
❍②❜r✐❞ ♣❛rt✐❝❧❡✲✐♥✲❝❡❧❧ s✐♠✉❧❛t✐♦♥s ♦❢
r❡❧❛t✐✈✐st✐❝ ♣❧❛s♠❛s

■♥❛✉❣✉r❛❧✲❉✐ss❡rt❛t✐♦♥

③✉r ❊r❧❛♥❣✉♥❣ ❞❡s ❉♦❦t♦r❣r❛❞❡s

❞❡r ▼❛t❤❡♠❛t✐s❝❤✲◆❛t✉r✇✐ss❡♥s❝❤❛❢t❧✐❝❤❡♥ ❋❛❦✉❧tät

❞❡r ❍❡✐♥r✐❝❤✲❍❡✐♥❡✲❯♥✐✈❡rs✐tät ❉üss❡❧❞♦r❢

✈♦r❣❡❧❡❣t ✈♦♥

❚♦❜✐❛s ❚ü❝❦♠❛♥t❡❧

❛✉s ❍❛❛♥

❏✉❧✐ ✷✵✶✷



❆✉s ❞❡♠ ■♥st✐t✉t ❢ür ❚❤❡♦r❡t✐s❝❤❡ P❤②s✐❦ ■
❞❡r ❍❡✐♥r✐❝❤✲❍❡✐♥❡✲❯♥✐✈❡rs✐tät ❉üss❡❧❞♦r❢

●❡❞r✉❝❦t ♠✐t ❞❡r ●❡♥❡❤♠✐❣✉♥❣
❞❡r ▼❛t❤❡♠❛t✐s❝❤✲◆❛t✉r✇✐ss❡♥s❝❤❛❢t❧✐❝❤❡♥ ❋❛❦✉❧tät ❞❡r
❍❡✐♥r✐❝❤✲❍❡✐♥❡✲❯♥✐✈❡rs✐tät ❉üss❡❧❞♦r❢

❘❡❢❡r❡♥t✿ Pr♦❢✳ ❉r✳ ❆❧❡①❛♥❞❡r P✉❦❤♦✈
❑♦r❡❢❡r❡♥t✿ Pr♦❢✳ ❉r✳ ❆❝❤✐♠ ❙❝❤ä❞❧❡

❚❛❣ ❞❡r ♠ü♥❞❧✐❝❤❡♥ Prü❢✉♥❣✿ ✶✷✳✶✵✳✷✵✶✷



❈♦♥t❡♥ts

❈❤❛♣t❡r ✶✳ ■♥tr♦❞✉❝t✐♦♥ ✺

❈❤❛♣t❡r ✷✳ Pr✐♥❝✐♣❧❡s ♦❢ ♣❧❛s♠❛ ♣❤②s✐❝s ✶✵
✷✳✶✳ ❚❤❡ ❱❧❛s♦✈ ❡q✉❛t✐♦♥ ✶✵
✷✳✷✳ ▼♦♠❡♥t ❡q✉❛t✐♦♥s ✶✶

❈❤❛♣t❡r ✸✳ Pr✐♥❝✐♣❧❡s ♦❢ t❤❡ ♣❛rt✐❝❧❡✲✐♥✲❝❡❧❧ ♠❡t❤♦❞ ✶✸
✸✳✶✳ ❈♦♥❝❡♣t ✶✸
✸✳✷✳ ❚❤❡ ❋✐♥✐t❡ ❉✐✛❡r❡♥❝❡ ❚✐♠❡ ❉♦♠❛✐♥ ✭❋❉❚❉✮ ♠❡t❤♦❞ ✶✻
✸✳✸✳ ❙♣❛t✐❛❧ ❞✐s❝r❡t✐③❛t✐♦♥ ✶✼
✸✳✹✳ ❚✐♠❡ ❞✐s❝r❡t✐③❛t✐♦♥ ✶✾
✸✳✺✳ Pr♦♣❡rt✐❡s ♦❢ t❤❡ ❋❉❚❉ ❨❡❡ s❝❤❡♠❡✿ ❙t❛❜✐❧✐t② ✷✵
✸✳✻✳ Pr♦♣❡rt✐❡s ♦❢ t❤❡ ❋❉❚❉ ❨❡❡ s❝❤❡♠❡✿ ❉✐s♣❡rs✐♦♥ ✷✷
✸✳✼✳ P❛rt✐❝❧❡✲✐♥✲❝❡❧❧ ♥✉♠❡r✐❝s ✷✷
✸✳✽✳ P❛r❛❧❧❡❧✐③❛t✐♦♥ ✷✼
✸✳✾✳ ❆ss❡♠❜❧✐♥❣ t❤❡ ❝♦♠♣♦♥❡♥ts ✴ ❙✉♠♠❛r② ❛♥❞ ♦✉t❧♦♦❦ ✷✾

❈❤❛♣t❡r ✹✳ Pr✐♥❝✐♣❧❡s ♦❢ ❈♦♠♣✉t❛t✐♦♥❛❧ ❋❧✉✐❞ ❉②♥❛♠✐❝s ✸✶
✹✳✶✳ ■♥tr♦❞✉❝t✐♦♥ ✸✶
✹✳✷✳ ❋✐♥✐t❡ ❱♦❧✉♠❡ ▼❡t❤♦❞s ✭❋❱▼✮ ✸✸
✹✳✸✳ ❍✐❣❤✲r❡s♦❧✉t✐♦♥ s♣❛t✐❛❧ s❝❤❡♠❡s ✸✻

❈❤❛♣t❡r ✺✳ ❊①♣♦♥❡♥t✐❛❧ ✐♥t❡❣r❛t♦r ❢♦r ❤✐❣❤❧② ♦✈❡r❞❡♥s❡ ♣❧❛s♠❛ s✐♠✉❧❛t✐♦♥s ✹✶
✺✳✶✳ ■♥tr♦❞✉❝t✐♦♥ ✹✶
✺✳✷✳ ❙♣❛t✐❛❧ ❞✐s❝r❡t✐③❛t✐♦♥ ✹✹
✺✳✸✳ ❚✐♠❡ ❞✐s❝r❡t✐③❛t✐♦♥ ✴ ❙♣❧✐tt✐♥❣ ✹✹
✺✳✹✳ Pr♦♣❡rt✐❡s ♦❢ t❤❡ ❛❧❣♦r✐t❤♠ ✺✵
✺✳✺✳ ❙✉♠♠❛r② ✺✼

❈❤❛♣t❡r ✻✳ ❍✲❱▲P▲✸❉ P■❈✴✢✉✐❞ ❤②❜r✐❞ ❝♦❞❡ ✺✽
✻✳✶✳ ■♥tr♦❞✉❝t✐♦♥ ✺✽
✻✳✷✳ ❋❧✉✐❞ ▼♦❞❡❧ ✺✾
✻✳✸✳ ❙♣❛t✐❛❧ ❞✐s❝r❡t✐③❛t✐♦♥ ✻✵
✻✳✹✳ ●❡♥❡r❛❧ ❝♦♥s✐❞❡r❛t✐♦♥s ✻✵
✻✳✺✳ ❙♣❛t✐❛❧ s❝❤❡♠❡ ❢♦r t❤❡ ❝♦♥t✐♥✉✐t② ❡q✉❛t✐♦♥ ✼✻
✻✳✻✳ ❙❡♠✐✲▲❛❣r❛♥❣❡ ❝♦♥✈❡❝t✐✈❡ s❝❤❡♠❡ ✼✾
✻✳✼✳ ❚✐♠❡ ❞✐s❝r❡t✐③❛t✐♦♥ ✽✵
✻✳✽✳ ■♠♣❧❡♠❡♥t❛t✐♦♥ ✽✶
✻✳✾✳ Pr♦♣❡rt✐❡s ❛♥❞ ❜❡♥❝❤♠❛r❦✐♥❣ r❡s✉❧ts ✽✶
✻✳✶✵✳ ■♥t❡r❛❝t✐♦♥ ✇✐t❤ ❡❧❡❝tr♦♠❛❣♥❡t✐❝ ✇❛✈❡s ✽✷
✻✳✶✶✳ ❲❛❦❡ ✜❡❧❞ s✐♠✉❧❛t✐♦♥s ✽✷

✸



❈❖◆❚❊◆❚❙ ✹

✻✳✶✷✳ ❙✉♠♠❛r② ✽✹

❈❤❛♣t❡r ✼✳ ❙✐♠✉❧❛t✐♦♥ ♦❢ ❙❡❧❢✲▼♦❞✉❧❛t❡❞ Pr♦t♦♥ ❉r✐✈❡♥ P❧❛s♠❛ ❲❛❦❡ ❋✐❡❧❞
❆❝❝❡❧❡r❛t✐♦♥ ✽✽

✼✳✶✳ ■♥tr♦❞✉❝t✐♦♥ ✽✽
✼✳✷✳ ❙✐♠✉❧❛t✐♦♥ s❡t✉♣ ✾✵
✼✳✸✳ ❙❡❧❢✲▼♦❞✉❧❛t✐♦♥ ✐♥st❛❜✐❧✐t② ✾✶
✼✳✹✳ ❙✐♠✉❧❛t✐♦♥ r❡s✉❧ts ✾✸
✼✳✺✳ ❊❧❡❝tr♦♥ s✐❞❡ ✐♥❥❡❝t✐♦♥ ✾✹
✼✳✻✳ P❤❛s❡ ✈❡❧♦❝✐t② ❝♦♥tr♦❧ ✾✼
✼✳✼✳ ❈♦❤❡r❡♥t ❚r❛♥s✐t✐♦♥ ❘❛❞✐❛t✐♦♥ ❢♦r ❙❡❧❢✲▼♦❞✉❧❛t✐♦♥ ▼❡❛s✉r❡♠❡♥t ✾✽
✼✳✽✳ ❙✉♠♠❛r② ✶✵✸

❈❤❛♣t❡r ✽✳ ❙✉♠♠❛r② ✶✵✹

❩✉s❛♠♠❡♥❢❛ss✉♥❣ ✶✵✺

❆♣♣❡♥❞✐①✳ ❇✐❜❧✐♦❣r❛♣❤② ✶✶✵
❉❛♥❦s❛❣✉♥❣ ✶✶✹
❊r❦❧är✉♥❣ ✶✶✺



❈❍❆P❚❊❘ ✶

■♥tr♦❞✉❝t✐♦♥

❲✐t❤ t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ t❤❡ ✷✶st ❝❡♥t✉r②✱ ♠♦❞❡r♥ ♣❤②s✐❝s ✐s s♣❧✐t ✐♥t♦ ❛ ❣r❡❛t
♠❛♥②✱ ❤✐❣❤❧② s♣❡❝✐❛❧✐③❡❞ ❞✐s❝✐♣❧✐♥❡s✳ ❊❛❝❤ ♦❢ t❤❡♠ ❝♦♠❡s ✇✐t❤ ❛ ✈❛r✐❡t② ♦❢ t❤r✐❧❧✐♥❣
q✉❡st✐♦♥s✱ ❢❛s❝✐♥❛t✐♥❣ ❞✐s❝♦✈❡r✐❡s ❛♥❞ t❡❝❤♥♦❧♦❣✐❝❛❧ ♣r♦♠✐s❡s✳ ❙♦❧✐❞ st❛t❡ ♣❤②s✐❝s
❤❛s ♣r♦✈✐❞❡❞ ❣r❡❛t ✐♥s✐❣❤t ✐♥t♦ t❤❡ ♠❡❝❤❛♥✐s♠s ♦❢ ❝r✐st❛❧❧✐♥❡ ♠❛♥②✲❜♦❞② s②st❡♠s✱
❛♥❞ ❣✐✈❡♥ ♠♦❞❡r♥ s♦❝✐❡t② t❤❡ ❣✐❢t ♦❢ tr❡♠❡♥❞♦✉s ❝♦♠♣✉t✐♥❣ ♣♦✇❡r✳ P❧❛s♠❛ ♣❤②s✐❝s
st✉❞✐❡s t❤❡ ✐♥♥❡r st✉❝t✉r❡ ♦❢ st❛rs✱ ✐❧❧✉♠✐♥❛t❡s t❤❡ str❡❡ts ❛t ♥✐❣❤t ❛♥❞ ✉♣❤♦❧❞s t❤❡
❤❛❧❢✲❝❡♥t✉r② ♦❧❞ ❞r❡❛♠ ♦❢ ❝✐✈✐❧ ♥✉❝❧❡❛r ❢✉s✐♦♥✱ t❤❡ s✉♥ ♦♥ ❡❛rt❤✳ ❆t♦♠✐❝ ❛♥❞ ♠♦❧❡❝✲
✉❧❛r ♣❤②s✐❝s ❛r❡ ✐♥t❡r✇♦✈❡♥ ✇✐t❤ ♠♦❞❡r♥ ❝❤❡♠✐str② ❛♥❞ ❤❛✈❡ ❤❛❞ s✉❝❤ r❡♠❛r❦❛❜❧❡
♦✉t❝♦♠❡s ❛s ❇♦s❡✲❊✐♥st❡✐♥ ❝♦♥❞❡♥s❛t✐♦♥ ♦r t❤❡ ❧❛s❡r✳ ❚❤❡ ❧✐st ❝♦✉❧❞ ❜❡ ❡①t❡♥❞❡❞
❢♦r ♠❛♥② ♣❛❣❡s✱ ❛♥❞ t❤❡r❡ ❛r❡ ✉♥♥✉♠❜❡r❡❞ ♣♦t❡♥t✐❛❧ ❛♣♣❧✐❝❛t✐♦♥s ✇✐t❤✐♥ t❤❡ ❣r❛s♣
♦❢ ❛ ❧✐❢❡t✐♠❡✳

❋r♦♠ t❤✐s ♣♦✐♥t ♦❢ ✈✐❡✇✱ ❤✐❣❤ ❡♥❡r❣② ♦r ♣❛rt✐❝❧❡ ♣❤②s✐❝s ✇❛s ❛❧✇❛②s ❧✐❦❡ ❛ ❢❛✐♥t
❣❧✐♠♣s❡ ✐♥t♦ t❤❡ ❞✐st❛♥t ❢✉t✉r❡✳ ❊①♣❧♦r✐♥❣ t❤❡ ✈❡r② ❢♦✉♥❞❛t✐♦♥ ♦❢ ❛❧❧ ♠❛tt❡r✱ ✐ts
♣♦t❡♥t ❡①♣❡r✐♠❡♥t❛❧ ❛♣♣r♦❛❝❤ ✐s t❤❡ ♣❛rt✐❝❧❡ ❛❝❝❡❧❡r❛t♦r✳ P❡r✲♣❛rt✐❝❧❡ ❡♥❡r❣✐❡s ❢❛r
❛❤❡❛❞ ♦❢ ❛♥② ♦t❤❡r ♣❤②s✐❝❛❧ ✜❡❧❞ ❤❛✈❡ ❛❧✇❛②s ❜❡❡♥ t❤❡ ♦♥❧② ✇❛② t♦ ❡①♣❛♥❞ t❤❡
❤♦r✐③♦♥ ♦❢ t❤❡ ❦♥♦✇❧❡❞❣❡ ❛❜♦✉t ♠❛tt❡r✬s ✐♥♥❡r str✉❝t✉r❡✳ ❚❤❡ ▲❛r❣❡ ❍❛❞r♦♥ ❈♦❧✲
❧✐❞❡r ❧♦❝❛t❡❞ ❛t ❈❊❘◆ ✐s t❤❡ ♠♦st ♣r♦♠✐♥❡♥t ♣❛rt✐❝❧❡ ❛❝❝❡❧❡r❛t♦r ❡①♣❡r✐♠❡♥t✳ ❍❡r❡✱
✐♥t❡r❞✐s❝✐♣❧✐♥❛r② ❦♥♦✇❧❡❞❣❡ ❛♥❞ ❝✉tt✐♥❣✲❡❞❣❡ t❡❝❤♥♦❧♦❣② ♠❛♥✐❢❡st ✐♥ t❤❡ ❧❛r❣❡st ♠❛✲
❝❤✐♥❡ ❡✈❡r ❜✉✐❧t ❜② ♠❛♥✳ ■♥ ❛ ✷✼ ❦♠ ❝✐r❝✉♠❢❡r❡♥❝❡ ✉♥❞❡r❣r♦✉♥❞ r✐♥❣✱ ♣r♦t♦♥s ♦r
❧❡❛❞ ✐♦♥s ❛r❡ ♣✉s❤❡❞ t♦ ✉♣ t♦ ✼ TeV ❡♥❡r❣② ❜❡❢♦r❡ ❝♦❧❧✐s✐♦♥✳ P❛rt✐❝❧❡ ❛❝❝❡❧❡r❛✲
t♦rs ❛r❡ ❛❧s♦ ♣r❡s❡♥t ✐♥ ♠❛♥② s♠❛❧❧❡r ❛♣♣❧✐❝❛t✐♦♥s✱ ❡✳❣✳ ♠❛t❡r✐❛❧ t❡st✐♥❣ ♦r ♥✉❝❧✐❞❡
❣❡♥❡r❛t✐♦♥ ❢♦r ♠❡❞✐❝❛❧ ❛♣♣❧✐❝❛t✐♦♥s✳

❯♥❢♦rt✉♥❛t❡❧②✱ t❤❡ ❡❧❡❝tr♦✲♠❛❣♥❡t✐❝ ❛❝❝❡❧❡r❛t♦r ❝♦♥❝❡♣t ❝♦♠❡s ✇✐t❤ ❛ ♥✉♠❜❡r
♦❢ ♣r♦❜❧❡♠s✳ ❲❤❡♥ ❜✉✐❧t ❛s ❛ ❧✐♥❡❛r ❛❝❝❡❧❡r❛t♦r ✇✐t❤♦✉t ❝✉r✈❛t✉r❡✱ t❤❡ tr❛✈❡❧❧✐♥❣
❞✐st❛♥❝❡ ❛♥❞ t❤❡r❡❢♦r❡ t❤❡ ✜♥❛❧ ❡♥❡r❣② ♦❢ t❤❡ ♣❛rt✐❝❧❡s ✐s ❧✐♠✐t❡❞✳ ❲❤❡♥ ❞❡s✐❣♥❡❞ ❛s
❛ r✐♥❣✱ ✐t ✐s ❛ ❧♦t ♠♦r❡ ❡❝♦♥♦♠✐❝✳ ❇✉t ❛s ♣❛rt✐❝❧❡s ✇✐t❤ ❝✉r✈❡❞ tr❛❥❡❝t♦r✐❡s ❧♦s❡ ❡♥❡r❣②
t❤r♦✉❣❤ s②♥❝❤r♦tr♦♥ r❛❞✐❛t✐♦♥✱ t❤❡r❡ ✐s ❛♥ ✉♣♣❡r ❜♦✉♥❞❛r② t♦ t❤❡✐r ✜♥❛❧ ❡♥❡r❣②✳ ❖♥
t❤❡ ♦t❤❡r ❤❛♥❞✱ ♠❛t❡r✐❛❧s ✐♥t❡r❛❝t✐♥❣ ✇✐t❤ ❤✐❣❤ ✜❡❧❞s ❡✈❡♥t✉❛❧❧② ❜❡❝♦♠❡ ❞❡str♦②❡❞
❜② ❜r❡❛❦✲❞♦✇♥ ❛♥❞ ✐♦♥✐③❛t✐♦♥✱ ✇❤✐❝❤ ❧✐♠✐ts t❤❡ ❛❝❝❡❧❡r❛t✐♥❣ ✜❡❧❞s t♦ ❛ ❢❡✇ ▼❱✴♠✳
■t ✐s ❡✈✐❞❡♥t t❤❛t✱ t♦ ❦❡❡♣ ✉♣ ✇✐t❤ t❤❡ ♥❡❡❞ ❢♦r ❡✈❡r ✐♥❝r❡❛s✐♥❣ ♣❛rt✐❝❧❡ ❡♥❡r❣✐❡s✱
❛❝❝❡❧❡r❛t♦rs ♠✉st s♦♦♥ ❡♥t❡r ❛ ♥❡✇ t❡❝❤♥♦❧♦❣✐❝❛❧ st❛❣❡✳ ❆❞❞✐t✐♦♥❛❧❧②✱ ❞❡✈✐❝❡s ❢♦r
♠❡❞✐❝❛❧ ♦r ✐♥❞✉str✐❛❧ ❛♣♣❧✐❝❛t✐♦♥s ❛r❡ ❡①♣❡♥s✐✈❡✱ ✇❤✐❝❤ ❣✐✈❡s r✐s❡ t♦ t❤❡ q✉❡st✐♦♥
❢♦r ❛ ❝❤❡❛♣❡r ❛❧t❡r♥❛t✐✈❡✳

❆ ✈❡r② ✐♥t❡r❡st✐♥❣ ♥❡✇ ❛❝❝❡❧❡r❛t♦r ❝♦♥❝❡♣t ❝♦♠❡s ❢r♦♠ ♣❧❛s♠❛ ♣❤②s✐❝s✳ ■♥ ❛
q✉❛s✐♥❡✉tr❛❧ ♣❧❛s♠❛✱ ❛ ❞✐s♣❧❛❝❡♠❡♥t ♦❢ ❡❧❡❝tr♦♥s ❛❣❛✐♥st t❤❡ ❤❡❛✈✐❡r ✐♦♥ ❜❛❝❦❣r♦✉♥❞
❧❡❛❞s t♦ ❢♦r♠❛t✐♦♥ ♦❢ str♦♥❣ ❡❧❡❝tr✐❝ ✜❡❧❞s✳ ❲❤✐❧❡ t❤❡ ✭❛t ❧❡❛st ✶✽✸✻ t✐♠❡s ❤❡❛✈✐❡r✮
✐♦♥s ❞♦ ♥♦t ♠♦✈❡ ♠✉❝❤✱ t❤❡ ❡❧❡❝tr♦♥s ❛r❡ ❞r❛✇♥ ❜❛❝❦✱ ❡①❝✐t✐♥❣ ♥❡✇ ✜❡❧❞s✳ ❚❤✐s

✺
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❡✛❡❝t ✐s ❦♥♦✇♥ ❛s ♣❧❛s♠❛ ♦s❝✐❧❧❛t✐♦♥✱ ❛♥❞ ✐t ❤❛♣♣❡♥s ✇✐t❤ t❤❡ ♣❧❛s♠❛ ❢r❡q✉❡♥❝②

ωp =

√

4πe2ne
me

.

❚❤✐s ❡q✉❛t✐♦♥ ✐s ❣✐✈❡♥ ✐♥ ❝❣s ✉♥✐ts✱ ✇✐t❤ t❤❡ ❡❧❡❝tr♦♥ ♥✉♠❜❡r ❞❡♥s✐t② ne✱ ❡❧❡♠❡♥t❛r②
❝❤❛r❣❡ e ❛♥❞ ❡❧❡❝tr♦♥ ♠❛ss me✳ ❚❤❡r❡ ✐s ❛♥♦t❤❡r ♣r♦❝❡ss ❝❧♦s❡❧② r❡❧❛t❡❞ t♦ ♣❧❛s♠❛
♦s❝✐❧❧❛t✐♦♥s✳ ■❢ t❤❡ ❡❧❡❝tr♦♥ ❞✐s♣❧❛❝❡♠❡♥t ✐s ❝❛✉s❡❞ ❜② s♦♠❡ ❞r✐✈❡r ♠♦✈✐♥❣ ✇✐t❤ ❛
✈❡❧♦❝✐t② ❝❧♦s❡ t♦ c✱ ❧♦❝❛❧ ♦s❝✐❧❧❛t✐♦♥s ❛r❡ ❡①❝✐t❡❞ ❛❧♦♥❣ ✐ts ♣❛t❤✳ ❚❤❡ ❧♦♥❣✐t✉❞✐♥❛❧
❡❧❡❝tr✐❝ ✜❡❧❞ t❛❦❡s ♦♥ t❤❡ str✉❝t✉r❡ ♦❢ ❛ tr❛✈❡❧❧✐♥❣ ✇❛✈❡❀ t❤✐s ❡✛❡❝t ✐s ❝❛❧❧❡❞ ❛ ✇❛❦❡
✜❡❧❞✳ ❲❤❛t ♠❛❦❡s ✐t t❤❛t ✐♥t❡r❡st✐♥❣ ✐s t❤❡ ❢❛❝t t❤❛t ✐ts ♣❤❛s❡s tr❛✈❡❧ ✇✐t❤ ❛❜♦✉t t❤❡
❞r✐✈❡r✬s s♣❡❡❞✱ ❛♥❞ t❤❛t ❛♠♣❧✐t✉❞❡s ♦❢ 100●❱/♠ ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞✳ ❚❤✐s ♠❡❛♥s ✐t
❝❛♥ ❜❡ ✉s❡❞ ❛s ❛♥ ❛❝❝❡❧❡r❛t♦r ❜② ✐♥❥❡❝t✐♥❣ ♦t❤❡r ♣❛rt✐❝❧❡s ✐♥t♦ ✐t✳ ❬✶✱ ✷✱ ✸✱ ✹✱ ✺✱ ✻✱ ✼❪
❙✐♥❝❡ ✐ts ❡❧❡❝tr✐❝ ✜❡❧❞ ✐s ♦r❞❡rs ♦❢ ♠❛❣♥✐t✉❞❡ ❤✐❣❤❡r✱ ✐t ❝❛♥ ❜❡ ❢❛r ♠♦r❡ ❡✣❝✐❡♥t t❤❛♥
❝♦♥✈❡♥t✐♦♥❛❧ ❡❧❡❝tr♦♠❛❣♥❡t✐❝ ❛❝❝❡❧❡r❛t♦r ❞❡✈✐❝❡s✳ ❚❤❡ ❞r✐✈❡rs ❢♦r ✇❛❦❡ ✜❡❧❞s ❝❛♥
❜❡ r❡❧❛t✐✈✐st✐❝ ❧❛s❡r ♣✉❧s❡s✱ ❡❧❡❝tr♦♥ ♦r ♣r♦t♦♥ ❜✉♥❝❤❡s ❬✽✱ ✾✱ ✶✵❪ ❛s s❤♦rt ❛s t❤❡
♣❧❛s♠❛ ✇❛✈❡ ❧❡♥❣t❤

λp =
2πc

ω
.

P❛rt✐❝❧❡ ❜✉♥❝❤❡s ❡①❝✐t❡ ✇❛❦❡ ✜❡❧❞s ❞✐r❡❝t❧② t❤r♦✉❣❤ t❤❡✐r s✉rr♦✉♥❞✐♥❣ ✜❡❧❞s✳ ▲❛s❡r
♣✉❧s❡s ✇✐t❤ r❡❧❛t✐✈✐st✐❝ ✐♥t❡♥s✐t✐❡s

a0 =
eA

mec
> 1

♣✉s❤ t❤❡ ❜❛❝❦❣r♦✉♥❞ ❡❧❡❝tr♦♥s ✈✐❛ ♣♦♥❞❡r♦♠♦t✐✈❡ ❢♦r❝❡s✳ ❇② ♥♦✇✱ t❤✐s t❡❝❤♥✐q✉❡
✐s r❡❣✉❧❛r❧② ✉s❡❞ t♦ ❛❝❝❡❧❡r❛t❡ ❡❧❡❝tr♦♥s t♦ ●❡❱ ❡♥❡r❣✐❡s ❬✶✶✱ ✻✱ ✼✱ ✶✷✱ ✶✸✱ ✶✹✱ ✷❪✳

❚❤❡ ▲❛s❡r ✇❛❦❡✲✜❡❧❞ ❛❝❝❡❧❡r❛t♦r ✭▲❲❋❆✮ ❝♦♥❝❡♣t ✐s ❛♥ ❛❝t✐✈❡ ✜❡❧❞ ♦❢ r❡s❡❛r❝❤✳
❙✐♥❝❡ t❤❡ ✐♥✈❡♥t✐♦♥ ♦❢ t❤❡ ❈❤✐r♣❡❞ P✉❧s❡ ❆♠♣❧✐✜❝❛t✐♦♥ ❬✶✺❪✱ ❤✐❣❤ ♣♦✇❡r ❧❛s❡r s②s✲
t❡♠s ❛r❡ ♣r❡s❡♥t ✐♥ ♠❛♥② r❡s❡❛r❝❤ ❢❛❝✐❧✐t✐❡s✳ ❚❤❡② r❡❛❝❤ ✐♥t❡♥s✐t✐❡s > 1020❲✴❝♠2✱
❛♥❞ ♣✉❧s❡ ❧❡♥❣t❤s ✐♥ t❤❡ r❛♥❣❡ ♦❢ ❛ ❢❡✇ ❢❡♠t♦s❡❝♦♥❞s✳ ❚❤❡s❡ s②st❡♠s ❝❛♥ ❜❡ ❜✉✐❧t
✇✐t❤ r❡❧❛t✐✈❡❧② s♠❛❧❧ s✐③❡s✱ ♦❢t❡♥ ✜❧❧✐♥❣ ❥✉st ❛ r♦♦♠✳ ❍❡♥❝❡✱ t❤❡② ♣r♦♠✐s❡ t♦ ❜❡❝♦♠❡
❛♥ ❡✣❝✐❡♥t ❛❧t❡r♥❛t✐✈❡ t♦ t❤❡ ❜✉❧❦② ❛♥❞ ❡①♣❡♥s✐✈❡ ❡❧❡❝tr♦♠❛❣♥❡t✐❝ ❛❝❝❡❧❡r❛t♦rs✳

❙✐♥❝❡ ✐ts ✜rst ♣r♦♣♦s❛❧ ❬✶❪✱ t❤❡ ▲❲❋❆ s❝❤❡♠❡ ❤❛s s❡❡♥ ❣r❡❛t ♣r♦❣r❡ss✿ ❊❧❡❝tr♦♥s
❝❛♥ ❜❡ ❡①t❡r♥❛❧❧② ✐♥❥❡❝t❡❞ ✐♥t♦ t❤❡ ✇❛❦❡ ❬✶✻❪✱ ♦r ❡✈❡♥ ❜❡❝♦♠❡ s❡❧❢✲✐♥❥❡❝t❡❞ ❞✉❡ t♦
✇❛✈❡✲❜r❡❛❦✐♥❣ ❬✶✷❪✳ ❲✐t❤ ❡✈❡♥ ❤✐❣❤❡r ✐♥t❡♥s✐t✐❡s ✭a0 & 5✮✱ t❤❡ ✇❛❦❡ ✜❡❧❞ ❡♥t❡rs ❛
♥❡✇ r❡❣✐♠❡✱ ✇❤❡r❡ ❛ r❡❣✐♦♥ ❜❡❤✐♥❞ t❤❡ ♣✉❧s❡ ❜❡❝♦♠❡s ❡♥t✐r❡❧② ❢r❡❡ ♦❢ ❡❧❡❝tr♦♥s✳ ❚❤✐s
s✐t✉❛t✐♦♥ ✐s ❝❛❧❧❡❞ t❤❡ ❜✉❜❜❧❡ r❡❣✐♠❡ ❬✶✶❪✱ ✐♥✈♦❧✈✐♥❣ ❤❡❛✈② ✇❛✈❡✲❜r❡❛❦✐♥❣ ❛♥❞ t❤❡
♣♦ss✐❜✐❧✐t② ♦❢ str♦♥❣ s❡❧❢✲✐♥❥❡❝t✐♦♥✳ ❆❞❞✐t✐♦♥❛❧❧②✱ t❤❡ ❡✣❝✐❡♥❝② ♦❢ t❤❡ ❡♥❡r❣② tr❛♥s❢❡r
❢r♦♠ t❤❡ ❞r✐✈❡r t♦ t❤❡ ❛❝❝❡❧❡r❛t❡❞ ♣❛rt✐❝❧❡s✱ ❦♥♦✇♥ ❛s t❤❡ tr❛♥s❢♦r♠❡r r❛t✐♦ ❬✶✼❪✱
❤❛s ❜❡❡♥ ✐♥✈❡st✐❣❛t❡❞✳

❆ ♠❛✐♥ ❞r❛✇❜❛❝❦ ♦❢ ❧❛s❡r ✇❛❦❡✲✜❡❧❞ ❛❝❝❡❧❡r❛t♦rs ✐s t❤❡ ❢❛❝t t❤❛t ❞✐s♣❡rs✐♦♥
♠❛❦❡s t❤❡ ♣✉❧s❡ s❧✐❣❤t❧② s❧♦✇❡r t❤❛♥ c✳ ■t ❝❛✉s❡s t❤❡ ✐♥❥❡❝t❡❞ ♣❛rt✐❝❧❡s t♦ ❡✈❡♥t✉❛❧❧②
❧❡❛✈❡ t❤❡ ❛❝❝❡❧❡r❛t✐♥❣ ✜❡❧❞ ♣❤❛s❡ ♦❢ t❤❡ ✇❛❦❡✱ ❛♥❞ ❜❡❝♦♠❡ ❞❡❝❡❧❡r❛t❡❞ ✐♥st❡❛❞✳ ❚❤✐s
❧✐♠✐t✐♥❣ ❡✛❡❝t ✐s ❦♥♦✇♥ ❛s ❞❡♣❤❛s✐♥❣❀ ✐t ♣✉ts ❛♥ ✉♣♣❡r ❜♦✉♥❞ t♦ t❤❡ ❛❝❝❡❧❡r❛t✐♦♥
❧❡♥❣t❤✳

P❛rt✐❝❧❡ ❜❡❛♠s ❛s ❞r✐✈❡rs ❞♦ ♥♦t s✉✛❡r ❢r♦♠ ❞✐s♣❡rs✐♦♥✱ ❜✉t ❛❧s♦ st❡❛❞✐❧② ❧♦s❡
t❤❡✐r ❡♥❡r❣② ❜❡❝❛✉s❡ ♦❢ t❤❡ ✇❛❦❡ ✜❡❧❞✳ ❇❡❝❛✉s❡ ♦❢ t❤✐s tr❛♥s❢♦r♠❡r r❛t✐♦ ❧✐♠✐t❬✹✱ ✶✽❪✱
t❤❡ ❛❝❝❡❧❡r❛t❡❞ ♣❛rt✐❝❧❡s ❝❛♥♥♦t ❣❛✐♥ ♠♦r❡ ❡♥❡r❣② t❤❛♥ t❤❡ ❞r✐✈❡r ✐♥✐t✐❛❧❧② ❤❛❞✳
❙✐♥❝❡ ♣r♦t♦♥s ❝❛♥ ❜❡ ♣✉s❤❡❞ t♦✇❛r❞s ❤✐❣❤ ❡♥❡r❣✐❡s ❡❛s✐❡r t❤❛♥ ❡❧❡❝tr♦♥s✱ ♣r♦t♦♥
❞r✐✈❡♥ ♣❧❛s♠❛ ✇❛❦❡ ✜❡❧❞ ❛❝❝❡❧❡r❛t✐♦♥ ❝❛♥ ❜❡ ✉s❡❞ t♦ ❛❝❝❡❧❡r❛t❡ ❡❧❡❝tr♦♥s ❬✸✱ ✶✾✱ ✷✵❪✳
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❙✉❝❤ ❛♥ ❡①♣❡r✐♠❡♥t ✐s ❝✉rr❡♥t❧② ❜❡✐♥❣ ❜✉✐❧t ✉♣ ❛t ❈❊❘◆✱ ✉s✐♥❣ ✹✺✵ ●❡❱ ♣r♦t♦♥
❜✉♥❝❤❡s ❢r♦♠ t❤❡ ❙✉♣❡r Pr♦t♦♥ ❙②♥❝❤r♦tr♦♥ ✭❙P❙✮ ✐♥ ♦r❞❡r t♦ ❞r✐✈❡ t❤❡ ✇❛❦❡ ✜❡❧❞✳

❍♦✇❡✈❡r✱ t❤❡r❡ ✐s ❛ ❜✐❣ ❝❤❛❧❧❡♥❣❡✱ ✇❤✐❝❤ ❛❧s♦ ❣r❡❛t❧② ❞♦♠✐♥❛t❡s t❤❡ r❡s❡❛r❝❤
♣r❡s❡♥t❡❞ ✐♥ t❤✐s t❤❡s✐s✿ ❊✈❡♥ ❢♦r t❤✐♥ ♣❧❛s♠❛s ♦❢ ❞❡♥s✐t② 7 · 1014❝♠−3✱ t❤❡ ♣r♦t♦♥
❜✉♥❝❤❡s ❛❝❤✐❡✈❛❜❧❡ t♦❞❛② ❛r❡ ♠✉❝❤ ❧♦♥❣❡r t❤❛♥ ❛ ♣❧❛s♠❛ ✇❛✈❡ ❧❡♥❣t❤ λp = 1.2♠♠✳
❆ ✇❛② ♦✉t ♦❢ t❤✐s ♣r♦❜❧❡♠ ✐s s❡❧❢✲♠♦❞✉❧❛t✐♦♥✳ ■♥ t❤❡ ✽✵✬s ♦❢ t❤❡ t✇❡♥t✐❡t❤ ❝❡♥t✉r②✱
t❤❡ ♣r♦❜❧❡♠ ❢♦r ❧❛s❡r ✇❛❦❡ ✜❡❧❞ ❛❝❝❡❧❡r❛t✐♦♥ ✇❛s ✈❡r② ♠✉❝❤ t❤❡ s❛♠❡✳ ❍❡r❡✱ t❤❡ s❡❧❢✲
♠♦❞✉❧❛t✐♦♥ ♦❢ ❧♦♥❣ ❧❛s❡r ♣✉❧s❡s ✇❛s ✉t✐❧✐③❡❞ t♦ r❡s♦♥❛♥t❧② ❞r✐✈❡ ✇❛❦❡ ✜❡❧❞s❬✷✶❪✳ ❆
❧♦♥❣ ♣r♦t♦♥ ❜❡❛♠ ♣r♦♣❛❣❛t✐♥❣ t❤r♦✉❣❤ ♣❧❛s♠❛ ✐s ❛❧s♦ s✉❜❥❡❝t t♦ t❤❡ s❡❧❢✲♠♦❞✉❧❛t✐♦♥
✐♥st❛❜✐❧✐t② ❬✷✷✱ ✷✸✱ ✶✾❪✳ ■t ✇♦r❦s ❛s ❢♦❧❧♦✇s✿ ❊✈❡♥ ❛ s❧✐❣❤t ✇❛❦❡ ✜❡❧❞ ✇✐❧❧ ✐♠♣♦s❡
❛ ❢♦r❝❡ ♦♥ t❤❡ ♣r♦t♦♥s✱ s❧♦✇❧② s❤✐❢t✐♥❣ t❤❡♠ ❛s✐❞❡✳ ❇❡❝❛✉s❡ ♦❢ t❤✐s✱ t❤❡ ♣r♦t♦♥
❜❡❛♠ ❜❡❝♦♠❡s ❧♦♥❣✐t✉❞✐♥❛❧❧② ♠♦❞✉❧❛t❡❞✱ ❞r✐✈✐♥❣ t❤❡ ✇❛❦❡ ✜❡❧❞ ❡✈❡♥ str♦♥❣❡r✳ ❚❤✐s
❡✛❡❝t ❝❛♥ ❜❡ ✉t✐❧✐③❡❞ t♦ ♠❛❦❡ ♣r♦t♦♥ ❞r✐✈❡♥ ✇❛❦❡ ✜❡❧❞ ❛❝❝❡❧❡r❛t✐♦♥ ❢❡❛s✐❜❧❡❀ ✐t
❤❛s t❤❡ ❡❛s✐❧② r❡❝♦❣♥✐③❛❜❧❡ ♥❛♠❡ s❡❧❢✲♠♦❞✉❧❛t❡❞ ♣r♦t♦♥ ❞r✐✈❡♥ ♣❧❛s♠❛ ✇❛❦❡ ✜❡❧❞
❛❝❝❡❧❡r❛t✐♦♥ ✭❙▼✲P❉P❲❋❆✮❬✷✹❪✳ ❚❤❡ ♠❛✐♥ ♣❛rt ♦❢ t❤✐s t❤❡s✐s ✇✐❧❧ ❢♦❝✉s ♦♥ t❤❡
❙▼✲P❉P❲❋❆ ❡✛❡❝t ❛♥❞ t❤❡ ❝❤❛❧❧❡♥❣❡s ✐♥ s✐♠✉❧❛t✐♥❣ ✐t✳ ❚♦ ❛✈♦✐❞ t❤❡ ❞❡♣❤❛s✐♥❣
♣r♦❜❧❡♠✱ ✐t ✐s ❝r✉❝✐❛❧ t♦ ❦♥♦✇ ✲ ❛♥❞ ❝♦♥tr♦❧ ✲ t❤❡ ✈❡❧♦❝✐t② ♦❢ t❤❡ ❛❝❝❡❧❡r❛t✐♥❣ ♣❤❛s❡s
♦❢ t❤❡ ✇❛❦❡ ✜❡❧❞✳ ■t t✉r♥s ♦✉t t❤❛t t❤✐s ♣❤❛s❡ ✈❡❧♦❝✐t② ✐s str♦♥❣❧② ❝♦♥♥❡❝t❡❞ t♦
t❤❡ ❣r♦✇t❤ r❛t❡ ♦❢ t❤❡ ✐♥st❛❜✐❧✐t②✳ ❆❧s♦✱ ✐t ❝❛♥ ❜❡ ♠♦❞✐✜❡❞ ❜② ✐♥tr♦❞✉❝✐♥❣ ❛ s❧✐❣❤t
❧♦♥❣✐t✉❞✐♥❛❧ ❣r❛❞✐❡♥t ✐♥t♦ t❤❡ ♣❧❛s♠❛ ❞❡♥s✐t②✳ ❍♦✇❡✈❡r✱ r❡❧✐❛❜❧❡ s✐♠✉❧❛t✐♦♥s ♦❢ t❤✐s
r❡❣✐♠❡ ❛r❡ ✈❡r② ❞✐✣❝✉❧t✳

❆s ♠♦st ♦t❤❡r ♣❤②s✐❝❛❧ ✜❡❧❞s✱ ♠♦❞❡r♥ ♣❧❛s♠❛ ♣❤②s✐❝s r❡❧✐❡s ❤❡❛✈✐❧② ♦♥ ❝♦♠♣✉t❡r
s✐♠✉❧❛t✐♦♥s✳ ❇❡t✇❡❡♥ ❛♥❛❧②t✐❝❛❧ t❤❡♦r✐❡s ✇✐t❤ t❤❡✐r ❧✐♠✐t❡❞ ❛r❡❛ ♦❢ ✈❛❧✐❞✐t②✱ ❛♥❞ ❡①✲
♣❡r✐♠❡♥ts ✇✐t❤ t❤❡✐r ❢❡✇ ❛❝❝❡ss✐❜❧❡ ♠❡❛s✉r❛❜❧❡ q✉❛♥t✐t✐❡s✱ t❤❡② ✜❧❧ t❤❡ ❣❛♣✱ ❣✐✈✐♥❣
❛❝❝❡ss t♦ ❡✈❡r② q✉❛♥t✐t② ❛t ❛❧❧ t✐♠❡s✳ ❲✐t❤ t❤❡ ❛❞✈❡♥t ♦❢ ❚❋❧♦♣/s s❝❛❧❡ ♣❛r❛❧❧❡❧
❝♦♠♣✉t❡rs ❝♦♠♠♦♥❧② ❛✈❛✐❧❛❜❧❡✱ t❤❡② ❝❛♥ ❤❛♥❞❧❡ ♣r♦❜❧❡♠s ♦❢ ✢✉✐❞ ❞②♥❛♠✐❝s✱ q✉❛♥✲
t✉♠ ♣❤②s✐❝s✱ ♠❛♥②✲❜♦❞② s②st❡♠s✱ ❛♥❞ ❡✈❡♥ ♠♦❧❡❝✉❧❛r ❜✐♦❧♦❣② ❛♥❞ ❝❤❡♠✐str②✳ ❚❤❡
♠♦st ✐♠♣♦rt❛♥t s✐♠✉❧❛t✐♦♥ ❝♦♥❝❡♣t ❢♦r ♥♦♥✲❡q✉✐❧✐❜r✐✉♠ ♣❧❛s♠❛s ✭❛♥❞ ✇❛❦❡ ✜❡❧❞s
✐♥ ♣❛rt✐❝✉❧❛r✮ ✐s t❤❡ P❛rt✐❝❧❡✲✐♥✲❝❡❧❧ ✭P■❈✮ ♠❡t❤♦❞ ✭s❡❡ ❡✳❣✳ ❬✷✺✱ ✷✻❪✮✳ ●♦✐♥❣ ♦♥❡
st❡♣ ❢✉rt❤❡r t❤❛♥ ❤②❞r♦❞②♥❛♠✐❝s ❛♣♣r♦❛❝❤❡s✱ ✐t ❝♦♥st✐t✉t❡s ❛ ✇❛② t♦ s♦❧✈❡ ❱❧❛s♦✈✬s
❡q✉❛t✐♦♥

∂

∂t
f + v∇xf +

q

m
(E+ v ×B)∇vf = 0

❞✐r❡❝t❧②✳ ❚❤✐s ❡q✉❛t✐♦♥ ❞❡s❝r✐❜❡s t❤❡ t❡♠♣♦r❛❧ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ ♣❤❛s❡ s♣❛❝❡ ❞❡♥s✐t②
♦❢ ❛ ♣❛rt✐❝❧❡ s♣❡❝✐❡s ✐♥ t❤❡ ❝♦❧❧✐s✐♦♥❧❡ss ❧✐♠✐t✳ ❲❤✐❧❡ t❤❡ s✐♠♣❧✐✜❡❞ ✢✉✐❞ ❡q✉❛t✐♦♥s
r❡❞✉❝❡ t❤❡ ❞✐♠❡♥s✐♦♥ ♦❢ t❤❡ ♣r♦❜❧❡♠✱ ❢❛✐❧✐♥❣ ❡✳❣✳ ✐♥ ♠♦❞❡❧✐♥❣ ✇❛✈❡✲❜r❡❛❦✐♥❣✱ t❤❡
❱❧❛s♦✈ ❡q✉❛t✐♦♥ ✇♦r❦s ♦♥ t❤❡ ❢✉❧❧ s✐①✲❞✐♠❡♥s✐♦♥❛❧ ♣❤❛s❡ s♣❛❝❡✳ ❚❤❡ ♣r♦❜❧❡♠ ♦❢ t❤✐s
♣❛rt✐❛❧ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥ ✐s t❤❛t ♠❛✐♥t❛✐♥✐♥❣ ❛ ✻❉ ❣r✐❞ ✇✐t❤ r❡❛s♦♥❛❜❧❡ r❡s♦❧✉t✐♦♥
✐s ❤❛r❞❧② ♣♦ss✐❜❧❡ ❡✈❡♥ ♦♥ t❤❡ ❧❛r❣❡st s✉♣❡r❝♦♠♣✉t❡rs ❛✈❛✐❧❛❜❧❡✳ ❍❡r❡✱ t❤❡ P■❈ ❛❧❣♦✲
r✐t❤♠ ♣r♦✈✐❞❡s ❛♥ ❡❧❡❣❛♥t ✇❛② t♦ ❣r❡❛t❧② r❡❞✉❝❡ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❡✛♦rt✳ ■♥st❡❛❞
♦❢ t❤❡ ✻❉ ♠❡s❤✱ ❛ ❧❛r❣❡ ♥✉♠❜❡r ♦❢ s♦✲❝❛❧❧❡❞ ♠❛❝r♦♣❛rt✐❝❧❡s ✐s ❞❡✜♥❡❞ ✇❤✐❝❤ r❡♣r❡✲
s❡♥t t❤❡ ♣❧❛s♠❛✳ ❚❤❡s❡ ♣❛rt✐❝❧❡s ❛r❡ ♠♦✈❡❞ ❜② s♦❧✈✐♥❣ ❦✐♥❡t✐❝ ❡q✉❛t✐♦♥s ♦❢ ♠♦t✐♦♥
❢♦r t❤❡✐r ❝❡♥t❡r ♦❢ ♠❛ss✳ ❆t t❤❡ s❛♠❡ ♠♦♠❡♥t✱ ▼❛①✇❡❧❧✬s ❡q✉❛t✐♦♥s ❛r❡ s♦❧✈❡❞ ♦♥ ❛
✸❉ ❣r✐❞✳ ❆ ♠♦✈✐♥❣ ♣❛rt✐❝❧❡ ❛❝ts ❜❛❝❦ ♦♥ t❤❡ ✜❡❧❞s ❜② ❝r❡❛t✐♥❣ ❝✉rr❡♥ts ♦♥ t❤❡ ❝❡❧❧
❜♦✉♥❞❛r✐❡s✱ ❛♥❞ t❤❡ ♠♦♠❡♥t✉♠ ♦❢ ❛ ♣❛rt✐❝❧❡ ✐s ✉♣❞❛t❡❞ ❛❝❝♦r❞✐♥❣ t♦ ▲♦r❡♥t③ ❢♦r❝❡s✳
❚❤✐s s✐♠✉❧❛t✐♦♥ ❝♦♥❝❡♣t ❤❛s ❜❡❡♥ ✐♠♣❧❡♠❡♥t❡❞ ✐♥ t❤❡ ❢♦r♠ ♦❢ ❛ ❣r❡❛t ♠❛♥② ❝♦❞❡s
❧✐❦❡ ❖❙■❘■❙❬✷✼❪✱ ❖❖P■❈❬✷✽❪✱ ❲❆❘P❬✷✾❪✱ ❱❖❘P❆▲❬✸✵❪✱ ▲❙P❬✸✶❪✱ ❱▲P▲❬✸✷❪ ❛♥❞



✶✳ ■◆❚❘❖❉❯❈❚■❖◆ ✽

♠❛♥② ♠♦r❡✳ ■t ✐s s✉❝❝❡ss❢✉❧❧② ✉s❡❞ ❢♦r ❝♦♠♣✉t❛t✐♦♥s ✐♥ ❧❛s❡r✲♣❧❛s♠❛ ❛♥❞ ♣❧❛s♠❛✲
♣❧❛s♠❛ ✐♥t❡r❛❝t✐♦♥✱ ♠❛❣♥❡t✐❝ ❛♥❞ ✐♥❡rt✐❛❧ ❝♦♥✜♥❡♠❡♥t ❢✉s✐♦♥✱ ♣❛rt✐❝❧❡ ❛❝❝❡❧❡r❛t♦r
❛♥❞ ❡❧❡❝tr♦♥ ❣✉♥ ❞❡s✐❣♥ ✭❡✳❣✳ ❬✸✸❪✮✱ ❥✉st t♦ ♥❛♠❡ ❛ ❢❡✇✳ ❚❤✐s ✇♦r❦ ✐s ♠❛✐♥❧② ❜❛s❡❞
♦♥ t❤❡ ♣❛rt✐❝❧❡✲✐♥✲❝❡❧❧ ♠❡t❤♦❞ ❛♥❞ ✐ts ✈❛r✐❛t✐♦♥s✱ ♥❛♠❡❧② t❤❡ ❱✐rt✉❛❧ ▲❛s❡r P❧❛s♠❛
▲❛❜♦r❛t♦r② ✭❱▲P▲✮ ❝♦❞❡✳

❍♦✇❡✈❡r✱ t❤❡ ♥✉♠❡r✐❝❛❧ ❡rr♦r ♦❢ P■❈ ❝❛♥ s✐❣♥✐✜❝❛♥t❧② ✐♥✢✉❡♥❝❡ t❤❡ q✉❛❧✐t②
♦❢ s✐♠✉❧❛t✐♦♥s✿ ❚❤❡r❡ ✐s ♥✉♠❡r✐❝❛❧ ❞✐s♣❡rs✐♦♥ ♦❢ ❡❧❡❝tr♦♠❛❣♥❡t✐❝ ✇❛✈❡s✱ ❛rt✐✜❝✐❛❧
♥♦✐s❡ ❞✉❡ t♦ s✉❜✲♦♣t✐♠❛❧ ♣❤❛s❡ s♣❛❝❡ s❛♠♣❧✐♥❣✱ ❛♥❞ ❞✐✛✉s✐♦♥ ❡✛❡❝ts ❜❡❝❛✉s❡ ♦❢
✐♥t❡r♣♦❧❛t✐♦♥ ❡rr♦rs✳ ❆❧s♦✱ ❛s ♠♦st P■❈ ❝♦❞❡s ✉s❡ ❡①♣❧✐❝✐t t✐♠❡ ✐♥t❡❣r❛t♦rs✱ t❤❡✐r
t✐♠❡ st❡♣s ♠♦st ♦❜❡② ❛ ❈♦✉r❛♥t✲❋r✐❡❞r✐❝❤s✲▲❡✈② ✭❈❋▲✮ st❛❜✐❧✐t② ❝♦♥❞✐t✐♦♥✱ ✇❤✐❝❤
❝❛♥ ❝❛✉s❡ ♣r♦❜❧❡♠s ❡✳❣✳ ✐♥ t❤❡ ♣r❡s❡♥❝❡ ♦❢ ❤✐❣❤ ♣❧❛s♠❛ ❞❡♥s✐t✐❡s✳ P■❈ s✐♠✉❧❛t✐♦♥s
♦❢ t❤❡ ❛❜♦✈❡♠❡♥t✐♦♥❡❞ ❙▼✲P❉P❲❋❆ ❡✛❡❝t ❛r❡ ♣❛rt✐❝✉❧❛r❧② ❞✐✣❝✉❧t✱ ❜❡❝❛✉s❡ t❤❡
❧❡♥❣t❤ ♦❢ t❤❡ ❞r✐✈❡r ❝♦rr❡s♣♦♥❞s t♦ ✷✵✵✲✺✵✵ ♣❧❛s♠❛ ✇❛✈❡ ❧❡♥❣t❤s✳ ❘❡♣❡❛t❡❞ ❣r✐❞✲
t♦✲♣❛rt✐❝❧❡ ✐♥t❡r♣♦❧❛t✐♦♥s ❝❛✉s❡ ❛ ❝♦♥t✐♥✉♦✉s ❧♦ss ♦❢ ✐♥❢♦r♠❛t✐♦♥✳ ❚❤✐s ♠❛♥✐❢❡sts ❛s
♥✉♠❡r✐❝❛❧ ❞✐s♣❡rs✐♦♥✱ ✉♥♣❤②s✐❝❛❧ ❜r♦❛❞❡♥✐♥❣ ♦❢ t❤❡ ✇❛❦❡ ❛♥❞ ❞❛♠♣✐♥❣✳ ■♥ ✐ts ❡❛r❧②
st❛❣❡✱ t❤❡ s❡❧❢✲♠♦❞✉❧❛t✐♦♥ ✐♥st❛❜✐❧✐t② ✐s ✈❡r② s❡♥s✐t✐✈❡✱ ❛♥❞ t❤❡s❡ ♣r♦❜❧❡♠s ♦❢ P■❈
❝❛♥ ❢❛❧s✐❢② t❤❡ r❡s✉❧t ❡♥t✐r❡❧②✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ♠❡t❤♦❞s ♦❢ ❝♦♠♣✉t❛t✐♦♥❛❧ ✢✉✐❞
❞②♥❛♠✐❝s ❝❛♥ ❜❡ ❞❡s✐❣♥❡❞ t♦ ❛✈♦✐❞ t❤❡s❡ ✐ss✉❡s✳

❚❤❡ ♠♦st ❛✉s♣✐❝✐♦✉s s♦❧✉t✐♦♥ ✐s t♦ ❝♦♠❜✐♥❡ t❤❡ ❜❡st ♦❢ ❜♦t❤ ✇♦r❧❞s✱ ❜② ✐♠✲
♣❧❡♠❡♥t✐♥❣ ❛ P■❈✲❤②❞r♦❞②♥❛♠✐❝ ❤②❜r✐❞ ❝♦❞❡❬✸✹✱ ✸✶✱ ✸✺❪✳ ❍❡r❡✱ ❛ ♣❧❛s♠❛ ❝❛♥
❜❡ r❡♣r❡s❡♥t❡❞ ❜② t✇♦ ♠❡❛♥s✿ ❋✐rst✱ ❛s P■❈ ♠❛❝r♦♣❛rt✐❝❧❡s✱ ✇✐t❤ ❛❧❧ t❤❡ ❦♥♦✇♥
❜❡♥❡✜ts ❛♥❞ s❤♦rt❝♦♠✐♥❣s✳ ❙❡❝♦♥❞✱ ❛s ❛ ✢✉✐❞✱ st♦r✐♥❣ t❤❡ r❡❧❡✈❛♥t ✈❛r✐❛❜❧❡s ♦♥ ❛
❣r✐❞ ❛♥❞ ✉s✐♥❣ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ♠❡t❤♦❞s ❢♦r ❤②♣❡r❜♦❧✐❝ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s✳ ❆t
t❤❡ ❡①♣❡♥s❡ ♦❢ ♣❤②s✐❝❛❧ ❣❡♥❡r❛❧✐t②✱ ✢✉✐❞ s❝❤❡♠❡s ❛r❡ ✉s✉❛❧❧② ♠✉❝❤ ❢❛st❡r ❛♥❞ ♠♦r❡
❛❝❝✉r❛t❡✳

❲✐t❤✐♥ t❤✐s ✇♦r❦✱ t✇♦ ❤②❜r✐❞ ❝♦❞❡ ❝♦♥❝❡♣ts ❛r❡ ♣r❡s❡♥t❡❞✳ ❚❤❡ ✜rst ♦♥❡ ✉s❡s ❛
❧✐♥❡❛r✐③❡❞ ✢✉✐❞ ♠♦❞❡❧✱ ✇❤✐❝❤ ♠♦❞❡❧s ❧♦❝❛❧ ♣❧❛s♠❛ ♦s❝✐❧❧❛t✐♦♥s✳ ■t ❡♠♣❧♦②s ❛ s♣❡❝✐❛❧
t✐♠❡ ✐♥t❡❣r❛t✐♦♥ s❝❤❡♠❡✱ ❛ s♦✲❝❛❧❧❡❞ ♠♦❧❧✐✜❡❞ ✐♠♣✉❧s❡ ♠❡t❤♦❞ ❡①♣♦♥❡♥t✐❛❧ ✐♥t❡❣r❛✲
t♦r✳ ❚❤✐s ✐♥t❡❣r❛t♦r ✐s ✉♥❝♦♥❞✐t✐♦♥❛❧❧② st❛❜❧❡ r❡❣❛r❞❧❡ss ♦❢ t❤❡ ♣❧❛s♠❛ ❢r❡q✉❡♥❝②✱
❛♥❞ ❝❛♥ ❜❡ ✉s❡❞ ❢♦r t❤❡ s✐♠✉❧❛t✐♦♥ ♦❢ ❤✐❣❤ ❞❡♥s✐t② ♣❧❛s♠❛s✳ ■t ✐s ❞❡♠♦♥str❛t❡❞ t❤❛t
✐t ✐s ✇❡❧❧ s✉✐t❡❞ ❡✳❣✳ ❢♦r t❤❡ ❚❛r❣❡t ◆♦r♠❛❧ ❙❤❡❛t❤ ❆❝❝❡❧❡r❛t✐♦♥ ✭❚◆❙❆✮ ❡✛❡❝t❬✸✻❪✳
❚❤❡ ❧❛tt❡r ✐s ❛ ♣r♦♠✐s✐♥❣ ✐❞❡❛ ❢♦r ❧❛s❡r✲❜❛s❡❞ ♣r♦t♦♥ ❛❝❝❡❧❡r❛t✐♦♥✿ ❆ ❤✐❣❤❧② ✐♥t❡♥s❡
❧❛s❡r ♣✉❧s❡ ✐s ✐♥❝✐❞❡♥t ♦♥t♦ ❛ s♣❡❝✐❛❧❧② ♣r❡♣❛r❡❞ ❢♦✐❧✱ ❤❡❛ts ❡❧❡❝tr♦♥s ❢r♦♠ t❤❡ ❢r♦♥t
s✉r❢❛❝❡ ❛♥❞ ♠❛❦❡s t❤❡♠ ♣r♦♣❛❣❛t❡ t❤r♦✉❣❤ t❤❛t ❢♦✐❧✳ ▲❡❛✈✐♥❣ t❤❡ ❜❛❝❦ s✉r❢❛❝❡✱ t❤❡②
❝r❡❛t❡ str♦♥❣ ❡❧❡❝tr✐❝ ✜❡❧❞s✱ ✇❤✐❝❤ t❤❡♥ ❞✐ss♦❧✈❡ ♣r♦t♦♥s ❢r♦♠ t❤❡ s✉r❢❛❝❡✳ ❙✐♥❝❡ t❤❡
❢♦✐❧ ❤❛s ❛ r❡❧❛t✐✈❡❧② ❤✐❣❤ ❞❡♥s✐t②✱ t❤❡ st❛❜✐❧✐t② ❝♦♥❞✐t✐♦♥

∆t ≤ 2

ωp

❝❛✉s❡s ✉♥♥❡ss❡❝❛r② ❝♦♠♣✉t❛t✐♦♥❛❧ ❧♦❛❞✱ ❛♥❞ ❝❛♥ ❜❡ ❛✈♦✐❞❡❞ ✇✐t❤ t❤❡ ❡①♣♦♥❡♥t✐❛❧
✐♥t❡❣r❛t♦r✳

❚❤❡ s❡❝♦♥❞ ❤②❜r✐❞ ♠♦❞✉❧❡ ✉s❡s ❛ ♥♦♥✲❧✐♥❡❛r ❝♦❧❞✲✢✉✐❞ ♠♦❞❡❧✱ ✇❤♦s❡ ❣❡♦♠❡tr②
❛♥❞ s♣❛t✐❛❧ s❝❤❡♠❡s ❤❛✈❡ ❜❡❡♥ ❞❡s✐❣♥❡❞ ❢♦r ❧♦ss❧❡ss ✇❛❦❡ ✜❡❧❞ ♠♦❞❡❧✐♥❣✳ ❆❢t❡r
❡①♣❧❛✐♥✐♥❣ t❤❡ t❡❝❤♥✐❝❛❧ ❞✐✣❝✉❧t✐❡s ✭s❡❝✳ ✻✳✹✱ ❬✸✼❪✮ ✐ts ✐♠♣❧❡♠❡♥t❛t✐♦♥ ❞❡t❛✐❧s ✇✐❧❧
❜❡ ♣r❡s❡♥t❡❞✱ ❛♥❞ ✐ts ❝♦rr❡❝t♥❡ss ✐s ❞❡♠♦♥str❛t❡❞ ✉s✐♥❣ ♥✉♠❡r✐❝❛❧ ❛♥❛❧②s✐s ❛♥❞
❛ ✈❛r✐❡t② ♦❢ ♣❤②s✐❝❛❧ ❡①❛♠♣❧❡s✳ ❚❤✐s ❤②❜r✐❞ ♠♦❞✉❧❡ ❣✐✈❡s ❱▲P▲ t❤❡ ❝❛♣❛❜✐❧✐t②
t♦ ❛❝❝✉r❛t❡❧② s✐♠✉❧❛t❡ t❤❡ ❙▼✲P❉P❲❋❆ ❡✛❡❝t✳ ▼✉❧t✐♣❧❡ ❧❛r❣❡✲s❝❛❧❡ ❤②❜r✐❞ ❙▼✲
P❉P❲❋❆ s✐♠✉❧❛t✐♦♥s ❤❛✈❡ ❜❡❡♥ ❝❛rr✐❡❞ ♦✉t✱ ❛♥❞ ❣✐✈❡♥ ✐♥s✐❣❤ts ✐♥t♦ t❤❡ s♣❛t✐♦✲
t❡♠♣♦r❛❧ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ ✇❛❦❡ ♣❤❛s❡ ✈❡❧♦❝✐t②✳ ❲❡ s❤♦✇ t❤❛t t❤❡ ♣❤❛s❡ ✈❡❧♦❝✐t②



✶✳ ■◆❚❘❖❉❯❈❚■❖◆ ✾

❞❡✈❡❧♦♣s ✐♥ ❛ ✇❛② ❜❡♥❡✜❝✐❛❧ t♦ ♣❛rt✐❝❧❡ ✐♥❥❡❝t✐♦♥✱ ❛♥❞ ❤♦✇ ✐t ❝❛♥ ❡✈❡♥ ❜❡ ♦♣t✐♠✐③❡❞✳
❆❧s♦✱ ✇❡ ❞❡♠♦♥str❛t❡ t❤❛t ❡❧❡❝tr♦♥ s✐❞❡ ✐♥❥❡❝t✐♦♥ ✐♥t♦ t❤❡ ✇❛❦❡ ✇♦r❦s ✈❡r② r♦❜✉st❧②
❛♥❞ ❡✣❝✐❡♥t❧②✳

❚❤✐s ✇♦r❦ ❝❛♥ ❜❡ ✈✐❡✇❡❞ ❛s ❝♦♥s✐st✐♥❣ ♦❢ ♦♥❡ ♠❡❞✐✉♠✲s✐③❡❞ ❛♥❞ ♦♥❡ ❧❛r❣❡✲
s✐③❡❞ ♣r♦❥❡❝t✳ ❚❤❡ ✜rst ♦♥❡ ✐s t❤❡ ❞❡✈❡❧♦♣♠❡♥t✱ ✐♠♣❧❡♠❡♥t❛t✐♦♥✱ ❛♥❞ ❜❡♥❝❤♠❛r❦
♦❢ t❤❡ ❡①♣♦♥❡♥t✐❛❧ ✐♥t❡❣r❛t♦r✲❜❛s❡❞ ❧✐♥❡❛r ❤②❜r✐❞ ♠♦❞✉❧❡ ✭❝❤❛♣✳✺✮✳ ❚❤❡ s❡❝♦♥❞✱
❧❛r❣❡st ♣r♦❥❡❝t ❝♦♥s✐sts ♦❢ t❤❡ ❞❡s✐❣♥✱ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ❛♥❞ t❡st✐♥❣ ♦❢ t❤❡ ♥♦♥✲❧✐♥❡❛r
❍✲❱▲P▲✸❉ ❤②❜r✐❞ ♠♦❞✉❧❡ ✭s❤♦✇♥ ✐♥ ❝❤❛♣✳✻✮❀ ❛❢t❡r✇❛r❞s✱ t❤✐s ❝♦❞❡ ✐s ✉s❡❞ ❢♦r t❤❡
✐♥✈❡st✐❣❛t✐♦♥ ♦❢ t❤❡ s❡❧❢✲♠♦❞✉❧❛t❡❞ ♣r♦t♦♥ ❞r✐✈❡♥ ✇❛❦❡ ✜❡❧❞ ❛❝❝❡❧❡r❛t✐♦♥ ✭❝❤❛♣✳✼✮✳
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Pr✐♥❝✐♣❧❡s ♦❢ ♣❧❛s♠❛ ♣❤②s✐❝s

■♥ t❤✐s ❝❤❛♣t❡r✱ t❤❡ ❜❛s✐❝ ❡q✉❛t✐♦♥s ♦❢ ❝❧❛ss✐❝❛❧✱ ✐❞❡❛❧✱ r❡❧❛t✐✈✐st✐❝ ♣❧❛s♠❛ ❞②✲
♥❛♠✐❝s ❛r❡ ❞❡r✐✈❡❞ ❛♥❞ ❡①♣❧❛✐♥❡❞✳ ❲❡ ✇✐❧❧ ❜r✐❡✢② s❤♦✇ t❤❡ s✐①✲❞✐♠❡♥s✐♦♥❛❧ ❱❧❛s♦✈
❡q✉❛t✐♦♥ ✐♥ ❛♥ ✐♥t✉✐t✐✈❡ ♠❛♥♥❡r✱ ❛♥❞ ❞❡♣✐❝t ❤♦✇ ✐ts ✐♥t❡❣r❛❧ ♠♦♠❡♥ts ❧❡❛❞ t♦ t❤❡
✇❡❧❧✲❦♥♦✇♥ ✢✉✐❞ ❡q✉❛t✐♦♥s✳ ❇♦t❤ s❡ts ♦❢ ❡q✉❛t✐♦♥s ✇✐❧❧ ❜❡ ♦❢ ❢✉♥❞❛♠❡♥t❛❧ ✐♠♣♦r✲
t❛♥❝❡ ❧❛t❡r ✐♥ t❤✐s t❤❡s✐s✳

✷✳✶✳ ❚❤❡ ❱❧❛s♦✈ ❡q✉❛t✐♦♥

❋♦r ❛ ✇✐❞❡ r❛♥❣❡ ♦❢ s❡t✉♣s✱ ❝♦❧❧✐s✐♦♥s ❜❡t✇❡❡♥ ♣❛rt✐❝❧❡s ❝❛♥ ❜❡ ♥❡❣❧❡❝t❡❞✱ s♦ ♦♥❡
❝❛♥ ❞❡r✐✈❡ ❛ ♠❛❝r♦s❝♦♣✐❝❛❧ ♣❧❛s♠❛ ♠♦❞❡❧✳

❋♦r ❛ ♣❛rt✐❝❧❡ s♣❡❝✐❡s j✱ ❧❡t fj : Γ → R ❜❡ ✐ts ♣❤❛s❡ s♣❛❝❡ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥✱
t❤❛t ✐s t♦ s❛②✱ t❤❡ ♣❛rt✐❝❧❡ ❞❡♥s✐t② ❞❡✜♥❡❞ ♦♥ t❤❡ ✻✲❞✐♠❡♥s✐♦♥❛❧ ✭✐♥ ✸❉ ❣❡♦♠❡tr②✮
✈❡❝t♦r s♣❛❝❡ Γ := {(x,v) : x ∈ R

3,v ∈ R
3} ❝♦♥s✐st✐♥❣ ♦❢ ♣♦s✐t✐♦♥s ❛♥❞ ♠♦♠❡♥t❛✳

❲❡ ❞❡♥♦t❡ t❤❡ ♣❡r✲♣❛rt✐❝❧❡ ♠❛ss ✇✐t❤ mj ✱ ❛♥❞ t❤❡ ♣❡r✲♣❛rt✐❝❧❡ ❝❤❛r❣❡ ✇✐t❤ qj .
❆❧t❤♦✉❣❤ t❤❡ t✐♠❡ ❡✈♦❧✉t✐♦♥ ❢♦r t❤✐s ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥ ❝❛♥ ❜❡ ❞❡r✐✈❡❞ ❢r♦♠
❦✐♥❡t✐❝ ❡q✉❛t✐♦♥s ♦❢ ♠♦t✐♦♥✱ ✇❡ ✇✐❧❧ ❢♦❧❧♦✇ ❛ ♠♦r❡ ✐♥t✉✐t✐✈❡ ❛♣♣r♦❛❝❤ ❤❡r❡✳

❲✐t❤♦✉t t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t ❡✛❡❝ts ❧✐❦❡ ✐♦♥✐s❛t✐♦♥ ♦r r❡❝♦♠❜✐♥❛t✐♦♥✱ ✇❡ ❝❛♥
❛ss✉♠❡ t❤❛t t❤❡ t♦t❛❧ ♥✉♠❜❡r ♦❢ ♣❛rt✐❝❧❡s

Nj(t) :=

ˆ

Γ

fj(x,v, t)d
3x d3v

✐s ❛ ❝♦♥st❛♥t✳ ❚❤✉s✱ t❤❡r❡ ❤❛s t♦ ❜❡ ❛ ❝♦♥s❡r✈❛t✐♦♥ ❧❛✇✱ ❛ ♣❤❛s❡ s♣❛❝❡ ❝♦♥t✐♥✉✐t②
❡q✉❛t✐♦♥✱ ❣♦✈❡r♥✐♥❣ t❤❡ t✐♠❡ ❜❡❤❛✈✐♦✉r ♦❢ fj ✳ ❈♦♥s❡r✈❛t✐♦♥ ❧❛✇s ❛❧✇❛②s t❛❦❡ t❤❡
❢♦r♠

∂

∂t
U +∇ · (F (U)) = 0,

✇✐t❤ U : Ω × [t0, t1] → R
n ❛♥❞ F : Rn → R

d×n ❜❡✐♥❣ ❛ ✢✉① ✈❡❝t♦r ✜❡❧❞✳ ❋♦r t❤❡
❝❛s❡ ♦❢ t❤❡ ❢✉♥❝t✐♦♥ fj , ✐t r❡❛❞s

✭✷✳✶✳✶✮
∂

∂t
fj +∇x · (Fx(fj)) +∇v · (Fv(fj)) = 0.

◆♦✇✱ ♥❡❡❞✐♥❣ ❛♥ ❡①♣r❡ss✐♦♥ ❢♦r t❤❡ ✢✉①❡s Fx ❛♥❞ Fv✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❡q✉❛t✐♦♥s ♦❢
♠♦t✐♦♥ ❢♦r ❛ s✐♥❣❧❡ ♣❛rt✐❝❧❡✱ ✇❤✐❝❤ r❡❛❞

ẋ = v

v̇ =
qj
mj

(E+ v ×B) .✭✷✳✶✳✷✮

✶✵
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❚❤✐s ♠❡❛♥s t❤❛t t❤❡ ♠❛t❡r✐❛❧ ✐s ❛❞✈❡❝t❡❞ ❜② ❡q✉❛t✐♦♥ ✭✷✳✶✳✶✮✳ ❚❤❡ ✈❡❧♦❝✐t② ✜❡❧❞ ❢♦r
t❤✐s ❛❞✈❡❝t✐♦♥ ♣r♦❝❡ss ♠✉st ❜❡ v ❢♦r t❤❡ s♣❛t✐❛❧ ❞✐r❡❝t✐♦♥s ❛♥❞ (qj/mj) (E+ v ×B)
❢♦r t❤❡ ♠♦♠❡♥t✉♠ ❞✐r❡❝t✐♦♥s✱ s❡❡ ✜❣✉r❡ ✷✳✶✳✶✳

❙♦✱ t❤❡ ✢✉① ✜❡❧❞s ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s ❢♦❧❧♦✇s✿

Fx(fj) = vfj ,✭✷✳✶✳✸✮

Fv(fj) =
qj
mj

(E+ v ×B) fj✭✷✳✶✳✹✮

■♥s❡rt✐♥❣ ✐♥t♦ ✷✳✶✳✶ ②✐❡❧❞s t❤❡ ❱❧❛s♦✈ ❡q✉❛t✐♦♥

∂

∂t
fj +∇x · (vfj) +∇v ·

(

qj
mj

(E+ v ×B) fj

)

=
∂

∂t
fj + v∇xfj +

qj
mj

(E+ v ×B)∇vfj = 0✭✷✳✶✳✺✮

❋✐❣✉r❡

✷✳✶✳✶✳ ■❧❧✉str❛t✐♦♥ ♦❢
t❤❡ ✢✉①❡s ♦❢ t❤❡ ❱❧❛s♦✈
❈♦♥s❡r✈❛t✐♦♥ ▲❛✇

❚❤✐s ✐s t❤❡ ❡q✉❛t✐♦♥ ❞❡s❝r✐❜✐♥❣ t❤❡
❜❡❤❛✈✐♦✉r ♦❢ ❛ ❝♦❧❧✐s✐♦♥❧❡ss ✢✉✐❞ ✉♥❞❡r
t❤❡ ✐♥✢✉❡♥❝❡ ♦❢ ❡❧❡❝tr♦♠❛❣♥❡t✐❝ ✜❡❧❞s✳
■t s❛②s t❤❛t ❢♦r ❡❛❝❤ ❞②♥❛♠✐❝❛❧ tr❛❥❡❝✲
t♦r② (x(t),v(t)) ♦❜❡②✐♥❣ t❤❡ ❡q✉❛t✐♦♥s ♦❢
♠♦t✐♦♥ ✭✷✳✶✳✷✮✱ fj(x(t),v(t), t) ✐s ❛ ❝♦♥✲
st❛♥t✳ ❚❤❡ ❱❧❛s♦✈ ❡q✉❛t✐♦♥✱ t♦❣❡t❤❡r
✇✐t❤ ▼❛①✇❡❧❧✬s ❡q✉❛t✐♦♥s✱ ❣✐✈❡s ❛ ❝♦♠✲
♣❧❡t❡ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ❜❡❤❛✈✐♦✉r ♦❢ ❛
♣❧❛s♠❛ ✐♥ t❤❡ ❝♦❧❧✐s✐♦♥❧❡ss ❧✐♠✐t✳

■t s❤❛❧❧ ❜❡ ♣♦✐♥t❡❞ ♦✉t t❤❛t t❤✐s ❡q✉❛✲
t✐♦♥ ✐s ❞❡✜♥❡❞ ♦♥ ❛ ✻✲❞✐♠❡♥s✐♦♥❛❧ ♣❤❛s❡
s♣❛❝❡✳ ❚❤✐s ♠❛❦❡s ❛♥❛❧②t✐❝❛❧ ❝❛❧❝✉❧❛t✐♦♥s
❛s ✇❡❧❧ ❛s ♥✉♠❡r✐❝❛❧ ❛♣♣r♦❛❝❤❡s ✈❡r② ❞✐❢✲
✜❝✉❧t✳ ■♥ t❤❡♦r②✱ ✐t ✐s ♣♦ss✐❜❧❡ t♦ ✐♠♣❧❡✲
♠❡♥t s♦✲❝❛❧❧❡❞ ❱❧❛s♦✈ ❝♦❞❡s✱ ✇❤✐❝❤ s♦❧✈❡
✭✷✳✶✳✺✮ ♥✉♠❡r✐❝❛❧❧②✳ ❯♥❢♦rt✉♥❛t❡❧②✱ t❤❡
❤✐❣❤ ❞✐♠❡♥s✐♦♥ ♦❢ t❤❡ ♣r♦❜❧❡♠ r❡♥❞❡rs
❛❧❧ ❞✐r❡❝t ❣r✐❞✲❜❛s❡❞ ❡✛♦rts✱ ✉s✐♥❣ st❛t❡✲
♦❢✲t❤❡✲❛rt ❈P❯s✱ ❤♦♣❡❧❡ss✳ ❚❤✐s ♠❛❥♦r
❞✐✣❝✉❧t② ❣✐✈❡s r✐s❡ t♦ t❤❡ ♣❛rt✐❝❧❡✲✐♥✲❝❡❧❧
✭P■❈✮ ♠❡t❤♦❞ ❛♥❞ ✢✉✐❞ ❞②♥❛♠✐❝❛❧ tr❡❛t✲
♠❡♥ts✱ ✇❤✐❝❤ ✇✐❧❧ ❜♦t❤ ❜❡ ❞✐s❝✉ss❡❞ ❝♦♠♣r❡❤❡♥s✐✈❡❧② ✐♥ t❤✐s t❤❡s✐s✳

◆❡✈❡rt❤❡❧❡ss✱ ❛ ❧❛r❣❡ ♥✉♠❜❡r ♦❢ ❡✛❡❝ts ✐♥ ♣❧❛s♠❛ ♣❤②s✐❝s ❝❛♥ ❜❡ ✉♥❞❡rst♦♦❞
✉s✐♥❣ ♠♦♠❡♥t ❡q✉❛t✐♦♥s ♦❢ ✭✷✳✶✳✺✮✱ ✇❤✐❝❤ ❛r❡ ♠✉❝❤ s✐♠♣❧❡r t♦ ❤❛♥❞❧❡✳ ❆❧s♦✱ s✐♥❝❡
♦♥❡ ♦❢ t❤❡ ♠❛✐♥ ♣❛rts ♦❢ t❤✐s t❤❡s✐s ❢♦❝✉s❡s ♦♥ ♥✉♠❡r✐❝❛❧ ✢✉✐❞ ❞②♥❛♠✐❝s ❢♦r ♣❧❛s♠❛s✱
t❤❡s❡ ♠♦♠❡♥t ❡q✉❛t✐♦♥s ✇✐❧❧ ❜❡ ❞❡r✐✈❡❞ ✐♥ t❤❡ ♥❡①t ❝❤❛♣t❡r✳

✷✳✷✳ ▼♦♠❡♥t ❡q✉❛t✐♦♥s

❋♦r ♠❛♥② ❞✐str✐❜✉t✐♦♥s ♦♥ t❤❡ ♠❡❛s✉r❡ s♣❛❝❡ (Ω,A, λ), Ω ⊂ R
n✱ ♠♦♠❡♥ts

❝❛♥ ❜❡ ❞❡✜♥❡❞✳ ❲❡❧❧ ❦♥♦✇♥ ❞✐str✐❜✉t✐♦♥ ♠♦♠❡♥ts ✐♥❝❧✉❞❡ t❤❡ ❝❡♥t❡r ♦❢ ♠❛ss ❛♥❞
✐♥❡rt✐❛ t❡♥s♦r ❢♦r s♦❧✐❞ ♦❜❥❡❝ts✱ ♦r t❤❡ ❡①♣❡❝t❡❞ ✈❛❧✉❡ ❛♥❞ t❤❡ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① ❢♦r
♣r♦❜❛❜✐❧✐t② ❞✐str✐❜✉t✐♦♥s✳
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❋♦r ♣❤❛s❡ s♣❛❝❡ ❞✐str✐❜✉t✐♦♥s✱ ❝♦♠♣✉t✐♥❣ ✐♥t❡❣r❛❧ ♠♦♠❡♥ts ♦❢ ❥✉st t❤❡ v ♣❛rt
❧❡❛❞s t♦ ❡q✉❛t✐♦♥s ❢♦r ❝❤❛r❛❝t❡r✐st✐❝ ❞❡♥s✐t✐❡s✿ ❚❤❡ ♣❛rt✐❝❧❡ ❞❡♥s✐t② ρ✱ t❤❡ ❧♦❝❛❧ ♠❡❛♥
✈❡❧♦❝✐t② ❞❡♥s✐t② ρu✱ ❛♥❞ ❡✈❡♥ ♠♦r❡✳ ❚❤✐s ✇❛②✱ t❤❡ ❞✐♠❡♥s✐♦♥❛❧✐t② ♦❢ t❤❡ ♣r♦❜❧❡♠
❝❛♥ ❜❡ ❣r❡❛t❧② r❡❞✉❝❡❞✳

❲❡ st❛rt ✇✐t❤ t❤❡ ❱❧❛s♦✈ ❡q✉❛t✐♦♥ ❢♦r ❛ ♣❛rt✐❝❧❡ s♣❡❝✐❡s j✱

∂

∂t
fj + vT∇xfj +

qj
mj

(E+ v ×B)∇vfj =0,

❞❡✜♥❡❞ ♦♥ t❤❡ ✈❡❝t♦r s♣❛❝❡ Γ =: Γx × Γv✱ ✇❤❡r❡ t❤❡ Γx ❞❡♥♦t❡s t❤❡ s♣❛t✐❛❧ ♣❛rt✱
❛♥❞ Γv ✐s ❢♦r t❤❡ ✈❡❧♦❝✐t② s✉❜s♣❛❝❡✳

▲❡t ✉s ❞❡✜♥❡ t❤❡ ❞❡♥s✐t✐❡s ♠❡♥t✐♦♥❡❞ ❛❜♦✈❡✱ ♥❛♠❡❧②

• t❤❡ ❞❡♥s✐t② ρj :=
´

Γv

fj d
3v ✱

• t❤❡ ❧♦❝❛❧ ♠❡❛♥ ✈❡❧♦❝✐t② (ρu)j :=
´

Γv

vfj d
3v ❛♥❞

• t❤❡ ♣r❡ss✉r❡ t❡♥s♦r Pj := mj

´

Γv

(v − uj)(v − uj)
T fj d

3v✳

❋✐rst✱ ❜② ❛✈❡r❛❣✐♥❣ t❤❡ ❱❧❛s♦✈ ❡q✉❛t✐♦♥ ♦✈❡r ✈❡❧♦❝✐t✐❡s✱ ✇❡ ❣❡t t❤❡ ❝♦♥t✐♥✉✐t② ❡q✉❛✲
t✐♦♥

∂

∂t
ρj +∇ · (ρv)j = 0

❛s t❤❡ ③❡r♦t❤ ♠♦♠❡♥t ♦❢ t❤❡ ❱❧❛s♦✈ ❡q✉❛t✐♦♥✳

❋♦r t❤❡ ✜rst ♠♦♠❡♥t✱ ✇❡ ♠✉st ❝♦♠♣✉t❡ t❤❡ ✐♥t❡❣r❛❧

✭✷✳✷✳✶✮
ˆ

Γv

✈

[

∂fj
∂t

+ ✈T∇xfj +
qj
mj

(❊+ ✈×❇)
T ∇vfj

]

d✈ = 0.

❲❡ ❣❡t t❤❡ ❝♦♥s❡r✈❛t✐♦♥ ❧❛✇ ❢♦r t❤❡ ✈❡❧♦❝✐t② ❞❡♥s✐t② ♦❢ ❛ ❝❤❛r❣❡❞ ✢✉✐❞✱

✭✷✳✷✳✷✮
∂

∂t
(ρ✉)j +∇x · (ρj✉j✉

T
j ) =

ρjqj
mj

(❊+ ✉j ×❇)−∇x · Pj

mj
.

■♥ ♠♦st ❝❛s❡s✱ ♦♥❡ ✇♦r❦s ✇✐t❤ t❤❡ ❛ss✉♠♣t✐♦♥ ♦❢ ✐s♦tr♦♣✐❝ ♣r❡ss✉r❡✳ ❚❤✐s ♠❡❛♥s
t❤❛t

Pj ≈ Ipj ,

✇❤❡r❡ I ❞❡♥♦t❡s t❤❡ ✉♥✐t t❡♥s♦r✳ ❊q✳ ✭✷✳✷✳✷✮ ❝❛♥ t❤❡♥ ❜❡ s✐♠♣❧✐✜❡❞ t♦

∂

∂t
(ρ✉) j +∇x ·

(

ρj✉j✉
T
j

)

=
ρjqj
mj

(❊+ ✉j ×❇)− 1

mj
∇xpj .

❚❤✐s ✐s t❤❡ ❝♦♥s❡r✈❛t✐✈❡ ❢♦r♠ ♦❢ t❤❡ ♠♦♠❡♥t✉♠ ❡q✉❛t✐♦♥✳ ■t ❝❛♥ ❛❧s♦ ❜❡ ❢♦r♠✉❧❛t❡❞
✉s✐♥❣ s♦✲❝❛❧❧❡❞ ♣r✐♠✐t✐✈❡ ✈❛r✐❛❜❧❡s✿

∂

∂t
✉j + (✉j · ∇v)✉j =

qj
mj

(❊+ ✉j ×❇)− 1

ρjmj
∇xpj .

❚❤❡s❡ ❞❡r✐✈❛t✐♦♥s ❝❛♥ ❛❧s♦ ❜❡ ❢♦✉♥❞ ✐♥ ❬✸✽❪✳
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∇ ·E = ρ✭✸✳✶✳✶✮

∇ ·B = 0✭✸✳✶✳✷✮
∂

∂t
E = ∇×B− J✭✸✳✶✳✸✮

∂

∂t
B = −∇×E✭✸✳✶✳✹✮

❛♥❞ t❤❡ r❡❧❛t✐✈✐st✐❝ ✈❡rs✐♦♥ ♦❢ ❱❧❛s♦✈✬s ❡q✉❛t✐♦♥✱

∂

∂t
fj + vT∇xfj + qj (E+ v ×B)∇pfj =0,✭✸✳✶✳✺✮

✇❤❡r❡

v(p) :=
p

γ
=

p
√

1 + p2
,

❛♥❞ p ✐s t❤❡ r❡❧❛t✐✈✐st✐❝ ♠♦♠❡♥t✉♠✱ ❣✐✈❡♥ ✐♥ ✉♥✐ts ♦❢ mjc.
❊qs✳ ✭✸✳✶✳✶✮✲✭✸✳✶✳✷✮ ❝❛♥ ❜❡ s✐♠♣❧✐✜❡❞ ❡✈❡♥ ♠♦r❡✿ ❆s ✐t ✐s ❣❡♥❡r❛❧❧② ❦♥♦✇♥✱

♣✉tt✐♥❣ t♦❣❡t❤❡r ✭✸✳✶✳✶✮ ❛♥❞ ✭✸✳✶✳✸✮ ②✐❡❧❞s t❤❡ ❝❤❛r❣❡ ❝♦♥t✐♥✉✐t② ❡q✉❛t✐♦♥

∂

∂t
ρ+∇ · J = 0.✭✸✳✶✳✻✮

❈♦♥✈❡rs❡❧②✱ ✐❢ t❤❡ s✐♠✉❧❛t✐♦♥ s②st❡♠ ✇❡ ✇✐❧❧ ✉s❡ s❛t✐s✜❡s ✭✸✳✶✳✻✮✱ t❤✉s ❝♦♥s❡r✈✐♥❣
t❤❡ ❝❤❛r❣❡s✱ ✐t ❤♦❧❞s

∂

∂t
∇ ·E = −∇ · J =

∂

∂t
ρ,

∂

∂t
∇ ·B = 0.

❚❤✐s ♠❡❛♥s t❤❛t ✐t ✐s ♥♦t ♥❡❝❡ss❛r② t♦ r❡♣❡❛t❡❞❧② s♦❧✈❡ ✭✸✳✶✳✶✮ ❛♥❞ ✭✸✳✶✳✷✮✳ ■❢ t❤❡②
✇❡r❡ ❢✉❧✜❧❧❡❞ ❛t t❤❡ ✈❡r② ❜❡❣✐♥♥✐♥❣ ♦❢ t❤❡ s✐♠✉❧❛t✐♦♥✱ ❛♥❞ ♦✉r s❝❤❡♠❡ s❛t✐s✜❡s
✭✸✳✶✳✻✮✱ t❤❡② ✇✐❧❧ ❛❧✇❛②s ❜❡ ❢✉❧✜❧❧❡❞✳ ❲❡ ❡♥❞ ✉♣ ✇✐t❤

∂

∂t
E = ∇×B− J✭✸✳✶✳✼✮

∂

∂t
B = −∇×E✭✸✳✶✳✽✮

∂

∂t
fj = −vT∇xfj − qj (E+ v ×B)∇pfj .✭✸✳✶✳✾✮

■♥ ♠❛♥② s❡t✉♣s ♦❢ ❧❛s❡r✲♣❧❛s♠❛ ❛♥❞ ♣❧❛s♠❛✲♣❧❛s♠❛ ✐♥t❡r❛❝t✐♦♥✱ ❧♦❝❛❧ t❤❡r♠❛❧ ❡q✉✐✲
❧✐❜r✐✉♠ ❝❛♥♥♦t ❜❡ ❛ss✉♠❡❞✱ ✐✳❡✳ ✐♥ ❣❡♥❡r❛❧✱ ♠♦♠❡♥t✉♠ ❞✐str✐❜✉t✐♦♥s ❛r❡ ♥♦♥✲
❣❛✉ss✐❛♥✳ ❊q✳ ✸✳✶✳✾ ❝♦✉❧❞ ✐♥ t❤❡♦r② ❜❡ s♦❧✈❡❞ ✉s✐♥❣ ✜♥✐t❡✲✈♦❧✉♠❡ ✢✉✐❞ ♠❡t❤♦❞s
❬✹✶✱ ✹✷✱ ✹✸✱ ✹✹✱ ✹✺❪ ♦r s❡♠✐✲▲❛❣r❛♥❣❡ s❝❤❡♠❡s ❬✹✻❪✱ ❜✉t r❡q✉✐r❡s ❛ s✐①✲❞✐♠❡♥s✐♦♥❛❧
♠❡s❤ ❢♦r ✸❉ ♣❤②s✐❝s✳ ❆♣❛rt ❢r♦♠ ❜❡✐♥❣ ❤✐❣❤❧② ✐♥❡✣❝✐❡♥t✱ ❡✈❡♥ t❤❡ ♠♦st ♣♦✇❡r❢✉❧
s✉♣❡r❝♦♠♣✉t❡rs ❛✈❛✐❧❛❜❧❡ t♦❞❛② ✇✐❧❧ ❢❛✐❧ ❛t s✐♠✉❧❛t✐♥❣ s✉❝❤ ❛ ♠❡s❤ ✇✐t❤ r❡❛❧✐st✐❝
r❡s♦❧✉t✐♦♥✳

❍♦✇ ❝❛♥ t❤✐s ❝♦♠♣✉t❛t✐♦♥❛❧ ♣r♦❜❧❡♠ ❜❡ r❡❞✉❝❡❞❄
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Plasma distribution function

Empty phase space region

PIC sampling of phase space distribution

❋✐❣✉r❡ ✸✳✶✳✷✳ ❚❤❡ ❧❡❢t ♣✐❝t✉r❡ s❤♦✇s ❛ t②♣✐❝❛❧ ♣❤❛s❡ s♣❛❝❡ ❞✐str✐❜✉✲

t✐♦♥ ♦❢ ❛ ✶❉ ✇❛❦❡ ✜❡❧❞✳ ❚❤✐s ❞✐str✐❜✉t✐♦♥ ✐s t❤❡♥ r❡♣r❡s❡♥t❡❞ ❜② ✜♥✐t❡

s✐③❡❞ ♠❛❝r♦♣❛rt✐❝❧❡s ✭r✐❣❤t ♣✐❝t✉r❡✮✳

▲♦♦❦✐♥❣ ❝❧♦s❡❧② ❛t t②♣✐❝❛❧ ♣❤❛s❡ s♣❛❝❡ ❞✐❛❣r❛♠s r❡✈❡❛❧s ❛ ♣♦ss✐❜❧❡ s♦❧✉t✐♦♥✿ ❚❤❡
❛❝t✉❛❧ ♣❧❛s♠❛ ❝♦✈❡rs ♦♥❧② ❛ ✈❡r② t✐♥② s✉❜s❡t ♦❢ t❤❡ ♣❤❛s❡ s♣❛❝❡✳ ❆♥ ❡q✉✐❞✐st❛♥t
❣r✐❞ ♦♥ ❛ r❡❝t❛♥❣✉❧❛r ❢r❛❝t✐♦♥ ♦❢ Γ = Γx × Γv ✐s ♥♦t ♥❡❝❡ss❛r② ❛t ❛❧❧✳

❚❤❡ ✐❞❡❛ ♦❢ t❤❡ ♣❛rt✐❝❧❡✲✐♥✲❝❡❧❧ ♠❡t❤♦❞ ✐s t♦ r❡♣r❡s❡♥t t❤❡ ♣❧❛s♠❛ ✇✐t❤ ♠❛❝r♦✲
♣❛rt✐❝❧❡s✱ st❛t✐st✐❝❛❧❧② ♣♦♣✉❧❛t✐♥❣ t❤❡ ♣❤❛s❡ s♣❛❝❡ ✇✐t❤ ❛ ✜♥✐t❡ ♥✉♠❜❡r ♦❢ s❛♠♣❧❡s✳

❚❤✐s ❛♣♣r♦❛❝❤ ❝❛♥ ❜❡ ✈✐❡✇❡❞ ❛s ❛ ❧❛❣r❛♥❣✐❛♥ ♠♦❞❡❧✱ ✐♥ ❝♦♥tr❛st t♦ ❡✉❧❡r✐❛♥
♠♦❞❡❧s✿ ■♥st❡❛❞ ♦❢ ❞✐s❝r❡t✐③✐♥❣ ♣❛rt✐❛❧ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s ❢♦r t❤❡ ♣❤❛s❡ s♣❛❝❡
❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥s✱ ✇❡ tr❛❝❦ tr❛❥❡❝t♦r✐❡s ♦❢ s♠❛❧❧ ❝❤❛r❣❡ ❜✉♥❝❤❡s✳ ❚❤✉s✱ t❤❡
❢✉♥❝t✐♦♥ fj ✐s ❛♣♣r♦①✐♠❛t❡❞ ❛s

fj ≈
Nj
∑

n=1

W ph
n Sph(x− xn,p− pn),

✇❤❡r❡ Nj ✐s t❤❡ t♦t❛❧ ♥✉♠❜❡r ♦❢ ♠❛❝r♦♣❛rt✐❝❧❡s ♦❢ t❤❡ s♣❡❝✐❡s j✱ W ph
n ✐s ❛ ✇❡✐❣❤t✐♥❣

❝♦❡✣❝✐❡♥t✱ ❛♥❞ Sph s♣❡❝✐✜❡s t❤❡ s❤❛♣❡ ❢✉♥❝t✐♦♥ ♦❢ ❛ ♣❛rt✐❝❧❡✳ ■♥ t❤❡ ✇✐❞❡❧② ✉s❡❞
❝❧♦✉❞✲✐♥✲❝❡❧❧ ❛♣♣r♦❛❝❤✱ ✇❡ s❡t

Sph(x,p) : = δ(p)

{

1, ✐❢ |xα| < ∆xα

2 , α = x, y, z

0 ♦t❤❡r✇✐s❡
.✭✸✳✶✳✶✵✮

❚❤❡ ❉✐r❛❝ ❞❡❧t❛ ❞✐str✐❜✉t✐♦♥ ✐♥ ✭✸✳✶✳✶✵✮ s✐♠♣❧② ♠❡❛♥s t❤❛t ♦♥❡ ♣❛rt✐❝❧❡ ♦♥❧② ❤❛s
♦♥❡ ♠♦♠❡♥t✉♠✳ ❆t t❤❡ s❛♠❡ t✐♠❡✱ ✐t ✐s s♠❡❛r❡❞ ♦✉t ✐♥ t❤❡ s♣❛t✐❛❧ ❝♦♦r❞✐♥❛t❡s✱
✇✐t❤ ❛ r❡❝t❛♥❣✉❧❛r s❤❛♣❡✳ ■♥ t❤❡ ❛❝t✉❛❧ P■❈ ✐♠♣❧❡♠❡♥t❛t✐♦♥✱ ✇❡ st♦r❡ xn,pn ❛♥❞
t❤❡ ✇❡✐❣❤t W ph

n ❢♦r ❡❛❝❤ ♣❛rt✐❝❧❡✳ P❧❛s♠❛ ♠♦✈❡♠❡♥t ✐s t❤❡♥ ♠♦❞❡❧❡❞ ❜② s♦❧✈✐♥❣
t❤❡ ❡q✉❛t✐♦♥s ♦❢ ♠♦t✐♦♥ ❢♦r ❡❛❝❤ ♣❛rt✐❝❧❡✿



✸✳✷✳ ❚❍❊ ❋■◆■❚❊ ❉■❋❋❊❘❊◆❈❊ ❚■▼❊ ❉❖▼❆■◆ ✭❋❉❚❉✮ ▼❊❚❍❖❉ ✶✻

∂

∂t
xn =

pn

mj

√

1 + p2
n

✭✸✳✶✳✶✶✮

∂

∂t
pn = qj (E+ v ×B) .✭✸✳✶✳✶✷✮

❚❤✐s ✐s ❞♦♥❡ ❜② ✐♥t❡r♣♦❧❛t✐♥❣ t❤❡ ❡❧❡❝tr✐❝ ❛♥❞ ♠❛❣♥❡t✐❝ ✜❡❧❞ ♦♥t♦ t❤❡ ♣❛rt✐❝❧❡s✬
❝❡♥t❡r ♦❢ ♠❛ss✱ ❛♥❞ ✉s✐♥❣ t❤❡♠ ✐♥ ♦r❞❡r t♦ ✉♣❞❛t❡ pn✳ ❲✐t❤ t❤❡ ♥❡✇ ♠♦♠❡♥t✉♠
✐♥❢♦r♠❛t✐♦♥✱ t❤❡ ♣❛rt✐❝❧❡ ✐s t❤❡♥ ♣✉s❤❡❞ t♦ ❛ ♥❡✇ ♣♦s✐t✐♦♥✱ ❝r❡❛t✐♥❣ ❛ ❝✉rr❡♥t ❞❡♥s✐t②

Jn :=

ˆ

ΓX

qjW
ph
n Sph(x− xn(t),p− pn(t)).

❚❤❛t ❝✉rr❡♥t ❞❡♥s✐t② ❛❝ts ❜❛❝❦ ♦♥ t❤❡ ❣r✐❞✲r❡♣r❡s❡♥t❡❞ ❡❧❡❝tr✐❝ ✜❡❧❞✳
❆❧t❤♦✉❣❤ t❤❡ ❜❛s✐❝ ❝♦♥❝❡♣t ♦❢ t❤❡ P■❈ ❛❧❣♦r✐t❤♠ ❝❛♥ ❜❡ ❞❡♣✐❝t❡❞ q✉✐❝❦❧②✱ ✐t

✐s ♥❡❝❡ss❛r② t♦ ❡①♣❧❛✐♥ ✐ts ❝♦♠♣♦♥❡♥ts ✇✐t❤ ♠♦r❡ ❞❡t❛✐❧✳ ■♥ t❤❡ ♥❡①t ❝❤❛♣t❡r✱ ✇❡
✇✐❧❧ s❡❡ ❤♦✇ t❤❡ s❡❧❢✲❝♦♥s✐st❡♥t ❣r✐❞✲❜❛s❡❞ ❊▼ ✜❡❧❞ s♦❧✈❡r ✇♦r❦s✳ ❈❤❛♣t❡r ✸✳✼ t❤❡♥
❡①♣❧❛✐♥s ❤♦✇ ♣❛rt✐❝❧❡s ❛r❡ ❛rr❛♥❣❡❞✱ ♣✉s❤❡❞✱ ♠♦✈❡❞ ❛♥❞ ❤♦✇ t❤❡✐r ❝✉rr❡♥ts ♠✉st
❜❡ ❝♦♠♣✉t❡❞✳

✸✳✷✳ ❚❤❡ ❋✐♥✐t❡ ❉✐✛❡r❡♥❝❡ ❚✐♠❡ ❉♦♠❛✐♥ ✭❋❉❚❉✮ ♠❡t❤♦❞

❋✉❧❧ ❡❧❡❝tr♦♠❛❣♥❡t✐❝ P❛rt✐❝❧❡✲✐♥✲❈❡❧❧ s✐♠✉❧❛t✐♦♥ ❝♦❞❡s ❛❧✇❛②s ❢❡❛t✉r❡ ❛ s❡❧❢✲
❝♦♥s✐st❡♥t ❞❡s❝r✐♣t✐♦♥ ♦❢ ❡❧❡❝tr✐❝ ❛♥❞ ♠❛❣♥❡t✐❝ ✜❡❧❞s ✐♥✈♦❧✈❡❞✳ ❚❤✐s ♠❡❛♥s t❤❛t
t❤❡ ❢✉❧❧ ▼❛①✇❡❧❧✬s ❡q✉❛t✐♦♥s ❛r❡ s♦❧✈❡❞ ✐♥ t❤❡ t✐♠❡ ❞♦♠❛✐♥✳ ❚❤❡r❡ ❛r❡ ♥♦ s✐♠✲
♣❧✐✜❝❛t✐♦♥s✱ ♦r st❡❛❞②✲st❛t❡ s♦❧✉t✐♦♥s s✉❝❤ ❛s ❈♦✉❧♦♠❜s ❧❛✇ ❢♦r ♣❛rt✐❝❧❡✲♣❛rt✐❝❧❡
✐♥t❡r❛❝t✐♦♥s✳

❚❤✐s s❡❧❢✲❝♦♥s✐st❡♥t ♠♦❞❡❧✐♥❣ ✐s ♦♥❡ ♦❢ t❤❡ ❢❡❛t✉r❡s ♠❛❦✐♥❣ t❤❡ P■❈ ♠❡t❤♦❞
t❤❛t ♣♦✇❡r❢✉❧ ❛♥❞ ✈❡rs❛t✐❧❡✳ ■t ❡♥❛❜❧❡s ♣r❡❝✐s❡ s✐♠✉❧❛t✐♦♥s ♦❢ ❢❡✇✲❝②❝❧❡ ❧❛s❡r ♣✉❧s❡s✱
♥♦♥✲❡q✉✐❧✐❜r✐✉♠ ❡❧❡❝tr✐❝❛❧ ❛♥❞ ♠❛❣♥❡t✐❝ ♣❤❡♥♦♠❡♥❛✱ ♠✐❝r♦✇❛✈❡ ❞❡✈✐❝❡s ❛♥❞ ♠❛♥②
♠♦r❡✳

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ✇✐❧❧ ❢♦❝✉s ♦♥ t❤❡ ❋❉❚❉ ♠❡t❤♦❞ ✉s❡❞ ✐♥ t❤❡ ❱▲P▲ ❝♦❞❡✳
■t ✐s t❤❡ ♠♦st ♣r♦♠✐♥❡♥t✱ ✐♠♣♦rt❛♥t✱ ❛♥❞ ❜② ❢❛r ♠♦st ✇✐❞❡❧② ✉s❡❞ ❡❧❡❝tr♦♠❛❣♥❡t✐❝
s♦❧✉t✐♦♥ t❡❝❤♥✐q✉❡ ❛✈❛✐❧❛❜❧❡✳ ❙✐♥❝❡ t❤❡ s❝✐❡♥t✐✜❝ ❝♦♠♠✉♥✐t② ✇♦r❦✐♥❣ ✇✐t❤ ❋❉❚❉
❝♦✉♥ts t❤♦✉s❛♥❞s ♦❢ ❝♦♥tr✐❜✉t♦rs✱ t❤❡ ♠❡t❤♦❞ ✐s ✇❡❧❧ ❡st❛❜✐❧✐s❤❡❞ ❛♥❞ t❡st❡❞ ✇✐t❤
❣♦♦❞ ♠❛t❤❡♠❛t✐❝❛❧ ❢♦✉♥❞❛t✐♦♥✱ ❛♥❞ ♦✛❡rs ❛ ✇✐❞❡ r❛♥❣❡ ♦❢ ♣♦ss✐❜❧❡ ❡①t❡♥s✐♦♥s✳ ❙♦♠❡
♦❢ t❤❡s❡ ❡①t❡♥s✐♦♥s ✇✐❧❧ ❛❧s♦ ❜❡ ❞✐s❝✉ss❡❞ ✐♥ t❤✐s t❤❡s✐s✳

❚❤❡ ❜❛s✐❝ ❝♦♥❝❡♣t ♦❢ ❋❉❚❉ ✇❛s ✜rst ♣r♦♣♦s❡❞ ❜② ❑❛♥❡ ❨❡❡ ✐♥ ✶✾✻✻ ❬✹✼❪✳ ■t
❛❞❞r❡ss❡s s♦❧✈✐♥❣ t❤❡ ❡q✉❛t✐♦♥s

∂

∂t
E = ∇×B

∂

∂t
B = −∇×E.✭✸✳✷✳✶✮

❚❤❡ ❞❡s✐❣♥ t❛❦❡s ✐♥t♦ ❛❝❝♦✉♥t t❤❡ ❢❛❝t t❤❛t t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ♦♥❧② ✐♥✈♦❧✈❡s ❝✉r❧s
♦❢ ✈❡❝t♦r ✜❡❧❞s✱ ❛♥❞ t❤❛t t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ❢♦r t❤❡ E✲❝♦♠♣♦♥❡♥ts ❞♦❡s ♥♦t ❞❡♣❡♥❞
♦♥E ✐ts❡❧❢✳ ❚❤✐s s✉❣❣❡sts t❤❡ ✉s❡ ♦❢ ♥✉♠❡r✐❝❛❧ s♣❧✐tt✐♥❣ s❝❤❡♠❡s ❛s ✇❡❧❧ ❛s st❛❣❣❡r❡❞
❛♥❞ ❧❡❛♣✲❢r♦❣ s❝❤❡♠❡s✳ ❙♦✱ t❤❡ ❛❧❣♦r✐t❤♠ ❝♦♥s✐sts ♦❢

✭✶✮ ❉❡✜♥✐♥❣ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❞♦♠❛✐♥ ❛♥❞ ❝r❡❛t✐♥❣ ❛ r❡❝t❛♥❣✉❧❛r ❣r✐❞✳
✭✷✮ ❙t♦r✐♥❣ t❤❡ ❢✉❧❧ E✲ ❛♥❞ H✲✜❡❧❞s ❢♦r ❡❛❝❤ ❣r✐❞ ❝❡❧❧✳



✸✳✸✳ ❙P❆❚■❆▲ ❉■❙❈❘❊❚■❩❆❚■❖◆ ✶✼

❋✐❣✉r❡ ✸✳✷✳✶✳ ❙tr✉❝t✉r❡ ♦❢ t❤❡ ❨❡❡ ❣r✐❞✱ ✇❤❡r❡ ❡❧❡❝tr✐❝ ✜❡❧❞ ❝♦♠♣♦✲

♥❡♥ts ❛r❡ ❞❡✜♥❡❞ ♦♥ t❤❡ ❝❡❧❧ ❢❛❝❡s✱ ✇❤✐❧❡ ♠❛❣♥❡t✐❝ ✜❡❧❞s ♣♦✐♥t ❛❧♦♥❣ t❤❡

❡❞❣❡s✳

✭✸✮ ❊♠♣❧♦②✐♥❣ ❛ s♣❡❝✐❛❧ st❛❣❣❡r❡❞ s♣❛❝❡ ❞✐s❝r❡t✐③❛t✐♦♥ s❝❤❡♠❡ ❢♦r t❤❡ ✜❡❧❞
❝♦♠♣♦♥❡♥ts✳

✭✹✮ ❯s✐♥❣ ❛ ❙tr❛♥❣ s♣❧✐tt✐♥❣ ♦r ❧❡❛♣✲❢r♦❣ s❝❤❡♠❡ ❢♦r t✐♠❡ ✐♥t❡❣r❛t✐♦♥✳

▼♦❞❡r♥ P❛rt✐❝❧❡✲✐♥✲❈❡❧❧ s✐♠✉❧❛t✐♦♥ ❝♦❞❡s ❛❧✇❛②s ❢❡❛t✉r❡ ❛ s❡❧❢✲❝♦♥s✐st❡♥t ❞❡s❝r✐♣✲
t✐♦♥ ♦❢ ❡❧❡❝tr✐❝ ❛♥❞ ♠❛❣♥❡t✐❝ ✜❡❧❞s ✐♥✈♦❧✈❡❞✳ ❚❤✐s ♠❡❛♥s t❤❛t t❤❡ ❢✉❧❧ ▼❛①✇❡❧❧✬s
❡q✉❛t✐♦♥s ❛r❡ s♦❧✈❡❞ ✐♥ t✐♠❡✳ ❚❤❡r❡ ❛r❡ ♥♦ s✐♠♣❧✐✜❝❛t✐♦♥s✱ ♦r st❡❛❞②✲st❛t❡ s♦❧✉t✐♦♥s
s✉❝❤ ❛s ❈♦✉❧♦♠❜s ❧❛✇ ❢♦r ♣❛rt✐❝❧❡✲♣❛rt✐❝❧❡ ✐♥t❡r❛❝t✐♦♥s✳

❚❤✐s s❡❧❢✲❝♦♥s✐st❡♥t ♠♦❞❡❧✐♥❣ ✐s ♦♥❡ ♦❢ t❤❡ ❢❡❛t✉r❡s ♠❛❦✐♥❣ t❤❡ P■❈ ♠❡t❤♦❞
t❤❛t ♣♦✇❡r❢✉❧ ❛♥❞ ✈❡rs❛t✐❧❡✳ ■t ❡♥❛❜❧❡s ♣r❡❝✐s❡ s✐♠✉❧❛t✐♦♥s ♦❢ ❢❡✇✲❝②❝❧❡ ❧❛s❡r ♣✉❧s❡s✱
♥♦♥✲❡q✉✐❧✐❜r✐✉♠ ❡❧❡❝tr✐❝❛❧ ❛♥❞ ♠❛❣♥❡t✐❝ ♣❤❡♥♦♠❡♥❛✱ ♠✐❝r♦✇❛✈❡ ❞❡✈✐❝❡s ❛♥❞ ♠❛♥②
♠♦r❡✳

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ✇✐❧❧ ❢♦❝✉s ♦♥ t❤❡ ❋❉❚❉ ♠❡t❤♦❞ ✉s❡❞ ✐♥ t❤❡ ❱▲P▲ ❝♦❞❡✳
■t ✐s t❤❡ ♠♦st ♣r♦♠✐♥❡♥t✱ ✐♠♣♦rt❛♥t✱ ❛♥❞ ❜② ❢❛r ♠♦st ✇✐❞❡❧② ✉s❡❞ ❡❧❡❝tr♦♠❛❣♥❡t✐❝
s♦❧✉t✐♦♥ t❡❝❤♥✐q✉❡ ❛✈❛✐❧❛❜❧❡✳ ❙✐♥❝❡ t❤❡ s❝✐❡♥t✐✜❝ ❝♦♠♠✉♥✐t② ✇♦r❦✐♥❣ ✇✐t❤ ❋❉❚❉
❝♦✉♥ts t❤♦✉s❛♥❞s ♦❢ ❝♦♥tr✐❜✉t♦rs✱ t❤❡ ♠❡t❤♦❞ ✐s ✇❡❧❧ ❡st❛❜✐❧✐s❤❡❞ ❛♥❞ t❡st❡❞ ✇✐t❤
❣♦♦❞ ♠❛t❤❡♠❛t✐❝❛❧ ❢♦✉♥❞❛t✐♦♥✱ ❛♥❞ ♦✛❡rs ❛ ✇✐❞❡ r❛♥❣❡ ♦❢ ♣♦ss✐❜❧❡ ❡①t❡♥s✐♦♥s✳ ❙♦♠❡
♦❢ t❤❡s❡ ❡①t❡♥s✐♦♥s ✇✐❧❧ ❛❧s♦ ❜❡ ❞✐s❝✉ss❡❞ ✐♥ t❤✐s t❤❡s✐s✳

✸✳✸✳ ❙♣❛t✐❛❧ ❞✐s❝r❡t✐③❛t✐♦♥

❚❤❡ ❜❛s✐❝ s♣❛t✐❛❧ ❞✐s❝r❡t✐③❛t✐♦♥ ♦❢ t❤❡ ❨❡❡ ❋❉❚❉ s❝❤❡♠❡ ✇♦r❦s ❛s ❞❡♣✐❝t❡❞
✐♥ ✜❣✉r❡ ✸✳✷✳✶✳ ■♥t✉✐t✐✈❡❧②✱ ✐t ♠✐❣❤t s❡❡♠ ❝♦♥✈❡♥✐❡♥t t♦ ♣✉t ❛❧❧ t❤❡ ✜❡❧❞s ❛t t❤❡
s❛♠❡ ♣♦s✐t✐♦♥ ✐♥ t❤❡ ❝❡❧❧ ❝❡♥t❡r✳ ❯♥❢♦rt✉♥❛t❡❧②✱ s✉❝❤ ❛ s❝❤❡♠❡ ✇♦✉❧❞ ❧❡❛❞ t♦ ❧❛r❣❡
♥✉♠❡r✐❝❛❧ ❡rr♦rs ❛♥❞ ❞✐s♣❡rs✐♦♥✳

■♥st❡❛❞✱ t❤❡ ✜❡❧❞ ❝♦♠♣♦♥❡♥ts ❛r❡ s❡♣❛r❛t❡❞✱ ✇✐t❤ E ❝♦♠♣♦♥❡♥ts ❧♦❝❛t❡❞ ❛t t❤❡
❝❡❧❧ ❢❛❝❡s✱ ❛♥❞ B ❝♦♠♣♦♥❡♥ts ❛t t❤❡ ❡❞❣❡s✳ ❘❡❣❛r❞✐♥❣ t❤♦s❡ ✈✐rt✉❛❧ ♣♦s✐t✐♦♥s✱ ♦♥❡
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♦❢t❡♥ ✇r✐t❡s t❤❡ ❞✐s❝r❡t✐③❡❞ ✜❡❧❞ ❝♦♠♣♦♥❡♥ts ❛s ❢♦❧❧♦✇s✿

Ex|i, j+ 1
2
, k+ 1

2
, Ey|i+ 1

2
, j, k+ 1

2
, Ez|i+ 1

2
, j+ 1

2
, k,

Bx|i+ 1
2
, j, k, By|i, j+ 1

2
, k, Bz|i, j, k+ 1

2
.

❚❤❡s❡ q✉❛♥t✐t✐❡s ❛r❡ ❞❡✜♥❡❞ ♦♥ ❛ r❡❝t❛♥❣✉❧❛r ❣r✐❞

G := {0...nx − 1} × {0...ny − 1} × {0...nz − 1} ⊂ Z
3.

◆♦t❡ t❤❛t t❤❡ s❤✐❢t❡❞ ✐♥❞✐❝❡s r❡♣r❡s❡♥t t❤❡ ✜❡❧❞ ❝♦♠♣♦♥❡♥t✬s ♣♦s✐t✐♦♥ ✐♥ t❤❡ ❝❡❧❧✳
❚❤✐s ❝♦♥✜❣✉r❛t✐♦♥ ♠✉st ♥♦t ❜❡ ♠✐st❛❦❡♥ ✇✐t❤ t❤❡ s❡t✉♣ ✐♥ t❤❡ ❛❝t✉❛❧ ✐♠♣❧❡♠❡♥✲
t❛t✐♦♥✿ ❚❤❡ ❝❤♦✐❝❡ ♦❢ t❤❡ ✈✐rt✉❛❧ ❣r✐❞ ❝♦♥✜❣✉r❛t✐♦♥ ❤❛s ♥♦ ✐♠♣❛❝t ♦♥ t❤❡ ✇❛② t❤❡
✈❛r✐❛❜❧❡s ❛r❡ st♦r❡❞ ✐♥ ♠❡♠♦r②✳ ■t ❥✉st s❡r✈❡s ❛s ❛ ♥❡❝❡ss❛r② ❝♦♥✈❡♥t✐♦♥ ❢♦r t❤❡
♥✉♠❡r✐❝❛❧ s❝❤❡♠❡s ❡♠♣❧♦②❡❞✳

❋♦r t❤❡s❡ ✈❛r✐❛❜❧❡s✱ ✇❡ ❝❛♥ ♥♦✇ ❡❛s✐❧② ❞❡✜♥❡ ❛ s②♠♠❡tr✐❝✱ s❡❝♦♥❞ ♦r❞❡r ❛♣✲
♣r♦①✐♠❛t✐♦♥ ❢♦r t❤❡ ❝✉r❧ ♦♣❡r❛t♦rs✳

∇×B =





∂yBz − ∂zBy

∂zBx − ∂xBz

∂xBy − ∂yBx





↓

(∇̃ ×B)x|i, j+ 1
2
, k+ 1

2

:=
Bz |i, j+1, k+ 1

2

−Bz |i, j, k+ 1
2

∆y
−

By |i, j+ 1
2
, k+1 −By |i, j+ 1

2
, k

∆z

= d̂yBz |i, j+ 1
2
, k+ 1

2

− d̂zBy |i, j+ 1
2
, k+ 1

2

,✭✸✳✸✳✶✮

✇✐t❤ t❤❡ ♦t❤❡r ❝♦♠♣♦♥❡♥ts ❞❡✜♥❡❞ ❛♥❛❧♦❣♦✉s❧②✳
❚❤❡ s②♠♠❡tr✐❝ ✜♥✐t❡ ❞✐✛❡r❡♥❝❡ ♦♣❡r❛t♦rs d̂α ❛r❡ ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s✿

d̂xf |a,b,c =
1

∆x

(

f |a+ 1
2
,b,c − f |a− 1

2
,b,c

)

d̂yf |a,b,c =
1

∆y

(

f |a,b+ 1
2
,c − f |a,b− 1

2
,c

)

d̂zf |a,b,c =
1

∆z

(

f |a,b,c+ 1
2
− f |a,b,c− 1

2

)

.

❯s✐♥❣ t❤✐s ❛♣♣♦①✐♠❛t✐♦♥ ❢♦r t❤❡ ♦t❤❡r ❝♦♠♣♦♥❡♥ts s✐♠✐❧❛r❧② ❧❡❛❞s t♦ t❤❡ s❡♠✐✲
❞✐s❝r❡t❡ ▼❛①✇❡❧❧✬s ❡q✉❛t✐♦♥s✿

∂t







Ex|i, j+ 1
2
, k+ 1

2

Ey |i+ 1
2
, j, k+ 1

2

Ez |i+ 1
2
, j+ 1

2
, k






=









d̂yBz |i, j+ 1
2
, k+ 1

2

− d̂zBy |i, j+ 1
2
, k+ 1

2

d̂zBx|i+ 1
2
, j, k+ 1

2

− d̂xBz |i+ 1
2
, j, k+ 1

2

d̂xBy |i+ 1
2
, j+ 1

2
, k

− d̂yBx|i+ 1
2
, j+ 1

2
, k









−







Jx|i, j+ 1
2
, k+ 1

2

Jy |i+ 1
2
, j, k+ 1

2

Jz |i+ 1
2
, j+ 1

2
, k







✭✸✳✸✳✷✮

=:∇̃ ×B− J

∂t







Bx|i+ 1
2
, j, k

By |i, j+ 1
2
, k

Bz |i, j, k+ 1
2






=−









d̂yEz |i+ 1
2
, j, k

− d̂zEy |i+ 1
2
, j, k

d̂zEx|i, j+ 1
2
, k

− d̂xEz |i, j+ 1
2
, k

d̂xEy |i, j, k+ 1
2

− d̂yEx|i, j, k+ 1
2









=: −∇̃ ×E.

✭✸✳✸✳✸✮

◆♦t❡ t❤❛t✱ ✇❤❡♥ ❝♦♠♣✉t✐♥❣ ❛ ❞✐s❝r❡t✐③❡❞ ❝✉r❧✱ t❤❡ s❝❤❡♠❡ ❛♣♣❧✐❡s ❛ s②♠♠❡tr✐❝ ✜♥✐t❡
❞✐✛❡r❡♥❝❡ ✉s✐♥❣ ❛ st❡♥❝✐❧ ✐♥✈♦❧✈✐♥❣ ♦♥❧② t✇♦ ❝❡❧❧s✳ ❚❤✐s ✐s ♥♦t ♣♦ss✐❜❧❡ ✇✐t❤ ❛ ♥♦♥✲
st❛❣❣❡r❡❞ ❣r✐❞✱ ❛s s②♠♠❡tr✐❝ ✜♥✐t❡ ❞✐✛❡r❡♥❝❡s ✇♦✉❧❞ ✬❥✉♠♣✬ ♦✈❡r t❤❡ ♠✐❞❞❧❡ ❝❡❧❧
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♦❢ ❛ t❤r❡❡✲❝❡❧❧ st❡♥❝✐❧✳ ❚❤✐s ❢❛❝t ❤❛s ♠❛❥♦r ❝♦♥s❡q✉❡♥❝❡s ❢♦r t❤❡ ❜❡❤❛✈✐♦✉r ♦❢ t❤❡
s❝❤❡♠❡✱ ❛s ✇✐❧❧ ❜❡ s❤♦✇♥ ❧❛t❡r✳

✸✳✹✳ ❚✐♠❡ ❞✐s❝r❡t✐③❛t✐♦♥

❆s s♦♦♥ ❛s ♦♥❡ ❤❛s ♦❜t❛✐♥❡❞ ❛ st❛❜❧❡ s❡♠✐✲❞✐s❝r❡t❡ s❝❤❡♠❡ ❢♦r ❛ ♣❛rt✐❛❧ ❞✐✛❡r✲
❡♥t✐❛❧ ❡q✉❛t✐♦♥✱ t❤❡ ❧❛tt❡r tr❛♥s❢♦r♠ ✐♥t♦ ❛♥ ♦r❞✐♥❛r② ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥ ✭❖❉❊✮
✇✐t❤ ❥✉st ❛ ✈❡r② ❧❛r❣❡ ❞✐♠❡♥s✐♦♥✳ ❚❤✉s✱ ♦♥❡ ❝❛♥ tr② t♦ ✉s❡ ❛♥② st❛❜❧❡ ❖❉❊ s♦❧✈❡r
♦♥ ✐t✱ ❡✳❣✳ ❘✉♥❣❡✲❑✉tt❛ ♠❡t❤♦❞s ♦r ♠✉❧t✐st❡♣ ♠❡t❤♦❞s✳ ❚❤✐s ✐s ❛ ❝♦♠♠♦♥ ♣r❛❝t✐❝❡
✐♥ t❤❡ ♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥ ♦❢ P❉❊s✳

❍♦✇❡✈❡r✱ ❧♦♦❦✐♥❣ ❝❧♦s❡❧② ❛t ❢♦r♠✉❧❛s ✭✸✳✸✳✷✱✸✳✸✳✸✮ s❤♦✇s ❛♥ ✐♥t❡r❡st✐♥❣ ❢❡❛t✉r❡✿
❚❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ❢♦r E ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ E ✐ts❡❧❢✱ ✇❤✐❧❡ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡
❢♦r B ❛❣❛✐♥ ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ B✳ ■❢ ✇❡ ❝♦✉❧❞ ✐❣♥♦r❡ t❤❡ s❡❝♦♥❞ ❧✐♥❡✱ ✇❤✐❝❤ ♠❡❛♥s
B = const✱ ✇❡ ❝♦✉❧❞ s♦❧✈❡ ✭✸✳✸✳✷✮ ❡①❛❝t❧②✱ ❛♥❞ ✈✐❝❡ ✈❡rs❛✳

❚❤✐s ♠❡❛♥s t❤❛t ▼❛①✇❡❧❧✬s ❡q✉❛t✐♦♥s ♦✛❡r ❛♥ ❡①❝❡❧❧❡♥t ♦♣♣♦rt✉♥✐t② ❢♦r ❖♣❡r✲
❛t♦r ❙♣❧✐tt✐♥❣ s❝❤❡♠❡s✳ ❚❤❡s❡ s❝❤❡♠❡s ❝❛♥ ❝♦♥st✐t✉t❡ ❡❧❡❣❛♥t s♦❧✈❡rs ❢♦r ❖❉❊s✱
❡①❤✐❜✐t✐♥❣ ♠❛♥② ❛❞✈❛♥t❛❣❡s✳ ❆❧t❤♦✉❣❤ ❛ ❝♦♠♣❧❡t❡ ❞❡s❝r✐♣t✐♦♥ ✐s ♥♦t ♣♦ss✐❜❧❡ ❤❡r❡
✭♣❧❡❛s❡ s❡❡✱ ❡✳❣✳ ❬✹✽❪✮✱ ✇❡ s❤❛❧❧ ❜r✐❡✢② s✉♠♠❛r✐③❡ t❤❡ ❝♦♥❝❡♣t✳

▲❡t t❤❡r❡ ❜❡ ❛♥ ✐♥✐t✐❛❧ ✈❛❧✉❡ ♣r♦❜❧❡♠

y′ =f(y) + g(y), y(0) = y0✭✸✳✹✳✶✮

✇❤✐❝❤ ❝❛♥ ♥♦t ❜❡ s♦❧✈❡❞ ❛♥❛❧②t✐❝❛❧❧② ❢♦r t❤❡ ❣✐✈❡♥ ❝♦♥❞✐t✐♦♥s✱ ❜✉t ✇❤♦s❡ r✐❣❤t✲❤❛♥❞
s✐❞❡ ❝❛♥ ❜❡ s❡♣❛r❛t❡❞ ❛s ❛❜♦✈❡✳ ❲❡ ❞❡✜♥❡ t❤❡ ❡①❛❝t ✢♦✇

Φt(y0) := y(t);

✐♥ ♦t❤❡r ✇♦r❞s✱ t❤❡ ♠❛♣♣✐♥❣ Φt : R
n → R

n t✉r♥s s♦♠❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ y0 ✐♥t♦ t❤❡
❡①❛❝t s♦❧✉t✐♦♥ ❛t t✐♠❡ t✳

■♥ ♦r❞❡r t♦ ✐♥tr♦❞✉❝❡ t❤❡ ♦♣❡r❛t♦r s♣❧✐tt✐♥❣ ❛♣♣r♦❛❝❤✱ ✇❡ s♣❧✐t ✭✸✳✹✳✶✮ ✐♥t♦ t✇♦
❞✐✛❡r❡♥t ❡q✉❛t✐♦♥s✱ ✐❣♥♦r✐♥❣ ❡✐t❤❡r f(y) ♦r g(y)✿

y′ =f(y), y(0) = y0✭✸✳✹✳✷✮

y′ =g(y), y(0) = y0✭✸✳✹✳✸✮

❚❤❡♥ ✇❡ ❝❛♥ ❞❡✜♥❡ ❡①❛❝t ✢♦✇s Φf
t ,Φ

g
t ❛♥❛❧♦❣♦✉s❧② ❢♦r ✭✸✳✹✳✷✮ ❛♥❞ ✭✸✳✹✳✸✮✳

❙♣❧✐tt✐♥❣ ♠❡t❤♦❞s ❛r❡ ♠♦st ✉s❡❢✉❧ ❢♦r t❤❡ ❝❛s❡ ✇❤❡r❡ t❤❡r❡ ✐s ♥♦ ❡①❛❝t s♦❧✉t✐♦♥
❢♦r ✭✸✳✹✳✶✮✱ ❜✉t ❡①❛❝t s♦❧✉t✐♦♥s ❢♦r ✭✸✳✹✳✷✱✸✳✹✳✸✮ ❛r❡ ❡❛s②✳ ❖♥❡ ❝❛♥ t❤❡♥ ❝♦♥str✉❝t
♥✉♠❡r✐❝❛❧ s♦❧✈❡rs ❜② ❝♦♥❝❛t❡♥❛t✐♥❣ t❤❡ ❡①❛❝t ✢♦✇s ♦❢ t❤❡ s♣❧✐t ❡q✉❛t✐♦♥s✱ ❡✳❣✳

✭✸✳✹✳✹✮ Φt(y0) ≈ ϕLT
t (y0) := Φf

t (Φ
g
t (y0)).

❚❤✐s ♠❡t❤♦❞ ✐s ❝❛❧❧❡❞ t❤❡ ▲✐❡✲❚r♦tt❡r s♣❧✐tt✐♥❣✳ ■t ❝❛♥ ❜❡ s❤♦✇♥ t♦ ❜❡ ✶st ♦r❞❡r
❝♦♥✈❡r❣❡♥t✱ ❜❡✐♥❣ ❥✉st ♦❢ ❛❝❛❞❡♠✐❝ ✐♥t❡r❡st ❛t t❤❡ ♠♦♠❡♥t✳

❆ ♠♦r❡ ✐♠♣♦rt❛♥t ❛❧t❡r♥❛t✐✈❡✱ ✇❤✐❝❤ ✇✐❧❧ t✉r♥ ♦✉t t♦ ❜❡ ❱▲P▲✬s ▼❛①✇❡❧❧ s♦❧✈❡r✱
✐s t❤❡ ❙tr❛♥❣ s♣❧✐tt✐♥❣ ✿

✭✸✳✹✳✺✮ Φt(y0) ≈ ϕSTR
t (y0) := Φf

t/2(Φ
g
t (Φ

f
t/2(y0))) = Φf

t/2 ◦ Φ
g
t ◦ Φf

t/2(y0).
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■t ✐s ♦♥❡ ♦❢ t❤❡ ♠♦st ✐♠♣♦rt❛♥t ♠❡t❤♦❞s ✐♥ ❝♦♠♣✉t❛t✐♦♥❛❧ ♣❤②s✐❝s✱ ❤❛✈✐♥❣ ♠❛♥②
♥❛♠❡s ✐♥ ❞✐✛❡r❡♥t ✜❡❧❞s ♦❢ r❡s❡❛r❝❤✳ ■♥ ♠♦❧❡❝✉❧❛r ❞②♥❛♠✐❝s✱ ✐t t❛❦❡s t❤❡ ❢♦r♠ ♦❢
t❤❡ ❙tör♠❡r✲❱❡r❧❡t s❝❤❡♠❡✱ ✇❤✐❧❡ ✐t ❝❛♥ ❛❧s♦ ❜❡ r❡✇r✐tt❡♥ ❛s t❤❡ ✇❡❧❧✲❦♥♦✇♥ ▲❡❛♣✲
❋r♦❣ s❝❤❡♠❡✳ ■ts ♦r❞❡r ♦❢ ❝♦♥✈❡r❣❡♥❝❡ ✐s ✷✱ ❛♥❞ ♦♥❡ ♦❢ ✐ts ✉s❡❢✉❧ ♣r♦♣❡rt✐❡s ✐s ✐ts
s②♠♠❡tr②✱ ♠❡❛♥✐♥❣ t❤❛t ✐❢

y1 = ϕSTR
t (y0)

t❤❡♥

y0 = ϕSTR
−t (y1).

■♥ ♦t❤❡r ✇♦r❞s✱ t❤❡ ❙tr❛♥❣ s♣❧✐tt✐♥❣ ✐s ❛ r❡✈❡rs✐❜❧❡ s❝❤❡♠❡✳ ❚❤✐s ②✐❡❧❞s ✐♠♣♦rt❛♥t
❝♦♥s❡q✉❡♥❝❡s ❢♦r ✐ts ❡♥❡r❣② ❝♦♥s❡r✈❛t✐♦♥✳

▲❡t ✉s ❝♦♠❡ ❜❛❝❦ t♦ t❤❡ ▼❛①✇❡❧❧ ❡q✉❛t✐♦♥s✳ ❲❡ t❛❦❡ t❤❡ s❡♠✐✲❞✐s❝r❡t❡ ❢♦r♠✉✲
❧❛t✐♦♥ ✭✸✳✸✳✷✱✸✳✸✳✸✮ ❛♥❞ ❛♣♣❧② t❤❡ ❙tr❛♥❣ s♣❧✐tt✐♥❣✱ ♦❜t❛✐♥✐♥❣

Bn+ 1
2 =Bn − 1

2
∆t∇̃ ×En✭✸✳✹✳✻✮

En+1 =En +∆t∇̃ ×Bn+ 1
2 −∆tJn+ 1

2✭✸✳✹✳✼✮

Bn+ 1
2 =Bn+ 1

2 − 1

2
∆t∇̃ ×En+1.✭✸✳✹✳✽✮

❚❤✐s ✐s ♦♥❡ ♦❢ t❤❡ ♠♦st ✇✐❞❡❧② ✉s❡❞ ❋❉❚❉ ❡❧❡❝tr♦♠❛❣♥❡t✐❝ ✜❡❧❞ s♦❧✈❡rs✱ ❛♥❞✱ ❛t
t❤❡ s❛♠❡ t✐♠❡✱ t❤❡ ✜❡❧❞ s♦❧✈❡r ♦❢ t❤❡ P■❈ ❝♦❞❡ ❱▲P▲✳

❆t t❤✐s ♣♦✐♥t✱ ✐t ❛♣♣❡❛rs ❝♦♥✈❡♥✐❡♥t t♦ ❝❤❛r❛❝t❡r✐③❡ t❤✐s s❝❤❡♠❡ ❛♥❞ ✐♥✈❡st✐❣❛t❡
✐ts ♣r♦♣❡rt✐❡s✳ ❙✐♥❝❡ ✐t ✐s ❡①♣❧✐❝✐t✱ ♦♥❡ ❝❛♥ ❡①♣❡❝t ✐t t♦ ❤❛✈❡ s♦♠❡ st❛❜✐❧✐t② ❝♦♥❞✐t✐♦♥✳
❋✉rt❤❡r♠♦r❡✱ ✇❡ ♠✐❣❤t ✇❛♥t t♦ q✉❛♥t✐❢② ✐ts ❛♣♣r♦①✐♠❛t✐♦♥ ❡rr♦r✳ ❚❤❡s❡ q✉❡st✐♦♥s
s❤❛❧❧ ❜❡ ❛♥s✇❡r❡❞ ❜② ❧✐♥❡❛r st❛❜✐❧✐t② ❛♥❞ ❞✐s♣❡rs✐♦♥ ❛♥❛❧②s✐s ✐♥ t❤❡ ♥❡①t ❝❤❛♣t❡r✳

✸✳✺✳ Pr♦♣❡rt✐❡s ♦❢ t❤❡ ❋❉❚❉ ❨❡❡ s❝❤❡♠❡✿ ❙t❛❜✐❧✐t②

❆s ✐s ❣❡♥❡r❛❧❧② ❦♥♦✇♥✱ ♣❧❛✐♥ ✇❛✈❡s ❧✐❦❡

E(x, t) = E0e
i(k·x−ωt)

B(x, t) = B0e
i(k·x−ωt),

E0⊥k, B0⊥k,✇✐t❤ ❛r❜✐tr❛r✐❧② ❧❛r❣❡ ✇❛✈❡ ✈❡❝t♦rs k ❛r❡ s♦❧✉t✐♦♥s t♦ ✭✸✳✷✳✶✮ ✐♥ ✈❛❝✲
✉✉♠✱ ✇✐t❤ t❤❡ ❞✐s♣❡rs✐♦♥ r❡❧❛t✐♦♥

ω2 = c2k2.

❲❛✈❡s✱ ❛♣❛rt ❢r♦♠ st❛♥❞✐♥❣ ✇❛✈❡s✱ ❛❧✇❛②s ♠❡❛♥ ❧♦❝❛❧ ❝♦✉♣❧❡❞ ♦s❝✐❧❧❛t✐♦♥s✳ ❊①✲
♣❡r✐❡♥❝❡ t❡❧❧s ✉s t❤❛t ❡①♣❧✐❝✐t t✐♠❡ ✐♥t❡❣r❛t♦rs ✇✐❧❧ ❡✐t❤❡r r❡s♦❧✈❡ t❤❡s❡ ♦s❝✐❧❧❛t✐♦♥s
♦r ❡①♣❧♦❞❡✳ ❍❡♥❝❡✱ ✇❡ ❡①♣❡❝t t❤❡ st❛❜✐❧✐t② ♦❢ t❤❡ s❝❤❡♠❡ t♦ ❜❡ ❝♦♥♥❡❝t❡❞ t♦ t❤❡
❤✐❣❤❡st ✇❛✈❡ ✈❡❝t♦r ✇❤✐❝❤ ❝❛♥ ♦❝❝✉r✳ ■♥ t❤❡ s❡♠✐✲❞✐s❝r❡t❡ s❝❤❡♠❡ ✭✸✳✸✳✷✱✸✳✸✳✸✮✱ t❤❡
s❡t ♦❢ ♣♦ss✐❜❧❡ k ✐s✱ ❢♦rt✉♥❛t❡❧②✱ ❜♦✉♥❞❡❞✱ ❜✉t ❣r♦✇s ✇✐t❤ ❞❡❝r❡❛s✐♥❣ ❣r✐❞ st❡♣s
∆x,∆y,∆z✳

❚❤❡ ❈♦✉r❛♥t✲❋r✐❡❞r✐❝❤s✲▲❡✈② ✭❈❋▲✮ st❛❜✐❧✐t② ❝♦♥❞✐t✐♦♥ ❝❛♥ ❜❡ ❞❡r✐✈❡❞ ✈✐❛ t❤❡
t♦♦❧ ♦❢ ❱♦♥ ◆❡✉♠❛♥♥ ❧✐♥❡❛r st❛❜✐❧✐t② ❛♥❛❧②s✐s✳ ■t ✇♦r❦s ❛s ❛ s✉✣❝✐❡♥t st❛❜✐❧✐t②
❝♦♥❞✐t✐♦♥ ♦♥❧② ❢♦r ❧✐♥❡❛r P❉❊s✱ ❛♥❞ t❤❡ ♦r❞❡rs ♦❢ ❞❡r✐✈❛t✐✈❡s ♠✉st ♥♦t ❡①❝❡❡❞ t✇♦✱
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❜✉t t❤❡ ♣r♦❜❧❡♠ ❛t ❤❛♥❞ s❛t✐s✜❡s t❤❡s❡ r❡q✉✐r❡♠❡♥ts✳ ■♥ t❤✐s ❝❤❛♣t❡r✱ ✇❡ ✇✐❧❧
♣❡r❢♦r♠ ❛ ❱♦♥ ◆❡✉♠❛♥♥ ❧✐♥❡❛r st❛❜✐❧✐t② ❛♥❛❧②s✐s ♦❢ t❤❡ ▼❛①✇❡❧❧ s♦❧✈❡r✱ ❛♥❞ ❞❡r✐✈❡
❛ st❛❜✐❧✐t② ❝♦♥❞✐t✐♦♥✳

❲✐t❤♦✉t t❤❡ ❝✉rr❡♥t t❡r♠ Jn+ 1
2 ✱ ❛♥❞ ✉s✐♥❣ ♣❡r✐♦❞✐❝ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✱ t❤❡

❙tr❛♥❣ s♣❧✐tt✐♥❣ st❡♣ ✭✸✳✹✳✻✮✲✭✸✳✹✳✽✮ ❝❛♥ ❜❡ ✈✐❡✇❡❞ ❛s ❛ ❧✐♥❡❛r ♦♣❡r❛t♦r S : R6nxnynz →
R

6nxnynz ♦♥ t❤❡ ✜❡❧❞ ✈❡❝t♦r (En,Bn) s✉❝❤ t❤❛t



















En+1
x |i, j+ 1

2
, k+ 1

2

En+1
y |i+ 1

2
, j, k+ 1

2

En+1
z |i+ 1

2
, j+ 1

2
, k

Bn+1
x |i+ 1

2
, j, k

Bn+1
y |i, j+ 1

2
, k

Bn+1
z |i, j, k+ 1

2



















(i,j,k)∈G

= S



















En
x |i, j+ 1

2
, k+ 1

2

En
y |i+ 1

2
, j, k+ 1

2

En
z |i+ 1

2
, j+ 1

2
, k

Bn
x |i+ 1

2
, j, k

Bn
y |i, j+ 1

2
, k

Bn
z |i, j, k+ 1

2



















(i,j,k)∈G

.

❋♦r st❛❜✐❧✐t②✱ ✇❡ r❡q✉✐r❡ t❤❡ ♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥ t♦ ❜❡ ❜♦✉♥❞❡❞ ❢♦r ❛❧❧ t✐♠❡s✱ ✇❤✐❝❤
✐s ❢✉❧✜❧❧❡❞ ✐❢ t❤❡ ♦♣❡r❛t♦r ♥♦r♠‖S‖2 ✐s ❧❡ss t❤❛♥ ♦♥❡✳

❊✈❡r② ✜❡❧❞ F ∈ R
6nxnynz ❝❛♥ ❜❡ ❞❡❝♦♠♣♦s❡❞ ✐♥t♦ ♣❧❛♥❡ ✇❛✈❡s ❜② ❞✐s❝r❡t❡ ✸❉

❢♦✉r✐❡r tr❛♥s❢♦r♠ ✭✇❤✐❝❤ ❢♦r♠ ❛♥ ♦rt❤♦♥♦r♠❛❧ ❜❛s✐s ♦♥ R
6nxnynz ✮✳ ❚❤✉s✱ ✇✐t❤♦✉t

❧♦ss ♦❢ ❣❡♥❡r❛❧✐t②✱ ✇❡ ✇✐❧❧ ♥♦✇ ✐♥✈❡st✐❣❛t❡ ✇❤❛t ❡✛❡❝t t❤❡ ♦♣❡r❛t♦r S ❤❛s ♦♥ ❛ ♣❧❛♥❡
✇❛✈❡

Bx|ni+ 1
2
,j,k := B̂n

x (k)e
Ik·r

i+1
2
,j,k ,

By|ni,j+ 1
2
,k := B̂n

y (k)e
Ik·r

i,j+1
2
,k ,

Ex|ni,j+ 1
2
,k+ 1

2

:= Ên
x (k)e

Ik·r
i,j+1

2
,k+1

2 ,✭✸✳✺✳✶✮

✇✐t❤ t❤❡ ♦t❤❡r ❝♦♠♣♦♥❡♥ts ❞❡✜♥❡❞ ❛♥❛❧♦❣♦✉s❧②✳ ❚❤❡ ♣♦s✐t✐♦♥s ❛r❡ ❞❡✜♥❡❞ ❛s

ri, j, k :=





i∆x
j∆y
k∆z



 .

❋r♦♠ ▲❡♠♠❛ ✺ ✐♥ t❤❡ ❆♣♣❡♥❞✐①✱ ✇❡ s❡❡ t❤❛t t❤❡ ♦♣❡r❛t♦r S ❤❛s t❤❡ ❡✐❣❡♥✈❛❧✉❡s

λS = [−2
√

α4 − α2 − 2α2 + 1, 2
√

α4 − α2 − 2α2 + 1, 1],

✇✐t❤ α = α2
x + α2

y + α2
z✱ αj =

∆t
∆x .

❋♦r α2 < 1✱ t❤❡ t❡r♠
√
α4 − α2 ❜❡❝♦♠❡s ♣✉r❡❧② ✐♠❛❣✐♥❛r②✱ ✇❤✐❧❡ −2α2 + 1 ✐s

❛❧✇❛②s r❡❛❧✱ ❤❡♥❝❡

|λS,1,2|2 = 4
(

α2 − α4
)

+
(

2α2 + 1
)2

= 1.

❚❤✐s ✐s t❤❡ ✐♠♣♦rt❛♥t st❛❜✐❧✐t② r❡s✉❧t ❢♦r t❤❡ ❙tr❛♥❣✲s♣❧✐t ❨❡❡ ❊▼ ❛❧❣♦r✐t❤♠✳ ■t t❡❧❧s
✉s t❤❛t✱ ❣✐✈❡♥ t❤❡ ❝♦♥❞✐t✐♦♥

⇔ ∆t2 ≤
(

(

1
∆x

)2
+
(

1
∆y

)2

+
(

1
∆y

)2
)−1

,✭✸✳✺✳✷✮

t❤❡ ♦♣❡r❛t♦r S ✐s ❛♥ ✐s♦♠❡tr②✳
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❚❤❡ ✐♠♣❧✐❝❛t✐♦♥s ♦❢ t❤✐s ❢❡❛t✉r❡ ❛r❡ ❡①❛❝t ❡♥❡r❣② ❝♦♥s❡r✈❛t✐♦♥ ✭❡①❝❡♣t ❢♦r r♦✉♥❞✲
♦✛ ❡rr♦rs✮✱ ❛♥❞ st❛❜✐❧✐t② ♦❢ t❤❡ s❝❤❡♠❡ ✭❜❡❝❛✉s❡ t❤❡ s♦❧✉t✐♦♥ ♥♦r♠ ✐s ❝♦♥st❛♥t✱ t❤✉s
❜♦✉♥❞❡❞✮✳

✸✳✻✳ Pr♦♣❡rt✐❡s ♦❢ t❤❡ ❋❉❚❉ ❨❡❡ s❝❤❡♠❡✿ ❉✐s♣❡rs✐♦♥

■♥ t❤❡ ❧❛st ❝❤❛♣t❡rs✱ ✇❡ ❤❛✈❡ s❡❡♥ t❤❛t t❤❡ ❨❡❡ ❋❉❚❉ s❝❤❡♠❡ ✐s ✷♥❞ ♦r❞❡r
❝♦♥✈❡r❣❡♥t ✐♥ s♣❛❝❡ ❛♥❞ t✐♠❡ ❛♥❞ ✐t ❝♦♥s❡r✈❡s t❤❡ ❡❧❡❝tr♦♠❛❣♥❡t✐❝ ✜❡❧❞ ❡♥❡r❣②✳
❋✉rt❤❡r♠♦r❡✱ ❛ ♣❧❛♥❡ ✇❛✈❡ ✇✐t❤ ❛ ✇❛✈❡ ✈❡❝t♦r k ✇✐❧❧ ❜❡ ♠❛♣♣❡❞ ♦♥t♦ ❛ ♣❧❛♥❡ ✇❛✈❡
✇✐t❤ t❤❡ s❛♠❡ ✇❛✈❡ ✈❡❝t♦r✳

❖♥❡ ♠✐❣❤t ❛s❦✿ ❲❤❡r❡ ✐s t❤❡ ♥✉♠❡r✐❝❛❧ ❡rr♦r❄
■t t✉r♥s ♦✉t t❤❛t t❤❡ ❡rr♦r ♦❢ t❤❡ s❝❤❡♠❡ ❧✐❡s ♥♦t ✐♥ t❤❡ ❛♠♣❧✐t✉❞❡s ♦❢ s♦❧✉t✐♦♥s✱

❜✉t ✐♥ t❤❡✐r ♣❤❛s❡s✳ ❚❤❡ ❡rr♦r ♠❛♥✐❢❡sts ✐ts❡❧❢ s♦❧❡❧② t❤r♦✉❣❤ ♥✉♠❡r✐❝❛❧ ❞✐s♣❡rs✐♦♥✳
■t ❝❛✉s❡s t❤❡ s♣❡❡❞ ♦❢ ❧✐❣❤t ✐♥ ✈❛❝✉✉♠ t♦ ❜❡ s♠❛❧❧❡r t❤❛♥ c ✐♥ t❤❡ s✐♠✉❧❛t✐♦♥✳ ❋♦r
t❤❡ ✸❉ ❨❡❡ s❝❤❡♠❡✱ t❤❡ ❞✐s♣❡rs✐♦♥ r❡❧❛t✐♦♥ ♦❢ ❛ ♣❧❛♥❡ ✇❛✈❡ ✇✐t❤ ✇❛✈❡ ✈❡❝t♦r k ✐s

[

sin
(

ω∆t
2

)

c∆t

]2

=

[

sin
(

kx∆x
2

)

∆x

]2

+





sin
(

ky∆y
2

)

∆y





2

+

[

sin
(

kz∆z
2

)

∆z

]2

,

✇❤✐❝❤ ✐s s❤♦✇♥ ❡✳❣✳ ✐♥ ❬✹✾❪✳

✸✳✼✳ P❛rt✐❝❧❡✲✐♥✲❝❡❧❧ ♥✉♠❡r✐❝s

■♥ t❤❡ ❧❛st ❝❤❛♣t❡r✱ ✇❡ ❤❛✈❡ ❧❡❛r♥❡❞ ❛❜♦✉t t❤❡ ❡❧❡❝tr♦♠❛❣♥❡t✐❝ ❢♦✉♥❞❛t✐♦♥s ♦❢
t❤❡ P■❈ ♠❡t❤♦❞✿ ❍♦✇ ❊▼ ✜❡❧❞s ❛r❡ ❤❛♥❞❧❡❞✱ st♦r❡❞✱ ❛♥❞ ❛❞✈❛♥❝❡❞ ✐♥ t✐♠❡✱ ❛♥❞
✇❤❛t ❛r❡ t❤❡ ❛❞✈❛♥t❛❣❡s ❛♥❞ s❤♦rt❝♦♠✐♥❣s ♦❢ t❤❡ ❨❡❡ s❝❤❡♠❡✳ ❚❤✐s ✐s t❤❡ ✜rst
❡ss❡♥t✐❛❧ ❝♦♠♣♦♥❡♥t ♦❢ ❛ s❡❧❢✲❝♦♥s✐st❡♥t P■❈ ❝♦❞❡✳

❚❤❡ s❡❝♦♥❞ ✐♠♣♦rt❛♥t ❝♦♠♣♦♥❡♥t ✐s t❤❡ ♣❛rt✐❝❧❡ s②st❡♠✳ ■t ❤❛s t♦ s♦❧✈❡ t❤❡
❡q✉❛t✐♦♥s

∂

∂t
xn =

pn

mj

√

1 + p2
n

✭✸✳✼✳✶✮

∂

∂t
pn =

qj
mj

(E+ vn ×B) .✭✸✳✼✳✷✮

❢♦r t❤❡ ♣❛rt✐❝❧❡s✱ ❛♥❞✱ ✇❤✐❧❡ ❛❞✈❛♥❝✐♥❣ t❤❡♠ ✐♥ s♣❛❝❡✱ ✇r✐t❡ t❤❡ r✐❣❤t ❝✉rr❡♥ts t♦
t❤❡ ❣r✐❞✳

❲❡ st❛rt ✇✐t❤ t❤❡ ❛❧❣♦r✐t❤♠ ❢♦r ♣❛rt✐❝❧❡ ❦✐♥❡t✐❝s✳ ❚②♣✐❝❛❧ s✐♠✉❧❛t✐♦♥s ❝♦♥t❛✐♥
✶✵8✲ ✶✵9♣❛rt✐❝❧❡s❀ t❤❡r❡❢♦r❡ t❤❡ ✐♥t❡❣r❛t✐♦♥ ♦❢ t❤❡✐r ❡q✉❛t✐♦♥s ♦❢ ♠♦t✐♦♥ ✇✐❧❧ t❛❦❡
❛ ❝♦♥s✐❞❡r❛❜❧❡ ♣❛rt ♦❢ t❤❡ t♦t❛❧ ❈P❯ t✐♠❡✳ ❆❞❞✐t✐♦♥❛❧❧②✱ s✉❝❤ ❤✐❣❤ ♥✉♠❜❡rs ♦❢
♠❛❝r♦♣❛rt✐❝❧❡s ✇✐❧❧ ❝♦♥st✐t✉t❡ t❤❡ ❧❛r❣❡st ♣❛rt t♦ t❤❡ t♦t❛❧ ♠❡♠♦r② ❝♦♥s✉♠♣t✐♦♥✳ ■❢
✇❡ ❥✉st ❤❛❞ t♦ s♦❧✈❡ t❤✐s ♣❛rt ♦❢ t❤❡ ♦✈❡r❛❧❧ ♣r♦❜❧❡♠✱ ♥❛♠❡❧② tr❛❝❦✐♥❣ t❤❡ ♣❛rt✐❝❧❡s✬
tr❛❥❡❝t♦r✐❡s ✇✐t❤ ✜①❡❞ ❊▼ ✜❡❧❞s✱ ✇❡ ❝♦✉❧❞ ✉s❡ ❤✐❣❤✲♦r❞❡r ✐♥t❡❣r❛t✐♦♥ ♠❡t❤♦❞s ❧✐❦❡
❘✉♥❣❡✲❑✉tt❛ ♦r ♠✉❧t✐st❡♣ s❝❤❡♠❡s✳ ❍♦✇❡✈❡r✱ ♠✉❧t✐st❡♣ ❛❧❣♦r✐t❤♠s ✇♦✉❧❞ ❢♦r❝❡
✉s t♦ st♦r❡ ❛ ♣❛rt✐❝❧❡✬s (xn,pn) ♠✉❧t✐♣❧❡ t✐♠❡s✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❘✉♥❣❡✲❑✉tt❛
♠❡t❤♦❞s r❡q✉✐r❡ ✉s t♦ ❡✈❛❧✉❛t❡ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡s t♦♦ ♦❢t❡♥✳

■t t✉r♥s ♦✉t t❤❛t ❢❛❧❧✐♥❣ ❜❛❝❦ t♦ t❤❡ ❢❛st❡st✱ ❛♥❞ ❧❡❛st ♠❡♠♦r②✲❝♦♥s✉♠✐♥❣ ✐♥✲
t❡❣r❛t♦rs ❛✈❛✐❧❛❜❧❡ ✐s t❤❡ ♠♦st ❡✣❝✐❡♥t ❝❤♦✐❝❡✳ ▲♦♦❦✐♥❣ ❛t ✭✸✳✼✳✶✮ ❛♥❞ ✭✸✳✼✳✷✮✱ ♦♥❡
♦❜s❡r✈❡s t❤❛t t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ♦❢ ✭✸✳✼✳✶✮ ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ xn✱ ✇❤✐❧❡ t❤❡ r✐❣❤t✲
❤❛♥❞ s✐❞❡ ♦❢ ✭✸✳✼✳✷✮ ♦♥❧② ❞❡♣❡♥❞s ♦♥ pn ✈✐❛ t❤❡ vn × B t❡r♠✳ ❆❣❛✐♥✱ t❤✐s ♠❛❦❡s
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❋✐❣✉r❡ ✸✳✼✳✶✳ P■❈ ♣❛rt✐❝❧❡ ✐♥ ✷❉ ❣❡♦♠❡tr②✳ ❚❤❡ s✉rr♦✉♥❞✲
✐♥❣ ❡❧❡❝tr✐❝ ✜❡❧❞ ❝♦♠♣♦♥❡♥ts ❛r❡ ❧✐♥❡❛r❧② ✐♥t❡r♣♦❧❛t❡❞ ♦♥t♦ t❤❡
♠❛❝r♦♣❛rt✐❝❧❡✬s ❝❡♥t❡r ♦❢ ♠❛ss✱ ♣✉s❤✐♥❣ ✐ts ♠♦♠❡♥t✉♠✳

t❤❡ ✉s❡ ♦❢ s♣❧✐tt✐♥❣ ♠❡t❤♦❞s ❛❞✈✐s❛❜❧❡✳ ■t ✇✐❧❧ ❜❡ s❤♦✇♥ t❤❛t ❛ ❧❡❛♣✲❢r♦❣ ♠❡t❤♦❞
✇♦r❦s ✈❡r② ❡✛❡❝t✐✈❡❧② ❤❡r❡✳

▲❡t (xm
n ,p

m− 1
2

n ) ❜❡ t❤❡ ♣❤❛s❡ s♣❛❝❡ ❝♦♦r❞✐♥❛t❡s ❛t t✐♠❡ m∆t ♦❢ ❛ ♠❛❝r♦♣❛rt✐❝❧❡
n ❜❡❧♦♥❣✐♥❣ t♦ s♣❡❝✐❡s j✳ ❋♦❧❧♦✇✐♥❣ t❤❡ ❧❡❛♣✲❢r♦❣ ✐❞❡❛✱ t❤❡ ♠♦♠❡♥t✉♠ ✐s st♦r❡❞ ❢♦r
❛ t✐♠❡ (m− 1

2 )∆t s❤✐❢t❡❞ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ t✐♠❡ ♦❢ t❤❡ ♣♦s✐t✐♦♥ m∆t✳
❚❤❡ ♠♦♠❡♥t✉♠ ♣✉s❤ ❢♦r t❤❡ ♣❛rt✐❝❧❡ ❧♦♦❦s ❛s ❢♦❧❧♦✇s✿

✭✶✮ ■♥t❡r♣♦❧❛t❡ Em ❛♥❞ Bm ❧✐♥❡❛r❧② ♦♥t♦ t❤❡ ♣❛rt✐❝❧❡✬s ❝❡♥t❡r ♦❢ ♠❛ss✳

✭✷✮ ❆❞✈❛♥❝❡ p
m− 1

2
n → p

m+ 1
2

n ✉s✐♥❣ t❤❡ ✐♥t❡r♣♦❧❛t❡❞ ✈❛❧✉❡s Em
int ❛♥❞ Bm

int✳

❯♥❢♦rt✉♥❛t❡❧②✱ st❡♣ ✭✷✮ ✐s ♥♦t tr✐✈✐❛❧✳ ❲❡ ❝❛♥ ❛♣♣❧② ❛♥♦t❤❡r s♣❧✐tt✐♥❣ ❛♥❞ s✉❜❞✐✈✐❞❡
st❡♣ ✭✷✮ ✐♥t♦

✭✶✮ p−
n = p

m− 1
2

n + ∆t
2

qj
mj

Em
int

✭✷✮ p−
n → p+

n ✭s♦♠❡❤♦✇ ❢♦r t❤❡ vn ×Bm
int t❡r♠✮

✭✸✮ p
m+ 1

2
n = p+

n + ∆t
2

qj
mj

Em
int✱

t❛❦✐♥❣ ❛❣❛✐♥ ❛❞✈❛♥t❛❣❡ ♦❢ t❤❡ s♣❧✐tt✐♥❣ ❝♦♥❝❡♣t ❢♦r t❤❡ ❡❧❡❝tr✐❝ ❧♦r❡♥t③ ❢♦r❝❡✳ ❚❤❡
✐♥t❡r♠❡❞✐❛t❡ ♣✉s❤ ✭✷✮ ❝❛♥ ❡✳❣✳ ❜❡ ❞♦♥❡ ✉s✐♥❣ s♦♠❡ ✷♥❞ ♦r❞❡r ❛❝❝✉r❛t❡ ❘✉♥❣❡✲
❑✉tt❛ ♠❡t❤♦❞✳ ❍♦✇❡✈❡r✱ t❤✐s ✇♦✉❧❞ ❤❛✈❡ ✉♥♣❧❡❛s❛♥t ❝♦♥s❡q✉❡♥❝❡s ❢♦r t❤❡ P■❈
❝♦❞❡✬s ❡♥❡r❣② ❝♦♥s❡r✈❛t✐♦♥✳ ❚❤❡ ♣r♦❜❧❡♠ ❝❛♥ ❜❡ ✉♥❞❡rst♦♦❞ ❡❛s✐❧②✿

❙❡t E = 0, B = B0ez✳ ❚❤❡♥ t❤❡ ❛♥❛❧②t✐❝ s♦❧✉t✐♦♥ ❢♦r vn ✐s





vm+1
nx

vm+1
ny

vm+1
nz



 =





cosωc∆t sinωc∆t 0
− sinωc∆t cosωc∆t 0

0 0 1









vmnx
vmny
vmnz



 ,

✇❤❡r❡ ωc = (qj/mj)B0 ✐s t❤❡ ✇❡❧❧✲❦♥♦✇♥ ❝②❝❧♦tr♦♥ ❢r❡q✉❡♥❝②✳ ❯♥❞❡r t❤❡s❡ ❝♦♥✲
❞✐t✐♦♥s t❤❡ ♣❛rt✐❝❧❡ ✉♥❞❡r❣♦❡s ❝②❝❧♦tr♦♥ ♠♦t✐♦♥ ✇✐t❤ ❝♦♥st❛♥t ❛♠♣❧✐t✉❞❡ ‖vm

n ‖2.
▼♦st ❡①♣❧✐❝✐t✱ ♥♦♥✲s②♠♠❡tr✐❝ ✐♥t❡❣r❛t✐♦♥ s❝❤❡♠❡s ✇✐❧❧ ♠❛❦❡ t❤✐s ❛♠♣❧✐t✉❞❡ ❣r♦✇
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✐♥st❡❛❞✱ ❝❛✉s✐♥❣ ✉♥♣❤②s✐❝❛❧ ♥✉♠❡r✐❝❛❧ ❤❡❛t✐♥❣✳ ❲✐t❤ ✐♥✲s✐♠✉❧❛t✐♦♥ t✐♠❡ ♣❛ss✐♥❣✱
t❤❡ ♣❧❛s♠❛ ✇✐❧❧ ❤❡❛t ✉♣ ✐ts❡❧❢ ✉♥❞❡r t❤❡ ✐♥✢✉❡♥❝❡ ♦❢ ❛ ♠❛❣♥❡t✐❝ ✜❡❧❞✳

❙✐♥❝❡ t❤✐s ❤❛s t♦ ❜❡ ♣r❡✈❡♥t❡❞✱ ❛ ♣❤②s✐❝❛❧❧② r❡❛s♦♥❛❜❧② ❛❧❣♦r✐t❤♠ ✇✐❧❧ ❦❡❡♣ t❤✐s
❛♠♣❧✐t✉❞❡ ❝♦♥st❛♥t✳ ❚❤❡ ♠❡t❤♦❞ ✇❤✐❝❤ ✐s ❛❝t✉❛❧❧② ✉s❡❞ ✐♥ t❤❡ ❱▲P▲ P■❈ ❝♦❞❡
❤❛s ❜❡❡♥ ♣r♦♣♦s❡❞ ❜② ❇♦r✐s ❬✺✵❪✳ ❲❡ ✇✐❧❧ ❢♦❧❧♦✇ ❤❡r❡ t❤❡ ❞❡s❝r✐♣t✐♦♥ ❣✐✈❡♥ ✐♥ ❬✷✺❪✳
❇❛s✐❝❛❧❧②✱ ✐t ❝♦♠♣✉t❡s t❤❡ r♦t❛t✐♦♥ ❝❛✉s❡❞ ❜② t❤❡ vn × Bm

int t❡r♠✳ ❲❡ ❦♥♦✇ t❤❛t
t❤❡ ✈❡❧♦❝✐t② v r♦t❛t❡s ❛r♦✉♥❞ t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞ ❝♦♠♣♦♥❡♥t ♣❡r♣❡♥❞✐❝✉❧❛r t♦ ✐t✱
Bm

int,⊥✱ ❜② ❛♥ ❛♥❣❧❡ ♦❢

θ = ∆t
qjB

m
int,⊥

mj
.

❚❤✐s r♦t❛t✐♦♥ ❝❛♥ ❜❡ ❝♦♥str✉❝t❡❞ ✐♥ ❛ s✐♠♣❧❡ ✇❛② ✇✐t❤♦✉t t❤❡ ♥❡❡❞ t♦ r❡s♦❧✈❡
tr✐❣♦♥♦♠❡tr✐❝ ❢✉♥❝t✐♦♥s✳

❲❡ ❞❡♥♦t❡ t❤❡ ✐♥✐t✐❛❧ ✈❡❧♦❝✐t② ❜② v− ❛♥❞ t❤❡ r♦t❛t❡❞ ✈❡❧♦❝✐t② ❜② v+✳ ■♥ ♦r❞❡r
t♦ ❝♦♠♣✉t❡ v+✱ ✇❡ ✜rst ✇❛♥t t♦ ✜♥❞ ❛ t ∈ R

3 s✉❝❤ t❤❛t v′ := v− + v− × t ✐s
♣❡r♣❡♥❞✐❝✉❧❛r t♦ (v+−v−) ❛♥❞ Bm

int,⊥✳ ❚❤❡ ❛♥❣❧❡ ❜❡t✇❡❡♥ v′ ❛♥❞ v−♠✉st ❜❡ θ/2✱
s♦ ✇❡ s❡❡ ❢r♦♠ ✜❣✉r❡ ✸✳✼✳✷ t❤❛t t ✐s

t = −b̂ tan
θ

2
=
qjB

m
int

mj

∆t

2
.

❙✐♥❝❡ v+−v− ✐s ♣❡r♣❡♥❞✐❝✉❧❛r t♦ v′, ✇❡ ❤❛✈❡ v+ = v−+v′× s, ✇❤❡r❡ s ✐s ♣❛r❛❧❧❡❧
t♦ Bm

int✱ ❜❡✐♥❣ ❝❤♦s❡♥ s✉❝❤ t❤❛t ‖v+‖2 = ‖v−‖2,

s =
2t

1 + t2
.

■t ❝❛♥ ❜❡ s❤♦✇♥ t❤❛t t❤✐s st❡♣ ❢♦r v+ → v−❡①❛❝t❧② s♦❧✈❡s ❢♦r t❤❡ ❝②❝❧♦tr♦♥ r♦t❛t✐♦♥✳
P✉tt✐♥❣ t❤❡ ❝♦♠♣♦♥❡♥ts t♦❣❡t❤❡r✱ t❤❡ ♠♦♠❡♥t✉♠ ♣✉s❤ ❢♦r ❛ ♣❛rt✐❝❧❡ n r❡❛❞s

✭✶✮ ■♥t❡r♣♦❧❛t❡ Em ❛♥❞ Bm ❧✐♥❡❛r❧② ♦♥t♦ t❤❡ ♣❛rt✐❝❧❡✬s ❝❡♥t❡r ♦❢ ♠❛ss

✭✷✮ p−
n = p

m− 1
2

n + ∆t
2

qj
mj

Em
int✱ v

− :=
p−

n

mj

✭✸✮ v′ := v− + v− × t ✇✐t❤ t :=
qBm

int

m
∆t
2

✭✹✮ v+ = v− + v′ × 2t
1+t2 ✱ p

m+ 1
2

n := mjv
+

✭✺✮ p
m+ 1

2
n = p+

n + ∆t
2

qj
mj

Em
int✳

❚❤✐s s❝❤❡♠❡ ✐s r❡❛❞✐❧② ❣❡♥❡r❛❧✐③❡❞ t♦ t❤❡ r❡❧❛t✐✈✐st✐❝ ❝❛s❡✳
❙t✐❧❧ ❢♦❧❧♦✇✐♥❣ t❤❡ ▲❡❛♣✲❋r♦❣ ❛♣♣r♦❛❝❤✱ ✇❡ t❤❡♥ ✉s❡ t❤❡ ♥❡✇ ♣❛rt✐❝❧❡ ♠♦♠❡♥t❛

(

p
m+ 1

2
n

)N

m=1
✐♥ ♦r❞❡r t♦ ❛❞✈❛♥❝❡ t❤❡ ♣❛rt✐❝❧❡ ♣♦s✐t✐♦♥s✳ ❚❤✐s ♦♣❡r❛t✐♦♥ ✐s ❡❛s✐❧②

✇r✐tt❡♥ ❞♦✇♥ ❜②

xm+1
n = xm

n +∆t
p
m+ 1

2
n

√

1 + (p
m+ 1

2
n )2

.

◆♦✇✱ ✇❡ ❛r❡ ❛❧♠♦st ❞♦♥❡ ✇✐t❤ t❤❡ ♣❛rt✐❝❧❡ s②st❡♠ ✲ ❡①❝❡♣t ❢♦r t❤❡ ❧❛st✱ ❛♥❞ ♣r♦❜❛❜❧②
♠♦st ❝❤❛❧❧❡♥❣✐♥❣ st❡♣✳ ❆❢t❡r t❤❡ ♠❛❝r♦♣❛rt✐❝❧❡s✬ ♣♦s✐t✐♦♥s ❤❛✈❡ ❝❤❛♥❣❡❞✱ t❤❡ ❝❤❛r❣❡
❞❡♥s✐t② ρm+1

i,j,k ✇✐❧❧✱ ✐♥ ❣❡♥❡r❛❧✱ ❛❧s♦ ❜❡ ❞✐✛❡r❡♥t✳
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❋✐❣✉r❡

✸✳✼✳✷✳ ●❡♦♠❡tr✐❝❛❧

✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ t❤❡ ♠❛❣✲

♥❡t✐❝ ♣❛rt ♦❢ t❤❡ ❇♦r✐s

♣✉s❤✳

❊❛r❧② ♣❛rt✐❝❧❡✲✐♥✲❝❡❧❧ s✐♠✉❧❛t✐♦♥
❝♦❞❡s r❡❧✐❡❞ ♦♥ r❡❝♦♠♣✉t✐♥❣ t❤❡ t♦t❛❧
❝❤❛r❣❡ ❞❡♥s✐t② ❞✉r✐♥❣ ❡❛❝❤ t✐♠❡ st❡♣✳
❚❤✐s ❞❡♥s✐t② ✇❛s t❤❡♥ ❢❡❞ ✐♥t♦ ❛ ♣♦✐s✲
s♦♥✬s ❡q✉❛t✐♦♥ s♦❧✈❡r✱ ✐♥ ♦r❞❡r t♦ ♦❜✲
t❛✐♥ t❤❡ ❝❤❛♥❣❡ ✐♥ E✳ ❍♦✇❡✈❡r✱ ♦♥
♠♦❞❡r♥ ♠❛ss✐✈❡❧② ♣❛r❛❧❧❡❧ ❝♦♠♣✉t❡rs✱
s✉❝❤ ❣❧♦❜❛❧ ♠❡t❤♦❞s✱ ✐✳❡✳ ❡q✉❛t✐♦♥ s②s✲
t❡♠ s♦❧✈❡rs ✇✐t❤ s♦❧✉t✐♦♥s ❞❡♣❡♥❞✐♥❣
♦♥ ❣❧♦❜❛❧ ✐♥❢♦r♠❛t✐♦♥✱ ❜❡❝♦♠❡ ✐♥❝r❡❛s✲
✐♥❣❧② ✐♥❡✣❝✐❡♥t✳ ❖❢ ❝♦✉rs❡✱ t❤❡r❡ ❛r❡
❋♦✉r✐❡r✲❜❛s❡❞ ❢❛st ♣♦✐ss♦♥ s♦❧✈❡rs ❛♥❞
✐t❡r❛t✐✈❡ ♠❡t❤♦❞s s✉❝❤ ❛s ♠✉❧t✐❣r✐❞ ♦r
❑r②❧♦✈ ❛❧❣♦r✐t❤♠s ✭s❡❡ ❡✳❣✳ ❬✺✶❪✮✱ ❜✉t
t❤❡ ❢♦r♠❡r ❛r❡ ❞✐✣❝✉❧t t♦ ♣❛r❛❧❡❧❧✐③❡✱
✇❤✐❧❡ t❤❡ ❧❛tt❡r ❛r❡ ♥♦t tr✐✈✐❛❧ t♦ ✐♠✲
♣❧❡♠❡♥t✳

■♥ ❝❤❛♣t❡r ✸✱ ✇❡ ❤❛✈❡ ❛❧r❡❛❞② s❡❡♥
t❤❛t s♦❧✈✐♥❣ ●❛✉ss✬ ❧❛✇ r❡♣❡❛t❡❞❧② ✐s ♥♦t ♥❡❝❡ss❛r②✳ ❆s ❝❛♥ ❜❡ ♣r♦✈❡♥ ❡❛s✐❧②✱ t❤❡
✜♥✐t❡ ❞✐✛❡r❡♥❝❡ ❛♣♣r♦①✐♠❛t✐♦♥s ❢♦r t❤❡ ❝✉r❧ ♦♣❡r❛t♦rs ✭✸✳✸✳✶✮ ❛❧s♦ s❛t✐s❢② t❤❡ ❡①❛❝t
s❡q✉❡♥❝❡ ♣r♦♣❡rt②

✭✸✳✼✳✸✮ ∇̃ · ∇̃ ×A = 0,

✇✐t❤

∇̃ ·A|i+ 1
2
, j+ 1

2
, k+ 1

2
:=

∑

α=x,y,z

d̂αAα|i+ 1
2
, j+ 1

2
, k+ 1

2

❚❤✉s✱ ✐❢ ∇̃ · E0|i+ 1
2
, j+ 1

2
, k+ 1

2
= ρ0

i+ 1
2
, j+ 1

2
, k+ 1

2

✱ ❛♥❞ ✇❡ ✜♥❞ ❛ ❝❤❛r❣❡ ❝♦♥s❡r✈✐♥❣

❝✉rr❡♥t s❝❤❡♠❡ JPIC
x |m+ 1

2

i, j+ 1
2
, k+ 1

2

✱❡t❝✳ s✉❝❤ t❤❛t

ρm+1
i+ 1

2
, j+ 1

2
, k+ 1

2

− ρm
i+ 1

2
, j+ 1

2
, k+ 1

2

∆t
= ∇̃ · JPIC |m+ 1

2

i+ 1
2
, j+ 1

2
, k+ 1

2

,

t❤❡ ❞✐s❝r❡t❡ ✈❡rs✐♦♥ ♦❢ ●❛✉ss✬ ❧❛✇ ✇✐❧❧ ❛❧✇❛②s ❜❡ ❢✉❧✜❧❧❡❞✳ ❚❤❡ s✐♠♣❧❡st ♦❢ s✉❝❤
s❝❤❡♠❡s ✐s t❤❡ ✏③❡r♦t❤✲♦r❞❡r ❝✉rr❡♥t ✇❡✐❣❤t✐♥❣✑ ♠❡t❤♦❞ ✭❞❡s❝r✐❜❡❞ ✐♥ ❬✷✺❪✮✱ ✇❤❡r❡
t❤❡ ♣❛rt✐❝❧❡s ❛r❡ ❥✉st ❝♦✉♥t❡❞ ✇❤❡♥ t❤❡② ♣❛ss t❤❡ ❝❡❧❧ ❜♦r❞❡r✳ ■t ❛❝❤✐❡✈❡s ❡①❛❝t
❝❤❛r❣❡ ❝♦♥s❡r✈❛t✐♦♥ ❜② ❣❡♥❡r❛t✐♥❣ ❛ ❝✉rr❡♥t ✐♠♣✉❧s❡ ✇❤❡♥ ❛ ♣❛rt✐❝❧❡ ♣❛ss❡s ❛ ❝❡❧❧
❜♦✉♥❞❛r②✳ ❚❤✐s ❛♣♣r♦❛❝❤✱ ❤♦✇❡✈❡r✱ ❝❛✉s❡s s✐❣♥✐✜❝❛♥t ♥✉♠❡r✐❝❛❧ ♥♦✐s❡✳

❚❤❡ s♦❧✉t✐♦♥ ✉s❡❞ ✐♥ t❤❡ ❱▲P▲ ❝♦❞❡ ❤❛s ❜❡❡♥ ♣r♦♣♦s❡❞ ✐♥ ❬✺✷❪✳
■t r❡s❡♠❜❧❡s t♦ ✐♥t❡❣r❛t✐♥❣ t❤❡ ❝✉rr❡♥ts ♦♥ ❡❛❝❤ ❝❡❧❧ ❜♦✉♥❞❛r② ♦✈❡r t❤❡ t✐♠❡

✐♥t❡r✈❛❧ [tm, tm+1]✳ ▲❡t t❤❡ ❝❡❧❧s ❜❡ ✐♥❞❡①❡❞ ✇✐t❤ (i, j, k) ∈ G := {0...nx − 1} ×
{0...ny − 1} × {0...nz − 1} ⊂ Z

3. ❋♦r t❤❡ s❛❦❡ ♦❢ s✐♠♣❧✐❝✐t②✱ ✇❡ s❡t t❤❡ ❣r✐❞ st❡♣s
∆x = ∆y = ∆z = 1✱ ❛♥❞ ❞❡✜♥❡ ♣❛rt✐❝❧❡ ♣♦s✐t✐♦♥s (x, y, z) s✉❝❤ t❤❛t ❛ ♣❛rt✐❝❧❡ ✇✐t❤
x = i, y = j, z = k ❧✐❡s ✐♥ t❤❡ ❝❡♥t❡r ♦❢ ❝❡❧❧ (i, j, k). ❲❡ t❤❡♥ ❞❡✜♥❡ t❤❡ ✐♥✲❝❡❧❧ ♦✛s❡t
(ξ, η, ζ) ∈ [0, 1[3❀ s♦ ❛ ♣❛rt✐❝❧❡ ❛t (x, y, z) = (i + ξ, j + η, k + ζ) ❧✐❡s ♣❛rt❧② ✐♥ t❤❡
❡✐❣❤t ❝❡❧❧s {(α, β, γ) ∈ [i, i+ 1]× [j, j + 1]× [k, k + 1]}✳



✸✳✼✳ P❆❘❚■❈▲❊✲■◆✲❈❊▲▲ ◆❯▼❊❘■❈❙ ✷✻

❋✐❣✉r❡ ✸✳✼✳✸✳ ❆ ♣❛rt✐❝❧❡ ✐♥ ✷❉ ❛❧✇❛②s ❝r❡❛t❡s ❝✉rr❡♥ts ♦♥ ❢♦✉r ❝❡❧❧
❜♦✉♥❞❛r✐❡s ❛t ❛ ♠♦♠❡♥t✳ ❚❤❡s❡ ❝✉rr❡♥ts ♠✉st ❜❡ ✐♥t❡❣r❛t❡❞ ♦✈❡r

[tm, tm+1]✳

❋♦r ❛ ♠❛❝r♦♣❛rt✐❝❧❡ ✇✐t❤ ❛ r❡❝t❛♥❣✉❧❛r s❤❛♣❡ ❢✉♥❝t✐♦♥ ✭❝❧♦✉❞✲✐♥✲❝❡❧❧✮✱ ✐ts ❢r❛❝✲
t✐♦♥ ✐♥s✐❞❡ ❛ ♥❡✐❣❤❜♦✉r✐♥❣ ❝❡❧❧ ✐s

ˆ

❈❡❧❧

S(x− xn, y − yn, z − zn)dx dy dz.

❆t t❤❡ s❛♠❡ t✐♠❡✱ t❤❡ ♣❛rt✐❝❧❡ ✐♥t❡rs❡❝ts ✇✐t❤ t✇❡❧✈❡ ❜♦✉♥❞❛r✐❡s✳ ■♥ ♦r❞❡r t♦ s❤♦rt❡♥
t❤❡ ❝❛❧❝✉❧❛t✐♦♥s✱ ✇❡ ❥✉st s❤♦✇ t❤❡ ❝✉rr❡♥ts ♦♥ t❤❡ ❜♦✉♥❞❛r✐❡s ✇✐t❤ ~ex ♥♦r♠❛❧✱ ✇❤✐❝❤
❛r❡ ❣✐✈❡♥ ❜②

Jx|i+1, j+ 1
2
, k+ 1

2
= vx(1− η)(1− ζ)

Jx|i+1, j+ 3
2
, k+ 1

2
= vxη(1− ζ)

Jx|i+1, j+ 1
2
, k+ 3

2
= vx(1− η)ζ

Jx|i+1, j+ 3
2
, k+ 3

2
= vxηζ.

▲❡t t❤❡r❡ ❜❡ ❛ ♣❛rt✐❝❧❡ ✇✐t❤ ✐♥✐t✐❛❧ ♣♦s✐t✐♦♥ (x, y, z) = (i+ ξ0, j+ η0, k+ ζ0)✱ ✇❤✐❝❤
♠♦✈❡s ❧✐♥❡❛r❧② ✇✐t❤✐♥ ✐ts ✐♥✐t✐❛❧ ❝❡❧❧ ✇✐t❤♦✉t ❧❡❛✈✐♥❣ t❤❡ t✇❡❧✈❡ ❜♦✉♥❞❛r✐❡s ✐t ❝r♦ss❡❞
❛t t❤❡ ❜❡❣✐♥♥✐♥❣✳ ❚❤✐s ♠❡❛♥s t❤❛t t❤❡ ♣❛rt✐❝❧❡ ❢♦❧❧♦✇s ❛ tr❛❥❡❝t♦r②





x
y
z



 (t) =





i
j
k



+





ξ0 + vxt
η0 + vyt
ζ0 + vzt



 ,

✇❤❡r❡




ξ0 + vxt
η0 + vyt
ζ0 + vzt



 ∈ [0, 1[, ❢♦r t ∈ [0,∆t[.

❙♦✱ t❤❡ ❝✉rr❡♥ts ❛r❡



✸✳✽✳ P❆❘❆▲▲❊▲■❩❆❚■❖◆ ✷✼

Jx|i+1, j+ 1
2
, k+ 1

2
= vx(1− (η0 + vyt))(1− (ζ0 + vzt))

Jx|i+1, j+ 3
2
, k+ 1

2
= vx(η0 + vyt)(1− (ζ0 + vzt))

Jx|i+1, j+ 1
2
, k+ 3

2
= vx(1− (η0 + vyt))(ζ0 + vzt)

Jx|i+1, j+ 3
2
, k+ 3

2
= vx(η0 + vyt)(ζ0 + vzt).

❉❡✜♥✐♥❣ t❤❡ ✐♥t❡r♠❡❞✐❛t❡ ♣♦s✐t✐♦♥s

ξ̄ = (ξ2 + ξ1)/2, η̄ = (η2 + η1)/2, ζ̄ = (ζ2 + ζ1)/2

❛♥❞ s❡tt✐♥❣ t❤❡ t♦t❛❧ ❞✐st❛♥❝❡s tr❛✈❡❧❧❡❞

∆x = vx∆t, ∆y = vy∆t, ∆z = vz∆t

✇❡ ✐♥t❡❣r❛t❡ t❤❡ ❝✉rr❡♥t

J̃x|i+1, j+ 3
2
, k+ 3

2
:=

∆t
ˆ

0

Jx|i+1, j+ 3
2
, k+ 3

2
dt = ∆xη̄ζ̄ +∆x∆y∆z∆t2/12.

❚❤✐s ✐s t❤❡ ❝✉rr❡♥t ❝♦♥tr✐❜✉t✐♦♥ ♦♥ t❤❡ s✉r❢❛❝❡ (i+1, j + 3
2 , k+

3
2 ) ❢♦r ♦♥❡ ♣❛rt✐❝❧❡

♦❢ ✇❡✐❣❤t 1 ♣❛ss✐♥❣ ❧✐♥❡❛r❧② t❤r♦✉❣❤ ✐t✳ ❚❤❡ ♦t❤❡r ❝♦♥tr✐❜✉t✐♦♥s ❛r❡

J̃x|i+1, j+ 3
2
, k+ 1

2
= ∆xη̄(1− ζ̄)−∆x∆y∆z∆t2/12

J̃x|i+1, j+ 1
2
, k+ 3

2
= ∆x(1− η̄)ζ̄ −∆x∆y∆z∆t2/12

J̃x|i+1, j+ 1
2
, k+ 1

2
= ∆x(1− η̄)(1− ζ̄) + ∆x∆y∆z∆t2/12.

❚❤❡ ♦t❤❡r ✽ ❝✉rr❡♥ts ❢♦❧❧♦✇ ❛♥❛❧♦❣♦✉s❧② ✈✐❛ ❝②❝❧✐❝ ♣❡r♠✉t❛t✐♦♥ ♦❢ s♣❛t✐❛❧ ❞✐r❡❝t✐♦♥s✳
❚❤✐s ✐s t❤❡ s✐♠♣❧❡st✱ ❛♥❞ ♠♦st ❝♦♠♠♦♥ ❝❛s❡ ♦❢ ♣❛rt✐❝❧❡ ♠♦✈❡♠❡♥t✱ ✇❤❡r❡ t❤❡

♣❛rt✐❝❧❡ st❛②s ✐♥ ✐ts ✐♥✐t✐❛❧ ❝❡❧❧✱ ❣❡♥❡r❛t✐♥❣ ❝✉rr❡♥ts ♦♥ t✇❡❧✈❡ ❜♦✉♥❞❛r✐❡s✳ ❍♦✇❡✈❡r✱
t❤❡r❡ ❛r❡ ❝❛s❡s ✐♥ ✇❤✐❝❤ ❛ ♣❛rt✐❝❧❡ ❧❡❛✈❡s ✐ts ✐♥✐t✐❛❧ ❝❡❧❧ ✐♥ ♦♥❡ t✐♠❡ st❡♣✳ ■♥ s✉❝❤
s✐t✉❛t✐♦♥s✱ t❤❡ ♣❛rt✐❝❧❡ ♠♦✈❡♠❡♥t ✐s ❞❡❝♦♠♣♦s❡❞ ✐♥t♦ ❛ ♥✉♠❜❡r ♦❢ ❡✐❣❤t✲❝❡❧❧ ♠♦✈❡✲
♠❡♥ts✱ ✇❤✐❝❤ ❛r❡ ♣r♦❝❡ss❡❞ ✐♥ t❤❡ ✇❛② ❞❡♣✐❝t❡❞ ❛❜♦✈❡✳ ❚❤❡s❡ ❛❧❣♦r✐t❤♠s ❛r❡ ❛❧s♦
❞❡♣✐❝t❡❞ ✐♥ ❬✷✺✱ ✺✷❪✳

✸✳✽✳ P❛r❛❧❧❡❧✐③❛t✐♦♥

❆♠♦♥❣ t❤❡ ✈❛r✐♦✉s s✐♠✉❧❛t✐♦♥ ❝♦♥❝❡♣ts ♣r❡s❡♥t❧② ❦♥♦✇♥✱ t❤❡ ♣❛rt✐❝❧❡✲✐♥✲❝❡❧❧
♠❡t❤♦❞ ✐s ♦♥❡ ♦❢ t❤❡ ♠♦st ❝♦♠♣✉t❛t✐♦♥❛❧❧② ❡①♣❡♥s✐✈❡✳ ❘❡❛❧✐st✐❝✱ ❧❛r❣❡ s❝❛❧❡ s✐♠✲
✉❧❛t✐♦♥s ❝❛♥ ❡❛s✐❧② t❛❦❡ ❞❛②s✱ ♠♦♥t❤s ♦r ❡✈❡♥ ②❡❛rs ♦❢ ❈P❯ t✐♠❡✳ ❚r✉st✐♥❣ ✐♥
▼♦♦r❡✬s ❧❛✇ ❢♦r ✐♥❝r❡❛s✐♥❣ ❈P❯ ❝❧♦❝❦ ❢r❡q✉❡♥❝② ✐s ❤♦♣❡❧❡ss ❤❡r❡✳ ❚❤✐s ♠❡❛♥s t❤❛t
s✐♠✉❧❛t✐♦♥ ❝♦❞❡s ♠✉st ❜❡ ♣❛r❛❧❧❡❧✐③❡❞ ✐♥ ♦r❞❡r t♦ ❛✐♠ ❢♦r ♠♦r❡ ❝♦♠♣❧❡① s❡t✉♣s✳

❋♦rt✉♥❛t❡❧②✱ t❤❡ P■❈ ❝♦♥❝❡♣t ✐s r❡❧❛t✐✈❡❧② ❡❛s② t♦ ♣❛r❛❧❧❡❧✐③❡✿ ❚❤❡ ♠❡s❤ ❜❛s❡❞
✜❡❧❞ ❞❡s❝r✐♣t✐♦♥s r❡❧② ♦♥ ❧✐♥❡❛r st❡♥❝✐❧ ♦♣❡r❛t✐♦♥s✱ ✇❤✐❝❤ ♠❡❛♥s t❤❛t ❡❛❝❤ ❣r✐❞
♣♦✐♥t ✐s ♠♦❞✐✜❡❞ ✉s✐♥❣ ♦t❤❡r ❣r✐❞ ♣♦✐♥ts ✐♥ ✐ts ♥❡✐❣❤❜♦r❤♦♦❞✳ ❚❤❡ ♣❛rt✐❝❧❡s ❢♦❧❧♦✇
r❡❧❛t✐✈✐st✐❝ ❡q✉❛t✐♦♥s ♦❢ ♠♦t✐♦♥✱ ♠❛❦✐♥❣ t❤❡✐r ✈❡❧♦❝✐t② ❜♦✉♥❞❡❞ ❜② c✳ ❋r♦♠ t❤❡ ❈❋▲
st❛❜✐❧✐t② ❝♦♥❞✐t✐♦♥✱ ✐t ❢♦❧❧♦✇s t❤❛t t❤❡ t✐♠❡ st❡♣ ✐s r❡str✐❝t❡❞ ❜②
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❋✐❣✉r❡ ✸✳✽✳✶✳ ❚❤r❡❡✲❞✐♠❡♥s✐♦♥❛❧ ✈✐s✉❛❧✐③❛t✐♦♥ ♦❢ ❛ s✐♠✉❧❛t✐♦♥ ❞♦♠❛✐♥

s♣❧✐t ✐♥t♦ 2× 2× 2 s✉❜❞♦♠❛✐♥s✳ ❊❛❝❤ s✉❜❞♦♠❛✐♥ ✐s ❤❡❧❞ ❜② ♦♥❡ ❝♦♠♣✉✲

t❛t✐♦♥❛❧ ♣r♦❝❡ss ✇❤✐❝❤ ❛❣❛✐♥ ✇♦r❦s ✇✐t❤ ✐ts ❞❡s✐❣♥❛t❡❞ ♣❛rt ♦❢ t❤❡ t♦t❛❧

♠❡s❤✳ ■♥t❡r♣r♦❝❡ss ❝♦♠♠✉♥✐❝❛t✐♦♥ ❛♥❞ ❥♦❜ ❧❛✉♥❝❤✐♥❣ ✐s ❞♦♥❡ ✇✐t❤ ▼P■✳

∆t ≤ min(∆x,∆y,∆z),

s♦ ❛ ♠♦✈✐♥❣ ♣❛rt✐❝❧❡ ✇✐❧❧ ♥❡✈❡r tr❛✈❡❧ ❢✉rt❤❡r t❤❛♥ ♦♥❡ ❝❡❧❧ ♣❡r t✐♠❡ st❡♣✳ ❚❤❡s❡
❢❡❛t✉r❡s ♠❛❦❡ t❤❡ P■❈ ❛❧❣♦r✐t❤♠ ❛ ❧♦❝❛❧ ♦♥❡✿ ❚❤❡ ✭r❡❝t❛♥❣✉❧❛r✮ s✐♠✉❧❛t✐♦♥ ❞♦♠❛✐♥
❝❛♥ ❜❡ ❞✐✈✐❞❡❞ ✐♥t♦ ❛ ♥✉♠❜❡r ♦❢ ❡q✉❛❧❧② s❤❛♣❡❞ s✉❜❞♦♠❛✐♥s✳ ❚❤❡s❡ s✉❜❞♦♠❛✐♥s
✇✐❧❧ t❤❡♥ ❝♦♠♠✉♥✐❝❛t❡ ✇✐t❤ ❡❛❝❤ ♦t❤❡r✱ ❜✉t ❞✉❡ t♦ t❤❡ ❧♦❝❛❧✐t② ♦❢ P■❈✱ ❡❛❝❤ ♦❢ t❤❡♠
♦♥❧② ❤❛s t♦ ❡①❝❤❛♥❣❡ ❞❛t❛ ✇✐t❤ ✐ts ❞✐r❡❝t ♥❡✐❣❤❜♦rs✳ ❙♦✱ t❤❡ ♥✉♠❜❡r ♦❢ s❡♥❞✴r❡❝❡✐✈❡
♦♣❡r❛t✐♦♥s ❢♦r ❡❛❝❤ ♣r♦❝❡ss♦r ✐s O(1)✱ ✇❤✐❝❤ ♠❡❛♥s t❤❛t t❤❡r❡ ✐s ♥♦ t❤❡♦r❡t✐❝❛❧ ❧✐♠✐t
❢♦r t❤❡ ♣❛r❛❧❧❡❧ s❝❛❧✐♥❣✳

■♥ t❤✐s ❝❤❛♣t❡r✱ t❤❡ ♣❛r❛❧❧❡❧✐③❛t✐♦♥ s❝❤❡♠❡ ❢♦r t❤❡ ❱▲P▲ P■❈ ❝♦❞❡ ✭❛♥❞ ♠❛♥②
♦t❤❡rs✮ ✇✐❧❧ ❜❡ ❞❡s❝r✐❜❡❞✳

■t ✇♦r❦s ✐♥ ❛ s✐♠♣❧❡ ✇❛②✿ ❆❢t❡r ❤❛✈✐♥❣ ❞❡✜♥❡❞ t❤❡ r❡❝t❛♥❣✉❧❛r s✐♠✉❧❛t✐♦♥
❞♦♠❛✐♥ ❛♥❞ ❝❤♦s❡♥ t❤❡ ❣r✐❞ st❡♣s✱ ♦♥❡ ❝❤♦♦s❡s ♣❛rt✐t✐♦♥ ♥✉♠❜❡rs ❢♦r ❡❛❝❤ s♣❛t✐❛❧
❞✐r❛❝t✐♦♥✱ ❡✳❣✳ Px = Py = Pz = 2. ❚❤❡ s✐♠✉❧❛t✐♦♥ ❜♦① ✇✐❧❧ t❤❡♥ ❜❡ ❞✐✈✐❞❡❞ ✐♥t♦
Pα❡q✉❛❧❧② s✐③❡❞ ♣❛rts ❛❧♦♥❣ ❡❛❝❤ ❞✐r❡❝t✐♦♥ α✱ ✇❤✐❝❤ r❡s✉❧ts ✐♥ PxPyPz s✉❜❞♦♠❛✐♥s
♦❢ ❧✐❦❡✇✐s❡ r❡❝t❛♥❣✉❧❛r s❤❛♣❡✱ ❡❛❝❤ ♦❢ t❤❡♠ ❤❡❧❞ ❜② ♦♥❡ ♣r♦❝❡ss✳

■♥ ❱▲P▲✱ t❤❡ ▼❡ss❛❣❡ P❛ss✐♥❣ ■♥t❡r❢❛❝❡ ✭▼P■✮ ❢♦r ❝♦♠♠✉♥✐❝❛t✐♦♥ ❛♥❞ ♣r♦❝❡ss
♠❛♥❛❣❡♠❡♥t ✐s ✉s❡❞✳ ❆❢t❡r t❤❡ ▼P■ ❥♦❜ ❧❛✉♥❝❤❡r ❤❛s st❛rt❡❞ PxPyPz ♣r♦❝❡ss❡s✱
t❤❡② ✇✐❧❧ st❛rt ✜♥❞✐♥❣ t❤❡✐r ✐♥✲❜♦① ♦✛s❡ts ❛❝❝♦r❞✐♥❣ t♦ t❤❡✐r ▼P■ r❛♥❦s✳ ❆t t❤✐s
t✐♠❡✱ ❡❛❝❤ ♣r♦❝❡ss ❦♥♦✇s ✇❤❡r❡ ✐ts s♣❛t✐❛❧ ❞♦♠❛✐♥ ✐s ❧♦❝❛t❡❞✱ ❛♥❞ ✇❤✐❝❤ ♣r♦❝❡ss❡s
❛r❡ ✐ts ❞✐r❡❝t ♥❡✐❣❤❜♦rs✳ ■t ✇✐❧❧ t❤❡♥ ❛❧❧♦❝❛t❡ t❤❡✐r s✉❜❣r✐❞s ✐♥ ♠❡♠♦r②✱ ✇✐t❤ ❛♥
❛❞❞✐t✐♦♥❛❧ ❧❛②❡r ♦❢ ✷ ❣r✐❞ ❝❡❧❧s ❛tt❛❝❤❡❞ ❛t t❤❡ ❜♦r❞❡rs✳ ❚❤✐s ✐s s❤♦✇♥ ✐♥ ✜❣✉r❡
✸✳✽✳✷✳ ❍❡r❡✱ ❛ ✷❉ ❣r✐❞ ✐s ❞✐✈✐❞❡❞ ✐♥t♦ 2 × 2 s✉❜❣r✐❞s✳ ❊❛❝❤ s✉❜❣r✐❞ ❣❡ts ❛ t✇♦✲❝❡❧❧
✬❝♦❛st❧✐♥❡✬ ❛t t❤❡ ❜♦r❞❡rs✳ ❲❡ ♠❛❦❡ ✉s❡ ♦❢ t❤❡ ❢❛❝t t❤❛t t❤❡ st❡♥❝✐❧ ♦♣❡r❛t✐♦♥s ♦❢ t❤❡
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❋✐❣✉r❡ ✸✳✽✳✷✳ ❙❦❡t❝❤ ♦❢ t❤❡ ♣❛r❛❧❧❡❧✐③❛t✐♦♥ ♣❛tt❡r♥ ❢♦r ♠❡s❤✲❜❛s❡❞

q✉❛♥t✐t✐❡s✳ ❚❤❡ ♠❡s❤ ♦♥ t❤❡ ❧❡❢t s✐❞❡ ✐s ❞❡❝♦♠♣♦s❡❞ ✐♥t♦ ❢♦✉r ❡q✉❛❧ ♣❛rts✱

✇❤✐❝❤ ❛r❡ ❤❡❧❞ ❜② ❞✐✛❡r❡♥t ♣r♦❝❡ss❡s✳ ❆ t✇♦✲❝❡❧❧ ✬❝♦❛st❧✐♥❡✬ ✐s ✇r❛♣♣❡❞

❛r♦✉♥❞ ❡❛❝❤ s✉❜❣r✐❞ ✐♥ ♦r❞❡r t♦ ♣r♦✈✐❞❡ ❧♦❝❛❧ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❢♦r

st❡♥❝✐❧ ♦♣❡r❛t✐♦♥s✳

❊▼ ✜❡❧❞ s♦❧✈❡rs ♦♥❧② ❛❝❝❡ss t❤❡ ❞✐r❡❝t ♥❡✐❣❤❜♦rs ♦❢ ❛ ❝❡❧❧✳ ❖♥❡ ❜♦✉♥❞❛r② ❡①❝❤❛♥❣❡
✐s ❞♦♥❡ ❛s ❢♦❧❧♦✇s✳

▲❡t t❤❡r❡ ❜❡ ❛ ♣r♦❝❡ss pqrs, (q, r, s) ∈ {0..Px − 1} × {0..Py − 1} × {0..Pz − 1}
❤♦❧❞✐♥❣ ❛ s✉❜❣r✐❞ Gqrs := {−2...lx+1}×{−2...ly+1}×{−2...lz+1} ✇✐t❤ lα = nα/Pα✳
❚❤✐s ♣r♦❝❡ss s❡♥❞s ❞❛t❛ t♦ ✐ts ❧❡❢t ♥❡✐❣❤❜♦r ✐♥ x ❞✐r❡❝t✐♦♥✱ pq−1,r,s✱ ❜②

✭✶✮ ✇r✐t✐♥❣ t❤❡ s✉❜s❡t {0...1} × {−2...ly + 1} × {−2...lz + 1} ✐♥t♦ ❛ ❜✉✛❡r
✭✷✮ s✉❜♠✐tt✐♥❣ t❤❡ ❜✉✛❡r t♦ ♣r♦❝❡ss pq−1,r,s

✭✸✮ ✇✐t❤✐♥ ♣r♦❝❡ss pq−1,r,s✱ ✇r✐t✐♥❣ t❤❡ ❜✉✛❡r ❝♦♥t❡♥ts ✐♥t♦ t❤❡ s✉❜s❡t {lx..lx+
1} × {−2...ly + 1} × {−2...lz + 1}✳

❚❤✐s ♣r♦❝❡❞✉r❡ ✐s ❢♦❧❧♦✇❡❞ ❜② ❡❛❝❤ ♣r♦❝❡ss ❢♦r ❡❛❝❤ ♦❢ t❤❡ ✻ ♠❛✐♥ s♣❛t✐❛❧ ❞✐r❡❝t✐♦♥s✳
❚❤❡ ♦✉t❡r ❣r✐❞ ✐♥❢♦r♠❛t✐♦♥ ♦❢ ♥❡✐❣❤❜♦r✐♥❣ ♣r♦❝❡ss❡s ❤❛s ♥♦✇ ❜❡❡♥ ♠❛❞❡ ❛✈❛✐❧❛❜❧❡
❢♦r pqrs ❛s ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❢♦r st❡♥❝✐❧ ♦♣❡r❛t♦rs✳ ❚❤❡ ❡①❝❤❛♥❣❡ r♦✉t✐♥❡ ♠✉st
❜❡ ❡①❡❝✉t❡❞ ❛❢t❡r ❡❛❝❤ s✉❜st❡♣ ♦❢ t❤❡ ❊▼ s♦❧✈❡r✳

❊①❝❤❛♥❣❡ ♦❢ t❤❡ ♠❛❝r♦♣❛rt✐❝❧❡s ✐♥ ❞♦♥❡ ✐♥ ❛ s✐♠✐❧❛r ✇❛②✳ ❆ ♣❛rt✐❝❧❡ ✐s s❛✐❞
t♦ ❤❛✈❡ ♠♦✈❡❞ ♦✉t ♦❢ t❤❡ ♣r♦❝❡ss❡s✬ s✉❜❞♦♠❛✐♥ ✐❢✱ ❛❢t❡r ♦♥❡ ♠♦✈❡♠❡♥t st❡♣✱ ✐t
r❡s✐❞❡s ✐♥ t❤❡ ♦✉t❡r r❡❣✐♦♥ ♦❢ t❤❡ s✉❜❣r✐❞✳ ❚❤✐s ♠❡❛♥s✱ t❤❛t ✐s ❤❛s ❧❡❢t t❤❡ r❡❣✐♦♥
{0...lx − 1} × {0...ly − 1} × {0...lz − 1}✳ ❆❢t❡r t❤❡ ♣❛rt✐❝❧❡ ♠♦✈❡ st❡♣✱ ❡❛❝❤ ♣❛rt✐❝❧❡
❢♦r ✇❤✐❝❤ t❤✐s ✐s tr✉❡✱ ✐s r❡♠♦✈❡❞ ❢r♦♠ t❤❡ s✉❜❣r✐❞ ❛♥❞ ♣✉t ✐♥t♦ ❛ ❜✉✛❡r ✐♥ ♦r❞❡r t♦
❜❡ s❡♥t t♦ t❤❡ ❛❞❥❛❝❡♥t ♣r♦❝❡ss✳

✸✳✾✳ ❆ss❡♠❜❧✐♥❣ t❤❡ ❝♦♠♣♦♥❡♥ts ✴ ❙✉♠♠❛r② ❛♥❞ ♦✉t❧♦♦❦

■♥ t❤❡ s✉❜s❡❝t✐♦♥s ❜❡❢♦r❡✱ t❤❡ ❜❛s✐❝ ❝♦♠♣♦♥❡♥ts ❢♦r ❛ s❡❧❢✲❝♦♥s✐st❡♥t✱ r❡❧❛t✐✈✐s✲
t✐❝✱ ❡♥❡r❣②✲ ❛♥❞ ❝❤❛r❣❡✲❝♦♥s❡r✈✐♥❣ ❡❧❡❝tr♦♠❛❣♥❡t✐❝ ♣❛rt✐❝❧❡✲✐♥✲❝❡❧❧ s✐♠✉❧❛t✐♦♥ ❝♦❞❡
❤❛✈❡ ❜❡❡♥ ❞❡s❝r✐❜❡❞✳ ❆❝❝♦r❞✐♥❣ t♦ ✜❣✉r❡ ✸✳✾✳✶✱ t❤❡s❡ ❢♦r♠ t❤❡ ❢✉♥❞❛♠❡♥t❛❧ ❝♦♠✲
♣✉t❛t✐♦♥❛❧ ❝②❝❧❡ ♣❛ss❡❞ ✇✐t❤✐♥ ❡❛❝❤ t✐♠❡ st❡♣✳

❙✐♠✐❧❛r t♦ ♠♦st ♦t❤❡r s✐♠✉❧❛t✐♦♥ ❝♦❞❡s✱ t❤❡ ❱✐rt✉❛❧ ▲❛s❡r P❧❛s♠❛ ▲❛❜♦r❛t♦r②
✭❱▲P▲✮ P■❈ ❝♦❞❡ ❛❧s♦ ❝♦♥t❛✐♥s ❛ ♣❛rs✐♥❣ s②st❡♠ ❢♦r s✐♠✉❧❛t✐♦♥ ❥♦❜ ✜❧❡s ✭✏✳✐♥✐ ✜❧❡s✑✮✱
❛ ✈❡rs❛t✐❧❡ ❞❛t❛ st♦r❛❣❡ ♠♦❞✉❧❡ ❜❛s❡❞ ♦♥ t❤❡ ❍✐❡r❛r❝❤✐❝❛❧ ❉❛t❛ ❋♦r♠❛t ✭❍❉❋✺✮
st❛♥❞❛r❞✱ ❛♥❞ s❡✈❡r❛❧ ✐♥✐t✐❛❧✐③❛t✐♦♥ ♠♦❞✉❧❡s ❢♦r s✐♠✉❧❛t✐♦♥ s❡t✉♣✳ ❆❞❞✐t✐♦♥❛❧❧②✱
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t❤❡r❡ ❛r❡ ✜❧t❡r✐♥❣ ❛❧❣♦r✐t❤♠s ❢♦r ✜❡❧❞s✱ t❤❡ ❛❧t❡r♥❛t✐✈❡ ◆✉♠❡r✐❝❛❧ ❉✐s♣❡rs✐♦♥ ❋r❡❡
✭◆❉❋✮ ▼❛①✇❡❧❧ s♦❧✈❡r✱ ❛♥❞ ❛ ✈❛r✐❡t② ♦❢ ❞✐❛❣♥♦s✐s ❛♥❞ ✐♥✲♣r♦❝❡ss ❝♦♥tr♦❧ r♦✉t✐♥❡s
✐♥❝❧✉❞❡❞✳

Interpolate 

fields

to particles 

Integrate 

Maxwell's

equations

Push particles

Deposit currents

❋✐❣✉r❡ ✸✳✾✳✶✳ ❇❛s✐❝

❝♦♠♣✉t❛t✐♦♥❛❧ ❝②❝❧❡ ♦❢ ❛

s❡❧❢✲❝♦♥s✐st❡♥t P■❈ ❝♦❞❡

❲✐t❤✐♥ t❤❡ ✈❡r② ❡❧❛❜♦r❛t❡ P■❈
t❡❝❤♥✐q✉❡✱ t❤❡r❡ ❛r❡ ✈❛r✐♦✉s ✉s❡❢✉❧ ❡①✲
t❡♥s✐♦♥s t♦ t❤❡ ❛❧❣♦r✐t❤♠ ✇❤✐❝❤ ❝❛♥ ❜❡
t❤♦✉❣❤t ♦❢✳ ❙♦♠❡ ♦❢ t❤❡♠ ❤❛✈❡ ❜❡❡♥
❞❡✈❡❧♦♣❡❞ ❛♥❞ ✐♠♣❧❡♠❡♥t❡❞✱ ❛♥❞ ✇✐❧❧
❜❡ ✐♥tr♦❞✉❝❡❞✱ ✐♥ t❤✐s t❤❡s✐s✳ ❖t❤❡rs
❝❛♥ ❜❡ r❡❣❛r❞❡❞ ❛s ♣r♦♠✐s✐♥❣ ❡♥❤❛♥❝❡✲
♠❡♥ts ✐♥ ❢✉t✉r❡ ♣r♦❥❡❝ts✳ ■♥ t❤✐s ❝❤❛♣✲
t❡r✱ ❛ s❤♦rt ♦✈❡r✈✐❡✇ ♦❢ ❛✈❛✐❧❛❜❧❡ ❝♦♥✲
❝❡♣ts ✇✐❧❧ ❜❡ ❣✐✈❡♥✱ ✇❤✐❝❤✱ ♦❢ ❝♦✉rs❡✱
❝❛♥♥♦t ♠❛❦❡ ❛♥② ❝❧❛✐♠ t♦ ❜❡ ❝♦♠♣❧❡t❡✳

❋✐rst ♦❢ ❛❧❧✱ ❛❧t❡r♥❛t✐✈❡ ✜❡❧❞
s♦❧✈❡rs ❝❛♥ ❜❡ ✐♠♣❧❡♠❡♥t❡❞ ❜❛s❡❞ ♦♥
❞✐✛❡r❡♥t ♥✉♠❡r✐❝❛❧ s❝❤❡♠❡s✳ ❊✳❣✳✱ t❤❡
❋✐♥✐t❡ ❉✐✛❡r❡♥❝❡ ❚✐♠❡ ❉♦♠❛✐♥ ✲ ❆❧t❡r✲
♥❛t✐♥❣ ❉✐r❡❝t✐♦♥ ■♠♣❧✐❝✐t ✭❋❉❚❉✲❆❉■✮
❬✺✸❪ s❝❤❡♠❡ ❡♠♣❧♦②s ❛ s❡♠✐✲✐♠♣❧✐❝✐t t✐♠❡ ❞✐s❝r❡t✐③❛t✐♦♥✱ ❝❛✉s✐♥❣ tr✐✲❞✐❛❣♦♥❛❧ ❧✐♥❡❛r
❡q✉❛t✐♦♥s s②st❡♠s t♦ s♦❧✈❡✳ ❚❤✐s ✇❛②✱ ✐t ❜❡❝♦♠❡s ✉♥❝♦♥❞✐t✐♦♥❛❧❧② st❛❜❧❡ ✲ t❤❡ t✐♠❡
st❡♣ ✐s ♥♦ ❧♦♥❣❡r r❡str✐❝t❡❞ ❜② t❤❡ ❣r✐❞ st❡♣s✳ ■❢ t❤❡ ❡❧❡❝tr♦♠❛❣♥❡t✐❝ ♣❤❡♥♦♠❡♥❛
✐♥✈♦❧✈❡❞ ❤❛✈❡ ❧♦✇ ❝❤❛r❛❝t❡r✐st✐❝ ❢r❡q✉❡♥❝✐❡s✱ ❜✉t ✜♥❡ ❢❡❛t✉r❡s t♦ ❜❡ r❡s♦❧✈❡❞✱ s✉❝❤
❛ s❝❤❡♠❡ ❝❛♥ ♣r♦✈✐❞❡ s✐❣♥✐✜❝❛♥t s♣❡❡❞✲✉♣✳ ❚❤✐s s❝❤❡♠❡ ❤❛s ❜❡❡♥ ✐♠♣❧❡♠❡♥t❡❞ ✐♥t♦
t❤❡ ❝♦❞❡✳

■♥ ♠❛♥② s✐♠✉❧❛t✐♦♥ ♣r♦❜❧❡♠s✱ t❤❡r❡ ✐s ❛ ❣r❡❛t ❞❡♠❛♥❞ ❢♦r ❛❜s♦r❜✐♥❣ ❜♦✉♥❞✲
❛r② ❝♦♥❞✐t✐♦♥s✳ ❇♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ✐♥ t❤❡ ❱▲P▲ ❝♦❞❡ ❝❛♥ ❛ss✉♠❡ t❤❡ ❣r✐❞
❢✉♥❝t✐♦♥s ♦♥❧② t♦ ❜❡ ♣❡r✐♦❞✐❝ ♦r ③❡r♦ ♦✉ts✐❞❡ ♦❢ t❤❡ s✐♠✉❧❛t✐♦♥ ❜♦①✳ ❍❡♥❝❡✱ t❤❡r❡
✐s ❛ ♣r✐♦r✐ ♥♦ ✇❛② t♦ s✐♠✉❧❛t❡ ❛ ❧❛s❡r ♣✉❧s❡ ❧❡❛✈✐♥❣ t❤❡ s✐♠✉❧❛t✐♦♥ ❞♦♠❛✐♥✳ ❚❤✐s
♣r♦❜❧❡♠ ❝❛♥ ❜❡ s♦❧✈❡❞ ✇✐t❤ t❤❡ ♣❡r❢❡❝t❧② ♠❛t❝❤❡❞ ❧❛②❡r t❡❝❤♥✐q✉❡ ❬✺✹❪✱ ✇❤❡r❡ ❛❞✲
❞✐t✐♦♥❛❧ ❛❜s♦r❜✐♥❣ ❧❛②❡rs ❛r❡ ✇r❛♣♣❡❞ ❛r♦✉♥❞ t❤❡ s✐♠✉❧❛t✐♦♥ ❜♦①✳ ❲✐t❤✐♥ t❤❡s❡
❧❛②❡rs✱ ▼❛①✇❡❧❧✬s ❡q✉❛t✐♦♥s ❛r❡ ♠♦❞✐✜❡❞✱ s✉❝❤ t❤❛t ✐♥❝✐❞❡♥t ✇❛✈❡s ❜❡❝♦♠❡ ❛tt❡♥✲
✉❛t❡❞✳ ❚❤✐s s❝❤❡♠❡ ❤❛s ❛❧s♦ ❜❡❡♥ ✐♠♣❧❡♠❡♥t❡❞✱ ✐♥ t❤❡ ❢♦r♠ ♦❢ t❤❡ ❈♦♥✈♦❧✉t✐♦♥❛❧
P▼▲ ✭❈P▼▲✮ ❬✺✺❪ ❛❧❣♦r✐t❤♠✳

❋✉rt❤❡r♠♦r❡✱ t❤❡ ✐♥✈❡st✐❣❛t✐♦♥ ♦❢ ✉❧tr❛✲s❤♦rt ♣✉❧s❡ ✐♥❞✉❝❡❞ ❧❛s❡r ♣❧❛s♠❛ ❡✛❡❝ts
♥❡❡❞s s♣❡❝✐❛❧ ❡❧❡❝tr♦♠❛❣♥❡t✐❝ ♣✉❧s❡ r❡♣r❡s❡♥t❛t✐♦♥s✳ ■♥✐t✐❛❧✐③✐♥❣ ❛ ❧❛s❡r ♣✉❧s❡
❛s ❛ ♣r♦❞✉❝t ♦❢ ❛ s✐♥❡ ✇✐t❤ ❛ s❤❛♣❡ ❢✉♥❝t✐♦♥ ✐s ♦❢t❡♥ ✐♥s✉✣❝✐❡♥t✳ ❙✉❝❤ s❝❤❡♠❡s✱
✇❤✐❝❤ ♣r♦❞✉❝❡ ❛ ❢♦❝✉s❛❜❧❡ ♣✉❧s❡ tr✉❧② s❛t✐s❢②✐♥❣ ▼❛①✇❡❧❧✬s ❡q✉❛t✐♦♥s ✇✐t❤♦✉t ❞✐✲
✈❡r❣✐♥❣✱ ❤❛✈❡ ❜❡❡♥ ❞❡✈❡❧♦♣❡❞ ❛♥❞ ✐♠♣❧❡♠❡♥t❡❞ ❜② ❉❛♥✐❡❧ ❛♥ ❞❡r ❇rü❣❣❡ ❬✺✻❪✳

❆❞❛♣t✐✈❡ ▼❡s❤ r❡✜♥❡♠❡♥t ❝❛♥ ♣r♦✈❡ t♦ ❜❡ ✇♦rt❤✇❤✐❧❡ ✇❤❡♥❡✈❡r ❛ ♣❤②s✐❝❛❧
s❡t✉♣ ❝♦♥t❛✐♥s ✜♥❡ s♣❛t✐❛❧ ❢❡❛t✉r❡s t♦ ❜❡ r❡s♦❧✈❡❞✱ ❜✉t ❧❛r❣❡ r❡❣✐♦♥s ✇✐t❤ ✈❡r②
❤♦♠♦❣❡♥❡♦✉s ❜❡❤❛✈✐♦✉r✳ ❯s✉❛❧❧②✱ ♦♥❡ ✇♦✉❧❞ t❤❡♥ ❜❡ ❢♦r❝❡❞ t♦ r❡s♦❧✈❡ t❤♦s❡ ✜♥❡
❢❡❛t✉r❡s ✇✐t❤ t❤❡ ❡q✉✐❞✐st❛♥t ❣r✐❞✱ ❝❛✉s✐♥❣ ❧❛r❣❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❧♦❛❞✳ ❖♥ t❤❡ ♦t❤❡r
❤❛♥❞✱ t❤❡ ✜♥❡ r❡s♦❧✉t✐♦♥ ✐s ❥✉st ✉♥♥❡❝❡ss❛r② ✐♥ t❤❡ ✬❜♦r✐♥❣✬ r❡❣✐♦♥s✱ s♦ s✉❜❞✐✈✐❞✐♥❣
❣r✐❞ ❝❡❧❧s ✐♥t♦ s♠❛❧❧❡r ♦♥❡s ❝❛♥ ♣r♦✈✐❞❡ s✐❣♥✐✜❝❛♥t s♣❡❡❞✲✉♣✳



❈❍❆P❚❊❘ ✹

Pr✐♥❝✐♣❧❡s ♦❢ ❈♦♠♣✉t❛t✐♦♥❛❧ ❋❧✉✐❞ ❉②♥❛♠✐❝s

■♥ ❝❤❛♣t❡r ✸✱ t❤❡ P■❈ ♠❡t❤♦❞✱ ♦♥❡ ♦❢ t❤❡ ♠♦st ✐♠♣♦rt❛♥t ❝♦♥❝❡♣ts ♦❢ ❝♦♠✲
♣✉t❛t✐♦♥❛❧ ♣❧❛s♠❛ r❡s❡❛r❝❤✱ ✇❛s ♣r❡s❡♥t❡❞✳ ❉❡s♣✐t❡ ✐ts ♣❤②s✐❝❛❧ r✐❝❤♥❡ss✱ ❛♥❞ ✐ts
❝❛♣❛❜✐❧✐t② ♦❢ ♠♦❞❡❧✐♥❣ ❤✐❣❤❧② ♥♦♥❧✐♥❡❛r ♣❧❛s♠❛ ❡✛❡❝ts✱ ✐t ❤❛s ❝❡rt❛✐♥ s❤♦rt❝♦♠✐♥❣s✱
❧✐❦❡ ✐ts ❤✐❣❤ ❝♦st ❛♥❞ ✐♥tr✐♥s✐❝ ♥✉♠❡r✐❝❛❧ ♥♦✐s❡✳ ❆❧s♦✱ t❤❡r❡ ✐s ❛ ✈❛r✐❡t② ♦❢ ♣r♦❜❧❡♠s
✇❤❡r❡ ❦✐♥❡t✐❝ ♠♦❞❡❧✐♥❣ ✐s ♥♦t ♥❡❝❡ss❛r②✱ ♦r ♥♦t ❛❞✈✐s❛❜❧❡✳ ❖♥❡ ♦❢ t❤❡ ♠♦st ♣r♦♠✐✲
♥❡♥t ❛❧t❡r♥❛t✐✈❡s ✐s t❤❡ ✇✐❞❡ ✜❡❧❞ ♦❢ ❈♦♠♣✉t❛t✐♦♥❛❧ ❋❧✉✐❞ ❉②♥❛♠✐❝s ✭❈❋❉✮✳ ❙✐♥❝❡
❛ ♠❛❥♦r ♣❛rt ♦❢ t❤✐s ✇♦r❦ ✐s ❞❡❞✐❝❛t❡❞ t♦ t❤❡ ❞❡✈❡❧♦♣♠❡♥t ♦❢ ❛ P■❈✴❋❧✉✐❞ ❤②❜r✐❞
❝♦❞❡✱ s♦♠❡ ❜❛s✐❝ ♣r✐♥❝✐♣❧❡s ♦❢ ❈❋❉ ♥❡❡❞ t♦ ❜❡ ✐♥tr♦❞✉❝❡❞✳

✹✳✶✳ ■♥tr♦❞✉❝t✐♦♥

❋r♦♠ ❛ ♣❤②s✐❝❛❧ ♣♦✐♥t ♦❢ ✈✐❡✇✱ ❛ ✢✉✐❞ ✐s ❛ ♠❛t❡r✐❛❧ ✇❤♦s❡ ❝♦♠♣♦♥❡♥ts ❛r❡ ♥♦t
r✐❣✐❞❧② ❝♦♥♥❡❝t❡❞ t♦ ❡❛❝❤ ♦t❤❡r✱ ❧✐❦❡ ✐♥ s♦❧✐❞s✳ ❲❤✐❧❡ s♦❧✐❞s ❝❛♥ ❜❡ ❞❡❢♦r♠❡❞ ♣❡r♠❛✲
♥❡♥t❧② t❤r♦✉❣❤ ❢♦r❝❡s✱ t❤❡ s❤❛♣❡ ♦❢ ❛ ✢✉✐❞ ❝❤❛♥❣❡s ❞✉❡ t♦ ✈❡❧♦❝✐t② ✜❡❧❞s✳ ❊①❛♠♣❧❡s
❢♦r ✢✉✐❞s ❛r❡ ❣❛s❡s✱ ❧✐q✉✐❞s ❛♥❞ ✲t❤❡ r❡❛s♦♥ ✇❤② t❤✐s ❝❤❛♣t❡r ✐s ✐♥❝❧✉❞❡❞ ❤❡r❡✲ ♣❧❛s✲
♠❛s✳ ■♥ t❤❡ ✐♥tr♦❞✉❝t♦r② s❡❝t✐♦♥ ✷✳✷✱ t❤❡ ✜rst t✇♦ ♠♦♠❡♥t❛ ♦❢ ❱❧❛s♦✈✬s ❡q✉❛t✐♦♥
❤❛✈❡ ❜❡❡♥ ❞❡r✐✈❡❞✳ ❲❤✐❧❡ ❝♦♠♣✉t✐♥❣ t❤❡ ♠♦♠❡♥ts ♦❢ t❤❡ ❱❧❛s♦✈ ❡q✉❛t✐♦♥✱ ♦♥❡ ♥♦✲
t✐❝❡s t❤❛t ❡❛❝❤ ♦❢ t❤❡♠ ❝♦♥t❛✐♥s ❛ t❡r♠ ❞❡♣❡♥❞❡♥t ♦♥ t❤❡ ♥❡①t ❤✐❣❤❡r ♠♦♠❡♥t✉♠✳
❋♦rt✉♥❛t❡❧②✱ t❤✐s ❝❤❛✐♥ ❝❛♥ ❜❡ ❡♥❞❡❞ ❜② ✐♥tr♦❞✉❝✐♥❣ ❛ ❝❧♦s✉r❡ r❡❧❛t✐♦♥✱ ❡✳❣✳ ❛ ❣❛s
❞②♥❛♠✐❝s ❧❛✇✳

❇② ❛❞❞✐♥❣ ❛ ❝♦♥s❡r✈❛t✐♦♥ ❧❛✇ ❢♦r t❤❡ ❡♥❡r❣② ❞❡♥s✐t②✱ ✇❡ ♦❜t❛✐♥ t❤❡ ✇❡❧❧✲❦♥♦✇♥
❊✉❧❡r ❡q✉❛t✐♦♥s✿

∂

∂t
ρ = −∇ · (ρ✈)✭✹✳✶✳✶✮

∂

∂t
(ρ✈) = −∇ · (ρv✈T )− 1

m
∇p✭✹✳✶✳✷✮

∂

∂t
E = −∇ · ((E + p)v)✭✹✳✶✳✸✮

❚❤❡ ❡❧❡❝tr♦♠❛❣♥❡t✐❝ ❢♦r❝❡s ❤❛✈❡ ❜❡❡♥ ♣✉t ❛✇❛② ❢♦r ❜r❡✈✐t②❀ t❤❡② ✇✐❧❧ ❜❡ r❡✐♥tr♦❞✉❝❡❞
❧❛t❡r✳ ❍❡r❡✱ ρ ❞❡♥♦t❡s t❤❡ ♥✉♠❜❡r ❞❡♥s✐t② ♦❢ ❛ r❡s♣❡❝t✐✈❡ ♣❛rt✐❝❧❡ s♣❡❝✐❡s✱ ρv ✐s ✐ts
✈❡❧♦❝✐t② ❞❡♥s✐t②✱ m ✐s ♦♥❡ ♣❛rt✐❝❧❡s✬ ♠❛ss✱ ❛♥❞ p ✐s t❤❡ ♣r❡ss✉r❡✳ ❚❤❡ ✈❛r✐❛❜❧❡ E
st❛♥❞s ❢♦r t❤❡ ❡♥❡r❣② ❞❡♥s✐t②✱ ✇❤✐❝❤ ✐s t❤❡ s✉♠

E =
1

2
ρv2 + ρǫ

♦❢ t❤❡ ❦✐♥❡t✐❝ ❡♥❡r❣② ❞❡♥s✐t② 1
2ρv

2 r❡❧❛t❡❞ t♦ t❤❡ ❛✈❡r❛❣❡ ✈❡❧♦❝✐t② ❛♥❞ t❤❡ ✐♥t❡r♥❛❧
❡♥❡r❣② ρǫ✳ ❇❡❝❛✉s❡ ♦❢ t❤❡ ❝❧♦s✉r❡ ♣r♦❜❧❡♠ ♠❡♥t✐♦♥❡❞ ❛❜♦✈❡✱ ✇❡ ♥❡❡❞ ❛♥ ❛♣♣r♦①✐♠❛✲
t✐♦♥ ✇❤✐❝❤ r❡❧❛t❡s t❤❡ ✉♥❦♥♦✇♥ ♣r❡ss✉r❡ p t♦ t❤❡ ♦t❤❡r ✈❛r✐❛❜❧❡s✳ ❋♦r ❛ ❝❛❧♦r✐❝❛❧❧②

✸✶
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✐❞❡❛❧ ❣❛s✱ ✐t ❤♦❧❞s

ǫ =
p

ρ (γ − 1)

⇔ p =ǫρ (γ − 1)

=

(

E − 1

2
ρv2

)

(γ − 1) .

❚❤❡ ❊✉❧❡r ❡q✉❛t✐♦♥s ✭✹✳✶✳✶✮✲✭✹✳✶✳✸✮ ❞❡s❝r✐❜❡ t❤❡ ❜❡❤❛✈✐♦✉r ♦❢ ❝♦♠♣r❡ss✐❜❧❡✱ ✐♥✈✐s❝✐❞
✢✉✐❞s✱ ❧✐❦❡ ❣❛s❡s✳ ❆s ♣r❡✈✐♦✉s❧② ♠❡♥t✐♦♥❡❞✱ t❤❡② ❛r❡ ❝♦♥s❡r✈❛t✐♦♥ ❧❛✇s✿ ❚❤❡②
♣r❡❞✐❝t t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ ❞❡♥s✐t✐❡s ✇❤♦s❡ ♦✈❡r❛❧❧ ✐♥t❡❣r❛❧ ✐s ❝♦♥st❛♥t✳ ❆s ♣r❡✈✐♦✉s❧②
♠❡♥t✐♦♥❡❞ ✐♥ ❝❤❛♣t❡r ✷✳✶✱ ❝♦♥s❡r✈❛t✐♦♥ ❧❛✇s t❛❦❡ t❤❡ ❢♦r♠

∂

∂t
U +∇ · F (U) = 0.

■♥t❡❣r❛t✐♥❣ ♦✈❡r ❛ ♠❡❛s✉r❛❜❧❡ s❡t M ∈ R
3 ❛♥❞ ✉s✐♥❣ ●❛✉ss✬ ▲❛✇ ②✐❡❧❞s

∂

∂t

ˆ

M

Udλ = −
ˆ

M

∇ · F (U) dλ

= −
ˆ

∂M

F (U) dλ.✭✹✳✶✳✹✮

❚❤✐s ♠❡❛♥s t❤❛t t❤❡ t♦t❛❧ ❛♠♦✉♥t ♦❢ t❤❡ q✉❛♥t✐t② r❡❧❛t❡❞ t♦ U ✐♥s✐❞❡ M ❝❤❛♥❣❡s
❛❝❝♦r❞✐♥❣ t♦ t❤❡ ✢✉① ♦♥ t❤❡ s✉r❢❛❝❡✳

❋♦r ❛ ❧♦♥❣ t✐♠❡✱ t❤❡ ❊✉❧❡r ❡q✉❛t✐♦♥s t❤❡♠s❡❧✈❡s ✇❡r❡ ♥♦t t❤❛t ✐♠♣♦rt❛♥t ❢♦r
❤②❞r♦❞②♥❛♠✐❝ r❡s❡❛r❝❤✳ ❚❤❡② ❝♦✉❧❞ ♦♥❧② ❜❡ s♦❧✈❡❞ ❢♦r ❛ ❢❡✇ s♣❡❝✐❛❧ ❝❛s❡s✳ ■♥st❡❛❞✱
❛♣♣r♦①✐♠❛t✐♦♥s ❛♥❞ s✐♠♣❧✐✜❡❞ ✈❛r✐❛♥ts ✇❡r❡ r❡❧✐❡❞ ✉♣♦♥✳ ❲✐t❤ t❤❡ ❛❞✈❡♥t ♦❢ ✐♥✲
❝r❡❛s✐♥❣❧② ♣♦✇❡r❢✉❧ ❝♦♠♣✉t❡rs ❤♦✇❡✈❡r✱ ✐t ❜❡❝❛♠❡ ♣♦ss✐❜❧❡ t♦ ❞✐r❡❝t❧② ❛♣♣❧② t❤❡
❜❛s✐❝ ✢✉✐❞ ❧❛✇s ♦♥ ♣r♦❜❧❡♠s✳

■♥ t❤❡ s❡❝♦♥❞ ❤❛❧❢ ♦❢ t❤❡ t✇❡♥t✐❡t❤ ❝❡♥t✉r②✱ ❈♦♠♣✉t❛t✐♦♥❛❧ ❋❧✉✐❞ ❉②♥❛♠✐❝s
❡♠❡r❣❡❞ ❛s ❛ ✈❡rs❛t✐❧❡ ❛♥❞ ♣♦t❡♥t t♦♦❧ ❢♦r t❤❡ ✐♥✈❡st✐❣❛t✐♦♥ ♦❢ ❛ ❤✉❣❡ ♥✉♠❜❡r ♦❢
♣r♦❜❧❡♠s ✐♥ ♣❤②s✐❝s✱ ❝❤❡♠✐str②✱ ❛♥❞ ❡♥❣✐♥❡❡r✐♥❣✳ ■ts ✜❡❧❞s ♦❢ ❛♣♣❧✐❝❛t✐♦♥ ✐♥❝❧✉❞❡
♣r❡❞✐❝t✐♥❣ str❡❛♠❧✐♥❡s ❛r♦✉♥❞ ❛♥ ❛✐r❢♦✐❧ ♦r t❤❡ ❞❡✈❡❧♦♣♠❡♥t ♦❢ ♦♣t✐♠❛❧ s❤❛♣✐♥❣ ♦❢
s❤✐♣s✱ ❛✐r❝r❛❢t✱ ❤❡❧✐❝♦♣t❡rs✱ ❛✉t♦♠♦❜✐❧❡s ❛♥❞ s✉❜♠❛r✐♥❡s✳ ▼❡t❤♦❞s ♦❢ ❈❋❉ ❛r❡ ❛♣✲
♣❧✐❡❞ ♦♥ r❛❞✐❛t✐♦♥ tr❛♥s♣♦rt✱ ❤❡❛t tr❛♥s♣♦rt✱ ♠❛❣♥❡t♦❤②❞r♦❞②♥❛♠✐❝s ✐♥ t♦❦❛♠❛❦s✱
❛♥❞ ♠❛♥② ♠♦r❡✳

■♥ t❤❡ t✐♠❡ ♦❢ ✐ts ❡✈♦❧✉t✐♦♥✱ ❈❋❉ r❡s❡❛r❝❤ ❤❛s ✉s❡❞ ❛ ♥✉♠❜❡r ♦❢ ✈❛r✐❛♥ts ♦❢
t❤❡ ✢✉✐❞ ❡q✉❛t✐♦♥s✳ ❚❤❡s❡ ✐♥❝❧✉❞❡ t❤❡ ◆❛✈✐❡r✲❙t♦❦❡s ❡q✉❛t✐♦♥s ❢♦r ✈✐s❝♦✉s ✢✉✐❞s✱
st❡❛❞②✲st❛t❡ ❛♥❞ ✐♥❝♦♠♣r❡ss✐❜❧❡ ✢✉✐❞ ❡q✉❛t✐♦♥s✱ ❋✉❧❧ P♦t❡♥t✐❛❧ ❡q✉❛t✐♦♥s ✭❢♦r ✢✉✲
✐❞s ✇❤❡r❡ t❤❡ ❛ss✉♠♣t✐♦♥s ∇ · v = 0 ❛♥❞ ∇ × v = 0 ❤♦❧❞✮✱ ❛♥❞ ❡q✉❛t✐♦♥s ✇✐t❤
❣r❛✈✐t❛t✐♦♥❛❧ ❛♥❞ ❡❧❡❝tr♦♠❛❣♥❡t✐❝ t❡r♠s✳

❚❤❡ ♠❡t❤♦❞s ✉s❡❞ ✐♥ t❤❡ ✜❡❧❞s ❛r❡ ❛❧s♦ ♠❛♥✐❢♦❧❞✳ ❆♠♦♥❣ t❤❡ ♦❧❞❡st ❞✐s❝r❡t✐③❛✲
t✐♦♥ s❝❤❡♠❡s ❛r❡ ❋✐♥✐t❡ ❉✐✛❡r❡♥❝❡ ▼❡t❤♦❞s ✭❋❉▼✮✱ ✇❤✐❝❤ ❛♣♣❧② st❡♥❝✐❧ ♦♣❡r❛✲
t✐♦♥s ♦♥ ✭♠♦st❧② ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧✮ ❣r✐❞s✱ ❜✉t ❤❛✈❡ ❧♦st ♠✉❝❤ ✐♠♣♦rt❛♥❝❡ ❝♦♠♣❛r❡❞
t♦ ♠♦r❡ ♠♦❞❡r♥ ♠❡t❤♦❞s✳ ❋✐♥✐t❡ ❱♦❧✉♠❡ ▼❡t❤♦❞s ✭❋❱▼✮ ♠❛❦❡ ✉s❡ ♦❢ t❤❡
r❡❧❛t✐♦♥ ✭✹✳✶✳✹✮❀ s✉❝❤ s❝❤❡♠❡s ❝❛♥ ❜❡ ❝❤❛r❛❝t❡r✐③❡❞ s♦❧❡❧② ❜② t❤❡✐r s♣❡❝✐✜❝ ✢✉① ❛♣✲
♣r♦①✐♠❛t✐♦♥✳ ❚❤❡② ❝❛♥ ❜❡ ❡❛s✐❧② ❢♦r♠✉❧❛t❡❞ ♦♥ ♥♦♥✲r❡❝t❛♥❣✉❧❛r ❣r✐❞s ❛♥❞ ❛r❡ ✇✐❞❡❧②
✉s❡❞ ✐♥ ♠❛♥② ❝♦♠♠❡r❝✐❛❧ ❈❋❉ ❝♦❞❡s✳ ❚❤❡ ♠♦st s♦♣❤✐st✐❝❛t❡❞ ❞✐s❝r❡t✐③❛t✐♦♥s ❛r❡
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❋✐♥✐t❡ ❊❧❡♠❡♥t ▼❡t❤♦❞s ✭❋❊▼✮✱ ✇❤✐❝❤ ❞❡✜♥❡ ❜❛s✐s ❢✉♥❝t✐♦♥s ♦♥ t❤❡ ❝❡❧❧s✱ tr❛♥s✲
❢♦r♠ t❤❡ ✢✉✐❞ ❡q✉❛t✐♦♥s ✐♥t♦ ✇❡❛❦ ❢♦r♠✉❧❛t✐♦♥s✱ ❛♥❞ s♦❧✈❡ ❡q✉❛t✐♦♥ s②st❡♠s ❢♦r t❤❡
❝♦❡✣❝✐❡♥ts✳

■♥ t❤❡ ♥❡①t ❝❤❛♣t❡rs✱ ❝♦♥❝❡♣ts ❢r♦♠ ❈❋❉ ✇✐❧❧ ❜❡ ✉s❡❞ ❢♦r t❤❡ ♠♦❞❡❧✐♥❣ ♦❢ ✇❛❦❡
✜❡❧❞s✳ ❙✐♥❝❡✱ ✐♥ t❤❡ ❱▲P▲ ❝♦❞❡✬s ✜❡❧❞ ♦❢ ♣❧❛s♠❛ r❡s❡❛r❝❤✱ t❤❡ ♣❧❛s♠❛ ♣❛rt✐❝❧❡s
✐♥t❡r❛❝t ♦♥❧② ❝♦❧❧❡❝t✐✈❡❧② t❤r♦✉❣❤ ✜❡❧❞s ✭❛t ♠♦st ❡♥❤❛♥❝❡❞ ✇✐t❤ ❝♦❧❧✐s✐♦♥ t❡r♠s✮✱
✇❡ ❞♦ ♥♦t ♥❡❡❞ t❤❡ ◆❛✈✐❡r✲❙t♦❦❡s ❡q✉❛t✐♦♥s✳ ❋✉rt❤❡r♠♦r❡✱ ❋❉▼ s❝❤❡♠❡s ❛r❡ ♥♦t
✈❡rs❛t✐❧❡ ❡♥♦✉❣❤ ❢♦r ♦✉r ✸❉ s✐♠✉❧❛t✐♦♥s✱ ✇❤✐❧❡ ❋❊▼s ❛r❡ t♦♦ ❝♦st❧②✳ ❚❤✉s✱ t❤❡ ♥❡①t
❝❤❛♣t❡rs ✇✐❧❧ ❢♦❝✉s ♦♥ ❋✐♥✐t❡ ❱♦❧✉♠❡ ▼❡t❤♦❞s✳

❈♦♥s❡r✈❛t✐♦♥ ❧❛✇s ❧✐❦❡ ❊✉❧❡r✬s ❡q✉❛t✐♦♥ ❜❡❧♦♥❣ t♦ t❤❡ ❢❛♠✐❧② ♦❢ ❤②♣❡r❜♦❧✐❝ ♣❛r✲
t✐❛❧ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s✳ ❚❤❡② ❛r❡ r❛t❤❡r ❞✐✣❝✉❧t t♦ s♦❧✈❡ ✲ t❤r♦✉❣❤♦✉t ✐ts ❤✐st♦r②✱
❈❋❉ r❡s❡❛r❝❤ ❤❛s ❛❧s♦ s❡❡♥ ❛ ♥✉♠❜❡r ♦❢ s❡t❜❛❝❦s✳ ▼♦st❧②✱ t❤✐s ❞✉❡ t♦ s♣✉r✐♦✉s ♦s❝✐❧✲
❧❛t✐♦♥s✱ t❤❡ ❢❛❝t t❤❛t ❤✐❣❤❡r ♦r❞❡r ❞✐s❝r❡t✐③❛t✐♦♥s ❝❛✉s❡ ✉♥♣❤②s✐❝❛❧ r✐♣♣❧❡s ❛t s❤❛r♣
❜♦r❞❡rs✳ ▼❛♥② s♦❧✉t✐♦♥s ❤❛✈❡ ❜❡❡♥ ❞❡✈✐s❡❞ ❢♦r t❤✐s ♣r♦❜❧❡♠✱ ❡✳❣✳ ❚♦t❛❧ ❱❛r✐❛✲
t✐♦♥ ❉✐♠✐♥✐s❤✐♥❣ ✭❚❱❉✮ ✭s❡❡ ❡✳❣✳ ❬✺✼✱ ✺✽❪✮✱ ❊ss❡♥t✐❛❧❧② ◆♦♥ ❖s❝✐❧❧❛t♦r② ✭❊◆❖✮✱ ♦r
❋❧✉①✲❈♦rr❡❝t❡❞ ❚r❛♥s♣♦rt ✭❋❈❚✮ ❬✹✹❪ s❝❤❡♠❡s✳

■♥ t❤❡ ♥❡①t s❡❝t✐♦♥✱ t❤❡ ❝♦♥❝❡♣t ♦❢ ❋✐♥✐t❡ ❱♦❧✉♠❡ ▼❡t❤♦❞s ✐s ✐♥tr♦❞✉❝❡❞ ❛♥❞
❡①♣❧❛✐♥❡❞✳ ■♥ ✭✹✳✸✮✱ ❤✐❣❤❡r ♦r❞❡r ❡①t❡♥s✐♦♥s t♦ t❤❡ s❝❤❡♠❡s ❛r❡ ❞✐s❝✉ss❡❞✳

❚❤❡ ♥❡①t ❝❤❛♣t❡rs ❝❛♥ ♦♥❧② ❣✐✈❡ ❛ ❜r✐❡❢ ♦✈❡r✈✐❡✇ ❛❜♦✉t t❤❡ ❡①❤❛✉st✐✈❡ t❤❡♦r② ♦❢
❚❱❉ ♠❡t❤♦❞s ❛♥❞ t❤❡ ❤✉❣❡ ♥✉♠❜❡r ♦❢ ✢✉✐❞ s❝❤❡♠❡s ❛✈❛✐❧❛❜❧❡✳ ❋♦r ❢✉rt❤❡r r❡❛❞✐♥❣✱
♣❧❡❛s❡ s❡❡ ❬✺✼✱ ✺✽❪✳

✹✳✷✳ ❋✐♥✐t❡ ❱♦❧✉♠❡ ▼❡t❤♦❞s ✭❋❱▼✮

❋✐♥✐t❡ ❱♦❧✉♠❡ ▼❡t❤♦❞s ❢♦r ❊✉❧❡r✬s ❡q✉❛t✐♦♥s ❛r❡ ✇✐❞❡❧② ✉s❡❞ ✐♥ ♠❛♥② ✐♠♣❧❡✲
♠❡♥t❛t✐♦♥s✱ ♣❛rt✐❝✉❧❛r❧② ❢♦r ✉♥st❡❛❞② ✢♦✇s✳ ❚❤❡② ❝❛♥ ❜❡ st❛❜❧❡ ❛♥❞ ❛❝❝✉r❛t❡ ❡✈❡♥
✐♥ t❤❡ ♣r❡s❡♥❝❡ ♦❢ ❞✐s❝♦♥t✐♥✉✐t✐❡s ❛♥❞ s❤♦❝❦s ❜❡❝❛✉s❡ t❤❡② r❡❧② ♦♥ ✐♥t❡❣r❛❧ ❢♦r♠✉❧❛✲
t✐♦♥s✳ ▲❡t t❤❡r❡ ❜❡ ❛ t❤r❡❡✲❞✐♠❡♥s✐♦♥❛❧ ❝♦♥s❡r✈❛t✐♦♥ ❧❛✇

✭✹✳✷✳✶✮
∂

∂t
U+∇ · F (U) = 0,

✇✐t❤ U : D × [0, T [ → R
d✱ D ⊂ R

3✱ F : Rd → R
3×d. ❍❡r❡✱ D ✐s t❤❡ s✐♠✉❧❛t✐♦♥

❞♦♠❛✐♥✱ U(x, t) ✐s t❤❡ ✈❡❝t♦r ♦❢ ❤②❞r♦❞②♥❛♠✐❝ ✈❛r✐❛❜❧❡s ❛t ❛ ❝❡rt❛✐♥ ❧♦❝❛t✐♦♥ x ❛♥❞
t✐♠❡ t✱ F = (Fx, Fy, Fz)

T ✐s t❤❡ ✢✉① ❢✉♥❝t✐♦♥ ❛♥❞

(∇ · F(U))i :=
3
∑

k=1

∂

∂xk
F (U)k,i

✐s ♠❡❛♥t ❛s ❛ ❝♦❧✉♠♥s✲✇✐s❡ ❞✐✈❡r❣❡♥❝❡✳ T ∈ R ✐s t❤❡ s✐♠✉❧❛t✐♦♥ t✐♠❡✳ ❋r♦♠ ✭✹✳✶✳✹✮✱
✇❡ ❛❧r❡❛❞② ❦♥♦✇

∂

∂t

ˆ

M

Udλ = −
ˆ

∂M

F (U) dλ.

❚❤✐s ✐♠♠❡❞✐❛t❡❧② s✉❣❣❡sts t♦ ❞❡✜♥❡ ❞✐s❝r❡t✐③❡❞ ✈❛r✐❛❜❧❡s ❛s ✐♥t❡❣r❛❧ ❛✈❡r❛❣❡s r❛t❤❡r
t❤❛♥ ♣♦✐♥t ✈❛❧✉❡s✳ ❆♥❛❧♦❣♦✉s❧② t♦ ✇❤❛t ❤❛s ❜❡❡♥ ❞♦♥❡ ✐♥ ✸✳✷✱ ✇❡ ❞❡✜♥❡ ❛ ❣r✐❞

G := {0...nx − 1} × {0...ny − 1} × {0...nz − 1} ⊂ Z
3,

✇✐t❤ ❣r✐❞ ❝❡❧❧s

C := {cijk = [i∆x, (i+ 1)∆x[× [j∆y, (j + 1)∆y[× [k∆z, (k + 1)∆z[ : (i, j, k) ∈ G} .



✹✳✷✳ ❋■◆■❚❊ ❱❖▲❯▼❊ ▼❊❚❍❖❉❙ ✭❋❱▼✮ ✸✹

❆❧t❤♦✉❣❤ ❋❱▼s ❝❛♥ ❛❧s♦ ❜❡ ❞❡✜♥❡❞ ♦♥ ♥♦♥✲r❡❝t❛♥❣✉❧❛r ❣r✐❞s✱ ✇❡ ❝❤♦♦s❡ ❛ r❡❝t❛♥❣✉✲
❧❛r ♠❡s❤ ❤❡r❡ ✇✐t❤ r❡❣❛r❞ t♦ ❛ ❧❛t❡r ✐♠♣❧❡♠❡♥t❛t✐♦♥ ✐♥t♦ t❤❡ ❡①✐st✐♥❣✱ r❡❝t❛♥❣✉❧❛r✱
❱▲P▲ ❝♦❞❡✳ ❚❤❡ ❞✐s❝r❡t✐③❡❞ ✢✉✐❞ ✈❛r✐❛❜❧❡s ❛r❡ t❤❡♥ ❞❡✜♥❡❞ ❛s

Ui+ 1
2
,j+ 1

2
,k+ 1

2
(t) :=

1

λ (cijk)

ˆ

cijk

U (x, t) dx3,

t❤❡ ▲❡❜❡s❣✉❡ ✐♥t❡❣r❛❧ ❛✈❡r❛❣❡ ♦✈❡r t❤❡ ❣r✐❞ ❝❡❧❧ cijk✳ ❚❤❡ ❡ss❡♥❝❡ ♦❢ ❋✐♥✐t❡ ❱♦❧✉♠❡
▼❡t❤♦❞s ✐s t♦ ✜♥❞ ❛ ✢✉① ❛♣♣r♦①✐♠❛t✐♦♥

1

∆y∆z

(j+1)∆y
ˆ

j∆y

(k+1)∆z
ˆ

k∆z

Fx (U) dzdy ≈fx,i,j+ 1
2
,k+ 1

2
,

1

∆z∆x

(k+1)∆z
ˆ

k∆z

(i+1)∆x
ˆ

i∆x

Fy (U) dxdz ≈fy,i+ 1
2
,j,k+ 1

2
,

1

∆x∆y

(i+1)∆x
ˆ

i∆x

(j+1)∆y
ˆ

j∆y

Fz (U) dydx ≈fz,i+ 1
2
,j+ 1

2
,k.

❚❤❡ s❡♠✐✲❞✐s❝r❡t✐③❡❞ ✈❡rs✐♦♥ ♦❢ t❤❡ ❝♦♥s❡r✈❛t✐♦♥ ❧❛✇ ✭✹✳✷✳✶✮ t❤❡♥ s✐♠♣❧② r❡❛❞s

d

dt
Ui+ 1

2
,j+ 1

2
,k+ 1

2
=− ∇̃ · f (U)

=−

(

fx, i+1,j+ 1
2
,k+ 1

2
− fx, i,j+ 1

2
,k+ 1

2

)

∆x

−

(

fy, i+ 1
2
,j+1,k+ 1

2
− fy, i+ 1

2
,j,k+ 1

2

)

∆y

−

(

fz, i+ 1
2
,j+ 1

2
,k+1 − fz, i+ 1

2
,j+ 1

2
,k

)

∆z
.

■t ❝❛♥ ❜❡ ❡❛s✐❧② s❡❡♥ t❤❛t t❤✐s ❢♦r♠ ♦❢ ❛ s♣❛t✐❛❧ ❞✐s❝r❡t✐③❛t✐♦♥ ✐s ❛❧✇❛②s ❝♦♥s❡r✈❛t✐✈❡✱
✐✳❡✳

∑

(i,j,k)∈G

Ui+ 1
2
,j+ 1

2
,k+ 1

2
= ❝♦♥st,

♣r♦✈✐❞❡❞ t❤❛t t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❛r❡ ♣❡r✐♦❞✐❝ ♦r t❤❡ ❜♦✉♥❞❛r② ✢✉①❡s ❛r❡
③❡r♦✳ ❚❤✐s ❝r✉❝✐❛❧ ❛❞✈❛♥t❛❣❡ ❛❣❛✐♥st ✜♥✐t❡ ❞✐✛❡r❡♥❝❡ ❢♦r♠✉❧❛t✐♦♥s ✇✐❧❧ ❣❛✐♥ ❡✈❡♥
♠♦r❡ ✐♠♣♦rt❛♥❝❡ ✐♥ t❤❡ ❧❛t❡r ❤②❜r✐❞ ✐♠♣❧❡♠❡♥t❛t✐♦♥✿ P♦✐ss♦♥✬s ❧❛✇ ❝❛♥ t❤❡♥ ❜❡
s❛t✐s✜❡❞ ✐♥ ❛ str❛✐❣❤t❢♦r✇❛r❞ ✇❛②✳

❚❤❡r❡ ❛r❡ ♣❧❡♥t② ♦❢ s✉❝❤ ✢✉① ❛♣♣r♦①✐♠❛t✐♦♥s ❛✈❛✐❧❛❜❧❡✳ ❆ ❝♦♠♠♦♥ ❛♣♣r♦❛❝❤ ✐s
t♦ ✜♥❞ ❛ ✢✉① s❝❤❡♠❡ ✐♥ ♦r❞❡r t♦ ♦❜t❛✐♥ t❤❡ s❡♠✐✲❞✐s❝r❡t✐③❡❞ ❡q✉❛t✐♦♥s ✭✹✳✷✳✶✮✱ ❛♥❞
❛♣♣❧② st❛♥❞❛r❞ ❖❉❊ s♦❧✈❡rs✱ ❧✐❦❡ ❘✉♥❣❡✲❑✉tt❛ ♠❡t❤♦❞s✱ ❛❢t❡r✇❛r❞s✳ ❚❤✐s ❝♦♥❝❡♣t
✐s ❛❧s♦ ❝❛❧❧❡❞ t❤❡ ♠❡t❤♦❞ ♦❢ ❧✐♥❡s ❛♥❞ ❤❛s ♣r♦✈❡♥ t♦ ❜❡ ✈❡r② ❡✛❡❝t✐✈❡ ✐♥ ♣r❛❝t✐❝❡✳

■t s❤♦✉❧❞ ❤♦✇❡✈❡r ❜❡ ♠❡♥t✐♦♥❡❞ t❤❛t t❤❡ ❞❡s✐❣♥ ♦❢ s✉❝❤ ✢✉① s❝❤❡♠❡s ✐s ♥♦t
tr✐✈✐❛❧✳ ▲❡t ✉s ❜r✐❡✢② ❧♦♦❦ ❛t ❛ ❝♦♠♠♦♥ ❡①❛♠♣❧❡ ❢♦r t❤✐s✱ ✇❤✐❝❤ ✐♥✈♦❧✈❡s t❤❡ s✐♠♣❧❡
♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ ❝♦♥s❡r✈❛t✐♦♥ ❧❛✇

✭✹✳✷✳✷✮

(

∂

∂t
+ a

∂

∂x

)

u (x, t) = 0, a ∈ R.
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0 4 8
x

−0.8

0.0

0.8

1.6
u

t=0.0

0 4 8
x

−0.8

0.0

0.8

1.6

u

t=1.0

❋✐❣✉r❡ ✹✳✷✳✷✳ ❘❡s✉❧t ♦❢ ❛ s❤♦rt s✐♠✉❧❛t✐♦♥ ❛❢t❡r t = 0 ❛♥❞ t = 1

✇✐t❤ t❤❡ s❝❤❡♠❡ ✭✹✳✷✳✸✮✳ ❚❤✐s ✉♥❝♦♥❞✐t✐♦♥❛❧❧② ✉♥st❛❜❧❡ s♦❧✈❡r q✉✐❝❦❧②

❛♠♣❧✐✜❡s ❤✐❣❤✲❢r❡q✉❡♥❝② ♠♦❞❡s✳

●✐✈❡♥ ❛♥ ✐♥✐t✐❛❧ st❛t❡ u (x, t = 0) =: u0 (x) , t❤❡ s♦❧✉t✐♦♥ ✐s u (x, t) = u0 (x− at) ,
✇❤✐❝❤ ♠❡❛♥s t❤❛t ✭✹✳✷✳✷✮ ✐s ❥✉st ❛ s✐♠♣❧❡ ❧✐♥❡❛r tr❛♥s♣♦rt ❡q✉❛t✐♦♥✳ ▲❡t ✉s ♥♦✇ tr②
t♦ ❞✐s❝r❡t✐③❡ ✐t✳ ❚❤❡ s♣❛t✐❛❧❧② ❞✐s❝r❡t✐③❡❞ ✈❛r✐❛❜❧❡ s❤❛❧❧ ❜❡

ui+ 1
2
(t) :=

1

∆x

(i+1)∆x
ˆ

i∆x

u (x, t) dx,

s♦ t❤❡ s❡♠✐✲❞✐s❝r❡t❡ ❢♦r♠ ✐s
d

dt
ui+ 1

2
(t) = − 1

∆x
(fi+1 − fi) .

◆❛✐✈❡❧②✱ ♦♥❡ ♠✐❣❤t ❝❤♦♦s❡ t❤❡ s❡❝♦♥❞ ♦r❞❡r ✢✉① s❝❤❡♠❡

fi :=
a

2

(

ui+ 1
2
+ ui− 1

2

)

,

❛♥❞ tr② t❤❡ ❡①♣❧✐❝✐t ❊✉❧❡r ♠❡t❤♦❞ ❢♦r t❤❡ t✐♠❡ ❡✈♦❧✉t✐♦♥✳ ❖♥❡ ❣❡ts

✭✹✳✷✳✸✮ un+1
i+ 1

2

= uni+ 1
2

− ∆t

∆x

a

2

(

ui+ 3
2
− ui− 1

2

)

.

❲✐t❤ ❱♦♥ ◆❡✉♠❛♥♥ st❛❜✐❧✐t② ❛♥❛❧②s✐s ✐t ❝❛♥ ❜❡ s❡❡♥ t❤❛t t❤✐s s❝❤❡♠❡ ✐s ✉♥❝♦♥✲
❞✐t✐♦♥❛❧❧② ✉♥st❛❜❧❡✳ ❆ r❡s✉❧t ♦❜t❛✐♥❡❞ ✇✐t❤ t❤✐s s♦❧✈❡r ✐s ❞❡♣✐❝t❡❞ ✐♥ ✜❣✳ ✹✳✷✳✷✱
s❤♦✇✐♥❣ ❛ r❛♣✐❞ ❡①♣❧♦s✐♦♥✳

❚❤❡ r❡❛s♦♥ ❢♦r t❤✐s ❜❡❤❛✈✐♦✉r ❧✐❡s ✐♥ t❤❡ s♣❛t✐❛❧ ❞✐s❝r❡t✐③❛t✐♦♥ s❝❤❡♠❡✳ ❖♥
s♠♦♦t❤ s♦❧✉t✐♦♥s✱ t❤❡ s❝❤❡♠❡ ✇♦r❦s ❢❛✐r❧② ❛❝❝✉r❛t❡✱ ❜✉t ✐t t❡♥❞s t♦ ❡♥❧❛r❣❡ ❤✐❣❤✲
❢r❡q✉❡♥❝② ♠♦❞❡s✳ ❘❡❧❛t❡❞ t♦ t❤✐s ✐s ✐ts ✐♥❝❛♣❛❜✐❧✐t② ♦❢ ♠♦❞❡❧✐♥❣ s❤❛r♣ ❡❞❣❡s✳ ❚❤✐s
❝❛♥ ❜❡ ♦✈❡r❝♦♠❡ ❜② ❛❞❞✐♥❣ ❞✐✛✉s✐✈❡ ✢✉①❡s ♦r ✉s✐♥❣ ❛s②♠♠❡tr✐❝ ✢✉①❡s✱ ✇❤♦s❡ ❞✐✲
r❡❝t✐♦♥s ❞❡♣❡♥❞ ♦♥ t❤❡ ✈❡❧♦❝✐t② a✿

fj := aui− 1
2

✭✹✳✷✳✹✮

un+1
i+ 1

2

= uni+ 1
2

− ∆t

∆x
a
(

ui+ 1
2
− ui− 1

2

)

,✭✹✳✷✳✺✮

❢♦r a > 0✳ ❊q✉❛t✐♦♥ ✭✹✳✷✳✺✮ ✐s ❝❛❧❧❡❞ t❤❡ ✉♣✇✐♥❞ s❝❤❡♠❡✱ ❛♥❞ ❛❣❛✐♥ ❝♦♠❜✐♥❡❞ ✇✐t❤
❛♥ ❡①♣❧✐❝✐t ❊✉❧❡r t✐♠❡ ✐♥t❡❣r❛t♦r✳ ❚❤❡ r❡s✉❧ts ❢♦r t❤❡ s❝❤❡♠❡ ✭✹✳✷✳✺✮✱ ❛♣♣❧✐❡❞ ♦♥ t❤❡
♣r♦❜❧❡♠ ✭✹✳✷✳✷✮ ❛r❡ s❤♦✇♥ ✐♥ ✜❣✳ ✭✹✳✷✳✸✮✳ ❋♦r ∆t ≤ ∆x/a ✐t ✐s st❛❜❧❡✱ ❜✉t r❡str✐❝t❡❞
t♦ ✜rst ♦r❞❡r ❛❝❝✉r❛❝②✳ ❍❡r❡✱ t❤❡ ♥✉♠❡r✐❝❛❧ ❡rr♦r t❛❦❡s t❤❡ ❢♦r♠ ♦❢ ❛♥ ❛rt✐✜❝✐❛❧
❞✐✛✉s✐♦♥✳
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❋✐❣✉r❡ ✹✳✷✳✸✳ ❘❡s✉❧t ♦❢ ❛ s❤♦rt s✐♠✉❧❛t✐♦♥ ❛❢t❡r t = 0 ❛♥❞ t = 1 ✇✐t❤

t❤❡ s❝❤❡♠❡ ✭✹✳✷✳✺✮✳ ❚❤✐s s♦❧✈❡r ✐s st❛❜❧❡✱ ❜✉t ❛❝❤✐❡✈❡s ♦♥❧② ✶st ♦r❞❡r

❛❝❝✉r❛❝② ❛♥❞ ❝❛✉s❡s ❛ ♥✉♠❡r✐❝❛❧ ❞✐✛✉s✐♦♥✳

❋✐❣✉r❡ ✹✳✷✳✶✳ ❙❦❡t❝❤

♦❢ ❛ ❣r✐❞ ❝❡❧❧ ❢♦r ❛♥

❋❱▼ s❝❤❡♠❡✳ ❚❤❡ ✐♥✲

t❡❣r❛❧ ❛✈❡r❛❣❡❞ ✈❛r✐❛❜❧❡

Ui+ 1
2
,j+ 1

2
,k+ 1

2
❝❤❛♥❣❡s

❛❝❝♦r❞✐♥❣ t♦ t❤❡ s✉r❢❛❝❡

✢✉①❡s fi,j+ 1
2
,k+ 1

2
❡t❝✳

❖♥❡ ♠✐❣❤t ✇♦♥❞❡r ♥♦✇ ❤♦✇ t♦
♦❜t❛✐♥ ❤✐❣❤✲♦r❞❡r ✢✉① s❝❤❡♠❡s ✇❤✐❝❤
❛r❡ st❛❜❧❡ ❛♥❞ ❞♦ ♥♦t s✉✛❡r ❢r♦♠
s♣✉r✐♦✉s ♦s❝✐❧❧❛t✐♦♥s✳ ■t t✉r♥s ♦✉t
t❤❛t ♠♦st ❧✐♥❡❛r s♣❛t✐❛❧ ❞✐s❝r❡t✐③❛✲
t✐♦♥s ♦❢ ❤✐❣❤ ♦r❞❡r ❜❡❤❛✈❡ s✐♠✐✲
❧❛r❧② ❤❡r❡✳ ❚♦ ♠❛❦❡ t❤✐♥❣s ✇♦rs❡✱
t❤❡r❡ ✐s ●♦❞✉♥♦✈✬s t❤❡♦r❡♠✱ ✇❤✐❝❤
st❛t❡s✿

❆♥② ❧✐♥❡❛r ♥✉♠❡r✐❝❛❧ s❝❤❡♠❡ ❢♦r
❛ ♣❛rt✐❛❧ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥✱ ✇❤✐❝❤
❞♦❡s ♥♦t ✐♥tr♦❞✉❝❡ ♥❡✇ ❡①tr❡♠❛ t♦ t❤❡
s♦❧✉t✐♦♥ ✐s ❛t ♠♦st ✜rst✲♦r❞❡r ❛❝❝✉✲
r❛t❡✳

●♦❞✉♥♦✈ ♣✉❜❧✐s❤❡❞ t❤❡ ♣r♦♦❢ ❢♦r
t❤✐s t❤❡♦r❡♠ ✐♥ ✶✾✺✾✳ ❆t t❤❡ ✜rst
❣❧❛♥❝❡✱ ✐t ✐s ❞✐s❝♦✉r❛❣✐♥❣✳ ❍♦✇❡✈❡r✱ ✐t
❝❛♥ ❜❡ ❝✐r❝✉♠✈❡♥t❡❞ ❛s ✐t ♦♥❧② ❞❡s❝r✐❜❡s
t❤❡ ♣r♦♣❡rt✐❡s ♦❢ ❧✐♥❡❛r s❝❤❡♠❡s✳ ❍❡♥❝❡✱
❛ ✇♦r❦✐♥❣ ♠❡t❤♦❞ ♠✉st ❛❧✇❛②s ❜❡ ♥♦♥✲❧✐♥❡❛r❀ t♦ ❜❡ ♠♦r❡ ♣r❡❝✐s❡✱ ✐t ♠✉st ❛❞❛♣t ✐♥
s♦♠❡ ✇❛② t♦ t❤❡ ❧♦❝❛❧ str✉❝t✉r❡ ♦❢ t❤❡ s♦❧✉t✐♦♥✳ ■♥ t❤❡ ♥❡①t s❡❝t✐♦♥✱ t✇♦ ✐♠♣♦rt❛♥t
❛♣♣r♦❛❝❤❡s t♦ t❤❡ ♣r♦❜❧❡♠ ✇✐❧❧ ❜❡ ❞❡♠♦♥str❛t❡❞✳

✹✳✸✳ ❍✐❣❤✲r❡s♦❧✉t✐♦♥ s♣❛t✐❛❧ s❝❤❡♠❡s

✹✳✸✳✶✳ ❚♦t❛❧ ❱❛r✐❛t✐♦♥ ❉✐♠✐♥✐s❤✐♥❣ ✭❚❱❉✮ ♠❡t❤♦❞s ❛♥❞ ✢✉① ❧✐♠✐t✲
✐♥❣✳ ❋r♦♠ t❤❡ ❧❛st ❝❤❛♣t❡r ✐t ✐s ♦❜✈✐♦✉s t❤❛t t❤❡ ❛tt❡♠♣t t♦ ❝♦♥str✉❝t ❤✐❣❤✲♦r❞❡r
❋✐♥✐t❡ ❱♦❧✉♠❡ ❉✐s❝r❡t✐③❛t✐♦♥s ❤❛s ❛ s✉❜st❛♥t✐❛❧ ♣r♦❜❧❡♠✿ ▲✐♥❡❛r s❝❤❡♠❡s ♦❢ ♠♦r❡
t❤❛♥ ✜rst ♦r❞❡r ✇✐❧❧ ❛❧✇❛②s ❢❛✐❧ ✐♥ t❤❡ ♣r❡s❡♥❝❡ ♦❢ s❤♦❝❦s ❛♥❞ s❤❛r♣ ❜♦r❞❡rs✳ ❚❤❡✐r
t②♣✐❝❛❧ ❜❡❤❛✈✐♦✉r ✐s ❞❡♠♦♥str❛t❡❞ ✐♥ ✜❣✳ ✹✳✸✳✶✳ ❲❤❡♥❡✈❡r t❤❡ ❛ss✉♠♣t✐♦♥ ♦❢ ❞✐✛❡r✲
❡♥t✐❛❜✐❧✐t② ❞♦❡s ♥♦t ❤♦❧❞ ❛t s♦♠❡ ♣♦✐♥t ✐♥ t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥✱ t❤❡ s❝❤❡♠❡s ❝❛✉s❡
✉♥❞❡r✲ ❛♥❞ ♦✈❡rs❤♦♦ts✳ ❚❤✐s ❡✛❡❝t ✐s r❡❧❛t❡❞ t♦ ❘✉♥❣❡✬s ♣❤❡♥♦♠❡♥♦♥ ♣r❡s❡♥t ✐♥
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❋✐❣✉r❡ ✹✳✸✳✶✳ ❘❡s✉❧t ♦❢ ❛ s✐♠♣❧❡ s✐♠✉❧❛t✐♦♥ ✉s✐♥❣ t❤❡ ▲❛①✲❲❡♥❞r♦✛

✢✉✐❞ s❝❤❡♠❡✳ ❆❧t❤♦✉❣❤ t❤❡ s❝❤❡♠❡ ✐s st❛❜❧❡✱ ✐t ❝❛♥♥♦t ❤❛♥❞❧❡ s❤♦❝❦s

❛♥❞ s❤❛r♣ ❜♦r❞❡rs✱ ❝❛✉s✐♥❣ s♣✉r✐♦✉s ♦s❝✐❧❧❛t✐♦♥s ❤❡r❡✳

✐♥t❡r♣♦❧❛t✐♦♥✱ ❛♥❞ ✐s ✉s✉❛❧❧② r❡❢❡rr❡❞ t♦ ❛s s♣✉r✐♦✉s ♦s❝✐❧❧❛t✐♦♥s✳ ■♥ t❤❡ ❜❡st ❝❛s❡s✱
t❤❡s❡ s❝❤❡♠❡s ❝❛♥ st✐❧❧ ❜❡ q✉✐t❡ ✉s❡❢✉❧ ✲ ✐♥ t❤❡ ✇♦rst ❝❛s❡✱ t❤❡② ❛r❡ ✉♥st❛❜❧❡✱ ❧✐❦❡
t❤❡ s❝❤❡♠❡ ✭✹✳✷✳✸✮✳

❆ ❝❡♥tr❛❧ t❛s❦ ♦❢ ❋❱▼ r❡s❡❛r❝❤ ✇❛s✱ ❛♥❞ st✐❧❧ ✐s t♦ ♣✉t t♦❣❡t❤❡r t❤❡s❡ t✇♦ s❡❡♠✲
✐♥❣❧② ❝♦♥tr❛❞✐❝t✐♥❣ ❢❡❛t✉r❡s✿ ❍✐❣❤ ❛❝❝✉r❛❝② ❛♥❞ t❤❡ ❛❜s❡♥❝❡ ♦❢ s♣✉r✐♦✉s ♦s❝✐❧❧❛t✐♦♥s✳
❙✐♥❝❡ ●♦❞✉♥♦✈✬s t❤❡♦r❡♠ t❡❧❧s ✉s t❤❛t t❤✐s ✐s ♥♦t ♣♦ss✐❜❧❡ ❢♦r ❧✐♥❡❛r s❝❤❡♠❡s✱ ♦♥❡
♠✉st ✜♥❞ ♥♦♥✲❧✐♥❡❛r ❛❞❛♣t✐✈❡ ♦♥❡s✳

❋✐rst✱ ✇❡ ♥❡❡❞ ❛ ❢♦r♠❛❧ ❞❡✜♥✐t✐♦♥ ❛s ❝❧♦s❡ ❛s ♣♦ss✐❜❧❡ t♦ ✏s♣✉r✐♦✉s ♦s❝✐❧❧❛t✐♦♥✲
❢r❡❡✑✳ ❚❤❡r❡ ❛r❡ t✇♦ ❝♦♥❞✐t✐♦♥s ✇❤✐❝❤ ❤❛✈❡ ♣r♦✈❡♥ t♦ ❜❡ ❡①tr❡♠❡❧② ✉s❡❢✉❧✱ ♥❛♠❡❧②
t❤❡ ♣r❡s❡r✈❛t✐♦♥ ♦❢ ♠♦♥♦t♦♥✐❝✐t② ❛♥❞ t❤❡ ❚♦t❛❧ ❱❛r✐❛t✐♦♥ ❉✐♠✐♥✐s❤✐♥❣ ✭❚❱❉✮ ❢❡❛✲
t✉r❡✳

❉❡❢✐♥✐t✐♦♥ ✶✳ ▼♦♥♦t♦♥✐❝✐t② ♣r❡s❡r✈✐♥❣ s❝❤❡♠❡
❆ ♥✉♠❡r✐❝❛❧ s❝❤❡♠❡ ✐s ❝❛❧❧❡❞ ♠♦♥♦t♦♥✐❝✐t② ♣r❡s❡r✈✐♥❣ ✐❢ ❢♦r ❡✈❡r② ♥♦♥✲❞❡❝r❡❛s✐♥❣

✭♦r ♥♦♥✲✐♥❝r❡❛s✐♥❣✮ ✐♥✐t✐❛❧ st❛t❡
[

ϕ0
j

]N−1

j=0
✱ t❤❡ ❛❞✈❛♥❝❡❞ st❛t❡

[

ϕ1
j

]N−1

j=0
✐s ❛❧s♦ ♥♦♥✲

❞❡❝r❡❛s✐♥❣ ✭♥♦♥✲✐♥❝r❡❛s✐♥❣✮ ✐♥ s♣❛❝❡✳
●♦❞✉♥♦✈✬s ♦r❞❡r ❜❛rr✐❡r t❤❡♦r❡♠ ❝❛♥ ❜❡ ❢♦r♠✉❧❛t❡❞ ❢♦r t❤✐s ❝♦♥❞✐t✐♦♥✿

❚❤❡♦r❡♠ ✷✳ ●♦❞✉♥♦✈✬s ♦r❞❡r ❜❛rr✐❡r t❤❡♦r❡♠
❆ ❧✐♥❡❛r ♦♥❡✲st❡♣ s❡❝♦♥❞ ♦r❞❡r ♥✉♠❡r✐❝❛❧ s❝❤❡♠❡ ❢♦r t❤❡ tr❛♥s♣♦rt ❡q✉❛t✐♦♥✭✹✳✷✳✷✮

❝❛♥♥♦t ❜❡ ♠♦♥♦t♦♥✐❝✐t② ♣r❡s❡r✈✐♥❣✱ ✉♥❧❡ss |a|∆t/h ∈ N✳

❚❤❡ ♣r♦♦❢ ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ✈❛r✐♦✉s t❡①t ❜♦♦❦s✱ ❡✳❣✳ ❬✺✼✱ ✺✽❪✳ ❖❢ ❝♦✉rs❡✱ t❤❡
✏♠❛❣✐❝❛❧✑ t✐♠❡ st❡♣ ✇❤❡r❡ |c|∆t/h = 1 ❞♦❡s ♥♦t ❛❧❧❡✈✐❛t❡ t❤❡ ♣r♦❜❧❡♠✱ s✐♥❝❡ a ✈❛r✐❡s
✐♥ r❡❛❧✐st✐❝ ❛♣♣❧✐❝❛t✐♦♥s✳ ❆♥♦t❤❡r ✐♠♣♦rt❛♥t ❝♦♥❝❡♣t ✐s t❤❡ ❚♦t❛❧ ❱❛r✐❛t✐♦♥✿

❉❡❢✐♥✐t✐♦♥ ✸✳ ❚♦t❛❧ ❱❛r✐❛t✐♦♥
❚❤❡ t♦t❛❧ ✈❛r✐❛t✐♦♥ ✭❚❱✮ ♦❢ ❛ ❢✉♥❝t✐♦♥ ϕ : R → R ✐s ❞❡✜♥❡❞ ❛s

TV (ϕ(t, ·) = lim sup
ǫ→0

1

ǫ

∞̂

−∞

|ϕ (t, x)− ϕ (t, x− ǫ) |dx.
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■t ❝❛♥ ❜❡ ❡❛s✐❧② s❡❡♥ t❤❛t t❤❡ ❡①❛❝t s♦❧✉t✐♦♥ ♦❢ ✭✹✳✷✳✷✮✱ ϕ (t, x) = ϕ0 (x− ct) ,
❦❡❡♣s t❤❡ t♦t❛❧ ✈❛r✐❛t✐♦♥ ❝♦♥st❛♥t✱ ❜❡❝❛✉s❡

TV (ϕ(t, ·) = lim sup
ǫ→0

1

ǫ

∞̂

−∞

|ϕ0 (x− ct)− ϕ (0, x− ct− ǫ) |dx = TV (ϕ0) .

❉❡❢✐♥✐t✐♦♥ ✹✳ ❉✐s❝r❡t❡ ❚♦t❛❧ ❱❛r✐❛t✐♦♥
❋♦r ❛ ♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥

[

ϕn
j

]∞

j=−∞
✱ t❤❡ t♦t❛❧ ✈❛r✐❛t✐♦♥ ✐s

TV (ϕn) =

∞
∑

j=−∞

|ϕn
j − ϕn

j−1|.

❆ s❝❤❡♠❡ ✐s ❝❛❧❧❡❞ ❚♦t❛❧ ❱❛r✐❛t✐♦♥ ❉✐♠✐♥✐s❤✐♥❣ ✭❚❱❉✮✱ ✐❢ t❤❡ t♦t❛❧ ✈❛r✐❛t✐♦♥ ♦❢
t❤❡ s♦❧✉t✐♦♥s ❞❡❝r❡❛s❡s ✇✐t❤ t✐♠❡✱

TV
(

ϕn+1
)

≤ TV (ϕn) .

▲✐❦❡✇✐s❡✱ t❤❡ s♦❧✉t✐♦♥ t♦ ❛ ❝♦♥s❡r✈❛t✐♦♥ ❧❛✇ ✐s ❝❛❧❧❡❞ ❚❱❉ ✐❢ t❤❡ ❝♦♥t✐♥✉♦✉s t♦t❛❧
✈❛r✐❛t✐♦♥ ❞❡❝r❡❛s❡s ✇✐t❤ t✐♠❡✳

■t ❝❛♥ ❜❡ s❤♦✇♥ t❤❛t t❤❡ ✇❡❛❦ s♦❧✉t✐♦♥ ♦❢ ❛ ❣❡♥❡r❛❧ ❝♦♥s❡r✈❛t✐♦♥ ❧❛✇

∂

∂t
ϕ+

∂

∂x
f (ϕ) = 0,

♠❛❞❡ ✉♥✐q✉❡ ✈✐❛ ❛❞❞✐t✐♦♥❛❧ ❡♥tr♦♣② ❝♦♥❞✐t✐♦♥s✱ ✐s ❚❱❉✳ ❆t t❤❡ s❛♠❡ t✐♠❡✱ ❛ ♥✉♠❡r✲
✐❝❛❧ s❝❤❡♠❡ ✇❤✐❝❤ ❝❛✉s❡s s♣✉r✐♦✉s ♦s❝✐❧❧❛t✐♦♥s ❝❧❡❛r❧② ✐♥❝r❡❛s❡s t❤❡ t♦t❛❧ ✈❛r✐❛t✐♦♥ ♦❢
t❤❡ s♦❧✉t✐♦♥✳ ❚❤✐s ✐s ✇❤② ♦♥❡ tr✐❡s t♦ ✜♥❞ s❝❤❡♠❡s ✇✐t❤ t❤❡ ❚❱❉ ♣r♦♣❡rt②✳ ❚❤❡r❡
✐s ❛ ❣r❡❛t ♥✉♠❜❡r ♦❢ ♠❡t❤♦❞s ❛✈❛✐❧❛❜❧❡ ❤❛✈✐♥❣ t❤✐s ♣r♦♣❡rt②✱ ❡✳❣✳ ❘✐❡♠❛♥♥ s♦❧✈❡rs
❧✐❦❡ ●♦❞✉♥♦✈s ♠❡t❤♦❞✱ t❤❡ ✉♣✇✐♥❞ s❝❤❡♠❡ ♦r ❝❡♥tr❛❧ s❝❤❡♠❡s ✇✐t❤ ❛rt✐✜❛❧ ❞✐✛✉s✐♦♥
t❡r♠s✳

❲✐t❤ t❤❡ ❚❱❉ ❝r✐t❡r✐♦♥ ❛t ♦♥❡✬s ❞✐s♣♦s❛❧✱ ✐t ✐s ❛❧s♦ ♣♦ss✐❜❧❡ t♦ ❝♦♥str✉❝t ❤✐❣❤❡r
♦r❞❡r s❝❤❡♠❡s✳ ■♥ s♦♠❡ ❝❛s❡s ♦♥❡ ❝❛♥ s✐♠♣❧② ❡♠♣❧♦② ❤✐❣❤✲♦r❞❡r ✐♥t❡r♣♦❧❛t✐♦♥
s❝❤❡♠❡s ❢♦r t❤❡ ❜♦r❞❡r ✢✉①❡s✳ ❆♥♦t❤❡r ✇✐❞❡❧② ✉s❡❞ ❛♣♣r♦❛❝❤ ✐s ❝❛❧❧❡❞ ▼♦♥♦t♦♥❡
❯♣str❡❛♠✲❝❡♥t❡r❡❞ ❙❝❤❡♠❡s ❢♦r ❈♦♥s❡r✈❛t✐♦♥ ▲❛✇s ✭▼❯❙❈▲✮ ❬✹✶❪✳ ❍❡r❡✱ ♦♥❡ r❡✲
♣❧❛❝❡s t❤❡ ♣✐❡❝❡✇✐s❡ ❝♦♥st❛♥t ✐♥♣✉t ❞❛t❛ ❢♦r ❛ ❘✐❡♠❛♥♥ s♦❧✈❡r ❜② r❡❝♦♥str✉❝t❡❞
st❛t❡s✳ ❚❤❡s❡ ♠♦❞✐✜❡❞ r❡❝♦♥str✉❝t❡❞ ❞❛t❛ ❛r❡ t❤❡♥ ❢❡❞ ✐♥t♦ ❛ ❘✐❡♠❛♥♥ s♦❧✈❡r ♦r
s✐♠✐❧❛r s❝❤❡♠❡✱ ✐♥ ♦r❞❡r t♦ ♦❜t❛✐♥ ❛ ✢✉① ❛♣♣r♦①✐♠❛t✐♦♥✳ ❙✉❝❤ ❛ s❝❤❡♠❡ ♣r♦✈✐❞❡s
❣r❡❛t❡r ❛❝❝✉r❛❝② ✐♥ r❡❣✐♦♥s ✇❤❡r❡ t❤❡ s♦❧✉t✐♦♥ ✐s s♠♦♦t❤✳ ■t ✐s t❤❡♥ ✉s✉❛❧❧② ♠❛❞❡
❚❱❉ ❜② ✐♥tr♦❞✉❝✐♥❣ ❧✐♠✐t❡r ❢✉♥❝t✐♦♥s✱ ❡✐t❤❡r ✐♥ t❤❡ ❢♦r♠ ♦❢ s❧♦♣❡ ❧✐♠✐t❡rs ♦r ✢✉①
❧✐♠✐t❡rs✳

❆t t❤✐s ♣♦✐♥t✱ t❤❡ ❞❡t❛✐❧s ♦❢ ❚❱❉ ❤✐❣❤✲r❡s♦❧✉t✐♦♥ s❝❤❡♠❡s s❤❛❧❧ ❜❡ ♦♠✐tt❡❞✳
■♥st❡❛❞✱ ✇❡ ❞❡♣✐❝t t❤❡ ❋❧✉①✲❝♦rr❡❝t❡❞ tr❛♥s♣♦rt ✭❋❈❚✮ ❛❧❣♦r✐t❤♠✱ ✇❤✐❝❤ s❡r✈❡s ❛
s✐♠✐❧❛r ♣✉r♣♦s❡ ❛♥❞ ❤❛s ❜❡❡♥ ✉s❡❞ ✐♥ t❤❡ ❍✲❱▲P▲✸❉ P■❈✴✢✉✐❞ ✐♠♣❧❡♠❡♥t❛t✐♦♥✳

✹✳✸✳✷✳ ❋❧✉①✲❝♦rr❡❝t❡❞ tr❛♥s♣♦rt ✭❋❈❚✮✳ ■♥st❡❛❞ ♦❢ ❡♥❢♦r❝✐♥❣ t❤❡ ❚❱❉ ✭♦r
❛ s✐♠✐❧❛r✮ ❝♦♥❞✐t✐♦♥ ♦♥ t❤❡ s♦❧✉t✐♦♥✱ ♦♥❡ ❝❛♥ ❛❧s♦ ♣r❡✈❡♥t t❤❡ ❢♦r♠❛t✐♦♥ ♦❢ ♥❡✇
❡①tr❡♠❛ ❞✐r❡❝t❧②✳ ❚❤✐s ❝♦♥❝❡♣t ❤❛s ❜❡❡♥ ❢♦❧❧♦✇❡❞ ✐♥ t❤❡ ❋❈❚ ❬✹✹❪ ♠❡t❤♦❞✳ ❚❤✐s
♣r♦❝❡❞✉r❡ ❤❛s ♣r♦✈❡♥ t♦ ❜❡ ✈❡r② r♦❜✉st ❛♥❞ ❧❡ss r❡str✐❝t✐✈❡ t❤❛♥ ♠❛♥② ❚❱❉♠❡t❤♦❞s
t❡st❡❞✳ ■ts ♠❛✐♥ ❛❞✈❛♥t❛❣❡ ❧✐❡s ✐♥ t❤❡ ❢❛❝t t❤❛t✱ ♦♥❝❡ ✐♠♣❧❡♠❡♥t❡❞✱ ✐t ❝❛♥ ❜❡ ✉s❡❞ ❛s
❛ ❝❧♦s❡❞ ♠♦❞✉❧❡✳ ❲❤✐❧❡ s❧♦♣❡ ❧✐♠✐t❡rs ♠✉st s♦♠❡t✐♠❡s ❜❡ ❛❞❛♣t❡❞ t♦ t❤❡ r❡s♣❡❝t✐✈❡
s❝❤❡♠❡✱ ♦♥❡ ❝❛♥ ❢r❡❡❧② ❛♥❞ ❡❛s✐❧② ❢❡❡❞ ✈❛r✐♦✉s ✢✉① ❛♣♣r♦①✐♠❛t✐♦♥s ✐♥t♦ t❤❡ ❋❈❚
♣r♦❝❡❞✉r❡✳



✹✳✸✳ ❍■●❍✲❘❊❙❖▲❯❚■❖◆ ❙P❆❚■❆▲ ❙❈❍❊▼❊❙ ✸✾

❖♥❡ st❛rts ✇✐t❤ t❤❡ st❛t❡ ❛t t✐♠❡ n∆t✱ un
i+ 1

2
,j+ 1

2
,k+ 1

2

, ❛ ✏tr✉st❡❞✑ ❧♦✇ ♦r❞❡r ✢✉①

FL ❛♥❞ ❛ ❤✐❣❤ ♦r❞❡r ✢✉① FH ✱ ❧♦♦❦✐♥❣ ❝❧♦s❡❧② ❛t t❤❡ ❧♦❝❛❧ str✉❝t✉r❡ ♦❢ t❤❡ s♦❧✉t✐♦♥
❛t ❛ ❣✐✈❡♥ ♣♦s✐t✐♦♥ (i, j, k) ∈ G✳ ❋r♦♠ t❤❡ ❧♦✇ ♦r❞❡r ✢✉① ♦♥❡ ♠✉st ❜❡ s✉r❡ t❤❛t
✐t ❞♦❡s ♥♦t ✐♥tr♦❞✉❝❡ s♣✉r✐♦✉s ♦s❝✐❧❧❛t✐♦♥s✱ ✇❤✐❝❤ ✐s ❡❛s② t♦ ❛❝❤✐❡✈❡ ✇✐t❤ ❛ ❣r❡❛t
♥✉♠❜❡r ♦❢ ✜rst ♦r❞❡r ✉♣✇✐♥❞ s❝❤❡♠❡s✳

■♥ t❤❡ ✜rst st❡♣✱ ❛ ✏tr✉st❡❞✑ ✉♣❞❛t❡ utd
i+ 1

2
,j+ 1

2
,k+ 1

2

✐s ❝♦♠♣✉t❡❞ ✉s✐♥❣ t❤❡ ✢✉①

FL❀ ✐♥ t❤❡ s❡❝♦♥❞ st❡♣✱ ✇❡ ❞❡✜♥❡ t❤❡ ✏❛♥t✐❞✐✛✉s✐✈❡ ✢✉①✑

A := FH − FL.

❖✈❡r✲ ❛♥❞ ✉♥❞❡rs❤♦♦ts ❛r❡ ♣r❡✈❡♥t❡❞ ❜② ❧✐♠✐t✐♥❣ t❤❡ ✏❛♥t✐✲❞✐✛✉s✐✈❡✑ ✢✉① FH −FL

✐♥ ❛ ✇❛② t❤❛t t❤❡ ✉♣❞❛t❡❞ s♦❧✉t✐♦♥

un+1
i+ 1

2
,j+ 1

2
,k+ 1

2

= uni+ 1
2
,j+ 1

2
,k+ 1

2

−
(

∇̃ · FFCT
)

i+ 1
2
,j+ 1

2
,k+ 1

2

st❛②s ✇✐t❤✐♥ ♣r❡✲❞❡✜♥❡❞ ❧✐♠✐ts
[

umin
i+ 1

2
,j+ 1

2
,k+ 1

2

, umax
i+ 1

2
,j+ 1

2
,k+ 1

2

]

.

❚❤❡ ❧❛tt❡r ❝❛♥ ❜❡ ❞❡✜♥❡❞ ✐♥ ✈❛r✐♦✉s ✇❛②s✳ ❖♥❡ ❝♦♠♠♦♥ ❝❤♦✐❝❡ ✐s s❤♦✇♥ ✐♥ ❛❧❣♦r✐t❤♠
✶✱ ✇❤✐❝❤ ✐s t❛❦❡♥ ❢r♦♠ ❬✹✹❪✳ ■t ❣✐✈❡s ❛ ♠♦❞❡r❛t❡❧② r❡str✐❝t✐✈❡ ❧✐♠✐t❡r✱ ❜② ❝♦♠♣✉t✐♥❣
✐ts umax

i+ 1
2
,j+ 1

2
,k+ 1

2

✈❛❧✉❡ ♦✉t ♦❢ ❛❧❧ ♥❡✐❣❤❜♦r✐♥❣ ♣♦✐♥ts ♦❢ t❤❡ ✐♥✐t✐❛❧ st❛t❡ un ❛♥❞ t❤❡

tr✉st❡❞ s♦❧✉t✐♦♥ utd✳
■♥ t❤❡ ❢♦✉rt❤ st❡♣✱ ✇❡ ❝♦♠♣✉t❡ t❤❡ s✉♠s ♦❢ ❛❧❧ ❛♥t✐❞✐✛✉s✐✈❡ ✢✉①❡s ❣♦✐♥❣ ✐♥t♦✱

❛♥❞ ♦✉t ♦❢✱ t❤❡ ❝❡❧❧✳ ■t ❝❛♥ ❜❡ ❡❛s✐❧② s❡❡♥ t❤❛t ❜② r❡♣❧❛❝✐♥❣ t❤❡ ❛♥t✐❞✐✛✉s✐✈❡ ✢✉① ❜②

A❧✐♠✐t
x,i, j+ 1

2
, := Ax, i,j+ 1

2
,k+ 1

2
Cx, i,j+ 1

2
,k+ 1

2
❡t❝✳✱

✇❤❡r❡ t❤❡ ❝♦❡✣❝✐❡♥ts

Cx, i,j+ 1
2
,k+ 1

2
, Cy, i+ 1

2
,j,k+ 1

2
... ∈ [0, 1]

❛r❡ ❝♦♠♣✉t❡❞ ❛❝❝♦r❞✐♥❣ t♦ ❛❧❣♦r✐t❤♠ ✶✱ t❤❡ ✉♣❞❛t❡❞ s♦❧✉t✐♦♥

un+1 = utd −
(

∇̃ ·A❧✐♠✐t
)

i+ 1
2
,j+ 1

2
,k+ 1

2

st❛②s ❜❡❧♦✇ umax ❛♥❞ ❛❜♦✈❡ umin.



❆❧❣♦r✐t❤♠ ✶ ❚❤❡ ✢✉①✲❝♦rr❡❝t❡❞ tr❛♥s♣♦rt ✭❋❈❚✮ ❛❧❣♦r✐t❤♠✳ ❇❡❢♦r❡ ❡①❡❝✉t✐♦♥✱ ✐t ♥❡❡❞s t❤❡

✐♥✐t✐❛❧ ✈❛❧✉❡ ♦❢ t❤❡ ✈❛r✐❛❜❧❡ t♦ ❜❡ ✉♣❞❛t❡❞✱ un

i+ 1
2
,j+ 1

2
,k+ 1

2

, t❤❡ ❤✐❣❤ ❛♥❞ ❧♦✇ ♦r❞❡r ❝❡❧❧ ✢✉①

❛♣♣r♦①✐♠❛t✐♦♥s FH❛♥❞ FL, t❤❡ ❣r✐❞ st❡♣s ∆x,∆y,∆z ❛♥❞ t❤❡ t✐♠❡ st❡♣ ∆t✳ ■t ♣r♦✈✐❞❡s ❛s

♦✉t♣✉t t❤❡ ❝♦❡✣❝✐❡♥ts
(

C
x,i,j+ 1

2
,k+ 1

2

, C
y,i+ 1

2
,j,k+ 1

2

, C
z,i+ 1

2
,j+ 1

2
,k

)

(i,j,k)∈G
❢♦r t❤❡ ❧✐♠✐t❡❞ ✢✉①

FFCT

x,i,j+ 1
2
,k+ 1

2

= FL

x,i,j+ 1
2
,k+ 1

2

+

(

FH

x,i,j+ 1
2
,k+ 1

2

− FL

x,i,j+ 1
2
,k+ 1

2

)

C
x,i,j+ 1

2
,k+ 1

2

.

✭✶✮ ❈♦♠♣✉t❡ ❛ tr✉st❡❞ ❧♦✇ ♦r❞❡r s♦❧✉t✐♦♥

utd

i+ 1
2
,j+ 1

2
,k+ 1

2

= un

i+ 1
2
,j+ 1

2
,k+ 1

2

−∆t
(

∇̃ · FL
)

i+ 1
2
,j+ 1

2
,k+ 1

2

.

✭✷✮ ❉❡✜♥❡ t❤❡ ❛♥t✐❞✐✛✉s✐✈❡ ✢✉①

A := F
H − F

L.

✭✸✮ ❉❡✜♥❡ t❤❡ ♠✐♥✐♠✉♠ ❛♥❞ ♠❛①✐♠✉♠ ✈❛❧✉❡s

u
a,i+ 1

2
,j+ 1

2
,k+ 1

2

:= max

(

un

i+ 1
2
,j+ 1

2
,k+ 1

2

, utd

i+ 1
2
,j+ 1

2
,k+ 1

2

)

,

u
b,i+ 1

2
,j+ 1

2
,k+ 1

2

:= min

(

un

i+ 1
2
,j+ 1

2
,k+ 1

2

, utd

i+ 1
2
,j+ 1

2
,k+ 1

2

)

umax
i+ 1

2
,j+ 1

2
,k+ 1

2

= max
α,β,γ∈Z,|α|+|β|+|γ|≤1

(

u
a,i+ 1

2
+α,j+ 1

2
+β,k+ 1

2
+γ

)

umin
i+ 1

2
,j+ 1

2
,k+ 1

2

= min
α,β,γ∈Z,|α|+|β|+|γ|≤1

(

u
b,i+ 1

2
+α,j+ 1

2
+β,k+ 1

2
+γ

)

✭✹✮ ❙❡t t❤❡ s✉♠ ♦❢ ❛❧❧ ❛♥t✐❞✐✛✉s✐✈❡ ✢✉①❡s ✐♥t♦ ❣r✐❞ ❝❡❧❧ [i, i+ 1[×[j, j + 1[×[k, k + 1[✱

P+
ijk

=
∆t

∆x

[

max
(

0, A
x,i,j+ 1

2
,k+ 1

2

)

−min
(

0, A
x,i+1,j+ 1

2
,k+ 1

2

)]

+
∆t

∆y

[

max
(

0, A
y,i+ 1

2
, j, k+ 1

2

)

−min
(

0, A
y,i+ 1

2
, j+1, k+ 1

2

)]

+
∆t

∆z

[

max
(

0, A
z,i+ 1

2
, j+ 1

2
, k

)

−min
(

0, A
z,i+ 1

2
, j+ 1

2
, k+1

)]

❛❧♦♥❣ ✇✐t❤

Q+
ijk

=

(

umax
i+ 1

2
,j+ 1

2
,k+ 1

2

− utd

i+ 1
2
,j+ 1

2
,k+ 1

2

)

,

R+
ijk

=







min
(

1, Q+
ijk

/P+
ijk

)

✐❢P+
ijk

> 0

0 ✐❢P+
ijk

= 0.

✭✺✮ ❙❡t t❤❡ s✉♠ ♦❢ ❛❧❧ ❛♥t✐❞✐✛✉s✐✈❡ ✢✉①❡s ❛✇❛② ❢r♦♠ ❣r✐❞ ❝❡❧❧ [i, i+1[×[j, j +1[×[k, k+1[✒

P−
ijk

=
∆t

∆x

[

max
(

0, A
x,i+1,j+ 1

2
,k+ 1

2

)

−min
(

0, A
x,i,j+ 1

2
,k+ 1

2

)]

+
∆t

∆y

[

max
(

0, A
y,i+ 1

2
, j+1, k+ 1

2

)

−min
(

0, A
y,i+ 1

2
, j, k+ 1

2

)]

+
∆t

∆z

[

max
(

0, A
z,i+ 1

2
, j+ 1

2
, k+1

)

−min
(

0, A
z,i+ 1

2
, j+ 1

2
, k

)]

❛❧♦♥❣ ✇✐t❤

Q−
ijk

=

(

utd

i+ 1
2
,j+ 1

2
,k+ 1

2

− umin
i+ 1

2
,j+ 1

2
,k+ 1

2

)

,

R−
ijk

=







min
(

1, Q−
ijk

/P−
ijk

)

✐❢P−
ijk

> 0

0 ✐❢P−
ijk

= 0.

✭✻✮ ❉❡t❡r♠✐♥❡ t❤❡ ❝♦❡✣❝✐❡♥ts ❢♦r t❤❡ ✢✉① ❝♦♥✈❡① ❝♦♠❜✐♥❛t✐♦♥

C
x,i,j+ 1

2
,k+ 1

2

=







min
(

R+
i,j,k

, R−
i−1,j,k

)

✐❢A
x,i,j+ 1

2
,k+ 1

2

≥ 0

min
(

R+
i−1,j,k, R

−
i,j,k

)

✐❢A
x,i,j+ 1

2
,k+ 1

2

< 0
,

✇✐t❤ ❝②❝❧✐❝❛❧❧② ♣❡r♠✉t❡❞ ✐♥❞✐❝❡s ❢♦r t❤❡ ♦t❤❡r t✇♦ ❝♦♠♣♦♥❡♥ts✳



❈❍❆P❚❊❘ ✺

❊①♣♦♥❡♥t✐❛❧ ✐♥t❡❣r❛t♦r ❢♦r ❤✐❣❤❧② ♦✈❡r❞❡♥s❡ ♣❧❛s♠❛
s✐♠✉❧❛t✐♦♥s

✺✳✶✳ ■♥tr♦❞✉❝t✐♦♥

❚❤❡ ♣❛rt✐❝❧❡✲✐♥✲❝❡❧❧ ♠❡t❤♦❞ ✐s ❜② ❢❛r t❤❡ ♠♦st ✇✐❞❡❧② ✉s❡❞✱ ❛♥❞ ♠♦st ✐♠♣♦rt❛♥t
♠❡t❤♦❞ ❢♦r ✐♥✈❡st✐❣❛t✐♥❣ t❤❡ r✐❝❤ ✜❡❧❞ ♦❢ ❧❛s❡r✲♣❧❛s♠❛ ❛♥❞ ♣❧❛s♠❛✲♣❧❛s♠❛ ✐♥t❡r❛❝✲
t✐♦♥✳ ■t ✇♦r❦s ❢♦r ❛ ❜r♦❛❞ ♣❛r❛♠❡t❡r r❡❣✐♠❡✱ ❛♥❞ ❤❛s ❝♦♥tr✐❜✉t❡❞ s✐❣♥✐✜❝❛♥t❧② t♦
♦✉r ✉♥❞❡rst❛♥❞✐♥❣ ♦❢ t❤✐s ❝♦♠♣❧❡① r❡s❡❛r❝❤ ❛r❡❛✳

❍♦✇❡✈❡r✱ t❤❡r❡ ✐s ❛ ♥✉♠❜❡r ♦❢ ✉♥♣❧❡❛s❛♥t t❡❝❤♥✐❝❛❧ r❡str✐❝t✐♦♥s t♦ ✐ts ❛♣♣❧✐✲
❝❛❜✐❧✐t②✳ ❚❤❡s❡ ❛r❡ ❡✳❣✳ ✐ts ❤✐❣❤ ❝♦♠♣✉t❛t✐♦♥❛❧ ❝♦st✱ ✐ts ❣r✐❞✲r❡❧❛t❡❞ ❧✐♠✐t❛t✐♦♥s
✭◆♦♥✲❛❞❛♣t✐✈❡✱ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✮✱ ❛♥❞✱ ♠❛②❜❡ ♠♦st ✐♠♣♦rt❛♥t✱ ✐ts ✈❛r✐♦✉s st❛✲
❜✐❧✐t② ❝♦♥❞✐t✐♦♥s✳ P♦ss✐❜❧❡ ❡①t❡♥s✐♦♥s t♦ t❤❡ ❛❧❣♦r✐t❤♠ ❤❛✈❡ ❛❧r❡❛❞② ❜❡❡♥ ♠❡♥t✐♦♥❡❞
✐♥ ❝❤❛♣t❡r ✸✳✾✳ ❆♥ ✐♠♣♦rt❛♥t st❛❜✐❧✐t② ❝♦♥❞✐t✐♦♥ ❢♦r ❡❧❡❝tr♦♠❛❣♥❡t✐❝ ♠❛t❡r✐❛❧ s✐♠✲
✉❧❛t✐♦♥s ❧✐❦❡ P■❈ ✐s t❤❡ ♦♥❡ r❡❧❛t❡❞ t♦ ♣❧❛s♠❛ ♦s❝✐❧❧❛t✐♦♥s✱ ✐✳❡✳

∆t ≤ 2

ωp
,

✇❤❡r❡ ωp =
√

4πe2ne/me ✐s t❤❡ ✭❧♦❝❛❧✮ ♣❧❛s♠❛ ❢r❡q✉❡♥❝②✱ ne ✐s t❤❡ ❡❧❡❝tr♦♥ ♥✉♠❜❡r
❞❡♥s✐t② ❛♥❞ me ✐s t❤❡ ❡❧❡❝tr♦♥ r❡st ♠❛ss✳ ❲❤✐❧❡ ❢♦r ❧❛s❡r✲❣❛s ✐♥t❡r❛❝t✐♦♥ s✐♠✉❧❛✲
t✐♦♥s✱ ✐t ❛❧♠♦st ♥❡✈❡r ❜❡❝♦♠❡s ✐♠♣♦rt❛♥t✱ ✐t ❝❛✉s❡s s❡✈❡r❡ t✐♠❡ st❡♣ r❡str✐❝t✐♦♥s ✐❢
♠❛t❡r✐❛❧s ♦❢ s♦❧✐❞✲st❛t❡ ❞❡♥s✐t② ❛r❡ ✐♥✈♦❧✈❡❞✳

❚❤❡r❡ ✐s ❛ ✈❛r✐❡t② ♦❢ ♣❤②s✐❝❛❧ ♠❡❝❤❛♥✐s♠s ✇❤✐❝❤ ✐♥✈♦❧✈❡ s✉❝❤ ❤✐❣❤ ❞❡♥s✐t✐❡s✱
❡✳❣✳ ❚❛r❣❡t ◆♦r♠❛❧ ❙❤❡❛t❤ ❆❝❝❡❧❡r❛t✐♦♥ ✭❚◆❙❆✮ ❬✸✻❪✱ t❤❡ ❋❛st ■❣♥✐t✐♦♥ s❝❤❡♠❡
✐♥ ✐♥❡rt✐❛❧ ❝♦♥✜♥❡♠❡♥t ❢✉s✐♦♥ ❬✺✾❪✱ ♦r ❣❡♥❡r❛t✐♦♥ ♦❢ ❤✐❣❤ ❤❛r♠♦♥✐❝s ♦♥ s♦❧✐❞✲st❛t❡
s✉r❢❛❝❡s ❬✻✵❪✳ ❍❡r❡✱ ❝♦♥✈❡♥t✐♦♥❛❧ P■❈ s✐♠✉❧❛t✐♦♥s ❝❛♥ ❜❡ ❜❡❝♦♠❡ ❡①tr❡♠❡❧② ❝♦st❧②✿
❚❤❡ t✐♠❡ st❡♣ ♠✉st ❜❡ ❛❞❥✉st❡❞ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ st❛❜✐❧✐t② ❝♦♥❞✐t✐♦♥✱ ❜✉t ❧♦✇❡r✐♥❣
t❤❡ ❣r✐❞ st❡♣s ♠✐❣❤t ❛❧s♦ ❜❡ ♥❡❝❡ss❛r② ✐❢ ♥✉♠❡r✐❝❛❧ ❞✐s♣❡rs✐♦♥ ✐s ❛♥ ✐ss✉❡✳ ❖♥❡ ❝♦✉❧❞
❛s❦ ❤❡r❡ ✐❢ t❤✐s ✇❛st❡ ♦❢ ❝♦♠♣✉t❛t✐♦♥❛❧ r❡s♦✉r❝❡s ❝❛♥ ❜❡ ❝✐r❝✉♠✈❡♥t❡❞ s♦♠❡❤♦✇✳

❆s ❛ ❜r✐❡❢ ❡①❝✉rs✉s✱ ✇❡ t❛❦❡ ❛ ❧♦♦❦ ♦♥ t❤❡ ❚◆❙❆ ♣r♦❝❡ss✱ ✇❤✐❝❤ ✐s ❛ ❝❛♥❞✐❞❛t❡
❢♦r ❧❛s❡r✲❜❛s❡❞ ✐♦♥ ❛❝❝❡❧❡r❛t✐♦♥✳ ❆ ❢❡✇ ❢s✲s❤♦rt ❧❛s❡r ♣✉❧s❡ ✇✐t❤ a0 ❛❜♦✉t ✷ ✐s ✐♥❝✐❞❡♥t
♦♥ ❛ ❢♦✐❧ t❛r❣❡t✳ ❚❤❡ t❛r❣❡t ❝♦♥s✐sts ♦❢ ❛ ❜✉❧❦ ♣❛rt ✇✐t❤ ne ≈ 1000nc✱ ❛ ♣r❡✲♣❧❛s♠❛
♦❢ ❛❜♦✉t 1.5µm ❧❡♥❣t❤✱ ❛♥❞ ❛ t❤✐♥ ♣r♦t♦♥ ❧❛②❡r ♦♥ ✐ts ❜❛❝❦ s✉r❢❛❝❡✳

❚❤❡ ❧❛s❡r ♣✉❧s❡ ❤✐ts t❤❡ ♣r❡✲♣❧❛s♠❛✱ ❝r❡❛t✐♥❣ ❛ ❜❧♦✇✲♦✛ r❡❣✐♦♥ ✐♥ ❢r♦♥t ♦❢ t❤❡ ❢♦✐❧✳
❚❤✐s r❡s✉❧ts ✐♥ ❛ ❧❛r❣❡ ❝❧♦✉❞ ♦❢ ❤♦t ❡❧❡❝tr♦♥s✱ ✇❤✐❝❤✱ ♣❛rt❧②✱ ♣r♦♣❛❣❛t❡s t❤r♦✉❣❤ t❤❡
❢♦✐❧ ❛♥❞ ♣❛ss❡s t❤❡ ❝♦❛t✐♥❣ ♦❢ t❤❡ ❜❛❝❦ s✉r❢❛❝❡✳ ❆s t❤❡ ❡❧❡❝tr♦♥s ❧❡❛✈❡ t❤❡ s✉r❢❛❝❡✱ ❛
str♦♥❣ ❡❧❡❝tr♦st❛t✐❝ ✜❡❧❞ ✐s ❜✉✐❧t ✉♣✱ ❛♥❞ t❤❡ ♣r♦t♦♥s ❛r❡ ♣✉❧❧❡❞ ♦✉t ♦❢ t❤❡ ❢♦✐❧ ❛♥❞
❡✈❡♥t✉❛❧❧② ❛❝❝❡❧❡r❛t❡❞ t♦ ❤✐❣❤ ❡♥❡r❣✐❡s✳

▲♦♦❦✐♥❣ ❝❧♦s❡❧② ♦♥ t❤✐s ❡✛❡❝t✱ ♦♥❡ ♥♦t✐❝❡s t❤❛t t❤❡ ❜✉❧❦ ♣❛rt ♦❢ t❤❡ ❢♦✐❧ ✐s ♥♦t
✐♥✈♦❧✈❡❞ ✐♥ t❤❡ ♠❡❝❤❛♥✐s♠✳ ❚❤❡ ♣r❡✲♣❧❛s♠❛ ♠✉st ❜❡ ♠♦❞❡❧❡❞ ❦✐♥❡t✐❝❛❧❧②✱ ❛s ✇❡❧❧ ❛s

✹✶
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t❤❡ ♣r♦t♦♥ ❧❛②❡r✱ ❜✉t t❤❡ ❝♦♥tr✐❜✉t✐♦♥ ♦❢ t❤❡ ♠✐❞❞❧❡ r❡❣✐♦♥ ❝❛♥ ❜❡ ✉♥❞❡rst♦♦❞ ❥✉st
❜② ✐ts ❧✐♥❡❛r ❡❧❡❝tr♦st❛t✐❝ r❡s♣♦♥s❡✳

❋✐❣✉r❡ ✺✳✶✳✶✳ ❙❦❡t❝❤ ♦❢

t❤❡ ❚❛r❣❡t ◆♦r♠❛❧ ❙❤❡❛t❤

❆❝❝❡❧❡r❛t✐♦♥

❚❤✐s ❣✐✈❡s r✐s❡ t♦ t❤❡ ✐❞❡❛ ♦❢ ✐♠✲
♣❧❡♠❡♥t✐♥❣ ❛ ❤②❜r✐❞ ❝♦❞❡✱ ✇❤❡r❡ t❤❡
♣❧❛s♠❛ ❝❛♥ ❜❡ ♠♦❞❡❧❡❞ ✇✐t❤ t✇♦ ❞✐s✲
t✐♥❝t ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞s✳ ❋✐rst✱ t❤❡
❝♦♥✈❡♥t✐♦♥❛❧ P■❈ ❛❧❣♦r✐t❤♠✱ ✇❤✐❝❤ ✇✐❧❧
s✐♠✉❧❛t❡ t❤❡ ❤♦t✱ ❧♦✇ ❞❡♥s✐t② ♣❛rt✐❝❧❡s✳
❙❡❝♦♥❞✱ ❛ ✢✉✐❞ ♠♦❞❡❧✱ ✇❤✐❝❤✱ ❛❧t❤♦✉❣❤
r❡s❡♠❜❧✐♥❣ ❛ str♦♥❣ s✐♠♣❧✐✜❝❛t✐♦♥✱ ❞♦❡s
♥♦t s✉✛❡r ❢r♦♠ ❛♥② ♣❧❛s♠❛ ❢r❡q✉❡♥❝②✲
r❡❧❛t❡❞ st❛❜✐❧✐t② ❝♦♥❞✐t✐♦♥s✳

■♥ ❧❛st ②❡❛rs P■❈✲❤②❞r♦❞②♥❛♠✐❝
❤②❜r✐❞ t❡❝❤♥✐q✉❡s ❤❛✈❡ ❡♠❡r❣❡❞ ❛s ❛♥
❡✣❝✐❡♥t s♦❧✉t✐♦♥ t♦ ❧❛r❣❡ s❝❛❧❡ ✉❧tr❛
❤✐❣❤ ❞❡♥s✐t② ♣❧❛s♠❛ s✐♠✉❧❛t✐♦♥s✱ ❡✳❣✳✱
❋■ ♣❤②s✐❝s✱ s♦❧✐❞ st❛t❡ ❞❡♥s✐t② ♣❧❛s♠❛
✐♥t❡r❛❝t✐♦♥s✱ ❤✐❣❤ ❡♥❡r❣② ✐♦♥ ❣❡♥❡r❛t✐♦♥
❡t❝✳ ▼♦st ♦❢ t❤❡s❡ ❝♦❞❡s ✇♦r❦ ✐♥ t❤❡
❉❛r✇✐♥ ❛♣♣r♦①✐♠❛t✐♦♥ ❛♥❞ t❤✉s ❡①❝❧✉❞❡ t❤❡ ❡❧❡❝tr♦♠❛❣♥❡t✐❝ ✇❛✈❡ ♣r♦♣❛❣❛t✐♦♥ ❝♦♠✲
♣❧❡t❡❧②✳ ❚❤❡② ❛❧s♦ ❡①❝❧✉❞❡ ❡❧❡❝tr♦st❛t✐❝ ✇❛✈❡s ❦❡❡♣✐♥❣ t❤❡ ❝♦❧❧✐s✐♦♥❛❧ ♠❛❣♥❡t♦❤②✲
❞r♦❞②♥❛♠✐❝s ✭▼❍❉✮ ♦♥❧②✳ ❋✉rt❤❡r✱ ❛♥ ✐♠♣❧✐❝✐t ❡❧❡❝tr♦st❛t✐❝ ♣❛rt✐❝❧❡✲✢✉✐❞ ❤②❜r✐❞
♣❧❛s♠❛ ❝♦❞❡ ❤❛s ❜❡❡♥ ❞❡✈❡❧♦♣❡❞ ❜② ❘❛♠❜♦ ❛♥❞ ❉❡♥❛✈✐t ❬✻✶❪✱ ✇❤✐❝❤ ❤❛s ❜❡❡♥ ✉s❡❞
t♦ st✉❞② ✐♥t❡r♣❡♥❡tr❛t✐♦♥ ❛♥❞ ✐♦♥ s❡♣❛r❛t✐♦♥ ✐♥ ❝♦❧❧✐❞✐♥❣ ♣❧❛s♠❛s ❬✻✷❪✳ ❚❤❡r❡ ✐s
❛❧s♦ t❤❡ ✐♠♣❧✐❝✐t ❡❧❡❝tr♦♠❛❣♥❡t✐❝ P■❈ ❝♦❞❡ ▲❙P ❬✸✶❪✳ ❚❤✐s ❝♦❞❡ ✉s❡s ❛♥ ✐♠♣❧✐❝✐t
❣❧♦❜❛❧ s❝❤❡♠❡ ✇❤✐❝❤ ♦✈❡r❝♦♠❡s s✉❝❤ r❡str✐❝t✐♦♥s ♦❢ t❤❡ t✐♠❡✲st❡♣✳ ❚❤❡ ▲❙P ❝♦❞❡
❛❧s♦ ❡♠♣❧♦②s ❛ ✜❡❧❞ s♦❧✈❡r ❜❛s❡❞ ♦♥ ❛♥ ✉♥❝♦♥❞✐t✐♦♥❛❧❧② ❈♦✉r❛♥t✲st❛❜❧❡ ❛❧❣♦r✐t❤♠
❢♦r ❡❧❡❝tr♦♠❛❣♥❡t✐❝ ❝❛❧❝✉❧❛t✐♦♥s❬✻✸❪✳ ❘❡❝❡♥t❧②✱ ✇❡ ❤❛✈❡ ♣r❡s❡♥t❡❞ ❛ ✶❉ ✈❡rs✐♦♥ ♦❢
t❤❡ ❝♦❞❡ ❍②❜r✐❞ ❱✐rt✉❛❧ ▲❛s❡r P❧❛s♠❛ ▲❛❜♦r❛t♦r② ✭❍✲❱▲P▲✮ ❬✸✺❪ t❤❛t ✉♥✐t❡s ❛
❤②❞r♦❞②♥❛♠✐❝ ♠♦❞❡❧ ❢♦r ♦✈❡r❞❡♥s❡ ♣❧❛s♠❛s ❛♥❞ t❤❡ ❢✉❧❧ ❦✐♥❡t✐❝ ❞❡s❝r✐♣t✐♦♥ ♦❢ ❤♦t
❧♦✇✲❞❡♥s✐t② ❡❧❡❝tr♦♥s ❛♥❞ ✐♦♥s✳ ■♥ t❤✐s ❝♦❞❡✱ t❤❡ ❧✐♥❡❛r ♣❧❛s♠❛ r❡s♣♦♥s❡ ✇❛s s✐♠✉✲
❧❛t❡❞ ✉s✐♥❣ ❛♥ ✐♠♣❧✐❝✐t s❝❤❡♠❡✳ ❚❤❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ✐♥✈♦❧✈❡❞ t❤❡ s♦❧✉t✐♦♥ ♦❢ ❧✐♥❡❛r
s②st❡♠s✱ ✇❤✐❝❤ ❤❛✈❡ ❜❡❡♥ ❞♦♥❡ ✐♥ ❛ ✈❡r② ❡✣❝✐❡♥t ✇❛② ✉s✐♥❣ t❤❡ ❙❝❤✉r ❝♦♠♣❧❡♠❡♥t✳

❙✐♥❝❡ t❤❡ ❧❛tt❡r ❝❛♥♥♦t ❜❡ ❡✣❝✐❡♥t❧② ❣❡♥❡r❛❧✐③❡❞ t♦ ✸❉✱ ✇❡ ♣r♦♣♦s❡ ❛ ❞✐✛❡r❡♥t
s❝❤❡♠❡ ❤❡r❡✱ ✇❤✐❝❤ ✐s ❜❛s❡❞ ♦♥ ❛♥ ❡①♣♦♥❡♥t✐❛❧ ✐♥t❡❣r❛t♦r✳

❆♠♦♥❣ t❤❡ ✈❛r✐♦✉s ❛✈❛✐❧❛❜❧❡ t❡❝❤♥✐q✉❡s ❢♦r ♦r❞✐♥❛r② ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s ✭
❖❉❊s ✮✱ ❡①♣♦♥❡♥t✐❛❧ ✐♥t❡❣r❛t♦rs ❝♦♥st✐t✉t❡ ❛♥ ✐♥t❡r❡st✐♥❣ ♥❡✇ ❝♦♥❝❡♣t ❬✻✹✱ ✻✺✱ ✻✻❪✳
❚❤❡② ❝❛♥ ❜❡ ❛♥ ❡✣❝✐❡♥t ❛❧t❡r♥❛t✐✈❡ ❢♦r ❖❉❊s ❝♦♥s✐st✐♥❣ ♦❢ ❛ ❤✐❣❤❧② ♦s❝✐❧❧❛t♦r② ❧✐♥❡❛r
❛♥❞ ❛ s♠♦♦t❤ ♥♦♥❧✐♥❡❛r ♣❛rt✱ ❧✐❦❡

✭✺✳✶✳✶✮ y′ = Ay + f(y).

▼❛♥② ❝❧❛ss✐❝❛❧ s❝❤❡♠❡s✱ ❧✐❦❡ ❘✉♥❣❡✲❑✉tt❛ ♦r ♠✉❧t✐st❡♣ ♠❡t❤♦❞s✱ ❝❛♥ ❜❡ ❣❡♥❡r❛❧✐③❡❞
t♦ ❛♥ ❡①♣♦♥❡♥t✐❛❧ ✐♥t❡❣r❛t♦r ❢♦r ✭✺✳✶✳✶✮✳ ❲❤✐❧❡ ✐t ❜❡❝♦♠❡s ♥❡❝❡ss❛r② t♦ ❝♦♠♣✉t❡
♠❛tr✐①✲✈❡❝t♦r ♣r♦❞✉❝ts ❧✐❦❡ ϕ(A)x✱ ✇✐t❤ ♠❛tr✐① ❢✉♥❝t✐♦♥s ϕ✱ t❤❡s❡ s❝❤❡♠❡s ❝♦♥t❛✐♥
‖A‖ ♥❡✐t❤❡r ✐♥ t❤❡✐r st❛❜✐❧✐t② ❝♦♥❞✐t✐♦♥s ♥♦r ✐♥ t❤❡✐r ❡rr♦r ❜♦✉♥❞s✳

❋♦r ♦✉r ♣r♦❜❧❡♠✱ ✇❡ ✇✐❧❧ ❡♠♣❧♦② ❛ ♠♦❞✐✜❡❞ ✈❡rs✐♦♥ ♦❢ t❤❡ ▼♦❧❧✐✜❡❞ ■♠♣✉❧s❡
♠❡t❤♦❞ ❬✻✼❪✳ ■t ✐s ❛ ✈❛r✐❛♥t ♦❢ t❤❡ ❛❜♦✈❡ ♠❡♥t✐♦♥❡❞ s♣❧✐tt✐♥❣ ♠❡t❤♦❞s✱ ❝♦♥t❛✐♥✐♥❣
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❋✐❣✉r❡ ✺✳✷✳✶✳ ✸❉ ❣r✐❞ ❝❡❧❧ ❝♦♥✜❣✉r❛t✐♦♥ ❢♦r t❤❡ ▼♦❧❧✐✜❡❞ ■♠♣✉❧s❡
❤②❜r✐❞ ❝♦❞❡✳ ❚❤❡ ❛❞❞✐t✐♦♥❛❧ ✢✉✐❞ ♠♦♠❡♥t✉♠ ph ✐s ❞❡✜♥❡❞ ♦♥ t❤❡
s❛♠❡ ♣♦s✐t✐♦♥s ❛s E✳

❡①❛❝t s♦❧✉t✐♦♥s ❛❧s♦ ❢♦r ♦s❝✐❧❧❛t♦r② t❡r♠s✳ ❋♦r t❤❡ ❢♦r♠✉❧❛t✐♦♥ ✉s❡❞✱ t❤❡ ❤✐❣❤ ❢r❡✲
q✉❡♥❝✐❡s ✐♥✈♦❧✈❡❞ st❡♠ ❢r♦♠ ❛ ❞✐❛❣♦♥❛❧ ❧✐♥❡❛r ♦♣❡r❛t♦r✱ ✇❤✐❝❤ ♠❡❛♥s t❤❛t ♠❛tr✐①
❢✉♥❝t✐♦♥s ❝❛♥ ❜❡ ❡❛s✐❧② ❝❛❧❝✉❧❛t❡❞✳

■♥ t❤❡ ♥❡①t s✉❜s❡❝t✐♦♥s✱ t❤❡ ❜❛s✐❝ ♠♦❞❡❧ ❢♦r t❤❡ ✢✉✐❞ ♣❧❛s♠❛ ✇✐❧❧ ❜❡ ✐♥tr♦❞✉❝❡❞✱
❛♥❞ t❤❡ ♥✉♠❡r✐❝❛❧ s❝❤❡♠❡ ❞❡r✐✈❡❞✳ ❈❤❛❧❧❡♥❣❡s ✐♥ t❤❡ ❛❧❣♦r✐t❤♠✱ ❛s ✇❡❧❧ ❛s t❤❡✐r s♦✲
❧✉t✐♦♥s✱ ✇✐❧❧ ❜❡ s❤♦✇♥✳ ❆❢t❡r✇❛r❞s✱ t❤❡ s❝❤❡♠❡✬s ❝♦rr❡❝t♥❡ss s❤❛❧❧ ❜❡ ❞❡♠♦♥str❛t❡❞
✉s✐♥❣ ❡rr♦r ❛♥❛❧②s✐s ❛♥❞ s❡✈❡r❛❧ ♣❤②s✐❝❛❧ ❡①❛♠♣❧❡s✳ ❲❡ ✇✐❧❧ t❤❡♥ ❞❡s❝r✐❜❡ ❤♦✇ ✐t
❤❛s ❜❡❡♥ ✐♠♣❧❡♠❡♥t❡❞ ✐♥t♦ t❤❡ ❡①✐st✐♥❣ ❱▲P▲ P■❈ ❝♦❞❡✱ ❛♥❞ s❤♦✇ ✜rst r❡s✉❧ts✳

✺✳✶✳✶✳ P❤②s✐❝❛❧ ♠♦❞❡❧ ❛♥❞ ♥✉♠❡r✐❝❛❧ ❛❧❣♦r✐t❤♠✳ ❚❤❡ ❤②❜r✐❞ ❝♦♥❝❡♣t ✐♥✲
tr♦❞✉❝❡❞ ❤❡r❡ ✇✐❧❧ ❝♦♠❜✐♥❡ ❛♥ ❡①✐st✐♥❣ P■❈ ❛❧❣♦r✐t❤♠ ✇✐t❤ ❛♥ ❛❞❞✐t✐♦♥❛❧ ❤②❞r♦❞②✲
♥❛♠✐❝ ♠♦❞❡❧✳ ■♥ t❤✐s s❡❝t✐♦♥✱ t❤❡ ❡q✉❛t✐♦♥s ♦❢ t❤✐s ♠♦❞❡❧ ❛s ✇❡❧❧ ❛s t❤❡ ♥✉♠❡r✐❝❛❧
s❝❤❡♠❡ ✇✐❧❧ ❜❡ s❤♦✇♥ ❛♥❞ ❞✐s❝✉ss❡❞✳

❙✐♥❝❡ t❤❡ ❤②❞r♦❞②♥❛♠✐❝ ♠♦❞❡❧ ✐s ✉s❡❞ ❢♦r ♣❧❛s♠❛s ✇✐t❤ ❛ ❤✐❣❤ ❢r❡q✉❡♥❝② ❡❧❡❝✲
tr♦st❛t✐❝ r❡s♣♦♥s❡✱ ✇❡ ❝❛♥ ❛ss✉♠❡ t❤❡ ❧♦❝❛❧ ♠♦♠❡♥t✉♠ ❛♠♣❧✐t✉❞❡s t♦ ❜❡ r❛t❤❡r ❧♦✇✳
▲✐❦❡✇✐s❡✱ ✇❡ ❛ss✉♠❡ t❤❛t tr❛♥s♣♦rt ♣❤❡♥♦♠❡♥❛ ❛r❡ ♥❡❣❧✐❣✐❜❧❡✳ ❍❡♥❝❡✱ ✇❡ ♠♦❞✐❢②
▼❛①✇❡❧❧✬s ❡q✉❛t✐♦♥s t♦

∂

∂t
❊ = ∇×❇− JPIC − nhe

γh
ph✭✺✳✶✳✷✮

∂

∂t
❇ = −∇×❊✭✺✳✶✳✸✮

∂

∂t
ph = eE.✭✺✳✶✳✹✮

❆❣❛✐♥✱ ✇❡ ❤❛✈❡ ✉s❡❞ ❞✐♠❡♥s✐♦♥❧❡ss r❡❧❛t✐✈✐st✐❝ ✉♥✐ts ✐♥ ♦r❞❡r t♦ s✐♠♣❧✐❢② ❝❛❧❝✉❧❛t✐♦♥s✳
❲❡ ❞❡♥♦t❡ t❤❡ ❧♦❝❛❧ ✢✉✐❞ ♠♦♠❡♥t✉♠ ❜② ph, t❤❡ ❡❧❡❝tr♦♥ ❝❤❛r❣❡ ❜② e✱ t❤❡ ✢✉✐❞
❞❡♥s✐t② ❜② nh ❛♥❞ ✐ts r❡❧❛t✐✈✐st✐❝ ❢❛❝t♦r ❜② γh :=

√

1 + p2
h✳ ❆s ♠❡♥t✐♦♥❡❞ ❜❡❢♦r❡✱

✇❡ ❛ss✉♠❡ ph t♦ st❛② ❧♦✇ ❛♥❞ t❤❡r❡❢♦r❡ t❤❡ ♠❛❣♥❡t✐❝ ❧♦r❡♥t③ ❢♦r❝❡ t♦ ❜❡ ♥❡❣❧✐❣✐❜❧❡✳



✺✳✸✳ ❚■▼❊ ❉■❙❈❘❊❚■❩❆❚■❖◆ ✴ ❙P▲■❚❚■◆● ✹✹

✺✳✷✳ ❙♣❛t✐❛❧ ❞✐s❝r❡t✐③❛t✐♦♥

❙✐♥❝❡ ✇❡ ✇❛♥t t♦ ❦❡❡♣ t❤❡ ❨❡❡ ❞✐s❝r❡t✐③❛t✐♦♥ ❢♦r E ❛♥❞ B ❞❡s❝r✐❜❡❞ ✐♥ ❝❤❛♣t❡r
✸✳✷✱ ✇❡ ❛❧✐❣♥ t❤❡ ✢✉✐❞ ♠♦♠❡♥t✉♠ ph ✇✐t❤ t❤❡ ❨❡❡ ❣r✐❞✳ ❍❡♥❝❡✱ ph ✐s ❞❡✜♥❡❞ ❡①❛❝t❧②
t❤❡ s❛♠❡ ✇❛② ❛s E✿ ❊❛❝❤ ❣r✐❞ ❝❡❧❧ st♦r❡s t❤❡ ✈❛❧✉❡s





ph,x|i, j+ 1
2
, k+ 1

2

ph,y|i+ 1
2
, j, k+ 1

2

ph,z|i+ 1
2
, j+ 1

2
, k



 ,

❛s s❤♦✇♥ ✐♥ ✜❣✉r❡ ✺✳✷✳✶✳ ❚❤❡ ❝✉r❧ ♦♣❡r❛t♦rs ❞♦ ♥♦t ❝❤❛♥❣❡✱ ❛♥❞ t❤❡ ✢✉✐❞ ❝✉rr❡♥t
✐♥ ✭✺✳✶✳✷✮ ❛s ✇❡❧❧ ❛s t❤❡ ❡❧❡❝tr✐❝ ❢♦r❝❡ ✐♥ ✭✺✳✶✳✹✮ ❛r❡ ❛❝t ♦♥ t❤❡ s❛♠❡ ❣r✐❞ ❝❡❧❧✳ ❚❤✉s✱
t❤❡ s❡♠✐✲❞✐s❝r❡t✐③❡❞ ❡q✉❛t✐♦♥s r❡❛❞

∂

∂t
❊ = ∇̃ ×❇− JPIC − nhe

γh
ph✭✺✳✷✳✶✮

∂

∂t
❇ = −∇̃ ×❊✭✺✳✷✳✷✮

∂

∂t
ph = eE.✭✺✳✷✳✸✮

✺✳✸✳ ❚✐♠❡ ❞✐s❝r❡t✐③❛t✐♦♥ ✴ ❙♣❧✐tt✐♥❣

❲❡ ❤❛✈❡ ♥♦✇ ♦❜t❛✐♥❡❞ t❤❡ ✉s✉❛❧ ❧❛r❣❡ ♦r❞✐♥❛r② ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥ s②st❡♠✳
❖♥❡ ♥♦t✐❝❡s t❤❛t✱ ✇❤❡♥ ♥❡❣❧❡❝t✐♥❣ B✱ ❛♥❞ ❛ss✉♠✐♥❣ ❧♦✇ ph s✉❝❤ t❤❛t γh = 1✱
❡qs✳ ✭✺✳✶✳✷✮ ❛♥❞ ✭✺✳✶✳✹✮ ❢♦r♠ ❛♥ ❤❛r♠♦♥✐❝ ♦s❝✐❧❧❛t♦r ♦♥ ❡❛❝❤ ❣r✐❞ ❝❡❧❧ ✐♥t❡r❢❛❝❡✳
❚❤✐s ✐s ✇❤❡r❡ t❤❡ ❡①♣♦♥❡♥t✐❛❧ ✐♥t❡❣r❛t♦r ❝♦♥❝❡♣t s❤❛❧❧ ❜❡ ❡♠♣❧♦②❡❞✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣
❝♦♥s✐❞❡r❛t✐♦♥s ❛r❡ ❛❧s♦ ❞❡♣✐❝t❡❞ ✐♥ ❬✻✽❪✳

❘❡♠♦✈✐♥❣ t❤❡ P■❈ ❝✉rr❡♥ts ❢♦r ♥♦✇✱ ✇❡ ❝❛♥ ♣✉t t❤❡ s②st❡♠ ❢♦r♠❛❧❧② ✐♥t♦ ♦♥❡
✈❡❝t♦r✱

∂

∂t





E

B

P



 =





∇̃ ×❇− ω2
hph

−∇̃ ×❊
eE



 ,✭✺✳✸✳✶✮

s✉❜st✐t✉t✐♥❣ t❤❡ ❤②❞r♦❞②♥❛♠✐❝ ♣❧❛s♠❛ ❢r❡q✉❡♥❝② ω2
h = nhe/γh✳ ❲❡ r❡❝❛❧❧ t❤❡

♠❡t❤♦❞ ✐♥ s❡❝t✐♦♥ ✸✳✷✱ ✇❤❡r❡ ▼❛①✇❡❧❧✬s ❡q✉❛t✐♦♥s ❤❛✈❡ ❜❡❡♥ s♣❧✐t ✐♥t♦ t✇♦ ❞✐st✐♥❝t
♣❛rts✳ ❊❛❝❤ ♦❢ t❤❡s❡ ♣❛rts ❢♦r♠❡❞ ❛ ♠✉❝❤ s✐♠♣❧❡r ❖❉❊✱ ✇❤✐❝❤ ❝♦✉❧❞ ❜❡ s♦❧✈❡❞
❡①❛❝t❧② ❥✉st ❜② ❛❞❞✐♥❣ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡✳ ❚❤✐s t✐♠❡✱ ✭✺✳✸✳✶✮ ✐s s♣❧✐t ✐♥t♦ t❤r❡❡
❞✐✛❡r❡♥t ❖❉❊s✱ ♥❛♠❡❧②

∂

∂t





E

B

P



 =





∇̃ ×❇
0
0



 ,✭✺✳✸✳✷✮

∂

∂t





E

B

P



 =





0

−∇̃ ×❊
0



 ,✭✺✳✸✳✸✮

∂

∂t





E

B

P



 =





−ω2
hph

0
eE



 .✭✺✳✸✳✹✮
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■❢ ✇❡ ♠❛❦❡ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ γh = 1✱ ✇❤✐❝❤ r❡s❡♠❜❧❡s t♦ t❤❡ ❝❛s❡ ♦❢ ❛ q✉❛❞r❛t✐❝
♣♦t❡♥t✐❛❧ ❢♦r t❤❡ ♦s❝✐❧❧❛t♦r② ♣❛rt✱ ✇❡ ❝❛♥ ✇r✐t❡ ❞♦✇♥ ❡①❛❝t s♦❧✉t✐♦♥s✳

▲❡t ✉s ❞❡♥♦t❡ ❜② ϕE
t t❤❡ ❡①❛❝t ✢♦✇ ❢♦r t❤❡ ❖❉❊ ✭✺✳✸✳✷✮✱ ϕB

t t❤❡ ♦♥❡ ❢♦r ✭✺✳✸✳✸✮✱
❛♥❞ ϕh

t t❤❡ ♦♥❡ ❢♦r ✭✺✳✸✳✹✮✳ ✭❋♦r ❛ ❜r✐❡❢ ✐♥tr♦❞✉❝t✐♦♥ t♦ ♥✉♠❡r✐❝❛❧ ✢♦✇s✱ s❡❡ s❡❝t✐♦♥
✻✳✼ ♦r ❬✹✽❪✳✮ ❲❡ ❝❛♥ ❝♦♥str✉❝t ❛ s♣❧✐tt✐♥❣ s❝❤❡♠❡ ❛s ❛ ❝♦♥❝❛t❡♥❛t✐♦♥ ♦❢ t❤❡ s♣❧✐t
❡①❛❝t ✢♦✇s✳

ϕ∆t ≈ ϕB
∆t/2 ◦ ϕE

∆t/2 ◦ ϕh
∆t ◦ ϕE

∆t/2 ◦ ϕB
∆t/2.

❲r✐tt❡♥ ❞♦✇♥ ❛s ❛ ♦♥❡✲st❡♣ ♠❡t❤♦❞✱ t❤❡ s❝❤❡♠❡ r❡❛❞s

❦✐❝❦✿ Bn+ 1
2 =Bn − 1

2
∆t∇̃ ×En✭✺✳✸✳✺✮

E+ =En +
1

2
∆t∇̃ ×Bn+ 1

2✭✺✳✸✳✻✮

♦s❝✐❧❧❛t❡✿

[

pn+1
h

E′

]

=

[

cos∆tωh ∆ts✐♥❝
−ωh sin∆tωh cos∆tωh

] [

pn
h

E+

]

✭✺✳✸✳✼✮

En+1 =E′ +
1

2
∆t∇̃ ×Bn+ 1

2✭✺✳✸✳✽✮

❦✐❝❦✿ Bn+1 =Bn+ 1
2 − 1

2
∆t∇̃ ×En+1.✭✺✳✸✳✾✮

■t ❤❛s ❜❡❡♥ s❤♦✇♥ t❤❛t t❤✐s s❝❤❡♠❡ ✐s s②♠♠❡tr✐❝❛❧ ❢♦r ✜①❡❞ γh = 1✳
❚❤✐s ✐❞❡❛ ♦❢ s♣❧✐tt✐♥❣ ❛♥ ♦r❞✐♥❛r② ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥ ❛♥❞ ♣✉tt✐♥❣ ❛♥ ✬♦s❝✐❧❧❛t❡✬

st❡♣ ✐♥ t❤❡ ♠✐❞❞❧❡ ♦r✐❣✐♥❛t❡s ❢r♦♠ ❬✻✾✱ ✼✵❪✳ ❆s ❛ t✇♦✲t❡r♠ s♣❧✐tt✐♥❣ s❝❤❡♠❡✱ ✐t ✐s
❝❛❧❧❡❞ t❤❡ ✐♠♣✉❧s❡ ♠❡t❤♦❞✱ ❛ s✐♠♣❧❡ ❡①♣♦♥❡♥t✐❛❧ s❝❤❡♠❡ ✇❤✐❝❤ ❛❧❧♦✇s ❢♦r ❧❛r❣❡ t✐♠❡
st❡♣s ✐♥❞❡♣❡♥❞❡♥t❧② ♦❢ ωh. ❍♦✇❡✈❡r✱ ✐♥ ❬✼✶✱ ✻✼❪ t❤❡ ❛✉t❤♦rs ♣♦✐♥t ♦✉t t❤❛t t❤❡
♠❡t❤♦❞ ❡①❤✐❜✐ts ✉♥st❛❜❧❡ ❜❡❤❛✈✐♦✉r ✐❢ t❤❡ ♣r♦❞✉❝t ∆tωh ✐s ❛ ♠✉❧t✐♣❧❡ ♦❢ π✳ ■t t✉r♥s
♦✉t t❤❛t t❤✐s ✐ss✉❡ ❝❛✉s❡s ♣r♦❜❧❡♠s ✐♥ ♦✉r ✐♥t❡❣r❛t♦r t♦♦✱ ❛♥❞ ♠✉st ❜❡ ❛❞r❡ss❡❞✳

■♥ ♦r❞❡r t♦ ✐♥✈❡st✐❣❛t❡ t❤❡ ❝♦rr❡❝t♥❡ss ♦❢ ✭✺✳✸✳✺✮✲✭✺✳✸✳✾✮✱ t❤❡ s❝❤❡♠❡ ✇❛s r❡❞✉❝❡❞
t♦ ♦♥❡ ❞✐♠❡♥s✐♦♥ ❜② s❡tt✐♥❣ tr❛♥s✈❡rs❛❧ ❞❡r✐✈❛t✐✈❡s t♦ ③❡r♦ ❛♥❞ r❡str✐❝t✐♥❣ t♦ ✶❉
❣❡♦♠❡tr②✳ ❆ s✐♠♣❧❡ ❧❛s❡r ♣✉❧s❡ r❡✢❡❝t✐♦♥ ❡①♣❡r✐♠❡♥t s❡r✈❡s ❛s t❤❡ t❡st ♣r♦❜❧❡♠✿

❲❡ ❞❡✜♥❡ t❤❡ ♣✉❧s❡ ❛s

Ey|0i : = a0 exp

(−(xi +
1
2∆x− xc)

2

σ2

)

cos(xi +
1

2
∆x− xc)

Bz|0i : = a0 exp

(−(xj − xc)
2

σ2

)

cos(xi − xc)

✇✐t❤ a0 = 0.05✱ ∆x = 0.05✱ σ = 2 ❛♥❞ xc = 7✳ ❚❤❡ ♣✉❧s❡ ✇❛✈❡ ❧❡♥❣t❤ λ ✐s 1✳ ❚❤❡
s✐♠✉❧❛t✐♦♥ ❜♦① ❧❡♥❣t❤ ✐s L = 20✳ ■♥ t❤❡ r✐❣❤t s❡❝t✐♦♥ ♦❢ t❤❡ s✐♠✉❧❛t✐♦♥ ❞♦♠❛✐♥✱ ✇❡
s❡t t❤❡ ♣❧❛s♠❛ ❞❡♥s✐t② ρh = 16✱ ✇❤✐❝❤ ✐♠♣❧✐❡s ❛ ♣❧❛s♠❛ ❢r❡q✉❡♥❝② ωh = 8π.

❚❤✐s ♣✉❧s❡ t❤❡♥ ♣r♦♣❛❣❛t❡s t❤r♦✉❣❤ t❤❡ ✈❛❝✉✉♠✱ ❤✐ts t❤❡ ♣❧❛s♠❛ ❜♦r❞❡r✱ ❛♥❞
❜❡❝♦♠❡s r❡✢❡❝t❡❞✳ ❆s ❝❛♥ ❜❡ s❡❡♥ ✐♥ ✜❣✉r❡ ✺✳✸✳✶✱ t❤❡ ❡①♣❡❝t❡❞ ❜❡❤❛✈✐♦✉r ✐s ❛❝❝✉✲
r❛t❡❧② r❡♣r♦❞✉❝❡❞✳

❋♦r ❛ s❡❝♦♥❞ t❡st✱ ✇❡ ✉s❡ t❤❡ s❛♠❡ ❝♦♥✜❣✉r❛t✐♦♥✱ ❝❤❛♥❣✐♥❣ t❤❡ ♣❧❛s♠❛ ❞❡♥s✐t②
t♦ ρh = 0.64✳ ❲❡ ❡①♣❡❝t t❤❡ ♣✉❧s❡ t♦ ❜❡ r❡✢❡❝t❡❞ ♣❛rt❧②✱ ✇✐t❤ t❤❡ ❣r❡❛t❡r ❢r❛❝t✐♦♥
♦❢ ✐ts ❡♥❡r❣② ♣❛ss✐♥❣ t❤r♦✉❣❤ t❤❡ ♣❧❛s♠❛ ❛♥❞ ✉♥❞❡r❣♦✐♥❣ ❞✐s♣❡rs✐♦♥✳ ❋✐❣✉r❡ ✺✳✸✳✷
s❤♦✇s s✐① s♥❛♣s❤♦ts ♦❢ t❤✐s ✶❉ s✐♠✉❧❛t✐♦♥✳ ❆s ❡①♣❡❝t❡❞✱ t❤❡ tr❛♥s♠✐tt❡❞ ❢r❛❝t✐♦♥
♦❢ t❤❡ ♣✉❧s❡ ❜❡❝♦♠❡s ❞❡❝❡❧❡r❛t❡❞✱ ❛♥❞ ✐ts ✇❛✈❡ ♥✉♠❜❡r ❞r♦♣s✳
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❋✐❣✉r❡ ✺✳✸✳✶✳ ✻ ❙♥❛♣s❤♦ts ♦❢ Ey ✭r❡❞✮✱ Bz ✭❜❧✉❡✮ ❛♥❞ t❤❡ ✢✉✐❞ ♣❧❛s♠❛

❞❡♥s✐t② ρh ✭❜❧❛❝❦✮ ✐♥ ❛ s✐♠♣❧❡ t❡st ♦❢ t❤❡ ■♠♣✉❧s❡ s♣❧✐tt✐♥❣ ♠❡t❤♦❞ ✇✐t❤

❛ ❤✐❣❤ ♣❧❛s♠❛ ❞❡♥s✐t② ρh = 16✳ ❚❤❡ ♣❧❛s♠❛ ❞❡♥s✐t② ❤❛s ❜❡❡♥ r❡s❝❛❧❡❞

❢♦r ✈✐s✉❛❧✐③❛t✐♦♥ ♣✉r♣♦s❡s✳

❚❤❡ ❛❧❣♦r✐t❤♠✬s ♣r♦♣❡rt✐❡s ✇❡r❡ t❤❡♥ ❛♥❛❧②③❡❞ q✉❛♥t✐t❛t✐✈❡❧②✱ ❜② s❡tt✐♥❣ ✉♣ ❛
s✐♠✉❧❛t✐♦♥ ♦❢ ❛ ✶❉ ♣❧❛♥❡ ✇❛✈❡ ✇✐t❤ ❤✐❣❤ ♣❧❛s♠❛ ρh ❞❡♥s✐t②✳ ❚❤❡ ✐♥❝♦♠✐♥❣ ❧❛s❡r
♣✉❧s❡ ✐s ♠♦❞❡❧❡❞ ✈✐❛ ✐♥❤♦♠♦❣❡♥❡♦✉s✱ t✐♠❡ ❞❡♣❡♥❞❡♥t ❉✐r✐❝❤❧❡t ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s
❛♥❞ ③❡r♦ ❛s ✐♥✐t✐❛❧ ✈❛❧✉❡s✳ ❆ s♣❛t✐❛❧ ❣r✐❞ s✐③❡ ♦❢ 0.5 ❢♦r x ∈ [0, 200] ✐s ✉s❡❞✳ ❚❤❡
❤②❜r✐❞ ❞❡♥s✐t② ✐s s❡t t♦ nh = 108nc ❛♥❞ t❤❡ s②st❡♠ ✐s ✐♥t❡❣r❛t❡❞ ♦✈❡r t❤❡ t✐♠❡
✐♥t❡r✈❛❧ [0, 200]✳ ❯s✐♥❣ t❤❡s❡ ♣❛r❛♠❡t❡rs✱ ✇❡ ❤❛✈❡ ♣❡r❢♦r♠❡❞ ❛ tr✉st❡❞ r❡❢❡r❡♥❝❡
s✐♠✉❧❛t✐♦♥ ✇✐t❤ ❛♥ ❡①tr❡♠❡❧② ❧♦✇ t✐♠❡ st❡♣✳ ❆❢t❡r✇❛r❞s✱ ❛ ❧❛r❣❡ ♥✉♠❜❡r ♦❢ s✐♠✉✲
❧❛t✐♦♥s ✇❛s ❧❛✉♥❝❤❡❞✱ s❝❛♥♥✐♥❣ ❛♥ ✐♥t❡r✈❛❧ ✇✐t❤ t❤❡✐r t✐♠❡ st❡♣s✳ ❊❛❝❤ ♦❢ t❤❡ ❧❛tt❡r
✇❛s ❝♦♠♣❛r❡❞ t♦ t❤❡ r❡❢❡r❡♥❝❡ r❡s✉❧ts✱ ❛♥❞ t❤❡ ❡rr♦r ♣❧♦tt❡❞ ✐♥ ✜❣✉r❡ ✺✳✸✳✸✳

❆❧t❤♦✉❣❤ t❤✐s s♣❧✐tt✐♥❣ ♠❡t❤♦❞ ✐s ♦❢ ❝❧❛ss✐❝❛❧ ♦r❞❡r t✇♦ ✭s✐♥❝❡ ✐t ✐s ❛ s②♠♠❡tr✐❝
s❝❤❡♠❡✮✱ ✐t s✉✛❡rs ❢r♦♠ r❡s♦♥❛♥❝❡s✱ ✇❤✐❝❤ ❛r✐s❡ ✐♥ E✱ B✱ ❛♥❞ ph ✐❢ t❤❡ ❞❡♥s✐t②
❜❡❝♦♠❡s ❧❛r❣❡✳ ■♥ ❢❛❝t✱ t❤❡ ❡rr♦rs ♦❢ t❤✐s s❝❤❡♠❡ ❛r❡ ♦❢ ♦r❞❡r ③❡r♦ ❢♦r ❝❡rt❛✐♥
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❋✐❣✉r❡ ✺✳✸✳✷✳ ✻ ❙♥❛♣s❤♦ts ♦❢ Ey ✭r❡❞✮✱ Bz ✭❜❧✉❡✮ ❛♥❞ t❤❡ ✢✉✐❞ ♣❧❛s♠❛

❞❡♥s✐t② ρh ✭❜❧❛❝❦✮ ✐♥ ❛ s✐♠♣❧❡ t❡st ♦❢ t❤❡ ■♠♣✉❧s❡ s♣❧✐tt✐♥❣ ♠❡t❤♦❞ ✇✐t❤

❛ ❧♦✇ ♣❧❛s♠❛ ❞❡♥s✐t② ρh = 0.64✳ ❚❤❡ ♣❧❛s♠❛ ❞❡♥s✐t② ❤❛s ❜❡❡♥ r❡s❝❛❧❡❞

❢♦r ✈✐s✉❛❧✐③❛t✐♦♥ ♣✉r♣♦s❡s✳

t✐♠❡ st❡♣s✳ ❚❤❡ ❜❧✉❡ ❝✉r✈❡s ✐♥ ❋✐❣✳ ✺✳✸✳✸ s❤♦✇ t❤❡ ❡rr♦rs ✐♥ Ey✱ Bz ❛♥❞ ph,y ♦❢
t❤❡ st❛♥❞❛r❞ s♣❧✐tt✐♥❣ ♠❡t❤♦❞ ✭✺✳✸✳✺✮✲✭✺✳✸✳✾✮ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ t✐♠❡ st❡♣ s✐③❡✱
✇❤✐❧❡ t❤❡ r❡❞ ❧✐♥❡ ❝♦rr❡s♣♦♥❞s t♦ ❛ s❡❝♦♥❞✲♦r❞❡r ❡rr♦r ❜❡❤❛✈✐♦r✳ ❚♦ ✐♠♣r♦✈❡ t❤❡
♣r❡s❡♥t❛t✐♦♥✱ ✇❡ ♦♥❧② s❤♦✇ t❤❡ ✐♥t❡r✈❛❧ [0.25, 0.5] ❢♦r t❤❡ t✐♠❡ st❡♣s✱ ❜✉t ✇❡ ✇♦✉❧❞
❧✐❦❡ t♦ ❡♠♣❤❛s✐③❡ t❤❛t t❤❡ s❛♠❡ ❡✛❡❝ts ❤❛✈❡ ❜❡❡♥ ♦❜t❛✐♥❡❞ ❢♦r ♠✉❝❤ s♠❛❧❧❡r t✐♠❡
st❡♣s ❛s ✇❡❧❧✳

❙✐♠✐❧❛r r❡s♦♥❛♥❝❡ ❡✛❡❝ts ❤❛✈❡ ❛❧s♦ ❜❡❡♥ ♦❜s❡r✈❡❞ ❢♦r ♠✉❧t✐♣❧❡ t✐♠❡ st❡♣♣✐♥❣
s❝❤❡♠❡s ✐♥ ♠♦❧❡❝✉❧❛r ❞②♥❛♠✐❝s s✐♠✉❧❛t✐♦♥s ❬✼✶❪ ❛♥❞ ❢♦r ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞s ❢♦r
s♦❧✈✐♥❣ s❡❝♦♥❞✲♦r❞❡r ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s ❬✻✹✱ ✻✻✱ ✻✼❪✳ ▼♦t✐✈❛t❡❞ ❜② t❤❡s❡ ♣❛♣❡rs✱
✇❡ s✉❣❣❡st t♦ ❛♣♣❧② ✜❧t❡r ❢✉♥❝t✐♦♥s ❛♥❞ ❛✈❡r❛❣✐♥❣ ♦♣❡r❛t♦rs t♦ t❤❡ ▼❛①✇❡❧❧✐❛♥ ♣❛rt
❛♥❞ ♠♦❞✐❢② t❤❡ ✐♠♣✉❧s❡ s♣❧✐tt✐♥❣ ♠❡t❤♦❞ ✭✺✳✸✳✺✮✲✭✺✳✸✳✾✮ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❛②✿
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❋✐❣✉r❡ ✺✳✸✳✸✳ ◆✉♠❡r✐❝❛❧ ❡rr♦r ❢♦r ❛ s✐♠♣❧❡ ❧❛s❡r ♣❧❛s♠❛ ✐♥t❡r❛❝t✐♦♥

s❡t✉♣ ✐♥✈♦❧✈✐♥❣ ✈❡r② ❤✐❣❤ ✢✉✐❞ ❞❡♥s✐t②✱ s✐♠✉❧❛t❡❞ ✇✐t❤ t❤❡ ■♠♣✉❧s❡

♠❡t❤♦❞✳ ❚✐♠❡ st❡♣s ❛r❡ s❝❛♥♥❡❞ t❤r♦✉❣❤ t❤❡ ✐♥t❡r✈❛❧ [0.1, 0.5]✳ ❲❤✐❧❡

t❤❡ ❝❧❛ss✐❝❛❧ ♦r❞❡r ♦❢ t❤❡ ♠❡t❤♦❞ ✐s ✷✱ ❤✐❣❤ ❢r❡q✉❡♥❝② r❡s♦♥❛♥❝❡s ❝❛✉s❡

❧❛r❣❡ ❡rr♦rs ❛t ❝❡rt❛✐♥ t✐♠❡ st❡♣s✱ ❛♥❞ r❡❞✉❝❡ t❤❡ s❝❤❡♠❡✬s ❡✛❡❝t✐✈❡ ♦r❞❡r

t♦ ✵✳

Bn+ 1
2 =Bn − 1

2
∆tψB(∆tω

n
p )∇̃ × φE(∆tω

n
h)E

n✭✺✳✸✳✶✵✮

E+ =En +
1

2
∆tψE(∆tω

n
p )∇̃ × φB(∆tω

n
p )B

n+ 1
2✭✺✳✸✳✶✶✮

[

pn+1
h

E′

]

=

[

cos∆tωh ∆ts✐♥❝
−ωh sin∆tωh cos∆tωh

] [

pn
h

E+

]

✭✺✳✸✳✶✷✮

En+1 =E′ +
1

2
∆tψE(∆tω

n
p )∇̃ × φB(∆tω

n
p )B

n+ 1
2✭✺✳✸✳✶✸✮

Bn+1 =Bn+ 1
2 − 1

2
∆tψB(∆tω

n
p )∇̃ × φE(∆tω

n
p )E

n+1.✭✺✳✸✳✶✹✮

❚❤✐s ♠♦❞✐✜❝❛t✐♦♥ ✐♥tr♦❞✉❝❡s ✜❧t❡r ❢✉♥❝t✐♦♥s φE , φB , ψE , ψB ❛t s❡✈❡r❛❧ ♣♦✐♥ts ✐♥
t❤❡ s❝❤❡♠❡✳ ❚❤❡ ♥❡❝❡ss✐t② ♦❢ ✜❧t❡r✐♥❣ ❝❛♥ ❜❡ ✉♥❞❡rst♦♦❞ ❜② ❦❡❡♣✐♥❣ ✐♥ ♠✐♥❞ t❤❛t
❡q✳ ✭✺✳✸✳✶✷✮ s♦❧✈❡s ❢♦r ❛ ❤✐❣❤ ❢r❡q✉❡♥❝② ♦s❝✐❧❧❛t✐♦♥✳ ❚❤✉s✱ ✇❤❡♥ ✉s✐♥❣ t❤❡ ✉♣❞❛t❡❞
E✲✜❡❧❞ ❢r♦♠ ✭✺✳✸✳✶✷✮ ❢♦r t❤❡ ▼❛①✇❡❧❧ s♦❧✈❡r st❡♣s✱ t♦ ♣❛ss ♦♥ t❤❡ ✜❧t❡r✐♥❣ ✇♦✉❧❞
♠❡❛♥ t♦ ✉s❡ t❤❡ ✈❛❧✉❡ ❛t t❤❡ ❡♥❞ ♦❢ t❤❛t ♦s❝✐❧❧❛t✐♦♥✱ ✇❤✐❝❤ ❝❛♥ ❜❡ s✐❣♥✐✜❝❛♥t ❡✈❡♥
✇❤❡♥ t❤❡ ❛✈❡r❛❣❡ E ✐s ❧♦✇✳ ❚❤✐s ♣r♦❜❧❡♠ ❝❛♥ ❜❡ t❛❝❦❧❡❞ ❡✳❣✳ ❜② ❛✈❡r❛❣✐♥❣ t❤❡
❡❧❡❝tr✐❝ ✜❡❧❞✳ ■♥ ❬✻✽❪✱ t❤❡ ❝❤♦✐❝❡

✭✺✳✸✳✶✺✮ φE(x) = s✐♥❝(
x

2
)
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❋✐❣✉r❡ ✺✳✸✳✹✳ ◆✉♠❡r✐❝❛❧ ❡rr♦r ♦❢ t❤❡ ▼♦❧❧✐✜❡❞ ■♠♣✉❧s❡ ♠❡t❤♦❞ ✇✐t❤

♦♥❡ ✜❧t❡r ❢✉♥❝t✐♦♥✳ ❚❤❡ t❤r❡❡ ♣❧♦ts s❤♦✇ t❤❡ ❡rr♦r ♦❢ Ey✱ Bz ❛♥❞ ph,y✱

r❡s♣❡❝t✐✈❡❧②✳

✐s ♠♦t✐✈❛t❡❞✳ ❆t t❤❡ s❛♠❡ t✐♠❡✱ t❤❡ ❝❤♦✐❝❡ φB = ψB = 1 ✐s ✐♥❞✐s♣❡♥s❛❜❧❡ ✐♥ ♦r❞❡r
t♦ ❢✉❧❧✜❧❧

∇ ·B = 0.

❚❤❡ ❡rr♦r ❛♥❛❧②s✐s s❤♦✇♥ ✐♥ ✜❣✉r❡ ✺✳✸✳✸ ✇❛s t❤❡♥ r❡♣❡❛t❡❞ ✇✐t❤ t❤❡ ✜❧t❡r ✭✺✳✸✳✶✺✮✳
❘❡s✉❧ts ❛r❡ s❤♦✇♥ ✐♥ ✜❣✉r❡ ✺✳✸✳✹✱ ✇❤✐❝❤ ✐♥❞✐❝❛t❡s ❛ s✐❣♥✐✜❝❛♥t❧② ✐♠♣r♦✈❡❞ ❛♣♣r♦①✲
✐♠❛t✐♦♥✳ ❋♦r Bz ❛♥❞ ph,z✱ t❤❡ ♦r❞❡r ♦❢ ❝♦♥✈❡r❣❡♥❝❡ ✐s ♥♦✇ ✷✱ ❛♥❞ t❤❡ ♥✉♠❜❡r ♦❢
✉♥♣❧❡❛s❛♥t r❡s♦♥❛♥❝❡s ❢♦r Ey ✐s ❛❧s♦ ❧♦✇❡r✳

❯♥❢♦rt✉♥❛t❡❧②✱ t❤❡ ❝❤♦✐❝❡ ♦❢ t❤❡ ❧❛st ✜❧t❡r ❢✉♥❝t✐♦♥ ψE ✐s ♥♦t tr✐✈✐❛❧ t♦ ♠♦t✐✈❛t❡✳
■t ✇♦✉❧❞ ❝❡rt❛✐♥❧② ✐♥✈♦❧✈❡ ❛ ❝♦♠♣r❡❤❡♥s✐✈❡ ❧♦❝❛❧ ❡rr♦r ❛♥❛❧②s✐s ♦❢ t❤❡ s❝❤❡♠❡✱ ✇❤✐❝❤
❤❛s ♥♦t ❜❡❡♥ ❞♦♥❡ ✉♣ t♦ ♥♦✇✳ ❍♦✇❡✈❡r✱ ♦♥❡ ❝❛♥ tr② t❤❡ ♠♦st ♦❜✈✐♦✉s ❝❤♦✐❝❡

ψE(x) = φE(x) = s✐♥❝(
x

2
).

❚❤✐s ❤❛s ❜❡❡♥ ✐♠♣❧❡♠❡♥t❡❞✱ ❛♥❞ t❡st❡❞ ❛❣❛✐♥ ✐♥ t❤❡ s❛♠❡ s❡t✉♣ ❛s ✜❣✉r❡ ✺✳✸✳✸ ❛♥❞
✺✳✸✳✹✳ ❚❤❡ r❡s✉❧t s❤♦✇♥ ✐♥ ✜❣✉r❡ ✺✳✸✳✺ ✐s s✉r♣r✐s✐♥❣❧② ♥✐❝❡ ✲ t❤❡ ❡rr♦r ❝✉r✈❡ ❝❧❡❛r❧②
✐♥❞✐❝❛t❡s s❡❝♦♥❞ ♦r❞❡r ❛❝❝✉r❛❝② ✐♥ t✐♠❡✳ ❚❤✐s ♦r❞❡r ❝♦✉❧❞ ❜❡ ♦❜t❛✐♥❡❞ ❡✈❡♥ ❢♦r
❡①tr❡♠❡❧② ❤✐❣❤ ♣❧❛s♠❛ ❢r❡q✉❡♥❝✐❡s✳

❲✐t❤ t❤❡s❡ ❝❤♦✐❝❡s✱ ✇❡ ❤❛✈❡ ♦❜t❛✐♥❡❞ t❤❡ ❧✐♥❡❛r✐③❡❞ ✢✉✐❞ ▼♦❧❧✐✜❡❞ ■♠♣✉❧s❡
s❝❤❡♠❡✳ ■t t❛❦❡s ♦♥ t❤❡ ✜♥❛❧ ❢♦r♠
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❋✐❣✉r❡ ✺✳✸✳✺✳ ◆✉♠❡r✐❝❛❧ ❡rr♦r ♦❢ t❤❡ ▼♦❧❧✐✜❡❞ ■♠♣✉❧s❡ s❝❤❡♠❡✱ ✉s✐♥❣

t✇♦ ✜❧t❡r ❢✉♥❝t✐♦♥s ψE(x) = φE(x) = s✐♥❝(x/2). ❚❤❡ t❤r❡❡ ♣❧♦ts s❤♦✇

t❤❡ ❡rr♦r ♦❢ Ey✱ Bz ❛♥❞ ph,y✱ r❡s♣❡❝t✐✈❡❧②✳

Bn+ 1
2 =Bn − 1

2
∆tψB(∆tω

n
p )∇̃ × s✐♥❝(

∆t

2
ωn
h)E

n✭✺✳✸✳✶✻✮

E+ =En +
1

2
∆ts✐♥❝(

∆t

2
ωn
p )∇̃ ×Bn+ 1

2✭✺✳✸✳✶✼✮
[

pn+1
h

E′

]

=

[

cos∆tωh ∆ts✐♥❝
−ωh sin∆tωh cos∆tωh

] [

pn
h

E+

]

✭✺✳✸✳✶✽✮

En+1 =E′ +
1

2
∆ts✐♥❝(

∆t

2
ωn
p )∇̃ ×Bn+ 1

2✭✺✳✸✳✶✾✮

Bn+1 =Bn+ 1
2 − 1

2
∆t∇̃ × s✐♥❝(

∆t

2
ωn
p )E

n+1.✭✺✳✸✳✷✵✮

❚❤❡ t❤❡♦r❡t✐❝❛❧ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞ ✐♥❝❧✉❞✐♥❣ ❛ ❞❡t❛✐❧❡❞ ❡rr♦r ❛♥❛❧✲
②s✐s ❛r❡ ❝✉rr❡♥t❧② ✐♥✈❡st✐❣❛t❡❞ ❛♥❞ ✇✐❧❧ ❜❡ r❡♣♦rt❡❞ ❡❧s❡✇❤❡r❡✳

✺✳✹✳ Pr♦♣❡rt✐❡s ♦❢ t❤❡ ❛❧❣♦r✐t❤♠

✺✳✹✳✶✳ ❍✲❱▲P▲ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ✴ ❘❡s✉❧ts✳ ❚❤❡ ♥✉♠❡r✐❝❛❧ ✐♥t❡❣r❛t♦r ✇❤✐❝❤
✇❛s ❞❡s❝r✐❜❡❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥s ❤❛s ❜❡❡♥ ✐♠♣❧❡♠❡♥t❡❞ ✐♥t♦ t❤❡ ❱▲P▲ ❝♦❞❡
❛s ❛ t❤r❡❡✲ ❞✐♠❡♥s✐♦♥❛❧✱ ♣❛r❛❧❧❡❧✐③❡❞ ✈❡rs✐♦♥✱ ❛♥❞ ✐s ♥♦✇ ♦♣❡r❛t✐♦♥❛❧✳ ■♥ ♦r❞❡r t♦ ❡①✲
❛♠✐♥❡ ✐ts ❛❝❝✉r❛❝② ❛♥❞ r❡❧✐❛❜✐❧✐t②✱ ✇❡ ❤❛✈❡ ❜❡♥❝❤♠❛r❦❡❞ ✐t ✇✐t❤ ❛ ✈❛r✐❡t② ♦❢ ♣❤②s✐❝❛❧
♣r♦❝❡ss❡s✳ ❋✐rst✱ ✇❡ ❝❤❡❝❦ ✐❢ ✐t ❝♦rr❡❝t❧② ♠♦❞❡❧s ❧❛s❡r ♣r♦♣❛❣❛t✐♦♥ t❤r♦✉❣❤ ❧✐♥❡❛r❧②
❞✐s♣❡rs✐✈❡ ♣❧❛s♠❛ ❛s ✇❡❧❧ ❛s r❡✢❡❝t✐♦♥ ❢r♦♠ ♦✈❡r❞❡♥s❡ ♣❧❛s♠❛✳ ❙❡❝♦♥❞✱ ✇❡ ✈❡r✐❢② t❤❡
❝♦♥s❡r✈❛t✐♦♥ ♦❢ t❤❡ t♦t❛❧ ❡♥❡r❣② ♦❢ t❤❡ s②st❡♠ ❜② t❤❡ ❤②❜r✐❞ ❛❧❣♦r✐t❤♠✳ ❚❤✐r❞✱ ♦✉r
❝♦❞❡ ✐s ❛♣♣❧✐❡❞ t♦ t❤❡ ❚❛r❣❡t ◆♦r♠❛❧ ❙❤❡❛t❤ ❆❝❝❡❧❡r❛t✐♦♥ ✭❚◆❙❆✮ ♣r♦❝❡ss✱ ✇❤✐❝❤
✇♦✉❧❞ ❤❛✈❡ ❜❡❡♥ ✈❡r② ❞✐✣❝✉❧t t♦ tr❡❛t ❥✉st ✉s✐♥❣ P■❈ ♠❡❛♥s s✐♥❝❡ ✐t ✉s❡s ♠❛t❡r✐❛❧s
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❋✐❣✉r❡ ✺✳✹✳✶✳ ❙♥❛♣s❤♦ts ♦❢ t❤❡ s✐♠✉❧❛t✐♦♥ s❡t✉♣ t❛❦❡♥ ✇✐t❤ ❛♥ ✐♥✲

t❡r❛❝t✐✈❡ ❱❘ ✈✐s✉❛❧✐③❛t✐♦♥ s♦❢t✇❛r❡✱ ✇❤✐❝❤ ✐s ❛ ♣❛rt ♦❢ ❍✲❱▲P▲✳ ❚❤❡

❧❡❢t ♣✐❝t✉r❡ s❤♦✇s t❤❡ ❧❛s❡r ♣✉❧s❡ ✭✐s♦s✉r❢❛❝❡s ♦❢ ✜①❡❞ ♣♦s✐t✐✈❡ ❛♥❞ ♥❡❣❛✲

t✐✈❡ ❡❧❡❝tr✐❝ ✜❡❧❞ ❛♠♣❧✐t✉❞❡s✮ ❛s ✐t ❡♥t❡rs t❤❡ ❤②❜r✐❞ ♣❧❛s♠❛✳ ❚❤❡ r✐❣❤t

♣✐❝t✉r❡ ❞❡♠♦♥str❛t❡s t❤❡ ❞✐s♣❡rs✐✈❡ ❡✛❡❝t✳

♦❢ s♦❧✐❞ st❛t❡ ❞❡♥s✐t②✳ ❲❡ ❝❤❡❝❦ ✐❢ ♦✉r ❤②❜r✐❞ ✐♥t❡❣r❛t♦r ❝♦rr❡❝t❧② ❞❡s❝r✐❜❡s t❤❡
❡①♣♦♥❡♥t✐❛❧ ❞❡❝❛② ♦❢ ❛ ✇❛✈❡ ✐♥ ♦✈❡r❞❡♥s❡ ♣❧❛s♠❛✳ ❋✐♥❛❧❧②✱ ✇❡ s❤♦✇ ✐ts ❛♣♣❧✐❝❛❜✐❧✐t②
t♦ st✉❞② t❤❡ ❲❡✐❜❡❧ ✐♥st❛❜✐❧✐t②✳

✺✳✹✳✷✳ ❘❡✢❡❝t✐♦♥ ♦❢ ❛♥ ✐♥❝✐❞❡♥t ♣✉❧s❡✳ ❆s t❤❡ s✐♠♣❧❡st t❡st ♦♥❡ ❝❛♥ ✐♠❛❣✲
✐♥❡✱ ✇❡ ✇✐❧❧ s❤♦✇ t❤❛t ♦✉r ✐♥t❡❣r❛t♦r ❛❝❝✉r❛t❡❧② ♠♦❞❡❧s r❡❢r❛❝t✐♦♥ ✐♥ ✉♥❞❡r❞❡♥s❡
♣❧❛s♠❛ ❛♥❞ r❡✢❡❝t✐♦♥ ❢r♦♠ ♦✈❡r❞❡♥s❡ ♣❧❛s♠❛✳ ❋✐rst✱ ✇❡ s❡t ✉♣ ❛ ♣❧❛s♠❛ s❧❛❜ ♦❢ ❞❡♥✲
s✐t② 0.85nc✭✇❤❡r❡ nc = mω2

L/4πe
2 ✐s t❤❡ ❝r✐t✐❝❛❧ ❞❡♥s✐t② ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❧❛s❡r✮

❛♥❞ s❡♥❞ ❛ 26fs ●❛✉ss✐❛♥ ❧❛s❡r ♣✉❧s❡ t❤r♦✉❣❤ ✐t✳ ❆s t❤❡ ♣✉❧s❡ ❤✐ts t❤❡ s✉r❢❛❝❡
♦❢ t❤❡ ♣✉r❡❧② ❤②❜r✐❞ ♣❧❛s♠❛✱ ❛ ♣❛rt ♦❢ t❤❡ ✇❛✈❡ ✐s tr❛♥s♠✐tt❡❞ ✇❤✐❧❡ ❛ s✐❣♥✐✜❝❛♥t
r❡✢❡❝t✐♦♥ ❛❧s♦ ♦❝❝✉rs✳

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✇❤❡♥ t❤❡ ❡①♣❡r✐♠❡♥t ✇❛s ♠♦❞✐✜❡❞ ❜② s❡tt✐♥❣ t❤❡ ❞❡♥s✐t②
t♦ 1.2nc✱ ✇❡ ♦❜s❡r✈❡ ❛ r❡✢❡❝t✐♦♥ ♦❢ t❤❡ ❡♥t✐r❡ ❡❧❡❝tr♦♠❛❣♥❡t✐❝ ✇❛✈❡ ❜② t❤❡ ♣❧❛s♠❛✳

❲❡ ♣♦✐♥t ♦✉t t❤❛t t❤❡s❡ s✐♠✉❧❛t✐♦♥s ❤❛✈❡ ❜❡❡♥ ♣❡r❢♦r♠❡❞ ✉s✐♥❣ ❥✉st t❤❡ ✢✉✐❞
♣❛rt ♦❢ ♦✉r ❝♦♠❜✐♥❡❞ ❝♦❞❡ ✇✐t❤♦✉t ❛♥② P■❈ ♠❛❝r♦♣❛rt✐❝❧❡s✳ ❙t✐❧❧✱ t❤❡ ❡✛❡❝t ❤❛s
❜❡❡♥ ❞❡s❝r✐❜❡❞ ❝♦rr❡❝t❧②✳

✺✳✹✳✸✳ ❊♥❡r❣② ❝♦♥s❡r✈❛t✐♦♥✳ ❆♥ ✐♠♣♦rt❛♥t ♣r♦♣❡rt② ✇❡ r❡q✉✐r❡ ❢r♦♠ t❤❡
♥❡✇ ✐♥t❡❣r❛t♦r ✐s t❤❡ ❝♦♥s❡r✈❛t✐♦♥ ♦❢ t❤❡ t♦t❛❧ ❡♥❡r❣② ♦❢ t❤❡ s②st❡♠✱ ❝♦♠♣r✐s✐♥❣
P■❈ ♠❛❝r♦♣❛rt✐❝❧❡s✱ ❡❧❡❝tr♦♠❛❣♥❡t✐❝ ✜❡❧❞s✱ ❛♥❞ t❤❡ ❤②❜r✐❞ ✢✉✐❞✳ ❆ ✈❡r② s✐♠♣❧❡
s❡t✉♣ ✇✐t❤ ❛ ❧❛s❡r ♣✉❧s❡ ❜❡✐♥❣ r❡✢❡❝t❡❞ ❢r♦♠ ❛♥ ♦✈❡r❞❡♥s❡ s✉r❢❛❝❡ ✐s ✉s❡❞ ❢♦r t❤✐s
❜❡♥❝❤♠❛r❦✳ ❲❡ ❡①♣❡❝t t❤❡ t♦t❛❧ ❡♥❡r❣②

Etot =
∑

l

mlc
2(γ − 1) +

1

8π

ˆ

V

(E2 +B2)dV +

ˆ

V

nh(γh − 1)mhc
2dV

t♦ ❜❡ ❝♦♥st❛♥t✱ ✇❤❡r❡ ml ❛r❡ t❤❡ ♠❛ss❡s ♦❢ t❤❡ r❡s♣❡❝t✐✈❡ ♣❛rt✐❝❧❡ s♣❡❝✐❡s ❛♥❞
γ =

√

1 + (pl/mlc)2 ✐s t❤❡ r❡❧❛t✐✈✐st✐❝ ❣❛♠♠❛ ❢❛❝t♦r✳ ❲❡ ❞❡♥♦t❡ t❤❡ ❤②❜r✐❞ ❞❡♥s✐t②
❜② nh ❛♥❞ ✐ts ❣❛♠♠❛ ❢❛❝t♦r ❜② γh✳ ❋✐❣✉r❡ 5.4.2 s❤♦✇s t❤❡ t♦t❛❧ ❡♥❡r❣② ♦❢ t❤❡
s✐♠✉❧❛t✐♦♥ ✈❡rs✉s t✐♠❡✱ ✇❤✐❝❤ ✐s ♠❡❛s✉r❡❞ ✐♥ ✉♥✐ts ♦❢ ❧❛s❡r ♣❡r✐♦❞s✳
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❋✐❣✉r❡ ✺✳✹✳✷✳ P❧♦t ♦❢ t❤❡ t♦t❛❧ ❡♥❡r❣②✱ t❤❡ ❡♥❡r❣② ♦❢ t❤❡ ❡❧❡❝tr♦♠❛❣✲

♥❡t✐❝ ✜❡❧❞ ❛♥❞ ♦❢ t❤❡ ❤②❜r✐❞ ♣❧❛s♠❛ ✈❡rs✉s t✐♠❡✳

❉✉r✐♥❣ t❤❡ ❧❛s❡r ♣r♦♣❛❣❛t✐♦♥ ✐♥ ✈❛❝✉✉♠✱ t❤❡ ❡♥❡r❣② st❛②s ❝♦♥st❛♥t ❡①❝❡♣t ❢♦r
s♠❛❧❧ ✢✉❝t✉❛t✐♦♥s ✇✐t❤✐♥ t❤❡ ♦r❞❡r ♦❢ ♠❛❣♥✐t✉❞❡ ♦❢ t❤❡ ♠❛❝❤✐♥❡ ♣r❡❝✐s✐♦♥✳ ❲❤❡♥
t❤❡ ♣✉❧s❡ ❤✐ts t❤❡ ♦✈❡r❞❡♥s❡ ❤②❜r✐❞ ♣❧❛s♠❛ s✉r❢❛❝❡✱ ✐t ✐s r❡✢❡❝t❡❞✱ ❛s ❝❛♥ ❜❡ s❡❡♥ ❛t
t❤❡ t✐♠❡ ♦❢ ✹✺ ❧❛s❡r ♣❡r✐♦❞s✳ ❲❤✐❧❡ t❤✐s r❡✢❡❝t✐♦♥ ♦❝❝✉rs✱ ❡♥❡r❣② ✢✉❝t✉❛t✐♦♥s ❛r❡
❧✐♠✐t❡❞ ❜② ✵✳✵✹ ♦❢ t❤❡ t♦t❛❧ ❡♥❡r❣②✳

✺✳✹✳✹✳ ❚❛r❣❡t ◆♦r♠❛❧ ❙❤❡❛t❤ ❆❝❝❡❧❡r❛t✐♦♥ ✭❚◆❙❆✮✳ ❋♦r ❛ ♠♦r❡ r❡❛❧✐st✐❝
❜❡♥❝❤♠❛r❦ ✇❡ ♠♦❞❡❧ ❛ ♣❤②s✐❝❛❧ s❡t✉♣ ♦✉r ❤②❜r✐❞ ❝♦❞❡ ✐s ✈❡r② s✉✐t❛❜❧❡ ❢♦r✿ ❲❡ ✉s❡
✐t ❢♦r t❤❡ ✐♥✈❡st✐❣❛t✐♦♥ ♦❢ t❤❡ ❚◆❙❆ ♣r♦❝❡ss✳ ❚◆❙❆ ♣r♦✈✐❞❡s ❛ ♣♦ss✐❜❧❡ ✇❛② ♦❢
❧❛s❡r ✐♦♥ ❛❝❝❡❧❡r❛t✐♦♥ ♦✉t ♦❢ s♦❧✐❞s ❜② ✉t✐❧✐③✐♥❣ t❤❡ ❡❧❡❝tr♦st❛t✐❝ ✜❡❧❞s ❣❡♥❡r❛t❡❞ ❜②
t❤❡ s♣❛❝❡ ❝❤❛r❣❡ ♦❢ t❤❡r♠❛❧ ❡❧❡❝tr♦♥s✳ ❚❤❡ ♣r♦❝❡ss ✐s s❤♦✇♥ s❝❤❡♠❛t✐❝❛❧❧② ✐♥ ✜❣✉r❡
✺✳✶✳✶✿ ❆ 10fs ❧❛s❡r ♣✉❧s❡ ♦❢ ♥♦r♠❛❧✐③❡❞ ❛♠♣❧✐t✉❞❡ a0 = 2 ✐s ❢♦❝✉s❡❞ ♦♥ ❛ t❤✐♥ ❢♦✐❧
✇❤✐❝❤ ❝❛♥ ❜❡ ❛ss✉♠❡❞ t♦ ❤❛✈❡ ❜❡❡♥ ♣r❡✲✐♦♥✐③❡❞ ❜② t❤❡ ❧❛s❡r✳ ❚❤❡ ❢♦✐❧ ❝♦♥s✐sts ♦❢ ❛
❜✉❧❦ ♣❛rt ♦❢ 1000nc✱ ❛ ♣r❡♣❧❛s♠❛ ♦♥ ✐ts ❢r♦♥t s✉r❢❛❝❡✱ ❛♥❞ ❛♥ ✽✵ ♥♠ t❤✐❝❦ ♣r♦t♦♥
❧❛②❡r ♦♥ ✐ts ❜❛❝❦ s✉r❢❛❝❡✳ ❚❤❡ ♣r❡♣❧❛s♠❛ ✐s ♠♦❞❡❧❡❞ ❛s ❛ ❞❡♥s✐t② r❛♠♣ r❡❛❝❤✐♥❣
❢r♦♠ 0 t♦ 2nc ♦✈❡r ❛ ❞✐st❛♥❝❡ ♦❢ ✷ ❧❛s❡r ✇❛✈❡❧❡♥❣t❤s ✭1.6 µm✮ ❛♥❞ tr❡❛t❡❞ ❡♥t✐r❡❧②
❜② t❤❡ P■❈ ♠❡t❤♦❞✳ ❆♥❛❧♦❣♦✉s❧②✱ ✇❡ ✉s❡ P■❈ ♠❛❝r♦♣❛rt✐❝❧❡s ❢♦r t❤❡ ❜❛❝❦ s✉r❢❛❝❡
♣r♦t♦♥s✳ ❖♥ t❤❡ ❝♦♥tr❛r②✱ ❛♥② ❛tt❡♠♣t t♦ ❞❡s❝r✐❜❡ t❤❡ ❤✐❣❤❧② ♦✈❡r❞❡♥s❡ ♠❛✐♥ ♣❛rt
♦❢ t❤❡ ❢♦✐❧ ❛s ♠❛❝r♦♣❛rt✐❝❧❡s ✇♦✉❧❞ r❡s✉❧t ✐♥ ♥✉♠❡r✐❝❛❧ ♣r♦❜❧❡♠s✳ ❍❡r❡ ✇❡ ✉s❡ t❤❡
❤②❞r♦❞②♥❛♠✐❝ ❢❡❛t✉r❡ ♦❢ ❍✲❱▲P▲✱ s❡tt✐♥❣ t❤❡ ❤②❜r✐❞ ❞❡♥s✐t② ♦♥ t❤❡ ❣r✐❞ t♦ 1000nc✳

❚❤❡ ✐♥t❡♥s❡ ❧❛s❡r r❛❞✐❛t✐♦♥ ❝r❡❛t❡s ❛ ❜❧♦✇✲♦✛ r❡❣✐♦♥ ✐♥ t❤❡ ❢r♦♥t ♦❢ t❤❡ ❢♦✐❧✱
r❡s✉❧t✐♥❣ ✐♥ ❛ ❧❛r❣❡ ❝❧♦✉❞ ♦❢ ❤♦t ❡❧❡❝tr♦♥s✱ ✇❤✐❝❤✱ ✐♥ ♣❛rts✱ ♣r♦♣❛❣❛t❡s t❤r♦✉❣❤ t❤❡
❢♦✐❧ ❛♥❞ ♣❛ss❡s t❤❡ ❝♦❛t✐♥❣ ♦❢ t❤❡ ❜❛❝❦ s✉r❢❛❝❡✳ ❆s t❤❡ ❡❧❡❝tr♦♥s ❧❡❛✈❡ t❤❡ s✉r❢❛❝❡✱ ❛
str♦♥❣ ❡❧❡❝tr♦st❛t✐❝ ✜❡❧❞ ✐s ❜✉✐❧t ✉♣✱ ❛♥❞ t❤❡ ♣r♦t♦♥s ❛r❡ ♣✉❧❧❡❞ ♦✉t ♦❢ t❤❡ ❢♦✐❧ ❛♥❞
❡✈❡♥t✉❛❧❧② ❛❝❝❡❧❡r❛t❡❞ t♦ ❤✐❣❤ ❡♥❡r❣✐❡s✳ ❋✐❣✉r❡ ✺✳✹✳✸ s❤♦✇s ❛ ✸❉ ✈✐s✉❛❧✐③❛t✐♦♥ ♦❢
t❤❡ ❤②❜r✐❞ s✐♠✉❧❛t✐♦♥ ❛❢t❡r ✶✵ ❛♥❞ ✸✽✵ ❧❛s❡r ♣❡r✐♦❞s✱ r❡s♣❡❝t✐✈❡❧②✳ ■♥ ❋✐❣✳ ✺✳✹✳✹✱ t❤❡
s♣❡❝tr✉♠ ♦❢ t❤❡ ❛❝❝❡❧❡r❛t❡❞ ✐♦♥s ✐s s❤♦✇♥✳ ❆ ♠❛①✐♠✉♠ ❡♥❡r❣② ♦❢ ❛❜♦✉t ✵✳✾ ▼❡❱ ✐s
r❡❛❝❤❡❞✱ ✇❤✐❝❤ ✐s q✉✐t❡ r❡♠❛r❦❛❜❧❡ ❝♦♥s✐❞❡r✐♥❣ t❤❡ ❧❛s❡r ✐♥t❡♥s✐t② ✐♥ t❤❡ s❡t✉♣✳ ❲❡
❝♦♥❝❧✉❞❡ t❤❛t ♦✉r ❤②❜r✐❞ ❛❧❣♦r✐t❤♠ s✉❝❝❡❡❞❡❞ ✇❡❧❧ ❛♥❞ ❡✣❝✐❡♥t❧② ✐♥ tr❡❛t✐♥❣ t❤✐s
♥✉♠❡r✐❝❛❧❧② ❝❤❛❧❧❡♥❣✐♥❣ ♣❤②s✐❝❛❧ s✐t✉❛t✐♦♥✳
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❋✐❣✉r❡ ✺✳✹✳✸✳ ❙♥❛♣s❤♦t ♦❢ t❤❡ ❚◆❙❆ ❜❡♥❝❤♠❛r❦ s✐♠✉❧❛t✐♦♥ ❛❢t❡r
✶✵ ✭❧❡❢t✮ ❛♥❞ ✸✽✵ ✭r✐❣❤t✮ ❧❛s❡r ♣❡r✐♦❞s✳ P■❈ ♠❛❝r♦♣❛rt✐❝❧❡s ❝♦♥✲
t❛✐♥✐♥❣ ❡❧❡❝tr♦♥s ❛r❡ ❞✐s♣❧❛②❡❞ ❜❧✉❡✱ ✇❤✐❧❡ t❤♦s❡ ✇✐t❤ ♣r♦t♦♥s ❛r❡
r❡♥❞❡r❡❞ r❡❞✳ ❖♥❡ ♦❜s❡r✈❡s t❤❡ t❤✐♥ ❝♦❛t✐♥❣ ♦❢ ♣r♦t♦♥s ❞✐ss♦❧✈✐♥❣
❢r♦♠ t❤❡ ❜❛❝❦ ♦❢ t❤❡ ❢♦✐❧ ✐♥ t❤❡ r✐❣❤t ✐♠❛❣❡✳
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20 periods

100 periods

210 periods

❋✐❣✉r❡ ✺✳✹✳✹✳ ❙♣❡❝tr✉♠ ♦❢ t❤❡ ❛❝❝❡❧❡r❛t❡❞ ✐♦♥s ✐♥ t❤❡ ❚◆❙❆ s✐♠✉❧❛t✐♦♥✳

✺✳✹✳✺✳ ❈♦♠♣❛r✐s♦♥ ♦❢ s❦✐♥ ❞❡♣t❤s✳ ❆s ❛ ❢✉rt❤❡r ❜❡♥❝❤♠❛r❦ ❢♦r ♦✉r ❤②❜r✐❞
❝♦❞❡ ✇❡ ❝❤❡❝❦ t❤❡ ❞❡❝❛② ♦❢ ❛ ✇❛✈❡ ✐♥ ❛♥ ♦✈❡r❞❡♥s❡ ♣❧❛s♠❛✳ ❆❝❝♦r❞✐♥❣ t♦ t❤❡ ❧✐♥❡❛r

t❤❡♦r②✱ ✐t s❤♦✉❧❞ s❝❛❧❡ ❛s E(x) ∼ exp(−x/δs) ✐♥ t❤❡ ♣❧❛s♠❛✱ ✇❤❡r❡ δs = c/
√

ω2
p − ω2

✐s t❤❡ s❦✐♥ ❧❡♥❣t❤✳ ❙❡✈❡r❛❧ s✐♠✉❧❛t✐♦♥s ❤❛✈❡ ❜❡❡♥ s❡t ✉♣ ✉s✐♥❣ ❛ ❝✐r❝✉❧❛r❧② ♣♦❧❛r✐③❡❞
❧❛s❡r ♣✉❧s❡ ✇✐t❤ ❞✉r❛t✐♦♥ 6λ ❛♥❞ ❛♠♣❧✐t✉❞❡ a0 = 0.01 ✐♥ ♦r❞❡r t♦ ❛✈♦✐❞ r❡❧❛t✐✈✐st✐❝
♥♦♥❧✐♥❡❛r✐t✐❡s✳ ❚❤❡ ❞❡♥s✐t✐❡s ♦❢ t❤❡ ♣❧❛s♠❛ s✉r❢❛❝❡s ✉s❡❞ ❢♦r t❤✐s ❜❡♥❝❤♠❛r❦ r❛♥❣❡
❢r♦♠ 1.5nc t♦ 500nc✳ ❲❡ s❤♦✇ t❤❡ ❞❡❝❛② ♦❢ t❤❡ ✇❛✈❡ ✐♥s✐❞❡ t❤❡ ♣❧❛s♠❛ ❢♦r t❤r❡❡
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n = 10

n = 100

n = 500

❋✐❣✉r❡ ✺✳✹✳✺✳ ❙♥❛♣s❤♦t ♦❢ t❤❡ ❧♦❣❛r✐t❤♠ ♦❢ t❤❡ ✜❡❧❞s log(
√

E2
y + E2

z )

✭s♦❧✐❞ ❧✐♥❡s✮ ✐♥s✐❞❡ t❤❡ ♣❧❛s♠❛ ❢♦r t❤r❡❡ ❞✐✛❡r❡♥t ❞❡♥s✐t✐❡s✳ ❚❤❡ ❞❛s❤❡❞

❧✐♥❡s s❤♦✇ t❤❡ t❤❡♦r❡t✐❝❛❧ ♣r❡❞✐❝t✐♦♥✳

❞❡♥s✐t✐❡s❀ t❤❡ ❛❣r❡❡♠❡♥t ✇✐t❤ t❤❡ t❤❡♦r❡t✐❝❛❧ ♣r❡❞✐❝t✐♦♥s ✉♣ t♦ ❞❡♥s✐t✐❡s ♦❢ 500nc ✐s
✈❡r② ❣♦♦❞✳

❆❞❞✐t✐♦♥❛❧❧②✱ ❜② ✜tt✐♥❣ ❡①♣♦♥❡♥t✐❛❧s t❤r♦✉❣❤ t❤❡ ♠❡❛s✉r❡❞ ✜❡❧❞ ❞❛t❛✱ ♦♥❡ ❝❛♥
❝♦♠♣✉t❡ t❤❡ s❦✐♥ ❞❡♣t❤s ♦❢ t❤❡ ❞❡❝❛②✳ ■♥ ✜❣✉r❡ ✱ t❤❡ r❡s✉❧ts ❛r❡ s❤♦✇♥ ❛♥❞ ✇❡ ❣❡t
❛♥ ❡①❝❡❧❧❡♥t ❛❣r❡❡♠❡♥t✳ ❖♥❡ ❤❛s t♦ ♠❡♥t✐♦♥ t❤❛t ❡✈❡♥ t❤♦✉❣❤ t❤❡s❡ s✐♠✉❧❛t✐♦♥s
❤❛✈❡ ❜❡❡♥ ❞♦♥❡ ✇✐t❤ ❛ ❣r✐❞ st❡♣ ♦❢ 0.05λ✱ t❤❡ s❦✐♥ ❞❡♣t❤s ♠❛t❝❤ r❡♠❛r❦❛❜❧② ✇❡❧❧
✇✐t❤ t❤❡ t❤❡♦r② ✉♣ t♦ ❛ ❞❡♥s✐t② ♦❢ 500nc✱ ✇❤❡r❡ δs = 0.007λ✳

✺✳✹✳✻✳ ■♥✈❡st✐❣❛t✐♦♥ ♦❢ ❲❡✐❜❡❧ ✐♥st❛❜✐❧✐t✐❡s✳ ❲❤❡♥ st✉❞②✐♥❣ t❤❡ ❢❛st ✐❣♥✐✲
t✐♦♥ ✭❋■✮ s❝❡♥❛r✐♦ ✐♥ ✐♥❡rt✐❛❧ ❝♦♥✜♥❡♠❡♥t ❢✉s✐♦♥✱ ♦♥❡ ✐s ✐♥t❡r❡st❡❞ ✐♥ t❤❡ ❜❡❤❛✈✐♦✉r
♦❢ t❤❡ ❜❡❛♠ ♦❢ ❡❧❡❝tr♦♥s ♣r♦♣❛❣❛t✐♥❣ ✐♥t♦ t❤❡ t❛r❣❡t✱ ♣❛rt✐❝✉❧❛r② t❤❡ ❛♠♦✉♥t ♦❢ ❡♥✲
❡r❣② ❞❡♣♦s✐t❡❞ ❛♥❞ t❤❡ s❤❛♣✐♥❣ ♦❢ t❤❡ ❜❡❛♠ ♦✈❡r t✐♠❡✳ ●❡♥❡r❛❧❧②✱ ❡❧❡❝tr♦♥ ❜❡❛♠s
r✉♥♥✐♥❣ t❤r♦✉❣❤ ❛ ❜❛❝❦❣r♦✉♥❞ ♣❧❛s♠❛ s✉✛❡r ❢r♦♠ t❤❡ ♠❛❥♦r ♣r♦❜❧❡♠ ♦❢ t❤❡ ❲❡✐❜❡❧
✐♥st❛❜✐❧✐t② ❬✼✷❪✱ ✇❤✐❝❤ ✐s ❛ ✈❡r② ✐♠♣♦rt❛♥t ✐ss✉❡ t♦ ❜❡ st✉❞✐❡❞ ✐❢ ♦♥❡ ✇❛♥ts t♦ ✉♥✲
❞❡rst❛♥❞ t❤❡ ❋■ s❝❤❡♠❡✳ ❚❤❡ r❛t✐♦ ♦❢ t❤❡ ❜❡❛♠ ❞❡♥s✐t② t♦ t❤❛t ♦❢ t❤❡ ❜❛❝❦❣r♦✉♥❞
nb/np✱ ❛s ✇❡❧❧ ❛s t❤❡ ❞❡♥s✐t② ❣r❛❞✐❡♥t ✐♥ ♣r♦♣❛❣❛t✐♦♥ ❞✐r❡❝t✐♦♥✱ ✐s ❧✐❦❡❧② t♦ ✐♥✢✉❡♥❝❡
t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ ❜❡❛♠✱ ✐ts ✜❧❛♠❡♥t❛t✐♦♥ ❛♥❞ t❤❡ ✐♥❝r❡❛s❡ ♦❢ ❡❧❡❝tr♦♠❛❣♥❡t✐❝
✜❡❧❞s ❛s t❤❡ ✐♥st❛❜✐❧✐t② ❜✉✐❧❞s ✉♣✳

❋♦r ❧♦✇ ❞❡♥s✐t✐❡s✱ r♦✉❣❤❧② ❛❜♦✉t 100nc✱ P■❈ s✐♠✉❧❛t✐♦♥s ❝❛♥ ❜❡ ❝❛rr✐❡❞ ♦✉t
t♦ ♣❡r❢♦r♠ t❤❡s❡ ✐♥✈❡st✐❣❛t✐♦♥s✳ ❍♦✇❡✈❡r✱ ❛s t❤❡ ❡❧❡❝tr♦♥ ❜❡❛♠ ❛♣♣r♦❛❝❤❡s t❤❡
❝♦r❡ ♦❢ ❛♥ ■❈❋ ♣❡❧❧❡t✱ t❤❡ ❞❡♥s✐t② ✇✐❧❧ ❡①❝❡❡❞ ♠✉❧t✐♣❧❡ t✐♠❡s s♦❧✐❞ ❞❡♥s✐t② ❛♥❞
❝♦♥✈❡♥t✐♦♥❛❧ P■❈ ❝♦❞❡s ♠✉st ❜❡ ❛♣♣❧✐❡❞ ✇✐t❤ ❡①tr❡♠❡❧② s♠❛❧❧ t✐♠❡ st❡♣s ✐♥ ♦r❞❡r t♦
❛✈♦✐❞ ♥✉♠❡r✐❝❛❧ ✐♥st❛❜✐❧✐t②✱ ❛♥❞ t❤✉s ❝❛♥♥♦t ❜❡ ✉s❡❞ ✇✐t❤ r❡❛s♦♥❛❜❧❡ ❝♦♠♣✉t❛t✐♦♥❛❧
❡✛♦rt✳

❲❡ ❛r❡ ❣♦✐♥❣ t♦ st✉❞② t❤❡ ♣❤❡♥♦♠❡♥♦♥ ♦❢ t❤❡ ❲❡✐❜❡❧ ✐♥st❛❜✐❧✐t② ✇✐t❤ ♦✉r ♥❡✇
❤②❜r✐❞ ❝♦❞❡✱ ✉s✐♥❣ st❛♥❞❛r❞ P■❈ ♠❛❝r♦♣❛rt✐❝❧❡s ❢♦r t❤❡ ❡❧❡❝tr♦♥ ❜❡❛♠ ❛♥❞ t❤❡ ✢✉✐❞
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Measured skin depth

Theoretical skin depth

Grid step

❋✐❣✉r❡ ✺✳✹✳✻✳ P❧♦t ♦❢ t❤❡ s❦✐♥ ❞❡♣t❤ ✈❡rs✉s t❤❡ ♣❧❛s♠❛ ❞❡♥s✐t②✳ ❚❤❡

❜❧✉❡ ❧✐♥❡ s❤♦✇s t❤❡ ❣r✐❞ st❡♣ ✉s❡❞ ✐♥ t❤❡ s✐♠✉❧❛t✐♦♥✳

♣❛rt ✐♥ ♦r❞❡r t♦ ♠♦❞❡❧ t❤❡ ❜❛❝❦❣r♦✉♥❞ ♣❧❛s♠❛✳ ❙✐♥❝❡ ❍✲❱▲P▲ ❤❛s ♥♦ r❡str✐❝t✐♦♥s
❢♦r t❤❡ ❤②❜r✐❞ ❞❡♥s✐t✐❡s ✉s❡❞✱ ✇❡ ❝❛♥ ♣❡r❢♦r♠ s✉❝❤ s✐♠✉❧❛t✐♦♥s ✇✐t❤✐♥ ❛ ♠♦❞❡r❛t❡
❛♠♦✉♥t ♦❢ ❈P❯ t✐♠❡✳

■♥ ♦r❞❡r t♦ ♦❜t❛✐♥ ❛ ♣r♦♦❢ ❢♦r t❤❡ ♣❤②s✐❝❛❧ ❝♦rr❡❝t♥❡ss ♦❢ ♦✉r ❝♦❞❡ ✇✐t❤✐♥ t❤❡
❧✐♥❡❛r r❡❣✐♠❡✱ ✇❡ ❤❛✈❡ ❧❛✉♥❝❤❡❞ t❡sts ✇✐t❤ ❍✲❱▲P▲ ❝♦♠♣❛r✐♥❣ ❛ ❝❧❛ss✐❝❛❧ P■❈
❝♦♠♣✉t❛t✐♦♥ t♦ ❛ ❤②❜r✐❞ s✐♠✉❧❛t✐♦♥ ♦❢ t❤✐s s❡t✉♣✳ ❆♥ ❡❧❡❝tr♦♥ ❜❡❛♠ ✇✐t❤ ❞❡♥s✐t②
nb ♣r♦♣❛❣❛t❡s t❤r♦✉❣❤ ❛ ❜❛❝❦❣r♦✉♥❞ ♣❧❛s♠❛ ✇✐t❤ np = 100nb✳ ❚❤❡ ♠♦♠❡♥t✉♠ ♦❢
t❤❡ ❜❡❛♠ ❡❧❡❝tr♦♥s ✐s pb = mc ✇✐t❤ ❛ t❤❡r♠❛❧ s♣r❡❛❞ ♦❢ 10−4mc✱ ❛♥❞ t❤❡ ♠♦♠❡♥t✉♠
♦❢ t❤❡ ❜❛❝❦❣r♦✉♥❞ ✐s ❝❤♦s❡♥ s✉❝❤ t❤❛t ✐ts ❝✉rr❡♥t ❝♦♠♣❡♥s❛t❡s ❢♦r t❤❛t ♦❢ t❤❡ ❜❡❛♠
♣❧❛s♠❛✱ ♠❡❛♥✐♥❣

nbvb + npvp = 0.

❚❤❡ s❡t✉♣ ✐s r❡str✐❝t❡❞ t♦ ❛ ✷❉ ❣❡♦♠❡tr②✱ ✇✐t❤ t❤❡ ❜❡❛♠s tr❛✈❡❧✐♥❣ ♣❡r♣❡♥❞✐❝✉✲
❧❛r❧② t♦ t❤❡ x✲y✲♣❧❛♥❡❀ t❤✐s ✐s ♥❡❝❡ss❛r② ✐♥ ♦r❞❡r t♦ ❡①❝❧✉❞❡ t✇♦✲str❡❛♠ ✐♥st❛❜✐❧✐t✐❡s✳
❆❢t❡r ❛❜♦✉t ✸✳✸ ❜❡❛♠ ♣❧❛s♠❛ ♣❡r✐♦❞s 2π/ωb✱ ✇✐t❤ ω =

√

4πnbe2/m✱ ♦♥❡ ♦❜s❡r✈❡s ❛
str♦♥❣ ✜❧❛♠❡♥t❛t✐♦♥ ♦❢ t❤❡ ❜❡❛♠✱ ❛♥❞ ❛ ♠❛❣♥❡t✐❝ ✜❡❧❞ ❜✉✐❧❞s ✉♣✳ ❲❤❡♥ ❧❛✉♥❝❤✐♥❣
t❤❡ s❛♠❡ s✐♠✉❧❛t✐♦♥ ✇✐t❤ ❛♥❞ ✇✐t❤♦✉t t❤❡ ❤②❜r✐❞ ♠♦❞❡❧✱ ✇❡ ♥♦t✐❝❡ t❤❛t t❤❡ ❧❛tt❡r
s✉❝❝❡❡❞s ✇❡❧❧ ✐♥ ❞❡s❝r✐❜✐♥❣ t❤❡ ✜❧❛♠❡♥t❛t✐♦♥ ❡✛❡❝t ❛t t❤❡ ✐♥✐t✐❛❧✱ ❧✐♥❡❛r st❛❣❡✳ ❲❡
❝♦♠♣❛r❡ t❤❡ ✐♥t❡❣r❛❧ ♦❢ t❤❡ sq✉❛r❡❞ ♠❛❣♥❡t✐❝ ✜❡❧❞

ˆ

V

❇2dV

♦❢ t❤❡ t✇♦ ♠♦❞❡❧s✳ ❆t t❤✐s ♣♦✐♥t ✐t ❤❛s t♦ ❜❡ ♠❡♥t✐♦♥❡❞ t❤❛t ❞✉r✐♥❣ t❤❡ ♥♦♥❧✐♥✲
❡❛r st❛❣❡ ♦❢ t❤❡ ✐♥st❛❜✐❧✐t②✱ t❤❡ ♣r❡s❡♥t ✈❡rs✐♦♥ ♦❢ ❍✲❱▲P▲ ✇✐❧❧ ❢❛✐❧ ✐♥ ❞❡s❝r✐❜✐♥❣ t❤❡
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❋✐❣✉r❡ ✺✳✹✳✼✳ ❙♥❛♣s❤♦t ♦❢ t❤❡ ❲❡✐❜❡❧ ✐♥st❛❜✐❧✐t② ❜❡♥❝❤♠❛r❦ s✐♠✉❧❛✲

t✐♦♥s ✇✐t❤ P■❈ ✭❧❡❢t✮ ❛♥❞ t❤❡ ❤②❜r✐❞ ❝♦❞❡ ✭r✐❣❤t✮ ❛t ✸✳✺✱ ✻✱ ❛♥❞ ✷✵ ❜❡❛♠

♣❧❛s♠❛ ♣❡r✐♦❞s✳ ❲❡ ♦❜s❡r✈❡ ✈❡r② s✐♠✐❧❛r ❜❡❤❛✈✐♦✉r✱ ❛❧t❤♦✉❣❤ t❤❡ ✐♥st❛✲

❜✐❧✐t② st❛rts ❛♣♣r♦①✐♠❛t❡❧② ✵✳✺ ♣❡r✐♦❞ ❧❛t❡r ✇✐t❤ t❤❡ ❤②❜r✐❞ ♠♦❞❡❧ ❞✉❡

t♦ t❤❡ ❧♦✇❡r ♥✉♠❡r✐❝❛❧ ♥♦✐s❡✳
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❋✐❣✉r❡ ✺✳✹✳✽✳ ■♥t❡❣r❛❧ ♦❢ t❤❡ sq✉❛r❡❞ B✲✜❡❧❞ ♦✈❡r t❤❡ s✐♠✉❧❛t✐♦♥

♣❧❛♥❡✳ ❉✉r✐♥❣ t❤❡ ❧✐♥❡❛r st❛❣❡ ♦❢ t❤❡ ✐♥st❛❜✐❧✐t②✱ ✇❡ ♦❜s❡r✈❡ ❛♥ ❡①✲

♣♦♥❡♥t✐❛❧ ❣r♦✇t❤ ✇✐t❤ ❛❧♠♦st t❤❡ s❛♠❡ ❣r♦✇t❤ r❛t❡✳

✜❧❛♠❡♥t❛t✐♦♥ ♦❢ t❤❡ ❜❛❝❦❣r♦✉♥❞ ♣❧❛s♠❛ s✐♥❝❡ ✐t ❞♦❡s ♥♦t tr❡❛t ✐ts ❝♦♥t✐♥✉✐t② ❡q✉❛✲
t✐♦♥ ❛♥❞ ❝♦♥✈❡❝t✐✈❡ t❡r♠ ♦❢ ♠♦♠❡♥t✉♠ ❡✈♦❧✉t✐♦♥✳ ❆❞❞✐t✐♦♥❛❧❧②✱ t❤❡ ✢✉✐❞ ♣❧❛s♠❛
❞♦❡s ♥♦t r❡❛❝t t♦ ♠❛❣♥❡t✐❝ ✜❡❧❞s ❞✐r❡❝t❧②✳ ◆❡✈❡rt❤❡❧❡ss✱ t❤❡ ❜❡❤❛✈✐♦✉r✱ ❛♥❞ t❤❡
❣r♦✇t❤ r❛t❡ ♦❢ t❤❡ ❲❡✐❜❡❧ ✐♥st❛❜✐❧✐t② ❞✉r✐♥❣ t❤❡ ❧✐♥❡❛r st❛❣❡ ❛r❡ ❛❝❝✉r❛t❡❧② r❡♣r♦✲
❞✉❝❡❞✳ ❚❤✐s r❡s✉❧t ✐♥❞✐❝❛t❡s t❤❡ ❛♣♣❧✐❝❛❜✐❧✐t② ♦❢ ❍✲❱▲P▲ t♦ t❤❡ ❲❡✐❜❡❧ ✐♥st❛❜✐❧✐t②
s❝❡♥❛r✐♦✱ ❛♥❞ ♠❛❦❡s ❢✉rt❤❡r ✐♥✈❡st✐❣❛t✐♦♥s ♦❢ t❤❡ ❡✛❡❝t ✇✐t❤ ❛♥ ❛❞✈❛♥❝❡❞✱ ❢✉❧❧②
❤②❞r♦❞②♥❛♠✐❝ ❤②❜r✐❞ ❝♦❞❡ ❛♣♣❡❛r ♣r♦♠✐s✐♥❣✳

✺✳✺✳ ❙✉♠♠❛r②

❈♦♥✈❡♥t✐♦♥❛❧ ♣❛rt✐❝❧❡✲✐♥✲❝❡❧❧ ✐♠♣❧❡♠❡♥t❛t✐♦♥s ❛r❡ ❧✐♠✐t❡❞ ❜② ❛ st❛❜✐❧✐t② ❝♦♥❞✐✲
t✐♦♥✱ ✇❤✐❝❤ ✐s ❝♦♥♥❡❝t❡❞ t♦ t❤❡ ♣❧❛s♠❛ ❢r❡q✉❡♥❝②✳ ■♥ ♦r❞❡r t♦ ♦✈❡r❝♦♠❡ t❤✐s r❡str✐❝✲
t✐♦♥✱ ❛ P■❈✴✢✉✐❞ ❤②❜r✐❞ ❝♦❞❡ ✇❛s ❞❡✈❡❧♦♣❡❞✳ ■♥ ❛❞❞✐t✐♦♥ t♦ t❤❡ ✇❡❧❧✲❦♥♦✇♥ P■❈
♣❛rt✱ ✐t ❝❛♥ ❛❧s♦ ♠♦❞❡❧ ❛ ♣❧❛s♠❛ ❛s ❛ ❧✐♥❡❛r✐③❡❞ ✢✉✐❞✱ ✉s✐♥❣ ❛ s♣❡❝✐❛❧❧② ❞❡s✐❣♥❡❞ ❡①✲
♣♦♥❡♥t✐❛❧ ✐♥t❡❣r❛t♦r s❝❤❡♠❡✳ ❚❤✐s s❝❤❡♠❡ ✇❛s ✐♠♣❧❡♠❡♥t❡❞ ✐♥t♦ t❤❡ ❡①✐st✐♥❣ ❱▲P▲
P■❈ ❝♦❞❡✱ ❛♥❞ s✉❝❝❡ss❢✉❧❧② t❡st❡❞ ♦♥ ❛ ✈❛r✐❡t② ♦❢ ♣❤②s✐❝❛❧ ❡①❛♠♣❧❡s✳ ❚❤❡ r❡s✉❧ts
❤❛✈❡ ❜❡❡♥ ♣✉❜❧✐s❤❡❞ ✐♥ ❬✼✸❪✳
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❍✲❱▲P▲✸❉ P■❈✴✢✉✐❞ ❤②❜r✐❞ ❝♦❞❡

■♥ t❤✐s ❝❤❛♣t❡r✱ t❤❡ s❡❝♦♥❞ P■❈✴✢✉✐❞ ❤②❜r✐❞ ❝♦❞❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ✐s ✐♥tr♦❞✉❝❡❞✳
■♥ ❝♦♥tr❛st t♦ t❤❡ s❝❤❡♠❡ ❢r♦♠ ❝❤❛♣t❡r ✺✱ t❤❡ ❢✉❧❧ ♥♦♥✲❧✐♥❡❛r ❝♦❧❞✱ r❡❧❛t✐✈✐st✐❝ ✢✉✐❞
❡q✉❛t✐♦♥s ❛r❡ s♦❧✈❡❞✳ ❚❤❡ ❛❧❣♦r✐t❤♠ ❤❛s ❜❡❡♥ ❞❡s✐❣♥❡❞ ❢♦r t❤❡ ❡✣❝✐❡♥t s✐♠✉❧❛t✐♦♥
♦❢ ❧♦♥❣ ✇❛❦❡ ✜❡❧❞s✳ ❍❡♥❝❡✱ ♥♦ ❡①♣♦♥❡♥t✐❛❧ ✐♥t❡❣r❛t♦r ✐s ✐♥✈♦❧✈❡❞ ❤❡r❡✱ ❜✉t ❛ ♥♦✈❡❧
s♣❛t✐❛❧ ❞✐s❝r❡t✐③❛t✐♦♥ s❝❤❡♠❡ ✐s ✉s❡❞✳

✻✳✶✳ ■♥tr♦❞✉❝t✐♦♥

❚❤❡ ✐❞❡❛ ♦❢ ✉t✐❧✐③✐♥❣ ✇❛❦❡ ✜❡❧❞s ❛s ♣❛rt✐❝❧❡ ❛❝❝❡❧❡r❛t♦rs ❜❡❝♦♠❡s ✐♥❝r❡❛s✐♥❣❧②
♣r♦♠✐s✐♥❣ ❬✾✱ ✺❪ ✳ ❲❤✐❧❡ ❝♦♥✈❡♥t✐♦♥❛❧ ❛❝❝❡❧❡r❛t♦rs ❛r❡ ❧✐♠✐t❡❞ ❜② ❝❤❛r❛❝t❡r✐st✐❝
❜r❡❛❦❞♦✇♥ ✜❡❧❞s✱ ♣❧❛s♠❛ ✇❛✈❡s ❞♦ ♥♦t s✉✛❡r ❢r♦♠ s✉❝❤ r❡str✐❝t✐♦♥s✳ ❚❤❡② r❡❛❝❤
✜❡❧❞ str❡♥❣t❤s ♦r❞❡rs ♦❢ ♠❛❣♥✐t✉❞❡ ❤✐❣❤❡r✳ ■♥ t❤✐s ❝♦♥t❡①t✱ ❚❡❱ ♣r♦t♦♥ ❜✉♥❝❤❡s
❛s ❞r✐✈❡rs ❤❛✈❡ r❡❝❡♥t❧② ❣❛✐♥❡❞ ♠✉❝❤ ❛tt❡♥t✐♦♥ ❬✸❪✳ ❉✉❡ t♦ t❤❡✐r ❤✐❣❤ ❡♥❡r❣②✱ t❤❡②
♠❛② r❡♠♦✈❡ t❤❡ ♥❡❡❞ ❢♦r ♠✉❧t✐♣❧❡ ❛❝❝❡❧❡r❛t✐♦♥ st❛❣❡s✳

■♥ ♦r❞❡r t♦ ❛❝❤✐❡✈❡ ❧♦♥❣✐t✉❞✐♥❛❧ ❡❧❡❝tr✐❝ ✜❡❧❞s ✐♥ t❤❡ ●❱✴♠✲r❛♥❣❡✱ ❡❧❡❝tr♦♥
❞❡♥s✐t✐❡s ♦❢ ❛t ❧❡❛st ne = 1014❝♠−3 ❛r❡ r❡q✉✐r❡❞✳ ❚❤✉s✱ ♦♥❡ ♥❡❡❞s ♣r♦t♦♥ ❜✉♥❝❤❡s
❛s s❤♦rt ❛s ❤❛❧❢ ♦❢ t❤❡ ♣❧❛s♠❛ ✇❛✈❡ ❧❡♥❣t❤ λp = 2πc

ωp
≈ ✸♠♠✳ ❯♥❢♦rt✉♥❛t❡❧②✱ t❤❡r❡

❛r❡ ♥♦ ♣r♦t♦♥ ❛❝❝❡❧❡r❛t♦rs ✐♥ t❤❡ ❚❡❱ ❝❧❛ss ❝❛♣❛❜❧❡ ♦❢ ♣r♦❞✉❝✐♥❣ ❜✉♥❝❤❡s t❤✐s s❤♦rt✳
❚❤✐s ❞r❛✇❜❛❝❦ ❝❛♥ ❜❡ ♦✈❡r❝♦♠❡ ❜② ♠❛❦✐♥❣ ✉s❡ ♦❢ t❤❡ s❡❧❢✲♠♦❞✉❧❛t✐♦♥ ❡✛❡❝t ♦♥ t❤❡
❞r✐✈✐♥❣ ♣✉❧s❡ ❬✷✷❪✳

❘❡❝❡♥t r❡s✉❧ts s❤♦✇ t❤❛t ♣❤❛s❡ ✈❡❧♦❝✐t② ❝♦♥tr♦❧ ❜② ❛❧t❡r✐♥❣ t❤❡ ❜❛❝❦❣r♦✉♥❞
♣❧❛s♠❛ ❞❡♥s✐t② ❛♣♣❡❛rs ❢❡❛s✐❜❧❡✳ ❆❧s♦✱ s✐❞❡ ✐♥❥❡❝t✐♦♥ ♦❢ t❤❡ ♣❛rt✐❝❧❡s t♦ ❛❝❝❡❧❡r❛t❡
❝❛♥ ❜❡ ❡✣❝✐❡♥t✳ ❇❡❝❛✉s❡ ♦❢ t❤❡ ❝♦♠♣❧❡①✐t② ♦❢ s✉❝❤ s❡t✉♣s ❛s ✇❡❧❧ ❛s t❤❡ ❧❛r❣❡ s❝❛❧❡
♦❢ ❡①♣❡r✐♠❡♥ts ✐♥✈♦❧✈✐♥❣ ❚❡❱ ♣r♦t♦♥ ❜❡❛♠s✱ r❡❧✐❛❜❧❡ s✐♠✉❧❛t✐♦♥s ❛r❡ ❝r✉❝✐❛❧✳ ❆
❝♦♠♠♦♥❧② ♣r❡❢❡rr❡❞ ♠❡t❤♦❞ ❢♦r ✇❛❦❡ ✜❡❧❞ s✐♠✉❧❛t✐♦♥s ✐s t❤❡ ♣❛rt✐❝❧❡✲✐♥✲❝❡❧❧ ✭P■❈✮
❛❧❣♦r✐t❤♠✳

❍♦✇❡✈❡r✱ t❤❡ s❡❧❢✲♠♦❞✉❧❛t❡❞ ♣r♦t♦♥ ❞r✐✈❡r ♣❧❛s♠❛ ✇❛❦❡✜❡❧❞ ❛❝❝❡❧❡r❛t✐♦♥ ✭❙▼✲
P❉P❲❆✮ ♣r♦❝❡ss ✉♥❞❡r ✐♥✈❡st✐❣❛t✐♦♥ ❤❛s s♣❡❝✐❛❧ r❡q✉✐r❡♠❡♥ts ♦♥ t❤❡ ♥✉♠❡r✐❝❛❧
❛❧❣♦r✐t❤♠s ❡♠♣❧♦②❡❞✳ ■t ✐♥✈♦❧✈❡s ❛❜♦✉t ✷✵✵✲✺✵✵ ♣❧❛s♠❛ ✇❛✈❡❧❡♥❣t❤s ♦❢ t❤❡ ❜❛❝❦✲
❣r♦✉♥❞ t♦❣❡t❤❡r ✇✐t❤ ✈❡r② ❧♦♥❣ ♣r♦♣❛❣❛t✐♦♥ ❞✐st❛♥❝❡s ≥ ✶✵♠✳ P■❈ tr❡❛t♠❡♥ts t❡♥❞
t♦ ❜❡ ✈❡r② ❝♦st❧② ✐♥ ❈P❯ t✐♠❡✳ ❚❤❡② ❛❧s♦ s✉✛❡r ❢r♦♠ ♥✉♠❡r✐❝❛❧ ♥♦✐s❡ ❛♥❞ ❞✐✛✉s✐♦♥✱
✇❤✐❝❤ r❡♥❞❡rs t❤❡♠ ✐♥❡✛❡❝t✐✈❡ ❢♦r t❤✐s r❡❣✐♠❡✳

❲❡ s❤♦✇ t❤❛t ❛ P■❈✴✢✉✐❞ ❤②❜r✐❞ ❝♦❞❡ ❝♦♥❝❡♣t ✐s ✈❡r② ✇❡❧❧ s✉✐t❡❞ ❢♦r t❤✐s
♣r♦❜❧❡♠✳ ❚❤❡ ❜❛s✐❝ ✐❞❡❛ ✐s ❛❣❛✐♥ t♦ r❡♣r❡s❡♥t t❤❡ ♣❧❛s♠❛ ✉♥❞❡r ✐♥✈❡st✐❣❛t✐♦♥ ❜②
t✇♦ ❞✐st✐♥❝t ♠❡❛♥s✿ ❋✐rst✱ ❛s ❛ s❡t ♦❢ P■❈ ♠❛❝r♦♣❛rt✐❝❧❡s ❢♦r ♣❛rts ✉♥❞❡r❣♦✐♥❣
❦✐♥❡t✐❝ ❡✛❡❝ts✳ ❙❡❝♦♥❞✱ ❛s ❛ ✢✉✐❞ t❤r♦✉❣❤ ♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥ ♦❢ ❝♦♥s❡r✈❛t✐♦♥ ❧❛✇s✳
❋♦r ✇❛❦❡ ✜❡❧❞ s✐♠✉❧❛t✐♦♥s✱ t❤❡ ❛❧❣♦r✐t❤♠ ❢r♦♠ s❡❝t✐♦♥ ✺ ✐s ♥♦t s✉✣❝✐❡♥t✱ s✐♥❝❡ ♥♦♥✲
❧✐♥❡❛r ❞❡♥s✐t② ♠♦❞✉❧❛t✐♦♥ ❡✛❡❝ts ♠✉st ❜❡ ❝♦♥s✐❞❡r❡❞✳ ❍❡♥❝❡✱ ♦♥❡ ❝❛♥ t❤✐♥❦ ♦❢ ❛
❤②❜r✐❞ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ✇❤✐❝❤ s♦❧✈❡s ❊✉❧❡r✬s ❣❛s ❡q✉❛t✐♦♥s ❢♦r t❤❡ ✢✉✐❞ ♣❛rt✳

✺✽
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❚❤❡ ❧❛tt❡r ♦✛❡rs ❛ ♥✉♠❜❡r ♦❢ ❛❞✈❛♥t❛❣❡s ♦✈❡r t❤❡ P■❈ ♠❡t❤♦❞✿ ■t ✐s ❢❛r ♠♦r❡
❡✣❝✐❡♥t✱ ✇✐t❤ ❧♦✇ ♥♦✐s❡ ❛♥❞ ❧❡ss ♥✉♠❡r✐❝❛❧ ❞✐✛✉s✐♦♥✳ ■♥ t❤❡ ❧❛st ②❡❛rs✱ ❤②❜r✐❞
t❡❝❤♥✐q✉❡s ❤❛✈❡ ❣❛✐♥❡❞ ✐♠♣♦rt❛♥❝❡ ✐♥ ❤✐❣❤ ❞❡♥s✐t② ♣❧❛s♠❛ s✐♠✉❧❛t✐♦♥s✱ ✐♥❝❧✉❞✐♥❣
❢❛st ✐❣♥✐t✐♦♥ ✭❋■✮ ❡①♣❡r✐♠❡♥ts ❛♥❞ s♦❧✐❞ st❛t❡ ❞❡♥s✐t② ♣❧❛s♠❛ ✐♥t❡r❛❝t✐♦♥s✳ ▼♦st
♦❢ t❤❡s❡ ❝♦❞❡s ❞♦ ♥♦t ♠♦❞❡❧ t❤❡ ♣r♦♣❛❣❛t✐♦♥ ♦❢ ❡❧❡❝tr♦♠❛❣♥❡t✐❝ ✇❛✈❡s ❛s ✇❡❧❧ ❛s
❡❧❡❝tr♦st❛t✐❝ ✇❛✈❡s✱ ✐♥st❡❛❞ ✉s✐♥❣ ♠❛❣♥❡t♦❤②❞r♦❞②♥❛♠✐❝ ✭▼❍❉✮ ❞❡s❝r✐♣t✐♦♥s✳ ❚❤❡
❤②❜r✐❞ P■❈ ❝♦❞❡ ▲❙P ❬✸✶❪ ✉s❡s ❛ ♣❛rt✐❝❧❡✲✐♥✲❝❡❧❧ ❛❧❣♦r✐t❤♠ ❛❧♦♥❣ ✇✐t❤ ❛ ✢✉✐❞ ♠♦❞❡❧
❛♥❞ ❛♥ ✐♠♣❧✐❝✐t ❡❧❡❝tr♦♠❛❣♥❡t✐❝ ✜❡❧❞ s♦❧✈❡r✳ ❆❧s♦✱ t❤❡ ❖❙■❘■❙ ❛♥❞ t❤❡ ❞❍②❜r✐❞❬✸✹❪
❝♦❞❡ ❝♦♠♣r✐s❡ ❤②❜r✐❞ ❢✉♥❝t✐♦♥❛❧✐t②✱ tr❡❛t✐♥❣ ✐♦♥s ❦✐♥❡t✐❝❛❧❧② ❛♥❞ ❡❧❡❝tr♦♥s ❛s ❛ ✢✉✐❞✱
✉♥❞❡r t❤❡ ❛ss✉♠♣t✐♦♥ ∇× ~B = µ0

~J ✳
❋♦r t❤❡ ♥❡✇ ❤②❜r✐❞ s②st❡♠ ♣r❡s❡♥t❡❞ ❤❡r❡✱ ✇❡ ❝❤♦♦s❡ ❛ ♠♦r❡ ❣❡♥❡r❛❧ ✢✉✐❞

❛♣♣r♦❛❝❤✳ ◆♦ ▼❍❉ ❛ss✉♠♣t✐♦♥s ❛r❡ ♠❛❞❡✳ ■♥st❡❛❞✱ t❤❡ ❜❛❝❦❣r♦✉♥❞ ♣❧❛s♠❛ ✐s
❛ tr✉❡ ❝♦❧❞ ✢✉✐❞✱ ❝♦✈❡r✐♥❣ ❞❡♥s✐t② ♠♦❞✉❧❛t✐♦♥s ❛♥❞ ❝♦♥✈❡❝t✐♦♥✳ ❋♦r t❤❡ s♣❛t✐❛❧
❞✐s❝r❡t✐③❛t✐♦♥✱ ✇❡ ❛❞♦♣t t❤❡ ✢✉①✲❝♦rr❡❝t❡❞ tr❛♥s♣♦rt ✭❋❈❚✮❬✹✹❪ ♠❡t❤♦❞✳ ■t ✐s ❝♦♠✲
❜✐♥❡❞ ✇✐t❤ ❛ ♠♦❞✐✜❡❞ q✉❛❞r❛t✐❝ ✉♣str❡❛♠ ✐♥t❡r♣♦❧❛t✐♦♥ ❢♦r ❝♦♥✈❡❝t✐✈❡ ❦✐♥❡♠❛t✐❝s
✭◗❯■❈❑✮❬✼✹❪ s❝❤❡♠❡✳

■♥ t❤❡ ♥❡①t s❡❝t✐♦♥s✱ ✇❡ s❤❛❧❧ ❣✐✈❡ ❛ ❞❡t❛✐❧❡❞ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ❛❧❣♦r✐t❤♠✳ ❙✉❜
s❡❝t✐♦♥ ✻✳✷ ✐♥tr♦❞✉❝❡s t❤❡ ✢✉✐❞ ❡q✉❛t✐♦♥s ✇❤✐❝❤ ❛r❡ ❛❞❞❡❞ t♦ t❤❡ ❡①✐st✐♥❣ P■❈
♠♦❞❡❧✱ s❡❝t✐♦♥ ✻✳✸ ❡①♣❧❛✐♥s t❤❡ s♣❛t✐❛❧ s❝❤❡♠❡ ✉s❡❞✳ ❚❤❡ ❣❡♥❡r❛❧ ❝❤❛❧❧❡♥❣❡ ♦❢ s✉❝❤
❛ s✐♠✉❧❛t✐♦♥ ❝♦❞❡ ❞❡s✐❣♥ ✐s ❝❧❛r✐✜❡❞ ✐♥ ❝❤❛♣t❡r ✻✳✹✱ ✐ts s♦❧✉t✐♦♥ ❢♦r t❤❡ ✜♥❛❧ ✸❉ ❝♦❞❡
✐s s❤♦✇♥ ✐♥ ❝❤❛♣t❡r ✻✳✺✳ ■♥ s❡❝t✐♦♥ ✻✳✼✱ ✇❡ ❞✐s❝✉ss t❤❡ ✈❛r✐♦✉s t✐♠❡ ✐♥t❡❣r❛t♦rs ✇❤✐❝❤
❝❛♥ ❜❡ ❛♣♣❧✐❡❞✳ ❚❤❡ ❍✲❱▲P▲ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ✐s ✈❡r✐✜❡❞ ✜rst ♦♥ s✐♠♣❧❡ ♣❤②s✐❝❛❧
❡①❛♠♣❧❡s✳ ❆❢t❡r✇❛r❞s✱ ♠♦r❡ ❛♣♣❧✐❝❛t✐♦♥✲♦r✐❡♥t❡❞ s❡t✉♣s ❛r❡ t❡st❡❞✳ ❘❡s✉❧ts ❛r❡
❞❡♣✐❝t❡❞ ✐♥ ❝❤❛♣t❡r ✻✳✾✳

✻✳✷✳ ❋❧✉✐❞ ▼♦❞❡❧

■♥ t❤❡ ♥❡✇ ❍✲❱▲P▲ ✐♠♣❧❡♠❡♥t❛t✐♦♥✱ ❛ ♣❧❛s♠❛ ❝❛♥ ❜❡ ♠♦❞❡❧❡❞ ❜② t✇♦ ❞✐st✐♥❝t
♠❡❛♥s✿ ❋✐rst✱ ✉s✐♥❣ ❛ ❦✐♥❡t✐❝ ❞❡s❝r✐♣t✐♦♥ ❛♥❞ st❛t✐st✐❝❛❧❧② ♣♦♣✉❧❛t✐♥❣ t❤❡ ♣❤❛s❡
s♣❛❝❡ ✇✐t❤ P■❈ ♠❛❝r♦♣❛rt✐❝❧❡s✳ ■t ✐s ❝❛♣❛❜❧❡ ♦❢ s✐♠✉❧❛t✐♥❣ ❡✛❡❝ts ❧✐❦❡ ✇❛✈❡✲❜r❡❛❦✐♥❣
✇❤✐❧❡ tr❛❞✐♥❣ s♣❡❡❞ ❢♦r ❛❝❝✉r❛❝② ❛♥❞ s✉✛❡r✐♥❣ ❢r♦♠ ❞❛♠♣✐♥❣ ❡✛❡❝ts✳ ❙❡❝♦♥❞✱ ✐t ❛❧s♦
❝♦♥t❛✐♥s ❛ ❝♦❧❞✲✢✉✐❞ ♠♦❞❡❧✳ ❚❤❡ ❧❛tt❡r✱ ❞❡s♣✐t❡ t❤❡ ❢❛❝t ✐t ❢❛✐❧s ✐♥ t❤❡ ♣r❡s❡♥❝❡ ♦❢
✇❛✈❡✲❜r❡❛❦✐♥❣✱ ✇♦r❦s ❢❛r ♠♦r❡ s♠♦♦t❤❧② ❛♥❞ ❡✣❝✐❡♥t❧②✳ ❚❤❡ ❡q✉❛t✐♦♥s r❡❧❛t❡❞ t♦
t❤❡ ✢✉✐❞ ♣❛rt r❡❛❞

∂

∂t
❊ = ∇×❇− ❏PIC − q

γh
ρh♣h✭✻✳✷✳✶✮

∂

∂t
♣h = −(✈h · ∇)♣h + q✭❊+ ✈h ×❇)✭✻✳✷✳✷✮

∂

∂t
ρh = −∇ · (ρ

h

γh
♣h),✭✻✳✷✳✸✮

✇❤❡r❡ ♣h ❞❡♥♦t❡s t❤❡ r❡❧❛t✐✈✐st✐❝ ✢✉✐❞ ♠♦♠❡♥t✉♠ ❛♥❞ ρh ✐s t❤❡ ✢✉✐❞ ❞❡♥s✐t②✳ vh ✐s
t❤❡ ✢✉✐❞ ✈❡❧♦❝✐t②✱ JP■❈ ✐s t❤❡ ❝✉rr❡♥t ❝❛✉s❡❞ ❜② t❤❡ P■❈ ❛❧❣♦r✐t❤♠✳ ❚❤❡ ❝♦❧❞✲✢✉✐❞
♣❧❛s♠❛ ♠♦❞❡❧ ✐♠♣❧✐❡s t❤❛t ♣r❡ss✉r❡ t❡r♠s ❝❛♥ ❜❡ ♥❡❣❧❡❝t❡❞❀ t❤❡ s❡❝♦♥❞ ❡q✉❛t✐♦♥
❤❛s ❜❡❡♥ ♦❜t❛✐♥❡❞ ❢r♦♠ t❤❡ ♠♦♠❡♥t✉♠ ❞❡♥s✐t② ❝♦♥s❡r✈❛t✐♦♥ ❧❛✇✳ ❚❤✐s ♠♦❞❡❧ ✐s
✉s❡❞ ✐♥ ❛❞❞✐t✐♦♥ t♦ t❤❡ ❦✐♥❡t✐❝ ❞❡s❝r✐♣t✐♦♥✳ ■t ✐s ✐♥t❡♥❞❡❞ ❢♦r t❤❡ ❝♦❧❞ ♣❛rts ♦❢
t❤❡ ♣❧❛s♠❛✱ ✇❤❡r❡ t❤❡r♠❛❧ ❡✛❡❝ts ❝❛♥ ❜❡ ♥❡❣❧❡❝t❡❞✳ ❚❤❡r❡❢♦r❡ ♦♥❡ ♠✉st ❝❛r❡❢✉❧❧②
❞❡❝✐❞❡ ❢♦r ❡❛❝❤ ♣❛rt✐❝❧❡ s♣❡❝✐❡s ✇❤✐❝❤ ♠♦❞❡❧ ✐s ❛♣♣r♦♣r✐❛t❡✳
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✻✳✸✳ ❙♣❛t✐❛❧ ❞✐s❝r❡t✐③❛t✐♦♥

■t ✐s ❛ ✇✐❞❡❧② ❦♥♦✇♥ ❢❛❝t t❤❛t t❤❡ s♦❧✉t✐♦♥ ♦❢ ❝♦♥s❡r✈❛t✐♦♥ ❧❛✇s s✉❝❤ ❛s ❊✉✲
❧❡r✬s ❣❛s ❡q✉❛t✐♦♥s ✐s ♥♦t tr✐✈✐❛❧✳ ❚❤❡ ❤②♣❡r❜♦❧✐❝ ♥❛t✉r❡ ♦❢ t❤❡ ♣❛rt✐❛❧ ❞✐✛❡r❡♥t✐❛❧
❡q✉❛t✐♦♥s ✐♥✈♦❧✈❡❞ ❝❛✉s❡s ♣r♦❜❧❡♠s r❡❧❛t❡❞ t♦ ❘✉♥❣❡✬s ♣❤❡♥♦♠❡♥♦♥✱ ❧✐❦❡ s♣✉r✐♦✉s
♦s❝✐❧❧❛t✐♦♥s✱ ❢♦r ❧✐♥❡❛r ❤✐❣❤ ♦r❞❡r s❝❤❡♠❡s✳ ❇② ♥♦✇✱ ❛❢t❡r ❞❡❝❛❞❡s ♦❢ r❡s❡❛r❝❤ ✐♥ t❤❡
❧❛r❣❡ ✜❡❧❞ ♦❢ ❈♦♠♣✉t❛t✐♦♥❛❧ ❋❧✉✐❞ ❉②♥❛♠✐❝s ✭❈❋❉✮✱ t❤❡r❡ ❛r❡ ♥♦✇ ♠❛♥② ❡✣❝✐❡♥t
♥♦♥✲❧✐♥❡❛r ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞s ❛✈❛✐❧❛❜❧❡✳

❚❤❡ s✐♠✉❧❛t✐♦♥ ♦❢ ❡❧❡❝tr♦♠❛❣♥❡t✐❝ ✢✉✐❞ ♣❤❡♥♦♠❡♥❛✱ ❧✐❦❡ ♣❧❛s♠❛ ✇❛❦❡ ✜❡❧❞s✱
❤♦✇❡✈❡r✱ ❛❞❞s ❛♥♦t❤❡r r❡q✉✐r❡♠❡♥t t♦ t❤❡ s❝❤❡♠❡s ✉s❡❞✿ ❚❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❡rr♦r
♦❢ t❤❡ ✢✉① ✐♥ ❛ ❋❱▼ ❝❛♥ ❝❛✉s❡ ✉♥♣❤②s✐❝❛❧ ♠♦❞✉❧❛t✐♦♥s ✐♥ t❤❡ ❞❡♥s✐t② ♣r♦✜❧❡✳ ❚❤✐s
r❡s✉❧ts ✐♥ ❛rt✐✜❝✐❛❧ ❤✐❣❤❡r ❤❛r♠♦♥✐❝s ♦❢ t❤❡ ✇❛❦❡✱ ❡✈❡♥t✉❛❧❧② ❞❡str♦②✐♥❣ t❤❡ ♦✈❡r❛❧❧
✇❛❦❡ ✜❡❧❞ str✉❝t✉r❡✳

❆❢t❡r ❡①t❡♥s✐✈❡ t❡st✐♥❣ ❛♥❞ ❝❛r❡❢✉❧ ❞❡s✐❣♥ ♦❢ ♠✉❧t✐♣❧❡ ❞✐s❝r❡t✐③❛t✐♦♥ s❝❤❡♠❡s✱
s❡✈❡r❛❧ ❛❧❣♦r✐t❤♠s ✇❡r❡ ❢♦✉♥❞ ✇❤✐❝❤ ✇❡r❡ ❝❛♣❛❜❧❡ ♦❢ ♠♦❞❡❧✐♥❣ ✇❛❦❡ ✜❡❧❞s ✇✐t❤ ❧♦✇
♦r ♥♦ ❞✐st♦rt✐♦♥s✳ ❆♠♦♥❣ t❤❡ ✉♥✐❢♦r♠ ✭♥♦♥✲st❛❣❣❡r❡❞✮ s❝❤❡♠❡s ✇✐t❤ t❤✐s ♣r♦♣❡rt②
✐s t❤❡ ❑✉r❣❛♥♦✈✲❚❛❞♠♦r ❝❡♥tr❛❧ s❝❤❡♠❡ ❬✹✷❪✳ ❙t✐❧❧✱ ✉s✐♥❣ ♥♦♥✲st❛❣❣❡r❡❞ s❝❤❡♠❡s
❛❧✇❛②s ❡♥❢♦r❝❡s ✐♥t❡r♣♦❧❛t✐♦♥ ♦❢ t❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞ ♦♥t♦ t❤❡ ❝❡❧❧ ❝❡♥t❡rs✱ ❝❛✉s✐♥❣ ❛♥
✉♥♣❤②s✐❝❛❧ ❞✐✛✉s✐♦♥ ♦❢ t❤❡ ✇❛❦❡ str✉❝t✉r❡✳ ❍❡♥❝❡✱ ✇❡ ❤❛✈❡ ❞❡s✐❣♥❡❞ ❛ ♥❡✇✱ s✐♠♣❧❡✱
st❛❣❣❡r❡❞ s❝❤❡♠❡ ❢♦r t❤❡ ❋❱▼ ❝❤❛r❣❡ ✢✉①✳

■♥ t❤❡ ♥❡①t ❝❤❛♣t❡rs✱ t❤❡ ❞❡t❛✐❧s ♦❢ t❤✐s ❛❧❣♦r✐t❤♠ ✇✐❧❧ ❜❡ ❞❡♣✐❝t❡❞✳ ❙✉❜s❡❝✲
t✐♦♥ ✻✳✹ ✇✐❧❧ ❡①♣❧❛✐♥ t❤❡ ❝❤❛❧❧❡♥❣❡s ❡♥❝♦✉♥t❡r❡❞ ✇✐t❤ ✈❛r✐♦✉s ❈❋❉ s❝❤❡♠❡s✱ ❛♥❞
❞✐s❝✉ss ♣♦ss✐❜❧❡ s♦❧✉t✐♦♥s✳ ■♥ ✻✳✺✱ t❤❡ s♣❛t✐❛❧ ❞✐s❝r❡t✐③❛t✐♦♥ ❢♦r t❤❡ ❝❤❛r❣❡ ❞❡♥s✐t②
✢✉① ✐s s❤♦✇♥✳ ❙✉❜s❡❝t✐♦♥ ✻✳✻ ❞❡s❝r✐❜❡s ❤♦✇ t❤❡ ♣r♦❜❧❡♠ ♦❢ s♦❧✈✐♥❣ t❤❡ ❝♦♥✈❡❝t✐✈❡
♠♦♠❡♥t✉♠ t❡r♠ ✐♥ ✭✻✳✷✳✷✮ ✐s t❛❝❦❧❡❞✳

✻✳✹✳ ●❡♥❡r❛❧ ❝♦♥s✐❞❡r❛t✐♦♥s

❚❤❡ ✇❡❧❧✲❡st❛❜❧✐s❤❡❞ ✜❡❧❞ ♦❢ ❈♦♠♣✉t❛t✐♦♥❛❧ ❋❧✉✐❞ ❉②♥❛♠✐❝s ✭❈❋❉✮ ♦✛❡rs ❛
✇✐❞❡ r❛♥❣❡ ♦❢ s♣❛t✐❛❧ ❞✐s❝r❡t✐③❛t✐♦♥ ♠❡t❤♦❞s✳ ❊①❛♠♣❧❡s ✐♥❝❧✉❞❡ t❤❡ ▼❯❙❈▲ ❬✹✶❪✱
PP▼ ❬✹✺❪ ❛♥❞ ◗❯■❈❑❊❙❚ ❬✼✹❪ s❝❤❡♠❡s ❛s ✇❡❧❧ ❛s ✜♥✐t❡ ❡❧❡♠❡♥t ❛♣♣r♦❛❝❤❡s✳ ❙✐♥❝❡
t❤❡ ❣r✐❞ ❣❡♦♠❡tr② ✐s r❡❝t❛♥❣✉❧❛r✱ t❤❡r❡ ✐s ♥♦ ♥❡❡❞ ❢♦r ✜♥✐t❡ ❡❧❡♠❡♥t ❛❧❣♦r✐t❤♠s✳
●✐✈❡♥ t❤✐s s✐♠♣❧✐✜❝❛t✐♦♥✱ ♦♥❡ ♠✐❣❤t ❛r❣✉❡ t❤❛t st❛♥❞❛r❞ ✜♥✐t❡✲✈♦❧✉♠❡ s❝❤❡♠❡s
s❤♦✉❧❞ ❜❡ ✉s❡❞✳ ❋♦r ❡①❛♠♣❧❡✱ ▼❯❙❈▲ ❘✐❡♠❛♥♥ s♦❧✈❡rs ❛♣♣❡❛r ❛♣♣r♦♣r✐❛t❡✳ ❍♦✇✲
❡✈❡r✱ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ t❛s❦ ♦❢ ✇❛❦❡ ✜❡❧❞ ♠♦❞❡❧✐♥❣ ❝❛✉s❡s ❝❡rt❛✐♥ r❡str✐❝t✐♦♥s t♦
t❤❡ ❞✐s❝r❡t✐③❛t✐♦♥ ♣❛tt❡r♥ ❡♠♣❧♦②❡❞✳ ❚❤❡ str✉❝t✉r❡ ♦❢ t❤❡ ❨❡❡ ❞✐s❝r❡t✐③❛t✐♦♥ ❢♦r
❡❧❡❝tr♦♠❛❣♥❡t✐❝ ✜❡❧❞s ✐♥✈♦❧✈❡s ❡❧❡❝tr✐❝ ✜❡❧❞s ❧♦❝❛t❡❞ ❛t t❤❡ ❝❡❧❧ ❢❛❝❡s✳ ❚❤✉s✱ ❛♥②
♥♦♥st❛❣❣❡r❡❞ ❤②❞r♦❞②♥❛♠✐❝ s♣❛❝❡ ❞✐s❝r❡t✐③❛t✐♦♥ ✐♠♣❧✐❡s ✐♥t❡r♣♦❧❛t✐♥❣ ❡❧❡❝tr✐❝ ✜❡❧❞s
t♦ t❤❡ ❝❡❧❧ ❝❡♥t❡rs✳

❆❞❞✐t✐♦♥❛❧❧②✱ ♠❛♥② s❝❤❡♠❡s ❝❛♥ ❝❛✉s❡ ✉♥♣❤②s✐❝❛❧ ❤✐❣❤ ❢r❡q✉❡♥❝② ❞✐st♦rt✐♦♥s t♦
t❤❡ ✇❛❦❡ ✜❡❧❞ str✉❝t✉r❡✳ ❚❤♦r♦✉❣❤ ✐♥✈❡st✐❣❛t✐♦♥s s❤♦✇❡❞ t❤❛t t❤✐s ✐s t❤❡ ❝❛s❡ ❡✳❣✳
❢♦r ✉♣✇✐♥❞ ♠❡t❤♦❞s ❛♥❞ t❤❡✐r ▼❯❙❈▲ ❣❡♥❡r❛❧✐③❛t✐♦♥s✳

■t ✐s ❝r✉❝✐❛❧ t♦ ✜♥❞ ❛♥ ❡✣❝✐❡♥t ♠❡t❤♦❞ ✇❤✐❝❤ ♣r❡s❡r✈❡s t❤❡ ✇❛❦❡ ✜❡❧❞ ❛s ❧♦♥❣ ❛s
♣♦ss✐❜❧❡✳ ❋♦r t❤✐s ♣✉r♣♦s❡✱ ❛ s✐♠♣❧❡ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ ♣❧❛s♠❛ ✇❛❦❡ ✜❡❧❞ ❜❡♥❝❤♠❛r❦
✇❛s ❝r❡❛t❡❞✳ ■t ✇♦r❦s ❛s ❢♦❧❧♦✇s✿

❲❡ ❞❡✜♥❡ ❛ ✶❉ ✇❛❦❡ ✜❡❧❞ s❡t✉♣✱ st❛rt✐♥❣ ✇✐t❤ ❛ ❞❡♥s✐t② ♦✛s❡t ρ0 = 4π2✳ ❚❤❡
♣❧❛s♠❛ ❢r❡q✉❡♥❝② ❛ss♦❝✐❛t❡❞ ✇✐t❤ ρ0 ✇✐❧❧ t❤❡♥ ❜❡ ω0 = 2π✳ ❲❡ ✐♥tr♦❞✉❝❡ ❛ s♠❛❧❧
❞❡♥s✐t② ♠♦❞✉❧❛t✐♦♥ ρ1 ≪ ρ0✱ ❛♥❞ s❡t t❤❡ t♦t❛❧ ❡❧❡❝tr♦♥ ❞❡♥s✐t② t♦

ρ(x, t = 0) = ρ0 + ρ1 cos(2πx).
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❚❤❡ ❧♦♥❣✐t✉❞✐♥❛❧ ❡❧❡❝tr✐❝ ✜❡❧❞ ✐s

Ex(x, t = 0) = E0 sin(2πx),

✇❤❡r❡ E0 = ρ1/(2π) ❜❡❝❛✉s❡ ♦❢ P♦✐ss♦♥✬s ❧❛✇✱ ❛♥❞ t❤❡ ✐♥✐t✐❛❧ ♠♦♠❡♥t✉♠ ✭✐♥ t❤❡
♥♦♥✲r❡❧❛t✐✈✐st✐❝ ❧✐♠✐t✮ ✐s

px(x, t = 0) = −E0

2π
cos(2πx) = − ρ1

4π2
cos(2πx).

❚❤❡s❡ ❝♦♥❞✐t✐♦♥s ❛ss✉♠❡ ❛♥ ✐♠♠♦❜✐❧❡ ✐♦♥ ❜❛❝❦❣r♦✉♥❞ ♦❢ ❝❤❛r❣❡ ❞❡♥s✐t② ρ■♦♥ = ρ0.
❚❤❡ t❤r❡❡ ✈❛r✐❛❜❧❡s Ex, ρ, px ❛t t = 0 ❛r❡ s❤♦✇♥ ✐♥ ✜❣✉r❡ ✻✳✹✳✶✳ ❚❤❡ ✶❉ ♣❛rt✐❛❧
❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s t♦ ❜❡ s♦❧✈❡❞ ❢♦r t❤✐s s❡t✉♣ ❛r❡

∂

∂t
Ex = −ρ0vx✭✻✳✹✳✶✮

∂

∂t
(ρpx) = − ∂

∂x
(ρvxpx) + ρEx✭✻✳✹✳✷✮

∂

∂t
ρ = − ∂

∂x
(ρvx),✭✻✳✹✳✸✮

✇❤❡r❡ vx = px/γ ✐s t❤❡ ✢✉✐❞ ✈❡❧♦❝✐t② ❛♥❞ γ =
√

1 + p2x ✐s t❤❡ r❡❧❛t✐✈✐st✐❝ ❢❛❝t♦r✳

−0.0004

0.0000

0.0004

0 20 40

x/λp

0.000

0.008

0.016

0.024

0.032

❋✐❣✉r❡ ✻✳✹✳✶✳ ■♥✐t✐❛❧ s❡t✉♣ ❢♦r t❤❡ ✇❛❦❡ ✜❡❧❞ t❡st ♣r♦❜❧❡♠ ❛t t = 0✳

❚❤❡ ✉♣♣❡r ❣r❛♣❤ s❤♦✇s t❤❡ ❧♦♥❣✐t✉❞✐♥❛❧ ❡❧❡❝tr✐❝ ✜❡❧❞ Ex(x) ✭r❡❞✮✱ t❤❡

❞❡♥s✐t② ♠♦❞✉❧❛t✐♦♥ ρ1(x) ✭❜❧❛❝❦✮ ❛♥❞ t❤❡ ✐♥✐t✐❛❧ ♠♦♠❡♥t✉♠ px ✭❣r❡❡♥✮✳

❚❤❡ ❧♦✇❡r ❣r❛♣❤ s❤♦✇s t❤❡ ✭tr✐✈✐❛❧✮ ✐♥✐t✐❛❧ s♣❡❝tr✉♠ ♦❢ Ex✳

■♥ t❤❡ ❧✐♠✐t ρ1 ≪ ρ0, ❛♥❞ px ≪ 1 ✱ ✇❡ ❝❛♥ s✐♠♣❧✐❢② t❤❡ s❡t ♦❢ ❡q✉❛t✐♦♥s t♦
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∂

∂t
Ex = −ρ0px✭✻✳✹✳✹✮

∂

∂t
(ρ0px) = ρ0Ex✭✻✳✹✳✺✮

∂

∂t
ρ = −∂x · (ρ0px).✭✻✳✹✳✻✮

❋♦r t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s ❣✐✈❡♥ ❛❜♦✈❡✱ t❤❡ s♦❧✉t✐♦♥ ✐s

Ex(x, t) =
ρ1
2π

sin(2π(x− t))✭✻✳✹✳✼✮

ρ(x, t) = ρ0 + ρ1 cos(2π(x− t))✭✻✳✹✳✽✮

px(x, t) = − ρ1
4π2

cos(2π(x− t)).✭✻✳✹✳✾✮

❚❤❡ s♦❧✉t✐♦♥ ✭✻✳✹✳✼✮✲✭✻✳✹✳✾✮ ❡ss❡♥t✐❛❧❧② r❡s❡♠❜❧❡s ❛ ✇❛❦❡ ✜❡❧❞ ✇✐t❤♦✉t ❛ ❞r✐✈❡r✱ ✇❤✐❝❤
❡①t❡♥❞s t♦ ✐♥✜♥✐t②✳ ❚❤❡ s♦❧✉t✐♦♥ ✐s s❡♣❛r❛❜❧❡ ✐♥ s♣❛❝❡ ❛♥❞ t✐♠❡✱ ✐✳❡✳ t❤❡ ♣r♦❜❧❡♠
❝❛♥ ❜❡ ✈✐❡✇❡❞ ❛s ❜❡✐♥❣ ❝♦♠♣♦s❡❞ ♦❢ s❡♣❛r❛t❡❞ ❤❛r♠♦♥✐❝ ♦s❝✐❧❧❛t♦rs ❛t ❡❛❝❤ s♣❛t✐❛❧
♣♦s✐t✐♦♥✳ ❙t✐❧❧✱ ✐t ❧♦♦❦s ❧✐❦❡ ❛ ♣r♦♣❛❣❛t✐♥❣ ✇❛✈❡ ❞✉❡ t♦ t❤❡ ♣❤❛s❡ s❤✐❢t ❜❡t✇❡❡♥ t❤❡
❧♦❝❛t✐♦♥s✳

❚❤✐s s✐♠♣❧❡ ♣r♦❜❧❡♠ ✐s t❤❡♥ ✉s❡❞ t♦ t❡st s❡✈❡r❛❧ ✢✉✐❞ s❝❤❡♠❡s ❢♦r t❤❡✐r ❜❛s✐❝
❝❛♣❛❜✐❧✐t② ♦❢ s✐♠✉❧❛t✐♥❣ ✇❛❦❡ ✜❡❧❞s✳ ❲❡ ❞❡✜♥❡ ❛ ✶❉ s✐♠✉❧❛t✐♦♥ ❞♦♠❛✐♥ D = [0, L[✱
✇✐t❤ L ∈ N✳ ❚❤❡ ❣r✐❞ st❡♣ ✐s ❝❤♦s❡♥ t♦ ❜❡ ∆x = 1

20 ✱ ✇❤✐❝❤ ✐s ❛ r❡❛❧✐st✐❝ ✈❛❧✉❡ ❢♦r
❢✉rt❤❡r s✐♠✉❧❛t✐♦♥s✳ ❚❤❡ ❣r✐❞ ♣♦✐♥ts ❛r❡ t❤❡♥ ❞❡♥♦t❡❞ ❜②

j ∈ {0...n} , n :=
L

∆x
.

❇♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❛r❡ s❡t t♦ ❜❡ ♣❡r✐♦❞✐❝ ❢♦r ❡❛❝❤ ❞✐s❝r❡t✐③❡❞ s♣❛t✐❛❧ ❞✐✛❡r❡♥t✐❛❧
♦♣❡r❛t♦r✳ ❚❤❡ st❛♥❞❛r❞ ✜♥✐t❡ ✈♦❧✉♠❡ s❡♠✐✲❞✐s❝r❡t✐③❛t✐♦♥

∂

∂t
ρj+ 1

2
=

1

∆x
(fj+1(t)− fj(t))

✐s ✉s❡❞✱ ✇❤❡r❡ t❤❡ s♣❛t✐❛❧❧② ❞✐s❝r❡t✐③❡❞ ✈❛r✐❛❜❧❡s ρj+ 1
2
, (ρpx)j+ 1

2
❛r❡ ❞❡✜♥❡❞ ❛s ❝❡❧❧

❛✈❡r❛❣❡s✿

ρj+ 1
2
:=

(j+1)∆x
ˆ

j∆x

ρ(x)dx.

(ρpx)j+ 1
2

:=

(j+1)∆x
ˆ

j∆x

(ρpx) (x)dx.

❚❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞ Ex ✐s ❞❡✜♥❡❞ ♦♥ t❤❡ ❝❡❧❧ ❡❞❣❡s✿

Ex, j := Ex(j∆x)

❊q✳ ✭✻✳✹✳✺✮ ✐s ❞✐s❝r❡t✐③❡❞ ❛s

∂

∂t
(ρpx)j+ 1

2

= ρj+ 1
2

1

2
(Ex, j + Ex, j+1) .
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❋✐❣✉r❡ ✻✳✹✳✷✳ ❙♣❛t✐❛❧ ❞✐s❝r❡t✐③❛t✐♦♥ s❝❤❡♠❡ ❢♦r t❤❡ ✶❉ ❜❡♥❝❤♠❛r❦

s❡t✉♣✳ ❚❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞ ✐s ❧♦❝❛t❡❞ ❛t t❤❡ ❝❡❧❧ ❢❛❝❡✱ ❛s ❣✐✈❡♥ ❜② t❤❡ ❨❡❡

s❝❤❡♠❡✳ ❚❤❡ ❞❡♥s✐t② ρ ❛s ✇❡❧❧ ❛s t❤❡ ♠♦♠❡♥t✉♠ ❞❡♥s✐t② (ρpx) ✐s ❞❡✜♥❡❞

❛t t❤❡ ❝❡❧❧ ❝❡♥t❡r✳

❲❡ st❛rt ✇✐t❤ t❤❡ s✐♠♣❧❡st s❝❤❡♠❡ ❛✈❛✐❧❛❜❧❡✱ ♥❛♠❡❧② t❤❡ ✉♣✇✐♥❞ s❝❤❡♠❡✱ ✇❤✐❝❤
❞❡✜♥❡s t❤❡ ✢✉① t♦ ❜❡

✭✻✳✹✳✶✵✮ fUj :=

{

ρj−1vx, j−1 ✐❢ px, j−1 + px, j > 0

ρjvx, j ♦t❤❡r✇✐s❡
.

❚❤❡ s❡♠✐✲❞✐s❝r❡t✐③❛t✐♦♥ ♦❢ t❤❡ ♣r♦❜❧❡♠ r❡❛❞s

∂

∂t
ρj =

1

∆x

(

fUj+1 − fUj
)

✭✻✳✹✳✶✶✮

∂

∂t
(ρpx)j+ 1

2

=ρj+ 1
2

1

2
(Ex, j + Ex, j+1)✭✻✳✹✳✶✷✮

∂

∂t
Ex, j =− fUj .✭✻✳✹✳✶✸✮

■♥ ❡q✳ ✭✻✳✹✳✶✷✮✱ t❤❡ ❝♦♥✈❡❝t✐✈❡ t❡r♠ ❤❛s ❜❡❡♥ ♥❡❣❧❡❝t❡❞ ✭✇❤✐❝❤ ✐s ❧❡❣✐t✐♠❛t❡ ❢♦r
✇❛❦❡ ✜❡❧❞s ✐♥ t❤❡ ❧✐♥❡❛r r❡❣✐♠❡✮✳ ❖♥❡ ❛❧s♦ ♥♦t✐❝❡s t❤❛t t❤✐s ❞✐s❝r❡t✐③❛t✐♦♥ r❡❛❞✐❧②
❢✉❧✜❧❧s P♦✐ss♦♥✬s t❤❡♦r❡♠✳ ❙✐♥❝❡ ✭✻✳✹✳✶✶✮✲✭✻✳✹✳✶✸✮ ✇✐❧❧ s❤♦✇ ♦s❝✐❧❧❛t♦r② ❜❡❤❛✈✐♦✉r
✇✐t❤ r❡❧❛t✐✈❡❧② ❧♦✇ ❢r❡q✉❡♥❝②✱ ✇❡ ❝❛♥ ✉s❡ ❛ s✐♠♣❧❡ ❙tr❛♥❣ s♣❧✐tt✐♥❣ s❝❤❡♠❡ ✭s❡❡
❝❤❛♣t❡r ✭✸✳✹✮✮ ❢♦r t❤❡ t✐♠❡ ✐♥t❡❣r❛t✐♦♥✿

(ρpx)
n+ 1

2

j+ 1
2

=(ρpx)
n
j+ 1

2

+
1

4
∆tρnj

(

En
x, j + En

x, j+1

)

✭✻✳✹✳✶✹✮
(

ρnj , E
n
x, j

)

→
(

ρn+1
j , En+1

x, j

)

✭✻✳✹✳✶✺✮

✇✐t❤ ❡✳❣✳ tr❛♣❡③♦✐❞❛❧✲❧❡❛♣❢r♦❣ ✐♥t❡❣r❛t♦r ♦r ❡①♣❧✐❝✐t ❊✉❧❡r

(ρpx)
n+1
j+ 1

2

=(ρpx)
n+1
j+ 1

2

+
1

4
∆tρn+1

j

(

En+1
x, j + En+1

x, j+1

)

.✭✻✳✹✳✶✻✮

❚❤❡ r❡s✉❧ts ❛r❡ s❤♦✇♥ ✐♥ ✜❣✳ ✻✳✹✳✸✱ ✇✐t❤ t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ ❣✐✈❡♥ ✐♥ ✜❣✳ ✻✳✹✳✶✳ ■t ✐s
❣❡♥❡r❛❧❧② ❦♥♦✇♥ t❤❛t ❢♦r ❛❞✈❡❝t✐♦♥ ♣r♦❜❧❡♠s✱ t❤❡ ✉♣✇✐♥❞ s❝❤❡♠❡ t❡♥❞s t♦ s♠♦♦t❤❡♥
t❤❡ s♦❧✉t✐♦♥s✱ s♠❡❛r✐♥❣ ♦✉t ✜♥❡ str✉❝t✉r❡s t❤r♦✉❣❤ ❛rt✐✜❝✐❛❧ ❞✐✛✉s✐♦♥✳ ❚❤❡ ✇❛❦❡
✜❡❧❞ s♦❧✉t✐♦♥ ✭✻✳✹✳✼✮✲✭✻✳✹✳✾✮ ❛❧s♦ ❧♦♦❦s ❧✐❦❡ ❛ ✇❛✈❡ tr❛✈❡❧❧✐♥❣ ✇✐t❤ t❤❡ s♣❡❡❞ ♦❢ ❧✐❣❤t✳
◆❛✐✈❡❧②✱ ♦♥❡ ❝♦✉❧❞ ❡①♣❡❝t t❤❡ ✇❛❦❡ ✜❡❧❞ t♦ ❜❡ s♠♦♦t❤❡♥❡❞✱ t♦♦✳

❍♦✇❡✈❡r✱ t❤✐s ✐s ♥♦t t❤❡ ❝❛s❡✳ ❲❤✐❧❡ ❧♦♦❦✐♥❣ s✐♠✐❧❛r✱ t❤❡ ❡ss❡♥t✐❛❧ ♣❛rt ♦❢ t❤❡
♣r♦❜❧❡♠ ❛t ❤❛♥❞ ✐s ♥♦t ❛❞✈❡❝t✐✈❡✳ ❲❡ ✇❛♥t t♦ ❛❝❝✉r❛t❡❧② r❡s♦❧✈❡ ❧♦❝❛❧ ♦s❝✐❧❧❛t✐♦♥s✱
s♦ t❤❡ q✉❛❧✐t② ♦❢ t❤❡ ✢✉✐❞ s❝❤❡♠❡ ❞❡♣❡♥❞s str♦♥❣❧② ♦♥ ✐ts ❛❜✐❧✐t② t♦ ♣r❡s❡r✈❡ t❤❡
♦s❝✐❧❧❛t✐♦♥ ♣❤❛s❡✳ ❚❤❡ ❯♣✇✐♥❞ s❝❤❡♠❡ ♣❡r❢♦r♠s ❡①❝❡♣t✐♦♥❛❧❧② ❜❛❞ ❛t t❤✐s t❛s❦✱ ❛♥❞
t❤❡ ❝♦♥s❡q✉❡♥❝❡ ✐s ❛ ❤✐❣❤ ❢r❡q✉❡♥❝② ❞✐st♦rt✐♦♥✳ ■t ❛❞❞s ❛ s✐❣♥✐✜❝❛♥t ♥♦✐s❡ t♦ ❡✈❡r②
✈❛r✐❛❜❧❡ ✐♥✈♦❧✈❡❞✱ ❡✈❡♥t✉❛❧❧② ❞❡str♦②✐♥❣ t❤❡ ✇❛❦❡ str✉❝t✉r❡✳ ❚❤❡ ♣❤❛s❡ ✐♥❢♦r♠❛t✐♦♥
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❝♦♥t❛✐♥❡❞ ✐♥ px ❛♥❞ Ex ✐s ❧♦st ❞✉❡ t♦ t❤❡ r❡♣❡❛t❡❞ ✐♥t❡r♣♦❧❛t✐♦♥s ♦♥t♦ t❤❡ ❝❡❧❧
❝❡♥t❡rs ♦r ❡❞❣❡s ✭♠✐❞♣♦✐♥t r✉❧❡ ✐♥ ✭✻✳✹✳✶✷✮✱ ❛♥❞ ❯♣✇✐♥❞ ✐♥ ❡q✳ ✭✻✳✹✳✶✶✮✱✭✻✳✹✳✶✸✮ ✮✳

0 2 4
x

−0.0004

0.0000

0.0004

t=1.0

0 20 40
kL/(2π)

0.000

0.008

0.016

0.024

0.032

0 2 4
x

−0.0004

0.0000

0.0004

t=20.0

0 20 40
kL/(2π)

0.000

0.008

0.016

0.024

0.032

❋✐❣✉r❡ ✻✳✹✳✸✳ P❧♦ts ♦❢ t❤❡ r❡s✉❧t ♦❢ t❤❡ ❯♣✇✐♥❞ s❝❤❡♠❡✱ ❛♣♣❧✐❡❞ ♦♥

t❤❡ ❧✐♥❡❛r ✇❛❦❡ ✜❡❧❞ ♣r♦❜❧❡♠ ✭✻✳✹✳✶✮✲✭✻✳✹✳✸✮ ✇✐t❤∆x = 0.05, ∆t = 0.025.

❖♥❡ ♦❜s❡r✈❡s t❤❛t✱ ✇❤✐❧❡ t❤❡ s❝❤❡♠❡ ✐s st❛❜❧❡✱ ✐t ❝❛✉s❡s ❛ s❡✈❡r❡ ❞✐st♦r✲

t✐♦♥ t♦ t❤❡ ✇❛❦❡ ✜❡❧❞ str✉❝t✉r❡✳
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❚❤❡ ♦❜✈✐♦✉s ❜✉❣✲✜① ❢♦r t❤✐s ✐ss✉❡ ✐s t♦ ✐♠♣r♦✈❡ t❤❡ ✐♥t❡r♣♦❧❛t✐♦♥ s❝❤❡♠❡s✳
❍❡♥❝❡✱ ✇❡ r❡♣❧❛❝❡ t❤❡ ♠✐❞♣♦✐♥t r✉❧❡ ✐♥ ✭✻✳✹✳✶✷✮ ❜② ❤✐❣❤❡r ♦r❞❡r ✐♥t❡r♣♦❧❛t✐♦♥✱ ❛♥❞
t❤❡ ❯♣✇✐♥❞ s❝❤❡♠❡ ❜② ❛ ✢✉①✲❧✐♠✐t❡❞ ❤✐❣❤✲♦r❞❡r ♠❡t❤♦❞✳ ❲❡ ❜❡❣✐♥ ✇✐t❤ ❞❡r✐✈✐♥❣
t❤❡ ✐♥t❡r♣♦❧❛t✐♦♥ ❝♦❡✣❝✐❡♥ts✳

❋✐rst✱ ✇❡ ♠✉st ♥♦t ❢♦r❣❡t t❤❛t ✇❡ ❛r❡ ✉s✐♥❣ ✜♥✐t❡✲✈♦❧✉♠❡ ✢✉✐❞ s❝❤❡♠❡s✳ ❚❤✉s✱
✇❡ ♠✉st ♣❡r❢♦r♠ t❤❡ ✐♥t❡r♣♦❧❛t✐♦♥ ✇✐t❤ ❛♥ ✐♥t❡❣r❛❧ ❝♦♥❞✐t✐♦♥✳ ❋♦r ρj+ 1

2
✇❡ ♣❡r❢♦r♠

q✉❛❞r❛t✐❝ ✐♥t❡r♣♦❧❛t✐♦♥ ✐♥ ♦r❞❡r t♦ ❦❡❡♣ t❤❡ st❡♥❝✐❧ s②♠♠❡tr✐❝❛❧✳ ❲✐t❤♦✉t ❧♦ss ♦❢
❣❡♥❡r❛❧✐t②✱ t❤❡ ❣r✐❞ ♣♦✐♥ts ❛r❡ ❛ss✉♠❡❞ t♦ ❧✐❡ ❛r♦✉♥❞ j = 0, ❛♥❞ t❤❡ ❣r✐❞ ❝❡❧❧ ❧❡♥❣t❤
✐s ∆x = 1✳ ❚❤❡ ✐♥t❡r♣♦❧❛t✐♦♥ ♣♦❧②♥♦♠✐❛❧ ✐s ♥❛♠❡❞

pρ(x) = ax2 + bx+ c.

❚❤❡ ❝♦♥❞✐t✐♦♥s ❛r❡

1

∆x

0
ˆ

−1

pρ(x)dx =ρ− 1
2

1

∆x

1
ˆ

0

pρ(x)dx =ρ 1
2

1

∆x

2
ˆ

1

pρ(x)dx =ρ 3
2
.

❚❤✐s ②✐❡❧❞s

a =
ρ 3

2
− 2 ρ 1

2
+ ρ− 1

2

2
b =ρ 1

2
− ρ− 1

2

c =
−ρ 3

2
+ 5 ρ 1

2
+ 2 ρ− 1

2

6
,

s♦ t❤❡ ✐♥t❡r♣♦❧❛t✐♦♥ ♣♦❧②♥♦♠✐❛❧ r❡❛❞s

pρ(x) =
ρ 3

2
− 2 ρ 1

2
+ ρ− 1

2

2
x2 +

(

ρ 1
2
− ρ− 1

2

)

x+
−ρ 3

2
+ 5 ρ 1

2
+ 2 ρ− 1

2

6
, x ∈ [0, 1[,

❛♥❞ ❢♦r ❛♥ ❛r❜✐tr❛r② ❣r✐❞ ✐♥❞❡① j ✐t ✐s

pjρ(x) =
ρj+ 3

2
− 2 ρj+ 1

2
+ ρj− 1

2

2
x2 +

(

ρj+ 1
2
− ρj− 1

2

)

x+
−ρj+ 3

2
+ 5 ρj+ 1

2
+ 2 ρj− 1

2

6
,

x ∈ [0, 1[.

❇❡❝❛✉s❡ t❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞ ✐s st❛❣❣❡r❡❞ ✇✐t❤ r❡s♣❡❝t t♦ ρj+ 1
2
✱ ✇❡ ✉s❡ ❝✉❜✐❝ ✐♥t❡r♣♦✲

❧❛t✐♦♥ ❢♦r Ex t♦ ❦❡❡♣ t❤❡ ✐♥t❡r♣♦❧❛t✐♥❣ ❢✉♥❝t✐♦♥s s②♠♠❡tr✐❝❛❧✳ ❚❤❡ ❝✉❜✐❝ ❤❡r♠✐t❡
✐♥t❡r♣♦❧❛t✐♦♥ ♣♦❧②♥♦♠✐❛❧ ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s ❛ ❧✐♥❡❛r ❝♦♠❜✐♥❛t✐♦♥ ♦❢ ❝✉❜✐❝ ❜❛s✐s ❢✉♥❝✲
t✐♦♥s✳ ❚❤❡ ❝♦❡✣❝✐❡♥ts ❛r❡ t❤❡ ✐♥t❡r♣♦❧❛♥ts✬ ✈❛❧✉❡s ♦r ❞❡r✐✈❛t✐✈❡s✳ ❚❤❡ ✐♥t❡r♣♦❧❛t✐♦♥
s❝❤❡♠❡ r❡❛❞s

pE(t) =(2t3 − 3t2 + 1)Ex, 0+

(t3 − 2t2 + t) (Ex, 1 − Ex,−1)

+ (−2t3 + 3t2)Ex, 1+

(t3 − t2) (Ex, 2 − Ex, 0) , t ∈ [0, 1].
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❲❡ ❝❛♥ t❤❡♥ ❛♣♣r♦①✐♠❛t❡

∂

∂t
(ρpx) j+ 1

2
=

1

∆x

(j+1)∆x
ˆ

j∆x

ρ(x)Ex(x)dx

≈ 1

∆x

(j+1)∆x
ˆ

j∆x

pjρ(
x− j∆x

∆x
)Ej

x(
x− j∆x

∆x
)dx

=

1
ˆ

0

pjρ(x)E
j
x(x)dx

=
1

360
(ρj+ 3

2
Ex, j+2 + 31ρj+ 1

2
Ex, j+2 − 2 ρj− 1

2
Ex, j+2

− 16 ρj+ 3
2
Ex, j+1 − 211 ρj+ 1

2
Ex, j+1 + 17 ρj− 1

2
Ex, j+1

+ 17Ex, j ρj+ 3
2
− 2Ex, j−1 ρj+ 3

2
− 211 ρj+ 1

2
Ex, j − 16 ρj− 1

2
Ex, j

+ 31Ex, j−1 ρj+ 1
2
+ ρj− 1

2
Ex, j−1)

=: (ρEx)
int
j+ 1

2

✭✻✳✹✳✶✼✮

❚♦ ♦❜t❛✐♥ ❛ ❤✐❣❤ r❡s♦❧✉t✐♦♥ ❢♦r t❤❡ ❝♦♥t✐♥✉✐t② ❡q✉❛t✐♦♥✱ ♦♥❡ ❝❛♥ ❡✳❣✳ ❡♠♣❧♦② ❢♦✉rt❤✲
♦r❞❡r ✢✉① ✐♥t❡r♣♦❧❛t✐♦♥✿

fhii =
7

12

(

(ρvx) i− 1
2
+ (ρvx)i+ 1

2

)

− 1

12

(

(ρvx) i− 3
2
+ (ρvx)i+ 3

2

)

.✭✻✳✹✳✶✽✮

■t ✐s ❣❡♥❡r❛❧❧② ❦♥♦✇♥ ❢r♦♠ ❈♦♠♣✉t❛t✐♦♥❛❧ ❋❧✉✐❞ ❉②♥❛♠✐❝s r❡s❡❛r❝❤ t❤❛t s✉❝❤ ❛
s❝❤❡♠❡ ❝❛♥♥♦t ❜❡ ✉s❡❞ ❛s t❤❡ ✢✉① ❛♣♣r♦①✐♠❛t✐♦♥ ✇✐t❤♦✉t ❛♥② ♠♦❞✐✜❝❛t✐♦♥s✳ ❉♦✐♥❣
s♦ ✇♦✉❧❞ r❡s✉❧t ✐♥ s♣✉r✐♦✉s ♦s❝✐❧❧❛t✐♦♥s ❛♥❞ ✐♥st❛❜✐❧✐t②✳

❍❡♥❝❡✱ ✇❡ ❝♦♠❜✐♥❡ t❤✐s s❝❤❡♠❡ ✇✐t❤ t❤❡ ❯♣✇✐♥❞ ✢✉① ✭✻✳✹✳✶✵✮ ✈✐❛ t❤❡ ❋❧✉①✲
❈♦rr❡❝t❡❞ ❚r❛♥s♣♦rt ✭❋❈❚✮ ❛❧❣♦r✐t❤♠ ❬✹✹❪✳ ❊ss❡♥t✐❛❧❧②✱ ✐t t❛❦❡s ❛s ✐♥♣✉t t❤❡ ❞❡♥✲

s✐t②
(

ρn
j+ 1

2

)N−1

j=0
t♦ ❜❡ ✉♣❞❛t❡❞✱ t❤❡ t✐♠❡ st❡♣ ∆t✱ ❛ ❧♦✇ ♦r❞❡r ✢✉① ❛♣♣r♦①✐♠❛t✐♦♥

(

f loj
)N−1

j=0
✇❤✐❝❤ ✐s ❦♥♦✇♥ t♦ s♠♦♦t❤❡♥ ❛❞✈❡❝t❡❞ s♦❧✉t✐♦♥s✱ ❛♥❞ ❛ ❤✐❣❤ ♦r❞❡r ✢✉①

(

fhij

)N−1

j=0
✳
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❋✐❣✉r❡ ✻✳✹✳✹✳ P❧♦ts ♦❢ t❤❡ r❡s✉❧t ♦❢ t❤❡ ❡♥❤❛♥❝❡❞ s❝❤❡♠❡ ✭✻✳✹✳✷✵✮✲

✭✻✳✹✳✷✶✮✱ ❛♣♣❧✐❡❞ ♦♥ t❤❡ ❧✐♥❡❛r ✇❛❦❡ ✜❡❧❞ ♣r♦❜❧❡♠ ✭✻✳✹✳✶✮✲✭✻✳✹✳✸✮ ✇✐t❤

∆x = 0.05, ∆t = 0.025. ❚❤❡ ♣❧♦ts s❤♦✇ t❤❡ ✜❡❧❞ Ex✭r❡❞✮✱ t❤❡ ❞❡♥s✐t②

♠♦❞✉❧❛t✐♦♥ ρ1 ✭❜❧❛❝❦✮ ❛♥❞ t❤❡ ✢✉✐❞ ♠♦♠❡♥t✉♠ px ✭❣r❡❡♥✮✳ ❚❤❡ ❧♦✇❡r

♣❧♦ts s❤♦✇ t❤❡ ❋♦✉r✐❡r s♣❡❝tr✉♠ ♦❢ Ex. ❉✐st♦rt✐♦♥s ♦❢ t❤❡ ✇❛❦❡ ✜❡❧❞

str✉❝t✉r❡ ❛r❡ s✐❣♥✐✜❝❛♥t❧② ❧♦✇❡r❀ st✐❧❧✱ ♦♥❡ ♦❜s❡r✈❡s ❛ s❧✐❣❤t ❞❛♠♣✐♥❣✳
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■t ♣r♦✈✐❞❡s ❛s ♦✉t♣✉t ❛ ❧✐♥❡❛r ❝♦♠❜✐♥❛t✐♦♥

(

fFCT
j

)N−1

j=0
:=
(

(1− Cj) f
lo
j + Cjf

hi
j

)N−1

j=0
,

s✉❝❤ t❤❛t ❛ ✜♥✐t❡ ✈♦❧✉♠❡ ✉♣❞❛t❡

ρn+1
j+ 1

2

= ρnj+ 1
2

+
∆t

∆x

(

fFCT
j+1 − fFCT

j

)

✇✐❧❧ ❝r❡❛t❡ ♥♦ ♥❡✇ ❡①tr❡♠❛ ✐♥ t❤❡ ✉♣❞❛t❡❞ s♦❧✉t✐♦♥✳ ❆s t❤❡ ❤✐❣❤ ♦r❞❡r ✢✉①✱ ✇❡ t❛❦❡
t❤❡ ✹t❤ ♦r❞❡r ❛♣♣r♦①✐♠❛t✐♦♥ ✭✻✳✹✳✶✽✮✱ ❛♥❞ ❢♦r t❤❡ ❧♦✇ ♦r❞❡r ✢✉①✱ ✇❡ st✐❝❦ t♦ t❤❡
❯♣✇✐♥❞ s❝❤❡♠❡ ✭✻✳✹✳✶✵✮✳

❚❤❡ ♥❡✇ s❝❤❡♠❡ r❡❛❞s

(ρpx)
n+ 1

2

j+ 1
2

=(ρpx)
n
j+ 1

2

+
1

2
∆t (ρEx)

int
j+ 1

2

✭✻✳✹✳✶✾✮

ρn+1
j+ 1

2

=ρnj+ 1
2

+
∆t

∆x

(

fFCT
j+1 − fFCT

j

)

✭✻✳✹✳✷✵✮

En+1
x, j =En

x, j +∆t fFCT
j✭✻✳✹✳✷✶✮

(ρpx)
n+1
j+ 1

2

=(ρpx)
n+1
j+ 1

2

+
1

2
∆t (ρEx)

int
j+ 1

2

.✭✻✳✹✳✷✷✮

❚❤❡ st❡♣s ✭✻✳✹✳✷✵✮✲✭✻✳✹✳✷✶✮ ❝♦♥st✐t✉t❡ ❛♥ ❡①♣❧✐❝✐t ❊✉❧❡r ✉♣❞❛t❡✱ ❜✉t ❝❛♥ ❛❧s♦ ❜❡
r❡♣❧❛❝❡❞ ❜② ❛ s❡❝♦♥❞ ♦r❞❡r s❝❤❡♠❡✱ s✉❝❤ ❛s t❤❡ tr❛♣❡③♦✐❞❛❧ ❧❡❛♣❢r♦❣ ♠❡t❤♦❞✳ ■t
s❤♦✉❧❞ ❜❡ ❡♠♣❤❛s✐③❡❞ t❤❛t ❢♦r s♠❛❧❧ ❞❡♥s✐t② ♠♦❞✉❧❛t✐♦♥s ρ1 ✭❧✐♥❡❛r ✇❛❦❡ ✜❡❧❞
r❡❣✐♠❡✮✱ t❤✐s s♣❡❝✐✜❝ ❝❤♦✐❝❡ ❞♦❡s ♥♦t ♠❛❦❡ ❛♥② ♥♦t❛❜❧❡ ❞✐✛❡r❡♥❝❡✳ ❚❤❡ s❝❤❡♠❡
✇❛s ✐♠♣❧❡♠❡♥t❡❞ s✐♠✐❧❛r❧② t♦ ✭✻✳✹✳✶✹✮✲✭✻✳✹✳✶✻✮ ❛s ❛ ♥✉♠❡r✐❝❛❧ P②t❤♦♥ t❡st s❝r✐♣t
✉s✐♥❣ ◆✉♠P②✳ ❚❤❡ r❡s✉❧t ✐s s❤♦✇♥ ✐♥ ✜❣✳ ✭✻✳✹✳✹✮✳ ❖♥❡ ❝❛♥ s❡❡ t❤❛t t❤❡ ♣✐❝t✉r❡ ❤❛s
✐♠♣r♦✈❡❞✿ ❚❤❡ ❞✐st♦rt✐♦♥s ❛r❡ s✐❣♥✐✜❝❛♥t❧② ✇❡❛❦❡r ❛♥❞ t❤❡ ✇❛❦❡ ✜❡❧❞ str✉❝t✉r❡ ✐s
♣r❡s❡r✈❡❞ ♥✐❝❡❧② ❡✈❡♥ ❛❢t❡r ✺✵ ♣❧❛s♠❛ ♦s❝✐❧❧❛t✐♦♥ ♣❡r✐♦❞s✳ ❚❤✐s ✐♥❞✐❝❛t❡s t❤❛t t❤✐s
❤✐❣❤ ♦r❞❡r s❝❤❡♠❡ ✐s ❛ ❝❛♥❞✐❞❛t❡ ❢♦r ❛ ✢✉✐❞ ✐♥t❡❣r❛t♦r ✇❤✐❝❤ ❝♦✉❧❞ ❜❡ ✐♠♣❧❡♠❡♥t❡❞
✐♥t♦ ❛ P■❈✴❤②❞r♦❞②♥❛♠✐❝ ❤②❜r✐❞ ❝♦❞❡✳

❍♦✇❡✈❡r✱ ❛ ✜♥✐t❡ ❞r✐✈❡♥ t❤r❡❡✲❞✐♠❡♥s✐♦♥❛❧ ✇❛❦❡ ✜❡❧❞ ❛❧s♦ ✐♥✈♦❧✈❡s ♣❧❛s♠❛✲
♦s❝✐❧❧❛t✐♦♥s ✇❤✐❝❤ ❧♦♦❦ ❧✐❦❡ ❛ st❛♥❞✐♥❣ ✇❛✈❡✳ ❚❤✐s ❝❛♥ ❜❡ ♦❜s❡r✈❡❞ ✐♥ ❛ ♣❧❛♥❡
♣❡r♣❡♥❞✐❝✉❧❛r t♦ t❤❡ ♣r♦♣❛❣❛t✐♦♥ ❞✐r❡❝t✐♦♥ ♦❢ t❤❡ ❞r✐✈❡r✳ ■♥ ❢✉❧❧ ✸❉ s✐♠✉❧❛t✐♦♥s
✇✐t❤ ❯♣✇✐♥❞✲❜❛s❡❞ s❝❤❡♠❡s ❧✐❦❡ ✭✻✳✹✳✶✾✮✲✭✻✳✹✳✷✷✮✱ ✐t ✇❛s ♦❜s❡r✈❡❞ t❤❛t ❡✈❡♥ ✐❢ ✶❉
❧✐♥❡❛r ✇❛❦❡ ✜❡❧❞s ❛r❡ ❛❝❝✉r❛t❡❧② ♣r❡s❡r✈❡❞✱ tr❛♥s✈❡rs❛❧ ❞✐st♦rt✐♦♥ ❝❛♥ ♦❝❝✉r✳

❍❡♥❝❡✱ ❛ s❡❝♦♥❞ ✶❉ t❡st s✐♠✉❧❛t✐♦♥ ✇❛s s❡t ✉♣✳ ❚❤❡ ❡q✉❛t✐♦♥s ❞♦ ♥♦t ❝❤❛♥❣❡✱
❛♥❞ t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s ❛r❡ ❛❧♠♦st t❤❡ s❛♠❡✳ ❆s t❤❡ ♦♥❧② ❞✐✛❡r❡♥❝❡✱ ✇❡ s❡t t❤❡
✐♥✐t✐❛❧ ♠♦♠❡♥t✉♠ px t♦ ③❡r♦✳ ■♥ t❤❡ ❧✐♥❡❛r r❡❣✐♠❡ ✇✐t❤ ρ1 ≪ ρ0✱ px ≪ 1✱ t❤❡
❛♣♣r♦①✐♠❛t❡ s♦❧✉t✐♦♥ ✐s

Ex(x, t) = E0 sin(2πx) cos(2πt)✭✻✳✹✳✷✸✮

ρ(x, t) = ρ0 + ρ1 cos(2πx) cos(2πt)✭✻✳✹✳✷✹✮

px(x, t) = − ρ1
4π2

cos(2πx) sin(2πt),✭✻✳✹✳✷✺✮

✇❤✐❝❤ ❝♦rr❡s♣♦♥❞s t♦ ❛ st❛♥❞✐♥❣ ✇❛✈❡✳ ❚❤❡ r❡s✉❧t ❢♦r t❤✐s ♣r♦❜❧❡♠ ♦❜t❛✐♥❡❞ ✇✐t❤
t❤❡ ❡♥❤❛♥❝❡❞ s❝❤❡♠❡ ✭✻✳✹✳✶✾✮✲✭✻✳✹✳✷✷✮ ✐s s❤♦✇♥ ✐♥ ✜❣✳ ✭✻✳✹✳✺✮✳
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❋✐❣✉r❡ ✻✳✹✳✺✳ P❧♦ts ♦❢ t❤❡ r❡s✉❧t ♦❢ t❤❡ ❡♥❤❛♥❝❡❞ s❝❤❡♠❡ ✭✻✳✹✳✷✵✮✲

✭✻✳✹✳✷✶✮✱ ❛♣♣❧✐❡❞ ♦♥ ❛ ❧✐♥❡❛r ♣❧❛s♠❛ ♦s❝✐❧❧❛t✐♦♥ ♣r♦❜❧❡♠ ✭✻✳✹✳✶✮✲✭✻✳✹✳✸✮

✇✐t❤ ∆x = 0.05, ∆t = 0.025. ❚❤❡ ♣❧♦ts s❤♦✇ t❤❡ ✜❡❧❞ Ex✭r❡❞✮✱ t❤❡

❞❡♥s✐t② ♠♦❞✉❧❛t✐♦♥ ρ1 ✭❜❧❛❝❦✮ ❛♥❞ t❤❡ ✢✉✐❞ ♠♦♠❡♥t✉♠ px ✭❣r❡❡♥✮✳ ❚❤❡

❧♦✇❡r ♣❧♦ts s❤♦✇ t❤❡ ❋♦✉r✐❡r s♣❡❝tr✉♠ ♦❢ Ex. ❆❢t❡r 5 ♣❧❛s♠❛ ♦s❝✐❧❧❛t✐♦♥s✱

❛ s✐❣♥✐✜❝❛♥t ❞✐st♦rt✐♦♥ ✐s ♦❜s❡r✈❡❞❀ ❛❢t❡r 50 ♣❡r✐♦❞s✱ t❤❡ ✐♥✐t✐❛❧ str✉❝t✉r❡

✐s ❛❧♠♦st ❡♥t✐r❡❧② ❧♦st✳
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❆❧t❤♦✉❣❤ t❤❡ ❜❡❤❛✈✐♦✉r ♦❢ t❤✐s s❝❤❡♠❡ ❢♦r ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ ✇❛❦❡ ✜❡❧❞s ✐s ♣r♦♠✐s✲
✐♥❣✱ ✐t ❝❧❡❛r❧② ❢❛✐❧s ❛t ♠♦❞❡❧✐♥❣ st❛♥❞✐♥❣ ♣❧❛s♠❛ ♦s❝✐❧❧❛t✐♦♥s✳ ❆❢t❡r t = 5(2π/ωp)✱
♦♥❡ s❡❡s ❤✐❣❤❡r ❤❛r♠♦♥✐❝s ♦❢ t❤❡ ✐♥✐t✐❛❧ Ex ♣r♦✜❧❡✱ ❛♥❞ ❛❢t❡r 50 ♣❧❛s♠❛ ♦s❝✐❧❧❛t✐♦♥s✱
t❤❡ str✉❝t✉r❡ ✐s ❧♦st ❡♥t✐r❡❧②✳ ▼♦r❡♦✈❡r✱ t❤❡r❡ ✐s ❛❧s♦ ❛ s✐❣♥✐✜❝❛♥t ❞❛♠♣✐♥❣ ♦❢ t❤❡
❛♠♣❧✐t✉❞❡ ♦❢ t❤❡ ❢✉♥❞❛♠❡♥t❛❧ ✇❛✈❡✳

❚❤♦r♦✉❣❤ ✐♥✈❡st✐❣❛t✐♦♥s ❤❛✈❡ s❤♦✇♥ t❤❛t✱ ❛t t❤❡ ♠❛①✐♠❛ ❛♥❞ ♠✐♥✐♠❛ ♦❢ t❤❡
✐♥✐t✐❛❧ ❞❡♥s✐t② ♠♦❞✉❧❛t✐♦♥✱ t❤❡ ❋❈❚ ❛❧❣♦r✐t❤♠ s❡ts ✐ts ✇❡✐❣❤t✐♥❣ ❝♦❡✣❝✐❡♥t Cj t♦
③❡r♦✱ t❤✉s ❞❡✲❛❝t✐✈❛t✐♥❣ t❤❡ ❤✐❣❤ ♦r❞❡r s❝❤❡♠❡✳ ❚❤✐s ✐s ♠♦st❧② ✇❤❡r❡ t❤❡ ✉♥♣❤②s✐❝❛❧
❞✐st♦rt✐♦♥s ✜rst ♦❝❝✉r✳ ❲✐t❤ ♣❛ss✐♥❣ s✐♠✉❧❛t✐♦♥ t✐♠❡✱ t❤♦s❡ ❞✐st♦rt✐♦♥s ♠❛❦❡ t❤❡
❋❈❚ ❛❧❣♦r✐t❤♠ s❡t Cj = 0 ✐♥ q✉✐❝❦❧② ❣r♦✇✐♥❣ r❡❣✐♦♥s✳ ❉✉❡ t♦ t❤✐s ♣r♦❝❡ss✱ t❤❡
✇❤♦❧❡ s♣❛t✐❛❧ str✉❝t✉r❡ ❜❡❝♦♠❡s r❛♥❞♦♠❧② ❞✐st♦rt❡❞✱ r❡♥❞❡r✐♥❣ t❤❡ s❝❤❡♠❡ ✉s❡❧❡ss✳
❖♥❡ ❝❛♥✱ ♦❢ ❝♦✉rs❡✱ ❞✐s❛❜❧❡ t❤❡ ❋❈❚✱ ❛♥❞ r❡tr❡❛t t♦ t❤❡ ❤✐❣❤✲♦r❞❡r s❝❤❡♠❡✳ ❋♦r t❤✐s
❝❛s❡ ✭♥♦t s❤♦✇♥ ✐♥ t❤❡ ✜❣✉r❡s✮✱ t❤❡ ✇❛❦❡ ✜❡❧❞ ❛♥❞ st❛♥❞✐♥❣ ♦s❝✐❧❧❛t✐♦♥ ♠♦❞❡❧✐♥❣ ✐s
❡①❝❡❧❧❡♥t✱ ✇✐t❤ ❧♦✇ ❞❛♠♣✐♥❣ ❛♥❞ ✇✐t❤♦✉t ❛♥② ❞✐st♦rt✐♦♥s✳ ❯♥❢♦rt✉♥❛t❡❧②✱ t❤✐s ✐s ♥♦t
❛ ❢❡❛s✐❜❧❡ ❛❧t❡r♥❛t✐✈❡✱ s✐♥❝❡ s✉❝❤ ❛ s❝❤❡♠❡ ✇♦✉❧❞ ✲ ❛s ♣r❡✈✐♦✉s❧② ♠❡♥t✐♦♥❡❞ ✲ ❝❛✉s❡
r✐♣♣❧❡s✱ s♣✉r✐♦✉s ♦s❝✐❧❧❛t✐♦♥s ❡✳❣✳ ❛t ♣❧❛s♠❛ ❜♦✉♥❞❛r✐❡s✱ ❛♥❞ ✉♥st❛❜❧❡ ❜❡❤❛✈✐♦✉r✳
❚❤❡ s❝❤❡♠❡s ♠❡♥t✐♦♥❡❞ ❛❜♦✈❡ ❛s ✇❡❧❧ ❛s ✈❛r✐♦✉s ▼❯❙❈▲✲❜❛s❡❞ ✉♣✇✐♥❞ s❝❤❡♠❡s✱
❤❛✈❡ ❛❧s♦ ❜❡❡♥ t❡st❡❞ ✐♥ ❢✉❧❧ ✸❉ s✐♠✉❧❛t✐♦♥s✳ ▲✐❦❡✇✐s❡✱ s✐❣♥✐✜❝❛♥t ❞✐st♦rt✐♦♥s ✇❡r❡
♦❜s❡r✈❡❞✳

❆t t❤✐s ♣♦✐♥t✱ ✜♥❞✐♥❣ ❛ ✢✉✐❞ s❝❤❡♠❡ ✇❤✐❝❤ ✇♦r❦s ❢♦r ✇❛❦❡ ✜❡❧❞s ♠✐❣❤t ❛♣♣❡❛r
✐♠♣♦ss✐❜❧❡✳

❋♦rt✉♥❛t❡❧②✱ ✐t ✐s ♥♦t✳ ▲♦♦❦✐♥❣ ❛❣❛✐♥ ❝❧♦s❡❧② ❛t t❤❡ ♣r♦❜❧❡♠ r❡✈❡❛❧s ❛t ❧❡❛st t✇♦
♣♦ss✐❜❧❡ ✇❛②s ♦✉t ♦❢ t❤❡ ❞✐st♦rt✐♦♥ ♣r❡❞✐❝❛♠❡♥t✿

✭✶✮ ❆✈♦✐❞ t❤❡ ✉♣✇✐♥❞ s❝❤❡♠❡✳ ❏✉st ❛ s❧✐❣❤t ♣❡rt✉r❜❛t✐♦♥ ♦❢ t❤❡ ✐♥✐t✐❛❧ s♠♦♦t❤
❞❛t❛ ✐s ❡♥♦✉❣❤ t♦ ♠❛❦❡ ❋❈❚ r❡tr❡❛t t♦ t❤❡ ❯♣✇✐♥❞ ✢✉①✱ ❝❛✉s✐♥❣ ❞✐st♦r✲
t✐♦♥s✱ ❛♥❞ ♠❛❦✐♥❣ ❋❈❚ ✉s❡ t❤❡ ❯♣✇✐♥❞ ✢✉① ❡✈❡♥ ♠♦r❡✱ ✇✐t❤ t❤❡ ❝♦♥s❡✲
q✉❡♥❝❡ ♦❢ ♠♦r❡ ❞✐st♦rt✐♦♥s✳ ❙♦✱ ✐t ♠✐❣❤t s✉✣❝❡ t♦ ✜♥❞ ❛♥♦t❤❡r st❛❜❧❡✱ ❚♦✲
t❛❧ ❱❛r✐❛t✐♦♥ ❉✐♠✐♥✐s❤✐♥❣ ✭❚❱❉✮ s❝❤❡♠❡✱ ✇❤✐❝❤ ❝❛✉s❡s ❧❡ss ♣❡rt✉r❜❛t✐♦♥s
t❤❛♥ ❯♣✇✐♥❞✳ ■t t✉r♥s ♦✉t t❤❛t t❤❡ ❑✉r❣❛♥♦✈✲❚❛❞♠♦r ❝❡♥tr❛❧ s❝❤❡♠❡ ❬✹✷❪
✐s s✉❝❤ ❛ ♠❡t❤♦❞✳

✭✷✮ ❆✈♦✐❞ t❤❡ ✐♥t❡r♣♦❧❛t✐♦♥s ❝♦♠♣❧❡t❡❧②✳ ❖♥❡ ❝❛♥ tr② t♦ ❣❡t r✐❞ ♦❢ t❤❡ ♥❡❝❡ss✐t②
t♦ ✐♥t❡r♣♦❧❛t❡ t❤❡ ✜❡❧❞s ♦♥t♦ t❤❡ ❝❡❧❧ ❝❡♥t❡rs✱ ❛♥❞ ❛♣♣r♦①✐♠❛t❡ t❤❡ ✢✉①❡s
✭✇❤✐❝❤ r❡s❡♠❜❧❡s ❛♥ ✐♥t❡r♣♦❧❛t✐♦♥ ♦♥t♦ t❤❡ ❝❡❧❧ ❜♦r❞❡r✮✳ ❚❤✐s ❝❛♥ ❜❡
❛❝❤✐❡✈❡❞ ❜② st❛❣❣❡r✐♥❣ t❤❡ ❣r✐❞✱ ❛♥❞ r❡❧♦❝❛t✐♥❣ t❤❡ ✢✉✐❞ ♠♦♠❡♥t❛ ❢r♦♠
t❤❡ ❝❡❧❧ ❝❡♥t❡rs t♦ t❤❡ ❝❡❧❧ ❜♦r❞❡rs✱ ❛s s❤♦✇♥ ✐♥ ✜❣✳ ✻✳✹✳✻✳

❋♦r ❞❡s✐❣♥✐♥❣ t❤❡ ♥❡✇ ❍✲❱▲P▲✸❉ P■❈✴✢✉✐❞ ❤②❜r✐❞ ❝♦❞❡✱ ✇❡ ❢♦❧❧♦✇ t❤❡ s❡❝♦♥❞
❛♣♣r♦❛❝❤✳ ❚❤❡ ♥❡✇ ❣r✐❞ ✐s ❝♦♥str✉❝t❡❞ ❛❝❝♦r❞✐♥❣ t♦ ✜❣✳ ✻✳✹✳✻✳ ❲❡ r❡❢♦r♠✉❧❛t❡ t❤❡
❡q✉❛t✐♦♥s ✻✳✹✳✶✲✻✳✹✳✸ t♦ ♣r✐♠✐t✐✈❡ ✈❛r✐❛❜❧❡s Ex, px, ρ✿

∂

∂t
Ex = −ρ0vx✭✻✳✹✳✷✻✮

∂

∂t
px = −

(

vx · ∂
∂x

)

px + Ex✭✻✳✹✳✷✼✮

∂

∂t
ρ = − ∂

∂x
(ρvx).✭✻✳✹✳✷✽✮

◆♦t❡ t❤❛t t❤❡ ♠♦♠❡♥t✉♠ ❡q✉❛t✐♦♥ ✭✻✳✹✳✷✼✮ ✐s ♥♦✇ ✇r✐tt❡♥ ✐♥ ❛ ♥♦♥✲❝♦♥s❡r✈❛t✐✈❡
❢♦r♠✳ ❙✐♥❝❡ t❤❡ ♠♦♠❡♥t✉♠ ✈❛r✐❛❜❧❡s ❛r❡ ♥♦✇ ❧♦❝❛t❡❞ ❛t t❤❡ s❛♠❡ ♣♦s✐t✐♦♥ ❛s t❤❡
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❡❧❡❝tr✐❝ ✜❡❧❞✱ ♥♦ ✐♥t❡r♣♦❧❛t✐♦♥ ✐s ♥❡❝❡ss❛r② ❛♥②♠♦r❡✳ ❍♦✇❡✈❡r✱ ✇❡ ♥❡❡❞ ❛ ♥❡✇ ✢✉①
❛♣♣r♦①✐♠❛t✐♦♥✳

❍❡r❡✱ ✇❡ ❝❤♦♦s❡ t♦ ❛❞♦♣t t❤❡ ❋❈❚ ♠❡t❤♦❞ ❛❣❛✐♥✳ ❆s ❜❡❢♦r❡✱ ✐t ♥❡❡❞s ❛ tr✉st❡❞
❧♦✇ ♦r❞❡r ✢✉① ❛♥❞ ❛ ❤✐❣❤ ♦r❞❡r ✢✉① ❛s ✐♥♣✉ts✳ ❋♦r t❤❡ ❧♦✇ ♦r❞❡r ✢✉①✱ ✇❡ ✉s❡ t❤❡
❯♣✇✐♥❞ s❝❤❡♠❡ ❛❣❛✐♥✿

fUpw
j := vx|j

{

ρ|n
j− 1

2

, vx|j ≥ 0

ρ|n
j+ 1

2

, vx|j < 0
.

❖♥❡ ♠✐❣❤t ♦❜❥❡❝t t❤❛t ❛♥ ❯♣✇✐♥❞ ♠❡t❤♦❞ ❝❛✉s❡❞ ❛ ❧♦t ♦❢ ❞✐st♦rt✐♦♥ ✐♥ t❤❡ ♣r❡✈✐♦✉s
✐♥✈❡st✐❣❛t✐♦♥s ✲ s♦ ✇❤② ✉s❡ ✐t ❤❡r❡❄ ❚❤❡ r❡❛s♦♥ ✐s t❤❛t ♦♥❧② t❤❡ ✢✉✐❞ ❞❡♥s✐t② ρ
✉♥❞❡r❣♦❡s t❤✐s ♥❡❛r❡st✲♥❡✐❣❤❜♦✉r ✐♥t❡r♣♦❧❛t✐♦♥✳ ❚❤❡ ♠♦♠❡♥t❛ ❛r❡ ❦❡♣t ❛♥❞ t❤❡✐r
✐♥❢♦r♠❛t✐♦♥ ✐s ♣r❡s❡r✈❡❞✳ ❋♦r t❤❡ ❤✐❣❤✲♦r❞❡r s❝❤❡♠❡✱ s❡✈❡r❛❧ ♠❡t❤♦❞s ❝❛♥ ❜❡ ✉s❡❞✳
❲❡ ❝❤♦s❡ t♦ ✉s❡ ❛ ♠♦❞✐✜❡❞ ✈❡rs✐♦♥ ♦❢ t❤❡ ◗✉❛❞r❛t✐❝ ❯♣str❡❛♠ ■♥t❡r♣♦❧❛t✐♦♥ ❢♦r
❈♦♥✈❡❝t✐✈❡ ❑✐♥❡♠❛t✐❝s ✭◗❯■❈❑✮ s❝❤❡♠❡ ❬✼✹❪✳ ■t ✇♦r❦s ❜② q✉❛❞r❛t✐❝ ✐♥t❡r♣♦❧❛t✐♦♥
✉s✐♥❣ ❛ t❤r❡❡✲♣♦✐♥t st❡♥❝✐❧✳ ❙✐♥❝❡ ♦♥❡ ✇❛♥ts t♦ ✐♥t❡r♣♦❧❛t❡ t❤❡ ❞❛t❛ ❢r♦♠ t❤r❡❡ ❝❡❧❧s
♦♥t♦ ❛ ❣r✐❞ ❝❡❧❧ ❜♦r❞❡r✱ t❤✐s st❡♥❝✐❧ ✐s ♥♦t s②♠♠❡tr✐❝❛❧✳ ❚❤❡ t❤r❡❡ ♣♦✐♥ts ✇❤✐❝❤ ❣♦
✐♥t♦ t❤❡ ✢✉① s❝❤❡♠❡ ❛r❡ ❝❤♦s❡♥ ❞②♥❛♠✐❝❛❧❧②✱ ❞❡♣❡♥❞❡♥t ♦♥ t❤❡ ❞✐r❡❝t✐♦♥ ♦❢ t❤❡ ✢♦✇✳
❚❤✐s ✐s s❤♦✇♥ ✐♥ ✜❣✳ ✻✳✹✳✼✳

▲❡t ✉s ♥♦✇ ❞❡r✐✈❡ t❤❡ s❝❤❡♠❡ ❢♦r ♦♥❡ ❣r✐❞ ❝❡❧❧✳ ❚❤❡ ✢✉① ✇❡ ✇♦✉❧❞ ❧✐❦❡ t♦

❞❡r✐✈❡ ✐s fj ✱ ❛♥❞ t❤❡ ❛❞❥❛❝❡♥t ❞❡♥s✐t✐❡s ❛r❡
{

ρj− 3
2
...ρj+ 3

2

}

. ❲✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r✲

❛❧✐t②✱ ✇❡ ❛ss✉♠❡ px, j ≥ 0✳ ❆❝❝♦r❞✐♥❣ t♦ t❤❡ ✉♣str❡❛♠ ❝♦♥❝❡♣t✱ t❤❡ ❞❡♥s✐t② ✈❛❧✉❡s
ρj− 3

2
, ρj− 1

2
, ρj+ 1

2
❛r❡ ✉s❡❞ ❢♦r t❤❡ q✉❛❞r❛t✐❝ ✐♥t❡r♣♦❧❛t✐♦♥✳ ❚❤❡ ♣♦❧②♥♦♠✐❛❧ ✐s ❞❡✲

♥♦t❡❞ ❜②
pQ(t) = ax2 + bx+ c,

❛♥❞ ✇❡ ❛❣❛✐♥ s❡t ∆x = 1 ❢♦r t❤❡ s❛❦❡ ♦❢ s✐♠♣❧✐❝✐t②✳ ❚❤❡ ✐♥t❡r♣♦❧❛t✐♦♥ ❝♦♥❞✐t✐♦♥s
❛r❡

j
ˆ

j−1

pQ(x)dx =ρj− 1
2

j+1
ˆ

j

pQ(x)dx =ρj+ 1
2

j+2
ˆ

j+1

pQ(x)dx =ρj+ 3
2
.

❚❤❡ s♦❧✉t✐♦♥ ✐s

pQ (x) =
ρ
j+ 3

2

− 2ρ
j+ 1

2

+ ρ
j− 1

2

2
(x− j)2 +

(

ρ
j+ 1

2

− ρ
j− 1

2

)

(x− j) +
−ρ

j+ 3
2

+ 5ρ
j+ 1

2

+ 2ρ
j− 1

2

6
,

❤❡♥❝❡ t❤❡ ✐♥t❡r♣♦❧❛t❡❞ ❞❡♥s✐t② ✐s

ρintj,forw = pQ(0) = −1

6
ρj− 3

2
+

5

6
ρj− 1

2
+

1

3
ρj+ 1

2
.

❚❤❡ ♠♦♠❡♥t✉♠ ❞♦❡s ♥♦t ♥❡❡❞ t♦ ❜❡ ✐♥t❡r♣♦❧❛t❡❞ ❜❡❝❛✉s❡ ✐t ✐s ❛❧r❡❛❞② ❧♦❝❛t❡❞
❛t t❤❡ ❝❡❧❧ ✐♥t❡r❢❛❝❡✳ ❚❤❡ ❝♦❡✣❝✐❡♥ts ❢♦r t❤❡ ❝❛s❡ px < 0 ❛r❡ ❞❡r✐✈❡❞ ❛♥❛❧♦❣♦✉s❧②✳
❚❤✉s✱ t❤❡ ✜♥❛❧ ◗❯■❈❑ s❝❤❡♠❡ r❡❛❞s
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❋✐❣✉r❡ ✻✳✹✳✻✳ ❙❦❡t❝❤ ♦❢ t❤❡ st❛❣❣❡r❡❞ ❣r✐❞ ❛♣♣r♦❛❝❤ ❢♦r t❤❡ ✢✉✐❞

s❝❤❡♠❡✳ ■♥ ❝♦♥tr❛st t♦ t❤❡ s❝❤❡♠❡ ❞❡♣✐❝t❡❞ ✐♥ ✜❣✳ ✻✳✹✳✷✱ t❤❡ ✢✉✐❞ ♠♦✲

♠❡♥t❛ px, j ❛r❡ ♥♦✇ ✇r✐tt❡♥ ❛s ♣r✐♠✐t✐✈❡ ✈❛r✐❛❜❧❡s✱ ❛♥❞ ❧♦❝❛t❡❞ ❛t t❤❡

❝❡❧❧ ❜♦r❞❡r✳

fQUICK
j := vx|j

{

− 1
6ρ|nj− 3

2

+ 5
6ρ|nj− 1

2

+ 1
3ρ|nj+ 1

2

, vx|j ≥ 0
1
3ρ|nj− 1

2

+ 5
6ρ|nj+ 1

2

− 1
6ρ|nj+ 3

2

, vx|j < 0
.

❯s✐♥❣ ❚❛②❧♦r ❡①♣❛♥s✐♦♥ ❢♦r vhx > 0✱ ♦♥❡ ♦❜t❛✐♥s

ρ(i∆x) = ρint,hi,x|i − ρ(3)(0)
1

12
∆x3 +O(4)

❢♦r t❤❡ ✐♥t❡r♣♦❧❛t✐♦♥ ❡rr♦r ♦❢ t❤❡ ♠♦❞✐✜❡❞ ◗❯■❈❑ ❞✐s❝r❡t✐③❛t✐♦♥ ❢♦r s♠♦♦t❤ ρ✱ ✇❤✐❧❡
t❤❡ ♦r❞❡r ♦❢ t❤❡ ✉♣✇✐♥❞ s❝❤❡♠❡ ✐s ✶✳ ◆♦✇ ✇❡ ❤❛✈❡ ❛♥ ❡①♣r❡ss✐♦♥ ❢♦r ❛ ❧♦✇ ♦r❞❡r
❯♣✇✐♥❞ ✢✉① ❛♥❞ ❛ t❤✐r❞ ♦r❞❡r ❛❝❝✉r❛t❡ ◗❯■❈❑ ✢✉①✳ ❚❤❡s❡ ✢✉①❡s ❛r❡ ❢❡❞ ✐♥t♦ t❤❡
❋❈❚ ❛❧❣♦r✐t❤♠✱ ✇❤✐❝❤ r❡t✉r♥s ❛ r✐♣♣❧❡✲❢r❡❡ ❤✐❣❤✲r❡s♦❧✉t✐♦♥ ✢✉①

fFCT
j = (1− Cj) f

Up
j + Cjf

QUICK
j .

❖♠✐tt✐♥❣ t❤❡ ❝♦♥✈❡❝t✐✈❡ t❡r♠ ❢♦r ♥♦✇✱ ✇❡ ❝❛♥ ✇r✐t❡ ❞♦✇♥ ❛ t✐♠❡✲❞✐s❝r❡t✐③❡❞ s♣❧✐t✲
t✐♥❣ s❝❤❡♠❡✿

p
n+ 1

2

x, j =pnx, j +
1

2
∆tEn

x, j✭✻✳✹✳✷✾✮

ρn+1
j+ 1

2

=ρnj+ 1
2

+
∆t

∆x

(

fFCT
j+1 − fFCT

j

)

✭✻✳✹✳✸✵✮

En+1
x, j =En

x, j +∆t fFCT
j✭✻✳✹✳✸✶✮

pn+1
x, j =p

n+ 1
2

x, j +
1

2
∆tEn+1

x, j .✭✻✳✹✳✸✷✮

❙✐♠✐❧❛r t♦ t❤❡ st❡♣s ✭✻✳✹✳✷✵✮✲✭✻✳✹✳✷✶✮ ♦❢ t❤❡ ♥♦♥✲st❛❣❣❡r❡❞ s❝❤❡♠❡✱ t❤❡ st❡♣s ✭✻✳✹✳✸✵✮✲
✭✻✳✹✳✸✶✮ ✐♥ t❤❡ ♠✐❞❞❧❡ ❝♦♥st✐t✉t❡ ❛♥ ❡①♣❧✐❝✐t ❊✉❧❡r s✉❜st❡♣✳ ■♥ ♦r❞❡r t♦ ♠❛❦❡ t❤❡
♦✈❡r❛❧❧ s❝❤❡♠❡ ✷♥❞ ♦r❞❡r ❛❝❝✉r❛t❡✱ ♦♥❡ ❝❛♥ ❡❛s✐❧② ❡♠♣❧♦② ❛ ❡✳❣✳ tr❛♣❡③♦✐❞❛❧ ❧❡❛♣✲❢r♦❣
✐♥t❡❣r❛t♦r ❤❡r❡✳ ❍♦✇❡✈❡r✱ t❤❡ ❞✐✛❡r❡♥❝❡s ❛r❡ ♥❡❣❧✐❣✐❜❧❡ ✐♥ ♦✉r ♥✉♠❡r✐❝❛❧ s♠❛❧❧✲s✐❣♥❛❧
❡①♣❡r✐♠❡♥t✳ ❚❤❡ s♦❧✈❡r ✭✻✳✹✳✷✾✮✲✭✻✳✹✳✸✷✮ ✇❛s ❛❣❛✐♥ ✐♠♣❧❡♠❡♥t❡❞ ❛s ❛ ◆✉♠P② t❡st
s❝r✐♣t ❛♥❞ r✉♥ ♦♥ t❤❡ ♣❧❛s♠❛ ♦s❝✐❧❧❛t✐♦♥ ♣r♦❜❧❡♠ ❛♥❞ t❤❡ ✇❛❦❡ ✜❡❧❞ s❡t✉♣✳

❚❤❡ r❡s✉❧t ❢♦r t❤❡ st❛♥❞✐♥❣ ♣❧❛s♠❛ ♦s❝✐❧❧❛t✐♦♥ ✐s s❤♦✇♥ ✐♥ ✜❣✳ ✭✻✳✹✳✾✮✳ ❖♥❡
♦❜s❡r✈❡s ❛♥ ❡①❝❡❧❧❡♥t ♠♦❞❡❧✐♥❣ ♦❢ t❤❡ ❡✛❡❝t✳ ❚❤❡r❡ ✐s ♥♦ ❞✐st♦rt✐♦♥ ♦❢ t❤❡ s♣❛t✐❛❧
str✉❝t✉r❡ ❛t ❛❧❧✳ ❆❧s♦✱ ♥♦ ❞❛♠♣✐♥❣ ✇❛s s❡❡♥ ❡✈❡♥ ❛❢t❡r 200 ♣❧❛s♠❛ ♦s❝✐❧❧❛t✐♦♥
♣❡r✐♦❞s✳ ❋✐❣✳ ✻✳✹✳✽ s❤♦✇s t❤❡ r❡s✉❧t ❢♦r t❤❡ ✇❛❦❡ ✜❡❧❞ t❡st✳ ▲✐❦❡✇✐s❡✱ t❤❡r❡ ✐s
♥❡✐t❤❡r ❛♥② ❞✐st♦rt✐♦♥ ♦❢ t❤❡ str✉❝t✉r❡ ♥♦r ❞❛♠♣✐♥❣ ❡✛❡❝ts✳

❚❤❡s❡ ♦✉t❝♦♠❡s ♠❛❦❡ t❤❡ ♠❡t❤♦❞ ✭✻✳✹✳✷✾✮✲✭✻✳✹✳✸✷✮ ❛ ❝❛♥❞✐❞❛t❡ ❢♦r ❛ ✢✉✐❞ s♦❧✈❡r
❢♦r t❤❡ ♥❡✇ ❤②❜r✐❞ ❝♦❞❡ ❍✲❱▲P▲✸❉✳
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Flux to be computed

❋✐❣✉r❡ ✻✳✹✳✼✳ Pr✐♥❝✐♣❧❡ ♦❢ t❤❡ ♠♦❞✐✜❡❞ ◗❯■❈❑ ✢✉① s❝❤❡♠❡✳ ■❢ px, j ≥

0, ❛ q✉❛❞r❛t✐❝ ✐♥t❡r♣♦❧❛t✐♦♥ ♣♦❧②♥♦♠✐❛❧ ✐s ❝♦♠♣✉t❡❞ ❢r♦♠ t✇♦ ✈❛❧✉❡s ♦♥

t❤❡ ❧❡❢t s✐❞❡ ❛♥❞ ♦♥❡ ♦♥ t❤❡ r✐❣❤t s✐❞❡✳ ❱✐❝❡ ✈❡rs❛✱ ✐❢ px, j < 0✱ t❤❡

♣♦❧②♥♦♠✐❛❧ ✐s ❝♦♠♣✉t❡❞ ❢r♦♠ ♦♥❡ ❧❡❢t ❛♥❞ t✇♦ r✐❣❤t ✈❛❧✉❡s✳

❖❢ ❝♦✉rs❡✱ ✐t ♠✉st ❜❡ ❡✈❛❧✉❛t❡❞ ✇❤❡t❤❡r t❤❡ s❝❤❡♠❡ ❛❧s♦ ✇♦r❦s ✐♥ t❤❡ ♥♦♥✲
❧✐♥❡❛r ✇❛❦❡ ✜❡❧❞ r❡❣✐♠❡✳ ■♥ t❤❡ ♥❡①t ❝❤❛♣t❡rs✱ t❤❡ s❝❤❡♠❡ ✇✐❧❧ ❜❡ ❣❡♥❡r❛❧✐③❡❞ t♦
♠✉❧t✐❞✐♠❡♥s✐♦♥s✱ ❛♥❞ t❡st❡❞ ✇✐t❤ ❛ ✈❛r✐❡t② ♦❢ ♣❤②s✐❝❛❧ ❡①❛♠♣❧❡s✳
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0 2 4
x

−0.0004

0.0000

0.0004

t=5.0

0 20 40
kL/(2π)

0.000

0.008

0.016

0.024

0.032

0 2 4
x

−0.0004

0.0000

0.0004

t=198.3

0 20 40
kL/(2π)

0.000

0.008

0.016

0.024

0.032

❋✐❣✉r❡ ✻✳✹✳✾✳ P❧♦ts ♦❢ t❤❡ r❡s✉❧t ♦❢ t❤❡ st❛❣❣❡r❡❞ s❝❤❡♠❡ ✭✻✳✹✳✷✾✮✲

✭✻✳✹✳✸✷✮✱ t❡st❡❞ ✇✐t❤ t❤❡ ❧✐♥❡❛r ♣❧❛s♠❛ ♦s❝✐❧❧❛t✐♦♥ ♣r♦❜❧❡♠✳ ❚❤❡ ♣❧♦ts

s❤♦✇ t❤❡ ✜❡❧❞ Ex✭r❡❞✮✱ t❤❡ ❞❡♥s✐t② ♠♦❞✉❧❛t✐♦♥ ρ1 ✭❜❧❛❝❦✮ ❛♥❞ t❤❡ ✢✉✐❞

♠♦♠❡♥t✉♠ px ✭❣r❡❡♥✮✳ ❚❤❡ ❧♦✇❡r ♣❧♦ts s❤♦✇ t❤❡ ❋♦✉r✐❡r s♣❡❝tr✉♠ ♦❢

Ex. ❙✐♠✐❧❛r❧② t♦ t❤❡ ✇❛❦❡ ✜❡❧❞ r❡s✉❧t s❤♦✇♥ ✐♥ ✜❣✳ ✭✻✳✹✳✽✮✱ t❤❡ ❛❧❣♦r✐t❤♠

❡①❝❡❧s ❛t ♠♦❞❡❧✐♥❣ t❤❡ ♣❧❛s♠❛ ♦s❝✐❧❧❛t✐♦♥✳
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0 2 4
x

−0.0004

0.0000

0.0004

t=5.0

0 20 40
kL/(2π)

0.000

0.008

0.016

0.024

0.032

0 2 4
x

−0.0004

0.0000

0.0004

t=200.0

0 20 40
kL/(2π)

0.000

0.008

0.016

0.024

0.032

❋✐❣✉r❡ ✻✳✹✳✽✳ P❧♦ts ♦❢ t❤❡ r❡s✉❧t ♦❢ t❤❡ st❛❣❣❡r❡❞ s❝❤❡♠❡ ✭✻✳✹✳✷✾✮✲

✭✻✳✹✳✸✷✮✱ ❛♣♣❧✐❡❞ ♦♥ t❤❡ ❧✐♥❡❛r ♣❧❛s♠❛ ✇❛❦❡ ✜❡❧❞ ♣r♦❜❧❡♠✳ ❚❤❡ ♣❧♦ts

s❤♦✇ t❤❡ ✜❡❧❞ Ex✭r❡❞✮✱ t❤❡ ❞❡♥s✐t② ♠♦❞✉❧❛t✐♦♥ ρ1 ✭❜❧❛❝❦✮ ❛♥❞ t❤❡ ✢✉✐❞

♠♦♠❡♥t✉♠ px ✭❣r❡❡♥✮✳ ❚❤❡ ❧♦✇❡r ♣❧♦ts s❤♦✇ t❤❡ ❋♦✉r✐❡r s♣❡❝tr✉♠ ♦❢

Ex. ❚❤❡r❡ ✐s ♥♦ ❞✐st♦rt✐♦♥ ♦r ❞❛♠♣✐♥❣ ♣r❡s❡♥t❀ t❤❡ s♣❛t✐❛❧ str✉❝t✉r❡ ✐s

✉♥❛❧t❡r❡❞ ❡✈❡♥ ❛❢t❡r 200 ♦s❝✐❧❧❛t✐♦♥ ♣❡r✐♦❞s✳
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❋✐❣✉r❡ ✻✳✺✳✶✳ ●❡♦♠❡tr② ♦❢ t❤❡ s♣❛t✐❛❧ ❞✐s❝r❡t✐③❛t✐♦♥ s❝❤❡♠❡ ❢♦r ❡❧❡❝✲

tr♦♠❛❣♥❡t✐❝ ✜❡❧❞ q✉❛♥t✐t✐❡s ❛s ✇❡❧❧ ❛s ✢✉✐❞ ✈❛r✐❛❜❧❡s✳ ▲♦ss❡s ❛r❡ ♠✐♥✐✲

♠✐③❡❞ ❜② ❛❧✐❣♥✐♥❣ t❤❡ ♣♦s✐t✐♦♥s ♦❢ t❤❡ ✢✉✐❞ ♠♦♠❡♥t✉♠ ❝♦♠♣♦♥❡♥ts ✇✐t❤

t❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞ ❧♦❝❛t✐♦♥s✳

✻✳✺✳ ❙♣❛t✐❛❧ s❝❤❡♠❡ ❢♦r t❤❡ ❝♦♥t✐♥✉✐t② ❡q✉❛t✐♦♥

❚❤❡ s❝❤❡♠❡ ❞❡✈❡❧♦♣❡❞ ✐♥ ❝❤❛♣t❡r ✻✳✹ ❤❛s ❜❡❡♥ s❤♦✇♥ t♦ ✇♦r❦ ❡①❝❡♣t✐♦♥❛❧❧② ✇❡❧❧
✐♥ t❤❡ ❧✐♥❡❛r ✇❛❦❡ r❡❣✐♠❡ ♦❢ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ ✇❛❦❡ ✜❡❧❞s ❛♥❞ ♣❧❛s♠❛ ♦s❝✐❧❧❛t✐♦♥s✳
❙♦✱ t❤❡ ♥❡①t t❛s❦ ✇✐❧❧ ❜❡ t♦ ❣❡♥❡r❛❧✐③❡ ✐t t♦ t❤r❡❡ ❞✐♠❡♥s✐♦♥s ❛♥❞ t❡st ✐ts ❝❛♣❛❜✐❧✐t②
✐♥ t❤❡ ❧✐♥❡❛r ❛s ✇❡❧❧ ❛s t❤❡ ♥♦♥✲❧✐♥❡❛r r❡❣✐♠❡s✳ ❚❤✐s ✇✐❧❧ ❜❡ ❞♦♥❡ ✐♥ t❤❡ ♥❡①t s❡❝t✐♦♥s✳

❋♦r t❤❡ ✸❉ ❞✐s❝r❡t✐③❛t✐♦♥✱ ✇❡ ❛❣❛✐♥ ❝❤♦♦s❡ ❛ st❛❣❣❡r❡❞ ❣r✐❞ ❢♦r t❤❡ s♣❛t✐❛❧
✢✉✐❞ ♠♦❞❡❧✐♥❣✱ ✇✐t❤ t❤❡ ♥✉♠❡r✐❝❛❧ ❞❡♥s✐t② ❛s ❛♥ ✐♥t❡❣r❛❧ ♦✈❡r t❤❡ ❝❡❧❧ ✈♦❧✉♠❡✱ ❜✉t
♠♦♠❡♥t❛ ❧♦❝❛t❡❞ ♦♥ t❤❡ ❝❡❧❧ ❢❛❝❡s✿

ρ|ni+ 1
2
,j+ 1

2
,k+ 1

2

:=

ˆ ˆ

Cell

ˆ

ρ(~r, n∆t)d3r

phx|ni,j+ 1
2
,k+ 1

2

:=

(j+1)∆y
ˆ

j∆y

(k+1)∆z
ˆ

k∆z

phx(i∆x, y, z, n∆t)dzdy,

✇✐t❤ t❤❡ ♦t❤❡r t✇♦ ♠♦♠❡♥t✉♠ ❝♦♠♣♦♥❡♥ts ❞❡✜♥❡❞ ❛♥❛❧♦❣♦✉s❧②✳ ❚❤✐s ❣r✐❞ ❝♦♥✜❣✲
✉r❛t✐♦♥ ✐s ❞❡♣✐❝t❡❞ ✐♥ ✜❣✉r❡ ✻✳✺✳✶✳ ❆♥❛❧♦❣♦✉s❧② t♦ t❤❡ ✶❉ ❝❛s❡✱ t❤❡ st❛❣❣❡r❡❞ ❣r✐❞
✐s ❝❤♦s❡♥ ✐♥ ❛ ✇❛② t❤❛t t❤❡ ✢✉✐❞ ♠♦♠❡♥t❛ ❛r❡ ❝♦❧❧♦❝❛t❡❞ ✇✐t❤ t❤❡ r❡s♣❡❝t✐✈❡ ❡❧❡❝✲
tr✐❝ ✜❡❧❞ ❝♦♠♣♦♥❡♥ts✳ ❚❤✐s ✐s ❞♦♥❡ ✐♥ ♦r❞❡r t♦ ❛✈♦✐❞ ✐♥t❡r♣♦❧❛t✐♦♥s ♦❢ t❤❡ ❡❧❡❝tr✐❝
✜❡❧❞s ❛♥❞ ♠♦♠❡♥t❛ ❛♥❞ s✐❣♥✐✜❝❛♥t❧② ✐♠♣r♦✈❡ t❤❡ ♠♦❞❡❧✐♥❣ ♦❢ ♣❧❛s♠❛ ♦s❝✐❧❧❛t✐♦♥s✳
❙✐♥❝❡✱ ❢♦r t❤✐s s♣❡❝✐❛❧ ❣r✐❞ s❝❤❡♠❡✱ s♣❛t✐❛❧ ❞✐s❝r❡t✐③❛t✐♦♥ s❝❤❡♠❡s ❛r❡ r❛r❡✱ ✇❡ ❤❛✈❡
❝♦♥str✉❝t❡❞ ❛ ♥❡✇ s❝❤❡♠❡✱ ❢♦❧❧♦✇✐♥❣ t❤❡ ❝♦♥❝❡♣t ♦❢ t❤❡ ◗❯■❈❑❊❙❚ t❡❝❤♥✐q✉❡✳

❚❤❡ ❋❈❚ ❬✹✹❪ ♠❡t❤♦❞ ✉s❡❞ ✐♥ t❤❡ ✶❉ s❝❤❡♠❡ ✐♥ ❝❤❛♣t❡r ✻✳✹ ✐s r❡❛❞✐❧② ❣❡♥❡r✲
❛❧✐③❡❞ t♦ t❤r❡❡ ❞✐♠❡♥s✐♦♥s✳ ❚❤❡ ♠✉❧t✐❞✐♠❡♥s✐♦♥❛❧ ❛❧❣♦r✐t❤♠ ❛❣❛✐♥ t❛❦❡s ❛s ✐♥♣✉t ❛
❧♦✇ ♦r❞❡r ✢✉① ~fρ, low✱ ❛ ❤✐❣❤ ♦r❞❡r ✢✉① ~fρ, hi✱ ❛ q✉❛♥t✐t② ρ t♦ ❜❡ ✉♣❞❛t❡❞✱ ❛♥❞ t❤❡
t✐♠❡ st❡♣ ∆t✳
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❆ ❣❡♥❡r❛❧ s❡♠✐✲❞✐s❝r❡t✐③❡❞ ✶❉ ❋✐♥✐t❡ ❱♦❧✉♠❡ ▼❡t❤♦❞ ✭❋❱▼✮ ❢♦r ❛ q✉❛♥t✐t②

u =
(

ui+ 1
2

)n−1

i=0
✐s ❞❡✜♥❡❞ ❛s

∂

∂t
ui+ 1

2
= − 1

∆x

(

f1Di+1(u)− f1Di (u)
)

;

t❤❡ ✇❤♦❧❡ ❛❧❣♦r✐t❤♠ ✐s t❤❡♥ ❝♦♥t❛✐♥❡❞ ✐♥ t❤❡ ❛♣♣r♦①✐♠❛t❡❞ ✢✉① ❢✉♥❝t✐♦♥ f1Di (u)✳
❙✉❝❤ ❛ ♠❡t❤♦❞ ❝❛♥ ❜❡ ❡❛s✐❧② ❣❡♥❡r❛❧✐③❡❞ t♦ ♠✉❧t✐❞✐♠❡♥s✐♦♥s ❜② ❝♦♠♣✉t✐♥❣ t❤❡ ✶❉
✢✉①❡s ♦❢ ❡❛❝❤ ✈❛r✐❛❜❧❡ ❛❧♦♥❣ ❡❛❝❤ s♣❛t✐❛❧ ❞✐r❡❝t✐♦♥✱

fx|i, j+ 1
2
, k+ 1

2
= f1Di

(

(

uα+ 1
2
, j+ 1

2
, k+ 1

2

)nx−1

α=0

)

,

fy|i+ 1
2
, j, k+ 1

2
= f1Dj

(

(

ui+ 1
2
, α+ 1

2
, k+ 1

2

)ny−1

α=0

)

,

fz|i+ 1
2
, j+ 1

2
, k = f1Dk

(

(

ui+ 1
2
, j+ 1

2
, α+ 1

2

)nz−1

α=0

)

,

❛♥❞ ❛rr❛♥❣❡ t❤❡s❡ ✢✉①❡s ❛s ❛ ✈❡❝t♦r✿

~f3D =





f1Dx
f1Dy
f1Dz



✭✻✳✺✳✶✮

■t s❤♦✉❧❞ ❜❡ ♣♦✐♥t❡❞ ♦✉t t❤❛t ✐♥ t❤❡ ❧✐t❡r❛t✉r❡ ♦♥❡ ♦❢t❡♥ ❞✐st✐♥❣✉✐s❤❡s t❤❡ ❛❜♦✈❡♠❡♥✲
t✐♦♥❡❞ ❝♦♥❝❡♣t ❢r♦♠ ✐♥❤❡r❡♥t❧② ♠✉❧t✐❞✐♠❡♥s✐♦♥❛❧ s❝❤❡♠❡s✳ ❚❤❡ ❧❛tt❡r ♦♥❡s ❛❧✇❛②s
st❡♠ ❢r♦♠ ♠✉❧t✐❞✐♠❡♥s✐♦♥❛❧ ❝♦♥s✐❞❡r❛t✐♦♥s ❢r♦♠ t❤❡ ✈❡r② ❜❡❣✐♥♥✐♥❣✳ ❚❤✉s✱ t❤❡② ❝❛♥
✉s✉❛❧❧② ♥♦t ❜❡ ✇r✐tt❡♥ ❛s ❛ ✈❡❝t♦r ✇✐t❤ ✶❉ ✢✉①❡s ❛s ❝♦♠♣♦♥❡♥ts ✭❛s ✐♥ ❡q✳✭✻✳✺✳✶✮✮✳
❚❤❡② ❛r❡ ❣❡♥❡r❛❧❧② ❝♦♥s✐❞❡r❡❞ t♦ ❜❡ ♠♦r❡ ❛❝❝✉r❛t❡ ❛♥❞ st❛❜❧❡✳ ◆✉♠❡r✐❝❛❧ ❛rt✐❢❛❝ts
❧✐❦❡ s♠❡❛r✐♥❣ ✐♥ tr❛♥s✈❡rs❡ ♠♦t✐♦♥s ❛r❡ ❛✈♦✐❞❡❞ t♦ s♦♠❡ ❞❡❣r❡❡✳

❍♦✇❡✈❡r✱ t❤❡② ❛r❡ ♥♦t ♥❡❝❡ss❛r② ✉♥❧❡ss ❝♦♠♣❧✐❝❛t❡❞ ✢✉✐❞ ♣r♦❜❧❡♠s ❛r❡ t♦ ❜❡
s✐♠✉❧❛t❡❞✳ ■t ✇✐❧❧ t✉r♥ ♦✉t t❤❛t ♦✉r s❝❤❡♠❡ ✇♦r❦s s❛t✐s❢❛❝t♦r② ❡✈❡♥ ✇✐t❤ t❤❡ s✐♠♣❧❡
❣❡♥❡r❛❧✐③❛t✐♦♥ ✭✻✳✺✳✶✮✳ ❋♦❧❧♦✇✐♥❣ t❤❛t ✐❞❡❛✱ t❤❡ ✸❉ ✉♣✇✐♥❞ ✢✉① r❡❛❞s

(fρ,low,x|i,j+ 1
2
,k+ 1

2
, fρ,low,y|i+ 1

2
,j,k+ 1

2
, fρ,low,z|i+ 1

2
,,j+ 1

2
,k) : =

(vhx |i,j+ 1
2
,k+ 1

2

{

ρ|n
i− 1

2
,j+ 1

2
,k+ 1

2

, vhx |i,j+ 1
2
,k+ 1

2
≥ 0

ρ|n
i+ 1

2
,j+ 1

2
,k+ 1

2

, vhx |i,j+ 1
2
,k+ 1

2
< 0

,

vhy |i+ 1
2
,,j,k+ 1

2

{

ρ|n
i+ 1

2
,j− 1

2
,k+ 1

2

, vhy |i+ 1
2
,j,k+ 1

2
≥ 0

ρ|n
i+ 1

2
,j+ 1

2
,k+ 1

2

, vhy |i+ 1
2
,j,k+ 1

2
< 0

,

vhz |i+ 1
2
,,j+ 1

2
,k

{

ρ|n
i+ 1

2
,j+ 1

2
,k− 1

2

, vhz |i+ 1
2
,j+ 1

2
,k ≥ 0

ρ|n
i+ 1

2
,j+ 1

2
,k+ 1

2

, vhz |i+ 1
2
,j+ 1

2
,k < 0

.)

❙✐♠✐❧❛r❧②✱ t❤❡ ❤✐❣❤ ♦r❞❡r ◗❯■❈❑ s❝❤❡♠❡ ✐s ❝♦♠♣✉t❡❞ ❜② ❛rr❛♥❣✐♥❣ t❤r❡❡ ♦♥❡✲
❞✐♠❡♥s✐♦♥❛❧ ✢✉① s❝❤❡♠❡s ✐♥t♦ ❛ ✈❡❝t♦r✳





fρ,hi,x|i,j+ 1
2
,k+ 1

2

fρ,hi,y|i+ 1
2
,j,k+ 1

2

fρ,hi,z|i+ 1
2
,,j+ 1

2
,k



 :=







vhx |i,j+ 1
2
,k+ 1

2
ρint,hi,x|i,j+ 1

2
,k+ 1

2

vhy |i+ 1
2
,j,k+ 1

2
ρint,hi,y|i+ 1

2
,j,k+ 1

2

vhz |i+ 1
2
,j+ 1

2
,kρint,hi,z|i+ 1

2
,j+ 1

2
,k






,
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✇❤❡r❡

ρint,hi,x|i,j+ 1
2
,k+ 1

2
:=



























− 1
6ρ|ni− 3

2
,j+ 1

2
,k+ 1

2

+ 5
6ρ|ni− 1

2
,j+ 1

2
,k+ 1

2

+ 1
3ρ|ni+ 1

2
,j+ 1

2
,k+ 1

2

, vhx |i,j+ 1
2
,k+ 1

2
≥ 0

1
3ρ|ni− 1

2
,j+ 1

2
,k+ 1

2

+ 5
6ρ|ni+ 1

2
,j+ 1

2
,k+ 1

2

− 1
6ρ|ni+ 3

2
,j+ 1

2
,k+ 1

2

, vhx |i,j+ 1
2
,k+ 1

2
< 0

ρint,hi,y|i+ 1
2
,j,k+ 1

2
:=



























− 1
6ρ|ni+ 1

2
,j− 3

2
,k+ 1

2

+ 5
6ρ|ni+ 1

2
,j− 1

2
,k+ 1

2

+ 1
3ρ|ni+ 1

2
,j+ 1

2
,k+ 1

2

, vhy |i+ 1
2
,j,k+ 1

2
≥ 0

1
3ρ|ni+ 1

2
,j− 1

2
,k+ 1

2

+ 5
6ρ|ni+ 1

2
,j+ 1

2
,k+ 1

2

− 1
6ρ|ni+ 1

2
,j+ 3

2
,k+ 1

2

, vhy |i+ 1
2
,j,k+ 1

2
< 0

ρint,hi,z|i+ 1
2
,j+ 1

2
,k :=



























− 1
6ρ|ni+ 1

2
,j+ 1

2
,k− 3

2

+ 5
6ρ|ni+ 1

2
,j+ 1

2
,k− 1

2

+ 1
3ρ|ni+ 1

2
,j+ 1

2
,k+ 1

2

, vhz |i+ 1
2
,j+ 1

2
,k ≥ 0

1
3ρ|ni+ 1

2
,j+ 1

2
,k− 1

2

+ 5
6ρ|ni+ 1

2
,j+ 1

2
,k+ 1

2

− 1
6ρ|ni+ 1

2
,j+ 1

2
,k+ 3

2

, vhz |i+ 1
2
,j+ 1

2
,k < 0 .

❚❤❡ ❋❈❚ ❛❧❣♦r✐t❤♠ t❤❡♥ ♣r♦✈✐❞❡s ❝♦❡✣❝✐❡♥ts

Cρ,x|i,j+ 1
2
,k+ 1

2
, Cρ,y|i+ 1

2
,j,k+ 1

2
, Cρ,z|i+ 1

2
,j+ 1

2
,k,

s✉❝❤ t❤❛t






fρ,FCT,x|i,j+ 1
2
,k+ 1

2

fρ,FCT,y |i+ 1
2
,j,k+ 1

2

fρ,FCT,z |i+ 1
2
,j+ 1

2
,k






: =







fρ,lo,x|i,j+ 1
2
,k+ 1

2

+ Cρ,x|i,j+ 1
2
,k+ 1

2

(fρ,hi,x|i,j+ 1
2
,k+ 1

2

− fρ,lo,x|i,j+ 1
2
,k+ 1

2

)

fρ,lo,y |i+ 1
2
,j,k+ 1

2

+ Cρ,y |i+ 1
2
,j,k+ 1

2

, (fρ,hi,y |i+ 1
2
,j,k+ 1

2

− fρ,lo,y |i+ 1
2
,j,k+ 1

2

)

fρ,lo,z |i+ 1
2
,j+ 1

2
,k

+ Cρ,z |i+ 1
2
,j+ 1

2
,k
(fρ,hi,z |i+ 1

2
,j+ 1

2
,k

− fρ,lo,z |i+ 1
2
,j+ 1

2
,k
)







✇✐❧❧ ❛❝❤✐❡✈❡ ❤✐❣❤ ❛❝❝✉r❛❝② ✐♥ r❡❣✐♦♥s ✇✐t❤ ❧♦✇ ❣r❛❞✐❡♥ts ✐♥ ❞❡♥s✐t② ✇❤✐❧❡ ♠❛✐♥t❛✐♥✐♥❣
♣♦s✐t✐✈✐t② ❛♥❞ ♠♦♥♦t♦♥✐❝✐t②✳ ■t s❤♦✉❧❞ ❜❡ ♠❡♥t✐♦♥❡❞ t❤❛t ❝❤❛r❣❡ ❝♦♥s❡r✈❛t✐♦♥ ✐s
♠❛✐♥t❛✐♥❡❞ ✈❡r② ❡❛s✐❧②✱ s✐♥❝❡ ✇✐t❤ t❤❡ ✜♥✐t❡ ❞✐✛❡r❡♥❝❡ ♦♣❡r❛t♦r

d̂αu|i+ 1
2
,,j+ 1

2
,k+ 1

2
:=











1
∆x (ui+1,j+ 1

2
,k+ 1

2
− ui,j+ 1

2
,k+ 1

2
), α = x

1
∆y (ui+ 1

2
,j+1,k+ 1

2
− ui+ 1

2
,j,k+ 1

2
), α = y

1
∆z (ui+ 1

2
,j+ 1

2
,k+1 − ui+ 1

2
,j+ 1

2
,k), α = z

❢♦r ❛ st❛❣❣❡r❡❞✲❣r✐❞ ✈❛r✐❛❜❧❡ u✱ ●❛✉ss✬ ❧❛✇ ❝❛♥ ❜❡ r❡✇r✐tt❡♥ ✐♥t♦ t❤❡ ❞✐s❝r❡t❡ ❢♦r♠

(
∑

α=x,y,z

d̂αEα|i+ 1
2
,j+ 1

2
,k+ 1

2
)− ρ|i+ 1

2
,j+ 1

2
,k+ 1

2
= ❝♦♥st.

❚❤✐s ✇✐❧❧ ❛❧✇❛②s ❜❡ s❛t✐s✜❡❞ ✐❢✱ ❣✐✈❡♥ ❛ ✢✉① ❛♣♣r♦①✐♠❛t✐♦♥

(fρ,x|i,j+ 1
2
,k+ 1

2
, fρ,y|i+ 1

2
,j,k+ 1

2
fρ,z|i+ 1

2
,j+ 1

2
,k),

♦♥❡ ❦❡❡♣s ✉♣❞❛t✐♥❣ t❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞ ❛♥❞ ❞❡♥s✐t② ❛t t❤❡ s❛♠❡ t✐♠❡✳
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✻✳✻✳ ❙❡♠✐✲▲❛❣r❛♥❣❡ ❝♦♥✈❡❝t✐✈❡ s❝❤❡♠❡

❋♦r ❤✐❣❤✲❛❝❝✉r❛❝② ✇❛❦❡ ✜❡❧❞ s✐♠✉❧❛t✐♦♥s✱ t❤❡ s❝❤❡♠❡ ❢♦r t❤❡ ❞❡♥s✐t② ❡q✉❛t✐♦♥
❝♦♥st✐t✉t❡s t❤❡ ♠♦st ❝r✐t✐❝❛❧ ♣❛rt ♦❢ t❤❡ s♣❛t✐❛❧ ❞✐s❝r❡t✐③❛t✐♦♥✳ ❚❤✐s ✐s ✇❤② t❤❡
st❛❣❣❡r❡❞ ❣r✐❞ ❝♦♥✈❡♥t✐♦♥ ✇❛s ❝❤♦s❡♥✱ ❝♦♠❜✐♥✐♥❣ t❤❡ ❛❞✈❛♥t❛❣❡s ♦❢ ❛♥ ✐♥t❡r♣♦❧❛t✐♦♥✲
❢r❡❡ ♠♦♠❡♥t✉♠ ✉♣❞❛t❡✱ s✐♠♣❧❡ ✢✉① ❝❛❧❝✉❧❛t✐♦♥ ❛♥❞ ♣❡r❢❡❝t ❝❤❛r❣❡ ❝♦♥s❡r✈❛t✐♦♥✳
❍♦✇❡✈❡r✱ t❤✐s ❣r✐❞ ♣♦s❡s ❛ ❝❤❛❧❧❡♥❣❡ r❡❣❛r❞✐♥❣ t❤❡ ❞❡s✐❣♥ ♦❢ ❛ ❞✐s❝r❡t✐③❛t✐♦♥ ♦❢ t❤❡
❝♦♥✈❡❝t✐✈❡ t❡r♠ ✐♥ t❤❡ ♠♦♠❡♥t✉♠ ✉♣❞❛t❡✳ ❚❤❛t ♣r♦❜❧❡♠ ✐s ❛❞r❡ss❡❞ ✈✐❛ ❛ s❡♠✐✲
▲❛❣r❛♥❣❡ ❛❞✈❡❝t✐♦♥ s❝❤❡♠❡✱ ♣r♦❝❡ss✐♥❣ ❡❛❝❤ ♠♦♠❡♥t✉♠ ❝♦♠♣♦♥❡♥t ✐♥❞❡♣❡♥❞❡♥t❧②✳
■t r❡❛❞s ❛s ❢♦❧❧♦✇s✿

✭✶✮ ●✐✈❡♥ α ∈ {x, y, z}✱ ✐♥t❡r♣♦❧❛t❡ t❤❡ r❡♠❛✐♥✐♥❣ t✇♦ ♠♦♠❡♥t✉♠ ❝♦♠♣♦♥❡♥ts
s②♠♠❡tr✐❝❛❧❧② t♦ t❤❡ ♣♦s✐t✐♦♥ ♦❢ phα✱ ♣r❡❝✐s❡❧②

(ph,intx |i,j+ 1
2
,k+ 1

2
, ph,inty |i,j+ 1

2
,k+ 1

2
, ph,intz |i,j+ 1

2
,k+ 1

2
) :=

phx|i,j+ 1
2
,k+ 1

2
,

1

4
(phy |i+ 1

2
,j,k+ 1

2
+ phy |i− 1

2
,j,k+ 1

2
+

phy |i+ 1
2
,j+1,k+ 1

2
+ phy |i− 1

2
,j+1,k+ 1

2
),

1

4
(phz |i+ 1

2
,j+ 1

2
,k + phz |i− 1

2
,j+ 1

2
,k+

phz |i+ 1
2
,j+ 1

2
,k+1 + phz |i− 1

2
,j+ 1

2
,k+1)

❢♦r t❤❡ x✲❝♦♠♣♦♥❡♥t❀ t❤❡ ♦t❤❡r ♠♦♠❡♥t✉♠ ❝♦♠♣♦♥❡♥ts ❛r❡ ❝♦♠♣✉t❡❞
❛♥❛❧♦❣♦✉s❧②✳

✭✷✮ ❋r♦♠ t❤❡s❡ t❤r❡❡ ❧♦❝❛❧✐③❡❞ ♠♦♠❡♥t✉♠ ✈❡❝t♦rs✱ ❝❛❧❝✉❧❛t❡ t❤r❡❡ ✈❡❧♦❝✐t✐❡s

(✈h,int,x|i,j+ 1
2
,k+ 1

2
,✈h,int,y|i+ 1

2
,j,k+ 1

2
,✈h,int,z|i+ 1

2
,j+ 1

2
,k)

✇✐t❤

✈h,int,x|i,j+ 1
2
,k+ 1

2
=

♣h,int,x|i,j+ 1
2
,k+ 1

2
√

1 + ♣h,int,x|2
i,j+ 1

2
,k+ 1

2

✭✸✮ ❯s✐♥❣ t❤❡s❡ ✈❡❧♦❝✐t✐❡s✱ ❜❛❝❦✲tr❛❝❦ t❤❡ tr❛❥❡❝t♦r✐❡s ♦❢ ✈✐rt✉❛❧ ♣❛rt✐❝❧❡s✿

r1,x :=

(i∆x, (j +
1

2
)∆y, (k +

1

2
)∆z)−∆t✈h,int,x|i,j+ 1

2
,k+ 1

2

λx := −vh,int,xx |i,j+ 1
2
,k+ 1

2

∆t

∆x
σx := sgn(λx)

❡t❝✳
✭✹✮ ❖❜t❛✐♥ t❤❡ ✐♥t❡r♣♦❧❛t❡❞ ♠♦♠❡♥t❛ ❛t t❤❡ ♥❡✇ ♣♦s✐t✐♦♥s r1,x, r1,y, r1,z ❛♥❞

✉s❡ t❤❡♠ ❛s t❤❡ ✉♣❞❛t❡❞ s♦❧✉t✐♦♥✳
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❙✐♥❝❡ t❤❡ ❡rr♦r ♦❢ t❤❡ s❡♠✐✲▲❛❣r❛♥❣❡ s❝❤❡♠❡ ❝❛♥ ❛❧s♦ ❝❛✉s❡ s✐❣♥✐✜❝❛♥t ❞❛♠♣✐♥❣
✐♥ t❤❡ s♦❧✉t✐♦♥✱ t❤❡ ✐♥t❡r♣♦❧❛t✐♦♥ s❝❤❡♠❡ ❢♦r ✹ ♠✉st ❜❡ ❝❤♦s❡♥ ❝❛r❡❢✉❧❧②✳ ❙✐♥❝❡
tr✐❧✐♥❡❛r ✐♥t❡r♣♦❧❛t✐♦♥ ❞♦❡s ♥♦t s✉✣❝❡✱ ✇❡ ✉s❡ t❤❡ ♠♦♥♦t♦♥✐❝✐t② ♣r❡s❡r✈✐♥❣ ❝✉❜✐❝
✐♥t❡r♣♦❧❛t✐♦♥ s❝❤❡♠❡ ❢r♦♠ ❬✼✺❪✳ ❚❤✐s s❝❤❡♠❡ ✐s t❤❡♥ ❡①t❡♥❞❡❞ t♦ ❛ ✸❉ ♠♦♥♦t♦♥❡
tr✐❝✉❜✐❝ ♠❡t❤♦❞ ❜② ❝②❝❧✐♥❣ t❤r♦✉❣❤ t❤❡ ❞✐♠❡♥s✐♦♥s✳

❚❤❡ s❡♠✐✲▲❛❣r❛♥❣✐❛♥ s♦❧✈❡r ❢♦r t❤❡ ❤②❞r♦❞②♥❛♠✐❝ ♠♦♠❡♥t✉♠ ✐s t❤❡♥ ❛rr❛♥❣❡❞
s②♠♠❡tr✐❝❛❧❧② ❛r♦✉♥❞ ❛ ❝❡♥tr❛❧ ♣❛rt ❝♦♥s✐st✐♥❣ ♦❢ t❤❡ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s st❛t❡❞
❜❡❧♦✇✳ ❚❤❡s❡ ❡q✉❛t✐♦♥s ❝❛♥ ❜❡ ✇r✐tt❡♥ ✐♥ ❛ s♣❛t✐❛❧❧② ❞✐s❝r❡t✐③❡❞✱ s❡♠✐✲❞✐s❝r❡t❡ ❢♦r♠✿

∂

∂t
Ex|i,j+ 1

2
,k+ 1

2
= −qfρ,FCT,x|i,j+ 1

2
,k+ 1

2
✭✻✳✻✳✶✮

∂

∂t
ρh|i+ 1

2
,j+ 1

2
,k+ 1

2
= −

∑

α=x,y,z

d̂fρ,FCT,α|i+ 1
2
,j+ 1

2
,k+ 1

2
✭✻✳✻✳✷✮

∂

∂t
ph|i,j+ 1

2
,k+ 1

2
= qEx|i,j+ 1

2
,k+ 1

2
✭✻✳✻✳✸✮

✻✳✼✳ ❚✐♠❡ ❞✐s❝r❡t✐③❛t✐♦♥

❚❤❡ ♥❡✇ ❍✲❱▲P▲✸❉ s✐♠✉❧❛t✐♦♥ ❝♦❞❡ ❢♦❧❧♦✇s ❛ ♠♦❞✉❧❛r ❝♦♥❝❡♣t✱ ✇❤✐❝❤ ♠❡❛♥s
t❤❛t t❤❡r❡ ❛r❡ ❢❡✇ ❝r♦ss✲❞❡♣❡♥❞❡♥❝✐❡s ❜❡t✇❡❡♥ ❞✐✛❡r❡♥t ♥✉♠❡r✐❝❛❧ ❝♦❞❡ s❡❝t✐♦♥s✳
❚❤✐s ✐s ✇❤② ✈❛r✐♦✉s t✐♠❡ ✐♥t❡❣r❛t♦r s❝❤❡♠❡s ❝❛♥ ❜❡ ✐♠♣❧❡♠❡♥t❡❞ ✈❡r② ❡❛s✐❧②✳

❚❤❡ ✢✉✐❞ ✐♥t❡❣r❛t♦r ✐s ♥❡st❡❞ ✐♥t♦ t❤❡ ▼❛①✇❡❧❧ s♦❧✈❡r ❛s ❢♦❧❧♦✇s✿

✭✶✮ Bn → Bn+1/2

✭✷✮ En → En+1/2

✭✸✮ ph,n → ph,A✭❙❡♠✐✲▲❛❣r❛♥❣❡ st❡♣✮
✭✹✮ ph,A → ph,B✭▼❛❣♥❡t✐❝ ▲♦r❡♥t③ ❢♦r❝❡ ♣✉s❤✮
✭✺✮ ph,B → ph,∗✭❊❧❡❝tr✐❝ ❢♦r❝❡✮
✭✻✮ (ρh,n,En+1/2) → (ρh,n+1,E∗)
✭✼✮ ph,∗ → ph,C✭❊❧❡❝tr✐❝ ❢♦r❝❡✮
✭✽✮ ph,C → ph,D✭▼❛❣♥❡t✐❝ ▲♦r❡♥t③ ❢♦r❝❡ ♣✉s❤✮
✭✾✮ ph,D → ph,n+1✭❙❡♠✐✲▲❛❣r❛♥❣❡ st❡♣✮
✭✶✵✮ E∗ → En+1

✭✶✶✮ Bn+1/2 → Bn+1

❚❤❡ st❡♣s ✶✱✷✱✶✵✱✶✶ ✐♠♣❧❡♠❡♥t ❛ s♣❧✐tt✐♥❣ s♦❧✈❡r ❢♦r t❤❡ ✇❡❧❧ ❦♥♦✇♥ ❋❉❚❉ ❨❡❡
s❝❤❡♠❡✳ ❆s st❛t❡❞ ✐♥ s❡❝t✐♦♥ ✸✳✹✱ s♣❧✐tt✐♥❣ s❝❤❡♠❡s ❛r❡ ❝♦♥str✉❝t❡❞ ❢r♦♠ ❡①❛❝t
s♦❧✉t✐♦♥s ♦❢ r❡❞✉❝❡❞ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s✳ ❚❤✉s✱ st❡♣s ✶ ❛♥❞ ✶✶ s♦❧✈❡ t❤❡ r❡❞✉❝❡❞
❡q✉❛t✐♦♥

∂

∂t
❇ = −∇×❊

∂

∂t
❊ = 0

❡①❛❝t❧②✳ ❙t❡♣s ✷ ❛♥❞ ✶✵ ✇♦r❦ ✐♥ ❛ s✐♠✐❧❛r ❢❛s❤✐♦♥✳ ❈♦♥s✐❞❡r✐♥❣ t❤❡ st❡♣s ✺ ❛♥❞ ✼
s❤♦✇s ♦♥❡ ♠❛✐♥ ❛❞✈❛♥t❛❣❡ ♦❢

t❤❡ st❛❣❣❡r❡❞ s❝❤❡♠❡ ✇✐t❤ ♣r✐♠✐t✐✈❡ ✈❛r✐❛❜❧❡s✱ ❜❡❝❛✉s❡ t❤❡ r❡❞✉❝❡❞ ❡q✉❛t✐♦♥
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∂

∂t
♣h = q❊

∂

∂t
❊ = 0

❝❛♥ ❛s ✇❡❧❧ ❜❡ s♦❧✈❡❞ ❡①❛❝t❧② ✐♥ ❛ str❛✐❣❤t❢♦r✇❛r❞ ♠❛♥♥❡r✳ ❚❤❡ st❡♣s ✹ ❛♥❞ ✽
✐♠♣❧❡♠❡♥t ❛ ❇♦r✐s ♣✉s❤✳

❆s ♦♣♣♦s❡❞ t♦ t❤❡ st❡♣s ♠❡♥t✐♦♥❡❞ ❜❡❢♦r❡✱ t❤❡r❡ ❛r❡ ♥♦ s✐♠♣❧❡ ❡①❛❝t s♦❧✉t✐♦♥s
❢♦r st❡♣ ✻✳ ■♥st❡❛❞✱ ✇❡ ♥❡❡❞ ❛ ♦♥❡✲st❡♣ t✐♠❡ ✐♥t❡❣r❛t♦r ♦❢ ❛t ❧❡❛st s❡❝♦♥❞ ♦r❞❡r
❛❝❝✉r❛❝②✳ ❯♣ t♦ ♥♦✇✱ ❍✲❱▲P▲✸❉ ❝♦♥t❛✐♥s ❛ ✷♥❞ ♦r❞❡r ❘✉♥❣❡ s♦❧✈❡r ❛s ✇❡❧❧ ❛s ✷♥❞
❛♥❞ ✸r❞ ♦r❞❡r ❍❡✉♥ s❝❤❡♠❡s ❢♦r t❤✐s st❡♣✳

■♥ t❤❡ r❡♠❛✐♥✐♥❣ st❡♣s ✸ ❛♥❞ ✾✱ t❤❡ r❡❞✉❝❡❞ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥

∂

∂t
♣h = −(✈h · ∇)♣h

r❡s❡♠❜❧❡s ❛ r❡❧❛t✐✈✐st✐❝ ✐♥✈✐s❝✐❞ ❇✉r❣❡rs ❡q✉❛t✐♦♥✳ ■t ✇❛s ❢♦✉♥❞ t❤❛t t❤❡ s❡♠✐✲
▲❛❣r❛♥❣❡ ❛❧❣♦r✐t❤♠ ❞❡♣✐❝t❡❞ ❛❜♦✈❡✱ ❛rr❛♥❣❡❞ ❛s ❛ ♣r❡❞✐❝t♦r✲❝♦rr❡❝t♦r s❝❤❡♠❡✱ ❛❝❤✐❡✈❡s
❣♦♦❞ r❡s✉❧ts✳

✻✳✽✳ ■♠♣❧❡♠❡♥t❛t✐♦♥

❚❤✐s ♦♣t✐♠✐③❡❞ ✢✉✐❞ ❞✐s❝r❡t✐③❛t✐♦♥ s❝❤❡♠❡ ❤❛s ❜❡❡♥ ❝♦♠❜✐♥❡❞ ✇✐t❤ t❤❡ ❡①✐st✐♥❣
♣❛rt✐❝❧❡✲✐♥✲❝❡❧❧ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ ❱▲P▲✱ ❢♦r♠✐♥❣ t❤❡ ❍✲❱▲P▲✸❉ ❤②❜r✐❞ ❝♦❞❡✳ ❚❤❡
✢✉✐❞ s♦❧✈❡r ✐s ♥❡st❡❞ ✐♥t♦ t❤❡ ❡①✐st✐♥❣ t✐♠❡ st❡♣✳ ❋❧✉✐❞ ❞❡♥s✐t✐❡s ❛♥❞ ♠♦♠❡♥t❛
❛r❡ st♦r❡❞ ✉s✐♥❣ t❤❡ ●r✐❞❁❚❃ ❣r✐❞ st♦r❛❣❡ t❡♠♣❧❛t❡ ❝❧❛ss✱ ❤❡♥❝❡ t❤❡ ❛❧❣♦r✐t❤♠s
❛r❡ r❡❛❞✐❧② ♣❛r❛❧❧❡❧✐③❡❞ ✇✐t❤ ▼P■✳ ❚❤❡ ❣r✐❞ ✐♥❢♦r♠❛t✐♦♥ ❝❛♥ ❜❡ ♥❛t✉r❛❧❧② ❢❡❞ ✐♥t♦
❱▲P▲s ❡①✐st✐♥❣ ❞❛t❛ st♦r❛❣❡ s②st❡♠ ✐♥ ♦r❞❡r t♦ ❛❝❤✐❡✈❡ ❡❛s② ♦✉t♣✉t ♦❢ s✐♠✉❧❛t✐♦♥
r❡s✉❧ts✳

❚❤❡ ✢✉✐❞ s②st❡♠ ❛❧❧♦✇s ❢♦r t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ❛r❜✐tr❛r② ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✱ ❡✳❣✳
✐♥ ♦r❞❡r t♦ ❧❡t ♣❧❛s♠❛ ✢♦✇ ✐♥t♦ t❤❡ ❜♦① ❢r♦♠ ✐ts ❜♦r❞❡r✳ ❚❤✐s ✐s ❛❧s♦ ♣♦ss✐❜❧❡ ✇❤❡♥
t❤❡ ♠♦✈✐♥❣ ❜♦① ♠♦❞❡ ✐s ❡♥❛❜❧❡❞✳ ■❢ ❞❡s✐r❡❞✱ ♥❡✇ t✐♠❡ ✐♥t❡❣r❛t♦rs ❢♦r ✭✻✳✻✳✶✮✲✭✻✳✻✳✸✮
❝❛♥ ❜❡ ✐♠♣❧❡♠❡♥t❡❞ ✇✐t❤✐♥ ♠✐♥✉t❡s✱ ❛♥❞ t❤❡ ✈✳✐♥✐ ✜❧❡s t❤❡♥ ❧❡t t❤❡ ✉s❡r ❝❤♦♦s❡
❜❡t✇❡❡♥ t❤❡ s❝❤❡♠❡s✳ ■♥s✐❞❡ t❤❡ ❥♦❜ ✐♥✐t✐❛❧✐③❛t✐♦♥ ✜❧❡s✱ ✢✉✐❞ ♣❧❛s♠❛ s♣❡❝✐❡s ❝❛♥
❜❡ ❞❡✜♥❡❞ t❤❡ s❛♠❡ ✇❛② ❛s P■❈ s♣❡❝✐❡s✳ ❲✐t❤ r❡❝❡♥t ❡♥❤❛♥❝❡♠❡♥ts✱ ♦♥❡ ❝❛♥ ❛❧s♦
❞❡✜♥❡ ♠✉❧t✐♣❧❡ ✢✉✐❞ s♣❡❝✐❡s✳

❚❤❡ ❤②❜r✐❞ ❢✉♥❝t✐♦♥❛❧✐t② ♦❢ ❍✲❱▲P▲✸❉ ❝❛♥ ❜❡ t✉r♥❡❞ ♦♥ ❛♥❞ ♦✛ ❡❛s✐❧②✳

✻✳✾✳ Pr♦♣❡rt✐❡s ❛♥❞ ❜❡♥❝❤♠❛r❦✐♥❣ r❡s✉❧ts

❚❤❡ ♥♦✈❡❧ ❍✲❱▲P▲ P■❈✲✢✉✐❞ ❤②❜r✐❞ ❝♦❞❡ ✉♥✐t❡s t❤❡ s✐♠✉❧❛t✐♦♥❛❧ ❝❛♣❛❜✐❧✐t✐❡s
❛♥❞ r✐❝❤♥❡ss ♦❢ t❤❡ ♣❛rt✐❝❧❡✲✐♥✲❝❡❧❧ ❛❧❣♦r✐t❤♠ ✇✐t❤ t❤❡ ❡✣❝✐❡♥❝②✱ s♠♦♦t❤♥❡ss ❛♥❞
s♣❡❡❞ ♦❢ ❛ ❤②❞r♦❞②♥❛♠✐❝ ♣❧❛s♠❛ ❞❡s❝r✐♣t✐♦♥✳ ■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❞❡♠♦♥str❛t❡ ✐ts
❝♦rr❡❝t♥❡ss ✉s✐♥❣ ✈❛r✐♦✉s ♣❤②s✐❝❛❧ ❡①❛♠♣❧❡s✳ ❚❤❡ ❣r✐❞ ❣❡♦♠❡tr② ❝♦♥✈❡♥t✐♦♥ ♦❢ t❤❡
✢✉✐❞ ❞❛t❛ ❛s ✇❡❧❧ ❛s t❤❡ s♣❛t✐❛❧ ❞✐s❝r❡t✐③❛t✐♦♥ ♣❛tt❡r♥ ❤❛s ❜❡❡♥ ❞❡s✐❣♥❡❞ ✇✐t❤ ♣❛rt✐❝✲
✉❧❛r ❡♠♣❤❛s✐s ♦♥ ♥♦✐s❡❧❡ss✱ ❤✐❣❤❧② ❛❝❝✉r❛t❡ s✐♠✉❧❛t✐♦♥s ♦❢ ❞r✐✈❡♥ ♣❧❛s♠❛ ♦s❝✐❧❧❛t✐♦♥s✱
✇❤✐❝❤ ❛r❡ ❡♥❝♦✉♥t❡r❡❞ ✐♥ t❤❡ ❧❛s❡r ✇❛❦❡ ✜❡❧❞ ❛❝❝❡❧❡r❛t✐♦♥ ✭▲❲❋❆✮ ♦r t❤❡ ♣❧❛s♠❛
✇❛❦❡ ✜❡❧❞ ❛❝❝❡❧❡r❛t✐♦♥ ✭P❲❋❆✮ r❡❣✐♠❡s✳ ❚❤❡r❡❢♦r❡✱ ✇❡ ♣❛② ♣❛rt✐❝✉❧❛r ❛tt❡♥t✐♦♥ t♦
t❤❡ ❝♦❞❡✬s ♣❡r❢♦r♠❛♥❝❡ ✐♥ ♠♦❞❡❧✐♥❣ ✇❛❦❡ ✜❡❧❞ s❡t✉♣s✳

■♥ ♦r❞❡r t♦ q✉❛♥t✐❢② t❤❡ ♥❡✇ s②st❡♠✬s s♣❛t✐❛❧ ❛❝❝✉r❛❝②✱ ✇❡ ❤❛✈❡ ❝❛rr✐❡❞ ♦✉t ❛
s❡q✉❡♥❝❡ ♦❢ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ t❡st ❝♦♠♣✉t❛t✐♦♥s✳ ❚❤❡ ❣r✐❞ st❡♣ hx ✐s ✈❛r✐❡❞ ❢r♦♠
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0.1 t♦ 0.01✱ ❛♥❞ t❤❡ r❡s✉❧t ❢♦r t❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞ ✐s ❝♦♠♣❛r❡❞ t♦ ❛ ❤✐❣❤✲r❡s♦❧✉t✐♦♥
r❡❢❡r❡♥❝❡ s✐♠✉❧❛t✐♦♥✳ ❚❤❡ ♠❛① ♥♦r♠ ♦❢ t❤❡ ❡rr♦r ✐s s❤♦✇♥ ✐♥ ✜❣✉r❡ ✻✳✾✳✶✳

10-2 10-1
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❋✐❣✉r❡ ✻✳✾✳✶✳ ❊rr♦r ❛♥❛❧②s✐s ✉s✐♥❣ ❛ s❡r✐❡s ♦❢ ✇❛❦❡ ✜❡❧❞ t❡st s✐♠✉❧❛✲

t✐♦♥s✳ ❚❤❡ ❡rr♦r ❝✉r✈❡ ✐♥❞✐❝❛t❡s s❡❝♦♥❞ ♦r❞❡r s♣❛t✐❛❧ ❛❝❝✉r❛❝②✳

✻✳✶✵✳ ■♥t❡r❛❝t✐♦♥ ✇✐t❤ ❡❧❡❝tr♦♠❛❣♥❡t✐❝ ✇❛✈❡s

❆s ❛ ✜rst t❡st ❢♦r t❤❡ ❝♦❞❡✬s ❝♦rr❡❝t♥❡ss✱ ✐t ✐s ❜❡♥❝❤♠❛r❦❡❞ ❛❣❛✐♥st ❛ ❝♦♥✈❡♥✲
t✐♦♥❛❧ P■❈ ❝♦❞❡ ✭❱▲P▲✮ ✐♥ ❛ s✐♠♣❧❡ r❡❢r❛❝t✐♦♥ ❡①♣❡r✐♠❡♥t✳ ❆ ♥❛rr♦✇✱ s❤♦rt ✈✐rt✉❛❧
❧❛s❡r ❜❡❛♠ ✐s t❛r❣❡t❡❞ ♦♥t♦ ❛ ♣❧❛s♠❛ s✉r❢❛❝❡ ❞✐✈✐❞✐♥❣ t❤❡ s✐♠✉❧❛t✐♦♥ ❜♦① ✐♥t♦ t✇♦
❡q✉❛❧ ♣❛rts✳ ❚❤❡ ♣❧❛s♠❛ ❝♦♥s✐sts ♦❢ ❡❧❡❝tr♦♥s✱ ✇✐t❤ ❛ ❞❡♥s✐t② ♦❢ ③❡r♦ ✐♥ t❤❡ ❧❡❢t ❤❛❧❢
❛♥❞ ne = nc/2 ✐♥ t❤❡ r✐❣❤t ❤❛❧❢✱ ✇❤❡r❡ nc ❞❡♥♦t❡s t❤❡ ❝r✐t✐❝❛❧ ❞❡♥s✐t② ❝♦rr❡s♣♦♥❞✐♥❣
t♦ t❤❡ ❧❛s❡r ❢r❡q✉❡♥❝②✳ ❚❤✐s ♣❧❛s♠❛ ✐s ♠♦❞❡❧❡❞ ✇✐t❤ t❤❡ ❝♦♥✈❡♥t✐♦♥❛❧ P■❈ ❝♦❞❡ ❢♦r
❛ r❡❢❡r❡♥❝❡ s✐♠✉❧❛t✐♦♥ ❛s ✇❡❧❧ ❛s t❤❡ ♥❡✇ ❤②❜r✐❞ ❡①t❡♥s✐♦♥✳ ❚❤❡ r❡s✉❧ts ❛r❡ s❤♦✇♥
✐♥ ✜❣✉r❡ ✻✳✶✵✳✶❀ ❛s ✐t ❝❛♥ ❜❡ ❡❛s✐❧② s❡❡♥✱ t❤❡ ❧✐♥❡❛r ♣❧❛s♠❛ r❡s♣♦♥s❡ ✐s r❡♣r♦❞✉❝❡❞
✈❡r② ❛❝❝✉r❛t❡❧②✳

✻✳✶✶✳ ❲❛❦❡ ✜❡❧❞ s✐♠✉❧❛t✐♦♥s

❚❤❡ t❡st s✐♠✉❧❛t✐♦♥ ❢♦r t❤❡ ❞r✐✈❡♥ ✇❛❦❡ ✜❡❧❞ r❡❣✐♠❡ ✐s s❡t ✉♣ ❛s ❢♦❧❧♦✇s✿ ●✐✈❡♥
t❤❡ ❜❛❝❦❣r♦✉♥❞ ♣❧❛s♠❛ ✇❛✈❡❧❡♥❣t❤ λp✱ ✇❡ ❝❤♦♦s❡ ❛ ✈✐rt✉❛❧ ❜♦① ♦❢ s✐③❡ (Lx, Ly, Lz) =
(32, 1.5, 1.5)λp ❝♦✈❡r❡❞ ❜② ❛♥ ❡q✉✐❞✐st❛♥t ❣r✐❞ ✇✐t❤ r❡s♦❧✉t✐♦♥

(hx, hy, hz) = (0.05, 0.06, 0.06)λp.

❆ ❤♦♠♦❣❡♥❡♦✉s ❜❛❝❦❣r♦✉♥❞ ✇✐t❤ ❞❡♥s✐t② ρh = ρ♣❧❛s♠❛ ✇✐t❤ ρ♣❧❛s♠❛ = (πmc2)/(e2λ2p)
✐s s❡t t♦ ❝♦♥s✐st ♦❢ ❡❧❡❝tr♦♥s✱ r❡♣r❡s❡♥t❡❞ ❛s ❛ ✢✉✐❞✳ ❆ ♣r♦t♦♥ ❜✉♥❝❤ ✐s ♣✉t ♥❡①t t♦ t❤❡
r✐❣❤t ✇❛❧❧ ♦❢ t❤❡ ❜♦①✱ ✇✐t❤ ρp = 0.1ρ♣❧❛s♠❛ exp(−(x/σx)

2 − (x/σy)
2)✱ σx = 0.17λp✱

σr = 0.2λp ❛♥❞ ♠♦♠❡♥t✉♠ ~p = (479mc, 0, 0)✳ ❚❤❡ s✐♠✉❧❛t✐♦♥ r✉♥s ✇✐t❤ ❛ ♠♦✈✐♥❣
❢r❛♠❡✱ ❦❡❡♣✐♥❣ t❤❡ ♣♦s✐t✐♦♥ ♦❢ t❤❡ ♣r♦t♦♥ ❜✉♥❝❤ ✐♥ ✈✐rt✉❛❧ ❣r✐❞ ❝♦♦r❞✐♥❛t❡s ❝♦♥st❛♥t✳
❋✐❣✉r❡ ✻✳✶✶✳✶ s❤♦✇s ❛ s♥❛♣s❤♦t ♦❢ t❤✐s s❡t✉♣ ❛❢t❡r t = 40Tp✱ ✇❤❡r❡ Tp = λp/c✳
❚❤❡ ✸❉ ✈✐s✉❛❧✐③❛t✐♦♥ ❤❛s ❜❡❡♥ ❝✉t t♦ s❤♦✇ ♦♥❧② t❤❡ r✐❣❤t ♣❛rt ♦❢ t❤❡ ❜♦①✱ ✇✐t❤
x ∈ [25.6, 32]✱ ❢♦r t❤❡ s❛❦❡ ♦❢ s✐♠♣❧✐❝✐t②✳ ❆s ❞❡♣✐❝t❡❞✱ t❤❡ ♣r♦t♦♥ ❜✉♥❝❤ ❡①❝✐t❡s ❛
✇❛❦❡ ✜❡❧❞ ✇✐t❤ ❛ ❜❛❝❦❣r♦✉♥❞ ❞❡♥s✐t② ♠♦❞✉❧❛t✐♦♥ ♦❢ ∼ 15%✳ ❖♥❡ ♦❜s❡r✈❡s ❛ ✈❡r②
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❋✐❣✉r❡ ✻✳✶✵✳✶✳ ❙♥❛♣s❤♦t ♦❢ ❛ ❧✐♥❡❛r r❡❢r❛❝t✐♦♥ t❡st ♦❢ t❤❡ ❤②❜r✐❞ ❝♦❞❡✳

❚❤❡ ♣❧❛s♠❛ s✉r❢❛❝❡ ✐s ❛ ❥✉♠♣ ❞✐s❝♦♥t✐♥✉✐t② ❢r♦♠ ne = 0 t♦ ne = 1
2
nc✳

s♠♦♦t❤ ❛♥❞ ❛❝❝✉r❛t❡ ♠♦❞❡❧✐♥❣ ♦❢ t❤❡ ❡✛❡❝t✱ ✇✐t❤ ✈❡r② s❤♦rt s✐♠✉❧❛t✐♦♥ t✐♠❡✳ ■♥ ♦r✲
❞❡r t♦ ❝r♦ss✲❝❤❡❝❦ ❛♥❞ ❛❝❝❡♥t✉❛t❡ t❤❡ ❛❞✈❛♥t❛❣❡ ♦❢ t❤✐s ♠♦❞❡❧✱ ✇❡ ✐♥✐t✐❛❧✐③❡ ❤②❜r✐❞
❛♥❞ ❝♦♥✈❡♥t✐♦♥❛❧ P■❈ s✐♠✉❧❛t✐♦♥s ♦❢ t❤❡ s❛♠❡ ❣❡♦♠❡tr②✱ ✇✐t❤ np = 0.001✱ ✇✐t❤ ❛
❝♦♠♣❛r✐s♦♥ s❤♦✇♥ ✐♥ ✜❣✉r❡ ✻✳✶✶✳✷✳ ❚❤❡ ✜rst ♣✐❝t✉r❡ s❤♦✇s t❤❡ r❡s✉❧t ♦❜t❛✐♥❡❞ ✇✐t❤
t❤❡ ❍✲❱▲P▲ ❝♦❞❡✱ ✇❤✐❧❡ t❤❡ s❡❝♦♥❞ ♦♥❡ ❤❛s ❜❡❡♥ ❝r❡❛t❡❞ r❡♣❧❛❝✐♥❣ t❤❡ ✢✉✐❞ r❡♣r❡✲
s❡♥t❛t✐♦♥ ❜② P■❈ ♠❛❝r♦♣❛rt✐❝❧❡s✳ ❚❤✐s s✐♠✉❧❛t✐♦♥ s✉✛❡rs ❢r♦♠ ❤❡❛✈② ❞✐✛✉s✐♦♥ ❞✉❡
t♦ r❡♣❡❛t❡❞ ✐♥t❡r♣♦❧❛t✐♦♥s r❡q✉✐r❡❞ ❜② t❤❡ ❦✐♥❡t✐❝ s❝❤❡♠❡✳ ◆♦✇ ♦♥❡ ❝♦✉❧❞ ❡①♣❡❝t
t❤❛t ✐♥❝r❡❛s✐♥❣ t❤❡ ♥✉♠❜❡r ♦❢ ♣❛rt✐❝❧❡s ♣❡r ❝❡❧❧ ❝♦✉❧❞ ❛❧❧❡✈✐❛t❡ t❤✐s ❡✛❡❝t❀ ♦♥ t❤❡
❝♦♥tr❛r②✱ t❤❡ ❞✐✛✉s✐♦♥ ❜❡❝♦♠❡s ✇♦rs❡ ✇✐t❤ ♠♦r❡ ♠❛❝r♦♣❛rt✐❝❧❡s ❝❤❛♥❣✐♥❣ t❤❡✐r ❣r✐❞
❝❡❧❧ ❧♦❝❛t✐♦♥ ♠♦r❡ ❢r❡q✉❡♥t❧② ❛♥❞ ❝❛✉s✐♥❣ ❛❞❞✐t✐♦♥❛❧ ❧♦ss ♦❢ ✐♥❢♦r♠❛t✐♦♥✳
❋♦r t❤❡ s❛❦❡ ♦❢ ❝❧❛r✐t② ❛❜♦✉t t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤✐s ♣r♦❜❧❡♠✱ ✇❡ r❡♣❡❛t t❤❡ s✐♠✉❧❛t✐♦♥
✇✐t❤ ♦♥❡ ❤❛❧❢ ♦❢ t❤❡ ✐♥✐t✐❛❧ ❣r✐❞ st❡♣s ✭❝❛✉s✐♥❣ ❛ 16 t✐♠❡s ❧♦♥❣❡r s✐♠✉❧❛t✐♦♥✱ t❤✐r❞
✐♠❛❣❡ ✐♥ ✜❣✉r❡ ✻✳✶✶✳✷✮ ❛♥❞ ♦♥❡ q✉❛rt❡r ♦❢ t❤❡ ✐♥✐t✐❛❧ st❡♣ ✭❝❛✉s✐♥❣ ❛ 256 t✐♠❡s
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❋✐❣✉r❡ ✻✳✶✶✳✶✳ ❙♥❛♣s❤♦t ♦❢ ❛ ❤②❜r✐❞ s✐♠✉❧❛t✐♦♥ ♦❢ ❛ ♣r♦t♦♥ ❞r✐✈❡♥

✇❛❦❡ ✜❡❧❞ ❛t t✐♠❡ t = 40T♣❧❛s♠❛. ❚❤❡ ❝♦❧♦r ♣❧♦t ❛tt❛❝❤❡❞ t♦ t❤❡ ❜♦tt♦♠

✇❛❧❧ s❤♦✇s t❤❡ ❞❡♥s✐t② ♠♦❞✉❧❛t✐♦♥ ♦❢ t❤❡ ✢✉✐❞✳ ❚❤❡ ❜❛❝❦ ✇❛❧❧ ✐♠❛❣❡ ❛s

✇❡❧❧ ❛s t❤❡ ❜❧✉❡ ❛♥❞ ♦r❛♥❣❡ ✐s♦ s✉r❢❛❝❡s ✐❧❧✉str❛t❡ t❤❡ Ex ❡❧❡❝tr✐❝ ✜❡❧❞

❝♦♠♣♦♥❡♥t✳

❧♦♥❣❡r s✐♠✉❧❛t✐♦♥✱ ❢♦✉rt❤ ✐♠❛❣❡✮✳ ❆ ❝♦♥✈❡r❣❡♥t ❜❡❤❛✈✐♦✉r ♦❢ t❤✐s ❞❛t❛ ✐s ♦❜✈✐♦✉s✳
❲❡ ❛❣❛✐♥ ♣♦✐♥t ♦✉t t❤❛t ✇❤✐❧❡ P■❈ ❛❧❣♦r✐t❤♠s ❛r❡ st✐❧❧ ✉♥♠❛t❝❤❡❞ ✐♥ t❤❡✐r r✐❝❤♥❡ss✱
t❤❡✐r ❝♦♥t✐♥✉♦✉s ❧♦ss ♦❢ ✐♥❢♦r♠❛t✐♦♥ ♠❛❦❡s t❤❡♠ ♥❡❡❞ ❛♥ ♦✈❡r❛❧❧ s✐♠✉❧❛t✐♦♥ s✐③❡
♦r❞❡rs ♦❢ ♠❛❣♥✐t✉❞❡ ❧❛r❣❡r ✐♥ ♦r❞❡r t♦ r❡♣r♦❞✉❝❡ t❤❡ ❤②❜r✐❞ r❡s✉❧t✳

❆♥ ❛❞❞✐t✐♦♥❛❧ ❜❡♥❝❤♠❛r❦ ✐s ❞♦♥❡ ❜② t❡st✐♥❣ t❤❡ ❤②❜r✐❞ ❝♦❞❡ ✐♥ t❤❡ ❤✐❣❤❧② ♥♦♥✲
❧✐♥❡❛r r❡❣✐♠❡ ♦❢ ✇❛❦❡ ✜❡❧❞ ❡①❝✐t❛t✐♦♥✳ ❆ ❞❡♥s❡✱ ❤✐❣❤ ❡♥❡r❣② ❣❛✉ss✐❛♥ ♣r♦t♦♥ ❜✉♥❝❤
✇✐t❤ np,max = 0.3n♣❧❛s♠❛✐s ♠❛❞❡ t♦ ♣r♦♣❛❣❛t❡ t❤r♦✉❣❤ ❛ ❜❛❝❦❣r♦✉♥❞ ♣❧❛s♠❛ ✇✐t❤
❝♦♥st❛♥t ❞❡♥s✐t② ρr❡❢✳ ❘❡s✉❧ts ❛t t = 20Tp ❛r❡ s❤♦✇♥ ✐♥ ✜❣✉r❡ ✻✳✶✶✳✸✳ ❍❡r❡✱ t❤❡
❞❡♥s✐t② ✢✉❝t✉❛t✐♦♥ ✐s ❛s ❤✐❣❤ ❛s 1

2ρ♣❧❛s♠❛✱ ♠❛❦✐♥❣ ❝♦♥✈❡❝t✐✈❡ ❡✛❡❝ts s✐❣♥✐✜❝❛♥t✳
❆❣❛✐♥✱ ♦♥❡ ♥♦t✐❝❡s t❤❛t t❤❡ ❤②❞r♦❞②♥❛♠✐❝ ❛❧❣♦r✐t❤♠ s✉❝❝❡❡❞s ❛t r❡♣r♦❞✉❝✐♥❣ t❤❡
♥♦♥❧✐♥❡❛r st❡❡♣❡♥✐♥❣ ♦❢ t❤❡ ✇❛✈❡✱ ❜✉t ✇✐t❤♦✉t t❤❡ ♥♦✐s❡ ❛ P■❈ ❝♦❞❡ ✇♦✉❧❞ ❣❡♥❡r❛t❡✳

❆s ❛ ❧❛st ❜❡♥❝❤♠❛r❦✱ ✇❡ ❤❛✈❡ ♠❡❛s✉r❡❞ q✉❛♥t✐t❛t✐✈❡❧② t❤❡ ♥♦♥✲♣❤②s✐❝❛❧ ❞❛♠♣✲
✐♥❣ ✐♥ ❞r✐✈❡♥ ♣❧❛s♠❛ ♦s❝✐❧❧❛t✐♦♥s✳ ❆❣❛✐♥✱ ❛ ❞r✐✈❡r ♣✉❧s❡ ✇❛s ♠❛❞❡ t♦ ♣r♦♣❛❣❛t❡
t❤r♦✉❣❤ ❛ ✢✉✐❞ ♣❧❛s♠❛✱ ❡①❝✐t✐♥❣ ✇❛❦❡ ✜❡❧❞s✳ ❚❤❡ ♦♥✲❛①✐s Ex ❝♦♠♣♦♥❡♥t ✇❛s ❡①✲
tr❛❝t❡❞ ❛♥❞ ✐ts ❛♠♣❧✐t✉❞❡ ✇❛s ❝❛❧❝✉❧❛t❡❞ ✈✐❛ ❋❋❚✳ ❚❤❡♥✱ ❛ ♣❛r❛♠❡tr✐❝ ❡①♣♦♥❡♥t✐❛❧
❢✉♥❝t✐♦♥ Ex,fit(x) := E0 exp(−x/λ❞❡❝❛②) ✇❛s ✜tt❡❞ t♦ Ex ✇✐t❤ ❧✐♥❡❛r r❡❣r❡ss✐♦♥ ❢♦r
t❤❡ ❝♦♥st❛♥ts E0, λ❞❡❝❛②✳ ❆ t②♣✐❝❛❧ r❡s✉❧t ✐s s❤♦✇♥ ✐♥ ✜❣✉r❡ ✭✻✳✶✶✳✹✮✱ ✇❤❡r❡ ❢♦r ❛
❞r✐✈❡r ❞❡♥s✐t② ♦❢ nd = 0.1 t❤❡ 1/e ❧❡♥❣t❤ ✇❛s ❛s ❧❛r❣❡ ❛s 5559λp.

❊✈❡♥ ❢♦r ❤✐❣❤❡r ❞r✐✈❡r ❞❡♥s✐t✐❡s✱ t❤❡ ❞❛♠♣✐♥❣ ✇❛s ✈❡r② ❧♦✇✱ ✇✐t❤ t❤❡ ❧♦✇❡st 1/e
❧❡♥❣t❤ ♦❜s❡r✈❡❞ ❜❡✐♥❣ ∼ 750λp✳

✻✳✶✷✳ ❙✉♠♠❛r②

■♥ t❤✐s ❝❤❛♣t❡r✱ ❛ ❝♦♠♣r❡❤❡♥s✐✈❡ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ♥♦✈❡❧ ❍✲❱▲P▲✸❉ P■❈✴✢✉✐❞
❤②❜r✐❞ ❝♦❞❡ ✇❛s ❣✐✈❡♥✳ ❚❤❡ ❜❛s✐❝ ✢✉✐❞ ❡q✉❛t✐♦♥s ❛s ✇❡❧❧ ❛s t❤❡ s❝❤❡♠❡s ❢♦r t❤❡ s♣❛✲
t✐❛❧ ❛♥❞ t❡♠♣♦r❛❧ ❞✐s❝r❡t✐③❛t✐♦♥ ❤❛✈❡ ❜❡❡♥ ♣r❡s❡♥t❡❞✳ ❋✉rt❤❡r♠♦r❡✱ ■ ❤❛✈❡ ❞❡s❝r✐❜❡❞
t❤❡ ❝❤❛❧❧❡♥❣❡s✱ ❛♥❞ t❤❡ s♦❧✉t✐♦♥s ❢♦r ✜♥❞✐♥❣ ❛♥ ❛❧❣♦r✐t❤♠ ❝❛♣❛❜❧❡ ♦❢ ♠♦❞❡❧✐♥❣ ✇❛❦❡
✜❡❧❞s ✇✐t❤ ❧♦✇ ❞✐st♦rt✐♦♥s✳ ❚❤❡ ❍✲❱▲P▲✸❉ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ✇❛s t❤❡♥ s✉❝❝❡ss❢✉❧❧②
t❡st❡❞ ♦♥ ✈❛r✐♦✉s ♣❤②s✐❝❛❧ ❡①❛♠♣❧❡s✳
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❋✐❣✉r❡ ✻✳✶✶✳✷✳ ❙♥❛♣s❤♦t ♦❢ t❤❡ Ex ❝♦♠♣♦♥❡♥t ♦❢ ❢♦✉r s✐♠✉❧❛t✐♦♥s ♦❢

t❤❡ s❡t✉♣ ❞❡♣✐❝t❡❞ ♦♥ ♣❛❣❡ ✽✷ ❛❢t❡r t = 40Tref ✳ ❚❤❡ ✇❛❦❡ ✜❡❧❞ ✇❛s

❡①❝✐t❡❞ ❜② ❛ ♣r♦t♦♥ ❜✉♥❝❤ ❞r✐✈❡r✱ ✇❤✐❝❤ ✐s ❧♦❝❛t❡❞ ❥✉st ❛t t❤❡ r✐❣❤t

❜♦① ✇❛❧❧✳ ❚❤❡ P■❈ s✐♠✉❧❛t✐♦♥s ❤❛✈❡ ❜❡❡♥ ❝♦♠♣✉t❡❞ ✇✐t❤ ✐♥❝r❡❛s✐♥❣

r❡s♦❧✉t✐♦♥✱ s❤♦✇✐♥❣ ❝❧❡❛r❧② t❤❛t t❤❡ ❧❛tt❡r s✉✛❡r ❢r♦♠ ♥✉♠❡r✐❝❛❧ ❞✐✛✉s✐♦♥

♦❢ t❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞ ✐♥❢♦r♠❛t✐♦♥ ✇❤✐❧❡ ❝♦♥✈❡r❣✐♥❣ t♦✇❛r❞s t❤❡ ❤②❜r✐❞

r❡s✉❧t✳

❚❤❡ r❡s✉❧ts ❞❡♣✐❝t❡❞ ❛❜♦✈❡ ❣✐✈❡ ❛ ❣♦♦❞ ❥✉st✐✜❝❛t✐♦♥ ❢♦r t❤❡ ❍✲❱▲P▲✸❉ ❝♦❞❡✳
❋♦r t❤❡ r❡❣✐♠❡ ♦❢ ✈❡r② ❧♦♥❣ ✇❛❦❡ ✜❡❧❞s ✇✐t❤♦✉t ✇❛✈❡✲❜r❡❛❦✐♥❣✱ ✐t ✐s ❢❛r ♠♦r❡ ❛❝❝✉r❛t❡
❛♥❞ ❡✣❝✐❡♥t t❤❛♥ t❤❡ P■❈ ♠❡t❤♦❞✳

■ts ❜r❡❛❦✲♦✉t ❝❛♣❛❜✐❧✐t② ♦❢ ♠♦❞❡❧✐♥❣ s✉❝❤ ❤✐❣❤ ♥✉♠❜❡rs ♦❢ ♣❧❛s♠❛ ♦s❝✐❧❧❛t✐♦♥s
✐♠♠❡❞✐❛t❡❧② ✜♥❞s ✐ts ✜rst ❛♣♣❧✐❝❛t✐♦♥✿ ❈❤❛♣t❡r ✼ ❞❡s❝r✐❜❡s ❤♦✇ t❤✐s ❝♦❞❡ ❤❛s ❜❡❡♥
✉s❡❞ ✐♥ t❤❡ s✐♠✉❧❛t✐♦♥ ♦❢ s❡❧❢✲♠♦❞✉❧❛t✐♦♥ ❡✛❡❝ts ♦❢ ❧♦♥❣ ♣r♦t♦♥ ❜✉♥❝❤❡s ✐♥ ♣❧❛s♠❛✳
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❋✐❣✉r❡ ✻✳✶✶✳✸✳ ❋✐rst t❤r❡❡ ♣❧♦ts✿ ❈♦♠♣❛r✐s♦♥ ♦❢ Ex/Ewb✐♥ t❤❡ ♥♦♥✲

❧✐♥❡❛r r❡❣✐♠❡✱ ✇✐t❤ ❛ ❞❡♥s✐t② ✢✉❝t✉❛t✐♦♥ ♦❢ ∼✺✵✪✳ ❚❤❡ ✉♣♣❡r ♣❧♦t s❤♦✇s

t❤❡ P■❈ r❡s✉❧t✱ ❛♥❞ t❤❡ ♠✐❞❞❧❡ ♣❧♦t ❞❡♣✐❝ts t❤❡ ♦✉t❝♦♠❡ ❢r♦♠ t❤❡ ❤②❜r✐❞

s✐♠✉❧❛t✐♦♥✳ ❚❤❡ ❧♦✇❡r ♣❧♦t s❤♦✇s ❛ ✶❉ ❝r♦ss✲s❡❝t✐♦♥ ❛t y = 0✱ ❢♦r P■❈

✭❜❧✉❡✮ ❛♥❞ ❤②❜r✐❞ ✭r❡❞✮ r❡s✉❧ts✳

▲❛st t❤r❡❡ ♣❧♦ts✿ ❈♦♠♣❛r✐s♦♥ ♦❢ P■❈ ✭t♦♣✮ ❛❣❛✐♥st ❤②❜r✐❞ ✭♠✐❞❞❧❡✮ r❡✲

s✉❧t ❢♦r t❤❡ Ex✲❝♦♠♣♦♥❡♥t ✐♥ ✉♥✐ts ♦❢ t❤❡ ✇❛✈❡✲❜r❡❛❦✐♥❣ ✜❡❧❞ Ewb ✐♥

t❤❡ ♥♦♥❧✐♥❡❛r r❡❣✐♠❡ ✇✐t❤ ❛ ♠❛①✐♠✉♠ ❞❡♥s✐t② ✢✉❝t✉❛t✐♦♥ ♦❢ ✶✵✵✪✳ ❚❤❡

❧♦✇❡r ♣❧♦t s❤♦✇s ❛ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ ❝r♦ss✲s❡❝t✐♦♥ ♦❢ t❤❡ s❛♠❡ q✉❛♥t✐t②

❛t y = 0✳



✻✳✶✷✳ ❙❯▼▼❆❘❨ ✽✼

❋✐❣✉r❡ ✻✳✶✶✳✹✳ ❆♥❛❧②s✐s ♦❢ t❤❡ ♥✉♠❡r✐❝❛❧ ❞❛♠♣✐♥❣ ♦❢ Ex ♦❢ ❛
✇❛❦❡ ✜❡❧❞ ✇✐t❤ ❛ ❞r✐✈❡r ❞❡♥s✐t② nd = 0.1✳ ❖♥❡ ♦❜s❡r✈❡s t❤❛t t❤❡r❡
✐s ❛❧♠♦st ♥♦ ❞❛♠♣✐♥❣ ♣r❡s❡♥t✱ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ❛ 1/e ❧❡♥❣t❤ ♦❢
5559λp.



❈❍❆P❚❊❘ ✼

❙✐♠✉❧❛t✐♦♥ ♦❢ ❙❡❧❢✲▼♦❞✉❧❛t❡❞ Pr♦t♦♥ ❉r✐✈❡♥
P❧❛s♠❛ ❲❛❦❡ ❋✐❡❧❞ ❆❝❝❡❧❡r❛t✐♦♥

✼✳✶✳ ■♥tr♦❞✉❝t✐♦♥

P❧❛s♠❛ ✐s ❛ ♣r♦♠✐s✐♥❣ ♠❡❞✐✉♠ ❢♦r ❤✐❣❤ ❣r❛❞✐❡♥t ❛❝❝❡❧❡r❛t✐♦♥ ♦❢ ❝❤❛r❣❡❞ ♣❛r✲
t✐❝❧❡s✳ ■t ❝❛♥ s✉st❛✐♥ ✜❡❧❞s ♦r❞❡rs ♦❢ ♠❛❣♥✐t✉❞❡ ❤✐❣❤❡r t❤❛♥ t❤❡ ❜r❡❛❦❞♦✇♥ ✜❡❧❞s
♦❢ t❤❡ ❝♦♥✈❡♥t✐♦♥❛❧ ❛❝❝❡❧❡r❛t♦rs ❬✶❪✳ ❖♥❡ ❝❛♥ ❡①❝✐t❡ str♦♥❣ ♣❧❛s♠❛ ✇❛✈❡s ❡✐t❤❡r ❜②
❧❛s❡rs ♦r ❜② ❝❤❛r❣❡❞ ♣❛rt✐❝❧❡ ❜❡❛♠s ❬✽✱ ✾❪✳ ❖♥❡ ♦❢ t❤❡ ✈❡r② ❛ttr❛❝t✐✈❡ ❛♣♣r♦❛❝❤❡s
✐s t♦ ✉s❡ ❛❧r❡❛❞② ❡①✐st✐♥❣ ❚❡❱ ♣r♦t♦♥ ❜❡❛♠s ❛s ❛ ❞r✐✈❡r t♦ ❣❡♥❡r❛t❡ ♣❧❛s♠❛ ✇❛❦❡
✜❡❧❞s✳ ❉✉❡ t♦ t❤❡ ❧✐♠✐t❛t✐♦♥ s❡t ❜② t❤❡ tr❛♥s❢♦r♠❡r r❛t✐♦✱ t❤❡ ❡♥❡r❣② ❣❛✐♥ ♦❢ t❤❡
✇✐t♥❡ss ❜❡❛♠ ❝❛♥♥♦t ❜❡ ♠✉❝❤ ❧❛r❣❡r t❤❛♥ t❤❡ ❞r✐✈❡r ❡♥❡r❣② ❬✶✽❪✳ ❊♠♣❧♦②✐♥❣ ❛ ❚❡❱
♣r♦t♦♥ ❞r✐✈❡r ❛❧❧♦✇s ✐♥ ♣r✐♥❝✐♣❧❡ t♦ ❛❝❝❡❧❡r❛t❡ ❛♥ ❡❧❡❝tr♦♥ ❜✉♥❝❤ t♦ ❚❡❱ ❡♥❡r❣✐❡s ✐♥
♦♥❡ s✐♥❣❧❡ st❛❣❡ t❤✉s ❛❧❧❡✈✐❛t✐♥❣ t❡❝❤♥✐❝❛❧ ❜✉r❞❡♥ ♦❢ ♠✉❧t✐st❛❣✐♥❣✳

■t ❤❛s r❡❝❡♥t❧② ❜❡❡♥ s❤♦✇♥ ✉s✐♥❣ ❞❡t❛✐❧❡❞ s✐♠✉❧❛t✐♦♥s ❬✸✱ ✷✵❪ t❤❛t ❛ ❤✐❣❤ ❣r❛❞✐✲
❡♥t ♣❧❛s♠❛ ✇❛❦❡ ✜❡❧❞ ❝❛♥ ❜❡ ❣❡♥❡r❛t❡❞ ✇✐t❤ ❛♥ ✉❧tr❛✲s❤♦rt ❜✉♥❝❤ ♦❢ ♣r♦t♦♥s✳ ■♥ t❤❛t
s❝❡♥❛r✐♦✱ t❤❡ ♣r♦t♦♥ ❜✉♥❝❤ ✇❛s s❤♦rt❡r t❤❛♥ t❤❡ ♣❧❛s♠❛ ✇❛✈❡❧❡♥❣t❤✳ ❯♥❢♦rt✉♥❛t❡❧②✱
s✉❝❤ ✉❧tr❛✲s❤♦rt ♣r♦t♦♥ ❜✉♥❝❤❡s ❛r❡ ♥♦t ❛✈❛✐❧❛❜❧❡ ♣r❡s❡♥t❧②✳ ❚❤❡ ❜✉♥❝❤ ❧❡♥❣t❤ ♦❢ t❤❡
❡①✐st✐♥❣ ❚❡❱✲❝❧❛ss ♣r♦t♦♥ ❜❡❛♠s ❛r❡ ♦❢ ♦r❞❡r L ∼ 10❝♠✳ ❚❤❡ ❝❤❛r❛❝t❡r✐st✐❝ ♣❧❛s♠❛
✜❡❧❞✱ t❤❡ s♦ ❝❛❧❧❡❞ ✇❛✈❡ ❜r❡❛❦✐♥❣ ✜❡❧❞ ✐s E❲❇ = mcωp/e ≈ 96

√

ne(cm−3)❡❱✱ ✇❤❡r❡
ωp =

√

4πnee2/m ✐s t❤❡ ♣❧❛s♠❛ ❢r❡q✉❡♥❝② ❞❡✜♥❡❞ ❜② t❤❡ ❡❧❡❝tr♦♥ ❞❡♥s✐t② ne✳ ❆❝❝❡❧✲
❡r❛t✐♥❣ ❣r❛❞✐❡♥ts ♦❢ ❛ ●❡❱✴♠✲s❝❛❧❡ r❡q✉✐r❡ ♣❧❛s♠❛ ❞❡♥s✐t② ♦❢ ❛t ❧❡❛st ne = 1014❝♠−3

❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ♣❧❛s♠❛ ✇❛✈❡❧❡♥❣t❤ λp ≡ 2πc/ωp ∼ 3♠♠✳ ❚❤✉s✱ t❤❡ ❡①✐st✐♥❣
♣r♦t♦♥ ❜❡❛♠s ❝♦rr❡s♣♦♥❞ t♦ L = (10− 100)λp ❛♥❞ ❝❛♥♥♦t ❡✣❝✐❡♥t❧② ❣❡♥❡r❛t❡ ✇❛❦❡
✜❡❧❞s ✐♥ s✉❝❤ ♣❧❛s♠❛✳ ❚❤❡ s✐t✉❛t✐♦♥ ✇✐t❤ t❤❡ ♣r♦t♦♥ ❜❡❛♠s ✐s ✈❡r② ♠✉❝❤ t❤❡ s❛♠❡
❛s ✐t ✇❛s ✇✐t❤ ❧❛s❡r ♣✉❧s❡s ✐♥ t❤❡ ✽✵✬s ♦❢ t❤❡ ♣r❡✈✐♦✉s ❝❡♥t✉r②✳ ❚❤❡ ❛✈❛✐❧❛❜✐❧✐t②
♦❢ ❧♦♥❣ ❧❛s❡r ♣✉❧s❡s ♥❡❝❡ss✐t❛t❡❞ t❤❡ ✐♥✈❡♥t✐♦♥ ♦❢ ❛ s❡❧❢✲♠♦❞✉❧❛t❡❞ ❧❛s❡r ✇❛❦❡✜❡❧❞
❛❝❝❡❧❡r❛t♦r ✭❙▼✲▲❲❋❆✮❬✷✶❪✳ ❙✉❜s❡q✉❡♥t ♣r♦❣r❡ss ✐♥ ✉❧tr❛✲s❤♦rt ♣✉❧s❡ ❧❛s❡r t❡❝❤✲
♥♦❧♦❣② r❡♠♦✈❡❞ t❤❡ ♥❡❡❞ ❢♦r s❡❧❢✲♠♦❞✉❧❛t✐♦♥ ❛♥❞ ❧❡❛❞ t♦ s✉❝❝❡ss❢✉❧ ♠♦♥♦✲❡♥❡r❣❡t✐❝
❡❧❡❝tr♦♥ ❛❝❝❡❧❡r❛t✐♦♥ ✐♥ t❤❡ ❜✉❜❜❧❡ r❡❣✐♠❡ ❬✶✶❪ t❤❛t r❡❛❝❤❡❞ ●❡❱ ❡♥❡r❣✐❡s✳

❆ ❧♦♥❣ ♣r♦t♦♥ ❜❡❛♠ ♣r♦♣❛❣❛t✐♥❣ ✐♥ ♦✈❡r❞❡♥s❡ ♣❧❛s♠❛ ✐s ❛❧s♦ s✉❜❥❡❝t t♦ s❡❧❢✲
♠♦❞✉❧❛t✐♦♥ ❛t t❤❡ ❜❛❝❦❣r♦✉♥❞ ♣❧❛s♠❛ ✇❛✈❡❧❡♥❣t❤ ❬✷✷❪✳ ❚❤❡ ❡✛❡❝t ♦❢ s❡❧❢✲♠♦❞✉❧❛t✐♦♥
♦♣❡♥s ❛ ♣♦ss✐❜✐❧✐t② t♦ ✉s❡ ❡①✐st✐♥❣ ♣r♦t♦♥ ❜❡❛♠s ❢♦r ❧❛r❣❡ ❛♠♣❧✐t✉❞❡ ✇❛❦❡ ✜❡❧❞ ❡①✲
❝✐t❛t✐♦♥✳ ❆♥ ❡①♣❡r✐♠❡♥t❛❧ ♣r♦❣r❛♠ ✐s ❝✉rr❡♥t❧② ✉♥❞❡r ❝♦♥s✐❞❡r❛t✐♦♥ ❛t ❈❊❘◆✳ ❚❤❡
❙✉♣❡r Pr♦t♦♥ ❙②♥❝❤r♦tr♦♥ ❛t ▲❛r❣❡ ❍❛❞r♦♥ ❈♦❧❧✐❞❡r ✭❙P❙✮ ❜❡❛♠ ✇✐t❤ 450 ●❡❱
♣r♦t♦♥s ✐s ♣r♦♣♦s❡❞ ❛s t❤❡ ❞r✐✈❡r ❢♦r t❤❡ ✐♥✐t✐❛❧ st❛❣❡ ♦❢ t❤❡ ❡①♣❡r✐♠❡♥t❛❧ ❝❛♠♣❛✐❣♥✳
❚❤❡ ✇❛❦❡ ✜❡❧❞ ✇✐❧❧ ❜❡ ✉s❡❞ ❢♦r ❛❝❝❡❧❡r❛t✐♥❣ ❡①t❡r♥❛❧❧② ✐♥❥❡❝t❡❞ ❡❧❡❝tr♦♥s✳ ❚❤❡ ♣❛r✲
t✐❝❧❡s ♠✉st ❜❡ tr❛♣♣❡❞ ✐♥ t❤❡ ✇❛❦❡ ✜❡❧❞✳ ❚❤❡ tr❛♣♣✐♥❣ ❝♦♥❞✐t✐♦♥ ❞❡♣❡♥❞s ♦♥ t❤❡
✇❛❦❡ ✜❡❧❞ ❛♠♣❧✐t✉❞❡ ❛♥❞ ♣❤❛s❡ ✈❡❧♦❝✐t② ❬✹❪✳ ❇❡❝❛✉s❡ ✐t ✐s ❡①♣❡❝t❡❞ t❤❛t t❤❡ ❙P❙
❜❡❛♠ ✇✐❧❧ ❣❡♥❡r❛t❡ ❛ ✇❡❛❦❧②✲♥♦♥❧✐♥❡❛r ♣❧❛s♠❛ ✇❛✈❡ ✇✐t❤ t❤❡ s❛♠❡ ♣❤❛s❡ ✈❡❧♦❝✐t②
υph ❛s t❤❡ s♣❡❡❞ ♦❢ t❤❡ ❞r✐✈❡r✱ ✐t ✐s ♥❛t✉r❛❧ t♦ ❛ss✉♠❡ t❤❛t t❤❡ ❣❛♠♠❛✲❢❛❝t♦r ♦❢ t❤❡

✽✽
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✐♥❥❡❝t❡❞ ❡❧❡❝tr♦♥s γel ♠✉st ❜❡ ❝♦♠♣❛r❛❜❧❡ t♦ t❤❛t ♦❢ t❤❡ ♣r♦t♦♥ ❞r✐✈❡r γp ❢♦r t❤❡♠
t♦ ❜❡ tr❛♣♣❡❞✳ ❆s ❞❡♠♦♥str❛t❡❞ ❜❡❧♦✇✱ t❤❛t ✐s ♥♦t t❤❡ ❝❛s❡ ❜❡❝❛✉s❡ t❤❡ s♣❛t✐♦✲
t❡♠♣♦r❛❧ ♥❛t✉r❡ ♦❢ t❤❡ s❡❧❢✲❢♦❝✉s✐♥❣ ✐♥st❛❜✐❧✐t② ♦❢ t❤❡ ♣r♦t♦♥ ❜✉♥❝❤ ❝♦♥s✐❞❡r❛❜❧②
r❡❞✉❝❡s υph✳

❆❧t❤♦✉❣❤ ✐t ❤❛s ❜❡❡♥ r❡❛❧✐③❡❞ ❢♦r s♦♠❡ t✐♠❡❬✼✻❪ t❤❛t t❤❡ ♣❤❛s❡ ✈❡❧♦❝✐t② ♦❢ t❤❡
♣❧❛s♠❛ ✇❛❦❡ ♣r♦❞✉❝❡❞ ❜② t❤❡ s❡❧❢✲♠♦❞✉❧❛t✐♦♥ ✐♥st❛❜✐❧✐t② ♦❢ ❛ ❧❛s❡r ♣✉❧s❡ ✐s s❧♦✇❡r
t❤❛♥ t❤❡ ♣✉❧s❡✬s ❣r♦✉♣ ✈❡❧♦❝✐t②✱ t❤✐s ✇❛s ♥♦t ❛♥ ✐♠♣♦rt❛♥t ✐ss✉❡ ❜❡❝❛✉s❡ t❤❡ ❧❛s❡r
❣r♦✉♣ ✈❡❧♦❝✐t② ✇❛s ✉s✉❛❧❧② ♠♦❞❡st✳ ❋♦r t❤❡ s❡❧❢✲♠♦❞✉❧❛t❡❞ ♣r♦t♦♥ ❞r✐✈❡r ♣❧❛s♠❛
✇❛❦❡✜❡❧❞ ❛❝❝❡❧❡r❛t♦r ✭❙▼✲P❉P❲❆✮✱ t❤❡ ✇❛❦❡ s❧♦✇❞♦✇♥ ✐s ♦❢ ❝r✐t✐❝❛❧ ✐♠♣♦rt❛♥❝❡✳
■♥ t❤❡ ♥❡①t ❝❤❛♣t❡rs✱ ✇❡ s❤♦✇ t❤❛t t❤❡ ♣❤❛s❡ ✈❡❧♦❝✐t② ♦❢ t❤❡ ✉♥st❛❜❧❡ ✇❛✈❡ ✐s ❞❡✜♥❡❞
♥♦t s♦ ♠✉❝❤ ❜② t❤❡ ❞r✐✈❡r ✈❡❧♦❝✐t②✱ ❜✉t ♠❛✐♥❧② ❜② t❤❡ ✐♥st❛❜✐❧✐t② ❣r♦✇t❤ r❛t❡✳ ❚❤❡
✇❛❦❡ ✜❡❧❞ ✐s ❣r❡❛t❧② s❧♦✇❡❞ ❞♦✇♥ ❛t t❤❡ ❧✐♥❡❛r ✐♥st❛❜✐❧✐t② st❛❣❡ ✇❤❡♥ t❤❡ ❣r♦✇t❤
r❛t❡ ✐s ❛t ✐ts ♠❛①✐♠✉♠✳ ❆t t❤❡ ♥♦♥❧✐♥❡❛r s❛t✉r❛t✐♦♥ st❛❣❡✱ t❤❡ ✇❛❦❡ r❡❛❝❤❡s t❤❡
❞r✐✈❡r ♣❤❛s❡ ✈❡❧♦❝✐t②✳ ❲❡ ❛❧s♦ s❤♦✇ ❛ ✇❛② ❤♦✇ ♦♥❡ ❝❛♥ ♠❛♥✐♣✉❧❛t❡ t❤❡ ✇❛❦❡ ♣❤❛s❡
✈❡❧♦❝✐t② ❜② s♠♦♦t❤ ❧♦♥❣✐t✉❞✐♥❛❧ ❞❡♥s✐t② ❣r❛❞✐❡♥ts✳

❙❡❧❢✲❝♦♥s✐st❡♥t s✐♠✉❧❛t✐♦♥s ♦❢ t❤❡ ❙▼✲P❉P❲❋❆ ❡✛❡❝t ❛r❡ ❞✐✣❝✉❧t ❛♥❞ ✐♠♣♦s❡
s♣❡❝✐❛❧ ❝♦♥❞✐t✐♦♥s ♦♥ t❤❡ s✐♠✉❧❛t✐♦♥ ❝♦❞❡✳ ❈❧❛ss✐❝❛❧ ♣❛rt✐❝❧❡✲✐♥✲❝❡❧❧ ❝♦❞❡s s✉✛❡r
❢r♦♠ ♥✉♠❡r✐❝❛❧ ❞✐s♣❡rs✐♦♥ ❛♥❞ ✜❡❧❞✲t♦✲♣❛rt✐❝❧❡ ✐♥t❡r♣♦❧❛t✐♦♥ ❡rr♦rs✳ ❚❤✐s t❛❦❡s t❤❡
❢♦r♠ ♦❢ ❛ ✇❛❦❡ ✜❡❧❞ ❞❛♠♣✐♥❣ ✇❤✐❝❤ ❤❛s ❛ str♦♥❣ ✐♠♣❛❝t ♦♥ t❤❡ ♠♦❞❡❧✐♥❣ ♦❢ t❤❡
s❡❧❢✲♠♦❞✉❧❛t✐♦♥✳

❍❡♥❝❡✱ t❤❡ s✐♠✉❧❛t✐♦♥s ❛r❡ ❝❛rr✐❡❞ ♦✉t ✇✐t❤ t❤❡ ♥❡✇ ❤②❜r✐❞ ❝♦❞❡ ❍✲❱▲P▲✸❉✱
✇❤✐❝❤ ✇❛s ♣r❡s❡♥t❡❞ ✐♥ ❝❤❛♣t❡r ✻✳ ❲❤✐❧❡ t❤❡ ♣r♦t♦♥ ❜❡❛♠ ❝❛♥ ❜❡ ❞❡s❝r✐❜❡❞ ✇✐t❤
t❤❡ ❝♦♥✈❡♥t✐♦♥❛❧ P■❈ ♠♦❞❡❧✱ t❤❡ ❜❛❝❦❣r♦✉♥❞ ✐s r❡♣r❡s❡♥t❡❞ ♥✉♠❡r✐❝❛❧❧② ❛s ❛ ✢✉✐❞✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ ❝❤❛♣t❡rs ✇✐❧❧ ❜❡ ♦r❣❛♥✐③❡❞ ❛s ❢♦❧❧♦✇s✳ ❚❤❡ ❣❡♥❡r❛❧ s✐♠✉❧❛t✐♦♥
s❡t✉♣ ✐s ❞❡s❝r✐❜❡❞ ✐♥ ❝❤❛♣t❡r ✼✳✷✱ ✇❤✐❝❤ ✇✐❧❧ ❛❧s♦ s❤♦✇ t❤❡ s❡❧❢✲♠♦❞✉❧❛t✐♦♥ ♣r♦❝❡ss
q✉❛❧✐t❛t✐✈❡❧②✳ ■♥ s❡❝t✐♦♥ ✼✳✸✱ ❛♥❛❧②t✐❝❛❧ ♠♦❞❡❧s ♦❢ t❤❡ s❡❧❢✲♠♦❞✉❧❛t✐♦♥ ✐♥st❛❜✐❧✐t② ❛r❡
✐♥tr♦❞✉❝❡❞✳
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✼✳✷✳ ❙✐♠✉❧❛t✐♦♥ s❡t✉♣

❚❤❡ t❡st✐♥❣ ♣❤❛s❡ ♦❢ t❤❡ ❡♥✈✐s✐♦♥❡❞ ❡①♣❡r✐♠❡♥t❛❧ ♣r♦❣r❛♠ ❛t ❈❊❘◆ ✇✐❧❧ ✉s❡
t❤❡ ❙P❙ ❜❡❛♠✳ ■t ❞❡❧✐✈❡rs 1.15 · 1011 ♣r♦t♦♥s ❛t ✹✺✵ ●❡❱✴❝ ✇✐t❤ t❤❡ ♥♦r♠❛❧✐③❡❞
❡♠✐tt❛♥❝❡ ǫn = 3.5µ♠ ❛♥❞ t❤❡ ❧❡♥❣t❤ σz = 12❝♠✳ ❲❡ ✉s❡ t❤❡s❡ ❜❡❛♠ ♣❛r❛♠❡t❡rs ✐♥
♦✉r ✸❉ P■❈ s✐♠✉❧❛t✐♦♥s ✇✐t❤ t❤❡ ♥❡✇❧② ❞❡✈❡❧♦♣❡❞ ❤②❜r✐❞ ❝♦❞❡ ❍✲❱▲P▲✸❉✱ ❝❤❛♣t❡r
✻✳ ❚❤✐s ♥❡✇ ❝♦❞❡ s✐♠✉❧❛t❡s t❤❡ ❜❛❝❦❣r♦✉♥❞ ♣❧❛s♠❛ ❤②❞r♦❞②♥❛♠✐❝❛❧❧② ✇❤✐❧❡ t❤❡
❤✐❣❤ ❡♥❡r❣② ❜❡❛♠s ❛r❡ tr❡❛t❡❞ ✇✐t❤ t❤❡ ❢✉❧❧ ❦✐♥❡t✐❝ ❛❧❣♦r✐t❤♠✳ ❚❤❡ ❤②❞r♦❞②♥❛♠✐❝
♣❛rt ♦❢ t❤❡ ❝♦❞❡ ✐♥tr♦❞✉❝❡s ♠✉❝❤ ❧❡ss ♥✉♠❡r✐❝❛❧ ❞✐s♣❡rs✐♦♥ ✐♥t♦ t❤❡ ♣❧❛s♠❛ ✇❛✈❡s
t❤❛♥ ❛ P■❈ ❝♦❞❡ ✇✐t❤ t❤❡ s❛♠❡ r❡s♦❧✉t✐♦♥✳ ❚❤❡ ❜❡❛♠ ❤❛s ❜❡❡♥ ❢♦❝✉s❡❞ ❞♦✇♥
t♦ σr = 0.19♠♠ ❛♥❞ s❡♥t t❤r♦✉❣❤ ♣❧❛s♠❛ ✇✐t❤ t❤❡ ❢r❡❡ ❡❧❡❝tr♦♥ ❞❡♥s✐t② ne =
7.76 · 1014 ❝♠−3✳ ❚❤❡ ♠❛①✐♠✉♠ ❜❡❛♠ ❞❡♥s✐t② ♦♥ ❛①✐s ✐s nb = 1.5 · 1012 ❝♠−3✳ ❚♦
❛✈♦✐❞ t❤❡ ❜❡❛♠ ❤♦s✐♥❣ ❛♥❞ t♦ ♣r❡✲s❡❡❞ t❤❡ s❡❧❢✲♠♦❞✉❧❛t✐♦♥ ✐♥st❛❜✐❧✐t②✱ ✇❡ ❛ss✉♠❡❞
t❤❡ ❜❡❛♠ ❜❡✐♥❣ ❤❛r❞✲❝✉t ✐♥ t❤❡ ♠✐❞❞❧❡ ❬✷✷❪✳ ❚❤❡ ❜❛s✐❝ s❡t✉♣ ✐s s❤♦✇♥ ✐♥ ✜❣✳ ✼✳✷✳✶✳
❋♦r t❤❡ ❜❛❝❦❣r♦✉♥❞ ❞❡♥s✐t② ne✱ t❤❡ ♣❧❛s♠❛ ✇❛✈❡ ❧❡♥❣t❤ ✐s

λp = 1.2♠♠.

Protons (PIC)

Plasma (Fluid)

❋✐❣✉r❡ ✼✳✷✳✶✳ ❇❛s✐❝ s❡t✉♣ ♦❢ t❤❡ ❙▼✲P❉P❲❋❆ s✐♠✉❧❛t✐♦♥s✳ ❚❤❡ ♣r♦✲

t♦♥ ❜✉♥❝❤ ❝♦♥s✐sts ♦❢ P■❈ ♠❛❝r♦♣❛rt✐❝❧❡s✱ ✇❤✐❧❡ t❤❡ ♣❧❛s♠❛ ✐s ♠♦❞❡❧❡❞

✇✐t❤ t❤❡ ♥❡✇ ✢✉✐❞ ♠♦❞✉❧❡ ♦❢ ❍✲❱▲P▲✸❉✳

❲❡ ❝❤♦s❡ ❛ ❝♦♠♣✉t❛t✐♦♥❛❧ ❞♦♠❛✐♥

D = [0, 256λp]× [0, 1.56λp]× [0, 1.56λp] ,

t❤❡ ❝❡❧❧ s✐③❡
(∆x,∆y,∆z) = (0.05, 0.06, 0.06)

❛♥❞ t❤❡ ✐♥✐t✐❛❧ t✐♠❡ st❡♣
∆t = 0.03.

❆ ♠♦✈✐♥❣ ❢r❛♠❡ ✇❛s ✉s❡❞✱ s❤✐❢t✐♥❣ ❝❡❧❧ ❝♦♥t❡♥ts ✐♥ t❤❡ −x ❞✐r❡❝t✐♦♥ ✇✐t❤ ❛ ✈❡❧♦❝✐t②
vMF = c✳

❚❤❡ ❝♦✉rs❡ ♦❢ ❡✈❡♥ts ♦❢ ❛ t②♣✐❝❛❧ s✐♠✉❧❛t✐♦♥ ❝❛♥ q✉❛❧✐t❛t✐✈❡❧② ❜❡ ❞❡s❝r✐❜❡❞ ❛s
❢♦❧❧♦✇s✿ ❚❤❡ s❤❛r♣ ❜♦r❞❡r ♦❢ t❤❡ ❤❛❧❢✲❝✉t ●❛✉ss ❜❡❛♠ ✐♠♠❡❞✐❛t❡❧② ❡①❝✐t❡s ❛ ✇❡❛❦
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✇❤❡r❡ σθ✱ rb0 ❛♥❞ I(ξ) = f(ξ)r̃2b (ξ̃, τ̃) ❛r❡ t❤❡ ❜❡❛♠ ❛♥❣✉❧❛r ❞✐✈❡r❣❡♥❝❡✱ ✐♥✐t✐❛❧
r❛❞✐✉s✱ ❛♥❞ ❧♦♥❣✐t✉❞✐♥❛❧ ❝✉rr❡♥t ♣r♦✜❧❡✱ r❡s♣❡❝t✐✈❡❧②✱ ❛♥❞ ǫ̃n = σθ/(kβ0rb0)✳ P❡r✲
t✉r❜✐♥❣ ❊q✳✭✼✳✸✳✶✮ ❛❜♦✉t t❤❡ ✐♥✐t✐❛❧ r❛❞✐✉s r̃b = 1+δrb✱ ②✐❡❧❞s t❤❡ ❧✐♥❡❛r✐③❡❞ ❡q✉❛t✐♦♥
❬✷✷❪✿

✭✼✳✸✳✷✮

(

∂2

∂ξ̃2
+ 1

)(

∂2δr̂b
∂τ̃2

+ 3ǫ̃2nδr̂b

)

= δr̂b.

❋♦❧❧♦✇✐♥❣ t❤❡ ❛♣♣r♦❛❝❤ ♦❢ ❇❡rs ❬✼✼❪✱ ✇❡ ✜♥❞ ❛♥ ❛s②♠♣t♦t✐❝ s♦❧✉t✐♦♥ ♦❢ t❤✐s
❡q✉❛t✐♦♥ ❢♦r s✉✣❝✐❡♥t❧② ❧❛t❡ t✐♠❡s✱ τ̃ > Le✱ ✇❤❡r❡ Le ∼ 1/Γ ✐s t❤❡ e✲❢♦❧❞✐♥❣ ❧❡♥❣t❤✱
❛♥❞ Γ ✐s t❤❡ ❣r♦✇t❤ r❛t❡ ♦❢ t❤❡ ✐♥st❛❜✐❧✐t②✳ ❙✉❜st✐t✉t✐♦♥ ♦❢ δrb = δr̂b ❡①♣(−iδωτ̃ +
ikξ̃) ✐♥t♦ ❊q✳ ✭✼✳✸✳✷✮ ②✐❡❧❞s t❤❡ ❞✐s♣❡rs✐♦♥ ❡q✉❛t✐♦♥ δω(k)✳ ❚❤❡ ♣❡❛❦ ❣r♦✇t❤ r❛t❡ ✐s
❝❛❧❝✉❧❛t❡❞ ❬✼✼❪ ❜② ✐♥tr♦❞✉❝✐♥❣ δω

′

= δω − υk✱ ✇❤❡r❡ υ = ξ̃/τ̃ ✱ ❛♥❞ r❡q✉✐r✐♥❣ t❤❛t
D(δω

′

, k) = 0 ❛♥❞ ∂D(δω
′

, k)/∂k = 0✿

(1− k2)(−δω2 + 3ǫ̃2n) = 1,✭✼✳✸✳✸✮

−k(−δω2 + 3ǫ̃2n)− δωυ(1− k2) = 0.✭✼✳✸✳✹✮

❊q✉❛t✐♦♥s ✭✼✳✸✳✸✮ ❛♥❞ ✭✼✳✸✳✹✮ ❧❡❛❞ t♦ t❤❡ st❛♥❞❛r❞ ❞✐s♣❡rs✐♦♥ r❡❧❛t✐♦♥ t②♣✐❝❛❧ ♦❢ t❤❡
❜❡❛♠✲❜r❡❛❦✉♣ ✐♥st❛❜✐❧✐t② ✇❤✐❝❤ ✐s ❦♥♦✇♥ ❬✼✽❪ t♦ ❛❧✇❛②s ♣♦ss❡ss ❛ ❣r♦✇✐♥❣ ♠♦❞❡
✇✐t❤ ℑ(δω) > 0✳ ❚♦ s✐♠♣❧✐❢② t❤❡ ❛❧❣❡❜r❛✱ ✇❡ ❛ss✉♠❡ t❤❛t 3ǫ̃2n = O(1) ❛♥❞ ❝♦♥s✐❞❡r
t❤❡ ✐♥✐t✐❛❧ st❛❣❡ ♦❢ ✐♥st❛❜✐❧✐t② ❝♦rr❡s♣♦♥❞✐♥❣ t♦ k = 1 + δk✱ ✇❤❡r❡ δk ≪ 1✳ ■♥
t❤✐s ❧✐♠✐t δω ≫ ǫ̃n✱ ❛♥❞ ❊qs✳ ✭✼✳✸✳✸✮✱✭✼✳✸✳✹✮ ❛r❡ r❡❞✉❝❡❞ t♦ t❤❡ ❞✐s♣❡rs✐♦♥ r❡❧❛t✐♦♥
δω3 = −υ, ❛♥❞ 4δωυδk2 = −1✳ ❚❤❡ ❝♦♠♣❧❡① r♦♦ts ❛r❡ ❣✐✈❡♥ ❜②

δω± =
1± i

√
3

2

(

ξ̃

τ̃

)1/3

, δk = −1± i
√
3

4

(

τ̃2

ξ̃2

)1/3

.✭✼✳✸✳✺✮

■♥ ♣❤②s✐❝❛❧ ✉♥✐ts✱ t❤❡ ❝♦♥❞✐t✐♦♥ ❢♦r δω ≫ ǫ̃n ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ❛s

✭✼✳✸✳✻✮ t≪ tshort ≡ γ2b
ξ

c

nbm

neM

(

kpr
2
b0

εn

)3

,

✇❤❡r❡ εn = γbσθrb ✐s t❤❡ ♥♦r♠❛❧✐③❡❞ ❜❡❛♠ ❡♠✐tt❛♥❝❡✳ ❚❤❡ ♥✉♠❜❡r ♦❢ ❡✲❢♦❧❞✐♥❣s
✐s ❣✐✈❡♥ ❜② Ne = ℑ(δω)τ̃ − ℑ(δk)ξ̃ = 3ℑ(δω)τ̃ /2✱ ❛♥❞ t❤❡r❡❢♦r❡ t❤❡ ❣r♦✇t❤ r❛t❡

Γ = 3ℑ(δω)/2 = 3
√
3
(

ξ̃I(ξ̃)/τ̃
)1/3

/4✳ ■♥ ❞✐♠❡♥s✐♦♥❛❧ ✈❛r✐❛❜❧❡s✱ t❤❡ ✐♥st❛❜✐❧✐t②

❣r♦✇t❤ r❛t❡ ✐s ❡①♣r❡ss❡❞ ❛s

Γ =
3
√
3

4
ωp

(

nbm

2nempγb

ξ

ct

)1/3

,✭✼✳✸✳✼✮

❛♥❞ t❤❡ ♠❛①✐♠✉♠ ♥✉♠❜❡r ♦❢ ❡✲❢♦❧❞✐♥❣s ❛❝❤✐❡✈❡❞ ❛t t = tshort ✐s

Ne ≈ (3
√
3/4)ξ̃1/3τ̃2/3 = (3

√
3/4)kpLǫ̃

−2/3
n .

◆♦t❡ t❤❛t ❢♦r t❤❡ t②♣✐❝❛❧ ♣❛r❛♠❡t❡rs ♦❢ t❤❡ ❙P❙ ❜❡❛♠ ❛♥❞ ♣❧❛s♠❛ ❞❡♥s✐t② ne =
1014 . . . 1015❝♠−3✱ Ne ≈ 100✳ ❚❤❡r❡❢♦r❡✱ ✐t ✐s ♠♦st ❧✐❦❡❧② t❤❛t t❤❡ s❡❧❢✲♠♦❞✉❧❛t✐♦♥
✐♥st❛❜✐❧✐t② ✇✐❧❧ ❡♥t❡r t❤❡ ♥♦♥❧✐♥❡❛r r❡❣✐♠❡ ♣r✐♦r t♦ t = tshort✱ ❛♥❞ t❤❡ ❛❜♦✈❡ ❛ss✉♠♣✲
t✐♦♥s ✇✐❧❧ r❡♠❛✐♥ ✈❛❧✐❞ t❤r♦✉❣❤♦✉t t❤❡ ❧✐♥❡❛r st❛❣❡ ♦❢ t❤❡ ✐♥st❛❜✐❧✐t②✳

❚❤❡ ❝r✉❝✐❛❧ ♦❜s❡r✈❛t✐♦♥ ✐s t❤❛t δω ❛♥❞ δk ❤❛✈❡ ♥♦t ♦♥❧② ✐♠❛❣✐♥❛r② ♣❛rts r❡✲
s♣♦♥s✐❜❧❡ ❢♦r ✐♥st❛❜✐❧✐t② ❣r♦✇t❤✱ ❜✉t ❛❧s♦ r❡❛❧ ♣❛rts✳ ■t ✐s t❤✐s r❡❛❧ ♣❛rt t❤❛t ❝❤❛♥❣❡s
t❤❡ ✇❛❦❡ ♣❤❛s❡ ✈❡❧♦❝✐t②✳ ❚❤❡ ✇❛❦❡ ♣❤❛s❡ ✐s ψe = (1 + ℜ(δk))ξ̃ − ℜ(δω)τ̃ ✱ ❛♥❞ t❤❡
♣❤❛s❡ ✈❡❧♦❝✐t② υph = υb+(∂ψ/∂τ̃)/(∂ψ/∂ξ̃)ωβ0/ωp✳ ❙✉❜st✐t✉t✐♥❣ ✭✼✳✸✳✺✮ ❢♦r δω ❛♥❞



✼✳✹✳ ❙■▼❯▲❆❚■❖◆ ❘❊❙❯▲❚❙ ✾✸

δk ❛♥❞ ♥❡❣❧❡❝t✐♥❣ s♠❛❧❧ t❡r♠s ♦♥ t❤❡ ♦r❞❡r ♦❢ υ−2/3✱ ✇❡ ♦❜t❛✐♥ t❤❡ ♣❤❛s❡ ✈❡❧♦❝✐t②
♦❢ t❤❡ ❣r♦✇✐♥❣ ♠♦❞❡

✭✼✳✸✳✽✮ υph = υb

[

1− 1

2

(

ξ

ct

)1/3(
I(ξ)nbm

2nempγb

)1/3
]

.

❚❤❡ ✇❛❦❡ ♣❤❛s❡ ✈❡❧♦❝✐t② ✭✼✳✸✳✽✮ ❝❛♥ ❜❡ s✐❣♥✐✜❝❛♥t❧② ❧♦✇❡r t❤❛♥ t❤❡ s♣❡❡❞ ♦❢ t❤❡
❜❡❛♠ ❞✉❡ t♦ t❤❡ ✐♥st❛❜✐❧✐t② ❞✐s♣❡rs✐♦♥✳ ❚❤❡ r❡❧❛t✐✈✐st✐❝ γ−❢❛❝t♦r ♦❢ t❤❡ ✇❛❦❡ ♣❤❛s❡

✈❡❧♦❝✐t② γph =
(

1− υ2ph/c
2
)−1/2

❝❛♥ ❜❡ ❛♥ ♦r❞❡r ♦❢ ♠❛❣♥✐t✉❞❡ ❧♦✇❡r t❤❛♥ t❤❛t ♦❢

t❤❡ ❞r✐✈✐♥❣ ❜❡❛♠✳ ❚❤✐s ❡✛❡❝t ✇✐❧❧ ♣r♦❤✐❜✐t ❡❧❡❝tr♦♥ ❛❝❝❡❧❡r❛t✐♦♥ t♦ ❤✐❣❤ ❡♥❡r❣✐❡s
❛t t❤❡ ✐♥st❛❜✐❧✐t② st❛❣❡✳ ❨❡t✱ ♦♥❡ ❝❛♥ ❡❛s✐❧② s❡❡ ❢r♦♠ t❤❡ ❢♦r♠✉❧❛s t❤❛t t❤❡ ♣❤❛s❡
✈❡❧♦❝✐t② ❞❡❝r❡❛s❡ ✐s ❝❧♦s❡❧② ❝♦♥♥❡❝t❡❞ ✇✐t❤ t❤❡ ✐♥st❛❜✐❧✐t② ❣r♦✇t❤ r❛t❡✳ ❚❤✉s✱ ♦♥❡
♠❛② ❡①♣❡❝t t❤❛t ✇❤❡♥ t❤❡ ✐♥st❛❜✐❧✐t② s❛t✉r❛t❡s✱ t❤❡ ♣❤❛s❡ ✈❡❧♦❝✐t② ♦❢ t❤❡ ✇❛❦❡
❜❡❝♦♠❡s ❝❧♦s❡ t♦ t❤❛t ♦❢ t❤❡ ❜❡❛♠✳ ❚❤✐s ❡✛❡❝t ♠✐❣❤t ❤❡❧♣ t♦ ✐♥❥❡❝t ❧♦✇ ❡♥❡r❣②
❡❧❡❝tr♦♥s ✐♥t♦ t❤❡ ✇❛❦❡ ♦❢ ❛ ❤✐❣❤❧② r❡❧❛t✐✈✐st✐❝ ♣r♦t♦♥ ❜❡❛♠ ❛t ❛ ❧❛t❡r st❛❣❡ ♦❢ t❤❡
✐♥st❛❜✐❧✐t②✱ ❥✉st ❜❡❢♦r❡ t❤❡ ♥♦♥❧✐♥❡❛r s❛t✉r❛t✐♦♥✳

✼✳✹✳ ❙✐♠✉❧❛t✐♦♥ r❡s✉❧ts

❚❤❡ ♠❛✐♥ s✉❜❥❡❝t ♦❢ t❤✐s ✐♥✈❡st✐❣❛t✐♦♥ ✐s t❤❡ ✇❛❦❡ ✜❡❧❞✬s ♣❤❛s❡ ✈❡❧♦❝✐t② vph✱
✇❤✐❝❤ ✐s ✐♠♣♦rt❛♥t ❢♦r ❛ ❧❛t❡r ✐♥❥❡❝t✐♦♥ ♦❢ ♣❛rt✐❝❧❡s✳ ❆❧s♦✱ ✇❡ ❛✐♠ ❢♦r ❛ ✇❛② ♦❢
❝♦♥tr♦❧❧✐♥❣ vph ✈✐❛ ♣❧❛s♠❛ ❞❡♥s✐t② ❣r❛❞✐❡♥ts✳ ❍❡♥❝❡✱ ♦♥❡ ♥❡❡❞s ❛ ♣r♦♣❡r ❞❡✜♥✐t✐♦♥
♦❢ s✉❝❤ ❛ ♣❤❛s❡ ✈❡❧♦❝✐t② ✜rst✳ ❆ ♥❛t✉r❛❧ ❛♣♣r♦❛❝❤ ✐s t♦ ❞❡✜♥❡ ✐t t❤r♦✉❣❤ t❤❡ ♠♦t✐♦♥
♦❢ t❤❡ ❛❝❝❡❧❡r❛t✐♥❣ ♣❤❛s❡s ♦❢ t❤❡ ✜❡❧❞ ❝♦♠♣♦♥❡♥t Ex✳

■♥ ♣r❛❝t✐❝❡✱ ✇❡ ❤❛✈❡ ♦❜t❛✐♥❡❞ ❛ ❣♦♦❞ ❛♣♣r♦①✐♠❛t✐♦♥ ❜② tr❛❝❦✐♥❣ t❤❡ ③❡r♦s ♦❢ Ex

❢r♦♠ ♦♥✲❛①✐s ❞❛t❛ ❡①tr❛❝ts✳ ❚❤✐s ✐s ❞♦♥❡ ❜② ❧✐♥❡❛r❧② ✐♥t❡r♣♦❧❛t✐♥❣ Ex ❛♥❞ r❡tr✐❡✈✐♥❣
t❤❡ ♣♦s✐t✐♦♥s ♦❢ t❤❡ ③❡r♦s ❛t ❛ t✐♠❡ n✳ ❚❤❡s❡ ♣♦s✐t✐♦♥s ❛r❡ t❤❡♥ ♠❛t❝❤❡❞ t♦ t❤❡
❢♦r♠❡r ♦♥❡s ❛t t✐♠❡ n− 1✳ ❋r♦♠ t❤✐s ♣r♦❝❡❞✉r❡ ✇❡ ❤❛✈❡ ♦❜t❛✐♥❡❞ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧
tr❛❥❡❝t♦r✐❡s

✭✼✳✹✳✶✮ (xnα)
NZ ,NT

α,n=1,1

♦❢ t❤❡ Ex ✜❡❧❞ ③❡r♦s✳ ❍❡r❡✱ α ✐s t❤❡ ✐♥❞❡① ♦❢ t❤❡ ③❡r♦ ❛♥❞✱ NZ ✐s t❤❡ t♦t❛❧ ♥✉♠❜❡r
♦❢ ③❡r♦s tr❛❝❦❡❞ ❛♥❞ NT ✐s t❤❡ ♥✉♠❜❡r ♦❢ r❡❝♦r❞❡❞ s♥❛♣s❤♦ts✳ ❚❤❡ ♣❤❛s❡ ✈❡❧♦❝✐t②
✇❛s ♦❜t❛✐♥❡❞ ❜② ❝♦♠♣✉t✐♥❣ t❤❡ ♥✉♠❡r✐❝❛❧ ❞❡r✐✈❛t✐✈❡ ♦❢ ✭✼✳✹✳✶✮✳

❚❤❡ r❡s✉❧ts ❛r❡ ♣r❡s❡♥t❡❞ ✐♥ ❋✐❣✳ ✼✳✹✳✶✳ ❋r♦♠ t❤❡ ❢r❛♠❡ ✭❛✮ ✇❡ s❡❡ t❤❛t t❤❡
❧✐♥❡❛r ✐♥st❛❜✐❧✐t② st❛❣❡ ❧❛sts ❞✉r✐♥❣ t❤❡ ✜rst ✺ ♠❡t❡rs ♦❢ ♣r♦♣❛❣❛t✐♦♥✳ ❚❤❡♥✱ t❤❡
❜❡❛♠ ✐s ❝♦♠♣❧❡t❡❧② ♠♦❞✉❧❛t❡❞ ❛♥❞ t❤❡ ♥♦♥❧✐♥❡❛r s❛t✉r❛t✐♦♥ ✐s r❡❛❝❤❡❞✳ ❚❤❡ ✇❛❦❡
♣❤❛s❡ ✈❡❧♦❝✐t② ✐s s❤♦✇♥ ✐♥ t❤❡ ❢r❛♠❡ ✭❜✮✳ ❆ s✐❣♥✐✜❝❛♥t s❧♦✇❞♦✇♥ ♦❢ t❤❡ ✇❛❦❡
✐s ♦❜s❡r✈❡❞ ❞✉r✐♥❣ t❤❡ ✐♥st❛❜✐❧✐t②✳ ❚❤❡ ❧♦✇❡st ♣❤❛s❡ ✈❡❧♦❝✐t② ✐s r❡❣✐st❡r❡❞ t♦ ❜❡
υph ≈ (1 − 3.5 · 10−4) c✳ ❚❤✐s ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ✇❛❦❡ γ−❢❛❝t♦r γph ≈ 38✳ ❚❤✐s ✐s
❛♥ ♦r❞❡r ♦❢ ♠❛❣♥✐t✉❞❡ ❧♦✇❡r t❤❛♥ t❤❡ γ−❢❛❝t♦r ♦❢ t❤❡ ❞r✐✈✐♥❣ ❜❡❛♠✳ ❚❤❡ ❢r❛♠❡ ✭❝✮
❝♦♠♣❛r❡s t❤❡ s✐♠✉❧❛t✐♦♥ r❡s✉❧t ✭t❤❡ s♦❧✐❞ r❡❞ ❝✉r✈❡✮ ✇✐t❤ t❤❡ ❛♥❛❧②t✐❝ ❡①♣r❡ss✐♦♥
✭✼✳✸✳✽✮✱ ✇❤❡r❡ ✇❡ s✉❜st✐t✉t❡❞ t❤❡ ❙P❙ ❜❡❛♠ ♣❛r❛♠❡t❡rs✳ ❚❤✐s s♥❛♣s❤♦t ♦❢ t❤❡ ✇❛❦❡
♣❤❛s❡ ✈❡❧♦❝✐t② ❤❛s ❜❡❡♥ t❛❦❡♥ ❛t Z = 2.5♠✱ ✐♥ t❤❡ ♠✐❞❞❧❡ ♦❢ t❤❡ ❧✐♥❡❛r ✐♥st❛❜✐❧✐t②
st❛❣❡✳ ❆ r❡❛s♦♥❛❜❧❡ ❛❣r❡❡♠❡♥t ❜❡t✇❡❡♥ t❤❡ s✐♠✉❧❛t✐♦♥ ❛♥❞ t❤❡ ❛♥❛❧②t✐❝❛❧ t❤❡♦r② ✐s
s❡❡♥✳

❚❤❡ ✇❛❦❡ s❧♦✇❞♦✇♥ ❤❛s ❛ ❞r❛♠❛t✐❝ ✐♠♣❛❝t ♦♥ t❤❡ ❡❧❡❝tr♦♥ tr❛♣♣✐♥❣ ❛♥❞ ❛❝✲
❝❡❧❡r❛t✐♦♥✳ ❋✐rst✱ ✐t ❛❧❧♦✇s t♦ tr❛♣ ❧♦✇ ❡♥❡r❣② ❡❧❡❝tr♦♥s ✇❤♦s❡ ✈❡❧♦❝✐t✐❡s ❛r❡ ❝♦♠✲
♣❛r❛❜❧❡ ✇✐t❤ t❤❡ ✇❛❦❡ ✈❡❧♦❝✐t②✳ ❍♦✇❡✈❡r✱ t❤❡ ❡♥❡r❣② ❣❛✐♥ ✐♥ t❤❡ s❧♦✇ ✇❛❦❡ ✐s ✈❡r②
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❋✐❣✉r❡ ✼✳✹✳✶✳ ✭❝♦❧♦r ♦♥❧✐♥❡✮ ✸❉ ❤②❜r✐❞ P■❈ s✐♠✉❧❛t✐♦♥ ♦❢ ❙P❙ ❜❡❛♠

s❡❧❢✲♠♦❞✉❧❛t✐♦♥ ✐♥ ♣❧❛s♠❛ ✇✐t❤ ❝♦♥st❛♥t ❞❡♥s✐t② ne = 7.76 · 1014 ❝♠−3✳

❋r❛♠❡ ✭❛✮ s❤♦✇s ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ ♠❛①✐♠✉♠ ❛❝❝❡❧❡r❛t✐♥❣ ✜❡❧❞✳ ❚❤❡ ❧✐♥✲

❡❛r ✐♥st❛❜✐❧✐t② ♣❡rs✐sts ❢♦r s♦♠❡ ✺ ♠❡t❡rs ❜❡❢♦r❡ t❤❡ ♥♦♥❧✐♥❡❛r s❛t✉r❛t✐♦♥✳

❋r❛♠❡ ✭❜✮ s❤♦✇s t❤❡ ♣❤❛s❡ ✈❡❧♦❝✐t② ♦❢ t❤❡ ✇❛❦❡ ❛s ❛ s✉r❢❛❝❡ ✐♥ ❞❡♣❡♥✲

❞❡♥❝❡ ♦♥ t❤❡ ♣r♦♣❛❣❛t✐♦♥ ❞✐st❛♥❝❡ Z ❛♥❞ t❤❡ ❜❡❛♠ ❝♦♦r❞✐♥❛t❡ ξ✳ ❚❤❡

♣❤❛s❡ ✈❡❧♦❝✐t② ❡①♣❡r✐❡♥❝❡s ❛ ❞❡❡♣ ❞r♦♣ t♦✇❛r❞s t❤❡ t❛✐❧ ♦❢ t❤❡ ❜❡❛♠ ❛t

t❤❡ ❧✐♥❡❛r st❛❣❡ ♦❢ t❤❡ ✐♥st❛❜✐❧✐t②✳ ❲❤❡♥ t❤❡ ❜❡❛♠ ✐s ❝♦♠♣❧❡t❡❧② ♠♦❞✉✲

❧❛t❡❞ ❛♥❞ t❤❡ ✐♥st❛❜✐❧✐t② s❛t✉r❛t❡s ❛t Z > 5♠✱ t❤❡ ✇❛❦❡ ♣❤❛s❡ ✈❡❧♦❝✐t②

s✉r❣❡s ✉♣ t♦ t❤❛t ♦❢ t❤❡ ❞r✐✈✐♥❣ ❜❡❛♠✳ ❋r❛♠❡ ✭❝✮ ❣✐✈❡s ❛ s♥❛♣s❤♦t ♦❢ t❤❡

✇❛❦❡ ♣❤❛s❡ ✈❡❧♦❝✐t② ❛❢t❡r ✷✳✺ ♠❡t❡rs ♦❢ ♣r♦♣❛❣❛t✐♦♥ ❞✐st❛♥❝❡ ✭t❤❡ s♦❧✐❞

r❡❞ ❧✐♥❡✮✳ ❚❤❡ ❜r♦❦❡♥ ❧✐♥❡ ❣✐✈❡s t❤❡ ❛♥❛❧②t✐❝❛❧ ❡①♣r❡ss✐♦♥ ✭✼✳✸✳✽✮✳

❧✐♠✐t❡❞ ❞✉❡ t♦ t❤❡ ❢❛st ❞❡♣❤❛s✐♥❣✳ ❚❤❡ ❡♥❡r❣② ❣❛✐♥ ✐s ❣✐✈❡♥ ❜② t❤❡ ❢♦r♠✉❧❛ ❬✹❪
∆W ≈ 4γ2phmc

2(Emax/EWB)✳ ❆t t❤❡ ❧✐♥❡❛r st❛❣❡ ✇❡ ❤❛✈❡ Emax ≪ EWB ❛♥❞ t❤❡
❡♥❡r❣② ❣❛✐♥ ✐s ❧♦✇ ❢♦r s♠❛❧❧ γph✳ ❚❤❡ ❞❡♣❤❛s✐♥❣✱ ❤♦✇❡✈❡r✱ ❤❛s ❛ ♠✉❝❤ ✇♦rs❡ ❡✛❡❝t✳
■❢ t❤❡ ❡❧❡❝tr♦♥s ❤❛✈❡ ❜❡❡♥ ✐♥❥❡❝t❡❞ ✐♥t♦ t❤❡ ❡❛r❧② ✐♥st❛❜✐❧✐t② ♣❤❛s❡ ♦❢ t❤❡ s❧♦✇ ✇❛❦❡✱
t❤❡② ❝❛♥ ❜❡ ❧♦st ✇❤❡♥ t❤❡② ♦✈❡rt❛❦❡ t❤❡ ✇❛✈❡ ❛♥❞ ❡♥t❡r t❤❡ ❞❡❢♦❝✉s✐♥❣ ♣❤❛s❡✳ ❚❤❡
❞❡♣❤❛s✐♥❣ ❞✐st❛♥❝❡ ✐s kpLd ≈ 2πγ2ph ❛♥❞ ❢♦r t❤❡ s❧♦✇ ✇❛❦❡ ✜❡❧❞ ✐t ❝❛♥ ❜❡ s❤♦rt❡r
t❤❛♥ t❤❡ ✐♥st❛❜✐❧✐t② t✐♠❡✳ ❋♦r t❤✐s r❡❛s♦♥✱ t❤❡ ❡❧❡❝tr♦♥s ♠✉st ❜❡ ✐♥❥❡❝t❡❞ ❛t t❤❡ ❧❛t❡
t✐♠❡ ♦❢ t❤❡ ✐♥st❛❜✐❧✐t②✱ ✇❤❡♥ t❤❡ ♣❤❛s❡ ✈❡❧♦❝✐t② ❜❡❣✐♥s t♦ ❣r♦✇✳ ■♥ ♦✉r s✐♠✉❧❛t✐♦♥✱
t❤❡ s❛❞❞❧❡ ♣♦✐♥t ❢♦r ✐♥❥❡❝t✐♦♥ ✐s ❧♦❝❛t❡❞ ❛r♦✉♥❞ z = 5♠✳ ❚❤❡ ✇❛❦❡ ♣❤❛s❡ ✈❡❧♦❝✐t② ✐s
st✐❧❧ ❧♦✇ ❤❡r❡✱ ❜✉t st❛rts t♦ ❣r♦✇ r❛♣✐❞❧② ❛s t❤❡ ❜❡❛♠ r❡❛❝❤❡s ❝♦♠♣❧❡t❡ ♠♦❞✉❧❛t✐♦♥✳

✼✳✺✳ ❊❧❡❝tr♦♥ s✐❞❡ ✐♥❥❡❝t✐♦♥

❆ ♣♦ss✐❜✐❧✐t② t♦ ✐♥❥❡❝t ❡❧❡❝tr♦♥s ✐♥t♦ t❤❡ ✇❛❦❡ ✐s t❤❡ s✐❞❡ ✐♥❥❡❝t✐♦♥ ❬✼✾❪✳ ■♥ t❤✐s
❝❛s❡✱ ❛ ❜❡❛♠ ♦❢ ❡❧❡❝tr♦♥s ✐s ♣r♦♣❛❣❛t✐♥❣ ❛t ❛ s♠❛❧❧ ❛♥❣❧❡ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❞r✐✈❡r✳
❚❤❡ ❛❞✈❛♥t❛❣❡ ♦❢ t❤❡ s✐❞❡ ✐♥❥❡❝t✐♦♥ ♦✈❡r t❤❡ ♦♥✲❛①✐s ✐♥❥❡❝t✐♦♥ ✐s t❤❛t ❡❧❡❝tr♦♥s ❛r❡
❣r❛❞✉❛❧❧② ✏s✉❝❦❡❞✲✐♥✑ ❜② t❤❡ ✇❛❦❡ tr❛♥s✈❡rs❡ ✜❡❧❞ ❛t t❤❡ r✐❣❤t ♣❤❛s❡✳ ❚❤✐s ❧❡❛❞s t♦
❛ ❤✐❣❤ q✉❛❧✐t② q✉❛s✐✲♠♦♥♦❡♥❡r❣❡t✐❝ ❛❝❝❡❧❡r❛t✐♦♥ ♦❢ ❡❧❡❝tr♦♥s✳
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❚❤❡ ❡♥❡r❣② ♦❢ t❤❡ ❛❝❝❡❧❡r❛t❡❞ ❡❧❡❝tr♦♥s ✐s q✉✐t❡ s❡♥s✐t✐✈❡ t♦ t❤❡✐r ✐♥✐t✐❛❧ ❝♦♥✲
❞✐t✐♦♥s✳ ❍♦✇❡✈❡r✱ ❜❡❝❛✉s❡ ♦❢ t❤❡ ♥❡❣❧✐❣✐❜❧❡ ❝❤❛r❣❡ ♦❢ ❛♥ ❡❧❡❝tr♦♥ ✏✇✐t♥❡ss✑ ❜❡❛♠✱
♦♥❡ ❝❛♥ ♣❡r❢♦r♠ ❣r❡❛t❧② s✐♠♣❧✐✜❡❞ t❡st ♣❛rt✐❝❧❡ s✐♠✉❧❛t✐♦♥s ❤❡r❡✳ ❚❤❡ ✐❞❡❛ ✐s t♦ r✉♥
t✇♦✲st❛❣❡❞ ❝♦♠♣✉t❛t✐♦♥s✿

❋✐rst✱ ❛ ❧❛r❣❡ s❝❛❧❡ s❡❧❢✲❝♦♥s✐st❡♥t s✐♠✉❧❛t✐♦♥ ♦❢ t❤❡ ♣❧❛s♠❛ ✇❛❦❡ ✜❡❧❞ ♦❢ ❛
s❡❧❢✲♠♦❞✉❧❛t✐♥❣ ♣r♦t♦♥ ❜✉♥❝❤ ✐♥ ❞♦♥❡✳ ❚❤❡ ♣❛r❛♠❡t❡rs ❛r❡ t❤❡ s❛♠❡ ❛s ❢♦r t❤❡
✐♥✈❡st✐❣❛t✐♦♥ ❞❡♣✐❝t❡❞ ❛❜♦✈❡✳ ❋r♦♠ t❤✐s s✐♠✉❧❛t✐♦♥✱ t✇♦✲❞✐♠❡♥s✐♦♥❛❧ s♥❛♣s❤♦ts ♦❢
t❤❡ ❡❧❡❝tr♦♠❛❣♥❡t✐❝ ✜❡❧❞s ✇❡r❡ s❛✈❡❞ ✇✐t❤ ❛ ❤✐❣❤ r❡s♦❧✉t✐♦♥ ✐♥ t✐♠❡✳

❚❤❡♥✱ t❤❡ ❱▲P▲ ❝♦❞❡ ✇❛s r✉♥ ✇✐t❤ ✐ts r❡❝❡♥t❧② ✐♠♣❧❡♠❡♥t❡❞ t❡st ♣❛rt✐❝❧❡ ♠♦❞❡✳
❚❤❡ st♦r❡❞ ❞❛t❛ ❢r♦♠ t❤❡ ✜rst s✐♠✉❧❛t✐♦♥ ✇❡r❡ r❡❛❞ ❜② t❤❡ s❡❝♦♥❞ s✐♠✉❧❛t✐♦♥✱
❛♥❞ r❡✲✐♥t❡r♣r❡t❡❞ ❛s ❝②❧✐♥❞r✐❝❛❧❧② s②♠♠❡tr✐❝ ✜❡❧❞s✳ ❱▲P▲✬s ♣❛rt✐❝❧❡ ♠♦❞✉❧❡ ✇❛s
❛❞❛♣t❡❞ ❢♦r t❤✐s ♣✉r♣♦s❡✱ s❦✐♣♣✐♥❣ t❤❡ ❝✉rr❡♥t ❞❡♣♦s✐t✐♦♥ st❡♣✳ ❙✐♥❝❡ t❤❡ ♥❡❡❞ ❢♦r
❣r✐❞ ♦♣❡r❛t✐♦♥s ❛♥❞ ❝✉rr❡♥t ❝❛❧❝✉❧❛t✐♦♥ ✇❛s r❡♠♦✈❡❞✱ s✉❝❤ ❛ ❥♦❜ ❝♦✉❧❞ ❜❡ ❡①❡❝✉t❡❞
♦♥ ♦♥❡ s✐♥❣❧❡ ♣r♦❝❡ss♦r ❝♦r❡✳ ❚❤✉s✱ ❛ ❣r❡❛t ♥✉♠❜❡r ♦❢ ✇✐t♥❡ss ❜❡❛♠ s✐♠✉❧❛t✐♦♥s
✇❛s r✉♥ s✐♠✉❧t❛♥❡♦✉s❧② ✐♥ ♦r❞❡r t♦ s❝❛♥ t❤r♦✉❣❤ t❤❡ ✐♥❥❡❝t✐♦♥ ❛♥❣❧❡s ❛♥❞ ✐♥❥❡❝t✐♦♥
♣♦✐♥ts✳ ❋♦r ❛♥ ✐♥❥❡❝t✐♦♥ ❛♥❣❧❡ θin❛♥❞ r❡❧❛t✐✈✐st✐❝ ❢❛❝t♦r γin✱ t❤❡ ✐♥✐t✐❛❧ ♠♦♠❡♥t✉♠
♦❢ t❤❡ ✇✐t♥❡ss ❜✉♥❝❤ ♠✉st ❜❡ s❡t t♦

pin = mec
√

γ2in − 1





cos θin
sin θin

0



 .

❲❡ ❞❡♥♦t❡ ❜② xhit t❤❡ ❞✐st❛♥❝❡ t❤❡ ♣r♦t♦♥ ❜✉♥❝❤ ❤❛s ♣r♦♣❛❣❛t❡❞ ✐♥ t❤❡ ♣❧❛s♠❛
✉♥t✐❧ ✐t ♠❡❡ts t❤❡ ❡❧❡❝tr♦♥ ✇✐t♥❡ss ❜✉♥❝❤❀ xshift > 0 ✐s t❤❡ ❞✐st❛♥❝❡ ❜❡t✇❡❡♥ t❤❡
♣r♦t♦♥ ❜❡❛♠✬s ❤❡❛❞ ❛♥❞ t❤❡ t❤❡♦r❡t✐❝❛❧ ♣♦✐♥t ✇❤❡r❡ t❤❡ ❡❧❡❝tr♦♥ ❜✉♥❝❤ ♠❡❡ts t❤❡
♣r♦t♦♥s✳ ❆❞❞✐t✐♦♥❛❧❧②✱ ✇❡ ♥❡❡❞ t❤❡ ♣♦s✐t✐♦♥ ♦❢ t❤❡ ❤❡❛❞ ♦❢ t❤❡ ♣r♦t♦♥ ❜✉♥❝❤✱ xhead.
❚❤❡ ✐♥✐t✐❛❧ ❡❧❡❝tr♦♥ ✈❡❧♦❝✐t② ✐s

vin = c

√

1− 1

γ2in





cos θin
sin θin

0



 ,

❛♥❞ t❤❡ t✐♠❡ ♦❢ ❝♦❧❧✐s✐♦♥ ❜❡t✇❡❡♥ t❤❡ t✇♦ ❜✉♥❝❤❡s ✐s ❛♣♣r♦①✐♠❛t❡❧②

thit ≈
xhit
c
.

❚❤❡♥ t❤❡ ✐♥✐t✐❛❧ ♣♦s✐t✐♦♥ ♦❢ t❤❡ ❡❧❡❝tr♦♥s ♠✉st ❜❡ s❡t t♦

re0 =





xhead − xshift + (c− vin,x) thit
−thitvin,y

0



 .

■♥ ❣❡♥❡r❛❧✱ t❤✐s ♣♦s✐t✐♦♥ ❧✐❡s ♦✉ts✐❞❡ ♦❢ t❤❡ s✐♠✉❧❛t✐♦♥ ❜♦①✳ ❆ str❛✐❣❤t❢♦r✇❛r❞ s❡❡❞✲
✐♥❣ ♦❢ ♣❛rt✐❝❧❡s ❛t t❤❡ ❞♦♠❛✐♥ ❜♦r❞❡r ✐♥ ❡❛❝❤ t✐♠❡ st❡♣ ❧❡❛❞s t♦ ✉♥♣❤②s✐❝❛❧ ❞❡♥s✐t②
✢✉❝t✉❛t✐♦♥s✳ ❚❤❡r❡❢♦r❡✱ ✐t ✇❛s ♥❡❝❡ss❛r② t♦ ✐♠♣❧❡♠❡♥t ❛ ❣❡♥❡r❛❧✐③❡❞ ♣❛rt✐❝❧❡ ✐♥❥❡❝✲
t✐♦♥ s②st❡♠✳ ❚❤✐s ♠♦❞✉❧❡ ❦❡❡♣s tr❛❝❦ ♦❢ t❤❡ ♠♦t✐♦♥ ♦❢ ✈✐rt✉❛❧ P■❈ ♠❛❝r♦♣❛rt✐❝❧❡s
✐♥ ♦r❞❡r t♦ ♣✉t t❤❡♠ ✐♥t♦ t❤❡ ❜♦r❞❡r ♦❢ t❤❡ s✐♠✉❧❛t✐♦♥ ❞♦♠❛✐♥ ❥✉st ❛t t❤❡ r✐❣❤t
♠♦♠❡♥t❀ ✐t ❛❧s♦ ✇♦r❦s ✐♥ t❤❡ ♠♦✈✐♥❣ ❢r❛♠❡ ♠♦❞❡✳

❲❡ s❤♦✇ t✇♦ ♦❢ t❤❡s❡ s✐♠✉❧❛t✐♦♥s✱ ✇❤❡r❡ ✇❡ ❤❛✈❡ ✐♥❥❡❝t❡❞ t✇♦ ❜❡❛♠s ♦❢ t❡st
❡❧❡❝tr♦♥s✳ ❚❤❡ ✜rst ❜❡❛♠ ♦❢ ✷✵ ▼❡❱ ❡❧❡❝tr♦♥s ✇❛s ✐♥❥❡❝t❡❞ ♦♥✲❛①✐s t♦❣❡t❤❡r ✇✐t❤
t❤❡ ❞r✐✈✐♥❣ ❜❡❛♠✳ ❚❤✐s ❡❧❡❝tr♦♥ ❡♥❡r❣② r♦✉❣❤❧② ❝♦rr❡s♣♦♥❞❡❞ t♦ t❤❡ ♠✐♥✐♠✉♠ ✇❛❦❡
♣❤❛s❡ ✈❡❧♦❝✐t② ❛t t❤❡ t❛✐❧ ♦❢ t❤❡ ❞r✐✈❡r✳ ❲❡ ❢♦✉♥❞ t❤❛t ❞✉r✐♥❣ t❤❡ ❧✐♥❡❛r ❣r♦✇✐♥❣
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❋✐❣✉r❡ ✼✳✺✳✶✳ ✭❝♦❧♦r ♦♥❧✐♥❡✮ ❊❧❡❝tr♦♥ ❡♥❡r❣② s♣❡❝tr❛ ❛t z = 10♠✳
❚❤❡r❡ ✇❡r❡ t✇♦ ❣r♦✉♣s ♦❢ ❡❧❡❝tr♦♥s✳ ❚❤❡ ♦♥❡ ✇❛s ✐♥❥❡❝t❡❞ ♦♥✲❛①✐s
t♦❣❡t❤❡r ✇✐t❤ t❤❡ ❞r✐✈✐♥❣ ❜❡❛♠✳ ❚❤❡ ❛♥♦t❤❡r ✇❛s s✐❞❡✲✐♥❥❡❝t❡❞ ❛t
t❤❡ ❛♥❣❧❡ ♦❢ ✵✳✵✵✺ r❛❞✐❛♥✱ t❤❡ ❡❧❡❝tr♦♥ ❜❡❛♠ tr❛❥❡❝t♦r② s❤♦✉❧❞ ❝r♦ss
t❤❡ ❞r✐✈❡r ❛①✐s ❛t z = 6♠✱ ξ = 20 ❝♠ ❜❡❤✐♥❞ t❤❡ ❜❡❛♠ ❤❡❛❞✳ ❚❤❡
♦♥✲❛①✐s ✐♥❥❡❝t✐♦♥ ❧❡❛❞ t♦ ❛ ❜r♦❛❞ s♣❡❝tr✉♠ ❛♥❞ ❧♦✇ ❡♥❡r❣② ❣❛✐♥✳
❚❤❡ s✐❞❡ ✐♥❥❡❝t✐♦♥ r❡s✉❧t❡❞ ✐♥ ❛ q✉❛s✐✲♠♦♥♦❡♥❡r❣❡t✐❝ ❜❡❛♠ ❛t ✶✳✷
●❡❱ ❡♥❡r❣② ❛♥❞ ❛❜♦✉t ✶✪ ❡♥❡r❣② s♣r❡❛❞✳ ■♥✐t✐❛❧ ❡❧❡❝tr♦♥ ❡♥❡r❣②
✇❛s ✷✵ ▼❡❱ ❢♦r ♦♥✲❛①✐s ✐♥❥❡❝t✐♦♥ ❛♥❞ ✶✵ ▼❡❱ ❢♦r s✐❞❡ ✐♥❥❡❝t✐♦♥✳

✐♥st❛❜✐❧✐t② st❛❣❡✱ t❤❡s❡ ❡❧❡❝tr♦♥s ❞✐❞ ♠♦r❡ t❤❛t ♦♥❡ ♦s❝✐❧❧❛t✐♦♥ ✐♥ t❤❡ ✇❛❦❡ ♣♦♥❞❡r♦✲
♠♦t✐✈❡ ❜✉❝❦❡t✳ ❋✐♥❛❧❧②✱ ❛❢t❡r ✶✵ ♠❡t❡rs ♦❢ ♣r♦♣❛❣❛t✐♦♥✱ t❤❡ ♠❛①✐♠✉♠ ❡♥❡r❣② ❣❛✐♥
✇❛s ❛❜♦✉t ✷✵✵ ▼❡❱ ✇✐t❤ ❛ r❛t❤❡r ❜r♦❛❞ ❡♥❡r❣② s♣❡❝tr✉♠✱ ❛s s❡❡♥ ✐♥ ❋✐❣✳ ✼✳✺✳✶✳

❚❤❡ s❡❝♦♥❞ ❡❧❡❝tr♦♥ ❜❡❛♠ ✇✐t❤ ✶✵ ▼❡❱ ❡♥❡r❣② ❤❛s ❜❡❡♥ s✐❞❡✲✐♥❥❡❝t❡❞ ❛t t❤❡
❛♥❣❧❡ ♦❢ ✵✳✵✵✺ r❛❞✐❛♥✳ ❚❤❡ ❡❧❡❝tr♦♥ ❜❡❛♠ tr❛❥❡❝t♦r② ✇❛s ❞❡s✐❣♥❡❞ t♦ ❝r♦ss t❤❡
❞r✐✈❡r ❛①✐s ❛t z = 6♠✱ ξ = 20 ❝♠ ❜❡❤✐♥❞ t❤❡ ❜❡❛♠ ❤❡❛❞✳ ❉✉❡ t♦ t❤❡ s♠❛❧❧ ✐♥❥❡❝t✐♦♥
❛♥❣❧❡✱ ❤♦✇❡✈❡r✱ t❤❡ ❡❧❡❝tr♦♥s ❤❛✈❡ ❜❡❡♥ s✉❝❦❡❞ ✐♥ ✐♥t♦ t❤❡ ✇❛❦❡ ♠✉❝❤ ❡❛r❧✐❡r✱ ❛t t❤❡
♣♦s✐t✐♦♥ z ≈ 5♠✳ ❚❤❡ ✇❛❦❡ tr❛♥s✈❡rs❡ ✜❡❧❞s ❤❛✈❡ ♣✉t ♠♦st ♦❢ t❤❡ ❜❡❛♠ ❡❧❡❝tr♦♥s
✐♥t♦ t❤❡ ❢♦❝✉s✐♥❣ ❛♥❞ ❛❝❝❡❧❡r❛t✐♥❣ ♣❤❛s❡✳ ❚❤❡ ❡❧❡❝tr♦♥ ❜❡❛♠ ❛♥❞ ✜❡❧❞ ❝♦♥✜❣✉r❛t✐♦♥
❥✉st ❛❢t❡r t❤❡ ❡❧❡❝tr♦♥s ❡♥t❡r❡❞ t❤❡ ✇❛❦❡ ✐s s❤♦✇♥ ✐♥ ❋✐❣✳ ✼✳✺✳✷✳ ❚❤❡ ❡❧❡❝tr♦♥ ❜❡❛♠
✐s s♣❧✐t ✐♥t♦ ♠✐❝r♦✲❜✉♥❝❤❡s ❧♦❝❛t❡❞ ❡①❛❝t❧② ✐♥ t❤❡ ❛❝❝❡❧❡r❛t✐♥❣ ❛♥❞ ❢♦❝✉s✐♥❣ ♣❤❛s❡s
♦❢ t❤❡ ✇❛❦❡✳ ❉✉❡ t♦ t❤✐s ❝♦♥✜❣✉r❛t✐♦♥✱ t❤❡ s✐❞❡ ✐♥❥❡❝t❡❞ ❜❡❛♠ r❡s✉❧t❡❞ ✐♥ t❤❡
♠❛①✐♠✉♠ ❡♥❡r❣② ❣❛✐♥ ♦❢ ✶✳✷ ●❡❱ ❛♥❞ ❛ r❛t❤❡r ♥❛rr♦✇ ❡♥❡r❣② s♣❡❝tr✉♠✳

❋✐❣✉r❡ ✼✳✺✳✷✳ ✭❝♦❧♦r ♦♥❧✐♥❡✮ ❚❡st ❡❧❡❝tr♦♥ ❜❡❛♠ ✭❞❛r❦ ❣r❡❡♥ ❞✐s❝s✮ ❛♥❞

t❤❡ ❛❝❝❡❧❡r❛t✐♥❣ ✜❡❧❞ ✭t❤❡ r❡❞✲❜❧✉❡ ✇❛✈❡✮ ❥✉st ❛❢t❡r t❤❡ s✐❞❡ ✐♥❥❡❝t✐♦♥ ❛t

z = 5♠✳ ❚❤❡ ❡❧❡❝tr♦♥ ❜❡❛♠ ✐s s♣❧✐t ✐♥t♦ ♠✐❝r♦ ❜✉♥❝❤❡s ❧♦❝❛t❡❞ ❡①❛❝t❧②

✐♥ t❤❡ ❛❝❝❡❧❡r❛t✐♥❣ ❛♥❞ ❢♦❝✉s✐♥❣ ♣❤❛s❡s ♦❢ t❤❡ ✇❛❦❡✳
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❚❤❡ ❧♦✇ ❡♥❡r❣② s♣r❡❛❞ ❛♥❞ ❡✣❝✐❡♥t ❛❝❝❡❧❡r❛t✐♦♥ ♦❢ t❤❡ s✐❞❡ ✐♥❥❡❝t❡❞ ❡❧❡❝tr♦♥s
❛r❡ ❛❧s♦ ❞✉❡ t♦ ❢❛st r✐s❡ ✐♥ t❤❡ ✇❛❦❡ ♣❤❛s❡ ✈❡❧♦❝✐t② ❥✉st ❛❢t❡r t❤❡ ✐♥❥❡❝t✐♦♥ ♣♦s✐t✐♦♥✱
❛s s❡❡♥ ✐♥ ❋✐❣✳ ✼✳✹✳✶✭❜✮✳ ❚❤❡ ❡❧❡❝tr♦♥s ❣❛✐♥ ❡♥❡r❣② ✇❤✐❧❡ st❛②✐♥❣ ✐♥ t❤❡ ❛❝❝❡❧❡r❛t✐♥❣
♣❤❛s❡ ♦❢ t❤❡ ✇❛❦❡✳

✼✳✻✳ P❤❛s❡ ✈❡❧♦❝✐t② ❝♦♥tr♦❧

❲❡ ❤❛✈❡ s❡❡♥ ❛❜♦✈❡ t❤❛t t❤❡ ❣r♦✇✐♥❣ ♠♦❞❡ ✭✼✳✸✳✺✮ ❤❛s t❤❡ ❧♦✇ ♣❤❛s❡ ✈❡❧♦❝✐t②
✭✼✳✸✳✽✮✳ ❚❤❡r❡ ✐s ❛ ✇❛②✱ ❤♦✇❡✈❡r✱ t♦ ♠❛♥❛❣❡ t❤❡ ♣❤❛s❡ ✈❡❧♦❝✐t② ♦❢ t❤❡ ✇❛❦❡ ❜②
❡♠♣❧♦②✐♥❣ ❛ ❣❡♥t❧❡ ❧♦♥❣✐t✉❞✐♥❛❧ ♣❧❛s♠❛ ❞❡♥s✐t② ❣r❛❞✐❡♥t ❛s ✐t ❤❛s ❜❡❡♥ ❞✐s❝✉ss❡❞ ✐♥
❬✽✵❪✳ ❚♦ ❡❧✉❝✐❞❛t❡ t❤❡ ❡✛❡❝t✱ ✇❡ ❤❛✈❡ ♣❡r❢♦r♠❡❞ ❛♥ ❛❞❞✐t✐♦♥❛❧ s✐♠✉❧❛t✐♦♥ ✇✐t❤ t❤❡
s❛♠❡ ❜❡❛♠ ♣❛r❛♠❡t❡rs✱ ❜✉t ✐♥tr♦❞✉❝✐♥❣ ❛ ♣♦s✐t✐✈❡ ♣❧❛s♠❛ ❞❡♥s✐t② ❣r❛❞✐❡♥t✿

ne(z) = ne0(1 + z/d),

✇✐t❤ t❤❡ ❝❤❛r❛❝t❡r✐st✐❝ ❧❡♥❣t❤ d = 200♠✳ ❚❤❡ ♣❤❛s❡ ✈❡❧♦❝✐t② ♦❜t❛✐♥❡❞ ✐♥ t❤✐s
s✐♠✉❧❛t✐♦♥ ✐s s❤♦✇♥ ✐♥ ❋✐❣✳ ✼✳✻✳✶✳

❋✐❣✉r❡ ✼✳✻✳✶✳ ✭❝♦❧♦r ♦♥❧✐♥❡✮ P❤❛s❡ ✈❡❧♦❝✐t② ❝♦♥tr♦❧ ❜② ♣♦s✐t✐✈❡

♣❧❛s♠❛ ❞❡♥s✐t② ❣r❛❞✐❡♥t✳ ❛✮ P❤❛s❡ ✈❡❧♦❝✐t② ❛t ③❂✷✳✺ ♠✳ ❜✮ ❋✉❧❧ ❞②✲

♥❛♠✐❝s ♣✐❝t✉r❡❀ t❤❡ tr❛♥s♣❛r❡♥t ♣❧❛♥❡ ♠❛r❦s t❤❡ s♣❡❡❞ ♦❢ ❧✐❣❤t✳

❚❤❡ ♣❤❛s❡ ✈❡❧♦❝✐t② ❛t t❤❡ ❤❡❛❞ ♦❢ t❤❡ ❜❡❛♠ t❛❦❡s ❛ ❞✐✈❡ ❛s ❞❡✜♥❡❞ ❜② t❤❡
❣r♦✇✐♥❣ ♠♦❞❡ ❞✐s♣❡rs✐♦♥✳ ❍♦✇❡✈❡r✱ t❤❡ ♣♦s✐t✐✈❡ ♣❧❛s♠❛ ❞❡♥s✐t② ❣r❛❞✐❡♥t ❝♦♠♣❡♥✲
s❛t❡s ❢♦r t❤❡ ♠♦❞❡ ❞✐s♣❡rs✐♦♥ ❛♥❞ ❛t t❤❡ t❛✐❧ ♦❢ t❤❡ ❜❡❛♠ t❤❡ ✇❛❦❡ ♣❤❛s❡ ✈❡❧♦❝✐t②
❜❡❝♦♠❡s ❡q✉❛❧ t♦ t❤❡ s♣❡❡❞ ♦❢ ❧✐❣❤t ❛♥❞ ❡✈❡♥ s✉♣❡r❧✉♠✐♥♦✉s✳

■♥ s✉♠♠❛r②✱ ✇❡ ❤❛✈❡ s❤♦✇♥ t❤❛t t❤❡ s❡❧❢✲♠♦❞✉❧❛t✐♦♥❛❧ ✐♥st❛❜✐❧✐t② ♦❢ ❛ ❝❤❛r❣❡❞
❜❡❛♠ ✐♥ ♣❧❛s♠❛ ❝♦rr❡s♣♦♥❞s t♦ ❛ ❣r♦✇✐♥❣ ♠♦❞❡ ✇✐t❤ ❛ s❧♦✇ ♣❤❛s❡ ✈❡❧♦❝✐t②✳ ❚❤❡
✇❛❦❡ ✈❡❧♦❝✐t② ✐s ♠✉❝❤ ❧♦✇❡r t❤❛♥ t❤❛t ♦❢ t❤❡ ❞r✐✈❡r✳ ❚❤❡ ✇❛❦❡ s❧♦✇❞♦✇♥ ✐s ❞✉❡
t♦ t❤❡ r❡❛❧ ♣❛rt ♦❢ t❤❡ ❢r❡q✉❡♥❝② ♦❢ t❤❡ ✉♥st❛❜❧❡ ♠♦❞❡✳ ❆❧t❤♦✉❣❤ t❤✐s ❡✛❡❝t ❧✐♠✐ts
❡❧❡❝tr♦♥ ❡♥❡r❣② ❣❛✐♥ ❛t t❤❡ st❛❣❡ ♦❢ t❤❡ ❧✐♥❡❛r ✐♥st❛❜✐❧✐t② ❣r♦✇t❤✱ t❤❡ ❧♦✇ ♣❤❛s❡
✈❡❧❝♦✐t② ❝❛♥ ❜❡ ❤❛r♥❡ss❡❞ t♦ ✐♥❥❡❝t ❧♦✇ ❡♥❡r❣② ❡❧❡❝tr♦♥s ✐♥t♦ t❤❡ ✇❛❦❡ ♦❢ ❛ ❤✐❣❤❧②
r❡❧❛t✐✈✐st✐❝ ❞r✐✈❡r✳ ❲❡ ❛❧s♦ ❤❛✈❡ s❤♦✇♥ t❤❛t t❤❡ s✐❞❡ ✐♥❥❡❝t✐♦♥ ♦❢ ❡❧❡❝tr♦♥s ❛t ❛
s♠❛❧❧ ❛♥❣❧❡ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❞r✐✈❡r ❛①✐s ♠❛② ❞r❛st✐❝❛❧❧② ✐♠♣r♦✈❡ t❤❡ q✉❛❧✐t② ♦❢
❛❝❝❡❧❡r❛t✐♦♥✳ ❚❤❡ tr❛♥s✈❡rs❡ ✜❡❧❞ ♦❢ t❤❡ ✇❛❦❡ s✉❝❦s ✐♥ t❤❡ ✐♥❥❡❝t❡❞ ❡❧❡❝tr♦♥s ❛♥❞
❛✉t♦♠❛t✐❝❛❧❧② ♣✉ts t❤❡♠ ✐♥t♦ t❤❡ r✐❣❤t ❛❝❝❡❧❡r❛t✐♦♥ ♣❤❛s❡✳ ❋✐♥❛❧❧②✱ ✇❡ s❤♦✇ t❤❛t
t❤❡ ✇❛❦❡ ♣❤❛s❡ ✈❡❧♦❝✐t② ❝❛♥ ❜❡ ❝♦♥tr♦❧❧❡❞ ❜② ❛ ❧♦♥❣✐t✉❞✐♥❛❧ ♣❧❛s♠❛ ❞❡♥s✐t② ❣r❛❞✐❡♥t✳



✼✳✼✳ ❈❖❍❊❘❊◆❚ ❚❘❆◆❙■❚■❖◆ ❘❆❉■❆❚■❖◆ ❋❖❘ ❙❊▲❋✲▼❖❉❯▲❆❚■❖◆ ▼❊❆❙❯❘❊▼❊◆❚ ✾✽

✼✳✼✳ ❈♦❤❡r❡♥t ❚r❛♥s✐t✐♦♥ ❘❛❞✐❛t✐♦♥ ❢♦r ❙❡❧❢✲▼♦❞✉❧❛t✐♦♥ ▼❡❛s✉r❡♠❡♥t

❆s ♠❡♥t✐♦♥❡❞ ❛❜♦✈❡✱ t❤❡r❡ ✐s ❛ ❝♦❧❧❛❜♦r❛t✐♦♥ ❢♦r ❛ ♣❧❛s♠❛ ✇❛❦❡ ✜❡❧❞ ❛❝❝❡❧✲
❡r❛t✐♦♥ ❡①♣❡r✐♠❡♥t ❜❛s❡❞ ♦♥ t❤❡ ❙▼✲P❉P❲❋❆ ❡✛❡❝t✳ ■t ❛✐♠s ❛t ❜✉✐❧❞✐♥❣ ✉♣ ❛♥
❡①♣❡r✐♠❡♥t❛❧ s❡t✉♣ ❛t ❈❊❘◆✱ ✇❤✐❝❤ ✉t✐❧✐③❡s ✹✺✵ ●❡❱ ♣r♦t♦♥ ❜✉♥❝❤❡s ❢r♦♠ t❤❡ ❙P❙
❛❝❝❡❧❡r❛t♦r✳ ❚❤❡r❡ ✐s ❛ ♥✉♠❜❡r ♦❢ ♦♣❡♥ q✉❡st✐♦♥s ❝♦♥❝❡r♥✐♥❣ t❤❡ ♣❧❛s♠❛ ❣❡♥❡r❛t✐♦♥✱
t❤❡ ❣❡♦♠❡tr② ♦❢ t❤❡ ❞❡✈✐❝❡s ❛♥❞ t❤❡ ♠❡t❤♦❞s ♦❢ ♠❡❛s✉r❡♠❡♥t✳ ❖♥❡ ✐♥t❡r❡st✐♥❣ ♣r♦❜✲
❧❡♠ ✐s ❤♦✇ t♦ ❞❡t❡❝t t❤❡ st❛t❡ ♦❢ t❤❡ ❞r✐✈✐♥❣ ❜✉♥❝❤ ❛❢t❡r ✐t ❤❛s ♣❛ss❡❞ t❤❡ ♣❧❛s♠❛
❝❤❛♥♥❡❧✳ ❚❤❡ s❡❧❢✲♠♦❞✉❧❛t✐♦♥ ❡✛❡❝t ❝❛✉s❡s t❤❡ ❞r✐✈❡r t♦ ❜❡ ❝♦♥str✐❝t❡❞ ✲ ❤♦✇❡✈❡r
t❤❡ t♦t❛❧ ❝✉rr❡♥t t❤r♦✉❣❤ ❛ ♣❧❛♥❡ ♣❡r♣❡♥❞✐❝✉❧❛r t♦ t❤❡ ♣r♦♣❛❣❛t✐♦♥ ❞✐r❡❝t✐♦♥ ✐s ♥♦t
❛❧t❡r❡❞✳ ❆❞❞✐t✐♦♥❛❧❧②✱ t❤❡ ❜✉♥❝❤ ♠❛② s✉✛❡r ❢r♦♠ t❤❡ ❤♦s✐♥❣ ✐♥st❛❜✐❧✐t②✱ ✇❤✐❝❤ s❤✐❢ts
t❤❡ ❜✉♥❝❤ ♣❡r✐♦❞✐❝❛❧❧② ✐♥ tr❛♥s✈❡rs❛❧ ❞✐r❡❝t✐♦♥✳ ❚❤✐s r❡s✉❧ts ✐♥ ❛ s♥❛❦❡✲❧✐❦❡ s❤❛♣❡✱
❜❡✐♥❣ ❛♥ ✉♥❞❡s✐r❛❜❧❡ ♦✉t❝♦♠❡✳ ❍❡r❡✱ ♦♥❡ ♥❡❡❞s ❛ ❞✐❛❣♥♦s✐s t♦♦❧ ❢♦r t❤❡ ❧♦♥❣✐t✉❞✐♥❛❧
str✉❝t✉r❡ ♦❢ t❤❡ ❜✉♥❝❤✳

❖♥❡ ♦❢ t❤❡ ♠♦st ❝♦♠♠♦♥ t❡❝❤♥✐q✉❡s ❢♦r t❤✐s ♣r♦❜❧❡♠ ✐s t❤❡ ❈♦❤❡r❡♥t ❚r❛♥s✐t✐♦♥
❘❛❞✐❛t✐♦♥ ♠❡t❤♦❞❬✽✶✱ ✽✷✱ ✽✸✱ ✽✹✱ ✽✺❪✳ ■t ❤❛s ♣r♦✈❡♥ ♣❛rt✐❝✉❧❛r❧② ✉s❡❢✉❧ ✐♥ t❤❡
str✉❝t✉r❛❧ ✐♥✈❡st✐❣❛t✐♦♥ ♦❢ ❧❛s❡r✲♣❧❛s♠❛ ❛❝❝❡❧❡r❛t❡❞ ❡❧❡❝tr♦♥ ❜✉♥❝❤❡s ❬✽✻✱ ✽✼✱ ✽✽❪✳
❲❤❡♥ ❛ ❝❤❛r❣❡❞ ♣❛rt✐❝❧❡ ♣r♦♣❛❣❛t❡s t❤r♦✉❣❤ ❛ ❞✐❡❧❡❝tr✐❝ ♠❡❞✐✉♠ ❢♦r s♦♠❡ t✐♠❡✱
✐ts s✉rr♦✉♥❞✐♥❣ ✜❡❧❞ r❡❛❝❤❡s ❛ st❡❛❞②✲st❛t❡ s♦❧✉t✐♦♥✳ ❆ s❤❛r♣ ❜♦✉♥❞❛r② ✐♥ t❤❡
❜❛❝❦❣r♦✉♥❞ ♣❡r♠✐tt✐✈✐t② ❝❛✉s❡s ❛ ❞✐✛❡r❡♥t s✉rr♦✉♥❞✐♥❣ ✜❡❧❞❀ t❤❡ ✉♥♠❛t❝❤❡❞ ✜❡❧❞
✐s r❛❞✐❛t❡❞✳

▲❡t ✉s ❝♦♥s✐❞❡r ❛ tr❛♥s✐t✐♦♥ r❛❞✐❛t✐♦♥ ❡♠✐tt❡❞ ❜② ❛ ♣❛rt✐❝❧❡ ❜✉♥❝❤ ❛s ✐t tr❛✲
✈❡rs❡s ♥♦r♠❛❧❧② ❛ ❝♦♥❞✉❝t♦r ♣❧❛t❡✳ ❚❤❡ ✐♥t❡r❛❝t✐♦♥ ❣❡♦♠❡tr② ✐s ✐❧❧✉str❛t❡❞ ✐♥ ❋✐❣✳
✼✳✼✳✶✳ ❲❤❡♥ ❛♥ ❡❧❡♠❡♥t❛r② ❝❤❛r❣❡ dq ❡①✐ts ❢r♦♠ t❤❡ ❝♦♥❞✉❝t✐♥❣ ♣❧❛t❡ ✐♥ t❤❡ ♥♦r♠❛❧
❞✐r❡❝t✐♦♥ ✇✐t❤ t❤❡ ✈❡❧♦❝✐t② v✱ t❤❡ r❛❞✐❛t❡❞ ✜❡❧❞ ✐s ❣✐✈❡♥ ❜② t❤❡ ❢♦r♠✉❧❛ ✭✻✸✳✽✮ ❢r♦♠
t❤❡ ▲❛♥❞❛✉ t❡①t❜♦♦❦ ❬✽✾❪✿

dE =
dq

c2
(

R− Rv
c

)3R×
[

(

R− v

c
R
)

× dv

dt′

]

+
dq

c2
(

R+ Rv
c

)3R×
[

(

R+
v

c
R
)

× dv

dt′

]

✭✼✳✼✳✶✮

✇❤❡r❡ t′ ✐s t❤❡ r❡t❛r❞❡❞ t✐♠❡ s♦ t❤❛t

✭✼✳✼✳✷✮ t′ +R(t′)/c = t.

❚❤❡ s❡❝♦♥❞ t❡r♠ ✐♥ ❊q✳ ✭✼✳✼✳✶✮ ✐s ❣❡♥❡r❛t❡❞ ❜② t❤❡ ✐♠❛❣❡ ♦❢ t❤❡ ♣❤②s✐❝❛❧ ❝❤❛r❣❡ ✐♥
t❤❡ ❝♦♥❞✉❝t✐♥❣ ♣❧❛t❡✳

❋♦r ❛ s✐♠♣❧❡ ❞❡r✐✈❛t✐♦♥ ♦❢ t❤❡ r❛❞✐❛t❡❞ ✜❡❧❞s✱ ✇❡ ❛ss✉♠❡ t❤❡ ✜❡❧❞ ✐♥s✐❞❡ t❤❡
♣❧❛t❡ ❛s ✇❡❧❧ ❛s t❤❡ ❝✉rr❡♥t✱ t♦ ❜❡ ③❡r♦✳ ❚❤✉s✱ ✇❤❡♥ ❛ ❝❤❛r❣❡ ❢r❛❝t✐♦♥ ❡①✐ts t❤❡
s✉r❢❛❝❡✱ ✐ts ❝✉rr❡♥t ❤❛s ❛ ❥✉♠♣ ❞✐s❝♦♥t✐♥✉✐t② v(t′) = v0Θ(t′ − te)✱ ✇❤❡r❡ te ✐s t❤❡
t✐♠❡ t❤❡ ❝❤❛r❣❡ ❡①✐ts ✐♥t♦ ✈❛❝✉✉♠ ❛♥❞ Θ(t) ✐s t❤❡ ❍❡❛✈✐s✐❞❡ st❡♣ ❢✉♥❝t✐♦♥✳ ❚❤❡
❞❡♥♦♠✐♥❛t♦rs ✐♥ ✭✼✳✼✳✶✮ ✐♥❞✐❝❛t❡ t❤❛t t❤❡ str♦♥❣❡st r❛❞✐❛t✐♦♥ ❝❛♥ ❜❡ ❡①♣❡❝t❡❞ ✐♥ t❤❡
❛♥❣❧❡ θ ≈ 1/γ✳ ❍♦✇❡✈❡r✱ t❤❡ r❛❞✐❛t✐♦♥ ♦♥ t❤❡ tr❛♥s✈❡rs❡ ♣❧❛♥❡ ②✐❡❧❞s ♠♦r❡ ❝♦❤❡r❡♥t
✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t t❤❡ ❜✉♥❝❤ str✉❝t✉r❡✱ s♦ ✇❡ ✇✐❧❧ ❢♦❝✉s ♦♥ t❤❡ ❧❛tt❡r✳ ❇② s❡tt✐♥❣
v ⊥ R✱ ✇❡ ❣❡t

dE = − 2

c2R

dv

dt′
dq

= − 2

c2R
v0δ (t

′ − te) dq.
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❋✐❣✉r❡ ✼✳✼✳✶✳ ●❡♦♠❡tr② ♦❢ t❤❡ tr❛♥s✈❡rs❡ ❝♦❤❡r❡♥t tr❛♥s✐t✐♦♥ r❛❞✐❛✲

t✐♦♥✳ ❆ ❝❤❛r❣❡❞ ♣❛rt✐❝❧❡ ❜✉♥❝❤ ❡①✐ts ❛ ❝♦♥❞✉❝t♦r ♣❧❛t❡ ♥♦r♠❛❧❧② t♦ t❤❡

s✉r❢❛❝❡✳ ❚❤❡ ♦❜s❡r✈❡r ❧♦♦❦s ❛t t❤❡ ❡♠✐tt❡❞ r❛❞✐❛t✐♦♥ ❢r♦♠ s✐❞❡ t♦ t❤❡

❜❡❛♠✱ ✐♥ t❤❡ ♣❧❛♥❡ ♦❢ t❤❡ s✉r❢❛❝❡✳

❋♦r ❛ ❝♦♥t✐♥✉♦✉s ❜✉♥❝❤✱ t❤❡ ❞✐✛❡r❡♥t✐❛❧ ❢♦r♠ ❢♦r t❤❡ ❝❤❛r❣❡ ❝♦♥tr✐❜✉t✐♦♥ ✐s

dq = en (t, r) v0dSdt = en (t, r) v0r dr dϕ dt,

✇❤❡r❡ n (t, r) ✐s t❤❡ ❝❤❛r❣❡ ❞❡♥s✐t②✳ ❚❤❡ ✜❡❧❞ ✐s ♣♦❧❛r✐③❡❞ ✐♥ t❤❡ ❜✉♥❝❤ ♣r♦♣❛❣❛t✐♦♥
❞✐r❡❝t✐♦♥ ❛♥❞ ♥♦r♠❛❧ t♦ t❤❡ ♠❡t❛❧ ♣❧❛t❡ s✉r❢❛❝❡✳ ❚❤❡ ♦❜s❡r✈❡❞ r❛❞✐❛t❡❞ ✜❡❧❞ ✐s t❤✉s

✭✼✳✼✳✸✮ E(t, R0) =

ˆ

dE = − 2ev20
c2R0

¨

n(t′, r)dS.

❍❡r❡✱ ✇❡ ❤❛✈❡ ✉s❡❞ t❤❡ ❛ss✉♠♣t✐♦♥ t❤❛t t❤❡ ♦❜s❡r✈❡r ✐s ❢❛r ❛✇❛② ❢r♦♠ t❤❡ r❛❞✐❛t✐♦♥
s♦✉r❝❡✱ t❤✉s R ≈ R0. ❚❤❡ ❣❡♦♠❡tr② ✐s ❝♦♥✈❡♥✐❡♥t❧② ❡①♣r❡ss❡❞ ✐♥ ❝②❧✐♥❞r✐❝❛❧ ❝♦♦r❞✐✲
♥❛t❡s✳ ■t ✇✐❧❧ t✉r♥ ♦✉t t❤❛t t❤❡ ♠♦❞✉❧❛t✐♦♥ ♦❢ t❤❡ ✜❡❧❞ ✐s ❝❛✉s❡❞ ❜② t❤❡ ♠♦❞✉❧❛t✐♦♥
♦❢ ✐ts ♣r♦♣❛❣❛t✐♦♥ ❞✐st❛♥❝❡✳ ❚❤✐s ✐♥❢♦r♠❛t✐♦♥ ✐s ❝♦♥t❛✐♥❡❞ ✐♥ t❤❡ r❡t❛r❞❡❞ t✐♠❡

✭✼✳✼✳✹✮ t′ = t− R(t′)

c
≈ t− R0

c
+
r

c
cosϕ.

❊q✳ ✭✼✳✼✳✸✮ ❝❛♥ ♥♦✇ ❜❡ ❛♣♣❧✐❡❞ ♦♥ ❞✐✛❡r❡♥t ❜✉♥❝❤ ♣r♦✜❧❡s✳ ❆ tr❛♥s✈❡rs❛❧❧② ❝♦♥✲
str✐❝t❡❞ ♦r ❤♦s❡❞ ♣❛rt✐❝❧❡ ❜✉♥❝❤ ♠❛② ❤❛✈❡ t❤❡ s❛♠❡ t♦t❛❧ tr❛♥s✈❡rs❡ ❝✉rr❡♥t

IT = ev0

¨

n(t′, r)dS

❛s ❛♥ ✉♥❛❧t❡r❡❞ ❜✉♥❝❤✳ ❙t✐❧❧✱ ✇❡ ✇✐❧❧ s❡❡ t❤❛t t❤❡s❡ ❡✛❡❝ts ❤❛✈❡ ❝❧❡❛r❧② ❞✐✛❡r❡♥t
r❛❞✐❛t✐♦♥ s✐❣♥❛t✉r❡s✳

✼✳✼✳✶✳ ❚❈❚❘ ❡♠✐tt❡❞ ❜② ♠♦❞✉❧❛t❡❞ ❛①✐❛❧❧② s②♠♠❡tr✐❝ ❜✉♥❝❤❡s ✇✐t❤
❝♦♥st❛♥t ❝✉rr❡♥t✳ ▲❡t t❤❡r❡ ❜❡ ❛ ●❛✉ss✲s❤❛♣❡❞ ❜✉♥❝❤ ✇✐t❤ ❛ ❧♦♥❣✐t✉❞✐♥❛❧ r❛❞✐✉s
♠♦❞✉❧❛t✐♦♥

✭✼✳✼✳✺✮ n(t′, r, z) = n0
σ2
0

σ2(t′, z)
e−r2/2σ2(t′,z),

σ(t′, z) = σ0 [1 + ǫf (k(z − v0t
′))]

= σ0

[

1 + ǫf
(

kz − kv0t+ kR0
v0
c

− kr
v0
c
cosϕ

)]

.
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❋✐❣✉r❡ ✼✳✼✳✷✳ ❚❈❚❘ ❡♠✐tt❡❞ ❜② ❛ ♣r♦t♦♥ ❜✉♥❝❤ ❡①✐t✐♥❣ ❢r♦♠ ❛

♠❡t❛❧❧✐❝ ❢♦✐❧✳ ❖♥❧② t❤❡ r❛❞✐✉s ♦❢ t❤❡ ♣r♦t♦♥ ❜✉♥❝❤ ✐s ♠♦❞✉❧❛t❡❞✱ ♥♦t t❤❡

❝✉rr❡♥t✳ ❚❤❡ ❝♦❧♦r❡❞ s✉r❢❛❝❡s s❤♦✇ t❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞ ❝♦♠♣♦♥❡♥t ♥♦r♠❛❧

t♦ t❤❡ ♠❡t❛❧ ❢♦✐❧✳

❚❤❡ ♣♦s✐t✐♦♥ ♦❢ t❤❡ ♠❡t❛❧ ♣❧❛t❡ s✉r❢❛❝❡ ❝❛♥ ❜❡ s❡t t♦ z = −R0v0/c✳ ❚♦ ❣❡t ❛♥
❛♥❛❧②t✐❝ ❡①♣r❡ss✐♦♥ ❢♦r t❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞✱ ✇❡ s❤❛❧❧ ✉s❡ s♦♠❡ ❛♣♣r♦①✐♠❛t✐♦♥s ❢♦r t❤❡
❞❡♥s✐t②✳ ❋✐rst✱ ✇❡ ❚❛②❧♦r✲❡①♣❛♥❞ ✇✐t❤ r❡s♣❡❝t t♦ kr✿

f
(

−kv0t− kr
v0
c
cosϕ

)

= f (−kv0t)− (kr)
v0
c
cos (ϕ) f ′ (−kv0t)

+
1

2
(kr)

2 v
2
0

c2
cos2 (ϕ) f ′′ (−kv0t) +O

(

(kr)
3
)

.

❙❡❝♦♥❞✱ ✇❡ ❡①♣❛♥❞ t❤❡ ❞❡♥s✐t② ✇✐t❤ r❡s♣❡❝t t❤❡ r❡❧❛t✐✈❡ ♣❡rt✉r❜❛t✐♦♥ ❛♠♣❧✐t✉❞❡ǫ✿

σ2
0

σ2(t′, z)
e−r2/2σ2(t′,z) = e−r2/2σ0(t

′,z)

[

1 + ǫf (...)

(

r2

σ2
0

− 2

)]

+O
(

ǫ2
)

.

❲❡ ♦❜t❛✐♥

✭✼✳✼✳✻✮ n(t, r, z) ≈ n0

[

1 + ǫA

(

r2

σ2
0

− 2

)]

e−r2/2σ2
0 ,

✇❤❡r❡

A := f (−kv0t)− (kr)
v0
c
cos (ϕ) f ′ (−kv0t) +

1

2
(kr)

2 v
2
0

c2
cos2 (ϕ) f ′′ (−kv0t) .

❚❤❡ s❡❝♦♥❞ ❛♥❞ t❤❡ t❤✐r❞ t❡r♠s ✐♥ ✭✼✳✼✳✻✮ ♦r✐❣✐♥❛t❡ ❢r♦♠ t❤❡ t✐♠❡ r❡t❛r❞❛t✐♦♥ ✭✼✳✼✳✷✮
❛♥❞ ❛r❡ ❡ss❡♥t✐❛❧ ❢♦r t❤❡ r❛❞✐❛t✐♦♥ ❡♠✐ss✐♦♥✳

❚❤❡ ✜❡❧❞ ❡①❝✐t❡❞ ❜② t❤❡ ❛①✐s②♠♠❡tr✐❝ ♣❛rt✐❝❧❡ ❜✉♥❝❤ ✐s t❤❡♥

E(t, R0) = −n0
2ev20
c2R0

ˆ 2π

0

dϕ

ˆ ∞

0

r ×
[

1 + ǫA

(

r2

σ2
0

− 2

)]

e−r2/2σ2
0dr✭✼✳✼✳✼✮

❚❤❡ ✐♥t❡❣r❛♥❞ ✐♥ ✭✼✳✼✳✼✮ ❝♦♥t❛✐♥s t❡r♠s ✇✐t❤ ❞✐✛❡r❡♥t ♣♦✇❡rs ♦❢ kr✳ ❚❤❡ t❡r♠s
✐♥❞❡♣❡♥❞❡♥t ♦♥ kr ❛r❡ ♥♦t r❡t❛r❞❡❞✳ ❚❤❡ ♦s❝✐❧❧❛t♦r② ♣❛rt ♦❢ t❤❡ ✐♥t❡❣r❛❧ ♦❢ t❤❡s❡
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❋✐❣✉r❡ ✼✳✼✳✸✳ ❚❈❚❘ ❡♠✐tt❡❞ ❜② ❛ ❤♦s❡❞ ♣r♦t♦♥ ❜✉♥❝❤ ❡①✐t✐♥❣ ❢r♦♠

❛ ♠❡t❛❧❧✐❝ ❢♦✐❧✳ ❚❤❡ r❛❞✐❛t❡❞ ✜❡❧❞ ✐s s❤❛❦❡♥ ♦✛ ❛♥t✐✲s②♠♠❡tr✐❝❛❧❧② ✐♥ t❤❡

♣❧❛♥❡ ♦❢ ❤♦s✐♥❣✳

t❡r♠s ✈❛♥✐s❤❡s ❜❡❝❛✉s❡ ✇❡ ❛ss✉♠❡❞ t❤❡ t♦t❛❧ ❝✉rr❡♥t ♦❢ t❤❡ ♣❛rt✐❝❧❡ ❜✉♥❝❤ ❜❡✐♥❣
❝♦♥st❛♥t✳ ❚❤❡ t❡r♠s ❧✐♥❡❛r ✐♥ kr ❝♦♥t❛✐♥ t❤❡ ❢❛❝t♦r cosϕ ❛♥❞ ❞✐s❛♣♣❡❛r ✇❤❡♥ ✇❡
✐♥t❡❣r❛t❡ ✐♥ t❤❡ ❛♥❣❧❡ ϕ ♦✈❡r t❤❡ ❜✉♥❝❤ ❝r♦ss✲s❡❝t✐♦♥✳ ❚❤✐s ✐s ❞✉❡ t♦ t❤❡ ❛①✐❛❧ s②♠✲
♠❡tr② ♦❢ ❝✉rr❡♥t ❞✐str✐❜✉t✐♦♥ ✐♥ t❤❡ ❜✉♥❝❤✳ ❚❤❡ ✜rst ♦s❝✐❧❧❛t♦r② t❡r♠s t❤❛t ❞♦ ♥♦t
✈❛♥✐s❤ ❛❢t❡r t❤❡ ✐♥t❡❣r❛t✐♦♥ ❛r❡ q✉❛❞r❛t✐❝ ✐♥ kr✳ ❈♦❧❧❡❝t✐♥❣ t❤❡ t❡r♠s ♣r♦♣♦rt✐♦♥❛❧
t♦ (kr)

2 ❛t t❤❡ ✜rst t✐♠❡ ❤❛r♠♦♥✐❝✱ ✇❡ ❣❡t

Eosc(t, R0) = ǫn0f
′′ (kv0t)

2ev40
R0c4

ˆ 2π

0

cos2 ϕdϕ×

×
ˆ ∞

0

r (kr)
2

(

1− r2

2σ2
0

)

e
− r2

2σ2
0 dr.✭✼✳✼✳✽✮

❢♦r t❤❡ ✜rst ♦r❞❡r ♦s❝✐❧❧❛t♦r② ❝♦♠♣♦♥❡♥ts ♦❢ t❤❡ ✜❡❧❞✳ ❲❡ ❝♦♠♣✉t❡ t❤✐s ✐♥t❡❣r❛❧ ❛♥❞
♦❜t❛✐♥

✭✼✳✼✳✾✮ E(t, R0) = −2ǫ
J

cR0
(kσ0)

2
β3
0f

′′ (−kv0t) .

✇❤❡r❡ J = 2πσ2
0en0v0 ✐s t❤❡ t♦t❛❧ ❜✉♥❝❤ ❝✉rr❡♥t ❛♥❞β0 = v0/c✳ ❲❡ ❝❛♥ ✐♥s❡rt t❤❡

❝❛s❡ ♦❢ ❛ s✐♠♣❧❡ ❝♦s✐♥❡ ♠♦❞✉❧❛t✐♦♥✱ f (x) := cos (x) , ❣❡tt✐♥❣

✭✼✳✼✳✶✵✮ E(t, R0) = 2ǫ
J

cR0
(kσ0)

2
β3
0 cosωradt.

❚❤❡ r❛❞✐❛t✐♦♥ ❢r❡q✉❡♥❝② ✐s ωrad = kv0. ❚❤✐s ❡①♣r❡ss✐♦♥ ✐s ✈❛❧✐❞ ♦♥❧② ❢♦r ♥❛rr♦✇
❜✉♥❝❤❡s✱ ✇❤❡r❡ kσ0 ≪ 1✳ ❚❤❡ ❝❛s❡ ♣r❡s❡♥t ✐♥ ♦✉r ♣r❡✈✐♦✉s ✐♥✈❡st✐❣❛t✐♦♥s ✐♥ ❝❤❛♣t❡r
✭✼✳✹✮ ✭✇✐t❤ kσ0 ≈ 1✮ ✐s ❞✐✣❝✉❧t t♦ tr❡❛t ❛♥❛❧②t✐❝❛❧❧②✳

❙t✐❧❧✱ ❛ s✐♠✉❧❛t✐♦♥ ❝❧❡❛r❧② s❤♦✇❡❞ t❤❡ ♣r❡s❡♥❝❡ ♦❢ t❤❡ ❚❈❚❘ ✐♥ t❤✐s r❡❣✐♠❡✳
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✼✳✼✳✷✳ ❚❈❚❘ ❡♠✐tt❡❞ ❜② ❤♦s❡❞ ❜✉♥❝❤❡s ✇✐t❤ ❝♦♥st❛♥t ❝✉rr❡♥t✳ ❚❤❡
s❡❝♦♥❞ ❝❛s❡ ✇❡ ✇✐❧❧ ❞❡s❝r✐❜❡ ❤❡r❡ ✐s t❤❛t ♦❢ ❛ ❤♦s❡❞ ♣r♦t♦♥ ❜✉♥❝❤✿ ❚❤❡ r❛❞✐✉s
r❡♠❛✐♥s ✉♥❛❧t❡r❡❞✱ ❜✉t t❤❡ tr❛♥s✈❡rs❛❧ ❝❡♥t❡r ♣♦s✐t✐♦♥ ✈❛r✐❡s ✇✐t❤ z✳ ❚❤❡ ❞❡♥s✐t② ✐s
❣✐✈❡♥ ❜②

✭✼✳✼✳✶✶✮ n(t′, r, z) = n0e
−(r−rc(t

′,z))
2
/2σ2

.

❚❤❡ ❝❡♥t❡r ♣♦s✐t✐♦♥ ✐s

rc(t
′, z) = rc0h (k(z − v0t

′))

= rc0h (kz − kv0t+ kR0v0/c− kr(v0/c) cosϕ) .✭✼✳✼✳✶✷✮

❆❣❛✐♥✱ t❤❡ s✉r❢❛❝❡ ♣♦s✐t✐♦♥ ✐s ❛ss✉♠❡❞ t♦ ❜❡ z = −R0v0/c✳ ❲❡ ✉s❡ ❛ t❛②❧♦r ❡①♣❛♥✲
s✐♦♥ s✐♠✐❧❛r t♦ t❤❡ ♦♥❡ ✐♥ s❡❝t✐♦♥ ✼✳✼✳✶✳ ❊①♣❛♥❞✐♥❣ h

(

−kv0t− kr v0

c cosϕ
)

❧✐♥❡❛r❧②
✐♥ (kr) ❛♥❞ n (t′, r, z) ❧✐♥❡❛r❧② ✐♥ rc0✱ ✇❡ ❣❡t

✭✼✳✼✳✶✸✮ n(t, r, z) ≈ n0

(

1 +
rc0r

σ2
Ah

)

e−r2/2σ2
0 ,

✇❤❡r❡

✭✼✳✼✳✶✹✮ Ah = h (−kv0t)− kr
v0
c
h′ (−kv0) t cosϕ

❛♥❞

✭✼✳✼✳✶✺✮ rc0r = rc0r cos(ϕ− ϕ0).

ϕ0 ✐s t❤❡ ❛♥❣❧❡ ❜❡t✇❡❡♥ t❤❡ ♣❧❛♥❡ ♦❢ ❤♦s✐♥❣ ❛♥❞ t❤❡ ❞✐r❡❝t✐♦♥ t♦ t❤❡ ♦❜s❡r✈❡r✳ ❚❤❡
✜❡❧❞ ❡①❝✐t❡❞ ❜② t❤❡ ❛①✐s②♠♠❡tr✐❝ ♣❛rt✐❝❧❡ ❜✉♥❝❤ ✐s t❤❡♥

E(t, R0) = −n0
2ev20
c2R0

ˆ 2π

0

dϕ

ˆ ∞

0

r×

×
(

1 +
rc0r cos(ϕ− ϕ0)

σ2
Ah

)

e
− r2

2σ2
0 dr.✭✼✳✼✳✶✻✮

❆❣❛✐♥✱ ✇❡ ❛r❡ ♦♥❧② ✐♥t❡r❡st❡❞ ✐♥ t❤❡ ♦s❝✐❧❧❛t✐♥❣ ♣❛rt ♦❢ t❤❡ ✜❡❧❞✱ ✇❤✐❝❤ ✐s

E(t, R0) = 2π cosϕ0h
′ (kv0t)

en0v
3
0

R0c3
σ2kr0

=
J

cR0
β2
0kr0 cosϕ0h

′ (kv0t) .✭✼✳✼✳✶✼✮

❚❤❡ r❛❞✐❛t✐♦♥ ❛♠♣❧✐t✉❞❡ ✐s ♣r♦♣♦rt✐♦♥❛❧ t♦ t❤❡ ❤♦s✐♥❣ ❛♠♣❧✐t✉❞❡ kr0 ❛♥❞ t❤❡ ✜rst
❞❡r✐✈❛t✐✈❡ ♦❢ t❤❡ ❤♦s✐♥❣ ❢✉♥❝t✐♦♥ h′ (ωradt)✳ ■♥ t❤❡ ❝❛s❡ ♦❢ ❛ ♣❡r✐♦❞✐❝ ❤❛r♠♦♥✐❝
❤♦s✐♥❣ ♦❢ t❤❡ ♣❛rt✐❝❧❡ ❜✉♥❝❤ r❛❞✐✉s✱ h(kv0t) = cos(kv0t), t❤❡ ❡①♣r❡ss✐♦♥ ✭✼✳✼✳✶✼✮
❜❡❝♦♠❡s

✭✼✳✼✳✶✽✮ E(t, R0) =
J

cR0
β2
0kr0 cosϕ0 sin (kv0t)

❋r♦♠ ✭✼✳✼✳✶✼✮✲✭✼✳✼✳✶✽✮ ✇❡ s❡❡ t❤❛t t❤❡ ❤♦s❡❞ ❜✉♥❝❤ r❛❞✐❛t✐♦♥ ✐s ♥♦t ❛①✐❛❧❧② s②♠✲
♠❡tr✐❝✳ ❚❤❡ ♠❛✐♥ ❧♦❜❡s ❛r❡ ❧♦❝❛t❡❞ ✐♥ t❤❡ ❤♦s✐♥❣ ♣❧❛♥❡ ❛s ❞❡s❝r✐❜❡❞ ❜② t❤❡ ❢❛❝t♦r
cosϕ0 ❛♥❞ ❛r❡ ❛♥t✐s②♠♠❡tr✐❝ t♦ ❡❛❝❤ ♦t❤❡r✳
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✼✳✼✳✸✳ ◆✉♠❡r✐❝❛❧ ❡①❛♠♣❧❡s✳ ❲❡ ♣❡r❢♦r♠❡❞ t✇♦ t❡st ♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥s
t♦ ✐❧❧✉str❛t❡ t❤❡ ❡✛❡❝t ♦❢ ❚❈❚❘✳ ❚❤❡ s✐♠✉❧❛t✐♦♥s ❤❛✈❡ ❜❡❡♥ ❞♦♥❡ ✇✐t❤ t❤❡ ❤②❜r✐❞
❝♦❞❡ ❍✲❱▲P▲✸❉ ❬✼✸✱ ✸✷❪✭❝❤❛♣✳ ✺✮✳ ■t ❝❛♥ ❤❛♥❞❧❡ ♣❧❛s♠❛s ♦❢ ❛r❜✐tr❛r② ❤✐❣❤ ❞❡♥s✐✲
t✐❡s ❛s ✢✉✐❞s✳ ■♥ t❤❡s❡ t❡st s✐♠✉❧❛t✐♦♥s✱ ✇❡ t❛❦❡ ❛ ♠♦❞❡❧ ♣r♦t♦♥ ❜✉♥❝❤ t❤❛t ❝❛rr✐❡s
t❤❡ ❝✉rr❡♥t ♦❢ ❛♥ ♦♣t✐♠✐③❡❞ ❙✉♣❡r✲Pr♦t♦♥✲❙②♥❝❤r♦tr♦♥ ✭❙P❙✮ ❜✉♥❝❤✱ I0 = 50❆ ❛♥❞
t❤❡ ♣r♦t♦♥s ❤❛✈❡ t❤❡ ❧♦♥❣✐t✉❞✐♥❛❧ ♠♦♠❡♥t✉♠ p = 450●❡❱✴❝✳ ❚❤❡ s❡❧❢✲♠♦❞✉❧❛t✐♦♥
✇❛✈❡❧❡♥❣t❤ ✐s λ = 1.2♠♠✳ ❚❤❡ ❧❡♥❣t❤ ♦❢ t❤❡ ♠♦❞❡❧ ❜✉♥❝❤ ✇❛s ❝❤♦s❡♥ s❤♦rt✱
σz = 2λ = 2.4♠♠✱ ❢♦r ✐❧❧✉str❛t✐♦♥ ♣✉r♣♦s❡s✳ ❚❤❡ ✜♥❛❧ r❡s✉❧t ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥
t❤❡ ❜✉♥❝❤ ❧❡♥❣t❤✳ ■t ✇❛s ❞♦♥❡ ✇✐t❤ t❤❡ ❞♦♠❛✐♥

D = [0, 20λ]× [0, 15λ]× [0, 15λ]

❛♥❞ t❤❡ ❣r✐❞ st❡♣s
∆x = ∆y = ∆z = 0.05λ,

❲❡ ❞❡✜♥❡ t❤❡ ❝r✐t✐❝❛❧ ❞❡♥s✐t② ❛ss♦❝✐❛t❡❞ ✇✐t❤ λ, nc = πc2me/e
2λ2✳ ❆ s❤♦rt✱ s❡❧❢✲

♠♦❞✉❧❛t❡❞ ❣❛✉ss✐❛♥ ♣r♦t♦♥ ❜✉♥❝❤ ❣✐✈❡♥ ❜② ✼✳✼✳✺ ♣❛ss❡s t❤r♦✉❣❤ ❛ ❞❡♥s❡ ❡❧❡❝tr♦♥
♣❧❛s♠❛ ✇✐t❤ ne = 100nc = 7 · 1016. ❚❤❡ ♣❛r❛♠❡t❡rs ♦❢ t❤❡ ❜✉♥❝❤ ❛r❡ n0 = 0.01✱
nc = 7·1012❝♠−3✱ σ = 0.17λ (1 + 0.5 cos (kpz))✳ ❍❡r❡✱ kp✐s t❤❡ ♣❧❛s♠❛ ✇❛✈❡ ♥✉♠❜❡r✳
❚❤❡ ❧❛tt❡r r❡♣r❡s❡♥ts t❤❡ ♠❡t❛❧ ❢♦✐❧✳ ❚❤❡ r❡s✉❧t ✐s s❤♦✇♥ ✐♥ ✜❣✳ ✼✳✼✳✷✳ ❚❤❡ ✷❉ ❝♦❧♦r
♣❧♦t ♦♥ t❤❡ ❜♦tt♦♠ ♣❧❛♥❡ ❛s ✇❡❧❧ ❛s t❤❡ ❜❧✉❡ ❛♥❞ ❝②❛♥ ✐s♦ s✉r❢❛❝❡s s❤♦✇ t❤❡ Ex ✜❡❧❞
❝♦♠♣♦♥❡♥t✳ ❚❤❡ r❛❞✐❛t✐♦♥ ✐s ❡♠✐tt❡❞ ❛①✐s②♠♠❡tr✐❝❛❧❧② ✐♥ t❤❡ tr❛♥s✈❡rs❡ ❞✐r❡❝t✐♦♥✳
❚❤❡ r❛❞✐❛t✐♦♥ ✜❡❧❞ ♠❛❣♥✐t✉❞❡ r❡❛❝❤❡s s❡✈❡r❛❧ ✶✵✵❦❱✴♠ ✈❛❧✉❡s ❛t ✶♠♠ ❞✐st❛♥❝❡
❢r♦♠ t❤❡ ❜✉♥❝❤ ❛①✐s✳

■♥ t❤❡ s❡❝♦♥❞ s✐♠✉❧❛t✐♦♥ ✇❡ ✉s❡❞ ❛ ❤♦s❡❞ ♣r♦t♦♥ ❜✉♥❝❤ ✇✐t❤ t❤❡ ♠♦❞❡❧ ❞❡♥s✐t②
♣r♦✜❧❡

✭✼✳✼✳✶✾✮ n(t, r, z) = n0e
−(x−x0(t,z))

2/2σ2
0e−z2/2σ2

z .

✇✐t❤ n0 = 1.4 · 1012cm−3✱σ0 = 0.2♠♠ ❛♥❞ t❤❡ t✐♠❡ ❞❡♣❡♥❞❡♥t ❝❡♥tr♦✐❞ x0 =
r0 cos kpz✱ ✇❤❡r❡ t❤❡ ❤♦s✐♥❣ ❛♠♣❧✐t✉❞❡ ✇❛s r0 = 0.2♠♠✳ ❚❤❡ r❡s✉❧t ✐s s❤♦✇♥ ✐♥ ✜❣✳
✼✳✼✳✸✳ ❚❤❡ ✜❡❧❞ ✐s ♠♦❞✉❧❛t❡❞ ♦♥❧② ✐♥ t❤❡ ❞✐r❡❝t✐♦♥ ♦❢ t❤❡ ❝❡♥tr♦✐❞ s❤✐❢t✳

✼✳✽✳ ❙✉♠♠❛r②

■♥ t❤✐s ❝❤❛♣t❡r✱ s❡✈❡r❛❧ ✐♥✈❡st✐❣❛t✐♦♥s ♦♥ t❤❡ ❙▼✲P❉P❲❋❆ r❡❣✐♠❡ ♦❢ ♣❧❛s♠❛
✇❛❦❡ ✜❡❧❞ ❛❝❝❡❧❡r❛t✐♦♥ ❤❛✈❡ ❜❡❡♥ ♣r❡s❡♥t❡❞✳ ❋♦r t❤❡ s✐♠✉❧❛t✐♦♥s✱ t❤❡ ♥♦✈❡❧ P■❈✴✢✉✐❞
❤②❜r✐❞ ❝♦❞❡ ❍✲❱▲P▲✸❉ ✭s❡❝✳ ✻✮ ✇❛s ✉s❡❞✱ ✇❤✐❝❤ ♣❡r❢♦r♠❡❞ ✈❡r② ✇❡❧❧ ✐♥ ♠♦❞❡❧✲
✐♥❣ t❤✐s ❞✐✣❝✉❧t s❡t✉♣✳ ❇② ❡①tr❛❝t✐♥❣ t❤❡ ♣❤❛s❡ ✈❡❧♦❝✐t② ♦❢ t❤❡ ✇❛❦❡✱ ✐t ❝♦✉❧❞ ❜❡
s❤♦✇♥ t❤❛t t❤❡ ❧❛tt❡r✱ ❛❧t❤♦✉❣❤ st❛rt✐♥❣ ✇✐t❤ r❡❧❛t✐✈❡❧② ❧♦✇ ✈❛❧✉❡s✱ r✐s❡s ❞✉r✐♥❣
t❤❡ ♥♦♥✲❧✐♥❡❛r st❛❣❡ ♦❢ t❤❡ s❡❧❢✲♠♦❞✉❧❛t✐♦♥ ✐♥st❛❜✐❧✐t②✳ ❚❤✐s ❝♦✉❧❞ ❜❡ ❜❡♥❡✜❝✐❛❧ ❢♦r
❡❧❡❝tr♦♥ s✐❞❡ ✐♥❥❡❝t✐♦♥✳ ❋✉rt❤❡r♠♦r❡✱ t❤❡ ♣♦ss✐❜✐❧✐t② ♦❢ ❛❧t❡r✐♥❣ t❤❡ ♣❤❛s❡ ✈❡❧♦❝✐t②
t❤r♦✉❣❤ s❧✐❣❤t ❜❛❝❦❣r♦✉♥❞ ❞❡♥s✐t② ❣r❛❞✐❡♥ts ✇❛s ❞❡♠♦♥str❛t❡❞✳ ❆❧s♦✱ t❤❡ ♣♦ss✐❜❧❡
s❝❡♥❛r✐♦ ♦❢ s✐❞❡ ✐♥❥❡❝t✐♦♥ ✇❛s ✐♥✈❡st✐❣❛t❡❞ ✈✐❛ ♠✉❧t✐✲st❛❣❡❞ s✐♠✉❧❛t✐♦♥s❀ ❢♦r t❤❡ r✐❣❤t
♣❛r❛♠❡t❡rs✱ ❛ ❣r❡❛t ❢r❛❝t✐♦♥ ♦❢ ❡❧❡❝tr♦♥s ✇❛s ✬s✉❝❦❡❞✬ ✐♥t♦ t❤❡ ✇❛❦❡✱ ❛♥❞ ❛❝❝❡❧❡r✲
❛t❡❞ ❡✣❝✐❡♥t❧②✳ ❚❤❡s❡ ✜♥❞✐♥❣s ❢✉rt❤❡r ✐♥❞✐❝❛t❡ t❤❛t ❙▼✲P❉P❲❋❆ ✐s ❛ ♣r♦♠✐s✐♥❣
❝❛♥❞✐❞❛t❡ ❢♦r ❛ ❧❛r❣❡✲s❝❛❧❡ ♣❧❛s♠❛✲❜❛s❡❞ ♣❛rt✐❝❧❡ ❛❝❝❡❧❡r❛t✐♦♥ ♠❡❝❤❛♥✐s♠✱ ❛♥❞ ❤❛✈❡
❜❡❡♥ ♣✉❜❧✐s❤❡❞ ✐♥ ❬✶✾❪✳



❈❍❆P❚❊❘ ✽

❙✉♠♠❛r②

❚❤❡ ♠❛✐♥ ❢♦❝✉s ♦❢ t❤✐s t❤❡s✐s ✐s t❤❡ ❞❡✈❡❧♦♣♠❡♥t✱ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ❛♥❞ ❛♣♣❧✐❝❛✲
t✐♦♥ ♦❢ ❤②❜r✐❞ ♠♦❞✉❧❡s ❢♦r t❤❡ ♣❛rt✐❝❧❡✲✐♥✲❝❡❧❧ ✭P■❈✮ ♣❧❛s♠❛ s✐♠✉❧❛t✐♦♥ ❝♦❞❡ ❱✐rt✉❛❧
▲❛s❡r P❧❛s♠❛ ▲❛❜ ✭❱▲P▲✮✳ ❲✐t❤✐♥ t❤✐s P■❈✴✢✉✐❞ ❤②❜r✐❞ ❝♦♥❝❡♣t✱ ❛ ♣❧❛s♠❛ ❝❛♥ ❜❡
♠♦❞❡❧❡❞ ❡✐t❤❡r ✇✐t❤ t❤❡ P■❈ ♠❡t❤♦❞✱ ♦r ✈✐❛ ♠❡t❤♦❞s ♦❢ ❣r✐❞✲❜❛s❡❞ ❝♦♠♣✉t❛t✐♦♥❛❧
✢✉✐❞ ❞②♥❛♠✐❝s✭❈❋❉✮✳

❇❛s❡❞ ♦♥ ❛ ❧✐♥❡❛r✐③❡❞ ✢✉✐❞ ♠♦❞❡❧✱ ❛ ▼♦❧❧✐✜❡❞ ■♠♣✉❧s❡ ❡①♣♦♥❡♥t✐❛❧ ✐♥t❡❣r❛t♦r
✇❛s ❞❡✈❡❧♦♣❡❞ ❛♥❞ ✐♠♣❧❡♠❡♥t❡❞ ✐♥ ❝♦❧❧❛❜♦r❛t✐♦♥ ✇✐t❤ t❤❡ ■♥st✐t✉t❡ ❢♦r ❆♣♣❧✐❡❞
▼❛t❤❡♠❛t✐❝s✱ ❍❍❯ ❉üss❡❧❞♦r❢✳ ■t ✉s❡s ❛ t❤r❡❡✲❝♦♠♣♦♥❡♥t ♣✉s❤✲♦s❝✐❧❧❛t❡✲s♣❧✐tt✐♥❣
s❝❤❡♠❡✱ ❛s ✇❡❧❧ ❛s ✜❧t❡r ❢✉♥❝t✐♦♥s t♦ ❛✈♦✐❞ ✉♥♣❤②s✐❝❛❧ r❡s♦♥❛♥❝❡s✳ ❚❤❡ st❛❜✐❧✐t② ♦❢
t❤✐s ✐♥t❡❣r❛t♦r ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ t❤❡ ♣❧❛s♠❛ ❢r❡q✉❡♥❝②✱ ❤❡♥❝❡ ♣❧❛s♠❛s ♦❢ ❛r❜✐tr❛r②
❞❡♥s✐t✐❡s ❝❛♥ ❜❡ s✐♠✉❧❛t❡❞✳ ❆❢t❡r t❤❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥✱ ✐t ❤❛s ❜❡❡♥ s✉❝❝❡ss❢✉❧❧② t❡st❡❞
✉s✐♥❣ s❡✈❡r❛❧ ♣❤②s✐❝❛❧ ❡①❛♠♣❧❡s✳

❆♥♦t❤❡r✱ ♥♦♥✲❧✐♥❡❛r✱ ❤②❜r✐❞ s❝❤❡♠❡ ✇❛s ❞❡s✐❣♥❡❞ s♣❡❝✐❛❧❧② ❢♦r t❤❡ s✐♠✉❧❛t✐♦♥
♦❢ ❡①tr❡♠❡❧② ❧♦♥❣ ✇❛❦❡ ✜❡❧❞s✳ ❚❤✐s ♠♦❞✉❧❡ ✉s❡s ♣r✐♠✐t✐✈❡ ✢✉✐❞ ✈❛r✐❛❜❧❡s ♦♥ ❛
st❛❣❣❡r❡❞ ❣r✐❞ t♦ ❛✈♦✐❞ ✐♥t❡r♣♦❧❛t✐♦♥s✳ ■t ✇❛s ✐♠♣❧❡♠❡♥t❡❞ ✐♥t♦ t❤❡ ❱▲P▲ ❝♦❞❡✱
❢♦r♠✐♥❣ t❤❡ ❍✲❱▲P▲✸❉ ❤②❜r✐❞ ❝♦❞❡✳ ❲❡ ❞❡♠♦♥str❛t❡ ✐ts s✉♣❡r✐♦r ❝❛♣❛❜✐❧✐t✐❡s ✐♥
✇❛❦❡ ✜❡❧❞ ♠♦❞❡❧✐♥❣✱ ♣r❡s❡♥t✐♥❣ ✈❛r✐♦✉s ♣❤②s✐❝❛❧ ❜❡♥❝❤♠❛r❦s✳

❚❤✐s ❝♦❞❡ ✇❛s t❤❡♥ ✉s❡❞ ❢♦r t❤❡ s✐♠✉❧❛t✐♦♥ ♦❢ t❤❡ s❡❧❢✲♠♦❞✉❧❛t❡❞ ♣r♦t♦♥ ❞r✐✈❡♥
♣❧❛s♠❛ ✇❛❦❡ ✜❡❧❞ ❛❝❝❡❧❡r❛t✐♦♥ ❡✛❡❝t ✭❙▼✲P❉P❲❋❆✮✳ ❲✐t❤✐♥ t❤✐s ❝♦♥❝❡♣t✱ ❛ ❧♦♥❣
♣r♦t♦♥ ❜✉♥❝❤ ❛s ❞❡❧✐✈❡r❡❞ ❜② t❤❡ ❙✉♣❡r Pr♦t♦♥ ❙②♥❝❤r♦tr♦♥ ✭❙P❙✮ ❛t ❈❊❘◆ ♣r♦♣✲
❛❣❛t❡s t❤r♦✉❣❤ ♣❧❛s♠❛✳ ❙♠❛❧❧ ✇❛❦❡ ✜❡❧❞s ❧❡❛❞ t♦ s❡❧❢✲♠♦❞✉❧❛t✐♦♥ ♦❢ t❤❡ ♣r♦t♦♥
❜✉♥❝❤❀ t❤✐s ❝❛✉s❡s str♦♥❣ ❧♦♥❣✐t✉❞✐♥❛❧ ❡❧❡❝tr✐❝ ✜❡❧❞s✱ ✇❤✐❝❤ ❝❛♥ ❜❡ ✉s❡❞ ❢♦r ❡❧❡❝✲
tr♦♥ ❛❝❝❡❧❡r❛t✐♦♥✳ ❲❡ s❤♦✇ t❤❛t t❤❡ ♣❤❛s❡ ✈❡❧♦❝✐t② ♦❢ t❤❡ ✇❛❦❡ ❞❡♣❡♥❞s ♦♥✱ ❛♥❞
✐s str♦♥❣❧② ❝♦♥♥❡❝t❡❞ t♦ t❤❡ ❣r♦✇t❤ r❛t❡ ♦❢ t❤❡ s❡❧❢✲♠♦❞✉❧❛t✐♦♥ ✐♥st❛❜✐❧✐t②✳ ❈♦♥✲
tr❛st✐♥❣ ♣r❡✈✐♦✉s r❡s✉❧ts ♦♥ t❤❡ ♣❤❛s❡ ✈❡❧♦❝✐t②✱ ✇❡ ❞❡♠♦♥str❛t❡ t❤❛t ✐t r✐s❡s ❞✉r✐♥❣
t❤❡ ♥♦♥✲❧✐♥❡❛r st❛❣❡✱ ❣✐✈✐♥❣ ❣♦♦❞ ❝♦♥❞✐t✐♦♥s ❢♦r ❡❧❡❝tr♦♥ ✐♥❥❡❝t✐♦♥✳ ❯s✐♥❣ ♠✉❧t✐✲
st❛❣❡❞ s✐♠✉❧❛t✐♦♥s✱ t❤❡ ❡✛❡❝t✐✈❡♥❡ss ♦❢ ❡❧❡❝tr♦♥ s✐❞❡ ✐♥❥❡❝t✐♦♥ ✐♥t♦ t❤❛t ✇❛❦❡ ✐s
s❤♦✇♥✳ ❆❧s♦✱ t❤❡ ✇❛❦❡ ♣❤❛s❡ ✈❡❧♦❝✐t② ❝❛♥ ❜❡ ❛❧t❡r❡❞ ✈✐❛ ❜❛❝❦❣r♦✉♥❞ ❞❡♥s✐t② ❣r❛❞✐✲
❡♥ts❀ ✇✐t❤ ❛❞❞✐t✐♦♥❛❧ s✐♠✉❧❛t✐♦♥s✱ ✇❡ ❞❡♠♦♥str❛t❡ t❤❡ s✐❣♥✐✜❝❛♥t ❝❤❛♥❣❡ ✐♥ ♣❤❛s❡
✈❡❧♦❝✐t② ❛❝❤✐❡✈❡❞ ❜② t❤✐s ♠❡t❤♦❞✳

❚❤❡ ❞❡t❡❝t✐♦♥ ♦❢ s❡❧❢✲♠♦❞✉❧❛t✐♦♥ ❛♥❞✴♦r ❤♦s✐♥❣ ♦❢ t❤❡ ♣r♦t♦♥ ❜✉♥❝❤ ❝❛♥ ❜❡ ❞♦♥❡
✉s✐♥❣ ❈♦❤❡r❡♥t ❚r❛♥s✐t✐♦♥ ❘❛❞✐❛t✐♦♥✳ ❚❤❡ ♣r♦❜❧❡♠ ♦❢ t❤❡ t♦t❛❧ ❝✉rr❡♥t ♥♦t ❜❡✐♥❣
❛❧t❡r❡❞ ❜② s❡❧❢✲♠♦❞✉❧❛t✐♦♥ ✐s ♦✈❡r❝♦♠❡ ❜② ✉t✐❧✐③✐♥❣ ❚r❛♥s✈❡rs❡ ❈♦❤❡r❡♥t ❚r❛♥s✐t✐♦♥
❘❛❞✐❛t✐♦♥ ✭❚❈❚❘✮✳ ❲❡ ♣r❡s❡♥t ❛♣♣r♦①✐♠❛t❡ ❛♥❛❧②t✐❝❛❧ ❞❡s❝r✐♣t✐♦♥s ❢♦r t❤❡ r❛❞✐❛t❡❞
✜❡❧❞✱ ❛♥❞ ✐❧❧✉str❛t❡ t❤❡ r❛❞✐❛t✐♦♥ ♣❛tt❡r♥s ❢♦r ❜♦t❤ ❜❡❛♠ s❤❛♣❡s✳

✶✵✹



❩✉s❛♠♠❡♥❢❛ss✉♥❣

❉❛s ❍❛✉♣t❛✉❣❡♥♠❡r❦ ❞✐❡s❡r ❆r❜❡✐t ✐st ❞✐❡ ❊♥t✇✐❝❦❧✉♥❣✱ ■♠♣❧❡♠❡♥t✐❡r✉♥❣ ✉♥❞
❆♥✇❡♥❞✉♥❣ ✈♦♥ ❍②❜r✐❞♠♦❞✉❧❡♥ ❢ür ❞❡♥ P❛rt✐❝❧❡✲✐♥✲❝❡❧❧ ✭P■❈✮ P❧❛s♠❛ ✲ ❙✐♠✉❧❛t✐♦♥✲
s❝♦❞❡ ❱✐rt✉❛❧ ▲❛s❡r P❧❛s♠❛ ▲❛❜ ✭❱▲P▲✮✳ ❉❡r P■❈✴❋❧✉✐❞ ✲ ❍②❜r✐❞❛♥s❛t③ ❡r♠ö❣❧✐❝❤t
❞✐❡ ▼♦❞❡❧❧✐❡r✉♥❣ ✈♦♥ P❧❛s♠❡♥ s♦✇♦❤❧ ❞✉r❝❤ ❞✐❡ ❜❡❦❛♥♥t❡ P■❈ ✲ ▼❡t❤♦❞❡✱ ❛❧s ❛✉❝❤
❞✉r❝❤ ❣✐tt❡r❜❛s✐❡rt❡ ❋❧✉✐❞❞②♥❛♠✐❦✳

❆✉s❣❡❤❡♥❞ ✈♦♥ ❡✐♥❡♠ ❧✐♥❡❛r✐s✐❡rt❡♥ ❋❧✉✐❞♠♦❞❡❧❧ ✇✉r❞❡ ✐♥ ❩✉s❛♠♠❡♥❛r❜❡✐t
♠✐t ❞❡♠ ■♥st✐t✉t ❢ür ❛♥❣❡✇❛♥❞t❡ ▼❛t❤❡♠❛t✐❦ ❞❡r ❍❍❯ ❉üss❡❧❞♦r❢ ❡✐♥ ▼♦❧❧✐✜❡❞
■♠♣✉❧s❡✲▲ös❡r✱ ❡✐♥❡ ❱❛r✐❛♥t❡ ❡✐♥❡s ❡①♣♦♥❡♥t✐❡❧❧❡♥ ■♥t❡❣r❛t♦rs ❡♥t✇✐❝❦❡❧t ✉♥❞ ✐♠✲
♣❧❡♠❡♥t✐❡rt✳ ❊r ✈❡r✇❡♥❞❡t ❡✐♥ ❞r❡✐st✉✜❣❡s P✉s❤✲❖s❝✐❧❧❛t❡✲❙♣❧✐tt✐♥❣✲❙❝❤❡♠❛ s♦✇✐❡
❋✐❧t❡r❢✉♥❦t✐♦♥❡♥✱ ✉♠ ✉♥♣❤②s✐❦❛❧✐s❝❤❡ ❘❡s♦♥❛♥③❡♥ ③✉ ✈❡r♠❡✐❞❡♥✳ ❉❡r ❜❡❞❡✉t❡♥❞❡
❱♦rt❡✐❧ ❞✐❡s❡s ❱❡r❢❛❤r❡♥s ❧✐❡❣t ✐♥ ❞❡r ❚❛ts❛❝❤❡✱ ❞❛ÿ s❡✐♥❡ ❙t❛❜✐❧✐tät ♥✐❝❤t ♠❡❤r ✈♦♥
❞❡r ❋❧✉✐❞✲P❧❛s♠❛❢r❡q✉❡♥③ ❛❜❤ä♥❣t❀ s♦♠✐t ❦ö♥♥❡♥ P❧❛s♠❡♥ ❜❡❧✐❡❜✐❣ ❤♦❤❡r ❉✐❝❤t❡
s✐♠✉❧✐❡rt ✇❡r❞❡♥✳ ◆❛❝❤ ❞❡r ■♠♣❧❡♠❡♥t✐❡r✉♥❣ ✐♥ ❞❡♥ ❡①✐st✐❡r❡♥❞❡♥ ❱▲P▲ ✲ ❈♦❞❡
✇✉r❞❡ ❞❛s ▼♦❞✉❧ ❡r❢♦❧❣r❡✐❝❤ ♠✐t ❍✐❧❢❡ ✈❡rs❝❤✐❡❞❡♥❡r ♣❤②s✐❦❛❧✐s❝❤❡r ❇❡✐s♣✐❡❧❡ ❣❡t❡st❡t✳

❊✐♥ ✇❡✐t❡r❡s✱ ♥✐❝❤t✲❧✐♥❡❛r❡s ❍②❜r✐❞s❝❤❡♠❛ ✇✉r❞❡ ❞❛♥♥ s♣❡③✐❡❧❧ ❢ür ❞✐❡ ❙✐♠✉❧❛✲
t✐♦♥ ❡①tr❡♠ ❧❛♥❣❡r P❧❛s♠❛✲❑✐❡❧✇❡❧❧❡♥❢❡❧❞❡r ✭❲❛❦❡ ❋✐❡❧❞s✮ ❡♥t✇✐❝❦❡❧t✳ ❉✐❡s❡s ▼♦❞✉❧
✈❡r✇❡♥❞❡t ♣r✐♠✐t✐✈❡ ❋❧✉✐❞✈❛r✐❛❜❧❡♥ ❛✉❢ ❡✐♥❡♠ ✈❡rs❡t③t❡♥ ●✐tt❡r✱ ✉♠ ■♥t❡r♣♦❧❛t✐♦♥s✲
❢❡❤❧❡r ③✉ ✈❡r♠❡✐❞❡♥✳ ❊s ✇✉r❞❡ ♠✐t ❞❡♠ ❱▲P▲✲❈♦❞❡ ③✉♠ ❍✲❱▲P▲✸❉ ✲ ❍②❜r✐❞❝♦❞❡
❦♦♠❜✐♥✐❡rt✳ ❙❡✐♥❡ ❜❡✐ ❞❡r ❑✐❡❧✇❡❧❧❡♥❢❡❧❞♠♦❞❡❧❧✐❡r✉♥❣ ü❜❡r❧❡❣❡♥❡♥ ❊✐❣❡♥s❝❤❛❢t❡♥
✇✉r❞❡♥ ❞❛♥❛❝❤ ❛♥ ✈❡rs❝❤✐❡❞❡♥❡♥ ♣❤②s✐❦❛❧✐s❝❤❡♥ ❚❡st♣r♦❜❧❡♠❡♥ ♥❛❝❤❣❡✇✐❡s❡♥✳

❉✐❡s❡r ❈♦❞❡ ✇✉r❞❡ ❞❛♥♥ ❜❡✐ ❞❡r ❙✐♠✉❧❛t✐♦♥ ❞❡r ❑✐❡❧✇❡❧❧❡♥❢❡❧❞❜❡s❝❤❧❡✉♥✐❣✉♥❣
❞✉r❝❤ s❡❧❜st♠♦❞✉❧✐❡rt❡ Pr♦t♦♥❡♥str❛❤❧❡♥ ✭s❡❧❢✲♠♦❞✉❧❛t❡❞ ♣r♦t♦♥ ❞r✐✈❡♥ ♣❧❛s♠❛ ✇❛❦❡
✜❡❧❞ ❛❝❝❡❧❡r❛t✐♦♥✱ ❙▼✲P❉P❲❋❆✮ ❡✐♥❣❡s❡t③t✳ ❇❡✐ ❞✐❡s❡♠ ▼❡❝❤❛♥✐s♠✉s ♣r♦♣❛❣✐❡rt
❡✐♥ r❡❧❛t✐✈ ❧❛♥❣❡r Pr♦t♦♥❡♥❜✉♥❝❤✱ ✇✐❡ ❡r ❞✉r❝❤ ❞❛s ❙✉♣❡r Pr♦t♦♥ ❙②♥❝❤r♦tr♦♥ ✭❙P❙✮
❛♠ ❈❊❘◆ ❡r③❡✉❣t ✇❡r❞❡♥ ❦❛♥♥✱ ❞✉r❝❤ ❡✐♥ P❧❛s♠❛✳ P❧❛s♠❛♦s③✐❧❧❛t✐♦♥❡♥ ❢ü❤r❡♥ ③✉r
❙❡❧❜st♠♦❞✉❧❛t✐♦♥ ❞❡s ❜✉♥❝❤❡s❀ ❞❛❜❡✐ ✇❡r❞❡♥ st❛r❦❡ ❡❧❡❦tr✐s❝❤❡ ❋❡❧❞❡r ❛♥❣❡r❡❣t✱ ❞✐❡
❢ür ❞✐❡ ❇❡s❝❤❧❡✉♥✐❣✉♥❣ ✈♦♥ ❊❧❡❦tr♦♥❡♥ ❣❡♥✉t③t ✇❡r❞❡♥ ❦ö♥♥❡♥✳ ❉✉r❝❤ ❙✐♠✉❧❛t✐♦♥❡♥
♠✐t ❞❡♠ ❈♦❞❡ ❍✲❱▲P▲✸❉✱ s♦✇✐❡ t❤❡♦r❡t✐s❝❤❡ ▼♦❞❡❧❧❡ ✇✉r❞❡ ♥❛❝❤❣❡✇✐❡s❡♥✱ ❞❛ss
❞✐❡ P❤❛s❡♥❣❡s❝❤✇✐♥❞✐❣❦❡✐t ❞❡s ❲❛❦❡ ❋✐❡❧❞s ✈♦♥ ❞❡r ❆♥st✐❡❣sr❛t❡ ❞❡r ❙❡❧❜st♠♦❞✉❧❛✲
t✐♦♥s✐♥st❛❜✐❧✐tät ❛❜❤ä♥❣t ✉♥❞ st❛r❦ ♠✐t ✐❤r ✈❡r❦♥ü♣❢t ✐st✳ ■♠ ●❡❣❡♥s❛t③ ③✉ ❢rü❤❡r❡♥
❘❡s✉❧t❛t❡♥ ü❜❡r ❞✐❡s❡ P❤❛s❡♥❣❡s❝❤✇✐♥❞✐❣❦❡✐t ❦♦♥♥t❡ ❛✉ÿ❡r❞❡♠ ❣❡③❡✐❣t ✇❡r❞❡♥✱ ❞❛ss
s✐❡ ✇ä❤r❡♥❞ ❞❡s ♥✐❝❤t❧✐♥❡❛r❡♥ ❙t❛❞✐✉♠s ❞❡r ■♥st❛❜✐❧✐tät ❛♥st❡✐❣t✳ ❉❛s ♠❛❝❤t ❞❡♥ ❙▼✲
P❉P❲❋❆✲❊✛❡❦t ✐♠ ❍✐♥❜❧✐❝❦ ❛✉❢ ❡✐♥❡ s♣ät❡r❡ ❊❧❡❦tr♦♥❡♥✐♥❥❡❦t✐♦♥ ✈✐❡❧✈❡rs♣r❡❝❤❡♥❞✳
▼✐t ❍✐❧❢❡ ♠❡❤rst✉✜❣❡r ❙✐♠✉❧❛t✐♦♥❡♥ ✇✉r❞❡ ❞✐❡ ❊✛❡❦t✐✈✐tät s❡✐t❧✐❝❤❡r ■♥❥❡❦t✐♦♥
❞❡♠♦♥str✐❡rt✳ ❲❡✐t❡r❤✐♥ ❦❛♥♥ ❞✐❡ P❤❛s❡♥❣❡s❝❤✇✐♥❞✐❣❦❡✐t ❣❡st❡✉❡rt ✇❡r❞❡♥✱ ✐♥❞❡♠
❞✐❡ ❉✐❝❤t❡ ❞❡s ❍✐♥t❡r❣r✉♥❞♣❧❛s♠❛s ❧❡✐❝❤t ✈❛r✐✐❡rt ✇✐r❞❀ ❞✐❡s❡r ❆♥s❛t③ ✇✉r❞❡ ♠✐t
③✉sät③❧✐❝❤❡♥ ❙✐♠✉❧❛t✐♦♥❡♥ ✉♥t❡rs✉❝❤t✳

❯♠ ❞✐❡ ❙tr❛❤❧✲❙❡❧❜st♠♦❞✉❧❛t✐♦♥ ✉♥❞ ❛✉❝❤ ❞❛s s♦❣❡♥❛♥♥t❡ ❍♦s✐♥❣ ③✉ ❞❡t❡❦✲
t✐❡r❡♥✱ ❦❛♥♥ ❞❡r ❊✛❡❦t ❞❡r ❦♦❤är❡♥t❡♥ Ü❜❡r❣❛♥❣sstr❛❤❧✉♥❣ ✭❈♦❤❡r❡♥t ❚r❛♥s✐t✐♦♥

✶✵✺
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❘❛❞✐❛t✐♦♥✱ ❈❚❘✮ ✈❡r✇❡♥❞❡t ✇❡r❞❡♥✳ ❉✐❡s❡ ❙tr❛❤❧✉♥❣ ❡♥tst❡❤t✱ ✇❡♥♥ ❞❡r ❚❡✐❧❝❤❡♥✲
♣✉❧s ❞✉r❝❤ ❡✐♥❡ ❧❡✐t❢ä❤✐❣❡ ❖❜❡r✢ä❝❤❡ tr✐tt✳ ❉❛s ❜❡❦❛♥♥t❡ Pr♦❜❧❡♠✱ ❞❛ss s✐❝❤ ❞❡r
tr❛♥s✈❡rs❛❧❡ ●❡s❛♠tstr♦♠ ❞✉r❝❤ ❞✐❡ ❙❡❧❜st♠♦❞✉❧❛t✐♦♥ ♥✐❝❤t ä♥❞❡rt✱ ✇✐r❞ ❞✉r❝❤
❞✐❡ tr❛♥s✈❡rs❛❧❡ ❦♦❤är❡♥t❡ Ü❜❡r❣❛♥❣sstr❛❤❧✉♥❣ ✭❚❈❚❘✮ ✉♠❣❛♥❣❡♥✳ ❋ür ❞❛s ❛❜❣❡s✲
tr❛❤❧t❡ ❋❡❧❞ ✇✉r❞❡ ❡✐♥❡ ❣❡♥ä❤❡rt❡ ❛♥❛❧②t✐s❝❤❡ ❇❡s❝❤r❡✐❜✉♥❣ ❛♥❣❡❣❡❜❡♥✱ s♦✇✐❡ ♠✐t
❍✲❱▲P▲✸❉✲❙✐♠✉❧❛t✐♦♥❡♥ ✈❡r❣❧✐❝❤❡♥✳
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Pr♦♦❢s ❢♦r t❤❡ ❋❉❚❉ ♠❡t❤♦❞

▲❡♠♠❛ ✺✳ ❋♦r ❛ ♣❧❛♥❡ ✇❛✈❡ ✭✸✳✺✳✶✮✱ t❤❡ ❧✐♥❡❛r ♦♣❡r❛t♦r S ♦❢ ♦♥❡ ❋❉❚❉ ❙tr❛♥❣
s♣❧✐tt✐♥❣ st❡♣ ❤❛s t❤❡ ❡✐❣❡♥✈❛❧✉❡s

λS = [−2
√

α4 − α2 − 2α2 + 1, 2
√

α4 − α2 − 2α2 + 1, 1].

❙✉❜st✐t✉t✐♥❣ t❤❡ ✜❡❧❞ ✈❡❝t♦r ✐♥t♦ ✭✸✳✹✳✻✮ ②✐❡❧❞s

(

B̂
n+ 1

2
x − B̂n

x

)

eI((i+
1
2
)∆xkx+j∆yky+k∆zkz)

= − ∆t

2∆y

(

Ên
z e

I((i+ 1
2
)∆xkx+(j+ 1

2
)∆yky+k∆zkz) − Ên

z e
I((i+ 1

2
)∆xkx+(j− 1

2
)∆yky+k∆zkz)

)

+
∆t

2∆z

(

Ên
y e

I((i+ 1
2
)∆xkx+j∆yky+(k+ 1

2
)∆zkz) − Ên

y e
I((i+ 1

2
)∆xkx+j∆yky+(k− 1

2
)∆zkz)

)

= −eIk·ri+1
2
, j, k

∆t

2∆y

(

Ên
z e

1
2
I∆yky − Ên

z e
− 1

2
I∆yky

)

+e
Ik·r

i+1
2
, j, k

∆t

2∆z

(

Ên
y e

1
2
I∆zkk − Ên

y e
1
2
I∆zkk

)

⇒

B̂
n+ 1

2
x = B̂n

x − ∆t

2∆y
Ên

z e
−Ik·

(

Ên
z e

1
2
I∆yky − Ên

z e
− 1

2
I∆yky

)

+
∆t

2∆z

(

Ên
y e

1
2
I∆zkz − Ên

y e
− 1

2
I∆zkz

)

= B̂n
x − I sin(

1

2
∆yky)

∆t

∆y
Ên

z + I sin(
1

2
∆zkz)

∆t

∆z
Ên

y ,

✇❤❡r❡ I ❞❡♥♦t❡s t❤❡ ✐♠❛❣✐♥❛r② ❝♦♥st❛♥t✳
▲✐❦❡✇✐s❡✱ ✇❡ ❤❛✈❡

Ên+1
x = Ên

x + 2I sin(
1

2
∆yky)

∆t

∆y
B̂

n+ 1
2

z − 2I sin(
1

2
∆zkz)

∆t

∆z
B̂

n+ 1
2

y .

❘❡s✉❧ts ❢♦r t❤❡ ♦t❤❡r ❝♦♠♣♦♥❡♥ts ❛r❡ s✐♠✐❧❛r❧② ♦❜t❛✐♥❡❞✱ ✇✐t❤ ❝②❝❧✐❝❛❧❧② ♣❡r✲
♠✉t❡❞ ✐♥❞✐❝❡s✳ ❲❡ ♥♦t✐❝❡ t❤❛t t❤❡ s✉❜st❡♣s ♦❢ S t✉r♥s ❛ ♣❧❛♥❡ ✇❛✈❡ ✇✐t❤ ✇❛✈❡
✈❡❝t♦r k ✐♥t♦ ❛♥♦t❤❡r ♣❧❛♥❡ ✇❛✈❡ ✇✐t❤ t❤❡ s❛♠❡ ✇❛✈❡ ✈❡❝t♦r✱ ❜✉t ❝❤❛♥❣❡❞ ❝♦❡✣✲
❝✐❡♥ts✳ ❚❤✐s ♠❡❛♥s t❤❛t S ❝❛♥ ❜❡ ❜❧♦❝❦✲❞✐❛❣♦♥❛❧✐③❡❞ t❤✐s ✇❛②✱ ♠❛❦✐♥❣ t❤❡ r❡♠❛✐♥✐♥❣
♣r♦❜❧❡♠ s✐①✲❞✐♠❡♥s✐♦♥❛❧ ✐♥st❡❛❞ ♦❢ 6nxnynz❉✳

❋♦r s✐♠♣❧✐✜❝❛t✐♦♥✱ ✇❡ ❞❡✜♥❡ t❤❡ q✉❛♥t✐t✐❡s λx := ∆t/∆x✱ ξx := kx∆x✱ αx :=

λx sin(
ξx
2 )✱ ❛♥❞ αy, αz, λy... ❛♥❛❧♦❣♦✉s❧②✳

❚❤❡♥ ✇❡ ❤❛✈❡
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B̂
n+ 1

2
x = B̂n

x − I sin(
1

2
∆yky)

∆t

∆y
Ên

z + I sin(
1

2
∆zkz)

∆t

∆z
Ên

y

= B̂n
x − IαyÊ

n
z + IαzÊ

n
y

✭✳✵✳✶✮

Ên+1
x = Ên

x + 2I sin(
1

2
∆yky)

∆t

∆y
B̂

n+ 1
2

z − 2I sin(
1

2
∆zkz)

∆t

∆z
B̂

n+ 1
2

y

= Ên
x + 2I sin(

1

2
∆yky)

∆t

∆y

(

B̂n
z − I sin(

1

2
∆xkx)

∆t

∆x
Ên

y + I sin(
1

2
∆yky)

∆t

∆y
Ên

x

)

− 2I sin(
1

2
∆zkz)

∆t

∆z

(

B̂n
y − I sin(

1

2
∆zkz)

∆t

∆z
Ên

x + I sin(
1

2
∆xkx)

∆t

∆x
Ên

z

)

= Ên
x + 2IαyB̂

n
z + 2αxαyÊ

n
y − 2α2

yÊ
n
x − 2IαzB̂

n
y − 2α2

zÊ
n
x + 2αzαxÊ

n
z

=
(

1− 2(α2
z + α2

y)
)

Ên
x + 2IαyB̂

n
z + 2αxαyÊ

n
y − 2IαzB̂

n
y + 2αzαxÊ

n
z

✭✳✵✳✷✮

B̂n+1
x = B̂

n+ 1
2

x − I sin(
1

2
∆yky)

∆t

∆y
Ên+1

z + I sin(
1

2
∆zkz)

∆t

∆z
Ên+1

y

= B̂n
x − IαyÊ

n
z + IαzÊ

n
y

− Iαy

[

(

1− 2(α2
y + α2

x)
)

Ên
z + 2IαxB̂

n
y + 2αzαxÊ

n
x − 2IαyB̂

n
x + 2αyαzÊ

n
y

]

+ Iαz

[

(

1− 2(α2
x + α2

z)
)

Ên
y + 2IαzB̂

n
x + 2αyαzÊ

n
z − 2IαxB̂

n
z + 2αxαyÊ

n
x

]

= B̂n
x

(

1− 2(α2
y + α2

z)
)

+ 2αxαyB̂
n
y + 2αzαxB̂

n
z

+ Iαy

(

−2 + 2α2
y + 2α2

x + 2α2
z

)

Ên
z + Iαz

(

2− 2(α2
x + α2

y + α2
z)
)

Ên
y .✭✳✵✳✸✮

❚❤❡ ❡✛❡❝t ♦❢ S ♦♥ t❤❡ ♣❧❛♥❡ ✇❛✈❡ ❝❛♥ t❤❡♥ ❜❡ ❡①♣r❡ss❡❞ ❛s

✭✳✵✳✹✮



















Ên+1
x

Ên+1
y

Ên+1
z

B̂n+1
x

B̂n+1
y

B̂n+1
z



















= Ŝ



















Ên
x

Ên
y

Ên
z

B̂n
x

B̂n
y

B̂n
z



















,

✇✐t❤

Ŝ :=

[

ŜEE ŜEB

ŜBE ŜBB

]
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ŜEE :=





1− 2
(

α2
z + α2

y

)

2αx αy 2αx αz

2αx αy 1− 2
(

α2
z + α2

x

)

2αy αz

2αx αz 2αy αz 1− 2
(

α2
y + α2

x

)





ŜEB :=





0 −2 i αz 2 i αy

2 i αz 0 −2 i αx

−2 i αy 2 i αx 0





ŜBE :=





0 2 i αz

(

1− α2
)

−2 i αy

(

1− α2
)

−2 i αz

(

1− α2
)

0 2 i αx

(

1− α2
)

2 i αy

(

1− α2
)

−2 i αx

(

1− α2
)

0





ŜBB :=





1− 2
(

α2
z + α2

y

)

2αx αy 2αx αz

2αx αy 1− 2
(

α2
z + α2

x

)

2αy αz

2αx αz 2αy αz 1− 2
(

α2
y + α2

x

)



 ,

✇❤❡r❡ α2 := α2
z + α2

y + α2
x✳

❈♦♠♣✉t✐♥❣ t❤❡ ❡✐❣❡♥✈❛❧✉❡s ♦❢ Ŝ✱ ♦♥❡ ♦❜t❛✐♥s

λs =(1,

− 2
√

α4
z +

(

2α2
y + 2α2

x − 1
)

α2
z + α4

y + (2α2
x − 1) α2

y + α4
x − α2

x − 2α2
z − 2α2

y − 2α2
x + 1,

2
√

α4
z +

(

2α2
y + 2α2

x − 1
)

α2
z + α4

y + (2α2
x − 1) α2

y + α4
x − α2

x − 2α2
z − 2α2

y − 2α2
x + 1)

✇✐t❤ ♠✉❧t✐♣❧✐❝✐t② 2 ❢♦r ❡❛❝❤ λS,i✳ ❲❡ ❣❡t

λS = [−2
√

α4 − α2 − 2α2 + 1, 2
√

α4 − α2 − 2α2 + 1, 1].
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❬✺✾❪ ▼✳ ❚❛❜❛❦✱ ❏✳ ❍❛♠♠❡r✱ ▼✳ ❊✳ ●❧✐♥s❦②✱ ❡t ❛❧✳ ■❣♥✐t✐♦♥ ❛♥❞ ❤✐❣❤ ❣❛✐♥ ✇✐t❤ ✉❧tr❛♣♦✇❡r❢✉❧ ❧❛s❡rs✳
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❬✻✷❪ P✳ ❲✳ ❘❛♠❜♦ ❛♥❞ ❏✳ ❉❡♥❛✈✐t✳ ■♥t❡r♣❡♥❡tr❛t✐♦♥ ❛♥❞ ✐♦♥ s❡♣❛r❛t✐♦♥ ✐♥ ❝♦❧❧✐❞✐♥❣ ♣❧❛s♠❛s✳
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❬✻✸❪ ❋✳ ❩❤❡♥❣ ❛♥❞ ❩✳ ❈❤❡♥✳ ◆✉♠❡r✐❝❛❧ ❞✐s♣❡rs✐♦♥ ❛♥❛❧②s✐s ♦❢ t❤❡ ✉♥❝♦♥❞✐t✐♦♥❛❧❧② st❛❜❧❡ ✸✲❞ ❆❉■✲
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❬✽✶❪ ❏✳ ❘♦s❡♥③✇❡✐❣✱ ●✳ ❚r❛✈✐s❤✱ ❛♥❞ ❆✳ ❚r❡♠❛✐♥❡✳ ❈♦❤❡r❡♥t tr❛♥s✐t✐♦♥ r❛❞✐❛t✐♦♥ ❞✐❛❣♥♦s✐s ♦❢ ❡❧❡❝✲
tr♦♥ ❜❡❛♠ ♠✐❝r♦❜✉♥❝❤✐♥❣✳ ◆✉❝❧❡❛r ■♥str✉♠❡♥ts ❛♥❞ ▼❡t❤♦❞s ✐♥ P❤②s✐❝s ❘❡s❡❛r❝❤ ❙❡❝t✐♦♥ ❆✿
❆❝❝❡❧❡r❛t♦rs✱ ❙♣❡❝tr♦♠❡t❡rs✱ ❉❡t❡❝t♦rs ❛♥❞ ❆ss♦❝✐❛t❡❞ ❊q✉✐♣♠❡♥t✱ ✸✻✺✭✶✮✿✷✺✺✕✷✺✾✱ ◆♦✈❡♠✲
❜❡r ✶✾✾✺✳

❬✽✷❪ ❯✳ ❍❛♣♣❡❦✱ ❆✳ ❙✐❡✈❡rs✱ ❛♥❞ ❊✳ ❇❧✉♠✳ ❖❜s❡r✈❛t✐♦♥ ♦❢ ❝♦❤❡r❡♥t tr❛♥s✐t✐♦♥ r❛❞✐❛t✐♦♥✳ P❤②s✐❝❛❧
❘❡✈✐❡✇ ▲❡tt❡rs✱ ✻✼✭✷✶✮✿✷✾✻✷✕✷✾✻✺✱ ◆♦✈❡♠❜❡r ✶✾✾✶✳

❬✽✸❪ ❍✉♥❣✲❝❤✐ ▲✐❤♥✱ P❛♠❡❧❛ ❑✉♥❣✱ ❈❤✐tr❧❛❞❛ ❙❡tt❛❦♦r♥✱ ❍❡❧♠✉t ❲✐❡❞❡♠❛♥♥✱ ❛♥❞ ❉❛✈✐❞ ❇♦❝❡❦✳
▼❡❛s✉r❡♠❡♥t ♦❢ s✉❜♣✐❝♦s❡❝♦♥❞ ❡❧❡❝tr♦♥ ♣✉❧s❡s✳ P❤②s✐❝❛❧ ❘❡✈✐❡✇ ❊✱ ✺✸✭✻✮✿✻✹✶✸✕✻✹✶✽✱ ❏✉♥❡
✶✾✾✻✳

❬✽✹❪ ❘✳ ▲❛✐ ❛♥❞ ❆✳ ❙✐❡✈❡rs✳ P❤❛s❡ ♣r♦❜❧❡♠ ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ❞❡t❡r♠✐♥❛t✐♦♥ ♦❢ t❤❡ ❧♦♥❣✐t✉❞✐♥❛❧
s❤❛♣❡ ♦❢ ❛ ❝❤❛r❣❡❞ ♣❛rt✐❝❧❡ ❜✉♥❝❤ ❢r♦♠ ✐ts ❝♦❤❡r❡♥t ❢❛r✲✐r s♣❡❝tr✉♠✳ P❤②s✐❝❛❧ ❘❡✈✐❡✇ ❊✱
✺✷✭✹✮✿✹✺✼✻✕✹✺✼✾✱ ✶✾✾✺✳

❬✽✺❪ ❨✳ ❙❤✐❜❛t❛✱ ❚✳ ❚❛❦❛❤❛s❤✐✱ ❚✳ ❑❛♥❛✐✱ ❡t ❛❧✳ ❉✐❛❣♥♦st✐❝s ♦❢ ❛♥ ❡❧❡❝tr♦♥ ❜❡❛♠ ♦❢ ❛ ❧✐♥❡❛r ❛❝✲
❝❡❧❡r❛t♦r ✉s✐♥❣ ❝♦❤❡r❡♥t tr❛♥s✐t✐♦♥ r❛❞✐❛t✐♦♥✳ P❤②s✐❝❛❧ ❘❡✈✐❡✇ ❊✱ ✺✵✭✷✮✿✶✹✼✾✕✶✹✽✹✱ ❆✉❣✉st
✶✾✾✹✳

❬✽✻❪ ❲✳ ▲❡❡♠❛♥s✱ ❈✳ ●❡❞❞❡s✱ ❏✳ ❋❛✉r❡✱ ❡t ❛❧✳ ❖❜s❡r✈❛t✐♦♥ ♦❢ t❡r❛❤❡rt③ ❡♠✐ss✐♦♥ ❢r♦♠ ❛ ❧❛s❡r✲♣❧❛s♠❛
❛❝❝❡❧❡r❛t❡❞ ❡❧❡❝tr♦♥ ❜✉♥❝❤ ❝r♦ss✐♥❣ ❛ ♣❧❛s♠❛✲✈❛❝✉✉♠ ❜♦✉♥❞❛r②✳ P❤②s✐❝❛❧ ❘❡✈✐❡✇ ▲❡tt❡rs✱
✾✶✭✼✮✱ ❆✉❣✉st ✷✵✵✸✳
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❬✽✾❪ ▲✳ ❉✳ ▲❛♥❞❛✉ ❛♥❞ ❊✳ ▼✳ ▲✐❢s❤✐ts✳ ❚❤❡ ❝❧❛ss✐❝❛❧ t❤❡♦r② ♦❢ ✜❡❧❞s✳ ❇✉tt❡r✇♦rt❤ ❍❡✐♥❡♠❛♥♥✱
❖①❢♦r❞❀ ❇♦st♦♥✱ ✷✵✵✵✳
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❉❛♥❦s❛❣✉♥❣

▼❛❣ ❛✉❢ ❞❡♠ ❉❡❝❦❜❧❛tt ❞❡r ❢❡rt✐❣❣❡st❡❧❧t❡♥ ❉✐ss❡rt❛t✐♦♥ ❛✉❝❤ ♥✉r ❡✐♥ ❡✐♥③✐❣❡r
◆❛♠❡ st❡❤❡♥✱ s♦ ✇är❡ ❞✐❡s❡ ❆r❜❡✐t ❞❡♥♥♦❝❤ ♥✐❝❤t ♠ö❣❧✐❝❤ ❣❡✇❡s❡♥ ♦❤♥❡ ❞✐❡ ❯♥✲
t❡rstüt③✉♥❣✱ ❍✐❧❢❡ ✉♥❞ ❑♦♦♣❡r❛t✐♦♥ ❡✐♥❡r ❣r♦ÿ❡♥ ❩❛❤❧ ✈♦♥ P❡rs♦♥❡♥✱ ❜❡✐ ❞❡♥❡♥ ✐❝❤
♠✐❝❤ ❤✐❡r♠✐t ❤❡r③❧✐❝❤ ❜❡❞❛♥❦❡♥ ♠ö❝❤t❡✳

▼❡✐♥ ❜❡s♦♥❞❡r❡r ❉❛♥❦ ❣✐❧t ♠❡✐♥❡♠ ❇❡tr❡✉❡r Pr♦❢✳ ❉r✳ ❆❧❡①❛♥❞❡r P✉❦❤♦✈✳ ❊r
❤❛tt❡ st❡ts ❡✐♥ ♦✛❡♥❡s ❖❤r ❢ür ♠❡✐♥❡ ❋r❛❣❡♥✱ st❡❧❧t❡ s❡✐♥❡♥ ❈♦❞❡ ❱▲P▲ ✉♥❞ s❡✐♥❡
❘❡❝❤♥❡r❝❧✉st❡r ③✉r ❱❡r❢ü❣✉♥❣✱ ❣❛❜ ♠✐r ❆♥❧❡✐t✉♥❣ ✉♥❞ ❘❛ts❝❤❧ä❣❡ ✉♥❞ ❡r♠ö❣❧✐❝❤t❡
❞✐❡ ❆r❜❡✐t ❛♥ s❡✐♥❡♠ ■♥st✐t✉t✳

■❝❤ ❞❛♥❦❡ Pr♦❢✳ ❉r✳ ▼❛r❧✐s ❍♦❝❤❜r✉❝❦ ✭❑■❚ ❑❛r❧sr✉❤❡✮ ❢ür ❞✐❡ ❣✉t❡ ❩✉s❛♠♠❡✲
♥❛r❜❡✐t ❜❡✐ ❞❡r ❊♥t✇✐❝❦❧✉♥❣ ❞❡s ✐♥ ❑❛♣✐t❡❧ ✺ ✈♦r❣❡st❡❧❧t❡♥ ❙✐♠✉❧❛t✐♦♥s♠♦❞✉❧s ✉♥❞
❢ür ❤✐❧❢r❡✐❝❤❡ ❉✐s❦✉ss✐♦♥❡♥✳

❇❡✐ Pr♦❢✳ ❉r✳ ❆❝❤✐♠ ❙❝❤ä❞❧❡ ❜❡❞❛♥❦❡ ✐❝❤ ♠✐❝❤ ❢ür ❞❛s ③✇❡✐t❡ ●✉t❛❝❤t❡♥ ✉♥❞
❞✐❡ ❍✐❧❢❡ ❜❡✐ ❞✐✈❡rs❡♥ ♥✉♠❡r✐s❝❤❡♥ ❋r❛❣❡♥✳

❆✉ÿ❡r❞❡♠ ❞❛♥❦❡ ✐❝❤ Pr♦❢✳ ❉r✳ ❈❛rst❡♥ ▼ü❧❧❡r ✉♥❞ Pr♦❢✳ ❉r✳ ✭✐✳❘✳✮ ❑❛r❧✲
❍❡✐♥③ ❙♣❛ts❝❤❡❦✱ ❞❡♥ ▲❡✐t❡r♥ ❞❡s ■♥st✐t✉ts ❢ür P❧❛s♠❛♣❤②s✐❦✱ ❢ür ❞✐❡ ●❡❧❡❣❡♥❤❡✐t✱
❛♥ ✐❤r❡♠ ▲❡❤rst✉❤❧ ♣r♦♠♦✈✐❡r❡♥ ③✉ ❞ür❢❡♥✳

■❝❤ ❞❛♥❦❡ ❏❛❧♦ ▲✐❧❥♦ ✉♥❞ ●❡♦r❣ ❏❛♥s✐♥❣ ❢ür ❞✐❡ ✐♥t❡r❡ss❛♥t❡ ❑♦♦♣❡r❛t✐♦♥❀ ✇❡✐t✲
❡r❤✐♥ ◆❛✈❡❡♥ ❑✉♠❛r ❢ür ❛♥❛❧②t✐s❝❤❡ ▼♦❞❡❧❧❡ ✉♥❞ ✈♦r ❛❧❧❡♠ s❡✐♥❡ s②♠♣❛t❤✐s❝❤❡ ✉♥❞
♠♦t✐✈✐❡r❡♥❞❡ ❆rt✳

❯♥s❡r ❙②st❡♠❛❞♠✐♥✐str❛t♦r ❊✉❣❡♥ ❇❧❡✐❧❡ s♦r❣t❡ ✇ä❤r❡♥❞ ♠❡✐♥❡r Pr♦♠♦t✐♦♥
st❡ts ❢ür ❢✉♥❦t✐♦♥✐❡r❡♥❞❡ ❈♦♠♣✉t❡r ✲ ✐❝❤ ❞❛♥❦❡ ✐❤♠ s❡❤r ❢ür s❡✐♥❡ s❝❤♥❡❧❧❡ ❍✐❧❢❡ ❜❡✐
Pr♦❜❧❡♠❡♥✳ ❯♥s❡r❡r ❙❡❦r❡tär✐♥ ❊❧✈✐r❛ ●röt❡rs ❞❛♥❦❡ ✐❝❤ ❢ür ✐❤r❡ ❍✐❧❢❜❡r❡✐ts❝❤❛❢t
✉♥❞ ❢r❡✉♥❞❧✐❝❤❡ ❯♥t❡rstüt③✉♥❣ ❜❡✐♠ s❝❤✇❡rst❡♥ ❚❡✐❧ ❥❡❞❡r ✇✐ss❡♥s❝❤❛❢t❧✐❝❤❡♥ ❆r❜❡✐t
✭❘❡✐s❡❛❜r❡❝❤♥✉♥❣❡♥ ✉♥❞ s♦♥st✐❣❡ ❋♦r♠✉❧❛r❡✮✳

❉❛♥❦❜❛r ✐st✱ ✇❡r ❞✐❡ ●❡❧❡❣❡♥❤❡✐t ❤❛tt❡✱ ✐♥ ❡✐♥❡♠ ■♥st✐t✉t ♠✐t s♦ ✈✐❡❧❡♥ ✐♥✲
t❡r❡ss❛♥t❡♥✱ ♥❡tt❡♥ ✉♥❞ ❧✉st✐❣❡♥ ▼❡♥s❝❤❡♥ ③✉ ❛r❜❡✐t❡♥✿ ❖❧✐✈❡r ❏❛♥s❡♥✱ ❉❛♥✐❡❧ ❛♥
❞❡r ❇rü❣❣❡✱ ❙❡❜❛st✐❛♥ ▼ü♥st❡r✱ ●öt③ ▲❡❤♠❛♥♥✱ ❚♦♥❣♣✉ ❨✉✱ ❏♦❤❛♥♥❡s ❚❤♦♠❛s✱
❈❤r✐st♦♣❤ ❑❛r❧❡✱ ❆❥✐t ❯♣❛❞❤②❛②✱ ❆♥✉♣❛♠ ❑❛r♠❛❦❛r✱ ❊❝❦❡❤❛r❞ ❩ü❣❣❡✱ ▼❛tt❤✐❛s
❉❡❧❧✇❡❣✱ ▼✐♥ ❈❤❡♥✱ ❆❧❡①❡❥ ❙♥②t♥✐❦♦✈✱ ❋r✐❡❞r✐❝❤ ❙❝❤❧✉❝❦ ✭✉♥❞ ❛❧❧❡ ✇❡✐t❡r❡♥✱ ❞✐❡ ✐❝❤
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