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� IgXeVLWch d	PS_OfgWchiPS_OjkXalbfgWcR���RgXO_Ojv_OIL_
VLWcK�{�WcjvRLKOjklbfnmp{�WcjvRgW}mp~�RLjv��WcKaXOjv_bzS_\Y��gXbXaWcNkVL[^K�s

� WJVnKOIgla]y_Zh�jv_eVLWcK � WcRgWcfLh�jvTUILRLT�VLWcK
d	PS_OfgWchiPS_OjkXalbfnmpo|PS_OILKOqrjkXaXbWcRgXalaf�Pts�_ONvjklafgWcRxw�PS]yILNv_bzS_ZVLWcK
{|WcjvRLKOjklafnmp{|WcjvRgW}mp~�RLjv��WcKaXOjv_bzS_�Y��gXbXaWcNkVL[^K�s

� W}s�WcKaWcR`_�� ��Ka[SsO�gY|K�� � �L� PSRgXaXaWcR¢¡LY|�gXaXaWcNkVL[^K�s£ [^KOKaW}s�WcKaWcR`_aWcR¢� ��Ka[SsO�gY|K�� £ �L� PSRL¤�WcR¢¡�Y��gXbXaWcNkVL[^K�s
��Ka[SsO�gY|K��gw��L¥¦jkWJXaWU¡ � [UXO_a[yla]

§ PSTiVLWcKeh+�LRgVnNvjklbfgWcR���KO�nsuILRLTg���U�n�¨�n©U�¨�U�U�U�
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»|¼�½¿¾�ÀÂÁ°Ã^Ä¿½¿Å Æ
Æ Ç�Ã^Ä¿½¿ÈÂÉuÊLÅ�Ë`½ Ì
©U�v© L2

mpY|jÎÍ¦WcKaWcRLHJjkWcKOÏ�PSKO]�Wcjv_�ILRgV § PSRLT�WcR _OjQPSNvKbzSILhÐWG�����������������+� Ñ
©U�¨� Y|jÎÍ¦WcKaWcRLHJjkWcKOÏ�PSKaW+XO_bPS_OjkXO_OjkXblafgW�wLILRL]y_Ojk[^R�PSNkWÒ���+�����������������+� Ó
©U�¨Ô L2

mpY|jÎÍ¦WcKaWcRLHJjkWcKOÏ�PSKO]�Wcjv_�ILRgV § PSRLT�WcR _OjQPSNvKbzSILhÐWÕVLWcKZ��Ka[`VnIL]y_OhiPS¤�W ©��
©U� Ö � XO×yh�ØL_a[^_OjkXalafgWJXZÙ�WcKOTUNkWcjklafgWcR	VLWcK § WJXO_�sÚ[^NvT�WcR·�+�����������������+�Û©��

Ü Ý ¼QÞ%Ë ÃSË`½)ßà¼uÊnßà¼uá�½�âJß�Ênßà¼uâJßà¼uâ�ã^Á¿Ë Ãåä°Ä¿½¿æ�ßà¼uá�½¿ÊgÉçË�¾èÀ°Ã1ÈÂÊLâåéÂêëË`¼uâJßà¼uã^Á¦ì
í ÃSá�î�Ëy½ í ÃSá�îïÉçËyð ÆnÌ

ñ ò Ë`âJß�Ë`½ó¼�ð í É�¼çô`¼Qß�Ë`Ã�õ�Éçß�Ë Ã^½°Ênßà¼çö�Ëy½ó¼uð÷éÂêëË`¼uâJßà¼uãSÁ í Ãtá�î�Ë`½¿æ�á)½)ß�Ë�ø¦ß Ü)ù
Ôn�v© ú�qûWcjkXO_OjklafLØLKa[^Ï�WcRLØLKa[^ÏLNkWchÐW@Ï�Wcjvh § WJXO_aWcR1XO_bPS_OjkXa_OjkXalafgWcKÐwLILRL]y_Ojk[Sm
R�PSNkW�ILRgV § WJXO_aXO_bPS_OjkXa_Ojv]�WcR �����+���������������+�����������������+�ü��ý

Ôn�¨� ¥¢[^]UPSNkW+P^XO×yh�ØL_a[^_OjkXalbfgW+o|[^KOhiPSNvjv_bzS_ZVLWcKZ��Ka[yVnIL]`_aW}þnØ�WcKOjvhÐWcR _aW �+�üÔU�
Ôn�¨Ô � XO×yh�ØL_a[^_OjkXalafgWJXZÙ�WcKOf�PSNv_aWcR�VLWcK § WJXa_aXO_bPS_OjkXO_Ojv] �����������������+�üÔU�
Ôn� Ö � XO×yh�ØL_a[^_OjkXalafgW M jvT�WcRgXalaf�Pts�_aWcR�VLWcKeWcjvRgXbWcjv_OjvT�WcR § WJXa_aX ���������+�üÔUÿ
Ôn�¨Ñ � XO×yh�ØL_a[^_OjkXalafgW M jvT�WcRgXalaf�Pts�_aWcR�VLWcKrHJqûWcjkXaWcjv_OjvT�WcR § WJXO_aX����������+�üÑUÿ

� õiâ��°ð í ß�á�ßà¼uâ�ãSÁåá í ßà¼�ðxÊgÉuË â ò Ë`âJß�Ë`½ âJß�Ênßà¼uâJßà¼uâ�ã^Á°Ë`Ã�ä¢Ä¿½¿æ�ßà¼uá�½¿ÊgÉuË ��Ì
Ög�v© £ [^R ��WcKOT�WcRLHZT�WcT�WcRiILRgWcRgVnNvjklafnmpVnjvhÐWcRgXOjk[^R�PSNkW � PSIL¤^m��`fLjÎs�_ M þyØ�WcKOjÎm
hÐWcR`_aWÛ�������+�����������������+���������������+�����������������+�ü�UÑ

Ög�¨� {\PSILØL_aXbPS_OH�VLWcKeP^XO×yh�ØL_a[^_OjkXalafgWcR § WJXO_O_OfgWJ[^KOjkW\ILRgV�[^Ï�WcKaW��ylbfLKbPSRnm
]�WcR�s��LKeVnjkW+P^XO×yh�ØL_a[^_OjkXalbfgWcR � �L_aW}s�ILRL]`_Ojk[^RgWcR �����������������+�6ý^�

Ög�¨Ô � XO×yh�ØL_a[^_OjkXalaf [^ØL_OjvhiPSNkWJX § WJXO_aWcR XO_bPS_OjkXO_OjkXalbfgWcKëwLILRL]y_Ojk[^R�PSNkW�Ï)WcjM jvRgXa_OjklafLØLKa[^Ï�WcRLØLKa[^ÏLNkWchÐWcR ���+���������������+�����������������+�6ý^Ô
Ög�¨Ôn�v© � XO×`h�ØL_a[^_OjkXblaf@[^ØL_OjvhiPSNkW�WcjvRgXaWcjv_OjvT�W § WJXa_aX����������������+�6ýtÖ
Ög�¨Ôn�¨� � XO×`h�ØL_a[^_OjkXblaf@[^ØL_OjvhiPSNkW+HJq%WcjkXaWcjv_OjvT�W § WJXO_aX·�������������+�üÓn©

Ög� Ö � XO×yh�ØL_a[^_OjkXalaf [^ØL_OjvhiPSNkWJX § WJXO_aWcR XO_bPS_OjkXO_OjkXalbfgWcKëwLILRL]y_Ojk[^R�PSNkW�Ï)Wcj
ú�qûWcjkXO_OjklafLØLKa[^Ï�WcRLØLKa[^ÏLNkWchÐWcR·���+���������������+�����������������+�üÓUÿ
Ög� Ög�v© � XO×`h�ØL_a[^_OjkXblaf@[^ØL_OjvhiPSNkW�WcjvRgXaWcjv_OjvT�W § WJXa_aX����������������+�üÿSÖ
Ög� Ög�¨� � XO×`h�ØL_a[^_OjkXblaf@[^ØL_OjvhiPSNkW+HJq%WcjkXaWcjv_OjvT�W § WJXO_aX·�������������+�üÿU�

Ì õ�½)êëË`½¿ÈÂÄÂ½°Å�Ë`½ Ä¿½¿È��ÕË`¼uâ í ¼uË`ÉuË 	
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Ù�jkWcNkW § WJXO_OØLKa[^ÏLNkWchÐW	VLWcK�Ø�PSKbPShÐWc_OKOjkXalafgWcR�ILRgV"RLjklaf _OØ�PSKbPShÐWc_OKOjkXblafgWcR��`_bPS_OjkXa_Ojv]
NQP^XaXaWcR�XOjklaf@h�jv_e{ZjvNÎsÚW\VLWcKeKaWJWcNvNvq%WcKO_OjvT�WcR�XO_bPS_OjkXO_OjkXalbfgWcR@wLILRL]y_Ojk[^R�PSNkW\s�[^KOh�ILNvjkWcKaWcR¢�
�pR	VnjkWJXaWcK � KOÏ�Wcjv_\q%WcKaVLWcR�VnjkWÕ��Ka[^ÏLNkWchÐW�VLWJX § WJXO_aWcRgX�XO_bPS_OjkXa_OjkXalafgWcK�wLILRL]y_Ojk[^R�PSNkW
jvh ú�qûWcjkXO_OjklafLØLKa[^Ï�WcRL]�[^R _aW}þn_|Ï)Wc_OKbP^lbf _aWc_�� M X�qrjvKaV�Xa_aWc_aX���[^KbPSIgXOT�WJXaWc_OHJ_�¡LVgP^XaXrVnjkW
Ï)WcjkVLWcR��`_OjklbfLØLKa[^Ï)WcR�XO_a[ylaf�P^XO_OjkXalbfiILR�PSÏLf�zSRLTUjvTëXOjvRgV�ILRgVÐVnjkW�ú�Ins PSNvNkXO�UPSKOjQPSÏLNkWcRijvR� WJVLWcK��`_OjklbfLØLKa[^Ï)W+ILR�PSÏLf�zSRLTUjvT�jkVLWcR`_OjkXalaf���WcKO_aWcjvNv_ZXOjvRgV¦���yWcjkWcR P ⊂ M1 (Ω1,A1)ILRgV Q ⊂ M1 (Ω2,A2)

HJq%Wcj%RLjklaf _ONkWJWcKaW�d�WcRLT�WcRx��[^R���PSfLKaXalbfgWcjvRLNvjklafL]�Wcjv_aXOhiPtm
¤�WcR¢���åjvK�Ï�Wc_OKbP^laf`_aWcR·VnjkW�w�PSh�jvNvjkW P ⊗ Q := {P ⊗Q : P ∈ P, Q ∈ Q} ��[^R��Ka[`VnIL]y_OhiPS¤�WcR¢¡gVnjkW�VgP^Xe]^PSRg[^RLjkXalbfgW�d�[`VLWcNvN�s��LKeVnjkW+ú�q%WcjkXO_OjklbfLØLKa[^Ï)WcRLØLKa[^ÏLNkWchÐW
VgPSKaXO_aWcNvNv_�����WJVLW � ÏLÏLjvNkVnILRLT k : P ⊗ Q → R

qrjvKaV	VgPSRLRxPSNkX|KaWJWcNvNvq%WcKO_OjvT�WJX�XO_bPS_OjÎm
XO_OjkXalafgWJX wLILRL]`_Ojk[^R�PSN�Ï)WcH�WcjklbfLRgWc_���Ù|jkWcNkWeWcjvRgXaWcjv_OjvT�WrILRgVÕHJqûWcjkXaWcjv_OjvT�W § WJXO_OØLKa[^ÏLNkWchÐW
PSIgXeVLWcKZ��KbPtþnjkXrNQP^XaXaWcR Xajklaf@VgPSRLR jvR VLWcK�wg[^KOh
{P ⊗Q ∈ P ⊗Q : k (P ⊗Q) ≤ 0} T�WcT�WcR {P ⊗Q ∈ P ⊗Q : k (P ⊗Q) > 0}� ©��
Ï)WcHJjkWcf`ILRLT�XOq%WcjkXaW
{P ⊗Q ∈ P ⊗Q : k (P ⊗Q) = 0} T�WcT�WcR {P ⊗Q ∈ P ⊗Q : k (P ⊗Q) 6= 0}� ���
VgPSKaXO_aWcNvNkWcR¢� � R�WcjvRgWcK|Ï�WcNvjkWcÏLjvT�WcR�PSÏ�WcKesÚWJXO_�T�WcqûzSfLNv_aWcR��`_aWcNvNkW P0 ⊗ Q0 ∈ P ⊗Qh�jv_ k (P0 ⊗Q0) = 0 qûWcKaVLWcR�VnjkWJXaW § WJXO_OØLKa[^ÏLNkWchÐW+h�jv_�{�jvNÎs�W�VLWcK L2 (P0 ⊗Q0)

m
VnjÎÍ�WcKaWcRLHJjkWcKOÏ�PSKaWcR £ ILKO��WcR+��[^R ��PSfLKaXalafgWcjvRLNvjklbfL]�Wcjv_aXOhiPS¤�WcRÐØ�PSKbPShÐWc_OKOjkXOjkWcKO_��!�xWcjÎm
_aWcKOfLjvR1Ï)Wc_OKbP^lbf _aWc_ÐhiPSR1WcjvR"PSR1VLWcK"�`_aWcNvNkW P0 ⊗ Q0

VnjÎÍ�WcKaWcRLHJjkWcKOÏ�PSKaWJX�XO_bPS_OjkXO_OjÎm
XalafgWJX�wLILRL]y_Ojk[^R�PSN k : P ⊗ Q → R

�ïY|jkW�PSR VLWcK#�`_aWcNvNkW P0 ⊗ Q0
VnjÎÍ¦WcKaWcRLHJjkWcK�m

Ï�PSKaWcR XO_bPS_OjkXa_OjkXalafgWcR1wLILRL]y_Ojk[^R�PSNkW�NQP^XaXaWcR XOjklaf Nk[^]^PSN�WcR _ONQPSRLT�VLWcK L2 (P0 ⊗Q0)
m

VnjÎÍ�WcKaWcRLHJjkWcKOÏ�PSKaWcR £ ILKO��WcR�NvjvRgW�PSKOjkXOjkWcKaWcR¢�¢Y\WchÐWcR _aXOØLKaWJlbfgWcRgV�qûWcKaVLWcR�VnjkW�WcjvRgXaWcjÎm
_OjvT�WcR�ILRgV�HJq%WcjkXaWcjv_OjvT�WcR § WJXO_OØLKa[^ÏLNkWchÐW � ©��ûILRgV � ���%Nk[^]^PSN°PSR VLWcK��`_aWcNvNkW P0 ⊗Q0PSNkXïNvjvRgW�PSKaW § WJXO_OØLKa[^ÏLNkWchÐWZjvRiWcjvRgWch9{�jvNvÏ)WcKO_OKbPSILh H ⊂ L2 (P0 ⊗Q0)

PSInsuT�W}s P^XaXO_��
d@jv_|VLWch%$�Ï)WcKOT PSRLT�HJILK � XO×yh�ØL_a[^_Ojv]�jvh � PSfLhÐWcR	VLWcK�hÐ[yVLWcKORgWcR § fgWJ[^KOjkWë��[^R
¥¢W�&�PSh�WcKOf�zSNv_�hiPSR�VgPSRLRiVnjkWrNvjvRgW�PSKaWcR § WJXO_OØLKa[^ÏLNkWchÐWZsu�LK�VnjkWe¥¢jvhÐWJXaW}þyØ�WcKOjvhÐWcRnm
_aWU��Y|jkW�T�WJWcjvTURgWc_aWë¥°[^]^PSNvjkXOjkWcKOILRLT�s��LfLKO_|VgPSÏ�WcjÂHJI�VLWcR�ILRgWcRgVnNvjklafnmpVnjvhÐWcRgXOjk[^R�PSNkWcR� PSIL¤^m��`fLjÎsu_ M þnØ)WcKOjvhÐWcR`_aWcR�PSNkX�¥¦jvhÐWJXaW}þnØ)WcKOjvhÐWcR`_aWU��Y�jkW�NvjvRgW�PSKaWcR § WJXO_OØLKa[^ÏLNkWchÐW
NQP^XaXaWcRåXajklafåsu�LK�VnjkW � PSIL¤^m��`fLjÎs�_ M þyØ�WcKOjvhÐWcR _aW	[^ØL_OjvhiPSN\N('UXaWcR¢�ûd�PSR*)gRgVLWc_�PSNÎm
Xa[�su�LK�VnjkW ¥¦jvhÐWJXaW}þnØ)WcKOjvhÐWcR`_aW�VnjkW@[^ØL_OjvhiPSNkWcR § WJXO_aX�s��LKÐVnjkW T�WcT�WcÏ�WcRgWcR NvjvRgW�Ptm
KaWcR § WJXa_OØLKa[^ÏLNkWchÐWU�¦d@jv_|{ZjvNÎsÚW�VLWcK § fgWJ[^KOjkW+��[^R	¥¢W+&�PSh(ILRgV�jvRgXOÏ)WJXb[^RgVLWcKaW+VLWJX

©



{\PSILØL_aXbPS_OH�WJXÐVLWcK § WJXO_O_OfgWJ[^KOjkW�s��LfLKO_ÐVgP^XÕHJI [^Ï)WcKaWcR*�ylafLKbPSRL]�WcR"su�LK�VnjkW P^XO×yhÕm
ØL_a[^_OjkXalbfgWcR � �L_aW}s�ILRL]y_Ojk[^RgWcR�VLWcK § WJXO_�s�[^NvT�WcR su�LKeVnjkW § WJXO_OØLKa[^ÏLNkWchÐW � ©��%ILRgV � ���}�
Y|jkWJXaW|[^Ï)WcKaWcR,�ylbfLKbPSRL]�WcR�T�WcNv_aWcR�VgPSRLR�s��LKûVnjkW\P^XO×yh�ØL_a[^_OjkXalafgWcR � �L_aW}suILRL]y_Ojk[^RgWcR
PSNvNkWcK § WJXO_�sÚ[^NvT�WcR¢¡�VnjkW�WcjvRLjvT�W\s��LKeVgP^X � Wcq%WcjvNvjvT�W § WJXO_OØLKa[^ÏLNkWch-XOjvRLR ��[^NvNkW+o�WcÏ�WcR Ï�W}m
VnjvRLTUILRLT�WcR WcK�s��LNvNkWcR¢�`Y|jkW § WJXO_�sÚ[^NvT�WcR¢¡nVLWcKaWcR�P^Xa×`h�ØL_a[^_OjkXalbfgW � �L_aW}s�ILRL]`_Ojk[^RgWcR�VnjkW
[^Ï�WcKaW �ylafLKbPSRL]�W�WcKOKaWcjklafgWcR¢¡�q%WcKaVLWcR�PSNkX�P^XO×`h�ØL_a[^_OjkXblaf�[^ØL_OjvhiPSN°Ï)WcH�WcjklbfLRgWc_��
��R £ PSØLjv_aWcN|©�qrjvKaV1PSR²VnjkW L2

mpVnjÎÍ¦WcKaWcRLHJjkWcKOÏ�PSKaWcR £ ILKO��WcR ��[^R���PSfLKaXalbfgWcjvRnm
NvjklbfL]�Wcjv_aXOhiPS¤�WcR WcKOjvRLRgWcKO_��%Y�PSR�P^laf"qûWcKaVLWcR VnjkW@VnjÎÍ�WcKaWcRLHJjkWcKOÏ�PSKaWcRóXO_bPS_OjkXO_OjkXalbfgWcR
wLILRL]y_Ojk[^R�PSNkW�ILRgV1jvfLKaW�]UPSRg[^RLjkXalafgWcR � KbP^VnjkWcR _aWcR ��[^KOT�WJXO_aWcNvNv_��%Y|WcK § PSRLT�WcR _OjQPSNÎm
KbPSILh�ILRgV VLWcK § PSRLT�WcR _aWcRL]�WcT�WcN�WcjvRgWJX+��PSfLKaXalbfgWcjvRLNvjklafL]�Wcjv_aXOhiPS¤�WJX P0 ∈ P Ï�W}mHJ�LTUNvjklbfóWcjvRgWcK�w�PSh�jvNvjkW P ��[^R*��PSfLKaXblafgWcjvRLNvjklafL]�Wcjv_aXahiPS¤�WcREq%WcKaVLWcR�WcjvRLT�W}s��LfLKO_����RgXOÏ�WJXa[^RgVLWcKaW+qrjvKaV	PSIns%VnjkW-�`_OKOIL]`_OILK�VLWcK § PSRLT�WcR`_OjQPSNvKbzSILhÐW�ILRgV § PSRLT�WcR _aWcRL]�W}m
T�WcN�VLWcK�w�PSh�jvNvjkWcRi��[^RÐ��Ka[yVnIL]`_OhiPS¤�WcR�WcjvRLT�WcT PSRLT�WcR¢� Y|jkW £ WcRLR _ORLjkXûVnjkWJXaWcK.�`_OKOIL]`m
_OILKejkXa_eVLWcK��ylafLNv�gXaXaWcN°HJILh § WJXO_aWcR�VLWcKeVnjÎÍ�WcKaWcRLHJjkWcKOÏ�PSKaWcR	XO_bPS_OjkXO_OjkXalbfgWcR@wLILRL]y_Ojk[Sm
R�PSNkWijvh�ú�q%WcjkXa_OjklafLØLKa[^Ï�WcRL]�[^R _aW}þn_�� � NkX�¥¢Wc_OHJ_aWJX+qûWcKaVLWcR²jvR VnjkWJXaWch £ PSØLjv_aWcNûVnjkW
{�jvNÎs�Xah�jv_O_aWcN¿��[^KOT�WJXO_aWcNvNv_�¡)VnjkW�HJILh(P^XO×yh�ØL_a[^_OjkXalafgWcR	Ù�WcKOTUNkWcjklbf	VLWcK|��WcKaXalbfLjkWJVLWcRgWcR§ WJXO_�s�[^NvT�WcR�Ï)WcR/'^_OjvTU_Zq%WcKaVLWcR¢�
��R £ PSØLjv_aWcN¦��qrjvKaV�HJIgWcKaXO_�WcjvR�Y�PSKaXO_aWcNvNvILRLT�XaX PS_OHZs��LK%VLWcR�]^PSRg[^RLjkXblafgWcR � KbP^VnjÎm

WcR`_aWcR WcjvRgWJXePSR�VLWcK��`_aWcNvNkW P0 ⊗Q0
VnjÎÍ¦WcKaWcRLHJjkWcKOÏ�PSKaWcR@XO_bPS_OjkXO_OjkXalbfgWcR wLILRL]y_Ojk[^R�PSNkX

k : P ⊗ Q → R
Ï�WcqrjkWJXaWcR¢�°Y�PSR�P^laf q%WcKaVLWcR VnjkWÐ]UPSRg[^RLjkXalbfgWcR � KbP^VnjkWcR`_aWcR su�LK

WcjvRLjvT�W�qrjklbf _OjvT�WëwLILRL]y_Ojk[^R�PSNkW�jvh(ú�qûWcjkXO_OjklafLØLKa[^Ï�WcRL]�[^R _aW}þn_�PSIgXOT�WcKaWJlafLRgWc_��)~ZR`_aWcK
PSRgVLWcKaWch qûWcKaVLWcR VnjkW�]UPSRg[^RLjkXalbfgWcR � KbP^VnjkWcR _aWcR s��LK�VgP^X � jvNklJ[JþL[^R1wLILRL]y_Ojk[^R�PSN
ILRgV	s��LK�VnjkW���[^Rxd�jkXaWJX�wLILRL]y_Ojk[^R�PSNkWÐÏ�WcKaWJlafLRgWc_�� � RgXalbfLNvjkWc¤�WcRgVxqrjvKaVxVnjkWiY�jÎÍ¦W}m
KaWcRLHJjkWcKOÏ�PSKO]�Wcjv_�HJIgXbPSh�hÐWcRLT�WJXbWc_OHJ_aWcKÕXa_bPS_OjkXO_OjkXalafgWcKÕwLILRL]y_Ojk[^R�PSNkW�ILR _aWcKaXOIglbf _ÕILRgV
h�jv_ZWcjvRLjvT�WcR@qrjklaf _OjvT�WcR10�WcjkXOØLjkWcNkWcR Ï�WcTUNkWcjv_aWc_��
d�jv_ ni qrjvKaV"VLWcKi~�hÕs PSRLT�VLWcK i m _aWcR2�`_OjklbfLØLKa[^Ï)W@su�LK i = 1, 2 Ï�WcH�WcjklafLRgWc_��Y\WcK�T�WJXbPSh�_aW��`_OjklbfLØLKa[^Ï)WcR`ILhÕsÚPSRLT	jkXO_+VgPSRLR n = n1 + n2

� � NkX�d�[yVLWcNvN�s��LK�VnjkW
ILR�PSÏLf�zSRLTUjvT�WcR��`_OjklbfLØLKa[^Ï)WcR�ILRgV	VnjkWëILR�PSÏLf�zSRLTUjvT�jkVLWcR _OjkXblafx��WcKO_aWcjvNv_aWcR²ú�Ins PSNvNkX�m
�UPSKOjQPSÏLNkWcR jvR � WJVLWcK��`_OjklafLØLKa[^Ï�W�Ï�Wc_OKbP^laf`_aWc_�hiPSR@VgP^XZXO_bPS_OjkXO_OjkXalbfgW M þnØ)WcKOjvhÐWcR`_

En = (Ωn1

1 ⊗ Ωn2

2 ,An1

1 ⊗An2

2 , {P n1 ⊗Qn2 : P ∈ P, Q ∈ Q}) .�yWcjkWcRAR ILR (n1)n∈N

ILRgV (n2)n∈N

HJq%Wcj�w�[^NvT�WcRA��[^RER�PS_O�LKONvjklbfgWcRCú�PSfLNkWcRAh�jv_
n1 + n2 = n s��LKÕPSNvNkW n ∈ N

ILRgV lim
n→∞

n2

n
= d s��LK�WcjvR d ∈ (0, 1) �Â�pR £ PSØLjÎm_aWcN¦Ô�qrjvKaV�VnjkW § WJXa_aXO_bPS_OjkXO_Ojv] Tn ¡yVnjkW�PSIns°VLWch�]UPSRg[^RLjkXalbfgWcR � KbP^VnjkWcR _aWcR WcjvRgWJXePSRVLWcK3�`_aWcNvNkW P0 ⊗Q0

VnjÎÍ¦WcKaWcRLHJjkWcKOÏ�PSKaWcR XO_bPS_OjkXO_OjkXalbfgWcR�wLILRL]y_Ojk[^R�PSNkX k : P ⊗Q → RÏ�WcKOILf _�¡thÐ[^_Ojv�`jkWcKO_¿ILRgV�Ï�WcTUKO�LRgVLWc_��tY|jkW�ú�q%WcjkXO_OjklbfLØLKa[^Ï)WcRnmp~Zm��`_bPS_OjkXO_Ojv] Un1,n2

h�jv_
VLWch ]UPSRg[^RLjkXalbfgWcR � KbP^VnjkWcR`_aWcR�PSNkX £ WcKOR Ï�WJXOjv_OHJ_ejvh Ù�WcKOTUNkWcjklaf@HJI�VLWcR@PSNvNvT�WchÐWcjÎm
RgWcRÕ~em��`_bPS_OjkXa_Ojv]�WcRÕWcjvRgWûÏ�WJXa[^RgVLWcKaXïWcjvRnsÚP^lbfgW � WJXO_bPSNv_��SY�jkW § WJXa_aXO_bPS_OjkXO_Ojv] Tn WcKOf�zSNv_hiPSRÕVgPSRLRÕPSIgX Un1,n2

VnILKalaf Tn :=
√
nUn1,n2

. Y�PSR�P^lbfëqrjvKaVëPSRëVnjkW Nk[^]^PSNkW�P^XO×yhÕmØL_a[^_OjkXalbfgWio|[^KOhiPSNvjv_bzS_ � ¥ � o��\WcKOjvRLRgWcKO_��°Y|jkW�Nk[^]UPSNkWiP^XO×yh�ØL_a[^_OjkXalbfgW�o|[^KOhiPSNvjv_bzS_
VLWcKZw�PSh�jvNvjkWcR���[^R@��Ka[`VnIL]y_OhiPS¤�WcR@qrjvKaV@ILR _aWcKaXOIglbf _|ILRgV VnjkW�H�WcR _OKbPSNkWëwg[^NvT�W XnqrjvKaV���[^KOT�WJXa_aWcNvNv_�� � IL¤�WcKaVLWchGqrjvKaVxVnjkW�T�WchÐWcjvRgX PShÐWiP^XO×yh�ØL_a[^_OjkXalafgWiÙ�WcKO_aWcjvNvILRLT
VLWcK § WJXO_aXO_bPS_OjkXa_Ojv] Tn ILRgV@VLWcK�H�WcR _OKbPSNkWcR	wg[^NvT�W Xn

ILR _aWcK\VLWch4��PSfLKaXblafgWcjvRLNvjklafnm
]�Wcjv_aXOhiPS¤ P n1

0 ⊗Qn2

0
Ï�WcKaWJlafLRgWc_��L��R�VLWcR�NkWc_OHJ_aWcR�HJqûWcj � ÏgXalbfLRLjv_O_aWcR ��[^R £ PSØLjv_aWcN

�



Ô�q%WcKaVLWcR1VnjkW�WcjvRgXaWcjv_OjvT�WcR ILRgV�HJqûWcjkXaWcjv_OjvT�WcR § WJXa_aXëPSIns�0rP^XOjkXëVLWcK § WJXO_aXO_bPS_OjkXa_Ojv]
Tn
WcR`_pqrjkla]�WcNv_�� Y�jkW�P^XO×yh�ØL_a[^_OjkXalafgW � �L_aW}s�ILRL]y_Ojk[^RÕVLWcK § WJXO_�s�[^NvT�WcR�VLWcKïWcjvRgXaWcjv_OjvT�WcR

ILRgV�HJq%WcjkXaWcjv_OjvT�WcR § WJXO_aX+qrjvKaV�Ï�WcKaWJlafLRgWc_�� M X�qrjvKaV�PSIL¤�WcKaVLWchGT�WcH�WcjvTU_�¡¿VgP^XaX�VnjkW
wg[^NvT�W�VLWcKëWcjvRgXaWcjv_OjvT�WcR § WJXO_aXÕWcjvRgW�P^Xa×`h�ØL_a[^_OjkXalbfgW�d�Ptþnjvh�jvRnm α m § WJXO_�s�[^NvT�W�jvR VLWcKd�WcRLT�W�PSNvNkWcK�P^XO×yh�ØL_a[^_OjkXalafxo�jv��W�PSI α zSfLRLNvjklafgWcR § WJXO_�sÚ[^NvT�WcR�jkXO_���Y|WcK�P^XO×yh�ØL_a[Sm_OjkXalaf1[^ØL_OjvhiPSNkW�KaWcNQPS_Ojv��W,�`_OjklafLØLKa[^Ï�WcR ILhÕs PSRLT d = lim

n→∞
n2

n
qrjvKaV²su�LK�VnjkW�wg[^NvT�W

VLWcKeWcjvRgXaWcjv_OjvT�WcR § WJXO_aXrÏ�WJXO_Ojvh�h+_��
�pR £ PSØLjv_aWcN�Ö�q%WcKaVLWcR�VnjkWrILRgWcRgVnNvjklafnmpVnjvhÐWcRgXajk[^R�PSNkWcR � PSIL¤^m��`fLjÎsu_ M þyØ�WcKOjvhÐWcRnm

_aWÕh�jv_+WcjvRgWchG{�jvNvÏ)WcKO_OKbPSILh PSNkX+�ÂPSKbPShÐWc_aWcKOKbPSILh���[^KOT�WJXO_aWcNvNv_��¢Y�PSR�P^lbf�qrjvKaVxVnjkW
Xalaf`qûP^lafgW £ [^R`��WcKOT�WcRLH@��[^R M þnØ�WcKOjvhÐWcR _aWcR"WcjvRLT�W}s��LfLKO_���Y|jkW�Nk[^]^PSNkW P^Xa×`h�ØL_a[^_OjÎm
XalafgW�o�[^KOhiPSNvjv_bzS_ÕqrjvKaV�VgPSRLR1PSNkXëXalaf`qûP^lafgW £ [^R ��WcKOT�WcRLH�T�WcT�WcR WcjvR � PSIL¤^m��`fLjÎs�_M þyØ�WcKOjvhÐWcR _���WcKbPSNvNvT�WchÐWcjvRgWcKO_��rd�jv_�VnjkWJXbWcR d�jv_O_aWcNvRóq%WcKaVLWcR�WcjvRLjvT�W M KOT�WcÏLRLjkXaXaW
PSIgX"5¨ÔU�!6p¡.5¨Ôn©76�ILRgV85¨ÔUÔ96ûsu�LKëVnjkW�w�[^NvT�WcR VLWcKÕWcjvRgXaWcjv_OjvT�WcR § WJXa_aX�jvh M jvRgXO_OjklbfLØLKa[Sm
Ï)WcRL]�[^R`_aW}þy_ZWcKORgWcIL_rÏ�WcqrjkWJXaWcR¢��ú�IgX zS_OHJNvjklaf qrjvKaV�VnjkW�P^XO×yh�ØL_a[^_OjkXalbfgW :�ØL_OjvhiPSNvjv_bzS_
VLWcK%wg[^NvT�WcR�VLWcK HJqûWcjkXaWcjv_OjvT�WcR § WJXO_aXûILR`_aWcKûVLWcR�PSR�PSNk[^T�WcR�Ù�[^KbPSIgXbXaWc_OHJILRLT�WcR�R�P^lafnm
T�WcqrjkWJXaWcR¢� d�jv_i{�jvNÎs�W�VLWcK � ØLØLKa[�þyjvhiPS_Ojk[^R jvR"VLWchÒ¥¦jvhÐWJXbW}þyØ�WcKOjvhÐWcR _�qrjvKaV"VnjkW
P^XO×`h�ØL_a[^_OjkXblafgW;:�ØL_OjvhiPSNvjv_bzS_�VLWcK § WJXO_�s�[^NvT�WcRóPSIns<0�P^XajkXiVLWJXÐ]UPSRg[^RLjkXalbfgWcR � KbPtm
VnjkWcR _aWcR su�LKëVnjkWiWcjvRgXaWcjv_OjvT�WcR ILRgV²HJq%WcjkXaWcjv_OjvT�WcR § WJXO_OØLKa[^ÏLNkWchÐW�ILR _aWcKÕXalaf`qûP^lbfgWcR
Ù�[^KbPSIgXaXaWc_OHJILRLT�WcR@PSR�VLWcR § PSRLT�WcR`_aWcRL]�WcT�WcN°T�WcH�WcjvTU_�� � RgXalafLNvjkWc¤�WcRgV�qrjvKaV�VnjkW\��WcK�m
PSNvNvT�WchÐWcjvRgWcKO_aW § fgWJ[^KOjkW�VLWcKûNk[^]UPSNkWcR P^XO×yh�ØL_a[^_OjkXalafgWcR o|[^KOhiPSNvjv_bzS_ZPSIns¿VnjkW\wg[^NvT�WcR
VLWcK M þnØ�WcKOjvhÐWcR _aWU¡eVnjkW	PSNkX�d�[yVLWcNvNkW�su�LK�VnjkW@HJqûWcj�ILR�PSÏLf�zSRLTUjvT�WcR=�`_OjklafLØLKa[^Ï�WcR
VnjkWcRgWcR¢¡ï�LÏ)WcKO_OKbPST�WcR¢��Y�P^XÕ��Ka[^ÏLNkWchÒVLWJX § WJXO_aWcRgXÐXO_bPS_OjkXa_OjkXalafgWcKÐwLILRL]y_Ojk[^R�PSNkW�jvh
ú�q%WcjkXO_OjklbfLØLKa[^Ï)WcRL]�[^R`_aW}þy_�NQz^XaXO_ÕXOjklaf1WcNkWcT PSR _�Ï�Wcf�PSRgVLWcNvR¢¡ïjvRgVLWch hiPSR1VgP^X#�`]^Ptm
NQPSKOØLKa[`VnIL]y_ÕjvR VLWch § PSRLT�WcR`_OjQPSNvKbPSILhÒqûWJlafgXaWcNv_ÐILRgV VgPSRLR"PSIns�VnjkW�¥>'UXOILRLT�VLWcK
WcR _aXOØLKaWJlbfgWcRgVLWcR M jvRgXO_OjklbfLØLKa[^Ï)WcRLØLKa[^ÏLNkWchÐW HJILKO�glb]`TUKaWcjÎs�_��eY|jkWxPSh � RnsÚPSRLT1VLWJX£ PSØLjv_aWcNkX�T�WcH�WcjvTU_aW M KOT�WcÏLRLjkXaXaW�su�LK�VgP^X § WJXa_aWcRóVLWcK�VnjÎÍ¦WcKaWcRLHJjkWcKOÏ�PSKaWcREXO_bPS_OjkXO_OjÎm
XalafgWcRówLILRL]y_Ojk[^R�PSNkW�jvh M jvRgXO_OjklbfLØLKa[^Ï)WcRL]�[^R`_aW}þy_ NQP^XbXaWcRåXOjklbfóPSIns+VnjkW?�`jv_OI�PS_Ojk[^R
VLWcK�ú�q%WcjkXO_OjklbfLØLKa[^Ï)WcR��LÏ)WcKO_OKbPST�WcR¢�
£ PSØLjv_aWcN�ÑxqrjkVnhÐWc_�XOjklbf VLWcK � R`q%WcRgVnILRLT VLWcK § fgWJ[^KOjkW	VLWJX § WJXO_aWcRgX�XO_bPS_OjÎm

XO_OjkXalafgWcK\wLILRL]y_Ojk[^R�PSNkW�su�LK|VnjkWÕú�qûWcjkXO_OjklafLØLKa[^Ï�WcRLØLKa[^ÏLNkWchÐWU� � Ins VnjkW@�`_bzSKO]�WcR	ILRgV�ylaf qrjkWcKOjvTU]�Wcjv_aWcR VLWcK � R q%WcRgVnILRLTåqrjvKaVófLjvRLT�WcqrjkWJXaWcR¢�ZY\WcKA0�WcTUKOjÎÍ VLWcK@P^Xa×`hÕm
ØL_a[^_OjkXalafgWcR,BDC`ILjv�UPSNkWcRLH+VLWcK § WJXO_�sÚ[^NvT�WcR@qrjvKaV�WcjvRLT�W}s��LfLKO_�� � RLf�PSRgV�VLWcK�0�WcjkXOØLjkWcNkW
q%WcKaVLWcR�VnjkW § WJlafLRLjv]�WcR�ILRgV�d�Wc_Ofg[yVLWcR���[^KOT�WJXa_aWcNvNv_�¡)VnjkWëÏ�WcjÂVLWchµo\P^laf`q%WcjkX�VLWcK
P^XO×`h�ØL_a[^_OjkXblafgWcREBDC ILjv�UPSNkWcRLH�VLWcK § WJXO_�sÚ[^NvT�WcR Ï)WJXa[^RgVLWcKaX�fLjvNÎs�KaWcjklaf ILRgVxR �L_OHJNvjklbf
XOjvRgV¦�%wÂ�LK�VgP^X��åjvNklJ[�þn[^R�wLILRL]y_Ojk[^R�PSN\qrjvKaV T�WcH�WcjvTU_�¡rVgP^XaX�VLWcK�qû[^fLN|Ï�Wc]UPSRLR _aW�åjvNklJ[�þn[^Rnm � PSRLT�XOILh�hÐWcR _aWJXO_|Ï�WcKaWcjv_aXZVLWcK�P^XO×yh�ØL_a[^_OjkXalbf�[^ØL_OjvhiPSNkW § WJXO_ejkXO_�¡LsÚPSNvNkX
hiPSR"VnjkW�oZILNvNvf`×`Ø�[^_OfgWJXaW�PSIns\VnjkW ��Ka[`VnIL]y_OhiPS¤�W P 2 h�jv_iVLWch XO_aWc_OjvT�WcR���PSfLK�m
XalafgWcjvRLNvjklbfL]�Wcjv_aXOhiPS¤ P ∈ M1 (R,B) WcjvRgXalafLKbzSRL]y_���Y�P^X § WJXO_aWcR@VLWcK M KOqûPSKO_OILRLT�X�mq%WcKO_aW�HJqûWcjkWcKeILR�PSÏLf�zSRLTUjvT�WcR;�`_OjklafLØLKa[^Ï�WcR s��LfLKO_rHJILK30�Wc_OKbP^laf`_OILRLT�VLWcK��`ILh�hÐWcR
HJq%WcjkWcK���[^R d�jkXaWJXiwgILRL]`_Ojk[^R�PSNkWU��Y�P^X���Ka[^ÏLNkWch6VLWJX § WJXa_aWcRgX�VLWJX M KOq�PSKO_OILRLT�X�m
q%WcKO_aWJX�WcjvRgWcK�KbPSRgVL[^h�jkXOjkWcKO_aWcRF�`ILh�hÐW�]^PSRLRóPSNkXid�[^_Ojv�^PS_Ojk[^R HJILK"0�Wc_OKbP^laf`_OILRLT
VLWJX+��Ka[yVnIL]`_aWJXëHJqûWcjkWcK���[^R d@jkXaWJXëwLILRL]y_Ojk[^R�PSNkW�VnjkWcRgWcR¢�ÂY\WJXOq%WcT�WcR q%WcKaVLWcR1VnjkW�`ILh�hÐW�ILRgVxVgP^X���Ka[yVnIL]y_�HJq%WcjkWcK���[^R�d@jkXbWJX�wLILRL]y_Ojk[^R�PSNkW�PSIgX�s��LfLKONvjklaf²Ï)Wcf�PSRnm

Ô



VLWcNv_��ïY|jkW�NkWc_OHJ_aW � R qûWcRgVnILRLTxqrjkVnhÐWc_�XOjklaf qrjkWJVLWcK�VLWch § WJXO_aWcR VLWJX+� jvNklJ[JþL[^R
wLILRL]y_Ojk[^R�PSNkX�� M X�TUjvÏL_ëXbWcfLK�ILhÕs PSRLTUKaWcjklafgW�¥¦jv_aWcKbPS_OILKÕHJI VnjkWJXaWchGs��LK�VnjkW���KbPtþnjkX
qrjklbf _OjvT�WcR § WJXO_OØLKa[^ÏLNkWch ¡¦�yTUN �)jvRgXOÏ)WJXb[^RgVLWcKaW�5v©àý!6p¡G5¨�U�96p¡H5¨�UÓ!6p¡H5¨ÔU�96p¡H5¨ÔUÔ!6�ILRgVE5¨ÑUÑ!6p�
{�jkWcK�qrjvKaVxVnjkWÐPSNvNvT�WchÐWcjvRgWiwgKbPST�WJXO_aWcNvNvILRLT�[^fLRgWÕ�LÏLNvjklbfgWcR M jvRgXalbfLKbzSRL]`ILRLT�WcR VLWcK
o�ILNvNvf ×yØ)[^_OfgWJXbW Ï�Wc_OKbP^laf _aWc_�� M Xiq%WcKaVLWcRåÏ)WcKaWJlbfgWcR Ï�PSKaW�P^XO×yh�ØL_a[^_OjkXalaf [^ØL_OjvhiPSNkW§ WJXO_�s�[^NvT�WcREsu�LK�VgP^X�WcjvRgXaWcjv_OjvT�W	ILRgVóHJqûWcjkXaWcjv_OjvT�W § WJXa_OØLKa[^ÏLNkWch fgWcKOT�WcNkWcjv_aWc_��ZY|jkW
P^XO×yh�ØL_a[^_OjkXalbfgWI:�ØL_OjvhiPSNvjv_bzS_�qrjvKaV�h�jv_\{�jvNÎs�WëVLWcK\jvR�VnjkWJXaWcK � KOÏ)Wcjv_\WcR _�qrjkla]�WcNv_aWcR§ fgWJ[^KOjkW+ILRgV VLWcKes�ILRL]`_Ojk[^RgWcNvNkWcR�Y|WcNv_bPid�Wc_Ofg[yVLW�Ï�WcqrjkWJXaWcR¢�gY�P^XeÏ�WJXa[^RgVLWcKaW � Inm
T�WcRLhÐWcKO]�TUjvNv_ZVLWcK�0ûWJXa_Ojvh�h+ILRLT�VLWJXe]yKOjv_OjkXalafgWcRJ�xWcKO_aWJX��gY|jkW�WcR _�qrjkla]�WcNv_aWcR § WJXO_aX
Ï�WcKOILfgWcRijvh�~�R _aWcKaXblafLjkWJV�HJIiVLWchK� jvNklJ[JþL[^Rnm � PSRLT�XOILh�hÐWcR`_aWJXO_rPSIns¦VLWcR�Ù�WcKOTUNkWcjÎm
lbfgWcR�VLWcK � W�PSNvjkXajkWcKOILRLT�WcR�VLWcKrKaWJWcNvNvq%WcKO_OjvT�WcRxú�Ins PSNvNkXO�^PSKOjQPSÏLNkWcR¢�

L1M7NPO?QRMTSVU�WXNZYTQ[M7S<\ ]^OR_-`^NaWcb�dIMTNaOeMTd4fgMTQhSVM7S ijSlkVm�nG\�SonGp�SqO�krWtsAuv]^ORwqw�MTO?w�k^xyk!QhWmTz{S-|�NZMTW(M�]^O/S}MZ`hMTOeshM;~�Mqw��eSl��Y7Q[M�]^WXw#]r�[YTQ-mTz{SIsh]!w-NPO
b�M7SVMqwqw7]^O�b�M-�vO�s�Q[MTSV]^�hwam7krSq�shM7SqO�s{M��gQ[MTd#];�vO�s�s^N�M�]^�{wl`hM}U9MTNZYTQhOeM7b�M���M7b�SVM7�{�vO{`hnD�jNaOEQ[MTS}U7WcNZYTQ[MTS#\�]rOR_�`hMT�� z{QhS7b>��MTSTSqOIijSVklmon/\<S�n/�@n�uv]^O���MTOA�vO�s���MTSTSqOIijSVklmon/\<S�n/��n/f�NZMTw�MgmqzvS�s^N�MI� � M7Sq�O�]^QhdIM;�{Oes��jSqwTb�MTWaWX�vO{`8shMTS;x.MTNab�M7SVMTO�~��vb�]hYTQ{b�MTOen��7YTQ � MVs�]^O/_^M?d@NZYTQ � M7N-s{MTO]^OeshMTS}MTO,LJNab�]^S � MTN�b�MTSTO1s{Mqw�L;]rbaQ[MTd#]rb�NPw7Y7Q[MTO��qO/wTb�N�b��vbaw�shMTS����A�?\<z{w�w�M7Wts�krSPm�mTz{S��QhS}M��gO
b�MTSqwTb�z[b�U7�vO{`hnyL?MTNPO�b�NZM�m�MTS \ ]^OR_#`^NaWcb3d#M7NPOeM7S ��SV]^�h�3dIMTNaOeMTO?�jWtb�MTSqO��vO�sdIMTNaOeMTO�~�SVkV�HM7Wcb�MTSTO-mTz{S@s^NZM�f�NZM � Mq� ��O
b�MTSqwTb�z[b�U7�vO{`��{Oes#�>�vOeMTN�`^�vO{`!�Ds^NZM<wTNZM�d@NPSNaOJdIMTNaOeMTd fgM � M7OJU7�[b�MTNPW¡x.M7SlshM7O?WXN�M���MTOen

Ö
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�pR�VnjkWJXaWch £ PSØLjv_aWcNïqrjvKaV�HJILR�z^lafgXa_\VnjkW L2
mpY|jÎÍ¦WcKaWcRLHJjkWcKOÏ�PSKO]�Wcjv_+VLWcK £ ILKO��WcR	��[^R��PSfLKaXalafgWcjvRLNvjklbfL]�Wcjv_aXOhiPS¤�WcRxWcjvRLT�W}su�LfLKO_��)Y\WcK § PSRLT�WcR`_aWcRL]�WcT�WcN�ILRgV@VLWcK § PSRLT�WcRnm

_OjQPSNvKbPSILh WcjvRgWJXD��PSfLKaXalbfgWcjvRLNvjklafL]�Wcjv_aXOhiPS¤�WJX P ∈ P ÏLHJTUN �gVLWcKZw�PSh�jvNvjkW P qûWcKaVLWcR��[^KOT�WJXO_aWcNvNv_��ïY\PSR�P^lbf1qrjvKaV²VLWcK�Y|jÎÍ¦WcKaWcR _OjQPSNv]UPSNv]`�LN�s��LKëXa_bPS_OjkXO_OjkXalafgW�wLILRL]y_Ojk[^R�PSNkW
WcR _pqrjklb]�WcNv_��rY�PSÏ)Wcj\XO_aWcf _�VLWcK�]^PSRg[^RLjkXalbfgW � KbP^VnjkWcR _�WcjvRgWJX�XO_bPS_OjkXO_OjkXalbfgWcRówgILRL] m
_Ojk[^R�PSNkX�jvhüd@jv_O_aWcNvØLILRL]y_�� � RgXblafLNvjkWc¤�WcRgV q%WcKaVLWcR�VnjkW § PSRLT�WcR _aWcRL]�WcT�WcN+ILRgVåVnjkW§ PSRLT�WcR _OjQPSNvKbzSILhÐWÕVLWcKew�PSh�jvNvjkWcR�VLWcKZ��Ka[yVnIL]`_OhiPS¤�W+ILR _aWcKaXOIglbf _��)�ph�NkWc_OHJ_aWcR � Ïnm
XalafLRLjv_O_�q%WcKaVLWcR�VnjkW�{ZjvNÎsÚXOh�jv_O_aWcN¢HJILh(P^XO×`h�ØL_a[^_OjkXblafgWcR�Ù�WcKOTUNkWcjklaf	VLWcK § WJXO_�sÚ[^NvT�WcR
Ï)WcKaWcjv_OT�WJXO_aWcNvNv_��
±3²�±

L2 ³h´¶µ}·"¸H¹�¸�º »Gµ}¸H¹e¼+½D¹e¾3¸�µl¿�À º+ÁÃÂ�½3º+Ä3¸�º�¿�µ}½�ÅV¹eÆ�À+ÇÈ¸
M X�XaWcjkWcR (Ω,A) WcjvRxd�WJXaXOKbPSILh-ILRgV M1 (Ω,A) VnjkW�d�WcRLT�W�PSNvNkWcK���PSfLKaXalafgWcjvRnmNvjklafL]�Wcjv_aXOhiPS¤�W�PSIns (Ω,A). � WJVLW�RLjklaf`_ONkWJWcKaW § WcjvNvhÐWcRLT�W P ⊂ M1 (Ω,A) fgWcjv¤U_RLjklaf _OØ�PSKbPShÐWc_OKOjkXblafgWÕw�PSh�jvNvjkW���[^RA��PSfLKaXblafgWcjvRLNvjklafL]�Wcjv_aXahiPS¤�WcR¢�
Ý Ë�É�½¿¼çßà¼uá�½óÆ�Ê�Æ�Ë Ý ¼uãSÁ)ß�Ë{Ì¢Ä°á�ßà¼uË`½)ß^ÍÎ MTN�MTO

P,Q ∈ M1 (Ω,A) Ï ]!QhSqw7YTQRMTNPO
WXNZYTQ�_^M7NabawTd-]}�HMon3uvMVs{M"d#MTw�w � ]^SVM@�¡�{OR_!b�N�k^O
L : (Ω,A) →

(
R≥0,B |R≥0

) d@Nab
P (A) =

∫

A

LdQ+ P (A ∩ {L = ∞})
mqzvS�]^WaW�M

A ∈ A �vO�s
Q(L <∞) = 1

Q[M7N �Gb�M7NPO�\�NZYTQ{b�M}Ð7�[k�b�NZMTO�b.|!k^O
P
� U�`^W�n

Q
n

�ëËyðxË`Ãtæ¢ÄÂ½°Å"Æ
Ê Ü
�yWcj µ WcjvR σ mpWcRgVnNvjklbfgWJXid	PS¤�PSIns (Ω,A) h�jv_ P,Q � µ. �yWc_OH�W fP = dP

dµ
ILRgV

fQ = dQ
dµ
. Y�PSRLR jkXO_

L :=
fP
fQ

1{fQ>0} + ∞1{fQ=0, fP>0}
� ©U�v©��

WcjvRgW\Ù�WcKaXOjk[^R@VLWJXZY|jklbf _aW�C`Ig[^_OjkWcR _aWcR���[^R P ÏLHJTUN � Q �
Ñ



�ÕË`ð�Ë ÃSæ¢Ä¿½¿Å Æ�Ê ñ
Y\WcKZY|jklaf`_aW�C Ig[^_OjkWcR`_���[^R P ÏLHJTUN � Q jkXa_ (P +Q) mÚsO� �¢�LWcjvRgVLWcIL_OjvTiÏ�WJXO_Ojvh�h+_ � �`TUN �5¨ÑU�!6p¡
�yWcjv_aWi©U©��n¡��nPS_OHÐ©U�v©U©����}��Y\WJXOqûWcT�WcR qrjvKaV VnjkW�o|[^_bPS_Ojk[^R dP

dQ
s��LKeVLWcR@Y|jklaf`_aW}mC`Ig[^_OjkWcR _���[^R P ÏLHJTUN � Q ��WcKOqûWcRgVLWc_��

Ý ËhÉï½Â¼çßà¼çá)½�Æ�Ê � Ë
L2
ì Ý ¼çÞ Ë ÃSË`½¿ô ¼uË ÃSîÂÊLÃtæ�Ë`¼çß^Í�.w@woMTNZM7O

ε > 0
�vO�s P ⊂ M1 (Ω,A)

MTNaOeM-O
N�YTQvb�W�M}M7SVM?�eMTNaWXdIMTO{`{Mon��jNaOeM�p �o� NPWc�s^�vO{`
(−ε, ε) → P, t 7→ Pt

QRMTN �GbyMTNaOeM
L2 (P0)

��s^N Ñ�MTS}MTOvU�NZMTS � ]^S}M��<�vST|!M�NaO P d+N�b��]^O{`hM7O
b�M
g ∈ L2 (P0)

�/m�]^WPWXwHmqzvS
t→ 0

`^NaWtb
∥∥∥∥∥2
((

dPt
dP0

) 1

2

− 1

)
− tg

∥∥∥∥∥
L2(P0)

= o (|t|) � ©U�¨���
�vO�s

Pt

({
dPt
dP0

= ∞
})

= o
(
t2
)
.

� ©U�¨Ô��
ú�I � ©U�¨���ûILRgV � ©U�¨Ô���XOjvRgV z^C`ILjv�UPSNkWcR _

∥∥∥∥∥2
((

dPt
dµ

) 1

2

−
(
dP0

dµ

) 1

2

)
− tg

(
dP0

dµ

) 1

2

∥∥∥∥∥
L2(µ)

= o (|t|) � ©U� Ö{�

ILRgV ∫
1n

dPt
dP0

=∞
odPt
dµ

dµ = o
(
t2
)
,

� ©U�¨Ñ��
s PSNvNkXeVnjkW�w�PSh�jvNvjkW {Pt : |t| < ε} VnILKalbf�WcjvR σ mpWcRgVnNvjklafgWJX|d	PS¤ µ VL[^h�jvRLjkWcKO_ZjkXO_��
�ÕË`ð�Ë ÃSæ¢Ä¿½¿Å Æ�ÊQÌ P���Y|jkW M jvT�WcRgXalaf�Pts�_°VLWcK L2 (P0)

mpY|jÎÍ�WcKaWcRLHJjkWcKOÏ�PSKO]�Wcjv_ÂjkXO_¦ILRnm
PSÏLf�zSRLTUjvTÐ��[^R�VLWcKeXOØ)WcHJjkWcNvNkWcR�Ù�WcKaXOjk[^R VLWJXrY|jklbf _aW�C`Ig[^_OjkWcR _aWcR���[^R Pt ÏLHJTUN �
P0
�

Ï���Y�jkW § PSRLT�WcR _aW g ∈ L2 (P0)
jkXO_ P0

mÚs�� �¢�LWcjvRgVLWcIL_OjvT�Ï)WJXO_Ojvh�h�_�����WJVLW�Ù�WcKaXOjk[^R
��[^R g Ï�WcH�WcjklafLRgWc_ûhiPSR�VLWJXaf�PSNvÏ�PSNkX § PSRLT�WcR _aW�PSRiVnjkW L2 (P0)

mpVnjÎÍ�WcKaWcRLHJjkWcK�m
Ï�PSKaW £ ILKO��W t 7→ Pt

jvR P �
l�� � IgX�VLWcK L2 (P0)

mpY|jÎÍ�WcKaWcRLHJjkWcKOÏ�PSKO]�Wcjv_�s�[^NvT�WcR VnjkW L1 (P0)
m��`_aWc_OjvTU]�Wcjv_�ILRgV

VnjkW L2 (P0)
m��`_aWc_OjvTU]�Wcjv_�¡¿V¦� f¢�¢VnjkW � �LNv_OjvTU]�Wcjv_+��[^R ∥∥∥ dPt

dP0
− 1
∥∥∥
L1(P0)

= o(1)

ILRgV ∥∥∥∥
(
dPt

dP0

) 1

2 − 1

∥∥∥∥
L2(P0)

= o(1) s��LK t→ 0 �

V
��ú�ILK � ÏL]y�LKOHJILRLTÕqrjvKaV�WJX%f�zSI[)gT L2 (0) PSRgXa_aWcNvNkW���[^R L2 (P0)
T�WJXalbfLKOjkWcÏ)WcR¢¡

sÚPSNvNkXûPSIgX VLWch�ú�IgX PSh�hÐWcRLf�PSRLT�]yNQPSK�jkXO_�¡UqûWcNklafgWJXj��PSfLKaXalbfgWcjvRLNvjklafL]�Wcjv_aXOhiPS¤
T�WchÐWcjvR _ZjkXa_��

�



�ëËyðxË`Ãtæ¢ÄÂ½°Å"Æ
Ê(�
�pR@VLWcK|¥¦jv_aWcKbPS_OILK�)gRgVLWc_�hiPSR�T�WcNkWcT�WcR _ONvjklafxVnjkW�Y\WT)gRLjv_Ojk[^R�VLWcK|WcjvRgXaWcjv_OjvT L2(P0)

m
VnjÎÍ�WcKaWcRLHJjkWcKOÏ�PSKaWcR £ ILKO��WcR [0, ε) → P, t 7→ Pt

s��LKZWcjvR ε > 0 ¡L�yTUN �>5 Ö ÿ96p� M XZqrjvKaVfLjkWcK�PSIns�VnjkW�0�Wc_OKbP^laf _OILRLT VLWcKÐWcjvRgXaWcjv_OjvTxVnjÎÍ¦WcKaWcRLHJjkWcKOÏ�PSKaWcR £ ILKO��WcR ��WcKOHJjklaf`_aWc_�¡
q%WcjvN\WJXÐs��LK�VnjkW�d�[yVLWcNvNvÏLjvNkVnILRLT jvR VnjkWJXbWcK � KOÏ)Wcjv_�RLjklaf`_�WcK�sÚ[^KaVLWcKONvjklafójkXO_�� M jvRgW
WcjvRgXaWcjv_OjvT L2(P0)

mpVnjÎÍ¦WcKaWcRLHJjkWcKOÏ�PSKaW £ ILKO��W [0, ε) → P, t 7→ Pt
NQz^XbXO_�XOjklafxPSIL¤�WcK�m

VLWch jvR M1 (Ω,A) Xa[ësÚ[^KO_aXaWc_OH�WcR¢¡�VgP^XaXrWcjvRgW�HJq%WcjkXaWcjv_OjvT L2(P0)
mpVnjÎÍ¦WcKaWcRLHJjkWcKOÏ�PSKaW£ ILKO��W (−ε, ε) → M1 (Ω,A) , t 7→ Pt

WcR _aXO_aWcf`_��
~ZhÕs PSRLTUKaWcjklafgW\ILRgV�PSIgX�s��LfLKONvjklafgW\��Rns�[^KOhiPS_Ojk[^RgWcR�HJILK L2

mpY|jÎÍ¦WcKaWcRLHJjkWcKOÏ�PSKO]�Wcjv_� PSIglaf PSNvNvT�WchÐWcjvRgWcK�HJILK Lr mpY|jÎÍ¦WcKaWcRLHJjkWcKOÏ�PSKO]�Wcjv_�s��LK r ≥ 1 �<)gRgVLWc_ëhiPSR jvRÒ5¨ÑU�96ILRgV?5 Ö Ó!6p�
�ëËyðxË`Ãtæ¢ÄÂ½°Å"Æ
Ê ù Ë ò Êg½°Å�Ë`½)ß�Ëy½°ÃSÊgÄ¿ð�Í
�yWcj P ∈ M1 (Ω,A) WcjvR���PSfLKaXalbfgWcjvRLNvjklafL]�Wcjv_aXOhiPS¤g���yWcj t 7→ Pt

WcjvRgW L2 (P0)
m

VnjÎÍ�WcKaWcRLHJjkWcKOÏ�PSKaW £ ILKO��Wëh�jv_ § PSRLT�WcR _aW g ∈ L2 (P0)
ILRgV P0 = P � M X|TUjvNv_�VgPSRLR∫

g dP0 = 0
� HJILh«0�Wcq%WcjkX �`TUN ��5¨ÑU�!6p¡3�nPS_OH ©U�v©�ÿU� ILRgVó{ZjvNÎsÚXaXbPS_OH1©U�v©àý^Ó��}�rY\WcK

Ù�Wc]`_a[^KOKbPSILh
L

(0)
2 (P ) :=

{
h ∈ L2 (P ) :

∫
h dP = 0

}

qrjvKaV�VLWJXOq%WcT�WcR PSNkX § PSRLT�WcR`_aWcRLKbPSILh7Ï�WcH�WcjklafLRgWc_��¿Y\WcK�Ù�Wc]`_a[^KOKbPSILh L
(0)
2 (P ) jkXO_WcjvR@PSÏLT�WJXalafLNk[UXaXbWcRgWcK�~�R _aWcKOKbPSILh VLWJXZ{ZjvNvÏ�WcKO_OKbPSILhÐX L2(P ) �

�yWcj P ⊂ M1 (Ω,A) WcjvRgW\RLjklaf`_OØ�PSKbPShÐWc_OKOjkXalafgWëw�PSh�jvNvjkW���[^R���PSfLKaXalbfgWcjvRLNvjklafnm]�Wcjv_aXOhiPS¤�WcR¢�
Ó Ênß�ô�Æ�Ê(Ô�ËOÉ�¼u½¿Ë ÊLÃSË ò ÃSÊg½°âà¾pá�Ã^ðxÊnßà¼uá)½�ÍÎ MTN

t 7→ Pt
MTNaOeM

L2(P0)
�ls^N Ñ�MTSVM7OvU7N�MTS � ]^S}M����{ST|!M,NPO P d@N�b"�
]rO{`hMTO
b�M

g
nD�yz{SÕ MVs{Mqw

a ∈ R\{0} NPwTb�s�]rO/O�s^NZMD���vSq|^M t 7→ Pat
M � MTOom�]^WaWÖw

L2(P0)
�ls^N Ñ�M7SVMTO[U7N�MTS � ]^S�{O�s@U7xy]rS�d+N�b���]^O{`{MTO
b�M

ag
n

��MTx.M7N�won �xWcT�WcR ∫ ag dP0 = a
∫
g dP0 = 0 TUjvNv_ ag ∈ L

(0)
2 (P0) .

Y|jkW�0�WJVnjvRnm
TUILRLT � ©U�¨���ZjkXO_\WcK�s��LNvNv_�¡)VLWcRLR�WJX|TUjvNv_ Pat ({dPat

dP0
= ∞

})
= o

(
(at)2

)
= o

(
t2
)
.M X�KaWcjklbf _�VnjkWI0�WJVnjvRLTUILRLT � ©U�¨Ô��|s��LK�VnjkW £ ILKO��W t 7→ Pat

h�jv_�VLWcK § PSRLT�WcR`_aW agR�P^lafLHJI qûWcjkXaWcR¢�)d@jv_eVLWcK��`ILÏgXa_Ojv_OIL_Ojk[^R s := at WcKOf�zSNv_ZhiPSR

lim
t→0

∥∥∥∥∥
2

t

((
dPat
dP0

) 1

2

− 1

)
− ag

∥∥∥∥∥
L2(P0)

= lim
t→0

|a|
∥∥∥∥∥

2

at

((
dPat
dP0

) 1

2

− 1

)
− g

∥∥∥∥∥
L2(P0)

= |a| lim
s→0

∥∥∥∥∥
2

s

((
dPs
dP0

) 1

2

− 1

)
− g

∥∥∥∥∥
L2(P0)

= 0.

ý
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�ÕË`ð�Ë ÃSæ¢Ä¿½¿Å Æ�Ê(	
�yWcj P ∈ P Ï�WcNvjkWcÏLjvT�PSÏ�WcK�sÚWJXO_�T�WcqûzSfLNv_��ïY|jkW £ ILKO��W R → P, t 7→ P jkXO_+[SÍ¦WcRnmXOjklbf _ONvjklbf L2(0)

mpVnjÎÍ¦WcKaWcRLHJjkWcKOÏ�PSK|h�jv_eVLWcK § PSRLT�WcR _aW 0 ∈ L
(0)
2 (P ) .

Ý ËhÉï½Â¼çßà¼çá)½�Æ�ÊuÆ[×�Ë ò Êg½°Å�Ë`½)ß�Ë`½¿æ�Ë`Å�ËyÉ�Í\<NZM@L1MTO{`{M#shMTS,��]^O{`hM7O
b�MTO�MTNaOeMqw Ï ]!QhSqw7YTQ[M7NPO/WcNZYTQ�_^MTN�bawqd#]V��Mqw P ∈ P � U}`^W(nys{MTS�g]^d@NPWcNZM P x�NaSVs�s{MaØÙO/N�MTS7b+]^WXw
K(P,P) := {g ∈ L

(0)
2 (P ) :

MqwJMVÚ^NPwTb�N�MTS7b-M7NPOeM
L2 (P0)

��srN Ñ�MTS}MTOvU�NZM7S � ]rSVM �<�vST|!M
t 7→ Pt

NPO P d@N�b���]^O{`hM7O
b�M
g
�vO�s

P0 = P} n
d�jv_\{ZjvNÎsÚW���[^R��nPS_OH�©U�¨ÓiILRgV;0ûWchÐWcKO]yILRLT�©U�¨ÿiXajkWcf _|hiPSR¢¡�VgP^XaX K(P,P) WcjvR£ WcT�WcNûjkXO_��°Y|jkW�d�WcRLT�W K(P,P) qrjvKaV²VLWJXaf�PSNvÏ PSNkX § PSRLT�WcR _aWcRL]�WcT�WcN�VLWJX���PSfLK�mXalbfgWcjvRLNvjklafL]�Wcjv_aXOhiPS¤�WJX P ÏLHJTUN �gVLWcK�w�PSh�jvNvjkW P Ï�WcH�WcjklafLRgWc_��

Ý ËhÉï½Â¼çßà¼çá)½�Æ�ÊuÆ�Æ­Ë ò Êg½°Å�Ë`½)ßà¼uÊgÉuÃtÊgÄÂðEÍ\+MTS
L2(P )

�Zp � w7Y7QhWX�{w�w�shMTS3WcNaOeMV]^S}MTO"��zvWaW�M�MTNaOeMqw+��]^O{`{MTO
b�MTOR_rMZ`hMTWXw
K(P,P)

x�NPSVsd@N�b
T (P,P) :=

WXNaO
K(P,P)

O�k�b�NZMTS7b�n�L;]rO � M}U�MTNZYTQhO�M7b
T (P,P)

]^WÖw���]^O{`{MTO
b�NZ]^WX�SV]^�vd%shMqw Ï ]!QhSqw7Y7Q[MTNaO/WXNZYTQ�_rMTNabawTd#]V�HMTw P � U}`^W(nHshMTS��g]^d@NPWcN�M P n
Y\WcK § PSRLT�WcR _OjQPSNvKbPSILh XaØLjkWcT�WcNv_�VnjkW�Nk[^]UPSNkW��`_OKOIL]y_OILK�WcjvRgWJX�XO_bPS_OjkXO_OjkXalbfgWcR M þym

Ø�WcKOjvhÐWcR _aXrqrjkVLWcK��LwÂ�LK � WJVLWJX���PSfLKaXalafgWcjvRLNvjklbfL]�Wcjv_aXOhiPS¤ P ∈ P jkXa_�VLWcK § PSRLT�WcR _OjÎmPSNvKbPSILh T (P,P) WcjvR�PSÏLT�WJXalafLNk[UXbXaWcRgWcK�~�R _aWcKOKbPSILh(VLWJXe{ZjvNvÏ�WcKO_OKbPSILhÐX L2(P ) �

±3²lÛ ´¶µ}·"¸H¹�¸�º »Gµ}¸H¹e¼+½D¹�¸ ÜR¿�½D¿�µ}ÜR¿eµ}Ü
Ý�Þ+¸àß�À+º�¾�¿�µ�á3º ½�Å}¸
�yWcj P ⊂ M1 (Ω,A) WcjvRgW	RLjklbf _OØ�PSKbPShÐWc_OKOjkXalbfgW w�PSh�jvNvjkW���[^Râ��PSfLKaXalafgWcjvRLNvjklbfnm]�Wcjv_aXOhiPS¤�WcR¢��� WJVLW � ÏLÏLjvNkVnILRLT k : P → R, P 7→ k (P ) qrjvKaV PSNkXÕXO_bPS_OjkXa_OjkXalafgWJXwLILRL]y_Ojk[^R�PSNZÏ�WcH�WcjklafLRgWc_�� d�PSR jvR`_aWcKaWJXaXOjkWcKO_iXajklaf s��LKÐVnjkW XO_bPS_OjkXO_OjkXalbfgWcR"wLILRL]y_Ojk[Sm
R�PSNkWU¡�VnjkWÕXOjklaf	WcR _ONQPSRLT VLWcK L2

mpVnjÎÍ¦WcKaWcRLHJjkWcKOÏ�PSKaWcR £ ILKO��WcR�VnjÎÍ¦WcKaWcRLHJjkWcKaWcR�NQP^XaXaWcR¢�
Ù|jkWcNkWÐRLjklbf _OØ�PSKbPShÐWc_OKOjkXalbfgWcR § WJXO_OØLKa[^ÏLNkWchÐW�NQP^XaXaWcR²XOjklaf²HJILhã0�WcjkXOØLjkWcN h�jv_ë{ZjvNÎsÚW
Xa[^NklbfgWcKZwLILRL]y_Ojk[^R�PSNkW�hiPS_OfgWchiPS_OjkXalbf�W}þgPS]y_�s�[^KOh�ILNvjkWcKaWcR¢�
Ý ËhÉï½Â¼çßà¼çá)½�Æ�ÊuÆ Ü Ë�Èï¼QÞ%Ë ÃSË`½¿ô ¼uË ÃSî¿ÊLÃSË âÐâ�ß�Ênßà¼çâ�ßà¼çâàãSÁ¿Ë â�ä¢Ä¿½¿æ�ßà¼uá�½¿ÊgÉ�Í�jNaO1wTb�]�b�N�w7b�N�w�YTQ[Mqw<���vOR_9b�NZk^O�]^W

k : P → R
QRMTN �Gb�s^N Ñ�MTS}MTOvU�NZMTS � ]^SI]rO­MTNPO�MTS Î b�MTWaW�M

P ∈ P d@N�b�MTNaOeMTd¯~�SV]�s^N�MTO
b�MTO
k̇ = k̇(P ) ∈ L

(0)
2 (P )

�Gm�]^WaWÖw3mTz{S Õ M}shM
L2 (P0)

�s^N Ñ�MTS}MTOvU�NZMTS � ]^S}M����vSq|^M
t 7→ Pt

NaO P d@Nab��
]^Ov`hMTO
b�M
g
�{Oes

P0 = P
`^NaWcb

lim
t↓0

1

t
(k (Pt) − k (P0)) =

∫
k̇g dP0.

� ©U�¨���
�ÕË`ð�Ë ÃSæ¢Ä¿½¿Å Æ�Ê�Æ ñ
Y\WcKZWcjvRgXaWcjv_OjvT�W � KaWcRLHJq%WcKO_�jvR � ©U�¨����XO_aWcNvNv_Z]�WcjvRgW M jvRgXalbfLKbzSRL]`ILRLT�VgPSK�� M X�XaWcjkWcR kWcjvR�XO_bPS_OjkXO_OjkXblafgWJX+PSR�WcjvRgWcK��`_aWcNvNkW P ∈ P VnjÎÍ¦WcKaWcRLHJjkWcKOÏ�PSKaWJX+wLILRL]y_Ojk[^R�PSN ¡ t 7→ PtWcjvRgW L2 (P0)

mpVnjÎÍ¦WcKaWcRLHJjkWcKOÏ�PSKaW £ ILKO��W+jvR P h�jv_ § PSRLT�WcR`_aW g ILRgV P0 = P �
Ó



Y|jkW £ ILKO��W t 7→ P−t
jkXO_�R�P^lafA�nPS_OH�©U�¨Ó�WcÏ�WcRns PSNvNkX L2 (P0)

mpVnjÎÍ�WcKaWcRLHJjkWcKOÏ�PSKûh�jv_§ PSRLT�WcR _aW −g ILRgV P0 = P �LwÂ�LKeVnjkW £ ILKO��W t 7→ P−t
TUjvNv_�PSNkXb[

lim
t↓0

1

t
(k (P−t) − k (P0)) = −

∫
k̇g dP

� ©U� ýr�
R�P^laf@Y\WT)gRLjv_Ojk[^R²©U�v©��n� � IgX � ©U� ýr��WcKOTUjvÏL_|XOjklaf

lim
t↑0

1

t
(k (Pt) − k (P0)) = lim

t↓0
1

(−t) (k (P−t) − k (P0))

= − lim
t↓0

1

t
(k (P−t) − k (P0))

=

∫
k̇g dP.

� ©U�¨Ó��
�ëËyðxË`Ãtæ¢ÄÂ½°Å"Æ
Ê�Æ �
��XO_ÐWcjvR XO_bPS_OjkXO_OjkXalbfgWJXiwLILRL]y_Ojk[^R�PSN k : P → R

VnjÎÍ�WcKaWcRLHJjkWcKOÏ�PSK�PSRåWcjvRgWcK��`_aWcNvNkW
P ∈ P ¡�Xa[Õjvh�ØLNvjvHJjkWcKO_ � ©U�¨����WcjvRgW�¥¦jvRgW�PSKOjkXOjkWcKOILRLT���[^R k PSR@VLWcK��`_aWcNvNkW P WcR _ONQPSRLTVLWcK L2 (P0)

mpVnjÎÍ¦WcKaWcRLHJjkWcKOÏ�PSKaWcR £ ILKO��WcR jvR P h�jv_ P0 = P ��ëËyðxË`Ãtæ¢ÄÂ½°Å"Æ
Ê�ÆnÌ
��XO_ÐWcjvR XO_bPS_OjkXO_OjkXalbfgWJXiwLILRL]y_Ojk[^R�PSN k : P → R

VnjÎÍ�WcKaWcRLHJjkWcKOÏ�PSK�PSRåWcjvRgWcK��`_aWcNvNkW
P ∈ P ¡LXa[ÕjkXO_eVLWcK � KbP^VnjkWcR`_Z��[^R k jvh � NvNvT�WchÐWcjvRgWcR RLjklaf`_�WcjvRgVLWcIL_OjvTÐÏ�WJXO_Ojvh�h�_���ëËy¼uâ í ¼uËyÉeÆ�ÊuÆ[�
�yWcj P ∈ P WcjvR���PSfLKaXalafgWcjvRLNvjklbfL]�Wcjv_aXOhiPS¤�h�jv_ {0} 6= T (P,P) 6= L

(0)
2 (P ) �Ù�yWcj

k : P → R
WcjvR�PSR�VLWcK��`_aWcNvNkW P VnjÎÍ¦WcKaWcRLHJjkWcKOÏ�PSKaWJX\XO_bPS_OjkXO_OjkXalbfgWJX�wLILRL]y_Ojk[^R�PSNÂh�jv_WcjvRgWch � KbP^VnjkWcR _aWcR k̇ ∈ L

(0)
2 (P ) �d@jv_ T (P,P)⊥ qrjvKaV�VLWcKD:�KO_Ofg[^T�[^R�PSNvKbPSILh���[^R T (P,P) jvR L(0)

2 (P ) Ï)WcH�WcjklbfnmRgWc_�� � IgX L(0)
2 (P ) = T (P,P) ⊕ T (P,P)⊥ sÚ[^NvTU_ T (P,P)⊥ 6= {0} q%WcT�WcR Ù�[^K�mPSIgXaXaWc_OHJILRLT {0} 6= T (P,P) 6= L

(0)
2 (P ) ��wÂ�LK � WJVLWJX h ∈ T (P,P)⊥ ILRgV s��LK � WJVLW

L2 (P0)
mpVnjÎÍ¦WcKaWcRLHJjkWcKOÏ�PSKaW £ ILKO��W t 7→ Pt

jvR P h�jv_ § PSRLT�WcR`_aW g ILRgV P0 = P TUjvNv_VgPSRLR
lim
t↓0

1

t
(k (Pt) − k (P0)) =

∫
k̇g dP =

∫
k̇g dP +

∫
hg dP =

∫ (
k̇ + h

)
g dP.

{ZjkWcKbPSIgXZs�[^NvTU_�¡)VgP^XaX|VnjkW+wLILRL]y_Ojk[^R k̇ + h s��LK � WJVLWJX h ∈ T (P,P)⊥ WcjvR � KbP^VnjkWcR _��[^R k PSR VLWcK��`_aWcNvNkW P jkXO_��Ó Ênß�ô�Æ�Ê�Æ ù Ë�ænÊg½¿á�½Â¼çâàãSÁ¿Ë Ã@Ç�ÃSÊLÈÂ¼uËy½)ß^Í�jNPO�wTb�]rb�NPwTb�NPw7YTQRMqw-�¡�{OR_!b�N�k^Oe]^W
k : P → R

w�MTN�s^N Ñ�MTS}MTOvU7N�MTS � ]^SJ]rO2MTNaOeMTS Î b�MTWaW�M
P ∈ P. �.w"MVÚ^NPwTb�N�MTSTb�MTNaOEMTNaO�shM7�vb�N�`hMTS;~�Sl]�srNZMTO�b k̃ ∈ T (P,P)

��shMTSIsrNZM#_�W(MTNaORwTb�Mä<k^STdåNPO
OeMTSqQv]^W � shM7S@L1MTO{`hM�]^WaW(MTS�~�Sl]hs^NZM7O
b�MTO�|9k^O
k
]^O�s{MTS Î b�MTWaW�M

P
� MqwqN�b�U�b�nL;]^O � M}U�M7N�YTQ{OeM7b

k̃
]^WXw�_!]^O�krO/N�w�YTQ[MTO�~�SV]�s^N�MTO
b�MTO;|9k^O

k
]^O1s{MTS Î b�MTWaW(M

P
n

��MTx.M7N�won �yTUN �¡5¨�Uÿ96p¡��yWcjv_aWÐ©�ÓUÑÐ[`VLWcK<5 Ö �!6p¡
�yWcjv_aW�Ñn©U¡��nPS_OH�Ög�v©�Ôn�
�

ÿ



�ÕË`ð�Ë ÃSæ¢Ä¿½¿Å Æ�Ê�ÆvÔ
�èXO_ k̇ WcjvR � KbP^VnjkWcR _���[^R k : P → R

PSR1VLWcKI�`_aWcNvNkW P ∈ P ¡ïXa[@NQz^XbXO_ëXajklaf1VLWcK]UPSRg[^RLjkXalafgW � KbP^VnjkWcR`_ k̃ PSR VLWcKI�`_aWcNvNkW P PSNkXÕVnjkW�[^KO_Ofg[^T�[^R�PSNkW���Ka[ � Wc]y_Ojk[^R ��[^R
k̇ jvR VLWcR § PSRLT�WcR`_OjQPSNvKbPSILh T (P,P) Ï)WcKaWJlbfLRgWcR¢¡°�yTUN �Ù5¨�Uÿ!6p¡G�yWcjv_aW ©�ÓUÑ [yVLWcKI5 Ög©76p¡�yWcjv_aWÐ©U©�ÿn�
±3²çæ

L2 ³h´¶µV·�¸H¹e¸�º+»Gµ}¸H¹�¼@½D¹e¾3¸�µl¿;À+º+Á�Â�½3º+Ä3¸�º�¿�µ}½�ÅV¹eÆ�À+ÇÈ¸EÁ+¸H¹è ¹�á�Á À ¾�¿eÇÈ½Dé�¸
Y|jkW���Ka[yVnIL]`_OhiPS¤�W�XOØLjkWcNkWcR Ï�Wcjrú�qûWcjkXO_OjklafLØLKa[^Ï�WcRLØLKa[^ÏLNkWchÐWcRóVLWcK-�`_bPS_OjkXO_Ojv] WcjvRgW
Ï�WJXa[^RgVLWcKaW � [^NvNkWU¡Uq%WcjvN)VnjkWrÏ�WcjkVLWcR��`_OjklafLØLKa[^Ï�WcR�hÐWcjkXa_aWcRgX%PSNkX Xa_a[`lbf�P^XO_OjkXalaf�ILR�PSÏnm
f�zSRLTUjvT	PSRLT�WJXaWcfgWcRxq%WcKaVLWcR¢�¿Y|jkW § PSRLT�WcR`_OjQPSNvKbzSILhÐW�VLWcK�w�PSh�jvNvjkWcR²VLWcK+��Ka[`VnIL]y_�m
hiPS¤�W@Ï)WJXOjv_OH�WcRåWcjvRgW Ï�WJXa[^RgVLWcKaWJ�`_OKOIL]y_OILK�¡ VnjkW@XajklafåPSNkX��ylafLNv�gXaXaWcN�HJILh § WJXO_aWcR
VLWcKrVnjÎÍ¦WcKaWcRLHJjkWcKOÏ�PSKaWcR XO_bPS_OjkXO_OjkXalbfgWcR wLILRL]`_Ojk[^R�PSNkW�s��LKZú�q%WcjkXO_OjklbfLØLKa[^Ï)WcRLØLKa[^ÏLNkWchÐW
WcKOqûWcjkXO_�� M jvRgW�PSIgX�s��LfLKONvjklafgW���Rns�[^KOhiPS_Ojk[^R �LÏ)WcK�VnjkW § PSRLT�WcR _OjQPSNvKbzSILhÐW�ILRgV L2

m
Y|jÎÍ¦WcKaWcRLHJjkWcKOÏ�PSKO]�Wcjv_ÐVLWcK�w�PSh�jvNvjkWcR1VLWcKÕ��Ka[`VnIL]y_OhiPS¤�WI)gRgVLWc_�hiPSR jvR85 Ög©76p¡.5¨ÑU�!6p¡5 Ö`ý96¿ILRgV�5 Ö �!6p� � NvNvT�WchÐWcjvRgWcKaW M KOT�WcÏLRLjkXaXaW+�LÏ)WcK|VnjkW+�`_OKOIL]y_OILK|VLWcK § PSRLT�WcR`_aWcR�Ï�Wcj
T�WcT�WcÏ�WcRgWcR � PSRgVn��WcKO_aWcjvNvILRLT�WcR�ILRgV�T�WchÐWcjvRgXbPShÐWcK�Ù�WcKO_aWcjvNvILRLT�HJqûWcjkWcK�ú�InsÚPSNvNkXO�UPtm
KOjQPSÏLNkWcR,)gRgVLWc_ehiPSR jvR�5¨ÔSÖr6¢ILRgV�5 Ö Ô96p�
Ó Ênß�ôxÆ�ÊuÆ[	�Ë

L2
ì Ý ¼çÞ Ë`ÃtËy½°ô ¼uË`ÃtîÂÊLÃtæ�Ë`¼çß�È¿Ë`Ã"ê+Ãtá¦ÈïÄ°æ�ßàð�ÊRë�Ë/ÍÎ M7N

n ∈ N
n/�.w�w�MTN�MTO

(Ωi,Ai)
L1MqwqwqSV�^�vd#M��{O�s Pi ⊂ M1 (Ωi,Ai)

O/N�Y7Q{bX�[]^SV]^dIMT�b�STN�w�YTQ[M �>]^d@NaWXN�MTO�|9krO Ï ]!QhSqw7YTQ[M7NPO/WcNZYTQ�_^MTN�bawqd#]V��MTO�mqzvS#]^WaW�M i ∈ {1, . . . , n} n�\<N�M�g]^d@NPWcNZM shMTS�ijSlk�s^�h_!b�d-]}�HM+x�NaSVs"shM�ØÙO/N�MTSTb�]^WXw P :=

{
n⊗
i=1

Pi : Pi ∈ Pi
} n

\ ]^O/OJwqNaO�s�m7krW `hM7O�shM�p��hwqw7]o`{MTO���Ð7�vNP|9]rW�MTO�b�ì
í n��jNPO�M����vSq|^M

t 7→ Pt =
n⊗
i=1

Pi,t
NPO P NPwTb

L2(0)
��s^N Ñ�MTS}MTOvU�NZMTS � ]^Son

î n�\�N�M��<�vST|!MTO
t 7→ Pi,t

wqNaO�s
L2(0)

�ls^N Ñ�M7SVMTO[U7N�MTS � ]^S�mqzvS�]^WaW�M
i ∈ {1, . . . , n} n

�yzvS Õ M}shMqw
i ∈ {1, . . . , n} woMTN gi s^N�M1�
]^Ov`hMTO
b�M@U7��shMTS+���vSq|!M t 7→ Pi,t

]^O�shMTSÎ b�M7WPW(M
0
n¡\<N�M�p ��� NPW�s^�vO{`

×n
i=1Ωi → R, (ω1, . . . , ωn) 7→

n∑

i=1

gi(ωi)

NPwTbjs�]^O/O?s^N�M"��]^O{`hM7O
b�M�U7�JshM7S����{ST|!M
t 7→ Pt =

n⊗
i=1

Pi,t
]^O?shMTS Î b�MTWaW�M

0
n

��MTx.MTNPw�n
1.⇒ 2. �yWcj i ∈ {1, . . . , n} �LY|jkW i m _aW�]UPSRg[^RLjkXalafgW+��Ka[ � Wc]y_Ojk[^R

πi : ×n
i=1Ωi → Ωi, (ω1, . . . , ωn) 7→ ωi

©��



jkXO_¢WcjvRgWïhÐWJXaXOÏ�PSKaW � ÏLÏLjvNkVnILRLTg�àY|jkW £ ILKO��W t 7→ P πi
t = Pi,t

jkXO_ L2(0)
mpVnjÎÍ¦WcKaWcRLHJjkWcKOÏ�PSK

R�P^laf�5¨ÑU�!6p¡
�yWcjv_aWi©àý^Ón¡��nPS_OHi©U�v©�ÿUÔn�
2.⇒ 1. Y|jkWJXaW+�ph�ØLNvjv]UPS_Ojk[^R@WcR _aXaØLKOjklaf _@5¨ÑU�96p¡��yWcjv_aWÐ©àý^�n¡
�nPS_OH�©U�v©�ÿn©U� ��ëËyðxË`Ãtæ¢ÄÂ½°Å"Æ
Ê Ü ×

�yWcj t 7→ Pt
WcjvRgW L2 (P0)

mpVnjÎÍ¦WcKaWcRLHJjkWcKOÏ�PSKaW £ ILKO��W jvR P h�jv_ § PSRLT�WcR`_aW g ∈
L

(0)
2 (P0)

�R�yWcj S : (Ω,A) → (R,B) WcjvRgW�ú�InsÚPSNvNkXO�UPSKOjQPSÏLNkWU�nY|jkW £ ILKO��W t 7→ P S
t
jkXO_

VgPSRLR L2

(
P S0
)mpVnjÎÍ¦WcKaWcRLHJjkWcKOÏ�PSK�h�jv_ § PSRLT�WcR _aW

h(s) = EP0
(g |S = s) .

ú�ILh40�Wcq%WcjkXe��WcKOTUNkWcjklbfgWI5¨ÑU�96p¡��yWcjv_aWi©àý^�n¡��nPS_OHi©U�v©�ÿn©U�
Ó Ênß�ô�Æ�Ê Ü ÆÎ MTN

n ∈ N
n>�yzvS Õ M}shMqw

i ∈ {1, . . . , n} w�MTN Pi ⊂ M1 (Ωi,Ai)
MTNaOeM O/NZYTQ{bX�[]rSl]^dIMT�b�SqNPw7YTQRM��>]^d@NaWXN�M.|9k^O Ï ]!QhSqw7Y7Q[MTNaO/WXNZYTQ�_rMTNabawTd#]V�HM7Oen[\�N�M��>]^d@NaWXN�M�shMTSÙijSVkos^�{_9b�d#]V��M

P w�M7NyshMaØÙO/N�MTS7bÙx�N�M�NPO Î ]rb�U í n í^ï n¡�yz{S Õ MVs{Mqw
P =

n⊗
i=1

Pi ∈ P `^NaWtbjs�]rO/Oeì
í n�\+MTS���]^O{`hMTO�b�MTOR_^MZ`{MTW

K(P,P)
NPwTbjs^N�M�L?MTO{`hM+shMTS�p �o� NaWts^�vO{`hM7O

(ω1, . . . , ωn) 7→
n∑
i=1

gi(ωi)
d@N�b

gi ∈ K(Pi,Pi)
mqzvS Õ M}shMqw

i ∈ {1, . . . , n} n
î n�\+MTS���]^O{`hMTO�b�N�]^WcSV]^�{d

T (P,P)
NPwTbjs^NZM<L1M7O{`hM+shMTS�p ��� NPW�s^�vO{`hMTO

(ω1, . . . , ωn) 7→
n∑
i=1

gi(ωi)
d@N�b

gi ∈ T (Pi,Pi)
mTz{S Õ MVshMqw

i ∈ {1, . . . , n} n
��MTx.M7N�wonZM XrjkXO_rNkWcjklaf`_ZHJI H�WcjvT�WcR¢¡�VgP^XaXeVnjkW�d�WcRLT�W�VLWcK � ÏLÏLjvNkVnILRLT�WcR

(ω1, . . . , ωn) 7→
n∑

i=1

gi(ωi)

h�jv_ gi ∈ T (Pi,Pi) s��LK � WJVLWJX i ∈ {1, . . . , n} WcjvRëÏLHJTUN �SVLWcK L2 (⊗n
i=1Pi)

mpo�[^KOhCPSÏnm
T�WJXalafLNk[UXaXbWcRgWcK¿Ù�Wc]y_a[^KOKbPSILh jkXO_��àY|jkW WcKaXa_aW � IgXaXbPST�W%WcKOTUjvÏL_ÂXOjklbf�VgPSRLRëILRLh�jv_O_aWcNvÏ�PSK
PSIgX��nPS_OHi©U�v©�ÿn�gd�jv_e{ZjvNÎsÚW\��[^R@Y\WT)gRLjv_Ojk[^R�©U�v©U©\sÚ[^NvTU_ZVnjkW\HJqûWcjv_aW � IgXaXbPST�WU�

��ëËyðxË`Ãtæ¢ÄÂ½°Å"Æ
Ê Ü�Ü
�yWcj g ∈ T (⊗n

i=1Pi,P) WcjvRgW § PSRLT�WcR`_aWU�¢Y�PSRLR	W}þnjkXO_OjkWcKaWcR�WcjvRgVLWcIL_OjvT�W � ÏLÏLjvNkVnILRnm
T�WcR gi ∈ T (Pi,Pi) s��LK+PSNvNkW i ∈ {1, . . . , n} h�jv_ g =

n∑
i=1

gi ◦ πi �¢Y|jkW M þnjkXO_aWcRLH
s�[^NvTU_rILRLh�jv_O_aWcNvÏ�PSK\PSIgX��nPS_OHÐ©U�¨�n©U�gY|jkW M jvRgVLWcIL_OjvTU]�Wcjv_|jkXO_rHJI�H�WcjvT�WcR¢� M XrT�WcNv_aW

g =

n∑

i=1

gi ◦ πi =

n∑

i=1

g̃i ◦ πi

h�jv_ gi, g̃i ∈ T (Pi,Pi) s��LKZPSNvNkW i ∈ {1, . . . , n} �gd	PSR WcKOf�zSNv_eHJILR�z^lafgXa_

0 =

∫ ( n∑

i=1

gi ◦ πi −
n∑

i=1

g̃i ◦ πi
)2

d⊗n
i=1 Pi =

n∑

i=1

∫
(gi − g̃i)

2 dPi,

©U©



qûWcjvN T (Pi,Pi) ⊂ L
(0)
2 (Pi)

s��LK+PSNvNkW i ∈ {1, . . . , n} TUjvNv_��°{ZjkWcKbPSIgX�s�[^NvTU_ gi = g̃i
Pi
mÚs�� X��ys��LKZPSNvNkW i ∈ {1, . . . , n} �

±3²�ð ñ Ü/ò<Ç%ó ¿�á�¿�µ�Ü
Ý�Þ ¸�ÜFô�¸H¹�Ä3Å}¸�µ}Ý�Þ+¸�º
Á ¸H¹�Â�¸�ÜR¿�õ�á3Å�Ä3¸�º
��R VLWcK,�`_bPS_OjkXO_Ojv]åXO_aWcNvNv_�XOjklafóf�zSI[)gT1VnjkW�wgKbPST�WU¡�qrjkW@hiPSRóHJq%Wcj § WJXO_�sÚ[^NvT�WcRås��LK
WcjvR § WJXO_OØLKa[^ÏLNkWch6��WcKOTUNkWcjklbfgWcR ]UPSRLR¢� M XiqrjvKaVåHJILhÃ0�WcjkXOØLjkWcN\[Ss�_iT�WcH�WcjvTU_�¡ûVgP^XaX
HJqûWcj § WJXa_�s�[^NvT�WcR VnjkW�TUNkWcjklafgW�P^XO×yh�ØL_a[^_OjkXalafgW � �L_aW�Ï�WJXOjv_OH�WcR¢�H�y[^NklafgW § WJXO_�sÚ[^NvT�WcR
RgWcRLR`_�hiPSR P^XO×`h�ØL_a[^_OjkXblaf1z^C ILjv�UPSNkWcR _��Â�pR²VnjkWJXaWch � ÏgXalbfLRLjv_O_+q%WcKaVLWcR ��WcKaXalbfLjkW}m
VLWcRgW�{�jvNÎsÚXOh�jv_O_aWcN¢HJILKe¥>'UXOILRLT�VnjkWJXaWcKZ��Ka[^ÏLNkWchÐW+��[^KOT�WJXO_aWcNvNv_��
Ý ËhÉï½Â¼çßà¼çá)½�Æ�Ê Ü�ñ ËVö�á�ÃSð�ÈÂË Ã�ß�ágß�ÊgÉuËy½*÷�ÊLÃ^¼uÊnßà¼çá)½�Í�.w�woMTN�MTO

P
�vO�s

Q
U7x.M7N Ï ]^QhS�w�YTQ[MTNaO/WcN�Y7Q�_^MTN�bawqd#]V��MD]^�TmjMTNaOeMTd=L1MqwqwqSV]^�{d (Ω,A)

np��7�HM7SlshM7d4woMTN
µ
MTNaO

σ
�lMTO�sRWXNZYTQ[Mqw�L1]V�*]^�Tm

(Ω,A)
d+N�b

P,Q� µ
n¡\�]^O
O,Q[M7N �Gb

‖P −Q‖ :=
1

2

∫ ∣∣∣∣
dP

dµ
− dQ

dµ

∣∣∣∣ dµ

s^N�M�ä<k^STd°shM7S�b�krb�]^W(MTOâøR]^SqNZ]rb�NZk^Oen
�ÕË`ð�Ë ÃSæ¢Ä¿½¿Å Æ�Ê ÜR�
Y|jkW\o�[^KOh�VLWcK�_a[^_bPSNkWcR�Ù PSKOjQPS_Ojk[^R ‖P −Q‖ jkXO_�ILR�PSÏLf�zSRLTUjvT���[^R�VLWch�XaØ)WcHJjkWcNvNkWcRVL[^h�jvRLjkWcKaWcRgVLWcR d	PS¤ µ �`�pRgXOÏ�WJXa[^RgVLWcKaWZ]^PSRLR�VgP^X%d	PS¤ P +Q PSNkXûVL[^h�jvRLjkWcKaWcRgVLWJXd	PS¤�T�WcqûzSfLNv_�q%WcKaVLWcR¢�
�ÕË`ð�Ë ÃSæ¢Ä¿½¿Å Æ�Ê Ü Ì
wÂ�LK�PSNvNkW���PSfLKaXalbfgWcjvRLNvjklafL]�Wcjv_aXOhiPS¤�W P,Q PSInsïWcjvRgWch d�WJXaXOKbPSILh (Ω,A) TUjvNv_

‖P −Q‖ = sup
B∈A

|P (B) −Q (B)| .

ú�ILh40�WcqûWcjkXe��WcKOTUNkWcjklafgW"5¨ÑU�!6p¡
�yWcjv_aWÐ©�ÔU�n�
ù ¼�Éu¾pâàâ�Ênß�ô�Æ
Ê Ü �Î M7NZMTO

Pn, Qn ∈ M1 (Ωn,An)
U�x.MTN��gk^W `{MTOA|9k^O Ï ]!QhSqw7YTQ[M7NPO/WcNZYTQ�_^MTN�bawqd#]V��MTOJd+N�b

lim
n→∞

‖Pn −Qn‖ = 0.

Î M7N
ϕn : (Ωn,An) →

(
[0, 1] , B|[0,1]

) M7NPOeM?�eMqw7b m7k^Wú`hMq��w7k?s�]!wqw"shMTS;~�SVMTO[U7x.MTS7b
lim
n→∞

EPn (ϕn)
M}Ú^N�w7b�NZM7STb�n>\ ]^O/OA`^NaWcb

lim
n→∞

EPn (ϕn) = lim
n→∞

EQn (ϕn) .

��MTx.MTNPw�n �yWcj µn WcjvR σ mpWcRgVnNvjklbfgWJX�d	PS¤Ðh�jv_ Pn, Qn � µn
�gY�PSRLR�TUjvNv_

|EPn (ϕn) −EQn (ϕn)| ≤
∫ ∣∣∣∣ϕn

dPn
dµn

− ϕn
dQn
dµn

∣∣∣∣ dµn

=

∫
ϕn

∣∣∣∣
dPn
dµn

− dQn
dµn

∣∣∣∣ dµn

©��



≤
∫ ∣∣∣∣

dPn
dµn

− dQn
dµn

∣∣∣∣ dµn

= 2 ‖Pn −Qn‖ → 0 su�LK n→ ∞.

�Ó Ênß�ô�Æ�Ê Ü)ù Ë�ÊLâ��°ð í ß�á�ßà¼uâ�ãSÁ8ûRÌ¢ÄÂ¼QöLÊgÉuË`½)ß�Ë ò Ë âJß�¾�á�ÉuÅ�Ëy½�ÍÎ MTN
(Pn)n∈N

MTNPO�MD�>k^Wú`hM�shM7S Ï ]!QhSqw7YTQRMTNPO
WXNZYTQ�_^M7NabawTd-]}�HMone�.w3woMTN�MTO (T1n)n∈N

�vO�s
(T2n)n∈N

U7x.MTN��gk^W `{MTO�shMTS��eMqwTbaw7b�]rb�NPwTb�NP_^MTOR��w�k"s�]^w�w
lim
n→∞

Pn ({|T1n − T2n| > ε}) = 0

mqzvS�]^WaW�M
ε > 0

`^NaWcb�n¡p��7�HM7SlshM7d4woMTNZM7O
(ϕin)n∈N

��MTwTb m�k^W `{MTO@mqzvS
i = 1, 2

d@N�b

ϕin =





1 >
γin Tin = cin
0 <

.

�.w.`hMTWtb�M
lim
n→∞

cin = c
mqzvS

i = 1, 2
�vO�s

c ∈ R
n/\<NZM�ø/M7STb�MTNaWc�{O{`

P T1n
n

_!krO/|!MTSZ`^N�MTSVM
w7YTQhxy]hYTQI`hMZ`hMTO­M7NPO Ï ]^QhS�w�YTQ[MTNaO/WcN�Y7Q�_^MTN�bawqd#]V� µ ne��w7b µ ({c}) = 0

�Ùw7k�m�k^W `�b
lim
n→∞

EPn (|ϕ1n − ϕ2n|) = 0.

��MTx.M7N�won �yTUN �¡5¨�Uÿ96p¡��yWcjv_aW+ÿU�Õ[yVLWcK�5¨ÑUÔ96p¡��yWcjv_aW�ÑUÓn�
�

0�Wcjvh o|P^lbf q%WcjkX�VLWcK@P^XO×yh�ØL_a[^_OjkXalafgWcRüBDC ILjv�UPSNkWcRLH�VLWcK § WJXO_�s�[^NvT�WcREsu�LK VnjkW
w�PSh�jvNvjkWcR1��[^RE��PSfLKaXalafgWcjvRLNvjklbfL]�Wcjv_aXOhiPS¤�WcRåjkXa_ëVLWcK-0�WcTUKOjÎÍ VLWcK-0�WcR�P^laf`Ï�PSKO_OfgWcjv_
ILR ��WcKOHJjklaf`_OÏ�PSK��
Ý Ë�É�½¿¼çßà¼uá�½óÆ�Ê Ü Ô�.w�woMTN�MTO

Pn, Qn ∈ M1 (Ωn,An)
U7x.M7N��>k^Wú`hMTO;|9k^O Ï ]^QhS�w�YTQ[MTNaO/WcN�Y7Q�_^MTN�bawqd#]V��MTOen\�N�M��>k^Wú`hM

(Qn)n∈N

Q[MTN �Gb � MTO�]�YTQ � ]^S7b.U7�
(Pn)n∈N

�yx.MTO
O+mTzvS ]^WaW�M��gk^W `{MTO
An ∈

An
|9krOEL1MTO{`hM7O*]^�hw

lim
n→∞

Pn (An) = 0
� MTS}MTN�baw

lim
n→∞

Qn (An) = 0
m7k^Wú`rb�nÙ\<N�M

��MTOe]�YTQ � ]rSTbaQ[M7Nabj|9k^O
(Qn)n∈N

U7�
(Pn)n∈N

x�NPSVs#d@N�b
Qn / Pn

O�krb�N�MTSTb�n
� IgXOsu�LfLKONvjklbfgWë��RnsÚ[^KOhiPS_Ojk[^RgWcR�HJILK�0�WcR�P^laf`Ï�PSKO_OfgWcjv_<)gRgVLWc_\hiPSR�jvRE5 Ö �96p¡H5v©àý�6p¡5¨Ñn©T6ïILRgV�5¨�UÑ^6p�)Y|jkWÐP^XO×yh�ØL_a[^_OjkXalbfgW-BDC ILjv�UPSNkWcRLHÐVLWcK § WJXO_�sÚ[^NvT�WcRxqrjvKaV	f�zSI[)gT�HJInm

WcKaXO_\R ILK\s��LK\WcjvRgWÕwg[^NvT�W (Pn)n∈N

��[^R?��PSfLKaXalafgWcjvRLNvjklbfL]�Wcjv_aXOhiPS¤�WcR T�WcH�WcjvTU_�¡��`TUN ��nPS_OH�©U�¨��ýy�¦Y|jkWJXaW � IgXaXbPST�W�NQz^XaXO_�XOjklbfxVgPSRLR�ILR _aWcK�Xalbf q�P^lafgWcR Ù�[^KbPSIgXaXaWc_OHJILRLT�WcR
PSIns � WJVLW�HJI (Pn)n∈N

Ï)WcR�P^lbf Ï�PSKO_aW�w�[^NvT�W���[^R���PSfLKaXalafgWcjvRLNvjklbfL]�Wcjv_aXOhiPS¤�WcR	�LÏ)WcK�m
_OKbPST�WcR¢�
ý�Ë`ð²ðxÊ Æ�Ê Ü 	�.wJwoMTN�MTO

Pn, Qn ∈ M1 (Ωn,An)
U7x.MTN��>krW `hM7O=|9krO Ï ]!QhSqw7YTQ[M7NPO/WcNZYTQ�_^MTN�bawqd#]^��HMTO?d@N�b

Qn / Pn
ngp��7��MTSls{MTd%w�MTN�MTO

(ϕin)n∈N

U7x.MTN���Mqw7b m7krW `hM7O-mqzvS
i = 1, 2

d@N�b
lim
n→∞

EPn (|ϕ1n − ϕ2n|) = 0.
\ ]^O/OA`^NaWcb

lim
n→∞

EQn (|ϕ1n − ϕ2n|) = 0.

©�Ô



��MTx.MTNPw�n �yWcj ε > 0 � � IgX�VLWcK £ [^R ��WcKOT�WcRLH lim
n→∞

EPn (|ϕ1n − ϕ2n|) = 0 sÚ[^NvTU_VgPSRLR lim
n→∞

Pn ({|ϕ1n − ϕ2n| > ε}) = 0. Y|jkW�0�WcR�P^laf Ï�PSKO_OfgWcjv_ Qn/Pn
jvh�ØLNvjvHJjkWcKO_

lim
n→∞

Qn ({|ϕ1n − ϕ2n| > ε}) = 0.

d	PSR@WcKOf�zSNv_�PSIL¤�WcKaVLWch VnjkW � ÏgXalbf�zS_OHJILRLT
EQn (|ϕ1n − ϕ2n|)

=

∫
|ϕ1n − ϕ2n| 1{|ϕ1n−ϕ2n|>ε}dQn +

∫
|ϕ1n − ϕ2n| 1{|ϕ1n−ϕ2n|≤ε}dQn

≤ Qn ({|ϕ1n − ϕ2n| > ε}) + εQn ({|ϕ1n − ϕ2n| ≤ ε})
≤ Qn ({|ϕ1n − ϕ2n| > ε}) + ε.

�y[^h�jv_ZWcKOTUjvÏL_�XOjklaf
lim sup
n→∞

EQn (|ϕ1n − ϕ2n|) ≤ lim
n→∞

Qn ({|ϕ1n − ϕ2n| > ε}) + ε = ε

s��LKZPSNvNkW ε > 0 �L{�jkWcKbPSIgXrsÚ[^NvTU_ lim
n→∞

EQn (|ϕ1n − ϕ2n|) = 0. �

©cÖ
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�pR�VnjkWJXaWch � ÏgXalafLRLjv_O_@q%WcKaVLWcR=VnjkW�Y|jÎÍ¦WcKaWcRLHJjkWcKOÏ�PSKO]�Wcjv_aXaWcjvT�WcRgXalaf�Pts�_aWcRCXO_bPS_OjkXO_OjÎm
XalafgWcK�wLILRL]`_Ojk[^R�PSNkW@s��LKiVgP^X�ú�qûWcjkXO_OjklafLØLKa[^Ï�WcRLØLKa[^ÏLNkWch�ILR _aWcKaXaIglaf _��rY|jkW�Ï�WJXa[^Rnm
VLWcKaW � Ins�hÐWcKO]yX PSh�]�Wcjv_ÐqrjvKaV"PSIns|VnjkW;�`_OKOIL]`_OILKiVLWcK § PSRLT�WcR _OjQPSNvKbzSILhÐW�ILRgV1VLWJX
]^PSRg[^RLjkXalbfgWcR � KbP^VnjkWcR`_aWcR�T�WcKOjklbf _aWc_�� M X�qûWcKaVLWcRiNkWcjkXO_OILRLT�XOsÚzSfLjvT�W��xWcKO]`H�WcILT�W�WcR _�m
qrjkla]�WcNv_�¡¿h�jv_ëVLWcKaWcR {ZjvNÎsÚWÐVnjkW�Y|jÎÍ�WcKaWcRLHJjkWcKOÏ�PSKO]�Wcjv_�WcjvRgWJXëXO_bPS_OjkXO_OjkXalbfgWcR wLILRL]y_Ojk[Sm
R�PSNkXeILRgV@VnjkW � WJXO_bPSNv_|VLWJXZ]UPSRg[^RLjkXalafgWcR � KbP^VnjkWcR`_aWcR�Ï�WJXO_Ojvh�h+_|q%WcKaVLWcR�]�'^RLRgWcR¢�� IL¤�WcKaVLWch�q%WcKaVLWcR�VnjkW�]UPSRg[^RLjkXalbfgWcR � KbP^VnjkWcR _aWcR�s��LKû�`jkWcNkW|qrjklaf`_OjvT�W�XO_bPS_OjkXO_OjkXblafgW
wLILRL]`_Ojk[^R�PSNkWëPSIgXOT�WcKaWJlafLRgWc_��M X\XaWcjkWcR (Ω1,A1)

ILRgV (Ω2,A2)
d�WJXaXOKbzSILhÐWU¡ P ⊂ M1 (Ω1,A1)

ILRgV Q ⊂
M1 (Ω2,A2)

RLjklaf`_OØ�PSKbPShÐWc_OKOjkXalafgWÕw�PSh�jvNvjkWcR���[^R���PSfLKaXalafgWcjvRLNvjklbfL]�Wcjv_aXOhiPS¤�WcR¢�
Ý Ë�É�½¿¼çßà¼uá�½ Ü Ê�Æ\�N�MÙ�>]rd+NaWcNZMDs{MTSyijSlk�s^�h_!b�d-]}�HM P⊗Q ⊂ M1 (Ω1 ⊗ Ω2,A1 ⊗A2)

x�NaSVs<shMaØÙO
NZMTS7b]^WÖw P ⊗ Q := {P ⊗Q : P ∈ P, Q ∈ Q} . \�N�M@p �o� NaWts^�vO{`hM7O π1 : Ω1 ⊗ Ω2 →
Ω1, (ω1, ω2) 7→ ω1

�{O�s
π2 : Ω1 ⊗ Ω2 → Ω2, (ω1, ω2) 7→ ω2

� M}U9MTNZYTQhOeMTOFs^N�M_!]^O�k^O
N�w�YTQ[MTO�ijSVk Õ MT_9b�N�krOeMTOen
Ó Ênß�ô Ü Ê Ü Ë Ó ß�Ã^Ä¿æ�ßàÄ°Ã�Ë`¼�½°Ë`âÐænÊg½°á)½¿¼uâ�ã^Á¿Ë`½EÇ�ÃSÊLÈÂ¼uË`½)ß�Ëy½�ÍÎ MTN

k : P⊗Q → R
MTNaO"wTb�]rb�NPwTb�NPw7YTQRMqw.���vOR_9b�NZk^O�]^WX��s�]!w�]^O�MTNaOeMTS Î b�M7WPW(M

P0⊗Q0 ∈
P ⊗Q s^N Ñ�MTS}MTOvU�NZMTS � ]^S+NPwTb�n¡�.w�woMTNZM7O

k̇ ∈ L2 (P0 ⊗Q0)
MTNPO�~�SV]�s^N�MTO
b.|9k^O

k
]^O

shMTS Î b�MTWPW(M
P0⊗Q0

�vO�s
k̃ ∈ L

(0)
2 (P0 ⊗Q0)

shM7S3_!]^Oek^O/NPw7YTQ[M-~�Sl]�srNZMTO�b�|!k^O
k
]^OshMTS Î b�M7WPW(M

P0 ⊗Q0
n¡\ ]^O/OA`^NaWcb�ì

í n�\<NZMIw7b�]rb�N�w7b�N�w�YTQ[MTO­�¡�{O/_9b�N�krO�]^W(M
k1 : P → R, P 7→ k (P ⊗Q0)

�vO�s
k2 :

Q → R, Q 7→ k (P0 ⊗Q)
wTNPO�sIs^N Ñ�M7SVMTO[U7N�MTS � ]^S ]^O1shMTS Î b�MTWaW(M

P0
� U�x.n

Q0
n

î n�\<NZM<p ��� NPW�s^�vO{`
k̇1 : ω1 7→

∫
k̇ (ω1, ω2) dQ0(ω2)

N�w7b�MTNaO*~�Sl]hs^NZM7O
bD|9k^O
k1

©�Ñ



]^O�shM7S Î b�MTWaW�M
P0
�vO�sJs^NZM+p �o� NaW�s^�{Ov`

k̇2 : ω2 7→
∫
k̇ (ω1, ω2) dP0(ω1)

N�w7bMTNPO�~�SV]�s^N�MTO
by|9k^O
k2
]^O1s{MTS Î b�MTWaW(M

Q0
n

� n�\�N�Myp �o� NPW�s^�vO{`
k̃1 : ω1 7→

∫
k̃ (ω1, ω2) dQ0(ω2)

NPwTb¡shMTSj_!]^Oek^O/NPw7YTQ[M<~�Sl]hs^NP�MTO
be|9k^O
k1
]^O#shMTS Î b�MTWaW�M

P0
nr\�N�M�p �o� NaW�s^�{Ov`

k̃2 : ω2 7→
∫
k̃ (ω1, ω2) dP0(ω1)N�w7b�shMTS�_!]^Oek^O/NPw7YTQ[M�~�Sl]hs^NZM7O
b�|9k^O

k2
]^OÒshMTS Î b�MTWaW(M

Q0
njp��T��MTSVshMTd `^NPWtb

k̃ = k̃1 ◦ π1 + k̃2 ◦ π2
n

��MTx.MTNPw�n �yWcj t 7→ Pt ⊗ Qt
WcjvRgW L2(0)

mpVnjÎÍ¦WcKaWcRLHJjkWcKOÏ�PSKaW £ ILKO��W jvR P ⊗ Q h�jv_§ PSRLT�WcR _aW h ∈ L
(0)
2 (P0 ⊗Q0)

��o\P^laf��nPS_OH�©U�¨�n©�W}þnjkXO_OjkWcKaWcR�VnjkW § PSRLT�WcR`_aWcR h1 ∈
L

(0)
2 (P0)

ILRgV h2 ∈ L
(0)
2 (Q0)

h�jv_ h = h1 ◦ π1 + h2 ◦ π2
�¿Y|jkW £ ILKO��WcR t 7→

Pt
ILRgV t 7→ Qt

XajvRgV�VgPSRLR L2(0)
mpVnjÎÍ�WcKaWcRLHJjkWcKOÏ�PSKÐh�jv_ § PSRLT�WcR`_aWcR h1

ILRgV h2
�

d�jv_�WcKORgWcIL_aWcK � R q%WcRgVnILRLT1��[^Râ�nPS_OH ©U�¨�n©�WcKOf�zSNv_�hiPSR¢¡%VgP^XaX�VnjkW £ ILKO��W t 7→
Pt ⊗Q0

WcÏ�WcRns PSNvNkX L2 (0) mpVnjÎÍ�WcKaWcRLHJjkWcKOÏ�PSK�jkXO_�ILRgV�HJqûPSKrh�jv_ § PSRLT�WcR _aW h1 ◦ π1 ∈
L

(0)
2 (P0 ⊗Q0) .

M XrTUjvNv_ZXa[^h�jv_

lim
t↓0

1

t
(k1 (Pt) − k1 (P0)) = lim

t↓0
1

t
(k (Pt ⊗Q0) − k (P0 ⊗Q0))

=

∫
h1(ω1)k̇(ω1, ω2) dP0 ⊗Q0 (ω1, ω2)

=

∫
h1(ω1)

[∫
k̇(ω1, ω2)dQ0(ω2)

]

︸ ︷︷ ︸
=:k̇1(ω1)

dP0(ω1).

M XeÏLNkWcjvÏL_ k̇1 ∈ L2 (P0)
HJI�H�WcjvT�WcR¢��Y�jkW+��WcRgXaWcRgXalbfgW+~�RLTUNkWcjklaf ILRLT�NvjkW}s�WcKO_

∫
k̇2
1dP0 =

∫ [∫
k̇(ω1, ω2)dQ0(ω2)

]2

dP0(ω1)

≤
∫ ∫

k̇(ω1, ω2)
2dQ0(ω2)dP0(ω1)

=

∫
k̇2dP0 ⊗Q0 <∞.

�y[^h�jv_ZXajvRgV § WcjvNkWÐ©\ILRgV���VnjkWJXaWJX��nPS_OH�WJXrÏ�WcqrjkWJXaWcR¢�
Y\WcK�]^PSRg[^RLjkXalbfgW � KbP^VnjkWcR _ k̃ ∈ T (P0 ⊗Q0,P ⊗Q) Ï)WJXajv_OHJ_ZR�P^laf?�nPS_OH�©U�¨�n©VnjkWeY�PSKaXO_aWcNvNvILRLT k̃ = g1 ◦π1 +g2 ◦π2

¡�q%[^Ï�Wcj g1 ∈ T (P0,P) ILRgV g2 ∈ T (Q0,Q)R�P^lbfJ0�WchÐWcKO]`ILRLT�©U�¨�U��WcjvRgVLWcIL_OjvTiXOjvRgV¦�g{�jkWcKbPSIgX�sÚ[^NvTU_
k̃1(ω1) =

∫
(g1(ω1) + g2(ω2)) dQ0(ω2) = g1(ω1).

o\P^laf § WcjvNû��VnjkWJXaWJX+�nPS_OH�WJX�jkXO_�VnjkWÐwgILRL]`_Ojk[^R k̃1 = g1
WcjvR � KbP^VnjkWcR _+��[^R k1

PSR
VLWcK3�`_aWcNvNkW P0

�yo|P^lbfA�nPS_OH�©U�v©àý�ILRgV�0ûWchÐWcKO]yILRLT�©U�v©�Ó�sÚ[^NvTU_�¡yVgP^XaX%VnjkW � ÏLÏLjvNkVnILRLT
k̃1 = g1 ∈ T (P0,P) Ï�WcKaWcjv_aXZVLWcKr]UPSRg[^RLjkXalbfgW � KbP^VnjkWcR`_Z��[^R k1

PSR VLWcK��`_aWcNvNkW P0jkXO_��
�

©��



�ëËyðxË`Ãtæ¢ÄÂ½°Å Ü Ê ñ
Y�jkW � ÏLÏLjvNkVnILRLT k̃i jvR1�nPS_OH��n�¨�ÕWcKOTUjvÏL_ZXOjklbf�PSNkXrÏ�WJVnjvRLTU_aW M KOqûPSKO_OILRLT

k̃i = EP0⊗Q0

(
k̃ | πi

)

su�LK i = 1, 2.

Ý Ë�É�½¿¼çßà¼uá�½ Ü Ê ��jNPO�M�O/NZYTQ{bX�[]^SV]^dIM7b�STN�w�YTQ[M"�>]^d@NaWXN�M P ⊂ M1 (Ω,A)
|9k^O Ï ]!Q{S�w�YTQ[MTNaO/WcN�YTQh_^MTN�bawq�d-]}�HMTOJQ[MTN �Gby|9krWPWX�yx.MTO/O

T (P,P) = L
(0)
2 (P )

mqzvS�]^WaW�M
P ∈ P `^NaWcb�n

�ëËyðxË`Ãtæ¢ÄÂ½°Å Ü ÊQÌ
�yWcj µ WcjvR σ mpWcRgVnNvjklafgWJX|d�PS¤iPSIns (Ω,A) �LY|jkW�w�PSh�jvNvjkW

Pµ := {P ∈ M1 (Ω,A) : P � µ}
jkXO_r��[^NvN ��ú�ILh40�Wcq%WcjkXZ��WcKOTUNkWcjklafgW@�nPS_OH�Ög�¨ÑÕ[`VLWcK 5 Ö �96p¡ £ [^Ka[^NvNQPSK�Ög�v©àýy�
�ëËy¼uâ í ¼uËyÉ Ü Ê��8Ëèö�á)½�� ¼çâàË â�ä°Ä¿½¿æ�ßà¼uá�½¿ÊgÉ�Í�yWcj k : P ⊗ Q → R, P ⊗ Q 7→

∫
h dP ⊗ Q WcjvR XO_bPS_OjkXO_OjkXalbfgWJX�PSR²WcjvRgWcK@�`_aWcNvNkW

P0⊗Q0
VnjÎÍ�WcKaWcRLHJjkWcKOÏ�PSKaWJXïwLILRL]y_Ojk[^R�PSN`ILRgV+XaWcj k̇ = h−

∫
h dP0⊗Q0

WcjvR � KbP^VnjkWcR _
��[^R k jvR P0 ⊗Q0

� Y|jkWJXû_OKOjv_O_ûHJILh�0�WcjkXOØLjkWcN�VgPSRLR�PSInsO¡`q%WcRLR h WcjvRgW�Ï�WJXalafLKbzSRL]y_aWwLILRL]`_Ojk[^R�jkXa_�¡��yTUN �H5¨ÑU�96p¡g�yWcjv_aW�©��SÖg¡g�nPS_OH ©U�v©àý^ÿn� � NvNvT�WchÐWcjvRgWcKaW�wLILRL]y_Ojk[^R�PSNkW�h�jv_
h ∈ L2 (P0 ⊗Q0)

XOjvRgV�h�jv_r{ZjvNÎsÚW���[^R�¥°Wch�hiPë�n�v©���HJI�ILR _aWcKaXaIglafgWcR¢�go\P^laf,�nPS_OH
�n�¨�ëTUjvNv_ZVgPSRLR

k̇1 (ω1) =

∫ [
h (ω1, ω2) −

∫
h (ω1, ω2) dP0 ⊗Q0 (ω1, ω2)

]
dQ0 (ω2)

=

∫
h (ω1, ω2) dQ0 (ω2) −

∫
h (ω1, ω2) dP0 ⊗Q0 (ω1, ω2) ,

k̇2 (ω2) =

∫ [
h (ω1, ω2) −

∫
h (ω1, ω2) dP0 ⊗Q0 (ω1, ω2)

]
dP0 (ω1)

=

∫
h (ω1, ω2) dP0 (ω1) −

∫
h (ω1, ω2) dP0 ⊗Q0 (ω1, ω2) .

�`jvRgV VnjkW�w�PSh�jvNvjkWcR P ILRgV Q ��[^NvN ¡ VgPSRLR1s�[^NvTU_ k̃1 = k̇1 ∈ T (P0,P) ILRgV
k̃2 = k̇2 ∈ T (Q0,Q) R�P^lbf��nPS_OH�©U�v©àý�ILRgV­0ûWchÐWcKO]yILRLT ©U�v©�Ón�¿Y\WcK+]UPSRg[^RLjkXalbfgW� KbP^VnjkWcR _ZVLWJX�wLILRL]y_Ojk[^R�PSNkX k PSR@VLWcK��`_aWcNvNkW P0 ⊗Q0

WcKOTUjvÏL_ZXOjklaf�VgPSRLR�PSNkX

k̃ (ω1, ω2) =

∫
h (ω1, ω2) dQ0 (ω2) +

∫
h (ω1, ω2) dP0 (ω1) − 2k (P0 ⊗Q0) .

õ�½)êëË`½¿ÈÂÄÂ½°Å Ü Ê ù Ë��-¼�Éçã á`ø¢á)½"ä¢ÄÂ½¿æ�ßà¼çá)½°ÊgÉ�Í
M X%XbWcjkWcR (Ω1,A1) = (Ω2,A2) = (R,B) ILRgV h := 1{(x,y)∈R2:x≥y}

� Y|jkW|w�PSh�jvNvjkWcR
P ⊂ M (Ω1,A1)

ILRgV Q ⊂ M (Ω2,A2)
XaWcjkWcR���[^NvN � Y\P^X%XO_bPS_OjkXO_OjkXalbfgWewLILRL]y_Ojk[^R�PSN
©àý



k : P ⊗ Q 7→
∫
h dP ⊗ Q jkXO_�VgPSRLR�VnjÎÍ¦WcKaWcRLHJjkWcKOÏ�PSK�PSR � WJVLWcK��`_aWcNvNkW P0 ⊗Q0 ∈

P ⊗Q h�jv_ZVLWch ]UPSRg[^RLjkXalbfgWcR � KbP^VnjkWcR`_aWcR

k̃(x, y) =

∫
1{(x,y)∈R2:x≥y}dQ0(y) +

∫
1{(x,y)∈R2:x≥y}dP0(x)

−2k (P0 ⊗Q0)

= Q0 ((−∞, x]) + P0 ([y,+∞)) − 2k (P0 ⊗Q0)

= FQ0
(x) + 1 − F−

P0
(y) − 2k (P0 ⊗Q0) ,

qû[^Ï)Wcj F−
P
VnjkW+NvjvRL]nXaXaWcjv_OjvT�W�Ù�WcKO_aWcjvNvILRLT�X�s�ILRL]`_Ojk[^RxWcjvRgWJX���PSfLKaXalbfgWcjvRLNvjklafL]�Wcjv_aXOhiPtm

¤�WJX P Ï�WcH�WcjklafLRgWc_��
�ÕË`ð�Ë ÃSæ¢Ä¿½¿Å Ü Ê(Ô
M X\XaWcjkWcR n ∈ N

ILRgV (Ωi,Ai)
d�WJXaXOKbzSILhÐW+s��LK|PSNvNkW i ∈ {1, . . . , n} �)Y|jkW+w�PSh�jvNvjkWVLWcKi��Ka[`VnIL]y_OhiPS¤�W�qrjvKaV VLWT)gRLjkWcKO_�PSNkX P = {⊗n

i=1Pi : Pi ∈ Pi} , q%[^Ï�Wcj Pi ⊂
M1 (Ωi,Ai)

su�LK � WJVLWJX i ∈ {1, . . . , n} WcjvRgW�RLjklbf _OØ�PSKbPShÐWc_OKOjkXalbfgW²w�PSh�jvNvjkW���[^R��PSfLKaXalbfgWcjvRLNvjklafL]�Wcjv_aXOhiPS¤�WcRójkXO_��ïY\WcKI�nPS_OH@�n�¨��NQz^XaXO_�XOjklbf VgPSRLR"PSR�PSNk[^T�PSIns\VnjkW
XO_bPS_OjkXa_OjkXalafgWcR@wgILRL]`_Ojk[^R�PSNkW k : P → R

��WcKbPSNvNvT�WchÐWcjvRgWcKOR¢�
�ÕË`¼uâ í ¼uË`É Ü Ê(	�ËO¼�½)öLÊLÃ^¼çÊg½)ß�Ë	ä¢ÄÂ½°æ�ßà¼uá)½°ÊgÉuËRÍ�yWcjkWcR P,Q ⊂ M1(R,B) �gY|jkW�XO_bPS_OjkXO_OjkXalbfgWcR�wLILRL]y_Ojk[^R�PSNkW+VLWcKewg[^KOh

k : P ⊗Q → R, P ⊗Q 7→
∫
h (FQ(x)) dP (x)

� �n�v©��
)gRgVLWcR�WcjvRgWûÏLKaWcjv_aW � R qûWcRgVnILRLT�jvRÕVLWcKÂ��KbPtþnjkX�¡tq%[^Ï�Wcj h WcjvRgW B m hÐWJXaXOÏ�PSKaWûwLILRL]y_OjÎm[^RÕjkXO_ÂILRgV FQ VnjkWûÙ�WcKO_aWcjvNvILRLT�X�suILRL]y_Ojk[^R���[^R Q Ï�WcH�WcjklafLRgWc_��U��RgXOÏ�WJXa[^RgVLWcKaWûjkXO_ïVgP^X� jvNklJ[JþL[^RiwLILRL]y_Ojk[^R�PSN���[^RÐVnjkWJXaWch § ×yØÕsu�LK h = ��V R ��Y|jkWrXO_bPS_OjkXO_OjkXalbfgWcRiwLILRL]y_Ojk[SmR�PSNkW�VLWcK+wg[^KOh � �n�v©���XOjvRgV�jvR`�^PSKOjQPSR`_ëILR`_aWcK�XO_OKaWcRLT@jkXa[^_a[^RgWcR § KbPSRgX�s�[^KOhiPS_Ojk[^RgWcR
jvh(sÚ[^NvT�WcRgVLWcR��`jvRLRgWU�>�yWcj T : R → R

WcjvRgWëXa_OKaWcRLT�jkXb[^_a[^RgW � ÏLÏLjvNkVnILRLTg�¦wÂ�LK\PSNvNkW
P ⊗Q ∈ P ⊗Q TUjvNv_ZVgPSRLR

k
(
P T ⊗QT

)
=

∫
h
(
FQT (x)

)
dP T (x)

=

∫
h

(∫
1(−∞,x] (y) dQ

T (y)

)
dP T (x)

=

∫
h

(∫
1(−∞,T (x)] (T (y)) dQ (y)

)
dP (x)

=

∫
h

(∫
1(−∞,x] (y) dQ (y)

)
dP (x)

= k (P ⊗Q) .

Y|jkW B m hÐWJXaXOÏ�PSKaW � ÏLÏLjvNkVnILRLT h : [0, 1] → R
XbWcj\VnjÎÍ¦WcKaWcRLHJjkWcKOÏ�PSK@h�jv_�Ï�W}m

XalbfLKbzSRL]`_aWcK � ÏLNkWcjv_OILRLTg¡�V¦� f¢� ∣∣∣ḣ(t)
∣∣∣ ≤ c s��LK|PSNvNkW t ∈ [0, 1] ILRgV�WcjvR c ∈ (0,+∞) �
©�Ó



{ZjkWcKbPSIgX�s�[^NvTU_�¡�VgP^XbX�VnjkW � ÏLÏLjvNkVnILRLT h WcÏ�WcRns PSNvNkX�Ï�WJXalafLKbzSRL]y_�jkXO_�� M X�qrjvKaV�R`ILRiT�W}mH�WcjvTU_�¡SVgP^XbXÂVgP^X�Xa_bPS_OjkXO_OjkXalafgW�wLILRL]y_Ojk[^R�PSN k VgPSRLR�PSR � WJVLWcKy�`_aWcNvNkW P0⊗Q0 ∈ P⊗QVnjÎÍ�WcKaWcRLHJjkWcKOÏ�PSK�jkXO_rILRgV VnjkW � ÏLÏLjvNkVnILRLT
k̇ (x, y) = h (FQ0

(x)) +

∫
ḣ (FQ0

(s)) 1[y,+∞)(s)dP0(s)

−k (P0 ⊗Q0) −
∫
ḣ (FQ0

(s))FQ0
(s) dP0 (s)

WcjvR � KbP^VnjkWcR _���[^R k PSR@VLWcK��`_aWcNvNkW P0 ⊗Q0
jkXa_���yWcj t 7→ Pt⊗Qt WcjvRgW L2 (0) mpVnjÎÍ¦WcKaWcRLHJjkWcKOÏ�PSKaW £ ILKO��WrjvR P⊗Q h�jv_ § PSRLT�WcR _aW

g ∈ L(0)
2 (P0 ⊗Q0)

�^o\P^laf"�nPS_OH�©U�v©�ÿ\XOjvRgVÕVnjkW £ ILKO��WcR t 7→ Pt
ILRgV t 7→ Qt

WcÏ)WcRnm
sÚPSNvNkX L2 (0) mpVnjÎÍ�WcKaWcRLHJjkWcKOÏ�PSK|h�jv_ § PSRLT�WcR _aWcR g1 ∈ L

(0)
2 (P0)

ILRgV g2 ∈ L
(0)
2 (Q0)

�M X�TUjvNv_�PSIL¤�WcKaVLWch g = g1 ◦ π1 + g2 ◦ π2
�Lú�IgWcKaXa_ZWcKOf�zSNv_rhiPSR�h�jv_ZVLWcR WcjvRns P^lafgWcR

~ZhÕsÚ[^KOh+ILRLT�WcR
1

t
(k (Pt ⊗Qt) − k (P0 ⊗Q0))

=
1

t

(∫
h (FQt(x)) dPt(x) −

∫
h (FQ0

(x)) dP0(x)

)

=
1

t

(∫
h (FQt(x)) dPt(x) −

∫
h (FQ0

(x)) dPt(x)

)

+
1

t

(∫
h (FQ0

(x)) dPt(x) −
∫
h (FQ0

(x)) dP0(x)

)
.

w¿�LKeVLWcR@HJq%Wcjv_aWcR1�`ILh�hiPSRgVLWcR�WcKOTUjvÏL_ZXOjklbf
lim
t→0

1

t

(∫
h (FQ0

(x)) dPt(x) −
∫
h (FQ0

(x)) dP0(x)

)

=
d

dt

∫
h (FQ0

(x)) dPt(x)

∣∣∣∣
t=0

=

∫
h (FQ0

(x)) g1 (x) dP0(x)

R�P^laf 5¨ÑU�!6p¡y�yWcjv_aW�©��SÖg¡.�nPS_OH�©U�v©àý^ÿn¡�qûWcjvN h WcjvRgW�Ï�WJXalafLKbzSRL]y_aW@wgILRL]`_Ojk[^R jkXa_�� M XÏLNkWcjvÏL_ZVLWcR � KaWcRLHJqûWcKO_
lim
t→0

1

t

(∫
h (FQt(x)) dPt(x) −

∫
h (FQ0

(x)) dPt(x)

)

su�LK VLWcR�WcKaXO_aWcR��`ILh�hiPSRgVLWcR�HJIÐÏ�WJXO_Ojvh�hÐWcR¢�R�yWcj (tn)n∈N

WcjvRgWeÏ�WcNvjkWcÏLjvT�WZo�ILNvNÎs�[^NÎm
T�WU� M X|W}þyjkXa_OjkWcKO_|WcjvRJ��PSfLKaXalafgWcjvRLNvjklbfL]�Wcjv_aXOhiPS¤ µ h�jv_ P0 � µ ILRgV Ptn � µ s��LKPSNvNkW n ∈ N

�Ld�PSR WcKOf�zSNv_|VgPSRLR
1

tn

(∫
h
(
FQtn

(x)
)
dPtn(x) −

∫
h (FQ0

(x)) dPtn(x)

)

=

∫
1

tn

(
h
(
FQtn

(x)
)
− h (FQ0

(x))
)
dPtn(x)

©�ÿ



=

∫
1

tn

(
h
(
FQtn

(x)
)
− h (FQ0

(x))
) dPtn
dµ

(x)dµ(x).

~�h7VLWcR � KaWcRLHJqûWcKO_O�LÏ)WcKOT PSRLTxILR`_aWcK�VLWch7��R _aWcTUKbPSN�HJI KaWJlaf _�sÚWcKO_OjvT�WcR¢¡�qrjvKaV VLWcK
��R _aWcTUKbPSRgV

fn(x) :=
1

tn

(
h
(
FQtn

(x)
)
− h (FQ0

(x))
) dPtn
dµ

(x)

HJILR�z^lbfgXO_ePSÏLT�WJXalaf�zS_OHJ_��no\P^laf�VLWch�d�jv_O_aWcNvq%WcKO_aX PS_OH\VLWcK�Y|jÎÍ�WcKaWcR`_OjQPSNvKaWJlafLR`ILRLTiWcK�m
f�zSNv_ehiPSR

1

tn

(
h
(
FQtn

(x)
)
− h (FQ0

(x))
)

=
1

tn

(
FQtn

(x) − FQ0
(x)
)
ḣ (ξn)

s��LKeWcjvR ξn ∈ [0, 1] � M XrTUjvNv_�PSIL¤�WcKaVLWch

lim
n→∞

∣∣∣∣
1

tn

(
FQtn

(x) − FQ0
(x)
)∣∣∣∣

=

∣∣∣∣
d

dt

∫
1(−∞,x]dQt

∣∣∣∣
t=0

∣∣∣∣

=

∣∣∣∣
∫

1(−∞,x]g2 dQ0

∣∣∣∣

≤
∫

1(−∞,x] |g2| dQ0

≤
∫

|g2| dQ0

R�P^lbf�5¨ÑU�!6p¡/�yWcjv_aW�©��SÖg¡
�nPS_OHÕ©U�v©àý^ÿn�LwÂ�LK � WJVLWJX ε > 0 W}þyjkXa_OjkWcKO_ZPSNkXa[ÕWcjvR n0 ∈ N
¡nXa[

VgP^XaX ∣∣∣∣
1

tn

(
FQtn

(x) − FQ0
(x)
)∣∣∣∣ ≤

∫
|g2| dQ0 + ε

s��LKZPSNvNkW n ≥ n0
TUjvNv_��g��RgXOT�WJXbPSh�_ZWcKOf�zSNv_ehiPSR�s��LKZPSNvNkW n ≥ n0

VnjkW�d	P � [^KbPSR`_aW
|fn(x)| =

∣∣∣∣
1

tn

(
h
(
FQtn

(x)
)
− h (FQ0

(x))
)∣∣∣∣
dPtn
dµ

(x)

=

∣∣∣∣
1

tn

(
FQtn

(x) − FQ0
(x)
)
ḣ (ξn)

∣∣∣∣
dPtn
dµ

(x)

≤
∣∣∣∣
1

tn

(
FQtn

(x) − FQ0
(x)
)∣∣∣∣
dPtn
dµ

(x) max
ξ∈[0,1]

∣∣∣ḣ (ξ)
∣∣∣

≤
(∫

|g2| dQ0 + ε

)
max
ξ∈[0,1]

∣∣∣ḣ (ξ)
∣∣∣ dPtn
dµ

(x)

=: gn(x).
� �n�¨���

M X\TUjvNv_+PSIL¤�WcKaVLWch dPtn

dµ
→ dP0

dµ
s��LK n → ∞ jvR L1 (µ) mpo|[^KOhµR�P^laf�0�WchÐWcKO]`ILRLT©U�¨Ñn¡�qûWcjvN VnjkW L2 (P0)

mpY�jÎÍ¦WcKaWcRLHJjkWcKOÏ�PSKO]�Wcjv_�VLWcK £ ILKO��W t 7→ Pt
jvRgXOÏ�WJXa[^RgVLWcKaW�VnjkW

�U�



�`_aWc_OjvTU]�Wcjv_�VLWcK � ÏLÏLjvNkVnILRLT t 7→ dPt

dP0

PSR�VLWcK��`_aWcNvNkW t = 0 ÏLHJTUN �nVLWcK L1 (P0)
mpo|[^KOh

jvh�ØLNvjvHJjkWcKO_�¡g�yTUN �¡5¨ÑU�96p¡��yWcjv_aWÐ©àýtÖg�g{�jkWcKbPSIgX�sÚ[^NvTU_
gn(x) →

(∫
|g2| dQ0 + ε

)
max
ξ∈[0,1]

∣∣∣ḣ (ξ)
∣∣∣ dP0

dµ
(x)

� �n�¨Ô��
jvR L1 (µ) mpo�[^KOh�s��LK n→ ∞ � � IL¤�WcKaVLWch TUjvNv_

∫
gn(x)dµ(x) =

(∫
|g2| dQ0 + ε

)
max
ξ∈[0,1]

∣∣∣ḣ (ξ)
∣∣∣ .

� �n� Ö{�
d@jv_ � �n�¨���}¡ � �n�¨Ô��)ILRgV � �n� Ö{��WcKOf�zSNv_¿hiPSR�R�P^lafëVLWchü�nPS_OH���[^R+��KbPS_O_ÂVnjkW £ [^R`��WcKOT�WcRLH

lim
n→∞

∫
fn(x) = lim

n→∞

∫
1

tn

(
h
(
FQtn

(x)
)
− h (FQ0

(x))
) dPtn
dµ

(x)dµ(x)

=

∫
ḣ (FQ0

(x))

[∫
1(−∞,x](y)g2(y)dQ0(y)

]
dP0

dµ
(x)dµ(x)

=

∫
ḣ (FQ0

(x))

[∫
1(−∞,x](y)g2(y) dQ0(y)

]
dP0(x),

�`TUN �¡5¨ÿ96p¡��yWcjv_aW��UÑUÓtm��UÑUÿn�gd@jv_eVLWchÈ�nPS_OH���[^R@wLILÏLjvRLj°WcKOTUjvÏL_|XOjklaf
∫
ḣ (FQ0

(x))

[∫
1(−∞,x]g2 dQ0

]
dP0(x)

=

∫ [∫
ḣ (FQ0

(x)) 1(−∞,x](y)g2(y)dQ0(y)

]
dP0(x)

=

∫ [∫
ḣ (FQ0

(x)) 1[y,+∞)(x)g2(y)dP0(x)

]
dQ0(y)

=

∫
g2(y)

[∫
ḣ (FQ0

(x)) 1[y,+∞)(x)dP0(x)

]
dQ0(y).

�pRgXOT�WJX PSh+_eWcKOf�zSNv_ZhiPSR

lim
t→0

1

t
(k (Pt ⊗Qt) − k (P0 ⊗Q0))

=

∫
h (FQ0

(x)) g1 (x) dP0(x)

+

∫ [∫
ḣ (FQ0

(s)) 1[y,+∞)(s)dP0(s)

]
g2(y)dQ0(y)

=

∫
(g1 (x) + g2 (y)) k̂(x, y)dP0 ⊗Q0(x, y),

q%[^Ï�Wcj k̂(x, y) := h (FQ0
(x)) +

∫
ḣ (FQ0

(s))1[y,+∞)(s)dP0(s)
jkXO_���Y�P^X�XO_bPS_OjÎm

XO_OjkXalafgW�wgILRL]`_Ojk[^R�PSN k jkXO_�PSNkXa[�VnjÎÍ¦WcKaWcRLHJjkWcKOÏ�PSK�PSRxVLWcK �`_aWcNvNkW P0 ⊗ Q0
h�jv_�VLWch

�n©



� KbP^VnjkWcR`_aWcR k̇ := k̂ − EP0⊗Q0

(
k̂
) R�P^lbf1Y|WT)gRLjv_Ojk[^RE©U�v©��n�ïd�jv_ëVLWch �nPS_OH���[^R

wLILÏLjvRLjÂWcKOf�zSNv_ehiPSR@VgPSRLR
k̇ (x, y) = h (FQ0

(x)) +

∫
ḣ (FQ0

(s)) 1[y,+∞)(s)dP0(s)

−
∫ (

h (FQ0
(x)) +

∫
ḣ (FQ0

(s)) 1[y,+∞)(s)dP0(s)

)
dP0 ⊗Q0(x, y)

= h (FQ0
(x)) +

∫
ḣ (FQ0

(s)) 1[y,+∞)(s)dP0(s)

−
∫
h (FQ0

(x)) dP0(x) −
∫ ∫

ḣ (FQ0
(s)) 1[y,+∞)(s)dP0(s)dQ0(y)

= h (FQ0
(x)) +

∫
ḣ (FQ0

(s)) 1[y,+∞)(s)dP0(s)

−k (P0 ⊗Q0) −
∫
ḣ (FQ0

(s))

[∫
1(−∞,s](y)dQ0(y)

]
dP0(s)

= h (FQ0
(x)) +

∫
ḣ (FQ0

(s)) 1[y,+∞)(s)dP0(s)

−k (P0 ⊗Q0) −
∫
ḣ (FQ0

(s))FQ0
(s) dP0 (s) .

Y\WcKi]UPSRg[^RLjkXalbfgW � KbP^VnjkWcR _ k̃ PSRåVLWcK��`_aWcNvNkW P0 ⊗ Q0
NQz^XaXO_�XOjklafåh�jv_A�nPS_OH	�n�¨�

Ï�WcKaWJlafLRgWcR¢¡gsÚPSNvNkXeVnjkW § PSRLT�WcR _OjQPSNvKbzSILhÐW T (P0,P) ILRgV T (Q0,Q) Ï)Wc]UPSRLR _ZXajvRgV¦�
Y�P^XïR�P^lbfns�[^NvT�WcRgVLW�¥¢Wch�hiP\NvjkW}sÚWcKO_ïWcjvRgW�fLjvRLKaWcjklbfgWcRgVLW�0�WJVnjvRLTUILRLT�s��LK�VnjkWrY�jÎsum

sÚWcKaWcRLHJjkWcKOÏ�PSKO]�Wcjv_+VLWcK���[^Rxd�jkXaWJX\wLILRL]`_Ojk[^R�PSNkWU¡°VnjkW�WcjvRgWcR�ÏLKaWcjv_aWcR M jvRLHJILT jvR�VnjkW§ fgWJ[^KOjkW�VLWcKiP^XO×yh�ØL_a[^_OjkXalbfgWcR8�`_bPS_OjkXO_Ojv]�T�W}s�ILRgVLWcR1f�PS_�¡ï�`TUN ��5¨Ñ96p¡�5¨�U�!6p¡�5 Ö ÿ96rILRgV5¨ÑU�!6p�°Y�jkWÐÙ�[^KbPSIgXaXaWc_OHJILRLT�WcR²VLWJX�¥¢Wch�hiP^XëXOjvRgV�fLjvRLKaWcjklafgWcRgV Xalbf qûP^lbf ILRgV�hÐWcjÎm
XO_aWcRgXeNkWcjklaf _�R�P^lafLHJILØLKO�nsÚWcR¢�
ý Ë`ð�ð�Ê Ü Ê�Æv×Î M7N P⊂M1 (Ω,A)

MTNaOeM3O/N�Y7Q{bX�[]^SV]^dIM7b�STN�w�YTQ[M��>]^d@NaWXN�M�|!k^O Ï ]!QhSqw7YTQRMTNPO
WXNZYTQ�_^M7NabawT�d#]V��MTOenH�.w+w�MTN�MTO
t 7→ Pt

MTNaOeM
L2(P0)

�ls^N Ñ�MTSVM7OvU7N�MTS � ]^S}M#���{ST|!MINPO P d@Nab���]^O/�
`hM7O
b�M

g ∈ L
(0)
2 (P0)

�vO�s
T : (Ω,A) → (R,B)

MTNaOeM Î b�]rb�NPwTb�NP_�d@N�b
EP0

(T 2) <∞ n�g]^WaWÖw
lim sup
t↓0

EPt(T
2) < ∞ `^NaWcba�jw7kAN�w7b�srNZM<p ��� NPW�s^�vO{`

t 7→ EPt(T )
S}MVYTQ{bawT�

woMTNab�N�`�s^N Ñ�MTSVM7OvU7N�MTS � ]^S+]rO1shM7S Î b�MTWaW�M
0
�{O�s�Mqw�`^NaWtb

d

dt
EPt(T )

∣∣∣∣
t=0+

= EP0
(Tg)

� �n�¨Ñ��
� |q`^W(n�� î���� � Î MTNab�M�� � ���gQRMVk^S}MTd��!n � nHk�shMTS��! � � Î MTNab�M#"$ %�7�GijSVkq�[k!wTNab�NZk^O î'& n
��MTx.MTNPw�n �yTUN �
5 Ö ÿ96p¡v�yWcjv_aW�©���ýy¡`¥°Wch�hiP�Ñn�¨�n©�[`VLWcK�5 Ö �96p¡v�yWcjv_aW+©U©U¡`¥¢Wch�hiPë�n�v©U�

�

ú�ILK � R`q%WcRgVnILRLT�VLWJXZ[^ÏLjvT�WcR@¥¢Wch�hiP^XejvR VLWcKrRLjklbf _OØ�PSKbPShÐWc_OKOjkXalbfgWcR­�`jv_OI�PS_OjÎm
[^R�ÏLKbPSIglaf`_�hiPSR	WcjvRgW�h�jv_�VLWcK L2

mpY�jÎÍ¦WcKaWcRLHJjkWcKOÏ�PSKO]�Wcjv_���WcKO_OKbzSTUNvjklbfgW�d�Wc_OKOjv]�PSIns
�U�



M1 (Ω,A) ¡¢V¦� f¢�¢WcjvRgW L2(0)
mpVnjÎÍ�WcKaWcRLHJjkWcKOÏ�PSKaW £ ILKO��W t 7→ Pt

jvR M1 (Ω,A) jkXa_VgPSRLR�Ï�WcKaWcjv_aX�Xa_aWc_OjvT�PSR	VLWcK��`_aWcNvNkW 0 ÏLHJTUN �)VnjkWJXaWcK\d�Wc_OKOjv]��)Y�jkWë{|WcNvNvjvRLT�WcKaVnjkXO_bPSRLHjkXO_�WcjvRgWëXa[^NklafgWëd�Wc_OKOjv])¡�VnjkW�XOjklbf@s��LK�VnjkW�RLjklaf`_OØ�PSKbPShÐWc_OKOjkXalafgWcR²~ZR`_aWcKaXOIglaf`ILRLT�WcR
jvR VLWcK��`_bPS_OjkXO_Ojv]�TUIL_ZWcjvTURgWc_��
Ý Ë�É�½¿¼çßà¼uá�½ Ü Ê�Æ�Æ�ËVù Ë`É�É�¼u½¿Å�Ë`ÃtÈï¼uâJß�Êg½¿ô[ÍÎ MTN�MTO

P
�vO�s

Q Ï ]^QhS�w�YTQ[MTNaO/WcN�Y7Q�_^MTN�bawqd#]V��M�]^�Tm (Ω,A)
d@N�b

P,Q � ν
mTzvS�MTNaO

σ
�VMTO�s[WcNZYTQ[Mqw�L;]}�

ν
n�\�]rO/O,QRMTN �Gb

d(P,Q) =


1

2

∫ ((
dP

dν

) 1

2

−
(
dQ

dν

) 1

2

)2

dν




1

2

s^NZM���M7WPWcNPOv`hMTSVs^N�w7b�]^OvU |9krO
P
�{Oes

Q
n

d@jv_�{ZjvNÎsÚW�VLWcK�{|WcNvNvjvRLT�WcKaVnjkXO_bPSRLHë]^PSRLR�hiPSR�VnjkW�Ù�[^KbPSIgXbXaWc_OHJILRLT�WcR���[^R�¥¢WchÕm
hiP��n�v©���su�LK�VnjkWrRLjklbf _OØ�PSKbPShÐWc_OKOjkXalbfgWcR�w�PSh�jvNvjkWcRi��[^R-��PSfLKaXalbfgWcjvRLNvjklafL]�Wcjv_aXOhiPS¤�WcR
s�[^KOh�ILNvjkWcKaWcR¢�Â��hGR�P^lbfns�[^NvT�WcRgVLWcR*�nPS_OH�q%WcKaVLWcR1VnKaWcjrz^C ILjv�UPSNkWcR _aW�dJ'^TUNvjklbfL]�Wcjv_aWcR
T�WcT�WcÏ)WcR¢¡ qrjkWehiPSR�VnjkWesu�LKûVnjkWZY|jÎÍ¦WcKaWcRLHJjkWcKOÏ�PSKO]�Wcjv_ûfLjvRLKaWcjklbfgWcRgVLW|Ù�[^KbPSIgXaXaWc_OHJILRLT
PSIgXe¥¢Wch�hiPÐ�n�v©��Õjvh RLjklaf _OØ�PSKbPShÐWc_OKOjkXblafgWcR £ [^R`_aW}þy_\PSIgXaVnKO�gla]�WcR�]^PSRLR¢�
Ó Ênß�ô Ü Ê�Æ Ü Ëèß�á í á�Éuá�Å)¼uâ�ãSÁ¿Ë)(@Ì¢ÄÂ¼çöLÊgÉçËy½°ôRÍ�.w woMTN�MTO P ⊂ M1 (Ω,A)

MTNPO�M@O/NZYTQ{bX�[]rSl]^dIM7b�STNPw7YTQ[M@�g]^d@NPWcNZM-|9k^O Ï ]!Q{S�w�YTQ[MTNaO/�WXNZYTQ�_^M7NabawTd-]}�HMTO1�vO�s
T : (Ω,A) → (R,B)

MTNPO�M Î b�]rb�N�w7b�N�_@d@Nab
EP0

(T 2) <∞ mTz{SMTNPO
P0 ∈ P n¡�.w�wqNaO�sDm�k^Wú`hMTO�s{MTO,p��hwqw7]o`hM7O?�hÐ7�{Na|9]^W(MTO
b�ì

� ] & �yz{S�]rWPW(M��>k^Wú`hMTO
(Pn)n∈N

]^�{w P d@N�b
lim
n→∞

d (Pn, P0) = 0
`^NaWcb

lim sup
n→∞

EPn

(
T 2
)
<∞.

� � & �.w MVÚ^NPwTb�N�MTS7b�M7NPO
ε > 0

d@Nabys{MTS��jN�`hMTORw�YTQv]lm7b
sup

{
EP
(
T 2
)

: P ∈ P d@Nab d (P, P0) < ε
}
<∞.

� Y & �.w MVÚ^NPwTb�N�MTS}MTO­MTNaO
ε > 0

�vO�sAMTNaO
K > 0

��w7k�s�]!wqw
EP
(
T 2
)
< K

mTz{S�]^WaW(M
P ∈ P d@Nab

d (P, P0) < ε
`rNPWtb�n

��MTx.M7N�won Y|jkW�BDC`ILjv�^PSNkWcRLH+HJqrjkXalafgWcR (b) ILRgV (c) jkXO_rNkWcjklbf _�HJI�H�WcjvT�WcR¢�
(a) ⇒ (b)

� RLT�WcRg[^h�hÐWcR¢¡ÂVnjkW � IgXaX PST�W (b) jkXO_\sÚPSNkXblaf¢�¢Y�PSRLR�W}þnjkXO_OjkWcKO_+WcjvRgWwg[^NvT�W (Pn)n∈N
⊂ P h�jv_ lim

n→∞
d (Pn, P0) = 0 ILRgV lim

n→∞
EPn

(
T 2
)

= ∞. {�jkWcKbPSIgX
s�[^NvTU_ lim supn→∞EPn

(
T 2
)

= ∞. Y|jkWJXrjkXO_ZWcjvRA� jkVLWcKaXOØLKOIglbf@HJI (a) �
�UÔ



(b) ⇒ (a) �yWcj (Pn)n∈N

WcjvRgWewg[^NvT�Weh�jv_ lim
n→∞

d (Pn, P0) = 0 ��wÂ�LK � WJVLWJX ε > 0W}þnjkXO_OjkWcKO_�VgPSRLRxWcjvR n0 ∈ N, Xa[�VgP^XaX d (Pn, P0) < ε su�LK�PSNvNkW n ≥ n0
TUjvNv_��¦d	PSR

WcKOf�zSNv_ZXb[^h�jv_
lim sup
n→∞

EPn

(
T 2
)
< sup

{
EP
(
T 2
)

: P ∈ P h�jv_ d (P, P0) < ε
}
<∞.

�

M X�XbWcjkWcR k1 : P → R
ILRgV k2 : Q → R

XO_bPS_OjkXO_OjkXalbfgW�wLILRL]y_Ojk[^R�PSNkWU��:Zs�_
��WcKOqûWcRgVLWc_@hiPSREVnjkW	HJIgXbPSh�hÐWcRLT�WJXaWc_OHJ_aWcR·XO_bPS_OjkXO_OjkXalbfgWcREwLILRL]y_Ojk[^R�PSNkW���[^REVLWcK
wg[^KOh

P ⊗Q → R, P ⊗Q 7→ f (k1 (P ) , k2 (Q)) ,
� �n�¨���

qû[^Ï)Wcj f : R
2 → R

WcjvRgW � ÏLÏLjvNkVnILRLT�jkXa_��UY�jkWrY|jÎÍ¦WcKaWcRLHJjkWcKOÏ�PSKO]�Wcjv_%VLWcK�HJIgX PSh�hÐWcRnm
T�WJXaWc_OHJ_aWcR�XO_bPS_OjkXO_OjkXalbfgWcR�wLILRL]y_Ojk[^R�PSNkW+VLWcKewg[^KOh � �n�¨���ûqrjvKaV�R`ILR ILR _aWcKaXOIglbf _��
Ó Ênß�ô Ü ÊuÆ ñÎ M7N

k1 : P → R
MTNaO�w7b�]rb�NPwTb�NPw7YTQ[MTw�]^O2M7NPOeM7S Î b�MTWPW(M

P0 ∈ P s^N Ñ�MTSVM7OvU7N�MTS � ]^S}Mqw�¡�{OR_!b�N�k^Oe]^Whd@N�b�MTNaOeMTd ~�SV]�s^N�MTO
b�MTO
k̇1 ∈ L

(0)
2 (P0)

�vO�s�shMTd=_!]^Oek^O/NPw7YTQ[M7O,~�Sl]hs^NP�MTO�b�MTO
k̃1 ∈ T (P0,P)

n Î M7N
k2 : Q → R

M � MTOom�]^WPWXw�MTNaO-wTb�]rb�NPwTb�NPw7Y7Q[Mqw3]^O�MTNaOeMTS Î b�MTWc�
W(M
Q0 ∈ Q s^N Ñ�MTS}MTOvU7N�MTS � ]^S}Mqw��¡�{OR_!b�N�k^Oe]^W¡d@Nab.M7NPOeM7d ~�Sl]hs^NZM7O
b�MTO

k̇2 ∈ L
(0)
2 (Q0)�vO�s1shMTdã_!]^O�krO/N�w�YTQ[MTOâ~�SV]�s^N�MTO
b�MTO

k̃2 ∈ T (Q0,Q)
n Î MTN

U ⊂ R
2 MTNaOeM�klÑ�MTO�ML1M7O{`hM#d+N�b {k1 (P ) : P ∈ P} × {k2 (Q) : Q ∈ Q} ⊂ U

n Î MTN
f : U → R

MTNaOeM]^O?shMTS Î b�MTWaW�M
(k1 (P0) , k2 (Q0))

srN Ñ�MTS}MTOvU�NZM7S � ]rSVM<�¡�{O/_9b�N�krOen¡�.w � M}U9MTN�Y7QhOeM

c1 =
∂

∂x
f (x, y)

∣∣∣∣
(x,y)=(k1(P0),k2(Q0))�vO�s

c2 =
∂

∂y
f (x, y)

∣∣∣∣
(x,y)=(k1(P0),k2(Q0))

.

\ ]!w�w7b�]rb�NPwTb�NPw7YTQ[M��¡�{O/_9b�N�krO�]^W
k : P ⊗ Q → R, P ⊗ Q 7→ f (k1 (P ) , k2 (Q))

N�w7bs�]rO/O1srN Ñ�MTS}MTOvU�NZM7S � ]rS@]^O?shMTS Î b�MTWaW�M
P0 ⊗Q0

�vO�s�s^N�M�p ��� NPW�s^�vO{`
k̇ : Ω1 × Ω2 → R, (ω1, ω2) 7→ c1k̇1 (ω1) + c2k̇2 (ω2)

NPwTb�MTNPOE~�SV]�s^N�MTO
b.|9k^O
k
]^O?shMTS Î b�MTWPW(M

P0 ⊗Q0
n¡\�N�M�p �o� NaWtsr�{O{`

k̃ : Ω1 × Ω2 → R, (ω1, ω2) 7→ c1k̃1 (ω1) + c2k̃2 (ω2)

NPwTbjshMTS�_!]rO�k^O/NPw7YTQRMI~�SV]�s^N�MTO
by|9k^O
k
]^O?shMTS Î b�MTWaW�M

P0 ⊗Q0
n

��MTx.MTNPw�n �yWcj t 7→ Pt ⊗ Qt
WcjvRgW L2 (0) mpVnjÎÍ�WcKaWcRLHJjkWcKOÏ�PSKaW £ ILKO��W�jvR P ⊗ Q h�jv_§ PSRLT�WcR _aW g ∈ L

(0)
2 (P0 ⊗Q0)

��o\P^laf��nPS_OH ©U�v©�ÿ�XOjvRgV�VnjkW £ ILKO��WcR t 7→ Pt
jvR PILRgV t 7→ Qt

jvR Q WcÏ�WcRns PSNvNkX L2 (0) mpVnjÎÍ¦WcKaWcRLHJjkWcKOÏ�PSK°h�jv_ § PSRLT�WcR _aWcR g1 ∈ L
(0)
2 (P0)

�SÖ



ILRgV g2 ∈ L
(0)
2 (Q0)

� M X°TUjvNv_¿PSIL¤�WcKaVLWch g = g1◦π1+g2◦π2
��o\P^laf�VLWcK £ Wc_O_aWcRLKaWcT�WcN

VLWcKeY�jÎÍ¦WcKaWcR _OjQPSNvKaWJlbfLR ILRLT � �yTUN �¡5v©�ÿ!6p¡
�yWcjv_aW+�U��ýr��WcKOf�zSNv_ZhiPSR
d

dt
k (Pt ⊗Qt)

∣∣∣∣
t=0

=
d

dt
f (k1 (Pt) , k2 (Qt))

∣∣∣∣
t=0

=
∂

∂x
f (x, y)

∣∣∣∣
(x,y)=(k1(P0),k2(Q0))

d

dt
k1 (Pt)

∣∣∣∣
t=0

+
∂

∂y
f (x, y)

∣∣∣∣
(x,y)=(k1(P0),k2(Q0))

d

dt
k2 (Qt)

∣∣∣∣
t=0

= c1

∫
g1k̇1 dP0 + c2

∫
g2k̇2 dQ0

=

∫
(g1 ◦ π1 + g2 ◦ π2)

(
c1k̇1 ◦ π1 + c2k̇2 ◦ π2

)
dP0 ⊗Q0

=

∫
gk̇ dP0 ⊗Q0.

Y\P^X\XO_bPS_OjkXa_OjkXalafgWÕwLILRL]y_Ojk[^R�PSN k : P ⊗ Q → R
jkXO_\Xa[^h�jv_�VnjÎÍ¦WcKaWcRLHJjkWcKOÏ�PSK+PSR	VLWcK�`_aWcNvNkW P0 ⊗ Q0

ILRgV VnjkW � ÏLÏLjvNkVnILRLT k̇ jkXa_ëWcjvR � KbP^VnjkWcR`_���[^R k �Â��RgXOÏ�WJXa[^RgVLWcKaWjkXO_�VnjkW � ÏLÏLjvNkVnILRLT k̃ WcjvR � KbP^VnjkWcR _Õ��[^R k PSR VLWcK#�`_aWcNvNkW P0 ⊗ Q0
�¿o\P^laf*�nPS_OH

©U�¨�n©ÐWcKOTUjvÏL_�XOjklbf k̃ ∈ T (P0 ⊗Q0,P ⊗Q) ¡¢q%WcjvN c1k̃1 ∈ T (P0,P) ILRgV c2k̃2 ∈
T (Q0,Q) XOjvRgV¦�¢o\P^laf��nPS_OH�©U�v©àý�ILRgV�0�WchÐWcKO]yILRLT²©U�v©�Ó�WcKOf�zSNv_�hiPSRxR ILR¢¡¿VgP^XaXVnjkW � ÏLÏLjvNkVnILRLT k̃ VLWcK ]^PSRg[^RLjkXalbfgW � KbP^VnjkWcR`_ ��[^R k PSRÐVLWcKj�`_aWcNvNkW P0⊗Q0

jkXO_��
��ëËy¼uâ í ¼uËyÉ Ü ÊuÆ �M XrT�WcNv_aWcR@VnjkW�Ù�[^KbPSIgXbXaWc_OHJILRLT�WcR�PSIgX��nPS_OHë�n�v©�Ôn�

©U���yWcj f : R
2 → R, (x, y) 7→ x+ y �LY�P^XeXO_bPS_OjkXO_OjkXblafgW�wLILRL]y_Ojk[^R�PSN

k : P ⊗Q, P ⊗Q 7→ k1 (P ) + k2 (Q)

jkXO_ÐVgPSRLR"VnjÎÍ¦WcKaWcRLHJjkWcKOÏ�PSK�PSR VLWcK��`_aWcNvNkW P0 ⊗ Q0
h�jv_�VLWch ]^PSRg[^RLjkXblafgWcR� KbP^VnjkWcR`_aWcR k̃ = k̃1 ◦ π1 + k̃2 ◦ π2

�gY|jkW � ÏLÏLjvNkVnILRLT k̇ = k̇1 ◦ π1 + k̇2 ◦ π2jkXO_eWcjvR � KbP^VnjkWcR _e��[^R k PSR VLWcK��`_aWcNvNkW P0 ⊗Q0
�

�n���yWcj f : R
2 → R, (x, y) 7→ xy �LY�P^XeXO_bPS_OjkXO_OjkXblafgW�wLILRL]y_Ojk[^R�PSN

k : P ⊗Q, P ⊗Q 7→ k1 (P ) k2 (Q)

jkXO_�VnjÎÍ¦WcKaWcRLHJjkWcKOÏ�PSK�PSRxVLWcK��`_aWcNvNkW P0 ⊗ Q0
h�jv_�VLWchµ]^PSRg[^RLjkXalbfgWcR � KbP^VnjÎm

WcR _aWcR
k̃ = k2 (Q0) k̃1 ◦ π1 + k1 (P0) k̃2 ◦ π2.

Y|jkW � ÏLÏLjvNkVnILRLT k̇ = k2 (Q0) k̇1 ◦π1 +k1 (P0) k̇2 ◦π2
jkXO_ûWcjvR � KbP^VnjkWcR`_%��[^R

k PSR@VLWcK��`_aWcNvNkW P0 ⊗Q0
�

�UÑ



Ôn���yWcj f : R
2 → R, (x, y) 7→ x

y
�LY�P^XeXO_bPS_OjkXO_OjkXalbfgW�wLILRL]y_Ojk[^R�PSN

k : P ⊗Q, P ⊗Q 7→ k1 (P )

k2 (Q)

jkXO_�VnjÎÍ�WcKaWcRLHJjkWcKOÏ�PSKëPSR	VLWcK �`_aWcNvNkW P0 ⊗ Q0
h�jv_�VLWch-]UPSRg[^RLjkXalafgWcR � KbP^VnjÎm

WcR _aWcR
k̃ =

1

k2 (Q0)
k̃1 ◦ π1 −

k1 (P0)

k2 (Q0)
2 k̃2 ◦ π2.

Y�jkW � ÏLÏLjvNkVnILRLT k̇ = 1
k2(Q0)

k̇1 ◦ π1 − k1(P0)

k2(Q0)2
k̇2 ◦ π2

jkXO_ZWcjvR � KbP^VnjkWcR _���[^R
k PSR VLWcK��`_aWcNvNkW P0 ⊗Q0

�

�U�
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M X+XaWcjkWcR P ⊂ M1 (Ω1,A1)
¡ Q ⊂ M1 (Ω2,A2)

RLjklaf`_OØ�PSKbPShÐWc_OKOjkXalafgW@w�PSh�jvNvjkWcR
��[^R,��PSfLKaXalbfgWcjvRLNvjklafL]�Wcjv_aXOhiPS¤�WcR²ILRgV P ⊗Q := {P ⊗Q : P ∈ P, Q ∈ Q} WcjvRgWw�PSh�jvNvjkW@��[^R ��Ka[yVnIL]`_OhiPS¤�WcR¢��wÂ�LKi�yjkWcNkW � R qûWcRgVnILRLT�WcR�]^PSRLR VnjkW@XO_bPS_OjkXO_OjkXblafgW� Ins�T PSÏ)W�PSNkX¿WcjvR § WJXa_OØLKa[^ÏLNkWch=ÏLHJTUN �àWcjvRgWJX¿XO_bPS_OjkXO_OjkXalbfgWcR+wLILRL]y_Ojk[^R�PSNkX k : P⊗Q →
R
sÚ[^KOh+ILNvjkWcKO_rqûWcKaVLWcR¢�Ld�PSR�jvR _aWcKaWJXbXOjkWcKO_eXOjklaf�ILR`_aWcKZPSRgVLWcKaWch�su�LK�VnjkW\WcjvRgXaWcjv_OjvT�WcR§ WJXO_OØLKa[^ÏLNkWchÐW

H = {P ⊗Q ∈ P ⊗Q : k (P ⊗Q) = a}
T�WcT�WcR K1 = {P ⊗Q ∈ P ⊗Q : k (P ⊗Q) > a}

su�LKeWcjvRgW�ú�PSfLN a ∈ R
�L{\zSI[)gT�Ï)Wc_OKbP^lbf _aWc_|hiPSR@VnjkW�WcKOq%Wcjv_aWcKO_aWë{�×`Ø�[^_OfgWJXaW

H1 = {P ⊗Q ∈ P ⊗Q : k (P ⊗Q) ≤ a}
su�LKeVgP^XeWcjvRgXbWcjv_OjvT�W § WJXO_OØLKa[^ÏLNkWch �)Y|jkW\HJq%WcjkXaWcjv_OjvT�WcR § WJXO_OØLKa[^ÏLNkWchÐW

H = {P ⊗Q ∈ P ⊗Q : k (P ⊗Q) = a}
T�WcT�WcR K2 = {P ⊗Q ∈ P ⊗Q : k (P ⊗Q) 6= a}

XOjvRgVxWcÏ�WcRnsÚPSNvNkX+��[^RxTUKa[^¤�WcK 0�WJVLWcIL_OILRLTg�°wÂ�LKëVnjkWiPSR�PSNk[^T�WcR M jvRgXa_OjklafLØLKa[^Ï�WcRLØLKa[Sm
ÏLNkWchÐWÐjkXO_+WJX�Ï�Wc]^PSRLR`_ � �yTUN �Ù5¨ÔU�!6p¡y5¨Ôn©T6ûILRgV*5¨ÔUÔ96a�}¡¿VgP^XaX+VnjkW § WJXO_aXO_bPS_OjkXa_Ojv]�WcR¢¡¿VnjkW
PSInsZVLWch7]UPSRg[^RLjkXalbfgWcR � KbP^VnjkWcR _aWcR1Ï�WcKOILfgWcR¢¡¿HJI VLWcR P^XO×yh�ØL_a[^_OjkXalaf1[^ØL_OjvhiPSNkWcR§ WJXO_�sÚ[^NvT�WcR1s��LfLKaWcR¢��w¿�LK�VnjkW@ú�q%WcjkXO_OjklbfLØLKa[^Ï)WcRLØLKa[^ÏLNkWchÐW�ÏLjkWc_aWc_iWJXÐXajklafåPSR¢¡�VnjkW
ú�q%WcjkXO_OjklbfLØLKa[^Ï)WcRnmp~Zm��`_bPS_OjkXO_Ojv]�WcR h�jv_�VLWch ]UPSRg[^RLjkXalbfgWcR � KbP^VnjkWcR _aWcR@PSNkX £ WcKOR�HJI
Ï)Wc_OKbP^lbf _aWcR¢��~�hÕsÚPSRLTUKaWcjklbfgW ��Rns�[^KOhiPS_Ojk[^RgWcR1HJI VLWcR PSNvNvT�WchÐWcjvRgWcR"~Zm��`_bPS_OjkXO_Ojv]�WcR
ILRgV@jvRgXOÏ�WJXa[^RgVLWcKaWÕPSIglaf	HJI	VLWcR�ú�qûWcjkXO_OjklafLØLKa[^Ï�WcRnmp~em��`_bPS_OjkXa_Ojv]�WcR?)gRgVLWc_\hiPSR�jvR5¨�U�96p¡>5¨Ô�ý�6p¡¡5¨ÑU�!6¢ILRgV�5¨ÑSÖr6p�

��ý



M jvRxXO_bPS_OjkXO_OjkXalbfgWJX�wLILRL]y_Ojk[^R�PSN k : P ⊗ Q → R
XaWcj�VnjÎÍ¦WcKaWcRLHJjkWcKOÏ�PSK�PSRxWcjvRgWcK�`_aWcNvNkW P0 ⊗ Q0 ∈ H h�jv_ëVLWch7]^PSRg[^RLjkXblafgWcR � KbP^VnjkWcR _aWcR k̃ ∈ L

(0)
2 (P0 ⊗Q0) .d�jv_ ni qrjvKaViVLWcK ~ZhÕs PSRLT�VLWcK i m _aWcR��`_OjklbfLØLKa[^Ï)Wesu�LK i = 1, 2 Ï)WcH�WcjklbfLRgWc_�¡�qû[^Ï)Wcj nVLWcKrT�WJXbPSh�_aW+�`_OjklbfLØLKa[^Ï)WcR`ILhÕsÚPSRLT�jkXO_�� M XrXaWcjkWcR (n1)n∈N

⊂ N
ILRgV (n2)n∈N

⊂ NHJqûWcj¿wg[^NvT�WcR h�jv_ n1 + n2 = n s��LKZPSNvNkW n ∈ N
ILRgV

lim
n→∞

n2

n
= d

� Ôn�v©��
s��LKeWcjvR d ∈ (0, 1) . wÂ�LK � WJVLWJX n ∈ N

XaWcj
En = (Ωn1

1 × Ωn2

2 ,An1

1 ⊗An2

2 , {P n1 ⊗Qn2 : P ∈ P, Q ∈ Q})
WcjvR@Xa_bPS_OjkXO_OjkXalafgWJX M þnØ)WcKOjvhÐWcR`_���d	PSR WcKOf�zSNv_ZVgPSRLR

Un1,n2
: Ωn1

1 × Ωn2

2 → R,

(ω1,1, . . . , ω1,n1
, ω2,1, . . . , ω2,n2

) 7→ 1

n1n2

n1∑

i=1

n2∑

j=1

k̃ (ω1,i, ω2,j)
� Ôn�¨���

PSNkXëVnjkW�ú�qûWcjkXO_OjklafLØLKa[^Ï�WcRnmp~em��`_bPS_OjkXa_Ojv]�s��LK�VgP^X M þnØ)WcKOjvhÐWcR`_ En h�jv_ëVLWch ]UPSRg[SmRLjkXalbfgWcR � KbP^VnjkWcR`_aWcR k̃ PSNkX £ WcKOR¢�¢Y|jkWJXaWI�`_bPS_OjkXO_Ojv]�NQz^XaXO_�XOjklbf�q%WJXaWcR`_ONvjklaf ��WcKaWcjvRnms P^lafgWcR¢¡�q%WcjvNïVLWcKe]^PSRg[^RLjkXblafgW � KbP^VnjkWcR _ k̃ ∈ L
(0)
2 (P0 ⊗Q0)

WcjvRgW�Ï�WJXa[^RgVLWcKaX�WcjvRnm
s P^lafgW?�`_OKOIL]`_OILK�Ï�WJXOjv_OHJ_�� o\P^lafF�nPS_OH	�n�¨��W}þyjkXa_OjkWcKaWcR k̃1 ∈ L

(0)
2 (P0)

ILRgV k̃2 ∈
L

(0)
2 (Q0)

h�jv_
k̃ : Ω1 × Ω2 → R, (ω1, ω2) 7→ k̃1 (ω1) + k̃2 (ω2) .

wÂ�LKZVnjkW+ú�qûWcjkXO_OjklafLØLKa[^Ï�WcRnmp~em��`_bPS_OjkXa_Ojv] Un1,n2

WcKOTUjvÏL_ZXajklaf@Xa[^h�jv_
Un1,n2

(ω1,1, . . . , ω1,n1
, ω2,1, . . . , ω2,n2

)

=
1

n1n2

n1∑

i=1

n2∑

j=1

k̃ (ω1,i, ω2,j)

=
1

n1n2

n1∑

i=1

n2∑

j=1

(
k̃1 (ω1,i) + k̃2 (ω2,j)

)

=
1

n1

n1∑

i=1

k̃1 (ω1,i) +
1

n2

n2∑

j=1

k̃2 (ω2,j) .
� Ôn�¨Ô��

�ÕË`¼uâ í ¼uË`É ñ Ê�Æ­Ë��-¼�Éçã á`ø¢á)½åä°Ä¿½¿æ�ßà¼uá�½¿ÊgÉ�Í
Y�P^X#� jvNklJ[JþL[^RnmpwLILRL]y_Ojk[^R�PSN k : P ⊗ Q 7→

∫
1{(x,y)∈R2:x≥y}dP ⊗ Q(x, y) PSIgX� R qûWcRgVnILRLT1�n� ý�jkXO_iVnjÎÍ¦WcKaWcRLHJjkWcKOÏ�PSK PSR � WJVLWcKA�`_aWcNvNkW P0 ⊗ Q0 ∈ P ⊗ Q. Y�jkWw�PSh�jvNvjkWcR P ILRgV Q XaWcjkWcRÐ��[^NvN ¡��yTUN ��Y\WT)gRLjv_Ojk[^R��n� Ög�`o|P^lbf � R qûWcRgVnILRLTÕ�n� ý�WcKOf�zSNv_hiPSR@VgPSRLR�VLWcR ]^PSRg[^RLjkXblafgWcR � KbP^VnjkWcR`_aWcR k̃ PSR@VLWcK��`_aWcNvNkW P0 ⊗Q0

PSNkX
k̃ (x, y) = Q0 ((−∞, x]) + P0 ([y,+∞)) − 2k (P0 ⊗Q0) .

�UÓ



o|P^lbf#�nPS_OHZ�n�¨�\WcKOf�zSNv_�hiPSRÐPSIL¤�WcKaVLWch k̃1 (x) = Q0 ((−∞, x])−k (P0 ⊗Q0)
ILRgV

k̃2 (y) = P0 ([y,+∞))−k (P0 ⊗Q0) .
Y�jkWD�`_bPS_OjkXO_Ojv] Un1,n2

HJIÕVLWch ]^PSRg[^RLjkXblafgWcR� KbP^VnjkWcR _aWcR k̃ PSR�VLWcK��`_aWcNvNkW P0 ⊗Q0
WcKOTUjvÏL_ZXajklaf�PSNkX

Un1,n2
(x1, . . . , xn1

, y1, . . . , yn2
) =

1

n1

n1∑

i=1

Q0 ((−∞, xi])

+
1

n2

n2∑

j=1

P0 ([yj,+∞)) − 2k (P0 ⊗Q0) .

�ëËy¼uâ í ¼uËyÉ ñ Ê Ü Ëèö�á)½�� ¼çâàË â�ä°Ä¿½¿æ�ßà¼uá�½¿ÊgÉ�Í
Y\P^Xi��[^R d�jkXaWJX�wLILRL]`_Ojk[^R�PSN k : P ⊗ Q 7→

∫
h (ω1, ω2) dP ⊗ Q (ω1, ω2)

PSIgX0ûWcjkXaØLjkWcN¿�n�¨��XaWcj¢VnjÎÍ¦WcKaWcRLHJjkWcKOÏ�PSK\PSR�WcjvRgWcK��`_aWcNvNkW P0 ⊗Q0
h�jv_�VLWch ]^PSRg[^RLjkXblafgWcR� KbP^VnjkWcR _aWcR

k̃ (ω1, ω2) =

∫
h (ω1, ω2) dQ0 (ω2) +

∫
h (ω1, ω2) dP0 (ω1) − 2k (P0 ⊗Q0) .

M X�TUjvNv_%PSIL¤�WcKaVLWch k̃1 (ω1) =
∫
h (ω1, ω2) dQ0 (ω2)−k (P0 ⊗Q0)

ILRgV k̃2 (ω2) =∫
h (ω1, ω2) dP0 (ω1)− k (P0 ⊗Q0)

R�P^lbfJ�nPS_OH+�n�¨�n�nY�jkW<�`_bPS_OjkXO_Ojv] Un1,n2

WcKOTUjvÏL_
XOjklaf VgPSRLR�PSNkX
Un1,n2

(ω1,1, . . . , ω1,n1
, ω2,1, . . . , ω2,n2

) =
1

n1

n1∑

i=1

∫
h (ω1,i, ω2) dQ0 (ω2)

+
1

n2

n2∑

j=1

∫
h (ω1, ω2,j) dP0 (ω1)

−2k (P0 ⊗Q0) .�ëËy¼uâ í ¼uËyÉ ñ Ê ñ ËO¼�½)önÊLÃ^¼uÊg½)ß�Ë�ä¢ÄÂ½¿æ�ßà¼çá)½°ÊgÉuË/Í�yWcj h : [0, 1] → R
WcjvRgW�VnjÎÍ¦WcKaWcRLHJjkWcKOÏ�PSKaW � ÏLÏLjvNkVnILRLT�h�jv_+Ï�WJXalafLKbzSRL]y_aWcK � ÏLNkWcjÎm

_OILRLTg� M jvR�jvR �UPSKOjQPSR _aWJXëwLILRL]y_Ojk[^R�PSN k : P ⊗ Q 7→
∫
h (FQ (x)) dP (x) jkXO_�VgPSRLRVnjÎÍ�WcKaWcRLHJjkWcKOÏ�PSK+PSR � WJVLWcK<�`_aWcNvNkW P0 ⊗ Q0 ∈ P ⊗ Q R�P^laf�0�WcjkXOØLjkWcN��n�¨ÿn��Y|jkW � ÏnmÏLjvNkVnILRLT

k̇ (x, y) = h (FQ0
(x)) +

∫
ḣ (FQ0

(s)) 1[y,+∞)(s)dP0(s)

−k (P0 ⊗Q0) −
∫
ḣ (FQ0

(s))FQ0
(s) dP0 (s)

jkXO_�WcjvR � KbP^VnjkWcR _ VLWJX�wgILRL]`_Ojk[^R�PSNkX k PSRÐVLWcK.�`_aWcNvNkW P0⊗Q0
� M X�T�WcNv_aW T (P0,P) =

L
(0)
2 (P0)

ILRgV T (Q0,Q) = L
(0)
2 (Q0)

�Lo\P^laf;�nPS_OH��n�¨�ÕWcKOf�zSNv_�hiPSR VgPSRLR
k̃1(x) =

∫
k̇ (x, y) dQ0(y)

= h (FQ0
(x)) +

∫ ∫
ḣ (FQ0

(s)) 1[y,+∞)(s)dP0(s)dQ0(y)

−k (P0 ⊗Q0) −
∫
ḣ (FQ0

(s))FQ0
(s) dP0 (s)

�Uÿ



= h (FQ0
(x)) − k (P0 ⊗Q0)

ILRgV

k̃2(y) =

∫
k̇ (x, y) dP0(x)

=

∫
h (FQ0

(x)) dP0(x) +

∫
ḣ (FQ0

(s)) 1[y,+∞)(s)dP0(s)

−k (P0 ⊗Q0) −
∫
ḣ (FQ0

(s))FQ0
(s) dP0 (s)

=

∫
ḣ (FQ0

(s)) 1[y,+∞)(s)dP0(s) −
∫
ḣ (FQ0

(s))FQ0
(s) dP0 (s) .

Y|jkW���[^RiVLWchC]UPSRg[^RLjkXalafgWcR � KbP^VnjkWcR _aWcR�WcKOH�WcILTU_aW��`_bPS_OjkXO_Ojv] Un1,n2

WcKOTUjvÏL_�XOjklbf�PSNkX

Un1,n2
(x1, . . . , xn1

, y1, . . . , yn2
) =

1

n1

n1∑

i=1

h (FQ0
(xi))

+
1

n2

n2∑

j=1

∫
ḣ (FQ0

(s)) 1[yj ,+∞)(s)dP0(s)

−k (P0 ⊗Q0) −
∫
ḣ (FQ0

(s))FQ0
(s) dP0 (s) .

æ<²lÛ 6 áD¾j½3Å}¸�½3Ü/ò<Ç%ó ¿�á�¿�µ�Ü
Ý�Þ ¸87¦áD¹¡ÇÈ½3Å}µV¿�Æ�¿8Á+¸H¹ è ¹�á�Á+À�¾�¿R³
¸:9�ó"¸H¹�µ�ÇÈ¸�º�¿�¸

Y|jkW�Nk[^]UPSNkW�P^Xa×`h�ØL_a[^_OjkXalbfgW o|[^KOhiPSNvjv_bzS_ � ]`ILKOH���¥ � o��+]^PSRLR1hiPSR"PSNkXÕH�WcR`_OKbPSNkWcR� KaWcRLHJqûWcKO_aXbPS_OHÕs��LK M þnØ�WcKOjvhÐWcR _aWëÏ)Wc_OKbP^lbf _aWcR¢¡¦VLWcK�WcjvRgW � KOILRgVnNQPST�W�su�LK\VnjkW�~�Rnm
_aWcKaXOIglbf ILRLT�WcR�VLWcKrNk[^]^PSNkWcR P^XO×yh�ØL_a[^_OjkXalafgWcR1:�ØL_OjvhiPSNvjv_bzS_ZVLWcK § WJXO_�m�ILRgV��ylbf�zS_OHcm
��WcK�s PSfLKaWcRÐÏLjvNkVLWc_���~�hÕsÚPSRLTUKaWcjklbfgWe��Rns�[^KOhiPS_Ojk[^RgWcR�HJIÐVLWcK�Nk[^]^PSNkWcRiP^XO×yh�ØL_a[^_OjkXalbfgWcR
o|[^KOhiPSNvjv_bzS_<)gRgVLWc_�hiPSRxjvR�5 Ö �^6p¡�5¨�UÑ!6�ILRgV�5¨ÑSÖr6p� � RxVnjkWJXaWcK+�`_aWcNvNkW�qrjvKaV	]yILKOH�PSR
VnjkWrY\WT)gRLjv_Ojk[^RiVLWcKïNk[^]UPSNkWcRiP^XO×`h�ØL_a[^_OjkXblafgWcRio|[^KOhiPSNvjv_bzS_ WcKOjvRLRgWcKO_���wÂ�LK�VnjkW�RLjklaf`_�m
Ø�PSKbPShÐWc_OKOjkXalbfgWcR ~�R _aWcKaXaIglaf ILRLT�WcR1VLWcK+P^XO×yh�ØL_a[^_OjkXalbfgWcRE:�ØL_OjvhiPSNvjv_bzS_ëjvRxVnjkWJXaWch� ÏgXalafLRLjv_O_ZKaWcjklaf _\VnjkW�WcjvRgVnjvhÐWcRgXOjk[^R�PSNkW�Ù�WcKaXOjk[^R@VLWcKe¥ � o PSIgX��
Ý ËhÉï½Â¼çßà¼çá)½ ñ Ê � ËVý õ�ö;ÍÎ M7N

En = (Ωn,An, {Pn,ϑ : ϑ ∈ Θn})
MTNaOeM"�>k^Wú`hM�|!k^OE��ÚT�RMTSTNPdIMTO
b�M7O8d@N�b

0 ∈
Θn ⊂ R

�vO�s
Θn ↑ Θ

mTz{S
n → ∞.

\<NZM"�>k^Wú`hM
En

Q[M7N �Gb�W�k!_!]^W3]!w<;!d��eb�k�b�N�w�YTQO�krSqd#]^W � f�p�ä & �+x.M7O/OüMqw,�>k^Wú`hMTO=|9k^O �>�qm�]^WaWÖwT|9]^STN�] � W�MTO
Xn : Ωn → R

�{Oes
Rn,ϑ : Ωn → [−∞,∞]

`^N � ba�Ùw�k"s�]^w�w�mqzvS+MTNaO
σ > 0

`^NaWtb�ì
� í=&

log
dPn,ϑ

dPn,0
= ϑXn − 1

2ϑ
2σ2 +Rn,ϑ,

� î'& L (Xn | Pn,0) → N
(
0, σ2

) mTz{S
n→ ∞ �
ÔU�



� �'&
lim
n→∞

Pn,0 ({|Rn,ϑ| > ε}) = 0
mqzvS�]^WaW�M

ε > 0
�vO�s3mTzvS ]^WaW�M

ϑ ∈ Θ
n

\�N�M��>�Tm�]^WPWXwq|!]^SqNZ] � W(MTO
(Xn)n∈N

x.MTSls{MTO�]^WÖw�U9MTO
b�SV]^W(M��gk^Wú`hM � M}U�M7N�YTQ{OeM7b�n
�ëËyðxË`Ãtæ¢ÄÂ½°Å ñ ÊQÌ
{|zSI[)gT	XOjvRgV Pn,ϑ := P n

ϑ0+ ϑ√
n

��Ka[`VnIL]y_OhiPS¤�WU¡Âq%[^Ï�Wcj ϑ0
PSNkX�TUNk[^Ï�PSNkWcK��ïPSKbPShÐW}m

_aWcK�ILRgV ϑ PSNkX�Nk[^]^PSNkWcK+�ïPSKbPShÐWc_aWcKëÏ)WcH�WcjklbfLRgWc_+q%WcKaVLWcR¢�¿Y\WcK�TUNk[^Ï�PSNkWi�ïPSKbPShÐWc_aWcK
ϑ0 ∈ Θ qrjvKaV sÚWJXO_OT�Wcf�PSNv_aWcR¢�rY\WcK�Nk[^]^PSNkW��ïPSKbPShÐWc_aWcK ϑ ]^PSRLRóÏ�WcNvjkWcÏLjvT�W1�xWcKO_aWPSIgX {ϑ ∈ R : ϑ0 + ϑ√

n
∈ Θn

} PSRLRgWcfLhÐWcR¢¡�Xa[�VgP^XaXZsu�LK � WJVLWJX n ∈ N
WcjvRgWëØ�PSKbPtm

hÐWc_OKOjkXalafgWûw�PSh�jvNvjkW {P n
ϑ0+ ϑ√

n

: ϑ0 + ϑ√
n
∈ Θn

} ��[^R���PSfLKaXalbfgWcjvRLNvjklafL]�Wcjv_aXOhiPS¤�WcR
WcR _aXO_aWcf`_��
�ëËyðxË`Ãtæ¢ÄÂ½°Å ñ Ê(�
M jvRgW�wg[^NvT�W En = (Ωn,An, {Pn,ϑ : ϑ ∈ Θn}) ��[^R M þnØ)WcKOjvhÐWcR`_aWcRëXaWcj`¥ � oë��Y�PSRLRTUjvNv_

Pn,ϑ / Pn,0
ILRgV Pn,0 / Pn,ϑ.��MTx.M7N�won Y|jkW � IgXaX PST�WrsÚ[^NvTU_%ILRLh�jv_O_aWcNvÏ�PSKePSIgXûVLWch�WcKaXO_aWcR�¥¢Wch�hiP���[^R�¥°W�&�PSh ¡

�`TUN �¡5v©àý�6p¡��yWcjv_aW��UÑn©U¡>5¨ÑSÖ^6p¡��yWcjv_aW+ÔUÔn©�[yVLWcK�5¨�Uÿ96p¡��yWcjv_aWÐ©U©�Ôn�
��ëËyðxË`Ãtæ¢ÄÂ½°Å ñ Ê ù

M jvRgWÐwg[^NvT�W En = (Ωn,An, {Pn,ϑ : ϑ ∈ Θn}) ��[^R M þnØ)WcKOjvhÐWcR`_aWcR²XaWcj�¥ � oë� M XXaWcjkWcR (ϕin)n∈N

HJq%Wcj § WJXO_�sÚ[^NvT�WcR s��LK i = 1, 2 h�jv_ lim
n→∞

∫
|ϕ1n − ϕ2n| dPn,0 = 0 �o|P^lbf@¥¢Wch�hiP�©U�¨�Uÿ�WcKOTUjvÏL_�XOjklaf@VgPSRLR

lim
n→∞

∫
|ϕ1n − ϕ2n| dPn,ϑ = 0

su�LKZPSNvNkW ϑ ∈ Θ �
0�Wcjvh § WJXa_aWcRëXO_bPS_OjkXa_OjkXalafgWcKïwLILRL]y_Ojk[^R�PSNkW%jkXa_¿WJX¿R �L_OHJNvjklaf¢¡SqûWcRLRÕWcjvRgW ��WcKaXalaf�zSK�sum

_aW Ù�WcKaXOjk[^R VLWcK�¥ � oem�0�WJVnjvRLTUILRLT HJILKiÙ�WcK�s��LTUILRLT Xa_aWcf _��ûY\PSRLRå]^PSRLRåhiPSRåVnjkW
Nk[^]^PSNkW § KaWcRLRLT�WJXalbf qrjvRgVnjvTU]�Wcjv_ n− 1

2
VnILKalbf�WcjvRgW+wg[^NvT�W tn h�jv_ lim

n→∞
n

1

2 tn = 1 WcK�mXaWc_OH�WcR¢�Ld�PSR@Ï)Wc_OKbP^lbf _aWc_�VgPSRLR�VgP^XZP^XO×yh�ØL_a[^_OjkXalafgW+Ù�WcKOf�PSNv_aWcR�VLWcK M þnØ�WcKOjvhÐWcR _aW
En =

(
Ωn,An,

{
P nϑ0+tnϑ : ϑ0 + tnϑ ∈ Θn

})

su�LK�WcjvRgWcR�sÚWJXO_ïT�WcqûzSfLNv_aWcR�TUNk[^Ï�PSNkWcRi�ÂPSKbPShÐWc_aWcK ϑ0 ∈ Θ � � IgX�VnjkWJXbWch � KOILRgV�qrjvKaVWcjvRgWÐTUNkWcjklafLhizS¤UjvT�W�¥ � oZm�0ûWJVnjvRLTUILRLT�PSRLT�WcT�WcÏ�WcR¢¡¿VnjkWijvR²VLWcK�¥¢jv_aWcKbPS_OILKÕ~|¥ � oem0ûWJVnjvRLTUILRLTifgWcjv¤U_��
Ý Ë�É�½¿¼çßà¼uá�½ ñ Ê(Ô*Ë!>�ý õ�ö;ÍÎ MTN

En = (Ωn,An, {Pn,ϑ : ϑ ∈ Θn})
M7NPOeM�f�p�ä��Z�>k^Wú`hM |9krOJ��Úq�RMTSTNad#M7O
b�MTOen�\�N�M�>k^Wú`hM

En
Q[M7N �Gb��¡fgp�ä��/m�]^WPWXwHmqzvS ]^WaW�M<_!krd��R]!_9b�MTO1L1M7O{`hMTO

K ⊂ R
�vO�s�mTz{S�]^WaW(M

ε > 0
m�k^Wú`rb

lim
n→∞

sup
ϑ∈K∩Θn

Pn,0 ({|Rn,ϑ| > ε}) = 0.
� Ôn� Ö{�

Ôn©



\<NZM+��Ð��{Na|9]^W(MTO
b�M���MVs^NaO{`^�vO{`A]^O?s^N�M@?�MqwTb(`^WcN�MVshMTS
Rn,ϑ

N�w7b.s^N�M��+k^O
|!MTSZ`hMTOvU
lim
n→∞

Pn,0 ({|Rn,ϑn
| > ε}) = 0

� Ôn�¨Ñ��
mTz{S+]^WPW(M�_!k^O/|!M7S�`hM7O
b�MTO;�gk^W `{MTO

ϑn → ϑ
�vO�s�mqzvS�]^WaW�M

ε > 0
n

wÂ�LK�VnjkW�ú�q%WcjkXO_OjklbfLØLKa[^Ï)WcRLØLKa[^ÏLNkWchÐWxÏLKbPSIglaf _�hiPSR"HJIgX zS_OHJNvjklafgW@{�jvNÎsÚXOh�jv_O_aWcN ¡
VnjkWÐVnjkW � KOÏ�Wcjv_�h�jv_�VLWcK+¥ � o9s��LK�VnjkWÐw�PSh�jvNvjkWcR VLWcK���Ka[yVnIL]`_OhiPS¤�W�WcKONkWcjklaf _aWcKOR¢��`jvRgV"HJq%Wcj\wg[^NvT�WcR"��[^R M þyØ�WcKOjvhÐWcR _aWcRóT�WcT�WcÏ�WcR¢¡ Xa[xjvR _aWcKaWJXaXOjkWcKO_�hiPSRåXajklaf s��LK
VnjkW�Nk[^]^PSNkWcR1P^XO×yh�ØL_a[^_OjkXalafgWcR M jvT�WcRgXalbf�Ptsu_aWcR VLWcKëwg[^NvT�W�VLWcK M þnØ�WcKOjvhÐWcR _aWcR¢¡ïVnjkW
PSInsïw�PSh�jvNvjkWcR VLWcKr��Ka[`VnIL]y_OhiPS¤�W\Ï�WcKOILfgWcR¢� M jvRgW|ILhÕsÚP^XaXbWcRgVLW � R _�q%[^KO_�PSInsïVnjkWJXaW
wLKbPST�WJXa_aWcNvNvILRLTiqrjvKaV�jvR;�nPS_OHëÔn�v©��ëT�WcT�WcÏ)WcR¢�
Ý ËhÉï½Â¼çßà¼çá)½ ñ Ê�	*Ëlê�Ãtá¦ÈïÄ¿æ�ß�Ë�ø í Ë`ÃS¼�ðxËy½)ß^Í�.w�w�MTN�MTO

(n1)n∈N
⊂ N

�{O�s
(n2)n∈N

⊂ N
U�x.MTN��gk^W `{MTO�d@Nab

n1 +n2 = n
mTzvS�]^WaW(M

n ∈ N
�{Oes

lim
n→∞

n2

n
= d ∈ (0, 1)

nv�.w�w�M7NZMTO
E1,n = (Ω1,n,A1,n, {Pn,ϑ : ϑ ∈ Θn})�vO�s

E2,n = (Ω2,n,A2,n, {Qn,ϑ : ϑ ∈ Θn})
U7x.M7NR�gk^W `{MTOI|9krO@��Úq�/MTSqNadIMTO
b�MTO�nR\�]!wijSVkos^�{_9b�MVÚT�RMTSTNPdIMTO
b3x�NPSVs"s{MaØÙO/N�MTS7bj]^WXw

En = (Ω1,n1
× Ω2,n2

, A1,n1
⊗A2,n2

, {Pn1,ϑ ⊗Qn2,ϑ : ϑ ∈ Θn}) .
� Ôn�¨���

Ó Ênß�ô ñ ÊuÆ[×�ËVý õ�ö ö)á�½*ê�Ãtá¦ÈïÄ¿æ�ß�Ë�ø í Ë`ÃS¼�ðxËy½)ß�Ë`½ÙÍ\<NZM,øRk^SV]^�hwqw�M7b�U��{Ov`hMTO�]^�{w�\+MaØÙO
Nab�NZk^O � n ï woMTN�MTO1MTSamTz{WaWcb�n��.w3`hMTWtb�M ]^�T��MTSVshMTd
0 ∈

Θn ⊂ R
mTzvS"]^WaW�M

n ∈ N
�vO�s

Θn ↑ Θ
mqzvS

n → ∞ n�\�N�M@�>k^Wú`hM (Ei,n)n∈N

|!k^O��ÚT�RMTSTNPdIMTO
b�M7O1w�MTNGf�p�äKd@Nab
Xi,n

]rWÖw�U9MTO
b�SV]^W�M��gk^W `{M.mqzvS
i = 1, 2

ng\ ]^O/O;NPwTb.srNZM�gk^W `{M
(En)n∈N

s{MTS�ijSVkos^�{_9b�MVÚq�RM7SqNadIMTO
b�M+fgp�äKd@N�b
Xn : Ω1,n1

× Ω2,n2
→ R,

(ω1,n1
, ω2,n2

) 7→ X1,n1
(ω1,n1

) +X2,n2
(ω2,n2

)]^WXw�U�MTO�b�Sl]^W(M��>krW `hM�n
��MTx.MTNPw�n o\P^lafiY\WT)gRLjv_Ojk[^R�Ôn� Ö�W}þnjkXO_OjkWcKaWcRÐwg[^NvT�WcR (Rn,ϑ)n∈N

ILRgV (R̃n,ϑ
)
n∈N

��[^R
ú�Ins PSNvNkXO�UPSKOjQPSÏLNkWcR s��LK � WJVLWJX ϑ ∈ Θ ¡LXa[�VgP^XbX�TUjvNv_��� ©�� log

dPn,ϑ

dPn,0
= ϑX1,n− 1

2ϑ
2σ2

1+Rn,ϑ
ILRgV log

dQn,ϑ

dQn,0
= ϑX2,n− 1

2ϑ
2σ2

2+R̃n,ϑ
¡

� ��� L (X1,n | Pn,0) → N
(
0, σ2

1

) ILRgV L (X2,n | Qn,0) → N
(
0, σ2

2

) jvR Ù�WcKO_aWcjÎm
NvILRLT�su�LK n→ ∞ ¡� Ô�� lim
n→∞

Pn,0 ({|Rn,ϑ| > ε}) = 0 ILRgV lim
n→∞

Qn,0

({∣∣∣R̃n,ϑ
∣∣∣ > ε

})
= 0 s��LKPSNvNkW ϑ ∈ Θ ILRgV@PSNvNkW ε > 0 �

d	PSR@WcKOf�zSNv_eHJILR�z^lbfgXO_
log

dPn1,ϑ ⊗Qn2,ϑ

dPn1,0 ⊗Qn2,0
(ω1,n1

, ω2,n2
)

= log

(
dPn1,ϑ

dPn1 ,0
(ω1,n1

)
dQn2,ϑ

dQn2,0
(ω2,n2

)

)

ÔU�



= log

(
dPn1,ϑ

dPn1,0
(ω1,n1

)

)
+ log

(
dQn2,ϑ

dQn2,0
(ω2,n2

)

)

= ϑX1,n1
(ω1,n1

) − 1

2
ϑ2σ2

1 +Rn1,ϑ (ω1,n1
)

+ϑX2,n2
(ω2,n2

) − 1

2
ϑ2σ2

2 + R̃n2,ϑ (ω2,n2
)

= ϑ (X1,n1
(ω1,n1

) +X2,n2
(ω2,n2

)) − 1

2
ϑ2
(
σ2

1 + σ2
2

)

+Rn1,ϑ (ω1,n1
) + R̃n2,ϑ (ω2,n2

) .

w¿�LKeVnjkW+wg[^NvT�W (Xn)n∈N

��[^R�ú�Ins PSNvNkXO�UPSKOjQPSÏLNkWcR@WcKOf�zSNv_ZhiPSR�ILRLh�jv_O_aWcNvÏ�PSK
L (Xn | Pn1,0 ⊗Qn2,0) = L (X1,n1

| Pn1,0) ∗ L (X2,n2
| Qn2,0)

→ N
(
0, σ2

1

)
∗N

(
0, σ2

2

)

= N
(
0, σ2

1 + σ2
2

)

su�LK n → ∞ ¡°qûWcjvN L (X1,n1
| Pn1,0)

ILRgV L (X2,n2
| Qn2,0)

XO_a[ylaf�P^Xa_OjkXalaf ILR�PSÏnm
f�zSRLTUjvTiXOjvRgV¦�LwÂ�LK � WJVLWJX ε > 0 TUjvNv_�PSIL¤�WcKaVLWch

Pn1,0 ⊗Qn2,0

({∣∣∣Rn1,ϑ + R̃n2,ϑ

∣∣∣ > ε
})

≤ Pn1,0 ⊗Qn2,0

({
|Rn1,ϑ| >

ε

2

})
+ Pn1,0 ⊗Qn2,0

({∣∣∣R̃n2,ϑ

∣∣∣ > ε

2

})

= Pn1,0

({
|Rn1,ϑ| >

ε

2

})

︸ ︷︷ ︸
→0

+Qn2,0

({∣∣∣R̃n2,ϑ

∣∣∣ > ε

2

})

︸ ︷︷ ︸
→0

su�LK n→ ∞ �
�y[^h�jv_ejkXa_ZPSNvNkWJXeÏ�WcqrjkWJXaWcR¢� �Ó Ênß�ô ñ Ê�Æ�Æ­Ë!>�ý%õ"ö ö�á�½*ê�ÃSá¦ÈÂÄ¿æ�ß�Ë�ø í Ë`ÃS¼�ð�Ë`½)ß�Ë`½ÙÍ�.w�`hMTWtb�MTO�s^N�M;øRk^Sl]r�hwqw�M7b�U��{O{`{MTO­]^�{w Î ]rb�U � n íA� ng\�N�M��>k^Wú`hMTO
E1,n

�{O�s
E2,n

|9k^O��Úq�RMTSTNad#M7O
b�MTOEw�M7NZMTO �¡fgp�ä�nÙ\<NZM@�gk^W `{M
(En)n∈N

shMTS+i�Slkosr�h_9b�M}Úq�RMTSTNPdIMTO�b�M�NPwTbs�]^O/O�M � MTO�m7]^WaWXw���fgp�ä�n
��MTx.M7N�won o\P^laf¶�nPS_OH1Ôn�v©��"KaWcjklbf _�WJX�VnjkW­0�WJVnjvRLTUILRLT � Ôn�¨Ñ�� R�P^lafLHJI qûWcjkXaWcR¢� �yWcj
(ϑn)n∈N

WcjvRgW�wg[^NvT�W h�jv_ ϑn ∈ Θn
s��LKiPSNvNkW n ∈ N

ILRgV lim
n→N

ϑn = ϑ s��LKÐWcjvR
ϑ ∈ Θ. d	PSR WcKOf�zSNv_ZVgPSRLR�s��LK � WJVLWJX ε > 0 VnjkW £ [^R ��WcKOT�WcRLH

Pn1,0 ⊗Qn2,0

({∣∣∣Rn1,ϑn
+ R̃n2,ϑn

∣∣∣ > ε
})

≤ Pn1,0

({
|Rn1,ϑn

| > ε

2

})

︸ ︷︷ ︸
→0

+Qn2,0

({∣∣∣R̃n2,ϑn

∣∣∣ > ε

2

})

︸ ︷︷ ︸
→0

su�LK n→ ∞ �LY|jkW�0�WJVnjvRLTUILRLT � Ôn�¨Ñ��ûjkXa_eXa[^h�jv_ZWcK�s��LNvNv_�� �

Ý Ë�É�½¿¼çßà¼uá�½ ñ Ê�Æ ÜÎ MTN
Θ ⊂ R

d@Nab
(−ε, ε) ⊂ Θ

mTz{S�MTNPO
ε > 0

n��jNaO<�ÙÚq�RMTSTNPdIMTO�b
E (Ω,A, {Pϑ : ϑ ∈ Θ})

ÔUÔ



Q[M7N �Gb
L2 (P0)

�ls^N Ñ�M7SVMTO[U7N�MTS � ]^S­d@N�bJ��]^O{`hMTO�b�M
g ∈ L

(0)
2 (P0)

�3m7]rWPWXw�s^NZM;���{ST|!M
ϑ 7→ Pϑ L2 (P0)

�ls^N Ñ�MTSVM7OvU7N�MTS � ]^S+d+N�b���]^O{`{MTO
b�M
g ∈ L

(0)
2 (P0)

N�w7b�n
Y|jkW L2

mpY|jÎÍ�WcKaWcRLHJjkWcKOÏ�PSKO]�Wcjv_�WcjvRgWJX M þnØ�WcKOjvhÐWcR _aWJX�jkXO_iWcjvRgW � NQPS_O_OfgWcjv_aXbWcjvT�WcRnm
Xalbf�Ptsu_��ûY\WcKisÚ[^NvT�WcRgVLW?�nPS_OH���[^Ró¥¢W?&�PSh ��WcKOjt)gHJjkWcKO_ ¥ � o(s��LK�VnjkW�T�WJWcjvTURgWc_aWcR
wg[^NvT�WcR1��[^R L2(0)

mpVnjÎÍ¦WcKaWcRLHJjkWcKOÏ�PSKaWcR M þyØ�WcKOjvhÐWcR _aWcR ILRgV H�WcjvTU_ÐVgPSÏ�WcjrVnjkW�H�WcRnm
_OKbPSNkW � [^NvNkW�VLWcK § PSRLT�WcR`_aWëPSR VLWcK��`_aWcNvNkW 0 �
Ó Ênß�ô ñ ÊuÆ ñ Ëèö�á)½*ý ËCB+Êgð�ÍÎ M7N

E = (Ω,A, {Pϑ : ϑ ∈ Θ}) MTNaO L2(0)
��srN Ñ�MTS}MTOvU�NZM7S � ]rSVMqw��ÙÚq�RMTSTNPdIMTO�b"d@N�b

��]^O{`hM7O
b�M
g ∈ L

(0)
2 (P0)

�vO�s
g 6= 0.

Î MTN (
(cn,i)1≤i≤n

)
n∈N

⊂ R
M7NPOeM�\<SVM7NP�

MVY7_ow�w�YTQ[MTd#]�|9krOD?�MZ`^S}Mqw�wTN�k^O/w�_!k�MFE­U7N�MTO
b�MTO?d@N�b
� N &

max
1≤i≤n

|cn,i| → 0
mqzvS

n→ ∞,

� NaN & n∑
i=1

c2n,i → c2 > 0
mTz{S

n→ ∞ n

Î M7N
En =

(
Ωn,An,

{
n⊗
i=1

Pcn,iϑ : ϑ ∈ Θn

}) M7NPOeMD�gk^Wú`hM�|9k^O"��ÚT�RMTSTNPdIMTO
b�M7O�d@Nab
Θn ⊂ {ϑ : cn,iϑ ∈ Θ

mqzvS�]^WaW�M
i ∈ {1, . . . , n}} n
\ ]^O/OJMTSamTz{WaWcb (En)n∈N

srNZM3f�p�ä����MVs^NaO{`^�vO{`��vO�s�s^NZM��>krW `hM

Xn (ω1, . . . , ωn) :=
n∑

i=1

cn,ig (ωi)

|9krOJ�>�Tm�]^WPWXwq|!]^SqNZ] � W(MTO1NPwTbjM7NPOeM�U9MTO
b�SV]^W�M��gk^W `{Mon>p��7�HMTSVshMTd `^NaWcb

lim
n→∞

∫
X2
n dP

n
0 = c2

∫
g2dP0.

��MTx.MTNPw�n �yTUN �¡5¨ÑSÖr6p¡
�yWcjv_aW+Ôn©àýy¡��nPS_OH��n�v©�ÔU�Ð[`VLWcK�5¨�Uÿ96p¡
�yWcjv_aWi©��U�n¡��nPS_OHi©cÖg�¨Ón�
�

Ó Ênß�ô ñ ÊuÆ ��.wD`hMTWtb�MTO?s^NZM�øRk^Sl]r�hwqw�M7b�U��{O{`{MTO�]^�hw Î ]rb�U � n íG� n�\<N�M3�>k^Wú`hM
(En)n∈N

shM7SD��ÚT�RMTSTNP�dIMTO
b�M+]^�{w Î ]rb�U � n íH� N�w7bys�]^O
O8�¡fgp�ä n
��MTx.MTNPw�n �yTUN ��5¨�Uÿ96p¡g�yWcjv_aW ©�ÔUÓn¡¡0�WcjkXOØLjkWcNe©cÖg�v©�Ó�[yVLWcK#5¨ÑSÖ^6p¡g�yWcjv_aWÐÔn©àýy¡��nPS_OHi�n�v©�ÔU�n�

�

õ�½)ê�Ëy½°ÈïÄ¿½¿Å ñ Ê�ÆnÌ
�yWcjkWcR E1 = (Ω1,A1, {Pϑ : ϑ ∈ Θ}) ILRgV E2 = (Ω2,A2, {Qϑ : ϑ ∈ Θ}) HJq%Wcj
L2(0)

mpVnjÎÍ¦WcKaWcRLHJjkWcKOÏ�PSKaW M þyØ�WcKOjvhÐWcR _aWih�jv_ § PSRLT�WcR`_aWcR g1 ∈ L
(0)
2 (P0)

ILRgV g2 ∈
L

(0)
2 (Q0)

� � IL¤�WcKaVLWchÒT�WcNv_aW g1 6= 0 ILRgV g2 6= 0 �j�yWcjkWcR ((cn,i)1≤i≤n
)
n∈N

⊂

ÔSÖ



R
ILRgV ((c̃n,i)1≤i≤n

)
n∈N

⊂ R
HJq%Wcj�Y|KaWcjkWJlb]yXaXblafgWchiPS_bP���[^R � WcTUKaWJXaXOjk[^RgXO]�[yW<I�m

HJjkWcR _aWcR¢¡¦VnjkWÕVLWcR?0ûWJVnjvRLTUILRLT�WcR (i) ILRgV (ii) PSIgX��nPS_OHÐÔn�v©�Ô�WcR`_aXOØLKaWJlafgWcR¢�°Y\PSRLRTUjvNv_
lim
n→∞

n∑

i=1

c2n,i = c21 > 0 ILRgV lim
n→∞

n∑

i=1

c̃2n,i = c22 > 0.

Y�jkW�w�[^NvT�WcR E1,n =

(
Ωn

1 ,An
1 ,

{
n⊗
i=1

Pcn,iϑ : ϑ ∈ Θn

}) ILRgV

E2,n =

(
Ωn

2 ,An
2 ,

{
n⊗
i=1

Qecn,iϑ : ϑ ∈ Θn

}) ��[^R M þyØ�WcKOjvhÐWcR _aWcRëWcK�su�LNvNkWcR+VnjkW�~|¥ � oem
0ûWJVnjvRLTUILRLT�R�P^lbfJ�nPS_OH+Ôn�v©�Ôn�/�yWcjkWcR (n1)n∈N

⊂ N
ILRgV (n2)n∈N

⊂ N
HJqûWcj¢wg[^NvT�WcR

h�jv_ lim
n→∞

n2

n
= d ∈ (0, 1) ILRgV n1 + n2 = n s��LK\PSNvNkW n ∈ N

��Y|jkW�wg[^NvT�W En VLWcK��Ka[`VnIL]y_aW}þnØ)WcKOjvhÐWcR`_aW+WcK�s��LNvNv_ZVgPSRLR R�P^laf1�nPS_OH�Ôn�v©���VnjkW�~|¥ � oem�0�WJVnjvRLTUILRLTÐh�jv_
Xn (ω1,1, . . . , ω1,n1

, ω2,1, . . . , ω2,n2
) =

n1∑

i=1

cn1,ig1 (ω1,i) +

n2∑

i=1

c̃n2,ig2 (ω2,i)

PSNkXrH�WcR _OKbPSNkW�wg[^NvT�WU� M XZTUjvNv_ZPSIL¤�WcKaVLWch

lim
n→∞
Ù PSK

P
n1
0

⊗Qn2
0

(Xn) = c21

∫
g2
1dP0 + c22

∫
g2
2dQ0.

Y�jkW � WcTUKaWJXaXOjk[^RgXO]�[yW<IÐHJjkWcR _aWcR�]�'^RLRgWcR@HJILhà0�WcjkXOØLjkWcN¿PSNkX
cn1,i :=

1√
n
ILRgV c̃n2,i :=

1√
n

� Ôn� ýr�
T�WcqûzSfLNv_ZqûWcKaVLWcR¢��d	PSR WcKOf�zSNv_ZVgPSRLR c21 = 1 − d ILRgV c22 = d �L{�jkWcKbPSIgXrsÚ[^NvTU_

lim
n→∞
Ù PSK

P
n1
0

⊗Qn2
0

(Xn) = (1 − d)

∫
g2
1dP0 + d

∫
g2
2dQ0.

Y�jkW � ÏLÏLjvNkVnILRLT g : Ω1×Ω2 → R, (ω1, ω2) 7→ g1 (ω1)+g2 (ω2)
jkXO_%VnjkW § PSRLT�WcR`_aW

HJI�VLWcK L2(0)
mpVnjÎÍ¦WcKaWcRLHJjkWcKOÏ�PSKaWcR £ ILKO��W ϑ 7→ Pϑ⊗Qϑ

PSR�VLWcK��`_aWcNvNkW 0 ¡y�`TUN �/�nPS_OH©U�v©�ÿn��Y�jkW § PSRLT�WcR _aW g ILRgV1VnjkW � WcTUKaWJXaXOjk[^RgXa]�[`W<IÐHJjkWcR`_aWcR"Ï�WJXO_Ojvh�hÐWcR"PSNkXa[�VnjkWP^XO×`h�ØL_a[^_OjkXblafgWcR M jvT�WcRgXblaf�Pts�_aWcR�VLWcKe��Ka[yVnIL]y_aW}þyØ�WcKOjvhÐWcR _aW (En)n∈N

�

ÔUÑ



æ<²çæ ñ Ü/ò<Ç%ó ¿�á�¿�µ�Ü
Ý�Þ ¸�ÜFô�¸H¹�Þ ½�Ål¿�¸�º Á ¸H¹�Â�¸�ÜR¿�Ü/¿�½�¿�µ}Ü/¿�µV¾
��h�q%Wcjv_aWcKaWcR�Ù�WcKONQPSInsÂVnjkWJXbWcK � KOÏ�Wcjv_ûqûWcKaVLWcR VnjkW|Nk[^]^PSNkWcR P^XO×yh�ØL_a[^_OjkXalafgWcR M jvT�WcRnm
Xalbf�Ptsu_aWcR�VLWcK § WJXO_aXa_bPS_OjkXO_Ojv]

Tn :=
√
nUn1,n2

PSR�PSNv×nXOjkWcKO_�¡yq%[^Ï�Wcj Un1,n2

VnjkW���[^R�VLWch ]UPSRg[^RLjkXalafgWcR � KbP^VnjkWcR _ k̃ WcKOH�WcILTU_aW+ú�qûWcjÎmXO_OjklbfLØLKa[^Ï)WcRnmp~Zm��`_bPS_OjkXO_Ojv]�jkXO_�¡g�`TUN � � Ôn�¨���}�gd�jv_ � Ôn�¨Ô���WcKOTUjvÏL_ZXajklaf HJILR�z^lbfgXO_

Tn (ω1,1, . . . , ω1,n1
, ω2,1, . . . , ω2,n2

) =

√
n

n1

n1∑

i=1

k̃1 (ω1,i) +

√
n

n2

n2∑

j=1

k̃2 (ω2,j) ,

� Ôn�¨Ó��
qû[^Ï)Wcj k̃ : Ω1×Ω2 → R, (ω1, ω2) 7→ k̃1 (ω1)+ k̃2 (ω2)

VLWcK ]UPSRg[^RLjkXalafgW � KbP^VnjkWcR _
WcjvRgWJXrXO_bPS_OjkXa_OjkXalafgWcR�wLILRL]y_Ojk[^R�PSNkX k : P ⊗Q → R

PSR�VLWcK��`_aWcNvNkW P0 ⊗Q0
jkXa_�¡`�yTUN ��nPS_OH��n�¨�n�

Ó Ênß�ô ñ ÊuÆ[��ËOõ�â��°ð í ß�ágßà¼uâ�ã^Á°Ë`â-÷�Ë Ã^Á°ÊgÉçß�Ëy½"ö)á�½ Tn Ä¿½)ß�Ë`Ã P0 ⊗Q0
ÍÎ M7NZMTO

(n1)n∈N
⊂ N

�vO�s
(n2)n∈N

⊂ N
U7x.MTNy�>krW `hM7O�d@Nab

n1 + n2 = n
mTz{S#]^WaW(M

n ∈ N
�{O�s

lim
n→∞

n2

n
= d ∈ (0, 1)

ng\ ]^O/OA`^NaWcb

L (Tn |P n1

0 ⊗Qn2

0 ) → N

(
0,

1

1 − d

∥∥∥k̃1

∥∥∥
2

L2(P0)
+

1

d

∥∥∥k̃2

∥∥∥
2

L2(Q0)

)

mTz{S
n→ ∞ �Hxyk � MTN ∥∥∥k̃1

∥∥∥
2

L2(P0)
=
∫
k̃2
1 dP0

�vO�s ∥∥∥k̃2

∥∥∥
2

L2(Q0)
=
∫
k̃2
2 dQ0

wTNPO�s{n
��MTx.MTNPw�n Y|jkW i m _aW�]UPSRg[^RLjkXalafgW���Ka[ � Wc]`_Ojk[^R qrjvKaV²h�jv_ πi Ï�WcH�WcjklafLRgWc_���o\P^laf VLWchH�WcR`_OKbPSNkWcR � KaWcRLHJq%WcKO_aX PS_OHe��[^R�¥¦jvRgVLWcÏ)WcKOT^mpw�WcNvNkWcK � �`TUN �[5v©76p¡��nPS_OHe�UÓn�¨Ô��ÂWcKOf�zSNv_ïhiPSR
ILRLh�jv_O_aWcNvÏ�PSK|VnjkW £ [^R`��WcKOT�WcRLH

L
(√

n

n1

n1∑

i=1

k̃1 ◦ πi
∣∣∣∣∣P

n1

0

)
→ N

(
0,

1

1 − d

∫
k̃2
1 dP0

)

ILRgV
L




√
n

n2

n2∑

j=1

k̃2 ◦ πj

∣∣∣∣∣∣
Qn2

0


→ N

(
0,

1

d

∫
k̃2
2 dQ0

)

s��LK n→ ∞ ¡nq%WcjvN k̃1 ∈ L
(0)
2 (P0)

ILRgV k̃2 ∈ L
(0)
2 (Q0)

XOjvRgV¦�L��RgXOT�WJXbPSh+_es�[^NvTU_

L (Tn |P n1

0 ⊗Qn2

0 ) = L




√
n

n1

n1∑

i=1

k̃1 ◦ πi +
√
n

n2

n2∑

j=1

k̃2 ◦ πn1+j

∣∣∣∣∣∣
P n1

0 ⊗Qn2

0




→ N

(
0,

1

1 − d

∫
k̃2
1 dP0 +

1

d

∫
k̃2
2 dQ0

)

ÔU�



su�LK n → ∞ ¡ûq%WcjvN lim
n→∞

n2

n
= d ∈ (0, 1) R�P^lafóÙ�[^KbPSIgXaXbWc_OHJILRLT TUjvNv_�ILRgV VnjkW

Ù�WcKO_aWcjvNvILRLT�WcR L
( √

n
n1

∑n1

i=1 k̃1 ◦ πi
∣∣∣P n1

0

) ILRgV L
( √

n
n2

∑n2

j=1 k̃2 ◦ πj
∣∣∣Qn2

0

) XO_a[Sm
laf�P^XO_OjkXalbf ILR�PSÏLf�zSRLTUjvT�XajvRgV¦�

�

ú�ILK � R`q%WcRgVnILRLT�VLWcKrP^Xa×`h�ØL_a[^_OjkXalbfgWcR § WJXa_O_OfgWJ[^KOjkW�ÏLNkWcjvÏL_rRg[ylaf VnjkW\T�WchÐWcjvRnm
XbPShÐW�P^XO×yh�ØL_a[^_OjkXalafgW+Ù�WcKO_aWcjvNvILRLT�VLWcKrH�WcR _OKbPSNkWcR	wg[^NvT�W

Xn =

n1∑

i=1

cn1,i g1 ◦ πi +
n∑

i=n1+1

c̃n2,i g2 ◦ πi
� Ôn�¨ÿ��

ILRgV�VLWcK��`_bPS_OjkXO_Ojv] Tn HJI ILR _aWcKaXaIglafgWcR¢�Ó Ênß�ô ñ Ê�Æ ù Ë�Å�Ë`ðxËy¼�½°â�Êgð�Ë�ÊLâo�°ð í ß�ágßà¼uâ�ã^Á°Ë,÷\Ë`Ãàß�Ëy¼�ÉuÄÂ½¿Å¡ÍÎ MTN�MTO
(n1)n∈N

⊂ N
�vO�s

(n2)n∈N
⊂ N

U7x.MTN��gk^Wú`hMTOâd@Nab
n1 + n2 = n

�vO�s
lim
n→∞

n2

n
= d ∈ (0, 1)

ne\�N�MJ?3MZ`^S}MqwqwqNZk^ORw�_^k�MKE­U7N�MTO
b�M7O (
(cn,i)1≤i≤n

)
n∈N

⊂ R
�vO�s

(
(c̃n,i)1≤i≤n

)
n∈N

⊂ R
shMTS-U�MTO
b�SV]^W(MTO­�>krW `hM

Xn
w�MTN�MTO�]^WaW `hM7d#M7NPO�`hMTxy�^QhWcb��vO�s

MTSPmTzvWPW(MTO,s^N�MD��M}s^NPOv`^�{Ov`hMTO;]r�hw Î ]rb�U � n íH� n
p��7��MTSls{MTd4MVÚ^NPwTb�N�MTSVM7OJs^N�M+~�SVMTO[U7x.MTS7b�M
lim
n→∞

n−
1

2

n∑

i=1

cn,i = a1
�{Oes

lim
n→∞

n−
1

2

n∑

i=1

c̃n,i = a2.

\�]^O
O�`^NaWtb
L
(
(Tn, Xn)

t |P n1

0 ⊗Qn2

0

)
→ N

((
0
0

)
,

(
σ2

1 σ12

σ12 σ2
2

))

mqzvS
n→ ∞ n¡\�N�M��jNPO�b�Sl�o`{M@shMTS��+k^|9]rSqNZ]^OvU�d-]�b�SqN�Ú�M7S�`hM � MTO�wTN�Y7QA]^WXw

σ2
1 =

1

1 − d

∫
k̃2
1 dP0 +

1

d

∫
k̃2
2 dQ0,

σ2
2 = c21

∫
g2
1 dP + c22

∫
g2
2 dQ,

σ12 = a1
1√

1 − d

∫
k̃1g1 dP0 + a2

1√
d

∫
k̃2g2 dQ0.

��MTx.M7N�won o\P^laf VLWchÿ&%KbPSh5LcK�m��x[^NkVympY|Wc�yjklJW � �yTUN �.5v©�Ô96p¡��yWcjv_aW�ÔUÑ�ýr��KaWcjklbf _�WJX+su�LK
PSNvNkW (λ1, λ2) ∈ R

2 HJI�H�WcjvT�WcR¢¡�VgP^XaX
L (λ1Tn + λ2Xn |P n1

0 ⊗Qn2

0 ) → N
(
0, λ2

1σ
2
1 + 2λ1λ2σ12 + λ2

2σ
2
2

)

su�LK n→ ∞ ]�[^R`��WcKOTUjkWcKO_���d	PSR WcKOf�zSNv_eHJIgWcKaXO_

λ1Tn + λ2Xn = λ1



√
n

n1

n1∑

i=1

k̃1 ◦ πi +
√
n

n2

n2∑

j=1

k̃2 ◦ πn1+j




+λ2




n1∑

i=1

cn1,i g1 ◦ πi +
n2∑

j=1

c̃n2,j g2 ◦ πn1+j




Ô�ý



=

n1∑

i=1

(
λ1

√
n

n1
k̃1 ◦ πi + λ2cn1,i g1 ◦ πi

)

+

n2∑

j=1

(
λ1

√
n

n2
k̃2 ◦ πn1+j + λ2c̃n2,j g2 ◦ πn1+j

)
.

o\P^laf�VLWch�H�WcR _OKbPSNkWcR � KaWcRLHJq%WcKO_aX PS_OH���[^R�¥¦jvRgVLWcÏ�WcKOT^mpwgWcNvNkWcK � �yTUN �e5v©T6p¡[�nPS_OH��UÓn�¨Ô��
WcKOTUjvÏL_ZXajklaf@VnjkW £ [^R ��WcKOT�WcRLH

L
(

n1∑

i=1

(
λ1

√
n

n1
k̃1 ◦ πi + λ2cn1,ig1 ◦ πi

)∣∣∣∣∣P
n1

0

)
→ N

(
0, v2

1

)

ILRgV

L




n2∑

j=1

(
λ1

√
n

n2
k̃2 ◦ πj + λ2c̃n2,jg2 ◦ πj

)∣∣∣∣∣∣
Qn2

0


→ N

(
0, v2

2

)

s��LK n→ ∞ ¡UqûWcjvN k̃1, g1 ∈ L
(0)
2 (P0)

ILRgV k̃2, g2 ∈ L
(0)
2 (Q0)

XOjvRgV¦��Y|jkWeÙ PSKOjQPSRLH�WcR
v2
1
ILRgV v2

2
WcKOf�zSNv_ehiPSR�PSNkX�s�[^NvT�WcRgVLW � KaWcRLHJq%WcKO_aWU�

v2
1 = lim

n→∞
Ù PSK

P
n1
0

(
n1∑

i=1

(
λ1

√
n

n1
k̃1 ◦ πi + λ2cn1,ig1 ◦ πi

))

= lim
n→∞

(
n1∑

i=1

Ù PSK
P

n1
0

(
λ1

√
n

n1
k̃1 ◦ πi + λ2cn1,ig1 ◦ πi

))

= lim
n→∞

(
n1∑

i=1

Ù PSK
P

n1
0

(
λ1

√
n

n1
k̃1 ◦ πi

)
+

n1∑

i=1

Ù PSK
P

n1
0

(λ2cn1,ig1 ◦ πi)

+ 2

n1∑

i=1

&û[��
P

n1
0

(
λ1

√
n

n1
k̃1 ◦ πi, λ2cn1,ig1 ◦ πi

))

= λ2
1
Ù PSK

P0

(
k̃1

)
lim
n→∞

(
n

n1

)
+ λ2

2
Ù PSK

P0
(g1) lim

n→∞

(
n1∑

i=1

c2n1,i

)

+2λ1λ2
&û[��

P0

(
k̃1, g1

)
lim
n→∞

( √
n√
n1

1√
n1

n1∑

i=1

cn1,i

)

= λ2
1

1

1 − d

∫
k̃2
1 dP0 + λ2

2c
2
1

∫
g2
1dP0 + 2λ1λ2

1√
1 − d

a1

∫
k̃1g1 dP0

ILRgV

v2
2 = lim

n→∞
Ù PSK

Q
n2
0




n2∑

j=1

(
λ1

√
n

n2
k̃2 ◦ πj + λ2c̃n2,jg2 ◦ πj

)


ÔUÓ



= λ2
1
Ù PSK

Q0

(
k̃2

)
lim
n→∞

(
n

n2

)
+ λ2

2
Ù PSK

Q0
(g2) lim

n→∞




n2∑

j=1

c̃2n2,j




+2λ1λ2
&û[��

Q0

(
k̃2, g2

)
lim
n→∞




√
n√
n2

1√
n2

n2∑

j=1

c̃n2,j




= λ2
1

1

d

∫
k̃2
2 dQ0 + λ2

2c
2
2

∫
g2
2dQ0 + 2λ1λ2

1√
d
a2

∫
k̃2g2 dQ0.

�pRgXOT�WJX PSh+_eWcKOTUjvÏL_�Xajklaf
L (λ1Tn + λ2Xn |P n1

0 ⊗Qn2

0 )

= L
(

n1∑

i=1

(
λ1

√
n

n1
k̃1 ◦ πi + λ2cn1,ig1 ◦ πi

)
|P n1

0

)

∗L




n2∑

j=1

(
λ1

√
n

n2
k̃2 ◦ πj + λ2c̃n2,jg2 ◦ πj

)
|Qn2

0




→ N
(
0, v2

1

)
∗N

(
0, v2

2

)

= N
(
0, v2

1 + v2
2

)
,

su�LK n→ ∞ ¡cqûWcjvN VnjkW�Ù�WcKO_aWcjvNvILRLT�WcR L(∑n1

i=1

(
λ1

√
n

n1
k̃1 ◦ πi + λ2cn1,i g1 ◦ πi

)
|P n1

0

)

ILRgV L(∑n2

j=1

(
λ1

√
n

n2
k̃2 ◦ πj + λ2c̃n2,jg2 ◦ πj

)
|Qn2

0

) Xa_a[`lbf�P^XO_OjkXalaf�ILR�PSÏLf�zSRLTUjvT
XOjvRgV¦�LY|jkW�Ù PSKOjQPSRLH v2

1 + v2
2
WcKOf�zSNv_ehiPSR�PSNkX

v2
1 + v2

2 = λ2
1

1

1 − d

∫
k̃2
1 dP0 + λ2

2c
2
1

∫
g2
1dP0 + 2λ1λ2

1√
1 − d

a1

∫
k̃1g1 dP0

+λ2
1

1

d

∫
k̃2
2 dQ0 + λ2

2c
2
2

∫
g2
2dQ0 + 2λ1λ2

1√
d
a2

∫
k̃2g2 dQ0

= λ2
1

(
1

1 − d

∫
k̃2
1 dP0 +

1

d

∫
k̃2
2 dQ0

)

+λ2
2

(
c21

∫
g2
1dP0 + c22

∫
g2
2dQ0

)

+2λ1λ2

(
a1

1√
1 − d

∫
k̃1g1 dP0 + a2

1√
d

∫
k̃2g2 dQ0

)
.

�y[^h�jv_ejkXO_ZPSNvNkWJXrÏ�WcqrjkWJXaWcR¢�
�

æ<²�ð ñ Ü
ò�Ç%ó ¿�á�¿eµ}Ü
Ý�Þ+¸NM�µ}Ä3¸�º+Ü
Ý�Þ+½3õT¿�¸�º Á ¸H¹;¸�µ}º+Ü
¸�µl¿�µ�Ä3¸�º�Â�¸�Ü/¿�Ü
Y�jkW M KOT�WcÏLRLjkXbXaWiPSIgX��nPS_OHiÔn�v©àý�q%WcKaVLWcR�R ILR�HJILhGP^XO×yh�ØL_a[^_OjkXalafx[^ØL_OjvhiPSNkWcR § W}m
XO_aWcR�VLWcK�XO_bPS_OjkXO_OjkXblafgWcR�wLILRL]y_Ojk[^R�PSNkW�PSRLT�WcqûPSRgVn_��gY|jkWJX�WcK�s�[^KaVLWcKO_rPSNvNkWcKaVnjvRLT�XrRg[ylaf
WcjvRLjvT�W�Ù�[^KOÏ)WcKaWcjv_OILRLT�WcR¢�

ÔUÿ



M jvRgW�wg[^NvT�W En = (Ωn,An, {Pn,ϑ : ϑ ∈ Θn}) ��[^R M þnØ�WcKOjvhÐWcR _aWcR1XaWcj%¥ � oh�jv_ (Xn)n∈N

PSNkX�H�WcR`_OKbPSNkW�wg[^NvT�WU��d�PSR Ï)Wc_OKbP^lbf _aWc_ VnjkW�wg[^NvT�W	VLWcK�WcjvRgXaWcjv_OjvT�WcR§ WJXO_OØLKa[^ÏLNkWchÐW
H1,n = {ϑ ∈ Θn : ϑ ≤ 0} T�WcT�WcR K1,n = {ϑ ∈ Θn : ϑ > 0} .

Y|jkW�T�WcÏLKbzSIglbfLNvjklafgWcR § WJXO_aX�XOjvRgV���[^R@VLWcK � WJXa_bPSNv_

ϕn =





1 >
λn Sn = cn
0 <

,

VnjkW�VnILKalbf@VnjkW�o|WcÏ)WcR`Ï)WJVnjvRLTUILRLT
lim
n→∞

EPn,0
(ϕn) = α

� Ôn�v©����
sÚWJXO_OT�WcNkWcTU_ZXOjvRgV¦�
Ý ËhÉï½Â¼çßà¼çá)½ ñ ÊuÆ[Ô�jNaOeM��eMqwTb m�k^Wú`hM

(ϕn)n∈N

Q[MTN ��b>]^w=;^d��eb�krb�NPw7YTQ {0} � α ���^QhO/WcN�YTQh�!m�]^WaWÖwjsrNZM���MVs^NaO{`^�vO{`� � n íO�=& MTSPmTzvWPWtbyNPwTb�n
Y\WcKbPSKO_OjvT�W § WJXO_�sÚ[^NvT�WcR�NQP^XaXaWcR�XOjklaf	h�jv_�{�jvNÎs�WÕVLWcK § fgWJ[^KOjkWÕ��[^R�¥¢WI&�PSh-��WcK�m

TUNkWcjklbfgWcR¢�¦Y�jkW�Ù�[^KOT�WcfgWcRgXOqûWcjkXaW���[^R	¥¢W#&�PSh s��LfLKO_�VgPSRLR�HJI	VLWcR	qrjklaf`_OjvT�WcR M K�m
T�WcÏLRLjkXaXbWcRxVLWcK+P^XO×`h�ØL_a[^_OjkXblafgWcR § WJXO_O_OfgWJ[^KOjkWU�¢��RgXOÏ)WJXb[^RgVLWcKaWÕ]^PSRLRxVnjkW�P^XO×yh�ØL_a[Sm
_OjkXalbfgW � �L_aW}suILRL]y_Ojk[^R�WcjvRgWcK�P^XO×yh�ØL_a[^_OjkXalbf {0} m α m�zSfLRLNvjklafgWcR § WJXO_�sÚ[^NvT�WZÏ�WcKaWJlafLRgWc_qûWcKaVLWcR¢�
Ó Ênß�ô ñ ÊuÆ[	�Ë�ÊLâ��°ð í ß�á�ßà¼çâàãSÁ¿Ë�Ç�À¢ß�Ë`¾�ÄÂ½°æ�ßà¼uá�½ÙÍÎ M7N

(ϕn)n∈N

MTNaOeM ]!w=;^d��eb�krb�NPw7YTQ {0} � α ���^QhO/WcN�YTQRMA��Mqw7b m7krW `hM�n>p��T��MTSVshMTd `hMTWtb�M

L
(
(Sn, Xn)

t |Pn,0
)

→ N

((
0
0

)
,

(
σ2

1 σ12

σ12 σ2
2

))

mTz{S
n→ ∞.

�yz{S Õ MVs{Mqw
ϑ ∈ Θ

`^NaWcbjs�]^O/O
lim
n→∞

EPn,ϑ
(ϕn) = Φ

(
ϑ
σ12

σ1
− u1−α

)
,

xyk � MTN
Φ
s^N�M ø/M7STb�MTNaWc�{O{`^wPmT�{OR_!b�N�k^OIs{MTS Î b�]rO�s�]^SVs^O�k^STd#]^Wc|!MTS7b�MTNPWc�vO{` � M}U9MTNZYTQhOeM7b��vO�s

u1−α := Φ−1 (1 − α)
s�]!w

(1 − α)
�QP��R]^O
b�NaW¡|9k^O

Φ
NPwTb�n

��MTx.MTNPw�n �yTUN �¡5¨�Uÿ!6p¡
�yWcjv_aWÐ©cÖ`ýy¡��nPS_OHi©�Ñn�¨�n��[`VLWcK�5v©àý�6p¡
&%f�PSØL_aWcK�ýy�
�

wÂ�LKZVnjkW�WcjvRgXbWcjv_OjvT�WcR § WJXa_OØLKa[^ÏLNkWchÐW
H1 = {P ⊗Q ∈ P ⊗Q : k (P ⊗Q) ≤ a}

T�WcT�WcR K1 = {P ⊗Q ∈ P ⊗Q : k (P ⊗Q) > a} � Ôn�v©U©��
Ö �



qrjvKaV�WcjvRgW�Nk[^]^PSNkW��ïPSKbPShÐWc_OKOjkXOjkWcKOILRLT�VLWJX § WJXa_OØLKa[^ÏLNkWchÐXZjvR � ÏLf�zSRLTUjvTU]�Wcjv_Z��[^R WcjÎm
RgWch XO_bPS_OjkXO_OjkXalbfgWcR�wLILRL]y_Ojk[^R�PSN k : P ⊗Q → R

T�WJXOIglbf _��M jvR+XO_bPS_OjkXa_OjkXalafgWJX¿wLILRL]`_Ojk[^R�PSN k : P⊗Q → R
XaWcj�VnjÎÍ¦WcKaWcRLHJjkWcKOÏ�PSKÂPSR+VLWcK��`_aWcNvNkW

P0 ⊗ Q0
h�jv_iVLWch ]UPSRg[^RLjkXalbfgWcR � KbP^VnjkWcR`_aWcR k̃ ∈ L

(0)
2 (P0 ⊗Q0) .

� IL¤�WcKaVLWch
T�WcNv_aW

∥∥∥k̃
∥∥∥

2

L2(P0⊗Q0)
6= 0.

�yWcj t 7→ Pt ⊗ Qt
WcjvRgW L2 (0) mpVnjÎÍ¦WcKaWcRLHJjkWcKOÏ�PSKaW £ ILKO��W�jvR P ⊗ Q h�jv_ § PSRLT�WcR _aW

g ∈ L
(0)
2 (P0 ⊗Q0)

��wgWcKORgWcK\TUjvNv_ g = g1 ◦ π1 + g2 ◦ π2
s��LK�VnjkW § PSRLT�WcR`_aWcR g1 ∈

L
(0)
2 (P0)

ILRgV g2 ∈ L(0)
2 (Q0)

¡^�`TUN �h�nPS_OH�©U�v©�ÿn� M jvRgW�Nk[^]^PSNkWr�ïPSKbPShÐWc_OKOjkXOjkWcKOILRLTÕVLWJX§ WJXO_OØLKa[^ÏLNkWchÐX � Ôn�v©U©���WcKOf�zSNv_ehiPSR HJILh°0ûWcjkXaØLjkWcN¢VnILKalaf
Hp
n = {P n1

0 ⊗Qn2

0 } T�WcT�WcR Kp
n =

{
P n1

t√
n

⊗Qn2
t√
n

} � Ôn�v©����
su�LKeWcjvR t > 0 ¡Lq%[^Ï�Wcj°VnjkW<0�WJVnjvRLTUILRLT

lim
n→∞

k
(
P t√

n
⊗Q t√

n

)
− k (P0 ⊗Q0)

n−
1

2

> 0
� Ôn�v©�Ô��

su�LK�PSNvNkW t > 0 ��[^KbPSIgXOT�WJXbWc_OHJ_�qrjvKaV¦¡°�`TUN �.5¨ÔU�!6 ILRgV25¨Ôn©T6p�°Y|jkWI0�WJVnjvRLTUILRLT � Ôn�v©�Ô��jvh�ØLNvjvHJjkWcKO_ejvRgXOÏ�WJXa[^RgVLWcKaW
∫
k̃g dP0 ⊗Q0 > 0

q%WcT�WcR

lim
n→∞

k
(
P t√

n
⊗Q t√

n

)
− k (P0 ⊗Q0)

n−
1

2

= t

∫
k̃g dP0 ⊗Q0.

Y�jkW%oZILNvNvf`×`Ø�[^_OfgWJXaW Hp
n
NQz^XaXO_°XOjklbfëWcÏ�WcRns PSNvNkX¿WcKOqûWcjv_aWcKOR¢�r�yWcj s 7→ Ps⊗Qs WcjvRgW q%WcjÎm_aWcKaW L2(0)

mpVnjÎÍ�WcKaWcRLHJjkWcKOÏ�PSKaW £ ILKO��W+jvR P ⊗Q h�jv_ § PSRLT�WcR _aW h ∈ L2 (P0 ⊗Q0)
�� IL¤�WcKaVLWch T�WcNv_aW

lim
n→∞

k
(
P s√

n
⊗Q s√

n

)
− k (P0 ⊗Q0)

n−
1

2

≤ 0
� Ôn�v©cÖ{�

su�LKZPSNvNkW s > 0 �gY|jkW�WcKOq%Wcjv_aWcKO_aW�oZILNvNvf`×`Ø�[^_OfgWJXaW Hp,e
n
WcKOTUjvÏL_ZXOjklaf�VgPSRLR�PSNkX

Hp,e
n =

{
P n1

s√
n

⊗Qn2
s√
n

} � Ôn�v©�Ñ��
su�LKeWcjvR s > 0 ���y[�qû[^fLN¢s��LKZVgP^X § WJXa_OØLKa[^ÏLNkWch � Ôn�v©����rPSNkXZPSIglbf s��LKeVgP^XeWcKOq%Wcjv_aWcKO_aW§ WJXO_OØLKa[^ÏLNkWch

Hp,e
n
T�WcT�WcR Kp

n

Ög©



WcjvTURgWc_ZXajklaf@VnjkW § WJXO_�sÚ[^NvT�W

ψn =





1 >
Tn c

0 ≤
,

� Ôn�v©����
qû[^Ï)Wcj Tn VnjkW § WJXO_aXO_bPS_OjkXa_Ojv]�qrjkW�jvR � Ôn�¨Ó��ûjkXO_��LY\WcKe]yKOjv_OjkXalafgW��xWcKO_

c := u1−α

(
1

1 − d

∫
k̃2
1 dP0 +

1

d

∫
k̃2
2 dQ0

) 1

2

qrjvKaV�ILR�PSÏLf�zSRLTUjvT���[^R n T�WcqûzSfLNv_�� M XrjkXO_rHJI Ï�W�P^laf`_aWcR¢¡�VgP^XaX
∥∥∥k̃
∥∥∥

2

L2(P0⊗Q0)
=

∫
k̃2
1 dP0 +

∫
k̃2
2 dQ0 6= 0

R�P^lbf@Ù�[^KbPSIgXaXaWc_OHJILRLTiTUjvNv_��
Y|jkW�jvh�ØLNvjvHJjv_aWcR � Nv_aWcKOR�PS_Ojv��WcREPSIgX � Ôn�v©����iILRgVåVnjkW�jvh�ØLNvjvHJjv_aWcRE{�×`Ø�[^_OfgWJXaWcR� Ôn�v©�Ñ��ëNQP^XbXaWcR XOjklaf1Rg[ylaf Wc_�qûP^Xi��WcKbPSNvNvT�WchÐWcjvRgWcKOR¢¡ jvRgVLWch hiPSR VnjkW�Nk[^]UPSNkWcR"�ïPtm

KbPShÐWc_aWcK t√
n
VnILKalaf"VnjkW�T�WJWcjvTURgWc_aWcR"o�ILNvNÎsÚ[^NvT�WcR (tn)n∈N

WcKaXaWc_OHJ_�¡��yTUN ��5¨ÔU�!6rILRgV
5¨Ôn©76p� Y�jkW@�ÂPSKbPShÐWc_OKOjkXOjkWcKOILRLT jkXO_�VgPSRLRåVnILKalafóVnjkW�Nk[^]UPSNkWcR*�xWcKO_aW�VLWJXiwLILRL]y_Ojk[Sm
R�PSNkX|T�WcT�WcÏ�WcR¢�)wÂ�LK�WcjvR ϑ ∈ R \ {0} XaWcj (tn (ϑ))n∈N

WcjvRgWÕo�ILNvNÎs�[^NvT�WU¡�q%WcNklbfgW�VnjkW0�WJVnjvRLTUILRLT
k
(
Ptn(ϑ) ⊗Qtn(ϑ)

)
= k (P0 ⊗Q0) + n−

1

2ϑ+ o
(
n−

1

2

) � Ôn�v©àýr�
s��LK n → ∞ WcK�su�LNvNv_��¦Y|jkWÕwg[^NvT�W (Ptn(ϑ) ⊗Qtn(ϑ)

)
n∈N

VLWcK���PSfLKaXalbfgWcjvRLNvjklafL]�Wcjv_aX�m
hiPS¤�W�qrjvKaV�s��LK ϑ > 0 PSNkX+jvh�ØLNvjvHJjv_aW � Nv_aWcKOR�PS_Ojv��W�ILRgVxsu�LK ϑ < 0 PSNkX�jvh�ØLNvjvHJjv_aW{�×`Ø�[^_OfgWJXaW�Ï�WcH�WcjklafLRgWc_�� M XÂXaWcj�HJIgXbzS_OHJNvjklbf���[^KbPSIgXaT�WJXaWc_OHJ_�¡àVgP^XaX ∫ k̃g dP0⊗Q0 6= 0jkXO_��LY�PSRLR TUjvNv_

ϑ = lim
n→∞

k
(
Ptn(ϑ) ⊗Qtn(ϑ)

)
− k (P0 ⊗Q0)

n−
1

2

= lim
n→∞

k
(
Ptn(ϑ) ⊗Qtn(ϑ)

)
− k (P0 ⊗Q0)

tn (ϑ)

tn (ϑ)

n−
1

2

=

(∫
k̃g dP0 ⊗Q0

)
lim
n→∞

(
n

1

2 tn (ϑ)
)
.

� Ôn�v©�Ó��
Y|jkW�wg[^NvT�W

t̃n(ϑ) = n−
1

2ϑ

(∫
k̃g dP0 ⊗Q0

)−1

WcK�s��LNvNv_�Xa[^h�jv_�VnjkW#0�WJVnjvRLTUILRLT � Ôn�v©àýr�|R�P^lbf £ [^RgXO_OKOIL]y_Ojk[^R¢�°wÂ�LK+PSNvNkW ϑ ∈R\ {0}W}þnjkXO_OjkWcKO_iPSNkXa[�WcjvRgW�o�ILNvNÎs�[^NvT�W (tn (ϑ))n∈N
, VnjkW�VLWcK#0�WJVnjvRLTUILRLT � Ôn�v©àýr�ëT�WcR �LTU_���yWcjkWcR (n1)n∈N

⊂ N
ILRgV (n2)n∈N

⊂ N
HJqûWcj wg[^NvT�WcRxh�jv_ n1 + n2 = n s��LK�PSNvNkW

n ∈ N
ILRgV lim

n→∞
n2

n
= d ∈ (0, 1) �)Y�jkW�w�[^NvT�W

En =
(
Ωn1

1 × Ωn2

2 , An1

1 ⊗An2

2 ,
{
P n1

etn(ϑ)
⊗Qn2

etn(ϑ)
: ϑ ∈ Θn

})

Ö �



VLWcKe��Ka[`VnIL]y_aW}þnØ)WcKOjvhÐWcR`_aW+jkXO_eVgPSRLR�~�¥ � oAR�P^laf � R qûWcRgVnILRLT�Ôn�v©�Ñn�
�xWcT�WcR lim

n→∞
etn(ϑ)
tn(ϑ) = 1 s�[^NvTU_

lim
n→∞

∥∥∥P n1

tn(ϑ) ⊗Qn2

tn(ϑ) − P n1

etn(ϑ)
⊗Qn2

etn(ϑ)

∥∥∥ = 0

R�P^laf�5¨�Uÿ96p¡��nPS_OH 14.17 ¡�q%WcjvN�VnjkWÕwg[^NvT�W (En)n∈N

��[^R M þnØ)WcKOjvhÐWcR`_aWcRx~�¥ � o jkXO_��
d�PSR WcKOf�zSNv_ZXb[^h�jv_

lim
n→∞

∫
ϕn dP

n1

tn(ϑ) ⊗Qn2

tn(ϑ) = lim
n→∞

∫
ϕn dP

n1

etn(ϑ)
⊗Qn2

etn(ϑ)

� Ôn�v©�ÿ��
su�LK � WJVLW § WJXO_�sÚ[^NvT�W (ϕn)n∈N

R�P^lafi{�jvNÎsÚXaXbPS_OH�©U�¨�U�n¡SsÚPSNvNkX WcjvRgWcK�VLWcK � KaWcRLHJq%WcKO_aWZW}þyjÎm
XO_OjkWcKO_��^d�PSRÐXbPSTU_�¡^VgP^XaX�PSNvNkW § WJXO_�sÚ[^NvT�WcRÐILR _aWcK P n1

tn(ϑ)⊗Q
n2

tn(ϑ)
ILRgV P n1

etn(ϑ)
⊗Qn2

etn(ϑ)VnjkW�TUNkWcjklafgW�P^XO×yh�ØL_a[^_OjkXalbfgW � �L_aW+Ï)WJXajv_OH�WcR¢��Y|jkW�P^Xa×`h�ØL_a[^_OjkXalbfgWcR M jvT�WcRgXalaf�Pts�_aWcR
VLWcK § WJXO_�sÚ[^NvT�W (ψn)n∈N

q%WcKaVLWcR R`ILR h�jv_e{ZjvNÎsÚW�VLWcK § fgWJ[^KOjkW���[^R ¥¢W�&�PSh ILR _aWcK�m
XOIglaf`_��
Ó Ênß�ô ñ Ê Ü ×�Ë�ÊLâ��°ð í ß�á�ßà¼uâ�ãSÁ¿Ë�Ç�À°ß�Ë ¾�ÄÂ½¿æ�ßà¼çá)½�ÍÎ MTN�MTO

(n1)n∈N
⊂ N

�vO�s
(n2)n∈N

⊂ N
U7x.MTNy�gk^W `{MTO­d@N�b

n1 + n2 = n
mTzvS-]rWPW(M

n ∈ N
�{Oes

lim
n→∞

n2

n
= d ∈ (0, 1)

n��.w�`hMTWtb�M
∫
k̃2 dP0 ⊗Q0 6= 0

� Ôn�¨�U���
�{O�s

∫
k̃g dP0 ⊗Q0 6= 0.

p��T��MTSVshMTd°w�MTN
(Ptn ⊗Qtn)n∈N

M7NPOeM��>krW `hM d@N�b
k (Ptn ⊗Qtn) = k (P0 ⊗Q0) + n−

1

2ϑ+ o
(
n−

1

2

)

mqzvS,MTNPO
ϑ ∈ R \ {0}. \�N�M­�eMqw7b m7k^Wú`hM (ψn)n∈N

N�w7b�s�]^O
OÒ]!w<;^d���b�krb�N�w�YTQ {0} � α ��!QhO/WcN�Y7Q��vO�sAMqw�`^NaWcb

lim
n→∞

∫
ψn dP

n1

tn
⊗Qn2

tn
= Φ

(
ϑ

(
1

1 − d

∫
k̃2
1 dP0 +

1

d

∫
k̃2
2 dQ0

)− 1

2

− u1−α

)
.� Ôn�¨�n©���qORw � MTw7k^O�s{MTSVM�Q[�^WcbGs^N�M+�eMqw7b m7k^Wú`hM

(ψn)n∈N

]!w<;^d���b�krb�N�w�YTQ#s�]!w.ä�Na|!MV]^�
α
mqzvS

ϑ < 0MTNPO�n
��MTx.M7N�won �xWcT�WcR � Ôn�v©�ÿ��ûKaWcjklaf`_�WJX�¡LVLWcR � KaWcRLHJq%WcKO_

lim
n→∞

∫
ψn dP

n1

etn
⊗Qn2

etn

su�LK
t̃n(ϑ) = n−

1

2ϑ

(∫
k̃g dP0 ⊗Q0

)−1

Ö Ô



HJI Ï�WcKaWJlafLRgWcR¢��Y|jkW § WJXO_�sÚ[^NvT�W (ψn)n∈N

jkXO_ZP^XO×yh�ØL_a[^_OjkXalaf {0} m α m�zSfLRLNvjklaf	qûWcT�WcR

lim
n→∞

∫
ψn dP

n1

0 ⊗Qn2

0 = lim
n→∞

P n1

0 ⊗Qn2

0 ({Tn > c})

= N

(
0,

(
1

1 − d

∫
k̃2
1 dP0 +

1

d

∫
k̃2
2 dQ0

))
((c,+∞))

= 1 − Φ



u1−α

(
1

1−d
∫
k̃2
1 dP0 + 1

d

∫
k̃2
2 dQ0

)

1
1−d

∫
k̃2
1 dP0 + 1

d

∫
k̃2
2 dQ0




= α.

o\P^lafJ�nPS_OH�Ôn�v©U©\ILRgV � R q%WcRgVnILRLT�Ôn�v©�Ñ�WcKOf�zSNv_rhiPSR¢¡LVgP^XbXrVnjkW|w�[^NvT�W�VLWcK M þyØ�WcKOjÎm
hÐWcR`_aW

En =
(
Ωn1

1 × Ωn2

2 ,An1

1 ⊗An2

2 ,
{
P n1

etn(ϑ)
⊗Qn2

etn(ϑ)
: ϑ ∈ Θn

})

~|¥ � o=jkXO_�� M jvRgW�H�WcR _OKbPSNkW�wg[^NvT�W�jkXO_eVgPSRLR

Xn =

n1∑

i=1

cn1,i g1 ◦ πi +
n2∑

j=1

c̃n2,j g2 ◦ πj+n1
,

qû[^Ï)WcjÕVnjkW £ [`W<IÐHJjkWcR`_aWcR cn1,i
ILRgV c̃n2,j

su�LK	PSNvNkW i ∈ {1, . . . , n1} ILRgV j ∈
{1, . . . , n2} VnILKalaf

cn1,i := n−
1

2

(∫
k̃g dP0 ⊗Q0

)−1

,

c̃n2,j := n−
1

2

(∫
k̃g dP0 ⊗Q0

)−1

T�WcT�WcÏ�WcR@XOjvRgV¦�go\P^laf1�nPS_OH�Ôn�v©àýëWcKOTUjvÏL_�XOjklbf VnjkW £ [^R`��WcKOT�WcRLH
L
(
(Tn, Xn)

t |P n1

0 ⊗Qn2

0

)
→ N

((
0
0

)
,

(
σ2

1 σ12

σ12 σ2
2

))

s��LK n→ ∞ � � NkX M jvR _OKbzST�W�VLWcK £ [à�^PSKOjQPSRLHJhiPS_OKOjÎþ�WcKOf�zSNv_ZhiPSR

σ2
1 =

1

1 − d

∫
k̃2
1 dP0 +

1

d

∫
k̃2
2 dQ0,

σ2
2 = c21

∫
g2
1 dP + c22

∫
g2
2 dQ,

σ12 = a1
1√

1 − d

∫
k̃1g1 dP0 + a2

1√
d

∫
k̃2g2 dQ0.

ÖUÖ



Y�jkW��xWcKO_aW a1
ILRgV a2

XOjvRgV�R`ILR HJI�Ï)WJXa_Ojvh�hÐWcR¢� M XrTUjvNv_ZHJILR�z^lafgXO_

a1 = lim
n1→∞

n
− 1

2

1

n1∑

i=1

cn1,i

= lim
n1→∞

n
1

2

1 n
− 1

2

(∫
k̃g dP0 ⊗Q0

)

=
√

(1 − d)

(∫
k̃g dP0 ⊗Q0

)−1

ILRgV

a2 = lim
n2→∞

n
− 1

2

2

n2∑

i=1

c̃n2,i

= lim
n1→∞

n
1

2

2 n
− 1

2

(∫
k̃g dP0 ⊗Q0

)−1

=
√
d

(∫
k̃g dP0 ⊗Q0

)−1

.

w¿�LKeVnjkW £ [��UPSKOjvRLH σ12
WcKOTUjvÏL_ZXOjklbf@VgPSRLR

σ12 = a1
1√

1 − d

∫
k̃1g1 dP0 + a2

1√
d

∫
k̃2g2 dQ0

=

∫
k̃1g1 dP0

(∫
k̃g dP0 ⊗Q0

)−1

+

∫
k̃2g2 dQ0

(∫
k̃g dP0 ⊗Q0

)−1

=

(∫
k̃g dP0 ⊗Q0

)−1(∫
k̃1g1 dP0 +

∫
k̃2g2 dQ0

)

= 1.

o|P^lbf;�nPS_OH�Ôn�v©�ÿÕWcKOf�zSNv_ZhiPSR VnjkW�P^XO×`h�ØL_a[^_OjkXblafgW � �L_aW�PSNkX
lim
n→∞

∫
ψn dP

n1

etn(ϑ)
⊗Qn2

etn(ϑ)

= Φ

(
ϑ
σ12

σ1
− u1−α

)

= Φ

(
ϑ

(
1

1 − d

∫
k̃2
1 dP0 +

1

d

∫
k̃2
2 dQ0

)− 1

2

− u1−α

)
.

�

�ëËyðxË`Ãtæ¢ÄÂ½°Å ñ Ê Ü Æ
Y�jkW�P^Xa×`h�ØL_a[^_OjkXalbfgW � �L_aW}s�ILRL]y_Ojk[^R�qrjvKaV�VnILKalaf d = lim

n→∞
n2

n
¡JVnjkW�o�[^KOhÐWcR ∥∥∥k̃1

∥∥∥
L2(P0)

Ö Ñ



ILRgV ∥∥∥k̃2

∥∥∥
L2(Q0)

VLWcK £ [^h�Ø�[^RgWcR _aWcR�VLWJX�]UPSRg[^RLjkXalbfgWcR � KbP^VnjkWcR _aWcR k̃ ILRgV�VnjkW|Nk[Sm
]UPSNkWcRI�xWcKO_aW ϑ ��[^NvNkXO_bzSRgVnjvTëÏ�WJXalafLKOjkWcÏ�WcR¢� M X jkXO_�Ï�WchÐWcKO]�WcRgXOq%WcKO_�¡nVgP^XaX VnjkW�P^XO×yhÕmØL_a[^_OjkXalbfgW � �L_aW}suILRL]y_Ojk[^R	��[^R�VLWcK § PSRLT�WcR`_aW g ∈ L2 (P0 ⊗Q0)

ILR�PSÏLf�zSRLTUjvT�jkXO_��
Y|jkW L2(0)

mpVnjÎÍ¦WcKaWcRLHJjkWcKOÏ�PSKaWcR £ ILKO��WcR�XajvRgVÐVgPSfgWcK�PSNkX hiPS_OfgWchiPS_OjkXalafgW £ [^RgXO_OKOIL] m
_Ojk[^RgWcR²PSRLHJIgXbWcfgWcR¢¡¢VnjkWÐP^XO×yh�ØL_a[^_OjkXalaf�qrjkWJVLWcK+WcNvjvh�jvRLjkWcKO_+q%WcKaVLWcR¢¡¢�yTUN �H5¨ÔU�!6�ILRgV5¨�Uÿ!6p�
Ó Ênß�ô ñ Ê Ü�Ü�.w�woMTN�MTO

t 7→ Pt⊗Qt
M7NPOeM

L2 (0)
�ls^N Ñ�MTSVM7OvU7N�MTS � ]^S}M.���vSq|!M�NPO P⊗Q d+N�bG��]^O{`{MTO
b�M

g = 0 ∈ L2 (P0 ⊗Q0)
�{Oes

(φn)n∈N

MTNaOeM"�eMqw7b m7k^Wú`hM�d@Nab

lim
n→∞

∫
φn dP

n1

0 ⊗Qn2

0 = α.

�yzvS Õ M}shM�ä��vWPW m7krW `hM
(tn)n∈N

d@N�b
limn→∞ tn

√
n > 0

`^NaWtbjs�]rO/O

lim
n→∞

∫
φn dP

n1

tn
⊗Qn2

tn
= α.

��MTx.MTNPw�n Y|jkW £ ILKO��WcR t 7→ Pt
jvR P ILRgV t 7→ Qt

jvR Q XOjvRgV R�P^lbf1�nPS_OH�©U�v©�ÿ�ILRgV0�WchÐWcKO]yILRLT ©U�¨�U�ëÏ)WcjkVLW L2 (0) mpVnjÎÍ¦WcKaWcRLHJjkWcKOÏ�PSKeh�jv_ § PSRLT�WcR _aWcR 0 ∈ L2 (P0)
ILRgV

0 ∈ L2 (Q0)
�[�xWcT�WcR limn→∞ tn

√
n > 0 WcKOf�zSNv_ZhiPSR@VgPSRLR

∥∥P n1

tn
⊗Qn2

tn
− P n1

0 ⊗Qn2

0

∥∥ ≤
∥∥P n1

tn
⊗Qn2

tn
− P n1

tn
⊗Qn2

0

∥∥
+
∥∥P n1

tn
⊗Qn2

0 − P n1

0 ⊗Qn2

0

∥∥
=

∥∥Qn2

tn
−Qn2

0

∥∥+
∥∥P n1

tn
− P n1

0

∥∥
→ 0

s��LK n→ ∞ R�P^laf?5 Ö �96p¡[�yWcjv_aW\ÔUÓU�n¡ § fgWJ[^KaWch ý^Ñn�¨Ón�yo|P^lbf�{�jvNÎsÚXaXbPS_OH�©U�¨�U��TUjvNv_ûVgPSRLR
lim
n→∞

∫
φn dP

n1

tn
⊗Qn2

tn
= lim

n→∞

∫
φn dP

n1

0 ⊗Qn2

0 = α.

�Ó Ênß�ô ñ Ê Ü�ñ Ë�ÊLâ��°ð í ß�á�ßà¼çâàãSÁ Ä¿½)ö)Ë ÃS¾�ûgÉuâ�ã^Á)ß�Ë ò Ë âJß�¾�á�ÉuÅ�Ë/Í�.wÙ`hMTWtb�M ∫
k̃2 dP0⊗Q0 6= 0.

Î MTN
P0⊗Q0 = P̃0⊗Q̃0 ∈ P⊗Q n{�jw.woMTNZM7O t 7→ Pt⊗

Qt
�vO�s

s 7→ P̃s ⊗ Q̃s
U7x.MTN

L2(0)
�ls^N Ñ�M7SVMTO[U7N�MTS � ]^SVM+���{ST|!MTO?d@N�b���]^O{`{MTO
b�MTO

g ∈
L

(0)
2 (P0 ⊗Q0)

�vO�s
h ∈ L

(0)
2

(
P̃0 ⊗ Q̃0

) n{�.wG`hMTWtb�MTO�]^�T��MTSVshMTdKs^N�MÙ��MVs^NaO{`^�vO{`hMTO

lim
n→∞

k (Ptn ⊗Qtn) − k (P0 ⊗Q0)

n−
1

2

> 0
� Ôn�¨�U���

�vO�s
lim
n→∞

k
(
P̃sn ⊗ Q̃sn

)
− k

(
P̃0 ⊗ Q̃0

)

n−
1

2

≤ 0,
� Ôn�¨�UÔ��

Ö �



mqzvS�]rWPW(Myä��{WaW m�k^Wú`hMTO
(tn)n∈N

d@Nab
limn→∞ tn

√
n > 0

�vO�s�]rWPW(MÙä��vWaW m�k^Wú`hMTO
(sn)n∈Nd+N�b

limn→∞ sn
√
n > 0

n¡\<NZM��eMqwTb m�k^Wú`hM
(ψn)n∈N

mTz{S�srNZM��eMqwTbX��SVk � W(MTdIM
Hp,e
n =

{
P̃ n1

sn
⊗ Q̃n2

sn

} `{MZ`hMTO
Kp
n =

{
P n1

tn
⊗Qn2

tn

} � Ôn�¨�SÖ{�
N�w7bys�]^O/O?]!w<;!d��eb�k�b�N�w�YTQ��vO/|!M7SPm��^WXw7YTQ{bÙU��{d�ä�NP|^MV]^�

α
n

��MTx.M7N�won d	PSR XaWc_OH�W�HJIgWcKaXa_
ϑ = lim

n→∞
k (Ptn ⊗Qtn) − k (P0 ⊗Q0)

n−
1

2

= lim
n→∞

tn

n−
1

2

k (Ptn ⊗Qtn) − k (P0 ⊗Q0)

tn

= t

∫
k̃g dP0 ⊗Q0,

� Ôn�¨�UÑ��
q%[^Ï�Wcj t := lim

n→∞
tn

n
− 1

2

jkXO_��°~�RLh�jv_O_aWcNvÏ�PSKëPSIgX�Ù�[^KbPSIgXaXaWc_OHJILRLT � Ôn�¨�U���|sÚ[^NvTU_�VgPSRLR
ϑ > 0 ILRgV ∫ k̃g dP0 6= 0. d�jv_e{�jvNÎs�W\��[^R;�nPS_OHëÔn�¨�U��WcKOf�zSNv_ehiPSR

lim
n→∞

∫
ψndP

n1

tn
⊗Qn2

tn

= Φ


ϑ

(
1

1 − d

∫
k̃2
1 dP0 +

1

d

∫
k̃2
2 dQ0

)− 1

2

︸ ︷︷ ︸
>0

−u1−α




> Φ(−u1−α)

= α.
M XrT�WcNv_aW�R`ILR

lim
n→∞

k
(
P̃sn ⊗ Q̃sn

)
− k

(
P̃0 ⊗ Q̃0

)

n−
1

2

< 0.

Y|WcKe�ïPSKbPShÐWc_aWcK ϑ̃ qrjvKaV VnILKalbf

ϑ̃ = lim
n→∞

k
(
P̃sn ⊗ Q̃sn

)
− k

(
P̃0 ⊗ Q̃0

)

n−
1

2

= s

∫
k̃h dP0 ⊗Q0

Ï)WJXO_Ojvh�h�_�¡�qû[^Ï)Wcj s := lim
n→∞

snn
1

2
jkXO_��J{�jkWcKbPSIgX¦sÚ[^NvTU_ ϑ̃ < 0 ILRgV ∫ k̃h dP0⊗Q0 6=0R�P^laf Ù�[^KbPSIgXaXbWc_OHJILRLTg��o\P^laf;�nPS_OH�Ôn�¨�U�ÐWcKOTUjvÏL_ZXOjklaf

lim
n→∞

∫
ψndP

n1

sn
⊗Qn2

sn

= Φ


ϑ̃

(
1

1 − d

∫
k̃2
1 dP0 +

1

d

∫
k̃2
2 dQ0

)− 1

2

︸ ︷︷ ︸
<0

−u1−α




Ö`ý



< Φ(−u1−α)

= α.

�yWcj¢R`ILR
lim
n→∞

k
(
P̃sn ⊗ Q̃sn

)
− k

(
P̃0 ⊗ Q̃0

)

n−
1

2

= 0.

Y�P^X¿jvh�ØLNvjvHJjkWcKO_ ∫ k̃h dP0⊗Q0 = 0 �r:�fLRgW M jvRgXalafLKbzSRL]yILRLT�XaWcj ∫ h2 dP0⊗Q0 6= 0 ¡VLWcRLR@Xb[^RgXO_rTUjvNv_
lim
n→∞

∫
ψndP

n1

sn
⊗Qn2

sn
= α

R�P^lbf��nPS_OHÕÔn�¨�U�n���yWcj m ∈ N
¡�Xa[iVgP^XaX P̃sn ⊗ Q̃sn ∈ P ⊗Q s��LK|PSNvNkW n > m TUjvNv_��M XûXaWcjgqrjkWJVLWcK s := lim

n→∞
snn

1

2 . Y|jkW�wg[^NvT�W ({P̃ n1
sn

⊗ Q̃n2
sn

})
n∈N\{1,...,m}

jkXO_ R�P^lbf
� R qûWcRgVnILRLT�Ôn�v©�Ñ�~|¥ � oEh�jv_ZVLWcKZH�WcR _OKbPSNkWcR�w�[^NvT�W

Xn =

n1∑

i=1

snh1 ◦ πi +
n2∑

j=1

snh2 ◦ πj+n1
.

o\P^laf;�nPS_OHëÔn�v©àýÕWcKOf�zSNv_ehiPSR
L
(
(Tn, Xn)

t
∣∣∣P̃ n1

0 ⊗ Q̃n2

0

)
→ N

((
0
0

)
,

(
σ2

1 σ12

σ12 σ2
2

))

s��LK n→ ∞ � M XeTUjvNv_ZPSIL¤�WcKaVLWch

σ2
1 = lim

n→∞

∫
Tn dP

n1

0 ⊗Qn2

0 =
1

1 − d

∫
k̃2
1 dP0 +

1

d

∫
k̃2
2 dQ0 > 0.

wÂ�LKZVnjkW £ [`W<IÐHJjkWcR`_aWcR a1
ILRgV a2

PSIgX��nPS_OH�Ôn�v©àýÕWcKOTUjvÏL_ZXOjklbf

a1 = lim
n→∞

n
− 1

2

1

n1∑

i=1

sn = lim
n→∞

n
1

2

1

n
1

2

snn
1

2 =
√

(1 − d)s

ILRgV
a2 = lim

n→∞
n
− 1

2

2

n2∑

i=1

sn =
√
ds.

{�jkWcKbPSIgXrsÚ[^NvTU_

σ12 =
1√

1 − d
a1

∫
k̃1h1 dP0 +

1√
d
a2

∫
k̃2h2 dQ0

= s

∫
k̃1h1 dP0 + s

∫
k̃2h2 dQ0

= s

∫
k̃h dP0 ⊗Q0

= 0.

Ö Ó



o|P^lbf;�nPS_OH�Ôn�v©�ÿÕWcKOf�zSNv_ZhiPSR�R`ILR

lim
n→∞

∫
ψn dP̃

n1

sn
⊗ Q̃n2

sn
= Φ



σ12

σ1︸︷︷︸
=0

−u1−α


 = Φ(−u1−α) = α.

�

Ý Ë�É�½¿¼çßà¼uá�½ ñ Ê ÜR�\�N�M�L1M7O{`hM F2
MTO
baQv]^Wtb�M<]rWPW(M��gk^W `{MTO

(Ptn ⊗Qtn)n∈N

�Ùs^NZM�s^N�MHm�k^W `{MTO�shMTOA��M}s^NPO
�`^�{Ov`hMTO�MTSamqzvWPW(MTOeì
í n�\<NZM�ä��vWPW m�k^W `{M

(tn)n∈N

M7SPmTz{WaWtb
limn→∞ tn

√
n > 0.

î n��.w"MVÚ^NPwTb�N�MTS}MTO8MTNaO
ε > 0

�{Oes1M7NPOeM
L2 (P0 ⊗Q0)

��s^N Ñ�MTS}MTOvU�NZMTS � ]^S}MI���vSq|^M
f : (−ε, ε) → P ⊗Q, t 7→ Pt ⊗Qt,

w7k�s�]^w�w
f (tn) = Ptn ⊗Qtn

mTz{S+]^WPW(M
n ∈ N

`rNPWtb�n
Ý Ë�É�½¿¼çßà¼uá�½ ñ Ê Ü Ì\�N�M"L1MTOv`hM K1

]^WaW�MTS�Nad��eWXN(U7N�b�MTO­p�Wtb�MTSqOe]rb�NP|^MTO�mTz{SAs�]!w���Mqw7bX��SVk � W(MTd
H1

`hMZ`hM7O
K1

NPwTb.shMaØÙO/N�MTS7bjsr�{SVYTQ
K1 :=

{
(Ptn ⊗Qtn)n∈N

∈ F2 : lim
n→∞

√
n (k (Ptn ⊗Qtn) − k (P0 ⊗Q0)) > 0

}
.

\�N�M3L1MTO{`hM H1
]^WPW(MTS�NPd���WcN�U�Nab�M7O-�R;��RkrbaQ[MqwoMTO<mTz{S�s�]!w@�eMqwTbX�eSlk � W�MTd

H1
`hMZ`hM7O

K1N�w7bg`hMZ`hM � MTO�sr�{SVYTQ
H1 :=

{
(Ptn ⊗Qtn)n∈N

∈ F2 : lim
n→∞

√
n (k (Ptn ⊗Qtn) − k (P0 ⊗Q0)) ≤ 0

}
.

�ëËyðxË`Ãtæ¢ÄÂ½°Å ñ Ê Ü �
Y�jkW��`_bPS_OjkXO_Ojv] Tn XaWc_OHJ_ Xajklaf�PSIgX HJq%Wcj § WcjvNkWcR √

n
n1

n1∑
i=1

k̃1 ◦πi ILRgV
√
n

n2

n∑
i=n1+1

k̃2 ◦πi
HJIgXbPSh�hÐWcR¢¡°VnjkW � Wcq%WcjvNkX�R ILK���[^R²WcjvRgWcK+VLWcK�Ï)WcjkVLWcR��`_OjklafLØLKa[^Ï�WcR PSÏLf�zSRLT�WcR¢� M X
XO_aWcNvNv_�XOjklbf VnjkW�wLKbPST�WU¡ï[^Ï²WcjvRgW�T�Wcqrjklaf`_aWc_aW,�`ILh�hÐW�VnjkWJXaWcK+Ï�WcjkVLWcR � R _aWcjvNkW�WcjvRgW
T�WJWcjvTURgWc_aW § WJXO_aXO_bPS_OjkXa_Ojv] s��LK|VgP^X § WJXa_OØLKa[^ÏLNkWch H1

T�WcT�WcR K1
VgPSKaXO_aWcNvNv_�� M X\qrjvKaV

fLjkWcK � WJVL[ylaf�T�WcH�WcjvTU_�¡�VgP^XbX�VnjkW § WJXO_�sÚ[^NvT�WcRiPSIns¡0�P^XajkX�VLWcK�T�Wcqrjklaf _aWc_aWcR��`ILh�hÐWeVLWcK
Ï)WcjkVLWcR � R _aWcjvNkW\��[^R Tn jvh � NvNvT�WchÐWcjvRgWcR�P^XO×yh�ØL_a[^_OjkXalbf���WcK�sÚzSNkXalbf _eXOjvRgV�ILRgV�VgP^XoZjv��W�PSI α P^XO×yh�ØL_a[^_OjkXalaf�RLjklaf _ÕWcjvRLf�PSNv_aWcR¢�G�yWcjkWcR (an)n∈N

⊂ R
ILRgV (bn)n∈N

⊂
R
HJqûWcjewg[^NvT�WcR h�jv_ lim

n→∞
an = a ¡ lim

n→∞
bn = b ILRgV a 6= b.

� IL¤�WcKaVLWchÒXbWcjkWcR
∫
k̃2
1 dP0 6= 0 ILRgV ∫ k̃2

2 dQ0 6= 0 �gY|jkW § WJXa_aXO_bPS_OjkXO_Ojv] Sn qrjvKaV VnILKalaf

Sn = an

√
n

n1

n1∑

i=1

k̃1 ◦ πi + bn

√
n

n2

n∑

i=n1+1

k̃2 ◦ πi

Ö ÿ



s��LK�PSNvNkW n ∈ N
VLWT)gRLjkWcKO_�� � NkX�T�WchÐWcjvRgX PShÐW�P^XO×yh�ØL_a[^_OjkXalafgW�Ù�WcKO_aWcjvNvILRLT���[^R SnILRgV Xn

WcKOf�zSNv_ZhiPSR

L
(
(Sn, Xn)

t |P n1

0 ⊗Qn2

0

)
→ N

((
0
0

)
,

(
σ2

1 σ12

σ12 σ2
2

))

s��LK n→ ∞ �LY|jkW M jvR _OKbzST�W�VLWcK £ [à�^PSKOjQPSRLHJhiPS_OKOjÎþ�WcKOT�WcÏ)WcR@Xajklaf�PSNkX

σ2
1 = a2 1

1 − d

∫
k̃2
1 dP0 + b2

1

d

∫
k̃2
2 dQ0,

σ2
2 = c21

∫
g2
1 dP + c22

∫
g2
2 dQ,

σ12 =

(
a

∫
k̃1g1 dP0 + b

∫
k̃2g2 dQ0

)(∫
k̃g dP0 ⊗Q0

)−1

.

Y|jkW § WJXO_�s�[^NvT�W

φn =





1 >
Sn u1−ασ2

1

0 ≤
jkXO_ZP^Xa×`h�ØL_a[^_OjkXalbf {0} m α m�zSfLRLNvjklbf¢¡�V¦� f¢�gWJXrTUjvNv_

lim
n→∞

∫
φn dP

n1

0 ⊗Qn2

0 = α.

Y|jkW Ù�[^KbPSIgXbXaWc_OHJILRLT�WcREPSIgX��nPS_OH�Ôn�¨�U��XbWcjkWcRåWcK�s��LNvNv_�� � R�PSNk[^T²qrjkW@jvRÒ�nPS_OH�Ôn�¨�U�
WcKOf�zSNv_ehiPSR�VgPSRLR@VnjkW+P^XO×yh�ØL_a[^_OjkXalafgW � �L_aW}suILRL]y_Ojk[^R

lim
n→∞

∫
φn dP

n1

tn
⊗Qn2

tn

= Φ


ϑ

a
∫
k̃1g1 dP0 + b

∫
k̃2g2 dQ0

∫
k̃g dP0 ⊗Q0

(
a2 1

1−d
∫
k̃2
1 dP0 + b2 1

d

∫
k̃2
2 dQ0

) 1

2

− u1−α


 ,

qû[^Ï)Wcj
ϑ = lim

n→∞
k (Ptn ⊗Qtn) − k (P0 ⊗Q0)

n−
1

2

=

∫
k̃g dP0 ⊗Q0 lim

n→∞
n

1

2 tn

jkXO_���w�PSNvNkXiVLWcK § PSRLT�WcR _aWcRL]�WcT�WcN K (P0 ⊗Q0,P ⊗Q) KaWcjklbfLf�PSNv_OjvT�T�WcR`ILT�jkXO_�¡�Xa[W}þnjkXO_OjkWcKO_ZWcjvRgW § PSRLT�WcR _aW g ∈ K (P0 ⊗Q0,P ⊗Q) h�jv_
∫
k̃1g1 dP0 +

∫
k̃2g2 dQ0 =

∫
k̃g dP0 ⊗Q0 > 0

ILRgV
a

∫
k̃1g1 dP0 + b

∫
k̃2g2 dQ0 < 0,

ÑU�



q%[^Ï�Wcj g = g1◦π1+g2◦π2
h�jv_ g1 ∈ L

(0)
2 (P0)

ILRgV g2 ∈ L
(0)
2 (Q0)

R�P^lbf#�nPS_OH\©U�v©�ÿ
TUjvNv_�� M X�XaWcjkWcR t 7→ Pt ⊗ Qt

WcjvRgW L2 (0) mpVnjÎÍ¦WcKaWcRLHJjkWcKOÏ�PSKaW £ ILKO��WÐh�jv_ § PSRLT�WcR _aW
g ILRgV (tn)n∈N

WcjvRgWÕo�ILNvNÎs�[^NvT�Wëh�jv_ limn→∞ tn
√
n > 0. Y�jkWëwg[^NvT�W (φn)n∈N

VLWcK§ WJXO_aXûjkXO_eP^XO×yh�ØL_a[^_OjkXalaf���WcK�s zSNkXalaf`_rHJILh�oZjv��W�PSI α s��LKûVnjkW|jvh�ØLNvjvHJjv_aW � Nv_aWcKOR�PS_Ojv��W(
P n1

tn
⊗Qn2

tn

)
n∈N

.
M XrTUjvNv_ZR�zSh�Nvjklaf

lim
n→∞

∫
φn dP

n1

tn
⊗Qn2

tn

= Φ



ϑ

a
∫
k̃1g1 dP0 + b

∫
k̃2g2 dQ0

∫
k̃g dP0 ⊗Q0

(
a2 1

1−d
∫
k̃2
1 dP0 + b2 1

d

∫
k̃2
2 dQ0

) 1

2

︸ ︷︷ ︸
<0

−u1−α




< Φ(−u1−α)

= α,

q%[^Ï�Wcj
ϑ =

∫
k̃g dP0 ⊗Q0 lim

n→∞
n

1

2 tn > 0

jkXO_�� � R�PSNk[^T�WcKOf�zSNv_�hiPSR	jvh�ØLNvjvHJjv_aWÕ{Z×yØ�[^_OfgWJXaWcR¢¡�Xb[iVgP^XaX\VnjkW § WJXO_�sÚ[^NvT�W (φn)n∈NVgP^XeoZjv��W�PSI α P^XO×yh�ØL_a[^_OjkXalaf�RLjklaf`_�WcjvRLf�zSNv_��
� NkXZo|z^lbfgXO_aWJXeqûWcKaVLWcR	P^XO×yh�ØL_a[^_OjkXalbfgW+:�ØL_OjvhiPSNvjv_bzS_aXaWcjvT�WcRgXalbf�Ptsu_aWcR�VLWcK § WJXO_�m

s�[^NvT�W (ψn)n∈N

PSIgX � Ôn�v©����¢ILR _aWcKaXaIglaf _��UY|jkWûo�Wc×yhiPSRnmp�ÂW�PSKaXa[^R § WJXO_aXÂXOØLjkWcNkWcRÕVgPSÏ)Wcj
VnjkW � [^NvNkW�VLWcKûÙ�WcKOTUNkWcjklafgXa[^Ï � Wc]y_aWU¡nq%WcjvN¢XOjkW�VnjkW|[^ØL_OjvhiPSNkW � �L_aW}s�ILRL]y_Ojk[^R�Ï�WJXOjv_OH�WcR¢�
Y|WJXaq%WcT�WcRÐqrjvKaVÕjvhCR�z^lbfgXO_aWcRi¥¢Wch�hiP�VnjkWeP^Xa×`h�ØL_a[^_OjkXalbfgW � �L_aW}s�ILRL]y_Ojk[^RÕsu�LK�WcjvRgW
wg[^NvT�W�VLWcKZo|Wc×`hiPSRnmp�ÂW�PSKaXa[^R § WJXO_aXrÏ�WcKaWJlafLRgWc_��
ý�Ë`ð²ðxÊ ñ Ê Ü�ù�.w�woMTNZM7O (

P n1

tn
⊗Qn2

tn

)
n∈N

∈ K1
MTNaOeM-NPd���WcN�U�Nab�M�p�Wcb�MTSTO�]rb�Na|!M-�{O�s

t 7→ Pt ⊗ Qts^NZM U7�r`hMqQTSrSqN�`hM
L2 (P0 ⊗Q0)

�ls^N Ñ�MTSVM7OvU7N�MTS � ]^S}M#���{ST|!MINPO P ⊗ Q d@N�b ��]^O{`hMTO�b�M
g ∈ L

(0)
2 (P0 ⊗Q0)

nH\�N�M,��]^O{`{MTO
b�M
g
� MqwTNab�Uob�s�]^O
O�s^N�MIMTNaO�shM7�vb�N�`hM@\�]rS�w7b�MTWPWc�vO{`

g = g1◦π1+g2◦π2
d@Nab

g1 ∈ L
(0)
2 (P0)

�vO�s
g2 ∈ L

(0)
2 (Q0) .

Î M7N
(αn)n∈N

⊂ (0, 1)MTNPO�M��gk^W `{M d+N�b
lim
n→∞

αn = α
n¡�.w � M}U9MTN�Y7QhOeM

ϕn
shMTO,ä M<;^d-]rO/��i3M}]^S�w�k^O*��MTwTb/mTzvS

P n1

0 ⊗Qn2

0

`hMZ`{MTO
P n1

tn
⊗Qn2

tn

U7�vd�ä�Na|!MV]r�
αn.

\�N�M�]!w=;^d��eb�krb�NPw7Y7Q[M ~�zvb�MamT�vOR_9b�NZk^OshMTS��eMqwTb m�k^Wú`hM
(ϕn)n∈N

MTSZ`^N � b.wqNZYTQAsh]^O/O?]^WÖw

lim
n→∞

∫
ϕndP

n1

tn
⊗Qn2

tn
= Φ(tσ − u1−α) ,

xyk � MTN
t = lim

n→∞
n

1

2 tn
�vO�s

σ =
(
(1 − d)

∫
g2
1 dP0 + d

∫
g2
2 dQ0

) 1

2
wTNPO�s{n

Ñn©



��MTx.MTNPw�n Y\WcKZ�ïPSKbPShÐWc_aWcK ϑ qrjvKaV VnILKalaf
ϑ = lim

n→∞
k (Ptn ⊗Qtn) − k (P0 ⊗Q0)

n−
1

2

VLWT)gRLjkWcKO_���o|P^lbf�Ù�[^KbPSIgXaXaWc_OHJILRLTiTUjvNv_eVgPSRLR ϑ > 0. � jkW\jvRJ�nPS_OH�Ôn�¨�UÔÕWcKOf�zSNv_ehiPSR
ϑ = t

∫
k̃g dP0 ⊗Q0.

� Ôn�¨�U���
Y|jkW�¥ � oZm M jvT�WcRgXalaf�Pts�_aWcR�VLWcK���Ka[`VnIL]y_aW}þnØ)WcKOjvhÐWcR`_aW�jvh�ØLNvjvHJjkWcKaWcR

log

(
dP n1

tn
⊗Qn2

tn

dP n1

0 ⊗Qn2

0

)
= ϑXn −

1

2
ϑσ2

2 +Rn,ϑ,

qû[^Ï)Wcj
Xn =

n1∑

i=1

tn
ϑ
g1 ◦ πi +

n2∑

i=1

tn
ϑ
g2 ◦ πi+n1

ILRgV σ2
2 = lim

n→∞

∫
X2
ndP

n1

0 ⊗Qn2

0
XOjvRgV¦�gwÂ�LK σ2

2
WcKOTUjvÏL_ZXOjklbf

σ2
2 = lim

n→∞

(
t2n
ϑ2
n1

∫
g2
1 dP0 +

t2n
ϑ2
n2

∫
g2
2 dQ0

)

=
1

ϑ2

∫
g2
1 dP0 lim

n→∞
nt2n

n1

n
+

1

ϑ2

∫
g2
2 dQ0 lim

n→∞
nt2n

n2

n

=
1

ϑ2
t2 (1 − d)

∫
g2
1 dP0 +

1

ϑ2
t2d

∫
g2
2 dQ0

=
1

ϑ2
t2σ2

= σ2

(∫
k̃g dP0 ⊗Q0

)−2

.
� Ôn�¨��ýr�

�yWcj Sn := log

(
dP

n1
tn

⊗Qn2
tn

dP
n1
0

⊗Qn2
0

)
+ 1

2ϑσ
2
2
VnjkW § WJXO_aXO_bPS_OjkXa_Ojv]"VLWJX�o�Wc×yhiPSRnmp�¿W�PSKaXb[^R

§ WJXO_aX ϕn. wÂ�LK � WJVLWJX ε > 0 TUjvNv_ZVgPSRLR
lim
n→∞

P n1

0 ⊗Qn2

0 (|ϑXn − Sn| > ε) = lim
n→∞

P n1

0 ⊗Qn2

0 (|Rn,ϑ| > ε)

= 0.

Y\WcR § WJXO_ ϕ̃n WcKOf�zSNv_�hiPSR�PSIgX�VLWch�o�Wc×yhiPSRnmp�¿W�PSKaXb[^R § WJXO_ ϕn ¡`jvRgVLWch�VnjkW § WJXO_�mXO_bPS_OjkXa_Ojv] Sn VnILKalaf ϑXn
WcKaXaWc_OHJ_eqrjvKaV¦�go\P^laf1�nPS_OHi©U�¨��ý�TUjvNv_ZVgPSRLR

lim
n→∞

∫
|ϕn − ϕ̃n| dP n1

0 ⊗Qn2

0 = 0.

o\P^laf,0�WchÐWcKO]yILRLT�Ôn� ýÕWcKOTUjvÏL_ZXajklaf
lim
n→∞

∫
|ϕn − ϕ̃n| dP n1

tn
⊗Qn2

tn
= 0.

ÑU�



{ZjkWcKbPSIgX�sÚ[^NvTU_

lim
n→∞

∫
ϕ̃n dP

n1

0 ⊗Qn2

0 = lim
n→∞

∫
ϕndP

n1

0 ⊗Qn2

0 = α

ILRgV
lim
n→∞

∫
ϕ̃n dP

n1

tn
⊗Qn2

tn
= lim

n→∞

∫
ϕndP

n1

tn
⊗Qn2

tn
.

�y[^h�jv_ûKaWcjklbf _rWJX�¡yVLWcR � KaWcRLHJq%WcKO_ limn→∞
∫
ϕ̃n dP

n1

tn
⊗Qn2

tn
HJI�Ï)WJXa_Ojvh�hÐWcR¢�yY|jkW

T�WchÐWcjvRgXbPShÐWiP^XO×yh�ØL_a[^_OjkXalafgWiÙ�WcKO_aWcjvNvILRLT@��[^R ϑXn
ILRgV Xn

WcKOTUjvÏL_�Xajklaf�ILRLh�jv_�m
_aWcNvÏ�PSK�PSNkX

L
(
(ϑXn, Xn)

t |Pn,0
)

→ N

((
0
0

)
,

(
ϑ2σ2

2 ϑσ2
2

ϑσ2
2 σ2

2

))

su�LK n→ ∞. d�jv_��nPS_OH�Ôn�v©�ÿ�WcKOf�zSNv_ehiPSR@R ILR
lim
n→∞

∫
ϕ̃n dP

n1

tn
⊗Qn2

tn
= Φ

(
ϑ
ϑσ2

2

ϑσ2
− u1−α

)

= Φ(ϑσ2 − u1−α)

= Φ (tσ − u1−α)

h�jv_e{ZjvNÎsÚW\��[^R � Ôn�¨�U���ûILRgV � Ôn�¨��ýr�}�
�

Ý Ë�É�½¿¼çßà¼uá�½ ñ Ê Ü Ô\�N�M�L?MTO{`hM
K+ (P0 ⊗Q0,P ⊗Q) ⊂ K (P0 ⊗Q0,P ⊗Q)

x�NaSls+shMaØyO/NZM7STbGs^�{SVYTQ

K+ (P0 ⊗Q0,P ⊗Q) :=

{
g ∈ K (P0 ⊗Q0,P ⊗Q) :

∫
gk̃ dP0 ⊗Q0 > 0

}
.

Ó Ênß�ô ñ Ê Ü 	�Ë!�·Ênø°¼�ð�¼�½¦ì
α
ì ò Ë`âJß�¾pá)ÉuÅ�ËRÍ\ MTS��@MZ`hMTW

K (P0 ⊗Q0,P ⊗Q)
w�MTN _!k^O
|!MVÚhn��.w�`{MTWcb�M7Oüs^N�MÒøRk^SV]^�hwqw�M7b�U��{Ov`hMTO]^�hw Î ]rb�U � n îU� n�\ ]^O/OANPwTbÙsrNZM#�eMqw7b m7k^Wú`hM

(ψn)n∈N

]r�hw � � n íAV=& MTNaOeM�]!w<;!d��eb�k�b�N�w�YTQ[ML;]oÚ^Nad@NPO/�
α
����Mqw7b m7krW `hM>mTz{S3s^N�M.�gk^Wú`hM

(P n1

0 ⊗Qn2

0 )
n∈N

shMTSy�R;��RkrbaQ[MqwoMTO#`hMZ`hMTO�s^N�MNPd���WcN�U�Nab�M7OAp�Wtb�MTSTO�]rb�Na|!MTO (
P n1

tn
⊗Qn2

tn

)
n∈N

∈ K1
d@N�b�MTNaOeMTd=m�MTwTb�`hMTxy�!Q{Wcb�MTO�NPd@���WXN(U7N�b�MTOAiD]^SV]^dIM7b�MTS

ϑ > 0
�jshn�Q[nHMqw�`^NaWtb

inf
K1

lim
n→∞

∫
ψn dP

n1

tn
⊗Qn2

tn
= max

φn

inf
K1

lim sup
n→∞

∫
φn dP

n1

tn
⊗Qn2

tn
.

\�]!w-�qOoØÙd@�{d x�NaSls;z � MTS,]^WaW(M"NPd���WcN�U�Nab�M7O­p�Wcb�MTSTO�]rb�Na|!MTO (
P n1

tn
⊗Qn2

tn

)
n∈N

∈ K1d+N�b
lim
n→∞

k (Ptn ⊗Qtn) − k (P0 ⊗Q0)

n−
1

2

= ϑ
� Ôn�¨�UÓ��

`hM � NaWts{M7b�n
\ ]!wDL;]oÚrNPd@�vdKx�NaSls�z � MTS�]rWPW(M�]!w=;^d��eb�krb�NPw7YTQ {0} � α ���!Q{O/WXNZYTQ[M7O���MTwTb m�k^WX�`hMTO�`hM � NaW�shM7ba�y|q`rW�n>\+MaØÙO
Nab�NZk^O � n íGW n
ÑUÔ



��MTx.MTNPw�n �yWcj (P n1

tn
⊗Qn2

tn

)
n∈N

∈ K1
WcjvRgW�jvh�ØLNvjvHJjv_aW � Nv_aWcKOR�PS_Ojv��WU�nY\PSRLR�W}þnjkXO_OjkWcKO_

WcjvRgW�HJILT�Wcf/'^KOjvT�W L2(0)
mpVnjÎÍ�WcKaWcRLHJjkWcKOÏ�PSKaW £ ILKO��W t 7→ Pt ⊗ Qt

jvR P ⊗ Q h�jv_§ PSRLT�WcR _aW g ∈ L
(0)
2 (P0 ⊗Q0) .

Y|jkW § PSRLT�WcR _aW g Ï�WJXOjv_OHJ_�R�P^laf �nPS_OH1©U�v©�ÿ�VnjkWY�PSKaXO_aWcNvNvILRLT g = g1 ◦ π1 + g2 ◦ π2
h�jv_ g1 ∈ L

(0)
2 (P0)

ILRgV g2 ∈ L
(0)
2 (Q0)

�R� jkW
jvR;�nPS_OHëÔn�¨�UÔÕWcKOTUjvÏL_�XOjklbf

ϑ = lim
n→∞

k (Ptn ⊗Qtn) − k (P0 ⊗Q0)

n−
1

2

= t

∫
k̃g dP0 ⊗Q0,

qû[^Ï)Wcj t = lim
n→∞

tn

n
− 1

2

jkXO_��e�yWcj (φn)n∈N

WcjvRgW�P^XO×`h�ØL_a[^_OjkXblaf {0} m α m�zSfLRLNvjklafgW § WJXO_�msÚ[^NvT�WU� M X°Ï)WcH�WcjklbfLRgW ϕn VLWcR+o|Wc×yhiPSRnmp�¿W�PSKaXa[^R § WJXa_¦su�LK P n0 ⊗Qn0 T�WcT�WcR P n1

tn
⊗Qn2

tnHJILhGo�jv��W�PSI max
(
α,
∫
φn dP

n
0 ⊗Qn0

)
. �xWcT�WcR�VLWJX�o|Wc×`hiPSRnmp�ÂW�PSKaXa[^R�¥¢Wch�hiP� �yTUN �>5¨ÑU�96p¡��yWcjv_aWÐ©�ÿU�n¡
�nPS_OHë�n� ýr�%s�[^NvTU_�VgPSRLR

∫
φn dP

n1

tn
⊗Qn2

tn
≤
∫
ϕn dP

n1

tn
⊗Qn2

tn
.

o\P^laf@¥°Wch�hiPiÔn�¨��ýÕWcKOTUjvÏL_ZXajklaf

lim
n→∞

∫
ϕn dP

n1

tn
⊗Qn2

tn
= Φ

(
t

(
(1 − d)

∫
g2
1 dP0 + d

∫
g2
2 dQ0

) 1

2

− u1−α

)

= Φ


ϑ
(
(1 − d)

∫
g2
1 dP0 + d

∫
g2
2 dQ0

) 1

2

∫
k̃g dP0 ⊗Q0

− u1−α


 .

{�jkWcKbPSIgXrsÚ[^NvTU_
lim sup
n→∞

∫
φn dP

n1

tn
⊗Qn2

tn

≤ lim
n→∞

∫
ϕn dP

n1

tn
⊗Qn2

tn

= Φ


ϑ
(
(1 − d)

∫
g2
1 dP0 + d

∫
g2
2 dQ0

) 1

2

∫
k̃g dP0 ⊗Q0

− u1−α


 .

o�ILRÕqrjvKaV�VgP^X���R[)gh+ILh �LÏ�WcK�PSNvNkWûjvh�ØLNvjvHJjv_aWcR � Nv_aWcKOR�PS_Ojv��WcR (P n1

tn
⊗Qn2

tn

)
n∈N

PSIgX
K1
¡LVnjkW�VnjkW�0�WJVnjvRLTUILRLT � Ôn�¨�UÓ��rWcK�su�LNvNkWcR¢¡LT�WcÏLjvNkVLWc_���d�PSR WcKOf�zSNv_|VgPSRLR

inf
K

lim sup
n→∞

∫
φn dP

n1

tn
⊗Qn2

tn

≤ inf
g∈K+(P0⊗Q0,P⊗Q)

Φ


ϑ
(
(1 − d)

∫
g2
1 dP0 + d

∫
g2
2 dQ0

) 1

2

∫
k̃g dP0 ⊗Q0

− u1−α


 .

Y|jkW+P^XO×yh�ØL_a[^_OjkXalbfgW � �L_aW

Φ


ϑ
(
(1 − d)

∫
g2
1 dP0 + d

∫
g2
2 dQ0

) 1

2

∫
k̃g dP0 ⊗Q0

− u1−α


 � Ôn�¨�Uÿ��

ÑSÖ



VLWcKewg[^NvT�W+VLWcKeo|Wc×`hiPSRnmp�ÂW�PSKaXa[^R § WJXO_aXeqrjvKaV�h�jv_ZVLWcKZP^XO×yh�ØL_a[^_OjkXalafgWcR � �L_aW

lim
n→∞

∫
ψn dP

n1

tn
⊗Qn2

tn

= Φ

(
ϑ

(
1

1 − d

∫
k̃2
1 dP0 +

1

d

∫
k̃2
2 dQ0

)− 1

2

− u1−α

)

VLWcK § WJXO_�s�[^NvT�W (ψn)n∈N

��WcKOTUNvjklafgWcR¢��d�jv_ïVLWcKÙ&�PSIglbf ×`m��ylaf`qûPSKOH�XalbfgWcR�~�RLTUNkWcjklaf`ILRLT
WcKOf�zSNv_ehiPSR HJILR�z^lafgXa_

∫
k̃g dP0 ⊗Q0

=

∫ (
1√

1 − d
k̃1 +

1√
d
k̃2

)(√
(1 − d)g1 +

√
dg2

)
dP0 ⊗Q0

≤
(∫ (

1√
1 − d

k̃1 +
1√
d
k̃2

)2

dP0 ⊗Q0

∫ (√
(1 − d)g1 +

√
dg2

)2
dP0 ⊗Q0

) 1

2

=

(
(1 − d)

∫
g2
1 dPo + d

∫
g2
2 dQ0

) 1

2
(

1

1 − d

∫
k̃2
1 dP0 +

1

d

∫
k̃2
2 dQ0

) 1

2

.

{ZjkWcKbPSIgX�sÚ[^NvTU_

ϑ

(
1

1 − d

∫
k̃2
1 dP0 +

1

d

∫
k̃2
2 dQ0

)− 1

2

≤ ϑ

(
(1 − d)

∫
g2
1 dPo + d

∫
g2
2 dQ0

) 1

2

∫
k̃g dP0 ⊗Q0

.
� Ôn�¨ÔU���

�pRÕVnjkWJXaWcKï~ZRLTUNkWcjklbf ILRLT+WcKOf�zSNv_ïhiPSR�VgP^X � NkWcjklafLfgWcjv_aXOH�WcjklbfgWcR¢¡Us PSNvNkX�PSIns�Ï)WcjkVLWcRI�yWcjÎm
_aWcR@VgP^Xe��R[)gh+ILh �LÏ�WcK g ∈ K+ (P0 ⊗Q0,P ⊗Q) T�WcÏLjvNkVLWc_�qrjvKaV¦�gY\WcK § PSRLT�WcRnm_aWcRL]�WcT�WcN K (P0 ⊗Q0,P ⊗Q) jkXO_¿Ï)WcKaWcjv_aXÂWcjvRëÙ�Wc]`_a[^KOKbPSILh ¡tq%WcjvNnWcK°R�P^lbfëÙ�[^KbPSIgXOmXaWc_OHJILRLT�]�[^R ��W}þ�jkXO_��nY\WcKrÙ�Wc]`_a[^KOKbPSILh K (P0 ⊗Q0,P ⊗Q) NvjkWcTU_eVLWJXOf�PSNvÏ�Vnjklaf _jvR T (P0 ⊗Q0,P ⊗Q) R�P^lbf�Y\WT)gRLjv_Ojk[^R1©U�v©U©U�/�xWcT�WcR k̃ ∈ T (P0 ⊗Q0,P ⊗Q)W}þyjkXO_OjkWcKO_ZPSNkXb[ÐWcjvRgW�wg[^NvT�W (gn)n∈N

⊂ K (P0 ⊗Q0,P ⊗Q) h�jv_

lim
n→∞

∫ (
k̃ − gn

)2
dP0 ⊗Q0 = 0.

Y�jkW § PSRLT�WcR`_aW gn Ï)WJXOjv_OHJ_ïR�P^lbf#�nPS_OH�©U�¨�n©�VnjkWûY\PSKaXa_aWcNvNvILRLT gn = g1n◦π1+g2n◦π2h�jv_ g1n ∈ K (P0,P) ILRgV g2n ∈ K (Q0,Q) �Ld	PSR WcKOf�zSNv_�Xa[^h�jv_

0 = lim
n→∞

∫ (
k̃ − gn

)2
dP0 ⊗Q0

= lim
n→∞

∫ (
k̃1 − g1n

)2
dP0 + lim

n→∞

∫ (
k̃2 − g2n

)2
dQ0.

ÑUÑ



Y|jkW § PSRLT�WcR _aW hn jkXa_eVnILKalaf
hn =

1

1 − d
g1n ◦ π1 +

1

d
g2n ◦ π2

s��LKûPSNvNkW n ∈ N
VLWT)gRLjkWcKO_�� M X%TUjvNv_ hn ∈ K (P0 ⊗Q0,P ⊗Q) su�LK�PSNvNkW n ∈ N

R�P^laf�nPS_OHi©U�¨�n©U�/�xWcT�WcR ∫ k̃2
1 dP0 +

∫
k̃2
2 dQ0 > 0 WcKOTUjvÏL_ZXajklaf

lim
n→∞

∫
hnk̃ dP0 ⊗Q0 =

1

1 − d
lim
n→∞

∫
k̃1g1ndP0 +

1

d
lim
n→∞

∫
k̃2g2ndQ0

=
1

1 − d

∫
k̃2
1 dP0 +

1

d

∫
k̃2
2 dQ0

> 0.

{�jkWcKbPSIgXesÚ[^NvTU_ ∫ hnk̃ dP0 ⊗Q0 > 0 ILRgV@Xa[^h�jv_ hn ∈ K+ (P0 ⊗Q0,P ⊗Q) su�LKfLjvRLKaWcjklbfgWcRgV@TUKa[^¤�W n ∈ N
�nY|jkW�[^Ï�WcKaW �ylafLKbPSRL]�W

inf
g∈K+(P0⊗Q0,P⊗Q)

Φ


ϑ
(
(1 − d)

∫
g2
1 dP0 + d

∫
g2
2 dQ0

) 1

2

∫
k̃g dP0 ⊗Q0

− u1−α




]UPSRLR�R ILR�W}þLPS]y_�Ï)WcKaWJlbfLRgWc_�q%WcKaVLWcR¢�[�yWc_OH�W h1n = 1
1−dg1n

ILRgV h2n = 1
d
g2n.
d	PSR

WcKOf�zSNv_ZWcjvRgWcKaXbWcjv_aX

inf
g∈K+(P0⊗Q0,P⊗Q)

Φ


ϑ

(
(1 − d)

∫
g2
1 dP0 + d

∫
g2
2 dQ0

) 1

2

∫
k̃g dP0 ⊗Q0

− u1−α




≤ lim
n→∞

Φ


ϑ

(
(1 − d)

∫
h2

1n dP0 + d
∫
h2

2n dQ0

) 1

2

∫
k̃hndP0 ⊗Q0

− u1−α




= lim
n→∞

Φ




(
1

1−d
∫
g2
1n dP0 + 1

d

∫
g2
2n dQ0

) 1

2

1
1−d

∫
g1nk̃1 dP0 + 1

d

∫
g2nk̃2 dQ0

− u1−α




= Φ


ϑ

(
1

1−d
∫
k̃2
1 dP0 + 1

d

∫
k̃2
2 dQ0

) 1

2

1
1−d

∫
k̃2
1 dP0 + 1

d

∫
k̃2
2 dQ0

− u1−α




= Φ

(
ϑ

(
1

1 − d

∫
k̃2
1 dP0 +

1

d

∫
k̃2
2 dQ0

)− 1

2

− u1−α

)
,

PSRgVLWcKaWcKaXaWcjv_aXZTUjvNv_

inf
g∈K+(P0⊗Q0,P⊗Q)

Φ


ϑ
(
(1 − d)

∫
g2
1 dPo + d

∫
g2
2 dQ0

) 1

2

∫
k̃g dP0 ⊗Q0

− u1−α




≥ Φ

(
ϑ

(
1

1 − d

∫
k̃2
1 dP0 +

1

d

∫
k̃2
2 dQ0

)− 1

2

− u1−α

)

ÑU�



q%WcT�WcR@VLWcKZ~�RLTUNkWcjklaf`ILRLT � Ôn�¨ÔU���}�e�y[^h�jv_ejkXO_ZPSNvNkWJXeÏ�WcqrjkWJXaWcR¢�
��ëËyðxË`Ãtæ¢ÄÂ½°Å ñ Ê ñ ×

Y�jkWiHJILh �nPS_OH�Ôn�¨�Uÿ@PSR�PSNk[^T�W � IgXbXbPST�W�s��LK�VnjkW M jvRgXO_OjklafLØLKa[^Ï�WcRLØLKa[^ÏLNkWchÐW�)gRgVLWc_
hiPSRijvRJ5¨ÔU�^6�ILRgV,5¨�Uÿ96p�`Y\WcK%qûWJXaWcR _ONvjklbfgW|~�R _aWcKaXblafLjkWJV�HJIJ5¨ÔU�!6�Ï)WJXO_aWcf`_ûVgPSKOjvR¢¡yVgP^XaX
Xa[�qû[^fLN)VnjkW § WJXO_�sÚ[^NvT�WcR�PSNkXûPSIglaf�VnjkWZjvh�ØLNvjvHJjv_aWcR � Nv_aWcKOR�PS_Ojv��WcR�Ï)Wcj�VLWcR�ú�q%WcjkXO_Ojklbfnm
ØLKa[^Ï)WcRLØLKa[^ÏLNkWchÐWcR���[^R@VLWcRgWcR Ï�Wcj M jvRgXO_OjklafLØLKa[^Ï�WcRLØLKa[^ÏLNkWchÐWcR�PSÏ qûWcjklafgWcR¢�
�ëËyðxË`Ãtæ¢ÄÂ½°Å ñ Ê ñ Æ�Ë=X í ßà¼�ð�¼uË Ã^Ä¿½¿ÅxÈÂË â-ê|ÊLÃtÊgð�Ë�ß�Ë`Ãtâ d ÍY|WcK��ÂPSKbPShÐWc_aWcK d qrjvKaVåhÐWcjkXO_aWcRgX�VnILKalbf�VnjkW ØLKbPS]y_OjkXalafgWcR � WcT�WcÏ�WcRLfgWcjv_aWcRåÏ�W}mXO_Ojvh�h+_��yd�PSR�]^PSRLR�XOjklaf�PSNvNkWcKaVnjvRLT�X�VnjkW�wLKbPST�W�XO_aWcNvNkWcR¢¡`qrjkWZVnjkWJXaWcK��ÂPSKbPShÐWc_aWcKePSh
TU�LRgXO_OjvT�XO_aWcR�T�WcqûzSfLNv_\q%WcKaVLWcR	]UPSRLR¢��Y�P^XZsu�LfLKO_|HJILhå:�ØL_Ojvh�jkWcKOILRLT�XaØLKa[^ÏLNkWch-su�LK
VnjkW�wLILRL]`_Ojk[^R

g : (0, 1) → R,

s 7→ Φ

(
ϑ

(
1

1 − s

∫
k̃2
1 dP0 +

1

s

∫
k̃2
2 dQ0

)− 1

2

− u1−α

)
,

q%[^Ï�Wcj ϑ ∈ R \ {0} jkXO_��LY�P Φ XO_OKaWcRLTÐjkXa[^_a[^R�jkXa_�¡LKaWcjklaf`_�WJX�¡LVgP^X � KOTUILhÐWcR _
f : (0, 1) → R,

s 7→ ϑ

(
1

1 − s

∫
k̃2
1 dP0 +

1

s

∫
k̃2
2 dQ0

)− 1

2

− u1−α

HJI+hiPtþnjvh�jkWcKaWcR¢� M X¿XaWcjkWcR ∫ k̃2
1 dP0 6= 0 ILRgV ∫ k̃2

2 dQ0 6= 0 �Sd�PSRëWcKOf�zSNv_¿HJILR�z^lbfgXO_
d

ds
f (s) = −1

2
ϑh(s)

(
1

(1 − s)2

∫
k̃2
1 dP0 −

1

s2

∫
k̃2
2 dQ0

)
,

q%[^Ï�Wcj
h(s) :=

(
1

1 − s

∫
k̃2
1 dP0 +

1

s

∫
k̃2
2 dQ0

)− 3

2

jkXO_���oZILR	jkXO_�VnjkW � NkWcjklbf ILRLT d
ds
f(s) = 0 HJI	N('UXaWcR¢� M X\jkXO_\NkWcjklbf _�HJIxXaWcfgWcR¢¡¦VgP^XbX

h(s) > 0 su�LK|PSNvNkW s ∈ (0, 1) TUjvNv_���d	PSR@WcKOf�zSNv_ZXa[^h�jv_rs��LK�PSNvNkW s ∈ (0, 1) sÚ[^NvT�WcRgVLWBDC ILjv�UPSNkWcRLH�WcR¢�
d

ds
f(s) = 0 ⇔ −1

2
ϑh(s)

(
1

(1 − s)2

∫
k̃2
1 dP0 −

1

s2

∫
k̃2
2 dQ0

)
= 0

⇔ 1

(1 − s)2

∫
k̃2
1 dP0 −

1

s2

∫
k̃2
2 dQ0 = 0

⇔ s2

(1 − s)2
=

∫
k̃2
2 dQ0∫
k̃2
1 dP0

⇔ s

1 − s
= ±

√√√√
∫
k̃2
2 dQ0∫
k̃2
1 dP0

.

Ñ�ý



�yWcj
p :=

√√√√
∫
k̃2
2 dQ0∫
k̃2
1 dP0

=

∥∥∥k̃2

∥∥∥
L2(Q0)∥∥∥k̃1

∥∥∥
L2(P0)

.

M XeTUjvNv_ p > 0 R�P^laf@Ù�[^KbPSIgXaXaWc_OHJILRLTg��Y|jkW�¥>'UXaILRLT
s

1 − s
= −p

qrjvKaV�q%WcT�WcR s
1−s > 0 s��LK s ∈ (0, 1) ��WcKOq%[^K�sÚWcR¢� � IgX s

1−s = p s�[^NvTU_ s = p
1+p
�

Y�PSfgWcK�W}þnjkXO_OjkWcKO_�WcjvRgWûWcjvRgVLWcIL_OjvT�WZ¥>'UXOILRLT p
1+p ∈ (0, 1) VLWcK � NkWcjklaf`ILRLT d

ds
f(s) = 0jvR@VLWch �pR`_aWcKO�^PSNvN (0, 1) �gwÂ�LKZWcjvRgW+:�ØL_OjvhiPSNvjv_bzS_aXbPSIgXaXbPST�W+h+IgXaXZRg[`lbf@VgP^XeÙ�[^KOH�WcjÎmlbfgWcR ��WcKOf�PSNv_aWcR�VLWcK � ÏLNkWcjv_OILRLT d

ds
f(s) jvR+VLWch=��R _aWcKO�UPSNvN (0, 1) ILR`_aWcKaXOIglaf`_¿qûWcKaVLWcR¢�wÂ�LK s ∈ (0, p

1+p

) WcKOTUjvÏL_ZXOjklbf
d

ds
f(s) = −1

2
ϑh(s)

(
1

(1 − s)2

∫
k̃2
1 dP0 −

1

s2

∫
k̃2
2 dQ0

)

= −1

2
ϑh(s)

1

(1 − s)2
1

s2

∫
k̃2
1 dP0

(
s2 − (1 − s)2

∫
k̃2
2 dQ0∫
k̃2
1 dP0

)

= −1

2
ϑh(s)

1

(1 − s)2
1

s2

∫
k̃2
1 dP0

(
s2 − (1 − s)2 p2

)

−1

2
ϑh(s)

1

(1 − s)2
1

s2

∫
k̃2
1 dP0 (s− p+ sp) (s+ (1 − s) p)

= −1

2
ϑh(s)

1

(1 − s)2
1

s2

∫
k̃2
1 dP0

︸ ︷︷ ︸
>0


s (1 + p)︸ ︷︷ ︸

<p

−p




︸ ︷︷ ︸
<0

(s+ (1 − s) p)︸ ︷︷ ︸
>0

.

wÂ�LK s ∈ ( p
1+p , 1

) WcKOf�zSNv_ehiPSR�PSR�PSNk[^T

d

ds
f(s) = − 1

2ϑ h(s)
1

(1 − s)2
1

s2

∫
k̃2
1 dP0

︸ ︷︷ ︸
>0


s (1 + p)︸ ︷︷ ︸

>p

−p




︸ ︷︷ ︸
>0

(s+ (1 − s) p)︸ ︷︷ ︸
>0

.

Y�P^X�Ù�[^KOH�WcjklbfgWcR ��WcKOf�PSNv_aWcR"VLWcK � ÏLNkWcjv_OILRLT ḟ(s) := d
ds
f(s) ILRgV�VnjkW#0�WJVLWcIL_OILRLTVLWcK��`_aWcNvNkW p

1+p
q%WcKaVLWcR�R ILR jvR VLWcKeR�P^lbfns�[^NvT�WcRgVLWcR § PSÏ�WcNvNkW�VgPSKOT�WJXO_aWcNvNv_��

s ∈
(
0, p

1+p

)
s ∈

(
p

1+p , 1
)

p
1+p

ϑ > 0 ḟ(s) > 0 ḟ(s) < 0 TUNk[^Ï�PSNkW�d	Ptþnjvh+ILhÐXO_aWcNvNkW
ϑ < 0 ḟ(s) < 0 ḟ(s) > 0 TUNk[^Ï�PSNkW�d�jvRLjvh+ILhÐXO_aWcNvNkW

ÑUÓ



Y|WcKD�xWcKO_
d [^ØL_ := p

1 + p
=

∥∥∥k̃2

∥∥∥
L2(Q0)∥∥∥k̃1

∥∥∥
L2(P0)

+
∥∥∥k̃2

∥∥∥
L2(Q0)

� Ôn�¨Ôn©��
VLWJX��ÂPSKbPShÐWc_aWcKaX d [^ØL_Ojvh�jkWcKO_ëVnjkWiP^Xa×`h�ØL_a[^_OjkXalbfgW � �L_aW}s�ILRL]y_Ojk[^R � Ôn�¨�n©��|s��LK�PSNvNkW
ϑ ∈ R\{0} TUNkWcjklbfLhizS¤UjvTg� M X°jkXO_°Ï)WchÐWcKO]�WcRgXOqûWcKO_�¡tVgP^XbX d [^ØL_ PSRëVLWcKG�`_aWcNvNkW P0⊗Q0R ILKe��[^R@VLWcRA�xWcKO_aWcR ∥∥∥k̃1

∥∥∥
L2(P0)

ILRgV ∥∥∥k̃2

∥∥∥
L2(Q0)

PSÏLf�zSRLTU_��

æ<²�Y ñ Ü
ò�Ç%ó ¿�á�¿eµ}Ü
Ý�Þ+¸ZM�µ�Ä3¸�º Ü�Ý�Þ ½3õT¿e¸�º Á ¸H¹ÿ» 4 ¸�µ}Ü�¸�µl¿�µ}Ä3¸�º
Â�¸�Ü/¿�Ü

M X�q%WcKaVLWcR²HJILR�z^lafgXO_ëVnjkWÐ{�jvNÎs�XOh�jv_O_aWcN ��[^KOT�WJXO_aWcNvNv_�¡°VnjkW�HJILKëP^XO×`h�ØL_a[^_OjkXblafgWcR­0�W}m
f�PSRgVnNvILRLT VLWcK�HJq%WcjkXaWcjv_OjvT�WcR § WJXO_aX�Ï�WcR/'^_OjvTU_�q%WcKaVLWcR¢� M X�XaWcjkWcR Θn ⊂ R

WcjvRgW
wg[^NvT�W���[^R"d�WcRLT�WcR h�jv_ 0 ∈ Θn

s��LKiPSNvNkW n ∈ N
ILRgV Θn ↑ Θ s��LK n → ∞ ��yWcj En = (Ωn,An, {Pn,ϑ : ϑ ∈ Θn}) WcjvRgW�wg[^NvT�W���[^R M þnØ)WcKOjvhÐWcR`_aWcR¢¡)VnjkW+¥ � oZm0ûWJVnjvRLTUILRLT+h�jv_�WcjvRgWcK�H�WcR _OKbPSNkWcR�wg[^NvT�W Xn

WcK�s��LNvNv_�� M X�qrjvKaV�VgP^X�HJq%WcjkXaWcjv_OjvT�W § WJXO_�m
ØLKa[^ÏLNkWch H = {ϑ ∈ Θ : ϑ = 0} T�WcT�WcR K = {ϑ ∈ Θ : ϑ 6= 0} Ï)Wc_OKbP^lbf _aWc_��ïY|jkWT�WcÏLKbzSIglafLNvjklafgWcR § WJXO_aX�¡�VnjkW�PSIns�WcjvRgWcK § WJXO_aXO_bPS_OjkXO_Ojv] Sn Ï�WcKOILfgWcR¢¡�XOjvRgV�VgPSRLR@��[^RVLWcK � WJXO_bPSNv_

ϕn =





1 >
λn |Sn| = cn
0 <

� Ôn�¨ÔU���
h�jv_ λn ∈ [0, 1] ILRgV cn ≥ 0, VnjkW�VnILKalaf�VnjkW�o�WcÏ�WcR Ï�WJVnjvRLTUILRLT�WcR

lim
n→∞

EPn,0
(ϕn) = α

� Ôn�¨ÔUÔ��
ILRgV

lim
n→∞

EPn,ϑ
(ϕn) ≥ α

� Ôn�¨ÔSÖ{�
s�WJXO_OT�WcNkWcTU_eXajvRgV¦�
Ó Ênß�ô ñ Ê ñ�Ü Ë�ÊLâ��°ð í ß�á�ßà¼uâ�ãSÁ¿Ë�Ç�À°ß�Ë ¾�ÄÂ½¿æ�ßà¼çá)½�Í�jNPO�MJ�eMqwTb m�k^Wú`hM

(ϕn)n∈N

w�M7ND|9k^O�shMTS+�gk^Sqd � � n �rî'& �vO�s;M7SPmTz{WaW(M"srNZM@��MVs^NaO{`^�vO{`� � n �A�[& nep��7��MTSls{MTd4woMTN

L
(
(Sn, Xn)

t |Pn,0
)

→ N

((
0
0

)
,

(
σ2

1 σ12

σ12 σ2
2

))

mqzvS
n→ ∞.

�yzvS Õ M}shMqw
ϑ ∈ Θ

`^NaWtbjs�]rO/O
lim
n→∞

EPn,ϑ
(ϕn) = Φ

(
ϑσ12

σ1
− u1−α

2

)
+ Φ

(
−ϑσ12

σ1
− u1−α

2

)
.

ÑUÿ



��MTx.MTNPw�n �yWc_OH�W Λn = log
dPn,ϑ

dPn,0
. Y|jkW�¥ � oem�0�WJVnjvRLTUILRLTijvh�ØLNvjvHJjkWcKO_

Λn = ϑXn −
1

2
ϑ2σ2

2 +Rn,ϑ.

o\P^laf@VLWcKZÙ�[^KbPSIgXaXaWc_OHJILRLTiWcKOTUjvÏL_|XOjklaf�R`ILR

L
(
(Sn,Λn)

t |Pn,0
)

→ N

((
0

−1
2ϑ

2σ2
2

)
,

(
σ2

1 ϑσ12

ϑσ12 ϑ2σ2
2

))

s��LK n→ ∞. d	PSR WcKOf�zSNv_ZXa[^h�jv_
α = lim

n→∞
EPn,0

(ϕn)

= lim
n→∞

(λnPn,0 (|Sn| = cn) + Pn,0 (Sn > cn) + Pn,0 (Sn < −cn))

= 1 − Φ

(
lim
n→∞

cn

σ1

)
+ Φ

(
−

lim
n→∞

cn

σ1

)

= 2 − 2Φ

(
lim
n→∞

cn

σ1

)
.

{�jkWcKbPSIgXrsÚ[^NvTU_
lim
n→∞

cn = σ1u1−α
2
.

� Ôn�¨ÔUÑ��
Y�P^XeVnKOjv_O_aW�¥°Wch�hiP���[^R@¥¢W�&�PSh � �`TUN �>5v©àý�6p¡e�yWcjv_aW+�UÑ�ýr�ûNvjkW}sÚWcKO_

L (Sn|Pn,ϑ) → N
(
ϑσ12, σ

2
1

)

s��LK n→ ∞. d�jv_ � Ôn�¨ÔUÑ���WcKOf�zSNv_ehiPSR@VnjkW £ [^R ��WcKOT�WcRLH
EPn,ϑ

(ϕn) = λnPn,ϑ (|Sn| = cn) + Pn,ϑ (Sn > cn) + Pn,ϑ (Sn < −cn)

= λnPn,ϑ (|Sn| = cn) + Pn,ϑ

(
Sn − ϑσ12

σ1
<

−cn − ϑσ12

σ1

)

+Pn,ϑ

(
Sn − ϑσ12

σ1
>
cn − ϑσ12

σ1

)

→ Φ

(
ϑσ12

σ1
− u1−α

2

)
+ Φ

(
−ϑσ12

σ1
− u1−α

2

)

s��LK n→ ∞. �

� jvKe]�WcfLKaWcR R`ILR HJI@VLWch HJqûWcjkXaWcjv_OjvT�WcR	ú�qûWcjkXO_OjklafLØLKa[^Ï�WcRLØLKa[^ÏLNkWch
H2 = {P ⊗Q ∈ P ⊗Q : k (P ⊗Q) = a}

T�WcT�WcR
K2 = {P ⊗Q ∈ P ⊗Q : k (P ⊗Q) 6= a} ,

�U�



VgP^X°Ï�Wcjvh § WJXO_aWcR�XO_bPS_OjkXO_OjkXalbfgWcK�wLILRL]`_Ojk[^R�PSNkWûf�zSI[)gT�PSIns�_OKOjv_O_�¡àHJILKO�glb])��ú�ILKï¥>'UXOILRLT
VnjkWJXaWJX § WJXa_OØLKa[^ÏLNkWchÐXeqrjvKaV WcjvRgW�T�WJWcjvTURgWc_aW�Nk[^]^PSNkW��ïPSKbPShÐWc_OKOjkXOjkWcKOILRLT���[^KOT�WJXO_aWcNvNv_�¡
VnjkW@PSR�PSNk[^T�qrjkW�jvR � ÏgXblafLRLjv_O_�Ôn� Ö�Ï)WcTUKO�LRgVLWc_�q%WcKaVLWcR ]^PSRLR¢� M jvRåXO_bPS_OjkXO_OjkXblafgWJX
wLILRL]`_Ojk[^R�PSN k : P ⊗Q → R

XaWcjÂVnjÎÍ¦WcKaWcRLHJjkWcKOÏ�PSK+PSR	WcjvRgWcK��`_aWcNvNkW P0 ⊗ Q0 ∈ H2h�jv_eVLWch ]^PSRg[^RLjkXblafgWcR � KbP^VnjkWcR _aWcR k̃ ∈ L(0)
2 (P0 ⊗Q0) .

� IL¤�WcKaVLWch T�WcNv_aW
∫
k̃2dP0 ⊗Q0 6= 0.

� Ôn�¨ÔU���
Ý Ë�É�½¿¼çßà¼uá�½ ñ Ê ñ�ñ\�N�M�L?MTO{`hM H2

shMTS<Nad���WcN�U�Nab�MTOA�\;q�[krbaQRMqw�MTO1NPwTbjshMaØÙO/N�MTS7bjsr�{SVYTQ
H2 :=

{
(Ptn ⊗Qtn)n∈N

∈ F2 : lim
n→∞

√
n (k (Ptn ⊗Qtn) − k (P0 ⊗Q0)) = 0

}
.

\�N�M�L?MTO{`hM K2
shM7S<NPd���WcN(U7N�b�MTOAp�Wtb�MTSTO�]rb�Na|!MTO;N�w7b�`hM�`hM � MTOEs^�vSlYTQ

K2 :=
{

(Ptn ⊗Qtn)n∈N
∈ F2 : lim

n→∞
√
n (k (Ptn ⊗Qtn) − k (P0 ⊗Q0)) 6= 0

}
.

Y|jkW § WJXO_�sÚ[^NvT�W

ψn =





1 >
|Tn| c

0 ≤

� Ôn�¨Ô�ýr�

WcjvTURgWc_ZXOjklaf su�LKeVgP^XrHJqûWcjkXaWcjv_OjvT�W § WJXO_OØLKa[^ÏLNkWch H2
T�WcT�WcR K2,

q%[^Ï�Wcj

Tn (ω1,1, . . . , ω1,n1
, ω2,1, . . . , ω2,n2

) =

√
n

n1

n1∑

i=1

k̃1 (ω1,i) +

√
n

n2

n2∑

j=1

k̃2 (ω2,j)

VnjkW § WJXO_aXO_bPS_OjkXa_Ojv]�qrjkW�jvR � Ôn�¨Ó��ûjkXO_��gY\WcKr]yKOjv_OjkXalafgW��xWcKO_

c := u1−α
2

(
1

1 − d

∫
k̃2
1 dP0 +

1

d

∫
k̃2
2 dQ0

) 1

2

jkXO_rILR�PSÏLf�zSRLTUjvTi��[^R n � M XZjkXO_rHJI�Ï)W�P^lbf _aWcR¢¡)VgP^XaX
∥∥∥k̃
∥∥∥

2

L2(P0⊗Q0)
=

∫
k̃2
1 dP0 +

∫
k̃2
2 dQ0 6= 0

��[^KbPSIgXOT�WJXaWc_OHJ_eqrjvKaV¦�
Ó Ênß�ô ñ Ê ñ/�Î MTN

(Ptn ⊗Qtn)n∈N
∈ F2

n¡\ M7S�iD]^SV]^dIM7b�MTS
ϑ
w�MTNys^�vSVYTQ

ϑ := lim
n→∞

√
n (k (Ptn ⊗Qtn) − k (P0 ⊗Q0))

�n©



`hM�`hM � MTO�n�p��7�HMTSVshMTd w�MTN�MTO
(n1)n∈N

⊂ N
�{O�s

(n2)n∈N
⊂ N

U7x.M7N3�gk^Wú`hMTO2d+N�b
n1 + n2 = n

mTzvS ]^WaW�M
n ∈ N

�vO�s
lim
n→∞

n2

n
= d ∈ (0, 1)

ng\ ]^O/OA`^NPWtb

lim
n→∞

∫
ψn dP

n1

tn
⊗Qn2

tn
= Φ

(
ϑ

σ1
− u1−α

2

)
+ Φ

(
− ϑ

σ1
− u1−α

2

)
,

� Ôn�¨ÔUÓ��
xyk � MTN

σ1 :=

(
1

1 − d

∫
k̃2
1 dP0 +

1

d

∫
k̃2
2 dQ0

) 1

2

.

��MTx.MTNPw�n�M X%qrjvKaVÐHJIgWcKaXO_%T�WcH�WcjvTU_�¡ VgP^XaXûVnjkWewg[^NvT�W (ψn)n∈N

VnjkW�0�WJVnjvRLTUILRLT � Ôn�¨ÔUÔ��
WcK�s��LNvNv_��go\P^laf;�nPS_OH�Ôn�v©��ÐWcKOTUjvÏL_ZXOjklaf
lim
n→∞

∫
ψn dP

n1

0 ⊗Qn2

0 = lim
n→∞

(P n1

0 ⊗Qn2

0 ({Tn > c}) + P n1

0 ⊗Qn2

0 ({Tn < −c}))

= N
(
0, σ2

1

)
((c,+∞)) +N

(
0, σ2

1

)
((−∞,−c))

= N
(
0, σ2

1

) ((
u1−α

2
σ1,+∞

))

+N
(
0, σ2

1

) ((
−∞,−u1−α

2
σ1

))

= 1 − Φ
(
u1−α

2

)
+ Φ

(
−u1−α

2

)

= α.

wÂ�LKZVLWcR �ïPSKbPShÐWc_aWcK ϑ WcKOf�zSNv_ehiPSR
ϑ = lim

n→∞
√
n (k (Ptn ⊗Qtn) − k (P0 ⊗Q0))

= lim
n→∞

tn
√
n

(k (Ptn ⊗Qtn) − k (P0 ⊗Q0))

tn

= t

∫
k̃g dP0 ⊗Q0,

qû[^Ï)Wcj t := lim
n→∞

tnn
1

2
jkXa_��R�yWcj (Ptn ⊗Qtn)n∈N

∈ K2 ∪H2
h�jv_eVLWcK�HJILT�Wcf/'^KOjvT�WcR

§ PSRLT�WcR _aW g ∈ L2 (P n1

0 ⊗Qn2

0 ) .
� RLT�WcRg[^h�hÐWcR¢¡UWJXïTUjvNv_ ∫ g2 dP0⊗Q0 = 0. o\P^laf�nPS_OH�Ôn�¨�U�Õs�[^NvTU_

lim
n→∞

∫
ψn dP

n1

tn
⊗Qn2

tn
= lim

n→∞

∫
ψn dP

n1

0 ⊗Qn2

0 = α

ILRgV VnjkW�0ûWcf�PSILØL_OILRLT � Ôn�¨ÔUÓ��ûTUjvNv_rq%WcT�WcR
ϑ = t

∫
k̃g dP0 ⊗Q0 = 0.

M X\XaWcjÂR ILR ∫ g2 dP0 ⊗ Q0 6= 0. o\P^laf��nPS_OH�©U�v©�ÿ�W}þnjkXO_OjkWcKaWcR g1 ∈ L
(0)
2 (P0)

ILRgV
g2 ∈ L

(0)
2 (Q0)

h�jv_ g = g1 ◦ π1 + g2 ◦ π2.
Y|jkW@wg[^NvT�W (P n1

tn
⊗Qn2

tn

)
n∈N

VLWcK
�U�



��PSfLKaXalafgWcjvRLNvjklbfL]�Wcjv_aXOhiPS¤�WëjkXO_e¥ � o=R�P^lbf1�nPS_OH�Ôn�v©��ëh�jv_ZVLWcKZH�WcR _OKbPSNkWcR�w�[^NvT�W
Xn =

n1∑

i=1

tng1 ◦ πi +
n∑

i=n1+1

tng2 ◦ πi

ILRgV

σ2
2 = lim

n→∞
Ù PSK

P
n1
0

⊗Qn2
0

(
n1∑

i=1

tng1 ◦ πi +
n∑

i=n1+1

tng2 ◦ πi
)

= lim
n→∞

t2nn

(
n1

n

∫
g2
1 dP0 +

n2

n

∫
g2
2 dQ0

)

= t2
(

(1 − d)

∫
g2
1 dP0 + d

∫
g2
2 dQ0

)
.

o|P^lbf;�nPS_OH�Ôn�v©àýëWcKOf�zSNv_ZhiPSR VnjkW £ [^R ��WcKOT�WcRLH
L
(
(Tn, Xn)

t |P n1

0 ⊗Qn2

0

)
→ N

((
0
0

)
,

(
σ2

1 σ12

σ12 σ2
2

))

su�LK n→ ∞ h�jv_
σ12 = a1

1√
1 − d

∫
k̃1g1 dP0 + a2

1√
d

∫
k̃2g2 dQ0.

w¿�LKeVnjkW £ [yW<IÐHJjkWcR _aWcR a1
ILRgV a2

WcKOTUjvÏL_ZXOjklbf

a1 = lim
n→∞

n
− 1

2

1

n1∑

i=1

tn = lim
n→∞

(n1

n

) 1

2

n
1

2 tn = t
√

1 − d

ILRgV
a2 = lim

n→∞
n
− 1

2

2

n2∑

i=1

tn = lim
n→∞

(n2

n

) 1

2

n
1

2 tn = t
√
d.

{ZjkWcKbPSIgX�sÚ[^NvTU_

σ12 = t

∫
k̃1g1 dP0 + t

∫
k̃2g2 dQ0 = t

∫
k̃g dP0 ⊗Q0.

d@jv_e{�jvNÎs�W\��[^R1�nPS_OH+Ôn�¨ÔU��WcKOf�zSNv_ZhiPSR�R`ILR
lim
n→∞

∫
ψndP

n1

tn
⊗Qn2

tn
= Φ

(
σ12

σ1
− u1−α

2

)
+ Φ

(
−σ12

σ1
− u1−α

2

)

= Φ

(
ϑ

σ1
− u1−α

2

)
+ Φ

(
− ϑ

σ1
− u1−α

2

)
.

�

]iá�Ãtá)ÉuÉuÊLÃ ñ Ê ñ Ì\�N�M"�eMqw7b m7k^Wú`hM
(ψn)n∈N

NPwTbj]!w=;^d��eb�krb�NPw7YTQ��vO/|!MTSam7�rWÖw�YTQ{bemqzvS K2
`hM�`hMTO H2

n
�UÔ



��MTx.MTNPw�n �xWcT�WcR ϑ = lim
n→∞

√
n (k (Ptn ⊗Qtn) − k (P0 ⊗Q0))

KaWcjklaf`_�WJX\HJI	H�WcjÎm
T�WcR¢¡gVgP^XbXeVnjkW+P^XO×yh�ØL_a[^_OjkXalafgW � �L_aW}suILRL]y_Ojk[^R

g : R → (0, 1) , ϑ 7→ Φ

(
ϑ

σ1
− u1−α

2

)
+ Φ

(
− ϑ

σ1
− u1−α

2

)

jvfLKeTUNk[^Ï�PSNkWJX�d@jvRLjvh�ILh(PSR VLWcK��`_aWcNvNkW ϑ = 0 PSRLRLjvh�h�_���d	PSR WcKOf�zSNv_eHJILR�z^lafgXa_
d

dϑ
g (ϑ) =

1

σ1
f

(
ϑ

σ1
− u1−α

2

)
− 1

σ1
f

(
− ϑ

σ1
− u1−α

2

)
,

qû[^Ï)Wcj f(x) = 1√
2π

exp
(
−x2

2

) VnjkWÐ¥¢WcÏ�WJXOTUIgW}mpY|jklaf`_aWiVLWcK �`_bPSRgVgPSKaVnRg[^KOhiPSNv��WcK�m
_aWcjvNvILRLT�jkXO_�� M XrT�WcNv_aWcR R`ILR�sÚ[^NvT�WcRgVLW�BDC`ILjv�^PSNkWcRLH�WcR¢�

d

dϑ
g (ϑ) = 0

⇔ f

(
ϑ

σ1
− u1−α

2

)
− f

(
− ϑ

σ1
− u1−α

2

)
= 0

⇔ exp

(
−1

2

(
ϑ

σ1
− u1−α

2

)2

+
1

2

(
− ϑ

σ1
− u1−α

2

)2
)

= 1

⇔ exp

(
2u1−α

2

ϑ

σ1

)
= 1

⇔ 2u1−α
2

ϑ

σ1
= 0

⇔ ϑ = 0.

� IL¤�WcKaVLWch TUjvNv_ d
dϑ
g (ϑ) < 0 su�LK ϑ < 0 ILRgV d

dϑ
g (ϑ) > 0 su�LK ϑ > 0. d	PSR WcKOf�zSNv_Xa[^h�jv_�¡^VgP^XaX ϑ = 0 VnjkW%TUNk[^Ï�PSNkWrd�jvRLjvh+ILhÐXO_aWcNvNkW�jkXO_��r�y[^h�jv_ïjkXO_�PSNvNkWJX¿Ï�WcqrjkWJXaWcR¢� �

�ÕË`ð�Ë ÃSæ¢Ä¿½¿Å ñ Ê ñ �
��R1VLWch R�z^lafgXO_aWcR £ PSØLjv_aWcNZqrjvKaV ILR _aWcK�PSRgVLWcKaWch T�WcH�WcjvTU_�¡�VgP^XbX (ψn)n∈N

ILR`_aWcK
Xalbf q�P^lafgWcRÐÙ�[^KbPSIgXaXbWc_OHJILRLT�WcRiPSRëVLWcR § PSRLT�WcR`_aWcRL]�WcT�WcN K (P0 ⊗Q0,P ⊗Q) WcjvRgWP^XO×yh�ØL_a[^_OjkXalbfi[^ØL_OjvhiPSNkWeILR`��WcK�sÚzSNkXalbf _aW § WJXO_�sÚ[^NvT�W�s��LK�VgP^X § WJXa_OØLKa[^ÏLNkWch K2

T�WcT�WcR
H2
jkXO_��

�SÖ



¢ £E¤¦¥v§ ¨;©_^

. ±a`b� � ¯/� ¯�¹�±�º1¬ �0� ¯�¹-� ­ ®ï´ ± , ´·±@¯�´ «
±@¯�­�¯²¹�±@¯²¹�±�º1¬6´A¶ � ��«��G¯�¹��-«�­(®ï´

ð�²�± c á3º@d3¸H¹�Ä3¸�º+»�Ä�¸�Ä3¸�º¶À+º ¸�º+Á Å�µ}Ý�Þ�³hÁ+µ�ÇÈ¸�º Ü�µ}á3º+½3Å}¸2e ½3À é�³f Þ+µ}õT¿gMh9�ó"¸H¹�µ�ÇÈ¸�º�¿�¸
�pR�VnjkWJXaWch � ÏgXalbfLRLjv_O_°q%WcKaVLWcR�VnjkWïsu�LK¦qûWcjv_aWcKaW ~�R _aWcKaXOIglbf ILRLT�WcRëÏ)WcR/'^_OjvTU_aWcR £ WcRLR _�m
RLjkXaXaW²�LÏ)WcK�ILRgWcRgVnNvjklafnmpVnjvhÐWcRgXOjk[^R�PSNkW � PSIL¤^m��`fLjÎs�_ M þyØ�WcKOjvhÐWcR _aW Ï�WcKaWcjv_OT�WJXO_aWcNvNv_��� IgX�s��LfLKONvjklafgW��pRnsÚ[^KOhiPS_Ojk[^RgWcRiILRgVÐ�`jkWcNkW30�WcjkXOØLjkWcNkWZHJIiVnjkWJXaWch § fgWchiP�)gRgVLWc_ hiPSR
jvR�5 Ö �!6p¡¡5 Ö Ñ!6p¡¡5¨�UÑ96°ILRgV�5¨�SÖ^6p�
Ý Ë�É�½¿¼çßà¼uá�½ � Ê�Æ�Ë Ó ß�Êg½°ÈÂÊLÃtÈ°ìJÇ�ÊgÄ�ë í ÃSá�ô�Ë`â�â^Í�.w@w�MTN�MTO

(H, 〈·, ·〉) MTNaO���NaW � M7STb�SV]^�vdã�vO�s
(Ω,A, P0)

MTNPO Ï ]!QhSqw7YTQ[M7NPO/WcNZYTQ�_^MTN�bawq�Sl]^�vdIn¡�jNaOeM�WXNaOeMV]^S}M�p �o� NaWtsr�{O{`
L : H → L2 (P0)

Q[MTN �Gb Î b�]rO�s�]^SVs^�q~3]r�T�/��SVk�U�Mqwqw��x.MTO/O
L (L (h)|P0) = N

(
0, ‖h‖2

)

mqzvS�]^WaW�M
h ∈ H

`^NaWtb�n
Ý Ë�É�½¿¼çßà¼uá�½ � Ê Ü Ë Ç�ÊgÄ�ë�ì Ó ÁÂ¼u¾ ß^ÍÎ MTN

(H, 〈·, ·〉) MTNaO2��NaW � MTSTb�SV]^�vdIn���NPO2�ÙÚq�RMTSTNPdIMTO�b E = (Ω,A, {Ph : h ∈ H})Q[MTN ��b�~3]^�7�g� Î QhN mTbj]^�qm
H
�Ùx.MTO/O
dPh
dP0

= exp

(
L (h) − 1

2
‖h‖2

)

mqzvS�]^WaW�M
h ∈ H

`^NaWtba�Ùxyk � MTN
L : H → L2 (P0)

MTNPO Î b�]^Oes�]^SVs^�q~3]^�7�/��Slk9U�Mqwqw�N�w7b�n
Y\WcK|R�P^lbfns�[^NvT�WcRgVLW��nPS_OHëH�WcjvTU_�VnjkWëÙ�WcKOÏLjvRgVnILRLT HJqrjkXblafgWcRxVLWchµ{ZjvNvÏ�WcKO_OKbPSILh

H ILRgV�VLWcK § [^Ø)[^Nk[^TUjkWëVLWcK�w�PSh�jvNvjkW {Ph : h ∈ H} ��[^RJ��PSfLKaXalafgWcjvRLNvjklbfL]�Wcjv_aXOhiPtm¤�WcR²ÏLHJTUN �ÂVLWcKë{|WcNvNvjvRLT�WcKaVnjkXO_bPSRLH��ïY|jkWJXaWcKÐú�IgXbPSh�hÐWcRLf�PSRLT	�LÏ)WcKO_OKbzSTU_�XOjklbf VgPSRLR
WcÏ)WcRns PSNvNkXZPSIns�VnjkW�o�[^KOh VLWcKZ_a[^_bPSNkWcR Ù PSKOjQPS_Ojk[^R¢�

�UÑ



Ó Ênß�ô � Ê ñÎ M7N
E = (Ω,A, {Ph : h ∈ H}) MTNaO�~3]r�T��� Î Q{N m7b�n�\�N�M�� MTWPWcNaO{`hMTSVs^NPwTb�]^OvU�U�x�N�w�YTQ[MTOU�x.MTN Ï ]!QhSqw7YTQRMTNPO
WXNZYTQ�_^M7NabawTd-]}�HMTOÒshMqwJ~3]r�T��� Î Q{N m7b3��Úq�RMTSTNad#M7O
b�Mqw E M7S�`^N � b�wTN�Y7Q]^WXw

d2 (Ph1
, Ph2

) = 1 − exp

(
−1

8
‖h1 − h2‖2

)

mTz{S+]^WPW(M
h1, h2 ∈ H

n
��MTx.MTNPw�n �yTUN �¡5 Ö �!6p¡
�yWcjv_aW+ÔSÖ �n¡ � WchiPSKO]yXZ�Uÿn�¨Ón�

�

]�á�ÃSá�É�ÉuÊLÃ � Ê �Î M7N
(hn)n∈N

⊂ H
MTNaOeMJ_!k^O
|!MTSZ`hMTO
b�M;�>k^Wú`hM;d@N�b

lim
n→∞

‖hn − h‖ = 0
mqzvS1M7NPO

h ∈ H.
\�]^O
O�`^NaWtb

limn→∞ d (Ph, Phn
) = 0

�vO�s
limn→∞ ‖Phn

− Ph‖ = 0.

��MTx.MTNPw�n d�jv_e{ZjvNÎsÚW\��[^R;�nPS_OH�Ög�¨Ô�WcKOTUjvÏL_�XOjklaf
lim
n→∞

d2 (Ph, Phn
) = lim

n→∞

(
1 − exp

(
−1

8
‖h1 − h2‖2

))
= 0.

wÂ�LK�PSNvNkW���PSfLKaXalbfgWcjvRLNvjklafL]�Wcjv_aXOhiPS¤�W P,Q ∈ M1 (Ω,A) TUjvNv_
d2 (P,Q) ≤ ‖P −Q‖ ≤

√
2d (P,Q)

R�P^lbf­5¨ÑU�96p¡
�yWcjv_aWÐ©�ÔU�n¡g{�jvNÎsÚXaXbPS_OHÐ©U�v©cÖ �n�gd	PSR@WcKOf�zSNv_ZXa[^h�jv_
0 ≤ lim

n→∞
‖Phn

− Ph‖ ≤ lim
n→∞

√
2d (Ph, Phn

) = 0.

�

�yWcjnR`ILR P ⊂ M1 (Ω,A) WcjvRgW%RLjklbf _OØ�PSKbPShÐWc_OKOjkXalbfgW�w�PSh�jvNvjkW���[^R+��PSfLKaXblafgWcjvRnmNvjklbfL]�Wcjv_aXOhiPS¤�WcR¢�G�yWcj P0 ∈ P WcjvR?��PSfLKaXalbfgWcjvRLNvjklafL]�Wcjv_aXOhiPS¤g�ÂY|jkWÕNk[^]^PSNkWcR M jvT�WcRnmXalbf�Ptsu_aWcR�VLWcK�w�PSh�jvNvjkW P PSRëVLWcKy�`_aWcNvNkW P0
q%WcKaVLWcRÕh�jv_�{ZjvNÎsÚW%VLWJX § PSRLT�WcR _aWcRL]�WcT�WcNkX

K (P0,P) ILRgV�VLWJX § PSRLT�WcR`_OjQPSNvKbPSILhÐX T (P0,P) Ï�WJXalbfLKOjkWcÏ)WcR¢�¦~�h(VnjkW § fgWJ[^KOjkWVLWcK � PSIL¤^m��`fLjÎs�_ M þnØ�WcKOjvhÐWcR _aW�PSRLHJI`q%WcRgVLWcRås�WcfLNv_ � WJVL[ylaf VnjkW@ú�Ig[^KaVnR ILRLT²HJqrjÎm
XalbfgWcR VLWcRE��PSfLKaXalafgWcjvRLNvjklbfL]�Wcjv_aXOhiPS¤�WcRóPSIgX P ILRgV § PSRLT�WcR _aWcRóPSIgX T (P0,P) ,qûWcjvN)jvh � NvNvT�WchÐWcjvRgWcR K (P0,P) 6= T (P0,P) TUjvNv_��yY\WJXOq%WcT�WcR�qrjvKaV�WcjvRgW�XaWch�jvØ�PtmKbPShÐWc_OKOjkXalbfgW%w�PSh�jvNvjkW P̃ (P0)

��[^R���PSfLKaXblafgWcjvRLNvjklafL]�Wcjv_aXahiPS¤�WcR�]�[^RgXO_OKOILjkWcKO_�¡tVnjkW�Nk[Sm
]UPSN�PSR�VLWcK��`_aWcNvNkW P0

VLWcRiTUNkWcjklbfgWcR § PSRLT�WcR _OjQPSNvKbPSILh T (P0,P) Ï)WJXajv_OHJ_���Y|jkW £ [^RnmXO_OKOIL]y_Ojk[^R VLWcK L2(0)
mpVnjÎÍ¦WcKaWcRLHJjkWcKOÏ�PSKaWcR £ ILKO��WcR�WcR _aXOØLKOjklbf _�VLWch d	P^XO_aWcK�mpd�[`VLWcNvN

PSIgX<5¨ÔU�^6p�
Ó Ênß�ô � ÊkÌ�Ëi]iá)½°âJß�Ã^Ä¿æ�ßà¼çá)½

L2(0)
ìbÈï¼QÞ%Ë ÃSË`½¿ô ¼uË ÃSî¿ÊLÃSË Ãj] Ä¿Ãàö)Ë`½ÙÍ

�.w+w�M7NZMTO
P ∈ M1(Ω,A)

MTNPO Ï ]^QhS�w�YTQ[MTNaO/WcN�Y7Q�_^MTN�bawqd#]V�Ò�vO�s g ∈ L
(0)
2 (P )

M7NPOeM��]^O{`hM7O
b�Mon>\ ]^O/O�MVÚ^NPwTb�N�MTS7bjMTNaOeM
L2(0)

��s^N Ñ�MTS}MTOvU7N�MTS � ]^S}M ���vSq|^M
R → M1(Ω,A), t 7→ Ptgd@N�b.shMTS��
]^Ov`hMTO
b�M

g
�vO�s

P0 = P
n¡p��7�HMTSVshMTd `^NaWcb

Ptg � P0
mTz{S�]rWPW(M

t ∈ R.

�U�



��MTx.M7N�won Y|jkWûwLILRL]y_Ojk[^R ftg :=
(
1 + 1

2 tg
)2
c(tg)−1 h�jv_ c(tg) :=

∫ (
1 + 1

2 tg
)2
dPjkXO_�su�LK � WJVLWJX t ∈ R

q%[^fLNkVLWT)gRLjkWcKO_�¡�q%WcjvN
c(tg) =

∫ (
1 +

1

2
tg

)2

dP = 1 +
t2

4

∫
g2 dP ≥ 1

su�LKZPSNvNkW t ∈ R
TUjvNv_��gd	PSR@WcKOf�zSNv_�PSIL¤�WcKaVLWch

d

dt
c (tg)

∣∣∣∣
t=0

=
t

2

∫
g2 dP

∣∣∣∣
t=0

= 0.

Y�ILKalbf Ptg := ftgP
qrjvKaV WcjvRA��PSfLKaXblafgWcjvRLNvjklafL]�Wcjv_aXahiPS¤ VLWT)gRLjkWcKO_�¡gVgP�VnjkW<0�WJVnjvRnm

TUILRLT�WcR ftg ≥ 0 ILRgV ∫ ftgdP = 1 s��LK�PSNvNkW t ∈ R
ILRgV g ∈ L

(0)
2 (P ) WcK�su�LNvNv_�XOjvRgV¦��pRgXOÏ�WJXa[^RgVLWcKaW�WcKOf�zSNv_ehiPSR P0 = f0P = P �M X�jkXO_+HJI�H�WcjvT�WcR¢¡°VgP^XaX�VnjkW £ ILKO��W t 7→ Pt L2 (P0)

mpVnjÎÍ�WcKaWcRLHJjkWcKOÏ�PSKëh�jv_+VLWcK§ PSRLT�WcR _aW g jkXO_���Y|jkW;0ûWJVnjvRLTUILRLT � ©U�¨Ô��ijkXO_�q%WcT�WcR Ptg � P0
su�LK�PSNvNkW t ∈ RWcK�su�LNvNv_�� M XrÏLNkWcjvÏL_|PSNkXa[�VnjkW�0ûWJVnjvRLTUILRLT � ©U�¨����R�P^lbfLHJI q%WcjkXbWcR¢�
�xWcT�WcR g ∈ L2 (P0)TUjvNv_ P ({g = ∞}) = 0 �gwÂ�LKZPSNvNkW ω ∈ Ω \ {g = ∞} WcKOf�zSNv_ZhiPSR�HJILR�z^lbfgXO_

lim
t→0

2

t

(∣∣∣∣1 +
1

2
tg (ω)

∣∣∣∣− 1

)
= lim

t→0

2

t

(
1 +

1

2
tg (ω) − 1

)
= g (ω) .

{ZjkWcKbPSIgX s�[^NvTU_�VnjkW £ [^R ��WcKOT�WcRLH 2
t

(∣∣1 + 1
2 tg
∣∣− 1

)
→ g P mÚs�� Xà�Us��LK t→ 0 �`d�jv_�VLWcKY�KaWcjkWJlb]yXaILRLTUNkWcjklaf ILRLT ||a| − |b|| ≤ |a− b| WcKOf�zSNv_ZhiPSR@VnjkW�d	P � [^KbPSR`_aW

∣∣∣∣
2

t

(∣∣∣∣1 +
1

2
tg

∣∣∣∣− 1

)∣∣∣∣ ≤
2

|t|

∣∣∣∣1 +
1

2
tg − 1

∣∣∣∣ = |g| .

o|P^lbf@VLWch°�nPS_OH���[^R@VLWcKZVL[^h�jvRLjkWcKO_aWcR £ [^R`��WcKOT�WcRLHëWcKOTUjvÏL_ZXajklaf R`ILR
lim
t→0

∥∥∥∥
2

t

(∣∣∣∣1 +
1

2
tg

∣∣∣∣− 1

)
− g

∥∥∥∥
L2(P0)

= 0,
� Ög�v©��

�`TUN �¡5¨ÿ96p¡��yWcjv_aW��UÑUÿn¡
�nPS_OH�Ñn�¨Ôn� M XrTUjvNv_|PSIL¤�WcKaVLWch
lim
t→0

c(tg)−
1

2 − 1

t
=

d

dt
c (tg)−

1

2

∣∣∣∣
t=0

= −1

2
c (tg)−

3

2
d

dt
c (tg)

∣∣∣∣
t=0

= 0.
� Ög�¨���

d@jv_ � Ög�v©��ûILRgV � Ög�¨����WcKOf�zSNv_ehiPSR jvRgXOT�WJX PSh+_
∥∥∥∥∥

2

t

((
dPtg
dP0

) 1

2

− 1

)
− g

∥∥∥∥∥
L2(P0)

=

∥∥∥∥
2

t

(∣∣∣∣1 +
1

2
tg

∣∣∣∣ c(tg)
− 1

2 − 1

)
− g

∥∥∥∥
L2(P0)

��ý



=

∥∥∥∥c(tg)
− 1

2

(
2

t

(∣∣∣∣1 +
t

2
g

∣∣∣∣− 1

)
− g

)
+

2

t

(
c(tg)−

1

2 − 1
)

+g
(
c(tg)−

1

2 − 1
)∥∥∥

L2(P0)

≤ c(tg)−
1

2

∥∥∥∥
2

t

(∣∣∣∣1 +
1

2
tg

∣∣∣∣− 1

)
− g

∥∥∥∥
L2(P0)

+

∣∣∣∣
2

t

(
c(tg)−

1

2 − 1
)∣∣∣∣

+ ‖g‖L2(P0)

∣∣∣c(tg)−
1

2 − 1
∣∣∣

→ 0

s��LK t→ 0 �
�y[^h�jv_ZjkXO_ZPSNvNkWJXeÏ�WcqrjkWJXaWcR¢� �

Ý ËhÉï½Â¼çßà¼çá)½ � Ê��*Ë�â�Ë`ð²¼ í ÊLÃSÊgðxË�ß�Ã^¼uâ�ã^Á°Ë	ä¦Êgð�¼�É�¼uËRÍ\<NZM<woMTd@N �[]rSl]^dIM7b�STNPw7YTQ[M��g]^d@NPWcN�M P̃ (P0)
x�NaSls�shM�ØÙO/N�MTSTbjs^�vSlYTQ

P̃ (P0) := {Ptg ∈ M1 (Ω,A) : g ∈ T (P0,P) , t ∈ R} ,
xyk � MTN

t 7→ Ptg
MTNPO�M

L2 (0)
�ls^N Ñ�MTSVM7OvU7N�MTS � ]^S}M,���{ST|!MJd@N�b���]^O{`hMTO�b�M

g
NPwTb�nD\<NZM

Ï ]!QhSqw7YTQRMTNPO
WXNZYTQ�_^M7NabawTd-]}�HM Ptg wqNaO�s"sr�{SVYTQ,shMTO,\<N�YTQvb�MVÐ7�Rkrb�NZM7O
b
dPtg
dP0

=

(
1 +

1

2
tg

)2

c(tg)−1

d@N�b
c(tg) =

∫ (
1 + 1

2 tg
)2
dP0

mTz{S#]^WaW(M
g ∈ T (P0,P)

�{O�s
t ∈ R

`hMZ`{M � MTOR��|q`^W(nÎ ]�b�U�"enk hn
�ÕË`ð�Ë ÃSæ¢Ä¿½¿Å � Ê ù
M XeTUjvNv_

P̃ (P0) = {Pg ∈ M1 (Ω,A) : g ∈ T (P0,P)} ,
qûWcjvN T (P0,P) WcjvR Ù�Wc]`_a[^KOKbPSILh jkXO_��
��hCwg[^NvT�WcRgVLWcRÐqrjvKaV�VnjkW�Xalbf qûP^lbfgW £ [^R ��WcKOT�WcRLHZ��[^R M þyØ�WcKOjvhÐWcR _aWcRÐ]yILKOH���[^K�m

T�WJXO_aWcNvNv_���Y|jkWJXës��LfLKO_�VgPSRLR1HJI VLWcKÕÙ�WcKbPSNvNvT�WchÐWcjvRgWcKOILRLT VLWcK�Nk[^]^PSNkWcR P^XO×yh�ØL_a[^_OjÎm
XalbfgWcRåo|[^KOhiPSNvjv_bzS_�¡ VnjkW XajklafåPSNkXÐXblaf q�P^lafgW £ [^R`��WcKOT�WcRLH�T�WcT�WcR WcjvR � PSIL¤^m��`fLjÎs�_M þnØ�WcKOjvhÐWcR _ZRgWcI�VLWT)gRLjkWcKaWcR@NQz^XaXO_ � �yTUN �¡5 Ö �!6p¡¡5¨�UÑ96°ILRgV?5¨�SÖ�6a�}�
Ý ËhÉï½Â¼çßà¼çá)½ � Ê�Ô*Ë�â�ãSÁ)êëÊLãSÁ¿Ëh]iá)½)ö�Ë ÃSÅ�Ëy½°ô ö�á�½å»�ø í Ë Ã^¼�ðxË`½)ß�Ëy½�Í�.w1woMTNZM7O

Θ
MTNPO�M�O
N�YTQvb�W�M}M7SVM�L1M7O{`hM��{Oes

(Θn)n∈N

MTNaOeM;�>k^Wú`hM�shMTS2�eMTNaWXdIMTO
�`hM7O8|9krO
Θ
d@N�b

Θn ↑ Θ
mTz{S

n → ∞ n��jNaOeMI�gk^Wú`hMA|!k^OE��ÚT�RMTSTNPdIMTO
b�M7O En =
(Ωn,An, {Pn,h : h ∈ Θn}) , n ∈ N

_!k^O
|!MTSZ`^NZM7STb.w7Y7Qhxy]�YTQI`hMZ`{MTO�MTNPO���Úq�/MTSqNadIMTO
b
E = (Ω,A, {Ph : h ∈ Θ}) ��x.MTO/O

L
((

dPn,h
dPn,s

)

h∈Z

∣∣∣∣Pn,s
)

→ L
((

dPh
dPs

)

h∈Z

∣∣∣∣Ps
)

mTz{S+]^WPW(M+MTO�s[WcN�Y7Q[M���MTNaWcd#M7O{`hMTO
Z ⊂ Θ

�vO�s�mqzvS Õ M}shMqw
s ∈ Θ

`^NaWtb�n
�UÓ



Ý Ë�É�½¿¼çßà¼uá�½ � Ê(	*ËVý õ�ö;Í�.w�w�MTN�MTO
H
MTNaO���NaW � M7STb�SV]^�vd°�vO�s

(Hn)n∈N

MTNaOeM��>k^Wú`hM+shMTS"�eMTNaWXdIMTOv`hMTO;|9k^O
Hd+N�b

Hn ↑ H mTz{S
n → ∞ n>�jNaOeM��>k^Wú`hM En = (Ωn,An, {Pn,h : h ∈ Hn}) , n ∈ N|9k^O���Úq�RMTSTNad#M7O
b�MTO�Q[MTN ��b�Wtk^_!]^Wy]!w<;!d��eb�k�b�N�w�YTQ;Oek^Sqd#]^WX�¡m7]rWPWXw wTNZM-w7Y7Qhxy]�YTQ�`hMZ`hM7OMTNPOE~3]^�7�g� Î QhN mTbH��Úq�RM7SqNadIMTO
bD]^�Tm

H
_^k^O/|!MTSZ`^N�MTS7b�n

�ëËyðxË`Ãtæ¢ÄÂ½°Å � Ê�Æv×
Y�jkWrY\WT)gRLjv_Ojk[^RÐÖg�¨ÿ�jkXO_���WcKO_OKbzSTUNvjklaf�h�jv_�VLWcK WcjvRgVnjvhÐWcRgXOjk[^R�PSNkWcRiÙ�WcKaXajk[^RÐ��[^RÐ¥ � o�¡
�`TUN �LY\WT)gRLjv_Ojk[^R�Ôn� Ög�
Ó Ênß�ô � Ê�Æ�Æ­ËVù ¼�½¿ÃtËy¼uãSÁ¿Ë`½¿È¿Ë`âiÄÂ½°È ½°á�ßbê�Ëy½°Èï¼uÅ�Ë`â�]�Ã^¼Qß�Ë`ÃS¼�ÄÂð�¾�À¿ÃIý%õ"ö;Í�jNPO�MA�>k^Wú`hM

(En)n∈N

|!k^O2��Úq�/MTSqNadIMTO
b�MTO=N�w7b�`{MTO�]^�Fs�]^O
OâWtk!_^]^W�]^w=;^d��eb�krb�NPw7YTQO�k^STd-]rWÖ��x.MTO/O?shMTS<wTb�koYTQ[]!wTb�NPw7YTQRM�ijSlk9U�Mqwqw
Ln (h) := log

(
dPn,h
dPn,0

)
+

1

2
‖h‖2

s^NZM<O�]�Y7Q�m7krW `hM7O�shMTOJ��MVs^NaO{`^�vO{`hMTO­M7SPmTz{WaWtb�ì
í n��.w�`^NaWcb L (Ln (h)|Pn,0) → N

(
0, ‖h‖2

) mTz{S
n→ ∞.

î n��yz{S Õ MVshMTw
ε > 0,

mqzvS ]^WaW�M
a, b ∈ R

�{Oes3mTz{S+]^WPW(M
h1, h2 ∈ H `^NPWtb

lim
n→∞

Pn,0 (|aLn (h1) + bLn (h2) − Ln (ah1 + bh2)| > ε) = 0.

��MTx.M7N�won �yTUN �¡5 Ö �96p¡��yWcjv_aW�Ö �Uÿn¡ § fgWJ[^KaWch ÓU�n�¨�n�
�Ó Ênß�ô � Ê�Æ Ü�ÙzvS�]^WaW�M

n ∈ N
�{O�s

g ∈ T (P0,P)
w�MTN

Pn,g := P n1√
n
g

d@N�b
P 1√

n
g ∈ P̃ (P0) .p��T��MTSVshMTd¶woMTN

En := (Ωn,An, {Pn,g : g ∈ T (P0,P)}) . \�N�Mj�>k^Wú`hM (En)n∈N

shM7S��Úq�RMTSTNad#M7O
b�M N�w7bys�]^O
OJW�k!_!]^WG]!w=;^d��eb�krb�NPw7YTQAO�krSqd#]^W(n
��MTx.M7N�won ú�ILh°0ûWcqûWcjkXeqrjvKaVJ�nPS_OH�Ög�v©U©�PSRLT�WcqûPSRgVn_��)o|P^lbf;�nPS_OH�Ôn�v©�ÔÕTUjvNv_

log

(
dPn,h
dPn,0

)
=

1√
n

n∑

i=1

h ◦ πi −
1

2

∫
h2dP0 +Rn,h,

q%[^Ï�Wcj lim
n→∞

Pn,0 (|Rn,h| > ε) = 0 su�LK � WJVLWJX ε > 0 TUjvNv_���{ZjkWcKbPSIgXes�[^NvTU_

Ln (h) = log

(
dPn,h
dPn,0

)
+

1

2

∫
h2dP0 =

1√
n

n∑

i=1

h ◦ πi +Rn,h.

d�PSR WcKOf�zSNv_ZVnjkW+Xalaf`qûP^lafgW £ [^R`��WcKOT�WcRLH

L (Ln (h)|Pn,0) = L
(

1√
n

n∑

i=1

h ◦ πi +Rn,h

∣∣∣∣∣Pn,0

)

→ N

(
0,

∫
h2dP0

)

�Uÿ



s��LK n → ∞ R�P^lbf�VLWch7ú)WcR _OKbPSNkWcR � KaWcRLHJq%WcKO_aX PS_OHiILRgV�R�P^lbf�VLWchG¥¢Wch�hiP���[^R�`NvIL_aXO]y× � �yTUN ��5¨ÑSÖ^6p¡/�yWcjv_aW�ý^���}�LY|jkW�0�WJVnjvRLTUILRLT 1 PSIgX��nPS_OH\Ög�v©U©\jkXO_�Xa[^h�jv_rWcK�s��LNvNv_��M X�ÏLNkWcjvÏL_�VnjkW-0ûWJVnjvRLTUILRLT 2 R�P^lbfLHJI qûWcjkXaWcR¢�¿wÂ�LK � WJVLWJX ε > 0, s��LK�PSNvNkW a, b ∈ RILRgV�s��LKZPSNvNkW h1, h2 ∈ T (P0,P) WcKOTUjvÏL_ZXOjklbf

Pn,0 (|aLn (h1) + bLn (h2) − Ln (ah1 + bh2)| > ε)

= Pn,0 (|aRn,h1
+ bRn,h2

−Rn,ah1+bh2
| > ε)

≤ Pn,0

(
|aRn,h1

+ bRn,h2
| > ε

2

)
+ Pn,0

(
|Rn,ah1+bh2

| > ε

2

)

≤ Pn,0

(
|aRn,h1

| > ε

4

)
+ Pn,0

(
|bRn,h2

| > ε

4

)
+ Pn,0

(
|Rn,ah1+bh2

| > ε

2

)

→ 0

s��LK n→ 0. �y[^h�jv_ejkXO_ZPSNvNkWJXZÏ)WcqrjkWJXaWcR¢� �

�ÕË`ð�Ë ÃSæ¢Ä¿½¿Å � Ê�Æ ñ
M X�T�WcNv_aWcRóVnjkW Ù�[^KbPSIgXaXaWc_OHJILRLT�WcREPSIgXA�nPS_OH�Ög�v©��n�%Y|jkW�wg[^NvT�W (En)n∈N

VLWcK M þym
Ø�WcKOjvhÐWcR _aW@]�[^R ��WcKOTUjkWcKO_�VgPSRLRåXalaf`qûP^laf T�WcT�WcR"WcjvR � PSIL¤^m��`fLjÎsu_ M þyØ�WcKOjvhÐWcR _ E �Y�P^X�¥¦jvhÐWJXbW}þyØ�WcKOjvhÐWcR _ E =

(
Ω̃, Ã, {Qh : h ∈ T (P0,P)}

) qrjvKaV	R`ILK���[^RxVLWch
§ PSRLT�WcR _OjQPSNvKbPSILh T (P0,P) Ï�WJXO_Ojvh�h+_��`Y|jkWZXOØ�WcHJjkWcNvNkW £ [^RgXO_OKOIL]`_Ojk[^R�VLWcK L2 (P0)

m
VnjÎÍ¦WcKaWcRLHJjkWcKOÏ�PSKaWcR £ ILKO��WcR t 7→ Pth

jvR�VLWcK�w�PSh�jvNvjkW P̃ (P0)
XOØLjkWcNv_ PSNkXa[²]�WcjvRgW� [^NvNkWÕsu�LK�VgP^X+¥¦jvhÐWJXaW}þnØ)WcKOjvhÐWcR`_ E �¢��RgXOÏ�WJXa[^RgVLWcKaW�TUjvÏL_+WJX�]�WcjvRgWcR�~ZR`_aWcKaXalafLjkWJVHJqrjkXalbfgWcRåVLWcR L2 (P0)

mpVnjÎÍ¦WcKaWcRLHJjkWcKOÏ�PSKaWcR £ ILKO��WcR¢¡ VnjkW�jvR P NvjkWcT�WcR ILRgV"VLWcKaWcR§ PSRLT�WcR _aWcRxVgPSRLR	WcR _aXOØLKaWJlbfgWcRgV�jvh § PSRLT�WcR _aWcRL]�WcT�WcN K (P0,P) WcR _Of�PSNv_aWcRxXajvRgV¦¡ILRgV�VLWcR�]�[^RgXa_OKOILjkWcKO_aWcR L2 (P0)
mpVnjÎÍ¦WcKaWcRLHJjkWcKOÏ�PSKaWcR £ ILKO��WcR�h�jv_|VLWcR § PSRLT�WcR _aWcR

PSIgX T (P0,P) ��d	PSR�]UPSRLR�VnjkW L2 (P0)
mpVnjÎÍ¦WcKaWcRLHJjkWcKOÏ�PSKaWcR £ ILKO��WcR�jvR P̃ (P0)

PSNkX
{�jvNÎs�Xa]�[^RgXO_OKOIL]`_Ojk[^RgWcR@Ï)Wc_OKbP^lbf _aWcR¢¡)VnjkW�P^XO×`h�ØL_a[^_OjkXblaf@qrjkWJVLWcK�WcNvjvh�jvRLjkWcKO_Zq%WcKaVLWcR¢�

ð�²lÛ l ½3À ó�¿�Ü�½�¿�»üÁ ¸H¹â½3Ü
ò<Ç%ó�¿�áD¿�µ}Ü
Ý�Þ+¸�º Â�¸�ÜR¿/¿�Þ+¸�áD¹�µ}¸¶À+º Á
áD¼�¸H¹e¸ f Ý�Þ�¹�½3º ¾3¸�º¯õ'm�¹ Á+µ}¸à½3Ü
ò<Ç%ó�¿�áD¿�µ}Ü
Ý�Þ+¸�º
e�m�¿�¸�³
õ�À+º�¾�¿�µ�á3º ¸�º

Y\WcK�s�[^NvT�WcRgVLW��nPS_OH1XO_aWcNvNv_	WcjvRAhiz^lbf _OjvT�WJXxd�jv_O_aWcN�HJILK�{|WcKONkWcjv_OILRLT�VLWcK�[^Ï�WcKaWcR�ylbfLKbPSRL]�WcR@s��LKeVnjkW�P^XO×yh�ØL_a[^_OjkXalafgW � �L_aW}suILRL]y_Ojk[^R@VgPSK�¡L�yTUN �¡5 Ö Ñ!6¢ILRgV�5 Ö �96p�
Ó Ênß�ô � ÊuÆ � ËVù�ÊgÄ í ß�âàÊnß�ô@ÈÂË Ã�ÊLâ��°ð í ß�ágßà¼uâ�ã^Á°Ëy½ ò Ë âJßJßàÁ¿Ë á�ÃS¼uË/Í�.w1woMTNZM7O

Θ
MTNPO�M�O
N�YTQvb�W�M}M7SVM�L1M7O{`hM��{Oes

(Θn)n∈N

MTNaOeM;�>k^Wú`hM�shMTS2�eMTNaWXdIMTO
�`hM7O8|9krO
Θ
d@N�b

Θn ↑ Θ
mTz{S

n → ∞ n��jNaOeMI�gk^Wú`hMA|!k^OE��ÚT�RMTSTNPdIMTO
b�M7O En =
(Ωn,An, {Pn,h : h ∈ Θn}) , n ∈ N

_!krO/|!MTSZ`^N�MTSVM,w�YTQhxy]�Y7Q?`hM�`hMTO MTNaOEfHNadIMqw�M}Ú^��RM7SqNadIMTO
b
E = (Ω,A, {Ph : h ∈ Θ}) . p��7��MTSls{MTd w�MTN�MTO

H,K ⊂ Θ
O/NZYTQ{b�W(M}MTS}M�eMTNaWXdIMTO{`{MTOJd@N�b

H ∪K = Θ
�vO�s

H ∩K = ∅. Î M7N (ϕn)n∈N

MTNaOeM���Mqw7b m7krW `hMymTz{Ss�]^w-�eMqwTbX��SVk � W(MTd
H
`{MZ`hMTO

K.
�>� Õ MVs{MTSI��MTNaW m7k^Wú`hM (

ϕnj

)
j∈N

M}Ú^N�w7b�NZM7STbyMTNaO­�eMqwTb
ϕ

ý^�



mqzvS
E,
w7k�s�]!w�w�`^NaWtb�ì

lim inf
j→∞

∫
ϕnj

dPnj ,h ≤
∫
ϕdPh

mTz{S�]^WaW(M
h ∈ K

�{O�s
lim sup
j→∞

∫
ϕnj

dPnj ,h ≥
∫
ϕdPh

mqzvS�]^WaW�M
h ∈ H.

��MTx.M7N�won �yTUN �/5 Ö Ñ96p¡{�yWcjv_aW|Ó�ýy¡{�nPS_OH�©U©U�¨Ón� [`VLWcK�5 Ö �^6p¡{�yWcjv_aW�Ôn©��n¡ § fgWJ[^KaWch��U�n�¨Ñn�
�

]iá�Ãtá)ÉuÉuÊLÃ � Ê�ÆnÌ�.w�`hMTWtb�MTO�s^NZM;øRk^SV]^�{w�woM7b�U7�vO{`hMTO�]r�hw Î ]�b�U�"en í "en¡�.w�w�MTN�MTO
Φα (En) :=

{
ϕ : Ωn → [0, 1] ,

∫
ϕdPn,h ≤ α

mTz{S ]rWPW(M
h ∈ H ∩ Θn

}

s^NZM�L1MTOv`hM+shMTS�ä�NP|!M}]^�
α
�7�eMqwTbawÙmTz{S

En
�vO�s

Φα,u (En) :=

{
ϕ ∈ Φα (En) :

∫
ϕdPn,h ≥ α

mTz{S�]^WaW(M
h ∈ K ∩ Θn

}

s^NZM-L1MTOv`hM�shMTS#�vO/|!MTSam��^WÖw�YTQ{b�MTO­ä�NP|^MV]^�
α
�7�eMqwTbaw3mTzvS

En.
Î MTN

(αn)n∈N
⊂ (0, 1)MTNPO�M��gk^W `{M d+N�b

lim
n→∞

αn = α ∈ (0, 1) .
\ ]^O/OA`^NaWcb

lim sup
n→∞

sup
ϕn∈Φαn (En)

∫
ϕn dPn,h ≤ sup

ψ∈Φα(E)

∫
ψ dPh

� Ög�¨Ô��
�{O�s

lim sup
n→∞

sup
ϕn∈Φαn,u(En)

∫
ϕn dPn,h ≤ sup

ψ∈Φα,u(E)

∫
ψ dPh

� Ög� Ö{�
mqzvS�]^WaW�M

h ∈ K.��MTx.M7N�won ú�IgWcKaXa_�qrjvKaViVnjkWe~�RLTUNkWcjklaf`ILRLT � Ög�¨Ô���Ï)WcqrjkWJXbWcR¢�{�yWcj g ∈ K sÚWJXO_�T�WcqûzSfLNv_���yWcj (φnj

)
j∈N

WcjvRgW+wg[^NvT�W�VLWcK § WJXO_aXrh�jv_ φnj
∈ Φαnj

(
Enj

) ILRgV

lim
j→∞

∫
φnj

dPnj ,g = lim sup
n→∞

sup
ϕn∈Φαn(En)

∫
ϕn dPn,g.

o|P^lbf?�nPS_OHëÖg�v©cÖ�W}þnjkXO_OjkWcKO_|WcjvR § WJXO_ φ ∈ Φα (E) h�jv_ lim infj→∞
∫
φnj

dPnj ,h ≤∫
φdPh

su�LKÂPSNvNkW h ∈ K ILRgV lim supj→∞
∫
φnj

dPnj ,h ≥
∫
φdPh

su�LKÂPSNvNkW h ∈ H �{ZjkWcKbPSIgX�sÚ[^NvTU_ φ ∈ Φα (E) �Ld	PSR@WcKOf�zSNv_ZXb[^h�jv_
lim sup
n→∞

sup
ϕn∈Φαn (En)

∫
ϕn dPn,g = lim

j→∞

∫
φnj

dPnj ,g

= lim inf
j→∞

∫
φnj

dPnj ,g

≤
∫
φdPg

≤ sup
ψ∈Φα(E)

∫
ψ dPg.

ýy©



Y|jkW�~�RLTUNkWcjklaf`ILRLT � Ög� Ö{�ûÏ�Wcq%WcjkXO_ZhiPSR�PSR�PSNk[^Tg�
�

¥¢jkWcTU_ZWcjvR � PSIL¤^m��`fLjÎs�_ M þnØ)WcKOjvhÐWcR`_|PSNkXe¥¢jvhÐWJXaW}þyØ�WcKOjvhÐWcR _���[^K�¡gXa[Õ]UPSRLR�hiPSR
s��LK�WcjvRLjvT�Weqrjklbf _OjvT�W § WJXO_OØLKa[^ÏLNkWchÐW|VnjkWe[^Ï)WcKaWcR��ylafLKbPSRL]�WcRÐs��LK VnjkWeP^XO×yh�ØL_a[^_OjkXalbfgW� �L_aW}s�ILRL]y_Ojk[^RxW}þLPS]y_+PSIgXOKaWJlafLRgWcR¢� M X�XaWcjkWcR H WcjvRx{�jvNvÏ�WcKO_OKbPSILhµh�jv_�VLWcK�HJILT�W}mf/'^KOjvT�WcR o|[^KOh ‖·‖ : H → R≥0

ILRgV f : H → R
WcjvRgW�NvjvRgW�PSKaW�wLILRL]`_Ojk[^R¢�Ù�yWcj

E = (Ω,A, {Ph : h ∈ H}) WcjvR � PSIL¤^m��`fLjÎs�_ M þnØ)WcKOjvhÐWcR`_��/� jvKejvR _aWcKaWJXbXOjkWcKaWcR@ILRgXs��LKeVgP^XZWcjvRgXaWcjv_OjvT�W § WJXO_OØLKa[^ÏLNkWch
H l

1 = {h ∈ H : f (h) ≤ 0} T�WcT�WcR K l
1 = {h ∈ H : f (h) > 0} � Ög�¨Ñ��

ILRgV�s��LKeVgP^XrHJqûWcjkXaWcjv_OjvT�W § WJXO_OØLKa[^ÏLNkWch
H l

2 = {h ∈ H : f (h) = 0} T�WcT�WcR K l
2 = {h ∈ H : f (h) 6= 0} . � Ög�¨���

Ý ËhÉï½Â¼çßà¼çá)½ � ÊuÆ[��jNaO*��MTwTb
ϕ
U��{d ä�Na|!MV]^�

α
mTzvS s�]!w@M7NPORwoMTN�b�Nt`hMA�eMqw7bX��Slk � W�M7d � "�nn & Q[MTN ��bÙä�NP|!M}]^�

α
���!QhO
WXNZYTQ��
m�]^WaWÖw ∫

ϕdPh = α
mqzvS�]^WaW�M

h ∈ H
d@N�b

f (h) = 0
`^NaWcb�n

Ó Ênß�ô � ÊuÆ ùÎ M7N
ϕ
MTNaOAä�NP|!M}]^�

α
���!Q{O/WXNZYTQ[M7S��eMqwTb
mqzvS

H l
1

`hMZ`hMTO
K l

1.
\ ]^O/OA`^NPWtb

∫
ϕdPh ≤ Φ

(
f (h)

‖f‖ − u1−α

) mTzvS�]^WPW(M
h ∈ K l

1

�vO�s
∫
ϕdPh ≥ Φ

(
f (h)

‖f‖ − u1−α

) mTz{S�]^WaW(M
h ∈ H l

1.

��MTx.MTNPw�n �yTUN �¡5 Ö �!6p¡
�yWcjv_aW+ÔUÑ�ýy¡g¥¢Wch�hiP�ýy©U�v©U�
�

Ó Ênß�ô � ÊuÆ[ÔÎ M7N
ϕ
MTNPOA�vO/|!M7SPm��^WXw7YTQ{b�M7S3ä�NP|^MV]^�

α
����MTwTb[mTz{S

H l
2

`hMZ`hMTO
K l

2.
�yz{S�]^WaW�M

h ∈ H
`^NaWtbs�]rO/O

∫
ϕdPh ≤ Φ

(
f (h)

‖f‖ − u1−α
2

)
+ Φ

(
−f (h)

‖f‖ − u1−α
2

)
.

��MTx.MTNPw�n �yTUN �¡5 Ö �!6p¡
�yWcjv_aW+ÔUÑUÓn¡g¥¢Wch�hiP�ýy©U�¨Ñn�
�

Ý ËhÉï½Â¼çßà¼çá)½ � ÊuÆ[	�jNaOeM��>k^Wú`hM
(ϕn)n∈N

shMTS"�eMqwTbawHmqzvS<s�]!wI��MTwTbX��SVk � W(MTd
H l

1

`{MZ`hMTO
K l

1

Q[MTN ��by]^w=;^d@��eb�k�b�N�w�YTQ"ä�Na|!MV]^�
α
���^QhO/WcN�YTQh�/m7]^WaWXw

lim
n→∞

∫
ϕn dPn,h = α

mTz{S+]^WPW(M
h ∈ H

d@Nab
f (h) = 0

`rNPWtb�n
ý^�



Ý Ë�É�½¿¼çßà¼uá�½ � Ê Ü ×�.w�woMTNZM7O
Ĥ
�vO�s

K̂
U7x.M7N�O/NZYTQ{b�W(M}MTS}M���MTNaWcd#M7O{`hMTO�|!k^O

H
d@Nab

H = Ĥ + K̂
n��jNaOeM�>k^Wú`hM

(ϕn)n∈N

shMTS"�eMqwTbawHmTz{S<s�]!w"�eMqwTbX�eSlk � W�MTd
Ĥ
`{MZ`hMTO

K̂
Q[M7N �Gb.]!w<;^d���b�krb�N�w�YTQ�{O/|^MTSPm��^WXw7YTQvbHU��{d ä�Na|!MV]^�

α
�
m�]^WPWXw

lim sup
n→∞

∫
ϕn dPn,h ≤ α

mTzvS ]^WaW�M
h ∈ Ĥ

�{O�s
lim inf
n→∞

∫
ϕn dPn,h ≥ α

mTz{S+]^WPW(M
h ∈ K̂.

�ëËyðxË`Ãtæ¢ÄÂ½°Å � Ê Ü Æ
��WJVLW�P^XO×yh�ØL_a[^_OjkXalaf=ILR ��WcK�s zSNkXalaf`_aW²o�jv��W�PSI α m § WJXO_�s�[^NvT�Wxsu�LK H l

1
T�WcT�WcR K l

1
jkXO_

WcÏ)WcRns PSNvNkX°P^XO×yh�ØL_a[^_OjkXalaf�oZjv��W�PSI α m�zSfLRLNvjklaf � �`TUN ��5 Ö �96p¡!�yWcjv_aW�Ö �Uÿn¡�Y\WT)gRLjv_Ojk[^R�ÓU�n�¨Ñ��}�
Ó Ênß�ô � Ê Ü�ÜÎ MTN

(ϕn)n∈N

MTNaOeM+]!w<;!d��eb�k�b�N�w�YTQ#ä�NP|^MV]^�
α
���!QhO
WXNZYTQ[MA�eMqwTb m�k^Wú`hMymqzvS�s�]!w��eMqw7bX��Slkr�� W�M7d

H l
1

`{MZ`hMTO
K l

1.
\ ]^O/O�`rNPWtb

lim sup
n→∞

∫
ϕn dPn,h ≤ Φ

(
f (h)

‖f‖ − u1−α

) mTz{S�]^WaW(M
h ∈ K l

1

�{O�s
lim inf
n→∞

∫
ϕdPn,h ≥ Φ

(
f (h)

‖f‖ − u1−α

) mTz{S+]^WPW(M
h ∈ H l

1.

��MTx.M7N�won �yTUN �¡5 Ö �96p¡��yWcjv_aW�Ö �Uÿn¡�¥¢Wch�hiPÐÓU�n�¨�n�
�

Ó Ênß�ô � Ê Ügñ�jNPO�M+�gk^Wú`hM
(ϕn)n∈N

s{MTS1�eMqwTbaw3mTzvS"s�]!w;�eMqwTbX�eSlk � W�MTd
H l

2

`hMZ`hM7O
K l

2

w�MTN�]!w=;^d@��eb�krb�NPw7YTQ��{O
|!MTSam7�^WXw7Y7Q{bÙU7�vd�ä�Na|!MV]^�
α.
�yz{S ]rWPW(M

h ∈ H
`^NaWcbjs�]^O/O

lim sup
n→∞

∫
ϕn dPn,h ≤ Φ

(
f (h)

‖f‖ − u1−α
2

)
+ Φ

(
−f (h)

‖f‖ − u1−α
2

)
.

��MTx.M7N�won �yTUN �¡5 Ö �96p¡��yWcjv_aW�Ö Ôn©U¡�¥¢Wch�hiPÐÓU�n�v©��n�
�

ð�²�æ ñ Ü
ò�Ç%ó ¿�á�¿eµ}Ü
Ý�Þ áDó ¿�µ�ÇÈ½3Å}¸�ÜJÂ�¸�ÜR¿�¸�º¦ÜR¿�½�¿eµ}ÜR¿�µ�Ü
Ý�Þ ¸H¹?ß À º ¾�³
¿eµ}á3º+½3Å}¸�¼"¸�µoM�µ�º Ü/¿�µ}Ý�Þ�ó+¹�áD¼"¸�º ó ¹�áD¼@Å}¸ÙÇÈ¸�º

M X\XaWcjkWcR (Ω,A) WcjvR�d�WJXaXOKbPSILh ¡ P ⊂ M1 (Ω,A) WcjvRgW�RLjklbf _OØ�PSKbPShÐWc_OKOjkXalbfgW�w�Ptmh�jvNvjkW���[^R1��PSfLKaXalbfgWcjvRLNvjklafL]�Wcjv_aXOhiPS¤�WcR ILRgV k : P → R
WcjvR�XO_bPS_OjkXO_OjkXalbfgWJX�wLILRL]`m

_Ojk[^R�PSN ���yWcj a ∈ R
WcjvRgW+ú�PSfLN �gY|jkW�WcjvRgXaWcjv_OjvT�WcR § WJXO_OØLKa[^ÏLNkWchÐW

H3 = {P ∈ P : k (P ) ≤ a} T�WcT�WcR K3 = {P ∈ P : k (P ) > a} � Ög� ýr�
ý^Ô



ILRgV VnjkW�HJq%WcjkXaWcjv_OjvT�WcR § WJXO_OØLKa[^ÏLNkWchÐW
H4 = {P ∈ P : k (P ) = a} T�WcT�WcR K4 = {P ∈ P : k (P ) 6= a} � Ög�¨Ó��

XOjvRgV@��[^R�TUKa[^¤�WcK�0�WJVLWcIL_OILRLTg¡�qûWcjvN¿�yjkWcNkW § WJXO_OØLKa[^ÏLNkWchÐW�PSIgX�VLWcK|��KbPtþnjkX�XOjklbf	PSIns
VnjkWJXaW � WJXO_bPSNv_ûÏLKOjvRLT�WcR�NQP^XbXaWcR¢� Y�P^XûXO_bPS_OjkXO_OjkXalbfgW�wLILRL]y_Ojk[^R�PSN k : P → R

XaWcj)VnjÎÍ�W}m
KaWcRLHJjkWcKOÏ�PSK�PSR@WcjvRgWcK��`_aWcNvNkW P0 ∈ H4

h�jv_ k (P0) = a. Y\WcKZ]UPSRg[^RLjkXalafgW � KbP^VnjkWcR _
k̃ ∈ L(0)

2 (P0)
VLWJX�wLILRL]`_Ojk[^R�PSNkX k PSR@VLWcK��`_aWcNvNkW P0

WcK�s��LNvNkW
∫
k̃2dP0 6= 0.

� Ög�¨ÿ��
Y|jkW��ïPSKbPShÐWc_OKOjkXOjkWcKOILRLT�VLWcK § WJXO_OØLKa[^ÏLNkWchÐW � Ög� ýr��ILRgV � Ög�¨Ó��|WcK�sÚ[^NvTU_�VgPSRLRxqrjkWÕjvR� ÏgXalafLRLjv_O_aWcR	Ôn� Ö�ILRgV Ôn�¨Ñn�gY|jkW�PSIgX�s��LfLKONvjklafgW�Y�PSKaXO_aWcNvNvILRLTiVLWcK��ÂPSKbPShÐWc_OKOjkXOjkWcKOILRLT)gRgVLWc_ehiPSR�PSIL¤�WcKaVLWch jvR�5¨�Uÿ!6p¡¡5¨ÔU�!6¢ILRgV�5¨Ôn©T6p�
prqKs�qut vxwzy-{}|�~H��~G��wH�O����|r~A�u{}�����C���u��w��$��~A�����/�@�$wz~Aw
Ý ËhÉï½Â¼çßà¼çá)½ � Ê Ü/�\<NZM�L1MTO{`hM F1

MTO
baQv]^Wtb�M<]rWPW(M3�>krW `hM7O
(Ptn)n∈N

�Ùs^N�M�shMTO<m�k^Wú`hMTO�s{MTO���MVs^NaO{`^�vO{`hMTO`hM7O/z^`{MTOeì
í n�\�N�M�ä��vWPW m7krW `hM

(tn)n∈N

MTSamTz{WaWcb
limn→∞ tn

√
n > 0.î n��.w;MVÚ^NPwTb�N�MTS}MTO=MTNaO

ε > 0
�{O�s�MTNaOeM

L2 (P0)
�ls^N Ñ�M7SVMTO[U7N�MTS � ]^SVMJ���{ST|!M

f :
(−ε, ε) → P, t 7→ Pt

��w7k�s�]!wqw
f (tn) = Ptn

mTzvS ]^WaW�M
n ∈ N

`^NaWtb�n
Ý ËhÉï½Â¼çßà¼çá)½ � Ê Ü Ì\<NZM�L?MTO{`hM K3

shMTS NPd���WcN�U�Nab�M7OAp�Wtb�MTSTO�]rb�Na|!MTO-mTz{S@s�]!w��eMqwTbX��SVk � W(MTd � "en�� & NPwTb�shMT�ØÙO
NZMTS7b.sr�{SVYTQ
K3 :=

{(
P ntn
)
n∈N

∈ F1 : lim
n→∞

√
n (k (Ptn) − k (P0)) > 0

}
.

\<NZM�L1MTO{`hM H3
shMTS�Nad��eWXN(U7N�b�MTO"�\;q�[k�baQ[Mqw�M7O�mTz{S�s�]!w#��Mqw7bX��SVk � W(MTd � "�nu� & NPwTb¡`hM�`hMT�� M7O�s^�{SVYTQ

H3 :=
{(
P ntn
)
n∈N

∈ F1 : lim
n→∞

√
n (k (Ptn) − k (P0)) ≤ 0

}
.

�ÕË`ð�Ë ÃSæ¢Ä¿½¿Å � Ê Ü �
��RxY\WT)gRLjv_Ojk[^RxÖg�¨�UÑ�KaWcjklaf`_�WJX�qû[^fLN ¡¦q%WcRLR�WcjvRgW�w�[^NvT�W (P ntn)n∈N

jvR P NvjkWcTU_��¢Y|jkWHJILT�Wcf/'^KOjvT�W L2 (P0)
mpVnjÎÍ�WcKaWcRLHJjkWcKOÏ�PSKaW £ ILKO��W t 7→ Pt

ÏLKbPSIglbf _�VgPSRLR�RLjklbf _ëjvR PHJI NvjkWcT�WcR¢�%{ZjkWcKiqrjvKaV � WJVL[ylafåVnjkW Ï�WcqûzSfLKO_aW@WcNkWcT PSR`_aW@wg[^KOh�ILNvjkWcKOILRLT h�jv_i{ZjvNÎsÚW
VLWJX § PSRLT�WcR`_aWcRL]�WcT�WcNkX K (P0,P) T�WcqûzSfLNv_��ïY\WcK § PSRLT�WcR`_aWcRL]�WcT�WcN K (P0,P) Ï�W}mXalbfLKaWcjvÏL_%jvR�VnjkWJXaWch w�PSNvN)VnjkWrNk[^]UPSNkWcR M jvT�WcRgXalbf�Ptsu_aWcR�VLWcK%d�WcRLT�WcR�PSNvNkWcK%jvh�ØLNvjvHJjv_aWcR� Nv_aWcKOR�PS_Ojv��WcR K3

ILRgViPSNvNkWcK�jvh�ØLNvjvHJjv_aWcR�{Z×yØ�[^_OfgWJXaWcR H3
� � Ins�VnjkW�Ù�WcKbPSNvNvT�WchÐWcjvRgW}m

KOILRLT���[^R�Y\WT)gRLjv_Ojk[^R�Ög�¨�UÑëqrjvKaV�VLWJXOq%WcT�WcR���WcKOHJjklbf _aWc_�� � IL¤�WcKaVLWch�jkXO_rVLWcKr~ZR`_aWcK�m
XalbfLjkWJV�ILR qûWJXaWcR _ONvjklbf¢¡)q%WcjvN°VnjkW�w�PSh�jvNvjkW P jvR VLWcKrRLjklaf _OØ�PSKbPShÐWc_OKOjkXblafgWcR��`_bPS_OjkXO_Ojv]hÐWcjkXO_aWcRgXûRLjklbf _rT�WcR�PSI�T�WcR ILTës�WJXa_OT�WcNkWcTU_ûjkXa_�� Y|jkW�d�[yVLWcNvNvÏLjvNkVnILRLTë]UPSRLR��`jkWcN)hÐWcfLK
h�jv_Z{�jvNÎsÚW�VLWJX § PSRLT�WcR`_aWcRL]�WcT�WcNkX K (P0,P) T�WJXalafgWcfgWcR¢�

ýtÖ



�yWcj α ∈ (0, 1) . wÂ�LK�VgP^X�WcjvRgXaWcjv_OjvT�W § WJXO_OØLKa[^ÏLNkWch H3
T�WcT�WcR K3

WcjvTURgWc_�XOjklaf
VnjkW�P^XO×`h�ØL_a[^_OjkXblaf {0} m α m�zSfLRLNvjklafgW § WJXO_�sÚ[^NvT�W

ϕn =





1 >

1√
n

n∑
i=1

k̃ ◦ πi u1−α

0 ≤

∥∥∥k̃
∥∥∥
L2(P0)

� Ög�v©����

h�jv_ ∥∥∥k̃
∥∥∥
L2(P0)

=
(∫

k̃2 dP0

) 1

2

.
� IgX�s��LfLKONvjklafgW���Rns�[^KOhiPS_Ojk[^RgWcR	�LÏ�WcK\VnjkWJXbW § WJXO_�m

s�[^NvT�W�)gRgVLWc_ehiPSR@jvR�5¨ÔU�96p¡>5¨�Uÿ96¢ILRgV�5 Ö �!6p�
Ó Ênß�ô � Ê Ü)ù\�N�M,øRkrSl]^�{w�woM7b�U7�vO{` � "�n ï'& woMTNjMTSamTz{WaWcb�n¡\ ]^O/OJwqNaO�s3m7k^Wú`hMTOeshM�p��hwqw7]o`{MTO�`^z{Wtb�N�`hì
í n��yz{S Õ MVshM��gk^Wú`hM (

P ntn
)
n∈N

∈ F1
`rNPWtbjsh]^O/O

lim
n→∞

∫
ϕn dP

n
tn = Φ




ϑ∥∥∥k̃
∥∥∥
L2(P0)

− u1−α


 ,

xyk � M7N
ϑ = lim

n→∞
√
n (k (Ptn) − k (P0))

NPwTb�n
î n�\<NZM���MTwTb m�k^W `{M

(ϕn)n∈N

N�w7by]!w<;!d��eb�k�b�N�w�YTQ��vO/|!M7SPm��^WXw7YTQ{bÙU��{d�ä�NP|^MV]^�
α
mTz{S

H3
`hMZ`hMTO K3.

��MTx.M7N�won �yTUN �
�nPS_OH�Ôn�¨�U�ÕILRgV;�nPS_OH+Ôn�¨�UÔ�[`VLWcK 5¨ÔU�96p¡ § fgWJ[^KaWch Ôn�v©U�
�

Ý Ë�É�½¿¼çßà¼uá�½ � Ê Ü Ô�jNPO�M��eMqw7b m7k^Wú`hM
(ψn)n∈N

mqzvS H3
`hMZ`hM7O K3

Q[M7N �Gb¡]!w=;^d��eb�krb�NPw7YTQ�ä�Na|!MV]r�
α
���!QhO
WXNZYTQ��m7]^WaWXwGmTz{S+]^WPW(M<NPd���WcN�U�Nab�M��\;q�[k�baQ[Mqw�M7O (

P ntn
)
n∈N

∈ H3
d+N�b

lim
n→∞

√
n (k (Ptn) − k (P0)) = 0

� MTS}MTNabaw
lim
n→∞

∫
ψn dP

n
tn = α

`^NPWtb�n
Ó Ênß�ô � Ê Ü 	�.w�`hMTWtb�M

K (P0,P) = T (P0,P) .
� Ög�v©U©��

\�N�M�øRk^Sl]r�hwqw�M7b�U��{O{` � "�n ï[& woMTNHMTSamTz{WaWcb�n
\�N�M-��MTwTb m�k^W `{M
(ϕn)n∈N

NPwTbHs�]^O/O�]!w<;^d���b�k^�b�N�w�YTQ�kq�eb�Nad-]rWhNaO@shM7SyL1M7O{`hM�]^WaW�M7S��eMqwTb m�k^Wú`hMTODmTz{S H3
`{MZ`hMTO K3

��s^NZM�]^w=;^d��eb�krb�NPw7YTQä�Na|!MV]^�
α
���!Q{O/WXNZYTQAwTNPO�s{n

ý^Ñ



��MTx.MTNPw�n�M XÕXaWcjkWcR (P ntn)n∈N
∈ F1

WcjvRgW�wg[^NvT�W���[^R���PSfLKaXalafgWcjvRLNvjklbfL]�Wcjv_aXOhiPS¤�WcR
ILRgV t 7→ Pt

VnjkWZHJILT�Wcf/'^KOjvT�W L2 (P0)
mpVnjÎÍ¦WcKaWcRLHJjkWcKOÏ�PSKaW £ ILKO��WZjvR P h�jv_ § PSRLT�WcR _aW

h ∈ K (P0,P) . � jkW\jvR � Ôn�v©�Ó��rWcKOf�zSNv_ZhiPSR@VgPSRLR
ϑ = lim

n→∞
√
n (k (Ptn) − k (P0)) = t

∫
hk̃ dP0

� Ög�v©����
h�jv_ t = lim

n→∞

(
n

1

2 tn

)
.
M X�TUjvNv_�PSIL¤�WcKaVLWch t > 0. Y|jkW § WJXa_�s�[^NvT�W (ϕn)n∈N

jkXO_
P^XO×yh�ØL_a[^_OjkXalbf�o�jv��W�PSI α m�zSfLRLNvjklaf¢¡)VLWcRLR�PSIgX30�WJVnjvRLTUILRLT

lim
n→∞

√
n (k (Ptn) − k (P0)) = 0

sÚ[^NvTU_ limn→∞
∫
ϕn dP

n
tn = α R�P^lbf��nPS_OH�Ög�¨��ýy�)Y|jkW�wg[^NvT�W (P ntn)n∈N

��[^R;��PSfLK�m
XalbfgWcjvRLNvjklafL]�Wcjv_aXOhiPS¤�WcR	jkXO_e~|¥ � o=R�P^lbf;�nPS_OH�Ôn�v©cÖg�R�xWcT�WcR

lim
n→∞

n−
1

2 t

tn
= 1

sÚ[^NvTU_
lim
n→∞

∥∥∥P ntn − P n
n
− 1

2 t

∥∥∥ = 0

R�P^lbf­5¨�Uÿ96p¡
�nPS_OH 14.17 ��d	PSR WcKOf�zSNv_ZXa[^h�jv_

lim
n→∞

∫
ψn dP

n
tn = lim

n→∞

∫
ψn dP

n

n− 1
2 t

� Ög�v©�Ô��
s��LK � WJVLW § WJXa_�s�[^NvT�W (ψn)n∈N

R�P^lafó{ZjvNÎsÚXaXbPS_OH²©U�¨�U�n¡�s PSNvNkX�WcjvRgWcK�VLWcK � KaWcRLHJqûWcKO_aW
W}þnjkXO_OjkWcKO_��
Y|jkW � ÏLÏLjvNkVnILRLT f : T (P0,P) → R, h 7→

∫
hk̃ dP0

jkXa_rNvjvRgW�PSKrILRgV�Xa_aWc_OjvTg� M X�TUjvNv_

‖f‖ =

(∫
k̃2 dP0

) 1

2

=
∥∥∥k̃
∥∥∥
L2(P0)

.

� IgX � Ög�v©�����WcKOT�WcÏ�WcR@XOjklbf�s�[^NvT�WcRgVLW�HJq%WcjgBDC`ILjv�^PSNkWcRLH�WcR¢�
(
P ntn
)
n∈N

∈ K3 ⇔
∫
hk̃ dP0 > 0,

(
P ntn
)
n∈N

∈ H3 ⇔
∫
hk̃ dP0 ≤ 0.

�yWcj (ψn)n∈N

WcjvRgW|P^XO×yh�ØL_a[^_OjkXalaf�oZjv��W�PSI α m�zSfLRLNvjklafgW § WJXa_�s�[^NvT�W�s��LK H3
T�WcT�WcR K3.�xWcT�WcR � Ög�v©�Ô��}¡ � Ög�v©U©��%ILRgVA0�WchÐWcKO]yILRLT�Ög� ý+WcKOf�zSNv_rhiPSR�VgPSRLR¢¡LVgP^XaX ψn WcjvR § WJXO_s��LKeVgP^XZWcjvRgXaWcjv_OjvT�W § WJXO_OØLKa[^ÏLNkWch

H l
1 = {h ∈ T (P0,P) : f (h) ≤ 0} T�WcT�WcR K l

1 = {h ∈ T (P0,P) : f (h) > 0}

ý^�



su�LKZVgP^X M þnØ)WcKOjvhÐWcR`_ En = (Ωn,An, {Pn,h : h ∈ T (P0,P)}) PSIgX��nPS_OH+Ög�v©���jkXa_��0ûW�P^lbf _aWU¡¿VgP^XaX�PSRxVnjkWJXaWcK@�`_aWcNvNkWiVnjkW�Ù�[^KbPSIgXaXbWc_OHJILRLT � Ög�v©U©��\WcjvRgW�qrjklbf _OjvT�W � [^NvNkW
XOØLjkWcNv_��ïY�jkW�wg[^NvT�W (En)n∈N

VLWcK M þyØ�WcKOjvhÐWcR _aW�]�[^R`��WcKOTUjkWcKO_iXalbf qûP^lbf"T�WcT�WcR WcjvR
� PSIL¤^m��`fLjÎsu_ M þyØ�WcKOjvhÐWcR _ E =

(
Ω̂, Â, {Qh : h ∈ T (P0,P)}

) R�P^lbf2�nPS_OH Ög�v©��n�
Y�jkW § WJXO_�sÚ[^NvT�W (ψn)n∈N

jkXa_�Xa[^h�jv_�WcjvRgWÐP^XO×yh�ØL_a[^_OjkXalaf�o�jv��W�PSI α m�zSfLRLNvjklbfgW § WJXO_�ms�[^NvT�W|s��LKeVgP^X § WJXa_OØLKa[^ÏLNkWch H l
1
T�WcT�WcR K l

1.
o|P^lbf;�nPS_OH�Ög�¨�U��WcKOTUjvÏL_ZXajklaf@VgPSRLR

lim sup
n→∞

∫
ψn dPn,h ≤ Φ



∫
hk̃ dP0∥∥∥k̃
∥∥∥
L2(P0)

− u1−α


 s��LKZPSNvNkW h ∈ K l

1

ILRgV

lim inf
n→∞

∫
ψn dPn,h ≥ Φ



∫
hk̃ dP0∥∥∥k̃
∥∥∥
L2(P0)

− u1−α


 s��LKZPSNvNkW h ∈ H l

1.

w�PSNvNkX (P ntn)n∈N
∈ K3

WcjvRgW�jvh�ØLNvjvHJjv_aW � Nv_aWcKOR�PS_Ojv��W�jkXO_�¡LXa[�WcKOf�zSNv_ZhiPSR

lim sup
n→∞

∫
ψn dP

n
tn = lim sup

n→∞

∫
ψn dP

n
1√
n
t

= lim sup
n→∞

∫
ψn dPn,th

≤ Φ



t
∫
hk̃ dP0∥∥∥k̃
∥∥∥
L2(P0)

− u1−α




= lim
n→∞

∫
ϕn dP

n
tn .

��XO_ (P ntn)n∈N
∈ H3

WcjvRgW\jvh�ØLNvjvHJjv_aW+{�×yØ)[^_OfgWJXaWU¡LXb[�WcKOTUjvÏL_ZXOjklaf

lim inf
n→∞

∫
ψn dP

n
tn = lim inf

n→∞

∫
ψn dP

n
1√
n
t

= lim inf
n→∞

∫
ψn dPn,th

≥ Φ



t
∫
hk̃ dP0∥∥∥k̃
∥∥∥
L2(P0)

− u1−α




= lim
n→∞

∫
ϕn dP

n
tn
.

�y[^h�jv_ejkXO_ZPSNvNkWJXrÏ�WcqrjkWJXaWcR¢�
�
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Y|jkW|Ù�[^KbPSIgXaXaWc_OHJILRLT K (P0,P) = T (P0,P) ��[^R,�nPS_OH|Ög�¨�Uÿ�]UPSRLR�Rg[`lbf�PSÏLT�W}mXalbf q�z^laf _\qûWcKaVLWcR¢��Y\WcKrÙ�Wc]`_a[^KOKbPSILh

N
(
k̃, P0,P

)
:=

{
h ∈ T (P0,P) :

∫
k̃h dP0 = 0

}

jkXO_rVgP^X�[^KO_Ofg[^T�[^R�PSNkW £ [^h�ØLNkWchÐWcR _ZVLWJX�]UPSRg[^RLjkXalafgWcR � KbP^VnjkWcR _aWcR k̃ jvR�VLWch § PSRnmT�WcR`_OjQPSNvKbPSILh T (P0,P) . Y\WcK Ù�Wc]`_a[^KOKbPSILh N
(
k̃, P0,P

) jkXO_ Xb[^h�jv_@WcjvR=PSÏLT�W}m
XalbfLNk[UXaXaWcRgWcKZ~�R _aWcKOKbPSILh(VLWJXe{�jvNvÏ)WcKO_OKbPSILhÐX T (P0,P) .Ó Ênß�ô � Ê ñ ×\<NZM*øRk^SV]^�hwqw�M7b�U��{Ov` � "�n ï[& woMTN�MTSPmTzvWPWtb�n ~�NPWtb

N
(
k̃, P0,P

)
⊂ K (P0,P) ,

w7k?N�w7b
(ϕn)n∈N

M7NPOeM"]!w<;!d��eb�k�b�N�w�YTQ?kT�eb�NPd#]^W(M;��Mqw7b m7krW `hMINaO�shM7S-L1MTO{`{M"]rWPW(MTSI]!w<;!d��eb�kr�b�NPw7YTQ"ä�NP|!M}]^�
α
�l�!QhO/WcNZYTQ[MTO8�eMqwTb m�k^Wú`hMTO@mTz{S H3

`hMZ`{MTO K3
n

��MTx.MTNPw�n�M X%KaWcjklaf`_ûHJI�H�WcjvT�WcR¢¡`VgP^XbX � WJVLW�P^XO×yh�ØL_a[^_OjkXalbf�o�jv��W�PSI α m�zSfLRLNvjklafgW § WJXa_�msÚ[^NvT�W (ψn)n∈N

su�LK H3
T�WcT�WcR K3

Ï)WcKaWcjv_aX�WcjvRgW+P^XO×yh�ØL_a[^_OjkXalaf�oZjv��W�PSI α m�zSfLRLNvjklafgW§ WJXO_�s�[^NvT�W�s��LKÕVgP^X § WJXO_OØLKa[^ÏLNkWch H l
1 =

{
h ∈ T (P0,P) :

∫
hk̃ dP0 ≤ 0

} T�WcT�WcR
K l

1 =
{
h ∈ T (P0,P) :

∫
hk̃ dP0 > 0

} jkXa_���Y|jkW�0�Wcf�PSILØL_OILRLT+sÚ[^NvTU_%VgPSRLR�PSR�PSNk[^T
qrjkW@jvh 0�Wcq%WcjkX���[^RÒ�nPS_OH Ög�¨�Uÿn���yWcj h ∈ N

(
k̃, P0,P

) Ï�WcNvjkWcÏLjvTg�Ù�xWcT�WcRåÙ�[^K�m
PSIgXaXbWc_OHJILRLT N (k̃, P0,P

)
⊂ K (P0,P) W}þnjkXO_OjkWcKO_�WcjvRgW L2 (P0)

mpVnjÎÍ�WcKaWcRLHJjkWcKOÏ�PSKaW
£ ILKO��W t 7→ Pt

jvR P h�jv_ZVLWcK § PSRLT�WcR _aW h. d	PSR WcKOf�zSNv_eR ILR

lim
n→∞

∫
ψndPn,h = lim

n→∞

∫
ψndP

n
1√
n

= α

s��LK � WJVLWZP^XO×yh�ØL_a[^_OjkXalaf�oZjv��W�PSI α m�zSfLRLNvjklafgW § WJXa_�s�[^NvT�W (ψn)n∈N

su�LK H3
T�WcT�WcR K3

��y[^h�jv_ejkXa_ZPSNvNkWJXeÏ�WcqrjkWJXaWcR¢�
�

Y|jkW�Ù�[^KbPSIgXaXbWc_OHJILRLT�WcR�PSIgXy�nPS_OHrÖg�¨ÔU�|NQP^XaXaWcR�XOjklbf�q%Wcjv_aWcK%PSÏgXalbf q�z^lafgWcR¢�yY\Pts��LK
ÏLKbPSIglbf _|hiPSR WcjvR M KOT�WcÏLRLjkX\PSIgX<5¨ÑU�96p¡Lq%WcNklbfgWJXZjvRJ�nPS_OH+Ög�¨Ôn©���[^KOT�WJXO_aWcNvNv_eqrjvKaV¦�
Ó Ênß�ô � Ê ñ Æ�.w�woMTN�MTO

Θ
MTNaOeM � M7WXN�M � N�`hM�O
N�YTQvb�W�M}M7SVM.L?MTO{`hM.�vO�s

En = (Ωn,An, {Pn,ϑ : ϑ ∈ Θ})MTNaOeM@�>krW `hM"|!k^O­��Úq�RM7SqNadIMTO
b�MTOR��s^N�M-w�YTQhxy]�Y7QJ`hMZ`hMTOÒMTNPO�s�krd+NaO/N�MTS7b�Mqw fHNad#MTw�MVÚ^��RM7SqNadIMTO
b
E = (Ω,A, {Pϑ : ϑ ∈ Θ}) _!k^O
|!MTSZ`^NZM7STb�n Î MTN (φn)n∈N

MTNaOeM+�>k^Wú`hM"shMTS�eMqwTbaw�mTz{S+s^NZM���Úq�/MTSqNadIMTO
b�M
(En)n∈N

.
\<NZM��>k^Wú`hM@shM7S#~�zvb�MamT�vOR_9b�NZk^OeMTO

fn : Θ → [0, 1] , ϑ 7→
∫
φndPn,ϑ

_!krO/|!MTSZ`^N�MTSVMA���vOR_9b�x.M7N�woMA`hMZ`hM7O�MTNaOeMA���vOR_9b�NZk^O
f : Θ → [0, 1] ,

s{ntQ[nHmqzvS1]rWPW(M
ϑ ∈ Θ

`{MTWcb�M
lim
n→∞

∫
φn dPn,ϑ = f(ϑ).
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\�]^O
O�M}Ú^N�w7b�NZM7STb3MTNaO8��MTwTb
φ
mTz{S@s�]!w�fHNadIMqw�M}Úq�RMTSTNPdIMTO�b

E
d@Nab�shMTS�~�zvb�MamT�vOR_9b�NZk^O

f,
shntQRn ∫

φdPϑ = f(ϑ)
`^NaWcb�mTz{S�]^WaW(M

ϑ ∈ Θ.

��MTx.M7N�won �yTUN �¡5¨ÑU�96p¡ § fgWJ[^KaWchµýy�v©U�
�

Ó Ênß�ô � Ê ñ�Ü\�N�M,øRkrSl]^�{w�woM7b�U7�vO{` � "�n ï'& woMTNjMTSamTz{WaWcb�n¡�jw�M}Ú^N�w7b�NZM7SVM-MTNaOeM��eMTNPWcdIMTO{`hM
D ⊂ K (P0,P) ∩N

(
k̃, P0,P

)
,

s^NZM � U�`^W�n>shMTS
L2 (P0)

��ä�k^Sqd�s^N�Y7Q{bgNaO
N
(
k̃, P0,P

) WcNZM�`rb�n/\<NZM@�eMqwTb m�k^Wú`hM
(ϕn)n∈NN�w7b<s�]^O/O8]^w=;^d��eb�krb�NPw7YTQ�kT�eb�NPd#]^WjNaO8shMTS"L1MTO{`{M,]^WaW(MTS�]!w=;^d��eb�krb�NPw7YTQ?ä�Na|!MV]^�

α
��!QhO/WcN�Y7Q[MTO���Mqw7b m7krW `hM7O+mTzvS H3

`{MZ`hMTO K3
n

��MTx.M7N�wonZM X KaWcjklbf _�HJIiH�WcjvT�WcR¢¡yVgP^XaX � WJVLW�P^Xa×`h�ØL_a[^_OjkXalbf�oZjv��W�PSI α m�zSfLRLNvjklafgW § WJXO_�ms�[^NvT�W (ψn)n∈N

s��LK H3
T�WcT�WcR K3

Ï�WcKaWcjv_aXeWcjvRgW+P^XO×yh�ØL_a[^_OjkXalbf�o�jv��W�PSI α m�zSfLRLNvjklbfgW§ WJXO_�sÚ[^NvT�Wrs��LK VgP^X § WJXO_OØLKa[^ÏLNkWch H l
1
T�WcT�WcR K l

1
jkXO_�� M X h+IgXaXûPSNkXa[�T�WcH�WcjvTU_ûq%WcKaVLWcR¢¡

VgP^XaX
lim
n→∞

∫
ψn dPn,h = α

� Ög�v©cÖ{�
su�LK�PSNvNkW h ∈ N

(
k̃, P0,P

) TUjvNv_��)Y|jkW�0�WJVnjvRLTUILRLT � Ög�v©cÖ{�ejkXO_Zsu�LK�PSNvNkW h ∈ D R�P^lbfÙ�[^KbPSIgXaXaWc_OHJILRLTiWcK�s��LNvNv_��
�yWcj g ∈ N

(
k̃, P0,P

)
\ D Ï)WcNvjkWcÏLjvT PSÏ)WcK�sÚWJXO_�T�Wcq�zSfLNv_��%o\P^laf Ù�[^KbPSIgXbXaWc_OHJILRLTW}þyjkXO_OjkWcKO_eWcjvRgW�]�[^R ��WcKOT�WcR _aWëwg[^NvT�W (gm)m∈N

⊂ D h�jv_
lim
m→∞

‖g − gm‖L2(P0) = 0.

Y�jkW�w�[^NvT�W�VLWcK M þnØ)WcKOjvhÐWcR`_aW
En = (Ωn,An, {Pn,h : h ∈ T (P0,P)}) , n ∈ N

]�[^R ��WcKOTUjkWcKO_ZR�P^lbf1�nPS_OH�Ög�v©��ÕXblaf q�P^laf�T�WcT�WcR�WcjvR � PSIL¤^m��`fLjÎs�_ M þnØ�WcKOjvhÐWcR _
E =

(
Ω̂, Â, {Ph : h ∈ T (P0,P)}

)
.

w¿�LKeVgP^XZ¥¦jvhÐWJXaW}þnØ)WcKOjvhÐWcR`_ E WcKOTUjvÏL_�XOjklaf@VgPSRLR
lim
m→∞

‖Pgm − Pg‖ = 0
� Ög�v©�Ñ��

R�P^laf £ [^Ka[^NvNQPSK�Ög� Ög�L�ph w�[^NvT�WcRgVLWcR HJjkWcf _ehiPSR Xajklaf@PSIns�WcjvRgW\T�WJWcjvTURgWc_aW�wg[^NvT�W�VLWcK§ WcjvNkW}þnØ)WcKOjvhÐWcR`_aW+HJILKO�glb])���yWcj (ψni
)i∈N

WcjvRgW § WcjvNÎsÚ[^NvT�W�h�jv_

lim
i→∞

∫
ψni

dPni,g = lim sup
n→∞

∫
ψn dPn,g.
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�yWcj Θg = {gm : m ∈ N} ∪ {g} �LwÂ�LKZPSNvNkW i ∈ N
VLWT)gRLjkWcKaW

Eg,sup
i = (Ωni ,Ani , {Pni,h : h ∈ Θg}) .

Y|jkW+w�[^NvT�W (Eg,sup
i )

i∈N

VLWcK M þyØ�WcKOjvhÐWcR _aW�]�[^R ��WcKOTUjkWcKO_�VgPSRLR	Xalaf`qûP^laf	T�WcT�WcR	VgP^X
¥¦jvhÐWJXbW}þyØ�WcKOjvhÐWcR _

Eg,sup =
(
Ω̂, Â, {Ph : h ∈ Θg}

)
.

Y|jkW�w�PSh�jvNvjkW {Ph : h ∈ Θg} VLWcK#��PSfLKaXblafgWcjvRLNvjklafL]�Wcjv_aXahiPS¤�W�jkXa_ÐVL[^h�jvRLjkWcKO_�� Y|jkWwg[^NvT�W
fg,sup
i : Θg → [0, 1] , h 7→

∫
ψni

dPni,h

VLWcK � �L_aW}s�ILRL]`_Ojk[^RgWcR ]�[^R`��WcKOTUjkWcKO_xØLILRL]`_�q%WcjkXaW T�WcT�WcRCWcjvRgW wLILRL]y_Ojk[^R fg,sup :
Θg → [0, 1] qûWcT�WcR limi→∞

∫
ψni

dPni,gm = limn→∞
∫
ψn dPn,gm = α su�LK\PSNvNkW

m ∈ N
ILRgV limi→∞

∫
ψni

dPni,g = lim supn→∞
∫
ψn dPn,g.o\P^laf��nPS_OH�Ög�¨Ôn©ÐW}þnjkXO_OjkWcKO_+WcjvR § WJXO_ ψsup su�LK+VgP^X+¥¦jvhÐWJXaW}þnØ)WcKOjvhÐWcR`_ Eg,sup h�jv_

VLWcK � �L_aW}suILRL]y_Ojk[^R ∫
ψsup dPh = f g,sup (h)

s��LKZPSNvNkW h ∈ Θg �gwÂ�LK � WJVLWJX m ∈ N
WcKOTUjvÏL_ZXOjklaf�Xa[^h�jv_

∫
ψsup dPgm = fg,sup (gm) = lim

i→∞

∫
ψni

dPni,gm = α.

�xWcT�WcR � Ög�v©�Ñ��eWcKOf�zSNv_ehiPSR R`ILR
∫
ψsup dPg = lim

m→∞

∫
ψsup dPgm = α

h�jv_Z{�jvNÎsÚW\��[^R@¥¢Wch�hiP�©U�¨�U�n�g{�jkWcKbPSIgXrsÚ[^NvTU_

lim sup
n→∞

∫
ψn dPn,g = lim

i→∞

∫
ψni

dPni,g = f g,sup (g) =

∫
ψsup dPg = α.� Ög�v©�����yWcj¢R`ILR (ψnj

)
j∈N

WcjvRgW § WcjvNÎsÚ[^NvT�W�h�jv_

lim
j→∞

∫
ψnj

dPnj ,g = lim inf
n→∞

∫
ψn dPn,g.

wÂ�LK � WJVLWJX j ∈ N
VLWT)gRLjkWcKaW
Eg,inf
j =

(
Ωnj ,Anj ,

{
Pnj ,h : h ∈ Θg

})
.

Y|jkWiw�[^NvT�W (Eg,inf
j

)
j∈N

VLWcK M þyØ�WcKOjvhÐWcR _aW�]�[^R ��WcKOTUjkWcKO_�Xalbf q�P^laf T�WcT�WcR VgP^X�VL[Sm
h�jvRLjkWcKO_aW�¥¦jvhÐWJXaW}þnØ)WcKOjvhÐWcR`_ Eg,inf =

(
Ω̂, Â, {Ph : h ∈ Θg}

)
. Y|jkW�wg[^NvT�W

fg,inf
j : Θg → [0, 1] , h 7→

∫
ψnj

dPnj ,h

ÓU�



VLWcK � �L_aW}suILRL]y_Ojk[^RgWcR+]�[^R`��WcKOTUjkWcKO_°ØLILRL]y_pqûWcjkXaW�T�WcT�WcR+WcjvRgW wLILRL]`_Ojk[^R fg,inf : Θg →
[0, 1] . o|P^lbf1�nPS_OH+Ög�¨Ôn©�W}þyjkXa_OjkWcKO_�WcjvR § WJXO_ ψinf su�LK�VgP^XZ¥¦jvhÐWJXaW}þnØ�WcKOjvhÐWcR _ Eg,inf

h�jv_eVLWcK � �L_aW}s�ILRL]`_Ojk[^R fg,inf . wÂ�LK�PSNvNkW m ∈ N
TUjvNv_�VgPSRLR

∫
ψinfdPgm = lim

j→∞

∫
ψnj

dPnj ,gm = α.

�xWcT�WcR � Ög�v©�Ñ��ûILRgV ¥¢Wch�hiP ©U�¨�U��WcKOTUjvÏL_ZXOjklbf
∫
ψinf dPg = lim

m→∞

∫
ψinf dPgm = α.

d�PSR WcKOf�zSNv_ZXb[^h�jv_
lim inf
n→∞

∫
ψn dPn,g = lim

j→∞

∫
ψnj

dPnj ,g =

∫
ψinf dPg = α.

� Ög�v©àýr�
� IgX � Ög�v©����rILRgV � Ög�v©àýr�ûsÚ[^NvTU_

lim
n→∞

∫
ψn dPn,g = lim sup

n→∞

∫
ψn dPn,g = lim inf

n→∞

∫
ψn dPn,g = α.

�y[^h�jv_ejkXO_ZPSNvNkWJXrÏ�WcqrjkWJXaWcR¢�
��ëËyðxË`Ãtæ¢ÄÂ½°Å � Ê ñ�ñ

��XO_\VLWcK § PSRLT�WcR`_aWcRL]�WcT�WcN K (P0,P) WcjvR	Ù�Wc]`_a[^KOKbPSILh ¡°Xa[ijkXa_\VnjkWëÙ�[^KbPSIgXaXbWc_OHJILRLTVLWcK M þyjkXO_aWcRLH1WcjvRgWcK�d�WcRLT�W D ⊂ K (P0,P) ∩ N
(
k̃, P0,P

)
, VnjkW ÏLHJTUN ��VLWcK

L2 (P0)
mpo|[^KOh Vnjklaf`_ÐjvR N (k̃, P0,P

) NvjkWcTU_�¡ïÏ)WcKaWcjv_aX�WcK�s��LNvNv_���ú�ILhÿ0�Wcq%WcjkX���WcK�m
TUNkWcjklafgW<0�WchÐWcKO]yILRLTiÖg� Ög©U�
prqns�qn� vxwzyr{�|�~G��~A�uwH�O����|r~A�u{}�������������uw��$��~A�u���C�@�$wz~Gw
ú�ILK30ûWcf�PSRgVnNvILRLT�VLWcKeHJq%WcjkXbWcjv_OjvT�WcR § WJXa_OØLKa[^ÏLNkWchÐW

H4 = {P ∈ P : k (P ) = a} T�WcT�WcR K4 = {P ∈ P : k (P ) 6= a} � Ög�v©�Ó��
qrjvKaV@HJIgWcKaXO_\WcjvRgWëT�WJWcjvTURgWc_aWÕ�ÂPSKbPShÐWc_OKOjkXOjkWcKOILRLT@��[^KOT�WJXO_aWcNvNv_�� � R�PSNk[^T�HJI�VLWcR�WcjvRnm
XaWcjv_OjvT�WcR § WJXa_OØLKa[^ÏLNkWchÐWcR@qrjvKaV VnjkW�R�P^lbfns�[^NvT�WcRgVLW�Y\WT)gRLjv_Ojk[^R@Ï�WcTUKO�LRgVLWc_��
Ý Ë�É�½¿¼çßà¼uá�½ � Ê ñ/�\�N�M,L1MTO{`{M K4

s{MTSJNad���WcN�U�Nab�MTO*p�Wtb�MTSTO�]rb�Na|!MTO�mTz{S1s�]!wE�eMqw7bX��Slk � W�M7d � "�n íHW[& NPwTbshMaØÙO/N�MTS7b.s^�vSVYTQ
K4 :=

{(
P ntn
)
n∈N

∈ F1 : lim
n→∞

√
n (k (Ptn) − k (P0)) 6= 0

}
.

\�N�M<L1MTO{`hM H4
shMTS NPd���WcN(U7N�b�MTO��R;��RkrbaQ[MqwoMTO-mqzvS s�]^wI�eMqw7bX��Slk � W�M7d � "�n íHW[& N�w7b�`hM7�`hM � MTO�sr�{SVYTQ

H4 :=
{(
P ntn
)
n∈N

∈ F1 : lim
n→∞

√
n (k (Ptn) − k (P0)) = 0

}
.

Ón©



�ÕË`ð�Ë ÃSæ¢Ä¿½¿Å � Ê ñ Ì
Y\WT)gRLjv_Ojk[^RxÖg�¨ÔSÖ�NQz^XaXa_\Xajklaf�PSR�PSNk[^T�qrjkW�Y\WT)gRLjv_Ojk[^R�Ög�¨�UÑ���WcKbPSNvNvT�WchÐWcjvRgWcKOR¢� � NvNkWcK�m
VnjvRLT�Xë_OKaWc_aWcR VnjkWiTUNkWcjklbfgWcR��ylbf qrjkWcKOjvTU]�Wcjv_aWcRåPSInseILRgV VLWcK+Ù�[^KO_aWcjvNrVLWcK�Ù�WcKbPSNvNvT�W}m
hÐWcjvRgWcKOILRLT²jkXO_iPSIgXiVLWcK��`jklbf _�VLWcKÐRLjklaf`_OØ�PSKbPShÐWc_OKOjkXalafgWcR=�`_bPS_OjkXO_Ojv] T�WcKOjvRLTg¡��yTUN �0�WchÐWcKO]yILRLTÐÖg�¨�U�n�
wÂ�LKZVgP^XeHJq%WcjkXaWcjv_OjvT�W § WJXO_OØLKa[^ÏLNkWch � Ög�v©�Ó���XOjvRgV VnjkW § WJXO_aX

ϕn =





1 >∣∣∣∣
1√
n

n∑
i=1

k̃ ◦ πi
∣∣∣∣ u1−α

2

0 ≤

∥∥∥k̃
∥∥∥
L2(P0)

T�WJWcjvTURgWc_��^ú�ILR�z^lafgXO_¿qrjvKaV�VnjkW P^XO×yh�ØL_a[^_OjkXalafgW � �L_aW}suILRL]y_Ojk[^R+VLWcK § WJXO_�s�[^NvT�W (ϕn)n∈NÏ�WcKaWJlafLRgWc_��UY�PSRLRÕq%WcKaVLWcR�VnjkW3:�ØL_OjvhiPSNvjv_bzS_aXaWcjvT�WcRgXalbf�Ptsu_aWcRiVnjkWJXbWcK § WJXO_�sÚ[^NvT�W%ILR`_aWcK
��WcKaXalbfLjkWJVLWcRgWcRÕÙ�[^KbPSIgXaXaWc_OHJILRLT�WcR�PSR�VLWcR § PSRLT�WcR _aWcRL]�WcT�WcN K (P0,P) ILR _aWcKaXOIglbf _��
Ó Ênß�ô � Ê ñ �Î M7N

t 7→ Pt
M7NPOeM

L2 (P0)
��s^N Ñ�MTS}MTOvU7N�MTS � ]^S}M-���{ST|!MINPO P d@Nab���]^O{`hM7O
b�M

g = 0 ∈
L2 (P0)

n�p��7�HMTSVshMTdãw�M7N
(φn)n∈N

MTNaOeM1��Mqw7b m7krW `hMId@N�b
lim
n→∞

∫
φn dP

n
0 = α.

�ÙzvS
Õ MVshM�ä��{WaW m�k^Wú`hM

(tn)n∈N

d@Nab
limn→∞ tn

√
n > 0

`^NaWcbjs�]^O/O
lim
n→∞

∫
φn dP

n
tn

= α.

��MTx.MTNPw�n o\P^laf�5 Ö �!6p¡
�yWcjv_aW�ÔUÓU�n¡ § fgWJ[^KaWch-ý^Ñn�¨ÓÕWcKOf�zSNv_�hiPSR
lim
n→∞

∥∥P ntn − P n0
∥∥ = 0.

o\P^laf@{�jvNÎsÚXaXbPS_OHÐ©U�¨�U�ÕTUjvNv_eVgPSRLR

lim
n→∞

∫
φn dP

n
tn = lim

n→∞

∫
φn dP

n
0 = α.

�

Ó Ênß�ô � Ê ñ¦ù\<NZM;øRk^SV]^�{w�woM7b�U7�vO{` � "en ï[& woMTN.MTSamqzvWPWtb�n¡�yz{S Õ MVs{M��gk^Wú`hM (
P ntn
)
n∈N

∈ F1
`^NPWtb.sh]^O/O

lim
n→∞

∫
ϕn dP

n
tn

= Φ

(
ϑ
∥∥∥k̃
∥∥∥
−1

L2(P0)
− u1−α

2

)
+ Φ

(
−ϑ
∥∥∥k̃
∥∥∥
−1

L2(P0)
− u1−α

2

)
,� Ög�v©�ÿ��xyk � MTN

ϑ = lim
n→∞

√
n (k (Ptn) − k (P0))

N�w7b�n
��MTx.MTNPw�n�M XrqrjvKaV�HJILR�z^lbfgXO_eT�WcH�WcjvTU_�¡LVgP^XaXrVnjkW�0�WJVnjvRLTUILRLT � Ôn�¨ÔUÔ��ûWcK�s��LNvNv_rjkXO_��LY\WcK
ú)WcR`_OKbPSNkW � KaWcRLHJqûWcKO_aXbPS_OH+jvh�ØLNvjvHJjkWcKO_|VnjkW�Xalaf`qûP^lbfgW £ [^R ��WcKOT�WcRLH

L
(

1√
n

n∑

i=1

k̃ ◦ πi
∣∣∣∣∣P

n
0

)
→ N

(
0,
∥∥∥k̃
∥∥∥

2

L2(P0)

)

ÓU�



su�LK n→ ∞. d	PSR WcKOf�zSNv_�Xa[^h�jv_
lim
n→∞

∫
ϕn dP

n
0 = lim

n→∞
P n0

(
1√
n

n∑

i=1

k̃ ◦ πi > u1−α
2

∥∥∥k̃
∥∥∥
L2(P0)

)

+ lim
n→∞

P n0

(
1√
n

n∑

i=1

k̃ ◦ πi < −u1−α
2

∥∥∥k̃
∥∥∥
L2(P0)

)

= 1 − Φ
(
u1−α

2

)
+ Φ

(
−u1−α

2

)

= α.M X�XbWcjkWcR (P ntn)n∈N
∈ F1

WcjvRgW�Ï)WcNvjkWcÏLjvT�W	PSÏ)WcKis�WJXa_iT�WcqûzSfLNv_aW�w�[^NvT�W@ILRgV g ∈
L

(0)
2 (P0)

VnjkW�HJILT�Wcf/'^KOjvT�W § PSRLT�WcR`_aWU� � RLT�WcRg[^h�hÐWcR¢¡�WJXeTUjvNv_ ∫ g2 dP0 = 0. o|P^lbf�nPS_OH�Ög�¨ÔU�ÕWcKOTUjvÏL_�XOjklbf VgPSRLR
lim
n→∞

∫
ϕn dP

n
tn = lim

n→∞

∫
ϕn dP

n
0 = α.

d@jv_ � Ög�v©�����WcKOf�zSNv_ZhiPSR�PSIL¤�WcKaVLWch
ϑ = lim

n→∞

√
n (k (Ptn) − k (P0)) =

∫
k̃g dP0 lim

n→∞
n

1

2 tn = 0.

{ZjkWcKbPSIgX�sÚ[^NvTU_ZVnjkW � �LNv_OjvTU]�Wcjv_���[^R � Ög�v©�ÿ��}¡Ls PSNvNkX ∫ g2 dP0 = 0 jkXO_���yWcj R ILR ∫ g2 dP0 6= 0. Y�jkW�wg[^NvT�W (P ntn)n∈N

VLWcK ��PSfLKaXalafgWcjvRLNvjklbfL]�Wcjv_aXOhiPS¤�W�jkXO_
VgPSRLR@¥ � o=h�jv_eVLWcKeH�WcR`_OKbPSNkWcR�wg[^NvT�W

Xn =

n∑

i=1

tng ◦ πi.

d�PSR WcKOf�zSNv_eHJILR�z^lbfgXO_
σ2

2 = lim
n→∞
Ù PSK

Pn
0

(Xn) = ‖g‖2
L2(P0) lim

n→∞
nt2n = t2 ‖g‖2

L2(P0)
,

q%[^Ï�Wcj t := limn→∞ n
1

2 tn
jkXO_��ûd�jv_�{�jvNÎs�W�VLWJX�&%KbPSh5LcK�m��x[^NkVympY\Wc�`jklJW�ILRgV VLWJX

ú)WcR _OKbPSNkWcR � KaWcRLHJq%WcKO_aXbPS_OH�WJX|WcKOTUjvÏL_ZXOjklbf

L
((

1√
n

n∑

i=1

k̃ ◦ πi, Xn

)t∣∣∣∣∣P
n
0

)
→ N

((
0
0

)
,

(
σ2

1 σ12

σ12 σ2
2

))

su�LK n→ ∞ h�jv_ σ1 =
∥∥∥k̃
∥∥∥
L2(P0)

. d@jv_ � Ög�v©�����WcKOf�zSNv_ZhiPSR

σ12 = lim
n→∞

&û[��
Pn

0

(
1√
n

n∑

i=1

k̃ ◦ πi,
n∑

i=1

tng ◦ πi
)

= &û[��
P0

(
k̃, g
)

lim
n→∞

n
1

2 tn

= t

∫
k̃g dP0

= ϑ.

ÓUÔ



o\P^laf;�nPS_OHëÔn�v©�ÿës�[^NvTU_rR`ILR
lim
n→∞

∫
ϕn dP

n
tn

= Φ

(
σ12

σ1
− u1−α

2

)
+ Φ

(
−σ12

σ1
− u1−α

2

)

=

(
ϑ
∥∥∥k̃
∥∥∥
−1

L2(P0)
− u1−α

2

)
+ Φ

(
−ϑ
∥∥∥k̃
∥∥∥
−1

L2(P0)
− u1−α

2

)
.

�

]�á�ÃSá�É�ÉuÊLÃ � Ê ñ Ô\<NZM�øRkrSl]^�{w�woM7b�U7�vO{` � "�n ï[& w�M7NGMTSamqzvWPWtb�n
\<N�M-��Mqw7b m7krW `hM
(ϕn)n∈N

NPwTbHs�]^O/O�]!w<;!d��eb�kr�b�NPw7YTQA�vO/|!MTSam��^WÖw�YTQ{b�U7�vd ä�NP|!M}]^�
α
mTz{S sh]!w"��Mqw7bX��SVk � W(MTd H4

`hM�`hMTO K4
n

��MTx.MTNPw�n Y|jkW � IgXaXbPST�W|sÚ[^NvTU_ZPSIgX��nPS_OH�Ög�¨Ô�ýëh�jv_Z{�jvNÎsÚW\��[^R � Ög�v©����}�
�Ó Ênß�ô � Ê ñ 	\<NZMIøRk^SV]^�hwqw�M7b�U��{Ov` � "�n ï[& woMTNgMTSPmTzvWPWtb�n[�.w�`{MTWcb�M

K (P0,P) = T (P0,P)
nv\<N�M��eMqwTb��m�k^Wú`hM

(ϕn)n∈N

N�w7b�s�]rO/OE]^w=;^d��eb�krb�NPw7YTQ�kq�eb�Nad#]^W�NPOEshMTS-L?MTO{`hM�]^WaW�M7SJ��Mqw7b m7krW `hM7OmTz{S�s�]^w��eMqw7bX��Slk � W�M7d H4
`hM�`hMTO K4

�<srNZM"U7�vdãä�Na|!MV]^�
α
]!w<;^d���b�krb�N�w�YTQ­�vO/|!M7Sq�m��^WXw7YTQ{bywqNaO�shn

��MTx.MTNPw�n 0�Wc_OKbP^laf`_aW VnjkW�NvjvRgW�PSKaW�wLILRL]`_Ojk[^R f : T (P0,P) → R, h 7→
∫
k̃h dP0

�� R�PSNk[^TÐHJILh40�Wcq%WcjkXZ��[^RJ�nPS_OH�Ög�¨�UÿÕH�WcjvTU_ehiPSR¢¡�VgP^XaX � WJVLW�P^XO×`h�ØL_a[^_OjkXblaf ILR`��WcK�m
s zSNkXalaf`_aWio�jv��W�PSI α § WJXO_�sÚ[^NvT�W (ψn)n∈N

s��LK�VgP^X § WJXa_OØLKa[^ÏLNkWch H4
T�WcT�WcR K4

Ï�W}m
KaWcjv_aX�WcjvRgWrP^XO×yh�ØL_a[^_OjkXalaf�ILR`��WcK�sÚzSNkXblaf _aW�oZjv��W�PSI α § WJXO_�sÚ[^NvT�Wûsu�LKïVgP^X § WJXO_OØLKa[^ÏLNkWch
H l

2 = {h ∈ T (P0,P) : f(h) = 0} T�WcT�WcR K l
2 = {h ∈ T (P0,P) : f(h) 6= 0} jkXO_��o\P^laf;�nPS_OH+Ög�¨�UÔ�WcKOTUjvÏL_ZXOjklbf

lim sup
n→∞

∫
ψn dPn,h

≤ Φ

(
f (h)

‖f‖ − u1−α
2

)
+ Φ

(
−f (h)

‖f‖ − u1−α
2

)

= Φ

(∫
k̃h dP0

∥∥∥k̃
∥∥∥
−1

L2(P0)
− u1−α

2

)
+ Φ

(
−
∫
k̃h dP0

∥∥∥k̃
∥∥∥
−1

L2(P0)
− u1−α

2

)

s��LK+PSNvNkW h ∈ T (P0,P) � M X+XaWcjkWcR (P ntn)n∈N
∈ F1

WcjvRgWiwg[^NvT�W���[^R?��PSfLKaXalbfgWcjvRnm
NvjklbfL]�Wcjv_aXOhiPS¤�WcR�ILRgV t 7→ Pt

VnjkW�HJILT�Wcf/'^KOjvT�W L2 (P0)
mpVnjÎÍ�WcKaWcRLHJjkWcKOÏ�PSKaW £ ILKO��WëjvR

P h�jv_ § PSRLT�WcR _aW h ∈ L
(0)
2 (P0) .

d�jv_ � Ög�v©�Ô��ûILRgV � Ög�v©�����WcKOf�zSNv_ehiPSR R`ILR
lim sup
n→∞

∫
ψn dP

n
tn

= lim sup
n→∞

∫
ψn dP

n
t√
n

= lim sup
n→∞

∫
ψn dPn,th

≤ Φ

(
t

∫
k̃h dP0

∥∥∥k̃
∥∥∥
−1

L2(P0)
− u1−α

2

)
+ Φ

(
−t
∫
k̃h dP0

∥∥∥k̃
∥∥∥
−1

L2(P0)
− u1−α

2

)

ÓSÖ



= Φ

(
ϑ
∥∥∥k̃
∥∥∥
−1

L2(P0)
− u1−α

2

)
+ Φ

(
−ϑ
∥∥∥k̃
∥∥∥
−1

L2(P0)
− u1−α

2

)

= lim
n→∞

∫
ϕn dP

n
tn
,

q%[^Ï�Wcj t = lim
n→∞

n
1

2 tn
ILRgV ϑ = lim

n→∞
√
n (k (Ptn) − k (P0))

XajvRgV¦�v�y[^h�jv_ jkXa_%PSNvNkWJX
Ï)WcqrjkWJXaWcR¢�

�

Y|jkW\Ù�[^KbPSIgXaXaWc_OHJILRLT K (P0,P) = T (P0,P) PSIgX��nPS_OH�Ög�¨ÔUÿë]UPSRLR�Rg[`lbf�PSÏLT�W}mXalaf`qûz^laf`_�qûWcKaVLWcR¢�
Ó Ênß�ô � Ê � ×\�N�MAøRk^SV]^�{w�w�M�b�U7�vO{` � "�n ï[& w�M7N�MTSamTz{WaWcb�ne\+MTS-��]^O{`{MTO
b�MTOR_rMZ`hMTW

K (P0,P)
WXN�MZ`hM � U}`rW�nshMTS

L2 (P0)
��ä�k^Sqd srN�YTQvb3NaO

T (P0,P) .
p��7�HM7SlshM7d w�M7Nj|!k^Sl]r�hwV`hMqw�M�b�U�ba��sh]!w�w#s^N�M

L1MTO{`hM
K (P0,P)∩N

(
k̃, P0,P

) � U}`^W(n/shM7S
L2 (P0)

��ä�k^STd�s^NZYTQ{b�NaO
N
(
k̃, P0,P

)

WXN�MZ`rb�n[\<NZM<�eMqw7b m7k^Wú`hM
(ϕn)n∈N

N�w7b�sh]^O/O"]!w<;^d���b�krb�N�w�YTQ+kq��b�NPd#]^WvNPO�shMTSjL1MTO{`{M3]^WaW�M7S��Mqw7b m7krW `hM7OImTz{S#s�]!w,�eMqwTbX��SVk � W(MTd H4
`hMZ`hM7O K4

��s^N�M#]!w<;!d��eb�k�b�N�w�YTQ,�vO/|!MTSam7�rWÖw�YTQ{bU7�vd�ä�Na|!MV]^�
α
wqNaO�shn

��MTx.M7N�won �yWcj (ψn)n∈N

WcjvRgWûÏ�WcNvjkWcÏLjvT�WrP^XO×`h�ØL_a[^_OjkXblaf�ILR ��WcK�s zSNkXalbf _aW § WJXO_�s�[^NvT�WûHJILh
oZjv��W�PSI α su�LK�VgP^X § WJXO_OØLKa[^ÏLNkWch H4

T�WcT�WcR K4
���åjkWÕjvh 0�WcqûWcjkX���[^R­�nPS_OHÐÖg�¨ÔUÿ

KaWcjklaf _�WJX�HJI H�WcjvT�WcR¢¡%VgP^XaXÐVnjkW § WJXO_�s�[^NvT�W (ψn)n∈N

VgPSRLRåÏ)WcKaWcjv_aX�P^XO×`h�ØL_a[^_OjkXblaf
ILR ��WcK�s zSNkXalaf`_ëHJILh�o�jv��W�PSI α su�LKëVgP^X § WJXO_OØLKa[^ÏLNkWch H l

2
T�WcT�WcR K l

2
jkXO_��°Y|jkWI0�W}m

f�PSILØL_OILRLT�s�[^NvTU_�VgPSRLR�PSR�PSNk[^TÐqrjkW�jvRJ�nPS_OH�Ög�¨ÔUÿn�� R�VnjkWJXaWcK��`_aWcNvNkW|XaWcj�VgPSKbPSR�WcKOjvRLRgWcKO_�¡yVgP^XaXûVnjkW�w�[^NvT�W�VLWcK M þyØ�WcKOjvhÐWcR _aW En =
(Ωn,An, {Pn,h : h ∈ T (P0,P)}) R�P^lbf-�nPS_OH%Ög�v©��eXalbf qûP^lbf�T�WcT�WcR�WcjvR � PSIL¤^m��`fLjÎsu_M þyØ�WcKOjvhÐWcR _ E =

(
Ω̃, Ã, {Ph : h ∈ T (P0,P)}

) ]�[^R ��WcKOTUjkWcKO_����yWcj t 7→ Pt
WcjvRgW

L2 (P0)
mpVnjÎÍ¦WcKaWcRLHJjkWcKOÏ�PSKaW £ ILKO��W�jvR P h�jv_ § PSRLT�WcR`_aW g ∈ K (P0,P) �go\P^laf�Ù�[^K�mPSIgXaXaWc_OHJILRLTÐTUjvNv_eVgPSRLR

lim inf
n→∞

∫
ψndPn,g = lim inf

n→∞

∫
ψndP

n
1√
n

≥ α
� Ög�¨�U���

su�LKZPSNvNkW g ∈ K (P0,P) ∩K l
2
ILRgV

lim sup
n→∞

∫
ψndPn,g = lim sup

n→∞

∫
ψndP

n
1√
n

≤ α
� Ög�¨�n©��

su�LK�PSNvNkW g ∈ K (P0,P) ∩H l
2
¡gq%WcjvNïVnjkW § WJXa_�s�[^NvT�W (ψn)n∈N

P^XO×`h�ØL_a[^_OjkXblaf�ILR ��WcK�m
sÚzSNkXalbf _eHJILh oZjv��W�PSI α su�LKeVgP^X § WJXO_OØLKa[^ÏLNkWch H4

T�WcT�WcR K4
jkXO_���yWcj°R`ILR h ∈ K l

2 \K (P0,P) Ï�WcNvjkWcÏLjvTg��o\P^laf�Ù�[^KbPSIgXaXaWc_OHJILRLT�W}þyjkXO_OjkWcKO_|VgPSRLRWcjvRgW�wg[^NvT�W (hm)m∈N
⊂ K (P0,P) h�jv_

lim
m→∞

‖h− hm‖L2(P0)
= 0.

ÓUÑ



�xWcT�WcR ∫ hk̃ dP0 6= 0 W}þyjkXa_OjkWcKO_@WcjvR m0 ∈ N, Xb[ VgP^XaX ∫ hmk̃ dP0 6= 0 s��LKPSNvNkW m ≥ m0
TUjvNv_��|Y\WJXOq%WcT�WcR·qrjvKaV=WJX�[^fLRgW M jvRgXalafLKbzSRL]yILRLTEPSRLT�WcRg[^h�hÐWcR¢¡

VgP^XaX ∫ hmk̃ dP0 6= 0 s��LK@PSNvNkW m ∈ N
TUjvNv_��rY�jkWJXbW � RLR�PSfLhÐW�jkXa_@z^C ILjv�UPSNkWcR _

HJI (hm)m∈N
⊂ K (P0,P)∩K l

2.
wÂ�LK VgP^X � PSIL¤^m��`fLjÎs�_ M þnØ)WcKOjvhÐWcR`_ E WcKOTUjvÏL_ XOjklbf

lim
m→∞

‖Ph − Phm
‖ = 0

R�P^lbf £ [^Ka[^NvNQPSK�Ög� Ög�g�yWcjïR`ILR ε > 0 Ï)WcNvjkWcÏLjvT@PSÏ�WcK\s�WJXa_|T�Wcq�zSfLNv_��¢Y�PSRLR�W}þyjkXO_OjkWcKO_WcjvR k ∈ N
h�jv_

‖Ph − Phk
‖ ≤ ε

2
.

�yWcj (ψnj

)
j∈N

WcjvRgW § WcjvNÎs�[^NvT�WU¡�Xa[�VgP^XaX

lim inf
n→∞

∫
ψndPn,h = lim

j→∞

∫
ψnj

dPnj ,h

� Ög�¨�U���
TUjvNv_eILRgV@VLWcK � KaWcRLHJq%WcKO_

lim
j→∞

∫
ψnj

dPnj ,hk

� Ög�¨�UÔ��
W}þnjkXO_OjkWcKO_��gY|jkW M þnjkXO_aWcRLH�WcjvRgWcK § WcjvNÎs�[^NvT�W�h�jv_ � Ög�¨�U����ILRgV � Ög�¨�UÔ��%jkXO_�sÚ[^NvT�WcRgVLWcKOhiPtm
¤�WcR T�WJXajklafgWcKO_��R��zSfLNkW�HJILR�z^lafgXa_ZWcjvRgW § WcjvNÎsÚ[^NvT�W (ψn)n∈N , N ⊂ N

��[^R (ψn)n∈N
,Xa[�VgP^XbXrVnjkW<0�WJVnjvRLTUILRLT � Ög�¨�U����WcK�s��LNvNv_rjkXO_��LY�PSR�P^laf q�zSfLNkW�WcjvRgW�q%Wcjv_aWcKaW § WcjvNÎsÚ[^NvT�W

(
ψnj

)
j∈N

VLWcK�wg[^NvT�W (ψn)n∈N ¡UXa[�VgP^XbX�VLWcK � KaWcRLHJq%WcKO_ � Ög�¨�UÔ��ÂW}þnjkXO_OjkWcKO_��^Y|jkWrWcKaXO_aW0�WJVnjvRLTUILRLT � Ög�¨�U���ûÏLNkWcjvÏL_�VgPSÏ)Wcj¢WcK�s��LNvNv_�¡nq%WcjvN¿PSNvNkW § WcjvNÎs�[^NvT�WcR�VLWcKewg[^NvT�W (ψn)n∈NVnjkW<0�WJVnjvRLTUILRLT � Ög�¨�U����WcÏ)WcRns PSNvNkXeWcK�s��LNvNkWcR¢�
Y|jkW�wg[^NvT�W Eh,εj :=

(
Ωnj ,Anj ,

{
Pnj ,h, Pnj ,hk

}) VLWcK M þyØ�WcKOjvhÐWcR _aW�]�[^R`��WcK�m
TUjkWcKO_�Xalbf q�P^laf�T�WcT�WcRxVgP^X�¥¢jvhÐWJXaW}þyØ�WcKOjvhÐWcR _ Eh,ε =

(
Ω̃, Ã, {Ph, Phk

}
)
. o|P^lbf�nPS_OH�Ög�¨Ôn©+W}þyjkXO_OjkWcKO_eVgPSRLR�WcjvR § WJXO_ ψ s��LKeVgP^X M þnØ)WcKOjvhÐWcR`_ Eh,ε ¡LXa[�VgP^XaX

lim
j→∞

∫
ψnj

dPnj ,h =

∫
ψ dPh

ILRgV
lim
j→∞

∫
ψnj

dPnj ,hk
=

∫
ψ dPhk

T�WcNv_aWcR¢� M jvRgWcKaXaWcjv_aX�WcKOf�zSNv_ZhiPSR
∫
ψ dPhk

= lim
j→∞

∫
ψnj

dPnj ,hk
≥ lim inf

n→∞

∫
ψndPn,hk

≥ α,
� Ög�¨�SÖ{�

PSRgVLWcKaWcKaXaWcjv_aXZTUjvNv_
∣∣∣∣
∫
ψ dPh −

∫
ψ dPhk

∣∣∣∣ ≤ 2 ‖Ph − Phk
‖ ≤ ε.

� Ög�¨�UÑ��
ÓU�



Y�jkWi~ZRLTUNkWcjklbf ILRLT � Ög�¨�UÑ��\qrjvKaV�R`ILR�T�WcR�PSI PSR�PSNv×nXOjkWcKO_�� M X+XaWcj�HJIgWcKaXa_ëPSRLT�WcRg[^hÕm
hÐWcR¢¡gVgP^XaX ∫ ψ dPh ≥

∫
ψ dPhk

TUjvNv_��gd�PSR WcKOf�zSNv_�VgPSRLR ILRLh�jv_O_aWcNvÏ�PSK

lim inf
n→∞

∫
ψndPn,h = lim

j→∞

∫
ψnj

dPnj ,h =

∫
ψ dPh ≥

∫
ψ dPhk

≥ α.

M XrT�WcNv_aW�R`ILR ∫ ψ dPhk
>
∫
ψ dPh.

� IgXr~ZRLTUNkWcjklbf ILRLT � Ög�¨�UÑ���WcKOTUjvÏL_�Xajklaf VgPSRLR
∫
ψ dPhk

−
∫
ψ dPh ≤ ε

⇔
∫
ψ dPhk

≤
∫
ψ dPh + ε.

{ZjkWcKbPSIgX�sÚ[^NvTU_ ∫
ψ dPh + ε ≥

∫
ψ dPhk

≥ α,

�`TUN � � Ög�¨�SÖ{�}�gd	PSR WcKOf�zSNv_ZXa[^h�jv_ ∫ ψ dPh ≥ α ¡nq%WcjvN ε > 0 Ï)WcNvjkWcÏLjvTÐ]yNkWcjvR�T�WcqûzSfLNv_q%WcKaVLWcR ]UPSRLR¢�g��RgXOT�WJXbPSh+_�WcKOTUjvÏL_ZXOjklaf

lim inf
n→∞

∫
ψndPn,h = lim

j→∞

∫
ψnj

dPnj ,h =

∫
ψ dPh ≥ α

su�LKZPSNvNkW h ∈ K l
2.�yWcj�R ILR h ∈ H l

2\K (P0,P) Ï�WcNvjkWcÏLjvT|PSÏ�WcK¦sÚWJXO_¦T�WcqûzSfLNv_��to|P^lbf+Ù�[^KbPSIgXaXbWc_OHJILRLTW}þyjkXO_OjkWcKO_eWcjvRgW+wg[^NvT�W (hm)m∈N
⊂ K (P0,P) ∩N

(
k̃, P0,P

) h�jv_
lim
m→∞

‖h− hm‖L2(P0)
= 0.

M X�TUjvNv_�jvRgXOÏ)WJXb[^RgVLWcKaW (hm)m∈N
⊂ K (P0,P) ∩H l

2.
�yWcj ε > 0 Ï�WcNvjkWcÏLjvTiPSÏ)WcKûsÚWJXO_T�WcqûzSfLNv_��^�xWcT�WcR lim

m→0
‖Ph − Phm

‖ = 0 W}þyjkXa_OjkWcKO_ïWcjvR k ∈ N
h�jv_ ‖Ph − Phk

‖≤ ε
2 .�yWcj¦R ILR (ψnj

)
j∈N

WcjvRgW § WcjvNÎs�[^NvT�WU¡�Xa[�VgP^XaX

lim sup
n→∞

∫
ψndPn,h = lim

j→∞

∫
ψnj

dPnj ,h

TUjvNv_rILRgV VLWcK � KaWcRLHJqûWcKO_
lim
j→∞

∫
ψnj

dPnj ,hk

W}þyjkXO_OjkWcKO_��%o|P^lbfÒ�nPS_OH�Ög�¨Ôn©�W}þnjkXO_OjkWcKO_�WcjvR § WJXO_ ψ s��LKiVgP^X M þnØ)WcKOjvhÐWcR`_ Eh,ε =(
Ω̃, Ã, {Ph, Phk

}
) h�jv_

lim
j→∞

∫
ψnj

dPnj ,h =

∫
ψ dPh

ILRgV
lim
j→∞

∫
ψnj

dPnj ,hk
=

∫
ψ dPhk

.

Ó�ý



M XeTUjvNv_�PSIL¤�WcKaVLWch
∫
ψ dPhk

= lim
j→∞

∫
ψnj

dPnj ,hk
≤ lim sup

n→∞

∫
ψndPn,hk

≤ α

qûWcT�WcR hk ∈ K (P0,P) ∩ H l
2,
�yTUN � � Ög�¨�n©��}� � R�PSNk[^T�qrjkW�jvR � Ög�¨�UÑ��iWcKOTUjvÏL_�XOjklbf

∣∣∫ ψ dPh −
∫
ψ dPhk

∣∣ ≤ ε �R��zSKaW ∫ ψ dPh ≤
∫
ψ dPhk

, Xa[Õqr�LKaVLW�hiPSR

lim sup
n→∞

∫
ψndPn,h = lim

j→∞

∫
ψnj

dPnj ,h =

∫
ψ dPh ≤

∫
ψ dPhk

≤ α.

ILRLh�jv_O_aWcNvÏ�PSK�WcKOf�PSNv_aWcR¢� � RLT�WcRg[^h�hÐWcR¢¡ïWJX�TUjvNv_ ∫ ψ dPh > ∫
ψ dPhk

.
M XëWcKOTUjvÏL_

XOjklbf@VgPSRLR ∫
ψ dPh ≤ ε+

∫
ψ dPhk

≤ ε+ α.

{�jkWcKbPSIgX�sÚ[^NvTU_ ∫ ψ dPh ≤ α, q%WcjvN ε > 0 Ï)WcNvjkWcÏLjvT ]yNkWcjvR�T�WcqûzSfLNv_ëq%WcKaVLWcR²]^PSRLR¢���RgXOT�WJXbPSh�_ZWcKOf�zSNv_ehiPSR

lim sup
n→∞

∫
ψndPn,h = lim

j→∞

∫
ψnj

dPnj ,h =

∫
ψ dPh ≤ α

s��LKïPSNvNkW h ∈ H l
2.
Y|jkW § WJXO_�sÚ[^NvT�W (ψn)n∈N

jkXO_�PSNkXa[\P^XO×`h�ØL_a[^_OjkXblafÕILR ��WcK�s zSNkXalaf`_�HJILh
o�jv��W�PSI α su�LKeVgP^X § WJXO_OØLKa[^ÏLNkWch H l

2
T�WcT�WcR K l

2
�
�y[^h�jv_�jkXO_ZPSNvNkWJXrÏ�WcqrjkWJXaWcR¢�

�

�ÕË`ð�Ë ÃSæ¢Ä¿½¿Å � Ê � Æ
Y|jkWeÙ�[^KbPSIgXbXaWc_OHJILRLT�WcR�PSIgXD�nPS_OHZÖg� Ö ��ÏLHJTUN � VLWJX § PSRLT�WcR`_aWcRL]�WcT�WcNkX K (P0,P) XajvRgVWcK�s��LNvNv_�¡ns PSNvNkX K (P0,P) WcjvR�Ù�Wc]y_a[^KOKbPSILh jkXO_���èXO_ïVLWcK § PSRLT�WcR _aWcRL]�WcT�WcN K (P0,P) WcjvRÕÙ�Wc]`_a[^KOKbPSILh ¡�Xb[ZNvjkWcTU_�WcK�Vnjklaf`_�jvRÕVLWch§ PSRLT�WcR _OjQPSNvKbPSILh T (P0,P) ÏLHJTUN �ÂVLWcK L2 (P0)

mpo�[^KOh7R�P^laf1Y\WT)gRLjv_Ojk[^R�©U�v©U©U� M X
ÏLNkWcjvÏL_eHJI@H�WcjvT�WcR¢¡gVgP^XaXeVnjkW�d�WcRLT�W

W := K (P0,P) ∩N
(
k̃, P0,P

)

ÏLHJTUN �ûVLWcK L2 (P0)
mpo|[^KOh Vnjklbf _�jvR N (k̃, P0,P

) NvjkWcTU_��ûY|jkW@d�WcRLT�W W jkXO_�WcjvR
Ù�Wc]y_a[^KOKbPSILh ¡�qûWcjvN�VnjkWrd�WcRLT�W N (k̃, P0,P

) ILRgVÐVLWcK § PSRLT�WcR`_aWcRL]�WcT�WcN K (P0,P)� Wcq%WcjvNkX�Ù�Wc]`_a[^KOKbzSILhÐW�XOjvRgV¦���yWcj h ∈ N
(
k̃, P0,P

) Ï)WcNvjkWcÏLjvT�PSÏ�WcK�sÚWJXO_�T�Wcq�zSfLNv_��
Y�PSRLR@W}þnjkXO_OjkWcKO_ZWcjvRgW�wg[^NvT�W (hn)n∈N

jvR K (P0,P) h�jv_
lim
n→∞

‖h− hn‖L2(P0)
= 0.

� Ög�¨�U���
�xWcT�WcR ∫ hk̃ dP0 = 0 WcKOf�zSNv_ZhiPSR jvRgXOÏ�WJXa[^RgVLWcKaW

lim
n→∞

∫
hnk̃ dP0 = 0.

� Ög�¨��ýr�
ÓUÓ



0ûWJXajv_OHJ_|VnjkWÕwg[^NvT�W (hn)n∈N

WcjvRgWëq%Wcjv_aWcKaW § WcjvNÎsÚ[^NvT�WU¡¦VnjkW�jvR	VLWch(Ù�Wc]y_a[^KOKbPSILh WWcR _Of�PSNv_aWcR	jkXO_�¡)Xa[ÐjkXO_|VnjkW 0�Wcf�PSILØL_OILRLT�Ï�WcKaWcjv_aXZÏ�WcqrjkWJXaWcR¢� M X\XaWcjÂPSNkXa[�PSRLT�WcRg[^hÕm
hÐWcR¢¡¢VgP^XaX hn /∈ W s��LK+XalbfLNvjkWc¤UNvjklaf1PSNvNkW n ∈ N

TUjvNv_���:�fLRgW M jvRgXalafLKbzSRL]yILRLT�XbWcj
h1 /∈W, VgP^XZÏ)WJVLWcIL_aWc_ ∫ h1k̃ dP0 6= 0. w¿�LK � WJVLWJX n ∈ N

VLWT)gRLjkWcKaW

ĥn := hn − h1

∫
hnk̃ dP0∫
h1k̃ dP0

.

d�PSR WcKOf�zSNv_ ĥn ∈W s��LKZPSNvNkW n ∈ N
¡nq%WcjvN K (P0,P) WcjvR�Ù�Wc]y_a[^KOKbPSILh jkXa_rILRgV

∫
ĥnk̃ dP0 =

∫
hnk̃ dP0 −

∫
h1k̃ dP0

∫
hnk̃ dP0∫
h1k̃ dP0

= 0

su�LK�PSNvNkW n ∈ N
TUjvNv_���wÂ�LK\VnjkWëwg[^NvT�W (ĥn

)
n∈N

WcKOf�zSNv_\hiPSR	h�jv_�{ZjvNÎsÚW+��[^R � Ög�¨�U���
ILRgV � Ög�¨��ýr�rVnjkW £ [^R`��WcKOT�WcRLH

∥∥∥ĥn − h
∥∥∥
L2(P0)

=

∥∥∥∥∥hn − h1

∫
hnk̃ dP0∫
h1k̃ dP0

− h

∥∥∥∥∥
L2(P0)

≤ ‖hn − h‖L2(P0)
+

∥∥∥∥∥h1

∫
hnk̃ dP0∫
h1k̃ dP0

∥∥∥∥∥
L2(P0)

= ‖hn − h‖L2(P0)
+ ‖h1‖L2(P0)

∣∣∣∣∣

∫
hnk̃ dP0∫
h1k̃ dP0

∣∣∣∣∣
→ 0

su�LK n→ ∞ �
�y[^h�jv_ejkXa_ZPSNvNkWJXeÏ�WcqrjkWJXaWcR¢�
�ëËyðxË`Ãtæ¢ÄÂ½°Å � Ê �)Ü
Y|WcK § PSRLT�WcR`_aWcRL]�WcT�WcN K (P0,P) jkXO_ T�WcR�PSI�VgPSRLR�WcjvR�Ù�Wc]`_a[^KOKbPSILh ¡yq%WcRLR�WcKû]�[^Rnm��W}þ�jkXO_��

ð�²�ð ñ Ü
ò�Ç%ó ¿�á�¿eµ}Ü
Ý�Þ áDó ¿�µ�ÇÈ½3Å}¸�ÜJÂ�¸�ÜR¿�¸�º¦ÜR¿�½�¿eµ}ÜR¿�µ�Ü
Ý�Þ ¸H¹?ß À º ¾�³
¿eµ}á3º+½3Å}¸�¼"¸�µ 354 ¸�µ�ÜR¿�µ}Ý�Þ ó ¹�áD¼�¸�º�ó+¹eá3¼+Å}¸ÙÇÈ¸�º

�pR�VnjkWJXaWch � ÏgXalafLRLjv_O_r]�WcfLKaWcR�qrjvKrHJI�VLWcR�ú�q%WcjkXa_OjklafLØLKa[^Ï�WcRLØLKa[^ÏLNkWchÐWcR�Ï�Wcjvh § W}m
XO_aWcRiXO_bPS_OjkXO_OjkXblafgWcK%wgILRL]`_Ojk[^R�PSNkW�HJILKO�gla]�¡ �yTUN � � ÏgXalafLRLjv_O_rÔn�v©U� ��h�wg[^NvT�WcRgVLWcR�XaWcjkWcR
(n1)n∈N

ILRgV (n2)n∈N

HJq%WcjÂwg[^NvT�WcR�h�jv_ lim
n→∞

n2

n
= d ∈ (0, 1) ILRgV n1 + n2 = nsu�LKÐPSNvNkW n ∈ N

�ÂY�PSÏ�Wcj�Ï)WcH�WcjklbfLRgWc_ ni VLWcR ~�hÕs PSRLT	VLWcK i m _aWcR8�`_OjklbfLØLKa[^Ï)W�s��LK
i = 1, 2 � M jvRxXO_bPS_OjkXO_OjkXblafgWJX+wgILRL]`_Ojk[^R�PSN k : P ⊗ Q → R

XaWcj�VnjÎÍ�WcKaWcRLHJjkWcKOÏ�PSKÕPSR
WcjvRgWcK-�`_aWcNvNkW P0 ⊗ Q0

h�jv_ëVLWch7]^PSRg[^RLjkXblafgWcR � KbP^VnjkWcR`_aWcR k̃ ∈ L
(0)
2 (P0 ⊗Q0)

�
o|P^lbf��nPS_OHÐ�n�¨��W}þnjkXO_OjkWcKaWcR�VgPSRLRxWcjvRgVLWcIL_OjvT�W k̃1 ∈ L

(0)
2 (P0)

ILRgV k̃2 ∈ L
(0)
2 (Q0)

ÓUÿ



h�jv_ k̃ = k̃1 ◦ π1 + k̃2 ◦ π2
� M X|qrjvKaV	q%Wcjv_aWcKOfLjvR�jvh�hÐWcK���[^KbPSIgXaT�WJXaWc_OHJ_�¡¦VgP^XaX\VnjkW0�WJVnjvRLTUILRLT
∥∥∥k̃
∥∥∥
L2(P0⊗Q0)

6= 0
� Ög�¨�UÓ��

WcK�s��LNvNv_�jkXO_���wÂ�LK�VgP^XÐWcjvRgXaWcjv_OjvT�W § WJXa_OØLKa[^ÏLNkWchÒqrILKaVLW�WcjvRgW�Nk[^]UPSNkW��ÂPSKbPShÐWc_OKOjkXOjkW}m
KOILRLT PSR�VLWcK��`_aWcNvNkW P0 ⊗ Q0

WcR _�qrjkla]�WcNv_�¡°VnjkWÕXOjklbf	PSIgX�VLWcK\d�WcRLT�WcR	VLWcK\Nk[^]UPSNkWcR
jvh�ØLNvjvHJjv_aWcR � Nv_aWcKOR�PS_Ojv��WcR K1

ILRgV�VLWcK°Nk[^]UPSNkWcR�jvh�ØLNvjvHJjv_aWcRÕ{Z×yØ�[^_OfgWJXaWcR H1
HJIgXbPShÕm

hÐWcRgXaWc_OHJ_�¡¢�`TUN �¦Y\WT)gRLjv_Ojk[^R Ôn�¨�UÑn�°w¿�LK�VgP^X�HJq%WcjkXaWcjv_OjvT�W § WJXO_OØLKa[^ÏLNkWch )gRgVLWc_�hiPSR
jvR � ÏgXalafLRLjv_O_+Ôn�¨Ñ�WcjvRgWëNk[^]^PSNkWÕ�ïPSKbPShÐWc_OKOjkXOjkWcKOILRLT jvR P0 ⊗ Q0

¡)VnjkWëWcR`_aXOØLKaWJlafgWcRgV
PSIgX�VLWcK�Nk[^]UPSNkWcR1jvh�ØLNvjvHJjv_aWcR � Nv_aWcKOR�PS_Ojv��WcR K2

ILRgV PSIgX�VLWcKÕNk[^]UPSNkWcR1jvh�ØLNvjvHJjv_aWcR
{�×`Ø�[^_OfgWJXaWcR H2

Ï)WJXO_aWcf`_��
~�h VnjkW<:�ØL_OjvhiPSNvjv_bzS_aXaWcjvT�WcRgXalbf�Ptsu_aWcR	VLWcKrjvR � ÏgXalbfLRLjv_O_aWcR�Ôn� ÖÕILRgV Ôn�¨Ñë��[^KOT�W}m

XO_aWcNvNv_aWcR § WJXO_�sÚ[^NvT�WcR+R�P^lbfLHJI q%WcjkXbWcR¢¡àÏ�WcR/'^_OjvTU_°hiPSR+WcjvRLjvT�W�Ù�[^KOÏ)WcKaWcjv_OILRLT�WcR¢�^ú�IgWcKaXO_
qrjvKaV�WcjvR�RgWcIgWJX �`]UPSNQPSKOØLKa[yVnIL]`_�PSIns�VLWch § PSRLT�WcR`_OjQPSNvKbPSILh T (P0 ⊗Q0,P ⊗Q)WcjvRLT�W}s��LfLKO_��
Ó Ênß�ô � Ê �)ñ\<NZM�p �o� NPW�s^�vO{`

〈·, ·〉d : T (P0 ⊗Q0,P ⊗Q)2 → R

(g1 ◦ π1 + g2 ◦ π2, h1 ◦ π1 + h2 ◦ π2) 7→ (1 − d)

∫
g1h1 dP0 + d

∫
g2h2 dQ0

NPwTbyMTNaO Î _!]rWt]^S���SVkos^�{_9b�U7�vd¶i3]^Sl]rd#M�b�MTS
d ∈ (0, 1)

��xyk � MTN
g1, h1 ∈ T (P0,P)

�{O�s
g2, h2 ∈ T (Q0,Q)

wqNaO�shn
��MTx.MTNPw�n Y|jkW � ÏLÏLjvNkVnILRLT 〈·, ·〉d jkXO_�q%[^fLN\VLWT)gRLjkWcKO_�¡ qûWcjvN|VnjkW�Y�PSKaXO_aWcNvNvILRLT g =
g1 ◦ π1 + g2 ◦ π2

h�jv_ g1 ∈ T (P0,P) ILRgV g2 ∈ T (Q0,Q) s��LK � WJVLWJX g ∈
T (P0 ⊗Q0,P ⊗Q) R�P^lbf,0�WchÐWcKO]`ILRLT�©U�¨�U��WcjvRgVLWcIL_OjvTijkXO_��Y|jkW+�`×yh�hÐWc_OKOjkW 〈h, g〉d = 〈g, h〉d jkXO_es��LK|PSNvNkW h, g ∈ T (P0 ⊗Q0,P ⊗Q) NkWcjklbf _HJIóXaWcfgWcR¢� M X�XaWcjkWcR R ILR h, f ∈ T (P0 ⊗Q0,P ⊗Q) ILRgV r, s ∈ R

Ï�WcNvjkWcÏLjvTg�
Y�PSRLRåW}þnjkXO_OjkWcKaWcR"WcjvRgVLWcIL_OjvT�W h1, f1 ∈ T (P0,P) ILRgV h2, f2 ∈ T (Q0,Q) h�jv_
h = h1 ◦ π1 + h2 ◦ π2

ILRgV f = f1 ◦ π1 + f2 ◦ π2
�gd�PSR WcKOf�zSNv_ZHJILR�z^lafgXO_

〈rh+ sf, g〉d = (1 − d)

∫
(rh1 + sf1) g1 dP0 + d

∫
(rh2 + sf2) g2 dQ0

= r

(
(1 − d)

∫
h1g1 dP0 + d

∫
h2g2 dQ0

)

+s

(
(1 − d)

∫
f1g1 dP0 + d

∫
f2g2 dQ0

)

= r 〈h, g〉d + s 〈f, g〉d .
M X+jkXO_�Xa[^h�jv_�T�WcH�WcjvTU_�¡°VgP^XaX 〈·, ·〉d WcjvRgWÐXO×yh�hÐWc_OKOjkXalafgW�ÏLjvNvjvRgW�PSKaW � ÏLÏLjvNkVnILRLT�jkXO_��

ÿU�



M XrTUjvNv_�PSIL¤�WcKaVLWch
〈g, g〉d = 0

⇔ (1 − d)

∫
g2
1 dP0 + d

∫
g2
2 dQ0 = 0

⇔
∫
g2
1 dP0 = 0 ILRgV

∫
g2
2 dQ0 = 0

⇔ g1 = 0 P0
mÚs�� Xà�-ILRgV g2 = 0 Q0

mÚsO� X��
⇔ g = 0 P0 ⊗Q0

mÚsO� X��
�

Y|jkW\��[^R@VLWch%�`]UPSNQPSKOØLKa[`VnIL]y_ 〈·, ·〉d WcKOH�WcILTU_aW�o�[^KOh�qrjvKaV h�jv_
‖·‖d : T (P0 ⊗Q0,P ⊗Q) → R≥0, g 7→

√
〈g, g〉d

Ï)WcH�WcjklbfLRgWc_��
]iá�Ãtá)ÉuÉuÊLÃ � Ê �
�\ MTS?�
]rO{`hMTO
b�NZ]^WcSl]r�{d

T (P0 ⊗Q0,P ⊗Q)
N�w7b�M7NPO­��NPW � MTS7b�Sl]r�{d � U�`^W�n�shMqw Î _!]^�Wt]^S���SVkos^�{_9b�Mqw 〈·, ·〉d n��MTx.M7N�won �yWcj g0 ∈ T (P0 ⊗Q0,P ⊗Q) Ï)WcNvjkWcÏLjvTg�\Y�PSRLR·W}þnjkXO_OjkWcKO_�WcjvRgW²wg[^NvT�W

(gn)n∈N

jvR T (P0 ⊗Q0,P ⊗Q) h�jv_
lim
n→∞

‖g0 − gn‖L2(P0⊗Q0)
= 0.

w¿�LK � WJVLWJX n ∈ N0
Ï)WJXajv_OHJ_+VnjkW § PSRLT�WcR`_aW gn VnjkWiWcjvRgVLWcIL_OjvT�W�Y\PSKaXa_aWcNvNvILRLT gn =

gn1 ◦π1 +gn2 ◦π2
h�jv_ gn1 ∈ T (P0,P) ILRgV gn2 ∈ T (Q0,Q) � d�PSRÐWcKOf�zSNv_ûXa[^h�jv_

0 = lim
n→∞

‖g0 − gn‖2
L2(P0⊗Q0)

= lim
n→∞

‖g01 − gn1‖2
L2(P0)

+ lim
n→∞

‖g02 − gn2‖
2

L2(Q0)
.

{ZjkWcKbPSIgXZs�[^NvTU_ lim
n→∞

‖g01 − gn1‖2
L2(P0) = 0 ILRgV lim

n→∞
‖g02 − gn2‖2

L2(P0)
= 0.
M X

WcKOTUjvÏL_ZXOjklaf@R ILR
lim
n→∞

‖g0 − gn‖2
d

= lim
n→∞

〈g0 − gn, g0 − gn〉d

= lim
n→∞

(
(1 − d)

∫
(g01 − gn1)

2 dP0 + d

∫
(g02 − gn2)

2 dQ0

)

= (1 − d) lim
n→∞

‖g01 − gn1‖2
L2(P0) + d lim

n→∞
‖g02 − gn2‖

2

L2(Q0)

= 0.

�

ÿn©



Y\WcK°{�jvNvÏ�WcKO_OKbPSILh T (P0 ⊗Q0,P ⊗Q) ÏLHJTUN ��VLWJXG�`]UPSNQPSKOØLKa[yVnIL]`_aWJX 〈·, ·〉d qrjvKaVHJILK � ÏL]y�LKOHJILRLTÐh�jv_ Hd
Ï�WcH�WcjklafLRgWc_���yWcj g ∈ T (P0 ⊗Q0,P ⊗Q) Ï�WcNvjkWcÏLjvTåPSÏ)WcK�sÚWJXO_�T�WcqûzSfLNv_���wÂ�LK VnjkW £ [^RnmXO_OKOIL]y_Ojk[^R�WcjvRgWcK L2 (P0 ⊗Q0)
mpVnjÎÍ¦WcKaWcRLHJjkWcKOÏ�PSKaWcR £ ILKO��W+jvR P ⊗Q h�jv_ § PSRLT�WcRnm_aW g NQz^XaXO_�XOjklaf�VgP^X�d�P^Xa_aWcK�mpd�[yVLWcNvN�PSIgX;5¨ÔU�^6|��WcKOqûWcRgVLWcR¢¡r�`TUN ��PSNkXa[��nPS_OH	Ög�¨Ñn�Y|jkW § PSRLT�WcR`_aW g Ï�WJXOjv_OHJ_�VnjkW�WcjvRgVLWcIL_OjvT�W�Y\PSKaXa_aWcNvNvILRLT g = g1 ◦ π1 + g2 ◦ π2h�jv_ g1 ∈ T (P0,P) ILRgV g2 ∈ T (Q0,Q) �¦o|P^lbf­�nPS_OH�Ög�¨Ñ�W}þyjkXO_OjkWcKaWcRxVgPSRLRxWcjvRgW

L2 (P0)
mpVnjÎÍ¦WcKaWcRLHJjkWcKOÏ�PSKaW £ ILKO��W t 7→ Pt

jvR M1 (Ω1,A1)
h�jv_ § PSRLT�WcR`_aW g1 ILRgVWcjvRgW L2 (Q0)

mpVnjÎÍ¦WcKaWcRLHJjkWcKOÏ�PSKaW £ ILKO��W t 7→ Qt
jvR M1 (Ω2,A2)

h�jv_ § PSRLT�WcR _aW g2 �Y|jkW £ ILKO��W t 7→ Pt⊗Qt
jkXO_ L2 (P0 ⊗Q0)

mpVnjÎÍ¦WcKaWcRLHJjkWcKOÏ�PSKrh�jv_ § PSRLT�WcR _aW g R�P^lbf�nPS_OH@©U�v©�ÿn�°w¿�LK � WJVLWJX g ∈ T (P0 ⊗Q0,P ⊗Q) ILRgV�PSNvNkW n ∈ N
VLWT)gRLjkWcKO_+hiPSR

WcjvR���PSfLKaXblafgWcjvRLNvjklafL]�Wcjv_aXahiPS¤ Pn,g VnILKalaf
Pn,g := P n1

1√
n

⊗Qn2
1√
n

,

qû[^Ï)Wcj t 7→ Pt ⊗Qt
WcjvRgW L2 (P0 ⊗Q0)

mpVnjÎÍ¦WcKaWcRLHJjkWcKOÏ�PSKaW £ ILKO��W�h�jv_ § PSRLT�WcR _aW gjkXO_�� M XeqrjvKaV�R`ILR@VnjkW�wg[^NvT�W
Ed,n = (Ωn1

1 × Ωn2

2 ,An1

1 ⊗An2

2 , {Pn,g : g ∈ T (P0 ⊗Q0,P ⊗Q)})
VLWcK�XO_bPS_OjkXO_OjkXblafgWcR M þnØ)WcKOjvhÐWcR`_aW�Ï)Wc_OKbP^lbf _aWc_�¡UVnjkW�VLWcKÂd�[yVLWcNvNvÏLjvNkVnILRLT\VnILKalbf�jvh�ØLNvjÎm
HJjv_aW � Nv_aWcKOR�PS_Ojv��WcRiILRgVi{Z×yØ)[^_OfgWJXbWcRÐÏ)Wcj�ú�qûWcjkXO_OjklafLØLKa[^Ï�WcRLØLKa[^ÏLNkWchÐWcR WcR _aXaØLKOjklaf _��� IL¤�WcKaVLWch XaWcj

Ed = (Ω,A, {Ph : h ∈ Hd})
WcjvR � PSIL¤^m��`fLjÎsu_ M þyØ�WcKOjvhÐWcR _�ÏLHJTUN �gVLWJXe{�jvNvÏ)WcKO_OKbPSILhÐX Hd

�
Ó Ênß�ô � Ê � Ì\<NZM �>k^Wú`hM

(Ed,n)n∈N

shMTS���Úq�RM7SqNadIMTO
b�M-_!k^O/|!M7S�`^N�MTS7b�w7YTQhxy]hYTQA`{MZ`hMTO�MTNaO8~3]^�7�g�Î Q{N m7bG��ÚT�RMTSTNPdIMTO
b
Ed

�vO�s#NPwTbÙw7k^d@N�bÙW�k!_!]^WG]!w=;^d��eb�krb�NPw7YTQ�O�k^STd#]^W(n
��MTx.MTNPw�n�M X@KaWcjklaf _�VnjkW	HJq%Wcj�Ù�[^KbPSIgXaXaWc_OHJILRLT�WcR=��[^R��nPS_OHxÖg�v©U©�R�P^lafLHJI`q%WcjkXaWcR¢��yWcj g ∈ T (P0 ⊗Q0,P ⊗Q) Ï�WcNvjkWcÏLjvTg�¢Y|jkW § PSRLT�WcR _aW g Ï�WJXOjv_OHJ_�VnjkW�WcjvRgVLWcIL_OjvT�WY�PSKaXO_aWcNvNvILRLT g = g1 ◦ π1 + g2 ◦ π2

�gd	PSR�Ï�WcKaWJlafLRgWc_ZHJILR�z^lbfgXO_

lim
n→∞
Ù PSK

Pn,0

(
1√
n

(
n1∑

i=1

g1 ◦ πi +
n∑

i=n1+1

g2 ◦ πi
))

= (1 − d)

∫
g2
1dP + d

∫
g2
2dQ

= ‖g‖2
d .

o\P^laf;�nPS_OHëÔn�v©��ÕILRgV � R q%WcRgVnILRLT�Ôn�v©�Ñ�WcKOTUjvÏL_ZXOjklbf
log

(
dPn,g
dPn,0

)
=

1√
n

(
n1∑

i=1

g1 ◦ πi +
n∑

i=n1+1

g2 ◦ πi
)

− 1

2
‖g‖2

d +Rn,g,

ÿU�



q%[^Ï�Wcj lim
n→∞

Pn,0 (|Rn,g| > ε) = 0 su�LK � WJVLWJX ε > 0 TUjvNv_��g{ZjkWcKbPSIgXrs�[^NvTU_

Ln (g) = log

(
dPn,g
dPn,0

)
+

1

2
‖g‖2

d =
1√
n

(
n1∑

i=1

g1 ◦ πi +
n∑

i=n1+1

g2 ◦ πi
)

+Rn,h.

d�PSR WcKOf�zSNv_ZXb[^h�jv_ZVnjkW�Xalaf`qûP^lbfgW £ [^R ��WcKOT�WcRLH

L (Ln (g)|Pn,0) = L
(

1√
n

(
n1∑

i=1

g1 ◦ πi +
n∑

i=n1+1

g2 ◦ πi
)

+Rn,h

∣∣∣∣∣Pn,0

)

→ N
(
0, ‖g‖2

d

)

su�LK n → ∞ R�P^lbf�VLWch7ú)WcR`_OKbPSNkWcR � KaWcRLHJqûWcKO_aXbPS_OH�ILRgV	R�P^lbf²VLWch ¥¢Wch�hiP ��[^R�`NvIL_aXO]`×���Y|jkW 1. 0�WJVnjvRLTUILRLT���[^R?�nPS_OH�Ög�v©U©�jkXO_|Xa[^h�jv_�WcK�s��LNvNv_���Y|jkW 2. 0�WJVnjvRLTUILRLT��[^R#�nPS_OHrÖg�v©U©�NQz^XbXO_ÂXajklaf�T�WcR�PSIgXa[\R�P^lbf q%WcjkXbWcRiqrjkWûjvh 0ûWcqûWcjkX���[^R"�nPS_OHrÖg�v©��n�
�

M XrqrjvKaV�R`ILR@VnjkW�ÏLHJTUN �gVLWcK L2 (P0 ⊗Q0)
mpo�[^KOh XO_aWc_OjvT�W\NvjvRgW�PSKaW+wLILRL]y_Ojk[^R

f : T (P0 ⊗Q0,P ⊗Q) → R

g 7→
∫
gk̃ dP0 ⊗Q0

Ï)Wc_OKbP^lbf _aWc_����yWcj g = g1 ◦ π1 + g2 ◦ π2
h�jv_ g1 ∈ L

(0)
2 (P0)

ILRgV g2 ∈ L
(0)
2 (Q0)

�
w¿�LKeVnjkW+wLILRL]`_Ojk[^R f )gRgVLWc_ZhiPSR NkWcjklaf`_�VnjkW�Y�PSKaXO_aWcNvNvILRLT

f (g) =

∫
(g1 ◦ π1 + g2 ◦ π2)

(
k̃1 ◦ π1 + k̃2 ◦ π2

)
dP0 ⊗Q0

=

∫
g1k̃1 dP0 +

∫
g2k̃2 dQ0

=

〈
g1 ◦ π1 + g2 ◦ π2,

1

1 − d
k̃1 ◦ π1 +

1

d
k̃2 ◦ π2

〉

d

=
〈
g, k̂
〉
d
,

� Ög�¨�Uÿ��
q%[^Ï�Wcj k̂ = 1

1−d k̃1◦π1+ 1
d
k̃2◦π2

jkXO_��^Y|jkW%wgILRL]`_Ojk[^R f : T (P0 ⊗Q0,P ⊗Q) → RNQz^XaXO_ïXOjklafÐPSNkXa[�PSNkXy�`]UPSNQPSKOØLKa[`VnIL]y_ 〈·, ·〉d h�jv_ k̂ VgPSKaXO_aWcNvNkWcR¢�Ud	PSR�WcKOf�zSNv_ PSIL¤�WcKaVLWch
‖f‖2

d =
∥∥∥k̂
∥∥∥

2

d
=

1

1 − d

∫
k̃2
1 dP0 +

1

d

∫
k̃2
2 dQ0.

Y�jkW�Xalbf qûP^lbfgW £ [^R ��WcKOT�WcRLH�VLWcK�wg[^NvT�W (Ed,n)n∈N

VLWcK M þnØ�WcKOjvhÐWcR _aW�T�WcT�WcR1VgP^X� PSIL¤^m��`fLjÎsu_ M þnØ)WcKOjvhÐWcR`_ Ed ILRgViVnjkW|Y\PSKaXa_aWcNvNvILRLT � Ög�¨�Uÿ�� VLWcKûNvjvRgW�PSKaWcR�wLILRL]y_Ojk[^R
f WcKOh#'^TUNvjklafgWcR@WcjvRgW\WcNkWcT PSR`_aW�0ûWcf�PSRgVnNvILRLT�VLWcKrú�qûWcjkXO_OjklafLØLKa[^Ï�WcRLØLKa[^ÏLNkWchÐW+Ï�Wcjvh§ WJXO_aWcRxXO_bPS_OjkXa_OjkXalafgWcK�wLILRL]y_Ojk[^R�PSNkWU� � R�PSNk[^T�qrjkWÕjvR � ÏgXalbfLRLjv_O_�Ög�¨Ô�NQz^XaXO_\XOjklafxVnjkW
P^XO×`h�ØL_a[^_OjkXblafgW":�ØL_OjvhiPSNvjv_bzS_+VLWcK�jvR £ PSØLjv_aWcNûÔ�WcR`_pqrjklb]�WcNv_aWcR § WJXO_�sÚ[^NvT�WcR	su�LK�VnjkW
WcjvRgXaWcjv_OjvT�WcR ILRgV�HJqûWcjkXaWcjv_OjvT�WcR	ú�qûWcjkXO_OjklafLØLKa[^Ï�WcRLØLKa[^ÏLNkWchÐWÕR�P^laf`q%WcjkXaWcR¢�
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prqkprqut vxwzy-{}|�~H��~G��wH�O����|r~A�u{}�����C���u��w��$��~A�����/�@�$wz~Aw
Y|jkW § WJXO_�s�[^NvT�W

ψn =





1 >

Tn u1−α
∥∥∥k̂
∥∥∥
d

0 ≤
h�jv_

Tn =

√
n

n1

n1∑

i=1

k̃1 ◦ πi +
√
n

n2

n∑

i=n1+1

k̃2 ◦ πi

WcjvTURgWc_�XOjklaf�s��LK@VgP^X § WJXO_OØLKa[^ÏLNkWch H1
T�WcT�WcR K1

¡r�yTUN � � ÏgXalafLRLjv_O_	Ôn� Ög�e~ZR`_aWcK
VLWcRiXblaf q�P^lafgWcR�Ù�[^KbPSIgXaXaWc_OHJILRLT�WcR�PSRiVLWcR § PSRLT�WcR _aWcRL]�WcT�WcN K (P0 ⊗Q0,P ⊗Q)NQz^XaXa_eXOjklaf@VnjkW�P^XO×`h�ØL_a[^_OjkXblafgW :�ØL_OjvhiPSNvjv_bzS_|VLWcK § WJXO_�sÚ[^NvT�W (ψn)n∈N

R�P^laf`q%WcjkXaWcR¢�
Ý ËhÉï½Â¼çßà¼çá)½ � Ê � ��jNaOeM��eMqwTb m�k^Wú`hM

(ϕn)n∈N

mTz{S H1
`hMZ`hMTO K1

Q[MTN �Gbe]!w<;^d���b�krb�N�w�YTQ�ä�Na|!MV]^�
α
�l�!QhO/WcNZYTQ��m�]^WaWÖw

lim
n→∞

∫
ψn dP

n1

tn
⊗Qn2

tn
= α

mTz{S+]^WPW(M<NPd���WcN�U�Nab�M7O��\;q�[k�baQ[Mqw�M7O (
P n1

tn
⊗Qn2

tn

)
n∈N

∈ H1
d@Nab

lim
n→∞

√
n (k (Ptn ⊗Qtn) − k (P0 ⊗Q0)) = 0

`^NaWtb�n
Ó Ênß�ô � Ê �¢ù�.w `{MTWcb�M

K (P0 ⊗Q0,P ⊗Q) = T (P0 ⊗Q0,P ⊗Q)
nÙ\<NZM1�eMqwTb m�k^Wú`hM

(ψn)n∈NNPwTb�s�]^O/O*]^w=;^d��eb�krb�NPw7YTQ�kq�eb�Nad#]^WyNaO/OeM7S�Qv]rW � shM7S#L1MTOv`hM�]^WaW�MTSA]!w<;!d��eb�k�b�N�w�YTQJä�Na�|!M}]^�
α
���!QhO
WXNZYTQ[MTO8�eMqw7b m7k^Wú`hMTO@mTz{S H1

`hM�`hMTO K1
n

��MTx.MTNPw�n �yWcj (ϕn)n∈N

WcjvRgW�P^XO×yh�ØL_a[^_OjkXalbfxoZjv��W�PSI α m�zSfLRLNvjklbfgW § WJXO_�s�[^NvT�W�s��LK H1T�WcT�WcR K1
� � R�PSNk[^T qrjkW�jvh 0�Wcq%WcjkX���[^R �nPS_OH�Ög�¨�Uÿ²H�WcjvTU_�hiPSR¢¡�VgP^XaX (ϕn)n∈NÏ�WcKaWcjv_aXeWcjvRgW+P^XO×yh�ØL_a[^_OjkXalbf�o�jv��W�PSI α m�zSfLRLNvjklbfgW § WJXa_�s�[^NvT�W\s��LKZVgP^X § WJXO_OØLKa[^ÏLNkWch

H l
1 = {h ∈ T (P0 ⊗Q0,P ⊗Q) : f(h) ≤ 0}

T�WcT�WcR
K l

1 = {h ∈ T (P0 ⊗Q0,P ⊗Q) : f(h) > 0}
jkXO_��Lo\P^laf1�nPS_OH�Ög�¨�U��WcKOTUjvÏL_ZXOjklbf

lim sup
n→∞

∫
ϕn dPn,h ≤ Φ

(
f(h)

‖f‖d
− u1−α

)

s��LKZPSNvNkW h ∈ K l
1
ILRgV

lim inf
n→∞

∫
ϕn dPn,h ≥ Φ

(
f(h)

‖f‖d
− u1−α

)

ÿSÖ



su�LKrPSNvNkW h ∈ H l
1
�R�yWcj (P n1

tn
⊗Qn2

tn

)
n∈N

∈ K1
WcjvRgW|jvh�ØLNvjvHJjv_aW � Nv_aWcKOR�PS_Ojv��W\h�jv_rVLWcK

HJILT�Wcf/'^KOjvT�WcR § PSRLT�WcR _aW h ∈ T (P0 ⊗Q0,P ⊗Q) .
� IL¤�WcKaVLWch XbWcj t = lim

n→∞
n

1

2 tn.d�PSR WcKOf�zSNv_ZVgPSRLR
lim sup
n→∞

∫
ϕn dP

n1

tn
⊗Qn2

tn
= lim sup

n→∞

∫
ϕn dPn,th

≤ Φ

(
f(th)

‖f‖d
− u1−α

)

= Φ




t
∫
hk̃ dP0 ⊗Q0

(
1

1−d
∫
k̃2
1 dP0 + 1

d

∫
k̃2
2 dQ0

) 1

2

− u1−α




= lim
n→∞

∫
ψn dP

n1

tn
⊗Qn2

tn
.

w¿�LK�WcjvRgW@jvh�ØLNvjvHJjv_aW�{�×`Ø�[^_OfgWJXaW (P n1

tn
⊗Qn2

tn

)
n∈N

∈ H1
h�jv_�VLWcK�HJILT�Wcf/'^KOjvT�WcR§ PSRLT�WcR _aW h ∈ T (P0 ⊗Q0,P ⊗Q) WcKOTUjvÏL_ZXOjklaf

lim inf
n→∞

∫
ϕn dP

n1

tn
⊗Qn2

tn
= lim inf

n→∞

∫
ϕn dPn,th

≥ Φ

(
f(th)

‖f‖d
− u1−α

)

= Φ




t
∫
hk̃ dP0 ⊗Q0

(
1

1−d
∫
k̃2
1 dP0 + 1

d

∫
k̃2
2 dQ0

) 1

2

− u1−α




= lim
n→∞

∫
ψn dP

n1

tn
⊗Qn2

tn
.

�y[^h�jv_ejkXO_ZPSNvNkWJXrÏ�WcqrjkWJXaWcR¢�
�Ó Ênß�ô � Ê � Ô�.w�`hMTWtb�M

N
(
k̃, P0 ⊗Q0,P ⊗Q

)
⊂ K (P0 ⊗Q0,P ⊗Q)

n�\�N�M+�>k^Wú`hM
(ψn)n∈NshMTSE�eMqw7baw�N�w7b+s�]rO/OF]!w=;^d��eb�krb�NPw7YTQ*kq��b�NPd#]^W3NaOFshMTS,L1MTO{`hM1]rWPW(MTS;]^w=;^d��eb�krb�NPw7YTQä�Na|!MV]^�

α
���!Q{O/WXNZYTQ[M7O8��Mqw7b m7krW `hM7O+mTzvS H1

`hMZ`hMTO K1
n

��MTx.M7N�won �yTUN �R0�Wcq%WcjkXZ��[^R;�nPS_OH�Ög�¨ÔU�n�
�Ó Ênß�ô � Ê � 	fHN�MZ`rb.srNZM<L1MTOv`hM

N
(
k̃, P0 ⊗Q0,P ⊗Q

)
∩K (P0 ⊗Q0,P ⊗Q)

s^N�Y7Q{byNaO;s{MTd
ø/Mq_9b�k^STSl]r�{d

N
(
k̃, P0 ⊗Q0,P ⊗Q

) � U}`^W(nÙs{MTS
L2 (P0 ⊗Q0)

�Zä<k^STd+�yw�kINPwTb�s^N�M
��Mqw7b m7krW `hM

(ψn)n∈N

]!w=;^d��eb�krb�NPw7Y7Q�kq�eb�Nad#]^W�NPO
OeMTSqQv]^W � shMTS�L?MTO{`hM ]^WaW�MTS<]!w<;^d���b�k^�b�N�w�YTQ#ä�NP|^MV]^�
α
���!Q{O/WXNZYTQ[M7O��eMqw7b m7k^Wú`hMTO@mTz{S H1

`{MZ`hMTO K1
n

��MTx.M7N�won �yTUN �R0�Wcq%WcjkXZ��[^R;�nPS_OH�Ög�¨ÔU�n�
�

ÿUÑ



�ÕË`ð�Ë ÃSæ¢Ä¿½¿Å � ÊQÌ/×
�èXO_+VLWcK § PSRLT�WcR _aWcRL]�WcT�WcN K (P0 ⊗Q0,P ⊗Q) WcjvR²Ù�Wc]`_a[^KOKbPSILh ¡ÂXa[�jkXa_+VnjkWÐÙ�[SmKbPSIgXaXbWc_OHJILRLTg¡ÂVgP^XbX�VnjkW�d�WcRLT�W N (k̃, P0 ⊗Q0,P ⊗Q

)
∩ K (P0 ⊗Q0,P ⊗Q)

Vnjklbf _ëjvR²VLWchGÙ�Wc]y_a[^KOKbPSILh N
(
k̃, P0 ⊗Q0,P ⊗Q

) NvjkWcTU_�¡¢Ï�WcKaWcjv_aX�WcK�s��LNvNv_ � �yTUN �
0�WchÐWcKO]yILRLT�Ög� Ög©��}�UY\WcK § PSRLT�WcR _aWcRL]�WcT�WcN K (P0 ⊗Q0,P ⊗Q) jkXO_�XaWcjvRgWcKaXaWcjv_aXïT�W}mR�PSI+VgPSRLRëWcjvR�Ù�Wc]y_a[^KOKbPSILh ¡�q%WcRLRëVnjkW § PSRLT�WcR _aWcRL]�WcT�WcN K (P0,P) ILRgV K (Q0,Q)Ï�WcjkVLW�Ù�Wc]y_a[^KOKbzSILhÐW+XOjvRgV¦�
�ÕË`ð�Ë ÃSæ¢Ä¿½¿Å � ÊQÌ�Æ
��h � NvNvT�WchÐWcjvRgWcR�NvjkWcTU_°VnjkW�d�WcRLT�W N (k̃, P0 ⊗Q0,P ⊗Q

)
∩K (P0 ⊗Q0,P ⊗Q)

ÏLHJTUN ��VLWcK L2 (P0 ⊗Q0)
mpo�[^KOh Vnjklbf _�jvR N (k̃, P0 ⊗Q0,P ⊗Q

) T�WcR�PSI"VgPSRLR¢¡
qûWcRLRxVnjkW�d�WcRLT�W N (k̃1, P0,P

)
∩K (P0,P) ÏLHJTUN ��VLWcK L2 (P0)

mpo�[^KOhµVnjklaf`_�jvR
N
(
k̃1, P0,P

) ILRgV�VnjkW�d�WcRLT�W N (k̃2, Q0,Q
)
∩K (Q0,Q) ÏLHJTUN ��VLWcK L2 (Q0)

m
o|[^KOh Vnjklaf`_ZjvR N (k̃2, Q0,Q

) NvjkWcT�WcR¢�
prqkprqn� vxwzy-{}|�~H��~G��wH�O����|r~A�u{}�����C���j�$��wz����~A�������#��w�~Aw
wÂ�LKZVgP^XrHJqûWcjkXaWcjv_OjvT�W § WJXO_OØLKa[^ÏLNkWch H2

T�WcT�WcR K2
WcjvTURgWc_�XOjklbf VnjkW § WJXO_�sÚ[^NvT�W

ψn =





1 >

|Tn| u1−α
2

∥∥∥k̂
∥∥∥
d

0 ≤
,

VnjkWZjvR � ÏgXalafLRLjv_O_rÔn�¨Ñ�WcR`_pqrjkla]�WcNv_rqrILKaVLWU� � R�PSNk[^T�HJILh � ÏgXalbfLRLjv_O_%Ög�¨Ôn�¨��qrjvKaViR`ILR
T�WcH�WcjvTU_�¡%VgP^XaXÐVnjkW § WJXO_�s�[^NvT�W (ψn)n∈N

ILR _aWcK�VLWcRåXalaf`qûP^lafgWcRóÙ�[^KbPSIgXaXbWc_OHJILRLT�WcR
PSR�VLWcR § PSRLT�WcR`_aWcRL]�WcT�WcN K (P0 ⊗Q0,P ⊗Q) jvRLRgWcKOf�PSNvÏxVLWcK�d�WcRLT�WÕPSNvNkWcK\HJILho�jv��W�PSI α P^XO×`h�ØL_a[^_OjkXblaf"ILR`��WcK�sÚzSNkXblaf _aWcR § WJXa_�s�[^NvT�WcR"su�LKÐVgP^X § WJXO_OØLKa[^ÏLNkWch H2T�WcT�WcR K2

[^ØL_OjvhiPSN¿jkXO_��
Ó Ênß�ô � ÊkÌ Ü�.w `{MTWcb�M

K (P0 ⊗Q0,P ⊗Q) = T (P0 ⊗Q0,P ⊗Q)
nÙ\<NZM1�eMqwTb m�k^Wú`hM

(ψn)n∈NNPwTb�s�]^O/OI]^w=;^d��eb�krb�NPw7YTQ kq��b�NPd#]^W�NaO/OeM7S�Qv]rW � shM7SyL1M7O{`hM�]^WaW�M7S�U��{dâä�Na|!MV]^�
α
]!w<;^d+��eb�k�b�N�w�YTQA�{O/|^MTSPm��^WXw7YTQvb�MTO8��MTwTb m�k^W `{MTO mTzvS s�]!w"�eMqwTbX��SVk � W(MTd H2

`{MZ`hMTO K2
n

��MTx.MTNPw�n�M jvRgW § WJXO_�sÚ[^NvT�W (ϕn)n∈N

s��LK H2
T�WcT�WcR K2

XaWcj�P^Xa×`h�ØL_a[^_OjkXalbf"ILR`��WcK�m
s zSNkXalaf`_�HJILh-o�jv��W�PSI α � � R�PSNk[^TiqrjkW�jvhÈ0�Wcq%WcjkX���[^R?�nPS_OH�Ög�¨�UÿÐH�WcjvTU_|hiPSR¢¡�VgP^XbX
(ϕn)n∈N

VgPSRLR²Ï)WcKaWcjv_aX�WcjvRgWÐHJILh7oZjv��W�PSI α P^Xa×`h�ØL_a[^_OjkXalbf�ILR`��WcK�sÚzSNkXalbf _aW § WJXa_�msÚ[^NvT�W\s��LKeVgP^X § WJXO_OØLKa[^ÏLNkWch
H l

2 = {h ∈ T (P0 ⊗Q0,P ⊗Q) : f(h) = 0}
T�WcT�WcR

K l
2 = {h ∈ T (P0 ⊗Q0,P ⊗Q) : f(h) 6= 0}

ÿU�



jkXO_��Lo|P^lbf;�nPS_OH�Ög�¨�UÔ�WcKOf�zSNv_ZhiPSR HJILR�z^lafgXO_
lim sup
n→∞

∫
ϕn dPn,h ≤ Φ

(
f (h)

‖f‖d
− u1−α

2

)
+ Φ

(
−f (h)

‖f‖d
− u1−α

2

)

su�LKZPSNvNkW h ∈ K l
2
ILRgV

lim inf
n→∞

∫
ϕn dPn,h ≥ Φ

(
f (h)

‖f‖d
− u1−α

2

)
+ Φ

(
−f (h)

‖f‖d
− u1−α

2

)

su�LKrPSNvNkW h ∈ H l
2
�R�yWcj (P n1

tn
⊗Qn2

tn

)
n∈N

∈ K2
WcjvRgW|jvh�ØLNvjvHJjv_aW � Nv_aWcKOR�PS_Ojv��W\h�jv_rVLWcK

HJILT�Wcf/'^KOjvT�WcR § PSRLT�WcR _aW h ∈ T (P0 ⊗Q0,P ⊗Q) .
� IL¤�WcKaVLWch XbWcj t = lim

n→∞
n

1

2 tn.o|P^lbf;�nPS_OH�Ôn�¨ÔSÖÐWcKOTUjvÏL_�Xajklaf
lim sup
n→∞

∫
ϕn dP

n1

tn
⊗Qn2

tn
= lim sup

n→∞

∫
ϕn dPn,th

≤ Φ

(
f (th)

‖f‖d
− u1−α

2

)
+ Φ

(
−f (th)

‖f‖d
− u1−α

2

)

= lim
n→∞

∫
ψn dP

n1

tn
⊗Qn2

tn
.

w¿�LK�WcjvRgW@jvh�ØLNvjvHJjv_aW�{�×`Ø�[^_OfgWJXaW (P n1

tn
⊗Qn2

tn

)
n∈N

∈ H2
h�jv_�VLWcK�HJILT�Wcf/'^KOjvT�WcR§ PSRLT�WcR _aW h ∈ T (P0 ⊗Q0,P ⊗Q) WcKOf�zSNv_ehiPSR

lim inf
n→∞

∫
ϕn dP

n1

tn
⊗Qn2

tn
= lim inf

n→∞

∫
ϕn dPn,th

≥ Φ

(
f (th)

‖f‖d
− u1−α

2

)
+ Φ

(
−f (th)

‖f‖d
− u1−α

2

)

= lim
n→∞

∫
ψn dP

n1

tn
⊗Qn2

tn
.

�y[^h�jv_ejkXO_ZPSNvNkWJXrÏ�WcqrjkWJXaWcR¢�
�

Ó Ênß�ô � ÊQÌ ñ\ MTS1�
]^Ov`hMTO
b�MTO/_^MZ`hMTW
K (P0 ⊗Q0,P ⊗Q)

WXN�MZ`hM � U�`^W(n3shMTS
L2 (P0 ⊗Q0)

��ä<krSqds^N�Y7Q{bÙNaO1s{MTd ��]^O{`hM7O
b�N�]rWXSV]^�vd
T (P0 ⊗Q0,P ⊗Q) .

\<N�M�L?MTO{`hM
K (P0 ⊗Q0,P ⊗Q) ∩N

(
k̃, P0,P

)

WXN�MZ`hM � U�`^W(n/shMTS
L2 (P0 ⊗Q0)

��ä�k^STdüs^NZYTQ{beNaO
N
(
k̃, P0,P

) n�\�N�M���MTwTb m�k^W `{M
(ϕn)n∈NN�w7bes�]rO/O#]!w=;^d��eb�krb�NPw7YTQ kT�eb�NPd#]^W{NPO
OeMTSqQv]^W � shMTSÙL?MTO{`hMD]rWPW(MTSHU��{dFä�Na|!MV]r�
α
]!w=;^d@��eb�krb�NPw7YTQ��{O
|!MTSam7�^WXw7Y7Q{b�MTO8�eMqwTb m�k^Wú`hMTO@mqzvS�s�]!w��eMqw7bX��Slk � W�M7d H2

`hMZ`hM7O K2
n

��MTx.M7N�won �yTUN �R0�Wcq%WcjkXZ��[^R;�nPS_OH�Ög� Ö �n�
�

ÿ�ý



�ÕË`ð�Ë ÃSæ¢Ä¿½¿Å � ÊQÌ �
Y|jkW�Ù�[^KbPSIgXaXbWc_OHJILRLT�WcR=��[^R=�nPS_OHxÖg�¨ÑUÔ1XajvRgVEWcK�su�LNvNv_�¡rsÚPSNvNkX VLWcK § PSRLT�WcR _aWcRL]�WcT�WcN
K (P0 ⊗Q0,P ⊗Q) WcjvR�Ù�Wc]y_a[^KOKbPSILh jkXO_ � �yTUN �R0�WchÐWcKO]`ILRLT�Ög� Ög©��}��ÕË`ð�Ë ÃSæ¢Ä¿½¿Å � ÊQÌ�Ì
��h � NvNvT�WchÐWcjvRgWcR�WcK�s��LNvNv_�VLWcK § PSRLT�WcR`_aWcRL]�WcT�WcN K (P0 ⊗Q0,P ⊗Q) VnjkW�Ù�[^KbPSIgX�mXaWc_OHJILRLT�WcR ��[^RÒ�nPS_OH�Ög�¨ÑUÔ�T�WcR�PSI VgPSRLR¢¡ qûWcRLR VnjkW § PSRLT�WcR _aWcRL]�WcT�WcN K (P0,P)ILRgV K (Q0,Q) VnjkW\Ù�[^KbPSIgXaXbWc_OHJILRLT�WcR@��[^R;�nPS_OH�Ög� Ö �ÐWcK�su�LNvNkWcR¢�

ÿUÓ
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�pR VnjkWJXaWch £ PSØLjv_aWcNZq%WcKaVLWcR VnjkW � R q%WcRgVnILRLT�WcR�VLWcK § fgWJ[^KOjkW@VLWJX § WJXa_aWcRgXiXO_bPtm
_OjkXO_OjkXalafgWcK�wLILRL]y_Ojk[^R�PSNkWës��LK\VnjkWÐú�qûWcjkXO_OjklafLØLKa[^Ï�WcRLØLKa[^ÏLNkWchÐW�VgPSKOT�WJXa_aWcNvNv_�� M X|q%WcK�m
VLWcR�WcjvRLjvT�WëØLKbPtþnjkXOKaWcNkWc�^PSR`_aW@0ûWcjkXaØLjkWcNkW+��[^KOT�WJXO_aWcNvNv_\ILRgV	PSIgX�s��LfLKONvjklaf�WcKO]`NQzSKO_�� � Ins
VnjkWrÙ�[^KO_aWcjvNkWeILRgVÐVnjkW��ylaf`qrjkWcKOjvTU]�Wcjv_aWcR�VLWcK � R`q%WcRgVnILRLTëjvh9RLjklaf`_OØ�PSKbPShÐWc_OKOjkXalafgWcR£ [^R _aW}þn_ZqrjvKaV fLjvRLT�WcqrjkWJXaWcR¢��yWcjkWcR P ⊂ M1 (Ω1,A1)

ILRgV Q ⊂ M1 (Ω2,A2)
HJq%WcjëRLjklaf _OØ�PSKbPShÐWc_OKOjÎm

XalafgW�w�PSh�jvNvjkWcR=��[^Râ��PSfLKaXalafgWcjvRLNvjklbfL]�Wcjv_aXOhiPS¤�WcR¢� M X�XaWcjkWcR (n1)n∈N
⊂ N

ILRgV
(n2)n∈N

⊂ N
HJqûWcj¦wg[^NvT�WcR�h�jv_ n1 +n2 = n s��LKûPSNvNkW n ∈ N

ILRgV limn→∞
n2

n
= dsu�LKZWcjvR d ∈ (0, 1) . d@jv_ ni qrjvKaV�VLWcK|~�hÕsÚPSRLT�VLWcK i m _aWcR?�`_OjklafLØLKa[^Ï�W+s��LK i = 1, 2Ï)WcH�WcjklbfLRgWc_���Y|WcK�T�WJXbPSh�_aW*�`_OjklafLØLKa[^Ï�WcR ILhÕs PSRLT=jkXO_	VgPSRLR n = n1 + n2
�<�yWcj

πi : Ωn1

1 ⊗ Ωn2

2 → Ω1 ∪ Ω2, (ω1, . . . , ωn) 7→ ωi
VnjkW i m _aWi]UPSRg[^RLjkXalbfgW���Ka[ � Wc]`m_Ojk[^R¢�� IL¤�WcKaVLWch-qrjvKaV	VnjkW@0�WcH�WcjklafLR ILRLT Xi := πi
s��LK i ∈ {1, . . . , n1} ILRgV Yi :=

πi+n1

s��LK i ∈ {1, . . . , n2} ��WcKOqûWcRgVLWc_��ÂY|jkW�ú�InsÚPSNvNkXa�^PSKOjQPSÏLNkWcR X1, . . . , Xn1

ILRgV
Y1, . . . , Yn2

XOjvRgVÐXO_a[ylaf�P^XO_OjkXblafiILR�PSÏLf�zSRLTUjvTÕÏLHJTUN � P n1 ⊗Qn2 PSIns Ωn1

1 ⊗Ωn2

2 . Y|jkWú�InsÚPSNvNkXO�UPSKOjQPSÏLNkWcR X1, . . . , Xn1

XOjvRgV�jkVLWcR`_OjkXalaf���WcKO_aWcjvNv_ZT�WchizS¤ P su�LKeWcjvR P ∈ P ¡VLWcRLR�WJX�TUjvNv_ L (Xi|P n1 ⊗Qn2) = P su�LKûPSNvNkW i ∈ {1, . . . , n1} ��Y|jkW\ú�InsÚPSNvNkXO�UPSKOjQPtmÏLNkWcR Y1, . . . , Yn2

XajvRgV\jkVLWcR _OjkXalbf���WcKO_aWcjvNv_¢T�WchizS¤ Q ∈ Q ¡Jq%WcjvN L (Yi|P n1 ⊗Qn2) =
Q s��LK%PSNvNkW j ∈ {1, . . . , n2} TUjvNv_���Y|jkWZWcKaXO_aW��`_OjklbfLØLKa[^Ï)W�qrjvKaViVnILKalbf�VnjkW|ú�InsÚPSNvNkXO�UPtmKOjQPSÏLNkWcR X1, . . . , Xn1

hÐ[`VLWcNvNvjkWcKO_�ILRgV VnjkW�ú�Ins PSNvNkXO�^PSKOjQPSÏLNkWcR Y1, . . . , Yn2

WcR`_aXOØLKaW}m
lafgWcR@VLWcKeHJqûWcjv_aWcR1�`_OjklbfLØLKa[^Ï)WU��yWcjkWcR k : P ⊗ Q → R

WcjvR�XO_bPS_OjkXO_OjkXalbfgWJX�wLILRL]y_Ojk[^R�PSN�ILRgV a ∈ R
WcjvRgWiú�PSfLN ��åjvKrÏ�WJXalaf�zts�_OjvT�WcR ILRgXrqûWcjv_aWcKZh�jv_ZVLWch WcjvRgXaWcjv_OjvT�WcR § WJXa_OØLKa[^ÏLNkWch

H1 = {P ⊗Q ∈ P ⊗Q : k (P ⊗Q) ≤ a}
T�WcT�WcR K1 = {P ⊗Q ∈ P ⊗Q : k (P ⊗Q) > a} � Ñn�v©��

ILRgV�VLWch HJq%WcjkXaWcjv_OjvT�WcR § WJXO_OØLKa[^ÏLNkWch
H2 = {P ⊗Q ∈ P ⊗Q : k (P ⊗Q) = a}

T�WcT�WcR K2 = {P ⊗Q ∈ P ⊗Q : k (P ⊗Q) 6= a} . � Ñn�¨���
ÿUÿ



M XeqrjvKaV�XO_aWc_aX���[^KbPSIgXOT�WJXaWc_OHJ_�¡gVgP^XbXrVgP^XeXO_bPS_OjkXO_OjkXalbfgW�wLILRL]y_Ojk[^R�PSN k : P ⊗Q → RPSR � WJVLWcK3�`_aWcNvNkW P0 ⊗Q0 ∈ H2
VnjÎÍ¦WcKaWcRLHJjkWcKOÏ�PSK�jkXO_ ILRgV�VLWcK ]UPSRg[^RLjkXalafgW � KbP^VnjkWcR`_

k̃ = k̃ (P0 ⊗Q0)
PSR � WJVLWcK��`_aWcNvNkW P0 ⊗Q0 ∈ H2

VnjkW\Ù�[^KbPSIgXaXbWc_OHJILRLT
∥∥∥k̃
∥∥∥
L2(P0⊗Q0)

6= 0
� Ñn�¨Ô��

WcK�s��LNvNv_���o\P^laf?�nPS_OHë�n�¨�iILRgV,0�WchÐWcKO]yILRLT�©U�¨�U�ÐÏ)WJXOjv_OHJ_|VLWcKZ]UPSRg[^RLjkXalafgW � KbP^VnjkWcR`_
k̃ VnjkWÐWcjvRgVLWcIL_OjvT�W�Y�PSKaXO_aWcNvNvILRLT k̃ = k̃1 ◦ π1 + k̃2 ◦ π2

h�jv_ k̃1 ∈ T (P0,P) ILRgV
k̃2 ∈ T (Q0,Q) �Y|jkW § WJXO_�sÚ[^NvT�WcR � Ôn�v©����ïILRgV � Ôn�¨Ô�ýr�}¡ VnjkWrjvR £ PSØLjv_aWcN�Ô\WcR _�qrjkla]�WcNv_�q%[^KaVLWcR�XOjvRgV¦¡
N('UXaWcRåVnjkW § WJXa_OØLKa[^ÏLNkWchÐW � Ñn�v©��ëILRgV � Ñn�¨���ëNk[^]UPSNrsu�LK�WcjvR1s�WJXa_ÐT�WcqûzSfLNv_aWJX"��PSfLK�m
XalbfgWcjvRLNvjklafL]�Wcjv_aXOhiPS¤ P0 ⊗ Q0 ∈ H2

�ÂY|jkW § WJXO_�sÚ[^NvT�W � Ôn�v©�����jkXO_ÕHJILK M KOjvRLRgWcKOILRLT
VnILKalbf

ϕ1n =





1 >
Tn c1

0 ≤

� Ñn� Ö{�
h�jv_ZVLWch ]`KOjv_OjkXalbfgWcR��xWcKO_

c1 = u1−α

(
1

1 − d

∫
k̃2
1 dP0 +

1

d

∫
k̃2
2 dQ0

) 1

2 � Ñn�¨Ñ��
T�WcT�WcÏ�WcR¢¡Lq%[^Ï�Wcj

Tn =

√
n

n1

n1∑

i=1

k̃1 ◦Xi +

√
n

n2

n2∑

i=1

k̃2 ◦ Yi

VnjkW § WJXO_aXO_bPS_OjkXO_Ojv] � Ôn�¨Ó��ûjkXa_��LY�jkW § WJXO_�sÚ[^NvT�W � Ôn�¨Ô�ýr�ûjkXO_eVnILKalbf

ϕ2n =





1 >
|Tn| c2

0 ≤

� Ñn�¨���
h�jv_ZVLWch ]`KOjv_OjkXalbfgWcR��xWcKO_

c2 = u1−α
2

(
1

1 − d

∫
k̃2
1 dP0 +

1

d

∫
k̃2
2 dQ0

) 1

2 � Ñn� ýr�
VLWT)gRLjkWcKO_��S�pR £ PSØLjv_aWcN ÖeqrILKaVLW T�WcH�WcjvTU_�¡tVgP^XaX¿VnjkW § WJXa_�s�[^NvT�WcR � Ôn�v©�����ILRgV � Ôn�¨Ô�ýr�¦ILRnm
_aWcK°VLWcK¢Xblaf q�P^lafgWcRÕÙ�[^KbPSIgXaXaWc_OHJILRLT�WcRÕPSR�VLWcR § PSRLT�WcR`_aWcRL]�WcT�WcN K (P0 ⊗Q0,P ⊗Q)P^XO×yh�ØL_a[^_OjkXalbf [^ØL_OjvhiPSNrPSR VLWcKI�`_aWcNvNkW P0 ⊗ Q0

XajvRgV¦¡¿�yTUN ���nPS_OH�Ög� Ö ÿ@ILRgV��nPS_OH
Ög�¨ÑUÔn�¡� jvK\]�'^RLRgWcR�XO_aWc_aX+PSRLRgWcfLhÐWcR¢¡°VgP^XaX�VnjkWÕÙ�[^KbPSIgXaXaWc_OHJILRLT�WcR²��[^R­�nPS_OH�Ög� Ö ÿ
ILRgV­�nPS_OHiÖg�¨ÑUÔ�WcK�su�LNvNv_+XajvRgV¦� � IgX�VLWcK �`jklbf _ëVLWcK�RLjklaf`_OØ�PSKbPShÐWc_OKOjkXalafgWcR*�`_bPS_OjkXO_Ojv]
jkXO_�VnjkWJXaW � RLR�PSfLhÐW�Ï)WcKaWJlbf _OjvTU_�¡��yTUN � VnjkW;0�WchÐWcKO]`ILRLT�WcRóÖg�¨ÑU�n¡%Ög�¨Ñn©U¡ Ög�¨ÑSÖ ILRgV
Ög�¨ÑUÑn�ïY|jkW § WJXO_�sÚ[^NvT�WcR � Ôn�v©�����ILRgV � Ôn�¨Ô�ýr��XOjvRgV VgPSRLR P^XO×yh�ØL_a[^_OjkXalaf1[^ØL_OjvhiPSNZPSR
VLWcK3�`_aWcNvNkW P0 ⊗Q0

� Y�P^Xj��PSfLKaXalafgWcjvRLNvjklbfL]�Wcjv_aXOhiPS¤ P0 ⊗Q0
qrjvKaVijvR�VnjkWJXaWch�w�PSNvN

©��U�



PSNkX�wgIL¤UØLILRL]`_ Ï�WcH�WcjklafLRgWc_�ILRgVó]UPSRLREPSNkX�ILR Ï�Wc]^PSRLR`_aWcK@�ïPSKbPShÐWc_aWcK�PSRLT�WJXaWcfgWcR
q%WcKaVLWcR¢�
ú�ILK � IgX�s��LfLKOILRLT�VLWcK § WJXO_aXÐPSIgX � Ôn�v©����+ILRgV � Ôn�¨Ô�ýr�+jkXO_�WJXÐPSNvNkWcKaVnjvRLT�X�RLjklbf _

WcK�s�[^KaVLWcKONvjklbf¢¡°VgP^X<��PSfLKaXblafgWcjvRLNvjklafL]�Wcjv_aXahiPS¤ P0 ⊗ Q0
HJI�]�WcRLRgWcR¢¡¿Xa[^RgVLWcKOR�hiPSR

ÏLKbPSIglaf _ZR ILKeVnjkW � ÏLÏLjvNkVnILRLT�WcR k̃1, k̃2
HJI�Ï�WJXO_Ojvh�hÐWcR�ILRgV�VnjkW��xWcKO_aW ∥∥∥k̃1

∥∥∥
L2(P0)ILRgV ∥∥∥k̃2

∥∥∥
L2(Q0)

HJI=Xalbf�zS_OH�WcR¢��Y|jkW � ÏLÏLjvNkVnILRLT�WcR k̃1 ∈ T (P0,P) ILRgV k̃2 ∈
T (Q0,Q) f�zSRLT�WcR�jvh � NvNvT�WchÐWcjvRgWcR���[^R�VLWch���PSfLKaXalafgWcjvRLNvjklbfL]�Wcjv_aXOhiPS¤ P0 ⊗Q0PSÏ¢�gY�PÕVnjkW § PSRLT�WcR`_OjQPSNvKbzSILhÐW T (P0,P) ILRgV T (Q0,Q) jvR@VLWcKeRLjklbf _OØ�PSKbPShÐWc_OKOjÎmXalafgWcR-�`_bPS_OjkXO_Ojv]�jvR�VLWcK � WcT�WcN ILRgWcRgVnNvjklbfgVnjvhÐWcRgXOjk[^R�PSNgXOjvRgV¦¡à]�'^RLRgWcR�VnjkW � ÏLÏLjvNkVnILRnm
T�WcR k̃1

ILRgV k̃2
PSNkX\ILR`Ï)Wc]UPSRLR _aWiILRgWcRgVnNvjklafgVnjvhÐWcRgXOjk[^R�PSNkW��ÂPSKbPShÐWc_aWcKÕPSRLT�WJXaWcfgWcR

q%WcKaVLWcR¢� w�PSNvNkXiVnjkW � ÏLÏLjvNkVnILRLT�WcR k̃1
ILRgV k̃2

WcjvRgW�Ï�WJXa[^RgVLWcKaXÐTU�LRgXa_OjvT�W � WJXO_bPSNv_
Ï)WJXOjv_OH�WcR¢¡ Xa[	]^PSRLR VnjkW § WJXO_aXO_bPS_OjkXa_Ojv] Tn PSRLf�PSRgV VLWcK � W�PSNvjkXajkWcKOILRLT�WcR"��[^R ú�InmsÚPSNvNkXO�UPSKOjQPSÏLNkWcR X1, . . . , Xn1

ILRgV Y1, . . . , Yn2

PSIgXOT�Wcq%WcKO_aWc_|q%WcKaVLWcR¢�)�pR�hiPSRglbfgWcR
wïzSNvNkWcR;)gRgVLWc_\hiPSR	WcjvRgW § WJXO_aXO_bPS_OjkXO_Ojv] T̂n ¡�VnjkW�PSRLf�PSRgV	VLWcK � W�PSNvjkXOjkWcKOILRLT�WcR	��[^Rú�InsÚPSNvNkXO�UPSKOjQPSÏLNkWcR X1, . . . , Xn1

ILRgV Y1, . . . , Yn2

Ï�WcKaWJlafgWcR`Ï�PSK�jkXO_ ILRgV�VnjkW�0�WJVnjvRnm
TUILRLT

lim
n→∞

L (Tn|P n1

0 ⊗Qn2

0 ) = lim
n→∞

L
(
T̂n

∣∣∣P n1

0 ⊗Qn2

0

)

WcK�su�LNvNv_�¡�V¦� f¢�%VnjkW § WJXa_aXO_bPS_OjkXO_Ojv]�WcR Tn ILRgV T̂n Ï�WJXOjv_OH�WcR"VnjkW�TUNkWcjklbfgW�P^Xa×`h�ØL_a[^_OjÎmXalafgW�Ù�WcKO_aWcjvNvILRLT�ILR _aWcK P n1

0 ⊗ Qn2

0
� � IL¤�WcKaVLWch ÏLKbPSIglbf _\hiPSR�PSIgXOKaWcjklafgWcRgV	TUIL_aW

�ylaf�zS_OH�WcKÐs��LKiVnjkW@ILR Ï�Wc]^PSRLR`_aW��xWcKO_aW ∥∥∥k̃1

∥∥∥
L2(P0)

ILRgV ∥∥∥k̃2

∥∥∥
L2(Q0)

�.�`jvRgV VnjkWJXaW
Ù�[^KbPSIgXaXaWc_OHJILRLT�WcR WcK�su�LNvNv_�¡¢Xb[�]^PSRLR�hiPSR²VnjkW § WJXO_�sÚ[^NvT�WcR � Ôn�v©����\ILRgV � Ôn�¨Ô�ýr�\h�jv_
VLWcK § WJXO_aXO_bPS_OjkXO_Ojv] Tn [yVLWcK T̂n ILRgV�T�WJXblaf�zS_OHJ_aWcRA�xWcKO_aWcR ∥∥∥k̃1

∥∥∥
L2(P0)

¡ ∥∥∥k̃2

∥∥∥
L2(Q0)PSIgX�su�LfLKaWcR¢��Y�PSÏ)WcjÂWcKOf�zSNv_ZhiPSR	WcjvRgW § WJXa_�s�[^NvT�WU¡�VnjkW�P^XO×yh�ØL_a[^_OjkXalaf�z^C`ILjv�^PSNkWcR`_�HJI

VLWcK § WJXO_�sÚ[^NvT�W � Ôn�v©����ûÏLHJq�� � Ôn�¨Ô�ýr�%su�LKeVgP^X § WJXO_OØLKa[^ÏLNkWch � Ñn�v©��ûÏLHJq�� � Ñn�¨���ûjkXO_��
Ý Ë�É�½¿¼çßà¼uá�½"Ì¡Ê�Æ�ËOÉuá�ænÊgÉuË@ÊLâ��°ð í ß�á�ßà¼uâ�ãSÁ¿Ëh(@Ì¢Ä¿¼çöLÊgÉuË`½¿ô[ÍÎ MTN

P0 ⊗ Q0 ∈ H2
� MTWcNZM � Nt`­] � MTS�moMqwTb�`hMTxy�^QhWcb�nD�>x.MTN-��Mqw7b m7krW `hM7O

(ϕ̂n)n∈N

�vO�s
(ϕn)n∈N

Q[M7N ��MTOAW�k!_!]^W¡]!w=;^d��eb�krb�NPw7Y7Q#�hÐ7�{Na|9]^W(MTO
b[mTzvS�s�]!w-��Mqw7bX��SVk � W(MTd �  hn í=& � U�x.n�  hn î'& ]^O?shMTS Î b�M7WPW(M
P0 ⊗Q0

�/m�]^WaWÖw

lim
n→∞

∫
ϕndP

n1

tn
⊗Qn2

tn
= lim

n→∞

∫
ϕ̂ndP

n1

tn
⊗Qn2

tn

mqzvS Õ M}shM��>k^Wú`hM (
P n1

tn
⊗Qn2

tn

)
n∈N

∈ F2
|9k^O Ï ]!QhSqw7YTQRMTNPO
WXNZYTQ�_^M7NabawTd-]}�HMTO,`rNPWtb�n

�ëËyðxË`Ãtæ¢ÄÂ½°Å Ì�Ê Ü
�`jvRgViHJqûWcj § WJXO_�sÚ[^NvT�WcR (ϕ̂n)n∈N

ILRgV (ϕn)n∈N

Nk[^]UPSN�P^Xa×`h�ØL_a[^_OjkXalbf@z^C ILjv�UPSNkWcR _ePSR
WcjvRgWcK+�`_aWcNvNkW P0 ⊗ Q0 ∈ H2

¡°Xa[�Ï)WJXajv_OH�WcR�XOjkWÐVnjkW�TUNkWcjklbfgW�P^XO×yh�ØL_a[^_OjkXalbfgW � �L_aW}m
suILRL]y_Ojk[^R�WcR _ONQPSRLT VLWcK�jvh�ØLNvjvHJjv_aWcR � Nv_aWcKOR�PS_Ojv��WcRxILRgV	{Z×yØ)[^_OfgWJXbWcR�PSR�VLWcK��`_aWcNvNkW
P0 ⊗ Q0 ∈ H2

����RgXOÏ)WJXb[^RgVLWcKaW�jkXO_ÐVnjkW § WJXO_�sÚ[^NvT�W (ϕ̂n)n∈N

Nk[^]UPSNZP^XO×`h�ØL_a[^_OjkXblaf
[^ØL_OjvhiPSN�PSRiVLWcK.�`_aWcNvNkW P0⊗Q0 ∈ H2

jvRÐWcjvRgWcK d�WcRLT�W Ψ VLWcK § WJXO_�sÚ[^NvT�WcR¢¡Us PSNvNkX�VnjkW
©��n©



§ WJXO_�s�[^NvT�W (ϕn)n∈N

jvRiVLWcK d�WcRLT�W Ψ VLWcK § WJXO_�sÚ[^NvT�WcRiNk[^]UPSN�P^XO×yh�ØL_a[^_OjkXalaf�[^ØL_OjvhiPSNPSR@VLWcK��`_aWcNvNkW P0 ⊗Q0 ∈ H2
jkXO_��

Ý ËhÉï½Â¼çßà¼çá)½åÌ¡Ê ñ Ë�ÊLâ��°ð í ß�ágßà¼uâ�ã^Á°Ëh(@Ì¢ÄÂ¼QöLÊgÉuË`½¿ô[Í�>x.MTN��eMqwTb m�k^Wú`hMTO
(ϕ̂n)n∈N

�{Oes
(ϕn)n∈N

Q[M7N ��MTO=]!w<;^d���b�krb�N�w�YTQ8��Ð7�vNa|9]^W(MTO
bDmTz{Ss�]^w-�eMqwTbX��SVk � W(MTd �  hn í<& � U7x.n �  hn î'& �{m�]^WPWXw3wTNZM�]rO Õ MVs{MTS Î b�MTWaW�M
P0 ⊗Q0 ∈ H2

W�k!_!]^W]!w<;^d���b�krb�N�w�YTQ���Ð7�vNP|9]rW�MTO�b�mTzvS�s�]!w��eMqwTbX��SVk � W(MTd �  hn í=& � U7x.n �  hn î'& wqNaO�shn
�ÕË`¼uâ í ¼uË`ÉrÌ�Ê � Ë Ó ÄÂð�ðxË@ôUê�Ëy¼çË`Ãiö)á�½��·¼uâ�Ë`âiä¢ÄÂ½°æ�ßà¼uá)½°ÊgÉuËRÍ�yWcjkWcR k1 : P → R, P 7→

∫
f1 dP

ILRgV k2 : Q → R, Q 7→
∫
f2 dQ

HJq%Wcjû��[^R
d�jkXaWJX|wLILRL]`_Ojk[^R�PSNkWU�¦wÂ�LK � WJVLWJX P0 ∈ P W}þnjkXO_OjkWcKaWëWcjvR ε > 0 ILRgV�WcjvR K > 0 ¡)Xa[VgP^XaX 0 <

∫
f2
1 dP < K su�LK�PSNvNkW P ∈ P h�jv_ d (P0, P ) < ε TUjvNv_��¦o\P^laf�¥¢Wch�hiP�n�v©��ëILRgV��nPS_OH+�n�v©���jkXO_rVgP^XrXO_bPS_OjkXO_OjkXalbfgW�wLILRL]y_Ojk[^R�PSN k1

VnjÎÍ�WcKaWcRLHJjkWcKOÏ�PSKZPSR � WJVLWcK�`_aWcNvNkW P0 ∈ P h�jv_�VLWcK � ÏLÏLjvNkVnILRLT f1 − EP0
(f1)
PSNkX � KbP^VnjkWcR _�� � IL¤�WcKaVLWch XaWcj

f1 − EP0
(f1) ∈ T (P0,P) su�LK+PSNvNkW P0 ∈ P �°Y�jkW � ÏLÏLjvNkVnILRLT f1 − EP0

(f1)
jkXO_

VgPSRLR�VLWcKe]^PSRg[^RLjkXblafgW � KbP^VnjkWcR _|��[^R k1
PSR�VLWcK��`_aWcNvNkW P0 ∈ P �gY�P^X�XO_bPS_OjkXO_OjkXalbfgWwLILRL]y_Ojk[^R�PSN k2

WcK�su�LNvNkWûVnjkW�PSR�PSNk[^T�WcRëÙ�[^KbPSIgXbXaWc_OHJILRLT�WcR¢¡^Xa[�VgP^XbX k2
PSR � WJVLWcKÙ�`_aWcNvNkW

Q0 ∈ Q VnjÎÍ¦WcKaWcRLHJjkWcKOÏ�PSK+h�jv_�VLWchµ]^PSRg[^RLjkXalbfgWcR � KbP^VnjkWcR`_aWcR f2 − EQ0
(f2)
jkXO_��

o\P^laf,0�WcjkXOØLjkWcNÂ�n�v©cÖÐjkXO_eVgP^XeXO_bPS_OjkXa_OjkXalafgW�wgILRL]`_Ojk[^R�PSN
k : P ⊗Q → R, P ⊗Q 7→ k1 (P ) + k2 (Q)

VnjÎÍ¦WcKaWcRLHJjkWcKOÏ�PSKZh�jv_ZVLWch ]^PSRg[^RLjkXalbfgWcR � KbP^VnjkWcR`_aWcR
k̃ : Ω1 × Ω2 → R, (ω1, ω2) 7→ f1 (ω1) −EP0

(f1) + f2 (ω2) −EQ0
(f2)

PSR � WJVLWcK��`_aWcNvNkW P0⊗Q0 ∈ P �`d�PSR�WcKOf�zSNv_ jvRgXOÏ�WJXa[^RgVLWcKaW k̃1 = f1−EP0
(f1)
ILRgV

k̃2 = f2 −EQ0
(f2)
���yWcj¦R ILR P0 ⊗Q0 ∈ H2

¡LVgP^XrÏ�WJVLWcIL_aWc_
k (P0 ⊗Q0) = EP0

(f1) +EQ0
(f2) = a.

wÂ�LKZVnjkW § WJXO_aXO_bPS_OjkXO_Ojv] Tn WcKOTUjvÏL_�Xajklaf VgPSRLR

Tn =

√
n

n1

n1∑

i=1

k̃1 ◦Xi +

√
n

n2

n2∑

i=1

k̃2 ◦ Yi

=

√
n

n1

n1∑

i=1

f1 ◦Xi +

√
n

n2

n2∑

i=1

f2 ◦ Yi −
√
n (EP0

(f1) +EQ0
(f2))

=

√
n

n1

n1∑

i=1

f1 ◦Xi +

√
n

n2

n2∑

i=1

f2 ◦ Yi −
√
na.

M X�Ï�WcH�WcjklafLRgW f1,n = 1
n1

∑n1

i=1 f1 ◦Xi
ILRgV f2,n = 1

n2

∑n2

i=1 f2 ◦ Yi � � IL¤�WcKaVLWchXaWcjkWcR
σ̂n (f1)

2 =
1

n1 − 1

n1∑

i=1

(
f1 ◦Xi − f1,n

)2

©��U�



ILRgV
σ̂n (f2)

2 =
1

n2 − 1

n2∑

i=1

(
f2 ◦ Yi − f2,n

)2

VnjkWï]^PSRg[^RLjkXalbfgWcR@�ylbf�zS_OH�WcK¢s��LK¦Ù PSK
P0

(f1)
ILRgV�Ù PSK

Q0
(f2)
��Y|jkW § WJXO_�s�[^NvT�W (ϕ̂1n)n∈NqrjvKaV VLWT)gRLjkWcKO_ZVnILKalaf

ϕ̂1n =





1 >
Tn ĉ1,n

0 ≤

� Ñn�¨Ó��
h�jv_eVLWch ]`KOjv_OjkXblafgWcR,�xWcKO_

ĉ1,n = u1−α

(
n

n1
σ̂n (f1)

2 +
n

n2
σ̂n (f2)

2

) 1

2

.
� Ñn�¨ÿ��

Y�jkW § WJXO_�s�[^NvT�WcR � Ñn� Ö{�¿ILRgV � Ñn�¨Ó��ÂXajvRgVÕP^Xa×`h�ØL_a[^_OjkXalbfiz^C ILjv�UPSNkWcR _ïs��LK�VgP^X�WcjvRgXaWcjv_OjvT�W§ WJXO_OØLKa[^ÏLNkWch � Ñn�v©��}��ú�ILh%0�Wcq%WcjkX�Ï)Wc_OKbP^lbf _aWÕWcjvR@Ï�WcNvjkWcÏLjvT�WJX|PSÏ�WcKesÚWJXO_eT�Wcq�zSfLNv_aWJX��PSfLKaXalafgWcjvRLNvjklbfL]�Wcjv_aXOhiPS¤ P0⊗Q0 ∈ H2
�SY|jkW § WJXO_�sÚ[^NvT�WcR � Ñn� Ö{�¿ILRgV � Ñn�¨Ó��¿q%WcKaVLWcR

HJILR�z^lafgXO_rsÚ[^NvT�WcRgVLWcKOhiPS¤�WcR�z^C ILjv�UPSNkWcR _eILh�T�W}sÚ[^KOh+_��

ϕ̂1n =





1 >
Tn − ĉ1,n 0

0 ≤
ILRgV ϕ1n =





1 >
Tn − c1 0

0 ≤
.

Y�jkWZÏ)WcjkVLWcR § WJXa_�s�[^NvT�WcR � Ñn� Ö{��ILRgV � Ñn�¨Ó���Ï)WJXO_aWcfgWcR�PSIgX�VLWcRiRLjklaf`_�KbPSRgVL[^h�jkXOjkWcKO_aWcR§ WJXO_aX��Lo\P^laf�¥¢Wch�hiP ©U�¨�UÿÕILRgV,0ûWchÐWcKO]yILRLT�Ôn� ý�KaWcjklbf _\WJX
lim
n→∞

∫
|ϕ̂1n − ϕ1n| dP n1

0 ⊗Qn2

0 = 0

R�P^lafLHJI qûWcjkXaWcR¢�)o|P^lbf@¥¢Wch�hiP ©U�¨��ýÕT�WcR �LTU_ZWJXrHJI@H�WcjvT�WcR¢¡gVgP^XaX
lim
n→∞

P n1

0 ⊗Qn2

0 ({|ĉ1,n − c1| > ε}) = 0

su�LK�PSNvNkW ε > 0 TUjvNv_��¦o\P^lafxVLWch XO_bPSKO]�WcR � WJXaWc_OH�VLWcK�TUKa[^¤�WcR ú�PSfLNkWcRxWcKOTUjvÏL_+XOjklbfVnjkWrs P^XO_ XOjklbfgWcKaW £ [^R ��WcKOT�WcRLH σ̂n (f1)
2 → Ù PSK P0

(f1)
ILRgV σ̂n (f2)

2 → Ù PSK Q0
(f2)su�LK n→ ∞ ¡�qûWcjvN f1 ∈ L2 (P0)

ILRgV f2 ∈ L2 (Q0)
R�P^lbf�Ù�[^KbPSIgXaXaWc_OHJILRLT�XOjvRgV¦� M X

TUjvNv_ZPSIL¤�WcKaVLWch
∫
k̃2
1 dP0 = Ù PSK P0

(
k̃1

)
= Ù PSK P0

(f1 −EP0
(f1)) = Ù PSK P0

(f1) ,

∫
k̃2
2 dQ0 = Ù PSK Q0

(
k̃2

)
= Ù PSK Q0

(f2 −EQ0
(f2)) = Ù PSK Q0

(f2) .

{ZjkWcKbPSIgX�sÚ[^NvTU_ZVnjkW|s P^XO_eXOjklbfgWcKaW £ [^R`��WcKOT�WcRLH
(
n

n1
σ̂n (f1)

2 +
n

n2
σ̂n (f2)

2

) 1

2

→
(

1

1 − d

∫
k̃2
1 dP0 +

1

d

∫
k̃2
2 dQ0

) 1

2 � Ñn�v©����
©��UÔ



s��LK n→ ∞ �LwÂ�LK�PSNvNkW ε > 0 WcKOf�zSNv_ehiPSR jvRgXOÏ�WJXa[^RgVLWcKaW
lim
n→∞

P n1

0 ⊗Qn2

0 ({|ĉ1,n − c1| > ε}) = 0.

Y|jkW § WJXO_�sÚ[^NvT�W (ϕ̂2n)n∈N

s��LK�VgP^X+HJq%WcjkXaWcjv_OjvT�W���Ka[^ÏLNkWch � Ñn�¨���\qrjvKaV²VLWT)gRLjkWcKO_
VnILKalbf

ϕ̂2n =





1 >
|Tn| ĉ2,n

0 ≤

� Ñn�v©U©��
h�jv_ZVLWch ]`KOjv_OjkXalbfgWcR��xWcKO_

ĉ2,n = u1−α
2

(
n

n1
σ̂n (f1)

2 +
n

n2
σ̂n (f2)

2

) 1

2

.
� Ñn�v©����

d�jv_ � Ñn�v©����rWcKOTUjvÏL_ZXajklaf limn→∞ P n1

0 ⊗Qn2

0 ({|ĉ2,n − c2| > ε}) = 0 s��LKZPSNvNkW
ε > 0 �`o\P^laf�¥¢Wch�hiP�©U�¨��ýy¡`¥°Wch�hiPi©U�¨�Uÿ+ILRgV"0�WchÐWcKO]yILRLTÐÔn� ý\sÚ[^NvTU_ R`ILR�PSR�PSNk[^Tg¡VgP^XaXiVnjkW § WJXO_�sÚ[^NvT�WcR � Ñn�¨���ëILRgV � Ñn�v©U©���su�LKÐVgP^XiHJq%WcjkXaWcjv_OjvT�W § WJXO_OØLKa[^ÏLNkWch � Ñn�¨���
P^XO×yh�ØL_a[^_OjkXalbf�z^C`ILjv�^PSNkWcR`_ZXOjvRgV¦�
õ�½)ê�Ëy½°ÈïÄ¿½¿Å1Ì�ÊQÌ�Ë ò Ë âJß�Ëy½óÈ¿Ë`Ãi»|ÃàêëÊLÃàßàÄÂ½°Å�âJê�Ë`Ãàß�Ë/Í
M X�T�WcNv_aWcR�VnjkW+Ù�[^KbPSIgXaXaWc_OHJILRLT�WcR�PSIgX�0�WcjkXOØLjkWcNÂÑn� Ög� � IL¤�WcKaVLWch(XaWcjkWcR (Ω1,A1) =
(Ω2,A2) = (R,B) ILRgV f1 = −f2 = ��V R �UwÂ�LK�VnjkW § WJXO_OØLKa[^ÏLNkWchÐW � Ñn�v©��¿ILRgV � Ñn�¨���WcKOf�zSNv_ehiPSR�VgPSRLR
H1 = {EP ( �èV R) −EQ ( �èV R) ≤ a} T�WcT�WcR K1 = {EP ( �èV R) −EQ ( �èV R) > a}� Ñn�v©�Ô��
ILRgV
H2 = {EP ( �èV R) −EQ ( �èV R) = a} T�WcT�WcR K2 = {EP ( �èV R) −EQ ( �èV R) 6= a} ,� Ñn�v©cÖ{�
qû[^Ï)Wcj {EP ( ��V R) −EQ ( �èV R) ≤ a} VnjkW�]yILKOH�W��ylafLKaWcjvÏ`q%WcjkXaW+s��LK

{P ⊗Q ∈ P ⊗Q : EP ( �èV R) −EQ ( �èV R) ≤ a}
jkXO_�� M X�Ï)WcH�WcjklbfLRgW Xn1

= 1
n1

∑n1

i=1Xi
ILRgV Y n2

= 1
n2

∑n2

i=1 Yi
�°Y|jkW § WJXO_�sÚ[^NvT�W

(ϕ̂1n)n∈N

s��LKeVgP^XeWcjvRgXaWcjv_OjvT�W § WJXO_OØLKa[^ÏLNkWch � Ñn�v©�Ô��ûjkXO_eVnILKalaf�VnjkW § WJXO_aXa_bPS_OjkXO_Ojv]
Tn =

√
n

n1

n1∑

i=1

Xi −
√
n

n2

n2∑

i=1

Yi −
√
na =

√
n
(
Xn1

− Y n2
− a
)

ILRgV VLWcR@]`KOjv_OjkXalbfgWcR��xWcKO_
ĉ1,n = u1−α

(
n

n1
σ̂2

1,n +
n

n2
σ̂2

2,n

) 1

2

T�WcT�WcÏ�WcR¢¡Lq%[^Ï�Wcj

σ̂2
1,n =

1

n1 − 1

n1∑

i=1

(
Xi −Xn1

)2 ILRgV σ̂2
2,n =

1

n2 − 1

n2∑

i=1

(
Yi − Y n2

)2

©��SÖ



XOjvRgV¦� Y|jkW § WJXO_�sÚ[^NvT�W (ϕ̂2n)n∈N

su�LKûVgP^X HJqûWcjkXaWcjv_OjvT�W § WJXO_OØLKa[^ÏLNkWch � Ñn�v©cÖ{��jkXO_ûWcÏ)WcRnm
sÚPSNvNkXeVnILKalbf@VnjkW § WJXO_aXO_bPS_OjkXO_Ojv] Tn ILRgV VLWcR�]yKOjv_OjkXalafgWcRJ�xWcKO_

ĉ2,n = u1−α
2

(
n

n1
σ̂2

1,n +
n

n2
σ̂2

2,n

) 1

2

s�WJXO_OT�WcNkWcTU_�� M X�jkXa_ûHJI�Ï�W�P^laf`_aWcR¢¡gVgP^XaXrVnjkWJXaW § WJXa_�s�[^NvT�WcR VgP^Xro�jv��W�PSI α R ILKeP^XO×yhÕmØL_a[^_OjkXalaf WcjvRLf�PSNv_aWcR¢�gwÂ�LKrVLWcR WcRgVnNvjklafgWcR1�`_OjklafLØLKa[^Ï�WcR ILhÕs PSRLT�TUjvÏL_rWJX�Ï�WcKaWcjv_aXûsu�LK
HJq%WcjZØ�PSKbPShÐWc_OKOjkXblafgW�w�PSh�jvNvjkWcR P :=

{
N
(
µ, σ2

)
: µ ∈ R, σ2 ∈ (0,+∞)

} ILRgV
Q := P VLWcK�o�[^KOhiPSNv��WcKO_aWcjvNvILRLT�WcR²R ILK\_OKOjv�`jQPSNkW�W}þgPS]y_aWëo�jv��W�PSI α m § WJXO_aX\s��LK|VgP^X§ WJXO_OØLKa[^ÏLNkWch � Ñn�v©���ÏLHJq�� � Ñn�¨���}¡ï�`TUN �H0�WcfLKaWcRgX�mpwÂjkXOfgWcK § WJXO_OØLKa[^ÏLNkWch ¡35¨�U�!6p¡y�yWcjv_aW
ÔU�SÖg�
õ�½)êëË`½¿ÈÂÄÂ½°Å Ì�Ê(�*Ë ò Ë â�ß�Ë`½åö�á)½�÷�Ë Ãtß�Ë`¼�É�Ä¿½¿Å�âà¾�ÄÂ½°æ�ßà¼uá�½¿Ë`½ÙÍ
M X¦T�WcNv_aWcR+VnjkW�Ù�[^KbPSIgXbXaWc_OHJILRLT�WcRëPSIgX>0�WcjkXOØLjkWcNyÑn� Ög� M X°XaWcjkWcR (Ω1,A1) = (Ω2,A2) =
(R,B) ILRgV f1 = −f2 = 1(−∞,q]

s��LK�WcjvR q ∈ R
�gY|jkW+Ù�WcKO_aWcjvNvILRLT�X�suILRL]y_Ojk[^R	WcjvRgWJX��PSfLKaXalafgWcjvRLNvjklbfL]�Wcjv_aXOhiPS¤�WJX P ∈ M1 (R,B) qrjvKaV	h�jv_ FP Ï)WcH�WcjklbfLRgWc_��°wÂ�LK+VnjkW§ WJXO_OØLKa[^ÏLNkWchÐW � Ñn�v©��ûILRgV � Ñn�¨����WcKOTUjvÏL_ZXajklaf

H1 = {FP (q) − FQ (q) ≤ a} T�WcT�WcR K1 = {FP (q) − FQ (q) > a} � Ñn�v©�Ñ��
ILRgV
H2 = {FP (q) − FQ (q) = a} T�WcT�WcR K2 = {FP (q) − FQ (q) 6= a} . � Ñn�v©����

� NkX § WJXO_aXO_bPS_OjkXO_Ojv]�WcKOf�zSNv_ehiPSR@VgPSRLR

Tn =

√
n

n1

n1∑

i=1

1(−∞,q] (Xi) −
√
n

n2

n2∑

i=1

1(−∞,q] (Yi) −
√
na.

Y|WcK § WJXa_ ϕ̂1n
s��LK\VgP^X|WcjvRgXbWcjv_OjvT�W § WJXO_OØLKa[^ÏLNkWch � Ñn�v©�Ñ��ZjkXO_\VnILKalaf�VLWcR	]`KOjv_OjkXblafgWcR

�xWcKO_ ĉ1,n = u1−α
(
n
n1
σ̂2

1,n + n
n2
σ̂2

2,n

) 1

2 T�WcT�WcÏ)WcR¢¡�q%[^Ï�Wcj

σ̂2
1,n =

1

n1 − 1

n1∑

i=1


1(−∞,q] (Xi) −

1

n1

n1∑

j=1

1(−∞,q] (Xj)




2

ILRgV
σ̂2

2,n =
1

n2 − 1

n2∑

i=1


1(−∞,q] (Yi) −

1

n2

n2∑

j=1

1(−∞,q] (Yj)




2

XOjvRgV¦�ïY|WcK § WJXO_ ϕ̂2n
su�LK�VgP^XÕHJqûWcjkXaWcjv_OjvT�W § WJXa_OØLKa[^ÏLNkWch � Ñn�v©�����qrjvKaV VnILKalaf"VLWcR

]`KOjv_OjkXalbfgWcR��xWcKO_ ĉ2,n = u1−α
(
n
n1
σ̂2

1,n + n
n2
σ̂2

2,n

) 1

2 sÚWJXO_OT�WcNkWcTU_��

©��UÑ



�ÕË`¼uâ í ¼uË`ÉrÌ�Ê ù Ë��-¼�Éçã á`ø¢á)½ ò Ë â�ß^Í�yWcj (Ω1,A1) = (Ω2,A2) = (R,B) � M X�qrjvKaVx��[^KbPSIgXOT�WJXaWc_OHJ_�¡°VgP^XbX�VnjkW�RLjklaf`_OØ�PtmKbPShÐWc_OKOjkXalbfgWcRxw�PSh�jvNvjkWcR P ⊂ M1 (R,B) ILRgV Q ⊂ M1 (R,B) R`ILK\VnjkWëXO_aWc_OjvT�WcR��PSfLKaXalbfgWcjvRLNvjklafL]�Wcjv_aXOhiPS¤�W�WcR`_Of�PSNv_aWcR¢� M XrÏ)WcH�WcjklbfLRgW k : P ⊗Q → R, P ⊗Q 7→∫
1{(x,y)∈R2:x≥y}dP ⊗Q VgP^X��åjvNklJ[�þn[^R	wLILRL]y_Ojk[^R�PSN �¦wÂ�LK � WJVLWJX�Xa_aWc_OjvT�WJX���PSfLK�mXalbfgWcjvRLNvjklafL]�Wcjv_aXOhiPS¤ P ∈ M1 (R,B) TUjvNv_ k (P ⊗ P ) = 1

2
� � RgXO_aWcNvNkW�VLWcK § WJXa_OØLKa[Sm

ÏLNkWchÐW � Ñn�v©���ILRgV � Ñn�¨���ûÏ�Wc_OKbP^laf _aWc_�hiPSR f�zSI[)gTiVgP^XeWcjvRgXbWcjv_OjvT�W § WJXO_OØLKa[^ÏLNkWch h�jv_
VLWcKe��WcKO]yNkWcjvRgWcKO_aWcR�{�×yØ)[^_OfgWJXaW

H̃2 =

{
P ⊗Q ∈ P ⊗Q : k (P ⊗Q) =

1

2
ILRgV P = Q

}

T�WcT�WcR K1
ILRgVxVgP^X�HJqûWcjkXaWcjv_OjvT�W § WJXO_OØLKa[^ÏLNkWch H̃2

T�WcT�WcR K2
���åjvK�Ï�WJXalbfLKbzSRL]�WcR

ILRgXïPSInsgVgP^X°WcjvRgXaWcjv_OjvT�W § WJXO_OØLKa[^ÏLNkWch H̃2
T�WcT�WcR K1

��Y�P^X¿HJq%WcjkXaWcjv_OjvT�W § WJXa_OØLKa[^ÏLNkWch
H̃2
T�WcT�WcR K2

]UPSRLR²PSR�PSNk[^T@Ï�Wcf�PSRgVLWcNv_+qûWcKaVLWcR¢�¿Y�P^X��åjvNklJ[�þn[^R wLILRL]`_Ojk[^R�PSN%jkXO_
VnjÎÍ¦WcKaWcRLHJjkWcKOÏ�PSK|PSR � WJVLWcK��`_aWcNvNkW P0 ⊗Q0 ∈ P ⊗Q ILRgV@VnjkW � ÏLÏLjvNkVnILRLT

k̃ (P0 ⊗Q0) : R
2 → R, (x, y) 7→ Q0 ([x,+∞)) + P0 ((−∞, y]) − 2k (P0 ⊗Q0)

jkXO_�WcjvR � KbP^VnjkWcR`_���[^R k PSR9VLWcK��`_aWcNvNkW P0 ⊗ Q0
¡|�`TUN � � R q%WcRgVnILRLT·�n� ýy� M X

qrjvKaV�PSIL¤�WcKaVLWch-��[^KbPSIgXOT�WJXaWc_OHJ_�¡�VgP^XaX k̃ (P0 ⊗Q0)
Ï�WcKaWcjv_aX\VLWcK\]^PSRg[^RLjkXalbfgW � KbPtm

VnjkWcR`_���[^R k PSR � WJVLWcK��`_aWcNvNkW P0 ⊗ Q0 ∈ H̃2
jkXO_�¡�V¦� f¢�%WJXiTUjvNv_ k̃ (P0 ⊗Q0) ∈

T (P0 ⊗Q0,P ⊗Q) s��LK+PSNvNkW P0 ⊗ Q0 ∈ H̃2
�g�yWcj�R ILR P0 ⊗ Q0 ∈ H̃2

Ï�WcNvjkWcÏLjvT
PSÏ�WcKrsÚWJXO_�T�WcqûzSfLNv_���wÂ�LKZVnjkW § WJXO_aXO_bPS_OjkXa_Ojv] Tn WcKOf�zSNv_ZhiPSR R�P^laf,0�WcjkXOØLjkWcNÂÔn�v©

Tn =

√
n

n1

n1∑

i=1

Q0 ((−∞, Xi]) +

√
n

n2

n2∑

j=1

P0 ([Yj,+∞)) − 2
√
nk (P0 ⊗Q0)

=

√
n

n1

n1∑

i=1

FQ0
(Xi) +

√
n

n2

n2∑

j=1

(1 − FP0
(Yj)) −

√
n

=

√
n

n1

n1∑

i=1

FQ0
(Xi) −

√
n

n2

n2∑

j=1

FP0
(Yj) .

~�R _aWcK@VLWcK {�×yØ)[^_OfgWJXaW H̃2
TUjvNv_ VnjkW � NkWcjklbfLfgWcjv_ FP0

= FQ0

R�P^lafEÙ�[^KbPSIgXbXaWc_�m
HJILRLTg��Y|jkW²Ù�WcKO_aWcjvNvILRLT�X�suILRL]y_Ojk[^R FP0

XO_aWcNvNv_�WcjvRgWcR ILR Ï�Wc]UPSRLR _aWcRCILRgWcRgVnNvjklafgVnjÎm
hÐWcRgXOjk[^R�PSNkWcR��ïPSKbPShÐWc_aWcK�VgPSK���Y�ILKalbf�VLWcR?$�Ï)WcKOT PSRLT�HJI	VLWcR � zSRLT�WcR�qrjvKaV�VnjkW}m
XaWcK��ÂPSKbPShÐWc_aWcK�WcNvjvh�jvRLjkWcKO_�¡û�yTUN ��5v©àý96p¡�5¨ÔU�!6p¡�5¨�UÓ96|ILRgV=5¨ÔUÔ96p�D�yWcj (Z1, . . . , Zn) =
(X1, . . . , Xn1

, Y1, . . . , Yn2
) VnjkWïT�WJXbPSh+_aW��`_OjklafLØLKa[^Ï�WU�àd�jv_ Rn = (Rn,1, . . . , Rn,n)qûWcKaVLWcR VnjkW�T�WchÐWcjvRgXbPShÐWcR � zSRLT�W���[^R ú�Ins PSNvNkXO�UPSKOjQPSÏLNkWcR (Z1, . . . , Zn)

Ï)WcH�Wcjklbfnm
RgWc_��)Y|jkW+ILR`Ï)Wc]UPSRLR _aWëÙ�WcKO_aWcjvNvILRLT�X�s�ILRL]`_Ojk[^R FP0

= FQ0

qrjvKaV�VnILKalaf�VnjkWëWch�ØLjvKOjÎm
XalbfgW�Ù�WcKO_aWcjvNvILRLT�X�s�ILRL]`_Ojk[^R

F̂ (Zi) =
1

n
Rn,i

©��U�



WcKaXaWc_OHJ_��gY|jkW\NvjvRgW�PSKaW � PSRLT�Xa_bPS_OjkXO_Ojv] T̂n qrjvKaV VnILKalaf

T̂n =
1

n1
√
n

n1∑

i=1

Rn,i −
1

n2
√
n

n∑

j=1+n1

Rn,j

VLWT)gRLjkWcKO_�� M XeTUjvNv_
lim
n→∞

∫ (
Tn − T̂n

)2
dP n1

0 ⊗Qn2

0 = lim
n→∞

∫ (
Tn − T̂n

)2
dP n0 = 0

R�P^laf�5¨�Uÿ!6p¡
�nPS_OHëÿn�¨Ô�[`VLWcK<5v©àý�6p¡e�yWJlc_Ojk[^R��n�v©U�g{�jkWcKbPSIgX�s�[^NvTU_
lim
n→∞

P n1

0 ⊗Qn2

0

(∣∣∣Tn − T̂n

∣∣∣ > ε
)

= 0

su�LK�PSNvNkW ε > 0 �>�yWcj Sn VnjkWëXa×`h�hÐWc_OKOjkXalbfgW � KOILØLØ)WU¡¦V¦� f¢��VnjkW � KOILØLØ�W�PSNvNkWcK\�ÂWcK�mh+IL_bPS_Ojk[^RgWcR�PSIns�VLWcKZd�WcRLT�W {1, . . . , n} �
�yWcj¢R ILR

ϕ̂1n =





1 >

γ̂n T̂n = ĉ1,n(α)
0 <

� Ñn�v©àýr�
VLWcK � PSRLTU_aWJXO_ïHJILh9oZjv��W�PSI α, q%[^Ï�Wcj ĉ1,n(α) VgP^X (1−α) m���I�PSR`_OjvN)VLWcK�Ù�WcKO_aWcjvNvILRLTVLWcK��`_bPS_OjkXO_Ojv]

Sn → R, π 7→ 1

n1
√
n

n1∑

i=1

π(i) − 1

n2
√
n

n∑

j=1+n1

π(j)

ILR _aWcK VLWcK � NkWcjklaf ��WcKO_aWcjvNvILRLTÐPSIns¦VLWcK XO×yh�hÐWc_OKOjkXalafgWcR � KOILØLØ)W Sn jkXO_��Ud	PSRÐWcKOf�zSNv_VnjkW�XO_a[`lbf�P^XO_OjkXalbfgW £ [^R`��WcKOT�WcRLH
lim
n→∞

P n1

0 ⊗Qn2

0 (|ĉ1,n(α) − c1| > ε) = 0

su�LK�PSNvNkW ε > 0 R�P^laf�5¨�Uÿ!6p¡¡�nPS_OH�©U©U�v©ÕILRgV	¥¢Wch�hiP	©U©U�¨Ôn¡)�`TUN �)WcÏ)WcRns PSNvNkX-5¨�UÓ96�ILRgV5¨ÔU�96p�go|P^lbf;�nPS_OHÐ©U©U�v©+PSIgX<5¨�Uÿ^6¦s�[^NvTU_�PSIL¤�WcKaVLWch
lim
n→∞

P n1

0 ⊗Qn2

0 ({ϕ̂1n ∈ (0, 1)}) = lim
n→∞

P n1

0 ⊗Qn2

0

({
T̂n = ĉ1,n(α)

})
= 0.

o|P^lbfx¥¢Wch�hiPx©U�¨�Uÿ�ILRgV�0�WchÐWcKO]yILRLT�Ôn� ý�WcKOTUjvÏL_+XOjklbf�R ILR¢¡¢VgP^XbX�VnjkW § WJXO_�sÚ[^NvT�WcR� Ñn�v©àýr�%ILRgV � Ñn� Ö{��PSR � WJVLWcK��`_aWcNvNkW P0 ⊗Q0 ∈ H̃2
Nk[^]UPSN°P^XO×yh�ØL_a[^_OjkXalaf�z^C`ILjv�UPSNkWcR _

XOjvRgV¦�LY|jkW § WJXO_aXa_bPS_OjkXO_Ojv] T̂n NQz^XaXO_eXOjklbf�s�[^NvT�WcRgVLWcKOhiPS¤�WcR�z^C ILjv�UPSNkWcR _ZILhÕs�[^KOhÐWcR¢�
T̂n =

1

n1
√
n

n1∑

i=1

Rn,i −
1

n2
√
n

n∑

j=1+n1

Rn,j

=
1

n1
√
n

n1∑

i=1

Rn,i −
1

n2
√
n

(
n (n+ 1)

2
−

n1∑

i=1

Rn,i

)

=

(
1

n1
√
n

+
1

n2
√
n

) n1∑

i=1

Rn,i −
n (n+ 1)

2n2
√
n
.
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Y|ILKalaf�VnjkW�z^C ILjv�UPSNkWcR _aW § KbPSRgX�sÚ[^KOhiPS_Ojk[^R�WcKOf�zSNv_ZhiPSR

ϕ̂1n =





1 >
γ̃n

∑n1

i=1Rn,i = c̃1,n(α)
0 <

s��LKrT�WJWcjvTURgWc_aW γ̃n ILRgV c̃1,n(α) �LY\WcKr]yKOjv_OjkXalafgW��xWcKO_ c̃1,n(α) NQz^XbXO_rXOjklaf@PSIL¤�WcKaVLWchPSNkXeVLWcK (1 − α) m���I�PSR`_OjvN¿VLWcKeÙ�WcKO_aWcjvNvILRLTiVLWcK��`_bPS_OjkXO_Ojv]
Sn → R, π 7→

n1∑

i=1

π(i)

ILR`_aWcK�VLWcK � NkWcjklaf ��WcKO_aWcjvNvILRLT PSIns�VLWcK�Xa×`h�hÐWc_OKOjkXalbfgWcR � KOILØLØ�W Sn Ï�WJXO_Ojvh�hÐWcR¢�Y\WcK § WJXO_ ϕ̂1n
jkXO_iPSNkXa[xVLWcKÐ�LÏLNvjklbfgW	ú�qûWcjkXO_OjklafLØLKa[^Ï�WcRnm�� jvNklJ[JþL[^Rnm § WJXO_�� M XiTUjvÏL_

XO_OIgVLWcR`_OjkXOjkWcKO_aW�Ù�WcKaXOjk[^RgWcR�VLWJXy�åjvNklJ[�þn[^Rnm § WJXO_aX�¡nVnjkWrILR`_aWcKûVLWcK�PSNvNvT�WchÐWcjvRgWcR�o�ILNvNÎm
f`×`Ø�[^_OfgWJXaW H2 =

{
P ⊗Q ∈ P ⊗Q : k (P ⊗Q) = 1

2

} PSNkXÐ�¿WcKOh�IL_bPS_Ojk[^RgXO_aWJXO_aX
PSIgXOT�W}s��LfLKO_eqûWcKaVLWcR¢¡g�yTUN �¡5v©àý96p¡¡5¨�UÓ!6¢ILRgV�5¨ÔU�96p�
M X�Ï�WcH�WcjklafLRgW

P(N) VnjkW��Â[^_aWcRLHJhÐWcRLT�W���[^R N
�H�yWcjkWcR P ⊂ M1 (R,B) ILRgV

Q ⊂ M1 (N,P(N)) HJqûWcj�w�PSh�jvNvjkWcR1��[^R���PSfLKaXblafgWcjvRLNvjklafL]�Wcjv_aXahiPS¤�WcR¢�%d	PSR Ï)W}m_OKbP^lbf _aWëVnjkW\KbPSRgVL[^h�jkXOjkWcKO_aW+�`ILh�hÐW
S =

Y1∑

i=1

Xi .

M X�TUjvNv_�VgPSRLR E (S) = E (X1)E (Y1) = EP ( �èV R)EQ ( ��V N) � Y|jkW@WcjvRgXbWcjv_OjvT�WcRILRgV�HJq%WcjkXaWcjv_OjvT�WcR § WJXO_OØLKa[^ÏLNkWchÐWësu�LK|VgP^X�Xa_bPS_OjkXO_OjkXalafgWÕwLILRL]y_Ojk[^R�PSN k : P ⊗Q →
R, P ⊗Q 7→ EP ( ��V R)EQ ( �èV N) hÐ[^_Ojv�yjkWcKaWcR�VgP^XrR�P^lbfns�[^NvT�WcRgVLW 0�WcjkXOØLjkWcN ��ÕË`¼uâ í ¼uË`ÉrÌ�Ê(Ô�Ëlê+Ãtá¦ÈïÄ°æ�ß�ôUêëË`¼uË Ã�ö�á)½�� ¼uâ�Ë â�ä¢Ä¿½¿æ�ßà¼uá�½¿ÊgÉuËRÍ�yWcjkWcR k1 : P → R, P 7→

∫
f1 dP

ILRgV k2 : Q → R, Q 7→
∫
f2 dQ

HJq%Wcjû��[^R
d�jkXaWJX+wgILRL]`_Ojk[^R�PSNkWU�ÂY|jkWÐÙ�[^KbPSIgXaXaWc_OHJILRLT�WcR PSIgX 0ûWcjkXaØLjkWcNûÑn� Ö�XbWcjkWcR²WcK�s��LNvNv_��°Y�P^X
wLILRL]y_Ojk[^R�PSN k1

jkXa_�VgPSRLR VnjÎÍ¦WcKaWcRLHJjkWcKOÏ�PSK�PSR � WJVLWcK��`_aWcNvNkW P0 ∈ P h�jv_eVLWch�]UPSRg[SmRLjkXalbfgWcR � KbP^VnjkWcR`_aWcR f1 − EP0
(f1)
ILRgV�VgP^X+wLILRL]y_Ojk[^R�PSN k2

jkXO_�VnjÎÍ¦WcKaWcRLHJjkWcKOÏ�PSK
PSR � WJVLWcKD�`_aWcNvNkW Q0 ∈ Q h�jv_ûVLWch�]UPSRg[^RLjkXalafgWcR � KbP^VnjkWcR`_aWcR f2−EQ0

(f2)
� o|P^lbf0�WcjkXOØLjkWcN¿�n�v©cÖijkXO_eVgP^XeXO_bPS_OjkXO_OjkXblafgW�wLILRL]y_Ojk[^R�PSN

k : P ⊗Q → R, P ⊗Q 7→ k1 (P ) k2 (Q)

VnjÎÍ¦WcKaWcRLHJjkWcKOÏ�PSK+PSR � WJVLWcK<�`_aWcNvNkW P0 ⊗ Q0 ∈ P ⊗ Q h�jv_\VLWch ]UPSRg[^RLjkXalafgWcR � KbPtmVnjkWcR`_aWcR
k̃ : (ω1, ω2) 7→ EQ0

(f2) (f1 (ω1) −EP0
(f1)) +EP0

(f1) (f2 (ω2) −EQ0
(f2)) .

{�jkWcKbPSIgX¦sÚ[^NvTU_ k̃1 = EQ0
(f2) (f1 −EP0

(f1))
ILRgV k̃2 = EP0

(f1) (f2 −EQ0
(f2))
�

Y|jkW § WJXa_OØLKa[^ÏLNkWchÐW � Ñn�v©��%ILRgV � Ñn�¨��� su�LK a 6= 0 q%WcKaVLWcR Ï�Wc_OKbP^laf`_aWc_�� M X�Ï�WcH�WcjklafLRgW
©��UÓ



qrjkWJVLWcK f1,n = 1
n1

∑n1

i=1 f1 ◦Xi
ILRgV f2,n = 1

n2

∑n2

i=1 f2 ◦ Yi �/�yWcj P0 ⊗Q0 ∈ H2Ï)WcNvjkWcÏLjvT�PSÏ�WcK\sÚWJXO_�T�WcqûzSfLNv_��¿Y\PSRLR�TUjvNv_ a = k (P0 ⊗Q0) = EP0
(f1)EQ0

(f2) .w¿�LKeVnjkW § WJXO_aXO_bPS_OjkXa_Ojv] Tn WcKOf�zSNv_ZhiPSR R ILR

Tn =

√
n

n1

n1∑

i=1

EQ0
(f2) (f1 (Xi) −EP0

(f1))

+

√
n

n2

n2∑

i=1

EP0
(f1) (f2 (Yi) −EQ0

(f2))

= EQ0
(f2)

√
n

n1

n1∑

i=1

f1 (Xi) −
√
nEP0

(f1)EQ0
(f2)

+EP0
(f1)

√
n

n2

n2∑

i=1

f2 (Yi) −
√
nEP0

(f1)EQ0
(f2)

=
√
nEQ0

(f2) f1,n +
√
nEP0

(f1) f2,n − 2
√
na.

Y�jkW3�xWcKO_aW EP0
(f1)
ILRgV EQ0

(f2)
XOjvRgV�ILR Ï�Wc]UPSRLR _ûILRgV�q%WcKaVLWcR�VnILKalaf f1,n

ILRgV
f2,n
T�WJXalaf�zS_OHJ_���Y|jkW § WJXa_aXO_bPS_OjkXO_Ojv] T̂n h�jv_ëT�WJXblaf�zS_OHJ_aWcR M KOq�PSKO_OILRLT�XOq%WcKO_aWcR jkXO_VnILKalaf

T̂n =
√
n f1,nf2,n −

√
na

VLWT)gRLjkWcKO_��`Y|jkW § WJXO_aXO_bPS_OjkXa_Ojv] T̂n NQzS¤U_�XOjklaf�PSIglaf�h�jv_�{ZjvNÎsÚWZVLWcK%]^PSRg[^RLjkXalbfgWcR@ú�q%WcjÎmXO_OjklafLØLKa[^Ï�WcRnmp~em��`_bPS_OjkXa_Ojv]�s��LK�VgP^X�XO_bPS_OjkXO_OjkXblafgWÐwLILRL]y_Ojk[^R�PSN k fgWcKONkWcjv_aWcR¢�¢Y|jkWiú�InmsÚPSNvNkXO�UPSKOjQPSÏLNkW X1Y1
jkXO_�WcjvRiWcKOqûPSKO_OILRLT�Xa_OKaWcIgWcKD�ylbf�zS_OH�WcK�s��LK k � w¿�LK�VnjkW|ú�q%WcjkXO_OjklbfnmØLKa[^Ï)WcRnmp~Zm��`_bPS_OjkXO_Ojv]@h�jv_\VLWcK � ÏLÏLjvNkVnILRLT ψ : (x, y) 7→ xy PSNkX £ WcKOR�WcKOf�zSNv_\hiPSRVgPSRLR

1

n1n2

n1∑

i=1

n2∑

j=1

XiYj =

(
1

n1

n1∑

i=1

Xi

)
 1

n2

n2∑

j=1

Yj


 = f1,nf2,n.

Y�jkWÐP^Xa×`h�ØL_a[^_OjkXalbfgW�Ù�WcKO_aWcjvNvILRLT@VLWcK § WJXO_aXO_bPS_OjkXO_Ojv] T̂n NQz^XaXO_�XOjklbf�h�jv_�Y\WcNv_bP�d�W}m_Ofg[`VLW�Ï�WJXO_Ojvh�hÐWcR¢¡L�yTUN �>5¨Ñn©T6p¡��yWcjv_aWë�U�n¡ § fgWJ[^KaWch(Ôn�v©+[`VLWcK�5¨ÑSÖ^6p¡e�yWcjv_aWÐ©���ýy¡e�nPS_OH
Ñn�v©���ý � &%KbPSh5LcKq�}��o\P^laf VLWch XO_bPSKO]�WcR � WJXaWc_OH�VLWcKeTUKa[^¤�WcR�ú�PSfLNkWcR@WcKOTUjvÏL_eXajklaf@VnjkW
sÚP^XO_�XOjklafgWcKaW £ [^R`��WcKOT�WcRLH (f1,n, f2,n

)
→ (EP0

(f1) , EQ0
(f2))

su�LK n → ∞ �gd�jv_&%KbPSh5LcK�m��x[^NkVympY|Wc�yjklJW�H�WcjvTU_ehiPSR VnjkW�Xalbf qûP^lbfgW £ [^R ��WcKOT�WcRLH
L
(√

n

((
f1,n

f2,n

)
−
(
EP0

(f1)
EQ0

(f2)

))∣∣∣∣P
n1

0 ⊗Qn2

0

)

→ N

((
0
0

)
,

( 1
1−d
Ù PSK

P0
(f1) 0

0 1
d
Ù PSK

Q0
(f2)

))

su�LK n → ∞ ��Y|jkW � ÏLÏLjvNkVnILRLT H1 : R
2 → R, (x, y) 7→ xy jkXa_|VnjÎÍ¦WcKaWcRLHJjkWcKOÏ�PSK�jvR

R
2 h�jv_ZVLWcKe� P^lJ[^ÏLjÎmpd	PS_OKOjÎþ

JH1 (x, y) =

(
y
x

)
.

©��Uÿ



d�jv_eY\WcNv_bP�d�Wc_Ofg[yVLW�WcKOf�zSNv_ehiPSR su�LK n→ ∞ VnjkW�Xblaf q�P^lafgW £ [^R`��WcKOT�WcRLH
L
(
T̂n

∣∣∣P n1

0 ⊗Qn2

0

)

= L
(√

n f1,nf2,n −
√
nEP0

(f1)EQ0
(f2)

∣∣P n1

0 ⊗Qn2

0

)

= L
(√

n
(
H1

(
f1,n, f2,n

)
−H1 (EP0

(f1) , EQ0
(f2))

)∣∣P n1

0 ⊗Qn2

0

)

→ N

(
0, EQ0

(f2)
2 1

1 − d
Ù PSK

P0
(f1) +EP0

(f1)
2 1

d
Ù PSK

Q0
(f2)

)

= N

(
0,

1

1 − d

∫
k̃2
1 dP0 +

1

d

∫
k̃2
2 dQ0

)
.

Y|jkW § WJXO_�s�[^NvT�WcR
ϕ̃1n =





1 >

T̂n c1
0 ≤

� Ñn�v©�Ó��
ILRgV

ϕ̃2n =





1 >∣∣∣T̂n
∣∣∣ c2

0 ≤

� Ñn�v©�ÿ��
WcK�s��LNvNkWcR VgPSRLRóVnjkW,0�WJVnjvRLTUILRLT limn→∞

∫
ϕ̃in dP

n1

0 ⊗ Qn2

0 = α s��LK i = 1, 2 �Y|jkW ]yKOjv_OjkXalbfgWcR8�xWcKO_aW c1 ILRgV c2 XOjvRgV jvR � Ñn�¨Ñ��ÕILRgV � Ñn� ýr�ÐVLWT)gRLjkWcKO_�� M X�qrjvKaVR`ILR Ï�WcqrjkWJXaWcR¢¡ûVgP^XaX�VnjkW § WJXO_�s�[^NvT�WcR � Ñn�v©�Ó��ÐILRgV � Ñn� Ö{�iÏLHJq�� � Ñn�v©�ÿ���ILRgV � Ñn�¨���
Nk[^]UPSN�P^Xa×`h�ØL_a[^_OjkXalbf z^C ILjv�UPSNkWcR _ës��LK�VgP^X § WJXO_OØLKa[^ÏLNkWch � Ñn�v©��+ÏLHJq�� � Ñn�¨���+PSR VLWcK�`_aWcNvNkW P0⊗Q0

XOjvRgV¦�h�yWcj t 7→ Pt⊗Qt WcjvRgW L2 (P0 ⊗Q0)
mpVnjÎÍ¦WcKaWcRLHJjkWcKOÏ�PSKaW £ ILKO��W

jvR P ⊗ Q h�jv_ § PSRLT�WcR _aW g ∈ L
(0)
2 (P0 ⊗Q0) .

�yWcj ∫ g2 dP0 ⊗ Q0 6= 0 [^fLRgWM jvRgXblafLKbzSRL]yILRLTg¡¦Xa[^RgXO_esÚ[^NvTU_�VnjkW 0�Wcf�PSILØL_OILRLT�R�P^lbf��nPS_OHëÔn�¨�U�n�)Y�jkW § PSRLT�WcR`_aW gÏ�WJXOjv_OHJ_ R�P^lbfA�nPS_OHë©U�v©�ÿ�VnjkW|Y�PSKaXO_aWcNvNvILRLT g = g1 ◦π1 + g2 ◦π2
h�jv_ g1 ∈ L

(0)
2 (P0)ILRgV g2 ∈ L

(0)
2 (Q0)

�
�yWcj
Λn =

1√
n

(
n1∑

i=1

g1 (Xi) +

n2∑

i=1

g2 (Yi)

)
.

Y|jkW�P^XO×yh�ØL_a[^_OjkXalafgW � �L_aW}s�ILRL]y_Ojk[^RxVLWcK § WJXO_�sÚ[^NvT�WcR � Ñn� Ö{��ILRgV � Ñn�¨���|WcR`_ONQPSRLT VLWcK
jvh�ØLNvjvHJjv_aWcR � Nv_aWcKOR�PS_Ojv��WcR ILRgV�{Z×yØ�[^_OfgWJXaWcR (P n1

tn
⊗Qn2

tn

)
n∈N

∈ F2
jkXO_�WcjvRgVLWcIL_OjvT

Ï�WJXO_Ojvh�h+_�VnILKalaf�VnjkW�T�WchÐWcjvRgXbPShÐW+P^XO×yh�ØL_a[^_OjkXalafgW+Ù�WcKO_aWcjvNvILRLT
lim
n→∞

L ( (Tn,Λn)|P n1

0 ⊗Qn2

0 )

��[^R Tn ILRgV Λn
��Y|jkWÕP^XO×`h�ØL_a[^_OjkXblafgW � �L_aW}s�ILRL]`_Ojk[^R�VLWcK § WJXa_�s�[^NvT�WcR � Ñn�v©�Ó��ZILRgV� Ñn�v©�ÿ���WcR`_ONQPSRLT�VLWcK¢jvh�ØLNvjvHJjv_aWcR � Nv_aWcKOR�PS_Ojv��WcR+ILRgV�{Z×yØ�[^_OfgWJXaWcR (P n1

tn
⊗Qn2

tn

)
n∈N

∈
F2
jkXO_�WcÏ�WcRns PSNvNkX�WcjvRgVLWcIL_OjvT1Ï�WJXO_Ojvh�h�_�VnILKalbf�VnjkW@T�WchÐWcjvRgXbPShÐW�P^XO×yh�ØL_a[^_OjkXalbfgW

Ù�WcKO_aWcjvNvILRLT
lim
n→∞

L
((

T̂n,Λn

)∣∣∣P n1

0 ⊗Qn2

0

)

©U©��



��[^R T̂n ILRgV Λn
¡^�yTUN � � ÏgXalafLRLjv_O_aW|Ôn� Ö�ILRgViÔn�¨Ñn¡UjvRgXOÏ�WJXa[^RgVLWcKaW��nPS_OH|Ôn�v©�ÿ�ILRgV"�nPS_OH

Ôn�¨ÔU�n� M XrKaWcjklbf _|PSNkXb[
lim
n→∞

L ((Tn,Λn)|P n1

0 ⊗Qn2

0 ) = lim
n→∞

L
((

T̂n,Λn

)∣∣∣P n1

0 ⊗Qn2

0

) � Ñn�¨�U���
R�P^lafLHJI qûWcjkXaWcR¢�)o|P^lbf;�nPS_OH�Ôn�v©àýÕWcKOf�zSNv_ehiPSR

lim
n→∞

L
((

Tn
Λn

)∣∣∣∣P
n1

0 ⊗Qn2

0

)
= N

((
0
0

)
,

(
σ2

1 σ12

σ12 σ2
2

))
,

� Ñn�¨�n©��
q%[^Ï�Wcj

σ2
1 =

1

1 − d

∫
k̃2
1 dP0 +

1

d

∫
k̃2
2 dQ0

=
1

1 − d
EQ0

(f2)
2 Ù PSK

P0
(f1) +

1

d
EP0

(f1)
2 Ù PSK

Q0
(f2) ,

σ2
2 = (1 − d)

∫
g2
1 dP0 + d

∫
g2
2 dQ0 = (1 − d) Ù PSK P0

(g1) + d Ù PSK Q0
(g2) ,

σ12 =

∫
k̃g dP0 ⊗Q0 = EQ0

(f2)
&û[à�

P0
(f1, g1) +EP0

(f1)
&û[��

Q0
(f2, g2)

XOjvRgV¦�LY|jkW�P^XO×`h�ØL_a[^_OjkXblafgW�Ù�WcKO_aWcjvNvILRLT���[^R (T̂n,Λn
) ILR`_aWcK P n1

0 ⊗Qn2

0
qrjvKaV�h�jv_

Y|WcNv_bPÕd�Wc_Ofg[yVLW�Ï)WJXa_Ojvh�h+_�� M XZÏ)WcH�WcjklbfLRgW

Yn =

(
f1,n, f2,n,

1

n

n1∑

i=1

g1 (Xi) ,
1

n

n2∑

i=1

g2 (Yi)

)
.

M XrTUjvNv_ZVgPSRLR
E (Yn) = (EP0

(f1) , EQ0
(f2) , 0, 0) .

o|P^lbf·VLWch3XO_bPSKO]�WcR � WJXaWc_OH²VLWcK�TUKa[^¤�WcRCú�PSfLNkWcR WcKOTUjvÏL_	XOjklaf VnjkWxs P^XO_@XajklafgWcKaW£ [^R ��WcKOT�WcRLH Yn → (EP0
(f1) , EQ0

(f2) , 0, 0)
su�LK n → ∞ �)d�jv_�&%KbPSh5LcK�m��x[^NkVymY|Wc�yjklJW�WcKOf�zSNv_ehiPSR@VnjkW+Xalaf`qûP^lafgW £ [^R`��WcKOT�WcRLH

lim
n→∞

L
(√

n (Yn −E (Yn))
∣∣P n1

0 ⊗Qn2

0

)
= N (0,Σ) .

Y�jkW £ [��UPSKOjQPSRLHJhiPS_OKOjÎþ Σ WcKOTUjvÏL_ZXOjklbf�PSNkX

Σ =




1
1−d
Ù PSK

P0
(f1) 0 &û[��

P0
(f1, g1) 0

0 1
d
Ù PSK

Q0
(f2) 0 &û[��

Q0
(f2, g2)&û[��

P0
(f1, g1) 0 (1 − d) Ù PSK P0

(g1) 0
0 &û[��

Q0
(f2, g2) 0 d Ù PSK Q0

(g2)


 .

Y�jkW � ÏLÏLjvNkVnILRLT H2 : R
4 → R

2, (x1, x2, x3, x4) 7→ (x1x2, x3 + x4)
jkXO_�VnjÎÍ¦WcKaWcRnm

HJjkWcKOÏ�PSKejvR
R

4 h�jv_eVLWcKZ� P^lJ[^ÏLjÎmpd	PS_OKOjÎþ
JH2 (x1, x2, x3, x4) =

(
x2 x1 0 0
0 0 1 1

)
.

©U©U©



�yWcj B := JH2 ((EP0
(f1) , EQ0

(f2) , 0, 0))
�ïo|P^lbf Y\WcNv_bP�d�Wc_Ofg[yVLW�WcKOTUjvÏL_ÐXajklaf

VnjkW�Xblaf q�P^lafgW £ [^R`��WcKOT�WcRLH
lim
n→∞

L
((

T̂n,Λn

)∣∣∣P n1

0 ⊗Qn2

0

)

= lim
n→∞

L
(√

n (H2 (Yn) −H2 (E (Yn)))
∣∣P n1

0 ⊗Qn2

0

)

= N
(
0, BΣBt

)
.

d	PSR"WcKOf�zSNv_�PSIL¤�WcKaVLWch BΣBt =

(
σ2

1 σ12

σ12 σ2
2

) ¡��`TUN � � Ñn�¨�n©��}� Y|jkW � NkWcjklbfLfgWcjv_
� Ñn�¨�U���ejkXO_�Xb[^h�jv_�Ï�WcqrjkWJXaWcR¢��Y|jkW��xWcKO_aW c1 ILRgV c2 XOjvRgV@ILR Ï�Wc]^PSRLR`_\ILRgV h+�gXbXaWcRT�WJXalbf�zS_OHJ_iqûWcKaVLWcR¢� Y|jkW,�ylaf�zS_OH�WcK f1,n

¡ f2,n
¡ σ̂n (f1)

2 ILRgV σ̂n (f2)
2 XaWcjkWcR1qrjkW

jvR,0�WcjkXOØLjkWcNïÑn� ÖiVLWT)gRLjkWcKO_���Y|jkW+T�WJXalaf�zS_OHJ_aWcR�]`KOjv_OjkXalbfgWcR,�xWcKO_aW ĉ1,n ILRgV ĉ2,n XOjvRgVVLWT)gRLjkWcKO_|VnILKalaf
ĉ1,n = u1−α

(
n

n1

(
f2,n

)2
σ̂n (f1)

2 +
n

n2

(
f1,n

)2
σ̂n (f2)

2

) 1

2

ILRgV
ĉ1,n = u1−α

2

(
n

n1

(
f2,n

)2
σ̂n (f1)

2 +
n

n2

(
f1,n

)2
σ̂n (f2)

2

) 1

2

.

o\P^laf@¥°Wch�hiP ©U�¨��ýy¡g¥¢Wch�hiP ©U�¨�UÿÕILRgV�0�WchÐWcKO]`ILRLT�Ôn� ýÕXOjvRgV�VnjkW § WJXO_�s�[^NvT�WcR

ϕ̂1n =





1 >

T̂n ĉ1,n
0 ≤

ILRgV ϕ̂2n =





1 >∣∣∣T̂n
∣∣∣ ĉ2,n

0 ≤
P^XO×yh�ØL_a[^_OjkXalbf�z^C`ILjv�^PSNkWcR`_%HJI�VLWcR § WJXO_�s�[^NvT�WcR ϕ̃1n

ILRgV ϕ̃2n
su�LK VgP^X § WJXa_OØLKa[^ÏLNkWch� Ñn�v©��ûÏLHJq�� � Ñn�¨���}¡gq%WcjvN ĉ1,n → c1

ILRgV ĉ2,n → c2
su�LK n→ ∞ s P^XO_rXOjklbfgWcKe]�[^R ��WcK�mTUjkWcKaWcR¢¡��yTUN �¡0�WcjkXOØLjkWcN�Ñn� Ög�¦Y�jkW § WJXO_�s�[^NvT�W ϕ̂1n
jkXO_�PSNkXa[�P^XO×`h�ØL_a[^_OjkXblaf²z^C`ILjv�^PSNkWcR`_

HJI1VLWcK § WJXO_�sÚ[^NvT�W � Ñn� Ö{��su�LKÕVgP^X § WJXO_OØLKa[^ÏLNkWch � Ñn�v©��+ILRgV VnjkW § WJXO_�sÚ[^NvT�W ϕ̂2n
jkXO_

P^XO×yh�ØL_a[^_OjkXalbf�z^C`ILjv�^PSNkWcR`_eHJI@VLWcK § WJXa_�s�[^NvT�W � Ñn�¨���ûsu�LKZVgP^X § WJXO_OØLKa[^ÏLNkWch � Ñn�¨���}�
õ�½)ê�Ëy½°ÈïÄ¿½¿Å1Ì�Ê(	�Ë ò Ë âJß�Ëy½óÈ¿Ë`â��(¼�Éuã�áyø¢á�½ ä¢Ä¿½¿æ�ßà¼uá�½¿ÊgÉuâ^Í
��R@VnjkWJXaWcK � R qûWcRgVnILRLT�]�WcfLKaWcR�qrjvKeHJI@VLWchà� jvNklJ[JþL[^R�wgILRL]`_Ojk[^R�PSN k : P ⊗Q →
R, P ⊗ Q 7→

∫
1{(x,y)∈R2:x≥y}dP ⊗ Q HJILKO�glb])� M X\TUjvNv_ k (P ⊗Q) =

∫
FQdP

��yWcj (Ω1,A1) = (Ω2,A2) = (R,B) �¢��h � WcT�WcRgXbPS_OHÐHJI�0�WcjkXOØLjkWcNûÑn� ý�qrjvKaV�RLjklaf`_��[^KbPSIgXOT�WJXbWc_OHJ_�¡ VgP^XaX�VnjkW�RLjklbf _OØ�PSKbPShÐWc_OKOjkXalbfgWcR�w�PSh�jvNvjkWcR P ⊂ M1 (R,B) ILRgV
Q ⊂ M1 (R,B) R ILK�XO_aWc_OjvT�W"��PSfLKaXalafgWcjvRLNvjklbfL]�Wcjv_aXOhiPS¤�W@WcR`_Of�PSNv_aWcR¢� M X�q%WcKaVLWcRVgP^XeWcjvRgXbWcjv_OjvT�W § WJXa_OØLKa[^ÏLNkWch

H1 =

{
P ⊗Q ∈ P ⊗Q : k (P ⊗Q) ≤ 1

2

}

T�WcT�WcR
©U©��



K1 =

{
P ⊗Q ∈ P ⊗Q : k (P ⊗Q) >

1

2

} � Ñn�¨�U���
ILRgV�VgP^XeHJq%WcjkXbWcjv_OjvT�W § WJXa_OØLKa[^ÏLNkWch

H2 =

{
P ⊗Q ∈ P ⊗Q : k (P ⊗Q) =

1

2

}

T�WcT�WcR

K2 =

{
P ⊗Q ∈ P ⊗Q : k (P ⊗Q) 6= 1

2

} � Ñn�¨�UÔ��
Ï)Wc_OKbP^lbf _aWc_�� � IgXïVLWcK � R qûWcRgVnILRLT��n� ýZjkXO_ïWJX¿Ï�WcKaWcjv_aXïÏ�Wc]^PSRLR`_�¡UVgP^XaXïVgP^X�� jvNklJ[JþL[^R
wLILRL]`_Ojk[^R�PSNëPSR � WJVLWcKJ�`_aWcNvNkW P0 ⊗ Q0 ∈ P ⊗ Q VnjÎÍ�WcKaWcRLHJjkWcKOÏ�PSK@jkXO_�ILRgV�VnjkW� ÏLÏLjvNkVnILRLT
k̃ (P0 ⊗Q0) : R

2 → R, (x, y) 7→ Q0 ((−∞, x]) + P0 ([y,+∞)) − 2k (P0 ⊗Q0)

WcjvR � KbP^VnjkWcR`_Õ��[^R k PSR VLWcK#�`_aWcNvNkW P0 ⊗ Q0
jkXa_�� M XëqrjvKaV ��[^KbPSIgXOT�WJXaWc_OHJ_�¡ïVgP^XaX

k̃ (P0 ⊗Q0)
VLWcK�]UPSRg[^RLjkXalafgW � KbP^VnjkWcR`_r��[^R k PSR � WJVLWcK3�`_aWcNvNkW P0 ⊗Q0 ∈ H2

jkXO_�¡
V¦� f¢�)WJX\TUjvNv_ k̃ (P0 ⊗Q0) ∈ T (P0 ⊗Q0,P ⊗Q) s��LK�PSNvNkW P0 ⊗ Q0 ∈ H2

��Y|jkWJXaW
Ù�[^KbPSIgXaXaWc_OHJILRLT�Ï)WJXbPSTU_�¡¿VgP^XaXëVgP^X�d�[`VLWcNvN%fLjvRLKaWcjklafgWcRgV TUKa[^¤�jkXO_��G�yWcj%R ILR P0 ⊗
Q0 ∈ H2

Ï�WcNvjkWcÏLjvT�PSÏ)WcKes�WJXO_�T�Wcq�zSfLNv_���o\P^laf,0�WcjkXOØLjkWcN¿Ôn�v©�NvjkWcTU_ZVnjkW § WJXO_aXa_bPS_OjkXO_Ojv]
Tn =

√
n

n1

n1∑

i=1

Q0 ((−∞, Xi]) +

√
n

n2

n2∑

j=1

P0 ([Yj,+∞)) − 2
√
nk (P0 ⊗Q0)

VLWcRAP^XO×yh�ØL_a[^_OjkXalaf·[^ØL_OjvhiPSNkWcR § WJXa_�s�[^NvT�WcR � Ñn� Ö{��ILRgV � Ñn�¨����HJILTUKOILRgVLWU�3�xWcT�WcR
k (P0 ⊗Q0) = 1

2
WcKOf�zSNv_ZhiPSR@ILR _aWcK H2

Tn =

√
n

n1

n1∑

i=1

Q0 ((−∞, Xi]) +

√
n

n2

n2∑

j=1

P0 ([Yj,+∞)) −√
n.

�ph9wg[^NvT�WcRgVLWcR�qrjvKaV�WcjvRgWZP^VgPSØL_Ojv��WZd�Wc_Ofg[yVLW���[^KOT�WJXO_aWcNvNv_�¡Uh�jv_ VLWcK VnjkW�ILR`Ï)Wc]UPSRLRnm
_aWcR�wLIL¤UØLILRL]`_aW P0

ILRgV Q0
WcNvjvh�jvRLjkWcKO_°qûWcKaVLWcR+]�'^RLRgWcR¢��Y|jkW��xWcKO_aW Q0 ((−∞, Xi])ILRgV P0 ([Yj,+∞)) ¡¦VnjkW�jvR²VnjkW § WJXO_aXa_bPS_OjkXO_Ojv] Tn fLjvRgWcjvRLT�WcfgWcR¢¡¿XOjvRgV�ILR Ï�Wc]UPSRLR _ILRgV�h+�gXaXaWcR@T�WJXalaf�zS_OHJ_�q%WcKaVLWcR¢��wÂ�LK t ∈ R

qrjvKaV Q0 ((−∞, t]) VnILKalbf
1

n2

n2∑

i=1

1(−∞,t] (Yi)

T�WJXalaf�zS_OHJ_���Y|WcKD�xWcKO_ P0 ([s,+∞)) qrjvKaV�su�LK s ∈ R
VnILKalaf

1

n1

n1∑

i=1

1[s,+∞) (Xi)

©U©�Ô



T�WJXalbf�zS_OHJ_���d	PSR WcKOf�zSNv_�Xa[^h�jv_eVnjkW�RgWcIgW § WJXO_aXa_bPS_OjkXO_Ojv]

T̂n =

√
n

n1

n1∑

i=1

1

n2

n2∑

j=1

1(−∞,Xi] (Yj) +

√
n

n2

n2∑

j=1

1

n1

n1∑

i=1

1[Yj ,+∞) (Xi) −
√
n

= 2

√
n

n1n2

n1∑

i=1

n2∑

j=1

1(−∞,Xi] (Yj) −
√
n.

�xWcjv_aWcKOfLjvR�qrjvKaV VnjkW § WJXa_aXO_bPS_OjkXO_Ojv] T̃n = 1
2 T̂n
Ï�Wc_OKbP^laf _aWc_�� M XrÏ�WcH�WcjklafLRgW

Fn1,P0
(t) =

1

n1

n1∑

i=1

1(−∞,t] (Xi)

VnjkW�Wch�ØLjvKOjkXblafgW�Ù�WcKO_aWcjvNvILRLT�XOsuILRL]y_Ojk[^R@��[^R P0
ILRgV

Fn2,Q0
(t) =

1

n2

n2∑

i=1

1(−∞,t] (Yi)

VnjkW�Wch�ØLjvKOjkXalafgW�Ù�WcKO_aWcjvNvILRLT�X�s�ILRL]`_Ojk[^R���[^R Q0
��d@jv_%VnjkWJXaWcR"0�WcH�WcjklafLR`ILRLT�WcR WcKOf�zSNv_

hiPSR

T̃n =

√
n

n1n2

n1∑

i=1

n2∑

j=1

1(−∞,Xi] (Yj) −
1

2

√
n

=
√
n

∫
Fn2,Q0

dFn1,P0
− 1

2

√
n

=
√
n

(∫
Fn2,Q0

dFn1,P0
−
∫
FQ0

dP0

)
.

Y|jkW�P^XO×yh�ØL_a[^_OjkXalafgW\Ù�WcKO_aWcjvNvILRLTi��[^R T̃n ILR`_aWcK P n1

0 ⊗Qn2

0
qrjvKaV�R ILR�ILR _aWcKaXaIglaf _��

ý Ë`ð�ð�Ê�Ì�Ê�Æv×�yzvS ]^WaW�M
ε > 0

`^NaWcb
lim
n→∞

P n1

0 ⊗Qn2

0

(∣∣∣Tn − T̃n

∣∣∣ > ε
)

= 0.

��MTx.MTNPw�n�M XrTUjvNv_
√
n

(∫
Fn2,Q0

dFn1,P0
−
∫
FQ0

dP0

)

=
√
n

∫
(Fn2,Q0

− FQ0
) dP0 −

√
n

∫
(Fn1,P0

− FP0
)− dQ0 +Rn

h�jv_
lim
n→∞

P n1

0 ⊗Qn2

0 (|Rn| > ε) = 0
� Ñn�¨�SÖ{�
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su�LKÐPSNvNkW ε > 0 R�P^laf VLWcKÐXa_bPSKO]�WcR1Ù�WcKaXOjk[^R1VLWcKÕsuILRL]y_Ojk[^RgWcNvNkWcR Y\WcNv_bP	d�Wc_Ofg[yVLWU¡�`TUN �>5¨Ñn©T6p¡e�yWcjv_aW��UÿUÿn¡ M þLPSh�ØLNkWë�U�n�v©U©U��d�jv_ (Fn1,P0
− FP0

)−
qrjvKaV@VnjkW�NvjvRL]nXaXaWcjv_OjvT

XO_aWc_OjvT�W�Ù�WcKaXOjk[^R1VLWcK � ÏLÏLjvNkVnILRLT t 7→ Fn1,P0
(t) − FP0

(t) Ï�WcH�WcjklafLRgWc_���d�jv_�VLWcRz^C ILjv�UPSNkWcR _aWcR@~�hÕsÚ[^KOh+ILRLT�WcR�WcKOf�zSNv_�hiPSR
√
n

∫
(Fn1,P0

− FP0
)− dQ0

=
√
n

∫ (
1

n1

n1∑

i=1

1(−∞,t] (Xi) − P0 ((−∞, t])

)

−
dQ0(t)

=
√
n

∫ (
1

n1

n1∑

i=1

1(−∞,t) (Xi) − P0 ((−∞, t))

)
dQ0 (t)

=

√
n

n1

n1∑

i=1

(∫
1(−∞,t) (Xi) dQ0 (t) −

∫
P0 ((−∞, t)) dQ0 (t)

)

=

√
n

n1

n1∑

i=1

(∫
1(Xi,+∞) (t) dQ0 (t) − 1 + k (P0 ⊗Q0)

)

=

√
n

n1

n1∑

i=1

(Q0 ((Xi,+∞)) − 1 + k (P0 ⊗Q0))

= −
√
n

n1

n1∑

i=1

(Q0 ((−∞, Xi]) − k (P0 ⊗Q0)) ,

q%[^Ï�Wcj
∫
P0 ((−∞, t)) dQ0 (t) =

∫ (∫
1(−∞,t) (x) dP0 (x)

)
dQ0 (t)

=

∫
1{(x,t)∈R2:x<y}dP0 ⊗Q0

= 1 −
∫

1{(x,t)∈R2:x≥y}dP0 ⊗Q0

= 1 − k (P0 ⊗Q0)

TUjvNv_�� � R�PSNk[^TÐWcKOTUjvÏL_|XOjklaf
√
n

∫
(Fn2,Q0

− FQ0
)

=

√
n

n2

n2∑

j=1

∫ (
1(−∞,t] (Yj) − FQ0

(t)
)
dP0 (t)

=

√
n

n2

n2∑

j=1

(∫
1[Yj ,+∞) (t) dP0 (t) −

∫
FQ0

(t) dP0 (t)

)

=

√
n

n2

n2∑

j=1

(P0 ([Yj,+∞)) − k (P0 ⊗Q0)) .

©U©�Ñ



��RgXOT�WJXbPSh�_ZWcKOf�zSNv_ehiPSR
√
n

∫
(Fn2,Q0

− FQ0
) dP0 −

√
n

∫
(Fn1,P0

− FP0
)− dQ0

=

√
n

n2

n2∑

j=1

(P0 ([Yj,+∞)) − k (P0 ⊗Q0))

+

√
n

n1

n1∑

i=1

(Q0 ((−∞, Xi]) − k (P0 ⊗Q0))

=

√
n

n1

n1∑

i=1

Q0 ((−∞, Xi]) +

√
n

n2

n2∑

j=1

P0 ([Yj,+∞)) − 2
√
nk (P0 ⊗Q0)

= Tn.

{�jkWcKbPSIgXrsÚ[^NvTU_

T̃n =

∫
Fn2,Q0

dFn1,P0
−
∫
FQ0

dFP0

=
√
n

∫
(Fn2,Q0

− FQ0
) dP0 −

√
n

∫
(Fn1,P0

− FP0
)− dQ0 +Rn

= Tn +Rn.
� Ñn�¨�UÑ��

� IgX � Ñn�¨�SÖ{�ûILRgV � Ñn�¨�UÑ��ûs�[^NvTU_ZVnjkW�0�Wcf�PSILØL_OILRLT
lim
n→∞

P n1

0 ⊗Qn2

0

(∣∣∣Tn − T̃n

∣∣∣ > ε
)

= 0

s��LKZPSNvNkW ε > 0 � �

d	PSR�]^PSRLR�Ï)Wcj�VLWcR�P^XO×yh�ØL_a[^_OjkXalbf�[^ØL_OjvhiPSNkWcR § WJXO_�s�[^NvT�WcR � Ñn� Ö{��ILRgV � Ñn�¨��� VnjkW§ WJXO_aXO_bPS_OjkXO_Ojv] Tn VnILKalaf T̃n WcKaXaWc_OH�WcR¢�)Y�PSÏ)WcjïWcKOf�zSNv_|hiPSR�VnjkW § WJXO_�sÚ[^NvT�WcR¢¡�VnjkW�HJIVLWcK%P^Xa×`h�ØL_a[^_OjkXalbf�[^ØL_OjvhiPSNkWcR § WJXO_�sÚ[^NvT�WcR � Ñn� Ö{��ILRgV � Ñn�¨���¿s��LK VgP^X WcR`_aXOØLKaWJlafgWcRgVLW§ WJXO_OØLKa[^ÏLNkWch(P^XO×yh�ØL_a[^_OjkXalbf�z^C`ILjv�^PSNkWcR`_ZXOjvRgV¦�
ú�ILK�0ûWcKaWJlbfLR ILRLT\VLWJX¦]yKOjv_OjkXalafgWcR<�xWcKO_aWJX¢su�LK¢VnjkW § WJXO_aX � Ñn� Ö{��ILRgV � Ñn�¨���)ÏLKbPSIglaf`_

hiPSR@VnjkW�P^XO×`h�ØL_a[^_OjkXblafgW�Ù PSKOjQPSRLH
lim
n→∞
Ù PSK

P
n1
0

⊗Qn2
0

(
T̃n

)
= lim

n→∞
Ù PSK

P
n1
0

⊗Qn2
0

(Tn) .

d�jv_30�WcjkXOØLjkWcN¿�n� ýëILRgVJ�nPS_OH+Ôn�v©��ÐWcKOTUjvÏL_�XOjklbf
lim
n→∞
Ù PSK

P
n1
0

⊗Qn2
0

(
T̃n

)

=
1

1 − d

∫ (∫
1{(x,y)∈R2:x≥y}dQ0(y) − k (P0 ⊗Q0)

)2

dP0 (x)

+
1

d

∫ (∫
1{(x,y)∈R2:x≥y}dP0(x) − k (P0 ⊗Q0)

)2

dQ0 (y) ,

©U©��



q%[^Ï�Wcj d = lim
n→∞

n2

n
jkXO_��LY|jkW��xWcKO_aW

w1 =

∫ (∫
1{(x,y)∈R2:x≥y}dQ0(y) − k (P0 ⊗Q0)

)2

dP0 (x)

ILRgV
w2 =

∫ (∫
1{(x,y)∈R2:x≥y}dP0(x) − k (P0 ⊗Q0)

)2

dQ0 (y)

XOjvRgV"ILR`Ï)Wc]UPSRLR _@ILRgVåh��gXaXaWcRóT�WJXalbf�zS_OHJ_ q%WcKaVLWcR¢� M X�KaWcjklbf _@VnjkW�]�[^RgXOjkXa_aWcR _aWcR
ILRgV WcKOqûPSKO_OILRLT�XO_OKaWcIgWcR��ylbf�zS_OH�WcK ŵ1,n

ILRgV ŵ2,n
su�LK w1

ILRgV w2
HJIA)gRgVLWcR¢��Y|jkW§ WJXO_�sÚ[^NvT�WcR@h�jv_\VLWcR@T�WJXalbf�zS_OHJ_aWcRJ�xWcKO_aWcR���[^R w1

ILRgV w2
XajvRgV VgPSRLR	P^Xa×`h�ØL_a[Sm

_OjkXalaf	z^C ILjv�UPSNkWcR _�HJI@VLWcR § WJXO_�s�[^NvT�WcR�h�jv_ZVLWcR�W}þLPS]y_aWcR��xWcKO_aWcR���[^R w1
ILRgV w2

¡
�`TUN �>0�WcjkXOØLjkWcN�Ñn� Ö@HJILh 0ûWcqûWcjkX��°Y|jkWJXaWJX@�ylaf�zS_OHJØLKa[^ÏLNkWch qrjvKaV�R ILR�jvR WcjvRgWcK+��WcK�m
PSNvNvT�WchÐWcjvRgWcKO_aWcR@wg[^KOh�T�WcN('UXO_�¡nVnjkW\WcjvRgW � R qûWcRgVnILRLTÐÏ�Wcjvh § WJXO_aWcR�VLWcK���[^R�d�jkXaWJX
wLILRL]`_Ojk[^R�PSNkW�WcKOh#'^TUNvjklaf`_�¡��yTUN �R0�WcjkXOØLjkWcN¿�n�¨�n�
ý�Ë`ð²ðxÊ�Ì¡ÊuÆ�ÆÎ MTN

P ⊗Q ∈ P ⊗Q � MTWcN�M � N�`�] � MTSym�Mqw7b�`hM7xy�!QhWtb�n Î MTN
h : (Ω1 × Ω2,A1 ⊗A2) →

(R,B)
MTNaOeM+�>�Tm�]^WPWXwq|!]^SqNZ] � W(M#d+N�b ∫

h4dP ⊗ Q < ∞ �{Oes ∫
h dP ⊗ Q = 0

nH\<NZM�>�qm�]^WaWÖwT|9]^STN�] � W�M
Sn =

1

n1n2 (n2 − 1)

n1∑

i=1

n2∑

j=1

n2∑

k=1

k 6=j

h (Xi, Yk)h (Xi, Yj)

N�w7bys�]^O/O�MTNaO?M7Sqxy]^S7b��vO{`!wTb�S}MT�/MTS@�{Oes-_!krORwqNPwTb�MTO�b�MTS Î YTQ[�rb�U�MTSymqzvS�shMTO Ï MTSTb
∫ (∫

h (x, y) dQ (y)

)2

dP (x) .
� Ñn�¨�U���

��MTx.M7N�won Y|jkW²ú�Ins PSNvNkXO�UPSKOjQPSÏLNkW Sn jkXO_ WcjvR=WcKOq�PSKO_OILRLT�XO_OKaWcIgWcK��ylaf�zS_OH�WcK s��LK@VLWcR�xWcKO_ � Ñn�¨�U���}¡gVLWcRLR@WJXrTUjvNv_
EPn1⊗Qn2 (Sn)

=
1

n1n2 (n2 − 1)

n1∑

i=1

n2∑

j=1

n2∑

k=1

k 6=j

∫
h (xi, yk)h (xi, yj) dP ⊗Q2 (xi, yk, yj)

=
1

n1n2 (n2 − 1)

n1∑

i=1

n2∑

j=1

n2∑

k=1

k 6=j

∫ (∫
h (x, y) dQ (y)

)2

dP (x)

=

∫ (∫
h (x, y) dQ (y)

)2

dP (x)

R�P^lafiVLWch��nPS_OHZ��[^RÐwLILÏLjvRLj � M X�qrjvKaV�R ILRÐT�WcH�WcjvTU_�¡`VgP^XaX�VLWcKj�ylbf�zS_OH�WcK Sn su�LK�VLWcR�xWcKO_ � Ñn�¨�U���û]�[^RgXOjkXO_aWcR`_ejkXO_�� M XZKaWcjklaf`_ZHJI�H�WcjvT�WcR¢¡�VgP^XbX
lim
n→∞
Ù PSK

Pn1⊗Qn2 (Sn) = 0
� Ñn�¨��ýr�

©U©àý



TUjvNv_�� M XeXaWcjkWcR
In = {(i, j, k) : i ∈ {1, . . . , n1} ILRgV j, k ∈ {1, . . . , n2} ILRgV k 6= j}

VnjkW���RgVLW}þnhÐWcRLT�W�ILRgV
zn = n1n2 (n2 − 1)

VnjkW � RLHàPSfLNïVLWcK M NkWchÐWcR _aWë��[^R In � M XZÏ�WcH�WcjklafLRgW fs = h (Xi, Yk)h (Xi, Yj)
s��LK

WcjvR s = (i, j, k) ∈ In �gd	PSR WcKOf�zSNv_eHJILR�z^lafgXO_
Ù PSK

Pn1⊗Qn2 (Sn)

= Ù PSK
Pn1⊗Qn2

(
1

zn

∑

s∈In
fs

)

=
1

z2
n

∑

s∈In

Ù PSK
Pn1⊗Qn2 (fs) +

1

z2
n

∑

s∈In

∑

t∈In\{s}

&û[��
Pn1⊗Qn2 (fs, ft) .

wÂ�LKZVnjkW��`ILh�hÐW�VLWcKrÙ PSKOjQPSRLH�WcR�WcKOTUjvÏL_ZXOjklbf@Xa[^h�jv_
1

z2
n

∑

s∈In

Ù PSK
Pn1⊗Qn2 (fs) =

1

zn

Ù PSK
Pn1⊗Qn2

(
f(1,1,2)

)
→ 0

s��LK n→ ∞ ¡nq%WcjvN
Ù PSK

Pn1⊗Qn2

(
f(1,1,2)

)
=

∫
(h (x1, y1) h (x1, y2))

2 dP ⊗Q2 (x1, y1, y2)

=

∫ (∫
h (x1, y1)

2 dQ (y1)

)2

dP (x1)

≤
∫ (∫

h (x1, y1)
4 dQ (y1)

)
dP (x1)

=

∫
h4dP ⊗Q

< ∞ � Ñn�¨�UÓ��
R�P^lbf@Ù�[^KbPSIgXaXaWc_OHJILRLTiTUjvNv_�� M XrÏLNkWcjvÏL_|VnjkW��`ILh�hÐW

1

z2
n

∑

s∈In

∑

t∈In\{s}

&û[��
Pn1⊗Qn2 (fs, ft)

� Ñn�¨�Uÿ��
VLWcK £ [��UPSKOjQPSRLH�WcR�HJI�Ï�Wc_OKbP^laf`_aWcR¢��d�jv_eVLWcK � ÏgXalaf�zS_OHJILRLT � Ñn�¨�UÓ��rWcKOf�zSNv_ehiPSR
| &û[�� Pn1⊗Qn2 (fs, ft)| ≤ ( Ù PSK Pn1⊗Qn2 (fs)

Ù PSK
Pn1⊗Qn2 (ft))

1

2 ≤
∫
h4dP⊗Q <∞.� Ñn�¨ÔU���M XeÏ)WcH�WcjklbfLRgW s = (s1, s2, s3)

ILRgV t = (t1, t2, t3)
� M XeTUjvNv_

&û[��
Pn1⊗Qn2 (fs, ft) = 0,

©U©�Ó



sÚPSNvNkX sk 6= tk
su�LKZPSNvNkW k ∈ {1, 2, 3} XajvRgV¦�g�pRgXaT�WJXbPSh+_rTUjvÏL_ZWJX�PSNkXa[�h�jvRgVLWJXO_aWcRgX

n2 (n2 − 1)n1 (n2 − 2) (n2 − 3) (n1 − 1) = zn (n2 − 2) (n2 − 3) (n1 − 1)

��WcKaXalafLjkWJVLWcRgW £ [à�^PSKOjQPSRLH�WcR#&û[��
Pn1⊗Qn2 (fs, ft)

jvR+VLWcKH�`ILh�hÐW � Ñn�¨�Uÿ��}¡àVnjkW�TUNkWcjklbf
oZILNvN¢XOjvRgV¦�Ld	PSR@WcKOf�zSNv_ZXb[^h�jv_ZVnjkW � ÏgXblaf�zS_OHJILRLT

∣∣∣∣∣∣
1

z2
n

∑

s∈In

∑

t∈In\{s}

&û[��
Pn1⊗Qn2 (fs, ft)

∣∣∣∣∣∣

≤ 1

z2
n

(zn (zn − 1) − zn (n2 − 2) (n2 − 3) (n1 − 1))

∫
h4dP ⊗Q

=
1

zn
(zn − 1 − (n2 − 2) (n2 − 3) (n1 − 1))

∫
h4dP ⊗Q

=
n2 (n2 − 1)n1 − (n2 − 2) (n2 − 3) (n1 − 1) − 1

n2 (n2 − 1)n1

∫
h4dP ⊗Q

→ 0

su�LK n→ ∞ �
�y[^h�jv_ejkXa_eVnjkW £ [^R`��WcKOT�WcRLH � Ñn�¨��ýr�ûT�WcH�WcjvTU_�� ��ëËy¼uâ í ¼uËyÉûÌ¡ÊuÆ Ü�`Ø)WcHJjkWcNvN)s��LKûVgP^X�� jvNklJ[JþL[^R wLILRL]y_Ojk[^R�PSN¦h�jv_ h = 1{(x,y)∈R2:x≥y} − 1
2
WcKOf�zSNv_rhiPSR

VLWcR WcKOqûPSKO_OILRLT�XO_OKaWcIgWcR	ILRgV�]�[^RgXOjkXO_aWcR`_aWcR1�ylbf�zS_OH�WcK
ŵ1,n =

1

n1n2 (n2 − 1)

n1∑

i=1

n2∑

j=1

n2∑

k=1

k 6=j

(
1{Xi≤Yk} −

1

2

)(
1{Xi≤Yj} −

1

2

)

su�LK w1
� � R�PSNk[^TÐWcKOTUjvÏL_�XOjklbf VLWcKZWcKOqûPSKO_OILRLT�Xa_OKaWcIgW+ILRgV�]�[^RgXajkXO_aWcR _aW �ylbf�zS_OH�WcK

ŵ2,n =
1

n2n1 (n1 − 1)

n2∑

i=1

n1∑

j=1

n1∑

k=1

k 6=j

(
1{Xj≤Yi} −

1

2

)(
1{Xk≤Yi} −

1

2

)

su�LK w2
�g��RgXOT�WJXbPSh�_eWcKOf�zSNv_ZhiPSR VnjkW+P^XO×yh�ØL_a[^_OjkXalbf�[^ØL_OjvhiPSNkW�wg[^NvT�W

ϕ̃1n =





1 >

T̃n u1−α
(
n
n1
ŵ1,n + n

n2
ŵ2,n

) 1

2

0 ≤
VLWcKZWcjvRgXaWcjv_OjvT�WcR § WJXO_aXesu�LKZVgP^X § WJXa_OØLKa[^ÏLNkWch � Ñn�¨�U���rILRgV@VnjkW+P^XO×yh�ØL_a[^_OjkXalbf�[^ØL_OjÎm
hiPSNkW�wg[^NvT�W

ϕ̃2n =





1 >∣∣∣T̃n
∣∣∣ u1−α

2

(
n
n1
ŵ1,n + n

n2
ŵ2,n

) 1

2

0 ≤
VLWcKrHJq%WcjkXaWcjv_OjvT�WcR § WJXO_aXrsu�LKeVgP^X § WJXO_OØLKa[^ÏLNkWch � Ñn�¨�UÔ��}�

©U©�ÿ
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�

f ò<Ç ¼�á3Å o

  yr{N¡J���
o ¢!£�¤x¥ �������$�

M XeXaWcjkWcR (an)n∈N

ILRgV (bn)n∈N

HJq%Wcj°w�[^NvT�WcR@��[^R KaWJWcNvNkWcR�ú�PSfLNkWcR¢�
Y\P^X��`×`h�Ï)[^N an ∈ o (bn)

Ï)WJVLWcIL_aWc_�¡gVgP^XbX lim
n→∞

an

bn
= 0 jkXO_��

  yr{N¡J���
o ¢!£�¤x¥r¦ ��§�~A�u���r�$�

M XZXaWcjkWcR M WcjvR@hÐWc_OKOjkXalbfgWcK � PSILh ILRgV f, g : M → R
HJqûWcj � ÏLÏLjvNkVnILRLT�WcR¢��Y\P^X�`×`h�Ï)[^N f ∈ o (g) s��LK x→ x0

jvR M Ï)WJVLWcIL_aWc_|VgPSRLR¢¡gVgP^XaX lim
x→x0

f(x)
g(x) = 0 TUjvNv_��
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¨ ¹°¯x´·¶²­�¯­�6¶	³ ´A¶²¸E´ ¹�º1¬�«�¹�±

5v©T6 0rPSIgWcK�¡¿{ë�v¡ � ©�ÿUÿn©��}��© Ï ]!QhSqw7Y7Q[MTNaO/WXNZYTQ�_rMTNabaw7baQ[MVk^STN�M[ª ¡ÂÖg� � I�«�PST�WU¡���PSNv_aWcKëVLW� KOIL×y_aWcK��
5¨�96 0rPSIgWcK�¡g{�� � ©�ÿUÿU���}�r¬ L;]V���D�vO�s-�qO
b�MZ`^SV]rb�NZk^ORwTbaQRMVk^STNZMH­(� ��PSNv_aWcKZVLW � KOIL×y_aWcK��
5¨Ô96 0rPSKOjvRLTUf�PSIgX�¡¢¥��v¡¦wLKbPSRLH�¡H&|�v¡ � �U�U�SÖ{�}�®©°¯ OE]�O�MTx d@�vWcb�Na|9]^STN�]�b�M#b�xyk^��w7]^d���W(Mb�MqwTb�ª ¡L��[^ILKOR�PSNÂ[Ssïd�ILNv_Ojv�UPSKOjQPS_aW � R�PSNv×nXOjkXZÓUÓn¡¦©�ÿU�tm��U�U�n�
5 Ö^6 0�Wc×�WcKaXOhiPSRLR¢¡n�g�v¡`�`PSRgXaXaWcR¢¡ � �v¡yd	PJ×�WcK�¡R&|� mpYë�v¡ � �U�U�SÖ{�}�:¬ ��E*Y7NZM7O
bHSl]rOR_+b�Mqw7bawm7krS�w�MTd@NÖ�[]^SV]^dIM7b�SqNZY@Y}k^d��RM7b�NaO{`�STN�wq_-d-k�shMTWXw�­ ¡gd�Wc_OKOjv]^P��U�n¡�ý^Ôtm�ÿn©U�
5¨Ñ96 0ûjkla]�WcN ¡��¿�v¡ £ NQPUP^XaXaWcR¢¡¡&|� � � �g�v¡ � jv_a[���¡°±��v¡��xWcNvNvRgWcK�¡)��� � � � ©�ÿUÿUÔ��}�²¬ �®E*Y7N�MTO
b]^O�s,p�s�]q�eb�Na|!M��.wTb�Nad#]rb�NZk^OAm7krS Î M7d+NÖ�[]^SV]^dIM7b�STN�Y�L;kos{MTWÖwH­ ¡���[^fLRgXÐ{|[^ØL]`jvRgX�yWcKOjkWJX\[Ss d�PS_OfgWchiPS_Ojkl�PSNy�ylcjkWcRglJWJX�����[^fLRgX\{|[^ØL]`jvRgX|~ZRLjv��WcKaXajv_p×@��KaWJXbX�¡�0rPSNÎm
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5¨ÑU�96�� jv_O_OjvRLTg¡g{ë�v¡ � ©�ÿUÓUÑ��}�r¬ L;]rbaQ[MTd#]rb�NPw7Y7Q[M Î b�]rb�NPwTb�NP_<��­ ¡R0\� � � § WcILÏLRgWcK��
5¨ÑUÔ96�� jv_O_OjvRLTg¡¦{ë�v¡)o�'^NvNkWU¡ � �v¡ � ©�ÿ�ý^���}��© p�O{`hMTxy]^Oesrb�M+L;]�baQ[MTd#]rb�NPw7YTQ[M Î b�]rb�NPwTb�NP_Aª ¡0\� � � § WcjvÏLRgWcK��
5¨ÑSÖ^6�� jv_O_OjvRLTg¡S{��v¡Sd@�LNvNkWcK�mpwgILRL])¡S~��v¡ � ©�ÿUÿUÑ��}��¬ L;]rbaQRMTd#]rb�N�w�YTQ[M Î b�]rb�NPwTb�NP_��V��­ ¡�0\� � �§ WcILÏLRgWcK��
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