢♦r ❝♦♠♣❧❡t❡♥❡ss ✇❡ ❛❧s♦

✐♥❝❧✉❞❡ t❤❡ r❡s✉❧t ❢♦r α1 > d1✳

▲❡♠♠❛ ✹✳✷

▲❡t X ❜❡ ❛ (cE , c)✲♦♣❡r❛t♦r s❡♠✐st❛❜❧❡ ▲é✈② ♣r♦❝❡ss ♦♥ R
d ✇✐t❤ ❞✐❛❣♦♥❛❧ ♣r✐♥❝✐♣❛❧ ❡①♣♦♥❡♥t

E1✳

✭✐✮ ■❢ α1 < d1✱ t❤❡r❡ ❡①✐st ❝♦♥st❛♥ts K4✱ K5 > 0 s✉❝❤ t❤❛t ❢♦r ❛❧❧ 0 < a ≤ 1 ❛♥❞

aα1 ≤ s ≤ 1✱

K4a
α1 ≤ E[T (a, s)] ≤ K5a

α1 .

✭✐✐✮ ■❢ d ≥ 2 ❛♥❞ α1 > d1 t❤❡♥ d1 = 1 ❛♥❞ ✇❡ ❢✉rt❤❡r ❛ss✉♠❡ t❤❛t E2 ✐s ❞✐❛❣♦♥❛❧✳ ❚❤❡♥

t❤❡r❡ ❡①✐st ❝♦♥st❛♥ts K6,K7 > 0 s✉❝❤ t❤❛t ❢♦r ❛❧❧ a > 0 s♠❛❧❧ ❡♥♦✉❣❤✱ s❛② 0 < a ≤ a0✱

❛♥❞ ❛❧❧ aα2 ≤ s ≤ 1✱

K6a
ρ ≤ E[T (a, s)] ≤ K7a

ρ,



❊①❛❝t ❍❛✉s❞♦r❢❢ ♠❡❛s✉r❡ ❢✉♥❝t✐♦♥s ✺✽

✇❤❡r❡ ρ = 1 + α2(1− 1/α1)✳

Pr♦♦❢✳ ❚❤❡ ❛ss❡rt✐♦♥s ❝❛♥ ❜❡ ♣r♦✈❡♥ ❜② ♦♥❧② s❧✐❣❤t❧② ✈❛r②✐♥❣ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✷✳✻ ✐♥

❬✸✻❪ ❛♥❞ ✉s✐♥❣ t❤❡ ❢❛❝t t❤❛t ❢♦r Ej = α−1
j · Idj ✱ ✇❤❡r❡ Idj ∈ R

dj×dj ❞❡♥♦t❡s t❤❡ ✐❞❡♥t✐t②

♦♣❡r❛t♦r ♦♥ Vj ✱ ✇❡ ❤❛✈❡ ‖tEj‖ = t1/αj ❢♦r ❛❧❧ t ≥ 0✳

✹✳✸ ▼❛✐♥ ❘❡s✉❧t

▲❡t α1 ❛♥❞ d1 ❜❡ ❛s ❞❡✜♥❡❞ ✐♥ ❙❡❝t✐♦♥ ✹✳✷✳✷ ❜② ♠❡❛♥s ♦❢ t❤❡ s♣❡❝tr❛❧ ❞❡❝♦♠♣♦s✐t✐♦♥✳ ❆s ✐♥

❬✸✵❪ ✇❡ ✇❡r❡ ♦♥❧② ❛❜❧❡ t♦ ❢✉❧❧② s♦❧✈❡ t❤❡ q✉❡st✐♦♥ ♦❢ ❡①❛❝t ❍❛✉s❞♦r✛ ♠❡❛s✉r❡s ❢♦r t❤❡ r❛♥❣❡

♦❢ ♦♣❡r❛t♦r s❡♠✐st❛❜❧❡ ▲é✈② ♣r♦❝❡ss❡s ✐♥ t❤❡ ❝❛s❡ α1 < d1 ❜✉t ❛❧s♦ ❣✐✈❡ ♣❛rt✐❛❧ r❡s✉❧ts ❢♦r

t❤❡ ❝❛s❡ α1 > d1✳ ❲❡ ✇✐❧❧ ❝♦♥s✐❞❡r ♦♣❡r❛t♦r s❡♠✐st❛❜❧❡ ▲é✈② ♣r♦❝❡ss❡s ♦❢ t②♣❡ A ❛♥❞ t②♣❡

B✱ s✐♠✉❧t❛♥❡♦✉s❧②✳ ■❢ α1 < d1 ❛♥❞ X ✐s ♦❢ t②♣❡ B ✇❡ ✇✐❧❧ ♥❡❡❞ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛ss✉♠♣t✐♦♥

♦♥ t❤❡ t❛✐❧ ❛s②♠♣t♦t✐❝ ♦❢ s♦❥♦✉r♥ t✐♠❡s✳

❆ss✉♠♣t✐♦♥ ✹✳✸

▲❡t X ❜❡ ❛ (cE , c)✲♦♣❡r❛t♦r s❡♠✐st❛❜❧❡ ▲é✈② ♣r♦❝❡ss ♦❢ t②♣❡ B ♦♥ R
d ✇✐t❤ ❞✐❛❣♦♥❛❧ ♣r✐♥❝✐♣❛❧

❡①♣♦♥❡♥t E1 ❛♥❞ 0 < α1 < 1✳ ❲❡ s✉♣♣♦s❡ t❤❛t t❤❡r❡ ❡①✐st ❝♦♥st❛♥ts K8, λ0 > 0 s✉❝❤ t❤❛t

❢♦r ❛❧❧ λ ≥ λ0

P (T (a, 1) > λaα1) ≤ exp
(
−K8λ

1
1−α1

)
.

◆♦t❡ t❤❛t ✐❢ X ✐s ❛♥ ♦♣❡r❛t♦r st❛❜❧❡ ▲é✈② ♣r♦❝❡ss ♦❢ t②♣❡ B ✇✐t❤ α1 < d1 ❛♥❞ ❞✐❛❣♦♥❛❧

♣r✐♥❝✐♣❛❧ ❡①♣♦♥❡♥t E1✱ t❤❡♥ t❤❡ ♣r♦❥❡❝t✐♦♥ ♦❢ X(1) ♦♥t♦ ❛♥② ❝♦♦r❞✐♥❛t❡✲❛①✐s ✐s ❛ st❛❜❧❡

s✉❜♦r❞✐♥❛t♦r ❛♥❞ t❤✉s ♥❡❝❡ss❛r✐❧② α1 < 1✳ ■♥ t❤✐s ❝❛s❡ ✐t ✐s ❦♥♦✇♥ t❤❛t ❆ss✉♠♣t✐♦♥

✹✳✸ ❤♦❧❞s tr✉❡ ❜② ▲❡♠♠❛ ✻ ✐♥ ❬✺✸❪ ♦r ▲❡♠♠❛ ✺✳✷ ✐♥ ❬✹✽❪✳ ■♥ ♦✉r ♠♦r❡ ❣❡♥❡r❛❧ ♦♣❡r❛t♦r

s❡♠✐st❛❜❧❡ ❝❛s❡ ✐t ✐s ❛♥ ♦♣❡♥ q✉❡st✐♦♥ ✇❤❡t❤❡r t❤❡ s❛♠❡ t❛✐❧ ❛s②♠♣t♦t✐❝ ♦❢ t❤❡ s♦❥♦✉r♥

t✐♠❡s ❤♦❧❞s tr✉❡✳ ❍❡♥❝❡ ✐♥ ❝❛s❡ ♦❢ t②♣❡ B ✇❡ ✇✐❧❧ ♥❡❡❞ t♦ s✉♣♣♦s❡ t❤❛t ❆ss✉♠♣t✐♦♥ ✹✳✸

❤♦❧❞s tr✉❡✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡♦r❡♠ st❛t❡s t❤❡ ♠❛✐♥ r❡s✉❧t ♦❢ t❤✐s ♣❛♣❡r✳

❚❤❡♦r❡♠ ✹✳✹

▲❡t X ❜❡ ❛ (cE , c)✲♦♣❡r❛t♦r s❡♠✐st❛❜❧❡ ▲é✈② ♣r♦❝❡ss ♦♥ R
d ✇✐t❤ ❞✐❛❣♦♥❛❧ ♣r✐♥❝✐♣❛❧ ❡①♣♦♥❡♥t

E1✳

✭✐✮ ■❢ X ✐s ♦❢ t②♣❡ A ❛♥❞ 0 < α1 < min{2, d1} t❤❡♥

φ(a) = aα1 log log
1

a



❊①❛❝t ❍❛✉s❞♦r❢❢ ♠❡❛s✉r❡ ❢✉♥❝t✐♦♥s ✺✾

✐s ❛♥ ❡①❛❝t ❍❛✉s❞♦r✛ ♠❡❛s✉r❡ ❢✉♥❝t✐♦♥ ❢♦r ❛❧♠♦st ❛❧❧ s❛♠♣❧❡ ♣❛t❤s ♦❢ X ♦✈❡r t❤❡

✐♥t❡r✈❛❧ [0, 1]✳

✭✐✐✮ ■❢ X ✐s ♦❢ t②♣❡ B ❛♥❞ 0 < α1 < 1✱ t❤❡♥✱ ❣✐✈❡♥ ❆ss✉♠♣t✐♦♥ ✹✳✸✱

φ(a) = aα1

(
log log

1

a

)1−α1

✐s ❛♥ ❡①❛❝t ❍❛✉s❞♦r✛ ♠❡❛s✉r❡ ❢✉♥❝t✐♦♥ ❢♦r ❛❧♠♦st ❛❧❧ s❛♠♣❧❡ ♣❛t❤s ♦❢ X ♦✈❡r t❤❡

✐♥t❡r✈❛❧ [0, 1]✳

✹✳✹ Pr♦♦❢

❚♦ ♣r♦✈❡ ♦✉r ♠❛✐♥ r❡s✉❧t ✇❡ ✇✐❧❧ s❤♦✇ t❤❛t t❤❡ ❛ss❡rt❡❞ φ✲❍❛✉s❞♦r✛ ♠❡❛s✉r❡s ♦❢ t❤❡ r❛♥❣❡

♦❢ X ❛r❡ ❜♦t❤✱ ❣r❡❛t❡r t❤❛♥ ③❡r♦ ❛♥❞ ❧❡ss t❤❛♥ ✐♥✜♥✐t②✳

✹✳✹✳✶ ●r❡❛t❡r t❤❛♥ ③❡r♦

❚❤❡ ❢♦❧❧♦✇✐♥❣ t❛✐❧ ❛s②♠♣t♦t✐❝ ♦❢ t❤❡ s♦❥♦✉r♥ t✐♠❡s ✐s tr✉❡ ❢♦r ❛♥② ▲é✈② ♣r♦❝❡ss ❛♥❞ ✇✐❧❧ ❜❡

✉s❡❞ ✐❢ X ✐s ♦❢ t②♣❡ ❆✳ ❚❤❡ ♣r♦♦❢ ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ▲❡♠♠❛ ✸✳✷ ♦❢ ❍♦✉ ❛♥❞ ❨✐♥❣ ❬✸✵❪ ❛♥❞

✉s❡s t❤❡ ▼❛r❦♦✈ ✐♥❡q✉❛❧✐t②✳

▲❡♠♠❛ ✹✳✺

▲❡t X ❜❡ ❛ ▲é✈② ♣r♦❝❡ss ♦♥ R
d✳ ❚❤❡♥ ❢♦r ❛❧❧ 0 < δ < 1✱ λ > 0 ❛♥❞ a > 0✱ ✇❡ ❤❛✈❡ t❤❛t

P (T (a, 1) > λE[T (2a, 1)]) ≤ 1

1− δ
· exp (−δλ). ✭✹✳✼✮

❘❡♠❛r❦ ✹✳✻

◆♦t❡ t❤❛t ✭✹✳✼✮ ✐s ♦♥❧② ♠❡❛♥✐♥❣❢✉❧ ✐❢ λ > 1 ❛♥❞ ✐♥ t❤✐s ❝❛s❡ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ t❛❦❡s ✐t

♠✐♥✐♠✉♠ ❛t δ = 1 − 1/λ✳ ❚❤✉s ❢♦r λ > 1 t❤❡ ✐♥❡q✉❛❧✐t② ✭✹✳✼✮ ❜❡❝♦♠❡s str♦♥❣❡st ✐♥ t❤❡

❢♦r♠

P (T (a, 1) > λE[T (2a, 1)]) ≤ λ exp(1− λ).

◆♦t❡ ❢✉rt❤❡r t❤❛t ❢♦r ❛♥ ♦♣❡r❛t♦r s❡♠✐st❛❜❧❡ ▲é✈② ♣r♦❝❡ss ♦❢ t②♣❡ B ✇✐t❤ ❞✐❛❣♦♥❛❧ ♣r✐♥❝✐♣❛❧

❡①♣♦♥❡♥t E1 ❛♥❞ α1 < 1 ❜② ▲❡♠♠❛ ✷✳✷✭✐✮ ♦✉r ❆ss✉♠♣t✐♦♥ ✹✳✸ ✐s str♦♥❣❡r t❤❛♥ ✭✹✳✼✮ ❢♦r

❧❛r❣❡ ✈❛❧✉❡s ♦❢ λ✳



❊①❛❝t ❍❛✉s❞♦r❢❢ ♠❡❛s✉r❡ ❢✉♥❝t✐♦♥s ✻✵

▲❡♠♠❛ ✹✳✼

▲❡t X ❜❡ ❛ (cE , c)✲♦♣❡r❛t♦r s❡♠✐st❛❜❧❡ ▲é✈② ♣r♦❝❡ss ♦♥ R
d ✇✐t❤ ❞✐❛❣♦♥❛❧ ♣r✐♥❝✐♣❛❧ ❡①♣♦♥❡♥t

E1✳

✭✐✮ ■❢ X ✐s ♦❢ t②♣❡ A ❛♥❞ 0 < α1 < min{2, d1} t❤❡♥ ❢♦r

φ(a) = aα1 log log
1

a

t❤❡r❡ ❡①✐sts ❛ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t K91 s✉❝❤ t❤❛t ❢♦r ❛❧❧ t0 ∈ [0, 1] ✇❡ ❤❛✈❡ ❛❧♠♦st s✉r❡❧②

lim sup
a→0

1

φ(a)
·
∫ 1

0
1B(X(t0),a)(X(t)) dt ≤ K91. ✭✹✳✽✮

✭✐✐✮ ■❢ X ✐s ♦❢ t②♣❡ B ❛♥❞ 0 < α1 < 1 t❤❡♥✱ ❣✐✈❡♥ ❆ss✉♠♣t✐♦♥ ✹✳✸✱ ❢♦r

φ(a) = aα1

(
log log

1

a

)1−α1

t❤❡r❡ ❡①✐sts ❛ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t K92 s✉❝❤ t❤❛t ❢♦r ❛❧❧ t0 ∈ [0, 1] ✇❡ ❤❛✈❡ ❛❧♠♦st s✉r❡❧②

lim sup
a→0

1

φ(a)
·
∫ 1

0
1B(X(t0),a)(X(t)) dt ≤ K92. ✭✹✳✾✮

Pr♦♦❢✳ ▲❡t t0 ∈ [0, 1]✳ ❉❡✜♥❡

Y (t) =





X(t0)−X(t0 − t), ✐❢ 0 ≤ t < t0,

X(t), ✐❢ t ≥ t0.

❯s✐♥❣ ❛ ❝❤❛♥❣❡ ♦❢ ✈❛r✐❛❜❧❡ ❜② s❡tt✐♥❣ u := t0 − t ❛♥❞ v := t− t0 ✇❡ ❣❡t

∫ 1

0
1B(X(t0),a)(X(t))dt

=

∫ t0

0
1B(X(t0),a)(X(t))dt+

∫ 1

t0

1B(X(t0),a)(X(t))dt

=−
∫ 0

t0

1B(X(t0),a)(X(t0 − u))du+

∫ 1−t0

0
1B(X(t0),a)(X(v + t0))dv

=

∫ t0

0
1B(0,a)(Y (u))du+

∫ 1−t0

0
1B(0,a)(X(v + t0)−X(t0))dv



❊①❛❝t ❍❛✉s❞♦r❢❢ ♠❡❛s✉r❡ ❢✉♥❝t✐♦♥s ✻✶

≤
∫ 1

0
1B(0,a)(Y (u))du+

∫ 1

0
1B(0,a)(X(v + t0)−X(t0))dv.

◆♦t❡ t❤❛t t❤❡ ♣r♦❝❡ss❡s (X(t))t≥0✱ (Y (t))t≥0 ❛♥❞ (X(t + t0) − X(t0))t≥0 ❤❛✈❡ t❤❡ s❛♠❡

✜♥✐t❡✲❞✐♠❡♥s✐♦♥❛❧ ❞✐str✐❜✉t✐♦♥s✳ ❍❡♥❝❡✱ ✐t ✐s s✉✣❝✐❡♥t t♦ s❤♦✇ t❤❛t t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t

K9 > 0 s✉❝❤ t❤❛t

P

(
lim sup
a→0

T (a, 1)

φ(a)
<
K9

2

)
= 1.

❋♦r X ♦❢ t②♣❡ A✱ 0 < α1 < min{2, d1} ❛♥❞ a > 0 s♠❛❧❧ ❡♥♦✉❣❤✱ ✇❡ ❤❛✈❡ ❜② ▲❡♠♠❛ ✹✳✷✭✐✮

❛♥❞ ▲❡♠♠❛ ✹✳✺ t❤❛t

P

(
T (a, 1) >

K4

2α1
λaα1

)
≤ 1

1− δ
· exp (−δλ)

❢♦r ❛❧❧ δ ∈ (0, 1) ❛♥❞ ❛❧❧ λ > 0✳ ◆♦✇ ❝❤♦♦s❡ λ = 2
δ log log

1
a ✳ ❚❤❡♥ ❢♦r a > 0 s♠❛❧❧ ❡♥♦✉❣❤

P

(
T (a, 1) >

2K4

δ
aα1 log log

1

a

)
≤ 1

1− δ
·
(
log

1

a

)−2

✭✹✳✶✵✮

❋♦r n ∈ N ❞❡✜♥❡ an := 2−n ❛♥❞ En := {T (an, 1) > 2K4
δ · aα1

n log log 1
an
}✳ ❇② ✭✹✳✶✵✮ ✇❡ ❣❡t

❢♦r s✉✣❝✐❡♥t❧② ❧❛r❣❡ N ∈ N

∞∑

n=N

P(En) ≤
1

1− δ

∞∑

n=N

(
log

1

an

)−2

=
(log 2)−2

1− δ

∞∑

n=N

1

n2
<∞.

❆♣♣❧②✐♥❣ t❤❡ ❇♦r❡❧✲❈❛♥t❡❧❧✐ ❧❡♠♠❛✱ ❢♦r ❛❧♠♦st ❛❧❧ ω t❤❡r❡ ❡①✐sts ❛♥ ✐♥t❡❣❡r N(ω) s✉❝❤ t❤❛t

t❤❡ ❡✈❡♥t En ❞♦❡s ♥♦t ♦❝❝✉r ❢♦r n ≥ N(ω)✳ ❋♦r a > 0 s♠❛❧❧ ❡♥♦✉❣❤✱ ✇❡ ❝❛♥ ✜♥❞ n0 ≥ N(ω)

s✉❝❤ t❤❛t an0+1 ≤ a ≤ an0 ✇❤✐❝❤ ❣✐✈❡s ✉s

T (a)

aα1 log log 1
a

≤ T (an0)

aα1
n0+1 log log

1
an0

≤
2K4a

α1
n0

log log 1
an0

δaα1
n0+1 log log

1
an0

<
K42

1+α1

δ
.

❋♦r K91 := K4 2
2+α1/δ t❤✐s ❝♦♥❝❧✉❞❡s t❤❡ ♣r♦♦❢ ♦❢ ♣❛rt ✭✐✮✳

◆♦✇ ❧❡t X ❜❡ ♦❢ t②♣❡ B ❛♥❞ 0 < α1 < 1✳ ❇② ❆ss✉♠♣t✐♦♥ ✹✳✸ t❤❡r❡ ❡①✐st ♣♦s✐t✐✈❡ ❝♦♥st❛♥ts

K8✱ λ0 > 0 s✉❝❤ t❤❛t ❢♦r ❛❧❧ λ ≥ λ0

P (T (a, 1) > λaα1) ≤ exp
(
−K8λ

1
1−α1

)
.

P✉t λ =
(

2
K8

· log log 1
a

)1−α1

✳ ❋♦r ❛❧❧ a > 0 s✉✣❝✐❡♥t❧② s♠❛❧❧✱ s✉❝❤ t❤❛t λ ≥ λ0✱ ✇❡ t❤❡♥

❣❡t

P

(
T (a, 1) >

(
2

K8
· log log 1

a

)1−α1

· aα1

)
≤ exp

(
−K8 ·

(
2

K8
log log

1

a

))



❊①❛❝t ❍❛✉s❞♦r❢❢ ♠❡❛s✉r❡ ❢✉♥❝t✐♦♥s ✻✷

= exp

(
−2 log log

1

a

)
=

(
log

1

a

)−2

.

▲❡t an = 2−n ❛♥❞ En =

{
T (an, 1) >

(
2
K8

· log log 1
an

)1−α1 · aα1
n

}
✳ ❚❤❡♥ ❢♦r N ∈ N

s✉✣❝✐❡♥t❧② ❧❛r❣❡

∞∑

n=N

P(En) ≤
∞∑

n=N

(
log

1

an

)−2

= (log 2)−2
∞∑

n=N

1

n2
<∞.

❇② ❇♦r❡❧ ❈❛♥t❡❧❧✐✱ ❢♦r ❛❧♠♦st ❛❧❧ ω t❤❡r❡ ❡①✐sts ❛♥ ✐♥t❡❣❡r N(ω) s✉❝❤ t❤❛t En ❞♦❡s ♥♦t

♦❝❝✉r ❢♦r n ≥ N(ω)✳ ■❢ an+1 ≤ a < an ❛♥❞ n ≥ N(ω)

T (a)

aα1
(
log log 1

a

)1−α1
≤ T (an)

aα1
n+1

(
log log 1

an

)1−α1
≤ 2 ·Kα1−1

8 .

❙❡tt✐♥❣ K92 := 4 · (K8)
α1−1 ❝♦♥❝❧✉❞❡s t❤❡ ♣r♦♦❢✳

❚❤❡♦r❡♠ ✹✳✽

▲❡t X ❜❡ ❛ (cE , c)✲♦♣❡r❛t♦r s❡♠✐st❛❜❧❡ ▲é✈② ♣r♦❝❡ss ♦♥ R
d ✇✐t❤ ❞✐❛❣♦♥❛❧ ♣r✐♥❝✐♣❛❧ ❡①♣♦♥❡♥t

E1✳

✭✐✮ ■❢ X ✐s ♦❢ t②♣❡ A ❛♥❞ 0 < α1 < min{2, d1} t❤❡♥ ❢♦r

φ(a) = aα1 log log
1

a

✇❡ ❤❛✈❡ φ−m(X([0, 1])) > 0 ❛❧♠♦st s✉r❡❧②✳

✭✐✐✮ ■❢ X ✐s ♦❢ t②♣❡ B ❛♥❞ 0 < α1 < 1 t❤❡♥✱ ❣✐✈❡♥ ❆ss✉♠♣t✐♦♥ ✹✳✸✱ ❢♦r

φ(a) = aα1

(
log log

1

a

)1−α1

✇❡ ❤❛✈❡ φ−m(X([0, 1])) > 0 ❛❧♠♦st s✉r❡❧②✳

Pr♦♦❢✳ ❋♦r ❛❧❧ s✉❜s❡ts A ⊆ R
d ❞❡✜♥❡ t❤❡ r❛♥❞♦♠ ❇♦r❡❧ ♠❡❛s✉r❡ µ ❛s

µ(A) =

∫ 1

0
1A(X(t))dt.

❚❤✐s ❣✐✈❡s ✉s µ(X([0, 1])) = 1 ❢♦r ❛❧❧ ω ∈ Ω✳ ▲❡t F = {X(t0) : t0 ∈ [0, 1] ❛♥❞ ✭✹✳✽✮ ❤♦❧❞s} ⊆
X([0, 1])✳ ❇② ❚♦♥❡❧❧✐✬s t❤❡♦r❡♠ ✇❡ ❤❛✈❡ ❛❧♠♦st s✉r❡❧②

µ(F ) =

∫ 1

0
1F (X(t))dt =

∫ 1

0
1{X(t0) : t0∈[0,1] ❛♥❞ ✭✹✳✽✮ ❤♦❧❞s}(X(t))dt



❊①❛❝t ❍❛✉s❞♦r❢❢ ♠❡❛s✉r❡ ❢✉♥❝t✐♦♥s ✻✸

=

∫ 1

0

∫ 1

0
1{X(t0) : ✭✹✳✽✮ ❤♦❧❞s}(X(t))dt0 dt

=

∫ 1

0

∫ 1

0
1{X(t0) : ✭✹✳✽✮ ❤♦❧❞s}(X(t))dt dt0 =

∫ 1

0
1dt0 = 1.

❆♣♣❧②✐♥❣ ▲❡♠♠❛ ✹✳✶ ❛♥❞ ▲❡♠♠❛ ✹✳✼ ❛♥❞ ✉s✐♥❣ t❤❡ ❢❛❝t t❤❛t φ ✐s ✉❧t✐♠❛t❡❧② ✐♥❝r❡❛s✐♥❣✱

✇❡ ❤❛✈❡ t❤❛t ❛❧♠♦st s✉r❡❧②

φ−m(F ) ≥ K2 µ(F ) inf
X(t0)∈F

(
lim sup
a→∞

µ(B(X(t0), a))

φ(2a)

)−1

≥ K2 · 1 · inf
X(t0)∈F

(
lim sup
a→∞

µ(B(X(t0), a))

φ(2a)

)−1

≥ K2

max{K91,K92}
> 0.

❙✐♥❝❡ F ⊆ X([0, 1]) t❤✐s ❝♦♥❝❧✉❞❡s t❤❡ ♣r♦♦❢✳

❘❡♠❛r❦ ✹✳✾

❙✐♠✐❧❛r❧②✱ ✐❢ X ✐s ♦❢ t②♣❡ A✱ d ≥ 2 ❛♥❞ α1 > d1 = 1 t❤❡♥ ❢♦r

φ(a) = aρ log log
1

a
✭✹✳✶✶✮

✇✐t❤ ρ = 1 + α2(1 − 1/α1) ✇❡ ❤❛✈❡ φ − m(X([0, 1])) > 0 ❛❧♠♦st s✉r❡❧②✳ ❚❤✐s ❢♦❧❧♦✇s

❛♥❛❧♦❣♦✉s❧② t♦ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✹✳✽✭✐✮ ✉s✐♥❣ ▲❡♠♠❛ ✹✳✷✭✐✐✮ ✐♥st❡❛❞ ♦❢ ♣❛rt ✭✐✮ ✐♥

t❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✹✳✼✳ ❯♥❢♦rt✉♥❛t❡❧②✱ ✐♥ t❤✐s ❝❛s❡ ✇❡ ✇❡r❡ ♥♦t ❛❜❧❡ t♦ s❤♦✇ t❤❛t φ −
m(X([0, 1])) <∞✳

✹✳✹✳✷ ▲❡ss t❤❛♥ ✐♥✜♥✐t②

▲❡♠♠❛ ✹✳✶✵

▲❡t X ❜❡ ❛ (cE , c)✲♦♣❡r❛t♦r s❡♠✐st❛❜❧❡ ▲é✈② ♣r♦❝❡ss ♦♥ R
d ✇✐t❤ ❞✐❛❣♦♥❛❧ ♣r✐♥❝✐♣❛❧ ❡①♣♦♥❡♥t

E1✳

✭✐✮ ■❢ X ✐s ♦❢ t②♣❡ A✱ t❤❡♥ t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t K10 > 0 s✉❝❤ t❤❛t ❢♦r ❛❧❧ 0 < λ < 1

❛♥❞ 0 < τ < 1

P

(
sup

0≤t≤τ
‖X(t)‖ ≤ τ

1
α1 λ

)
≥ exp

(
−K10λ

−α1
)
. ✭✹✳✶✷✮
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✭✐✐✮ ■❢ X ✐s ♦❢ t②♣❡ B ❛♥❞ 0 < α1 < 1✱ t❤❡♥ t❤❡r❡ ❡①✐st ❝♦♥st❛♥ts K11, λ0 > 0 s✉❝❤ t❤❛t

❢♦r ❛❧❧ 0 < λ < λ0 ❛♥❞ 0 < τ < 1

P

(
sup

0≤t≤τ
‖X(t)‖ ≤ τ

1
α1 λ

)
≥ exp

(
−K11λ

− α1
1−α1

)
.

Pr♦♦❢✳ ✭✐✮ ▲❡t p(t, ·) ❜❡ t❤❡ ❞❡♥s✐t② ❢✉♥❝t✐♦♥ ♦❢ X(t)✱ t ≥ 0✳ ❙✐♥❝❡ t❤❡ ♣r♦❝❡ss ✐s ♦❢ t②♣❡ A✱

t❤❡ ❞❡♥s✐t② ❢✉♥❝t✐♦♥ p(1, ·) ✐s ❜♦✉♥❞❡❞ ❛♥❞ ❝♦♥t✐♥✉♦✉s ❛♥❞ p(1, 0) > 0✳ ❍❡♥❝❡✱ ✇❡ ❝❛♥ ✜♥❞

δ, η > 0 s✉❝❤ t❤❛t ❢♦r ❛❧❧ x ∈ R
d ✇✐t❤ ‖x‖ < 2δ ✇❡ ❤❛✈❡ t❤❛t p(1, x) ≥ η✳ ❚❤❡♥ ❢♦r ‖x‖ < δ

t❤✐s ❧❡❛❞s t♦

P(‖X(1) + x‖ < δ) =

∫

Rd

1{‖y+x‖<δ} p(1, y)dy

≥
∫ ∞

−∞
· · ·
∫ ∞

−∞
1{|y1+x1|< δ√

d
} · . . . · 1{|yd+xd|< δ√

d
} p(1, y) dy1 · · · dyd

=

∫ 2δ

−2δ
· · ·
∫ 2δ

−2δ
1{|y1+x1|< δ√

d
} · . . . · 1{|yd+xd|< δ√

d
} p(1, y) dy1 · · · dyd

≥ η

∫ 2δ

−2δ
· · ·
∫ 2δ

−2δ
1{|y1+x1|< δ√

d
} · . . . · 1{|yd+xd|< δ√

d
} dy1 · · · dyd

= η
d∏

i=1

(
δ√
d
− xi −

(
− δ√

d
− xi

))
= η

d∏

i=1

(
2δ√
d

)
= η

(
2δ√
d

)d
=: C2 > 0.

❋✉rt❤❡r♠♦r❡✱ s✐♥❝❡ t❤❡ ♣r♦❝❡ss X ❤❛s ❝à❞❧à❣ ♣❛t❤s✱ ✐t ✐s ❛❧♠♦st s✉r❡❧② ❜♦✉♥❞❡❞ ♦♥ ✜♥✐t❡

✐♥t❡r✈❛❧s✳ ❍❡♥❝❡✱ ❜② t✐❣❤t♥❡ss ✇❡ ❝❛♥ ✜♥❞ r > 1 ❧❛r❣❡ ❡♥♦✉❣❤ s✉❝❤ t❤❛t

P

(
sup

0≤t≤1
‖X(t)‖ ≥ r − δ

)
<

1

2
C2.

❆❧t♦❣❡t❤❡r✱ ✇❡ ❣❡t ❢♦r ❛❧❧ ‖x‖ < δ

P

(
sup

0≤t≤1
‖X(t) + x‖ < r, ‖X(1) + x‖ < δ

)

= P (‖X(1) + x‖ < δ)− P

(
sup

0≤t≤1
‖X(t) + x‖ ≥ r, ‖X(1) + x‖ < δ

)

≥ C2 − P

(
sup

0≤t≤1
‖X(t) + x‖ ≥ r

)

≥ C2 − P

(
sup

0≤t≤1
‖X(t)‖ ≥ r − δ

)
>

1

2
C2.
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▲❡t k ∈ N✳ ❇② ✐♥❞✉❝t✐♦♥✱ ✐t ♥♦✇ ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ♣r♦♣❡rt✐❡s ♦❢ ❛ ▲é✈② ♣r♦❝❡ss t❤❛t

P

(
sup

0≤t≤k
‖X(t)‖ < r

)
≥ P

(
sup

0≤t≤k
‖X(t)‖ < r, ‖X(k)‖ < δ

)

≥ P

(
sup

k−1≤t≤k
‖X(t)‖ < r, ‖X(k)‖ < δ, sup

0≤t≤k−1
‖X(t)‖ < r, ‖X(k − 1)‖ < δ

)

sup
0≤t≤k−1

‖X(t)‖ < r, ‖X(k − 1)‖ < δ

)

=

∫

[0,r)

∫

{‖x‖<δ}
P

(
sup

k−1≤t≤k
‖X(t)−X(k − 1) + x‖ < r, ‖X(k)−X(k − 1) + x‖ < δ

)

❞P(
sup

0≤t≤k−1
‖X(t)‖,‖X(k−1)‖

)(x, y)

=

∫

[0,r)

∫

{‖x‖<δ}
P

(
sup

k−1≤t≤k
‖X(t) + x‖ < r, ‖X(1) + x‖ < δ

)

❞P(
sup

0≤t≤k−1
‖X(t)‖,‖X(k−1)‖

)(x, y)

≥ 1

2
C2 · P

(
sup

0≤t≤k−1
‖X(t)‖ < r, ‖X(k − 1)‖ < δ

)
≥
(1
2
C2

)k
= exp

(
−k log

(
2C−1

2

))
.

❋♦r u > 1 ❝❤♦♦s❡ k ∈ N ✇✐t❤ k ≤ u < k + 1✳ ❚❤❡♥ ❢♦r ❛❧❧ r > 1 ❧❛r❣❡ ❡♥♦✉❣❤ ✇❡ ❤❛✈❡

P

(
sup

0≤t≤u
‖X(t)‖ < r

)
≥ P

(
sup

0≤t≤k+1
‖X(t)‖ < r

)

≥ exp
(
−(k + 1) log

(
2 C−1

2

))
= exp

(
−k · k + 1

k
· log

(
2 C−1

2

))

≥ exp
(
−u · 2 log

(
2 C−1

2

))
=: exp (−C3 u) ,

✇❤❡r❡ C3 > 0 ✐s ❛ ❝♦♥st❛♥t ✐♥❞❡♣❡♥❞❡♥t ❢r♦♠ u✳ ◆♦✇ ❧❡t 0 < τ < 1✳ ❚❤❡♥ t❤❡r❡ ❡①✐sts

❛♥ i ∈ N0 s✉❝❤ t❤❛t c−(i+1) ≤ τ < c−i ❛♥❞ ❢♦r 0 < λ < 1 t❤❡r❡ ❡①✐sts ❛ j ∈ N s✉❝❤ t❤❛t

cj−2 ≤ λ−α1rα1 < cj−1✳ ❯s✐♥❣ t❤❡ ❢❛❝t t❤❛t ❢♦r ❞✐❛❣♦♥❛❧ E1 ✇❡ ❤❛✈❡ ‖sE‖ ≤ s1/α1 ❢♦r

0 < s < 1✱ t❤✐s ❧❡❛❞s ✉s t♦

P

(
sup

0≤t≤τ
‖X(t)‖ ≤ τ

1
α1 λ

)
≥ P

(
sup

0≤t≤c−i

‖X(t)‖ ≤ c
− i+1

α1 λ

)
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= P

(
sup

0≤t≤cj
‖X(c−j−it)‖ ≤ c

− i+1
α1 λ

)
≥ P

(
sup

0≤t≤cj
c
− j+i

α1 ‖X(t)‖ ≤ c
− i+1

α1 λ

)

≥ P

(
sup

0≤t≤cj
‖X(t)‖ ≤ c

j−1
α1 λ

)
≥ P

(
sup

0≤t≤cj
‖X(t)‖ < r

)

≥ exp
(
−C3 · cj

)
≥ exp

(
−K10λ

−α1
)
,

✇❤❡r❡ K10 := C3 · c2 · rα1 ✳

✭✐✐✮ ▲❡t 0 < τ < 1✳ ❚❤❡♥ t❤❡r❡ ❡①✐sts ❛♥ i1 ∈ N0 ✇✐t❤ c−(i1+1) ≤ τ < c−i1 ✳ ❲❡ ❤❛✈❡

P

(
sup

0≤t≤τ
‖X(t)‖ ≤ τ

1
α1 λ

)
≥ P

(
sup

0≤t≤c−i1

‖X(t)‖ ≤ c
− i1+1

α1 λ

)

= P

(
sup

0≤t≤1
‖X(c−i1t)‖ ≤ c

− i1+1
α1 λ

)
≥ P

(
sup

0≤t≤1
‖X(t)‖ ≤ c

− 1
α1 λ

)
=: g(λ),

✇❤❡r❡ t❤❡ ❧❛st ✐♥❡q✉❛❧✐t② ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ❢❛❝t t❤❛t ❢♦r ❞✐❛❣♦♥❛❧ E1 ✇❡ ❤❛✈❡ ‖m‖E ≤ m1/α1

❢♦r ❛❧❧ m ∈ (0, 1]✳ ❋✉rt❤❡r♠♦r❡ ❢♦r ❛❧❧ k ∈ N \ {1} ✇❡ ❝❛♥ ✜♥❞ ❛ j ∈ N0 s✉❝❤ t❤❛t

c−(j+1) ≤ k−1 < c−j ✳ ❙✐♥❝❡ X ❤❛s ✐♥❞❡♣❡♥❞❡♥t ❛♥❞ st❛t✐♦♥❛r② ✐♥❝r❡♠❡♥ts ✇❡ ❣❡t

g(λ) ≥ P




k⋂

i=1



 sup

i−1
k

≤t≤ i
k

∥∥∥∥X(t)−X

(
i− 1

k

)∥∥∥∥ < k−1c
− 1

α1 λ








=
k∏

i−1

P

(
sup

0≤t≤k−1

‖X(t)‖ < k−1c
− 1

α1 λ

)

≥
[
P

(
sup

0≤t≤c−j

‖X(t)‖ < c−(j+1)c
− 1

α1 λ

)]k

=

[
P

(
sup

0≤t≤1
‖X(c−jt)‖ < c−jc

− 1
α1

−1
λ

)]k

≥
[
P

(
sup

0≤t≤1
‖X(t)‖ < c

j( 1
α1

−1)
c
− 1

α1
−1
λ

)]k

=

[
P

(
sup

0≤t≤1
‖X(t)‖ < c

(j+1)( 1
α1

−1)
c
− 2

α1 λ

)]k

≥
[
P

(
sup

0≤t≤1
‖X(t)‖ < k

1
α1

−1
c
− 2

α1 λ

)]k
=
[
g
(
k

1
α1

−1
c
− 1

α1 λ
)]k

.
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❉❡✜♥❡ h(λ) = log g(λ)✳ ❚❤❡♥

h(λ) ≥ k · h
(
k

1
α1

−1
c
− 1

α1 λ
)
.

❋✉rt❤❡r♠♦r❡ ❞❡✜♥❡ t❤❡ s❡q✉❡♥❝❡ (xk)k∈N ❛s xk = k
1− 1

α1 c
1
α1 ✱ t❤❡♥ xk+1/xk → 1 ❛♥❞ xk → 0

❛s k → ∞✳ ❲❡ ❣❡t

h(xk) ≥ k · h(1) = c
1

1−α1 · x
α1

α1−1

k · h(1) ≥ x
− α1

1−α1
k · h(1).

❙✐♥❝❡ ❢♦r ❛❧❧ k ∈ N ✇❡ ❤❛✈❡

g(1) ≥
[
P

(
sup

0≤t≤1
‖X(t)‖< k

1
α1

−1
c
− 2

α1

)]k
,

t❤❡r❡ ❡①✐sts ❛ k0 ∈ N s✉❝❤ t❤❛t t❤❡ r✐❣❤t✲❤❛♥❞✲s✐❞❡ ✐s str✐❝t❧② ♣♦s✐t✐✈❡ ❢♦r ❛❧❧ k ≥ k0✱ ✐✳❡✳

g(1) > 0✳ ❍❡♥❝❡✱ t❤❡r❡ ❡①✐sts ❛ ✜♥✐t❡ ❝♦♥st❛♥t K > 0 s✉❝❤ t❤❛t h(1) = log g(1) ≥ −K✳

❙✐♥❝❡ h ✐s ♥♦♥✲✐♥❝r❡❛s✐♥❣✱ t❤❡r❡ ✐s ❛ λ0 > 0 s✉❝❤ t❤❛t ❢♦r 0 < λ ≤ λ0 ✇✐t❤ xk+1 ≤ λ < xk

❛♥❞ k ≥ k0 ✇❡ ❤❛✈❡

h(λ) ≥ h(xk+1) = (xk+1)
− α1

1−α1 · h(1) ≥ −K · (xk+1)
− α1

1−α1

= −K ·
(
xk+1

xk

)− α1
1−α1 · (xk)−

α1
1−α1 ≥ −K11 λ

− α1
1−α1 .

❆❧t♦❣❡t❤❡r ✇❡ ❛rr✐✈❡ ❛t

g(λ) ≥ exp
(
−K11 λ

− α1
1−α1

)

❢♦r ❛❧❧ 0 < λ < λ0✳

▲❡♠♠❛ ✹✳✶✶

▲❡t X ❜❡ ❛ (cE , c)✲♦♣❡r❛t♦r s❡♠✐st❛❜❧❡ ▲é✈② ♣r♦❝❡ss ♦♥ R
d ✇✐t❤ ❞✐❛❣♦♥❛❧ ♣r✐♥❝✐♣❛❧ ❡①♣♦♥❡♥t

E1✳

✭✐✮ ❋♦r t❤❡ ♣r✐♥❝✐♣❛❧ ❝♦♠♣♦♥❡♥t j = 1 t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t K12 > 0 s✉❝❤ t❤❛t ❢♦r ❛❧❧

i ∈ Z ❛♥❞ ❛❧❧ a > 0 ✇❡ ❤❛✈❡

P

(
‖X(1)(c−i)‖ > ac

− i
α1

)
= P(‖X(1)(1)‖ > a) ≤ K12 a

−α1 . ✭✹✳✶✸✮
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✭✐✐✮ ❋♦r ❛❧❧ ♦t❤❡r ❝♦♠♣♦♥❡♥ts j = 2, . . . , p ❛♥❞ ❛r❜✐tr❛r② δ′ > 0✱ δj ∈ (0, α−1
j ) t❤❡r❡ ❡①✐sts

❛ ❝♦♥st❛♥t Kj2 > 0 s✉❝❤ t❤❛t ❢♦r ❛❧❧ i ∈ Z ❛♥❞ ❛❧❧ a ≥ a0 ≥ 1 ✇❡ ❤❛✈❡

P

(
‖X(j)(c−i)‖ > ac

−i( 1
αj

−δj)
)

≤ Kj2 a
−(αj−δ′). ✭✹✳✶✹✮

Pr♦♦❢✳ ✭✐✮ ▲❡t ν ❜❡ ❛ (c1/α1 , c)✲s❡♠✐st❛❜❧❡ ❧❛✇ ♦♥ R✳ ❖♥❡ ❝❛♥ s❤♦✇ ✭s❡❡ t❤❡ ❘❡♠❛r❦s ✐♥

s❡❝t✐♦♥ ✸ ♦❢ ❬✹✹❪✮ t❤❛t ❢♦r ❛❧❧ t > 0

ν({|x| > t}) = t−αf(t), ✭✹✳✶✺✮

✇❤❡r❡ f ✐s ❛ ❜♦✉♥❞❡❞✱ ❛s②♠♣t♦t✐❝❛❧❧② ❧♦❣✲♣❡r✐♦❞✐❝ ❢✉♥❝t✐♦♥✳ ▲❡t X1, . . . , Xd1 ❞❡♥♦t❡ t❤❡

♠❛r❣✐♥❛❧s ♦❢ X(1)(1)✱ ✐✳❡✳ Xj = 〈X(1)(1), ej〉 ✇✐t❤ ❝❛♥♦♥✐❝❛❧ ❜❛s✐s ✈❡❝t♦r ej ✱ ❛♥❞ ❧❡t Xj(t) =

〈X(1)(t), ej〉 ❜❡ t❤❡ ▲é✈② ♣r♦❝❡ss ❣❡♥❡r❛t❡❞ ❜② Xj ✳ ❙✐♥❝❡

Xj(ct) = 〈X(1)(ct), ej〉 = 〈cE1X(1)(t), ej〉 = c1/α1〈X(1)(t), ej〉 = c1/α1Xj(t)

t❤❡ ❞✐str✐❜✉t✐♦♥s ♦❢ t❤❡ ♠❛r❣✐♥❛❧s Xj ❛r❡ (c
1/α1 , c)✲s❡♠✐st❛❜❧❡ ♦♥ R✳ ❍❡♥❝❡✱ ❜② ✭✹✳✶✺✮ t❤❡r❡

❡①✐sts ❛ ✜♥✐t❡ ❝♦♥st❛♥t C1 > 0 s✉❝❤ t❤❛t

P (|Xj | > a) ≤ C1a
−α1 ❢♦r ❛❧❧ a > 0, j = 1, . . . , d1.

❙✐♥❝❡ ‖X(1)(1)‖ ≤ K · ‖X(1)(1)‖1 = K ·∑d1
j=1 |Xj |✱ ✇❡ ❢✉rt❤❡r ❣❡t

P

(
‖X(1)(1)‖ > a

)
≤ P




d1∑

j=1

|Xj | >
a

K


 ≤ P




d1⋃

j=1

{
|Xj | >

a

d1K

}


≤
d1∑

j=1

P

(
|Xj | >

a

d1K

)
≤ C1

(
a

d1K

)−α1

=: K12 a
−α1 ,

✇❤✐❝❤ ❝♦♥❝❧✉❞❡s t❤❡ ♣r♦♦❢ ♦❢ ✭✐✮✳

✭✐✐✮ ❇② ▲❡♠♠❛ ✷✳✶ ✐♥ ❬✸✻❪ ✇❡ ❤❛✈❡ ❢♦r ❛♥② r ∈ [1, c)

‖X(j)(rc−i)‖ = ‖c−iEjX(j)(r)‖ ≤ ‖c−iEj‖‖X(j)(r)‖

≤ K · c−i(aj−δj)‖X(j)(r)‖ = K · c−i(
1
αj

−δj)‖X(j)(r)‖
✭✹✳✶✻✮



❊①❛❝t ❍❛✉s❞♦r❢❢ ♠❡❛s✉r❡ ❢✉♥❝t✐♦♥s ✻✾

❛♥❞ ❤❡♥❝❡ ✇❡ ❣❡t

P

(
‖X(j)(c−i)‖ > ac

−i( 1
αj

−δj)
)

≤ P

(
‖X(j)(1)‖ > K−1a

)
. ✭✹✳✶✼✮

❆s ✐♥ ♣❛rt ✭✐✮✱ ❢♦r t❤❡ ♠❛r❣✐♥❛❧s X1, . . . , Xdj ♦❢ X(j)(1)✱ ✐✳❡✳ Xk = 〈X(j)(1), ek〉 ✇✐t❤

❝❛♥♦♥✐❝❛❧ ❜❛s✐s ✈❡❝t♦r ek✱ ✇❡ ❣❡t

P

(
‖X(j)(1)‖ > K−1a

)
≤

dj∑

k=1

P (|Xk| > C2a) . ✭✹✳✶✽✮

■♥ ✈✐❡✇ ♦❢ ❚❤❡♦r❡♠ ✽✳✷✳✶ ✐♥ ❬✹✺❪✱ ❛♥ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ ❚❤❡♦r❡♠ ✻✳✸✳✷✺✭❛✮ ✐♥ ❬✹✺❪ ❣✐✈❡s

P (|Xk| > C2a) = P

(
|〈X(j)(1), ek〉| > C2a

)
≤ C2ka

− 1
aj

+δ′
= C2ka

−(αj−δ′) ✭✹✳✶✾✮

❢♦r ❛❧❧ a ≥ a0 ❛♥❞ s♦♠❡ a0 ≥ 1 ✐♥❞❡♣❡♥❞❡♥t ♦❢ k = 1, . . . , dj ✳ ◆♦✇✱ ✭✹✳✶✹✮ ❢♦❧❧♦✇s ❞✐r❡❝t❧②

❢r♦♠ ✭✹✳✶✼✮✕✭✹✳✶✾✮✳

▲❡♠♠❛ ✹✳✶✷

▲❡t X ❜❡ ❛ (cE , c)✲♦♣❡r❛t♦r s❡♠✐st❛❜❧❡ ▲é✈② ♣r♦❝❡ss ♦♥ R
d ✇✐t❤ ❞✐❛❣♦♥❛❧ ♣r✐♥❝✐♣❛❧ ❡①♣♦♥❡♥t

E1✳ ●✐✈❡♥ ε ∈ (0, 1)✱ δ1 := 0 ❛♥❞ δj ∈ (0, α−1
j ) ❢♦r j = 2, . . . , p✱ t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t

a0 > 0 s✉❝❤ t❤❛t ❢♦r ❛❧❧ a ≥ a0 ❛♥❞ ❛❧❧ i ∈ N0 ✇❡ ❤❛✈❡

sup
t∈[0,c−i]

P

(
‖X(j)(t)‖ > ac

−i( 1
αj

−δj)
)

≤ ε < 1.

Pr♦♦❢✳ ❯s✐♥❣ ✭✹✳✶✻✮ ✐♥ ❝❛s❡ j = 2, . . . , p ❛♥❞ t❤❡ s❡♠✐st❛❜✐❧✐t② ✐♥ ❝❛s❡ j = 1✱ ✇❡ ❣❡t

sup
t∈[0,c−i]

P

(
‖X(j)(t)‖ > ac

−i( 1
αj

−δj)
)

≤ sup
r∈[1,c)

sup
k≥i

P

(
‖X(j)(rc−k)‖ > ac

−i( 1
αj

−δj)
)

≤ sup
r∈[1,c)

sup
k≥i

P

(
K · c−k(

1
αj

−δj)‖X(j)(r)‖ > ac
−i( 1

αj
−δj)

)

= sup
r∈[1,c)

P

(
‖X(j)(r)‖ > a

K

)
.

❙✐♥❝❡
(
X(j)(r)

)
r∈[1,c) ✐s st♦❝❤❛st✐❝❛❧❧② ❝♦♥t✐♥✉♦✉s ❛♥❞ ❤❡♥❝❡ ✇❡❛❦❧② r❡❧❛t✐✈❡❧② ❝♦♠♣❛❝t✱ ✐t

❢♦❧❧♦✇s ❜② Pr♦❤♦r♦✈✬s t❤❡♦r❡♠ t❤❛t ❢♦r ε ∈ (0, 1) t❤❡r❡ ❡①✐sts a0 > 0 s✉❝❤ t❤❛t ❢♦r ❛❧❧ a ≥ a0

✇❡ ❤❛✈❡

sup
r∈[1,c)

P

(
‖X(j)(r)‖ > a

K

)
≤ ε < 1,

❝♦♥❝❧✉❞✐♥❣ t❤❡ ♣r♦♦❢✳
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▲❡♠♠❛ ✹✳✶✸

▲❡t X ❜❡ ❛ (cE , c)✲♦♣❡r❛t♦r s❡♠✐st❛❜❧❡ ▲é✈② ♣r♦❝❡ss ♦♥ R
d ✇✐t❤ ❞✐❛❣♦♥❛❧ ♣r✐♥❝✐♣❛❧ ❡①♣♦♥❡♥t

E1✳ ●✐✈❡♥ ε ∈ (0, 1)✱ δ1 := 0 ❛♥❞ δj ∈ (0, α−1
j ) ❢♦r j = 2, . . . , p✱ t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t

a0 > 0 s✉❝❤ t❤❛t ❢♦r ❛❧❧ a ≥ a0 ❛♥❞ ❛❧❧ i ∈ N0 ✇❡ ❤❛✈❡

P

(
sup

t∈[0,c−i]

‖X(j)(t)‖ > 2ac
−i( 1

αj
−δj)

)
≤ 1

1− ε
· P
(
‖X(j)(c−i)‖ > ac

−i( 1
αj

−δj)
)
.

Pr♦♦❢✳ ❋♦r N ∈ N ❛♥❞ n = 1, . . . , N ❞❡✜♥❡ Yn,N := X(j)(kNn ) −X(j)(kNn−1)✱ ✇❤❡r❡ k
N
n :=

n
N c−i✳ ❚❤❡♥ Y1,N , . . . , YN,N ❛r❡ ✐♥❞❡♣❡♥❞❡♥t ❛♥❞

∑n
k=1 Yk,N = X(j)(kNn ). ❇② ▲❡♠♠❛ ✹✳✶✷

❢♦r ❛♥② ε ∈ (0, 1) t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t a0 > 0 s✉❝❤ t❤❛t ❢♦r ❛❧❧ a ≥ a0 ✇❡ ❤❛✈❡

sup
0≤n≤N

P

(
‖

N∑

k=1

Yk,N −
n∑

k=1

Yk,N‖ > ac
−i( 1

αj
−δj)

)

= sup
0≤n≤N

P

(
‖X(j)(kNN )−X(j)(kNn )‖ > ac

−i( 1
αj

−δj)
)

= sup
0≤n≤N

P

(
‖X(j)(kNN − kNn )‖ > ac

−i( 1
αj

−δj)
)

= sup
0≤n≤N

P

(
‖X(j)

((
1− n

N

)
c−i
)
‖ > ac

−i( 1
αj

−δj)
)

≤ sup
t∈[0,c−i]

P

(
‖X(j)(t)‖ > ac

−i( 1
αj

−δj)
)

≤ ε < 1.

❯s✐♥❣ t❤❡ ▲é✈②✲❖tt❛✈✐❛♥✐ ✐♥❡q✉❛❧✐t② ✭s❡❡ ▲❡♠♠❛ ✸✳✷✶ ✐♥ ❬✺❪✮ ❛♥❞ t❤❡ ❢❛❝t t❤❛t (X(j)(t))t≥0

❤❛s r✐❣❤t✲❝♦♥t✐♥✉♦✉s ♣❛t❤s✱ ✐t ❢♦❧❧♦✇s t❤❛t

P

(
sup

t∈[0,c−i]

‖X(j)(t)‖ > 2ac
−i( 1

αj
−δj)

)

= lim
N→∞

P

(
sup

0≤n≤N
‖X(j)(kNn )‖ > 2ac

−i( 1
αj

−δj)
)

≤ lim
N→∞

1

1− ε
P

(
‖X(j)(kNN )‖ > ac

−i( 1
αj

−δj)
)

=
1

1− ε
P

(
‖X(j)(c−i)‖ > ac

−i( 1
αj

−δj)
)
,

❝♦♥❝❧✉❞✐♥❣ t❤❡ ♣r♦♦❢✳



❊①❛❝t ❍❛✉s❞♦r❢❢ ♠❡❛s✉r❡ ❢✉♥❝t✐♦♥s ✼✶

❋♦r ❛ ▲é✈② ♣r♦❝❡ss X = {X(t) : t ≥ 0} ❞❡✜♥❡ t❤❡ ✜rst ❡①✐t t✐♠❡ ❢r♦♠ t❤❡ ❝❧♦s❡❞ ❜❛❧❧

B(0, a)

P (a) = inf{t ≥ 0 : ‖X(t)‖ > a};

❛♥❞ t❤❡ ♠❛①✐♠✉♠ ❞✐s♣❧❛❝❡♠❡♥t ♣r♦❝❡ss ❢♦r t > 0 ❛s

M(t) = sup
0≤s≤t

‖X(s)‖.

◆♦t❡ t❤❛t ❢♦r a, r > 0 t❤❡ ✜rst ❡①✐t t✐♠❡ P (a) ❛♥❞ t❤❡ ♠❛①✐♠✉♠ ❞✐s♣❧❛❝❡♠❡♥t ♣r♦❝❡ss

M(r) ❛r❡ r❡❧❛t❡❞ ❜②

{P (a) < r} = {M(r) > a}. ✭✹✳✷✵✮

▲❡♠♠❛ ✹✳✶✹

▲❡t X ❜❡ ❛ (cE , c)✲♦♣❡r❛t♦r s❡♠✐st❛❜❧❡ ▲é✈② ♣r♦❝❡ss ♦♥ R
d ✇✐t❤ ❞✐❛❣♦♥❛❧ ♣r✐♥❝✐♣❛❧ ❡①♣♦♥❡♥t

E1✳ ❚❤❡♥ ❢♦r

φ(a) =





aα1 log log 1
a , ✐❢ X ✐s ♦❢ t②♣❡ A ❛♥❞ 0 < α1 < d1

aα1
(
log log 1

a

)1−α1 , ✐❢ X ✐s ♦❢ t②♣❡ B ❛♥❞ 0 < α1 < 1

✭✹✳✷✶✮

t❤❡r❡ ❡①✐st ❝♦♥st❛♥ts K13,K14, γ0 > 0 s✉❝❤ t❤❛t

P

(
sup
γ≤a≤δ

P (a)

φ(a)
< K13

)
≤ exp

(
−K14 · (− log γ)

1
8

)
, ✭✹✳✷✷✮

❢♦r ❛❧❧ 0 < γ ≤ γ0 ❛♥❞ δ ≥ γ1/6✳

Pr♦♦❢✳ ❋✐rst ❛ss✉♠❡ t❤❛t X ✐s ♦❢ t②♣❡ A ❛♥❞ α1 ∈ (0,min{d1, 2})✱ t❤✉s φ(a) = aα1 log log 1
a ✳

❇② r❡❣✉❧❛r ✈❛r✐❛t✐♦♥ t❡❝❤♥✐q✉❡s✱ ✐t ❝❛♥ ❜❡ s❤♦✇♥ t❤❛t ❢♦r α1 < d1 t❤❡ ❢✉♥❝t✐♦♥ ψ✱ ❞❡✜♥❡❞

❜② ψ(s) = s1/α1(log log 1/s)−1/α1 ✱ ✐s ❛s②♠♣t♦t✐❝❛❧❧② ✐♥✈❡rs❡ t♦ φ ✐♥ t❤❡ s❡♥s❡ t❤❛t

φ(ψ(s)) ∼ s ❛s s→ 0 + ❛♥❞ ψ(φ(a)) ∼ a ❛s a→ 0 + . ✭✹✳✷✸✮

❖✇✐♥❣ t♦ t❤❡ ❢❛❝t t❤❛t {M(t) > a} = {P (a) < t}✱ ✐♥st❡❛❞ ♦❢ ❡st✐♠❛t✐♥❣ t❤❡ ♣r♦❜❛❜✐❧✐t②

t❤❛t P (a)
φ(a) r❡♠❛✐♥s s♠❛❧❧✱ ✇❡ ✇✐❧❧ ♥♦✇ ❡st✐♠❛t❡ t❤❡ ♣r♦❜❛❜✐❧✐t② t❤❛t M(t)

ψ(t) r❡♠❛✐♥s ❧❛r❣❡✳

❚❤❡r❡❢♦r❡✱ ❞❡✜♥❡ ❛ s❡q✉❡♥❝❡ tk = exp(−k2)✱ k ≥ 1✳ ❚❤❡♥ ❢♦r ❛❧❧ k t❤❡r❡ ❡①✐sts ❛♥ ik ∈ N0

s✉❝❤ t❤❛t c−(ik+1) ≤ tk < c−ik ✳ ❉❡✜♥❡

M ′(tk) = sup
tk+1≤t≤tk

‖X(t)−X(tk+1)‖



❊①❛❝t ❍❛✉s❞♦r❢❢ ♠❡❛s✉r❡ ❢✉♥❝t✐♦♥s ✼✷

❛♥❞ C4 := (3K10)
1/α1 ✱ ✇❤❡r❡ K10 ✐s t❤❡ ❝♦♥st❛♥t ✐♥ ▲❡♠♠❛ ✹✳✶✵ ✭❛✮✳ ❋✉rt❤❡r♠♦r❡✱ ❞❡✜♥❡

Dk :=

{
M(tk)

ψ(tk)
> 2 · C4

}
, Gk :=

{
M ′(tk)
ψ(tk)

> C4

}
❛♥❞ Hk :=

{
M(tk+1)

ψ(tk)
> C4

}
.

❚❤❡♥

Dk =

{
sup

0≤t≤tk
‖X(t)‖ > 2C4ψ(tk)

}

=

{
sup

0≤t≤tk+1

‖X(t)‖ > 2C4ψ(tk)

}
∪
{

sup
tk+1≤t≤tk

‖X(t)‖ > 2C4ψ(tk)

}

⊆
{

sup
0≤t≤tk+1

‖X(t)‖ > 2C4ψ(tk)

}

∪
{

sup
tk+1≤t≤tk

‖X(t)−X(tk+1)‖+ ‖X(tk+1)‖ > 2C4ψ(tk)

}

⊆
{

sup
0≤t≤tk+1

‖X(t)‖ > 2C4ψ(tk)

}
∪ {‖X(tk+1)‖ > C4ψ(tk)}

∪
{

sup
tk+1≤t≤tk

‖X(t)−X(tk+1)‖ > C4ψ(tk)

}

⊆
{

sup
0≤t≤tk+1

‖X(t)‖ > C4ψ(tk)

}
∪
{

sup
tk+1≤t≤tk

‖X(t)−X(tk+1)‖ > C4ψ(tk)

}

= Hk ∪Gk.

❆♥❞ ❢♦r ❛❧❧ m ∈ N t❤✐s ❣✐✈❡s ✉s

2m⋂

k=m+1

Dk ⊆
(

2m⋂

k=m+1

Gk

)
∪
(

2m⋃

k=m+1

Hk

)
.

◆♦t❡ t❤❛t t❤❡ s❡ts (Gk)k∈N ❛r❡ ♣❛✐r✇✐s❡ ✐♥❞❡♣❡♥❞❡♥t✳ ❙❡t P(Gk) = 1−pk ❛♥❞ P(Hk) = qk✳

❆♣♣❧②✐♥❣ ▲❡♠♠❛ ✹✳✶✵ ✭❛✮ ✇❡ ❤❛✈❡ ❢♦r s✉✣❝✐❡♥t❧② ❧❛r❣❡ k

pk = P
(
M ′(tk) ≤ C4ψ(tk)

)

= P

(
sup

tk+1≤t≤tk
‖X(t)−X(tk+1)‖ ≤ C4ψ(tk)

)
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= P

(
sup

0≤t≤tk−tk+1

‖X(t)‖ ≤ C4ψ(tk)

)

≥ P

(
sup

0≤t≤tk
‖X(t)‖ ≤ C4 · t

1
α1
k

(
log log

1

tk

)− 1
α1

)

≥ exp

(
−K10

(
C4 (log log(1/tk))

− 1
α1

)−α1
)

= exp

(
−K10 ·

1

3K10
· log log 1

tk

)

= exp

(
−1

3
log log

1

tk

)
= exp

(
−1

3
log k2

)
= k−

2
3 .

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❝❤♦♦s✐♥❣ δ′ ∈ (0, αp)✱ δ1 := 0 ❛♥❞ δj = 1
αj

− 1
α1

∈ (0, α−1
j ) ❢♦r

j = 2, . . . , p✱ t❤❡♥ ❢♦r s✉✣❝✐❡♥t❧② ❧❛r❣❡ k ∈ N ✇❡ ❣❡t ❜② ▲❡♠♠❛ ✹✳✶✸ ❛♥❞ ▲❡♠♠❛ ✹✳✶✶

qk = P

(
sup

0≤t≤tk+1

‖X(t)‖ > C4ψ(tk)

)

≤
p∑

j=1

P


 sup

0≤t≤tk+1

‖X(j)(t)‖ >
C4 · t

1
α1
k (log log 1

tk
)
− 1

α1

p




=

p∑

j=1

P


 sup

0≤t≤tk+1

‖X(j)(t)‖ >
C4 · t

1
α1
k (log log 1

tk
)
− 1

α1 t
−( 1

αj
−δj)

k+1 t
1
αj

−δj
k+1

p




≤
p∑

j=1

P


 sup

0≤t≤c−ik+1

‖X(j)(t)‖ >
C4 · t

1
α1
k

(
log log 1

tk

)− 1
α1 t

−( 1
αj

−δj)
k+1 · c−(ik+1+1)( 1

αj
−δj)

p




≤
p∑

j=1

K(j) · P


‖X(j)(c−ik+1)‖ >

C4 · t
1
α1
k

(
log log 1

tk

)− 1
α1 t

− 1
α1

k+1 · c−
1
α1 · c−ik+1(

1
αj

−δj)

2p




≤
p∑

j=1

K̃(j) ·
(
t

1
α1
k

(
log log 1

tk

)− 1
α1 t

− 1
α1

k+1

)−(αj−δ′)
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≤
p∑

j=1

K̃(j)
(
t−1
k tk+1 log log

1
tk

)αj−δ′

α1 ≤ K ·
(
t−1
k tk+1 log log

1
tk

)αp−δ′
α1

= K ·
(
exp

(
k2 − (k + 1)2

)
· log

(
k2
))αp−δ′

α1 = K ·
(
exp(−2k − 1) · log

(
k2
))αp−δ′

α1

≤ exp(−C41 k).

❍❡♥❝❡✱ t❤❡r❡ ❡①✐sts m0 ∈ N ❧❛r❣❡ ❡♥♦✉❣❤ s✉❝❤ t❤❛t ❢♦r ❛❧❧ m > m0

P

(
2m⋂

k=m+1

Dk

)
≤ P

(
2m⋂

k=m+1

Gk

)
+

2m∑

k=m+1

P(Hk)

=
2m∏

k=m+1

(1− pk) +
2m∑

k=m+1

qk ≤
2m∏

k=m+1

exp(−pk) +
2m∑

k=m+1

exp(−C41 k)

≤ exp

(
−

2m∑

k=m+1

pk

)
+ C5exp(−C41m)

≤ exp

(
−

2m∑

k=m+1

k−
2
3

)
+ C5exp(−C41m)

≤ exp

(
−

2m∑

k=m+1

(2m)−
2
3

)
+ C5exp(−C41m)

= exp
(
−2−

2
3m

1
3

)
+ C5exp(−C41m) ≤ exp

(
−m 1

4

)
.

❉❡✜♥❡

ak = 2C4ψ(tk) = 2C4

(
log k2

)− 1
α1 · exp

(
−k2/α1

)
.

❚❤❡♥ ❢♦r m0 s✉✣❝✐❡♥t❧② ❧❛r❣❡ ♦♥❡ ❝❛♥ s❤♦✇ t❤❛t a2m > a4m✱ ❢♦r ❛❧❧ m ≥ m0✳ ❇② ✭✹✳✷✸✮

❛♥❞ t❤❡ ♣r♦♣❡rt✐❡s ♦❢ φ✱ t❤❡r❡ ♥♦✇ ❡①✐sts ❛ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t K13 > 0 s✉❝❤ t❤❛t ❢♦r k ❧❛r❣❡

❡♥♦✉❣❤

tk ∼ φ

(
ak
2C4

)
≥ 2K13 · φ(ak).

❚❤❡r❡❢♦r❡✱ ✉s✐♥❣ {M(t) > a} = {P (a) < t}✱ ✇❡ ❤❛✈❡ ❢♦r m ≥ m0 s✉✣❝✐❡♥t❧② ❧❛r❣❡✱

P

(
2m⋂

k=m+1

Dk

)
= P

(
2m⋂

k=m+1

{M(tk) > 2C4ψ(tk)}
)
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= P

(
2m⋂

k=m+1

{P (2C4ψ(tk)) < tk}
)

≥ P

(
2m⋂

k=m+1

{P (ak) < K13φ(ak)}
)

≥ P

(
sup

a2m≤a≤am+1

P (a)

φ(a)
< K13

)
.

▲❡t γ0 > 0 ❜❡ s♠❛❧❧ ❡♥♦✉❣❤ s✉❝❤ t❤❛t γ0 ≤ exp(−5m2
0/α1)✳ ▲❡t 0 < γ < γ0✱ δ > γ1/6 ❛♥❞

m ❜❡ t❤❡ ❧❛r❣❡st ✐♥t❡❣❡r ❧❡ss t❤❛♥
√

−α1
5 log γ✳ ❚❤❡♥

γ ≤ exp(−5m2/α1) ≤ a4m < a2m < am+1

= 2C4

(
log
(
(m+ 1)2

))−1/α1 · exp
(
−(m+ 1)2

α1

)

≤ 2C4

(
log
(
(m+ 1)2

))−1/α1 · exp
(
α1 log γ

5α1

)

= 2C4

(
log
(
(m+ 1)2

))−1/α1 · γ1/5

≤ 2C4

(
log log

(
γ−α1/5

))−1/α1 · γ1/5 ≤ γ1/6 < δ,

❛♥❞ ❤❡♥❝❡

P

(
sup
γ≤a≤δ

P (a)

φ(a)
< K13

)
≤ P

(
2m⋂

k=m+1

Dk

)
≤ exp

(
−m 1

4

)

≤ exp
(
−K · (m+ 1)

1
4

)
≤ exp

(
−K ·

(
−α1

5
log γ

) 1
8

)

≤ exp
(
−K14 · (− log γ)

1
8

)
,

✇❤✐❝❤ ❝♦♥❝❧✉❞❡s t❤❡ ♣r♦♦❢ ❢♦r X ♦❢ t②♣❡ A ❛♥❞ 0 < α1 < 2✳

◆♦✇ ❛ss✉♠❡ t❤❛t X ✐s ♦❢ t②♣❡ B ❛♥❞ 0 < α1 < 1✳ ❚❤❡♥ φ(a) = aα1
(
log log 1

a

)1−α1 ✳ ❉❡✜♥❡

ψ(s) = s1/α1
(
log log 1

s

)− 1−α1
α1 ✳ ❚❤❡♥ φ ❛♥❞ ψ ❛r❡ ❛s②♠♣t♦t✐❝❛❧❧② ✐♥✈❡rs❡ t♦ ❡❛❝❤ ♦t❤❡r ❛s

a, s → 0 ✐♥ t❤❡ s❛♠❡ s❡♥s❡ ❛s ✐♥ ✭✹✳✷✸✮✳ ❆❣❛✐♥ ❝♦♥s✐❞❡r t❤❡ s❡q✉❡♥❝❡ tk = exp(−k2)✱
k ≥ 1✳ ❋♦r ❛❧❧ k t❤❡r❡ ❡①✐sts ❛♥ ik ∈ N s✉❝❤ t❤❛t c−(ik+1) ≤ tk < c−ik ✳ ❋✉rt❤❡r♠♦r❡✱ ❞❡✜♥❡

C6 := (3K11)
(1−α1)/α1 ✱ ✇❤❡r❡ K11 ✐s ❛s ✐♥ ▲❡♠♠❛ ✹✳✶✵ ✭❜✮✱ ❛♥❞ ❧❡t

Dk :=

{
M(tk)

ψ(tk)
> 2 · C6

}
, Gk :=

{
M ′(tk)
ψ(tk)

> C6

}
❛♥❞ Hk :=

{
M(tk+1)

ψ(tk)
> C6

}
.
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❲✐t❤ t❤❡ s❛♠❡ ♠❡t❤♦❞s ❛s ❜❡❢♦r❡ ♦♥❡ ❝❛♥ s❤♦✇ t❤❛t ❢♦r ❛❧❧ m ∈ N

2m⋂

k=m+1

Dk ⊆
(

2m⋂

k=m+1

Gk

)
∪
(

2m⋃

k=m+1

Hk

)
.

❙❡t P(Gk) = 1 − pk ❛♥❞ P(Hk) = qk✳ ❆♣♣❧②✐♥❣ ▲❡♠♠❛ ✹✳✶✵✭✐✐✮✱ ✇❡ ❤❛✈❡ ❢♦r s✉✣❝✐❡♥t❧②

❧❛r❣❡ k

pk ≥ P

(
sup

tk+1≤t≤tk
‖X(t)−X(tk+1)‖ > C6ψ(tk)

)

≥ P

(
sup

0≤t≤tk
‖X(t)‖ ≤ C6 · t1/α1

k

(
log log

1

tk

)− 1−α1
α1

)

≥ exp

(
−K11

(
C6 (log log(1/tk))

− 1−α1
α1

)− α1
1−α1

)

= exp

(
− K11

3K11
log log

1

tk

)
= k−

2
3 .

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❝❤♦♦s✐♥❣ δ′ ∈ (0, αp)✱ δ1 := 0 ❛♥❞ δj = 1
αj

− 1
α1

∈ (0, α−1
j ) ❢♦r

j = 2, . . . , p✱ s✐♠✐❧❛r❧② t♦ t②♣❡ ❆ ❢♦r s✉✣❝✐❡♥t❧② ❧❛r❣❡ k ∈ N ✇❡ ❣❡t ❜② ▲❡♠♠❛ ✹✳✶✸ ❛♥❞

▲❡♠♠❛ ✹✳✶✶

qk ≤
p∑

j=1

P


 sup

0≤t≤tk+1

‖X(j)(t)‖ >
C6 · t

1
α1
k (log log 1

tk
)
− 1−α1

α1

p




=

p∑

j=1

P


 sup

0≤t≤tk+1

‖X(j)(t)‖ >
C6 · t

1
α1
k (log log 1

tk
)
− 1−α1

α1 t
−( 1

αj
−δj)

k+1 t
1
αj

−δj
k+1

p




≤
p∑

j=1

P


 sup

0≤t≤c−ik+1

‖X(j)(t)‖ >
C6 · t

1
α1
k

(
log log 1

tk

)− 1−α1
α1 t

−( 1
αj

−δj)
k+1 · c−(ik+1+1)( 1

αj
−δj)

p




≤
p∑

j=1

K(j) · P


‖X(j)(c−ik+1)‖ >

C6 · t
1
α1
k

(
log log 1

tk

)− 1−α1
α1 t

− 1
α1

k+1 · c−
1
α1 · c−ik+1(

1
αj

−δj)

2p
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≤
p∑

j=1

K̃(j) ·
(
t

1
α1
k

(
log log 1

tk

)− 1−α1
α1 t

− 1
α1

k+1

)−(αj−δ′)

≤
p∑

j=1

K̃(j)

(
t−1
k tk+1

(
log log 1

tk

)1−α1
)αj−δ′

α1 ≤ K ·
(
t−1
k tk+1

(
log log 1

tk

)1−α1
)αp−δ′

α1

= K ·
(
exp

(
k2 − (k + 1)2

)
·
(
log
(
k2
))1−α1

)αp−δ′
α1

= K ·
(
exp(−2k − 1) ·

(
log
(
k2
))1−α1

)αp−δ′
α1 ≤ exp(−C61 k).

❆♥❛❧♦❣♦✉s❧② t♦ t❤❡ ❝❛❧❝✉❧❛t✐♦♥s ✐♥ t②♣❡ ❆ ❛❜♦✈❡✱ ✇❡ ❝❛♥ ♥♦✇ ♣r♦✈❡ t❤❛t t❤❡r❡ ❡①✐st

❝♦♥st❛♥ts K13,K14, γ0 > 0 s✉❝❤ t❤❛t

P

(
sup
γ≤a≤δ

P (a)

φ(a)
< K13

)
≤ exp

(
−K14 · (− log γ)

1
8

)
, ✭✹✳✷✹✮

♣r♦✈✐❞❡❞ 0 < γ ≤ γ0 ❛♥❞ δ ≥ γ1/6✳ ❚❤✐s ❝♦♥❝❧✉❞❡s t❤❡ ♣r♦♦❢✳

❈♦r♦❧❧❛r② ✹✳✶✺

▲❡t X ❜❡ ❛ (cE , c)✲♦♣❡r❛t♦r s❡♠✐st❛❜❧❡ ▲é✈② ♣r♦❝❡ss ♦♥ R
d ✇✐t❤ ❞✐❛❣♦♥❛❧ ♣r✐♥❝✐♣❛❧ ❡①♣♦♥❡♥t

E1 ❛♥❞ α1 < d1✳ ❚❤❡♥ ❢♦r φ ❛s ✐♥ ✭✹✳✷✶✮ t❤❡r❡ ❡①✐st ❝♦♥st❛♥ts K13✱ K14, γ0 > 0 s✉❝❤ t❤❛t

P

(
sup
γ≤a≤δ

T (a, 1)

φ(a)
< K13

)
≤ exp

(
−K14 · (− log γ)

1
8

)
, ✭✹✳✷✺✮

❢♦r ❛❧❧ 0 < γ ≤ γ0 ❛♥❞ δ ≥ γ1/6✳

Pr♦♦❢✳ ❖❜✈✐♦✉s❧②✱ T (a, 1) ≤ t < 1 ✐♠♣❧✐❡s t❤❛t P (a) ≤ t✳ ❚❤✐s ❣✐✈❡s ✉s
{

sup
γ≤a≤δ

T (a, 1)

φ(a)
< K13

}
⊆
{

sup
γ≤a≤δ

P (a)

φ(a)
< K13

}
,

♣r♦✈✐❞❡❞ δ ❛♥❞ t❤❡r❡❢♦r❡ γ s♠❛❧❧ ❡♥♦✉❣❤ t♦ ❡♥s✉r❡ t❤❛t φ ✐s ✐♥❝r❡❛s✐♥❣ ♦♥ (0, δ) ❛♥❞

K13φ(δ) < 1✳ ▲❡♠♠❛ ✹✳✶✹ t❤❡♥ ❝♦♥❝❧✉❞❡s t❤❡ ♣r♦♦❢✳

▲❡t K3 > 0 ❜❡ ❛ ✜①❡❞ ❝♦♥st❛♥t✳ ❆ ❢❛♠✐❧② Λ(a) ♦❢ ❝✉❜❡s ♦❢ s✐❞❡ a ✐♥ R
d ✐s ❝❛❧❧❡❞ K3✲♥❡st❡❞

✐❢ ♥♦ ❜❛❧❧s ♦❢ r❛❞✐✉s a ✐♥ R
d ❝❛♥ ✐♥t❡rs❡❝t ♠♦r❡ t❤❛♥ K3 ❝✉❜❡s ♦❢ Λ(a)✳ ❍❡r❡✱ ✇❡ ✇✐❧❧ ❝❤♦♦s❡

Λ(a) t♦ ❜❡ t❤❡ ❢❛♠✐❧② ♦❢ ❛❧❧ ❝✉❜❡s ✐♥ R
d ♦❢ t❤❡ ❢♦r♠ [k1a, (k1 + 1)a]× . . .× [kda, (kd + 1)a]

✇✐t❤ K3 = 3d✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦✈❡r✐♥❣ ❧❡♠♠❛ ✐s ❞✉❡ t♦ Pr✉✐tt ❛♥❞ ❚❛②❧♦r ❬✹✽✱ ▲❡♠♠❛ ✻✳✶❪✿
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▲❡♠♠❛ ✹✳✶✻

▲❡t X = {X(t)}t≥0 ❜❡ ❛ ▲é✈② ♣r♦❝❡ss ✐♥ R
d ❛♥❞ ❧❡t Λ(a) ❜❡ ❛ ✜①❡❞ K3✲♥❡st❡❞ ❢❛♠✐❧② ♦❢

❝✉❜❡s ✐♥ R
d ♦❢ s✐❞❡ a ✇✐t❤ 0 < a ≤ 1✳ ❋♦r ❛♥② u ≥ 0 ❧❡t Mu(a, s) ❜❡ t❤❡ ♥✉♠❜❡r ♦❢ ❝✉❜❡s

✐♥ Λ(a) ❤✐t ❜② X(t) ❛t s♦♠❡ t✐♠❡ t ∈ [u, u+ s]✳ ❚❤❡♥

E [Mu(a, s)] ≤ 2K3s ·
(
E
[
T
(
a
3 , s
)])−1

.

❋♦r u = 0 ✇❡ s✐♠♣❧② ✇r✐t❡M(a, s) :=M0(a, s)✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t ✐s ❛ ❞✐r❡❝t ❝♦♥s❡q✉❡♥❝❡

♦❢ ▲❡♠♠❛ ✹✳✷ ❛♥❞ ▲❡♠♠❛ ✹✳✶✻✳ ❆❧t❤♦✉❣❤ ♣❛rt ✭✐✐✮ ✐s ♥♦t ♥❡❡❞❡❞ ❤❡r❡✱ ✐t ♠✐❣❤t ❜❡ ✉s❡❢✉❧

t♦ s❤♦✇ t❤❛t φ −m(X([0, 1])) < ∞ ❢♦r φ ❛s ✐♥ ✭✹✳✶✶✮ ✐♥ ❝❛s❡ X ✐s ♦❢ t②♣❡ A✱ d ≥ 2 ❛♥❞

α1 > d1 = 1✳

▲❡♠♠❛ ✹✳✶✼

▲❡t X ❜❡ ❛ (cE , c)✲♦♣❡r❛t♦r s❡♠✐st❛❜❧❡ ▲é✈② ♣r♦❝❡ss ♦♥ R
d ✇✐t❤ ❞✐❛❣♦♥❛❧ ♣r✐♥❝✐♣❛❧ ❡①♣♦♥❡♥t

E1✳

✭✐✮ ■❢ α1 < d1✱ t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t K15 > 0 s✉❝❤ t❤❛t ❢♦r ❛❧❧ a ≤ 1

E[M(a, 1)] ≤ K15a
−α1 .

✭✐✐✮ ■❢ d ≥ 2 ❛♥❞ α1 > d1✱ t❤❡♥ d1 = 1 ❛♥❞ ✇❡ ❢✉rt❤❡r ❛ss✉♠❡ t❤❛t E2 ✐s ❞✐❛❣♦♥❛❧✳ ❚❤❡♥

t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t K16 > 0 s✉❝❤ t❤❛t ❢♦r ❛❧❧ a > 0 s♠❛❧❧ ❡♥♦✉❣❤

E[M(a, 1)] ≤ K16a
−ρ,

✇❤❡r❡ ρ = 1 + α2(1− 1/α1)✳

▲❡t Λk ❜❡ t❤❡ s❡t ♦❢ ❝✉❜❡s ♦❢ s✐❞❡ 21−k ❛♥❞ ❝❡♥t❡r❡❞ ❛t (j1/2
k, . . . , jd/2

k)✱ ✇❤❡r❡ jl✱ 1 ≤
l ≤ d✱ ❛r❡ ✐♥t❡❣❡rs✱ ❝❧♦s❡❞ ♦♥ t❤❡ ❧❡❢t ❛♥❞ ♦♣❡♥ ♦♥ t❤❡ r✐❣❤t✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t ✐s t❛❦❡♥

❢r♦♠ ▲❡♠♠❛ ✸✳✾ ✐♥ ❬✸✵❪ ❛♥❞ ❜❛s❡❞ ♦♥ ▲❡♠♠❛ ✾ ✐♥ ❬✺✸❪✳

▲❡♠♠❛ ✹✳✶✽

■❢ E =
⋃m
i=1 Ii✱ ✇❤❡r❡ ❡❛❝❤ Ii ✐s ❛ ❝✉❜❡ ♦❢ Λk ❢♦r s♦♠❡ ✐♥t❡❣❡r k✱ t❤❡♥ ✇❡ ❝❛♥ ✜♥❞ ❛ s✉❜s❡t

{jr} s✉❝❤ t❤❛t E ⊆ ⋃ Ijr ❛♥❞ ♥♦ ♣♦✐♥t ♦❢ E ✐s ❝♦♥t❛✐♥❡❞ ✐♥ ♠♦r❡ t❤❛♥ 2d ♦❢ t❤❡ ❝✉❜❡s Ijr ✳

❚❤❡♦r❡♠ ✹✳✶✾

▲❡t X ❜❡ ❛ (cE , c)✲♦♣❡r❛t♦r s❡♠✐st❛❜❧❡ ▲é✈② ♣r♦❝❡ss ♦♥ R
d ✇✐t❤ ❞✐❛❣♦♥❛❧ ♣r✐♥❝✐♣❛❧ ❡①♣♦♥❡♥t
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E1 ❛♥❞ α1 < d1✳ ❚❤❡♥ ❢♦r

φ(a) =





aα1 log log 1
a , ✐❢ X ✐s ♦❢ t②♣❡ A ❛♥❞ 0 < α1 < 2

aα1
(
log log 1

a

)1−α1 , ✐❢ X ✐s ♦❢ t②♣❡ B ❛♥❞ 0 < α1 < 1

✇❡ ❤❛✈❡ ❛❧♠♦st s✉r❡❧② φ−m(X([0, 1])) <∞✳

Pr♦♦❢✳ ▲❡t r ❜❡ ❛ ♣♦s✐t✐✈❡ ✐♥t❡❣❡r ❛♥❞ δ := 2−r✳ ❋✉rt❤❡r♠♦r❡✱ ❧❡t n ❜❡ ❛♥ ✐♥t❡❣❡r ✇✐t❤

2−n ≤ min(γ0, 2
−6r)✱ ✇❤❡r❡ γ0 ✐s ❛s ✐♥ ▲❡♠♠❛ ✹✳✶✹ ❛♥❞ Λn t❤❡ ❝♦❧❧❡❝t✐♦♥ ♦❢ ❝✉❜❡s ♦❢ s✐❞❡

2−n ✇✐t❤ ❝❡♥t❡rs t❤❡ s❛♠❡ ❛s ✐♥ Λn✳ ❉❡✜♥❡ τ I = inf {t ≥ 0 : X(t) ∈ I} ❢♦r ❛♥② ❝✉❜❡

I ❛♥❞ Λ′
n = {I ∈ Λn : τ I ≤ 1}✱ t❤❡ ❝✉❜❡s ❤✐t ❜② X ♦✈❡r t❤❡ t✐♠❡ ✐♥t❡r✈❛❧ [0, 1]✳ ❚❤❡♥

M(2−n, 1) = |Λ′
n|✳ ▲❡t γn := 2−n✳ ❲❡ s❛② t❤❛t ❛ ❝✉❜❡ I ✐♥ Λ′

n ✐s ❜❛❞ ✐❢ ❢♦r ❛❧❧ a ∈ [γn, δ]

∫ τI+1

τI
1B(X(τI),a)(X(t))dt ≤ K13φ(a),

❛♥❞ ❣♦♦❞ ♦t❤❡r✇✐s❡✳ ❋♦r ❛♥② ❝✉❜❡ I ∈ Λn ✇❡ ❤❛✈❡

P
(
I ✐s ❜❛❞ |0 ≤ τ I ≤ 1

)

= P


 sup
γn≤a≤δ





∫ τI+1
τI 1B(X(τI),a)(X(t))dt

φ(a)



 ≤ K13

∣∣∣∣∣∣
0 ≤ τ I ≤ 1




= P

(
sup

γn≤a≤δ

{∫ 1
0 1B(0,a)(X(t+ τ I)−X(τ I))dt

φ(a)

}
≤ K13

∣∣∣∣∣ 0 ≤ τ I ≤ 1

)
.

◆♦t❡ t❤❛t {X(t + τ I) − X(τ I)}t≥0 ✐s ✐❞❡♥t✐❝❛❧ ✐♥ ❧❛✇ ✇✐t❤ {X(t)}t≥0 ♦♥ {τ I < ∞} ❜②

t❤❡ str♦♥❣ ▼❛r❦♦✈ ♣r♦♣❡rt② ✭s❡❡ ❡✳❣✳ ❈♦r♦❧❧❛r② ✹✵✳✶✶ ✐♥ ❬✺✵❪✮✳ ❍❡♥❝❡✱ ✇❡ ❣❡t ❜② ❛♣♣❧②✐♥❣

❈♦r♦❧❧❛r② ✹✳✶✺

P
(
I ✐s ❜❛❞ |0 ≤ τ I ≤ 1

)
≤ exp

(
−K14 · (− log γn)

1
8

)
= exp

(
−C7 · n

1
8

)
,

✇❤❡r❡ C7 > 0 ✐s ❛ ❝♦♥st❛♥t ✐♥❞❡♣❡♥❞❡♥t ❢r♦♠ n✳ ◆♦✇ ❧❡t Nn ❞❡♥♦t❡ t❤❡ ♥✉♠❜❡r ♦❢ ❜❛❞

❝✉❜❡s ✐♥ Λ′
n✳ ❚❤❡♥ ❜② ▲❡♠♠❛ ✹✳✶✼

E[Nn] ≤ exp
(
−C7 · n

1
8

)
E
[
M(2−n, 1)

]
≤ K152

nα1 exp
(
−C7 · n

1
8

)
.
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❍❡♥❝❡✱ ❜② t❤❡ ▼❛r❦♦✈ ✐♥❡q✉❛❧✐t② ❢♦r n s✉✣❝✐❡♥t❧② ❧❛r❣❡ t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t C8 > 0

P

(
Nn ≥ 2nα1 exp

(
−n 1

10

))
≤ E [|Nn|]

2nα1 exp
(
−n1/10

)

≤ K15 exp
(
−C7 · n

1
8 + n

1
10

)
≤ K15 exp

(
−C8 · n

1
10

)
.

❚❤✐s ✐♠♣❧✐❡s t❤❛t

∞∑

n=1

P

(
Nn ≥ 2nα1 exp

(
−n1/10

))
≤ K +K15

∞∑

n=1

exp
(
−C8 · n1/10

)
<∞.

❇② t❤❡ ❇♦r❡❧✲❈❛♥t❡❧❧✐ ❧❡♠♠❛✱ t❤❡r❡ ♥♦✇ ❡①✐sts ❛♥ Ω0 ✇✐t❤ P(Ω0) = 1 s✉❝❤ t❤❛t ❢♦r ❛❧❧

ω ∈ Ω0 ✇❡ ❝❛♥ ✜♥❞ ❛♥ ✐♥t❡❣❡r n1 = n1(ω) s✉❝❤ t❤❛t ❢♦r n ≥ n1

Nn(ω) < 2nα1 exp
(
−n1/10

)
.

❋✉rt❤❡r♠♦r❡✱ ❜② r❡❣✉❧❛r ✈❛r✐❛t✐♦♥ t❡❝❤♥✐q✉❡s✱ t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t C9 > 0 s✉❝❤ t❤❛t

φ
(√

d · 2−n
)
=
(√

d · 2−n
)α1

log log
(√

d · 2n
)
= C9 2

−nα1 log(n).

❚❤✉s✱ ❢♦r ω ∈ Ω0 ❛♥❞ n ≥ n1(ω)

∑

I ❜❛❞

φ(|I|) = Nn(ω) · φ
(√

d · 2−n
)
≤ C9 exp

(
−n1/10

)
log(n). ✭✹✳✷✻✮

◆♦✇ ❝♦♥s✐❞❡r t❤❡ ❣♦♦❞ ❝✉❜❡s I ✐♥ Λ′
n✳ ❖✉r ❛✐♠ ✐s t♦ s❤♦✇ t❤❛t t❤❡ ❣♦♦❞ ❝✉❜❡s ❝❛♥ ❜❡

❝♦✈❡r❡❞ ❡❝♦♥♦♠✐❝❛❧❧②✳ ❋♦r ❛ ❣♦♦❞ ❝✉❜❡ I t❤❡r❡ ❡①✐sts a ∈ [γn, 2
−r] s✉❝❤ t❤❛t

φ(a) <
1

K13

∫ τI+1

τI
1B(X(τI),a)(X(t))dt.

❲❡ ❝❛♥ ✜♥❞ ❛♥ ✐♥t❡❣❡r k ✇✐t❤ 2−k > 5a ≥ 2−k−1 ❛♥❞ ❛ ❝✉❜❡ I ′ ✐♥ Λk s✉❝❤ t❤❛t I
′ ❝♦♥t❛✐♥s I

❛♥❞ B(X(τ I), a)✳ ❚❤❡♥✱ ♦♥❡ ❝❛♥ ❡❛s✐❧② s❤♦✇ t❤❛t k > r− 4 ❛♥❞✱ s✐♥❝❡ τ I ≤ 1 ❜② ❞❡✜♥✐t✐♦♥

♦❢ Λ′
n✱ ✇❡ ❣❡t

φ (|I|) = φ
(√

d · 2−k+1
)
= φ

(√
d · 4 · 2−k−1

)
≤ φ

(√
d · 4 · 5a

)

≤ Kφ(a) < K

∫ τI+1

τI
1B(X(τI),a)(X(t))dt ≤ K

∫ 2

0
1I′(X(t))dt.
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❆♣♣❧②✐♥❣ ▲❡♠♠❛ ✹✳✶✽ t♦ t❤❡ ❝♦❧❧❡❝t✐♦♥ {I ′ : I ✐s ❣♦♦❞}✱ ✇❡ ❝❛♥ s❤♦✇ t❤❛t t❤❡r❡ ✐s ❛

s✉❜s❡t Λ′✱ ✇❤✐❝❤ st✐❧❧ ❝♦✈❡rs
⋃
I ❣♦♦❞ I✱ ❜✉t ♥♦ ♣♦✐♥t ✐s ❝♦✈❡r❡❞ ♠♦r❡ t❤❛♥ 2d t✐♠❡s✳ ❍❡♥❝❡✱

∑
I′∈Λ′ 1I′ ≤ 2d ❛♥❞ t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t C10 > 0 s✉❝❤ t❤❛t

∑

I′∈Λ′

φ(|I ′|) ≤
∑

I′∈Λ′

K

∫ 2

0
1I′(X(t))dt = K

∫ 2

0

∑

I′∈Λ′

1I′(X(t))dt ≤ C10 · 2d+1. ✭✹✳✷✼✮

❯s✐♥❣ ❛❧❧ t❤❡ ❜❛❞ ❝✉❜❡s t♦❣❡t❤❡r ✇✐t❤ t❤❡ ❝♦✈❡r✐♥❣ ♦❢ ❣♦♦❞ ❝✉❜❡s ❞❡✜♥❡❞ ❛❜♦✈❡✱ ✇❡ ♦❜t❛✐♥

❛ ❝♦✈❡r✐♥❣ ♦❢ X([0, 1]) ❜② ❝✉❜❡s ✇✐t❤ ❞✐❛♠❡t❡rs ❧❡ss t❤❛♥
√
d · 2−r+5✳ ❚❤✐s ♠❡❛♥s

X([0, 1]) ⊆
(
⋃

I ❜❛❞

I

)
∪
(
⋃

I′∈Λ′

I ′
)
.

❋♦r s✉✣❝✐❡♥t❧② ❧❛r❣❡ n ❛♣♣❧②✐♥❣ ✭✹✳✷✻✮ ❛♥❞ ✭✹✳✷✼✮ ✇❡ ✜♥❛❧❧② ❛rr✐✈❡ ❛t

∑

I: ❜❛❞

φ (|I|) +
∑

I′∈Λ′

φ(|I ′|) ≤ C9 exp
(
−n1/10

)
log(n) + C10 · 2d+1 ≤ C10 · 2d+1 + 1.

❚❤✉s✱ φ−m(X([0, 1])) ≤ C10 · 2d+1+1 <∞ ❛❧♠♦st s✉r❡❧②✱ ✇❤✐❝❤ ❝♦♥❝❧✉❞❡s t❤❡ ♣r♦♦❢✳

✹✳✹✳✸ Pr♦♦❢ ♦❢ t❤❡ ♠❛✐♥ r❡s✉❧t

❚❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✹✳✹ ♥♦✇ ❢♦❧❧♦✇s ❞✐r❡❝t❧② ❢r♦♠ ❚❤❡♦r❡♠ ✹✳✽ ❛♥❞ ❚❤❡♦r❡♠ ✹✳✶✾✳



❈❤❛♣t❡r ✺

❈♦♥❝❧✉s✐♦♥ ❛♥❞ ♦✉t❧♦♦❦

✽✷



❈♦♥❝❧✉s✐♦♥ ❛♥❞ ❖✉t❧♦♦❦ ✽✸

❖♣❡r❛t♦r s❡♠✐st❛❜❧❡ ▲é✈② ♣r♦❝❡ss❡s ❛r❡ st♦❝❤❛st✐❝ ♣r♦❝❡ss❡s ✇✐t❤ ❛ s❡❧❢s✐♠✐❧❛r✐t② ♣r♦♣❡rt②

♦♥ ❛ ❞✐s❝r❡t❡ s❝❛❧❡✳ ❚❤❡② ❣❡♥❡r❛❧✐③❡ t❤❡ ❜❡tt❡r ❦♥♦✇♥ ❝❧❛ss ♦❢ ✭♦♣❡r❛t♦r✮ st❛❜❧❡ ▲é✈②

♣r♦❝❡ss❡s✱ ✇❤✐❝❤ ❤❛✈❡ ❛ ❝♦♥t✐♥✉♦✉s s❝❛❧✐♥❣ ♣r♦♣❡rt②✳ ❖♣❡r❛t♦r s❡♠✐st❛❜❧❡ ▲é✈② ♣r♦❝❡ss❡s

❤❛✈❡ ❛♥ ❛♣♣❧✐❝❛t✐♦♥ ✐♥ ✈❛r✐♦✉s s❝✐❡♥t✐✜❝ ✜❡❧❞s✱ s✉❝❤ ❛s ♣❤②s✐❝s ❛♥❞ ✜♥❛♥❝✐❛❧ ♠❛t❤❡♠❛t✐❝s✱

✇❤❡r❡ t❤❡② ♣r♦✈❡ t♦ ❜❡ ✉s❡❢✉❧ ✇❤❡♥ ❞❡✈❡❧♦♣✐♥❣ ♠❛t❤❡♠❛t✐❝❛❧ ♠♦❞❡❧s ❞❡s❝r✐❜✐♥❣ ❧♦♥❣✲t❡r♠

❞❡♣❡♥❞❡♥❝✐❡s✳ ❋♦r t❤✐s r❡❛s♦♥✱ ✐t ✐s ✐♠♣♦rt❛♥t t♦ ❛♥❛❧②③❡ t❤❡ ❢r❛❝t❛❧ ♣r♦♣❡rt✐❡s ♦❢ t❤✐s ❝❧❛ss

♦❢ st♦❝❤❛st✐❝ ♣r♦❝❡ss❡s ✐♥ ♦r❞❡r t♦ ❣❡t ❛ ❜❡tt❡r ✉♥❞❡rst❛♥❞✐♥❣ ♦❢ t❤❡ ♣❛t❤ ❜❡❤❛✈✐♦r✳

❙t❛rt✐♥❣ ❢r♦♠ t❤❡ ✇♦r❦ ♦❢ ❑❡r♥ ❛♥❞ ❲❡❞r✐❝❤ ❬✸✻❪✱ ✇❤♦ ❝❛❧❝✉❧❛t❡❞ t❤❡ ❍❛✉s❞♦r✛ ❞✐♠❡♥s✐♦♥

dimH X(B) ❢♦r t❤❡ r❛♥❣❡ X(B) = {X(t) : t ∈ B} ♦❢ ❛♥ ♦♣❡r❛t♦r s❡♠✐st❛❜❧❡ ▲é✈② ♣r♦❝❡ss

X ❛♥❞ ❛♥ ❛r❜✐tr❛r② ❇♦r❡❧ s❡t B ⊆ R+✱ t❤✐s t❤❡s✐s ♦✛❡rs ❢✉rt❤❡r r❡s✉❧ts ♦♥ t❤❡ ❞✐♠❡♥s✐♦♥

♣r♦♣❡rt✐❡s ♦❢ ♦♣❡r❛t♦r s❡♠✐st❛❜❧❡ ▲é✈② ♣r♦❝❡ss❡s✳

❇❛s❡❞ ♦♥ t❤❡ ❡①❛♠✐♥❛t✐♦♥ ♦❢ ❛ s♣❡❝✐✜❝ ♥♦♥✲str✐❝t❧② s❡♠✐st❛❜❧❡ ▲é✈② ♣r♦❝❡ss ✐♥ t❤❡ ✜rst

♠❛♥✉s❝r✐♣t ✭❈❤❛♣t❡r ✷✮✱ t❤❡ ♣r♦❜❧❡♠ ♦❢ ❣❡♥❡r❛t✐♥❣ ❛ ❢♦r♠✉❧❛ ❢♦r t❤❡ ❣r❛♣❤ GrX(B) =

{(t,X(t)) : t ∈ B} ♦❢ ❛♥ ❛r❜✐tr❛r② ♦♣❡r❛t♦r s❡♠✐st❛❜❧❡ ▲é✈② ♣r♦❝❡ss X ✐♥ R
d ❛♥❞ ❛♥② ❇♦r❡❧

s❡t B ⊆ R+ ❤❛s ❜❡❡♥ ❝♦♠♣❧❡t❡❧② s♦❧✈❡❞ ✐♥ ❈❤❛♣t❡r ✸ ♦❢ t❤✐s t❤❡s✐s✳ ❋✐♥❛❧❧②✱ ❜❛s❡❞ ♦♥ t❤❡

✇♦r❦s ♦❢ ❚❛②❧♦r ❬✺✸❪ ❛♥❞ ❍♦✉ ❛♥❞ ❨✐♥❣ ❬✸✵❪✱ t❤❡ t❤✐r❞ ♠❛♥✉s❝r✐♣t ✐♥ ❈❤❛♣t❡r ✹ r❡✜♥❡s

t❤❡ r❡s✉❧ts ♦♥ t❤❡ ♣❛t❤ ❜❡❤❛✈✐♦r ♦❢ ❝❡rt❛✐♥ ♦♣❡r❛t♦r s❡♠✐st❛❜❧❡ ▲é✈② ♣r♦❝❡ss❡s ❜② ❞❡❛❧✐♥❣

✇✐t❤ t❤❡ s✉❜❥❡❝t ♦❢ ❡①❛❝t ❍❛✉s❞♦r✛ ♠❡❛s✉r❡ ❢✉♥❝t✐♦♥s✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ❢♦r t❤❡ r❛♥❣❡ ♦❢ ❛♥

♦♣❡r❛t♦r s❡♠✐st❛❜❧❡ ▲é✈② ♣r♦❝❡ss ✇✐t❤ ❛ ♣❛rt✐❛❧❧② ❞✐❛❣♦♥❛❧ ❡①♣♦♥❡♥t ❛♥❞ α1 < d1 ❡①❛❝t

❍❛✉s❞♦r✛ ♠❡❛s✉r❡ ❢✉♥❝t✐♦♥s ❛r❡ ❝❛❧❝✉❧❛t❡❞ ♦✈❡r t❤❡ t✐♠❡ ✐♥t❡r✈❛❧ [0, 1] ✳

❆❧t❤♦✉❣❤ t❤❡ r❡s✉❧ts ✐♥ t❤✐s t❤❡s✐s ❛r❡ ❛♥ ✐♠♣♦rt❛♥t st❡♣ t♦ ❢✉❧❧② ✉♥❞❡rst❛♥❞ t❤❡ ❢r❛❝t❛❧

♣r♦♣❡rt✐❡s ♦❢ s❡❧❢s✐♠✐❧❛r st♦❝❤❛st✐❝ ♣r♦❝❡ss❡s ✭❜♦t❤ ♦♥ ❛ ❝♦♥t✐♥✉♦✉s ❛♥❞ ❛ ❞✐s❝r❡t❡ s❝❛❧❡✮✱

t❤❡r❡ ❛r❡ st✐❧❧ ♦♣❡♥ r❡s❡❛r❝❤ q✉❡st✐♦♥s t❤❛t ❤❛✈❡ ②❡t t♦ ❜❡ ❛❞❞r❡ss❡❞✳

❋♦r ✐♥st❛♥❝❡✱ ✐❢ X ✐s ♦❢ t②♣❡ B✱ ❛♥ ❛❞❞✐t✐♦♥❛❧ ❛ss✉♠♣t✐♦♥ ✐s ♥❡❡❞❡❞ t♦ ♣r♦✈❡ t❤❡ r❡s✉❧t ✐♥

t❤❡ t❤✐r❞ ♠❛♥✉s❝r✐♣t ✭❝♦♠♣❛r❡ ❆ss✉♠♣t✐♦♥ ✹✳✸✮✳ ❍❡♥❝❡✱ ✐♥ ❛ ♥❡①t st❡♣✱ ♦♥❡ ❝❛♥ ❢✉rt❤❡r

✐♥✈❡st✐❣❛t❡ ✐❢ ❡✐t❤❡r t❤❡ ❛ss✉♠♣t✐♦♥ ✐s ✈❛❧✐❞ ❢♦r ❛❧❧ ♦♣❡r❛t♦r s❡♠✐st❛❜❧❡ ▲é✈② ♣r♦❝❡ss❡s

♦❢ t②♣❡ B ✇✐t❤ ♣r✐♥❝✐♣❛❧ ❞✐❛❣♦♥❛❧ ❡①♣♦♥❡♥t ❛♥❞ α1 < d1 ♦r ✐❢ ✐t ✐s ♣♦ss✐❜❧❡ t♦ ✜♥❞ ❛♥

❛❧t❡r♥❛t✐✈❡ ✇❛② ♦❢ ♣r♦♦❢ t❤❛t ❞♦❡s♥✬t ❞❡♣❡♥❞ ♦♥ t❤❡ ❛ss✉♠♣t✐♦♥✳ ❆❧s♦✱ ❢♦r α1 ≥ d1 ❛s

✇❡❧❧ ❛s ♦♣❡r❛t♦r ✭s❡♠✐✮st❛❜❧❡ ▲é✈② ♣r♦❝❡ss❡s ✇✐t❤ ♥♦♥✲❞✐❛❣♦♥❛❧ ♣r✐♥❝✐♣❛❧ ❡①♣♦♥❡♥t E t❤❡

♣r♦❜❧❡♠ ♦❢ ✜♥❞✐♥❣ ❛ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ ❡①❛❝t ❍❛✉s❞♦r✛ ♠❡❛s✉r❡ ❢✉♥❝t✐♦♥s ✐s st✐❧❧ ♦♣❡♥✳

❋♦r t❤❡ ❝❛❧❝✉❧❛t✐♦♥ ♦❢ ❡①❛❝t ❍❛✉s❞♦r✛ ♠❡❛s✉r❡ ❢✉♥❝t✐♦♥s ❢♦r ♦♣❡r❛t♦r s❡♠✐st❛❜❧❡ ▲é✈②

♣r♦❝❡ss❡s ✇✐t❤ ♣r✐♥❝✐♣❛❧ ❞✐❛❣♦♥❛❧ ❡①♣♦♥❡♥t✱ s❤❛r♣ ✉♣♣❡r ❛♥❞ ❧♦✇❡r ❜♦✉♥❞s ❢♦r t❤❡ ❡①♣❡❝t❡❞



❈♦♥❝❧✉s✐♦♥ ❛♥❞ ❖✉t❧♦♦❦ ✽✹

s♦❥♦✉r♥ t✐♠❡s E[T (a, s)] ✇❡r❡ ♥❡❡❞❡❞ ✭❝♦♠♣❛r❡ ▲❡♠♠❛ ✹✳✷ ✐♥ t❤❡ t❤✐r❞ ♠❛♥✉s❝r✐♣t✮✳ ■♥

❝❛s❡ t❤❛t t❤❡ ♣r✐♥❝✐♣❛❧ ❡①♣♦♥❡♥t ✐s ♥♦♥✲❞✐❛❣♦♥❛❧✱ ✐t ✐s ♥♦t ❝❧❡❛r ✐❢ ❛ ❝♦rr❡s♣♦♥❞✐♥❣ r❡s✉❧t

❡✈❡♥ ❡①✐sts✳ ❍❡♥❝❡✱ ✐❢ t❤✐s t✉r♥s ♦✉t ♥♦t t♦ ❜❡ t❤❡ ❝❛s❡✱ ♦♥❡ ❤❛s t♦ ❡✐t❤❡r ✐♥✈❡st✐❣❛t❡ ✐❢ t❤❡r❡

✐s ❛♥ ❛❧t❡r♥❛t✐✈❡ ✇❛② t♦ ❝❛❧❝✉❧❛t❡ ❡①❛❝t ❍❛✉s❞♦r✛ ♠❡❛s✉r❡ ❢✉♥❝t✐♦♥s ♦r✱ ❜② ❣❡♥❡r❛t✐♥❣ ❛

❝♦✉♥t❡r❡①❛♠♣❧❡✱ ♣r♦✈❡ t❤❛t ❡①❛❝t ❍❛✉s❞♦r✛ ♠❡❛s✉r❡ ❢✉♥❝t✐♦♥s ❞♦ ♥♦t ♥❡❝❡ss❛r✐❧② ❡①✐st ❢♦r

❛r❜✐tr❛r② ♦♣❡r❛t♦r s❡♠✐st❛❜❧❡ ▲é✈② ♣r♦❝❡ss❡s✳

❋✉rt❤❡r♠♦r❡✱ t❤❡ ♣r♦♦❢s ♦❢ t❤❡ ❛❜♦✈❡ ♠❡♥t✐♦♥❡❞ r❡s✉❧ts ❞❡♣❡♥❞✱ ✐♥ ♣❛rt✐❝✉❧❛r✱ ♦♥ t❤❡ ▲é✈②

♣r♦♣❡rt✐❡s ♦❢ t❤❡ ♣r♦❝❡ss X✳ ❈♦♥s❡q✉❡♥t❧②✱ ❛♥♦t❤❡r ❧✐♥❡ ♦❢ ❢✉rt❤❡r r❡s❡❛r❝❤ ✇♦✉❧❞ ❜❡ t♦ tr②

❛♥❞ ❣❡♥❡r❛❧✐③❡ t❤❡ ❛❜♦✈❡ r❡s✉❧ts ♦♥ st♦❝❤❛st✐❝ ♣r♦❝❡ss❡s ✇❤✐❝❤✱ ❢♦r ✐♥st❛♥❝❡✱ ❢✉❧✜❧❧ t❤❡ s❡♠✐✲

s❡❧❢s✐♠✐❧❛r✐t② ❝♦♥❞✐t✐♦♥ ✭✶✳✶✮ ❛♥❞ ❤❛✈❡ st❛t✐♦♥❛r② ✐♥❝r❡♠❡♥ts ❜✉t ❧❛❝❦ t❤❡ ✐♥❞❡♣❡♥❞❡♥❝❡ ♦❢

t❤❡ ✐♥❝r❡♠❡♥ts✳ ❋✐rst r❡s✉❧ts ✐♥ t❤✐s ❞✐r❡❝t✐♦♥ ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❬✹✵❪ ❛♥❞ ❬✻✵❪ ❢♦r s❡❧❢s✐♠✐❧❛r

▼❛r❦♦✈ ♣r♦❝❡ss❡s ✭❝❢✳ ❛❧s♦ t❤❡ s✉r✈❡② ❛rt✐❝❧❡ ❬✺✾❪✮✳



❇✐❜❧✐♦❣r❛♣❤②

❬✶❪ ❆❞❧❡r✱ ❆✳ ✭✶✾✾✵✮ ●❡♥❡r❛❧✐③❡❞ ♦♥❡✲s✐❞❡❞ ❧❛✇s ♦❢ t❤❡ ✐t❡r❛t❡❞ ❧♦❣❛r✐t❤♠ ❢♦r r❛♥❞♦♠

✈❛r✐❛❜❧❡s ❜❛r❡❧② ✇✐t❤ ♦r ✇✐t❤♦✉t ✜♥✐t❡ ♠❡❛♥✳ ❏✳ ❚❤❡♦r❡t✳ Pr♦❜❛❜✳ ✸ ✺✽✼✕✺✾✼✳

❬✷❪ ❇❡❝❦❡r✲❑❡r♥✱ P✳❀ ▼❡❡rs❝❤❛❡rt✱ ▼✳ ▼✳❀ ❛♥❞ ❙❝❤❡✤❡r✱ ❍✳✲P✳ ✭✷✵✵✸✮ ❍❛✉s❞♦r✛ ❞✐♠❡♥s✐♦♥

♦❢ ♦♣❡r❛t♦r st❛❜❧❡ s❛♠♣❧❡ ♣❛t❤s✳ ▼♦♥❛ts❤❡❢t❡ ▼❛t❤✳ ✶✹✵ ✾✶✕✶✵✶✳
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