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Abstract

Nowadays, multiple hypotheses testing has become a promising area of statistics. In medicine,
biology, pharmacology, epidemiology and even marketing, many hypotheses often have to be
tested simultaneously. In some applications like genome-wide association studies, there may be
several hundreds of thousands hypotheses to be tested.

An important concept in multiple testing is controlling a suitable Type I error rate. The
Family-Wise Error Rate (FWER) is a classical error rate criterion and denotes the probability
of one or more false rejections. Unfortunately, the FWER is often too restrictive if the number of
hypotheses is very large. In 1995, Benjamini and Hochberg introduced an alternative error rate
called the False Discovery Rate (FDR). The FDR denotes the expected proportion of falsely re-
jected hypotheses among all rejections. Typically, multiple test procedures controlling the FDR
are more powerful than multiple tests controlling the FWER. However, if the number of true hy-
potheses is large and almost all hypotheses are true, procedures controlling the FWER may be a
good alternative to tests controlling the FDR.

In this work we deal with multiple test procedures that control one of the aforementioned
multiple error rates for independent test statistics and dependent ones as well. In the case of de-
pendent test statistics, asymptotic considerations play a decisive role. Chapter 1 is an introduction
into basic concepts and problems concerning multiple hypotheses testing.

In Chapter 2 we discuss a possibility to improve the power of some classical multiple tests
controlling the FWER by applying a plug-in estimate for the number of true null hypotheses. We
investigate several plug-in estimates and prove FWER control of Bonferroni, Sidak and so-called
step-down plug-in multiple test procedures. Moreover, we obtain some asymptotic results and
compare the power of plug-in tests with the power of the corresponding classical procedures.

In Chapter 3 we restrict our attention to exact control of the FDR for step-up-down (SUD)
test procedures. We give a recursive scheme which allows to calculate critical values such that the
corresponding FDR equals the pre-specified FDR bounding curve. This scheme is numerically
extremely sensitive so that computation of feasible solutions remains a challenging problem. We
introduce alternative FDR bounding curves and study their connection to rejection curves as well
as the existence of valid sets of critical values leading to these FDR bounding curves. In order to
compute feasible critical values two further approaches are presented.

In Chapter 4 we focus on situations where some kind of weak dependence occurs. We con-
sider models where the empirical cumulative distribution function of p-values corresponding to
true null hypotheses is asymptotically bounded by the distribution function of a uniform vari-
ate. Important examples of weak dependence like block-dependence of test statistics and pairwise
comparisons are investigated in more detail. We prove that large classes of plug-in tests and SUD
procedures control the corresponding error rate under weak dependence at least asymptotically.

Various numerical examples illustrate our theoretical results.
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Zusammenfassung

In den letzten Jahrzehnten ist multiples Hypothesentesten ein vielversprechender Bereich der
Statistik geworden. In der Medizin, Biologie, Pharmakologie, Epidemiologie und sogar im Bere-
ich Marketing handelt es sich bei vielen Fragestellungen um multiple Testprobleme. Zum Beispiel
werden in genomweiten Assoziationsstudien manchmal viele Hunderttausende von SNPs auf As-
soziation mit einer Erkrankung getestet.

Ein wichtiges Konzept multiplen Hypothesentestens ist die Kontrolle eines geeigneten mul-
tiplen Fehlerkriteriums. Die bekannteste Fehlerrate ist die sogenannte Family Wise Error Rate
(FWER). Damit wird die Wahrscheinlichkeit bezeichnet, dass mindestens eine Nullhypothese
filschlicherweise abgelehnt wird. Ist die Anzahl von Tests groB, so sind die meisten FWER
kontrollierenden multiplen Testverfahren sehr konservativ. Im Jahr 1995 haben Benjamini und
Hochberg vorgeschlagen, die False Discovery Rate (FDR) zu kontrollieren, d.h. den erwarteten
Anteil filschlich abgelehnter Nullhypothesen bzgl. aller abgelehnten Hypothesen. Typischerweise
lehnen FDR kontrollierende Verfahren mehr Hypothesen ab als Prozeduren, die die FWER kon-
trollieren. Dennoch, die letzteren konnen eine gute Alternative zu FDR kontrollierenden Verfahren
darstellen, falls die Anzahl der Tests grof3 ist und fast alle Hypothesen wahr sind.

In dieser Arbeit untersuchen wir multiple Testverfahren, die die FWER oder die FDR kontrol-
lieren, sowohl fiir unabhiingige als auch abhéngige Teststatistiken. In dem abhéngigen Fall spielen
asymptotische Betrachtungen eine entscheidende Rolle. In Kapitel 1 werden Grundkonzepte und
Problemstellungen des multiplen Testens eingefiihrt.

In Kapitel 2 wird die Giite einiger klassischer FWER kontrollierender Tests verbessert, indem
die Anzahl aller Tests durch die geschitzte Anzahl wahrer Hypothesen bei der Berechnung kritis-
cher Werte ersetzt wird. Wir untersuchen einige Schitzer fiir die Anzahl wahrer Hypothesen und
beweisen FWER Kontrolle fiir Bonferroni, Sidak und sogenannte step-down plug-in Tests. Wir
préasentieren asymptotische Ergebnisse und vergleichen Giiten von neuen und klassischen Tests.

In Kapitel 3 wird der Fokus auf step-up-down Testsverfahren gelegt, die die FDR kontrol-
lieren. Wir présentieren ein rekursives Schema zur Berechnung zulédssiger kritischer Werte, die
zu vorher festgesetzten Schranken fiir die FDR fithren. Das Schema ist numerisch sehr sensibel,
so dass die Existenz einer zuldssigen Losung ein anspruchsvolles Problem ist. Wir fithren neue
sogenannte FDR beschrinkende Kurven ein und untersuchen sowohl deren Zusammenhang zu
Ablehnkurven als auch die Losbarkeit des rekursiven Schemas fiir diese FDR beschrinkende Kur-
ven. AuBlerdem werden weitere Verfahren zur Berechnung zuldssiger kritischer Werte vorgestellt.

Kapitel 4 widmet sich abhingigen Teststatistiken, die eine sogenannte "weak dependence"
Bedingung erfiillen. Wir betrachten Modelle, bei denen die empirische Verteilungsfunktion von
p-Werten unter Nullhypothesen asymptotisch nicht oberhalb der Winkelhalbierenden verléuft.
Blockabhingigkeit von Teststatistiken und Paarvergleiche sind die bedeutendsten Beispiele fiir
"weak dependence" und werden ausfiihrlich untersucht. Wir priifen FWER und FDR Kontrolle fiir
grofle Klassen von plug-in und SUD Tests. Verschiedene numerische Beispiele veranschaulichen

die theoretischen Ergebnisse.
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Overview

In various applications of statistics, simultaneous testing of a large number of hypotheses is ev-
eryday life. For example, in multiple endpoints studies in clinical trials, a new treatment has to
be compared with an existing one in terms of a number of measurements (endpoints). In genome-
wide association studies, sometimes hundreds of thousands of single-nucleotide polymorphisms
(SNPs) have to be tested simultaneously. Other applications in multiple testing can be found in
medicine, biology, pharmacology, epidemiology, bioinformatics and even marketing.

Typically, one is not interested in whether or not all null hypotheses are true. It is important
to make decisions about individual hypotheses, that is, we want to decide which hypotheses are
false. Clearly, if we carry out many statistical tests simultaneously, the probability of making false
rejections increases with the number of tests. The aim of a multiple test procedure is to control a
suitable Type I error rate and to maximise the number of correct rejections at the same time. Note
that a single test controls the probability of a false rejection (Type I error). In the multiple case,
the Type I error rate can be generalised in different ways.

One of the well-known multiple error measures is the so-called Family-Wise Error Rate
(FWER), that is, the probability of falsely rejecting at least one true null hypothesis. Up to a
few years ago, the FWER was the most used error rate criterion. Unfortunately, multiple test pro-
cedures controlling the FWER require that individual tests are performed at a lower level than the
pre-specified FWER-level, which often results in a low power. Instead of controlling the FWER,
one can control the False Discovery Rate (FDR) introduced in Benjamini and Hochberg [1995].
The FDR is the expected proportion of falsely rejected null hypotheses among all rejected hy-
potheses. Since the FDR is less restrictive than the FWER, the FDR has become an attractive
error measure especially if the number of hypotheses is large. On the other hand, if the number of
null hypotheses increases and the proportion of true null hypotheses converges to 1, multiple test
procedures controlling the FWER may be good alternatives to multiple tests controlling the FDR.

In this dissertation we deal with both types of multiple test procedures, that is, multiple tests
controlling the FWER and others controlling the FDR. We consider independent test statistics and
dependent ones as well, where the latter often occur in applications. Moreover, because of massive
multiplicity appearing in many applications, asymptotic investigations feature prominently in this

work. This dissertation is organised as follows.

Chapter 1 serves as an introduction for this treatise. A general multiple-testing problem and

possible error rate criteria are presented. We consider various classical multiple test procedures



and show under which conditions these tests control the corresponding error rate. We give some

notations and definitions and describe the problems that are considered in further chapters.

In Chapter 2 we discuss a special approach of improving the power of some classical multiple
test procedures controlling the Family-Wise Error Rate (FWER). This approach is based on plug-
in estimates for the number of true null hypotheses. Although, the idea of plug-in multiple test
procedures is not new, cf. e.g. Schweder and Spjgtvoll [1982], Hochberg and Benjamini [1990]
or Benjamini and Hochberg [2000], no theoretical results seem to be available until recently. In
this chapter we investigate several plug-in estimates and prove FWER control of Bonferroni and
so-called Sidak plug-in multiple tests. Moreover, we show that suitable plug-in step-down tests
also yield FWER control. Thereby, we obtain some asymptotic results and provide some power
considerations. Some of the main results of this chapter are published in Finner and Gontscharuk
[2009]. Independently, similar findings concerning FWER control of special plug-in tests with

respect to a specific mixture model were obtained in Guo [2009].

Chapter 3 deals with exact control of the False Discovery Rate (FDR) for step-up-down (SUD)
test procedures related to the Asymptotically Optimal Rejection Curve (AORC). The AORC was
introduced in Finner et al. [2009] and has the property to exhaust the pre-specified FDR level «
under extreme parameter configurations, at least asymptotically. Since SUD procedures based on
this curve do not control the FDR for a finite number of hypotheses, we propose various methods
for the computation of critical values leading to finite FDR control. Finner et al. [2009] propose
an upper bound for the FDR of an SUD test which is exact for an SU test in so-called Dirac-
uniform models. We give a recursive scheme which allows to calculate critical values such that
the corresponding FDR equals the pre-specified FDR bounding curve and discuss its solvability.
Another interesting approach, which yields a set of critical values such that the corresponding
FDR is close to «, is given by an iterative method based on the fixed point theorem. The main

results in this chapter are submitted for publication.

In Chapter 4 we investigate multiple test procedures based on dependent test statistics. We
introduce a modified version of weak dependence and present a simple condition that is equiva-
lent to some boundary case of this modified version of weak dependence. We show that plug-in
procedures and SUD tests control the corresponding error rate under weak dependence at least
asymptotically. Assuming some type of weak dependence between p-values, one of the main
problems with respect to asymptotic FDR control occurs if the proportion of rejected hypotheses
tends to 0. We prove asymptotic FDR control for a broad class of step-wise multiple tests with
respect to some restrictions on a given parameter space guaranteeing that the proportion of re-
jected hypotheses is asymptotically bounded away from 0. An important boundary case of weak
dependence is given by dependent p-values such that the asymptotic empirical distribution func-
tion (ecdf) of those p-values that correspond to true null hypotheses, coincides with the asymptotic
ecdf of independently uniformly distributed p-values. This case of weak dependence is asymptoti-

cally least favourable for the FWER of suitable multiple tests. Moreover, if in addition to this kind



of weak dependence, p-values under alternatives follow a Dirac distribution with point mass in
0, these p-values are asymptotically least favourable for the FDR of special step-wise procedures
satisfying some power requirement. We consider different types of dependence ensuring weak
dependence. Block-dependence of test statistics and pairwise comparisons will be investigated in

more detail. Thereby, various numerical examples illustrate our theoretical results.

Some definitions of different types of convergence and relevant theorems are summarised in
an Appendix.

Most issues investigated in this treatise except the plug-in methods in Chapter 2 were raised
in a research project sponsored by the Deutsche Forschungsgemeinschaft (DFG), grant No. FI
524/3-1, under the responsibility of my advisor Apl. Prof. Dr. Helmut Finner and Prof. Dr. Guido

Giani.



Chapter 1

General framework for multiple testing

In this chapter we briefly introduce the multiple testing framework and some basic concepts. Sec-
tion 1.1 describes the general setup and provides basic definitions and notation. In Section 1.2
we review the concept of the Family-Wise Error Rate (FWER) and introduce some well known
elementary multiple test procedures. Moreover, we introduce the concept of rejection curves and
critical value functions as a useful tool in multiple testing. Section 1.3 is concerned with the
false discovery rate (FDR) criterion introduced by Benjamini and Hochberg [1995]. We discuss
different multiple test procedures controlling some error rates and show how multiple tests can
be defined in terms of rejection curves and crossing points. In Section 1.4 we introduce a set of
possible assumptions for deriving theoretical results and define Dirac-uniform models which pro-
vide least favourable parameter configurations with respect to different error rates under several

conditions.

1.1 Introduction to basic concepts

First of all, we introduce the notation of our general setup which applies in this work.

Notation 1.1 (General setup)

For some statistical experiment (2, A, {Py : ¥ € ©}) we consider the general problem of simul-
taneously testing a finite number of hypotheses H;, i € I,, where I,, = {1,...,n}. Hypothe-
ses are interpreted as subsets of the underlying parameter space ©, and it will be assumed that
0 # H; C ©, i € I,. The corresponding alternatives are given by © \ H;. Let p;, i € I,
be p-values for testing H;. Suppose p; : (2, A) — ([0,1],B), i € I,, where B denotes the
Borel-o-field over [0, 1]. For ¢ € ©, Py denotes the underlying probability measure. As usual, let
a p-value p; satisfy 0 < Py(p; < x) < x forall 9 € H;, i € I, and x € (0,1], i.e. p-values un-
der null hypotheses are uniformly distributed or stochastically larger than a uniform variate. Let
no = no(n, V) denote the number of true null hypotheses and I, o = I, o(¥) = {i € I, : ¥ € H;}
and I, 1 = I 1(9) = I, \ Ino = {i € I,, : ¥ & H;} denote the index set of true and false null
hypotheses, respectively. Furthermore, ng = |I, o(9)|. Let n1 = ni(n,?) be the number of false

4



CHAPTER 1. GENERAL FRAMEWORK FOR MULTIPLE TESTING 5

Test decision

Hypothesis 0 1
true U, Vo | no
false T, Sn |

n—R, R, | n

Table 1.1: Outcomes in testing n hypotheses.

hypotheses, i.e. n1 = n —ng = |I,1(9)|. Below, we write ng, no(n) or no(9) (and ni, n1(n) or
n1 (), resp.) depending on which parameter dependence we would like to point out. Finally, let
© = (@i : @ € I,) denote a non-randomised multiple test procedure for H;, i € I,,. Fori € I, a
hypothesis H; is rejected if and only if p; = 1.

Table 1.1 shows the possible outcomes in testing n hypotheses. The number of all rejections
is given by R,,, the number of false (true) rejections is denoted by V;, (S, resp.) and the number
of correctly (falsely) accepted hypotheses is given by U,, (T}, resp.). Note that V,,, S,,, U, and T},
are not observable and, typically, ng, n; are unknown.

By testing a single hypothesis, the probability of a false rejection (Type I error) has to be
controlled while we are looking for a test that possibly minimises the probability of a false rejection
(Type II error).

In the multiple testing case, if we perform each individual test ¢;, ¢ € I, at level «, the
corresponding multiple test ¢ = (p; : i € I,,) can reject a huge number of true null hypotheses.
For example, when testing n. = 500000 null hypotheses at level « = 0.05 (e.g., in genome-wide
association studies, several hundreds of thousands of single-nucleotide polymorphisms (SNPs)
have to be tested simultaneously), around V,, = 25000 false rejections are expected if almost all
hypotheses are true. In real applications, this is completely out of the question.

The Type I error rate can be generalised for multiple testing in different ways. Typically,
all generalisations involve the number of false rejections V,,. First, we consider those error rate
criteria which are only based on the distribution of V;,. One of the classical multiple error rates is

the Family-Wise Error Rate (FWER), i.e. the probability of at least one false rejection, i.e.
FWER = Py(V,, > 1).

In the next section, the FWER will be considered in detail.
One can generalise the FWER as follows. For a fixed £ € N the generalised FWER denotes
the probability of rejecting at least k true null hypotheses, that is,

gFWER(k) = Py(V,, > k).

Obviously, the case k = 1 reduces to the usual FWER.
Another possibility is to control the False Discovery Proportion (FDP), which is defined as

the number of false rejections V;, divided by the number of all rejections R,, and we set FDP = 0

Asymptotic and Exact Results in Multiple Hypotheses Testing, Veronika Gontscharuk



6 1.2. FAMILY-WISE ERROR RATE

if R, =0,1i.e.
Vi

R,V 1
For a given v € (0, 1), one wishes to control Py(FDP > +) at some pre-specified level a. More
information about gFWER (k) and FDP control can be found in Lehmann and Romano [2005].
There is no doubt that the latter error measure was motivated by the False Discovery Rate
(FDR) introduced in Benjamini and Hochberg [1995]. The FDR is defined as the expected FDP,

i.e.

FDP =

FDR = E4[FDP).

When all null hypotheses are true, i.e. n = ng, controlling the FWER and the FDR are equivalent.
In that case either FDP = 0 (if V,, = 0) or FDP = 1 (if V,, > 0, since all rejections are false),
and the expected ratio is equal to the probability of any false rejection. However, if n; > 0 and
the number .S, of truly rejected hypotheses is greater than 0, the FDP is either 0 (if V,, = 0) or
0 < FDP < 1 (if V,, > 0), and the expected ratio is smaller than the probability of at least one
false rejection. In those cases the FDR is smaller than the FWER, and controlling the FDR at a
pre-specified level a can result in fewer Type II errors than controlling the FWER at the same level
a. The power increases when more alternative hypotheses are true.

There are many other possibilities to generalise the Type I error rate in the multiple case, see,
for instance, Sarkar and Guo [2009]. In this work, however, we restrict our attention to the FWER
and the FDR.

1.2 Family-Wise Error Rate

As mentioned before, by testing n > 2 null hypotheses quite a few false rejections (Type I errors)
are possible. The probability for at least one false rejection among H;, ¢ € I, is given by the
so-called Family-Wise Error Rate (FWER), which is a well-known error rate criterion. For a
fixed ¢ € © and a given test ¢ we define the number of false rejections by

Voo = Vole) = #{i € I, : H;isrejected}.

Note that V, is typically unknown. The actual FWER of a multiple test ¢, given a ¢ € O, can
formally be expressed by
FWER@(QO) = ]P)ﬁ (Vn > 1) .

A multiple test ¢ controls the FWER at pre-specified level o € (0, 1) if

sup FWERy(¢) < a.
V€O

The Bonferroni test is a classical multiple test procedure controlling the FWER. Thereby all
individual tests ;, i € I, are performed at level a/n, that is, a H; is rejected if and only if
pi < a/n. Since
« no
FWER () < P ( < 7) <™,
19(80)212 p(pis )< a
n,0

Asymptotic and Exact Results in Multiple Hypotheses Testing, Veronika Gontscharuk



CHAPTER 1. GENERAL FRAMEWORK FOR MULTIPLE TESTING 7

the Bonferroni test always controls the FWER at level o under the general setup, that is, p-values
under nulls are uniformly distributed or stochastically larger than a uniform variate, and it does
not matter whether the p-values are independent or not. Unfortunately, the threshold «/n is very
small if the number of hypotheses n is large. Obviously, this results in low power for individual
hypotheses of the Bonferroni test.

A possible improvement of the classical Bonferroni test is the oracle Bonferroni (OB) test,
where each ;, i € I,,, is carried out at level ov/ng. Clearly, the oracle Bonferroni test also controls
the FWER under the same assumptions.

If p-values are independent, then for a fixed threshold o € (0,1) we get

Po( () (i >’} = T Bopi > o) = (1—a')™.
i€lno i€ln0

The expression Py((;c;, ,{pi > o'}) can be interpreted as 1 — FWERy(y), where ¢ is the
multiple test such that each ¢;, ¢ € I, is performed at level o/. Then ¢ controls the FWER
at level v if 1 — o < (1 — /)", which is equivalent to o/ < 1 — (1 — a)'/™. Thus if p-
values corresponding to true null hypotheses are independent, the Sidak test, which rejects each
hypothesis H; if p; <1 — (1 — a)l/ ™ for ¢ € I,, controls the FWER at level a. Moreover, if all
hypotheses are true and the corresponding p-values are iid uniformly distributed, then the FWER
for the Sidak test is exactly cv. Similar to the Bonferroni test case, the oracle Sidak test with the
threshold 1 — (1 — «)/™ controls the FWER under the same condition as the Sidak test.

The disadvantage of the considered oracle tests is that the number of true null hypotheses ng
is typically unknown. In Chapter 2 we introduce Bonferroni plug-in (BPI) procedures related to
the OB test or the oracle Sidak test based on an estimator for ng. It will be shown that the FWER
of a BPI test is controlled under suitable assumptions.

The test procedures described before provide examples of single-parameter adjustment pro-
cedures, meaning that a hypothesis is rejected if its corresponding p-value is not greater than the
common threshold (which is a/n for the Bonferroni case and a/ng for the OB test). Now we
briefly describe some stepwise multiple test procedures, which are often uniformly more powerful
than their single-parameter counterparts. Firstly, we introduce step-down (SD) test procedures.

An SD procedure for testing n hypotheses can be defined in terms of n critical values
O0<arn<...<apn <1 (1.1)

and works as follows. Let p1., < ... < pp., be the ordered p-values and denote the corresponding
hypotheses by Hy), ..., H(,). Then a hypothesis H;), i € Ip, is rejected if and only if pj., <
aj.p, for all j < 4, otherwise it cannot be rejected. In other words, the SD procedure starts with
the most significant p-value (i.e. p1.,) by comparing it with the smallest critical value (i.e. ay.p).
If p1., > ai.n, then all hypotheses are accepted, otherwise we reject - (1) and compare ps.,, with
ag.p. If po., > .y, then H(z), e H(n) are accepted, otherwise we reject H(Q) and compare ps.,,
with «3.,, and so on.

One example for an SD procedure is the Bonferroni-Holm step-down test with critical values
aip = af(n—i+1), 1 € I,. It controls the FWER at level . As in the case of the Bonferroni test,

Asymptotic and Exact Results in Multiple Hypotheses Testing, Veronika Gontscharuk



8 1.2. FAMILY-WISE ERROR RATE

control of the FWER of the Bonferroni—-Holm procedure is guaranteed for any type of dependence
of p-values. Moreover, it is well-known that the Bonferroni-Holm SD procedure is uniformly

more powerful than the classical Bonferroni single-parameter procedure.

A further type of stepwise procedures are step-up (SU) tests starting with the least significant
p-value (pn.p). For a given set of critical values (1.1), reject all hypotheses if pn.n < apen-
Otherwise, for ¢ € I, reject hypotheses H(l), el H(i) if piy < iy and pj., > @y, for all
j > 1+ 1. Note that an SU test rejects at least as many hypotheses as the corresponding SD test

with the same set of critical values.

The Hochberg test is an SU test with critical values ., = o/(n — i+ 1), 1 € I, ie.
an SU test with the same critical values as in the Bonferroni—-Holm test, cf. Hochberg [1988].
Obviously, the Hochberg SU procedure is more powerful than the Bonferroni—-Holm SD test. On
the other hand, the Hochberg procedure controls the FWER under more restrictive assumptions,
for example, if test statistics are independent or multivariate totally positive of order 2 or a scale
mixture thereof, cf. Sarkar [1998]. A further example for an SU procedure is the Simes test with
critical values «;.,, = ia/n, i € I,,. Simes [1986] showed that his procedure controls the FWER
for independent test statistics under the global null hypothesis, that is, Hy = () H;.

Now we introduce the notation of rejection curves and show that various multiple tests can
be implemented in terms of crossing points between the corresponding rejection curve and the
empirical distribution function of p-values. Let ¢ be a multiple test defined in terms of critical
values (1.1). Thereby, the critical values may be defined in terms of a critical value function
p : [0,1] — [0,1] such that p is non-decreasing and continuous, p(0) = 0 and «;.,, = p(i/n),
i € I,. Moreover, r defined by r(t) = inf{u : p(u) =t} for t € [0, 1], will be called a rejection
curve. For example, 7(t) = (t(n 4+ 1) — «)/(nt) is the rejection curve of the Bonferroni-Holm

and Hochberg test procedures.

Denoting the empirical cumulative distribution function (ecdf) of the p-values by

n

Fn(t) = Zj(pi < t)7

i=1

Sen [1999] mentioned the following relationship
Din < Qi if and Only if Fn(pi:n) > T(pi:n)-

We say a point t = ., is a crossing point between F, and r, if it satisfies F}, (Pin) = r(Pin)
and Fn(pi+1;n) < 1(pit1m) fori € I, or Fn(pn:n) > 7(pnwn) for i = n. If we define t* as the
smallest (or largest) crossing point between F, and r, it follows that ¢* is a random threshold of
the SD (or SU) procedure based on r. Thereby, this SD (or SU) test rejects all H;, ¢ € I, with
p; < t*. Note that SU and SD procedures belong to the class of step-up-down (SUD) procedures

which will be introduced and investigated in Chapter 3.

Asymptotic and Exact Results in Multiple Hypotheses Testing, Veronika Gontscharuk
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1.3 False Discovery Rate

When the number of hypotheses n is in the tens or hundreds of thousands, control of the FWER
becomes too rigorous so that individual tests ;, ¢ € I, have little chance to reject any hypothesis.
A radical weakening of the FWER is the False Discovery Rate (FDR), which was proposed by
Benjamini and Hochberg [1995] as follows. For a fixed ¢ € © and a given test ¢ let

R, = R,(p) =#{i € I, : H;isrejected}

be the number of all rejections. Define the false discovery proportion as

FDPy () = 517

The actual FDR is given by

FDR, () = Eg[FDPy ()] =Eﬂ[ Vo ]

R,V1

Alternatively, the actual FDR can be expressed as
Va
FDR@((,O) =Ey R7|Rn >0 ~]P)19(Rn > 0).
n
We say that ¢ controls the FDR at level « € (0, 1) if

sup FDRy(¢) < a.
YeO

When all hypotheses are true, that is, n = ng, we obtain
FDRy () = Py(R, > 0) = Py(V,, > 0) = FWERy(y).
In general, since V,,/(R,, V1) < 1, we get V,,/(R,, V1) < I(V,, > 1) and consequently
FDRy(p) < FWERy(y),

and typically this inequality is strict except when all hypotheses are true. If a test procedure ¢
controls the FWER, then ¢ implies FDR control. On the other hand, if FDRy(p) < « the FWER
may be greater than . Thereby, FDR control allows more false rejections (i.e. the number of true
null hypotheses which are rejected) than FWER control especially if the number of true rejections
(i.e. the number of rejected false hypotheses) is large so that the FDR is more liberal (in the sense
of permitting more rejections) than the FWER.

One of the best known multiple-testing procedures controlling the FDR is the linear step-
up (LSU) procedure proposed and investigated in Benjamini and Hochberg [1995]. The original
LSU procedure SOE;I; (say) rejects H;, i € I, if and only if p; < ma/n, where m = max{i €
I, : pin < oV} with oY = ia/n, i € I, (i.e. Simes’ critical values), cf. Simes [1986].

Now let ¥ € O and suppose that p;, i € I, o(9), are iid uniformly distributed on [0, 1] and that
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S |~

067 |
044 |/

0,24

Figure 1.1: AORC with a = 0.1 (curve) and the rejection curve corresponding to the LSU proce-

LSU

dure with oo = 0.1 (straight line). Here 1 denotes the ith critical value o7,

LSU test and ay denotes the ith critical value induced by the AORC.

corresponding to the

(pi i € Inp)and (p; : @ € Iy;) are independent random vectors. Then one of the most

interesting results for the LSU procedure is that

no
FDRy () = il
Different proofs of this equality can be found, for instance, in Benjamini and Yekutieli [2001],
Finner and Roters [2001], Sarkar [2002] or Storey et al. [2004].

The fact that the FDR is bounded by nga/n, that is, the FDR is distinctively smaller than «
for smaller ng-values, raised hope that improvements of the LSU procedure should be possible.
For example, Finner et al. [2009] proposed a non-linear asymptotically optimal rejection curve
(AORC). For a fixed a € (0, 1), the AORC is defined by

t
t)=———,1t€]0,1]. 1.2
fol) = ey L€ 001 (12)
Figure 1.1 displays the AORC with o = 0.1 (curve) and the rejection curve of the LSU procedure
with o = 0.1 (straight line). Larger critical values «;., induced by the AORC are considerably

greater than the corresponding Simes’ critical values o}>Y. This may result in a larger number of

rejected hypotheses. In the picture, a; denotes the ith critical value ;%" corresponding to the LSU
test and a denotes the sth critical value induced by the AORC.

The idea behind the AORC is as follows. Consider models such that p-values corresponding
to true null hypotheses are iid uniformly distributed and p-values under alternatives are equal to
0. Moreover, let the proportion of true null hypotheses converge to a ¢ € (a, 1) with « € (0,1).
Then the limiting ecdf of p-values converges to 1 — ¢ + t¢ denoted by Fo(¢|¢). Let ©%(t) be a
single-parameter procedure, which rejects hypotheses with p-values not greater than ¢. Thereby,

the asymptotic FDR of ¢ (t) in the considered models is given by

t¢

FDR (¢™(¢)[C) = Tocxtc

Asymptotic and Exact Results in Multiple Hypotheses Testing, Veronika Gontscharuk
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By setting FDR (% (¢)|() = « we obtain a solution for ¢ depending on ¢, i.e.

a(l—-¢)

((L—a)

We are looking for a curve r such that the crossing point between 7 and the limiting ecdf Fio (+|()

a(l—-0)\ al-Q|y_1-¢
(Gar) = (Gl ==
a(l—() . . _ -«
T a) if and only if ( = ((t) = (I—a)t+a

we get r(t) = fo(t) given in (1.2). Note that for ¢ € [0, o] we can set ¢ = 1, which implies that
all hypotheses are rejected and FDR (% (1)|¢) = ¢ < «. Below, we will show that the described

te =

is t¢, that is,

Noting that
t=

models, which will be called Dirac-uniform models, are least favourable for certain SU procedures
(cf. Theorem 1.2 in Section 1.4). The AORC f,, is in some sense asymptotically optimal since
the FDR level « is exhausted in this least favourable case, cf. Finner ef al. [2009]. In Chapter
3 we present different methods how to construct multiple tests related to the AORC. Moreover,
in Chapter 4 we introduce a modified version of weak dependence and show that a large class of
step-up-down (SUD) procedures controls the FDR under weak dependence at least asymptotically.
This result is in a line with recent investigations concerning FDR control of the LSU procedure
under dependence, for example, in Benjamini and Yekutieli [2001], Finner et al. [2007] or Sarkar
[2002].

1.4 General assumptions and Dirac-uniform models

As mentioned in the previous sections, FDR and/or FWER control for certain multiple test proce-
dures, especially for those which exhaust the corresponding error rate level, is usually guaranteed

under special conditions on the distribution function of p-values like

(D) Y9 €O:Vielo): pi~U(0,1]),

(I1) VY € ©: p;, i € I,0(V), are independent,

I2) VI e€O: (pii€ Ino()) and (pi,i € I,1(¥)) are independently distributed random

vectors.

For example, if (I1) is fulfilled, then the Sidak test controls the FWER at level «v. Conditions (D1),
(I1) and (I2) are sufficient for FDR control of the LSU test. We will use these assumptions or at
least a few of them for deriving theoretical results in the following chapters.

One possible way to construct multiple tests controlling one of the error rates for all € ©
is to find a least favourable parameter configuration (LFC) for O, i.e. a parameter ¥ such
that under ¥y the corresponding error rate is larger than under each ¢ € ©. An LFC ¢ does not
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have to belong to © and it is not necessarily unique. Obviously, the FWER/FDR is controlled
for all parameters ¥ € O if the FWER/FDR is controlled in an LFC. For example, let © be a
parameter space such that condition (I1) is fulfilled and no (9, n) = ng(n) for all ¥ € © and some
no(n) < n. Then each ¥y such that ng(Jg) = no(n) and p-values corresponding to true null
hypotheses are independently uniformly distributed on [0, 1] is an LFC for the Sidak test.

Condition (D1) mostly serves as an LFC for further investigations so that the main results of
this work apply if p-values under nulls are stochastically larger than a uniform variate. However,
in the next theorem (D1) is a necessary condition.

The next theorem shows the behaviour of the FDR for an SU procedure under specific as-

sumptions on the corresponding critical values.

Theorem 1.2 (Benjamini and Yekutieli [2001])

Suppose that (D1), (11) and (12) are fulfilled. Then an SU procedure with critical values satisfying
(1.1) has the following properties:

(a) If the ratio ., /i is increasing in i, as (p; : © € Iy 1) increases stochastically, the FDR
decreases.

(b) If the ratio ., /i is decreasing in i, as (p; : © € Ip.1) increases stochastically, the FDR

increases.

In the case of the LSU procedure «;.,, /7 equals « so that the FDR of the LSU test is indepen-
dent of the distribution of p-values under alternatives. The condition that ., /7 is increasing in
¢ can be equivalently expressed in terms of a rejection curve p corresponding to the given critical
values (1.1), that is,

(A1) p(t)/tis non-decreasing for ¢ € (0, 1].

Note that condition (A1) is equivalent to the property that (¢)/t is non-increasing for ¢ € (0, 1],
where r = p~ 1.

It follows from Theorem 1.2 that under (D1), (I1), (I2) and (A1) LFCs for an SU test are
obtained in one of the so-called Dirac-uniform (DU) models. Thereby, P, ,, denotes a situation,
where (D1) and (I1) are fulfilled and p;, @ € I,, 1, follow a Dirac distribution with point mass 1
at 0. This implies that condition (I2) is fulfilled. We refer to this setting as DU(n, ng). Note that
Py, o does not necessarily belong to the model {Py : ¥ € ©}.

It will be shown that DU models are LFCs for the FWER of a BPI test, cf. Chapter 2. More-
over, for a broad class of SU tests, DU models are LFCs for the FDR, cf. Chapter 3. Unfortunately,
so far it is not known whether DU models are LFCs for an SD procedure. However, Finner et al.
[2009] constructed upper bounds for the FDR of an SUD test and showed that these upper bounds
are the largest in DU models. In Chapter 3 we utilise theses bounds to construct various SUD tests
controlling the FDR.

Moreover, Chapters 3 and 4 deal with asymptotic control of the FWER and/or FDR, where
useful tools are so-called asymptotic DU models. These are defined in the following way. Consider
DU(n, ng) models with ng/n — ¢ for some ¢ € [0, 1]. The Extended Glivenko-Cantelli Theorem
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(cf. Shorack and Wellner [1986], p.105) yields that the ecdf F,(t) = S I(pi < t) of all

p-values converges almost surely and uniformly on [0, 1] to the limiting function given by
Foo(t) = Fo(t[() = 1 — C + (L.

This limiting DU model with infinite number of p-values, where ( is the proportion of true null
hypotheses, is called the asymptotic DU model.

Asymptotic and Exact Results in Multiple Hypotheses Testing, Veronika Gontscharuk



Chapter 2

Plug-in procedures controlling the
FWER

In this chapter we deal with control of the Family-Wise Error Rate (FWER) of some multiple test
procedures based on an estimator for the number of true null hypotheses ng. In Section 2.1 we
consider Bonferroni and Sidak procedures with plug-in estimates. We call these tests Bonferroni
plug-in (BPI) tests and show that a BPI procedure controls the FWER under the assumption that
p-values are independent random variables under true null hypotheses, i.e. condition (I1) given
in Chapter 1 is assumed to be fulfilled. In Section 2.2 we investigate the asymptotic behaviour
of BPI test procedures and derive the asymptotic distribution of the number of false rejections
V,,. Section 2.3 deals with plug-in tests related to the Bonferroni-Holm and Sidak-Holm multiple-
testing procedures. In Section 2.4 we evaluate the power of BPI tests for normally distributed test
statistics. BPI tests for dependent test statistics will be discussed in Chapter 4. In Section 2.5 some
concluding remarks will be given.

As mentioned in the previous chapter, although Bonferroni-type test procedures (for exam-
ple, Bonferroni or Sidak tests) control the FWER at a pre-specified level o, they typically have
extremely low power if the number n of all hypotheses is large. If the number n¢ of true null hy-
potheses is known, then the corresponding oracle procedures, where the number of all hypotheses
n is replaced by the number of true null hypotheses ng, typically control the FWER. Thus, if ng
is distinctively smaller than n, it should be possible to test the individual hypotheses at a higher
level than a corresponding classical procedure does, which results in more power.

Unfortunately, the number ng of true null hypotheses is mostly unknown. To overcome
this problem, we can replace ng in thresholds of oracle tests by an estimator for the number of
true null hypotheses denoted by 7. This idea is not new. For example, Schweder and Spjgtvoll
[1982] considered a pairwise comparisons problem with 17 means, i.e. n = 136 pair hypothe-
ses. They estimated ng by a visual fit of a line to the larger p-values (i.e. to the least significant
p-values) in a p-value plot and mentioned that in their specific example there might be about 25
true null hypotheses, so that the level /25 should be used for the individual tests. However,

Schweder and Spjgtvoll [1982] did not give any proof for FWER control. Moreover, it seems that

14
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there have been no theoretical results concerning strong control of the FWER of a Bonferroni
procedure with a plug-in estimate for the number of true null hypotheses until recently. The main
results of this chapter are published in Finner and Gontscharuk [2009]. Independently and at the
same time some similar findings concerning FWER control of adaptive Bonferroni and Holm pro-
cedures with respect to a specific mixture model were obtained in Guo [2009]. He proved that a
special version of an adaptive Bonferroni procedure controls the FWER in finite samples while
the corresponding adaptive Holm test controls it asymptotically.

Applications of plug-in estimators can be found in the literature on FDR procedures. For
example, Storey [2002] proposed a plug-in linear step-up (plug-in LSU) procedure using an
estimator for the proportion of true null hypotheses w9 = ny/n depending on a tuning parameter
A € (0,1). Thereby, the critical values «;.,, = i«v/n, i € I, of the LSU test are replaced by &;.,, =
ia/(nmy), i € I,, where 7y denotes an estimator for 7y. The critical values «;.,, = ia/(nmg),
1 € Iy, correspond to the "oracle LSU" procedure. The plug-in LSU test can be interpreted as an
LSU test with a random level /7. Let

R,(t)=#{i € L, :p; <t}

denote the number of p-values that are less than or equal to ¢ for ¢ € [0, 1]. Then the empirical
cumulative distribution function (ecdf) F}, of all p-values can be expressed as Fj,(t) = Ry (t)/n,
t € [0, 1]. Storey [2002] proposed to estimate 7y by

~

. n—R,(\) _ 1—F,(\)
(I} P F R VR

2.1)

where A is a tuning parameter. The corresponding estimate for the number of true hypotheses can

be found in Schweder and Spjgtvoll [1982] and is given by

 n—R,(\)  1-E,(\)
ETT N T AN

for some fixed A. Obviously, 79 = 719/n. The following consideration shows why these estimators
work. If p-values corresponding to true null hypotheses are iid uniformly distributed, then the
number of true p-values which are greater than \ is about (1 — A\)ng. Assuming that p-values
corresponding to false hypotheses are "false enough", i.e. p;, i € I, 1, are small enough, only a
few of them are expected to be greater than \. Consequently, n — R,, () is also about (1 — \)ng
or perhaps somewhat larger. Figure 2.1 illustrates this estimation method for n = 50 and ng =
30, where the p-values are generated with independent normal variables (mean O for true null
hypotheses and mean 1 for false hypotheses).

In Storey et al. [2004] it was shown that under suitable assumptions concerning the joint
distribution of the p-values the estimate (2.1) can be used in the plug-in LSU procedure, resulting
in asymptotic FDR control. Moreover, Storey et al. [2004] proposed a slightly modified version
of (2.1), that is,

A~

n—R,(A\)+1 1-F,(A\)+1/n
1-X\Nn (1—X) ’

75 =

(2.2)
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Figure 2.1: Estimation of mg: illustration of Schweder and Spjgtvoll’s idea. Here 7y corresponds

to (2.1) and 7%6 to (2.2). The ecdf Fn of p-values is generated by n = 50 p-values with ng = 30.

which ensures finite FDR control.

In this chapter we replace the constant 1 in the plug-in estimator in formula (2.2) by a suitable
parameter x > 0. The parameter x will be chosen such that the FWER of a BPI test is not larger
than a pre-specified a-level. We also consider an alternative estimator of n, which was proposed
in Benjamini and Hochberg [2000], that is,

n—k+1

ny=—, (2.3)
1- Pk:n

where k € I, is fixed and py.,, is the kth smallest p-value.

2.1 Bonferroni plug-in procedure

Consider the general problem of multiple-testing defined in Notation 1.1. We first require that for
all parameter configurations ¥y € © p-values are independent random variables under the corre-
sponding null hypotheses, that is, (I1) is fulfilled. Note that we do not require any assumptions
concerning the joint distribution of the p-values under alternatives, i.e. the p;, i € I,, 1, may be
mutually dependent and may depend on p;, ¢ € I, 9. As mentioned in Chapter 1 an important tool
for theoretical investigations are Dirac-uniform (DU) configurations, that is, p-values correspond-
ing to true null hypotheses are independently uniformly distributed on [0, 1], whereas p-values
under the alternatives follow a Dirac distribution with point mass in 0. In this case we write [P, ,,,
and FWER,, ,,, instead of I’y and FWERy, respectively.

We now give a formal definition of a Bonferroni-type plug-in procedure in terms of estimators

ﬁo for ng.

Definition 2.1
Let i : [0,1]" — [0,00) be an estimator of ng and let & : [0,00] — [0, 1] be non-increasing.

Then the random quantity & = &(n) will be called a plug-in threshold. A multiple-test procedure
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which rejects all hypotheses H; with p; < &, © € I,, will be called Bonferroni plug-in (BPI) test
(based on ny).

In this section we consider two types of thresholds &, that is,

5&1 = Oé/ﬁ(), (2.4)

G = 1—(1—a)l/m, (2.5)

where equation (2.4) is in line with a Bonferroni correction and equation (2.5) is in line with a
Sidak correction. Similarly as in (2.1) and (2.2), we consider the following class of estimators for

the number of true null hypotheses ng, that is,

—R,(\
Lo R,(\) + &

> .
T 20, (2.6)

where A € (0,1) is a pre-specified tuning parameter. In what follows, the parameter k € R
will be chosen such that FWER is controlled by the corresponding BPI procedure. Thereby, the
estimator 79 may take values in [0, co) and not necessarily in N. Since an estimator given in (2.6)
is constructed by assuming that most of the p-values greater than A belong to true null hypotheses,
it is natural to reject only p-values smaller than A. Requiring &; < A, ¢ = 1, 2, we get the following

restriction on &, that is,

K> M (2.7)
A
in the case of equation (2.4) and
log(1 — «)
>(1-=A 2.8
= )log(l—)\) (2.8)

in the case of equation (2.5). It will be shown that BPI procedures with thresholds (2.4) and (2.5)
based on the estimator (2.6) control the FWER.
Estimators given in (2.3) yield a further class of estimators for the number of true null hy-
potheses ng. This class is given by
POt L (2.9)
L = Prin
where pg.,, is the kth smallest p-value and & € I, is pre-specified. Again, we will choose the
parameter x such that the FWER is controlled.
The following lemma shows that under weak assumptions concerning an estimator 7ng the
FWER of a BPI test becomes largest if p-values corresponding to true null hypotheses are inde-
pendently uniformly distributed on [0, 1] and p-values under alternatives are set to 0, that is, in a

DU model. This is an important fact because FWER under P, ,,, can be calculated exactly.

Lemma 2.2
Let 9 € © be such that (I1) is fulfilled. Let g : [0,1]" — [0,00) be a symmetric function of n
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arguments such that ny(x1, . .., ,) is non-decreasing in each ;. Then a BPI test based on T
satisfies
Py(Ve, > 1) < Pppg (Vi > 1) forall r eIy, ={1,...,n0},

and
FWERy < FWER,, n,,, (2.10)

i.e. Dirac-uniform configurations are least favourable for the FWER.

Proof: Note that &(ng(x1,...,x,)) is symmetric and non-increasing in each z;. Setting
a(x1, ..., xny) = a(no(x1, ..., &y, 0,...,0)) for (z1,...,2,) €[0,1]",
we get
YV (z1,...,2n) €10,1]" : &(no(z1,...,20)) < &(x1,...,Tn,)-
Let pgmo, e ,p?wmo denote the order statistic of p;, @ € I,, 0. Then
Py(Va = 1) = Po(prin, < &i0)) < Po(Pring < &Phings -+ Prging))s 21D
where &(ng) = &(no(p1,...,pn)). For the given Py, let U;.p,, @ € I,,,, denote the ith order

statistic of ng iid uniformly distributed on [0, 1] random variables. Since p.,, , 18 stochastically not
smaller than U,.,,, and d(p?:no, e ,p?mmo) is stochastically not larger than &(Uj.ng, - - -, Unging )

Lemma A.11 yields
Py (pling < &(PT0ys - - -+ Poging)) < Po(Uring < @(Utings - - - s Unging))- (2.12)
Noting that p;, i € I, o are iid uniformly distributed on [0, 1] under the measure P,, ,,,, we get
Py (Uping < 8(Utings - - - Unging)) = Prng (Prepy < G(R20)).
The latter and the inequalities (2.11), (2.12) complete the proof. [ |

Remark 2.3
Lemma 2.2 implies that DU models are LFCs for each © such that for all parameter configurations

¥ € © p-values are independent random variables under the corresponding null hypotheses.

For an arbitrary but fixed ¢ € [0, 1] the number of p-values corresponding to true null hy-

potheses which are not greater than ¢ is denoted by
Vo(t) = #{i € I, o : pi < t}.

Since DU models are least favourable parameter configurations for the FWER of a BPI test, it is
an interesting question which of the estimators of ng are unbiased in DU models. The next lemma
provides formulas for the expectation of 7y with respect to (2.6) and (2.9) in DU(n, ng) models.

Let n; = n1(n) denote the number of false null hypotheses, i.e. n; = n — ny.
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Lemma 2.4

In a DU(n, ng) model the expected value of the estimator in (2.6) is given by

— V(A
Epng[M0] = Enng w =ng+ B (independent of n).
’ ’ 1—A 1-A

In case of (2.9) we get

ng = n — k + k almost surely for k < nq,
and

K
Epng 0] = k .
nolM0] = no + 1= (k= n1)/mo for k> ny

Proof: Since E,, ,,,[V,,(A\)] = noA, the formula for E,, ,,,[70] in case of (2.6) is obvious. In case
of (2.9), we first note that pg.,, = 0 almost surely for £ < n; in a DU(n, ng) model, which yields
the second formula of this lemma. In case of k£ > nq, define s = k — ny. Then py.,, = pg:n , 18 the

sth smallest p-value corresponding to the true null hypotheses. The pdf of pgmo, denoted by fs, is

given by
-1
@) = o -y,
s—1
It holds
n—k+k ng — 1 Yng—s+k 1 _
E _— = — (1 —p)* %
"’"0{1—%”} n0(8—1>/0 T, ¢ TP
-1 1
_ no(”o >(n0—8+/€)/ ps—l(l_p)no—s—ldp
s—1 0
K
= (np—s+k) =ng+ ———.
ng — s 1—s/ng

The substitution s = k£ — n; completes the proof.

Remark 2.5

Lemma 2.4 implies that estimators given in (2.9) are always larger than ng if £k < nj, while
estimators given in (2.6) have a fixed bias /(1 — X). Therefore, estimators given in (2.6) seem
to be preferable. Moreover, estimators given in (2.6) and those given in (2.9) with k > n; are
unbiased for x = 0. Clearly, it is tempting to try x = 0 in a BPI test. Unfortunately, this does not
work. For example, for n = ny = 2, a = 0.05 and A = 0.5 a BPI test with &; = a/n based on
fip given in (2.6) does not control the FWER under P,, ,,,. In what follows it will be shown that

k = 1 is always a reasonable choice.

The next theorem yields explicit formulas for the FWER and the distribution of the number
of false rejections V,, with respect to a BPI test with critical values (2.4) and (2.5) based on the
estimator (2.6) under IP;, ,,,. If V;,(\) = s, s € I,,, U {0}, then

a(l —A)

=1 — (1= @)1=/ (no—s+r)
R — and ca(s) =1—(1— )

c1(s) =
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denote the realised thresholds under PP, ,,, according to &1 and dio, respectively.

Theorem 2.6

Let a € (0,1) and X € (0,1) such that k satisfies conditions (2.7) and (2.8), respectively. In the
DU(n,ng) model it holds for a BPI test with thresholds ¢&;, i = 1, 2, based on the estimator (2.6),
that

Py (Viy = 1) = i (”0> (j) (1 — A0 5¢;(s)" (A — ci(s))*" (2.13)

s
S=Tr
forr € I,, U{0}. Moreover,

1o

FWERyny=1— Y (T;O> (1= A0\ — ¢;(8))". (2.14)

s=0

Note that Py, ,(V;, = r) and FWER,, ,, are independent of n.

Proof: For notational simplicity, we denote p-values corresponding to true null hypotheses by

p},...,p), and for ordered p-values we write pJ,, .. By noting that

-+ s Pngimg-
]P)n,no n—r anno n—?“V()\) )

and setting p)) . ;.,, = 1 we obtain
HJ)n,ng (Vn =T, Vn()‘) = 5)
= PnJLO (pgzno < divpg—l-l:no > di’ Vn()‘) = S)

= Py (Vi(d) =1, Vo(A) =5)

— Pn,ng ( )) =7, Vn()\) — S)
n
< SO) ( ) 7,10 p17 N 7p2 S Ci(8)7p2+1, e 7p2 & (Ci(8)7)\]7p(5)+17 e ,pgo > )\)
= () () wreaora e
S
Since
FWER 1 = Prng (Ve 2 1) = 1= Py (Vi = 0),
formula (2.14) is obvious by choosing = 0 in (2.13). -
Remark 2.7

If the conditions (2.7) and/or (2.8) are not fulfilled, the probability of exactly r rejections, i.e.
Py, 1o (Vi =7), cannot be calculated with formula (2.13). As a consequence, FWER,, ,,, cannot be
calculated with (2.14) in this case.

The next theorem yields the FWER of a BPI procedure with critical values &; and &9 based

on the estimator (2.9) in a DU model.
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Theorem 2.8
Let o € (0,1) and k € I,. By setting ny = n — ng, the FWER of a BPI test with the threshold ¢
based on (2.9) in a DU(n, ng) model is given by

o o
and
o n—k+1
FWER =1-11-— . 2.1
WER;, n, < n—k—l—ﬂa—i—a) for k>ny (2.16)

Moreover, the FWER of a BPI test with & based on (2.9) is given by
FWER, g = 1 — (1 — )"/ =F5) for |k <y (2.17)
and for k > nj we get
np!

FWER, n, = 1-— 2.18
o (k—n1 —1D)l(n—k)! (2.18)

! k—mn1—1
X / (t — 1+ (]_ — a)(lft)/(n*k‘i’”)) ! (1 o t)n*kdt,
t

where

=142 ]'“L“LW( n(l—a) > (2.19)
-n+k—=k

and LW denotes the Lambert W function, which is the inverse function of f(x) = xe®.

Proof: At first, we consider the case £ < nj, which implies py.,, = 0 almost surely. Then the
estimator (2.9) is equal to n — k + k and the critical values &;, i = 1,2, are a/(n — k + k)
and 1 — (1 — a)l/ (”_k+"‘), respectively, that is, &;, @ = 1,2, are almost surely constant. Hence,
FWER;, n, =1 — (1 — &;)", i = 1,2, yielding (2.15) and (2.17).

Now we investigate the case k > nj, that is, pg., corresponds to a true null hypothesis. It
holds FWER,, , = 1 — Py, 0 (Vy, = 0) and Py, 1, (Vi = 0) = Py o (minjeg, , pj > &;). Then

Pn,no (Vn = 0) = E ]P)n,no (jIEnIin Dj > diapk:n = pj)
n,0
jeln’o ’

= nOPn,no (Amin by > diapk::n = pi()) )
JEInA,O

for some i € Ip,0. Obviously, {minjez, , pj > &} € {Pr:n > &; }. Thereby, the &;s depend on

Pk If Py = t for some ¢ € [0, 1], then

a(l—1t)

N d t :1_ 1_ (l—t)/(n—k-i-n)
n—k+k and cs(1) (1-a)

cl (t) =

denote the realised thresholds under P, ,,, according to & and ¢, respectively. For i = 1,2, the

equality ¢ = ¢;(t) has a unique solution ¢; (say) in [0, 1], where t; = a/(n — k + Kk + «) and
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to = t* with t* given in (2.19). Altogether we get {pg., > &;} = {pr.n > t;}. It follows that

1
IEDn,no (Vn = 0) = ’I”Lo/ ]Pn,no (jrenlin bj > Ci(t)apk:n = Pig |pi0 — t) dt

t; n,0

1
= no / Prno ( min  p; > ¢;(t), piy > ¢i(t), Prin = Pio|Pip = t> dt.
ti J€In,0\{i0}

For t > t; we have {p;, =t} C {p;, > c;i(t)}. Moreover, under {p;, = t} we get {px.n, = piy} =
{#{j € I, \ {io} : p; <t} =k — 1}. Hence,

1
IP)n,no(‘/n — 0) — nO/ IP)n,no ( min bj > Ci(t), #{] € In\{ZO} Py < t} =k — 1> dt
t; J€Ino\{io}

~ g (k no 1 > /t:(t — ()M — 1y,

—n1—1

Note that the last formula immediately implies (2.18). For a BPI test with threshold &; we obtain
that

_n—k:—l—ka+oz(t a ):n—k—l—kﬁ-a(t_tl)

t—ci(t) = -
eilt) n—k+k n—k+r+a n—k+k
and consequently

ng — 1 n—k4r+a\Fmt
Pnn n: = - 7
o (Ve = 0) n0<k—n1—1>< n—k+rk >

1
x / (t —t)"™ 7 (1 = t)"Fat.

t1

By substituting 7 = (¢t — ¢1)/(1 — ¢1) in the integral before, we get

no! n—k+rta)m!
lPjnn n = =
o (Ve =0) (k:—nl—l)!(n—k:)!< n—k+k >

1
x (1 —tl)"‘)/ kamfl(l —T)"fkdr,
0

where the integral in the latter expression is the beta function B(k — ny,n — k + 1), cf. Frampton
[1986], p.57. Noting that for z,y € N

_(-Dl(y-1)!
we obtain .
n—k+r \"
Pone(Vp=0)=| ———— ,
ol ) (n—k+/€+o¢>
which implies (2.16). |

The next theorems provide conditions, under which a BPI test procedure with the considered
thresholds controls the FWER.
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Theorem 2.9

Let ¥ € O and assume (I1). Let o € (0,1), A € (0,1) and k > 1 such that k satisfies conditions
(2.7) and (2.8), respectively. Then the BPI procedure with threshold &;, i = 1,2, based on the
estimator (2.6) controls the FWER at level o.

Proof: Let ng = no(¢). Lemma 2.2 yields that it suffices to check that FWER,, ,,, given in (2.14)

does not exceed «, which is equivalent to the inequality

no

l—a<(@-N") <7;°> A —ci(s))°(1 =A%, i =1,2. (2.20)

5=0
Below, we write ¢;(s, «) instead of ¢;(s), i = 1,2 and define the functions

l1—«

h = —— 2.21
/\(O[) (1 — )\)no ( )
and
no
ani(e) =" <”0> (A —ci(s,0))5 (1 =A%, i=1,2. (2.22)
s=0 5
Then (2.20) is equivalent to hy () < gy i(c), ¢ = 1,2. Obviously,
ha(0) = gy4(0) = bt
A - g)\,’l - (1 o )\)no
and
BA(0) = —
AT (1= A
Hence, (2.20) holds if 7 (0) < g} ;(0) and g} ;(a) > O forall o« € [0,1], i = 1,2. We get
no n
hile) == ( _°1> (0 — s +1) (A= ci(s,0)" 7 (1= 1) ¢ (s,0)
and 1—-A 1—-A
— — 1—X
— / — — ng—s+r
Cl(s7a) n0—8+l<67 62(57 ) no—S—l—Ii( a) 0
Thus,
8 ng \no—s+1 A a sl
' _ —
hale) = 52_2(3—1)710—8—1—&(1—)\ n0—8+/€> ’
_ s—1
, <N ng \ng—s+1 [ (1—a)o—sir 1 1 e |
— — _ _ ng—s+r X
g,\,Q(a) sz_; s—1/ng—s+k 1-AX ( @)

The assumptions (2.7) and (2.8) imply

1—X\
A o (1 —a)ro—sts
— >0 and —-F——
1—-X ng—s+k — an 11—

—12>0 for s € I,.
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Hence, ¢/ ,(c) is non-decreasing, that is, gy ,(o) > 0, i = 1,2. Furthermore, the inequality

r\(0) < g3 4(0) is equivalent to

1 2 g \ng—s+1 A\
- < . .
(1 —=X)no — Z(s—1>n0—8+n<l—)\> 2:23)

s=1

inequality (2.23) is equivalent to
no no—1 . s mno—1 s
A > Z no no S A _ Z no A :
1—AX = \s n—s—1+rk \1—AX = \s 1—X

A\ ol g 1 A\
() 008 (i () e

s=0

Since

or

Obviously, the latter inequality is fulfilled for x > 1 and therefore inequality (2.20) holds under
the assumptions of Theorem 2.9, which finally yields that FWER is controlled at level a. |

Remark 2.10

Note that in the case of a BPI procedure with &;, ¢ = 1,2, based on the estimator (2.6), k = 1
always fulfils conditions (2.7) and (2.8) if « € (0,1) and A € [, 1). Violation of (2.7) or (2.8) can
lead to an exceedance of the pre-specified FWER-level. For example, for o = 0.05 and A = 0.06
condition (2.7) implies x < 0.783. By setting « = 0.1 for the BPI test with (2.4) we get that (2.7)
is not fulfilled and we obtain FWER2 > = A + 2(1 — A\)?a/(1 + k) = 0.0839 (note that (2.14)
does not apply here). However, Guo [2009] showed that a BPI procedure with the critical value &,
based on the estimator (2.6) with x = 1 controls the FWER for all & € (0,1) and all A € (0,1),
that is, condition (2.7) can be dispensed with. Thereby, this result was obtained by constructing an
upper bound for the FWER. In contrast to that, our results are based on the exact formula (2.14)
for the FWER in DU models.

Theorem 2.11

Let 9 € O and assume (11). Let o € (0,1) and k € I,,. Then the BPI procedure with threshold
Q;, 1 = 1,2, based on the estimator (2.9) controls the FWER at level o for all k < nj and k > 0,
where n1 = n — ng. Moreover, for k > nj the BPI procedure with threshold & based on the
estimator (2.9) controls the FWER for k > 1.

Proof: Lemma 2.2 yields that the FWER of a BPI test with &;, ¢ = 1, 2, based on (2.9) is maximal
in a DU model so that FWER control follows if (2.15)-(2.18) are not greater than «. In case of
k < nj the inequalities (2.15) and (2.17) in Theorem 2.8 immediately imply that the corresponding
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FWER is not greater than . Then we have to prove that (2.16) is not greater than «, which is

equivalent to the inequality

N n—k+1
(aErere) e -
Setting k+1
n—

it suffices to check that h(«) < g(«) for all &« € [0, 1]. Clearly, h(0) = g(0) =1, 2'(0) = —1,

n—k+1

!
l)=——————
g.(0) n—k+k+«

and
(n—k+1)(n—k+ k)" k1
(n—k+rk+ a)n—kt+3

g"(@)=(n—k+2) >0, aclo1].

For k > 1 we get h/(0) < ¢/(0) for all @« € [0,1], which implies (2.25). Therefore inequality
(2.25) holds under the assumption of Theorem 2.11 and the FWER is controlled at level c. |

Remark 2.12

We could not prove that a BPI test with the threshold a9 based on (2.9) controls the FWER for
k > ni. But for fixed n, o and k, we can always find a K = k(n, a, k) such that the FWER, i.e.
the expression in (2.18), is not greater than ov. Moreover, we observed that x = 1 yields FWER

control for all considered n-, - and k-values.

Remark 2.13

Note that a smaller value of £ may result in a slightly more powerful BPI procedure. Hence, we
can try to find a k < 1 for fixed n, a and A (or k resp.), i.e. kK = k(n,a, A) (or kK = k(n, a, k)
resp.), by checking that the FWER, i.e. the corresponding expression (2.14), (2.16) or (2.18), is
not greater than « for all ng € I,,. For illustration we consider BPI tests with the critical value
&1 based on (2.6). For « = 0.05, 1 < ng < 200, A = 0.5,0.6,0.7, 0.8 the largest « values are
attained for ng = 7,9, 13, 21 and are given by x* ~ 0.872, 0.867, 0.861, 0.857. The left picture in
Figure 2.2 (in Figure 2.3 resp.) suggests that a BPI test with threshold &; based on the estimator
(2.6) (the estimator (2.9) resp.) and A = 0.5,0.6,0.7,0.8 (k = n — 3ng/4,n —ng/2,n —ng/4,n
resp.) and corresponding x* controls the FWER for all n if (I1) is fulfilled. The picture on the
right side in Figure 2.2 (in Figure 2.3 resp.) suggests that the best choice of « for a BPI test with
G2 based on the estimator (2.6) (the estimator (2.9) resp.) converges to some limiting value that is
less than or equal to 1 for ng — co. We note that the x values are not increasing if ng increases
for a BPI test with &g based on (2.6); and x increases for a BPI test with & based on (2.9).

It seems that the apparently optimal x*-values are close to 1 such that the loss in power seems
negligible by choosing x = 1. In Sections 2.4 we will restrict our attention to BPI procedures with
the threshold &7 based on the estimator (2.6) with k = 1.
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0,84

0,2

Figure 2.2: Values of « such that FWER,, ,,, = « for a BPI test with threshold & (left picture)
and ao (right picture) based on the estimator (2.6) for « = 0.05 and A = 0.5,0.6,0.7,0.8. The
curves may be identified by noting that s increases when A increases in ng = 50 and decreases in

no = 10 in the left and right picture, respectively.

09704

0,965

0,9601

0,955

200 10 20 30 ) 50

Figure 2.3: Values of x such that FWER,, ,,, < o for a BPI test with threshold & (left picture) and
G (right picture) based on the estimator (2.9) for « = 0.05 and k = [n/4],[n/2],[3n/4],n
and ng € I,,. The curves may be identified by noting that  increases when k increases in n = 50.
In the case of BPI tests with ¢y, for fixed n and k£ and the corresponding ~ (left graph) we get
FWER,, ,, = aforallng € {n —k +1,...,n}. In case of BPI tests with ¢, for fixed n and k
and the corresponding « (right graph) we obtain FWER,, ;, = o and FWERWL% < FWERWL(Q) for
all n} and n? such thatn — k +1 < n} < n? <n.

Asymptotic and Exact Results in Multiple Hypotheses Testing, Veronika Gontscharuk



CHAPTER 2. PLUG-IN PROCEDURES CONTROLLING THE FWER 27

2.2 Asymptotic behaviour of Bonferroni plug-in tests

The following theorem yields the asymptotic behaviour of the number of false rejections V;, in the
least favourable DU configuration. That is in line with the asymptotic results in Finner and Roters

[2002] for various traditional multiple-testing procedures; see Remark 2.18.

Theorem 2.14
Letav € (0,1), A € (0,1), k € Rand set 51 = «, f2 = —log(1 —«). Consider DU(n, ngy) models
with ng = no(n) — oo as n — oo. Then, for i = 1,2, it holds for a BPI test with threshold &;

based on the estimator given in (2.6) that

T
lim Py (Vi =7) = exp(—ﬁi)ﬁ—zl for r e NU {0}, (2.26)
n—oo r!
lim E,,,V, = 0B (2.27)
n—oo
Moreover, let k = k(n) € I, satisfy
liminf "™ > 0 and limsup ~— " < 1, (2.28)
n—oo no n—oo no

where n; = ni(n) = n — ng. Then (2.26) and (2.27) hold also for a BPI test with thresholds &;,
i = 1,2, based on (2.9) with given values of k.

Proof: First we consider the case of a BPI test with &; = «/ng. We obtain for e > 0, r €
I,, U{0} and all n € N that

IP)n,no(‘/n < T) < P, no

IN
=
u: -
3
S
N N
Fk
—
-~
m
B
[en}
=
IN
2|e
——
I
<
——
D)
—N
3 ‘§>
o o
AN
—_
_I._
(@)
——
N———

IN
=
3

3

, o ng
Ino: pi < ———, < P —>1

- 500 Gi) (oms) o (320

(0% TALO
= @G - P — >1
(T n07n0(1+6)> Erano <no - +E>’

where G(-|m, p) denotes the distribution function of the binomial distribution B(m, p). Similarly
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we get
Prng(Vo <7) > Ppa, <{#{i€fn,g:pi§a}<r}ﬂ{no>1—e}>
no no
> P (4#i€ Lo i< ————p<rpn{2s1—c
’ ’ no(l—e) no
. o o
> Py Ino: pi < —— ¢ < —Pny — <1-
> Pa (#{ie s s g} s ) <P (2 51-)

- 50 Ga=) (=) e (21

(07 ﬁ(]
G (r no, no(l = 6)) Prno (no <1 e)

Moreover, since Ey, ,, Vi, = > 1'% Py no (Vi, > 1), the inequalities derived before imply

- nO]P)n,no <n0 > 1+ E) < ]En,novn < e + n()]P)n,no <n0 <1- 6> .
ng 1—ce€ ng

o
1+e¢

Therefore, if the following condition

ng

0P no ( o - 1‘ > 6> — 0 for n — (2.29)

is fulfilled, then (2.26) and (2.27) apply by choosing € = ¢, such that ¢, | 0 for n — oc.
Analogously, it follows for a BPI test with Gy = 1 — (1 — a)'/7 that

Pana(Va <7) < G (1 [no, 1= (1= )00+ ) o, (ZO > 1+ )
0

and
Prme(Vn <7) > G (T‘

no,1 — (1 - 04)1/(“0(176))) — Prng (Zg <1- 6> :

Since

log(1 —
no (1 —(1- a)l/(”o(lie))) — _Ogl(j:ea) for ng — oo,

the distribution of V,, converges to the desired Poisson distribution if condition (2.29) applies.
For proving (2.27) it suffices to show that the estimators given in (2.6) and (2.9) fulfil (2.29).
The next lemma yields this result. |

Lemma 2.15
Let ng be an estimator for the number ng of true null hypotheses defined in (2.6) or (2.9) with
k€R N€(0,1)ork = k(n) € I, that satisfies (2.28), respectively. Then

Ve>0: 1C1,05>0: VneN: ]Pmn()(

no _ 1‘ > e) < Cpe™Cz, (2.30)
no
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Proof: First we consider the estimator given in (2.6). Noting that

fg 1= Foo(\) + K/ng
no N 1—A ’

we obtain

and

{22 1ed =Rz - L+ a-n ),

ng
For fixed € > 0 and x > 0 there exists an N, ,, € N such that for all ng > N, we gete(1 — \) £
k/ng > €(1 — X)/2. Altogether this implies

=)<
ng

Hence, for ng > N, we get

]P)n,no ( % - 1’ > 6) < Pn,no (
0

e(l =)
2

ano(/\) — )\’ > } for ng > Ne .

2
- 1—A
< Pn,no sup Fn,O(x) - (L” > M
z€(0,1] 2
2 _ 2
< 2exp (—n0€ (12 A >,

where the latter inequality follows by applying the Dvoretzky-Kiefer-Wolfowitz (DKW) inequal-
ity, cf. Theorem A.10.
Now we show that the estimator given in (2.9) fulfils (2.30). We divide the proof into two
parts: (i) n; > k and (ii) k = n; + s for s € I,,,.
(i) Since py.,, = 0 in DU models, we get
g ny —k

K
=1+ + — almost surely.
no no no

The first expression in (2.28) implies lim,, o (k — n1)/no = 0. Hence, 7ig/ng = 1 4 o(1) almost
surely and consequently we obtain P, ,,,(|70/no — 1| > €) = 0 for fixed ¢ > 0, x € R and
sufficiently large n-values. Then (2.30) is trivially fulfilled.
(ii) W.lo.g. let s < ng and lim,, .~ s/ng = n € [0, 1), because the second property in (2.28)
applies. Note that

ng 1—s/ng+k/ng 1—s/ng+k/ng

no 1_ps:n0 1—13;3(5/”0) ’

where pg.p,,, is the sth smallest p-value corresponding to true null hypotheses, Fn,O is the ecdf of
null p-values and FH_(% (u) = inf{t € [0,1] : F}, 0(t) > u}. Then

{ﬁo = 1_6} - {F,Zé(s/no) < 3/”0;6_—6 "ﬂ/no}'
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Since £, (y) < xif and only if y < Fy, o(x) for z € Rand y € [0, 1] (cf. Witting [1985], p. 20),

we get
(19 <1} (s ecsty o)
no ’ 1—¢ no

and setting y = (s/ng — € — K/ng)/(1 — €) we obtain

e(1 — s/ng) + ﬁ/no}'

Mg .
—<l—ep=3F —y >
{Bciod =~ {how-y2 L2
Thus,
. R 1_
{nogl—e} C < sup (Fno(z) —x) > e( 5/mo) + £/no
no z€[0,1] l1—e¢
Obviously, for fixed € > 0 and x € R there exists some N, , € N such that for all ng > N it
holds
ﬁ(] - 6(1 B 77)
— <1—€p C<Q sup |Fpo(z)—z|> .
{no } {xe[o,u " 2(1—¢)
The latter relation together with the DKW inequality yields
- 2 2
o e“(1—n)
Pn,no (fno S 1-— 6) S 2€Xp (—7102(1_6)2) . (231)
Similarly we obtain
ﬁo A1 S/no-l-é—li/no
—>1 =< F >
{no_ +e} { no(s/no) > e }

Noting that the inverse ecdf Fn_ é is left continuous, we get

o N s/no+ € — K/ng
—>1 CIF > .

{no_ +6}_{ no(8/m0 +0) 2 1+e
Moreover, since s/ng € (0,1) and z < Fn_ol (y 4 0) if and only if F}, o(z — 0) < y for z € R and
y € (0,1) (cf. Witting [1985], p.20), it follows for a fixed € > 0 and sufficiently large n that

{nng_i_E}g{an (s/no—il-e—/i/no_o) SS}-
+€ no

no
Note that Fy, o(z) < F, (2 — 0) + 1/ng almost surely for all z € (0, 1). Hence,

; A - 1
{no>1+6}C{Fn0<s/no+e /i/n0><s+ }
ng ’ 1+e€ ng

Setting y = (s/no + € — k/ng)/(1 + €) we obtain
e(1—s/ngp) ﬁ+1+e}

7 .
— >1 - — F > —
{ng +6} {y n,O(y) - 1+e€ TL()(l—i-e)
and herewith
N . 1-— 1
{nozl—l-e}g sup \x—Fn,o(az)|2€( s/mo) _rtlte .
no €[0,1] L+e no(1 + €)
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For fixed € > 0 and x € R there exists some IV, , € N such that for all ng > N, it holds

o - e(1—n)
Zl—f—e}g sup |z — Fho(z)| > —— ¢
{ {16[0,1] | (@) 2(1+¢) }

Then the DKW inequality implies

> 2 2
Mo e(1-mn)
Pn,no (nO 2 1 + 6> S 26Xp <_n02(1—|—6)2 . (232)
Conditions (2.31) and (2.32) yield (2.30). |

Remark 2.16

For estimators given in (2.6), the choice of x = 0 may be preferred, because x = 0 leads to unbi-
ased estimators of ng. For estimators given in (2.9), x = 0 also leads to unbiased estimators of ng
if (2.28) is fulfilled. The first condition in (2.28) means that the kth smallest p-value corresponds
asymptotically to a true null hypothesis (i.e. & > n; and consequently 79/ng — 1, n — oo, al-
most surely if ng — o0) or that py.,, corresponds asymptotically to a false hypothesis (i.e. £ < ny
and consequently 719 = n — k + k > ngy + k) but ng is not too large. In general, 7y/ny may be
considerably larger than ng if £ < n;. If the proportion of true null hypotheses is asymptotically
larger than 0, then the second condition in (2.28) can be replaced by lim sup,,_,, k/n < 1.

Remark 2.17

If the alternative distributions are not Dirac, estimators for the number of true null hypotheses
become stochastically larger. Hence, the critical values &; and & become stochastically smaller. It
follows that V,, becomes stochastically smaller than under a DU distribution. For estimators given
in (2.9), parameters k£ = k(n) fulfilling lim sup,, _,..(k — n1) < 0 may lead to an overestimation

of ng and consequently V;, becomes stochastically smaller than in DU models.

Remark 2.18

In Finner and Roters [2002] the distribution of V,, and its limiting distribution for iid uniformly dis-
tributed p-values were computed, assuming that all hypotheses are true, especially for traditional
single-parameter and certain stepwise procedures. Their limiting results for single-parameter pro-

cedures (without plug-in estimate) coincide with Theorem 2.14.

2.3 Step-down plug-in procedures

It this section we consider the possibility of a step-down plug-in (SDPI) procedure related to the
Bonferroni-Holm test. Let ¢ € © be given and suppose that the assumption (I1) is satisfied. One
possibility to define critical values for an SDPI procedure corresponding to the Bonferroni test is
given by

(1 o a )
0%(:72 = max <TAL07 THH) , 1€ In. (2.33)
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Analogously, critical values for an SDPI test corresponding to the Sidak procedure are given by

“n

a'? = max <1 —(1— Oé)l/ﬁo, 1—(1- a)l/(niiﬂ)) y 1€ In. (2.34)

An SDPI procedure rejects all H; with p; < d%);n, 1 =1, 2, where

m =max{j € I, : psn < &gl forall s < j}.

i

Remark 2.19
As in the case of BPI procedures, the probability of at least one false rejection for these SDPI
procedures is largest if p-values corresponding to true null hypotheses are iid uniformly distributed

on [0, 1] and p-values under alternatives follow a Dirac distribution with point mass 1 at 0, that is,
DU(n, no) models are LFCs for the FWER and hence FWERy < FWER,, ;.

The next theorems give formulas for the calculation of the FWER in DU models.

Theorem 2.20

Let o € (0,1), A € (0,1) and let k satisfy conditions (2.7) and (2.8), respectively. Then the FWER
of the SDPI procedure with thresholds (2.33) based on the estimator (2.6) in a DU(n, ng) model
is given by

min(|[Ano+£],n0) n a\®
FWER,,, = 1-— Z < 0>(1 P <A _ )

S n
s=0 0

L (ZO><1—A>"“ (A-H)S

s=[Ano+k|+1
and the FWER of the SDPI test with (2.34) based on (2.6) in a DU(n, ng) model is given by

min(|Ano+k],n0) n .
FWER, ., = 1- 3 ( 0>(1 _ o= <)\ 14— a)l/no)
S
s=0
3 0 (1=M)/( ))*
_ _ no—s o o 1-)\)/(no—s+k
3 <S>(1 N (A= 14 (1-a) )

[Ano+r|+1
where || denotes the smallest integer greater than or equal to x.

Proof: Let ny = n — ng. An SDPI procedure implies that the smallest p-value corresponding to
'531)—&‘-1:71
the event {V;, = 0} is equivalent to the event {min;cy, ,p;i > @ﬁjfﬂm}. If V,(A\) = s for

s € I, U{0}, then

true null hypotheses should be compared with the critical value & in DU models. Hence,

_ al=)) o _ (1=7)/(no—s++) 1/no
c1(s) = max <n0—s+/<;’n0> and c2(s) = max(1—(1—«) 1= (1—a)'/m0)
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denote the realised critical values d,(fl) 110 & = 1,2, under Py, . It follows

]P)n,no(vn = ZPn ng <]In[1n pj > Cz( ) Vn<)‘) = S)

s=0

= anno #{.7 eInO pj (Cz( ) )\]}:37#{] EIn,O * Py > A}:nO_S)

s=0
- :O <20> (1= A)"75 (X = ¢(s))".

By noting that ¢;(s) = a(l — \)/(ng — s 4+ k) and ¢a(s) = 1 — (1 — )=/ (r0=s+x) for
s> Mg+ K, ie s> [Ang+ k] +1,and ¢1(s) = a/ng, ca(s) = 1 — (1 — a)'/™ otherwise, we

obtain the desired formulas for the FWER. [ |
Theorem 2.21
Leta € (0,1), k € I, and k > 0. Setting ny = n—ng, t' = (k—n1—k)/no, t1 = o/ (n—k+r+a)

and to = t* with t* given in (2.19), the FWER of the SDPI procedure with thresholds (2.33) based
on the estimator (2.9) in a DU(n,ng) model is given by

no
FWERy, n, = 1 — (1 - O‘) <a for k<m (2.35)
no

and

ng — 1 max(t1,t’) a(l _ t) k—n1—1 e
FWER,, n,= t— —— 1—8)""dt (2.36
o 0<k—n1—1> </t1 n—k+k ( ) (2.36)

1 a k—n1—1
—|—/ (t - ) (1—t)"*dt | for k>ny.
max(t1,t’) no

Moreover, the FWER of the SDPI test with (2.34) based on (2.9) in a DU(n,ng) model is given by
FWER,, p, = o for k < nq, (2.37)

and for k > ny we obtain

1 max (t2,t’ k—mi1—1
=, ") ( [ (1 o)
2

1 k—n1—1
x(1—t)"*dt + t —14+(1- a)l/”0> - t)”"%it) .

max(t2,t’)

Proof: It holds FWER,, ,,, = 1 — P, ,,,(V}, = 0) and Py, ., (V;, = 0) = Py, (minjejn’o pj >

A (1)
an1+1:n

Then the estimator 7y given in (2.9) equals n — k +  almost surely and consequently we get

), i = 1,2. First we investigate the case k < nj, which implies pg.,, = 0 almost surely.
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: : ‘
0 100 200 300
No

Figure 2.4: Values of x such that FWER,, ,,, = « for the SDPI procedure with thresholds given
in (2.33) based on the estimator (2.6) for « = 0.05 and A = 0.5,0.6,0.7,0.8. The curves may be
identified by noting that x increases when A increases in ng = 300.

ny > ng since £ > 0. Hence, @5111)-‘,-1:71 = a/ng and d7(121)+1:n =1— (1 — a)/™. Moreover, SDPI

procedures with k£ < nj and £ > 0 coincide with the corresponding classical SD tests. It follows
that FWER,,,, = 1 — (1 — &, )" which yields (2.35) and (2.37).
Now we consider the case k£ > ny, which implies that p.,, corresponds to a true null hypoth-

esis. If px., = t for some ¢ € [0, 1], then

1—t
c1(t) = max (M, ;;) and ca(t) = max <1 — (1 — @)D/ (=htm) (g a)l/"o)
denote the realised thresholds under PP, ,,, according to dflll) 1., and dfi) +1.,» Tespectively. Similar

as in the proof of Theorem 2.8 we get

no —1 ! k—mn1—1 n—k
P =0)= —¢ =1 = .
s (Vi = 0) n()(k_m _1> /t (t = ci(8) ™11 — £y Fay
By noting that ¢; (t) = a(1 — t)/(n — k + k) and co(t) = 1 — (1 — )0/ (n=k+5) for t < ¢/ =
(k —n1 — k)/ng and ¢ (t) = a/ng, ca(t) = 1 — (1 — @)/ otherwise, we obtain (2.36) and
(2.38).

|

Remark 2.22

In contrast to BPI tests, a SDPI procedure does not always control the FWER if x = 1. There are
A € (0,1) and ny € N such that FWER,, ,,, exceeds the level «. For example, a = 0.05, A = 0.5,
k = 1 and ng = 3 yield FWER3 3 ~ 0.055 for the SDPI test with critical values given in (2.33)
based on the estimator (2.6). But for fixed A\, o and n it is possible to calculate the minimum «
such that

max FWER = «.
1<no<n THno
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Then the SDPI procedure with this « controls the FWER. On the other hand, the case k > 1
may result in less rejections as obtained with the corresponding BPI procedure with x = 1. For
example, for a = 0.05, 1 < ng < 300, A = 0.5,0.6,0.7,0.8 the largest x-values for the SDPI
tests with (2.33) based on (2.6) are attained for nj, = 30,69, 113,191 and are given by * ~ 2.765,
3.100, 3.427, 3.754. Figure 2.4 suggests that an SDPI test with thresholds defined in the expression
(2.33) based on the estimator (2.6) and one of these A’s and corresponding x* control the FWER
for all n if (D1) and (I1) apply.

Even though the SDPI procedure with x = 1 does not always control the FWER, the FWER
is controlled asymptotically if 79 /ng — 1 for ng — oo almost surely. The next theorem gives this

result.

Theorem 2.23

Let v € (0,1), K € R, X € (0,1) be fixed and/or k = k(n) satisfy (2.28). Consider DU models
with ng(n) — oo as n — oo. Then the limiting FWER of an SDPI procedure with thresholds
(2.33) based on (2.6) or (2.9) is given by

lim FWER,, ,, =1 —exp(—a) < a,

n—oo

and the limiting FWER of an SDPI test with (2.34) based on (2.6) or (2.9) is given by

lim FWER,, ,,, = a.

n—oo
Proof: Note that dgl) 1. > @/ng for an SDPI test with thresholds given in (2.33) and dfi) t1n 2
1 — (1 — )"/ for an SDPI test with thresholds given in (2.34). Hence,

no
_0) = - () - _ a
Prng (Vi = 0) = Prng <].rg;fopj = %Hm) < Prng (félflfo pj = a/ﬂo) = (1 - no)

for an SDPI test with thresholds given in (2.33) and

Prng(Vi = 0) =Py, < min p; > ‘3‘£L21)+1:n> <Prno (jIEnIin pj >1—(1— a)l/"o) =1—«

J€In 0 n,0

for an SDPI test with thresholds given in (2.34). As in Theorem 2.14 we get

Prono <{Vn =0} {ﬁo el —e,1+6]})

no

: i no
= Pun, <{jr£rln0pj > 0‘;1+1:n} N {no €fl—el-— e]}) .

If ng < fg < (1 + €)ng, then ozﬁ}l)ﬂm = a/ng and 647(121)“:” =1— (1 —a)'/m™. Moreover, if
(1—€)ng < g < no, then a/ng < a4, 1., < a/(no(1—€)) and 1—(1—a)/m < &) | <1-

(1—a)'/(0(1=€) By noting that ézgl)ﬂ:n < a/(np(l—e¢)) and &7(121)“% <1—(1— )Y/ (o(1=€)

5
S
5
=
Il
=
v
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for all ng-values, we get for all ng > N s that

. o N
P P> 3 — 1—¢1
(e (B en-eav)
. «
Pn,no jreIljlfo bj > m — Pn,no -

- (-asm) Pl

for an SDPI test with thresholds given in (2.33) and

Pr.ng ({ min p; >1—(1— a)l/(”o(l_e))} N {no eEl—el+ e]})

jEIn,O n()
o
— —1|>c¢
no

5
S
5
S
Il
N=2
v

Vv

5
3
3
=
Il
=
v

v

Prpe | min p; >1—(1— a)l/(”o(ke)) —Ppong
’ ]EIn’o ’
no

for an SDPI test with thresholds given in (2.34). Lemma 2.15 implies P;, ,, (|20/n0 — 1| > €) =
o(1). Since FWER,,,,, = 1 — P, ,,(V;, = 0), for each ¢ > 0 it follows for SDPI tests with
thresholds given in (2.33) and (2.34) that

= (1 — a)l/(l_e) _ Pn,no <

1 —exp(—a) < lim FWER, ,, <1 —exp(—a/(1—¢€))+o(1)

ng—oo
and
a < lim FWER, ,, <1— (1 — )79 4 o(1),
ng—0o0
respectively. Setting € = ¢, | 0 completes the proof. |

2.4 Power investigation

In this section we compare the power of BPI tests with the power of corresponding classical tests
with fixed threshold. We restrict our attention to a simple normal model with fixed alternatives
and fixed number of true null hypotheses ng. Let X;;, ¢ € I, j € Ip,, be independent normally
distributed random variables with unknown mean vJ; and known variance o > 0. We consider the

following multiple-testing problem
H;:9; <0 versus K;:%; >0, i € I,.

The associated test statistics and p-values are given by T; = >, X;;/(0v/m), i € I, and
pi = pi(t;) = 1 — ®(t;), ¢ € I, respectively, where ¢; denotes the realisation of 7;. Let 9 =
(%1, ...,9,) and ¢; denote the test for H;. The power of a single test ; in terms of ¥ is defined

as
Bi(9) =Py(p; = 1), i € L 1.
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Alternatively, we may consider the expected proportion of correct rejections as power, that is,

B = —— 3 Pylpi=1) = —— 3 5i). (2.39)

n—mn
O ielna il

Obviously, the power of a multiple test depends on the distribution of the p-values under alterna-
tives. We consider the case, where means corresponding to alternatives all have the same value,
i.e. ¥; = p fori € I, 1 for some fixed ;o > 0. For simplicity, we confine ourselves to considering
a BPI test with k = 1 and critical value «/ng given in (2.4) based on 7 given in (2.6). Under
the assumptions stated before, the power of single tests ;, ¢ € I, 1, and the overall power defined
in equation (2.39) only depend on § = p14/m /o and coincide, i.e. 3;(d) = 5(d). Fori € I, 1, a

straightforward calculation yields
Bo) = Py(pi < afig)
= o
= Yr(ms S ke L\ A = 1)
s=1

Py (#{k € I\ {i} :pp <A} =5 — 1)

= Z]P’ﬁ(}?l‘gsi), \#{ke[n\{z}pkg)\}:s—l>
s=1

s—1
x> Py (#{ke L\ {i} ipp <Ay =s—1, #{k € Lo : pp < A} = j)
=0
" 2 n—ng—1\.. ,
= Y (0~ tai-nyn-st1) Y ( j0> ( o i )”(1 — A
s=1 7=0

X (D(F —up) ™ T (1= B(6 —uy))" O

where u,, denotes the (1 — z)-quantile of a normal distribution. Note that the power of the Bonfer-
roni test and the power of the OB test are given by

B(6) =D (6 — ua/n) and 3(86) =@ (6 — ua/no) ,

respectively. Clearly, if 9 < n, then a BPI test rejects at least as many hypotheses as the classical
Bonferroni procedure. Thereby, additional rejections appear if there are ¢ € I, such that p; €
(a/m, /7). On the other hand, the power of the OB test seems to be an upper bound of the
power of a BPI test. For n = 50, ng = 10,30, a = 0.05 and A = 0.5 we compare the power of
the BPI test with the threshold &; based on (2.6), the classical Bonferroni test and the OB test in
terms of § = uv/k/o € [0,6]. Figure 2.5 shows that the power of the OB test (full curve) and the
BPI (asterisks) test differs only slightly. Clearly, in the model considered here the BPI test is more
powerful than the classical Bonferroni test. Although the gain in power for ng = 30 is not as large
as we might wish, the gain in power for ng = 10 is remarkable. For example, for § = 2, 3,4 we
obtain 5(d) = 0.138,0.464, 0.819 for the Bonferroni test, 5(J) = 0.252,0.645,0.915 if ng = 10
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Figure 2.5: Power (3(¢) in terms of 6 = y/mu/o (Bonferroni: dashed line; BPI: asterisks; OB:
full curve) for n = 50, A = 0.5, ng = 10 (left picture) and ng = 30 (right picture).
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S
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A A A A

Figure 2.6: Power 3 = [(3(0) of the BPI procedure (full curves) for § = /mu/o =
2.0, 2.6, 3.1, 3.7 (from bottom to the top) in terms of A for n = 50 and ng = 10, 20, 30, 40
(from left to right picture). The power of the Bonferroni test (dashed line) always lies below the
corresponding power of the BPI procedure.
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and 5(0) = 0.169,0.520,0.853 if ny = 30 for the BPI test. In Section 4.7 in Chapter 4 we
consider a simulation study, which shows that there are different distributions for which the gain
in power is large. In any case, we have to keep in mind that control of the FWER is a very strict
criterion and that even critical values of the OB test remain small compared to « as long as the
number of true null hypotheses ng is not very small.

In conclusion, we look at the dependence of the power of the BPI procedure on the tuning
parameter A in this specific model with n = 50 and o = 0.05 for ng = 10,20, 30,40 and
d = /mujo = 2.0, 2.6, 3.1, 3.7. Figure 2.6 shows that differences in the power of the BPI
procedure (full curve) for various A-values are small if ny and/or ¢ is large. Moreover, the power
decreases in all cases if A approaches 1. It seems that a A of around 0.5 is a good compromise.
Note that in all the cases that are considered here the power of the BPI procedure is always greater
than the power of the Bonferroni procedure (dashed line). Figure 2.6 indicates again that the power
gain becomes more apparent for smaller values of ng.

We conclude this section with a simulated example, where we compare the number of hy-

potheses which are rejected with the test procedures considered before.

Example 2.24

In the multiple-testing problem given at the beginning of this section we set ¥; = O forall 7 € I,, o
and ¥; = p for ¢ € I,, 1, where ;1 denotes a random variable following a uniform distribution on
[0,3]. Let n = 40, ng = 18, « = 0.05 and A = 0.5. The BPI test with the threshold &; based
on (2.6) and k = 1 yielded ng = 28 and for the SDPI test with the optimal x = 2.76 we obtained
ng = 31.52. The OB test rejected 5 hypotheses, the BPI and SDPI tests rejected 4 each and the
Bonferroni test rejected only 2 hypotheses. Thereby, the smallest critical values of the SDPI test
were a little smaller than the threshold of the BPI procedure.

2.5 Conclusions

In this chapter, we have proved that a Bonferroni-type procedure based on a suitable plug-in es-
timate for the number ng of true null hypotheses controls the FWER under several distributional
assumptions. Typically, the power of a plug-in test is larger than the power of the corresponding
classical test and smaller than the power of the associated oracle procedure. The latter implies that
we may have a gain in power by a BPI procedure if the corresponding oracle procedure has more
power than the classical test.

Note that a plug-in procedure can be more conservative than the corresponding classical test.
In fact, 7y can be larger than n and consequently the threshold & of a plug-in test can be smaller
than the threshold of the classical test. This is more likely to occur when nyg is close to n. There-
fore, we do not recommend a BPI procedure if there is prior knowledge that the proportion of true
null hypotheses is large. However, if this proportion is not too large, BPI tests are more attractive
than classical tests.

Furthermore, we have shown that corresponding SD procedures can be adjusted so that their
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FWER is controlled at pre-specified level a. Unfortunately, we cannot recommend this method
for small n-values, because our simulations have shown that the power of SDPI tests seems to be
smaller than the power of BPI procedures. The reason for this is that « utilised in SDPI tests need
to be larger that in BPI tests. This implies that the smallest critical values of a SDPI procedure are
typically smaller than a BPI threshold.

The tuning parameter A appearing in the estimators (2.6) has to be chosen independently
of the data, and the results presented in this chapter for a BPI procedure based on (2.6) heavily
depend on this assumption. Note that the estimator (2.9) is a data-dependent version of (2.6)
with A = pg.,. Some investigations concerning the case of a data-dependent A\ can be found
in Storey et al. [2004]. Obviously, to obtain a meaningful estimate for the number of true null
hypotheses ng, the number of p-values greater than A should be large enough. In Section 2.4 we
speculated that A ~ 0.5 may be a good compromise. A further indication for this choice may
be that rejection of hypotheses with p-values greater than 0.5 is typically disliked. In any case, it
seems there is no uniform best choice for the parameter \.

A further issue is the choice of & for the estimator ng given in (2.9). Moreover, for k < n—nyg
the estimator (2.9) can be considerably larger than ng so that we prefer to recommend a BPI
procedure based on the estimator (2.6).

In contrast to A and/or k, the choice of x does not seem to be problematic. It has been proved
that in case of independent null p-values x = 1 always implies FWER control for a BPI test with
critical value (2.4) and/or (2.5) based on (2.6) and « not greater than A or for a BPI procedure with
critical value (2.4) based on (2.9). Thereby, optimal x-values are only slightly smaller than 1 such
that the power of a BPI test with k = 1 is almost the same as one of the BPI test with an optimal
k. Note that a BPI test with &; based on (2.6) and x = 1 controls the FWER for all o € (0, 1) and
A€ (0,1) (i.e. aand A such that A < « are allowed), cf. Guo [2009].

In conclusion, we mention again that if the number of hypotheses n is very large, then the
power of any multiple-test procedure controlling the FWER often tends to O so that the advantage
of a plug-in procedure becomes negligible. For such multiple-testing problems the false discovery
rate (FDR) is an attractive alternative error rate criterion. In Chapter 3 we introduce various
methods for constructing multiple tests controlling the FDR. Moreover, in Chapter 4 we investigate
the FWER of BPI tests in the case of dependent p-values.
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Chapter 3

FDR controlling multiple tests related
to the asymptotically optimal rejection
curve

As mentioned in Chapter 1, application of the FDR criterion allows for more type I errors on
the average than application of the FWER criteria, but bounds the proportion of false rejections.
Therefore, the usage of the FDR criterion can lead to more rejections. Benjamini and Hochberg
[1995] proposed the linear step-up (LSU) procedure, which controls the FDR under several as-
sumptions, cf. Chapter 1. Thereby, the pre-specified a-level is exhausted only if all hypotheses
are true while the actual FDR is distinctively smaller than « if the proportion of true null hypothe-
ses is small. Various approaches are available which improve the LSU procedure with respect
to the power. For example, Storey et al. [2004] suggested plug-in LSU tests which use a plug-
in estimate for the number of true null hypotheses ng, cf. Chapter 2. Another approach can
be found in Finner et al. [2009]. They constructed a non-linear asymptotically optimal rejection
curve (AORC) such that for extreme parameter configurations SUD procedures based on this curve
control the FDR at least asymptotically. For a fixed o € (0, 1), the AORC is defined in (1.2) and
the corresponding critical values are given by

xe"

w1 a) i€ 1, (3.1

Qi = fo?l@/n) =
Note that ., = 1 for all « € (0,1) implies that an SU test procedure based on (3.1) always
rejects all hypotheses. Moreover, Finner et al. [2009] showed that SUD procedures based on the
AORC critical values typically do not control the FDR for a finite number of all hypotheses. It
follows that the critical values (3.1) have to be adjusted in order to obtain finite FDR control
for an SUD test. Finner et al. [2009] proposed SUD procedures with slightly adjusted AORC
critical values (replace n by n + 3, in the denominator of the AORC critical values for a suitable
Bn). Gavrilov et al. [2009] proved that SD tests with 3, = 1 control the FDR under the usual

independence assumptions. Clearly, an SUD procedure rejects at least as many null hypotheses as

41
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the SD test with the same set of critical values and the corresponding SU test is the most powerful.
Hence, the construction of AORC related multiple tests controlling the FDR for fixed n-values,
and exhausting the pre-specified FDR level as sharply as possible, remains an open problem.

In this chapter we focus on exact control of the FDR for step-up-down (SUD) test procedures
related to the asymptotically optimal rejection curve (AORC). In Section 3.1 we introduce the
class of SUD tests, which includes SU and SD procedures, and derive explicit formulas for upper
bounds of their FDR. In the case of SU tests we obtain that upper bounds for the FDR are the
FDR-values in DU models. We show under several assumptions that upper bounds and FDRs of
SUD tests in DU models coincide asymptotically. Moreover, we prove that FDR control of an SU
test implies FDR control of all SUD tests with the same set of critical values. We provide condi-
tions under which FDR control of an SUD test follows from FDR control of the corresponding SD
test. In Section 3.2 we provide a recursive scheme for the computation of critical values leading to
the pre-specified FDR-values. We also consider a possibility to compute a feasible set of critical
values such that the corresponding FDR-values coincide with the pre-specified FDR-values for
larger numbers of true hypotheses. In Section 3.3 we introduce alternative FDR bounding curves
and show their connection to rejection curves. We give some examples of FDR bounding curves
and discuss the solvability of the corresponding recursive schemes. Section 3.4 deals with var-
ious methods based on the AORC. We show how critical values corresponding to the AORC or
to a modified AORC can be adjusted in order to obtain finite FDR control. For single-parameter
adjustment methods we investigate the behaviour of the adjusting parameters for SUD test pro-
cedures. We also consider an adjustment method, which modifies critical values «;.,, depending
on i € I, and discuss a possibility of exact solving. In Section 3.5 we introduce an approach for
the computation of critical values yielding finite FDR control which is based on the fixed point
theorem. This iterative method combined with a F-adjustment yields a good (and may be the best)
set of critical values. Finally, in Section 3.6 we discuss advantages and disadvantages of each
method.

3.1 SUD tests and upper FDR bounds

Throughout this chapter, we consider a multiple-testing problem described in Notation 1.1. More-
over, we make the general assumptions that the conditions (I1) and (I2) are fulfilled, that is, p;,
i € Inpo(), are independent and that (p; : ¢ € I,,0) and (p; : ¢ € I, \ I,0) are independent ran-
dom vectors. Suppose that ¢ = (¢; : @ € I,) is defined in terms of critical values (1.1) such that
the corresponding continuous critical value function p fulfils the condition (A1), which implies in
particular that p is strictly increasing. Below, we call critical values (1.1) fulfilling (A1) feasible.
As before, a rejection curve associated with p is defined by r = p~!. Note that  and p may depend
on the number of hypotheses n but do not depend on n in asymptotic considerations. Moreover,
we define ¢(t) = p(t)/t for t € (0,1] and ¢(0) = lim;—0 p(t)/t. Thereby, 0 < ¢(0) < 1 if
condition (A1) applies. It holds ¢(1) < 1.

First we give a formal definition of SUD test procedures.
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Figure 3.1: The ecdf of n = 50 p-values, where ng = 15 p-values correspond to true null hy-
potheses, and the AORC with & = 0.1. An SUD test based on the AORC with A\; = 40 (A2 = 80)
rejects hypotheses with p-values which are not greater than ¢;.

Definition 3.1

For \ € I, an SUD(\) procedure ¢* = (¢1,. .., @n) of order ) is defined as follows. If py., <
Qxipy Set my, = max{j € {\,...,n} : pin < ainforalli € {\, ... ,j}}, whereas for py., >
Qe put my, = sup{j € {1,...,A =1} : pj;y, < i} (SUp® = —o0). Define ¢; = 1 if
Di < Qo and p; = 0 otherwise (_oo.y, = —00). Thereby, A = 1 yields an SD procedure and
A = n yields an SU procedure.

An SUD test ¢* can be defined in terms of a random threshold ¢* depending on the data, that
is, ¢p; = 1 if and only if p; < t*, cf. Section 1.2 in Chapter 1. If py., < a).n, then t* is the
smallest crossing point between r and the ecdf Fn such that py., < t*. If py., > a.n, then ¥ is
the largest crossing point between r and the ecdf F}, such that t* < py.p. Figure 3.1 shows the ecdf
of n = 50 p-values (ng = 15) and the AORC defined in (1.2) with & = 0.1. An SUD test based on
the AORC with A\; = 40 (A3 = 80) rejects null hypotheses with p-values being not greater than ;.
Clearly, an SUD(\2) test rejects at least as many hypotheses as an SUD(\;) procedure if A\; < Ao.
Therefore, an SU test rejects the most hypotheses.

As mentioned before, although an SUD procedure ¢ based on the AORC (i.e. with critical
values (3.1)) with A € I,,_; does not necessarily reject all hypotheses, the FDR is not controlled
for a fixed n € N. Benjamini and Yekutieli [2001] showed that in the case of SU tests, feasible
critical values imply that the FDR becomes larger if p-values decrease stochastically, cf. Theorem
1.2. This implies that DU models are least favourable parameter configurations (LFC) for the
FDR of an SU test if p-values corresponding to true null hypotheses are iid uniformly distributed
on [0,1], cf. Chapter 1. Thereby, P, ,,, denotes the probability measure in the DU(n, ng) model,
that is, all p-values p;, i € I,, o, are iid uniformly distributed on [0, 1], and all p;, i € I, 1, follow
a Dirac distribution with point mass 1 at 0. Unfortunately, for an SUD procedure with A € I,
it is not known whether DU configurations are least favourable. It is also not known whether the

FDR of an SU test is maximum in DU models if p-values corresponding to true null hypotheses
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are stochastically larger than a uniform variate. However, Finner et al. [2009] showed that DU
configurations yield an upper bound for the FDR of SUD procedures. Moreover, this upper bound
for an SU procedure is sharp if the corresponding DU configuration belongs to the model. For the
computation of upper bounds b(n, ng) we need formulas for the probability mass function (pmf)
of V}, under DU configurations. They can be obtained in terms of the joint cumulative distribution
function (cdf) of order statistics.

Let0 < c1p <+ < cpp < 1and n € N be given. Then a general recursive formula for
the joint cdf Fff of the order statistics Uy, . - . , Up—k:n, 0 < k < n, of n iid uniformly distributed
random variables Uj is given by

n—k—1
n .
Fﬁ(clzna ceey Cn—k:n) =1- § <]> Fj(clzn> s Cj:n)(l - Cj—l—l:n)n ]7 (3.2)
j=0

with F? = F,, and F(g) = I = 1. We apply formula (3.2) (for £ = 0), which is essentially
Bolshev’s recursion, cf. Shorack and Wellner [1986], pp. 366-367, for the calculation of the pmf
of V,, for an SUD procedure of order A\ under DU configurations. The next lemma yields this

result.

Lemma 3.2

For the pmf of V,, of an SUD()) procedure based on critical values 0 < o, < ... < apgp < 1
under a DU configuration with ng true null hypotheses and n1 = n — ng false hypotheses, we
obtain that P, ,, (V;, = j)/(T}O) is equal to

~no—j :

}Wj(an1+1:nv e van1+jin)an1+j+1:n’ ifA<m,

_ _ _ _ j . ‘
anfj(a/\:na sy Oy Bx—1iny - - - 7an1+j+1:n)an1+j;nv FA>niAj<A—n,

~

n—A+1
_no—jJ . .
}Pj(az\:nv sy O\, O 1y - - - 7an1+j:n)anl+j+1:n, ifA>niANj>A—nq,
L A—n1
forj=20,...,n, where &j.,, =1 — ., j € I.

Proof: For notational convenience, we denote the p-values corresponding to true null hypotheses
by pP-values. The vector of ordered p-values (p1.n, - - -, Pn:n) is almost surely of the form

(pl:n =0=...=0= Pniiny Pni+1in = p(l);noa cen 710910;710 = pn:n)'

~~
ni

Case 1. Let A < n;. In this case, we necessarily fall into the SD branch of the test procedure,
because at least the first A components of the vector of ordered p-values are 0 such that py., < aj.,

is true with probability 1. Consequently, the event {V;, = j} can be expressed as

{Vn = ]} = {pn1+1:n < Qni+lny - -y Pnitjin < an1+j:n} N {pn1+j+1:n > an1+j+1:n}-

Since the second event implies that all ordered p-values with ordered indices n; + 7 4 1 or greater

are larger than o, 1 j+1., the event means that (ng — j) p®-values are greater than v, 4j41:-
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o
J
independent, we immediately obtain the result.

Since we have ( ) possibilities to choose these p’-values and all p-values are assumed to be

Case 2. Let A > nj and j < A — ny. In order to reach this case, we must have py.,, > .,

and fall into the SU branch of the procedure. Consequently, we can write

{Vn = ]} = {p)\:n > Oxiny PA—1im 2> OA—1mns - - - s Pni+j+1m > an1+j+1:n}m{pn1+j:n < Oénﬁ—j:n}-

Since pp,+jin < Qi +j:n automatically implies that pgzno < ap,4jn forallk =1,..., 7, we can
again choose j of the ng pY-values to fulfil this relationship.
Case 3. Let A > nq and j > A — ny. In this third case, we fall into the SD branch of the

procedure, resulting in

{Vn = ]} = {p)\:n < Ay Patlin S Qagiimy - - - y Pni+jn < an1+j:n}ﬂ{pn1+j+1:n > an1+j+1:n}-
The assertion then follows in analogy to the SD considerations under case 1. |

Corollary 3.3
For an SU procedure with critical values 0 < aq.p, < -+ < ap.ny < 1in a DU(n, ng) model we

obtain
) n .
Pryng (Vi = ) = <j0>Fan(1 U Sy TR 1 S € )
cf. Lemma 3.2 in Finner and Roters [2002].

This result is immediate if we consider the case A = n in Lemma 3.2. Alternatively, the pmf
of V,, in this case can be calculated by the recursive formula (3.9) below.

Now we present an upper bound for the FDR of an SUD()) procedure ¢,, which was intro-
duced in Finner et al. [2009]. The following result corresponds to the slightly more general Theo-
rem 4.3 in Finner ef al. [2009]. In what follows, Py refers to the situation where (p; : j € I, \{i})
has the same distribution under ¥ as under 9 except that we put p; = 0 under .

Theorem 3.4

Let ¥ € © be such that ng € N hypotheses are true and the remaining ones are false. Let i € I, (.
Then, for an SUD()) test with \ € I, based on a rejection curve p it holds under (I1), (I12) and
(Al) by setting q(t) = p(t)/t that

n

FDRy(9") < "0 q(j/mBy(Rufn =j/n) = “Eya(Rafn) ()
j=1
< “LEung-19(Ra/n), (35)

with equality in (3.4) for an SU test (i.e. for A = n) if (D1) is fulfilled.

Remark 3.5

In Theorem 4.3 in Finner et al. [2009] p-values corresponding to true null hypotheses have to be
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uniformly distributed on [0, 1], i.e. (D1) has to be fulfilled. However, it can be easily seen that for
pi, © € Ip o, being stochastically larger than a uniform variate, the expression in (3.4) is also an
upper bound for the FDR, cf. proof of Theorem 4.1 (inequality (4.4) in particular) and proof of
Theorem 4.3 in Finner et al. [2009].

Note that (3.5) is a ¥-free upper bound for the FDR for all ng € I,,. Setting

no

b, 10IA) = "B g1 [a(Ba /)] 70 € I, (3.6)

and b}, = max;<p,<n b(n, ng), we obtain supycg FDRy(p) < .
An explicit representation of the upper FDR bound b(n, ng|A) for SUD()) tests is given in the

next theorem.

Theorem 3.6
For an SUD(X) procedure with \ € I,, and critical values (1.1) satisfying (Al), it holds

b(n, no|\) _nozo‘”lﬂ” Ppmo—1(V = j — 1), 3.7)

where ny = n — ng. For an SU test, that is A = n, b(n, ng|n) can alternatively be calculated by

no

b, moln) = 3 —L Py (Vi = ) = FDRy (") (3.8)
= ny+J
and it even holds equality in every summand in (3.7) and (3.8), i.e.

no

]P)n,no(vn = ]) = jan1+j:npn,nofl(vn = .7 - 1) fO}’ ] € Ino' (39)

Proof: In order to prove (3.7), we keep in mind that the expectation in (3.6) refers to a DU
configuration with (ng — 1) true null hypotheses and (n; + 1) false hypotheses and since p; ~ €
forall j € I, 1, we get Ry, =V, + (n1 + 1) Py, 5,,—1-almost surely. A straightforward calculation

now yields
no R no p(Rn/n) aRn5
WEn,ngfl [q <nn>} = ;En,no—l [Rn/n :noEn,no—l Rinn
o .
= noEp ne—1 [VVT:ZT}F”J
n
no—1 a
k+n1+1 n
= 1V, =k
1o Z Ftng 1o nmomt(a = 4)

_ nitjing _
N

which is formula (3.7). Equality (3.9) and consequently the left-hand side equality of (3.8) are im-
mediate consequences of the representation of the pmf of V;, for an SU test ¢" given in Corollary
3.3. The right-hand side equality follows with Theorem 3.4. |
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A natural question concerns the quality of the upper bounds (3.6). The next lemma shows that

(3.6) and the FDR often coincide asymptotically in DU models.

Lemma 3.7

Let @, be an SUD(\,) test based on some rejection curve r with p = r~! satisfying (Al) and
An/n — K € [0,1]. Consider a sequence of DU(n,ng) models with no(n)/n — ¢ € [0,1] and
suppose that Ry, /n converges to some fixed value at least in probability. Then the bound given in

(3.6) converges to the limiting FDR under DU(n, nyg), that is,

lim b(n,ng(n)) = lim FDR,, ,, () (3.10)

n—oo

forall ( € [0,1]if k € (0,1] and for all ¢ € [0, 1) if K = 0 (which includes SD procedures).

Proof: Let ¢! € [0, 1] be the crossing point between r and the ecdf of p-values F}, such that
r(t*) = F,,(t%) = Ry, /n, thatis, ¢, rejects hypotheses with p-values not greater than t*. Note that
the existence of ¢} is guaranteed by the structure of SUD test procedures. From the convergence
of R,,/n we get that there exists a t* € [0, 1] such that ¢}, — ¢*, n — oo, in probability. Then ¢,
rejects asymptotically all hypotheses with p-values not greater than ¢*. For t* > 0 this implies that
FDR,, ,, — ¢t*/(1 — ¢ + (t*), n — oo. Moreover, if t* > 0 we obtain b(n,ng) — (t*/r(t*) =
Ct* | Foo (%)), where Fag (t*[C) = limy oo Fin (t*) = 1 — ¢ + Ct*. Hence, for ¢ < 1 (i.e. t* > 0)
we get equation (3.10) for all < € [0, 1].

Now we consider the case of t* = 0 (i.e. ( = 1) and K > 0. Theorem 4.3 in Finner ef al.

[2009] yields

n
o )
FDRn,no ="No g %Pn,no (Rn = ]’pio < aj:n)a
=1

where ig € I, 0 and oj., = p(j/n), j € I,. Then setting
A
Cl,n =ng Z %Pn,ng (Rn = j|pi0 < aj:n)
j=1

and
n

o .
C2,n = 1o Z ﬂ]}bn,no (Rn = ]‘pio < aj:n)a
we obtain FDR,, ,,, = C1,, + Ca,. The statement (4.2) in Finner et al. [2009] yields

]P)n,ng (Rn = j‘pio < aj:n) = Pn,no—l(Rn = ]) for ] <

and consequently

An

;. .
Cl,n =no Z ﬂpn,no—l(Rn = .7)

= 7
Since Py, po—1(Rp = j +n1) =Py po—1(Vs, = j — 1) for j € I, the representation (3.7) of the
upper bound in Theorem 3.6 implies b(n, no|A,) = C1 4, + Cs3 ,,, Where

n

a;. ,
CS,n =Ny Z ﬂpn,nofl(Rn = ])-
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We will show that C ,, and C3 ,, converge to 0 if n increases, which implies lim,, .o, FDR,, ,,, =
limy, o0 C1 = limy, .0 b(n, ng). Since (A1) applies and o, < 1, we get o /j < 1/n for all
J € I, hence

n
CQ,n < CS,n < =

Prng—1(Rn > An). 3.11)

Note that t* = 0 is equivalent to R,,/n — 0, n — oo, in probability in DU(n, ny) models. It
follows that there are no crossing points between the limiting ecdf of p-values (i.e. Foo(t) = t)
and the rejection curve 7 in (0, ]. Hence, R,,/n — 0, n — oo, in probability in DU(n, ng — 1)

models, too. For A, /n — k > 0, we obtain
Ve>0: AN eN: Vn>Ne: Pppo_1(Rn > M\y) <e

Thus, (3.11) yields that for all ¢ > 0 there exists an N, € N such that for all n > N, we get
Cyn < O3, < €, which completes the proof. [ |

Remark 3.8
Note that for k = 0 and ( = 1 the bound and the FDR may not be equal in the limit. For
example, for ng = n the FDR of an SD test based on f,, equals 1 — (1 — «1.,,)™ which converges

to 1 —exp(—a) < a = limy, .o b(1, n|1).

As shown before, upper bounds given in (3.7) (which are equal to (3.6)) for an SD test are
not sharp such that they can be improved. One possibility can be derived from results that are
implicitly contained in Gavrilov et al. [2009], cf. proof of Theorem 1.1, p. 623, the second line
in formula (3.5). The next corollary yields this result. Below, Py—: denotes a probability measure
for which p-values have almost the same distribution under Py as under Py-:, the only difference

being that p; = 1 under Py—.

Corollary 3.9
Let 9 € © such that ng € N hypotheses are true and the remaining ones are false. Let ig € I, .
If (11) and (12) are fulfilled for an SD test @' with critical values (1.1), then

FDRy(o') < "0 37 ali/m)Bymia(Bafn = (j = 1)/n) (3.12)

n R,+1
OEﬁiOQ< - > < b°P(n,no) (say),

where

(6 .
bSD(n nO = Nyo Z nilj_jjnpnfl,nofl(vnfl =] 1|041:n7 ce >an71:n)- (3.13)
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It is well-known that an SU test rejects at least as many null hypotheses as an SD test with
the same set of critical values. But a question of general interest is whether FDR control of
an SU procedure implies FDR control of the corresponding SUD procedures. An investigation
concerning this problem can be found in Blanchard and Roquain [2008]. They gave a specific
dependency condition, under which FDR control of an SD test follows from FDR control of the
corresponding SU procedure. Note that the dependence condition given in Blanchard and Roquain
[2008] results in very restrictive conditions on the critical values.

The next theorem yields the desired result for SUD tests requiring more restrictive distribu-

tional assumptions but only the simple monotonicity property (A1) on the critical values.

Theorem 3.10
Consider an SU test o™ and an SUD()\) test go)‘ with the same set of critical values 0 < ., <
o< app < land X € I,,_1. Then, under assumptions (D1),(11),(12) and (Al) it holds

FDRy (") < FDRy(p") forall ¥ € ©. (3.14)

Hence, if the FDR is controlled by the SU test ", then the SUD()\) test 90)‘ also controls the
FDR. Moreover, the bounds b(n,ny|\) defined in (3.6) are non-decreasing in \ € I,, ((D1) is not
required for this).

Proof: Set Rf,‘b = R,, for an SUD()) test. An SUD(\2) test rejects at least as many hypotheses
as an SUD()\;) test for any 1 < A1 < Ay < n, which implies that Rgl is stochastically not
greater than R)\2. Under (A1) we obtain that p(R)\/n)/(R)/n) is stochastically non-decreasing
in ), hence the bounds b(n, no|)\) defined in (3.6) and E:q(R;)/n) are non-decreasing in \. Since
(D1) is fulfilled, we get together with Theorem 3.4 that

n n
FDR; () < 2Egiq(Rp/n) < —Eyiq(R;;/n) = FDRy(4").
|

By means of Theorem 3.10 we have an alternative method of obtaining FDR controlling SUD
procedures. Once we have an SU procedure with critical values (1.1) controlling the FDR, all
corresponding SUD procedure with the same set of critical values control the FDR, too. Unfortu-
nately, for A < n the calculation time for the pmf of V,, via the formula in Lemma 3.2 increases
rapidly if n increases. For an SU test (i.e. A = n) all computations are much easier and faster due
to the efficient recursive formula (3.9). In any case, as long as we are able to compute the pmf of
V,, for an SUD(\) procedure with fixed critical values, we can easily compute the bounds for the
FDR given in Theorem 3.6.

Note that Theorem 3.10 also implies that an FDR controlling SUD test can be based on larger
critical values than an SU procedure which controls the FDR. On the other hand, for fixed critical
values an SUD(\1) test rejects at least as many hypotheses as an SUD(\9) test if A; is larger than
A2. Hence, there is a trade-off between the conservativity of critical values and the conservativity

of the test structure, quantified by the parameter A of the SUD test.
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The following lemma is a partial reverse of Theorem 3.10 and shows that FDR control of an

SD test sometimes implies FDR control of the corresponding SUD()) test for certain values of .

Lemma 3.11
Let cp/\ with A\ € I, denote SUD(\) tests with fixed critical values satisfying (Al) such that
b(n,ng|l) < aforall ng € I, that is, the SD test controls the FDR at level «.. Define

no = min{k € I, : FDRy, n,(¢") < « forall no =k+1,...,n} (3.15)

with the convention min() = oco. If nfy < n, then FDRn,nO(go)‘) < aforall ng € I, and all
A <n —ng+ 1, that is, an SUD() test controls the FDR at level o if A < n — ng + 1.

Proof: Suppose that n} < n. Theorem (3.10) yields that FDR,, ,,(¢") < a for ng = nj +
1,...,nand A € I,. A look at Lemma 3.2 and formula (3.7) immediately yields for A € I,, that

b(n,np|A) = b(n,ne|l) forall np <n —A+1.
Hence, for A < n — ng + 1 we obtain
FDR,, n, () < b(n,m0|\) = b(n,ng|1) < a forall ng < nj
which completes the proof. |

If it is known that an SD test controls the FDR for some fixed critical values, then we can try
to find some n € I,,, which ensure the conditions in Lemma 3.11. Note that in this case it is only
necessary to check whether the corresponding SU test with the same critical values controls the
FDR for larger numbers of true null hypotheses. Thereby, an SU test requires less computation

time than an SUD procedure.

3.2 General computational issues

The formulas derived in Section 2.1 imply that it suffices to check FDR control of an SUD pro-
cedure at level « € (0, 1) for all DU configurations. Since each SUD(\) procedure with \ € I,
rejects all n — ng false hypotheses with probability 1 under DU(n, ng) configurations, we only
have to prove that the FDR is less than or equal to g*(no/n) in this case, where the function g* is

defined by ¢*(¢) = min{a, ¢} for ¢ € [0, 1] and plays an important role below. It follows that
b(n,nolA) < g*(no/n) forall ng € I, (3.16)

yields that the SUD test ¢ controls the FDR at level . Clearly, our objective is to exhaust the
FDR level given by the function g* for SUD procedures.

For a start, suppose for a moment that for each ny € I,, the FDR under a DU(n, ng) config-
uration should be bounded by g(ng/n) for an arbitrary but fixed function g : [0,1] — [0, 1]. To

achieve this, we require with respect to (3.7) that

a .
OZ nil:_] n nno*l(Vn =7 1) = g(no/n) for all ng € In (317)
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For ng = 1 this results in

an:n =ng(1/n). (3.18)
Setting
hno (anfnoJrQ:na ceey an:n) =
n—ng+1 Oy 4jin np )
(ng/n) —n V=53 -11,
nOPn,nofl(Vn = 0) 0/ 0 Z ni ‘|‘ nno 1( " J )
we obtain
Op—ng+1:n = hno (an—n0+2:n7 cee 704n:n) (319)

for 2 < ng < n, i.e., we get a recursive scheme for the determination of critical values. As a
matter of course, we have to check whether the resulting solution is feasible.

Unfortunately, for g = g* this recursive scheme only leads to feasible critical values for very
small values of n. For example, for « = 0.05 and SU tests, we only get feasible solutions for
n < 6, cf. Kwong and Wong [2002].

However, a question of more general interest is to find functions g such that condition (3.17)
leads to feasible critical values for all n € N. There exists at least one such function, that is g({) =
Ca, ¢ € [0, 1], which corresponds to the LSU procedure introduced in Benjamini and Hochberg
[1995]. Further candidates will be presented in Section 3.3.

In order to exhaust the FDR-level and to find feasible critical values close to AORC-based
critical values, we can try to relax (3.18) and (3.19) as follows. In a first step one may choose
m € I,_ starting values ay—jy1:n < - < i, © € Iy, satisfying all constraints required for a

feasible solution and

b(n,i\) < g*(i/n) for i=1,...,m, (3.20)

where some of the inequalities may be strict. In a second step one can try to examine whether
recursive computation of the remaining critical values via (3.19) leads to a feasible solution with

b(n,i|A) = g¢*(i/n) for i=m+1,...,n. (3.21)

Although this proposal sounds attractive, it turns out to be a balancing act and extremely sensitive
with respect to the initial critical values, which will be shown in Section 3.4. Our experience is that
one needs to be lucky to find a feasible solution with this method for larger values of n. The main
reason for the sensitivity of this method seems to be that the new critical value to be calculated via
(3.19) is the smallest critical value in the support of the distribution of V,, and typically has very
small impact on the actual FDR. Figure 3.2 shows the AORC (red curve) and the cdf of p-values
(black line) in the DU(n, ng) model. The crossing point ¢ (say), which specifies the FDR for an
SUD test, is typically greater (and asymptotically strictly greater) than the smallest critical value

Qn:n—no+1, sSuch that it is not possible to obtain b(n, ng) = « by adjusting cp.n—ng+1-
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Figure 3.2: AORC (red curve) and the cdf of p-values (black line) in the DU(n, ng) model. The
crossing point £¢ (say), which specifies the FDR, is typically greater than the smallest critical value

On:n—ny+1 (denoted by «; in the figure).

3.3 Alternative FDR curves and exact solving

In this section we investigate the question whether there exist further functions g : [0, 1] — [0, a/,
a € (0,1), such that the FDR of an SU test procedure ¢" under a DU(n, ng) configuration fulfils

the following equalities
FDR;, 1, (¢") = g(no/n) forall ng € I, (3.22)

for a fixed n € N or probably for all n € N. We call any function g an FDR bounding curve
if it satisfies the natural restrictions g(0) = 0 and 0 < ¢(¢) < min{¢,a} for all ¢ € (0,1]
and some o € (0,1). As noted in Section 3, g({) = a( leads to the LSU procedure while
9*(¢) = min{a, (} does not work for the most n € N. At present, g({) = a( is the only known
type of an FDR bounding function which solves (3.22).

For SUD()\) tests (3.22) may be replaced by b(n, ng|\) = g(no/n) for all ny € I,,. Among
others, we investigate conditions such that

lim FDR,, »,(¢") = g(¢) or lim FDanO(go)‘) = lim b(n,np|A) = g(C)

n—oc n—00 n—00
holds for all ¢ if ng/n — (.

Similarly as in Finner ef al. [2009], we can try to find the asymptotic rejection curve r and
the asymptotic critical value curve p associated with an FDR bounding curve g. Since p should
satisfy (A1), this imposes further conditions on g as will be seen below. Assume for a moment
that lim,, . ng/n = ¢ € (0,1). Then, for a fixed threshold ¢, the asymptotic FDR with respect

to DU configurations is given by

_
FDR,(t) = o (3.23)
Solving FDR¢(t) = g(() for ¢ leads to
_ 91 =¢)
0 o2y
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Note that the threshold for the p-values is determined by the asymptotic crossing point between
the rejection curve r and the asymptotic ecdf Fi,(¢|¢) = (t + (1 — () of p-values with respect to
DU configurations, cf. Chapter 1. This results in an implicit definition of the asymptotic rejection
curve r given by 7(t¢) = Fuo(t¢|C), or equivalently,

g9(O(1 — C)> 1-¢
' (C(l -9Q)/) 1-9Q)’ ¢€(0.1). (3.25)
Analogously, the asymptotic critical value function p = p(-|n) = 7~ is implicitly defined by
1-¢ 1\ _g(Q-9
p<1g(C)> = (-9 ¢€(0,1). (3.26)

The following lemma shows that r and p are well defined for suitable FDR bounding curves g.

Lemma 3.12

Let g : [0,1] — [0,a], @ € (0,1), be a continuous FDR bounding curve such that g(¢)/( is
non-increasing in ¢ € (0,1] and b = lim¢_0 g(¢)/¢ € (0,1]. Then r : [0,b] — [0,1] and p :
[0,1] — [0, b] are well defined via (3.25) and (3.26), respectively, and by setting r(0) = p(0) =0
and r(b) =1, p(1) = b. Moreover, p fulfils condition (Al).

Proof: Let { = sup{¢ € [0,1] : g(¢) = ¢}. Then g(¢) = ¢ for ¢ € [0,¢] and g(¢) < ( for
¢ € (¢, 1]. Moreover, if there exists a ¢ € (0, (), then b = 1 and (3.25) yields (1) = 1 and (3.26)
yields p(1) = 1. Setting g1(¢) = (1 — ¢)/(1 = g(¢)), ¢ € [0,1], g2(¢) = 9(¢) /¢, ¢ € (¢, 1] and
g2(¢) = bfor ¢ € [0, (], (3.26) can be written as

22w

Since g9 is non-increasing and g1 is strictly decreasing on [, 1], we obtain that 7 : [0,b] — [0, 1]

and p : [0,1] — [0, b] are well defined and p fulfils condition (Al). From g;(0) = 1, g1(1) = 0

and g2(0) = b we obtain the remainder. [

We note that if ¢; denotes the solution of (1 — ¢)/(1 — g(¢)) = i/n with respect to ¢, the

asymptotic critical values can be computed by

9(G)(1 — G)
G(1—9(G))

b , b =n.

) 1€ In—17
Qi = p(i/n) =

Typically, for a given bounding function g we can determine (;-values for ¢ € I, (and
hence, critical values) only numerically. But in the next example we give a bounding function g

for which the corresponding critical value function p can be outlined analytically.

Example 3.13
The FDR bounding function
o

S ]
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Figure 3.3: FDR bounding functions ¢g* (upper curve) and g (lower curve) given in Example 3.13
with a = 0.1 (picture on the left) and the corresponding rejection curves f, (lower curve) and r

(upper curve) (picture on the right).

leads to (1-0) (1-1)

a(l — a(l —
tp=— > and ()= ———
¢ a+(¢—2a( and ¢(1) t+a—2at

Then the rejection curve related to g is given by
t(1 — tar)
t)y=—"—,1t€]0,1

r(t) t+a—2at’ € [0.1]

and the corresponding critical value function is given by

_ 2ta—t+1— VAt2a? — 4t2a + dta + 2 — 2t + 1 — 4a?t
- 2 '

p(t)

Figure 3.13 shows the FDR bounding functions g and g* with & = 0.1 on the left as well as the
rejection curve r and the AORC f, on the right-hand side of this figure.

The next theorem shows that in DU models the asymptotic FDR of an SUD test based on the
rejection curve defined in (3.25) equals the given FDR bounding curve.

Theorem 3.14

Let g be an FDR bounding curve with the same properties as in Lemma 3.12. Consider SUD(\,,)
tests @, based on r defined in (3.25) with A\, /n — k. Then we obtain for the limiting FDR in
DU(n, ng) models with ng/n — ( that

lim FDR,, », = 9(¢)

n—oo

for (i) k € (0,1] and ¢ € [0,1] if b < 1, (ii) k € (0,1) and ¢ € [0,1] if b = 1 and (iii) k = 0 and
¢ €]0,1).

Proof: Let g; and g be defined as in the proof of Lemma 3.12. Setting t = g1(¢)g2({) we obtain
that ¢¢ as a function of ¢ is continuous for ¢ € [0, 1] and strictly decreasing for ¢ € [¢, 1] with
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te = bfor ¢ < ¢ and t; = 0 for ( = 1. For each ¢ € [0, 1] it will be shown that r(t) = Fio(t[()
has at least one solution and at most two solutions in [0,b]. Note, that from (3.25) we obtain
r(t¢) = Foo(t¢]C), which implies that there exists at least one solution, namely ¢.. Now suppose
there exists a further solution ¢ # ¢¢. The strict monotonicity of Z¢ in ¢ € [, 1] yields that there
exists a ¢ € [¢, 1] such that ¢’ = t.. Altogether we get r(te) = Fuo(ter|¢") = Fiuo(t'[(), hence
¢ = ¢’ or t = 1 which implies the existence of at most two solutions, namely ¢; < 1 and 1 or
only tc. Finally, we get R,./n — Fa(tclC) = r(te) = g1(C) and p(Ru/n) — p(r(te)) = tc =
91(¢)g2(¢), hence b(n,ng) — ¢(¢) for ¢ € [0, 1] with formula (3.6). Lemma 3.7 completes the
proof. |

In order to complete the picture concerning the relationship between asymptotic rejection
curves, asymptotic critical value curves and asymptotic FDR bounding curves, we consider the

case where we start with an asymptotic rejection curve r.

Remark 3.15

Let r : [0,0] — [0, 1] be continuous with b € (0,1] and (b) = 1 and suppose there exists a
Co € [0,1) such that for each ¢ € ((p, 1] there exists a unique crossing point ¢(¢) between F(+|()
and 7 on [0,b] if b < 1 oron [0, 1) if b = 1 while the unique crossing point ¢(¢) on [0, 1] is b for
¢ € [0,¢p]. Moreover, suppose that r(¢)/t is non-increasing in ¢ € (0, b]. Consider a sequence
of DU(n, ng) models and a sequence of SUD()\,,) tests based on r such that R,,/n — 7(¢({)) as
no(n)/n — ¢ for all ¢ € [0, 1]. Then the asymptotic FDR bounding curve on [0, 1) is given by

O a©
90) = T o

and ¢(¢)/( is non-increasing in ¢ € (0, 1) with lim¢_¢ g(¢)/¢ = b. Moreover, with p = r~
p(1 = ¢+ CH(Q)) = H(C) we get

. L ) o p(I=C+ Q) . opt)
(4 IR R T R -

which is in line with the asymptotic results in Finner et al. [2009] for SUD procedures, where it is

L and

shown that under suitable assumptions the asymptotic FDR forn — ococand ( — 1 (or { = 1) is
q(0).

Example 3.16

A class of FDR bounding functions g for which the system of equations given by the recursive
scheme (3.18) and (3.19) can be solved at least for a broad range of n-values is given as follows.
These functions depend on two further parameters v,n with 1 < n < v/a, o < v < 1, and are
defined by

a(l—(1=¢/)"), ,0<¢<y,

@, ;,¥<C<L

QM%W={

We first note that g(¢|1,1) = a(, g(¢la,1) = g*(¢) and g(¢lv,n) < g*(C) for all ¢ € [0,1].
Moreover, g(-|v,7/a) and g* have the same slope in ( = 0, g({|,n) is non-decreasing in 1 and
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Figure 3.4: FDR bounding curves g*(¢) and g({|,n) in Example 3.16 with v = 0.5, = 6,8, 10
(from bottom to top in ¢ = 0.1) and o = 0.05.

in 7y for ¢ € [0, 1]. Note that g(-|,n) gets closer to g* if n increases and/or -y decreases. Figure
3.4 displays the situation for & = 0.05 and v = 1/2. In this example, for n = 6,8, 10, g(|v, n)
and ¢g*(() are equal for ¢ € [0.5,1] and nearly coincide for ¢ € [0.3,0.5). Whether (3.22) can
be solved heavily depends on « and the choice of v and 7. It seems that a smaller « increases
the chance to solve (3.22) for larger values of n. For example, for « = 0.01 and v = 0.1 there
always exists an 7 at least for n < 500 such that (3.22) is solvable, whereas for « = 0.05, n =7
and a = 0.1, n = 4 we could not find any solution. For v = 0.5 we can find suitable 7’s for
a = 0.01,0.05 and n < 500 (probably also for much larger n-values), as well as for &« = 0.1 and
n < 341, but not for n = 342. Moreover, for vy = 1, « = 0.01, 0.05, 0.1 we can find suitable n’s
at least for n < 500.

In the case o = 0.1 we fail to find feasible critical values for larger n. The reason for this is
that the parameter 7 is bounded by 7/« which decreases if « increases. This results in a worse
approximation of ¢g* for smaller values of (. Thereby, we observed that for arbitrary but fixed «
and v a suitable parameter 7, i.e. an 7 such that the recursive scheme (3.18) and (3.19) can be
solved, increases if n increases. It seems that the larger the value of n, the better g* has to be
approximated by an FDR bounding curve.

An idea how ¢* can be approximated in a smooth way is as follows. For a given function
G : [0,1] — [0, a] we can apply a linear transformation, such that the corresponding transformed
function ¢ : [0,1] — [0, o] fulfils the condition g(¢) < (. For example, Figure 3.5 shows the
function G(¢) = a(1 — €%7) and the transformed function g that lies below g*. Thereby, this
considered linear transformation maps the vector (1, 0) to itself and the vector (0, 1) to the vector
(1,1).

Now we give a formal definition of a general class of functions g which allow to approximate
g* in a smooth way.

Let E = [n,00) or £ = (1,00) for some € R and let G, : [0,1] — [0,a], n € E, be

continuous and non-decreasing functions such that G, (x)/x is non-increasing in « € [0, 1] with
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Figure 3.5: FDR bounding curve g (the lowest curve in ¢ = 0.1) obtained by the linear trans-
formation of the function G(¢) = a(1 — €%7) (the highest curve in ¢ = 0.4) with @ = 0.1 and
n = 50.

limg o Gy(x)/z = b, € (0,00), Gy(0) = 0 for all n € E and lim, . G,(xz) = « for all
x € (0, 1]. Moreover, Gy, is assumed to satisfy either
(Gl)3 v € (0,1 —«) such that G, (y) = aforalln € E and G, () is strictly increasinginn € E
for all z € (0,7);
or
(G2) Gy () is strictly increasing in n € E for all z € (0, 1].
In case of (G2) we formally set 7 = 1. We denote the set of all these (G,),cr by G. Now define
hy by

h(@) = 2+ Gy (a)
and g(-[n) : [0,1] — [0, a] by

9(¢In) = Gy(hy ' (€)), ¢ €[0,1]. (3.27)

A little analysis yields that
9(Clm) = g"(¢) VneE and V(€ [0,1],
9(Cln) < ¢"(¢) Yne E and V(€ (0,min{y +a,1}),
Jim g(Cln) = ¢7(¢) Y¢€[0,1],

lim g(Cl)/¢

by/(1+by) Vne€E.
If (G1) applies, we obtain g({|n) = «a for ¢ € [a+ 7, 1].

Lemma 3.17
Let (Gy)ner € G and let g(-|n) be defined by (3.27). Then the asymptotic rejection curve r =
r(-|n) defined via (3.25) is strictly increasing on [0, b, /(1 + by))] with

nli_)rglor(tm) = fa(t) Vt € [0,1].
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If (Gl) applies, i.e. v+« < 1, then
r(tln) = fa(t) Vt € [0,t,],

where ty = {a(1 —a—~)}/{(1 — a)(y+ a)}. The asymptotic critical value function p = p(-|n)
defined via (3.26) satisfies the monotonicity condition (Al).

Proof: For min{~y + «, 1} < ¢ < 1, the asymptotic rejection curve 7 implicitly defined by (3.25)
coincides with the AORC which has all desired properties. Therefore, it suffices to show the
assertions of the lemma for 0 < ¢ < min{y + «a, 1}. In view of Lemma 3.12 we have to show
that g({|n)/¢ is continuous (which is trivial) and non-increasing in ¢. Substituting { = h,(y) in

g(¢n)/¢ = Gn(hgl(g))/g‘, we see that g(¢|n)/( is non-increasing if

Gy(y)/y
Gn(y)/y +1

is non-increasing which is implied by the assumptions. |

Clearly, there are uncountable choices of G, to approach g* in a smooth way. For example,
we can choose G, = aH, I ) for a suitable family of cdfs H,, on [0, c0) such that G, has the
desired properties, see the following example.

Example 3.18 (Families of probability distributions for generating FDR bounding curves)

Let o € (0,1).

(a) (Beta distributions.) Let £ = [1,00) and consider the family of beta distributions with cdfs
Hy(u) = (1= (1 =u)")jp,1)(w) + I(1,00)(u) forn € E. Setting G;, = aH,; and x = u~ for some
v € (0,1 — @] this leads to (compare with Example 3.16)

GT](x) = Oé(l - (1 - ;U/’}/)n)I[O,v)('r) + aI['y,l} (.T), nek.

Then (G,),ere € G, hence Lemma 3.17 applies. For convenience, we denote the resulting FDR
bounding curves by g(+|n,y). Note that g(-|n,y) is non-increasing in y € (0,1 — o] for ¢ € [0, 1].
Moreover, g(¢|1,1 — o) = a¢ which is the FDR bounding curve of the LSU procedure.

(b) (Exponential distributions.) Let £ = (0, co) and consider the family of exponential distribu-
tions with parameter 7 € E and cdf H,, (say) and define again G, = aH,,. Then we have

Gy(2) = a1 — exp(=nx)) 11 (z), 1 € E,

and (Gy)nep € G with v = 1, hence Lemma 3.17 applies again. The resulting FDR bounding
curves are denoted by g(+|n).

It seems that one can choose FDR bounding curves of the type introduced in Example 3.18
being closer to g* and allowing for exact solving of (3.18) and (3.19) for larger values of n than the
ones in Example 3.16. For suitable choices of 77 and -y in (a) and (b) in Example 3.18 we obtain

approximately identical FDR curves and critical value functions (rejection curves). Moreover,
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for o = 0.01,0.05 and v = 0.5 in Example 3.18(a), we can find suitable ns for n < 500 (and
probably for much larger values of n) such that (3.22) is solvable for both examples. For instance,
if &« = 0.05, then for n = 16, v = 0.5 in Example 3.18(a) and = 35 in Example 3.18(b) there
are feasible critical values with (3.22) for at least n < 500. As noted before, the case of larger
a-values is problematic. At least for o = 0.1, (3.22) can be solved for both examples for larger
values of n than in Example 3.16, i.e., for at least n < 700 we find an 7 such that (3.22) is solvable.
All in all this approach (as long as it works) yields an attractive possibility to obtain a feasible set
of critical values which should not differ too much from the AORC based critical values (3.1).
Anyhow, it remains completely unclear whether for each n there exists an 7 such that (3.22) can
be solved.

Of course, for SUD procedures it is also possible to apply the recursive scheme (3.18) and
(3.19) such that the upper bound is equal to one of the FDR bounding curves considered in Exam-

ples 3.16 and 3.18. But, as mentioned before, computations for SUD tests can take a long time.

3.4 AORC adjustments

In this section we present different adjustment methods related to the AORC or to a modified
AORC, such that the FDR is controlled for a finite number of hypotheses. We consider single-
parameter and multiple-parameter adjustment methods. In the case of single-parameter adjust-
ments we investigate the behaviour of the adjusting parameter 3,, for various SUD test procedures.
We show that exact solving (i.e. the most FDR-values should be ) seems to be possible only if the
number of all hypotheses n is very small. On the other hand, 3-adjustment methods yield a good
approximation of the « level even for n-values being not too large. Moreover, it is mostly easy to
implement critical values corresponding to a single-parameter adjustment approach. Thereby, crit-
ical values corresponding to theses tests depend on the number of all hypotheses, the pre-specified
parameter « and an adjusting parameter /3, so that one has only to determine the correspond-
ing adjusting parameter 3,. Since for a large number of all hypotheses computation complexity

increases rapidly, AORC adjustments yield a good alternative for other multiple test procedures.

3.4.1 Single-parameter adjustment

One way to get a feasible set of critical values for an SUD()\) procedure controlling the FDR is to
adjust the AORC. For example, as already mentioned in Finner et al. [2009], we can try to find a

suitable 3,, > 0 such that the adjusted rejection curve

B o
H=(1+22 t), te |0, ——]|,
a0 = (1+2) o) e o0
with corresponding, always feasible critical values
i ,
Q (xe"
Qim = n+Bn — : Liel,, (3.28)
o -5 (1—a) n+ By —i(l — ) "
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Figure 3.6: Rejection curves f, g, (t) for SU tests with n = 10,30, 100 and f,(t) (from top to
bottom in ¢ = 0.2) with o = 0.05, 810 = 1.23, B39 = 1.41 and B19p = 1.76.

yields FDR control by an SUD()) test at level . Below, we say the parameter (3, is optimal if 3,,
is the minimum value, which yields FDR control. For example, for o« = 0.05 and n = 100, 1000
we obtain that 8199 = 1.76, B1900 = 3.07 for an SU test and B199 = 1.54, B1go0 = 1.82 for
an SUD(\,) test with A, = [n/(1+ «)] yielding strict FDR control. Note that this choice
of \,, yields ay,.,, — 1/2 for n — oo, because f, 3, — fo for n — oo (it will be proved
later) and ay,., ~ f;'(An/n) = k for some k € (0,1) (for example x = 1/2) yield \,, =
nk/(a+ k(1 — «a)).

For o« = 0.05, Figure 3.6 depicts the modified curves f, g, for SU procedures for n =
10, 30, 100 together with f,,, where 319 = 1.23, B30 = 1.41, B100 = 1.76.

It follows from the monotonicity of the upper bounds b(n, 1g|\) in A stated in Theorem 3.10
that for a fixed n € N the value of the parameter [3,, needed to ensure strict FDR control, increases
with increasing parameter A of an SUD procedure; i.e. larger values for A lead to larger 3, -values.
But for fixed critical values an SUD(\) test rejects at least as many hypotheses as an SUD(\z)
test with the same critical values if \; is larger than A\o. Lemma 3.11 shows that critical values
ensuring FDR control for an SD test procedure yield FDR control for an SUD()) test for some
smaller \s if the corresponding SU test controls the FDR for larger ng-values.

We apply this result for 3,,-adjusted critical values (3.28). Although an SU test with critical
values (3.28) and [3,, optimal for the corresponding SD test does not control the FDR for certain
values of ng, we observed in all our calculations that the pre-chosen a-level is exceeded only for
a certain set of small ng-values, that is, for each n € N there seems to exists an n{, < n defined by
(3.15) such that Lemma 3.11 applies.

For example, for « = 0.05 and n = 100, 500, 1000, 2000 the smallest (3, -values such that the
SD test with (3.28) controls the FDR are given by 5, = 1.34,1.47,1.53, 1.58. Due to Lemma 3.11
this results in n§ = 29,134, 271, 565. Hence, an SUD(\,,) test with appropriately chosen (3,, and
An < 72,367,730, 1436 (or respectively A, /n < 0.72,0.734, 0.73,0.7185) controls the FDR.
Figure 3.7 shows that an SUD(\,,) test at level « = 0.1,0.05,0.01 with A,, ~ 0.4n,0.7n,0.9n
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Figure 3.7: Maximal values of x such that an SUD(\,,) test with \,,/n < k and optimal 3,, with
respect to an SD test controls the FDR at level o = 0.01, 0.05, 0.1 (from top to bottom).

and (3, optimal for the corresponding SD test controls the FDR for larger n-values. Moreover, our
simulation study for & = 0.05 and larger n-values shows that the upper bound of an SUD()\,)
test with A\, = 0.7n and (3, = 1 exceeds the a-level only slightly and it seems that the up-
per bound decreases to «, i.e. for n = 5000, 10000, 50000 the maximum upper bound is about
0.05022, 0.05020, 0.05008.

3.4.2 Adjustment of the modified AORC

Realised FDR values for SU tests based on (3.28) in DU(n, ng) models with varying numbers ng
of true null hypotheses have a maximum peak which is taken typically for smaller ng-values (cf.
Figure 3.9). It seems that if we diminish larger critical values (which correspond to FDRs with
smaller ng-values), then we can enlarge smaller ones, such that the corresponding FDR curve is
flatter for most ng-values. For some fixed k& € I,,, we therefore replace the larger critical values
Qs © > k, in (3.28) such that they just fulfil the monotonicity condition (A1) with equality. This
corresponds to the adjustment SU procedures proposed in Example 3.2 in Finner et al. [2009]. For
example, we can choose k appropriately equal to n(1 — «) or n(1 — 2«). Then, we search for a
suitable constant 3 > 0 such that the critical values

1
(3.29)
Z'Oéi_l;n/(i—l), k‘SZSn

Qjn =

yield FDR control at level a. The underlying rejection curve is given by

fapi(t),  0<t <t
Jap;(t) = Fa,px (%)
t=—, " <t<1

with ¢* = £ L. ((k — 1)/n), cf. Figure 3.8. Note that fa,px (t) for t € (t*, 1] corresponds a Simes

line with level t*/ f,, g: (t*).
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Figure 3.8: The AORC is red, f, g: (t) for n = 100, k = 90 and 3;; = 1.3 is blue and f,, g (t) for
n = 100, k = 95 and 3, = 1.41 is green.
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Figure 3.9: FDR-values for SU tests with &« = 0.05 and n = 100 in DU models based on si-
multaneously (3,,-adjusted critical values and critical values (3.29) with 3} = 1.41, kK = 95 and
By = 1.3, k = 90 (left graph: from top to bottom in ng = 10, right graph: from bottom to top in
ng = 50), the right graph is zoomed.

The critical values (3.29) are always feasible and the optimal 3 (i.e. the minimum valid 3};)
is smaller than the corresponding (3,, of the simultaneous adjustment method with critical values
(3.28). For example, for a = 0.05, n = 100, 1000 and k£ = 90, 900 we obtain 3;; = 1.3,1.42 for
an SU test. This results in flatter FDR curves, which are closer to a for larger ng-values than the
corresponding FDR curves of the simultaneous (3,,-adjustment. For n = 100 and o = 0.05, Figure
3.9 shows realised FDR values for the simultaneous (3,,-adjustment method with 3199 = 1.76 and
for 3;-adjustment methods with k = 95, 3} = 1.41, and, k = 90, 3} = 1.3.

3.4.3 Behaviour of the adjusting parameters

Now we consider the behaviour of the parameters (3, and 3 for different SUD()\) test proce-

dures. Note that for an SUD(),,)-test the smallest parameter (3, yielding strict FDR control is
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Figure 3.10: Optimal parameters 3, resp. (3;; (left graph) and 3, /n resp. (3} /n (right graph) for
SU- and SD-tests based on f, g, and SU test based on (3.29). The curves can be distinguished by
noticing that for all n-values, the optimal 3,, for an SU test is larger than for an SD test and the
parameter [3,, for SD is in turn larger than (3}, for SU. In the right graph, the curves corresponding
to SD with (3, and to SU with 3} are nearly identical.

non-decreasing in \,, such that the marginal cases (i.e. SU and SD tests) are a matter of particular
interest. For 1 < n < 2000, the left graph in Figure 3.10 shows the minimum values for 3,, (or

*, respectively) which have to be used to ensure strict FDR control for SU and SD procedures
based on critical values in (3.28) and SU tests with critical values (3.29) and k = [n(1 — 2«)] for
a = 0.05 and varying n. In the right graph of Figure 3.10, the corresponding factors (3,,/n (or
B /n, respectively) are displayed. Thereby, critical values (3.28) for SD-tests and critical values
(3.29) for SU-tests are nearly identical (lower curves).

A complete characterisation of the asymptotic behaviour of the parameter (3, resp. (3, remains
an interesting open question for the considered adjustment procedures. It is not entirely clear for
SUD tests whether 3,, and 3}, are bounded or diverge for n — oo. Note that 3;; < (3, for each
SUD procedures with a fixed \,,.

Remark 3.19

In Benjamini ef al. [2005] (Remark to Definition 7), an SD procedure with the universal adjust-
ment constant 3,, = 1 was proposed. FDR control in case of independent p-values for this SD
procedure was proven in Gavrilov et al. [2009] making use of special structural properties of SD
tests. More precisely, 3,, > 1 yields control of the upper bound (3.13) which implies FDR control.
We note that the bound b(n, ng|1) given in (3.7) for the SD procedure with AORC-based adjusted
critical values for 3, = 1 can exceed a. For example, setting & = 0.05, n = 50 and ng = 10
leads to b(n, ng|1) = 0.052.

The next lemma yields a similar result as in Gavrilov et al. [2009] concerning the behaviour
of the adjustment parameter (3,, yielding control of the upper bound (3.7) for an SD test.

Lemma 3.20
For an SD test with critical values (3.28) and 3, > 2 the upper bound (3.7) is not greater than the
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pre-specified level a.

Proof: Let py,...,p; be p-values that are iid uniformly distributed on [0, 1] and let p1., ..., pi
be the corresponding order statistics. For simplicity we write a; = ., J € Ip,. Then the upper

bound (3.7) for an SD test can be rewritten as

no—1
ni+j
b(n,noll) = ng Z - +JP Pling—1 < Qny425 - -3 DjmTing—1 < Qnytj, Pjmo—1 > Opy4j41)
Qp
+nOZP(pl:no—1 < An142, -+ 3 Png—1ing—1 < an)-

Noting that
anl—i-j 1-— anl-‘rj .
- = - for j € I,,,
ny+7 ng—J+ Bn "o

the monotonicity property (A1) yields

ity 1= omgin

- <« - for j € Iy,—1-
ni+j = no—j—1+p, "o
Therefore, for 3,, > 2 we obtain
« ; 11—« i
MY < g At for e Ing—1.
ny+y no—Jj+1
Furthermore,
Qo 1—a, 1—a,
— =« <«
n 0On 1
Hence, we get
ng— 1 —a
+i+1
b(n,noll) < ang Z o _7;1;1 P(p1ing—1 < ny42, -3 Pj—1img—1 < Qg4
7j=1
Pjmg—1 > an1+j+1)
11—«
+ang 1 nP(pl:nofl < Api42, -+ -3 Png—1ng—1 < an)
no—1 n
0
= OZZ 7]]?(1)171,0 1<an1+27"'7pj ling— 1<an1+_]7
Sro—Jg+l

Pjng—1 > Onq4+5+15Png > an1+j+1)
+Cm0P(P1:n071 < apy42,--- y Png—1:ng—1 < Qpy Ppg > an)

= A (say).

Setting a1 = vy, We obtain

10
ng
A=« E mp(}?lznoq < Qnyt2y -, Pj—Ling—1 < Qny 4 Ping—1 > Qny 441, Png > Qny4jtl)-
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Obviously, for each j € I, the event

{P1ino—1 < Wny425 -+ -, Pj—1mo—1 < Qnytjs Pimo—1 > Qnytjt1s Pno > Cny4j+1}

can be expressed as

{pl:no S an1+2> s >pj71:n0 S an1+j7pj:n0 > an1+j+1,pno Z pjno}

The latter can be expressed in terms of the number ffno of false rejections which corresponds to an

SD test with critical values (o, 42, . . ., Q, Qpt1), that is,

{Vno =7 —1,pny 2 pjino}'

Hence,

no
o ~ .
A = e yrtrenVio == Lipo 2 i)

no no
1 - .
- O[jZ:; m ;PTLOWO(VNO =J]— 17]%‘ > pj:no)

0
1 .
) a;noj+1 > Pun(Va=i-1)

ie[’no Ipz‘ij:no

no
= O‘ZPHO,NO(VNO =j—1).
J=1

With this we obtain

b(n,nol1) < A= a(l = Ppyne(Vae = o)) < a,

which completes the proof.
|

In order to characterise the behaviour 3, for an SU test we first prove two lemmas. The
next lemma yields some results for an SUD test with a unique crossing point between the limiting

rejection curve and the asymptotic distribution function.

Lemma 3.21

Consider DU(n,ng) models with ng/n — ¢, ¢ € [0,1]. Let ¢, n € N, be SUD()\,,) tests based
on rejection curves ry, : [0,by] — [0, 1] with by, € (0, 1], and suppose there exists a rejection curve
r:[0,b] — [0,1] withb € (0, 1) such that lim,,_,o 7, (t) = 7(t) fort € [0, ] and lim,,_,~ b,, = b.
Suppose there exists a unique crossing point t7 € [0,b] between r and Feo(t) = 1 — ( 4+ t(. Then

tn — t¢ and Rp/n — r(tf) for n — oo almost surely

where t,, is the crossing point between r,, and Fn determined by the SUD(\,,) test.
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Moreover, if p, = r;', n €N, and p = r~! fulfil (Al), then the asymptotic upper bound for
the FDR is given by
Tim_b(n,no) = Cq(r(1})).
where q(t) = p(t)/t for t € (0,1] and q(0) = limy—¢ p(t)/t.

Proof: For a fixed but arbitrary € > 0 define Ac = {t € [0,1] : [t — ¢}[ > €}. In order to prove
almost sure convergence of ¢,, we will show that the probability of {¢,, ¢ A} increases to 1 for
n — oo.

For a given € > 0 there always exists a 6. > 0 such that
Vite[0,b]NAc: |Folt) —r(t)] > O, (3.30)

which follows from the assumption that  and F5, have only one crossing point in [0, b]. It is easy

to show that assumptions of this lemma imply uniform convergence of r,, in [0, 0], that is,
AN, eN: Vn>Ny: Ve [0,min(b,b,)]: |rn(t) —r(t)| < d./3. (3.31)
Then the triangle inequality applying to (3.30) and (3.31) yields
Vn>Np: Vte[0,min(b b,)]NAc: |Foolt) —rn(t)] > 26¢/3. (3.32)
Obviously, if b, < b, then t,, € [0, min(b, by,)]. If b, > b it holds for € being small enough that
Ny €N: Vn> Nyt [bby] CAc if b#1t and [b,b,] C A¢ else.
Therefore, (3.31) and monotonicity of r,, yield
V' n > max(Ny,Na): YVt € [bby)NAc: rp(t) > rp(b) >1r(b) — dc/3. (3.33)
The convergence of b, — b for n — oo implies
AN3eN: Vn>Ns: |Fo(by) — Foo(b)] < 6c/3

and hence,
Vn>Nsg: Vtebb,]: Fult) < Fa(b) +6/3. (3.34)

Setting Ny = max(N1, Na, N3), (3.33), (3.34) and (3.30) imply

Vn>Ng: Vtebb,|NAc: [Foolt) —rp(t)] > dc/3.
The latter together with (3.32) yields

Vn> Nyt Ve ([0,by]NAc: [Faolt) — ra(t)] > 6c/3. (3.35)
Moreover, the Glivenko-Cantelli Lemma guarantees that supc[ 1] |E, (t,w) — Fao(t)] — 0 for

n — oo almost surely, i.e.

Ver>0: INs €N: Py ﬂ { sup |Fp(t,w) — Fao(t)| < 6/3} | >1— €.
n>Ns t€0:1]
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Applying the triangle inequality to (3.35) and |E}, (t,w) — Fao(t)| < 6./3 in the last expression,
we obtain
Pn,no m { sSup ‘Fn@,w)_rn(t)’ >0} >1—e€.
N5 FE0b]NAC

Altogether we get

Ve>0: Ve >0: IN;€N: Py ﬂ{]té—tn\<e} >1— ¢,
n>Ns
which implies t,, — tz for n — oo almost surely.

Now, continuity of r and convergence of 7, in [0, min(b, b, )] imply R, /n = ry(t,) — 7(t7)
for n — oo almost surely.

In the case p,, n € N, and p fulfil (A1), we get p,,(t) — p(t) and consequently g, (t) — q(t)
for all ¢ € (0, min(b, by,)] if n — oco. Due to the definition of g, (0), ¢(0) and continuity of g¢,,
q we get ¢,(0) — ¢(0). Since 0 < gy(t),q(t) < 1fort € [0,1] and gy, g are continuous and
non-decreasing, we obtain that ¢, — ¢ for n — oo uniformly in [0, 1]. Dominated convergence
together with (3.6) yields b(n, ng) — Cq(r(t7)) almost surely, where b(n, no) is the upper bound
of the FDR of ¢,,.

[ |

Now it will be shown that for an SUD procedure smaller critical values imply smaller upper
bound for the FDR.

Lemma 3.22
Let 1 and 13 be rejection curves satisfying (Al) and suppose r1(t) > r2(t), t € [0, 1]. Then,

b1(n,no) < ba(n, no),
where b;(n,ng) is the upper bound (3.7) for an SUD test based on r; fori = 1,2.

Proof: It holds p1(t) < pa(t) and qi1(t) < go(t) for t € [0,1], where p; = 77 %, ¢i(t) = pi(t)/t
and ¢;(0) = limy;_,q p;(t)/t for © = 1,2. Moreover, for each realisation of p-values the test based
on 79 rejects at least as many hypotheses as the test based on 1. Then formula (3.6) of the upper
bound for an FDR of SUD test yields the result. |

The next lemma shows that for an SU test based on (3.28) 3,,/n is bounded.

Lemma 3.23
For an SU test with critical values (3.28) the optimal 3,, is not greater than (1 — a)n.

Proof: It is known that FDR,, ,, < « for an SU test based on the Simes rejection curve ¢/c.
From Lemma 3.22 we obtain that an SU test based on f,, 3 with some 3 > 0 controls the FDR if
fa,8(t) > t/a. Note that this condition is sufficient but not necessary. We obtain f, g(t) > t/« if
and only if 5/n > t(1 — a)/a for t € (0, a. Hence, choosing 3 > (1 — a)n yields FDR control

for n € N, i.e. the optimal value of 3,, has to be less than or equal to (1 — a)n. |
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The lemmas considered before allow the following important result concerning the asymptotic

behaviour of the optimal 3,,.

Lemma 3.24
Let B, > 0 be the minimum value which ensures FDR control of an SU test ©" with critical values
(3.28) in all possible DU(n, ng) configurations, i.e. the FDR is not greater than o for all ng-values

and is equal to « for at least one ng € I,,. Then it holds lim,,_,~ B,/n = 0 and consequently

hmn—>oo fa,ﬁn = fa-

Proof: W.lo.g. we assume lim,,_, 3, /n = cforsome ¢ € (0, 1—a], cf. Lemma 3.23 (otherwise
we can take a subsequence with the desired property). Then lim, .o fo 3, (t) = (1 + ¢)fa(2).
Lemma 3.21 yields that for ng/n — ¢ € [0, 1] the asymptotic FDR based on (1 + ¢) f, is given by

lim FDR,, ,,, = ( S
ae PR = I O 0 — @)

where ¢7 is the unique crossing point between (1 + ¢) fa(t) and Foo(t) = 1 — ¢ + (t. Obviously,
itholds that ¢ < t¢ = a(1 — ¢)/¢/(1 — a) with {; being the smallest crossing point between fq
and F.. Then

lim FDR,, », < a/(1+¢) < aforall ¢ € [0,1]. (3.36)

n—00
On the other hand, 3,, is defined such that the FDR equals « for at least one nf = ng(n) € I, in
a DU model. Hence, there exists a sequence {ny} € N with nf(n)/n, — ¢ for some ¢ € [a, 1]
and limg_, FDR,,, ne(n,) = @ (note that for any n,ng € N FDR,, ,,, = « is possible only for
¢ > ), which contradicts (3.36).

[

The last lemma implies that the parameters (3, and 3} may increase but not faster than o(n)
for SUD test procedures with critical values (3.28) or (3.29), respectively. It is not clear, whether
Bn and 3 diverge or are bounded for SUD tests. For SU tests with critical values (3.28) the next

lemma gives a partial answer.

Lemma 3.25
Let (3, be the smallest parameter yielding FDR control for an SU test procedure based on (3.28)

in a DU model. Then, we obtain (3,, — oo for n — oo.

Proof: Suppose 5, < (3 forall n € N and some 5 € (0,00) and let ng/n — ¢ € (a, 1]. It will
be shown that lim,,_.o, FDR,, ,, > o, which contradicts the definition of /3,,.

First note that Fii, (t) = fo(t) ifand only if ¢ € {t¢,1}. Lett* € (t¢,1). Then the FDR based
on f, g, can be represented as

V * * V * *
FDRy, 1y = Enng [R” tn <t } Prng (tn < t°) + Enng [R” |t >t } Py ng (tn > t7),
n n

where t,, is the largest crossing point between F}, and fa,,- Similarly as in Lemma 3.21 it can be

proved that conditionally on {¢,, < t*} we obtain ¢,, — t¢ for n — oo almost surely and under the
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condition {t,, > t*} we get t,, — 1 for n — oo almost surely. Moreover, {¢,, < t*} implies that

Vn . Vn/n CtC

—
R, R,/n 1— ¢+ Cte

= o« for n — oo almost surely

and conditionally on {t,, > ¢t*} we obtain V,,/R,, — ( for n — oo almost surely. Then

lim FDR,, ,,, = a lim P, (¢, < t*) + ¢ lim P, (¢, > t¥).
n—oo n—oo

n—oo

We now show that lim,, o Py, 5o (£, > t*) > 0, which implies lim,, .o FDR;, ,,, > «. For the

largest critical value we have

B ! S !
© Bu/n+a T B/n+a’

Qn:n

which implies

no
]P)n7n0 (Rn = ’I’l) = ]P)n,no(Vn - T'L()) - (an:n)no Z < a ) )

B/n+ «
hence
¢n
. . 1 _EC
lim Py (R, =n) > lim | ———5 =e at,

= = 8/ n

From {R, = n} = {t, = anx} and lim, o @y, = 1 we obtain {R, = n} C {t, >
t*} for all larger n-values. Consequently, we get limy, o Py o (8 > %) > e ¢ > 0 and

lim;, oo FDR;, », > o, which is the desired contradiction. |

For SUD(\,,) tests based on (3.29) with A, € I, and k/n — b > 0 there are some indications
that 3 may be bounded. For SUD()\,,) tests based on (3.28) with \,,/n — x € [0, 1) it also seems

possible that 3,, is bounded. But until now there is no proof for these statements.

3.4.4 Multiple-parameter adjustment

Now we consider another possibility to modify the AORC. As mentioned before, it seems that
for an optimal (3,, larger critical values in (3.28) are too large (i.e. the FDR takes its maximum
typically for smaller ng-values) and smaller critical values are too small (i.e. the FDR for larger

ng-values is typically smaller than « ), cf. Figure 3.9. Therefore, we replace [3,, by

Z‘ /63,71
ﬂn,i = ﬁl,n + ﬁQ,n <)

n

for suitable values (31 ,,, 32, and (33 ,, which influence each index 7 individually. This results in
critical values of the form

B xe

- n+ﬁn,i—’i(l—a)

i € I, (3.37)

Qo
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Figure 3.11: FDR-values for SU tests with n = 100 under DU configurations based on si-
multaneously (-adjustment with 3, = 1.76 (dashed line) and individually 3, ;-adjustment with
B1.n = 1.09, B2, = 1.07 and 33 ,, = 6 (solid line), the right graph is zoomed.

which are always feasible for 33, > 1 and (2, < n(l — «)/f3,,. Here the term (2, (i/ n)ﬂ“
leads to a leveling out of the FDR curve. As a criterion for a search algorithm for a suitable triple

(B1,m> B2,ns 33.n) such that FDR,, ,, < « for all ng € I,, we can try to minimize

n

t(Bun Boms Bsm) = > (@ —FDRyp,)
no=[n(l-m)]

for some 7 € (0, 1]. For example, we can choose m = 3/4n. Obviously, the three-dimensional
parameter space has to be restricted in order to make computations possible in reasonable time.
For example, (33 ,, may be restricted to the integers {4, ..., 8} or fixed in advance. For instance,
B3 = 6 can be taken for n < 500 and o = 0.05. Thereby the search algorithm for the remaining
parameters becomes faster. As an example, Figure 3.11 displays the resulting FDR-values under
DU configurations for n = 100 and 3 ,, = 1.09, B2, = 1.07, 83, = 6 in comparison with those
originating from the simultaneously §-adjustment SU procedure with 3, = 1.76. The picture
shows that the FDR is closer to a for ng > 18 with the refined adjustment.

3.4.5 Exact solving

As outlined at the end of Section 3.2, it is also possible to modify only m largest critical values
for some m € I,_; with an adjustment method such that (3.20) is fulfilled and to try to apply
the recursive scheme (3.19) for ng > m with ¢ = ¢* in order to determine the remaining critical
values.

Let us consider an SU test with critical values (3.28). For example, SU procedures for n = 90
with 899 = 1.718 and for n = 100 with 8199 = 1.76 control the FDR at level & = 0.05. For
n = 90 we obtained that one can choose the m = 13 largest [Bgg-adjusted critical values as
starting values and apply the recursive scheme (3.19) with ¢ = g* for the remaining ones, so that
g(no/90) = 0.05 for ng = 14,...,100. But for each m € {14,...,87}, the recursive scheme
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(3.19) with ng > m + 1 does not yield feasible critical values, whereas for m > 88 it does.
Unfortunately, for n = 100, one has to choose at least the m = 96 largest critical values in order
to apply (3.19) with g(n/100) = 0.05, ng = m + 1,..., 100 successfully. This may illustrate
the sensitivity of the recursive scheme. The other adjustment methods yield similar results so that

it is not necessary to pursue them.

3.5 Iterative method

In this section we consider an iterative method for calculating of critical values for an SU test. Let
Qs - - -, Oy, be feasible critical values, fulfilling that FDR,, ,, (¢") ~ « for all ng > k for some
integer k = k(n,a) > na, where " is an SU test based on these critical values. For example,
in case of @ = 0.05 and n = 100, the right graph in Figure 3.9 suggests that 3, -adjusted AORC-
based critical values fulfil this requirement for £ = 15 and can therefore be taken as initial values.
Now, we can try to iteratively modify certain critical values in order to reduce the corresponding
distances |a — FDR,, ., (™)]| even further.

As showed in Section 3.2, the smallest critical value usually does not influence the FDR.
Therefore, we have to identify which critical values have the most impact on FDR,, ,,, (¢") for a
given value of ng. We recall that, at least for ( < 1, the FDP, i.e. the ratio V,,/R,,, convergences
to the asymptotic FDR in DU models with ng/n — (. Since p-values under alternatives follow a

Dirac distribution in DU models, we conclude that

Vi Vi
FDP = " = ~
Rn Vn +ny

This leads to V;, = nja/(1 — «). Then we obtain that about R,, = V,, + n; =~ n1/(1 — «)
hypotheses are rejected by an a-exhausting SU test in DU models. Therefore, the critical values
., With ¢ close to ny /(1 — «) are crucial for FDR,, ,,, (¢™) and accordingly for a given ¢ € I,
the critical value ., has the most impact on FDR,, ,,,(¢™) with ng ~ n — (1 — «). In order to
modify FDR,, ,,, (¢™)-values for all ng = k, ..., n, we have to modify critical values with indices
ranging from 1 to i* = i*(n, k, a), which is an integer close to (n — k)/(1 — «).

For the derivation of an appropriate iteration scheme, we rewrite the initial critical values in

the form '
1C; 1., .
Qjin, = m = Cil(z/n), 1 € I, (3.38)
which formally equals (3.1) with a vector of “local FDR levels” ¢ = (cy,. .., c,). Moreover, we

make use of the notation FDR,, ,,, (¢) for FDR,, ,, (¢™), where " is defined via the critical values

given in (3.38). Now, let ng () be an integer closest to n — i(1 — «) and consider the mapping

C— U(C) = (U1(C), v 7ui*(c)7ci*+1a .- -,Cn),

where
Cj

a——t i1
FDR,, ,,, (i) (¢)

ui(c) =
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We note that FDR,, ,,(u(c)) = FDR,, p,(c) for ng = 1,...,n — i*. Assume that for fixed,

given constants ¢;, ¢ = ¢* + 1,...,n, there exist some c;, ¢ = 1,...,7%, such that the vector
= (cf,...,¢4, vy, ..., cy) fulfils the fixed point property ¢* = u(c*). Then we obtain
¢ = ui(c*) = ac}/FDRy, ,,(c*), i = 1,...,i*, which is equivalent to FDR,, ,,(c*) = «,
ng = k,...,n. Therefore, an iteration scheme for the vector of local FDR levels ¢, i.e., setting

i) = u(c(j _1)), seems to be a promising approach. Clearly, there is no fixed-point theorem
at hand guaranteeing convergence. Moreover, as mentioned in Section 3.2, for a given FDR-
bounding curve (or pre-specified FDR-values) there are not necessarily corresponding feasible
critical values, that is, the formal solution of the target equation (3.22) is not necessarily feasible.
Finally, resulting FDR-values can slightly exceed the given a-level, because the mapping u(c)
does not guarantee that ¢* is approached from below. However, the method seems to work well
and the distances |« — FDR,, ,,(¢™)], no = k,...,n, on average get reduced by the outlined
iteration method for a suitable number of iterations J € N (say).

In order to describe the method more formally, we set without restriction

i =" (n,k,a) = |(n—k)/(1— )],

and let (agoz, .. aﬁl ,)1) be feasible start critical values and a( D = a( ) fori = i* + 1,.

j =1,...,J, that is, only the smaller ¢* critical values will be changed. For a modlﬁcatlon of

critical values with indices ranging from 1 to ¢*, we proceed as given in the following algorithm.

For j from 1 to J do:
1. For ¢ from ¢* to 1 by —1 do:
(a) Determine c( I from a7V = iU /(0 — i(1 — U7V,
() Put ¢t = acl? "V JFDR,, ) 5y (i),
(c) Calculate a(]) zc( )/(n —i(l — (j)))
(d) If (A1) is not fulfilled, then put Oz(]) ial) /(i +1).

1+1n
2. Calculate FDR,, ,, (cU)), ng = n —i* +1,...,n.

Notice that in the latter algorithm the number ng(¢) in the expression FDanO(i)(c(j -1)
is only loosely defined by setting n(i) as the integer “closest to n — i(1 — «)”. To be more
precise, one can replace FDRn,nO(i)(c(j ~1)) by a linear interpolation of the two adjacent values
FDR,,, |, —i(1-a)) (V1) and FDRy, ,—i(1—ay (V™ 1).

As a demonstrating example, we choose n = 100, o = 0.05, and the critical values result-
ing from the simultaneous AORC-adjustment with 3199 = 1.76 as starting values. The FDR of
the SU test with these starting values takes its maximum in the point ng = 15, so we choose
k = 15 and consequently i* = |85/0.95| = 89. Moreover, we perform J = 50 iterations. Fig-

ure 3.12 shows the resulting FDR values of the SU test with critical values aff())o, e ozég?%oo,

0‘5()(())):1007 e 704%)0:100 under DU configurations. Here the improvement obtained by the iterative
method becomes obvious.
We tested the iterative method for a series of values of n and «. As initial critical values we

took simultaneous (3,-adjusted as well as 3 -adjusted critical values (cf. Section 3.4). For exam-
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Figure 3.12: FDR-values for SU tests with n = 100 under DU configurations, which are based
on iteratively modified critical values with 50 iterations (solid line) and simultaneously 3-adjusted

ones with 3,, = 1.76 (dashed line), the right graph is zoomed.

ple, for n = 100, 300, 1000, J = 20, 10, 10 iterations based on initial simultaneous (3,,-adjustment
and J = 10, 2, 1 iterations based on initial 3} -adjustment gave satisfying results. Typically, ;-
adjusted critical values need fewer number of iterations than (3,,-adjusted critical values. It seems
that the closer starting FDR-values are to « the better the iterative method woks. Unfortunately,
the resulting realised FDR-values under Dirac-uniform configurations typically exceed the given
a-level for some ng > k. But the actual differences |« — FDR,, , (¢™)], no > k, seem of negligi-
ble magnitude, i.e., for a suitable number of iterations the observed differences were never greater
than 5 x 107°. Clearly, in a final step we can decrease the resulting critical values in a suitable

way by a suitable small amount such that all FDR-values are smaller than «.

3.6 Concluding remarks

We have implemented various approaches to construct critical values, which exhaust the given
a-level. Thereby, different methods lead to different sets of critical values and no set uniformly
dominates the others such that no method can be definitively preferred. The choice of the method
may depend on previous knowledge and computational resources.

The FDR bounding curve method described in Section 2.4 seems to be the most attractive.
Because it is a method for which the FDR (or the upper bound for SUD procedure) is explicitly
given, so that, we only have to calculate critical values with the recursive formula (3.19). But the
question, whether these critical values are feasible for a given n, is still open. Nevertheless, this
approach seems to approximate ¢*(¢) = min(«, ¢) very well and computations (especially for a
fixed n < 2000) can be made in reasonable time for SU tests, the critical values of which are also
valid for all corresponding SUD test procedures.

For the other methods we do not have any theoretical proof that the resulting FDR’s are close

to «, but we observed it in all simulations and the asymptotic FDR is equal to «, cf. Section 3.3.
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Moreover, for the adjustment methods in Section 3.4 and an iterative method in Section 3.5 we
can always construct feasible critical values, i.e. we can always find adjusting parameters such
that the FDR is controlled. Note that all theses methods can be combined with exact solving (cf.
Subsection 3.4.5) in order to improve smallest critical values.

Although the FDR of an individual (; ,-adjustment is typically closer to « than the FDR of
a B,- or 3} -adjustment, computations in this case are distinctively slow, so that we do not rec-
ommend this method for n > 200. Since simultaneous [(3,,- or [3;;-adjustment procedures are very
easy to implement if a suitable 3,, (or 3;) is computed, these approaches can be a good alternative
to the FDR bounding curve method. Our investigations show that the FDR of simultaneous ;-
or 3r-adjustment is close to « if n is large (for example n > 1000 for a (3,,-adjustment method
and n > 300 for a (3} -adjustment method) and the computation time thereby is acceptable. More-
over, for the (3,,-adjustment, the larger critical values there seem to be larger than the ones for the
other procedures, that is, if it is known that the proportion of true null hypotheses is small, then a
Br-adjustment method can be the best.

For the application of an iterative method in Section 3.5 we first have to calculate a 3,, (or 3;;)
with a simultaneous 3,,- (or 3];-) adjustment procedure, which may result in an extended computa-
tion time. But for n € N not too large (for example, n < 1000) the iterative method is reasonable
(especially if the proportion of true null hypotheses is known to be small) and calculation time is
reasonable, too. We recommend this method with simultaneous (3,-adjustment critical values as
starting values for smaller values of n (for example n < 300). For 300 < n < 2000, we recom-
mend to use the iterative method in connection with (3 -adjusted initial critical values, because it
seems that only a few iterations are needed in this case.

If we compare the critical values generated with the methods described before, we observe
that the differences are negligible for most of the critical values except for a small proportion of the
larger ones. Typically, large critical values come into play only if a large proportion of hypotheses
is extremely false with p-values close to zero which is not often the case in practice. Therefore,
we expect that the choice of the method for the determination of critical values should have nearly
no influence on the final results of the test procedure.

For the computation of critical values according to the given procedures, we provide Maple
worksheets under the URL http://www.helmut-finner.de, which can be executed in
reasonable time on a standard desktop computer for n < 2000. Moreover, for SU and SUD()\)
tests with critical values (3.28) and SU tests based on (3.29), we tabulated the constants (3, (3}
respectively) for n < 2000, o = 0.01,0.05,0.1 and A, < 0.9n,0.7n, 0.4n.

Finally, we would like to give a recommendation for practical application if the number of
hypotheses n is large (n > 2000). Computing time in this case can be enormous, so that we
recommend the (3,- or 3-adjustments with some fixed parameter 3 (or 3*). For example, for
a = 0.05 one may choose 3, € [B2000,2] = [1.58,2] and A\, = 0.7n for an SUD()\,,) test and
B € [B2000,2] = [1.45,2] for an SU test (for & ~ n(1 — 2a)) with critical values (3.29) for

~ n(l — 2a). Although the upper FDR bound can exceed the a-level for these tests for some
DU configurations, the possible exceedance should be negligible. As mentioned before, the FDR

Asymptotic and Exact Results in Multiple Hypotheses Testing, Veronika Gontscharuk



CHAPTER 3. FDR CONTROLLING MULTIPLE TESTS RELATED TO THE AORC 75

is asymptotically controlled such that the possible exceedance of the a-level converges to 0 as n

increases.
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Chapter 4

Dependent p-values and multiple test
procedures

Up to now we have considered p-values that fulfil (I1) and optionally (D1) and/or (I12). In statistical
applications these assumptions often do not apply. Especially if independence requirements are
not satisfied, the pre-specified FWER- and/or FDR-level are possibly exceeded.

In this chapter we investigate various types of dependence of test statistics, for which the
FWER and/or the FDR can be be controlled at least asymptotically. In Section 4.1 we review
different types of dependence between test statistics that are commonly used in the literature on
multiple tests controlling the FDR. Then we investigate a somewhat relaxed version of "weak de-
pendence". In Section 4.2 we consider a BPI procedure with the threshold (2.4) and an SDPI test
with the thresholds (2.33) based on a plug-in estimator 7 (cf. Chapter 2) and give a condition on
g, for which asymptotic FWER control is ensured. We introduce assumptions concerning the ecdf
of p-values corresponding to true null hypotheses and show that under these assumptions BPI tests
control the FWER at least asymptotically. In Section 4.3 we show that "weak dependence" guar-
antees that a broad class of SUD test procedures (cf. Chapter 3) control the FDR asymptotically
under specific conditions. We discuss various power requirements ensuring asymptotic FDR con-
trol. Section 4.4 deals with the question how weak dependence conditions and/or convergence of
the ecdf of p-values can be proved. We give a condition on covariances of p-values corresponding
to true/false null hypotheses which is equivalent to the convergence of the ecdf of these p-values in
the sense of the Glivenko-Cantelli Theorem, which yields in the case of p-values under nulls some
especial type of weak dependence. Moreover, we discuss different types of dependence fulfilling
this condition. In Section 4.5 we consider an important example of "weak dependence", that is,
block-dependent p-values. In Section 4.6 we are concerned with so-called pairwise comparisons,
one of the most famous multiple hypotheses testing problems. We show that the concept of weak
dependence applies to this problem yielding asymptotic FWER/FDR control. We conclude this
chapter with some simulations for dependent p-values, cf. Section 4.7.

In the case of FWER control under dependence, it is sometimes necessary to restrict attention

to situations, where the number of true hypotheses ng = ng(n) tends to infinity with n tending
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to infinity. In other words, asymptotic FWER control can only be guaranteed on the restricted
parameter space
O ={0eO: lim |I,0(9)| = co}.
n—oo

4.1 Weak dependence

In recent time, some results have been obtained for different types of dependence. For example,
Benjamini and Yekutieli [2001] introduced the concept of so-called positive regression depen-
dence on subsets (PRDS) as follows.

Definition 4.1
Let X = (X1,...,Xy) be a vector of random variables with n. > 2. The joint distribution of
X1, ..., Xy, is called positive regression dependent on each one from a subset I' C I,,, or PRDS

on I, if P(X € D|X; = z) is non-decreasing in x for any increasing set D € Im(X) (i.e.
x € Dandy > x implyy € D) and for eachi € I'.

Multivariate normal distributions with positive correlations belong to the set of distributions
satisfying this property. Benjamini and Yekutieli [2001] proved that an LSU test procedure (cf.
Section 1.3) controls the FDR when test statistics are PRDS on each of the test statistics corre-
sponding to true null hypotheses.

A weaker condition than PRDS was given in Finner et al. [2009], that is,
D2y VYeO:Vjel,: Viel, o) : Py(R, > jlp; <t)isnon-increasing in ¢t € (0, a;.p).

Among others things, the authors showed that an LSU test controls the FDR if (D2) applies,
cf. Theorem 4.1 in that paper.

Another interesting result concerning FDR control for dependent test statistics can be found
in Storey et al. [2004]. The authors defined weak dependence for p-values in the following way.
(WDI) VYte(0,1): lim F,o(t) = Fo(t) and lim F, 4 (t) = Fy(t) almost surely

n—oo n—oo

and 0 < Fy(t) <t,

where Fmg denotes the ecdf of p-values corresponding to true null hypotheses and Fn,l is the ecdf
of p-values corresponding to alternatives. Storey et al. [2004] also introduced a modified LSU test
based on a plug-in estimator for the proportion of true null hypotheses, which works as follows.
In the first step estimate the proportion of true null hypotheses ¢,, = ng/n by e.g.

CA _ 1- F n()‘)
n — 1 o )\ b
where A € (0, 1) is arbitrary but fixed. Then apply an LSU test with « replaced by «/ (o, that is,
an SU test with critical values &;.,, = ia/ (g:nn), i € I,. It was proved that the described LSU
plug-in tests control the FDR asymptotically under certain additional assumptions if (WD1) is
fulfilled.
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In general, weak dependence in multiple testing problems can be often characterised by the
requirement

Ve (0,1): Foo(t) -5 Fo(t) <t and E,(t) - Fi(t) (4.1)

for some cdfs F; : [0,1] — [0,1], 7 = 0, 1. Thereby, -, denotes some type of convergence for
n — oo like almost surely (C = a.s.), complete convergence (C = c.c.), in probability (C = P),
in the L, norm (C = L,) or in the sense of the Glivenko-Cantelli theorem (C = GC). Given
a fixed value ¥ € O, the proportion of true null hypotheses will be denoted by (,, = ng/n.
Thereby it is assumed that lim,,_,~ (, = ¢ € [0, 1]. A further simplification appears by assuming
Fy(t) = tforallt € [0, 1], which is appropriate if p;, i € Iy, o, are independently and uniformly
distributed on [0, 1], that is, condition (D1) applies. The nice point by assuming (4.1) is that we

are asymptotically in a mixture model case
F=(F+ (1=, (4.2)

which is also referred to as a random effects model. As a consequence, asymptotically the p-values
may be reinterpreted as iid variables with marginal cdf F'. This argumentation may be considered
as the main reason why many authors restrict attention to a mixture model for p-values defined via
(4.2). Moreover, assuming iid p-values with marginal cdf given by (4.2) and ignoring any kind of
weak dependence makes life much easier with respect to any error rate control criterion.

In order to get some asymptotic error control it will be shown in this chapter that it often

suffices to relax the weak dependence condition (4.1) to
(WD2) Vtel[0,1]: Ve>0: lim Py(Fpo(t) >t+e€) =0.
n—oo

This condition allows that p-values corresponding to true null hypotheses may be dependent but
the limiting ecdf of these p-values is bounded by the cdf of the uniform distribution F' = Id.
A random variable Y such that lim,, . Pg(ﬁmo(t) > Y) = 0 is called asymptotically larger
than F), ((t) in probability, cf. Edgar and Sucheston [1992], p. 117. Then F = Id is the
stochastic upper limit of {£}, o(¢)}ncy, written slimsup,, ., Fio(t), that is, F = Id is the

essential infimum of the set of all random variables which are asymptotically greater than Fnyo(t)

in probability.
Similarly as in Lemma A.7 it can be proved that (WD?2) is equivalent to
Ve>0: lim Py | sup (F,o(t)—t)>e| =0. (4.3)
n—00 t€[0,1]

Condition (4.3) says that Fn,O is asymptotically stochastically uniformly bounded by F' = Id. An
important special case of (WD2) and/or (4.3) given by
sup |Fy,o(t) —t| — 0, n — oo, in probability (4.4)
tel0,1]
is often least favourable for the FDR and/or FWER. An extended version of (4.4) is given as
follows. Suppose p; ~ G fori € I, o with G;o(t) < tforall t € [0,1]. Then the condition

. 1
(WD3) Vte(0,1]: Foo(t)—— > Gip(t) =0, n— oo, in probability,
no .
ZEInﬁo
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also implies (WD2). Obviously, if Go(t) = t fori € I, 0, i.e. p; ~ U([0,1]) for i € I,
then (WD3) is equivalent to (4.4). In view of (4.4) and (WD3) weak dependence typically means
that the asymptotic ecdf of a set of dependent p-values p; ~ G, i € Iy, coincides with the
asymptotic ecdf of the corresponding set of independent p-values p; ~ G0, @ € Iy, .

Sometimes it even suffices to find a unique point ¢y € (0, 1) such that

Ve>0: lim Py(Fno(to) > to+e€) = 0. (4.5)

n—oo

4.2 Plug-in tests and asymptotic control of the FWER under weak
dependence

This section deals with asymptotic FWER control of a plug-in test procedure based on an estimator
for the number ng of true null hypotheses (cf. Chapter 2) for dependent and not necessarily
uniformly distributed p-values. Violation of conditions (D1) and/or (I1) may result in a poor
estimation of ng, exceedance of the FWER-level and/or low power. In the case of independent p-
values being stochastically larger than a uniform variate, estimators for the number ng of true null
hypotheses tend to be too large such that FWER of a BPI test or an SDPI procedure is controlled,
while the power may be rather small. For example, interval hypotheses or discrete test statistics
yield such kind of p-values. The problem of dependence between null p-values is generally more
serious in terms of FWER control.

Remember that a multiple test procedure ¢ controls the FWER at level o with respect to ©
if supyce Py(Vs, > 0) < a. We say that FWER is asymptotically controlled at level o with
respect to ©* if

V9 e O : limsupPy(V, >0) < a.

n—00
For iid uniformly distributed p-values corresponding to true null hypotheses the SLLN implies
that Fy, o(z) — z for n. — oo almost surely, uniformly in z € [0,1]. This yields that estimators
N given in (2.6) or (2.9) are asymptotically not smaller than ny and consequently the FWER is
asymptotically controlled. If p-values are dependent, then Fn,O does not necessarily converge and

estimates for ng may behave rather irregularly. It will be shown that the condition

V9e®" : Vex>0: lim]P’g<n0<1—e>:O (4.6)
n—oo ’]’LO
is sufficient for asymptotic FWER control with respect to ©* for some plug-in tests under weak

dependence. The main result is given in the next theorem.

Theorem 4.2

Let g be an estimator of ng satisfying condition (4.6). Then a BPI procedure with threshold (2.4)
and/or an SDPI procedure with critical values (2.33) asymptotically control the FWER on ©* at
the prespecified level c.
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Proof: Let ¥ € ©*. For an SDPI test procedure the critical value that has to be compared
(1)

with the smallest p-value corresponding to true null hypotheses is not greater than &, ", ., =
1 n
max(a/ng, a/ng), where ny = n — ng. Moreover, the threshold «/7n of a BPI test with
1

the same estimator 7o as in an SDPI test is clearly not greater than &, ', either. Hence,

Py(Vy = 0) > Py(minsey, , pi > ézgl) +1.,) for both procedures. Since assumption (4.6) yields

Ve>0:V0>0: INseN: Vn>Ns: [P19<>1—6>21—(57
ng

we obtain for a BPI test and an SDPI procedure with the same ng as in a BPI test

(1) o
Py(V,=0) > Py <{21rer}inopz > an1+1n} N {no >1-— e})

= Py <{ min p; > al n} N{no € [(1 - E)HO’HO)}>

1€1,,

o2 ({min 2 6 f 02 03 )
= A (say).

If g € [(1 — €)ng,mo), then &), 1., = a/fo < a/((1 — €)ng). For fg > ng we obtain that

dgl) +1.n = @/n0. Hence, we get for a BPI test and/or an SDPI procedure

@
> i > = A _
Az po ({0 G e [0 - g}
+P min p; > — N{no > no}
o ZEIn,opZ_TL() 0 0
« fLo
> P B R AL
> wo({amr =gl = -o)
o
> P > | =0
- v <ZI€nIlnn0p - (1 — 6)n0>
a
= 1—-Py (43 I, i < — | =0
ﬁ( P ot <1—e>no>
> 1- P i -4
- Z ﬁ(p_ 1—e)ng>
l€1n0
> 1--2 15
= 1—e +

Letting ¢ — 0 and § — 0 yields Py(V,, = 0) = 1 — FWERy > 1 — « and consequently the

assertion follows. [ |

The next lemma shows that estimators defined in (2.6) or (2.9) fulfil condition (4.6).
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Lemma 4.3

(a) If the ecdfﬁ’n,o of all null p-values fulfils (4.5) for to = X € (0, 1), then condition (4.6) holds
for the estimators defined in (2.6) for any fixed v € R.

(b) Let k = k(n) € I, be such that

lim sup ﬁ < 1. 4.7)

n—oo T

If the ecdf Fmo of all null p-values fulfils (WD2), then condition (4.6) holds for the estimators
defined in (2.9) for any fixed k € R.

Proof: Let 9 € O,
(a) Condition (4.5) can be rewritten as

Ve>0:V6>0: INSEN: Vn>Nes: Py(Fpo\) <A4e€)>1-04.

Estimators 7 as defined in equation (2.6) satisfy

7o S o — ViA) +K  1— ano(/\) + K/ng

ng no(l—)\) N 1—-A ’

hence for fixed € > 0 and 6 > 0 we obtain for n > N 5 that

1-§ < A) <A+e)

9(Eo
+H/no € — K/ng
_ ALY

€ — K/ng
< Py(—>1—————.
- ﬁ<n0> 1-—AX )

Obviously, for each €¢; > 0 there exist € > 0 and N, € N such that ¢ > (e — k/ng)/(1 — \) for
alln > N, since ¥ € ©*, i.e. ng = ng(n) — oo for n — oo. Then for n > max(N, s, N.) we

get
1—(5<IP’19<%>1—6_K/”0> < Py (A>1—el>
nQ 1—A no
which implies (4.6).
(b) We divide the proof in two steps, i.e. (i) lim inf,, o (n — k) /no > 1; and (ii) lim inf,,_, o (n —
k)/n(] < 1.

(i) For ng defined in (2.9) we immediately get 79/ng > (n — k + k)/ng. Hence, (4.6) is
fulfilled.
(ii) W.lo.g. let k = k(n) = n — ng + s foran s = s(n) € I, and let
lim - = 1. (4.8)

n—oo ’]’LO
Thereby, the limiting value 7) is always greater than 0 and smaller than 1, because

.. .n—k . ng—S . s
1 > liminf = lim 2 =1—lim —=1-—19
n—oo nO n—o0 no n—o0 ’]’LO
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implies n > 0 and
n—mng+s

k —(1-
limsup — = lim sup = lim sup n— (1= =1—(1—n)liminf @,
n—oo T n—00 n n—00 n n—oo 1

which together with (4.7) leads to (1 — n) liminf,,_,,, ng/n > 0 and hence n < 1. Moreover,
Phkin 2 p(s):no, where pgmo is the sth smallest p-value corresponding to true null hypotheses. Hence,
o 1—s/n0+m/n0
no B 1-— pS no

Note that pJ,, = Fié(s/no), where Fn_é(u) = inf{t € [0,1] : Fj,0(t) > u}. Condition (WD2)
is equivalent to (4.3), which can be rewritten as

Ve>0:¥86>0: INsEN: Vn> N Pg(ﬁmo(t)gt—i—e,Vte(O,l)) >1-4.

Since F,o(t) < t + ¢, forall t € (0,1) implies Fn_é(u) > inf{t € [0,1] : t+€ > u} =

max(0,u — €) > u — e forall u € (0,1), we get for each u € (0, 1) that
Ye>0:¥8>0: INsEN: ¥n>Nog: Pﬂ(F 1()Zu—e)>1—5.

Then

Since F_[l) is non-decreasing and left-side continuous, limy, oo Psiny = limp— 00 Fn_ é (s/ng) >
F 3(n). Then for a fixed x € R we obtain

1-— 1—
Ve, >0: IN, eN: Vn>N,, : 3/"0j“/”0+6127_"17'
1= Ping 1= F 5(n)
Hence, for all n > max(N s, Ne,) we get
1-6 < P >1 ‘
v 1—E ) 1—-n+e
< P§<1_S/n0+ﬁ/n021— € _61>
psno 1_77+6
flﬂ €
< Py(2>1 e ).
19< 0 1—77+6 61)

For each e > 0 there exist € > 0 and ¢; > 0 such that e > ¢/(1 — 7 + €) — €;. Setting
Ne, 5 = max(Neg, Ne, ), we get

Ver>0:V6>0: IN,s€N: Vn>Ng,5: P§<n>1—62>>1—(5.
0

This immediately yields (4.6). |
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Now we give a specific and maybe somewhat surprising example where condition (WD2)
holds for A = 0.5. Some simulations for this example can be found in Example 4.32 in Section
4.7.

Example 4.4

Let X; ~ N(¥;,0%), i € I, be independent normal random variables and let 52 /0? ~ x2 be
independent of the X;’s. Consider the multiple-testing problem H; : ¥; = 0 versus K; : 9J; > 0,
i € I, with test statistics T; = X;/S, i € I,. Then T' = (11, ...,T,) has a multivariate equi-
correlated t-distribution. Denote the cdf of a univariate (central) ¢-distribution with v degrees of
freedom by F}, and define p-values corresponding to T; by p; = 1 — F;_(x;/s). This model was
studied extensively in Finner ef al. [2007]; see Example 2.2 and Section 4 in Finner et al. [2007].
Among others, it follows from the derivations in Finner et al. [2007] that the ecdf Fn,O of the p-

values under null hypotheses satisfies lim,, .o F}, 0(0.5) = 0.5 almost surely. Hence, Lemma 4.3
applies for A\ = 0.5. We note that F}, o(2) does not converge for any z € (0,1), z # 0.5.

4.3 SUD tests and asymptotic FDR control under weak dependence

In Chapter 3 we introduced several multiple test procedures controlling the FDR under indepen-
dence assumptions (I1) and (I2). In this section we consider various SUD tests for "weak depen-
dent" p-values which control the FDR at least asymptotically. Unfortunately, if the asymptotic
crossing point determined by a multiple test ¢, tends to 0, there is neither a positive nor a neg-
ative result concerning asymptotic FDR control. Therefore, we formulate results with respect to
further restrictions on the parameter space © guaranteeing an asymptotic threshold larger than 0.
Depending on the applied multiple test procedure we discuss different restrictions on ©.

Remember that a multiple test procedure ¢ controls the FDR at level o with respect to © if
supyco FDRy(¢) < a, where FDRy(p) = Ey[V;,/ R, V 1] denotes the actual FDR given ¥ € ©.
We say that the FDR is asymptotically controlled at level o if

V49 € 0 : limsupFDRy(p) < a.

n—oo

Note that for ¥ € © with ng(?) = n we have FDRy () = FWERy(¢p).

It is tempting to suggest that procedures with asymptotic FDR control if the p-values p;,
© € I, are independent, also control the FDR under weak dependence. We consider two pos-
sible classes of multiple test procedures, for which weak dependence may allow asymptotic FDR

control.

(i) Let ¢p, n € N, be SUD()\,,) tests with \,, € I,, based on some rejection curve r : [0, b] —
[0,1] with b € (0, 1] such that r(¢)/t is non-increasing in ¢ € (0,b]. Moreover, (a) for b < 1
we assume the existence of a unique crossing point t- € (0,1] with 7(t;) = Fi(t¢|() for each
¢ €10,1), where Fo(t|¢) = 1 — ¢ + (t is the limiting ecdf of p-values in DU(n, ng) models with
no(n)/n — ¢;or(b)if b = 1letlimsup,,_,., An/n < 1 and suppose that there exists a (p € [0, 1)
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such that for each ¢ € ({p, 1] there exists a unique crossing point ¢ between r and F(-|¢) on

[0, 1) while the unique crossing point ¢; on [0, 1] is 1 for ¢ € [0, (o).

(>ii) Let ¢, n € N, be plug-in LSU tests introduced in Storey et al. [2004], that is, LSU tests
based on a random rejection curve (t) = 7(£[, (A)) = Cu(N)t/avand C, (N) = (1 — F(A))/(1 —
A) for a fixed A € (0,1). Thereby, a plug-in LSU test rejects all hypotheses if ¢, (\) < a.

Note that LSU tests (cf. Section 1.3) and all SUD procedures based on the AORC considered
in Chapter 3 (cf. Section 3.4) belong to (i). For example, ,, may be SUD(\,) tests with critical
values given in (3.28) (or (3.29)) for a fixed 3, = 8 > 0 (or 3 = 3 > 0, resp.), or ¢, may
be SUD(\,) tests with limsup,, . An/n < 1 based on the AORC (i.e.critical values are given
in (3.1)) or based on the rejection curve r given in Example 3.13 in Section 3.3. Thereby, these
tests control the FDR at least asymptotically if p-values corresponding to true null hypotheses are
independent.

The next theorem shows that tests from both classes (i) and (ii) asymptotically control the

FDR under a suitable condition on a subset of ©* for "weak dependent” test statistics.

Theorem 4.5
Suppose (WD2) is fulfilled and let 9 € ©* such that no/n — ¢ € [0, 1). Consider a sequence of
multiple test procedures p,, where either all p,, n € N, correspond to (i) or to (ii). If at least one

of the conditions

Py <lim inf& > 0> = 1, 4.9)
n—oo n
: Ry,
d3y>0: 11mIP’19<n>7> =1 (4.10)
holds , then
lim sup FDRy(py) < lim FDRy, »,(¢n), (4.11)

where FDRy, ., () is the FDR of @y, in a DU(n, no) model. Hence, asymptotic FDR control in
DU models implies asymptotic FDR control under .

Proof: First, we consider ¢, given in (ii) in case fn(A) > «and ¢, given in (i). Define B, ,, =
{Rn/n >~} and Gy, = {supgepo ) (Fpo(t) —t) <6} forn € N,y > 0and d > 0. Condition
(4.9) and (4.10) imply

Ve >0 3"}/>0 : E|N1:N1(61)€N :Vn> Ny qu(B%n)>1—€1, 4.12)

where v = v(€1) if (4.9) is fulfilled, and ~ is fixed and given in (4.10) if (4.10) applies. The
assumption (WD2) together with Lemma A.7 imply that

Ve >0 :Vd>0 : HNQZNQ(EQ,(;)GN :Vn> Ny ]P)Qg(C(;,n)>1—62.
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Hence, for arbitrary but fixed e > 0 and § > 0 there exists ay > 0 and an N = N(¢,0) € N such
that for all n > N we obtain

v

FDRy(n) < / an dPy + €.

By nNCiom,
Let t,, € [0, 1] denote the random crossing point between r and the ecdf of p-values F), determined
by ¢n, i.e. r(t,) = Fn(tn) = R, /n and ¢, rejects H;, i € I,, if and only if p; < ¢,. Then
Vo = noﬁn,(] (tn) and R,, = nr(t,). Note that the latter equality does not apply for ,, defined
in (ii) in case én(A) < «. Since Fm[)(t) <t+6dinCsy, r(t,) > v in B, and r is increasing, it
follows for all n > N that

FDRy(pn) < 2 / gy et 2 (4.13)
n ByniiCsn r(tn) Y
Now we are looking for a non-random upper bound for the function ¢,,/r(t,,). In case (i) we obtain
Foo(tC) < 7(t) forall t € (t;,b]N(0,1). On the other hand it holds F},(t) < Fxo(t|no/n)4n0d/n
in Cs,, for all t € [0,1]. Altogether we get for a 5 > 0 and sufficiently small J-values that
Fso(tlng/n) +nod/n < r(t) fort € (tc + O(5),b] N (0,1 — 3), hence t, < tc + O(6) in Cs .
By noting that ¢/r(t) is non-decreasing we obtain t,,/r(t,) < t¢/r(t¢) + O(6) in Cs,,. Remark
3.15 implies (t¢/7(t¢) = g(¢), where g(() is the corresponding asymptotic FDR bounding curve.
Moreover, Theorem 3.14 yields ¢(¢) = lim, . FDR;, »,(¢n). Then for ,, as described in (i)

we obtain

(tt") < 2 lim FDRyyng () + O(8) in Cpn. (4.14)

In case (i) we get ¢/r(t) = t/r(t|Ca(N) = a/C(N) = a(l — N)/(1 — E,(X\)) forall ¢ > 0
and t,,/7(t,) < 1 since ,(\) > a. Obviously, 1 — Fy,(\) > ng/n(1 — Fn(\)) and Fj,o(\) <
A+0(6) in Cs,,. Then t,, /r(t,) < min(an/ng, 1)+0(0) in Cs,,. By noting that ng/n = (+o(1)
we obtain t,,/7(t,) < min(a/¢,1) + O(9) in Cs,,. Since én(A) — ( for n — oo in DU(n, ng)
models, we get lim,,_,o, FDR;, »,, () = min(a, ¢), that is, also for ¢, described in (ii) the
inequality (4.14) is fulfilled if ¢, (\) > ov.

Then (4.13) and (4.14) imply for (1) and for (ii) (with én(/\) > «) that

<

1 5
FDRy (i) < %Pﬁ(B%n N Csn)= lim FDRy o () + € + S+ 0(9).

C n—oo

Hence,

limsup FDRy(py,) < lim FDR,, . (¢n) + € + ° + 0(9).
n—o0 ¥

n—oo
Now (4.11) follows by letting €, § — 0 and choosing § = o(~y).

Finally we consider ¢,, given in (ii) in case én()\) < «. This immediately implies ¢,, = 1, i.e.
all hypotheses are rejected and FDRy = (. Similar as before we get ¢, (\) > ¢ + O(d) in C,, for
all n > N, which implies ( < a. Hence, lim;,_,c FDR,, »,, () = ¢ and consequently (4.11) is
fulfilled. |
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Remark 4.6

Let ¢, be a sequence of multiple tests as described in Theorem 4.5. A parameter ¢ € ©* such that
(4.4) is fulfilled and p-values corresponding to alternatives follow a Dirac distribution with point
mass 1 in 0 is an asymptotic LFC for the FDR if all assumptions of Theorem 4.5 apply. Moreover,
for this ¥} equality holds in condition (4.11), that is, lim,, .o FDRy () = limy,—,oc FDR,, ,, (¢n).

Remark 4.7
Conditions (4.9) and (4.10) in Theorem 4.5 do not imply each other. Moreover, both can be re-
placed by the weaker condition (4.12). Another possibility to define a sufficient condition for
asymptotic FDR control is to rewrite (4.9) and/or (4.10) in terms of the crossing point ¢,, deter-
mined by ¢, that is,

Py (linniig.}ftn > 0) — 1 andlor 3*>0: lim Py (tn > t*) =1,

n—od

respectively. Note that results in Storey et al. [2004] based on a condition ensuring that the asymp-
totic threshold is larger than 0, cf. Theorem 4 in that paper. In case of SUD(\,,) procedures with

liminf, oo A\n/n = £ > 0 condition (4.9) and/or (4.10) also can be replaced by power require-

ments like

Py (3 t € (0, %) : liminf By (t) > r(t)) ~1 (4.15)
and/or

Jte (0,x): lim Py <Fn(t) > r(t)) =1 (4.16)

For SUD(\,,) procedures with lim inf,, .o, A,,/n = 0 (SD tests belong to this class of tests) con-
ditions given in (4.15) and (4.16) seem to be insufficient, because the asymptotic behaviour of
the ecdf F}, does not characterise the behaviour of smallest p-values. Even if Fn(t) converges to
some cdf F'(t) almost surely for all ¢ € (0, 1), the smallest ordered p-values may be stochastically
considerably larger/smaller than the corresponding ordered statistics coming from n iid random
variables with the marginal cdf F. Smallest p-values are typically irrelevant for SUD tests with
liminf, o, A\p/m > 0 but they may be crucial for SUD tests with lim inf,, . A, /n = 0. Unfor-
tunately, even in the case of SU test procedures it is not clear how (4.9), (4.10) or (4.12) can be

proved for SUD(\,,) procedures with lim inf,, o, A,/ = 0.

Remark 4.8

If condition (WD2) is fulfilled and smallest ordered p-values with respect to true nulls are stochas-
tically larger than the corresponding ordered p-values coming from iid uniform p-values, then the
FDR may be controlled even if lim,,—.., t, = 0. However, it seems there are no arguments for
asymptotic FDR control if the asymptotic crossing point is not bounded away from 0. This is still
an open problem. In any case, if the asymptotic threshold of multiple tests ¢, is 0, ¢,, may have

only a negligible gain in power compared to a procedure that controls the FWER.
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For SUD(\,,) procedures with lim,, . A,,/n = £ > 0, sufficient conditions for (4.9) and/or
(4.10) can be given as follows. Let le denote the ecdf of p-values corresponding to false hy-

potheses and let lim,,_,o, no/n = ¢ < 1. Then the conditions

Py (EI te(0,k) : hnmiol.}f Fn,l(t) > 17”8&2) =1 4.17)
and
Jte (0,k): nlggo Py <Fn,1(t) > f(_t)g> =1 (4.18)

imply (4.15) and (4.16), respectively.
If p-values corresponding to alternatives, i.e. p;, ¢ € Iy, 1, are independent, then the extended
Glivenko-Cantelli Theorem (cf. Shorack and Wellner [1986], p. 105) holds, that is,

A 1
sup |Fp1(t) —
te[0,1] n—ng

Z Gi1(t)] — 0 almost surely, (4.19)

1€1n1

where G; 1 denotes the cdf of a p;, ¢ € I, 1. Therefore, for independent p-values under alternatives,
(4.17) and (4.18) are fulfilled if and only if

L 1 r(t)
Py | 3t € (0,k): 11nr££fn_n0 Z Gia(t) > ¢ =1 (4.20)
ZEI'n,,l
and
. 1 r(t)
3t : lim P a1t —2 | =1, 4.21
com: i p (S G > 24 a2
1€in,1

respectively. Since the cdfs G; 1, ¢ € I, 1, are typically unknown, it is hard to envisage how to
verify these conditions in practice. Nevertheless, we give an example where (4.20) and (4.21)
hold, which implies that the lower bound of the asymptotic threshold ¢,, determined by ¢,, in
Theorem 4.5 is larger than 0. Moreover, in Section 4.4 we provide a condition under which the
ecdf le convergences in probability in the sense of the Glivenko-Cantelli Theorem. In Sections
4.5 and 4.6 we discuss convergence of the ecdf Fn,l for block-dependent p-values and p-values

corresponding to pairwise comparisons, respectively.

Example 4.9
Let X;; ~ N (9, 02), 1 € I,, 5 € I,,,, be normally distributed random variables with unknown

mean ¥J; and known variance o> > 0. Suppose

' FU; >
39> 0: 37> 0: liminf 0t 920

n—o0 n — ng

n. (4.22)

We consider the multiple-testing problem H; : ¢; = 0 versus K; : ¥; > 0, ¢ € I,, with test
statistics 7; = Z;n:1 Xij/(o/m), i € I, and p-values p; = p;(t;) = 1 — ®(t;), i € I,
where t; is a realisation of 7T; and @ is the standard Gaussian cdf with density ¢. For given 9J;,
o and m, the distribution function of p; is G;(t) = 1 — ®(U1_¢ — /m¥;/o) and the density
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of p; is gi(t) = ¢(Ui—¢ — vm¥;/o)/d(Ur—¢), where Uy is the tth percentile of the standard
Gaussian distribution and 0 < ¢ < 1 (similar investigations can be found in Hung et al. [1997]).
Note that G; has an infinite right-hand derivative in 0 if the corresponding J; > 0. By setting
Gy(t) =1—®(Z; — /m¥ /o) we obtain from (4.22)

.. 1
lim inf
n—oo M — 1y

> Gi(t) = nGy(t) forall t € [0,1]. (4.23)
i€ln1

Obviously, for any € (0, 1] there exists some ¢’ € (0, 1] such that Gy(t) > t/~ forall ¢t € (0,t').
Therefore, if (4.19) holds for Fn,l we obtain (4.20) and (4.21) for each rejection curve r of the
type (i) if /(0) < oco. Hence, conditions (4.9) and (4.10) follow for SUD()\,,) procedures of the
type (i) with liminf,,_, o, A,,/n > 0, and Theorem 4.5 applies if (4.22) is fulfilled.

4.4 Sufficient conditions for convergence of ecdfs

An interesting question is how weak dependence conditions and/or convergence of an ecdf of p-
values can be proved. As seen before, the FWER and/or FDR of multiple tests typically become
larger if p-values corresponding to true null hypotheses become stochastically smaller. Therefore,
the case when Fn,O converges to an identity function F' = Id in some sense is most interesting
with respect to FWER and/or FDR control. Below, we sometimes restrict attention to the case that
Pi» & € Ipp, are uniformly distributed in [0, 1], i.e. condition (D1) is fulfilled.

The following quadratic mean law of large numbers for dependent random variables given in
Parzen [1960], p. 419, is a useful tool for proving convergence of an ecdf Fm 1 =1, 2, and may
lead to (WD3), (4.9) and/or (4.10), which imply asymptotic FWER and/or FDR control.

Theorem 4.10 (Parzen [1960])
Let { X, } nen be a sequence of real valued random variables with mean 0 and uniformly bounded

variances and let Z, = Y | X;/n. Then Z,, — 0 for n — oo in the Ly norm if and only if
E[X,Z,] — 0 for n — oc.

Note that for bounded random variables, convergence in the Iy norm is equivalent to conver-
gence in the IL; norm, which is equivalent to convergence in probability. Moreover, if it is known
that E[X,,Z,] = O(n™7) for some ¢ > 0, then we can conclude that Z,, — 0, n — oo, with
probability 1, cf. Parzen [1960], p. 420. This result is given in the next theorem.

Theorem 4.11 (Parzen [1960])

Under the assumptions of Theorem 4.10 the sequence { X, },cn obeys the SLLN (in the sense that
P(lim,, 00 Zn, = 0) = 1) if there exist M > 0 and q > 0 such that |E[X,,Z,]| < M /n? for all
n €N

Now we apply these two theorems in order to obtain sufficient conditions for the convergence
of the ecdf of p-values corresponding to true null hypotheses. Let ¢t € (0, 1) and G o be the cdf
of pj, i € Inosuch that 0 < G;o(t) < tfort € (0,1). Setting X; = I(p; < t) — Gip(t),
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i € Ing, fort € (0,1), we get EX; = 0, Var(X;) = Gio(t)(1 — Gip(t)) < 1and Z,, =

Fro(t) = (1/n0) > icr, , Gio(t). Then Theorem 4.10 implies that

Fuo(®) = == 3 Gio(t)] 0, n— o @24)

i1€1n.0

in probability (and hence (WD3) is fulfilled) if and only if

1 &
— Y " Cov (I(p) <t),1(p), < t)) =0 for n — oo, (4.25)
0 =1

where pJ, .. ., p?m are p-values corresponding to true null hypotheses and ng = ng(n) — oo for

~

n — oo. Note that condition (4.25) is equivalent to Var(F}, o(t)) — 0, ng — oo. Theorem 4.11

implies almost sure convergence in (4.24) if

1 & 0 0 1
nT)| ;COV (I(p) <t),I(ph, <t))| <O <ng> for some ¢ > 0. (4.26)

If for each ng € N the proportion of pY, i € I,,, for which Cov(I(p? < t),1(p%, < 1)) # 0,
converges to 0 for n — oo, then we get convergence in probability in (4.24) and consequently
(WD3) follows. This may happen in the case of block-dependent p-values, which will be investi-
gated in Section 4.5 or in case of p-values corresponding to pairwise comparisons problems, see
Section 4.6. Moreover, condition (4.25) allows that all p-values corresponding to true null hy-
potheses may be mutually dependent, but the corresponding covariances have to be small enough.

Autocorrelated test statistics yield such kind of p-values.

Example 4.12
Let X = (Xi,...,X,) be a multivariate normally distributed random variable with EyX; =
¥; = 0 and a covariance matrix & = (0;;); jer, such that o;; = pli=7l for some p € (0,1). Then
1 & 1 @ N
—» Cov(X;,Xp)=—)» pt'=————0,n— 0.
0 2 OV = 2 = )
For testing H; : 9¥; = 0 versus K; : ¥; # 0, ¢ € I,,, with test statistics given by X4,..., X,, the
latter condition yields (4.25) (and under specific conditions on the marginal cdf of p-values is even
equivalent to (4.25)) if each p-value p; = p(x;), i € I, 0, depends only on the realisation of X,
cf. Giraitis and Surgailis [1985], Lemma 5 in that paper.

For a set of test statistics (or p-values) with a sparse covariance matrix, i.e. a covariance matrix
populated primarily with zeros, condition (4.25) is satisfied. A further class of p-values fulfilling
(4.25) is given by sets of various mixing random variables like ¢-, 1/- or a-mixing. Mixing random
variables often ensures that the SLLN holds, which then leads to almost sure convergence in (4.24).
For more information see, for example, Tuyen [1999] or Billingsley [1968], p. 166.

Typically, if we have a set of p-values fulfilling a Central Limit Theorem (CLT) and/or the

SLLN it seems easy to prove asymptotic FWER and/or FDR control. For example, Farcomeni
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[2006] proved that an oracle LSU test, i.e. an SU test with critical values «;., = «i/ng, i € I,
and a plug-in LSU test asymptotically control the FDR for stationary (and probably associated)
p-values fulfilling different conditions on mixing coefficients of these p-values. The author in-
vestigated the distribution of FDP = V,,/R,, for dependent and independent p-values and proved
that the FDP fulfils a CLT. Although there are no comments about the asymptotic threshold of an
oracle LSU procedure, it seems that Farcomeni [2006] proved asymptotic FDR control assuming
that the asymptotic threshold is bounded away from 0, cf. proof of Theorem 1 in that paper, p.296.

Now we consider the ecdf le of p-values under alternatives.

Remark 4.13

Letny = n1(9¥) = n — no(¥) and p}, i € I,,, be p-values corresponding to alternatives, i.e. p;,
i € I1. Let G; 1 denote the cdf of pll, t € Iy 1,. If conditions (4.25) and/or (4.26) apply for
p-values corresponding to false hypotheses (i.e. replace ny by nq and p) by p} in (4.25) and/or
(4.26)), then the ecdf le of p-values under alternatives converges in the sense of the extended
Glivenko-Cantelli Theorem (cf. Shorack and Wellner [1986], p. 105), that is,

- 1
sup |Fp1(t) — — E Gii(t)] — 0, ng — oo, (4.27)
t€[0,1] n i€lna

in probability and/or almost surely, respectively.

Convergence given in (4.24) can be sometimes proved by means of U-statistics. U-statistics

were introduced in Hoeffding [1948] as follows.

Definition 4.14

Let X1, ...,X,, be n independent random variables with values in a measurable space (X, A)
and let ) : X™ — R be a symmetric function of m(< n) arguments, i.e. P(x1,...,%y) =
V(X .oy xiy,) forall (iy,... im) € Sy, where Sy, denotes the group of m! permutations of
{1,...,m}. A statistic of the form

Un=<;>1 S (X, X,

1<i1<.c.<im<n

is called an U -statistic with kernel v of order m.

If X1,...,X,, have the same (cumulative) distribution function F', the corresponding U-
statistic U,, is an unbiased estimate of ¥(F") defined by

NE) =Ep(p(Xy,...,Xn)) = /.../1/}(3:1, s T )dF (1) .. . dF (zh,).
An important result for U-statistics is the following SLLN introduced in Berk [1966].

Theorem 4.15 (SLLN of U-statistics, Berk [1966])
Let X4, ..., X, be independent random variables on a measurable space (X, A) with the same

distribution function F. Let ¢ : X™ — R be a symmetric function of m(< n) arguments and

Asymptotic and Exact Results in Multiple Hypotheses Testing, Veronika Gontscharuk



CHAPTER 4. DEPENDENT P-VALUES AND MULTIPLE TEST PROCEDURES 91

Y€ Li(F™), ie. 9(F) = Epy(X1,...,Xm) < oco. Then U, — I(F) almost surely for

n — oQ.

For special pairwise comparisons problems we obtain under suitable assumptions on the dis-
tribution of test statistics that the ecdf Fmo(t) of p-values corresponding to true null hypotheses
can be represented as a sum of U-statistics with kernels of the form ¢ (X;, X;) = I(p;; < 1),
where p;; = pi;(X;, X;) denotes a p-value for testing H;;, ¢ # j. Moreover, if the global null hy-
pothesis Hy = N}'_; H; is true the ecdf Fn,O may be a U-statistic. The SLLN of U-statistics implies
almost sure convergence in (4.24) if the ecdf Fmo(t) is a sum of a finite number of U-statistics and
the number of independent random variables corresponding to at least one U-statistic increases.

An application of U-statistics will be considered in Section 4.6.

4.5 Block-dependent p-values

In this section we present an important type of dependence of p-values such that the weak de-
pendence condition (WD?2) is fulfilled. This allows asymptotic FWER and/or FDR control by a
multiple test, cf. Theorem 4.2 and Theorem 4.5. First, we consider a motivating example. Duncan
[2004] wrote

"It is possible to identify the approximate chromosomal location of major gene as a result
of the phenomenon of recombination. The first principle is that genes on different chro-
mosomes segregate independently, so there can be no linkage between them. The second
principle is that the probability of recombination between two loci on the same chromosome
increases with the physical distance between them, eventually reaching the limiting value
of 1/2, the same probability as for two separate chromosomes. Thus, if a genetic marker is
found to have a low recombination rate with a disease gene, one can infer that the disease
gene must be close to that markers. The basic idea is then to determine the genotypes of

"

various marker (whose location are known) for various members multiple case families.

Genome-wide association studies sometimes involve testing hundreds of thousands of single-
nucleotide polymorphisms (SNPs), cf. Finner ef al. [2010]. One may divide the whole genome
into small blocks; for instance, each block may include some hundreds of SNPs. It will be assumed
that test statistics within each block may be dependent, and that test statistics from different blocks
are independent, cf. Kang et al. [2009].

A formal description of block-dependence is given as follows. Let k¥ € N and let gx;, k € N,
t € Iy, with qx; € N be a double array of indexes such that qi; < qr4+1; foralli € Iy and k € N.
Let

P11y« -y Plgrs P21y -+« s P2qpos - - - s Pkly -« + + 5 Phqyy» (428)
Vv 5 TV

1 k

be a set of p-values such that for ¢, j € Iy, s € Iy, andt € I we get that p;s and pj; are
independent if ¢ # j and they may be dependent for i = j.
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First, we will investigate whether condition (WD2) is fulfilled for block-dependent p-values
described in (4.28). W.l.o.g. we suppose that all p-values correspond to true null hypotheses, that
is, n = ng. Then the ecdf of p-values corresponding to true null hypotheses is given by

qki

Fn’o(z ZZ[ Dis < z

l 1qmz 1 s=1

where ng = ng(k) = Zle gk is the number of all null p-values, i.e. the number of true null
hypotheses. If the number k of blocks is fixed, this may lead to a violation of (WD2). For
example, if pis = ps, i € Iy, s € Iy, then F, o(2) = (1/ 2% qri) %, I(ps < 2) does not
converge to z for a fixed k. Hence, we restrict our attention to the case k — oo.

The next theorem provides sufficient conditions on block sizes q;, ¢ € i, such that the set of

p-values fulfils the weak dependence condition given in (WD3).

Theorem 4.16
If block sizes qi;, © € Iy, k € N, fulfil the condition
MaXie [y, ki
Zf:l ki
then we get convergence in probability in (4.24) and consequently the ecdf Fn,O of p-values given
in (4.28) fulfils (WD3). Moreover, if there exists some q € [0,1) such that

— 0 for ng — o0, 4.29)

max qg; < O (nf), (4.30)
i€l

then we obtain almost sure convergence in (4.24) and hence in (WD3).

Proof: Since condition (4.29) and/or (4.30) immediately imply conditions (4.25) and/or (4.26),
Theorem 4.10 and/or Theorem 4.11 yield the assertions. |

Remark 4.17

If p-values given in (4.28) correspond to false hypotheses (i.e. p;, @ € I, 1, are block-dependent),
then conditions (4.29) and/or (4.30) yield convergence of the ecdf le of p-values under alterna-
tives in the sense of the extended Glivenko-Cantelli Theorem, that is, (4.27) applies in probability

and/or almost surely, respectively.

Condition (4.30) in Theorem 4.16 is equivalent to

maXier, qki
k
Zi:l qki

The next theorem gives a weaker condition on block sizes than condition (4.31), which also ensures

<O < ) for some v > 0. (4.31)
ng

the almost sure and even complete convergence in (4.24).

Theorem 4.18
Suppose there exists some v > 0 such that
maxierq, qki <0 i (4.32)
k o= k) )
Zizl qki
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Then we obtain complete convergence in (4.24) and hence (WD3) for k — oc.

Proof: We will prove the assertion by applying Theorem A.8, that is, we have to check conditions
(A.2)-(A.5). Wlo.g. let p;, i € I, be uniformly distributed in [0, 1], that is, (D1) is fulfilled.

Define new random variables by

dki
ki = Zj(pis < Z) — 2qki, 2 € [Oal]a keN, i€ l.
s=1

It follows that Xy;, i € Iy, are independent and | Xy;| < g, for all & € N. Setting a;, = ZI;ZI Qkis
k € N, we get

k
1
ki

Moreover, we define (t) = |t|PT1/* for some p € N, p > 2 and s > 1. Then the condition (A.2)
in Theorem A.8 is fulfilled. Since EX}j; = 0, we get (A.3) in Theorem A.8. Now we prove (A.4).
It holds

o k X, [p+1/s ok - pt1/s
>3 oe (I < Sy ()

k=11=1 k=1 i=1 s=1 4ki

= (maXielk Qri )P~ 1+1/s Zz 1 ki

k p+1/s
k=1 (Zs:l Qk’z)

00 p—1+1/s
. (maxielk Qk‘i>
= — .

Assumption (4.32) implies that the latter expression is finite if

o0

1

Obviously, for each 4 > 0 there exists ap € N, p > 2, such that y(p — 1 + 1/s) > 1. Hence,
condition (A.4) is fulfilled. It remains to check (A.5). For r > 0 we get

k 2r k

i E(XZ) i it
—~  a k ?

k=1 \i=1 k=1 25:1%@'

2r

IN

2r
[e%S)

k
Z Maxier, Qi 9 i1 Tki

2
k=1 (Z’s“:l %z’)

o 2r
Z (maxigk, Qki>
—r .
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Inequality (4.33) implies that there exists a 7 > 0 such that the latter expression is finite. Since
all assumptions of Theorem A.8 are fulfilled, it follows that Fn,O (z) converges in the sense of
the Glivenko-Cantelli Theorem almost surely, while the remaining assertions are an immediate

consequence of Theorem A.9. |

Theorem 4.18 implies the convergence of the ecdf Fn,(] in the sense of the Glivenko-Cantelli
Theorem if the number of independent blocks & increases. The next remark shows the convergence

of Fn,O if ng increases (note that ng = ng(n) — oo, n — oo, for all ¥ € ©%).

Remark 4.19

Suppose the block lengths ¢;, ¢ € I, are fixed in advance and consider the sequence of p-values
given in (4.28). Consider the ecdf of the first n = Zf;ll gi +j p-values with j € I, and
k = k(n), that is,

A Ek__l ql ~ ]_ ]
Foo(z) = _Z;an’,O(Z) t == Zf(pkt < 2),

k . )
Zizll q+7J Zizl g+ t=1
where n/ = Zf:_ll ¢i- By noting that the second summand is bounded by ¢/ Zle qi» which
converges to 0 if (4.32) is fulfilled, we get almost sure convergence in (4.24) for n — oo.

In the next remark we give some examples for sets of block sizes fulfilling (4.29) and (4.32).

Remark 4.20
If

max qr; = O(min gg;) or max qg; = o(k min gy ),
1€l i€l 1€y, 1€l

then condition (4.29) follows. Obviously, if the block sizes are bounded, i.e. there exists some
q € N such that gi; < q fort € I, and k € N, then we get condition (WD?3).

Finally, we consider various sets of block-dependent p-values and perform some multiple test

procedures.
Example 4.21
Let
1 1 p p* P
0 1 2
9 =1, @ and B =Jy@ | " PP pe(on),
1 pmop 1 op
0 Pt op 1

where 1; denotes a column vector of length k& with entries 1 and Jj is the k£ x k identity matrix.
Let X; ~ Ny (9,%), j € I, be independent and identically distributed with n = n(k) = 4k and
block sizes ;. = 4 (if we consider only null p-values, then ng = 2k and gi; = 2). Consider the

multiple testing problem

H;:9;,=0versus K; :%; #0, i=1,...,n.
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Figure 4.1: Simulated ecdfs Fn,os of p-values based on block-dependent autocorrelated normal
10, ng = 50 (left graph),
ng = 100 (middle graph) and ng = 200 (right graph). Green curves correspond to p = 0.1, blue

random variables corresponding to true null hypotheses with m =

curves correspond to p = 0.5 and red curves correspond to p = 0.9 in each graph.

Tests
Or-adjustment LSU plug-in LSU BPI oracle Bonferroni  Bonferroni
p=01 R, 47 38 48 9 9 6
Vo 3 1 3 0 0 0
p=05 R, 36 34 36 11 11 8
Vo 2 2 2 0 0 0
p=09 R, 36 28 38 5 5 3
Va 1 0 2 0 0 0

Table 4.1: Simulation study for block-dependent test statistics in Example 4.21.

In this example, we do not assume that all variances are equal (although we choose all vari-
ances equal to 1 in the simulations) and choose the test statistics 7; = \/ﬁ)_(i /si; where X, =
(1/m) 3271, Xij and 57 = 1/(m — 1) 3270 (X3
T; by P, = 2F;, _,(—|T;i|), where F}, denotes the cdf of a univariate (central) ¢-distribution with
v degrees of freedom.

— X;)2. We define p-values corresponding to

Figure 4.1 illustrates different realisations of the ecdf Fn,O of p-values corresponding to true
null hypotheses for ng = 50, 100, 200 (left, middle and right pictures). We simulate this model
for m = 10 and p = 0.1 (almost independence, green curves), p = 0.5 (moderate dependence,
blue curves) and p = 0.9 (strong dependence, red curves).

Figure 4.2 displays simulated ecdfs of all p-values with n = 100, ng = 50, m = 10, m; =4
and p = 0.1 (green curve), p = 0.5 (blue curve) and p = 0.9 (red curve).

Table 4.1 shows the number of all rejected hypotheses R,, and the number of rejected true
null hypotheses V,, for the following tests at the pre-specified level o = 0.05: the (,,-adjustment
SU procedure based on (3.28) with 3199 = 1.76 (cf. Subsection 3.4.1), the LSU test (cf. Section
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0,8 P

0,64 —

044 [[F

0,2

Figure 4.2: Simulated ecdfs F,s of all p-values with m = 10, n = 100 and ng = 50. The green
curve corresponds to p = 0.1, the blue curve corresponds to p = 0.5 and the red curve corresponds
to p = 0.9. The black curve is the AORC with & = 0.05 and the black line is a rejection curve
corresponding to the LSU test with o = 0.05.

1.3), the plug-in LSU test with A = 0.5, the BPI test with the threshold (2.4) based on (2.6) with
A = 0.5, the oracle Bonferroni and Bonferroni tests. For example, the 3,-adjustment test (LSU
test or plug-in LSU test, resp.) rejects 47 (38 or 48, resp.) hypotheses for p = 0.1, 36 (34 or 36,
resp.) hypotheses for p = 0.5 and 36 (28 or 38, resp.) for p = 0.9.

4.6 Pairwise comparisons

Pairwise comparisons provide further sets of p-values for which the weak dependence condition
(WD?2) is fulfilled. An example for a pairwise comparisons problem can be found in Keuls [1952].
He wrote
"In breeding agricultural and horticultural crops it is, in many cases, of much importance to
compare the different selections obtained, e.g. in regard to their productive capacity. This
is usually done in field trials involving these selections. The different plot yields will give us
an impression of the productivity of the selections grown. In order to find out how far such
impressions are reliable, the yield figures are mathematically worked out.”
Keuls [1952] considered a trial on white cabbage carried out in 1950 and described the trial as
follows:
"A trial field had been divided into 39 plots, grouped into 3 blocks of 13 plots each. In
each block the 13 varieties to be investigated were planted out (randomized blocks design).
During this trial all plots were treated in exactly the same way. The purpose was to learn
which variety would give the highest gross yield per head of cabbage and which the lowest,
in other words to find approximately the order of the varieties according to gross yield per
cabbage."
Some investigations concerning FDR control for pairwise comparisons can be found in Yekutieli

[2008]. Now we give a formal definition of the pairwise comparisons problem.
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Let X; : Q@ — AX;, ¢ € I, denote a sequence of independent random variables and let 9J; € S}
be a suitable parameter corresponding to X;, i € I, as for example ¥; = E(X;) or ¥; = Var(Xj;).
Thereby, S may be multidimensional, e.g., O CRPor® may be the set of all positive definite p x p
matrices, or © may be non-parametric, e.g., S) may denote all continuous distribution functions
on R. The entire parameter space is ©* = ©F. A classical model is the k-sample model with
Xi = (X : 1 < j <ny), i€ Iy, and n; denoting the sample size in group 7.

Formally, a pairwise comparisons problem can be written as
Hl'j RVEIES 19j versus Kij 2 75 19]‘, 1<i<y < k. 4.34)

We restrict attention to tests based on p-values p;; = p;;(z;, z;) depending only on the realisations
of X;and X;, 1 <i<j<k.

To investigate conditions under which null p-values fulfil the weak dependence condition
(WD3), we consider (4.34) more precisely. Let ¥ € O* be fixed for the moment such that for an
arbitrary but fixed » € N there are exactly r different parameters in the multiple-testing problem
(4.34), i.e. there exist ', ..., n" such that¥; € {n',... ,n"} foralli € I. For a fixed k € N with
r <k,letQp,- .., Q- be apartition of the index set I, such that ; = n® if and only if i € Qps.
Hence, H;; is true if and only if i, j € Qs for some s € I,. Let g5 = [Qps| and qis < qrt1,s
forall s € I, r € Nand k € N. Furthermore, k = )., qxs. Note that p;; with i, j € Qs and

s € I, are p-values corresponding to true null hypotheses. The ecdf of all p-values is given by

Fo(z) = CnFn,O(Z) +(1— Cn)Fn,l(Z>a

where

is the number of all p-values,

21;:1 ka(ka - 1)

on = k(k—1)

is the proportion of true null hypotheses,

Fn’o(z) =

Z > 1 <2)

Zs 1ka ks — s=14,j€EQps

is the ecdf of p-values corresponding to true null hypotheses and

2. 2 D Ibi<a)

Fn 1(2)
Zl<s<t<r Aks9kt 1<s<t<T i€Qre j€Qnt

is the ecdf of p-values corresponding to alternatives.
In the next remark we study the asymptotic behaviour of the proportion (,, of true null hy-

potheses under suitable assumptions.
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Remark 4.22

The proportion (;, of true null hypotheses can be rewritten as

Z;:l qlzs —k
22:1 q,%s —k+2 Zl§8<t§r qksqkt

~1

. 149 Zl§s<t§r qksAkt

AN ST
s=1 ks

By noting that k/(>_%_; ¢7,) — 0 for k — oc if the number r of blocks is fixed, we obtain that the

(n =

proportion (;, of true null hypotheses converges to 1/r if maxsey, grs = (1 + o(1)) mingey, ks,

k — oo. Moreover, if there exists a v > 0 such that

. Zl§s<t§r Aksqkt
lim =

5 v,
k—o0 Zs:l Qs

then ¢, — (1 + 2’y)*1 for k — oo. For example, if » € N is fixed, maxses, qrs = (1 +
o(1)) mingey, qgs, & — oo, then v = (r — 1)/2. Another example with » — oo is given as
follows. Let k1 = Q2 = qk, limg—o0 7(k) /g = 0 and let gxs = g € N be fixed for all s > 3 and
k € N. Then

Picscrar st _ G+ 200 = Qaqeg + (57)d* _ 14 0(r/ar) + O(r*/q})
Yoot G 2q; + (r — 2)¢? 2+0(r/q;)

The latter converges to v = 1/2 for k — oo and consequently ¢, — 1/2, k — oc.

The main result of this section shows that the ecdf of p-values corresponding to true null
hypotheses of a pairwise comparisons problem fulfils the weak dependence condition (WD?3),
which allows asymptotic FWER and/or FDR control, cf. Theorem 4.2 and Theorem 4.5.

Theorem 4.23

Let qxs, k € N, s € I, v € N, be a double array of natural numbers with 2 < qis < qr115 for all
s € I, r € Nand k € N. Then we obtain convergence in probability in (4.24) and hence (WD3)
applies for the pairwise comparisons problem given in (4.34) . Moreover, if there exists a ¢ € N

such that maxgserg, qxs < q forall k € Nand r € N, then we even get almost sure convergence in
(4.24).

Proof: Convergence in probability, i.e. the first assertion in Theorem 4.23, can be proved (a) by
means of (4.25) or alternatively (b) by proving Var(Fn,o(z)) — 0 for ng — oo. As mentioned in
Section 4.4, both conditions are equivalent.

(a) W.lo.g. let the block size qr1 = qx—1,1 + 1 forafixed k € N, ie. 0, = 0; = n! fori € Q1

and let Q1 = Qkfl,l U {k‘} = {1, ey Qe — 1, k} Then

nofi) =3 (q’2“> + <q’“2_ 1) +i

s=2
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denotes the number of p-values corresponding to true null hypotheses related to all comparisons
between X1, ..., Xj;_; and comparisons of Xj, with X1,..., X; fori € Qg1 \ {k} = I,,, 1, that
is, p-values corresponding to true nulls are given by

Puv : U,V E Qps, s €{2,...,r} or u,v € Qpr \ {k} and pj: je{1,...,i}. (435)
For pir., i € Qk1 \ {k}, there are exactly qz1 — 2 + i — 1 p-values p; (say) in (4.35), for which
Cov(pik,p1) # 01is possible, thatis, p;;, j € Qr1 \ {é,k} and pji, 7 € {1,...,7 — 1}. Hence,

setting ng = ng(7) for a fixed i € Qx1 \ {k} we get

g1 +1—3

L)

;0 ZCOV I(p) <), 1(p), < 1)) <
=1

where pg-), j € I,, denote p-values corresponding to true null hypotheses and pgo = p;r. Noting
that the right-hand side of this expression is maximum for i = g;; — 1 and ng = no(gx1 — 1) =
> 1 aks(qrs — 1)/2, we obtain that the condition

4(qr1 — 2)
22:1 ka(ka - 1)

— 0 for k£ — o0 (4.36)

implies (4.25). Condition (4.36) can be proved by making use of the following consideration. If

maxser, (qrs) — oo for k — oo, then

] 4(gr1 — 2) < ilmaxseb Ghs __ 4 _0 < 1 ) 0
Do Qhs(@es — 1) T D i q ars(qrs — 1) T maxger, qrs — 1 MaXscy, ks

for k — oo. If there exists some ¢ € N such that maxsey, qxs < gforall k € Nand r € N, i.e.

r — oo for k — oo, then

<2 _0

4(qr1 — 2) dmaxser, ks 29 _4q 1
T = T < —< —0
Do hs(@es — 1) = D g qks(qrs —1) ~mg T 7

for k — oo, which yields conditions (4.25) and/or (4.26) and hence completes the proof.
(b) Convergence Var(Fn,O(z)) — 0 for n — oo yields that (WD3) is satisfied. Since p;; and py,
are independent if 7, j € Qps,, u, v € Qgs, and s; # so, we obtain

r

Var(Fpo(2) = nl(]ZVar S Iy < %)

s=1 ivjers
- r qks 22 Z Z COV le <Z) I(puvgz))-
(ZS 1 s=1 4,j€EQks u,vEQLs
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For a fixed s € I, exactly 6 (qis) covariances in the expression above are equal to zero. Therefore,

S 2 S
Var(ﬁ’ (Z)) < 22:1 (qg ) -6 Zgzl (QZ )
T L)
s=1\ 2
22:1 ka(Qk’s - 1)(4(1195 - 6)
(0 ars(qrs — 1))?

< dmaxger, Qs Y1 qks(qks — 1)

B (0 arslars — 1))°

4maxs€h ks

Zgzl ka(ka - 1) .

Obviously, the latter converges to 0, since (4.36) is fulfilled. This implies the desired converges in

probability for n — oo.
|

The next result corresponds to convergence of the ecdf le of p-values under alternatives.

Theorem 4.24
Let qis, k €N, s € I, r € N, be a double array of natural numbers with 1 < qis < Q41,5 for all
s€l,reNandk € N. Let ny = nq1(¥) = n — no(¥) — o0 if n — oo. Then condition

k

Zlgsqgr qksqkt

— 0 for k — oo, 4.37)

implies (4.277) with convergence in probability.

Proof: We prove the statement in Theorem 4.24 (a) by means of (4.25); and (b) by proving
Var(F},1(z)) — 0 for ny — oc.
(a) It suffices to prove condition (4.25) applying to p-values under alternatives, i.e.

1 &
— Y "Cov (I(p; <t),1(p;, <t)) =0 for ny — oo, (4.38)
ni <

=1

where p}, v € Iy,, are p-values under alternatives, i.e. p;, ¢+ € I,1. W.lLo.g. let for a fixed
k € N the block size g be equal to g;—11 + 1,1.e. 0, = 0; = 771 fori € Qi1 and let Q1 =
Qu—1,0 U{k} = {1,...,qr1 — 1, k}. Moreover, let Qs = {357} Ghos -+, 325  dhw — 1+ s}
fors € {2,...,r}. Thenfori e {1,...,> . 5 qks}

T T
ni(i) = D Grsthr + > (qr1 — s + i
s=2

2<s<t<r

denotes the number of p-values corresponding to false hypotheses related to all comparisons be-
tween X1, ..., X;_1 and comparisons of Xy with X;, j € {qx1, ..., qk1 — 141}, thatis, p-values

corresponding to false hypotheses are given by

Puw - UGQkS,UEth,2§S<tST, OrUEle\{k}7U€Qk372SSST (4.39)
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and pk] JE{leaanl—l—f-z}

Leth € {2,...,7m—1}and b € {1,...,qrnt1} be such that i = ZZ:Q qks + b, that is, h = h(i)
and b = b(i). For p}zl(i) = Phygry—14i» ¢ € {1,..., > "5 qks}. there exist exactly

h r
Gt +2D Grst D Gretb—2
s=2 s=h+2
p-values p; (say) in (4.39), for which Cov(p;x, p;) # 0is possible, thatis, pj ., —1+i With j € Qs
fors € {2,...,7} \{h+1}orj € Qu \ {k} and pij, j € Qis with s € {2,... h} or
j € {Zgzl Qs - - .,Zgzl qks — 1 + b} C Qpnt1- Hence, setting ny = nq(i) for a fixed
ie{l,..., 300 o qrs} We get

h
qr1 +2 23:2 ks + Z£:h+2 Qks + b—2
> o<sctar QhsQit + D omo(qr1 — 1)qrs + i

1 &
— Y Cov(I(p; <t),1(p), <t)) <
ni =
qr1 + ZZZQ Qhos + D g—pio ks — 2+ 1
Eggsqg Qrsqrt + Do (qr1 — 1)qrs +14

Noting that the right-hand side of the expression before is maximum for i = ., qs (i.e. h =

r—1land b= qy)and ny = n1 (3 .o Grs) = D <sci<y QksQit. We Obtain that the condition

qr1 +2 ZZ;% Qks + Qrr — 2

= — 0 for £ — o0
Zl§s<t§r Aksqkt

implies (4.38). Noting that k = ). _, qxs we get (4.37), which completes the proof.
(b) Now we prove that Var(E}, 1(z)) — 0 for n — oo, which implies the assertion in Theorem
424. Forl <s<t<r,i € Qs and j € Qy; there are

Qrs + Qe — 2+ 2 Z Qv
velr\{s;t}

p-values p;, i € I, 1, for which Cov(p;, p;) # 0 is possible. Then

2 Zl§s<t§r QkSth(Z;":l Qks) _ 2 Zgzl Qs _ o
(ZK <t< kaqkt> i Zlﬁs@ﬁ?‘ Thes et Zl§s<t§r Aksqkt
SS<UsT

Var(le(z)) <

~

Condition (4.37) implies that Var(F}, 1(z)) — 0 for n; — oo and hence, we get the convergence
in probability in (4.27). |

Example 4.25

If maxges, qrs = minges, qrs(1 + o(1)) or maxges, grs = o(r(mingey, qrs)?), then condition
(4.27) is always fulfilled. Note that for the case that maxscy, qxs = mingey, qrs(1 + o(1)) and r
is fixed we get convergence of the proportion ¢, of true null hypotheses to 1/r (cf. Remark 4.22)

as well as convergence of le in the Glivenko-Cantelli sense.
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Remark 4.26

Let the number r of different parameters in the pairwise comparisons problem (4.34) be fixed for
all k € N. Let gqx; — oo for k — oo and gis=1forall s € {2,...,r} and k € N, i.e. we getr
many-one comparisons. If X, i € Qg1, are iid for all £ € N, then there exists C' € (0,1) such
that

qk1 +225 2ka+q1c7 _2
Zl<s<t<r qksqkt

ni
%ZCov(I(pigt),Hp}H <t) = C
1°—

The latter converges to C'/(r — 1) > 0 for K — oo, that is, condition (4.38) is not fulfilled and
consequently the ecdf le does not converge in the sense of the Glivenko-Cantelli Theorem.

Although the convergence in probability of the ecdf Fn,O is sufficient for weak dependence,
sometimes it is interesting to know that Fn,O converges not only in probability but also almost
surely. The next theorem gives conditions which allow the almost sure convergence by means of

the U-statistics theory.

Theorem 4.27
Letr € N be fixed and qis, k € N, s € I, be a double array of natural numbers with 2 < qis <
Qi+1sforall s € I and k € N. Let X;, i € Qys, be iid for all s € I, and let p;; = h(X;, X;) be

the corresponding p-values. Then for each z € [0, 1] we obtain almost sure convergence in (4.24).

Proof: Wlo.g. let p;, i € I, be uniformly distributed in [0, 1], i.e. (D1) is fulfilled. Let
a(q) = q(qg — 1), ¢ > 2. The almost sure convergence can be proved by means of U-statistics. By

setting

Uk:s( = Z I ng < Z

Jers

we obtain
,

E = ),
TLO(Z) Zs 1@ ka Za ka ks

s=1
Note that Uys(2), s € I, are independent U-statistics. Let I C I, be such that gxs, k € N, are
bounded for all s € I/, that is, there exists ¢ € N with gxs < g forall k € Nand s € I].. Then
a(qrs)/ "_, alqrs) — 0, s € I Obviously, it holds

Faole) 2 S i 1) = 4C2) G
n > a(gks)
. ra scI,\I. W\ ks
Fro(s) < ot SIS i Uy (2) = B:) ()
Note that
—ZSETIT\I; a(dks) — 1 and 77]“&((1) — 0 for k — 0.
Zs:l a(qrs) Zs:l a(qrs)

Moreover, the SLLN of U-statistics (cf. Theorem 4.15) yields for s € I, \ I (i.e. limg_ o0 qgrs =

oo) that Ugs(2) — 2, k — oo, almost surely. Since maximum and minimum of a finite number
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of variables are continuous functions, the random variables A(z) and B(z) converge to z almost

surely. Hence, A(z) < Fy, 0(2) < B(z) implies F}, o(z) — 2 for k — oo almost surely. [

Finally, we consider a simulation study of p-values corresponding to pairwise comparisons

problems.

Example 4.28

Let X;j, i € Iy, j € Ip,, be independent normally distributed random variables with unknown
mean 1¥; and unknown variance 01-2 > 0. We choose 0; = 1, ¢ € I}, in the simulation. We consider
the pairwise comparisons problem given in (4.34) for various scenarios of means. We utilise (a)
t-tests with a pooled variance, (b) Welch approximate ¢-tests and (c) Wilcoxon-Mann-Whitney
tests to perform individual tests.

(a) The test statistics of the t-tests are given by ) = m/2(X, — X,)/s, where X; =
1 iy Xij and 52 = k( 71 Sk > (Xij — X;)?. Hence, the test statistics have a tj,(,,,_1)-
distribution given that 01 = ... = 0,3. Denote the cdf of a univariate (central) ¢-distribution

with v degrees of freedom by F}, and define p-values corresponding to the test statistic Ti(jl) by
1 1

Py =2F (1T,

(b) The test statistics of the Welch approximate ¢-test are given by TZ-(]?) = vm(Xi—X;)7/s? + 5?

with s = ml T Z;n (Xi; — X;)% Under null hypotheses of equal expectations the distribution

of the Behrens Fisher statistics Tz(] ), 1 < i < j < k, could be approximated by Student’s ¢-

distribution with )
(i +75)

¥/ (m—=1)+~7/(m - 1)

L 2 : 2
degrees of freedom, where v; = o /m. Since o5,

1 € Iy, are typically unknown, v will be

replaced by the following estimate

(gz+gg)2 2
Fm =D 1 g2 fm 1)’ %= S/

T)

cf. Welch [1947]. Then p-values corresponding to Ti(f) are defined by Pi(f) =2F;, (—|Ti(j2) ).

(c) The test statistics of the Wilcoxon-Mann-Whitney test (also called Wilcoxon rank-sum test)
are given by TZ.(]?’) = min (Zr’,”:l dopen I(Xir < XGp), 20050 D0 1(Xir > Xjf)>. The exact
distribution of Uy,m = 301 > I(Xir < Xjjy) can be calculated with the following formula

T

PUpy =u)=PUpn-1,=u—r)

)

P 4=
m—{—r+ (Um,r— u)m—|—r7

P(Upy < 0) = P(Un, > mr) =0 forr,m > 1,
P(Uno=0)=PUy,=0)=1 and P(Uyo > 0) = P(Up, > 0) = 0 forr,m > 1,

cf. Mann and Whitney [1947]. Denote the cdf of min(Us, r,, m? — Uy, m) by F U. Thereby, m? is
the maximal value of Uy, ,,. The p-values corresponding to T-(» ) are given by P( ) = FW(TZ-(]?))).
We also consider randomised p-values which are given by PZ(J ) =" (T( ) )+ng [FW (Tig.g) )—
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Figure 4.3: Simulated ecdfs Fmos of p-values corresponding to true null hypotheses with m = 10,
scenario {0g, 16,26} and ng = 45 (left picture), {019, 110,210} and ng = 135 (picture in the
middle), {016, 116,216} and ng = 360 (right picture). The ecdf of p-values corresponding to the
t-test is green, to the Welch ¢-test is blue, to the Wilcoxon-Mann-Whitney test is magenta and to

the Wilcoxon-Mann-Whitney test with randomised p-values is red in each graph.

W (3)
P -

1 € I, j € I,,. More information about randomised p-values can be found in Finner ez al. [2010].

1)], where Y;; are iid uniformly distributed random variables independent of X;;,
Setting to = 0, a scenario {77;1, Mg} means Vg, 11 = ... = Vg, 4q, = n' for i =
1,...,7. Hence, the case 91 = g = V3 =y = U5 = Vg = 0, 97 = g = g = V19 = V11 =
Y12 = 1 and 913 = V14 = V15 = V16 = Y17 = Y18 = 2 corresponds to {0g, 16, 26 }.

Figure 4.3 shows simulated ecdfs of p-values corresponding to true null hypotheses for dif-
ferent tests and scenarios. Although, in the case of the ¢-test, all p-values are dependent, because
of the pooled variance estimate, the ecdf of these p-values (green curves) seems to converge to
the identity function F'(t) = t, t € [0,1]. Figure 4.4 displays simulated ecdfs of all p-values
corresponding to the ¢-test (green curve), to the Welch ¢-test (blue curve), to the Wilcoxon-Mann-
Whitney test (magenta curve) and to the Wilcoxon-Mann-Whitney test based on randomised p-
values (red curve). The considered scenario is given by {0g, 16,26} with n = 153, ng = 45
and m = 10. Table 4.2 shows the number of all rejected hypotheses R,, and the number of re-
jected true null hypotheses V,, for the following tests at the pre-specified level o = 0.05: the
(Br-adjustment SU procedure based on (3.28) with B153 = 1.93 (cf. Section 3.4.1), the LSU test
(cf. Section 1.3), the plug-in LSU test with A = 0.5, the BPI test with the threshold (2.4) based on
(2.6) with A = 0.5, the oracle Bonferroni and Bonferroni tests. Thereby, BPI, oracle Bonferroni
and Bonferroni tests reject considerable less null hypotheses than the considered SU procedures.
For example, the LSU test (,,-adjustment test resp.) rejects 70 (78 resp.) hypotheses if p-values
correspond to the ¢-tests, 70 (80 resp.) hypotheses if p-values correspond to the Welch ¢-tests, 66
(74 resp.) if p-values correspond to the Wilcoxon-Mann-Whitney tests and 71 (74 resp.) in the

case of randomised p-values based on the Wilcoxon-Mann-Whitney tests.

Typically, parametric tests (¢-tests, for example) have larger power than non-parametric tests

Asymptotic and Exact Results in Multiple Hypotheses Testing, Veronika Gontscharuk



CHAPTER 4.

DEPENDENT P-VALUES AND MULTIPLE TEST PROCEDURES

Figure 4.4: Simulated ecdfs F, of all p-values with m = 10, scenario {06, 16,26} and n = 153
hypotheses. The ecdf of p-values corresponding to the ¢-test is green, to the Welch ¢-test is blue,
to the Wilcoxon-Mann-Whitney test is magenta and to the Wilcoxon-Mann-Whitney test with

randomised p-values is red. The Simes line is given by the black line and the black curve shows

the AORC.

0,84

0,61

044!

0,2

T T T
02 04 06

p-values based on

Test t-tests Welch t-tests  Wilcoxon tests ~ Wilcoxon tests
(random. p-val.)
R, V. R, Ve R, Va R, Va
[Br-adjustment 78 2 80 3 74 2 74 2
LSU 70 1 70 2 66 2 71 2
plug-in LSU 87 3 86 5 85 5 85 5
BPI 36 0 29 0 27 0 29 0
oracle Bonferroni 36 0 30 0 30 0 32 0
Bonferroni 27 0 22 0 18 0 18 0

Table 4.2: Simulation study for the pairwise comparisons problem in Example 4.28.
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(Wilcoxon-Mann-Whitney tests, for example). On the other hand, a parametric test may lead to a
large number of false rejections if test statistics are not normally distributed. Figure 4.4 and Table
4.2 show that randomised p-values based on Wilcoxon-Mann-Whitney tests (red curve in Figure
4.4) seem to lead to a power that is almost as large as the power of the corresponding p-values

based on the parametric ¢-tests.

4.7 Simulations of FWER and power for BPI tests

In this section we conduct a simulation study to investigate numerically the FWER control level
and the power of the BPI test in the case of dependent test statistics, cf. Sections 4.5 and 4.6. We
restrict our attention to the BPI test with x = 1 and critical value a/7 based on the estimator
(2.6). Thereby the BPI test will be compared with the classical Bonferroni test, the corresponding
SD Bonferroni-Holm test and the OB test.

To demonstrate the behaviour of the BPI procedure for dependent p-values we simulate four
different models. In the first two models (block-dependence and pairwise mean comparisons)
we simulate the FWER and the power 3 as defined in (2.39). In the third example we simulate
an equi-correlated normal model and show that FWER is typically not controlled by the BPI
procedure. The fourth example picks up the situation that is described in Example 4.4. In all
cases the simulations are based on 100000 repetitions for « = 0.05, A = 0.5, x = 1, and the
Bonferroni-type critical values that are defined in expression (2.5). Note that the variance of ng
typically tends to be larger (possibly much larger) under dependence than under independence.

Moreover, the chance for a type I error heavily depends on the estimate 7.

Example 4.29 (Block-dependence, cf. Section 4.5)
Let

—_

V=105 ® and ¥ = 0%Jo5 @ [(1 — p)Js + plaxa], p € (0,1),

S =

0
where 1, denotes a column vector of length k& with entries 1, 1,x, denotes a ¢ X g-matrix with
entries 1 and Jj, is the identity matrix. We choose o = 1 in the simulations. Let X; ~ Nigo (¥, £),
j € I, be independent and identically distributed. Consider the multiple-testing problem

H;:9; =0versus K; : 9; #0, ¢=1,...,100.

In this example, we do not assume that all variances are equal (although we choose all variances
equal to 1 in the simulations) and choose the test statistics T; = \/MXi /s; with X; = % Z;”Zl Xij
ands? = —15 ZT:1(Xij—Xi)2- We define p-values corresponding to T; by P; = 2F, _ (—|T;|),
where F}, denotes the cdf of a univariate (central) ¢-distribution with v degrees of freedom.

For illustration, we simulate this model for m = 10, 15, 20 and only three values of p, i.e. 0.1
(almost independence), 0.5 (moderate dependence) and 0.9 (strong dependence). Table 4.3 indi-
cates that the BPI procedure controls the FWER at the pre-specified level « for each p. Moreover,
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P Test Results form = 10  Results form = 15  Results for m = 20
FWER 16 FWER 8 FWER 16
0.1 Bonferroni  0.025 0.103 0.025 0.340 0.025 0.613
OB 0.049 0.160 0.049 0.442 0.049 0.707
BPI 0.049 0.156 0.049 0.437 0.049 0.703
SD 0.026 0.107 0.031 0.368 0.037 0.667
0.5 Bonferroni  0.024 0.103 0.024 0.341 0.025 0.613
OB 0.048 0.160 0.048 0.442 0.049 0.707
BPI 0.048 0.157 0.049 0.437 0.049 0.703
SD 0.026 0.107 0.030 0.369 0.037 0.668
0.9 Bonferroni  0.022 0.103 0.022 0.341 0.021 0.613
OB 0.043 0.160 0.043 0.442 0.042 0.707
BPI 0.043 0.158 0.044 0.437 0.043 0.702
SD 0.023 0.107 0.027 0.369 0.032 0.668

Table 4.3: Simulation study for the block-dependence model in Example 4.29.

FWER and power seem to be nearly independent of p. The results for the OB and BPI tests nearly
coincide and there is some gain in power of the BPI compared with the Bonferroni and SD tests.

Example 4.30 (Pairwise mean comparisons, cf. Section 4.6)
Let X;j, 1 € Iy, j € Ip,, be independent normally distributed random variables with unknown
mean ¥J; and unknown variance o2 > 0. We choose o = 1 in the simulations. We consider the

pairwise comparisons problem
Hij:79i:19jversusKij:19i7é19j, 1§i<j§k,

for various scenarios of means. The test statistics are given by T;; = \/’I’T/2 (X; — X;)/s where
X; is defined as in Example 4.29 and s? = m Zle > (Xig — X;)%. Hence, the test
statistics have a ¢,(,,,_1)-distribution. Denote the cdf of a univariate (central) ¢-distribution with v
degrees of freedom by F}, and define p-values corresponding to T;; by P = 2Fy, (—|T351).

Setting to = 0, a scenario {17;1, e ,n’q‘“k} means ¥y, 41 = ... = Ug_,4q, = 0 fori =
1,...,k. Hence,thecase 91 = 1o =93 = 0,94 = )5 =9¢ = 9y = 2and Jg = 99 = g =4
corresponds to {03,24,43}. The simulation results (Table 4.4) provide that the BPI procedure
apparently controls FWER. Note that because of the pooled variance estimate all p-values are
dependent. Although the power of the OB procedure is always larger than the power of the BPI
procedure, the power of the BPI is considerably lager than the power of the Bonferroni test and

SD procedure. Clearly, the gain in power is due to small proportions of null hypotheses.

Example 4.31 (Equi-correlation)
Let X;; = ¥; + /I —pYij + /pYoj. i € I, j € I, p € (0,1), where Yj; ~ N(0,0?),
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1¥-scenario Test Results form =3 Results form =5 Resultsform =7
FWER Ié] FWER Jé] FWER B

{03, 24,43}, Bonferroni  0.011 0.323 0.012 0.548 0.012 0.726
k=10,n =45,n¢ = 12 OB 0.040 0.440 0.042 0.675 0.043 0.835
BPI 0.040 0.417 0.047 0.657 0.050 0.822
SD 0.019 0.348 0.024 0.601 0.029 0.795
{04, 11,24, 31}, Bonferroni  0.011 0.130 0.012 0.316 0.012 0.466
k=10,n=45,n0 =12 OB 0.038 0.226 0.040 0.432 0.043 0.571
BPI 0.029 0.185 0.035 0.394 0.041 0.546
SD 0.014 0.138 0.017 0.339 0.019 0.500
{04, 14,24, 34,44}, Bonferroni  0.007 0.185 0.008 0.349 0.007 0.455
k =20,n=190,n0 = 30 OB 0.042 0.285 0.044 0.447 0.043 0.546
BPI 0.022 0.237 0.028 0.414 0.030 0.523
SD 0.009 0.193 0.012 0.367 0.013 0.478

Table 4.4: Simulation study for the pairwise mean comparisons problem in Example 4.30.

t=20,...,n,j € I, are independent standard normal random variables. We test again
H;:v9;,=0versus K; : 9; 20, i€ I,.

The test statistics and corresponding p-values are defined as in Example 4.29. The simulation is
performed for n = 100, m = 10, o2 =1and¥; =0forl <i<50andd; = 1 otherwise.
Figure 4.5 illustrates the dependence of FWER on p for the BPI procedure. The BPI test
controls FWER at most for very small or large values of p. For most of the p values the FWER
exceeds the pre-specified a-level. The reason is that the variance of the estimator 7o seems to be

increasing in p. For p = 1, it can be easily checked that the FWER is controlled.

Example 4.32 (Multivariate equi-correlated ¢-distribution)

Finally, we consider the situation described in Example 4.4 with equi-correlated ¢-distributed test
statistics. As pointed out before, in this special case the empirical distribution function of all
p-values corresponding to true null hypotheses converges in 0.5, i.e. lim, oo Fn70(0.5) = 0.5
almost surely. Therefore, A = 0.5 is the best choice in order to estimate 77y. Here we illustrate
the behaviour of the BPI test especially for the situation where nearly all hypotheses are true. Let
n=>50,v=1502=1,9;=0,i=1,...,n9and; = 3,7 = ng+1,...,n,ng = 20,48,49, 50.
Table 4.5 demonstrates that FWER is obviously controlled for all values of ng that are considered
here. Moreover, the differences between the four tests in FWER and power are more or less
negligible for large values of ng. For ng = 20 the power of the BPI procedure is close to that of
the OB test and considerably larger than for the Bonferroni and SD tests. Especially for ng = 49
the power of the BPI test seems a little smaller than for the Bonferroni test. This seems due to the

bias of Ny, i.e. the expectation of 7 is somewhat larger than ny.
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Figure 4.5: Simulated FWER of the BPI test in terms of the correlation coefficient p for equi-
correlated normal random variables defined in Example 4.31.

Test Results for ng = 20  Results for ng = 48  Results for ng =49  Results for
no = 50
FWER 1] FWER I6] FWER 1] FWER
Bonferroni  0.018 0.290 0.039 0.290 0.041 0.291 0.041
OB 0.044 0.422 0.041 0.295 0.042 0.294 0.041
BPI 0.044 0.411 0.041 0.292 0.042 0.290 0.041
SD 0.029 0.321 0.040 0.291 0.042 0.292 0.041

Table 4.5: Simulation study for the multivariate equi-correlated ¢-distribution model in Example
4.32 (Example 4.4).
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4.8 Summary

In this chapter we considered situations where some kind of weak dependence occurs. We inves-
tigated models for which the limiting ecdf of p-values corresponding to true null hypotheses is
asymptotically bounded by the cdf of the uniform distribution /' = Id if the number of true null
hypotheses tends to infinity.

In the case of BPI procedures (cf. Chapter 2) we gave a sufficient condition on an estimator
of the number of true null hypotheses ensuring FWER control at least asymptotically. We showed
that the estimators given in (2.6) and (2.9) fulfil the aforementioned condition so that BPI tests,
which control the finite FWER for independent p-values, control the asymptotic FWER for weak
dependent p-values. For estimators defined in (2.6), weak dependence condition (WD2) can be
reduced to condition (4.5), that is, the limiting ecdf of p-values under nulls in the point A is not
larger than A\. We gave an example for a set of p-values that fulfil (4.5) only for the unique point
A = 0.5. Note that for FWER control we did not need any additional condition on p-values. Weak
dependence is sufficient for asymptotic FWER control.

For asymptotic FDR control for SUD test procedures, we needed a so-called power assump-
tion guaranteeing that the proportion of rejected hypotheses is asymptotically bounded away from
0. Conditions (4.9) and/or (4.10) yield that the asymptotic FDR of some SUD tests is asymptot-
ically controlled under weak dependence. Unfortunately, it seems to be difficult to prove such
conditions. If the asymptotic crossing point converges to 0, i.e. the proportion of rejected hy-
potheses converges to 0, we do not have any arguments for asymptotic FDR control in this case. It
remains an open problem. However, we considered a specific set of p-values, for which SUD(\,,)
procedures with lim inf,, . A, /n > 0 (SU tests belong to this class) control the FDR asymptot-
ically. On the other hand, SD tests and SUD(\,) tests with lim,, o A,/n = 0 may violate the
pre-specified FDR-level.

We investigated various methods how convergence of an ecdf of p-values and/or weak de-
pendence can be proved. We gave simple conditions on correlations between p-values which are
equivalent to weak dependence given in (WD3) and/or convergence of the ecdf of p-values under
alternatives in the sense of the Glivenko-Cantelli Theorem. A slightly modified condition implies
even almost sure convergence of the ecdf of p-values corresponding to true/false null hypotheses.
Among others things, we considered different examples for weak dependent p-values like various
mixing models or autocorrelations. Weak dependence can sometimes be proved by means of U-
statistics. The SLLN for U-statistics may imply almost sure convergence of the ecdf of p-values
under nulls, which immediately yields the weak dependence condition (WD3).

For block-dependent p-values, we introduced conditions on block sizes leading to weak de-
pendence. The same conditions that apply to p-values under alternatives yield the convergence
of the ecdf of p-values corresponding to false hypotheses. We considered numerical examples
for block-dependent p-values and performed different multiple test procedures for a fixed set of
p-values. Thereby, tests controlling the FDR are more powerful than procedures controlling the
FWER. Moreover, the (3,-adjustment method and the plug-in LSU test rejected the most hypothe-
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ses.

In the case of a pairwise comparison we investigated the behaviour of the proportion of true
null hypotheses. We gave some examples for scenarios of parameters leading to a fixed asymp-
totic proportion of true nulls. We proved that the ecdf of true null hypotheses corresponding to
a comparison problem always fulfils the weak dependence condition (WD3). If the number of
different parameters is bounded and random variables with the same parameter are iid, then we
get the almost sure convergence of the ecdf of true nulls. We presented conditions under which the
ecdf of p-values under alternatives converges in the sense of the Glivenko-Cantelli Theorem. We
considered a numerical example for p-values of a pairwise comparison problem based on different
singular tests. We also performed various multiple tests for a fixed set of p-values. As antici-
pated, test procedure controlling the FDR rejected considerably more hypotheses than procedures
controlling the FWER.

For BPI procedures with the threshold (2.4) based on the estimator given in (2.6) we imple-
mented four numerical examples for dependent p-values, which do not necessarily fulfil the weak
dependence condition. In the case of equi-correlated p-values FWER control failed if the corre-
lation coefficient is not too large and not too small. However, for other dependence structures the
FWER is always controlled.
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Types of convergence

In probability theory, there exist several different notions of convergence of random variables. The
convergence (in one of the senses presented below) of sequences of random variables to some limit
random variable is an important concept in probability theory and its applications to statistics and
stochastic processes.

Throughout the following, we assume that { X, },,cn is a sequence of random variables, and

X is a random variable, and all of them are defined on the same probability space (£2,.4, P).

Definition A.1

A sequence { X, }nen of random variables converges in probability to X if
Ve>0: lim P(|X, — X|>¢)=0.
n—oo

Definition A.2
A sequence { X, }nen converges almost surely to X if

]P’(lim Xn:X)zl.

n—oo

Definition A.3
A sequence { X, }nen converges in the r-th mean orin the L, norm to X if E|X,,|" < oo, r > 1,
foralln € N and

lim E (X, — X|") = 0.

n—oo

Definition A.4 (Hsu and Robbins [1947])
We say that a sequence { Xy, }nen converges completely to a random variable X if

Ve>0: ZP(|XR—X|>6)<OO.

n=1

Corollary A.5

The following implications between the various notions of convergence apply:

e convergence almost surely implies convergence in probability,
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e convergence in the 1L, norm implies convergence in probability,
e convergence in the 1L, norm implies convergence in the ILg norm, provided that r > s > 1,
e convergence completely implies convergence almost surely.

Consider a sequence of iid random variables { X, },,cn defined on a probability space ((2,.4,P)
such that X, : 2 — R with cumulative distribution function (cdf) F'. The empirical caumulative
distribution function (ecdf) for X, ..., X, is defined by

A

. 1 &
Fo(x) = Fy(z,w) = - Z (002 (X5).
=1

Note that for an arbitrary but fixed z € R, Fn(x, -) is a sequence of random variables which
converges to F'(z) almost surely by the strong law of large numbers (SLLN), i.e. F},(z,-) — F(z)
pointwise. The Glivenko—Cantelli theorem strengthens this result by proving uniform convergence
of Fn to F.

Theorem A.6 (Glivenko-Cantelli)

Let { X, }nen be an iid sequence of random variables with distribution function F' on R. Then,

|E, — Flloo = sup |Ep(z,-) — F(x)| — 0 almost surely.
T€R

Now we consider a sequence of random variables X1, Xo, . .. defined on [0, 1], which are not
necessarily iid, but for which we get F},(z,-) — F(z) in probability for a fixed z € [0,1]. The
classical Glivenko-Cantelli theorem can be generalised to the case of convergence in probability

in the following way.

Lemma A.7 (Glivenko-Cantelli: convergence in probability)
Let F), : ([0,1],9) — [0,1], n € N, be such that F,,(z, ) is non-decreasing in z for each n € N
and F,,(z,-) — z,n — 00, in probability for all z € [0, 1]. Then,

sup |Fn(z,:) —z| — 0 for n — oo in probability. (A.1)
z€[0,1]

Proof: From F,,(z,-) — z in probability for all z € [0, 1], we get
Vzel0,1]: Ve>0: Ve >0: Inyee, €Nt Vn>mn,

P(|Fu(z,-) — 2| <€) >1—¢.

For an arbitrary but fixed k € Nand i € {0, ..., k} we obtain

Ve>0: Ver>0: dnjpee, ENt YV 2ngp o

(i)
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Setting nfﬂ = MaX;e(o,... k} Ni/k,e,e;» it follows by applying the Bonferroni inequality that

{ i
Vn> n];q . P (ie?(}%}fk} F, <k:’ ) - k‘ < e) >1—(k+1)er.
Furthermore, for i € {0,...,k — 1} we obtain

sup  (Fu(z,) — 2) SJQCZ{>_i

1+ 1 1+1 1
()5

141 )

SUP (Z*Fn('z)')) k *Fn (k")
i i+1

€[4, 3]

IN

) 1 1
= (-m )+
and
1 L1 . . 1
SiuIi)Jrl |Fo(z,) — 2| Smax(Fn (Z—Z ,.> _71—}; " %_Fn <;,>D —l-%,
z€[§, 5]
1 1 1
sup |Fn(z,-) — 2| < max |F, <’.>_ 4.
ze[o,l]| () | i€{0,....k} k k k
Hence,
P| sup |Fn(z,-) | < >P<ma F<Z> ‘< 1)
u n(z,)—z|<e] > X nl=—)—= €e—— .
z€(0,1] i€{0,...,.k} k k k
Then

€,€1 €,€1 °

1
Ve>0: Vk>=: Ve >0: Inf eN: VYn>nF
€
P| sup |Fn(z,-) —z| <e| >1—(k+1e.
z€[0,1]

Finally, choosing €; = 6/(k + 1) fora § > 0 we get

Ve>0: V6>0: InseN: Vn>ngs: IP’(sup |Fn(z,')—z|<e>21—5,
z€[0,1]

hence the assertion follows. [ |

The next theorem taken from Hu and Taylor [1997] gives conditions on random variables,

which imply almost sure convergence of weighted sums of these variables.

Theorem A.8 (Hu and Taylor [1997])
Let { Xy }ier, nen be real-valued random variables such that Xy, . . ., Xy, are independent for

all n € N. Let {an}nen be a sequence of positive real numbers such that an+1 > ay, and
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APPENDIX A. TYPES OF CONVERGENCE 115

lim,, o0 an, = 00. Let 9(t) be a positive, even and continuous function such that u)'gﬁ)') is an
increasing function of |t|, and ﬁ(plil% is a decreasing function of |t|, i.e.,
e(It]) P(t])
G T and e L as |t 1 (A.2)
for some integer p > 2. Moreover, suppose that
E(Xpi) =0, (A.3)
[e.e] n
Ey(| Xy
ZZ Y (1 Xnil) < 00, (A4)
n=1i=1 V(an)
o / n 2k
E(X2,
<Z (2”)> < o0, (A.5)
a
n=1 \i=1 n
where k is a positive integer. Then
1 n
— Xni — 0 almost surely. (A.6)
Qp, ©
=1

The next theorem given in Sung [2000] shows that different types of convergence are equiva-

lent under certain conditions.

Theorem A.9 (Sung [2000])
Let {Xp;}icr, nen and {ay }nen be defined as in Theorem A.8. Assume that (A.4) and (A.5) are
fulfilled. Then the following statements are equivalent:

1 n
1) - ZXM — 0 in the 1Lj norm,
" i=1

1 n
2) P Z Xni — 0 completely,

=1

1 n
3) . Z X — 0 almost surely,

" i=1
1 n
4) — Xpi— 0 bability.
) an; ni — 0 in probability
The next theorem gives the Dvoretzky-Kiefer-Wolfowitz (DKW) inequality, cf. Massart
[1990] and Dvoretzky et al. [1956].

Theorem A.10 (Dvoretzky et al. [1956])
Let X1, ..., X, beiid real valued random variables with the distribution function F' and the ecdf
Fn. Then

dJK>0: VneN: Ve>0: IP(sup|Fn(z)—F(z)\Ze> < K exp(—2né?).
z€R
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Moreover, Massart [1990] proved that K can be chosen to be equal to 2 and K cannot be further

improved.

The next result concerning expected values of non-decreasing functions is taken from Tong
[1980], p. 121.

Lemma A.11 (Tong [1980])
Let X;, i € I, be independent real valued random variables. Let F;, i € I, and Gy, i € I,,, be

cdfs such that
Viel,: VeeR: PH(X; >2) > P%(X; > ),

where X;, i € I, has the cdf F; (or G;) under the measure PFi (or PY, resp.). Let ¢ : R — R

be such that ¢(x1, . .., xy) is non-decreasing in each x;. Then
EF[d)(le v 7Xn)] > EG[¢(X17 v 7Xn)]7

where EF (or EC) denotes the expected value of ¢(X1,...,X,) under the product measure
®?:1[F’F" (or ®Z‘:1[PG1', resp.).
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