HEINRICH HEINE

UNIVERSITAT DUSSELDORF

Josephson current and
Andreev level dynamics

in nanoscale superconducting weak links

Inaugural Dissertation

zur Erlangung des Doktorgrades der
Mathematisch-Naturwissenschaftlichen Fakultat

der Heinrich-Heine-Universitat Dusseldort

vorgelegt von
Aldo Brunetti

aus Monchengladbach

Disseldorf, November 2014






Aus dem Institut fur Theoretische Physik IV

der Heinrich-Heine Universitat Dusseldort

Gedruckt mit der Genehmigung der
Mathematisch-Naturwissenschaftlichen Fakultat

der Heinrich-Heine Universitat Dusseldorf

Referent: Prof. Dr. Reinhold Egger

Koreferent: Prof. Dr. Dagmar Bruf3

Tag der miindlichen Prifung: . 2014






This thesis is based on the following original articles:
e Chapter 2

Anomalous Josephson current, incipient time-reversal symmetry breaking, and Majorana
bound states in interacting multilevel dots,

Aldo Brunetti, Alex Zazunov, Arijit Kundu and Reinhold Egger,

Phys. Rev. B 88, 144515 (2013)

e Chapter 3

Quasiparticle trapping, Andreev level population dynamics, and charge imbalance in
superconducting weak links,

Alex Zazunov, Aldo Brunetti, Alfredo Levy Yeyati and Reinhold Egger,

Phys. Rev. B 90, 104508 (2014)






Contents

Abstract
Zusammenfassung
1 Introduction

2 Transport through Quantum Dots

2.1 Introduction . . . . . . ..
2.2 Model and effective partition function . . . . . . . .. ... ...
2.2.1 Current-phase relation . . . . . .. .. ... 0oL
2.2.2  Two orbital levels: building the toy-model . . . . . . . ... ... ..

2.3 The Josephson current . . . . . . . ..o Lo
2.3.1 First approach: the cotunneling regime . . . . . . . .. .. ... ...
2.3.2 Second approach: the superconducting atomic limit . . . . . . . . ..

2.4 The anomalous Josephson current . . . . . . . . ... ... ... ...
2.4.1 The cotunneling regime . . . . . . . . .. ... .. ..
2.4.1.1 Case of collinear spin-orbit and Zeeman fields . . . . . . ..

24.1.2 Resonant level case . . . . . .. .. ...

2.4.2  Superconducting atomic limit . . . . . ... ..o

2.5 Majorana fermions physics . . . . . .. ..o
2.5.1 Introduction to Majorana fermions . . . . ... ... ... ... ...

2.5.2 Realization of the Majorana bound states . . . .. .. .. ... ...

3 Andreev level population dynamics
3.1 Introduction . . . . . . . ..
3.2 Model . . .
3.2.1 Formulation in the second quantization language . . . . . . . . . . ..

3.2.2 Derivation of the current . . . . . . . . . . . .. ...



3.3 The master equation approach . . . . . . . .. ... ... . L.
3.3.1 Diagonal Andreev density matrix elements . . . . . . . ... ... ..
3.3.2 Off-diagonal Andreev density matrix elements . . . . . . .. ... ..
3.3.3 Steady-state distribution of quasiparticles . . . . . ... .. ... ..
3.3.4 Perfect transparency case . . . . .. ... Lo

3.4 The charge imbalance effect . . . . . . . ... ... 0oL

4 Conclusions

A Orbital magnetic field effects in a realistic quantum dot
B Quasi-particle wave functions

Bibliography

Acknowledgments

Erklarung

77

79

85

88

95

97



A mio Padre. Al suo ricordo che vive.

To my Father. To his living memory.



10



Abstract

In this thesis we will focus on the interplay between proximity induced superconducting
correlations and Coulomb interactions in a Josephson junction: i.e., in a system where
two superconductors modeled as two s-wave superconductors at a phase difference ¢ are
contacted by means of a weak link, in our case a quantum dot located in the contact. In the
first part we will study the Josephson current-phase relation for a multi-level quantum dot
tunnel-contacted by two conventional s-waves superconductors. We will determine in detail
the conditions for observing a finite anomalous Josephson current, i.e. a supercurrent flowing
at zero phase difference in a two-level dot with spin-orbit interactions, a weak magnetic
(Zeeman) field, and in the presence of Coulomb interactions. This will lead to an onset
behavior I, « sgn(B), interpreted as the sign of an incipient spontaneous breakdown of
time-reversal symmetry. Moreover, we will provide conditions for realizing spatially separated
- but topologically unprotected - Majorana bound states, whose signature in the system will
be detectable via the current-phase relation. In the second part of the thesis, we address the
Andreev bound state population dynamics in superconducting weak links (a superconducting
"atomic contact’), in which a poisoning mechanism due to the trapping of single quasiparticles
can occur. Our motivation is that quantum coherent superconducting circuits are the
most promising candidates for future large-scale quantum information processing devices.
Moreover, quasiparticle poisoning has recently been observed in devices which contain a
short superconducting weak link with few transport channels. We will discuss a novel charge
imbalance effect in the continuum quasiparticle population, which is due to phase fluctuations
of the environment weakly coupled to the superconducting contact. This coupling enters
the system as a transition rate connecting continuum quasiparticles and the Andreev bound
state system. The charge imbalance is then due to the breaking of left-right symmetry in
the rates. Moreover, it will be discussed how the system can generate a phase-dependent

quasiparticle current and an asymmetric charge profile around the weak link.
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Zusammenfassung

In dieser Dissertation betrachten wir das Wechselspiel zwischen Annadherung-induzierten
supraleitenden- und Coulomb Wechselwirkungen in einem Josephson-Kontakt: d.h., in
einem System, bei dem zwei s-Wellen-Supraleiter mit einer Phasendifferenz ¢ durch einen
Quantenpunkt in Kontakt gesetzt werden. Im ersten Teil der Dissertation erforschen wir
die Josephson Strom-Phasen-Beziehung in einem mit vielen Energieniveaus ausgestatteten
Quantenpunkt, der in Kontakt mit zwei konventionellen s-Wellen-Supraleitern steht. Wir
bestimmen die Bedingungen, um einen endlichen anomalen Josephson Strom zu messen:
ein Suprastrom, der in einem Doppelquantenpunkt mit Spin-Bahn Kopplung, schwachem
magnetischen Feld (Zeeman), und in Anwesenheit der Coulomb-Wechselwirkungen fliefit.
Das fiihrt uns zu einem Verhalten des Stromes [, o« sgn(aB), das als Anfang der spontanen
Symmetriebrechung der Zeitumkehrinvarianz angesehen werden kann. Auflerdem identifizieren
wir die notwendigen Voraussetzungen, um raumlich getrennte - aber topologisch ungeschiitzte
- gebundene Majorana-Zustande zu realisieren, deren Prasenz im System durch die Strom-
Phasen-Beziehung detektiert werden kann. Im zweiten Teil der Dissertation betrachten
wir die Dynamik der Population gebundener Andreev-Zustande in supraleitenden atomaren
Punktkontakten mit wenigen Transportkandlen, wobei die Prozesse durch eingefangene
Quasiteilchen im Kontakt gestort werden. Koharente supraleitende quantenmechanische
Bauelemente entsprechen den erfolgversprechendsten Kandidaten fiir zukiinftig umfassende
Verarbeitungsgerate in der Theorie der Quanteninformation. Wir diskutieren einen neuartigen
Ladungsasymmetrie, der in der Population der Quasiteilchen im Kontinuum stattfindet, infolge
von Phasenfluktuationen der Umgebung, die an den supraleitenden Atomkontakt gekoppelt
ist. Diese Kopplung wurde als eine Ubergangsrate zwischen Quasiteilchen im Kontinuum
und gebundenen Andreev-Zustanden angesehen. Dieser Ladungsasymmetrie zeigt sich infolge
einer Links-Rechts Symmetriebrechung der Ubergangsraten. AuBerdem diskutieren wir,
wie in unserem System ein phasenabhéngiger Quasiteilchen-Strom und ein asymmetrisches

Ladungsprofil um den supraleitenden atomaren Punktkontakt erzeugt werden kann.
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Chapter 1
Introduction

The Josephson effect is the phenomenon of a supercurrent flow occurring in devices known as
Josephson junctions. A supercurrent is defined as a current that flows indefinitely without
any voltage difference applied to the system; and Josephson junctions are devices consisting
of two superconducting banks, or leads throughout this thesis, coupled by a weak link. The
weak link can be a thin insulating barrier, forming so a system that is a superconductor-
insulator-superconductor (SIS) junction, that is also the initial theoretic work considered
by B. D. Josephson in 1962, Ref. [1]. But the coupling between the two superconducting
leads can occur also via nanoscale conductors ("quantum dots’) tunnel coupled to the system,
quantum point contacts or normal conducting layers. In this thesis we will deal with weak
links in the specific case considered of quantum dots and superconducting atomic contacts
(constrictions) in order to study specific properties and phenomena occurring in Josephson
junctions and to investigate Andreev bound state population dynamics and quasiparticle

trapping in devices containing a short superconducting weak link with few transport channels.

It is well known that, in devices made of an insulating thin barrier between two normal
electrodes, a NIN system, electrons can tunnel through the insulating layer and that this
tunneling occurs with an associated current density that decays exponentially as the thickness
of the barrier increases. Along the guidelines of Ref. [2], let us consider then a SIS system
at T'= 0. Then we do not have anymore normal electrons at the Fermi level. Hence, we
would expect no tunneling to be possible as long as the voltage difference applied eV < 2A,
with A energy-gap voltage. When eV > 2A, Cooper pairs can break up into two normal
electrons and hence tunnel through the barrier. The question whether a Cooper pair can
actually tunnel through the barrier remains. The general idea in 1962 was that this event

would not happen often enough to be measurable, apparently explained by the fact that, since
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the probability of a single electron to tunnel is of the order of p, < 107, then for a Cooper
< 107%. But, in 1962, Josephson changed this idea by discovering

~

pair one would expect p?
that Cooper pairs tunnel through the barrier as a whole. The motivation is that Cooper
pairs tunnel coherently: their tunneling is not depicted as two incoherent electron waves
approaching the barrier, but rather it is a macroscopic wave function of the superconducting
system that tunnels through the weak link. One year later, P.W. Anderson and J.M. Rowell,
see Ref. [3], confirmed experimentally the prediction made by him. For this prediction, the
Nobel Committee awarded Josephson the Nobel Price in 1973, together with L. Esaki and I.
Giaever.

The tunnel properties of the Cooper pairs follows as consequence of the macroscopic nature
of the superconducting state. Usually, if we consider the behavior of a macroscopic object
consisting of a large number of atoms, quantization effects are not observable, even though
every single atom obeys the law of quantum mechanics. The motivation for this is that the
thermal effects have the property to overshadow quantum effects. Though it is believed that
quantization occurs at microscopic scales only, for some phenomena, such as superconductivity,
macroscopic quantization is found to be possible. In this sense, quantization of parameters
is still observable at orders of magnitude larger than the microscopic scales, typical for
objects like atoms. This occurs because, due to quantum coherence effects, electrons in a
superconductor form a highly correlated system: then all superconducting electrons behave

as a single mechanical object. There exists a macroscopic quantum wave function

W (1) = 1o (7, 8) €O (1.1)

that describes the behavior of the whole ensemble of the electrons in the superconductor. This
hypothesis can be justified by the microscopic theory of superconductivity, the BCS-theory,
[4], named after the physicists J. Bardeen, L.N. Cooper and J.R. Schrieffer, proposed in 1957
and Nobel Price awarded in 1972. The general idea of the theory is that in superconducting
systems, electrons near the Fermi level exhibit an attractive force between them. Below a
critical temperature, T, this binding of electrons gives rise to a quantum state different from
the Fermi sea of normal metals. On a general level, a small portion of electrons near the Fermi
level form Cooper pairs. If one considers a simple model of two electron added to the Fermi
sea at T' = 0, with the request that the added electrons interact with each other, but not with
the rest of the sea, except via exclusion principle, one may require to build a two-particle
wave-function. Following general arguments, based on the Bloch theorem, one may expect
the lowest-energy level to have a total zero angular momentum (a s-wave superconductor).
Consequently, Pauli’s principle would force the electrons to show an antisymmetric spin state:

the two spins must be in a singlet state. Differently from the binding of atoms in molecules,
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the orbitals state of the Cooper pair has a larger radius, orientative speaking between 10 nm

and 1 ym. The spatial overlap then results to be strong.

Studies of the current-phase relation in a Josephson junction have been widely analyzed
in pioneering works like Refs. [5, 6, 7]. The interest in such nanoscale hybrid devices has
sharply increased recently since they allow to fabricate and manipulate well-characterized
setups and raise the hope for new applications, as well as by the prospect of realizing Ma-
jorana fermions. Moreover, Josephson transport throughout quantum dots also tends to
find application in the control of localized spin states by a Josephson current, and so the
possibility to create entangled electron pairs via non-local Andreev processes. To mention
just a few key experiments, gate-tunable supercurrents through the two-dimensional electron
gas in semiconductors have been demonstrated, see for instance Refs. [9]-[13], the CPR
of superconducting atomic point contacts has been measured using a loop geometry, as in
Ref. [14], and the direct spectroscopy of Andreev bound states in carbon nanotube devices was
reported, as one may find in deeper details in Ref. [15]. The phenomena studied below will
be particularly pronounced for strong spin-orbit coupling (SOC) in the nanoscale conductor.
Note that strong SOC is naturally present in InAs or InSbh, widely reported in Refs. [16]-[25],
and in self-assembled SiGe quantum dots, see Ref. [26]. SOC is often responsible for nontrivial
topological properties and the emergence of Majorana fermions, see Refs. [27, 28], in very
similar settings, as in the wide collection of Refs. [29]-[34]. Majoranas have attracted wide
attention after recent experiments reported first transport signatures such as those expected
for Majorana fermions, as in Refs. [36]-[39].

The anomalous Josephson effect is characterized by a finite supercurrent flowing at zero
phase difference, I, = I(p = 0) # 0. Comparing to the conventional Josephson relation in
junctions where SOC is typically a crucial ingredient, we have I(¢) = I.sin ¢ with critical
current [.. This is equivalent to a ¢y phase shift, i.e., I, = I.sin . Junctions with I, # 0
are thus commonly referred to as ’pg-junctions’. The Josephson CPR for quantum dots with
SOC has been studied in many theoretical works, see Refs. [40]-[53], and the conditions for
@o-junction behavior have been clarified in the noninteracting case, in Refs. [41, 42, 48, 49, 50]
for instance. Moreover, the gg-junction can act as a phase battery, as in Ref. [54] or as
superconducting rectifier, see Refs. [48, 52]. While it is well-established, see Ref. [54], and also
experimentally observed, see Ref. [55], that spin-active interfaces, e.g., for a ferromagnetic
"dot’ region, allow one to realize a pg-junction, we here focus on semiconducting or molecular
systems with spin-conserving and spin-independent interfaces, where yg-junction behavior

is quite nontrivial. @g-junctions were also predicted but never observe in unconventional
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superconductors, as in the collection of Refs. [56]-[60].

Besides analyzing the anomalous supercurrent, we also address the possibility of Majorana
bound state formation in an interacting double dot with SOC and Zeeman field. The double
dot is contained as special case in our general multi-level Hamiltonian, and our theory is
directly applicable to such a two-orbital case with well separated orbitals. Majorana fermions
are emergent quasi-particles that equal their own antiparticle and they are of much interest in
the context of topological quantum computation, as in the collection of Refs. [29, 30, 31, 32, 33].
When our ’dot’ region corresponds to a semiconductor nanowire, one effectively can realize
Kitaev’s chain model that, in the right parameter regime, allows for a pair of topologically
protected Majorana bound states localized near the nanowire ends, see Refs. [35, 34]. As
discussed by Lejinse and Flensberg, as in Ref. [67] and also Ref. [68], a simpler variant, with
topologically unprotected Majorana fermions, can be realized for two Coulomb-blockaded
single-level dots coupled to a superconductor. Similarly, in our setting a pair of spatially
separated Majorana bound states can also be realized. Signatures of Majorana fermions could

be detected through the highly unusual features in the 2m-periodic current-phase relation.

Moreover, in this thesis we focus on other phenomena occurring when weak links are consid-
ered. Namely, we study the Andreev bound state population dynamics in a single-channel
superconducting atomic contact. This is linked to the fact that quantum coherent supercon-
ducting circuits have acquired importance among the scientific community for their potential
in building large-scale quantum information processing devices, see Refs. [53] and [72]. Their
functioning is often limited by the presence of residual nonequilibrium quasiparticles, whose
uncontrolled tunneling provide a severe decoherence mechanism, see Refs. [73]-[76]. Remark-
ably, in some cases where the parity of the quantum state matters, the presence of a single
extra quasiparticle can determine the macroscopic response of the device, see Refs. [77, 78].
In our theory we approach the phenomenon of trapping of single quasiparticles in super-
conducting islands, known as “poisoning” , as one might find in Ref. [79]. Although at
temperatures well below the superconducting gap A, such states have an exponentially small
chance to exist in thermal equilibrium, they can have very long lifetimes if generated in a
nonequilibrium process. Quasiparticle poisoning has been also observed in recent experiments
for devices containing a short superconducting weak link with only a few transport channels,
as for instance in Refs. [80, 81, 82]. Those experiments reported the existence of long-lived
nonequilibrium quasiparticles trapped in the Andreev bound states formed near the weak
link. In our theoretical framework, we refer to such a superconducting constriction as a

'superconducting atomic contact’ (SAC), see for instance also Ref. [83].
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In our theory, we consider transitions between different Andreev bound state configurations
and their interplay with continuum quasiparticles. Such transitions, triggered for instance
by environmental phase fluctuations, also can change the fermion number parity in the
Andreev levels. The system exhibits a ground state with even parity, although there are two

spin-degenerate odd-parity Andreev bound state configurations with excitation energy

Ealgo) = Ay/1 - Tsin?(¢0/2) (1.2)

relative to the ground state, where , is the superconducting phase difference across the
contact and T the normal-state transmission probability of the contact. The phase-dependent
energy F 4 also determines the transition frequencies between different Andreev configurations,
which have recently been studied by microwave absorption and supercurrent spectroscopy
(81, 82], where the odd-parity states can be excited together with a continuum quasiparticle.
Events resulting in the occupation of one of these odd-parity states block the Josephson
current causing the quasiparticle poisoning. The spin degree of freedom corresponding to the
two odd-parity states has also been proposed as qubit platform, see Refs. [84, 85], because
of its long lifetime. But the occupation of the odd-parity states has also strong limitations
on the possibility of realizing the ’Andreev qubit’, see Refs. [86, 87], which is built from the
Andreev ground state configuration and the excited even-parity state of energy 2E,, see also
Ref. [88]. Similar superconducting devices are also discussed in the context of Majorana
fermion physics [89, 90], and questions pertaining to quasiparticle poisoning and the interplay
between Andreev (or Majorana) and continuum quasiparticle distribution functions are

important in that direction as well.
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Chapter 2

Transport through Quantum Dots

2.1 Introduction

In this chapter, as pointed out in Ch. 1, we will present with more details the first part
constituting this thesis. Here we study the combined effects of spin-orbit (SO) interaction,
magnetic field, and Coulomb charging on the Josephson current-phase relation (CPR), I(yp),
for a multi-level quantum dot tunnel-contacted by two conventional s-wave superconductors
with phase difference p. A general model is formulated and analyzed in the cotunneling
regime (weak tunnel coupling) and in the deep subgap limit, fully taking into account
interaction effects. We determine the conditions for observing a finite anomalous supercurrent
I, = I(¢ = 0). For a two-level dot with spin-orbit coupling and arbitrarily weak Zeeman
field B, we find the onset behavior I, o sgn(B) in the presence of interactions, suggesting
the incipient spontaneous breakdown of time-reversal symmetry (TRS). We also provide
conditions for realizing spatially separated (but topologically unprotected) Majorana bound
states (MBSs) in this system, which have a clear signature in the 27-periodic current-phase
relation.

Before going deeper into details, the structure of this chapter will be organized as follows.
In Sec. 2.2, we introduce the general model for the system: namely, we introduce and consider
a S-Dot-S hybrid structure, i.e. a quantum dot sandwiched between two superconductors.
We focus on an arbitrary single-particle Hamiltonian in the dot region, and take into account
Coulomb charging effects. By means of a later-on described technique, we derive an effective
partition function expressed in terms of dot variables only, which then allows to extract
the Josephson current-phase relation by a phase derivative. In order to get concrete results,
we reduce our analysis on a generic two-orbital dot with a Zeeman field and (Rashba or

Dresselhaus) spin-orbit coupling (SOC) on it.
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In Sec. 2.3, we present and discuss the two analytical approaches used in this work to calculate
the Josephson current, pointing out the existence of an anomalous Josephson current in the
system. First, we study the cotunneling regime by means of perturbation theory in the tunnel
couplings. After having derived the general ground-state current-phase relation, as second
approach, we study the ’atomic limit’, i.e. the limit A — oo, where A is the superconducting
gap.

Then, Sec. 2.4 is devoted to the anomalous Josephson effect for the two-level dot, and in
Sec. 2.5 we show how a suitably choice of parameters can let a pair of spatially separated

Majorana bound states emerge.

2.2 Model and effective partition function

We consider here a general model describing the Josephson effect in an interacting nanostruc-
ture, where a central region, to which we refer as ’dot’, is tunnel-coupled to two conventional
s-wave superconducting leads. We take into account Coulomb interactions, SOC, and mag-
netic field effects only on the dot, but not in the bulk electrodes nor in the tunnel contact.

The Hamiltonian of the system can be written as:

H=H,;+ H, + H,. (2.1)

The dot Hamiltonian

For M relevant and spin-degenerate electronic orbitals in the central dot region, the dot

Hamiltonian is taken in the form

Hy= Y dlyhgotyg + E(N = ny)?, (2.2)
no,n'c’

where the operator df  creates a dot electron in a single-particle state with orbital quantum
number n = 1,..., M and spin projection ¢ =1, . The 2M x 2M Hermitian matrix A,q /o
encapsulates the single-particle features, including SOC and magnetic field effects. For we
still are in the preliminary stage, we don’t make any assumptions about the nature of the
SO couplings, in order to allow for the most general statements regarding the anomalous
Josephson effect. Importantly, the h matrix can always be conveniently diagonalized by

mean of a unitary transformation, UThU = diag(FE, ), with the single-particle energies E,

(v=1,...,2M). So we get the associated fermionic operators, c¢,, with
2M
dna = Z Una,l/ Cy, (23)
v=1
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which correspond to single-particle eigenstates of the isolated dot. The d,,, operators instead
will be taken to represent dot fermion modes tunnel-coupled to the leads. Both representations

are, of course, equivalent. After the unitary transformation, the Hamiltonian of the dot reads

ZEcc + E.(N —n,)> (2.4)

Moreover, the capacitive Coulomb charging energy term, that formally describes intra- and

inter-orbital Coulomb interactions, is only sensitive to the total dot fermion number operator,

N = Z did = de, (2.5)

v
according to the two equivalent representations. Here the charging energy, E., sets the energy
cost for adding or removing electrons into or from the system. The real number n, is tunable
by a backgate voltage and regulates the average number of electrons on the dot. Usually, the

above charging term generically describes the dominant interaction contribution.

The BCS Hamiltonian

The left and right (j = L, R) superconducting leads are described by standard bulk BCS
Hamiltonian. Here, we assume that the leads have identical energy gap A and normal-state
dispersion relation &, with chemical potential ug = 0. In this analysis, assuming different
energy gap in the leads, Ay, # Apr does not lead to sensible changes in the physics of the
system, but it resolves rather in an overall decrease of the supercurrent. Similarly, considering
different & would only change the respective density of states.

Moreover, we use a gauge where the phase of the order parameter appears in the tunneling
Hamiltonian H; only, presented below, and A > 0 is real-valued, see also Appendix A. It
is then convenient to switch to the Nambu (particle-hole) space and introduce the Nambu
spinor W = (¢ 1, c}7_k7 i)T, where C;IW creates an electron in lead j with momentum k and
spin projection o. Finally, introducing a set of Pauli matrices g, , ., acting in the Nambu

space, the lead Hamiltonian is given by

ZZ\P (Exoy+Ap,) VU ik (2.6)

j=L,R k

The tunneling Hamiltonian

To conclude, we come to H;, where a complex-valued tunneling matrix element ¢ x 5., »» gives

the probability amplitude for an electron to transfer from the dot state (n,o’) to the lead
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state (j,k, o). To simplify the analysis, we neglect the k-dependence of the tunneling matrix
elements, adopting so the standard wide-band approximation for the leads. Moreover, the
tunneling is assumed to be spin-conserving and spin-independent, t;x ¢ino’ = 0ootjn, and Hy
is fully determined by 2M complex-valued parameters t;,. Making use again of the Nambu

spinor notation also for the dot fermions, D,, = (dn,T7 d; i)T, we obtain

M
. t‘n 0
R S 3 S ] A Y

*
j=L,R k n=1 tj,n

where ¢; is the superconducting phase in lead j.

2.2.1 Current-phase relation

To push further on our analysis, since our aim is to obtain a formally exact expression for
the CPR from the partition function, Z = Tre ¥ with inverse temperature! 3 = 1/T', we
now study the equilibrium Josephson CPR in the zero-temperature limit, 7" — 0.

By means of Wick’s theorem, we can average over the leads in order to trace out the non-
interacting lead fermions, since we want to derive an effective partition function written
in terms of dot variables only. In the interaction picture, let Hy = Hy; + H; govern the

imaginary-time (7) evolution. For arbitrary operator O, we use the notation
O(7) = 7O 7 O(1) = Mo OfeHor, (2.8)
The partition function then reads
Z = Ty Ty (e 0T W) — 7Ty (e PHaTe ) (2.9)

where T denotes the time ordering. The traces Tr,; are performed over the dot- and lead-
Hilbert spaces respectively, with Z; = Tr; e #Ht. In Eq. (2.9), we have averaged over the leads,
and using (H,(7)), = Z; 'Tr[e PH H,(7)] = 0, Wick’s theorem implies that S; in Eq. (2.9) is

completely determined by the Gaussian correlator

1 IB / /
S, = —5/ drdr’ (TH,(r)H,(7"), . (2.10)

0

Inserting H; of Eq. (2.7) into Eq. (2.10) , we obtain

1

B _
S, = 5/0 drdr ; Dy (1)N s (1 = 7)D,, (T7), (2.11)

!Throughout this thesis we often use h = kg =1
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where

A (7 — 7' _2ZTT Gi(m — 7V} (2.12)

is expressed in terms of the Matsubara—Green s function, that is a matrix in the Nambu space,
for each uncoupled lead (j = L/R):

_ —iwm(T=T) [y
G(r—1)= —Z<T\Ifjk(7)\lfjk( = —7TVOTZ A ( " Z.A >7 (2.13)

k Wm
which is identical for both leads. Here we have employed the wide-band approximation,
with the (normal-conducting) lead density of states vy = >, §(&x), and fermionic Matsubara

frequencies w,, = 7T (2m+1), with integer m. The kernel A,,,/(7—7') in Eq. (2.12), describing

the effects of the traced-out leads on the dot fermions, thus reads

= > 1Y (- + AeT%g,) f(7) (2.14)

j=L,R

where we again make use of the set of Pauli matrices in the Nambu space, {0, ..}, and where

the tunnel contacts are described by Hermitian M x M hybridization matrices,

T — oyt ¢ (2.15)

Jngmn’s

where - it is worth to stress it further - we assume spin-conserving bare tunneling, i.e. there is
no spin flip in absence of SO and Zeeman fields, and hence, taking into account TR symmetry,

tjomo’ = Ogortjn. Moreover we use the auxiliary function

—Zme

N=TY

Notice that A, (7 — 7’) factorizes in spin/orbital (n,o) and Nambu (g, .) subspaces.

(2.16)

The Josephson current flowing through the contact j to the dot follows from the ground-state

average
2e
where F' = —T'In Z is the free energy. Current conservation imposes I, p = £1(¢), where

@ = ¢, — ¢ is the gauge-invariant phase difference. As concluding remark to this section, we
point out that the expression derived for Z is formally exact, within the standard assumption
of k-independent tunneling matrix elements. This implies that the Josephson current found
to be flowing in the system is the most general expression possible.

Next, we will leave the general case to consider a toy-model from which concrete results can
be derived.
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2.2.2 Two orbital levels: building the toy-model

For concrete results, we will consider a generic model with M = 2 dot orbital levels, which
provides a minimal setting for studying SOC effects, the anomalous supercurrent, and
Majorana fermions. The 4 x 4 matrix h describing the single-particle spectrum of the dot

Hamiltonian Hy, see Eq. (2.2), is taken in the generic form
h = (pro + €12)00 + B1o0, + a7y [cos(x)o, + sin(x)o,] (2.18)

where 7, , (04,.-) are Pauli matrices in orbital (spin) space and the respective unity matrices
are 19 (0p). The physics is here determined by the interplay of a Rashba-type SOC, whose
strength is parameterized by the energy scale «, and the magnetic Zeeman field, with energy
scale B.

Spin-orbit effects in quantum dots have attracted interest because of their versatile applica-
tions in spintronics and in quantum informations theory, as in Ref. [45].

Rashba spin-orbit, i.e. a particular SO coupling considered throughout this thesis, is linked
to the asymmetry of the confining potential of the electrons in a 2DEG, i.e. an electron gas
with a strong confinement along one direction. The essence of such a coupling is the action
of an external electric field on a moving spin, see Ref. [46].

In Eq. (2.18), 0 < x < 7 denotes the angle between the effective spin-orbit field and the
Zeeman field. The bare dot levels are y &+ € for a = B = 0.

The single-particle Hamiltonian in Eq. (2.18) plays the role of a toy-model but actually

represents a realistic Hamiltonian, reported in detail in Appendix A.

Now we conveniently express the 2 x 2 hybridization matrices (in orbital space) written in

Eq. (2.15) in the form
[U=LR) _ - ( ehi e ) (2.19)
=W\ i, o | .

where v; > 0 gives the overall hybridization strength of the respective contact and A;
parametrizes the orbital asymmetry. This means that, for A\; = 0, both orbitals couple
symmetrically to the jth lead, and 4, is an inter-orbital phase shift. It is worth to point out
that, since 0, g is independent of spin, these phase shifts are independent of SO coupling of
any nature. For instance, they could be caused by orbital magnetic fields and they might pop
up in the system by virtue of a gauge transformation transferring the orbital field dependence
to the tunneling Hamiltonian. It is also worth emphasizing that, for a # 0 and A # 0, one
cannot gauge away the resulting phases 0z, g.

For further convenience in the upcoming calculations, we define the relative inter-orbital
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phase shift
0 =10 — 0g. (2.20)

Note that our assumption of k-independent tunneling matrix elements, that we made in
Sec. 2.2.1, implies that the phase shifts J; are also momentum-independent. If this assumption
is violated, the d; are best treated as statistical variables. While the resulting average may
suppress the anomalous Josephson current I,, it will leave the critical currents basically
unaffected. Since such generalizations are straightforward to implement, we proceed here by

assuming k-independent phase shifts d;, r too.

2.3 The Josephson current

As discussed briefly in Sec. 2.1, in this thesis we consider a multi-level quantum dot tunnel-
contacted by two conventional s-waves BCS superconductor to investigate the equilibrium
Josephson current using two complementary vantage points. The first approach is presented
in an extensive way and corresponds to the perturbation theory in the cotunneling regime,
while the second one will employ an effective Hamiltonian valid in the deep subgap’ regime,

or atomic limit, for A — oo .

2.3.1 First approach: the cotunneling regime

We will start presenting the analytical progress that can be done by means of the first
approach discussed above. The cotunneling regime is realized when all eigenvalues of the

hybridization matrices 'V, j = L/R, are small against A, in other words, the condition
I < A (2.21)

will define the energy regime in which we will be working.
Let us start from Eqgs. (2.11) and (2.14): since the Gaussian correlator defined in Sec. 2.2.1,
S, oc T the free energy F' can be directly expanded in powers of S;:

! (SH — ... . (2.22)

F=—5"In|1-(5)+

Since 9y, (S;) = 0, the lowest-order contribution to the Josephson current (2.17) is proportional

to the product of the hybridization matrices I'“T'® and reads

Ij = —2571 <St(9¢j5t (223)

Jas-
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The current for each lead here is taken as the ground-state expectation value for the closed
dot Hamiltonian H,. Expressing the effective action S; in function of the kernel A, (7 — 77),

see Eq. (2.12), in accordance with current conservation, we find [;(y) = +1(p), where
I(p) = Iysingp + I, cos p. (2.24)

In the last equation we have divided the Josephson current into its conventional part,
proportional to sin ¢, and its anomalous part, proportional to cos ¢. Both currents appear in
the total Josephson current with a pertinent intensity, Iy and I,. Their forms are

I Lot riort)
o m,;m PO _ R (2.25)

B
X %A26_1/0 drydredrdT)
X f(r = 72) F(71 = 73) Ty (70) dr (72) drr (77) i (75))

Before extending our analysis, we may comment on some of the previous points. Eq. (2.24)
gives the basic idea of the anomalous Josephson effect. The anomalous contribution to the
total Josephson current is characterized by a finite supercurrent flowing even at zero phase
difference, ¢ = 0.

Comparing to the conventional Josephson effect , where the supercurrent reads I(p) = I.sin ¢,

with critical current I., this is equivalent to a phase-shift in the system. In fact:
I(p) = I(¢+ vo) = [I.cos o sin ¢ + [I.sin @] cos ¢ , (2.26)

ie., Iy = I.cospy and I, = I.siny. Therefore, Junctions in which I, # 0 are commonly
referred to as ’go-junctions’. The critical current for the system is I, = /12 + I2.

It is now crucial to use the unitary transformation U in Eq. (2.3) to switch from the d,,
to the ¢, fermion representation, where the latter represent the eigenstates of the isolated
interacting dot. Using the symmetry property f(7) = f(—7), we observe that only the
antisymmetric part of the transformed hybridization matrices enters the expressions for I
and I,. In formula:

Fl(/],;L:L’R) = Z ng]r)n (Uni,VUmT,u - Un¢,uUmT,y) y (227)
By employing Eq. (2.25), we find for the following simple form for the anomalous Josephson

current as product of two matrices

e?
I, = Z Jon Qup- (2.28)

v>p
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The first ones are the symmetric 2M x 2M matrices
Jon =T (TR Y, (2.29)

written in terms of the antisymmetric matrices in Eq. (2.27), whose dimension is 2M x 2M.
Note that J,, matrices depend only on single-particle quantities, such as tunneling matrix
elements, SOC, and Zeeman fields. It is worth stressing that Josephson currents through
nanoscale multilevel quantum dots are strongly affected by SOC, even without an external
magnetic field, see Ref. [44].

In this analysis, the role of interactions is encoded in the () matrix and can be crucial in
breaking the balance between time-reversed processes, which may then induce the anomalous
Josephson effect:

B
Q= —B_l/o drdrydridry [ (11— 1) f (11 —73) (Te,(m)e,(12)e(m)cu(r3)) . (2.30)

The time-ordered product generates 4! = 24 terms with different time ordering:

24
Qua=Y_ Q). (2.31)
p=1

To complete the derivation, the current Iy follows in a similar form,
e? . -
Iy= 553" Re (T0) [T Qupe (2.32)

We can now use Eq. (2.28) to derive some general conditions for the anomalous Josephson
effect to exist within the cotunneling regime. As necessary condition for I, # 0, we observe
that .J,, # 0 must be satisfied for at least one index pair v > p.

It is also worth noting that this condition is very general and holds for arbitrary matrices h
determining the single-particle spectrum.

In Sec. 2.2.2, we inferred that M = 2 orbitals represent the minimal model to consider to carry
out significant results. The reason is that for a single-level dot, M = 1, the hybridization
matrices I®) and T'® are just real numbers. The antisymmetric %% matrices in Eq. (2.27)

are then fully determined by
fgji) =TU(U, U1 — U Upa) =0, (2.33)

which immediately yields J = 0 in Eq. (2.29).

Hence no anomalous Josephson current is possible in a single-orbital dot, even in presence of
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interactions.

In order to infer general considerations that are independent of the analytical method
considered, i.e. beyond the cotunneling regime, one can use symmetry arguments. We show
this by analyzing the supercurrent through an inversion-symmetric two-dimensional dot with
in-plane (purely Zeeman) magnetic field B and SOC strength a.

To perform a spatial inversion operation, (x,y) — (—z, —y), the following operations apply:

exchanging the lead indices, L <> R;

inverting the phase difference, ¢ — —¢;

changing the sign of the SOC, a — —a;

changing the sign of the (in-plane) Zeeman field, B — —B.

Since I(p) — —I(—¢) under spatial inversion, Eq. (2.24) implies that the anomalous super-

current must satisfy the symmetry relation
I, (MW, 1™ B o) = —1, (I, TW, —B, —a). (2.34)

Similarly, we deduce an additional condition from the supercurrent behavior under a time

reversal operation,
I, (T, 1™ B a) = —1, (T, T —B a), (2.35)
which implies that [, is always odd in B: I,(B) = —1,(B).

Let us next address the @ matrix in Eq. (2.30), which only depends on properties of the
closed dot. In the cotunneling regime, interactions can affect the CPR only through this
matrix. In general, from Eq. (2.30), a total number 4! = 24 terms involving all possible
permutations of time-ordered fermion operators will be generated. However, if the closed dot
has a non-degenerate interacting ground state |G.S), Eq. (2.30) allows for simplifications in
the f — oo limit of interest here. Assuming a TRS-breaking magnetic field to be present,

effectively, only three permutations in Eq. (2.30) are relevant and @,,, can be expressed in
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terms of the three real-valued functions

1 B Ta Ty Te
Qi(€q, €p,€.) = B/o dTa/O dTb/O dTC/O dry (2.36)

/

f(ra =) f(7e — 1), i=1,

x e €a(Ta=To)=ep(To—Te) —€c(e—Ta) flra—1a)f(my—7c), @i=2,

| f(7a = 7) f(mo — 1a), ©=3,

where €, > 0 are possible excitation energies. Switching to the frequency domain and using
Eq. (2.16), we obtain?

dwlduJQ 1
o - [ o 3
(1 = 8y.0)/[(iwr + €2) iz + e)es], i—1,

;

X 1/[(iwy + €,) (iwr + €c)(iwy +iwa + €)], =2,

| 1/[(fwr + €a) (iws + €0) (iwr +iwa + €)], = 3.

We also underline that the Q; are invariant under the exchange €, <> €.. Let’s consider now
the ground state |GS) of the closed dot Hamiltonian H, in Eq. (2.4), with N, electrons on
the dot, N|GS) = Ny|GS). Assuming that |GS) is non-degenerate, the filling factor n,, for
each single-particle state v = 1,...,2M is known. Arranging the F, as ordered sequence,
E, < Ey <--- < Ey)y, the result is

17 VSN(L

(2.38)
0, v> Ny.

n, = (GS|clec, |GS) = {

For given index pair v > pu, three possibilities arise, namely (n,,n,) = (0,0), (1,1), and (0, 1).

For a matter of convenience, we also define the Coulomb energy differences Wy, with integer
k,

Wi = E.(No + k —ny)* — E.(No — ny)?, (2.39)

2The double-frequency integrals in Eq. (2.37) can be carried out analytically by replacing f(7) — f(7)
in Eq. (2.16), with (w? + A2)~1/2 — (A2/A)/(w? + A?), where A is a fitting parameter of order A chosen
such that f(7) and f (1) have the same low-energy behavior. Within 1% accuracy, analytical results (using
f) were found to match numerics (using f) for all parameters studied. We have used f — f exclusively for

generating the figures throughout the rest of this thesis.
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where the integer Ny denotes the ground-state electron number on the dot. To state the final

result for @, it is useful to introduce the positive energies

E, = (1-2n,)E, +Wi_o,, (2.40)
EV,M = (1 — 2nl,)EV -+ (1 — 2nu)EM + WQ_QnU_QnH.

For E. = 0, we have 1 —2n,, = sgn(F,) and hence E, = |E,|, recovering so the non-interacting

case. We then obtain the symmetric () matrix,

Qu = (1—2n,)(1-2n,)|29; (E,,E,., E,)

Qi By B)Quy (Byy By By) + 201 (B0, B, (2:41)

where the indices are i; = i, = 1 and i3 = 3 for n,, = n,. For n, # n,, we instead have

i1:i3:23Hdi2:3.

Strong Coulomb blockade

For E. — oo, the cotunneling supercurrent is generally strongly suppressed. Technically, this

suppression can be seen from Eq. (2.37): all excitation energies scale as
€abe X e — 00, (2.42)

which implies @,, — 0 and thus Iy, — 0.

This argument only breaks down for half-integer values of n,, where the strong charging term
in Hy allows for two degenerate charge states with particle numbers Ny = Ny 1 =n, +1/2.
Let us therefore now focus on half-integer values of n,, where { £, }, the single-particle energy
spectrum, determines the ground state and which particle number N is realized: i.e., if it is
either Ny 4 or Ny _. Using this argument, and since the Coulomb energy difference W4 = 0,
Eq. (2.41) simplifies to

QP+ = 2n,n,Q3(—FE,,0,—E,) (2.43)
— [ =), Qs(=Ey, By — By, —Ey) + (v < p)]

QU = 2(1—n)(1 - n,)Qs(E,, 0, E,)
— (1 —ny)n,Qs(Ey, E, — E,, E)) + (v < p)].

It is interesting to discuss Eq. (2.43) for a spin-degenerate single-level dot, i.e., the M =1
case, without SOC and without magnetic field.
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In this case, the two single-particle states, defined by v =t1, |, have identical energy, say

E, = 2/, where z plays the role of a dimensionless parameter, and Eq. (2.43) yields?

2 Nog=0,2
= A0, |z|A) x ’ T 2.44
Qry = Qu([1A,0, 2] { L ny (244)
where Eq. (2.37) gives (z > 0)
1 221 —2)— A 2
Q3(zA, 0, zA) = (r/2)"(1 — z) = Arccos’w. (2.45)

T2 A3 z(1l — 2?)

Since I, = 0 for M = 1, the critical current /. directly follows from Eq. (2.32): so, I. = I,.
As final remark, Eq. (2.44) predicts m-junction behavior, with I(¢) = —I.sin ¢, for Ny = 1;
while for Ny = {0,2} it predicts 0-junction, with I(¢) = I.sing. It is proper to point out
that these are actually well-known results, [5, 7].

In general, in the strong Coulomb blockade limit E. — co, we find m-junction behavior for
odd Ny and half-integer ng.

2.3.2 Second approach: the superconducting atomic limit

After having shown results of perturbation theory in the tunneling matrices, we now briefly
focus on the second approach. It deals with the parameter regime where A represents the
largest relevant energy scale of interest, and we can effectively put A — oo: the atomic limit.
This approach allows us to go beyond the perturbative cotunneling regime and to compute
the free energy I exactly, without further approximations. Considering Eq. (2.14), one can

set:
f(r) — A71(7) (2.46)

and the partition function reads Z = Trye Mt The ’effective dot Hamiltonian’ is

Heg = Hy + %]ZL;R%; (T9) € dy dyy + Hec.) (2.47)
with Hy; in Eq. (2.2) and a proximity-induced s-wave pairing term due to the traced-out
superconducting leads.

The CPR then follows again from Eq. (2.17). Our vantage point is that the Hilbert space of
the dot can now be decomposed into two independent sectors with even and odd fermion

parity, respectively.

3Note that for Ny = 1, the ground-state is two-fold spin degenerate. Since both spin orientations lead to

the same result, our derivation, based on the assumption of non-degenerate |G.S), still holds.
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The form of the effective dot Hamiltonian in Eq. (2.47) can be used to demonstrate that the
two limits F, — oo and A — oo do not commute. For A — 0o, one needs to retain only
those contributions in Eq. (2.30) where two fermions forming a Cooper pair are tunneling as

a whole, with no retardation effect, with the correlator of the form
(Teo(r+ 0 e (r)e, (7" +0T)e,. (7). (2.48)
Using E,,, > 0 in Eq. (2.40), some algebra gives

5n n 1- 5E 0
= e Z Bl 2.4
QV}L 2A2 EVM ( 9)

Since now (), > 0 for arbitrary Ny, m-junction behavior is never possible in the atomic limit,
in contrast to what we found for A < E. — oo in Sec. 2.3.1. This statement always applies
within the atomic limit, or equivalently said, beyond the cotunneling regime. Moreover, in
the atomic limit, £, < A — oo, current flows only in the vicinity of the 2e-charge degenerate
points, defined for W1, = 0. These points correspond to integer values of ny. This again
differs from the strong-blockade result in Eq. (2.43), where current flows only for half-integer

ng. We conclude that the limits £, — oo and A — oo do not commute.

2.4 The anomalous Josephson current

After the introductory part, in which we presented the model and gave details about the
techniques used to derive preliminary results of the most general form, we now focus on the
CPR solely and, in particular, we keep the further analysis on the anomalous supercurrent,
I, = I(¢ = 0), for the two-level dot in Sec. 2.2.2, with Rashba-like SOC and Zeeman magnetic
field. The guidelines of this section have been imagined to recall the organization of Sec. 2.3:
it will be devoted to achieve results following the two approaches presented above. Let us

start with the results in the cotunneling regime.

2.4.1 The cotunneling regime

In the cotunneling regime, the currents I, and [y determining the Josephson CPR follow
from Egs. (2.28) and (2.32), respectively.

The anomalous supercurrent is expressed in terms of the 4 x4 matrices J and @, see Egs. (2.29)
and (2.41), respectively, where a necessary condition for the anomalous Josephson effect is
given by J,,, # 0 for at least one index pair v > p. To evaluate the J matrix, the unitary

matrix U diagonalizing h is needed. Analytical results in several complementary limits, where

34



the algebra is simpler and allows for an intuitive picture, will be provided.

Let us first observe that when the spin-orbit field is perpendicular to the Zeeman field
(x = 7/2), h is a symmetric matrix. This implies that the diagonalizing matrix U can always
be chosen to have only real-valued entries only, and for §; =0, (j = L/R), we obtain J =0
from Eq. (2.29). One conclusion of this consideration is that we can check, in agreement with

previous works, [50], that the anomalous current ,, is identically zero for x = 7/2 and §; = 0,
Ie=0))=1,=0 <= (x=7/2,0; =0). (2.50)

2.4.1.1 Case of collinear spin-orbit and Zeeman fields

In this subsection, we consider the case of collinear spin-orbit and Zeeman fields, i.e. where
spin-orbit and Zeeman fields point along the same direction, realized for xy = 0. We thus

consider h in Eq. (2.18) for x = 0. Its form then reads
h = (uro + €12)00 + B1o0, + 140 . (2.51)

The diagonalizating matrix is found to be

cos(0/2) 0 i sin(6/2) 0
B 0 cos(0/2) 0 i sin(6/2)
V=1, sin(0/2) 0 cos(0/2) 0 (2:52)
0 i sin(6/2) 0 cos(60/2)

or, using Pauli matrices in orbital and spin space, in a more compact form

U =e™:02  sinf = Eg’ Es= Ve +a?, (2.53)
d

The spectrum (Fj, ..., Ey4) is given by
,LL—I—(Ed+B,Ed—B,—Ed+B,—Ed—B). (254)

Using Eq. (2.27), the antisymmetric hybridization matrices T(2%) have the following nonvan-

ishing entries

o o inh \s ing.
ngg) = [z, _ (coséj-masm ; + €esin J)7
Eq
o inh A\ — arsin o .
'Y = o (cosh A+ oA — a5 j) = ng
Ed 0—0+7
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Following the procedure sketched previously, the symmetric J matrix in Eq. (2.29) has the
following non-zero elements

YLYR
d

J39 = [esind + a(cos dgsinh A\, — cos §p, sinh Ag)] (2.55)

and Jy; = —J32. Note that, surprisingly, this result does not depend on the Zeeman field B.

In the end, the anomalous supercurrent is

Ia = A21]32 (Q32 - Q41) : (256)

Several physical considerations can be drawn from the equations above.

First of all, we that J3, = 0 for ™) = I'®) where §;, = 6z and A, = Az. This allows us to

conclude that asymmetric tunnel contacts with matrices
[0 £TW «— [TW TW] £0 (2.57)

are necessary for I, # 0. This condition, present also in Ref. [50], is indicating that it is
crucial to have off-diagonal entries in these tunneling matrices to observe a phase-shift. In
other words: if the lead-to-dot tunneling has a conserved orbital degree of freedom (e.g.,
channel number, transverse momentum, angular momentum, as it might be in nanotube
dots and/or in single-electron transistors), the off-diagonal entries vanish and therefore no
po-junction behavior is possible. Another point of view, from which one can equivalently
formulate the argument, is that having anomalous current in the system requires to break

the chirality symmetry.

Discussion of figures and results

Now we will illustrate the figures appearing in this section. We will start by analyzing the
‘phase diagram’ for the conventional and anomalous Josephson currents, I and I, respectively,
in the a-B plane, as depicted in Fig. 2.1.

The upper row illustrates the anomalous supercurrent: it is most pronounced when |«a| = |B|.
The standard Josephson effect, in the lower row, where one has either 0- or mw-junction
behavior with |1,/Iy| < 1, is recovered when either o or B are small. Moreover, the lower
panel (still on Iy) indicates that within the Zeeman-dominated regime |B| > v/a2 + €2, we
have Iy < 0, implying that m-junction behavior can be realized. Furthermore, we observe
that, for the chosen parameter set described in the caption of Fig. 2.1, I, is an odd function

in the product aB.
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Figure 2.1: Anomalous supercurrent (/,, top panel) and 'normal’ supercurrent (o, bottom)
determining the cotunneling CPR (2.24) in the B-« plane. The results are for the two-level
dot with e = 0.3A, E. = 2A, ny, =2, and x = 0, r = ot = A, = 0. For the right contact,
only the orbital level n = 1 is assumed to couple to the superconductor, i.e., A\g — oo with
vre M — vg. Note that I, are normalized to the respective critical current I, = \/m )
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Figure 2.2: Parameter dependence of I, (main panels) and of the particle number N, (inset)
for B = 0.5A, with other parameters as in Fig. 2.1. Blue solid curves show I,, and black
dashed curves Iy, both in units of ey,vg/RA. Top row: SOC « is varied for fixed field angle
x = 0, with n, = 1 (left) and n, = 2 (right). Bottom row: yx is varied for fixed av = 1.2A,
with n, =1 (left) and n, = 2 (right).

Fig. 2.2 presents results for the dependence of the Josephson currents on the SOC and y;,
denoting the relative angle between the SOC and the Zeeman field in our system. The upper
panel of Fig. 2.2 illustrates the behavior of I, and Iy, as function of « for fixed B = 0.5A.
The steps in Iy, vs a can be traced back to level degeneracies. In other words our analysis
here is still a perturbative one, in which we retain the lowest-order contributions to the
Josephson current as the main terms to study. In presence of level-degeneracies, higher-order
perturbative terms become important and smear out the steps. For the chosen parameters
and n, = 2, we have Ny = 2 for all shown SOCs, but for n, = 1 (in the upper left panel),
Ny =1 for certain a.. As evidence from the plots, the anomalous supercurrent is generally
enhanced for odd Ny, if compared to the even-N, case.

The lower-row panels in Fig. 2.2 show the y-dependence of I, for SOC av = 1.2A, confirming

that the anomalous supercurrent is maximized for y = 0 mod 7 but vanishes for x = m/2.
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Figure 2.3: Same as Fig. 2.2 but showing [, vs p for B = 0.001A (left), and I, vs B for
1 = 3A (right). Other parameters are as in Fig. 2.1 except for £, = 1.5A.

Further considerations to be made is that we observe that I, is not drastically affected by
interactions while Iy becomes suppressed. This might suggest that the presence of interactions

tends to enhance the relative importance of the anomalous supercurrent.

Next, we devote our analysis to the dependence of the Josephson current on the chemical
potential 4 and the Zeeman field. The left panel in Fig. 2.3, in fact, shows that even for
B = 0.001A, in the presence of interactions and with odd Ny, we can appreciate an anomalous
supercurrent that is finite and sizeable.

Similarly, the right panel shows that for B — 0, we obtain an unusual I,(B) dependence
instead of the standard linear B-dependence reported in Ref. [50], where the non-interacting
case has been studied and the following behavior for I, has been found: I, x aB. In our
analysis, as pointed out already, we expect higher-order perturbative corrections to smear out
the cusps near B = 0 and eventually to lead to I, o sgn(B). Next we observe that in general
Q32 # Qu1, see Eq. (2.56). As long as J3; # 0, there are in principle no arguments that can
let the anomalous supercurrent not flow. This could happen for arbitrary (including zero)
SOC a. However, a finite Zeeman field is always needed to achieve this. In fact, when the
B = 0 condition is realized, we find that Q33 = Q41 due to level degeneracies (E; = E5 and
Es = Ey), see Eq. (2.54), and hence I, = 0 for B = 0, as one might see in Fig. 2.1, upper
plot. It is worth to point out that anomalous supercurrents can survive even for arbitrarily

weak B, when interactions are present.

Let us now try to see analytically the case without SOC: setting v = 0 in Eq. (2.55), we
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Figure 2.4: Same as Fig. 2.2 but showing I, vs « for 4 = E. = 0 (left), and I,o vs u
for « = 0 and E. = 2A (right). We use the parameters ¢ = 0.5A, B = 0.7TA, n, = 2,
X:)\LR:(SR:O, and (SL:7T/2.

observe that I, # 0 is possible for relative inter-orbital phase shift § # 0, as one can read off
from Eq. (2.20). So, we get the possibility of realizing an anomalous Josephson effect induced
by the magnetic field alone, with no SOC, in a noninteracting multi-level dot.

This is evident in the left panel of Fig. 2.4, we present, for phase shifts 0 = 0 and §;, = 7/2,
a counter-intuitive increase in |[,| as the SOC is decreased and, moreover, the anomalous
supercurrent is now an even function of the SOC parameter . This is due to the fact that
inter-orbital phase shifts 6 = 7/2 are present. In this case Ny = 2. As a matter of fact, here
we find the largest possible anomalous supercurrent for av = 0.

Finally, the right panel of Fig. 2.4 presents the p-dependence of I,, for « = 0, where we see

again that the anomalous supercurrent is enhanced whenever Ny is odd.

2.4.1.2 Resonant level case

Another interesting and nontrivial situation emerges when the two bare levels are resonantly
aligned. This case corresponds to € = 0 with arbitrary y, in Eq. (2.18). The diagonalization
matrix has the form:

cos(0y/2) isin(0./2) i cos(f-/2) —sin(6_/2)
K sin(0y/2)  cos(04/2) —sin(0_/2) i cos(6_/2)
V2 | icos(0./2) —sin(0,/2) cos(0_/2) isin(6_/2)
—sin(f,/2) icos(0y/2) isin(6_/2) cos(f_/2)

0P| s
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or, writing again by means of Pauli matrices in orbital and spin spaces:
U = e™m/4ei07:/2, (2.59)

In the last equation, = diag(f,6_) is a diagonal matrix in orbital (7) space. The angles

0. follow from

asin y 7,

N sin 9+ 0
sinf = . = ;
0 sinf_ Va2 + B2+ 2aBcosx T,

cosf = cosf, 0 _ B+ acos T, . (2.60)
0  cost_ Va2 + B2+ 2aBcos T,

The angles can be put in a more compact form as follows:

B B+ e
— B

€= E: =+/a?+ B2+ 2aBcos x. (2.61)
(Er,...,Ey) =p+ (B, —E,,E_,—E_) are the eigenstates of the matrix h as it appears in
Eq. (2.18). The symmetric J matrix has the non-vanishing elements

Jo1 = YR (cos dp sinh Ag — cos dg sinh Ar) (2.62)

and Jy3 = —J9;1. Note that for e — 0, Eq. (2.55) coincides with Eq. (2.62). For the anomalous

Josephson current, we thus find

Ia = A21]21 (QQl - Q43) : (263>

It is quite remarkably that Jy; in Eq. (2.62) neither depends on the Zeeman field B nor on
the SOC «. In principle, we may then expect I, # 0 even for very small o and/or B. In
addition, Jo; does not depend on y either. However, we also need to examine the contribution
of the () matrix. In fact, when aB cos x = 0, the level degeneracy F, = E_ implies from
Eq. (2.41) that Q21 = Q43, which gives I, = 0 for ¢ = 0 and arbitrary F..

Discussion of figures and results

We now illustrate Fig. 2.5, for very small values of the magnetic field, for instance B = 0.001A .
The left panel indeed reveals a finite and sizeable anomalous supercurrent for « = B = 0.001A
if interactions are present, F. # 0, and Ny is odd. The right panel, instead, shows that
I, x sgn(aB) for arbitrarily small but finite SOC . We again encounter the possibility
that I, # 0 even for very small Zeeman field B and temperatures T' < |B|, suggesting the
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Figure 2.5: Same as Fig. 2.2 but for the resonant orbital (¢ = 0) case with tiny Zeeman field,
B = 0.001A. The left panel shows I, vs p for @ = 0.001A, while the right panel displays

I, vs a for = 5A. The remaining parameters are as in Fig. 2.1.

incipient spontaneous breakdown of TRS. Here ’'incipient’ means that TRS is restored for
B = 0. Remarkably, this onset behavior can be triggered by Coulomb interactions even for
very small SOC a.

Next we aim at understanding the above I, o sgn(aB) onset behavior. We can simplify the
algebra furthermore by putting x = 0. Thus we can consider the limiting case of very small
but finite (B, «), where interactions play a crucial role. For || > |B|, the arguments below
show that the onset behavior I, o< sgn(B) is possible even when E. = 0.

Equation (2.61) then gives e+ = dsgn(a) for |a| > |BJ, and thus the complex-valued unitary
matrix in Eq. (2.59) has different limits for positive and negative SOC. In formula this reads:
lim, o+ U # lim,_, o+ U.

To be more specific, we obtain

10 0 -1 0 i i 0
1 o1 -1 o0 1 i o 0
lim U= — | . tmUu=—]"' ! (2.64)
a—0+t V2 1i 0 0 7 a—0- V210 =110
0 i i 0 1 0 0

This corresponds to different residual 'magnetizations’ of the 7 ® ¢ isospin near the SU(4)
symmetric point in the parameter space defined by B = o = 0. Next, the columns of U are
eigenvectors of h and they four linearly independent isospin projections. The corresponding

single-particle energy levels are
p+A{lal +n, —laf = n,la| —n,—|a] +n} (2.65)
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Figure 2.6: Same as Fig. 2.2 but showing I, vs E, for ny, = 2 (main panel) and n, = 3/2
(large right inset), with & = 0.5A, B = 0.01A, and € = 0.01A.

with 7 = sgn(a)B. When p is chosen such that Ny = 1, assuming B > 0, one spin-down
electron will occupy the single-particle level Ey (E,) for a > 0 (a < 0).
For Ny = 1, we observe that

sgn(Q21) = —sgn(Qu3) = —sgn(a), (2.66)

as one can see in Eq. (2.41), with Q; > 0. Therefore Eq. (2.63) suggests that we may
have a finite anomalous supercurrent. However, for very small (B,«) and E. = 0, the
energy separation between states with different Ny is also tiny. This could eventually lead
to the mutual cancellation of all time-reversed contributions, having then I, = 0 in the
noninteracting case for very small B and «a. Interactions play a crucial role because, for a
finite charging energy, the energy gap between states with different Ny scales with ., which
effectively results in having a Ny = 1 ground state more robust. Taking the small-(B, a) limit
for finite E. should then leave ground-state properties such as Ny or the spin polarization
unaffected, and I, o sgn(aB) remains finite. However, the above arguments also show that
1, will be suppressed by thermal fluctuations once the temperature scale exceeds the Zeeman
field scale, T' > |B|. Therefore the I, o sgn(aB) onset behavior just found for the ground
state can 'only’ be interpreted as incipient breakdown of TRS, i.e., TRS is restored by thermal
fluctuations.
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Figure 2.7: Anomalous supercurrent I, for the two-orbital dot vs SOC « in the atomic limit
(A — o0) for several v = 1, = yg. The shown results follow from Eq. (2.68) and the effective
dot Hamiltonian (2.47). The other parameters are as in the right panel of Fig. 2.5: ¢ = 0,
B/E. =0.0005, u/E. =2.5,n, =2, x =0r,r = A, =0, and Ag — oo. The solid blue curve
gives the respective cotunneling result [Eq. (2.63) with A — oo] for y/E. = 0.05.

Finally, the interaction effects in this interesting parameter regime are displayed in Fig. 2.6,
for values of SOC as o = 0.5A. While I, = 0 for small E., we find I, # 0 for E. Z|«|, with
|1,| weakly decreasing in the limit of strong Coulomb blockade. For the resonant case of
half-integer ngy, I, saturates at a finite value for £, — oo, cf. inset of Fig. 2.6.

Analytical results for the ground-state anomalous supercurrent are possible in the strong
Coulomb blockade limit. For instance, at the charge degeneracy point n, = 3/2 with Ny = 1,
Eq. (2.63) yields for small (B, «) the result

I, = =3 sgn(aB)A%J5; Q3(1, 0, 1) = I,  sgn(aB) (2.67)
where Jo; and Qs(u, 0, p) are given in Eqs. (2.62) and (2.45), respectively. As conclusive

remark, this confirms explicitly the onset behavior discussed above.

2.4.2 Superconducting atomic limit

In this section, we briefly discuss the anomalous Josephson effect in the superconducting

atomic limit, already discussed in Sec. 2.3.2, where A — oo, and the effective dot Hamiltonian
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H.g, in Eq. (2.47), allows us to go beyond the perturbative cotunneling regime. Evaluating

the anomalous Josephson current, e.g., at the left contact, we obtain

2e ~
I, = —-Im > T (evey) (2.68)

v<p
where the brackets indicate a ground-state average using Heg(¢ = 0). We consider the two-
orbital dot in Sec. 2.2.2, where the 4 x 4 hybridization matrices T'¥) follow from Eq. (2.19),
after having performed the unitary transformation in favor of the ¢, fermion representation.
As presented already in Sec. 2.3.2, the p-dependent ground-state energies should be computed
separately for the decoupled odd and even fermion parity subspaces. We then expect I, # 0
only when the ground state, for ¢ = 0 has odd parity.

The dependence of I, on the SOC « is illustrated in Fig. 2.7, where parameters are the same
as in the right panel of Fig. 2.5. This allows us to study how the I, « sgn(aB) onset behavior,
the signature of incipient TRS breaking, emerges from the cusp features encountered in
perturbation theory.

e We note from Fig. 2.7 that the cotunneling result (taking A — oo in the above
expressions) matches the predictions of Eq. (2.68) for v,z — 0. This matching
has also been confirmed analytically by perturbative expansion of the general A —
oo cotunneling result, see Eqs. (2.28) and (2.49), to lowest nontrivial order in the
hybridization matrices. Conclusion is that the limits 7,z — 0 and A — oo do

commute.

e Cusp-like features as seen in the right panel of Fig. 2.5 emerging under a perturbative
theory will be smeared out by higher-order corrections, and indeed imply I, o sgn(aB)

onset behaviors associated with TRS breaking.

e Large hybridizations v, g could also possibly result in a change of the fermion parity of
the resulting ¢ = 0 ground state. This is visible in Fig. 2.7, where we find I, = 0 for

small || and v/E. = 1.1 as a consequence of such a transition.

The message of this subsection is that the anomalous supercurrent tends to vanish either by
raising vz g or by lowering FE..
2.5 Majorana fermions physics

In this section, we will conclude the analysis of the ground-state Josephson CPR of the system

by pointing out the second interesting phenomenon in such a setting, namely the possibility
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of realizing Majorana bound states (MBSs), in both non-interacting and interacting cases.

2.5.1 Introduction to Majorana fermions

A Majorana fermion is a particle that is its own antiparticle, whose notion can be tracked
back to the early moments of the relativistic quantum mechanics. Their name is due to Ettore
Majorana, [27], who showed, in 1937, that the complex Dirac equation can be decomposed
into a pair of real wave-equations: each of them actually describes a real fermionic field, but
with no possibility to distinguish between particle and antiparticle. This rewriting could
look, at a first glance, as a mere formal step: it is possible to express a complex fermion
as a superposition of two real Majorana fermions. Even though this seems a mathematical
operation, the search for Majorana fermions in condensed matter physics has increased as well
as the list of the proposals to realize them in various systems, see for instance Refs. [28, 31, 32].
We here focus on superconducting systems, in the specific case of a quantum dot between
two s-waves superconducting leads, where the role of particles and antiparticles is played
by electron and hole excitations, respectively. While electron excitations are filled states at
energy I/ > 0, with £/ = 0 defining the Fermi level, holes are empty states with energy —F
below the Fermi level. At E' = 0, from electron-hole symmetry it follows that the excitations
are Majorana fermions. If we define the set {¢7(E), £(E)}, of creation and annihilation

operators for excitations at energy F, the relation between them will be

E(E)=¢(-E). (2.69)
At the Fermi level they will coincide, implying ¢ = £7. We can give some basic properties

defining Majorana fermions. They anti-commute, for every pair of fermions considered

&i&j + &6 = 2045, (2.70)
but the product £ = 1 doesn’t vanish.

The first reasonably convincing experiment supporting the existence of Majorana fermions was
reported in Ref. [36], where semiconductor nanowires coupled to superconductors have been
considered. The presence of the s-wave superconductor induces a proximity superconducting
gap (A ~ 250 uV) on the nanowire. Moreover, such InSb nanowires are known to exhibit
strong spin-orbit and a large g-factor. Here, the authors report spectroscopic measurements
on the density of states in InSb nanowires contacted with one normal contact and one s-wave
superconducting electrode held at temperature of the mK order. In the presence of magnetic

fields, B ~ 100 mT, states at zero bias voltage, i.e. zero energy states, appear*. These bound

4A large g-factor is essential to dismiss the possible explanation of the zero-bias peak due to a Kondo

resonance.
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states remain fixed at zero bias even when magnetic fields and gate voltages vary considerably.
They lead to a zero-energy peak (zero-bias peak), in the plot of the differential conductance

(dI/dV') vs the applied voltage V, that is interpreted as a signature of Majorana fermions®.

2.5.2 Realization of the Majorana bound states

We proceed by noting that all ingredients needed for the realization of Majorana fermions
are in principle already present in our model, namely proximity-induced superconductivity,
SOC, and a TRS-breaking magnetic field. The Majorana regime can be reached in the
superconducting atomic limit of the two-level dot in Sec. 2.2.2, where the two orbitals
correspond to two spatially separated single-level dots, i.e. a double quantum dot.

We use the atomic-limit effective Hamiltonian Heg in Eq. (2.47) for the double dot. Using
the basis

{11,1),12,4), 11,4), 12,1, (2.71)
the single-particle matrix h, as it appears in Eq. (2.18), has the representation
p+(e4+B) —asiny 0 o cos Y
b —asiny - (e+B) iacosy 0 2.72)
0 —iacosy p+ (e—B) asin
—iQCos X 0 asin y w— (e — B)

Without loss of generality, we consider the regime defined by a > 0 and B > 0. The aim of
this calculation is to map our system to a short Kitaev chain, see Refs. [30, 31, 32, 33], which
is a 1D toy model with which one is able to theoretically observe the emergence of Majorana
modes. Kitaev proposed a simple 1D tight-binding model of spinless electrons and a term
encoding p-wave superconductivity. This chain can be rewritten through Majorana fermion
operators and, according to the choice of parameters, the system can be driven to a (so-called
non-trivial) phase so that every lattice site can host two Majorana fermion. Here, Majorana
fermions sitting on different sites couple, leaving two unpaired Majorana fermions at both
ends of the chain. The corresponding ground state is found to be two-fold degenerate.

To perform this mapping, we choose x = 7/2, i.e., Zeeman and spin-orbit fields are perpen-
dicular, consistent with Ref. [32]. Our single-particle matrix h is then block-diagonal with
decoupled upper and lower two-state subspaces. The connection to the Kitaev chain becomes

evident when € is positive and chosen in the parameter regime

A > e+ B> max (o, |e — B|, VLR, it Ee) . (2.73)

SHowever, this interpretation is still debatable at this time.
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The upper-block state (2,]) will always be occupied, while the (1,1) block is always empty.
The upper left block in Eq. (2.72) can thus be projected away, and we are left to consider a
truncated Hamiltonian, H;, which acts only within the lower right block described by the
fermion operators, namely, d; = dy; and dy = dyy, which can be regarded as spinless. The

effective truncated Hamiltonian thus reads

2
Hy = (u+e—B)dld, + i~ (¢~ B)ldld, + E. (dld, + dld, — n, )

+ (ad{dQ + Ap)e? O dldl + H.c.) : (2.74)

where the occupied (2,]) state leads to a shift n, — ny + 1. With the hybridization matrix
(2 19) for the double-dot, Eq. (2.47) yields the complex-valued effective pairing amplitude

e’ =1 505 5€ U95+%)  Introducing v = (v + vg)/2, and gauging away the overall phase
Zj(qb] +6;)/2, we obtain

_ 2 _ 4y VR
Me) = wi-Tosmle+a)/2, o=

9(p) = tan (’VV: . ’772 tan[( + ) /2]) , (2.75)

with the phase shift ¢ in Eq. (2.20). Note that 0 < Ty < 1 corresponds to the transmission
probability of a single-channel quantum point contact (QPC), while A(y) gives the Andreev
level energy in the atomic limit, as in Ref. [69].

Non-interacting case

We proceed by first discussing the noninteracting case, E. = 0, where two spatially resolved

MBSs may appear when the necessary conditions
B=¢ upu=0 (2.76)

are fulfilled. The effective Hamiltonian in Eq. (2.74) can be diagonalized in terms of fermionic
Bogoliubov-de Gennes (BdG) quasiparticle operators,

me =g [yt dok e (af — )] (277

and re-formulated in the BAG Hamiltonian form

1

Hi = B2() (e~ 3 ) Bx—ax ) (2.78)
+
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The four possible single-particle eigenstates are constructed by applying the BdG operators
771 or 7, to the vacuum state, with the respective energies F, /2 and —FE, /2. The CPR
follows as phase-derivative of Eq. (2.78),

I() = 252 [O(—E,) — O(—E_)], (2.79)

I(p) =0, Ap) <a, (2.80)

since both energies Fy = a + A have the same sign. We therefore find

0) = OB —alble). i) =3 _T;i?ié’}(ﬁ 572

(2.81)

where Iy(p) coincides with the CPR of a single-channel quantum point contact with trans-
parency Ty, as in Ref. [7], but here shifted by the inter-orbital phase difference .

The CPR (2.81) is 2m-periodic in ¢ and vanishes, or reappears, at the boundaries between
ground states with opposite fermion parity. These boundaries are precisely the formation

points of MBSs, as we show next.

Noting that both a and A are non-negative quantities, the zero-energy condition for MBS

formation is satisfied for
E (p)=0 < Ap)=a. (2.82)

This corresponds to a pair of zero-energy MBSs, generated by the anticommuting Majorana

fermion operators
G=—iln_—n"), L=n_+n, (2.83)
that satisfy the condition in Eq. (2.69)
&n =&l (2.84)

and where £2 = 1. Ensuring the MBSs to be spatially separated means avoiding recombination

to a conventional fermion. This is achieved by imposing
J(¢) = 0 mod m, (2.85)

where & and & have well-defined and different orbital quantum numbers. Therefore we claim
that they correspond to different single-level dots in this double-dot configuration. Taking
for instance ¥ = 0, Eq. (2.77) yields & = —i(d; — d!) and & = d, + db, which indeed implies
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that the MBS associated with &,—; () has the orbital wavefunction n =1 (2).
We conclude that Eq. (2.85) ensures that both MBSs are ’separated’ in orbital space. Through
Eq. (2.75), there are two possibilities to satisfy this condition:

e We may choose equal hybridization strengths, v, = vz = 7. Therefore we get Ty =1,
which implies A = 7| cos[(¢ + )/2]| = a, with two solutions (for ) when vy > a. For

these two phase values, MBSs will be present.

e Alternatively, for v, # g, another possibility emerges by adjusting ¢ = — (mod 27),
where Eq. (2.82) allows for a MBS pair when 7 = «.

Interacting case

Now, it is interesting to study the result for the same system but in presence of weak electron-
electron interactions, for which we continue using the global charging energy. This is justified
by the fact that our double dot is in the regime of large-B field, see Eq. (2.73), and this
means that both dots are occupied by one fermion at most. In this case the global charging
energy equals a capacitative inter-dot interaction. For finite E., the system can be tuned to
the MBS regime by replacing the condition ¢ = 0 in Eq. (2.76) by p = —2E.(1 —n,), i.e., by
putting p at the charge degeneracy point, always with B = e.

In terms of the ny operators in Eq. (2.77), the Hamiltonian (2.74) then reads

1 2
H=> Ei(p) (nfmi - 5) +E, (nim - 77*_77_) : (2.86)
+
with £y (p) in Eq. (2.78). The MBS regime is realized when two ground states have opposite
fermion parity. By examining the many-particle spectrum of Eq. (2.86),

Eyo = —a, Eig=A+E, (2.87)
Fop = ~-A+E, Ei1=a,

where E,, ,_ denotes the energy of a state with n. = (nL7.), the condition (2.82) for the
appearance of MBSs is replaced by

a=A(p) — E, > 0. (2.88)

In the MBS regime, one has a double-degenerate ground state, corresponding to negative
energy eigenvalues Ey, = Epo. Interactions thus only shift the conditions for Majorana

formation, therefore below we focus on the non-interacting case.
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Figure 2.8: CPR in the atomic limit [see Eq. (2.73)] with B=¢, p = E. =0, and x = 7/2.
Main panel: CPR (blue solid curve) for a = 0.4, where v = (1 + vg)/2 with slightly
asymmetric g 1, such that 7p = 0.99. Red points on the CPR indicate that for the respective
value of ¢, a MBS pair is formed (see main text). The dashed black curve shows the CPR
for a = 0, where no MBSs occur. The top left inset shows the schematic setup. The bottom
right inset gives the CPR for a = 0.99~v and significant hybridization asymmetry, Ty = 0.5,
as blue solid curve. The red point indicates MBS pair formation, and the dashed curve is for
a = 0 (without MBSs).

Discussion of the figure and results

In Fig. 2.8, we can notice that I(p) = 0 within a part of the CPR: it represents the indirect
signature for the MBSs. While jumps in the CPR can also have a different origin, the peculiar
feature linked to the appearance of MBS pairs is the complete vanishing of the supercurrent
in a finite phase interval. In the lower inset of Fig. 2.8, the asymmetric case is shown: it
is illustrates the other two points on the CPR where the current vanishes correspond to
spatially overlapping MBSs.

The Josephson current in Eq. (2.81) turns out to be nonzero (zero) for odd (even) Ny, where
the CPR in general consists of two different regions: For A(p) > a, we find I = Iy(p) as for
a single-channel quantum point contact (but with a phase shift when 6 # 0), while I = 0 for
A <.

At the boundary between both regions, the parity (—1)" changes from odd to even, or
eventually vice versa. It is precisely at these points that two degenerate ’half-fermion’ BdG

quasi-particle states appear. Under the described conditions, these can form a pair of spatially
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separated MBS.

Finally, as conclusion to this chapter, we point out that the MBSs discussed here do not
mediate a Josephson current themselves, in contrast to the fractional Josephson effect for

topologically protected Majoranas, as in Ref. [32].
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Chapter 3

Andreev level population dynamics

3.1 Introduction

In this chapter, as briefly discussed already in Ch. 1, we present a comprehensive theoretical
framework for the Andreev bound state population dynamics in another type of supercon-
ducting weak links. We investigate the Andreev bound state (ABS) population dynamics in
a single-channel ’superconducting atomic contact’ (SAC), i.e. a superconducting constriction
or - equivalently - (short) weak link. Experiments, as in Ref. [7], have reported the existence

of long-lived quasiparticles trapped in the ABS formed near these constrictions.

The structure of the remainder of this paper is as follows. In Sec. 3.2, we introduce a second-
quantized formulation of the model. Here, the fermionic quasiparticles, i.e. the Andreev
bound state and the continuum quasiparticles, are weakly coupled to the environmental
phase fluctuations. In Sec. 3.3 we assume the electromagnetic environment to be in thermal
equilibrium and we provide the master equation description of this model. We show that the
density matrix for the quasiparticles can be factorized into an Andreev part, p4(t), and a
diagonal density matrix describing the quasiparticles belonging to the continuum spectrum:
important point is that diagonal and off-diagonal parts of p4(t) appear decoupled from each
other. We also include relaxation of quasiparticles caused by phonons, and the resulting steady-
state solution will be obtained solving two coupled nonlinear equations in a self-consistent
way. In Sec. 3.4, as an application of our theory, we describe a charge imbalance effect, caused
by an asymmetry in the transition rates between Andreev and continuum quasiparticles.
Stressing that no external forces drive the system out of equilibrium in our model, the self-
generated nonequilibrium distribution of continuum quasiparticles causes a phase-dependent

quasiparticle current, and an asymmetric charge profile around the weak link. We also point
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Figure 3.1: Left: schematic illustration of the SQUID geometry considered in this work,
where the SAC is embedded into a ring containing a conventional Josephson junction that
generates environmental phase fluctuations. The Andreev bound states are depicted in the

right panel.

out that the predicted charge imbalance effect could be measured by superconducting-normal
tunnel junction spectroscopy. To this one might refer to Refs. [94, 95, 96, 97]. Details about

our calculations can be found in the Appendices.

3.2 Model

In the theory we will take into account transitions between different ABS configurations and
also their interplay with quasiparticles constituting the continuum states. These transitions
could be induced, e.g., by phonon-induced processes or by phase fluctuations caused by the
environment: they also can change the fermion parity of the Andreev levels.

Even though the ground state has even parity, there are two spin-degenerate odd-parity

Andreev bound state configurations with excitation energy

Ealpo) = Ay/1 — Tsin(¢0/2) (3.1)

relative to the ground state, where ¢, is the superconducting phase difference taken across
the contact and T the normal-state transmission probability of the contact itself.

The occupation of such an odd-parity state causes quasiparticle poisoning, since the resulting
Josephson current is blocked. This is a case in which the parity of the quantum state matters:

here, the presence of a single quasiparticle can actually have effects on the macroscopic
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response of the device.

In this section, we consider a single-channel SAC embedded in the asymmetric SQUID
geometry sketched in Fig. 3.1, where the ring includes both the SAC and a conventional
Josephson junction. In multi-channel quantum point contacts (QPC), one might observe
long-living states of two trapped quasiparticles sitting in two different Andreev levels if they
form a triplet state, keeping in mind that quasiparticle annihilation is forbidden in triplet
states by spin conservation. Correspondingly, two transport modes result to be blocked (’spin
blockade’). In the possible case of two-channels SAC, the SAC itself can be viewed as a
quantum dot for I' > A and it allows to study a two-orbital dot case with a mixture of
spin-blockade and plasmon dynamics. But let us focus now on the single-channel SAC.

Denoting the superconducting phase differences across the SAC and the Josephson junction

by ¢ and x, respectively, both phases are linked by

X(t) —¢(t) + 9o =0, (3.2)

where the dimensionless parameter g is related to the magnetic flux threading the ring, in
units of the flux quantum h/2e. Assuming E; > E¢, i.e. the Josephson energy to be much
bigger than the charging energy of the Josephson junction, Ec = (2¢)?/2C, with capacitance
C, the SAC will see environmental electromagnetic modes that are well described by an

effective LC' circuit Hamiltonian,

+ —x" (3.3)

corresponding to an undamped harmonic oscillator.

But, we will also include the effects of an additional shunt resistance R in the theory, as we
will see in Sec. 3.3, and it will lead to a damping parameter 7y = 1/(RC'). We also stress
that in the regime E; > E¢ of interest here, fluctuations of x are small, (%) < 1.
Turning to the single-channel SAC, the BCS Hamiltonian is written in terms of a two-

component Nambu spinor

describing electrons in the left (z < 0) or right (x > 0) superconducting bank, with the SAC
located at = 0. Using the standard quasiclassical Andreev approximation, as in Ref. [69],

we introduce the slowly varying envelope functions,

U(x) = e*ropp(a) + e *rTay (z), (3.5)
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with Fermi momentum kpr. Combining the right- and left-moving envelopes into ¥(x) =
(¢Yr, )T, where each entry still carries the Nambu spinor structure, the time-dependent
wave function satisfies the Bogoliubov-de Gennes (BdG) equation, whose details are to be

found in Ref. [69], where we often set h=e=c=1
(l@t — HBdg) ‘If(.%', t) = 0, with HBdG = UFTZUZ<—i8x) + ATOUx, (36)

with Fermi velocity vg, the BCS gap A, and Pauli matrices o, , . and 7., . in Nambu and
right /left-mover space, respectively. In the remaining part of the chapter, the corresponding
unit matrices o¢ and 7y will not be written fully, but rather kept implicit.

Keeping as guideline for our calculations Ref. [87], the BAG solutions on both sides of the

contact have to be matched at x = 0 by a transfer matrix,

1/d r/d

U —O+,t _ Liozp(t)/2
(=078 =c r/d 1/d

) U0t ¢), (3.7)
where d = /T and r = /R are the energy-independent transmission and reflection ampli-
tudes, respectively, with 7 4+ R = 1. Eq. (3.10) can be rewritten in a more compact form in

terms of the transmission probability only,

pio=o(t)/2
W(—0*,t) = — <7’0 Iz T@) W(0*, 1), (3.8)

which is 4m-periodic in ¢.
For sake of simplicity, the transmission probability, 0 < 7 < 1, which characterizes the
transparency of the constriction in the normal phase, is assumed to be energy-independent
too. In our analysis, it is convenient to remove the time dependence from Eq. (3.8) by a
gauge transformation,

(z,t) — e~ ODsen@xOmo=g (4 1), (3.9)

with x(¢) in Eq. (3.2). Since we assume low-inductance loop, i.e. small y, and since the phase

factor in Eq. (3.8) thereby becomes time-independent, with ¢(t) — ¢, we obtain
Hpac — Hpac +V, (3.10)

where the interaction term is given by

V(x,t) = A(z)x(t) + W(x)x(t) + O (x?) (3.11)
with xy = 0yx, where
1 A
Ax) = —ngn(x)Tooz, Wi(x) = —Esgn(x)Toay. (3.12)



Since (x?) < 1, the linearized expression in Eq. (3.11) now couples the quasiparticle dynamics
to the phase x(t). Using the Josephson plasma frequency, 2 = /2E¢E;, where we assume
) < A throughout this thesis, the Lagrangian of the coupled system is

1 . =
L(t) = 15, (X2 — QQXZ) + / dx V(i0, — Hpag — V) V. (3.13)

with ¥ = (U*)7. Employing the momentum P, canonically conjugate to the phase ¥, the

corresponding Hamiltonian is

2

2

_ Q _

H = E¢ (Px + /d:c \IJA(SC)\II) + E)ﬁ + /d:z: U [Hpac + W (x)x]V. (3.14)
c

3.2.1 Formulation in the second quantization language

We now switch to a second-quantized language by letting ¥(x) — W(z), where the electron
field operator, \i!(x), is expanded in terms of the stationary solutions, ¥, (z), with energy F,,
of the BAG equation for time-independent matching condition (3.8), i.e., for ¢(t) = ¢o. The
wave functions W, (z) thus represent the noninteracting SAC eigenstates.

We then reformulate the field operator \if(x) by introducing the corresponding quasiparticle
creation (annihilation) operators 4/ (,), with the standard fermionic anticommutator algebra

{,, %T,/} = 0,7, and we arrive at
U(z) = Z U, ()7, (3.15)
The noninteracting SAC Hamiltonian then reads

Hsac = Y _Ely,. (3.16)

The quantum numbers v include

e a pair of Andreev bound states, v = 1 = £, where the energy E, = nE4, with E4(¢0)
in Eq. (3.1), is within the BCS gap, i.e. Es(yo) < |A|, and ¥, (x) stays localized near

the contact at ©x = 0;

e delocalized scattering states in the continuum, v = p = (E, s), where |E| > A and the
index s (with s = 1,2, 3,4) refers to the four possible types of incoming states (from

the left or right side, and of electron- or hole-like character).

The analytical form of the wave functions ¥, (x) are provided in Appendix B, see also Ref. [93].
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We discuss a second-quantization framework, stressing analogies and differences with Refs. [80,
93]. We here employ a semiconductor representation describing effectively spinless quasiparti-
cles with either positive or negative energies, in contrast to Ref. [93], where the excitation
picture, where one describes effectively spinless quasiparticles with only positive energies,
is employed. In the semiconductor picture, in the ground state of Hgac, all E, < 0 states
are occupied, including the ABS described by n = —. Using standard occupation number
operators, fi,, = v17,, whose eigenvalues are n,, = 0, 1, the four possibilities for the occupation
of the Andreev bound state sector are indexed by (n,,n_). The ground state, with energy
—FE}y, corresponds to the (0,1) configuration, which we also denote by the Andreev state

|—)a. This state carries the equilibrium Josephson supercurrent

OF 4

I = —(2e/h) 52

(3.17)

The state |—) 4 is an even-parity state, while the odd-parity sector corresponds to the spin-
degenerate (0,0) and (1, 1) states, with excitation energy E, relative to the ground state.

The odd-parity states, with n, +n_ = 0 and 2 respectively, are denoted by

004 =7-1—)a,  [120a=7-)a, (3.18)

Y

and imply a vanishing Andreev supercurrent, consistent with the 'quasiparticle poisoning
scenario. The lifetime of these states can reach the millisecond regime for high transparency,
T — 1, and they decay as a function of E4/A, exhibiting nearly universal scaling behavior.
Finally, the (1,0) even-parity state, denoted as

[+)a =7 1=)a, (3.19)

represents an excited ’Andreev Cooper pair’ localized at the contact, with excitation energy
2F 4 above the ground state. The |+) 4 state carries the Josephson current —14, with opposite

sign as compared to |—) 4, but rather quickly relaxes to the ground state.

Turning back to our problem, the second-quantized form of the interacting Hamiltonian (3.14)

is thus given by

_ 02
H = E0<PX + A)2 + EXQ + Hsac + X Z WW”Vi’YV’? (3'20)

v,V

where A = O A7)y, plays the role of a vector potential. The matrix elements
Ay = / dr VI A(x)W,,, W, = / dx UIW (2)¥,,, (3.21)
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are discussed below. For convenience, we now shift
P,— P —A (3.22)

via a unitary transformation, H — UHU' with U = ¢ and represent the unitarily
transformed phase x and its canonically conjugated momentum P, by a standard boson

operator, b, with commutator [b,b] = 1, such that
X =VEc/Q (b+b"), P,=—-i2/Q/Es (b+0). (3.23)
We then arrive at the Hamiltonian in its final form, up to an irrelevant constant,
H = Hsac + Q'+ X (b+b) Is, (3.24)

describing fermionic (Andreev level and continuum) quasiparticles coupled to an oscillator
mode with the plasma frequency (2. For E; > Eq, we are effectively in the weak-coupling
regime, A < 1, with the dimensionless coupling strength A = \/m

Finally, the Josephson current operator in Eq. (3.24) is

jS = ZIVV/,V;E,YI/,7
L = 2W,, —2i(E,— E,)A,. (3.25)
Let us discuss the matrix elements Z,,, in more detail. From Eq. (3.25), we first need to
determine the corresponding matrix elements A, , and W, ,. Using the auxiliary quantities

1
= 3.26
“ nsinf, + ingsinh g’ (3.26)

z = -

1 )
(0p+iby)/2
e
2 (

as well as the definitions in App. B, we find

Wap/B ) _ \/T ; inz
( 2A77,’p o 8L cosh Ay U [(C 7]ECL>77A,7 + (b + 77Ed>B,7] o (327)
mz*

Equation (3.25) then yields the current matrix elements Z,,,,.
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3.2.2 Derivation of the current

This subsection is devoted to the study of the currents in the system: we will analyze the
current generated from transitions between continuum states at the same (or different) energy,
then we will write down the form of the current pertinent to the Andreev level sector only,

and, finally, the contributions coming from the ’Andreev to Continuum’ transitions.

We first note that due to the spatial homogeneity of the extended quasiparticle states, since
they are plane waves, away from the contact, the matrix elements A,, and W,,, and hence
also Z,,,, between continuum states can be finite only when their energies match, £ = E', i.e.,
phase fluctuations do not induce intraband transitions. Moreover, one finds that W,, =0
even for £ = FE’, implying that Z,, = 0. The explanation is that in the limit L — oo, only
states with £/ = E’ can have a finite matrix element. Taking into account that the Nambu
spinors (B.5) satisfy the relations @Ee’h0y¢e7h =0 and @e7hazwe,h = 4 tanh fg, one then finds
Wy = 0. Although the matrix elements A,, are nonzero, they do not contribute to Z,,
because they appear together with a factor (£ — E') = 0.

In this theoretical framework, delocalized continuum states can contribute to the supercurrent

Is only via transitions mixing them with Andreev levels.

The Josephson current operator then contains a part I A, coming from the Andreev sector

only, and a part I, 4, describing the mixing of continuum and Andreev states,

A ~ ~

fg=1T4+1.4 (3.28)

For the pure Andreev current, as in Refs. [86, 87], we find

A T A2 si 2 .
Iy =— Sglj(po/ ) 71 cos(po/2)n. — V1 — Tsm(goo/2)ny] 7, (3.29)

where v = (74, v_)T combines the two Andreev level fermion operators, and the Pauli matrices
set, {74+ }, acts in the corresponding space. Note that the Andreev current operator (3.29)
is written in the energy representation, and that in this representation the Hamiltonian

projected to the Andreev sector is diagonal,
Hiy=Eay'n.y. (3.30)
For non-ideal transparency of the contact, 7 < 1,
(L4, Hy] # 0. (3.31)
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This renders the Andreev level eigenstates superpositions of current eigenstates implying that
strong fluctuations of the supercurrent, resulting form the normal backscattering in the SAC,

are generated for ¢y &~ 7, as in Ref. [87].

Similarly, the supercurrent contribution caused by the mixing of continuum and Andreev

states is

= Z Z Imﬁ;vp + h.c., (3.32)

n=+ p:(E,S)

where the matrix elements 7, , are specified in Eq. (3.25). I.4 describes the mixing of the
Andreev bound state at energy nE 4, with n = £, and the continuum state with p = (E, s),
where ng = sgn(F) and |E| > A.

Finally, the total current flowing through the contact also contains a conventional dissipative
quasiparticle contribution due to continuum states, /4, on top of the supercurrent contribution
(Is). This contribution follows from the W, in Eq. (B.4),

Ip=cop Y  n0,m.T, (3.33)

p=(E,s)

where the Pauli matrix 7, acts in left-right mover space, see Sec. 3.2. Using the s-dependent

scattering amplitudes (a, b, ¢, d) in App. B, we find

|E|dE
= s 3.34
Iqp 2752/E|>A VE? — A? N(E,s) ( )

X [(55,1 + d52) (|Cs| — |ds| ) (0s,3 + 0s4) (|6ls|2 - |bs|2)}

3.3 The master equation approach
To study the physics described by the interacting Hamiltonian,
H=H,+V, (3.35)
with the noninteracting piece and the interaction contribution
Hy = Hsac + Q'b, V= Ab+0b1)Ig (3.36)

we now turn to a master equation approach. To this aim, we assume that the plasma mode

remains in thermal equilibrium with a heat bath of temperature T,,, at all times, in order to
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neglect feedback effects on the phase dynamics.

Within the master equation framework, see Ref. [69], the Liouville-von Neumann equation
for the density matrix of the complete system, pi, is expanded to second order in the small
interaction parameter A < 1. Writing time-dependent operators in the interaction picture as
O(t) = ethotQe~tHot  the density matrix then obeys the equation

Oiprot(t) = _/0 dr [V(t),[V(t —7), prot(t — 7)]] = i[V (), peot (0)). (3.37)

Our assumption of thermal equilibrium for the plasma mode allows for a factorized form of

the density matrix,
Ptot (t) = Posc X P(t), (338)

(/Ten)b'6 ig g thermal density matrix for the plasma mode and p(t) describes

where pose ~ €~
the time evolution of fermionic quasiparticles. Taking the trace over the oscillator degree of
freedom, Eq. (3.37) yields

Dip(t) = — /0 S [D(T)fs(t)fg(t —P)p(t) — D(=7)Is(t)p(t)Is(t — 7)} the,  (3.39)

where we have employed the Markov approximation®, valid at long times ¢ and not too low

temperatures. In Eq. (3.39) the boson correlator function reads

D(r) = / A () [(np(@) + 1) e + np(w)e] (3.40)
0
with the Bose function,
1
np(Ww) = (3.41)
and the environmental spectral density function, with the property J(w) = —J(—w),
)\an 1 1
= — . 42
10 =5 (G- Graro) (342)
Moreover
Jw)(1+npw)) = J(—w)ng(—w). (3.43)

We use Eq. (3.42) below also for w < 0, and directly include the Ohmic damping parameter,
74, to capture the effects of a shunt resistance. For n; — 0, the spectral density has the limit

J(w) = N5(|w| — Q)sgn(w). (3.44)

!Specifically, the Markov approximation amounts to replacing p(t —7) — p(t) and neglecting the last term
(describing correlations with the initial state) in Eq. (3.37). This step is valid for temperatures above A\2/A.
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For finite 74, Eq. (3.42) exhibits sharp peaks for |w| = €.

The equation of motion (3.39) is still quite difficult to deal with, and we shall here proceed

by making two approximations.

e We neglect entanglement between the Andreev and continuum quasiparticles, which
means that the reduced density matrix factorizes into an Andreev part and a continuum

part,
p(t) = pat) @ pe(t). (3.45)

This approximation is justified in the weak-coupling regime A < 1, since higher-order
terms in A are needed to coherently couple Andreev and continuum states?. The
factorized density matrix (3.45) is expected to be highly accurate away from the zero-
temperature limit, since the thermal energy uncertainty causes a blurring of continuum
quasiparticle wavepackets that rapidly destroys entanglement between Andreev and

continuum states.

e We also assume that the density matrix p.(t) describing continuum quasiparticles
remains diagonal during the time evolution. This approximation is justified by noting
that there are no direct matrix elements in H connecting different continuum states,
and implies that p.(t) is fully determined by specifying the time-dependent occupation

probabilities n,(t) of continuum states,

pet) = 1] [np(t) [1p) (Ll + [1 = 1, (0)]0p) (Op ], (3.46)

p

where |1,) = ~/]0,) corresponds to a filled single-particle state p = (E,s). Note
that p.(t) in Eq. (3.46) is always normalized, Tr.[p.(t)] = 1. On the other hand,
the density matrix pa(t) describing the Andreev sector, with normalization condition

Tra [pa(t)] = 1, may have off-diagonal entries reflecting quantum coherence.

Tracing over the Andreev part in Eq. (3.39) then yields an equation of motion for the
continuum state occupation numbers n,(t). Similarly, tracing instead over the continuum

states, one obtains an equation for the time evolution of the reduced Andreev density matrix

2Mathematically speaking, we here construct an asymptotic solution for the reduced density matrix of the
form po(Ct) + Cpi(t), where € is a small expansion parameter o« A\? < 1, which reflects the weakness of the
coupling A. The first term corresponds to Eq. (3.45) and is ’slow’ on the timescale 1/A, while the second
term contains off-diagonal terms oscillating with frequencies Z(A — Ey4). This term is therefore fast’ and
remains small.
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pa(t). In these equations, the transition rates between different levels follow from the Fermi

golden rule,

2
T,, = % T 2 [L + 1 (Ey — B J (B, — By, (3.47)

with the Bose function np(w) in Eq. (3.41) and the spectral density J(w) in Eq. (3.42). By
using Eq. (3.29), we observe that the direct rates connecting different Andreev states are

given by
on (A% — E2)?
n—n = f(l - T)TA

These rates vanish for perfect transparency, 7 — 1.

Recalling now that Z,, = 0 for arbitrary 7, we see that transition rates between continuum
states are always absent, I',,y = 0. Finally, the supercurrent matrix elements between Andreev
and continuum states, Z,,,
for exciting an Andreev quasiparticle into the continuum, plus the reverse process with rate

see Eq. (3.25), determine the corresponding transition rates, I, ,,

', . Such transitions must involve the absorption or emission of an environmental photon.
Since |E| > A and the spectral density is sharply peaked around the Josephson plasma
frequency €, those rates are sizeable only when Q > A — E,, see Ref. [93].

Tracing now over the Andreev sector in Eq. (3.39), we find

Oy = — Z [Cpn(1 = ng)ny — Ty p(1 = np)ng] . (3.49)

n=+

The time-dependent continuum state distribution function, {n,(¢)}, thereby couples to the

Andreev level occupation probabilities,

ny(t) = Tra [ppa(t)], 7y = '7:;%7~ (3.50)

Tracing instead over the continuum states in Eq. (3.39), we find ({4, B} denotes the anti-

commutator)

dipa(t) = _% Z Loy {0 (1 = 7my), pa(t) } + Z F—mn%TyV—npA(t)VT—n%
= X T) (5 (1= ) = shpato,
= O 0] (5 G ) = a0} (3.51)
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Moreover, the terms ~ %JgpA(t)% and ~ ynpA(t)%T] in Eq. (3.51) describe ’'parity jumps’,
in the language of Andreev quasiparticles, where the fermion number parity of Andreev
quasiparticles can change. The basis we are going to use here and in Sec. 3.3.2 is the Andreev

level basis: the generic matrix element is

pov (8) = (Vlp(O) V), (3.52)

and the basis used is

vy € {]0), |n==£) =~f0), [2) =~i~l10)} (3.53)

Since there are four Andreev configurations (n,,n_), the Andreev density matrix is a 4 x 4
matrix. We here represent p4(t) in the basis spanned by the Andreev ground state |—) 4,
corresponding to the (0, 1) configuration, the spin-degenerate odd-parity states |0)4 and |2) 4
in Eq. (3.18), and the excited even-parity state |+)4 in Eq. (3.19).

3.3.1 Diagonal Andreev density matrix elements

The diagonal elements of p4(t) yield the respective occupation probabilities, Py(t) =
4(0]pa(t)|0) 4, and likewise for P,_,(¢) and P5(t). Thereby the normalization condition
for pa(t) gives

Po(t) + Py(t +ZP (3.54)

and the n,—4 (t) in Eq. (3.49) are expressed as
ny(t) = Py(t) + Pa(t). (3.55)

We now observe that the off-diagonal components of p(t) decouple from the equations for
the diagonal part in Eq. (3.51): the latter determines the dynamics of the Andreev state

occupation probabilities, where we find

Pn =Ty P+ 1Ty Py Z [”p (Lp—n Py = TpnBo) + (L —myp) (T Py = Ty, P2) | (3.56)

p
and
P = — Z [CpnpPo — T p(1—1,) P,
p,n==
P, = =Y [[(1—n,)P—T,_yn,P). (3.57)
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Continuum
quasiparticles

Figure 3.2: Schematic illustration of the rate equation dynamics (see text). Direct transitions
(solid arrows) connect the Andreev level ground state, |—)4, to the excited state |+)4.
Transitions to the two degenerate odd-parity states (dashed arrows), |0)4 and |2)4, are
mediated through quasiparticle continuum states with energy |E| > A, which we indicate by

a blue box.

Together with Eq. (3.49), we thereby arrive at a set of coupled nonlinear equations deter-
mining the time-dependent continuum distribution function, {n,(¢)}, and the Andreev level
probabilities, Py g2(t). Importantly, despite of the approximations involved in their deriva-
tion, these coupled equations automatically satisfy the normalization condition (3.54). The
resulting Andreev bound state population dynamics is schematically illustrated in Fig. 3.2.
The rates I';, _,, in Eq. (3.48) connect the even-parity Andreev states |n = %) 4, without in-
volving continuum quasiparticles. However, processes that populate or depopulate odd-parity

Andreev states sensitively depend on the continuum distribution function {n,(t)}.

3.3.2 Off-diagonal Andreev density matrix elements

Within the master equation approach, we saw that diagonal and off-diagonal components of
the Andreev density matrix p4(t) are actually decoupled from each other, with the off-diagonal
sector obeying its own set of dynamical equations.

Taking into account Hermiticity of the Andreev density matrix pa(t), we can project the

off-diagonal parts of the Andreev density matrix on the basis in Eq. (3.53), by using

Yo = 10){n] + nl=n) (2. (3.58)
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The dynamics of the even-parity matrix elements is determined by

09 (1) = —5 S [Tyt ST+ (1= my (D]} (1), (3.59)

n

and for matrix elements connecting states with different parity we obtain

Oipno = _%{Fn,—n + Z [np (2lp — + Fpm) (1- ”p)rmp] }pn,O

P

— 0> (L=l ypp2 (3.60)

P
Opo,—y = _%{F—n,n + Z [(1 - np) (zr—n,p + Fn,p)

P

+ npl"p,n] }Pl—n -7 Z Nplp P - (3.61)

P

As conclusion, from now on we assume that the initial state (at ¢ = 0) is diagonal. In that
case, the decoupled off-diagonal density matrix elements remain zero during the entire time

evolution.

3.3.3 Steady-state distribution of quasiparticles

Under the assumption that the initial Andreev density matrix, p4(0), is diagonal in the
basis {|£)4,[0)4,|2)a}, see Eq. (3.53), in the long-time limit, the system will reach a time-
independent steady-state distribution, which is fully characterized by the probabilities Py g2
together with the continuum quasiparticle distribution function {n,}. In order to determine
these quantities, we first observe that P, = Py due to the spin degeneracy of the two odd-parity
states (equiprobable spin-up and spin-down configurations in the excitation picture).

By using the normalization condition in Eq. (3.54), Py can be expressed in terms of P alone,

Po=Py=-(1-P,—P). (3.62)

1
2

For the Andreev level occupations, we thus find
1
n+:1—n_:§(1+P+—P_). (3.63)

The steady-state reformulation of Eq. (3.49) yields

(0)
n,—n
0=- Z [Cpn(1 = ng)ny — T p(1 = ny)ng| — ———— - - ’ (3.64)
; ap
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In the last equation we have added a phenomenological relaxation term for continuum
quasiparticles describing, for instance, the effect of phonons, in analogy with Ref. [93], and,
according to this reference, estimates for SACs made of aluminum in the phonon-dominated
regime, given by E4 < A—, we expect 7,,A &~ 10*. For simplicity, we here assume an energy-
independent relaxation time, 74, and a Fermi distribution function for the noninteracting

continuum quasiparticles,

1
n B (3.65)

p=(B:s) ~ oB/Top 4 1’
where the temperature T, may differ from the temperature 7Ty, governing environmental
phase fluctuations. In order to point out analogies and differences with Ref. [93], our case
here corresponds there to the fast equilibration case with I',, 7, < 1.
Taking into account Eq. (3.62), the rate equation (3.56) then yields the steady-state relation

0= _Fm—npn + F—nmP—n - Z [np (FP,—UPW - FvaO) + (1 - np) (Fn,ppn - F—n,pPO)] ) (3'66)
P
and Eq. (3.57) is automatically fulfilled.

Now we can proceed to solve Eq. (3.64) for the continuum quasiparticle distribution function,

i)
B SR

which is thereby expressed by the Pr-dependent effective rates

(0)
~ n
M) = D Doy +
n qp
- 1— n}()o)
L = 3I,,0-n,)+ - (3.68)
n qp

To obtain the Andreev level probabilities P, we then plug the continuum quasiparticle

distribution function in Eq. (3.67) into Eq. (3.66). We finally arrive at two coupled nonlinear

G_—T,_ I, +2G,+G_ P_ G_ )’ '

with the auxiliary functions

equations,

4
El

G,_(P,, P )= dE——21
yi(Py P) Z/UM P
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where p = (FE,s) encodes the continuum energy index and the scattering channel s, and
vy = L/(mhur) is the normal density of states at the Fermi level.

The nonlinear system in Eq. (3.69) can be solved by numerical iteration, where a relative ac-
curacy of 1076 was ensured by using a Newton-Raphson algorithm. This is necessary because
the continuum quasiparticle distribution {n,}, Eq. (3.67), derived from the self-consistent

solution for P, and P_, strongly responds even to tiny changes in the P..

Furthermore, it will be useful to translate our analysis into a ’'parity-language’. This means
that we consider the rate I'y, for transitions from the even-parity to the odd-parity sector: in
this case, Py increases. We consider the escape rate as well, 'y, out of the odd-parity state,
which will mean that Py decreases. In Ref. [93] the authors consider those rates by assuming
an equilibrium quasiparticle distribution function {n,}.

Here we employ the self-consistent continuum quasiparticle distribution function, and both

rates can be read off from Eq. (3.57),
D= Typ(l=mp), Tow=Y Lpym,. (3.71)
Pl Pl

Since our interest is mostly captured by the current flowing in the system, we will discuss the
quasiparticle current I,,, which follows with our self-consistent solution for {n,} by using

standard scattering theory expressions, see Eq. (3.34).

3.3.4 Perfect transparency case

Applications of our theoretical framework, presented further on in this thesis, are actually
simplified when we consider a SAC with perfect transparency, 7 = 1.

The quasiparticle wave functions for ideal contact transparency, 7 — 1, can be written down
fully. In the Andreev bound state wave functions, ¥, (z) in Eq. (B.1), the coefficients A,

and B, now take the form

Ay = /sin(p0/2) 0y —sen(m—p0)s (3.72)
BTY = \% Sln(¢0/2) 5T],Sgn(7r—goo)-

where 0 < o < 27. Turning to the continuum state wave functions V,— g (z) in Eq. (B.4),
we need the scattering amplitudes (as, bs, s, ds) for an incoming state of type s = {1,2, 3,4},
which have been specified for arbitrary 7 in Eqgs. (B.8) and (B.9). For 7 = 1, these results
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can be simplified to yield

a Ca —isin(yo/2)

by B by | 1 0

c1 | as | sinh(fp +ip/2) sinhfp ’
dy dy 0

ao as 0

by B ds | 1 isin(yo/2)

o B cs | sinh(0g —ipy/2) 0

dy b3 sinh 05

The Andreev bound state energies, nFE 4 with n = %+, then follow from F4(¢g) = A| cos(vo/2)],
see Eq. (3.1), and for ¢y — 7, the Andreev levels tend to zero energy. Moreover, Eq. (3.48)

shows that transition rates between different Andreev states vanish for 7 =1, i.e., I';, -, = 0.

For a given energy F with |E| > A, there are two decoupled types of scattering states ¥,_ (g ),
namely s = {1,4} and s = {2,3}. Those channels correspond to a net charge transfer across
the weak link in opposite directions.

Charge flows from the left to the right side for s = {1,4}, but from the right to the left when
s = {2,3}, as it follows from the definition of the scattering states, see Egs. (B.4) and (B.6).
This also implies that the supercurrent matrix elements between Andreev and continuum

states, Z,, ,, are nonzero only when

n = —Sgn(ﬂ'—@o), 52{1’4}
n = +sgn(r— o), s=12,3}. (3.73)

In what follows, we take the phase difference across the contact as 0 < ¢y < 7. With
ne = sgn(F), we find the transition rates from Eq. (3.47), as in Refs. [93].

o 1 (E2-A?) /AT 5.7

h Ar, | |

X [0n,— (051 + 0s.a) + 6y 4 (05,2 4+ 053)] [Onp+ + 15 (Wi )] J (Wi,
with the following transition energies
Wig=t = |E| F Ea 20, (3.75)

but noting that, for each scattering channel s, |Z, -5 [* in Eq. (3.74) is invariant under a

particle-hole transformation, (E,nE4) — (—E, —nE4).
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3.4 The charge imbalance effect

In this final section of this chapter, we now address the charge imbalance effect, which is
predicted to be observable in high-transparency SACs. We discuss this effect for a perfectly
transmitting, i.e. transparent, SAC, where, as we saw already, 7 = 1, and by assuming
@o € [0,7]; for ¢y € (m,27), the sign of the induced quasiparticle current discussed below is

reversed.

In a transparent SAC, Eq. (3.74) only allows for transitions between Andreev and continuum
current states propagating in the same direction. This results in generating a charge imbalance
effect.

We note that, since the matrix elements in Eq. (3.74) are identical for s = {1,4}, as well as
for s = {2, 3}, the steady-state distribution function n,—(g for continuum quasiparticles
corresponds to a single distribution function for left-movers, ny(F), and one for right-movers,

nr(E), respectively,

NEs=1) = NEBs=1) = Nr(E), (3.76)

NEs=2) = n(E,s:?,):nL(E)-

For nr(E) # ni(F), continuum quasiparticles are driven out of equilibrium. For given
steady-state Andreev occupation probabilities Py, the distribution functions in Eq. (3.76)
follow from Egs. (3.67) and (3.68).

Using Egs. (3.74) and (3.34), the quasiparticle current flowing through the SAC, in terms of

the Andreev level occupation, is given by

I e

q

AE jop(E) [na(E) - ny(E)] (3.77)

LN
with the energy-resolved dimensionless quasiparticle current (|E| > A),

EWVET_A?

Jap(E) = ET_E% (3.78)

and the self-consistent distribution functions ny, z(E) in Eq. (3.76). Evidently, np(E) #
nr(E), will cause a charge imbalance, and therefore a finite quasiparticle current I, # 0
from Eq. (3.77).
We can also define the total accumulated quasiparticle charge
|E|
Qqp = eV / AdF ———
P s VEE—A?
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[nr(E) —n(E)]. (3.79)



In a very narrow constriction, the density of states, that is
Vg X L/&), (380)

where L is the channel length and & = hvg/A the BCS coherence length, tends to vanish.

As consequence,
Qqp — 0

for a very short channel, while the induced quasiparticle current remains finite in that limit.

Presentation of figures and discussion of the results

Let us first address the steady-state Andreev populations, Py 2, where the two Py follow
from the self-consistent solution of Eq. (3.69). The occupation probability of the degenerate
odd-parity state, Py = P, is then given by Eq. (3.62).

Representative results for Py vs E4/A are shown in Fig. 3.3, where the parameters chosen
have experimental relevance. We essentially show the phase dependence of the Andreev state
probabilities for ¢y € [0,7]. The charge imbalance turns out to be absent in the strong
relaxation regime 7, A < 1, where our theory reduces to the approach of Ref. [93] and thus
the self-consistency plays no role at all. We therefore focus on the weak relaxation regime
TqpA > 1 in this section. The main panel in Fig. 3.3 is for T¢,, = Tqp, while the inset studies
a case where T¢,, > T¢,. From Fig. 3.3, we can distinguish two qualitatively different regimes

Ey > A—Q, where Py —0
Ey < A—-Q, where P, #0 (3.81)

For E4 > A — (), environmental photons can rapidly excite quasiparticles from an odd-parity
state into the continuum. As net effect the system remains quite close to the ground state,

|—)a. Instead, for E4 < A — ), the frequency € is too low to achieve such a transition.

The corresponding rates I'y, and oy, see Eq. (3.71), for populating and depopulating the odd
parity states, respectively, are shown in Fig. 3.4, again as a function of E4/A. The existence
of two regimes, as defined before, F4 > A — Q and F4 < A — 2, becomes clearer now.

For E4 ~ A — (), the rates increase over several orders in magnitude with very small g
variation, and one enters a regime where the odd-parity state quickly decays. This regime,
Ex > A =, has been termed ’fast relaxation regime’ in Refs. [80, 93].
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Figure 3.3: Self-consistent solution of Eq. (3.69) for the steady-state Andreev level occupation
probabilities in a transparent SAC, 7 = 1. Here, Py refers to the even-parity Andreev
levels, with |—) 4 being the ground state, and Py = P, to the degenerate pair of odd-parity
states. These results have been obtained for plasma frequency €2 = 0.5A, quasiparticle-
photon coupling A\ = \/m = 0.1, environmental temperature T,,, = 0.2A, quasiparticle
temperature Ty, = 0.2A, channel length L = £;, Ohmic damping constant 1y = 0.01A, and
Tl = 10° (weak quasiparticle relaxation). The inset shows the case Q = 0.2A, T.,, = 0.5A,

and T, = 0.01A, where all other parameters are as in the main panel.

Next, in Fig. 3.5 we show the induced quasiparticle current I, as function of E4 for 2 = 0.5A.
This quantity clearly demonstrates that there is a significant charge imbalance effect through-
out the regime E4 > A — €2, but not for F4 < A — €. The induced current gets reduced as
the quasiparticle relaxation rate 1/7,, increases, and is only significant for 7,,A > 1, which
is the typical regime for aluminum-made SACs, as in Ref. [80].

More understanding of the generated charge imbalance is obtained by analyzing the distribu-
tion functions ng 1 (E) for right- and left-moving quasiparticles, as they appear in Eq. (3.76).
As illustrated by the insets in Fig. 3.5, the generated imbalance is maximal for £4 — A, and
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Figure 3.4: Transition rates I'y, and oy (in units of A/A) vs E4/A on a semi-logarithmic
scale. T'y, describes the rate for entering the odd-parity sector, and I'yy is the decay rate of
odd-parity states. Parameters are as in Fig. 3.3. The inset shows the rates for parameters as
in the inset of Fig. 3.3.

becomes smaller as E4 decreases. Moreover, it is worth stressing that £4 — A corresponds
to the case pg — 0, where the supercurrent (f s) can be vanishingly small.

In the insets of Fig. 3.5, we find that the smaller n(E) curves (indicated by dotted curves),
i.e., the ng component for £ > 0, and 1 — ny, for £ < 0, coincide with the Fermi distribution
at the corresponding temperature, for the present case T, = Tony.

Noting that the Josephson current for a fully transparent SAC is of order
(Is) = (I4) ~ eA/R, (3.82)

the induced quasiparticle current is a few percent of this value for the parameters in Fig. 3.5.
This imbalance discussed here is due to the breaking of the left-right symmetry in the rates
connecting continuum quasiparticles and the Andreev bound states and induces a quasiparti-
cle current on top of the Josephson current in the ring geometry, depicted in Fig. 3.1.

The quasiparticle current /., flows in opposite direction to the Josephson current <f 5), even
it Py < P_ favors the same sign of I, and (f s). This can be seen as follows. The rate

from |+)4 to the left-moving s = 2 continuum states with E > 0 carries negative current
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Figure 3.5: Main panel: Induced quasiparticle current I, (in units of eA/h) vs E4/A
for varying 7, A = 105,10 and 10 from bottom to top; other parameters are as in the
main panel of Fig. 3.3. Insets: Continuum quasiparticle distributions ny, z(£) vs E/A for
two Ea/A values and 7, A = 10°. For E < 0, the distribution functions follow by using
the electron-hole symmetry relation ng(—F) = 1 — ny(F). Dotted curves indicate the

corresponding equilibrium Fermi distributions.

and results to be much bigger than the one from |—)4 to the (£ > 0,s = 1) states carrying

positive current, because of the much shorter distance in energy.

As we show next, it is also interesting to consider an alternative classical regime, where
the temperature of the environmental modes is high, T¢,, > 2. Experimental realization
of this scenario is possible by replacing the electromagnetic environment by an external
microwave radiation source at frequency 2. We here consider the case 2 = 0.2A, with
Teny = 0.0A = 2.5Q and quasiparticle temperature 7T, = 0.01A, significantly smaller than

T.ny- The Andreev state populations for this case are shown in the inset of Fig. 3.3, and the
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Figure 3.6: Main panel: Quasiparticle current I, (in eA/h) and accumulated charge Qg (in
units of e) vs E4/A for the parameters in the inset of Fig. 3.3, i.e., Q = 0.2A, T,y = 0.5A
and Ti,, = 0.01A. The insets show the continuum quasiparticle distributions, ng (£), for
two different F 4 values. In contrast to the case studied in Fig. 3.5, the induced quasiparticle

current is now significant for the whole F4 range, and exhibits a sign change for F4 ~ (2.

corresponding Iy, /ou¢ rates in the inset of Fig. 3.4.

By noting that the induced quasiparticle current exhibits a sign change for £4 ~ €2, in the
main panel of Fig. 3.6, a significant quasiparticle current is induced throughout the whole
E 4 range. Again fast and slow relaxation regimes can be identified, for £4 > A — Q and
E4 < A —Q, respectively. In this case, the generated quasiparticle populations differ more

strongly from the Fermi distributions, as shown in the insets of Fig. 3.6.
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Chapter 4
Conclusions

In this chapter we will collect the conclusive remarks derived from the results presented in the
previous chapters. The results of Ch. 2 are published in Ref. [8], where we have analyzed two
particularly interesting aspects of Josephson transport in hybrid superconductor-dot systems.
First, a pair of conventional BCS superconductors is connected through a multi-level quantum
dot, where spin-orbit coupling, Coulomb charging and magnetic field effects are taken into
account. We have studied the conditions for deriving an anomalous Josephson current, i.e., a
supercurrent flowing at zero phase difference. It is remarkable that Coulomb interactions can
qualitatively affect this phenomenon to allow for ground-state anomalous supercurrents even
when time-reversal breaking perturbations are very small compared to all other relevant scales.
As a result, we have found that the system is close to a spontaneously broken time-reversal
symmetry, with an anomalous supercurrent flowing for arbitrarily weak but finite Zeeman field.
Second, in the deep subgap case, we have addressed the possibility of having topologically
unprotected Majorana bound states in a double dot, where a spatial separation is naturally
defined. This is related to a vigorous debate in the scientific community, see Refs. [67, 68|
where similar - though different in details - issues are studied. In our setup a strong spin-orbit
coupling is present as well and, together with a Zeeman field, is responsible for the emergence
of Majorana fermions, see Refs. [29]-[34]. This results in an easier realization of Majorana
physics. However, here a fine tuning of parameters is needed, but this seems a ’fair prize to
pay’ given the high degree of control that experimentalist physicists have over quantum dots.
Signatures of Majorana fermions are then indirectly detected in the current-phase relation
through the critical phases ¢, where the current switches from a finite value to zero. Finally,
while a large Zeeman field is required, Coulomb interactions play no role for the formation of

Majorana bound states in our setup.
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The results presented in Ch. 3, present in Ref. [71], have been carried out in a theoretical
framework for the Andreev bound state population dynamics in single-channel superconduct-
ing weak links. Taking into account phase fluctuations by the electromagnetic environment,
we have developed a master equation approach for the quasiparticle dynamics, to capture
the interplay between the Andreev states and the continuum states. In particular, we have
stressed the role of odd-parity Andreev states and the need for a self-consistent treatment
of the generated nonequilibrium continuum quasiparticle distribution. As an application
of our theory, we have shown that the coupling of the superconducting weak link to the
environmental phase fluctuations causes an intriguing charge transfer across the weak link,
i.e. a charge imbalance of the continuum population. This charge imbalance is due to the
breaking of the left-right symmetry in the rates connecting continuum quasiparticles and
the Andreev bound states, and manifests itself as a persistent (i.e., in absence of subgap
voltage) quasiparticle current, circulating on top of the Josephson current in the system. Our
theory could be also applied for the study of the quantum coherent dynamics of this system,
including the effect of parity mixing processes. This is of relevance for the various proposals
of using Andreev levels as qubits [84, 85, 87, 88]. Another extension of our formalism would
be to study the Andreev- and Majorana bound state dynamics in topological superconductor
weak links, or to study the interaction-induced effects (see also Ref. [99]) on Andreev bound
state dynamics when the constriction contains a quantum dot with sizeable charging energy,

or couples to local phonon modes.
We are confident that the results illustrated so far throughout this thesis contributed positively

to this relatively new and flourishing field and we hope that these effects can soon be observed

in experiments.
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Appendix A

Orbital magnetic field effects in a

realistic quantum dot

We consider the Hamiltonian of the quantum dot (QD)

CI V@) bt hso| d), (A1)

Hop = Ho+ Hz + Hso = /er df (7) [

where d = (dy ,d,)". We aim to understand what is the effect of the presence of an orbital
magnetic field b. For simplicity, one can consider the orbital magnetic field normal to the

2DEG plane. This allows a choice of a vector potential a(7)

a(F) = (ag(x,y), a,(z,y),0) = d(x,y) = b=V x @(F) x 2 (A.2)

The free dot

We start by analyzing the free dot case (hg = —(V?/2m) + V(7)), studying in detail the
effects on the Zeeman field and the spin-orbit (SO) in different subsections. By mean of the
minimal prescription

1

ha =
0 2m

. 1 -
V24V (F) — ho = —%VQ—%V(F)—Z'V,;%(JU, y)—iVya,(x,y)—iay(x,y)Ve—iay(z,y)V,
and for the free dot case the Hamiltonian in Eq. (A.1) becomes,

Hy = /d2r d'(F) [ho — iV pay(2,y) — iV ya, (2, y) — ia, (v, y)V, — ia,(x,y)V,] d(7)

We gauge away the vector potential from the Hamiltonian through a transformation of the
general form

(i) — e~ Je dFaD g ) (A.3)
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with C regular curve to be parametrized

C it ety bs] —s Ct) = (Colt), Cyt)) — /df. a(7) :/m i(Cw)-Ci=ser

The result of the line integration is, of course, C-independent and is a real number, that we
identify as a phase. One may wonder to go as general as possible in the calculations, but the
choice of a specific gauge for @(r) and the choice of how to model the dot (so, how to choose
the confinement types) simplifies the calculations.

We choose the symmetric gauge *

5(F) = g (_y7$7 O)

and we assume that the QD is confined in a box of length L in the z direction and by a
parabolic potential in the ¢ direction. The set of the eigenfunctions of the dot, in absence of

SO or Zeeman field, are given by

(=54 V) 30l = a0 (A4)

with d(r) = >, Xn(7)dn and x,(7) = ¥y, (2)Py, (y) assumed to be real orbital functions.

As a concrete example we assume, without loss of generality, a coordinate system where
the tunnel contacts are located at (z,y) = (FL/2,0) and moreover we consider the dot

states given by the first two oscillator eigenstates (n, = 0, 1) in the longitudinal ground state
(n, =1).

Without Zeeman field and SO, one may conclude that the orbital magnetic field has no effects

on H(]
L/2 % b b
Hy = / s da / dy tn, () Py, (y) {ho +igyVe —i5aVy | P (@) Py, (y) (A.5)

and that the term proportional to yV, — 2V, will give zero integrals of the orbital wave
functions, because of their symmetry properties. In fact, since we are in the longitudinal
ground state (n, = 1)

L)2 L)2 )
/ 0 W, (2) Vi, (2) = / dr ¢ [ ()2 =0 (Yny)

—L/2 —L/2

!Please note that, in this gauge, no matter what regular C curve is chosen, the line integral will always be
proportional to the magnitude of l_;, or, in other form, fc di’- a(r) o« b.
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Then the result for the free dot case has to be what already we know from Eq. (A.4), so one

may write

Hy =) edidy, (A.6)

n

Now we may investigate the Zeeman field and the SO terms.

The Zeeman Term

The general integral to study is
Hy - / dr dI(7) ¢ Je T F . 5) =i o 70 g

Assuming an in-plane magnetic field B = (B,0,0), whose entries do not depend on the

coordinates, the Zeeman field term is found to be
H, =Y d} (f?m, : a) dyy (A7)
where

. L/2 00 . . .
B0 = / dx/ Ay Y, () Pn, (y) (B ) Yy (2) Py (y) = (B - F) Onpnt, Oy, = Byt - 7
—L/2 —o0

one may conclude that the the Zeeman field term is transparent to the gauge transformation
in Eq. (A.3) and, moreover, the Hermitian matrix Bis symmetric. It is worth stressing that
the symmetric nature of the B matrix is consequence of having assumed real orbital wave

functions.

The Spin Orbit Term

The general integral to study is
Hso = / Pr di(7) e Jo T (hgp) e Jo dHa® g i)
where hgo gets modifies because of the minimal substitution
QR . b ap (. b ag (. b agr (. b
hSO =0y |:E (—Zvy+§$) — E (va‘F éy):| +O'y |:E <2Vy+§y> +E (Zvy — 51’
The SO term has then the following form

Heo =S dj (/T,m, - 5) dy (A.8)
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With the choice of the confinement parameters made above

- . e o b a o
Ann’ 0 = 0Og |:_Z ER/ dy q)ny (y)qu)n;(y) —1 5 — dy q)ny(y) y(I)n; (y):| +
b ag o .ap [ g -
+ oy {5 . /_OO dy (I)ny(y)yq)n’y@) + m /_OO dy (I)ny(y)qu)n’y(y)} = Anyn’y "o
Particular focus on the previous integrals shows that, for n, = 0 and nj, =1
I(ny,n,) = / dy P, (y)Vy @ (y) = 1(0,1) = / dy Po(y)V,Pi(y) = 1
T (ny,n,) —/ dy @, (y)yPn (y) = IZ(0,1) —/ dy Po(y) y P1(y) = V7

Note that the A Hermitian matrix is totally skew-symmetric. Again, this comes essentially

by having assumed real orbital wave functions in shaping our QD.

Building the effective Hamiltonian

We have the ingredients for building the Hamiltonian matrix Hgp. Collecting informations
from Eqs. (A.6)-(A.7)-(A.8), when expanded into the basis Eq. (A.4), Hgp is

Hop =3 exdid, + 3" d} (ffm, + é,m,) G dy (A.9)
Defining the ladder operators Afn, = A, £1A, 5y and A* = A, ,,,y (same holds for énn/)
and taking into account the symmetry arguments stated above, the Hgp matrix explicitly
becomes
e +up By 0 An
Bly e+p A 0

0 —Ay e+up By

—Aa_l 0 BSE) €2+ U

Note that Bj, = B and

+ .~ ~
Aj =—tarFap

1 1
&R:—(1$ﬁb>a3 and dD:—(liﬁb)aD
m

2 m 2

or, in other words, the orbital magnetic field effect reveals its presence only by mean of a

where

renormalization of the Rashba and Dresselhaus SO couplings. It is then clear that, as soon

as one tunes the orbital magnetic field to zero

QR = Qg and ap=ap
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Then, Hgp takes the form

€1+ u B 0 —idR+C~(D
B 61—|—,u _i&R_@D 0
Hgp = . -
0 1ap + ap €+ u B
i@R—ONZD 0 B 62—}—,&

Finally, if one neglects the orbital magnetic field and the Dresselhaus SO coupling and, for

sake of simplicity one sets ar = a:

€1+ [ B 0 —lx
B 6 +p —la 0
0 ta €+ B
(Xe} 0 B €2 + [

Hgp = = (umo + €1,) 09 + B1oo, + a1y 0,

where the the bare energy levels are rewritten as €; o = 1 = €. Through a rotation o, — 0,
and parametrizing the SO coupling through a parameter x, Hgp takes the final form that we

use in our analysis throughout the Sec. 2.2.2.

Finally, the gauge transformation Eq. (A.3) yields a phase term entering the tunneling

Hamiltonian

M
T
— T — (
Ho=3 Y3 wiT,DitHe, D= (dy.dl)
j=LR f n=1
as it appears in Eq. (2.7).

As last remark, it is worth to stress that these phases get adsorbed in the tunneling Hamiltonian

and actually appear in the hybridization matrices (in the level space), and they are not

related to the SOC.
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Appendix B

Quasi-particle wave functions

In this Appendix, we provide the wave functions, ¥, (z), solving the stationary BdG equation,
HyV, = E, VU, under the matching condition Eq. (3.8) for time-independent phase difference,
o(t) = o, with 0 < ¢y < 2.

Andreev bound states, v = n = 4, with energy nE4(¢o), see Eq. (3.1), have the wave function

o(-) ( iy ) +o() ( e )] ,

where O(x) the Heaviside step function. We use the Nambu spinors

N 6:ti9naz/2 1
we,h = 5 (B2)
V2 n

where cosf, = E4/A with nsiné, > 0. We also define the parameters

U, (x) = & 2 VT sinleo/2)ll/6

—~

B.1)

n

A, = /Npsin(po/2 — 6,), (B.3)
B, = \JN,(L—T)sin(0/2),

\/7_-
2 cos(0),) sin(po/2 — 0,))

The Andreev bound states (B.1) satisfy the normalization condition [ dz Wi ()W, (x) = &y

Ny

Next we summarize the stationary solutions of the BAG equation in the continuum, ¥,— g 5 ()
with |E| > A. Using ng = sgn(E) = £ and coshfg = |E|/A (with 0z > 0), and denoting
the wavenumber by k = ngv E? — A? /vp, we find

_ o o [ atn e (el
v, = W 4 o x)\/ﬁ<bwe)+@($>\/i<dwh , (B.4)
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where the electron- and hole-type Nambu spinors . follow by analytic continuation of
Eq. (B.2),

€:|:9EO'Z/2 1
h = ——— , B.5
Ve Vv2coshfg \ ng (B.5)

There are four different solutions (s = 1,2,3,4), describing electron- or hole-type states

incoming from the left or right side,

(in) _ o eikx %55,1 €_ikx ¢h(5574
it = ”m@haﬂ)*@(@m Vs ) >0

With @ = sinh? fg + T sin?(po/2), the scattering amplitudes (a, b, ¢, d) appearing in Eq. (B.4)

can be expressed in terms of four functions,

AB.g) = =0 sin(o/2)sinh(6 — ip/2),
BO,¢) = ~ 1Q_ T ginn? 0, (B.7)
C0,9) = %7_— sinh (@) sinh (6 — ip/2),
D(0,¢) = %sin(gpﬂ) sinh 4,
such that for s = 1,
ax A(0E, ¥o)
bl B(9E7 900)
= B.8
€1 C(0g, ¥o) B8
dq D(0g, ¢o)



For the other three possible values of s, we find

a2
by
Co

da

as
bs
C3
ds
Q4
by

Cy

dy

B(—0g, ¢o)
A(=0g, o)
D(=0g, ¢o)
C(—0g, o)
—D(0g, —v0)
C(0p, —po)
—B(0r, —¢o)
A0g, —po)
C(=0r, —o)
—D(=0g, —¢0)
A(—=0g, —o)
—B(—0g, —¢o)

Notice that for all s, the relation ab + cd = 0 is fulfilled.
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