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ABSTRACT. The aim of this work is to develop formulas which ex-
press three point genus zero Gromov-Witten invariants on a homo-
geneous space of Picard rank one as classical intersection numbers
on a different compact homogeneous space. Such formulas were
first proved for the Grassmannian, the isotropic and the symplec-
tic Grassmanian ([6], [7]) and were later generalized to cominuscule
homogeneous spaces [11]. After reviewing the concepts already
known, we study in more detail the isotropic Grassmannian. We
give a new formula in this case which differs from the one already
known from [7] by the use of different objects which relate rational
curves passing through three Schubert varieties in general position
and points in a threefold intersection of cohomology classes on an
auxiliary space.

Das Ziel dieser Arbeit ist es, Formeln zu entwickeln, welche drei
Punkt Geschlecht null Gromov-Witten Invarianten auf einem ho-
mogenen Raum von Picard-Rang eins als klassische Durchschnitts-
zahlen auf einem anderen kompakten homogenen Raum ausdriick-
en. Solche Formeln wurden zuerst fiir die Graimann-Varietit, die
isotrope and die symplektische Graffmann-Varietidt bewiesen ([6],
[7]), und spiiter auf kominuskiile homogene Riume verallgemeinert
[11]. Nachdem wir die bereits bekannten Konzepte durchdenken,
studieren wir in gréflerem Detail die isotrope Grafimann-Varietét.
Wir geben in diesem Fall eine neue Formel an, welche sich von
der bereits aus [7] bekannten unterscheidet, durch den Gebrauch
anderer Objekte welche rationale Kurven, die durch drei Schubert-
Varietdten in allgemeiner Lage verlaufen, in Beziehung setzen zu
Punkten in einem Durchschnitt von drei Kohomologieklassen auf
einem Hilfsraum.
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INTRODUCTION

The aim of this work is to work out quantum to classical formulas for
computing Gromov-Witten invariants similar to formulas obtained in
[6, Corollary 1]. Sereval steps in this direction were already done in [7]
and [11]. Let us briefly present these results for the Grassmannian since
they serve as a model for all quantum to classical formulas. Let X =
G(k,n) and 1 < d < min(k,n — k) be a degree. Let A, and v be three
partitions of shape k x (n — k) such that [\ +|u|+ || = k(n — k) + nd.
Denote by Y = F(k — d, k + d,n) the flag variety parametrizing partial
flags Vi_q C Virq C C™ where Vj,_4 is of dimension k —d and V4 is of
dimension k+d. For a Schubert variety X, (F,) where F, is a complete
flag in C" we denote with X /(\d)(F.) the transformed Schubert variety
in Y defined by

X NE) = {(Vica, Vira) €Y | Vi € Xa(Fa): Vica € Vi € Vira}

and with [X )(\d)] its cohomology class. Then we have the following for-
mula

1) (03, 0y 0}y = /Y X@) - (X7 (X

where on the left side stands the Gromov-Witten invariant of the Schu-
bert cycles oy, 0, and o,. This invariant counts the number of rational
curves of degree d which pass through general translates of the Schu-
bert varieties parametrized by A, u and v. We refer to a formula like
(1) as a quantum to classical principle for X.

Let X = G//P be a homogeneous space where P is a maximal para-
bolic subgroup and G is a simple affine algebraic group. Maximality of
P means geometrically that Pic(X) = Z. While the quantum to clas-
sical principle (1) works for all degrees d we will focus our discussion
on the degree dx. We briefly recall the definition of this degree. For
more details we refer to Section 7. First we define a metric d on X.
For two points x,y € X we define d(x,y) to be the degree d of a curve
passing through x and y such that the degree d is minimal in the set
of all degrees of curves passing through x and y. We further define

dx = max d(x,y) .
It is a consequence of [13] that dy is the minimal power of the quantum
parameter ¢ appearing in the quantum product [{pt}] = [{pt}], i.e. we
can write

[{pt}] = [{pt}] = o - ¢°X + higher degree terms

for some effective homogeneous cohomology class o.
After recalling some basic notions we tackle the task of the algorith-
mic computation of dy (Section 8.1). We may compute the number
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dx directly by exhibiting the root system of G: Let ap be the sim-
ple root associated to P. If we denote with #; the highest root in
the root system R = R; of GG, then all roots orthogonal to #; form a
root system, which may be reducible. We pick the irreducible compo-
nent Ry of the root system {a € R | (¢1,a) = 0} which contains the
simple root ap and repeat the procedure: we choose the highest root
0y in the root system Ry, etc. After finitely many steps we end up
with k roots 6, ...,0; such that Ry, is empty. We call the sequence
of roots 04, ..., 0 the -sequence. The reader will find many informa-
tions concerning the #-sequence in Section 8, among them the following
proposition concerning the algorithmic computation of dx.

Proposition 0.1 (Proposition 8.16). Let 0y, ...,60) be the 0-sequence
as defined above. Then the maximal possible distance dx is given by

k

dX = Z <02\/,w>
i=1
where w denotes the fundamental weight dual to the simple coroot o),
associated to P.

The #-sequence gives naturally rise to a rational curve fa of degree
dx, the so called diagonal curve. We briefly recall the definition of the
diagonal curve. Then we state our main result concerning the density
of the diagonal curve. For more details we refer to Section 9. Let G’
be the subgroup of G defined as G’ = SLg(6;) X -+ x SLy(6x). To
abbreviate we set X’ = G'/G'N P. We clearly have X’ = P! x ... x P!,
We can define a rational curve of degree dx via the composition

AP Pl X x P X s X

where A denotes the diagonal embedding. We call this curve the di-
agonal curve. Let M = M, 3(X, dx) be the Kontsevich-Manin moduli
space parametrizing all 3-pointed stable maps to X of degree dy and
genus zero. Our main result concerning the density of the diagonal
curve reads as follows:

Theorem 0.2 (Theorem 9.5). Suppose that X # Gy/ Py and that X #
B/ Py where £ > 1 is odd. The diagonal curve has a dense open orbit
under the action of G in M. In other words, the diagonal curve is a
general curve.

This result is of importance since it says that every other general
curve is in the G-orbit of fa. Therefore we can reduce the main con-
structions to the diagonal curve. The main construction of this work is
the construction of the irreducible subvariety X of X. We briefly recall
the definition of X and state its main properties. For more details we
refer to Section 11. Let B be Kostant’s cascade of strongly orthogonal
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roots. For a precise definition of this maximal set of strongly orthog-
onal roots we refer to Section 4. From the definition of B it is clear
that {61,...,0,} C B. Let S be the set of all roots v such that 7 is not
orthogonal to precisely two elements of {61, ...,0;}. Let Sa be the set
of simple roots contained in S. If k =1 we set R = 0. If £ > 1 we
define R’ to be the union of all irreducible components unequal to R,
of the root system consisting of all roots in R;_; which are orthogonal
to Or_1. Let R be the root subsystem of R generated by B, Sa and
R'. Let G be the algebraic subgroup of G with root system R. Let
X=a / GNP. Then it is clear that X is an irreducible subvariety of X.

Our main result concerning the variety X is the following proposition.

Proposition 0.3 (Proposition 11.67). Through three points of X in
general position passes a unique rational curve of degree dx which is
contained in X.

The number dx and its properties concerning the geometry of ra-
tional curves motivates the definition of the subvarieties Xy, (x,y) and
Ya, (f) of X where f is a general curve of degree dx and x and y are
two points in X. In general for a degree d with 1 < d < dx we define
Xa(x,y) to be the union of all rational curves in X of degree d which
pass through z and y and we define Yy(f) for a general curve f of
degree d to be the intersection

Vi) = () Xalwy).
z,yef(P)
general
We will mostly restrict ourselves to the situation where d = dx. Then
we can restrict our attention to Yy, (fa) since the properties of any
Ya, (f) for a general curve f of degree dx follow from the properties of
Ya, (fa) via translation whenever the assumptions of Theorem 0.2 are
satisfied.

We assume from now on that X # G5/P; and X # B;/P, where
¢ > 11is odd. Then we know that the diagonal curve has a dense open
orbit in M. By Proposition 0.3 and since fa(P') € X by definition of
X it follows fairly easily that X C Y, (fa). Now we contemplate the
following assumptions.

Assumption 0.4 (Assumption 13.3).

o We assume that X is an irreducible component of Ya, (fa).

o We assume that all irreducible components of Ya, (fa) are pair-
wise nonisomorphic.

o We assume that each irreducible component Xy of Ya, (fa) sat-
isfies the following property: through three points of Xo in gen-
eral position passes a unique rational curve of degree dx which
1s contained i X.



Under these assumptions we are able to develop a quantum to clas-
sical principle for X. We will see later that these assumptions are sat-
isfied for isotropic Grassmannians and lead to a quantum to classical
principle which differs from the one known from [7]. We now introduce
the abstract framework which makes sense whenever the Assumption
0.4 is satisfied. For more details we refer to Section 13.

Let @ be the stabilizer of X in G. Let Y = G/Q and Z = G/P N
. We have obvious projection maps p: 7 — X and ¢: Z7 — Y.
Let w be a Weyl group element. Then we denote by X, the Schu-
bert variety parametrized by w and by o(w) the corresponding Schu-
bert cycle parametrized by w. We write F,, = qp~'(X,). The vari-
ety F,, is B-stable and irreducible. We define a surjective morphism
qw: p 1 (Xy) — F, via restriction of q. Let N,, be the nonempty open
subset of F,, where the fibers of ¢, are of minimal dimension. Then N,,
is an open dense B-stable subset of F,,. We can define a non negative
integer g, by the following equation in cohomology:

G [pil(Xw)] = q_w[Fw] .
With this notation we are able to formulate the following theorem.

Theorem 0.5 (Theorem 13.19). Suppose that the Assumption 0.4 is
satisfied. Let g,q" and g" be three general elements of G. Let u,v and
w be three Weyl group elements such that

codim(X,) + codim(X,) + codim(X,) = dim(M).
Then we have the following equality:
(0(u),0(v),0(w))y, = Guivlwcard(gF, Ng'F,Ng"F,)

where (o(u),o(v),0(w)),, denotes the Gromov-Witten invariant of the
Schubert cycles o(u), o(v) and o(w).

Let w be a Weyl group element. Then it is easy to see that we always
have the following inequality:

codim(F,,) > codim(X,,) — dim(X) .
Furthermore we know that the have g, = 0 whenever the previous
inequality is strict. Therefore we get the following corollary of the
previous theorem.

Corollary 0.6 (Corollary 13.20). Suppose that the Assumption 0.4 is
satisfied. Let u,v and w be three Weyl group elements. Suppose that
the inequality

codim(F,) > codim(X,) 4 dim(X)
is strict for at least one s € {u,v,w}. Then we have the vanishing

(o(u),0(v),0(w))4, =0.
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In Section 15 — 18 we work out this program in case of the isotropic
Grassmannian X = Gg(l,2p) where [ is odd and | < p — 2. For this X
we find using Proposition 0.1 that dx = [+ 1. In this case we are able
to give an explicit description of the irreducible components of Y 1(f)
for a general rational curve f of degree dx =1+ 1 (cf. Lemma 17.1).
This description yields in particular the following fact.

Fact 0.7 (Corollary 17.3). Let X = Gg(l,2p) where [ is odd and | <
p — 2. Then the Assumption 0.4 is satisfied.

For the convenience of the reader we briefly want to recall the descrip-
tion of X in terms of isotropic subspaces. To this end let ey, ..., e, be
a standard basis of C?” which is compatible with B. We now define the
2(1—1)-dimensional nondegenerated subspace Wy, which parametrizes

~

X. Let
WfA = <€17 sy €11, C2p— 142, - - - ’62p> .

Then we have the follwing fact.

Fact 0.8 (Corollary 17.2 and Lemma 17.4). The irreducible compo-

nent X of Yii1(fa) can be explicitely described in terms of isotropic
subspaces via the following equation:

X ={VeX|dmW;,nV)=1-1dm(WjnV)=1}
= GQ(l — 1,2<l — 1)) X QQ(I,,Z) .

In case of the isotropic Grassmannian X we have a natural compact-
ification Y of Y at hand. Let Y = G(2(I — 1),2p). Then we see that
Y embeds into Y as an open dense subvariety. We will identify the
morphism ¢: Z — Y with the composition Z — Y < Y.

We briefly explain how we parametrize Schubert varieties in X. For
more details we refer to Section 14. Let P(l,p) be the set of all (p —1)-
strict partitions of shape [ x (2p — [ — 1) with type attached to them.
Then we know that P(l,p) parametrizes the Schubert varieties in X.
We denote by w, the minimal length representative corresponding to
a partition \. We write X, = X, and o\ = o(wy) = [X,] for all
partitions A. Moreover we define g\ = G,,. With this notation Theorem
0.5 reads as follows.

Theorem 0.9 (Theorem 18.4). Let A\, i and v be elements of P(1, p)
such that

codim (X)) + codim(X,) + codim(X, ) = dim(X) + (2p -1 —1)({ +1).

Then we have the following equality:

(02,00, 00) 101 = DNQuly / @GP O\ QP 0L Gp O .
Y
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Remark 0.10. The quantum to classical principle in Theorem 0.9 differs
from the quantum to classical principle for cominuscule homogeneous
spaces [11, Corollary 23] (formula (1) is an instance of this) by the
following points:

e The transformed Schubert cycles ¢.p*o) are not any more Schu-
bert cycles on Y but rather may decompose into a linear com-
bination of Schubert cycles on Y.

e The integer coefficients ¢, are not necessarily one so that the
Gromov-Witten invariant is rather a positive multiple of an
integral than the integral itself.

e The integrand Y is a homogeneous space which is not homoge-
neous under the action of G = SOy, but rather homogeneous
under the action of a larger group namely SLo,.

The quantum to classical principles for many other examples, the
isotropic Grassmannian included, in particular for homogeneous spaces
homogeneous under the action of the exceptional group Eg were inte-
sively studied in [25, p. 55 f., p. 61 ff.]. In fact many ideas contained
in this work as well as in its introduction already appear in some form
in [25, cf. 1. Introduction]. One of the objectives of this thesis was
to develop these ideas on a solid mathematical basis. Since the note
[25] was never published, it was only available and accessible thanks to
Prof. Nicolas Perrin, the adviser of this thesis. Through many useful
discussions he patiently introduced the author to the subject, moti-
vated and initiated this kind of research. So the author wants to take
the opportunity to express his gratitude.

1. HOMOGENEOUS SPACES

In this section we introduce the basic objects we are using throughout
this work: algebraic homogeneous space. We use this occassion to set
up the notation we are using from now on. In particular we will be
interested in homogeneous fiber bundles, since we use this construction
later on. It is supposed to be the counterpart in algebraic geometry
of the concept of associated bundles in topology. We close this section
with the investigation of a special class of homogeneous spaces, the so
called cominuscule homogeneous spaces.

As a general reference for the theory of homogeneous spaces we use
[30, Chapter 1]. For the theory of algebraic groups we refer to [15].

By a variety we mean a reduced k-scheme of finite type where k is
an algebraically closed field of characteristic zero. Many of our results
will even hold in positive characteristic, but to simplify the statements
we always assume that the characteristic is zero. In the main part of
this work, we will even focus on the case where k = C, so that we do
not lose anything.
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By an algebraic group we mean a variety which has the structure
of a group scheme. We always denote the Lie algebra of an algebraic
group G, H, ... by lowercase Gothic letters g, b, ... We always denote
the identity element of an algebraic group G by e and the character
group of G by X (G).

Let G be a linear algebraic group and H a closed subgroup of G.

Definition 1.1. Let X be a variety with a transitive G-action. In this
situation X is called a homogeneous space.

A pointed homogeneous space is a pair (X, 0) where X is a homoge-
neous space and o € X. The natural map 7: G — X , g — go s called
the orbit map.

Definition 1.2. The space G/H equipped with the quotient topology
and a structure sheaf Og g which is the direct image of the sheaf ol
of H-invariant reqular functions on G is called the (geometric) quotient
of G modulo H.

Theorem 1.3. (1) G/H is a smooth, quasiprojective homogeneous
space. The quotient morphism w: G — G/H is seperable and
loacally trivial in étale topology.

(2) For any pointed homogeneous space (X, 0) such that H C G,,
the orbit map w: G — X factors through 7: G/H — X.
(3) 7 is an isomorphism if and only if H = G, and 7 is separable.

Proof. [30, Theorem 1.1] O

Since we assume that the ground field k is of characteristic zero the
orbit map 7 will always be separable. We therefore can always assume
that a pointed homogeneous space is of the form G/H.

Definition 1.4. Let X be a G-homogeneous space. The isotropy rep-
resentation at x € X s the natural representation T, X of G given by
differentials of right translation.

Proposition 1.5. T,;G/H = g/ as H-modules. The isomorphism is
given by the differential of the seperable quotient map w. The right-hand
representation of H is the quotient of the adjoint representation of H
in g. The left-hand representation of H is the isotropy representation
at eH .

Proof. [30, Proposition 1.1] O

1.1. Homogeneous fiber bundles. In this subsection we introduce
homogeneous fiber bundles following [30, Section 2] and collect the most
important facts which we will be needed later on. Homogeneous fiber
bundles can be used to compute the Picard group of a homogeneous
space (Theorem 1.10).

Let Z be an H-variety. Then H acts on GX Z by h(g,z) = (gh™!, hz).
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Definition 1.6. The quotient space GxyZ = (GXZ)/H equipped with
the quotient topology and a structure sheaf which is the direct image of

the sheaf of H-invariant regqular functions is called the homogeneous
fiber bundle over G/H associated to Z.

The G-action on G x Z by left translation of the first factor commutes
with the H-action on G x Z and factors to a G-action on G xg Z. We
denotes by g* z the image of (g, 2) in G x g Z and identify e * z with z.

The homogeneous bundle G Xy Z is G-equivariantly fibered over
G/H with fibers gZ. The fiber map G xy Z — G/H is given by
g*zw— gH.

Theorem 1.7. If Z is covered by H-stable quasiprojective open subsets,
then G Xy Z is a G-variety and the fiber map G xyZ — G/H 1is locally
trivial in étale topology.

Proof. [30, Theorem 2.1] O

Fact 1.8. If Z is quasiprojective or normal and H is connected, then
7 1s covered by H-stable quasiprojective open subsets. If H is reductive
and Z is affine then G Xy Z is affine.

Proof. [30, Theorem 2.1] O

In our application in Section 12 the assumptions of Theorem 1.7 are
always satisfied. Therefore all our bundles will be locally trivial in étale
topology.

Whenever we deal with homogeneous fiber bundles we will assume
from now on that the assumptions of Theorem 1.7 are satisfied.

The next lemma indicates when a homogeneous bundle is trivial.

Lemma 1.9. The homogeneous bundle G X i Z s trivial, that is G X g
Z =2 G/H x Z if the H-action on Z extends to a G-action.

Proof. [30, Lemma 2.1] O

If the fiber Z is an H-module, then the homogeneous bundle is locally
trivial in the Zariski topology ([30, page 11]). Any G-variety mapped
onto G/H is a homogneous bundle, in particular any G-vector bundle
over G/H is G-isomorphic to G x iy M where M is a finite-dimensional
rational H-module. We denote the sheaf of sections of G xg M by
L(M).

We now use homogeneous bundles to compute the Picard group of
a homogeneous space. Any G-line bundle over G/H is G-isomorphic
to G xpy ky for some character y € X(H) where H acts on k, via the
character x ([30, page 12]). We denote the sheaf of sections of G Xy k,
by L(x) = L(k,). This yields an isomorphism of abelian groups

X(H) — Picg(G/H), x + L(x)
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where Picg denotes the group of G-linearized invertible sheaves. If G
is simply connected we have a surjective homomorphism

X(H) — Pic(G/H)

which is defined in the same way by forgetting the G-linearization.
Its kernel consists of the characters that correspond to different G-
linearizations of the trivial line bundle G/H x k over G/H. If G is
connected, then these characters are exactly the restrictions Res$ X (G)
to H of characters of G. We obtain the following

Theorem 1.10. Picg(G/H) = X(H). If G is connected and simply
connected, then

Pic(G/H) = X (H)/Res$ X (G)

Proof. For more details see [30, Theorem 2.2]. O

FExample 1.11. Let G be a connected reductive linear algebraic group,
B C G a Borel subgroup. Then Pic(G/B) is isomorphic to the weight
lattice of the root system of G.

1.2. Parabolic subgroups. In this subsection we give (according to
[15, 30.1]) a description of parabolic subgroups of a reductive linear
algebraic group. Moreover we describe the Levi decomposition of such
parabolic subgroup (according to [15, 30.2]). We will use these concepts
later on in the text, since we will be mostly concerned with reductive
groups.

We start with the most greatest generality: let G be a linear algebraic
group.

Definition 1.12. A Borel subgroup of G is one which is maximal
among the closed connected solvable subgroups. A closed subgroup P
15 called parabolic if P contains a Borel subgroup of G.

Let H be an abitrary closed subgroup of G as before.
Theorem 1.13. G/H is projective if and only if H is parabolic.
Proof. [30, Theorem 3.1] O

For the rest of this subsection we assume that G is reductive. When-
ever we work with a reductive group we use the notation we set up in
the following.

We fix a maximal torus 7" and a Borel subgroup B containing T
We will describe all parabolic subgroups which contain B, the so called
standard parabolic subgroups (relative to B). Every other parabolic
subgroup is conjugated to a standard parabolic subgroup (since all
Borel subgroups are conjugated to each other).

Let R be the root system associated to T"and G, A the set of simple
roots in R / the base of R (corresponding to the choice of the Borel
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subgroup B), RT the set of postive roots and R~ the set of negative
roots.

Let W be the Weyl group associated to T and G. Let I be a subset
of A. We denote by W; the subgroup of W generated by all simple
reflections s, where o € I. Let Pr = BW;B. The group P; is a
standard parabolic subgroup of G. Moreover we have the following

Theorem 1.14. (1) Each parabolic subgroup of G is conjugate to
one and only one subgroup Py where I C A.
(2) The roots of Pr are those in R along with those roots in R~
which are Z-linear combinations of I.

Proof. [15, 30.1, Theorem] O

Example 1.15. Let P be a maximal parabolic subgroup of G' containing
B. By Theorem 1.14 there exists a subset I C A such that P = P;.
The complement A \ I of I in A consists of one element, which we
denote by ap. In this situation, we say that P is associated to ap. If
the simple roots A are ordered in some way such that ap = «; is the
1th element in this ordering, we write P = P;. If the root system R
is irreducible we always use the ordering of A given by the Bourbaki
tables [4, Chapter VI, Table I-IX].

FExample 1.16. Suppose that GG is connected. Let P = P; be a standard
parablic subgroup associated to some I C A. By Theorem 1.10, the
Picard group of X = G/ P is given by

Pic(X) & ) Zw,
aceA\I
where w, is the fundamental weight associated to «. In particular we
see that the Picard rank of X is equal to one if and only if P is maximal.
In this case we write w = w,, and we have that Pic(X) = Zw.

Example 1.17. Let P be a maximal parabolic subgroup of G' containing
B. Let V, be the highest weight representation of G with highest
weight w. Let v, be a highest weight vector. Since the isotropy group
in GG of the line kv, is precisely P, we get a homogeneous emebedding
X =G/P CP(V,). We call this embedding the minimal homogeneous
embedding of X.

For the purpose of this thesis the case where £ = C and X is a
projective homogeneous space of Picard rank one homogeneous under
the action of a reductive, simple, linear algebraic group will be the most
important one.

Let P be a parabolic subgroup of G' containing B. In this sitation
we will always use the following

Notation 1.18. Let Rp be the root system associated to T" and P, Ap
be the simple roots in Rp (corresponding to B), R} the positive roots
of Rp and R the negative roots of Rp.
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Let Wp be the Weyl group associated to 7" and P. Then we have
P = Pr,, Wp = Wa, and P = BWpB. We denote by WP the set of
minimal length representatives of W modulo Wp.

Finally in this subsection we want to recall the Levi decomposition
of P. To this end let V' be the unipotent radical of P.

Definition 1.19. If there exists a connected, reductive group L such
that the product morphism L x V. — P is an isomorphism then L is
called a Levi factor and P = LV is called the Levi decomposition of P.

Theorem 1.20. Any parabloic subgroup P of G has a Levi decompo-
sition P = LV and any two Levi factors are conjugate by an element

of V.
Proof. [15, 30.2, Theorem)] O

If P is a parabolic subgroup containing B, we will usually assume
that T" C L, so that the Levi factor is unique. In this case we have
direct sum decompositions of the Lie algebras as follows:

(2) b= EB ga,[:t@@ga.

a€R+\R; aERp

Since V' is normal in P, v is an ideal in p. It is also clear that [ is a
subalgebra of g. Moreover we see from P = LV that p =[® v.

1.3. Cominuscule homogeneous spaces. The class of cominuscule
homogeneous spaces is important for us, since a quantum to classical
principle is known for those spaces ([11]). In fact, many more general
situations we will study will simplify drastically in the cominuscule
case. Therefore it makes sense to introduce this class of spaces in this
subsection, so that we can use it as a motivating example throughout
the text. Furthermore we introduce some basic concepts, such as the
symmetric space associated to a cominuscule homogeneous space and
the rank of a cominuscule homogeneous space.

Let GG be a simple, reductive, linear algebraic group and P a maximal
parabolic subgroup containing B5.

Lemma 1.21. The following conditions are equivalent.

(1) The unipotent radical V' of P is abelian.

(2) The simple oot aup occurs in the highest root 01 of R with co-
efficient one, i.e. (1,w") = 1.

(3) For all roots a we have that (o, w") € {—1,0,1}.

(4) w¥ is a nonzero minimal dominant weight, i.e. there is no
weight A < w" also dominant.

Proof. The equivalence of (1) and (2) is proved in [27, Lemma 2.2].
The equivalence of (2) and (3) is obvious. The equivalence of (3) and
(4) is proved in [14, 13., Exc. 13]. O
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Remark 1.22. Since we assume that the ground field is of characteristic
zero the equivalence of (1) and (2) is always valid. If the characteristic
is positive the only exception where this equivalence fails to be true
occurs in type G, when the characteristic is two. For more details see
[27].

Definition 1.23. We say that X = G/P is a cominuscule homoge-
neous space if one of the equivalent conditions of Lemma 1.21 holds.

The classification of cominuscule homogeneous spaces is easy since
condition (2) of Lemma 1.21 restricts the possibility of the choice of
ap in a way we can directly read off the expression of the highest root
0, of R as a linear combination of simple roots.

Proposition 1.24. Let G be a simply connected, simple, reductive,
linear algebraic group. Let X = G/P be a cominuscule homogeneous
space. Then X s up to isomorphism either

e a Grassmannian G(k,n) where n > 2,

a symplectic Grassmannian G, (p,2p) where p > 2,
an isotropic Grassmannian Gg(p, 2p) where p > 3,
a quadric Q,, of dimension m > 3,

the Cayley plane QP* = Eg/Ps or

the Freudenthal variety F-/P:s.

On the other hand every of the varieties in the list is a cominuscule
homogeneous space.

Proof. If G is of type A,,_1, then ap may be chosen abitrary. If ap = oy,
the quotient X = G/P is isomorphic to the Grassmannian G(k,n). If
G is of type By where ¢ > 2, then ap is necessarily ay. Therefore
the quotient X = G/P is isomorphic to a quadric Q,, of dimension
m = 20 — 1. If G is of type C, where p > 2, then ap is necessarily
a,. Therefore the quotient X = G/P is isomorphic to the symplectic
Grassmannian G, (p,2p). If G is of type D, where p > 3 then either
ap = ay,q,-1 O = a,. The cases where ap = a,—; and = «,, clearly
lead to isomorphic spaces X where the isomorphism is induced by the
automorphism which permutes «,_; and «, and fixes the other a;’s. If
ap = ai, then the quotient X = G/P is isomorphic to a quadric Q,,
of dimension m = 2(p — 1). If ap = «,, then the quotient X = G/P is
isomorphic to the isotropic Grassmannian Gg(p, 2p). If G is of type Eg,
then ap is necessarily oy or ag. Both cases lead to isomorphic spaces X
where the isomorphism is induced by the Weyl involution. If ap = ag
then the quotient X = G/P equals the Cayley plane QP? = FEg/P;.
If G is of type E7, then ap is necessarily «;. The quotient X = G/P
equals the Freudenthal variety E7/P;. If G is of type Eg, of type Fy or
of type G, there is no choice of ap so that condition (2) is satisfied.
On the other hand it is clear from what we said up to now that all
varieties in the list occur as a cominuscule homogeneous space. O
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Corollary 1.25. Let X = G/P be a cominuscule homogeneous space.
Then ap is a long root.

Proof. If R is simply laced, the assertion is trivial. Assume that R is
not simply laced. By the classification of cominuscule homogeneous
spaces, G is either of type B, where ¢ > 2 or of type C, where p > 2.
If G is of type B, where ¢ > 2, then ap = a3 and (g, 1) > (o, ap).
Therefore ap is long. If G is of type C, where p > 2, then ap = o,
and (a,, ) > (aq,aq). Therefore ap is long in all cases. O

We explain now how to associate to every cominuscule homogeneous
space a symmetric space.

Let G be a connected, reductive, linear algebraic group and H a
closed subgroup.

Definition 1.26 ([30, Definition 26.1]). A symmetric space is a ho-
mogeneous space G/H equipped with a non-identical involution o €

Aut(G) such that (G7)° C H C G°.

Let P be a parabolic subgroup of G containing B. Let L be a Levi
factor of P and V' the unipotent radical of P. Let P~ the parabloic
subgroup of GG opposite to P. The parabolic subgroup P~ contains the
Borel subgroup B~ opposite to B. Let V'~ be the unipotent radical of
P~. We denote the Lie algebras of P~,V~, ... always with lowercase
Gothic letters p~, 07, ...

Lemma 1.27. Let q = v@v~. Then we have a direct sum composition
g=1[®q. If G/P is a cominuscule homogeneous space, then the three
Cartan relations

Lgcr [LaCaq,fgqCt
are satisfied.

Proof. The direct sum decomposition of g follows directly from (2) and
since we have the direct sum decomposition

b = @ O_o-

+
acRFT\R},

The first two Cartan relations actually hold for every reductive group
G and any parabolic subgroup P containing B (not only for cominus-
cule homogeneous spaces G/P). Since [ is a subalgebra of g it is clear
that [[,{] C [. Since L = PN P~ we have that [ =pNp~. Since v is an
ideal in p and v~ is an ideal in p~, it follows in particular that [[,v] C v
and [[,v~] C v~. Therefore we conclude that [[,q] C q.

We now prove the third Cartan relation. Let o, € RT \ R}
be two roots. By assumption we have that (a,w’) = (a,w") = 1.
Therefore a + (3 cannot be a root since (o + (,w",) = 2 which vi-
olates the cominuscule assumption. Thus [g., g5 = 0 and by the
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same token [g_,,g-5] = 0. To see that [q,q] C [ it therefore suf-
fices to prove that if « — 3,3 — « are roots then a« — 3,3 — a € Rp
(thanks to the direct sum decomposition (2) of ). But this is clear
since (o — f,w") = (6 — a,w") = 0. O

Corollary 1.28. Let G/P be a cominuscule homogeneous space. Then
G/L is a symmetric space. If G is semisimple and simply connected,
then G° = L is connected.

Proof. Let o, be the involution of the vector space g = [ & g with
(+1)-eigenspace [ and (—1)-eigenspace q. The three Cartan relations
guarantee that o, respects the Lie bracket and is thus a Lie algebra
automorphism of g. Let ¢ € Aut(G) be the unique non-identical
involution of G such that d.c = o,. Since g7 = [ it is clear that
(G7)° C L C G°. If G is semisimple and simply connected then G“
is connected ([30, Remark 26.1]), whence it follows that G° = L is
connected. [

Definition 1.29. Let X = G/P be a cominuscule homogeneous space.
Then we call G/L the symmetric space associated to X and o the in-
volution associated to X

We now define the rank of a cominuscule homogeneous space, using
the geometry of its associated symmetric space.

Definition 1.30. Let G/H be a symmetric space with involution o.
We say a torus Ty is o-split if o acts on T} as the inversion.

Definition 1.31. Let X = G//P be a cominuscule homogeneous space
and o the involution associated to X. We define the rank of X to be
the number

rk(X) = sup dim(7} P/ P)

T

where the supremum runs over all o-split maximal tor: T7.

2. COHOMOLOGY OF HOMOGENEOUS SPACES

In this section we describe the Schubert varieties in a homogeneous
space and their relation to integral cohomology: the cohomology classes
of the Schubert varieties form an integral bases of the cohomology
ring. We briefly introduce the basic concepts, the Bruhat order and the
Bialynicki-Birula decomposition, related to the cellular decompositon
of the homogeneous space given by the Schubert cells. These concepts
will be needed later on. Again we use this occasion to set up the
notation we are using from now on.

As general references for these topics we use [2] and [17].

Let X = G/P a homogencous space where G is a reductive linear
algebraic group and P is a parabolic subgroup.
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Definition 2.1. Let w be a Weyl group element. The Schubert cell
0, associated to w is defined to be the subvariety BwP/P of X. The
Schubert variety X,, associated to w is defined to be the closure of the
Schubert cell €, associated to w. The opposite Schubert variety Y,
associated to w is defined to be the closure of the opposite Schubert cell
B~wP/P associated to w. The Schubert cycle o, associated to w is
defined to be the cohomology class [Y,] of Y,. The Schubert cycle o(w)
associated to w is defined to be the cohomology class [X,] of X.

Let £p(w) denote the P-length of w for some Weyl group element w.

Lemma 2.2. Let w be a Weyl group element. The Schubert cell €2,
15 locally closed, irreducible and isomorphic, as a variety, to an affine
space. The Schubert variety X, is wrreducible. Both €, and X,, have
equal dimension given by the P-length of w:
dim Q,, = dim X, = {p(w) .

Proof. The Schubert cell €2, is a B-orbit by definition. Therefore it
is locally closed. The Schubert cell €2, is the image of B under the
orbit map which sends b € B to bwP/P. Since B is connected and
hence irreducible the image €2, of B is also irreducible. That €, is
isomorphic to an affine space follows from [2, 14.12, Theorem (b)].
Since €, is irreducible, it is clear that X, is also irreducible. That the
dimension of Q,, and X, is given by ¢p(w) follows from [2, 14.12]. O

It is clear that the Schubert cell €2, and the Schubert variety X,
only depend on the class of w modulo Wp. Therefore the set of all
Schubert cells / Schubert varieties is parametrized by W/Wp and W

Corollary 2.3. The set of all Schubert cells {Quy}weww, forms an
affine stratification' of X .

Proof. We already saw in Lemma 2.2 that €, is isomorphic to an affine
space. From the Bruhat decomposition of G ([15, 28.3, Theorem]|) we
see that X decomposes into a disjoint union of all Schubert cells:

X=J]
weW/Wp

By the structure of the B-orbits in X, it is clear that the closure of any
strata ,, is the union of strata of dimension less or equal than ¢p(w).
Therefore {Qy }wew/w, forms an affine stratification of X. O

Corollary 2.4. Let G be complex. The Schubert cycles o, where w
runs through W/Wp form an integral basis of the cohomology ring
H*(X,Z). In particular we have that

Pic(X) = Y Zo,, = H*(X,Z).

(XGA\AP

1By affine stratification we mean in this context that all strata are isomorphic
to an affine space.
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The first isomorphism is given by sending a line bundle L(x) where
X € X(P) to its first Chern class c¢1(L(x))-

Proof. Since {0 }wew/w, is an affine stratification of X, it is also a
cellular decomposition of X. It is a general fact from topology, that
every cellular decomposition gives an integral basis of the cohomology
ring, if we pass to the cohomology classes.

The cohomology H?(X,Z) is generated as a free Z-module by the
Schubert cycles o, parametrized by Weyl group elements w of P-length
one wich are precisely the simple reflections s, parametrized by o €
A\ Ap. This proves the second isomorphism. The first isomophism

follows from Example 1.16 and the following fact. OJ
Fact 2.5. Let a« € A\ Ap. Then ¢1(L(wa)) = 05,
Proof. [13, Lemma 3.3] O

Next we define a partial order < on W (or wr ), the so called Bruhat
order.

Definition 2.6. Let v and w be two Weyl group elements. Then v <X w
if and only if Q, C X,,.

It is clear that < is a partial order. Let w be a Weyl group element.
Then we can write the Schubert variety X, as a disjoint union:

Xy=0, 0[] Q.
v=<w
By the strucutre of the B-orbits in X, it is clear that {p(v) < {p(w)
for all v < w.
Let w, be the unique longest element of the Weyl group W and let
wp be the unique longest element of the Weyl group Wp. Let wx be
the minimal length representative of w, modulo Wp.

Lemma 2.7. The element wx s the unique mazximal element with
respect to the Bruhat order on WP . We have that wowp = wx. The
Schubert cell ), associated to wx is an open dense subset of X.

Proof. 1t follows from [15, 28.5, Proposition| that €2, is dense in X.
Therefore X,,, = X and we have the decomposition of X as a disjoint
union:
X=0, 0[] 2.
v=<wx

Thus it is clear that wy is the unique maximal element with respect to
the Bruhat order on W¥. In order to see that w,wp = wy it suffices to
show that w,wp is a minimal length representative modulo Wp since we
already know that w,Wp = wxWp. Since l(wx) = lp(wyx) = dim X
it suffices to show that ¢(w,wp) = dim X. But this is clear since

l(w,wp) = l(w,) — l(wp) = dim G — dim P = dim X .
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We will need an explicit description of Poincaré duality on the level
of Weyl group elements in W¥. We denote the Poincaré dual of a
cohomology class o always by o*.

Fact 2.8. Letw be a Weyl group element in WP, The Poincaré dual o7,
of the Schubert cycle o,, associated to w is a Schubert cycle associated
to a Weyl group element in W¥ which we denote by w*. The involution
from WP to WT which sends w to w* is explicitly described by w
WoWWWY = WWWp.

Proof. [11, page 51] O
Let G,, € T correspond to an interior point of a Weyl chamber.

Lemma 2.9. We have that
XOr = XT =2 W/Wp

where = means bijection. The bijection between the T-fixed points of
X and W/Wp (or WT ) is given by sending a Weyl group element w to
the T-fized point x(w) := wP/P. In particular W acts transitively on
the finite set X7,

Proof. [17, page 3, claim (iii), Lemma 1, Lemma 2] d

We will need a slightly different description of the Schubert cells in
terms of the Bialynicki-Birula decomposition of X.

Lemma 2.10. Let w be a Weyl group element and p = z(w) the associ-
ated T'-fixed point. The Schubert cell ), associated to w is isomorphic
to the set A, of all points x € X such that

1133 tr=p.
Proof. In fact both €2, and A, are isomorphic to affine space A = Atr(w)
of dimension ¢p(w). Under these isomorphisms 0 € A is sent to p. For
more details see [17, page 5]. O

3. STABLE MAPS AND QUANTUM COHOMOLOGY IN HOMOGENEOUS
SPACES

We briefly want to recall the basic notions from the theory of quan-
tum cohomology in homogeneous spaces which we will use throughout
this work. For a systematic treatement, more details and further ref-
erences we refer to [12].

The Kontsevich-Manin moduli space can be introduced for arbitrary
smooth projective varieties and for arbitrary genus. A particular well-
behaved theory which is immediately related to enumerative geome-
try can be developed for smooth convex spaces and genus zero. For
our purposes the case of homogeneous spaces is completely sufficient.
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Therefore we restrict our short introduction to the case of homoge-
neous spaces and genus zero and refer to [12] and the seminal papers
of Kontsevich and Manin [18, 19, 20| for the more general theory.

Let X = G/P be a homogeneous space where G is a complex con-
nected semisimple algebraic group and P is a parabolic subgroup of G.
Let d € Hy(X,Z) be a 1-cycle and N a non negative integer.

Definition 3.1. We say that (C,py,...,pn, 1) is an N-pointed map to
X of genus zero and degree d (or just is an N-pointed map to X if it is
clear from the context which d is meant) if C' a projective, connected,
(at worst) nodal curve of arithmetic genus zero, the markings py, ..., pn
are distinct nonsingular points of C, and p is a morphism from C to
X such that 11, ([C]) = d. Two N-pointed maps (C,py,...,pn, 1) and
(C" .. Dy, 1) are said to be isomorphic if there exists an isomor-
phism 7: C' — C' taking p; to p, for all1 < i < N such that p' o = pu.

Definition 3.2. We say that (C,p1,...,pN, 1) is an N-pointed stable
map to X if (C,p1,...,pN, 1) is an N-pointed map to X which has
finite automorphism group or equivalent if Kontsevich’s stability con-
dition holds for every irreducible component E of C':

o [fE P! and E is mapped to a point by ju then E must contain
at least three special points (either marked points or singular
points of C').

Let M = Mg n(X,d)? be the Kontsevich-Manin moduli space pa-
rametrizing all N-pointed stable maps to X of degree d and genus
zero. The space M solves a specific coarse moduli problem which we
will not spell out in detail. For us it suffices to know that the C-valued
points of M are in bijection with the isomorphism classes of N-pointed
stable maps to X and that M is in a certain sense universal with this
property. We list the main properties of M in the following theorem.

Theorem 3.3. The space M is a normal projective irreducible variety
with at worst quotient singularities. The dimension of M is given by
the following formula:

dim(X) +/01(X) +N-3.
d

Here we denote by ¢1(X) the first Chern class ¢1(Tx) of the tangent

bundle Tx on X. This class is sometimes also called the index of

X. The previous formula is often called the expected dimension of the

moduli space, in other words M is of expected dimension.

Proof. Every homogeneous space of the form X = G/P is known to be
convex. For a proof of this fact and the definition of a convex space

2This space is usually denoted by Mo x(X,d). Our notation is somewhat non-
standard. But since we have no need to speak about other spaces which are usually
denoted by My n(X,d), Mo n(X,d) or Mo n(X,d) there will be no confusion.
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we refer to [12, page 6]. Therefore all the properties of M except
the irreducibility follow from [12, Theorem 2|. The irreducibilty is
established in [17, Corollary 1]. O

Let [C,p1,...,pnN, 1] denote the isomorphism class of an N-pointed
stable map (C,py,...,pn, it). The space M is equipped with N evalu-
ation morphisms evy, ..., evy from M to X, where ev; takes the point
[Cyp1,...,pNn, ] € M to the point p(p;) in X. Given N arbitrary
classes 71, ...,7y in H*(X,Z), we can define a number (71, ...,7n) %,
called a Gromov-Witten invariant, by the following expression:

m,...,md:/ V(1) U- -~ Uevi(mm).
M

This definition makes perfect sense in view of Theorem 3.3. It follows
directly from the definition that (¥4, ..., yn), is invariant under permu-
tations of the classes 71, ...,vny. Moreover it is clear that if the classes
M, - .,y~ are homogeneous the Gromov-Witten invariant (v, ...,7n),
will be nonzero only if

N

Z codim(v;) = dim(M).

i=1
We have the following remark which is easy to prove (cf. [12, (I), page
35]): The Gromow Witten invariant (v,...,7n), is nonzero only if
N = 3. In this case we have

(3) (71572, 7300 = N U2 U

Let I'y,...,I'y be pure dimensional subvarieties of X such that T';
represents the class v; for all 1 < ¢ < N. Then the classes ~; are in
particular homogeneous. Assume that

N N
Z codim(T;) = Z codim(v;) = dim(M) .
i=1 i=1

Then we have the following lemma which relates the Gromov-Witten
invariants to enumerative geometry.

Lemma 3.4. Let g1, ...,n be general elements of G. Then the scheme
theoretic intersection
(4) evi (D) N Neviy (gnT)

3Here again our notation is somewhat non-standard. This invariant is usually
denoted by I4(vy1---vn) whereas (vy1,...,7n), has a different meaning. Since we
have no need to speak about both invariants at the same time there will be no
confusion. For our investigations the case N = 3 is most important. Later on
we will only consider three points (genus zero) Gromow-Witten invariants. In this
case both invariants coincide: I4(v1,72,73) = (71,72,73)4- In particular this case
suffices to define the quantum product x on QH*(X,Z).



22

1s a finite number of reduced points and we have

(Y1, IN) g = evfl(glfl) N---N eV]_Vl(gNFN) )

In particular the Gromov-Witten invariant (yi,...,vn),; counts the
number of N-pointed maps p from P to X of degree d satisfying
w(p;) € gy for all 1 <i < N.

Proof. The first statement follows directly from [12, Lemma 14]. Let
U be the open dense subvariety of M parametrizing smooth, rational,
irreducible curves. By Kleiman-Bertini we know that the intersection
(4) is supported in U. Hence the last statement follows. O

The Gromov-Witten invariants can be used to define the (small)
quantum cohomology ring QH*(X,Z). This definition apparently de-
pends on the choice of a basis of H*(X,Z). In case of a homogeneous
space X = G/P we have a canonical choice of a basis of H*(X,Z)
given by the Schubert cycles o, parametrized by all w € W/Wp. This
choice of a basis makes the formulas particularly nice.

We write Z[q] = Z[qo | @« € A\ Ap] for the polynomial ring over
Z with independent variables ¢, indexed by o € A\ Ap. The index
set A\ Ap corresponds to our canonical choice of a basis of H?*(X,Z).
The variables ¢, where a € A\ Ap are graded by the following degree:
deg(qn) = 2 fU(Sa) c1(X). For an effective degree d we write ¢¢ for the

monomial
¢'= T[ e
aGA\AP

in other words if we write d = ZaeA\AP dno(s,) where d, > 0 for all
then we have ¢% =[], A\Ap q. We now define a Z[g]-module as the
tensor product H*(X,7Z) ®z Z[q]. The same Schubert cycles o,, which
form a Z-basis of H*(X,Z) form a Z[q|-basis of QH*(X,Z). We equip
the module QH*(X,Z) with the quantum product x which is defined

by the rule
Oy * 0y = quz (Ouy 00, 00) y Ow
d w

and extended Z[g]-linearly to the whole module. Here the first sum
runs over all effective degrees d and the second over all w € W/Wp. In
fact the summands in the sum over w will be nonzero only if

lp(w) =Lp(u) + Lp(v) — /cl(X).

d

Theorem 3.5. The quantum product x makes QH*(X,Z) into a graded
commutative associative Z[q]-algebra with unit.

Proof. The commutativity of the product is directly obvious from the
definition. The associativity is nontrivial. A proof can be found in [12,
10.]. The unit 1 = oy = [X] € H(X,Z) of the ordinary cohomolgy
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ring is also a unit in the quantum cohomology ring. Indeed, this can
be seen directly from property [12, (II), page 35]. Using this property

we have
Uu*lzg aw/auUUfU:au.
” X

It is easy to see that we have just defined the degree of the variables
go in such a way that the resulting product preserves the grading.
Therefore QH*(X,Z) is a graded Z|[g]-algebra as claimed. O

Remark 3.6.

e Note that the natural inclusion H*(X,7Z) C QH*(X,Z) of abel-
ian groups does not preserve the product structure.

e With the right adjustement of the definition of the quantum
product one can define the quantum cohomology ring for an
arbitrary basis of H*(X,Z). It turns out that the resulting
algebras are up to isomorphism independent of the choice of a
basis (cf. [12, 10.]).

e When d # 0 then M is empty unless d is the class of a curve,
in particular effective. Therefore we can take the sum over d
in the definition of the quantum product x over all d since the
terms where d is not effective vanish anyway.

e The quantum cohomology is a deformation of H*(X,Z) in the
usual sense: H*(X,Z) is recovered by setting the variables ¢, =
0. This is a easy consequence of the formula (3). The classical
situation arises from something deeper in the limit ¢ — 0.

4. CHAIN CASCADES OF ORTHOGONAL ROOTS

In this section we introduce basic notions about chain cascades of
orthogonal roots. We are closely following the reference [21]. We some-
times use these notions to ,localize® terminology in the sequel. In
particular one specific chain cascade will give rise to the so called 6-
sequence which is the major tool of this treatement.

Let X = G/P be a homogeneous space where GG is a simple and
simply connected affine algebraic group and P is a maximal parabolic
subgroup.

Notation 4.1. Let ¢ be a positive root. We always use the following
notation. We write A(y) = supp(y) for the set of simple roots which
occur in the expression of ¢ as a linear combination of simple roots with
positive integral coefficients. We denote by R(y) the root subsystem
of R which has as set of simple roots the set A(y). In other words
R(¢p) is the root subsystem of R generated by A(y). Since A(yp) is
connected the root system R(y) is always irreducible. We denote by
G(p) the simple subgroup of G which has R(yp) as root system. We
write P(¢) = G(p) N P and B(p) = G(p) N B. Then it is clear
that P(¢) is a maximal parabolic subgroup of G(y¢) whenever ap €
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A(p). Moreover B(yp) is always a Borel subgroup of G(¢). We write
X(p) = G(¢)/P(p). We have a natural inclusion X (p) C X. Note
that X (¢) = {x(1)} whenever ap ¢ A(yp).

We denote the Weyl group of G(¢) by Wg(,). The group Wy, is
clearly a subgroup of W. We denote the longest element of the Weyl
group W) by wo(p). We denote the Lie algebra of G(¢) by g(p).
We denote the Lie algebra of P(¢) by p(y).

The following remark is of no importance for the rest of this work.
The impatient reader may skip it.

Remark 4.2. Let R be the category with objects RT, where we draw an
arrow  — « from § € R* to a € R if and only if supp(3) 2 supp(«).
We can endow R with a pretopology by defining a covering family of
a € R to be a collection of morphisms {3; — «}; which satisfies
supp(a) = [); supp(/3;)-

To see this we only have to remark that for two morphism 3; — «
and By — « the fiber product #; X, (o always exists. Indeed, 3; and
(3, are clearly non-separated roots since their supports are not disjoint:
supp(f1) N supp(F2) 2 supp(a) # 0. In this case B; V (5 is a positive
root ([9, Lemma 4.4]) and it is easy to see that £, V B2 = (1 X, [a.
Using the fact that supp(/5; V B2) = supp(f;) Usupp(3) all axioms are
immediate.

We can define two presheaves on R with values in the category of
algebraic groups and in the category of varieties by the assignements
a — G(a) and a — X(a) where a morphism § — « is sent to the
obvious maps G(a) — G(f) and X(a) — X(f) respectively. We
denote these presheaves still by G and X respectively. Let {8; — a};
be a covering family of «, then we clearly have G(«o) = (), G(8;) and
X(a) = (); X(8;). Therefore it is clear that the presheaves G and X
are actually sheaves on R. Note that G and X are compatible in the
sense that for every morphism f: f — «, every g € G(«) and every

z € X(a) we have X (f)(gz) = (G(f)(9)(X(f)(x)).

If R is an irreducible root system we denote by R° the root subsystem

of R consisting of all roots which are orthogonal to the highest root of
R.

Definition 4.3. A chain cascade C is a set {aq,...,ax} of positive
roots «; such that oy s the highest root of R and such that for all
2 <1 < k the root o is the highest root of any irreducible component
of R(cv—1)°. If ¢ is an arbitrary positive root we uniquely associate to
it a chain cascade C(p) = {ay,...,ax} such that ¢ € R(a;) for all
1 <@ <k and such that ¢ is orthogonal to o; for all 1 < i <k —1 but
not orthogonal to ay,. We call the union B = {J cp+ C(p) the cascade
of strongly orthogonal roots.
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Definition 4.4. A positive root ¢ is called locally high if it is the highest
root of R(p). Two roots 5 and (' are called strongly orthogonal if [3
and (3 are orthogonal and neither 3+ ' nor 3 — 3’ are roots. Two
subsets of roots S and S" are called totally disjoint if every element of
S is strongly orthogonal to every element of S’.

Fact 4.5.

e Any chain cascade is totally ordered with respect to the usual
partial ordering on the root system.

e Let v be a positive root. The highest root of any irreducible
component of R(p)° is locally high.

o All elements of any chain cascade are locally high. All elements
of B are locally high.

e Two different elements of any chain cascade are strongly or-
thogonal.

e Let B and 3 be two elements of B such that there exists no
chain cascade which both contains 3 and (3'. Then there exists
a positive root ¢ € B such that B and (' belong to different
irreducible components of R(¢)°. In particular R(3) and R((")
are totally disjoint.

e Two different elements of B are always strongly orthogonal.

e The set B is a maximal set of strongly orthogonal roots.

Proof. Let C' = {ay,...,ax} be a chain cascade where the roots are
labeled as in the definition. Then we have a; > - -+ > «y,.

The second point is directly clear from the definition. The first sen-
tence of the third point follows from the second point and the definition
of a chain cascade. The second sentence in the third point follows since
B is a union of chain cascades.

Let 0 and (' be two different elements of a chain cascade. From
the definition of a chain cascade it is directly clear that g and ' are
orthogonal. Since chain cascades are totally ordered we may assume
that ' < 3. Then we have 3,3’ € R(f3). Since (3 is locally high we see
that 6 + (' cannot be a root. Suppose for a contradiction that g — 3
is a root. Since 3 is locally high we know that /3 is a long root of R([3).
Therefore it follows that (8,08) > (6 — 5,6 —06") = (6,06) + (0, 5") >
(8, ) which is absurd. Therefore we see that § — 3’ cannot be a root.
This means that § and 3" are strongly orthogonal.

Let 8 and ' be two elements of B such that there exists no chain
cascade which both contains 5 and (. Let ¢ and ¢’ be positive roots
such that § € C(¢) and such that 5’ € C(¢'). The intersection C' =
C(¢)NC(¢') is nonempty since it contains the highest root of R. Let ¢
be the smallest element of C' C B. By assumption we know that 3, 5 ¢
C'. Therefore it follows that 3, 3’ < ¢. By definition of ¢ we see that
and 3’ belong to different irreducible components of R(y)° (otherwise
the highest root of the common irreducible component would be smaller
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than ¢ and contained in C'). Let o € R(f) and o € R('). We want
to show that o and o' are strongly orthogonal. It is clear that o and
o’ are orthogonal. Suppose that oo &= o’ would be a root. Then it must
be contained in R(y)° and hence in the irreducible components R(f)
and R((') which is absurd since they are distinct.

Let # and ' be two different elements of . If there exists a chain
cascade which both contains 5 and ' then the result follows from the
fourth point. Otherwise the previous point shows that R(3) and R((3)
are totally disjoint, in particular that 3 and (" are strongly orthogonal.

The very last point is [21, Theorem 1.8]. O

Fact 4.6.

o If B € B, then C(f3) is a chain cascade with smallest element
B. Conversely, let C' be a chain cascade with smallest element
B. Then C = C(f).

e Let ¢ and ¢’ be two positive roots such that o > ¢'. Then
Clp) S C(¢).

e Let p be a positive root. Then C(p) ={8 € B |y < (}.

e Let C be a chain cascade. Let 3 € B and ' € C such that
B> Then C(B) C C. In particular 5 € C.

e Let C' and C" be two chain cascades such that C'UC" is also a
chain cascade. Then either C C C" or C' C C.

e We have the following identities:

B= cw=Jcm = Ccl).
peERT BeEB acA
Proof. Let € B. Let ' be the smallest element of C'(3). By definition
we have § < . From the definition it is also clear that § and [ are
not orthogonal. Since two different elements of B are always (strongly)
orthogonal, it follows that § = (’. Therefore C(/3) is a chain cascade
with smallest element (.

Conversely, let C' be a chain cascade with smallest element (3. Let
C ={o,...,a1}. Then 8 = ;. From the definition it is clear that
0 < q; forall 1 <4 < k and that § is orthogonal to «; for all 1 < i <
k — 1 but not orthogol to ajx. This implies that C' = C([3).

Let ¢ and ¢’ be two positive roots such that ¢ > ¢'. Let C(p) =
{aq,...,ar}. We clearly have ¢ < «; for all 1 <i < k and thus ¢’ < «;
for all 1 < ¢ < k. This implies that C(p) C C(¢').

Let ¢ be a positive root. Let § € B such that ¢ < 3. Then § €
C(B) € C(p). This proves the inclusion from right to left. The other
inclusion is an immediate consequence of the definition.

Let C' be a chain cascade. Let § € B and ' € C' such that g > (.
Let 3" be the smallest element of C. Then C' = C(5”) and 8" < 3 < (.
Therefore we have C(8) C C(8") C C(p") = C. In particular § € C.

Let C' and C' be two chain cascades. Let § be the smallest element
of C" and 3’ be the smallest element of C’. Since C'U C’ is a chain
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cascade, we have either § < 3’ or §/ < (. This implies that either
C)=C"cC=C(p)or CP)=CCC"=CF).

The first identity is just the definition of B. The inclusion from right
to left in the second identity is obvious. Let ¢ € R™ and let 3 € B be
the smallest element of C(¢). Then C'(¢) = C(8). This fact proves the
inclusion from left to right in the second identity. Next we show that
Uper+ C(¢) = Uaea C(a). The inclusion from right to left is obvious.
Let ¢ € RT. Let a be any simple root in the support of ¢. Then
a < ¢ and thus C(¢) € C(«). This proves the inclusion from left to
right. O

Lemma 4.7. Suppose that G is not of type Gg and not of type B, where
¢ is odd and greater than 1. All elements of B have equal length, i.e.
all elements of B are contained in the same W -orbit. In particular, all
elements of B are long roots; for all 5 € B we have (3", a) € {—1,0,1}
for all « € R\ {£5}.

Proof. In order to prove that all elements of B have equal length, it
suffices to show that an arbitrary element 3 € B has equal length as
01. In other words this means, to show that (3 is long. By choosing
a € supp(f) we may assume that 5 € C(«). Let C(a) = {f,..., 0k}
Then 3; = 0 where 6 is the highest root in R. Let § = ; for some
1 <1 < k. We can clearly assume that ¢ > 2 and that £ > 2. Moreover
we can assume that R(/3) is simply laced and that R is not simply laced.
(If R is simply laced there is nothing to prove. If R(/3) is not simply
laced, then (3 is clearly a long root, as it is the highest root of R((3).)
By analysing the non simply laced Dynkin diagrams it is easy to see
that these assumptions imply that i = k > 2 and that R(3) is of type
A;. This means that § = By = a. If R is of type B, where ¢ > 2 the
only possibility is a € {ay, a3, a5...}. If R is of type C, where p > 2
the only possibility is @ = «,,. If R is of type F, the only possibility
is @ = ag. If R is of type Gy the only possibility is a = ay. Since by
assumption G is not of type G, and not of type B, where ¢ > 1 is odd,
we see that a = (3 is long in all cases.

The last statement is now obvious, since for all long roots 3 we have

(BY,a) € {—1,0,1} for all « € R\ {£5}. O
Lemma 4.8. Let ¢ be a positive root. Let w € We,y. Then X(¢)w =
Xw. (Global and local Schubert varieties can be identified.) In partic-
ular, Wg((;f)) C W¥ and lp = lp,) on We(p. The Bruhat order on
Weap) s compatible with the Bruhat order on W.

Proof. We have the obvious inclusion B(p)wP(p)/P(p) € BwP/P
which implies that X (¢), € X,. On the other hand, it is clear that

dim(X,,) = Cp(w) < Cpp)(w) = dim(X (p).)

Since X (¢), and X,, are both closed and irreducible, this implies
that we have equalities X (p), = X, and lp(w) = {p((w). This
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means that a minimal length representative of w modulo W, ' is also
a minimal length representative of w modulo Wp, in other words that
Wg((f)) C WP, The Bruhat order on W, is compatible with the
Bruhat order on W since X, C X, if and only if X(¢), C X(¢), for

all v, w € Wg(@). ]

Corollary 4.9. Let 3 € B. Then X(f) = Xy,3 = X

Wolg(g) "

Proof. The previous lemma implies that X (3) = X(8)uw,8) = Xuw.(3)-
By [21, Proposition 1.10] we know that wo|ys = wo(fB)ly)- Both
equations together imply the statement. [

Corollary 4.10. Let 8 — « be an arrow from 3 € RT to a € R™.
Then Lp(w,(a)) < €p(w,(3)).

Proof. Since  — a we have an inclusion X («) € X (/). The previous
corollary then implies that

(p(w,()) = dim(X (@) < dim(X(8)) = (p(w,(8)).

5. T-INVARIANT CURVES

In this section we introduce T-invariant curves and the distance func-
tion § according to [13]. This class of curves is of particular importance,
since any curve converges to a T-invariant curve. Since T-invariant
curves and their degree can be described purely combinatorially, this
reduces many curve theoretic problems to computations with Weyl
group elements.

Let X = G/P be a homogeneous space where G is a reductive linear
algebraic group and P is a parabolic subgroup.

Lemma 5.1. Let a be a root in R\ R}. Then there is a unique
irreducible T-invariant curve Cy in X that contains the points x(1)
and x(Sa).

Proof. Let SLy(a) be the 3-dimensional simple subgroup of G with Lie
algebra g, ® g_a @ [ga,8-a]- Then C, = SLy(a)P/P is the desired
unique T-invariant curve that contains the T-fixed points x(1) and
x(Sq). For more details, see [13, page 5]. O

Definition 5.2. Let « be a root. Then we define the degree d(a) of «
to be the following element of Ho(X,Z):

d(a) = Z (", wg) Oy -

BEA\Ap

Lemma 5.3. If w is in Wp, then d(w(«)) = d(«) for all roots c.



29

Proof. [13, Lemma 3.1] O
Lemma 5.4. Let o be a root in R\ R},. Then the degree [C,] of C.,
is d(a).

Proof. [13, Lemma 3.4] O

Lemma 5.5. Let u and v be unequal elements in W/Wp. The following
are equivalent:

(1) There is a reflection s € W such that v = su.
(2) There are representatives @ of u and U of v, and a reflection
t € W such that v = ut.

The reflection s of (1) is uniquely determined. The reflection t of
(2) is determined up to conjugation by an element of Wp.

Proof. [13, Lemma 4.1] O

Let u and v be two unequal elements in W/Wp. We call v and
v adjacent if they are related as in Lemma 5.5. Note that this is a
symmetic relation: u and v are adjacent if and only if v and u are
adjacent. Moreover v and v are adjacent if and only if wu and wv are
adjacent for any w € W. In particular v and v are adjacent if and only
if u* and v* are adjacent.

Lemma 5.6. Let u and v be adjacent elements. Then u and v are
comparable with respect to the Bruhat order, i.e. either u < v orv < u.

Proof. [10, Theorem F, (4)] O

A sequence uy, ..., u, in W/Wp is called a chain if u; and u;_; are
adjacent for all 1 < i < r. Let ; € R"\ R}JS be a sequence of roots
such that w;_;s5 = u; for all 1 < ¢ <r. Then we define the degree of
the chain wy, ..., u, to be the sum »":_ d(f;). This is well defined in
the sense that it does not depend on the choice of the roots 3; since the
roots [3; are determined up to conjugation by an element of Wp by u; 1
and u; and since d is Wp-invariant. It is clear from the definition that
each T-invariant curve is associated to a unique chain. In other words,
T-invariant curves and chains are in one to one correspondence where
the degree of a chain and the degree of the associated T-invariant curve
are equal.

Let u and v be arbitrary elements of W/Wp. We call a chain

Ug, ..., U, a chain from u to v if ug,...,u, is a chain which satisfies
u = up and u, < v*. We define (u,v) to be the degree of a chain
Ug, - .., U, from u to v such that the degree of ug, ..., u, is minimal in

the set of all degrees of chains from u to v. We extend our notation
and write 0(u) = 0(u, wy) = §(u,w,) for all w € W/Wp.

Remark 5.7. We actually think of § as a function with functoriality
W x W — Hy(X,Z). But the reader should be aware that this function
is not well defined in a strict sense, since there might be several minima
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d(u,v) in the set of all degrees of chains from u to v. These minima
must not be comparable, except the parabolic subgroup P is maximal,
in which case the function ¢ is well defined with unique values in Z
which only depend on the arguments v and v. In the general case
where P is not necessarily maximal, we still make statements about o
in the following sense: if z4 is for example an element in W and d a
degree, we write 0(z4) < d. The statement 0(z4) < d is supposed to
mean, that there exists a chain from z; to wy of minimal degree §(zy)
less or equal than d. In each case where we use the function ¢ in this
way, it will be clear from the context which minima d(z4) is meant.

We list some immediate properties of the function ¢ in the following

Lemma 5.8.

e The value of 6(u,v) depends only of the class of u and v modulo
Whp.

e The function 0 is commutative: §(u,v) = §(v,u) for all u and

v.

d(u,v) = 0 if and only if u < v*.

d(u,v) =0 if eitheru=1 orv=1.

d(u,u*) = o(u*,u) =0 for all u.

Let « be a root in RT\ Rf. Then §(s,) < d(a).

d(u,v) < 6(u',0") for all w = ' and all V' = v. In particular,

d(u) < §(u) for alluw < u'.

o Assume that P is mazrimal. Then we have

max  0(u,v) = max o(u) =d(wx).
u,’UGW/Wp UEW/WP
e A chain ug,...,u, fromu to wx satisfies u =< ug and u, = 1.
e Let ug,...,u, be a chain from u to v of degree 6(u,v). Let u'

and v" be such that u < v’ =< ug and such that u} = v' = v.
Then §(u,v) = 6(u',v").
e [f P is mazimal, then 6(u) < {p(u) for all u.

Proof. The definition of d(u,v) depends only on the T-fixed points
defined by u and v. Therefore it is clear that 6(u,v) does only depend
on the class of © and v modulo Wp.

Let wug, u1, ..., u, be a chain from u to v. Then w},..., uj,u; deter-
mines a chain from v to u. Therefore 6(u,v) = §(v, u).

Suppose first that ©v < v*. Then every chain uy,...,u, such that
uy = u, and such that v < vy = v* defines a chain from v to v.
In particular we can choose r = 0 to obtain a chain from u to v of
degree zero. This shows that d(u,v) = 0. Conversely, suppose that
d(u,v) = 0. Then there exists a chain from u to v of degree zero. Such
a chain must consist of precisely one element. This means there exists
an element ug such that u < uy < v*. In particular we have u < v*.

If either v = 1 or v = 1 we obviously have u < v*. Therefore it
follows from the previous point that §(u,v) = 0.
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It suffices to show that d(u,v) = 0 where v = u*. The other equality
follows since 0 is commutative. But we obviously have u < v* = w.
Therefore the conclusion follows from the third point.

Let a € RT\ RE. A chain from s, to wy is given by ug = $4,u; = 1.
This chain clearly has degree d(«). Therefore we conclude that 6(s,) <
d(a).

Let u <« and v' > v. Then every chain from u' to v" determines a
chain from u to v. Therefore it is clear that d(u,v) < o(u/,v").

This point follows directly from the previous point, since wyx is the
unique maximal element in the Bruhat order?.

A chain g, . .., u, from u to wy clearly satisfies u < up and u, < w¥.
But wy € Wp and thus u, <1 which implies u, = 1.

Let the notation be as in the statement. We know that 6(u,v) <
d(u',v") < 6(ug,u’). On the other hand wuy,...,u, is a chain from wy
to u) of degree 0(u,v). This implies that §(ug, u:) < d(u,v). Therefore
we get the equality 6(u,v) = d(u',0').

Suppose that P is maximal. Let u € W be an arbitrary element.
Let 4 be a minimal length representative of w. Let & = s,, -+ 54, be
a reduced expression of @. This means that «; is simple for all 7 and
that (p(u) = ¢(a) = r. Let i1,...,4; be a sequence of integers such
that i < --- < ; and such that o; = ap if and only if i € {iy,...,4;}.
Since « is a minimal length representative, we clearly have iy = 1. Then
U= Sar"'Sail,Sar"'Sai2,~-,3ar"'3aij,1 is a chain from v to wyx of
degree j. Therefore we have d(u) < j < r = {p(u) as claimed. O

Ezample 5.9. We give an example for a root o € R™ \ R}, such that
d(sa) < d(a). Let R be of type Gy and let ap = ag. Let o = 21 + g
be the highest short root. Let 3, = ay and B3 = 3a; + as. Then we
have that d(o) = 3 and d(f1) = d(fB2) = 1. Moreover it is easy to
check that s,Wp = sg,53,Wp. Therefore we have §(s,) < 2. Since
d(a) = 3 > 1 we must have d(s,) > 1 and thus 0(s,) =2 < d(«) = 3.

Lemma 5.10. Let f be a curve of degree d which passes through a
finite number of Schubert cells €1, ...,$2,,.. Then f converges to a T'-
invariant curve fo of degree d which passes through the T'-fixed points

x(ug), ..., x(u,) .
In other words, there is a chain u with members ug, . .., u, such that f
15 associated to u.

Proof. Let G,, correspond to an interior point of a Weyl chamber.
Let fo = limy_otf. Then fy is clearly a T-invariant curve. Since

4Note that we need to assume here that P is maximal, since only then two
degrees are always comparable. In general we can only say that

max  O(u,v) 2 max (u) 2 d(wx).
u,vEW/Wp uweW/Wp
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f passes through €2,,,...,€,,, Lemma 2.10 implies that f; passes
through z(ugp),...,z(u,). In other words fy is associated to a chain
with members uq, ..., u,. O

Fact 5.11. Let (ay,...,q;) € Zl>0 be a sequence of positive integers
such that the following inequality is satisfied

! I—i—1 l 2
i=1 =0 i=1

Then we have that | > 4 and that Zizl a; > 5.

Proof. If I = 1 then the inequality becomes a > a7 which can never
be satisfied. If | = 2 then the inequality becomes a;(a; + as) + a3 >
a? + 2aya; + a3 which is equivalent to 0 > ajas. The later inequality
can never be satisfied. If [ = 3 then the inequality becomes

ay(ay+ag+2a3) +as(as+az) +ai > at +a3+az+2a,ay+2a1a3 +2aa;3

which is equivalent to 0 > ajas + asaz. The later inequality can never
be satisfied. Therefore we conclude that { > 4. If [ > 5 then it is
clear that Zi‘:l a; > 5. We are left to check that if [ = 4 then also

S L a; > 5. Assume we had [ = 4 and 3.\, a; < 5. It then follows
that a; = ay = a3 = a4 = 1. By plugging in these values the initial
inequality becomes 15 > 16 — a contradiction. Therefore we conclude

that in all cases Zizl a; > 5. O
Fact 5.12. Suppose that P is mazximal and that R is simply laced. Let
B, ..., 0 be a sequence of positive roots. Then we have the following
mequality:

l l—i—1
W= Sﬁl e Sﬁl (W) S Z d(ﬁz) (6@ + Z 2jﬁi+j+1> .
=1 j=0

Proof. The proof is based on the following inequality s.,(0) < v+ 0 for
all positive roots v and 6. We prove the formula by induction on [.
The case where [ = 1 is plain. Suppose that [ > 1 and that the formula
is true for [ — 1. Then we have

W = d(ﬁl)ﬁl — 5358 (w) = 55 (w TS5BSk (w» :
If we apply the induction hypotheses and repeatedly the simple in-

equality stated in the beginning of the proof, we obtain the following
upper bound for the previous expression:

-1 (I-1)—i-1 (I-1)—i—1
< Z d(3;) | Bi + Z 2 Bivj+ |1+ Z 27| b
i=1 =0 =0
Using the fact that 1 + Zglz_ol)_i_l 2) = 2/==1 and rearanging the in-
equality the result follows. O
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Lemma 5.13. Suppose that P is maximal and that R is simply laced.
Let~y, B, ..., 0 € RT\RE be roots such that s, Wp = sg, -+ $5,Wp and

such that §(s,) = S°_, d(3;) < d(v). Then it follows that d(~) = 6
and that §(s,) =5 and that | € {4,5}.

Proof. To abbreviate, let a; = d(f;) for all 1 < ¢ < [. Using the
previous fact we obtain the following inequality:

I I—i-1
d(v)y =w— s 55(Ww) < Zai (ﬁz‘ + Z 2jﬁz‘+j+1> :
i—1 =0

If we apply (—,w") to this inequality we obtain:

! 2 l I—i—1
(Z ai) <d(v)* < Z a; (Gi + 2jai+j+1> .
i=1 i=1 =0
The fact above then implies that [ > 4 and that Zi:l a; > 5. Since
d(y) < 6 in any root system, we conclude that d(y) = 6 and that
8(s,) = S\ a; = 5. The later equality immediately implies that
[ <5 and thus [ € {4,5} as claimed. O

Lemma 5.14. Suppose that P is maximal and that R is simply laced.
For all positive roots v we have the following equality: 6(s,) = d(7).

Proof. If v € R} then the statement is obvious. Assume that v €
R*\ R}f. Assume for a contradiction that d(s,) < d(v). Then there
exist roots (31,...,0 € RT\ R} such that s,Wp = sg -+ 53 Wp and
such that 0(s,) = 22:1 d(B;). From the previous lemma it follows that
d(y) = 6 and that d(s,) = 5 and that [ € {4,5}. Let a; = d(3;) for all
1 <4 < [. Then we have 2221 a; = 5. This means that either [ = 5
and a; = --- = a5 =1 or that [ =4 and a, = 2 for some p € {1,...,4}
and a; = 1 for all i € {1,...,4} \ {p}. From the proof of the previous
lemma we see that the sequence aq,...,a; must satisfy the following
inequality:

l l—i—1
d(’}/)Q =36 S Zai (ai + Z 2jai+j+1> .
i=1 j=0

But each of the five possibilities we have for the sequence aq,...,q
violates the previous inequality. Therefore we end up with a contra-
diction. This shows that we have d(s,) = d(v) for all y € RT\ R}, and
proves the lemma. [

6. CURVE NEIGHBORHOODS

Let X = G/P be a homogeneous space defined by a connected, sim-
ply connected, semisimple linear algebraic group G and an arbitrary
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parabolic subgroup P. In this section we investigate curve neighbor-
hoods according to the references [8] and [9]. We start by recalling
basic notions and basic theorems of this theory.

Lemma 6.1. There exists a unique binary operation - such that (W, -)
1s a monotid which satisfies the following properties:

® USy, XU+ Sy forallu € W and all a € A.

eu=u-1=<u-s, foralueW and all « € A.

e The monoid (W,-) is minimal with respect to this properties,
i.e. if (W, %) is a second monoid which satisfies the two previous
properties and in addition u* Sq X U - Sq for allu € W and all

a € A then we have (W, x) = (W, ).

The binary operation - is called the Demazure product.

Proof. Let - be the Demazure product as defined in [9, 3.]. By [9,
Proposition 3.1] the Demazure product satisfies the first two properties
stated above. Let (W,*) be a monoid which satisfies the first two
properties listed above. We first show that u-s, < uxs, for allu € W
and all & € A. Indeed, if us, = u then u - s, = us, = u * s, by the
first property. If us, < u then v-s, = u =ux*x1 < ux*s, by the second
property.

If either (W, %) is a monoid which in addition satisfies the third prop-
erty or (W, %) is a monoid which satisfies u % s, < u - s, for all u € W
and all « € A we obtain v x s, = u - s,. In order to show that the
Demazure product satisfies the third property and in order to establish
the uniquenes part of the lemma, it suffices to show that a monoid
(W, %) which satisfies u * s, = u - s, for all w € W and all & € A is
equal to (W, ).

Let (W, ) be such a monoid. To prove u * v = u - v we proceed by
induction on the length of v. The case where ¢(v) = 0 is trivial and
the case where ¢(v) = 1 follows from the assumption. Assume that
¢(v) > 1 and that the equation is known for all elements with length
less than £(v). Let v = s4, -+ - S, be a reduced expression of v where
r = ¢(v) > 1. By the induction hypothesis and the definition of the
Demazure product it follows that u-v = u-vs,, - S, = (U*VS,, ) Sa, =
U * VSq, * So, = U (VSq, * Sa,.) = u* v as required. O

For basic properties of the Demazure product we refer to [8, 4.] and
[9, 3.]. In particular we will tacitly use that the Demazure product
induces a product W x W/Wp — W/Wp given by u - (wWp) = (u -
U))Wp

Definition 6.2. Given any subvariety 0 C X and any effective de-
gree d, we define the degree d curve neighborhood of Q to be I'y(Q2) =
evi(evy ' (Q)). If Q is a Schubert variety, then Tq(Q) is a Schubert va-
riety as well (9, Theorem 5.1]). For each effective degree d, we denote
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the unique element of W parametrizing the Schubert variety T q(X,)
by zq4.

From this definition it is immediately obvious that for two degrees
0 <d < d we have z4 = zg since we have [';(X;) C T'y(X7).

The following theorem is of major importance. We quote it once and
then often use it without explicitely referring to it.

Theorem 6.3. For any w € W and any effective degree d we have
Fa(Xw) = Xypzy-

Proof. [8, Theorem 1] or [9, Theorem 5.1] O

Corollary 6.4. Let d and d' be two effective degrees. Then we have
Zd " 2g D Zdyd -

Proof. [8, Corollary 5.1] or [9, Corollary 4.12(b)] O

Definition 6.5. Given a degree d a root which is a maximal element
of the set {a € R\ R} | d(a) < d} is called a mazimal root of d.
Let d > 0 be a degree then we define a greedy decomposition of d to
be a sequence of roots (avy,...,q.) such that ay is a maximal root of
d and (ag,...,q,) is a greedy decomposition of d — d(aq). The empty
sequence is the only greedy decomposition of 0.

Fact 6.6. Any greedy decomposition is unique up to reordering. Let
(a1, ...,0p) be a greedy decomposition of an effective degree d. Then
we have the following equality:

2qWp = Sqy * -+ Sq,. c WP .

Any element o; of a greedy decomposition is a mazximal root of d(cy).

Proof. 9, 4.2 O
Lemma 6.7. For all u € W we have x(u) € Isw)(X1) or equivalent
u = 25y In particular we can find a chain ug, ..., u, from u to wx of

degree 0(u) which satisfies ug = u and u, = 1.

Proof. By [13, Theorem 9.1] d(u) gives the minimal power of ¢ in
0. * [{pt}]. This means in particular that there exists a rational curve
o: P! — X of degree §(u) which meets Y, and z(1). This is equiva-
lent to saying that ev; ' (x(1))Nev, ! (Y,) is nonempty in Mg o(X, 5(u))
which is again equivalent to I's.)(X1) NY, # 0. Therefore we conclude
that z(u) € I (X1) or equivalent u = z5,). The very last statement
is now obvious. O

Corollary 6.8. For all « € R\ RJIS we have sq = z4). For all
d > d(wx) we have zg = wx.

Proof. Indeed, let @ € R* \ R}, then we have d(s,) < d(a). Therefore
the previous lemma yields s, =< 2s(s,) = Za(a). Let d > 6(wx). Then we

have by the previous lemma that wy = 250y) = 24 and thus zg = wx
as claimed. O
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Corollary 6.9. For alluw € W we have 6(u) = 6(u™1).

Proof. We can find a chain wug,...,u, from u to wx of degree 0(u)

which satisfies ug = u and u, = 1. Then uy",...,u; ! is a chain from

u~! to wy of the same degree ¢(u) which satisfies ug = u~! and u, = 1.
Thus §(u™') < §(u). By replacing u with u=! we also conclude that

S(u) = 8((u)1) < d(u ). O

Corollary 6.10. The function ¢ is Wp-invariant: for allu € W and
all w € Wp we have 6(wu) = 6(u).

Proof. By the previous corollary, we have §(wu) = §(u~'w™1). Since
d(u~') depends only on the class of u™! modulo Wp we have §(u'w™!) =
d(u~'). Using the previous corollary again, we find 6(u~") = §(u) which
gives in total §(wu) = 0(u). O

Corollary 6.11. Let ug,...,u, be a chain from u to wx of degree
d(u). For all 1 <i <r let oy be the unique root in R™\ R}f such that

Saq;Ui—1 = Uy. Then
S(ug) = Y d(ay).
j=i+1
In particular we have
d(u) = 0(ug) > d(uy) > -+ > 0(up—1) > d(u,) =0

and u A uy and
Ug > Uy > > Up—1 ™ Up .

Proof. The chain uy, ..., u, clearly satisfies uy =~ v and u, = 1. There-
fore we have 0(up) > 6(u) and 0(u,) = 0. On the other hand uy, . .., u,
is a chain from wug to wy of degree §(u), thus d(ug) < d(u) and we
get d(u) = 0(ug). Since u, ..., u, is a chain from u; to wx of degree
> i d(aj) we get Z;:Hl d(cj) > 6(u;). On the other hand there
exists a chain uf, ... u} from u; to wx of degree §(u;) which satisfies

; = u; and ul, = 1 Ifzj i1 d() > 0(u;) then ug, . .., u = uj, ..., U
Would be a Cham from u to wx of degree

Zda] + 8(u;) < Zda]

which contradicts the definition of & (u) Therefore we conclude that
0(u;) = Y5 ;4 d(ay) for all 0 <4 < r. In particular it follows that
d(u;) — 6(uir1) = d(ag) > 0 and thus §(u;) > §(uyq) for all 0 < i <
r— 1. If u; < w;yq for some 0 < @ < r — 1 then §(u;) < 6(uiq)
which contradicts the previous results. Since two element u; and u;,q
which are adjacent are always comparable in the Bruhat order, we get
w; > wipq for all 0 <4 < r — 1. Similar, if u < uy then §(u) < §(uq)
which again contradicts the previous results. Therefore it follows that
u A Uj. O
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Lemma 6.12. For all degrees d we have 6(zq) < d. For allu € W we
have that 0(zsw)) = d(u).

Proof. Let d be a degree. Then clearly z; € I'y(X;) = X,,. Thus
we can find a chain ug,...,u, from z5 to wy of degree d which even
satisfies ug = z4 and u, = 1. It follows that §(z4) < d.

Since u = zs(y) it is clear that d(u) < 0(z5)). The other inequality
follows from the previous claim applied to d = §(u). O

Lemma 6.13. Let u € W. Then §(u) is the smallest degree d such
that u < zg.

Proof. Let d be the smallest degree such that u =< zg. Since u = z5(,) it
follows that d < §(u). On the other hand, we can find a chain uy, . .., u,
of degree d which satisfies ug = z4 and u, = 1 since z4 € I'4(X7). Since
u = z4 this chain defines a chain from u to wx of degree d. Thus
d(u) < d. In total o(u) = d. O

Lemma 6.14. Let u,v € W. Then 6(uv) < §(u-v) < §(u) + 6(v).

Proof. Note that uv < w-v. Therefore 0(uv) < 0(u-v). From u =< 250
and v = z5(,) we conclude that

UV XUV X Zyw) * Z5(0) D Z6(u)+6(v) -

Since d(u - v) is the smallest degree d such that u - v < z4 we conclude
that d(u-v) < d(u) + d(v). O

Corollary 6.15. Let ug, ..., u, be a chain from u to wx of degree 6(u).
Let (3; be a root in RT\ R}ﬁ such that w;_1s, = u; for all 1 < i <.
Then 6(sp,) = d(B;) for alli.

Proof. We clearly have 6(u) = d(ug) and u, € Wp. By definition we
have ugWp = sg, - - - s3,Wp. Since 0(sg,) < d(f;) is always satisfied, we
get from the triangle inequality of § that

S(u) = 3(uo) = 3l ++55,) < D" 0(s) < D d(8) = d(u)

where the last equation follows from the definition of the chain ug, . . ., u,.
Therefore we get equality everywhere which means that d(sg,) = d(5;)
for all 4. O

6.1. P-cosmall roots.

Definition 6.16. A root o € R™ \ R}, is P-cosmall if

(p(50) = /d( alr) -1
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Definition 6.17. A Weyl group element u is called P-cosmall if
E(Z(;(u)) = / Cl(TX) —1.
o(u)

Theorem 6.18. Let « € R\ R} be a root. Then the following are
equivalent.

e The root a is P-cosmall.

e The root v is a maximal root of d(«).

e We have (RT\ RL) Nso(Rp) =0 and (a,v) =1 for all v €
I(sa) \ (RpU{a}) where I(s,) denotes the inversion set of S,
i.e. I(sq) consists of all positive roots B such that s,(3) < 0.

Proof. |9, Theorem 6.1] O

Example 6.19. We always denote by 6; the highest root of R. The
highest root 6 is P-cosmall, since it is a maximal root of d(6;) ([9,
Theorem 6.1]). Tt is the unique maximal root in the set {a € R\ R}, |
d(ar) < d(61)}.

Remark 6.20. Suppose that P is maximal, and that o € RT\ R}, is a P-
cosmall root. Then we have necessarily that supp(a) = supp(f;) = A.

Indeed, since « € RT\ R} we have d(a) > 0 and also {a,w") > 0.
Therefore we must have ap € supp(a). Suppose that supp(a) # A,
then we can find a simple root € Ap such that g ¢ supp(«). Then
sg(a) is a root which is strictly larger than o and satisfies d(sg(a)) =
d(a) since s3 € Wp. This contradicts the fact that o is a maximal
root of d(«). Therefore we conclude that supp(a) = supp(6y) = A as
claimed.

Example 6.21. Let R be of type A,,_; and let P be maximal. Then the
only P-cosmall root is the highest root #,. This follows directly from
the previous remark.

Example 6.22. Every P-cosmall root is also B-cosmall. A complete list
of all B-cosmall roots in type A,_1, B, C,, D,, F4 and G, is given in
[9, Example 4.1, 4.2 and 4.3].

Lemma 6.23. Let a and (8 be B-cosmall roots. (This is in particular
the case if they are P-cosmall.) Suppose that o < 3. Then d(«) < d(f).

Proof. If a@ and (8 are B-cosmall roots, then a < (3 is equivalent to
a¥ < (Y (]9, Lemma 4.7]). In particular it follows that d(a) < d(5) if
a <. OJ

Lemma 6.24. Let o and (3 be roots such that 3 is P-cosmall and such
that d(a) < d(). Then s, = sg.

Proof. Indeed, we have s, =X 25,) = Zda@a) = Z43)- Since [ is P-
cosmall, we have sgWp = z43))Wp and thus s, = sg3. O
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Lemma 6.25. Let o« € R™\ R}, be a P-cosmall root. Then

<[{pt}]7 Jsa>d(a) — ]. .

Conversely, let « € RT\ R}, be a root wich satisfies ([{pt}], Ose)d(a) 7 0-
Then o is P-cosmall.

Proof. Let a« € RT\ R} be a P-cosmall root. Let u = wyx and w = s7,.
Then

lp(wsy) = dim(X) = lp(w) + lp(sa) = lp(w) + c1(X)d(a) — 1
and ulWp = ws,Wp. Therefore it follows from [9, Corollary 7.3] that
(Yal, [Xul)ge) = ({Pt}], 0sa)aey = 1-

Conversely, let @« € RT\ R}, be a root which satisfies ([{pt}], Ose)d(a) 7

0, then there exists a P-cosmall root o/ € R™\ R} such that ulWp =
wsoWp ([9, Corollary 7.3]). It immediately follows that & = o’. There-
fore o is P-cosmall. 0J

Lemma 6.26. Suppose that P is maximal. Let d be a degree and let o
be a P-cosmall root. If s, < z4 then d(a) < d.

Proof. Suppose that s, = z4. Then X, C X,,. By comparing the
dimensions of these varieties, we that £p(s,) = c1(X)d(a) — 1 < £(zy).
By [8, Proposition 5.3] we see that ¢(z4) < ¢;(X)d — 1. We conclude
that d(a) < d.

0

Corollary 6.27. Suppose that P is maximal. Let o be a P-cosmall
root. Then 6(s,) = d(a).

Proof. We clearly have s, = 25(,). The previous lemma then implies
d(a)) < §(Sa). The other inequality 0(s,) < d(«) is always satisfied.
Therefore we get equality d(s,) = d(a) as claimed. O

Corollary 6.28. Suppose that P is mazimal. Let « € RT \ R}, be a
P-cosmall root. Then s, is P-cosmall.

Proof. By the above we have that d(s,) = d(«). Since « is P-cosmall
we have that zq/Wp = s,Wp. Therefore we get, again since « is
P-cosmall, that

U(25(50)) = L(2d)) = Lp(5a) = ct(X)d(a) =1 = c1(X)d(s4) — 1

as claimed. 0
Lemma 6.29. Let « € RT\ Rj{, be a root such that zgayWp = s Wp.
This is in particular the case if o is P-cosmall. A chain ug, ..., u, from

So to wx of minimal degree §(s,) satisfies ug = s and u, = 1.

Proof. Let ug,...,u, be a chain from s, to wx of degree d(s,). Then
we have ug > s, and u, = 1. We show that actually uy = s, in this
situation. Indeed, by definition x(ug) € I'sis,)(X1) € Ta)(X1). By
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assumption we know that I'yq)(X1) = X,,. We conclude that vy < s,.
Therefore we can assume that ug = s,. O

Lemma 6.30. Let u be a P-cosmall Weyl group element. Then there
exists a unique root o € R+\R; such that zs,yWp = soWp. This root
« is P-cosmall and satisfies §(u) = d(a) and u < s,.

Proof. By [8, Proposition 5.3] there exists a unique a« € R™\ R}, such
that z5,)Wp = soWp. This root a is P-cosmall and satisfies d(u) =
d(a)). We only have to show that u < s,. To this end, let uy, ..., u,
be a chain from u to wy. This chain satisfies ug = v and v, = 1. By
definition, we see that x(ug) € I's)(X1) = X,,. Therefore we conclude
that vy < s, and thus v < ug < s,. O

6.2. The set U. We now study the subset U of W/Wp defined as
follows:
U={ueW/Wp|du)+du")=0dwx)}

Lemma 6.31. We have the following description of U in terms of the
geometry of chains:
U= U{UQ,. .. ,ur}

where the union runs over all chains u: ug,...,u, from wx to wx of
degree 0(wy).

Proof. Let g, ..., u, be a chain from wy to wx of degree §(wx ). Then
we necessarily have ug = w, and uw, = 1. Let j be an index between
0 and r. We have to show that u = u; € U. Let 8; € RT \ R}
be a root such that w;_;s3 = w; for all 1 < ¢ < r. Then we have
0(u) = > i1, d(B3;). Moreover u* = wyu = sp, - - - 5, and thus d(u*) <

7, d(B;). Suppose that §(u*) < >7_ d(5;). There exists a chain
ug, - .., u, from u* to wx which satisfies u{, = «* and u,, = 1 and has
degree d(u*). Let i € RT\ R} be a root such that uj sz = wuj for
all 1 <4 < s. Then we have §(u*) = > 7, d(5)) and u*sg ---s5 = 1

which gives u = weysg: - - - Sg; - Therefore w,, WoSays -+ WoSpy, *+ S, =
U = uj,...,u, is a chain from wx to wx of degree
S ' T
dodB)+ Y d3) <Y d(B) = 6(wx)
i=1 i=j+1 i=1

which contradicts the definition of §(wx). Therefore we conclude that
S(u*) =>7_, d(5;) and thus

)+ 0(u") = Y d(8) = d(uw).

This proves that v € U and thus the inclusion from right to left.
In order to prove the inclusion from left to right, let ©v € U. Let
Ug, . .., U, be a chain from u to wx which satisfies ug = v and u,, = 1 and
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has degree 0(u). Let uy, ..., u, be a chain from u* to wx which satisfies
uf = u* and v/ = 1 and has degree 6(u*). Let 3/ € RT\ R} be a root
such that u;_;sg = u; for all 1 <i <s. Then we have u*sg -+ s =1
and thus w,sg - - - Sg, = U. Therefore w,, wosp:, ..., wWesa; - - Sg =u =
Ug, . .., U, is a chain from wy to wyx of degree

Z d(B)) + 6(u) = 6(u*) + 6(u) = d(wy) .

This shows that u is contained in the right set and proves the inclusion
from left to right. O

Corollary 6.32. For all w € W/Wp we have §(u) + 6(u*) > §(wx).
The set U can also described as the set of all elements u € W/Wp
which satisfy 0(u) + 0(u*) < d(wx).

Proof. The first claim is an immediate consequence of the previous
proof. The second claim follows from the first. O

For the sake of completeness, we list further immediate properties of
the set U.

Lemma 6.33.
e U is closed under under taking Poincaré duals: w € U if and
only if u* € U. U contains 1 and wx.
e Let d be a degree. Then we have

T
(de NYz > ={z(u) | uw € U such that 6(u) = d}.

wx)—d

and X, , MY, =0 for all degrees d' < d.
S(wx)—d

e For all w € U we have zg‘(u*) = 25(u)-

o For all u € U the power ¢°™ is the smallest power of q in the
quantum product [{pt}] * O Therefore we have 0(zj,.)) =
d(u).

o [fucl, then zsw) € U.

e Forallu € U we have w,Wp = zsw) " 25w )Wp = Zs(u*) " 25(wyWp-

Proof. The very first point follows immediatly from the definition of U.

Let d be a degree. Since E;(wx)_d = Wol'swy)—a(X1) and X, =
[4(X1), a T-fixed point () in the intersection of both varieties is part
of a curve of degree d(wx) passing through z(1) and z(wy), in other
words u is part of a chain from wx to wx of degree 6(wx). Therefore
we conclude that v € U. On the other hand, we have u < z; and
U = Z(wy)—a and thus o(u) < 0(zq) < d and 0(u*) < 0(25wy)-d) <
d(wx) — d. Since §(u) + 6(u*) = d(wx) we get equality in both cases,
in particular §(u) = d. This means that z(u) is contained in the right
side. This proves the inclusion from left to right.
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Let u € U such that 0(u) = d. Then u = z5) = 2q and u* =< 25+ =
Z5(wx)—5(u) = Z6(wx)—d- Lhus x(u) is in the intersection on the left side.
This proves the inclusion from right to left.

Let d' be a degree strictly smaller than d. If the intersection X, N

) is nonempty, then we can find a point x which is part of a curve
of degree d’' + 0(wyx ) — d passing through z(1) and z(wx). This curves
gives rise to a chain from wy to wx of degree d' + §(wx) —d < 6(wx),
which contradicts the definition of d(wy ). Therefore we conclude that
the intersection is empty.

If we apply the previous results to d = §(u) for some u € U, then

we see that the intersection X, =~ N ng( . is nonempty, since
’LUX - u

it contains the point x(w). This immediately implies that By =
Z;(wx)—é(u) = Z5(u)-

Let u € U. By what we saw up to now, d(u) is the smallest degree d,
such that X,,NY, _ is nonempty. By [13, Theorem 9.1] this precisely

S(u*)
means that ¢°™ is the smallest power of ¢ in the quantum product
[{pt}]*azg(u*). On the other hand, again by [13, Theorem 9.1] this power

of ¢ is given by ¢’%w"). Therefore we conclude that § (25(u)) = 0(w).

Let v € U. Then §(z50)) = 6(u) (this holds even for arbitrary
elements in W) and 6(z5,)) = 0(u”) by what we saw in the previous
item applied to u* € U. It follows that d(zs)) + 0(z5,)) = o(u) +
d(u*) = 0(wx) since u € U and thus zs,) € U.

For all u € U we can choose a chain uy, ..., u, from wx to wy which
satisfies uy = wop, u, = 1 and u; = z5(,) for some index j between 0 and
r. (This is the content of the previous item.) Let a; be the unique root
in R\ R}C such that s,,u;—1 = u; for all 1 < ¢ < r. Then we have

T d(ay) = d(uj) since u; € U. Let u = sq, - -+ 8o, s0 that wy = uu;.
It then follows that

wozuujjsal-...-saj-ujjz(;(sal)-...-z(;(saj)-ujj

Zd(ar) "+ Rd(ay) U D Z5(ur) t Uj = Wo

and thus woWp = Z5us) - w;Wp. But 0(u}) = 6(25,)) = d(u*), since
u* € U. The equation then reads as w,Wp = 250+ * z5Wp. By
replacing u with u* we also get w,Wp = 25() - z5(w)Wp. This proves
the last claim. O

6.3. P-indecomposable roots.

Definition 6.34. Let a be a root in R* \ Rj. We say that « is
P-indecomposable if 0(s,) = d(a) and if for every sequence of roots
Bi,..., 0. € RT\ R} such that s, -+ sg,Wp = s,Wp and such that
d(a) =31, d(5;) it follows that r =1 (and thus 3 = «).
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We say that a Weyl group element uw € W s P-indecomposable, if
there exists a P-indecomposable root o € R* \ R}, such that uWp =
$aWp. (If such an « ezists it is of course unique.)

Ezample 6.35. All simple roots a € A\ Ap are P-indecomposable. In
particular, if P is maximal, then ap is P-indecomposable.

Ezample 6.36. Let P be maximal. Then all roots @ € R™ \ R} such
that d(«) = 1 are P-indecomposable.

Example 6.37. Let X be a simply laced cominuscule homogeneous
space. Then all roots in R™ \ R} are P-indecomposable.

Lemma 6.38. Let a € RT \ R} be a P-indecomposable root and let
w € Wp. Then w(a) is also P-indecomposable.

Proof. Let a be P-indecomposable, let w € Wp and let 3y,...,08, €
R\ Rf be a sequence of roots such that sg, - -+ 55, Wp = Sy(a)Wp and
such that d(w(a)) = >0, d(5;). It is easy to see that this implies
Sw-1(3) " Sw-1(8)Wp = saWp. On the other hand d(a) = d(w(a)) =
S d(3) = >, d(wl(;)) since d is Wp-invariant. Since a is P-
indecomposable, this implies that » = 1. Therefore w(a) is also P-
indecomposable. O

Lemma 6.39. Let o € RT \ R} be a P-cosmall root which satisfies
d(sa) = d(a). (If P is mazximal every P-cosmall root v satisfies 6(sy) =
d(«w).) Then « is P-indecomposable.

Proof. Let f1,...,3. € RT\ R} be a sequence of roots such that
Sg 58, Wp = s,Wp and such that d(a) = >"'_, d(f;). By the tri-
angle inequality for {p we have lp(s,) < Y., lp(sg). Since a is
P-cosmall, this inequality gives

/d(a)a(X)—lS Zl </d(@.>cl(X>_1) _/d(a)cl(x)_“

But this inequality can only be satisfied if » = 1. Therefore o is P-
indecomposable. O]

Ezample 6.40 (]9, Example 6.6]). We give an example for a root a €
RT\ R}, which is neither P-cosmall nor P-indecomposable but satisfies
d(sa) = d(). Let R be of type By and let ap = ay. Let o = oy + a,
let 6, = a1 + 2a, and let 03 = ay. Then we have s,Wp = sg, 59, Wp.
We will see later that 0(sg,se,) = d(61) + d(02) =1+ 1 = 2. Therefore
we have 0(s,) = d(a) = d(0;) + d(f2) = 2. This shows that a cannot
be P-indecomposable. The previous lemma then shows that a cannot
be P-cosmall.

Lemma 6.41. An element w € W/Wp is P-indecomposable if and
only if for every sequence of elements uy, ..., u, € W such that ulWp =

uy - - u,Wp and such that 6(u) =Y ._, 6(u;) it follows that r = 1.
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Proof. Suppose first that u is P-indecomposable. Let uy,...,u. € W
be a sequence of elements such that uWp = wuy---u,Wp and such
that o(u) = Y., d(u;). For each ¢ we can find a sequence of roots
Bit, ..., Bi; € RT\ Rf such that u;Wp = sg,, -+~ $p;,;, Wp and such that
d(u;) = §=1 d(Bi;). If we possibly replace ;; with an element in its
Wp-orbit this gives ulV), = sg,, - sp,; - 8p,, - 85, Wp. Let a be a
P-indecomposable root such that ulWp = s, Wp. It follows that

d(0) = 8(sa) = 0(u) = >~ d(w) = > d(B)

and thus r = 1 since « is P-indecomposable. This proves one implica-
tion.

To prove the other implication, let 3y,...,3, € RT\ R} be a se-
quence of roots such that ulWp = sg, --- s3 Wp and such that §(u) =
i, d(8:). Every f; clearly satisfies d(sg,) = d(;). If we apply the
condition to u; = s, we see that r = 1 and thus ulWp = s5,Wp where
a = [ satisfies 6(s,) = d(a) = d(u). Since the sequence (31, ..., [, was
chosen arbitrary, we see that o and thus w is P-indecomposable. [

Ezample 6.42. Let P be maximal. Then all elements v € W/Wp such
that §(u) = 1 are P-indecomposable.

Lemma 6.43. Let d be a degree. Let (aq,...,a,) be a greedy decom-
position of d. Then

Zde =Say - SQTWP = Zd(oy) " - Zd(ar)WP .
In terms of curve neighborhoods this equation becomes
Fa(X1) = Lagan) (- Tagan) (X1)) -+ ) -
Proof. From the main theorem on curve neighborhoods it is clear that

de(al)""'zd(ar) = Fd(cw)(' o (Fd(al)(Xl)) te ) .

Since all members of a greedy decomposition are P-cosmall, we have
50, Wp = ZaayWp for all i. Therefore it follows that I'ja,)(X1) =

de(oq) - Xsal and thus Fd(az)(rd(aﬂ(Xl)) = Xsa1~zd(a2> = Xsa1~sa2- By
repreating this process we find that

Latan (- (Pagan) (X1) ) = Xoo s, -
Both displayed euqations together yield so, - ... 50, Wp = 24(a;) = - -
Zd(a,)Wp. From the definition of a greedy decomposition it follows
directly that zgWp = s, - ... Sa, Wp. This proves the first statement.
The last statement is clear now since we have ['y(X;) = X,,. O

Lemma 6.44. Let « € RY \ R} be a P-indecomposable root. Every
greedy decomposition of d(«) consists of precisely one element. More-
over there exists a P-cosmall root 3 such that zyayWp = sgWp and
such that d(o) = d(B). In particular, zqq) is P-indecomposable.
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Let « € RY\ R}, be a P-indecomposable root which satisfies 2ga)Wp =
saWp. Then « s also P-cosmall.

Proof. Let a be a P-indecomposable root. Let (aq,...,a,) be a greedy
decomposition of d(«). We clearly have s, < z5(5,) = 24(a) and thus

2(8a) € Laga)(X1) = Laga,) (- (Pagar)(X1)) -+ +) -

Therefore we can find elements uq,...,u, € W such that s ,Wp =
Uy ... uyWp and such that d(u;) = d(a;). Now we have

6(sa) = d(a) = Zd(%) = Z 6 (ws)

which implies that » = 1 since « is P-indecomposable. Therefore it
follows that zga)Wp = 5o, Wp. If we put 3 = a; the first statement
follows since a; is P-cosmall as it is part of a greedy decomposition.
Moreover we have d(a) = d(/3). To see that zq.) is P-indecomposable
it suffices to show that d(sg) = d(() since [ is P-cosmall. But this is
clear since 6(sg) = 0(24(0)) = 0(25(s0)) = 0(5a) = d(a) = d() where
we used that « is P-indecomposable and thus 6(s,) = d(«).

If o is P-indecomposable and satisfies in addition zya)Wp = s,Wp,
then it clearly follows that s,Wp = sgWWp and thus o = 3 which means
that a is P-cosmall. 0J

Corollary 6.45. Let a € R™ \ R} be a root which satisfies 6(s,) =
d(a)). Then « is P-cosmall if and only if « is P-indecomposable and
Zd(a)Wp = SaWP.

Proof. This is just a reformulation of the results we proved up to now.

O

Lemma 6.46. Let « € R™ \ R} be a P-cosmall root which satisfies
d(sa) = d(). (If P is mazimal this is always the case.) Then there
exists a unique mazimal root of d(«) and this unique mazimal root is
given by «.

Proof. Let a1 be a maximal root of d(«). By definition we know that
d(ay) < d(a). We first show that d(a;) = d(«). Suppose for a con-
tradiction that d(ay) < d(«). Then we can find a greedy decompo-
sition (aq,...,q,) of d(a) such that » > 1. On the other hand, we
know that « is a P-cosmall root which satisfies (s,) = d(a). There-
fore v is P-indecomposable and every greedy decomposition of d(a)
must consist of precisely one element. This contradiction proves that
d(oy) = d(a). Therefore a; is a P-cosmall root. It follows that
S0 Wp = zagayWp = soWp and thus a = «a;. This proves that «
is the unique maximal root of d(«). 0
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6.4. The set U;. Let U; be the subset of U consisting of all u € U
such that 0(u) is maximal in the set {6(u) | v € U such that §(u) <
d(wx)} or equivalent such that 6(u*) is minimal in the set {0(u) | u €
U such that §(u) > 0}.

We have an obvious inclusion:

Uy C{uy | ug,...,u, chain from wy to wx of degree d(wx)}

Every element u € U, is part of a chain uy,...,u, from wx to wx of
degree 6(wx). Let j be the index such that u = u;. We clearly have
that j > 1 since d(uy) = d(wx). On the other hand we know that
d(wx) > d(uy) > 0(u;) for all ¢ > 2. Since u; € U for all i, we follow
from the maximality of §(u) that v = u; and j = 1. This proves the
stated inclusion.

From this inclusion, we see in particular that for all u € U, there
exists a unique root a € R*\ R}, such that uw*Wp = s,Wp.

Lemma 6.47. We have the following inclusion of sets:
Uy C{uel|u”is P-indecomposable}

Proof. Let u € Uy. Let @ € RT\ R} be the unique root such that
wWp = s,Wp. By Corollary 6.15 we know that d(s,) = d(«). Let
Bi,..., 03 € R\ R} be a sequence of roots such that

SaWp =8B, """ SﬁTWp

and such that d(a) = > ., d(f). In order to see that o and u*
are P-indecomposable it suffices to show that » = 1. Let uq,...,u,
be a chain from wy to wx of degree d(wy) which satisfies u; = w.
The chain wug, ..., u, necessarily satisfies uyg = w, and w, = 1. Then
Wo, WoSB, s - - -, WoSa, * * * Sp,., Ua, - - ., Uy 1S & chain from wx to wx since
WeSp, -+ 53, Wp = ulWp. The degree of this chain is clearly

5(u) + Z d(B;) = 0(u) + d(e) = 6(u) + 6(u*) = d(wy).

Therefore we have that w,sg, € U. Suppose that r > 1. Then we have
by Corollary 6.11 that d(wx) > 0(wesp,) > (weSs, -+ - Ss.) = 0(u).
But this contradicts the fact that u € U;. Therefore we conclude that
r =1 and that o and u* are P-indecomposable. O

Lemma 6.48. Let uw € U;. Then there exists a P-cosmall root o €
R*\ R} such that zsu\Wp = soWp. In particular §(u*) = d(a) and
d(wx) = 0(u) +d(a). We can write w,Wp = z5u) - 5o Wp.

Proof. Let d = §(u*) for short. Let a € R\ R}, be a maximal root of
d. By [9, Corollary 4.12(c)] we have s, - Zg—qa)Wp = 24Wp and thus
WoWp = 2s(u) - 2aWp = Z5(u) * Sa * Zd—d(a) Wp. SINCe Zsw) * Sa =X 25(u)+d(a)
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by [9, Corollary 4.12(b)] it follows that w,Wp = 2sw)+d(a) * Zd—da)Wp-
In the language of curve neighborhoods this reads as

Ladt) (Tsuy+d)(X1)) = X .

This means that we can find a v such that v < z5(,)14(s) and such that
there exists a chain from vy, . .. v, of degree d—d(a) which satisfies vy =
wy and v, = v. Therefore we have §(v) < §(2s5(u)+d() < 0(u) + d(a)
and 0(v*) < d — d(«). This shows that §(v) + d(v*) < §(u) + o(u*) =
d(wy). Since this inequaltiy can never be strict, we get equalities
d(v) = §(u) + d(a) and 6(v*) = d — d(«) and 6(v) + 6(v*) = d(wx).
Therefore v € U and §(v) > d(u) (since d(a)) > 0). By the maximality
of u we conclude that 6(v) = d(wy). This implies that d(wy) = d(u) +
d(a) and d = d(«).

By our choice, & € RT\ R}, was a maximal root in d. Since d = d(«),
this implies that a is P-cosmall. The equation s, - zg—q@)Wp = 24Wp
becomes s,Wp = z4Wp. The equation w,Wp = zs.,) - 24Wp becomes
IUOWP == Zg(u) . SQWP. Il

Corollary 6.49. Let w € U;. Let « € RT\ RE be a mazimal root

of 0(u*). Then s& € Uy. In particular s, € U. Moreover we have
8(sy) = 0(u), 0(sa) = 0(u*) = d(a) and s}, = Zs)-

Proof. We know in general that Z5ury 3 Zo(u) for all u € U. In partic-
ular for v as in the statement, this gives s’ = z54) and thus 6(s}) <
0(25(u)) = 0(u). On the other hand we know that 0(s,) = d(a) = 0(u*)
by the previous result. This gives 6(sq)+0(s%) < §(u)+6(u*) = §(wx).
Since this inequality can never be strict, we get the equality §(s}) =
d(u). Moreover we see that s, € U and s’, € U;. O

Let B be the following set® of roots:

B ={a € R"\ R} | @ maximal root of (u*) for some u € U, }.
We denote the highest root of R by 6.
Lemma 6.50.

o All elements of B are P-cosmall and P-indecomposable.

e Different roots in B are incomparable: if o, 3 € B such that
a < [ then a = .

o Different degrees of roots in B are incomparable: if o, € B
such that d(a) < d((3) then d(«) = d(f3).

o Let a, 3 € B such that s, = sz then s,Wp = sgWp.

e For all « € B we have d(a) < d(61) and s, = g, .

e For all a € B there is a unique mazimal root of d(a) and this
unique maximal root is given by .

5There should not be any confusion with the set B and the Borel subgroup of G
which is also denoted by B.
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e If 0, € B then B = {6,}. If there is a root o € B such that
d(a) = d(6y) then B = {6,}.

e Suppose that w, is P-indecomposable. Let o be the unique P-
indecomposable root such that w,Wp = saWp. Then B = {a}.

e For all w € Uy we have u* = s, =X sg, for a unique element
a € B. This element « satisfies 6(u*) = d(«).

o Let o € B. Then there exists a chain ug, . .., u, from wx to wx
of degree 6(wx) which satisfies ug = w, and Uy = WSy = S

o [fu € U then zsn) € Ur. In particular for all o € B we have
that s}, € Uy and that zs5(s:) € Uy.

Proof. We already saw that all elements of B are P-cosmall. We also
know that s}, € U; for all « € B. But this implies that s, and « are
P-indecomposable.

Let «, 8 € B such that o < 3. Since a and ( are both P-cosmall,
it follows that d(«) < d(f). By the minimality of d(f) we conclude
that d(«) = d(3). Since « is a maximal root of d(a) we conclude that
a=pf.

Let a, 8 € B such that d(a) < d(f). By the minimality of d(«) it
follows that d(a) = d([3).

Let o, 3 € B such that s, = s3. Then we have z4,) =X 243 and
thus d(«) < d(B). (Note that d(s,) = d(«) and 6(sg) = d(().) By the
previous point, it follows that d(«) = d(5) and thus s,Wp = sgWp
since s,Wp = 240)Wp and sgWp = 245 Wp.

Let @ € B. Since a and #; are P-cosmall, it follows that d(a) <
d(01). Consequently, we have z4q) = 24s,)- Again, since o and 6, are
P-cosmall, this impies s, =< s¢,.

Let o € B. Let 8 € R™\ R} a maximal root of d(«). Since s}, € U
we conclude that § € B. By definition d(8) < d(«). Since different
degrees of roots in B are incomparable, we conclude that d(a) = d([3).
Since v and 3 are P-cosmall, it follows that s, Wp = sgWp. Since
« € Rt \ R} is uniquely determined by the coset s,Wp ([9, Lemma
2.2]), it follows that o = 3. Therefore « is the unique maximal root of
d(a). A different way to see that « is the unique maximal root of d(«)
is to note that « is P-cosmall and satisfies 0(s,) = d(«) (Lemma 6.46).

Suppose that 6; € B. Every root a € B can be compared with the
highest root 6;: a < ;. Since different roots in B are incomparable,
it follows that o = #; and thus B = {6;}. Suppose that there is a root
a € B such that d(a) = d(0;). For all § € B, we have that d(3) <
d(a)) = d(6,). Since different degrees of roots in B are incomparable,
we conclude that d(3) = d(6;) for all § € B. On the other hand we
know that ( is the unique maximal root of d(3) = d(#;). But this
unique maximal root is given by #;. Therefore we have § = 6; for
( € B which means that B = {6, }.

Suppose that w, is P-indecomposable. Let a be as in the statement.
By definition it is clear that ¢4; = {1}. Therefore it is clear that B
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consists of precisely one element o which is the unique maximal root
of d(w,). We also know that d(w,) = d(«’) and that o’ is P-cosmall.
Therefore it follows that s Wp = 24 \Wp = 2z5w)Wp = w,Wp =
soWp and thus oo = o/. This means that B = {a} as claimed.

We already saw that s, <X sy, for all @« € B. Let u € U; and let
« be a maximal root of 6(u*). We have that u* < zsu-) and that
25 )Wp = 5oWp. This implies that v* = s, as claimed. It also clear
by what we saw up to now that d(u*) = d(a). Next we prove the
uniqueness of a. Let o, 8 € B such that v* < s, and u* < sg. Then
it follows that from the minimality of d(«) and d(/3) that §(u*) = d(«)
and that §(u*) = d(3). This implies d(a) = d(3). But since different
degrees of roots in B are incomparable we must have a = 3.

Let o € B. Since s}, € U; there exists a chain uo,...,u, from wy
to wx of degree §(wx) which satisfies u; = s%. It is clear that we also
can chose uyg = w,.

Let u € U;. We already saw that this implies that z5,) € U. But
since 6(2s(u)) = 0(u) we also have z5(,) € U. O

Remark 6.51. We already see from the previous lemma that if P is max-
imal then B consists of precisely one element. Indeed, if P is maximal
any two degrees are comparable, therefore d = d(«/) is independent of
the choice of o € B, since different degrees of roots in B are incompa-
rable. On the other hand there is a unique maximal root « of d, which
must be the unique element of B: B = {a}. (Note that B is nonempty
by construction.)

Lemma 6.52. Let (ay,...,qa,) be a greedy decomposition of d(wx).
Then there exist elements o, 3 € B such that d(«) < d(ay) and d(5) <
d(a,).

Proof. Let (ay,...,a,) be a greedy decomposition of d(wy). Then we
can write

X = Taia) (- (Tagan) (Xsn, ) o) -
Therefore we can find u,v € U such that é(u*) = d(ay), §(v*) = d(«,)
and u* = s,, (U is closed under taking Poincaré duals). By definition
we can find «, § € B such that d(a) < d(ay) and d(5) < d(a,). O

Lemma 6.53. Letu € U and v € W such that §(v) < d(u) and u < v.
Then v € U and 6(u) = 6(v).

Proof. Since u < v, we have that v* > v* and thus 6(u*) > §(v*). Since
u € U we obtain

() +0(v*) <do(u) +0(u") = o(wx) .
This means that v € U. Moreover we get the equality 6(u) = d(v). O

Lemma 6.54. Let P be maximal. Then we have that sy, € U. This
means that §(wx) = d(01) + 6(sp, ).
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Proof. Let (aq,...,a,) be a greedy decomposition of §(wy). Since P is
maximal and 6; is P-cosmall, we know that d(sg,) = d(0;). Therefore
we have that d(f;) < d(wx) and thus a; = 6;. We can write

Zg(wX)Wp =Say - SaTWp = S, * Z§(wX)—d(01)WP-

In terms of curve neighborhoods this becomes X = Fd(wx)—d(el)(X591)-
Therefore we can find a chain u, . . . , u, from wy to wx of degree d(wx)
such that there exists an index j between 0 and 7 such that 6(u;) =
d(6y) and u; = sp,. Since 6(sg,) = d(¢h) (P maximal, §; P-cosmall)
and since u; € U, the previous lemma implies that sy, € U. The final
equation follows from the definition of ¢ and since 0(sg,) = d(6,). O

We now introduce a further set of roots. Let « € B. We saw
that zs:) € Uy and thus that Z}‘(S*) is P-indecomposable. Therefore

there exists a unique P-indecomposable root 3 € R™\ R} such that
zg‘(s*)Wp = s3Wp. Since 3 is uniquely determined by o we can write
B = p(a). Let B* be the following set of roots

B*={B3€ R"\ R} | ssWp = Z5(s)Wp for some o € B}.

We have natural surjective map ¢: B — B* which sends an element
a € B to p(a) € B* where p(«) is as defined above.

Lemma 6.55.

e © induces a bijection between B and B*.

All element of B* are P-indecomposable.

For all « € B we have that d(¢(«)) = d(«), p(a) < a and that
Sp(a) = Sa-

For all uw € Uy we have s,y = u* = so for a unique element
a € B. This element « satisfies §(u*) = d(a). Conversely,
every element u € W such that s, = u* =X s, for some a € B
satisfies u € U;.

Proof. For all a € B it is clear that s;(a) € U, and that s,,) = sa.
Therefore we get that « is uniquely determined by ¢(«) or in other
words that ¢ is injective and induces therefore a bijection between B
and B*.

This is true just because every § € B* satisfies sj; € Us.

We already saw that s ) = s, for all @« € B. This immediately
implies that d(sy()) = d(a) since s7, ) € Ui. Since Sy(q) is a reflection
which occurs in a chain from wy to wx of degree §(wx) we also know
that 0(s,(a)) = d(e(a)) and thus d(p(a)) = d(«). Since o is the unique
maximal root of d(«) it follows that p(a) < a.

Let u € U;. We already know that there exists a unique o € B such
that u* < s, and such that 6(u*) = d(«). We clearly have §(u) = d(s?)
since u, s, € U;. But this implies that u =< z5(,:) which gives by taking
Poincaré duals that s ) = u* as claimed. Conversely, let u € W be an
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element which satisfies s,o) =< u* = s, for some o € B. Then we have
0(u*) < d(a) and 0(u) < 6(s},)) = 0(zs(s3)) = 0(s;) which implies
that 0(u) + 0(u*) < d(wx). Therefore we get equalities 0(u) = d(s})
and d(u*) = d(«). But this means that u € U;. O

Corollary 6.56. We have the following bijection of sets
U = Uy = H{ﬁ € RT\ R} | 8p(a) = 85 = 84}
aEB

which sends an element 3 € Uy to the element sj € Uy. This bijection
induces via restriction a further bijection of sets as follows:

{uw € Us | ([{pt}], urdyguey # 0} = B

Proof. The first bijection follows directly from the previous lemma. To
see the second bijection, note that all elements § € U \ B are not
P-cosmall, since they are not maximal in d(3). Therefore those (3’s

have vanishing Gromov-Witten invariant: ([{pt}],os,) ap = O On
the other hand, all elements « of B are P-cosmall and therefore have
nonvanishing Gromov-Witten invariant: ([{pt}],0s,)4,) = 1. This
proves the second bijection. O

Corollary 6.57. All elements of U; are P-indecomposable. Let B € U;
then there exists a unique oo € B such that 0(sg) = d(B) = d(«). This
root o satisfies B < .

Proof. Let € Uy. It is clear that sj € U;. Therefore 5 and sg are
P-indecomposable. Let a be the unique root in B such that s, =
sg = Sq. Then we have §(s3) = d(«). Since all reflections sg where
(B € U occur in a chain from wyx to wyx of degree §(wx) we know that
d(sp) = d(B) and thus d(f) = d(«). Since « is the unique maximal
root of d(«) it follows that § < a. The uniqueness of v € B such
that d(f) = d(a) is clear since different degrees of roots in B are
incomparable. 0J

6.5. Local curve neighborhoods. Let 3 € B and let d be a degree in
Hy(X(8),Z). Let w be a Weyl group element in We(3). We define the
local degree d curve neighborhood I'7(X,,) of X,, with respect to X (8)
in the same way we defined the (global) degree d curve neighborhood
[y(Xy) of X, with respect to X. This makes sense since global and
local Schubert varieties can be identified for 3 € B. Moreover we clearly
identify H,(X(),7Z) with a sublattice of Hy(X,Z). We define 27 to
be the unique element in W(I;((g)) which satisfies ng = I'(X;). With

this notation we clearly have 231 = 24 for all degrees d, zg =< z4 for all
3 and all degrees d in Hy(X(),Z) and 2 = 1 for all .

Let (3 still denote a root in B. Then we define a function d3 with
functoriality Wes) x We) — Hao(X(8),Z) with respect to X (3) in
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the same way as we defined the function ¢ with functoriality W x W —
Hy (X, Z) with respect to X. Again we extend our notation by writing

03(u) = 05(u, we(B)). With this notation we clearly have zZWp =
wo(B)Wp for all degrees d in Hy(X(8),Z) such that d > dg(w,(5)).

Lemma 6.58. Let € B. Let d be a degree in Hy(X(3),Z) and let
w € Wegg). Then we have Fg(Xw) =T4(Xu)NX(B). In particular we
have T5(X1) = Ty(X1) N X ().

Proof. With the notation as in the statement, we have an obvious in-
clusion I'7(X,,) C T'4(X,,) N X (B). We prove the other inclusion by in-
duction on d € Hy(X(3),Z). If d = 0 then T'J(X,,) = T¢(X,) = X, C
X(B) and there is nothing to prove. Suppose that d > 0 and that the
inclusion from right to left is true for all ' < d. Since T'y(X,,) N X ()
and T7(X,,) are B-stable it suffices to prove that every T-fixed point
z(u) € Ty(X,) N X(B) is contained in T'(X,,). Since z(u) € X(8) we
know that u =< w,(3) or equivalent u € Wgg). Since z(u) € I'y(Xy)

there exists a chain uy,...,u, from u to w* of degree d which satis-
fies up = u. Let 3; € RT\ R} be roots such that u; ysg, = u; for
all 1 < ¢ < r. Then uq,...,u, is a chain from u; to w* of degree

d :=d—d(f) < d. Therefore z(u;) € I'y(X,). Since ug and u, are
adjacent, we have either ug < uy or u; < ug. If u = uy < wuy if follows
that z(u) € I'y(X,,) since 'y (X,,) is a Schubert variety. The induction
hypothesis implies that (u) € Tg/(X,,)NX(3) = T0(X,,) C T5(X,,) as
required. Therefore we can assume that u; < ug = u. In this case it fol-
lows that u; < u = w,(8) and thus u; € Wgs) and x(u;) € X(5). The
induction hypothesis implies that z(u;) € Ty/(X,) N X(8) = T'%(X,,).
Therefore there exists a chain uf,...,u. from u; to w* of degree d
which satisfies ] = u; such that the associated T-invariant curve is
completely contained in X (). Since ug € Wg( and u; € W) it
clearly follows that 5, € R((3). Therefore ug, u; = uj,...,u, is a chain
from w to w* of degree d = d(31) + d’ which satisfies uy = u such that
the associated T-invariant curve is completely contained in X (/7). But
this means that z(u) € Fg (Xy) as required. This completes the proof
of the inclusion from right to left. U

Lemma 6.59. Let u € W be a Weyl group element. Let 3 € B. Let
U, . .., Uy be a chain of degree 6(u) from u to wx such that ug € Weyg).
Let o; € R\ RJIS be the unique root such that s,,u;—1 = w; for all i.
Then u; € Weg) for all i and a; € R(3) for all .

Proof. Let ug,...,u, be as in the statement. By Corollary 6.11 we
know that ug > u; > --- = w,. Since ug € Wgp) and 3 € B this
implies that u; € W) for all i. Since s,,u;—; = u; this implies that
a; € R(p) for all i. O
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Lemma 6.60. Let § € B. Then ég and 6 coincide on Weg), i.c.
dg(u) = 6(u) for all u € Weg).

Proof. By definition we have § < Jz since the minimum in § runs
through a larger set of chains which includes the set of chains concerned
in dg. To prove the other equality, let u € Wgp). Let ug,..., u,
be a chain from u to wx of degree d(u) which satisfies ug = u and
u, = 1. Since uy € Wgg) and 3 € B the previous lemma implies that
the T-invariant curve associated to the chain uy,...,u, is completely
contained in X (f3), so that it is part of the set of chains concerned
in d3(u). This implies that dz(u) < d(u). In total, we get equality
dp(u) = d(u) for all u € Wega).

A different way to see the statement is to use (local) curve neigh-
borhoods. Let u € Wg) and 8 € B. On the one hand we have

u = z?ﬂ(u) = Z54(u) Which implies that 6(u) < dg(u). This means in
particular that 6(u) € Ho(X(5),Z) since 65(u) € Ha(X(B),Z) by def-
inition. On the other hand u = 25,y and u = wy(3) implies that
u = z?(u) since Ff(u)(Xl) = [ (X1) N X(B). But u < zf(u) implies
that dg(u) < 6(u). In total, we again find that dg(u) = d(u) for all
u € Wg(g). ]

Definition 6.61. A root a € R™ \ R} is called locally P-cosmall if
there exists a root 3 € B such that supp(«) C supp(8) and such that o
is P((3)-cosmall in X ().

Definition 6.62. A root o € R\ R} is called locally P-indecomposable
if there exists a root 3 € B such that supp(«) C supp(8) and such that
a s P(f)-indecomposable in X ().

Ezample 6.63. Every P-cosmall root / P-indecomposable root is in
particular locally P-cosmall / locally P-indecomposable. We just apply
the defintion to 6 = 0, € B.

Every root § € B is locally P-cosmall. Indeed, let 3 € B then 3
is locally high, which means that [ is the highest root of R(/3). This
implies that 5 is P(f3)-cosmall in X (). Therefore it follows from the
definition that 3 is locally P-cosmall.

Lemma 6.64. A root « € RT\ R}, is P-indecomposable if and only if
it 18 locally P-indecomposable.

Proof. A root which is P-indecomposable is clearly locally P-indecom-
posable. Suppose that « is locally P-indecomposable. Let § € B such
that supp(a) C supp(f) and such that « is P(/3)-indecomposable in
X(B). Then we have d5(s,) = d(a). But since § and dg coincide
on Wg(s we also have §(s,) = d(a). Let f1,...,8, € RT\ R} be
a sequence of roots such that s,Wp = s, ---s3. Wp and such that
d(o) = >0_,d(f;). We have to show that » = 1. The sequence
Uy = 8B, " SB,, U1 = 8B, """ 58,,---,Ur—1 = Sg,, U, = 1 defines a chain
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of degree d(s,) = d(a) from s, to wx such that ug € Wg(g. This
implies that u; € Wgg) for all ¢ and that 8; € R(f3) for all 7. The
equation s,Wp = uoWp clearly also holds modulo Wpg. Since a is
P(3)-indecomposable in X (/3) this implies r = 1 as required. O

Lemma 6.65. Let a be a locally P-cosmall root. If P is maximal, then
3(sa) = d(@). In particular, if P is mazimal we have 0(sg) = d(3) for
all B € B.

Proof. Suppose that « is locally P-cosmall. Let § € B such that
supp(a) C supp(f) and such that « is P(f)-cosmall in X(3). If P-
maximal, we can assume that P(/3) is also maximal. Otherwise we had
G(B) = P(B) C P and thus §(s,) = d(ar) =0 for alla € R(5) C Rp. If
P([3) is maximal, it follows that dz(s,) = d(«) since « is P(3)-cosmall
in X(3). Since d3 and 6 coincide on W) for all 5 € B it follows that
I(Sa) = 05(Sa) = d(a) as claimed.

The last statement is clear since every element of B is locally P-
cosmall. 0J

FExample 6.66. Suppose that P is maximal. Every root f € B is P-
indecomposable. Indeed, every root [ € B is locally P-cosmall and
satisfies d(sz) = d(f) since P is maximal, therefore every 5 € B is
locally P-indecomposable, therefore P-indecomposable.

Lemma 6.67. Let « € RT\ R} be a P-indecomposable root. Let 3 € B
be a root such that supp(a) C supp(3) or equivalent such that o < 3.
Then d(«) < d(B). In particular, if P is mazimal and if 5,5 € B are
two roots such that B < 3. Then d(B) < d(/').

Proof. Let o and (3 be as in the statement. Since « is P-indecomposable
and since a € R(f3) we know that « is also P(/3)-indecomposable in
X(B). By Lemma 6.44 there exists a root  which is P(/3)-cosmall in
X () such that Zg(a)Wp = 5,Wp and such that d(a) = d(v). Since
v € R(B) and [ is locally high, it follows that v < (. Since § € B
we know that ( is P(f)-cosmall in X (3). Therefore we conclude that
d(v) < d(p) and thus d(«) < d(5).

The last statement is clear since if P is maximal every element of B
is P-indecomposable. O

Theorem 6.68 ([9, Conjecture 6.5]). Assume that R is simply laced
and let o« € R\ Rf. Then o is P-cosmall if and only if zqwWp =
SaWp.

Proof. If a is P-cosmall then z4,)Wp = s,Wp is always satisfied (even
if R is not necessarily simply laced). Suppose that zga)Wp = s, Wp.
Let 3 be a maximal element of the set {y € RT \ R} | d(y) <
d(a)) and v > «a}. Then [ is clearly also a maximal element of the
set {y € R"\ R} | d(v) < d(a)} since any element v € R\ R} which
satisfies v > [ and d(y) < d(«) also satisfies v > «a. Since > a and
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since R is simply laced it follows that 3¥ > o and thus d(5) > d(«).
On the other hand we know that d(8) < d(a) by the choice of f.
Therefore we have d(«) = d(f) and that 3 is P-cosmall. This implies
that zgyWp = ssWp = s,Wp and thus o = 3. This means that « is
P-cosmall. 0J

Corollary 6.69. Suppose that R is simply laced and that P is maximal.
Let aw € Rt \ R;S. If 24)Wp = saWp, then a is P-indecomposable.

Proof. Suppose that zgq)Wp = s,Wp. Since R is simply laced we know
by the previous theorem that « is P-cosmall. Since P is maximal this
implies 6(s,) = d(c). Lemma 6.39 implies that « is P-indecomposable.

O

Ezample 6.70 (]9, Example 6.6]). We give an example for a root a €
R\ RJIS such that z4,)Wp = s.Wp and such that « is not P-cosmall.
By the previous theorem this is only possible if R is not simply laced.
Let R be of type By and let ap = a;. Let a = a1 + ag, let 6; =
a1 + 2a5 and let 0y = ay. We already saw in Example 6.40 that o
is not P-cosmall. We will see later (and it is easy to prove directly)
that sg, s¢, Wp = w,Wp. So it follows as in Example 6.40 that §(wx) =
d(89,80,) = 2. On the other hand we know that d(a) = 2 and thus
24a)Wp = w,Wp. Together with the fact that s,Wp = s4,59,Wp this
yields zga)Wp = s Whp.

7. THE DISTANCE FUNCTION d

In this section we introduce the distance function d according to [11,
Definition 3.2] and relate it to the function 0.

As before, X = G/P denotes a homogeneous space where G is a
connected, simply connected linear algebraic group and P is a parabolic
subgroup.

Let 2,y € X, we define d(x,y) to be the degree d of a curve passing
through x and y such that the degree d is minimal in the set of all
degrees of curves passing through x and y. We further define

dy = d .
x = max (z,y)

Note that the nature of the function d is similar to that of § explained
in Remark 5.7.
We list immediate properties of the function d in the following

Lemma 7.1.

e The function d is a metric on X.
e The function d is G-invariant: for all z,y € X and all g € G
we have d(z,y) = d(gx, gy).

Let u,v € W. Then d(z(u),z(v)) =9 u
Let x € Q, and y € Q,. Then d(z,y) > d(x(u), z(v))
Let x € Q,. Then d(z,z(1)) =d u
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o Assume that P is maximal. Then we have the equality dx =

d(wx) = d(z(wx),z(1)).

Proof. 1t is clear from the definition of d that d is symmetric and that
d(z,z) = 0 for all z € X. Let z,y, z be arbitrary in X. Let f be a
curve of degree d(z,y) passing through = and y and let g be a curve
of degree d(y, z) passing through y and z. Then f U g is a curve of
degree d(z,y) + d(y, z) passing through z and z. Therefore we have
d(z,z) < d(z,y) + d(y, z). This proves that d is a metric on X.

Let x,y € X and g € G. Let f be a curve of degree d(z,y) passing
through = and y. Then gf is a curve of degree d(x,y) passing through
gz and gy. Therefore we have d(gx, gy) < d(z,y). By replacing g with
g ' / x with gz / y with gy the other inequality d(z,y) < d(gx, gy)
follows. In total, we get equality d(z,y) = d(gz, gy).

Let u,v € W. Since d(z(u),z(v)) = d(z(v'u),z(1)) by the G-
ivariance of d, we can assume from the beginning that v = 1. We al-
ready saw that d(u) = §(u~"'). We are left to show that d(z(u),x(1)) =
d(u). We saw earlier that we can find a chain u, ..., u, from u to wy
of degree ¢(u) which satisfies ug = u and u, = 1. The T-invariant curve
associated to the chain uy, . .., u, is a curve of degree d(u) which passes
through z(u) and z(1). Therefore we find that d(z(u),z(1)) < d(u).
On the other hand, let f be a curve of degree d(z(u), (1)) which passes
through z(u) and z(1). Then f converges to a T-invariant curve which
still passes through z(u) and x(1). This T-invariant curve is associ-
ated to a chain from u to wx of degree d(z(u),z(1)). It follows that
d(z(u),z(1)) > 0(u). In total, we get equality d(z(u),z(1)) = d(u) as
claimed.

Let x € , and y € Q,. Let f be a curve of degree d(x,y) passing
through = and y. Then f coverges to a T-invariant curve of degree
d(x,y) passing through x(u) and x(v). Therefore we have d(z,y) >
d(z(u), z(v)).

Let x € Q,. By the previous point, we already know that d(x, z(1)) >
d(z(u),z(1)). On the other hand, we know that d(z(u),z(1)) = d(u).
Since u =X zs) we have Q, C Dje)(X;). Since z € €, we can
find a curve of degree d(u) passing through = and z(1). This means
that d(z,z(1)) < 0(u) = d(z(u),x(1)). In total, we get equality
d(x, (1)) = d(z(u), x(1)).

By the G-invariance of d, the previous point and Lemma 5.8, we
have

dx = max d(z,y) = maxd(z,z(1)) = Lo d(x(u), z(1))
= uEHI/Il/E}%p O(u) =d6(wyx) = d(z(wyx), z(1)) .

This proves the desired equality. O
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Conjecture 7.2. The degree dx gives a mazimal power ¢** of the
quantum parameter q which can occur in an arbitrary quantum product
of two Schubert cycles.

Remark 7.3. We will see later that this conjecture is satisfied for a
specific class of homogeneous spaces where P is maximal (cf. Lemma
13.21, Remark 13.22). More generally it is known that this conjecture
is satisfied for all cominuscule homogeneous spaces (cf. [11, Proposition
28]).

8. THE H-SEQUENCE

Let X = G/ P denote a homogeneous space where G is a connected,
simply connected, linear algebraic group and P is a maximal parabolic
subgroup. Since P is maximal we have a distinguished chain cascade

C(ap) associated to ap. We always write C(ap) = {61, .., 0} where
0, > --- > 0 are ordered according to their indices. We call the
sequence of roots 61,...,60; the f-sequence. The #-sequence consists

precisely of the elements of B which are contained in R*\ R}. We al-
ways denote with k the length of the #-sequence, that is the cardinality
of C(ap). The f-sequence was first introduced and intensively studied
in [25].

To simplify notation, we use the following notation adapted to the
9—sequence.

Gz G(Gl), Pz P(G,L), Bl B(91>, XZ = X(Gl), g = g(@z), pi=9p
Note that for all 1 < i < k we have Ho(X,Z) = Ho( X', Z) = 7.
Therefore every degree in Hy(X,Z) is also a degree in Ho(X*,Z). For

each w € Wg, and each degree d we write T'%(X,,) = I'%(X,) and

zh = 2% We also write §; = 0p, although this notation is only of

technical nature since 6 = 9, on W.

We know that every element of B is locally P-cosmall. More con-
cretely, for all 1 < i < k the root 6; is P-cosmall in X*. Therefore
we have sp,Wp = zj Wp and thus T (X1) = X, . The dimension

of T (X1) is given by fp(sg,) = c1(X")d; — 1. Moreover, we have
5(391.) = dz

Remark 8.2. Note that we have §(sy,) = d; for i > 2 although the roots
g; for i > 2 are not P-cosmall, since supp(6;) # A for ¢ > 2. If P
is maximal P-cosmalleness of a root « is sufficient to guarantee that
d(Sa) = d(a) but it is not necessary.

Also, note that all elements of B are locally P-cosmall and P-inde-
composable. In particular, all 6; for i > 2 are locally P-cosmall and
P-indecomposable although the roots 6; for ¢ > 2 are not P-cosmall,
since supp(6;) # A for all 7 > 2. If P is maximal P-cosmalleness of a
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root is sufficient for P-indecomposablility but not necessary. Indeed,
for all i > 2 we must have 2, < 2y, or equivalent sy, < zg,.

Lemma 8.3. Let 1 < i < k. At most one irreducible component of
R? is different from Ay. Moreover R; has at most three irreducible
components which happens if and only if R; is of type Dy.

Proof. We can clearly assume that ¢ = 1. If R is of type A, where
n > 1, C, where p > 2, B¢, E7, Eg, F4 or Gy then there is at most one
irreducible component of R° and there is nothing to prove. If R is of
type B, where ¢ > 2 then there are at most two irreducible components
of R° with simple roots a; and ag,...,ap. If R is of type D, where
p > 4 then there are two irreducible components of R° with simple roots
ap and as, ..., o, If Ris of type Dy then there are three irreducible
components of R° with simple roots a; and a3 and a4. In each case
the assertion is true. O

Lemma 8.4. We have three integer sequences associated to X :
di >2dy > 2>dp > 1
lp(sg,) > lp(sg,) > -+ > Llp(sg,) >0
(X)) > (X?) > >aXh)>1

Proof. 1t is clear that ¢; > 63 > --- > 6, and that 6; € B for all i.
Therefore Lemma 6.67 implies dy > dy > - -+ > dg. Since 0, € Rp it is
clear that d;, > 1. This proves the first integer sequence. Let 2 < i < k.
Since supp(6;) € supp(#;—1) we know that 6, is not P,_j-cosmall in
X1 (Remark 6.20) which means that (p(sy,) < (X" Nd; — 1 <
c1(X"1)d;—1 — 1 = lp(sy,). Since sq, & Wp it is clear that £p(sg,) > 0.
This proves the second integer sequence. The third one follows from
the inequality £p(sg,) = c1(X*)d; — 1 < ¢ (X 1)d; — 1. Tt is clear that
c1(X*) > 0 since otherwise £p(sg, ) < 0. To prove that ¢;(X*) > 1, note
that 0y is locally P-cosmall as it is an element of B and thus 6(sg, ) = dj.
On the other hand we know that §(sg,) < lp(sg,) = c1(X¥)d — 1.
Putting these inequalities together, we get 1 < (cy(X*) — 1)d, which
implies ¢; (X*) > 1. O

Corollary 8.5. If X = G/P is a cominuscule homogeneous space,
thendy =---=d, = 1.

Proof. Let X = G/P be a cominuscule homogeneous space. Then ap
and 6 are both long roots. Therefore we have (01,0;) = (ap,ap) =
(w,w) and thus d; = (0}, w) = (f1,w") = 1. Since dy > -+ > dj, > 1 it
follows that d; = --- = d;, = 1 as claimed. O

Lemma 8.6. Suppose that X # Gy/P; and that X # By/P, where
¢ > 1 1is odd. All elements of the 0-sequence are long. In particular,
for all 1 <i <k we have (0),a) € {—1,0,1} for all a € R\ {£6;}.
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Proof. This follows directly from Lemma 4.7 and its proof. 0
Lemma 8.7. For all 1 <1 <k, we have the following equation:

w,Wp| Sg, - -+ S0, Wp|

gi/pi °

Proof. By [21, Proposition 1.10] we know that w, = [[5c555. All
elements 3 € B\ C(ap) are contained in Rf. Therefore we obtain
woWp = sg, -+ 59, Wp. Since sy, acts trivially on g; for all j < i the
result follows if we restrict this equation to g;/p;. O

ai/pi

Corollary 8.8. For all 1 < i < k, we have that X' = X, 9, =
X

891"'59k .

Proof. This is an immediate consequence of the previous lemma and
Corollary 4.9. O

Lemma 8.9 ([25, Lemma 9.4]). Let 1 < i < k. Then the P-length is
additive in the sense that

gp S@k Zﬁp 89

For each w € W we let I(w) = {a € R* | w(a) < 0} denote the
inversion set of w. We then have ¢{(w) = card(/(w)) or more generally

(p(w) = card(I(w) \ R}).

Proof. Note that {p = {p, on W¢,. By replacing R; with R it therefore
suffices to show that

f 891

*S6,) pr $6;)

Let u = sg, - - - sp, for short. Each of the inversion sets I(sp,) is con-
tained in R; since sy, € W, and since g = {p, on Wg,. For all
1 <i<klet I; = I(sg,) \ Rf,. To prove the claimed equality it suffices
to show that I(u)\ R} can be written as a disjoint union of the sets
I; as follows: I(u)\ RS = Hle I;. We first prove that the sets I; are
pairwise disjoint for different 7.

Let v € I; for some i. To see that the sets I; are pairwise disjoint, it
is clearly sufficient to prove that v & I; for all j > i. By [9, Theorem
6.1(c)] we know that (0),~) € {1,2} and that the value 2 occurs if and
only if v = 6;. In particular 7 is not orthogonal to #; and thus not
contained in R; for any j > ¢, a fortiori not contained in /; for any
j>i(I; € Rj).

Next we prove that I; C I(u) \ R} for all i. Let v € I;. To see that
v € I(u) \ R} it is sufficent to prove that u(y) < 0. Since 6y,. .., 0y
are pairwise orthogonal and v is orthogonal to ¢, for all j < i as v is
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an element of R; we get that

w(y) = o+ 50,(0) = 7= D0 1) 05 = s (v) = D (0),7) 05

Jj=t Jj=i+1

From this equation it follows immediately that

(05, u(y)) = (07, s0.(7)) = — (0}, )
which implies that

so,u(y) = u(v) + (67, 7) 0; .

By [9, loc. cit.] we know that (0,~) € {1,2} and that the value 2
occurs if and only if v = 6;. Since v € R; we also know that sy, u(y) =
Sg,., -+ 50, (v) € R;. Suppose for a contradiction that u(y) > 0. By
what we said before, we then have sy, u(y) > 6; and sp,u(y) € R;. Since
this contradicts the fact that 6; is the highest root of R; we must have
u(7y) < 0. This shows the desired inclusion I; C I(u) \ R} for all 4.
Finally we prove the inclusion I(u)\ R} C U, I. Let v € I(u)\R}.
The root v cannot be orthogonal to 6; for all ¢ since otherwise we had
u(y) = v > 0. Let i be the smallest index such such that ~ is not
orthogonal to #;. Then we have that v € RT\ R} is orthogonal to
01,...,0;_1 but not orthogonal to 6;. This means that v € R\ (R, U
R},) which in particular implies that sg,(7) € R; \ Ris1. Therefore
we know that v < 6; and that sg,(y) = v — (0),7) 0; < 6;.These two
inequalities imply that the nonzero number (), ) is positive and thus
that sg,(y) < 0. This means that v € [; as claimed. This completes
the proof. O

Remark 8.10. Let F' be a subset of C(ap). Let u = [[4ps5. Let
r be the cardinality of the set F' and let 1 < iy < --- < i, < k be
the sequence of integers such that F' = {6,,,...,0; }. The proof of
the previous lemma actually shows that I(u)\ Rp = [[}_; I;; and in

particular that
fp (H Sﬁ) = pr(Sﬁ).

BEF BEF

To simplify notation and to avoid the use of double indices we have
written out the arguments only for F' = C(ap) but the idea of the
proof works analogously for any F' C C'(ap). The P-length additivity
for arbitrary subsets of C'(ap) directly generalizes to arbitrary subsets
of B (cf. proof of Corollary 8.17).

Remark 8.11. The proof of the previous lemma also shows that we have
I; = R\ (Rf,, UR}) for all 1 < i < k. Here we set by convention
Ry 1 = 0. We will recover this equation in a more geometric context
later on (cf. Section 8.3).
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For all 1 <i < k, we know that zfli is the minimal length represen-
tative of sp,. It is convenient to write 3y, = 2} .

Lemma 8.12. For all 1 < i < k the element Sg, - - - Sp, is a minimal
length representative of sg, - - - sg,. Moreover we have

S0, - 86, = 8o, - - - B0,

7

Proof. Let v; € Wp such that Sy, = sp,v;. Since s¢,, sg, € W, it is clear
that v; € Wg, N Wp = Wp,. Since 6; is orthogonal to all simple roots
in A; for all j > ¢, it follows that sy,v; = v;sp, for all j > 7. Using this
we obtain

897;"'89/9,016"'1}1':Sek"'seivk”'vi:SGkvk"'SGivi:gGk"'sﬂ

7

which means that sy, - - - sg, and 54, - - - 59, represent the same class mod-
ulo Wp. Using the P-length additivity this gives

k k
D U30) = Lo(se,) = Lp(so, - 56,) = Lp(3o, - 50,) < (30, -~ 3p,)
=i =i

Since the other inequality is always satisfied, we get equality in the
previous inequality, which means that sy, ---5p, is a minimal length
representative of sy, - - - sp, and that this element is length additive. By
[9, Proposition 3.2] we get that Sp, -+ - Sp, = Sp, - - - . - Sp,.- O

Corollary 8.13. We can express X' for all 1 < i < k as iterated curve
neighborhood of a point as follows:

X' = (U, - (T (X)) ).

Proof. By the previous lemma and Corollary 8.8, we know that X b=
Xsei”'sek = Xgek.m.ggi. Since sy, = = by definition, the statement is
now just a reformulation in terms of curve neighborhoods. U
Lemma 8.14. For all 1 < i < k the cohomology class o, . is
Poincaré dual to the cohomology class o, ...s

5
o, , Where we set forik: 1
the empty product equal to 1. In particular [X?] is Poincaré dual to

[Ca, (X1)]-

Proof. We already know that w,(0;,)Wp = sy, ---s9,Wp. Since the
minimal length representative of sy, - - - sy, is given by 5, - - - Sy, it fol-
lows that wxi = 8g, -+ 5p,. It is clear that wy: is Poincaré dual in
X" to the element 1. Therefore we have w,(0;)wyiw,(0;)wx: = 1.
Since w,| o wo(6;)] o it follows also that w,wyiw,wyx: = 1. If
we multiply this equation with Sy, , ---5p, from the right, we obtain
WoWxiW,Wyx = Sp, , - -+ 5p, which means that wy: is Poincaré dual to
59, , - 8, or equivalent that sy, - - - 59, is Poincaré dual to sg, - - - s, ,.
The statement in the last sentence is now obvious, since X?

X and Ty, (X)) = X,, . 0

S50y
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Ezample 8.15. Let X = G(3,6) and denote with ay, ..., a5 the simple
roots of GG. The #-sequence is given by

91:CM1+"'+OZ5,92:O(2+OZ3+CY4,93:&3.

We have the following Weyl group elements (with the notation ex-
plained bellow)

s9, = (16) = (123654) = (2,2,0)
se, = (25) = (2354) = (3,2,1)
se, = (34) = (34) = (3,3,2)
S, 89, = (16)(25) = (1364)(25) = (1,0,0)
s0,50, = (25)(34) = (24)(35) = (3,1,1)
S0, 50,50, = (16)(25)(34) = (14)(25)(36) = (0,0, 0)

where the first equality is strict, the second equality in each line gives
the minimal length representative modulo Wp = S3 x S3 and the
third equality gives the corresponding partition. Since B = C(ap)
we know that w, = sp, Sp,50, = (16)(25)(34). Therefore we see that
wp = wowyx = (13)(46). The homogeneous spaces X? and X3 and the
curve neighborhoods in X and X? are given by

X?=X = X@11) = G(2,4), X° = X,, = X392 = G(1,2),

S0 563
[(X1) = Xoy, = X(220), THX1) = Xy, = X32,1) -

801

We can verify in this example the general results we obtained so far:
[[1(X;)] and [X?] are Poincaré dual to each other, sg, sp, and sg, are
Poincaré dual to each other, we have that I'?(X;) = I';(X;) N X? and
that F?(Xl) = X3 = Fl(Xl) N X3'

8.1. Algorithmic computation of dx.

Proposition 8.16. We have the following identities:

k

dx = Zdi and §(wx) = Zé(sei).

i=1 i=1

In particular, the chain sg, - - Sg,, S0, - So,5 - - -, S0,, L from wx to wx
is of degree 0(wy).

Proof. The first formula is clearly equivalent to the second one by the
results we obtain up to now. We prove these formulas by induction on k.
If £k =1, then sy, Wp = w,Wp and we get dx = d(wx) = §(sg,) = ds.
Suppose that £ > 1 and that the formula is proven for all integers
smaller than k. By Lemma 6.54, we know that 0(wx) = di + d(sj,).
On the other hand we have that s; Wp = sg, - s, Wp = w,(02)Wp.

The induction hypotheses implies that ds(w,(62)) = Z?:Z d;. Moreover
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we know that do = 6 on Wy,. Putting these facts together, we get

dx = 6(wx) = dy +6(s,) = di + 0(wo(62)) = Y _di.

The very last statement is now obvious. [

Corollary 8.17. Let F' be a subset of B. Then § is additive in the
sense that

i) - oo = o,

pBeF Ber BeF

Proof. We only need to prove the first equality in the statement. The
second equality is then obvious since we know that 0(sg) = d(3) for
all B € B. We first reduce to the case where F' is a subset of C'(ap).
Note that all elements of B\ C(ap) must be contained in R}, since they
do not contain ap in their support. Since sz and sz commute for all
3,3 € B this implies that

Ber BEFNC(ap)

Since 0 depends only on the class modulo Wp the previous equation
implies in particular that

5(1‘[85):5 IT s»

BeF BEFNC(ap)

Moreover we have §(sz) = 0 for all 3 € B\ C(ap) since sz € Wp.
Therefore it is clear that we have

D d(ss) = > d(sp).

BeF BEFNC (ap)

By replacing F' with F'NC(ap) we may assume that /' C C(ap). Next
we reduce to the case where F' = C(ap). The case F' = C(ap) is clear
from the previous proposition since é(wyx) = d(sg, - - - Sp, ). The triangle
inequality for 0 gives

5(891---89k) <9 (H Sg) + 0 H Sg SZ(S(S@Z)

BeF BeC(ap)\F

Since the left side is known to be equal to the right side, we get equality
everywhere. In particular the claim follows. O

Corollary 8.18. Let 3,3 € B such that 3 < '. Then 6(w,(3)) <
6(wo(8"))-
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Proof. 1f 3 € R}, then w,(3) € Wp and §(w,(3)) = 0. There is nothing
to prove in this case. Suppose that 3 € R\ Rp, then also ' € R™\ Rp.
Therefore we have 3,3 € C(ap). Let f =06, and ' = 6;. Then i > j
since # < (. It follows that
k k
8(we(B)) = 8(s0) <Y 8(s0,) = 6(wo())
1=i I=j

OJ

Corollary 8.19. Let f be a curve of degree dx which passes through
QSei~~~89k foralll <i < k. Then [ converges to the T-invariant curve
associated to the chain sg, -+ -5p,,50, " Sg,, - -, 50, L.

Proof. We know that f converges to a T-invariant curve of degree dx
which passes through the T-fixed points

x(Sg, -+ - S0, ), (S0, - -+ S0,.), - - - (S0, ), x(1) .

But since sy, are P-indecomposable for all 1 <17 < k, there is only one
T-invariant curve passing through those T-fixed points, namely the T-

invariant curve associated to the chain sg, ---sg,, 50, =50, ..., So,, L.
O

Proposition 8.20. If X = G/P is a cominuscule homogeneous space
the following numbers are equal:
[ J dX = ]{7
e The dimension of a Cartan subspace of p, i.e. the dimension
of a maximal abelian subspace of p consisting of semisimple
elements. (This is well defined since all the Cartan subspaces
of p are L-conjugates.)
o The number of occurences of s,, 1n a reduced expression of wx.
(This well defined since X is cominuscule.)

e The number of orbits of the isotropy representation.
e The rank rk(X) of X.

Proof. That dx = k is clear since d; = --- = d = 1 for a cominuscule
homogeneous space X. Let a be a Cartan subspace of p. That k =
dim(a) was proved in [28, Proposition 2.1(3)]. That dx = 6(wx) equals
the number of occurences of s,, in a reduced expression of wx was
proved in [11, Lemma 21]. That dim(a) equals the number of orbits of
the isotropy representation was proved in [16, 6.2]. That dim(a) equals
the rank rk(X) of X was proved in [30, Proposition 26.7]. O

Since P is maximal, we know that B consists of a unique root «
and that B* consists also of a unique root # = p(a). We denote the
degree by d(B) = d(a) = d(). In the same way we associated to X
the sets B and B* we can associate to X’ sets B' and B*. We denote
the degree of the unique element of B* (or B™) by d(B"). Since 6y, is
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P-indecomposable, it is easy to see that B¥ = B* = {6,} and thus
d(B*) = dj.

Lemma 8.21. We have the following ascending integer sequence:

d(B) < d(B*) < -+ < d(B") = dy.

Proof. Tt is clearly enough to prove that d(B) < d(B?). If we want to
prove that d(B") < d(B™') we just replace X with X?. Let o/ €
B?. Let u,...,u. be a chain in X? from w2 to wx2 of degree
dx2 = Zf:z d; such that v} = w,(02)se. Then ug = sgug, ..., u, =
Sp, UL, Upq = ul. is a chain in X from wx to wyx of degree dx = Zle d;.
Then we have u; € U and 6(u?) = d(a’) = d(B?). From the definition

it then follows that d(B) < d(B?). O
Corollary 8.22. If X is cominuscule we have B = {0;} for all 1 <
i < k. In particular, d(B) =---=d(B*) =d, =--- =d; = 1.

Proof. Since X is cominuscule, we know that dy = 1. Since d(B) > 0
by definition, it follows that d(B) = -+ = d(B*) = dp = --- = d; = 1.
By definition the unique element of B is the unique maximal root of
d(B') = 1 contained in R \ R},. Therefore it is clear that B' = {6;}
as claimed. O]

Lemma 8.23. Let (3 be the unique element of B*. Then we have
sg = se, for all1 <i < k. This means in particular that 5 € R\ R}, ,
6 < 0, and that B is orthogonal to 6., ...,0,_1 but not orthogonal to
0.

Proof. Let us first prove that sg < sy, . Let o be the unique element
of B. Since d(B) < dj, we have that §(s%) > S d;. This shows that
Sg, * " S0, = Zs(sz)- By dualizing this inequality, we get that sz < sg, .
This means that 3 € R} \ Rf , in particular that § € R\ R}, for
all 1 <7 < k. Once we know this it is clear that sz < zfi(B). Since
d(B) < dj, < d; this implies that sz < z; which means that sz < sq,.
The last sentence of the statement is now obvious. g

Lemma 8.24. Let z = zfj(B). We clearly have z = sy, . Moreover
we have z* € Uy. Let ' be the unique root in BT\ R} such that
2Wp = sgWp (which exists since z is P-indecomposable). The root

3 is locally P-cosmall and contained in R, \ Ry, . Moreover we have
BB <aand <G <0

Proof. Let z = ZS(B). From the definition it is clear that z < s5,. We
prove that z* € U;. Since 0 = 0, on W, we clearly have §(z) = x(2).
On the other hand we know that dx(z) < d(B) from the definition of
z. Therefore we get 0(z) < d(B). Since 0x(sg) = 0(sp) = d(5) = d(B),
we get sg < z. On the other hand it is clear that z =< z4) and thus
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2 = 8q. This means that z is in the interval sg < 2 < s,. By what we
saw before this implies that z* € U;.

Let ' € R™ \ R} be as in the statement. From the definition it is
clear that " € U; and thus (' is P-indecomposable. It is also clear that
B € R\ Rp, . Since ' is P-indecomposable and since sgWp = 2Wp,
it follows that 3’ is P,-cosmall in X* and thus locally P-cosmall. That
B < 0y is clear since 3’ € Ry. For all roots v € U; we know that v < a.
In particular, we know that 5’ < a. We are left to show that g < 3.
By definition, ' is the unique maximal root of d(3') = d(() = d(B) in
R\ Rp, . Therefore it follows that 3 < §'. O

Remark 8.25. It is unclear if it can happen that d(B) < di. We are
not able to provide an example with justification of this behaviour. If
d(B) = dj (which happens for example if k£ = 1, if X is cominuscule or
more generally if d;, = 1) we can say that 0, € U, since zWp = 5o, Wp
in this case.

Example 8.26. Suppose that dx = k = 2. Then it is clear that d; =
dy = 1 and thus d(B) = 1. Therefore B consists of the unique maximal
root of 1 which is the highest root #;. Since 6; is P-cosmall we have
that s, Wp = 2:Wp. Moreover s; Wp = s9,Wp. Using this we see from
the definition of B* that B* = {fy} in other words that ¢(6;) = 6.
Corollary 6.56 then gives us that

Uy ={8 € R"\ R} | s, = 55 = 50, }
or equivalently that
U ={ueW/Wp|sgp Su" <sp}.

In particular we see that the intervall in the Bruhat order which de-
scribes Uy and U is nontrivial in the sense that it consists of more than
one element.

8.2. The structure of ). In this subsection we will always suppose
that £ > 2. For all 1 < i < klet [; = A; \ Ajy1 where we set
Agy1 = 0. Let P/ be the parabolic subgroup of G; associated to A;1:
P/ = (P)a,., = (P)ayn- Let Q; = Plw,(0;)P/P be the P/-orbit in X
parametrized by w,(6;).

Note that €2; is open and dense in X?. Indeed, €; is dense in X since
it contains the open and dense subvariety €, (y,) of X . Moreover €);
is open since it is locally closed and the closure of €; is X

To simplify notation we write I = [;, P/ = P} and Q = Q; =
P'w,P/P. Let P~ be the parabolic subgroup of G opposite to P’. Let
L’ be the Levi factor of P’ (or P'~). Let V' be the unipotent radical of
P’ and let V'~ be the unipotent radical of P'~.

Since wolgi = wo(ei)|gi for all 1 < i < k we know that the Weyl
involution ¢ leaves stable A;. In particular ¢ leaves stable ;.
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For a root # € R we may write 5 as an integral linear combination
of simple roots. We denote the coefficient of a simple root « in this
expression by n, (). With this notation we have

B = Zna(ﬁ)a

Depending wether [ is a positive or a negative root, either all coeffi-
cients n, (/) are non negative or non positive. If S C A is a subset of

simple roots, we set
ns(8) =Y na(B).

aesS
Fact 8.27. We have two trivial identities:
{BeR|ni(B) >0} =R"\ Ry
{BeR|ni(B) <0} =R \ Ry

Proof. The second identity is a trivial consequence of the first one and
vice versa. We prove the first identity. Note first that

{B€R|ni(B)>0} ={B€R"[n(B) >0}

since every root  which has at least one positive coefficient n,(3) must
be positive. Therefore the desired equality follows from the equality

{8€R"[ni(B) =0} =Ry
by taking complements. The inclusion from right to left is obvious. A
root § € RT which satisfies n;(f) = 0 must be a linear combination
of simple roots in Ay (because A = I 1T Ay). This proves that a root

3 € R* which satisfies n;(3) = 0 is contained in R;. This shows the
inclusion from left to right. O

Corollary 8.28. We have the following identities:
Vi= I[ s.v-= ][ Us.
BERF\R] BER—\Ry
where Uz denotes as usual the unique T'-stable subgroup of G' having

Lie algebra gg.

Proof. The first identity clearly follows from the second one and vice
versa since w,(RT\ Ry) = R~ \ R,. We prove the first identity. From
[3, Proposition 4.7] it follows that

V= I] Us.
BER: nr(B)>0
The result is now a trivial consequence of the previous fact. OJ
Corollary 8.29. The groups V' and V'~ are stable under conjuga-

tion with elements of Wg,: for all w € Wg, we have wV'w™ =V,
wV'—w™t =V'" or equivalent wV' = V'w, wV'~ = V'~ w.
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Proof. Let w € Wg,. By the previous corollary it clearly suffices to
prove that w(RT\ Rf) = R* \ Ry and w(R~ \ Ry) = R~ \ R;. The
first equation is a trivial consequence of the second one and vice versa.
We prove the first equation. Since w € Wy, we know that w leaves
stable R, Ry and therefore also R\ Rs. Since {g = (g, on W, it is
clear that no positive root in R\ R; can be mapped to a negative
root. Therefore the desired equality follows. OJ

Lemma 8.30. Let o be a positive root such that suse, - - sg, € Wa,
(or equivalently such that s,sg, € We, ). Then oo = 6.

Proof. By assumption s,sg, is an element of W, , therefore it follows
from the definition that s,sg, (01) = 61. On the other hand we have by
direct computation that s,sg, (61) = —01 + (@, 0;1) @. So we conclude
that 26; = (a",0;) @. Since 6 is the highest root and « is positive,
this is only posible if (a¥ 6;) > 2. If (a¥,0;) = 2 it follows that o = 6,
as claimed. Assume that (a",6;) > 2. Then we have necessarily that
(a¥,01) = 3 and R is of type Gy. By assumption & > 2 so that
necessarily ap = ay. Therefore R, is of type A; and Wg, = {1, 54, }.
If so4s9, = 1 it follows that a = 6; as claimed. Assume that s,sp, = 54,
then we get by evaluating this equation at o that a;—(a, a1) @ = —y
and thus 2a; = (@, ap) a. This is only possible if (a, ;) = 2 and
a = a1. The equation s,sg, = S,, then becomes sy, = 1 which is
absurd. [

Lemma 8.31. For all elements w € W, we have that s, = wsg, - - - s, -
Proof. Let w € Wg,. Since sy, and sg, - - - Sg, are Poincaré dual to
each other, the statement sy, < wsy, - - - sp, is equivalent to the state-
ment Sg, -+ -Sp, = W,WSp, - - Sg,. Since sy, - - - g, is Poincaré dual to
1 the expression w,wsg, - - sp, is congruent to w,ww, modulo Wp.
Since w,|y, = wo(f2)],, we have that w,ww, € Wg,. The statement
S, "+ Sp, = Woww, therefore becomes obvious since sg, - - - sg, is the
maximal element with respect to the Bruhat order on Wg, (in other
words since X, = X?). O

Corollary 8.32. For all elements w € Wg, we have that s, < wsy, .

250y,

Proof. This is an immediate consequence of the lemma since wsy, =
(wsg, - - - So, )Sey - - - Se,, and wsg, - - - Sp, € W, O

Lemma 8.33. The open dense P’-orbit Q) parametrized by w, decom-
poses into a finite disjoint union of Schubert cells as follows:

Proof. By [23, Proposition 2] Q can be written as a disjoint union of
Schubert cells parametrized by an intervall in the Bruhat order:

0= ]_[ Q, .

W JVRW g
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where wy,, wy € W/Wp. Since Q,,, C 2 and wx is the unique maximal
element in the Bruhat order, we only have to determine w,,. To this
end, let Q* = w, 2. Then we can write

= [[ B wP/P.
v=wh,
On the other hand the B~ -orbits of Q* = P~ P/P are parametrized
by WG2WP/WP = WGQ/WP2 since Wp/— = Wp/ = WL/ = VVG2 and
We,NWp = Wp,. The unique maximal element in W, with respect to
the Bruhat order is given by sp, - - - 54, since XSQZ...S% = X?2. Therefore
we conclude that w), = sp, - - - sp, and thus w,, = sg, as claimed. [

Corollary 8.34. We have that

k

Fdl (X1> ﬁ Q — 9391 .

Proof. Since I'y, (X1) = X, the intersection I'y, (X1)NQ = X, NQis
B-stable, thus a union of Schubert cells parametrized by Weyl group
elements v which both satisfy v < s, (since 2, C X, ) and v = sp,

(since €2, C ). There is only one such Schubert cell, namely €, .
The claim follows. OJ

Corollary 8.35. The T'-fized points of Q and the T-fized points of X?
are in natural bijection:

(X2)T = WG2/WP2 = {U S W/Wp | Sg, = U} = QT.

A bijection is given by sending vWp, € (X?)T to the element vsy, Wp =
sg, vWp. In particular, for every element w > sy, there exists a v €
Wea, such that wWp = vsg, Wp = sp,vWp.

Proof. We already saw that we can identify the T-fixed points of {2
and the T-fixed points of X? with the sets described in the statement.
Moreover it is clear that we can write

WGQ/WP2:{MEW/Wp|wj592...36k}.

Therefore it is obvious that Poincaré duality induces a bijection be-
tween the T-fixed points of Q and the T-fixed points of X2, In par-
ticular both sets have the same cardinality. Corollary 8.32 guarantees
that the map which sends vWp, to vsy, Wp is a well defined map from
(X?)T to QT. Moreover this maps is clearly injective. Since source
and target have the same cardinality, it must be also bijective. The
statement in the last sentence is just a reformulation of the surjectivity
of this map. O

According to this results we can write €2 as a disjoint union of Schu-
bert cells as follows:
Q=[] Qus,

veWg,
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or more generally

Q= H Q, = H Q'USGi

s9; 3v=8g,"Sp veWa

k i+1

forall 1 <i<k-—1.

Lemma 8.36. Let w be a Weyl group element such that w = sg, and
let « € RT\ R}, be a root such that saw € Wg,. Then a = 6.

Proof. Let w and « be as in the statement. If s,w € Wg, then we
also have s,w’ € Wg, for every other element w’ in the class wWp.
Therefore we can assume by the previous corollary that w = sg,v for
some v € Wg, such that s,w € Wg,. But this immediately implies
that s,s9, € We,. Lemma 8.30 then shows that a = 6; as claimed. [

8.3. The morphism ¢;. In this subsection we still assume that k& > 2.

Lemma 8.37. () is an open and dense subvariety of X with com-
plement of codimension at least two which is contained in X \ X2
Moreover there exists a surjective morphism

g Q— X2,

Proof. We already saw that {2 is an open and dense subvariety of X.
We have a trivial decomposition of A into a disjoint union: A = I'TTA,.
Since ¢ leaves stable I and since ap € Ay, it follows that «(I)N{ap} =
I'Nn{ap} = 0. [24, Proposition 6] then implies that the complement
of Q in X is of codimension at least two. In order to see that  C
X\ X2, we prove the stronger statement that Q C X \ P'uy P/ P where
Uy = Sy, - - - 5p, for short. Suppose this inclusion does not hold, then it
follows that Q C P'uy P/ P because of the structure of the P’-orbits in
X. This implies that 2 = P'uy P/ P since € is the maximal P’-orbit in
X. By the structure of €2 this means that sy, < uy which implies that
sg, € W, and that 6; € Ry — a contradiction.

We now introduce the surjective morphism g; : Q — X?. We consider
the composition of surjective morphisms

Q- P-P/P2P~/P~NP—L/LNP

where the first morphism is given by multiplication with w;! = w,
from the left and the third morphism is the projection onto the Levi
factor L'. Because of the decomposition of A = I IT A, it is clear that
L' decomposes as

L, = (Gm)I X G2 .
This isomorphism sends L'N P to a product of (G,,)’ and the parabolic
subgroup of G9 associated to ap (which makes sense, since ap € Ay)

which is P,. Thus L'/L' NP = G3/P, = X?. In total this defines a
surjective morphism ¢;:  — X2 O
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It is clear that we can introduce analogously for each 1 <i <k —1
surjective morphisms
g;: Qz — XiJrl .
These morphism satisfy analogous properties as we will state for g;. To
simplify notation we will usually consider only the case i = 1 in what
follows.

Corollary 8.38. For all 1 < i < k we have the following formulas
£p(s0,) = card(R} \ (Rfy, U R},))
where we set Ry = 0.

Proof. The formula for i = k follows since X* = Xy, -

X with X* we can assume without loss of generality that ¢ = 1. From
the definition of ¢, it is clear that the fiber of ¢ is isomorphic to
V'~ /V'= N P. From the structure of V'~ we see that

dim(V'~/V'= N P) = card(R™ \ (R; U Rp)) = card(R" \ (Ry U R})).

Since 2 is dense in X, we know that dim(X) = dim(£2). Therefore the
surjective morphism ¢, yields the equation

dim(X) = dim(V'~/V'~ N P) + dim(X?) .
From the P-length additvity, we already know that

By replacing

k
dlm(Xl) = KP(SGi Y Sek) = Zép(ng)
j=i

for all 1 < ¢ < k. Therefore we have
dim(X) — dim(X?) = £p(sg,) .

Putting all these equation together the desired equation with ¢ = 1
follows. o

Corollary 8.39. For all 1 <1 < k we have an equality:
I(se,) \ Rp, = R\ (R}, UR})
where we set Ry = 0.

Proof. We already saw that I(sg,) C R;. Since all elements of R;,; are
orthogonal to 6; they can not be part of the inversion set. It follows
that I(ss,) € R\ R{,, and thus I(sy,) \ R}, C R \ (R, UR},). By
the previous corollary both sets of this inclusion have cardinality equal
to {p(sg,). Therefore the desired equality follows. O

From the previous equality we see once more that we have a disjoint
union:

k
R\ Rj =[] 1(s0) \ RS, -
=1
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We already saw this in the proof of Lemma 8.9. It is of course also possi-
ble to prove the previous corollary directly without using the morphism
g1. As a direct consequence of the previous corollary and [9, Theorem
6.1(c)] we can say that (6),7) € {1,2} for all v € Rf \ (R, UR})
and that the value 2 occurs if and only if v = 6,.

Lemma 8.40. The fiber of g1 is isomorphic to the degree di curve
neighborhood of a point in X intersected with §:

V' )VTAP2Vw,P/P =g (2(1) 2Q,, =T (X;)N0.

891

Proof. 1t is clear from the definition of g; that the fiber of ¢; is isomor-
phic to V'~ /V'= N P. We have an isomorphism

V- /V'-AP=V'"P/P=V'w,P/P

where the second isomorphism is given by multiplication with w, from
the left. From the definition of g it is clear that g; ' (z(1)) = V'w,P/P.
We already saw that Qg = Ty (X1) N Q. We are left to show that
Viw,P/P = Q, . Since V' is stable under conjugation with elements
of W, we have

V'w,P/P =V'sg, -39, P/P = 59,59, V's9, P/ P.
This defines an isomorphism
V'w,P/P = V'sq P/ P

which is given by multiplication with sg, - - - sg, from the left. Since
V' C B this gives an injective morphism V'w,P/P — €, . From
the previous corollary we know that both varieties have equal dimen-
sion £p(sg,). The unipotent radical V' is closed and connected hence
irreducible. ~ Therefore V'w,P/P is also irreducible. Since g, is

an irreducible Schubert cell, it follows that the injective morphism
V'w,P/P — s, 1s actually an isomorphism as claimed. O

Remark 8.41. The morphism ¢; was first introduced in a more general
setup in [24, Proposition 5|. It was proved there that ¢; is a tower of
affine bundles.

8.4. The sets O,. In this subsection we still suppose that k£ > 2.
Moreover we assume that X # Gy/P; and that X # By/P, where
¢ > 11is odd so that we can freely use Lemma 8.6.

For all 2 < i < k we define the following sets of roots:

O; ={B € R"\ (R3 URp) | s0,(5) € Rp}.
We set O; = {6, }.

Lemma 8.42. Let 2 <11 < k. Then we have the following equality of
sets:

O;,={B€R"\ (RyURL) |3 =0;+«a where a € Rp} .
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For all B € O; we have (0),5) = 1. The relation between o and
B is given by sp.(3) = a € Rj. The degree of 3 € O; is given by
d(B) = di(0;,0:)/ (B, 3) > d.

Proof. Tt is clear that 6; ¢ R™\ (Ry U R}). By Lemma 8.6 we have
0Y,8) € {—1,0,1} for all B € R*\ (R U R}) in particular for all
B € O;. If ¢ satisfies in addition sy, (3) € Rp, then it is clear that
we must have (8, 3) = 1. It follows that sy,(3) = § — 6; and thus
B = 0; + s¢,(B) where sy, (3) € Rp. This proves the inclusion from
left to right. To prove the other inclusion, let 5 € R\ (Ry U R})
such that § = 6; + « for some aw € Rp. Then (0),5) = 2 + (6, a).
Since o # +6; as a € Rp we see that (0, 3),(0Y,a) € {—1,0,1}. The
only possibility that the equation is satisfied occurs if (6, 5) = 1 and
(0Y,a) = —1. We conclude that sy, (5) = §—0; = a € Rp. This proves
the inclusion from right to left. It also proves that (6, 3) = 1 for all
G € O;. The relation between « and [ was already established. It is
also clear that « is always positive since § — 6; must be positive.

Let 5 € O;. We prove the equation for the degree of (3. Since
se,(B) € Rp we have d(sg,(#)) = 0. On the other hand we have

<89¢(ﬁ)v7w> = <Bv>w - dlel> = d(ﬁ) - dz <ﬁv7 91>

by the W-invariance of (—, —). Since (0, 5) = 1 we also have (3", 0;) =
(0;,0,)/(5,3). Putting these equations together the desired equality
d(B) = d;(0;,0;)/(8, ) follows. Since 6; is long, it is clear that (6;,60;) >
(3,3) and thus d(8) > d.. 0

Lemma 8.43. Let 2 < i < k. The set R™\ (R U RS UQO;) is stable
under the action of sy, :

so,(R"\ (R URLUO;))=R"\ (R URLUO;).

Proof. We know that the inversion set I(sy,) is contained in R;. There-
fore we see that sq, (RT\R;") = RT\ R, in particular sq, (R™\ (R UR,U
0;)) CR". Let € R"\ (Ry UR},UQO;). Since 3 ¢ O; we know that
so,(8) ¢ Rp and thus sy, (8) € RT\ R}. Since 8 € RT\ (Ry U R}) we
know that (3 is not orthogonal to ;. The equation (sg,(/3),61) = (53, 61)
shows that sy, () is also not orthogonal to ;. Therefore we con-
clude that sp.(3) € R™\ (Ry U R}p). If sp.(8) € O; then 3 € Rp
which is inpossible by the choice of 3. Therefore we conclude that
s9,(8) € RT\ (Ry URLEUO;) as claimed. O

Corollary 8.44. Let 2 <1 < k. We have the following equation:

> (0Y.8)=0.

BERF\(RFUREUO;)
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Proof. By the previous lemma we have

Z <91vvﬁ> = Z <91V7301(6)>

BERT\(RF URLUO;) BERT\(RFUREUO;)

= - Z <91vvﬁ>

BERT\(RIURLUO;)
This immediately implies the desired equality. 0
Corollary 8.45. Let 2 <1 < k. We have the following identity:
card(0;) = (c1(X) — c1(X?))d; .
Proof. By [9, page 5, equation (3)] we know that

(@(X) — (= Y {0.6)
BERF\(Ry UR})
Using the previous corollary, the fact that (6, 3) = 1 for all 5 € O;
and the fact that O; C R™ \ (Ry U R}) we get

Z <0z\/76> = Z <91\/7ﬁ> = card(0;) .

BERT\ (RS URL) Be0;

Both equation together yield the desired result. [

Lemma 8.46. Let § € JY_,0;. Then (8Y,3) = 1 for precisely one
index2 <i<k. If B € O; then <9Jv,6> € {-1,0} forall2 <i+#j<k.
In particular the sets O; are pairwise disjoint for all 1 < i < k.

Proof. Suppose that § € O; for some 2 < i < k. Let j be an index
between 2 and k such that (0, ) = 1. We first prove that ¢ = j in this
situation. Suppose for a contradiction that ¢ # j. Then we know that
s9,50,(3) = —0; — 0 since (0}, 3) = <9]V,ﬂ> = 1. Moreover 3 — 6, —0;
is a positive root since n;(8 — 0; — 6;) = n;(8) > 0. It follows that
d(se,59,()) > 0. On the other hand, we have

<89i89]. (ﬂ)\/,w> = (ﬂv,w — dzé’l — dj9j> = d(ﬁ) — dz (575) j (575)

where last equality follows since (0, 5) = <6}/, ﬁ> = 1. We know from
Lemma 8.42 that d(5) = d;(0;,0:)/(3,3). Therefore it follows that
d(se,50,(0)) = —d;(0;,0;)/(3,3) <0 — a contradiction.

By what we proved up to now the statement in the first sentence
of the lemma is reduced to the statement that the union Uf:g 0; is
disjoint. Suppose that g € O; N O; where 2 <+¢,5 < k. Then we have
[ € O; such that <9jv, ﬁ> = 1. By what we proved in the first paragraph
we must have ¢ = j. Therefore the sets O; are pairwise disjoint for all
2 < i < k. This proves the statement in the first sentence of the lemma.

Since O is clearly disjiont from O; for all 2 <4 < k we also see that
the sets O; are pairwise disjoint for all 1 < i < k. Since we know that

(0:.05)  , (0,65)
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always (0, 3) € {~1,0,1} for all g € U, 0; and all 2 < j < k the
second statement follows immediately from the first. O

Corollary 8.47. We have the following identity:

card (U 0; ) X)dx — dim(X)) — (¢1(X?)dx2 — dim(X?)) .

Proof. Recall that we have
dim(X) — dim(X?) = lp(sg,) = c1(X)d; — 1
and dx = dy + dx2. Therefore the right side of the identity is equal to

1+ (c1(X) — (X2 dX2_1+ch ) = (X?))d; .

If we plug in the identity from Corollary 8.45 and use the disjointness
from the previous lemma this expression becomes

k
1+ Z card(O Z card(0;) = card (U Oi) )
i=1

Corollary 8.48. Let 2 <i,j < k be two indices. Then

2 (05.8) =D (:.5) .

BeO; BEO;

Proof. We may assume that ¢ # j. By be the previous lemma it suffices
to prove that the sets A;; = {# € O, | <6}/,ﬁ> =—1}and A, = {f €
O; | (8, B) = —1} are in bijection. We define a map ¢;; from A;; to Aj;
by sending f3 to s, sg, (). If we write § = 0,4+« where a = s4,(3) € R},
this map is given by ¢; + o — 6; + o. Therefore it is obvious that
©i;(8) € O;. Itis clear that (6}, p;;(8)) = (6, s9,50,(3)) = — (6, ) =
—1. Therefore the map ¢;; is well defined. Similarly we define a map
@ji from Aj; to Aj; by sending 3 to sg,s9,(3). Then ¢;; and pj; are
inverse to each other. This proves that A;; and A;; are in bijection as
required. O

Conjecture 8.49. The sum ) sk o, (0, 3) is independent of i for
all2 <1< k.

9. THE DIAGONAL CURVE

Let X = G/P be a homogeneous space where GG is a connected,
simply connected, linear algebraic group and P is a maximal parabolic
subgroup.
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Let G’ be the subgroup of G defined as G' = SLy(6;) X - - - x SLa(6y,).
We call G’ the diagonal group. To abbreviate we set X' = G'z(1) =
G'/G' N P. We clearly have X' = Cy, x -+ x Cp, X P! x -+ x PL.

Let w = sg, - - - sg, for short. We can define a rational curve of degree
dx passing through z(1) and z(u) via the composition

AP Pl x . x P X s X

where A denotes the diagonal embedding. We call this curve the diag-
onal curve and denote its image by C'a. The diagonal curve was first
introduced in [25, 3.2].

Let o be a root. We denote by x, the root vector corresponding to
a. We write xg = Zle xg, for short.

Fact 9.1. The diagonal curve has the following description in terms of
the exponential map:

fa: Pt — X |t exp(tzg)x(l).

In particular, the diagonal curve has tangent direction at x(1) given by
Zg.

Proof. Let o € RT\ Rf. The isomorphism P! 2 C,, is given explicitely
by the exponential map ¢ — exp(tz,)x(1). Using this description we
see from the definition of the diagonal curve that the diagonal curve is
given by
t — exp(tzy,) - - - exp(txy, )x(1) .

Let ¢« and j be two indices between 1 and k. Suppose that i < j.
Then 6; + 0, is never a root, since otherwise it is contained in R; and
larger than 6;. Therefore we conclude that the elements xy,, ...,z
are pairwise commutative. This implies that

k

exp(txg, ) - - - exp(txy,) = exp(tzy) .

for all t € P'. Therefore the diagonal curve is given by ¢ + exp(txg)x(1)
as claimed. The last sentence in the statement is obvious from the
definition of the exponential map. OJ

Let O be the set of all roots 3 € R\ Ry, such that § = 6; + a for
some i < j < k and some a € R}, U{0}. With this notation it is clear
that we have OF C ... C O' and O* = {6,}.

Fact 9.2. For all 1 <i < k—1 we have the following identity: 0! =
OZ N (th—l \ R;ﬁl) - OZ N Ri+1-

Proof. The inclusions 0" C O'N(R; |\ R}, ) € O'NR;y, are obvious.
Let B € O'NRiyq. Tt is clear that 8 € (R \ Rp) N Riy1 = R\ Ry,
since R N Riyy = R, and Ry N Ry, = Ry, . Let 3 =0; + a for
some i < j < k and some « € R;i U {0}. Since f € R;;1 we have
ng,(6) = n(0;) + ny(a) = 0 and thus n;(0;) = ny(a) = 0 which
implies j > i+ 1 and o € Ry, U{0}. This means that § € O"*!. O
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Lemma 9.3. Suppose that X # Gy/P; and that X # By/P, where
¢ > 1 1s odd. Then we have

k
o'=01]JJo:.
=1

Proof. By the previous fact we have O' = O'N(RT\ R}) = O*I1(O'n
(R*\ (R3 UR}p))) since BT\ Rp = (B3 \ Rp,) IL(R"\ (R} U Rp)).
In Section 8.4 we saw that for all 1 < 7 < k we have the uniform
description

O;,={f€R"\ (Ry URL) | =0,+a where « € R, U{0}}.
From this description it is obvious that O' N (R* \ (R U R})) =
H§:1 O;. |

Let 1 <i < k. Let M’ = Mg3(X*, dyi). We denote by M'(2) the
fiber of the evaluation map ev; x evy: M’ — X' x X? over
(x(1), 2(wx:)) = (2(1), 2(w,(6:))) -
The dimension of M‘(2) is given by
dim(M*(2)) = 1 (X")dx: — dim(X7).
To abbreviate we write M = M! and M(2) = M'(2).

Lemma 9.4. Suppose that X # Gy/P; and that X # By/Py where
¢ >11s odd. For all 1 <i <k we have the following identity:

card(0") = dim(M*(2)).

Proof. By replacing X with X’ we may assume that ¢ = 1. We prove
the statement by induction on k. If £ = 1 then dim(X) = {p(sy,) =
c1(X)dy —1 = ¢;(X)dx — 1 and thus dim(M(2)) = 1. On the other
hand we have O' = {6;} and thus card(O') = 1. Assume that k > 1
and that the statement is known for all integers strictly smaller than k.
By induction hypothesis we then know that dim(M?(2)) = card(O?).
By Corollary 8.47 we know that

card (U Oi> = dim(M(2)) — dim(M?(2)).

From the previous lemma we know that

card(O"') = card <U OZ) + card(0?).

i=1
Altogether this implies that card(O') = dim(M(2)) as desired. O

Theorem 9.5 ([25, Proposition 3.1]). Suppose that X # Go/P; and
that X # By/P, where ¢ > 1 is odd. The diagonal curve has a dense
open orbit under the action of G' in M. In other words, the diagonal
curve is a general curve.
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Proof. First note that the claim is equivalent to saying that the diag-
onal curve has a dense orbit under the action of L in M(2) where L is
the Levi factor of P. Let T, be the tangent space at fa of the orbit
L fa of the diagonal curve under the action of L. In order to prove that
Lfa is dense in M (2) it suffices to prove that dim(7%, ) = dim(M|(2)).
We know that the tangent direction of fa at x(1) is given by xy. By
letting the maximal torus 7' C L act on fa we see that the linearly in-
dependent root vectors zy,, ..., g, are contained in the tangent space
T}, . By letting L act on @y, ..., xs, we see that the tangent space T},
is spanned by the vectors g where 3 = 6; + a for some 1 < i < k
and some o € R;U{O}. Let § = 60; + « for some 1 < ¢ < k and
some a € Rh. If 3 ¢ R then x5 = 0. If 3 € R then clearly also
f € R™\ Rf. Therefore we conclude that the tangent space Ty, is
spanned by the linearly independent root vectors z5 where 3 € O'. In
other words this means that dim(7},) = card(O'). By the previous
lemma we know that card(O') = dim(M(2)). Together this implies
that dim(7y,) = dim(M(2)) as required. O

Remark 9.6. The idea of the previous result goes back to [25, Propo-
sition 3.1]. It is stated there in a more general context. However no
proof is given.

Remark 9.7. The author has checked that the previous proposition is
optimal in the sense that the diagonal curve has not a dense orbit under
action of G in M if X = Gy/P; or X = By/P, where ¢ > 1 is odd.

Indeed, let X = G5/P; or X = By/P, where £ > 1. We will later
introduce a notion of dualizing variety and will see that X is an instance
of a dualizing variety (Lemma 11.59). All we need to know for now is
the following formula for the dimension of X:

dim(X) = %

which is proved in Corollary 11.62. This formula is obviously equivalent
to dim(M) = 3dim(X) which is in turn equivalent to dim(M(2)) =
dim(X). In order to disprove the previous theorem it clearly suffices to
show that dim(7%,) < dim(M(2)) which is in view of the preceeding
discussion and the proof of Theorem 9.5 equivalent to show that O! #
R*\ R}. Therefore we only have to find a root 8 € R* \ R} which
is not contained in O'. Let 8 be any root which has ap-coefficient
equal to two and all other coefficients less or equal than one. Since X
is a dualizing variety we know that 6, = ap (cf. Corollary 11.3, this
fact is also easy to check directly for our specific X). Since 0 + « has
ap-coefficient equal to one for all @ € R} U {0} we see that there is
no choice of o € R, U {0} such that 3 = 6, + a. On the other hand
for ¢ < k the root 6; has more than one coefficient greater than one,
in particular there is no choice of « € R} U {0} such that 3 = 0; + «.
This shows that 3 ¢ O! as desired.
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Conjecture 9.8. The diagonal curve has always a dense open orbit
under the action of Aut(X) in M.

Conjecture 9.9. Let £ > 1 be odd and let p = ¢+ 1 > 3. Under the
isomorphism G/ Py = Q5 = B3/ Py, and the isomorphism

B[Py = Gq(l, 20+ 1) = Golp, 2p) = Dy/F,

the diagonal curve of the homogeneous space in the source is mapped
to the diagonal curve of the homogeneous space in the target. Both
diagonal curves have the same degree.

Remark 9.10. In view of Theorem 9.5 the proof of Conjecture 9.8 is
reduced to the proof of Conjecture 9.9. Indeed, Conjecture 9.8 is a
trivial consequence of Theorem 9.5 for all X # G5/ P, and for all X #
By/P; where £ > 1 is odd since G is a subgroup of Aut(X). In case
that X = Go/P; or X = By/P, where ¢ > 1 is odd the isomorphism
from Conjecture 9.9 shows us that the diagonal curve has a dense open
orbit under the action of Aut(X) in M.

Remark 9.11. We will see later at least that the degree of the diagonal
curve of the homogeneous space in the source of the isomorphism from
Conjecture 9.9 is equal to the degree of the diagonal curve of the homo-
geneous space in the target of the isomorphism (cf. proof of Corollary

11.61).

Corollary 9.12. For any homogeneous X, the group Aut(X) has a
dense open orbit on M.

Proof. If X # Go/P, and X # By/P, where £ > 1 is odd this is a
direct consequence of Theorem 9.5. In the other cases it follows (again
by Theorem 9.5) that the inverse image of the diagonal curve under
the isomorphism from Conjecture 9.9 has a dense open orbit under the
action of Aut(X). O

10. THE SET S

Let X = G/P be a homogeneous space where G is a connected,
simply connected, linear algebraic group and P is a maximal parabolic
subgroup.

Let S be the set of all roots v such that v is not orthogonal to
precisely two elements of C(ap). Let ST = SN R the set of positive
roots in S. Let Sa = S N A the set of simple roots in S. With this
notation we have S C Ap since ap is orthogonal to 0y,...,0,_1 and
therefore not contained in S.

Let v € S. We denote by i(7) the smallest index 4 such that ~ is not
orthogonal to 6;. We denote by j(v) the largest index j such that  is
not orthogonal to ¢;. With this notation we have i(y) < j(y) for all
veSs.
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Let Wy be the subgroup of W generated by sg,,...,Sg,. From the
definition it is clear that W, acts on S. With this notation we have
i(w(y)) =1i(y) and j(w(7y)) = j(vy) for all v € S and all w € Wj.

Let w = sp, - - - s, for short. For all 1 <i < k we write h; = ht(6;)
for short. We then have a decreasing integer sequence hy > --- > hy.

Lemma 10.1. Assume that R is simply laced. A root 7 is contained
in S if and only if u(~y) is orthogonal to ~y.

Proof. Assume that R is simply laced. Let v be a root. Then u(7y) is
orthogonal to v if and only if (v, u(v)) = 0 if and only if

k

2= (0.0 (. 6:) =0

i=1
if and only if (0),7) (vV,0;) = <0]V,fy> (v¥,0;) = 1 for precisely two
different indices ¢ and j between 1 and k (since R is simply laced) if
and only if v is not orthogonal two precisely two different indices ¢ and
j between 1 and k if and only if v € S. O

Lemma 10.2. Let v € S and let i = i(y). Theny € R; \ Riy1.

Proof. Let v and ¢ be as in the statement. Let [ be the largest index
such that v € R;. By definition we have v € R;\ R;y1. We have to show
that ¢ = [. Suppose for a contradiction that v is orthogonal to §;. Then
we clearly have v € Rp since otherwise we have v € R;,1. Moreover it
follows that ¢ > [. It is also clear that sy,(y) € R;. In order to show
that sy, (v) € R;\ Ri41 it suffices to show that ny, (sg, (7)) # 0. The later
statement is clear since v € R; \ Rj41 and ¢ > [ and thus ny,(se, (7)) =
nr(y) # 0. Therefore we conclude that sy, (7) € R; \ Ri11. On the
other hand we have that sg, () is orthogonal to 6y,...,0, and that
(so,(7),w”) = —(0),7) (6;,w’) # 0 and thus sy,(y) € R\ Rp. Both
facts together mean that sy, (y) € R;41 — a contradiction. Therefore we
conclude that ~ is not orthogonal to #;. Since v € R; we know that ~
is orthogonal to #1,...,6,_1. In other words this means that i = [ as
required. O

Corollary 10.3. Let v € Sa and let i =i(~y). Then vy € 1.

Proof. Let v and ¢ be as in the statement. By the previous lemma we
have A (R, \ Ri+1) NA =1,

Corollary 10.4. Let v € ST and let i = i(vy). Then we have (6),~) =
1

Proof. By the previous lemma we know that v € R; and thus sy, () €
R;. Since 6; is the highest root of R; it is clear that (6),~) € {—1,1}.
Since y is positive we must have (6Y,v) = 1 as claimed. O

L,

Lemma 10.5. Let v € Sa, leti =1i(y) and j = j(v). Then j =i+
0Y,v) =1, <9ZV+1,7> <0and2<h; —hi.
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Proof. Let v € Sa. Since v € R; \ R;»1 we know that v € I;. The
root v and the root 6;,; are non-separated, since otherwise v and 6,
for all + + 1 < [ < k are separated and thus v is orthogonal to 6; for
all 1 +1 < [ < k. Since 7 and 6,,; are non-separated and since
and #;,1 have disjoint support, v and #;,; must be not orthogonal to
each other. It follows that j = i+ 1. We already saw that (6;,~) =
1. Suppose that (6 ,,~7) > 0. Then § := sp,,,(7) would be a root
which satisfies n7,(6) = 1 and na,,,(6) = —(6},1,7)his1 < 0 — a
contradiction. Therefore we conclude that <QZV +1,7> < 0, in particular
d is a positive root in R;. Therefore sg,sq,,,(7) = § — 0; is a negative
root. We find that 1 S hz—ht((S) = h1—1+<6;/+1,’)/> hi+1 S hi_l_hi+1
and thus 2 S hl — hi+1. O

Let P be the set consisting of all root v € S such that <0;/(7), 7> < 0.
By the previous lemma we know that Sa C P.

Lemma 10.6. The set P s a set of representatives of the orbits of
the action of Wy on S. FEach Wy-orbit representated by some v € P
consists of the elements

7> 0,7 =0 <0,y = (0,7)0; > 0,7 —0; — (6],7)0; <0
where i = i(y) and j = j(7).

Proof. Let v € S. The orbit Wy(y) contains a positive root. Indeed,
if v < 0 then sy, (7) = v + 6; where i = i(7) is positive. Therefore
we can choose a root § € Wy(7) such that the height of § is minimal
in the set {ht(a) | @ € Wy(y), ht(a) > 0}. Let j = j(y) = j(9).
Suppose that <(9]V,5> > 0. Then s4,(0) = 0 — <9}’,§> g, is a positive
roots (since 0 € R; \ Riy1 and thus ng,(se,(9)) = ng(0) > 0) with
strictly smaller height than § — contrary to the choice of 9. Therefore
we conclude that (67,0) < 0 and that sy, (d) is a positive root in R;.
This proves that every Wy-orbit in S contains at least one element in P.
Moreover it proves that the Wy-orbit of some element v € P is given
by the four elements described in the statement together with their
sign. We are left to show that every Wjy-orbit of some v € S contains
a unique element in P. To this end, suppose that Wy(y) = Wy(0)
where v, € P. Suppose in addition that v # 4. Since ¢ is positive we
must have § = v — <9JV,7> 6; where j = j(v) = j(9). It follows that
<9}/,5> = — <9}’,7> > (0 — contrary to the fact that § € P. Therefore
we must have v = §. This proves the desired uniqueness. O

Corollary 10.7. Suppose that P C Rf. The set SN (RT\ R}) is a set
of representatives of the orbits of the action of Wy on S. If in addition
X # By/ P, where £ > 1 is odd, then we have <Zf:1 in,7> =2 for all

ve€SN(RT\ R}).
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Proof. Suppose that P C Rf. By the previous lemma a Wjy-orbit
representated by some y € P contains a unique element in R\ R}
namely v — (0,7) 0; where j = j(v). This proves that SN (R"\ R})
is a set of representatives of the orbits of the action of Wy on S.

The assumption P C R} implies that X # Gy/P, since if X =
G/ Py we have a;+ay € P but ay+ag ¢ RE. If in addition X # B,/ P,
where ¢ > 1 is odd, we can use Lemma 8.6. Therefore we have for all

v € P that <6’]V(7),7> = —1 and consequently <Zf:1 9;/,7> =0.

Let v € SN(R'\ R}). By what we proved up to now we can find a
unique element 6 € P such that v = § + 6; where j = j(v) = j(9). It

follows that <Ef:1 6y, ’y> =0+ 2 =2 as claimed. O

Corollary 10.8. Suppose that X is a cominuscule homogeneous space.
Then we have P C R}. Moreover the set SN (RT\ R}) and the set
SN (R \ Rp) are sets of representatives of the orbits of the action of
Wy on S. Moreover we have that (n",~v) =2 for ally € SN (RJr \ R})

and that (n¥,~v) = =2 for ally € SN (R~ \ Rp) where n¥ = Z 0.

i=1"1

Proof. Since X is cominuscule we know that X # Go/P; and that
X # By/P, where £ > 1 is odd. Therefore we can use Lemma 8.6.

Suppose there exists v € P such that v ¢ R}j. Then the root
0,0+ (7) = 740, has ap-coefficient larger than one which contradicts
the fact that X is a cominuscule homogeneous space. Therefore we
conclude that P C Rf. By the previous corollary we then know that
SN (RT\ RY) is a set of representatives of the orbits of Wy in S and
that (n,v) =2 for all v € SN (R \ R}).

Moreover a Wy-orbits representated by some v € P contains a unique
element in R~ \ R namely v —0;(,). (To exclude that v — ;) +6;() is
also in SN (R~ \ Rp) we use the cominuscule assumption.) Therefore
SN (R™\ Rp) is a set of representatives of the orbits of W in S.

Finally let v € SN(R~\ Rp). By what we proved up to know we can
find a unique element § € P such that v = 0 —0; where i = i(7y) = i(J).
As in the previous corollary it follows that (n¥,~) =0 — 2 = —2 since
(nV,8) =1—1=0. O

11. THE GrOUP (&

Let X = G/P be a homogeneous space where G is a connected,
simply connected, linear algebraic group and P is a maximal parabolic
subgroup.

If k=1weset R =(. If k> 1let R be the union of all irreducible
components # Rj of the root system consisting of all roots in Rj_;
orthogonal to 0_ 1. Let R be the root subsystem of R generated by B,
Sx and R'. Let G be the algebraic subgroup of G with root system R.
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Let X =G / G N P. The variety X is a subvariety of X wich satisfies
Chr C X' CX.

Definition 11.1. We call X a dualizing variety if R = R and thus
X =X.

Lemma 11.2. The root system R is generated by BN R;, Sa N R;
and R' N R;. In particular we have that

{iek}:ngRk—lg”'gR~

Proof. 1t is clear that BN R; is the cascade of orthogonal roots associ-
ated to R;. Since all elements of Sa N R; are orthogonal to 0y,...,60; 1
it is clear that Sa N R; is the set Sa associated to R;. Note that R = ()
and also R' N Ry = () and thus R' N Ry = R;. If i < k then it is clear
that R' C R; and thus R' N R; = R’ = R]. Therefore we get for all
1 <i<kthat R N R; = R]. All these facts together imply that R; is
generated by BN R;, SANR; and R'N R;. The sequence of inclusions is
now obvious. Note that BN Ry = {0}, SaA N Rx = 0 and R' N Ry, = .
Therefore we have Ry, = {£6,}. O]

Corollary 11.3. If R = R then R; = R; for all1 <i < k and 0 = ap
(or equivalently ap € C(ap)).

Proof. Since R; = RN R; = RN R; it is clear that R; is generated by
BN R;, SANR; and R' N R;. By the previous lemma ]:ZZ has the same
set of generators. Therefore it follows that ]%Z = R; as claimed.

In particular, this shows that R, = R, = {£0;}. On the other
hand we know that ap € Rj. Therefore we conclude that 6, = ap as
claimed. Il

Lemma 11.4. If R = R then for all i € {1,...,k — 1} there exists a
v € Sa such that i =i(y).

Proof. Let i € {1,...,k — 1} and suppose for a contradiction that
i # () for all ¥ € Sx. Then the irreducible component of R containing
R' cannot contain 6y, ...,0; (Lemma 10.5) which contradicts the fact
that R is irreducible. O

Let R!, ... 9" be the irreducible components of R. For each 1 <
i < r let & be the simple linear algebraic subgroup of G' with root
system PR?. We have a natural choice of a Borel subgroup of & and a
natural choice of a maximal parabolic subgroup B = &' N P of &*. In
particular it makes sense to speak about the positive roots in ¢, the
simple roots in R, the f-sequence of R, etc. Let X; = &'/P'. Then

the number dy, is well defined. It makes sense to write dy = Y7 dx;.

6With R; we mean the root system associated to R; in the same way we associ-
ated R to R. More explicitely we have R; = R;. We do not mean R; = (R); which
makes no sense in general since R is not necessarily irreducible.
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Lemma 11.5. Let 1 < i <r. Let 0, be the smallest element of C'(ap)N
R’ and let 0* be the largest element of C(ap) NR'. Then we have

Clap) "R = {0 € Clap) | 0. <0 <07}

Proof. Let 0* = 0;, and let 0, = 0;, for some 1 < 71,750 < k. We
clearly have j; < jo. The inclusion from left to right is obvious from
the definition. We prove the inclusion from right to left by induction on
jo—7j1. If j1 = jo there is nothing to prove. Suppose that j; < jo. Using
the induction hypothesis, it suffices to prove that 6,1 € C(ap) N R
Suppose for a contradiction that 6, ., ¢ C(ap) N R’ Since R =
R!x - - xR and since C(ap) C R we have C(ap) = [T, C(ap)NR.
From this disjoint union we see that Sx NP’ consists of the simple roots
which are not orthogonal to precisely two elements of C'(ap)NR’. Using
the assumption and Lemma 10.5 we conclude that 8}, is orthogonal to
all elements of S NR’. In addition 6;, is orthogonal to all elements of
BNR\ {6;,} and to all elements of R’ NR’. Since R’ is generated by
BNR, SNR and R N R’ we conclude that 6, is orthogonal to all
elements of R*\ {£6;, } which contradicts the fact that 2R’ is irreducible.
Therefore we conclude that ;11 € C(ap) N R’ which completes the
proof. O

Lemma 11.6. Assume that R' # (). There exists one and only one
index 1 < i <r such that R’ C R

Proof. Since R C R we clearly have R' = [, R nR. If R is
irreducible it follows that R’ = R’ NR? and thus R’ C QR? for one and
only one index 1 < ¢ < r. Suppose that R’ is not irreducible. By
Lemma 8.3 we then know that R;_, has three irreducible components
and that R,_; is of type D4. It immediately follows that R,_; C R
for one and only one index 1 < ¢ < r, in particular R’ C R’. In each
case the assertion is true. O

Lemma 11.7. Assume that R # (. Let 1 < i < r such that R’ C R,
Then 0y_1,0, € C(Oép) N R

Proof. Let i be as in the statement. Then there exists an element
v € Sa NP such that v is not orthogonal to the highest root of an
irreducible component of R’ since otherwise 2! is not irreducible. By
Lemma 10.5 it follows that i(y) = k£ — 1 and that j(y) = k and thus
Op_1,0, € C(a) N R 0

Lemma 11.8. Let 1 < i < r. Let 0* be the largest element of C'(ap)N
R'. Then we have R* C R(0*).

Proof. Let 6* = 60; for some 1 < j < k. It is clear from the definition
that BNMR" C R;. The set Sa N R’ consists of all simple roots which
are not orthogonal to precisely two elements of C'(ap) N R’ Therefore
we have i(y) > j for all v € Sa NR" and thus Sa NR* C R; (Lemma
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10.2). If j = k we have C(ap) NR" = {6} and Sa NR" = (. Since
all elements of R’ are orthogonal to 6, and since R is irreducible, we
conclude that R'NR" = () and thus R’ = {+0,} in particular R’ C Ry.
If j < k then we have R’ C R; in particular R’ NRE C R;. Therefore we
know in all cases that R’ N R* C R;. Since R’ is generated by BN R,
Sa NR" and R’ NR" we conclude that R* C R;. O

Lemma 11.9. Let 1 < i <r. The set C(ap) "R is the O-sequence of
R

Proof. Let 0;, be the largest element of C'(ap) NR* and let 6, be the
smallest element of C'(ap) MR, Let 0y, ..., 0, be the O-sequence of
R, Since R C R, by the previous lemma we sce that 0, < 6;,. On
the other hand we have 6; € R and thus §;, < 6, which means that
6, = 6;,. From this it follows immediately that &% = ' N R;, ;1 which
implies that 92 = 0,41 since 0,4, € M’ and therefore also 041 €
R;. By repeating this process we see that R = ' N R, 4; for all
0 < j < jo—7 and that k; > j, — j; and that 6; = 6, for all
0 < j < jo— j1. From the definition of R* it is rather clear that

R, =R NR;, = {£0;,}. From this it follows that k; = j, — ji
which completes the proof. [l

Corollary 11.10. We have the equality dx = d.

Proof. By the previous lemma we know that

de, = Y d(0)

0cC(ap)NR

forall 1 <7 <r. On the other hand we have C(ap) = [[;_, C(ap)NR".
This implies that

dy =) dx,= Y d(f) =dx.
=1

QEC(ap)
[

Corollary 11.11. Let X be a cominuscule homogeneous space. Then
X; is also a cominuscule homogeneous space for all 1 < i < r such that

C(Ckp) ﬂiﬁi 7é (Z)

Proof. Let i be an index such that C'(ap)NR? # 0. Let 6* be the largest
element of C'(ap) N R’ Then we know that 6 is the highest root of
R, Since X is cominuscule it is clear that (§*,w") = 1. Therefore X;
is also cominuscule. U

Lemma 11.12. Let i be an index such that C(ap) N R = (. Then
R' = {£0} for some root 6 € BN R}.
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Proof. Let i be an index such that C'(ap) NR" = (. Then SA NR" =0
and R NR = (. It follows that R’ is generated by BN NR!. Since R’
is irreducible the set B N MR’ consists of precisely one element . Since
6 ¢ C(ap) it follows that § € R},. Therefore we have R* = {£6} where
6 € BN R}. O

Lemma 11.13. For all 1 < i < r such that C(ap) N R # ) we have
that Rt = R'. This means that X; is a dualizing variety.

Proof. Let i be an index such that C'(ap) NR* # (). Assume first that
R'NR = (. Then R is generated by B N R* and Sx N R’ Let 6*
be the highest root of R’. Then we know that 6* € C(ap) NR" and
that R C R(6*). Therefore it is clear that B N MR’ is the cascade of
strongly orthogonal roots associated to SR?. Moreover S NR? consists
of all simple roots which are not orthogonal to precisely two elements of
C(ap) NR" which is the #-sequence associated to R'. Since O;_1, 0 ¢
C(ap) NR we know by Lemma 8.3 that R is either empty or of type
A; (or of type A; x A;) and thus R C BN R’ In total we see that Ri
is generated by BN M’ and by Sa NN’ Therefore we conclude that
Ri = R,

Assume now that R’ NR* # (). Then R’ C R’ and 6;,_1,0;, € C(ap)N
R It follows that R’ = R'. By what we proved up to now we see
that JR? is generated by BN R, Sx NR and R NR’. Since R’ has the

same set of generators it follows that Ri = R 0
Corollary 11.14. The variety X isa product of dualizing varieties.

Proof. By definition we know that X = [T;_, X;. If ¢ is an index such
that C'(ap) NR* = () then R* C Rp and thus X; = {pt}. It follows that
X = IL. Clap)noti£0 X;. By the previous lemma each factor X; where ¢
is an index such that C'(ap) NR’ # 0 is a dualizing variety. Therefore
X is a product of dualizing varieties. OJ

11.1. Computation of X. Let d be a degree and let x,y € X. We
denote by Xy(z,y) the union all rational curves of degree d which pass
through x and y. Let f be a general rational curve of degree d. We
denote by Yy(f) the intersection

Yaf)= [ Xalzy).

z,y€f(Ph)
general

Lemma 11.15. Let f be a general rational curve of degree d. Let Y
be an irreducible subvariety of X such that through three points of Y
in general position passes a unique rational curve of degree d which is
contained in'Y. Suppose that f(P') CY. Then'Y C Yy(f).

Proof. By assumption there exists an open dense subset U of Y such
that for two general points z,y € f(PP') there exists a unique rational
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curve of degree d which passes through x,y and U. It follows that
U C Xg4(x,y) for all general points x,y € f(P') and thus U C Yy(f).
Since Yy(f) is closed it follows that Y = U C Yy(f) as claimed. O

Lemma 11.16. Let X = G/P be a cominuscule homogeneous space.

Then we have an isomorphism X Ya. (fa). Up to isomorphism we
get the following table:

X dx X =Yy (fa)
G(l,n),n>2 |min(l,n—1)| G(dx,2dx)
Gw(pa 2p)7 P Z 2 P Gw(anQdX)
Qm, m >3 2 Qm
Eﬁ/Pl 2 QB
E;/P; 3 E;/P;

Proof. By Theorem 9.5 we know that the diagonal curve fa is general
for a cominuscule homogeneous space since a cominuscule homogeneous
space X satisfies X # Gy/P; and X # By/P, where £ > 1 is odd. It
follows from [11, Proposition 19] that Yy, (fa) = Xay (z,y) where z and
y are two general points in Cx. The isomorphism types of Xy, (z,v)
as well as the values of dx are known from [11, Proposition 18|. (The
value of dx can also be computed directly using the algorithm discussed
in this work.) They are given as described in the table. Therefore it
suffices to show that X has the same isomorphism types as described
in the table. We prove this by studying each case separately.

Let X = G(I,n) where n > 2. Then we have BN (RT\ R}) = C(ap)

and San = {aq, ..., 1,Q ps1,...,@y_1} and R = (. Tt is easy to
see that the root system generated by aq, ..., op 1, ki1, -, Qp_1, 0k
contains the roots 6y, ...,0,_1. The irreducible component of R which

is not contained in Rp is therefore generated by

(S PIRIIPN €7 N PR 0775 N P 7an—170k

and is thus of type Agx_1 with the kth node marked. It follows that
X = G(k,2k) = G(dy, 2dx) as claimed.

Let X = G, (p,2p) where p > 2. Then we have B = C(ap) and
Sa ={aq,...,a,-1} and R = (). Therefore R contains all simple roots
A and thus R = R. Tt follows that X = X = G,,(p, 2p) = G, (dx, 2dx)
as claimed.

Let X = Gg(p,2p) where p > 3. We distinguish the cases where p is
odd and where p is even. Suppose that p is odd. We can assume that
p > 5 since the case p = 3 is already covered by type A,_1. Then we
have that B = C'(ap)U{aq,as,...,qp_o} and Sa = {a2, a4, ..., 03}
and R’ = {a,_4} C B. It is easy to see that the roots system generated
by aq, o, ...,y 9,6, contains the roots 6,,...,0;. Therefore R is
generated by o, g, ..., ap_9,0;. It follows that Ris of type D,_1 with
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the (p—1)th node marked. Therefore we have X = G (p—1,2(p—1)) =
Gg(2dx,4dx) as claimed.

Suppose next that X = Gg(p,2p) where p > 3 and p is even. Then
we have B = C(ap) U{a,as,...,0,-1} and Sa = {a2, a4, ..., p_o}
and R' = {a,_3,a,_1} C B. Therefore R contains all simple roots A
and thus R = R. It follows that X = X = Go(p,2p) = Gg(2dx,4dx)
as claimed.

Let X = Q,, where m > 3. We distinguish the cases where m is
even and where m is odd. Suppose that m is even. Let p = m/2 + 1.
We can assume that p > 3 since the case p = 3 is already covered by
type A,_1. We can even assume that p > 4 since the case p = 4 is
already covered by type D, with the pth node marked. Then we have
BN (RT\ RS) = Clap) and Sa = {as} and R’ is of type D, o with
simple roots as, ..., a,. Therefore R contains all simple roots A and
thus R = R. It follows that X = X = Q,,..

Suppose next that X = Q,, where m > 3 and m is odd. Let ¢ =
(m+1)/2. Then we have BN (RT\ R}) = C(ap) and Sa = {az} and
R’ is generated by ag,...,ap. (R is of type By_y if £ > 2 and of type
Ay if £ = 2.) Therefore R contains all simple roots A and thus R = R.
It follows that X = X = Q-

Let X = FEg/P,. Then we have B = C(ap) U {as + a4 + a5, a4}
and Sa = {ao} and R' = (). It is easy to see that the root system
generated by as, ay, 01, 05 contains the root ag + a4 + a5. Therefore R
is generated by ao, ay, 01, 05. It follows that R is of type D4 with the
first node marked. Therefore we have X = Qg as claimed.

Let X = E7/P;. Then we have Sa = {1, a6}. The root system Ry
is of type Dg with the first node marked and its set of simple roots is
given by {aw,...,ar}. We already figured out that Ry = R,. Since
RQ - Rand S A C R it follows that all simple roots A are contained in
R and thus R = R. Tt follows that X = X = E;/P; as claimed. O

Corollary 11.17. Let X = G/ P be a cominuscule homogeneous space.
Then X is also a cominuscule homogeneous space. Through three points
of X in general position passes a unique rational curve of degree dx
which is contained in X.

Proof. Let X be a cominuscule homogeneous space. From the table in
the previous lemma it is clear that X is also a cominuscule homogeneous
space. From [11, Fact 20] and the table above we know that through

three points of X in general position passes a unique rational curve of
degree dx which is contained in X. O

Corollary 11.18. Let X = G/ P be a cominuscule homogeneous space.
Then we have an equality X = Yy, (fa).
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Proof. By the previous corollary the assumptions of Lemma 11.15 are
satisfied for Y = X, d = dx and f = fa. It follows that X C Ya, (fa).
On the other hand we already know from the previous lemma that
X =Y, (fa). Therefore it follows that X = Y, _(fa) as claimed. O

Lemma 11.19. Let X = Gg(l,2p) where l < p—2 and l odd. Then
R is of type D;—1 X Dp_141 and we have an isomorphism

X2 Goll 1,201~ 1)) x Quy.
Proof. Let X = Gg(l,2p) where | < p—2 and [ is odd. We distinguish
the cases where [ < p—2 and where [ = p—2. Assume first that [ < p—2.
The root system R’ is generated by oy, . . ., o, and thus of type D,,_;_;.
The root system R’ is irreducible if and only if [ +2 < p—1. If R is

irreducible, let B’ be the cascade of orthogonal roots associated to R'. If
R’ is not irreducible then {42 = p—1 and we set B’ = {a,,_1, @, }. With

this notation we have a disjoint union B = C'(ap)l{ay, as, ..., a2} 11
B'. Moreover we have Sn = {ag, a4, ...,a;_3,;41}. Let D;_; be the
root system generated by aq, s, ..., q;_9,0;. It is easy to see that the
root system [);_; contains the roots 0s,...,0,_1. By definition it is

clear that the root system D;_; is of type D;,_; with the (I — 1)th node
marked. Let D,_;1; be the root system generated by 6, 41 and R’
Then we know that D,_;;; is generated by ay, . .., o, since 0, = o; and
R' is generated by a4, ..., a,. Therefore the root system D,_; ; is of
type Dp_;41 with the first node marked. From the definition it is clear
that R = D;_y x Dp_;1 and thus X = Go(l — 1,2(1 — 1)) x Qa(p—i) as
claimed.

Next we treat the case where [ = p — 2. Then we have B = C(ap) U

{a1,0a3,...,a1-0} and Sa = {9, qu,..., i3, ,-1,0,} and R = 0.
Let D;_; be the root system generated by ay,as,...,q;o,01. It is
easy to see that the root system D;_; contains the roots s, ..., 0 5.

By definition it is clear that the root system D;_; is of type D;_; with
(I — 1)th node marked. Let D,_;+1 = D3 be the root system generated
by a,_1,ap, 0. Then it is clear that the root system Ds is generated
by a2, a1, o since 0y, = ;o and contains the root 0;_;. Therefore
D5 is of type D5 with the first node marked. From the definition it is
clear that R = D;_; x D3 and thus X = Go(l — 1,2(1 — 1)) x Q4 =
Go(l —1,2(1 = 1)) x Qa(p—y) as claimed. O]

Corollary 11.20. Let X = GQ(Z,Qp) with | < p—2 andl odd. Then
we have dx =1+ 1 and k= (I +3)/2.

Proof. By the previous lemma we know that X is the product of two
dualizing varieties %1 and X, where X; = Gg(l—1,2(l—1)) and X, =
Qg(p 1)- Since d1 = dk_g = 2 we have that d;{l = QdGQ(l_LQ(l_l)) =

2(1— 1)/2 =1—1. Slnce dy-1 = d, = 1 we have that dx, = dg,,_, = 2.
Both equation together lead to the result that dy =dy = (I—1)+2 =
[+ 1.
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Using dy = [+ 1 we can easily reformulate k£ in terms of /. Indeed,
the equation dx = dx, +dx, can be reformulated as [+1 = 2(k—2)+2
and thus k& = (I + 3)/2. O

11.2. The group W. Let u = S, - - - Sg,. For a root v we write ¢, =
Su(y)Sy- Let Wi be the subgroup of W generated by the set {t, | v L
u(y)}. Let W be the subgroup of W generated by Wy, Wj and the set
{sp| B L6 forall 1 <i<Ek}.

Let © be the free Z-module with generators 64, ..., 0. Let W be the
subgroup of W consisting of all elements w € W such that w(6;) € ©
forall 1 <i¢<Ek.

Fact 11.21. We have an inclusion of subgroups W Cw.

Proof. To prove the inclusion W CWitis clearly sufficient to prove
that a set of generators of W is contained in W. Since Wy C W and
{s5] B L6 forall 1 <i<k}CW is obvious it suffices to prove that
t, € W for all roots v which are orthogonal to u(y). Let v be a root

which is orthogonal to u(y). By the W-invariance of (—, —) we have
(u(y)",0;) = — (¥, 6;) and thus

t(0;) =0, — (v, 0) v + (v, 60;) u(v) .
Since u(y) =~ — Y5, (6,7) 6; it follows that

k
ty(0;) = 0; — (77,0,) Y (0., 7)0,€0.
1

j=

Therefore we have that ¢, € W for all roots v which are orthogonal to
u(y). This completes the proof. O

Fact 11.22. The element u is contained in the center of w.

Proof. 1t clearly suffices to show that u commutes with a set of gen-
erator of W. Since u clearly commutes with all elements of W, and
all elements of {sg | L 6, foralll < ¢ < k} it suffices to show
that u commutes with ¢., for all roots v which are orthogonal to u(7y).
Let v be a root which is orthogonal to u(y). Then we have ut, =
(usyyu ") (usyu ™ u = sysyyu = tyu since u* = 1 and since t, =
5+45y(y) for a root v which is orthogonal to u(vy). This completes the
proof. O

Corollary 11.23. Let v be a root which is orthogonal to u(vy). Let
0 be an arbitrary root. Then we have t, = t7' and t,(y) = —v and
tvtlgt;l = 11,5 More generally let w be an element which commutes

with w (which is in particular the case if w € W) Then we have
wt(;w_l = tw((g).
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Proof. Let v and J be as in the statement. The first identity is obvious
since t, = SySu(y)- The second identity is obvious since s, () = 7.
Since u € Z(W) we know that u commutes with t,. Therefore the
third identity follows from the very last statement. To prove the last
statement, let w be an element which commutes with u. Then we have
WEsW ™ = Sypu(s)Sw(s) = Suw(s)Sw(s) = tw(s) as claimed. O

Corollary 11.24. Let v be a oot which is orthogonal to u(vy). Then
we have a strict inclusion of subgroups of W as follows:

Stabw(ﬁ/) g_ Cw(t,y) .
1

Proof. Let w € Staby;, (7). Since w commutes with u we have wt,w™" =
twy) = ty and thus w € Cy;(t,). The element ¢, is clearly contained
in Cy;(t,) but not contained in Staby;, () since ¢, (y) = —7. Therefore
the inclusion in the statement is strict. O

Corollary 11.25. Let v and 0 be roots which are orthogonal to u(7)
and uw(6). Then t,(6) is a root which is orthogonal to ut.(9).

A

Proof. Indeed, let v and ¢ be as in the statement. Since u € Z(W) it
follows that (ut,(6),t,(0)) = (tyu(0),t,(9)) = (u(d),d) = 0. Therefore
t,(9) is orthogonal to ut,(d) as claimed. O

Corollary 11.26. Suppose that R is simply laced. The group W acts
on the set S.

Proof. Since Wy obviously acts on the set S and since sg(y) € S for
all v € S and all roots # which are orthogonal to 61, ..., 0, (this holds
even if R is arbitrary and not necessarily simply laced), it suffices to
prove that ¢, () € S for all 4, € S. But this follows directly from the
previous corollary. O

Let o be a root. We write o/ = o 4+ u(«). Let v be a root which is
orthogonal to u(y). Then we have t,(7) = —v' since t,(y) = —v and
since t,u(y) = uty(y) = —u(y). Moreover note that u(n) = —n for all
n € O, i.e. u acts as —id on 6.

Lemma 11.27. Let vy and § be roots which are orthogonal to u(y) and
u(6) respectively. Suppose that t., and ts commute. Suppose further

that & is not orthogonal to ~'. Then we have § = ny + n for some

n € {£1} and somen € O.

Proof. Let v and 0 be roots which satisfy the assumptions in the state-
ment. To abbreviate let § = ¢,(d). For a root a we then have

0=0—(y",0)y+6
ts(a) =a—(6",aY6+ 0O
ts(a) = a— <5V,a’>3—|—@.
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The equation ?,t5 = tst, is equivalent to {5 = t5. Evaluating this
equation at a we find that

<5v70/> )= <(§V7Oél> 8 + 0= <(§v70/> o — <(§\/,O/> <,7\/76/> ~ + O.
If we plug in a@ = v and use that
(8.7 = (6% 1,0} = — (3. )
we find that
206V, 4"V 6 = (8", 7Y (¥, 8) v+ ©.

Since ¢ is not orthogonal to «" we therefore may write § = ny + n for
some n € Z and some n € O. If we plug in this identity for ¢ in the
equation (u(d),d) = 0 we find that

0 =n*(u(v),v)+n(u(y),n)+n(u(n),v)+uln),n) = —2n(n,v)—(n.7).

If  # 0 this equation implies that —n (n¥,~) = 1 and thus n € {£1}.
If n = 0 we have § = ny which again implies that n € {41} since the
root system R is reduced. In all cases we find that n € {£1}. Therefore
0 has the desired expression in terms of ~. O

Corollary 11.28. Let v and § be two roots which are orthogonal to
u(y) and u(d). Suppose that t, = ts. Then we have 6 = ny +n for
some n € {£1} and some n € O.

Proof. Let v and ¢ be roots which satisfy the assumptions in the state-
ment. We clearly know that ¢, and ¢; commute. By the previous
lemma it suffices to show that ¢ is not orthogonal to +'. Suppose for a
contradiction that § is orthogonal to 4/. Then we have that

—v=1407)=t:(y) =7 (6",7)0+O0=7+06

which implies that v € © and thus (u(y),v) = —(7,7) # 0 — a contra-
diction. 0

Lemma 11.29. Let X be a simply laced dualizing variety, i.e. R=R
and R is simply laced. Let w € W be an element which commmutes
with all elements of W. Then the element w is an involution.

Proof. Let w € W be an element which commutes with all elements
of W. Since w commutes with sy we have spw(6;) = —w(6;) and
thus w(6;) = n;0; for some n; € {£+1}. Hence w?(h;) = 0; for all 1 <
¢ < k. Similarly, since w commutes with all sz where (3 is orthogonal
to all 6;, it follows that w(B) = ngf for some ng € {£1} and hence
w?(3) = B. Let v € S. Since w commutes with ¢, and with w it follows
that wt,w™" = ty(,) = t,. From the previous corollary it follows that

"We write here and in what follows © as a placeholder for an element of ©.
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w(y) = ny +n for some n € {+1} and n € ©. Write n = Zle b;0; for
some b; € Z. Then we find that
wsg,(7) = 1y +n — (6, 7) nib;
so;w(y) = ny + s9,(n) — (6} ,7) nb;
which gives that
n— se,(n) = 20i0; = (0], 7) (ni —n)0; .
From the last equation we see that if n = n; then b; = 0 and b;(n+n;) =

0. If n # n; then n 4+ n; = 0 and b;(n + n;) = 0 since n,n; € {£1}.
Therefore we get that b;(n + n;) = 0 for all i and thus

k
0="> bifli(n+n;) =nn+w(n).

i=1
Using the last equation, we find that

w?(v) =y +nn +w(n) =
for all v € S.

In total we have that w?(a) = a for all roots a which are either
equal to #; for some i or orthogonal to 6; for all 7 or contained in S.
Since the root system generated by all such o contains the root system
R and since R = R by assumption, we conclude that w?(a) = a for all
roots a. Therefore w is an involution. O

Corollary 11.30. Let X be a simply laced dualizing vatiety. Then the
center of W and the center of W consist of involutions.

Proof. An element w € Z (W) C W clearly commutes with all elements
of W. An element w € Z(W) C W clearly commutes with all elements

of W and therefore also with all elements of W since W C W. In each
case the previous lemma implies that w is an involution. [l

Conjecture 11.31. Let X be a dualizing variety (not necessarily sim-
ply laced). Then the center of W consists of involutions.
Ezample 11.32. Let X = G(2,4), so that ; = a3 +as+az and 05 = s
is the chain cascade associated to ap = an. Then W = S, u = (14)(23)
and

W=Ww= {id, (14), (23), (14)(23), (12)(34), (1243) (1342), (13)(24) }

and the center of W is given by Z = Z(W) = Z(W) = {id, (14)(23)}.
We see that in this example the inclusion W C W is an equality, in
particular Cj, (u) = W. The set of positive roots v orthogonal to u(7)
is

S+ = {al, 3, O + i, (g + Qg}
so that the group generated by all s,(,s, for all such 7 is

Ws = <S—C¥35a1’ 8—02—a38a1+a2> = {id7 (12> (34)7 (13) (24>’ (14)<23)} :
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Moreover we have
Wy = <8917 892> - {id, (14>’ (23)7 (14> (23)} .

Then we see that Wy N W5 = Z, Wy/Z = 7/27 and Ws/Z = 7./27Z.
Moreover

W/Z=W/Z=WyZxWs/Z=27)27 x 1|27

where the semi direct product is of course a direct product in this
example. Furthermore we see that W acts transitively on S.

11.3. The dimension formula for dualizing varieties. Let 3 be
a root. Then we write J(/3) for the set of indices i € {1,...,k} such
that [ is not orthogonal to #;. For all v € S we know that J(v) =

{i(7), ()} with i(y) < j(7).

Fact 11.33. Suppose that Ry, is of type A1. Then we have the following
equality:
{BeR[J(B) =0} =(EBUR)\£C(ap).

Proof. The inclusion from right to left is obvious. We prove the in-
clusion from left to right. We do an induction on k. Suppose first
that £ = 1. Then R is of type A; by assumption and both sets under
consideration are empty. Therefore the inclusion from left to right is
obvious. Suppose that & > 1. Let 8 € R such that J(8) = (. It is
clear that 3 ¢ £C(ap) since then we had card(J(3)) = 1. Therefore
it suffices to show that § € £BU R’. We distinguish the cases where
Ry is of type A; and where Ry is not of type A;. Suppose first that
Ry is of type A;. Then it is clear that &k = 2 and thus R° = R'II R,.
Since [ is orthogonal to #; we know that § € R°. Since Ry = {%60,}
we know that # ¢ Ry and thus f € R/, in particular § € £BU R'.
Assume next that Ry is not of type A;. By Lemma 8.3 we know that
all irreducible components of R° different from Ry are of type A; and
thus contained in £B. Therefore we see that R° C £B U R,. Since
[ is orthogonal to 6; we know that 3 € R°. If in addition 5 € Ry
the induction hypothesis yields that § € £8 U R’ and we are done. If
B ¢ Ry it follows from the inclusion R° C £B U R, that § € £B, in
particular § € £B U R'. This completes the induction step. |

Example 11.34. Note that we cannot expect the equality in the fact to
be true if the assumption that Ry is of type A; is dropped. To see this,
we may take R of type D, with p sufficiently large and ap = . Then
it is clear that & = 1 and thus R’ = (). The root a4 is orthogonal to 6,
but not contained in +B. The inclusion from left to right fails, since
Rr = R is not of type A;.

Corollary 11.35. In complete generality, we have the following equal-
ity
{BeR|J(B)=0}=(£BUR)\ £C(ap).
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Proof. The inclusion from right to left is obvious. We prove the in-
clusion from left to right. Let 3 € R such that J(8) = 0. It is clear
that 3 ¢ £C(ap) since otherwise we had card(J(3)) = 1. Therefore it
suffices to show that 3 € £BU R’. Let 3 € R for some 1 < i < r. If
C(ap)NR’ = ) then R* C £BN Rp and the assertion is obvious. Sup-
pose that C(ap) MR’ # 0. Then we know that R = R and thus the
previous fact applies to the root system R’ (Corollary 11.3). Therefore
we get that 3 € £(BNR) URY. If R NR" = then R’ C BNR
and if R' MR # () then R’ = R’ (Lemma 11.13). In both cases we get
+(BNNR) URY C £BU R which completes the proof. O

Corollary 11.36. Let X be a dualizing variety. Then we have the
following inequality:

{BeR|J(B) =0} = (EBUR)\£C(ap).

Proof. This follows either directly from the previous corollary since
R = R for a dualizing variety, or it follows from the original fact since
Ry is of type A; for a dualizing variety by Corollary 11.3. OJ

Lemma 11.37. A simply laced dualizing variety is a cominuscule ho-
mogeneous space.

Proof. We argue by contradiction. Suppose that there is a simply laced
dualizing variety X which is not cominuscule. First we note that k£ > 1
since otherwise ¥ = 1 and X = P! were a cominuscule homogeneous
space. By Corollary 11.3 we know that dy = 1 and thus we can choose
an index i minimal with the property that d;+; = 1. Since R; = R; we
may replace R with R; (or X with X%) and therefore may assume that
di >dy=---=dj =1.

We now do a case by case analysis to show that such a variety cannot
exists. It is clear that R cannot be of type A,,_; since all all quotients of
GL,, by a maximal parabolic subgroup are cominuscule homogeneous
spaces. Assume that R is of type D, where p > 4. Since X is not
cominuscule and since k£ > 1 we know that ap € {as,...,q, 2} and
that p > 4. Since dy = 1 we conclude that ap = a3. Let [ = 3. Then
X = Gg(l,2p) where [ < p—2 and [ odd. By Lemma 11.19 we know
that this variety is not a dualizing variety. Next assume that R is of
type Eg. Since X is not cominuscule we know that ap ¢ {a1,ae}.
Since k > 1 we know that ap # «3. Therefore we conclude that
ap € {as,aq,a5}. Then it follows that ay ¢ Sa and thus that 6;
generates an irreducible component of R. This contradicts the fact
that R = R is irreducible. Next assume that R is of type E;. Since
k> 1 and X is not cominuscule, we conclude that ap € {as, ..., as}.
Since dy = -+ = dp = 1 we conclude further that ap € {ag,as}.
Then it follow that ay ¢ Sa and thus that 6; generates an irreducible
component of R. This contradicts the fact that R = R is irreducible.
Next assume that R is of type Eg. Since k > 1l and dy = --- =dp =1
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we conclude that ap = a;. Then it follows that ag ¢ Sa and thus that
01 generates an irreducible component of R. This contradicts the fact
that R = R is irreducible.

In each case follows a contradiction. Therefore a simply laced dual-
izing variety which is not cominuscule cannot exists. In other words:
every simply laced dualizing variety is a cominuscule homogeneous
space. Il

Lemma 11.38. Suppose that R is simply laced. Lety € S. Leti = i(7)
and j = j(y). Then we have that sg,s, = sp, and thus §(sp,s,) < d;.
Moreover we have that s¢;s, = sg; and thus §(sg,s,) > d;.

Proof. We statement in the third sentence holds even if R is not nec-
essarily simply laced. Indeed, we know that sy s, and sp, must be
comparable in the Bruhat order. Suppose for a contradiction that
59,8y = Sp,- Then it follows that s, € Wg, and thus v € R;. This
would mean that v is orthogonal to #; — a contradiction. Therefore we
conclude that sg, s, = sp, and thus §(sg,s,) > d;.

Next suppose that R is simply laced. We first show that d(sg,s,) <
d;. For this purpose we may well assume that ~ is positive. We then
know that (0),7) = (7V,0;) = 1. Furthermore we know that v € R;
and thus v < 60; or equivalent ; — v > 0. Since sg,5, = 5y5,,(6,) =
5,589,—~ and since R is simply laced it then follows that

0(s9,5y) < d(y) +d(0; — ) = d;.

Since v, §; € R; this inequality implies that sy,s, = z}i The statement
50,5y = Sp, is now obvious since so,Wp = z};i Wp. O

Lemma 11.39. Let X be a cominuscule homogeneous space. Let v €
S and i = i(y) and j = j(v). Then we have that sgs, =< sg, and
6(s9,5y) = di. Moreover we have that s¢;5, = sg, and §(sg,s) = d;.

Proof. 1t clearly suffices to show that §(sg,s,) = d; and that §(sg,s,) =
d;. The relations in the Bruhat order follow immediately as in the proof
of the previous lemma. Let § be the unique element of P such that
v = w(d) for some w € Wy. We now distinguish the four possibilities
we have for w.

If w is the identity, then v = § € Rp and the equalities are obvious.
If w = sp, then sy, = sssg, and thus d(sg,s,) = d(sp,) = d; since
6 € Rp. Moreover sy s, = S30,50,(6)56; and thus d(sg,s,) = d(sg,) = d;
since sg,59,(0) € Rp. If w = sg, then the equalities follow in exactly
the same way as in the case that w = sy, by replacing the indices ¢ and
J. If w = sg,89, then v € Rp and the equalities are obvious. Therefore
in all cases the equalities follow. [

We already know that Wy C U. The following corollary produces
other elements of U in the case that X is a cominuscule homogeneous
space.
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Corollary 11.40. Let X be a cominuscule homogeneous space. Let
v € S and let F' be a subset of {1,...,k} such that F'N J(vy) consists
of precisely one element. Then we have that (HleF 391) sy € U and
that 6 (([Tcr S0.) Sy) = Yoiep di- In particular if i € J(v) we have that
S,5, € U and that 6(sg,s,) = d;.

Proof. Let F be asubset of {1,...,k} such that FNJ(y) = {¢} for some
i. Let j be the index such that J(v) = {i,j}. Let u = ([[,cr s0,) 55
We then have

Sy <o | ] so | +6(sasy) =) di

leF\{i} leF

by the previous lemma. Write F° for the complement of F'in {1, ..., k}.
Then we have

5(U*):5<<H89l>87>§5 H sg, | +6(s9;5,) = Zdl

leFe leFe\{5} leFe

by the previous lemma. Both inequalities together yield that 6(u) +
d(u*) < dx. Therefore it follows that v € U and that we have equalities
everywhere. This means in particular that §(u) = >, . d; as claimed.
The very last statement follows by takting F' = {i} C J(7). O]

Fact 11.41. Let X be a cominuscule homogeneous space. Suppose that
R is simply laced. Let v € S. Then we have the following result:

~[2 ifyeR\Rp
oty) = {0 ifyeRp

Moreover we see that t, € U for all v € S.

Proof. Write u = sp, - - - s, for short. Suppose first that v € Rp. Then
it is clear that also u(y) € Rp and thus t, € Wp and thus §(¢,) = 0.
Suppose next that v € R\ Rp. We may assume that v is positive
without changing the situation. Let i = i(y) and let j = j(vy). By the
previous corollary we have that 0(t,) < 0(sy(y)se,) +0(s0,5y) = 2d; = 2.
Since v € R™\ R}, we know that u(y) € R~ \R Since v and u(vy) are
orthogonal we therefore compute that ¢ (w) = w+u(y)—y = w—0;—0;.
If §(t,) = 0 then ¢, € Wp and thus ¢,(w) = w. With the prvious
computation we conclude that 0; = —0; which is absurd. Therefore
we conclude that 6(¢,) > 0. If §(¢,) = 1 then ¢, is P-indecomposable.
In particular there exists a P-indecomposable root 3 € RT\ R} such
that sgWp = t,Wp. With the previous computation we conclude that
B = 0; + 0; which is absurd since X is cominuscule. Therefore we
conclude that 0(¢,) > 1 and thus 6(¢,) = 2 as claimed.

Finally we want to prove that t, € U for all v € S. If v € Rp then
there is nothing to prove. Assume that v € R*\ Rf. In view of the
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previous computation, to see the result it clearly suffices to prove that
O(uty) <k —2. Now uty = 8,uSy = S, =+ * S5 (6,) " ** Ss,(6;) * * * S0, Since

both s.,(6;),s,(0;) € Rp we conclude that d(ut,) < k — 2 as claimed.
This completes the proof. [

Lemma 11.42. Suppose that X is a cominuscule homogeneous space
and that R is simply laced. Let v,6 € S such that J(v) N J(§) = 0.
Then v is orthogonal to §.

Proof. Let 7,0 € S such that J(y)N.J(5) = 0. Suppose for a contradic-
tion that v is not orthogonal to 6. We may assume that v, € R*\ R},
otherwise we replace if necessary v and 0 by other roots in their Wy-
orbit without changing the sets J(y) and J(J) and without changing the
property that 7 is not orthogonal to d. In this situation we must have
(7¥,0) > 0 since otherwise the root s,(d) had ap-coefficient greater
than one which contradicts the fact that X is a cominuscule homog-
neous space. Since v # %4 and since R is simply laced we conclude that
(7¥,0) = (6Y,7) = 1. This means that s.(0) =0 —v and ss(7y) =7 —0
are both contained in Rp. We may assume that i(y) < i(6) < j(J) by
replacing v with ¢ if necessary. It then follows that the root § — v is
smaller than 0 < 6;;) and thus contained in R;s) which means that
the root ¢ — 7 is orthogonal to 0y, ..., 0;;)-1, in particular orthogonal
to 6;(y). On the other hand we have (0 — v, 60;y)) = —(7,0i()) = —1 -
a contradiction. Therefore we conclude that the initial assumption is
false and thus that ~ is orthogonal to 9. OJ

Remark 11.43. The converse of the previous lemma is false. For in-
stance, let R be of type A; and ap = a3. Let v = a3 and § = as.
Then v,6 € Sn € P C S such that v is orthogonal to ¢ and such that

J(7) = J(6) = {1,2}.

Lemma 11.44. Suppose that X is a cominuscule homogeneous space
and that R is simply laced. Let v € S and let § € R such that J(§) =
{i}. If i ¢ J(v) then ~y is orthogonal to .

Proof. The proof follows among the same lines as the proof of the
previous lemma. O

Lemma 11.45. Let R be simply laced. Let v and ¢ be two different
elements in ST such that v is not orthogonal to 6 and such that J() N
J(0) # 0. Leti e J(y)NJ(0). Then either we have that (s,(9),60;) =
(s5(7),6;) =0 or (exclusively) that s.(6), ss(v) € {£6;}.

Proof. Since R is simply laced we have that s.,(0) = — (v, 9) ss(7).
Thus (s,(0),6;) = 0 is equivalent to (s5(7),0;) = 0 and s,(0) € {£60;}
is equivalent to ss(y) € {%6;}. It is obvious that the logical or is
exclusive. Therefore we only have to prove one of each statements.
Since R is simply laced we know that (yY,d),(6),~),(0Y,0) € {£1}
and thus that (0),s,(0)) € {—2,0,2}. If the later bracket is zero the
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first case occurs, if the later bracket is £2 then s,(0) € {£6;} and the
second case occurs. O

Corollary 11.46. Let R be simply laced. Let v,6 € S be two elements
such that v is not orthogonal to §. Suppose that J(v) N J(5§) = {i}.
Then (s,(9),0:) = (s5(7),0:) = 0.

Proof. We may assume that v and ¢ are positive without changing the
situation. Then the previous lemma applies to v and ¢. Suppose that
54(6) = £6;. Let j € J(6) \ {7}. Then (£6;,0;) = 0 but (s,(5),6;) =
(0,6;) # 0 — a contradiction. Therefore the second case does not occure.
The conclusion follows. [

Lemma 11.47. Let X be a cominuscule homogeneous space and let R
be simply laced. Let y,6 € S. Then card(J(s,(9))) < 2.

Proof. If v and ¢ are orthogonal, then s,(J) =6 € S and the result is
trivial. Therefore we may assume that v and § are not orthogonal. If
v = %0, then s,(6) = —6 € S and the result is trivial. Therefore we
may assume that v # +40. Moreover we may assume that v and ¢ are
both positive without changing the situation. Since 7 is not orthogonal
to 0 we know by Lemma 11.42 that J(y) N J(6) # 0. There are two
possibility: either J(v)NJ(0) = {i} or J(v) = J(0). Assume first that
the first possibility occurs. Then the previous corollary implies that
J(s,(0)) = {j,1} where J(y) = {i,j} and J(§) = {i,l}, in particular
the condition in the statement is satisfied. Suppose next that J(v) =
J(6). Then it is directly clear that J(s,(6)) € J(vy) = J(J) and the
condition in the statement is again satisfied. [

Lemma 11.48. Let X be a cominuscule homogeneous space and let R
be simply laced. Let v € S and let 6 € R such that J(0) = {i}. Then
card(J(s,(0))) < 2.

Proof. If v and § are orthogonal, then s, (d) = § and the result is trivial.
Assume that v and 0 are not orthogonal. By Lemma 11.44 we then
know that ¢ € J(y). But then it is obvious that J(s,(0)) € J(v) and
the result follows. [

Lemma 11.49. Let X be a cominuscule homogeneous space and let
R be simply laced. Let v € BUS U R and let § € R such that
card(J(0)) < 2. Suppose that either § € R or that Ry is of type A,.
Then card(J(s,(9))) < 2.

Proof. 1f card(J(§)) = 2 then § € S. If v € S also, then Lemma
11.47 yields the result. The reflections along roots in B U R’ clearly
act on S. Therefore s,(0) € S if v € BU R and the result is clear.
Assume next that card(J(9)) = 1. If v € S, then Lemma 11.48 yields
the result. The reflections along roots in BU R’ clearly act on the set
{# € R| card(J(B)) = 1}. Thus J(s,(d)) consists of one element if
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v € BUR' and the result is clear. Finally assume that J(§) = (). Then
d € (EBUR')\ £C(ap). If v € S the result follows since reflections
along roots in BU R act on S. If v € BU R’ the result follows since
+BU R’ is a roots system whose elements (3 all satisfy card(.J(5)) < 1.
In all cases the result follows. U

Lemma 11.50. Let X be a cominuscule homogeneous space and let R
be simply laced. Then we have the following inclusion:

RC{a e R|card(J(a)) < 2}.

Proof. Let a € R. Then there exists roots VseonyYn, 0 € BUSA U
R’ such that o = s,,---s,,(d). We prove by induction on n that
card(J(«)) < 2. If n = 0 there is nothing to prove. If n > 0 then
the induction hypotheses implies that card(J(a/)) < 2 where o/ =
Say *+* 84, (0). The previous lemma then implies that also card(J(a)) <
2 where a = s.,, (/). This completes the proof. O

Corollary 11.51. Let X be a simply laced dualizing variety. Then we
have card(J(«)) < 2 for all o € R.

Proof. A simply laced dualizing variety is a cominuscule homogeneous
space. Therefore the previous lemma applies and yields the result since
R=R. O

Lemma 11.52. Let X be a cominuscule homogeneous space and let R
be simply laced. Then we have the following equality:

{o € R|card(J(a)) =1} = £C(ap).

Proof. The inclusion from right to left is obvious. We prove the in-
clusion from left to right. Let o € R such that card(J(a)) = 1.
By definition of R there exists Yy ooy Vn, 0 € BUSA U R such that
Q= Sy, -+ Sy, (9). Since reflections along roots in BU R act on S we
may assume that 71, ...,% € BU R’ and that v41,...,7, € SN R for
some 0 <[ < n. Note that a € £C(¢,) if and only if s, --- s, (@) €
+C(ap). Since reflections along roots in BU R’ clearly act on the set
{# € R|card(J(B)) = 1}, we have J(a) = J(s,, - - - 54, (). Therefore
we may assume that [ = 0 in other words that v;,...,7, € SN R.

We now proceed by induction on n. If n = 0 the assertion is ob-
vious. Let n > 0 and let o = s,---5,,(0). If J(/) consists of one
element, then the induction hypothesis yieds that o/ € +C(ap) and
consequently that o = s, (o) € S since o acts on S. This contradicts
the fact that J(«) consists of one element. Similar, if J(a/) is empty,
then a = s, (/) € S since (BUR') \ C(ap) acts on S. This contra-
dicts the fact that J(«) consists of one element. From the definition
of o it is clear that o/ € R. Lemma 11.50 yields that card(.J(e/)) = 2
and thus o € S. Since o ¢ S we may assume that v; and o' are not
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orthogonal. Moreover we may assume that v; and o' are both posi-
tive without changing the situation. The fact that v; and o’ are not
orthogonal implies that J(v;) N J(«') # 0. Since J(y1)AJ (') C J(«)
we see that J(a/) = J(v). Let J(a) = {i}. Then we obviously have
i€ J(@)NJ(y1). We are now in the situation to apply Lemma 11.45.
Since (o, 0;) = (s,(a’),6;) # 0 we must have o € {£6,} as desired. O

Corollary 11.53. Let X be a simply laced dualizing variety. Then we
have the following equality:

{a € R|card(J(a)) = 1} = £C(ap) .

Proof. A simply laced dualizing variety is a cominuscule homogeneous
space. Therefore the previous lemma applies and yields the result since
R=R. O

Lemma 11.54 (Dimension formula for dualizing varieties). Let X be
a simply laced dualizing variety. Then we have the following formula
for the dimension of X :

dim(X) = k + card(P) .

Proof. By Corollary 11.51 we have
2

R\ Rf = [[{e € R"\ R} | card(J (o)) = i}
=0

Since {# € R | card(J(5)) =0} = (EBU R') \ £C(ap) C Rp the first
of the three summands is empty. By the previous corollary the second
summand is equal to C'(ap). The third summand is by definition equal
to (R \ RS) NS. The later set is a set of representatives of the Wy-
orbits in .S. The set P is also a set of representatives of the Wy-orbits in
S. Therefore the set (R*\ R})N S is in bijection with P which means
that card((R*T \ R5) NS) = card(P). Putting these facts together we
conclude that

dim(X) = card(R* \ R}) = k + card(P) .
U

Lemma 11.55. Let X be a cominuscule homogeneous space and let
R be simply laced. Then we have the following upper bound for the
dimension of X :

A~

dim(X) < k 4+ card(P).

Proof. In view of the previous results, the proof of this upper bound
for dim(X) follows among the same lines as the proof of the previous
lemma. The only difference is that we only have an inclusion {« €
R\ RS | card(J()) = 2} C (R* \ R}) NS where we do not know if

always equality holds. O
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Lemma 11.56. Suppose that R is simply laced. Let v € P. Let
i =1i(v) and j = j(). Then we have that v is not a rational multiple

of 0; — 0.

Proof. Suppose for a contradiction that v = (6; —#6;)q for some g € Q*.
Then we know that sy, () = v+0; = q0;+(1—q)0; is a root. Since R is
simply laced it follows that (7", sg, (7)) = 2¢* —2¢(1 —q) = 2¢(2¢ —1).
On the other hand we compute that (7", sg, (7)) = (7,7 +6;) =
2—1 = 1. Both equation together yield that 1 = 2¢(2¢ — 1). Since this
equation has no rational solutions we end up with a contradiction. [J

Corollary 11.57. Suppose that R is simply laced. Then we know that
the cardinality of P is divisible by two.

Proof. We first prove that the element —sg, - - - s, acts on P. Indeed,
let v € P and let i = i(y) and j = j(y). Then we know that § =
—5g, - -+ 50, (7) = 0; — (v + 0;) is a positive roots in S which satisfies
i =1i(0) and j = j(0). Furthermore we see by direct computation that
<6}/, (5> = —1 < 0. All together this means by definition that 6 € P.
From this discussion we see that P is paritioned by the orbits of the
group {1, —sg, - --Sp, } = Z/2Z. We are left to show that each of the
orbits consists of precisely two elements, in other words we are left to
show that —sg, - - - sg, (7) # v for all ¥ € P. Suppose for a contradiction
that —sg, - - - sg, (7) = v for some v € P. Then it immediately follows
that v = (i) — 0j(y))/2 which contradicts the previous lemma. O

Lemma 11.58. Suppose that R is simply laced. Let v € S. Then the
sum of two roots in Wy(7y) is never a root: let 7', 8" € Wy(7y) then v'+¢'
15 not a root.

Proof. To prove the lemma we clearly can assume that v € P since P
is a set of representatives of the Wy-orbits in S. Then we have that

Wo(v) ={v,7 — i,y +0;,7 — 0 + 0;}
where i = i(y) and j = j(v). In order to prove the statement it clearly
suffices to show that none of the following elements:

is a root. Suppose that 2y — 6; is a root. Then we have that
(v, 2y—6;)=4—-1=3

which is impossible since R is simply laced. Suppose that 2y 460, is a
root. Then we have that (y¥,2v +6;) =4 — 1 = 3 which is impossible
since R is simply laced. Suppose that 2y — 6; 4+ 0; is a root. Then
we have that (vV,2y—6;+6;) =4 —1—1 = 2. Since R is simply
laced, this implies that 2y — 6, 4+ 0; = £ which means that either
v =0; —0; or v = (6, —6;)/3. Both cases imply that there exists
a rational number ¢ such that v = (6; — 6;)¢ which contradicts the
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previous lemma. Suppose that 2y — 20; 4 0; is a root. Then we have
that (vY — 0,2y — 20, + 0;) = 4—2—1—2+4 = 3 which is impossible
since R is simply laced. Suppose that 2y — 6, 4+ 20; is a root. Then
we have that (7 + 60,2y —0; +260;) =4 —1—2—2+4 = 3 which is
impossible since R is simply laced. Therefore none of the proceeding
elements is a root as claimed. 0

11.4. Classification of dualizing varieties.

Lemma 11.59. Let X be a dualizing variety. Up to isomorphism X
1s given by one of the varieties in the following list:

X=X
G(p,2p)
Gu(p,2p), p > 2

GQ<p7 2]7); p > 3, p even
Qm, m>3
E;/P;

Proof. From Lemma 11.16 it is clear that the varieties in the list are
all dualizing varieties. Moreover Lemma 11.16 says that the cominus-
cule dualizing varieties are up to isomorphism precisely the varieties
occuring in the previous list. We have to show that there are no other
dualizing varieties.

Let X be a dualizing variety. By what we said up to know we may
assume that X is not cominuscule. Since a simply laced dualizing
variety is a cominuscule homogeneous space, it follows that R is not
simply laced. We now do a case by case analysis.

Suppose first that G is of type By, where ¢ > 2 and let ap = «,, for
some 1 < n < /. Since X is not cominuscule we know that n > 1.
Suppose that n < ¢. Since X is a dualizing variety we know that
0r = a,, (Corollary 11.3). This immediately implies that k£ > 2. Since
an1 ¢ Sa it is easy to see that #; and R’ generate two different
irreducible components of R. Since R = R this is a contradiction. We
conclude that ap = ay. Again since we must have 6, = a, we conclude
that ¢ is odd. This means that X = B,/P, = G (¢,20+1) = Gg(p, 2p)
where p = ¢ + 1. Since ¢ > 2 is odd we know that p > 3 is even.
Therefore it follows that X already appears in the list of dualizing
varieties in the statement.

Next suppose that G is of type C, where p > 2 and let ap = «,, for
some 1 < n < p. Since X is not cominuscule we know that n < p.
Then it is easy to see that «, ¢ R which contradicts the fact that
R = R. Therefore we see that there is no dualizing variety of type C,
which is not cominuscule.

Next suppose that G is of type F,. Since 6, = ap we conclude that
k > 1 and that ap = «,, for some 2 < n < 4. Therefore we know that
Ry = Ry is of type Cs. Since there is only one dualizing variety of type
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Cs3 by the previous analysis we conclude that ap = an. Since oy ¢ Sa
is is easy to see that a; ¢ R. Since R = R this is a contradiction.
Therefore we see that there is no dualizing variety of type Fy.

Next suppose that G is of type Gy. Since 0, = ap we immediately
conclude that ap = a;. This means that X = G5/P; = Q5 already
appears in the list of dualizing varieties in the statement. [

Corollary 11.60. Fvery dualizing variety is isomorphic to a cominus-
cule dualizing variety.

Proof. Let X be a dualizing variety which is not cominuscule. The
proof of the previous lemma then shows that X is either equal to B,/ P,
where ¢ > 1 is odd or is equal to G3/P;. Both varieties where seen to
be isomorphic to a cominuscule dualizing variety in the proof of the
previous lemma. O

Corollary 11.61. Let X be a dualizing variety. Through three points
of X in general position passes a unique rational curve of degree dx.

Proof. For a cominuscule dualizing variety this is a direct consequence
of Corollary 11.17. For a dualizing variety which is not cominuscule
the result will follows from the previous corollary once we have checked
that the invariant dx is preserved under the isomorphism under con-
sideration. Since we know from Lemma 11.16 that dg,p2p) = [p/2]
where p > 3 and that dg,, = 2 where m > 3, we only have to check
that dp,/p, = (( +1)/2 for all £ > 1 odd and that dg,,p, = 2. If
X = By/P, where ¢ > 1 is odd it is immediate that £k = (¢ + 1)/2 and

that d; = -+ =di, = 1 and thus dxy = (( +1)/2. If X = Go/P, it is
immediate that &k = 2 and that d; = d, = 1 and thus dx = 2. In both
cases we get the desired value of d. O

Corollary 11.62. Let X be a dualizing variety. Then we have the
following formula for the dimension of X :

dim(X) = % :

Proof. Indeed, from the previous corollary it is immediate that
dim(M3(X,dx)) —3dim(X) =0.

But we know that dim(Mg3(X,dx)) = ¢1(X)dx + dim(X). Therefore
the desired formula follows. O

Corollary 11.63. Let X be a dualizing variety (not necessarily simply
laced). Then we have dy = -+- = dj, = 1.

Proof. We already proved that a simply laced dualizing variety is comi-
nuscule. Therefore we may assume that X is not simply laced. In the
case that X is a dualizing variety which is not cominuscule, we have
checked the assertion in the proof of Corollary 11.61. We are left to
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check the case of a non simply laced dualizing variety which is cominus-
cule. By the classification of dualizing varieties this means that either
X = G, (p,2p) where p > 2 or X = Q,, where m > 3 is odd. In both
cases it is clear that dx = k and thus dy =--- =d;, = 1. ]

The following conjecture is concerned with the converse of Corollary
11.61.

Conjecture 11.64. Through three points of X in general position
passes a unique rational curve of degree dx if and only if X s a dual-
12ing variety.

Remark 11.65. The previous conjecture is known for all cominuscule
homogeneous spaces X. Indeed, let X be a cominuscule homogeneous
space such that through three points of X in general position passes
a unique rational curve of degree dx. Then it is clear from what we
proved up to now that X = Yy (fa) = Xy, (z(1), 2(w,)) = X where
the last equality follows from the assumption on X. Thus it follows
that X is a dualizing variety.

We use the same notation as introduced in the beginning of Section
11: we denote with RR!,...,R" the irreducible components of R, etc.
Consistently with the previous notation, we denote with W the Weyl

group of G.

Definition 11.66. We call an irreducible component R’ off% nontrivial
if Clap) MR # O or equivalent if R® € Rp. Otherwise we call an
irreducible component trivial.

We denote the number of nontrivial irreducible components with s.
It is clear that r > s.
The following proposition is a generalization of Corollary 11.17.

Proposition 11.67. Through three points of X in general position
passes a unique rational curve of degree dx which is contained in X.
Consequently we have that X C Yy, (fa) and that Wy CU.

Proof. For all 1 < i < r such that 2R’ is nontrivial we know that
X, is a dualizing variety and thus that through three points of X; in
general position passes a unique rational curve of degree dx, which
is contained in X;. Therefore we see that through three points of

~

X = Hz Clap) £ X, in general position passes a unique rational
curve of degree dx = dy which is contained in X. This proves the
first statement. That X C Yy, (fa) follows now from Lemma 11.15
and the fact that Cx € X. From the inclusion X C Ya, (fa) follows in
particular that X C X, (x(1), z(w,)) which implies that W CU. [

Corollary 11.68. Let X be a dualizing variety. Then we have that
U=Ww,Wp.
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Proof. Indeed, by the previous proposition we know that W, C U/. But
since G = G the result follows. OJ

Lemma 11.69. We have the following inequality between the number

s of nontrivial iwrreducible components of R and and the number of
different values of d; for 1 <1 < k:

s > card{dy,...,dy}.

Proof. Let R" be a nontrivial irreducible component of R. By the
previous results we know that C'(ap) NR" is the f-sequence of R’ and
that the value of d(6) is independent of the choice of § € C(ap) N
R*®. Therefore we have a map from {1 < i < r | R nontrivial} to
{di,...,d;} which sends an index i to the value d(f) for some 6 €
Clap) N R Since Clap) = 1. g(ap)nmizo Clap) N R this map is
surjective. It follows that s > card{dy,...,dy} as claimed. O

Lemma 11.70. The number s of nontrivial irreducible components of
R and the number of different values of d; for 1 < i < k coincide:

s = card{dy,...,dy}.

Proof. The author has checked the previous statement in all possible
types by direct computation of X and its representation as a product
of dualizing varieties. Since we are lacking a neat type independent
proof, we omit the details. In all cases where s = 1, where X is itself
a dualizing variety, which include the cases where X is a cominuscule
homogeneous space, the statement is obvious anyway. For the suc-
cessive discussion the statement will be of no importance, although
it completes the picture we have from the relation between X and
X. To prove the inequality ,<* it clearly suffices to show that for all
i€{1,...,k— 1} such that d; = d;;; there exists a root v € Sa such
that i(y) = 1. O

Fact 11.71. Let X be a simply laced dualizing variety. Then we have
the following equality:

(Cp(sg,) — 1)k = 2card(P).

Proof. Since through three points of X in general position passes a
unique rational curve of degree dx, we know that dim(M (X, dx)) —
3dim(X) = ¢1(X)dx — 2dim(X) = 0 and thus ¢;(X)dx = 2dim(X).
If we plug in the dimension formula for dualizing varieties, we obtain
c1(X)dx = 2k + 2card(P) and thus (¢;(X) — 2)k = 2card(P) since
dx = k. Since £p(sg,) = c1(X)d; —1 = ¢1(X) —1 the result follows. [

8Note that this value d(f) need not necessarily be equal to one, although X; is
isomorphic to a dualizing variety. The value d(f) depends on the embedding of X;
and X into X but is independent of the choice of 8 € C(ap) NRL.
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Corollary 11.72. Let X be a simply laced dualizing variety. Then we
know that the number ((p(sg,) — 1)k is divisible by four.

Proof. We already know that the cardinality of P is divisible by two.
Thus the formula from the previous fact implies the claim. O

Fact 11.73. Let R, ..., R° be the nontrivial irreducible components of
R. Then the diagonal curve can be written as fa = (f1,..., [s) where
each f; is the diagonal curve associated to X;. In particular each f; s
of degree dyx, and has image in X,.

Proof. Since the diagonal curve has image in X and since X is the prod-
uct of Xq,..., X, it is clear that fa can be written as fa = (f1,..., fs)
where each f; has image in X;. Since C'(ap) N R’ is the f-sequence
of R it follows from the definition of fa that each f; is the diagonal
curve associated to X;. The very last statement follows from general
properties of diagonal curves. O

12. BUNDLES OVER X’

Let X = G/P be a homogeneous space where GG is a simple, sim-
ply connected linear algebraic group and P is a maximal parabolic
subgroup. In this section we assume that R is simply laced.

Let v € S. We denote by O, the orbit of the action of G' on U,. Let
U be the unipotent radical of B. Let U~ be the unipotent radical of
B~. With this notation we have O, CU x U~ for all y € S.

Let v € S. By Lemma 11.58 we know that O, is a subgroup of
G. Therefore we can define &, = G’ xgnp O,/O, N P. We write

X! = G'O,z(1). With this notation X! is the closure of the image of
the total space of £, in X.

Fact 12.1. Lety € S. The group G' and the orbit O., form a semidirect
product G'O, = G' x O,,. In particular we have that

¢ =()co,

YES

whenever P is not empty. Moreover we have the weaker inclusion

xX'c(x,

yeS

which holds for all P.

Proof. Let v € S. To see that G’ and O, form a semidirect product it
suffices to prove that G' N O, = 1 or equivalently that

II vs|no,=1

GGiC(O{p)
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since O, C U xU™. Since 6; ¢ S for all 1 < i < k the before mentioned
intersection is obviously trivial.

Let 7,0 € S. Then we clearly have O, = Os if and only if v and ¢
are in the same orbit of the action of Wy on S. Therefore we have

o, =)o

YES YEP

Since G" and O, form a semidirect product it follows that

¢o, =6 ()o,.

YES YEP
Since the set P is a set of representatives of the orbits of the action
of Wy on S we have a direct product [[ .p O, and thus (), ., O, =1
whenever P consists of more than one element. Since the cardinality
of P is divisible by two, we know that P will consist of more than
one element whenever P is not empty. The previous equality therefore
yields (1,5 G'O, = G" whenever P is not empty. The inclusion in the
statement follows by applying the natural projection G — X to the
equality we proved just before whenever P is not empty. If P is empty
we interpret the intersection () Les X, as the whole space X. Therefore
the desired inclusion becomes trivial whenever P is empty. O

Since we have a direct product H'yGP O, we also have a direct sum
@D,cp &, We denote this direct sum by & = P p &, and this direct
product by O = HweP O,. We denote the closure of the image of the

total space of £ in X by X. With this notation we have X = G'Oz(1).
We have a commutative diagram

£

|

k
[[vex ] Uv,—=XxXcx
=1

YESN(R™\Rp)

where the horizontal arrow is an injection. From this diagram we infer

that 3
k+card(SN(R™\ Rp)) < dim(X).

Fact 12.2. Let X be a cominuscule homogeneous space and let R be

simply laced. Then we have the following inequalities:

dim(X) < k + card(P) < dim(X).
Proof. The first inequality was already proved before for every comi-
nuscuel homogeneous space X such that R is simply laced. Since X
is cominuscule we know that the set SN (R~ \ Rp) as well as the set
P are sets of representatives of the orbits of the action of Wy on S.
In particular card(S N (R~ \ Rp)) = card(P). Therefore the second
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inequality follows from the inequality we deduced directly before the
fact. OJ

Fact 12.3. Let X be a cominuscule homogeneous space and let R be
simply laced. Let v € S. Then &, is a line bundle on X' such that

fZ(g,y) = Op (2)

Proof. We may assume that v € P. Then we know that the orbit of v
under the action of W contains precisely one element of SN(R*T\ R}),
namely v + 6;(,), and precisely one element of SN (R~ \ Rp), namely
¥ — by(»). These roots satisfy (1", + ;) = 2 and (n",y — b)) =
—2where ¥ = Y2 6. Therefore it is clear from the definition that &,
is a line bundle. Moreover we see that the highest weight of the action
of the onedimensional maximal torus in P = G’ P on O0,/O, NP
is given by 2. In formulas this means that & = L£(2). From this
description it obviously follows that fA(&,) = Op1(2). O

Lemma 12.4. Let X be a cominuscule homogeneous space and let R
be simply laced. Then we have X = X. Consequently the dimension
formula holds:

dim(X) = k + card(P).
Moreover we have S C R.

Proof. We first prove that through three points of X in general position
passes a rational curve of degree dy. Since £ maps onto a dense subset
of X it clearly suffices to prove that through three points of £ in general
position passes a rational curve of degree dx. Since £ is a direct sum it
clearly suffices to show that for all v € P through three points of &£, in
general position passes a rational curve of degree dx. Since X' = G'Cx
it is clear that through three points of X’ in general position passes a
rational curve of degree dx. Since fA(&,) = Op1(2) this curve will lift
uniquely to a rational curve in &, of the same degree passing through
three points of &£, in general position. This proves the claim.

We know that X is irreducible as the closure of the image of the
irreducible variety £. Therefore it now follows from the first paragraph
and Lemma 11.15 that X C Y, (fa) = X. By Fact 12.2 we know
that dim(X) < dim(X). Since X is irreducible it therefore follows
that X = X. Using Fact 12.2 once more we see that the dimension
formula is satisfied. From the equality X = X it immediately follows
that S C R. O

Corollary 12.5. Let X be a simply laced dualizing variety. Then we
have X = X = X.

Proof. Obvious. O
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13. GENERAL QUANTUM TO CLASSICAL PRINCIPLE

Let X = G/P be a homogeneous space where G is a simple, simply
connected linear algebraic group and P is a maximal parabolic sub-
group. In this section we suppose that X # G5/P; and that X # B,/ P,
where ¢ > 1 is odd. Then we know that the diagonal curve has a dense
open orbit under the action of G in M = M 3(X,dx). In other words
a curve which is in the orbit of the diagonal curve is a general curve.

Let @ = Stabg(X). Then we know that Q is a closed subgroup of
G. Moreover we have the obvious inclusions G C Q C GP. We write
Y = G/Q for the quotient.

Fact 13.1. Suppose in addition that X is a cominuscule homogeneous
space. Then Q) is a parabolic subgroup of G.

Proof. In view of Lemma 11.16 this follows from [11, Proposition 18].
U

Remark 13.2. Even if X is a cominuscule homogeneous space, the para-
bolic subgroup @ will not necessarily be a standard parabolic subgroup.
Already in type A,, we find examples where B Z ().

Assumption 13.3. In the rest of this section we will make the follow-
mg assumptions:

o We assume that X is an irreducible component of Ya,. (fa).

o We assume that all irreducible components of Ya, (fa) are pair-
wise nonisomorphic.

e We assume that each irreducible component Xy of Ya, (fa) sat-
isfies the following property: through three points of Xo in gen-
eral position passes a unique rational curve of degree dx which
1s contained in Xg.

Remark 13.4. We already know that this assumption is satisfied for all
cominuscule homogeneous spaces, since then X = Y, (fa). We will
see later that this assumption is also satisfied if X = Gg(l,2p) where
[ <p—2and]l odd.

Conjecture 13.5. X is an irreducible component of Yi, (fa) if and
only if S C R.

Conjecture 13.6. Suppose that R is simply laced. Then the following
are equivalent:

e X is an irreducible component of Ya. (fa).
o We have the inclusion S C B
o We have the equality X = X.

Remark 13.7. By what we proved up to now the first of the two previous
conjectures is known for all cominuscule homogeneous spaces and the
second one is known for all cominuscule homogeneous spaces such that
R is simply laced.
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Fact 13.8. Let Xy, ..., X, be the irreducible components of Yy, (fa).
Then we have

Staba(Yay (fa)) = () Stabe (X) .

Proof. The inclusion from right to left is obvious. Let ¢ € G be an
element wich stabilizes Yy, (fa). Then X; and gX; are two isomorphic
irreducible components of Yy, (fa). By the assumption it follows that
gX; = X; for all i. Therefore g is contained in the intersection on the
right side. This proves the inclusion from left to right. 0

Corollary 13.9. We have an inclusion: Stabg(fa) C Q.

Proof. For every g € G we obviously have gYy, (fa) = Yay(9fa).
Therefore every element which stabilizes the diagonal curve will also
stabilize Yy, (fa). The previous fact then implies that every element
which stabilizes the diagonal curve also stabilizes each irreducible com-
ponent of Yy (fa) in particular X by assumption. This proves the
desired inclusion. 0J

Fact 13.10. Let g € G be an element such that gX C Ya (fa). Then
we have that gX is an irreducible component of Yy, (fa).

Proof. Indeed, let X be the irreducible component of Yy, (fa) which
contains gX. Then we have Cx C X C g ' Xy. By our assumption X
and ¢~ 'X| satisfy the three point property. Therefore Lemma 11.15
implies that g7 X C Yy, (fa). Again by the assumption we know that
X is an irreducible component. Since g~1X, is irreducible it follows
that X = g 'Xy and thus gX = Xy which means that gX is an
irreducible component of Yy, (fa) as claimed. d

Corollary 13.11. Let g € G such that Ca C gX NX. Then it follows
that g € Q.

Proof. Through three points of gX and X in general position passes a
unique rational curve of degree dx. In addition we have Cx C gX N
X. Therefore Lemma 11.15 implies that ¢X, X C Y, (fa). By the
previous fact we know that gX and X are two isomorphic irreducible
components of Y, (fa) and thus must be equal by assumption. This
means gX = X or equivalent g € Q. O

Let f be a general curve in M. Then there exists a g € GG such that
f = gfa. Then we can define X § = ¢X. This is well defined since
we know that Stabg(fa) € Q. With this notation we obviously have
X fa = X. Moreover we know that the image of any general curve f
is contained in X ¢ The homogeneous space Y parametrizes the set

{X/ | f general}.



112

Fact 13.12. We have a birational map:

{(y,x1,29,23) €Y x X3 | 21, 9, T3 EyX} — M.

Proof. Let us denote by N the potential source of the birational map.
Let (y, 1,22, 23) be a general point in A. Then we know that x1, xo
and z3 are three points of yX in general position. By Proposition
11.67 there exists a unique rational curve f which is contained in yX
and passes through the three points z1,zs and x3. The assignement
(y, 1, x2,x3) — f with marked points z1, 25 and z3 then defines a ra-
tional map from N to M. The inverse of this rational map can be
defined as follows: let f be a general curve in M. Then we know that
f is in the orbit of the diagonal curve. Therefore it makes sense to send
f to the point in Y associated to X 7 where we keep the marked points
of f as marked points of the image.

We can easily check that the defined maps are inverse to each other.
Let (y,x1,%2,23) be a general point in N with image f. Since the
original point is general, we see that f is also general. Therefore there
exists a g € G such that f = gfa. We have to show that gQ/Q = .
Let h € G such that hQ/Q = y. We know that f(P') C yX = hX and
thus gCa C hX and thus Ca C ¢ 'hX N X. The previous corollary
then implies g~'h € Q which means ¢Q/Q = hQ/Q = y as desired.

Finally, let f be a general curve in M with image (y, 1, x9, x3) € N.
Then we know by definition that yX = X #. Since f is general, we see
that the image is also general. Therefore there exists a unique rational
curve in yf( which passes through the points z, x5 and x3. This curve
is given by f — hence the assignement (y, x1, 2, z3) — f. O

Corollary 13.13. We have the following equality for the dimension of
M:

dim(M) = dim(Y) + 3dim(X).

Proof. Indeed, the previous fact implies that dim(M) = dim(N). But
we obviously have dim(N) = dim(Y) 4+ 3 dim(X). O

We now introduce the incidence variety Z. Let Z = {(z,y) € X XY |
T € yX }. Since G acts tran81tlvely on X we know that () also acts
transitively on X. It follows that X = Q/QNP and that Z = G/PNQ.
It is convenient to write P = G N P. With this notation we have the
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following commutative diagram:

G/P%X

I\

/A ¢

G/é g

N\

Y

In this diagram the morphisms p, ¢, p and ¢ are the obvious projections.
The morphisms which are not labeled are also the obvious projections.

The fibers of ¢ are all (independently from the point in Y') isomorphic
to X. Therefore we get the equality of dimensions:

dim(Z) = dim(Y) 4 dim(X) .

The fibers of p are all (independently from the point in X') isomorphic
to P/P N Q. Therefore we get the equality of dimensions:

dim(Z) = dim(X) + dim(P/PNQ) .
Both equalities together yield the following equality of dimensions:
(5) dim(Y) — dim(P/P N Q) = dim(X) — dim(X).

Let w be a Weyl group element. Then we write F,, = qp'(X,).
For an abritrary element g € G we obviously have gF,, = qp~ (g X.)
since both morphisms p and ¢ are G-equivariant. We define a surjective
morphism ¢,: p~!(X,) — F, via restriction of g.

Fact 13.14. Let w be a Weyl group element. The morphism q, s
proper.

Proof. To see that g, is proper it clearly suffices to show that p~1(X,,) —
Y is proper (since the inclusion F,, C Y is separated). Since p~'(X,,) —
Y is the composition of the closed immersion p~'(X,,) — Z and q: Z —
Y it suffices to show ¢ is proper in order to see that p~(X,) — Y
is proper. Since ¢ is the composition of the closed immersion Z —
X x Y and the natural projection X x Y — Y it suffices to show that
X XY — Y is proper in order to see that ¢ is proper. Since X is pro-
jective we know that the structure morphism X — Spec(C) is proper.
Since proper is stable under base change and since X x Y — Y is the
base change of X — Spec(C) along Y — Spec(C) we conclude that
X xY — Y is proper as desired. O

Fact 13.15. Let w be a Weyl group element. The variety qp—*(S,) is
a dense subset of F,.
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Proof. Tt clearly suffices to show that p~'(€,) is a dense subset of
p 1(X,) since we have ¢(p~(Q)) € gp~ (). Let 7: G — X be
the natural projection. Since p~'(€,) resp. p *(X,) is the image
of #71(Q,) resp. 7 !'(X,) under the natural projection G — Z it
suffices to prove that 7='(€,) is a dense subset of 7~!(X,). Since
771(Q,) = BwP is stable under the right action of P, the closure A
of 771(€,) in G is also stable under the right action of P. In other
words this means that A = 7=!(B) where B = n(A). Since A is closed
and X carries the quotient topology we conclude that B is also closed.
Since 7 is surjective we see that B = 7(A) 2 7n~ () = Q. Since B
is closed we conclude that B O X,, and thus A D 771(X,,). Since the
other inclusion A C 7 !(X,,) is obvious it follows that A = 771(X,)
which means that 771(€,,) is a dense subset of 771 (X,,) as desired. [

Fact 13.16. Let w be a Weyl group element. The variety F,, is B-
stable and irreducible.

Proof. Tt is clear that F,, is B-stable since X, is B-stable and the
morphisms p and ¢ are G-equivariant. Since gp~*(£2,) is a dense subset
of F, it suffices to show that gp~'(Q,) is irreducible. Since p and q
are G-equivariant we have gp~!(Q,,) = Bgp ' (z(w)) = Bwgp'(z(1)).
Therefore it suffices to show that gp~'(z(1)) is irreducible in order to
see that ¢p~1(Q,) is irreducible. By definition we have of p and ¢
we have gp~1(z(1)) = PQ/Q. From this expression it is clear that
qp~'(x(1)) is irreducible. The claim follows. O

Let N, be the nonempty open subset of F,, where the fibers of ¢,
are of minimal dimension. Since F, is irreducible, the nonempty open
subset N,, of F,, is dense. Since ¢, is B-equivariant the open dense
subset N,, of F), is B-stable.

Fact 13.17. Let w be a Weyl group element. We have the following
fundamental inequality:

~

codim(F,,) > codim(X,) — dim(X).

Moreover the following statements are equivalent:

The fundamental inequality is an equality.

The equality dim(F,) = dim(p~*(X,,)) holds.
The fiber of q,, over some point in N,, is finite.
The fiber of q,, over all points in N,, is finite.

Proof. We morphism ¢, is obviously surjective. Therefore we get that
dim(F,) < dim(p~*(X,)). On the other hand we already know that

dim(p (X)) = dim(X,,) + dim(P/PN Q).
If we put this together we find that
codim(F,) > dim(Y) —dim(P/PNQ) —Lp(w) = codim(X,,) — dim(X)
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where we used the equality (5). We also see that equality holds if
and only if dim(F,) = dim(p~'(X,)). This proves the fundamental
inequality and the equivalence of the first two statements.

The equivalence of the third and the fourth statement is clear from
the definition of N,,, since the dimension of the fibers of ¢, over points
in N, is independent from the point in N,,.

Assume that we have equality dim(F),,) = dim(p~!(X,)). Then there
exists a nonempty open subset U of F, such that all fibers of ¢, over
points in U are zerodimensional / finite. Since N, is a dense open
subset of F, it is clear that N, N U # (), hence the fiber of ¢, over
some point in N, is finite. This proves that the second statement
implies the third statement.

Similarly, assume that we have dim(F,) < dim(p~'(X,)). Then
there exists a nonempty open subset U of F,, such that all fibers of ¢,
over points in U have positive dimension. Since N, is a dense open
subset of F, it is clear that N,,NU # ), hence the fiber of ¢, over some
point in N, is infinite. This proves that the fourth statement implies
the second statement. O

Let w be a Weyl group element. We are now ready to define the non
negative integer ¢,. Suppose that one of the four equivalent statements
of Fact 13.17 is satisfied. Then we define ¢, = card(g,'(y)) for some
y € N,. This is a well defined non negative integer since the fibers of
¢w over points in N, are all finite and of the same cardinality. If one of
the four equivalent statements of Fact 13.17 is violated then we define
Gw = 0. More concisely we can say that g, is the unique non negative
integer defined by the following equation in cohomology:

G [pil(Xw)] = Cjw[Fw] .
Fact 13.18. Let g, ¢ and ¢g" be three general elements of G. Let u,v
and w be three Weyl group elements. Then we have an isomorphism
between
{(y,l’l,$2,x3) € gFu ﬂg/Fv mg//Fw X X3 ’
21 € yX N gXy, 22 € yX N g Xy, 25 € yX N d" X}

and

{feM|evi(f) € gXu,eva(f) € ¢ Xy, evs(f) € g" X}
which is given by restricting the birational map from Fact 13.12.

Proof. Let (y, x1, x2, x3) be a point in the first variety. Since g, ¢’ and ¢”
are general elements of G, we know that x,, x5 and x5 are three points
of yX in general position. Thus there exists a unique rational curve f
which is contained in yX such that evy(f) = x; € gX,, eva(f) =29 €
g’ X, and such that evs(f) = z3 € ¢”X,,. This means that we have a



116

well defined morphism between the varieties under consideration which
is given by restricting the birational map from Fact 13.12.

Let f be a curve in the second scheme. Since g, ¢’ and ¢” are general
elements of GG, we know that f is a general curve. Thus there exists a
h € G such that f = hfa. Let x1, 25 and x3 be the marked points of
[ Let y = hQ/Q. Since f(P') C yX we see that the points 21, 7o and
x3 satisfy the defining condition of the first variety in the statement.
Therefore (y, 21, 9, x3) is a well defined point in this variety. Therefore
we have a well defined inverse morphism which is given by restricting
the inverse of the birational map from Fact 13.12.

That the two defined morphism are inverse to each other was already
checked in the proof of Fact 13.12. U

Theorem 13.19. Let g,g" and g” be three general elements of G. Let
u,v and w be three Weyl group elements such that

codim(X,) + codim(X,) + codim(X,,) = dim(M).
Then we have the following equality:
(o(u),0(v),0(w)) . = quuGucard(gF, Ng'F,Ng"F,).

Proof. Suppose first that one of the four equivalent statements of Fact
13.17 is satisfied for each of the Weyl group elements u, v and w. Then
we find that

codim(gF, N¢g'F,Ng¢"F,) = Z codim(Fy)

se{u,v,w}

= ) codim(X,) + 3dim(X)
se{u,v,w}
= dim(M) + 3dim(X) = dim(Y)
where the last line follows from Corollary 13.13. This means that the
cardinality of gF, N ¢'F, N ¢"F, is finite. Moreover for sufficiently
general elements g, ¢’ and ¢” we can assume that

gFu mg/Fv mg”Fw - gNu N g,Nv N g//va

i.e that the the intersection thakes place in the open dense B-stable
subsets. Therefore we see from the previous fact that the number of
curves passing through three general translates of X,, X, and X, is
finite and that this number is given by the expression in the statement
of the theorem.

Next assume that one of the four equivalent statements of Fact 13.17
is violated for at least one s € {u,v,w}. Then we know by definition
that g = 0. Therefore the right side of the claimed formula is always
zero. To prove the desired equality it suffices to show that there are
either no or there are infinitely many curves passing through three
general translates of X,, X, and X,,. Suppose that there exists at
least one such curve corresponding to a point y € gN, N ¢'N, N g"N,,.
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We may assume that s = u. Then we know by assumption that the
fiber yX N gX, is infinite. The previous fact then implies that there
are infinitely many curves passing through three general translates of
X., X, and X,,,. ]

Corollary 13.20. Let u,v and w be three Weyl group elements. Sup-
pose that the inequality

codim(F,) > codim(X,) 4 dim(X)
is strict for at least one s € {u,v,w}. Then we have the vanishing
(o), 7 (), o))y, =0.
Proof. 1f 37 1,y codim(X;) # dim(M) then the Gromov-Witten

invariant is zero anyway. Otherwise we know from the previous theorem
that the Gromov-Witten invariant is zero since we have g, = 0 for at
least one s € {u,v, w}. O

Lemma 13.21. Let X be a dualizing variety. Then we have

1 ifu=v=w=wy

<(7u7 Ov, 0w>dX = {0

For all d > dx we have (o, 0,,04),; = 0 for all Weyl group elements
w,v and w.

otherwise

Proof. The first claim follows directly from Corollary 11.61, since if one
of the Schubert cycles o, 0, or o, is positive dimensional then there
exist infinitely many rational curves passing through general translates
of Y,,Y, and Y, and if all Schubert cycles are zero dimensional then
there exists precisely one rational curve. Let d > dx. Since we know
that ¢;(X)dx — 2dim(X) = 0 it follows that ¢ (X)d — 2dim(X) >
0. This means that there are infinitely many rational curves passing
through three general points of X. This gives the desired vanishing
(O, 0y, 0y), = 0 for all Weyl group elements u, v and w. O

Remark 13.22. From the previous lemma we see that Conjecture 7.2
is satisfied for all dualizing varieties. More generally it was proved in
[11, Proposition 28] that Conjecture 7.2 is also true for all cominuscule
homogeneous spaces.

Corollary 13.23. Let X be a dualizing variety. Then we have

{pt}] * [{pt}] = [X] - g™ .
Proof. Since dx = §(wyx) we kow that ¢?% is the minimal power of the
quantum parameter ¢ occuring in the quantum product [{pt}]*[{pt}].
But the previous lemma also shows that ¢%% is a maximal power of
the quantum parameter ¢ which can occur in any quantum product

ou.*0,. Therefore we obtain the desired formula in view of the previous
lemma. O
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14. SCHUBERT VARIETIES IN ISOTROPIC GRASSMANNIANS

Let X = G/P = Gg(l,2p) where | < p—2and p > 3. Let ¢ =
p — . In this section we describe the Schubert varieties in X using the
parametrization by ¢-strict partitions as in [7, 4.] and [29, 6.].

Let V be the real vector space spanned by the root system R. Let
€1,...,€, be the standard basis of V' which represents the root system
as in Bourbaki (cf. [4, Chapter VI, Table I-IX]). The Weyl group W is
the semidirect product S, x (Z/2Z)P~" where S, acts by permutation of
the ¢;’s and (Z/2Z)P~" acts by €; — (£1);e; where [[7_,(£1); = 1. We
think of elements of W either as permutations with an even number
of bars or as permutation matrices with negative signs attached to an
even number of entries. The simple reflections s,, which generate W
can be described as barred permutations as follows: s,, = (i(i+1)) for
all 1 <4 < p—1 (cycle notation) and s,, = (1,...,p—2,p,p — 1) (array
notation). The order of the Weyl group W is obviously 2P~ 1p!. The
Weyl group Wp of P is generated by all simple reflections s,, where
i # [. Consequently we can write Wp = Sy x (S, x (Z/2Z)P~'71)
where the first factor is generated by s, ..., Sq,_, and the second fac-
tor is generated by so,,,,...,Sq,. The order of the group Wp is thus
20==11(p — )!. The order of the set W of minimal length represen-
tatives is then the order of W divided by the order of Wp which is

!
2(7)-
Fact 14.1. The set WT of minimal length representatives is given by
the set of all barred permutations

W= (Upy ooy Uy Wity e ey Uy Uy - -y Up—1, Upp)

where 0 <t <[, up < --0 < Uy, U > -0 > Uy, U < -0 < Uy and
where U, = u, if | —1 is even and @, =, if | —t is odd.

Proof. Let w be a barred permutation as in the statement. It is easy
to see that w(a) > 0 for all « € Ap. Therefore it follows that w is
a minimal length representative (cf. [22; 9.1]). To see that the set
of all barred permutations as in the statement is the complete set of
minimal length representatives it suffices to show that the cardinal-
ity of all barred permutations as in the statement equals 2! (’l’) But
the cardinality of all barred permutations as in the statement is by

definition z
> ()()-2()
—~\! l l
as desired. H

Remark 14.2. Let w € WT be a minimal length representative with
representation as barred permutation as in Fact 14.1. Since we know
that [ < p — 2 by assumption and since w41 < --- < u, we can always
say that u, > 1.
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Definition 14.3 ([7, Definition 1.1]). We say that a partition \ is q-
strict iof no part greater than q is repeated, i.e. A\j > q implies Nj11 < ;.
We say that a partition X is strict if it is 0-strict.

We now introduce various sets of partitions. We denote by R(q,1)
the set of all partitions of shape ¢ x [. We denote by D(l,p— 1) the set
of all strict partitions of shape [ x (p — 1). We denote by P(l,p) the
set of all g-strict partitions of shape [ x 2p —1—1)=1x (p+q—1).
We denote the length of a partition A by ¢(\). We denote the weight
of a partition A by |A|. We denote the conjugate (or transpose) of a
partition « by o'. We denote by Q(l,p) the set of all partition pairs
(a,\) € R(q,1) x D(I,p — 1) such that a, > ¢(N).

We now associate a number in {0, 1,2} called the type and denoted
by type(—) to any element of P(l,p) and Q(l,p). If a partition A\ €
P(l,p) has no part equal to g we set type(\) = 0, otherwise we have
type(A) = 1 or type(A\) = 2. If a partition pair (a, A) € Q(I, p) satisfies
a, = (N) we set type(a, A) = 0, otherwise we have type(a, A) =1 or
type(a, A) = 2. We denote by P(1, p) the set of all partitions in P(L, p)
with their type attached to them. We denote by Q(I,p) the set of all
partition pairs in Q(l, p) with their type attached to them.

Fact 14.4. The map ¢ wich sends a partition pair (a, \) € Q(l,p
the partition o + X\ defines a well defined injective map from Q(l,p) t
P(l,p). The map ¢ extends to a well defined injective map from Q(L, p)
to P(l,p) (which we still denote by ) in such a way that type(a, \) =
type(p(a, N)) for all partition pairs (o, \) € Q(1,p).

o)

)t
)

]

Proof. Tt is obvious that the image ¢(a, A) of a partition pair (a, A) €
Q(l, p) is of shape [ x (2p—1—1). To see that the map ¢ is well defined it
therefore suffices to show that the image is a g-strict partition. Suppose
that two succesive parts are repeated: o} + A; = o, ; + Aj1 for some
7. Then we have to show that a; + A; < ¢. Indeed, it follows that
Aj = Ajp1 = @y —a; <0 and thus A; = Ajy; = 0 since A is a strict
partition. This means that o} + \; = o < ¢ as claimed.

Next we prove that the map ¢ is injective. Suppose that ¢(a, \) =
©(fB, u) for two partition pairs (o, ), (B, 1) € Q(l,p). Suppose that
O(p) < £(N). From the condition «, > ¢()) it follows that o) = --- =
0‘2@) = ¢ and similar that g = --- = ﬁg(#) = ¢. From ¢(a,\); =
o(B,p); for all 1 < j < £(p) it then follows that \; = p; for all
1 < j < ¢(p) which means in particular that © C A. From o + pu C
o'+ = '+ it then follows that o' C (' in particular o/é(/\) = ﬂé()\) =q.
The equality o/é(/\) + Xy = ﬁé()\) + peeny then gives Ay = pgny > 0
and thus () > ¢(X) which means ¢(u) = ¢()\) by assumption. This
immediately implies A = p and thus o/ = " and thus («, \) = (5, )
as desired.
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To see that the map ¢ extends to a well defined injective map from
Q(1,p) to P(l,p) in such a way that type(a, \) = type(p(a, A)) for all
partition pairs (a,\) € Q(I,p) we only have to show that the image
of a type zero partition pair (a, A) € Q(p, [) is mapped under ¢ to
a type zero partition in 75(l ,p), in other words we have to show that
if (o, \); = ¢ for a partition pair (o, \) € Q(l,p) and some j then
ag > (()\). Indeed, suppose that o + \; = ¢ for a partition pair
(o, A) € Q(I, p) and some j. Suppose that A; > 0 then o < g and thus
((X\) > j > a, — a contradiction. Therefore we conclude that A\; = 0
and thus o = ¢ and thus o, > j > £(A) as required. O

We define a second length function ¢ on the set of minimal length
representatives W, Let w € W! be a minimal length representative
with representation as barred permutation as in Fact 14.1. Then we
define £(w) by the following assignement:

0 ift =1
lw)=<1—t ift <landwu >1
l—t—1 ift<landuy =1
Lemma 14.5. Let w € WT be a minimal length representative with

representation as barred permutation as in Fact 14.1. Let | <1 < p be
an index. Then we have the following inequality:

w—1+card{t <j<l|u;>u}>0—t.
Proof. Indeed, the inequality in question is equivalent to the inequality
w—1>card{t <j<l]u; <u}
which is obvious. U

Corollary 14.6. Let w € W be a minimal length representative with
representation as barred permutation as in Fact 14.1. Let | <1 < p be
an index. Suppose that we have the following equality:

w — 1+ card{t <j <I[|u; >} = (w).
Then we have that ((w) = | — t which means that w, > 1 if t < .

Proof. This is obvious from the previous lemma and the definition of
L. O

Lemma 14.7. Let w € W¥ be a minimal length representative with
representation as barred permutation as in Fact 14.1. Let d; = card{t <
J<l|uj>upi1} foralll <i<gq. Let o, =up_j1+i—q—1+d,
forall 1 <14 < q. Then we have

[1>a, > >a,>1—t>{(w)>0

which means that o = (a, . .., ) is a well defined partition in R(q,1).
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Proof. In general we have d; < p—u,_;41 for all 1 <17 < g, in particular
we have d; < p — u, from which it follows that oy < p —¢q = [. By
definition and by the previous lemma we have that o, > [ —t. Let
1 < i < q. We are left to show that o; — ;.1 > 0. By definition
this inequality is equivalent to u,—j41 — up—; — 1 > d;11 — d;. Again by
definition we have

di+1 —d; = card{t < j </ ’ Up—j < Uj < up—i+1}
so that the previous inequality becomes obvious. O

We now associate to each element w € W¥ an element (w) =
(o, \) € Q(I,p). Suppose that w is represented as barred permutation
as in Fact 14.1. We then define a to be the element of R(l,p) which
depends on w as described in the previous lemma. To define A we
suppose first that we have equality o, = é(w) Then we know by the
previous corollary that u; > 1 if t < [. Therefore we can define a strict
partition A of length K(w) = [ —t by the assignement \; = u;,; — 1 for
all 1 < i < {(w). It is clear that X is a well defined element of D(, p—1)
and that the pair (a, A) is a well defined element of Q(I, p) of type zero.
Suppose next that o, # I(w), ie. a, > {(w) by Lemma 14.5. Then
we can define a strict partition A of length E(’w) by the assignement
Ai = —1foralll <i< E(w) which makes sense since wu;,; > 1
forall 1 <i < E(w) It is clear that A is a well defined element of
D(l,p —1) and that the pair (a, A) is a well defined element of Q(, p).
We set type(a,A) = 1 if 4, = u, and type(a, \) = 2 if u, = @, to
produce a well defined element (o, \) € Q(I, p). With these definitions
we always have £(\) = ((w).

Lemma 14.8. Let w and w' be two elements of WE which have the
following representation as barred permutations:

W= (Upy .oy Uty Wity e ey Uy Upg s - - -5 Up)

W = (U1, U T Ty o U U1y - -5 D)
Let 1 < i < q be some index. Let d; = card{t < j <1 |u; > up_iy1}
and let e; = card{t < j <[ |u; > v,_i+1}. Suppose that u,_y1 +d; =
Up—it1 + €. Then we have that u,_j11 = Vp_iy1.
Proof. Suppose for a contradiction that we have w,_;11 < v,_;+1. Then
we have
N i="Vp jr1 —Up_jt+1 = d; —e; = C&I‘d{t < j <l ’ Up—it1 < Uj < Up,iJrl}

which means that there exist n indices t < 7, < -+ < 71 < [ such
that up_ip1 < uj, < -+ < u;, < vp_iy1. But the later sequence of
inequalities immediately implies that n = v,_j11 — up_iz1 > n — a
contradiction. Therefore we conclude that u,_;;1 = v,_;41 as desired.

O
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Lemma 14.9. The map 1 from WF to Q(l,p) as defined above is
mjective.

Proof. Suppose that ¥ (w) = ¥(w') = (a, A) for two elements w, w' €
WP First we observe that we know by construction that £(\) = ((w) =
{(w'). Tt is easy to see that we can reconstruct from the type of (v, \)
and the length of A\ the value of ¢ of a barred permutation in the
preimage of (a, A) which therefore must coincide for both barred per-
mutations w and w’. Indeed, if (a, \) is of type zero then we have
t =1 —{(\) (Corollary 14.6). Suppose next that (a, A) is of type one.
Then we know that ¢ — [ must be even. In addition it is clear that
t—1—/¢(\) is zero if £(\) is even and one if £(\) is odd. Finally suppose
that (c, A) is of type two. Then we know that ¢ — [ must be odd. In
addition it is clear that ¢t — [ — £(\) is zero if £()\) is odd and one if £())
is odd. Once we know how to reconstruct the value of ¢ from (a, \)
we also know how to reconstruct the values of w1, ..., ;. Indeed, we
must have ugy; = A\ + 1 for all 1 <@ < (X)) and u; = 1if £(N) <t — 1.
In total this means that w and w’ have a representations as barred per-
mutations as in the previous lemma. The conclusion of the previous
lemma then immediately implies that w,_;41 = v, for all 1 <7 <gq
since w and w’ have the same image under . This in turn immediately
implies that w = w’ as desired. U

Corollary 14.10. The maps 1 and ¢ induce bijcetions:
WP g’t/} Q(lvp) giﬂ 75(lvp) .

Proof. Since 1) and ¢ are injective we know that the composition ¢ o
is also injective. Since by [7, 4.3] the set P(l,p) parametrizes the B-
orbits as well as the set W’ we know that they must have the same
cardinality. Therefore the map o is bijective and thus also the maps
1 and ¢ are bijective as claimed. U

Lemma 14.11. Let w € W be a minimal length representative with
representation as barred permutation as in Fact 14.1. Let the numbers
d; for all 1 <1 < q be defined as in Lemma 14.7. Then we have the
following formula for the length of w:

) =3 =Y b+ i 1)~ L

Proof. Let a; = card{j > i | u; < w;} and let b; = card{j > i | u; >
w; }. By [26, 2.(1)] we know that

l
€(w)zzp:ai+2 Z b; .
i=1

i=t+1
To prove the desired formula we only have to simplify this expression. If
i>lthena; =0. Ift <i<lthena; =l—i+card{l <j <p|u; <u}
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and thus

l q
Z a; = (l_t_zl)(l_t)—i-Zdi.

i=t+1 i=1
If + <t then q; = u; — ¢ and thus

SNttt
;az E;U -

In total this gives that

& d d I(1—1)
i=1 i=1 i=1

On the other hand we have
1 q

Zbi:card{t<i§l,l<j§p|uj>ui}:(p—l)(l—t)—2di.

i=t+1 =1

Putting all formulas together we obtain the desired result. 0J

Let w € W7 be a minimal length representative with representation
as barred permutation as in Fact 14.1. Let u, = p 4+ 1 — u; for all
1 <4 < p. Then we can define a new minimal length representative w’
by setting:

— v / / ~/
W= (Upy o WUy Uy, Uy Ty ) -

If we set ¢(w) = w’ this construction defines us a map from W¥ to
WP, From the definition it is clear that ¢ is an involution, in particular
bijective. We denote the image of an element w € ~I/VP under p oo
by Aw. We denote the preimage of an element A € P(l, p) under potpoep
by wy. If w € W is an arbitrary Weyl group element we define A, = Az
where @ is the minimal length representative of w. If A € 75(l ,p) then
it makes sense to denote the dual partition of A by A\*. The element
* € P(l,p) is defined by the formula \* = Auws -

Lemma 14.12. For allw € W we have {p(w) = |\,| or equivalent for
all w € WP we have £(w) = |\,

Proof. For a partition pair («, A\) we define the weight of (a, A) in the
obvious way as |(a, A)| = |a|+|A|. From the definition of ¢ it is obvious
that ¢ is weight preserving, that is |p(a, A)| = |(c, A)| for all partition
pairs (o, \). Let w € W¥ be a minimal length representative with
representation as barred permutation as in Fact 14.1. Let w' = ¢(w)
and let (o, A) = ¥(w’). Since ¢ is weight preserving we only have to
show that ¢(w) = |(a, \)|. Let the numbers d; for all 1 < ¢ < ¢ be
defined as in Lemma 14.7 with respect to the entries of w and let the
numbers d; for all 1 < i < g be defined as in Lemma 14.7 but now with
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respect to the entries of w’. From the definition of these numbers it is
rather clear that we have

Xq:d; = q(i — 1) —Xq:di.
i=1 i=1

Let u} for all 1 <7 < p be defined as before in terms of u;. By reordering
the summands the definition of a gives

q

la| = z:(u;)_iJrl +i—qg—1+d).
i=1
If we plug in the identities we know for the primed variables this sum

becomes
q

q
Z(l—i—z up—iv1 +d;) =lg + Zuz—l—ql—t Zdi'
i=1

i=1 =141
By reordering the summands the definition of A gives on the other hand
!

\)\]:Zu;—l— (Il —1) Zuz.

i=t+1 1=t+1

If we use the trivial identity

Zw— -

i=t+1

then we immediately see that we have

|(O"A)|:i“i—idi+(p+q)(l—t)+lq+Q(q+1) _plpt )

i=1 i=1

If we plug in the symbolic identity
glg+1) plp+1) Ul+1)

[ — =0

1T > T
in the previous equation then the expression precisely becomes ¢(w)
according to the previous lemma. [

Fact 14.13. The dimension of X s given by the following formula:

dim(X):(p—i—q)l—w:Zlq—F@.

Proof. There is a unique element of P (I, p) of maximal weight, namely
the partition

p=02p—-1-1,2p—1-2,....2(p=1)).

Since every part of p is greater than ¢, we necessarily have type(p) = 0.
On the other hand there is also a unique element of W of maximal
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length, namely the element wy. Therefore we conclude that wx = w,
or equivalent p = A, . This implies that
. l(l+1
mmgﬁzeww):mp:@+qﬂ_ljfl‘
The second equality in the statement is just a symbolic identity. [

FExample 14.14. We have the following description of w,, wx and wp
in terms of barred permutations:

woz(T,g,...,p—l,ﬁ),
wx = (1,0 —1,...,1,14+1,...,p—1,p),
wp=(,1—-1,...,1,l+1,....p—1,p),

where in each case the hat indicates that the number of bars is com-
pleted to an even number of bars. Indeed, the description of w, is
well known. The barred permutation which desribes wy is obtained by
taking the unique element of W7 of maximal length equal to dim(X).
The barred permutation which describes wp arises from the identity
wp = wo,wx and the previous descriptions.

Ezxample 14.15. In this example we assume that [ is odd. Let p; =

)‘Sei“'sek for all 1 < i < k. In this example we want to compute the

partitions p;. We start with the case ¢ = k. Then we have sy, = s,

and thus Sp, = Sy, = S,,- This means that we have (p(sy,) = 1.

Therefore p, must be the unique parition of weight 1. We conclude

that pr = (1,0"°1). The partition pj, is necessarily of type zero.
Assume now that 1 <7 < k. Then we have

so, = (1,...,2i —2,20,2i — 1,2i + 1,...,p).

3

By multiplying those elements we obtain that

se, 80, = (1,...,2i—2,20,2i — 1,2(i + 1),2(i + 1) — 1,
o =12, LT+ 1,142,...,p).

If we take minimal length representatives of the above elements this
results in the formula:

wxi =89, 8g, = (1,...,20 —2,1,...,2i — 1,1+ 1,...,p).
From this formula it is easy to compute the corresponding paritions as
pi=+q—2i+1p+q—2i,....p+q—10"7).

The parition p; is necessarily of type zero. According to the computa-
tion in the previous example we find that p = p;. Note that we have

inclusions
P S pr—1 S-S pr
corresponding to the general fact that

Sg, = Sg,_,S0, = X Sg, - Sp, -
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Let Wg be the set of all permutations o € Sy, such that o(i) +
o(2p+1—i)=2p+1foralll <i<2p(orforalll<i<p)andsuch
that card{j < p | o(j) > p} is even. We think of elements of W as
permutation matrices.

Fact 14.16. The set Wg is a subgroup of Ss, of order card(W) =
2°~1pl. For all o0 € W we have sgn(o) = 1.

Proof. 1t is clear that the identity is part of Wg. Let o,7 € Wq. It is
clear that we have 7o(i) + To(2p+1—14) =2p+ 1 for all 1 < i < 2p.
In order to see that W is a subgroup of Sy, we therefore only have to
check that card{j < p | 7o(j) > p} is even. To this end we compute:

card{j <p|1o(j) > p} =card{j | 7(j) > p} —card{j > p | 70(j) > p}
= card{j > p | 7(j) > p} — card{j > p | 70(j) > p}
where the last congruence follows since 7 € W. Now we have
card{j >p | 7(j) > p} =
card{j > p [ 70(j) > p,o(j) > p} + card{j < p|70(j) > p,0(j) > p}

and

card{j > p | 7o (j) > p} =
card{j > p [ 70(j) > p,o(j) > p} +card{j > p | 70(j) > p,o(j) < p} =
card{j > p | 10(j) > p,0(j) > p} + card{j < p|710(j) <p,0(j) > p}.

If we plug in the two latter identities in the first congruence we get

card{j <p|71o(j) >p}=card{j <plo(j) >p}=0
where the last congruence follows since o € Wy. In total this proves
that 7o € Wg and that Wy is a subgroup of S,

We next check that the sgn(o) = 1 for all 0 € Wg. Let 0 € Wg.
Then there exists a unique product # € Wy of an even number of
the transitions (1(2p)), (2(2p — 1)), ..., (p(p + 1)) such that or has a
permutation matrix of the form

(0 5)

where A and B are permutation matrices of permutations 7,7’ € S,,.
Since o7 is an element of W we know that 7(i) + 7(p+1—4) =p+1
for all 1 <4 < p. But this equation immediately implies that sgn(7) =
sgn(7’). On the other hand it is obvious that sgn(m) = 1. Therefore
we get sgn(o) = sgn(om) = sgn(7) sgn(7’) = 1 as claimed.

Finally we compute the order of W¢. To this end, let m; = (i(2p+1—
i))((i+1)(2p—1)) for all 1 < i < p—1. The subgroup of W¢ generated
by all products of an even number of the transitions (i(2p + 1 — 7))
for all 1 < ¢ < p is obviously the same as the subgroup generated by
1, ..., Tp—1 which is isomophic to (Z/2Z)P~'. Since we already know
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that every element of Wy can be uniquely written as a product of an
element of S, and an element of (m,...,m,_1) we conclude that W is
as a set in bijection to S, x (Z/2Z)P~' and thus of order card(W) =

2p_1p!. 0

Corollary 14.17. If we embed S, in the obvious way into W¢ then we
have a decomposition of Wg as a semidirect product:

WG = Sp X <7T1, ce ,7Tp_1>
where m; = (i(2p+1—9)((i +1)(2p—1i)) foralll1 <i<p—1.

Proof. By what we saw up to now it suffices to show that S, acts
on (my,...,m,—1) via conjugation. But this is clear since we have that
o(i(2p+1—i))o~ = (0(i)(2p+1—0(i))) forallo € S, and all 1 < i < p,
that is every of the transitions (i(2p+1—1)) where 1 < i < p is mapped
again to such a transition. [

It is clear that an element of Wy is already determined by the first p
entries of the permutation. Threrefore we sometimes write an element
of W as a tuple of the first p entries and not as a tuple of all 2p entries.

Let w € W. Then we write w = (i, ...,w,) where w; € {w;,w;}
for all 1 <i < p. We now define a map f: W — W by the following
assignement:

fw)(@) = {

forall 1 <1 <p.

Fact 14.18. The map f is an isomorphism of groups.

Proof. 1t is clear that f maps the identity to the identity. Let w,v €
W. We distinguish four cases to check that f(vw) = f(v)f(w). Let
1 < ¢ < p be arbitrary. Assume first that w; = w; and 0, = vy,.

Then we have f(vw)(i) = vy, and f(v)f(w)(i) = f(v)(w;) = vy, as

claimed. Assume next that w; = w; and v,, = v,,. Then we have
flow)(i) = 2p+1 — vy, and f(v)f(w)(@) = f(v)(wi) = 2p+ 1 — vy,
as claimed. Assume next that w; = w; and 9,, = v,,. Then we

have f(uw)(i) = 2p + 1 — vy, and f(0)f(w)(0) = F(0)(2p + 1 — w;) =
2p+1—f(v)(w;) = 2p+1—w,, as claimed. Assume finally that w; = w;
and 0U,, = Ty,. Then we have f(vw)(i) = wv,, and f(v)f(w)(i) =
f)2p+1—w) =2p+1— f(v)(w;) = vy, as claimed. This shows
that f is a group homomorphism. The injectivity of f is obvious from
the definition. The surjectivity of f follows since we already know that

card(W) = card(Wg). O]

Fzample 14.19. Let m,...,m,—1 be the elements of W as defined in
Corollary 14.17. Then we have:

fQA,. =10 1,i+2,...,p) =m
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forall1 <i:<p-—1.

Moreover it is clear from the definition of f that we have f(w) = w
for all w € S, where S, is as usually embedded into W and W¢. In
particular we have f(s,,) = sq, for all 1 <4 < p— 1. The image of s,,
under f is seen to be f(ss,) = (1,....,p —2,p+ 1,p+ 2).

Let C? be a 2p-dimensional complex vector space equipped with
a nondegenerated symmetric bilinear form ). We can choose a ba-
SiS vy, ..., 09, of C?* such that Q(v;,v;) = 0if i +j # 2p + 1 and
Q(v, vop+1—;) = Lfor all 1 < i <p ([7, Lemma 4.1]). With respect to
this basis @ is represented by the matrix F, the antidiagonal (1,...,1)
of size 2p x 2p. By changing the basis of C?*” we may assume from
the beginning that () is represented by E with respect to the canonical
basis ey, ..., eq,. With these choices the group G is given by matrices
A € SLy,(C) which satisfy YAEA = E. If we identify elements of W
with permutation matrices then we see that the defining condition of
W¢ and the fact that all elements of W have signature one imply that
Weg € G. On the other hand a permutation matrix clearly normalizes
a diagonal matrix, so that we get W C Ng(T).

Fact 14.20. The morphism [ is a section of the natural projection

Proof. Since f is a group homomorphism it clearly suffices to show that
the simple reflections in W have the right images in Ng(7'). But we
already computed these images in Example 14.19. To check that these
images project to the correspoding simple reflections we only have to
check their action (via conjugation) on the spaces g,, for all 1 <i < p.
By choosing a Chevalley basis of g as in [1, 3.5] we immediately see
that we have the right action on these spaces. O

Definition 14.21. According to [7, page 39] we define an index set P
to be a subset of {1,...,2p} of cardinality | such that i + j # 2p + 1
foralli,j € P.

To every element w € W we can associate an index set P, by setting
P, ={0(1),...,0(l)} where 0 = f(w). From the definition of o € W
it is obvious that P, is an index set. Moreover it is clear that P,
only depends on the class of w modulo Wp since Wp acts on P, by
permuting the entries. If in addition w € W then the description of
minimal length representatives shows that (1) < --- < o(l). Since
an element of W7 is completely determined by its first [ entries this
shows that w + P,, defines a bijections between W7 and the set of all
index sets. Since P is the stabilizer of (ey,...,¢) in G we know that

z(w) = (e; | i € Py).

Definition 14.22. An isotropic flag in (C*, Q) is a complete flag F,
such that F,; = Fp{i for all 0 < <p.
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Forall 1 <i<2plet F; = (eq,...,e;) and let Fy = 0. Then F, is an
isotropic flag in the above sense. The stabilizer of F, in G is the Borel
group B.

Lemma 14.23. Let w € W and let 0 = f(w). Then we can describe
the isotropic subspaces parametrized by §2, in terms of the following
formula:

Q,={V e X | dim(VNE;) =card{j <1]o(j) <i} forall1 <i<2p}.

If w is in addition in W¥ then Q,, parametrizes all V € X which satisfy
the incidences V. C Foqy and dim(VNF;) = j for all o(j) <i < o(j+1)
and all 1 < 5 <.

Proof. Denote by €2, the right side of the first formula in the lemma.
Since P, only depends on the class of w modulo Wp we see that 2,
also only depends on the classe of w modulo Wp. In order to show that
Q,, = Q, we therefore may assume that w € W. From the definition
of € it is clear that € is B-stable and that z(w) € € . Tt therefore
suffices to show that the only T-fixed point contained in €2/, is equal to
z(w). Let v € WT such that z(v) € . Then we have to show that
w =wv. Let m = f(v). Since z(v) € 2, we see that

card{j <l|o(j) <i} =card{j <l|n(j) <i}

for all 1 < i < 2p. But this immediately implies that P, = P, and thus
w = v since the set of all index sets in bijection with W¥. This proves

the first formula. The second formula is an immediate consequence of
the first and the fact that o(1) < --- < o(l) if w € WF. O

Proposition 14.24. Let w € W and let P, = {p1 < --- < p} be the
corresponding index set. If p+ 1 & P, then

X ={VeX|dm(VNF,)>jforall<j<lI}
while if p+1 € P, then
Xy ={VeX|VNFE,_1 =VNE,, dm(VNE, ) >j forall 1 < j <I}.
Proof. [7, Proposition 4.5] O

Remark 14.25. The Bruhat order and Poincaré duality can be ex-
plicitely described in terms of index sets. The reader finds the formulas
in 7, page 43].

Let A € P(I,p). Then it makes sense to write Xy = X,,. In this
situation it is clear that the Schubert variety is computed with respect
to the flag F, corresponding to the Borel B. Latter on we will also con-
sider translates of Schubert varieties which are computed with respect
to a different flag. Therefore it is often necesserary to mention the flag
in the notation. If G4 is an arbitrary isotropic flag we write X, (G,)
for the Schubert variety relative to the flag GG,. With this notation we
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clearly have X, = X (F,). We denote the Schubert cycle associated to
wy by on = [X)] = [X)(G.)] where G, is an arbitrary isotropic flag.

Ezxample 14.26. In this example we assume again that [ is odd. Let
1 <i < k. Then it is clear from Example 14.15 that we have

Py ={1,...,20 =220+ 1= 1,2p+2—1,... . 2p+2— 2i}.

It is clear that p+ 1 ¢ Ps&i'“sek' Therefore the first formula from the
previous proposition applies. We find that all incidences for isotropic
subspaces parametrized by X, are redundant except the (2{ —2)th and
the [th one. This gives us the formula

X, ={V eX | Fy1)CV C Fyp i1y}

By definition it is clear that Fy,_(i—1)) = FQL(i_l). Therefore () induces
a nondegenerate symmetric bilinear form on Fy,_i—1)) / F(;—1) which
we still denote by @). Consequently the map V +— V/Fy;_1) defines an
isomorphism X, = Gg(l —2(i —1),2(p—2(¢—1))). This isomorphism
corresponds to the canonical identification X,, = X*. In particular we
have X*! = Gg(1,2(p —  + 1)) = Qq,. Concerning the codimension
we find that

codim(X") = [p| = |pi| = 2(i = 1)(p+q) — (i = 1)(2(i = 1) + 1).

Finally we treat the case where ¢ = k. Then we have Py, = {1,...,[—
1,141} It is clear that p+1 ¢ Py, . Therefore the first formula from the
previous proposition applies. We find that all incidences for isotropic
subspaces parametrized by X, are redundant except the (I —1)th and
the [th one. This gives us the formula

X, ={VEX|F1CVCFu).

Since any [-dimensional subspace V' which satisfies F;_ 1 CV C Fjyq is
automatically totally isotropic, we see that the map V +— V/F,_; de-
fines an isomorphism X, = G(1,2) = P! corresponding to the canon-
ical identification X, = X*.

Example 14.27. Assume again that [ is odd. We know that X is the
product of two dualizing varieties X; and X, where X; = Gg(I—1,2(1—
1)) and Xy = Q2(p—1)- Thanks to the previous example we can express
which isotropic subspaces are parametrized by X,. Indeed, we know
that the root system 2R? is generated by the simple roots ay, ..., aq,
(cf. proof of Lemma 11.19). On the other hand, from the definition
it is clear that the root system Rj_; is also generated by the simple
roots ay, . .., a,,. Therefore we conclude that X, = X*~1. The previous
example then shows that we have

Xo={VeX|F1CVCFy }.
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Example 14.28. Assume again that [ is odd. We already know that
d1 = = dk_g = 2, dk—l = dk = 1, dX = l+1 and k = (l+3)/2
In this example we want to compute other invariants of X. We claim
that ¢;(X") = p+q—2i+1for all 1 <4 < k. This means in particular
that we always have ¢;(X) = p+ ¢ — 1. To prove this, suppose first
that 1 <7 < k — 2. Then we know that d; = 2. Using the formula for
the codimension of X* from the example above we get that

(p(sg,) = codim(X ™) — codim(X*) =2(p+q) —4i + 1.

The formula £p(sp,) = ¢1(X")d;—1 then immediately yields that ¢; (X*) =
p+q— 2i+ 1. Next we consider the case ¢ = k — 1. Then we have by
the example above that

(p(sp,_,) = dim(X*1) — dim(X*) = 2¢ — 1.

Since dj,_; = 1 the formula (p(sq, ,) = c1(X*1)d_; — 1 yields that
c1(XF 1) =2¢. But p+q—2(k—1)+1=p+q—1=2q. Therefore the
formula is also satisfied for i = k — 1. (Note that the index of X* = P!
is trivially ¢;(X*) = 2 and that ¢p(sg,) = dim(X*) = 1.)

15. RATIONAL CURVES IN ISOTROPIC (GRASSMANNIANS

Let X = G/P = Gg(l,2p) where | < p—2and p > 3. Let ¢ =
p—1. We stick to all the notation which was introduced in the previous
section.

A rational curve of degree d to X is a morphism f: P! — X such

that
/Xf*[IPl] 0w, =d.

For a given degree d and three ¢-strict paritions A\, u and v in 75(l ,D)
such that

N[+ || + [v*] = dim(X) 4+ ¢1(X)d

the (three-point genus zero) Gromov-Witten invariant (o, 0, 0,), is
the number of rational curves f: P! — X of degree d such that f(0) €
Xa\(F,), f(1) € X,(G,) and f(oo) € X, (H,) for three isotropic flags
F,, G, and H, in general position. This is equivalent to the general
definition from Section 3, since a general member of M 3(X, d) will be
a rational curve in the above sense (cf. [13, 7.]).

We will use the following proposition from [7, Proposition 1.1] during
the text.

Proposition 15.1. Let U,V and W be three points of Gg(2d,4d),
which are in pairwise general position. Then there exists a unique ratio-
nal curve f: P* — Gg(2d,4d) of degree d such that f(0) =U, f(1) =V
and f(oo) =W,
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Proof. The variety Gg(2d,4d) is a dualizing variety which satisfies
dgq(24,4q) = d. Therefore the assertion follows from Corollary 11.61.
For a direct proof which uses the geometry of isotropic subspaces we
refer to [7, Proposition 1.1] O

If f is a rational curve to X then we define, according to [5], the
kernel of f, denoted by ker(f), to be the largest linear subspace con-
tained in all the linear subspaces given by points in f(P!) and we define
the span of f, denoted by Span(f), to be the smallest linear subspace
containing all the linear subspaces given by points in f(P!), i.e.

ker(f) = (] f(z), Span(f) = > f(z).

rePl zeP!

For the kernel and the span of a rational curve we have the following
dimension bounds. A proof can be found in [5, Lemma 1].

Proposition 15.2. Let f be a rational curve of degree d in X. Then
the dimension of the span of f is at most | + d and the dimension of
the kernel of f is at least | — d.

Proof. [5, Lemma 1] O

Corollary 15.3. Let f be a general curve of degree d in X. Then the
dimension of the span of f is equal to min(l+d, 2p) and the dimension
of the kernel of f is equal to max(l — d,0).

Proof. Since the curve f is general this is a direct consequence of the
previous proposition. O

16. THE SUBSPACES Wy

Let X = Gg(l,2p) where ] <p—2,p>3and!/isodd. Let g =p—1.
During the text we worked out the following invariants of X:

dx =141, k=(+3)/2, (X)) =p+q—1.
We also worked out the isomorphism
X 2 Gq(l—1,2(1— 1)) X Qupyy

We denote by ! and 92 the nontrivial irreducible components of R
where R! is of type D;_; and R? is of type D,_;41. Then we have
X1 2 Gg(l—-1,2(1-1)) and X5 = Qy(p—1) and X = X; x X5. Moreover
we have dx, = [—1 and dx, = 2 and dx = d¢ = dx, +dx,. Furthermore
note that we know from Theorem 9.5 that the diagonal curve is a
general curve in X.

The ideas of this section and the following sections appear first in
[25, 9.7.6 and 9.7.7]. For a 2(I — 1)-dimensional subspace W, we define
a subvariety Xy, of X as

Xy ={VeX|dmWnV)=I1-1,dmW-NV)=1}.
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Lemma 16.1. Let W be a nondegenerated subspace of dimension 2(l —
1). If V is a l-dimensional totally isotropic subspace which satisfies
dim(WNV)=10-1, then we have a direct sum decomposition

V=WnV)eW+nV) where dim(W+nV)=1

so that Xy parametrizes [-dimensional isotropic subspaces which satisfy
dim(WnNV)=101-1. We get an isomorphism

Xw = GQ(Z — 1,2<l — 1)) X QQ(p_l)

given by sending a totally isotropic subspace V- € Xy to the pair (W N
V,WLNV). The inverse of this isomorphism is given by sending the
pair (V',U) to the direct sum V'@®U. In particular Xy is an irreducible
subvariety of X of dimension

dim(Xy) = W +2p—1).
Proof. We only need to proof that an isotropic subspace V' of dimension
[ which satisfies dim(WNV') = [—1 always also satisfies dim(W+NV') =
1. Indeed, W+ and WNV are in direct sum, since W is nondegenerated
and are both contained in (W NV)+ since V is totally isotropic. Since
WL e (WnV)and (WNV)* are of equal dimension 2p — 1 + 1 we
get equality. Intersecting the equality (W NV)t = Wt o (W NV)
with V' we get the decomposition (W N V)& (W+NV) of V. Since
dim(W NV) =1— 1 this implies that dim(W+ NV) = 1. O]

Corollary 16.2. Let W be a nondegenerated subspace of dimension
2(l = 1). Then Xw parametrizes l-dimensional isotropic subspaces V
which satisfy dim(W NV) >1—1.

Proof. Since W' is a nondegenerated subspace of dimension 2(l — 1), a
maximal isotropic subspace contained in W is of dimension [ — 1. If V'
is a [-dimensional isotropic subspace we therefore must have dim(W N
V) < I since otherwise V' C W and we obtain a maximal isotropic sub-
space contained in W of dimension [. Therefore the claim follows from
the previous which says that Xy, parametrizes [-dimensional isotropic
subspaces V' which satisfy dim(W NV)=1— 1. Il

Corollary 16.3. Let W be a nondegenerated subspace of dimension
2(1—1). Then Xy satisfies the three point property with respect to the
degree dx .

Proof. From the previous lemma we see that we have an isomorphism
Xw = X. Moreover we see that this isomorphism preserves the degrees
dx, and dy, of the factors of X. Since X satisfies the three point
property with respect to the degree dx it therefore follows that Xy, also
satisfies the three point property with respect to the same degree. [
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Lemma 16.4. Let f: P! — X be a general rational curve in X of
degree dx = 1+ 1. Then there exists a subspace Wy associated to f of
dimension 2(1 — 1) such that dim(W; N f(x)) =1 — 1 and dim(W; N
f(x)) =1 for all x € P'.

Proof. Let K be the tautological vector bundle on X. Since f*(K) has
degree ¢ (A f*(K)) = f*(Ox(—1)) = —(l + 1) and rank [, the vector
bundle f*(K) over P! slpits into a direct sum @2:1 Op1(—a;) of line
bundles Op:(—a;) with 22:1 a; =1+1anda; > ... > a > 0. Since
the differences between a; and a;,, are minimal for general f, we have
fH(K) = Op(—2) & Op (—1)2D.

Let W; = HO(P', Opi (1)®0-1)V. Then we have a commutative dia-
gram

Op1(—2) @ Op1 (=)%Y > Opr @ C%

T T

Opl(-l)@(l_l) _— Opl X Wf
where the left vertical arrow is the unique canonical morhism
Opl(—1)®(l_1) — O]pl(—Q) ED Opl(—1)®(l_1)

given by inclusion of the direct factor, the right vertical arrow and
the top horizontal arrow are the obvious morphisms and the horizontal
arrow below is the dual of the morphism

Om ® H°(P', (’)91(1)@(1—1)) _ (’)p1(1)€9(l_1)

resulting from the fact that Op: (1)®¢~1 is globally generated. From the
commutativity of the diagram, we see that dim(W; N f(z)) > 1 —1 for
all z € P'. From the definition of W7 it is clear that dim(W;) = 2(I—1).
Since f is general it is also clear that Wy is nondegenerated. Therefore
Corollary 16.2 applies and it follows that f(z) € Xy, for all z € P
The definition of Xy, then implies that dim(W; N f(z)) =1 —1 and
dim(W; N f(x)) = 1 for all z € P! as claimed. O

Corollary 16.5. Let f be a general curve in X of degree dxy =1+ 1.
Then f can be written as (f', f") with f": P* — Ggo(l—1,2(1—1)) and
f": Pt — Qqpyy of bidegree (I —1,2).

Proof. Since f takes values in Xy, it can be written as (f’, f”) with
[Pt — Gg(l —1,2(1 — 1)) and f”: P* — Qy(,—y) of bidegree (d’,d”).
We know that d' < dx, =1 — 1 and that d’ < dy, = 2 since if either
d > 1—1or d > 2 then there would exist infinitely many curves
of degree dx = [ + 1 through three general points in f(P') which are
contained in Xyy,. But this contradicts Corollary 16.3. Since the sum
d + d" equals the degree | + 1 of f we get equality in both cases:
d=1—1and d"=2. O
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Remark 16.6. Note that this corollary also follows directly from Fact
11.73 once we know that XWfA =X.

Corollary 16.7. Let f be a general curve in X of degree dx =1+ 1.
Then Wy can be written as the intersection of the span of pairs of
general points in f(P), i.e.

Wi= [ (f@)+ f).

x,ycP!

general
Proof. Let f = (f’, f") be a decomposition of f as in the previous
corollary. Let z and y be a pair of general points in P'. Then we know
that f'(z) are f’(y) are in direct sum and hence f'(z) + f'(y) is of
dimension 2( — 1). By definition it is clear that f'(z) + f'(y) € Wy.
Therefore we get the equality f'(x)+f'(y) = W;. Using this equality we
get the following line of equations for pairs of general points z,y € P:

(@) + @) =(F@) + F @) e (@) + )

x7y

=Wra (f'(z)+ f'(v)

Using that -, (f"(x)+f"(y)) € W} wesee that Wy and 3-_  (f"(2)+
f"(y)) are in direct sum since W is nondegenerated for a general curve
f. Using this fact we get the equality:

(N Wy @ (f"(@) + (1) = Wr & ()" (2) + [" ().

"'U7y x?y

Finally it is clear that four general points z,2’,y, 1y’ in P! satisfy the

equation
(f"(@) + ") N (f"(@) + f'(y) = 0.
In particular it follows from this that we get for pairs of general points
x,y € P! that
(") + f"(y) = 0.
z?y
Putting all equations together the corollary follows. O

Lemma 16.8. Let W be a subspace of dimension 2(1 — 1). If V1, V4
and V3 are three elements of Xy in pairwise general position, then we
have the inclusion

(6) W C (Vi +Va) N (Vi + V) 1 (Va + V).

and equality holds if either the span of Vi, Vs and V3 is contained in a
(20+1)-dimensional subspace which is for example the case if Vi, V5 and
V3 lie on a rational curve in X of degree [4+1 or if W is nondegenerated
which s for example the case if there exists a general rational curve f
in X of degree | + 1 such that W = W7.
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Proof. Since Vi, V5 and V3 are in general position, the intersections
VinW,VonW and V3N W are in general position and of dimension
[ — 1, hence they are pairwise in direct sum and we get that

Vi+ V)W = VinW) e (V;NW) =W

for all 1 < i < j < 3. Denote with W’ the intersection on the right
side of the inclusion (6). Intersecting W’ with W, we see that this
intersection is equal to W because of the previous equalities. This
shows the inclusion W C W',

If Vi, V5 and V3 lie on a rational curve of degree [+ 1, then their span
is contained in the span of the rational curve which is of dimension
less or equal than 2/ + 1 by Proposition 15.2. And if the span of V;, V5
and V3 is contained in a subspace L of dimension less or equal than
21+ 1, then it follows that dim(W') < 2(I—1) since Vi, V5 and V3 are in
pairwise general position and hence pairwise in direct sum as subspaces
of L. In view of the inclusion W C W’ it then follows that W = W' as
claimed.

Finally, suppose that W is in addition nondegenerated. By Lemma
16.4 this happens if there exists a general rational curve f such that
W = W;. By Lemma 16.1 we have a direct sum decomposition of
Vi into U; = W NV, and V/ = WnNV for i = 1,2,3. Using the
fact that W is nondegenerated, we see that U, + Uy + Us C W+ and
Vi +Vy 4+ V3 C W are in direct sum. This gives us the equality

W' = (U + Us) N (Uy + Us) N (Uy + Us)+
(Vi+Vo) (Vi + V) 0 (V3 + V5)
where the first summand is equal to 0 since Uy, Us; and Usz are of di-

mension one and in pairwise general position. The inclusion W’ C W
then follows. In total we get equality W = W' as claimed. [

Corollary 16.9. Let f be a general curve in X of degree dx = l+1. Let
x,y and z be three points in P! which are in pairwise general position.
Then we get the equality:

Wi = (f(@)+ f(y) N (f(z) + f(2) 0 (fy) + f(2)) -

Proof. This follows directly from the previous lemma. OJ

17. IRREDUCIBLE COMPONENTS OF Yy, (f)

Let f be a general curve in X of degree dx = [ + 1. We define the
following subvariety of X:

Xgpan(r) = {V € X | V C Span(f)}.

By Corollary 15.3 we know that ker(f) = 0 and that Span(f) is of di-
mension 2/ + 1. Therefore Xgpa,(y) parametrizes all isotropic subspaces
which lie between the kernel and the span of f. Moreover since f is a
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general curve we know that Span(f) is nondegenerated. Therefore we
get the following isomorphism:

Xspan(y) = Gq(l,21+1) = Go(l +1,2(1+ 1))

This shows that Xgpan(s) is isomorphic to a dualizing variety. In par-
ticular this means that Xgp.,(s) satisfies the three point property with
respect to the degree dx. From Lemma 11.15 it follows that Xgpan(s) C

Yac (f)-

Lemma 17.1. Let f be a general rational curve in X of degree dx =
[+ 1. Then Yi41(f) decomposes into two irreducible components given
by Xspan(p) and XWf.

Proof. We already saw that both wa and Xgpan(y) are irreducible and
satisfy the three point property with respect to the degree dx (cf.
Corollary 16.3). Therefore it follows from Lemma 11.15 that Xy, C
Yay (f), Xspan(p) S Yay (f) and thus Xspanp) U Xw, S Yo (f). To
see that Y;;1(f) decomposes into two irreducible components given by
Xspan(p) and Xy, it therefore suffices to show that ¥;1; € Xgpan(s) U
X,

Let V be an element of Y;,1(f) which is not contained in Span(f).
Let x and y be two general points of P'. Then there exists a rational
curve g of degree [ + 1 passing through f(z), f(y) and V. Since f(z)+
f(y) is of dimension 2/ and V' is not contained in Span(f), it follows
from Proposition 15.2 that the span of g is of dimension 2/ 4+ 1 and
that the intersection (f(z) + f(y)) NV is of dimension [ — 1. If the
intesection (f(z) 4+ f(y)) NV varies with 2 and y then V' C Span(f).
Thus (f(z) + f(y)) NV is independent of x and y. By Corollary 16.7,
it follows that Wy NV is of dimension [ — 1. This implies that V' is an
element of Xy, by Lemma 16.1. 0

Corollary 17.2. We have the following equality: X = Xwy, -

Proof. We already know that X is irredllcible and contained in Yy, (fa).
By the previous lemma it follows that X is either contained in Xgyan(f,)
or in XWfA‘ Since the inclusion X C Xgpan(s,) is not possible it follows
that X C Xy, . Since we already know that X = Xy, it immediately
follows that X = XWfA as claimed. O

Corollary 17.3. The Assumption 13.3 is satisfied. In particular we
get a quantum to classical principle for X as described in Section 13.

Proof. This is clear now from the previous lemma and the previous
corollary. O

Lemma 17.4. The nondegenerated 2(l — 1)-dimensional subspace Wy,
which is associated to the diagonal curve can be explicitely described in
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terms of the standard basis ey, . .., ea, by the equation:
WfA - <€17 e €11, €2p—l+27 Ce 762p> .

Proof. Since the diagonal curve is a general curve, we have a well de-
fined nondegenerated subspace W = Wy, of dimension 2(/ — 1). Since
Xw = X we see from the explicit description of ¥, in terms of isotropic
subspaces (Example 14.27) that

Wt = <€l7 e 7€2p7l+1> .

Since W = W+ the result follows.
We provide a second proof of this lemma. By Example 14.26 we
know that

T(Wo) = (€apt1-1;- .-+ €2p) » T(Sp,) = (€1, .., €11, €141) -
Furthermore it is trivial that z(1) = (ey,...,¢;). By Corollary 16.7 it
obviously follows that W C z(1) @ z(w,). Since x(sg,) € X = Xy it
follows that dim(W Nx(sg,)) = [ —1. Since ;41 ¢ W (this must be the
case since even ¢,,1 ¢ (1) ® z(w,)) it follows from this equation that

<617"'7€l—1> g W g <€17"'7el7€2p+1—l7"‘762p> .

But there is one and only one nondegenerated subspace W of dimension
2(1 — 1) which satisfies these two inclusions, namely the W described
in the statement of the lemma. OJ

18. COMPACTIFICATION OF Y
Fact 18.1. We have the equality () = Stabg(Wy, ).

Proof. Let W = Wy, for short. By definition we have g € @ if and
only if gX — X. Since X = Xy this is equivalent to Xy = Xw
which is equivalent to g~ 'W = W. By definition we have ¢7'W = W
if and only if g=! € Stabg (W) if and only if g € Stabg (). O

Let Y = G(2(I — 1),2p). By the previous fact we have a wellde-
fined open immersion Y < Y which sends a point y € Y to the
2(1 — 1)-dimensional nondegenerate subspace yWy,. The image of this
morphism is the open dense subvariety of Y consisting of all 2(1 — 1)-
dimensional nondegenerate subspaces. Therefore we can think of Y as
the variety parametrizing the set { Xy | W € Y nondegenerated} and
we can think of the morphism Y < Y as the assignement Xy, — W.
Since Y is a projective homogeneous space we can think of Y as a
natural compactification of Y. We will often identify Y with the open
dense subvariety of Y. We will often write Y C Y.

Recall the morphisms p and ¢ from Section 13. We will identify
the morphism ¢: Z — Y with the composition Z — Y < Y. Let w
be a Weyl group element. Recall the non negative numbers ¢, from
Section 13. Let A € P(I,p). Then we can define a non negative number
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associated to A by the equality gy = G,,. With this notation we have
for example gy = ¢4 = 1.

Fact 18.2. Let [ be a general curve of degree dx =1+ 1. Then we
have the equality X; = Xy, .

Proof. Let g € G be an element such that f = gfa. Then we have by
definition that X = = ¢gX. We already know that X = Xw;, - Therefore

it follows that gX = Xgw;, - Therefore it suffices to show that gWy, =
W;. But this clear from Corollary 16.7 since f = gfa. 0

Lemma 18.3. Let A\, and v be elements of 75(l,p). Let F,,G, and
H, be three isotropic flags in general position. Then the map f+— W;
gives a bijection between the set of general rational curves f of degree
dx = L+ 1 satisfying f(0) € Xy\(F,), f(1) € X, (G.) and f(o0) €
X, (H,) and the set of points W in the intersection qp~ (X\(F,)) N
qp (X ,(G.)) Nagp Y (X, (H,)) together with three points in the fibers
Xw NXa(F,), Xw N X, (Ge) and Xy N X, (H,).

Proof. By Fact 13.18 we already know that the two sets in question are
in bijection. We only have to show that the bijection is given by the
assignement f +— Wy. But this is clear from the previous fact and the
definition of the assignement in the proof of Fact 13.18 0

Theorem 18.4. Let A, ju and v be elements of P(l,p) such that
AT+t 4[] = dim(X) + e (X)dx -
Then we have the following equality:

(02, 00,00) 101 = DNQuly / QD ON "GP Oy - GP Oy .
Y

Proof. Let u = wy, v = w, and w = w, be the Weyl group elements
corresponding to the partitions A, p and v. Let F,, F, and F,, be the
closures of F,, F, and F,, in Y Where we consider F,, F, and F,, as
subvarieties of Y via the natural inclusion Y C Y. Let ¢, ¢ and ¢” be
general elements of G. Then we have

gF, N g/Fv N g”Fw = gFu N g/Fv N g“Fw .

The cardinality of the right side equals the integral over Y which is
written in the statement. Therefore the claim follows from Theorem
13.19. OJ
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