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Introduction

Mesoscopic physics, especially the description of nanometer-sized systems, is one of
the most promising fields for the development of future technology. Besides showing
new and rich physics in fundamental research, mesoscopic systems exhibit a vast
potential for fascinating applications in very different domains, some of them being
already available as commercial products. Typical systems under investigation are
quantum wires, i.e., one-dimensional quantum systems with only very few conduc-
tion channels, and quantum dots, which are roughly speaking laterally restricted
quantum wires leading effectively to zero-dimensional systems with only discrete
energy states. These nanoscale devices carry a few to a few thousand electrons
being confined on them and behave like artificial atoms.

One of the most challenging and in many respects prototypical systems in meso-
scopic physics are carbon nanotubes which were discovered in 1991. Carbon nan-
otubes are tubular nanoscale objects which can be thought of as graphite sheets
wrapped onto a cylinder. Due to their intriguing electronic and mechanical proper-
ties, they continue to attract an increasing amount of attention. Besides single-wall
nanotubes which consist of only one graphite shell, there also exist multi-wall nan-
otubes consisting of a few concentrically arranged graphite shells.

Due to the one-dimensional nature of their electronic conduction bands near
the Fermi energy, metallic single-wall nanotubes constitute a nearly perfect realiza-
tion of 1D quantum wires. In particular, because of this reduced dimensionality,
electron-electron correlations invalidate the usual Fermi liquid picture leading to
a Luttinger liquid phase. This is the generic phase for 1D metals and has been
observed experimentally in the suppression of the tunneling density of states, or
in interaction-dependent power-law behavior of transport properties. While single-
wall nanotubes are ballistic with elastic mean free paths up to several microns, the
detailed behavior of multi-wall nanotubes is not yet completely understood. Thus,
lately much effort, including this work, has been devoted to studying the electronic
properties of multi-wall nanotubes, especially with focus on disorder induced effects.

Since real materials always enclose impurities, dislocations, or more general forms
of disorder, this generally implies to go beyond usual paradigms that have been used
successfully for pure systems. To strengthen the usefulness of carbon nanotubes, the
understanding of the influence of defects in nanostructures deserves particular at-
tention since at such very small scale, any disruptions of local order may affect
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dramatically the physical response of the nanodevice. For the implementation to ef-
ficient technological devices, one needs to seriously understand, control, and possibly
confine the magnitude of these inherent quantum fluctuations, induced by disorder
or magnetic field.

Therefore, we present a theory for the van Hove singularity in the tunneling den-
sity of states of disordered multi-wall nanotubes. However, this problem is also of
great importance for other multi-channel quantum wires. We answer the question:
How is the van Hove singularity modified by the presence of disorder? This question
is crucial for the interpretation of several key experiments on multi-wall nanotubes.
A typical experimental setup to check our predictions would be, e.g., a scanning tun-
neling spectroscopy measurement, which can directly probe the tunneling density of
states. By using diagrammatic perturbation theory within a non-crossing approx-
imation which is valid over a wide parameter region, we obtain closed analytical
expressions governing the disorder-induced broadening and shift of van Hove singu-
larities as new subbands are opened. This problem is highly non-trivial because the
(lowest-order) Born approximation breaks down close to the van Hove singularity.
Interestingly, the boundary tunneling density of states shows drastically altered be-
havior compared to the bulk case, even in the clean limit. The typical 1/vE — E,,
dependence of the van Hove singularity turns into a non-analyticity with vE — E,,
behavior close to the boundary, where F,, is the threshold energy.

Quantum dots have been successfully realized, e.g., in semiconductor heterostruc-
tures or by using carbon nanotubes. One great advantage compared to real atoms is
that their properties can be tuned and controlled in experiments making it possible
to study, e.g., transport through a quantum dot via attached leads. Within Coulomb
blockade theory, transport only occurs for selected values of the gate voltage capac-
itively coupled to the dot, resulting in a sequence of equidistant conductance peaks
(Coulomb peaks) corresponding to the addition of single electrons. This opens the
possibility of building a transistor operating at the level of single electrons and being
on that score the ultimate limit of a transistor at all.

Quantum dots also provide a fascinating device to study another interesting and
important effect, appearing when the topmost level of the dot is occupied by a
single electron only. The resulting situation corresponds to a magnetic impurity in
a sea of conduction electrons giving rise to the Kondo effect, which has received an
enormous amount of attention over the years. Kondo’s original work over thirty-five
years ago was intended to explain the anomalous resistivity observed in magnetic
alloys. However, in quantum dots the Kondo effect allows for resonant transmission
through the island, as observed in recent experiments.

In most treatments of the Kondo effect (and resonant tunneling) in quantum
dots, the leads are taken to be Fermi liquids and interactions in the leads are ig-
nored. This is sufficient if the leads are 2D or 3D electron gases, where interactions
affect the low-energy properties only perturbatively. In contrast, in 1D arbitrarily
weak interactions completely modify the ground state and the low-energy excita-



tions are described by a Luttinger liquid rather than a Fermi liquid. The drastic
consequence is that, e.g., in a repulsively interacting Luttinger liquid with a sin-
gle impurity, transport is completely blocked at very low temperatures. However,
adding a second impurity profoundly changes the whole situation since then, even
perfect transmissions can be achieved (resonant tunneling).

The problem of resonant tunneling in a Luttinger liquid was first studied a decade
ago, but has recently attracted renewed and widespread attention by theorists. This
is primarily caused by novel exciting experimental realizations of double-barrier
structures in interacting 1D quantum wires as, e.g., single-wall nanotubes with two
intramolecular buckles induced by an atomic force microscope. The buckles act as
tunneling barriers and thereby create a well-defined island (quantum dot) with a
length of a few tens of nanometers. Transport measurements revealed oscillations
in the conductance through the island as a function of the gate voltage which are
believed to correspond to the addition of single electrons to the dot, and to be a
result of the Coulomb blockade. The whole device has been reported to behave as
single electron transistor, up to room temperature.

However, the reported unconventional behavior of the conductance measured in
this experiment could not be understood within existing theories. As a result, many
new and also contradictory results appeared in the literature leading to a recent
controversy. Therefore, we try to clarify this situation by carefully reconsidering the
problem of transport through a Luttinger liquid with two impurities of arbitrary
strength. As this problem is not integrable, exact solutions covering a wide param-
eter range of interest are out of reach, in marked contrast to the situation of only a
single impurity. We present analytical results for the resonance condition as well as
a detailed quantum Monte Carlo study of the conductance in such a system. These
numerically exact results allow to investigate the line shape of the resonance as well
as the behavior of the peak height and width. We will pay particular attention to
how the barrier strength influences the physical mechanisms of transport through
the double-barrier. This question is related to the breakdown of Coulomb blockade
at strong transmission. The validity of our Monte Carlo approach is demonstrated
for the non-interacting case by comparing numerical results to the exact solution
for arbitrary barrier height. We identify the regime of coherent resonant tunneling
where the line shape shows universal scaling behavior, i.e., rescaled resonance curves
for different temperature collapse onto a single master curve. In this regime, the
line width shows power-law behavior on temperature with the exponent depending
on the interaction strength in the system. We could also identify the regime of
correlated sequential tunneling thereby resolving the recent controversy mentioned
above. With spin, we identify resonant tunneling peaks, but no Kondo effect can be
found in this setup.

The entire work is organized as follows. The first chapter gives a brief intro-
duction to carbon nanotubes including some remarks on relevant experimental tech-
niques like scanning tunneling microscopy. Chapter 2 provides the theoretical frame-
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work for describing disordered multi-wall nanotubes as needed for studying van Hove
singularities in the tunneling density of states of such systems which is done in detail
in the third chapter. Then, after introducing the Luttinger liquid description for
single-wall nanotubes in Chapter 4, we give a summary of earlier results on resonant
tunneling and Kondo effect in quantum dots in Chapter 5. There, we also review
recent experimental results that are in close context to our theory for transport
through a nanotube quantum dot presented in Chapter 6. Finally, we conclude in
the summary. Some calculations which would be too tedious for the main text are
provided in several appendices for the interested reader.



Chapter 1

Carbon nanotubes

In this chapter we will review the physical properties of carbon nanotubes. We start
by describing growth processes, the crystallographic structure, and the electronic
properties. Subsequent, we discuss differences between the two existing classes of
nanotubes (single- and multi-wall). Because of its importance as an experimental
tool for visualizing as well as manipulating and spectroscopically probing atomic
structures, we also briefly describe the scanning tunneling microscopy technique.
We close the chapter by giving an outlook on some challenging applications.

1.1 Growth and purification

Carbon nanotubes (NTs) were discovered in 1991 by Tijima [1] (for a recent review,
e.g., see [2]). He observed tubular features in electron microscopy images of fullerene
soot produced in an arc discharge which were identified as fullerene tubes consisting
of multiple shells, in which many tubes were arranged in a coaxial fashion. Such
tubes were called multi-wall nanotubes (MWNTs). In 1993, lijima’s group, as well
as others, found that the use of transition-metal catalysts leads to N'T's with only
a single shell [B]. Accordingly, they were called single-wall nanotubes (SWNTs).
Because of their simple and well-defined structure, SWNT's serve as model systems
both for theoretical calculations as well as for key experiments. As an example, in
Fig. [LTl we show an atomic force microscopy image of a SWNT.

In 1995, Smalley and co-workers found a laser ablation technique that could
produce SWNTs at yields of up to 80% instead of the few percent yields of earlier
experiments [5]. Later, it has been shown that high yields of NTs can also be
obtained with the arc discharge method [6]. A recent development is the use of
chemical vapor deposition, in which NTs are grown by decomposing an organic gas
over a substrate covered with metal catalyst particles. Either MWNTs or SWNT's
can be grown with this technique (see especially [7] and references therein).

The first step in the study of NTs is technological, their purification. Purification
steps may consist of controlled oxidation, chemical treatment, filtration and other
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Figure 1.1: Atomic force microscopy image of a carbon nanotube on top of a Si/SiOs
substrate with two 15 nm thick Pt electrodes. The tube has a diameter of ~ 1 nm,
and is identified as an individual SWNT. (Taken from []).)

procedures. The first purification method consisted of burning the raw soot in air
which resulted in a relatively pure NT soot, but with damaged tube walls and tips,
and with a loss of about 99 weight percent of the material. More advanced methods
build on a special filtration technique using a water/surfactant solution to extract
the tubes from the suspension. Further purification can be accomplished by size-
selection through controlled flocculation and after a final separation, yields as high
as 90% in weight are obtained without any damage to the tubes [7].

High resolution transmission electron microscopy provides valuable information
about the NT quality prepared by different synthesis methods. In the arc discharge
and related methods, NTs are produced in an inert gas atmosphere from graphite at
such high local temperature that the carbon evaporates and subsequently forms the
NT. The resulting tubes are mainly straight and exhibit a rather flawless structure
in transmission electron microscopy images. The NTs grown by the arc discharge
method have generally the best structures, presumably due to the high temperature
of the synthesis process [7].

As already mentioned, a MWNT is composed of a set of coaxially arranged
SWNTs of different radii. The distance between nearest-neighbor shells corresponds,
within good approximation, to the van der Waals distance between adjacent carbon
sheets in graphite which is ~ 3.4 A. The outer diameter of NTs depends on the
growth process. For SWNTs, one has typically a radius of R = 0.5 to 1 nm while
for MWNTs, the outermost shell radius is R = 5 to 20 nm. For arc discharge grown
MWNTs, R is typically of order 10 nm, but can attain values exceeding 100 nm for
some chemical vapor deposition grown MWNTs. Transmission electron microscopy
has shown that these large diameter tubes contain a considerable amount of defects.
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Figure 1.2: Honeycomb lattice of graphene with the basis consisting of two atoms

(A,B) and with the primitive Bravais translation vectors dy and ds. The C-C nearest-
neighbor distance d ~ 1.42 A determines the lattice constant a = /3d ~ 2.46 A.
Indicated are also the wrapping directions for zigzag and armchair NTs.

Typical lengths of NTs are up to 1 mm. Because of their small radius and
the large aspect ratio > 10* (length-to-diameter ratio), they provide an important
system for studying one-dimensional (1D) physics, both theoretically and experi-
mentally. Thereby, main advantages are their high chemical stability as well as
their extraordinary mechanical properties. Most important for our study are, how-
ever, the remarkable electronic properties of carbon NTs on which we will mainly
focus in the remainder.

1.2 Crystallographic structure

A SWNT can be constructed from a slice of graphene (that is a single planar layer of
the honeycomb lattice of graphite, see Fig. [[2) rolled into a seamless cylinder, i.e.,
with all carbon atoms covalently bound to three neighbor carbons by sp? molecular
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orbitals. The mapping of the graphene sheet onto the cylindrical surface can be
specified by a single superlattice translation vector T which defines an elementary
orbit around the waist of the cylinder, therefore connecting two crystallographically
equivalent sites on the two-dimensional (2D) graphene sheet. In the absence of
disclinations, the superlattice vector T is an element of the original graphene lattice.
The wrapping is conventionally indexed by two integers 0 < s < r such that T =
rd; + sdy, where @ = a(1,0) and @ = a(1/2,4/3/2) are the primitive Bravais
translation vectors of the honeycomb lattice of length a = v/3d ~ 2.46 A (a is called
lattice constant), with the C-C nearest-neighbor distance d (see Fig. [[Z). Together
with the basis of the honeycomb lattice that consists of two atoms, the vectors a;
and dy span the complete lattice.

According to the construction, the arrangement of carbon atoms on the tube
surface is determined by the integer indices r and s resulting in a so-called (r, s)
NT. Vectors (r,0) denote zigzag tubes while vectors (r, r) denote armchair tubes (see
Figures and [[3). These two cases with especially high symmetry correspond to
the limiting cases of a general chiral tube specified by all other vectors (r, s) with
s#0,r.

Equivalently to the two integers r and s, one can specify the NT in terms
of the tube radius R = |T|/27 = avr®+ s% + rs/27 and the chiral angle § =
tan~'[v/3s/(s + 2r)], which is the angle between @; and T and therefore measures
the torsion of the lattice with respect to (r,0). Because of the sixfold symmetry
of the honeycomb lattice, several different integers (r, s) will give rise to equivalent
NTs. To define each tube once and once only, we have to restrict the chiral angle
to 0° < 6 < 30° which is equivalent to the restriction 0 < s < r made before.

1.3 Electronic properties

An interesting point is that MWNTs allow us to study the transition from the single
molecule (SWNT) to the macroscopic crystal (graphite). Accordingly, they are in-
between the 1D (SWNT) and 2D (planar graphene) limit. The question that arises
is whether their electronic properties are closer to that of graphite or do MWNTs
rather behave as a set of independent SWNTs? It is thus useful to briefly highlight
the electronic properties of the two reference systems, graphite and ideal SWNTs.
Starting with graphite, we will first review the band structure of a graphene
sheet. It is convenient to transform to the reciprocal latticeﬁ which, for a periodic
lattice, corresponds to the “momentum space”. The Wigner-Seitz unit celld for the

'Remember that the product of a lattice vector 7 and a vector G of the reciprocal lattice is just
PG = 27n, with integer n.

2For a certain lattice structure there exist several possible unit cells, all having of course the
same (minimal) volume. The Wigner-Seitz unit cell now is constructed by connecting a lattice
point with straight lines to all possible neighbor points. The smallest volume generated by the
perpendicular bisectors of the bonding lines is then called Wigner-Seitz unit cell.
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Figure 1.3: SWNTs with different chiralities and possible caps at each end: (a)

= 30°, (b) shows

0) zigzag NT with 6 = 0°, and (c¢) shows the general case of a chiral tube with
0° < 0 < 30°. The tubes shown in the figure correspond to (r,s) values of (a) (5,5),

r) armchair NT which corresponds to a chiral angle 0
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(b) (9,0), and (c) (10

reciprocal lattice is called the first Brillouin zone and has, for the honeycomb lattice,

, the carbon atoms in

already mentioned

see Fig. [C4). As

(

a graphene sheet are covalently bound by sp? molecular orbitals and the fourth

the form of a hexagon

valence electron, an atomic p,-state, hybridizes with all other p.-orbitals to form a

-band. The band structure of a graphene sheet was calculated already

delocalized 7

-neighbor tight binding approximation on a

in 1947 by Wallace using the nearest

honeycomb lattice [0]. The corresponding Hamiltonian can easily be diagonalized,

+ h.c.,

T
1Cj

H:th

<i,7>

with the creation operator cz for a m-electron on lattice site ¢ and the hopping

matrix element ¢ ~ 2.5 eV (given by the nearest-neighbor C-C overlap integral).

see also [10]),

(

The resulting dispersion relation is straightforward to derive
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Figure 1.4: Wigner-Seitz unit cell for the reciprocal lattice (first Brillouin zone)
of the honeycomb lattice. Only the corner points exhibit a gapless band structure,

e., the Fermi surface is collapsed to isolated points, with only two of them being
independent (K, K'). Each set of points o and X represents equivalent points since
they differ only by reciprocal lattice vectors.

From such a calculation it is now seen that the bonding m-band (valence band, “—")
is always energetically below the antibonding 7*-band (conduction band, “+7) for all
wavevectors, except at the corner points of the first Brillouin zone, where the band
splitting is zero by symmetry of the honeycomb lattice. Accordingly, an isolated
graphene sheet is a semimetal, whose 2D band structure near the Fermi surface
consists of six conical energy surfaces in the first Brillouin zone, with the Fermi
energy Er residing at a critical point in the 2D 7m-electron spectrum (see Fig. [CH).
Theoretically, all bonding states will be filled up to the corner points, which coincide
with Er. Hence, the Fermi surface of undoped graphene consists only of six isolated
points, the vertices of the six cones. But there exist only two distinct Fermi points,
namely the K and K’ points of the first Brillouin zone at K = (+4r/3q, O)E the
remaining points can be mapped onto these two via a reciprocal lattice vector. Up
to high energies ¥ ~ 1 eV one can linearize the dispersion relation around the Fermi
points, E(§) = +hvp|q| with ¢ = k — K and the Fermi velocity vp = v/3at/2h ~
8 x 10° m/s.

Next, we will turn to the other reference compound, that is a perfect SWN'T.
When the graphene sheet is wrapped into cylindrical form, the periodic bound-
ary condition around the NT circumference causes quantization of the transverse
wavevector component. Along the tube, the electrons are not confined. More pre-
cisely, the m-electron eigenstates ¢ (7) have to satisfy the condition (7 +T ) »(T)
leading to the requirement that all allowed wavevectors k have to fulfill T -k = 2mn,
with integer n. From this requirement we can also find a condition for the NT to
be metallic, namely we have to require that the Fermi vector K itself is an allowed
wavevector (otherwise there would be a gap in the spectrum), leading to 2r+s = 3n,
which is a necessary condition for a (7, s) tube to be metallic. As we see, armchair
NTs should always be metallic while most other tubes are semiconducting. Thus,
the conductive properties of NTs depend drastically on the chirality of the hexago-

3Obviously, cos(27/3) = —0.5 and hence, the K points are gapless, E(I?) =0.
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Figure 1.5: Dispersion relation of the w- (lower half) and 7*-band (upper half) of a
2D planar graphene sheet. The energy is measured relative to the Fermi energy of
undoped graphene. As one can clearly see, the upper and lower band touch at the six
corner points of the first Brillouin zone which has a hexagonal structure.

nal carbon lattice along the tube. A slight change in the winding of the hexagons
along the tube can transform the NT from a metal into a large-gap semiconductor
where the gap is of the order of 1 eV and scales inversely with the tube radius,
Egop = 2hvp/3R. Since r and s should be statistically independent, one assumes
that approximately two-thirds of the tubes are semiconducting and one-third are
metallic, which is also supported by the experimental findings.

One should mention that also in many nominally metallic tubes like, e.g., the
(6,0) zigzag NT, a minigap appears at the band center. This is due to the intrinsic
tube curvature which reduces the overlap of nearest-neighbor m-orbitals resulting in
a shift of K such that the allowed 1D subband no longer passes through it, and
hence, a small gap opens. Such gaps have been observed experimentally, have a
size of a few tens of meV, and scale as 1/R? [I1]. However, in armchair N'Ts such
secondary gaps cannot appear due to the high symmetry of the tube lattice and
therefore, armchair NTs are indeed always metallic.

The 1D band structure can easily be constructed using the 2D band structure
of graphene. Let us denote the wavevector along the tube direction by k and the
transverse component by k,, where the allowed %k, are spaced by 1/R. Because of
this quantization of circumferential modes, the tube’s electronic states do not form
one wide electronic energy band but instead split into 1D subbands with band onsets
at different energies (see Fig. [[H). Each &, within the first Brillouin zone gives rise
to a 1D subband and hence, a set of subbands Ej, (k) is obtained which are often
referred to as transverse modes in analogy with the modes of an electromagnetic
waveguide. A large-diameter tube will have many (occupied) subbands, while a
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N

Figure 1.6: Dispersion relation for the 1D electronic energy bands of a metallic
(left) and a semiconducting (right) NT. While in the metallic case there is a non-
zero density of states (DOS) at the Fermi level, in the semiconducting case there is
a band gap leading to a vanishing DOS in the vicinity of Er (undoped case).

small-diameter tube has only a few of them. For SWNTSs, subbands are widely
separated in energy on the scale of 1 eV, much larger than the room temperature
thermal energy of about 1/40 eV.

In semiconducting N'T's, there are no electron states at the Fermi level while in
metallic NTs, two of the 1D subbands cross the Fermi energy. They are constructed
out of the six energy cones of graphene which collapse into two independent 1D con-
duction channels since at each case three of the cones are equivalent. The current
through metallic SWN'Ts is therefore predicted to be carried by only this pair of sub-
bands. Taking into account the spin degeneracy of the electrons, metallic SWNTs
have altogether four independent conduction channels. The number N of indepen-
dent conduction channels determines the conductance G of a ballistic (i.e., without
backscattering) 1D system adiabatically connected to external leads according to
the Landauer conductance formula, G = NGy, where Gy = €*/h ~ [25.8 kQ| ! is
the conductance quantum. SWNTs are thus predicted to be prototype 1D quantum
wires.

To summarize, depending on the specific realization (i.e., the chiral angle), a NT
may be a true 1D metal with a non-vanishing density of states (DOS) at the Fermi
energy or a semiconductor with a gap (see Fig. [[O) [T2, [3]. This is in marked
contrast to the 2D graphene sheet which is a zero-gap semiconductor (semimetal).

We want to close this section by commenting on a subtle fact concerning 1D
metallic wires. In 1930, Peierls showed that 1D metallic wires are essentially un-
stable and will turn semiconducting [T4]. That is what happens, for example, to
polyacetylene and other so-called conducting polymers, which have gaps of a few
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eV. NTs are an exception to this general rule. Because of their tubular structure,
the energy change of setting up a Peierls distortion is very unfavorable. The fact
that NTs can be metallic at the level of a single molecule is therefore unique.

1.4 Differences between single- and multi-wall
nanotubes

Radius and energy scale

Neglecting the inner shells of a MWNT for the moment (inter-shell tunneling is
largely suppressed for a number of reasons [I5]), the main difference between a
SWNT and a MWNT is the outer diameter of the graphene cylinder. SWNTs have
typical diameters of ~ 1 to 2 nm while MWNTs normally have diameters in the
range of 10 to 40 nm. This one order of magnitude difference in diameter relates
into an order of magnitude difference in energy scale. For a semiconducting MWNT,
tight binding calculations predicted a gap of order 0.1 eV for a 10 nm diameter tube,
whereas for a SWN'T the gap is of order 1 eV. This scale is also roughly valid for
the energy separation between the first conduction and valence subbands above and
below the Fermi level for metallic tubes.

Magnetotransport

With regard to electrical measurements in magnetic fields, orbital effects cannot be
studied in SWNTs because extremely high magnetic fields would be required. In
contrast, a magnetic field of 12 T is enough to induce a magnetic flux of ¢o/2 in a
MWNT with an outer diameter of 15 nm (¢9 = h/e is the flux quantum). There-
fore, valuable information can be obtained from magnetotransport experiments on
MWNTs.

Recently, Bachtold et al. [16] reported magnetoresistance measurements on indi-
vidual MWNT's showing the typical fingerprints of diffusive behavior. On applying
a magnetic field parallel to the tube axis the resistance decreases as a consequence
of weak localization (see Sec. EIIl). For the specific geometry of a cylinder, the
weak localization contribution is periodic because of the interference of closed elec-
tron trajectories that encircle the cylinder once. Due to the Aharonov-Bohm effect
[T7], the phase difference Ay between each such trajectory and the time-reversed
counter-propagating trajectory is solely determined by the magnetic flux ¢ enclosed,
Ap = 4drp/po. Consequently, the electrical resistance has an oscillating contribu-
tion with period ¢¢/2 (Al'tshuler-Aronov-Spivak effect [I8]). Similar oscillations
were also observed for thin hollow cylinders [T9].

The measured resistance oscillations were found to be in good agreement with
Al’tshuler-Aronov-Spivak theory if the current is assumed to flow only through the
outermost cylinder of the MWNT. Therefore, this experiment leads to the conclusion
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that the inner shells of a MWNT do not contribute to transport and that the electric
current can be assumed to flow in the outermost (metallic) graphene tube onlyH at
least at low temperatures, and hence, experiments on MWNTSs also address a single

shell.

Inner shell effects

For MWNTs, one may have to take a weak hybridization of electron states from
neighboring tubes into account. Since MWNTs are composed of coaxial cylindri-
cal layers, each with different radii and also different helicities, the adjacent layers
are generally non-commensurate, and, as a consequence, the electronic coupling
between the layers is decreased relative to graphite and hybridization is therefore
expected to be small [20]. Notice however, that the presence of inner shells is one
of the main differences between MWNTs and SWNTs since they cause a screening
of the electron-electron interaction [21]. In addition, the energy landscape of the
incommensurate inner shells acts as a quasiperiodic ionic potential on outermost-
shell electrons. The effect of such a potential is known to be very similar to a
(Gaussian white noise) random potential (see also Sec. Z3). As a consequence,
disorder-dominated behavior can be important even in impurity-free MWNTs.

Intrinsic resistance

By scanning the tip of an atomic force microscope above a NT device using it as
a local voltmeter, Bachtold et al. separately measured the intrinsic resistance and
contact resistances of SWNTs and MWNTs [22]. They showed for the first time
that in metallic SWNTs the measured resistance is exclusively due to the contact
resistance (there is no measurable intrinsic resistance) thereby demonstrating un-
ambiguously that transport in metallic SWNTs is ballistic over a length of > 1um,
even at room temperature. In contrast, in MWNTs the voltage drops uniformly (lin-
ear) along the tube length with no significant drop at the contacts which indicates
that MWNTs behave as diffusive conductors with a well-defined resistance per unit
length, R/L ~ 10 kQ/um. Hence, the important observation is that SWNTs are
ballistic while MWNTSs are rather diffusive than ballistic (as already expected from
the magnetotransport experiment). What remains to be determined is the source
of backscattering in MWNTs which at present is not (definitely) known.

Doping

Since diffusive transport requires that the number of subbands N > 1, one can ask
the question why MWNTs are doped to such a degree that N > 17 By using a new
gating technique (electro-chemical gating), Kriiger et al. have recently shown that

4Presumably, this is a consequence of the way in which the NTs are contacted. Since the
electrodes are evaporated over the MWNT, they contact the outermost tube preferentially.
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MWNTs are indeed hole doped, most likely induced by the adsorption of water [23].
The number of 1D modes is # 2, but rather 10 to 20. Therefore, MWNTSs are not
single mode, but rather few mode quasi-1D quantum wires. Whether they are 1D
or 2D diffusive is another question.

Mean free path

Therefore, the estimation of the electron mean free path [ in NTs is relevant for
determining which is the most likely transport regime (ballistic versus diffusive),
and further tells us whether or not the conductance should be quantized. While
some experiments have observed conductance quantization [24], others suggest, in
contrast, rather short mean free paths [I6]. Reported elastic mean free paths for
MWNTs are in the range [ &~ 5 to 100 nm (whereas metallic SWNTs can have [
of the order of microns), but by intentionally damaging the tubes, e.g., by fast ion
bombarding, any level of disorder may be realized experimentally.

For [ > 27R, we have the situation of 1D ballistic transport (as observed in
SWNTSs) as long as [ > L, where L is the tube length, and 1D diffusive transport
for | < L, whereas 2D diffusive behavior is obtained for | < 27 R. The regime of
1D diffusive transport is characterized by a diffusive motion of the electrons along
the tube whereas the motion around the circumference is ballistic. Therefore, this
regime is also called quasi-ballistic.

1.5 Scanning tunneling microscopy/spectroscopy

The rapid advances in nanoscale science were only made possible by new materials
(e.g., carbon NTs) and the development of a special microscope which enabled the
individual atom of a surface to be visualized for the first time.

Invented by Binnig and Rohrer in 1981, the scanning tunneling microscope
(STM) is based on electron tunneling [25]. Using piezodrivers, one can position
the STM’s conducting tip to within a few angstroms of the surface of a conduct-
ing (metal, semiconductor or superconductor) substrate. At such close distances,
the wavefunctions of both will overlap. Consequently, if a bias voltage is applied
between the tip and the substrate, electrons from the tip have a finite probability
of tunneling across the vacuum space to the sample, resulting in a measurable cur-
rent. This tunneling current can be calculated using perturbation theory (Fermi’s
golden rule) and is found to be proportional to the local DOS of the surface at the
Fermi level, taken at the position of the tip [26]. An example of an STM image of a
SWNT is shown in Fig. [[7l Besides providing extremely high resolution images of
the substrate surface, the STM can also be used to fabricate and spectroscopically
probe atomic-scale structures.

The most promising present technique for carrying out sensitive measurements
of the electronic properties of individual NTs is scanning tunneling spectroscopy
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Figure 1.7: This STM image was recorded in the constant-current mode and it re-
solves the atomic structure of a SWNT. The tube axis is indicated with a solid black
arrow. A portion of a 2D graphene layer is overlaid to highlight the atomic structure.

(This image is taken from [1Z].)

(STS). With this technique, it is further possible to carry out both STS and STM
measurements at the same location on the same tube. Since the STM has the power
to obtain atomically resolved images of the tube’s hexagon lattice, it is possible to
measure the tube diameter as well as the chiral angle concurrently with the STS
spectrum and thus, to correlate the electronic structure with the chiral structure of
the tube. In this way the theoretical predictions have been experimentally confirmed
12, 13, 27, 2§]. Further, STS at low temperatures (7' < 10 K) allows for an energy
resolution in the range of meV and therefore, the combination of STM and STS
makes it also possible to directly image the lateral distribution of energy-selected
electronic states [29].

The vacuum barrier between the STM tip and the sample forms a convenient
junction for STS as it allows tunnel currents at large bias voltages. In STS, scanning
and feedback are switched off (i.e., the position of the STM tip is fixed above a single
NT), and the tunneling current I between tip and NT is recorded as a function of
the bias voltage V applied to the sample. The differential conductance dI/dV
can then be considered to be proportional to the tunneling density of statedl of
the tube examined. On semiconductors, the normalized differential conductance
(dI/dV')/(I/V) has been argued to give a better representation of the tunneling
density of states than the direct derivative dI/dV, partly because the normalization
accounts for the voltage dependence of the tunnel barrier at high bias (for details

see [30]).

5This is the DOS at a certain position & and hence, in general, a function of energy and space
coordinates (see Chapter Bl).




1.6 Applications 17

The great possibilities of STM in the fabrication and manipulation of nano- and
even atomic-scale structures have been impressively demonstrated by the creation
of so-called quantum corrals [30]. There, single atoms are arranged on a substrate
in order to form, e.g., a circle or ellipse which can be used to directly demonstrate
the wave character of particles. Concerning NTs, one can use the STM to induce,
e.g., a buckle (that would effectively act as an impurity for electron transport) in
a single tube or to arrange several tubes on a substrate in order to form a certain
electronic circuit.

Besides the STM there exists another important scanning probe microscope,
namely the atomic force microscope. There, the probing tip is attached to a fine
cantilever and as the sample is scanned, the deflection of the cantilever is measured.
From these data the surface of the sample can be reconstructed. The great advantage
of the atomic force microscope is that also non-conductive materials can be studied.
Clearly, one can also use an atomic force microscope to manipulate and arrange NT's
on a substrate.

1.6 Applications

There exist many challenging applications of carbon NTs in very different fields
(for a general survey see [7]), some of them being already available as commercial
products. What is so special about carbon NTs? The answer lies in their unique
physical properties, structural and electronic. For example, NTs have a small specific
weight and a record-high elastic modulus (NTs can, e.g., be used to design new
composite materials being much more stable than steel and having at the same
time a smaller specific weight). They are predicted to be by far the strongest fibers
that can be made. Additionally, when a tube is bent, it does not directly fracture
like most materials but buckles like a drinking straw. When the bending strain is
released, the tube straightens out again. Such remarkable mechanical properties are
relevant to a broad range of potential applications. Proposals span a wide spectrum,
from molecular electronics to hydrogen storage, bulletproof vests and even artificial
muscles.

NTs have been successfully used as field emission devices [31] for flat panel dis-
plays [32]. Due to the small radius of the tube, high local fields can be produced
when applying a potential between a NT-coated surface and an anode, which causes
electrons to tunnel from the tube tip into the vacuum. The use of NTs further re-
moves the need for ultrahigh vacuum in these devices and saves energy because NT's
field emit at room temperature, no heating is required. Even x-ray and microwave
generators are possible [33]. The compact geometry of NT-based x-ray sources sug-
gests their possible use for medical imaging, possibly even for x-ray endoscopes.
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Due to their capillary properties, NTs are (controversially) discussed for hydrogen
storage, e.g., for fuel cells that power electric vehicles or laptop computers (see [34]
and references therein).

Further, NTs are discussed as future components for building up molecular elec-
tronic devices. Dramatic recent advances have fueled speculation that NTs will be
useful for down-sizing electronic circuit dimensions. One can imagine to construct
complete electronic circuits from interconnected N'Ts. Because the electronic prop-
erties depend on helicity, it should be possible to produce a diode, e.g., by grafting a
metallic NT to a semiconducting one. Such a device has already been demonstrated.
Also a field effect transistor with only one SWNT as active element [35] and even
a single electron transistor have been demonstrated to work, importantly at room
temperature. IBM expects that NT electronics will be realized in about a decade.

Another interesting application is the use of NTs as tips for STMs (or atomic
force microscopes). Ever since the discovery of STM, the tip has been a black box.
NT tips offer a number of advantages. NTs are chemically inert and mechanically
robust, they have a large aspect ratio, and the tip end is, in principle, well defined.
Furthermore, they are crash-proof: pressing the NT tip onto a surface will buckle
the tube rather than induce tip damage. Subsequent withdrawal will relieve the
buckle and recover the original tip.

We want to close this introductory chapter by quoting Richard Smalley: “These
nanotubes are so beautiful that they must be useful for something.”

6New York Times, 20 May 2002



Chapter 2

Disordered multi-wall nanotubes

We begin this chapter by pointing out the influence of the spatial dimension on
the behavior of disordered systems. Then, after deriving the low-energy theory
for the electronic states in MWNTSs, we discuss the various disorder mechanisms
that are possible in such systems. Finally, we briefly summarize some concepts of
diagrammatic perturbation theory which will be the basic tool used in Chapter Bl

2.1 Disorder and dimensionality

Since MWNTSs are somewhere in-between 1D and 2D systems, we briefly want to
comment on the different influence of disorder in systems with different spatial
dimension. Consider a model of non-interacting electrons scattered by a random
potential due to disorder (Anderson localization problem). If the disorder is weak,
then on a short length scale the wavefunction will look like a plane wave, but on a
long length scale it will be scattered by the random potential. The multiply scattered
wave is expected to have an amplitude everywhere in the sample, just as a plane
wave does, and is referred to as an extended state. Anderson pointed out [36] that if
the disorder is made progressively stronger, one should expect a qualitative change
in the nature of the wavefunction, namely that in the limit of very strong disorder
the wavefunction decays exponentially from some point in space on the scale of the
localization length (localized state). Physically, this is expected to happen when the
mean free path becomes comparable to the wavelength. The interesting question
is, what happens for intermediate disorder and does this general picture hold in all
dimensions?

Actually, it is easier to establish the existence of localized states than that of
extended ones. For example, in 1D it can be shown rigorously that all states are
localized, no matter how weak the disorder [37]. On the other hand, the existence
or non-existence of an extended state in 2D has been a point of contention for many
years (see, e.g., [38]). The scaling theory of localization tries to solve the problem
by considering the behavior of the dimensionless conductance g as a function of the
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system size L. The scaling function 3(g) = d(Ing)/d(In L) then allows one to discuss
and understand the different influence of the spatial dimension. In 3D, the system
can scale to an Ohm’s-law conductor (5(g) = 1) as well as to an insulator with
localized states (((g) < 0). The critical point G(g) = 0 is an unstable fixed point.
However, the same analysis carried out for 2D and 1D systems suggests that there
is no such critical point. Instead, 5(g) < 0 (2D) and < —1 (1D) always. Therefore,
at large enough length scales, only localized behavior is possible and hence, there
are no truly extended states. In 1D, one crosses over into the localized regime more
rapidly than in 2D.

Additionally, in diffusive 2D (and 3D) systems there exists the phenomenon of
weak localization [39] if the length of a phase-coherent conductor is much less than
the localization length. If we consider (quantum-mechanically) the probability for
an electron to return to its starting point, then we have to take into account the in-
terference between closed Feynman paths and their time-reversed paths. Due to the
prerequisite of phase-coherence this interference is constructive (in zero magnetic
field) leading to a doubling of the return probability compared to the classical diffu-
sion. This so-called enhanced backscattering increases the resistivity and therefore
reduces the conductance. This effect, that the average quantum-mechanical conduc-
tance is smaller than the classical Drude result, is known as weak localization effect.
A unique signature of weak localization is that it can be destroyed by a magnetic
field because of the broken time reversal symmetry. The interference terms then
cancel out due to the accumulation of a Peierls phase in the wavefunction result-
ing in an anomalous magnetoconductance, i.e., a negative magnetoresistance. The
Peierls phase is given by

e [ o o 0
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where the integral is over a closed loop leading to the phase difference Ap = 2¢pp.

2.2 Low-energy theory for multi-wall nanotubes

In order to derive the low-energy theory for MWNTs we start from the dispersion
relation of graphene. In the vicinity of the K points, the energy bands in graphene
are highly linear and, to a very good approximation, given by

E(k) = +hvp|k — K],

with the Fermi velocity vp = 8 x 10° m/s. This linear dispersion relation holds for
energies £ < D ~ 1 eV and is fully equivalent to the light cone in a relativistic
theory.

Since the basis of the honeycomb lattice contains two atoms, there are two sub-
lattices p = +. As a consequence, there are two degenerate Bloch states,

exp[—iaK -7

1
@pa(f) = \/ﬁ
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at each Fermi point @ = + corresponding to the two K points. Here, ¥ = (z,y)
lives on the sublattice p under consideration, and we have already anticipated the
correct normalization for NTs. The Bloch functions are defined separately on each
sublattice such that they vanish on the other. One can then expand the electron
operator for spin ¢ = + in terms of these Bloch functions,

\I’a(f) = Z ‘Ppa(F)@Dpaa(F) ) (2-1)

thereby introducing the two-component spinor ¢, where the two components reflect
the sublattice degree of freedom. In addition to its physical spin and momentum,
the m-electron carries an internal pseudo-spin index p, labeling the sublattice state,
and an iso-spin index «, labeling the two independent Dirac spectra derived from
the K and K’ points of the first Brillouin zone.

Expanding the m-electron Hamiltonian around either of the two Fermi points,
and linearizing in spatial derivatives, one finds that the low-energy electronic states
of a clean graphene sheet are described by a massless 2D Dirac Hamiltonian [40)],

H = =itvp 3. [ dfthe, (7 - V)prtiyas(7) (2:2)
pp’ao
where the 2 x 2 Pauli matrices ¢ = (0,,0,) act in the sublattice space.

In order to describe propagating m-electrons on the tube, one has to map (Z2)
onto a curved surface which is done by enforcing periodic boundary conditions
around, say, the y-direction, the tube pointing along the z-direction. The action
of the resulting system can then be interpreted as the action of an equivalent quan-
tum problem in (1 + 1) dimensions, (z,y) — (x,7), with y playing the role of
imaginary time 7. Under this correspondence, the circumference of the outermost
shell maps to the “temperature” of the quantum system,

hUF
2TR’

while, however, the physical temperature of the system is still zero. In order to

B =kpTg = (2.3)

simplify notation, we set A = v = 1 from now on except for final results.
In the absence of disorder, the electrons on the outermost shell of a MWNT are
then described by the Dirac Hamiltonian

-,

1 dk . R
Hy= 3% [ 5 V'@ K+ May)u(F) (2.4)

with k = (k,wpn). The “Matsubara frequencies” w, = k; = 27n/(, with integer
n, arise due to the finite radius, see Eq. (23)), and reflect quantized transverse
momentum. The effects of the tubule size, shape and symmetry can be included
through an effective vector potential [T5].

Albeit the mass M is zero for a 2D graphene sheet, it can be non-zero for NTs
due to chirality effects or an applied magnetic field. In general, a flux ® (in units
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of the flux quantum ¢g = h/e) gives rise to a mass M = 27 ® /5. Chirality effects
in a (r, s) tube cause a flux ®; = —(2r + s)/3 [15] while a magnetic field B applied
parallel to the tube axis causes an additional flux ®; = B/By, with By = h/mR?.
For a tube with R = 10 nm we have By = 13.2 T. Since the total flux is given by the
sum of the two contributions, it is clear that chirality effects can always be absorbed
by the appropriate adjustment of B, and therefore we consider only ®,. Since the
mass term in Eq. ([24]) couples in the same way as k,, we can replace

wp — wy + 270y /8 = (n+ B/By)/R (2.5)

in Eq. (Z4) in order to include the mass term. The magnetic flux ®5 through the NT
therefore gives rise to an Aharonov-Bohm phase modifying the boundary condition
of the transverse wavevector. Since n is integer, it is clear that for integer ®,, the
accumulated phase due to the magnetic field can be absorbed into the definition of
the azimuthal quantum number n and the system remains unaffected. In particular,
there exists an azimuthal state n = —®, for which the mass term vanishes, and the
electronic spectrum is gapless.

2.3 Disorder mechanisms

Real materials always enclose impurities, dislocations, or more general forms of dis-
order which generally imply to go beyond usual paradigms that have been used
successfully for clean systems. To strengthen the usefulness of carbon NTs, the
understanding of the influence of defects in nanostructures deserves particular at-
tention since at such small scales, any disruptions of local order may dramatically
affect the physical response of the nanodevice. For the implementation of efficient
technological devices, one needs to understand, control, and possibly confine the
magnitude of these inherent quantum fluctuations, induced by disorder or magnetic

field.

2.3.1 General remarks

There are various sources for impurities possible in NTs: structural imperfections
like substitutional atoms, charge defects in the substrate, twists, or topological de-
fects. To cover all these effects in a microscopic model, for an effective low-energy
theory, three types of randomness should be considered: a random vector potential
(or gauge field) A as well as two different types of random scalar potentials V and
V. The corresponding Hamiltonians are given by

Ha = [drg! (@5 A | (2.6)
Hy = [drV@Ee! (o . 27)
Hy = [drvEw' . (28)
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where the fields ff, V, and V are random in space but constant in time (“quenched
disorder”). Thus, they mix up the momenta but not the frequencies. Further, the
three random fields are assumed to have zero mean, (O(7)) = 0, and a Gaussian
white noise distribution for the fluctuations, (O(7)O(7")) = Apd (7 — "), where Ao
is the disorder strengthEI for the field O corresponding to AV, and V, respectively.
The assumption of delta-correlation is equivalent to assuming that the individual

scatterers are point-like and hence isotropic.

Focusing on disorder contributions of the inner-shell potentials, we can expand
these fields in terms of reciprocal lattice vectors G of the inner shells. Note that these
are different from the ones of the outermost shell, since inner shells have different
radii and chiralities. In particular, to obtain sizeable scattering between the two K
points, the Fourier component of these random fields at G = 2K should be finite.
As 2K is normally not an allowed reciprocal lattice vector on inner shells, scattering
between the two distinct K points is expected to be drastically suppressed. From
this observation, we then restrict ourselves to the single- K-point problem. Let us
now comment on the physical significance of the three disorder terms.

2.3.2 Topological disorder and random vector potential

Topological defects are dislocations (kinks) that locally change the superlattice vec-
tor T by replacing one of the hexagons in the graphene network by a pentagon
or heptagon. Pentagons, e.g., can be viewed as disclinations in the lattice, and,
when circling one such defect, the two sublattices in the honeycomb structure are
exchanged (see Fig. ETI), as well as the fermion flavors. The scheme to incorporate
this change in a continuum description was discussed in [41] and shown to be de-
scribed by means of a non-Abelian gauge field, which rotates the spinors describing
the electrons in flavor space. The vector potential is that of a vortex at the position
of the defect, and the flux is £7/2. Thus, a random distribution of topological
defects can be described by a (non-Abelian) random gauge field.

A random vector potential can also be caused by indirect hopping between
nearest-neighbor sites on the honeycomb lattice via real or virtual states provided
by the inner-shell ionic potential. Since hopping connects different sublattices, the
resulting modulation of the hopping matrix element leads to the random gauge field.

The nature of the electronic states derived from the 2D Dirac equation in the
presence of a gauge field with Gaussian randomness has received a great deal of at-
tention, as it also describes the effects of disorder in integer quantum Hall transitions
or d-wave superconductors 42, 43]. Concerning the NTs, we have to investigate the
influence of a random vector potential on a system controlled by the Dirac Hamil-

tonian (Z4)).

'For not too high energies, the disorder strength can be considered to be constant.
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Figure 2.1: Formation of a pentagonal ring in the honeycomb lattice where the two
sublattices are represented by the filled and unfilled circles. The points a, b, c, . .. have
to be identified with the points o', b/, .... The defect can be seen as a disclination,
defined by the dashed lines.

2.3.3 Random chemical potential

Both Hy, and Hy correspond to a random chemical potential. They arise from direct
impurity potential scattering processes that are diagonal in sublattice space. The
potential V is short-ranged and resolves the sublattice structure while V is long-
ranged and therefore does not distinguish between different sublattices. Using the
standard replica trick to average over disorder, the two kinds of potential scattering
can be mapped onto each other with the correspondence Ay «— —Ay E2]. Here,
we focus only on Hy since the V term is, technically speaking, irrelevant under a
renormalization group procedure. In particular, when the MWNT is intrinsically
damaged by fast ion bombarding, the dominant disorder mechanism is expected to
be due to standard potential scattering Hy [, [I0].

2.4 Diagrammatic perturbation theory

In this section we will briefly discuss the basics of diagrammatic perturbation theory
as far as it is necessary to understand the computations in Chapter B For further
details, the reader is referred to the literature, see for example [44]. We will consider
only a non-interacting system.
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Figure 2.2: Diagrammatic representation of the perturbation series for the Greens

function in Fq. (Z3).

2.4.1 Perturbation expansion for the Greens function

The diagrammatic perturbation theory provides an elegant analytical method for
computing ensemble averages. In the presence of a scattering potential U we can
expand the Greens function in a perturbation series,

-

GK, k) = 6.:Go(F) + Go(KU(§)Go(k)

0 )
+Go(KYU(3)Golk + &)U (@) Go(K) + ... | (2.9)

where G is the Greens function of the clean system and the matrix elements of
the scattering potential depend only on the difference between the wavevectors,
U(Q) = U(K — k) = U(K', k). This perturbation series can be depicted as shown in
Fig. B2 noting that the wavevectors must add up to satisfy the relations

k'=k or E':E+§ or E/:E+Cfl+€72>

which is nothing else but momentum conservation.

What is special about this perturbation series is that only momentum is trans-
ferred but there is no transfer of energy and hence, no need to consider time. The
energy is just a parameter. A crucial point is that in contrast to interacting systems,
in non-interacting disordered systems there appear no loops in the Greens function.

2.4.2 Ensemble-averaging

The Greens function is different for each individual phase-coherent unit of the whole
system since the scattering potential is different. The ensemble-average is calculated
by averaging over all the phase-coherent units assuming appropriate statistical prop-
erties for the random scattering potential. In particular we will assume that the
scattering potential has zero mean and is delta-correlated (Gaussian white noise),

({U(M))=0 and (UPUF")) =AsF—7"),
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Figure 2.3: Ensemble-averaging results in tying together the scattering lines in pairs.
For diagrams with two scattering lines there is only one possibility as depicted in (a).
For diagrams with four scattering lines the resulting three possibilities are shown in
(b). The first diagram is reducible and separates into two first order diagrams while
the second (crossed) and third (rainbow) diagram are irreducible.

i.e., the individual scatterers are point-like and hence isotropic. In momentum rep-
resentation this corresponds to

U@) =0 and (U@U@)) = Adgq (2.10)

We can then calculate the ensemble-averaged Greens function simply by ensemble-
averaging the perturbation series term by term. Using the statistical property (210),
the second term of Eq. (Z)) averages to zero, (Go(k')U(q)Go(k)) = 0, while the third

term averages to a non-zero value only if ¢ = —¢i,
(Go(K"U(3)Go(k + @)U (8)Go(k)) = AGo(k)Go(k — G)Go(k) -

Diagrammatically, we can represent the effect of averaging by connecting together
the scattering lines in pairs as shown in Fig. B33 Each such closed scattering line
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Figure 2.4: Examples of diagrams included in the self energy. Shown are the first
(Born approximation) and second order diagrams.

contributes a factor of A to the diagram. Any diagram with one or more free
scattering lines that is not connected to another diagram vanishes on ensemble-
averaging.

2.4.3 Self energy

It is useful to define a self energy function ¥ as the sum of all diagrams of the
type shown in Fig. Z4 Then, any diagram contributing to the ensemble-averaged
Greens function can be represented by sandwiching self energy diagrams between
free propagators Go. This allows us to express the Greens function in the form

<G> - GQ + G()EGO + GQEGQEGO + ... 5

which is a geometric series and can be summed leading to (G) = Go(1 — XGy) !
which is equivalent to (G)~! = G5! — ¥, known as the Dyson equation. In order to
avoid double counting, one has to sum only over irreducible diagrams, i.e., diagrams
which cannot be divided into two sub-diagrams joined only by a single Gy line (see
Fig. 23).

It is easy to see that as a result of ensemble-averaging all the off-diagonal elements
of the Greens function vanish, so that we have

—

(G(k.K")) = 0 G(k) -

In general, the self energy function has both real and imaginary parts. The
physical meaning of the self energy is that the scattering shifts the energy eigenvalues
via the real part of ¥, while the imaginary part of > causes the Greens function to
decay with time. So, in general, the poles of the Greens function in the complex
plane determine the excitation energy as well as the lifetime of the quasi-particle
excitations.
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Chapter 3

Van Hove singularities in
disordered multi-wall nanotubes

We now present a theory for the van Hove singularities in the tunneling density of
states of disordered multi-channel quantum wires, with particular focus on MWNTs.
We answer the question: How is the van Hove singularity modified by the presence of
disorder? This question is of importance for the interpretation of many experiments
on MWNTs.

We start by pointing out the general relevance of van Hove singularities and also
comment on experimental results that are in close context to our studies. After these
introductory remarks we discuss the relevant assumptions we made in our model.
Then, after discussing the case of a clean tube, we analyze the disordered case in
detail. Finally, we close by giving some conclusions. Some of the results presented
in this chapter have been published in [45].

3.1 Introduction

3.1.1 Van Hove singularities

Because of its relevance for the understanding and interpretation of spectroscopy
data of NTs, we now discuss van Hove singularities (VHS’s). VHS’s in the thermo-
dynamic density of states (DOS) have been predicted in 1953 [46] and were observed
in many experiments since then. The DOS for a d-dimensional system with disper-

—.

sion relation E(k) is by definition

—

E) = [ 0B~ E(k
UE) = [ Gasat(E = ().
and can be rewritten as a surface integral over £ (E) = F = const,

dS 1
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The quantity in the denominator is basically the group velocity. Due to symmetries
in a crystal, the group velocity may vanish at certain momenta which, of course, can
happen in all dimensions. In 1D or 2D systems, however, this results in a divergent
integrand (as a manifestation of confined states).

Van Hove pointed out that the existence of such saddle-points in the dispersion
relation E(l;), far from being accidental, are necessarily implied by the periodic
structure of the lattice. According to a general theorem of M. Morse [A7], any func-
tion of more than one independent variable which, as E (l;), is periodic in all its
variables has at least a certain number of saddle points. This number is determined
by topological considerations and depends only on the number of independent vari-
ables. It is this mathematical fact which accounts for the occurance of singularities
in the DOS of 1D and 2D systems. In three dimensions, the corresponding di-
vergencies are integrable, typically leading to a finite DOS. Since we are primarily
interested in N'T's, we will, in the subsequent sections, focus only on the 1D limit,
where the VHS in a clean system diverges like 1/v/E — E,, when approaching the
threshold F,, from above. Therefore, VHS’s appear as sharp features in the DOS, at
energies where the bottom or top of 1D subbands are located, reflecting the onset
of new active subbands (Fig. B1I).

Similar VHS’s exist for the tunneling density of states (TDOS) measured at some

location x along the system,

W(E,z) = % /0 Tt P, 00T (2, 0)) | (3.1)

where ¥ (x,t) is the electron field operator and the brackets denote a quantum ex-
pectation value. The TDOS is easily accessible experimentally via the conductance
through a weak link or a tunnel junction. More typically, it is measured by means
of STS on which we already commented in Sec. Corresponding experimental
results on N'T's will be discussed in the next section.

In general, one has to carefully distinguish between the DOS and the TDOS.
While the DOS is a thermodynamic property of the system, the TDOS is a local
property and therefore depends on the position. In the “bulk” limit, the DOS and
the (possibly coarse-grained) TDOS are expected to lead to identical results, but
near a boundary they can strongly differ.

3.1.2 Experimental results

One-dimensional VHS’s are important for determining many solid state properties
of NTs, such as optical absorption, resonant Raman spectroscopy, and the spec-
tra observed by tunneling measurements on which we will focus exclusively in our
discussion below.

The observation of VHS’s in recent STS experiments on SWNTs on a metal-
lic substrate represents a direct proof for the 1D band structure [12, 13, 27, 2§.
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Figure 3.1: Dispersion relation E(k) (left) and DOS v(E) (right) for a metallic

(top) and a semiconducting (bottom) NT. The sharp peaks in the DOS correspond
to VHS’s at the onset of new subbands as is indicated by the dashed line.

By moving the STM tip along the length of a N'T, sharp deviations in the I — V
characteristics could be observed and related to theoretically predicted electronic
properties, in particular the 1/y/F — E,, behavior of VHS’s in ballistic 1D wires, see
Fig. With regard to MWNTSs, we then need to understand how VHS’s develop
in the presence of and with increasing amounts of disorder.

In other tunneling spectroscopy experiments the differential conductance was
measured also on a single MWNT [48], see Fig. B3 There is a substantial DOS at
the Fermi energy (V' = 0) indicating that the NT is metallic. The almost symmetric
peak structure (corresponding to VHS’s) is caused by the additional 1D subbands
in the valence (V' < 0) and conduction (V' > 0) band with threshold energies of
order =~ 50 meV. The distance between the two first-order subbands is found to be
AFE =~ 0.12 eV which predicts a diameter of 19 nm in good agreement with the
measured diameter of 17 nm.
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Figure 3.2: Normalized differential (tunneling) conductance (dI/dV')/(1/V) (which
is a measure for the TDOS) versus bias voltage for a semiconducting SWNT. The
asymmetric peaks correspond to VHS’s at the onset of 1D energy bands of the NT.
The left inset displays the raw dI/dV data, and the right inset the calculated TDOS
for a (16,0) tube. The experimental peaks have a finite height and are broadened,
which could be attributed to hybridization between the wavefunctions of the tube and
the gold substrate. However, the overall shape of the experimental peaks still resem-
bles that predicted by theory. (From [15].)

The spectrum in Fig. agrees remarkably well with the STS measurements
for SWNTs (Fig. B2) but the broadening of the VHS’s observed in MWNTSs has
probably a different origin than in SWNTs since MWNTs are not ballistic. The
observation of VHS’s demonstrates that the mean free path [ cannot be much shorter
than the N'T circumference since for | < 27 R, all 1D band structure features would
be expected to be washed out. Therefore, all the observed results can be consistent
only if the mean free path is of the order of the circumference; not much larger,
but also not much smaller. Transport in MWNTSs has therefore to be characterized
as quasi-ballistic. Hence, for typical MWNTs with [ ~ 27 R, the characteristic
subband features of the DOS should still be present, albeit considerably broadened
and possibly shifted.
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Figure 3.3: Differential (tunneling) conductance dI/dV (which is a measure for
the TDOS) measured on a single MWNT using a high-ohmic contact (300 k) at
T =42 K. 0F denotes the sharpness of the the observed VHS. Positive (negative)
voltages correspond to empty (occupied) NT states. (Taken from [4§].)

Thus, for the interpretation of the measured spectrum it would be useful to know
how VHS’s are influenced by the presence of disorder, which is investigated in detail
in Sec. This question is clearly also of relevance to other quasi-1D quantum
wires, such as long chain molecules.

3.2 Formulation of the problem

We consider a MWNT and assume that the electron-electron interaction is screened
off by working on a metallic substrate which is typical for the experimental setup
of STS measurements. For that reason, we can safely neglect interactions and treat
only the non-interacting problem. Then, spin only contributes trivial factors of two
and is ignored henceforth. In particular, it will not affect the TDOS apart from
the overall prefactor of two. Additionally, disorder-induced scattering between the
two distinct K points should be largely suppressed for reasons given in Sec. 23],
and we thus consider only one K point. It should be stressed that in typical STS
experiments, only the TDOS of the outermost shell is probed and hence, we assume
in the following an effective single-shell model where inner shells only give rise to
a disorder potential for electrons on the outermost shell. We are then left with the
problem of determining the TDOS for (one species of) non-interacting disordered
Dirac fermions on a cylinder. As we show below, an approximate yet accurate
analytical solution to this problem can be given.
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The corresponding problem on the plane is related to other applications, e.g.,
disordered d-wave superconductors or quantum Hall transitions, and has been ad-
dressed before by many authors [41, B2l B3, 49, K0]. However, the techniques used
in these papers do not allow to directly address the question of relevance here, since
they appear to be restricted to the true 2D limit.

In addition to the bulk case, we also address the boundary TDOS arising when
one tunnels into the end of a MWNT. In reality, the end TDOS could of course be
quite complex due to the formation of bound states. A few lattice spacings away
from the end, however, we expect that the situation can be described by a continuum
model, where bound state effects are negligible. Surprisingly, the presence of a
boundary implies a drastic change in the TDOS despite the absence of electron-
electron interactions, namely a strong suppression of the energy-dependent TDOS
close to the boundary even in the absence of disorder, as will be shown below.

To make progress, we will now introduce an appropriate representation of the
TDOS using the Greens function formalism. In terms of an Euclidean coherent-state
path integral approach (we assume 7" = 0), the generating functional for the Greens
function (partition function) is given by

7 = [ Dyl (w, KDe(w, k) explso] = T] Z. .

w

where the action Sy corresponds to the Dirac Hamiltonian (24)),

Z/%ﬁ W (w, B)(iw — & - B, )

Note that Z factorizes in w even in the presence of a static disorder potential, as
long as electron-electron interactions can be disregardedﬁ 42, @3]. Hence, for a
computation of the TDOS (this expression follows directly from Eq. (B1I)),

A7) =~ T (! (P () i (3.2)

where the trace is over “spin-coordinates” in sublattice space, only the mode at a
given frequency w needs to be considered, and all other frequencies decouple. Then
w is simply a parameter of the theory, and the relevant action is

5= 25 [ Tt @i — - R d). (33)

Introducing the Greens function G(E, k, z) via

WA s prior = TrpG(E, k, x) (3.4)

IThis is clear since when there are no genuine interactions between the fermions we can describe

them in terms of exact energy eigenstates in the random potential.
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the TDOS (B2) reads

Im

v(B,x) = =T ,G(E, k,x) (3.5)

where the trace over momentum is defined by

Z/OOQW'

Prefactors in the Greens function are always chosen in order to recover the correct
1D normalization for the clean TDOS in the single-channel limit. Further, due to the
symmetry of the TDOS, v(—F) = v(E), within our model, we consider only E > 0.
In all figures shown below, we take R = 10 nm, which is typical for arc discharge
grown tubes, but qualitatively similar findings were obtained for other R as well,
and the general equations are of course valid for any R. The subband spacing (which
gives the distance between two neighboring VHS’s), used as an intrinsic energy scale
of the system, is then D = hvp/R &~ 53 meV.

3.3 Clean case

To be able to calculate both bulk and boundary TDOS, we study a semi-infinite
(x > 0) tube, assuming a hard-wall potential at the boundary x = 0. This leads to
the expansion

Z/ — sin(kz)e™“" " (k, w,) ,

and together with the action ([B3) we readily find

W) =y [k,

2T 4w — & - k

where we have already anticipated the correct 1D normalization. Hence, according
to (B4), the Greens function for energy F > 0 is defined as

~ 2 sin?
GolE. ) = sin Ek;a:) '
E—-:G- k410"

(3.6)

It order to compute the TDOS (B.H), we explicitely write down the Greens function
[B0) as a matrix in 2 x 2 sublattice space,

GO(E7 Ev l‘) =

2 sin?(kx) E+i0t k—iE,
(E+i0+)2 — k2 \ k+iE, E+i0*

Tracing over sublattice coordinates we have

4F sin®(kx)
B2k — B2 +i0"

Tr,Go(E, k, x) =
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which can be written in a more convenient way using the Cauchy identity

1 P
p imd(x) , (3.8)

where P denotes the Cauchy principal value. Further, the appearing d-function can
be decomposed into

S(E* — K — B2) = %%EE’? [5(k ~JE2 B2+ ok + JE? E,%)} .

Using these ingredients together with (BH) we see that the principal value term
of (B) does not contribute to the imaginary part and hence, we simply have to
integrate over d-functions,

LE’@ = EZ/OO dk sinZ(k:zc)i@(E2 — F) {5(1{: — \/ﬂ) +d(k + \/ E? — EQ)}
n 770 \/m ! e

V1D
The final result then reads (since h = vgp = 1 we have w,, = E,, = nD)

v(E, x) o0 51112(:10 E? —

=2F
V1D n—z_oo JE? — E2 £

where © is the Heaviside step function.ﬁ Throughout the paper, we use vip =

(3.9)

1/mhvp as natural unit for the TDOS (without spin and K point degeneracy). As
one can see from Egs. (B9) and (ZH), the system can be gapped in the presence
of a magnetic field B parallel to the tube axis. The gap varies as a function of B,
and the pattern is periodic with period By where the system becomes gapless again.
Since the summation also includes negative values of n, the magnetic field causes a
doubling of the VHS’s (see Eq. (ZH) and Fig. B4).

3.3.1 Bulk limit

Letting  — oo, with sin®*(z,/E?2 — E2) — 1/2, we obtain the bulk TDOS which is
equal to the thermodynamic DOS (see also Ref. [51]),
— E?)
=F :

V1D Z / — E?
In the absence of a gap, the bulk TDOS approaches a constant and finite value for

E — 0, since then only n = 0 is possible. Clearly, the typical 1/v/E — E,, VHS’s of
1D systems appear at the onset of new subbands, £ = E,,, see Fig. B4l We also want

(3.10)

to mention that within the linear /;—approximation for the energy dispersion relation
of graphene, the energy positions of the VHS’s do not depend on the chirality but
only on the diameter of the tube.

2Result () can be readily checked from the dispersion relation for Dirac fermions, E(k) =

k2 + w2, by using the alternative Greens function Go(E, k,z) = % instead of Eq. &0).
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Figure 3.4: Bulk TDOS of a clean tube. Without magnetic field the system is gapless
and the bulk TDOS is finite for E — 0 (solid curve). VHS’s appear at the onset of
new subbands. With magnetic field (B =3 T), the system is gapped and the VHS’s
are doubled (dashed curve). The shift associated with the doubling of the VHS’s is
linear in B, see Eq. (Z3).

3.3.2 Boundary limit

Near the boundary, however, we obtain a completely different picture than predicted
by the standard VHS of the thermodynamic DOS. Expanding the sine in Eq. (83),
sin?(z,/E? — E2) — 22(E? — E?), leads to the boundary TDOS

w:2x2EZ@(E2—E§)\/ﬁEEL. (3.11)

V1D

For E < D and B = 0, this predicts v(E) ~ E? and hence, a vanishing TDOS for
E — 0 in contrast to the finite boundary TDOS of a doped tube. This behavior can
be traced back to the linear dispersion relation of Dirac fermions. More interestingly,
the typical 1D VHS of the bulk TDOS is drastically altered close to the boundary.
Instead of a divergence, the only sign of the opening of new subbands is a non-
analyticity at the threshold energy FE,, with a square-root energy dependence of the
boundary TDOS above the threshold, see Fig. Nevertheless, the phenomenon of
an altered energy dependence of the boundary compared to the bulk TDOS close to
a given VHS is quite general. The exponent governing the energy dependence of the
TDOS above the threshold changes by one if we go from the bulk to the boundary
limit, for both Dirac and Schrodinger fermions. In the limit £ — 0 (i.e., for £ < D),
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Figure 3.5: The boundary TDOS of a clean tube exhibits a square-root non-analyticity
instead of a divergence at the onset of new subbands, and vanishes ~ E? for E — 0.
Here, the scale is arbitrary since it depends on the precise distance to the boundary.

however, there is a difference. For Dirac fermions, the exponent changes by two,
whereas for Schrodinger fermions, the exponent still changes only by one (see Table
g i

Looking at the boundary TDOS on a larger energy scale we find another inter-
esting property. The non-analyticities then become less important and the sum in
(BII)) can be replaced by an integral,

E
I/(E)NE/ de VE? — & ~ EP |
)

which leads to a cubic behavior of the TDOS, in contrast to the quadratic one for
small energies. When we take into account the band cutoff, n < N, that is naturally
given from the band structure, then the above relation holds for £ < ND. For larger
energies, the boundary TDOS again approaches a quadratic behavior in the limit
E — o0.

The spatial crossover scale z* between bulk and boundary behavior of the TDOS
depends on energy. Focusing on F close to but above a given threshold FE,,, this

scale is
% hU F

2sin? (k)
E—E(k)+i0+

fermions, E(k) = k2/2m + E,,, one finds for the TDOS v(E, ) « 3, W@? fgm@(E — E,).

3Using the Greens function Gy = with the dispersion relation for Schrodinger
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| | bulk | end |

Dirac ~1/VE—-E, |~VE—-E,
Schrodinger ~1/VE—-E, ~ —

vE - E,

[ E—0 H | |
Dirac const. ~ E?
Schrodinger ~1/ VE ~E

Table 3.1: Energy dependence of the bulk/boundary TDOS for Dirac and Schrodinger
fermions in the vicinity of a VHS (above the threshold E,,) and in the limit E — 0.

At T = 0, the bulk limit is reached for x > x*, and the boundary limit for x < x*.
Because of the energy dependence of x*, one could effectively use E to tune from
the bulk to the boundary limit for a given position x. For finite temperatures T, if
the thermal scale x7 = hop/kgT is smaller than z*, one should replace x* by xr.

3.4 Disordered case: theory

In this section, we compute the TDOS of a disordered MWN'T using diagrammatic
perturbation theory [44]. We will consider only the effects of static disorder as intro-
duced in Sec. Z3 Showing that the Born approximation breaks down close to the
VHS, we have to sum the whole perturbation series. Within a non-crossing approx-
imation (NCA) this can be done by using a self-consistent resummation technique
leading to Eq. (BXI8) which is the central result of this section. Using this result, we
give an a posteriori justification for the NCA.

3.4.1 General remarks

It is known that disorder often has a profound influence on transport properties
but only weakly affects the TDOS. The latter is no longer true, however, if the
TDOS of the clean system vanishes linearly, v(E) ~ E, as is the case for 2D Dirac
fermions, e.g., for a graphite sheet or a 2D d-wave superconductor [42, 43]. In
the latter case, the standard procedure of averaging over disorder is complicated
by the appearance of logarithmic singularities in the perturbative expansion of the
single-electron self energy. The lowest-order Born approximation, see Fig. B0, is
then given by X(V(E) ~ Eln E [&3]. The second-order rainbow diagram, which is
obtained by first-order renormalization of the internal electron line, contains an even
stronger singularity, ©X?(E) ~ E In? E. The diagram with crossing impurity lines
corresponds to a vertex renormalization in the Born self energy diagram, leading
to the same singularity as the rainbow diagram. In fact, logarithmic singularities
appear in all orders of perturbation theory, including crossed diagrams. Therefore,
in the 2D case, crossed diagrams must be treated on the same footing as the rainbow
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Figure 3.6: First (a) and second (b,c) order self energy diagrams after disorder
averaging. The straight line represents the bare propagator G, while the semi-circle
line represents the disorder potential scattering. In the vector model, each vertex
contributes an additional factor o,,, where one has to sum over i = x,y. Compared
to the crossed diagram c), the rainbow diagrams a) and b) have no dependence upon
external momentum EO.

ones. In addition, in the single-channel 1D limit, it is also well known that crossed
diagrams may be important. Since MWNTSs are in-between the 1D and 2D limit, a
careful study of the influence of crossed diagrams is mandatory.

As we will show in this section, the situation for MWNTs is quite different
from the one in 2D as described above. First, there are no logarithmic singularities
appearing in the self energy expansion. Second, a further simplification is provided
by the fact that crossed diagrams are suppressed compared to the rainbow ones over
a wide parameter and energy range of practical interest. Therefore, we are entitled
to compute the TDOS within NCA. For simplicity, we focus on the bulk case here
and, instead of Eq. (B0), we then have

1
E—&-k+i0t

Go(E, k) = (3.12)

3.4.2 Born approximation

We start by looking at the self energy to lowest order in the disorder strength (Born
approximation). Considering standard potential scattering (), a scalar model
emerges and the impurity averaging procedure gives [44]

SY(B) = AvTig, Go(E, k) . (3.13)

This expression exactly corresponds to the diagram (a) in Fig. Bl The semi-circle
line contributes a factor Ay and a closed line means that one has to trace over the
internal degrees of freedom, i.e., the sublattice index and the momentum. If one
remembers that the straight line represents the bare propagator Gy, Eq. (BI3) can
readily be written down. The corresponding expressions for higher-order terms are
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found in exactly the same way. Using Eq. (BI2) and the Cauchy identity (BF),
one observes that the principal parts value vanishes, [*° dk P/(E* — E? — k?) = 0,
resulting in
S(E) = —irAyw(E) (3.14)

with v(F) given in Eq. (BI0). Hence, in first order, the self energy is purely
imaginary.

If we instead consider the gauge field disorder (E28), we have to deal with a vector
model, leading to additional factors o, at each vertex,

SV(B) = AuTrz, Y. 0,Go(B, K)o, .

H=x,y
It is easily checked that
- 2F
> 0,Go(E K)o, = — 1,
Wy E? — k? — E2 4+40*

where 1 denotes the 2 x 2 identity matrix and hence, comparing with Eq. (B1) we
see that
2Tr,Go(E, k) = Tr, > 0,Go(E, K)o, .
p=z.y
Therefore, the result for the lowest-order self energy diagram in the vector model is
just the same as for standard potential scattering besides an overall factor of two due
to the “spin” degree of freedom as well as an additional factor due to the different

disorder strength,
1 A
sW(E) = QA—Z(V)(E) .
1%

If we restrict ourselves to rainbow diagrams for the moment, the Nth-order self
energy diagram for the scalar model is simply given by

SPUNE) = A Trg, G (E k) ... GAE, kx—1)Go(E. ky) .

o
As one can see, the r.h.s. factorizes completely and using G2(E, k) = —9pGo(E, k),
we arrive at

SV(E) = 20(B)(—0pE (B)N L. (3.15)

Apart from the overall factor of two, the same result is again found for the vector
model. Within NCA, the special type of disorder is therefore not important. How-
ever, it could well be that crossed diagrams are important for the vector model,
while we can establish the validity of NCA only for the scalar model (standard po-
tential scattering). Since the latter is expected to represent the dominant disorder
mechanism in MWNTSs, we shall focus on the scalar model in what follows. Then,
a single dimensionless parameter A serves as a measure for the disorder strength,

Ay R

:—2 2 .
hvg

A
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Next, we address the breakdown of the Born approximation in the vicinity of
a VHS. If we look at the second-order rainbow diagram in Fig. B{l which from

Egs. (BI4) and (BIH) is given by
2(2)(E) == (WAv)2I/0(E)8EI/0(E) s
we see that the Born approximation must break down close to a VHS since

Y(E)

} = 7AyOp(E) .

The r.h.s. diverges for £ approaching the threshold F,, from above. We therefore
must address also higher-order contributions to the self energy.

3.4.3 Resummation of the perturbation series

For the moment, we shall assume that one can neglect all crossed diagrams so that
we can then treat the problem within NCA. The justification for this will be given
a posteriori in the next section. But even within NCA, since the perturbation
expansion is asymptotic, we have to arrange the order of summation in a physically
meaningful way to avoid familiar but unphysical divergencies and inconsistencies.
This would also be important for analyzing diagrams beyond NCA, see Ref. [44].

To this end, we follow the self-consistent iterative approach proposed by Lee [52]
to calculate the TDOS of the disordered system. Within this approach, the self
energy >y including all contributions up to Nth order (N > 1) is

EN(E) = AvTrE7UGN,1<E, ];) y (316)
with the corresponding Dyson equation
G (E, k) = Gy (E, k) — Sn(E) . (3.17)

This form is then used to calculate the self energy Yy ,;. In each order, an average
over disorder is performed, and the resulting Greens function is then employed to
calculate the next order. In the limit N — oo, this procedure converges and leads
to the equation

- 1
M(E)=AyTry G(E, k)= AyTr; =

, (3.18)

which has to be solved self-consistently for the self energy.

The intuitive and physically appealing form of this result gives further support
to this resummation approach. Additionally, in Appendix [Al we explicitly check
that the diagrams up to fourth order are correctly contained in Eq. (BI8). From
the analysis there, one can indeed expect that all higher-order terms will also be
reproduced correctly. The TDOS then follows directly from Eqs. (BH) and (BIF),

v(E) = —%E(E) . (3.19)
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Importantly, following our analysis, it is not possible to simply assume an energy-
independent mean free path for all energies. Since the disorder-averaged Greens
function satisfies the Dyson equation, we have an energy-dependent mean free time
7(FE) defined by —ImX(F) = h/27(E), and therefore an energy-dependent mean
free path [(E) = vpT(E).

3.4.4 Relevance of crossed diagrams

Next, we address the role of crossed diagrams. From the procedure outlined above,
let us assume that we have constructed a proper Greens function which includes the
effects of all non-crossed diagrams. We now check that the effect of the simplest
crossed diagram is small compared to the one of the corresponding rainbow diagram
in this order. For computational simplicity, we consider Schrodinger fermions, with
the same conclusions expected also for Dirac fermions, especially in the vicinity of
the VHS, where the Born approximation breaks down. The lowest-order crossed
diagram is then given by

SO(E, ko) = AYTrg 1, G(E, K)G(E,k + k)G (E, ko + k') , (3.20)

where 150 is the external momentum, and the Greens function

|
1
—_

QEMZE_E®—zw) (3.21)

includes the effects of all non-crossed diagrams via %(FE). The dispersion relation is
E(k) = k2/2m since we consider Schrodinger fermions here.

The dominant contribution to Eq. (B20) comes from momenta with |k| = |ko| ~
|k + K| ~ |ko + K'| = E/vp. Therefore, only k' ~ 0 and n’ = 0 give an appreciable
contribution to the crossed self energy term Ef)ﬂ Accordingly, we can neglect terms
proportional to k2, and a careful analysis of the pole structure leads to

O (—kok) sgn(ko)
[E — E(ko) — S(E)k/ko — [E — E(k) — S(E)] |
(3.22)
To estimate the contribution of 29 to the TDOS, one has to add external propaga-
tors G (/;0). In the presence of these external poles, the self energy can be estimated

from Eq. (B2Z2) as

S@(E, k) ~ mzvk@Tr,;G(E, )
0

SO(B, ) ~ 2V oo5i(E) . (3.23)

2UF

The steps leading to Eqs. (B222) and (BZ3) are explained in Appendix Bl

4There is a small contribution from k' = —QEO, but due to its small phase space, k' = 0 is much
more important.
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If we compare Eq. (B2Z3) to the corresponding second-order rainbow diagram,
YO(E) = X(E)(—0g%(E)), we have

Ay 1

20p|S(E)| T 2v(E)/vip

SC)(E)

(3.24)

Unless there is a gap for small energy, this ratio is always smaller than 1/2. This
is, however, a conservative estimate since here we have neglected the real part X
of the self energy, ¥(F) = Xg(F) — itAyv(E), see Eq. (BI9). Incorporating it
would simply decrease the ratio (B24]). Obviously, for high energies, i.e., high order
n of the VHS, this NCA approach should become exact. But even for the lowest-
order VHS it is still expected to be quite accurate in the vicinity of the VHS. We
therefore conclude that our NCA-type treatment is highly accurate in describing
disorder effects for the VHS in MWNTSs. At this point it should be stressed that in
the true 2D limit, our arguments leading to Eq. (B24]) are not valid, and therefore
no contradiction to Refs. [AT], 42, 13, B9 K] arises.

3.5 Disordered case: results

We now deduce a formula that is appropriate for numerical evaluation. In order
to obtain both the bulk and boundary limit, we have to go back to the general
(z-dependent) problem. For simplicity we suppress the functional dependencies of
the self energy on E and z but keep in mind that we actually have ¥ = X(F, z).

Inserting (B.0) into (BIF]) we then have

.Qk
¥ =27y Ty, —m
B k-3

Performing the trace in sublattice space, we are left with an integral,

- 2Ay /00 " (E — X)) sin® kz |
E—-%)2—FE2—k?
which can easily be done by means of contour integration in the complex plane.
The two poles are ko = j:\/(E — ¥)2 — E2 and, depending on the sign of F — g,
these poles reside in different half-planes. For sgn(F — Xg) = +1 we have k; in the

upper and ks in the lower half-plane, whereas for sgn(E — Xg) = —1 the situation
is reversed. Since the sine-function is not bounded in the complex plane we write
sin? kr = 1/2 — (exp[2ikx] + exp[—2ikx])/4 and, closing the contour in either the
upper or lower half-plane, the result is

B (E—3%)sgn(E —Xg)
Y = —zAD; \/E ST

— %) — E2
D

+ J(E
X (1 — exp {22’ sgn(E — ER)E \/(

) , (3.25)
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where A is the dimensionless disorder strength as introduced before. This equation
can now be solved numerically and once we know the self energy we can compute

the TDOS from Eq. (B19).

3.5.1 Bulk limit

We start by discussing the results in the bulk limit, x — oo, where the exponential

function in (B23) vanishes,

(E — %) sgn(FE — XR)

= —1AD 3.26
Zn: J(E—%)2—E2 (3:26)
According to Eq. (BI9), the TDOS then reads
Vblllk R Z )) Sgn(E - ZR(E)) , (327)
¢<E S(E))? — B}

where we restored all functional dependencies for clarity. The result (BI0) for the
clean case is, of course, recovered in the limit A — 0. For A > 0, the finite imaginary
part of ¥(E) in the denominator of (B227) causes a broadening of the VHS, whereas
the real part causes a shift of the peaks in energy. Equations (B228) and (B27)
can be used to fit experimental data for the TDOS of MWNTs. Assuming that
R is known, since A is the only fit parameter, the disorder strength can then be
determined directly from the TDOS which would provide precious information on
the level of disorder in the system.

For the numerical evaluation of Eq. (B26), a cutoff for the summation over n
has to be specified. Such a cutoff for the band index n is naturally given from the
band structure. For instance, for armchair N'T's, the number of subbands would be
limited to 2N = 87R/v/3a [53]. For R = 10 nm, N ~ 295, and in the figures below,
we use this cutoff such that n € [—-295,295]. The results are, however, not very
sensitive to the precise choice of this cutoff.

Figure B7 shows the strong broadening of the VHS due to the disorder. In
addition, the position of the VHS is shifted to smaller energies with increasing A.
This shift grows linearly with A, and the relative shift, compared to the position of
the VHS in the clean system, can easily be up to 20%, depending on the disorder
strength (note that the relative shift is independent of R). Since the radius of NTs
is often determined from the relative positions of the VHS, this observation suggests
that such interpretations need to be taken with some caution. The disorder-induced
shift has to be taken into account to obtain correct results. With increasing order
n of the VHS, the relative shift becomes, however, systematically smaller.

For sufficiently strong disorder, the peaks can even disappear completely above
a certain energy threshold E*(A). This is clear since the VHS, resulting from the
opening of new subbands due to transverse momentum quantization, is destroyed
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Figure 3.7: Bulk TDOS of a disordered tube in the absence of a magnetic field
for different values of the disorder strength A. The broadening of the VHS’s with
increasing A is clearly visible, as well as their shift towards smaller energies.
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Figure 3.8: Same setup as in Fig. [3] but for a wider energy range and stronger
disorder. One clearly can trace the tendency of the VHS’s to vanish with increasing
A and E as well as the formation of a power law above a certain threshold (see also

Fig. [310).
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once motion around the circumference becomes diffusive. This threshold energy
decreases with increasing A (see Fig. B.F]).

In Fig. we compare the TDOS and the corresponding mean free path. Using
(B19), the mean free path can be expressed in terms of the TDOS,

R vip
l(E):ﬂV(E>.

Importantly, the mean free path cannot be assumed to be simply a constant, but
depends on energy. As one can estimate from Fig. B9, the VHS’s are disappearing
when [(F) < R. Hence, since many experiments on MWNTSs suggest that [ is
of order of the circumference of the tube, the characteristic subband features of
the TDOS should still be present, albeit considerably broadened and shifted (see
Fig. B3).

In the region where no VHS’s are present, i.e., above the threshold E*(A), the
TDOS behaves like a power lawﬁ with disorder-dependent exponent a@ = a(A) =
1-5A <1,

v(E) ~ E“ |

which holds remarkably well for A < 0.05, see Fig. BI0. Note that energies here
are absolute (not relative to Fr), and therefore this power law is unrelated to the
findings of Refs. 48, b4, b5]. For £ < E*(A), there are deviations from the power
law and the TDOS approaches a finite value for £ — 0. We also want to note that
this power law has a different origin than the one found in the 2D case that rests
upon the inclusion of crossed diagrams [43].

Next, we consider a fixed disorder strength A and vary the strength of a magnetic
field applied parallel to the tube axis, see Fig. B-T1l Again, there is a doubling of the
peaks corresponding to the VHS’s; and the shift of the positions varies periodically
with the magnetic field. The gap generated by the magnetic field survives even
in the presence of disorder, but due to the disorder-dependent shift of the VHS’s
towards smaller energies, it gets partially filled with states and is therefore smaller
compared to the clean case. However, magnetic field effects are essentially not (or
only weakly) affected by disorder.

5In principle one would replace the sum by an integral, Z::;_N — RffA de with A = ND,
to derive the power law analytically. This is, however, not so easily done since the functional
dependencies in the resulting self-consistency equation for the self energy, that one has to solve,
are quite nasty. Unfortunately, any helpful approximation destroys the desired result and hence,
we cannot give an analytical expression for a(A).
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Figure 3.9: Bulk TDOS (top) for two different disorder strengths and the corre-
sponding mean free path l(E) (bottom). Comparing both figures one can estimate
the value of [(E) where the VHS’s disappear. One can see that approximately for
I(E) < R =10 nm, all van Hove peaks vanish as is indicated by the dotted line,
which is a guide to the eye only, and for A = 0.04 leads to [(E) ~ 7.8 nm.
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Figure 3.10: Bulk TDOS (dashed line) for A = 0.03 and the corresponding power
law fit (solid line) according to v ~ E“, with o =~ 0.85. The energy threshold, above
which the power law is valid, can roughly be estimated to be E* ~ 230 meV. Below,

there are deviations from the power law behavior that increase in the limit £ — 0.
Both a and E*, of course, depend on A.
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Figure 3.11: Bulk TDOS for A = 0.01 and different values of the magnetic field B.
The curves corresponding to different B are shifted vertically by the same amount
for better visibility. The lowest curve corresponds to B = 0, and B is increased in
steps of AB = 2.2 T. Notice the opening and closing of a gap with variation of B,
and the periodicity in B with period By = 13.2 T for R = 10 nm.
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Figure 3.12: Boundary TDOS for different values of the disorder strength A in the
absence of a magnetic field. Disorder causes an increase of the TDOS that grows
with increasing A, as well as a shift of the van Hove non-analyticities to smaller
energies. For all curves in this plot, /R = 1073.

3.5.2 Boundary limit

Finally, we briefly turn to the boundary limit, + — 0. Expanding the exponential
function in (B2ZH) up to second order in x/R we have
Y = —ANAZ(E-Y) (3.28)

R
, 2\’ < F - %
—2iA (E) an o sl — Sr)y/(E — )2 — B2,

leading to the boundary TDOS (with restored functional dependencies)

Vend(E7x> _ 2 <£)2
1D ~ 1—4NAz/R
E- 2 E )

(3.29)

XRZ

These relations are appropriate as long as /R < 1/4NA and obviously, A — 0
gives the correct limit (BI0). Compared to the clean case, the disordered bound-
ary TDOS is increased and the increase grows with larger disorder strength (see
Fig. BI12). The positions of the van Hove non-analyticities at the opening of new
subbands are shifted to smaller energies while their form is not significantly changed

sgn(E — Sg(E, )/ (E — S(B,x))? — E2.
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by the disorder but approximately retains a square-root energy dependence above
the threshold. Compared to the bulk case, the shift in the boundary case is much
smaller.

The quadratic behavior of ve,q in the regime 0 < E < D remains unchanged
by the disorder as well as the cubic behavior on the larger scale 0 < F < ND.
The presence of disorder basically leads to a prefactor that enhances the boundary
TDOS. In the presence of a magnetic field one observes essentially the same as in
the bulk case, i.e., a doubling of the non-analyticities and the periodic opening and
closing of a gap.

3.6 Comparison with experiments

It is difficult to quantitatively compare our results with currently available experi-
mental data. But one can check for qualitative agreement. The reported differential
tunneling conductance in 8] (see Fig. B33) exhibits broadened (and possibly shifted)
VHS’s. The radius estimated from the distance between the two first-order subbands
deviates from the directly measured one by ~ 10%. This deviation could result from
the disorder-dependent shift as predicted by our theory. Therefore, both findings
are consistent with our results. However, to surely attribute these effects to disor-
der one would need more data exhibiting stronger deviations in order to rule out
measurement uncertainties.

Hence, it would be necessary to measure the differential conductance up to higher
energies, i.e., higher orders of the VHS. Further, specific disorder variation, e.g., by
fast ion bombarding, would be helpful to check the predictions made by our model.
Especially, it would be interesting whether one can see the predicted power law for
large disorder strength.

Periodically shifted conductance peaks in a parallel magnetic field were observed,
e.g., in [54]. Although a detailed comparison with our results has not yet been done,
a systematic investigation focusing on only the lowest VHS could easily reveal the
doubling as well as the periodicity, depending on the tube radius.

STS measurements in the boundary limit were carried out for both SWNTs [2§]
and MWNTs [56]. Sharp resonances in the tunneling conductance were observed
at the last few nm at the end of the NTs. However, these resonances were identi-
fied as localized states corresponding to a particular cap structure, i.e., a specific
arrangement of pentagons (topological defects) at the end.

Several lattice spacings away from the tube end, where our model is supposed
to be accurate, the situation is different. There, the subband edges fade out and no
VHS’s (divergencies) were found in the tunneling spectrum [27, 28, 6], as is hinted
at by our calculation. However, to unambiguously observe the predicted square-root
non-analyticities seems to be difficult and, to the best of our knowledge, has not yet
been done. But again, our results are in qualitative agreement with the experiments.
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3.7 Conclusions

In this chapter, we have calculated the TDOS of disordered multichannel quantum
wires, with special emphasis on MWNTs. In the present theory, electron-electron
interactions are supposed to be screened off by a metallic substrate or a close-by gate.
Focusing on potential scattering disorder, within a non-crossing approximation, a
self-consistent non-perturbative summation of all diagrams for the self energy yields
an analytical result for the disorder-broadened VHS’s in such a system. For given
radius of the MWNT, our result involves only one parameter (the disorder strength
A), which should allow for a detailed comparison to STS experiments on MWNTs.
We also stress that it is in general not possible to define an energy-independent
mean free path for all energies.

Remarkably, the standard Born approximation breaks down in the vicinity of
a VHS, and one has to include higher-order diagrams for the self energy. We have
demonstrated that this problem can be approximately yet accurately solved by com-
bining a non-crossing approximation with an iterative self-consistent summation of
all remaining diagrams. The theory can then be applied to the energy dependence
of the TDOS, and reveals remarkable differences in the bulk and boundary limits.
These effects could be observed experimentally using available technology.

In the bulk limit, we predict broadened VHS’s that are shifted to smaller energies
compared to the clean case. For high energies (above a certain threshold), the
TDOS behaves as a power law in energy, with a disorder-dependent exponent. In
the boundary limit, VHS’s appear only as non-analyticities at the opening of new
subbands, with a square-root energy dependence of the TDOS above the threshold.
This behavior is basically unchanged in the disordered case, but we observed a shift
of the non-analyticities to smaller energies and a disorder-dependent increase of the

TDOS.



Chapter 4

Luttinger liquid theory

In this chapter we first motivate the Luttinger liquid picture by describing the Fermi
liquid theory and its breakdown in 1D. We argue that bosonization is a powerful tool
for describing interacting 1D metals and therefore explain its basic properties for
a spinless system. Afterwards, we generalize the method to the more complicated

case of a SWNT.

4.1 Motivation

The fundament of the theoretical description of metals in more than 1D is the Fermi
liquid theory (FLT) which accounts for the behavior of the conduction electrons in
conventional metallic systems. The central assumption of FLT is that the low-
energy excited states of the interacting electron gas can be classified in the same
way as a reference non-interacting electron gas which leads to the central concept
of quasi-particles [57]. Conceptually, a quasi-particle excitation is generated from
free electrons by adiabatically switching on the electron-electron interactionﬂ after
preparing a system state with, say, one electron in an excited state above the ground
state Fermi sea. The quasi-particles are in one-to-one correspondence with the bare
electrons (holes) and, specifically, obey Fermi-Dirac statistics and carry the same
quantum numbers as ordinary electrons (holes). Thus, the free Fermi gas is the
solvable model on which FLT is built.

The electron-electron interaction has three main effects: (i) it renormalizes the
dynamical properties of the quasi-particles such as their effective mass; (ii) it gives
them a finite lifetime diverging, however, as 7 ~ (F — Er)~2 as the Fermi surface is
approached; (iii) it introduces new collective modes. The existence of quasi-particles
formally shows up through a finite jump of the momentum distribution function at
the Fermi surface, corresponding to a finite residue of the quasi-particle pole in the
Greens function. FLT is approximate but not perturbative and well understood.

IThis should, but need not, work when interactions are repulsive, not too strong, and at low
energies.
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It becomes an asymptotically exact solution of a given many-body problem for low
energies and small wavevectors (E — Ep,|k| — kp, T — 0).
FLT is equivalent to the assumption that the Greens function

1

G = e TS w)

with the self energy ¥ containing all the many-body effects, possesses a single pole
of residue z; close to the Fermi surface (zj is also called quasi-particle weight and
gives the magnitude of the jump of the momentum distribution function of the bare
particles at the Fermi surface). The breakdown of FLT in 1D is signaled by the ap-
pearance of multiple poles or vanishing 2,8 Accordingly, in 1D metals there are no
fermionic quasi-particles, and it turns out that only particle-hole excitations deter-
mine the dynamics of an excited state. Unlike in 3D, the corresponding excitation
spectrum in 1D has a wide region of forbidden states at low energy and finite mo-
mentum, and shrinks to a one-parameter form w & vq in the limit w,q — 0. This
implies that the particle-hole excitations (respectively collective charge and spin fluc-
tuations constructed by appropriate linear combinations) form stable, particle-like
elementary excitations of the system which are described by an effective harmonic
oscillator Hamiltonian and obey bosonic commutation rules. These charge and spin
fluctuations are also dispersing with different velocities (in the interacting case)
which means that an incoming electron seems to fall apart into separate elementary
charge and spin excitations which then spatially separate with time (spin-charge sep-
aration). The correlations between the excitations are anomalous and show up as
interaction dependent non-universal power laws in many physical quantities where
those of ordinary metals are characterized by universal (interaction independent)
powers. The reasons for these peculiar properties are found in the very special
Fermi surface topology of 1D fermions, i.e., in a 1D chain, one has simply two Fermi
points +kp.

All these properties mentioned above are generic for 1D fermion systems and
particular prominent in a 1D model of interacting fermions with strictly linear dis-
persion relation proposed by Tomonaga [A8] and Luttinger [59] and solved exactly
by Mattis and Lieb [60]. The resulting non-Fermi liquid state is commonly called
Luttinger liquid (LL), a name coined by Haldane [6I]. The LL is best understood
as an effective theory for the low-energy excitations of a 1D metal (with gapless
charge and spin excitations) or, in other words, for interacting 1D electron systems
(provided they remain gapless). The elementary bosonic modes, together with op-
erators changing the particle number in the system, can be used to construct the

2Since in 1D for a single branch with linear dispersion, momentum conservation automatically
implies energy conservation, the phase space for an electron to relax by creating an electron-
hole excitation is less constrained compared to, e.g., 3D. This leads to a divergent rate for such
scattering processes which drives the electron spectral weight to zero, even for weak interactions.
Accordingly, FLT breaks down in such systems for arbitrarily weak interactions.
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Fermi liquid

H Luttinger liquid

e describes fermions in 3D

e clementary excitations are fermionic
quasi-particles

e correlation functions for interacting
and non-interacting system are quali-
tatively the same

e cnergy independent TDOS

e describes fermions in 1D

e clementary excitations are of bosonic
nature — spin-charge separation

e correlation functions are power laws
with (non-universal) interaction-depen-
dent exponents

e TDOS strongly suppressed for

E—>EF

Table 4.1: Comparison of some important Fermi and Luttinger liquid features.

entire low-energy sector of the Hilbert space. Finally, bosonization allows, through
an operator identity representing a fermion operator in terms of charge and spin
bosons, to calculate all correlation functions of the LL, so that one has direct access
to all physical properties of interest. When the electron dispersion is approximated
by a linear law, the resulting model can be solved exactly in the presence of electron-
electron interactions which enters the theory as a single dimensionless parameter.

To summarize, a LL is characterized by three important properties. First, its el-
ementary excitations are not fermionic quasi-particles but bosonic collective modes.
The absence of quasi-particles is visible explicitly in the single-particle spectral func-
tion. Second, fermion operators acquire anomalous dimensions implying that all
correlation functions of a LL exhibit power-law behavior with exponents depending
on the interaction strength and are therefore non-universal. Hence, in order to prove
LL theory, it is not sufficient that one or more particular experiments show power-
law correlations. In addition, the power-law exponents they measure must yield
consistent values for the interaction strength. The third point is the spin-charge
separation explained above which is due to the Hamiltonian describing the system
being a sum of a charge and spin part, each describing harmonic oscillators. Both
anomalous dimensions and spin-charge separation are sufficient conditions for the
breakdown of a quasi-particle picture for interacting 1D electron systems. Some of
the main differences between FLT and LL theory are summarized in Table BTl

The LL concept provides a paradigm for non-Fermi liquid physics and may
have some relevance also for higher-dimensional systems, e.g., in relation to high-
temperature superconductivity. The range of validity of the LL model is usually set
by EF < D, where D is the electronic band width and F is the relevant energy scale,
namely either the thermal scale kgT" or the applied voltage eV. Most measurements,
in fact, only probe correlations on energy scales small compared to the Fermi energy
so that indeed only the low-energy sector of a given model is of importance. More-
over, only at low energies we can hope to excite only a few degrees of freedom, for
which a meaningful comparison to theoretical predictions can be attempted. The
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to-date perhaps cleanest experimental observations of LL behavior were established
in transport experiments for SWNTs [62, 63].

4.2 Bosonization

Now, we want to substantiate the concepts discussed in the previous section. For
simplicity, we here only consider the spinless case and later generalize the formulas
we need. Again, we set h = 1.

Bosonization of a fermionic system is possible in 1D since the low-energy exci-
tations can be completely described in terms of collective charge and spin density
oscillations. In the model studied by Tomonaga and Luttinger, a special disper-
sion relation was assumed, where one linearizes around the two Fermi points +kp
present in 1D, E(k) = vp(+k — kp). At sufficiently low energy scales, such a proce-
dure should clearly be possible. Accordingly, the bosonization approach is usually
appropriate for low temperatures, where only excitations near the Fermi surface are
relevant. In fact, in SWNTSs, as already mentioned, the dispersion relation is highly
linear anyways. Thus, we have to consider three types of particles. Right-movers
(R) have momenta k ~ kp and velocity vp while left-movers (L) have momenta
k ~ —kp and velocity —vg. The third type of particles are inert electrons deep in
the Fermi sea which play no role in the low energy physics (see Fig. Bl). To avoid
(various) mathematical subtleties due to the infinite Dirac sea, we always assume a
finite band cutoff.

One can now equivalently express the non-interacting problem in terms of col-
lective plasmon (density wave) excitations. Technically, in the “bosonization” lan-
guage [64], for the simplest case of a spinless single-channel system, these bosonic
excitations can be expressed in terms of a (bosonic) displacement field §(z) and its
canonical momentum II(z) (i.e., [0(z),(2")]- = id(z — 2')),

H = [ da {1P(x) + [0,0(0)2) |

such that the density fluctuations are p(z) = 9,6(x)//m. Electron-electron interac-
tions then describe a bilinear coupling of these density fluctuations,

— 1 / / /
Hy = o /d:c dx’ 0,0(x)U(x — 2")0p0(x") |

and therefore the full interacting problem can be written as a free theory in the
displacement field,

This is the so-called Luttinger liquid Hamiltonian. In the long-wavelength limit,
one can approximate the Fourier transform U (k) of the 1D interaction potential by
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Figure 4.1: Dispersion relation of the Tomonaga-Luttinger model with infinite Dirac
sea and the Fermi sea filled up to the Fermi energy Er. One can also see the two
branches of the right- and left-mowvers.

a constant Uy = U(0) — U (QkF)E and the dimensionless interaction parameter g in

Eq. (&) is given then by
1

\/1 +U0/7TUF '

We have 0 < g < 1 for repulsive interactions, with small ¢ meaning strong in-

teractions, while g > 1 for attractive interactions. The limit ¢ = 1 describes the
non-interacting Fermi gas (not a Fermi liquid), and the limit ¢ — 0 leads to a
classical Wigner crystal. Since the model () is equivalent to a set of harmonic
oscillatorﬂ it can be solved exactly. This is the great advantage of the Bose repre-
sentation, that also the interacting system is described by a free theory where the
only effect of the interaction is to renormalize the Fermi velocity, vp — vr/g. In
contrast, in the Fermi representation the interaction leads to quartic terms in the
Fermi operators which makes it in general quite difficult to handle.

The Holy Grail of bosonization is that the (fermionic) creation operator for a
right- or left-moving electron (r = R/L = +) can equivalently be expressed in
terms of the bosonic phase fields 6(z) and ¢(z) = [“da’II(z") by means of the

3Equivalently one can assume a point interaction, U(z — 2') = Upd(x — '), which directly gives
U(k) = Uy. Of course, this is a mathematical trick since a true J-function would have no effect.

4Using TI(x) = 0, ¢(z) and the commutation relations [A3) for  and ¢ it is easy to obtain the
equations of motion from [EIl), 020 = v2020 with v = vp/g (and similarly for ¢). Therefore, Hy,
describes a wave propagating at velocity v.
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“bosonization identity” (for details see, e.g., [64]),

() ~ \/217r—a exp [irkpx + VT {p(x) + r@(w)}} , (4.2)

where a ~ 1/kF is a lattice Constant.ﬁ The phase fields itself fulfill the algebra

6().6)]- = [¢(2),6(x")]- =0,
6(2), ¢(")]- = Zsen(e—a'). (4.3)

4.3 Luttinger liquid theory for single-wall

nanotubes

The generic band structure of a metallic SWNT is shown in Fig. EE2 Up to energy
scales I/ < D ~ 1 eV, the dispersion relation around the Fermi points is, to a very
good approximation, linear. If the z-axis is taken along the tube direction and the
circumferential variable is 0 < y < 27 R, quantization of transverse motion then
allows for a contribution o exp[iny/R] to the wavefunction. However, excitation
of angular momentum states other than n = 0 costs a huge energy of order D. In
an effective low-energy theory, assuming that the SWNT is not excessively doped,
we may thus omit all transport bands except n = 0. Evidently, the SWNT forms
a 1D quantum wire with only two transport bands intersecting the Fermi energy.
In contrast to conventional systems like semiconductor quantum wires, LL effects
in SWNTs are not restricted to the meV range but may even be seen at room
temperature since the approximation of linearizing the dispersion relation is here
provided by nature in an essentially exact way.

In the same way as done in Sec. Z2 one can expand the electron operator for spin
o = =+ in terms of the Bloch functions living on the two sublattices, see Eq. (2], but
with the difference that due to the restriction n = 0 this expansion now introduces
slowly varying 1D fermion operators ., that depend only on the z-coordinate,

Vo(z,y) = Z@pa(xay)wpa(f@) .

Neglecting Coulomb interactions for the moment, the 2D massless Dirac Hamiltonian
[EZ2) describing the effective low-energy theory for graphene reduces to

H = —vp 3 p [ do ) (2)0:6-pao (7)

paoc

>To be more precise, one would have to add “Klein factors” in ([LZ). These are non-Hermitian
operators that increase the total particle number in one of the branches by one and are necessary
since the boson fields all conserve the total particle number. They also ensure proper anticom-
mutation between right- and left-going operators. In the thermodynamic limit . — oo, where L
is the system length, this is, however, of minor importance since a change in the particle number
represents a shift of kr by a quantity of order 1/L.
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Figure 4.2: Schematic band structure of a metallic SWNT. A right- and left-moving
branch (r = %) is found near each of the two Fermi points k = akp with a = +,
corresponding to K and K', respectively. Right- and left-movers arise as linear
combinations of the sublattices p = +. The Fermi energy (dashed line) is shifted
away from neutrality by doping and/or external gates.

Switching from sublattice description (p = =£) to the right-/left-movers (r = %),
which are linear combinations of the sublattice states,

. 1 1
1/1an = Z Uprwrao with Upr = E ( 1 . ) )

—1

implies two copies of massless 1D Dirac Hamiltonians for each spin direction,ﬁ

H = —ivFZr/d:c Ul (2)0rae () . (4.4)

roaoc

In this representation, a bosonization formula generalizing Eq. (EE2) applies [66],
now with four bosonic phase fields 6,(x) and their canonical momenta Il,(z) =
O0p0q(x), with flavor index a = ¢+, c—, s+, s—,

1 Jr
oo explikpax + i—(Pes + 70,
?/} \/% p{ F 9 (¢ + +

+ e+ rabe_ + b 4+ robys + aods_ + maes,)} .

The four channels correspond to the total (+) and relative (—) charge (¢) and spin
(s) channel, respectively. They are obtained from combining charge and spin degrees

6Therefore, a perfectly contacted and clean SWNT has four conducting channels and is hence
expected to have the quantized conductance G = 4e?/h. Due to the difficulty of fabricating
sufficiently good contacts this value has not been experimentally observed so far. However, in
recent experiments conductance values very close to this theoretical prediction were obtained [65].
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of freedom as well as symmetric and antisymmetric linear combinations of the two
Fermi points. The algebra now reads

002, 60 ()] = Susenle — )

while all other commutators vanish.

When including the electron-electron interaction and at sufficiently high temper-
atures (above the gap temperature of 7' ~ 0.1 mK) where it is justified to neglect
non-linearities associated with the forward and backward scattering coupling con-
stants [67], the bosonized expression of the Hamiltonian reads,

_Vr 2, 1 2
H=" ;/dx{nﬁgg@ea) } ,

and hence, SWNTSs constitute a realization of a LL with an additional flavor index.ﬁ
The dimensionless interaction strength for the different channels is

8¢2 L\ 2
=11 1 <1,
Jet { +7r/£7'wpn(27rR)} -

r is the dielectric constant, while for all other channels, g,z.+ = 1. Since the

dependence on L and R is only logarithmically, basically all SWNTs studied at the
moment are characterized by typically g.. = 0.2 to 0.3 [62, 63]. Hence, a SWNT
constitutes a strongly correlated system and one can expect that the electronic
properties thus differ from what is expected by FLT. The plasmon velocities of the
four modes are v, = vgr/g,, and hence the charged (c¢+) mode propagates with
significantly higher velocity than the three neutral modes which are unaffected by
the interaction.

A power-law suppression v(e) ~ €* of the TDOS in the limit € — 0 is expected
for a strongly correlated electron gas described by LL theory, where the energy e is
measured relative to the Fermi level [68]. When we assume f transport channels,
the exponent o governing the scaling is depending on the geometry, i.e., whether
one tunnels into the bulk or into the end of the system. Setting o = — 1 one finds,

1 /1

ot ?<§+f—Q, (4.5)

Thhulk = f 9 g g )

where g is the interaction constant in the charged mode. Hence, for a SWNT we

1/ 1
Olend = — -1 . 4.6
4 <gc+ ) ( )

"For NTs doped away from half-filling, umklapp-processes suffer a momentum mismatch at

would have

the Fermi surface, thereby becoming ineffective. The validity of the Luttinger model is then only
limited by the exponentially small backscattering scale [G6].
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Similar anomalies have recently been observed by Bockrath et al. for SWNTs [63].
Their measurement and analysis provide the first demonstration for LL behavior in
carbon NTs due to long-range Coulomb interactions.ﬁ The ratio of the exponents
Qlend/Qpulk > 2 is interaction dependent and reflects the fact that for tunneling into
the end of the system there is only one direction for the electron to escape while for
tunneling into the bulk there are two. Further, it is clear that the exponents add up
for a certain tunneling geometry, e.g., when the tunneling is from the end of one NT
into the end of another N'T then the TDOS will be governed by atend—end = 2Qend-

As we will see in the next chapter, electron-electron interactions strongly modify
the low-energy excitations in a quantum wire leading to striking predictions for the
transport in the presence of one or several impurities.

8 Also for MWNTs one observes a strong suppression of tunneling into the tube but with different
origin than for SWNTs. In recent experiments on intrinsically (hole-) doped MWNTSs (where
Er = 0.5 eV), Bachtold et al. have shown that the tunneling conductance vanishes as a power
law in temperature and in bias voltage [54]. A proper theoretical explanation for this behavior
was given in [55]. It was shown that this zero-bias anomaly in the TDOS of doped MWNTSs can
be explained in terms of electron-electron interactions in conjunction with diffusive motion, which
effectively leads to a very efficient Coulomb blockade for tunneling into the MWNT. Due to the
strong interactions, this power law can be thought of as a non-perturbative Al’tshuler-Aronov
anomaly. It was also shown that the presence of a boundary implies a universal doubling of the
boundary exponent, deng = 2apulk, Which holds only in the diffusive limit.
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Chapter 5

Resonant tunneling and Kondo
effect

After discussing basic properties of quantum dots, especially the phenomenon of
Coulomb blockade, we turn to the general problem of tunneling through such a de-
vice. In this context we briefly describe the Kondo effect as well as the relevant
tunneling mechanisms. Subsequent to these introductory remarks we review the
theory of resonant tunneling through a double-barrier structure (forming a quan-
tum dot) in a LL. Due to exciting recent experimental results this problem attracted
renewed attention by theorists and, due to partly conflicting results, led to a con-
troversial discussion in the literature. We discuss the results for both spinless and
spinful fermions thereby focusing, for simplicity, on symmetric barriers only.

5.1 Introduction

5.1.1 Quantum dots - artificial atoms

Quantum dots (QDots) are nanometer-scale structures, where one confines a few to a
few thousand electrons, e.g., in 2D electron gases in semiconductor heterostructures
by means of suitable gates or in NTs by strong bends acting as local barriers. Due
to the confinement, QDots have discrete energy levels and in many respects they
are like artificial atoms. The great advantage of QDots compared to real atoms is,
however, the ease with which its properties can be tuned. Especially the number
of electrons in a QDot can be precisely controlled and varied during an experiment.
The general setup is depicted in Fig. Bl

In contrast to real atoms, one can study transport through a QDot via attached
leads. For temperatures and bias voltages that are low compared to the charging
energy E, = ¢2/2C, i.e., the energy required to add an electron to the island (C' is
the capacitance of the dot), electric transport through the device is blocked due to
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Source Drain

L T Gate

Figure 5.1: General setup of a quantum dot (left). The number of electrons sitting
on the dot can be controlled by adjusting both the gate voltage V,; and the bias voltage
V. The right picture shows a semiconductor quantum dot where the confinement of
the electrons in a 2D electron gas is provided by suitable gates on top of the sample.

quantized charge tunneling (Coulomb blockade) [69]. A voltage V, applied to the
back gate (capacitively, Cy, coupled to the QDot) can then have a pronounced effect
on the device conductance since transport through the dot is restored when Vj is
tuned to special values, where N and N + 1 electron-states are degenerate and an
electron can be added with no cost of energy (“charge degeneracy”). To illustrate
this we consider an isolated QDot, with a certain charge —Ne, coupled by tunneling
barriers to external leads. The preferred charge due to Vj is then C,V, and hence,
E.= (Ne —C,V,)?/2C, see Fig.

Therefore, upon changing the gate voltage, a gap in the differential conductance
opens and closes in a periodic manner which gives rise to a pattern of periodic
conductance peaks at zero bias, V, = 0 (see Fig. BE3). These peaks occur when
the energy change due to the tunneling of one electron onto or out of the QDot
equals the Fermi energy of the leads. Thus, both bias and gate voltage can be
used to modulate the conductance leading to diamond-shaped regions where the
conductance is suppressed (Coulomb diamonds, see Fig. B4l). Within each diamond,
the number of electrons on the QDot is fixed, and new electrons are added one by
one to the island upon increasing V; (single electron tunneling).

Applications of QDots include, e.g., single electron transistors that control cur-
rents at the level of a single electron and have been proposed as a future alternative
to conventional Si electronic components. However, most of them operate at cryo-
genic temperatures, which strongly limits their practical application. A device which
operates at room temperature can be built of a carbon NT [7T]. Generally, a single
electron transistor consists of a conducting island connected by tunnel barriers to
two metallic leads. At low enough energies when Coulomb blockade becomes oper-
ative, conduction (at a single electron level) can be controlled by tuning the voltage
on a close-by gate, rendering this three-terminal device a transistor.
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Vv

g

Figure 5.2: Charging energy as a function of gate voltage. The number of electrons
N on the island is indicated as well as the transitions (charge degeneracy points) at
gate voltages corresponding to half-integer N .

LA

Figure 5.3: Conductance as a function of gate voltage (i.e. number of electrons on
the island). Peaks occur at half-integer values of N.

G

Figure 5.4: Greyscale plot of the differential conductance dI/dV through a SWNT
QDot with Au source and drain contacts, and a substrate gate contact (T =75 mK).
Dark/light areas correspond to low/high conductance while E,O indicate an even or
odd number of electrons on the dot. The dashed lines outline the odd Coulomb
diamonds and are a guide to the eye only. Horizontal features such as those labelled
P and @ could suggest higher-order processes involving two levels. (From [70).)
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5.1.2 Kondo effect

Arising in the prototypical case from the interaction between the magnetic moment
of a localized impurity and delocalized electrons in a metallic host, the Kondo effectEI
has been used to explain the enhanced low-temperature scattering from magnetic
impurities in metals [72], but also occurs in transport through QDots.

The simplest model of a magnetic impurity was introduced by Anderson in 1961
and has only one electron level (also for small QDots it has come to be the “canonical
model”). The Hamiltonian, including the coupling to the leads, is

Haor = €0 didy + Eedldyd}dy + [(w], +0),) dy +hec] |

where z/JiTs creates an electron with spin s in lead i while di creates an electron
with spin s on the dot. The energy level of the dot is denoted by ¢, (we assume
€0 = —FE./2 and kT < E.) and the tunneling matrix element between the leads
and the dot by ¢t. The electron can tunnel from the impurity and escape provided
its energy lies above the Fermi level, otherwise it remains trapped. In this picture,
the defect has spin 1/2 and its z-component is fixed either to spin up or spin down.

However, so-called exchange processes can take place that effectively flip the
spin of the impurity from spin up to spin down, or vice versa, while simultaneously
creating a spin excitation in the Fermi sea. This spin exchange qualitatively changes
the energy spectrum of the system. When many such processes are taken together,
one finds that a new state, known as the Kondo resonance, is generated with exactly
the same energy as the Fermi level. Such a resonance is very effective in scattering
electrons with energies close to the Fermi energy. Since the same electrons are
responsible for the low-temperature conductivity, the strong scattering contributes
greatly to the resistance.

When a small system with a well defined number of electrons (like a QDot) is
connected to electrodes, Kondo physics can also strongly affect the low-temperature
electronic properties of the device [73]. When the number of electrons, N, confined
on the island is odd we have a localized spin (S = 1/2) between large electron
seas in the leads. In this situation, second-order (spin-flipping) processes can occur.
Similar processes, which change the total spin on the island , add up coherently to
form a correlated many-electron-state in which electrons in the two leads are strongly
coupled, allowing current to flow even under blockade conditions if T" < Tk, where
Ty is the Kondo temperature. When N is even, however, there is no equivalent
process and thus no current (“even-odd asymmetry”). Accordingly, a localized half-
integer spin on a QDot acts as a magnetic impurity leading to the Kondo effect which

ITraditionally, Kondo effect means the increase of the resistance as the temperature is lowered
below a certain threshold (Kondo temperature). Although this behavior does not involve a phase
transition, the Kondo temperature completely determines the low-temperature electronic prop-
erties of the material. Note that usually a lower temperature implies a lower resistance due to
reduced thermal scattering, and the resistance saturates below about 10 K due to static defects,
or vanishes below the critical temperature in the case of a superconductor.
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now increases the conductance (instead of the resistance) at low temperatures, and
is even able to make the dot completely transparent (unitary limit). In other words,
the Kondo effect produces the opposite behavior in a QDot compared to that of a
bulk metal.

Where does this difference originate from? In a real metal, electron states are
described by plane waves and scattering from impurities mixes waves with different
momenta. The corresponding momentum transfer increases the resistance. In a
QDot, all electrons have to travel through the island. The Kondo resonance now
makes it easier for states belonging to the two opposite electrodes to mix. This
mixing is responsible for the increase of the conductance.

Kondo physics in carbon NTs has been demonstrated experimentally by Nygard
et al. [70] who considered a 1D QDot formed by a metallic SWNT with 3D metal
(gold) reservoirs. This allowed for the observation of Kondo resonances for very
large electron numbers on the dot, and approaching the unitary limit.

5.1.3 Tunneling mechanisms

We will now comment on the relevant tunneling mechanisms and the resulting conse-
quences. Sequential tunneling (ST) or, to be more precise, incoherent resonant tun-
neling with independent tunneling events from the leads onto the island and from the
island into the other lead, occurs via an unoccupied level within the energy window
between 7, and pg, which are the chemical potentials of the left and right lead. The
number of electrons on the dot changes accordingto N - N4+1—- N —- N+1....
To give an analogy, this would correspond to two one-photon processes in optics.
In coherent resonant tunneling (CRT) the electron coherently tunnels from one lead
through a quantum state on the island to the other lead. Hence, in this case the
island should be regarded as a single impurity.

At low temperatures (kg1 < E.), the conductance through a QDot in the
Coulomb blockade valley is exponentially suppressed. This results from the fact that
the process of electron transport through the dot involves a real transition to the
state in which the charge on the island differs by e from the thermodynamically most
favorable value (sequential tunneling). Going beyond the lowest order perturbation
theory allows one to consider processes in which states of the dot with a “wrong”
charge participate in the tunneling process as virtual states.

Cotunneling (CT) is a second order process with only virtual occupation of an
energy level on the dot and gives the leading contribution to the activationless
transport. Such a process cannot be separated into two steps and would correspond
to a two-photon process in optics. In the inelastic CT mechanism, an electron
tunnels from the lead into one of the vacant single-particle levels on the dot, while an
electron occupying some other level tunnels out of the dot, see Fig. B0 As a result,
transfer of charge e across the island is accompanied by a simultaneous creation of
an electron-hole pair on the dot. Inelastic CT wins versus ST at low temperatures.
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Figure 5.5: Inelastic (left) and elastic (middle) cotunneling as well as spin-flip co-
tunneling leading to the Kondo resonance (right).

Contrarily, in the elastic CT process, no electron-hole pairs are excited and the
electron tunnels via the same level. In other words, occupation numbers of the
energy levels on the dot in the initial and final states of the CT process are exactly
the same. At low temperatures, elastic CT is the more important process compared
to the inelastic one.

The Kondo effect comes from elastic CT in all orders via the topmost occupied
state of the QDot. This state is special since if the number of electrons on the dot
is odd, this level is filled by a single electron only and is spin-degenerate. Therefore,
the ground state of the QDot is characterized not only by the occupation of the
energy levels, but also by the dot’s spin. This opens the possibility of a CT process
in which the transfer of an electron between the leads is accompanied by a flip of
the electron’s spin with simultaneous flip of the spin of the island (spin-flip CT
process, see Fig. B0). The amplitude of such a process, calculated in fourth order
in the tunneling matrix element, diverges logarithmically when the energy E of an
incoming electron approaches the Fermi energy. Since ' ~ T, this singularity in the
transmission amplitude translates into a dramatic enhancement of the conductance
across the island at low temperatures, approaching the unitary limit for 7" — 0.

5.2 Resonant tunneling in a Luttinger liquid

The problem of resonant tunneling through a double-barrier structure in a LL was
first studied a decade ago [37, [74, [75], but has recently attracted renewed and
widespread attention by theorists [76-83]. This is primarily caused by novel excit-
ing experimental realizations of double-barrier structures in interacting 1D quantum
wires presumably described by LL theory. After reviewing the theoretical results we
briefly describe the (not yet completely understood) experimental situation, also as
a motivation for our own work presented in the next chapter.

5.2.1 Single-barrier problem

We first want to recall the situation of an infinite LL with a single impurity where
the difference to a Fermi liquid already becomes dramatic. According to Landauer’s
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theory the conductance of a single-channel wire with a barrier is given by G = ]t!Q Go,
where |t|” is the transmission probability through the barrier and Gy = €2/h. This
result holds even at finite temperatures, assuming the transmission probability is
independent of energy, as is often the case for barriers that are sufficiently above or
below the Fermi energy. In 1D, interactions play a crucial role in that they form
charge density correlations which are easily pinned by even the smallest barrier,
resulting in zero transmission and, hence, a vanishing conductance at zero temper-
ature. At finite temperatures the correlation length is finite and the conductance
decreases as a power law of temperature. To understand the line of reasoning we
want to explain the situation in a bit more detail and therefore consider a repulsively
interacting LL with a single barrier.

We first assume a weak impurity at, say, z = 0. In this limit, the barrier itself
can be treated as a small perturbation. Integrating out all degrees of freedom away
from z = 0 leads to an effective action. The resulting problem can be solved by
using renormalization group theory, and the corresponding flow equation shows that
at very low temperatures the backscattering becomes very strong. This implies that
at T = 0 even a very small barrier will be impenetrable (scales to infinity), and
effectively breaks the system into two decoupled parts. Hence, the conductance
should vanish.

In the opposite limit of a large barrier, the perturbative calculation sketched
above provides no direct way to treat the problem and hence, the starting point is
different. Now, one has to consider a system consisting of two semi-infinite wires
coupled by a weak tunneling barrier. This situation can appropriately be described
by a tunneling Hamiltonian, and tunneling from one part to the other can be con-
sidered as a perturbation. Applying the same steps as before, one finds that the
hopping term scales to zero (i.e., the tunneling perturbation is irrelevant) and thus,
the conductance again should vanish.

Using Fermi’s golden rule, one can express the current through the impurity in
terms of the boundary TDOS. At zero temperature and for repulsive interaction,
the linear conductance is strictly zero which reflects the suppressed TDOS in a LL.
When g = 1, a linear I — V' curve is predicted, consistent with expectations for non-
interacting electrons which are partially transmitted through the barrier. At finite

temperature a power-law behavior for the conductance is predicted, G ~ T a2,

5.2.2 Double-barrier problem

Is resonant tunneling through a double-barrier structure possible when the system
under consideration is an interacting LL? Since even an arbitrarily weak single im-
purity causes the zero-temperature conductance to vanish, one might have been in-
clined to guess that a series arrangement of two barriers could only further enhance
the backscattering, so that resonances are simply not present at 7' = 0. However,
this is not the case and perfect resonances are possible in a (repulsively interacting)
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LL incident on a double-barrier structure (in striking contrast to the single-impurity
case) but with completely different behavior compared to the standard Fermi liquid
case. We note that, as the double-impurity problem in a LL is not integrable, exact
solutions covering a wide parameter range of interest for this transport problem are
out of reach, in marked contrast to the situation for a single impurity [84].

For simplicity, we focus exclusively on the case of symmetric barriers. Although
this case does not seem to be very realistic since any randomness in the barriers
and /or nanowire would cause asymmetry, the experimentally reported asymmetry
is not very large [71], and the resulting effect can be expected to be small and
negligible.

Fermi liquid case

The conductance due to incoherent resonant tunneling of a particle between two
Fermi liquid leads is easily calculated using the Landauer formula,

Gr— far (- ) ek,

where |t(E)|* has a Lorentzian line shape centered around the resonant energy e,

F2

|t(E>|2 = (E—60)2+F2 )

and f(F) is the Fermi function. When 7' > I' (we put kg = 1) one finds that [85]
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(5.1)

where € = ¢y — pu is the energetic distance from the peak and p the chemical potential
in the leads. The main outcome of this analysis is the line shape of the resonance
being the derivative of the Fermi function, its full width at half maximum has a
linear dependence on T, and the area under the peak (or the peak height multiplied
by T') is proportional to I' and should be independent of temperature.

Luttinger liquid: spinless case

We now consider the situation of two impurities creating an island between two
semi-infinite LL leads in the case of repulsively interacting spinless fermions. Start-
ing from the weak-barrier (strong-tunneling) limitd it was shown [37] that for sym-
metric barriers, resonances with perfect transmission can be achieved by fine-tuning
a single parameter, e.g., the gate voltage controlling the number N of electrons on
the 1slandﬁ These resonance peaks can be observed at half-integer N and become

2This starting point is appropriate for describing coherent transport at low temperatures.
3For attractive interactions, the barriers become irrelevant, there are no resonances and one
recovers the full LL conductance without fine-tuning.
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infinitely sharp as T" — 0 which is in striking contrast to the non-interacting case
where the line width becomes temperature independent for 7" — 0. Thus, the in-
teractions suppress all off-resonance conductance, and the conductance exactly at
the resonance crucially depends on the interaction strength ¢. In particular, for
1/4 < g < 1 one recovers the full LL conductance while for ¢ < 1/4 zero con-
ductance is obtainedd] (CRT regime, see 37, [74]). In the regime 1/4 < g < 1/2 a
Kosterlitz-Thouless transition should occur, with the result that for weak barriers
there should still be a resonance, while for strong barriers a resonance is only found
for g > 1/2.

For g > 1/4, the 2kp-backscattering term V() (all other terms are irrelevant)
increases under renormalization according to dV (V) /dl = AV (V)| where [ is the renor-
malization group flow parameter and A = 1 — g > 0. One expects (see [37]) the
conductance for small 7" and € (the energetic distance from the peak) to be de-
scribed by a universal scaling function,

G(T,€)/Go = f,(X) with X = ce/T"77, (5.2)

where ¢ is a non-universal dimensionful constant. Accordingly, rescaled resonance
curves for different temperatures should collapse onto a single universal master curve.
For X <« 1 (high temperatures), one finds from a perturbative calculation that

f(X)=1-X*4+0(X*), with X?~T%2
while for X > 1 (low temperatures), one has
100 = X0 72,

see [37]. The scaling arguments leading to this result can be backed up by an exact
non-perturbative calculation (via refermionization) for ¢ = 1/2. Moreover, the line
shape is predicted to be non-Lorentzian. As a result of (2), at low temperatures
the resonance width should scale as w ~ T179.

In 1998, Furusaki [76] has treated the incoherent resonant tunneling regime (con-
ventional ST), taking into account CT contributions that are important away from
the resonance peak. The incoherent regime allows for a master equation approach,
whose validity requires at the least (i) that the barriers are strong (i.e. weak tunnel-
ing where G < Gy), and (ii) that temperature 7' is sufficiently high. Remarkably,

4For g > 1/4 only the 2kp-backscattering term is relevant and fine-tuning this term to zero
then corresponds to tuning to a resonance. For g < 1/4 also the 4k p-backscattering term becomes
relevant and usually destroys the resonance. Higher-order backscattering terms have systematically
increasing scaling dimensions and are therefore less relevant. A simple explanation of the infinite
sharpness of the resonance can be given as follows. An electron in a localized state between two
barriers in a LL is unable to decay at T" = 0 since the TDOS into the leads vanishes. Hence, the
electron remains localized forever, with an infinite lifetime. At finite temperature, the TDOS into
a LL is non-zero away from the Fermi energy and thus, the electron will be able to decay resulting
in a thermally broadened resonance peak.
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for sufficiently strong interactions, g < 1/2, the approach works down to zero tem-
perature provided condition (i) is met. However, for g > 1/2, it breaks down below
a temperature T* determined by the barrier strength, where a crossover to coher-
ent resonant tunneling occurs since then the tunneling rates through the left and
right barrier grow with decreasing temperature. Then, the line shape approaches
the universal form predicted in [37]. In the incoherent regime, the line width w of
the resonance peak has a linear temperature dependence, w ~ T, while the peak
conductance Gy ~ T %nd=1,

Experimentally more relevant is the shape of the peak as a control parameter (e.g.
the gate voltage) is tuned through the resonance. In the presence of interactions,
the tails of the resonance line are expected to be strongly suppressed compared to
the non-interacting case. For LL leads, the line shape in the incoherent regime is
[76] (we put h = kg = 1)

2

, (5.3)
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where I'[z] denotes the Gamma function, € is the energetic distance from the peak,
D the electronic band width, and I'y the hybridization matrix element between leads
and the dot. This obviously differs from conventional Fermi liquid predictions, see
Eq. (&), albeit the difference is not drastic. With the charging energy E. = mvp/g%d
for a dot of length d, the quantity € is related to 6N = N — 1/2 via e = E.JN.
Furthermore, for a barrier of strength V', with a dimensionless g-dependent constant
¢y, the hybridization is 'y = ¢,D(7V/D)~% [R6].

The line shape in Eq. (E3) is very close to the Fermi liquid case (Bl) and
evidently characterized by a linear temperature dependence of the line width. In
the tails of a peak, the conductance vanishes exponentially. For not too strong
barriers, CT then takes over, with the leading term given by [76]

2 2 2aend
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where ¢ is a dimensionless constant of order unity. Deviations from the w ~ T
behavior directly indicate violations of the incoherent ST mechanism, either due to
CRT, CT, or because one is outside the strong barrier limit.

Very recent work [82, B3] approached the problem by considering weak electron-
electron interactions, ¢ = 1 — k, with x < 1. Then, one does not have to rely
on bosonization methods, where technical problems arise for intermediate barrier
heights. Generalizing earlier work on the single-barrier limit [87], in Ref. [82] a
renormalization method is used to solve the problem in the limit of weak tunneling,
however, with partly conflicting results. In [83] the problem is treated using a
fermionic renormalization group method. The advantage of this method is that it
allows one to treat weak as well as strong barriers on an equal footing. However,
the underlying idea of treating resonant tunneling as elastic scattering process is
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possible only to lowest order in x, as electrons are no longer good quasi-particles
[83]. Within this limited range of applicability, however, their analysis appears to
confirm the standard ST picture of resonant tunneling [37, [74, [76] for strong barriers.
In addition, Ref. [83] predicts that for weak barriers at sufficiently low temperatures,
a sharp Lorentzian resonance peak with G... = Gy is possible, whose line width
vanishes as a power law. This resonance is predicted to remain perfect down to
T =0.

A recently proposed new tunneling mechanism, correlated ST [[(1], 8], which is
in contradiction to the incoherent ST picture and therefore led to a controversial
discussion in the literature, will be discussed in the next section together with the
relevant experimental data.

Luttinger liquid: spinful case

Most of the above picture can be carried over to the case of spinful fermions [76].
However, including spin, there can arise important differences. If the charge on
the island is odd, there will be a spin degeneracy as for a local magnetic moment.
However, the Kondo effect in a QDot connected to LL leads has been argued to
be strongly suppressed [6] except possibly in the coherent low-temperature regime
with weak barriers [37]. For a QDot connected to Fermi liquid leads, the logarithmic
increase of the conductance with decreasing temperature, reaching the unitary limit
for T"— 0, reflects the marginal relevance (in the renormalization group sense)
of virtual tunneling. The reason for the suppression in the LL case can be seen
in Eq. (B4)). Thinking of the Kondo problem as elastic CT in all orders of I,
we see that it should not be present because CT is an irrelevant process at low
temperaturesﬁ Gleot 0C T?end,

For spinful fermions, assuming SU(2) spin invariance, we define g via the relation
gt = (g;1+1)/2 [74], where g, is the usual LL parameter in the charge channel,
see also (EEH). For SWNTs we would have g~ = (¢! 4+ 3)/4, instead.

5.2.3 Experimental results

Auslaender et al. [88] have measured the low temperature conductance of a one-
dimensional island embedded in a single mode quantum wire. The quantum wire
was fabricated using the cleaved edge overgrowth technique and the tunneling was
through a single state of the island. Their results show that the resonance line shape
can be fitted by (Bl) while the intrinsic line width decreases in a power-law fashion
as the temperature is reduced. Their results were claimed to be in quantitative
agreement with Furusaki’s theory of incoherent resonant tunneling in a LL [76].

5Only for g = 1/2 there exists an analog of the Kondo effect [76]. Then, one can show [37]
that on resonance the tunneling is marginally relevant leading to a logarithmic increase of the
conductance with decreasing temperature when higher-order terms are included.
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On the other hand, Postma et al. [71] have probed transport through a double
barrier artificially created in a metallic SWNT (see Fig. ). In metallic NTs,
strong bends have been shown to act as nanometer-sized tunnel barriers for electron
transport [89], and such NT devices have been fabricated with different island lengths
ranging between 20 and 50 nm.

When both bias and gate voltage are tuned, Coulomb diamonds demonstrating
Coulomb blockade (i.e., single electron tunneling) are observed. If we consider the
temperature dependence of a single conductance peak (V, = 0), the experimental
data shows that the peak height G ,.x and the peak width w both decrease with
decreasing temperature (Fig. B). A quantitative analysis reveals a power-law be-
havior for the conductance maximum at low temperatures, G ~ 7°58, whereas
the resonance width follows a linear temperature dependence, w ~ T'. Notice that
the conductance is predicted to vanish in the limit 7" — 0.

These experimental results have been interpreted in terms of correlated ST [T],
81], since the standard picture of incoherent resonant tunneling [76] is inconsis-
tent with the observed temperature dependence of the conductance peak height.
Thorwart et al. [81] showed, using a master equation approach in the limit of weak
tunneling where one can use the instanton approximation, that higher-order tunnel-
ing processes in combination with correlations among tunneling events on and off
the island dominate the behavior of GG for high temperatures. For thermal lengths
larger than the width of the 1D dot, these correlations should invalidate the con-
ventional ST picture leading to a linear temperature dependence of the resonance
width, w ~ T, and a power-law temperature dependence of the conductance maxi-
mum, Gy ~ T%nd-end=1 Now, the scaling is governed by ttend—end = 20tenq, Which
is typical for tunneling between the ends of two LLSE However, this mechanism has
been questioned by a number of authors [82), R3], but without offering a consistent
explanation of the experimental data.

Finally, in this context also other experiments on SWNTs are of interest, where
Fabry-Perot type oscillations in the conductance of a double-barrier structure with
nearly transparent barriers were observed [65, 00, 0T, 92]. Remarkably, it is experi-
mentally possible to tune the barrier strength via additional gate voltages from weak
to strong barriers, and to observe the corresponding crossover from Fabry-Perot type
oscillatory behavior to ST (Coulomb blockade) peaks [02].

6In a coherent tunneling event, the island can be seen as a single impurity and hence, the
tunneling occurs between the ends of two LLs. This is a reasonable assumption, since the thermal
length Ly = hwp/kpT = 70 nm at 300 K is larger than the distance between the two barriers in
the experiment [{1] at all temperatures.
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Figure 5.6: Fabrication of the NT device using an atomic force microscope. (A) NT
between Au electrodes on top of a Si/SiOy substrate (bar = 200 nm). The tip is
pressed down onto the substrate and moved along the path indicated by the arrow.
(B) NT after creation of a buckle. A second dragging action is performed as indicated
by the arrow. (C) Double-buckle NT device. (D) Enlarged image of the double-buckle
device (bar = 20 nm). (Taken from [71].)
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Figure 5.7: Left: zero-bias conductance versus gate voltage for a single conductance
peak. The numbers above the curves indicate the temperature in Kelvin, respectively.
Solid lines show fits to Eq. (). (From [71].) Right: quantitative analysis of
the measured data. G* denotes the integrated conductance. Solid lines represent
the theoretical prediction for g.. = 0.23, dashed lines correspond to the power laws
(notice the double-logarithmic scale). The left inset shows single conductance peaks
while the right inset shows the peak width versus temperature. (From [87].)



76

Resonant tunneling and Kondo effect




Chapter 6

Nanotube quantum dot

In this chapter the resonant tunneling through a double-barrier structure in a SWNT
is studied. The motivation for this work was given in the last chapter where we
reviewed recent experimental results and the resulting controversial discussion of
resonant tunneling in a LL.

First, we present a general theoretical model for a LL with two impurities con-
taining the limit of spinless fermions as well as the spinful case and the SWNT. We
derive the effective action by integrating out the bulk degrees of freedom away from
the location of the two tunneling barriers. Within this model we then determine the
resonance condition analytically in both the weak- and strong-barrier limit by means
of a cumulant expansion and a symmetry consideration, respectively. Further, in
order to obtain the full line shape of the resonance for arbitrary single-barrier trans-
mission, we develop a real-time (Keldysh) quantum Monte Carlo (QMC) approach.
An alternative would be to use standard Euclidean-time QMC simulations, and then
use analytic continuation techniques to extract the conductance. In Ref. [03], the
latter approach was chosen for the single-barrier problem, where the analytic con-
tinuation was performed using Padé approximants. We have also tried this for the
double-barrier problem, but found it to be completely uncontrolled and unreliable.
This is not too surprising as the analytic continuation of numerical data is math-
ematically ill-defined and known to work only in fortunate cases. In contrast, the
Keldysh QMC simulation suffers from the well-known sign problem due to quantum
interference of different real-time paths [94]. This poses a problem to simulations
at very low temperatures, but nevertheless allows us to study a wide parameter
regime of interest in a perfectly well-controlled way. The single-barrier problem was
studied successfully by this technique before [95, 96], and the present work repre-
sents the generalization to the more challenging double-barrier case. Note that in the
single-barrier problem, it has been possible to reach the asymptotic low-temperature
regime [95].

Below, we will pay particular attention to how the barrier strength influences
the physical mechanisms of transport through the double barrier, having in mind
the actual experimental setup of Ref. [02]. To keep the number of free parameters
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manageable, we shall present results for the linear conductance only for symmetric
barriers and temperatures well below the single-particle spacing on the dot. Thereby
we also focus on the most interesting and controversial regime. While it is possible
to use our approach also for finite interaction range, we only consider the standard
case of an effective short-range interaction.

The validity of our method is demonstrated for the non-interacting case by com-
paring numerical results to the exact solution (for arbitrary barrier height) which
can be obtained via refermionization. We identify the coherent resonant tunneling
regime where the line shape shows universal scaling behavior. The line width is
found to have a power-law temperature dependence in accordance with theoretical
predictions. Further, we identify the regime of correlated sequential tunneling but
do not find any evidence for the incoherent sequential tunneling regime which re-
solves the controversy described in the previous chapter. With spin, we identify
resonant tunneling peaks, but no Kondo effect can be found in this setup.

6.1 Theoretical model

To keep our following discussion as general as possible we will consider an infinite
LL with f =1,2,4 flavors, and a = 1, ..., f corresponding to the different channels
which are LLs with interaction parameters g, (g1 < 1 while g, = 1) and velocities
Ve = Vp/g,. The case f = 1 describes a spinless LL while f = 2 describes the
spinful case and f = 4 corresponds to a SWNT. Throughout the whole chapter we
set h = 1.

We consider a SWNT dot formed by two barriers modeled by short-ranged
scattering potentials Vi centered at & = £d/2, ie., V(z) = X, V,0(x — pd/2).
This gives rise to the contribution Hy = [dzV (z)p(x) to the Hamiltonian, where
p(z) = ¥i(x)Y(z). Ignoring electron-electron umklapp- and backscattering pro-
cesses, the Euclidean action in terms of the bosonic phase fields 0, (z, 7) reads

1 dk

= (w2 + 02K [0a(k, wn) * + Sunpla] (6.1)

g —
2Bvp o) 2w

where § = 1/kgT is the inverse temperature and the Matsubara frequencies are
wy, = 2mn/B. The impurity part is given by [66]

Smold] = 2 Vs /05 dr {H cos [qap@) + %Néﬂ +0p4 [ sin lqapﬁ) + p—;NéO)] } :
(6.2)

where we have used the substitution

Qap(T) = ﬁ@a(pd/Q, ) (6.3)

for later convenience. Additionally, we made use of the Fourier conventions
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1

dar) = 3% [ 50k et

0(k,wn) /dx/ drf(z, 7)e "k — g*(—k, —w,,) .
0

The external “charges” N are given by

\/7 d/2
/ d/2
where (.. .) denotes a quantum average with respect to .S, and their physical meaning
will be discussed later.

To make progress, we integrate out the bulk modes 6,(x) away from the location
x = £d/2 of the two tunneling barriers. Since the corresponding Hamiltonian is

quadratic, this trace can be performed exactly and is done by introducing Lagrange
multipliers to enforce (G3)). Additionally, we introduce new fields according to

Qa<T> = \/f/47r{0a<d/277—)+9a<_d/277—)}7
No(r) = JF/m{0a(d/2,7) = 0,(~d/2,7)}, (6.4)

so that

Bu(pd/2,7) = |5 1 Qu(r) + EN,(1) | (6.5)
RCIERS:

The physical interpretation of these fields is that the average phase (), corresponds

o “charge” of type a being transferred across the double barrier and is therefore
related to the current I, through the two barriers, I, = (ie/2)(dQ,/dT), while the
phase difference N, corresponds to “charge” of type a sitting on the island. We will
consider only the equilibrium situation here, and we allow for

AFE,
LA

due to external gates or a magnetic field for a = c+, s+, respectively, and Ae =

(Na()) = N =

mup/ fd is the level spacing. Therefore, by tuning the gate voltage we can adjust
N(E?r) via |AE..| = |EF|, and by tuning the magnetic field B we can vary N ( +) via
|AEs. | = geptp B, where g, denotes the Landé-factor and pp the Bohr magneton. In
contrast, Nc( ) is not tunable but actually very smal]EI so that we can put N, © — 0,

and N, éo_) = (0 always. Since for laboratory magnetic fields N, ©

s+ 1is always very small,
we mainly focus on NSF) =0.
After doing all the algebra (see Appendix [C]) we finally end up with the effective

action

1o ¥ gl {A0E , Futunt

SGH[Q(M N
oo 2fBga | 1+ elonl/on 1 — e~lwnl /e

b [ arviateuto) wo(o
(6.6)

!This term reflects K K’ symmetry breaking and is important for very large barriers only.
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where we have introduced w, = v,/d. In order to prevent unphysical ultraviolet
divergences, the Matsubara frequencies are restricted by |w,| < w,, where w, denotes
a suitable UV cutoff. Further, we have included the zero-mode n = 0 into the
impurity part, rendering Vi, into the effective potential

V:aff[QaaNa] = lmp Qaa a ZE ON, (67)

where 0N, = N, — N\ and E, = mvr/fdg? is the charging energy (a = c+) or the
level spacing (a = ¢—, s+, s—), respectively. Obviously, the field N, has a mass gap
while @, remains massless. The impurity potential has the general form

Vienp[ Qs Vo] ZV{HCOS[ (@3 N)]”f‘*ns‘“lf CAS Nﬂ}

(6.8)

Note that the sine term is only present in the f = 4 case.

6.2 Resonance condition

The next step is to determine the resonance condition for a system described by
the effective model (E6). This can be done analytically in both the weak- and
strong-barrier limit. The central result of this section is summarized in Table

6.2.1 Weak-barrier limit

First, we consider the weak-barrier limit where V,, < Ep. Since N, has a mass
gap, one can safely integrate out all fields { N,} under a cumulant expansion for the
effective potential of the field @, [74]. For simplicity, we only consider the symmetric
case, V; =V_=V.

The first order term of the cumulant expansion (which corresponds to 2kp-
backscattering) is given by VM = (Vi,,)n, where (...)x denotes the quantum
average over the fields {N,}, with the final result (see Appendix [DI)

y .V 7T_2 2 2—7T o
V() = 2f71eXp l_2f2;<5Na>N‘| Z COS[JC ; QQ‘I‘|

{oa}==%

cos[ ZaaN(O] (1+5f41;[o—a>. (6.9)

A resonance in the conductance requires V1) = 0, since otherwise this term would
grow under a renormalization group transformation leading to a vanishing conduc-
tance at T'= 0. Assuming 1+ 64 [], 0, # 0, the condition for a resonance reads

Z oaN, JQC 2n+1), (6.10)
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with n being an arbitrary integer number. For f = 1, Eq. (GI0) implies resonances
at N(© = half-integer, while for f = 2 we have

N©® = n+4n' +1=even/odd integer,

NO = n—n' =odd/even integer.

In the case of a SWNT (f = 4), we have to take into account that N{® = 0 for
a = c—, s—, and therefore condition (EI0) results in

N = 2mn+n)+2,
Ns(i) = 2(n—n').

In the absence of a magnetic field (since then also N, N s(g]r) = 0), a simple formula
summarizes the resonance condition for different f,

NO = g(Qn +1), (6.11)
where Nl(o) corresponds to the (total) charge channel.

The next step is to check the stability of such a resonance specified by the
condition (EI0). Suppose we have tuned the 2kp-backscattering term (&9 to zero,
then the transmission will depend on whether the next-to-leading terms are relevant
or not (higher-order terms in the cumulant expansion systematically become less
relevant). Accordingly, we have to analyze the stability under perturbations that
are generated in second order of the cumulant expansion (corresponding to 4k p-
backscattering),

1
VE = o ((Vimp)y = Viap)¥) -
The result is also derived in Appendix [Dl and reads
V2 27 T
Ve = o X ew [@7(% + 0&)@4 exp l’t—(paa +p’0;)N£°)1

p.p' {oa,0h}=% @ f

71_2
F<5N3>ND
<1+5f4Haa> (1+5f41‘[o—;>. (6.12)

In general, V) does not vanish, even on resonance. We now assume that

[[o. # -1 and []o, # -1, (6.13)

X <eXp l—;—fQ(paa +p'o)* (6N} >N] — exp [—

X

which, of course, is only important for the case f = 4. To see whether the resonance
is stable or not one has to determine the most relevant perturbation generated by
V) Therefore, we consider the operator

0~ Tlew [ i2 0+ o)
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which has the scaling dimensionﬁ (see Appendix [D)

A= %Z(Haao—;)ga, (6.14)

and becomes relevant for A < 1. In the spinless case, f = 1, Eq. (E14)) yields
A=21+o00")g=4g,

since only o = ¢’ = +1 is possible, and hence, V) becomes relevant for g < 1/4 or,
in other words, the resonance remains stable for all g > 1/4. For f = 2, we have

A= (1+0.0.)g.+ (1+0.0,) =29,

since only 0. = 0, = £1 and o, = —0o’, has to be considered (the case o, = o7, is
irrelevant, A > 1). Accordingly, the resonance remains stable for all g. > 1/2. In
the case of a SWNT (f = 4) the scaling dimension is
1 / / / /
A= 5 {(1 + 0ct 0oy )Gt + 05405y +0c0,_ + 0,0, + 3} )

The (probably expected) result A = g.. is prevented by (GI3)) and hence, one has
at least A = g, +1 > 1. Therefore, V® is always irrelevant in this case. This
remarkable and surprising result is solely due to the presence of the sine term in
the impurity potential (8). As a consequence, in SWNTSs the resonance remains
stable for all values of the interaction strength while for f # 4 the resonance is only
stable for g; > f/4. Thus, the general stability criterion then reads

g1 > £(5f1 +5f2) . (615)

The main results of this section are again summarized in Table

6.2.2 Strong-barrier limit

Since the cumulant expansion only works in the weak-barrier limit we need also
to check what happens in the opposite case when the barriers are very strong and
hence, tunneling is weak. We anticipate that in this limit the physics associated
with the Coulomb blockade should become operative. Provided the capacitance of
the dot is small, the charge on the island will be fixed, and the charging energy
represents a large energy barrier to add another electron. Transmission through the

2Qperators whose influence grows on large scales (small momenta) are called relevant. The
problem of relevancy of perturbations can be formulated and solved in a general form. Therefore,
we introduce the scaling dimension A, that is given by (O(F)O1 (7)) ~ |7 — 7/|=22. Then, the
following theorem holds: A local perturbation with scaling dimension A (and zero conformal spin)
is relevant if A < 1 and irrelevant if A > 1. The case A =1 is called marginal and needs further
investigation to decide whether the perturbation needs to be taken into account or not.
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‘ f H resonance condition stability criterion
L [NO—nil g1
NO =2n +1 ge > 3
Nc(ﬂ)r) =4n+2 stable V g,

Table 6.1: Resonance condition and stability criterion for the different cases f =
1,2,4 in the absence of a magnetic field.

dot will thereby be strongly suppressed until the gate voltage is adjusted to a point
where the energy cost to add another electron vanishes.

Now, we expect resonances when tunneling events connect different minima of
the effective potential [37]. Assuming that we start in a minimum, the hopping
process then has to be a symmetry transformation of V.g. Therefore, we consider
the general transformation of the variables N, and Q,,

N, — 2NO — N, |
Qo — QatCa: (6.16)

which transforms the effective potential (E) into (again V, =V_ =1V

Vi — VEZ@I@&F§Q%+§NQ4i?(@—pmpﬂ

+ dp[[sin l%ﬂ <Qa + gNa> + 2% (G- pNCEO))] } + % > Ea(Na— Ng°>)2,

(note that p — —p has no influence). If we, for the moment, only consider the
transformation of ()., we see that there exists a general symmetry of Vg when

f=1.:¢=0,
f:2 CG:O,l‘Va,
f=4 : (,=01,23a,

¢, = 0,2 (each 2 times) ,
C. = 1,3 (each 2 times) .

This general symmetry, however, does not give rise to a resonance. But when N (%
is tuned to a special value, there can be an additional symmetry present. As we will
see, the presence of this extra symmetry precisely corresponds to the condition for
resonance.

Demanding invariance of Vg under the full transformation (GI6]) then leads to
the condition

Ca+ PN = AP mod f
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where AP is an integer number that can be assumed as \? = 0,..., f — 1, without
loss of generality. Due to the structure of V.g there exists an additional restriction
for AP depending on f,

f=1 NP =0,
f=2: MX=0,1Va,
f=4 AP = even, odd V a . (6.17)
In principle, there are three possibilities for A2 to be composed:
(1) N=2nf Va (6.18)
= (=7 mod f, N =7, ,
(2) MN=2nf+1Va (6.19)
= Co= (i +1)mod [, N =1,
(3) N=2n+46,_Va (6.20)
1 1
= Go= (i +5) mod £, N =i+ 5

with integer n’s and 72 = nt + pn, .
For f =1, only (E20) corresponds to a non-trivial symmetry leading to

1 1
NO — ~ (==
n+27C 27

with integer n. Here, a possible magnetic field has, of course, no influence. For
f = 2, there are several non-trivial additional symmetries possible (see Table G.2).
The absence of a magnetic field, leading to N{®) = 0, further selects only one of
these possibilities,

N =2n+1with(.=1, ¢=00r(. =0, ¢ =1.

In [37], this resonance was assigned to a sort of Kondo effect since the transformation
with (. = 1, {, = 0 was interpreted as tunneling of an electron from the left to the
right lead in combination with a spin flip of the electron and the dot while (. = 0,
(s = 1 should correspond to a process where an electron in one lead flips its spin and
that of the island. However, as argued in [76], a true Kondo effect (corresponding
to elastic CT in all orders) is not possible since CT is irrelevant. As we will show in
Sec. 4] resonances at odd integer values of IV, C(O) correspond to resonant tunneling
peaks, but no Kondo effect can be found in this setup. For B # 0, resonances can
(in principle) also occur at N{® = even or N®) = half-integer. However, since then
also a precise tuning of N(*) to special values is necessary and in general requires
very high magnetic fields, B = 0 is more important. For f = 4, the additional
non-trivial symmetries are listed in Table B3 For B = 0, the only surviving one is

N =4n+2with ¢ =0, G =208 Gy =1, o = —1.
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| ¢ [NO At
nt=2n EI™) (0 |2n 0 |0
ETa) || 1 2n 1 1
@ |12 [2n+1]1 |O
nt=2n+1| @GIY) || 1 2n+1 1|0 0
@13 (o 2n+1 |1 1
@2 | —5|2n—5 |1 |0
(=%iVa NO =2n+iva
e=1.6-—1 |N9—20+1 NO—2u-1
(C&CS) - (170)7 (07 1) Nc(O) - 2n+ 1 ) NS(O) - 2n

Table 6.2: Possible symmetries for f = 2 can be combined from the first table (the
index a is suppressed). Non-trivial additional symmetries taking into account ([6-17)
are listed below (corresponding conditions with ¢ < s are also possible).

| | [ [NO XA ]
At =4n ER) [0 [4n+2]2 [2
@1 [4n+2]3 |3
@20 |5 |4n—32|3 |2
nT=dn+1| @I |1 |4n—-1|0 |2
@@ 2 [4n—1]1 |3
@) |2 |4n—5 |1 |2
ntT=4dn+2 | @IX) |2 |4n 2 |2
@) | -1 | 4n 3 |3
@20 || -2 |4n+1]3 |2
m=an+3| @) | -1][4an+1]0 |2
@ [0 [4n+1]1 |3
@20 | -1|4n+2]1 |2
Copior =1, G =2 NDo =4n+3
(Cotr G Gomo) = (1,=1,2), (2,0,—1) | NY =dn+3, NY =4n+1
(Cers G Goms) = (2,0,2), (=11, —1) [ NY =dn, NIY =4n +2

Table 6.3: Possible symmetries for f = 4 can be combined from the first table (the
index a is suppressed). Non-trivial additional symmetries taking into account ([6.174)
are listed below (corresponding conditions with c+ < s+ are also possible).
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Figure 6.1: Keldysh contour C with the field 0 living on the forward branch, and ¢’
on the backward branch.

In the presence of a magnetic field, resonances are (in principle) possible for all
integer values of Nc(?, however, one would expect no “half-integer resonances”.
Thus, in the absence of a magnetic field, where we effectively have N, 5221 =0, the

only non-trivial condition for an extra symmetry is

N = g(zn +1),

which coincides with the resonance condition (EI0]) obtained from the cumulant
expansion in the weak-barrier limit.

6.3 Functional integral approach

In this section we develop a real-time (Keldysh) functional integral approach that
allows for the numerically exact computation of the conductance at finite temper-
ature and possibly finite voltage through the quantum dot. For simplicity, we only
consider f = 1,2 (charge and possibly spin). To formulate the QMC algorithm, we
use the linear combinations introduced in (E4l). The quadratic part of the Euclidean
action, after integrating out the boson-field degrees of freedom away from = = +d/2,
is then

_ 7| wn| 4|C~2a(wn)|2 |]\~]a(wn)|2
% X 2 {1 T expl—lwal/wa] | 1= exp[—fwnl/] } | (6:21)

see also (E0). We will now develop a QMC scheme for the conductance similar to
Ref. [95].

Consider the discretized Keldysh contour C running from ¢ = 0 to ¢, and back
to zeroE see Fig. We keep t,.x finite and define the time spacing by A; = tyax/ P
with Trotter number P. At times ¢; = (j —1)A, for j = 1,..., P, we have the fields

3The actual idea of Keldysh-formalism is that the system under consideration is in a well defined
equilibrium state at ¢ = —oo. Then, one propagates the system in time up to the point ¢t = 400 (the
contour runs infinitesimally above the real axis) thereby adiabatically switching on the interaction
and other physical influences. Afterwards, one propagates back to t = —oo (the contour now runs
infinitesimally below the real axis). Thus, all influences besides the interaction cancel since the
contour is passed through in both directions leading to the opposite sign.
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Qqj; Naoj living on the forward branch, and Qaj, . on the backward branch. Note
that the unknown initial state is unimportant since we only need the QMC result
for t — oo which, of course, is independent of the initial state.

The impurity contribution to the action (where the weight in the real-time func-

tional integral is exp[iS]) is found from (B3), ER) with Simp = — 351 A{Vimp(j) —
Vi ()}
1mp

Sy = = 32 A, 2{1;[(:05 [\f . pd/Q] [eos [\f pd/Q)]}

To do the QMC, it is convenient to switch to the Coulomb gas picture by expanding
the impurity propagator for sufficiently small A;V,. Following Ref. [95], we choose
a second-order propagator (so the short-time propagator is correct up to third-
that live on the
forward (backward) branch of C and can take values 0, £1, +2, the expansion reads
(see Appendix [E] for details)

order corrections in A;V,). With Coulomb gas charges 04, (05,,),

Simp Z (H G;f)(crajp)G (f)(ga]p)) (6.22)

{o,0'}=0,£+1,£2

X exp [—22% > {Oajp (Qaj + %)Naj> ~ Oajp (Qaj + N’ >}]

a,3,p

From there we can easily read off the explicit form of the propagators GI(,f (o). Tt

is most convenient to switch at this stage to half-integer or integer “quasi-classical”
/

ajp*
Since |ol,|0’] < 2, we have (for both signs) to ensure |14, + 34| < 2, and, in

charges 14, = (0ujp + 04;,)/2, and integer “quantum” charges ., = 0ujp — 0

addition, these numbers must be integer, i.e., one cannot choose 7 freely for given
¢ and vice versa. In order to have the product GG* in the Coulomb gas expansion

valid up to order (A;V,)?%, one must have |£,.,| < 2 and
P ip

1 1
‘najp + §§ajp| + ‘najp - égajp‘ <2,

(this statement is non-trivial but can easily be checked explicitly). The respective
non-zero entries of the “Greens function”

G (€aina) = GV (& + 1a/2)G (€0 — 10/2) (6.23)

are shown in Tables and B5 for f = 1 and f = 2, respectively. Because of the IR
divergence in the Q) -action (E2Z1]), only configurations subject to electroneutrality
in the form
Z Z Eajp =0 (6.24)
Jj=lp=

for arbitrary a do contribute to the partition function.
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€ [n &P
0 0 1-— 20412)
0 +1 ozf)
1 +1/2 | Fioy,
—1| £1/2 | Liay,
+2 | +1 —ag/Q
+2 | F1 —0512)/2
+2 10 ozg

Table 6.4:  Non-zero entries of the Greens function (GZ3) for the spinless case
f=1 We use a, =A7,V,/2.

We now need to address the coupling to external voltages. First, the coupling
to a gate voltage favors an “external charge” N on the dot in the a = 1 channel.
This can be introduced by letting Ny — N; + N© on both branches of the Keldysh
contour. Using Eq. (E22), this leads to a factor

Agate = €Xp |:

in the real-time partition function. Second, the applied bias voltage Vj, can be
introduced by noting that () is just the charge transferred across the dot. This
amounts to shifting (J; on both branches according to

Qult) = Q1) + L1 1),

with some arbitrary reference time ¢y that drops out finally due to electroneutrality
(E24)) . This shift definitely works in the weak-barrier limit, as is clear from Ref. [07].
However, up to the usual prefactor discussion of factors of g. due to the influence

of attached reservoirs, it also works in the opposite limit of strong barriers, as
is explained in the appendix of Ref. [37]. We then expect that this prescription
really works throughout the whole parameter space, albeit possibly prefactors in
the strong-barrier limit could be wrong. Using again Eq. (222) this leads to the
factor

Abias = €Xp

P
—iNeVy > G fljp]

j=1 p==%
in the partition function. With the above shift in ()1, the current-voltage character-
istics can be obtained from

I(Vy) = (f*/h)Vy + e(Qu) -
While our QMC method can obtain the full non-linear conductance, we focus ex-
clusively on the linear conductance,

G
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& e |m [m |G

0 o Jo 0 1 - 4a2
0 |0 |£1 |1 |
1| £1 | F1/2 | F1/2 || ioy,
1| F1| F1/2 | £1/2 || io,
1| +1 | £1/2 | £1/2 || —ia,
1| F1| +£1/2 | F1/2 || —ia,
+2 | £2 |0 0 a?
+2 | F2|0 0 a2
+2(0 |+l |0 —a?
+2/0 |F1 |0 —a?
+210 |0 1 | a2
+210 |0 ¥l | a2
0 |£2|+1 |0 a2
0 |£2|F1 |0 a2
0 |£2]0 +1 || a2
0 |£2]0 ¥l | —a?

Table 6.5: Non-zero entries of the Greens function (6Z3) for the spinful case f = 2.
Here we use oy, = AV, /4.

We thus have to compute /5(t) at sufficiently long times, where the time derivative
can be obtained easily by numerical differentiation of the expectation value

7 2

From Eq. (£22) it is apparent that we can extract the expectation value (E26) by
considering

Talt) = =2 0u { ) — (i) (6.26)

Z 8gjp exp [_Z§ Z gak‘p/ {Qak + Q;k + %(Nak‘ + Nclzk)}]

P a,k,p’
271

=~ @+ Qi) expl.. ],

such that we get I from the formal correspondence

. 1 0
Iolty) = 3\4,2—2, Zi Hjp

p=

The &-derivative does not act on &’s in the Greens function G nor on the bias factors
Apias and Agaie, but only on terms coming from the expansion (622). Alterna-
tively, one can develop a generating functional approach that leads to the same final
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answers. Expanding Ay, to lowest order in V, finally gives

(0)
Z Y {_ZWN Zp&]p (HG gajpanajp)) Ar(&,m) ,

{6 n}

with

Ap(&,m) = —% (;j/flj'p/) Z agip/ <exp [—Z? Z (6.27)

a,j,p

X {fagp (Qag + @+ 5 <N + N )) + Tlagp (Qaj — Qo B<Naj a N;j)) H > '

2 2

It then only remains to compute the above average which is over the Gaussian
Qa, N, degrees of freedom (see Appendix [El). This is an equilibrium average which
is most conveniently done in Euclidean time using Sg in Eq. (621]), supplemented by
analytic continuation to real time (which here is unproblematic since done exactly).
The result can be put into the standard framework of dissipative quantum mechanics
[86] by defining spectral densities

Jio(w) = WEL];W (1 =+ cos|w/wy]) e™w/%e .

Associated correlation functions are (A = =£)

/ do JAa (w) cosh|w(B/2 —it)] — I+ cosh[wF/2]
sinh[w(3/2] ’

where the subtraction of the ¢ = 0 part for A = 4 reflects the IR divergence leading
to electroneutrality (E24]). The resulting contribution to the action, the so-called
“Influence functional” S" = i® [86], is then in discretized notation given by

.
= Zi {€asp (St + 2P’ Sijn) Samr + 2860y (REs + p0' Rigy) ety |+ (6.28)

a,p,p’ j=1

with matrices for k < j given by

S = Re[L3([7 - KA)],
Ra]k = Im {Li\([j - k]At)} )
and diagonal elements [98] (see Appendix [E])
J ) 1 —sin[wA]/wA
A _ A a t t
Rajj n / dw (A)At ’
J a( ) 1 —coslwl] 1
A A
o= = ’ h o] ) 1 EPIWA] 2 .
Sejj 7T/0 dw e cothjw(/2] { oA, 25>\7+

Note that the influence functional (E228) then has the real part

¢ = B) Z > Eajpaky { ajk _'_pp/S;jk}y (6.29)

a,p,p’ j,k
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S KSRl (G |
0 1 —2a2(1—cosz) | —2a’sinz
+1 || 20, 5111[2/2] +av, cos[z/2]
+2 || aZ(1 — cos ) o2 sin z

Table 6.6:  Greens function (6.31) for the spinless case f = 1. Listed is also the
derivative G' = 0,G needed later on. We use o, = AV, /2.

‘ &1 ‘ 3 H G (€1,&0, 21, 20) ‘ G;,(Q)(§1,€2,Z1,Z2) ‘
0 0 1— 4ap(1 — COS 21 COS 23) —40412) sin 2 COS 29
+1 | £1 || 220, sin[(z1 + 22)/2] +av, cos[(z1 + 22)/2]
+1 | F1 || £2a,sin[(z1 — 22)/2] +av, cos[(z1 — 22)/2]
0 +2 20412)((305 21 — COS 23) —2a§ sin 21
+2 |0 | —202(cos 2 — cos z) 20 sin 2
+2 | £2 || a2(1 — cos[z + 22]) % 5111[21 + 2o]
+2 | 72 || o2(1 — cosz — 2]) o2 sinfz; — 2]

Table 6.7:  Greens function (G31) for the spinful case f = 2 (only nonzero entries
are shown). We use o, = AV, /4. The derivative is with respect to z1, G' = 0,,G.

where we redefine the diagonal elements S,;; — 25,;;, and define the elements for
j < k symmetrically (we do this only in the real part). The imaginary part of ®

can be written as —i Y-, ., Zakp(§a)Nakp, With auxiliary variables

arp(Ea) = =233 uiy {Ri+p0' Ry} (6.30)

jzk p'

Since the n’s only appear linearly (and otherwise only in é), we can now perform
the trace over all n-variables analytically. This leads to effective Greens functions

G;()f) (€ajps Zagp) ZG f (Eajp> Majp) €XD [ Zzajpnajpl ) (6.31)
{n}

where the sum goes over the possible values of 7,5, for a given ¢-configuration.
Carrying out the summation leads to Tables and for f =1 and f = 2,
respectively.

Since the integrand in the partition function is invariant under the change & — —¢

for all charges, the gate voltage factor can be written as a cosine. We can then
perform the formal ¢-derivative in Eq. (G27) and obtain

Z A (&) cos |:7TN(O) Z Z%} exp[—®'] H Géf) (Eajps Zajp) 5 (6.32)

{5} 3P Jp
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where the normalization is obtained for Ay — 1, the £’s are subject to electroneu-
trality (624]), @’ is specified in Eq. (£29), and the z’s in Eq. (G30). The Ay follow

from Eq. (G.21)
]_ . 82 fa‘ s Zaj
A = 2 (Z j/élj’p’) ( 2251]k£11p+ Z 1]p ( = ]p)> :
J'p

i Ok G (gajpazajp)
With Eq. (630), we get for j < k (otherwise zero):

8zljp

— _ARF.
P’ aglk‘p 1kg

and hence the final form

B , G;;(f) (§ajps Zajp)
Ap = Ay Z VESYLY Z Sl;k&ﬂ? +2 Z Rl/w ay) '
J'p

j<k,p Gy’ (&ajps Zajp)

This is a real-valued quantity, as are all the other quantities appearing in Eq. (632).
Remarkably, although we are dealing with a real-time sign problem, it effectively
looks just like a fermion one.

6.4 Non-interacting case

We now discuss resonant tunneling for a 1D non-interacting electron gas correspond-
ing to ¢ = 1 in the LL picture. This special case is very convenient since it allows
for an exact solution via refermionization, where gate and bias voltages are coupled
in exactly as in the previous section. The analytical result obtained here will then
serve as a precise check to be passed by our QMC approach. For simplicity, we
will only consider symmetric barriers while our QMC method can also handle the
asymmetric case.

For ¢ = 1 and spinless fermions, the time-dependent Hamiltonian equivalent to
the action studied in the last section is (see also (EZTI))

H(t) = % /daz {H2 + (819)2} +V ;[cos {pr(O) +V4mh(pd/2,t) + eVbt} :

(6.33)
The current is then

I= 6—;% n %(&56’(20, 1), (6.34)

where z is arbitrary and ¢ — oco. Below we evaluate the current at x — oco. Using

A =1V/w, (6.35)

as dimensionless barrier strength parameter (w, is the UV cutoff), we can refermion-
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ize the Hamiltonian (E33)) using fermion operators for right- and left-movers (r = +)
according to (£2). The refermionized Hamiltonian is then

H(t) = —ivp 3 7 / dr 10,0, +op) Y Wi (pd/2)y_, (pd/2)e PN+t
r=%+

p,r==+
(see also (EAl)) leading to the equations of motion
1 ‘
(—at + am) W, t) = iN S 6 — pd/2)eF TN OVt (4 p)
VF p—t

Away from x = £d/2, the solutions are simply plane waves, which are connected
via standard jump conditions (details of the following computation are given in
Appendix [H). Using the ansatz

i al, , © < —d/2
Yia ) = [ oo eI byl < df2 (6.36)
Cik P T > d/2
these conditions read
bT T
( o P ) — T, ( ;T ) (6.37)
— k—eVi/vp A k—eVy/vp
with the transfer matrix
1 4+ A2 Z~4)\€i(7rN(0)+kd—eVbd/21)p)
Top = 4 — \2 ( _id\e—i(TN© +kd—eVid/2vr) 4+ \2 ) (6.38)

and a similar transfer matrix 7,_,. where the only change is the sign in the argument
of the exponential function. Then, we can express the ¢’s in terms of the a’s using
Toe = TycT,p. Finally, the current follows from translating Eq. (E34) into the
fermionic picture,

2
Expressing ¢, in terms of a;; and c_g, and using

1

e (6.40)

<air|—ka+k> = <CT—kak> = f(ork) =

it is a straightforward matter to obtain the linear conductance in closed form for
g = 1, arbitrary temperature, and arbitrary barrier height (£3H). The result is with

(4 — )2)?

w(A) = ESD)] (6.41)

and the derivative of the Fermi function, —df /dE = (3/4 cosh®*[E3/2], given by
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,w2

dE) cos?[r(NO) + E/Ae)] + w?’

Gy —o0

GWNY.B3) _ /°° JE <_ df (6.42)

where Ae = mvp/d and Gy = €?/h (see Fig. B2). We stress that this solution
is valid for arbitrary barrier height \ as long as fw. > 1; otherwise bosonization
and refermionization are only approximations. Furthermore, for the spin-1/2 case
(f = 2), with G now measured in units of Gy = 2¢2/h, the solution (G.42) also applies
with the changes N©© — N© /2 and A\ — \/2. From Eq. (622) we observe that the
resonance is always located at half-integer values of N(®©)/f, where the conductance
is periodic in N© with period f (we put 0 < N© < f). This shows that the f = 2
peaks at odd integer N as predicted in previous sections and observed in the QMC
data below just correspond to standard resonant tunneling peaks since there is no
Kondo effect in the non-interacting limit.

The infinite-barrier limit is reached already for A = 2, see Eq. (641]), where the
associated phase shift is in the unitary limit and further increase of A would lead
to unphysical predictions. In that limit, w(A) — 0 and the conductance indeed
vanishes for all N as it should. The exact formula ([E242) with (EZT]) captures also
the weak-barrier limit. For T'= 0, Eq. (E42) simply yields

G(N) 1
Gy 1+ (cos[r NO] /w)2 (6.43)

For weak barriers (w > 1), the dimensionless conductance then has the broad line
shape G(N©) /Gy = 1 — (cos[r N @] /w)?, where it is meaningless to speak of a line
width. For strong barriers, Eq. (£43)) leads to the standard Breit-Wigner Lorentzian
line shape for the resonance peak, with line width wAe/.

Since the line shape in both the strong- and weak-barrier limits can be charac-
terized by the single parameter w, we also compare our QMC data for g < 1 below
to Eq. (843), taking w = w, () as fit parameter.

6.5 Quantum Monte Carlo

We first want to give a brief introduction to Monte Carlo (MC) methods by summa-
rizing the basics of this technique. In the next step, we explain in detail our quantum
Monte Carlo (QMC) algorithm used to compute the conductance according to the
results of Sec. B3, and demonstrate its applicability by comparing the numerical re-
sults for g = 1 to the exact solution (E42). In the remainder of this section, we then
present the results for spinless and spinful interacting fermions as well as a detailed
discussion where we draw connections to the models and experiments described in

Sec. B2
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0.6 \ \ \ \

Figure 6.2: Conductance peak according to [0-43) for different temperatures, barrier
strength A = w/10, and Ae = w/2 (we put w. = 1). As one can see, the zero-
temperature limit is already approximately reached for 3 = 40.

6.5.1 Basics

A long sequence of random numbers constitutes the backbone of any MC simula-
tion [99]. The MC technique is a powerful numerical technique to solve problems
involving high-dimensional integrals and derives its name from a game very popular
in Monaco. The children get together at the beach and throw pebbles at random
on a square which has a circle inscribed in it. From the fraction of the pebbles that
fall inside the circle, one can estimate the value of 7 (rejection technique, i.e., from
a set of random numbers discard those that do not follow the desired distribution).
A typical problem arising in physics is to compute expressions like

| S0 F(C) exp|—BE(C)
= e AEC)]

(6.44)

which denote the expectation value of an observable F' and the summation is over
all configurations C' of the configuration space. In general the configuration space is
very large, much too large that one could do the summation explicitlyE But, most
of the configurations typically give a vanishing contribution to the expectation value
due to their small weight. MC technique now assumes that the expectation value
can be approximated by evaluating F' on a suitable set of independent “typical”

4As an example consider the Ising model on a 103 lattice, i.e., a cubic lattice with 10 sites in
each direction. This model has 21990 ~ 103%° configurations which is much more than even the
fastest computer could have done in the age of the universe so far.
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configurations {C,...,Cy} and taking the mean afterwards,

(F)~ 5 3 FC)

The probability of the configuration C; to be part of this set should be proportional
to the corresponding Boltzmann weight exp[—BE(C;)]. Notice that the value of 7
in the children’s game can be computed only because the area of the basic square
is known. Otherwise, one is reduced to computing ratios of the kind (644]).

The goal is now to construct a stochastic process, more precisely a Markov pro-
cessE whose stationary density coincides with a given density. For a physical system
with Hamiltonian H this density is just given by

p= %e‘ﬁH :
where Z denotes the partition function. One can show that this Markov process is
realized when using transition rates P(a — b) satisfying the condition of detailed
balance,
Pla— b)p(a) = P(b— a)p(b) ,
which is a sufficient though not necessary condition. Detailed balance is always
fulfilled when using, e.g., the ansatz introduced by Metropolis et al. [T00]

—BAH . > b
Pla— byt =1 © A 20 (e o2 = min (1,22)
1 : otherwise p(a)

Hence, rejections are the basic method by which MC enforces the correct density.
If the jump leads to a smaller energy (AH < 0), b is always accepted. If b has a
larger energy, the acceptance of this state for the instant ¢ + dt becomes increasingly
improbable the larger the energy difference is. The principle of ergodicity,

Pla—...—b)>0 Ya,b

in combination with detailed balance insures that the simulation will converge to
the correct probability density. Notice, that MC converges (probably) slowly, but
surely (if implemented correctly)!

In order to simulate this stochastic process, computational effort can be drasti-
cally reduced by the fact [T0T] that the two steps

e check whether there should be a jump at all

e if yes, decide into which state
can be replaced by

e choose a possible state b

e check whether to jump into this state.

5That is a process with no “long-time-memory”, i.e., the conditional probability depends only
on the last point of the Markov chain, P(z, < x|Tp—1,...,20) = P(z, < 2|Tp_1).
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Figure 6.3: MC moves of the kind ([627) generate “kinks” at certain points in the
configuration space.

6.5.2 Simulation

Now, we aim to compute the current /5(tx) according to (632). The QMC simu-
lation then proceeds by generating a Metropolis trajectory according to the weight

W (€) defined as

W(g) =

1P

cos [TFN(O) Z ]%] exp[—®'] H G;(;f)(gajpv Zajp)|
Jip

with s = £1 denoting the sign of this expression. The MC averaging is done using

<8[k>
(s)

The sign problem manifests itself in a small average sign (s) for low temperatures

Ip(ty) =

and long real times t,,c. Since for intermediate-to-high temperatures, the regime
Ip(t) o tis reached quite fast, it is still possible to cover a large region of the relevant
parameter space before the sign problem becomes overwhelming. The average sign
in the data reported below was always larger than 10~3. Note that one can obtain
the full time-dependent function Ig(t) in one MC run.

The simplest MC moves that keep ergodicity are moves of 2f (randomly picked)
“spins”, see Fig. B3 according to

fajp - gész = gajp + Aa 5
gakp’ - g;k;p/ = gakp’ - Aa > (645)

with |A,] = 1 and (j,p) # (k,p’). Obviously, electroneutrality (6.24]) is preserved
by (E4H). Since these (“kink” generating) moves cost a huge energy they are quite
rare, i.e., the corresponding acceptance ratio is very small. Nevertheless, they are
important and necessary to ensure ergodicity.

6We point out that there is a rather subtle exclusion problem with the above formulation,
completely analogous to the single-barrier scheme [95]. Fortunately, the resolution to this problem
is possible in an identical manner as in Ref. [95], and we refer the reader to this work for details.



98 Nanotube quantum dot

Figure 6.4: MC moves of the kind ([6.40) exchange neighboring “spins” and therefore
move the “kinks” in configuration space.

The second move that has to be considered is the “kink” moving one. Again, 2f
randomly picked “spins” are changed (to keep electroneutrality),

gajp - gc,sz = gajp + Aa = gakp’ s
gak:p/ - gc/zk:p/ = gak:p/ - Aa = éajp 5 (646)

with |A,| = &urp — Eajp and k = j + 1. Hence, neighboring “spins” are exchanged
which is always possible (see Fig. [£.4]).

In the remainder, we specialize to symmetric barriers, V., = V_ =V and consider
temperatures well below the single-particle level spacing, 37! < Ae. The QMC
approach will now be used to extract numerically exact data for the conductance of
a double-barrier structure in a Luttinger liquid.

We now proceed to demonstrate that our QMC approach indeed reproduces
[E22), where g = 1 represents the most difficult case from a numerical point of
view. Since the simulation method passes this check, where the sign problem is
most pronounced, it can be trusted in as a reliable and accurate tool for g < 1.
In Fig. B3 we show the output of characteristic QMC simulations for I(t) in the
conductance valley (N©® = 0) at ¢ = 1. For sufficiently long times, this function
has a well-defined linear slope which determines the conductance G(N© . 3) via
Eq. (623). We use a linear regression fit to obtain the slope and corresponding
error bars. But one has to be careful, since the data can appear to be quite linear,
however, at a certain t* there is a bend and the slope changes. In this case it is
necessary to check whether this bend has a physical origin or is just artificial, e.g.,
due to violations of ergodicity. Practically, when the bend occurs at ¢t* also for
altered parameters ¢,,,x and P, we attribute a physical meaning to it. Otherwise,
when only the last few points (independent of the special parameters) deviate from
the linear behavior, we believe it to be an artificial effect.

Typically, at least 106 MC samples were accumulated to obtain Iz(t) for a given
parameter set. Trotter convergence was reached for discretizations A,V < 0.1. On
a Xeon processor (2 GHz), our code performs at an average speed of about 10°
samples per hour (for P = 40 time steps and f = 1). Error bars in the conductance
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Figure 6.5: QMC data for the time-dependent function Ig(t) (see text) for g = 1,

NO =0, 3 =40, Ae = 7/2, with V = 0.05 (solid curve), V = 0.1 (dashed curve)

and V = 0.2 (dotted curve). Energies are in units of w, = 1.

G(N©,3) refer to both standard stochastic MC errors and to errors from fitting
the long-time behavior by a linear slope.

We have extensively checked the QMC algorithm for g = 1 versus Eq. (E42)
at various temperatures and V', and found rather good agreement. Results for the
conductance of spinless non-interacting electrons are shown in Fig. Within error
bars, the exact result (.42) is indeed accurately reproduced. We note that fw, = 40
is already close to the T' = 0 limit where Eq. (E43) applies, see Fig. In a similar
way, the validity of our approach has been established for f = 2.

6.5.3 Results for spinless interacting fermions

We now move on to explore the case of interacting fermions, g < 1, starting with the
spinless case. We shall first discuss the limit of strong single-barrier transmission
(small V), where Coulomb blockade and resonant tunneling are expected to be
largely washed out. Then, we address the opposite limit with large barriers and
rather weak tunneling. Finally, we briefly discuss the intermediate case.

General findings can be summarized as follows. With decreasing temperature
the line width decreases and the valley conductance gets strongly suppressed. With
increasing barrier strength V' or stronger interaction (smaller g), these effects are
further enhanced. For large level spacing on the dot (A€ > kpTiax), we are al-
ways in the coherent resonant tunneling (CRT) regime. For smaller level spacing
(A€ 2 kpTmax), we observe the correlated sequential tunneling (ST) regime as well
as the crossover to CRT. From now on, all energies will be measured in units of
we = 1. Data for N(® > 1/2 are obtained by symmetry from results for N < 1/2.
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Figure 6.6: Linear conductance in units of Gy = e*/h versus N© for spinless

fermions with g = 1, Ae = 7/2, and = 40. Single-barrier transmissions are
(i) V. = 0.05 (QMC data: circles, Eq. [643): solid curve), (ii) V = 0.1 (QMC
data: squares, Eq. (0.43): dashed curve), and (iii) V = 0.2 (QMC data: diamonds,
Eq. [673): dotted curve). Again, w. = 1 and data for N > 1/2 are obtained by
symmelry from results for N© < 1/2.

Strong single-barrier transmission

Let us start with the case of small barrier height, taking V' = 0.05. Representative
QMC data for G(N© 3) at 3 = 40 and different g are shown in Fig. G All
conductance peak line shapes G(N©®) found in the temperature regime 8 < 80
can be fitted quite well by the g = 1 form (E43)) once the line shape parameter
w = wy(P) is taken as a fit parameter, see Figs. and B8 The temperature
dependence of w as extracted from fits to QMC data shows power-law behavior,
wog ~ TU™ for ¢ = 0.6, and wos ~ T for ¢ = 0.3, see Fig. Hence, with
increasing interaction strength (smaller g), we find a renormalization of w to smaller
values, corresponding to effectively stronger single barriers. This renormalization is
in accordance with general expectations [37]. For 5 > 80, the line shape changes
quantitatively and cannot any longer be fitted to (E43). Then, the functional form
is better described by

G(N©) 1
Go  cosh’[(NO —1/2)/wi(3)]

(6.47)

which is similar to the Fermi liquid result (E1I). Near the peak, the line shape now
is wider while the valley conductance is strongly suppressed. We checked for g = 0.6
and 80 < < 200 that w* again shows power-law behavior, wg s ~ T%%, with
roughly the same exponent as found for higher temperatures.
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Figure 6.7: Linear conductance versus N© for various g, V = 0.05, Ae = 7/2, and
B =40. The best fit to Eq. [6-43) with w as only fit parameter gives the respective
curves, see also Fig. [628. Data shown are for (i) g =1 (QMC: circles, Eq. [6.43):
solid curve), (ii) g = 0.6 (QMC: squares, fit: dashed curve), (iii) g = 0.3 (QMC:
diamonds, fit: dotted curve).
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Figure 6.8: Temperature dependence of the line shape fit parameter w,(3) for the
parameters in Fig.[0_4 The dashed line shows a power-law fit for g = 0.6 (squares),
wo.s ~ B2, while the dotted line corresponds to g = 0.3 (diamonds), wy 3 ~ 37084
Fach data point here contains the information of a full line shape obtained by QMC.
(Note the log-log scale of the plot.)
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Figure 6.9: Rescaled (according to [0.48)) QMC data for V = 0.05, Ae = /2, and
different temperatures (left: g = 0.3, right: g = 0.6). Within numerical accuracy,
the data indeed collapse onto a single master curve. Only for the tails (conductance
valley) there are deviations.

When we rescale our QMC data for the line shape according to
© _(vo _ LY gio
NY - X(B)=(N"Y — 5 69, (6.48)

see Eq. (B22), all data points collapse onto a single universal master curve as expected
for the CRT regime [37], see Fig. B0 As one can see, the tails, especially for high
temperature and weak interaction, are too “fat” and lie above the master curve,
which is given by the lower envelope function of the data. The observed power-law
temperature dependence of w is, within the numerical accuracy of our data, also in
accordance with the predicted behavior w ~ T9.

We stress that the line shape is in general not Lorentzian but very well described
by Eq. (&43) or (641) with a renormalized w that has only a weak temperature
dependence. The resonances become quite pronounced for strong interactions (small
g). This sharpening of the peaks can be interpreted as the onset of Coulomb block-
ade. Despite the presence of strong quantum fluctuations of the charge on the dot,
Coulomb blockade is still operative. It is obvious from Eq. (643) that in order
to theoretically obtain such conductance peaks, it is necessary to perform a non-
perturbative (in V') analysis, as is done here in a numerical way.

The line shape (643) closely resembles experimental results for strong-transmission
(Fabry-Perot) Coulomb blockade oscillations in NT's [65, 92]. We therefore term this
regime of very small barriers and/or high temperatures the Fabry-Perot regime. For
g < 1, such Fabry-Perot oscillations include (strongly fluctuating) Coulomb blockade
effects that are responsible for the narrowing of the resonance peak as temperature
is lowered.
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Figure 6.10: Linear conductance versus N© for V. = 0.2, taking g = 1 (circles),
g = 0.6 (squares), and g = 0.3 (diamonds). Again, Ae = w/2 and = 40. The solid
line corresponds to the exact result ([6.44) while the dashed line represents a fit for
g =0.6 to Eq. (6.47). The corresponding fit for g = 0.3 deviates only slightly from
the one for g = 0.6 and is therefore not shown. While the data for g = 0.6 is quite
well described by ([0-47), for g = 0.3 the fit is not very good.

At still lower temperatures, deviations from the Fabry-Perot line shape (E43)
can be seen. However, data can then be collapsed onto a universal curve, and the
universal line shapes observed in this regime can be identified as CRT peaks [37].
Although resonant tunneling peaks are expected to survive only for g > 1/2, at least
for strong barriers [76], we observe a perfectly pronounced resonance peak at g = 0.3.
This finding is actually in accordance with renormalization group arguments for
weak scatterers, and shows that the picture of CRT in a LL is actually very robust,
covering also the low-temperature strong-transmission limit. Only for very weak
barriers or high 7', this picture is replaced by the Fabry-Perot regime discussed
above.

Weak single-barrier transmission

The usual incoherent ST regime [76] should be realized for high barriers and es-
sentially all temperatures for ¢ < 1/2. Corresponding QMC data for G(N©, 3)
at f =40 and V = 0.2 are shown in Fig. A quantitative comparison to the
sequential regime described by Eq. (B3] is, however, not possible. Unfortunately, a
further increase of V' or decrease of T is getting appreciably more difficult due to a
severe sign problem in the real-time QMC procedure.
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Figure 6.11: Peak conductance versus temperature for g = 0.6, V = 0.2, and

Ae = m/20. Notice the double-logarithmic scale of the plot. For high temperatures
(corresponding QMC' data: circles) one can observe deviations from the power-law
behavior found in the correlated ST regime for intermediate T (solid line). The cor-
responding fit (incorporating QMC data denoted by squares) is to Gax ~ T3, see
(029). For lower T (CRT regime), the increase of G is in accordance with (G20),
Guax ~ T7%% (dashed curve), taking into account the diamond shaped data points.
The data shown here is in complete accordance with both theoretical predictions and
experimental results, see also Fig. [5.7]

For a larger dot (i.e. smaller level spacing Ae), we find the situation depicted
in Fig. where we show the behavior of the peak conductance G, with tem-
perature. Our findings are in accordance with both the theoretical predictions by
Thorwart et al. [81] and the experimental results by Postma et al. [71], see also
Fig. B Clearly visible is the regime of correlated ST with a power-law dependence

of the peak conductance on temperature,
2
Guax ~T" with n =2aqenq —1=—-—3, (6.49)
g

and hence, n = 1/3 for g = 0.6 (incoherent ST predicts n = —1/3). For smaller
temperature, there is a crossover to the CRT regime where the conductance again
increases approaching the unitary limit for 7" — 0. This increase is described by

Gmax ~ T29_2 s (650)

see [74]. The latter power law can easily be understood from the cumulant expansion
of the effective scattering potential in the weak backscattering limit, see Sec. B.2.T]
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Figure 6.12: Linear conductance versus N© for V.= 0.1, Ae = 7/2, and 3 = 40.
Shown are QMC' data for g = 1 (circles, solid line: Eq. (6.23)), g = 0.6 (squares),
and g = 0.3 (diamonds). The dashed and dotted lines represent the corresponding

fits to ([627).

Then, the island consisting of two impurities effectively corresponds to only a sin-
gle impurity, and the second order term of the expansion, governing the leading
behavior, readily leads to (G.50).

Intermediate transmission

Finally, we briefly discuss the case of intermediate transmission, taking V' = 0.1.
Corresponding QMC results for 8 = 40 are shown in Fig. B12 again for ¢ = 0.3 and
g = 0.6. Instead of being described by (E43)) as for V' = 0.05, the line shape can
now be fitted by (647). However, for lower temperature, the line shape also starts
to deviate also from (5.47).

6.5.4 Results for the spinful case

Finally, we briefly consider the case of spinful interacting fermions, see Fig. B13l
From the general resonance condition (GI1) we now expect peaks at N© = odd-
integer values, in the absence of a magnetic field. This is indeed observed in the
numerical data, and from the exact solution for g. = 1 we expect these peaks to
correspond to resonant tunneling peaks. Qualitatively, the resonance line shapes
show the same behavior as in the spinless case, and therefore we show only data for
V' = 0.2 which now corresponds to intermediate transmission. Rescaling our QMC
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Figure 6.13: Linear conductance versus N© (spinful case) for V.= 0.2, 8 = 40, and
Ae = /2. Clircles correspond to QMC' data for g. = 1 while squares and diamonds
correspond to g. = 0.6 and g. = 0.3, respectively. The solid line represents the exact
solution according to [6-43) while the dashed and dotted lines show a fit to ([6-43)
and (0-47), respectively. The fits are only shown for g. = 0.6 since the corresponding
curves for g. = 0.3 deviate only slightly.

data according to (648)) with the changes necessary for the spinful case,
NO — X(3) = (N(O) _ 1) ﬁ% :

we again observe that the data collapse onto a single universal master curve (not
shown), giving evidence for the CRT regime. Again, the line width scales as a
power law in temperature with the exponent being in accordance with theoretical
predictions [37], w ~ TW=9:)/(1+9)  However, we did not find any sign of a Kondo
effect in this setup.

6.5.5 Discussion

The strong-transmission regime is of direct experimental relevance [63, 65, 00, ©92].
In particular, in Ref. [65], the Coulomb blockade oscillations of the conductance
through a strongly contacted NT dot were observed (with normal metal leads).
As a characteristic feature, pronounced dips in G(N©®) were found, which were
interpreted as Fabry-Perot interference pattern within a Landauer-Biittiker picture
of non-interacting electrons. To consistently explain the data, however, a rather
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complicated fine-tuning of scattering processes involving the K point degeneracy
in NTs seems necessary [65]. In our QMC calculations for strong transmission,
we have never observed sharp conductance dips, neither for spinless nor for spinful
fermions. Such dips are probably related to special impurity scattering processes
[65] not contained in our model. However, our results closely resemble experimental
data for strong-transmission resonances in NTs obtained by Park et al. [92].

In [37] the CRT regime was discussed, and a universal scaling behavior for the
resonance curves with a power-law temperature dependence of the line width was
predicted. This regime should be realized at low temperatures for g > 1/4 in the
case of spinless fermions and not too strong barriers, or for ¢ > 1/2 in both the
strong-barrier limit for spinless fermions and the spinful case. As we showed, our
QMC results are in good accordance with these predictions.

Let us now discuss our results in the light of the controversy described in the
previous chapter. The incoherent ST regime [76] should be realized in the strong-
barrier limit for not too low temperature. For g < 1/2 (spinless case), it should hold
even down to T = 0, i.e., CRT should break down in this case. The predicted line
shapes are rather sharp in this regime and the peak conductance should behave like
Gax ~ T~ 1 However, our QMC results do not give evidence for this scenario.

The correlated ST regime predicted in [81] is in accordance with the experimental
results of [71]. Here, in contrast to the incoherent ST regime, a certain class of (but
not all) diverging diagrams, i.e. the ones that cannot be divided into sub-diagrams
(as assumed in the incoherent regime) due to correlations among the tunneling
events on and off the dot, are included. There are no predictions for the line shape,
but the peak conductance should show completely different behavior compared to
the incoherent ST case, namely G ~ T?%nd~1 This temperature dependence is
exactly what we found in our QMC data in the corresponding temperature regime
where this mechanism should be operative.

Therefore, our findings are in agreement with the experimental results and also
lend support to the correlated ST picture, but not to the incoherent ST regime.
This indicates that corrections beyond the conventional incoherent ST mechanism
are crucial in order to understand the experimental results of Ref. [71] and resolves
the corresponding controversy. Compared to the theoretical model of [81], which
relies on certain approximations, our analysis is more reliable since it is numerically
exact.

6.6 Conclusions

We investigated resonant tunneling through a double-barrier structure in a SWNT.
We presented a general theoretical model for a LL with two impurities containing
the limit of spinless fermions as well as the spinful case and the SWNT. Within
an effective model where the bulk degrees of freedom away from the location of
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the two tunneling barriers have been integrated out, we determined the resonance
condition analytically in both the weak- and strong-barrier limit by means of a
cumulant expansion and a symmetry consideration, respectively. Further, we found
a criterion for the stability of such resonances, depending on the interaction strength
in the system.

In order to obtain the full line shape of the resonance for arbitrary single-barrier
transmission, we developed a real-time (Keldysh) QMC approach on the basis of the
Coulomb gas expansion for the propagator governing the dynamics of the system.
Usually, a real-time QMC procedure suffers from a severe sign problem making
it very difficult to obtain accurate data. However, in our approach we averaged
over the classical fluctuations analytically, and only the quantum fluctuations are
sampled by the QMC algorithm. This circumstance keeps the sign problem under
control over a wide parameter range of interest. In particular, we paid attention to
how the barrier strength influences the physical mechanisms of transport through
the double barrier. To keep the number of free parameters manageable, we focused
on the linear conductance for symmetric barriers, which is the most interesting and
controversial regime.

The validity of our method was demonstrated for the non-interacting case by
comparing numerical results to the exact solution (for arbitrary barrier height) which
can be obtained via refermionization. We identified the regime of CRT where the
line shape shows universal scaling behavior. When we rescaled our QMC data for
different temperature, the single resonance curves indeed collapsed onto a universal
master curve. We also found a power-law temperature dependence for the line
width, with the exponents being in good agreement with theoretical predictions for
this regime. Further, we identified the regime of correlated ST thereby resolving the
recent controversy about this mechanism since we did not find any evidence for the
incoherent ST regime. We could even observe the crossover from correlated ST to
CRT. With spin, we identified resonant tunneling peaks, but no Kondo effect could
be found in this setup.



Summary

Finally, we want to give a brief summary of the main results of our work which can
be divided into two major parts. The first one addressed the behavior of van Hove
singularities in the tunneling density of states of disordered multi-wall nanotubes.
Having in mind the set-up of a typical scanning tunneling spectroscopy experiment
for probing the tunneling density of states, we can assume that electron-electron in-
teractions are screened off by a metallic substrate or a close-by gate and can therefore
safely be neglected. In our discussion of the relevant disorder mechanisms we argued
that scattering by a random scalar potential should be most important from an ex-
perimental point of view. In our model, the scattering potential is assumed to be
random in space but constant in time, to have zero mean and a Gaussian white noise
distribution for the fluctuations which corresponds to the assumption of point-like
and isotropic scatterers. The resulting low-energy theory describing non-interacting
disordered Dirac fermions on a cylinder is then solved within diagrammatic pertur-
bation theory using standard Greens function formalism.

Since the breakdown of the Born approximation in the vicinity of a van Hove
singularity makes the inclusion of all higher-order diagrams for the self energy
mandatory, this problem is highly non-trivial. Focussing on potential scattering
disorder, we have shown that a non-crossing approximation in combination with a
self-consistent non-perturbative resummation of all diagrams for the self energy al-
lows for an approximate but yet accurate solution of the problem which is valid over
a wide parameter range. As a result, we obtained a closed analytical expression for
the energy-dependent tunneling density of states which, for given radius of the nan-
otube, involves only one parameter, the disorder strength. The numerical solution of
this expression then reveals remarkable differences between the bulk and boundary
limits. While in the boundary limit van Hove singularities appear as square-root
non-analyticities at the opening of new subbands with an only weak dependence on
disorder, the bulk limit shows strongly broadened peaks that are shifted to smaller
energies compared to the clean case. Further, above a certain disorder-dependent
energy threshold, the bulk tunneling density of states behaves as a power law in
energy, with an exponent depending on the disorder strength. From our results it is
also apparent that it is in general not possible to define an energy-independent mean
free path for all energies. We found our results to be in good qualitative agreement
with experimental data, however, using available experimental technology it should
be possible to unambiguously observe and test our predictions.
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In the second part of our work, we investigated electronic transport through a
quantum dot formed by two intramolecular buckles in a single-wall nanotube. This
problem is equivalent to the one of resonant tunneling through a double-barrier
structure in a Luttinger liquid which, in contrast to the single-impurity problem, is
not integrable.

Within an effective model where the bulk degrees of freedom away from the
location of the two tunneling barriers have been integrated out, we analytically
determined the resonance condition, including a stability criterion depending on the
interaction strength, both for the weak- and strong-barrier limit. Then, in order
to obtain the full line shape of the resonance, a functional integral approach based
on the Coulomb gas expansion for the propagator was developed. This procedure
allows for a numerically exact (real-time) quantum Monte Carlo computation of the
conductance through such a device. The line shape in the non-interacting limit was
obtained analytically via refermionization and served as a test for the numerical
results. In particular, we paid attention to how the barrier strength influences the
physical transport mechanism through the device. For simplicity, we focused on the
linear conductance considering only symmetric barriers at temperatures well below
the level spacing on the dot which is also the most interesting and controversial
regime.

We identified the regime of coherent resonant tunneling where the line shape
shows universal scaling behavior, i.e., rescaled resonance curves for different tem-
perature collapse onto a single master curve. In this regime, the line width shows
power-law behavior on temperature with the exponent depending on the interaction
strength in the system. We could also identify the regime of correlated sequen-
tial tunneling but did not find any evidence for the incoherent sequential tunnel-
ing regime. With our results, we resolve a recent controversy about this tunneling
regime. Further, we also observed the crossover from correlated sequential tunneling
to coherent resonant tunneling. With spin, we identified resonant tunneling peaks,
but no Kondo effect could be found in this setup.



Appendix A

Iterative resummation approach

Now, we want to show explicitly that up to fourth order, our iterative approach
of resumming the perturbation series contains the same diagrams with the correct
combinatorial prefactors as the original perturbation series. In principle, one can
check this, of course, for all orders, but the calculation is very tedious, already in
the fifth order. However, from our analysis we are confident that all higher-order
terms are also reproduced correctly. To avoid lengthy expressions, we will use the
following abbreviation,

TI'GO = TI'];”UG()(E, E) .

To find the diagrams contributing to the self energy, we have to remember the
definition as explained in Sec. 24l If we are interested in the diagrams up to fourth
order in Ay, we simply have to consider all propagators with up to eight scattering
lines (only the ones with an even number of scattering lines will contribute). Since
ensemble-averaging results in tying together scattering lines in pairs (we will only
consider the non-crossing diagrams) we just have to draw pictures with all possible
combinations. Per definition, only the irreducible diagrams contribute to the self
energy, and the result of this procedure is shown in Fig. [AJl It is easy to write
down the corresponding expressions in terms of the free propagator G,

Y AyTrGo + AT TrGETrGy + A (TrGR)* TrGy + AL TrG(TrGy)?
AV(TrGEPTrGo + AL TrGETr G (TrGy)?
AL TrGETrGE(TrGo)? + AL TrGTrGR(TrGy )?
AL TGy (TrGy)? | (A1)

+ 4+ +

which is done in the same order as the diagrams appear in the figure. Here, with
Y4 we denote the sum of all self energy diagrams up to fourth order in Ay. As
one can see, the sixth, seventh, and eighth diagram correspond to the same term in
the perturbation series. Accordingly, we can replace these three diagrams by one of
them with a combinatorial prefactor of three.
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Figure A.1: Self energy diagrams up to fourth order in Ay .

Now, we turn to the iterative approach used in Sec. B4l From Egs. (BI6) and

BI7) we find

1
Yy =AyT
N v rGal _AVTrGN_Q ’

which can be expanded in Ay,

N .
Sy =Y ALTIG) (TrGy_o) 7" . (A.2)

J=1

To be consistent, Yy should not contain diagrams that are higher than Nth order
in Ay. Therefore, we also have to expand Gy_2 up to (N — 2)th order,

1 N—-2
— =3 ARG (TeGy_s)" + ... .
Gyl = AyTrGy_3 ;;) vCo™ (TrG—a) +

Gn-2

This formula has to be iterated N —3 times, until it only contains the free propagator

GO?

N-2
— 2 : k1 yki+1
GN_2 — AV}GOI

k1=0

N-3
> ARTIGET(. (A.3)

ko=0

1 kn—3
{ 3 A’;N-QTrG’gN-QH(TrGO)’fM} o

kn—2=0
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Note that not all possible terms in ([A3) have to be considered since there is the
additional constraint

N-2
i=1

that ensures the consistency with respect to the order in Ay .
Now, we apply the general formulas ([A2) and ([A3) to the special case of N = 4.
From Eq. ([A2) we obtain

Yy = AyTrGo + AL TrGETrGy + AL TrGo(TrGa)? + AL TrGa(TrGy)? , (A4)
where we have to replace Go by its expansion due to Eq. (A3),

2 1 k
GQ = Z A@GSJA (Z AlVTI'Gf)Jﬂ(TI'G())l) 4+ ... .

k=0 1=0
Therefore, we explicitly have
TrGy = TrGo + Ay TrGETrGy + A% (TrGR)*TrGy + AL TGy (TrGo)* + . . .

which has to be inserted into ([A4]). To be consistent in the order of Ay, we only
need to consider

(TrGy)? = (TrGo)? + 24y TG (TrGo)* + ... .,

and
(TI'G4)3 = (TI'G(])3 + ...

Finally, we have

24 = AvTI'GO
+ AZTrG2TrGo + A (TrG2)?TeGy + AL (TrG2)3TeGy + AL TrG2TrGa (TrG )
+ AYTrGE(TrGo)? + 2AL TrGETrGE(TrGy)?
+ ALTrGH(TrGo)? (A.5)

which is exactly the same as Eq. (AJ]).
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Appendix B

Non-crossing approximation

In this appendix we will explain in detail how to obtain the results (B22) and (B23))
which are essential for the justification of the NCA. For the case of Schrodinger
fermions we define E, = w2/2m, and hence, the dispersion relation reads E(k) =
k*/2m + E,. Using this and inserting the Greens function (BZI]) in Eq. (B20) we
have

- dk dk' 1
SO (E, k) = A? /——
e (B ko) V%}, o1 21 | E — E, — %(E) — k2/2m

1 1
X B Epw —S(E) — (k- K2/2m E — Epgy — S(E) — (ko + k’)2/2m} '

Now, we see that the dominant contribution comes from momenta with |k| ~ |ko| ~
|k + k| = |ko + k| = E/vr and therefore, only &/ ~ 0 and n’ = 0 survives.
Accordingly, we neglect terms ~ k> and keep only n’ = 0,

Ay 2 1
(%) zn:/dkE—En—E(E) — k2/2m (B-1)
x /dk:’ ! !

E— E(k)—S(E) — kk'/m E — E(ky) — 2(E) — kok'/m

=/

SO, ko)

Q

The integral I is now written as

o / m/k m/ko
= /dk -2 (B - B(k)—X(E)) & — 2 (E — E(k) — 3(E))

I

and can be done by contour integration. Depending on the sign of k and kg, both
poles are in the same or in different half-planes. When both poles are in the same
half-plane (k and ko have the same sign), then the integral vanishes. This can
be accomplished by a factor ©(—kok) in the result. In doing so we can assume,
without loss of generality, that & and ky have different signs. We then close the
contour in the upper half-plane and, as one can easily check, when we have ky < 0
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instead of ky > 0 the result only changes its sign. This can be taken into account
by a factor sgn(ky) in the final result. Thus, we can assume that ky > 0 and
k < 0. Since Im¥(F) = —mAyv(E) < 0, see Eq. (BI9), we pick up the pole at
k' =m(E — E(ky) — X(E))/ko and therefore, the final result is

1
k(E = E(ko) — S(E)) = ko (E — E(k) — S(E))

I =2mim ©(—kok)sgn (ko)

)

(B.2)
which, after inserting it in (BI), precisely gives Eq. (B22)).
Since we want to estimate the contribution dv of ) to the TDOS we have to
add external propagators G(ko). Due to the external pole we then have E — E(ky) —
Y(E) =~ 0 and hence, inserting (B2) in (B.J]) we have

. A2 m kok
SO(E, k) ~ —22—k—sgn (ko) Z/ o >o >E(E)
~ AQVmZa [ avG(E, E)O(~kok)
T o [kl g o

Nl/vp

Since dv depends only on |kg| we can assume, without loss of generality, that ky > 0.

Then,
o) 0 1 (o)
/ dk@(—kko):/ dkzé/ d |

where the last equality holds since G(E, E) = G(FE, |k|,w,). Finally, we end up with

- A 5 A
SO(E, ko) ~ im—20 Ay TrpG(E, ) = —L05(E) ,
20p —_—— 20p
=%(E)

which is exactly Eq. (B2Z3).



Appendix C

Effective action

We now explicitly integrate out the bulk modes 6,(z) in the action (E1l) away from
the location x = +d/2 of the two tunneling barriers which can be done exactly by
introducing Lagrange multipliers A,,(7) to enforce (63), i.e., we have to add a term

Stai =15 [ ) fantr) — T/ 2.7)} ()

to the action (E]). The next step is to solve the resulting Euler-Lagrange equations,
2 292 . 4
(02 +v,0.)0,(x, T7) = —ivp 7 > Aap(T)d(z — pd/2)
p

which is easily done in Fourier space leading to

e—ipkd/Z

w2 +v2k2

0o (k,wp) = ivp Z Aap(w (C.2)

In order to eliminate the Lagrange multipliers we have to minimize the total action
S + Stagr- Therefore, we introduce the boson propagator
ikx

vr [ ¢ — ™90 ~jzwnl/va

2 Jooo W22k 2wy

Taking the action S + Spae as given by (G1) and (CII), using Egs. (63) and ([C2)

then gives

Fa(ZL', Wn) -

s - —ﬁifa z Sap (@) N (wn) Ful[p — 9)d/2, w,)
27” Z )‘ap {Qa(wn) + 2N (WN)} + Simp : (C3)

!The integrand has two poles, k = 4-i|w,|/v4, and the integration can be done by closing the
contour, e.g., in the upper half-plane.
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Integration over Lagrange multipliers amounts to solving

271

Bf

Equivalently, this can be written in matrix form and the solution is readily obtained,

Nas i 1
( j‘a_ ) (wn) = 2Fa(wn) 1 — e—2lwn|/wa
1 €_|wn|/wa Qa(wn) + Na<wn)/2
— e lwnl/wa 1 Qa(wn) . Na(wn)/Q )

where we have introduced w, = v,/d. Inserting this result in (C3)) gives, after
several but simple algebraic manipulations, the effective action (G8),

_ 7 |wy| 4|Qa<wn)|2 |N (wn ‘2
Sett|Qa; Na] = G%O 2f 594 {1+ Ny wn/wd}+/ drVer[Qa(r), Na(r)] -

-
{Quten) 4 §aen) | = 57 5 Fullp = 10/ 2,0 o) =0

X




Appendix D

Cumulant expansion

Now, we explicitly compute the first and second order of the cumulant expansion
of (EX) for symmetric barriers as well as the scaling dimension of the operators
generated in second order of the expansion.

First order

We start with considering the first order, v = (Vimp) v, and write the sine and
cosine terms of Vin, as exponential functions,

= ve(fs 3 e (o))

{Ua} +

2

n 5f4H{ S oaexp [ T (Qu BNG)] }>

2i f 2
{oa}=%

Using 67411, 1 =1 and N, = N + 5N, we have

1% ? 2
vl = Sige [—;—JCQ ;<5N3>N] > exp [Z% za:“a@al

{oa}==%

cos [ IRY ] (1 +5f4nga> . (D.1)

N

X

When we use

S exp lzaaQa] = > {COS [;Ua@al”sm [;U“Q“H

{Ua} + {Ua}:i

= ), cos lz aaQa] ,
{oa}==%
which holds since sin(—z) = —sin(z), we readily obtain Eq. (63,

1% 2 2
v = 571 OXP l—;—F;(CSNf)N] Z oS [%;%Qa]

{oa}=%

cos[ Zaa 1<1+5f4]_[o—a>.
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Second order

In order to compute the second order,

1
V(Q) — 5 ((Viran>N — <V1mp>?v) )

we first look at (V2 )n. Again, we use exponential functions instead of the trigono-

imp

metric ones and obtain

2
Vis =gy 2 Tlew [2rieu+ ] e [Fiom 400

p.p'{0a,0,} @
2

2f2

The other term, (Vin, )3, is simply the square of the first order term ,
pP/N ply

wou + o2 (1467 1) (140 1%

X  exp l—

2
(Vimp) & = ;/Qf > HGXP[ 0a+0)Qa] exp[f(p0a+p’0;)N(§°)]

pp' {oa,00} @
X exp [_P<5N2> ] <1+5f4HJa> <1—|—(5f4Ha;>.

Together, we then have

V2 /
v@ = s > Hexpl (04 + 0y )Qa] exXp [ f(pUa+PUa)N£O)]
pp {oa,00} @
s ;i
X <e><p [—Q—F(paa+p0a)2<5N3>N] — exp [—ﬁ<5N2> D
X <1+5f4H0'a> <1+5f4H0'(11>7

which is precisely Eq. (612).

Scaling dimension

In order to determine the relevancy of the operators generated in the second order of
the cumulant expansion, we have to compute the scaling dimension of the operator

O =[] exp [1277?(% + a;)Qa] : (D.2)

Therefore, we first look at (Q,(7)Q4(0)), where the expectation value has to be
taken with respect to the (Gaussian) action

' 7 |wy| 4|Qa(wn)|2
S [Qa] = Z Qfﬁga 1t e—lwnl/wa

a,n#0
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One can immediately read off

(o) @il ) = 12

(1 + €f|wn|/wa) 5nn/ s
which has to be Fourier-transformed to give
1

(QuPQu(0) = 53

(14 erlonllen) gionr

The dominant contribution comes from small frequencies and hence, taking the
continuum limit, Y, — % [ dw, gives

(Qa(7)Qa(0)) =

In|r| . (D.3)

Therefore,
0m00) B2 e [—‘ﬂ z<aa+o—;>2<@a<f>@a<o>>]

@) exp [—; Z(cra + )% ga 1n|7‘|] ,

and we can simply read off the scaling dimension (G.14),

1 2
A= ? Z(UG + U;)zga = ? Z(l + o-ao-(/l)ga s

where the last equality holds since o,, 0, = £1.
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Appendix E

Coulomb gas path integral

In this appendix, we provide various intermediate steps of the computation done in
Sec. In particular, these are the Coulomb gas expansion, the Gaussian average
over (Q,, N, degrees of freedom, and the computation of the diagonal matrix elements
for the influence functional.

Coulomb gas expansion

Starting from

expliSimp] = gexp l—mt {]‘[ cos Nﬁ oj(pd/2) ] HCOS l\/ﬁ (pd/ 2)] H

we first consider only one term and write the cosine in terms of exponential functions,

explivj,] = exp [—iAt%HCOS l\/gﬁaj (pd/Q)H

= il ZAtVH Z eiajp 4/ f0a;(pd/2) ,
v= OV Jajplez

where we have introduced so-called “Coulomb charges” o,;,. Expanding up to sec-
ond order in A;V,, gives

explivj,] = H S ete 4/ f0a;(pd/2)
a oujp=

1 Atv i0qj A7t [ {04 (pd/2
_ 5(2fp) H 24 Y eI/ |y

Oajp==12
. G (0up) exp[ ST pd/z>] 1)
ajp=0,+1,42

since (3,_p€®®)? = 2% 4 72 12 = 24+ 3> ,e. In the last step we have
introduced Greens functions Géf ) which can be directly read off.
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For f =1 we have

Z ew“,\/ﬂe (pd/2)

ojp=%

At‘/;?)2 ZAt
2 2

explivj,] = 1—(

2
_ 1 <At‘/;;) Z eio'jp\/gej(pd/Q) ,

2 2 Ujp =i2

while for f = 2,
1AV,

expliv,] = 1-— Z V2 (715015 (pd/2) 0202 (pd/2)]

O1jp,02jp=+

B 1(At%)2 94 Z oio1ip V2015 (pd/2) 2+ Z i02jpV2m02;(pd/2) |
2 4

o—ljp:j:Z 02jp= +2

In order to obtain Eq. [E22) we simply have to consider e?re " and use ([E),

eiSimp — H eipyjp 671’\/317

- Z (H G(f UaJp)G 2 (Uajp>)

{o,0'}=0,£1,£2
Y
X exp [—z 7Z{aaj,,ew(pd/z) Ua]p(?;](pd/Q)}] :
a,J,p

which reads in @), N-representation, see Eq. (£4),

(iSimp  — S (H G (04jp) G, (f)(aajp)>

{o,0'}=0,+1,+2
27

X exp {—17 Z {Uajp (Qaj + 2Na]) — 0Ly (sz] + gN‘;j) }] :

a’7.77p

Gaussian average

The average in Eq. (627) is over the Gaussian @),, N, degrees of freedom and, since
it is an equilibrium average, is most conveniently done in Fuclidean time using Sg
in Eq. (£21]), supplemented by analytic continuation to real time.

In continuous notation, this average is in real time (z runs along the Keldysh

7= (oo [T g Lot e e f])

and analytic continuation gives

]:E:<exp[ By ap/draap { (T>+§Na(7>}]>s.

E

contour)
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The Gaussian integral is done easily, and the stationary fields {@, N } are given by

A _ Ya ~|wnl/wa =
Qalwn) = oI (1+e )Zp Gap(wn) ,
V — _Ya _ olwnl/wa 5
Ny(wn) = oA, (1 e ) Ep DG ap(wn) -

Hence, up to an irrelevant normalization,

TGq 1 + €_|Wn|/wa B 1 — €_|Wn|/wa

a,Wn p

Zpﬁ'ap(wn)IzH ,

|wn| P

|wa

with 6(w,) = I, e ™70 (r;). Writing Fp = exp[®g| and returning to the time
representation, we have

1 B T
dp=— Z/ dT/ A" 00p(T)0a (T7) {k(f(T — 7+ pp'k, (1 — T')} ,
At a /0 0 »,p

with kernels (see Ref. [86] page 58)

Tda 1+ €7|wn|/wa W T
kE(r) = I > T

wn |wn|

Using the free boson thermal Greens function,

1 W cosh|w((/2 — 7)]
Dw(T) - E Z w727, + w26 - sinh[Wﬁ/Q] ’

Wn,

and noticing that

Y

14 o lwnl/wa /oo 1+ e~iw/wa ) /oo " 1 + cos|w/w,]
0

T |wn — ) w2 + w? - w2 + w?

one can write Je ()
1 joe 4+ alw
kE(r) = - / dw 22 b (7
2= [T =D, ()
with spectral densities

Jio(w) = ng];w (1 = cos|w/wy)) e™w/%e .

Analytic continuation is now completely analogous to the standard quantum dissi-
pation case, the only exception is in the absence of “counterterms” related to the
“potential renormalization” parameters. Following Ref. [86] (page 103), this leads
to F = exp[—®] with

_i / / + A /T — )
(I)_A?za:/cdz/z'<zdz pz:aap(z)aap/(z){La(z 2+ pp'L, (2 z)}

y2
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The real-time kernels are (A = =£)

1 ooy a(w) coshlw(B/2 —it)] — x4 cosh[w3/2]
Lat) = ;/0 d w? sinh[w(3/2] ' (E2)

The subtraction of the ¢ = 0 part for A = + reflects the IR divergence leading to
electroneutrality (£.24]). Note that the sign change in the exponent upon analytical
continuation is completely in accordance with Ref. [86]. The influence functional ®
written in terms of 7, £ is then

1 t
Y|
+ 20 () ()T [LF (¢ = #) + pp' Ly (¢ — )]}

The final step is then to go back to the discretized picture. This leads to

max

dt /0 L Z {€ap(®)&ap (') Re [ L] (t = t') + pp' Ly (t = 1)]

b
¢ = Z Z i {gajp (S;;k + pp/Sa_jk) Eakp' + 21€ajp (Rt—;jk + pp/R(;jk;) nakp’} )

a,p,p’ j=1k=1

with matrices for k < j given by

Sa)\jk = Re {Lé([j_k]At)}a
Ry = Tm |[L([j — KA.

For the diagonal element, one needs to be more careful (see next section).

Diagonal matrix elements

From the derivation given in the appendix of Ref. [98], the complex-valued matrix

element L);; is given as
L= [ [far ) = S+ iR E.3
%j = AZ Jy A a(t) =S5, +iRg,; . (E.3)
We first consider
cosh[z + iy] — d 4 cosh z et et
: = ’ W4 th
sinh x 2sinh z 2sinhz A COMRT

and therefore,

Im lcosh[m +iy] - O+ COShﬂ = siny < ¢ ° ) =siny , (E.4)

sinh z 2sinhz  2sinhx

=1
and similar

Re lcosh[x + 1y] — x4 cosh x}

2sinhz  2sinhz
= (cosy —dy4)cothw . (E.5)

. = cosy< ¢ + c )—5,\,+cothx
sinh
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Inserting (E2) in (E3) together with (E4) gives

Ay ¢
Ry, = A2/ dw J)‘a / dt/ dt’ sin wt’
m

/ J,\ a(w) 1 —sinfwA]/wh,
— 2w ,
(A)At

while doing the same steps with ([EZH) we have

00 Ay t
[ - L/ dw‘]’\’“@))/o dt/o dt'(coswt’ — 8y +) cothlw3/2]

ajj 7A? Jo w?

1 oo T 1-— AW 1
= ;/0 dw )‘(’Ugw) coth[wh3/2] {% - 55,\,+} :
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Appendix F

Refermionization for g =1

Here, we give the details of the computation leading to Eq. (E42). The jump

conditions, which are obtained in the standard way by considering the integral of

the equations of motion over a small interval around the impurity, read

Ul /2 €) il (pd/2—0) = T {0 (pdf2 4 ) + 0t (pd 2 — )} N 0
(F.1)

Using the ansatz (636) with (EXl) and Fourier-transforming the resulting equation

with respect to t gives for p = —1

f b G hderNO)—ieVyd/20p (1F T
bl — ajy = e (kd+mN©)—ieVyd/2vp (bfrkarevb/w +a7hkfrevb/w) , (F.2)
and for p = +1
t b IAT i (kder NOYieVyd/20p (L t
Cri — brk = e ) ifzer (C—r,k—reVb/vp + b—r,k—reVb/vF) : (FB)

From ([E£2)) one finds

T Q i(kd+mnN©O) —eVyd/2vr) i T i T
b+,k 4 € e L+ 22 b—,k—eVb/UF +{1- A2 A k—eVy/vp [

and

+ A ikdaNO —evyd)2 T t t
b—,k—eVb/vp — _Ze i« " Vd/zer) (b+,k + a-hk) + a—Jc—eVb/UF ’

Combining these two equations, one can express the b’s in terms of a’s,

4+ \? 4\ )
bi = an ) el(kd+7TN 7eVbd/2vF)aT
) 4 — )2 Hk 4 — \2 —k—eVy/vp
2
Al _ 4+ A af i 4\ efi(kd+7rN(0)feVbd/2vF)aT
—k—eVy/vp 4 — \2 —k—eVy/vp 4 — )2 4,k

which is equivalent to Eq. (E31) with the transfer matrix (E38). The transfer matrix
Ty is found in exactly the same way. Multiplying the two matrices then results in

1 A B
Ty = —— ,
‘ <4—A2>2(B* A*)
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with

AP = (4= M)+ B, (F.4)
Vid
= + cos +m _ene ) F.5
BJ|? 8A)2(4 + A2 cos? |kd + 7 N© .
'

and hence, one easily finds

¢ 1 |AP-IBP, | B
Crk = (4 _ )\2)2 A* ayk +

A= CheVior -
Using (E40) one has

1L (AP - BP)?

2
f _ |
<C+,kc+,k> - (4 _ )\2>4 ‘A|2

Flork) + % (vrk — Vi)

and can then compute the current (£39),

2

dk 1 A2 — |BJ?)? BJ?

Finally, the linear conductance is found by deriving with respect to the bias voltage,

dl
G=—
vy

V»=0

From ([E£4)) and ([E£5) one directly sees that

1 (AP - [BP)* _ w?
(4—A2) | AJ? cos? [der TN©) — %‘;d} +w?
and
|B|? cos? [kd +aN© — %‘;ﬁ}

AR cos? [kd—l-ﬂ'N(O) — %} +w?’

with w defined in (G41]), and thus, it is obvious that only the term proportional
to Oy, f(vpk — eV},) contributes to the conductance. After a change of variables one
readily arrives at the final result (E22).
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