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We study the influence of quenched disorder on the two-dimensional melting behavior of super-

paramagnetic colloidal particles, using both video microscopy and computer simulations of repulsive

parallel dipoles. Quenched disorder is introduced by pinning a fraction of the particles to an underlying

substrate. We confirm the occurrence of the Kosterlitz-Thouless-Halperin-Nelson-Young scenario and

observe an intermediate hexatic phase. While the fluid-hexatic transition remains largely unaffected by

disorder, the hexatic-solid transition shifts to lower temperatures with increasing disorder. This results in a

significantly broadened stability range of the hexatic phase. In addition, we observe spatiotemporal critical

(like) fluctuations, which are consistent with the continuous character of the phase transitions.

Characteristics of first-order transitions are not observed.

DOI: 10.1103/PhysRevLett.111.098301 PACS numbers: 82.70.Dd, 61.20.Ja, 64.70.D!, 64.70.pv

Since the seminal work of Kosterlitz, Thouless [1,2],

Halperin, Nelson, and Young (KTHNY) [3–5] it has been

known that melting in two spatial dimensions can be

qualitatively different from three-dimensional bulk melt-

ing. While the latter is typically a phase transition of first

order, a two-stage scenario with an intervening hexatic

phase can emerge in two-dimensional systems, which is

separated from the isotropic fluid and solid phase by two

continuous transitions [6]. The KTHNY melting scenario

further predicts that, in two dimensions, the melting pro-

cess is mediated by the unbinding of thermally activated

topological defects. In particular, the emergence of the

hexatic phase is related to the dissociation of dislocation

pairs into isolated dislocations [2,7]. These break transla-

tional symmetry, leading to a vanishing shear modulus.

However, the orientational symmetry remains quasi long

range and the modulus of rotational stiffness, Frank’s

constant KA, attains a nonvanishing value [4]. It has been

shown that the KTHNY scenario is realized for soft long-

range pairwise potentials scaling with the inverse cube of

the particle separation [8,9]. In fact, video microscopy

experiments with superparamagnetic colloidal particles

pending at a two-dimensional air-water interface and

exposed to an external magnetic field perpendicular to

the interface have confirmed the KTHNY scenario in detail

[10–12]. Further reports on soft repulsive particles in two

dimensions are in favor of the KTHNY scenario [13–15]

while in systems with very short-ranged or hard-core par-

ticle interactions, first-order characteristics were found for

both transitions [16,17]. Here, we investigate whether the

continuous melting including critical fluctuations persists

in the presence of quenched disorder or whether first-order

signatures emerge instead [18].

Pure 2D bulk systems are rare in nature; planar confine-

ment is typically realized by adsorption on an interface,

such that crystallization usually occurs on solid substrates

(examples include graphene sheets, see Ref. [19]) which

introduce quenched (i.e., frozen-in) disorder due to some

roughness. The same holds for flux lines pinned by impu-

rities [20–23], which leads to large critical fields in type II

superconductors. Defects may also affect the phase behav-

ior of freely suspended liquid crystal films [24], of syn-

thetic [25] and biological [26] Langmuir Blodgett films, or

even 2D protein crystals [27]. Based on a topological

defect analysis for weak disorder, Nelson and co-workers

[28,29] have predicted that the KTHNY scenario persists

with a widening of the hexatic stability range for increasing

strength of quenched disorder. This notion was questioned

in subsequent theoretical studies [30]. More recent experi-

mental efforts [31–34], simulations [35–37], and theories

[38] have markedly increased our understanding of two-

dimensional melting under disorder, but the occurrence of

the hexatic phase was never resolved in all of these studies.

Therefore, the above-mentioned predictions of Nelson and

co-workers [28,29] have never been tested by experiment

or simulations.

In this Letter, we propose an experiment on superpar-

amagnetic colloids on a glass substrate on which a small

fraction of the particles is pinned, inducing quenched dis-

order. Clearly, as a reference, the KTHNY scenario occurs

for the pure case without any disorder on a pinning-free air-

water interface [10,12]. We can now systematically study

the melting scenario in detail for different fractions of

pinned particles. In our experiments, we confirm the

KTHNY scenario and the predictions by Nelson and co-

workers [28,29] under disorder. The stability range of the

hexatic phase widens upon increasing disorder as opposed

to the prediction of Ref. [30]. We also perform two-

dimensional computer simulations for parallel dipoles

and find good agreement with our experimental data.

Extracting an ‘‘effective’’ KA, we recover the scaling of

the elasticity modulus in the presence of disorder. Thereby,
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we provide evidence that melting in the presence of dis-

order is governed by the same defect-mediated process

predicted and confirmed for pure systems. Furthermore,

we observe heterogeneous orientational order close to the

melting temperature but a long-time analysis reveals that

such heterogeneities fluctuate strongly on time scales

larger than the orientational correlation time indicating

critical behavior.

The experimental system consists of superparamagnetic

colloidal particles which are confined in two dimensions

and subject to quenched disorder embodied by a random

distribution of fixed particles. The colloidal suspension is

kept at room temperature and an external magnetic field H
applied perpendicular to the particle layer induces a repul-

sive dipole-dipole potential VðrÞ ¼ '0ð(HÞ2=r3, where (
denotes the magnetic susceptibility [39] and r the particle
distance. The phase behavior is studied by tuning the

interaction strength via the external magnetic field, quan-

tified by the dimensionless interaction parameter

$ ¼
'0ð)nÞ

3=2ð(HÞ2

kBT
; (1)

with the 2D particle density n and the thermal energy kBT.
The particles have a diameter d ¼ 4:5 'm and the mass

density 1:7 kg=dm3. The suspension is sealed within a cell

consisting of two parallel cover slips glued together via a

hollow cylindrical glass spacer of 5 mm diameter. By

gravity, the particles sediment and form a monolayer on

the bottom glass plate, where a short-time lateral diffusion

constant of D ¼ 0:0295 'm2=s is observed. Because of

van-der-Waals interactions and chemical reactions

between colloids and the glass surface, a small amount of

particles pin to the substrate. This distribution is slowly

altered by thermal tearing or the creation of new pinning

connections, but the pinned particles are fixed on the time

scale of our measurements. We exemplify three different

sample regions with varying pinning strengths ranging

from approximately 0.5% to 0.8%. The colloidal ensemble

is melted from an equilibrated crystalline state by decreas-

ing H in small steps. After each step, the system is allowed

to equilibrate for at least 24 hours before particle trajecto-

ries are recorded via video microscopy [40] for 2.7 hours,

which equals % 502B.
Complementary, computer simulations are carried out in

the NAT ensemble, with A denoting the area of the system.

The total particle number is fixed to N ¼ 16000 and peri-

odic boundary conditions are applied. Each pinning

strength is sampled with at least 15 statistically indepen-

dent configurations of obstacles, which are achieved by

pinning randomly selected particles in a fluid configuration

of hard disks at a packing fraction of 0.25%. Within

statistical precision, this realization of pinning corresponds

to the distribution of pinned particles observed in the

experiment. Using the standard Metropolis Monte Carlo

(MC) algorithm, a full freezing and melting cycle is

conducted for each particular setup at which the initially

chosen particles remain pinned. After incrementing $ /
1=T, the system is equilibrated for 5' 105 MC sweeps

before recording data. While Monte Carlo methods are

known to converge rapidly towards static equilibrium

states, the underlying phase-space sampling provides a

suitable means to study dynamic properties, as well [41].

For each parameter set of temperature and pinning

strength, the observables obtained by MC simulations are

averaged over all sample realizations of disorder.

The KTHNY theory predicts a two-step melting process,

in which the isotropic fluid and solid phase are separated

by an intermediate hexatic phase. While translational order

is only short range in the hexatic phase, orientational order

persists. More precisely, it switches from long range in the

solid over quasi long range in the hexatic phase to short

range in the isotropic fluid. The characteristic range of

orientational order in the different phases can be quantified

in terms of the correlation g6ðr; tÞ of the bond order

parameter

c 6 ¼
1

nj

X

k

ei69jk ; (2)

where the sum goes over all nj nearest neighbors of particle

j, and 9jk is the angle of the kth bond in respect to a certain

reference axis. Mapping the characteristic ranges of the

spatial orientational order on the time domain, we can

study the dynamical orientational correlation g6ðtÞ ¼
hc )

6ðtÞc 6ð0Þi, which, analogously to the spatial correla-

tion, decays exponentially in the isotropic fluid, and alge-

braically in the hexatic phase, and approaches a constant

value in the solid [42]. This quantity is well suited to

characterize the melting process, as discussed in

Refs. [8,9] and successfully employed experimentally in

Ref. [10].

Figure 1 shows g6ðtÞ for both, experiment (0.48% pin-

ning) and simulation (0.5%). The time axis is reduced to

the Brownian time scale 2B ¼ ðd=2Þ2=D. After a short-

time decay due to Brownian motion, the characteristic

behavior of the solid, the hexatic (linear decay in the log-

log plot), and isotropic fluid is clearly distinguishable at

long times. To confirm the characteristic decay behavior,

g6ðtÞ is fitted with a second-order polynomial fit on a

double-logarithmic scale: lnðg6ðtÞÞ ¼ aþ b lnðt=2BÞ þ
cln2ðt=2BÞ, with dimensionless coefficients a, b, and c.
Solid, hexatic, and isotropic fluid phases are characterized

by the relative contribution of positive or negative curva-

ture, expressed by c=jbj. We define an upper and a lower

threshold value for c=jbj to distinguish between the nega-

tively curved exponential decay of g6ðtÞ in the isotropic

fluid, positive curvature in the solid, and a linear course in

between, reflecting the hexatic phase (for further details

and an evaluation of the spatial bond order correlation

function see the Supplemental Material [43]).
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To illustrate the critical behavior at the transition points,

we determine the orientational correlation time =t and an

‘‘effective’’ Frank’s constant KA, characterizing the elastic

response of topological defects to torsion in the presence of

pinned particles (see Fig. 2). The parameters are extracted

from exponential fits -e!t==t in the isotropic fluid and

algebraic fits -t>6=2 in the hexatic phase, where the ori-

entational exponent>6 ¼ 18kBT=)KA is inversely propor-

tional to Frank’s constant. In the isotropic fluid, KA is zero

due to the appearance of isolated disclinations. The

corresponding stress field ‘‘absorbs’’ external torsion by

diffusion and/or rotation. Approaching the hexatic-

isotropic fluid transition at the temperature $!1
i %

0:0148, =t diverges, and KA jumps to the finite value

72=). In the hexatic phase, KA remains constant due to

the presence of quasi–long-range orientational order: a

torsion would mediate a separation of dislocations into

isolated disclinations, inducing a change in the strain field

at a finite stress response. Approaching the solid-hexatic

transition, the elastic response to a torsion increases due

to the decreasing number of isolated dislocations.

Simultaneously, KA diverges. Our data indicate that, in

the presence of disorder, the divergent behavior of

Frank’s constant spreads. More precisely, KA increases at

lower temperatures for higher pinning strengths, which

means that the hexatic-solid transition temperature

$!1
m strongly depends on disorder, as proposed in

Refs. [28,29,35]. Furthermore, this implies the reduction

of torsional stiffness at a fixed temperature: in the presence

of pinned particles, the response to a torsional stimulus

becomes more elastic.

To emphasize the consequences of these distinct char-

acteristics at the transitions on the phase behavior of the

system, the two-step melting process is mapped to the

parameter plane of temperature and pinning strength.

Figure 3 shows the resulting phase diagram. In the cooling

and heating cycle of the simulations no hysteresis was

found, as is typical for continuous transitions—see the

Supplemental Material [43] for details and additional

evaluation of our data indicating the continuous nature of

the phase transition. The hexatic-isotropic fluid transition

is found to remain largely unaffected by pinning; the

transition temperature $!1
i is barely shifted by disorder.

In contrast, the hexatic-solid phase boundary is strongly

FIG. 2 (color online). (a) Orientational correlation time =t and

(b) Frank’s constant KA, for different concentrations of pinned

particles. Filled symbols represent experimental data, open sym-

bols simulation. The meaning of the symbols is the same in (a)

and (b); lines are guides to the eye. While =t is almost not

affected by different pinning strengths, KA is clearly lowered

with increasing pinning.

FIG. 1 (color online). Temporal bond orientational correlation

function g6ðtÞ in the presence of quenched disorder plotted

versus reduced time t=2B on a double-logarithmic scale. The

fraction of pinned particles is 0.48% in the experiment and 0.5%

in the simulation. Exemplary curves are shown for the isotropic

fluid [green (light gray)], hexatic [red (black)], and solid [blue

(dark gray)] phase, where experimental data are drawn with solid

lines, and computer simulations with dashed lines.

FIG. 3 (color online). Phase diagram indicating the solid [blue

(dark gray)], hexatic [red (light gray)] and isotropic fluid [green

(medium gray)] phase in the parameter space of temperature /
$!1 and pinning strength. Full symbols represent experimental

data, while open symbols correspond to simulation results.

Letters indicate the location of snapshots in Fig. 4.
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influenced. The transition temperature is shifted signifi-

cantly towards lower values for increasing numbers of

pinned particles. This can be explained qualitatively con-

sidering the influence of pinned sites on the distinct sym-

metries: a pinned particle causes a strain field in its vicinity

and therefore shifts particles to release the created stress.

Orientational order can be recovered, since particles are

able to adjust the orientational field c 6 to their local

environment by slight displacements. However, the

hexatic-solid transition is governed by a significant change

in translational order. If pinned particles are displaced from

their ideal lattice position, a positional lack can only be

restored by bending lattice lines. Moreover, the shear

modulus is zero in the isotropic fluid and hexatic phase,

which disburdens the conservation of order by adjusting

the strain. As a result, the stability range of the hexatic

phase widens with increasing disorder, which is in accor-

dance with theoretical predictions [28,29]. In addition, this

effect seems to become more crucial for higher disorder

strengths, resulting in a curved behavior of the hexatic-

solid phase boundary. This suggests the existence of a

critical disorder strength, above which the system is not

able to form an ordered state [35], but rather becomes an

amorphous solid in the form of a hexatic glass [31,33],

depending on the range of quenched disorder [38].

To determine the dynamics of the orientational order in

space, we illustrate the magnitude and spatial distribution

of the orientational order parameter hjc 6jit, averaged over

a finite time window of% 502B [see Figs. 4(a)–4(c)]. In the
solid phase, orientational order is homogeneous and per-

sistent in time. It is only locally reduced by thermally

activated, short living dislocation pairs. In the hexatic

and isotropic fluid phase, the magnitudes of hjc 6jit
decrease and are subject to a strongly heterogeneous spa-

tial pattern on various length scales. This behavior can

equally be observed in computer simulation snapshots

(see the Supplemental Material [43]). Similar heterogene-

ities were reported for an impurity-free two-dimensional

Lennard-Jones system [44]. The observed heterogeneities

of the orientational order field close to $i are spatiotem-

poral and reflect criticallike fluctuations at the hexatic-

isotropic fluid transition, thus confirming our finding that

this transition is continuous [see movie 1 and 2 in

the Supplemental Material [43] covering a time window

two decades larger (up to % 40002B) compared to

Figs. 4(a)–4(c)].

To exhibit the proximate effects of the pinned sites, we

compare the spatial dynamics of particles in the vicinity of

and far away from pinning centers for an intermediate

pinning strength [see Fig. 4(d)]. While in the isotropic fluid

the mean square displacement is decreased near pinning, it

is increased in the solid. The inhibited dynamics in the

disordered phase can be explained by the confining char-

acter of the pinned sites. Conversely, the local dynamics in

the solid seems to be increased near pinning. This might be

related to an increased probability of dislocation pair

unbinding induced by quenched disorder [28,35]. The

crossover lies in the hexatic phase at $!1 % 0:0144, close
to the solid-hexatic phase transition, which supports our

finding that this transition is more affected by quenched

disorder than the hexatic-isotropic liquid one.

In conclusion, we investigated the melting transition of

2D crystals under quenched disorder in the form of pinning

sites. Analyzing the dynamics of the orientational correla-

tion, we probed the disorder vs temperature phase diagram

and determined the orientational correlation time and

Frank’s constant. Both show divergent behavior at the

corresponding phase transition, confirming the continuous

melting character of the KTHNY scenario. While the

hexatic-isotropic fluid transition is rather unaffected by

pinning, the transition from the solid to the hexatic phase

is strongly influenced, resulting in a significant broadening

of the hexatic phase. In addition, we observed spatiotem-

poral dynamical heterogeneities of the orientational order

parameter (see the movies in the Supplemental Material

[43]), marking critical(like) fluctuations, whereas first-

order characteristics are not observed. In comparison to

the bulk, the local dynamics of particles in the vicinity of

pinned sites is decreased in the isotropic liquid, which is

not directly reflected by a localization of the fluctuations of

the order parameter (see the movies in the Supplemental

Material [43]). The further investigation of 2D systems

with this kind of weak quenched disorder might reveal

FIG. 4 (color online). (a)–(c) Snapshots of the experimental

system at 0.48% pinning, showing the local orientational order

parameter hjc 6jit averaged over % 502B in the different phases

[(a) $!1 ¼ 0:0117, (b) $!1 ¼ 0:0143, (c) $!1 ¼ 0:0154]. The
field of view is 450' 450 'm. Voronoi cells are color coded

according to the bar on the left. (d) Mean square displacement

(MSD) calculated for particles within a distance of 8d around

pinning sites (region I in the inset) and more than 24d away from

them (region II). Temperatures correspond to (a)–(c).
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the role of critical fluctuations in the disorder-mediated

melting process and also opens the field of hexatic mem-

branes with adatoms or molecules. Using weak random

potentials or (quasi)crystalline structures, commensurable

and incommensurable crystal transitions come into focus,

and for strong disorder, crystal to amorphous solid transi-

tions can be investigated.
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We have detected a typing error in Eq. (1) of our Letter. A prefactor of 1=4π was missing in the definition of the

interaction strength Γ.

Equation (1) should correctly read

Γ ¼
μ0ðχHÞ2ðπnÞ3=2

4πkBT
: (1)

The same prefactor has to be included in the preceding definition of the repulsive dipole-dipole potential, which correctly

reads VðrÞ ¼ μ0ðχHÞ2=4πr3.
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Supplemental material for:

Two-dimensional melting under quenched

disorder

July 30, 2013

1 Time-averaged orientational order

Fig. 4 of the main article shows the analysis for the experimental data. Figure 1 shows
the same analysis performed for simulations. There is very good agreement between
experiment and simulations.

Figure 1: (a-c): Same as Figure 4 in the main paper but now for the simulations. Snap-
shots of the simulation system at 0.5% pinning, showing the local orienta-
tional order parameter 〈|ψ6|〉t averaged over ≈ 70 τB in the different phases
(a: Γ−1 = 0.01429, b: Γ−1 = 0.01471, c: Γ−1 = 0.01563, ). The field of view
corresponds to 450µm×450µm. Voronoi cells are color-coded according to the
bar on the left. (d): Mean square displacement (MSD) calculated for particles
within a distance of 8d around pinning sites (region I in inset) and more than
24d away from them (region II). The temperatures for solid, hexatic and fluid
phase correspond to (a-c).
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2 Description of the movies

To illustrate the fluctuations of the order parameter near the hexatic-isotropic liquid and
hexatic-solid phase transition, we calculate the time evolution of the magnitude of the

local bond order parameter |ψ6| =
∣

∣

∣

1

nj

∑

k e
i6θjk

∣

∣

∣

for both, experiment and simulation

for long time runs. Like in Fig. 4, a-c in the main text and Fig. 1 of the supp. mat.
particles are represented by their Voronoi cells and pinned sites are marked with crosses.
The Voronoi cells are color-coded with the magnitude of the local bond-order paramater
〈|ψ6|〉t averaged for a finite time window. This time window was chosen to be shorter
than the orientational correlation time at the hexatic-isotropic liquid transition to an-
alyze the present local order. This was repeated for a duration much longer than the
orientational correlation time at the given temperature. A movie (with linear time scale)
was constructed from the images. As can be seen in the movies for both, experiment and
simulation, the local bond order field shows heterogeneities in space and time. This can
be interpreted as critical(-like) fluctuations of the orientational order field. Patterns of
similar magnitude do not persist in time as expected for systems with phase equilibria,
nor do they move due to possible grain boundary dynamics. The patterns clearly emerge
and disappear on various time and length scales, marking a continuous (or second order)
phase transition. In addition, the fluctuations seem to be slightly enhanced in regions
with increased pinning which might point to a dependency of critical fluctuations on
quenched disorder.

• Movie 1: Experimental data recorded at Γ−1 = 0.01447 and 0.48% pinning, cover-
ing a time frame of ≈ 4080τB ≈ 8 days. 〈|ψ6|〉t was averaged over ≈ 42 τB .

• Movie 2: Simulation data recorded at Γ−1 = 0.0146 and 0.5% pinning, covering a
time frame of ≈ 2700τB . 〈|ψ6|〉t was averaged over ≈ 70 τB.

3 Polynomial fit criterion

In order to quantify the characteristic decay properties of g6(t) in the solid, hexatic
and fluid phase, the linearly equidistant g6(t) data points are fitted with a second order
polynomial fit on a double-logarithmic scale. This is achieved by calculating the least
square parabola

ln(g6(t)) = a+ b ln(t/τB) + c ln2(t/τB) (1)

with dimensionless coefficients a, b and c for the set of values (ln(t/τB), ln(g6(t))). To
characterize solid, hexatic and fluid phase, the relative contribution of curvature is con-
sidered, expressed by the ratio c/|b|. In the fluid phase, g6(t) decays exponentially, and
the polynomial fit (1) exhibits negative curvature, c/|b| < 0. In the solid phase, g6(t)
approaches a constant value such that the data is best approximated by a positively
curved polynomial, c/|b| > 0. Since the algebraic decay of g6(t) corresponds to a linear
decay in the log-log plot, the relative contribution of curvature vanishes, c/|b| ≈ 0. We
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Experiment Simulation

solid, Γ−1 = 0.0117, c/|b| = 0.1305 solid, Γ−1 = 0.0133, c/|b| = 0.1413
hexatic, Γ−1 = 0.0143, c/|b| = −0.0056 hexatic, Γ−1 = 0.0146, c/|b| = 0.0444
fluid, Γ−1 = 0.0154, c/|b| = −0.3107 fluid, Γ−1 = 0.0156, c/|b| = −0.4131

Figure 2: Exemplary g6(t) curves recorded in experiment & simulation (symbols) for the
solid (blue squares), hexatic (red triangles) and isotropic fluid phase (green
circles) fitted with the second order polynomial fit (1) (solid lines). The ef-
fective temperature Γ−1 and relative contribution of curvature c/|b| are stated
below the plot. The fraction of pinned particles is 0.48% in the experiment
and 0.5% in the simulation.

define a lower and an upper threshold, c/|b| = ±0.07 to map all g6(t) curves recorded to
the three phases (see Table 1).

phase g6(t) c/|b|

solid constant > 0.07
hexatic algebraic decay −0.07 ≤ c/|b| ≤ 0.07
fluid exponential decay < −0.07

Table 1: Characterization of solid, hexatic and fluid phase via the relative curvature
contribution in Eq. (1).

For an equivalent treatment of experimental and simulation data, we consider the
time-window 0.6 ≤ t/τB ≤ 5 and shift the origin to t0/τB = 0.6 to ensure b < 0, see
Fig. 2. The phase diagram depicted in Fig. 3 of the main article is obtained with
these settings. To test our approach for longer times, the polynomial fit is extended to
t/τB = 400 for the simulation data (Fig. 3), at which all properties of the phase diagram
are recovered (see Fig. 4).
As a further consistency check, we applied the polynomial fit criterion to correlation
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Simulation ( 0.6 ≤ t/τB ≤ 5) Simulation ( 5 ≤ t/τB ≤ 400)

hexatic, Γ−1 = 0.0146, c/|b| = 0.0444 hexatic, Γ−1 = 0.0146, c/|b| = 0.0552

Figure 3: Second order polynomial fit applied to exemplary simulation data for times
0.6 ≤ t/τB ≤ 5 (left) and 5 ≤ t/τB ≤ 400 (right).

function data recorded in Ref. [1] .The envelope of the local maxima of g6(r) was fitted
in the range 0.5 ≤ r/σ ≤ 64. In doing so, our approach was found to recover the
distinction drawn in [1] between curves corresponding to the fluid, hexatic and solid
phase (see Fig. 1 therein).

Figure 4: Phase diagram with simulation data fitted in the time-range 0.6 ≤ t/τB ≤ 5
(left) or 5 ≤ t/τB ≤ 400 (right). Open symbols represent simulation data,
while full symbols correspond to experimental results. The latter are not
altered and are shown for comparison only. The phase diagram does not change
significantly if the parameters are varied, covering a large range of values.

[1] N. Gribova, A. Arnold, T. Schilling, and C. Holm, J. Chem. Phys. 135, 054514 (2011).
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4 Further evidence of the continuous nature of the melting

process

A full cooling and heating cycle was conducted in the computer simulations. At each
temperature step, the mean specific energy 〈U〉 was calculated. The results are depicted
in Fig. 5. The cooling and heating branches collapse, which indicates a continuous
phase transition. In order to distinguish between the observed widening of the hex-

 90
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Figure 5: Mean specific energy 〈U〉 for cooling (open circles) and heating (full diamonds).
The pinning fraction is 0.5%. The temperature range corresponding to the
intermediate hexatic phase is indicated in red.

atic phase with increasing disorder and the signature of a polycrystalline structure, we
examine a polycrystalline reference system by quenching an isotropic bulk fluid to the
deep solid phase in the computer simulation. The resulting configuration consists of
several crystalline regions with different orientations, which are sharply separated by
grain boundaries, see Fig. 6. In comparison, a snapshot of the system with pinning
in the hexatic phase exhibits no grain boundaries and apart from the spatio-temporal
fluctuations discussed in the main article, there is globally homogeneous orientational
order (Fig. 6). Furthermore, we monitor the probability distribution of the squared
value of the orientational order parameter ψ6L on various length scales. As discussed
in [1], a monomodal distribution is expected in the absence of polycrystallinity. Our
results are shown in Fig. 7 and clearly indicate a single peak in the distribution. While
in the isotropic fluid phase, the distribution diverges at ψ2

6L = 0 (Fig. 7 (a)), the lo-
cation of the peak shifts to intermediate values at the isotropic → hexatic transition
(b) and approaches higher values as the system is cooled further (c). For the pinning
system, the distribution is clearly monomodal, while the distribution is bimodal for the
polycrystalline reference system, see Fig. 7 (d).
To provide further evidence for the continuous nature of the phase transition, we con-

duct a finite-size scaling analysis of the fluctuation of the translational and orientational
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Figure 6: Left, Middle: Computer simulation snapshots showing the orientation of the
local director ψ6,i relative to the global director ψ6. The colorcode corresponds
to the bar on the left and is based on the normalized scalar product ψ6,i ·
ψ6/(|ψ6,i||ψ6|). Five- and sevenfolded defects are shown in black or white,
respectively. Left: Pure bulk system after a quench from Γ = 60 to Γ =
200. Middle: System with 0.5% pinning in the hexatic phase (Γ = 69.5)
Crosses indicate the positions of pinned particles. Right: Spatial and temporal
correlation functions g6(r) (top) and g6(t) (bottom) calculated for the quenched
polycrystalline system (red dashed curve). As a reference, typical computer
simulation curves from the hexatic phase are shown for the system with 0.5%
pinning (green solid / dotted curve).

Figure 7: Probability distribution of ψ2

6L calculated for subcells of sidelength L (stated
as a fraction of the total box length). (a-c) System with pinning, (d) Quenched
polycrystalline configuration (shown in Fig. 6).
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Figure 8: Top: Susceptibility χ6L of the orientational order parameter as defined in [2]
versus effective temperature calculated for subcells of sidelength L (stated as
a fraction of the total box length). The dashed line corresponds to Ti derived
from the analysis of g6(t). Bottom: Susceptibility χTL of the translational
order parameter. The solid line corresponds to Tm derived from the analysis
of g6(t). Data is shown for computer simulations, the pinning fraction is 0.5%.

order parameters ψT and ψ6, respectively. Therefore, we consider the translational and
orientational susceptibilities χTL and χ6L as defined in Ref. [2], Our results are shown
in Fig. 8. The susceptibility χ6L diverges at the value of Ti estimated by the analysis
of g6(t). At a lower temperature close to the estimated value of Tm, χTL undergoes a
reasonable increase, then decreases for large systems once again pointing to a possible
divergence for L → ∞. The maximum in the susceptibility χTL occurs at higher cou-
pling than that of χ6L (for L = 1/2). The existence of two distinct temperatures for the
divergent behavior of χ6L and χTL indicates the two-step melting process. Further, it
has to be pointed out that finding a proper reciprocal lattice vector ~G is essential for a
reliable analysis of the translational order parameter ψT , its correlation, and suscepti-
bility. For statistically independent ensembles, ~G will change and should be calculated
separately for every ensemble. This has been done in our analysis, we determined the
lattice vector that maximizes ψT for every ensemble. However, this becomes increas-
ingly difficult approaching the hexatic phase due to the increasing dislocation densities.
Furthermore, in the hexatic phase the reciprocal lattice vector is no longer defined since
the translational order is short range and no lattice exists.

[2] Y. Han, N. Y. Ha, A. M. Alsayed, A. G. Yodh, Phys. Rev. E 77, 041406 (2008).
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5 Spatial correlation functions

In addition to the analysis of the temporal correlation function g6(t) stated in the main
article, the spatial correlation function g6(r) = 〈ψ∗

6
(r)ψ6(0)〉 is discussed here. Figure

5 shows exemplary curves for g6(r) in the isotropic fluid, hexatic and solid phase for
experimental and simulation data. The decay behavior in the different phases is clearly
distinguishable. While in the isotropic fluid g6(r) decays exponentially, it has an al-
gebraic signature in the hexatic phase, and approaches a constant value in the solid,
excluding the possibility of polycrystallinity. Consistent with Poisson statistics, there is
an accumulation of pinned particles in the lower left corner of the experimental sample,
see Fig. 10. This induces a small distortion of the lattice in the lower left corner leading
to the weak decay of the experimental curve in the solid phase at Γ = 119.5. Since
the orientational correlation in the time domain is robust to such distortions it is better
suited to identify the transition temperature.

Figure 9: Spatial correlation function g6(r) of the bond order parameter in the pres-
ence of quenched disorder plotted versus reduced distance r/d on a double-
logarithmic scale. The fraction of pinned particles is 0.48% in the experiment
and 0.5% in the simulation. Exemplary curves are shown for the isotropic
fluid (green), hexatic (red), and solid (blue) phase, where experimental data
is drawn with solid, computer simulations with dashed lines.

8



Figure 10: Snapshot of the system at Γ = 119.5 illustrating the defect distribution.
Particles with six nearest neighbors are colored gray, fivefold coordinated sites
red, sevenfold green, and particles with more than seven or less than 5 nearest
neighbors are colored blue. Pinned particles are marked with crosses. The
lower left of the field of view shows a small distortion due to an accumulation
of pinned particles in the experiment.
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Using both video microscopy of superparamagnetic colloidal particles confined in two dimensions and

corresponding computer simulations of repulsive parallel dipoles, we study the formation of fluctuating

orientational clusters and topological defects in the context of the KTHNY-like melting scenario under quenched

disorder. We analyze cluster densities, average cluster sizes, and the population of noncluster particles, as well

as the development of defects, as a function of the system temperature and disorder strength. In addition,

the probability distribution of clustering and orientational order is presented. We find that the well-known

disorder-induced widening of the hexatic phase can be traced back to the distinct development characteristics of

clusters and defects along the melting transitions from the solid phase to the hexatic phase to the isotropic fluid.

DOI: 10.1103/PhysRevE.88.062305 PACS number(s): 82.70.Dd, 64.70.D−, 61.20.Ja, 64.70.pv

I. INTRODUCTION

The controversy about the microscopic process controlling

melting in two dimensions has lasted for several decades.

According to the widely accepted theory by Kosterlitz,

Thouless, Halperin, Nelson, and Young (KTHNY) [1–5],

two-dimensional (2D)melting is a sequence of two continuous

phase transitions. The solid and isotropic fluid phases are

separated by an intermediate anisotropic fluid phase with

quasi-long-range sixfold orientational order, called the hexatic
phase. The KTHNY scenario further suggests that the two

continuous transitions are driven by the dissociation of

thermally activated topological defects [2,5]. Given the sixfold

symmetry of a triangular lattice, a dislocation constitutes a

topological defect which consists of a pair of particles with

five and seven nearest neighbors, respectively. Following the

predictions of the KTHNY theory, dislocations are bound into

neutral pairs in the solid phase, and orientational order is

long-range; i.e., the orientational correlation function attains

a finite value. As pointed out by Mermin [6], the translational

order of the crystalline state is only quasi-long-range due to

long-wavelength fluctuations. Mediated by the unbinding of

dislocation pairs into isolated dislocations, the transition to the

hexatic phase takes place at a temperature Tm [4]. Although

translational order is destroyed by the presence of isolated

dislocations, orientational order persists in the hexatic phase

on a quasi-long-range scale [3,4]. Thus, in the hexatic phase,

the orientational correlation function decays algebraically as

a function of the separation distance. The transition from the

hexatic to the isotropic fluid phase at the temperature Ti > Tm

is marked by the unbinding of dislocations into single five- and

sevenfold point defects, which are referred to as disclinations.

In the isotropic fluid, orientational order vanishes and the

orientational correlation function decays exponentially.

Alternative approaches to melting in two dimensions have

been conceived where the melting process is modeled as

a single first-order transition [7,8]. However, throughout

numerous experimental and simulation studies, the KTHNY

*thorn@thphy.uni-duesseldorf.de

theory could not be consistently verified or refuted [9].

Instead, evidence was found that the melting process strongly

depends on the pair interaction of the system at hand [10].

While systems governed by very short-range or hard-core

interactions are reported to exhibit coexisting phases [11–13],

thus contradicting the notion of a continuous transition,

reports on soft repulsive particles in two dimensions favor

the KTHNY scenario [14–16]. For particles interacting via

long-range dipolar interactions scaling with the inverse cube

of the particle separation, the KTHNY scenario has been

unambiguously confirmed [17–19]. Video-microscopy exper-

iments on superparamagnetic colloidal particles pending at an

air-water interface, where an external magnetic field induces

dipolarmoments perpendicular to the surface, have verified the

predictions of theKTHNY scenario in detail [20,21], including

the elastic properties related to the mechanism of defect

unbinding [22]. Furthermore, this setup was studied after a

quench by instantaneously increasing the external magnetic

field [23–25]. Thereby, crystallization occurred without any

evidence of the hexatic phase. Instead, the local formation

of crystallites, which gradually merged into larger crystalline

patches, leads to a polycrystalline state [23].

According to theoretical predictions byNelson and cowork-

ers, the two-stage melting scenario persists in the presence

of weak disorder [26,27], and the stability range of the

hexatic phase widens with increasing disorder. While Ti is

predicted to be largely unaffected by disorder, Tm decreases

with increasing disorder until, eventually, no crystalline state

can be established [26]. While the original work suggested

a reentrant melting at low temperatures in the presence of

disorder [26], laterworks revised this idea and afinal prediction

of the stability range of the ordered (i.e., solid) phase in

the temperature-disorder plane was stated in [28]. Further

numerical studies confirmed the topography of the ordered-

disordered phase diagram [29], albeit the hexatic phasewas not

resolved. Experimental realizations of colloidal systems under

quenched disorder were explored, where quenched disorder

was embodied by larger particles dispersed in an array of

smaller particles. Thereby, the solid phase exhibited the prop-

erties of an hexatic glass [30]. Static and dynamic properties

of the crystalline state in the presence of a random pinning

062305-11539-3755/2013/88(6)/062305(9) ©2013 American Physical Society
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potential were studied in [31]. Additionally, the properties

of a disorder-induced glass transition have been thoroughly

accounted for [32–34]. Recent studies on experimental model

systems like magnetized monolayers [35] or single-layer

complex plasmas [36] have increased our understanding of

the 2D crystallization process.

In a previous work [37], we proposed an experiment on

superparamagnetic colloidal particles on a substrate, where

quenched disorder is realized by randomly pinning particles to

the substrate. Probing different regions of the sample with

varying fractions of pinned particles, the melting process

was analyzed for various degrees of disorder. Thus, the

specific dependency of the transition temperatures Ti and

Tm on disorder predicted in [26] and [27] was verified

and a broadening of the hexatic phase could be observed.

Furthermore, computer simulations on parallel dipoles in

two dimensions were conducted, which exhibited very good

agreement with the experimental data.

In this paper, we extend our previous findings on the

disorder-induced melting process [37] with a detailed analysis

of orientational clusters which show strong fluctuations in

time. The development of these clusters is discussed globally

and locally as a function of the induced disorder in the

form of particle pinning. Dealing with fluctuations on various

length scales in continuous 2D melting, this is an essential

part of understanding the conservation of the continuous

nature of the transitions in the presence of weak induced

disorder. In the isotropic liquid phase, the emergence of small

clusters corresponds to strongly fluctuating patches of high

orientational order, which gradually merge into bigger clusters

at lower temperatures. The emergence of a single cluster

spanning the entire system occurs close to the isotropic →

hexatic transition. As discussed in [37], the orientational order

parameter exhibits spatiotemporal critical(-like) fluctuations

close to the isotropic-hexatic transition and throughout the

hexatic phase. In the coarsened picture of orientational

clusters, these fluctuations correspond to regions excluded

from clusters. Albeit the description of orientational clusters is

formally similar to the analysis of heterogeneous crystallites in

a quenched colloidal system as explored in [23], orientational

clusters are not invoked by a quench of the system but rather

exhibit the nature of the continuous transition. As we observe

in computer simulations and experiment, the number and

size of these clusters display characteristic properties in the

isotropic fluid, hexatic fluid, and solid phase. Analyzing setups

with varying degrees of quenched disorder, the broadening

of the hexatic phase can be traced back to inhibited cluster

formation. As indicated by a comparison of our results to bulk

reference simulations, the formation of orientational clusters

is not induced by the presence of pinned particles but can be

observed in a pure system as well. The analysis of the density

of topological defects indicates that thewidened stability range

of the hexatic phase reported in [37] is in fact associated

with an increased abundance of isolated dislocations. This

is consistent with the KTHNY scenario, which predicts that

isolated dislocations emerge in the hexatic phase and that

quenched disorder triggers the unbinding of dislocation pairs.

Additionally, we present further analysis of our experimental

and numerical data supporting the continuous nature of the

isotropic-hexatic phase transition.

The paper is organized as follows: In Sec. II, we describe

the experiment. The simulation technique is reported in

Sec. III. Section IV contains a description of our methods and

introduces the definition of clusters. Our analysis of cluster

formation and the finite-size behavior of global orientational

order is given in Sec. V. Topological defects are analyzed in

Sec. VI. Finally, Sec. VII provides the conclusion.

II. EXPERIMENTAL SETUP

We study a suspension of superparamagnetic colloidal

particles in two dimensions. Confined within a cylindrical

glass cell of 5-mm diameter, the particles sediment due to

gravity and form a monolayer on the bottom glass plate.

Quenched disorder is imposed by the pinning of a small

amount of particles which are attached to the glass substrate

due to van der Waals interactions and chemical reactions. The

particles have a diameter of d = 4.5 µm and a mass density

of 1.7 kg/dm3. The short-time lateral diffusion constant on

the glass substrate is D = 0.0295 µm2/s and the Brownian

time scale corresponds to τB = (d/2)2/D ≈ 170 s. Although

thermal tearing or the creation of new pinning connections

does alter the distribution of obstacles, the pinned parti-

cles remain fixed on the time scale of our measurements

(≈60 τB). Applying an external magnetic field H perpen-

dicular to the substrate plane, dipole moments are induced.

Due to the parallel alignment of dipoles, the pair interaction

scales with the inverse cube of the particle separation. The

pair interaction strength can be readily expressed by the

dimensionless parameter [38]

Ŵ =
µ0 (χH )2

4πa3kBT
, (1)

where a is the mean particle distance, χ denotes the magnetic

susceptibility, and kBT is the thermal energy. The definition

a = (πn)−1/2 allows us to calculate the dipolar distance

dependence of the pair potential from the 2D particle number

density n (including a geometrical prefactor). By changing

the magnetic field, the system can be effectively “heated”

or “cooled” homogeneously. We study the melting process

in three sample regions with varying pinning fractions,

ranging from approx. 0.5% to 0.8%. While the entire system

comprises >105 particles, each monitored region contains

≈5× 103 particles. The colloidal ensemble is melted from an

equilibrated crystalline state by decreasing H in small steps.

After each step, the system is allowed to equilibrate for at least

24 h before particle trajectories are recorded for 2.7 h via video

microscopy [39].

III. SIMULATION

Additionally, we perform computer simulations of point-

like superparamagnetic particles in two dimensions which

interact via the purely repulsive pair potential of parallel

dipoles. Standard metropolis Monte Carlo (MC) simulations

were conducted on the NAT ensemble, with A denoting the

area of the square simulation cell. The particle number was

fixed at N = 16 000 and periodic boundary conditions were

applied. Particle interactions are calculated via the truncated
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and shifted potential,

U (rij ) =

{

Ŵ((rij/a)
−3 − (rc/a)

−3), rij < rc,

0, rij > rc,
(2)

where the cutoff radius rc/a = 10 is chosen. The initial state

of the simulation is obtained by successively attempting to

place particles at random positions within the simulation cell,

while the minimum distance between particles is restricted

to rij > a. The resulting configurations corresponds to an

isotropic liquid of hard disks with a packing fraction of 0.25%.

Quenched disorder is introduced by pinning a randomly chosen

subset of particles to their initial position and rendering them

immobile for the entire simulation run. Within statistical

accuracy, this procedure models the distribution of pinning

sites observed in the experiment. Each particular pinning

fraction is sampled with at least 15 statistically independent

distributions of pinned particles. Although typically MC

methods are employed to study static properties in equilibrium

states, the underlying phase-space sampling provides a suitable

means for studying dynamic processes too [40]. To estimate

theBrownian time scale in terms ofMC sweeps (i.e., attempted

moves per particle), the diffusion of particles is observed in

a dilute bulk suspension. Thus, we find that the experimental

Brownian time τB corresponds to≈36MC sweeps. Starting in

the isotropic fluid phase (Ŵ−1 = 0.0167), a full freezing and

melting cycle is conducted for each pinning configuration.

Note that during this process, the particular distribution of

pinned particles remains fixed. At each step of Ŵ, the system is

equilibrated for up to 5× 105 MC sweeps (≈13 800 τB), after

which data are acquired over 105MCsweeps. For each pinning

fraction explored, the observables obtained at a given value of

Ŵ are averaged over all sample realizations of disorder. As a

reference, the same freezing and melting cycle is conducted

for a pure bulk system, where all particles are mobile.

IV. METHODS

Sixfold orientational order can be expressed in terms of the

bond order parameter

ψ6,j =
1

nj

nj
∑

k=1

ei6θjk , (3)

where the sum goes over all nj nearest neighbors of particle

j , and θjk is the angle of the kth bond with respect to a

certain reference axis. For a particle embedded in a perfect

hexagonal crystal at zero temperature, the magnitude of ψ6 is

1. It decreases as the neighbor particles deviate from their ideal

lattice positions, e.g., almost vanishes for a five- or sevenfold

coordinated defect. Here, nearest neighbors of a particle are

determined via the Voronoi construction. In order to analyze

orientational clusters and fluctuations of the order parameter,

we consider the local time-averaged director 96,i ,

96,i(t) =
1

1t

∫ t

t−1t

ψ6,i(t
′)dt ′. (4)

For both experiment and simulation, the averages are con-

ducted over a time frame1t/τB > 50. Furthermore, the global

FIG. 1. (Color online) Simulation snapshots illustrating orien-

tational clusters close to the fluid → hexatic transition (Ŵ−1 =

0.0149). The field of view corresponds to 450× 450 µm (≈7%

of the simulation cell). (a) Voronoi cells color-coded based on the

time-averaged local orientational order parameter 96(t). Colors are

specified by the bar at the left. Crosses indicate the positions of pinned

particles. (b) Orientational director field, where the complex number

96,i(t) is shown as a 2D vector, the size of which corresponds to the

magnitude of 96,i(t). Outlines of clusters are indicated in black.

time-averaged director 96 is defined by

96(t) =
1

N

N
∑

i=1

96,i(t). (5)

Orientational clusters are determined via two criteria. First, for

a particle to be included in a cluster at time t , the time-averaged

order parameter has to meet the criterion

|96,i(t)| > 0.5. (6)

If particle i is included in a cluster, so may be a neighboring

particle j , if it meets criterion (6) and the sixfold director has

a common orientation. Therefore, we consider the angle φij

between the real projection of 96,i(t), 96,j (t) and impose the

limit

cos(φij ) =
96,i · 96,j

|96,i ||96,j |
> 0.984. (7)

The application of these two criteria is illustrated in Fig. 1.

V. CLUSTER ANALYSIS

Applying the criteria introduced in the previous section to

the data recorded in computer simulation and experiment, the

formation of clusters is examined within the two-step melting

process. Therefore, the reduced transition temperatures Ŵ−1
i

and Ŵ−1
m are inherited from our previous study [37], where

the KTHNY melting scenario was confirmed for the system at

hand. In the samework, it was shown that there is a broadening

of the hexatic phase for increased pinning fractions (see Fig. 2).

While Ŵ−1
i is hardly affected, Ŵ−1

m shifts from ≈0.0146 to

≈0.0144 as the pinning fraction is increased from 0.1% to

0.5%. These findings are based on an analysis of the spatial

and dynamic bond order correlation function. Furthermore,

we analyzed the orientational correlation time ξt and an

“effective” Frank’s constant KA, which is the modulus of

torsional stiffness in the presence of pinned particles. Our data

indicate that in the presence of disorder, the divergent behavior

of Frank’s constant is shifted to lower temperatures for higher

pinning strengths [37]. Since the divergence of KA coincides
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FIG. 2. (Color online) Phase diagram indicating the solid [blue

(dark gray)], hexatic fluid [red (medium gray)], and isotropic fluid

[yellow (light gray)] phases in the parameter space of the temperature

∝Ŵ−1 and pinning strength. Filled symbols represent experimental

data, while open symbols correspond to simulation results [37].

with the hexatic → solid transition, this implies a strong

dependency of Tm on disorder, as proposed in Refs. [26]–

[28]. In the following, we revisit the continuous, disorder-

induced melting scenario in the context of the development

and characteristics of orientational clusters and examine how

the latter are influenced by pinning. Figure 3 illustrates the

formation of clusters in two exemplary systems with pinning

fractions of 0.1% and 0.5%, respectively. Snapshots are shown

at three distinct temperature steps, which, for a pinning fraction

of 0.1%, cover all three phases. In the isotropic fluid phase

close to Ŵ−1
i [Figs. 3(a) and 3(d)], a substantial number of

separate clusters can be observed. However, the orientation of

these clusters is strongly heterogeneous. In the hexatic phase

[Figs. 3(b) and 3(e)], the formerly separated clusters have

merged into a large cluster with a homogeneous orientation.

Note that, in general, the formation of a uniform cluster does

not necessarily collapsewith the isotropic→ hexatic transition

point and is highly dependent on the cluster criteria stated in

Sec. IV.

As reported in [37], orientational order undergoes spa-

tiotemporal fluctuations throughout the hexatic phase. These

critical-like fluctuations occur on time scales beyond the

orientational correlation time and are consistent with the

continuous nature of the phase transition. In terms of ori-

entational clustering, these fluctuating regions correspond to

particles not included in clusters. For further clarification,

computer simulation snapshots illustrating the time evolution

of clusters on different time scales are shown in Fig. 4. We

find the temperature range in which these spatiotemporal

patterns occur to depend strongly on the pinning fraction. At

Ŵ−1 ≈ 0.0146, the fluctuations have subsided in the system

with a pinning fraction of 0.1% [Fig. 3(c)], while there are

still substantial fluctuations in the system with a pinning

fraction of 0.5% [Fig. 3(f)]. Starting from this qualitative

observation, we systematically study the co-occurrence of

orientational clusters and disordered, fluctuating regions by

tracking several quantities related to the formation of clusters

versus the effective temperature Ŵ−1 for various pinning

fractions. First, we measure the abundance of clusters at

each specific temperature step. Therefore, the number of

clusters is averaged over an observation window of ≈10τB

for the experimental data and >2000 τB for the simulation

data. In the computer simulation, the result is additionally

FIG. 3. (Color online) Simulation snapshots of exemplary configurations for pinning fractions 0.1% (a–c) and 0.5% (d–f). Voronoi cells are

shown for particles included in clusters. The color-code corresponds to the bar at the left, based on the normalized product96,i · 96/(|96,i ||96|).

Crosses indicate the positions of pinned particles. At Ŵ = 0.0148, both systems are in the isotropic fluid phase; the transition to the hexatic

phase occurs at Ŵ = 0.0147. At Ŵ = 0.0146, the system with less pinning enters the solid phase (c), while the system with a higher pinning

fraction remains in the hexatic phase (f) and fluctuations persist.
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FIG. 4. (Color online) Fluctuating clusters in the hexatic phase

(Ŵ−1 = 0.0147, 0.5% pinning). (a) Cluster configurations at three

time steps: t0 [black], t0 + 35τB [medium blue (gray)], and t0 + 70τB

[light blue (light gray)]. Voronoi cells are shown for particles included

in a cluster. (b) Cluster configurations at three time steps: t1 [black],

t1 + 700τB [medium blue (gray)], and t0 + 1400τB [light blue (light

gray)]. Snapshots are from the computer simulation.

averaged over all realizations of disorder for a specific pinning

fraction. Our results are shown in Fig. 5; note that in order

to account for the different system sizes in experiment and

simulation, the cluster number is normalized with respect to

the average total particle number 〈N〉. For both experiment and

simulation, we observe that in the fluid phase, the number of

clustersNC is high. Close to the isotropic→ hexatic transition

temperature Ŵ−1
i ≈ 0.0147, the number decreases sharply and

saturates towards small values close to 1 throughout the hexatic

phase. Correspondingly, the normalized number of clusters

approaches 0. This behavior corresponds to the observation of

cluster formation in Fig. 3. Additionally, our results capture

the influence of pinning disorder on the abundance of clusters:

The number of clusters observed at a pinning fraction of 0.5%

systematically exceeds the one observed at 0.1% pinning over

a broad, intermediate temperature interval, which coincides
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FIG. 5. (Color online) Average of the normalized number of

orientational clusters 〈NC〉/〈N〉 versus the effective temperature for

different pinning strengths. Experimental data are plotted with filled

symbols, while open symbols represent numerical data. Lines are

guides for the eye. The temperature range of the hexatic phase for

0.1% pinning is highlighted in red (medium gray); the widening of

the hexatic phase at 0.5% pinning is illustrated in light red (light

gray). Inset: Closeup of the average cluster number.
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FIG. 6. (Color online) Top:Average ratio 〈ρC〉 of particles outside

of clusters versus effective temperature. Inset: Closeup of the behavior

in the hexatic phase.Bottom:Average size 〈AC〉/〈N〉 of clusters stated

as a fraction of the average total particle number. Experimental data

are plotted with filled symbols; open symbols represent numerical

data. Lines are guides for the eye. As in Fig. 5, the temperature

range of the hexatic phase is highlighted in red (gray) for two distinct

pinning fractions.

with the widened temperature range of the hexatic phase. This

picture is supported by the analysis of fluctuating disordered

regions, i.e., regions excluded from clusters. We track the

average number density of particles which are excluded

from clusters versus the effective temperature, at which the

averaging routine depicted above is applied. For every time

step, the number of particles excluded from clusters is detected

and divided by the total number of particles. The resulting

number density ρC is averaged over all time steps in the

observation window. Our results are shown in Fig. 6 (top).

We find that the ratio of particles excluded from clusters is

close to 1 in the isotropic fluid, drops sharply around Ŵ−1
i ,

and approaches 0 at lower temperatures. In agreement with

the previous discussion, an increase in the pinning fraction

results in a weaker decay of this ratio below Ŵ−1
i ; i.e., a

given ratio of excluded particles is maintained over a broader

temperature interval than in the case of lower disorder. Again,

this temperature interval collapses with the broadened regime

of the hexatic phase reported in [37].

As the third quantity, the average size of clusters is shown

in Fig. 6 (bottom) for various pinning fractions. The average

number of particles included in a single cluster is stated as a

fraction of the average total particle number 〈N〉. This analysis

indicates that the formation of clusters spanning the entire

system is inhibited by pinning disorder. Instead, the division

of the system into amultitude of clusters persists over a broader

temperature interval such that, on average, clusters are smaller.

Note that for the experimental data, there is less averaging and

the average size of clusters fluctuates strongly. However, the

qualitative influence of pinning disorder is captured by both

experimental and numerical data. The qualitative resemblance

of cluster formation in the pure case and in the presence of

disorder implies that the emergence of fluctuating orientational

clusters is intrinsic to the two-stage melting scenario, not just
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FIG. 7. (Color online) Left: Computer simulation snapshot illus-

trating the subdivision into regions close to (I) and far from (II)

pinned particles. Right: Instantaneous value of the order parameter

ψ6 in regions I and II versus the effective temperature Ŵ−1. Lines

correspond to computer simulation data (pinning fraction, 0.5%);

experimental data are represented by symbols (crosses, region I;

circles, region II; pinning fraction, 0.48%).

an effect introduced by the presence of pinned particles. As

reported in [37], an increase in the pinning fraction induces

a shift of Tm towards lower values. Here, this behavior is

reflected by the inhibited formation of orientational clusters.

For a closer investigation of the impact of pinning disorder

on the formation of orientational clusters, we introduce

a subdivision of the system into three regions. Region I

represents the vicinity of pinned particles and comprises

all particles within a radius of 8d around a pinning site

(including the pinned particles themself). Region II contains

all particles which are more than 24d away from the closest

pinning center, thus being presumably unaffected by pinning

disorder. Particles contained in neither region I nor region

II are neglected for the purpose of the following analysis.

The subdivision of the system according to these criteria is

illustrated in Fig. 7 (left). We analyze the magnitude of the

instantaneous bond orientational order parameterψ6 in regions

I and II, respectively. Our results are shown in Fig. 7 (right).

A general trend can be observed: On average, orientational

order is reduced in the vicinity of pinned particles (region

I) compared to distant particles (region II). This effect is

especially pronounced in the hexatic and solid phase. No

significance can be detected in the isotropic fluid phase, which

is expected to be caused by the intrinsic large degree of disorder

in an isotropic system.

As a further step,we consider the conditional probability for

a particle being part of a cluster, given the fact that the particle

belongs to region I or II, respectively (Fig. 8). Thereby, we

observe that in the isotropic fluid, particles in region I are

in fact slightly more likely to be included in a cluster than
particles in region II. Thus, the emergence of small clusters at

T > Ti occurs preferentially in the vicinity of pinned particles.

However, this behavior is inverted at lower temperatures. In

the hexatic and solid phase, where single clusters cover large

parts of the system, particles in the neighborhood of pinning
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FIG. 8. (Color online) Conditional probability that a particle

belongs to a cluster given that it is located in region I (triangles)

or region II (squares) versus effective temperature Ŵ−1. Data were

obtainedwith computer simulations; the pinning fraction corresponds

to 0.5%. Lines are guides for the eye. The temperature range of the

hexatic phase is highlighted in light red (gray).

sites are significantly less likely to be part of a cluster. Thus,
at low temperatures, pinned particles inhibit the formation of

clusters by deteriorating orientational order in their vicinity,

while they stabilize orientational order at high temperatures.

This result is in good agreement with a previous analysis of

the dynamic properties of particles in regions I and II [37].

Thereby, it was found that the long-term dynamics of particles

close to pinning sites is inhibited in the fluid phase, while in the

solid phase, particles in region I exhibit increased dynamics

compared to those in region II. Interestingly, increased or

decreased dynamics are correlated to low or high orientational

order, respectively.

In order to verify the continuous nature of the phase

transition, we calculate the probability distribution p(92
L) of

the squared order parameter 92
L. We perform a finite-size

analysis by considering various subcell sizes, L = 1/2, 1/4,

1/8, and 1/16, where L states the side length of a subcell

as a fraction of the side length of the total system. For

a continuous phase transition, we expect the probability

distribution to exhibit a single peak for all temperatures and

on all length scales. Our results are shown in Fig. 9 and are in

agreement with the continuous nature of the melting process.

The probability distribution of p(92
L) is shown for a broader

range of temperatures for the fixed subcell size L = 1/4 in

Fig. 10.

VI. DEFECT ANALYSIS

Following the KTHNY theory, the 2D melting process is

driven by the unbinding of topological defects. Specifically,

bound dislocation pairs break into isolated dislocations above

Tm, marking the solid → hexatic transition. Above Ti ,

dislocations dissociate into single disclinations. The existence

of isolated dislocations (i.e., pairs of five- and sevenfold

defects) leads to quasi-long-range orientational order and is the

fingerprint of the hexatic phase.We approach the hexatic phase

by tracking the density of defects, in particular, the number

of isolated dislocations. Numerically, isolated dislocations

are identified as a fivefold and a sevenfold defect particle
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FIG. 9. (Color online) Finite-size analysis of the probability

distribution of 92
L calculated for subcells of side length L (stated

as a fraction of the total box length). Curves are shown for computer

simulation data; the pinning fraction corresponds to 0.5%. (a)

Ŵ−1 = 0.0148: isotropic fluid phase, where the peak of the probability

distribution is located at 92
L = 0. (b) Ŵ−1 = 0.0147: fluid→ hexatic

transition, where the peak shifts to intermediate values of 92
L. (c)

Ŵ−1 = 0.0146: hexatic phase.

which are Voronoi neighbors, and additionally, both have

exactly one defect particle in their neighborhood (which is the

respective counterpart). Thus, we exclude entangled chains,

grain boundaries, and agglomerations of defect particles.

However, as discussed in [14], this definition does not exclude

close but nonadjacent pairs of dislocations, which, for a

sufficiently large Burgers circuit, yield a 0 Burgers vector.

Furthermore, the application of periodic boundary conditions

affects the counting of defect particles [14]. Since these sources

of miscounting affect all our data, a qualitative comparison

between defect densities at different pinning fractions is still

valid. Additionally, we track the density of bound dislocations,

which are as well defined in a way that excludes entanglements
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FIG. 10. (Color online) Probability distribution of92
L for simula-

tion (left) and experiment (right) for L = 1/4 (stated as a fraction of

the total system dimension). During the crossover from isotropic

to hexatic fluid, the location of the peak shifts from 92
L = 0 to

intermediate values. The distribution has a single distinct peak,

indicating a continuous transition. The pinning fraction is 0.5% in

the simulation and 0.48% in the experiment.
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FIG. 11. (Color online) Defect density 〈Ndef〉/〈N〉 versus effec-

tive temperature. The number of particles forming bound dislocations

(squares), isolated dislocations (triangles), or single five- or sevenfold

disclinations (circles) is stated as a fraction of the total particle

number. Data correspond to computer simulations with pinning

fraction 0.1% [open (blue) symbols] and 0.5% (filled black full

symbols). Lines are guides for the eye. The common temperature

range of the hexatic phase for both pinning fractions is highlighted

in red (medium gray). For 0.5% pinning, the widened range of the

hexatic phase is shown in light red (light gray). Inset: Closeup on the

defect density in the (widened) hexatic phase.

and agglomerations of defects. Therefore, we track adjacent

pairs of dislocations with no additional defect particles in

the Voronoi neighborhood. Finally, single disclinations are

tracked, where five- and sevenfold disclinations are treated

alike. Figure 11 depicts the recorded defect densities in the

computer simulation for two pinning fractions versus the

effective temperature. The densities stated are calculated as

the total number of particles involved in topological defects of

the given kind, Ndef, divided by the total number of particles

N . For example, 1 isolated dislocation among 100 particles

yields a density of 0.02, and 1 bound dislocation among 100

particles yields 0.04. In some analogy to findings reported

in [14], we observe that not only single disclinations, but

also (isolated) dislocations are abundant in the isotropic fluid

phase as well. Below the transition temperature to the hexatic

regime, the density of both single disclinations and isolated

dislocations decays, while the density of bound dislocations

rises, indicating the formation of bound dislocation pairs.

We find that increasing the fraction of pinned particles from

0.1% to 0.5% leads to a slight systematic increase in all the

defect densities, which reflects the fact that pinned particles

severly impair translational order. Since, in general, pinned

particles are not placed at ideal lattice positions, additional

defects have to be introduced in order to accommodate them

in a crystal. Furthermore, increasing the fraction of pinned

particles has a pronounced effect on the density of isolated

dislocations. While for a pinning fraction of 0.1%, the density

of isolated dislocations drops sharply at Ŵ−1 = 0.0146, a

comparably high density of isolated dislocations is maintained

over a broader temperature interval for a pinning fraction of

0.5%. Corresponding to previous findings, this temperature
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range coincides with the widened range of the hexatic phase

reported in [37]. Thus, the increased density of isolated

dislocations at higher pinning fractions reflects our previous

finding of a broadened hexatic phase on the level of topologic

defects.

VII. CONCLUSIONS

We have presented a detailed analysis of the formation

and dynamics of orientational clusters and the development

of topological defects in the context of the disorder-induced

melting scenario in two dimensions. Our results are obtained

for superparamagnetic colloids whose repulsion strength

can be tuned by an external magnetic field. The colloids

are confined at a water-substrate interface where quenched

disorder is realized by substrate-induced particle pinning. In

addition, corresponding computer simulations of 2D parallel

dipoles have been performed. We find that the formation of

orientational clusters is intrinsically adapted for the two-stage

melting scenario and strongly dependent on the strength

of quenched disorder. While the solid is characterized by

single cluster formation and large cluster sizes, the cluster

density and the number of particles outside of clusters increase

sharply in the hexatic phase and saturate in the isotropic fluid.

The average cluster size decreases continuously towards the

hexatic-isotropic transition and drops to 0 in the isotropic fluid.

Throughout themelting process (especially at the solid-hexatic

transition), quenched disorder favors the formation of multiple

clusters and, equivalently, reduces the average cluster size,

but simultaneously the number of particles which do not

belong to a cluster increases. This reduces the orientational

correlation in space and time due to cluster fluctuations and

is directly reflected in the local probability analysis where

we detected a reduced cluster formation in the proximity

of pinned particles in the solid phase, while clusters are

preferentially formed close to pinned particles in the isotropic

fluid. In this context, the widening of the hexatic phase

due to quenched disorder is directly coupled to the distinct

(disorder-dependent) characteristics of orientational cluster

formation. The development of topological defects shows a

similar effect; especially the creation of isolated dislocations

is strongly increased by quenched disorder at the solid-hexatic

transition.

Future works should address the effect of long-range

quenched potentials, which were originally discussed by

Nelson [26], and short-range disorder, e.g., fluctuations of

quenched external potentials on the scale of particle diameters

[32]. This could be explored via various kinds of external

potentials on different length scales, from strong pinning via

light fields [41] to weak attractive interactions on precisely

structured substrates. Alternatively, density functional theory

[42–44] or the phase-field crystal model [45] could be a

starting point to describe the hexatic phase [46–48], which

could, in principle, be formulated also for quenched disorder

[49,50]. The behavior of an externally disturbed system

under nonequilibrium conditions, e.g., temperature quenches,

should be of interest: Concerning the competition between

critical fluctuations and first-order characteristics, complex

nonequilibrium relaxation dynamics might be induced by

quenched disorder. In the absence of disorder, such systems

were studied in both one-component [25] and two-component

[24] systems and revealed interesting properties. Last, but not

least, other types of disorder should be explored systematically,

including rough disordered substrates and disorder which is

not quenched on the time scale of the measurements.
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Abstract. This mini-review is concerned with two-dimensional colloidal
mixtures exposed to various kinds of external fields. By a magnetic
field perpendicular to the plane, dipole moments are induced in para-
magnetic particles which give rise to repulsive interactions leading to
complex crystalline alloys in the composition-asymmetry diagram. A
quench in the magnetic field induces complex crystal nucleation scenar-
ios. If exposed to a gravitational field, these mixtures exhibit a brazil–
nut effect and show a boundary layering which is explained in terms
of a depletion bubble picture. The latter persists for time-dependent
gravity (“colloidal shaking”). Finally, we summarize crystallization ef-
fects when the second species is frozen in a disordered matrix which
provides obstacles for the crystallizing component.

1 Introduction

When colloids are confined to interfaces [1–3], almost perfect two-dimensional systems
can be realized [4–6]. The key idea is to consider a pending water droplet at a glass
plate which is filled with superparamagnetic particles, see also [7]. Due to gravity
the particles sediment down until they meet the air-water interface. Since the surface
tension of the air-water interface is high, the particles do not penetrate through the
interface as this would create additional interfacial area. Consequently, the particles
are confined to the interface by a combination of gravity acting downwards and in-
terfacial free energy keeping them upwards. Since the water droplet containing the
colloidal particles is macroscopic, its air-water interface is flat on a micron scale typ-
ical for an interparticle spacing between the colloids.
This set-up can be combined with an external magnetic field B, which induces

magnetic dipole moments in the particles, m ∝ B. This in turn results in a dipole-
dipole interaction between the particles. All dipole moments are along the magnetic
field direction. If the external magnetic field is perpendicular to the interface, there
is a repulsive interaction between the particles which can be described by a pairwise
potential scaling as the inverse cube of the distance [8]. The prefactor scales with
the square of the magnetic dipole moment, i.e., with the square of the magnetic field
strength B. By tuning the magnetic field B, one can thus readily change the in-
teraction strength. For inverse power-law interactions, this corresponds formally to a
change of temperature or density. The experimental set-up is typically combined with
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Fig. 1. Schematic view of the set-up: binary mixture of superparamagnetic colloidal particles
at an air-water interface in an external magnetic field B perpendicular to the plane. From
Ref. [22].

video-microscopy in order to visualize the individual particle trajectories. A schematic
view for the set-up in case of a binary suspension is shown in Fig. 1.
In the last decades, progress has been achieved for one-component and two-

component systems which is outlined as follows: for one-component systems, the
Kosterlitz–Thouless–Halperin–Nelson–Young scenario was confirmed on this strictly
two-dimensional system [9]. Moreover, it was verified that Young’s modulus ap-
proaches 16π at the melting temperature [10] as predicted by the theory. The mod-
ulus of orientational stiffness was measured in the hexatic phase at the fluid-hexatic
transition and found to be in agreement with theory, too [11]. Since the creation of
disclinations and dislocations is crucial for the melting scenario, the pair interaction
of dislocations has been determined in these two-dimensional crystals [12]. Finally,
the crystal phonon dispersion relations [13] have been determined and found to be
in full quantitative agreement with theoretical calculations [14]. For the crystalliza-
tion behavior [15], dynamical density functional theory was developed and applied to
magnetic particles [16,17].
If the external magnetic field is tilted relative to the surface normal, anisotropic

dipole-dipole interactions between the particles result. The zero-temperature phase
diagram was calculated by lattice sums [8] revealing a wealth of anisotropic stable
solid lattices in agreement with experimental data. The Lindemann parameters in the
anisotropic crystals were determined in good agreement between experiment and the-
ory [18]. The melting of the anisotropic crystals is again mediated by defects [19] as in
the isotropic case and the resulting intermediate phase can be called “smectic-like”.
Two-component (binary) systems with big and small magnetic dipole moments

represent ideal glass formers in two spatial dimensions [20]. Several structural and
dynamical features of these mixtures have been explored including the long-time self
diffusion [21] and the partial clustering of the small particles at moderate interaction
strengths [22]. The latter is revealed by an unusual peak in the partial structure factor
of the small-small pair correlations.
In this paper, we review more recent progress obtained by theory and simulation

for two-dimensional colloidal binary mixtures in magnetic and gravitational fields
and compare the results to experimental studies [7]. The mini-review is organized
as follows: in Sect. 2 we start with bulk phase behavior of binary dipolar mixtures.
Real-space experimental data for the partial pair correlations are compared to simu-
lations for a binary mixture and good agreement is found. Moreover the equilibrium
phase diagram is discussed and an ultrafast quench to cool down the system is de-
scribed. Then effects of confinement are presented briefly, too. In Sect. 3 the combina-
tion of a magnetic field and perpendicular in-plane gravity is studied and a colloidal
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brazil–nut effect is found and explained in terms of a simple effective Archimedian
theory. Finally, in Sect. 4, we consider binary mixtures of mobile and immobile par-
ticles and explore the freezing transition in this system with quenched disorder. We
conclude in Sect. 5.

2 Crystallization of two-dimensional colloidal mixtures in

magnetic fields

A binary mixture of super-paramagnetic colloidal particles pending at an air-water
interface is an excellent realization of a 2D classical many-body system [20–23]. An
external magnetic field B perpendicular to the interface induces parallel dipole mo-
mentsmA andmB in particles A and B, respectively, resulting in an effective repulsive
interaction which scales as the inverse cube of the distance r within the monolayer.
By defining the magnetic susceptibilities per particle A and B as χA,B = mA,B/B,
we obtain the pair potential,

Vαβ(r) = χαχβ
B2

r3
· (1)

Note that only for low B the induced dipole moment is linearly proportional to
the external field, and then χα is field-independent. In this case, for a fixed relative
composition xB and susceptibility ratio m̃ ≡ mB/mA = χB/χA, all static quantities
depend solely on the coupling parameter [24],

Γ =
χ2AB

2

kBT∆3A
, (2)

where kBT is the thermal energy and ∆A = (nA)
−1/2 is the mean distance between

particles A [25], with nA denoting the partial number density of A-particles.

2.1 Fluid pair structure

Structural correlations of binary mixtures have been studied in great detail [21,26–28].
Figure 2 shows a recent comparison between experimental and simulation data for the
three partial pair correlation functions gAA(r), gAB(r), and gBB(r) [26]. Except for a
fine substructure in gBB(r), there is very good overall agreement. Higher-order struc-
tural correlations, e.g., particles with a square-like and triangular-like surrounding
have also been studied [26,29]. These building blocks are essential for understanding
the onset of glass formation.

2.2 Equilibrium bulk phase diagram

At zero temperature (i.e., for Γ → ∞), the state of the binary system is completely
determined by the susceptibility ratio m̃ (varying in the range 0 ≤ m̃ ≤ 1) and the
relative composition xB of species B (with smaller dipole moment). A wealth of differ-
ent stable phases occur. The topology of the phase diagram is getting more complex
with increasing asymmetry [30], see also [31,32]. For small asymmetries m̃ and in-
termediate compositions xB, the system splits into triangular A2B and AB2 phases.
Experiments with colloidal dipolar mixtures, which were performed for a strong asym-
metry of m̃ ≃ 0.1, confirmed the predicted crystalline structures [28], however, only
in the form of small crystalline patches. Recent results were also obtained for the
phonon band structure [33] and crystal structures in tilted magnetic fields [34]. For
another application to colloid polymer mixtures see [35].
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Fig. 2. Partial radial pair distribution functions gAA(r), gBB(r), and gAB(r). Experimen-
tal data (EXP) are compared to Monte Carlo simulation results (MC) for three different
dimensionless coupling strengths Γ. (a) Γ = 4.9, (b) Γ = 38.9, and (c) Γ = 82.9. The relative
composition of B–particles is fixed at xB = 0.29. From Ref. [26].

2.3 Ultrafast quenching

By suddenly increasing the magnetic field, the system can be quenched on a time
scale which is much smaller than single particle motion [36]. Since magnetic field
strength corresponds formally to an inverse temperature, an ultrafast temperature
quench can be realized experimentally, which is very difficult for molecular systems.
Analyzing the particle configuration after a rapid quench reveals some local crystalline
patches in the glass [28,30]. These patches correspond to the thermodynamic bulk
crystal [37], demonstrating an interplay between vitrification and crystallization [38–
41]. Experimental snapshots just after the quench and well after the quench are
shown in Fig. 3. Within the allotted time, the binary mixture does not find its true
ground state but shows patches with local square and triangular order. The fraction of
particles with this local order grows with time, see Fig. 3, and there is good agreement
between Brownian dynamics simulations and real-space experiments [27].

2.4 Crystallization at system boundaries

Similar quenches for magnetic mixtures were studied by Brownian dynamics simula-
tions near a structured wall [42] which is modeled by fixed particles on an alternating
binary equimolar square lattice cut along the (10) direction. This wall favors local
crystallites which pick up the square symmetry of the substrate. The equilibrium
state is an alternating square lattice which coincides exactly with that imposed by
the external wall. After the quench, it is found that the number and structure of crys-
tallites near the walls strongly depend on the wall pattern. Even though local square
structures are favored energetically and the equilibrium state is an alternating square
lattice, the number of triangular crystallites close to the wall which has outermost
fixed small particles is significantly higher than in the unconfined case. This effect is
not contained in classical nucleation theory.
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Fig. 3. (a) Fraction of B-particles belonging to a crystalline square surrounding (see inset)
and (b) fraction of A-particles belonging to a crystalline triangular surrounding (see inset)
versus reduced time after an ultrafast quench. The lines are experimental data while the
symbols (*) are data from Brownian dynamics simulations. Two experimental snapshots for
a time just after the quench (left configuration) and a later time (right configuration) are
shown. Big particles are shown in blue if they belong to a triangular surrounding and in red
if they belong to a square surrounding. All other big particles are shown in white. Few big
particles belonging to both triangular and square surroundings are shown in pink. The small
particles are shown in green if they belong to a square center of big particles, otherwise they
appear in yellow. Also included are simulation data for an instantaneous “steepest descent”
quench (△) and for a linear increase of the field (+). The relative composition of the small
particles is xB = 0.4. For a more detailed explanation of the parameters, see [27]. From
Ref. [27].

3 Two-dimensional colloidal mixtures in magnetic fields and

under gravity

Exposing the binary magnetic mixture described in Sect. 2 to an in-plane homoge-
neous gravitational force perpendicular to the magnetic field B leads to interesting
newly emerging phenomena. Experimentally, this gravitational force can be realized
by tilting the hanging droplet. The two components A, B of the mixture differ in
both mass M and magnetic susceptibility χ, where A is chosen as the heavier and
more strongly coupled species. Thus, the system is characterized by the dipolar ratio
m̃ = mB/mA and the mass ratio M̃ = MB/MA with 0 ≤ m̃, M̃ ≤ 1. First, the case
of a static gravitational field was studied by Monte Carlo computer simulations and
mean–field density functional theory. Second, the binary magnetic mixture was ex-
amined in the nonequilibrium situation of oscillatory gravity, which is a simple model
of colloidal shaking. Thereby, Brownian dynamics simulations and dynamic density
functional theory were used to study the dynamic response of the system [43].
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Fig. 4. Separation line between the occurrence of the colloidal brazil–nut effect and the
absence of this effect in the parameter space of dipolar ratio m̃ and mass ratio M̃ . Monte
Carlo simulation data (contoured white squares), density functional data (full black circles)
and the transition line implied by the depletion bubble picture (contoured circles) are shown.
For other parameters, see Ref. [43]. From Ref. [43].

3.1 Static gravity: Colloidal brazil–nut effect

Monte Carlo (MC) simulations were performed for various mass ratios 0 ≤ M̃ ≤ 1,
while the dipolar ratio was fixed to m̃ = 0.1 according to recent experimental sam-
ples [27,28]. Thereby, a very distinct behavior of the sedimenting mixture could be
observed. While for very asymmetric masses, the lighter B-particles are on top of the
heavier A-particles as expected, the behavior is reversed for intermediate B-particle
masses: here, the heavier A-particles are on top of the lighter B-particles. At first
glance, this opposite trend is counterintuitive. In some analogy to granulate matter,
it is called the (colloidal) brazil–nut effect [44].
The mechanism behind this effect can be explained using an intuitive picture: due

to their strong repulsive interaction, particles of species A create a depletion zone of
less repulsive particles around them reminiscent of a bubble. Applying Archimedes’
principle effectively to this bubble, an A-particle can be lifted in a fluid background
of B-particles. This “depletion bubble” mechanism results in the brazil–nut effect,
where the heavier A-particles float on top of the lighter B-particles.
By systematically scanning the entire parameter space 0 ≤ m̃ ≤ 1, 0 ≤ M̃ ≤ 1, the

line separating the brazil–nut effect from the ordinary behavior (no brazil–nut effect)
was mapped, see Fig. 4. Density functional theory predictions are in good agreement
with the MC simulation results, predicting the same trends and the same slope of
the separation line in the parameter space of mass and dipolar ratio. Additionally,
the intuitive depletion bubble picture provides a simple theory for the separation line
based on an effective buoyancy criterion, which is included in Fig. 4 and reproduces
the simulation data pretty well.
The depletion bubble picture also implies a layering of A-particles close to the

hard bottom wall of the confining container (at y = 0), which is demonstrated by an
actual simulation snapshot shown in Fig. 5. This effect is due to an effective attrac-
tion of an A-particle towards the hard container bottom wall: if a single A-particle is
fixed at a given distance from the bottom wall, its depletion bubble is reduced since
the void space is cut by the hard wall, see the sketch in Fig. 6. Since the A-particle
is point-like, it can approach the wall very closely. Note that in Fig. 6, particles are



Colloidal Dispersions in External Fields 2967

Fig. 5. Simulation snapshot for m̃ = 0.1, M̃ = 0.5 showing the marked-off bottom layer
of heavy A-particles (large red spheres) at y = 0 beneath the fluid of light B-particles
(small green spheres). The arrow indicates the direction of gravity, −y. From Ref. [43].

Fig. 6. Schematic illustration of the metastable trapping of A-particles at y = 0, leading to
the formation of a boundary layer. A-particles are represented by large red spheres, while
B-particles are depicted as smaller green spheres. Note that particles are represented as
spheres with a finite radius for clarity only while in the computer simulation, point particles
are considered. The solid line indicates y = 0, while the orientation is analogous to Fig. 5.
The depletion zone surrounding A-particles is indicated by a dashed outline. From Ref. [43].

represented as spheres with finite radii for clarity, and the center of the sphere cor-
responds to the position of the point particle. In the computer simulation, the hard
wall is implemented by systematically rejecting particle moves beyond the wall, such
that the position of the point particle (i.e., the center of the spheres in Fig. 6) is
restricted to y > 0. Experimentally, this wall could be realized by a lithographic wall
on a substrate or by an array of tweezers. If the A-particle is close to the wall, the
void space is half of the full circle in the bulk (situations I and III in Fig. 6). If the
height y of the A-particles increases, the depletion bubble area grows, which causes
two opposing effects: first, in order to increase the depletion bubble area, work against
the osmotic pressure of the fluid B-particles is necessary, which leads to an effective
attraction of the particle to the wall. Second, the effective buoyancy of the bubble
containing the A-particle leads to a repulsive force with respect to the wall.

3.2 Time-dependent gravity

Furthermore, the binary magnetic mixture was examined under time-dependent grav-
ity, where the gravitational potential was conveniently modeled as a stepwise constant
function of time. In particular, the case of a non-zero time-average of the gravity
was considered. Brownian dynamics (BD) simulations and dynamic density func-
tional theory (DDFT) were used to study the dynamic response of the system. In an
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Fig. 7. Total potential energy Epot/(NA + NB)kBT per particle versus reduced time t/τ .
The parameters are m̃ = 0.1, M̃ = 0.24. From Ref. [43].

Fig. 8. Time-evolution of the reduced mean A-particle height hA(t) versus reduced time
t/τ for different shaking periods T0. The parameters are m̃ = 0.1, M̃ = 0.24. From Ref. [43].

experimental setup, the case of a time-dependent in-plane gravitational force could
be realized by periodically tilting the hanging droplet in opposite directions.
The relaxation of an initially homogeneous (but interacting) fluid of A- and B-

particles towards its periodic steady state can be monitored by observing the in-
stantaneous ensemble-averaged total potential energy Epot of the system [27]. This
quantity is shown in Fig. 7, indicating that only few oscillations are needed to get into
the steady behavior. Due to the homogeneous starting configuration, the energy os-
cillation amplitude increases with time. DDFT describes all trends correctly and also
provides reasonable data for the potential energies and the associated relaxation time.
The dynamical response of the whole system can be probed by examining the

time-dependent averaged height of each particle species as shown for species A in
Fig. 8. Upon shaking, the boundary layer of the A-particles persists. Comparing the
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Fig. 9. Phase diagram indicating solid (blue), hexatic (red), and fluid (green) phase in
the parameter space of temperature ∝ 1/Γ and pinning strength, which corresponds to the
percentage of immobile particles. Full symbols represent experimental data, while contoured
points correspond to simulation results. The snapshots show the orientational order in the
experimental (a-c) and simulated system (d-f). Only a small section of the system is shown.
Voronoi cells are color-coded based on the value of the time-averaged orientational order
parameter 〈|ψ6|〉t according to the color bar on the left. Crosses indicate the position of
immobile particles. From Ref. [45].

computer simulation results to the density profiles predicted by DDFT in more detail,
the persistence of the boundary layer is contained by both methods.

4 Quenched disorder: Mixtures of mobile and immobile

magnetic colloids

Recently, the influence of quenched disorder on the two-dimensional freezing behavior
was studied by using both video-microscopy of superparamagnetic confined colloidal
particles and computer simulations of two-dimensional repulsive parallel dipoles [45].
A fraction of the particles was pinned to a substrate providing quenched disorder.
Similar to the set-up depicted in Sect. 1, the interaction strength was controlled by an
external magnetic field, giving rise to parallel dipolar interactions. In the pure case of a
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one component system, the Kosterlitz–Thouless–Halperin–Nelson–Young (KTHNY)
[46,47] scenario was unambiguously confirmed [11,48]. It predicts a two-stage melting
scenario with an intervening hexatic phase which is separated from the fluid and solid
phases by two continuous transitions [49], where the melting process is mediated by
the unbinding of thermally activated topological defects. In particular, the emergence
of the hexatic phase is related to the dissociation of dislocation pairs into isolated
dislocations [50]. These break translational symmetry, leading to a vanishing shear
modulus. However, the orientational symmetry remains quasi-long-range and the
modulus of rotational stiffness, Frank’s constant KA, attains a nonvanishing value.
By systematically increasing the fraction of pinned particles, the freezing process

was studied in the presence of disorder. The occurrence of the KTHNY scenario
with an intermediate hexatic phase was confirmed even for a system with quenched
disorder. The hexatic phase was detected by analyzing the temporal correlation g6(t)
of the bond order parameter [51]. It decays exponentially with time in the fluid and
algebraically in the hexatic phase, while it reaches a constant value in the solid. The
data obtained by Monte Carlo computer simulation and experiment were mapped to
the parameter plane of temperature and pinning strength to obtain a phase diagram
(Fig. 9) in which the transition lines for the solid-hexatic and hexatic-fluid transition
are resolved. While the fluid-hexatic transition remains largely unaffected by disorder,
the hexatic-solid transition shifts towards lower temperatures for increasing disorder
resulting in a significantly broadened stability range of the hexatic phase.
Extracting an “effective” KA, the scaling of the elasticity modulus was recovered

in the presence of disorder. Thereby, evidence was found that melting in the presence
of disorder is governed by the same defect-mediated process predicted and confirmed
for pure systems.

5 Conclusions

In conclusion, binary mixtures of superparamagnetic colloids at a pending air-water
interface are excellent model systems to explore freezing and glass formation in two-
dimensional systems, also at one-dimensional interfaces and with quenched disorder. It
is evident that in the future more complex problems can be solved including the effect
of linear shear flow [52] and the correct incorporation of hydrodynamic interactions
between the colloidal particles, which affect the non-equilibrium microstructure. The
latter was recently incorporated in a strictly two-dimensional system for nonequi-
librium band formation in oscillatory-driven mixtures [53]. It is important to note
that hydrodynamic interactions in the quasi-two-dimensional monolayer are different
from those in a bulk suspension [54], where during sedimentation, the displaced fluid
can flow back “above” the particle monolayer. Also, the long-time dynamics of fluid
demixing in nonadditive systems would be an interesting system, which has also been
explored in a complex plasma [55].
Tilting the plane may lead to brazil–nut effects in equilibrium. But a time-

dependent tilt can also result in transient laning of the two particle species. Lane
formation was first found in computer simulations [56,57] and more recent simulations
in two dimensions have shown that laning is a continuous transition [58]. Moreover,
a microscopic theory for laning was constructed based on the Smoluchowski equa-
tion [59].
Magnetic particles can be confined to cavities of various shapes [60,61]. It would

be interesting to study the freezing and glass transition in finite systems contained
in cavities [62,63]. This would provide an interesting link to complex plasmas where
particle clusters in harmonic confinement are studied intensely [1]. Another relevant
topic is the transport through channels [64].
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The particles can also be exposed to a periodic laser-optical field allowing for new
crystalline structures in equilibrium [65]. Finally, magnetic particles can be made
active [66]. Two-dimensional swimmers were realized in this way and recent theo-
retical predictions for the trajectory statistics in the bulk [67] were confirmed [68].
Furthermore, self-propelled particles in shear flow [69] and active crystals [70,71]
were studied. Recently, the theoretical predictions for circle swimmers were experi-
mentally verified by measuring the trajectories of colloidal particles self-propelled by
self-diffusiophoresis triggered by external light fields [72]. Moreover, kinetic clustering
of these self-propelled particles was found [73].

We thank P. Keim, G. Maret, F. Ebert, and S. Deutschländer for the fruitful collaboration.
This work was supported by the DFG within SFB TR6 (project C3).
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53. A. Wysocki, H. Löwen, J. Phys.: Condens. Matter 23, 284117 (2011)
54. B. Cichocki, M.L. Ekiel-Jezewska, G. Nägele, E. Wajnryb, Europhys. Lett. 67, 383
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When exposed to strong shearing, the particles in a crystal will rearrange and ultimately, the crystal

will break by forming large nonaffine defects. Even for the initial stage of this process, only little

effort has been devoted to the understanding of the breaking process on the scale of the individual

particle size for thermalized mixed crystals. Here, we explore the shear-induced breaking for an

equimolar two-dimensional binary model crystal with a high interaction asymmetry between the

two different species such that the initial crystal has an intersecting square sublattice of the two

constituents. Using Brownian dynamics computer simulations, we show that the combination of

shear and thermal fluctuations leads to a characteristic hierarchical breaking scenario where initially,

the more strongly coupled particles are thermally distorted, paving the way for the weakly coupled

particles to escape from their cage. This in turn leads to mobile defects which may finally merge,

proliferating a cascade of defects, which triggers the final breakage of the crystal. This scenario

is in marked contrast to the breakage of one-component crystals close to melting. Moreover, we

explore the orientational dependence of the initial shear direction relative to the crystal orientation

and compare this to the usual melting scenario without shear. Our results are verifiable in real-space

experiments of superparamagnetic colloidal mixtures at a pending air-water interface in an external

magnetic field where the shear can be induced by an external laser field. © 2014 AIP Publishing

LLC. [http://dx.doi.org/10.1063/1.4903274]

I. INTRODUCTION

The stability of crystalline solids with respect to me-

chanical stress is a crucial property for the understanding

of effects such as microcrack formation and propagation,1

which have numerous applications ranging from aeronau-

tic engineering2,3 to the biomechanics of bone fracture.4,5

Thereby, shear deformation constitutes an elementary source

of strain. Colloids pose an ideal model system for study-

ing distortions on the particle scale6 and allow to ac-

cess the microscopic processes governing structural changes

via experiment7–22 and computer simulation.23–32 For one-

component systems, the plastic deformation of a strained

solid is well-explored and a connection between meso-

scopic deformation and atomistic rearrangements has been

established.33–38 Many real solids, however, are multicom-

ponent materials. Examples include metallic alloys39–47 and

crystalline organic networks.48,49 Therefore, it is important

to study the behavior of mixture crystals under strong shear.

Even for the initial stage of the shear-induced breaking pro-

cess of crystals, only little effort has been devoted so far

to understanding the underlying mechanism on the particle-

resolved scale for thermalized mixed crystals.

Here, we explore the shear-induced breaking of an

equimolar two-dimensional binary model crystal with a high

interaction asymmetry between the two different species such

that the initial crystal has an intersecting square sublattice

of the two constituents. Using Brownian dynamics computer

simulations, we show that the combination of shear and ther-

a)thorn@thphy.uni-duesseldorf.de

mal fluctuations leads to a characteristic hierarchical break-

ing scenario. In the strained unit cell, aligned displacements

of the more strongly coupled particle species open up path-

ways for the motion of the weakly interacting particle species,

thus enabling the creation of vacancy/interstitial pairs. These

pathways correspond to a characteristic distortion of the en-

ergy landscape encountered by the weakly coupled species

and depend on the crystal orientation with respect to the di-

rection of shear. The microscopic mechanism inducing defect

formation under shear can be distinguished from the mech-

anism governing defect formation when the crystal is heated

instead of sheared. Our results imply that the location of spon-

taneously created defects triggers the mesoscopic deforma-

tion of the crystal, i.e., the formation of cracks, which is

in striking contrast to the behavior of one-component crys-

tals near melting.36 Furthermore, the breakage of the ther-

mal binary crystal resembles the plastic deformation of amor-

phous materials,50–57 where, due to the absence of distinct

topological defects, plastic deformation is mediated by local-

ized patterns of nonaffine motion52,58–64 and can be traced by

the inherent stress signature and spatial correlation of plas-

tic events65–67 or contact force distributions.68 Our results

are verifiable in real-space experiments of superparamagnetic

colloidal mixtures at a pending air-water interface in an exter-

nal magnetic field,69–73 where the shear can be induced by an

external laser field.

The paper is organized as follows: in Sec. II, we describe

the binary model crystal. The simulation technique is depicted

in Sec. III. Section IV contains a description of our diagnos-

tics and analysis of defects. In Sec. V, we discuss our re-

sults for two different shear directions relative to the crystal

0021-9606/2014/141(22)/224505/10/$30.00 © 2014 AIP Publishing LLC141, 224505-1
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orientation. We also compare our findings to the melting of

the crystal in the absence of shear and to the shear response

of a one-component crystal. Additionally, we discuss simi-

larities to the plastic deformation of amorphous media. We

conclude in Sec. VI.

II. MODEL

We study the shear deformation of a two-dimensional

colloidal crystal composed of two species of point-like parti-

cles denoted as species A and B. The particles interact via the

purely repulsive pair potential of parallel dipoles and are char-

acterized by different dipole moments mA and mB, where the

dipolar ratio mB/mA is fixed to 0.1 as in previous studies.71,74

Thus, particle species A denotes the more strongly coupled

particles. The crystal contains equal numbers of the two par-

ticle species, i.e., N = NA + NB with a fixed relative compo-

sition X = NA/(NA + NB) = 0.5. In the absence of shear, the

binary crystal lattice corresponds to the S(AB) pattern speci-

fied in Ref. 75, where each particle species forms a quadratic

lattice with spacing a = 1/
√

nA, with nA denoting the num-

ber density of A particles. The lattices of species A and B are

shifted relatively by 0.5a along each lattice direction, form-

ing a checkerboard structure, see Fig. 1. As elaborated in

Ref. 75, the S(AB) lattice is stable for a composition ratio

of X = 0.5 and a dipolar ratio of 0.1. This structure is very

persistent in two dimensional mixtures and was found for

granulates76 and ionic crystals, as well.77,78 In previous ex-

periments, two-dimensional suspensions were studied by con-

fining superparamagnetic colloidal particles to the air-water

interface of a hanging water droplet10,71, 79, 80 or to a planar

glass substrate.21,81, 82 Parallely aligned dipole moments are

induced by applying an external magnetic field H perpendic-

ular to the plane of confinement.

Conveniently, the pair interaction strength can be ex-

pressed by the dimensionless parameter

Ŵ =
µ0(χAH )2

4πa3kBT
, (1)

where µ0 is the vacuum permeability, χA denotes the mag-

netic susceptibility of particle species A, kBT is the thermal

FIG. 1. Schematic representation of the S(AB) lattice with a checkerboard

structure of A and B particles. A(B) particles are shown as blue open (red

full) circles. The sublattices of both species have a lattice constant a while

the two lattices are shifted relatively by 0.5a along the lattice vectors a
1
,

a
2
. The direction of shear flow coincides with the x-axis. The angle between

a
1
and the x-axis is denoted as α. We consider the cases α = 0◦ (left) and

α = 45◦ (right).

energy, and a is the lattice constant as specified above. By

altering the magnetic field, the colloidal suspension can be

effectively “heated” or “cooled” homogeneously.

Accordingly, the species-dependent pair interaction po-

tential is given in units of kBT by

Uij (r) = Ŵ mimj (r)
−3 i = A,B, (2)

where r denotes the particle separation in units of the lattice

constant a. Unless otherwise stated, the interaction strength is

set to Ŵ = 44 such that crystalline order is maintained in the

absence of shear flow.83

III. BROWNIAN DYNAMICS SIMULATION

We perform Brownian dynamics (BD) computer simula-

tions of N = 2048 pointlike superparamagnetic particles. The

ratio of diffusion constants DB/DA is fixed to 1.7 correspond-

ing to the physical diameter ratio of comparable experimental

samples.71 The Brownian time of A particles, τB = a2/DA is

employed as a unit of time, distances are given in units of

the lattice constant a. The particles are initially placed on an

S(AB) lattice as described in Sec. II, which covers the entire

simulation area Lx × Ly = 32a × 32a. Couette shear flow is

imposed in x-direction at a fixed shear rate γ̇ τB = 10−3 and

Lees-Edwards boundary conditions are applied according to

the shear flow.84 The equation of motion governing the parti-

cle propagation is given by

x(t + δt) = x(t) +
Di

kBT
F (x)δt +

√

2DiδtR
(x),

+ γ̇ (y)δt,

y(t + δt) = y(t) +
Di

kBT
F (y)δt +

√

2DiδtR
(y),

i = A,B,

where F denotes the force resulting from the particle inter-

action and R(x), R(y) are randomly distributed numbers with

mean 0 and standard deviation 1. The incremental timestep is

set to δt/τB = 10−5. Forces are truncated and shifted accord-

ing to

Fij (r) =

{

−3Ŵmimj

(

1
r4

− 1
r4c

)

r < rc

0 r ≥ rc

, (3)

where the cutoff is set to rc/a = 8. Simulations are performed

over a time range of t = 200τB equaling a total strain window

of γ = γ̇ t = 0.2, while configurations are recorded every

10−2τB. The shear deformation process of the binary S(AB)

crystal is analyzed for two different crystal orientations with

respect to the direction of shear. In the first setup, the crystal is

aligned in such a way that the crystal axis a
1
collapses with the

direction of shear, α = 6 (a
1
, e

x
) = 0◦. In the second setup,

the crystal is rotated such that α = 45◦, see Figure 1. Note that

in this setup, we chose N = 2304 and Lx = Ly = 24 ·
√
2a in

order to accommodate the rotated crystal. Each case is sam-

pled with 64 statistically independent simulation runs. In each

run, the initial pure, defect-free crystalline lattice is allowed

to relax for 10τB before shear is applied. Note that due to the

focus on a defect-free initial state, we discard runs in which
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topological defects emerge during the initial relaxation phase.

This was the case in approximately 8% of the simulation runs.

IV. DIAGNOSTICS AND ANALYSIS OF DEFECTS

In order to track structural distortions over various stages

of the deformation process, we devise a cluster criterion,

by which topological distortions are detected based on the

Voronoi tesselation of a particular configuration. We consider

only clusters which are constituted exclusively by A or B par-

ticles, respectively. In a perfect S(AB) lattice, every A particle

has four A neighbors, each of which shares two B neighbors

with the original particle. Neighboring A particles form a clus-

ter if they share less than two neighbors of species B. In the

ideal S(AB) lattice, every B particle is enclosed by four neigh-

bors of the opposite species. Neighboring B particles form a

cluster if each of them has less than four A neighbors. To grant

the proper representation of interstitials, where two B particles

occupy the same lattice site, a B particle is also counted as part

of the cluster if it has four A neighbors but is within a criti-

cal distance to a B particle with less than four A neighbors.85

For both particle species, clusters are discarded if they contain

less than two particles. For clarity, the definition of A and B

clusters stated above is exemplified in Fig. 2. The clusters de-

fined by these criteria pose elementary topological distortions

of the S(AB) lattice. Specifically, the local appearance of A

and B clusters constitutes a primary plastic event which com-

promises the crystalline structure and may irreversibly distort

the crystal by evolving into a stable vacancy/interstitial pair,

see Fig. 3.

In order to quantify the lifespan of defects and lo-

cal distortions, a cluster C detected in configuration N

= (rA

1
, .., r

A

N
A

, r
B

1
, .., r

B

N
B

) is considered identical to the cluster

C ′ detected in the preceding configuration N − 1 if at least

one of the particles constituting C ′ is conserved in C, no other

cluster in the current configurationN contains more particles

from C ′ than C and more particles in C originate from C ′ than

from any other previous cluster. Thus, we account for fluctu-

FIG. 2. Computer simulation snapshots exemplifying the definition of clus-

ters based on Voronoi tesselation. A(B) particles are represented by open (full)

circles. (Left) Neighboring A particles a, b, and c each share one neighbor of

particle species B and thus form a cluster. Also, B particles d and e form a

cluster. Note that particles e has less than four neighbors of species A while

particle d has four A neighbors here but is considered part of the cluster due to

the subthreshold distance to cluster particle e. Voronoi cells of A(B) particles

are colored in shades of blue (red). (Right) Resulting cluster configuration,

where Voronoi cells of A(B) particles forming a cluster are colored in blue

(red).

FIG. 3. Computer simulation snapshots illustrating the formation of a tem-

porary (a) and a persistent (b) cluster pair at the time t0 due to thermal fluc-

tuations. From left to right, each row corresponds to a series of snapshots

recorded in intervals of 10−2τ
B
. The two events shown were recorded in dif-

ferent simulation runs and are uncorrelated. The representation of particles

and clusters corresponds to Fig. 2. As a guide to the eye, bonds between ad-

jacent A particles are shown if the separation is less than 1.2a.

ations in the cluster size and composition, cluster recombina-

tions or splits while keeping track of both localized and mo-

bile structural deformations. Since the time interval between

two successively recorded configurations is 10−2τB, this value

is set as the lifespan of a cluster which spontaneously emerges

and vanishes again in the next configuration recorded.

Based on this cluster description, a pattern is established

to capture spontaneous attempts to create vacancy/interstitial

pairs. These events are detected if they bear the following sig-

nature: In configuration N , a cluster CA is detected compris-

ing three or more particles of species A. Additionally, a cluster

CB is detected which is composed of at least two B particles.

In the last recorded configuration N − 1, CA and CB did not

exist and none of the particles constituting CA and CB were

part of any cluster. Additionally, in configuration N − 1, at

least one of the B particles in CB was a Voronoi neighbor of at

least 3 of the A particles forming CA. This particle is denoted

the trigger particle.

The stress induced by the shear flow in x-direction is ex-

pressed via the stress tensor component σ xy:
86

σxy =
1

2

1

LxLy

∑

i

∑

i 6=j

F
y

ij (rij )xij , (4)

where F
y

ij denotes the y-component of the dipolar force be-

tween particles i and j and rij (xij) is the (lateral) distance be-

tween the particles in units of the lattice constant a.

V. RESULTS

A. Shear aligned with lattice direction

In the following, we depict the shear deformation process

observed for the case α = 0◦, i.e., for the shear aligned with

the lattice direction.

In the initial stage of the deformation process, the crys-

tal responds elastically to the applied shear and particle
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motion is governed by a uniform affine motion corresponding

to the imposed solvent flow. Locally, we observe the forma-

tion of short-lived clusters with lifespans of the order 10−2τB.

Particle-scale observations suggest that these events are in-

duced by thermal fluctuations of the A particle species: De-

viating from their co-sheared lattice site, single A particles

temporarily distort the unit cell symmetry, thus allowing the

enclosed B particle to extend its motion into the vacated area

and to form a cluster with the B particle of the neighboring

unit cell. Simultaneously, the remaining three A particles con-

stituting the original unit cell shift into an unstable triangular

arrangement, and a cluster is formed. Starting from a local

configuration without any noticeable distortion, these struc-

tural disruptions emerge and disappear within a few 10−2τB.

After this time, the original shape of the unit cell is restored.

An exemplary sequence of simulation snapshots illustrating

a temporary cluster creation due to thermal fluctuations is

shown in Fig. 3(a).

The second stage of the deformation process is initiated

by the creation of a stable pair of clusters with a lifespan of the

order τB. Qualitatively, the particle motion leading to a per-

sistent defect corresponds to the same pattern depicted above.

In addition to the formation of a triangular cluster of A par-

ticles, the enclosed B particle is pushed entirely out of the

unit cell, enabling the formation of a vacancy/interstitial pair,

i.e., a cluster of four A particles which assume a quadratic

arrangement around a vacated B lattice site and a cluster in-

cluding two B particles which occupy the same lattice site

(Fig. 3(b)). The B particle cluster created in this process

quickly diffuses through the crystal lattice, as the particles

constituting the cluster are frequently interchanged. This pro-

cess is mediated by B particles pushing and replacing each

other at the lattice sites touched by the travelling cluster. The

diffusive motion of the interstitial cluster does not exhibit a

preferential direction and involves frequent reversals of the

moving direction, see Fig. 4. Additionally, the travelling in-

terstitial triggers the spontaneous creation of further clusters

at the lattice sites it touches. In contrast, location and particle

FIG. 4. Trajectory of a single B particle cluster from creation at t = t0 (red

arrow) to annihilation at t = t1 (black arrow). The cluster emerges in the sec-

ond stage of the deformation process, i.e., after a stable vacancy/interstitial

pair was formed. The colorcode corresponds to the lifetime of the cluster. Cir-

cles (triangles) indicate the location of subsequent A(B) cluster appearances

within the lifetime of the travelling cluster.

constellation of the A particle cluster formed in this event are

comparably stable.

The third stage of the deformation process starts with the

formation of a larger cluster of A particles. Being unstable

with respect to shear deformation, an elongated cluster of A

particles poses a preferential site for a break as it allows for a

local rearrangement of the crystal lattice on either side of the

cluster. Once such an elongated cluster emerges, it quickly

grows into a band spanning the entire system, which enables

inhomogeneous, nonaffine particle displacements on the or-

der of the lattice constant. This pattern of motion resembles a

shear band51,87–91 but may also exhibit vortical properties as

reported in Refs. 52, 58, and 59. Thus, the crystal is globally

rearranged and a less strained state is restored. Intriguingly,

particles in the proximity of the break are rearranged dur-

ing the cluster formation until eventually, the original S(AB)

structure can be recovered for most particles, although typi-

cally, some topological defects remain. The deformation pro-

cess depicted here is illustrated by computer simulation snap-

shots and a map of the cumulative nonaffine displacement in

x-direction in Fig. 5. The spontaneous emergence of short-

lived clusters can be observed at several positions as indi-

cated by black crosses in Fig. 5 (right). Stable clusters emerge

at t/τB ≈ 50 (white symbols), leading to structural defects

which persist over many τB. The lifespan of stable clusters

can be traced by straight lines in Fig. 5 (right). At t/τB ≈ 100,

we observe a strongly heterogeneous behavior of the cumula-

tive displacement in x-direction with respect to the y-position

of particles: Above a certain y-position, particles undergo a

pronounced nonaffine displacement in the direction of shear

(bright area in Fig. 5 [right]). The nonaffine cumulative x-

displacement of particles below this y-position is oppositely

directed (dark area in Fig. 5 [right]). This pattern of nonaffine

motion reflects the breakage of the crystal and is accompanied

by the creation and annihilation of large numbers of clusters

as the crystal rearranges. The location of the break coincides

with the location of the first set of stable defects. Note that

the orientation of the break does not necessarily collapse with

the direction of shear. We observe a vertical breakage of the

crystal with a similar probability.

Since the emergence of a stable vacancy/interstitial pair

in the course of a thermal clustering event crucially influences

the macroscopic breakage of the crystal, we thoroughly assess

the properties of these events. In order to do so, we evaluate

all events up to and including the first event which induces a

cluster with a lifetime exceeding 0.5τB, which corresponds to

a total number of 1002 recorded events. Thus, we focus on

the onset of deformation in a strained crystalline state with no

embedded topological defects, i.e., the first stage of the defor-

mation process. We observe that within statistical accuracy,

events are homogeneously distributed over the entire system

area and no preferential location can be distinguished.

As the absolute strain γ grows, the probability of clus-

tering events increases, see Fig. 6. We derive a measure for

the crystal stability with respect to shear by monitoring the

integrated probability for the creation of a long-lived cluster

up to a given time. This magnitude is almost unity for times

larger than t/τB ≈ 80, corresponding to an absolute strain of

γ ≈ 0.08. This reflects the fact that in all of our simulation
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FIG. 5. (Left) Simulation snapshots illustrating the deformation process for the case α = 0◦. All snapshots originate from the same simulation run. Repre-

sentation of particles and clusters corresponds to Fig. 2. As a guide to the eye, three individual A particles are shown in red, yellow, and cyan, respectively.

(a) Creation of stable cluster pair, (b) extension of an A cluster in x-direction, (c) local rearrangement induced by interplay of A and B clusters, (d) formation

of an extended, disordered cluster strip, and (e) crystal rearrangement on either side of the strip. (f) and (g) Restoration of S(AB) structure after nonaffine

displacement on either side of strip (note shift of tagged particles). (Right) Map of cumulative displacement in x-direction in the co-sheared frame. The data

were averaged over the initial x-coordinate. Colors are specified by the bar on the right. Black crosses indicate time and y-coordinate of short-lived clustering

events. The appearance of A(B) clusters with a lifetime >0.5τ
B
is indicated with white full circles (triangles), straight cyan (pink) lines connect sites of creation

and annihilation. A yellow line indicates the lifespan of the cluster traced in Fig. 4. Times corresponding to snapshots (a)–(g) in left panel are indicated on the

time axis.

runs, a stable cluster has emerged up to this time, initiating

the second stage of the crystal deformation.

On a microscopic level, the collective particle motion

leading to clustering exhibits a vast variety of patterns. In or-

der to assess the common microscopic mechanism governing

these events, we monitor the average distribution of particles

at the site of an event at three different times: 10−1τB be-

fore the event, 10−2τB before the event, and at the time of

the event. The resulting density distributions of A and B par-

ticles are shown in Fig. 7. It is apparent from these distribu-

tions that events are permitted by a specific distortion of the

unit cell, which originates from a superposition of two inde-

pendent deformations. First, the unit cell is strained due to a

shear deformation along the x-direction, which collapses with

the lattice vector a
1
. Second, the unit cell is distorted by a

further shear deformation of the A particles along the second

FIG. 6. Relative probability p(t) for an event to occur at time t for α = 0◦

(blue solid line) and α = 45◦ (yellow dashed line). The cumulative probability

P(t) for the appearance of stable defect up to the time t is included for α = 0◦

(light blue dashed line) and α = 45◦ (red dashed line). For comparison, the

absolute strain is given at the upper horizontal axis. The evaluation is based

on a total number of 1002 (706) recorded events for α = 0◦ (45◦).

lattice direction, a
2
. This corresponds to a collective sliding

motion of the A particles on one side of the unit cell along

the second crystal axis, while the remaining A particles col-

lectively move into the opposite direction.

Following this observation, we derive the average A

particle positions from the density distributions depicted in

FIG. 7. α = 0◦. (a)–(c) Averaged densities 〈ρ
A
〉, 〈ρ

B
〉 of A and B particles at

the site of an event at t0 for times (a) t − t0 = −0.1τ
B
, (b) t − t0 = −0.01τ

B
,

(c) t − t0 = 0. Colors correspond to 〈ρ
A
(x, y)〉 − 〈ρ

B
(x, y)〉 and are specified

by the bar on the right. Diamonds indicate the average position of A particles.

(d)–(f) Potential energy of a B particle in the vicinity of A-particles located at

the average positions in situations (a)–(c). Colors are specified by the bar at

the bottom. Potential energy is given with respect to the mean position of the

B particle. (g)–(i) Averaged densities preceding a cluster creation when the

crystal is heated to Ŵ = 37 and no shear flow is imposed (γ̇ τ
B

= 0).
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FIG. 8. Potential energy of the trigger particle with respect to the closest

energy minimum for an event at t = t0 (highlighted region) for α = 0◦. The
blue solid curve corresponds to the average over all temporary events while

the red dashed curve represents the average over all persistent events.

Fig. 7 (top) and map the potential energy landscape encoun-

tered by a single B particle in the vicinity of four A particles

at the specified positions, see Fig. 7 (middle). In the reference

state at 10−1τB before the event, the average unit cell is only

slightly sheared. There is a nearly quadratic energy well in

the center of the unit cell to which the B particle is confined.

Due to the subsequent deformation of the unit cell, the size of

this potential energy well is reduced as it assumes a thin, tilted

shape. Consequently, the B particle is confined to a diagonally

elongated region at 10−2τB before the event. In the following

timestep, only a narrow potential energy well remains inside

the unit cell due to the further distortion of the unit cell. Af-

ter the previous diagonal deflection of the B particle, it is now

pushed away from the center as the local energy minimum is

displaced along four possible pathways.

From this shifted position, the B particle may escape the

unit cell due to thermal motion. To verify the thermal activa-

tion of this event, we calculate the potential energy of the B

particle with respect to the nearest potential energy minimum.

Indeed, the occurrence of an event is accompanied by a dis-

tinct peak of the potential energy on the order of ≈2kBT. Fur-

thermore, we observe that the creation of a persistent cluster

is related to a significantly larger peak in the potential energy

of the trigger particle than the creation of a temporary cluster,

see Fig. 8.

Thus, the investigation of particle density profiles at the

location of events implies an intuitive picture for the forma-

tion of clusters from the strained crystalline state, which is

permitted by two independent deformations of the unit cell:

The global shear deformation and an aligned sliding motion

of A particles along the lattice direction a
2
, which does not

collapse with the direction of shear. In order to verify this ex-

planation, we perform a set of reference simulations in which

a single B particle is placed in a distorted unit cell of four A

particles. The distortion of the unit cell is expressed by the

two independent parameters γ and 1: The parameter γ cor-

responds to the unit cell strain in the direction of shear, while

1 quantifies the aligned deflection of the A particles along

FIG. 9. Reference simulation for α = 0◦, where a B particle is initially

trapped in a distorted unit cell formed by four A particles, see text. The distor-

tion is specified by γ (shear deformation) and 1 (deflection along the lattice

vector a
2
, highlighted in dark red in the central column). Resulting unit cells

are shown and fields are colorcoded according to the escape probability of a B

particle within a runtime of 1 τ
B
(left) or 1000 τ

B
(right), based on 1000 sam-

ples per parameter combination. Escape probabilities below 0.1% are shown

in light blue. The parameter combination matching the average particle posi-

tions in Fig. 7(c) is framed in red.

the lattice direction a
2
, see Fig. 9. For each parameter com-

bination, the B particle trajectory is tracked for 1τB while the

A particles remain pinned to their distorted lattice positions.

Each parameter combination is sampled with 1000 runs. Af-

terwards, we determine the ratio of runs in which the B parti-

cle escaped the unit cell. Our results are shown in Fig. 9. We

find that, starting from a strained state, an additional deflec-

tion of the A particles indeed leads to an increased probability

for the B particle to escape the unit cell. The parameter com-

bination of γ and 1 which best matches the average particle

positions derived from the A particle density distribution is

highlighted in Fig. 9. In fact, this point in the γ − 1 plane

coincides with the crossover from zero to a finite value of the

escape probability of the B particle. This crossover is persis-

tent if we extend the runtime of the simulation to 1000τB, as

shown in Fig. 9.

B. Shear unaligned with lattice direction

In order to assess the dependence of the shear response

on the direction of shear flow with respect to the crystal ori-

entation, we repeat the analysis for the case α = 45◦.

In comparison to α = 0◦, we notice a more pronounced

increase of the event probability with increasing strain. Like-

wise, the integrated probability for the creation of a stable

cluster up to a given time reaches unity at a time t/τB ≈ 70

(γ ≈ 0.07), see Fig. 6. This points to a reduced stability of the

crystal with respect to shear deformation when the unit cell is

rotated with respect to the direction of shear.

Furthermore, we analyze the particle interplay leading to

an event for α = 45◦. Our results are shown in Fig. 10. As op-

posed to the previous case, the averaged density distributions

do not point to a single deformation mode but rather depict

the superposition of two distinct deformation modes, which

correspond to sliding motions of the A particles along either

lattice vector, a
1
or a

2
. Since neither of the two lattice di-

rections collapses with the direction of shear, sliding motions

along both directions distort the unit cell in an equivalent way.

To support this interpretation, shifted unit cells are included

in Fig. 10, which are deformed according to either of the two
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FIG. 10. α = 45◦. (a)–(c) Averaged local densities 〈ρ
A
〉, 〈ρ

B
〉 of A and B

particles at the site of an event at t0 for times (a) t − t0 = −0.1τ
B
, (b) t

− t0 = −0.01τ
B
, (c) t − t0 = 0. Colors correspond to 〈ρ

A
(x, y)〉 − 〈ρ

B
(x,

y)〉 and are specified by the bar on the right. Diamonds indicate the average

position of A particles. For clarity, two distinct deformations of the unit cell

are included in panel (b). (d) Potential energy of a B particle in the vicinity of

A-particles located at the average positions in situation (a). Panels (e) and (f)

correspond to the unit cell outlines shown in (b). Colors are specified by the

bar at the bottom. Potential energy is given with respect to the mean position

of the B particle.

modes. The potential energy landscape exhibits two pathways

for the B particle for each deformation mode. The superposi-

tion of these pathways can be recovered in the average den-

sity distribution of B particles, which exhibits a cross-shaped

maximum at 10−2τB before the event.

As with the case α = 0◦, we perform additional simu-

lations to sample the escape probability of a single B parti-

cle enclosed in a distorted unit cell, where the distortion is

expressed by the parameters γ and 1, see Fig. 11. The pa-

rameter combinations corresponding to the distorted unit cells

shown in Fig. 10 are highlighted in the diagram and are close

to the crossover to a finite escape probability.

C. Comparison with different deformation scenarios

We compare the pattern of defect formation observed in

the sheared binary crystal to the creation of defects when the

FIG. 11. Escape probability of a B particle from a distorted unit cell for α

= 45◦. The distortion is specified by γ (shear deformation) and 1 (deflec-

tion along the lattice vectors a
1
[left] or a

2
[right], highlighted in dark red in

the central column). Resulting unit cells are shown and fields are colorcoded

according to the escape probability of a B particle within a runtime of 1 τ
B
,

based on 1000 samples per parameter combination. Escape probabilities be-

low 0.1% are shown in light blue. The parameter combinations matching the

cells shown in Fig. 7(b) are framed.

FIG. 12. Typical deformation process for the one-component crystal under

shear. Colorcode corresponds to cumulative displacement in x-direction in

the co-sheared frame. White circles indicate clusters with a lifetime above

0.1τ
B
, straight cyan lines connect sites of creation and annihilation. Short-

lived clusters with a lifetime below 0.1τ
B
are indicated by red dots.

crystal is heated to Ŵ = 37 and no shear flow is imposed

(γ̇ = 0). Our results are included in Fig. 7 and indicate a qual-

itatively different mechanism with respect to the individual

particle motion. Here, the crystalline structure cannot be at-

tributed to an aligned deflection of the A-particles but rather

stems from a diffusion of the particles away from the unit cell

center.

Furthermore, we qualitatively compare the deformation

process of the sheared binary crystal to the shear deformation

of a one-component crystal near melting. The crystal is con-

stituted by N = 2304 dipolar particles of species A which are

arranged in a triangular lattice spanning the simulation area

Lx × Ly = 48a × 41.57a. The inverse temperature is set to

Ŵ = 20 and the shear rate is fixed at γ̇ = 10−3 as before.

For the one-component crystal, the structural rearrangement

needed to release the strain is enabled by the spontaneous

creation of (isolated) dislocation pairs along the tearing di-

rection. As opposed to the binary crystal, these topological

defects can be spontaneously created to accommodate rear-

rangements of the adjacent particles. Thus, the onset of plas-

ticity is not determined by the presence of persistent topolog-

ical defects, as is the case with the binary crystal. Similarly,

the defects are quickly annihilated once the crystal rearranged

into a less strained configuration. Thus, the defects observed

FIG. 13. Averaged stress signature of events recorded for α = 0◦ and

α = 45◦. The colorcode corresponds to the stress increase with respect to

the previous configuration for particles at a given distance to the trigger par-

ticle at x0,y0. The fourfold pattern qualitatively corresponds to recent find-

ings for polydisperse hard spheres under shear66 and flowing emulsions near

jamming.67
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FIG. 14. Spatial correlation of A cluster appearances for α = 0◦ (left) and

α = 45◦ (right). The colorcode corresponds to the probability for a cluster

to emerge at a particular relative position x − x0, y − y0 with respect to

a previous cluster creation at x0, y0. Colors are specified by the bar at the

bottom.

in the sheared one-component crystal are mostly short-lived

with a lifetime well below 0.1τB and the deformation of the

crystal does not entail an extended amorphous region. We ob-

serve that defects appear more frequently than in the strained

binary crystal. For a qualitative comparison, we devise a sim-

plified cluster criterion for the one-component crystal, where

neighboring particles form a cluster if they each have either

five or seven nearest neighbors, thus distorting the sixfold

symmetry of the ideal lattice. Thereby, we cover isolated and

bound dislocations as well as entangled chains. Figure 12 de-

picts the creation and annihilation of clusters.

Recent studies on the plastic deformation of amorphous

media have explicitly demonstrated a characteristic stress sig-

nature and spatial correlation of plastic events,65–67,92 corre-

sponding to earlier theoretical predictions.93 Encouraged by

these findings, we assess the local stress signature of clus-

ter creation events, which play the role of plastic events in

the breaking of the S(AB) crystal. Intriguingly, our results are

in qualitative agreement with the stress signature observed

in an amorphous system of polydisperse hard spheres un-

der shear66 and in flowing emulsions near jamming,67 see

Fig. 13. Additionally, we probe the spatial correlation of clus-

ter appearances and recover a non-vanishing spatial correla-

tion along two distinct directions, which are aligned parallel

and perpendicular to the direction of shear flow, respectively,

see Fig. 14. This finding is in agreement with the observation

that the S(AB) crystal may develop cracks in the lateral or ver-

tical direction, as discussed above. A similar spatial correla-

tion of defect creation sites was not observed for the reference

case of a sheared one-component crystal.

VI. CONCLUSIONS

We have analyzed the shear-induced breaking of a ther-

mal binary model crystal on the particle-scale level using

Brownian dynamics computer simulations. Thus, we have es-

tablished that the macroscopic breakage of the crystal orig-

inates in the spontaneous creation of defects in the initially

defect-free crystal. The defects are visualized by a cluster cri-

terion. Our observations suggest that the emergence of defects

is induced by a characteristic hierarchical interplay of the two

particle species. In the strained crystal, aligned fluctuations

of the more strongly interacting A particles along the strained

lattice directions distort the potential energy landscape and

induce plastic events, where the B particles are pushed out

of the unit cell. The likelihood of these events is increased

if the shear direction is not aligned with the crystal orienta-

tion. Further plastic events are triggered by vacancy diffu-

sion until eventually, small clusters merge into an extended

disordered region and initiate the macroscopic breakage of

the crystal, during which pronounced nonaffine displacements

are observed. This breaking scenario is in distinct contrast to

the shear response of a one-component crystal near melting,

where stress is released via the spontaneous creation and an-

nihilation of dislocation pairs without spatially extended or

persistent regions of structural disorder. Furthermore, on a mi-

croscopic level, the breaking of the binary crystal under shear

can be clearly distinguished from the melting of the crystal in

the absence of shear.

Our observations suggest that various properties which

are intrinsic to the plasticity of amorphous materials can be

found in the breaking of a binary crystal, where the escape

of B particles from their cages induces a local loss of struc-

ture and allows for nonaffine rearrangements in the manner of

an amorphous material. These properties include a fourfold

stress signature of plastic events and a distinct, anisotropic

spatial correlation of plastic events with respect to the shear

direction. Thus, our results shed new light on the study of

solid plasticity, where crystalline and amorphous solids pose

qualitatively different scenarios. Our results imply that in the

case of a multicomponent crystal — even in the simple case

of a binary crystal — this qualitative difference does not fully

apply due to a local amorphization of the crystal in the break-

ing zone.

Our predictions can be verified in binary suspensions of

superparamagnetic colloidal particles at a pending air-water

interface in an external magnetic field.10,79, 80, 94 The shear can

be imposed by a laser beam. For the future, one should explore

more situations of shear-induced breaking. In particular, the

case of small damping will be interesting as this is relevant

for the melting of a dusty plasma crystal under shear (have a

look at our book for references). Moreover, more interaction

asymmetries, composition ratios and model potentials need to

be explored. Last, the case of three spatial dimensions would

be interesting where a wealth of binary colloidal crystals are

possible.95
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