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Zusammenfassung

In der vorliegenden Arbeit geht es darum eine verallgemeinerte Produktformel fiir die
dquivariante holomorphe Torsion von bestimmten holomorphen Linienbiindeln iiber spe-
ziellen Faserbiindeln zu bestimmen.

Desweiteren wird diese Produktformel dazu benutzt die dquivariante holomorphe Torsion
fiir flache Linienbiindel iiber kompakten, gerade-dimensionalen Liegruppen zu bestimmen.
Wir verallgemeinern dabei in beiden Féllen ein bekanntes nicht-dquivariantes Resultat
von Stanton in [29].

In bestimmten Fallen zerfallt der Dolbeault-Laplace-Operator fiir holomorphe Linien-
biindel tiber komplexen Faserbiindeln in zwei Teile, einen vertikalen Laplace-Operator
und einen horizontalen Laplace-Operator.

Diese Aufteilung lasst sich, wie wir in dieser Arbeit zeigen, fortsetzen auf die zugehorige
dquivariante spektrale Zeta-funktion. Um genauer zu werden, wir erhalten einen Teil, der
nur vom Kern des horizontalen Laplace-Operators abhéngt und sich darstellen lésst iiber
die dquivarianten Indexe bestimmter holomorpher Vektorbiindel iiber der Basis des Fa-
serbiindels, und einen weiteren Teil, der nur vom Kern des vertikalen Laplace-Operators
abhéngt und insbesondere weiter zerfillt in die dquivarianten Torsionen von speziellen
holomorphen Vektorbiindeln iiber der Basis des Faserbiindels.

Fiir zulassige Wirkungen auf die holomorphen Linienbiindel, deren induzierte Wirkung
auf die Basis des holomorphen Faserbiindels nur isolierte Fixpunkte hat, ergibt sich ein
noch einfacherer Ausdruck fiir die &quivariante holomorphe Torsion.

Im zweiten Teil dieser Arbeit wenden wir diese Zerlegung der Torsion auf ein spezielles
Beispiel an.

Wir betrachten das Faserbiindel, welches man erhélt, wenn man eine kompakte, gerade-
dimensionale Liegruppe durch einen maximalen Torus dividiert. Bei den zu untersuch-
endenden holomorphen Linienbiindeln schridnken wir uns auf die Klasse der flachen
Linienbiindel ein.

Die Theorie des ersten Teils, angewendet auf dieses Beispiel, liefert uns einen iibersicht-
licheren Ausdruck fiir die d4quivariante holomorphe Torsion der Linienbiindel.






Abstract

This thesis is dedicated to develop a generalised product formula for the equivariant
holomorphic torsion of a holomorphic, Hermitian line bundle over a certain kind of fibre
bundle.

Furthermore, we study an example which is given on the one hand, by a holomorphic fibre
bundle, consisting of a compact, connected, even-dimensional Lie group modded out by a
maximal torus and on the other hand, by flat complex line bundles over this Lie group.
In both parts of this thesis, we generalise a non-equivariant result from Stanton (cf. [29]).

Take a holomorphic line bundle £ over a holomorphic fibre bundle £ — M. There are
certain conditions that guaranty a splitting of the Dolbeault-Laplacian on £ into a
horizontal part and a vertical part.

In the first part of this thesis, we show that this splitting sometimes extends to a
splitting of the spectral equivariant zeta-function into a part that depends only on the
kernel of the horizontal Laplacian, consisting of a sum over various indexes of certain
holomorphic vector bundles over M, and a part the depends only on the kernel of the
vertical Laplacian. The latter part is given by a sum over equivariant holomorphic
torsions of holomorphic vector bundles over M.

For the special case of an admissible action that induces an action on M which has only
non-degenerated fixed points, we obtain an even simpler result. This is due to the fact
that we can apply the Atiyah-Bott fixed point formula to the sum over the indexes
occurring in the first part of the expression for the equivariant holomorphic torsion of £.

In the second part of this thesis, we study the example of the holomorphic fibre bundle,
induced by a compact, even-dimensional Lie group G and a maximal torus 1" therein. We
show that for certain flat line bundles over GG the theory of the first part is applicable.
Let o be an element of the universal covering group G that covers an element g in G
which generates a maximal torus. For the special case of an equivariant action that is
essentially given by left multiplication with gg, we obtain an expression for the
equivariant holomorphic torsion for the flat line bundle over G that depends only on the
roots of G and on the equivariant holomorphic torsions of the line bundle restricted to
the maximal torus with gy induced action.
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1 Introduction

1.1 History and motivation

In the 1930s, Reidemeister [25] and Franz [12]| developed an invariant to distinguish
certain manifolds that are homotopically equivalent but not homeomorphic. The
invariant is called Reidemeister torsion. In particular, they were able to classify the
homeomorphism classes of lens spaces.

Later, in the 1970s, Ray and Singer introduced an analytic analog to the Reidemeister
torsion, the analytic torsion (cf. [23]). They interpreted the Reidemeister torsion to be
the derivative of a (-function at 0 € C. The (-function is given by the spectrum of a
combinatorial Laplacian acting on an elliptic chain complex.

The analytic torsion was defined analogously by taking the de-Rham Laplacian on
differential forms and its spectral (-function. More general, this analytic torsion can be
extended to smooth, flat vector bundles over a compact manifold.

Shortly thereafter, Ray and Singer extended this Ansatz for the analytic torsion further.
They applied the same mechanism to Hermitian, holomorphic vector bundles over a
compact, complex manifold and defined this way the holomorphic torsion (cf. [24]). The
chain complex for the holomorphic torsion consists of the antiholomorphic differential
forms with coefficients in the holomorphic, Hermitian vector bundle. The differential of
this chain complex is given by the natural d-operator.

In particular, Ray and Singer computed the holomorphic torsion of flat line bundles over
a complex torus (in [24]).

In 1978, Stanton derived in [29] that for flat line bundles over certain holomorphic fibre
bundles, the computation of the holomorphic torsion of these line bundles simplifies. This
is due to a splitting of the (-function into two parts. One part mainly depends on the
holomorphic torsion of the line bundle restricted to a fibre while the second part is a
series over indexes of elliptic operators on vector bundles over the base space of the
holomorphic fibre bundle.

In particular, she was able to compute the holomorphic torsion of flat line bundles over
compact, even-dimensional Lie groups.

The equivariant holomorphic torsion is a natural equivariant generalisation of the
holomorphic torsion. It is of interest for the Arakelov theory. In [22] Kohler and Roessler
show that for a fixed point formula in the context of Arakelov theory, analogously to the
Lefschetz fixed point formula (cf. [3]), the equivariant holomorphic torsion becomes a
main ingredient.

The aim of this thesis is to generalise Stantons result to an equivariant setting, i.e to give
a formula for the equivariant holomorphic torsion for fibre bundles.

On the one hand, we show that for suitably good actions the splitting of the {-function
survives the equivariant approach even for a slightly more general case.

On the other hand, we apply this theory, similar to Stanton, to flat line bundles over
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compact, even-dimensional Lie groups. In particular, we give an explicit example for a
suitable action on these line bundles and compute its equivariant torsion.

1.2 A brief summary of this thesis

This thesis is divided into two parts.

The first part consists of the Sections 2, 3 as well as Section 4.

In Section 2, we recall common knowledge about complex manifolds, holomorphic vector
bundles and equivariant invariants.

Furthermore, we introduce the type of fibre bundle which we investigate later on, the
so-called holomorphic fibre bundle. It is a slight generalisation of the definition of a
holomorphic fibre bundle given by Stanton in [29].

In Section 3, we define the type of line bundles on which we study the equivariant
holomorphic torsion, namely the compatible line bundles. Additionally, we take a closer
look at the properties of those bundles with respect to the underlying holomorphic fibre
bundle structure and we derive verifiable conditions for the existence of compatible line
bundles.

The arguments, we use, for the compatibility are a natural generalisation of the
arguments Stanton derives in [29].

Furthermore, we use results from Atiyah and Singer to construct holomorphic vector
bundles W) over the base space M of a holomorphic fibre bundle 75 : E — M such
that the fibre over each point € M is given by the A-Figenspace of the Laplacian acting
on antiholomorphic forms on E, := 7' () with coefficients in the restricted holomorphic
line bundle £ |g,, i.e.

W) = U Ker <Dg| i T )\) )

zeM B

In addition to that, we introduce the equivariant action in Section 3. It is an action which
is compatible with all those structures, we defined so far. We call it the legitimate action.
We complete this section by constructing a morphism, the -morphism, that identifies
objects over the total space of the fibre bundle with objects over its base space. In
particular, we show that there is a natural action ny(M) on W) corresponding to the
legitimate action.

We finish the first part of this thesis in Section 4 by computing the equivariant
holomorphic (-function for legitimate actions on compatible line bundles over
holomorphic fibre bundles. The result is accumulated in Theorem 4.1:

Theorem (4.1):
Let E — M be a holomorphic fibre bundle and let £ — E be a compatible, holomorphic,
Hermitian line bundle.

Let further on 4 = (’yM,’yE,’yS) be a legitimate action on £.



1.2 A brief summary of this thesis

Then the equivariant (-function can be expressed for large Re(z) as follows:

_ . (\it) (05t)
Z5(2) == A7) t(=1)lind(y""", Oyyoun) + Z(q)tzﬁvgm (2).
A#£0 t t

WM;O,DW(A@) denotes the equivariant index of the Laplacian acting on WD,

Here, ind(~y
In particular, the equivariant (-function of £ — F is represented one the one hand (in
the first term), by differential topological invariants on the base space M belonging to
vector bundles Wt and on the other hand, by the equivariant ¢-functions of the
bundles W) which are given as the kernel of a Laplacian on the fibres.

The second part of this thesis is contained in Section 5.

Motivated by Stantons non-equivariant result, we give an example in which the
equivariant holomorphic torsion can be computed using the theory of the first part. We
look at compact, even-dimensional Lie groups and flat line bundles over those.

In Section 5.1, we apply common knowledge about compact Lie groups to show that these
Lie groups form a holomorphic fibre bundle over their maximal torus in a natural way.

In Section 5.2, we recall classical topological results about the isomorphism classes of
complex line bundles over Lie groups.

In Section 5.3, we recall that a complex line bundle associated to a representation of
71(G) obtains a natural holomorphic structure.

In Section 5.4, we investigate which holomorphic line bundles over Lie groups fulfil the
prerequisites of Theorem 4.1. Here, we use essentially differential geometric methods.
Afterwards, in Section 5.5, we apply Theorem 4.1 for a general legitimate action on those
line bundles. In particular, we recall some commonly known spectral properties of flat line
bundles over the complex torus that imply a very simple structure of the bundles wot),
We obtain the following theorem:

Theorem (5.1):

Let G be a compact, even-dimensional Lie group and let T be a mazximal torus in G.

Let G — G/T be the corresponding principle fibre bundle equipped with its natural
holomorphic fibre bundle structure.

Let further on TG G — G denote the universal cover of G and let £ = G Xy C—= G be

a Hermitian line bundle associated to the principle fibre bundle G — G through a
character x of m(G).

Equip £ — G with the holomorphic structure dg = 0 + e(n}(w)) for a O-closed form w in
A0V (G/T).

Additionally, let ¥ = ('yg,*yG, G/T) be a legitimate action.

Then the equivariant (-function is the meromorphic continuation of the following
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expression. For large Re(z) the (-function Z;;:E(z) is given by:

Z,ffg (Z) _ Z A~? Z t(_l)t+1ind(,yw(>\;t) 7 Dw(k;t))
AA£0 t

(0;0) .
+ X (T){ Z’};}/}V(O;O) (2) ZfX = 1 ]
! 0 ifx#1

Here, x(T') denotes the equivariant Euler characteristic of T

At last, in Section 5.6, we give an easy example for a legitimate action on these bundles
and apply the Theorem 5.1.
The action on £ = G x, C is given by a left multiplication with an element gg of G, i.e.

Y=L Gx,C — Gx,C
[.g?z]x — [g()g? Z]x'

The action v* is covering an action v = Ly, on G and an action Lg,/ T given as well by

left multiplication, this time with go = 7, =(go)-
We obtain the following result:

Theorem (5.2): .
In the setting of Theorem 5.1, let go be an element of G such that the (0,1)-form w is left

invariant under the pullback with L%/T for go = 7, &(90) € G.

Let 7 denote the induced legitimate action of Lz, on £ given by 7 = (Lg)/T, Ly, Lj,).
Then the equivariant holomorphic (-function is given for large Re(z) by:

_ . (Ast)
Z,§g (2) =— Z A7 Zt(—l)tmd(’yw M Oy )
20 7

In particular, for the special case where gy € G has the property that its projection
9o := 7, &(go) € G generates a maximal torus, we obtain a very easy expression for the
equivariant holomorphic torsion of £ if we apply the Atiyah-Bott fixed point formula.

The next result is for rank of G greater than 2.
Corollary (5.49):
In the situation of Theorem 5.2. Let G be of rank greater than 2 and let gy generate a

maximal torus.
Then the equivariant holomorphic torsion vanishes, i.e.

For the rank 2 case, the result is a slightly more complicated.



1.2 A brief summary of this thesis

For any gg, we obtain a map:

Q: (G/T)Y — T
such that for every fixed point [z] in G/T = G/T of Lg)/T = ~v9/T the action Lg, on the
fibre Fl_é o w5 ([z]) is given by right multiplication with Q([z]), i.e. go-& =& -Q[x]).
This map € covers a map

Q: (G/T)YY — T

such that for every fixed point [7] € (G/T)" the action Lg, on the fibre 7' ([z]) is given
by right multiplication with Q([z]).
We obtain the subsequent corollary.

Corollary (5.50):

In the situation of Theorem 5.2. Let G be of rank 2 and let gy generate a maximal torus.
Let furthermore [xg] denote one arbitrarily chosen fized point in G/T, i.e. [xo] € (G/T)7.
The equivariant holomorphic torsion becomes:

-1
=% = 11 (1—6—2““(%0&) X ).

a€ERt [n]eW (T)

Here, the product goes over all the positive roots of the Lie group G and e~>™* denotes
the global root corresponding to —a € R™:

e 2mia T — U(1)
t=exp(X) s e 2malX)

Furthermore, the sum in the second factor goes over the Weyl group W (T) = N(T)/T of
T in G, and it adds up the equivariant holomorphic torsions for the holomorphic line
bundle £ |p= £ — T (which is isomorphic to T x, C) and the actions

'Y[l?}o.n]: Tx,C — T x, C
(i), — [Q([xo.n])-fx

This way, we obtain an expression for the equivariant torsion of a flat line bundle £ over
the Lie group G that depends only on the element gy € G and on the equivariant
holomorphic torsions of the restricted line bundle £ |7 with actions induced by the Weyl
group and gg.
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2 Preliminaries

The aim of this section is to define the objects we examine throughout this thesis.

In Subsection 2.1, we recall some facts about the moduli space of holomorphic structures
for a given complex vector bundle. In particular, we state the result for the special case
of a complex line bundle.

In Section 2.2, we recall the definition of the unique holomorphic, Hermitian connection
for a holomorphic, Hermitian vector bundle.

In Section 2.3, we define the type of fibre bundles, we want to discuss later on, namely
the holomorphic fibre bundles. Furthermore, we examine some of its properties.

Stanton defined in [29] a holomorphic fibre bundle. Our definition is a slight
generalisation of hers.

Afterwards, in Section 2.4, we state a definition of smoothness for a vector bundle over a
continuous fibre bundle. This is a property, we require later on for the compatibility of
the line bundle over a holomorphic fibre bundle. For a vector bundle to be smooth over a
fibre bundle is defined originally by Atiyah and Singer in [4]. We adapt their definition
and specialise it to our scenario.

Additionally, we introduce some notations for the maps and objects which we use
throughout this thesis.

Finally, in Section 2.5, we recall the definition of the equivariant torsion of an action on a
holomorphic, Hermitian line bundle over a complex manifold and some equivariant
invariants.

2.1 Holomorphic structures of a complex vector bundle

The equivariant holomorphic torsion is an object that belongs to an action on a
holomorphic, Hermitian vector bundle over a complex or more general an almost complex
manifold.

In this subsection, we give the definition of a holomorphic vector bundle and recall some
facts about the space of holomorphic structures of a complex vector bundle over a
complex manifold.

We start by giving a definition of a holomorphic vector bundle structure for a complex
vector bundle.

Definition 2.1:
Let M be a complex manifold and let further on @ — M be a smooth complex vector
bundle over M.

o A family {(U;, ¢:)};¢y is called a holomorphic trivialisation for Q if the
following properties hold.
— The U; form an open cover of M, i.e. M =JU;.

11



2 Preliminaries

— The ¢; are maps
o; - Q\Ui — U;xC™

that form local trivialisations of @ which are compatible with the smooth
vector bundle structure of Q.

— The transition maps
¢iod;': (UinUj) xC™ — (UiNU;) x C™
are biholomorphic.

e Two families of holomorphic trivialisations {(Us, ¢i)};c; and {(V},4;)},c; for Q
are called equivalent if their composition is biholomorphic, i.e. if the following
maps are biholomorphic

¢io; !t (UinVy) x C™ — (Ui NVj) x C™
for every pair (4,7) € I x J with U; NV} # 0.

e We call a tuple (Q, M, [{(Us, ¢i)};c;|) holomorphic vector bundle if
Q — M is a smooth complex vector bundle and if {(U;, ¢;)};c; represents an
equivalence class of holomorphic trivialisations of Q.
We call such an equivalence class of holomorphic trivialisations a holomorphic
structure.

Remark 2.2:

e For every point x € M of a complex manifold M the tangent space T, M has a
natural almost complex vector space structure (compare Definition A.1).
Therefore, T,,M ®g C splits (compare appendix A).

T,M @ C =TV M @ 700 M

This splitting extends to the complexified tangent bundle (cf. [17])
TM @g C=T"Y M 710N

and therefore the complexified cotangent bundle splits as well
T*M @r C = TOV* N @ 7O,

We denote (%) (M) to be the complex vector space of antiholomorphic
forms. It is given by the smooth sections from M into the complex vector bundle
AtTOL) 1

12



2.1 Holomorphic structures of a complex vector bundle

Let @ — M be a complex line bundle over a complex manifold. Let (0:) (M, Q)
denote the space of antiholomorphic forms with coefficients in Q, i.e. the
space of smooth sections from M into the complex vector bundle

At (T(o,l),*M) ® O.
On a complex manifold, the exterior differential d on antiholomorphic forms
d A0 (M) — A (A1) @ ALD (M)
splits d = 9 @ O where the operators d and 0 are determined by their target space.

(O,t)(M) N Q[(O,tJrl)(M)
OO(M) — AL ()

QO Qi
82

For any holomorphic map f : M — N between complex manifolds, the d-operator
commutes with the pullback of antiholomorphic forms, i.e. for any o € A0 (),
we get:

O(f*a) = [*(0a). (1)

Let (Q, M, {(Ui, ¢i)};c;) be a holomorphic vector bundle. The holomorphic
structure of @ (compare Definition 2.1) induces a canonical first order operator

Do : ACD (M, Q) — A0 (M, Q).
The operator dg is locally given by:

do

AN (T3, Q |y, ACHD(, Q |y,) @
Projy0d; J{ lpronqui

0.9 (U, ™) A0a+D) (U, C™).

The Diagram (2) may be used to define dg because the resulting operator does not
depend on ¢ € I This is true because the transition maps ¢; o qu_l are holomorphic
(compare Equation (1)).

For the same reason, dg does not depend on the family of holomorphic
trivialisations that represents the holomorphic structure.

The Jg-operator has two obvious but important properties.

On the one hand its square vanishes, 52Q = 0, and on the other hand gg has the same
symbol as 0 : A0 (M, C™) — AO*) (M, C™), as a differential operator.

Actually, those two properties may be used to define the holomorphic structure on the
holomorphic vector bundle. This is shown in [2, Ch. 5, Thm. 5.1].

13



2 Preliminaries

I will specify this result to the situation at hand.

Corollary 2.3:
Let Q — M be a smooth complex vector bundle over a complex manifold M.
Let further on Og be a first order differential operator acting on Ql(o’*)(M, Q) such that

do - A (M, Q) — A (M, Q).

And, assume 52Q =0 and suppose Og fulfils the Leibniz Equation (3), i.e. for any smooth
form a € AOD (M) and every section s € T'(M, Q) we get

o (a®s) = (0a)®@s+ (—1)a® (Jgs) . (3)

Then there exists a unique holomorphic structure [{(Us, ¢:)},c | on Q@ — M with Og
being its corresponding operator (compare Equation (2)).

From now on, we will use Corollary 2.3 without further mentioning it, i.e. we identify
holomorphic structures on Q@ — M with their corresponding dg operators and vice verse.

In the special case of rank(Q) = 1, i.e. Q is a complex line bundle, we can actually
describe the set of holomorphic structures on Q@ — M. This is due to the fact that
End(C) is canonically isomorphic to C.

Lemma 2.4:

Let £ — M be a complex line bundle that possesses a holomorphic structure Og.

Then the space of holomorphic structures on £ — M 1is an affine space over the vector
space of 0-closed (0,1)-forms on M.

In other words, 5)’: defines a holomorphic structure for £ — M if and only if there is a
O-closed differential form w € Ql(o’l)(M) such that

658 = 52 + e(w)

where e(w) denotes the exterior multiplication with w from the left hand side.

Proof.

Let w € AOD (M) be a d-closed antiholomorphic form.

An easy calculation shows that 0} := ¢ + £(w) fulfils the Leibniz Equation (3) and since
has e(w) is a Oth order differential operator, 9y has the same symbol as Og.

Furthermore, (5&)2 = 0 since Ow = 0 and therefore, 5,’3 defines a holomorphic structure
by Corollary 2.3.

Conversely, suppose 513 defines a holomorphic structure.

The Leibniz Equation (3) now implies:

Fp — g = e(w) € AV (M, £* @ £) = AOD (A1)

14



2.1 Holomorphic structures of a complex vector bundle

since £* Q £ is isomorphic to th_e trivial complex line bur_ldle.
Finally, (8)’3)2 = 0 implies that dw = 0, i.e. w has to be d-closed. O

We now introduce a concept of equivalence for holomorphic vector bundles that are
isomorphic as complex vector bundles.

Definition 2.5:

1. Let £ — M and £ — M be two holomorphic vector bundles with holomorphic
structures dg and Og/.
£ and £’ are called equivalent, (£, 9¢) = (£, de/), if there is an isomorphism
g: £ — £ of smooth complex vector bundles which covers the identity map on M
such that g commutes with the holomorphic structure, i.e.

dgog=gody.

2. Two holomorphic structures g, 5}’3 on one complex vector bundle are equivalent
if there is an element g € C*°(M, C*), such that dg = 9, + (g7 0g).

Note that g~'0g equals O(In(g)). Therefore, g~*0g is indeed O-closed.

The next lemma shows that these definitions are strongly related.

Lemma 2.6:

Let £ — M be a complex line bundle over a compact, complex manifold. Let further on
Jg as well as (5/’2 be two holomorphic structures on £. Then the following two properties
are equivalent:

1. (£,0¢) = (L,0¢), i.e. the holomorphic line bundle (£, Og) is equivalent to the
holomorphic line bundle (£, 0gr).

2. O¢ and Ow are equivalent holomorphic structures on £.

Proof.
1. = 2. Let o = Jg +e(w) and let gg : £ — £ be the map defining the equivalence of
(S, 02) and (S, 02/).
The map gg : £ — £ is linear on fibres. Therefore, it can be represented by a function
equally named g : M — C*.
It follows that for every section s € I'(M, £)
0z (9-5) = (09) @5+ g - (Dzs).
On the other hand, we obtain:

Jgs = 0es +w @ s.
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Thus, we deduce that w = ¢g~'dg which is what we wanted to show.

1. < 2. Let now g : M — C* be a map such that 95 = dg + (97" - dg).
Define the map ge : £ — £ to be the multiplication with 75g, i.e.

ge: £ — £
Io— g(me(l) - L.
Obviously, this defines a smooth line bundle isomorphism covering the identity.
What remains to be shown is that ge commutes with the holomorphic structure. But this
is easily computed. For any s € I'(M, £), we obtain:

dg 0 ge(s) =0e(g-s) = (9g9) @ s+ g (0es) = g (Ocs + g ' (9g) ® s) = ge(Dws)
which completes the proof. O

It is well known that the set of all equivalence classes of holomorphic line bundles over a
manifold M carries a group structure (cf. [17]).

We finish this subsection by introducing a notation for this set.
Definition 2.7:
Let M be a complex manifold.

1. The Picard Group, Pic(M), of M is the group of equivalence classes of
holomorphic line bundles over M where the group multiplication is given by the
tensor product.

2. Let C denote the trivial complex line bundle over M.
The reduced Picard Group, Pic®(M), is the subgroup of Pic(M) which is
given by holomorphic line bundles £, with the property that £ are isomorphic to C
as smooth complex line bundles.

2.2 Chern connection of a Hermitian, holomorphic vector bundle

In this subsection, we recall the definition of the unique holomorphic, Hermitian
connection for any holomorphic, Hermitian vector bundle.

Let Q — M be a holomorphic vector bundle with holomorphic structure dg and let
further on hg be a Hermitian metric on Q.

| Definition 2.8:
A connection on Q is an R linear map

V:I'(M,Q) - T'(M, T*M ® Q)
that fulfils the following Leibniz Equation for every f € C°°(M) and s € I'(M, Q):
V(f-s)=df @ s+ f-Vs.

16



2.3 Holomorphic fibre bundle, definition and properties

Any connection V (if complexified) splits into a holomorphic part V19 and an
antiholomorphic part V1 ie. ¥V = VO g V1.0 where both summands are given by
their target spaces, i.e.

vl . (M, Q) — AL, Q)
vol . (M, Q) — AOD(M, Q).

For any Hermitian, holomorphic vector bundle (Q, hg), there is a natural connection on
(compare [17] or [19]) which we define now.

Definition 2.9:
The Chern connection on (Q, hg) is the unique connection V< on Q such that the
following properties hold.

e V< is a holomorphic connection, i.e. its antiholomorphic part V(%1 equals the
holomorphic structure

VQ’(O’I) = 59.

e V< is a Hermitian connection, i.e. for any two sections s, 3 € I'(M, Q), we get:

8 (ho(s, ) = ho(V Vs, 5) + ho(s, VE105).

If we extend the Leibniz Equation to differential forms, the Chern connection induces a
natural derivative on A (M, Q).

Definition 2.10:

There is a natural extension of V€ to A% (M, Q) = A=) (M) @ T'(M, Q), i.e. the
complexified differential forms with coefficients in Q.

It is given by

Ve(a® s) := (da) ® s + (—1)l*la A (VQS) (4)

for arbitrary a € A=) (M) and s € I'(M, Q), C-linear extended to the whole tensor
product.

2.3 Holomorphic fibre bundle, definition and properties

This subsection is dedicated to defining and understanding the kind of fibre bundle we
want to study later on, namely the holomorphic fibre bundle.

Our definition is a slight generalisation of Stantons definition of a holomorphic fibre
bundle in [29]. Most of the properties of Stantons holomorphic fibre bundle extend to

17
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this generalisation. In particular, for a holomorphic line bundle £ — FE, the splitting of
the Og-operator holds with the same argument (compare Subsection 2.3.1). Furthermore,
we adapt her results about how the dg-operator commutes with the pullback of
antiholomorphic forms on M (compare Subsection 2.3.2).

A holomorphic fibre bundle carries a lot of structures, f.e. a Riemannian metric or a
complex structure.

For a holomorphic fibre bundle, these structures need to be comparable for different
fibres, therefore the transition functions have to be maps into a structure preserving
group. To clarify what we mean by such a structure preserving morphism, we now define
Aut(F) for a complex, Riemannian manifold F.

Definition 2.11:
Let F' be a compact, complex Riemannian manifold with complex structure Jr and a
compatible (compare Definition A.1) Riemannian metric gp.

e The group of biholomorphic maps from (F, Jp) to (F, Jr) will be denoted by
Hol(F).

e Similarly, we denote the group of isometries of (F,gr) by Isom(F).

e Now, we define the automorphism group of (F, Jg, gr) to be the group
Aut(F) of all biholomorphic isometries from (F, JJr, gr) to (F, Jr, gr), i.e.

Aut(F) = Hol(F') N Isom(F).

Remark 2.12:

e A known fact is that we can endow Hol(F') with a complex Lie group structure (cf.
[20]). Its Lie algebra consists of all vector fields having a biholomorphic flow, the
so-called holomorphic vector fields hol(F'). The left invariant almost complex
structure on Hol(F') is given by the almost complex structure on F restricted to
the holomorphic vector fields. Similarly, the Lie bracket on hol(F') is given by the
commutator of the holomorphic vector fields.

In particular, the integrability of the almost complex structure on F' directly
implies the integrability of the almost complex structure on Hol(F') making it a
complex structure.

e Similarly, it is known that for any compact Riemannian manifold F' Isom(F') is a
compact Lie group (in [20]). Its Lie algebra consists of the Killing vector fields on
(F.gr).

e Unfortunately, it rarely happens for a complex, Riemannian manifold F' that
Isom(F') inherits a complex structure from F.

18



2.3 Holomorphic fibre bundle, definition and properties

This can be seen as follows: Assume Isom(F') inherits such a complex structure,
then Aut(F') inherits a complex Lie group structure as well. On the other hand

Aut(F) C Isom(F) is compact.

Every connected, compact, complex Lie group is a complex torus. Consequently,
Aut(F) has to be a finite disjoint union of complex tori.

Now, that we have established a concept of structure preserving automorphisms, it is
time to define what a holomorphic fibre bundle should be.

Recall therefore that for a smooth fibre bundle 7g : E — M a connection is a horizontal
distribution, i.e. a subbundle T# E which is a direct summand to TV E := Ker(drg) such
that TE=THEQTVE.

Definition 2.13:

Let F and M be compact, complex manifolds with compatible Riemannian metrics gp
and gps. Let further on g : E — M be a smooth fibre bundle whose fibretype is F'.
We call the tuple (E, wg, (M, gnr), (Fsgr), T2 E) a holomorphic fibre bundle if
on the one hand there are local trivialisation {(Uy, ¢x)}c; of E such that the maps

1 -1 -
bia 0 bh = 0ilp, o (Gl ) i {ad x F{a} x F
and
qbi/oz;l : Uuinl; — Aut(F) C Hol(F), defined by
U — (f — prOjZ © <¢1 o d)]_l) (U, f)) s

are holomorphic (This induces a complex structure on E, compare Lemma 2.16.)
and if on the other hand TH# E is a connection on E — M with the following properties.

e The complex structure Jg on E preserves the splitting THE @ TV E.
Thereby, we mean that the spaces THE and TV E are Jg-invariant, i.e.

Je(THE)=THE and Jg(TVE)=TVE.
e The connection T E is of type (1,1) which means that for
THONE .= TOVEN (THE @R C)
the space I'(E, TH(OD E) is closed under commutator brackets, i.e.

(e, 7%OYVE) n(rHOYVE) c n(E, THOVE), (5)

19
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Remark 2.14:

Our definition of a holomorphic fibre bundle differs from that of Stanton in [29] because
she wants her fibre bundle to be associated to a principle fibre bundle whose fibre is a
compact Lie group.

For her, that is a natural assumption to make for a holomorphic fibre bundle because
she was looking at holomorphic line bundles associated to a representation of the
fundamental group of the total space E only.

For us on the other hand, this property belongs to the line bundle over the total space
not to the holomorphic fibre bundle itself.

Actually, we generalise this property. The holomorphic line bundles £ — G we want to
look at are supposed to be smooth vector bundles over the fibre bundle £ — M. We
define what we mean by this property in Subsection 2.4.

Definition 2.13 looks rather excessive, therefore we now analyse what these properties
imply and why we required them, to illuminate their necessity and usefulness.

First of all, as promised above, we show that the holomorphy property for the maps

G; 0 0 ¢,;i and for ¢, o gbj_l induces a complex structure on E, making E a complex
manifold.

Actually, we prove an equivalence of definitions for the complex structure on the total
space E of our holomorphic fibre bundle.

Remark 2.15:
Recall that F' — E — M is a complex fibre bundle if F' and M are complex manifolds
and the local trivialisations {¢;, U;},.; induce holomorphic transition maps, i.e.

¢io¢;1:(UiﬂUk)XF—><UiﬂUk)XF

is holomorphic for every pair (i, k) € I x I.
In particular, the local trivialisations induce a complex manifold structure on E.

The content of the subsequent lemma is general knowledge. Nonetheless, we state as well
as proof it here for a lack of sources to cite from.

Lemma 2.16:

1. Let (E, 7, (M,gn), (F,gr), THE) be a holomorphic fibre bundle, then E carries
the structure of a complex manifold.
In particular, F'— E — M becomes a complex fibre bundle.

2. Let on the other hand F — E — M be a complez fibre bundle.
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2.3 Holomorphic fibre bundle, definition and properties

Then the maps

—1
Gim 0 bk =y o ((bk‘Em) {2} x F—3{z} x F
as well as
¢;0 ¢, : UiNU; — Hol(F)

are holomorphic.

Proof.

1. It suffices to show that for a holomorphic fibre bundle the transition map
gbiogb]:l (U;NUg) x F—= (U;NUg) x F

is holomorphic for any ¢,k € I because if this is the case, we can define the complex
structure of E locally on U; x F' and patch it together along those biholomorphic
transition maps.

But since (E,7g, (M, grr), (F,gr), T" E) is a holomorphic fibre bundle, the
following equations:

6100w 1) = (u [0,00, )] (1) (6)
= [61 0051 (w. 1) (7)

show that ¢; o ¢, * is holomorphic in u € U; N U, (Equation (6)) and in f € F
(Equation (7)) and therefore in (u, f).
Hence, F' — E — M becomes a complex fibre bundle.

2. Suppose now, that ¢, o ng,;l are biholomorphic for any pair (i,k) € I x 1.
Consequently, we get that the map

G003 lwprs {2} xF —  {g}xF
;oo [buee it @)

is holomorphic by restriction for any x € U; N Uy.

It remains to be shown that u — ¢, o ¢, ' (u) € Hol(F) is holomorphic as well.
Since Hol(F') is a Lie group (Remark 2.12), its tangent bundle THol(F') is trivial,
i.e. bundle isomorphic to Hol(F') x hol(F).

If we differentiate

F

qﬁi/ogﬁ\,;l(:c): F —
f s projyo (¢, 00;") (z, f),
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we obtain for X € T, (U; N Uy):

Fo— (projs 0 Tiap) (6500 ') (X,0))
Now, we make use of the fact that T,Hol(F') = T, Lghol(F) for any g € Hol(F) to
identify <T$¢i o qﬁ;l) (X) € T¢/¢?1( )Hol(F ) with a holomorphic vector field
.0 k €T

®;(z) € hol(F). Z
®; 1(x) € hol(F) is given by

= (T@/o?%l(x)(f) <¢i ° ¢k1($)_1>> [ (projs o Tia,p) (050 ¢7,7)) (X, 0) .
We see that

proj, o T(a:,f) (¢i © Qb/;l) (JMX7 0) =Jr (pr0j2 © T(:p,f) (¢i © <Z51;1) (Xa 0))

because proj, as well as ¢; o ¢];1 are holomorphic by assumption.
Hence,

Tog; 0 by (I X) = o Tty © o (X)

since the complex structure on Hol(F') is induced by the complex structure on F
applied to the holomorphic vector fields.

—

We deduce that T,¢, o gb,;l is complex linear and therefore x +— ¢, o qS,;l(x) is
holomorphic.

Remark 2.17:
We can endow E not only with a complex structure, using the complex structures of F
and M but with a compatible Riemannian metric g = g as well such that:

e the horizontal and the vertical tangent space are perpendicular with regard to g,
ie. THE 1, TVE,

*
e the inclusion of the fibre is an isometric immersion, i.e. (qb_l) g=grpforalliel

1,2
and all x € U;,

o drg: (THE, g |pupgrog) — (TM, gy) is point wise a linear isometry, i.e. 7 is a
Riemannian submersion.

This can be done by using the splitting TE = THE & TV E which is invariant under the
complex structure on F.
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2.3 Holomorphic fibre bundle, definition and properties

We now summarise what we know so far.

We have three complex manifolds M, F' and E with compatible Riemannian metrics
gm, gr and g. The projection 7 : E — M is a holomorphic Riemannian submersion
where the horizontal tangent space of E is mapped isometrically to the tangent space of
M while the inclusions of the fibre F' is a holomorphic, Riemannian immersion.

Next in line is to understand why we wanted our connection to be of type (1,1). This is
the content of Subsection 2.3.1.

In Subsection 2.3.3, we describe how a holomorphic line bundle £ over a holomorphic
fibre bundle induces holomorphic line bundles over every fibre by reduction, i.e. by
pullback under the inclusion.

2.3.1 Splitting properties

Let (B, g, (M, gun), (F,gr), T E) be a holomorphic fibre bundle.

Let furthermore 7, : (£,h) — E be a Hermitian, holomorphic line bundle, i.e. a
holomorphic line bundle £ with a Hermitian metric h over E. We denote its holomorphic
structure by Og.

The splitting TE = THE @ 92 TV E leads to an orthogonal splitting of the
antiholomorphic forms with coefficients in £. In this subsection, we show that this
orthogonal splitting extends to a splitting of the operator dg into a vertical and a
horizontal part. This is due to the fact that our connection is of type (1,1) which is why
we require this in the first place.

We prove this kind splitting property for the dg¢-operator in slightly more generality. In
order to do that, we extend the property to be of type (1,1)-property from horizontal
distributions to general distributions that are invariant under the complex structure.

Definition 2.18:
Let (E, Jg) be a complex manifold with compatible Riemannian metric gj.
A Jpg-invariant distribution D C T'E is called of type (1,1), if

[0(E, V), 0(E, DO c 0(E, DOY).

N Remark 2.19:

e Recall that for any distribution D C T'E on a Riemannian manifold, we get an
orthogonal distribution D*. In particular, D = (DJ-)l.

e Let @ — F be a complex line bundle.
Every distribution D C T'E defines a natural subspace ng’*) (E, Q) of
A% (E, Q) where a lies in ng’*) (E, Q) if and only if ¢y« = 0 for every section
X € I(E, D+ g C).
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In particular, we obtain the following splitting:

A0 (5, Q) = @ A0 (E) A 200(E, Q).

s+t=q

If additionally, @ is a holomorphic vector bundle, then we have a well defined 5Q
operator which is a first order differential operator 9 : AC*)(E, Q) — A0+ (E, Q).

For D and D™ of type (1,1) the dg-operator splits into a D and a D+ part.

Lemma 2.20:

Let mg : (Q,h) = E be a Hermitian, holomorphic vector bundle over a complex
Riemannian manifold E with compatible metric.

Furthermore, let D C TE be a distribution of type (1,1) such that D+ is a distribution
of type (1,1) as well.

Then there are two first order differential operators

dp - mgﬂRE)Amgﬁuag) — AptE) A 608, Q)
opr: A9V E) A2 (B, — w0V (E) A2V (E, Q)

such that
B = dp + dp..
If we denote the orthogonal projection by
Qg - WO(E, Q) — AP (B) AP (B, Q),
then the operators Op and Op1 restricted to ng’p) (E) A ngf)(E, Q) are given by

dp = Qp+1,4° gQ and 5DL = Qpg+1° 5@-

Proof.

Let o be an antiholomorphic form in Ql(DO’p )(E) A ngf) (E, Q).
We have to show that doa lies in

A" (B) A ADO(E, Q) @ AT (B) AN (E, Q).
The Leibniz rule (Equation (3)), i.e.
Dol B) = (Dga) A B+ (—1)"la A (9eB),

enables us to reduce our investigations to the case a € Ql(o’l)(E7 Q).
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2.3 Holomorphic fibre bundle, definition and properties

Since D and D™ are interchangeable, we can assume without loss of generality that «
lives in ﬂgf)(E, Q),ie. =), a;®s; where s; € I'(E, Q) and «; € QLSDO’P(E).
Hence, for two D%! valued vector fields X,Y € I'(E, D%!):

(Boa) (X,Y) = Z(éai)(X,Y) -5 — (a; A (Dgsi)) (X,Y)
= (0a:)(X,Y) - si — i(X)(Dgs:) (V) + i (V) (Das:) (X).
p ~—— ~——

=0 =0

Computing the first term we obtain:

(i) (X, Y)=X.aY)-Y.a(X)—a( [X,Y] )=0
~—— ~—— ——
=0 =0 el'(E,D%1)

since the distribution D is of of type (1,1).
We deduce that doa(X,Y) = 0. O

Remark 2.21:

Let (E, g, (M, gun), (F,gr), THE) be a holomorphic fibre bundle and £ — E be a
holomorphic line bundle.

We have a Jg invariant horizontal distribution D = TH E of type (1,1) and a
perpendicular vertical distribution D+ = TV E which is of type (1,1) too since it is the
push forward of the complex tangent bundle T'F via the holomorphic embedding

ipg: F— K.

We deduced that the Og-operator splits into a vertical and a horizontal portion. This is
crucial for the whole setting of this work since one of the main aspects, we use later on,
is the splitting of the Dolbeault-Laplacian into a vertical and a horizontal part which
would fail to hold if the dg-operator wouldn’t split.

Definition 2.22:
From now on and throughout this thesis, we will use the following simplified notations:

AGD(B) = AGLE) and APV (B) = A Y(P)

as well as Op:= Opn  and By = Opv .

Remark 2.23:
The antiholomorphic forms split orthogonally

A0 (E, g) = @ ng’t) (E) A ngfo’s) (E, L),
s+t=q
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for the L?-Hermitian metric induced by the Hermitian metrics on £ and on TE.
Furthermore, we saw in Lemma 2.20 and Remark 2.21 that

de : 240 (E) A2 (B, 2) — 20V (E) A 20 (B, £) 0 2400 (B) AT (B, £)
splits into a vertical operator Oy and a horizontal one 0.

ay - APVE) AU (B, L) — ALV (B) A ATV (E, 8)
o AE) A (B ) — AL (E) A2l (B, g)

Consequently, the adjoint 5; splits as well,
a; - A By A2l (B, 2) — w0V (E) A w0 (B, 2) e 20D (B) nu®V (B, £)
into 5{"/ and 5}“-_1 given by

oy 20y A 200 (E ) — 2ADV(E) A2 (B, g)
0y - AP EY A APV (B, L) — APTI(E) AU (B, 2).

2.3.2 Splitting of the holomorphic structure on pullback-forms

Let (E,7g, (M, gun), (F, gr), T" E) be a holomorphic fibre bundle and furthermore let
(£,h) — E be a Hermitian, holomorphic line bundle.

In this subsection, we investigate how the pullback of an antiholomorphic form on M
interferes with the splitting of the de-operator.

The pullback of a (0, ¢)-form on M is obviously a horizontal form. To be more precise the

space Q(g’*)(E) of horizontal antiholomorphic forms on E is a C°°(E, C) module over the

vector space of pullback forms 775 (A% (M1)).
A (B) = C%(E,C) ¢ iy (A0 (1)
It is a finitely generated module since E is compact.

Therefore, it is self-evident to check how the operators 0y and dy act on these pullbacks.

Lemma 2.24:

Let again (E, g, (M, gn), (F,gr), THE) be a holomorphic fibre bundle and £ be a
holomorphic line bundle over E.

For pp € A%(M) and w € 91%9’17) (E, L), the following equations hold.

Ov (mhp Aw) = (1)1 A Oyw (8)
O (T Aw) = 75 (0u) Aw + (=1)I7hu A Ogw (9)
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2.3 Holomorphic fibre bundle, definition and properties

Proof.
Since Og fulfils the Leibniz rule, so does Oy :

Ov (nppuAw) = Oymin) Aw + (1) A dyw.

Hence, we have to check that 5V7T*Eu = 0 which can be reduced inductively to the cases
q=0and qg=1.
Start with ¢ = 0 and with a vertical vector field X € T'(E, TV’(Ovl)E), we obtain:

(Ovmin)e(X) = d(po mp)e(X) = (X.pomp)e =0

since p o mg is vertically constant.
Now for the ¢ = 1 part, take X € I'(E, TV’(O’I)E) and a horizontal lift
Y e (B, THOVE) of Y € T(M, TOVM):

(Ovmin)e(X,Y) = Xapu(Y) = Varpu(X) —mpu( [X,Y] )

€N(E,TV EQrC)

=X.(WY)ormg)—Y.0-0=0.

Thus, we have shown Equation (8).
Equation (9) follows instantaneously from the Leibniz rule (Equation (3)) and the fact
that 7g is a holomorphic map. O

We show next that an equation analogous to Equation (8) holds for the adjoint operator
0y of Oy as well.

Lemma 2.25:

Let (E,7g, (M, gun), (F,gr), TYE) be a holomorphic fibre bundle and (£,h) — E be a
holomorphic, Hermitian line bundle over E.

For p € A% (M) and w € ngg’p) (E, L), the following equation holds.

Ty (i A w) = (—1) i A By

Proof.

Recall that the metrics gy and gg are compatible with the complex structure. Hence,
they induce Hermitian metrics on 7'M and T'E. By extension we obtain Hermitian
metrics hps on A’ (T(Ovl)M)* and hg A (T(071)E)*. Denote in abuse of notation by

h = hg ® h the Hermitian metric on A’ (T(O’l)E)* ® L.

Let further on (-,-);2 denote the L? Hermitian product on differential forms, i.e. on
A0 (E, £), induced by h.
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We obtain:

(m A B, By (A w)) g2 = (B (Thar A B), migp A w) 12
® (C1)elria A By B, Thi Aw) s
= [0 (st ) - B 5.
Note that the function 7}, (has(c, 1)) is constant along each fibre. Thus, its

multiplication commutes with the dy-operator (compare Equation (8)).
Consequently, we get:

(T A B, B (Tt A w)) 12 = /E

(-1)In (@ (i (hasta ) - 5) 0
— [ vein (ks ) - 5.5
_ /E (=D)lrg (har (e, w) - h(B, Fw)

— (rha A By (~)lelrhy A Fpw) 2.

Now, the assertion follows from the fact that 7}, (has(cv, i) # 0 directly implies that
laf = |p|. O

The Oy operator as well as its adjoint 5‘*/ act trivially on pullback forms. Therefore, so
does their sum. B
We define Ly := Oy + 0, and derive trivially:

Ly (mhpuAw) = (-)Hrsu A Lyw.

Now, we formally define the vertical as well as the horizontal Laplacian for a
holomorphic, Hermitian line bundle over holomorphic fibre bundle.

| Definition 2.26:
Let (E, g, (M,gun), (F,gr), THE) be a holomorphic fibre bundle and £ — E be a
holomorphic, Hermitian line bundle over F.

e The vertical Laplacian Oy is a differential operator acting on 2% (E, £)
defined by the following equation.

Oy = L%/ = 5‘/5‘*/ + 5‘*/51/

e The horizontal Laplacian gy is the corresponding differential operator acting
on A% (E, £) defined analogously to Oy, i.e. we define

Uy = 5]—[5;{ + 5}}5}[
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Remark 2.27:
Although we have a splitting ¢ = 0y + 0y and a splitting 5 = 9§, + 0y, it is not
obvious that this splitting extends to the Laplacian, i.e. in general we have

Oe # Oy + Op.

~ We investigate when such a splitting actually occurs in Section 3.2.

Applying the lemmas above, one property of the vertical Laplacian becomes obvious.

Corollary 2.28:

Let (E,mg,(M,gun), (F,gr), THE) be a holomorphic fibre bundle and £ — E be a
holomorphic, Hermitian line bundle over E.

Then the following equation holds

Ov(rppAw) = (mpp) A (Ovw)

for all p € AOD(M) and w € A (E, £).

2.3.3 Induced holomorphic structure on fibres

Let again e : (£,h) — E be a Hermitian, holomorphic line bundle over a holomorphic
fibre bundle (E, 7g, (M, grr), (F,gr), THE).

Now, E has the structure of a complex manifold (compare Lemma 2.16) and in addition
to that, we have local trivialisations {(Ug, ¢r) }ker of E such that the embedding of a
fibre F', given by

¢t {a}xF2F — E,

is a holomorphic map for any k£ € I and any = € Uy.
We can pull the line bundle £ back under the inclusion gzb,;i to obtain a complex line
bundle

Cho = <¢,;;)*2 . F

Recall that the pullback bundle ¥*£ of a bundle £ through a map ¢ : FF — FE is defined
by

YL = A0 [¢9(f) = me(D)}

where the projection my«¢ is defined by my«e(f,1) := f.
This fact in mind, we get an induced map

(650" T(E,2) — T(F,20)
s o= {re (steko) -
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*
The induced map (qﬁ,;;) on smooth sections is surjective which can be seen as follows.

Fl‘he fibre E, is closed in E.
Now, a known fact for sections into a vector bundle is that a section sy € I'(V, £) defined
on a closed subset iy : V < E, has a smooth continuation sg € I'(E, £) to the rest of F

(cf. [5]).

Consequently, we obtain ij,sg = sy and hence,
(¢rp)7 s T(E,L) — T(F k)

is surjective.

Of course, the same argument holds for the pullback (gb,;;)*, ie.

() AO(E, L) — ACH(F, L)
a®s — ((Qb,;i)*o‘)@(d),;;)*s’

is onto as well.

In abuse of notation,* we denote the pullback of complexified differential forms with the
same symbol (qﬁ;i) as the pullback of sections in £.

It is possible to equip £, with a holomorphic structure induced by the holomorphic
structure on £.

Recall therefore that a holomorphic structure can be identified with a first order
differential operator dg on the antiholomorphic differential forms with coefficients in £
having the symbol of the d operator (compare Corollary 2.3). Hence, it suffices to define
such an operator 52k71 on £, in order to equip £, with a holomorphic structure.

A natural definition would be the following.

Oe,, o (1) = (4l) o0 (10)

A simple calculation shows that this operator is well defined and has the correct
behaviour as a differential operator.
Hence, it defines a holomorphic structure on £.

Actually, we can reduce Equation (10) to
Oee. o (@nh) = (654) o (Bv +0m) = (651) odv. (11)

Pulling back the Hermitian metric on £, we obtain a Hermitian metric on £ .
Furthermore, since F is compact and oriented, we get a L? inner product on
A0+ (F, £k.») and hereby an adjoint operator dg, -

There is a formula for 5§k _ analogous to Equation (11) which we show next.
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2.3 Holomorphic fibre bundle, definition and properties

Lemma 2.29:

Let g : (£,h) — E be a Hermitian, holomorphic line bundle over a holomorphic fibre
bundle.

Furthermore, let ggm be the holomorphic structure on £y, induced by Equation (11).
Then its adjoint operator 5}’5&1 1S given by:

05, ., ° (cb,; i)* = <¢,;;)* oy APN(E L) — AON(F g ,).

Proof.
The main idea of this proof is to make use of the following fact.

’E Q — B is a holomorphic, Hermitian vector bundle over a complex manifold B, the
adjoint dg-operator, i.e. dg, is closely related to dg- which denotes the d-operator on the
dual bundle O*.

Their correlation is given by the identity:

where %g : APD (B, Q) — A~P"=9)(B, Q*) denotes the Hodge-Star operator (compare
Definition A.4).This fact is proven for example in [17]. J

Now, we return to the situation at hand.
The assertion of Lemma 2.29 can be proven locally, therefore we will omit the k € I from
the notation within this proof, i.e. we denote £, := £, and Jg, := g, , .

— *
Additionally, let dg: denote the Dolbeault-operator on £ = (cb,;i) £*, defined
analogously to Equation (11), i.e.

g © (%i)* = <¢,;;>* 0 0.

Now, we make use of Lemma A.6 which enables us to exchange the <q§;i> morphism
with the Hodge-Star operator.
In order to do that, observe that the pullback of the volume form dvoly; of the
Riemannian manifold M via 7g is a horizontal form of maximal degree.

A —1\*(12)  _ 5 . -1\*

dg, o ((ﬁk;) =" — %gx 0 g O *g, O ((bk;)

A6 _ 5 Z1\* -
= — *2; 082; o (¢k,i¢) O kg Oe(ﬂ‘%dvolM)

Now, we apply Equation (11) to obtain the holomorphic structure 52; on £7 induced by
the vertical 0-operator Jy ¢« defined by the holomorphic structure of £*.
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2 Preliminaries

Hence, we get:
_ 1\ * N =
azac © (gbl;w) == %Q; © (QZ)I;x) o 3‘/72* oxpoeg (FEdVOlM)
A.6 -1 * % _ B .
= — (dp,) o*es OE(?TEdVOIM)Oa‘/’E* o %g 0 (mhdvolyy)

We showed in Lemma 2.24 that the exterior product of pullbacks of antiholomorphic
forms commutes with the operator dy up to the sign (—1)9°¢ where deg denotes the
degree of the differential form.

It follows that dy e« and e(dvolys) commute because dvoly, has an even degree.
Consequently, we obtain:

_ * * _
d3. o (%;) _ <¢,;;) 0 Fgr 0 Byo» 0 (whpdvolyy) o % 0 £ (hdvoly)
A.6 “1\* - 3 _
= _ (¢k,m) 0 ¥gx 08‘/’3* 0 *g

where we applied the second assertion of Lemma A.6 in order to obtain the second
equality.

* _
At last, we apply Equation (12) again, bearing in mind that (gblzi) 0 kg 0 O g+ O kg

vanishes when restricted to Q(S? ’*)(E ,£), and receive
9,0 (0ih) = (o4h) o0y
which finishes the proof. O

Closing this subsection, we summarise that for any Hermitian, holomorphic line bundle £
over a holomorphic fibre bundle we obtain an induced Hermitian, holomorphic line
bundle £, , for every admissible identification of the fibretype I’ with the fibre

E, = ﬂEl($). The holomorphic structure 52}% as well as its adjoint operator are induced
via pullbacks by the vertical d-operator dy and its adjoint 5{}

2.4 Smooth vector bundle over a fibre bundle

For our purpose we need to look at complex line bundles £ over a fibre bundle

F — E+— M. It will be necessary to understand sections from F into £ as sections from
M into an infinite dimensional vector bundle over M.

Unfortunately, our research hasn’t produced a general identification of these section
spaces. Therefore, we will have to restrict £ to the case of a so-called smooth vector
bundle over the fibre bundle F' < F — M which is introduced by Atiyah and Singer in

[4].
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2.4 Smooth vector bundle over a fibre bundle

Remark 2.30:
For Q to be a smooth vector bundle over a fibre bundle £ — M is a different property
than being a smooth vector bundle over the total space E of the fibre bundle.

In order to increase the understandability of this thesis, we will state this definition here,
tailored to the case in which we need it.

First, we have to give a definition of the group Diff(F, Q) for a smooth vector bundle Q
over a compact manifold F' as a topological group.

Definition 2.31:
Let TS Q—F be a smooth vector bundle over a compact, connected manifold F'.

The group Diff (F, Q) is given by

Diff (F, Q) := Diff(Q, O T
iff (F, Q) {@E iff(Q, Q) ‘P|Qf:Qf—>QH(‘P)(f) is linear Vf € F

¢ covers a diffeo. II(¢) : FF — F }

where Diff (Q, Q) denotes the group of diffeomorphisms from Q into itself.

In order to define its topology, look at the map II : Diff(F, Q) — Diff(F, F)). Without
restriction of generality, suppose (F, gr) is a Riemannian manifold and Q has a metric
hg as well as a metric connection ve.

Furthermore, we need a classical result from Whitehead [31], stated by Cheeger and Ebin
in [11, Thm 5.14|, which we repeat adapted to our purpose.

Theorem (Whitehead):
For a compact Riemannian manifold (F, gr) there is a positive, continuous map

r: F — RT

so-called convexity radius, such that for all v < r(p) the geodesic ball B(p) is strongly
conver.

In this context, a subset X C F is called strongly convex if for any two points z,y € X
in the closure of X, there is a unique minimising geodesic 7, : [0, 1] — F connecting x
and y and the interior of 7, :]0, 1[— X lies in X.

Corollary 2.32:

There is a positive constant ro such that for any f € F the geodesic ball By, (f) is
strongly conve.
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2 Preliminaries

Now, we apply this corollary to our situation.

Let x € Diff (F, F') be a diffeomorphism such that the maximum geodesic distance
between f and s(f) is smaller than rg, i.e. dgeod.(f, K(f)) < ro. Because of Corollary
2.32, we have a unique minimising geodesic 7% from f to x(f).

Hence, we may identify O ¢ with Q,{( 5 by parallel transport along 7f. Let us denote this

map from Q to Q covering x with C (k), i.e. the following diagram commutes.
Q Q
F F

Now, we can define what we mean by a small open neighbourhood of the identity in
Diff (F, Q) which allows us to define the topology of Diff (F, Q).

C(r)

Definition 2.33:
Let € > 0 be a positive constant with ry > e. Let further on § > 0 be another positive
constant.

Define the set U. 5 C Diff(F, Q) given by:

Ue,5 = {30

to be open. Here hg denotes the Hermitian metric on Q and HlNHhQ is the norm of [ € Q
induced by hg.

a) maz{dgeod ((Q)(f), f) | f € F} <&
b) maz{lle(l) - CA(P)D)lngy [T O, [y =1} <3

The topology on Diff(F, Q) is generated (using the group action and inversion, unions
and intersections) by U, 5 for arbitrary small € and 9.

" Remark 2.34:

e The topology from Definition 2.33 equals the restriction of the compact-open
topology on Diff(Q, Q) to the subspace Diff(F, Q).
This fact can be seen by taking a sequence of maps {yy,}, € Diff (F, Q)
Now, ¢, converges in the topology above if and only if it converges uniformly on
every compact subset K C Q But since Q is a metric space, compact-open
topology and topology of compact convergence are one and the same.

e This topology is independent of the choice of gp, hg and V< since the compact
open topology does not depend on these objects.

o Diff(F, Q) is Hausdorff because Q is Hausdorff and the Hausdorff property
transports to Compact—gpen—topology.
It follows that Diff (F, Q) becomes a topological group.
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2.4 Smooth vector bundle over a fibre bundle

Before we may define what a smooth vector bundle over a fibre bundle is, we have to
repeat one definition. We define what a Lie transformation group of a manifold is. (cf.

[21]).

Definition 2.35:
Let M be a manifold and K be a Lie group.
K is called Lie transformation group of M if the following two properties hold.

e K is a topological subgroup of Diff (M, M).
e The map

KxM — M
(k,z) +— k-x

is smooth.

Finally, we define a smooth vector bundle over a fibre bundle.

Definition 2.36:

Let 7g : EE+—— M be a smooth fibre bundle with compact fibre F'.

Then 7o : @ — E is called smooth vector bundle over the fibre bundle £ — M
if the following properties hold.

e There exists a smooth Vectog bundle Q — F and a Lie group K whicNh is a Lie
transformation group K of Q and a topological subgroup of Diff(F, Q).

e The bundle 7g omg : @ — M is a smooth fibre bundle over M with fibre Q and
structure group K, i.e. @ — M forms a smooth fibre bundle where the transition
functions are smooth maps into K.

Q——9

6| =
F——F
M

Remark 2.37:
The definition of a smooth vector bundle over a fibre bundle given by Atiyah and Singer
in [4] is actually more general, but since we do not need it in that generality, we

~ restricted our definition to the situation at hand.
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2 Preliminaries

For a smooth vector bundle @ — E over a fibre bundle £ — M with structure group K,
we naturally inherit a K-principle fibre bundle P — M.

The bundle P is given by patching together the local transition functions of the bundle
Q — M which we formally do now.

Let {U;}ier be a cover of M such that Q@ — M trivialises over U; for every i € I and let
further on

—

gpiogoj_lz unlU; — K

be the smooth transition functions for the bundle Q — M.
We define the manifold P to be the disjoint union of the U; x K modded out by an
equivalence relation

P:= <gUixK>/N

where the equivalence relation is defined for every x € U; N U; to be:

—

Ui x K> (x,k)w(x,goiogpj_l(a;)-k) ceU; x K.

Baum shows in [5] that P defined this way becomes a smooth manifold as well as a
K-principle fibre bundle over M with projection:

p . P — M

Remark 2.38: .
Let p denote the inclusion of K into Diff(F, Q). By construction of P, we see that Q is
associated to P as fibre bundle over M via p, i.e.

Q=Px;xQ— M.

Furthermore, we can apply the group homomorphism II (compare Definition 2.31)
II : Diff(F, Q) — Diff(F, F)

to obtain a K-action
p=Ilop: K — Diff(F, F).

In particular, the fibre bundle FE is associated to P as well, i.e.

E=Px,xF.
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2.4 Smooth vector bundle over a fibre bundle

What is not obvious up to this point is that the bundle Q@ = P x; Q — F is a smooth
vector bundle over the manifold E'= P x, F', in opposition to being a smooth vector
bundle over the fibre bundle £ — M.

To show this is the content of the next lemma. Furthermore, we introduce some
notations for the local trivialisation maps that we use throughout this thesis.

Lemma 2.39:
Let mg : @ = F be a complex vector bundle over a manifold F', let K be a Lie group and
let furthermore

p: K — Diff(F, Q)

be a topological group homomorphism making K a Lie transformation group of Q.
Denote by p the map

p: K — Diff(F, F)

given by p =1l o p (compare Definition 2.51).
Then for any K-principle fibre bundle P — M over a manifold M, the bundle

T Q::PXﬁQ — E:=Px,F

18 a smooth complex vector bundle.
Summarising, we obtain the following commuting diagram.

O+ Q0=Px;k0Q (13)

TS ing

Fe— = E=Px,g F

i@

M
The projection mg : Q@ — E is given by mo([p,v]5) == [p, m5(0)],-
Proof.
Choose local sections ¢; : U; — P |y, and local trivialisations (¢;,U;) of P such that

©Y; - P|UZ — UIXK
(gi(x) - k) +—  (z,k).

Denote the transition functions by
Gij * U,nNU i K

Le. qi-gij = qj-
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2 Preliminaries

Additionally, choose local trivialisations (¢4, Vj) for the smooth vector bundle Q— F.
vis Qly, — VyxCm

Now, we define local trivialisations (x;;, Wi;) for @ — E.
The local base set W;; is given by:

Wij = {[%(x)af]p | HARS Uz,f S ‘/J} CFE |Ui
and take for the local trivialisation map:

Xij - Q ’W — Wij x C™
[%’(l‘),@]ﬁ — ([Qi(x)’WQ(,D)]Paproh(wj(’D))) .

It obviously fulfils 7o = proj; o x;j.
Its inverse map can be easily deduced to be:

X;jl : Wij x C™ — Q |Wij
(a@). 71y Y > Jailw) w5 (1)
We compute the transition map on W := W;; N Wt
XijoX;bl: WxC"r — WxCm,

and obtain the following expression

This is linear in A since ¢; and p(g) act C-linearly on the fibres. And the transition
function is smooth in (z, f) because K is a Lie transformation group.
Hence the transition functions are smooth in e = [g,(2), f],. O

2.5 Equivariant torsion and equivariant index

In this subsection, we want to recall the definitions of the equivariant index as well as our
main object of interest, namely the equivariant holomorphic torsion.

38



2.5 Equivariant torsion and equivariant index

Let mg : @ — E be a holomorphic, Hermitian vector bundle over a compact, complex,
Riemannian manifold (E, gg) and let v = (v<,+F) be a pair of biholomorphic isometries
72 :Q — Qand v¥ : E — E such that

e the following diagram commutes

0% ¢

ol e

F——F
'VE
e and the map 1< ]Qz:ﬂél(x): Qz = Q,5(y) is a complex linear isometry.

Definition 2.40:
There is a natural, y-induced action ¥ on antiholomorphic forms with coefficients in Q.
It is given for a € A%*)(E) and s € T'(E, Q), by:

2 aes), = {((F)7") a} ©2(s((:F) ().
| and extended linearly onto 2A(%*)(E) @ I'(E, Q).

" Remark 2.41:
The map v< : Q@ — Q is biholomorphic. Therefore, dg commutes with <. On the other
hand, € is an isometry on 9((0:%) (E, Q). Hence, it commutes with é*g as well.
Consequently, we obtain that the Laplacian [lg = 5955 + é*Qég commutes with the
action 2 on A (E, Q), too.
It follows for any A in the spectrum o(Cg) C RY of Og that 52 acts on the Eigenspace

Eig, (099) := {a e A0 (B, Q) | Doa = A- a}

. by restriction.

The fact that 42 acts on the Eigenspace EigA(D(QO’q)) for any A is now used to define two
invariants, on the one hand the equivariant index which depends on the 0-Eigenspace of
Og and on the other hand the equivariant torsion which depends on the Eigenspaces
corresponding to the non-zero Eigenvalues.

Definition 2.42:

The equivariant index ind(v<,0g) of a Hermitian, holomorphic vector bundle Q

over M is given by

1%, 00) = Y (-17Tr (19 g

q=0
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In order to define the equivariant holomorphic torsion, we have define the equivariant
(-function at first.

Definition 2.43:
The equivariant ¢-function Z ,QQ is now formally defined by:
¥

Z%(s) =3 (-1)™g ) )‘_S'TYGQ‘EigA(DS’q)))
920 A€o (Og)\{0}

for s € C with sufficiently large real part Re(s) >> 0 where this series converges
| absolutely.

There is always a real constant ¢ such that Z<, (s) converges absolutely if the Re(s) > c.
gl

Furthermore, Z WQQ can be continued meromorphically to the complex plane and this
continuation has no pole at 0 € C. (This fact is proven for the non-equivariant case, i.e.
for v2 =idg in [28]. The equivariant case is proven analogously.)

The fact that the equivariant {-function is holomorphic at 0 € C is now used to define
the equivariant torsion (cf. [22]).

Definition 2.44:
The equivariant holomorphic torsion 72(¥9) is defined by:

r2(59) = (%) 0).

Remark 2.45:

Obviously, two holomorphic, Hermitian vector bundles structures dy and 9; on Q that
are equivalent in the sense of Definition 2.5 induce the same equivariant torsion if the
equivalence is an isometry as well, i.e. if 9, = Jy + e(g~10g) for g : E — U(1).
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3 Compatible line bundles and legitimate equivariance

In this section, we introduce the setting which we want to work in.

In order to obtain statements about the holomorphic torsion of line bundles over a
holomorphic fibre bundle, it is necessary to restrict to so-called compatible line bundles.
In Subsection 3.1, we define what a compatible line bundle is and what this restriction
implies from arbitrary holomorphic line bundles implies. The class of compatible line
bundles is a generalisation of the line bundles Stanton looks at in [29].

Furthermore, we recall some results from Atiyah and Singer (cf. [4]) to obtain vector
bundles

Wi = | J Ker (Ogy,, — ).

zeM

A very important property that needs to hold for a holomorphic line bundle, in order to
make it compatible, is the splitting of the Laplacian into a vertical and a horizontal part.
In Subsection 3.2, we investigate when such a splitting occurs, i.e. what conditions lead
to such a splitting. The proof of these vanishing conditions is an extension of Stantons
results about flat holomorphic line bundles.

In the following two Subsections 3.3 and 3.4, we identify the A-Figenspace of the vertical
Laplacian Oy on E with antiholomorphic forms on the base M of our holomorphic fibre
bundle with coefficients in the holomorphic, Hermitian vector bundle W) via a
morphism . This enables us later on to translate the problem of calculating the
equivariant holomorphic torsion of £ from E to computing differential-topological
invariants on M and vice verse.

Subsection 3.5 introduces the equivariant setting. Since we don’t want to loose the
orthogonal splitting of g into vertical and horizontal parts, we need to restrict the
equivariant setting to actions v that are legitimate. We define what this means exactly in
Subsection 3.5.

At last, we show that we can translate the legitimate 4 action on £ — F via the
morphism 1 to an action v on the holomorphic vector bundles W) over M. This is the
subject of Subsection 3.6.

3.1 Setting

This section is about defining what a compatible line bundle is and furthermore about
giving a short survey of some properties of a compatible line bundle.
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3 Compatible line bundles and legitimate equivariance

We start right away with the definition of a compatible line bundle over a holomorphic
fibre bundle.

Definition 3.1:

Let (E,7g, (M, gun), (F, gr), T" E) be a holomorphic fibre bundle as given by Definition
2.13, and let furthermore £ be a holomorphic, Hermitian line bundle over E.

£ — F is called compatible line bundle for the holomorphic fibre bundle if the
following properties hold.

1. £ is a smooth vector bundle over the fibre bundle £ — M in the sense of
Definition 2.36.
The smooth vector bundle structure £ — E is the one induced by Lemma 2.39.
Furthermore, the fibre type of the smooth fibre bundle £ — M is a smooth,
holomorphic, Hermitian line bundle £ — F such that every element k € K
becomes a morphism p(k) : £ — £ that is a fibrewise Hermitian, linear map and
that respects the holomorphic structure of £ — F.

2. The Laplacian Og = 5255 + 555)3 splits into a vertical
Ov = 8,3 + 853,
as well as a horizontal part:
Oy = 8y 8% + 3y,
ie.
Oe =0y + Op.
In Subsection 3.2, we examine when such a splitting occurs.

3. The holomorphic structure of the line bundle £ restricted to the fibres E, is fixed
in the following way.
There is a family of local trivialisations {(¢;, U;)},c; of E, such that the induced

holomorphic structure (compare Section 2.3.3) on ((b*l) £ — F, given by

1,X

Ooraye = (¢) e dv

is the same holomorphic structure that £ naturally induces, i.e. such that for every
x € U;, we obtain

CHIEES:

as holomorphic, Hermitian line bundles (in the sense of Definition 2.5).
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3.1 Setting

' Remark 3.2:
Observe that forgetting the holomorphic structure, the isomorphism class of the smooth

*
vector bundle (gf);;) £ does not depend on z if we choose a path connected, i.e.

~ connected, local trivialisation base set U;. (cf. [1])

In the subsequent remark, we explain why we need the first property of the definition of a
compatible line bundle.

Stanton in [29] is able to circumvent the need for the line bundle £ to be smooth (in the
sense of Definition 2.36) over the holomorphic fibre bundle because she already assumed
the holomorphic fibre bundle to be associated to a compact principle fibre bundle in the
first place. For the line bundles she looks at, this is sufficient to imply their smoothness
over the fibre bundle.

In our, more general, case we use some properties for smooth vector bundles over a fibre
bundle given in [4]. We now summarise the important facts that Atiyah and Singer
showed in [4].

Remark 3.3:

Let (E,mg, (M, gun), (F,gr), THE) be a holomorphic fibre bundle and £ — E be a
compatible line bundle.

We need a survey of some further properties.

e For a compatible line bundle £ — E the structure group of the bundle £ — M
becomes a Lie group K.
Furthermore, there is a K-principle fibre bundle P — M such that the bundles
£ — M and E — M are associated (compare Remark 2.38).
Explicitly stated, we obtain £ = P x; £ Mand E=P X, F' — M for group
homomorphisms

p: K — Diff(F,£)
p: K — Diff(F,F).

Additionally, p and p induce a representation
p: K — Aut(AOH(F, £))

given for any differential form o € APD (F, ,é) by

e Atiyah and Singer show in [4] that for £ being a smooth vector bundle (in the
sense of Definition 2.36) there is a Fréchet bundle

VO =, s (CRINE V'
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3 Compatible line bundles and legitimate equivariance

associated to P. Its fibre VS;O’*) over the point x € M is the set of vertical forms
restricted to a fibre E, of E, i.e.

Hence, V,(L«O’*) ~ QL(O’*)(F ; fl) as Fréchet space and consequently the fibre bundle
V(©*) has the fibretype 2% (F, £).

A0 (F, Q)<_> W (0,%)

|

M

Summarising, we obtain:

VO = P x; e A0N(F, 2).

Because of Property 1 of Definition 3.1, the holomorphic structure ég on £ — F is
invariant under p(k) for any k € K.

Additionally, p(k) acts as a Hermitian isometry covering an isometry p(k) of F' for
every k € K. Therefore, p(k) commutes with the 55*:—0perat0r as well.

It follows that 5@ + 53 induces an elliptic operator on QL(O’*)(F, E) which is
invariant under the K-action p. Thus, 5;3 + 3}5 defines a "constant", in particular

_ N2
continuous, section in I’ (M, End (V(O’*))). Analogously, so does [z = (5)}3 + 83) )

Consequently, Oz defines a continuous family of elliptic operators. (cf. [4])

Again, following [4], we get for each Eigenvalue A of [z a complex vector bundle
WO#) 5 M of finite and constant rank over M.
It is given by

Tyyun © WO = Ker(Oz —A) — M.

The bundle W®*) is associated to P as well because it is a restriction of V(©*) to
the kernel of g, i.e.

W) = P x; g Ker (Og — \) .

Observe that Atiyah and Singer prove that W**) is a continuous vector bundle,
and not explicitly a smooth vector bundle.

On the other hand, any continuous vector bundle over a smooth manifold has a
unique smooth vector bundle structure compatible with its continuous vector
bundle structure (cf. [16, Ch. 4, Thm 3.5.]).

It follows that W) can be regarded as a smooth vector bundle.

Later on, in Section 3.4, we show that WY becomes a Hermitian, holomorphic
vector bundle.
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3.2 Laplace splitting property

In Subsection 3.3, we show that for every Eigenvalue A of [y the A-Eigenforms of [,
can be identified with sections from M into W),

This is essential when we use the bundles W**) to express the equivariant holomorphic
torsion of £ — E in Section 4.

However, before we delve deeper into this problem, we try at first to understand the
second property of Definition 3.1.

Therefore, we look for verifiable conditions for the Laplace splitting property. This is the
subject of the following subsection.

3.2 Laplace splitting property

So far, we have explained what the first property of the definition of a compatible line
bundle implies.

This subsection is about the second property of Definition 3.1, the Laplace splitting
property. It generalises the analogous statements of Stanton in [29]. The proofs of those
statements are quite similar.

First, we simplify the problem of verifying this property. Afterwards in Subsection 3.2.1,
we give a specific, verifiable and sufficient condition for the occurrence of such a splitting
in the case where F is a compact Kéahler manifold. This is especially interesting for the
second part of this thesis where we look at the holomorphic torsion of holomorphic line
bundles over Lie groups. There, the fibre of the considered holomorphic fibre bundle is a
complex torus with bi-invariant Kéahler metric.

In Subsection 3.2.2, we state as well as prove a useful consequence of the Laplace
splitting property.

Now, let (E, g, (M, gun), (F,gr), T" E) be a holomorphic fibre bundle and let £ — E be
a holomorphic line bundle over F.

Lemma 2.20 shows that the Og¢ operator, defining the holomorphic structure of £, splits
into a vertical part dy as well as a horizontal part Jy. It suggests itself to check if a
similar property holds for the Laplacian (g = 525)’5 + 5)’552.

We show in this section that there are certain conditions that guarantee such a splitting.
First of all, we introduce some notations for the operators needed to describe this
splitting property.

| Definition 3.4:
All of those operators are differential operators on 2(0*) (E, L):

o Ly ::51/—#-5\*/
o Ly :ZéH—i-é}k_I

o [y := (Lv)2 = 5{'}5\/ + 5\/5‘*/

o [y = (LH)2 = 5}}5}1 + 5}[5;[
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3 Compatible line bundles and legitimate equivariance

L o L= —UOyg—UOy=LyLyg+ LyLy

Observe that the splitting of the Laplacian is equivalent to the vanishing of the operator
L=0q -0y —0Oy

on antiholomorphic forms on E with coefficients in £.

Now, we show that it suffices to verify that L vanishes on vertical antiholomorphic forms
ng)’*)(E , £) because if it vanishes there, it vanishes everywhere.

Lemma 3.5:
L=0 onA0*)(E,£) if and only if L vanishes on Ql%?’(n (E, L) for all q.

Proof.

One direction is obvious. I follows directly from ng)’Q) (E,£) cA0*)(E, £).

We proof the other direction in the following way.

At first, we show that L is the sum of an operator A and its adjoint. Consequently, L
vanishes if and only if A does. Afterwards, we show that A vanishes on all
antiholomorphic forms if and only if it vanishes on vertical forms only. At last, we
summarise that A vanishes on vertical forms if and only if L does.

Now, taking a closer look at L, we notice:
L= (0gLv + Lyvou) + (OuLy + Lvoy)" = A+ A%,

where A := Oy Ly + Ly Oy.
L vanishes if and only if A vanishes on A(%*)(E, £) because of the following argument.

’zbserve that the operators A and A* restricted to the space 9153’5) (E) A 2[%9’*) (E, £) map
as follows.

A APVIE)AAY (B, 2) — AP TVE) A AP (B, £)
A 29 Ey A2 (B ) — w0V (E) A 2ld (R, 9).

Now, the target spaces on the right hand side are linearly independent. Hence, so are the
images of A and A*.

Thus, (A + A*)p vanishes for any antiholomorphic form p € 22[53’5) (E) A 91%9’*) (E, L) if
and only if Ay as well as A*p vanish.

On the other hand, A = 0 leads to A* = 0.

Consequently, we obtain A + A* = 0. Therefore in order to proof the assertion, we just
have to prove it for A. J

We now show that A vanishes on ) (E, £) if and only if A =0 on ngg’*)(E, £).
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3.2 Laplace splitting property

Recall that every antiholomorphic form 1 € 2*)(E, £) is a finite sum of
antiholomorphic forms of the form (7% u) A w with g € A0 (M) and w € ng?’*)(E, £).
Hence, we can restrict our considerations to the case where 7 equals (751) A w.

Let p be in AC*) (M) and w in ﬁ%?’*)(E, £). We described how 9y, 0y (Lemma 2.24) and
9%, (Lemma 2.25) commute with the pullback of differential forms on M.

We apply A on 7w Aw

A((mgp) Aw) = (g Ly + LyvOg) ((7pp) Aw).

For 0 and for Ly the Leibniz equation holds.
Therefore, we obtain:

A((mpp) Aw) =(=D)M (D () A (Lyw) + (Thu) A (0 (Lyw))
+ Ly [Bn () Aw+ (=) (x500) A (Daw)]

=(-1)* FA (Lvw) + (tgp) A (9r(Lyw))

+ (LvOu(myp)) Aw + (-3 A (Lyw)
+ (1) A (Lv (Opw))
=(npu) A (O Ly + LyOn) w + (Lyv (0u (7hu))) A w.

Now, the assumption for A follows directly from:
L\/gH(W*EM) = Lv<7T*E(§/L) =0.

We summarise: L vanishes on (0% (E, £) if and only if A vanishes on A% (E, £), which
happens if and only if A =0 on Ql%?’*)(E, £).

On the other hand L vanishes on ﬂg?’*)(E ,£) if and only if A does, which directly implies
L =0 on all A*)(E, £). O

For a general holomorphic fibre bundle, this is as far as we get in understanding the
Laplace splitting property.

Fortunately, we can derive a much more explicit condition under which the L-operator
vanishes if the fibretype F' of our holomorphic fibre bundle is a Kéhler manifold.

This is the content of the subsequent subsection.

3.2.1 Holomorphic fibre bundles of Kihler fibretype

Before we can state conditions for the vanishing of L, we have to do some preparatory,
somewhat technical work.

Let (B, g, (M, gun), (F,gr), TH E) be a holomorphic fibre bundle whose fibretype F is a
Kahler manifold.

Let us denote the Kihler form on F by wr € ALY (F).
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3 Compatible line bundles and legitimate equivariance

For every x € M every admissible embedding of the fibre, i.e. an embedding coming from
restrictions of the holomorphic trivialisations qﬁgi : F — FE is holomorphic. Hence, we

can define a holomorphic structure 521671 on the pullback bundle £, := (qb,;i)*ﬂ over I
as we saw in Equation (10) in Section 2.3.3. 7
Furthermore, the Kéhler form wg induces an endomorphism of Ql("*)(E , £k.z), by exterior
multiplication, i.e.:

e(wr): AGNE, L) — ACHD(E, g4 ,)
o — wr N Q.

| Definition 3.6:
The Lefschetz operator Ap

Ap: Ql("*)(E, Lkz) — Ql('_l’*_l)(E, k),

is defined to be the adjoint operator of e(wp) for the L2-inner product (-,-) induced by
| the pullback (¢, 1)*

" Remark 3.7:

e For a holomorphic fibre bundle, the transition maps ¢y, , © qsl—; : F'— F are by
definition biholomorphic isometries (compare Definition 2.13).
Hence, the Kéhler form wr is invariant under the pullback via ¢y, , © gzﬁl_;, ie.

(¢k,az o ¢f;)* WF = WF.
It follows that wp induces a differential form wy € ng/l’l)(E) such that
(Bro0) wv = wr.
e Consequently, the Lefschetz operator has an analogous operator Ay,
Ay 28 (B A2l (B, 2) — w5 (E) A aP (B g),
which is the adjoint of (wy).
e Look at the following subspaces of TV E @g C:

™V-00E = (TVE)™  and
V.0 p .— (TVE)(OJ)‘

A short computation shows that for a local orthonormal frame {E;},.; of TV(LOE

with corresponding local orthonormal frame {E’l} ey Of T VOO E Ay is given by:

Ay = —iZLE‘vlLEZ. (14)
leJ

Here, ¢x denotes the contraction with X via the Hermitian form.
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3.2 Laplace splitting property

For F' being a Kéhler manifold and £, being a Hermitian, holomorphic vector bundle,
there are the so-called Kéhler identities (cf. [19]). They simplify the computation of the
adjoint dg  to the operator dg, .. Explicitly stated in Equation (15) below.

03, , = —i[A, Voo L0, (15)

Here, Vo = V.2 (01) @ ¥%.2:(10) denotes the unique holomorphic, Hermitian
connection on (£, (gb,;;)*h) (compare Definition 2.9).

Now, together with Lemma 2.29 the Kéahler identities can be used to get an explicit
expression for df;.

Lemma 3.8:

Let V& = V&L ¢ & O genote the unique holomorphic, Hermitian connection on the
Hermitian, holomorphic line bundle (£,h) — E.

Let furthermore VV-0L9) denote the restriction of VS0 to the vertical part, i.e. the
following diagram commutes:

229 (E)y A4 (E, £)

m

TV.(1,0) Aptstlatt) (B ¢)

%

AP (B) A AT (B, 2).
Then, with notations from above, the following identity holds:

Oy = —ilAv, VYOO A0(E, 2) — ACI(E, 2). (16)

Proof.
The proof is divided into two steps. First, we show that it suffices to show Equation (16)
for the pullback of vertical forms only and second we proof Equation (16) for pullbacks of
vertical forms.
1) Let n be a form in ngg’Q)(E) A ng)’p)(E, £). Since M is compact, we can identify 1 with
the finite sum

n=> (ha) A B

l

where a; € 209 (M) and 8, € AP(E, 2).
We apply Lemma 2.25 to the right hand side of Equation (16) and obtain:

Byn =Y (=1 (wpar) A BBy

!
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3 Compatible line bundles and legitimate equivariance

If we look at the the left hand side of Equation (16), we observe that, for any differential
forms a € A152)(M) and € A1) (E, £), the following two identities hold:

. 14 . ol
Ay (mha A B) ) (Aprha) AB + (—1)21 rha A Ay B,
—— ——

=0 =1
VY0 (rha A B) = ((Bv)mha) AB + (=1) 2150 A VY03
=0

where 9y is given analogously to VY:(19) ie. by the following commuting diagram

A (B) A A (B)
\
oy Qsittitlsatta) () @ (s1ttns2tta+l) ()

%

A (B A AT (),

We conclude that we may restrict our considerations to vertical forms since the right
hand side of Equation (16) applied to n simplifies to:

(A, VYO = 37 (1) () A ([Av, V005
l

hence, without restrictions to generality 7 is in Ql%?’*)(E, £).

2) Two vertical forms 7,7 € ng)’*)(E, £) coincide if and only if (¢, L) n = (¢, L)*n for all
x € M and k € I such that x € U, C M.
This implies that we now have to check

(62)" 0 By = (61)" 0 (i |Av, VYO0 ).

On the one hand, Lemma 2.29 implies that (gb;i)* 00} = 5;5]” o (gb;i)* On the other
hand, we know that 8Ek _ can be calculated via the Kéhler identities as in Equation (15),
ie. 03, = —ilAp, Ve (L0,

To put it in a nutshell, we have to check

(@s)" o (IAv, VY0 0 = [Ap, Vo0 | o (671) (17)

for any vertical form n € ng-)’q)(E, £) and every x € M.
Without loss of generality, let 7 be given by a ® s with o € ng)’q) (E) and s e I'(E, £).
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3.2 Laplace splitting property

The left hand side of Equation (17) now becomes:

i ([ oo
:((ﬁ;’i)* oAy (8\/@ R s+ (_1>qa A vV,(l,O)S)

The embedding gb]:i : F' — E, is a holomorphic, isometric immersion.
Consequently, we obtain:

(62)" 0 (Av o VYO ) = Apo (91)" (Ova) ® 5+ (~1)%a AV Ms) - (19)

For the first term, observe that ((b,;i)* commutes with the d-operator on 20 (E)
because of the subsequent computation and because it commutes with d and 0.

(b0) 00y = (9,) 00 = (¢ ;) 0(d =)= (d—)o(d,,)" =00 (¢,)" (19)

For the second term, we study the pullback properties of the VV:(:0)_gperator on sections.
Let therefore s,t be two sections in I'(F, £). The Hermitian and holomorphic property of
the Chern connection V* now directly implies the subsequent computation.

0 ((6ph)h5(s,0)) =0 4) (9 (h%(s.1)))
—(¢ra)" (h’3 (V“(l’o)s,t) + 1* (s, 5vt)>
=nes (g )" (V005 (o201
i (0 L)'s. (6 (0ve) )
N
=0((¢4,,)"t)
Conversely, the Chern connection V= on L o implies:
0 (60 h=(s.1) = (h== ((61)"s, (¢2)°t))
=S (Vom0 (g s, (61071
0% ((ph)"s, By )t
Thus, we obtain the following equality
Wk (0 ) (VV0s) L (61)7) = s (Vom0 (g1, (033)")

for arbitrary sections s and ¢ into £.
Consequently, we obtain:

(¢,5)" 0 V10 (5) = Vo0 o (¢ 1) (s) (20)
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3 Compatible line bundles and legitimate equivariance

At last, we insert Equations (19) and (20) into Equation (18) and obtain:
@2)" o (1. 7700 g =po (0 (stor ya) @ (61"
F 10 e TE o (g 1))

=Ap o V0o (g 1) (a @ s)

and therefore,

(6c2)" o (1av, V00 ) = [Ap, Vo= 0O o (g 1) (@ @ 5)
which finishes the proof. O

We have to take one last step, the subsequent lemma, before we can state as well as proof
our vanishing condition for the Kéhler case.

Recall therefore that we defined the dg-operator to act on A (E, £) in Definition 2.22.
This definition may be extended to the whole space 2% (F, £) via the following diagram:

Ao gy Al (B, g)

\

oy Q[(Sl-i-h,Sz-i-tz-i-l)(E‘7 2)

%

A (E) A A (B, £).
Of course, we may not assume that 0 = dg + 9y on the whole space A% (E, £) anymore.

Lemma 3.9:

Let Y be in T'(E,TVE @g C) and let X be a vector field in T'(E, THOVE).
Furthermore, let w € ng’q) (E, L) be a vertical differential form.

Then the following equation holds:

(LXgH> (Lyw) = —ly, X)W + iy [(LxéH) w] . (21)

Proof.

Let w € T'(E, A (TVCE) ® £) = AL(E, L) and Z1,...,Z, 1 € ['(E, TVCE).

Since both sides of Equation (21) are C linear, we can without restrictions to generality
assume w = a @ s with a € AL(E) and s € I'(E, £).

Within this proof, we use the following abbreviation.
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3.2 Laplace splitting property

For the index set J = {1,...,q — 1} and a subset I = {i1,... i, | is <is1} C J we
denote the tuple (Z;,,...,Z;,.) by Z;.
We now compute:

B = (v ((tx0m) w)) (Z5) =(0uw)(X,Y, Z1, ..., Zg—1)
=(0n(a®s))(X,Y, Zy).

Applying the Leibniz Equation (4) we obtain
B =(0ga)(X,Y, Z;) s+ (—1)(a A dys)(X,Y, Z;)

We denote the complexified derivative of a C*°-function f € C°°(F) in the direction of a
complexified vector field V € I'(E,TCE) by X.f, i.e. df(X) = X.f.
Then using the definition of the exterior differential d, we obtain:
r -1
B=|X.aY,Z))—a([X,Y],Z;) - Z (X, Zs), YZJ\{k})]
k=1

»Q

J_ra(Y, Zy) - (0ms)(X)
r -1

= | X Alra)(Z))} = (xyia)(Zs) + <_1)k(LYO‘)([X7Zk]aZJ\{k})]3

£y

e
Il

T (va)(Z)) - (Bus)(X)
= (Ou(ye)) (X, Zy) - s+ (=) oy A Oys) (X, Zy) —(x ) (Zy)s
=(0m (ty a®s) ) (X, Z.1)
=1x0u(tyw)(Z1) — (1x,yjw)(Z7),

which completes the proof. O

Now, we can finally prove a vanishing-condition for L.
Recall that L maps from the vector space of antiholomorphic, vertical (0, ¢)-forms, i.e.
ng)’q) (E, £), to the vector space ng’l)(E) A ng,o’q_l)(E, £).

Hence, Lw = 0 for any w € ng?’q)(E, £) if and only if tx (Lw) vanishes for every
horizontal vector field X € I'(E, THE).

For the subsequent proposition, let ) denote the orthogonal projection
QAN (EB) — AfV(B) A2 (E), (22)

Proposition 3.10:
Let (E,mg,(M,gn), (F,gr), THE) be a holomorphic fibre bundle and let £ — E be a
Hermatian, holomorphic line bundle over E.

Furthermore, let {E;},.; be a local orthonormal frame in TV-OOE and let {E_l

denote its complex conjugated orthonormal frame in TV-OhE

}lEJ
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3 Compatible line bundles and legitimate equivariance

For any vertical form w € Ql%?’q) (E, £) and any vector field X € T'(M,TM) with
horizontal lift X € T(E,T"E), we obtain:

, £,(1,0 £,(1,0 , 2
k

where @ denotes the projection from Equation (22).
Note that [E;, X] and [E;, X] are vertical because the commutator of a horizontal lift with
a vertical vector field is always vertical.

Remark 3.11:
Proposition 3.10 particularly implies that for a flat vector bundle £, i.e. (V’3)2 =0, it
suffices to show that [Ej, X] = 0 and [Ey, X] = 0 for L to vanish.

Proof of Proposition 3.10.
We start by applying Lemma 3.8, i.e. Equation (16), to the left hand side.
We substitute 0;, and obtain:

(1 L)w =15 (005 + 030w
(16 _ ity {EHAVVV’(LO) + AVVV’(l’O)gH} w. (23)

Here, we make use of the fact that Aydpw = 0 (as well as Ayw = 0) because dgw (or w
respectively) is an antiholomorphic form, i.e. dgw € A4+ (E, £) (and

w e ACD(E, 2)).

The next step is to transform the first term of the right hand side of this equation.
Therefore, we swap the LXéH—operator with the Ay-operator, using Lemma 3.9, i.e.
Equation (21) repeatedly.

LXéHAVvV’(LO)W = Z LXgHLE‘k LEkVV’(LO)w

k

(21) .
> {_L[Em + L@Lx@H} 1, VY10,
k

(21) - VLo

—_ Z{_L[Ek,X]LEk _LEkL[Ek,X] +LEkLEkLX8H}V ( )w
k

Now, swapping the contractions in the first two terms, we obtain:

BUTSAUETEDS {L[X,Ek]bEk + LEkL[X,Ek]} vV (10),
k

+ AvLXgHVV’(l’O)w.
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3.2 Laplace splitting property

Inserting this into Equation (23) and using the identity Ayig = 1 ¢ Ay, we finally get:
(LXL)W = — ZZ {L[X,Ek]LEk + LE_’kL[X,Ek]} VV’(LO)W
k

— iAva {5va’(1’0) + VV’(l’O)éH} w

[\

~~

=(Q(V%)?)

which completes the proof. O

Summarising, Proposition 3.10 gives us an explicit formula for L, and therefore, we are
able to check if for a given holomorphic, Hermitian line bundle £ over a holomorphic fibre
bundle, the Laplacian splits.

3.2.2 A consequence of the Laplace splitting property

We now derive that the splitting of the Laplacian leads to the commutation of both of its
parts, i.e. Uy Uy = Oyl

Lemma 3.12:

Let £ — E be a holomorphic, Hermitian line bundle over a holomorphic fibre bundle
such that the Laplacian Ug on £ splits, i.e. e =y + g

Then the following identities hold:

5\/5}] + 5[{5\/ =0 :5{’}5;{ + 5}}51*/ (24)

51*/5}1 + 5[{5;‘/ =0 25\/5;{ + 5}}5\/ (25)
In particular, we obtain:

DHg‘(j) = 5‘(/*)[11{ as well as Dvé(*) = 5};)DV

and the Laplacians commute, i.e. Oy Oy = Ogly.
Proof. B
We alreaidy know that dg splits into a vertical and a horizontal part and so does its
adjoint J5.
Note that 5% =0= (5§)2, and note furthermore that
200)(E,2) = P 24§ (B) AP (B, £)
s+t=q

is an orthogonal direct sum, especially its summands are linearly independent.
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3 Compatible line bundles and legitimate equivariance

We deduce that
2% — 3% = By B + dudy = 0
()" = (93)* = 00y + D0y = 0
which directly implies Equation (24).
Now, for Equation (25), we observe that the Laplace splitting property:

O = 5o + 858 = Oy + Og
is equivalent to

vy + 030y = 0 and

5501 + I dls = 0.
We conclude that Equation (25) holds which completes the proof.

Corollary 3.13:
There is an orthonormal Hilbert base of Ql(o’*)(E,,S) consisting of Eigenforms for both
Uy and Ug.

3.3 Bijection of certain section spaces

This subsection is dedicated to the proof of Proposition 3.14, below.

It is about a vector space isomorphism between the \-Eigensections of the vertical
Laplace operator [y, and the antiholomorphic forms on M with coefficients in the
associated bundle W),

Recall that we described the bundle W*) in Remark 3.3.

We denote the operator Dgi’t] to be the vertical Laplacian acting on the space

299 (E) A 24\0(E, 2).

Proposition 3.14:

Let (E,7g, (M, gu), (F,gr), T"E) be a holomorphic fibre bundle and let £ — E be a
compatible holomorphic line bundle of fibre type £ F.

Furthermore, let K denote a Lie group, mp : P — M a K principle fibre bundle and

p: K— Aut(F) aswellas p: K — Diff(F, &)
group homomorphisms such that
E=Px,F and £=Px;&.

Let X be an Bigenvalue of Oy and W) be the vector bundle P x ; Ker(Oz — )
described in Remark 3.3.
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3.3 Bijection of certain section spaces

Furthermore, let the space of A\-Eigenforms of L1}, be denoted by

Bigy (00") = Ker(@y — 3) n24{*) () A APV (E, 2).

Then there is an isomorphism
Wi T(M,WA)) = Eig, (D@’*}) c1%)(E, 2),

This isomorphism can be extended to an isomorphism

b A (M WD) =5 Fig, (D[;’”)cmg’s)(E)/\m(VO’“(E,s).

Definition 3.15:
We call the isomorphism 1 : 2(0:5) (M, W(A?t)) —Eig, <D£§’t]> from the proposition
| above, i.e. Proposition 3.14, ®»-morphism.

We divide the proof of Proposition 3.14 into smaller pieces.

At first as a direct consequence of Lemma 3.16 (in Corollary 3.17), we obtain an
isomorphism between the vertical antiholomorphic forms, ng)’*)(E ,£), and a subspace of
c= (P x F,A* (TOVF) @ 8).

Later on in Corollary 3.20 following from Lemma 3.18, we see that the latter space can
be identified with C°°(P, A0 (F, £))7.

In Lemma 3.22, we check the compatibility of these identifications above with the vertical

Laplace operator.
This finally leads to an isomorphism between

Bigy (0%) = Ker (Oy — \) N (m(vo’t) (B, s))
and
o (P, Eig, (ng”“))ﬁ.

The latter one is by standard arguments for associated bundles in one to one
correspondence to the space of sections I' (M , P x5 Eigy (Dg)’t)))

Lemma 3.16:

Let K be a Lie group and let P — M be a K principle fibre bundle over a compact
manifold M .

Furthermore, let E be fibre bundle over M, associated to P via a group homomorphism
p: K — Diff(F, F'), whose fibre type F is a compact manifold, i.e.

E=Px,F.

o7



3 Compatible line bundles and legitimate equivariance

Additionally, let Q — F be a smooth vector bundle and p: K — Diff(F, Q) be a .
continuous group homomorphism covering p, making K a Lie transformation group of Q.
Denote the induced vector bundle over E by:

Q =P Xﬁ Q
At last, let C®(P x F, Q)" denote the set of smooth maps
s: PxF — Q

with the properties:

Then there is an isomorphism ~ of vector spaces

T I(E,Q) — C®(P x F,Q)h

s — 5.
Proof.
Let s € I'(E, Q) be a smooth section and let e = [p, k], be in E. Then s(e) lies in Q..
Therefore, it has the form s(e) = [p, 5(p, f)].

The desired bijection is now given by:

T I(E,Q) — C®(P x F,Q)""
s — S

Note that for = to be well defined, § has to fulfil the second property ii).

Furthermore, s is a section from F to Q, in particular, mg o s = idg. This is corresponds
on the § side to property ).

Conversely, any map § € C°(P x F, Q)Z’” induces a map s : £ — Q that fulfils

mg o s =idg.

Summarising, we obtain

i)
What remains to be shown is that the smoothness of s induces the smoothness of § and
vice verse.

In order to do that, we will borrow some notations from Lemma 2.39. In particular, we
denote the local trivialisations the same way.

TQ oS —

slp, f1,) = s([p- k=1 p(k) ()] ) «—

5° projs

- k1 p(k)(F) = (k) GG, 1)

m
5
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3.3 Bijection of certain section spaces

We deduce:

s:FE—QisC*® < Xij © S|, Wij — Wi xC™  is O Vi, j

& Projy o Xij o S|y, : Wi — C7 is C*®° Vi, j
ij
On the other hand W;; is diffeomorphic to U; x V; through ¢; x idy; and
PIrojy © Xij © Slw,; © [Qi X idvj] = projy o thj 0 §o (g; X idvj)-
‘ p

Therefore,

5is C* & projyopjoso (qi Xidvj> s UxV; — C" isC®Vi,j

& §o(pt(he)xidp): UixF — Q isC®Vi

This fact implies that if §: P x F — Q is smooth, then so is its corresponding map s.
For the opposite direction, suppose now that s is a smooth map. The considerations
above showed that s smooth directly implies that the map 5o (tpi_l(-, e) X idF) is smooth
as well.

In order to show that § itself is C'°°, we have to check that, locally for each U;,

Fo(pylxidp): Uix KxF — O,

i.e. the map (z,k, f) — 3(qi(z) - k, f), is smooth.
But this is true because of property i) which implies

$(qi(x) -k, f) =p (k™) 05 (o7 (. €), p(k~ 1) (f))

and this is smooth in (x, k, f) as composition of smooth maps. O

For our compatible line bundle £ = P x; £ — E over a holomorphic fibre bundle, we can

apply Lemma 3.16 not only on sections I'(E, £) but on the vertical antiholomorphic

forms 91%9 ’Q)(E , £) with coefficients in £ as well since for

p*: K — Diff(F,AdTODF),
given by p*(k) := p(k~!)*, we obtain:

Ad (T‘/’(()’l)E)* — P, A <T<0=1>F)* .

And consequently we get for p* ® p:

X (TV(O,l)E>* 9L = P x gy Al (T(O,l)F>* .
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3 Compatible line bundles and legitimate equivariance

Corollary 3.17:
For a holomorphic fibre bundle (E,7g, (M, gun), (F,gr), THE) and a compatible line
bundle £, i.e.

L=Px;£ — E=Px,F,
we get an isomorphism of vector spaces

o al(EB ) — (P x F A (TOVF) @ §)i
s — S

The next step is to find a bijection of C*°(P x F, A4 (T(O’l)F)* ® fl)”’ on the one hand
and a subspace of C°(P, A9 (F, £)) on the other hand.
Therefore, let

o (P x F, A (T(O’l)F)* ® 53)
be the subspace of smooth maps § from P x F' to A? (T(O’I)F)* ® £ that fulfil:

i) 3, f) € (Aq (T(Ovl)F)* ® E)f

Obviously, we have the following inclusion:

i

o (P « F, A9 (T(O’l)F)* ® 2) c o> (P « F, A9 (TW)F)* ® f:) .

Now, we show that C*°(P x F, A4 (T(071)F)* ® £)F and C=(P, A9 (F, £)) are
isomorphic.

The map describing the desired isomorphism is actually a very basic one.

If we forget any structure, let A, B, C be sets and let Map(A, B) denote the maps from A
to B.

The space Map(A x B, () is isomorphic to the space Map(A, Map(B,C)) in a natural
way.

The identification is given by

Map(A x B,C) — Map(A,Map(B,C)),

where f(a): b f(a,b) and inversely f(a,b) := (f(a)) ().

Unfortunately, if we return to the category of smooth manifolds, the translation of
properties like continuity or smoothness via ~ are much more intricate.

The subsequent lemma shows that in the case of C*®°(P x F, Q) everything behaves just
fine.
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3.3 Bijection of certain section spaces

Beforehand, we state the following theorem stated by Tréves in [30, Ch.40, Thm. 40.1].
We present it, tailored to the situation at hand.

Theorem (Tréves Thm 40.1):
Let A C R™ and B C R™ be open sets and let C = RF. Then the map

~:Map(A x B,C) — Map(A,Map(B, C)),
introduced above, induces an isomorphism of topological vector spaces between

C*®(A x B,R) and C*(A,C>(B,R)) by restriction.
Here, the topology on C*°(X,R) is given by the Fréchet topology.

We give a brief summary of the Fréchet space structure on I'(F, Q) in Appendix B.

Lemma 3.18: )
Let B, F' be smooth manifolds and let TS Q — F be a smooth vector bundle.

Let furthermore C*°(B x F, Q)Z denote the following topological vector space:
C™®(B x F,Q)" := {g:BxF%Q\ong:prOjQ}.

Then there is an isomorphism = of the topological vector spaces C*°(B x F, Q)Z and
C>(B,I'(F, Q)).

1:1
—

~. C®(BxF,Q) C>=(B,T(F, Q))

Proof.
The bundle Q — F is locally trivial. We denote the local trivialisation maps for Q — F

by (¥, V;), ie..
vi: Q ly, — V;xC™
Now, for g € C®°(B x F, Q)" the map
Gg: B — T(F,Q)
is smooth if and only if the maps g; defined by

g0 B — T(V;,Ql)
bo— 3B |y,

are smooth for all j € J where g;(b) denotes the restriction of g(b) to the local
trivialisation base set V; C F' of Q (compare Corollary B.5).
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3 Compatible line bundles and legitimate equivariance

In particular, § is smooth if and only if the maps

Yjogj: B — COO(V},V]-X(Cm)

are smooth for any j € J.
Now, for every b € B and every j € J, the map

pjogib): V; — V;xC™

has got the form 1; o g;(b) = idy, x h;(b) for some hj;(b) € C®(V;,C™).
Looking at the Fréchet structure, we see that § : B — I'(F, Q) is smooth if and only if

hj: B — CO=(V;,C™)

is smooth for every j € J (compare Corollary B.6).
Reading this statement through charts, we can apply Tréves Theorem 40.1, stated above.
Hence, g is smooth if and only if

hjt BX‘/J — cm
(b.) — (hi(®)) () = projy o w0 (3(6)) ()

is smooth for any j € J.
On the other hand h; is obviously smooth if and only if

projo X hj: BxV; — V; x C™

e )

is smooth.
Now, by applying 1/1;1, we see that this is equivalent to

;' o(projy x hy): BxV; — Q

being smooth for any j € J, since 1 is a diffeomorphism.
But, if we make use of Property i), we obtain

;o (projy x hy) (b, f) = 45" (f, projg o ¥j o ((b)) (f)) 2 g(p. f).
—

=9(b,f)
Consequently, we obtain:
v;to(projy x hy): BxV; —  Q
(b, f)  — g f),
and therefore ¢ is smooth if and only if ¢ is smooth which finishes the proof. O
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3.3 Bijection of certain section spaces

We obtain a direct consequence of the Lemma 3.18 by choosing B = P.

Corollary 3.19:
In the setting from Lemma 3.16, there is an isomorphism ~ between the topological
vector spaces C*(P x F, Q)" and C*(P,I'(F,Q)).

~. C®(Px FQ) =4 C®(PI(F, Q)

This corollary on the other hand has as a direct consequence the subsequent corollary.

Corollary 3.20: .
Let p be the induced action of K on 2((0:%) (F, Q) which is given for any k € K and every
a € AOH(F, Q) by:

Denote by C*°(P,I'(F, Q))f’ the vector space of K equivariant maps from P into the

section space T'(F, Q). ) )
Then we get an isomorphism between C*°(P x F, Q)% and C*°(P,T'(F, Q))?,

~. (P x FQ) L ¢o(PT(F,Q)),
by restriction.

Proof. Let g be in C®(P x F, Q)"". We have to verify that § is p-equivariant.
Therefore, take p € P, k € K and f € f and compute:

G- k) () 290k, f) = g (p- k, p(k~") 0 p(k)(f))
Do) (gl p ) (1) = 5k GO RI))
- <ﬁ(k‘1) . p<k>*9<p>> (f) = <f)(k_1) ) ) o).

~—

Here, we marked the equalities coming from the isomorphism = with an l".
It follows that g lies in C*°(P,T'(F, Q))*.

For the other direction, let § be in C°°(P,T'(F, Q))P.
We now have to show that g fulfils the property ii).
We compute for p e P, k€ K and f € f:

g (p-k, o) é(goo ~ k)) (k1) (f) = (p(k*)(g@») (o))
=p(k~Y) (3(0) (1) = A1) (g(p. ).

which is what we wanted to show. O



3 Compatible line bundles and legitimate equivariance

Corollary 3.21:
For a holomorphic fibre bundle (E,7g, (M, gun), (F,gr), THE) and a compatible line
bundle £ — E. We have an isomorphism

o =" AlM(Ee) — Co(PACH(F, ).

One question has been unanswered so far.

What happens under the correspondence ~ above with the A-Eigenspaces of [y 7

To answer this question is the next step.

In the definition of a compatible line bundle we fixed our holomorphic structure on £ in
such a way that the vertical Laplacian [y corresponds to the Laplacian Uz on £ F.
This property has the indispensable consequence that the morphism ~ from above,
identifying ng]’*)(E, £) with C°(P, ) (F, £)?) restricts to a morphism:

A(E, £) 5 Eigy(O%) + C®(P, Eigy(Or))? € C°(P,AC)(F, £))?

This is the content of the following lemma.

Lemma 3.22: 3 R
Let a be a form in ng]’Q)(E, £) and let & € C®(P,ACD(F, £))° be its image under ~ .
Then we get for every p € P:

o (p) =0z (a(p) ) -
(502) =22 (500)

Proof.

For the local trivialisation maps, we stick to the notations we have evolved so far,
nonetheless we will repeat them here to make this proof easier to understand.

We have an open cover {Ui}z‘e ; of M and local sections ¢; : U; — P which induce local
trivialisations:

o for P — M,

QY - P ’Ui —
(gi(z) - k) +—  (z,k),

e for F — M,

qbl E|UZ U7,><F

(@, f),

S
=
8
S—
=
he)
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3.3 Bijection of certain section spaces

e and for £ = P x; £ seen as an associated fibre bundle over M, we introduce local
trivialisations

(@), ZL — (1),
They generalise to local trivialisations
i: AT (TVOVE) ® L 1y, — Uix A (TOVF) @2
wal o (:U ((bﬁ)*w@@,z()
where ¢; ; denotes the induced map
Giz WE.I($) — F
and (;;i,x likewise.

Keeping these maps in mind, we can start the actual proof.

For an « € 91%9 ) (E, £), we obtain by construction that & evaluated at g;(z) is given by

(8@ (@) () = dia 0 alail@). ) = dic 0 @0 671 (F).

1,x

Let £; ; denote the pullback bundle (¢_1>* L.

A small computation shows that (&(qz(x))> decomposes into a pullback

(6:2)": 20 (m8) — 209 (F (4;1) 2)

and the natural vector bundle homomorphism identifying £ and £i» as an equivalence of
Hermitian, holomorphic line bundles over F

D; . Lix —
(f, (). 1] ﬁ> —

in the following way:
(d(aite)) (1) = (2120 (42) a) (1)

Now, since £ — FE is a compatible line bundle, Property 3 of Definition 3.1 implies
(Frata@)) (1) = (#ia e (62) dva) 1)

={05 (®00 (672) a) } (1) = (8:8) ().

An analogous result holds for 5{‘/ because of Lemma 2.29.
Therefore the assertion is proven. O
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3 Compatible line bundles and legitimate equivariance

Finally, we are able complete the proof of Proposition 3.14.
Therefore, recall the following fact. Let mp : P — M be a K-principle fibre bundle and
let @ = P x, V be an associated vector bundle for a representation x : K — GI(V).

Then the space of sections from M into @ is isomorphic to the K-y-equivariant
C*-maps from P to V (cf. [5]).
This isomorphism is explicitly given by:
CXPVX —  T(M,Q) o)
26
oo e e 100, )

where p, lies in the fibre over x € M, i.e. mp(ps) = .

Proof of Proposition 3.14.
If we assume the existence of the first isomorphism of Proposition 3.14, i.e.

v: T(M,WO)) = Eig, (D@’*D c1%)(E, g),
it can be extended to the space A0 (M, W) = 9O5) (M) @ T'(M, W) as follows.
Ffake a € A0S (M) and s € T'(M, WAH) now the 1-morphism extends via

Y(a®s) = (mpa) A(s). (27)

This extension respects the Eigenspace structure because for any o € Q((Oﬂs)( M) and any
pe mgytl)(E) A ng?’b)(E, £), we obtain:

Ot () A 8) = (wpe) A (D41 6)
which has been shown in Corollary 2.28. J

Thus, we have to construct the first isomorphism only, i.e.

Yo DM, W) — g, (@) c 209, 2)

Let « be in ng?’*) (E,L).
We apply the Corollaries 3.17 and 3.21 and obtain a unique map

aeC® (P, 2((0,1) (F, Q))p corresponding to a.

Lemma 3.22 now implies that a is a A-Eigenform of Oy if and only if &(p) is a
A-Eigenform of U for every p € P.

Consequently, the map ~ restricts to
. 0,% 00 . .
Eig)(0)) — O™ (P, Eig,(0g))".

However, the bundle W**) is associated to P, i.e. WA*) = P x Eigy(0z) (compare
Remark 3.3).

66



3.4 Induced holomorphic, Hermitian structure on the Eigenspace vector bundles

Now, as we mentioned above, sections into an associated vector bundle can be identified
with K-equivariant smooth maps from P to the fibretype (compare Equation (26)).
In particular,

D(M,WA") = T(M, P x; Eigy (0z)) <= C(P, Eigy(0z))”
which completes the proof. O

Now, that we have constructed the y-morphism, we can use it to express the equivariant
¢-function of £ in terms and objects that depend on M as well as on the bundles WX,
In order to do that, we have to carry every information we have of £, like its Hermitian
metric or its holomorphic structure, forward along 1.

This is the content of the subsequent subsection.

3.4 Induced holomorphic, Hermitian structure on the Eigenspace
vector bundles

Throughout this subsection let (E, 7g, (M, gar), (F, gr), T E) be a holomorphic fibre
bundle and let £ — E be a compatible line bundle over E.

The t-morphism, constructed in the preceding subsection, allows us to equip the
complex vector bundle W#*) with a Hermitian and a holomorphic structure for each .
To do this explicitly is the content of this subsection.

Lemma 3.23:
For every A and every t the bundle V\f()‘?t) is a holomorphic vector bundle. Its
holomorphic structure Oy = P, 815/\}@;,5) is given by the following diagram.

¥

2A(0:5) (A, W) Big,, (08

E;V(A;t) igH

Q[(O,s—i—l)(M’ W(x\;t)) Eig)\(D£i+l,t})

In the similar way, Bismut uses in [8] that the horizontal Dolbeault-operator induces a
holomorphic structure on his push forward bundles.

Proof.

By Corollary 2.3, we only have to check that gw()\;t) fulfils 55\,(”
Leibniz equation (Equation (3)).

The first property is easy to see since 5?{ = 0. Consequently, we obtain

y =0 as well as the

512/\;@;1» =y o 512'{ ot =0.
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3 Compatible line bundles and legitimate equivariance

For the Leibniz equation, let o be in A9 (M) and take s € T'(M, WAH). Using
Equation (27), i.e. the extension of ¢ to antiholomorphic forms, we compute:

Dyyon (@@ s) =0 0 dyotp (4 ® s) @ ¢ o O (mha ®1h(s))
=~ o (75 (0a) @ (s) + (—1)U(mpa) A Dui(s))
=(0a) @ s+ (=1)%a A (Dyyouns) -

O

Similarly to the definition of a holomorphic structure on WO we can equip the space
A05) (M, WAY) with a Hermitian metric on W) which makes

Yo A WY s Eig, (O)

a linear isometry for the induced the L?-metric on both sides.

Let A% denote the Hermitian metric on £ as well as its extension to the complex vector
bundle A (T(OJ)F)* ® L.

We construct a Hermitian metric V™ on WXt = p X5 Eig)\(Dg)’t)) as follows.

For any point € M and every p € ' (z) C E let [p, v]; and [p, w]; be elements in
WAt) |

In particular, v and w are antiholomorphic forms in 2% (F, £). We define:

(Ast) A
h;:/v ' ([pa U]ﬁa [paw]ﬁ) = /th(v,w)dvolp.

Lemma 3.24:
The -morphism

Yo ACI (M WAD)  — Eig, (O8)

becomes a linear isometry of Hermitian vector spaces.
The Hermitian metrics on both sides are the L? metrics induced by h* on the bundle
Al (TV’(OJ)E)* ® £ on the left hand side and by YN on the right hand side.

Proof.
This follows directly from the fact that £is isomorphic to (gb—l

*
m) £ as a Hermitian
Y

complex line bundles over I’ and from the Fubini Theorem for fibre bundles. O

Now, that we made 1 a Hermitian isometry and WO 4 holomorphic vector bundle, we
will introduce some notations.

We denote the operator operator corresponding to d + 5’;{, by

DwW):EBDf/V(A;t)i AOH (M, WY — 20 (ag, Wit)), (28)
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3.5 Equivariant setting

Consequently D+ is given explicitly as the left hand side of this commuting diagram:

Eig, (O)

Dix o) laH‘i’a}iI

A0:5) (M, WAD)

Q[(O,S:I:l) (]\47 W()\;t)) Eig)\(DgiLt]).

-1

Remark 3.25:
Observe that because 9 is an isometry and 0y corresponds to d)y ) (compare Lemma
3.23), it follows that

Dyyoin = Oy + 05,000

becomes an elliptic operator and its square
2
Oyyose = @ Ooosn = Dypoun -
S

is a generalised Laplace operator, i.e. a second order differential operator whose main
symbol is given by the metric (cf. [6]).

Up to this point, we have described what the compatibility of a complex line bundle over
a holomorphic fibre bundle implies.

The aim of this thesis however is to give a nice expression for the equivariant torsion of
such a line bundle. Therefore, we have to define what kind of actions on £ — E we want
to admit.

We do this in the subsequent subsection.

3.5 Equivariant setting

This subsection is dedicated to introducing the setting for the equivariance, i.e.
introducing the kind of actions that we use later on, the so-called legitimate action.

We start by giving a definition of a legitimate action.

Definition 3.26:

Let (E, g, (M, gun), (F,gr), T E) be a holomorphic fibre bundle and let £ — E be a
compatible holomorphic line bundle over E.

A triple 7 = (v, 7, ~+*%) of diffeomorphisms is called a legitimate action if the
following four properties hold.

1. The maps ¥ : M — M and v¥ : E — E are biholomorphic isometries.
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3 Compatible line bundles and legitimate equivariance

2. the map v* : € — £ is a covers v which is itself covers the map v, i.e. the
following diagram commutes,

T E TE M

£
.l e [
£

E M

Te TE

3. The map 7* sends fibres of £ — E linearly and isometrically to fibres of £ — F,
i.e. for every e € E and £, = 15 () C £ the map

P les Lo Lymg

is a linear isometry.

4. The induced map 5 : A(0*) (B,£) — A0 (E, £) (cf. Definition 2.40 or below in
Remark 3.27) commutes with Jg.

Remark 3.27:

e Recall that the induced action 5 (compare Definition 2.40) on antiholomorphic
forms A9 (E, £) is given, for a € A9 (E) and s € T(E, £), by

(e} ={(6"7) a} 29*(s((") "))

&

and extended linearly to A9 (E, ).

e Note that 4~ and ¥ are isometries and that ¥° commutes with dg. Therefore, 5*

commutes with the vertical and horizontal Dolbeault-operator individually, i.e.
7%, 0v] =0 = [¥*, 0u. (29)

e For a legitimate action 7, the map j/g becomes an isometry commuting with Oy
and Jp. Hence, it commutes with 03 as well as with d7; and 0f;.
It follows that it leaves Eigenspaces of Ly and [y invariant.

In Lemma 3.12 we have already seen that for a compatible line bundle £ the horizontal
and the vertical Laplacian commute, i.e. [y, 0g] = 0. This implies that both operators
have a common orthonormal Hilbert base of Eigenforms.

Now, because Ug = Oy + [y this orthogonal Hilbert base consists of Eigenforms for (g
as well.
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3.6 The psi-morphism and legitimate action

Let us use the following nomenclature:

e From now on, let (5% denote the restriction of the Laplacian (g to the subspace
299 () A 240 (E, £).

Note that this notation does not conflict with our previous notations where Dg)’Q)

denotes the Laplacian (g restricted to the space A9 (E, £).
In particular, we have the following identity:

q) _ @ st

s+t=q
. 09 p (0,t) [st]
e Analogously, we denote Oy (or Op) restricted to ™ (E) A4y, (E, £) by Oy,
(or 037",
e Furthermore, let L(A, u, s,t) be an abbreviation for the space given by the
intersection of the A\-Eigenspace of Ds’t] with the p-Eigenspace of D[S’ﬂ, ie.
L\ i, 5,1) = EBigy (O N Eig,, @) (30)

Obviously, L(A, u, s,t) is a subspace of the Eigenspace of 054 with Eigenvalue
A+ 1 and the following identity holds:

Eigy(O*7) = €D L(p,v,s,1). (31)

ptr=A

We now have fully developed our setting.

In the next subsection, we describe how the the legitimate action 4 translates via the
Y-morphism to an action v on WY,

3.6 The psi-morphism and legitimate action

This subsection is dedicated to transferring the necessary properties of the legitimate
action 4 on on L(\, t,s,t) to the space (%) (M, W(A?t)) using the 1-morphism.

The map 1 is a linear isometry.

Therefore, we can construct an equivalent of the ¥ = (v, 4%, 4*) induced action ¥* on
L(\, p, s,t) for the space Eigu(D)(g}’fA) )

We denote this action on ) (M, WAY) by

Slightly more general, i.e. extended to () ( ,W()‘ ), 7 is expressed by the following
commutative diagram, i.e.:

§A0S) (M, WD) Eig, (O0")

vy %i

2A(0:) (A7, W) Eig, (057,
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3 Compatible line bundles and legitimate equivariance

What is not obvious, right now, is that the action v actually splits into an element
'yW(A’w in Diff (M, WXt)) and the pullback via (v™)~!, i.e. in our usual nomenclature we

write v = "yW(M) (compare Definition 2.40).

To show this property, which is stated explicitly in the following proposition, is the task
of this subsection.

Proposition 3.28:

Let (E,7g,(M,gux), (F,gr), THE) be a holomorphic fibre bundle, £ — E be a compatible

holomorphic line bundle over E and let ¥ = (Y™, v, ~%) be a legitimate action.

Let further on ~y denote the induced action on A0 (M, W) given by
Y= oF oy

There is a bundle morphism
,ywﬂ%t) oW s ()

covering the action v and acting linearly and isometrically on fibres such that v and
ﬁ/W(M) coincide, i.e. for any differential form o € A©) (M, W()‘“:)) the following identity
holds:

(X5t) —1\* Wit
= () )7

Remark 3.29:
Before we proof this proposition, we would like to give an argument why this seems
plausible. This argument is summarised in the following diagram:

WD 2 AO(B,, £ |, ) — e APV (B, )
(A5t) v
oldd l !
A Pt B ;
W L o0 ( Eoni ), |E7M<I)) MO0, g

The map we seek should be visualised in this way. First, use the morphism 1 on an
element of W;I(;A;t). This of course may not be done directly since ¢ acts on sections into
WOt and not on elements. However, suppose ¢ can be restricted in this way, then we
continue the corresponding (0, t)-form on E, to the whole space E, apply 4% and restrict

this (0,)-form to the image of E, under v, ie. to E nm(y). Then we use ¢~ and get

(Ast)
an element of )/\/7 M ()"

The actual proof of this identity will be motivated by this diagram, but since this
diagram has some technical difficulties, we want to circumvent, like the restriction of ¢

72



3.6 The psi-morphism and legitimate action

to elements of Wit the independence of the resulting map from the continuation of
the (0,t)-form to E and the unclarity of the smoothness of the resulting map ’yW(A;t), we

approach our problem in a slightly different way.

The proof of Proposition 3.28 is split into several lemmas.
First, in Lemma 3.30, we reduce the question to sections from M into W),
Afterwards, we make an Ansatz for the bundle morphism 'yW(O;*) in Equation (36) and
show in Lemma 3.38 that this Ansatz is valid.

Directly thereafter, in Lemma 3.39, we proof that the map WW(O

At last, we proof that the action ~ is indeed given by "yW(O;*).

™ is smooth map.

Now, for the proof of Proposition 3.28, we first show that we can restrict to the case of

sections into W),

Lemma 3.30:

Let o be in A (M) and s be an element of T(M, WD), Let furthermore
v=1"to5% 01 denote the action on Q[(O’*)(M, W(M)) induced by a legitimate action
7=0OM "),

Then the v-action on a ® s splits as follows:

@) = ([(™) 7] a) @)

Proof.
This splitting follows directly from ¥ (o ® s) = (75a) A ¢(s) (compare Equation (27))
through the subsequent computation.

Ha®s) =4 03" 0 ta®s) = ¥ o 5% (rha) Av(s)]

Recall that 5 acts on ordinary differential forms, i.e. forms without coefficients in £, as
a pullback via (v¥)~!. Hence, we obtain:

e s) =7 ({[60) ] )} A5t W)
Now, 7 is legitimate. In particular, ¥ covers ™. It follows that
e s) =~ ({=5 ([6*)7] a) } A 52wes)
=([6™)7] @) @ (53wis))

=7(s)

which proves the assertion. O
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3 Compatible line bundles and legitimate equivariance

The construction of the y-morphism makes explicit use of the fact that we can identify

sections in T'(M, W) with maps in C*°(P, Eigy(0z))? and that A-Eigenforms of D[ }
can be identified with the latter space as well. .
Thus, it suggests itself to study the induced action of 5 on C®°(P, AN (F, £))7.

Remark 3.31:
For a legitimate action ¥ = (Y™, ¥, ~%), there is a bljectlve map v : P — P, not
necessarily smooth or continuous, covering the action of ¥ such that

Y p-k)=~"(p) - k. (32)

This map v* is neither unique nor naturally excelled.

Lemma 3.32:

Let ¥ = (YM 4% ~%) be a legitimate action and let v : P — P be a map covering v
which is K -equivariant, i.e. it fulfils Fquation (32).

Then, there are maps v* : P — Diff(F, £) and v¥ : P — Aut(F) depending on ¥ such

that the following equations hold.

1) 7% Px;£ — Px;L
Pl = e e0]
2) ¥ Pxp% — P x, F ’

p.fl, — e, 05 w) (D],

They are correlated via the following equation

p) omg =15 07(p).

7 (

Remark 3.33: )
Recall that E (and likewise £) are quotients of P x I (or likewise P x £).
Therefore, we have a natural quotient map P x FF — E (or P x £ — £).

The following diagram commutes:

7P xy*

Pxg
\sﬂs
idpXmg TI'Q\L \L’TI'L idpXmg
EHE
P x F P xF
AP x~F

Xy

. where the unlabelled arrows represent the natural quotient maps.
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3.6 The psi-morphism and legitimate action

Proof of Lemma 3.52.
Let I be an element in £, p € P and let x = mp(p) be the projection of p to M.

The action 7 = (v, 7", ~%) is legitimate. In particular, v covers a v,
,YE = 73 .
e— 2 ¢ 0] " ([pd]
l l I p b
M v M T o M ().

Hence, for an element [ ,ZN} el =L \@1(1), its image v* ([p, ZN}
p

in the fibre £, ,).
On the other hand, the map

~> under * has to lie
p

[q]f) : E — ’Q"yM(z)

I — gl
1,

defines a smooth bijection for any ¢ € 75" (v (x)).

It follows that the map & can be constructed as follows:

V)= (")) 0" o ol

Now, an analogous construction gives us v and their relation follows directly from the
covering v~ over v¥, i.e. we obtain

Vo) =" W), orF o,

" Remark 3.34:

e The K-equivariance of 7P, compare Equation (32), implies a similar equivariance
for v* as well as for v%.

Y- k) =p(k") 012 (p) o (k) (33)

Y (p- k) =p(k™") 07" (p) o p(k) (34)

e The inverse map of 7E (or respectively of ¥%) can be expressed, using v and v

(or respectively 4*) as well.
For any f € F and p € P, we obtain:

(2 (I, 11,) = |67 @), (67 (6 @)

Wl (35)

p

The equation for (72)_1 is given analogously.
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3 Compatible line bundles and legitimate equivariance

*

For the subsequent Lemma, recall that the action 5% is given by 7* o [(ny )_1} .

Lemma 3.35:

Let ¥ = (v, ~%) be a legitimate action and let further on ~y be the action on

A0 (M, W)Y induced by 5*.
For a € ng/(-)’t)(E, £) let & be its corresponding element in C(P, AN (F, £))?.
Then the y-induced action on Q is given implicitly via

7* <[p,5é(p)h> = [p,v’i(q) o {(7F (Q))il}* (é(Q))L =: [ 22(0) (&(q))}

where we used ('yp)fl (p) = q for reasons of simplicity.

Proof.

We will proof this lemma for sections « in I'(E, £) only. The generalisation to vertical
differential forms is more tedious but not more complicated.

Let again ¢ = (yv7)~!(p), we obtain:

(%), , = (@ (@ )6.11)) D+ (a ([ @) " 0],))
—*([éto (07 @) )] )

Now the claim of the lemma follows directly from the definition of v’é.

" Remark 3.36:
In the previous lemma, we used the commutative diagram

£ £
F F

to obtain an action

()

7 (p)

() AON(F L) — AON(F, L)

for every ¢ € P corresponding to 5 on ng?’*)(E, £), in the sense of

7 p. 4], = [p’% <5‘(Q))} ,
,

 Here again, p equals 7P (q).
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3.6 The psi-morphism and legitimate action

A
We now posses all necessary tools to make an Ansatz for 'yW( v,

Definition 3.37:
Let w = [p, A]; be an element of WA = P x; Eig, (Og).
We define:

W (1p. 8),) = ['YP (p)w’é(p)(ﬂ)] K (36)
5

So far our Ansatz seems to have a strong dependency on the choice of v which is quite
undesirable. Therefore, we need to show that it does not depend on the choice of 4% at
all.

This is the purpose of the following lemma. Furthermore, we show that the Ansatz above
does not depend on the representing element of [p, ] P

Lemma 3.38:
The Ansatz of Equation (36) is well defined and does not depend on the choice of v¥.

Proof.
Recall that the maps

p: K — Diff(F,£) and p: K — Diff(F,F)
induce the map
p: K — Awt(2ACH(F, 2)),

explicitly expressed by p(k) = p(k) o p (k_l)* (compare Remark 3.3). -

That Equation (36) is well defined, follows directly from the equivariance of *y’é which can
be derived by the equivariances of v* and v given in Equations (33) and (34).

Therefore, we derive the equivariance of 7’3 and obtain:

p(k™) oy  (p) "o plk))”

—p(k~1) =p(k)
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3 Compatible line bundles and legitimate equivariance

Consequently, for 3 € Eigy(Ug) the following identity holds:

P ([ ko 8)],) E )k ) p(klm)] ;
i P

=7-WW) ([p, ) ﬁ) :

We conclude that the Ansatz for VW(A;*) does not depend on the choice of the
representing element for the equivalence class [p, 8], = p-k, [)(k:_l)(ﬁ)]p.

What remains to be shown is that our Ansatz does not depend on v%.

Let therefore " be another bijective and K-equivariant map from P to P covering the
map Y™ and let furthermore 1* as well as % be the other corresponding maps (compare
Lemma 3.32).

Now, v covers v, as does n’. Therefore, we obtain for every p € P:

M

mp(n” (p)) = mp(v" (p)) = ¥ (wp(p)).

It follows that there exists a map g© : P — K such that:

n"(p) =+"(p) - 9" (p).

Observe that the K-equivariance of v and n? implies that g% is actually a pullback of a
map amap g : M — K, i.e.

1" (p) =" (p) - g(mp(p))- (37)
We use Equation (37) to express the relations between nf" and ¥ as well as between 775
and *.
We obtain:

1" (p) =p (9(mp(p)~") 07" (p).
This implies, for z = 7p(p):
@) =720 (1)) ] = pla@ ™) 0 72p)
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3.6 The psi-morphism and legitimate action

We obtain for a f in Eig,([g):

—_—

O] = 0 st lale) ) o220
p

P

= {vp(p)wi(p)(ﬁ)]p-

Consequently, WW(AM does not depend on the choice of the map ~% which finishes the
proof. O

Up to this point we showed that the map 'yW(A;”, given by Equation (36), is a well
defined map and that it is independent of the choice of 7.
Before we can finally proof Proposition 3.28, we have to show that WW(A’*) is smooth.

Lemma 3.39:
The map 'yW(M) W S WY - defined in Equation (36), is smooth.

Proof.

Again, we proof this Lemma for sections « in I'(F, £) N Eig, (Oy ) only. The generalisation
to vertical differential forms is again more tedious but not more complicated.
That WW(A;O) is smooth can be checked locally by taking local trivialisations of W
which are induced by smooth local sections ¢; : U; — P with ¢ € I.

Let,

(A0)

lgi];: Ui x Bigy(OF%) — Wit
(z,8) — ai(2), 8,

denote the induced local trivialisation maps of W),

Now, fix an i € I and assume without loss of generality that vy (U;) = U;.

The idea is to choose v¥' : P — P to be the map sending ¢;(z) to ¢j(v*(x)) continued
K-equivariantly to 75" (U;) and arbitrarily outside of 75" (U;) (within the constrictions
we demanded above, i.e. K-equivariant and covering vM).

Therefore, let now v be given on 7[';;.1(Ui) by:

P‘Ui — P‘UJ

’YP’ -1 :
Tp (Ul)
g(x) -k — q(yM(x)) -k

(38)

This is valid, because ’yW(O;*) does not depend on the choice of 4 which we showed in
Lemma 3.38.

79



3 Compatible line bundles and legitimate equivariance

We now show that the map 'yw(m) read through those local trivialisations is smooth, i.e.
the top map of the following diagram:

WO\;O)
U; x Bigy (OF%) — U; x Big,(05)
[Qi}ﬁl J{[Qj}ﬁ
;0 ;0
Wl J o, o Wl l) v,
U; o U;
is smooth.

We compute for x € U; and § € EigA(DEEO’O)):

5%\;0;0) (z,8) =g ] W(A 0) [qz] ( ’5) _ [Qj]gl o,ywu;o) ([%‘(@ﬁb)

( 2 ate) mxm]ﬁ)
( 50" @) ) 9] ﬁ)

_ (V (@) (%(@)(ﬁ)) -

Consequently, it remains to be shown that the map

E(gi() 1 Ui x Eigy (O }(: )) — Eig/)\_(\'Dg)’o))
@8 = )8

(39)

is smooth and since EigA(Dg)’O)) is finite dimensional and Equation (39) is linear in the 3,
it is smooth in 5.
We now determine the smoothness properties of

r — yﬁ(qi(x)) as well as
v Y (ai@),

in order to show that 2 — ~£(g;())3 is smooth for any §.
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3.6 The psi-morphism and legitimate action

By prerequisite, we know that (’yE )~1 as well as ~* are smooth. Thus, so are the maps

(5% :U; x £ — € and (55 :U; x F' — F defined as follows.

M)_1><6F My 52

U x F LU xF Uy x £

T T

E |y, E |y, £lu, T)S U;

(v

—1
,YE

We evaluate these maps explicitly, using the equations of Lemma 3.32 defining 4% and fy’~3 :

M) =lol; o o lad; (2.]) = gl 07 o [w(). 1]
~to;" ([ oD et (7))
Dl ([0 @)t ()],
= (@), 7 @) (7)) -

Hence, we obtain that the map

53- CUx & — £
(2,0)  — 7™ (a(2) (1)
is smooth. And analogously, the map
5. UxF — F
(M) f) — [ a@)] T o),
is smooth, too.
We conclude that for any 8 € I'(F, £), the map 55 = 52%- o (idUi X (B o 55)), explicitly
given by

%ZMXF—% Iy
(0.f) s o (x,ﬁowg)(vM(x),f))

@@ o]0

is a composition of smooth maps. Hence, it is smooth itself.
Additionally, we observe that

(@oﬁ)uijEQJ

g
—
2
—
8
~—
S~—
—
=
~—
| IS
—
~
~—
v
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3 Compatible line bundles and legitimate equivariance

Consequently, (55- lies in
C®(U; x F,2)":={r € C®(U; x F, ) | Ts O K = Proja}.
On the other hand, we saw in Lemma 3.18 that the vector spaces C*°(U; x F, £)" and

C>(U;,T'(F, £)) are canonically isomorphic.
This leads to

5.8 Ui —  T(FD)
z = a(@)(B)

being smooth for every 3 as well.

In particular, we obtain by restriction that for every 5 € EigA(DféO’O)) the map

55(,5) Uu, — EigA(Dg)’O))

is smooth.
Thus, the map

is smooth which can be seen by choosing a base for Eig)\(Dg)’O)).
We finally obtain that the map from Equation (39),

v (a()) : Uiing,\(Dg]’O)) — Eigl\(gg):o))

(z, ) — 7y S(ai(2))8,

is a product of two smooth maps and therefore smooth itself which finishes the proof. [J

.. Ast .
Summarising the lemmas above, we were able to construct a smooth map 'yW( ) covering
the map vM.

Wit PV Wwit)
M M
y

Now we can finally prove the Proposition 3.28.
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3.6 The psi-morphism and legitimate action

Proof of Proposition 3.28.
The map ny(M) is obviously C-linear on fibres.
Therefore, what is left to check is that the ~y-action on (0% (M, WAH) decomposes into

a pullback with (y)~! and this map vV™"

Lemma 3.30 shows that if we proof this assertion for sections I'(M, WXt it holds for
antiholomorphic forms 2A©*) (M, WXt as well.
Furthermore, because of Lemma 3.35, we may compare the induced actions on the C'*°

functions.

Let w be a section in T'(M, WAt) and let w € C*(P, Eig/\(D}(EO’t)))ﬁ correspond to W,

constructed above.

i.e. for any x € M and any p € 7'('1_31(.73) we obtain:
w(z) = [p, w(p)]; -

Now, Lemma 3.35 states that we get for ¢ = (v7)~!(p):

(0 = [pr i) (@ (0]
I
On the other hand, we get by the definition of ny(X’t):

(M) w)

€T

(1) y Y
=" (lg, (a)],) = [pry*“ (a) (w(Q))] :
I
Both expressions are equal which finally proofs the assertion. O

We now have evolved the theory of legitimate actions on compatible line bundles over
holomorphic fibre bundles as far as we need it.

What comes next is to apply this theory to the problem of computing the equivariant
holomorphic torsion for those compatible line bundles. This will be the content of the
next section.
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4 The equivariant torsion for fibre bundles

Up to this point, we have introduced as well as examined our setting. We have stated
specific conditions for a fibre bundle (to be holomorphic), a line bundle (to be compatible)
and an action (to be legitimate) for which we want to study the equivariant (-function.

Now, it is time to move on towards our goal which has been to derive a suitably nice
formula for the equivariant holomorphic torsion of a compatible holomorphic line bundle
£ over a holomorphic fibre bundle & — M.

At first, in Section 4.1, we show that the equivariant (-function splits into two parts, each
one depending on the nonzero spectrum of one of the operators [y, and g only. This is
the equivariant generalisation of analogous results from Stanton in [29].

In Section 4.1, we present Theorem 4.1 our most general result. It generalises the
analogous non-equivariant result of Stanton in a natural way.

It gives us the equivariant holomorphic (-function fo of £ expressed through objects
living on the base M of the holomorphic fibre bundle £ — M.

In the last subsection, i.e. Section 4.3, we specialise this general result to the case of M
having only non-degenerate fixed points in M. This is achieved by applying the
Atiyah-Bott’s fixed point formula.

Let throughout this section (E,7g, (M, gar), (F, gr), T E) be a holomorphic fibre
bundle, £ — E be a compatible line bundle over E and let v = (v, 7" ~%) be a
legitimate action. Furthermore, we keep the notations we developed so far.

4.1 Splitting of the zeta-function

This subsection is dedicated to uncover a splitting of our equivariant (-function into a
horizontal and a vertical part. This splitting is due to the fact that the Eigenspaces of
g contribute to the {-function only if they are a 0-Eigenspace for either Oy or Uy .
We summarise what we educe in this subsection in Proposition 4.3.

We start at the definition of the equivariant (-function (compare Definition 2.43).
Let o(0g) denote the spectrum of [g.
Now, for z € C with sufficiently large Re(z), the {-function is given by:

Z;i/:s () = Z(_l)Q+1q Z v Tr ((72)*|Eigu([jg)»®)) .

q=>0 0#veo(Oe)

For a compatible line bundle £ the Eigenspace Eigy(D)(:O’q)) decomposes into a direct sum

of Eigenspaces L(\, p, s,t), given by
. [S,t] : [S,t]
L(Aa/L)Svt) :Elg)\(‘:‘\/ )mElgp(DH )7

with A+ p = v and s 4+t = ¢ (compare Equation (30) and Equation (31)).
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4 The equivariant torsion for fibre bundles

The action 7 is legitimate, therefore, following Remark 3.27, 5* commutes with both Oy

and Op. Hence, L(\, p, s,t) is invariant under 5*.

We obtain the following equation.

Z5(2) = S0 1) Y o) 5 )
t,s A+ p#£0
== > (A +p (Zt(—1)5+t +) s(—1)5+t> Tr [‘y’g L(M,s,t)]
A+u#0 ts ts

Recall that [y as well as Oy are given as a square of a self-adjoint operator. Therefore,
their spectrum is non-negative.

Consequently, the sum over A + p # 0 splits into a sum A # 0 with arbitrary x4 and a sum
A =0 with p # 0.

Z;?L (Z) = - Z ()‘ + M)iz (Zt<_1)s+t + ZS<_1)S+t> Tr [;Y):}L()\,u,s,t)}

A0, t,s
_ %u‘z (; (=1 + ; 5(—1>S+t> " [}VE L(o,u,s,ﬂ} o
7 * °

This might look slightly more complicated than the original expression of the equivariant
(-function, but the following lemma shows that some parts of this decomposed (-function
simply vanish.

Its effect on the sum above is depicted below in Corollary 4.2.

This lemma is the equivariant generalisation of a property Stanton showed in [29].

Lemma 4.1:
In the situation above, the following identities hold.
a) The Figenspace for nonzero Eigenvalues of either O or Oy can be split as follows.

LN#0,p,8,t) =0y L\, p,8,t —1) @05 L\, p, 8,t+ 1) (41)
LA p #0,8,t) = g L(A, p, s — 1,8) © O L(A, i, s + 1, 1) (42)

b) The trace of the (¥°)-action splits as well.

L8 _ <8 <L
Te(y |L(>\750,u,s,t)) =Tr(y ’5VL()\4L75¢*1)) +Te(y

) =Tr + Tr(5°

5;L(A,u,s,t+1))

L < L
T3 0.0 Vo onps—1.)) Ty LOwmst1.0))

c) The following two traces are equal.

) =Tr(5*°

By LOEO py5,1-1) By LOvmst))

o <L
B LOwi0,s—1)) = L1 (7

S;IL(Ay,U“:Svt))
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4.1 Splitting of the zeta-function

Proof.

2)

For the proof of Equation (41), let « € L(\, p, s,t — 1) be an Eigenform for some

A # 0 and for an arbitrary p.

Both, the horizontal Laplacian, (g, as well as the vertical Laplacian, [y, commute
with (79‘(/* ) (compare Lemma 3.12).

Dvgva = 6v|:|\/04 = Agva
DHéva = (Dg — DH)éva = gv(Dg — DH)a = /ﬁva.

Hence, Oy« is an element of L(\, u, s, t).
The form « has been chosen arbitrary in L(A, p, s,t — 1). Thus, we conclude that

OvL(\ p,s,t—1)C L\ p,s,t).
Analogously, we observe that
Oy LA, s, +1) C L(A, p, 8, 1).

The intersection between Oy L(\, u, s, — 1) and 5‘*/L()\,H, s,t + 1) as subspaces of
L(X, p,s,t) is {0}. This is due to the fact that, for 8 = Oy = 0w in L(A, p, s,t),
we obtain

A =0yp = 5‘/ (5{‘/)2(0 + 5;} (5\/)2 a=0.
~—— ~——
—0 =0
On the other hand, we assumed A # 0, hence, S vanishes.
Now, Equation (41) holds if and only if the map

o LA\ p,s,t=1)@® LA ps,t+1) — L\ st
(a®w) —  Oya+ 0pw

is surjective.

This can be shown by finding a right inverse ¢

such that o=l = id‘L()\M sit)’
We claim that this inverse map is given by ¢! := %(5{“/ + 0y).

We verify this, by evaluating it for an arbitrary 8 in L(\, u, s, t).

pou () = (5 Ga000)) = 5 |8+ Gidy | 50
—_—
=0y

This proves Equation (41).
Analogously, Equation (42) can be shown.

We want to show that the splitting of L(A, u, s,t) from Equations (41) and (42) is
compatible with the §* action.
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4 The equivariant torsion for fibre bundles

We already know that ’y’g| L\
itself.
Since [¥%, 5‘(,*)] =0, the image of 5° restricted to the space ég)L()\, i, s, t) is

posit) € Aut (L(\, p, s,t)), i.e. it maps L(\, u, s,t) onto

contained in 5‘(/*)L()\, 1, 8, t) which shows the first equation of b).

Analogous considerations, using [, 5};)] = 0, can be made for the second equation.

At last, the first identity of ¢) can be seen as follows. B
For a non-vanishing A, the vector spaces dy L(A, i, s,t — 1) and 0{, L(\, 1, s,t) are
isomorphic.
The isomorphism is explicitly given by:
¢ OvL\p,s,t—1) — 5L\ pu,s,t)
1 9%
@ — \T)\@Va.

Its inverse map is:

¢t OyL(\ p,s,t) — 5\/[1()\,/{,8,15 -1)

1
« — ﬁava.

Now, the first identity of c) holds because 4* commutes with @, i.e.
(#,%] = 0.

Again, the second equation follows analogously.

We now summarise what Lemma 4.1 implies for the sums in our expression of the
(-function.

Corollary 4.2:
For A\ # 0, the following equation holds for every p:

> (1) Tr(y*

t

=0.

L()\,,u,s,t))

Analogously, we obtain for p # 0 and arbitrary \ the subsequent identity:

m

S (-1 (5

s=0

=0.

L()\,,u,s,t))
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4.1 Splitting of the zeta-function

Proof.
The first equation follows directly from

2 Tr(5®

2 Tr(5®

) )+ Tr(7*

e
Tr(,.y avL(A“UJ,S,t—l)

L(/\,u,&t)) 5{‘/L(>\,u,s,t+1))

oy
5VL()‘7N757t_1)) + Tr(/y éVL()\,},L,S,t))

and the obvious fact that for any finite sequence {an}peq—1, . m) With a_1 = ap = 0 the
alternating series over a, + a,+1 vanishes, i.e.

m
> (1" (an-1 +an) = 0.
n=0
Almost the same proof holds for the second equation. O

We now apply Corollary 4.2 to our expression for the (-function (compare Equation
(40)). This simplifies the expression for the equivariant ¢-function significantly.

Proposition 4.3:
The equivariant ¢ -function may be reduced to computing traces of ¥° on the kernels of
Oy and Oy in the following way.

Z(2) ==Y AT H(=1)" > (=1)°Tr [5°
A0 ¢ ) Ker (D H‘EigA (55’1]))

m

I EID N ) (D

170 s=0

Proof.
We start with the expression for the (-function which we developed as in Equation (40).

89



4 The equivariant torsion for fibre bundles

Now, we apply Corollary 4.2 repeatedly.

Z§g(z) =— Z (A+p)" ( 1)+ M) E}L()\,,u,s,t)}
AA0, 1 t,s

—z t s+t
- Z H ( < ) L(0 p,,s,t)i|
p70 L
_— (Aw)*zzt(—n STr[ M&t]
AZ£O, t
o Z Mfz Z S(_l)s Z(—l)tTI' {;YS L(O,u,s,t)}
pu#0 5=0 t
Again, we use the Corollary 4.2 to reduce our first summand.
This time, we can eliminate all the sums where p # 0.
s L
Z)‘ Z Z(_l) Ir [7 }L()\,O,s,t)}
A#£0 s=0
=SS s T [0
pu#0 5=0 t
This finishes the proof. O

4.2 Applying the psi-correspondence

So far, we have used that the ¥° operator commutes with 5‘(,* ) as well as 55) to simplify
our expression of the equivariant ¢-function. Now, it depends only on the action of 5* on
the kernels of Ly and Oy .

In this subsection, we apply the -morphism, described in Section 3.3 and summarised in
Proposition 3.14, to our situation.

The 1-morphism identifies A-Eigenforms of [y, with antiholomorphic differential forms
on the base space M with coefficients in a holomorphic vector bundle W),

The action 5 on Eig), (Oy) corresponds to an action v on 2A*) (M, WA#) under this
isomorphism.

We showed that ~ is a composition of a vector bundle morphism 'yW(A;*) and a pullback
along (v™)~! (compare Proposition 3.28).

In Section 3.4, we, furthermore, defined an operator Dy, acting on A0 (pr, W)
(Equation (28)). It is the operator corresponding to Oy + 9} via 1.
Its square, U),(x¢), is the Dolbeault-Laplacian acting on Ql(o *)(M W()‘;t)).

It is convenient to translate our expression for Zf under the i-correspondence since
sometimes there is better knowledge about the existence or the structures of holomorphic
vector bundles over M.
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4.2 Applying the psi-correspondence

We start at the expression for the equivariant (-function developed in Proposition 4.3.

Now, we apply 1 as follows:

m

ST T ey,

A£0 t s=0 (xst)

=ind<7W<A;t) 7DW(>\;t))

Ker (DV

The first term becomes a sum over equivariant indexes

Z A~ Z 1)find (s Oyyoun)

=3 Y s Y ()T |

n#0 5=0

Eig,, (Dﬁ’t] ) )

A#£0 t
m
+Z(—1)tzs( s+1 ZM 2Ty |:’Y‘Eg (D<05> )]
t 5=0 u#0 03t)
=2 (o) )

while the second term can be expressed through ¢-functions of W%,
Here, ind(’yw(k’t), Oy ) denotes the equivariant index given by Definition 2.42.

Equation (43) is our final result for the general case, therefore we summarise it in a
theorem.

Theorem 4.1:

compatible, holomorphic, Hermitian line bundle.
Let further on v be a legitimate action on £.
Then the equivariant (-function can be expressed as follows:

(i) ()
==Y A H=1)'ind(yV Oy +Z Vl\fv?otn()

A£O t

Let (E, 7, (M,gux), (F,gr), THE) be a holomorphic fibre bundle and let £ — E be a

The non-equivariant {-function is a special case of the equivariant (-function for the
trivial legitimate action v* = idg.

Corollary 4.4:

For a compatible holomorphic, Hermitian line bundle £ — E over a holomorphic fibre

bundle (E,7TE, (M, gn), (F,gr), THE), the (-function has the following form.:

==Y t(-1)tind(Oyypoun ) +Z 1) 2V ()

A£0 t
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Remark 4.5:

Originally, Stanton shows the assertion of Corollary 4.4 in [29].
In particular, she applies it on some holomorphic line bundles over a compact
even-dimensional Lie group.

She computes the non-equivariant holomorphic torsion of those line bundles over a
compact even-dimensional Lie group and shows that the holomorphic torsion of one of
these line bundles equals the holomorphic torsion of the restriction of this line bundle to
a maximal torus. Furthermore, the holomorphic torsion of these restricted line bundles
over the torus are known (cf. [24]).

The main arguments for this Lie group result are on the one hand that the second
summand in (44) vanishes and on the other hand that the Atiyah-Singer Theorem
applied to ind(0y,,x.1)) simplifies the expression for first summand significantly.
Stantons result for Lie groups is our main motivation in trying to apply Theorem 4.1 to
Lie groups.

We approach this example in Section 5.

E(vL

Theorem 4.1 can be used directly to describe the equivariant torsion 7=(%*) (compare

Definition 2.44).

Corollary 4.6:

Let £ be a compatible holomorphic, Hermitian line bundle over a holomorphic fibre
bundle (E, g, (M, gn), (F,gr), THE) and let ¥ be a legitimate action.

Denote by © the meromorphic continuation of the map

z — — Z A7 Z t(fl)tind(vw(m) Oponn)
A£0 t

to the complex plane C.
Now, the equivariant torsion of £ corresponding to the action 7 is given by:

. (052t) , _(052t) (0;2t41) , _yA)(0;2t+1)
E(52) = ©/(0) + 30 (P (V) - VI ()
t

4.3 Special case: isolated non-degenerated fixed points

For a special case of a legitimate action v, there is a further simplification of the
expression of the (-function given in Theorem 4.1.

In order to state it, we have to recall the definition of an isolated and non-degenerated
fixed point of an isometry.
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4.3 Special case: isolated non-degenerated fixed points

R Definition 4.7:
Let M be a Riemannian manifold and let v be an isometry of M.

e A fixed point x € M of Y™ is called isolated if there is an € > 0 such that there is

no other fixed point of Y™ in an e-neighbourhood of z.

e A fixed point € M of ¥™ is called non-degenerated if there is no vector X in
T, M such that (T,vM) (X) = X.

In particular, every non-degenerated fixed point is isolated.

Now, in the setting from Theorem 4.1, we look at the special case where the §-action on
the lowest level, i.e. ¥M : M — M, has only non-degenerated fixed points.

Here, we can use the Atiyah-Bott fixed point formula (compare [6, Ch. 6, Thm 6.6]) to
WwAit)

calculate the term ind(y Oy ).

In order to make it easier for the reader follow, we will not recite the whole theorem but

a corollary (compare |6, Ch. 6, Cor 6.8|) tailored to the situation at hand.
We explain the notations used in this corollary in the subsequent remark.

Theorem (Corollary following from Atiyah-Bott):

"If M is a compact complex manifold with holomorphic vector bundle W — M, and v is
a holomorphic transformation of W — M, then ~ acts on the 0-cohomology spaces

HY% (M, W). If the action of v on M has only isolated non-degenerate fized points, then

T w
Z(—l)i’I‘r(f%HO,i(M, W)) = Z T (%00) ,

1N
i ToEMY detT;(’)OM(l ~ Mo )

Remark 4.8:
We now clarify the notations above.

e The cohomology H%*(M, W) is defined to be the kernel of Dg/(\)ji) and the action of
v on H% (M, W) is the action 5° (compare Definition 2.40) on () (M, W)
restricted to the kernel of Dg\)}l).

e The symbol M" denotes the fixed point set of v

e For any fixed point zg € M” the map v, denotes the restriction of T, v to the
space T, fcco M. Similarly, 'y;’(‘)’ is the restriction of 4"V to the fibre W,,.

e In the expression above, the determinant of 1 — 7;01 is taken on the restriction of

1-— ’ylfol to the invariant subspace Té;’O)M .

These identifications in mind, we observe that the left hand side equals ind (7", Oyy)
(compare Definition 2.42).
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4 The equivariant torsion for fibre bundles

We apply the Atiyah-Bott theorem and obtain the following corollary.

Corollary 4.9:

In the setting from Theorem 4.1, suppose that Y™ : M — M is a biholomorphic isometry
which has only isolated, non-degenerated fixed points.

Then the formula for the equivariant holomorphic Zeta function can be simplified to:

1] P 03t)
Z5(:)= %) [det 10M(1—%01)} ANE +Z )2V (2) (45)

xoEM?
where we use the notations from above.
In particular, the equivariant torsion is now given by:
—1

P55 = D [detguoy (1=9z)] <m0 (550)
roEM™

W(0; 2t) W(o 2t) W(0:2t+1) . 34 (052t+1)
> (- )= PV V).

This finishes the first part of this thesis.

The last section is dedicated to apply the theory, we evolved so far, to a specific example.
We study the equivariant holomorphic torsion of a flat line bundle over a compact Lie

group.
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5 Equivariant torsion for Lie groups

In this section, we apply Theorem 4.1 to an explicit example.

Every example has to fulfil a lot of prerequisites. There has to be a holomorphic fibre
bundle in the sense of Definition 2.13, a compatible holomorphic, Hermitian line bundle
(compare Definition 3.1) and a legitimate group action, described in Definition 3.26.
Therefore, it requires a lot of preparing to apply Theorem 4.1 to an example.

However, there is one class of examples that seems to be the most manageable for this
kind of investigation, the case where the total space of the holomorphic fibre bundle is
given by a compact, even-dimensional Lie group. We chose the holomorphic fibre bundle
to be the Lie group over the homogeneous space which is given by factorising a maximal
torus out of the Lie group.

This section is dedicated to analyse this example.

At first, in Section 5.1, we apply known results for compact Lie groups to show that
every compact, even-dimensional Lie group induces a natural holomorphic fibre bundle
structure in the sense of Definition 2.13.

In Section 5.2, we recall classical results about the set of flatable smooth complex line
bundles over an even-dimensional, compact Lie group G. In particular, we recall that
every even-dimensional, compact semi-simple Lie group admits only flatable complex line
bundles.

Afterwards, in Subsection 5.3, we recall a commonly known result about holomorphic
structures on a complex line bundle which is associated to a principle fibre bundle with
discrete fibre.

Later on, in Section 5.4, we examine which holomorphic and Hermitian structures we can
endow on our line bundles in order to make them compatible with the holomorphic fibre
bundle structure of G — G/T.

In Sub-Subsection 5.4.1, we show that G Xy € becomes a smooth vector bundle over the
fibre bundle G — G/T, ie. £=G x; £ — G/T.

Further on, in Sub-Subsections 5.4.2 as well as 5.4.3, we show that the natural
holomorphic structure and Hermitian metric on £ are respected by the action p-
Additionally, we derive the implications for the possible holomorphic structures on £ in
Sub-Subsection 5.4.4.

At last, in Sub-Subsection 5.4.5, we generalise the result for the Laplace splitting
property, shown by Stanton, to the more general holomorphic structures on £.

In Section 5.5, we restate Theorem 4.1 tailored to the situation at hand, i.e. for the set of
holomorphic line bundles over G with flatable, smooth complex line bundle structure.
Here, we apply known facts about the kernel of the Laplacian Uj for flat line bundles
over the torus.

Finally, in Section 5.6, we look at an easy example for a legitimate action. We take 4* to
be Lg,, i.e. the left transition with an element go € G.
Here, we apply classical facts about the left action of G on G/T to obtain a very simple
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5 Equivariant torsion for Lie groups

result for the equivariant (-function for this special case of the legitimate action.

Its result for general §o € G is summarised in Theorem 5.2.

At last, for the special case where 7r17é(§0) € (G generates a maximal torus, we deduce a
very convenient result for the equivariant holomorphic torsion.

It is stated in Corollary 5.49 as well as in Corollary 5.50.

5.1 General setting

The aim of this subsection is to specify the holomorphic fibre bundle of our example.
Therefore, we apply common knowledge about compact Lie groups in order to obtain the
necessary structures.

Let EF := G be a compact, real even-dimensional Lie group with bi-invariant metric gg.
Such a metric always exists since G is compact. In particular, we still have a degree of
freedom left because we still may chose (g¢)p at one point of h € G.

Furthermore, let F':=T C G be a maximal torus. We denote the Lie algebra of G with g
and the Lie algebra of T with t.

We obtain a smooth principle fibre bundle 7' G — G/T over the homogeneous space
G/T.

At first, we have to show that this fibre bundle naturally induces a holomorphic fibre
bundle structure in the sense of Definition 2.13.

Remark 5.1:

By prerequisite, G is compact. Therefore, G/T becomes a reductive homogeneous space,
i.e. there is an Ad |, invariant complement m of ¢, s.t. g = t@® m. This can be seen by
the subsequent argument.

’TJhose m to be the orthogonal complement of t in g for the bi-invariant metric gg.
Now, g is bi-invariant and therefore m is Ad | -invariant. J

As a direct consequence, we obtain the following facts.

e For a reductive homogeneous space, the theory of principle fibre bundles and
associated bundles (cf. [5]) now gives us the tangent space of the base space, i.e.
T(G/T), as an associated vector bundle to the principle fibre bundle G — G/T,

T(G/T) =ye XAd,T M.

In particular, every Ad |p-invariant structure on m directly induces a
corresponding structure on T'(G/T).

e For example, we obtain a metric gg/r induced by the bi-invariant metric gg.

e Furthermore, we obtain a smooth horizontal distribution THG C TG by left
translation of m, as follows.
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5.1 General setting

Denote, for g € G, the left transition with g with
Ly: G — G
h +~—— g-h.
We define the distribution TG := T, Ly(m) for every g in G.

Observe now that Ly : G — G covers a diffeomorphism LgG/ T, i.e. the following
diagram commutes.

G Lo G
“Gl l”"'

Furthermore, note that Temg : m — TG /T is an isomorphism.
Consequently, 7" G becomes a horizontal distribution.

So far, we have a fibre bundle T < G — G/T, a connection TG of the fibre bundle

G — G/T and a Riemannian, bi-invariant metric g on G. The latter one is fixed up to a
choice of a scalar product on g.

Now, we construct a complex structure for the manifold G.

A known fact for a compact Lie group G is, that its Lie algebra g is a product of an
Abelian Lie algebra h and a semi-simple Lie algebra gs (cf. [18, Ch. 4 Cor. 4.25.]).
Furthermore, the the semi-simple part gs possesses a maximal Abelian sub-Lie algebra b
such that t =0 @ b;.

Using representation theory (cf. [13|) we obtain the following splitting of the complexified
semi-simple Lie algebra.

Os QR C= (hs KR (C) @ @ (gs,oc @ gs,—a) .

a€ERT

Here, R™ denotes an arbitrary, but fixed, set of positive roots, g, denotes the root space
for the root a and hs ®gr C denotes the complexified Cartan algebra.

Using this decomposition, we define the almost complex structure .Jy on the Lie algebra g
via:

(9)1’0 = (h@hs)LO@ @ Os,a

aeRt 46
)0’1 = (h@hs)()’l@ @gs,a ( )

aER™

(g

where we choose an arbitrary almost complex structure on h & hy = t.
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5 Equivariant torsion for Lie groups

Let Jg be the left translated almost complex structure on G induced by Equation (46),
i.e. for any X € TyG given by X =T, Ly(X) we define

Ja(X) = TeLg<Jg(X))-

Samelson shows in [27] that J¢g is integrable, i.e. G becomes a complex manifold.
Furthermore, he proves that Jg naturally induces a complex structure Jg, 7 on

M =G/T.

To be more explicit, Samelson showed that G, T' and G/T are complex manifolds with
complex structures Jg, Jr := Jg |y and Jg/r induced by Jg |m.-

Note that Jg, 7 is a well defined map due to the fact that the root spaces gs o are
invariant under Ad |,. It follows that the projection 7 is a holomorphic map.

The metric g, as well as the complex structure Jg may be chosen compatible on g C T,.G
(in the sense of Definition A.1, i.e. Jg is an isometry of (g, g4))-

Now, because they are left invariant, they stay compatible on all of G.

This compatibility extends to (T, Jr, gr) where gr is given by g, through restriction.
Furthermore, Jg 7 and g/ are compatible because gg 7 as well as Jg, 1 are given by
restriction of g, or Jg to the subspace m C TcG.

We now check that (G, g, (G/T, g9c/7r), (T, 97), TH@G) fulfils the prerequisites of a
holomorphic fibre bundle (Definition 2.13).

e The map 7g : G — G/T defines a smooth (principle) fibre bundle whose fibretype
is the maximal torus 7. v/

e Furthermore, (7', gr) and (G /T, ggr) are complex manifolds with compatible
Riemannian metrics. v/

e The set GG has a complex manifold structure and 7w is a holomorphic map whose
differential has constant maximal rank.
Now, the implicit function theorem for holomorphic functions implies that there are
local holomorphic sections

qr Uy — Gﬂﬂ'él(Uk).
Consequently, the local trivialisations

qb];l: U xT — Wél(Uk)
(z,t)  — qi(x)-t

are holomorphic maps.
Therefore, so are the transition functions

prog;t (UpNU) x T — (Up N1Y) x T.
Now, we apply Lemma 2.16 and obtain that the maps

Gizobpy: F — F
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5.1 General setting

as well as

—

¢piog; s UinU; — Hol(F)
are holomorphic. v/

e Additionally, we note that ¢;, o qb];i is an isometry for each 7 and each k.

e We have a direct sum decomposition TG = TVG @ THG, i.e. we have a connection
m=THGon G~ G/T. v

e The connection THG is Jg invariant because m is Jg |T6G invariant by construction
and because the Jg is given by left transition of Jg |TSG' v

e The connection m is of type (1,1) because

[gS,aa gs,ﬁ] C gs,0+8 (47)

and because a + # € R™ if @ and 3 are negative roots (cf. [13]).

Finally, our chosen metric g, fulfils the properties of Remark 2.17 which is shown in the
subsequent consideration.

e By construction, the horizontal space and the vertical space are orthogonal with

respect to gg. v

e Furthermore, g¢ is left invariant. Hence, every inclusion of the fibre ¢t — ¢ -t is an
isometric immersion. v’

e The projection mg is a Riemannian submersion which follows directly from the
definition of gg,7. v/

We summarise the information we collected so far in the following corollary.

Corollary 5.2:
The tuple (G,Wg, (G/T, QG/T) , (T, gT),THG), with notations from above, is a
holomorphic fibre bundle in the sense of Definition 2.13.

From now on, throughout this section (G, TG, (G/T, gc;/T) (T, gr), THG) denotes the
holomorphic fibre bundle defined in the preceding subsection.

We have shown that G — G/T becomes a holomorphic fibre bundle in a natural way.

In the next subsection, we recall some well known facts about the set of smooth complex
line bundles over Lie groups.
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5 Equivariant torsion for Lie groups

5.2 Line bundles over even-dimensional Lie groups

Now, that we have seen that (G, TG, (G/T, QG’/T) (T, gr), THG) becomes a holomorphic
fibre bundle, we study the set of holomorphic line bundles over GG. This is the content of
this subsection.

The results of this subsection are commonly known. Nonetheless, we give a small survey
of the facts for the convenience of the reader.

Remark 5.3:
This subsection is not necessary for the understanding of the rest of this thesis. It
merely states what we lose when we restrict to the case where the line bundles £ over G
are associated to the universal covering principle fibre bundle TG G — G viaa
representation x : m(G) — C*.
A natural question about holomorphic line bundles over compact even dimensional Lie
groups is the following: How many isomorphism classes of holomorphic line bundles exist?
In order to answer this question at least partially, we describe at first the isomorphism
classes of complex line bundles, i.e. we ignore their holomorphic structures at first.
It is a known fact that the isomorphism classes of complex line bundles over G form an
Abelian group and that the first Chern class describes an isomorphism between this
group and H?(G,Z) (compare [14]). Therefore, in order to answer our question, we have
to study the group H%(G,Z).
For our example, we want to study flat line bundles over a compact Lie group. Therefore,
it suggests itself to investigate how big the restriction from arbitrary line bundles to flat
line bundles really is. This is the aim of the subsequent subsection.

5.2.1 Flat line bundles over compact Lie groups

We denote the universal covering space of the Lie group G with the symbol G.
The space G has a natural Lie group structure such that the projection

TGt G — G

becomes a Lie group homomorphism.
In particular, the map m, ~ describes a 71 (G)-principle fibre bundle over G.

()

7T1(G)C—>

.G

G
Furthermore, 71 (G) = ﬂl_é(e) is embedded as a subgroup in G.

The following facts are well known, nonetheless, we summarise them here for the
convenience of the reader. Additionally, we give a sketch of the proof.
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5.2 Line bundles over even-dimensional Lie groups

Lemma 5.4:
Let £ be a complex line bundle over a connected Lie group G, then the following
properties are equivalent.

1. The line bundle £ is flat, i.e. admits a flat connection.
2. The first real Chern class of £ vanishes.

3. The bundle £ 1s an associated vector bundle via a representation x of the
fundamental group of G, i.e. £ =G x, C.

Remark 5.5:
The fact that every flat vector bundle is associated to G via a representation of the
fundamental group is a special case of the so-called Riemann-Hilbert
correspondence.

Proof of Lemma 5.4.

e 1. and 2. are equivalent because of the following argument.
Let £ be flat and let V* be its flat connection, i.e (V2)2 =0.
We apply Chern-Weil theory (cf. [5]) and obtain:

On the other hand, the same equation shows that if ¢;(£) ®z R = 0, then there
exists a connection V* such that (V‘C)2 =0.

e That 1. follows from 3. can be seen as follows.
Let £ be associated to a representation of (@), i.e. £= G x, C.
We can construct a covariant derivative V4 on £ through a connection one form A
on G (cf. [5]). On the other hand, G — G is a discrete covering. In particular, the
vertical space at each point is zero.
Thus, there is but one connection one form, namely A = 0.
Now, A = 0 implies (V4)2 = 0.

e What remains to be shown is that 3. follows from £ being flat.
Therefore, suppose that V¥ is a flat connection on £.
Now, although we don’t want to outline the whole theory, we apply some properties
from holonomy theory (cf. [5]).
Every vector bundle is associated to a connected K-principle fibre bundle, now
called P,ie. £=P x,C.
By prerequisite, V* is flat. Now, the theorem of Ambrose-Singer (cf. [5, Ch. 4.
Satz 4.5.]) states that the holonomy group Hol(V*) of V* is discrete.
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5 Equivariant torsion for Lie groups

This, on the other hand, implies (cf. again [5, Ch. 4. Satz 4.4.]) that P can be
reduced to a connected principle fibre bundle ) with discrete structure group such
that £ = @ x; C. Furthermore, the connection V¥ comes from a connection one

form on Q.
Hol (V) Q O xC faxide PxC
Kc———>p Qx;C=2L=Px,C
|- |
G G

But, the fibre Q — G is discrete and @ is connected. Therefore, () becomes a
connected covering of G and thus, there is a covering 7 : G — Q.

It follows that £ is associated to G, i.e. £=G X, € where x denotes the
representation of 71 (G) induced by x.

We conclude that the first integer Chern class ¢1(£) of a flat line £ has to lie in the
torsion ideal of the cohomology ring with integer coefficients.

Corollary 5.6:
A Lie group G admits no non-flat complex line bundles if and only if the second
cohomology group with coefficients in R vanishes, i.e. H*(G,R) = 0.

Remark 5.7:

An arbitrary Lie group has, in general, a non-vanishing second cohomology group
H?(G,R).

Take, for instance, the torus T'= C"/A (A being a lattice in C" of maximal rank).
We obtain, by [7, Ch. 1.3. Lemma 1.3.1], that

H2(T,Z) = A*Hom(m (T), Z) = (%),

In particular, H2(T,Z) has no torsion at all, and consequently, H?(T,R) = R(%) does

not vanish.

Even more, if H?(T,Z) has no torsion, every flat line bundle £ — T has to be trivial as

a smooth complex line bundle.

It is a known fact that every Abelian, compact, connected Lie group is isomorphic to a
torus. Therefore, we look at maximal non-Abelian Lie groups, the semi-simple Lie groups.

This is the content of the subsequent subsection.
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5.2 Line bundles over even-dimensional Lie groups

5.2.2 The second cohomology group of compact Lie groups

The main objective of this subsection is to show that every complex line bundle over a
compact, semi-simple Lie group admits a flat connection, i.e. is flat.

First, we state some facts about compact, connected Lie groups in general. Later on, we
restrict to the semi-simple case.

The cohomology of a Lie group G with values in Z is strongly related to its homotopy
groups.

This helps us significantly because there is a general result about the second homotopy
group of a Lie group stated in [9] which states that for a connected Lie group G the
second homotopy vanishes, i.e. m(G) = 0.

This fact has a nice well known consequence.

Corollary 5.8:

Every complex line bundle £ over G is trivial.

In particular, we obtain that for every line bundle £ — G, the bundle 7*£ — G is
1somorphic to the trivial line bundle.

Proof.
The assertion is, more or less, a direct consequence of the theorem of Hurewicz (cf. [15,

Ch. 4, Thm. 4.37]). } .
In our case, we have for any base point g € G that the first two homotopy groups of G
vanish, i.e.

m(G,§) = m(G,§) =0,
The theorem of Hurewicz now implies the existence of an isomorphism of groups
m(G,§) = Hi(G,Z) = 0 = my(G, ) = Ha (G, 7).

In order to make any predication on the cohomology of G, we now apply the universal
coefficient theorem for cohomology (cf. [15, Ch. 3, Thm. 3.2|) which states that there is
an exact sequence

0 — Ext(H,_1(G,2),Z) — H"(G,Z) — Hom (Hn(G,Z),Z) =0

for any n € N.

Hence, for the special case n = 2, we obtain Hz(é, Z) = 0 since Hl(@, Z) as well as

Hy (G, 7) vanish.

We conclude that the second cohomology of G vanishes.

Furthermore, the first Chern class is a bijection between isomorphism classes of complex

line bundles and the second cohomology group. Consequently, we observe that G admits

only one isomorphism-class of complex line bundles, namely the trivial one. O
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5 Equivariant torsion for Lie groups

This is as far as we get, assuming G to be an arbitrary compact, connected Lie group.
We already stated that not every complex line bundle over the complex torus is flat or
trivial (compare Remark 5.7).

Thus, we have to restrict our consideration at this point to compact, semi-simple Lie
groups.

A well known fact for a compact, semi-simple Lie group G is that its second real
cohomology vanishes, i.e. H*(G,R) (cf. [26]).

Therefore, the following corollary summarises what statements we obtain for line bundles
over semi-simple, compact, connected Lie groups.

Corollary 5.9:

Let G be a compact, connected and semi-simple Lie group.

Then every line bundle £ admits a flat connection. Furthermore, there is a
representation x : m1(G) — U(1) such that £ = G x, C.

We can restrict to the case of unitary representations x here, due to the fact that 71 (Q)
is finite, i.e. compact.

5.3 Holomorphic structures on associated line bundles

Up to now, we tried to understand the set of smooth complex line bundles over compact,
connected Lie groups. It is now time to focus on the holomorphic structure if there is one.

Let from now on G be an even-dimensional, compact Lie group. And let £ be the
associated line bundle £ := G x,, C for a representation x : m1(G) — C*.

First of all, we show in the following lemma that £ admits a natural holomorphic
structure.

Lemma 5.10:
In the setting from above, i.e. £ = G x, C, there is a natural holomorphic structure on
£ induced by x.

Proof.

The theory of associated vector bundles (cf. [5]) gives us a natural isomorphism between
differential forms on the base G with coefficients in the associated vector bundle on the
one hand and on the other hand horizontal differential forms on the total space of the
principle fibre bundle with values in the fibretype of the vector bundle that are y
equivariant.

We denote this isomorphism by &, i.e.

fy o AN(G,G x, C) — A*(G,C)xbor,

The morphism . is given as follows.
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Eet a € A*(G) and let s be a section s € I'(G, £), then

Ky (@ ®s) = (7‘(?@&) ® Ky ().

Furthermore, k, evaluated on the section s is given implicitly for any g € G' and every
gem 5(g) by:

5(9) = 9. (x(5)) @), -
]

Fortunately, the principle fibre bundle is a discrete covering. Hence, every differential
form is horizontal.

In addition, the covering G—Gis holomorphic by construction, i.e. respects the
complex structure.

Thus, we obtain

ki 1 AONG, G x,, C) — AL (G)X.
On the space on the right hand side, we have a natural d-operator,
d: ALHEG — AOHG)X.

It maps y-equivariant forms to y-equivariant forms because, on the one hand, the deck
transformations are holomorphic while, on the other hand, x(o) € C* becomes a linear
map for every o € m(G).

Now, the natural holomorphic structure on £ = G X C is defined via the following
diagram.

1)

I'(G, G x, C) A0D(@, G x,, C)

. o

C=(G)X A0 (G)x

0
Obviously, 5% = 0, and additionally, an easy computation shows that ¢ indeed fulfils the

Leibniz equation.
Consequently, it defines a holomorphic structure on £. O

This holomorphic structure, defined in Lemma 5.10, is almost never the only one.
We have seen in Lemma 2.4 that for holomorphic line bundles £ — G, the space of

holomorphic structures is an affine space over the vector space Ker (5 |ﬂ(o,1>(G)>.

Now, that we have explained what line bundles we initially want to look at, namely those
that are associated to a representation of m(G), it is time to grind this setting to get
compatible line bundles over the holomorphic fibre bundle

<G7 TG, (G/T7 gG/T)7 (Ta gT)? THG)

105



5 Equivariant torsion for Lie groups

5.4 Compatible line bundles

This section is dedicated to understand the conditions that the line bundle £ given by
G x, C has to fulfil in order to be compatible in the sense of Definition 3.1.

Not every holomorphic line bundle £ = G X Cis compatible with our holomorphic fibre
bundle (G7 TG, (G/T7 gG/T)u (T, gT)’ THG)

In order to check which constraints we have to enforce in order to achieve the
compatibility, we investigate each of the three defining properties of Definition 3.1
individually.

This subsection is split into six sub-subsections.

At first in Section 5.4.1, we investigate the smooth line bundle property.

In particular, we state a line bundle £ — T for a given line bundle £ = G X C such that
£ — G/T becomes a smooth fibre bundle whose fibre type is the line bundle g T.
Furthermore, we show that £ becomes a smooth line bundle over the fibre bundle

G — G/T in the sense of Definition 2.36. Its Lie transformation group T is a discrete
covering of T'.

We already stated that every flat line bundle on the torus is trivial. In Section 5.4.2, we
recall how the representations x : m1(G) — U(1) induce different holomorphic structures
on £=TxC.

Additionally, we show that T respects this holomorphic structure.

In Section 5.4.3, we equip £ as well as € with a Hermitian metric and we show that 7'
acts Hermitian.

Directly thereafter, in Section 5.4.4, we deduce which holomorphic structures on £ we
may admit such that the holomorphic structure on £ is induced by the holomorphic
structure on £.

The last remaining property of Definition 3.1, i.e. the Laplace splitting property, is
investigated in Section 5.4.5.

Finally, in Section 5.4.6, we summarise the previous sub-subsections by giving sufficient
conditions for £ = G X C to be compatible.

5.4.1 Possible line bundles over the maximal torus

This sub-subsection is dedicated to show that £ = G X C is smooth in the sense of
Definition 2.36. In particular, we state a group homomorphism p such that £ is
associated to the principle fibre bundle G — G/T via p.

If we want £ = G X C to be a compatible line bundle, we have to ask what its fibre type
£ — T as a bundle over G/T should be.

The natural choice of the bundle £ — T would be the restriction £ := £ |p= WEI(T).
This is by construction a smooth complex line bundle over T

Now, £ =G X C is an associated vector bundle to the principle fibre bundle G — G.
Therefore, it sounds plausible that L is associated via a representation of 71 (G) as well.
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We show that this is indeed true.
But before we do this, we recall some facts from the theory of covering spaces of compact
Lie groups.
This is essentially a repetition of what Stanton does in [29].
e Observe that G/T is a simply connected, connected space for a connected Lie group
G with maximal torus 7.

e For the fibre bundle T' i) G ¢ /T we get a long exact sequence of homotopy
groups (compare [15, Ch. 4, Thm. 4.41])
0=m(G/T) + m(G) & 7 (T) & 1(G/T) = 0 = m2(G).
It follows that ¢ is injective, i.e. we get a subgroup
im(0) = o(me(G/T)) C m(T).
Hence, we get a covering T—T corresponding to this subgroup im(J).

e In [29, Ch. §|, Stanton shows explicitly that there is a T-principle fibre bundle
T < G — G/T such that we obtain the homogeneous space G/T = G/T.
Its deck transformation group is m1(7)/im(8) = m1(G) since 71(T) = ZF is Abelian
and because the sequence above is exact.
In particular, the following diagram commutes.

TG/ T

We use these facts to prove the following lemma.

Lemma 5.11:

Let x be a character of m(G), i.e. a representation of m1(G), such that £ = G x,, C.
Additionally, let i denote the inclusion i :T — G.

Then the bundle i*£ — T is associated to the principle fibre bundle

3

m(G)——

™7

B S

T

via the same representation x, i.e.

Li=i"e=Tx,C,
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5 Equivariant torsion for Lie groups

Proof.
By prerequisite, the bundle £ is associated to G—G, ic £=G Xy C.
Hence, every element in £ has the form (¢, [{, Z]X) such that

7r1j1(tA) = 7717@(1?) =t.

We write down the isomorphism explicitly:

£ — T Xy C
(t [f2]) — [2],
This map is well defined, smooth, bijective and C-linear on fibres. O
' Remark 5.12:

One might ask, why we made it so explicit when the following simple argument would
have sufficed.

’7The vector bundle £ is flat and so is its restriction £.
This implies, by Remark 5.7, that £ is isomorphic to the trivial line bundle as a smooth,
complex vector bundle. J

Although, this is essentially true, we don’t want to look at the complex vector bundle
structure of £ — T only, and there is a natural holomorphic structure on £ — T induced
by the representation x. (cf. Lemma 5.10)

Now, that we have a candidate for the bundle £ — T, we still have to show that £ — G
is a smooth fibre bundle in the sense of Definition 2.36, and that its structure group is
indeed a Lie transformation group.

This is the content of the subsequent proposition.

Proposition 5.13:

Let £ = G x,, C be a complex line bundle over G associated to a representation x of
m1(G). ) )

Then £ =G X 5 £ becomes a smooth fibre bundle over G /T associated to the principle

fibre bundle T < G — G/T.
The action p is given by

p: T — Diff (£, £)
s o {2 o [i52] )
In particular, we obtain G = G X, T — G/T for an action p given by:
p: T — Diff(T, T)

5 — {t =y p(8) - t} .
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Proof.
At first, we show that p is a well defined group action.
Note that 7, +: T — T is a Lie group homomorphism, hence, 1 (G) = Ker(7, ) is a

subgroup of T.
This sub-group-property is all we need to show p is well defined.
For o € m(G), we get:

ARO[ o x (0] ) = [o- B8, x(0 )], = [55,2], = aE)([E,2],)-

Now, that we have made sense of the bundle G X5 £, we may try to write down an

isomorphism between £ — G/T and G X5 £ GJT.
An Ansatz for this morphism is:

|28 Gxﬁjﬂé — £
9. [t,z]x}ﬁ - (542,

This map induces the identity map on the base space G /T since

(48)

nap(9) = 7509 1) € G/T.
Thus, the following diagram commutes:

Xﬁ,’fg Y /2

G/T

Furthermore, v is obviously surjective and smooth.
Hence, what remains to be shown is that v is injective.
Suppose therefore that we have elements g, € G, t;, € T and z; € C such that

[§O7§Oa ZO]X = [5]17?1, Zl]x .

We obtain:

~

-7 ~ 7 ! -7 ~
Wl,é(goto) =T ([goto,ZO]X) =g ([glchl]X) = Wl,@(gltl)-
It follows that there is an element o in 71 (G) such that
gofo -0 = glfl or equivalently ¢, = gofoaffl.

Consequently, we obtain [git1, zl]x = [goto, X(U)(Zl)]x which directly implies that zq

equals x(o)(z1).
We conclude:

{!?07 [fo,ZO]XL = [907 ({00, Zl}x}ﬁ = [gofflfoa, [7?1,21]XL = [91, [51,21]96}’3

which proofs the injectivity of v. O
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5 Equivariant torsion for Lie groups

Remark 5.14:

The embedding 7" into Diff (T, £) is continuous because for arbitrary  and sufficiently
small € > 0, the set B.(f) := {38 | dgeoa.(8,) < €} maps into U 5 (compare with
Definition 2.33) for arbitrary small 0 since

a) dgeoa. (IL(3T71)(2),2) = dgeoa. (8,1) < ¢ Ve eT
b) p3EY) ([gz, z]X> =[5 2] = (H(gffl) ([gz-, z]X>> .

The notations II and C' are transferred from Definition 2.33 as well.
On the other hand, the map

i

T x £y — Ly
8, —

( [f, Z]X) [ét, z]

X

is smooth which makes 7" a Lie transformation group of f}X,

Corollary 5.15:

Let x be a character of m(G).

Then £ := G X C becomes a smooth, complex line bundle over the fibre bundle
G — G/T in the sense of Definition 2.36.

Its fibre type is the smooth, complex line bundle £ = T Xy C—=T.

The aim of this subsection, i.e. Section 5.4, is to show that £ becomes compatible.
Therefore, in order to fulfil the first property of Definition 3.1, we still have to show that
p respects the holomorphic structure and acts Hermitian.

But, so far, we did not introduce a holomorphic and Hermitian structure on £.

The following two sub-subsections are dedicated to describe these two structures on £
and to show that p indeed acts on £ as wanted, i.e. Hermitian and respecting the
holomorphic structure.

5.4.2 Admissible holomorphic structures on the line bundle over the torus

This sub-subsection is dedicated to describe the set of holomorphic structures on the
complex line bundle £ =T x, C and to show that p respects these holomorphic
structures.

Recall that we saw in Section 5.3 that every the representation x : 71(G) — C* induces a
holomorphic structure on £ = T Xy C. On the other hand, every flat complex line bundle
over the torus is trivial (compare Remark 5.7).

Thus, we study the different holomorphic structures induced by those representations y
on the trivial line bundle.
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5.4 Compatible line bundles

Although, it is not necessary, for the rest of this thesis, to understand the different
holomorphic structures on the trivial line bundle £, := T x C induced by different
characters y, we investigate this for the convenience of the reader.

The reader, who wants to skip this investigation, may resume reading at Lemma 5.21 on
page 116.

The general theory of holomorphic line bundles over complex tori is described and proven
in [7]. We are interested in the group Pic®(T') only, i.e. the holomorphic line bundles that
are isomorphic to the trivial line bundle as smooth complex vector bundles. Therefore,
we will not review the whole theory here.

However, there is one fact stated in [7] that we need here. It is a statement included in
the Appell-Humbert Theorem.

Theorem (Appell-Humbert):
Let A be a lattice of mazximal rank in C™ and let further on T be the quotient space C™ /A,
then the map

Hom(A,U(1)) — Pic%(T)

which sends every unitary character x : A = m(T) — U(1) to its associated,
holomorphic vector bundle C™ x, C is an isomorphism of groups.

Remark 5.16:

The theorem of Appell-Humbert implies that we obtain all possible equivalence classes
of holomorphic structures on 7" x C that way.

In particular, it suffices to chose unitary representations y, although 71(7") is not finite.

Now, in order to compute the different holomorphic structures on fll, we write down an
explicit isomorphism of vector bundles between £, and £, := C" x, C.

Lemma 5.17:

Let x : A — U(1) be a character and let T be a torus given by T = C"/A for a lattice
A C C" of mazimal rank.

Furthermore, let wy, be in Homg(C™,R) such that x(\) = e“xN) for every X € A.

1. We get an isomorphism of smooth vector bundles induced by wy:

El\%/gx via ([f] ,Z)}# {f, e—iwx (@) . Z]x
T 7 -

depending on w,.
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5 Equivariant torsion for Lie groups

2. Ewvery other choice &y, € Homg(C",R) with x(\) = exN) fulfils:

(wy — @) (A) C 277

3. The isomorphism v, differs from g, by a map p: T — U(1).

Proof.
1. At first, we check that 1), is well defined:

([f] ,2) Pex [f,e75x® ]

X

X

i PN emioxEN) o
(t+A],2) ™~ { e Z]X
The right vertical equality holds because
[i A o—iwx(FH) Z]X = &0 e—iox () g=icn (V) | — [i, o—iwx(d) Z}
=Nt 1y

Yw, s obviously smooth, bijective and C-linear on fibres, hence, it is an
isomorphism of smooth complex line bundles.

2. The map x is defined on A.
We deduce that we obtain for every A € A:

Equivalently, we observe that e!@x(M)=ox(A\) — 1.
Now, Equation (49) follows trivially.

3. Let ow denote the difference w, — @&, € Homr(C",R).
It follows, by 2., that

dw(A) C 27Z.

We compute for £ € C" and z € C:

= jill) - v ([F] , 2)

and p([t]) := i(t) is a well defined map on T because dw(A) C 27Z.
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5.4 Compatible line bundles

The next step is to compare the different holomorphic structures on the trivial line
bundle £, =T x C induced by the characters y.

We saw in Lemma 5.10 that the natural holomorphic structure on SNEX =T X C is given
via the following diagram

O
A LX

AOD(T, T x,, C)

y <

C®(T,C)x (0.1 (7)x

Qi

for the isomorphism
foy o AT, T %, C) — AOH(T)X
where we added a hat to the symbol of the map &, in order to discern it from the map

fy o AONG, G x,, C) — AOH(G)X.

We now apply the bundle isomorphism 1), in order describe the holomorphic structure
on T' x C induced by éx-

Note therefore that w, € Homgr(C",R) = Homg(7:T,R) can be identified canonically
with a one form in 2A!(T') because the co-tangent bundle of the torus is trivial.

Lemma 5.18: -
The holomorphic structure 8,,, on T x C induced by the isomorphism of complex line
bundles

Yo, TxC=8 — £,
defined in Lemma 5.17, is given by

Dy, =0 —ie (proj(o’l)(wx))

where proj(®!) denotes the projection onto the antiholomorphic subbundle of the
complezified cotangent bundle (T*T) @p C.
In particular, the following diagram commutes for 1 = fiy, =1:

- Yoy 3
(T, &) ~—T(T,T x C) : o=,
aﬁxl l iawx
AONT, £) —— == AON(T.T x ©) ———=2ACD(C", C)u
Wy m

Now, since wy € Homg(C",R) C AL(T) is real valued, we obtain
O, = 0+ 2e(wy — iJwy).
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5 Equivariant torsion for Lie groups

Proof.

The morphism ), is covered by a morphism

Ju: TxC —  Fxc
(f,z) — (f,e_iwx(t)-z),

thus, the following diagram commutes:
x C
g

In particular, @wx gives rise to a map

_ G _
TxC X

X

[\ pe—

1

wUJX

Ju s ACATPT s AT

which maps periodic antiholomorphic forms to y-equivariant antiholomorphic forms both
living on the universal covering T'= C" of T.
It is given by multiplication with the function

eTx . T — U1

t — eix(®)

Now, look at the following commuting diagram for "= C" and x; =1

5 P 5
C>=(T,C)x - C=(T,C)a
\ %

R . ¢71 }
(T, &) ~=T(T, &)
9 aﬁxl iwx 5wx
Q[(OJ) (Ta ‘éx) *,1) Q[(O’l)(Ta 21)
- Yoy
X

A0 (T, C)x AOD(T, C)x

Py
In order to compute éwx, it is sufficient to walk around the outer rectangle of this

diagram. . .
Let f be a periodic function on 7', i.e. f € C(T,C)X1.
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5.4 Compatible line bundles

We obtain:
O | =t 0 D0t f
=5 0 d (e - f)
— ! (<iproj ) (wy) - eTx - f 4 eTix . O )
=0f —iproj *V(wy) - f

which completes the proof. O

Although, it is already clear, by the Appell-Humbert theorem, that the equivalence class
of holomorphic structures on £; induced by 1), does not depend on the choice of w,, we
show this once more in the subsequent corollary.

Corollary 5.19:
A different @, € Homg(C",R) for the same representation X, gives us a holomorphic
structure Oy, on T' x C equivalent to 0, .

Proof.
Lemma 5.17) states that two isomorphisms 1, and 1 differ by a map p: T — U(1)

which is given for # € T' through ( t]) = €0 where dw denotes the difference Wy — Wy
Consequently, we obtain:

O, — O, = —ie (proj(o’l)(éw)> = e(ji0u).

Thus, both holomorphic structures on ,él =T x C are equivalent by Definition 2.5. OJ

Remark 5.20:

For a complex torus T, the group Pic?(T) is very well understood. Using the
Appell-Humbert theorem, we see that it is isomorphic to Hom(A, U(1)).

In addition to that, we have the following exact sequence of groups.

0 — Hom(A, Z) 2% Hom(A, R) "%’ Hom(A, U(1)) — 1

We obtain Hom(A,U(1)) = Hom(A, R)/Hom(A,Z) = R?"/AY where AV denotes the
dual lattice.
Consequently, Pic’(T) has the structure of a torus.

As a last statement concerning the holomorphic structure 3~X, we show that p is
compatible with this holomorphic structure.
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5 Equivariant torsion for Lie groups

Lemma 5.21:

Let p: T — Diff(T, £,) be the action described in Proposition 5.13.

Let furthermore p denote the p-induced action on AC*)(T,L,). (compare Remark 3.3).
Then the following identity holds for every § € T:

p(8) o0z =0z op(3),
i.e. the action p respects the holomorphic structure 5@){.
Proof.

Without loss of generality, assume that T = T. We have to show that the following
diagram commutes.

A09(7, £,) — 907, 2,
N .
(0,141) T Q (0,1+1) T Q

Now, let § € T lie in W;%(S) and let furthermore f be in T'(T, £, ).
We obtain for t € T and ¢ € W;%(t):

(53) () =5(3) (s~ +1) = 5() ([F-57% (s (1) (57, )

ot
= [1, (ks () (F-37H)], = [E. (Ls-2) "Ry (F) )],

where L; denotes the left translation on 7' by the element s.
Consequently, the following identity holds:

PENS) = il o (Lemt)* 0 iy(f): (50)
This equality extends from sections I'(T, )NSX) to antiholomorphic forms 2©*) (T, QX)
Observe now that the following diagram commutes.

(Lgfl)*

A0 (T C)x A9 (T, C)x

lawx By

QI
Qi
Il
=
e
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The left and right trapezoid commute because of the definition of the natural holomorphic
structure 8@){ and the upper and lower trapezoid commute because of Equation (50).

At last, the outer rectangle commutes because Lj : T — T is obviously biholomorphic.
Therefore, the inner rectangle commutes and the assertion is proven. O

Summarising, we showed that 'éx’ although being isomorphic to the trivial complex line
bundle £ = T' x C, does have an excelled, in general non-trivial, equivalence class of
holomorphic structures. Furthermore, this class of holomorphic structures is respected by
the action p of T.

Now, in order to show the first property of Definition 3.1, we still have to equip )NZX with
a Hermitian metric such that p acts Hermitian on £,. This is the content of the
subsequent sub-subsection.

5.4.3 Invariant Hermitian metric

In the previous subsection, we investigated the natural holomorphic structure on the line

bundle £, = C" x, C and showed that it is respected by the action p.

In this sub-subsection, we define a natural Hermitian metric hEx on flx which is p
invariant.

We already restricted our representation to be unitary, i.e. x : m(G) — U(1).
Thus, we inherit an induced Hermitian metric by

£ > > _
he* ([t z0] s [, 21],) = 20 - 21 (51)
This metric is well defined and as the following equation shows it is p-invariant.
W ( [Ezo] o] ) =20 21 = 0 ( [i5.20] ., [£8, 21]
t 70X771X =<0 1 = g 70X7 ’IX

—hX (ﬁ(é) [, 20], . 5(3) [, 21] )
- (p(g)*hQX)t ([t 20], . [.21],)

This p-invariance is necessary as well as sufficient to induce a Hermitian metric h*x on
£, =Gx,C

To show this is the content of the next lemma.

Lemma 5.22:
Let v be the isomorphism from Equation (48), i.e.:

117



5 Equivariant torsion for Lie groups

We obtain an induced Hermitian metric h*x on £y, given by:

hﬂx ([gv ZO]X ) [ga ZI]X> =20 2717

analogously to Equation (51).

Proof.
For g = 7, #(g) the v-induced Hermitian metric on £, is given by

ol i) =05 (v ([l ] ) o ([l ] )

::hfx ([é7 ZO]X 5 [éa Zl]X> = 20" 51

The p-invariance of hEx now implies that this expression does not depend on the

representing elements [g, é, Z’f]x} . O
p

Up to this point, we have shown the following facts.

The bundle £ = G X C is a smooth complex line bundle over the manifold G that is a
smooth vector bundle over the fibre bundle G — G/T. In particular, its fibre type as a
bundle over G/T is flx =T x xC which itself is a Hermitian, holomorphic line bundle.
Furthermore, £, is equipped with a Hermitian metric h®x such that the induced
Hermitian metric h*x on 'éx is p invariant.

Even further, we know that £, has a naturally excelled holomorphic structure égx.

What we show in the subsequent sub-subsection is, that the natural holomorphic
structure dg, on £, induces the natural holomorphic structure OQX on £,. More general,

we describe a set of holomorphic structures Jg on £, such that the induced holomorphic
structure on £, is the naturally excelled holomorphic structure 83)(.

5.4.4 Implications for the holomorphic structure on the line bundle over the
Lie group

In this sub-subsection, we investigate the third property of Definition 3.1, i.e. we give a
specific condition on the holomorphic structures dg on £ = £, such that the pullback
under the inclusion gb,;; :T'— G of the fibre induces the naturally excelled holomorphic

structure 5;3)( on £y.
At this point, we have seen that for a unitary representation x of m1(G) every associated
line bundle £ = £, := G x, C has a natural Hermitian metric hx.

Furthermore, £, becomes a smooth vector bundle over the fibre bundle G — G/T in the
sense of Definition 2.36. Its fibretype as a bundle £ — G/T" is £, = C" x, C which is a
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Hermitian, holomorphic line bundle over 7', with Hermitian metric hex and holomorphic
structure HQX.

The structure group of the fibre bundle £ — G/T is T and its action is denoted by p.

The next step is to check the implications of the third defining property for compatible
holomorphic line bundles from Definition 3.1 on the holomorphic structure of £ = £,.
The third property required us to enforce a "constant" vertical holomorphic structure on
£ which is understood through local trivialisations.

We realised (compare Lemma 5.10) that £, = G X C as well as flx have an excelled
equivalence class of holomorphic structures induced by x. We denote them by Og, as well
as O .

2X

Remark 5.23:
Let {U;}icr be an open cover for G/T and let

qi : u — Wal(Ui)CG

be local holomorphic sections into the principle fibre bundle G — G/T.
Furthermore, let ¢; denote the local trivialisations of G — G/T induced by ¢;, i.e.

¢i: 75 (U) — UixT
gi(z) -t +—  (x,1).

In particular, we obtain for every i € I and any = € U; C G/T a natural embedding of
the fibre T" into the total space G:

(;5;; T — G
t — q(x)-t.

Let, additionally,
(ji: Ui — G’

be a lift of ¢; : U; — G, i.e. m 500G = ¢
We obtain the following isomorphism of vector bundles:

Bip: & — (6:4) 2
[f,z}x — (Wl’é(f), [ql(x)f,z]x>

between £, and the pullback bundle (¢;;)* £, via iz
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Lemma 5.24: o . .
The map ®; , is an equivalence between (SX, OEX) and ((gb;;) £y, (gb;;) 82X> as

holomorphic line bundles in the sense of Definition 2.5.

Proof. 3 )
Denote by ¢, ; the inclusion of T" into G induced by g;(x):

-1. ~ -1
¢i,x : 1: — GN ﬂ-l,é(AGx)
t — gi(x) - t.
An easy computation shows that the pullback with QZ;;; sends y-equivariant

antiholomorphic forms on G to y-equivariant antiholomorphic forms on T,

(68): AOIG s AO D)X, (52)

2,T
Furthermore, &Z_ ; is a holomorphic immersion.
Hence, the pullback commutes with the J-operator, i.e. the following diagram commutes:

A0 (G) —— L AO=+1(@) (53)
Gy |Gy
Q((0%) (T) _ ((0,%+1) (T)

0

Now, in order to proof the assertion we have to check that the following diagram
commutes

T (T, () &) (402) P2 g0 (G (6:) <)

—1 -1
®; q)i,ac

i,x

(T, £,) > A0D(q, £,)

£x

Observe, that qbl_; :T'— (@ is injective and furthermore that ;. ; (T) is closed in G.
*
Hence, <¢;§) is surjective.

Consequently, it suffices to show that the outer rectangle of the subsequent diagram
commutes in order to show the assertion.

Oz,

(G, L) ACV(G, £y
(452)" l(wl)*

p(r o) 5) G o (6 () 1)
-1

—1
@, q)i,ac

i,x

(T, £,) = A0D(qG, L)

£x
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We embed the diagram above into the following diagram

(G, C)x 0 20D (G, )

—

©

N S
8] =
N—

*

- <

—~

g

B
S—

*

C(T, C)X 0.1 (7, C)x

Qi

Now, following the statement above (Equation (52) and Diagram (53)) the outer
rectangle commutes.

Furthermore, by the definition of the excelled holomorphic structure on £, as well as on
QX, compare Lemma 5.10, the upper an the lower trapezoid commute as well.
Additionally, by the definition of the induced holomorphic structure on pullback bundles,
the following diagram commutes as well.

(G, £y) & 2A0D(a, £y)
iy |ty
r (T, (672) &) =N 200 (6, (1) 2)

Thus, it is left to show that the following diagram commutes:

(52)" QA(02) () (54)

ol A

210G, £) — 109 (1. (¢72) ) w0 (T,2).

o)
The previous diagram obviously commutes if and only if it commutes for sections or C'*°
maps respectively.

Now, take f € C*°(G)X and compute the resulting maps in the previous diagram.
On the upper lane, we obtain

((2) 1) ) = £ (@t ).
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The other way round, we obtain for m, +(f) =t €T

(k' (D) (9) =[5, F(@)],,

(2t o (0md) orx (D) () = [E f(@x) - D),
which finally leads to
(Ax o @it o (¢id) oni'(h) () = fla(x) - H).
We conclude that Diagram (54) commutes which finishes the proof. O

Corollary 5.25:

Let 5,gx denote the naturally excelled holomorphic structure on £, (compare Lemma
5.10).

Then any other holomorphic structure a’gx = 5£X +e(w) on £y induces the canonical

holomorphic structure ({Z::X on fﬁx if and only if w is a closed horizontal (0, 1)-form.

In particular, 5’2X induces 5@){, then w lies in ngg’l)(G).

Summarising, we have shown that if we equip £ = £, with the Hermitian metric

h* = h* and with a holomorphic structure dg = Q;:X + e(wpy) for a d-closed horizontal
(0,1)-form w, then £ becomes a smooth vector bundle over the fibre bundle G — G/T
and £ fulfils the properties 1. and 3. of the definition of a compatible line bundle
(Definition 3.1) over the holomorphic fibre bundle (G, 7¢q, (G/T, gc/r). (T;9r), T G)
described in Subsection 5.1.

Therefore, what remains to be shown is when (£, h*, d¢) fulfils the Laplace splitting
property.

5.4.5 Investigation of the Laplace splitting property

In this subsection, we discuss the last remaining, i.e. the second, property in the
definition of a compatible line bundle. In other words, we check when the Laplacian Ug,
splits into a vertical and a horizontal part.

Let, as above, (£ = £, = G Xy C, h*x, 0¢) be the smooth Hermitian line bundle whose
holomorphic structure dg is given as 52X + e(wy). Again, (%X denotes the natural
holomorphic structure (compare Lemma 5.10) and let wj; be a 0-closed horizontal

(0, 1)-form.

In this subsection, we give a specific condition for our holomorphic structure that leads to
the splitting of the Laplacian [g.

In Chapter 3.2, we have given sufficient conditions for the splitting of the Laplacian g.
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In our example, the fibretype T of the holomorphic fibre bundle is a complex torus with a
bi-invariant metric. In particular, 7" is a Kéhler manifold. Hence, we can apply the
results of Subsection 3.2.1 for the Kahler fibretype.

Lemma 5.26:

Let £:= £, = G Xy C be a Hermitian, holomorphic line bundle.

Its holomorphic structure Og is given by g = 52X +e(wy) for a 0-closed horizontal
antiholomorphic one-form wy on G.

Furthermore, its Hermitian metric h*x is induced by the character x : 71 (G) — U(1)
(compare Section 5.4.3).

Then the Laplace operator Og splits if for every horizontal lift X of an antiholomorphic
vector field X on M, i.e. X € T'(M, T(O’l)M), and every vertical vector field Y in
(G, TV I0G) the following equation holds:

{0@y) = 0w} (X,Y) =Y. (wr (X))

In particular, Og splits if wy = 7 (w) for a d-closed (0,1)-form w on M.

Proof.

Let E; € t19 together with Ej € t(®1 denote an orthonormal base of t @ C and let X
denote the horizontal lift of a vector field X on M to G.

Furthermore, let Ay = —i) ;¢ ,tE, denote the vertical Lefschetz operator and let vE
be the Chern connection for (£, g, hSX) (compare Definition 2.9).

By Proposition 3.10, it suffices to check that the following term vanishes for all
complexified vector fields X on G/T and all antiholomorphic forms n € ng9 ’*)(G, £).

£,(1,0 £,(1,0 .
Z {L[X',Ek]VEk( ) 4 LEksz(,Ek)]} N+ AVLXpI'O.]Ql;({),l)/\ng/I,O)(G) ((VS)2> A (55)
e

Note that T'— G — G/T is a principle fibre bundle. Thus, the commutator of a
fundamental vector field and a horizontal lift is zero because the connection, i.e. the
horizontal tangent subspace, is right-invariant (cf. [5]).

Consequently, the first term of Equation (55) vanishes.

This reduces our workload significantly because now g splits if the following term
vanishes.

PTOJg(0.1) \ (19 ) ((V£)2> :

Hence, we compute the curvature (1, 1)-form (V*)2 induced by the holomorphic structure
Og = 8£X + e(wpg).

Therefore, let VSO:D ¢ V&(10) denote the Chern connection corresponding to the
natural flat holomorphic structure g,gx, Le. VSO — ggx.
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5 Equivariant torsion for Lie groups

We obtain the following identities:

ng(ovl) — ?27(071) + 5(wH) and
VoL = g0 _ o(wp).

We conclude
(V5)? =& {0(@nr) — d(wn)}

Recall that wy is a (0,1)-forms and therefore (V)2 is indeed a (1,1)-form.
Now, let X be again a horizontal lift of a vector field X € T'(M, T(®) M) and let
furthermore Y € I'(G, TV (L9 Q) be a vertical vector field.

We obtain:
i ] ] V(irtical
(0@m) - 0w} (X,Y) =X @7 (V) —wn(Y)) - @7 —wmn)([X,Y])

=0 =0
Y. (@ (X) — wn(X)).

We used that the commutator of a horizontal lift and a vertical vector field are vertical.
Furthermore, note that @z is a (1,0)-form. Therefore, Wi (Y) = 0 and we finally deduce:

{0@m) = 0(wn)} (X,Y) = Y.(wn(X))
which finishes the proof. O

The preceding lemma shows that for every line bundle £, = G x v C with induced metric
h*x there are holomorphic structures such that £, fulfils the Laplace splitting property.

5.4.6 Summary

Now, we have found sufficiently many conditions such that the line bundle £ becomes
compatible.
We summarise them in the next proposition.

Proposition 5.27:

Let x : m(G) — U(1) be a unitary representation of m1(G) and let £ = £, be the
complex line bundle over G which is associated to the universal covering space G of G,
ie. £=G x,C.

On the one hand, let £ be equipped with a Hermitian metric given by the unitary
representation x (compare Section 5.4.3).

On the other hand, endow £ with the holomorphic structure Og := égx + e(mfw) where
53)( denotes the natural flat holomorphic structure on £, and where w € AOD(G/T) is a
0-closed form on G/T.

Then the holomorphic line bundle (£,0¢) becomes a compatible holomorphic line bundle
for the holomorphic fibre bundle (G, 7, (G/T, gc/7), (T, 91), THQG).
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5.5 Results for a general legitimate action

Proof. By construction £ becomes a smooth complex line bundle over the total space G.

1. We show in Corollary 5.15 that £ is a smooth vector bundle over the fibre bundle
G — G/T with fibre type Qx —T.
It is associated to the principle fibre bundle G — G /T via a group action p, i.e. the
following diagram commutes.

G xC Gxg
y \ -
G SzéxxC v éxﬁﬁ

G
G/T G/T

idG/T

In particular, Qx — T becomes a holomorphic line bundle with holomorphic
structure gﬁx induced by x given in Lemma 5.10.

Additionally, following Section 5.4.3, £ as well as ’éx are equipped with a Hermitian
metric which is p-invariant.

Now, p acts compatible with the holomorphic structure because of Lemma 5.21 and
it acts isometric as well (compare again Section 5.4.3).

2. By Lemma 5.26, the Laplacian Og splits.

3. At last, Lemma 5.24 implies that the induced holomorphic structure on ’éx
coincides with 3@){.

From now on, we will talk only about complex line bundles £ over G that satisfy the
prerequisites of the proposition above.

5.5 Results for a general legitimate action

In the previous subsection, we have given a class of holomorphic line bundles over the
holomorphic fibre bundle (G, m¢, (G/T, gg/r), (T, g7), T H@G) that are compatible.
Thus, we may apply Theorem 4.1 on those for any legitimate group action, i.e. for any
tuple ¥ = (y¢/7, 7%, %) satisfying the properties of Definition 3.26.

In this subsection, more precisely in Sub-Subsection 5.5.1, we recall the commonly known
fact that the cohomology group of £, i.e. H(0:9) (T, £y), has a very simple structure. For
the convenience of the reader, this is proven here, too.
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5 Equivariant torsion for Lie groups

This property has nice consequences for the bundle WOt which simplifies the splitting

formula of the equivariant torsion for any legitimate group action 7.
We apply this in Subsection 5.5.2.

5.5.1 The Eigenspace vector bundle for the zero-Eigenvalue

The bundle W) = G x 5 Ker (D)%O’t)) has fibre type H(®9 (T, £) and is therefore

X ~
strongly dependent on the exact structure of H(0:9) (T, 2).
For £ =T x y C, with induced holomorphic structure, we now show that there are two
possible cases.
On the one hand, if x = 1, then HO9(T) = A9 (t(o’l))* and on the other hand, if x # 1,
we obtain H(©9(T, £) = 0.

Lemma 5.28:
Let T be a torus given by T = C"/A for a lattice A of mazimal rank in C" and let
X:A—=U(l) bea unitary representation of A. Let further on £y be the associated

holomorphic line bundle £, = C" x, C with holomorphic, Hermitian structure as above
(compare Lemma 5.10 and Subsection 5.4.3).

1. If x = 1, then the Dolbeault cohomology H®9 (T, Qx) equals A1 (t(o’l))*.

2. If x # 1, then the Dolbeault cohomology H%9 (T, !NZX) vanishes.

Remark 5.29:
The content of this lemma is commonly known. Nonetheless, we prove it here for a lack

of sources to cite from.

Proof of Lemma 5.28.
At first, recall that the tangent bundle of the torus is trivial. Hence, we obtain the
following identification:

AT, ) = A7 (D) @ D(T, Ey).
This splitting is compatible with the Laplace-Eigenspace decomposition because the
Laplacian commutes with the exterior product with o € A¢? (t(oﬁl))*.
Thus, we obtain

HOD(T, 8 = A (€O) @ HOOT, &),

and therefore, we may restrict to the case where ¢ = 0.
We stated in Lemma 5.10 that the sections I'(T, £,) can be naturally identified with
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5.5 Results for a general legitimate action

x-equivariant complex C'*° functions on C™ and that the holomorphic structure on 'éx is
induced via this identification.
Furthermore, the Hermitian structure is transferred via this isomorphism

foy: T(T,T %, C) — C®(T,C)X,

as well. .
Thus, we obtain for a section s € I'(T', £y):

by (O s) = %A (i ())

where A denotes the Laplace-Beltrami operator on C".
It follows that

HOO(T, £,) = Ker(A) N C¥(C", C)X.

Consequently, H(©0) (T, 'éx) can be identified with the y-equivariant, harmonic, complex
valued functions on C” in a natural way.

A known fact for harmonic functions is the so-called maximum principle. It states
that if f: C™ — R is harmonic and K C C is a compact set, then f |x attains its
maximum as well as its minimum at dK the boundary of K.

This principle together with the fact that f : C" — C is harmonic if and only if its real
and imaginary parts are harmonic leads to Re(f) and Im(f) are monotonous along any
affine line in C™.

1. If x =1, then

Re(f(x)) = Re(f(zx+ ) and likewise
Im(f(x)) = Im(f(z+A)).

Hence, for any x € C" and any A € A and any ¢t € R, we obtain:

Re(f(x+t-A)) = Re(f(x)) and analogously
Im(f(z+1-2) = Im(f(2)),

because Re(f) as well as Im(f) are monotonous on this line.

But, A is of maximal rank, i.e. C" = spang(A), and therefore, f has to be constant
in order to be harmonic. Conversely, any constant function is obviously harmonic.
We conclude that H(©0) (T, ’éx) = (C, i.e. it equals the vector space of constant
complex functions on C".

2. If x # 1, fix one A € A such that U(1) 5 x(\) # 1.
Without restriction of generality we can assume that the homomorphism

0: 2 — UQ1)
z — x(z-A)

is injective because of the following consideration.
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5 Equivariant torsion for Lie groups

’7 Suppose there is a nontrivial kernel Ker(6) = z9Z. Then x(z0A) = 1, and
consequently,

flx+X) = flx+ 2N).

Now, following the argument of xy = 1, we see that any harmonic function f has to
be constant along ¢t — = +t- A for any x € C".
It follows f = 0 because

fla) = fla+X) =x(N) " f(z)
for any x € C™ and x(\) # 1. J

Therefore, let 6 : Z — U(1) be injective. Equivalently, we obtain that the set 6(Z)

is dense in U(1), i.e. 6(Z) = U(1). More precisely, we get §(N) = U(1) as well as
6(—N) =U(1).
It follows that there is a sequence {ay, | ap € Z} .y such that

-1
—1= lim f(ay) = <lim 9(—%)) =-1
k—o0 k— o0
which implies that for any x € C™ and any harmonic function f: C" — C
lim f(x —axgA) = —f(z) = lim f(z + ag)).
k—o0 k—o0

But Re(f) as well as Im(f) are monotonous.
We conclude that Re(f) as well as Im(f) have to be constant along the affine line

lp,: R — cr
t — T+t

for every z.
Therefore, f = 0 since

f(@) = x(N)f(z+A)

and x(\) # 1. ) .
As a direct consequence, we obtain H®0(T, £,) = HO9(T, £, ) = 0 for every
non-trivial representation Y.

O

The imminent implication for W%t of the preceding lemma is stated in the subsequent

corollary.
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5.5 Results for a general legitimate action

Corollary 5.30:

Let £ =G Xy C be a holomorphic line bundle, as described above, then the cohomology
bundle WO s trivial.

Furthermore, we obtain:

W) G/T x A ({0 ifxy =1
L G/T % {0} ifx# 1.

Proof.

Looking at the local trivialisations of T'— G — G/T', we see that the transition functions
are given by left multiplication with elements in T'.

But this multiplication leaves t invariant. The assertion follows. O

The holomorphic structures on W% = G/T x At (t(o’l))* differ from the natural
holomorphic structure on a trivial vector bundle, i.e. induced by the complex structure
on G/T.

More precisely, they differ by the d-closed (0,1)-form w € AN (G/T) that defines the
difference between the natural holomorphic structure 5gx on £ = £, and the actual
holomorphic structure dg¢ = dg, + e(njw). (compare Proposition 5.4.6)

We are now able to specify Theorem 4.1 to this situation.

5.5.2 Equivariant torsion formulae

Now, that we have done the preliminary work it is time for some results.

For the first result, recall that we defined the equivariant index ind(y<,0g) as well as for
any holomorphic, Hermitian vector bundle @ and any suitable action v (compare
Definition 2.42).

Note further on that the equivariant index for the trivial line bundle over a compact
Kéhler manifold F' equals the equivariant Euler-characteristic x- (F).

Theorem 5.1:

e Let (G, 7, (G/T,gc/r): (T, gr), T G) be the holomorphic fibre bundle described in
Subsection 5.1.

e Let x be a unitary character of m(G) and let £ = £, := G Xy C = G be the
complez line bundle associated to the w1 (G)-principle fibre bundle TG —aG.
Choose on £ the Hermitian metric inherited by the unitary representation x, as
described in Subsection 9.4.3 and equip further on £, — G with the holomorphic
structure Og = d¢, +¢e(nl(w)) where g, denotes the naturally excelled holomorphic
structure on £, (compare Lemma 5.10) and where w € AN (G /T) is d-closed.
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5 Equivariant torsion for Lie groups

G G/T)

e In addition, let ¥ = (fy )Y be a legitimate action.

Then for sufficiently large Re(z) the equivariant -function equals:
Z A~ Z 1)find(y W(M),DW(A;Q)
A£0

+{ WO x=1
0 if x #1

Remark 5.31:
In the theorem above, W) denotes again the holomorphic, Hermitian vector bundle
on G/T, given by

WD = G x Ker(mg’) A),

X

and 'yW(M) denotes again the action on Wt covering v/ on G/T induced by 7.

In order to proof this theorem, we will need the following lemma first.

Lemma 5.32:
In the setting of Theorem 5.1 with x = 1, the splitting

Ker(D@’t}) = WE(Q(((LS)(G/T)) A HOD(T)

1s compatible with the Eigenspace distribution of Oy, i.e.

Eig,, (Dfl’ﬂ) N Ker (D&i’t]> = {Eigu (DB{?O}) N Ker (Dgi’o])} A Ker (D@’ﬂ) .

Remark 5.33:
Recall that

Oy = (VH,(O,l))* (VH,(0,1)> I (VH,(O,l)) (VH,(O,I))*

where 9g = V(01 g vV2(0.1) and for the vertical Laplacian accordingly.
For the subsequent proof GLX = Oy + Oy in opposition to the identification

Oy = (VH,(0,1)>

anywhere else throughout this thesis.
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In particular, we obtain:

VV',(O,l) — 5V
VHOD = 9y + e(niw) (56)
Proof of Lemma 5.32.
We already know (compare Corollary 2.28) that
Ker (D[VS’“) - (wgm@vs)(G/T)) A Ker (D[S’“) .
Furthermore, it is obvious that
K@) * (€00
The proof is divided in two steps.
First, we show that we obtain for every n € ng’s) (G) and every a € A (t(o’l))*:
Og (mAa)=(0On) A a. (57)

Thereafter, we show the claim of the lemma.

1) In order to show Equation (57), we show at first that the analogous equation holds for
VO e,

vH,(0,1) (77 /\a) — (VH’(O’l)U) A Q.

In order to do that, we compute:

v(0.1) (77 A a) = (VH’(O’I)n) ANa+ (=1)°n A (5Hoz>.
=0 +e(nfw)

Now, observe that Oy a vanishes because of the following argument.

’7Let X be in 7OV (G/T) with horizontal lift X, let Y be a vertical vector field in ()
and let 5 € (t(o’l))* be a vertical (0, 1)-form.
We obtain:

(0uB)(X,Y) = X.B(Y) - B([X,Y]) =0. (58)

Here, the first term vanishes, because §(Y) is constant and the second term is zero
because the commutator of a fundamental vector field with a horizontal lift vanishes.
Hence, we get for a form o € A! ({(0’1))* of potentially higher degree that dga =0 as a
direct consequence from the antiderivativity of dy as well as Equation (58). J
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5 Equivariant torsion for Lie groups

Now, in order to show Equation (57), it suffices to show that

(90 () = (7707 ) o

The vertical distribution TV G — G is trivial
VG =G x t

for t C g.
In particular, the antiholomorphic forms in G split as follows:

A0(@) = @B 279G A HONT) = @ 245(G) AKer(@p)

s+t=r s+t=r
= P A5V (@) AN (EOD)",
s+t=r

Furthermore, note that the adjoint of the operator (VH ’(0’1)) is given by
H,0,1)\" _ 7 h
(V ( )) = 6H+Lﬂ'é(w)
which follows directly from Equation (56).

Now, take By € 9133’3*1)((;) and By € At (tOD)",
By the definition of the adjoint operator, the following equation holds:

/h(BHABvﬁ}}(nAa))—/h(BH(BHABv),nAa)
G G
:Lh(ﬁV7a)h(5HﬁHan)

But, h (By, «) is constant and therefore,

1B rne)) = [ (BB - (8.
Consequently, we obtain:

Oy (77 A a) = (5}m> A .
On the other hand, we note that

/,Zé(w) (mAa)= (%%(w)”) ANa+ (=1)°nA <Lﬁé(w)a> :
—

We conclude

(VH’(O’U)* MAa) = ((VH’(O’1)>* 7]) A«
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which directly implies Equation (57).
2) We are ready to proof the claim of this lemma.
Let 6 be in Big,, (07) nker (07).

Then § = Y, n, A o with oy, linearly independent in A (’c(o’l)yk and n € ngg’s)(G).
It follows from the first step of this proof, i.e. Equation (57), that

s, 57 s,
D (k) Ao =g 8= m & Z(DBL]O]WC) A .
k k

The linear independence of the aj now implies that Ugne = p - ng, i.e.
6 € Fig, (0;") A Ker (OP7).

Additionally, we see that

0= =3 ( (00 %) n e+ men (07 ) )

k S——r
=0

We conclude that 7 lies in Ker (D5’0]> and consequently

)€ {Eigu (DE]’O]) N Ker (Dgﬁ’o})} A Ker (D@’t]> .

For the other direction, let now § be in {Eigu (D[Ij’o]> N Ker <D5’O])} A Ker (D@’t])
Then § is again of the form § = Y, mx A oy with «y, linearly independent in A’ (t(ovl))*
and 7y, € QI(HO’S)(G).

In particular, we obtain:

s, [s (57) s
D[ s—0 t] (an/\&k> = ZDEL[O% Aak—ZM M Nag = ju-9
3 2

k

which implies ¢ € Eig,, (D[S t]>.
Similarly, we compute

Dgﬁ’ﬂé = Z ( <D£§’O] nk) Ao + 1 A <D£9’ﬂ ak) ) =0.
N

k ———
=0 =0

and therefore ¢ € Ker <D5’t]>.
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Corollary 5.34:
For x =0, the following equality holds:

Eig, (DES’O]) N Ker (D[ 0]) = 7% (Elgu(D(V%fo)m))

Proof. Let ¢ be in Eig, (D[S 0}) N Ker (D[S o

We apply the i)-morphism (compare Definition 3.15) and obtain

J1(6) € Eig,, (D(W(O)O)) c A0 (G /T, WO0) = 909 (G/T,C) = A0 (G/T).

In particular, we obtain

5= ou(8) = (¥7(6) € v (Bis, (T3l -

(073) )

On the other hand, let 6 = n5n for an 7 living in Eig“(DW(O;t) .

Then the ¥-morphism implies:
! . s,0 s,0
6 =1 (n) € Eig, (DBLI ]> N Ker (Dg, ]>

because of the definition of W(%0) and because of the definition of DE/?}(SO) 0y O

Having proven this corollary, we can go straight to the proof of Theorem 5.1.

Proof of Theorem 5.1.
We want to show the following identity:

Wwrit)
Z)\ Z 1)tind (V" Oponn)
2£0
(0;0) .
{ X'y(T)ZVXV((JOOO) (2) ifx=1
0 if x#£1

We are in the setting of Theorem 4.1 which we showed in Proposition 5.27.
Consequently, we obtain:

(Ast) (0st)
Z)\ Z 1 d( w s Houn +Z Vg\,?ott)( ) (59)

AA0 t

+

Now for y # 1, Corollary 5.30 states that the bundle W% is the trivial bundle

G/T x {0}.

Consequently, the second term in Equation (59) vanishes.

For y =0, £=G X C becomes the trivial complex line bundle over G, ie. £=G x C
(compare again Corollary 5.30).
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Look at the second term of Equation (59).
We apply the 1)-morphism backwards (compare Equation (43)) and obtain:

EIEACACESS SETD W ey, DM]

(05 t)

' u#0
=_ %u—z ; s(—1)° ;(—1)tTr [’yﬂ‘Ker< ]>ﬂElgH (D[s t]):|

Furthermore, we already saw, in Lemma 5.32 and Corollary (5.34), that
. s,t st 0,s 0,t
Fig, (D[ ]) N Ker (D[ ]) = (Elg“(D( (O)O))) A Ker (D[V ]) .

In particular, 5 acts on both factors of the right hand side separately since it commutes
with Ul as well as with Cly.
Thus, we obtain,

NI S [ﬁz'wmw (i)

u#0 s t
=3 Z ) Tr |Eig,, (O\00)| - > (~1)'Tr |5
I r 1gu( W0 0)) (=1)"Tr |5 |H(0,t)(T)
u#0 s=0 t
:Z)Y/V(();O) (2) =x~(T)
which finishes this proof. O

Remark 5.35:

Recall that for xy = 1 the holomorphic structure on £, = G X C is given by

d¢, + e(mfw) and obv1ously dg, = 0.

Now, the term Z}Y/V (o ( ) is equal to Z if we do not forget that the holomorphic

structure on W0 = G/T x C has to be d + £(w) instead of the trivial holomorphic
structure 0.

G/T><(C( )

Naturally, there is a specialised version of Theorem 5.1 for the case of non-degenerated
(in particular isolated) fixed points as well. (compare Corollary 4.9)

Corollary 5.36:
Suppose that /T G/T — G/T has only isolated, non-degenerated fized points.
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Then the formula for the equivariant holomorphic (-function becomes:

—1\—1 L
Z%(/”‘g (z) = Z (detT;’OG/T (1 — 7:501) ) . ZVL‘SO (2)
z0e(G/T)” 0 K
+{ (M2 (=) ifx=1
0 ifx Z1

Here, analogously to Corollary 4.9,

e (G/T)" denotes the fized point set of v/,
o ’S.I(] == £ ’ﬂ_al(xo),

o Yu, is the linear map Ty, y/T for each xo € (G/T)Y

o and 7w is the action on A0 (w51 (x0), L4,) induced by 7°.

Remark 5.37:
This is as far as we get using a general legitimate group action. What comes next is to

give a relatively simple example for a legitimate group action.

5.6 An example of legitimate group actions

Now, it is time to give an example for a legitimate action in order to apply the formulae
of the previous subsection.

Therefore, the task at hand is to find a triple ¥ = (’yG/ T ~& 4*) of diffeomorphisms that
satisfy the defining properties 1., 2., 3. and 4. of Definition 3.26, i.e of a legitimate action.

The easiest approach is to look again at the definition of the bundle £ = £, .

We already required that the line bundle £ over G is associated to the universal covering
bundle G — G via a unitary representation x of m(G).

It follows that we have a natural left action of G on £ = G Xy C. It is given for any
element gy € G by

L £y — Ly

9,2], = [90-9,2],

go *

For every go € G this map Lj, is covering maps on G and on G /T, given by:

Ly, : G — G
g > G-y
and
L9 qyr G/T

.
lg]  — l90-9l

136



5.6 An example of legitimate group actions

for go = m; &(90)-

We show at first, in the subsequent lemma, that 7 = (vE/T ~G A% for 4% = Lg, is
legitimate for the natural holomorphic structure dg, on £,.

Lemma 5.38:

Le £ = £, be the compatible line bundle over G equipped with the natural holomorphic
structure 5gx given i Lemma 5.10.

Then the action ¥ = (’y’:,fyG,’yG/T) given by v~ = Lg, 1is legitimate for an arbitrarily

fized element go of G.

Proof.
We prove this assertion chronologically, i.e. following the ordering of Definition 3.26.

1. Note that v&/T = LgGO/ T as well as & = L, are holomorphic isometries since the
complex structure on G and on G/T is left invariant by construction as is the
Hermitian metric.v’

2. A simple calculation shows that the following diagram indeed commutes.v’
£
o l
£

3. Furthermore, v* sends fibres in £ — G linearly and isometric on fibres because

e
e

G—%G/T
l,yc i,YG/T

— - G——=GT

TS TG

hgog ([§0§7 ZO]X ’ [gog) Zl]x> = Z0" 21 = hg ([ga ZO]X ’ [gu zl]x> 3
by construction of the Hermitian metric on £.v/

4. The last property of Definition 3.26 is the only one that actually depends on the
holomorphic structure of £.
We want to show that the following diagram commutes:

Doy

9[(0,*)(G7£) 9[(0’*+1)(G,£)

ﬁsl lﬁs

A0, £) A0+ (@q, 2).

6QX
Now, the holomorphic structure égx is defined via the one to one correspondence

fy: AON(GLG X, C) — AOD(G),
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Explicitly stated, the natural holomorphic structure on £, is given by the following
commuting diagram:

A0 (@, £) O A0+ (G, 2)

A0 (G)x A0+ (Gx,

Now, let « be in Q[(O’q)(G)~WhiCh corresponds to & in 2A(0.9) (Gy1=! and let [ be in
I'(G, £) corresponding to | € C*(G, C)X.
We obtain:

Consequently, the subsequent diagram commutes.

v
A0 (G, g) — A0 (@a, £)

A0 (G)x

-
L™,
90

Now, look at the following cube.

A0 (G, £) Oex A+ (G, ¢)
/ /
,.vyl:
A0 (G, C)x o A0+ (G, C)X 5
\ L;al
et w0 8) - 2A0a)(G, £)
T Lx
e Fix /

A9 (@G, (C).x

QI

A0t (G, C)x

The surfacing rectangles on the left and on the right side as well as on the upper
and the lower side commute. Further on, the surfacing diagram in front commutes
because the left multiplication with g, 1 is holomorphic.

Consequently, it follows that the whole cube commutes and in particular the
diagram in the back which we wanted to show.v’
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5.6 An example of legitimate group actions

Corollary 5.39: B B
For the holomorphic structure of £ given by dg = Og, +e(n5(w)), the action 7E = Lg,
induces a legitimate action 5 if and only if

5.6.1 Investigations on isolated fixed points

In this subsection, we discuss when the legitimate action y* = Lg, induces an
AGIT = Lg)/ T that has only isolated and non-degenerate fixed points.

We deduce that this is the general case.
The content of this sub-subsection is common knowledge.

We start with the following lemma. It states the existence of at least one fixed point for
the action Ly, for one gg € G.

Lemma 5.40:
Let go € G be arbitrarily fized, and let go € G denote its projection under 7, .
Then the map

" q)r — QT
lg] — 909

has at least one fixed point.

Proof.

Note that [zg] € G/T is a fixed point of Lg)/ T if and only if goxg = xotg for an element
to € T'. Equivalently, we obtain gg = xotox L

For a compact connected Lie group, every element g lies in a maximal torus 7" (cf. [10]).
In particular so does gg.

Now, every maximal torus 7" is conjugated to T' (again cf. [10]), i.e. there is an z € G
such that 77 = 2Tz~ and consequently gy = TotoTq ! for elements o € Gand ty e T.

We conclude that every action Lgo/ T has a fixed point. O

The next lemma is dedicated to the properties of the case, where gy € G is generating a
maximal torus.

Recall therefore that gy generates a maximal torus 7" in G if the closure of g7 is a torus
of the same dimension as T'.

Before we state as well as prove the lemma, we recall the definition of the Weyl group for
a torus T” in a compact Lie group G.
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5 Equivariant torsion for Lie groups

Definition 5.41:
Let G be a compact Lie group and 7" C G a toric subgroup.
The Weyl group W (T”) is given by the following quotient:

W(T') = N(T")/T'

where N(7T") C G denotes the normaliser of 7" in G, i.e. the maximal subgroup of G
such that 7" is a normal subgroup of N(T7).
More explicitly N(7”) is given by:

N(T):={geG|gT'g =T"}.

Remark 5.42:
For a maximal torus 7", the order of the Weyl group W (T") is finite. (cf. [10])

Lemma 5.43:
Let go be a generating element of a maximal torus T C G. Then the following properties

hold.
1. The map

/" ¢)T — GJT

has finitely many fized points and the number of fired points # (G/T)" equals the
order of the Weyl group W(T) of T in G.

2. Every fized point of G/T is non-degenerated.

Proof.

1. Let [zg] be a fixed point of Lg)/T which exists by Lemma 5.40.

We obtain

-1
TotoTy = go-

Now, go generates a maximal torus 7" if and only if tg generates T'.

The Weyl group W (T) acts transitively and free on the fixed points (G/T)” in the
following way.

Let nT" be an element of W(T') = N(T')/T, then the W (T')-action is given by:

§: W(T)x (G/TY — (G/T)

(nT,xT) —  anT. (60)
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5.6 An example of legitimate group actions

This map is well defined since on the one hand a different choice of the
representative for the elements of W(7T') and G/T leads to

z(n-t) €xnT and (zt)n = xn-n ‘tn € znT,
——
€T
while on the other hand a fixed point 27 maps to a fixed point xnT’ because

go € eTa™t = anTn tz™t.

Note that § obviously describes a group action of W(T') on (G/T)".
Now, in order to show that the number of fixed points equals the order of the Weyl
group, we have to show that the W (T')-action § is simply transitive.
We define for the chosen fixed point z¢7" above the map J[,,) to be:

5[350]: W(T) — (G/T)7
nT +— 6(nT,x0T) = zonT.

The action ¢ is simply transitive if and only if d},) defines a bijection.

Now, 0z, (nT) = zoT if and only if nT' =T, i.e. n € T, which is equivalent to nT'
being the neutral element in W (7). Hence, d[,, is injective.

For any other fixed point x17', we conclude

go = 961751581_l
for t; € T. Thus, we obtain
to = $al$1tlelxo.

Now, because g is generating T”, the t;, are generating 7.
Therefore, it follows that:

T = (tg)? = (azglxltla:l_laro)z = xalxl(tl)zzl_lxo = arglxlTxl_lxo.

We conclude that zg ‘21T lies in W (T)) or equivalently that 217 = xonT for an
nT € W(T). This leads to 21T = 0, (nT).
And consequently, dj, is surjective which finishes the proof of 1..

. To show that each fixed point is non-degenerate, we make use of the fact that G/T
is reductive as a homogeneous space, i.e. that our Lie algebra g splits (compare
Section 5.1) into the vertical space h @ hs and an Ad(T') invariant complement

m:gﬂ@gsya.

aER

The Ad(T) invariance of m follows from that of g q.
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5 Equivariant torsion for Lie groups

Using again common knowledge about principle fibre bundles and reductive
homogeneous spaces (cf. [5]), we obtain the following isomorphism of vector bundles

T(G/T)

/(

GxAdm
G

It is given for m C T.G by

JT.

dﬂ'GodLg: GxAdm — T(G/T)
g, Xm]Ad —  (dmg)g o (dLg)e (Xm).

Now, let [z] be a fixed point of /T i.e. gox = xty and take an element
X € Tj)G/T which is represented by an element [x, Xu|pq € G Xaq m.

The subsequent computation shows how (dLg)/ T)[ } acts on X.
X

(azg/™) L X= (arg/m) 0 (76)s 0 (L), (Xu)
=(drg)z-to © (dLg,), © (dLz) (Xm)
=(dLoo),

(A7 @)ty © (dL)y, © (dRy,), © Ad(t0)(Xm)

=(dmg)z © (dLz), o Ad(to)(Xm)

Therefore, (dng/ T) g X=X holds if and only if Ad(t) (Xn) = X

But, since gg is generating a maximal torus, so is tg.
This implies that

Ad(to)(Xm) = X
if and only if Xy, is Ad(7) invariant.
Seeing this in relation to the fact that t = § @ b, is a maximal Abelian subalgebra,
we conclude:

Xm €mnt={0}.

Hence, we obtain X, = 0.

We see that the only vector X € Tj, ()G /T left invariant by Lg)/ T'is the O-vector
and therefore, [z¢] is a non-degenerate fixed point.
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5.6 An example of legitimate group actions

Remark 5.44:

The set of elements in a torus 1" that generate this torus is a dense set. Actually, the set
of elements in 7' that do not generate the torus are countable. In particular, they have
Lebesgue measure 0.

This fact transfers to any compact Lie group, i.e. the set of elements in G that do not
generate a maximal torus are countable and in particular, they have Lebesgue measure
0. Furthermore, the set of elements that generate a maximal torus is dense in G.

From now on for the rest of this sub-subsection, suppose that gg is generating a maximal
torus.

The subsequent lemma shows how 7 = Ly, acts on fibres G, = 75 ([zo]) over a fixed
point [zg] € (G/T)".

Lemma 5.45:
There is a map QL : (G/T) — T with the following properties.

1. For every [z] € (G/T)" and every g € w5 ([z]), the map Ly, restricted to the fibre
Gy s given by
Lgo |G[z]: G[x] — G[x]
g — g-Q[z]).
2. The map Q and the action 0 of the Weyl group (compare Equation (60)) are

correlated.
For any nT € W(T) and any fized point [z] € (G/T)”, we obtain:

Qo(nT, [x])) = n_IQ([m])n (61)

Remark 5.46:
If there exists a map Q : (G/T)Y — T fulfilling the first property of Lemma 5.45, then
this map is obviously unique.

Proof of Lemma 5.45.

1. We construct £ explicitly.
We already know that if z € (G/T)", we get an ¢ty € T such that

Ly (x) =go-x=2x 1.
We define Q([z]) to be tp, i.e. implicitly
go-x=2x-Qrg(x)).
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5 Equivariant torsion for Lie groups

This is well defined since for another representative x - s of [z], we obtain
go- (x-5) = (g0 -x) s = (z-QUrg(x))) - s = (z-5) - Ura(x))
where the last equality holds because 1" is Abelian.

2. For the second assertion recall that for a fixed point [z] € (G/T)” and an element
nI" of the Weyl group, we obtain

o(nT, [2]) = [an] € (G/T)7.
Consequently, we get:

go-x = x-Qx]) as well as
go-x-n = z-n-Qz-n]).

Separating go, we obtain

o=z -Qz]) z=z-n-Qz-n]) -nt 27!
which finally leads to

Qla]) = n- Q(z -n]) -,

We note that the preceding expression does not depend on the representing element
n of nT" € W(T).

Corollary 5.47: R )
There is a unique lift Q : (G/T)" — T of Q such that

1. For every g € 7751([:6]), we get Lg,(§) =g - Q([x]).

2. 7r17éoQ = Q.

5.6.2 Equivariant holomorphic torsion

In this sub-subsection, we present our results for the equivariant holomorphic torsion for
the legitimate action described above, i.e. ¥ = (fyG/T, 7, 72) with v* = Lg, for an
arbitrary but fixed element gy € G.

We summarise the result for an unconditioned choice of gy in G in the following theorem.
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5.6 An example of legitimate group actions

Theorem 5.2:
Let G be a compact, connected, real even-dimensional Lie group and let T C G be a
maximal torus of G. And equip G with a holomorphic fibre bundle structure, as described
in Subsection 5.1.

Let furthermore x : m1(G) — U(1) be a character of w1 (G) and let £ = G x, C be the
Hermitian line bundle over G associated via this character.

Furthermore, equip £ with a holomorphic structure Og, given by Og = 5,QX + e(mg(w)),
where 5)3X denotes the natural holomorphic structure on £y = G Xy C, we described in
Lemmab.10 and where w is a d-closed form in A (G/T).

At last, let o be an element of G such that for gy = 7r17é(§0) the (0,1)-form w is left
movartant under the pullback with LG/ .
Let 7 = (y9T,4%,4%) = (Lg) "

£, gien by

Ly, Lg,) denote the induced legitimate action of gy on

’)/2 = Lg £ — £
5.7, — [dod 7,

Then we obtain the following expression for the equivariant holomorphic (-function for
sufficiently large Re(z):

Z A~ Z 1nd( W(A;t),Dw(A;t)).

A£0 t

Proof.
We start using Theorem 5.1 to get the following expression for the equivariant (-function.

Z ' Z 1)tind(y W(A;t),Dw(A;t))
A#0 ¢
(0;0) .
L oe@zy ") ifx=1
0 if x#£1

The second term is 0 because x-(T) is 0 for v* = Lj, which we show now.

Recall that H%4(T,T x C) = A4 (t(o’l))* and that the 4 action on the cohomology of
T x Cis given by v = Lg : A? (t(()’l))* — A1 (t(o’l))*.

But since the Lie algebra consists of left invariant vector fields the 4 action on
H%(T, T x C) is trivial.

We conclude:
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5 Equivariant torsion for Lie groups

Naturally, we get a corollary out of Theorem 5.2 that holds for isolated, non-degenerated
fixed points of &/

Corollary 5.48:

In the setting from Theorem 5.2.

If go = 7r17G~(go) generates a mazimal torus in G.

Then the expression for the equivariant (-function simplifies to:

—1 _
Z§£(Z) = |det 10 G/T(l - V[a:;])] : Z Z:QQX (2)-
[zo] [n] €W (T) RIEN

Here, [x0] € (G/T)? denotes an arbitrary chosen fized point of Lg)/T that always exists
(compare Lemma 5.40). Further on, W(T) denotes the Weyl group of T in G.
The equivariant C-function on the right hand side is that of the holomorphic line bundle

g EX::TXX(C — T

with a group action

£ _ 78 : ¢ A
Voonl = La(uonp) © T £x
[t,z]x — [Q([x()'n])‘t,z §

where Q is constructed as above (compare Corollary 5.47).

Proof.
Starting at the formula for the equivariant (-function of Theorem 5.2 and compare this
with the formula from Corollary 5.36, we obtain:

1 @
L -1 [z]
Z%(z)= ) } (detT[lm’]OG/T (1 - 7[ac}) > 2y (2)

[z]€(G/T)

Recall that every fixed point [z] differs from [zg] by an element of W (T'), i.e. there is an
[n] € W(T') such that

[z] = &(nT, [wo]) = [xo] - [n]

(compare Equation (60)).

In the proof of Lemma 5.43 we saw, that T}, (G/T) is isomorphic to m as complex vector
space and furthermore, that the map Vo ]1 corresponds to the map Ad(Q([z])) via that
isomorphism.
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5.6 An example of legitimate group actions

It follows, using the 2-d-equivariance, i.e. Equation (61), that we obtain:

et e (1= hny ) = detian (1 = Ad(S2([zo - n]) ™))
D et 0 (Ad ([n]*l) o (1 —Ad(Q([zo]) ™)) 0 Ad ([n]))
= det 1,0 (1 - Ad(Q([$0])_1))
= detTl,o QT <1 - 'Y[;(l)]> .

[zo]
Thus, it does not depend on the choice of the fixed point [zo].
2'7771 x
At last, we simplify the expression Z Q[f]’ ( D(z) by translating it for [z] = [xo - n] to an
expression on £, — T

Therefore, choose T € Wél([wo]) and n € 7&@(”)-
Now, look at the map

R A (62)

[8,2], +—— [To-7i-38,2], .

With the notations for the local trivialisations from Remark 5.23, take an ¢ € I such that
[:L’o : n] e ;.

It follows that Zo - 7 = G;([xo - n]) - £ for one £ € T.

The following diagram commutes

~ [:E(yﬁ]ﬁ
£x € x5t fworn)
ﬁ& . (¢/i,[zo:1 )’
Q —1
£X q)i,[:co-n] (qsl’[xon} ) £X

because for t - s = 7['177:({’ §) we obtain

<<¢i,[a:0~n]>* 0 ®; (1. © ﬁ(f)) ([8,2],) = <<¢i,[:co~n]>* o (I)i,[xo-n]) ([t3,2] )
= <¢i,[xo~n])* (t - 8, [(ji([:ro -n])-t- 3, z]X>

In particular, Equation (62) defines a biholomorphic isometry because j(f) is one and so
is (¢ z)" o ®; , (compare Lemma 5.24).
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5 Equivariant torsion for Lie groups

The action * restricted to £ | -1 (e is translated via [T - 72] ; onto £ to the action
G

_ on])
g

L (o))’ explicitly given by

Lé([wo'n]) ([é,z]x) = [Q([SEO -n]) - §,z}

Consequently, we obtain:

X

el 1 N
o ([zo-m]) _ 7L

Y

which finishes the proof. O

Corollary 5.49:

In the situation of Corollary 5.48, if G has rank (which is defined as the real dimension
of the mazximal torus T ) greater than 2 than the equivariant holomorphic -function
simplifies to

e _ ) x (T)ZW(O;O)(Z) ifxy=1
25 ={ D% A

because here the equivariant holomorphic torsion of a holomorphic line bundle vanishes.
In particular, the equivariant holomorphic torsion vanishes, i.e.

Proof.
Let k denote in this proof the rank of G.

We just have to show that Z’:EX (z) vanishes.

Viwg-n]
Starting at the definition of the equivariant ¢-function (compare Def. 2.43), we obtain for
large Re(z):

k/2 i
i . =
Z% (= D> AT ()T (7[53%] ‘EigA(D(Oiq))> .
QERD rea(Dgy )\0} >0 %

Note that the Eigenspace decomposes as follows

Bigy(O7) = A7 (1) & Bigy (OF)

and note furthermore that ﬁ/é’(‘).n] covers a left transition on 7' that acts trivially on the
*

cohomology, i.e. on (1)
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5.6 An example of legitimate group actions

Consequently, we obtain:

~ k/2
£ _ —z +1 (T
Zﬁﬁx ()= > A .Tr< ] \ElgA(D )) (-1 q<q)
[z0m] A€o (Ogx )\{0} 3 q>0
k/2—1 n—1
= Z A% Tr ( ‘Elg (D(o ,0) ) Z k- < >
/\ea(mszgo)\{o} q=0 q

— z k/2—1
= Z A7 Tr ( [20-n] ‘Elg (D(oo)) ‘k-(1-1) /
A€o (Dgy MO} o

The determinant can be expressed using weights of the adjoint representation.

Corollary 5.50:
In the situation of Corollary 5.48 where the rank of G equals 2, we compute the
equivariant torsion via:

-1

(5% = 11 (1 — e (9<[a:o]>)> > GEw)
QERT [n]eW(T)

where the product goes over all the positive roots of the Lie group G and where e~

denotes the global root corresponding to —a € R™:

e~ 2mia . T — U(l)
t=exp(X) s e 2malX)

Proof. Corollary 5.48 directly implies the following formula for the equivariant
holomorphic torsion of £:

-1 - .
P20 = et (1-955) " X G
’ ) €W (T)
_ G/T
Now, observe that Viwo] = Tizo)Lgy ~ and furthermore, that

TG/T = (Toyn) 0 (TeLay) | €D ta

[Io]
a€RtT
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5 Equivariant torsion for Lie groups

Using go - £ = xo - Q([z0]), we now compute:

zj[ac()] Lg)/T © (TIEOT‘-G) © (TGLSEO) (X) = (Txo~Q([LE0])7rG) © TIEOLQO © (TeLfEO) X)

(
= (TIO'Q([CEo])ﬂ-G> 0 TyyLgy o (TeLyy) (X)
= (Taoma) © (TeLay) © Ad (2([z0])) (X)

Consequently, we obtain:

detro ¢ (1 — ’y[;i]) =detgy . g, (1 — Ad (Q([l‘o]))_l)

[z0]

We apply the root space composition and finally obtain:

ety grr (1) = T1 (1= @m0l ™)

[z0] aCR+

which finishes the proof. O

This finally reduces the computation of the equivariant holomorphic torsion for the
holomorphic, Hermitian line bundle £ = G x v C — G with natural Hermitian metric and
a holomorphic structure dg = dg, + e(n:(w)) for the action Lg, : £ — £ to a
computation of the equivariant torsion of the Hermitian, holomorphic line bundle

£, — T with holomorphic structure 55)( : £ — £ for different actions 'y[’gx].

In particular, the result does not depend on the (0, 1)-form w.
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A Appendix: Linear algebra

In this part of the appendix, we introduce the linear algebra setting that we need.

In particular, give a definition of an almost complex vector space and recall some useful
definitions and properties of Hermitian vector spaces and operators thereon.
Furthermore, we state two identities for the Hodge-Star-operator that we need
throughout this thesis.

This part of the appendix is more or less common knowledge. Nonetheless, some
conventions have to be made. Furthermore, in order to simplify the process of
understanding for the reader, we choose to repeat some of the necessary definitions and
results.

Throughout this thesis we will constantly use the fact, that the fibre of the (co-)tangent
space over a point in a complex manifold is a complex vector space and that some
operators like the Hodge-Star operator can be described by linear algebra purely.
Therefore, it sometimes suffices to understand these objects on such a low level.

The first object of interest will be an almost complex vector space.

Definition A.1:

e The tuple (V, Jy) where V is a real even dimensional vector space and Jy is an
automorphism of V' such that J‘Q/ = —idy is called almost complex vector
space.

The map Jy is called almost complex structure on V.

e The triple (V, Jy, gy/) is called Hermitian, almost complex vector space if
(V,Jy) is an almost complex vector space and gy, is a Euclidean metric which is
compatible with the almost complex structure Jy, i.e. Jy is an isometry of

v, 9v)~

Remark A.2:

e Every almost complex vector space (V, Jy/) has a natural orientation given by a
base e1, Jy(e1),...,en, Jy(en).

e We may define an almost complex structure J{b/ on the dual space V*, via

(#(@) (@) == a(Iv ()
forany a € V* and v e V.

e In particular, for a Hermitian, almost complex vector space, if eq,...,e, is
orthonormal with respect to g, and if furthermore Jy (e;) does not lie in the linear
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hull of ey, ..., e, for any k =1...n, then ey, Jy(e1)...,en, Jy(e,) forms an
orthonormal base of V.

In particular, this base defines an orientation on V' that does not depend on the
choice of the ey, ..., e,.

Further on, its dual base given by e!, J{b/(el), e e J{’,(en) is orthonormal as well.

e For a Hermitian, almost complex vector space, we obtain the canonical volume
form:

dvoly := e A Jy (e ) AL A" A Jy(e) € APV

Let from now on for the time being (V, Jy, g;,) be a Hermitian, almost complex vector
space.

Remark A.3:

e The complexified vector space Vg := V ®r C splits into its holomorphic part,

y (L0 .= Ker(Jy — 1),

and its antiholomorphic part,
VOD .= Ker(Jy + 1),

i.e. we obtain:
Ve = V0 gy ©1)

Likewise, its dual space V& := V* ®@p C splits, too:
Vg = 120 g D),

This splitting may be extended to the entire exterior algebra of V{:

AVE = @ ATV L) A ASH(L0) @ Ars)
r+s=q r+s=q

e On V¢, we have a Hermitian product hy induced by g, given through
hy (v ®r 2,0 @R y) = gy (v,0) - 2.

We denote its analog on V& by h'%/ and in abuse of notation, h?/ will also be used
for the extended Hermitian form on the exterior algebra A V(.
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The operator we define right now helps us to compute the dual of a certain operator,
namely the d-operator, on complexified differential forms with coefficients in a Hermitian
vector bundle.

Definition A.4:
Let (W, hy) be a finite dimensional Hermitian vector space.
There is a natural operator

¥V®W : (A(p’q)V*) QW — (A(n*p,nfq)v*) ® W*,

the Hodge-Star operator.
It is given implicitly through:

(hk{/ ® hW) (a®w,B@w)dvollY = aA (tkyew(8®w'))

extended linearly onto the whole tensor product.
For w € W, the operator v, denotes the mapping W¢ to C putting w into the first
component, i.e. (Lyk)(W,. .., We—1) = K(wW,W1,...,We—1).

Remark A.5:
e Recall that

(1 @ h) (@ ® w, 50 w) = By (@, B) - by (w, )
and therefore

fvew (B @w') = (fvf) ® hw (-, w') (63)
for an operator

fy AP  Ammpn—a) s,

e xy gy and %y are C-antilinear maps.

Now, that we have defined, what the Hodge-Star operator is, we will proof a small
Lemma, that we use for the splitting of the 0* operator into a horizontal and a vertical
part. Actually it will be used directly, when we introduce the induced holomorphic
structure of a line bundle, if we restrict it to a complex submanifold, in our case this
submanifold is the fibre of a holomorphic fibre bundle.
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Lemma A.6:
Let (V, Jyv,gv), (U, Ju,gu) be two Hermitian, almost complex vector spaces and let
p: U =V be an isometric embedding that is compatible with the almost complex

structures, i.e. o(Jy(u)) = Jy(e(u)).
Then for any Hermitian vector space (W, hy) the following two statements hold.

*ugw o p* = ¢"oxygw oe(dvol,yi)

>T<V®W |A'<p(U)* = £ (dVOIgo(U)i o ¥V®W o¢g (dVOl(p(U)L) ’A'np(U)*

Here, e(a) denotes the wedge-product with o from the left hand side and o(U)* is the
orthogonal complement of p(U) in V regarding gy .

Proof.

Because of Equation (63), the first statement is true if and only if it is true for %y and %y
without the W part.

Observe now that V = ¢(U) &+ ¢(U)+ which leads to a splitting

AV =N (p(U)) AN (<¢(U)L)*> ’

using the musical isomorphism v — gy (-, v) from V to V*.

In particular, we obtain dvoly = dvol, ) A dvol,yr.

Now let w be in AP (p(U)* @r C) A A? ((@(U)L)* ®Rr C> with non-zero q.

We observe that, on the left hand side, the pullback ¢*w = 0 and, on the right hand side,
e(dvoly, gy )w = 0.

Therefore, the statement holds for these forms.

So let from now on ¢ equal zero, i.e. w € AP (p(U)* @ C).

Now, look at the defining equation for the Hodge-Star-operator %y on V.

The expression:

By (B, A dvol gy Jdvoly = B A %y (w A dvol, )

is zero if 3 is not of the type 8 = 8’ A dvol, )1 for a f"in A" (p(U)* ®@g C).
On the other hand, we get for 8 = 3" A dvol, )<

1, (B,w A dvol gy )dvoly = B/ A %y (w A dvolw(U)L) A dvol gy (64)

Further on, computing the left hand side, we obtain:

hy (B, w A dvol ) )dvoly =hi, (8, w)dvoly
=ht;(¢*(8'), " (w))dvol ) A dvol . (65)
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Now, we compare Equation (64) and Equation (65) and derive:

@ (B Aoy (A dvolypys ) ) =hi(7(8), " (@))e"dvolwy
=¢"(B") A *u (¢"w)
which, holding for any 8/, completes the proof of the first statement.

The second statement can be easily seen, using an orthonormal frame.
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B Fréchet space of sections in a vector bundle

The content of this section is to define and understand the Fréchet structure of the vector
space of smooth sections from a manifold into a vector bundle.

First of all, we define what a Fréchet space is (compare [30]).

Definition B.1:
A Fréchet space is a topological vector space F, with the following properties:

e [ is metrizable.
e [ is complete.

e [ is locally convex, i.e. there is a basis { By }rex of the topology of F, such that
each base set By, is a convex subset of F.

For maps into a Fréchet space F, there is a concept of differentiability.

Definition B.2:
Let F be a Fréchet space, 2 C R™ be an open subset and h : 2 — F be a map.

e h is partially differentiable in x € (Q if for each [ = 1, ..., n there is an element
(,%(x) € F such that
_ 0Oh

li -1 cer) — - 7
O;got (h(x +t-e)— h(z)) o2,

e h is differentiable in x € Q if it is partially differentiable in = and if the
following equation holds:

Jim (h(y) —h() =Y (n—w)- gﬁ(@) =

=1

e h is (partially) differentiable on Q if it is (partially) differentiable in z for every
x in Q.

Let M be a compact Riemannian manifold and @ — M be a smooth vector bundle with
Euclidean metric and a metric connection V.

Lemma B.3:

Let V. C M be an open subset.

Then the space of smooth sections from V into Q denoted by I'(V, Q |y,) becomes a
Fréchet space.

In particular, the space T'(M, Q) is a Fréchet space.
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B Fréchet space of sections in a vector bundle

Proof. First, we have to define a topology on I'(V, Q |y,).
Take therefore the following set of semi-norms on I'(V, Q ||,). For each compact subset

K C V and each | € N, define for s e I'(V, Q |,,):

Is

1K = sup (sup HVts]x) ,
t<l \zeK

where V! denotes the map
Vi T(V,Q ) — T (Vi (@i T"M) ® Q V)

induced be the metric connection V as well as by the Levi-Civita connection on T'M.
The norm on I'(V,®'_, T*M @ Q |;/) |, is given by the metric on M as well as the
Euclidean metric on Q.

That I'(V, Q |,) is a real topological vector space is obvious.

The local convexity can be seen by taking € balls in I'(V, Q |,).

That I'(V, Q |,) is metrizable follows from the fact that every open set U C V' can be
approximated by a sequence of compact sets { K; };en such that K; C int(K;41) C U for
every ¢ € N and the fact that

o

Islle,re; < I8k,

for every i € N (compare [30, Ch. 10.3] for the analogous result for C*>°(V,R™)).
The completeness follows now from the theorem of uniform convergence (compare again
[30, Ch. 10.3] for the C*°(V,R™) case). O

Now, Q — M is a vector bundle. Hence, we may chose a finite covering {V;};cs of M
such that @ — M becomes locally trivial, i.e. such that there are smooth maps

vio Qly, — VjxR™

Lemma B.4:
Let now Q2 C R™ be an open subset.
A map

p: Q@ — T'(M,Q)
18 differentiable if and only if the induced maps
%0|vj5 Q — I(V;Qly,)

are differentiable for all j € J.

Proof. "=": Let ¢ : Q@ — I'(M, Q) be differentiable.
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Consequently, there are 22 (z) € T'(M, Q) for every z € Q such that

oxy,

: Ip
lim o(y) — (@) = (yr — xk)a?k(w) =0
k 1K
. O¢ly, Ay .
Defining -+ (x) to be 5 (x) |y, we obtain for every x € {2, every compact subset
K CcVjand every | € N:
¢ |y,
: oy B ¢
lim [l |y, (& +1-ex) =@y, (@) i (x)
I,K
=lim ||p(z+1t-ex) — (a:)—ai(a:) =0
a t—0 v K 14 8a:k 1K -
Thus ¢ ‘Vj is partially differentiable.
oely,
Almost the same observation for the continuity of :;:J (z).
d¢ |y,
: . o . J
lim o Iy, ()= ¢ Iy (2) = Yo = 20) . 2 (a)
k 1K
= lim [ov) — o) ~ Yok~ w5 (@) =0
y—T A k k 856]€ L ’

Hence, ¢ ]Vj is differentiable.

"<": Suppose now, that for every j € J the map
ely: @ — TV, Q1)

is differentiable.

We now use the sheave property of the vector space of sections, i.e. we use that if two
sections s; € I'(V;, Q [y,) and s; € I'(V;, Q |y coincide on V; NV}, then there is a section
sij € T(V;UV;,Q ‘Viuvj) such that s; = s;; ’V1 and s; = s;; \Vj.

Observe that we have not made use of the fact that M is compact in the "="-direction
of this proof.

We conclude that by "=" the following equation holds.

R () lvinv;= axkj(w) lvinv;

Consequently, we obtain a section d—“’(az) for every x €  and for each £ =1...n such

oxy,
that

_O¢ely,

92 () 1y, =

oxy,

oxy,
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B Fréchet space of sections in a vector bundle

Now, we show the two limit formulae for the differentiability of ¢:

. Dy
1 teex) —o(z) — -
tg%HsO(er er) — ¢(z) oy © »
dp |v-
< i ep) — — s =
< 11551(1) A © |ij (x+t-ep)—p |VJ () e (x) 0
r LKNV;
as well as
. Oy
11_1% e(y) — p(x) — Z(yk - fﬂk)g(iﬁ)
Y k k LK
) dp |v-
< lim o v, W) —¢ly, (@) - zk:(yk — ) axk] () =0

Consequently, ¢ is differentiable.

This property extends to higher differentiabilities by induction.

Corollary B.5:
Let Q C R™ be an open subset.
A map

p: Q@ — T'(M,Q)
18 C'°°-smooth if and only if the induced maps

are C'*°-smooth for all j € J.

The vector bundle Q@ — M becomes trivial over V; C M, hence, we obtain an
isomorphism of vector spaces:
projy oy s T(V;, Q) — C(V;,R™)
Without restrictions to generality V; is a chart, i.e. there is a diffeomorphism
¢;:V; — U

with U; C RP open.
We identify now V; with U; to make it less difficult.

The space C*°(V;,R™) becomes a Fréchet space if we apply the standard topology, i.e.
the Fréchet space structure, given by the following semi-norms.
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Let K C V; be a compact subset and | € N, define the semi-norm || - ||; x for
f e C=(V;,R™) to be:

where for a tuple £ = (tq, ... ,tp) C N the degree of tis given by || :=t; + ... 4+ t, and

ot f

Is e

lf<t \ze€K

|15 := sup (sup

the operator g—; is given by

oOf [ o
= = (H ax%> f

i=1 i

Now, take a s € I'(V}, Q \VJ) and take a K C Vj, then there is are positive constants
(', C5 such that:

CulIslly, g < llprojg o ¥5(s)l, x < C sl -

This is due to the fact that the Euclidean metrics on @ 7*M ® V; differ from the
standard metric on @(RP)* @ R™ by smooth functions. These functions have on K a
maximum as well as a minimum.

Corollary B.6:
Let ©Q C R"™ be an open subset.
A map

v: Q@ — I'(M,Q)
1s C'°°-smooth if and only if the induced maps
projs 0 ¥ o @ ]Vj: Q — C*(V;,R™)

are C*-smooth for all j € J.
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