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Abstract

The false discovery rate (FDR) is widely used and accepted as error criterion in
multiple hypothesis testing and much effort has been done to develop multiple
tests which control the FDR under different model assumptions. The FDR is
often used when the number of false rejections of a multiple test is allowed to be a
reasonable portion of all rejections. It is defined as the expected portion of false
rejections among all rejections. The most famous multiple test with respect to
the FDR is the linear step-up test of Benjamini and Hochberg [2] which controls
the FDR under different assumptions, but still does not exhausts it and thus
may have a lack of power. Therefore, the adaptive step-up test of Storey et al.
[61] has been proposed which includes an estimation of the portion of true null
hypotheses.

In the introductory first chapter we introduce the basic model assumptions
for this thesis and give a brief summary of well known results. Chapter 2 pro-
vides three central lemmas from which we derive various results concerning the
FDR of non adaptive step-up tests, the critical values of step-up tests with FDR
control and the asymptotic FDR of adaptive step-up tests. We consider several
dependence structures of the p-values, including independence, a reverse mar-
tingale structure, positive regression dependence and arbitrary dependence. In
Chapter 3 we extend the results of Storey [59, 60] to p-values of null hypotheses
whose marginal distributions are stochastically larger than the uniform distri-
bution on [0, 1] which may occur for one sided hypotheses. We motivate a new
class of estimators for adaptive step-up tests and show that the common esti-
mation of the portion of true null hypotheses is not appropriate in this case. In
Chapter 4 we establish a new sufficient condition for finite sample FDR con-
trol of adaptive step-up tests under independence and we prove that a slightly
modified estimator from Chapter 3 satisfies this condition. It turns out that the
selection of the estimator for the adaptive step-up test may even be performed
in a data dependent manner. A reasonable selection method is discussed in a
practical guide. Chapter 5 is devoted to finite sample FDR control of adaptive

step-up tests under a specific kind of block dependence.
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Zusammenfassung

Die "false discovery rate (FDR) ist als Fehlerkriterium in der multiplen Hy-
pothesentesttheorie weit verbreitet und akzeptiert. Es wurde viel Aufwand be-
trieben, um multiple Tests zu entwickeln, welche die FDR unter verschiedenen
Modellannahmen kontrollieren. Die FDR wird oft verwendet wenn die An-
zahl der falschen Ablehnungen eines multiplen Tests ein angemessener Anteil
aller Ablehnungen sein darf. Sie ist definiert als der erwartete Anteil falscher
Ablehnungen an allen Ablehnungen. Der bekannteste multiple Test in Bezug auf
die FDR ist der lineare step-up Test von Benjamini und Hochberg [2], welcher
die FDR unter verschiedenen Annahmen kontrolliert, sie aber nicht ausschopft
und somit einen Mangel an Giite haben kann. Deshalb wurde ein adaptiver step-
up Test von Storey et al. [61] vorgeschlagen, der eine Schétzung des Anteils der
wahren Nullhypothesen mit einbezieht.

Im einleitenden ersten Kapitel fithren wir die grundlegenden Modellannah-
men fiir diese Arbeit ein und geben eine kurze Zusammenfassung wohlbekannter
Resultate. Kapitel 2 stellt drei zentrale Lemmata bereit, aus denen wir eine
gewisse Anzahl von Resultaten herleiten, welche die FDR von nicht adaptiven
step-up Tests, die kritischen Werte von step-up Tests mit FDR Kontrolle und
die asymptotische FDR von adaptiven step-up Tests betreffen. Wir betrachten
mehrere Abhéngigkeitsstrukturen. Dazu gehdren unabhingige p-Werte, eine
Riickwartsmartingalstruktur, positive Regressionsabhingigkeit der p-Werte und
beliebig abhéngige p-Werte. In Kapitel 3 erweitern wir die Resultate von Storey
[59, 60] auf p-Werte von Nullhypothesen deren Randverteilungen stochastisch
grofer als die Gleichverteilung auf [0, 1] sind. Dies kann bei einseitigen Hypo-
thesen auftreten. Wir motivieren eine neue Klasse von Schétzern fiir adaptive
step-up Tests und zeigen, dass die iibliche Schitzung des Anteils der wahren
Nullhypothesen in diesem Fall nicht angemessen ist. In Kapitel 4 erarbeiten wir
eine neue hinreichende Bedingung fiir finite FDR Kontrolle von adaptiven step-
up Tests unter Unabhéngigkeit und wir beweisen, dass ein leicht modifizierter
Schétzer aus Kapitel 3 dieser Bedingung geniigt. Es stellt sich heraus, dass
die Auswahl des Schétzers fiir den adaptiven step-up Test sogar datenabhéngig
erfolgen kann. FEine verniinftige Auswahlmethode wird in einem praktischen
Leitfaden erortert. Kapitel 5 ist der finiten FDR Kontrolle von adaptiven step-

up Tests unter einer bestimmten Art der Blockabhéngigkeit gewidmet.
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Preface

The Theory of multiple hypothesis tests has become a large area in mathematical
statistics. We often notice the following fact: The larger the number of null
hypotheses, the more difficult to make a reasonable conclusion about these null
hypotheses. Therefore, the theory is based on the control of some type 1 error
rate like the familywise error rate or the false discovery rate. The last one has
been promoted by Benjamini and Hochberg [2] and is the focus of many recent
publications. Currently, the publication of Benjamini and Hochberg [2] has been
cited more than 23.000 times, see Google Scholar.

This thesis mainly splits into two parts. The first part (Chapter 2 and 5)
provides new results for the false discovery rate of several multiple tests under
different dependence structures. The second part (Chapter 3 and 4) particularly
considers one sided hypotheses, where the distributions of p-values of true null
hypotheses may be stochastically larger than the uniform distribution on the
unit interval. Usually, distributions which lie deep inside the null hypotheses
disturb the detection of false null hypotheses. It is particularly disturbed for
adaptive multiple tests which incorporate an estimation of the number of true
null hypotheses. This has already been mentioned by Dickhaus [11] and Pounds
and Cheng [44]. Both try to improve the estimation of the number of true null
hypotheses.

In this thesis, we will start with the basic theory of adaptive multiple tests
and develop a new concept along the former considerations of Storey [59, 60]
using the possible advantages of one sided null hypotheses. In some proofs we
try to avoid some standard methods like so-called least favorable parameter con-
figurations and non increasing testing procedures. Finally, we obtain adaptive
multiple tests which work well under distributions which lie deep inside the null

hypotheses. One could say, the deeper the better. Furthermore, in standard
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cases the new tests still behave like the often applied adaptive multiple test of
Storey et al. [61]. As already mentioned, the larger the number of null hy-
potheses, the more difficult to make a reasonable conclusion. Therefore, the
new multiple tests basically include a form of an adaptive reduction of the di-
mension. Obviously, a p-value of a true null hypothesis which tends to be large
has a lower effect on the FDR than a p-value which is uniformly distributed on
the unit interval. Thus, we try to include an estimation of the effective number

of true null hypotheses which have an effect on the FDR.

Large parts of this thesis are based on the works of Heesen and Janssen
[28, 29|. These works resulted from a joint work of the two authors. Each part
contains essential ideas, aspects and work of both contributors. In the individ-
ual chapters, we go into detail and specify in which way these chapters rely on
Heesen and Janssen |28, 29]. For some theorems, propositions and lemmas we
explain where the corresponding statements may be found in Heesen and Janssen
[28, 29]. Some statements presented in this thesis include no or minor changes
and others include significant changes. This thesis and both works [28, 29|
were supported by a project of the Deutsche Forschungsgemeinschaft (DFG).
The topic of the project is "Signalerkennung in hochdimensionalen statistischen
Modellen mit Anwendungen in den Lebenswissenschaften” (English: Signal De-
tection in high dimensional statistical models with applications in the Life Sci-

ences).

A list of abbreviations and symbols is given at the end of this thesis.



Chapter 1

Introduction

1.1 From hypotheses testing to multiple hypotheses
testing

Hypotheses testing is based on a statistical experiment (2, 4,{Py : ¢ € O}),
where the index set © of possible distributions may be parametric or non para-
metric. The parameter set O is divided into a null hypothesis H C © and an
alternative hypothesis £ = © \ 4. Based on an observation w € 2 coming from
an underlying unknown distribution Py«, where ¢#* € ©, we would like to decide
whether ¥* € H or ¥* € K holds true for ¥*. Since w may be sampled from
any considered distribution, we have to make a decision under uncertainty. H
is called true if 9* € H otherwise I is called true. Each decision may then lead
to one of the following two errors. A decision for I when H is true is called
type 1 error (or error of first kind). To overcome this problem, a specific level
a € (0,1) for the type 1 error is usually allowed and the decision rule is given
by a so called hypothesis test ¢ : © — {0,1} which decides on K if ¢p(w) =1
and on O if ¢(w) = 0. The decision for © when K is true is called type 2 error
(error of second kind). Then ¢ is called level « test when the probability of a
type 1 error is bounded by « for all ¥ € H, i.e. when

sup Py({w : ¢(w) =1}) < au (L.1)
YeH

Thus, a decision for I when # is true could occur at most with probability «
which is often chosen less than or equal to 0.1. Then one is often interested in

tests which minimize the probability of a type 2 error for every 9 € K over all



Introduction 2

level a tests.

Modern technical procedures enable the simultaneous measurement of high
dimensional data. In the life sciences the Omics technologies like Genomics,
Proteomics and Metabolomics are worth mentioning. For some diseases like
diabetes it is assumed that a few genes may contribute to it. In order to identify
these genes genome wide association studies are applied. Typically, a hypothesis
is formulated for each gene which leads to a huge amount of null hypotheses.
These null hypotheses have to be judged simultaneously. As we will see, this is
a sensitive matter.

So let us switch to multiple hypotheses H; C © with corresponding alter-
natives K; = O \ H; and tests ¢;, i = 1,...,n. The following is based on the
introductory story of Tukey [63] for the Higher Criticism concept. It can also
be found in Donoho and Jin [13]. For now, let us assume that each test ¢; is
an exact level « test for the single hypothesis test problem H; versus KC;. There
often exists a ¥ € O such that every H; is true and Py({w : ¢;(w) = 1}) = «a for

i =1,...,n. Then the expected number of type 1 errors is simply given by
E ("number of type 1 errors*) = na (1.2)

which can be much larger than 1. Moreover, if the tests ¢; are also independent,
then the probability of at least one type 1 error is given by

P(7at least one type 1 error) =1— (1 —a)" — 1 (1.3)

n—oo

for fixed level o. Thus, standard level « tests are often not appropriate to judge
multiple hypotheses simultaneously and new concepts were developed. Before
we get to that, we will first set up the statistical framework for this thesis.

For the sake of completeness, if the null hypotheses H; are disjoint, then level
a tests are known to be appropriate to judge the hypotheses simultaneously in
the sense that the probability of at least one type 1 error is less than or equal

to a.

1.2 Model assumptions and statistical framework

Let us start with the following definition of the univariate stochastically larger

property.
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Definition 1.1 (Stochastically larger)

Let X and Y be real random wvariables with distributions P, and Py and distri-
bution functions (df) Fy and Fs, respectively. Then X is called to be stochas-
tically larger than Y if and only if (iff) Fi(t) < Fa(t) for allt € R. We also
call X to be stochastically larger than Py and Py to be stochastically larger than
Py or write X Szt Y, X SZt P, P SZt Py and Fy SZt Ps instead of saying that X is
stochastically larger than Y.

Note that the above definition includes that a random variable X or distri-
bution P is stochastically larger than itself, i.e. we have X szt X and P szt P.

During this thesis we will consider different models which are all special
cases of the following Basic Model. In particular we assume that every testing

procedure is based on p-values, to be more precise, on the ordered p-values.

Model 1.2 (Basic Model)

Let (Q,A,{P € P}) be a statistical experiment with a family of probability
measures P on ). Throughout, we assume that we have n € N null hypotheses
‘H; which may be true or false and corresponding alternative hypotheses IC;j, 1 <
1 < n. The status of the null hypotheses, i.e. if they are true or false, is not
fized in advance but random. Moreover, we only observe the vector of p-values
p = (p1,--.,pn) of the corresponding null hypotheses (H1,...,Hy). The p-values

of this model are now constructed as follows. Consider the random vector
(Hi7<i7§i)i§n Q) — ({0, 1} X [0, 1]2)71 . (14)

The random variable H; codes the occurrence of a true null hypothesis H; when
H; =0 and false null hypothesis when H; = 1, respectively, for 1 < i <n. For
convenience, we will also talk about true and false p-values instead of true and
false null hypotheses. ((;)i<n denotes the vector of possible true p-values and
(&)i<n the possible false ones. Furthermore, let H = (Hy, ..., H,) be the vector
which contains the status of the null hypotheses. At this point, the only distribu-
tional assumption of (H;, G, & )i<n 15 that the conditional marginal distributions
L(G|H = h), h € {0,1}", of the possible true p-values are either stochastically
larger than the uniform distribution on [0,1] or are the uniform distribution on

[0, 1] dtself. The p-values are then given by

pi=(1-H)G+ H&, 1<i<n, (1.5)
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and the random number of true p-values is given by

n

No =) (1- H). (1.6)

=1
We denote by Iy = {i : H; = 0} the random index set of true p-values and by

I = {i : H; = 1} the random index set of false ones. Moreover, let us define

the vectors of true and false p-values

pr, = (pi :i1€lo) and pp = (p; : i€ h), (1.7)

respectively. Every subsequently considered testing procedure only relies on the

empirical cumulative distribution function (ecdf)

R 1 <
F,(t)=— I{p; <t}, t , 1], 1.
(t) n;{p b tel0,1] (1.8)
and thus only on the order statistics

Pin < P2n < -0 < D (19)
of the p-values p1,...,pn. Furthermore, we assume that E(Np) > 0.

The random number of true null hypotheses Ny goes back to Efron’s two
group model, cf. Efron et al. [14].

In the following, let us denote by U(a,b) the uniform distribution on the
interval [a,b]. We will simply say uniform distribution or uniformly distributed
without mentioning the precise interval if we relate to the uniform distribution
on [0, 1].

Remark 1.3

(a) The Basic Model is a two stage model. In the first stage the true and
false null hypotheses are determined by sampling H from P. Then ((;,&;)i<n is
sampled from the conditional distribution £(P|H) and for the p-value p; in the
second stage, the corresponding true p-value is picked out of ((;)i<y, iff H; = 0.
Otherwise, the corresponding false p-value is picked out of (&;)i<n. Note that
given the first stage, the marginal distribution of the sampled p-value p; may
also depend on all other (H;);-; and also on the other p-values.

(b) All error measures which will be considered in this thesis are based on the

number of type 1 errors and would be controlled anyway if E(Ng) = 0. The
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considered error measures do not take into account the number of type 2 errors
or directional errors.

(c) Basic Model 1.2 makes almost no assumption about the distribution of
(p1y.--,pn) and (H;, G, & )i<n- We will soon consider models with different
dependence structures, marginal distributions of true and false p-values and
distributions of the occurrence of true and false p-values. This will happen
by specifying the set of probability measures P. Although (2,.4,P) in Basic
Model 1.2 is introduced as an arbitrary statistical experiment, let us think of
P as a maximum possible model. Then all following models are submodels of
Basic Model 1.2. As already said, for the true p-values marginal distributions
L(¢|H = h) sZt U(0,1), h € {0,1}"™, are considered. For the false p-values usu-
ally marginal distributions £(&|H = h) Sgt U(0,1) are considered.

(d) In the literature, the hypotheses H; and K;, ¢ = 1,...,n, often may be
regarded as subsets of some nonparametric space of probability measures P.
This does not work here in general since the null hypotheses are randomly
true or false. But note that those models are included in the Basic Model. An

example will be given below in Model 1.4 (b).

Basic Model 1.2 is a very general model which contains the most popular

models of the FDR literature. These are the following:

Model 1.4

(a) (i.i.d. mixture model with uniformly distributed true p-values)
Starting from Basic Model 1.2 assume that H, ((;)i<n and (&;)i<n are jointly
independent random wvectors. Moreover, let Hy,..., Hy be i.i.d. B(1,1 — m)
Bernoulli distributed for some my € (0,1]. Let ()i<n = (Ui)i<n, with on (0,1)
i.i.d. uniformly distributed random variables Uy, ..., Uy, and let (&;)i<y, be i.i.d.
random variables which are distributed according to some distribution function
Fy on [0,1]. For every fized distribution under the present model the p-values
Ply---,pn are ii.d. with p; ~ Fy g and Fr, g (t) = mot + (1 — mo) Fi(t),
0<t< 1.

(b) (Model, where the hypotheses are subsets of the parameter space)
Consider the multiple hypothesis testing problem (Q, A,{Py : ¥ € ©}), H; C O,
1 =1,...,n, of Section 1.1. Let p;, i = 1,...,n, be p-values for the hypotheses
H; which fulfill the usual assumption Py(p; < t) <t for all i and all ¥ € H,.
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Then for each fized 9 € © the p-values pi,...,p, can be represented as p-
values in the Basic Model 1.2 by a specific probability measure P € P for which
H, =1{9 ¢ H;}, i =1,...,n, are deterministic.

(c¢) (Dirac-Uniform (DU) configuration) Starting from Basic Model 1.2
assume that (H;, &;)i<pn is deterministic with No =ng and & =0, =1,...,n.
Moreover, let (;, i =1,...,n be i.i.d. uniformly distributed. Then this model is

called DU (n,ng) configuration.

Model 1.4 (a) includes a Bayesian approach and is based on Efrons two group
model, cf. Efron et al. [14], and has also been considered by Storey [59, 60,
Storey et al. [61] and Genovese and Wasserman [22, 23|. The mixture model of
Donoho and Jin [13] is also based on this model. Although Model 1.4 (a) and
hence Basic Model 1.2 include a Bayesian model approach, we will exclusively
work with frequentist methods during this thesis, i.e. without the knowledge of
the prior distribution.

Model 1.4 (b) is the most popular model in the FDR literature and has,
for instance, been considered by Finner and Roters [20], Finner et al. [17]
and Dickhaus [11]. In the literature, there are usually various assumptions
concerning the dependence structure of the p-values. In Model 1.4 (b), these
are ignored for the moment. But later on we will introduce various dependence
structures for the Basic Model 1.2. Dirac-Uniform configurations have been
considered by Finner and Roters [20], Finner et al. [17], Finner and Gontscharuk

[18] and Finner et al. [19] for instance.

The null hypotheses H1, ..., H, of Basic Model 1.2 are judged by a multiple
hypothesis test

o(p) = (¢1(p),-- -, dn(p)) : @ — {0, 1}" (1.10)

based on p, where ¢;(p) : @ — {0,1} are single hypothesis tests for #; versus
IC;. The multiple test has the common interpretation: reject H; iff ¢;(p) = 1.
For simplicity, we will also talk about rejecting p-values if we mean rejecting
the corresponding null hypotheses. Note that the single hypothesis tests may
depend on the entire vector p which will be the case for step-wise tests. Let
us denote by R the number of rejected hypotheses. In the following, we
consider multiple tests which reject the smallest p-values pi.n,...,Prn since

their null hypotheses are most significant. For these multiple tests it suffices to
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define R. Once R is defined, the test is defined. For the sake of convenience we
will only deal with R in the following. As already mentioned, we will only work
with p-values p1, ..., p, instead of test statistics and all upcoming multiple tests
are particularly based on the order statistics p1., < ... < pn.n. Therefore, we
will also write R(p) to emphasize that R is a function of p.

At this point, ties may cause a problem if pr.,, = pr+1.n- Then it would
not be clear which of the corresponding null hypotheses should be rejected and
which ones should not be rejected. But this problem does not occur for the
step-wise multiple tests considered below since they reject all null hypotheses
corresponding to p-values p;., < prim, 1 =1,...,n.

By applying the multiple test, the single hypothesis tests may cause several
type 1 and type 2 errors simultaneously. As we mentioned, for a single hypoth-
esis test it is appropriate to control the probability of a type 1 error. Otherwise,
for a multiple test it seems to be appropriate to control properties of the unob-
servable number of type 1 errors. Throughout this thesis the number of type 1
errors, i.e. the number of false rejections, of a multiple test will be denoted by
V. For the Basic Model 1.2 we then have

V= Z 1L{“H,; is rejected”}. (1.11)
i€ly
Later we will give a nice and easy manageable representation of V for step-wise

testing procedures which will also be defined later. Moreover, let us define

n

R(t) = nF,(t)=> 1{p; <t} and (1.12)
=1
V() = Y 1{p <t} (1.13)
i€lp

for 0 < ¢t < 1. These are the quantities R and V for the multiple test which
exactly rejects the p-values p; which are less than or equal to the fixed threshold
t.

1.3 Error rates

As already mentioned, the control of the probability of a type 1 error for each
single hypothesis test is not appropriate in multiple testing. Therefore, several

other error concepts have been developed in the past. These error concepts are
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usually based on the random variables V and R. Let us start with the best

known error rates.

Definition 1.5 (FWER, FDR, ENFR)
(a) The familywise error rate (FWER) of a multiple test ¢ for a distribution
P € P s given by

FWERp(¢)=P(V >0) (1.14)

which is the probability of at least one type 1 error.
(b) The false discovery rate (FDR) of a multiple test ¢ for a distribution
P € P s given by

RV1
where aVb = max(a,b). Then the FDR is the expected portion of false rejections

FDRP(¢)=EP< 4 ) (1.15)

among all rejections of the multiple test.
(c) The expected number of false rejections (ENFR) of a multiple test ¢
for a distribution P € P is given by

ENFRp(¢) =Ep (V). (1.16)

(d) To simplify notation, we write FDR (FWER, ENFR) instead of FDRp(¢)
(FWERp(¢), ENFRp(9)).

(e) The multiple test is said to control the FDR (FWER) by « € (0,1) for
the model P iff FDRp(¢) < a (FWERp(¢) < «) holds for every distribution
P € P. Moreover, the multiple test is said to control the ENFR by & € (0,n)
for the model P iff ENFRp(¢) < & holds for every distribution P € P. For
abbreviation, let us say the multiple test controls the FDR (FWER, ENFR) by

a if it is clear which model P is meant.

The FWER is the oldest error rate for multiple hypothesis tests and is known
to be very restrictive for large n. Multiple tests controlling the FWER often
have a lack of power (i.e. the number of type 2 errors tends to be large).

To overcome this problem, Benjamini and Hochberg [2| promoted the FDR
as error criterion in their pioneering work “Controlling the false discovery rate:
a practical and powerful approach to multiple testing”. See Benjamini [1] for the
background of this paper. Nowadays, the FDR is widely used and accepted as
error criterion and much effort has been done to develop multiple tests control-

ling it under different model assumptions. It is used when the number of false
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rejections V is allowed to be a reasonable portion of the number of all rejections
R. For instance, this is the case for exploratory data analysis. Genome wide
association studies are often evaluated in an exploratory manner and the sig-
nificant genes are judged again by a follow-up study. Benjamini and Hochberg
also discussed the properties of the positive FDR which is defined as

.
pFDRp = Ep <Rv1’R>O>. (1.17)

The Bayesian interpretation of this error rate has particularly been studied by
Storey [60].

The ENFR is also called per family error rate, PFE for short. It has been
particularly investigated by Scheer [54].

Note that the FDR is the expectation over the so called false discovery
proportion FFDP = %. A main criticism of the FDR is that it says little
about the actual distribution of the FDP. To be more precise, it is not guaranteed
that a specific portion of the rejected p-values is correctly rejected with specific
probability. Therefore, the v-F DP has been proposed which is defined by ~-
FDP = P(FDP > ~) for some 0 < 7 < 1. Clearly, 7-F DP < « ensures that at
most YR hypotheses of the R rejected ones are at least correctly rejected with
probability 1 — «.

A less conservative alternative to the FWER is the k-FW ER for some in-
teger k > 1. It is given by k--FWER = P(V > k) and allows up to k — 1 false
rejections. In comparison to the FDP based error rates it does not relate the
number of false rejections to the number of all rejections.

The v-FDP and k-FW ER are only listed for the sake of completeness and
are not addressed in this thesis. For a treatment of these error rates we refer
the reader to Lehmann and Romano [34], Romano and Shaikh [46, 47], Romano
and Wolf [48] and Déhler [12].

During this thesis we will mainly consider the FDR as error criterion and in
parts the ENFR. Later we will also allow the control of a generalized error rate
which has been introduced by Meskaldji et al. [39]. But the main examples for
this generalized error rate will again be the FDR and ENFR.
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1.4 Multiple testing procedures

This thesis mainly deals with step-up and adaptive step-up tests which are

defined as follows.

Definition 1.6 (SU and adaptive SU test)
Let 0 < a1y < o < oo < app < 1 be a sequence of fized critical values. Then

the multiple test which results from
R = R(p) = max{i D Pin < ai:n} (118)

with max(® = 0 is called step-up test (SU test). The test then rejects the null
hypotheses corresponding to the p-values pi.n, ..., PR, for short, the test rejects
the p-values pi.p, - .., Pr:n- Moreover, if the critical values a;.,, 1 =1,...,n, are
replaced by data dependent critical values 0 < Q1. < ... < Gpp < 1 in (1.18)
(i.e. if the critical values &;., = Qi (p) are functions of p), then it is called

adaptive step-up test (adaptive SU test).

Remark 1.7

(a) We will also use the representation Gy, = Gy ((Fi(t))isn) if we want to
accentuate that the critical values may also be defined as function of (E,());>x
for some tuning parameter 0 < A < 1. Observe that SU tests are permutation-
invariant in the p-values. Thus, the data dependent critical values of the adap-
tive SU tests should also be permutation-invariant in the p-values and hence be
based on the order statistics.

(b) The step-wise multiple tests exactly reject all null hypotheses corresponding
to p-values p; < ap., and p; < Gg.p,, respectively. This can alternatively serve
as definition for the exact rejection procedure and the problems with reference
to ties which are mentioned above do not occur anymore.

(c) A SU test with ., > 1 would always reject every null hypothesis. Thus,

we exclude this case.

In their pioneering work, Benjamini and Hochberg [2] proposed a SU test and
showed that it controls the FDR by « under an independence assumption. The
so called Benjamini Hochberg SU test (BH test) is given by the critical
values

B =0 i=1,....n (1.19)
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It is also called linear step-up test and is based on the Simes test which has
been introduced as test for the global null hypothesis and controls the FWER
in the weak sense (i.e. FWER < « holds for fixed Ny = n), see Simes [58].
For now, let us assume that H is fixed and not random anymore, all p-values
are independent and the true p-values are distributed according to the uniform
distribution. Then Benjamini and Hochberg [2] showed

N
FDR < —a. (1.20)
n

Later, Benjamini and Yekutieli [5] and Finner and Roters [20] obtained that “<”
can be replaced by “="in (1.20). We will refer to this as Benjamini Hochberg
Theorem. Moreover, Benjamini and Yekutieli [5] also showed that (1.20) still
holds if H is fixed, the true p-values are distributed according to the uniform
distribution and the p-values are positively regression dependent on the subset
of true p-values which will be defined later on.

By Benjamini and Yekutieli [5] it is well-known that (1.20) no longer applies
for arbitrary dependent p-values. Under the assumption of fixed H, uniformly
distributed true p-values and arbitrary dependence structure of pi,...,p,, they

showed that (1.20) applies for the SU test with critical values

BY ¢
in nzn la7
j=1j

Later, Blanchard and Roquain |7] obtained that these critical values may also

e i=1,...,n. (1.21)

be replaced by

aBR — z/ozxdy(az), i=1,...,n, (1.22)
where v is an arbitrary probability measure on (0,00) and (1.20) also holds
for true p-values which are stochastically larger than the uniform distribution.
They noted that the choice of v({k}) = (k: > i1 %>_1, k=1,...,n, just leads
to the critical values (1.21). Further results for the FDR of specific multiple
tests under dependence have been obtained by Blanchard and Roquain |7, 8],
Farcomeni [15], Finner et al. [16, 17|, Gontscharuk [24], Guo and Rao [25],
Roquain and Villers [50, 49|, and Sarkar [51, 53] for instance.

Moreover, Blanchard and Roquain [7] showed that two simple conditions are
sufficient for FDR control, namely, a so called dependency condition and a self
consistency condition. Basically, the dependency condition imposes a condition

on a SU test for a fixed dependency structure. Then every multiple test which
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additionally fulfills the self consistency condition based on the critical values
of the SU test exhibits FDR control. As rule of thumb, all p-values which are
rejected by the multiple test have to be less than or equal to ag.,, where R’
is the number of rejections of the multiple test and «;.,, ¢ = 1,...,n, are the
critical values of the SU test mentioned above. Each of these multiple tests reject
not more null hypotheses than the SU test. The self consistency condition is
very interesting for a reduction of the rejections of a SU test when FDR control
is still desired. This may be the case if a follow up study can only be carried
out for a certain small number of hypotheses or genes for instance. By the
results of Blanchard and Roquain [7] it follows easily that we don’t even need
to reject the smallest p-values while still preserving FDR control as long as the
self consistency is satisfied. In what follows, we pursue a different aim and try
to increase the number of rejections.

Note that the consideration of fixed H corresponds to a conditional expec-
tation in the above definition of the FDR and is also a special case of random
H.

In the literature, also other SU tests with deterministic critical values 0 <
a1 < ... < @p.p < 1 have been considered. A common assumption for the
critical values is that

Qi
)

7 —

is non-decreasing. (1.23)

Under (1.23) and the assumptions of the BH Theorem, Benjamini and Yekutieli
|5, Theorem 5.3| showed that Dirac-Uniform configurations (without mentioning

these explicitly) are least favorable for the FDR, i.e.
FDRp < FDRpy(nn) (1.24)

holds for all considered distributions P. The DU configuration provides an easily
manageable upper FDR bound and proving FDRpyr(nn,) < @, 1 < ng < n
suffices to show FDR control under the setting of the BH Theorem.

It is easy to verify that (1.23) holds for critical values coming from a concave

rejection curve which will be defined as follows.

Definition 1.8

Let r : [0,1] — [0,00) be a continuous, concave and non decreasing function with
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r(0) = 0 and r(xg) = 1 for some o < 1. We refer to r as concave rejection
curve. Moreover, let v~ be the left continuous inverse and n € N be fized, then
g .
Qg =T ) ZZla"'vn’ (125)
n

1

defines a set of critical values for step-wise tests. The function r~" is also called

critical value curve.

Remark 1.9

(a) The assumption r(xg) = 1 for some g < 1 ensures ay., < 1 which is reason-
able for SU tests. This assumption is often replaced by the weaker assumption
r(1) > 1. For this thesis, we mainly consider the more stringent definition of
rejection curves.

(b) Furthermore, each of these rejection curves provides sequences of step-wise
tests which can be analyzed asymptotically. In Section 2.4 we will establish the

asymptotics of the worst case FDR of this sequence as fix point equation.

The critical values (1.19) of the BH test are given by the rejection curve
rBH(t) = L t €[0,1], see Finner et al. [17] for instance. Moreover, Finner et al.
[17] introduced the Asymptotically Optimal Rejection Curve (AORC)
which is constructed to have FDR = « in an asymptotic Dirac-Uniform con-
figuration. This addresses the fact that the predetermined FDR level « is not
exhausted by the BH test if there is at least one false null hypothesis. For fixed

a € (0,1) the AORC is given by

t
o(t) = —+——, te]0,1], 1.26
ra(t) t(l—a)+a« €0.1] (1.26)
and leads to the critical values
AORC o ,
- = =1,....n. 1.27
Yim n—i(l—a)’ Tl (1.27)

Observe that the assumptions of Definition 1.8 are not fulfilled for the AORC
since ay., = r,1(1) = 1. There exist several adjustments of the AORC and
critical values to overcome this. Finner et al. [17]| consider the AORC on a
specific interval, say [0,¢*] with ¢t* < 1, and different continuations on [0, 1] such
that the concavity just holds or at least (1.23) is just fulfilled. Furthermore,

Finner et al. [19] consider so called step-up-down tests with critical values

AORC i .
AORC _ . i=1,...,n, 1.28
v n+ Gy, —i(l —«) ! " (1.28)

a
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with 8, > 0. These are given by the rejection curve r(t) = (1‘1‘%)% (t) which is
a modification of the AORC for fixed n. Gavrilov et al. [21] previously discussed
the step-down test (SD test) with critical values (1.28) given by 8, = 1. We
will give a definition of SD tests and discuss some of these adjustments later in
Section 2.3.

Scheer [54] uses the possibility to define step-wise multiple tests in terms of
crossing points of the rejection curve and the ecdf F,. We will revert to this

technique in some proofs for the asymptotics of the FDR.

As already seen in (1.20), the predetermined FDR level « is not exhausted
by the BH test if there is at least one false p-value. In order to improve this,
adaptive SU tests have been proposed. The best known of these is the adaptive
SU test of Storey et al. [61] which is related to the results of Schweder and
Spjotvoll [55] in some way. Let A € (0,1) be a tuning parameter which is often
chosen close to 0.5 and let a A b = min(a, b). The test is then based on the data

dependent critical values
Qim = (fa) A (1.29)

with estimator A
1—-F,(\)+

1
”fl() = ﬁo()\) =N n. (130)

For fixed H the estimator 7o(\) is an estimator for the number of true null
hypotheses Ny. Storey et al. [61] showed that this test controls the FDR by «
under the same assumptions as in Benjamini and Hochberg [2]. Adaptive SU
tests of the form (1.29) with different estimators 7 for Ny (or estimators for
related terms) were often considered in the recent literature. Sometimes taking
the minimum with A in (1.29) has been omitted for the definition of the critical
values. We refer to adaptive SU tests with critical values of the form (1.29) as
adaptive SU tests of Storey type, but for convenience, we will often just
talk about adaptive SU tests.

A frequently used motivation for adaptive SU tests of Storey type with esti-
mator ng for Ny under these assumptions is the following. If the predetermined

level o in the BH test is replaced by the data dependent level ﬁ%a, then

N
FDR~2%. "y ~a (1.31)

n no
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would approximately hold. Another motivation based on Storey [61] is given
in Chapter 3. This motivation will also hold for true p-values whose marginal
distributions are stochastically larger than the uniform distribution.

In the recent literature, several sufficient conditions for finite sample FDR
control of adaptive SU tests of Storey type have been developed, see Benjamini
et al. [4], Sarkar [52] and Zeisel et al. [65] for instance. Moreover, much effort
has been done to develop and analyze estimators of Ny and related terms, see
Benjamini and Hochberg [3|, Benjamini et al. [4], Blanchard and Roquain [§],
Celisse and Robin [9], Chen and Doerge [10], Dickhaus [11], Langaas et al.
[32], Liang and Nettleton [36], Meinshausen and Rice [37], Pounds and Cheng
[43, 44], Schweder and Spjotvoll [55], Storey [59, 60], Storey et al. [61] and
Zeisel et al. [65]. Some approaches are based on the choice of A for the Storey
estimator (1.30), see Langaas et al. [32] for a short summary and also Liang
and Nettleton [36].

When the critical values of a step-wise test coincide, i.e. when aq., = ... =
Qn, then the test degenerates to a single step test which rejects a p-value p;
iff p; < aq.,- The most famous single step test is the Bonferroni test which
is defined by a1, = { and controls the FWER by a. Furthermore, the Sidak
test is defined by ag., = 1 — (1 — 04)% and controls the FWER by « under
an independence assumption. Finner and Gontscharuk [18] introduced adaptive
versions of these tests, where n is replaced by a Storey type estimator of the

form

1-F,(\) + &
o (1:32)

for some 0 < A < 1 and k > 0. They were the first who showed that the FWER

no(\, k) =n

of these adaptive tests is controlled by a under an independence assumption for

several choices of \ and k.

The adaptive and non adaptive SU tests yield a nice representation of the

number of false rejections given by
V=23 1{pi < dra}. (1.33)
i€lp

This equality easily follows by (1.11) and Remark 1.7. Many of the following

proofs will use this representation.
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1.5 New ideas for adaptive step up tests

Inference in multiple hypothesis testing is known to be more difficult than in-
ference in single hypothesis testing. However, it also offers some possibilities
of improvements which do not exist for single hypothesis testing. For instance,
consider a one-sided single hypothesis testing problem, say {¢ < ¥y} versus
{¥ > Jp}. If the real distribution lies deep inside the null hypothesis, then the
actual probability of a type 1 error will often be much smaller than the allowed
type 1 error level a.. In other words, the allowed type 1 error level « is often far
from being exhausted.

The adaptive test of Storey et al. [61] already tries to improve the exhaustion
of the predetermined allowed FDR level «a since (1.20) holds for the BH test.
However, if the marginal distributions of some true p-values are stochastically
larger than the uniform distribution, then the adaptive test of Storey et al. [61]
may perform badly in the sense, that it rejects less hypotheses than the BH test
and that the allowed FDR level « is again far from being exhausted. In this
case, even the actual FDR level of the BH test decreases. True p-values which
are stochastically larger than the uniform distribution often occur in one-sided
hypotheses testing problems. But now, in comparison to a single hypothesis
test, there is more than one p-value available and the present information given
by the p-values is beyond the information for the estimation of the number of
true null hypotheses. In this thesis, it is shown how to use and incorporate
this information into a new estimation concept to improve the exhaustion of
the allowed FDR level a@ when the marginal distributions of some true p-values
are stochastically larger than the uniform distribution. These improvements,
which are the main results of Chapter 3 and 4, hold under a basic independence
assumption and some slight regularity assumptions.

Pounds and Cheng [44] and Dickhaus [11] already mentioned the lack of
exhaustion of the FDR in these cases and tried to improve the commonly con-
ducted estimation (mostly for Ny and related terms). Therefore, Dickhaus [11]
considered randomized p-values which allow an improved estimation of Ny. But
note that this randomization particularly loses the useful information on which
our new estimation concept is based. Moreover, we will show that Ny (or related
terms like () is not the parameter which should really be estimated for adaptive

SU tests when stochastically larger true p-values are allowed. The estimation of
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the crucial parameter is quite more complex.

Note that for single hypothesis tests a better exhaustion of the allowed type
1 error level would only be desirable if the power of the tests got larger. Oth-
erwise it would only produce more errors. Moreover, for the separability of the
hypotheses, it is quite desirable that the type 1 error level is close to zero if
the present distribution lies deeper inside the null hypothesis. In addition, it
is desirable that the type 2 error level tends to zero if the present distribution
goes deeper inside the alternative hypothesis. But observe that this behavior
is not desirable for multiple hypothesis tests. One or more null p-values whose
distributions lie deep inside the null hypotheses often disturb the detection of
false p-values. Moreover, an increasing sample size n already deteriorates this
detection. Thus, one would like to have multiple tests with maximal detection
power of false null hypotheses with simultaneous FDR control. Therefore, we
will focus on the exhaustion of the predetermined FDR level. In some way, the

new procedures include a reduction of the dimension n.

In the literature, it is often dealt with least favorable parameter config-
urations (LFCs) and non-increasing testing procedures. LFCs often provide
an easily manageable upper FDR bound. However, this approach sometimes
works against the idea of exhausting the allowed FDR level o which is the
idea of adaptive multiple tests. By only considering LFCs one misses a chance
of improvement of the exhaustion. For example, Blanchard and Roquain [8],
Blanchard et al. [6], Finner and Roters [20], Finner et al. [17], Finner and
Gotscharuk [18] Finner et al. [19], Etienne and Roquain |50| and Gontscharuk
[24] worked with LFCs. In the literature, it turned out that LFCs are often
given by Dirac-Uniform configurations.

Furthermore, non-increasing testing procedures sometimes miss possi-
ble improvements. A multiple testing procedure is called non-increasing if the
mapping p; — R is non-increasing in each p-value p;. Thus, for adaptive non-
increasing multiple tests with critical values of the form (1.29), estimators ng are
considered which are non-decreasing, i.e. the mapping p; — fg is non-decreasing
in each p-value. A common motivation for non-increasing multiple tests is the
following. The larger a single p-value the less significant the corresponding hy-
pothesis and the less p-values should be rejected. But this motivation is based

on a one dimensional incomplete view of things. Observe that a multiple test
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usually rejects a number of small p-values. A consideration of all p-values thus
yields that an excessive number of large p-values indicates that there are too few
small true p-values in the area, where the p-values may be rejected. Hence we
are able to reject more p-values by still controlling the FDR as the statements
of Chapter 4 will show. The mapping p; — R should rather be non-increasing
in each p-value only on the area, where a p-value really may be rejected. We
will especially consider adaptive multiple tests which are not non-increasing in
order to improve the exhaustion of the predetermined FDR level a0 over a wide
range. Non-increasing testing procedures and non-decreasing estimators have,
for instance, been considered by Benjamini et al. [4], Blanchard and Roquain
[7, 8], Sarkar [52] and Zeisel et al. [65]. In particular, Benjamini et al. [4]
and Blanchard and Roquain [7, 8] used that the uniform distribution is least
favorable for the true p-values (among stochastically larger distributions) for
the FDR of non-increasing (adaptive) SU tests. This is a relative easy way to
show that these procedures work in these cases, but they do not work always

well, as we will see.

1.6 Outline

Chapter 2 provides three central lemmas (Lemma 2.5, 2.9 and 2.10) from which
we derive a certain amount of results for several dependence structures. Section
2.1 gives a definition of these dependence structures, including independence,
a reverse martingale structure, positive regression dependence and arbitrary
dependence. The central lemmas are stated in Section 2.2 and each of them
gives attention to some of these dependence structures. Section 2.3 contains
results concerning the FDR of non adaptive SU tests and the critical values of
SU tests with FDR control. In Section 2.4 we establish the asymptotic worst
case FDR of step-wise tests coming from a concave rejection curve as solution
of a fix point equation and Section 2.5 provides a converse result of the BH
Theorem. Moreover, Section 2.6 is devoted to the study of the asymptotic FDR
of adaptive SU tests.

In Chapter 3 we extend the results of Storey [59, 60] to p-values whose
marginal distributions are stochastically larger than the uniform distribution
which may occur for one sided hypotheses. The often applied estimator of

Storey (1.30) does not work well here. Therefore, we motivate a new class of
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estimators for adaptive SU tests and show that the common estimation of the
number of true null hypotheses is not appropriate for the exhaustion of the FDR
in this case. Moreover, we will discuss some other estimators.

In Chapter 4 we establish a new sufficient condition for finite sample FDR
control of adaptive SU tests under independence which does not need the as-
sumption of non decreasing estimators. Moreover, we prove that a slightly
modified estimator from Chapter 3 satisfies this condition. It turns out that
the selection of the estimator for the adaptive SU test may even be performed
in a data dependent manner. A reasonable selection method with proven FDR
control which yields a better exhaustion of the FDR and thus more power is
discussed in a practical guide. In this chapter, an important assumption is the
convexity of the marginal distribution functions of the true p-values. We will
show that this is a rather weak assumption.

Chapter 5 is devoted to finite sample FDR control of adaptive SU tests
under a specific kind of dependence. The p-values may line up into independent
blocks, where the p-values within each block may form a reverse martingale.

Finally, the appendix contains some technical results which are used in the

proofs of the previous chapters.



Chapter 2

Inequalities for the FDR and

critical values

In this chapter, we provide a number of results for the FDR of several mul-
tiple tests under different dependence structures. These include independent
true p-values, a reverse martingale dependency, p-values which are positively
regression dependent on the subset of true p-values (PRDS), negatively regres-
sion dependent true p-values (NRDS) and an arbitrary dependency, see Section
2.1. In Section 2.2 we establish some powerful technical and central lemmas.
The inequalities in these lemmas enable the development of inequalities for the
FDR itself and for the critical values of SU tests which exhibit FDR control.
This is part of Section 2.3. Furthermore, we represent the asymptotic worst case
FDR of SU tests which come from a concave rejection curve as unique solution
of a fix point equation, see Section 2.4. This fix point equation merely relies
on the concave rejection curve. In Section 2.5 we derive a converse Benjamini
Hochberg type Theorem and show that the BH test is the only SU test which is
not influenced by the distribution of false p-values when uniformly distributed
true p-values are present. In Section 2.6 we have a look at the asymptotics of
adaptive SU tests. Adaptive tests of Storey type (1.29) are considered for re-
verse martingale dependent p-values (including independent ones) and another
type of adaptive tests is proposed for arbitrary dependent p-values. The cen-
tral lemmas easily establish a common sufficient condition for the estimators or

distributions which ensures asymptotic FDR control.

20
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The results of this chapter mainly rely on Heesen and Janssen [29]. In their
work, they focused on uniformly distributed true p-values, whereas the present
results often include true p-values whose marginal distributions are stochasti-
cally larger than the uniform distribution. However, these generalizations for
non-adaptive multiple tests are usually clear by slight changes in the proofs. In
particular, the notation has changed to treat all cases at once. For uniformly
distributed true p-values it often suffices to condition under Ny, but for stochas-
tically larger ones it is convenient to condition under H. Section 2.5 relies on

Heesen and Janssen [28].

2.1 Dependence structures

The simplest dependence structure contains independent true p-values and the
most results in the literature refer to this structure. In view of Basic Model 1.2,
the status of a null hypothesis, i.e. if it is true or false, is random. Hence, our

simplest dependence structure contains a conditional independence assumption.

Model 2.1 (Basic Independence Model (BI) and generalized Basic Indepen-
dence Model (gBI))

Starting from Basic Model 1.2, assume that conditioned under H = (Hy, ...,
H,,) the true p-values p;, i € Iy, and the vector of false p-values pr, are jointly
independent. Note that pr, is considered as one random variable, whereas p;,

1 € Iy, are considered as individual random variables in terms of independence.
(a) Conditioned under H let

Then we call this model Basic Independence Model (BI).
(b) Conditioned under H let

pi ~ Fomi, 1€ lo, (2.2)

with a df satisfying Fo p;(t) <t, t € [0,1]. Then we call this model generalized
Basic Independence Model (gBI). Here each true p-value is allowed to have

a different marginal distribution.

For notational convenience the definition of the model above distinguishes

between uniformly distributed true p-values and stochastically larger ones. As
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already seen in the introduction, the largest part of the FDR literature focuses
on uniformly distributed true p-values, whereas only a small part also considers
stochastically larger ones.

For two vectors ¢ = (c1,...,¢,) and ¢ = (d),...,d,) with ¢, € [0,1]"
let ¢ < ¢ denote the component-by-component property ¢; < ¢, i = 1,...,n.
Moreover, let B([0, 1]™) denote the Borel sets of [0, 1]", then a set C' € B([0, 1]™)
is said to be decreasing iff ¢ € C and ¢ < ¢ imply ¢ € C. The next definition

allows for more dependence between all p-values.

Model 2.2 (Reverse martingale dependence, PRDS, NRDS)
Starting from Basic Model 1.2 consider the following submodels.
(a) Conditioned under H let

Ii{p, <t
{plt—}, 0<t<l, (2.3)
be a reverse martingale for every i € Iy with respect to the reverse filtration
Fi = O'(H, I{p; < s} :s>t1<j< n) Then we call this model Reverse
Martingale Model (RM Model).

(b) For every decreasing set C € B([0,1]"), h € {0,1}" and i € Iy let
t—P(peClp; <t,H =h) (2.4)

be non-increasing. Then we call this model PRDS Model (positive regression
dependent on the subset of true null hypotheses).

(c) Under the assumptions in (b), let (2.4) be non-decreasing and let L((;|H =
h) =U(0,1),i=1,...,n, for all h € {0,1}", then we call this model NRDS
Model (negative regression dependent on the subset of true null hypotheses).

Remark 2.3

(a) Since P(p; < 1|H = h) = 1 obviously holds for every 1 < i < n and
h € {0,1}", the martingale property directly implies that £L(p;|H = h) = U(0, 1)
for every ¢ € Iy under this condition.

(b) An interesting generalization of the RM Model would be a reverse super
martingale model, i.e.

E <ﬂ{pit§ t} ’f&H _ h) < ll{pisé s} (25)

holds for ¢ < s and i € Iy with H = h € {0,1}". This leads to convex marginal

distribution functions for the true p-values which will be a crucial condition in
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Chapter 4 for the gBI Model.
(c) The BI Model is a submodel of the gBI, RM, PRDS and NRDS Model and
the gBI Model is a submodel of the PRDS Model. In this sense, the PRDS and
NRDS Model are not comparable with the RM Model. But the intersection of
the PRDS and RM Model are at least greater than the BI Model. It is easy
to check that the maximal dependent uniform case, i.e. when (1 =... = (, ~
U(0,1) and Hy = ... = H, =0, is included in both models.
(d) Assumption (2.4) in the definition of the PRDS Model is slightly weaker
than the original assumption of Benjamini and Yekutieli [5]. Instead of (2.4)
they demand

t—P(peClp;=t,H=h) (2.6)

to be non-increasing in our notation and in terms of p-values. Originally they
only considered deterministic H and formulated (2.6) in terms of test statistics.
It is well known that (2.6) implies (2.4), cf. Finner et al. [17] for instance.
Nevertheless, we will call it PRDS Model.

In addition to identical true p-values the RM Model yields a rich class of
other underlying distributions for the p-values. The next example occurs in
multivariate extreme value theory and risk analysis when the p-values have a

joint risk component.

Example 2.4 (RM Model, cf. Heesen and Janssen [29] Example 2.1)
Let Xq,...,X,,Y beindependent, continuous and real-valued random variables,
where Xi,..., X, are i.i.d.. Moreover, let Z; = max(X;,Y), i =1,...,n and
H(t) = P(Z; <t),t € R. The transformed p-values p; = H(Z;) then fulfill
(2.3) and the distribution of pi, ..., p, is included in the RM Model.

Proof. Define

; 1{Z; <t} .
Mt(l)zw fortG{H>0},Z:1,...,n.
For n = 1 it is well known that Mt(l) is a reverse martingale w.r.t. Gy =

U(Mégl) : s > t). We now prove that Mt(l) is a reverse martingale w.r.t. F; =
o(MNesy + 5 =1,...,n) = o((1{Z; < sV)s>t : j = 1,...,n) in the case
of n > 1. Therefore let ¢ < s. Obviously, E(Mt(1)|}"s) —0=MYifz > s
Otherwise, Z; < s implies X; < sand Y <s. Thus, 1{Z; < 7} = 1{X; < 7}
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holds for all 4 > 2 and 7 > s. By the independence of Z; and Xo,..., X, it
follows that

E(M"17,) =B (M"|1F) 142 < 5}
=E Mt(l)]]l{ZigT}:TZS,izl,...,n)]l{Zlgs}
=E Mt(l)]]l{Zl <sh, X, <7} :7>s,0= 2,...,n) 1{Z; < s}

(
(

_E (Mf”yn{z1 < s}) 1{Z; < s}
(

Finally, observe that the time change

) N <
UHM(l) _ W{H(Z;) <u}

H_l(u) f’ i:1,...,n,

preserves the reverse martingale property for the pseudo-inverse distribution

function H~! and yields the desired distribution for the p-values. U

In the literature, conditional versions of the BI, gBI and PRDS Models have
often been considered, see Benjamini and Hochberg [2], Benjamini and Yekutieli
[5], Blanchard and Roquain |7]|, Finner and Roters [20] and Finner et al. [17]
for instance. The conditional versions also correspond to deterministic H which
is a special case of the models presented above.

Note that a model which allows arbitrary dependent p-values is just given

by Basic Model 1.2 and obviously includes all other models.

2.2 Central lemmas

Almost all results of this Chapter are based on the following central lemmas
which yield equalities and inequalities depending on the present model which
enable conclusions for interesting aspects of the FDR. The theory of this section
for the BI Model, the RM Model, the PRDS Model with uniformly distributed
true p-values and the NRDS Model is treated in Heesen and Janssen [29] Lemma
6.1 (a) and (b).
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Let us start with the basic independence type models and the RM Model.
The technique of Lemma 2.5 also provides a short proof of the Benjamini
Hochberg Theorem, see (1.20).

Lemma 2.5 (cf. Heesen and Janssen [29] Lemma 6.1 (a))
Let 0 < G1in < oo < G < A < 1 be data dependent critical values given by

measurable functions
Gin = Qi (Fa()i>2), i=1,...,n. (2.7)

Moreover, introduce ép.p, = G and y(i) = nd.,. Then

. <7(‘;)> B ]E(i\fo) (28)

holds for the SU test under the RM Model (including the BI Model) and “<”
holds in (2.8) under the gBI Model.

Proof. Let us first prove the assumption for the RM Model. Therefore, observe
that the SU test can be represented by the reverse stopping time

T = Sup{ai:n;i = 17 BN L 30 < ai:n} V a1,

which is adapted to the reverse filtration (F3)o<t<1 and where supf) = 0. Then
every p-value p; < 7 is rejected and we have % = % by the definitions
(1.12) and (1.13). Due to the measurability, conditioned under F) the critical
values &1.,...,Qny may be considered as fixed. Thus, 7 is a discrete stopping
time w.r.t. the reverse martingale (2.3) for the period &1, < t < A under
this condition. Furthermore, due to the construction of 7 and &q.,, = &1., We
observe that dg(;)., = 7. Thus, by (2.3) and the discrete version of the optional

stopping theorem we obtain

(@) = =Gl = (.

_ 1 <V(T) ‘FA> = %]E (V()‘)‘B>

n T A

and again by (2.3), integration yields

(i) () - 209 -0
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Let us now consider the gBI Model. Observe that conditioned under H the
index set of true p-values Iy is fixed. Let p(®) = (p1,---s0i-1,0,Dix1,...,Ppn) be

the vector of p-values, where the i-th p-value is decreased to zero, R() = R(p(")
(1)

wn

&g (). Then by Lemma 6.1 (a) of the appendix we have
1{p; < &,

(i) = 3= ()
v(R) s NQRn

H) = (%).

Due to the conditional independence under H Fubini’s Theorem yields

Fo,H,z'(dgzi).n) No

. n
i€lp R@) .

and &

1{p <al, }

_ ZE< R O

Na pe).
i€lp R

with equality in the BI Model. The statement again follows by integration. [

Remark 2.6

(a) The data dependent critical values (2.7) only use the information of the
ecdf F, on [A, 1] and the adaptive test only rejects p-values smaller or equal to
A, where X is an arbitrary but fixed tuning parameter. In Chapter 4 we will
consider adaptive SU tests which also have this estimation area and rejection
area, say.

(b) The critical value &g, may be set to zero without changing the adaptive SU
test. Nonetheless, we set &g., = &1., in order to avoid notational problems in
the proofs when R = 0 occurs with positive probability.

(c) Storey et al. [61] already incorporated martingale arguments which have
been outlined by Scheer [54].

Remark 2.7 (BH theorem)
By Remark 6.2 (b) of the appendix and Fubini’s Theorem the proof of the BH

d

in the BI Model, where p; is assumed to be a true p-value without restrictions
and RM = R(0,pa, ..., pn).

theorem now reduces to

< BH
oy jH _ ok (M s akat
RV 1

R(1)

H> = NoE (ﬂ{pl < gy}
R

BH
_ YR(D)p
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The technique of Remark 2.7 is also applicable to shorten the proof of the
statement of Benjamini and Yekutieli |5, Theorem 5.3] that the Dirac-Uniform
configurations are least favorable for the FDR of SU tests with critical values
(1.23) under the model of the BH theorem. This result can actually be extended
to the gBI Model with convex dfs of true p-values and is stated in the next

lemma.

Lemma 2.8

Let 0 < agp = a1 < ... < apn < 1 be deterministic critical values which
fulfill (1.23) and consider the corresponding SU test. Furthermore, consider a
distribution P of the ¢gBI Model with fized H = h € {0,1}"™, Ny = ng and assume
that the dfs of true p-values Fo rr;, i € Io, in (2.2) are convex. Then

FDRp < FDRpy(nme) (2.9)
holds for the DU (n,ng) configuration.

Proof. Define R() = R(p1,...,pi-1,0,pit1,...,Pn) as in the proof of Lemma
2.5. Along the lines of the technique in Remark 2.7 observe that

Q(}xl%ZEQ (”Z’SQR}) S R <Il{pz§04)R<z)n}>

i€ly i€lp
(2.10)
Fom,i (Qpi.p,)
= 3 (s e
R®
i€lp
holds for the distributions @ € {P, DU (n,ng)}. Thus, it suffices to show
Fo,mi (g, Fo,m,i (@Ro).,)
Ep (R(Z) < Epu(n,no) O (2.11)

for i € In. Let 1 < j < k < n. By (1.23) and the convexity of Fy g, it follows
that

Ol ]
Fo mi(ajn) < Fomi (J Z ) <1 — k:> Fo m,:(0) + %FO,H,i(ak:n)7 (2.12)

where FO,H,i(O) = 0. Hence, j — w

that

is non decreasing. It is easy to check

L(RD|P) £ L(RD|DU(n, ng)) (2.13)

which now implies (2.11) by an alternative definition of the stochastically larger

property, see Theorem 1.2.8 of Miiller and Stoyan [41]. Without loss of generality
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let Iy = {1,...,n0}, @ = 1 and Us,...,U,, be i.i.d. uniformly distributed
random variables which fulfill U; < p; a.s. for ¢ = 2,...,n9. From this and
since R® is non increasing in each p-value it follows that R(0,pa,...,pn) <
R(0,Uy,...,Uy,,0,...,0) holds almost surely. This finally implies (2.13) since
L(R(0,Us,...,Up,y,0,...,0)|P) = L(RD|DU(n,ng)). O

The next lemma for the PRDS and NRDS Model only applies to determin-
istic critical values and we only obtain inequalities instead of equalities in the

conditional uniform case.

Lemma 2.9 (cf. Heesen and Janssen [29] Lemma 6.1 (b) and Meskaldji et al.
[39] Corollary 3.9)

Let 0 < agp = a1:n < ... < app < 1 be determanistic critical values and

holds for the SU tests under the PRDS Model and "> holds in (2.14) for the
NRDS model.

(i) = nay. Then

Proof. First, let us consider the PRDS Model conditioned under H = h =
(hi,...,hy) € {0,1}"™. By (2.4) we have
H= h)

*(stml =) - 2<W

ith;=
|
= > > Sy PR = ilpi < i, H = W)P(pi < ajnl H = h)
i:h;=0j5=1 v ‘7
"1
< EP _]|pz Sa]mH h)
i:h;=0j=1
1 n
:E Z R>]’pz<0¢ij h) (R2j+1‘pi§04j:naH:h)]
i:h;=0j=1
1
ni:h¢=0
n
1 , .
+- [P(R > jlpi < ajin, H="h) — P(R > jlpi < j_1:n, H = h)]
i:h;=075=2
1 N,
<= > PR>1pi<onn H=h)=—"
n n
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since {R > j} is a decreasing set for every j = 2,...,n. Now, integration yields
the statement for the PRDS Model and the statement for the NRDS Model
follows in the same way. Note that the true p-values in the NRDS Model follow
a uniform distribution conditioned under H. Thus, the first inequality in the

above formula becomes an equality. O

Except for a rescaling of -, a deterministic view of Ny and a weighting of the
hypotheses (which is due to Blanchard and Roquain [7]), Lemma 2.9 coincides
with Corollary 3.9 of Meskaldji et al. [39]. Their proof follows from Proposition
3.6 of Blanchard and Roquain [7] and can easily be extended to random Nj.
In contrast, the proof of Lemma 2.9 is a more direct one which is based on the
technique of Theorem 4.1 of Finner et al. [17]. For a further discussion see
Remark 2.12 below.

The following lemma obtains an inequality for the Basic Model 1.2, where the
p-values may have an arbitrary dependence structure. Therefore, we consider
adaptive SU tests with data dependent critical values which are based on the
deterministic critical values (1.22) introduced by Blanchard and Roquain [7]. To
the best of the author’s knowledge, such kind of data dependent critical values

have not been considered before.

Lemma 2.10 (cf. Heesen and Janssen [29] Lemma 6.1 (c))

Let 0 <7(0) =7(1) < ... <7(n) be data dependent values given by measurable

functions
56) = 3, (Fu(®)oset)s i =0,....m. (2.15)

Moreover, let v be a probability measure on (0,00) and define data dependent

critical values via

a [0
iy, = / xdv(z) | AN, 1=0,...,n, (2.16)
0

where 0 < A < 1. Then

() 200

holds for the SU test under the Basic Model 1.2 with arbitrary dependence struc-

ture.

Proof. Similar as in the proof of Lemma 3.2 of Blanchard and Roquain |7] on
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page 988, rewriting 1/z = fzoo v~2dv, Fubini’s Theorem and (2.16) yield
Vv ﬂ{pi < @R:n} )
E ~‘H) = E (~ H
(cw(R) , 2 ay(R)

i: H;=0
- ~H-:OE <Il{p¢ < dRin} /OOO v {v > Oﬁ(R)}dU‘H)

1 i

S /OOO v 2B (1{p: < b} 1o > 07 (R)|H) do

i: H;=0

Z /000 v2E (]1 {p@' < Z/O:/(R) :Edu(:r:)} {v > oﬁ(R)}‘H) dv

i: H;=0

> /OOO V2P (pi < Z/O zdu(z)‘H) dv

No [ o
@0 / v2 / xdv(x)dv
n-Jo 0

Ny [*° o N
= ao/ x/ v 2dvdy(z) = =9
n 0 azx n

The last inequality follows since conditioned under H the marginal distribution

IN

IN

IN

of each true p-value is stochastically larger than the uniform distribution. [

Remark 2.11
-1
(a) The Benjamini Yekutieli [5] choice of v({k}) = (k D1 %) in (2.16) leads

to the adaptive critical values

dim:%-a, i=1,...,n. (2.18)
(b) In contrast to Lemma 2.5, Lemma 2.10 also applies to data dependent critical
values which are functions of the entire ecdf (F},(t))o<¢<1. For some dependence
structures, observing one p-value allows to draw conclusions on other p-values.
Assume that n = Ny =2 and p; =1 —py = U ~ U(0,1) holds. Then observing
(E,(t))0.5<t<1 suffices at least to reconstruct the complete ecdf (F,(t))o<i<1 if
the distribution is known. Thus, the division into an estimation and rejection

area for arbitrary dependent p-values would make no sense.

Remark 2.12 (Family of generalized error rates)

Meskaldji et al. [39] and Meskaldji [38] introduced an entire family of generalized
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error rates. Each non decreasing function p : NU {0} — (0, 00) defines an error

v
El—— . 2.19

(1) (219

The main examples are the FDR, given by p(i) =iV 1, i € NU {0}, and the

ENFR, given by p = 1. Weighted versions of the FDR and ENFR are also listed
by Meskaldji et al. [39]. For each error rate, they proposed a corresponding SU

rate which is given by

test with critical values
ey, = Ma, i=1,...,n, (2.20)
n
where p is the same function as in the error rate (2.19). These SU tests control

(2.19) by « under independent true p-values or the common PRDS assumption,

see Remark 2.3 (d). Furthermore, they showed that a SU test with

a [P

Qo = / xdv(x), i=1,...,n, (2.21)

n Jo

based on (1.22), controls (2.19) by « under arbitrary dependence (basically
under the assumptions of Lemma 2.10 with deterministic Ny). Thus, Lemma 2.9
and non data dependent versions of Lemma 2.5 for the gBI Model and Lemma
2.10 may also be proved by their results which are straightforward applications
of the results of Blanchard and Roquain [7|. The representation of the results
only differs in the rescaling v = ap. Note that p(n) < Z is needed in our setting
to ensure ., < 1 for (2.20) and (2.21). Furthermore, a simple rescaling of p

does not really change the properties of the error rate.

We will now use the central lemmas to derive finite and asymptotic results
for the FDR of adaptive and non-adaptive multiple tests. In Chapter 4, we will
come back to this generalized error concept and develop adaptive SU tests. In
the following, we suggest the reader to mainly focus on the FDR and ENFR
when we consider the error rate (2.19).

In a further work, Meskaldji et al. [40] treated the question of an optimal

choice of the error rate, see also Meskaldji [38].

2.3 Applications of the central lemmas

We will now derive inequalities for the FDR under different models and inequal-

ities for critical values which have overall FDR control under the BI Model. In



Inequalities for the FDR and critical values 32

this section we focus on SU tests with deterministic critical values
0<agp =010 < ...<apn < 1. (2.22)

Let us start with the following question.

What can be said about the FDR of a SU test with critical values
(2.22) under different models?

The results of the following lemma are intuitive for the gBI Model but not

clear in advance since the distribution of false p-values is arbitrary.

Lemma 2.13 (cf. Heesen and Janssen [29] Lemma 3.1)
Let 1 <k <n, 0<c<1 and consider the SU test with critical values (2.22).
(a) If o, < % holds for all 1 < i <k, then

FDR < E(nNO)c + P(R>k) (2.23)

follows under the gBI, RM and PRDS Model (which all include the BI Model).
(b) Moreover, if a.y < %C, i =1,...,n, holds with strict inequality for a fized
i =7 and P(R=j,V > 0) > 0, then we obtain the strict inequality FDR <
%c at least under the BI Model.

(c) If iy > Znﬁ holds for all 1 < i < n, then

FpR > BN, (2.24)
n

follows under the RM and NRDS Model (which also include the BI Model).

(d) Moreover, under the assumption of (c), if in addition aj., > % holds for
some fized j € {1,...,n} with P(R=73,V >0) >0, then FDR > WC holds
at least under the BI Model.

Proof. (a) Let (i) = nay.p, i = 0,...,n, and observe that @ < ¢ holds for

all 1 < j <k. Since R =0 implies V' = 0 we obtain

FDR < E(Pygfmﬁﬂ{lgng}>+P(R>k)

Vv E(No)

E(——|c+PR>k)<—c+PR>Ek
(5tm) o+ P> 0 < 2o P

by Lemma 2.5 and 2.9 under the gBI, RM and PRDS Model.

(b) By (a) we already know FDR < %. Suppose ”=* would hold in the
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previous formula. We would then obtain 0 = (WC(‘IQ) va) by Lemma 2.5.
But notice that —% — > 0 holds for i = 1,...,n. Thus,
() le
cV 1% > ( c 1 ) .
E(—-——)>|——-——=]-PR=4V>0>0
(%R) Rv1 () Vi ( )

follows by our assumptions, a contradiction.
(c) Observe that 2 ( ) > ¢ holds for 1 < i < n. Thus, Lemma 2.5 and 2.9 imply

ron (i) o) -0

under the RM and NRDS Model.

serve that > (> olds for ¢« =1,...,n, (j) and the assertion
d) Ob h (z) &1 0 holds fi 1 d th i
follows in the same way as (b). O
Remark 2.14

Note that P(R =3, V > 0) > 0 and even P(R = j) > 0 can not be guaranteed
in general. These assumptions depend strongly on the distribution of false p-
values. Assume that & € (®jin, ®j41:m], 4 =1,...,n, and Ny < n almost surely,
where (0., @jy1:n] is @ non empty interval. It follows easily that R = j can

not occur.

The next proposition establishes some lower and upper bounds for the FDR

of SU tests which are based on critical values (2.22).

Proposition 2.15 (cf. Heesen and Janssen [29] Proposition 3.1)
Consider the SU test with critical values (2.22). Then
E(N()) NG
max ——
n  1<i<n i

holds under the gBI, RM and PRDS Model (including the BI Model) and

FDR < (2.25)

E(NO) . Noyn
min ——
n 1<i<n 7

FDR > (2.26)

under the RM and NRDS Model (including the BI Model).

Proof. Let (i) = naj.p, i = 0,...,n, again and note that R = 0 implies V = 0.
A direct application of Lemma 2.5 and 2.9 yields

-~ V. q(R)
FDR__E<(MRV1{R>M>

E (V > max na,m < E(No) max noz‘m

v(R) ) 1<i<n 4 T n 1<i<n i
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under the gBI, RM and PRDS Model. (2.26) follows in the same way. O

With different methods Guo and Rao [26] already showed that (2.25) holds
under the PRDS property of Remark 2.3 (d).

Under regularity assumptions it can be shown that the inequalities of Propo-
sition 2.15 are asymptotically sharp, i.e. if the critical values are generated from
a concave rejection curve which has to fulfill some regularity assumptions, then
there exist sequences of distributions such that the asymptotic FDR coincides
with the asymptotic bound. The lower bound (2.26) can actually be improved
for a specific class of SU tests under a Dirac-Uniform model with martingale

structure.

Proposition 2.16 (cf. Heesen and Janssen [29] Remark 3.1)

Consider the RM Model with deterministic H = h € {0,1}", & = 0, i =
1,...,n, and Ny = ng (including the DU (n,ng) configuration). Furthermore,
assume a SU test with critical values (2.22) which fulfills the common require-
ment (1.23), then

Apt1—ng:n
FDR > ng—————. 2.27
- non +1—ng ( )

Proof. The result directly follows by a reinspection of the proof of Proposition
2.15 since R > n — ng + 1 holds on {V > 0} for the present models. Thus, by
(1.23) we obtain [ U{R > 0} > "Srtlorgn 0

We now move to the next question.

What can be said about the critical values «;, when the FDR is
controlled by a (FDR < a) under different models for fixed sample
size n?

For this question, let us again consider SU tests with deterministic critical

«

values (2.22) which fulfill the common assumption (1.23), i.e. ¢ — %= is non-
decreasing. The next lemma gives necessary conditions for FDR control in the

BI model.

Lemma 2.17 (cf. Heesen and Janssen [29] Lemma 3.2)
Consider the SU test given by critical values (2.22) with (1.23) and assume that
FDR < «a holds for all distributions in the BI Model.

(a) Then oy < n_ﬁ‘f_z follows for all 1 < i < n.
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(b) Furthermore, if “&n < a,’;jrll" holds for some 1 < k < mn — 1, then a;., <
follows for all © < k.

n+1 —1

Proof. (a) Observe that F'DRpy(n,n,) < « holds particularly for the DU (n,no)
configurations, 1 < ng < n. Thus, by Proposition 2.16 we directly observe the
result by setting ¢ =n —ng + 1.

The statement may also be proved in a direct way. Therefore, by Lemma

2.5, (1.23) and by the notation of the proof of Proposition 2.15 we have

v
a > FDRpymmn+1-i) =Epumnti—i < ") R(\/)lll{R > 0}> (2.28)
V o\ 4G n4l-i

for 1 <i < msince R > holds on {V > 0} under the present model.
(b) The inequality in (2.29) becomes a strict inequality for ¢ < k since

PDU(n,n—i—l—i)(R > k) > PDU(n,n+1—i) (Prin < anem) > 0.

Remark 2.18
The necessary conditions of Lemma, 2.17 naturally hold under the gBI, RM and
PRDS Model since they include the BI Model. By the results of Section 2.2, we

get no further necessary conditions for these models.

Corollary 2.19 (cf. Heesen and Janssen [29] Corollary 3.1)

Let the assumptions of Lemma 2.17 hold.

(a) Then ay, < % follows.

(b) If a1.n, = & holds, then the SU test is already a BH test, i.e. ajp, = %a,
1=1,...,n

(c) If oy = g holds for some 8 < «, then FDR > NO)B follows under the
BI Model.

Proof. (a) The statement is a special case of Lemma 2.17 (a).

(b) Let us assume that the SU test is no Benjamini Hochberg test. Thus, by
(1.23) there exists some 1 < k < n with %= < e But Lemma 2.17 (b)
then implies a1., < % which contradicts our assumption.

(c¢) Observe that ay., = g and (1.23) imply g > LB, 0 = 1,...,n. The

statement then follows by Lemma 2.13 (c). O




Inequalities for the FDR and critical values 36

Let us now have a look at some explicit SU tests and discuss the necessary

conditions which are introduced above.

Example 2.20
(a) Stepwise tests with critical values of the form
_ (1o

 n+b—ia’

Qe

i=1,...,n, (2.30)

for non-negative parameters a,b with 1 — o + % > a are frequently discussed in
the literature, see Finner et al. [17, 19] and Gavrilov et al. |21] for instance. The
requirement ay,., < 1 for all n € N for SU tests initially implies 0 < a <1 — a.
By Lemma 2.17 a necessary condition for FDR < « is given by a < b. Moreover,
if a > 0, then the stricter condition a < b is necessary.
(b) Consider the adjusted critical values

{xe"

L P R 2.31
n—i(l—a)’ ‘ oo fn < (2.31)

Qi =

of the AORC, see (1.27). There are several possibilities for the choice of .,
i = kn+1,...,n, such that (1.23) stays true or that a corresponding rejection
curve stays concave, cf. Example 3.2 in Finner et al. [17]. By them it is well
known that a SU test with adjusted critical values (2.31) does not exhibit finite
sample FDR control but asymptotic FDR control for the BI Model. By (a) we
directly observe that finite sample FDR control can not hold since a = 1 — «
and b = 0 do not fulfill the necessary conditions. Actually, the first critical value

a1y = m > 7 is too large to allow FDR control.

Our inequalities include a device for the choice of adequate parameters a, b
for the critical values (2.30). Proposition 2.21 offers an approach for the ad-
justment of a for fixed parameter b. Below, we mainly restrict ourselves to
adjustments under the BI Model. Several adjustments have been introduced by
Finner et al. [17, 19] and Gontscharuk [24].

Proposition 2.21 (cf. Heesen and Janssen [29] Proposition 3.2)
Consider the SU test with critical values (2.30) with a,b >0 anda < 1—a+ %.
(a) Under the RM Model (including the BI Model) we have

E(No), , E(V),

FDR =
R n—+b n+b

(2.32)
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with "<“ under the gBI and PRDS Model and ">“ under the NRDS Model.
(b) Let P be a distribution with & = ... =&, =0, (1,...,(, ~ U(0,1) and

deterministic H with Ny = ng, then
Ep (V) > NoQpt1—ng:n (2.33)

holds for the ENFR. In particular, P may be a Dirac-Uniform configuration.
(c) Now let a > 0 since otherwise, the present SU test would be a BH test and
let b be fived. Moreover, let h(no, a) = Epy(nne) (VBHvO‘) denote the ENFR of
the level o BH test and introduce ag as unique positive solution of

o ang n h(ng, o)
o = max a -
1<no<n \n+b n+b '

(2.34)

where o/ = 7;"—& Let Ppy be the set of all possible distributions of the BI Model
for fized n and let FDRp(a,b) denote the FDR of the SU test with critical values

(2.30). Then there exists a unique parameter ay € [0, min(ag, 1 — o + 2)) with

sup FDRp(a1,b) = a. (2.35)
PePpr

The worst case FDR is strictly smaller (larger) than o for a < ai, (a > a1).

Proof. (a) By Lemma 2.5 we obtain

E(Np) 1 E(V(n+b)—RVa> _n+b

a
— vl FDR—@E(V)

n no no

for the RM Model since R = 0 implies V' = 0 and the assertion for the other
models follows in the same way by Lemma 2.5 and 2.9 with 7<* and ”>*.
(b) We observe

Ep(V) =Y Ep(I{p;i < arn}) = > Ep (1{pi < tni1-npn}) = n0Qnt1-ngn
icly iclo

since I is deterministic under P and since R > n+1—mng holds on {p; < ag.,}

for all true p;.

(c) Observe that the critical values fulfill (1.23). Hence, we may restrict ourselves

to Dirac-Uniform configurations since the worst case FDR is given by one for

some 1 < ngy < n, see (2.45) for instance. It follows that

Epvnna (V.
( no_ DU(nno) )a>

a— sup FDRp(a,b) = max > b

PePpr 1<no<n

(2.36)
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is continuous and strictly monotonic increasing on (0,1 — o + %) because the

critical values do and hence Epg(y, ) (V) does. Furthermore, we have

sup FDRp(0,b) = a<oa and lim  FDRpymn(a,b) =1
PEPy1 n+b a l—atb ’
since app, — 1 fora A1 —a+ % Finally, if a9 < 1 — a + % holds, then
Suppep,, F'DRp(ag, b) > a holds true because of (2.34), (2.36) and since o, >

a'i

ti=1,...,n, implies h(ng, ') < Epymme)(V), no=1,...,n. O

Remark 2.22

(a) The value ag in Proposition 2.21 (c¢) should be regarded as initial value for
the search for a; which yields FDR control.

(b) The ENFR of the BH test under a Dirac-Uniform configuration is easy to

compute and given by

h(no, @) = Epinng (VEH) = (n—no +1) (”,“) n(3). @

i=1 t
cf. Finner and Roters [20] page 991. This ENFR can also be computed by the
simple recursion Epp 1) (VBH) =« and

Epu(nne) (V) = % (Epvmm-1) (VET) +n—ng+1),  (2.38)

no = 2,...,n, which just gives (2.37) by induction. The proof of the recursion

is simple and short: Similar to Remark 2.7 we observe

noo
EDU(n,no) (VBH) = nOEDU(n,no) (O‘R(l)vBH;n) = %EDU(H,TL()) (R(ILBH)

noo
= TEDU(H,HO) (V(l)’BH +n — n())
noo
= O gty (VP g £ 1)
for the BH test, where V(1):BH ig analogously defined as RW.BH
(¢) Note that Proposition 2.21 (b) also holds for critical values of the form (2.22)

and there is no assumption about the dependence structure of the true p-values.

By similar methods, Scheer [54] basically obtained (2.32) for a = 1 — « for
the BI Model, cf. the proof of Theorem 3.2 in [54]. Therefore, he used a Lemma

which utilizes rejection curves and martingale arguments and which is similar
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to the statement of Lemma 2.5 restricted to the BI model and non adaptive SU
tests, cf. Lemma 3.6 in |54].

In the next proposition, we establish another adjustment of the critical values
which may have some advantage in practice. The proposal relies on the following
observation. Typically, the largest critical values in (2.30) are responsible for
situations with FDR > «, cf. Finner et al. [17]. For these reasons, we propose

to bound the largest critical values as follows.

Proposition 2.23 (cf. Heesen and Janssen [29] Proposition 3.3)
Let € > 0 be a small constant and consider a SU test with critical values satisfying

(1.23) and ay., < % For fixred 1 < k < n we introduce new critical values
agﬁz = min <a¢;n, ;Oék:n> , 1=1,...,n, (2.39)

and denote the FDR of the corresponding SU test by FDR(oz(.]f%). If there is
a distribution P € Ppr with FDRp(«..,) > « + €, then there exists some
1 < kg < n with

sup FDR(a(.@L) < sup FDR(a(.lf%)) <a+e (2.40)
PePpr PePpr

for all k < ko. Moreover, if ko is chosen to be mazimal, then 7>" holds in (2.40)
for k > ko.

Proof. The critical values agﬁz, i =1,...,n, are constructed so that (1.23) is
just fulfilled. Hence, as in the proof of Proposition 2.21 (c¢) we may restrict our-
selves to Dirac-Uniform configurations for worst case considerations. Introduce
\% (oz(kzl) as the number of false rejections of the specified SU test. Under the

k)

Dirac-Uniform configurations, it is easy to see that V' (a(. ;n) is increasing in k

since the critical values do. It follows that

V(™)
FDRDU n,n a(k7)1 = IE’DU n,n '
) (25%) = Eoum | = no ~V(ah)

T
n—nog—

yields a BH test with FFDR < « which proves the assertion. U

is increasing in k since x —

is increasing. Finally, observe that £ = 1

The modification (2.39) of the critical values has also been considered by
Finner et al. [17, Example 3.2] for the special case of critical values coming

from the AORC to construct a feasible SU test. Moreover, for this type of
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modification with some preselected k, Finner et al. [19] propose to increase the
parameter b of (2.30) with @ = 1 — « in a further step to reduce the FDR below
«. In contrast to earlier work, Proposition 2.23 works for general critical values
which fulfill (1.23) and e can even be replaced by 0. In the worst case we have

ko = 1 and the resulting SU test is simply a BH test.

Example 2.24

Let us consider the BI Model and the critical values
B 1
S n+l-i(l—a)

i=1,...,n, (2.41)

[&7RD)

of Gavrilov et al. [21] which have been introduced for SD tests, see Definition
2.28. It is well-known that this SD test has finite sample FDR control, whereas
this does not apply for the corresponding SU test. However, the necessary
conditions for finite sample FDR control, shown in Lemma 2.17, are fulfilled.
The conditions are necessary but not sufficient. In this case, our results give at

least a meaningful lower bound for FDRpy(nn,) based on (2.27). Figure 2.1

n,no

FDRU!,"(;L.HU]
0.06

0.05

0.04 1

0.03 4

002 |

0.01

o

T 1
50 100 150 200 250 300

Figure 2.1: FDRpy(p,n,) plot with n = 300 for (2.41) (blue curve), (2.39) with
k = 283, 250,223 based on (2.41) (black curves in decreasing order), BH test

(increasing red straight line) and lower bound (2.26) (green curve).

shows F'DRpiy(n,n,) of several SU tests for fixed n = 300 and different values of
ng. Note that the worst case FDR of these SU tests is just attained by one of
those Dirac-Uniform configurations. The upper (blue) curve belongs to (2.41).
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Observe that the lower bound (2.26) is based on

. nog. (6%
min —— = - — a. (2.42)
1<i<n 4 1+ 5 n—oo

Thus, the bound is close to F'DRp(n,n,) for fixed N ~ n, as one can see in the
picture. Moreover, the black curves are based on (2.39) for & = 283,250, 223 and
are plotted with graphs decreasing in k. A choice of k = 300 would just lead to
the blue curve. The increasing straight line represents the FDR of the BH test
and the green curve is the lower bound (2.26). The calculation of the blue and
black curves have been done by using a program of the workgroup of Helmut
Finner which is based on Bolshev’s recursion, see Shorack and Wellner [56, page
366] for instance. Numerical results yield the value ko = 283 for ¢ = 1073 and
ko = 223 for € = 10~ given by (2.40), see also Table 2.1.

k 300 283 250 223
1<Sup< FDRpynne | 0.06165 0.05098 0.05020 0.05009
<no<n
argmax F'DRpy(nng) 32 43 74 100
1<no<n

Table 2.1: Worst case FDR for different choices of k in (2.39) based on (2.41).

The results given in Figure 2.1 are quite promising. A minor modification of
the critical values (2.41) yields a FDR which is pretty much the predetermined
FDR level a over a wide range. The FDRpy(yny) 18 quite good for large and
medium ng, where the power of the multiple test is really needed. In a small
area, it has a slightly increased FDR level o + € which is often accepted in
practice. Basically, a further adjustment is not needed. Otherwise, a small
reduction of the critical values (2.41) yields finite sample FDR, control. This
could be done by a reduction of « in (2.41) or by an increase of b in (2.30)
with a =1 — a. As already mentioned, the latter has been proposed by Finner
et al. |19] for another preselection of k& in (2.39). As another approach, they
considered a direct adjustment of b.

Note that these considerations have been done for Dirac-Uniform configura-
tions and the actual FDR level for distributions of the BI Model can be smaller,
cf. Finner et al. [17]. Moreover, if the true p-values get stochastically larger,
then the exhaustion of the predetermined FDR level is arbitrarily bad. In Chap-

ter 4, we will show how adaptive SU tests with critical values of the form (1.29)
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can be used to tackle this problem.

2.4 Asymptotic worst case FDR of step-up-down tests

coming from a concave rejection curve

In this section we consider the worst case FDR asymptotics of a sequence of
step-wise multiple tests which is based on a concave rejection curve r, see Defi-
nition 1.8. Recall, that the critical values of the step-wise tests are determined
by (1.25). We will first consider sequences of SU tests under all possible dis-
tributions of the BI Models. The results also apply for a submodel of the gBI
Model which is larger than the BI model and for step-down and step-up-down
tests which are defined later on.

For our asymptotic considerations, let V,, and R, denote the quantities V'
and R of the corresponding tests for fixed n € N. Note that H = (Hy, ..., H,)
and Ny also depend on n even if we do not spend an extra index.

The next theorem establishes the asymptotic worst case FDR of SU tests as
solution of a fix point equation. This fix point equation only depends on the

concave rejection curve which determines the critical values for the SU tests.

Theorem 2.25 (cf. Heesen and Janssen [29] Theorem 3.1)
Let Py, r be the set of all possible distributions of the BI Model for fivred n € N.
Consider the sequence of SU tests given by a concave rejection curve r via the

critical values (1.25) and introduce the asymptotic worst case FDR as

g =limsup sup FDRp,. (2.43)

n—oo PpePy, Br
Then 0 < 8 < 1 and (3 is the unique solution of the fix point equation H(1—/) =
B, where

H(s) = sup {

Proof. We begin by proving the inequalities 0 < 8 < 1. For now choose

z  1-r(z) :O<Mnd7“(='”)$§5} s€(0,1). (2.44)

-z r(2) 11—z

no = | %] and consider the DU(n,no) configurations for each n. Observe that
% > =n > % holds for the present model. Hence, at least every p-value

pi < r71(3) will be rejected since r~1(3) < 7‘_1(%) = aR,.n holds. It follows

that

n o (1
B> linginf FDRpym.ng) = lirriinfEDU(n.nO) <V > > lim inf 10,.-1 <> > 0.

n n—oo n 2
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Furthermore, observe that the concavity of  implies (1.23) for the critical values.
Hence, . .
Qi < e = —r~1(1)  with r1(1) < 1

n n
holds and by Lemma 2.13 (a) it follows that F'DRp, is simultaneously bounded
by r~1(1) < 1 for all P, € P, p;. Otherwise, this fact may also be proved by
observing that P,(V,, = 0) > P,(p; > r~'(1) : i € Iy) > 0 holds for every
P, € P, BrI.

We proceed by proving that  is a solution of H(1 — s) = s. It is easy
to check that this is the only solution since s — H(1 — s) is non-increasing.
Let PH be the distribution of H under P, and p, =k P,(-|H = h) be
the conditional distribution given H = h € {0,1}". Then by Lemma 2.8 (or
Benjamini and Yekutieli [5, Theorem 5.3])

FDRp, = / FDR< )dpf (dh)

.| H=h
P,

(2.45)

< sup FDR<P.|H:h)§ sup  FDRpy(nng)
he{0,1}" " 1<no<n

holds for all P, € P, pr since the Dirac-Uniform configurations are least favor-
able for the SU test under the present conditional distributions. As DU (n,ng) €
Pn,Br we obtain the representation
B =limsup sup FDRpy(nne)
n—oo 1<no<n

and thus, there exists a subsequence of (n,ng), = (n,n0,n)n, again denoted by

(n,n0)n, which satisfies
no
FDRDU(n,no) njo /8 and — — 1-— Yy (246)

for some 1 —y € [0,1]. Furthermore, since V,, < ng we have
FDRopisn) = E <n_nvo+v> <0

and hence 1 —y € [5,1] by (2.46).
Let us first consider an arbitrary sequence of (n,ng) which fulfills 22 —
1 —y € [B,1) with positive y and compute the limit FDR of the corresponding
sequence of Dirac-Uniform configurations. In addition to (1.25) let us define

oo =77 1(2) = 0. Then

F(agr,n) = % =r(agr,:n) (2.47)
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follows by the subsequent considerations. The first equality directly follows
by the definition of SU tests since the critical values are non decreasing. The
second equality follows by (1.25) and the fact, that the concave rejection curve
r is invertible on [0,inf{z : r(z) > 1}]. Let us introduce the straight line
g(t) = y+ (1 —y)t, t € [0,1], which crosses the points (0,y), (1,1) and has
the unique crossing point (z,K), 0 < x, K < 1, with r. Moreover, let Z
be a weak accumulation point of ap,.n, i.e. there is a subsequence so that
E(f(agr,n)) — E(f(Z)) for all bounded and continuous functions f. Then we
have

r(Z)=g9(Z)=y+ (1 -y)Z,

because r is continuous and F), converges uniformly to g with probability 1.
There is only one crossing point and thus Z = x is constant for each weak
accumulation point Z. By the above we now deduce

Rn a.s.
— =r(ag,n) — r(xr)=K (2.48)
n n—o0
at least along further subsequences. A simple geometric argument for the gra-

dient of g yields

which easily gives

_ 1_
y:7r(m) v and 1—y:7r($).

I (2.49)

11—z
By %0 — 1 -y € [$,1), (2.48), (2.49), subsequence arguments and dominated

convergence we now obtain

n—o0
n

Ry _ n—ng
Tim FDRpis(nngy = m Epng) (”Rn”>
(2.50)
r(x) —y T 1—r(x)
r(z) -z r(z)

In particular, for the subsequence in (2.47) we have 3 = % - 1;&()96)

We now turn to the case 7> — 1. By the same arguments as above, but
with unique crossing point (z, K) = (0,0), it follows that % — 0 a.s. at least
along subsequences. For every x’/ > 0 let us define 2’ = r(z') > 0 and observe
that

nr1 (—WIJ)
noj.n < N pz'|in n

i S e T el )
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holds for all j < [nz’| by (1.23) which is true for critical values from a concave

rejection curve. Thus, by Lemma 2.13 (a) we obtain

1 (Ln:’J) "o

FDRpy(nng) < + Ppu(nmg) (Bn > [n2'])

[nz'] n

n

A
R r (z): T
n—00 2 r(zx)

for all subsequences 7% — 1 and hence

1—
lim sup FD R pys(gng) < lim inf —— = lim inf —— - L-r@)

2.51
00 N0 (1) NO r(r) 1—=x ( )

. . 1—r(x)
since limg\ g = =

Finally, we have
. no .
H(l—ﬁ):sup{ h_}m FDRpymnme) : ?—>1—yW1thB§1—y< 1}

where the equality follows by (2.50) if we set y = % Note that % =0
can only occur for x = 0 which is excluded in the formula above. The first
inequality is obvious and the second inequality follows by considering the ap-

propriate subsequence (n,ng), for which lim,, oo FDRpy(nne) = £ holds and

by (2.50) and (2.51). O
Remark 2.26
Note that (@)
T 1 —rox
. = 1 2.52
17x T‘a(.'[)) Oé, 1"6(0? )7 ( 5 )

holds for the AORC r,, defined in (1.26). Although the AORC is not feasible
for Theorem 2.25, (2.50) supports its optimality for asymptotic Dirac-Uniform

configurations.

In a series of theorems, Finner et al. [17, Theorem 5.1-5.4] computed asymp-
totic upper FDR bounds and limit FDRs for multiple tests based on the AORC
under various assumptions on the limiting behavior of %. Some elements of
the proof of Theorem 2.25 are similar to techniques which are used in this se-

ries of theorems. For finite n and deterministic Ny they also used that the
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asymptotic worst case FDR is attained by a sequence of Dirac-Uniform config-
urations. Moreover, from (2.48), (2.49) and Theorem 5.2 of Finner et al. |17]
we may also deduce (2.50). But as we have seen in (2.50) itself, this result is
easy to prove, at least in the special case of Dirac-Uniform configurations. In
view of the worst case FDR, Theorem 2.25 pursues a consistent approach which
pools all possible situations for SU tests. In fact, as we have seen, the limit of
70 already determines the unique limit of % for sequences of Dirac-Uniform
configurations. Moreover, (2.48) and (2.50) may also be proved by Lemma 3.21
of Gontscharuk [24] and (2.49). This argument also applies to the case " — 1.
Similar arguments, as in the proof above, were also used by Scheer [54, Lemma
2.9] in his set up in order to prove that ap, ., converges to the crossing point x.

As the following corollary will show, Theorem 2.25 also holds under the

submodel of the gBI Model, where the df’s of true p-values are convex.

Corollary 2.27
Let ngBI be the set of all possible distributions of the ¢gBI Model for fited n € N
with convex dfs Fy i ; in (2.2). Under the assumptions of Theorem 2.25 we have

limsup sup FDRp, =limsup sup FDRp,. (2.53)

n—00 PnEPSgBI n—00 Pnepn,BI

Proof. Observe that (2.45) holds by Lemma 2.8 for every P, € PTSQBI and
it follows that ”<“ holds in (2.53). Furthermore, ”>“ obviously holds since
Pusr C P ypr- O

The results of Theorem 2.25 and Corollary 2.27 can actually be extended to
step-up-down tests (SUD tests). We will point out that the asymptotic bound
is the same for sequences of SUD tests with critical values which are generated

from the same rejection curve. But first, let us give a definition.

Definition 2.28 (Step-up-down (SUD) test)
Let 0 < a1y < o < oo < apun < 1 be a sequence of fized critical values and
A€ {l,...,n}. Then the multiple test defined by

Rsupoy,m = Rsupyn(p)

max{i € {\,...,n} : pjm <y for all X < j <}, if pam < @,

max{O,i € {17 Cey A= 1} D Pim < Oéi:n}v Z‘fp/\:n > Qi
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is called step-up-down test (SUD(\) test). As already mentioned, the test
then rejects the p-values pin, ..., PRgypsym- Lhe SUD(1) test is called step-
down test (SD test) and the SUD(n) test is the already defined SU test.

The following lemma extends the results of Finner et al. [19, Theorem 2] if

one of the SUD tests is a SU test and is needed in the announced theorem.

Lemma 2.29

Let 0 < agp, = a1:n < ... < apn < 1 be deterministic critical values which
fulfill (1.23) and consider the corresponding SUD(X) and SU tests for some
A € {1,...,n}. Furthermore, let P be a distribution of the gBI Model for fized
n and assume that the dfs of true p-values Fy pi, @ € Io, in (2.2) are conve.
Then the FDRs of the present tests satisfy

FDRpsypi < FDRpsu. (2.54)

Proof. Let Vgypy),n be the number of false rejections of the SUD()) test and
Vsun of the SU test. The technique of the present proof is close to the one of
Lemma 2.8. Along the lines of that proof we obtain

FO’H’i (aR(S% :n)
FDRpsy =Ep | 3 Ep - ‘H
i€lp RSU,n

by Remark 6.2 (b) of the appendix and Fubini’s Theorem. Similarly, from

d

1 {pi = aR.(S‘i()JD(A) n:”}
<Ep ZEP . ‘H

Remark 6.2 (c¢) and Fubini’s Theorem we conclude that

I{pi < agr :
FDRpsup) = Ep ZEP ( tpi = supoymint
i€l SUD(X),n

- (4
i€lo RSUD()\),n
Fo.mi (aRu) .n>
—Ep Z Ep o SUD(M\),n ’H
i€lo SUD(\),n

is non decreasing (see

holds. The statement now follows since j FOH%@")

(2.12)) and since R(S%D(A) LS Rgz]n holds for the step-wise tests with same

critical values. O
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In short, under the assumption (1.23) Lemma 2.8 says that the FDR of SU
tests is largest under Dirac-Uniform configurations and Lemma 2.29 says that it
is largest for SU tests in the class of SUD tests. Blanchard et al. [6] give a nice
and broad overview of previous results of this kind, see also Figure 2 in their
work. In the strict sense, they just focus on uniformly distributed true p-values.

We are now able to formulate the theorem.

Theorem 2.30 (cf. Heesen and Janssen [29] Theorem 4.1)
Consider a sequence of SUD(\,) tests given by a concave rejection curve r and
an arbitrary sequence (Ap)nen with 1 < A\, <n, n € N. Then

B =limsup sup FDRPH,SUD()W)

nee P”GPSQBI

(2.55)

= lim sup sup FDRPn,SUD()\n)’
n—00  Pn€Pp Br

where (B is defined in (2.43) for the sequence of SU tests which is based on r.

Proof. We only show the first equality in (2.55) since the other one follows
analogously. By Lemma 2.29 we directly observe that ”">“ holds in (2.55). Let
us now consider sequences of DU (n, ng) configurations with 2 — 1—y € [, 1).
Along the lines of the proof of Theorem 2.25 we have

RSUD()\n),n a.s.
_— —

n n—oo

K (2.56)

at least along subsequences since (2.47) also holds for SUD(\,,) tests and where
0 < K <1 is the same value as for the sequence of SU tests. Again,

z  1-r(z)

—
nsoo 1 —xz  r(x)

FDRpy(n,ne),SUD() (2.57)

follows with x defined as in that proof. A reinspection of the proof then shows

that the worst case limit 5 is attained by some sequence

x 1—r(x
FDRpy(n,ne),su v 1—2 x( )

(2.58)

with ™ — 1 —y € [3,1), see (2.50), or by liminf~ g 12 - 1;(’;5)’”), see (2.51).

The statement now follows since the limits in (2.57) and (2.58) coincide. Note

that 1 — y close to 1 corresponds to x close to 0. U
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Remark 2.31

Consider a sequence of SUD(\,) or SD tests as in Theorem 2.30 and assume
that every SUD(\,) test has finite sample FDR control by a under the gBI
Model with convex dfs Fyg; in (2.2). Then the above Theorem says that
the corresponding sequence of SU tests, based on the same rejection curve,
automatically has asymptotic FDR control by o under the present model. Note

that au,., = r~1(1) < 1 is crucial for this statement.

2.5 Converse Benjamini Hochberg Theorem

As already mentioned, the FDR of the BH test under the BI Model is given by
E(No)
n

the only SU test which exactly exhibits this FDR level. It is obviously clear

«. In this section we give a converse result and show that the BH test is

that there are multiple tests which have this FDR level for a single or maybe
a few distributions. As we will see, already a small submodel of the BI Model
implies the result. Unlike the other results of this chapter, this section relies on

Heesen and Janssen [28].

Theorem 2.32 (cf. Theorem 5.1 in Heesen and Janssen [28|)
Consider a SU test with arbitrary deterministic critical values 0 < a1., < ao.y <
oo < apn = A < 1 or an adaptive SU test with data dependent critical values

0< b1 < ... < lpim < A< 1 given by measurable functions
Gin = Gin(Fu(t)i>2), i=1,...,n. (2.59)

(a) Suppose that we have FDR = E(No)c for a constant 0 < ¢ < % for all
distributions of Model 1.4 (a), where 1 — wy varies over a non-trivial interval
I C (0,1) and the df Fy varies over all dfs with Fy(t) >t for all t € [0,1] and
which have a Lebesque density. Then the critical values already satisfy

o T— la a.s. (2.60)
n

¢

for i = 1,....n, where « = nc. In the deterministic case the "a.s.“ can be
dropped.
(b) Suppose that we have E (%‘Ng = 1) = ¢ for all distributions in (a), then

(2.60) holds again.
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Proof. This proof is based on results for complete statistical models which can
be found in Lehmann and Romano [35, p. 116] and Pfanzagl |42, p. 17-22]. Our

assumptions imply that

/ <IE (R o = n0> _ noc> L(No)(dng) = 0 (2.61)

holds for all distributions which are described in (a). Observe that £(Np) is a

binomial distribution. Thus, we have

1%
E <]%\/1‘N0 = n0> — NnogC = 0 (262)

for all ng € {0,...,n} since Ny is a complete statistic for the exponential family
of binomials.

From here on it suffices to prove (b) and we focus on ny = 1. Conditioned
under Ny = 1 the exact position of the true p-value does not matter since
the SU tests are permutation-invariant in the p-values. In this way let U be a
uniformly distributed true p-value and independent of U let &;,...,&,-1 be false
p-values i.i.d. according to the alternative df Fj. Moreover, denote £..,—1 =
(1m—1s--+,&—1m—1). From (2.62) we conclude that

_ V(U,&s -5 6nm1)
0=F (R(Uaglv"'agn—l) V1 _C>

// ( ulg i nl)l\)/ 1 C> du L(8. mn—1|F1)dE. .n—1

holds. Observe that the family of distributions £(&;|F}) is convex and complete

(2.63)

in the sense of Pfanzagl [42, Theorem 1.5.10] and hence §..,—1 is a complete
statistic for this model. It follows that

! V(u,&. e
| (g = 209
holds L(£..,—1|F1) almost surely. By the same arguments as in the proof of
Lemma 2.5 we now obtain that the left hand side of (2.64) is equal to R(11>)",
where R = R(0,&1,...,&,-1). For the right hand side of (2.64) introduce

a = nc which gives

. RM
ARy = — —0 L. n—1|F1) — a.s.. (2.65)

It is easily seen that o < 1 holds since F; may be the distribution function

of the uniform distribution. In this case we have o = nE (%U\fo = 1) =
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E (£1{R > 0}) = P(R > 0) < 1. Moreover, it is easy to check that the sets
{RM = j}, j =1,...,n, have positive probability for at least one alternative
distribution function F} which finally proves the assertion by (2.65). We may

therefore again consider uniformly distributed false p-values and observe that
{&-1m < Gjin, & > A C {RW =3}, 1<j<n,

holds for data driven critical values. Clearly, deterministic critical values are a

special case of data dependent critical values. O

Remark 2.33

(a) The conditional distributions which are considered in (b) correspond to
distributions of the BI Model with deterministic H and Ny = 1, where the false
p-values are i.i.d. according to an alternative df F} as described in (a).

(b) The above theorem says that the BH test is the only adaptive SU test with
“distribution free FDR. Note that “distribution free” here shall mean that the
df of false p-values F} has no influence on the FDR. Of course, the distribution
of Ny still has one.

(¢) Theorem 2.32 also clarifies that there is no chance to obtain exact FDR = «

for all cases for the adaptive SU tests given by (2.59).

Under the assumption (1.23) Benjamini and Yekutieli [5, Theorem 5.3]
showed that the FDR of a SU test is non-decreasing when the distribution
of false p-values becomes stochastically smaller. Otherwise, if 4 — “i= is non-
increasing, they proved that the FDR is also non-increasing. In these cases
Theorem 2.32 is not surprising, even though this statement actually only im-
plies that the FDR of the BH test is distribution free. However, the present
result holds under much more general assumptions for SU and adaptive SU

tests without any monotonicity assumption of the form (1.23).

2.6 Asymptotics of adaptive SU tests

In the last sections, we mainly considered non adaptive SU tests and results
based on some central lemmas. Observe that Lemma 2.5 and 2.10 are also
valid for adaptive SU tests and we have not yet used the full potential of these
central lemmas. Now we show that these two lemmas easily establish a sufficient

condition which ensures asymptotic FDR control for particular sequences of
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adaptive SU tests. The next theorem applies to the RM and gBI Model and to
adaptive SU tests of Storey type with arbitrary estimators.

Theorem 2.34 (cf. Heesen and Janssen [29] Theorem 5.1)

Let Py rv and Py gpr be the sets of all possible distributions of the RM and
gBI Model for fized n € N, respectively. Moreover, let (Py)nen be a sequence
of distributions with P, € Py, gy or P, € Py gpr for all n and let X € (0,1)
be a tuning parameter. Consider the sequence of adaptive SU tests given by the

critical values

Gim = (fa> AN, 1<i<n, (2.66)
non
where
0. = fon(Fu(t))sr) >0, neN, (2.67)

s a sequence of estimators for Ny given by measurable functions. If

ﬁOn
P, —<1-6 2.
<N < > — 0 (2.68)

0 n—oo

for all 6 > 0, then we have

limsup FDRp, < a, (2.69)

n—oo

where § = oo for x> 0.

Proof. Obviously, FDR = 0 if Ny = 0 almost surely. Thus, without loss of
generality let Ny > 0 hold almost surely for all n. By Lemma 2.5 and (2.66) we

H> > EPn <n0,n . Vn

n R,a

obtain
Vi

nNapR,:n

H) (2.70)

under both models since the conditional case is also included as special case.

EEPH<

n

Thus, by reordering and integration

ﬁOn Vn Vn ﬁOn
> L) > _ 5 o _
a > EP”(NO Rn)_Epn <(1 (S)Rn {N() > 1 5})
Vn Vn ﬁOn
= — _ — — - U < —
-8, (5~ 1, (B {702 <12 ))
Vn ﬁfOn
> (1-9)E — | —(1=90)P,| —=—<1-—
= o (i) —0-om (g 21-0)

holds for every 6 > 0 and the assertion follows by (2.68). O
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In a special case (i.e. if P, ( ]%0" < 1) — 0 and if 7g, are non decreasing

estimators), the above theorem can be easily proved by application of Lemma

4.3 of Blanchard and Roquain |7|. Due to a little bug, non decreasing has to be
replaced by non increasing in [7, Lemma 4.3].

Finner and Gontscharuk [18] and Gontscharuk [24] already used (2.68) to
show asymptotic FWER control of a specific sequence of adaptive Bonferroni
tests and adaptive SD tests, respectively. These results hold under no additional
dependence assumption, whereas Theorem 2.34 needs at least a reverse martin-
gale structure. This is not surprising since the BH test itself does not exhibit
FDR control under arbitrarily dependent p-values. Therefore, the SU tests with
critical values (1.21) of Benjamini and Yekutieli 5] and (1.22) of Blanchard and
Roquain [7] have been proposed. It turns out that a particular adaptive version
of these SU tests has asymptotic FDR control under the same assumption, as
the next theorem will show.

For the sake of completeness, note that Theorem 2.34 has a small intersec-
tion with Theorem 4.5 of Gontscharuk [24|, where the asymptotic FDR of the
adaptive SU test of Storey is computed. This theorem works under a weak de-
pendence assumption which basically corresponds to (2.79) below and just gives
(2.68) for the Storey estimator. In contrast to Theorem 2.34, it does not need
any further dependence assumption like the RM Model, but it requires some
additional assumption concerning the asymptotics of %.

Further asymptotic results for the FDR of adaptive test procedures under
specific dependence structures have been obtained by Farcomeni [15]. His results

rely on the consistency of an estimator for the portion of true null hypotheses.

Theorem 2.35 (cf. Heesen and Janssen [29] Theorem 5.2)
Let Py, be the set of all possible distributions of the Basic Model 1.2 and let
(Pn)nen be a sequence with P, € P,,. Moreover, consider the sequence of adap-

tive SU tests given by the critical values (2.16) with

Y(@) = (i) =i—, 1<i<mn, (2.71)
no,n
and
0 = fon((Fn(t))o<i<1) >0, neN, (2.72)

is a sequence of estimators for Ny given by measurable functions. If (2.68) holds
for all § > 0, then (2.69) follows again.



Inequalities for the FDR and critical values 54

Proof. Again, let Ny > 0 hold almost surely. By Lemma 2.10 and (2.71) we

directly obtain that
N N n n
70>EPTL (n(), Vi H)
n

n Ry«
The statement now follows by the same arguments as in the proof of Theorem
2.34. (]

Remark 2.36

(a) As in Lemma 2.10, the data dependent critical values (2.16) with (2.71) may
again be functions of the entire ecdf (F},(t))o<i<1.

(b) Theorem 2.34 and 2.35 should not be used to look for estimators that yield
asymptotic FDR control in the entire RM and Basic Model, respectively. In-
stead, they give a sufficient condition for asymptotic FDR control for a fixed
sequence of distributions. Moreover, (2.68) describes a subclass of models
with asymptotic FDR control for each fixed sequence of estimators. In the
maximal dependent uniform case, i.e. when (; = ... = ¢, ~ U(0,1) and
H, = ... = H, = 0 hold, almost no sequence of estimators will satisfy (2.68)
except for the very conservative estimators ng, = n which always work. How-
ever, whether (2.68) holds or not under the complete gBI Model is often easy
to verify for non decreasing estimators. In the other models, it gets more com-
plicated.

(¢) The choice of v({k}) = (k: > %)_1, k =1,...,n, which led to the SU
test of Benjamini and Yekutieli [5], see (1.21), now yields an adaptive version

with critical values

Lﬁ:’n ZJ

o =y i=1,...,n. (2.73)
Doy

Qj:p =

Lemma 4.3 of Blanchard and Roquain [7] also applies to the PRDS Model
and Basic Model in the special case which is mentioned above. It is an open
question whether Lemma 2.9 can be extended to data dependent critical values
and thus whether Theorem 2.34 also holds under the PRDS Model. Note that
the estimator in Theorem 2.35 scales the range of the integral which defines the
adaptive critical values, whereas the adaptive critical values in Lemma 4.3 of

Blanchard and Roquain |7] are directly scaled by the estimator.
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We now show a converse result of Theorem 2.34. Under mild regularity
assumptions, (2.69) already implies a stricter version of (2.68) for Storey type

estimators.

Proposition 2.37 (cf. Heesen and Janssen [29] Proposition 5.1)
As in Theorem 2.34, let (Pp)nen be a sequence of RM Models and assume that

either
(1) %%1 or
(i) & < X for alli € N and 0 <n < 2% for alln € N

holds. Consider the sequence of adaptive SU tests (2.66) with Storey type esti-

mators R

1—Fy(N) + Ry
1—A ’

for some positive sequence k, — 0. Moreover, assume that P,({&g.n, = A\}) = 0

for n — oo and (2.69) hold. Then we have

neN, (2.74)

’rl[)jn =N

fon 1 g P, -probability. (2.75)
Ny n—oo

Proof. Introduce the set A, = {&g,.n < A} and its complement A¢. Observe
that in the proof of Lemma 5.1 o/ = "/\F;( ) < 1 holds on A,,. Otherwise, if we
assume o > 1, then in the notation of the proof R = R, = nFy()\) follows and
Ap = {nF"()‘)a < A} contradicts our assumption. Hence, by the arguments of

the proof of Lemma 5.1 we obtain

Va a V(M)
E 1, | =2E 1, ).
P <an1 A”) N ( Aom A")

Define S,,(\) = nF,(\) — Vi, (\), then by (2.69) and (2.74) it follows that

a(l - 3 Vo (\)
Er, < V) - Se () T nn“”>

holds. Let us first consider case (ii). For each § > 0 we obtain

a > lim sup
n—oo )\

1o Vi (A)/No
> . .
L2 =3 limsupEe, (1 "V /No + o/ No + 5“A"> (2.76)

Observe next that 0 < ( ) < 1 is tight and we consider an arbitrary distri-
butional cluster point Z of V"( ). Let us denote the appertaining subsequence

again by n, i.e. "( ) & Zin dlstrlbutlon Note that E(Z) = A and

1—-A VA
>
=)
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hold. This and Jensen’s inequality implies

A Z A
— > E >
1—X 7 1-Z/) ~1=2X

when § \, 0. Since x — 1= is strictly convex we have Z = X a.e.. Since Z

Va(A)
No

was an arbitrary cluster point we conclude

— X in P,-probability which
finally implies
ﬁO,n . Ny — Vn(/\) + nkn

— 1 in P,-probability.

N() N (1 — )\) . No n—00
The proof of case (i) is similar. Note that the assumption implies W]\[‘}z,iJrS”()‘) —
0
1 and we may proceed as in (2.76). O

Remark 2.38
Consider the RM Models and let us exclude the cases with Ng = 0. As long as
sufficient variability of the variables ((1—H;)1{p; < A})i<y, is present, condition

(2.68) can easily be verified for the Storey type estimators (2.74) where &, is

some arbitrary positive sequence. Let
. 1 <
FonN) = 7 ;a — H)1{p; < \} (2.77)

be the ecdf of the true p-values. Then a sufficient condition for (2.68) is

n—oo

. . 2
Varp, (Fon(V)|(Hi)izn ) = Ep, ((Fo,n()\) = ’(Hi)i<n> — 0 (2.78)
in P,-probability. For the gBI and Basic Model

P, (Fo,n(k) > \te

(Hi)ign) — 0 (2.79)

n—oo
in P,-probability for all € > 0 is sufficient. These cases correspond to so called
weak dependency assumptions which were discussed in Gontscharuk [24], Sec-

tion 4.1.

Proof. Observe that

Ao _ No—= V(A +kn _ 1= Fyn(N) . N
) > > R i
No = (1=XN-Ng = 1-2\ o 1 in P,-probability

holds for the first case, where the right hand side converges by (2.78) w.r.t. the

conditional convergence. The second case follows similarly. O

In Chapter 5, we will give a counterexample for FDR, control under the RM
Model when adaptive SU tests of Storey type with estimator (2.74) and A < 1
are applied.



Chapter 3

A new estimation concept for

adaptive test procedures

Adaptive SU tests often incorporate an estimation of the proportion of true null
hypotheses. In a model with random true and false null hypotheses (like Model
1.4 (a)), the estimator for the proportion of true null hypotheses can also be
seen as an estimator for the expected proportion 7wy and vice versa. In this
chapter we develop a new estimation concept in order to improve the estimators
for adaptive SU tests. The possible improvements of estimation strongly depend
on the model assumptions, i.e., on the possible distributions of true and false p-
values. Furthermore, we will show that the possible improvements for adaptive
SU tests are much broader than only an improved estimation of the portion and
expected portion of true null hypotheses, respectively. In the next chapter we
will study finite sample FDR control of adaptive SU tests.

In the first section we will give a brief summary of the well known and often
applied Storey estimator. For this estimator, we provide an optimality result in
a specific submodel of Model 1.4 (a). In Section 3.2 we will relax these model
assumptions and consider a more general model. The important question will
be: What does really account for an improvement of an estimator for adaptive
SU tests? Therefore, we reconsider the studies of Storey [59] in this more gen-
eral model and show that the expected proportion of true null hypotheses g
is not the parameter which should be estimated. The estimation of the correct
parameter is quite more complex. In this sense, “new estimation concept” shall

mean that we show how and why to estimate a different parameter. For this

o7
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purpose, we introduce new estimators and give a further optimality result in
a specific submodel. In Section 3.3 we will introduce integral versions of esti-
mators, considered in the previous sections. In the subsequent Section 3.4 we
will adjust estimators, which appeared in the recent literature, in order to make
them work well in our more general model. Finally, Section 3.5 is devoted to

the family of generalized error rates of Meskaldji et al. [39], see Remark 2.12.

3.1 The original Storey Estimator

We begin with a brief review of well known properties of the original Storey
estimator which has been introduced by Schweder and Spjotvoll |55] and later
by Storey [59]. Throughout we call it original because it is the first of two
versions of the estimator which appeared in the literature. The other slightly
modified version appeared in Storey et al. [61] and has been introduced in order
to provide finite sample FDR control for the adaptive SU test of Storey, see
(1.29) and (1.30). We will have a detailed look at the approach of Storey [59]
in the next section. For this section let us recall Model 1.4 (a) which has also
been considered by Storey [59, 60]:

Starting from Basic Model 1.2, the p-values p1,...,p, are true or false ac-
cording to the i.i.d. Bernoulli random variables Hy,...,H, ~ B(1,1 — m),
where mp € (0,1] and H; = 0 codes the occurrence of a true p-value. The
true p-values are independent and uniformly distributed. Moreover, the false
p-values are independent and distributed according to some alternative df Fj
on [0,1] and independent of the vector of true p-values. For every fixed dis-
tribution under the present model p1,...,p, are i.i.d. with p; ~ Fr  p, where
From (1) = mot + (1 — mo) Fi(t), 0 < t < 1. In this model, at least the possible
joint distributions of (p1,...,p,) can be represented by

{Pr.m + mo € (0,1], Fy alternative df}, (3.1)

where Pry p, ~ Fr, . We will use a similar notation for further submodels

without defining it every time.

Remark 3.1
A parametric statistical model (Q,A4,{Py : ¥ € ©}) is called identifiable iff
the mapping ¥ — Py is bijective. Note that (3.1) is non-identifiable and the
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distributions P;‘m r, of the p-values are not able to model the occurrence of
true and false p-values. If Fj is the df of U(0,1), then every choice of m
leads to the same probability measure Pl'p. Therefore, the alternative df I}
may be restricted to the subset of dfs which are stochastically smaller than
U(0,1) without the uniform distribution itself. Unfortunately, this does not
work for generalizations of this model when the marginal distributions of true p-
values are allowed to be stochastically larger than U(0, 1). For instance, U (0, %)
distributed false p-values, U(%, 1) distributed true p-values and 7y = % lead to
the probability measure Py’ . Nevertheless, this is an interesting and possible
underlying model which should definitely be analyzed with respect to the FDR.
This is the main focus of this chapter. Working without identifiability is a very
challenging task. Therefore, we will begin by considering specific submodels
which exhibit identifiability and where the estimation of the essential parameters
for the FDR works well. The new estimators are developed in these submodels.
In a further step, we will show that the introduced estimators still exhibit a

conservative behavior in the complete non-identifiable model.

The original Storey estimator is given by

~

— 1_Fn()‘)

~ St,o.
i () -

(3.2)

with some tuning parameter A € (0,1). In the present model, ﬁ(‘?t’o'()\) is an

estimator for the expected proportion of true null hypotheses my. Storey [59]

incorporates frOSt’D‘()\) into the estimator

~ St,o.
FDR(t) = W te o1, (3.3)

for FDR(t) which is defined as the FDR of the multiple test procedure which
rejects every p-value p; iff p; < t. The bias of ﬁgt’o‘()\) in the present model is
given by

E (ﬁ'gt’o'()\) . 7_[_0> _ 1—71'())\—51_—)\7r0)F1()\) —

= (1—7T0)%>(\/\) >0,

(3.4)
cf. Langaas et al. [32]. Furthermore, Chen and Doerge [10] calculated the
bias under the gBI Model conditioned under H. Usually, the false p-values are
assumed to be stochastically smaller than the uniform distribution. From (3.4)

we can observe that ﬁgt’o' has a small bias when Fj()\) is close to 1 and is
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actually unbiased for F;(\) = 1. Thus, with respect to the bias, one would like
to choose a large A close to 1. However, one would also like to have an estimator
with small variance, but this would require the choice of a small A. This leads
to a bias variance trade-off and A is often chosen close to 0.5, cf. Storey and
Tibshirani [62].

The original Storey estimator only uses the ecdf E, at a single position
A. The question which now arises is the following: Is fr()gt’o' improvable by
incorporating more information of the ecdf F,? The next theorem shows that
fr[‘f 75’0‘(/\) has minimum variance among all unbiased estimators which only use

the information of (E,(t));>x when Fy(\) = 1.

Theorem 3.2

Let A € (0,1) and consider the following submodel of Model 1.4 (a). Assume
that F1(\) = 1 holds for the df of false p-values, i.e. all false p-values are al-
most surely located in [0,\]. Then the original Storey estimator ﬁ'gt’o'()\) is
a uniformly minimum variance unbiased (UMVU) estimator for the statisti-
cal functional Pry p, — mo in the class of estimators {ftg = f((En(t))i>x) :

f is measurable}.

Proof. The statement follows by application of the well known Theorem of
Lehmann and Scheffé (see Witting |64, Satz 3.35] or Lehmann and Casella |33,

Theorem 1.11] for instance). Therefore, consider the transformed model
o,

{(P” o)y e (0,1], By with Fy(A) = 1}. (3.5)

Observe that Fr, g, (t) = (1 — m) + mot for ¢ > X and all considered dfs F.
Thus, we obtain P, p (- [(A, 1)) ~ U(X, 1) and

i (5224 o)

n n

‘U()\, 1)”’“)

>

is independent of 7y and F; for 0 < k < n. Hence, Fn()\) is a sufficient statistic

for (3.5). Moreover, observe that
~ Fot
£ (nB 0] (P) ) = Bl P, ()

is a binomial distribution and the image of {(mo, F1) : m € (0,1], F} with
Fi(X) = 1} under the mapping (7o, F1) — Fry 1 (A) is given by [A,1). Hence,
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E,()) is also a complete statistic for (3.5) (see Lehmann and Romano [35, Ex-
ample 4.3.1] for instance). Finally, 7%69 %9 (\) is unbiased and factorizes after the

sufficient and complete statistic F},(\) which proves the statement. O

3.2 New estimation concept and new estimators

Let us now switch to the following more general model which allows for signifi-

cant improvements as we will see.

Model 3.3 (i.i.d. mixture model)

Assume a relazed form of Model 1.4 (a), where the true p-values (&)i<n are
still i.d.d. but distributed according to some null df Fy whose distribution is
stochastically larger than the uniform distribution. For every fized distribution

under the present model the p-values p1,...,p, are v.2.d. with p; ~ F and
F(t) = Fry ro.m (t) = moFo(t) + (1 —mo)Fi(t), 0<t<1. (3.6)
Hence, the possible joint distributions of (p1,...,pn) can be represented by
{Pro o, = ™0 € (0,1], Fo szt U(0,1), Fy alternative df},

where Pry ry Fy ~ Fry.ry,7 - We will use a similar notation for further submodels

without defining it again.

Note that this model is no artificial construct to allow the announced im-
provements. Null dfs Fy with Fj szt U(0, 1) widely occur in one sided hypotheses
testing problems. For more information we refer to Section 4.1.

We will soon show that the parameter m is not really the parameter one
should estimate for FDR controlling procedures in this model. But even the
estimation of g becomes more difficult when the null p-values get stochastically
larger as the following example shows. The last fact has already been mentioned
by Chen and Doerge [10] and Dickhaus [11]. In contrast to our approach, their

approach is based on an improved estimation of my and related parameters.

Example 3.4

Let us consider Model 3.3 with F(t) = 1 1)() and Fy(t) = (1—m2)t+m2l13(2),
0 <t <1, with my € [0,1]. The df Fj is the df of a mixed Dirac-Uniform
(mDU) configuration with Dirac part 1. Furthermore, the df

F(t) = (1 —mo)Lqy(t) + mo(l — m2)t + momallgy(t), 0<t<1,
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of the p-values p; is the df of a mixed twofold Dirac-Uniform (m2DU)
configuration with Dirac parts 0 and 1. Observe, that F' is a linear function
on the open interval (0,1) and has jumps at 0 and 1. According to 72, the
estimator ﬁgt’o'(x\) can have a very bad behavior even if F;(A) = 1. Table 3.1
shows E(ﬁg 9(0.5)) for my = 0.9 and different values of my in order to indicate

this. The larger the Dirac part mgmo at 1 in F', the larger the upwards bias. The

- 0 ] 005 | 01| 015
E(75"(0.5)) | 0.9 | 0.945 | 0.99 | 1.035

Table 3.1: Expectation of the original Storey estimator.

same behavior shows up for different values of my and A\ and also for different
dfs Fp and F;. Actually, E(frgt’o'()\)) > 1 is possible, cf. Table 3.1 for my = 0.15.

Our next considerations are based on Storey [59, Section 3|. We will gener-
alize his results by replacing Model 1.4 (a) by Model 3.3 and by reconsidering
his approach step by step.

His purpose is to estimate FDR(I') which is defined as the FDR of the
multiple test procedure which is based on real test statistics 1i,...,7, and
rejects every T; iff T; € T' for a fixed rejection region I' C R. As in Model
3.3, Th,...,T, are i.i.d. randomly chosen to be true or false but distributed
according to some fixed arbitrary null df ﬁo or alternative df Fi. However, in
terms of p-values p1,...,pn, Storey only considers uniformly distributed true
p-values and rejection areas I' = [0,¢]. The FDR of the rejection area [0,{] is
denoted by FDR(t). He precisely calculates pF DR(T") for T1,...,T, which is
defined as the positive FDR (pFDR) of the test described before. Since our
p-value Model 3.3 is contained in his model of 71, ..., T, we immediately obtain

the next theorem.

Theorem 3.5 (cf. Theorem 1 in Storey [59] and [60])
Consider Model 3.3. Then we have

pFDR(t) = ”}f;ot()t), teo,1]. (3.7)

Proof. The statement follows directly from Theorem 1 of Storey [59] as special

case. O
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Storey proposes to estimate 7y by the conservative (upwards biased) estimate
#55%(X\) and F(t) by the ecdf F},(t). Furthermore, Fy(t) = t, 0 < ¢ < 1, holds
for uniformly distributed true p-values, but Storey suggests to use the correction
t/(1—(1—t)"), because 1 — (1 —t)™ is a lower bound for P(R(t) > 0) and pFDR

is defined as conditional expectation given R(¢) > 0. This leads to the estimator

AN -t

JFDR (1) te0,1] (3.8)
p == , , 1. .
(Fa®) v 3) A= (1=t
Retrospectively, he argues that
~St,0.
—— St (A -t
FOR (1) = TNty gy, (3.9)

Fatyv i’
is an estimator for FDR(t) since the FDR is not a conditioned quantity. For
further understanding of these corrections for the estimation of pF'DR(t) and
FDR(t), we refer to Storey [59, Section 3 and 8.

For our next considerations we will only focus on FDR(t) and estimators for
this quantity. For uniformly distributed p-values one can clearly replace Fy(t)
by t itself, but if we switch to Model 3.3, Fy(t) =t no longer applies. In Model
3.3, Fo(t) <t is valid. Depending on Fp, the replacement of Fy(t) by ¢ may be
far too conservative. Of course, mg itself is usually estimated by a conservatively
biased estimate (in the sense that one would tend to overestimate mp and hence
tend to overestimate FDR(t)), but one would truly like to have a low bias in
order to have an accurate estimation of FDR(t). As we have seen in Example
3.4, frgt’o' may already have an increased bias if we switch to Model 3.3. The

next example will give a joint consideration of this problem.

Example 3.6 (Example 3.4 continued)

Let us consider a conditional version of the m2DU configuration. Assume
that about (1 — mp)n p-values are false and have Dirac distribution €y, about
mo(1l — mo)n p-values are true, independently and uniformly distributed and
about mgmon p-values are true and have Dirac distribution €¢;. The exact or-
der of the p-values inside p does not matter. If we now consider FDR(t) with
t < 1, about myman true p-values (i.e. the true p-values with Dirac distribution
€1) are not in danger of getting rejected and becoming a so-called false positive
by the corresponding testing procedure. Hence, these p-values do not have any
influence on FDR(t). This clearly remains true if the Dirac distribution ¢; is re-

placed by some p-value df G with G(t) = 0. Even if 0 < G(t) < t, the associated
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p-values would have a lower effect on FFDR(t) than the uniformly distributed
true p-values. This observation also carries over to SU tests, see Chapter 4 for

more details.

Therefore, it is desirable to jointly estimate moFp(t) in the present generalized

model and to use

FDR(t) = m te 0,1, (3.10)

as estimator for FDR(t). In Model 3.3, the term 1—(1—¢)" is no longer a lower
bound for P(R(t) > 0) and hence we cannot define an analogue estimator for
pFDR(t). But we still regard ﬁ??%(t) as estimator for FDR(t), see also (3.43)
for a direct motivation.

We now derive new estimators for 7o Fy(t) which will be denoted by (¢, ).
Note that w is the calligraphic form of 7. This shall indicate that w(t,-) is
the estimator for the crucial parameter moFy(t) which is related to mp, in some
sense. Previously in Model 1.4 (a), my has been the crucial parameter. It will
turn out that the estimation of moFy(t) is more difficult than merely estimating
mg. Therefore, we will develop the new estimators in a specific submodel in
which moFy(t) shows a nice behavior and proceed as described in Remark 3.1
due to the problem of identifiability. Let us now introduce the family of new

estimators given by R
Fn(’)/) — Fn()‘)

At —
'ZD'(,)\,'Y) 7_)\

t (3.11)

with 0 < ¢t < land 0 < A < v < 1. Similar estimators have already been
mentioned in passing by Liang and Nettleton [36] in another context and without
focus on finite sample FDR control. Further estimators will be described and

discussed later.

Proposition 3.7

Let 0 < X\* < ~* <1 be fized in advance and consider the following submodel
of Model 3.3. Assume that Fy(t) = (1 — mo)t + maG(t) for some p-value df G
with G(v*) = 0 and for some w9 € [0,1]. Furthermore, assume that we have
Fi(\*)=1. If t <% and X* < X <~y <~*, then w(t,\, ) defined in (3.11) is

an unbiased estimator for moFy(t) = mo(1 — ma)t.

Proof. Since F(t) = (1 — mg) + mo(1 — ma)t for all ¢ € [\*,~*], it follows imme-



A new estimation concept for adaptive test procedures 65

diately that

E(

S8

(t,)\;'}/)) = F(’Y)_f()\) -t = 7T0(1 - 7T2)t.

O

The next theorem gives an optimality result for the new estimators which is

similar to the one of Section 3.1.

Theorem 3.8

Consider the model given in Proposition 3.7. Then the estimator <o(t, \*,v*)
is an UMVU estimator for the statistical functional Pr, r, . — moFo(t) =
mo(1 —me)t in the class of estimators {co = f((Fn(t)))\*gtgy* : f is measurable}

for every t < ~*.

Proof. Similar to the proof of Theorem 3.2 we show that (Fy,(A\*), F,(v*)) is a

complete and sufficient statistic for the transformed model

n Fn t))\* * o € (0, 1], F1 with Fl()\*) = 17
(P7I'0,7T2,F1,G)( () ax<t<y . ' ) ) (3‘12)
m € [0,1], G with G(v*) =0

The statement then follows by the same arguments. Observe that F(t) =
F7T0,7r2,F17G(t) = (1 - 71'0) + 7T0(1 - 7T2)t for all \* <t < ~*. Thus,
Pro o m,c( [N Y]) ~ UN, ") follows and

) (B (8))ax <t < | B (N )=k /0, Fn (v*)=ka /0

k ko — ki ~
- <1+ 2 1Fk2_k1(t)>
n n A*<t<y*

is independent of 7y, o, F1 and G for 0 < k1 < ko < n. Hence, (Fn()\*), Fn('y*))

is a sufficient statistic for (3.12). Furthermore, it suffices to show that the

n
(P7T(]77|'2»F17G

U(A*’,)/*)kzkl)

multinomial distributed statistic
(nER(X), n(Fu (%) = Fu(A%))) ~ M(n, F(\*), F(v*) = F(\*),1 — F(v%))

is complete with respect to (3.12). This follows directly by application of Lemma
6.3 of the appendix since

{(F(\"), F(v") = F(XY)) : w0, m € (0,1)} (3.13)
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has a nonempty interior. Therefore, observe that the mapping

(0,1)% 3 (mo, ma) = (F(A), F(7*) = F(X*))
= (1 —mo + mo(1 — m) A", mo(1 — m2) (7" — A*))

has the continuous inverse

% I

Y - A 1*1‘4’3/7*_7/\*

on the set (3.13). The inverse is well-defined since F'(A*) < 1 for all mg, m2 €
(0,1) and thus, 1 — = + y% > 0 follows. Hence, (3.13) is a nonempty and

open set as inverse image (of the continuous inverse) of (0, 1)2. U

Remark 3.9

The estimator . R
Fa(y) — Fa(A)
v—=A

(which results from (3.11) by removing t) can be seen as generalization of the

original Storey estimator frbgt’o'()\). But in the model of Proposition 3.7, o (\, )

estimates mp(1 — m2), whereas frgt’o‘()\) estimates 7. In the more general Model

w(A,y) = (3.15)

3.3 it is actually not clear what <o (), ) is estimating exactly. Hence, one should
rather compare @ (t, A, y) with ﬁgt’o‘()\) -t which both estimate mFy(t). We will
also refer to ﬁg t’o'()\) -t as original Storey estimator. However, every estimator
w(t,-) for moFy(t) considered in this chapter is linear in ¢ and may be written
as w(t,-) = t-w(-) for some estimator w(-) which does not depend on t. For

convenience we will hence sometimes deal with w(-) instead of (¢, -).

A slightly modified version of (3.15) has been introduced in Heesen and
Janssen [28|. In their model, it served as estimator for the random number of
true null hypotheses Ny.

In Model 1.4 (a) the original Storey estimator fTOSt’O'(/\) exhibits a very nice
behavior if all false p-values are almost surely located in [0, A\]. The new es-
timator (¢, A,7) shows a very nice behavior in the model of Proposition 3.7.
But the assumption of false p-values, which are less than or equal to A, seems
to be far more realistic than the assumptions of Proposition 3.7. We will now
weaken the assumptions of Proposition 3.7 and investigate the behavior of the

new estimators (3.11).
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Theorem 3.10
(a) Consider Model 3.3 and let 0 < X\ < v < 1. Furthermore, assume that
the df Fy of true p-values is conver and differentiable. Then <o(t,\,7y) is a

conservatively biased estimator for moFy(t) for all 0 <t < A, i.e. we have
E (@ (t, A, 7)) = moFo(t). (3.16)

(b) Under the assumptions of (a), the estimator <o(t, \,7) has a lower bias than

Fo () -t iff

122 2R 2 PO, (3.17)

Proof. (a) By our assumptions on Fj, observe that

Fo(v) — Fo(A)
v—A

FO(t) _ FO(t) _FO(O) < Fé(t)

> Fj()\) and N ; <

Thus, we obtain

E (&(t,\,v) — moFp(t))

_ moFo(y) + (1 - 7T0)F1(’77) : 7)7\0F0()‘) - (- 7TO)Fl()\)t — moFo(t)
Fo(y) — Fo(A)  Fo(b)
> mot ( v — A o t

> > mot (Fy(A) — Fp(t)) =0

since F{) is non decreasing for convex differentiable functions.

(b) By definition, we have
0 < E (frgt""()\) o )\,'y))

m(v — A+ (1=7)F) - (1=NF(>")

iff (3.17). O

Remark 3.11

(a) Convex dfs of true p-values occur in a broad and intuitive setting of testing
problems. We will go into details in Section 4.1.

(b) The smaller F'(+) and hence the more p-values located in the upper tail, the

better w(t, A,y) becomes in terms of bias.

Some more general conditions for a conservative bias of several estimators

are treated in Proposition 3.17.
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The possible choice of A and v leads to a more complex bias variance trade-

. ~ St
off as in the case for 7y’

" since the bias is particularly influenced by the choice
of . At this point, we propose to use A = 0.5 and v = 0.95 (or v = 0.9) for the
new estimator @(t, \,7y). Based on the original Storey estimator frgt’o'()\) -1,
it has only a slightly increased variance but excludes a substantial part of the
upper tail of the ecdf F,, which may include too many true p-values, in the sense
that their part of the distribution does not affect FDR(t) for small ¢.

As estimator for FDR(t) we propose

_ UM o<t <,
FDR(t) = { WOVs (3.18)
1, A<t <.

As seen in Proposition 3.7, the new estimator < (t, A, y) is unbiased in a specific
submodel for ¢ < v*. Since we try to choose v close to the unknown parameter
v* we expect F/ﬁ%(t) not to be accurate for ¢ > . Hence, one should rather
estimate FDR(t) for t > ~ by the conservative estimate 1. The estimator in
(3.18) is actually a little more conservative and estimates FDR(t) for t > A by 1.
A similar approach is described in Storey et al. [61] who redefined ﬁSt(t) =1
for t > X\ when frgt’o‘()\) is used in ﬁSt(t). Note that v* can only be defined
in a specific submodel of Model 3.3.

FDR(t) is an interesting value, but the FDR of the corresponding test,
which rejects every p-value p; < t, is not bounded by any predetermined level «.
Therefore, one would like to have a multiple testing procedure which exhausts
a predetermined FDR level a as good as possible. This leads to considerations
for finite sample FDR control which is the topic of the next chapter. Here, we
merely show how to get from ﬁ(t) to adaptive SU tests. Storey et al. [61]

propose to reject every p-value with

—S
pi < sup {O <t<1:FDR t(t) < a} (3.19)

———_St
for their estimator FDR (t) and show that this procedure is the adaptive SU

test with critical values

a, 1<i<n, (3.20)

see Storey et al. [61, Lemma 2|. An analogue statement applies to (3.18).
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Theorem 3.12 (cf. Lemma 2 in Storey et al. [61])
Consider the estimator (3.18). The multiple test procedure which rejects every

p-value with

]nSmm{OStglszE@)ga} (3.21)

1s the adaptive SU test with critical values

1
in=[———a)AN 1<i<n. 3.22
% (nwu,w “) sn (3-22)

Proof. The statement follows directly from the proof of Lemma 2 of Storey et
al. [61] since w(t, A,v) = w(A, ) -t is linear in ¢. One merely has to replace
the estimator frgt’o'()\) by €(\,7) and take into account that F/lﬁ%(t) =1>a
for t > A. O

Remark 3.13

Again, note that every estimator @ considered in this chapter is of the form
@(t,-) = t-w(-). Thus, Theorem 3.12 also applies if we replace w(t, A,7v) in
(3.18) by any estimator w(t,-) = t - w(-) which will be studied in the next
Sections 3.3 and 3.4.

Moreover, to obtain finite sample FDR control, Storey et al. [61] modi-
—St
fied ﬁg b0 and FDR (t), respectively. We will also modify our estimators, cf.

Chapter 4. In the next section we first introduce different estimators of integral

type.

3.3 Integral type estimators

St,o

The tuning parameter A of the estimator 7y (\) is often chosen by a bias

variance trade-off. The smaller A the larger the bias and the smaller A the

. . St,o. . :
smaller the variance of 75 " (X). Moreover, under certain assumptions we have

shown that frgt’o‘()\) is the best estimator in a specific class of estimators. If one
believes that there are no false p-values above A and one would like to consider
only the information of the ecdf F}, above X, then Theorem 3.2 advises to take
fr(‘ft’o'()\). However, A has to be chosen heuristically in practice.

Instead of choosing a potential optimal A in this fashion and then applying

ﬁ§t’o‘(A), we consider the following approach. Let @ be a fixed probability
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measure on [cg, c1] with 0 < ¢g < ¢1 < 1 and define the estimator

#(@Q) = [ 7" y). (3.23)

The advantage of this estimator is that we are able to incorporate the original
Storey estimator also for A\ that is little smaller than usually used. For this
approach, we recommend to incorporate ﬁg t’o'()\) with small A only with small
weights. If such a A is too small, in the sense that T, ASt “(A) has a too large bias
in comparison to standard A, then it does not account so much for the complete

ASto

estimation. Often A = 0.5 is chosen as parameter for 715 "". Based on this, we

may consider

. 1 8 1 1. 8 . 1.
gt <10504+10 c05+ 1o 0,6> = 10 "(04) + 570 (0.5) + 57 (0.6)

which also takes A = 0.4 and A = 0.6 into account.

The same considerations can be done for w(\,~) particularly with regard
to Fy and 7. Let Q be a fixed probability measure on [c, 1]? with 0 < ¢y < 1
and Q({(\,y) : v— A >¢€}) =1 for some € > 0. The tuning parameters A and
~ should never be too close together since this would dramatically increase the

variance of @(A,~y). Let us then define the estimator

&"(Q) = / S0 1)QAN 7)) (3.24)

which is a natural generalization of 7" If Q([co, 1] x {1}) = 1, then &/ (Q) =
ﬁént(QPrl), where Pry is the projection (A, v)— .

Theorem 3.14
Consider Model 3.3 and let the above assumptions hold for (3.24). Then

E(ﬁmt(Q)) _/WQ(C{()\W)) (3.25)

and

Var (&"(Q))

, (3:26)

= L[ [ ReAR L g e, ) - e @),

n

where P is the corresponding probability measure of the df F'.
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Proof. Formula (3.25) follows directly by definition of < (\,7) and Fubini’s
Theorem. Here, (\,7) can be regarded as a () random variable. In this sense,
let (A\,") be an independent copy of (\,v). Hence, by Fubini’s Theorem, we

obtain

E(&"™(@)?) = E (/zﬁ()\,fy)Q(d()\7»y)) : /@(X,V’)Q(d(/\’,fy’))> (3.27)
- <//w w(X,7)@Q (d(A,V))Q(d(AW’)O (3.28)

- / / S(N,7)] QMM )R, 7). (3.29)

Let 0 <z <y < 1. Since

(nEn (@), n(Fu(y) — Fa(2)),n — nFn(y)) ~ M(n, F(x), F(y) = F(x),1 - F(y))

is distributed according to the multinomial distribution observe that
Cov(nFu(z), n(Fu(y) — Fu(x))) = —nF(2)(F(y) — F(2)).

Thus, we have

E (Foa)Fuly)) = leIE (nFu(@) (nFrly) — (@) ) +E (Fule)?)
=~ F@)(F(y) - F()) + F@)(F(y) - F()) + - F@)(1 - F()) + F(x)’
= (1~ DF@F) +  Fa)

and hence

E[e(\y)@(N,y)] = E( (7*3 i}( 3 Fn(v/)f - inm)

_<1_1> F() = F(\) F(y)=F(X)
n ¥ - A ’y Y
| Fmin{y,+'}) = Fmin{y, X}) — Fmin{},7}) + F(min{A, A'Y)
n(y = A)(y = XN)
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Moreover, observe that

F(min{y,7}) = F(min{y, N'}) - F(min{},v'}) + F(min{A, X'})
F(y) = F(7) = FO) + F(X) = 0 for A <y < N <,
= {F(y) = F(X) = FO) + F(\) = F() - F(X) for A< N </ <7,
F(y) = F(N) = F(\) + F(\) = F(7) = F(X)  for A< N <7 <+’

= P(()‘77] n ()‘,77,])'

Note that in the strict sense there exist 3 more cases, but the other cases follow

directly by interchanging (A,~y) and (\,v'). Altogether, we obtain

_ _l Int ()‘/7’7/]) /o
20 =1~ e @)+ [ [ PR g e, )

which proves the assertion. O

Remark 3.15

(a) The integral type estimator @/ (Q) is unbiased for mo(1 — mo) under the
assumptions of Proposition 3.7 if in addition Q([\*,7*]?) = 1.

(b) For #{"(Q) the statements from Theorem 3.14 reduce to

B(#M(@Q) = [ oy
and
Var (#17( // ma>1<{_>\ )\),\;}) Q(AN)Q(dX) — %E (ﬁcl)m(Q))2 :

The integral type estimator 7/ (Q) is unbiased for myp under Model 1.4 (a) if in
addition F;(\*) =1 and Q([A\*,1)) = 1 hold for some \*.

Corollary 3.16 (of Theorem 3.10)

Consider Model 3.3 and assume that the df Fy of true p-values is conver and
differentiable. Moreover, let Q([\*,1]2) = 1 for some 0 < X\* < 1. Then
& (t,Q) = &!™(Q) -t is a conservatively biased estimator for moFy(t) in

the sense of Theorem 3.10 for all 0 <t < \*,

Proof. The statement follows directly by Theorem 3.10 and Fubini’s Theorem.
O
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3.4 Other estimators

Several estimators for my and related parameters can be found in the literature.
In particular, a model similar to Model 1.4 (b) with deterministic Nyg = ng
has often been considered and estimators ng for ng were developed. As already
mentioned, 7y often denotes the portion 72, whereas in this chapter, it denotes
a parameter of Model 1.4 (a) and 3.3. Nonetheless, the estimators for ng and g
can be rewritten by 7y = %ﬁo regardless of whether my denotes the parameter
or the portion. In other words, the estimator 7y yields a reasonable estimator
no and vice versa. This also applies to the estimation of Ny in the BI and
gBI Model which were defined in Section 2.1. In the following, we give a brief

discussion of those estimators and introduce some generalized versions.

3.4.1 Estimators of Zeisel, Zuk and Domany

Zeisel et al. |[65] developed two estimators for the number of true null hypotheses

ng based on

g 2Pt =23"p; (3.30)
=1
and .
ig 7P == "log(1 —pi). (3.31)
=1

The first estimator ﬁg ZD:1 has already been used by Pounds and Cheng [44]

who also tried to improve the estimation of 7y and related terms when the true
p-values are allowed to be stochastically larger than the uniform distribution.
In Model 1.4 (a) and 3.3, the corresponding estimators for 7y would be written

as

T ,
ﬁ_OZZD,Z _ EﬁOZZD,27 i=1,2. (3.32)

Zeisel et al. [65] argue that false p-values which are usually considered to be
stochastically smaller than the uniform distribution thus have only a weak influ-
ence on both estimators and they hence have only a small conservative bias. Let
us now switch to Model 3.3 again. Since the p-values close to 1 have a strong
influence on both estimators (especially for the logarithmic one), a change to
null p-values which are stochastically larger than the uniform distribution would
increase the bias and the estimators get worse. Moreover, we already showed

that an estimation of moFy(t) instead of 7 is preferable. Since Fy(¢) < ¢ holds,
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~ZZDi , . Sy
o . t, i =1,2, often have a bias which is increased once more. It follows

that these estimators are not suitable for such generalized models.

Zeisel et al. [65] place special emphasis on conservatively biased estimators.
Such estimators are very easy to obtain. The next proposition introduces a gen-
eral class of estimators for moFy(t) and gives sufficient conditions for achieving

a conservative bias.

Proposition 3.17
Consider Model 3.3. Let g : [0,1] — Rx>o be a non negative function with
fgd»\|(0,1) =1 and introduce the following estimator

@(t,g) = % > 9(pi). (3.33)
=1

Then E (co(t, g)) > moFo(t) holds

(a) for all t <1 if g is non-decreasing,

(b) for all t < X if Fy is a convex df with density fo and gjp,x = 0,

(c) for all t < X\ if Fy is a convezr df which posses a density fy on the interval
[0,1) and gjjo,\ju(1—e,1) = O for some € > 0.

Proof. (a) This assertion follows from

E(&(t,9)) = (1 = 7B, (9) + tmi, (9) 2 tmo [ ' g(s)ds = Folt)mo

since Fp is stochastically larger than the uniform distribution and g is non-
decreasing.

(b) Without restrictions, we may assume that fy is non decreasing on [0, 1] since
Fp is convex. Hence, we obtain

1

1
E(&(t,g)) > tro /A o(s)Fo(ds) = tmo A 9(5) fo(s)ds
1
> tmofo(t) /A o(s)ds = tmo fo(t) (3.34)

t
> 770/0 fo(s)ds = moFo(t).

(c) Here, we may assume that fp is non decreasing on [0,1) and the assertion
follows by the same arguments as in (b) by replacing the upper integral bound
1in (3.34) by 1 —e. O
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It is very easy to obtain conservatively biased estimators, but FDR control
for the corresponding adaptive SU tests is still far away. However, we would like
to have estimators with small conservative bias over a wide range of possible dis-
tributions in Model 3.3. For this purpose we use heuristics. At least in a specific
submodel of Model 3.3, we have already shown that the estimators < (t, A,~)
are unbiased and have minimum variance among all unbiased estimators, see
Theorem 3.8.

It is difficult to adapt fTOZZD’i, 1 = 1,2, to Model 3.3 since large p-values
greatly increase the estimate. However, as we have seen, large p-values should
rather be excluded or handled carefully. An estimator that tries to avoid these

problems is given by

n
@99\, €) = —c()\, e)% Zlog <pll__;\> L ge,1) (i)
with 0 < A < 1, e > 0, A+ € < 1, where the convention oo - 0 = 0 is utilized.
The constant ¢(A, €) is chosen such that the assumption of Proposition 3.17 is
fulfilled. The most influential p-values lie in the neighborhood of A+ ¢ and large
p-values have less influence on the estimate.

Note that the choice of g(p;) = % in (3.33) just yields w(¢, A, ) and
each p-value p; € (A, 7] has the same influence on the estimate.

3.4.2 Estimator of Benjamini, Krieger and Yekutieli

Motivated by Schweder and Spjotvoll [55|, Benjamini and Hochberg [3] and

Storey [59] i
L BKY _ N —
ng 1T o (3.35)

with k& = [§] (and other choices of k) has been introduced by Benjamini et
al. [4] as estimator for the number of true null hypotheses ng. As model they
considered a relaxed form of Model 1.4 (b), where the true p-values are allowed
to be discrete and hence stochastically larger than the uniform distribution. It

is well known that under certain regularity assumptions we basically have
. St.o. ~ 1.
70 (pren) = ﬁnDBKY. (3.36)

In this manner we get a new estimator by adjusting <o(\,~y). Therefore, intro-

duce
ko — k1

t
n (pk‘z:n _pklzn) \ %

WPEY (4, ky, k) = (3.37)
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with k1 = [ 5] and k2 = [0.95n] as estimator for moFp(t). Langaas et al. [32]

already introduced

AN Fn(pn:n) - Fn(pl:n) . 11— Fn(pl:n)
To = min = min ———*
I<n Pn:n — Pi:n I<n Ppin — Piin

as estimator for the parameter mp which has a slight resemblance to (3.37).
This estimator is based on a decreasing density estimation by a non parametric
maximum likelihood estimator, where the false null p-values are assumed to
have a density which is decreasing.

Note that aZ%Y may be very conservative if n — ng > k. In a DU(n,ng)

configuration with n — ng > k we obtain AF%Y

=n — k > ng. Moreover, if
n —ng < k and the true p-values stochastically increase, then pg., and hence
ﬁgKY tend to be larger and the estimation may be very conservative again.

Similar to (3.36) we basically have
& (t, Phyons Phom) = @0 (8 ey, ko) (3.38)

under certain regularity assumptions and some of the properties of (¢, A, )
carry over to &P5Y (t, k1, ko). Hence, the choice of &BXY (¢, k1, ko) and related

estimators as estimator for adaptive SU tests may also have some advantages.

3.5 Estimation for a generalized error rate

Until now the present chapter only considered the FDR as error rate. We derived
(3.10) as estimator for the FDR of the multiple test which rejects every p-value
which is less than or equal to a fixed threshold ¢. Theorem 3.12 then gave us
the relation between the estimator (3.10) and adaptive SU tests. In particular,
this theorem motivates the use of @w(A\,y) instead of frfft’o‘(/\) as estimator for
the adaptive SU tests. Finally, we will briefly study the generalized error rates
of Meskaldji et al. [39] which have been introduced in Remark 2.12.

Theorem 3.18
Consider Model 3.3 and let p : {0,...,n} — (0,2) be a non decreasing function.
If F(t) > 0, then we have

- <p<VR(<tt)>>> B ﬂ%t)gw(w,p), (8.39)

where g(F(t),p) = nF(t)E(m) and B ~ B(n—1,F(t)).
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Proof. The first part of the proof of (3.39) is similar to the proof of Theorem
1 of Storey [60]. Observe that

E (p(ngt)))> - ;E (Z((]g‘R(t) - k) P(R(t) = k) (3.40)

_ moF(t) ~ k N
= o p(k)P(R(t)_k), (3.42)

where (3.41) follows by the same arguments as in the proof of Storey |60, The-

orem 1] which we omit at this point. Furthermore, we obtain the remaining

statement
y L = = n i n ke _ n—k
;p(k:)P(R(t) =k) = ;p(k) (k)F(t) (1—F())
_ - 1 n—1 ; .
- nF(t);p(jH)( ; >F(t) (1-F(t))
= g(F(t),p)
O

Observe that by Theorem 3.18

7oL (1)

FDR(t) = — O

(1-(1-F@)") and ENFR(t) = nmFo(t), (3.43)

where ENFR(t) denotes the ENFR of the multiple test which rejects every p-
value that is less than or equal to the fixed threshold ¢. By similar considerations
as in Section 3.2, it follows that a reasonable estimator for ENFR(t) is given
by

ENFR(t) = nés(t, A\, 7). (3.44)

Based on the estimator (3.44), the adaptive test which rejects every p-value
pi < sup {0 <t<1:ENFR() < a} (3.45)

with & € (0,n) is an adaptive single step test with adaptive threshold %zb()\, v).
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Remark 3.19

For the other error rates, an additional non trivial factor comes into play. At
this point, it is not clear which estimator should be used for the estimation of
IE(/J(VT((%)) and hence for adaptive SU tests. However, in terms of finite sample
control of the error rate E(%), we will show in Section 4.2 that the estimators

for the FDR and ENFR work.



Chapter 4

(Generalized error rate control of

adaptive SU tests

In Chapter 3 we derived fD?%(t), see (3.10), as estimator for the FDR of the
multiple test which rejects every p-value which is less than or equal to a fixed
threshold ¢. Moreover, we introduced and motivated w(t, A, ), see (3.11), as
estimator for the crucial parameter 7o Fy(t) of Model 3.3 and used this estimator
within the estimator F/D\R(t) Theorem 3.12 then gave us the relation between
ﬁ(t) and adaptive SU tests. In particular, this theorem motivated the use
of nw(A,7), see in (3.15), as estimator for adaptive SU tests.

This section is devoted to finite sample FDR control and generalized error
rate control of adaptive SU test under the gBI Model. We establish a new suf-
ficient condition for generalized error rate control of adaptive SU tests which
does not need the assumption of non decreasing estimators. In comparison to
previous conditions, it is shown that this condition is more powerful in the situ-
ation of the gBI Model. Furthermore, we prove that a slightly modified version
of nw(A,~y) satisfies this condition. It turns out that the selection of the es-
timator for the adaptive SU test may even be performed in a data dependent
manner which leads to dynamic adaptive SU tests. Finally, a reasonable selec-
tion method with generalized error rate control is developed in a practical guide
and we give a small simulation study.

The results of this chapter are based on Heesen and Janssen [28]|. In their
work, they focus on the BI Model, whereas the present results are based on

the gBI Model, where the marginal distributions of the true p-values may be

79
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stochastically larger than the uniform distribution. In comparison to the BI
Model, new interesting and intuitive opportunities arise for the gBI Model,
including Model 3.3. These opportunities particularly affect the data dependent

selection of the estimator of the adaptive SU test.

4.1 Model assumptions

Let us briefly recall the gBI Model: Conditioned under H let p;, i € Iy, and

pr, be jointly independent. Moreover, let
pi ~ Fomi, i€ o, (4.1)

with dfs Fy g (t) <t,t e [0,1].

Most of the adaptive SU tests which are considered below will not have error
rate control at level a in the entire gBI Model and we have to restrict ourselves to
specific submodels of the gBI Model. Therefore, we consider some weak forms of
convexity for the dfs Fy 7 ;, see Remark 4.5 for a one sided convexity condition.
The next theorem shows that even convex dfs Fp m; occur in a natural and
wide range of one sided testing problems. In Chapter 2 and 3 we often used the

assumption of convex dfs of true p-values in connection with the gBI Model.

Theorem 4.1

Consider (Q,F,{Py : ¥ € O}) with © C R and monotone likelihood ratio in
T :Q — R. Moreover, assume that the distributions PﬂT have a Lebesgue density
and the corresponding dfs FﬁT are strictly increasing on the interval S(9¥) =
(5(9),S(¥)) C R, where FI'(S(¥)) = 0 and FI(S(9)) = 1 for all 9. The
quantities S(9) and S(V) may be infinite. Let us consider the one-sided testing
problem

Ho: {9 <Y} wersus K : {9 >} (4.2)

with p-value
p=1-F; (T) (4.3)

for some Y9 € ©. Then we have:
(a) The distribution Pgo is the uniform distribution on (0,1).

(b) The distribution Py is stochastically larger than U(0,1) for all 9 < V.
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(¢c) The df F% of the p-value p is convez on [0,1] for all ¥ < V.
Proof. (a) The statement follows directly since Fg; is continuous and thus we
have Fg; (T) ~U(0,1).
(c) Let us only consider ¥ < ¥ since Fy (z) = =, z € [0,1], is obviously
convex. We first show the convexity on the open interval (0,1). According to

the Lebesgue decomposition and (a) we obtain

Fg(x) _ /Ox ;%?0 (y)dy + Pg ([O,x] N {y : j}:]?o (y) = oo}) (4.4)

for x € [0,1]. We continue by calculating

dpry apl
— o |20 (T ‘ —y ], 0,1). 45

Since the experiment has a monotone likelihood ratio in 7', observe that there
exists a non-decreasing function Hy g, with
dPy,
dPy
For y = 0 observe that {p = y} = {Fg;(T) =1} = {T > S(W)}. S(¥) is

non-decreasing since Hy g, is non-decreasing and hence {T' > S(9p)} is a null

(W) = Hyy,(T'(w)) Py + Py, a.e..

set according to Py + Py,. Moreover, {T = S(¢Jg)} is also a null set according

dPT
dPg“O (t) = 1/Hy,(t) =0
dp?

for all + > S(¢9) and hence dpgo (0)=0 Pgo—a.s.. For y € (0,1) observe that we

have {p = y} = {(FJ,)"*(1 —y) = T’} since Fj is strictly increasing on S(dy).

Thus, by (4.5) we obtain
dpy . dP}

aF! (y) = dTg;((Fg;)_l(l —v))

to Py + Py,. Thus, without restrictions, we may set

1
© Hygo(FL)1(1—y))

The right hand side is a non-decreasing function in y since Hy g, and (Fj )~

Pgo—a.s.. (4.6)

o
are non-decreasing. Moreover, since (Fg; )~ Y1 —y)) € S(¥o) holds and since

PT‘D( : is absolutely continuous with respect to Pg; we have
9]S (9o

dP?
9
arr (y) <oo Pj as.
by (4.6). Thus, without restrictions we can assume :£§ to be non-decreasing
9
and smaller than oo on [0,1). Hence, by (4.4), we obtain
T de
F¥(z) = Y (y)d 4.7
2= | g i (4.7
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for z € (0,1), where F§ is convex on (0,1) (see Roberts and Varberg [45],
Chapter 1, Section 12, Theorem A for instance).

We finally show convexity on the closed interval [0,1]. By (4.7) and since
;%i (y) is bounded for every 0 <y < e with fixed 0 < € < 1, it follows that F}
is continuous in (. Furthermore, consider the continuous continuation

~ FP(x), 0<z<l,
() = 9 (%)
limy ~ F5(1), x=1,

of Ff at 1. Then it is easily seen that ﬁg fulfills the convexity condition on
the closed interval [0, 1] by turning to limits since F ' is continuous and already
known to be convex on (0,1). Finally, it is easy to show that F} is also convex
on [0,1] by using F/(1) < F2(1).

(b) By the convexity of F} in combination with F}(0) = 0 and Fj(1) = 1 it
follows that F}(t) < ¢ holds for all ¢ € [0, 1]. Note that the assertion also follows
by standard arguments from the one sided testing theory. (]

1 I L I L I L
il o1 oz 03 04 05 0.6 07 0.& 04 1

Figure 4.1: Distribution functions of true p-values in a one sided normal mean

testing problem.

Example 4.2

(a) The assumptions of Theorem 4.1 are particularly satisfied for families of
normal distributions. Consider the statistical experiment (2, B, {N(¥,1) : 9 €
R}) and the one sided testing problem H : {9 < 0} versus K : {¢ > 0}. It is

well known that the experiment has a monotone likelihood ratio in the identity
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function. Thus, the p-value p = 1 — ®(id) has a convex df for every ¢ < 0,
where @ is the df of N(0,1). Figure 4.1 shows the dfs of the p-value p for
¥ =0,-0.5,—1 and —1.5 in decreasing order.

(b) Let us combine the situation of (a) with the gBI Model. Assume that we
have n = 1000 independent p-values, where each p-value tests a one sided testing
problem as described in (a). Furthermore, assume that ny = 150 of these p-
values are false and distributed according to ¥ = 2 and ng = 850 p-values are
true. Let 250 of the true p-values be distributed according to ¥ = —1 and 600
according to ¥ = 0. The true p-values with ¢ = 0 may also come from two sided
testing problems of the form H : { = 0} versus K : {9 # 0}. Figure 4.2 shows

a typical realization of the ecdf of these p-values. Notice that this realization

Empirical CDF

1 . ! , :

Fix

Figure 4.2: Realization of an ecdf of p-values in a one sided normal mean testing

problem.

of the ecdf is sagging on the second half of the interval and that Fn(0.5) < 0.5
holds. Further observe that F},(0.5) < 0.5 implies 71(0.5) > n for the Storey
estimator ng(A), see (1.30). In this situation, the adaptive SU test of Storey
with critical values (1.29) and estimator 7(0.5) tends to be more conservative
than the BH test. Observe that the ecdf tends to be very steep near 1 due
to the convexity of the marginal dfs which are based on ¥ = —1. This fact
enables the development of our dynamic adaptive SU tests in Section 4.3 and

the effectiveness of the estimator n (A, ).
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4.2 Conditions for finite sample error rate control and

the generalized Storey estimator

We will now develop two conditions. Each of them ensures finite sample error
rate control of adaptive SU tests of Storey type. Therefore, let us again consider
the generalized error rate E (%) of Meskaldji et al. [39] and let us assume
that

p:4{0,...,n} — <0, g) is a non decreasing function. (4.8)

As already mentioned, the generalized error rate, based on p, easily leads to
SU tests with critical values ay.,, = %a, i1 =1,...,n, which fulfill E (%) =
%a under the BI Model, cf. Meskaldij et al. [39] and also Remark 2.12.
In the following, let us primarily consider the FDR, given by p(i) = i V 1,
i € NU{0}, and the ENFR, given by p = 1. At least the theoretical results hold
for the entire family of generalized error rates based on (4.8). Again, a multiple
test is said to control the generalized error rate (%) by a if E (%) <«
holds under the present model. For abbreviation, we only talk about error rate
control.

Let us divide the interval [0,1] into two areas: the rejection area [0, A] and
the estimation area [A,1], where 0 < A < 1 is a tuning parameter as before.
Regardless, A is contained in both areas. The estimation part of the adaptive
SU test is then carried out with the p-values which lie in the estimation area.
Then the rejection part of the adaptive SU test is carried out with the p-values
which lie in the rejection area. Storey et al. [61] implicitly used this concept.

The estimator fg is based on the ecdf F, on the estimation area [), 1].

Therefore, let
it = g ((Fa(®))iz2) >0 (4.9)

be given by a measurable function. Again, note that for the FDR and ENFR
the estimator ng should not be regarded as estimator for Ny but in the sense
of Section 3.2. Nevertheless, we denote the estimator of the adaptive SU tests
by 7 since it is not described in detail, at this point, and since it is used for
all generalized error rates. For the other generalized error rates than the FDR
and ENFR, based on (4.8), it is not clear which estimators may have a nice
behavior, see Section 3.5. So far, g may at least be regarded as estimator for
No.
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The adaptive SU test is then based on the data dependent critical values

no

i = (pma) AN, 1<i<n, (4.10)

and only rejects a certain amount of p-values which lie in the rejection area
[0, \]. Each error rate based on p leads to its own adaptive SU test with critical
values (4.10). In this section we mainly consider a generalized Storey estimator
which will be defined later and which is a slightly modified version of nw(A, 7).
Moreover, in Section 4.3 we develop adaptive SU tests with adaptive estimators
based on this generalized Storey estimator. We will refer to these tests as
dynamic adaptive SU tests.

Observe that the random variables R and V' are functions of the p-values,
i.e. they may be written as R = R(p) and V = V(p). In the following, let
R = R(p) and V = V(p) always refer to the present adaptive SU test when it
is clear which test is meant. Some techniques and proofs are based on setting

one true p-value to zero. Therefore, introduce

p(i) = (p1y--yPi-1,0,Dix1, -, Pn), (4.11)

RW = R(pW), (4.12)

iy = e(p®) (4.13)

and &) = (2((‘7))04) AN, j=1,....n, (4.14)
0

for ¢ € Iy. Furthermore, we will sometimes condition under
Fe=0c(H,1{p; <s}:s>t,1<i<n). (4.15)

for some ¢ € (0,1). Conditioned under F; the random variables H, 1{p; < s},
s >t, 1 <4< n and in particular Fn(t) can be treated as fixed values, due to

measurability arguments.

Now we are able to formulate both conditions. The first one already showed
up in Sarkar [52, Theorem 3.3| for a slightly different setting and only for the
FDR. The inequalities of the next two theorems directly yield the desired con-

ditions for the error rate control, see Remark 4.5 (a).
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Theorem 4.3
Assume (4.8). Consider the gBI Model and the adaptive SU test with critical
values (4.10) and estimator (4.9). Then we have

E(p(VR)>§a-E Z% . (4.16)

il ™o
Proof. The proof is based on advanced techniques of Sarkar [52] and Benjamini

et al. [4]. Conditioned under H, observe that the random index set of true p-

values I is fixed. Hence, by Lemma 6.1 (a) of the appendix, we obtain

(i) - g

H) (4.17)

i€lp
(i)
1{p; < &',
- ZE( tp (R(j;)”“} H) (4.18)
i€ly P

Moreover, given H, observe that each true p-value p; is independent of all other

p-values in the gBI Model. From this, Fubini’s Theorem and (4.10) it follows

that

(4.18) ZEA (51%71)’;[ ZE< R”“

i€lp i€lp
<y s ().
i€y
Finally, taking the expectation over H yields the assertion. U

Basically, Sarkar [52, Theorem 3.3| considered the BI Model conditioned
under H for the FDR, where he does not need the estimation, rejection area
concept. The estimator ng may depend on the entire ecdf F, and the adaptive
SU test may reject p-values on the entire interval [0,1]. In comparison, the
restriction to the rejection area [0, A] in our case is not substantial, since it is
often realistic in practice. Even in the FDR case, rejections of p-values larger
than X\ are sometimes disliked, since the evidence of a large p-value against
the corresponding null hypothesis is small. Moreover, the theorem of Sarkar
[52] requires estimators 7fip which are non-decreasing in each p-value p;. As
already mentioned in Section 1.5, this assumption is very popular in the FDR

literature. However, as it will turn out later, some estimators which do not fulfill
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this assumption are exactly the ones which yield substantial improvements in
the gBI Model when the dfs of true p-values are convex.

For the next condition and inequality, respectively, we have to make the
additional assumption (4.19) below. Although the theorem contains this addi-
tional assumption, it has some advantages since the inequality (4.20) turns out

to be sharper.

Theorem 4.4
Assume (4.8). Consider the gBI Model and the adaptive SU test with critical
values (4.10), estimator (4.9) and X\ € (0,1). Moreover, assume that the dfs
Fo,m,i fulfill

Fori(tAh) <t-For:(A\), tel0,1], i€ Io. (4.19)

E (;;(VR)> < % E <V¢Ej)> . (4.20)

Proof. Conditioned under F), see (4.15), we have exactly V(\) true p-values

Then we have

smaller or equal to A (where V()) is a fixed number) among n(\) = nk,()\)
p-values which are smaller or equal to A. Without restrictions, we assume Ng >

V(X) > 0 since everything is obviously true for the excluded cases. Let us now

consider new rescaled p-values ¢;, i = 1,...,n()), defined by
QZ:p)j\z) Z:]-v 7”()\)7

where {j1 < ... <y} = {i : pi < A} is the index set of p-values which are
smaller or equal to A\. Moreover, define Iy = {i : ji € Ip} as the index set of
new p-values corresponding to true null hypotheses. Then ¢;, i € fo, and the
vector (q; : i ¢ fo) of new false p-values are jointly independent under the above

condition. Furthermore, observe that
P(a<t|F) = Pa<tlp <\H)

Fong, (8N _

. telo,1], i€ I,

holds by independence and (4.19) under the above assumptions. Without re-
strictions, we can assume that Fy g ;,(A) > 0 holds since the other case only

occurs with probability zero by dropping out all conditions except for H.
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We now apply Theorem 4.3 for non adaptive SU tests with critical values

(@) _ p(i) with o = n(A)a

ai:n(/\) - @O{ - )\ﬁo

on the ¢’s. By (4.9), the data dependent level o’ only depends on the information
given by (nFy(t))i>x. Conditioned under Fy, we thus have a usual non adaptive
SU test on the ¢’s. Let R, and V, denote the number of rejections and false
rejections, respectively, by the above SU test with critical values az(.:qrz( N for the

q’s. We now have to consider different cases.

1. If agq())\):n(/\) < 1 and o/ < 1, we directly obtain
V. V(A V()
Bt (f)g o = o 4.21
<p<Rq> ) S T Ay @2
by Theorem 4.3.
2. If aﬁq())\):n()\) < 1 holds, but o/ > 1, then the SU test on the ¢’s has a

too big preselected level o, but may still reject not all hypotheses depending

on the choice of p. For this case, let us introduce rescaled versions & = %

and p(-) = 2d/p(-) and consider the corresponding SU test with critical values

dgizm = %d’ . Now Theorem 4.3 is applicable to this SU test defined by &’

and p. Since both tests coincide it follows that (4.21) holds again.

3. As last case suppose that aiLq()/\)m()\) > 1 holds. Then every p-value

q1s- -5 qn(y) 1s rejected by the SU test. Hence, we have

Vo _ V) V), _ V)
p(By) ~ pn() = () T Nag -
Now observe that
R, = max{i <n(}) : gupn) < aﬁ-fﬁ@)}
— maxdi n Pin p(Z) ’17,()\)@
_ { <n(y) : < BEES }

= max{ign CDin < <[)A(Z)a)/\)\}=R
no

holds and hence V;, = V follows since both tests, belonging to R and R,, are
rejecting the same hypotheses. Thus, (4.21) and (4.22) yield

#(am) = (7 Gl)) =2 (= Gagh)) <2 (5 ),

O
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Remark 4.5

(a) For finite sample error rate control of E (L)) by « one merely has to show

p(R
that the estimator ng fulfills

1
E() B <1 (4.23)
i€l "0
by Theorem 4.3 or
E (M) <A (4.24)
no

by Theorem 4.4. In fact, the control holds under the gBI Model and the gBI
Model restricted by (4.19), respectively.

(b) The restriction (4.19) is quite natural. In other words, it says that a true
p-value p; conditioned under {p; < A} again has to be stochastically larger
than the uniform distribution on the remaining interval [0, A]. For our following
considerations we also need (4.19) for other values than \ in order to proceed
with the further contemplation of the error rate control condition of Theorem
4.4 (except for the Storey estimator 79(\)).

(c) Observe that the stronger restriction
F()J{J(f.’ﬁ) <t- F(]’Hﬂ'(l‘), x,t € [0, 1], 1 € I, (425)

corresponds to a one sided convexity condition of Fj ;. To be more precise,
the usual convexity condition (F(tz+(1—t)y) < tF(x)+(1—1)F(y), 0 <t <1,
0 < x,y < 1) just has to be fulfilled for fixed y = 0. As already seen in Theorem
4.1 and Example 4.2, the convexity of Fy g ; is given in a wide range of one sided

testing problems.

The technique of Theorem 4.4 also gives an exact formula for the FDR under
the BI Model, see Lemma 5.1 in the following chapter. The next theorem gives

a comparison of both conditions and inequalities, respectively.

Theorem 4.6
Consider the gBI Model. Then we have

a V() 1
A'E< L >§a.E >l (4.26)

icly ™o

Moreover, under the BI Model “=“ holds in (4.26).
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Proof. Let us again condition under H. Observe that ﬁ(()i) = 7 holds on

{pi < A} for all i € Iy by (4.9). Thus, we obtain
B VA()‘H _ ZE {PA_ }’H :ZE {p : }‘H
no , ngo , 30
i€l i€l Ny

The second to last equality holds due to the independence of p; and ﬁgi) and
Fubini’s Theorem. Moreover, under the BI Model we have Fj z;(A) = A and it
follows that ”=" holds in the above formula. Finally, taking expectation yields

the statement. 0

1
= 2 PN E (()
L

i€lp

1
n)exne (G

i€lp

Observe that the inequalities (4.16) and (4.20) of Theorem 4.3 and Theorem
4.4, respectively, coincide under the BI Model and (4.19) is then redundant.
However, under the assumptions of Theorem 4.4, it turns out that condition
(4.24) is more liberal than (4.23) since (4.23) implies (4.24) by Theorem 4.6.
Note that V(\) factors the distributions of the true p-values into E(%) If
the true p-values are stochastically larger than the uniform distribution, then
V(A) tends to be small. Hence, 9o may also be small. To be more precise, it
may be significantly smaller than Ny. Therefore, we will mainly consider the
inequality of Theorem 4.4 and show that the new estimators fulfill (4.24).

Fn()=Fn(X)
A

In Chapter 3 we already introduced the estimator w(\,y) =
As we have seen, it has some nice properties when included in the estimation
of FDR(t) and ENFR(t) in Model 3.3 for convex dfs of true p-values. Fur-
thermore, we related @w(\,~y) and the estimation of FFDR(t) and ENFR(t) to
adaptive SU tests, see Theorem 3.12 and Section 3.5. Like Storey et al. [61]
we have to consider a slightly modified version of ©(\,7) in order to achieve

generalized error rate control. Therefore, let

Fn(’}’l) - Fn()\l) +

1
n 4.27
7 =M (427)

m()\1771) =n

for A < A\ < v < 1. We call m(A,7) a generalized Storey estimator.
In contrast to Section 3.2, it is not clear which exact parameter is estimated

by m(A1,71). Nevertheless, roughly speaking, m (A1, 1) estimates the effective
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number of true null hypotheses whose actual marginal distributions really con-
cern the FDR via the SU test. Obviously, in comparison to uniformly distributed
true p-values, true p-values whose marginal distributions are really stochastically
larger than the uniform distribution often have a weaker effect on the FDR of
many multiple tests since their probability of getting falsely rejected is lower.
Although m(A1,71) is particularly suitable for the FDR and ENFR (cf. Section
3.2 and 3.5) it will also work for the generalized error rates based on p since the
right hand side of (4.20) does not depend on the error rate itself.

For further considerations we need
F07H7i(t.%') <t- F07H7i($), t e [0, 1], i € Iy, (4.28)
for different values of z € [\, 1].

Lemma 4.7

Assume (4.8) and let m(A\1,71) be the generalized Storey estimator (4.27) for
some 0 < XA < A1 <1 < 1. Consider the gBI Model and assume (4.28) for all
x € {\,11}. Then we have

E (%](nmmtm) <A (4.29)

and the adaptive SU test with critical values (4.10) and estimator (4.27) has
finite sample error rate control of E (%) by a.

Proof. Observe that the mappings p; — m(\1,71), 7 = 1,...,n, are non de-
creasing on [0,71]. Thus, by Lemma 6.4 of the appendix, we only have to show
that (4.29) holds for the BI Model. To be more precise, Lemma 6.4 shows that
the FDR increases when, conditioned under H, the true p-values are replaced
by independent on [0, 1] uniformly distributed p-values. From this point, the
proof is basically the same as in Heesen and Janssen |28, Lemma 3.2.].

Let us introduce the following simplifying notation
V(t) =mno(t)=#{p: <t : H; =0},
St) =mt)=#{pi<t: Hi=1}, 0<t<1,

and let us condition under F,,, see (4.15). In this case the quantities ng(y1)

and n1(7y1) can be treated as fixed values, whereas the random variables V'(\),
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V(A1) and S(A) are still random. Since nq(v1) — S(A1) > 0 holds, we obtain

V() | ) ;71> (4.30)

) <no(’71) +1-VA) = (V) =V\) +ni(n) —S(\1) ‘f%) (4.31)
V(A

B <n0(’71) +1-V) = V() —=V(\) ‘fw) .
The random vector (V/(A), V(A1) — V(A),V(71) — V(A1)) is distributed accord-

ing to the multinomial distribution M (no(fyl) A M=A =

(4.32)

) under our con-

[ e G B 61
ditions. Thus, Lemma 6.5 of the appendix yields
A A\ A
4.32) = 1—1— < 4.33
(4.32) 71—)\1< (’)’1) T M (433)

and integration gives

V(A ~ A
E|— ) 1 )(nFn(t))tZ% <
n(Fn(1) — Fu(M) + 5) =AM
which proves (4.29). Finally, the error rate control follows by a further integra-
tion and Theorem 4.4. O

Due to conditioning under (nF},(t))s>,, inequality (4.29) is a little stronger
than the required inequality (4.24). We will need this for dynamic adaptive SU
tests presented in the next section. Furthermore, if the adaptive SU test with

estimator (A1, 1) is applied, then it is reasonable to set A = A;j.

Remark 4.8
The generalized Storey estimator (4.27) in Lemma 4.7 may be replaced by

A\ nEy(y1)V1
- () (). (434)

This simply follows by replacing the right hand side of (4.33) in the proof by

)
Y= A1 901

This estimator is smaller and the adaptive SU test thus has more power. All in

all this is only a very slight improvement which vanishes for increasing n and

hence we mainly focus on m(Ay,v1).
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4.3 Dynamic adaptive SU tests

Let us now develop the previously announced dynamic adaptive SU tests. We
begin with a stationary approach which includes a non data dependent weighting
of a family of estimators. This approach creates new estimators based on this
family.

The following corollary of Theorem 4.4 is a generalization of Corollary 3.1
of Heesen and Janssen [28]. The statement there is only formulated for finitely

many Storey estimators ng(\;), i =1,...,k, with A < A\ < ... < X\ < 1.

Corollary 4.9 (Deterministic integral type combination of estimators)
Assume (4.8) and consider the gBI Model. Furthermore, assume that (4.28)
holds for all x € [\, 1], where 0 < X\ < 1 is a tuning parameter. Let

(M(s))ses = (m (s, (Fn(t))tz)\)) (4.35)

seS

be a family of estimators indexed by some index set S and let each estimator
m(s) be given by a measurable function of (Fy(t))i>x. Moreover, assume that

m(s) >0 and

m(s)

E (V(A)) <\ forall s€S. (4.36)

If v is a fixed probability measure on the index set S, then the adaptive SU test

with critical values (4.10) and estimator
my = /Th(s)u(ds), (4.37)

|
has error rate control of E (m) by a.

Proof. By Jensen’s inequality and Fubini’s Theorem, we obtain

£ (89) ([ ) (1)

and the error rate control follows by Theorem 4.4. O

Remark 4.10

(a) In actual fact, the assumption that (4.28) holds for all z € [, 1] is not really
needed since (4.36) shall hold. However, (4.36) often requires (4.28), see Lemma
4.7 for instance. Therefore, we additionally assume (4.28).

(b) In particular, the assumptions of Theorem 4.9 are fulfilled if (m(s))ses is
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the family of generalized Storey estimators introduced in (4.27).

(c) Theorem 4.9 corresponds to the ideas of Section 3.3.

The next theorem gives a dynamic approach and includes a data dependent

weighting of estimators.

Theorem 4.11 (Dynamic combination of estimators)

Assume (4.8) and consider the gBI Model. Moreover, assume that (4.28) holds
for all x € [\, 1], where 0 < X\ < 1 is a tuning parameter. Let A < y; < ... <
Yk < 1 be inspection points and let (i), i =1,...,k, be estimators of the form
(4.9) which fulfill

E (‘;(8)) ((nﬁn(t))tm> <A i=1,...k (4.38)

Furthermore, let Bl, el Bk be non negative data dependent weights with Ele Bz
=1 and let f; be measurable with respect to o((nE(t))is;), i = 1,..., k. Then
the dynamic adaptive SU test with critical values (4.10) and estimator

k
o= Biml(i) (4.39)
=1

v
has error rate control of E (m> by a.

Proof. The proof is basically the same as the proof of Theorem 6.1 of Heesen
and Janssen [28|. Since m is a convex combination (or similar to the proof of

Theorem 4.9 by Jensen’s inequality), we observe that

VY VY
S ) = 2P0

N

holds for fixed p-values. Moreover, since the §;’s are o((nF}, (t))¢>~; )-measurable,
we obtain by (4.38)

()

A\ AN
= =
~ N -~
= 1]
™ ™
> §> <
1 3/;
N N———

1

=
TN

s

&=
N
| =

= >

—

3

=

=

~——

v

2

N~
N~

and the error rate control follows by Theorem 4.4. U
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Remark 4.12

(a) Remark 4.10 (a) also applies for Theorem 4.11.

(b) In particular, (4.38) is fulfilled for the generalized Storey estimators m(\;, v;)
with A<\ <y <1, ¢=1,...,k, see Lemma 4.7.

We now give a guideline how to use Theorem 4.11 for large n in connection

with the generalized Storey estimators 7 (A1, y1).

Practical Guide 4.13

For the Practical Guide let us again consider the gBI Model and assume that
every possible df Fy r; is convex which is slightly stricter than demanding for
(4.28) for all x > A\. Furthermore, assume that conditioned under H the false p-
values p;, i € I, have marginal dfs F; i ; which are concave or fulfill F g ;(\) =~
1. Although the theorems of this chapter work without this assumption it is
crucial for a significantly improved estimation part of the adaptive SU tests.
Even in the BI Model the adaptive SU test of Storey et al. [61] with estimator
no(A\) can perform very bad when arbitrary distributions of false p-values are
allowed. Like the assumption of convex dfs of true p-values, this assumption
is also very natural for false p-values and Theorem 4.1 may be extended in an
analog way.

First, let us recapitulate some features of the estimator nco (A1, 1) obtained
in Section 3.2. These features basically transfer to the slightly modified gener-
alized Storey estimators m(\1, 1) which are mainly considered in this chapter.
As we have seen, the estimator ©o(A1,71) and hence m(A1,7y1) perform well if
the false p-values are likely to lie below A\; and if the true p-values, which are
stochastically much larger than U (0, 1), are likely to lie above ~1. Moreover, the
larger v; — A1 the smaller the variance of these estimators. It is often assumed
that the false p-values are likely to lie below 0.5 and the tuning parameter A is
often chosen close to 0.5. In this situation, we thus advise to choose a small fixed
A1 = A~ 0.5. As said in Section 3.2, the choice of =1 is quite more complex, but
here the dynamic approach of Theorem 4.11 comes into play. We now construct
a data dependent selection of 3 which we denote by v*. For the adaptive SU

test we then use the estimator
m = m(\~"). (4.40)

The construction of v* is done in the sense of Theorem 4.11.
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Figure 4.3: Limit ecdf of p-values in a one sided normal mean testing problem.

Before we introduce a suggestion for a data dependent v* we begin by an
analysis of likely ecdfs for some meaningful examples. At first, let us recall the
situation of Example 4.2 (b). The ecdf of Figure 4.2 looks almost smooth and in
the following we would like to talk about derivatives. But since the derivative
of every ecdf is almost everywhere equal to zero, we have to turn to an idealized
model. Thus, by Glivenko-Cantelli arguments and since we are considering very
large n let us consider the p-value df

F(t) = %(1 _B@ (1) —2)+ ;%t 4 %(1 — @ (1= 1)+ 1))
which is a possible and nearby limit ecdf of an appropriate sequence of p-value
models. F' is displayed in Figure 4.3. Observe that the limit ecdf is almost
linear on the interval [0.5,0.8]. Due to the convexity of the df of true p-values,
it is likely that there are too many true p-values located in the interval [0.8, 1]
which disturbs the estimation in the sense of Example 3.4. The adaptive SU
test would reject more p-values when the estimator m(A,v*) gets smaller since
then the critical values &;., get larger. Thus, m(\,v*) applied to F' is preferably
small when it is applied to the linear part of F', i.e. for the choice of v* = 0.8.
Up to this point, this contemplation also holds for the primary ecdf F, of Figure
4.2. Observe that a linear part of a function F' exhibits F” = 0 restricted to
this part. Thus, in this idealized situation v* should be chosen as the largest ¢
such that F”(t) ~ 0 holds since this would indicate the end of the linear part.
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Figure 4.4: Other possible limit ecdf.

Figure 4.4 shows two limit ecdfs for other possible situations, where we forgo
their explicit form in the following consideration. Observe that the recently
proposed choice of v* does not work well for the limit ecdf on the left hand
side since the limit ecdf already consists of linear parts. Hence, this choice
just yields v* = 1. But again, the estimator m(\,v*) is preferably small when
applied to the central linear part, i.e. when applied to the interval [0.5,0.9].
This corresponds to the choice of v* = 0.9. The probability of a true p-value in
[0.9,1] is increased and the first derivative on this interval is too large. Thus,
similar as before v* should also be chosen as largest ¢ such that F’(t) is close
to the slope of the central linear part. But in general, this slope is unknown.
We merely know that the slope of such a linear part is bounded from above by
1. This bound is obtained in the BI Model for fixed Ny = n. Hence, in the
idealized situation, v* should also fulfill F’(v*) < 1. But notice that this choice
of v* may still be far away from an optimal choice. But observe that it is not
guaranteed that there exists a central linear part of the limit ecdf. This is the
case for the picture on the right hand side in Figure 4.4. Hence, there should
be a lower bound 7in () for 4*. This ensures that v* — X > v,in(A) — A is not
too small.

Based on the previous considerations we now introduce an explicit adaptive
estimator m. Therefore, let A < Ypmin =71 < ... < Y& = Ymaz < 1 be inspec-
tion points and consider the situation of Theorem 4.11 with m(i) = (A, 7),
i=1,...,k. We will choose a data dependent v*(w) € {v1,...,7x} which cor-
responds to setting f;(w) = 1 and hence setting all other (Bj (w))jzi to zero iff
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Figure 4.5: Areas of the estimation process.

v*(w) = i, see Figure 4.5 for a graphical explanation. For each inspection point
~; we basically need the first and second derivative of an appropriate limit ecdf
at ~y; by our previous consideration. But this is not realistic. Therefore, we fit
a polynomial smoothing function of degree 3 by least squares to the ecdf F, on
the interval [v;,v; + d;], where 0; is a fixed constant with 0 < d; < 1 —~;. Then
we take the derivatives of the smoothing function at ;. Since we are assum-
ing convex dfs of true p-values, ties of p-values in [v;,~; + ;] can be neglected.
However, the probability of ties at 1 may be positive. Hence d; = 1 — ~; should
be excluded. A polynomial smoothing function of at least degree 3 seems to
be appropriate since linear changes of the second derivative may be recognized.
Let ji; < ... < jr; be the indices of the p-values p; € [v;,7; + 0;]. Then the

least squares smoothing function
gi(t) = b(),l‘ + bl,i -t 4+ b27¢ 2 + bg,z‘ 3 (4.41)

is given by the coefficients

A~

bo,i Fn(pjl,i)
. _ (ATA)—IAT , (442)
bs.i Eo(pj.)
with
1 Pji i p?u p?l,i
A= : e R4, (4.43)
1 pjr,i p?r,i p?r,i
In addition the derivatives at v; are given by
gi(vi) = bii+2byivi+ 353,1%2, (4.44)

gi (vi) = 2ba; + 6bs ;. (4.45)
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Of course, this only holds if rank(A) = 4 which is known to be true iff there
are at least 4 different p-values located in [vy;,v; + 0;]. If this is not the case,
we advise in the following to set g¢i(y;) = 1 and ¢/ (7;) = 0 so that v* > ~;
automatically holds. Let € > 0 be a tuning parameter. Altogether, we define

k
Bi = 1o 1jx (- (9170, 97 (7)) T Mtouyx(—ossepye (95 (0 97 () (4.46)
j=it1

fori=2,...,k and
) k
pr = H 1 (j0,1)x (—ooe])e (95(3): 95 (7)) - (4.47)
=2

In other words, we set 3; = 1 iff g/(y;) € [0,1] and ¢/ (v;) € (—o0, €] for the
last time and hence take v* = ~; in (4.40). Otherwise, we set B =1 and
take v* = Ymin = v1. According to the construction of g;, the data dependent
weights f3; are obviously measurable with respect to o((nF), (t))t>~,) and fulfill
the assumptions of Theorem 4.11. Thus, the error rate control of E (%) by

a of the adaptive SU test with critical values (4.10) and estimator
k
o=\, ) =Y B\, v) (4.48)
i=1
follows by Lemma 4.7 and Theorem 4.11.

Remark 4.14

(a) Consider some true p-values which are distributed according to some strictly
convex df and an arbitrary subinterval [a,b] C [0, 1]. Observe that the p-values
which fall into [a, b], tend to lie in the second half of the interval. Thus, we expect
that the best fit of the least squares smoothing functions g; in the practical guide
are attained at v; + §;. Due to our construction of the adaptive estimator, we
would like to have a good fit of g; at ;. Therefore, a weighted lest squares
approach may perform better.

(b) A different approach for the data dependent choice of v may be based on
the spacings pi+n.n — Din-

(c) Standard methods (like kernel density estimation, see Silverman [57] for
instance) do not work in the situation of Theorem 4.11 since they often require
the entire information of the ecdf F},. Many estimators perform poorly at the
border and some of them do not even reconstruct the convexity of the df which

is important for the proceeding of the Practical Guide.
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Liang and Nettleton [36] already proposed a data dependent choice of A
for the Storey estimator ng(A). Their approach is based on the filtration o, =
o(l{p; <s}:0<s<ti=1,...,n),0<t <1, whereas our approach is based
on the reverse filtration F;, 0 <t < 1.

Finally, we give two concluding remarks and an outlook on future work.

Remark 4.15 (Discrete distributions)

Under the assumptions of Theorem 4.11, consider the estimators (i) =m(\, v:),
i =1,...,k. By Lemma 4.7, it follows that (4.38) is fulfilled. Furthermore, a
reinspection of Lemma 4.7 and the proof of Theorem 4.11 yields that The-
orem 4.11 also holds for this choice of (7)) if (4.28) is only fulfilled for all
x € {\71,...,7} instead of all z € [A,1]. Note that a df of a discrete
distribution cannot satisfy (4.28) for all x € [A, 1], but such a df may fulfill
(4.28) for all x € {A\,71,...,7%}. Observe that (4.28) can only be fulfilled for
all x € {\,v1,...,w} if every possible df Fy f; of a discrete distribution has
jump discontinuities at all points A and ~i,...,7,. Thus, a reasonable choice
of A\, 71,...,7% and the just described homogeneity of the discrete distributions
are crucial for the treatment of dynamic adaptive SU tests under discrete distri-
butions. Discrete distributions do not exclude the simultaneous consideration
of continuous distributions, i.e. some of the dfs Fy y; may be continuous and

some may have jump discontinuities.

Remark 4.16
In a couple of works, Donoho and Jin [13], Hall and Jin [27], Jager and Wellner
[30] and Jin |31] essentially considered the Higher-Criticism statistic and related

statistics as test statistic for the global intersection null hypothesis
Ho: pi~U(0,1), 1<i<n,

versus several sparse alternative hypotheses. The recently announced adaptive
SU tests with estimator 72(A1, 1) and the dynamic adaptive SU tests may have
some advantage when the true p-values may be stochastically larger than the
uniform distribution. For an asymptotic sparse normal mean testing problem,
Donoho and Jin [13] already showed that the so-called detection region of the BH
test is only slightly smaller than the detection region of the Higher Criticism
statistic which is the maximum possible detection region in this asymptotic

setting.
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Future work may include the analysis of other estimators, like the estimators
of Section 3.4. So far, it is not clear if some of these estimators (or modified ver-
sions) fulfill (4.24). Moreover, an adequate choice of the quantities k, v1, ..., Yk,
d1,...,0; and € of the Practical Guide is not clear and may be analyzed. Ob-
viously, the number of inspection points k£ should depend on the sample size

n.

4.4 Simulation

Here we present a small simulation study based on Example 4.2. Therefore, let
n =1000 and X = (X1,...,X,) ~ N(p, I,) with fixed vector u = (u1, ..., fin)€

R™ and identity matrix I,,. Let us consider the multiple testing problem
Hi={p; <0} versus K;={w; >0}, i=1,...,n,

and define the p-values p; = 1 — ®(X;), where ® denotes the df of the standard

normal distribution. For our simulation study, we consider u with

9, 1<i<k
M = 07 k<7/§800, izl?"'ana
3, 800 < ¢ <1000,

for several choices of k£ and 9 < 0. Note that we have fixed Ny = ng = 800 in
all cases. Table 4.1 shows the result of a Monte-Carlo simulation with 10.000
iterations for the FDR of several multiple tests with predetermined level o =
0.05. Therefore, FDRPH denotes the FDR of the BH test with critical values
(1.19), FDR™®X denotes the FDR of the adaptive SU test of Storey with critical
values (1.29) and estimator 7g()\), and FDR™*7) denotes the FDR of the
adaptive SU test with critical values (4.10) and estimator m(\,~). Moreover,
let FDRBH:° be the FDR of the oracle BH test which is based on the critical

1 BH,O
values «;. .

= niooz, i =1,...,n. The oracle BH test includes the exact value
no which the Storey estimator ng(\) tries to estimate.

For k = 0 and ¥ = 0 the FDR of the BH test is just given by the BH
Theorem and does not exhaust the predetermined FDR level o. In contrast,
the other tests exhaust the predetermined FDR level o very well. Note that

slight variations are due to the Monte-Carlo simulation. For the other cases of
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k 0 200 | 200 | 400 | 400
] 0 -1 -2 -1 -3

FDRBH 0.04 | 0.03 | 0.03 | 0.21 |0.0201

FDR™®™ | X=05 | 0.05 | 0.032| 0.03 |0.019| 0.016

FDRBHo 0.05 | 0.038 | 0.0377 | 0.026 | 0.0248
v =0.95

FDR™ ) | X=0.5 | 0.049 | 0.035 | 0.04 | 0.023 | 0.041
v=20.9

FDR™) | X=0.5 | 0.05 | 0.037 | 0.043 | 0.024 | 0.045

Table 4.1: Monte-Carlo Simulation of the FDR of several multiple tests.

k and 1 the exhaustion of the FDR in case of the BH test and adaptive SU test of
Storey deteriorates and for £ = 400 and ¥ = —1, —3 the FDR of the adaptive SU
test of Storey is even lower than the FDR of the BH test. Furthermore, observe
that the exhaustion of the FDR in case of the oracle BH test also deteriorates
for the other cases of k and 1J. In contrast to the BH test and adaptive SU test of
Storey, the new adaptive SU tests, based on m(\,~), yield a completely better
exhaustion of the FDR. For £ = 200,79 = —2 and k = 400, ¢ = —3 the new tests
even outperform the oracle BH test. In particular, in the extreme situation with
1 = —3 the exhaustion of the FDR works very well in comparison to the other
tests. As already mentioned, the deeper inside the null hypotheses, the better
the new tests work.

Finally, note that a better exhaustion of the predetermined FDR level «

comes along with an increased power of the tests.



Chapter 5

FDR control of adaptive SU

tests under dependence

In Section 2.6 we were concerned with the asymptotic FDR of adaptive SU
tests for several dependence structures and in Chapter 4 we dealt with finite
sample FDR control for adaptive SU tests under independence. This chapter is
devoted to finite sample FDR control of adaptive SU tests under dependence.
The treatment of adaptive SU tests for dependent p-values is known to be far
more difficult and there are only a few references in the literature. For example,
Blanchard and Roquain [7, 8] considered two-stage adaptive SU tests, where
the number of true null hypotheses is estimated by the number of rejections of
a previously conducted multiple test. The previously conducted tests are based
on the same p-values and exhibit some error rate control. Unfortunately, the
predetermined levels of both tests add up, in some sense. Furthermore, several
asymptotic results can be found in the literature, see Farcomeni [15] for instance.
Here, we will focus on the RM Model, see Model 2.2 for a definition. We will
show that finite sample FDR control actually requires further restrictions and
obtain control under a block dependence structure for Storey type estimators
no(, k), see (1.32), by a careful choice of the tuning parameter x. The material
of this chapter is presented in Section 5 of Heesen and Janssen [29].

The next lemma provides an exact FDR formula and imposes a condition
on the estimators of adaptive SU tests for the RM Model which is the same

condition as in Theorem 4.4 and again ensures FDR control.

103
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Lemma 5.1 (cf. Heesen and Janssen [29] Lemma 5.1)
Consider the RM Model and the adaptive SU test based on the critical values
(4.10) with p = id and estimator (4.9). Then we have

_a. mind L A @ m(YR
FDR = < E(V(A) {ﬁo’ nﬁ’n()\)a}> <5 E( » > (5.1)

Proof. The proof is very similar to the proof of Theorem 4.4. Therefore, let us

only sketch it and use the notation of the proof of Theorem 4.4. Conditioned
under F) = o(H,1{p; < s} : s > A\, 1 < i < n) we may again construct
new rescaled p-values ¢;, i = 1,...,n(\) = nF,(\). These rescaled p-values
again fulfill the requirement of the RM Model by use of the reverse filtration
Fl=oc(o(1{g; < s}:s>t 1<i<n(N), Fa). Here, we only have to consider

two cases for o/ = "N 1. If o/ > 1, then every p-value ¢;, i = 1,...,n(}\), is

Mo
rejected by the present SU test for the ¢’s and we obtain R?/l = % 2. As

other case suppose that o/ < 1. Then Lemma 2.5 for the RM Model implies

E (% ]:A) = %O/. Hence, we have
E Yy ’]‘— = vy min{a’, 1}
Rq V1 A n()\) [

By the same arguments as before, we obtain R = R, and V =V, conditioned

under Fy and it follows that

E (R&) _E <Z((;)) min{a/, 1})

O

In Chapter 3 and 4, we considered estimators which try to underestimate
Ny in specific situations. Here, we will only focus on estimators for Ny since
these situations do not occur in the RM Model. It is an open question if the
estimation concept of Chapter 3 may be applied to the reverse super martingale
model, described in Remark 2.3 (b).

Although Lemma 5.1 basically gives the same condition as Theorem 4.4, we
note that this condition is more difficult to fulfill under the RM Model. The

following proposition contains a negative result. It shows that the usability
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of adaptive SU tests is limited under dependence and a restriction of the RM

Model is necessary to allow reasonable estimators with FDR control.

Proposition 5.2 (cf. Heesen and Janssen [29] Proposition 5.2)
Under the assumptions of Lemma 5.1, let p; — ng be non-decreasing in each

p-value p; and o < X\. If FDRp < « for all P € Pry, then ng > n follows.

Proof. Let n = Ny > 2 and p; = ... = p, = U ~ U(0,1) which gives
V(A) = nE,(A\) = nl{U < A}. The exact FDR formula in (5.1) yields

aZFDR:in)\-min{ L ./\},

where 719(I) stands for the value of the estimator when F},(z) = 1 for all z > A.
The minimum is attained by the first argument since otherwise, a < \ gives a

contradiction. Thus, we obtain n < fig(I) < 7. O

Note that ng > n implies that the adaptive critical values &;.,, 2 =1,...,n,
are dominated by the BH critical values. Thus, to control the FDR under the
complete RM Model, the BH test should be used instead.

Example 5.3

Consider the distribution of the last proof which is a possible case of the RM
and PRDS Model. Observe that (2.68) is violated for the Storey type estimators
no(A, k) with k = % and Proposition 5.2 applies. The exact FDR is then given
by

FDR = % -E <n]l{U < A} min{l — A, A}) = min{an(l — ), A},
no

cf. Blanchard and Roquain [8, Proposition 17|. Hence, FDR > « if A > a and
n(l—X) > 1.

Due to the drawback, let us introduce the following submodel of the RM
Model.

Model 5.4 (Block model with martingale structure)
Consider the RM Model and suppose that the p-value vector p can be divided by

k
{pla"'7pn} = UGZ (52)
=1
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into k disjoint groups (blocks) Gi = {p; : p; belongs to group i}, i = 1,... k,
of p-values. Let G; = {pi € Gy : H; = 0} C G; be the subsets of true p-
values which are uniformly distributed. Note that the division into the G;’s is
deterministic, whereas the éz ’s depend on the random wvariable H. Moreover,

assume that the groups éi, 1=1,...,k, are conditionally independent given H.

Gontscharuk [24] considered a similar model, called block dependent p-
values, where the p-values consist of independent groups, but with arbitrary
dependence structure within each group. Gontscharuk [24] then introduces fur-
ther conditions so that the p-values are weakly dependent and gives asymptotic
results for the FWER and FDR which have already been discussed in Section
2.6. Briefly, the p-values are weakly dependent if the Glivenko-Cantelli Theo-
rem holds for the empirical cumulative distribution function of true p-values. In
contrast to this, the next theorem works for finite n.

In practice, the model may have the following meaning for genome data.
Each p-value may be formulated for a specific gene and each group G; may
stand for all those genes which come from one specific chromosome. It is often
assumed that p-values of different chromosomes are independent, see also the
motivation of Gontscharuk [24, page 91] for block dependent p-values. Then éi,
1 =1,...,k, stand for independent portions of true p-values which come from
different chromosomes. The p-values of G; and éi, respectively, may be reverse

martingale dependent. Some of them may be equal, for instance.

It will be shown that a Storey type estimator

1—F,(\) + &
1()\)”, 0<)\<1, HZ]., (53)

no(\, k) =n
yields FDR control in a submodel of Model 5.4. Observe that the larger «, the
more conservative the estimator and hence the more conservative the adaptive
SU test. The control under the complete Model 5.4 is not possible in general
and there is a trade-off between the conservativeness of the estimator and the
maximal size of the controlled submodel. To be more precise, the control of the

FDR essentially depends on an appropriate choice of x. Therefore, introduce

the maximal group size and the residual

M:m<akX\Gi| and r =Mk —n, (5.4)
i<
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respectively. Furthermore, assume that the number of true p-values is lower
bounded by
Ny > nyin Q.S (5.5)

for some constant n,,;, > 0. Then
k> M4r+ (n— Nmin) (5.6)

is sufficient for FDR control under the present distribution. If the groups are
balanced, i.e. if |G| = ... = |G|, then r vanishes and the best fit is obtained.
Of course, ng(\, k) > n may happen for large r in the unbalanced case. As

before, the BH test is then preferable.

Theorem 5.5 (cf. Heesen and Janssen [29] Theorem 5.3)

Consider Model 5.4 and the adaptive SU test based on (4.10) with p = id and
Storey type estimator (5.3). If (5.4)-(5.6) hold, then the adaptive SU test has
finite sample FDR control by o, i.e. we have FDR < «.

Proof. By Lemma 5.1 it suffices to prove that E (%) < A. For the i-th

group, let us introduce the quantities

Vi) = D e <A} and N =|Gil (5.7)

Jipi€G;

where V(\) = Zle Vi(A). Thus, we obtain

IE( VY ‘H) - (1—)\)-E<n_25}}n‘(/i<))\iﬂ‘lf> (5.8)

X Vi) (H . (5.9
No = 320 Vi(h) + &

< (1—A)-E<

Let us keep the condition under H. Whenever \62] > 0, let p; € G; be a
fixed true p-value which we may arbitrarily select. Observe that the p;’s are
conditionally independent given H. Without restrictions, let us assume that
|G;| > 0 holds for all groups. Otherwise, the groups with |G;] = 0 can be
omitted. By our assumptions, there is at least one group which contains a

true p-value. In the next step we are going to condition under Y%, V;(\). By
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Lemma 6.6 of the appendix, a substitution of Vi(X) by No11{p; < A} gives

E( Vi) + 3, VA | ZV )

No—Vi(A) + 38 QV(

<E< Noa1{p; < A} + S5, Vi(A \Z >
B No— Noa1{p; <A} + 8 QV( —2

since E(Vi(A)|H) = NoaA = E(No11{p; < A\}|H) obviously implies that the

distribution of Ny ;1{p; < A} is just given by P’ in Lemma 6.6. If we proceed

in this way, we arrive at the upper bound and obtain

(5.9) < (1-A)-E Z%l Nos1{p: < A} ‘H (5.10)
No = 22i21 NogU{pi <A} +k

IN

(1-A)-E ( Z%l MIL{p: < A} ‘H) (5.11)
No—> . MiI{p; <A} +k
H) . (5.12)

k
MY 1{p; < A} < kM < kM + M + Ny — timin < No + &
=1

B S Zle 1{p; < A}
= (1-)-E <N0 S p <A+

because z — No+ is increasing for x € [0, Ny + ) and

T+K

holds by (5.4)-(5.6). Finally,

N0+H> No—nmm—l—M—l—r—{—n_No—nmm—l—M—l—Mk

= >k+1
M M M Zht

and Lemma 6.5 of the appendix imply

S 1 {p <A}
k1-30, {5 < A}

(5.12)§(1—)\)-]E< ‘H):)\(l—)\k)g)\.

O

Lemma 5.1 and Theorem 5.5 may be extended to the control of the gener-
alized error rates E (ﬁ) of Meskaldji et al. [39] with p as in (4.8).



Chapter 6
Appendix

This appendix contains some technical lemmas which are used in the proofs of
the previous chapters. These lemmas are used a few times or would disturb the
narrative flow.

The next lemma applies when a true p-value is set to zero. Therefore, let
pl) = (p1,---y0i-1,0,Dix1,...,pn) be the vector of p-values, where the i-th p-
(4)

value is set to zero, R() = R(p()) and G, = &im(p®), i =1,...,n. Obviously,

R = R(p) and &, = Qi (p) are functions of the p-value vector p, but let us
also write é&;., = di:n((ﬁn(t))tZ)\) if we want to accentuate that &;.,, may also be
defined as function of (Fn(t))tZA. The random variables R and R refer to SU
tests, whereas Rgsp, Rg)D, Rsyp(n) and RgI)JD(A) refer to the corresponding SD
and SUD tests, respectively. For a definition of SD and SUD test see Definition

2.28.

Lemma 6.1

(a) Consider an adaptive SU test with data dependent critical values 0 < G, =

O1n < oo < dpen <A < 1 given by measurable functions
di:n = dzn((ﬁ‘n(t))tZ)\)a i = 17 cee, N (61)

Then we have
(i < e} = {pi <6, 1 (6.2)
and R = RY holds on {pi < &rn}.

(b) For an adaptive SD test with same critical values as in (a) we get

SD-

{pi < érgpm} < {pi < dg” n} ; (6.3)

109
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and Rgp = R

holds on {p; < &rgpmn}-

Proof. (a) Since p; < A holds on every set which is considered below we always

)

. NOR
have &;., = ag»m, j=1,..

.,n, on those sets by (6.1). Let p(i)

(4)

., Pnin be the

liny -

order statistics of p(). Then for r = 1,...,n — 2, observe that

{(p1,...

apn) i pi < QR R = T}

= {(Pl, csPn)  Di < Gy Drin < Qi Prglin > QrgLing - Dnin > O
= {(pu pn) 05 < AU P < 60, prirn > &l L P > @k,
= {(pl, on) s i <6, pl <@l pl s al) e > @ﬁf;)n}
= {(1,---opn) © pi < G, RO =71}

since @ — Q. is non-decreasing. By similar arguments, we also obtain

{(plv'-‘vpn) - P S OA‘R:TMR:T} = {(plavpn) - Di

~ (2
= a%?rm

R = 7‘}

for r =n —1 and r = n. However, there is nothing to show for r» = 0 since then
{pi < g, R =0} C {p; < 1, R=0} =@ = {R® = 0}. Combining the

above results for r = 0,...,n gives (6

2) and R = R® holds on {p; < érn}.

(b) The statement follows by an analogue argument for SD tests since

{pz S dRsD:m RSD - 'I"}

= {pi < @r:n’ Pin < OA‘l:n: v

~{n
- {pi

and the cases = 0 and r = n has to be considered similar to (a).

Remark 6.2

s Prin S OA[r:ny Pr+1:n > é47"—i—1:n}

co s Prin < 655}21’ Pr+1in > OAG(»Z—i)-l:n}

}

copth <al@ pll >l

(a) Lemma 6.1 applies generally without any distributional assumption and also

for false p-values.

(b) For non adaptive SU and SD tests with critical values 0 < a3, < ...

<
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Qp.n < 1, which are included in the adaptive case, Lemma 6.1 reads as

{pz’ < OCR:n} = {pi < aR(i);n} (64)

for the SU test and

{pi <argpmt C {pz‘ < aR(S%:n}’

for the SD test, respectively.
(c) Under the assumptions of (b) and for SUD(\) tests it is also easy to verify
that

SUD(M)*

{pi < argypuymnt © {pi < i n} (6.5)

)

. (i . : .
since Rg;; p(y) 18 1on increasing in each p-value.

Remark 6.2 (b) is a special case of Lemma 6.1. But note that a proof of

Remark 6.2 (b) is actually dispensable.

Lemma 6.3

Let (Q, F, {M(n,p1,p2,1 —p1 — p2) : (p1,p2) € A}) be a statistical space for
some set A C {(p1,p2) : 0 < p1,p2 < 1,p1 +p2 < 1} and let (M, Mo, Ms) be
distributed according to the multinomial distribution M(n,p1,p2,1 — p1 — p2).
If the interior of A is not empty, then (My, M) is a complete statistic.

Proof. Let f: {(m1,m2) : mi,me € N,;0 < mj+mg <n} — Rbean arbitrary
function with B, .y (f (M1, Ma)) = 0 for all (p1,p2) € A where E
the expectation according to M(n, p1,p2, 1 —p1 —p2). Furthermore, let A be the

p1,02) denotes

interior of A on which p1,p2,1 — p1 — pa > 0 hold. For (p1,p2) € A we observe

0 = (1—p1—p2) " Ky, p (f(M1, Mz))

_ Z f(my,ma) - n! R

1—pp — po) MM2
mllmg!(n—ml _mz)!pl ) ( b1 p2)

0<mi,ma<n
0<mj+mgo<n

_ Zn: mgin? f(m1, mg) - n! ( P1 >m1+m2<]32>m2
milma!(n —my —ma)! \1—p1 — p2 pi)

(ml +m2):0 mo=0

Consider the continuously differentiable reparametrization

1 2
g: (p17p2) — (pap)
1—p1—p2 p1
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defined for (p1,p2) € A. Observe that the determinant of the derivation satisfies

L1—ps 5 p1 . .
det Dg|(p, p,) = det (1*i1;72pz) (1fp£p2) _ 0

P o p1(1 —p1 — p2)?

and hence by the inverse function theorem there exists an open set Ag C A and
an open set By such that g : Ag — By is bijective. Moreover, for (q1,¢2) € By
we have

mi+ma

m17m2) n! mi+mo mo __
Z > o i 2 =0. (6.6)

Imal(n —m
(m1+m2 =0 m2=0 2 L=

Since every derivative of the polynomial in (6.6) is equal to zero on By it can
easily be obtained by Taylor’s formula that every coefficient of the polynomial

is equal to zero. Hence, f =0 and (M, M>) is a complete statistic. O

Lemma 6.4
Let 0 < A < <1 and g be an estimator as in (4.9). Consider the gBI Model

and assume that

Fomi(ty) <t-Fomi(y), tel0,1], i€ . (6.7)
If the functions
pi — no(p1,...,pn) are non decreasing on [0, ] (6.8)
fori=1,...,n, then we have

and

(nE(t))is | - (6.10)

1 .
B> 5By | <Esr| Y —5

i€l nO i€y nO
Epg; denotes the expectation with respect to the BI Model, where the distribu-
tion of (H,§) stays the same, i.e. conditioned under H the true p-values are

exchanged by independent on [0, 1] uniformly distributed p-values.

Proof. Let us condition under 7, = o(H,1{p; < s} : s > v,1 < i < n).
Under this condition, let {i; < ... < it} C Ip be the index set of true p-values
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which are less than or equal to 7. Those true p-values p;,,...,p;, are still
independent and their marginal conditional distribution is stochastically larger

than the uniform distribution on [0, 7] since
P(pi; <t|Fy) = P(pi; < tlpi; <, Hi;, =0)

Fomi(t) t
=—"2 "< — tel0,n],j=1,...,k,

follows by (6.7). Now let p;,,...,p;, be independent and uniformly distributed
on [0,~]. By Miiller and Stoyan [41, Theorem 3.3.8] it follows that

st
(Dirs - ->Pix) = Pigs - -+ Diy,) (6.11)
since both random vectors have the independence copula under the above condi-
st
tion and where > denotes the usual multivariate stochastically larger property,
see Miiller and Stoyan [41, Definition 3.3.1 (a)| for a definition. Furthermore,
since V()‘) and Zlelo

the 1nequaht1es (6.9) and (6.10) just follow by the definition of the multivariate

el are non increasing in each p-value p;,,...,p;, on [0,7],

stochastically larger property and by integration. U

Lemma 6.5 (cf. Lemma 6.1 in Janssen and Heesen [28])
Let (V1, Vo, V3) be distributed according to the multinomial distribution
M(n,p1,p2,p3) with p3 >0 and n > 0. Then we have

%1
E(n+1—V1 V2> pg(l_(l’lJFPz) )- (6.12)

Proof. A simple calculation gives

V1
: 1
<n+1—V1—V2> (6.13)
n! R

) 6.14
k-i-zk‘:<n (k1 — Dk (n+1— k1 — ko )|p1 pz P3 ( )
k11>0,132_20
p1 n! A k2

o ' ' Ppy'P (6.15)
bs j+k§_19!k2!(n3k )PPz P

J,k2>0

where the last equality follows from the substitution j = k; —1. Observe that the

last term adds the probabilities of the multinomial distribution times a constant
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factor. Thus, extending the missing probabilities yields

41 TL‘ ko n—j—ka
(6.15) = il R > el k),plpfpg
Jt+ko=n

n |

b1 n: ] b1
= — 1—2.7.,]9{}7;] :pfg'(l—(plﬂLm)n)-

| _
D3 =0 gl —j)!

U

Lemma 6.6 (cf. Heesen and Janssen [29] Lemma 6.3)
Let f : {0,...,m} — R be a convex function and P = Z}n:o pj€; be a distribution
on {0,1...,n}, where €; denotes the Dirac distribution on {j}. Furthermore,

introduce

— D €. 6.16
jZ 7 ; ~Pi " €m (6.16)

Then we have Ep(f) < Ep/(f) and Ep(id) = Ep:(id) for the identity function.

Proof. Obviously, the last assertion holds by the definition of P’. Moreover,
by the convexity of f, we obtain

=S 10w = 3 ("L 10+ L s ) = Ep).
=0

J=0
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