
Optimization of Microwave-Excited
CO2 Laser System and

Generation of
Pulsed Optical Discharges
in Strong Magnetic Fields

I n a u g u r a l - D i s s e r t a t i o n

zur

Erlangung des Doktorgrades der

Mathematisch-Naturwissenschaftlichen Fakultät

der Heinrich-Heine-Universität Düsseldorf

vorgelegt

von

Sang-Choll Han

aus

Daegu, Südkorea

Düsseldorf 2002



Gedruckt mit Genehmigung

der Mathematisch-Naturwissenschaftlichen Fakultät

der Heinrich-Heine-Universität Düsseldorf

1. Referent: Prof. Dr. J. Uhlenbusch

2. Korrenferent: Prof. Dr. O. Willi

Tag der mündlichen Prüfung: 21.11.2002



Contents

1 Introduction...................................................................1

1.1 CO2 Laser..................................................................2

1.2 Pulsed Optical Discharges in Magnetic Fields ........................3

1.3 Aim of the Work ..........................................................6

2 Principles of the CO2 Laser ..............................................8

2.1 Molecular Structure and Energy Levels ...............................8

2.2 Vibrational-Rotational Transitions .....................................8

3 Optimization of the Laser System ................................... 14

3.1 Calculation of 3-D Beam Propagation ............................... 14

3.1.1 Theoretical Outline ............................................. 14

3.1.2 Beam Distortion inside the Oscillator ....................... 22

3.1.3 Beam Expander ................................................. 23

3.1.4 Entire Beam Delivery System................................. 27

3.2 Optimization of Laser Pulse Amplification ......................... 31

i



3.2.1 Kinetics for Vibrational States................................ 31

3.2.2 Set of Rate Equations .......................................... 33

3.2.3 Transient Small Signal Gain Coefficient ..................... 38

3.2.4 Optimization of Operating Gas Pressure .................... 39

3.2.5 Pulsed Operation of Microwave Excitation ................. 40

4 Properties of Plasma ..................................................... 46

4.1 Definition of Plasma.................................................... 47

4.2 Plasma Parameters ..................................................... 48

4.2.1 Debye Radius .................................................... 48

4.2.2 Conditions for Plasma Existence ............................. 49

4.2.3 Coulomb Logarithm and Gaunt Factor ...................... 50

4.3 Equation of State ....................................................... 51

4.4 Maxwell Velocity Distribution ........................................ 52

4.5 Boltzmann Formula and Saha’s Equation........................... 52

4.6 Thermodynamic Equilibria ............................................ 53

4.6.1 Complete Thermodynamic Equilibrium ..................... 53

4.6.2 Local Thermodynamic Equilibrium .......................... 54

4.7 Equipartition Time ..................................................... 55

4.8 Ignition of Pulsed Optical Discharges................................ 57

5 Plasmas in Magnetic Fields ............................................ 64

5.1 Magnetized Plasma ..................................................... 64

ii



5.2 CO2 Laser Plasma Heating in a Magnetic Field ................... 65

5.2.1 Maximum Achievable Electron Temperature ............... 68

5.3 Collisional-Radiative Model ........................................... 71

5.3.1 Spontaneous Decay ............................................. 71

5.3.2 Electronic Excitation and De-Excitation .................... 71

5.3.3 Electron-Impact Ionization and Three-Body
Recombination .................................................. 72

5.3.4 Radiative Recombination ...................................... 73

6 Spectroscopic Background .............................................. 77

6.1 Atomic Transitions ..................................................... 77

6.2 Line Broadening ........................................................ 81

6.2.1 Stark Broadening ............................................... 81

6.2.2 Doppler Broadening ............................................ 82

6.3 Absorption and Emission .............................................. 83

6.4 Energy Levels of Helium Ion .......................................... 86

7 Experimental Setup ...................................................... 88

7.1 Entire Setup ............................................................. 88

7.2 CO2 Laser Oscillator ................................................... 88

7.2.1 Electro-Optic Modulator....................................... 89

7.2.2 Q-switching with cavity dumping ............................ 90

7.2.3 Mode Quality of Laser Beam ................................. 91

7.3 Beam Expander ......................................................... 91

iii



7.4 Microwave-Excited CO2 Laser Amplifier ............................ 92

7.5 Pulsed Optical Discharge Chamber .................................. 93

7.6 Spectrometer ............................................................ 95

7.6.1 Seya-Namioka configuration ................................... 95

7.6.2 Concave Diffraction Grating .................................. 97

7.6.3 VUV Scintillator: Sodium-Salicylate......................... 98

8 Experimental Results .................................................. 104

8.1 Image Capture ......................................................... 104

8.2 Data Process ........................................................... 104

8.3 Stark Broadening Data ............................................... 107

8.4 Results................................................................... 108

8.4.1 Transient Electron Density ................................... 108

8.4.2 Magnetic Confinement ........................................ 112

9 Conclusions................................................................ 116

A Physical Constants and Definitions ................................ 118

References ...................................................................... 119

Acknowledgment ............................................................. 135

iv



Chapter 1
Introduction

This thesis is largely divided into two parts of topics. The first part treats
an optimization of a CO2 laser beamline system, which delivers high-power
high-frequency laser pulse to a plasma discharge chamber. Since the overall
optical path of the facility reaches about 40m, even a minute misalignment
of an optical element can give rise to a serious loss of beam power and can
drastically distort the beammode both in the course of delivery and at the ul-
timate beam focus formed by a concave mirror inside the discharge chamber.
Especially such optical parameters as a spacing and tilts of off-axis parabolic
mirrors of the beam expander are critical. The beamline system consists of a
Q-switched CO2 laser oscillator, a beam expander, and a microwave-excited
CO2 laser amplifier. The amplifier system comprising a series of microwave-
discharge modules has been called MIDAS (microwave-discharge amplifier
system) since its construction in the institute of laser and plasma physics.
If the laser oscillator containing apertures, optical mirrors, windows, and a
nonuniform active medium, is modeled, the information about the intensity
and phase of the outcoupled beam can be provided. Once the calculated laser
beam is calibrated and verified by measurement, beam propagation for any
kind of optical structure can then be easily derived. For instance, the calcu-
lation provides us with the beam profile and the size of laser focus inside a
POD chamber with a high intensity of about 4× 1014Wm−2, which are not
easy to measure. Power density and size of the beam focus are the most im-
portant ignition parameters, which are varied by the diffraction loss of beam
energy due to the apertures and the active volume which is the product
of beam cross section and active length of the MIDAS. Virtually the mir-
ror spacing and the position of beam expander are optimized since they are
main factors determining diffraction losses and active volume to be excited.
The calculation code uses two-dimensional beam array technology, where the
optical beam is represented by complex amplitude distributions. The beam
propagation is calculated by a fast Fourier transform (FFT) method. The
theoretical background will be introduced in the next chapter.
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Chapter 1 Introduction

The second part deals with a pulsed optical discharge in a strong mag-
netic field, where the pulsed laser beam is used as a source of discharge unlike
a continuous optical discharge that is related to the cw (continuous wave)
laser power. As a target helium was chosen, which having a large ionization
potential of about 24.6 eV and 54.4 eV required to release two electrons suc-
cessively. Due to the lower ionization energy of neutral helium (He I) than
that of singly ionized helium (He II), mainly the radiation from He II can be
observed during the course of laser pulse. He I is immediately ionized at the
onset of laser pulse and shows up again far after the pulse due to the recom-
bination of He II. Transitions of He II Paschen-α (He+, 4f→3d: 468.6 nm)
and He II Balmer-α (He+, 3d→2p: 164.0 nm) were measured on the optical
axis (end-on measurement) using a Seya-Namioka spectrometer constructed
in the institute. The gated intensified CCD camera enabled time-resolved
measurement and the electron density was determined by the measurement
of spectral line width according to the Stark effect theory. A superconducting
solenoid offers strong magnetic fields of up to 8T, which are applied paral-
lel to the optical axis. The effect of the magnetic field on the time evolution
of electron density is discussed in Chapter 8. In the following sections of
the introduction the reader is briefly familiarized with terms used and prob-
lems treated in the thesis, beginning with the historical developments and
applications of CO2 laser and laser-induced breakdown spectroscopy, respec-
tively, touching these two categories together, and closing with the concrete
utterance of impetus and purpose of this work.

1.1 CO2 Laser

Laser action at 10.6µm in CO2 molecule has been first observed in 1964
by C.K.N. Patel [PA64A] [PA64B], and shortly thereafter the beneficial ef-
fects due to the addition of N2 [PA64C] [PA65A] and He [MOE65] were
reported. Especially N2 was found to be the most effective buffer gas among
air, CO, H2, O2, N2O, C2H2, and C2H4 [HOW65]. Most powerful laser ac-
tion is obtained in a CO2, N2, and He gas mixture [PA65B], where the CO2
molecule radiates due to its transition between vibrational-rotational (V-R)
energy levels of electronic ground state. CO2 is excited from the lower level
to the upper state by the fast electrons accelerated by the electric field.
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Section 1.2 Pulsed Optical Discharges in Magnetic Fields

Nitrogen gas improves the pumping efficiency by vibrational-vibrational (V-
V) collisions [PA64C] [PA65A] [HOW65] [PA65B]. Helium gas supports the
population inversion of the CO2 laser by depopulating the lower laser level
[PAT67]. Additionally, helium gas extends the diffusion time, decreasing the
loss of excited CO2 molecules by wall quenching, and effectively cooling down
the hot gas [MOE65]. Shortly after the developments of cw CO2 lasers, fur-
ther investigations of pulsed operation were reported [FRA66] [CHE67]. In
1970, a pulsed TEA (transversely-excited atmospheric-pressure) CO2 laser
has been first developed by Beaulieu [BEA70], the merit of which is the short
pulse duration and the high repetition rate of the pulse, but inferior mode
quality was observed due to the fact that the gas flows transversely to the
optical axis. On the other hand, in 1966, Q-switching method in CO2 laser
has been devised [FLY66], and further investigated parallel to the develop-
ment of TEA lasers [BRI69] [MAR70]. Q-switching in the slow axial flow cw
laser delivers an excellent beam mode, very sharp peak intensity and uni-
form pulse train without affecting the superior mode quality, as can be seen
from the measured beam intensity profiles of the laser facility used in this
thesis (Chapter 7).

Today, the application of CO2 laser covers a very wide range of fields
due to its high average power, electrical efficiency, and reliability [UHL96].
Material processing with CO2 lasers is an established technology, especially
in cutting and welding applications [BIE99]. Surgical applications, includ-
ing eye surgery are being perfected [KAR79] [BRI83] [KAR86]. Detection
of pollutants in the atmosphere and measurements of the ozone decay are
also related to CO2 laser technology [SCH75] [MEN76] [ADA79]. As mainly
described in the second half of this work, CO2 laser has been used for spec-
troscopic purposes as well. The spectroscopic application of CO2 laser will
be discussed in the following section.

1.2 Pulsed Optical Discharges in Magnetic
Fields

The development of powerful cw and pulsed lasers including CO2 lasers in
1960’s as described in the previous section has enabled scientists to study
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Chapter 1 Introduction

new phenomena occurring in a gas discharge produced by intense laser light.
In order to achieve high energy density, normally the laser beam is focused.
The strong oscillating electrical field of laser beam can then sustain a gas
discharge, which is called “optical discharge”. According to the type of the
source laser beam the optical discharge is classified into two groups: The first
one is called continuous optical discharge (COD), in which the incident laser
beam experiences cw operation as shortly introduced in the former section.
The second group is pulsed optical discharge (POD), where the incoming
laser beam is pulsed.

Previous experiments showed that COD needed high pressure gas fill of
about several MPa with a laser power of a few kW to maintain the discharge
[CAR81] [UHL83] [CAR86] [VIÖ88] and the initial ignition was performed
by an auxiliary discharge made by a high peak pulsed laser [CAR86] or by
inserting tungsten wires [UHL83]. Carhoff [CAR81] produced COD in argon
and helium gases with the pressure of up to 21MPa using 2 kW cw CO2 laser
to obtain the electron density of 7× 1023m−3 and the electron temperature
of up to 1.5× 104K.

POD does not necessitate pre-ignition due to the high peak intensity of
the laser beam up to about 4 × 1014Wm−2, which is beyond the typical
threshold intensity of about 1013Wm−2 − 1014Wm−2 [UHL83]. Freisinger
[FRE94] and Budde [BUD95] observed the POD in a helium gas with mag-
netic fields of about 0.6T and high pulse repetition rates of up to 10 kHz.

The first experiment of POD was performed in air using Q-switched
laser systems with much lower repetition rates [MAK64] [MAN65], where
the phenomenon was called “laser spark”. Edwards and Litvak [EDW65]
were the first to report a study of POD in strong magnetic fields, where a
magnetic field up to 10T was applied and a Q-switched ruby laser beam was
focused in a chamber filled with argon gas.

Vardzigulova et al. [VAR67] were the first to observe an effect of a
magnetic field on the threshold for optical breakdown in a gas using the laser
beam of wavelength 1.06µm. The magnetic field of 21T directed parallel
to the optical axis lowered the ignition threshold in air at a pressure range
of about 40hPa to 1000hPa, and the threshold decrease in the presence of
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Section 1.2 Pulsed Optical Discharges in Magnetic Fields

the magnetic fields was attributed to the reduction of the electron diffusion
out of the focal region. The effect of a magnetic field on the threshold
for POD kept on being studied by the groups [CHA68] [CO72A] [CO72B]
[LOT74]. Chan et al. [CHA68] observed POD in air, butane, and helium at
atmospheric pressure at a magnetic field of 20T using a pulsed ruby laser,
but no reduction of the ignition threshold was observed with an accuracy
of 10% in the presence of magnetic field. The authors attributed it to the
direction of magnetic field that is perpendicular to optical axis.

Since the profitability of the CO2 laser wavelength for the plasma pro-
duction and heating was first found by Generalov et al. [GE70A] and Smith
[SMI70], the studies on POD in strong magnetic fields at the CO2 laser wave-
length of 10.6µm were going on [CO72A] [CO72B] [CO72C] [LOT74]. Cohn
et al. [CO72A] observed that the threshold for POD was lowered in helium
and argon substantially in the presence of a magnetic field of 8.7T. Cohn
and Lax [CO72A] developed a theory for the effect of a magnetic field on
the threshold for POD by CO2 lasers and discussed it with the computa-
tional results for a plasma produced by 10MW-peak CO2 laser pulse. It was
found that the optical discharge at the CO2 laser wavelength of 10.6µm, in
contrast to ruby and YAG lasers, was particularly effective in heating the
plasmas in the electron density range of 1023m−3 − 1024m−3, which is due
to the fact that the mean rate at which an electron gains energy from the
laser beam is proportional to the square of the laser wavelength [CO72B].
Lotter et al. [LOT74] studied the POD formed by a CO2 laser in a static
magnetic field of 8.75T, to find that the magnetic field delays the cooling of
the plasma after the plasma ignition and in the presence of magnetic field
the on-axis density minimum in the electron density profile was observed at
25 ns after the formation of the plasma.

The general term LIBS (laser-induced breakdown spectroscopy) is used
if the optical discharges, COD and POD are employed as plasma source for
elemental analysis. LIBS is a simple and rapid form of elemental analysis
that has great potential as a remote data-accumulation technology in gases,
liquids, or solids. Compared with the other forms of diagnostic means LIBS
has a number of other advantages. The sample needs only to be optically
accessible since the plasma is formed by focusing a pulsed laser onto the
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Chapter 1 Introduction

target of interest. There is little sample preparation required prior to analysis
and virtually any type of material can be analyzed. LIBS is therefore today
of increasing interest in the fields: quality control in liquid steel, rubber,
and glass, on-line detection of heavy metals in water, laser cleaning and
restoration of sandstone and glass [KLE99].

1.3 Aim of the Work

A CO2 laser is beneficial for generating and heating the plasmas as outlined
above and the Q-switching method delivers high-quality beam mode with
high repetition rate. The high repetition rate is crucial for reliable reignition
behavior of subsequent pulses and facilitates the diagnostics of the produced
plasma. There remain, however, other problems such as minimizing a dif-
fraction loss in the course of beam delivery and maximizing the beam energy
density at the focus in POD chamber. Since the high surrounding gas pres-
sure prevents the VUV (vacuum-ultraviolet) radiation of the plasma from
transmitting through the gas and reaching the detector [HUG75], low gas
pressure is preferred to achieve more intensive radiation. Although the break-
down threshold increases as the pressure goes down, the beam focus with a
higher power density can ignite the plasma at a lower pressure. The calcu-
lation of an optimized beam propagation is, therefore, essential to achieve
high power density of the beam focus. The present work has been aimed
first at modeling a CO2 laser oscillator and calculating the beam propaga-
tion through the entire beamline system. This determines the position and
mirror spacing of the beam expander, and further offers the power density
and size of the beam focus which are the main factors of the plasma ignition.
Distinct from the static (time-independent) parameters as discussed above,
dynamic (time-dependent) parameters such as transient gain of the medium
in MIDAS have been numerically solved by using a set of rate equations for
CO2 laser kinetics. The pulse power enhancement by pulsed operation of
the microwave excitation has been also investigated and its possibility was
proven.

A second goal of the work is the investigation of a pulsed optical dis-
charge under the influence of a strong magnetic flux density of 8T, where
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Section 1.3 Aim of the Work

the temporally-resolved visible spectroscopy for the He II Paschen-α transi-
tion and VUV spectroscopy for the He II Balmer-α were performed by means
of a concave diffraction grating and an intensified CCD camera to determine
the time evolution of electron density. These two spectroscopic measure-
ments in visible and VUV were accomplished with and without magnetic
field, respectively, and the effect of magnetic confinement of the plasma was
discussed. Threshold laser intensity for the plasma ignition is calculated with
respect to magnetic field, gas pressure, pulse width, and beam focus size in
Chapter 4. The effect of magnetic field on the shape of the plasma discharge
is also discussed relating the plasma beta value defined in Eq. (5.2). The the-
oretical estimation of the maximum achievable densities and temperatures
of electron and ion are made. The level population densities are also ob-
tained by solving a collisional-radiative (CR) model coupled with equations
for a simple two-fluid magnetohydrodynamics (MHD) model.
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Chapter 2
Principles of the CO2 Laser

This chapter reviews the molecular structure, energy levels, and transitions
of the CO2 molecule. The interaction with the buffer gases N2 and He is
described, through which the CO2 lasing principle can be understood.

2.1 Molecular Structure and Energy Levels

The CO2 molecule has a linear symmetric structure as shown in Figure 2.1.
As a triatomic molecule it has three normal modes of vibration: symmetric
stretch, bending, and asymmetric stretch modes, which are designated by the
fundamental frequencies, ν1, ν2, and ν3, respectively. The vibrational energy
levels are denoted by

¡
v1v

l
2v3
¢
, where vi (i =1, 2, and 3) are vibrational

quantum numbers and l is the quantum number of angular momentum that
takes the values l = v2, v2 − 2, v2 − 4, · · · , 1 or 0.

The energy of a molecule consists of four different kinds of contributions:
electronic energy due to the motion of electrons around the nuclei, vibra-
tional energy due to the vibration of the nuclei, rotational energy due to the
rotational motion of the molecule, and the translational energy due to the
translational motion of the molecule. Hence the energy of a molecule may
be expressed as their sum

E = ET +EE +EV + ER, (2.1)

where ET denotes translational energy, EE is electronic energy, EV is vibra-
tional energy, and ER rotational energy. The smallest one is ER, which is
about a few hundredth of eV, EV is of the order of tenth of eV, and EE

generally a few eV.

2.2 Vibrational-Rotational Transitions

Since the laser action in CO2 molecules occurs between low-lying V-R lev-
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Figure 2.1. Structure of CO2 molecule (top figure) and the three fundamental vibrational
modes of the excited CO2 molecule. It is shown that the bending mode is two-fold
degenerated. The arrows represent the directions of motion of oxygen atoms by reference
to the positions of the carbons. (The origin of the reference coordinate thus corresponds
to the center of carbon atom.)

els of the electronic ground state, only the V-R energy will be considered
hereafter. The CO2 molecule is well described by means of four independent
harmonic oscillators and a rigid rotator, which reads [HER66]

E = EV +ER

' hc

"
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³
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´
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k≥i
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gi
2

´³
vk +

gk
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´
+

3X
i=1

3X
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giklilk

+BJ (J + 1)] , (2.2)
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Chapter 2 Principles of the CO2 Laser

where h is Planck constant, c is the speed of light in vacuum, λi are wave-
lengths of the modes, gi are degeneracies (gi = 1 for the ν1 and ν3 vibration
modes, gi = 2 for the ν2 vibration), and xik anharmonicity constants. The
third term is due to the vibrational angular momentum of the bending mode,
and the fourth term is the rotational energy, where B is the rotational con-
stant and J rotational quantum number. The first order approximation of
the vibration energy gives

EV (vi) =
3X

i=1

vihνi, (2.3)

where νi are the fundamental frequencies for the symmetric stretching-,
bending-, and asymmetric stretching modes, respectively, vi being the cor-
responding vibrational quantum numbers. The energies for each mode are

hν1 = 0.17 eV,

hν2 = 0.08 eV,

and hν3 = 0.29 eV. (2.4)

Since 2hν2 is accidently close to hν1, there happens a Fermi resonance be-
tween the corresponding states. These states are mixtures of

¡
1000

¢
and¡

0200
¢
, which are denoted by

¡
1000, 0200

¢
I
and

¡
1000, 0200

¢
II
, respectively.

The corresponding energies are 0.17 eV and 0.16 eV, respectively, and in par-
ticular the energies of the levels

¡
1000

¢
and

¡
1000, 0200

¢
I
are almost the same

(see Figure 2.2).

It is empirically found that the N2 molecule increases the lifetimes of both
the upper and lower level, but the resonant energy transfer in the upper state
results in a net increase in population inversion. As shown in Figure 2.2, the
v = 1 vibrational level of N2 is in close coincidence with the upper level¡
0001

¢
of CO2 so that the rapid energy exchange between these two level

takes place [PA64C]. On the other hand, helium reduces the life time of the
lower level without affecting the upper state [CHE67].

In CO2 lasers, the oscillation can be obtained on more than 200 V-R
transitions in the range of 8 to 18µm of CO2 laser [VER89], which is due
to the fact that the rotational energies are distributed over each vibrational
state. For example, the transition 10P(20) with a wavelength λ = 10.6µm
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Figure 2.2. Schematic energy level diagram for CO2 and N2 molecules (scaled). The
collisional relaxation times were calculated at the operating pressure of 25hPa, gas tem-
perature 400K, kBTe = 1.2 eV, and with the gas mixture of CO2 : N2 :He=4.5 : 13.5 : 82
[VIÖ88].

occurs between the vibrational levels
¡
0001

¢
and

¡
1000, 0200

¢
I
, and each

vibrational level is split into the rotational levels as shown in the Figure 2.3.
The rotational level density obeys the Boltzmann formula, which is described
by

n (v, J)

g (J)
=

n (v)

Z (T, J)
exp

·
−ER (J)

kBT

¸
, (2.5)

where g (J) = 2J + 1 is the statistical weight, n (v) is the total rotational
population density occupying the vibrational energy level designated by the
vibrational quantum number v, andZ (T, J) the rotational partition function

11



Chapter 2 Principles of the CO2 Laser

0

10

20

30

40

50

0.00 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08

P(1000,0200)I
(Jl)

J l

0

10

20

30

40

50

0.00 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08

P0001(Ju)

10P(20)

J u

Figure 2.3. Rotational distributions of the populations in the vibrational states (0001)
and (1000, 0200)I at the temperature of 400K. The 10.6µm P-branch transiton to J = 20
(10P(20)) is shown.

defined as

Z (T, J) =
∞X
J=0

exp

·
−ER (J)

kBT

¸
. (2.6)

The rigid-rotator approximation of the rotational energy ER (J) reads

ER (J) = hcBJ (J + 1) , (2.7)

where B is the rotational constant and J is the rotational quantum number.
The rotational constants differ slightly for different vibrational modes. Their
values for the

¡
0001

¢
and

¡
1000

¢
states are

B001 = 38.714m−1

and B100 = 39.019m−1. (2.8)
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The selection rules are written as

∆vi = ±1,
∆l = 0,±1,

and ∆J = 0,±1, (2.9)

with ∆J = 0 forbidden for l = 0 or J = 0. Under the selection rule of
Eq. (2.9) the radiative transitions within the laser bands mentioned above
occur in three branches

∆J = −1 : P-branch,
∆J = 0 : Q-branch,

and ∆J = +1 : R-branch,
(2.10)

where ∆J = Ju − Jl, with the subscripts u and l referring to upper- and
lower levels of the transition, respectively. These transitions are denoted by
P(Jl), Q(Jl), and R(Jl) combined with a wavelength band. A wavelength
band for the

¡
0001

¢→ ¡
1000, 0200

¢
I
transition is 10 and a wavelength band

for the
¡
0001

¢ → ¡
1000, 0200

¢
II
transition is 9. The most intensive line is

10P(20), which is indicated in Figure 2.3. The normalized rotational level
density P (J) = n (v, J) /n (v) is evaluated using the Eqs. (2.5), (2.7) and
(2.8), which is plotted in Figure 2.3. J takes the odd numbers for the upper
level due to the asymmetrical behavior of the vibrational mode and even
numbers for the lower level due to the symmetrical property. No matter if
the J is odd or even, the summation of Eq. (2.6) is performed by integration
and it results

Z (T, J) ' kBT

2hcB
. (2.11)

Kinetics for vibrational states is introduced in Chapter 3 for the calculation
of time-dependent small signal gain.
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Chapter 3
Optimization of the Laser
System

This chapter describes the optimization process of the entire laser system
and discusses the results. Actually this task was fulfilled with two different
approaches. The first one is spatial optimization of the laser beam, where
the static (time-independent) parameters such as the aperture, mirror, and
gain profile are used for the calculation. The other one is temporal (time-
dependent) optimization, which handles the dynamic variables like the tran-
sition effect of the small signal gain coefficient. The former was calculated by
using the commercial code GLAD (general laser analysis and design code),
and the latter was numerically solved by means of a set of rate equations
describing the kinetics of the CO2 laser.

3.1 Calculation of 3-D Beam Propagation

The code GLADwas chosen to calculate the beam propagation of the MIDAS
setup. This code enabled us to model the laser oscillator that is made up
of radially inhomogeneous gain profile and further to calculate the entire
beam propagation. The code will be introduced in this section along with
its theoretical background. The calculations using this code are compared
with the analytic solutions for a Gaussian beam and measurements.

3.1.1 Theoretical Outline

This section introduces the calculation code with its capabilities, and then
the fundamental theory for Gaussian beams and the way how the GLAD
calculates the real beams will be shortly described.

14



3.1.1.1 Introduction to Code

The code GLAD is a physical optics analysis program which may be applied
to a wide variety of optical modeling applications. GLAD is designed to cal-
culate the performance of laser systems including the effects of diffraction,
active media, apertures, lenses, mirrors, and aberrations. The optical beams
are represented by the complex amplitude of the optical wavefront using rec-
tangular computer arrays. This is distinct from geometrical optics codes
which represent the optical beam by rays. Geometrical codes are very useful
when near-field diffraction and gain are not important and where the trans-
verse intensity distribution of the beam is either constant or some simple
function.

Especially, GLAD has a global coordinate system that allows complex
systems to be described and which enables components to be arbitrarily lo-
cated. A global coordinate system is distinct from a quasi-paraxial approach
which treats folded systems by implicitly unfolding the system and which
could treat only small tilts and decenters. In practice the maximum angle
for a paraxial ray will be less than 0.1 rad (about 6 ◦). The error incurred in
the paraxial approximation will then remain well below 1% [GER75]. But
if the beam is focused through a lens system, this approximation should
not be used. Actually, the global coordinate system allows calculations in
3-dimensional space with correct treatment of optical aberrations of tilted
surfaces and with accurate calculations of physical and optical path differ-
ences.

3.1.1.2 Capability of Code

The code is designed to analyze all types of beam trains and laser devices in-
cluding the effects of diffraction, active media, apertures, lenses and mirrors,
and aberration. In GLAD, optical beams are represented by complex ampli-
tude using rectangular computer arrays. Old methods such as geometrical
ray tracing, Gaussian ray propagation, ABCD methods, and rotationally
symmetric propagation methods can not compare in power and versatility.
Among the GLAD features, least squares optimization of the oscillator de-
sign, gain sheets, rate equation kinetics, global coordinate system and geo-
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Chapter 3 Optimization of the Laser System

metrical aberrations, arbitrary mirror locations and rotations, are used in
our calculation.

3.1.1.3 Gaussian Beam

Gaussian beam is a fundamental beamwith spherical wavefront and a Gaussian
variation in amplitude across the wavefront, whose complete expression for
electric field in vacuum is written by

E (x, y, z)

E0
=

w0
w (z)

exp

·
−x

2 + y2

w2 (z)

¸
· exp

·
−i
µ
2πz

λ
− tan−1

µ
z

zR

¶¶¸
· exp

·
−i πr2

λR (z)

¸
, (3.1)

with

w (z) = w0

"
1 +

µ
z

zR

¶2#1/2
, (3.2)

R (z) = z

·
1 +

³zR
z

´2¸
, (3.3)

and zR =
πw20
λ

, (3.4)

where the first term on the right of Eq. (3.1) designates an amplitude varia-
tion having radially a Gaussian distribution, the second term is longitudinal
phase factor, and the last one radial phase. E0 is the customary amplitude
factor associated with the peak intensity I0 and the power P of the beam
by

E20
2η0

= I0 =
2P

πw20
, (3.5)

where η0 =
q

µ0
ε0
is the wave impedance in the vacuum. R (z) in Eq. (3.3) is

the radius of the wavefront of the beam at the arbitrary position z, w (z) is
the beam radius measured at the e−1 point of the field, zR of the Eq. (3.4) is
Rayleigh length, w0 is the radius of the beam waist, and λ the wavelength
of the beam.
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3.1.1.4 Representation of Optical Beam

GLAD defines two-dimensional computer arrays that represent the trans-
verse distribution of the optical beam at a specific point. The representation
is therefore

�E(x, y; z; t) = x̂Ex(x, y; z; t) + ŷEy(x, y; z; t), (3.6)

where the semicolons indicate variables which are not incorporated into the
computer storage arrays, but which are retained as separate parameters in
the code. The dependency of the optical beam on time may be neglected in
many cases; either because the optical beam is so slowly varying that only
the steady state solution is needed or because the pulse is so short that all
physical processes in the system see only the integrated effects of the optical
pulse. In the steady-state solution, temporal dependence can be removed
and only the z-dependence retained. A single computer array is sufficient
for an optical beam, but two arrays are required if polarization effects are
included. For three-dimensional calculations, the representation of Eq. (3.6)
is used. It is more traditional to use �E for the electric field, but for the
remainder of this discussion the lower case a will be used for the complex
amplitude as

�a(x, y; z; t) = x̂ax(x, y; z; t) + ŷay(x, y; z; t), (3.7)

where the ax and ay terms represent orthogonal states of polarization, with
separate computer arrays for each polarization state. By defining the rela-
tive amplitudes and phase differences between ax and ay, various states of
polarization can be defined: linear, circular, and general elliptical polariza-
tions. If different polarization states are not required, calculations may be
performed using only one array. The amplitude of �a is related to irradiance
by

I = |�a|2 = cε

2nr

¯̄̄
�E
¯̄̄2
, (3.8)

where a is the complex amplitude, c is the speed of light in vacuum, ε is
the permittivity of material, and nr its refractive index. In vacuum, it reads
E2 = 2η0I, where η0 = 377Ω.
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Chapter 3 Optimization of the Laser System

3.1.1.5 Beam Size Measurement

GLAD computes the geometric size of the beam intensity distribution. The
mean radius is computed as

r̄ =

RR |a (x, y)|2 rdxdyRR |a (x, y)|2 dxdy , (3.9)

where |a (x, y)|2 is the irradiance and r =
q
(x− x̄)2 + (y − ȳ)2 with (x̄, ȳ)

fixing the position of the centroid.

For separate x- and y-radii, GLAD computes

x̄ =

RR |a (x, y)|2 (x− x̄)2 dxdyRR |a (x, y)|2 dxdy (3.10)

and ȳ =

RR |a (x, y)|2 (y − ȳ)2 dxdyRR |a (x, y)|2 dxdy . (3.11)

For a Gaussian beam, the relationship between the beam waist radius w0
and average radius |x̄| is

|x̄| = w0p
π
8

. (3.12)

3.1.1.6 Beam Quality Measurement

If the beam size is to be determined, an appropriate definition of beam size
must be established. Siegman [SIE86] has introduced a measure called M2.
This is essentially the same as measuring the second spatial moment irradi-
ance. The standard deviation in the spatial domain σx and the comparable
standard deviation in the frequency domain σsx for x-component are

σ2x =

RR
I (x, y) (x− x̄)2 dxdyRR

I (x, y) dxdy
(3.13)

and σ2sx =

RR
I (sx, sy) (sx − s̄x)

2 dsxdsyRR
I (sx, sy) dsxdsy

, (3.14)

where x̄ is the centroid. The value M2 can be found from

M2 = 4πσxσsx. (3.15)
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For a perfect Gaussian beam we have M2 = 1 with σx =
w
2 and σsx =

1
2πw ,

where w is the beam radius found in Eq. (3.2). For imperfect beamsM2 > 1.

3.1.1.7 Beam Propagation

A plane wave of amplitude a(�k) is propagated according to the equation

a(�k, z) = a(�k, 0) exp
³
i�k · �z

´
, (3.16)

which is the time-independent form of Eq. (3.7). �k = x̂kx + ŷky + ẑkz is a

wavenumber vector having a magnitude k = |�k| =
q
k2x + k2y + k2z . Evaluat-

ing the phase along the z-axis, we have

exp
³
i�k · �z

´
= exp (ikzz)

= exp
h
iz
p
k2 (1− cos2 α− cos2 β)

i
' exp (ikz) · exp

·
−ikz
2

¡
cos2 α+ cos2 β

¢¸
, (3.17)

where α and β are the angles between the vector �k and x- and y-axes, respec-
tively. The spatial frequency variables ξ and η are introduced to associate
with the direction cosines cosα and cosβ via

cosα = ξλ and cosβ = ηλ (3.18)

and the transfer function for a plane wave described in terms of spatial
frequency variables is

exp (ikzz) ≈ exp
¡−iπλzρ2¢ ≡ T (z), (3.19)

where ρ2 = ξ2 + η2. Any well-behaved function may be written as a sum-
mation of spatial frequency components

a(x, y) =

ZZ
a (ξ, η) exp [i2π (xξ + yη)] dξdη (3.20)

and from Eq. (3.19)

a (ξ, η; z) = a (ξ, η; 0) exp
¡−iπλzρ2¢ . (3.21)

Propagation in homogeneous media can be written in the operator no-
tation

a(x, y, z) = FF−1[T (z)FF [a(x, y, 0)]], (3.22)
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Chapter 3 Optimization of the Laser System

where FF and FF−1 are the forward and inverse Fourier transforms, respec-
tively, defined by

FF [ ] =

ZZ
[ ] exp [−i2π (xξ + yη)] dxdy (3.23)

and FF−1[ ] =
ZZ

[ ] exp [i2π (xξ + yη)] dξdη. (3.24)

Propagation may be written as a convolution by taking the Fourier transform
of Eq. (3.21)

a(x2, y2, z2) =

ZZ
a(x1, y1, z1)t(x1 − x2, y1 − y2, z1 − z2)dx1dy1, (3.25)

where

t(x, y, z) =
1

iλz
exp

µ
i
kr2

2z

¶
. (3.26)

The quantity t(x, y, z) is the impulse response function. Phase factors which
are constant over the field have been dropped. The quadratic phase factor
of Eq. (3.25) can be factored to give Eq. (3.27).

a(x2, y2, z2) =
1

iλ∆z
q (r2,∆z)

·
ZZ

{a(x1, y1, z1)q (r1,∆z)

· exp
·
−i 2π

λ∆z
(x1x2 + y1y2)

¸¾
dx1dy1, (3.27)

where q(r, z) = exp
³
ikr

2

2z

´
.

The expression q(r, z) is a quadratic phase factor and simplifies many of
the diffraction equations. In operator notation

a(x2, y2, z2) =
1

iλ∆z
q (r2,∆z)FF s [a(x1, y1, z1)q (r1,∆z)] , (3.28)

where s = ∆z
|∆z| is the sign operator. Eqs. (3.22) and (3.28) are the near-

field and far-field propagation expressions. In the continuous mathematical
formulation, there is no difference between the two expressions. In discrete
formulation for numerical calculations, errors are reduced if the correct selec-
tion of a near- or far-field propagator is made. This arises from the quadratic
phase factors that must be evaluated. In the near-field, the phase factor is
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found from Eq. (3.19), and in the far-field, the phase factor is found from
Eq. (3.26).

The comb function is an infinite array of delta functions spaced apart by
∆x and ∆y, defined as

comb

µ
x

∆x
,
y

∆y

¶
= |∆x| |∆y|

X
k

X
l

δ (x− k∆x, y − l∆y) , (3.29)

where k and l are integers. Consider a two-dimensional function repre-
sented in a rectangular computer array of M × N points. The function,
comb(x∆ξ, y∆η) , causes the spatial domain to be periodic with minimum
periods of M∆x and N∆y in the x- and y-directions. There is, in effect, an
infinite rectangular array of functions separated byM∆x and N∆y. There-
fore, the frequency domain sampling periods are

∆ξ =
1

M∆x
and ∆η =

1

N∆y
. (3.30)

The Fourier transform operator can be written in discrete form

FF [ ] =
X
k

X
l

[ ] · exp
·
−i2πs

µ
km

M
+

ln

N

¶¸
. (3.31)

Evaluation of the far-field expression, Eq. (3.28) in discrete terms, causes
a redefinition of the sampling period

a (m∆ξ, n∆η) = FF [a (k∆x, k∆y)] , (3.32)

where

∆ξ =
1

M∆x1
and ∆η =

1

N∆y1
. (3.33)

The coordinates (x2, y2) are related to (∆ξ,∆η) by

∆ξ =
∆x2
λ |∆z| and ∆η =

∆y2
λ |∆z| (3.34)

based on Eq. (3.28). The discrete far -field calculation is therefore

a(k∆x2, l∆y2, z2) =
1

iλ∆z
q (r2,∆z)

·FF s [a(k∆x1, l∆y1, z1)q (r1,∆z)] , (3.35)
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where

∆x2 =
λ |∆z|
M∆x1

and ∆y2 =
λ |∆z|
M∆y1

(3.36)

with r2 = (k∆x)2 + (l∆y)2 . (3.37)

Note the scale change of the new sampling periods, ∆x2 and ∆y2. The
discrete near-field propagation equation is

a(k∆x, l∆y, z2) = FF−1[T (∆z)FF [a(k∆x, l∆y, z1)]]. (3.38)

3.1.2 Beam Distortion inside the Oscillator

In this section the effect of gain shape of the laser oscillator is investigated.
Suppose that the profile of small signal gain is given by

g0 (r) = g0 exp

"
−
µ
r2

r2T

¶N
#
, (3.39)

where r is the radial axis, rT = 6.8mm is the radius of the discharge tube
of the oscillator. The case N = 3 is the best fit to the experimental data by
Frowein [FRO89]. The laser oscillator consists of a flat output coupler and a
rear mirror with a radius of curvature of 20m. The cavity length is 10m, and
the radii of front and rear apertures are 6.0 and 6.5mm, respectively. The
calculation was performed with this geometrical information including beam
reflections from the inner surface of the discharge tube and the result is listed
in Table 3.1. It is noted that the beam radius of the loaded cavity is smaller
than that of the bare cavity due to the radial distribution of the laser gain
medium. With the flatter (larger N) gain shape the beam radius and the
output power are larger, but the beam mode quality (M2) becomes worse.
Gaussian beam without any geometrical aperture is listed for comparison,
which corresponds to the value that can be derived from conventional cavity
equations. From the resonator g-factor defined by

g1 = 1− LC

R1
and g2 = 1− LC

R2
, (3.40)

the beam radius at the output coupler is found

w1 =

µ
λLLC

π

¶1/2 ·
g2

g1(1− g1g2)

¸1/4
= 5.809mm, (3.41)
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N Power (relative to N = 3) Beam radius (mm) M2

1 0.631 4.845 1.878

2 0.897 4.892 1.944

3 1.000 4.930 1.987

4 1.050 4.956 2.013

5 1.079 4.973 2.030

6 1.096 4.986 2.041

7 1.107 4.995 2.049

8 1.116 5.002 2.055

9 1.121 5.007 2.059

no medium 5.083 1.935

no medium, no aperture, and no tube 5.809 1.000

Table 3.1. The effect of gain shape on laser output power and mode

where λL = 10.6µm is the wavelength of the CO2 laser, LC = 10m is the
cavity length, R1 = ∞ and R2 = 20m are the radii of curvature of the
output coupler and rear mirror, respectively.

3.1.3 Beam Expander

In this section the beam expander is investigated by calculating the waist
size and position of the expanded beam, where the conventional calculation
is compared with the result of the code. The schematic diagram is shown
in Figure 3.1. The q-parameter (complex radius of curvature of the wave-
front) is commonly introduced for calculation of Gaussian beam propagation
[KOG66]. The q-parameter of the incident beam can be written as follows

1

q1
≡ 1

R1
− iλ

πw21
. (3.42)

Since the radius of curvature of the wavefront is infinite at beam waist, the
q-parameter at z1 = a has the form

1

q1 (z1 = a)
= − iλ

πw201
=

1

izR1
, (3.43)

where zR1 is the Rayleigh length. Similarly, the q-parameter at the beam
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S
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f1=100mm

z

Expanded laser
beam

w01 b

w02

a
z1

z2

c

w03

z3

Figure 3.1. A beam expander (1 : 2) consisting of two off-axis parabolic mirrors, whose
focal lengths are 100mm and 200mm, respectively. S is the spacing between the mirrors,
and z1, z2, and z3 are three independent coordinates divided by two mirrors. w01 is the
beam waist radius at the output coupler of laser oscillator, w02 is the focus radius lying
at b measured from the first mirror, and w03 the waist radius of the collimated beam
located at the point c from the second mirror.

waist locating between the mirrors is

1

q2 (z2 = b)
= − iλ

πw202
=

1

izR2
, (3.44)

where zR2 is the Rayleigh length of the image. Since the q-parameter of a
Gaussian beam is transformed according to an equation of the form

1

q2
=
1

q2
=

C + D
q1

A+ B
q1

. (3.45)

Using the ABCD operator for the image through the lens with a focal length
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Figure 3.2. Beam waist position measured from the second mirror vs. mirror spacing
of beam expander (no diffraction loss taken into account). Dashed line is calculated by
analytical solution described in Eq. (3.53) and the solid curve is the result obtained by
the code GLAD.
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Figure 3.3. Radius of beam waist vs. mirror spacing of beam expander (no diffraction
loss taken into account). Dashed line is calculated by analytical solution described in
Eq. (3.55) and the solid curve is the result obtained by the code GLAD.
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of f1 ·
A B
C D

¸
=

·
1 z2
0 1

¸ ·
1 0
− 1

f1
1

¸ ·
1 z2
0 1

¸
=

"
1− z2

f1
z1 + z2 − z1z2

f1

− 1
f1

1− z1
f1

#
(3.46)

we have
1

izR2
=

(f1 − a)− izR1
(f1a+ f1z2 − az2) + izR1 (f1 − z2)

. (3.47)

Eq. (3.47) can be solved dividing into real and imaginary parts. The equality
of the real part

Re

·
1

q2 (z2 = b)

¸
= 0 (3.48)

gives the formula for b

b = f1

³
zR1
f1

´2
− a

f1

³
1− a

f1

´
³
zR1
f1

´2
+
³
1− a

f1

´2 , (3.49)

where zR1 =
πw201
λ . The equality for the imaginary part

Im

·
1

q2 (z2 = b)

¸
=
−1
zR2

(3.50)

yields

zR2 = zR1


³
a+ b− ab

f1

´2
z2R1

+

µ
1− b

f1

¶2 . (3.51)

From the definition of Rayleigh length, Eq. (3.51) can be expressed for w02
as follows

w02 = w01

s·³
a
f1

´3 ³
f1
zR1
− f21

zR1λ

´
+ zR1

f1

¸2
+
³
1− a

f1

´2
³
zR1
f1

´2
+
³
1− a

f1

´2 . (3.52)

In the same manner as in Eq. (3.49), the beam waist position of the colli-
mated beam is obtained

c = f2
z2R2 − (S − b) (f2 − S + b)

z2R2 + (f2 − S + b)
. (3.53)
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Analogously to Eq. (3.51), the expression for zR3 is obtained

zR3 = zR2


h
S − b+ c− (S−b)c

f2

i2
z2R2

+

µ
1− c

f2

¶2 , (3.54)

then the beam waist size of the collimated beam is obtained as below

w03 = w02

s·³
S−b
f2

´3 ³
f2
zR2
− f22

zR2λ

´
+ zR2

f2

¸2
+
³
1− c

f2

´2
³
zR2
f2

´2
+
³
1− c

f2

´2 . (3.55)

The solutions for the collimated beam waist position and size, Eqs. (3.53) and
(3.55) are plotted with respect to the mirror spacing of beam expander as
shown in Figures 3.2 and 3.3, respectively. The used data are f1 = 100mm,
f2 = 200mm, w01 = 5.8mm, a = 9.2m, and zR1 = 10m. It is noted
that the waist position of the code-calculated beam is shifted to the right
hand relative to that of Gaussian beam (see Figure 3.2) and the waist size
calculated by the code is larger than that of a Gaussian beam as shown in
Figure 3.3, which is due to the enhanced divergence of the calculated beam.

3.1.4 Entire Beam Delivery System

The optimization of the entire beam delivery system is performed in this
section, whose dimension used in the calculation is illustrated in Figure 3.4.
The goal of this optimization is:

• To maximize the mode volume inside the MIDAS,
• To minimize the focal spot size in the POD chamber, and
• To minimize energy loss in the course of beam delivery from the laser
oscillator to the POD chamber.

The restriction for the optimization is that beam radius at entrance of
MIDAS, at the exit of MIDAS, and at the entrance of the focusing head in
the POD chamber should be equal or less than 16mm. The calculation result
of single pass beam propagation with respect to mirror spacing of the beam
expander is shown in Figure 3.5, where the optimum range of the mirror
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Figure 3.4. Layout of beam delivery system consisting of laser oscillator, extracavity beam
expander (1:2 off-axis parabolic mirror system), MIDAS, and POD chamber.
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Figure 3.5. Beam radius as a function of mirror spacing of beam expander. Solid line
means the beam radius at the entrance of MIDAS (position A), dashed line is the beam
radius at the exit of MIDAS (position B), and dotted line the beam radius at the focusing
head (position C).
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Figure 3.6. Beam radius as a function of distance from output coupler of laser oscillator
for three different mirror spacings of beam expander. · · · · · : S = 300mm, –– :
S = 301mm, and − − − : S = 302mm. Position (O) is that of output coupler of laser
oscillator, position (E) bema expander, position (A) the entrance of MIDAS, position (B)
the exit of MIDAS, and position (C) the entrance of POD chamber.

29



Chapter 3 Optimization of the Laser System

300 301 302 303 304
10

15

20

25

30
300 301 302 303 304

4

6

8

10

12
Fo

cu
s 

ra
di

us
 [µ

m
]

Mirror spacing of beam expander [mm]

Figure 3.7. Variation of focal spot size as a function of mirror spacing of the beam ex-
pander. Minimum attainable focus radius is 15µm.
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Section 3.2 Optimization of Laser Pulse Amplification

spacing reaches from 301.3 to 303.3mm, but 301.3mm is preferred because
this spacing allows the beam to have larger mode volume inside the MIDAS
(see Figures 3.5 and 3.6) and smaller focal spot size inside POD chamber as
shown in Figure 3.7.

3.2 Optimization of Laser Pulse Amplification

The laser pulse train coupled out of the Q-switched CO2 laser oscillator is
amplified in MIDAS. The active medium is excited by cw microwaves. The
laser pulse width is 80 ns and the pulse repetition rate of the laser beam is
6 kHz (one period, T = 166.67µs). If the microwave input power is pulsed
with the same repetition rate as that of the laser pulse, the duty of the pulse
(pulse width per one period) and the temporal position of the incident laser
pulse become important. In this section, the temporal behavior of the gain
of the microwave-excited CO2 laser is investigated, and the increase of the
pulse power is also studied.

3.2.1 Kinetics for Vibrational States

The population density ni in the vibrational energy state vi of the vibrational
mode νi is described by the Boltzmann formula as

ni (vi)

gi
=

ni
Zi (Ti)

exp

µ
− vi · �i
kB · Ti

¶
, (3.56)

where gi is the statistical weight for each vibrational mode, ni =
P

vi
ni (vi)

is the total density of the harmonic oscillator with a vibrational frequency
of νi, vi is the vibrational quantum number of the vibrational mode νi with
vi = 0, 1, 2, · · · , �i = h · νi is the energy of vibrational mode νi, Ti is the
mode temperature, and Z (Ti) the vibrational partition function defined as

Zi (Ti) ≡
∞X

vi=0

gi · exp
µ
− vi · �i
kB · Ti

¶
. (3.57)
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Similarly for ni (vi + 1) we get

ni (vi + 1)

gi
=

ni
Zi (Ti)

exp

·
−(vi + 1) · �i

kB · Ti

¸
. (3.58)

Define the vi-independent value, xi that is called Boltzmann factor

xi ≡ ni (vi + 1)

ni (vi)
= exp

µ
− �i
kB · Ti

¶
(3.59)

to obtain the recurrence relation of ni (vi)

ni (vi) = (xi)
1 · ni (vi − 1)

= (xi)
2 · ni (vi − 2)

...

= (xi)
vi · ni (0) , (3.60)

where ni (0) is the particle density of vibrational ground state of the vibra-
tional mode νi. The vibrational partition function can then be expressed
using the Boltzmann factor

Zi (Ti) =

·
1− exp

µ
− �i
kB · Ti

¶¸−1
= (1− xi)

−1 . (3.61)

Total density ni can be rewritten as

ni =
∞X

vi=0

ni (vi)

=
∞X

vi=0

ni (0) · (xi)vi

=
ni (0)

1− xi
, (3.62)

and the total energy density in the vibrational mode νi is obtained by sum-
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ming up the energy densities of the vibrational states vi over vi

Ei =
∞X

vi=0

ni (vi) · vi · �i

=
∞X

vi=0

ni (0) · (xi)vi · vi · �i

= ni (0) · �i · xi

(1− xi)
2

= ni · �i · xi
1− xi

. (3.63)

The vibrational quantum density qi per vibrational mode νi is defined by

qi ≡ Ei
ni · �i =

xi
1− xi

(3.64)

and the Boltzmann factor is now rewritten as

xi =
qi

1 + qi
. (3.65)

3.2.2 Set of Rate Equations

The numerical treatment in this section is based on [VIÖ94], where the five
rate equations are set with respect to five different quantum densities per
vibrational mode (refer to Eq. (3.64)) for CO2, N2, and CO molecules. Since
CO2 vibrational bending mode is doubly degenerated, the five equations
include six actually different modes. Hence this numerical model is called six-
temperature model and the corresponding rate equations are set as follows

q̇1 = q̇1-e − q̇1-0 − q̇1-2 + q̇3-1,2 +
nN2
nCO2

q̇4-1,2 +
nCO
nCO2

q̇4-1,2 + q̇R (3.66)

q̇2 = q̇2-e− q̇2-0+2q̇1-2+q̇3-1,2+
nN2
nCO2

q̇4-1,2+
nCO
nCO2

q̇4-1,2+3q̇3-2 (3.67)

q̇3 = q̇3-e − q̇3-0 − q̇3-1,2 − q̇3-2 +
nN2
nCO2

q̇4-3 +
nCO
nCO2

q̇5-3 − q̇R (3.68)

q̇4 = q̇4-e − q̇4-0 − q̇4-1,2 − q̇4-3 +
nCO
nN2

q̇5-4 (3.69)

q̇5 = q̇5-e − q̇5-0 − q̇5-1,2 − q̇5-3 − q̇5-4, (3.70)
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where the subscripts on the quantum density designate the vibrational modes,
i.e. 1 corresponds to the symmetric stretch mode, 2 to the bending mode, 3
to the asymmetric stretch mode of CO2 laser, 4 to the vibrational mode for
N2, and 5 for CO molecule. The rest terms are summarized as follows

qi : Quantum density per vibrational mode νi (i = 1, 2, 3, 4, and 5)
nA : Particle density of molecule A (A = CO2, N2, He, CO, and O2)
q̇i : Time rate of change of qi
q̇i-e : Time rate of change of qi through collision with electrons
q̇i-0 : Time rate of change of qi through V-T collision
q̇i-j : Time rate of change through V-V collision between vibrational

modes νi and νj (i = 1, 2, 3, 4, and 5, and j = (1, 2), 3, 4, and 5)
q̇R : Time rate of change due to the radiation by stimulated emission.

3.2.2.1 Collisions with Electrons

The collision processes with electrons of each mode are written as

CO2 (v1, v2, v3) + e ­ CO2 (v1 + 1, v2, v3) + e (3.71)

CO2 (v1, v2, v3) + e ­ CO2 (v1, v2 + 1, v3) + e (3.72)

CO2 (v1, v2, v3) + e ­ CO2 (v1, v2, v3 + 1) + e (3.73)

N2 (v4) + e ­ N2 (v4 + 1) + e (3.74)

CO (v5) + e ­ CO (v5 + 1) + e, (3.75)

and the corresponding time rates of change of each quantum density are
attributed to transitions between the vibrational ground state and the first
excited state via

q̇1-e = ne ·
h
(1 + q1) ·Ke-CO2

000;100 − q1 ·Ke-CO2
100;000

i
(3.76)

q̇2-e = ne ·
h
(1 + q2) ·Ke-CO2

000;010 − q2 ·Ke-CO2
010;000

i
(3.77)

q̇3-e = ne ·
h
(1 + q3) ·Ke-CO2

000;001 − q3 ·Ke-CO2
001;000

i
(3.78)

q̇4-e = ne ·
h
(1 + q4) ·Ke-N2

0;1 − q4 ·Ke-N2
1;0

i
(3.79)

q̇5-e = ne ·
£
(1 + q5) ·Ke-CO

0;1 − q5 ·Ke-CO
1;0

¤
, (3.80)

where ne is the electron density and the rate coefficients Ke−A
i;f are the rates

at which the atoms A with the initial energy level i are excited or de-excited
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to the final state f by interaction with electrons. They are listed in [SCH85].

3.2.2.2 Vibrational-Translational Collisions

The reactions of vibrational-translational (V-T) collisions are written by

CO2 (v1, v2, v3) +A ­ CO2 (v1 − 1, v2, v3) +A (3.81)

CO2 (v1, v2, v3) +A ­ CO2 (v1, v2 − 1, v3) +A (3.82)

CO2 (v1, v2, v3) +A ­ CO2 (v1, v2, v3 − 1) +A (3.83)

N2 (v4) +A ­ N2 (v4 − 1) +A (3.84)

CO (v5) +A ­ CO (v5 − 1) +A, (3.85)

and the corresponding time rates of change of each quantum density are
derived as

q̇1-0 =

ÃX
A

nAK
CO2-A
100;000

!
·
·
q1 − (1 + q1) exp

µ
− �1
kBT

¶¸
(3.86)

q̇2-0 =

ÃX
A

nAK
CO2-A
010;000

!
·
·
q2 − (1 + q2) exp

µ
− �2
kBT

¶¸
(3.87)

q̇3-0 =

ÃX
A

nAK
CO2-A
001;000

!
·
·
q3 − (1 + q3) exp

µ
− �3
kBT

¶¸
(3.88)

q̇4-0 =

ÃX
A

nAK
N2-A
1;0

!
·
·
q4 − (1 + q4) exp

µ
− �4
kBT

¶¸
(3.89)

q̇5-0 =

ÃX
A

nAK
CO-A
1;0

!
·
·
q5 − (1 + q5) exp

µ
− �5
kBT

¶¸
, (3.90)

where �i = hνi (i = 1, 2, 3, 4, and 5) and A =CO2, N2, He, CO, and O2. The
25 rate coefficients of V-T collision are listed in Table 3.2.
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3.2.2.3 Vibrational-Vibrational Collision

The reactions for V-V collisions are written by

CO2 (v1, v2, v3) +N2 (v4) ­ CO2 (v1, v2, v3 + 1) +N2 (v4 − 1) (3.91)
CO2 (v1, v2, v3) +N2 (v4) ­ CO2(v1+1,v2+1,v3)+N2(v4−1) (3.92)
CO2 (v1, v2, v3) + CO (v5) ­ CO2(v1,v2,v3+1)+CO(v5−1) (3.93)

CO2 (v1, v2, v3) + CO (v5) ­ CO2(v1+1,v2+1,v3)+CO(v5−1)(3.94)
CO (v5) +N2 (v4) ­ CO (v5 + 1) +N2 (v4 − 1) (3.95)

CO2 (v1, v2, v3) +A ­ CO2 (v1 − 1, v2 + 2, v3) +A (3.96)

CO2 (v1, v2, v3) +A ­ CO2 (v1, v2 + 3, v3 − 1) +A (3.97)

CO2 (v1, v2, v3) +A ­ CO2 (v1 + 1, v2 + 2, v3 − 1) +A (3.98)

and the corresponding time rates of change of each quantum density are
given by

q̇4-3 = nCO2 ·KCO2-N2
000,1;001,0

·
·
(1 + q3) q4 − q3 (1 + q4) · exp

µ
�3 − �4
kBT

¶¸
(3.99)

q̇4-1,2 = nCO2 ·KCO2-N2
000,1;110,0

·
·
(1+q1)(1+q2)q4−q1q2(1+q4)·exp

µ
�1+�2−�4

kBT

¶̧
(3.100)

q̇5-3 = nCO2 ·KCO2-CO
000,1;001,0

·
·
(1 + q3) q5 − q3 (1 + q5) · exp

µ
�3 − �5
kBT

¶¸
(3.101)

q̇5-1,2 = nCO2 ·KCO2-CO
000,1;110,0

·
·
(1+q1)(1+q2)q5−q1q2(1+q5)·exp

µ
�1+�2 −�5

kBT

¶̧
(3.102)

q̇5-4 = nN2 ·KCO-N2
0,1;1,0

·
·
(1 + q4) q5 − q4 (1 + q5) · exp

µ
�4 − �5
kBT

¶¸
(3.103)
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q̇1-2 = 2 ·
X
A

nA ·KCO2-A
100;020

·
·
q1 (1 + q2)

2 − (1 + q1) q
2
2 · exp

µ
2�2 − �1
kBT

¶¸
(3.104)

q̇3-2 = 6 ·
X
A

nA ·KCO2-A
001;030

·
·
(1 + q2)

3 q3 − q32 (1 + q3) · exp
µ
3�2 − �3
kBT

¶¸
(3.105)

q̇3-1,2 =
X
A

nA ·KCO2-A
001;110

·
·
(1+q1)(1+q2)q3−q1q2(1+q3)·exp

µ
�1+�2−�3

kBT

¶̧
. (3.106)

The 20 corresponding rate coefficients for V-V collision are listed in Ta-
ble 3.3. On the other hand the coupled microwave power density is written
by

℘ = j ·E
= ne · e · vd · E
= ne · e · vd(E/n) · E

n
· p

kB · T , (3.107)

where j is the current density, E = E0/
√
2 is the effective electric field, vd

is the drift velocity of the electron, ne is the electron density, n is the total
particle density, p is the gas pressure, T is the gas temperature, and E/n
the reduced electric field. The time derivative of the electron density is given
by

dne
dt
= KCO2

i nCO2ne +KN2
i nN2ne −KCO2

a nCO2ne −KCO2
r n2e, (3.108)

where rate coefficients, KCO2
i and KN2

i are for the ionization due to CO2
and N2, respectively, KCO2

a is for the attachment due to CO2, and KCO2
r for

the recombination due to the CO2 molecule (The values for K are listed in
[SCH85]).

Now the master differential equations Eq. (3.66) to Eq. (3.70) can be
solved by obtaining the microwave power density ℘ from the measurement.
The values for vd and Te are obtained by solving the Boltzmann equation
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for the electrons. They are functions of E/n and the rate coefficients K
are functions of Te. If the initial conditions ℘ (t = 0) and E/n (t = 0) are
determined, vd (E/n (t = 0)), Te (E/n (t = 0)), and ne (t = 0) are obtained.
If Te is known, the values for K are determined. Then ne (t) and E/n (t) at
any instant are determined.

3.2.3 Transient Small Signal Gain Coefficient

By knowing the quantum densities qi, the mode temperatures Ti and small
signal gain coefficient g0 is obtained. First we get the expression for the mode
temperature using the vibrational Boltzmann factor defined in Eq. (3.59),
combining with the relation of Eq. (3.65). That reads

Ti = − �i

kB ln
h

qi(t)
1+qi(t)

i, (3.109)

where the subscripts i = 1, 2, 3, 4, and 5 represent the vibrational modes.
The net gain coefficient for the vibrational transition of

¡
0001

¢
to
¡
1000

¢
of

the CO2 laser is obtained by

g0 (ν) = n3 · σSE31 (ν)− n1 · σAB13 (ν)
= A31 · λ

2
31

8π
· P (ν) ·∆n, (3.110)

where n1 and n3 are the population densities of the upper level
¡
0001

¢
and the

lower level
¡
1000

¢
, respectively. A31 = 0.19 s−1 is the transition probability

of
¡
0001

¢ → ¡
1000

¢
. σSE31 (ν) is the stimulated emission cross section and

σAB13 (ν) the absorption cross sections that will be introduced in Chapter 6.
P (ν) is the spectral line shape of the transition. The population difference
between the upper and lower levels ∆n includes the effect of degeneracy,
which reads

∆n = n3 − g3
g1
n1, (3.111)

where g3 = 2J3 + 1 and g1 = 2J1 + 1 are the statistical weights for the
upper and lower level, respectively, which are given g3 = 2J0 − 1 and g1 =
2J0+1 according to the selection rule of Eq. (2.9) with J0 = 20 for 10P(20)
transition (refer to Figure 2.3). The line shape is assumed as Voigt profile
that is a convolution of Gaussian and Lorentzian, which is introduced in
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Eq. (8.3) and its numerical form reads after [VIÖ94]

PV (ν) = 1.234× 107Hz−1 · (T/ [ K])0.58 (p∗/ [ Pa])−1

2 +
h
1.286 + 0.176 · (T/[ K])2.054

(p∗/[ Pa])1.902

i0.526 , (3.112)
where

p∗ = p ·
X

ψibi. (3.113)
The subscript i denotes CO2, N2, and He, ψi are their fractions, and bi are
as follows

bCO2 = 0.115− 9.2× 10−4 · |m| ,
bN2

= 0.080− 4.3× 10−4 · |m| ,
and bHe = 0.060− 2.8× 10−5 · |m| , (3.114)

where m = −J for P-branch and m = J + 1 for R-branch. The resultant
curves for Eqs. (3.109) and (3.110) are plotted in Figures 3.9 and 3.10, with
which the operating pressure and laser pulse power are investigated in the
following sections. It is noted that the mode temperatures of the bending-
and symmetric stretching modes are converging to the gas temperature of
400K. The mode temperature of asymmetric stretching mode of CO2 mole-
cule reaches around 1500K and the mode temperatures of N2 and CO range
over 1700K.

The transient small signal gain shows the maximum at the end of the
microwave input power pulse, which is closely related to the enhancement
of laser pulse power by the pulsed operation of the microwave input power
described in the following section. The gas pressure dependence on the
maximum achievable small signal gain was also calculated, through which
the increase of the pulse power was possible.

3.2.4 Optimization of Operating Gas Pressure

The calculation result about the maximum achievable small signal gain with
respect to the operating gas pressure shows a maximum at the pressure of
about 30hPa as shown in Figure 3.11. The attempt to drop the gas pressure
from 60hPa down to 30hPa was performed on the basis of the calculation
result. There occurred, however, the instability of the microwave discharge
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below the pressure of 51hPa, which is due to the problem of coupling with
the microwave. The measured average pulse power as a function of the gas
pressure is also illustrated in Figure 3.11, where it is shown that the average
pulse power increases with the decreasing pressure.

The laser beam amplification is described by the following differential
equation

∂I (z)

∂z
=

g0I (z)

1 + I(z)
Is

, (3.115)

where g0 is a small signal gain coefficient, I (z) intensity of the laser beam
at the location z, and Is is a saturation intensity defined by

Is =
hνL
2σ20τR

. (3.116)

σ20 is the cross section of the stimulated emission of the 10P(20) transition.
The rotational relaxation time, τR is written after [VIÖ94] as

τR =
h
p·
³
ψCO2·KCO2−CO2

R + ψN2
·KCO2−N2

R + ψHe·KCO2−He
R

´i−1
, (3.117)

where p is the total gas pressure and the fractions are ψCO2 = 0.045,
ψN2

= 0.135, and ψHe = 0.82. The rotational relaxation rate constants
are given after [JAC74] as, KCO2−CO2

R = 9.8 × 104 s−1Pa−1, KCO2−N2

R =
9.0 × 104 s−1Pa−1, KCO2−He

R = 4.5 × 104 s−1Pa−1, respectively. The laser
beam intensity amplified through the active medium with a length of LM ,
I (LM) is calculated by solving Eq. (3.115) numerically. g0 is varied until
I (LM) equals to the measured laser beam intensity. The converted g0 val-
ues are represented in Figure 3.11 to be compared with the calculated curve.

3.2.5 Pulsed Operation of Microwave Excitation

The laser pulse train consists of laser pulses with a width of 80 ns and be-
ing apart from each other by a period of 166.7µs. If the microwave pumping
power is pulsed the higher gain can be obtained by decreasing the pulse duty,
assuming that the microwave input energy is constant. If, however, the mi-
crowave power is pulsed at the same rate as the laser pulse repeats, each
incident laser pulse can meet the point of time where the temporal gain is
maximum. In this section the synchronization of the pulsed operation of the
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microwave input power to the incident laser pulse has been studied. Numer-
ical calculations offered the optimal delay time when the laser pulse should
position, and the experimental results also show a good coincidence with it.
The current limit due to the capacity of the power supply, allowed us only
to get the relative laser pulse power with respect to the input microwave en-
ergy. As shown in Figure 3.12, five different pulse duties - 1/5, 2/5, 3/5, 4/5,
and 5/5 - have been observed, and each case shows a maximum pulse power
at the end of microwave pulse duration as expected through the numerical
calculation of the CO2 laser kinetics.
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Figure 3.9. Temporal behavior of mode temperature during one period of pulse repetition
166.7µs. –– : T1, −−− : T2, · · · · · : T3, − ·− : T4, and − · ·− : T5. It is shown that T1
and T2 converge to the gas temperature of 400K.
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Figure 3.11. Calculated small signal gain coefficient and derived small signal gain co-
efficient by measuring laser pulse power as a function of total gas pressure for mi-
crowave-excited CO2 laser.
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Eq. Rate coefficients Ref.

(3.86) KCO2-A
100;000

1
4.5 ·KCO2-A

010;000 for A = CO2, N2, He, CO, and O2 [SMI78]
KCO2-CO2
010;000 1.363× 10−28m3 s−1 · (T/ [ K])

· exp
h
23.78− 131.96 · (T/ [ K])−1/3 + 360.82 · (T/ [ K])−2/3

i
KCO2-N2
010;000 1.363× 10−28m3 s−1 · (T/ [ K])

· exp
h
25.37− 158.37 · (T/ [ K])−1/3 + 434.04 · (T/ [ K])−2/3

i
(3.87) KCO2-He

010;000 1.363× 10−28m3 s−1 · (T/ [ K]) [ACH86]
· exp

h
20.06− 33.96 · (T/ [ K])−1/3

i
KCO2-CO
010;000 1.363× 10−28m3 s−1 · (T/ [ K])

· exp
h
22.93− 118.93 · (T/ [ K])−1/3 + 280.45 · (T/ [ K])−2/3

i
KCO2-O2
010;000 1.363× 10−28m3 s−1 · (T/ [ K])

· exp
h
24.49− 125.49 · (T/ [ K])−1/3 + 268.94 · (T/ [ K])−2/3

i
(3.88) KCO2-A

001;000 KN2-A
1;0 for A = CO2, N2, He, CO, and O2 [SMI78]

KN2-CO2
1;0 1.363× 10−28m3 s−1 · (T/ [ K])

· exp
h
25.50− 328.90 · (T/ [ K])−1/3 + 993.34 · (T/ [ K])−2/3

i
KN2-N2
1;0 1.363× 10−28m3 s−1 · (T/ [ K])

· exp
h
27.45− 328.90 · (T/ [ K])−1/3 + 993.34 · (T/ [ K])−2/3

i
(3.89) KN2-He

1;0 1.363× 10−28m3 s−1 · (T/ [ K]) [ACH86]
· exp

h
25.53− 196.09 · (T/ [ K])−1/3 + 393.97 · (T/ [ K])−2/3

i
KN2-CO
1;0 1.363× 10−28m3 s−1 · (T/ [ K])

· exp
h
27.45− 328.90 · (T/ [ K])−1/3 + 993.34 · (T/ [ K])−2/3

i
KN2-O2
1;0 1.363× 10−28m3 s−1 · (T/ [ K])

· exp
h
27.45− 328.90 · (T/ [ K])−1/3 + 993.34 · (T/ [ K])−2/3

i
KCO-CO2
1;0 1.363× 10−28m3 s−1 · (T/ [ K])

· exp
h
29.52− 359.00 · (T/ [ K])−1/3 + 1037.31 · (T/ [ K])−2/3

i
KCO-N2
1;0 1.363× 10−28m3 s−1 · (T/ [ K])

· exp
h
31.46− 359.00 · (T/ [ K])−1/3 + 1037.31 · (T/ [ K])−2/3

i
(3.90) KCO-He

1;0 1.363× 10−28m3 s−1 · (T/ [ K]) [ACH86]
· exp

h
22.95− 150.47 · (T/ [ K])−1/3 + 261.57 · (T/ [ K])−2/3

i
KCO-CO
1;0 1.363× 10−28m3 s−1 · (T/ [ K])

· exp
h
31.46− 359.00 · (T/ [ K])−1/3 + 1037.31 · (T/ [ K])−2/3

i
KCO-O2
1;0 1.363× 10−28m3 s−1 · (T/ [ K])

· exp
h
31.46− 359.00 · (T/ [ K])−1/3 + 1037.31 · (T/ [ K])−2/3

i
Table 3.2. The rate coefficients for V-V collision.
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Eq. Rate coefficients Ref.

KCO2-N2
000,1;001,0 1.363× 10−28m3 s−1 · exp

³
�4−�3

kB·(T/[ K])
´
· (T/ [ K])

(3.91) · exp
h
33.63− 534.20 · (T/ [ K])−1/3 + 4709.71

· (T/ [ K])−2/3 − 12827.70 · (T/ [ K])−1
i

(3.92) KCO2-N2
000,1;110,0 1.363× 10−28m3 s−1 · (T/ [ K])

· exp
h
29.97− 245.69 · (T/ [ K])−1/3 + 750.41 · (T/ [ K])−2/3

i
(3.93) KCO2-CO

000,1;001,0 1.363× 10−28m3 s−1 · exp
h

�5−�3
kB·(T/[ K])

i
· (T/ [ K]) [ACH86]

· exp
h
21.05− 73.48 · (T/ [ K])−1/3 + 238.32 · (T/ [ K])−2/3

i
(3.94) KCO2-CO

000,1;110,0 1.363× 10−28m3 s−1 · (T/ [ K])
· exp

h
24.66− 161.04 · (T/ [ K])−1/3 + 468.12 · (T/ [ K])−2/3

i
(3.95) KCO-N2

0,1;1,0 1.363× 10−28m3 s−1 · exp
h

�5−�4
kB·(T/[ K])

i
· (T/ [ K])

· exp
h
15.71− 26.45 · (T/ [ K])−1/3

i
KCO2-CO2
100;020 4.46× 10−20m3 s−1 · (T/ [ K])

KCO2-N2
100;020 5.52× 10−25m3 s−1 · (T/ [ K])5/2

(3.96) KCO2-He
100;020 5.52× 10−25m3 s−1 · (T/ [ K])5/2 [BRI85]

KCO2-CO
100;020 5.52× 10−25m3 s−1 · (T/ [ K])5/2

KCO2-O2
100;020 5.52× 10−25m3 s−1 · (T/ [ K])5/2

KCO2-CO2
001;030 3.0× 10−19m3 s−1 · exp

h
−28.55 · (T/ [ K])−1/3

i
KCO2-N2
001;030 7.4× 10−20m3 s−1 · exp

h
−25.25 · (T/ [ K])−1/3

i
(3.97) KCO2-He

001;030 5.4× 10−20m3 s−1 · exp
h
−25.50 · (T/ [ K])−1/3

i
[TAY69]

KCO2-CO
001;030 7.4× 10−20m3 s−1 · exp

h
−25.25 · (T/ [ K])−1/3

i
KCO2-O2
001;030 7.4× 10−20m3 s−1 · exp

h
−25.25 · (T/ [ K])−1/3

i
KCO2-CO2
001;110 1.363× 10−28m3 s−1 · (T/ [ K])

· exp
h
29.16− 204.63 · (T/ [ K])−1/3 + 627.45 · (T/ [ K])−2/3

i
KCO2-N2
001;110 1.363× 10−28m3 s−1 · (T/ [ K])

· exp
h
31.24− 245.69 · (T/ [ K])−1/3 + 750.41 · (T/ [ K])−2/3

i
(3.98) KCO2-He

001;110 1.363× 10−28m3 s−1 · (T/ [ K]) [ACH86]
· exp

h
32.20− 260.12 · (T/ [ K])−1/3 + 786.56 · (T/ [ K])−2/3

i
KCO2-CO
001;110 1.363× 10−28m3 s−1 · (T/ [ K])

· exp
h
27.30− 193.95 · (T/ [ K])−1/3 + 625.61 · (T/ [ K])−2/3

i
KCO2-O2
001;110 1.363× 10−28m3 s−1 · (T/ [ K])

· exp
h
33.84− 281.54 · (T/ [ K])−1/3 + 884.19 · (T/ [ K])−2/3

i
Table 3.3. The rate coefficients for V-V collision.
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Chapter 4
Properties of Plasma

This chapter reviews the spectroscopic background covering from the defin-
ition of plasma to the ignition of pulsed optical discharge of helium. There
follows a general classification of the plasma and of parameters that char-
acterize the plasma. In complete thermal equilibrium, where the plasma
is characterized by an unique temperature and a given pressure, the level
densities are well defined by the Boltzmann factor, if the total density is
known. The condition that the plasma is quasi-neutral and behaves like an
ideal gas, allows to determine the total densities by the Saha-Eggert equa-
tion that links the neutral density to the ion density. Further requirements
are the Maxwellian energy distribution of translational energy, the lack of
all kind of transport processes, and the Planckian distribution of photons.

In most laboratory plasmas transport processes are of influence and the
radiation field is weak within broad frequency regimes. Under such condi-
tions often the concept of local thermodynamic equilibrium (LTE) is still
applicable, which means that the electrons with a temperature of Te 6= Th
(temperature of heavy particles) dominate the population and depopulation
processes. Under such conditions the level population density obeys again
the Boltzmann factor with T = Te and the Saha equation with T = Te is
valid.

By diffusive or strong radiative processes the population of low lying
levels can considerably depart from the LTE conditions. But often excited
states near the ground level of the next ionization state are still in a collisional
equilibrium with the free electrons. This leads to the concept of partial local
thermodynamic equilibrium (PLTE). A Saha-like equation can be utilized to
calculate the population density of excited states, if the principal quantum
number exceeds a critical one. This critical quantum number can be found
by studying a detailed collisional-radiative (CR) model.

Since the surrounding electron cloud partially shields the nuclear charge,
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Section 4.1 Definition of Plasma

lowering of ionization energy takes place, which can be calculated by knowing
the Debye radius. Debye radius is again a function of electron temperature
and densities of electrons and ions. If the lowering of ionization energy is
known the divergence of the partition function can be removed by restricting
the number of levels involved.

4.1 Definition of Plasma

A plasma is generally defined as a system containing electrons carrying unit
charges of about 1.6 × 10−19C and ions exhibiting positive charges due to
the lost orbital electrons. Plasmas can be found, in our nature, in a vari-
ety of forms, such as ionosphere, chromosphere, corona, etc.: The ionosphere
spreads at 70 to 500 km above the surface of the earth with the electron den-
sity ne of about 1012m−3 and the temperature Te of approximately 2×103K.
The chromosphere ranges up to a few thousand km from the solar surface
with ne ≈ 1016m−3 − 1017m−3 and Te ≈ 104K. The corona extends at
the height of about 105 km above the chromosphere with ne ≈ 1014m−3 and
Te ≈ 106K. In laboratory, a plasma can be produced by an electric dis-
charge, where the initially neutral particles are ionized mainly by collisions
with electrons. As mainly discussed in this work, the pulsed optical dis-
charge also produces a hot plasma of a temperature up to 4× 105K and an
electron density of 2.5 × 1024m−3. A very hot plasma is required in con-
trolled thermonuclear fusion experiments, where the electron temperature in
the range of above 108K and electron densities near 1020m−3 are typical.
If the gas temperature is much below 104K, then the plasma is often called
low temperature plasma. In these plasmas thermodynamic equilibrium is
frequently not established between the electrons and the heavy particles,
and the following inequality is valid.

Te ≈ Tex À Ti > Tg (4.1)

where Te is the electron temperature, Ti the ion temperature, Tg the tem-
perature of the gas, which characterizes the translational energy of these
particles, and Tex the excitation temperature, which is a parameter to de-
scribe the population density of excited states. The excitation temperature
is normally deduced from the measured population density of the excited
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Chapter 4 Properties of Plasma

levels close to the ionization energy level. In case of the much higher range
of gas temperature, the plasma is called a hot plasma, among which there
exists a plasma near thermal equilibrium.

4.2 Plasma Parameters

4.2.1 Debye Radius

If an electric field is created in the plasma, the charged particles will react
to reduce the effect of the field. The lighter, more mobile electrons will
respond fastest to reduce the electric field. If a plasma has an excess of
positive or negative particles, this excess would create an electric field and the
electrons will move to cancel the charge. The response of charged particles
to reduce the effect of local electric fields is called Debye shielding and the
shielding gives the plasma its quasi-neutrality characteristic, which is written
in Eq. (4.8). The Debye shielding radius under thermal equilibrium condition
is given by

rD =

vuutε0kBTe
e2

1

ne +
P
z
z2nz

= 69m ·
vuut Te/ [ K]

ne/ [ m−3] +
P
z
z2 (nz/ [ m−3])

, (4.2)

where z represents the ionization state, 1 for a singly ionized state and 2 for
a doubly ionized state. A contour plot for a fully ionized helium plasma
(nHe+ ¿ ne and nHe2+ ≈ ne/2) is shown in Figure 4.1. Especially for
Te = 10

5K and ne = 1024m−3, Debye radius is about 12.6 nm. The lowering
of ionization energy ∆χ is a function of Debye radius rD, which reads

∆χz−1 =
ze2

4πε0rD
. (4.3)

For Te = 105K and ne = 1024m−3 the ionization energy lowering for a singly
ionized helium is 0.22 eV.

Maximum principal quantum number for the calculation of the partition
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Figure 4.1. Contour plot of Debye radius [nm] for a fully ionized helium plasma.

function can be obtained by knowing the reduction of ionization energy as
follows

nmaxHe =

r
χH

∆χHe
(4.4)

nmaxHe+ = 2

r
χH

∆χHe+
(4.5)

where χH is the ionization energy of hydrogen. The maximum principal
quantum number for a singly ionized helium is obtained as nmaxHe+ = 11 for
Te = 10

5K and ne = 1024m−3.

4.2.2 Conditions for Plasma Existence

Debye shielding effect can occur only if a large number of electrons are con-
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Chapter 4 Properties of Plasma

tained in the Debye sphere, whose number is given by

ND =
4

3
πr3Dne. (4.6)

A plasma is a gas sufficiently ionized so that the charge separation is small
compared to its microscopic charge density, which is written by

ND À 1. (4.7)

Macroscopically, therefore, a plasma is approximately neutral, although its
main constituents are ions and electrons. In order to produce and maintain
such a medium, significant amount of energy is required to dissociate and
ionize the neutral gas and to provide the electrons and ions with a sufficient
kinetic energy to prevent immediate reattachment and recombination during
the period of the experiment. The quasi-neutrality is the important property
of the plasma, being denoted by

ne −
X
z

znz = 0. (4.8)

4.2.3 Coulomb Logarithm and Gaunt Factor

The Coulomb logarithm lnΛ is often encountered in this thesis, which is
related to the number ND (defined in Eq (4.6)) of charged particles in the
Debye sphere [MIT73] as

lnΛ = ln (9ND) . (4.9)

Coulomb logarithm is differently expressed according to the approximations
by authors. Spitzer [SPI62] has reformulated it as

lnΛ = ln

"
3

2

µ
4πε0
e2

¶3/2µ
k3BT

3
e

πne

¶1/2#

= ln

"
1.24× 107 · (Te/ [ K])

3/2

(ne/ [ m−3])
1/2

#
, (4.10)

which is a very slowly varying function as shown in Figure 4.2. The plot
is based on Eq. (4.10). The low-frequency semiclassical approximation for
the Maxwell-averaged Gaunt factor is related after [BEK66] [HUT87] to
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Coulomb logarithm

ḡ (Te, ν) =

√
3

π
lnΛ, (4.11)

where the different Gaunt factors are equal to unity ±10% in the range
of our plasma parameter, say, ḡ = 0.94 for lnΛ = 5.5 and ḡ = 1.07 for
lnΛ = 7.
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Figure 4.2. Contour plot of Coulomb logarithm for a fully ionized helium plasma.

4.3 Equation of State

For a thermal plasma containing electrons and z-fold ionized atoms, the
equation of state for an ideal gas can be expressed as follows

p = kB

Ã
neTe +

X
s

X
z

ns,zTs,z

!
, (4.12)
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where kB = 1.38 × 10−23 JK−1 is Boltzmann constant, ne is the electron
density, and ns,z and Ts,z are the particle density and the temperature of
z-th ionization stage of the element s, respectively.

4.4 Maxwell Velocity Distribution

The probability to find an atom with the amount of velocity �v in a dilute gas
is governed by Maxwell’s velocity distribution. The normalized distribution
function is defined by the number of atoms with center-of-mass velocity in
the range between �v and �v + d�v per total number of atoms.

f(�v) ≡ 1
n

d3n (�v)

d3�v
=

µ
ma

2πkBTa

¶3/2
exp

µ
− mav

2

2kBTa

¶
, (4.13)

where n is the total number of atoms per unit volume, ma is atomic mass,
Ta is gas temperature, and v2 = |�v|2. By summing over the other two
velocity components in equation(4.13), distribution function of a component
of velocity is obtained as

f(vx) ≡ 1
n

dn (vx)

dvx
=

µ
ma

2πkBTa

¶1/2
exp

µ
− mav

2
x

2kBTa

¶
, (4.14)

where f(vx)dvx denotes the probability that the x-component of velocity lies
between vx and vx+dvx. Eq. (4.14) is used for the calculation of the Doppler
broadening width as shown in Eq. (6.22).

4.5 Boltzmann Formula and Saha’s Equation

In LTE the population of n-th level of z-th ionized stage of ion is given by
the Boltzmann formula

nz,n = nz
gz,n
Zz

exp

µ
− Ez,n

kBTe

¶
, (4.15)

where nz is the total population density of z-th ionized stage of ion, gz,n is
the statistical weight of n-th level of z-fold ionized ion, Zz is the partition
function of z-th ionized stage of ion, and Ez,n the energy of n-th level of
z-fold ionized ion. Since Ez+1,1 = 0 for the ground state of the (z + 1)-fold
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ionized ion, its population density is

nz+1,1 = nz+1
gz+1,1
Zz+1

. (4.16)

The Saha equation is written by

nenz+1
nz

= 2
Zz+1

Zz

(2πmekBTe)
3/2

h3
exp

µ
−χz −∆χz

kBTe

¶
, (4.17)

where χz is the ionization energy of z-fold ionized ion and∆χz is the lowering
of the ionization energy for z-th ionized stage defined in Eq. (4.3). From
Eqs. (4.15), (4.16) and (4.17), the expression of level population is obtained

nz,n =
1

2

gz,n
gz+1,1

nenz+1,1
h3

(2πmekBTe)
3/2
exp

µ
χz −Ez,n −∆χz

kBTe

¶
, (4.18)

which is still valid for high lying levels in the case of PLTE.

4.6 Thermodynamic Equilibria

4.6.1 Complete Thermodynamic Equilibrium

A system is said to be in complete thermodynamic equilibrium (CTE):

• If the population densities of all energy states obey the Boltzmann formula
• If the radiation energy density has the blackbody level of the system tem-
perature

• If gain and loss of particles by transport processes are detailed balanced
• If the ionic composition is ruled by Saha’s equation
• If the particles have a Maxwell velocity distribution
• If Kirchhoff’s law is valid, and
• If there exist no gradients of the state variables and no net fluxes of the
particles, momentum and heat.

Under CTE condition a system is well defined by an unique temperature
and each process is accompanied by its inverse at equal rates, which is called
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the principle of detailed balance. CTE plasmas exist only in stars or during
the short interval of a strong explosion. They have no practical importance
because they do not exist under controlled laboratory conditions.

4.6.2 Local Thermodynamic Equilibrium

Since a laboratory plasma has a boundary resulting in the gradient of the
state variables and the transports to the boundaries, CTE is hardly achieved
in the laboratory plasma. Therefore a more restrictive form of thermal
equilibrium is defined, which is known as local thermodynamic equilibrium
(LTE). In this equilibrium the atoms adopt state populations given by the
Boltzmann formula governed by the electron temperature, but the radiation
is not Blackbody level.

The complete LTE (CLTE) for the populations of all levels including the
ground state is established under the necessary condition that the electron-
collisional rates for a given transition exceed the corresponding radiative rate
by about an order of magnitude and gain and loss rates by transport. If the
plasma state belongs to CLTE, the following condition should be obeyed
[GRI63] [GRI64] [GRI97]:

ne &
5

8
√
π

µ
α

a0

¶3
Z7
µ
∆E21
Z2χH

¶3µ
kBTe
Z2χH

¶1/2
, (4.19)

where α is fine structure constant, a0 is Bohr radius, Z is the effective charge
number, χH is the ionization energy of hydrogen, and ∆E21 = E2 − E1 the
energy difference between the levels n = 2 and n = 1.

The partial LTE (PLTE) criterion for the state with principal quantum
number n is set under the assumption that collisional depopulation rates
should be ten times the radiative decay rate, which for n-th excited level
reads after [GRI63] [GRI97]:

ne &
10

2
√
π

Z7

n17/2

µ
α

a0

¶3µ kBTe
Z2χH

¶1/2
, (4.20)

from which the lowest principal quantum number nmin obeying PLTE con-
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Equipartition time [ s]

τ e-e 2.06× 10−12
τHe+-e 5.36× 10−9
τHe2+-e 1.34× 10−9
τHe+-He+ 1.77× 10−10
τHe2+-He2+ 2.21× 10−11

Table 4.1. Equipartition time for the possible partners in ionized helium for Te = 105K
and ne = 10

24K.

dition is obtained:

nmin ≈
"
5√
π

Z7

ne

µ
α

a0

¶3#2/17µ
kBTe
Z2χH

¶1/17
=

µ
7.4× 1024
ne/ [ m−3]

Z7
¶2/17 ·

kB · (Te/ [ K])
Z2 · (χH/ [ J])

¸1/17
. (4.21)

For a singly ionized helium plasma, nmin = 2 for ne = 1024m−3 and Te = 105K.

4.7 Equipartition Time

In laser-induced breakdown, the energy transfer from the electromagnetic
field to the plasma particles takes place primarily by means of the heating of
the electrons via inverse bremsstrahlung in ion field [MOR71]. The energy
obtained by the electrons is transferred to the ions via elastic or inelastic
impacts. During the interaction the temperatures of the electrons Te and that
of ions Ti approach to each other. The equipartition of energy is achieved
according to Eq. (4.22)

dTi
dt
= −Ti − Te

τ eq
, (4.22)

where τ eq designates the time constant for the kinetic energy transfer of
the electrons to the ions. This equipartition time is defined by the rate
at which equipartition of energy is attained between two groups of particles,
which is also called thermalization time. The equipartition time via Coulomb
collisions between two species of particles 1 and 2 with initial temperatures
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ne [m
−3]ÂTe [ K] 1× 105 2× 105 3× 105 4× 105 5× 105
1× 1024 1.34× 10−9 3.23× 10−9 5.45× 10−9 7.95× 10−9 1.07× 10−8
2× 1024 0.71× 10−9 1.70× 10−9 2.85× 10−9 4.15× 10−9 5.55× 10−9
3× 1024 0.49× 10−9 1.17× 10−9 1.96× 10−9 2.85× 10−9 3.80× 10−9
4× 1024 0.38× 10−9 0.90× 10−9 1.50× 10−9 2.19× 10−9 2.90× 10−9
5× 1024 0.31× 10−9 0.73× 10−9 1.22× 10−9 1.77× 10−9 2.36× 10−9

Table 4.2. Equipartition time for electron and fully ionized helium ion in s with respect
to electron density and temperature.

of T1 and T2 is expressed as follows [SPI62]:

τ 12 =
3m1m2k

3/2
B

8
√
2πn2Z21Z

2
2 lnΛ

µ
4πε0
e2

¶2µ
T1
m1

+
T2
m2

¶3/2
= 1.44× 1020 s · (m1/ [ kg]) (m2/ [ kg])

(n2/ [m−3])Z21Z
2
2 lnΛ

·
µ

T1/ [K]
m1/ [ kg]

+
T2/ [K]
m2/ [ kg]

¶3/2
, (4.23)

where lnΛ is the Coulomb logarithm given in Eq. (4.10), Z1 and m1 are
charge number and mass of particle 1, and Z2 and m2 charge number and
mass of particle 2, respectively. Regarding ionized helium the impact part-
ners can be one of the combination among electron, singly ionized helium
and doubly ionized helium. It is worthwhile to compare these equipartition
times and check if they are comparable with the laser pulse duration. Some
values for the various collision partners are listed in Table 4.1 for our typi-
cal results, Te = 105K and ne = 1024m−3. It is noted that the equipartition
times due to the collisions between the partners of same kind are short com-
pared with the laser pulse duration. In contrast to particles of same kind
the equipartition times between electrons and ions are much longer. The
equipartition times τHe+-e and τHe2+-e are respectively 5.36 ns and 1.34 ns.
This is not short compared with the laser pulse duration of 80 ns, so that
the thermal equilibrium condition can not be expected at the beginning of
the laser pulse with low electron density. Table 4.2 illustrates the equipar-
tition time between electrons and singly ionized helium ions with respect to
electron density and temperature. The equipartition time between electrons
and α particles is obtained by the relation τHe2+-e = τHe+-e/4 under the as-
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sumption that the plasma is fully ionized. It is noted that the equipartition
time increases as the electron density is low or the electron temperature is
high.

4.8 Ignition of Pulsed Optical Discharges

A CO2 laser beam is only weakly absorbed by many gases under cold con-
dition. If the intensity of the radiation exceeds, however, a certain thresh-
old value, as for example in the focus of a high-power laser beam, then
this is not the case any more. As in an electrically excited discharge,
the gas is then ionized and a large part of the incident radiation is ab-
sorbed. The breakdown threshold lies within the range of intensities of
around 1012Wm−2 − 1015Wm−2 and depends upon the pressure, the kind
of gas, the pulse duration, the pulse repetition rate, the beam diameter as
well as the wavelength of the light. In the alternating field of the light, gases
can be also ionized by multi-photon absorption or cascade processes [SMI70]
[SMI71] [CHA73] [HUG75] [RAI97].

In case of the multi-photon ionization, the neutral atom or the molecule
absorbs enough laser photons to release an electron from the ground state. If
sufficiently many atoms go through this process, the ignition of a discharge
takes place. In case of the cascade process, some free electrons must be
initially present in the focus volume, which can result for example from
multi-photon absorption or from easily ionizable gaseous or solid impurities.
These free electrons take up energy from the electromagnetic field in the
potential of a neutral atom or an ion through inverse bremsstrahlung. If
these electrons possess sufficient high energies, then they can further ionize
atoms and increase the number of free charge carriers. The procedures are
repeated and an ionization cascade will go through until the discharge ignites.
These two ionization mechanisms differ fundamentally from each other and
can be grasped by two theories.

Generally the so-called cascade theory describes the ignition behavior
with high pressure (p > 70hPa) and long laser pulses (τL > 1 ns) [CHA73].
According to this theory, the ignition threshold should first decrease with
rising pressure and increase again after passing through a minimum.
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According to the multi-photon theory that explains the ignition behavior
with low pressure and short laser pulses, an ignition threshold turns out to
be independent of pressure. If one regards sufficiently long laser pulses with
a pulse length of more than 10 ns, then an optical discharge is ignited, if the
electron production exceeds the losses from electron diffusion, attachment,
recombination and elastic as well as inelastic impacts by the cascade process.
In this case the ignition threshold is determined by the intensity of the
radiation. If the laser pulse is, however, short compared with the typical life
time of the electrons, then an ignition of optical discharge arises if the pulse
contains sufficient energy to render possible ionization of sufficient atoms or
molecules. In this case, the ignition threshold depends on the energy flux of
the pulse.

In the present work, laser pulse width is 80 ns and helium is observed
under a pressure of 400hPa− 900hPa. Therefore, for the description of the
ignition behavior, the cascade process should be considered. According to
Tozer [TOZ65] the equilibrium density of ions in air is typically less than
109m−3 and the rate of production is approximately 107m−3 s−1. If this
occurs in our POD chamber, the probability that a free electron is found in
a focal region is estimated. Assuming that the laser beam is of a fundamental
Gaussian mode, the Eq. (3.2) is used for calculation of the focal volume Vf

Vf '
Z zR

−zR
πw2 (z) dz =

14π2w4f
3λL

= 2.2× 10−13m3, (4.24)

where

wf = 15µm : Radius of beam focus
λL = 10.6µm : Wavelength of CO2 laser.

Hence the probability that an electron can be found in the focus volume
Vf is calculated to be about 2.2×10−4. Therefore the first electron should be
expected from the impurities, such as dust or other materials which have low
ionization energies. By simultaneously solving the continuity, diffusion, and
energy equations, the threshold power for a square pulse of a focused laser
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radiation in the presence of magnetic field is obtained [LAX73] [CHA73]

Pth =
χπw20ε0mec

e2
· (ωL − ωc)

2 + ν2ea
νea

·
 1
τL
ln

µ
neb
ne0

¶
+D0

 1

Λ2⊥
³
1 + ω2c

ν2ea

´ + 1

Λ2k

+ Pl

χ

 , (4.25)
where

χ : Ionization energy of the gas
w0 : Focal spot radius
ε0 : Permittivity of free space
me : Mass of the electron
c : Speed of light in vacuum
e : Electron charge
ωL : Angular frequency of laser radiation
ωc : Cyclotron frequency of electrons
νea : Electron-atom collision frequency for momentum exchange
τL : Laser pulse duration
ne0 : Electron density at the beginning of the ignition
neb : Electron density required for breakdown effects

such as a decrease in transmission
D0 : Diffusion coefficient at zero magnetic field
Λ⊥ : Diffusion length perpendicular to the magnetic field
Λk : Diffusion length parallel to the magnetic field
Pl : Rate at which the electron energy is lost by elastic collisions.

Eq. (4.25) represents the principal equation for the description of the
ignition behavior of a pulsed optical discharge. The ignition intensity is
directly proportional to the ionization energy of the working gas and goes
through a minimum at ωL = ωc. The terms within the square bracket are
the various loss terms. According to the magnitude of each term, one calls
the ignition of the plasma time-dominated, diffusion-dominated, and so on.

If the first term prevails due to a small laser pulse duration, a time-
dominated ignition arises. In this case the ignition threshold varies inversely
proportional to the pulse duration and the ignition is determined by the
energy flux of the laser beam. The quotient neb/ne0 amounts to typically
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1013 after [CHA73].

In case the second term is much larger than the other terms, the ignition
is diffusion-dominant as is realized for example with small focus volumes or
low discharge pressures. Due to the small charge carrier density at the be-
ginning of the ignition, the free diffusion of the electrons must be considered
in place of ambipolar diffusion. The diffusion coefficient can then be written
after [CHA73] as

D0 =

­
v2
®

3νea
, (4.26)

where
νea = 1.8× 109 s−1 · (p/ [hPa]) (4.27)

is the frequency of the collision between electrons and helium atoms [BRO65]
[MCD66] and

­
v2
®
designates the average square speed of the electrons,

which is indicated in [CHA73] as­
v2
®
=
2 h�i
me

=
χ

me
, (4.28)

i.e., the average electron energy h�i is selected for the half ionization energy
of the gas. The diffusion lengths which are perpendicular and parallel to the
magnetic field are given after [LAX50] by

1

Λ2⊥
=

ν2ea
ω2c + ν2ea

µ
2.405

w0

¶2
1

Λ2k
=

µ
λL
2w20

¶2
, (4.29)

respectively, where λL = 10.6µm for CO2 laser and w0 = 15µm calculated
in Chapter 3. Here we obtain the diffusion lengths Λ⊥ = 6.2µm and Λk =
42.5µm.

The losses by elastic impacts, described in the third term in Eq. (4.25),
depend again on the average kinetic energy of the electrons, which reads

Pl =
2me

ma
h�i νea, (4.30)

where ma is the atomic mass. This loss term is dependent upon the mass
relationship of me/ma, which takes the value 1/7296 in the case of helium
as work gas.
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Now, the threshold power for the plasma ignition is studied with respect
to the various parameters based on Eq. (4.25). As shown in Figures 4.3,
4.4, 4.5, and 4.6, the threshold changes as varying the magnetic field, gas
pressure, laser pulse duration, and laser focus radius. Since the incident
laser beam has a large prepulse with a peak power of more than one third
(0.25MW) that of main pulse (0.6MW), the plasma ignites at the prepulse
if the gas pressure is 800hPa high or magnetic field is applied about 8T
(see Figures 8.6 and 8.7). It is expected from the results of calculation that
the plasma does ignite even in the course of the prepulse if p & 650hPa
at B = 0T or B & 2T at p = 600hPa. Once the ignition takes place in
the duration of the prepulse, the main pulse, in spite of its higher intensity
than that of prepulse, can not produce more electrons than the case only the
main pulse ignites the plasma. This can also be seen from the experimental
finding in Chapter 8.
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Figure 4.3. Pressure dependence of threshold power at magnetic fields of B = 0T and
B = 8T. Target gas is helium, the laser wavelength is λL = 10.6µm, and the radius of
the laser focus is w0 = 15µm.
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Figure 4.4. Magnetic field dependence of threshold power at pressures of 600hPa and
800hPa. Target gas is helium, the laser wavelength is λL = 10.6µm, and the radius of
the laser focus is w0 = 15µm.
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Figure 4.5. Threshold power as a function of pulse duration of the laser. Target gas
is helium, the laser wavelength is λL = 10.6µm, and the radius of the laser focus is
w0 = 15µm.
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Figure 4.6. Threshold power as a function of radius of the laser focus. Target gas is
helium and the laser wavelength is λL = 10.6µm.
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Chapter 5
Plasmas in Magnetic Fields

This chapter studies the laser-induced plasma in a magnetic field applied in
a direction parallel to the optical axis. In the presence of magnetic field there
occurs the elongation of the shape of the plasma along the magnetic filed,
which is formulated by the magnetic pressure and tension. The CO2 laser
plasma heating in a magnetic field is described by solving equations for a
simple two-fluid MHD model, where the maximum achievable densities and
temperatures of electrons and ions are obtained. Population densities of the
ion for the lower energy levels are computed by the numerical treatment of
a CR model.

5.1 Magnetized Plasma

The magnetic force per unit volume of the fluid motion may be expressed as
[MAR68]

�J × �B =
1

µ0

³
�∇× �B

´
× �B = −�∇

µ
B2

2µ0

¶
+
1

µ0

³
�B · �∇

´
�B. (5.1)

The first term on the right side corresponds to the magnetic pressure per
unit area, with pM = B2

2µ0
. An important diagnostic parameter of a plasma

is the plasma beta, defined as the ratio of plasma thermal pressure to the
magnetic pressure

β =
p

pM
. (5.2)

In case of a singly ionized helium plasma with Te = Ti, using the quasi-
neutrality condition (Eq. (4.8)) and the definition of pressure (Eq. (4.12)),
we get β = 2nekBTe

B2

2µ0

= 0.11 for B = 8T, ne = 1024m−3, and Te = Ti = 10
5K.

The second term in Eq. (5.1) can be further decomposed into two terms:

1

µ0

³
�B · �∇

´
�B =

B

µ0

³
ẑ · �∇

´
(Bẑ) = ẑẑ · �∇

µ
B2

2µ0

¶
+

B2

µ0

n̂

RC
(5.3)
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where ẑ is a unit vector in the direction of �B and n̂ is the normal pointing

towards the centre of curvature, defined by
³
ẑ · �∇

´
ẑ = n̂

Rc
, where Rc is the

radius of curvature of the field lines. The first term cancels out the magnetic
pressure gradient term in Eq. (5.1) in the direction along the field lines. This
implies that the magnetic pressure force is not isotropic; only perpendicular
components exert a resulting force on the plasma. The second term in (5.3)
corresponds to the magnetic tension force which is directed towards the
center of curvature of the field lines and thus acts to straighten out the field
lines. A suitable analogy is the tension force transferred to an arrow by the
stretched string of a bow. In this case the tension force pushes the plasma
in the direction that will reduce the length of the field lines. In the presence
of magnetic field, therefore, the magnetic force �J × �B causes the elongation
of the plasma shape along the magnetic field, balancing with the thermal
pressure p by exerting the radial component of the magnetic pressure pB in
the minus radial direction and by straightening out the curved magnetic field
lines.

5.2 CO2 Laser Plasma Heating in a Magnetic
Field

This section treats a simple two-fluid MHD model based on [CO72B], where
the electron- and ion temperatures are numerically solved. additionally, the
CO2 laser absorption length is studied and the maximum achievable electron-
and ion temperatures are also analytically calculated with and without mag-
netic field and. The average rate of heating of a single electron and an ion
are given by

kB
dTe
dt

= RH −Rκe −Rei (5.4)

kB
dTi
dt

= Rei −Rκi, (5.5)

where Te is the mean electron temperature, RH is the mean rate at which an
electron gains energy from the laser beam, Rκe is the mean rate at which an
electron loses energy via thermal conduction to the periphery of the plasma,
Rei is the rate of energy transfer from the electrons to the ions, and Rκi the
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ne/[10
24m−3] Tmaxe /[ K]

B = 0T B = 8T

1 1.02× 105 2.14× 105
2 1.35× 105 2.48× 105
3 1.60× 105 2.65× 105
4 1.80× 105 2.77× 105
5 1.97× 105 2.87× 105

Table 5.1. Maximum attainable temperatures for B = 0T and B = 8T (after Eq. (5.18))

average rate of energy loss by ion thermal conduction.

Considering a free electron in the oscillating electrical fieldE = E0 cosωt
of the laser beam, Newton’s second law sounds mev̇ = −eE, where a free
electron gains energy 1

2mev
2 from an oscillating field during one period of

collision between electron and ion , with a value ν−1ei . The gain rate of the
electron energy RH is therefore written by

RH = (mev) vνei =
e2E2νei
meω2

, (5.6)

whereme is electron mass, νei is the electron-ion momentum transfer collision
frequency, E is the electric field strength of the laser radiation and ω the
CO2 laser frequency. Using the relation between intensity and electric field
as in Eq. (3.8)

E = 27.5Vm−1 ·
·

PL/ [W]

π (a/ [ m])2

¸1/2
, (5.7)

where PL is the laser beam power and a the radius of the beam focal
spot. The electron-ion momentum transfer collision frequency is given after
[MIT73] by

νei =
4
√
2πZ2i ni lnΛ

3
√
me (kBTe)

3/2

µ
e2

4πε0

¶2
= 3.63× 10−6 s−1 · Z

2
i

¡
ni/
£
m−3

¤¢
lnΛ

(Te/ [ K])
3/2

, (5.8)

where Zi is the ionic charge number and lnΛ is Coulomb logarithm given in
Eq. (4.10).
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ne/[10
24m−3] B = 0T B = 8T

Tmaxe /[ K] Tmaxi /[ K] Tmaxe /[ K] Tmaxi /[ K]

1 1.02× 105 0.97× 105 2.72× 105 2.59× 105
2 1.35× 105 1.30× 105 2.77× 105 2.70× 105
3 1.60× 105 1.55× 105 2.82× 105 2.74× 105
4 1.80× 105 1.75× 105 2.88× 105 2.83× 105
5 1.97× 105 1.92× 105 2.96× 105 2.90× 105

Table 5.2. Maximum attainable electron- and ion temperatures for B = 0T and B = 8T
(after Eqs. (5.4) and (5.5))

The electron thermal conductivity in the radial direction is given after
[SPI62] by

κre =

µ
2

π

¶3/2
20kB (kBTe)

5/2

√
me lnΛ

µ
4πε0
e2

¶2µ
1 +

ω2c
ν2ee

¶−1
= 1.96× 10−9WK−1m−1 · (Te/ [ K])

5/2

lnΛ

µ
1 +

ω2c
ν2ee

¶−1
= κ0e

µ
1 +

ω2c
ν2ee

¶−1
= κze

µ
1 +

ω2c
ν2ee

¶−1
, (5.9)

where the subscript 0 represents the case without magnetic field and the
thermal conductivity in the axial direction, κze, is, of course, equal to κ0e.
Here νee =

√
2 · νei is the electron-electron collision frequency and ωc is the

electron cyclotron frequency given by ωc = 1.76× 1011 s−1 · (B/ [ T]).
The ion thermal conductivity is given by

κ0i = 1.96× 10−9WK−1m−1 · (Ti/ [ K])
5/2q

mi
me
lnΛ

= κzi, (5.10)

κri = κ0i

µ
1 +

mi

me

ω2c
ν2ee

¶−1
, (5.11)

where mi is the ion mass and me is the electron mass. Assuming that the
plasma is cylindrical with radius a and length b and the thermal gradients
in the radial and axial directions are approximately ∂T

∂r ≈ T
a and

∂T
∂z ≈ T

b for
electron and ion, the average thermal loss rates for electrons and ions are
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ne [m
−3]ÂTe [ K] 1× 105 2× 105 3× 105 4× 105 5× 105
1× 1024 4.63× 10−3 1.08× 10−2 1.80× 10−2 2.60× 10−2 3.46× 10−2
2× 1024 1.25× 10−3 2.87× 10−3 4.74× 10−3 6.83× 10−3 9.08× 10−3
3× 1024 5.80× 10−4 1.32× 10−3 2.18× 10−3 3.13× 10−3 4.16× 10−3
4× 1024 3.38× 10−4 7.65× 10−4 1.26× 10−3 1.80× 10−3 2.39× 10−3
5× 1024 2.22× 10−4 5.00× 10−4 8.21× 10−4 1.18× 10−3 1.56× 10−3

Table 5.3. Absorption length of CO2 laser in m

given by

Rκe =
2

ne
�∇ ·
³
κe�∇Te

´
' 2Te

ne

hκre
a2
+

κze
b2

i
(5.12)

Rκi =
2

ne
�∇ ·
³
κi�∇Ti

´
' 2Ti

ne

hκri
a2
+

κzi
b2

i
, (5.13)

and the rate of energy transfer from electrons to ions by elastic collision can
be written by

Rei = 2.84× 102W ·
¡
ne/

£
m−3

¤¢
lnΛ

(Te/ [ K])
3/2

me

mi
(Te/ [ K]− Ti/ [ K]) . (5.14)

The simple two-fluid MHD model as described above (Eqs. (5.4) to (5.14))
is coupled with a CR model treated in Section 5.3. These two models are
simultaneously numerically solved.

5.2.1 Maximum Achievable Electron Temperature

Maximum achievable electron temperature for B = 0T can be obtained by
putting kB

dTe
dt = RH −Rκe −Rei = 0 and assuming that Rei ¿ Rκe

e2E2νei
meω2

=
2Tmaxe

ne

hκre
a2
+

κze
b2

i
. (5.15)

Substituting Eqs. (5.7), (5.8), and (5.9) to Eq. (5.15), we obtain

Tmaxe (B) = 9.18× 10−7K ·

(PL/ [W])
¡
ne/

£
m−3

¤¢2
(lnΛ)2³

1 + ω2c
ν2ee

´−1
+
¡
b2

a2

¢−1

1/5

. (5.16)
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Figure 5.1. Time evolution of the electron and ion temperatures with and without mag-
netic fields. The actual incident laser pulse is used in this calculation, which is denoted
by the dot line.

If B = 0 and the aspect ratio of the column b
a is such that

b
a À 1, then

Tmaxe (0) ' 9.18× 10−7K ·
h
(PL/ [W])

¡
ne/

£
m−3

¤¢2
(lnΛ)2

i1/5
. (5.17)

Tmaxe (B) can be then expressed by Tmaxe (0) as,

Tmaxe (B) = Tmaxe (0)

"µ
1 +

ω2c
ν2ee

¶−1
+

µ
b2

a2

¶−1#−1/5

= Tmaxe (0)

 b2

a2

1 + 1

( b2a2)
−1
+

ω2c
ν2ee
( b2a2)

−1


1/5

. (5.18)
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In case the magnetic field is so large that ωc
νee
À b

a:

Tmaxe (B) ' Tmaxe (0)

µ
b

a

¶2/5
, (5.19)

and if the magnetic field is small enough that ωc
νee
¿ 1:

Tmaxe (B) ' Tmaxe (0)

Ã
b2

a2

1 + b2

a2

!1/5
, (5.20)

which leads to Tmaxe (B) ' Tmaxe (0) again, if b À a is assumed. Since our
case is 3 ≈ ωc

νee
< b

a ≈ 9, the Eq. (5.18) should be chosen to get reasonable
result as shown in Table 5.1. The numerical solution for the square laser
pulse gives the results listed in Table 5.2. The time evolution of electron and
ion temperatures for our laser pulse are illustrated in Figure 5.1 with and
without magnetic field. It is shown that the time rate of change of the ion
temperature is much slower than that of the electron temperature, which is
due to the fact that the ions are only indirectly heated and the ion thermal
conductivity is lower than that of electron by the factor

p
me/mi.

5.2.1.1 Absorption Length in a Fully Ionized Plasma

The absorption length of the laser radiation is shortly discussed in this sec-
tion, because the absorption length is a measure of the amount of the en-
ergy transfer from the electromagnetic field to the plasma particles in laser-
induced breakdown, and which is also related with the heating of the elec-
trons via inverse bremsstrahlung in an ion field. Assume a Lorentz gas,
which is an ionized gas in which electron-electron interactions are neglected
and ions are assumed to be at rest. Classical absorption length (reciprocal
of absorption coefficient αν) in a Lorentz gas is given by [SPI62]

cabs = α−1ν = 8× 1028m · (Te/ [ K])
3/2

(λ/ [ m])2 (ne/ [ m−3])
2 lnΛ

, (5.21)

where Te is electron temperature, λ = 10.6 × 10−6m for CO2 laser, ne is
electron density, and lnΛ is Coulomb logarithm defined in Eq. (4.10). The
absorption lengths with a function of ne and Te are listed in Table 5.3 in m.
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5.3 Collisional-Radiative Model

A CRmodel should be considered where PLTE is not valid. If the helium gas
is heated up by focused laser beam, atoms in the ground state are predomi-
nantly excited by electron collisions accompanied by radiative de-excitation.
Figure 5.2 shows the schematic diagram for the possible processes and Ta-
ble 5.4 formulates the equations.

5.3.1 Spontaneous Decay

The Einstein coefficient for spontaneous decayAul is written after the Laden-
burg formula of Eq. (6.11). Some values of Aul with gu, gl, flu, and λul are
listed below after [WIE66]:

Transition gu gl flu λul/ [ nm] Aul/ [ s
−1]

He II Lyman-α 2p→ 1s 6 2 0.4162 30.4 1.003× 1010
He II Balmer-α 3d→ 2p 10 6 0.6958 164.0 1.035× 109
He II Paschen-α 4f → 3d 14 10 1.0180 468.6 2.208× 108

where ful is the absorption oscillator strength, and gl and gu are statis-
tical weights for the lower level l and the upper level u, respectively.

5.3.2 Electronic Excitation and De-Excitation

Due to the high velocity the electrons are the most effective particles to
cause collisional transitions, and their collision rates are compared with the
radiative decay rates. The process of collisional excitation by electron can
be written by

e+ nz,k → nz,n + e, (5.22)

where nz,k is particle density occupying the level k of the z-fold ionization
state and nz,n for the level n. For radiative decay rates to cause less than
10% departures from LTE, the collisional rates should be at least about
ten times the radiative rates, which yields the condition [GRI63] [MCW65]
[FUJ90]

nenuXul ≥ 10nuAul, (5.23)
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where nu is the population density of the upper level, Xul is the de-excitation
rate coefficient, and Aul the spontaneous transition probability. Seaton
[SEA62] found the expression for the threshold excitation of ions

Xlu = 3.8× 10−40m3 s−1

· flu

(Elu/ [ J])
p
kB · (Te/ [ K])

· exp
·
− Elu/ [ J]

kB · (Te/ [ K])
¸
, (5.24)

where Eul is the energy difference between the upper level u and the lower
level l. According to the principle of detailed balancing this rate coefficient
is related to the de-excitation rate coefficient by the formula

Xul =
gl
gu
·Xlu · exp

µ
Elu

kBTe

¶
. (5.25)

5.3.3 Electron-Impact Ionization and Three-Body
Recombination

Ionization by electron impact from any bound level is partially balanced by
three-body recombination, whose process is written by

e+ nz,k
Sz­
Tz+1

nz+1,g + e+ e, (5.26)

where nz,k is the particle density of the bound level k of the z-fold ionized
state and nz+1,g is the population density of the ground level of (z + 1)-th
ionization stage. It is seen that the ionization rate is proportional to ne
and the recombination rate to n2e. The rate coefficient for electron-impact
ionization is written after [MCW65] by

Sz,k = 7× 10−40m3 s−1 ·
s

kB · (Te/ [ K])
Ez,g/ [ J]

·
·
(Ez,g/ [ J])

3/2 ·
µ
6 +

kB · (Te/ [ K])
Ez,g/ [ J]

¶¸−1
· exp

·
− Ez,g/ [ J]

kB · (Te/ [ K])
¸
, (5.27)

where Ez,g is the ground state energy of the z-th ionization stage. The rate
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coefficient for three-body recombination is given after [GRI64] by

Tz+1,k = 1.4× 10−43m6 s−1 · Z−6eff · n6min ·
µ

Ez+1,g/ [ J]

kB · (Te/ [ K])
¶2

· exp
·
− Ez+1,g/ [ J]

(nmin + 1)
2 · kB · (Te/ [ K])

¸
(5.28)

with

nmin = 640 ·
Ã
ne/

£
m−3

¤
Z7eff

!−2/17
·
µ
kB · (Te/ [ K])
Ez+1,g/ [ J]

¶1/17
· exp

·
− 4Ez+1,g/ [ J]

17 · n3min · kB · (Te/ [ K])
¸

(5.29)

being the minimal principal quantum number for which PLTE calculation is
valid. Here Zeff = 8 × 10−4 · (λul/ [ m])−1/2 is the effective nuclear charge
number seen by the bound electron, which is valid for a hydrogen or hydro-
genic ions.

5.3.4 Radiative Recombination

As a competitive to three-body recombination, radiative recombination also
occurs, whose process obeys

e+ nz+1,g → nz,k + hν, (5.30)

where hν represents the radiated photon. The rate of this process is pro-
portional to ne, so that in a low-density plasma radiative recombination is
more dominant than three-body recombination. The rate coefficient for the
radiative recombination is given after [MCW65] by

Rz+1,k = 5× 10−11m3 s−1 · Ez+1,g/ [ J]p
kB · (Te/ [ K])

. (5.31)

The transitions to be considered are summarized in Table 5.4, where ne
is the electron density, nz,k is the level density of the k-th level of the z-th
ionization state, and nz+1 the population density of the (z + 1)-th ionization
stage. Population and depopulation processes are balanced by a differential

73



Chapter 5 Plasmas in Magnetic Fields

PLTE region

Ez, n [eV]

0

-54.4

-79.0

n

1

k

nmin

nmax

E1, k

He I

∞

k+1
k+2

He II

He III

(1) (7)(6)(5)(4)(3)(2)

k -2

k -1

Xn,k

Sz,k

Ak,n

An,k

Xk,n

Rz+1,kTz+1,k

Figure 5.2. Transition diagram for a singly ionized helium atom.

equation form, which represents the time evolution of each level population
as shown in Eq. (5.32).

d

dt
nz,k (t) = ne (t)

nminX
n6=k

nz,n (t)Xn,k +

nminX
n>k

nz,n (t)An,k

+ne (t)nz+1 (t) [ne (t)Tz+1,k +Rz+1,k]

−nz,k (t)
ne (t)Sz,k + ne (t)

nminX
n6=k

Xk,n +
X
n<k

Ak,n

(5.32)
In optically thick plasma the reabsorption should not be neglected. There-

fore the calculation was performed under the correction of all the Einstein
coefficients for spontaneous decay by multiplying the escape factor. The
result of calculation is shown in Figure 5.3. In this calculation four low-
lying levels of singly ionized helium are considered. Within 2 ns − 3 ns
the helium atoms are ionized due to the very high collision frequency of
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Process Description Time rate of (de)population

(1) Collisional population +ne (t)
Pnmin

n6=k nz,n (t)Xn,k

(2) Collisional depopulation −ne (t)
Pnmin

n6=k nz,k (t)Xk,n

(3) Spontaneous decay from the upper levels +
Pnmin

n=k+1 nz,n (t)An,k

(4) Spontaneous decay to the lower levels −nz,k (t)
Pk−1

n=1Ak,n

(5) Electron-impact ionization to the continuum −ne (t)nz,k (t)Sz,k
(6) Three-body recombination from continuum +nz+1 (t)n

2
e (t)Tz+1,k

(7) Radiative recombination from continuum +nz+1 (t)ne (t)Rz+1,k

Table 5.4. Processes taken in our CR model

νea = 14.4 × 1011 s−1 (corresponds to the collision time τ ea = 0.7 ps) for
the gas pressure of 800hPa (see Eq. (4.27)). After that time the density of
the singly ionized helium decreases as that of the α particle (doubly ionized
helium) increases due to the ionization by electron-ion collisions. From the
Eq (5.8), the momentum transfer collision frequency between electrons and
singly ionized helium is calculated to be τ ei = 6.85 ns for ne = 1024m−3,
ni = 1022m−3 and Te = 105K. The strong depopulations of nHe+,4 and
nHe+,3 are also shown, which are respectively due to the radiation of He II
Paschen-α and Balmer-α line.
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Figure 5.3. Time evolution of level densities (A) and the electron and ion densities (B)
of the ionized helium plasma in the presence of magnetic field of 8T, which is calculated
from the CR model coupled with a simple MHD model at the gas pressure of 800hPa.
The figure (A) shows the level denisties of the ground state and three next upper states
of the singly ionized helium plasma. The measured ne (¥) is represented in figure (B).
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Chapter 6
Spectroscopic Background

6.1 Atomic Transitions

Consider only two energy levels, upper level u and lower level l of a par-
ticular atomic species. Electrons can make three distinct types of radiative
transitions between these levels.

First, an atom with the electron in the upper level, energy Eu say, can
decay spontaneously to the lower level El with the emission of a photon
whose frequency is

νul =
Eu −El

h
. (6.1)

The probability per unit time of this transition occurring is the spontaneous
transition probability, denoted Aul.

Second, an atom with the electron in the lower level may absorb a photon
by a transition to the upper level. If the energy density per unit frequency
of electromagnetic radiation at the atom is ρ (ν), then the probability of
absorption per unit time is written Blu · ρ (νul).

Third, induced decay from Eu to El can occur due to the presence of the
radiation. The probability of this event per unit time is written Bul · ρ (νul).

The quantities Bul and Blu are called the Einstein B coefficients for this
transition. They are related by certain identities that can readily be de-
duced from fundamental thermodynamics as follows. It is assumed that an
assembly of atoms in the upper or lower energy levels of density nu, and nl,
respectively, reside in complete thermal equilibrium with a temperature T .
Because of the thermal equilibrium the number of atoms in any quantum
state is given by the Boltzmann formula (See section 4.5 for the denota-
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tion.)

nu = n
gu

Z (T )
exp

µ
− Eu

kBT

¶
, (6.2)

and in particular,
nu
nl
=

gu
gl
exp

µ
−hνul
kBT

¶
. (6.3)

Also, the radiation is in thermal equilibrium and the spectral energy density
is given by the blackbody level

ρ (νul) =
8πν2ul
c3

hνulh
exp

³
hνul
kBT

´
− 1
i. (6.4)

Now this will be an equilibrium situation only if the total rate at which
atoms make radiative transitions from u to l is equal to the rate at which
they go from l to u. This is known as the principle of detailed balance and
leads to

(Aul +Bulρ)nu = Bluρnl. (6.5)
Rewriting this as

ρ =
Aul³

nl
nu

´
Blu −Bul

=
Aul³

gl
gu

´
exp

³
hνul
kBT

´
Blu −Bul

, (6.6)

it is shown that the principle of detailed balance will be satisfied by the
blackbody formula for ρ at all temperatures only if

Aul =
8πhν3ul
c3

Bul (6.7)

Aul =
gl
gu

8πhν3ul
c3

Blu, (6.8)

and therefore
glBlu = guBul. (6.9)

Another way in which transition probabilities are sometimes expressed
is in terms of the absorption oscillator strength flu. This is defined as the
ratio of the number of classical oscillators to the number of lower states of
an atom required to give the same line-integrated absorption. The relation
between the transition probability Aul and the oscillator strength flu is given
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% 1s 2s 2p 3s 3p 3d 4s 4p 4d 4f

1s 0.4162 0.079 0.029

2s 0.435 0.103

2p −0.139 0.014 0.696 0.003 0.122

3s −0.041 0.484

3p −0.026 −0.145 0.032 0.619

3d −0.417 0.011 1.016

4s −0.009 −0.097
4p −0.010 −0.034 −0.161 −0.018
4d −0.073 −0.371
4f −0.727

Table 6.1. Oscillator strengths for singly ionized helium after [WIE66]

by the Ladenburg formula (allowed electric dipole transitions) [LAD28]

Aul =
1

4πε0

8π2e2ν2

mec3
gl
gu
flu

=
1

4πε0

8π2e2

mecλ
2

gl
gu
flu. (6.10)

The numerical formula is written by [WIE66] [SEI92]

Aul = 7.42× 10−22 s−1 · (νul/ [ Hz])2 gl
gu
flu

= 6.67× 10−5 s−1 · (λul/ [ m])−2 gl
gu
flu (6.11)

For the He II Balmer-α line, the numerical value of Aul is 1.035×109 s−1, and
this corresponds to the scaling laws listed in [WIE66], where the hydrogenic
Z-scalings for small Z are suggested:

EZ = Z2EH

AZ = Z4AH

fZ = fH , (6.12)

where EZ is the energy, AZ the transition probability, and fZ the oscillator
strength of a hydrogenic atom having a nuclear charge Ze. In the same man-
ner, EH , AH and fH are respectively the energy, the transition probability,
and the oscillator strength of a hydrogen.
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n 1 2 3 4

l 0 0 1 0 1 2 0 1 2 3

gl 2 2 6 2 6 10 2 6 10 14

gn 2 8 18 32

Table 6.2. Statistical weights g for singly ionized helium

The total absorption cross section for the transition from the lower level l
to the upper one u, can be written by

σlu =
λ20
8π

Aul
gu
gl

=
1

4πε0

πe2

mec
flu (6.13)

where the Ladenburg relation Eq. (6.10) is used.

The usefulness of flu is that it is dimensionless, describing just the rel-
ative strength of the transition. For the strongest transitions its value ap-
proaches 1. Strictly, the f sum rule called Thomas-Reiche-Kuhn sum rule
is that the sum of all oscillator strengths of transitions from a given state is
equal to the number of participating electrons.X

l

flu = Zu, (6.14)

where Zu is the number of electrons in the state u. It is common to in-
troduce an average oscillator strength of the transition nl → n0l0, which is
independent of polarization and magnetic quantum number ml, satisfying
the following relation [WIE66]

guful = −glflu. (6.15)

Oscillator strengths for singly ionized helium are listed in Table 6.1 [WIE66],
which are used in our plasma model.

Now the degeneracy of En is shortly discussed. For an arbitrary prin-
cipal quantum number n, the orbital quantum number l has the values
0, 1, 2, · · · , (n− 1), and for an l, the magnetic quantum number ml takes
the values 0,±1,±2, · · · ,±l. The spin quantum number ms can be ±1/2
independent of l and ml. Thus the statistical weight for each orbital can be
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Section 6.2 Line Broadening

obtained by

gl = 2 (2l + 1) (6.16)

and the total degeneracy of En is obtained by summing up the statistical
weight over l from 0 to (n− 1), which is then given by

gn =
n−1X
l=0

2 (2l + 1) = 2n2. (6.17)

For n = 1, 2, 3, and 4, statistical weights are shown in Table 6.2

6.2 Line Broadening

Observed spectral lines are always broadened, partly due to the finite reso-
lution of the spectrometer and partly due to intrinsic physical causes. The
principal physical causes of spectral line broadening are pressure and Doppler
broadening.

6.2.1 Stark Broadening

If the pressure is so high that collisions are dominant (collision time ≈ radia-
tive lifetime), the pressure broadening takes place. This is also called collision
broadening, because it is due to the collisions between radiating particles.
Because each radiating particle contributes to the broadening mechanism, it
is called homogeneous broadening, which generally features approximately
a Lorentzian profile, whose width is proportional to the collision frequency.
The normalized Lorentzian profile is written by

PL (∆ν) =
1

2π

∆νFWHM
L

(∆ν)2 +
¡
∆νFWHM

L /2
¢2 , (6.18)

where ∆ν ≡ ν − ν0 is the distance from the center frequency and ∆νFWHM
L

is the full width at half maximum of the profile. From the physical point of
view it may be further divided into Van der Waals, Stark broadening, etc.
If the densities of ions and electrons present in plasmas are sufficiently high
(at least 1% of the total density), the line broadening is only concerned with
Stark broadening [WIE65].
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Stark broadening arises due to charged perturbers, i.e., ions and elec-
trons. Stark broadening theory has been developed from two different ap-
proximations, the quasi-static and the impact theory. In quasi-static ap-
proximation the perturbing particles (ions or atoms) are assumed to move so
slowly during the time of emission that the perturbing field may be thought
of as quasi-static. Holtsmark has developed this theory with two main steps,
which are (1) to calculate the splitting of a spectral line resulting from the
Stark effect and (2) to find the probability distribution of all different mi-
crofields (electric field near the radiator) in the plasma and average the Stark
shifts over them, where the effect of electron impact is not considered and the
resulting profile has the on-axis intensity minimum. Impact theory has been
derived by Baranger, Kolb, and Griem [BAR58] [KOL58], where a wave train
of light emitted from a radiator is perturbed by the impact of the fast mov-
ing electron to be cut into a number of smaller independent ones. A Fourier
analysis of these short trains and a statistical averaging over all collision
times yield the line profile that is approximately a Lorentzian. A refined
Stark theory was developed by Griem, Kolb, Shen, Baranger, and Oertel
[GRI59] [GRI62], where the broadenings by both ion and electron are simul-
taneously taken into account. The resulting full width at half maximum of
the Stark profile is given by

∆λFWHM
S = 2.5× 10−5m · α1/2 ·

¡
ne/

£
m−3

¤¢2/3
, (6.19)

where α1/2 is a reduced wavelength distance given by α1/2 ≡ ∆λS/F0,∆λS is
the distance from the line center at half intensity maximum, and F0 is Holts-
mark field strength, which is given by F0 = 2.6Vm−1 · e

4πε0
· ¡ne/ £m−3¤¢2/3.

The relation of the line profile PS (α) versus α is tabulated in [GRI74], where
the tabulated profiles are normalized such that

R
PS (α) dα = 1. The avail-

able data for the Stark broadening is introduced in Chapter 8.

6.2.2 Doppler Broadening

Doppler broadening is dominant in a dilute, hot gas, where the atomic ve-
locity is high. The radiation of an individual atom moving relative to the
observer is shifted in frequency. If the atom is moving towards the observer,
the frequency is shifted to higher frequencies, and to lower frequencies if it

82



Section 6.3 Absorption and Emission

is moving away, which is formulated as follows:

ν 0 = ν0
³
1± vx

c

´
, (6.20)

where vx is the velocity component in the line of sight of a moving atom,
ν0 is the frequency of the radiation from the atom at rest, and ν 0 is the
shifted frequency. The natural broadening is assumed as delta function and
the intensity distribution is determined by the Maxwellian distribution (see
Eq. (4.14)). The line broadening due to all Doppler shifted components is
obtained as follows:

PD (ν) =

Z ∞
−∞

PD (ν − ν 0) f (vx) dvx

=

√
4 ln 2

π1/2∆νFWHM
D

exp

−Ã∆ν
√
4 ln 2

∆νFWHM
D

!2 , (6.21)

where

∆ν = ν − ν0 =
v

c
ν0, (6.22)

∆νFWHM
D = ν0

√
4 ln 2

µ
2kBTa
mac2

¶1/2
(6.23)

= 7.14× 10−7m · (λ0/ [ m])
µ

Ta/ [ K]

ma/ [amu]

¶1/2
, (6.24)

and the intensity at the line center PD (ν0) =
√
4 ln 2

π1/2∆νFWHM
D

= 1
ν0

q
mac2

2πkBTa

is obtained. For helium, ∆λFWHM
D = λ20

c ∆νFWHM
D = 1.85 × 10−11m for

λ0 = 164 nm at the temperature of 105K, which is much smaller than those
due to the Stark broadening (∆λFWHM

S ≈ 0.5 nm from the measurement).

6.3 Absorption and Emission

If a medium emits radiation it also absorbs radiation at the same frequency.
The absorption coefficient αν is defined as the fractional rate of absorption
of radiation per unit path length. Then, in a medium whose refractive index
can be taken as unity, the intensity of radiation Iν, which is the radiative
power per unit area per unit solid angle per unit frequency, is governed by
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the equation
dIν
ds

= �ν − Iναν, (6.25)

where s is the distance along the ray trajectory. The solution of this equation
is

Iν (b) = Iν (a) e
(τa−τ b) +

Z b

a

�νe
τ−τ bds, (6.26)

where τ is the optical depth and being defined as

τ ≡
Z s

ανds, (6.27)

and a and b are two points on the ray. Considering that ray crossing a plasma
slab, in which we take �ν/αν to be uniform, then

Iν (b) = Iν (a) e
−τ ba +

Z τ b

τa

µ
�ν
αν

¶
eτ−τ bdτ

= Iν (a) e
−τ ba +

µ
�ν
αν

¶£
1− e−τ ba¤ , (6.28)

where τ ba ≡ τ b−τ a is the total optical depth of the slab. It is shown that the
emergent intensity consists of some fraction of the incident intensity (first
term) plus additional emitted intensity (second term).

When τ ba À 1 the slab is said to be optically thick and we simply find

Iν (b) =
�ν
αν

. (6.29)

The slab absorbs all radiation (at this frequency) incident upon it. It is
a fundamental thermodynamic property that any body in thermodynamic
equilibrium that is “black”, meaning that it is perfectly absorbing, emits
radiation with a unique blackbody intensity

Iν = Bν =
2

λ2
· hν

exp
³

hν
kBT

´
− 1

, (6.30)

which for low frequency hν ¿ kBT may be written

Bν =
2kBT

λ2
. (6.31)

In its first form this is Planck’s radiation formula and the second form is
called the Rayleigh-Jeans approximation or classical limit. Both expressions
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refer to a single wave polarization. It is clear, then, that we must identify
the emergent intensity Iν (b) with Bν in the optically thick case so that

�ν
αν
= Bν, (6.32)

which is called Kirchhoff’s law.

The optical depth at line center for the transition from the level l to u
is given as

τ lu (ν0) = αlu (ν0) · lplasma
= nl · σlu · P (ν0) · lplasma (6.33)

where αlu is the absorption coefficient, nl is the population density of the
lower level, P (ν0) is the line shape function, and lplasma the dimension of
the plasma. Since the measured Stark line profile is the Lorentzian as shown
in Figure 8.1 (C), the intensity at the line center is obtained by PL (ν0) =

2
π∆νFWHM

L
from the Eq. (6.18). The optical depth at line center is given by

τ lu (ν0) = nl ·
µ

1

4πε0
· πe

2

mec
· flu

¶
· 2

π∆νFWHM
L

· lplasma

= 1.7× 10−6 · flu · 1

∆νFWHM
L

· nl · lplasma, (6.34)

where we get τ 23 (ν0) = 2.12 for the values of the He II Balmer-α line,
flu = 0.696, nl ≈ 1022m−3, lplasma = 10−3m, and ∆λFWHM

S = 0.5 nm
corresponding to ∆νFWHM

S = 5.57×1012 s−1. Using the asymptotic formula
for the escape factor for the Lorentzian line shape after [DRA73]:

g (τ lu) =


(1 + τ lu)

−1/2 , τ lu ¿ 1h
1 + τ lu

¡
2 + τ 2lu

¢−1i · h1 + (πτ lu)1/2i−1 , intermediate

(πτ lu)
−1/2 , τ lu À 1

(6.35)
where the escape factor is obtained as g (τ 23) = 0.37 for the He II Balmer-α
transition.
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6.4 Energy Levels of Helium Ion

The spectroscopic denotation of the atomic state is

n 2S+1LJ (6.36)

where n denotes the principal quantum number or the orbital number in
Bohr sense, S the total spin angular momentum, L the total orbital angular
momentum quantum number, and J the magnitude of the total angular
momentum [HER50].
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Figure 6.1. He II doublet Grotrian diagram.

As far as helium ion is concerned, the selection rules are obeyed rigor-
ously. The transitions of a singly ionized helium are schematically repre-
sented in Figure 6.1 according to the selection rules stated in Eqs. (6.37)
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[HER50]:

∆J = ±1, 0 but J = 0= J = 0,

∆L = ±1,
and ∆S = 0, (6.37)

which means J can change by 1 or 0, and the transitions between states
with J = 0 are forbidden. Especially He II Paschen-α and He II Balmer-α
transitions are observed in this work to determine the electron density of the
magnetized pulsed optical discharge.
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Experimental Setup

7.1 Entire Setup

This section outlines the experimental setup. As shown in Figure 7.1, it
is thought to be reasonable to divide into five large parts in view of the
functionality, which are laser oscillator, beam expander, laser amplifier, POD
chamber, and spectrometer with ICCD camera. It is shown that several
Brewster windows (rectangular plates) are installed. It is on the ground that
the gas circulation system of laser oscillator and MIDAS, the chamber for
high speed rotating chopper wheel, and high vacuum chamber for POD and
spectrometer should be isolated from the atmosphere. The second reason,
mainly to this purpose, is that Brewster windows perfectly transmit the p-
polarization of the linearly polarized laser beam and partly reflect the other
components of polarizations. In other words, Brewster windows deliver a
linearly polarized laser beam with no energy loss and keeping it from de-
polarization due to their optical property. The laser system consists of a Q-
switched CO2 laser oscillator, a 1 : 2 beam expander, and an amplifier named
MIDAS. Due to the Q-switching using EOM (electro-optic modulator), a
high pulse repetition rate of up to 6 kHz is possible and MIDAS with an
active medium of 14.4m long enables an average power of up to 480W.

7.2 CO2 Laser Oscillator

The CO2 laser oscillator consists of four low pressure (30hPa) discharge tube
segments with a total active length of 3.4m and an overall cavity length of
10m. Between both ends of each segment a high voltage of about 20 kV is
applied, the resultant current representing about 20mA each. The operat-
ing gas pressure amounts about 35hPa with a gas mixture of CO2 : N2 : He
= 4.5 : 13.5 : 82. The system produces a 10.6µm laser pulse with a pulse du-
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1. Optical Properties
Bulk Absorption Coefficient @ 10.6µm < 0.0018 cm−1

Temperature Change of Refractive Index 107× 10−6/ ◦C
2. Thermal Properties
Thermal Conductivity @ 20 ◦C 0.062Wcm−1/ ◦C

Specific Heat 0.21 J g−1/ ◦C

Linear Expansion Coefficient @ 20 ◦C 5.9× 10−6/ ◦C
3. Mechanical Properties
Young’s Modulus 3.7× 1011 dyn cm−2
Rupture Modulus 2.2× 108 dyn cm−2
Knoop Hardness 45 kgmm−2

Density 5.85 g cm−3

Poisson’s Ratio 0.41

4. Electro-optic Properties
Electro-optics Coefficients (Clamped Region) 4.1× 10−12mV−1
Electro-optics Coefficients (Unclamped Region) 5.5× 10−12mV−1

Table 7.1. Physical property of CdTe

ration of about 80 ns using a Q-switching with cavity dumping. The cavity
dumping necessitates two end mirrors of high reflectivity, and Q-switching
needs an EOM and a thin film polarizer in the cavity.

7.2.1 Electro-Optic Modulator

Cadmium telluride has an infrared transmission range which extends from
1µm to greater than 25µm in the mid-IR, and exhibits the electro-optic
effect. The absorptivity of CdTe manufactured by II-VI corp. at 10.6µm
is less than 0.002 cm−1, but it is limited to use in CO2 laser systems with
cw power levels up to a few hundred watts due to its thermal conductivity
(about one third that of ZnSe). Our use (about 3W) is much lower than
this value. Material properties at 10.6µm are shown in Table 7.1. The
specification of EOM from the II-VI original test data is listed in Table 7.2.
Phase shift via EOM is calculated by

∆φ =
π

λ
· n3O · r63 ·

l · V
d

, (7.1)
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Material CdTe (Cadmium telluride)

Size 12mm× 12mm× 60mm
AR coated 0.5% reflection per surface

nO (refractive index) 2.6739 @10.6µm

r63 (electro-optic coefficient) 5.3× 10−12mV−1
Electrical resistivity 8.9× 108Ω cm @ 2.4× 103V
Transmission 98.6% @10.6µm

Capacitance 8.5 pF

Total housing capacitance with crystal 26 pF

Table 7.2. Technical data of EOM after II-VI corporation

where λ is the wavelength of the laser beam, l and d are the length and width
of the EOM, V is the voltage to be applied, r63 is linear electro-optic coef-
ficient and nO refractive index (Numerical values are found in Table 7.2). If
the phase shift is not exactly 45 ◦, there can exist a leak radiation, where the
prepulse of the outcoupled laser beam is created. The voltage correspond-
ing to this phase shift ∆φ = 45 ◦ is 5.236 kV, but this voltage resulted in
a relatively large prepulse and made the shot-to-shot pulse reproducibility
worse. In practice, the voltage 5.9 kV was the optimal value for producing
a relatively uniform pulse train with small prepulses.

7.2.2 Q-switching with cavity dumping

The quality factor Q of the resonator is defined as the ratio of the energy
stored in the resonator to the energy dissipated per cycle. The cavity Q is
switched via an EOM and a thin film polarizer placed on the optical axis in
the cavity. If a voltage applied to the Pockels cell, it acts like 4/λ plate -
converting the linearly polarized light into the circularly polarized light and
reversely too. After the pass of crystal→mirror→crystal, the polarization
plane of the beam rotates by 90 ◦ which is s-polarization to a thin film
polarizer. This linearly polarized beam therefore can not go on oscillating
inside the cavity but is completely coupled out by a thin film polarizer. Since
the cavity Q is very low in the cavity after the outcoupling of the laser pulse,
the gain due to population inversion reaches a very high value without laser
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oscillations occurring. The high loss prevents lasing while the energy is being
pumped into the excited states. If the voltage is reduced to zero, there is no
rotation of the plane of polarization and the laser beam is hardly coupled
out via a thin film polarizer or mirrors. Thus the Q is switched to a high
value and laser oscillations within the cavity build up very rapidly. If the
high voltage is again applied to the cell, all of the available energy is emitted
in a single large pulse. The pulse duration is determined by the cavity length
and the rising time of the switching of the Pockels cell. The pulse repetition
rate is limited by the capability of the high speed push-pull switch and is
about 6 kHz.

7.2.3 Mode Quality of Laser Beam

The intensity distribution of the output laser beam is measured by using
an iris with a continuously variable aperture. The PIB (power-in-bucket)
is measured as varying radius of the aperture, which is plotted with the
Gaussian fit curve in Figure 7.3.

7.3 Beam Expander

After doubly expanded by a beam expanding telescope consisting of two
off-axis parabolic mirrors, the laser beam is led to the amplifier system MI-
DAS. The mirror spacing of expander controls the divergence of the laser
beam to adapt the beam size to the entrance and exit of the amplifier.
In the experiment, the small fraction of the laser pulse oscillates between
the output coupler of the laser cavity and the POD plasma. This uncon-
trolled self oscillation is amplified every time it passes MIDAS, which affects
the shot-to-shot reproducibility of the pulse and can eventually damage the
Pockels cell inside the oscillator. To suppress this phenomenon, an opti-
cal decoupling of oscillator and MIDAS is essential and can be solved in-
stalling a fast running chopper blade at the focus inside the beam expander.
The chopper wheel is a steel disk (Sandvik 20L) of 254mm in diameter,
0.15mm thick, and contains 20 slits of 0.2mm in width [GRE95]. It turns
at 18000 rpm, corresponding the slit repetition rate of 6 kHz and the cir-
cumferential velocity vφ of 239.4m s−1. It is now convenient that every spa-
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tial dimension is transformed in the time space, where two axes are scaled
by vz = c and vφ = 239.4m s−1, respectively. Each slit has a “width”
of τSW = 200µm

239.4m s−1 = 835 ns, and the laser beam pulse has a “length” of
τPL = 80ns and “diameter” of τPD =

150µm
239.4m s−1 = 627 ns. In order to com-

pletely pass one pulse of diameter×length= 627 ns × 80 ns through the slit
with zero loss of pulse energy, the following condition should be obeyed.
(refer to Figure 7.4).

τSW − τPD ≥ τPL + τST (7.2)
Simultaneously, to keep the reflected beam from passing through the slit
back to the oscillator, the relation is set

τOSC + τST ≥ τSW + τPD (7.3)

where

τSW : Width of chopper slit
τST : Thickness of chopper slit
τPD : Laser pulse diameter
τPL : Laser pulse duration
τOSC : One round-trip time in entire system.

with τST being ignored since τST ¿ τPL

But during the time of τSW + τPD = 835 ns + 627 ns = 1462 ns, the
output beam starts to be released and the reflected beam comes four times
back to the chopper, passing through the slit, oscillating in the oscillator,
and being coupled out with an original Q-switched pulse. This effect was
observed as shown in the Figure 7.4.

The set of inequality Eqs. (7.2) and (7.3) can be solved in terms of spatial
dimensions, say, with respect to slit size and focus diameter fixing the entire
optical path and pulse duration. Figure 7.5 gives the idea to optimize the
oscillator-amplifier decoupling.

7.4 Microwave-Excited CO2 Laser Amplifier

The amplifier system MIDAS is of a total length of 16.60m. The total
length of the active medium is 14.4m. Among 25 discharge modules, 15
modules consist of two magnetrons each, which have a power of 2.7 kW and
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pulse peak power 0.6MW

average power 480W

pulse duration 80 ns

pulse energy 80mJ

pulse repetition rate 6 kHz

mode quality TEM00

Table 7.3. Laser pulse data

a frequency of 2.45GHz, and 10modules have magnetrons with an adjustable
power of up to 6 kW respectively. The operating gas pressure is 51hPa with
a mixture of CO2 :N2 :He = 4.5 : 13.5 : 82. The gas is circulated by four roots
pumps and is cooled by heat exchangers. The data of our laser system of
this configuration is listed in Table 7.3.

7.5 Pulsed Optical Discharge Chamber

The amplified- and expanded laser beam is focused on a diameter of ap-
proximately 16µm by a parabolic reflector with a focal length of 25mm.
The focus and the optical discharge are in the center of a super-conducting
solenoid coil, and a homogeneous magnetic field of up to 10T can be station-
arily maintained along the optical axis inside the cylindrical volume of 5mm
diameter and 20mm length surrounding the solenoid center. Helium serves
as a target with pressure of 100hPa to 1000hPa. With the focal length of
25mm in the focus of the ultimate system, pulse peak intensity reaches up
to 4× 1014Wm−2.

The POD chamber is filled with helium gas at the pressure of 600hPa
to 800hPa in the experiment. In order to obtain the pure and intensive
spectrum it needs to check the chamber leak rate with respect to the purity
of the gas. The fractions of impurities contained in the helium gas are shown
in Table 7.4.

The vacuum of system should be very tight, otherwise the XUV (extreme-
ultraviolet) or VUV radiation is strongly absorbed before it arrives at the
scintillator. Since VUV radiation of λ = 164 nm is not absorbed in N2 gas
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Ingredients Product data

of the product Helium 4.6 Helium 5.0

He 0.99996 0.99999

N2 20× 10−6 4× 10−6
O2 5× 10−6 1× 10−6
H2O 5× 10−6 3× 10−6

Table 7.4. Factory-specified (Messer - Griesheim AG) purity of helium gas

only the O2 itself and O2 in H2O are considered (see Table 7.4). Average
leakrate of the vessel consisting of POD chamber and spectrometer is mea-
sured by about 10−5 hPa l s−1, which means, the oxygen (≈ 20% of the air)
among the air leaks into the vessel having a volume of about 30 l at a rate
of about ṗ = 6.67 × 10−8 hPa s−1. The time dependent absorption of the
radiation in O2 gas is estimated in the following step.

The intensity of the light waves in O2 gas is written as

I (c) = I0 exp (−αc) , (7.4)

where α is the attenuation coefficient and c is the propagation length of the
light waves. The attenuation coefficient α0 for O2 at the atmospheric pressure
and at the temperature of 20 ◦C is given by NIST, which is plotted in Fig-
ure 7.6. Here we find the value α0 (λ = 164 nm) = 1.066×105m−1. Therefore
the attenuation coefficient at any pressure can be written by α (p) = α0

p/[hPa]
1013

and the absorption is related to the partial pressure of O2 as the Eq. (7.5).

A=1− exp©− 105.2· £(p0/[hPa])+¡ṗ/£hPa s−1¤¢ · (t/ [ s])¤ · (c/ [ m])ª (7.5)
where c = rA + rB = 2 × 406.7mm for our experimental setup (refer to
Figure 7.7 and Eq. (7.19)) and p0 is the partial pressure of O2 in the He gas
initially filled. The initial partial pressure of O2 is 6× 10−3 hPa for a helium
4.6 (He purity: 99.996%) and 2 × 10−3 hPa for a helium 5.0 (He purity:
99.999%) at a pressure of 800hPa. The absorption of the VUV radiation
by O2 gas leaking into the vessel at a rate of 2 × 10−6 hPa s−1 is tabulated
in Table 7.5 with respect to the He purity. During our typical measurement
time of about 4hours, the helium 5.0 results in the absorption of about
22.4%. This value is only the half of the absorption (∼ 44.9%) due to the
helium 4.6. The complete measurements of about 4hours could be performed
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Time [h] Helium 4.6 Helium 5.0

pO2 [hPa] Absorption [%] pO2 [hPa] Absorption [%]

0 6.00× 10−3 40.2 2.00× 10−3 15.7

1 6.24× 10−3 41.4 2.24× 10−3 17.4

2 6.48× 10−3 42.6 2.48× 10−3 19.1

3 6.72× 10−3 43.7 2.72× 10−3 20.7

4 6.96× 10−3 44.9 2.96× 10−3 22.4

5 7.20× 10−3 46.0 3.20× 10−3 24.0

6 7.44× 10−3 47.1 3.44× 10−3 25.5

7 7.68× 10−3 48.2 3.68× 10−3 27.0

8 7.92× 10−3 49.2 3.92× 10−3 28.5

9 8.16× 10−3 50.3 4.16× 10−3 30.0

10 8.40× 10−3 51.3 4.40× 10−3 31.4

Table 7.5. Absorption of the VUV radiation (He II Balmer-α line: λ = 164nm) by O2
gas leaking into the vessel at a rate of 2×10−6 hPac s−1 with respect to the helium purity.
pO2 is the partial pressure of O2.

without the intermediate evacuation and refill.

7.6 Spectrometer

Since the reflectivity of the optical elements is low for the VUV radiation,
less optics are used. A concave grating is a good choice for this use. With
this grating the Rowland and Seya-Namioka configurations are possible. In
our experiment a spectrometer is constructed based on the Seya-Namioka
configuration. In this mounting the lengths of the entrance and exit arms
and the angle between them are held constant as the grating is rotated, so it
is characterized by the constant-deviation monochromator. As a wavelength
converter a tapered fiber bundle coated with sodium salicylate is used.

7.6.1 Seya-Namioka configuration

In the first place, the focus equation for the diffraction concave grating is
derived to study Seya-Namioka mounting. The structure of the grating and
the denotations are presented in Figure 7.7.
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The optical path length W is <AP>+< PB>.

W =

q
(x− xA)

2 + (y − yA)
2 + (z − zA)

2

+

q
(x− xB)

2 + (y − yB)
2 + (z − zB)

2 (7.6)

The surface equation of the grating is

z = R−
p
R2 − x2 − y2, (7.7)

and we introduce cylindrical coordinate

xA = rA sinα,

zA = rA cosα,

xB = rB sinβ,

and zB = rB cosβ. (7.8)

Putting ∂W
∂x =

mλ
d and ∂W

∂y = 0, we get the law of reflection and the modified
grating equation taking account of incidence out of a X-Z plane respectively.
If we put ∂2W

∂y2 = 0 for yA = yB = 0, we get the focal equation for spherical
concave grating.

cos2 α

rA
− cosα

R
+
cos2 β

rB
− cosβ

R
= 0. (7.9)

In order to achieve the optimum conditions for Seya-Namioka mounting,
the amount of defocus given by the focus function is first taken into account

F (α, β, rA, rB) =
cos2 α

rA
− cosα

R
+
cos2 β

rB
− cosβ

R
. (7.10)

Introducing for convenience

α = φ+ θ (7.11)

β = φ− θ, (7.12)

where 2φ is the angle subtended at the grating by the entrance and exit slit
and θ is the angle through which the grating is turned, then the following
form is obtained

F (θ, φ, rA, rB) =
cos2 (φ+ θ)

rA
− cos (φ+ θ)

R
+
cos2 (φ− θ)

rB
− cos (φ− θ)

R
.

(7.13)
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Resolution 0.001 ◦

Accuracy < 30 arcsec

Repeatability < 2 arcsec

Reversal Error < 10 arcsec

Table 7.6. Technical data of one-circle goniometer

The optimum conditions are those for which F (θ, φ, rA, rB) remains as
small as possible if θ is varied over the required range. Setting F (θ, φ, rA, rB)
and three derivatives of F (θ, φ, rA, rB) with respect to θ equal to zero for
θ = 0,

F (θ = 0) =
cos2 φ

rA
− 2 cosφ

R
+
cos2 φ

rB
= 0 (7.14)

F´ (θ = 0) = −2 cosφ sinφ
rA

+
2 cosφ sinφ

rB
= 0 (7.15)

F´´ (θ = 0) =
sin2 φ

rA
− cos

2 φ

rA
+
cosφ

R
+
sin2 φ

rB
− cos

2 φ

rB
= 0(7.16)

F´´´ (θ = 0) =
4 sinφ cosφ

3rA
− 4 sinφ cosφ

3rB
= 0, (7.17)

and solve the above system of Eqs. (7.14) (7.15) (7.16), and (7.17) to obtain
the result as follows

φ = arccos

r
2

3
' 35.26◦ (7.18)

rA = rB = R cosφ, (7.19)

where rA = rB = 406.7mm is obtained using the data R = 498.1mm as
listed in Table 7.7.

7.6.2 Concave Diffraction Grating

Concave diffraction grating is chosen to effectively focus the image of the
plasma. The only moving part of the Seya-Namioka spectrometer is this
grating. By rotating the grating, the wide range of spectra can be scanned.
The scanning is done using one-circle goniometer (Model: 410) and step-
ping motor controller (Model: SMC 9000 Huber Diffraktionstechnik GmbH)
whose data is listed in Table 7.7.
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Grating ruled area W0 ×H0 50mm× 30mm
Number of grooves N0 1200 G/mm

Coating MgF2
Radius of curvature R 498.1mm

First order Littrow blazed angle 2.4◦

Grating period (Grating constant) d = 1/N0 833.33 nm

Illuminated ruled area W 11.44mm

Illuminated number of grooves N =W ·N0 13728

Resolving power for m = 1 Rp = λ/∆λ = mN 13728

Resolution for λ = 164 nm ∆λ = λ/Rp 1.195× 10−2 nm
Dispersion for λ = 164 nm dλ

dθ
= 2d

m
cosφ cos

h
sin−1( mλ

2d cosφ
)
i
23.582 nm/deg

Plate factor for λ = 164 nm dλ
dx
= d

mR
cos
h
sin−1( mλ

2d cosφ
)
i

2.034 nm/mm

Table 7.7. Technical data for diffraction concave grating

7.6.3 VUV Scintillator: Sodium-Salicylate

As a fluorescent wavelength converter for the detection of VUV radiation,
sodium-salicylate (NaC7H5O3) has been widely used, because [KNA63]
[SAM67] [KUM79]:

• Phosphor coatings can be prepared in a simple way.
• Its relative quantum efficiency is nearly constant over a wide range of
incident radiation.

• It does not sublime at room temperature in vacuum.

• It is not damaged by the incident VUV radiation.
Its chemical composition is visualized in Figure 7.8.

The sodium-salicylate is dissolved in methyl alcohol, and then the sat-
urated solution is sprayed onto a glass surface by using a heat gun. The
coating density of 1mg cm−2− 2mg cm−2 gives the best quantum efficiency
[SAM67].
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Figure 7.1. Entire setup is composed of five different modules: laser resonator, beam
expander, laser amplifier, POD chamber, and spectrometer. Each module is tightly
sealed with a Brewster window allowing maximal transmssion of the linearly polarized
laser beam.

99



Chapter 7 Experimental Setup

0 5 10 15 20 25 30
2.5

2.6

2.7

2.8

2.9

In
de

x 
of

 re
fra

ct
io

n

Wavelength [µm]

Figure 7.2. Index of refraction of CdTe with a function of wavelength
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Figure 7.3. Intensity profile of laser beam measured using a power-in-bucket method.
The power of the laser beam that passes through the iris opening is recorded, as varying
the iris diaphragm size in front of the power meter.
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τSW

τSW - τPD

τSW

τSW + τPD

Figure (a)

Figure (b)

Chopper

Chopper

Figure 7.4. The dimensions of laser beam focus and chopper slit are represented on a
time scale. Circles represent the laser beams hitting or passing the chopper. Figure (a)
explains the condition that the output beam be passed through the chopper slit with no
energy loss. Figure (b) shows the situation that the reflected beam should be completely
blocked by the chopper blade.
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Figure 7.5. Resonator-amplifier decoupling diagram. In section I beam power loss and
noise oscillation take place. Section II contains our case. Section III is the best condition,
but it is difficult to realize. In section IV there happens no noise oscillation. The filled
circle represents the current condition.
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Figure 7.6. Attenuation coefficient for O2 with respect to the radiation wavelength at the
atmospheric pressure and the temperature of 20 ◦C.
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Figure 7.7. Concave spherical grating with straight and equally spaced grooves
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Figure 7.8. Chemical composition of Sodium salicylate
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8.1 Image Capture

The concave grating is positioned so as to exactly cast the image of the
center of the plasma on the scintillator inner surface. This is easily aligned
by putting the visible light where the plasma locates. Setting the angle of
the grating, the wanted order of diffracted radiation is selected to be sent to
the scintillator. If the VUV wavelength radiation (He II Balmer-α line) falls
on this scintillator, sodium-salicylate absorbs the wave energy to emit the
visible light. The He II Paschen-α line is recorded without sodium-salicylate
coated. The images are captured using the gated ICCD camera (Model:
Soliton 4 Quick E) to give 5 ns time-resolved transient electron densities as
shown in Figures 8.6 and 8.7.

8.2 Data Process

For the measurement the instrumental broadening is encountered in addi-
tion to the pure Stark broadening. If only the instrumental broadening is
present, then the line intensity at a wavelength distance ∆λ from the line
center is given by the instrumental function Iinst (∆λ). With Stark broad-
ening added, this intensity is smeared out over all other positions of the
line. Hence it contributes at the distance ∆λ∗ the product of the instru-
mental function at ∆λ, Iinst (∆λ) with the Stark function centered at ∆λ,
that is, Isource (∆λ∗ −∆λ). The final result for the point ∆λ∗ is obtained by
the integration over all possible contributions. The observed line profile is
therefore a superposition of Stark profile and instrumental profile. The true
Stark profile can be obtained by solving the following convolution integral

104



equation

Iobs (∆λ∗) =
Z

Iinst (∆λ) Isource (∆λ∗ −∆λ) d (∆λ) . (8.1)

The profiles are normalized as

1 =

Z
Iinst (∆λ) d (∆λ)

=

Z
Isource (∆λ) d (∆λ)

=

Z
Iobs (∆λ) d (∆λ) . (8.2)

The instrumental spread can be determined by replacing the plasma dis-
charge with the light source that emits very narrow lines centered by the
same wavelength as measured. But since a vacuum-resistant lamp was not
available, the low pressure mercury lamp was used to measure the instru-
mental line width, which is shown in Figure 8.1 - (B). In our experiment the
observed profile is a Voigt profile, which is defined as the convolution of a
Gaussian profile with a Lorentzian

PV (a, x) =

Z ∞
−∞

exp
¡−y2¢

a2 + (x+ y)2
dy, (8.3)

where a is the damping ratio, representing the ratio of the width of a Lorentz
profile to a Gauss profile

a =
∆νL
∆νG

=
√
ln 2

∆νFWHM
L

∆νFWHM
G

, (8.4)

and x is the scaled frequency

x =
∆ν

∆νG
=
√
4 ln 2

∆ν

∆νFWHM
G

. (8.5)

The Voigt profile becomes Gaussian as a→ 0 and Lorentzian as a→∞. In
our case, 0 < a < 1, where the line profile consists of a core governed by the
Gaussian and wings described by a Lorentzian.

Figure 8.1 proves that the He II Balmer-α line is a Lorentzian by showing
the typical data processing, where the measured Voigt profile is deconvoluted
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Figure 8.1. Deconvolution of measured line profile (A: Voigt profile) from the instrument
line profile (B: Gaussian), where the Stark profile (C: Lorentzian) is obtained.

106



Section 8.3 Stark Broadening Data

460 462 464 466 468 470 472 474 476 478

In
te

ns
ity

 [a
.u

.]

Wavelength [nm]

Figure 8.2. Lorentzian two peak fit. • denotes the measured data points, dashed line
for He II 468.6 nm line, the dot line for He I 471.3 nm line, and the solid line is their
supurposition.

by the instrumental line profile into the Lorentzian profile. In our experi-
ment, however, the instrumental broadening is not constant but changes as
the size of the plasma varies. The line width increases until the size of the
plasma becomes maximum and decreases as the size of the plasma decreases.
If the second ignition occurs in the course of the main pulse, the line width
begins to increase again. The minimum line width at this moment is taken
as a line width of the instrumental broadening. Therefore the line widths
between the initial ignition time and the time when the line width begins
to increase are chosen for evaluation. The results are shown in Figure 8.7,
where the electron densities are evaluated only for the earlier time points.

8.3 Stark Broadening Data

After deconvolution the pure line width is obtained, which is in turn con-
verted into electron density according to [GOD98] and [PIT86] for He II
Paschen-α and [WRU01], [FER01] and [GRI74] for Balmer-α line. The re-
lation between the line width and the electron density for Paschen-α line is
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shown in Eq. (8.6).

∆λS = 10
−9m ·

Ã
ne/

£
m−3

¤
3.31× 1023

!1/1.21
(8.6)

For the Balmer-α line the Eq. (6.19) is used, where the relation between
the line width ∆λS and the electron density ne for Balmer-α is plotted in
Figure 8.3. Since the refined Stark theory including the electron impact and
ion dynamic simultaneously as explained in Section 6.2, further developments
are performed by several groups. Schöning [SCH94] and Greene [GRE82]
have studied ion-dynamical effects in Stark broadening of He II lines, where
the relative effect for Paschen-α transition compared with Balmer-α line is
reduced by a factor of the order of 1/2 to 1/3. The new calculation of the
Stark broadened Balmer-α line shapes of He II has been performed with
the FFM (frequency f luctuation model: the details on the model can be
found in [TAL95]) by Ferri [FER01]. For the studied plasma parameters, the
electronic field component can be treated in the impact approximation while
one has to take into account the fluctuations of the ionic field component,
i.e., the ion dynamics. The ion dynamic effects increase the width of the
Balmer-α line about 15% for highest densities and ∼ 35% for the lowest
densities, in comparison to the ion quasi-static limit results. In addition, the
fine structure, the interference terms in the electron collision operator, and
the quadratic Stark effect, i.e., the mixing of the fine structure states of the
level n = 3 with some states of n = 4 are taken into account. No other
broadening mechanisms (Doppler and apparatus functions) than the Stark
effect are taken into account in those calculations. The result is shown in
Figure 8.4.

8.4 Results

8.4.1 Transient Electron Density

The threshold power changes as varying magnetic field, gas pressure, laser
pulse duration, and beam focus size as shown in the calculation results (Fig-
ures 4.3, 4.4, 4.5, and 4.6). If the intensity of prepulse reaches over the
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Figure 8.3. Stark broadening (FWHM) vs. electron density and electron temperature
after [GRI74].
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Figure 8.5. Time evolution of electron densities with respect to gas pressure and magnetic
field (determined by the measurement of He II Paschen-α and Balmer-α lines). Circle:
0T and 600hPa, Triangle: 0T and 800hPa, Reverse triangle: 8T and 600hPa, and
diamond: 8T and 800hPa, respectively. The dotted line is the incident laser pulse form.
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Figure 8.6. Time evolution of electron densities with respect to gas pressure and magnetic
field (determined by the measurement of He II Paschen-α line). Circle: 0T and 600hPa,
Triangle: 0T and 800hPa, Reverse triangle: 8T and 600hPa, and diamond: 8T and
800hPa. The dotted line is the incident laser pulse form.
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Figure 8.7. Time evolution of electron densities with respect to gas pressure and magnetic
field (determined by measurement of He II Balmer-α line). Circle: 0T and 600hPa,
Triangle: 0T and 800hPa, Reverse triangle: 8T and 600hPa, and diamond: 8T and
800hPa. The dotted line is the incident laser pulse form.
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breakdown threshold of the medium, the ignition starts at a point of the
prepulse, and electron density increases abruptly due to the rapid ioniza-
tion. Once the ignition takes place at the prepulse, the plasma is heated and
expands until the beginning of the main pulse. The expansion causes a low-
ering of the particle density. Since the absorption coefficient is proportional
to n2e as shown in Eq. (5.21), the absorbed energy per particle decreases in
the course of the main pulse. Due to the reduced absorption, the main pulse
produces a less dense (see Figure 8.6) and less hot (refer to [BUR03]) plasma
compared to the case of one ignition occurred only at the main pulse dura-
tion.

The measured transient electron density (Figure 8.6) in the presence of
the magnetic field of 8T and at the pressure of 800hPa is compared with
the calculation result of the CR-MHD model as shown in Figure 5.3. The
calculation is performed under the assumption that the density of the heavy
particles is constant. The real laser pulse form is used for the calculation,
which consists of a prepulse in the period of 0 ns to 125 ns and a main pulse in
the range of 125 ns to 250 ns as shown in Figure 8.6. Since the equilibrium
of the ionization is reached during the prepulse, only the earlier phase of
the time evolution of the electron is discussed. The electron density from
the calculation increases until the time of 50 ns and reaches the equilibrium
state. The measured transient electron density shows an increase with a steep
slope and decreases slowly. This decrease is attributed to the expansion of
the plasma. The calculated peak electron density is in good agreement with
the measured one (see Figure 8.6).

8.4.2 Magnetic Confinement

The magnetic field of 8T is driven axially to the laser beam and suppresses
the radial expansion of the plasma. The movement of the electrons is domi-
nated by the impacts (collision time < gyration time) during the time that
the laser pulse passes. In the recombination stage after the pulse, an axial
elongation of the plasma can be observed. During the ignition, the dif-
fusion loss plays a substantial role. The reduced ignition pressure of the
plasma with magnetic field is due to both reduced diffusion loss in the ini-
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tial stage of the ignition and an increased remaining ionization of preceding
plasma. Figure 8.8 and 8.9 illustrate the visible emissions from the helium
plasma recorded by ICCD camera for the cases B = 0T (left side) and
B = 8T (right hand), respectively, which shows the effect of magnetic field
on the shape of the plasma formation. The picture on the right hand clearly
shows the magnetic confinement. The time-resolved spatial distributions of
the electron densities and temperatures for the both cases are illustrated in
[BUR03], where the He II Paschen-α transition is observed.
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Figure 8.8. Time evolution of the visible emission of the plasma recorded by ICCD camera
with and without magnetic field. Laser beam is focused by the focus mirror with a focal
length of 25mm, and the helium gas pressure is 600hPa. It is shown that the plasma
ignites during the pre-pulse in the presence of magnetic field. The magnetic confinement
through a magnetic field of 8T affects on the shape of plasma. The main pulse begins at
the time point (A) and has a peak at (B). (after [BUR03])
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Figure 8.9. Time evolution of the visible emission of the plasma recorded by ICCD camera
with and without magnetic field. Laser beam is focused by the focus mirror with a focal
length of 25mm, and the helium gas pressure is 800hPa. It is shown that the plasma
ignites during the pre-pulse at the higher pressure. The magnetic confinement through a
magnetic field of 8T affects on the shape of plasma. The main pulse begins at the time
point (A) and has a peak at (B). (after [BUR03])
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Chapter 9
Conclusions

In the first part of this thesis a CO2 laser oscillator including inhomogeneous
active medium is modeled by using a commercial code GLAD to achieve more
realistic laser beam information. The result of this calculation demonstrates
that radially inhomogeneous gain distribution affects the characteristics of
the surrogate Gaussian beam. The propagation of this beam through the
experimental setup including beam expander, amplifier, and target chamber
was calculated, and the setting of a beam expander was optimized. The
highest intensity of the beam focus in the target chamber is obtained as
4× 1014Wm−2.

A microwave excited CO2 laser kinetics was formulated and the equa-
tions were solved to achieve the time-dependent small signal gain coefficient
of the microwave discharge, which was used for the study on the pressure
dependence of the amplification and for the optimization of the microwave-
discharge pulsed operation. The average power of the amplified laser pulse
was raised by 40% by reducing the pressure from 60hPa to 51hPa (see
Chapter 3). The optimum time delay between the onset of the laser pulse
and the end of the electric power pulse was calculated to be about 20µs.

In the second part a time-resolved pulsed optical discharge of the helium
plasma was generated in the magnetic field of up to 8T. A CO2 laser pulse
of 80 ns in duration, 80mJ in energy, 6 kHz in repetition rate, 0.25MW and
0.6MW in peak powers of pre- and main pulses was used. The discharge
pressure ranged from 600hPa to 800hPa. The He II Paschen-α and Balmer-
α lines were observed to determine the time-resolved electron density. The
electron density was evaluated to be up to 2.5× 1024m−3.

At the pressure of 600hPa and in the absence of the magnetic field the
plasma ignites at the main pulse duration, giving one maximum electron
density. At higher pressure of 800hPa or in the presence of the magnetic
field of 8T, ignition occurs in the course of prepulse and the time evolution
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of the electron density has two humps. Then the main pulse produces a less
dense and less hot plasma compared to the case of no ignition during the
prepulse, which is mainly due to the decreasing absorption that is a function
of n2e. In the presence of the magnetic field the plasma is elongated. The
simple MHD model yields the maximum electron temperature of 2.6×105K.
The ions thermalize nearly as the electrons. The calculation of CR model
shows the temporal behavior of the densities of electron and ions and the
level densities of a singly ionized helium atom.
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Appendix A Physical Constants and Definitions

Appendix A
Physical Constants and De-
finitions

Term Symbol Definition / Value
Speed of light in vacuum c 2.9979× 108ms−1
Electron charge e 1.6022× 10−19C
Electron rest mass me 9.1094× 10−31 kg
Proton mass mp 1.6726× 10−27 kg
Boltzmann constant kB 1.3807× 10−23 JK−1
Planck’s constant h 6.6261× 10−34 J s
Planck’s hbar constant } h

2π
= 1.0546× 10−34 J s

Bohr radius a0
4πε0}2
mee2

= 0.5292× 10−10m
Fine structure constant α e2

4πε0}c = 7.2974× 10−3 = 1
137.04

Classical electron radius re
e2

4πε0mec2
= 2.8179× 10−15m

Cyclotron frequency ωc, ωL
eB
me

or Larmor frequency
Larmor radius rL

v
ωc
= mev

eB

Plasma frequency ωpe

q
nee2

meε0

or Langmuir frequency

Debye radius rD

q
ε0kBTe
nee2

Permeability of vacuum µ0 4π × 10−7Hm−1
Permittivity of vacuum ε0 c2µ0 = 8.8542× 10−12 Fm−1
Rydberg energy Ry

me
2

³
e2

4πε0}

´2
= me

2
(cα)2 ' 13.6 eV

Bohr magneton µB
e}
2me

= 9.2740× 10−24 JT−1
Temperature associated with 1 eV 11604K

Wavelength associated with 1 eV 12398Å
Wavenumber associated with 1 eV 8065.5 cm−1
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