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Chapter 1

Introduction

1.1 Overview of the Project

The work described in this thesis is part of a project which may be entitled as
High-Precision Laser Spectroscopy of Ultracold Molecular Hydrogen Ions. Starting
in the year 1999 at the University of Konstanz [1–4] and now being conducted in
the group of Prof. S. Schiller at the University of Düsseldorf, progress achieved so
far may be divided into three stages.

I. In a first stage, described in Refs. [1–4], conceptual work was done on the
trapping and cooling of molecular hydrogen ions, leading to the choice of a
linear rf (Paul) trap together with sympathetic cooling, using laser-cooled
9Be+ ions. A two-photon, ro-vibrational transition in the electronic ground
state of the HD+ molecular ion was selected, suitable for high precision laser
spectroscopy. Furthermore, a detection scheme was worked out, employing
selective photodissociation of the HD+ molecular ions in the excited state. In
addition to conceptual work, an ultra-high vacuum (UHV) chamber for the
linear rf trap was set up together with a first version of the 313 nm cooling
laser system, required for Doppler laser cooling of the 9Be+ ions.

II. In a second stage, described in this thesis as well as Refs. [4–8], the experimen-
tal setup was completed and first results were obtained. In particular, laser
cooling and crystallization of 9Be+ ions was demonstrated, the 9Be+ ion crys-
tals being characterized with respect to their crystal structure, outer shape,
and temperature. Furthermore, sympathetic cooling of 14N+, BeD+, BeH+,
4He+, HD+, and D+ ions was demonstrated with both the sympathetically
cooled (SC) and the laser-cooled (LC) ions in a cloud-like state. Accordingly,
sympathetic cooling down to a mass ratio of mSC/mLC =0.22 was shown to be
possible as was later confirmed for the crystalline state [9]. Finally, sympa-
thetic crystallization of 4He+ ions was demonstrated by preparing two-species
9Be+-4He+ ion crystals of different size, each with a core of crystallized non-
fluorescent 4He+ ions.
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III. Subsequent experimental work performed in the group of Prof. S. Schiller up
to the present time is described in Refs. [9–15], a short summary of which is
found at the end of this thesis. In particular, sympathetic crystallization of
H+

2 , HD+ , and D+
2 as well as many other atomic and molecular ion species was

demonstrated, culminating in the first laser spectroscopic measurements of
ro-vibrational transitions in ultracold HD+ ions, embedded into a 9Be+ ion
crystal.

1.2 High-Precision Laser Spectroscopy of Ultracold
HD+ Ions and Related Topics

In the following, various topics will be described, all related in some respect to the
ultimate goal of high-precision laser spectroscopy of ultracold HD+ molecular ions.

Laser Spectroscopy of the Molecular Hydrogen Ion

Among numerous motivations [1,2,6,14,16] for high-precision laser spectroscopy
of the molecular hydrogen ion, i.e. H+

2 and its isotopomers HD+ and D+
2 , a measure-

ment of the fundamental mass ratios me/mp and mp/md is regarded as the main
motivation for the project described in Sect. 1.1. So far, the most accurate values
of me/mp and mp/md are specified with relative uncertainties of 4.6 · 10−10 [17,18]
and 2.0 · 10−10 [17], respectively, obtained by Penning trap mass spectrometry and
electron spin resonance of hydrogen-like ions in a Penning trap. Alternatively, a
measurement of me/mp and mp/md by laser spectroscopy of ro-vibrational tran-
sitions in HD+ should be feasible as well. This is due to the dependencies of the
vibrational and rotational level energies on the mass ratio me/μ, which in a first
approximation are given by Evib∼R∞(me/μ)1/2 and Erot∼R∞(me/μ) [14]. Here,
μ = mp md/(mp +md) is the reduced mass of the two nuclei. Expectations with
regards to accuracy, surpassing those achieved by Penning trap mass spectrometry,
are based on two facts: (i) by taking appropriate measures against line-shifting
and broadening effects such as collision, Doppler, and transit time broadening, a
spectroscopic resolution at the level of the relative linewidth due to spontaneous
decay δν/ν ≤ 10−13 should be possible. In particular, spatial confinement of the
HD+ molecular ions, cooling to the milli-Kelvin range and/or use of two-photon
spectroscopy [1,19] will be required. (ii) the molecular hydrogen ions H+

2 , HD+,
and D+

2 are the simplest molecules of all, each representing a fundamental three-
body system. Accordingly, high-precision ab initio molecular calculations of the
ro-vibrational level energies and transition rates are possible [16,20–22]. Thus, by
comparing the measured ro-vibrational transition frequencies in HD+ with the cor-
responding molecular calculations, determination of the fundamental mass ratios
me/mp and mp/md should be possible with an accuracy similar to those of the ex-
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perimental and theoretical data. Up to the present time, laser spectroscopy of the
ro-vibrational transition in HD+ usually was performed on molecular ion beams,
yielding relative accuracies of δν/ν ≤ 10−6 [23,24] which is far from the accuracy
aimed at. On the other hand, nonrelativistic calculations of the ro-vibrational level
energies in HD+ for orbital momenta L≤4 and vibrational quantum numbers ν≤4
have been performed with a precision of approximately 10Hz [16]. Together with
calculations of the leading order relativistic [20] and radiative corrections [21] as
well as a complete ab initio calculation of the contribution due to hyperfine en-
ergy [22], a final precision of approximately 50 kHz was obtained. Thus, regarding
theory, sufficient accuracy has been reached to allow for a determination of the
electron-to-proton mass ratio me/mp with a relative uncertainty of 1·10−9 [22] once
experimental data with a similar accuracy is available. Finally, a test of the time-
invariance of me/mp at a level of 10−15/yr [16] should be feasible as an ultimate
goal, if increasing both the experimental and theoretical accuracies up to their
respective limits.

Sympathetic Cooling

Cooling of the HD+ molecular ions using laser-cooled 9Be+ ions, i.e. indirect
cooling of one ion species by Coulomb interaction with another, directly laser-
cooled ion species, usually is referred to as sympathetic cooling. In the ultimate
case of sympathetic cooling where temperatures of a few milli-Kelvin are reached,
sympathetic crystallization of the sympathetically cooled ions takes place and a
multi-species ion crystal forms. Historically, a first experiment on sympathetic
cooling was performed in a Penning trap between different types of Mg+ isotopes,
including laser spectroscopy of the sympathetically cooled species in order to deter-
mine isotope shifts [25]. In rf (Paul) traps, sympathetic cooling was observed with
the first experiments on ion Coulomb crystals (see below), where the appearance of
dark, non-fluorescent spots in the crystals was recognized as sympathetic cooling
of additionally trapped impurity ions. In more recent experiments using linear rf
traps, sympathetic cooling was applied to various ion species in different applica-
tions, two of which shall be mentioned here: (i) sympathetic cooling of a single
24Mg+ ion by a single 9Be+ ion and vice versa was demonstrated in Ref. [26] for
the purpose of quantum information processing. In particular, cooling of the axial
oscillation modes of a two-ion 9Be+-24Mg+ crystal down to the ground state was
shown to be possible, choosing 9Be+ as the coolant ion. (ii) sympathetic cooling of
large molecules was demonstrated in Refs. [27,28]. In particular, singly protonated
organic molecules (m=410u) [27] and singly charged fullerene ions (m=720u) [28]
were sympathetically cooled, using laser-cooled 138Ba+ and 24Mg+ ions, respectively.
Finally, it should be noted that a minimum mass ratio of mSC/mLC =8/15 ≈ 0.53
was predicted in Ref. [29] as a lower limit for sympathetic cooling, where mSC and
mLC denote the masses of the sympathetically cooled (SC) and laser-cooled (LC)
ions, respectively. In this theoretical work, both the sympathetically and laser-
cooled ions were assumed to be in a cloud-like state and confined in a linear rf trap.
Thus, if valid as a general limit, sympathetic cooling of the HD+ molecular ions
using laser-cooled 9Be+ ions would be impossible since mBe/mHD =0.3.
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Single-Species Ion Crystals

Single-species 9Be+ ion crystals are not only a prerequisite for the sympathetic
crystallization of HD+ molecular ions, but also represent physical systems of sig-
nificant interest by their own, usually referred to as Coulomb crystals. Besides
from their possible occurrence in the interior of brown and white dwarfs [30], ion
Coulomb crystals are prepared routinely in the laboratory by laser cooling of, e.g.,
9Be+, 24Mg+, 40Ca+, or 138Ba+ ions in rf (Paul) as well as Penning traps. Typical
ion densities in trapped ion crystals are 107 – 109 cm−3, depending on the partic-
ular strength of the confining potential, thus decreased by more than ten orders
of magnitude with respect to those in the conventional solid state. As a conse-
quence, very low temperatures of a few milli-Kelvin have to be reached in order to
achieve crystallization of the trapped ion cloud. Due to their finite size, trapped ion
Coulomb crystals generally exhibit a lattice structure which strongly depends on
the total number of ions as well as the particular confining forces. As an example,
ion crystals in an infinitely long, cylindrically symmetric 2-D harmonic confining
potential, approximately realized by a highly prolate linear rf trap or a quadrupole
rf storage ring, are expected to arrange as (in order of increasing ion number):
1-D strings, zigzag-structures, helices, and multishell structures [31]. Ion Coulomb
crystals for the first time were observed in hyperbolic rf (Paul) traps [32,33], followed
by quadrupole rf storage rings [34,35] and Penning traps [36,37]. Numerous ap-
plications have been demonstrated up to the present time, among which frequency
standards [38] and memories for quantum computing [39] shall be mentioned here.
Implementation of a quantum computer by a string of trapped ions has been sug-
gested in Refs. [40, 41]. Detailed studies of the formation process as well as the
shell structure of large 24Mg+ ion crystals in a linear rf trap is found in Refs. [42],
including comparisons with molecular dynamics (MD) simulations.

Multi-Species Ion Crystals

In the ultimate case of sympathetic cooling down to temperatures in the milli-
Kelvin range, sympathetic crystallization occurs. Thus, a multi-species ion crystals
forms, consisting of the laser-cooled as well as sympathetically cooled ions. While an
exact theoretical description of the spatial arrangement of the different ion species is
only possible using molecular dynamics (MD) simulations, a few general rules can be
stated here: in rf (Paul) as well as Penning traps, a radial separation of the different
ion species is expected to occur due to the decrease in strength of the confining
potential with increasing ion mass. In particular, ions with a mass-to-charge ratio
lower than that of the laser-cooled ions are expected to arrange on the trap axis,
while ions with a mass-to-charge ratio higher than that of the laser-cooled ions are
expected to arrange at the outer crystal regions. Radial separation was confirmed
experimentally in both rf (Paul) [43] as well as Penning traps [44]. Furthermore,
with the cooling laser beam directed along the trap axis, a partial axial separation
is observed [45–47] between the sympathetically and the laser-cooled ions. This is
caused by radiation pressure which solely acts on the laser-cooled species. In order
to determine the (translational) temperature of the sympathetically cooled ions,
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optical spectroscopy may be employed in case of atomic [25] as well as molecular ions
[12]. However, in general this is limited by the accessibility of optical transitions in
the sympathetically cooled ion species. Sympathetic crystallization of HD+ as well
as large molecular ions (m=20000 u, Q=20 e) in a linear rf trap using laser-cooled
9Be+ and 138Ba+ ions, respectively, was studied theoretically in Ref. [48]. This was
done by use of molecular dynamics (MD) simulations which included the full time-
dependence of the rf trapping fields in order to accurately account for rf heating.
A temperature almost equal to that of the laser-cooled ions was reached by the
sympathetically cooled ions. Accordingly, sympathetic crystallization was predicted
to be possible down to a mass ratio of mSC/mLC = 0.3 as was later confirmed
experimentally [9]. Finally, two possible applications of multi-species ion crystals
shall be noted here, the second of which was pursued in this work: (i) the use of
(small) two-species ion strings for quantum computing as suggested in Ref. [49],
and (ii) the use of (large) two-species ion crystals as a source of ultracold atomic
(e.g., 4He+ ) or molecular (e.g., HD+ ) ions.

Laser-Cooled Fluorescence Mass Spectrometry (LCF-MS)

Identification of non-fluorescent ions, sympathetically cooled by the laser-
cooled ions, may be achieved using a technique for which the term laser-cooled
fluorescence mass spectrometry (LCF-MS) was introduced in Ref. [50]. LCF-MS is
based on the resonant excitation of secular ion motion in the time-averaged trap
potential of a rf (Paul) trap, which for the first time was demonstrated in Ref. [51] in
order to selectively remove ions from a hyperbolic rf trap. By scanning the frequency
of an electric excitation field superimposed to the trapping field, while monitoring
the fluorescence of the laser-cooled ions, a mass spectrum is obtained: resonant
excitation of a particular sympathetically cooled ion species with a given mass-to-
charge ratio m/Q causes a temporary sympathetic heating of the laser-cooled ions
which in turn is reflected by a corresponding change in fluorescence signal. Thus,
LCF-MS is non-destructive and easy to implement as compared to time-of-flight
[52] as well as other techniques [53]. Usually, both the sympathetically and the
laser-cooled ions are prepared in a cloud-like state in order to reduce Coulomb in-
teractions between the ions. Accordingly, simple mass spectra are obtained since
resonant excitation approximately occurs at the respective single particle frequen-
cies ωr∼Q/m. In general, a characteristic asymmetric shape is observed for the dips
in the fluorescence signal constituting the mass spectrum. This could be explained
by a simplified model, formulated in Ref. [54], which is based on the time-averaged
trap potential description and accounts for laser cooling, sympathetic cooling, rf
heating, and space charge. Recently, LCF-MS was studied in detail for the case
of ion plasmas in a crystalline state [13]. In particular, LCF-MS was performed
on multi-species ion crystal containing different species of sympathetically cooled
as well as the laser-cooled ions. Large frequency shifts with respect to the single
particle frequencies ωr ∼ Q/m as well as peak coalescence were observed. This
could be explained by the strong mutual Coulomb interactions between the ions of
different species.
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1.3 Structure of the Present Thesis

Chapter 2: A brief introduction will be provided to the theoretical concepts
and terminology as required for the interpretation of experimental results in chap-
ters 5–7. In particular, the time-averaged potential description of the linear rf trap,
the thermal equilibrium states of a confined single-species plasma, and a simplified
model of laser-cooled fluorescence mass spectrometry (LCF-MS) will be reviewed.

Chapters 3 and 4: These two chapters cover the experimental setup. In
chapter 3, the ultra-high vacuum (UHV) and fluorescence detection setup will be
described, including new components such as a new linear rf trap, a new trap
supply electronics, and the detection optics. In chapter 4, the cooling laser system
will be described. In particular, the final setup for doubly resonant sum-frequency
generation (DR-SFG) of 313 nm laser light will be characterized with respect to
output power, tunability, and spectral purity. Furthermore, a brief description will
be given of an absolute frequency stabilization and a frequency shifter which both
were added to the DR-SFG setup.

Chapter 5: Mass spectra obtained by laser-cooled fluorescence mass spec-
trometry (LCF-MS) will be presented, where LCF-MS was performed on plasmas
in a cloud-like state. Various sympathetically cooled ion species could be identi-
fied. However, the focus in this chapter will be on the interpretation of the obtained
fluorescence signal shape.

Chapter 6: Single-species 9Be+ ion crystals will be investigated in detail. As
a starting point, a general description will be given of the continuous transition to
the crystalline state, characteristic of confined plasmas of finite size. Temperature
estimates will be given, obtained from fits of Voigt profiles to the measured fluores-
cence signal of the 9Be+ ions. Finally, a detailed study of ellipsoidal shaped 9Be+ ion
crystals in a fully anisotropic time-averaged trap potential will be presented.

Chapter 7: Sympathetic crystallization of atomic 4He+ ions will be demon-
strated. In particular, different sized two-species 9Be+-4He+ ion crystals will be
presented which may serve as a source of ultracold 4He+ ions, suitable for high-
precision laser spectroscopy.

Chapter 8: A summary will be given of the experimental results achieved in
this work. This chapter also includes a short outlook on subsequent experimen-
tal results, achieved in the group of Prof. S. Schiller and leading to the first laser
spectroscopic measurements of ro-vibrational transitions in ultracold HD+.
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Theoretical Introduction

In this chapter, the terminology and theoretical concepts will be provided
as far as relevant to the interpretation of the experimental results presented in
chapters 5–7. As a starting point, a brief review will be given in Sect. 2.1 of the
time-averaged trap potential of the linear rf trap. After that, different aspects of
the thermal equilibrium state of a confined single-species plasma will be considered
in Sect. 2.2. In particular, a brief introduction will be given in Sect. 2.2.1 to
the single species plasma, including theoretical concepts such as the Debye length
and the plasma coupling parameter. Furthermore, a charged fluid description will
be used in Sect. 2.2.2 to predict the outer shape of a single species plasma in
the crystalline state. A theoretical description of the continuous transition to the
crystalline state, characteristic of confined single-species plasmas of finite size, will
be deferred to chapter 6. Finally, a simplified model of laser-cooled fluorescence
mass spectrometry (LCF-MS) will be reviewed in Sect. 2.3.

2.1 Time-Averaged Trap Potential

The transverse dimensions of the linear rf trap are determined by the radius r′

of the electrode rods and the minimum distance r0 from the trap axis to the electrode
surfaces as indicated in Fig. 2.1. The motion of a trapped particle is preferably
described in Cartesian coordinates, where the orientation of the coordinate axes is
chosen as shown in Fig. 2.1. Throughout this work, the z-axis shall be referred to
as the trap axis.

At first, the case of a pure rf voltage URF sin(Ω t) shall be considered, applied to
the electrode rods as shown in Fig. 2.1. The resulting electric potential in the region
of the trap axis is a time-varying quadrupole potential plus additional higher order
terms, since the round shape of the electrode cross sections deviates from the ideal
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Figure 2.1: Overview of the rf and static voltages applied to the linear trap. Left:
cross section of the linear trap. The rf voltage URF sin(Ω t) and the static voltage UDC

are applied to the electrode rods in a quadrupolar configuration. Right: side view of
the linear trap. Each electrode rod is divided into three electrically isolated segments, the
center electrode and the two endcap electrodes. In addition to the voltage URF sin(Ω t)+UDC

applied throughout the whole length of the linear trap, a static voltage UEC is applied to
the eight endcap electrodes, while the four center electrodes are held at ground potential.

hyperbolic shape. However, close to the trap axis the contribution of the higher
order terms can be neglected. This is true in particular if the optimum value of
1.1468 [55] is chosen for the ratio r′/r0. In the xy-plane, i.e. transverse to the
trap axis, the equation of motion of a particle with charge Q and mass m thus can
be solved analytically [56] in terms of the so-called Mathieu functions [57]. Stable
solutions, i.e. solutions with an amplitude that stays finite, are determined by the
criterion q<0.908, where

q
def=

2 QURF

m r2
0 Ω2

(2.1)

is the so-called Mathieu stability parameter. Furthermore, if q�1, the transverse
motion of a trapped particle can be adequately described by the motion in a time-
averaged harmonic potential [58], superimposed by an additional jitter motion at
the radio frequency Ω. For the linear trap geometry shown in Fig. 2.1, the time-
averaged (electric) potential is given by

φtrap =
m ω2

0

2 Q

(
x2 + y2

)
, where (2.2a)

ω0 =
QURF√
2 m Ω r2

0

. (2.2b)

Accordingly, ω0 is the frequency of the trapped particle motion transverse to the
trap axis. From the condition q � 1 together with Eqs. (2.1) and (2.2b), the relation



2.1 Time-Averaged Trap Potential 9

ω0 =(q/
√

8)Ω�Ω can be derived which states that the motion in the time-averaged
potential, the so-called secular motion, is of much lower frequency than the jitter
motion at the radio frequency Ω, the so-called micromotion.

Confinement along the trap axis is achieved by applying a static voltage UEC to
the endcap electrodes as indicated in Fig. 2.1. A numerical solution of the resulting
electrostatic potential on the trap axis will be shown in Sect. 3.2. Furthermore,
a static voltage UDC can be added to the rf voltage URF sin(Ω t), thus augmenting
the time-varying quadrupole potential by a static component. The corresponding
time-averaged (electric) trap potential, including the effect of the additional static
voltages UEC and UDC, is given by

φtrap =
m

2 Q

(
ω2

x x2 + ω2
y y2 + ω2

z z2
)

, where (2.3a)

ωx =

√
ω2

0 +
QUDC

m r2
0

− 1
2

ω2
z (2.3b)

ωy =

√
ω2

0 − QUDC

m r2
0

− 1
2

ω2
z (2.3c)

ωz =

√
2 κQUEC

m
. (2.3d)

Accordingly, ωx and ωy are the transverse trap frequencies of the particle motion in
x and y-direction, respectively, while ωz is the axial trap frequency of the particle
motion along the trap axis. The frequency ω0 which appears in Eqs. (2.3b) and
(2.3c) is given by Eq. (2.2b), whereas κ in Eq. (2.3d) is a constant determined by
the trap geometry. Appearance of the term −ω2

z /2 in Eqs. (2.3b) and (2.3c) reflects
the fact that the static electric field caused by the endcap voltage UEC also has
components in the x and y-direction. Finally, it should be noted that Eqs. (2.3a–d)
apply to particles of both polarities, positive and negative, if choosing the endcap
voltage UEC appropriately. However, in the remainder of this chapter, a positive
charge Q>0 and thus a positive endcap voltage UEC >0 shall be assumed.

If no static voltage UDC is applied, the transverse trap frequencies ωx and
ωy, given by Eqs. (2.3b) and (2.3c), are degenerate and the time-averaged trap
potential (2.3a) possesses cylindrical symmetry. By applying a static voltage UDC >
0, the cylindrical symmetry is broken and the transverse trap frequency ωx increases
while ωy decreases. Finally, for a sufficiently large voltage UDC, the transverse trap
frequency ωy vanishes, implying that the motion in y-direction becomes unstable.
The same is true for UDC <0, where in this case the motion in x-direction becomes
unstable. Application of a static voltage UDC may be used to remove high-mass
impurity ions from the trap as well as to produce ellipsoidal shaped plasmas as will
be demonstrated in Sect. 6.3.
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2.2 Thermal Equilibrium States of the Confined

Single-Species Plasma

In this section, a general introduction will be given to the single species plasma
and the one-component plasma (OCP) model. Furthermore, a charged fluid de-
scription will be used to predict the outer shape and average number density of
a crystalline single species plasma, confined in the time-averaged trap potential
(2.3). In both the OCP model as well as the charged fluid description, thermal
equilibrium is assumed. Thus, when comparing the predictions of the charged fluid
description with the outer shape of the 9Be+ ion crystals in chapter 6, it should
be noted that strictly speaking the latter are not in a thermal equilibrium state.
Rather, the 9Be+ ion crystals are in a stationary state which is governed by the
balance between laser cooling and rf heating (→ Sect. 6.2).

2.2.1 Single-Species Plasmas and the OCP Model

The 9Be+ ion crystals presented in chapter 6 as well as the 9Be+ ions in the
cloud-like state which precedes the crystalline state, are, apart from a few addi-
tionally trapped impurity ions, examples of confined single-species plasmas [59,60].
Whereas ”normal” plasmas are defined as (partially) ionized gases which are macro-
scopically neutral, single-species plasmas are completely unneutralized and in that
respect they are the limiting case of a more general class of plasmas referred to
as nonneutral plasmas [61]. However, despite the fundamental difference between
neutral and nonneutral plasmas, many of the collective phenomena which are char-
acteristic of neutral plasmas are also observed for confined nonneutral plasmas.
This justifies the designation of the latter as plasmas. In particular, a test charge
introduced into a neutral plasma at temperature T , consisting in equal shares of
particles with charges ±Q, is effectively shielded at distances larger than the Debye
length

λD

def=

√
ε0 kB T

n Q2
, (2.4)

where n is the number density of all particles regardless of their sign of charge [62].
Similarly, Eq. (2.4) applies to the case of a confined single-species plasma, consisting
solely of particles with charge Q, where any externally imposed electrostatic field
is shielded out from the plasma interior within a distance in the order of the Debye
length (2.4) [61]. In this case, n denotes the number density of the single-species
plasma, i.e. the number density of the particles with charge Q. Thus, a criterion for
the designation of a system of confined charged particles as a plasma can be derived,
according to which the system has to be large in all its dimensions compared to the
Debye length (2.4) [59,60].
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A standard theoretical model to study correlations in neutral plasmas is the
one-component plasma (OCP) which consists of a system of identical, classical
charged particles embedded in a uniform neutralizing background charge of opposite
sign and number density n0 [63–66]. The OCP is of great astrophysical importance
since it provides an excellent model for describing many aspects of superdense,
completely ionized matter, typical of the interior of brown (Jupiter: T =2– 3·104 K,
n=3.5 ·1024 cm−3) and white dwarfs (T up to 2 ·107 K, n up to 1034 cm−3) [30]. As
was first shown in Ref. [63], the nature of the thermal equilibrium state of an infinite
OCP at temperature T is solely determined by a single dimensionless parameter,
the so-called plasma coupling parameter

Γ def=
Q2

4πε0aWSkB T
. (2.5)

Here, Q is the charge of the particles embedded in the uniform neutralizing back-
ground charge. The Wigner-Seitz radius aWS is a measure of the interparticle spac-
ing and is defined by (4/3)πa3

WS =n−1
0 . Accordingly, the plasma coupling parameter

(2.5) is the ratio of the average Coulomb interaction energy between neighboring
particles to the average thermal energy kB T . For an infinite OCP, the formation of
a liquid phase and a liquid-solid phase transition are predicted to occur at

• Γ > 2 [64], where the system begins to exhibit local
order characteristic of a fluid, and

• Γ ≈ 170 [65,66], where a phase transition to a crystal state
with a bcc lattice structure takes place.

A general review on strongly correlated (Γ � 1) OCPs is given by Ichimaru in
Ref. [67].

Laboratory realizations of finite OCPs are provided by single-species plasmas
confined in Penning as well as rf (Paul) traps, where in each case a 3-D harmonic
trap potential a acts as the uniform neutralizing background charge. In particular,
the number density n0 can be derived from the 3-D harmonic trap potential using
Poisson’s equation n0 =(Q/ε0)Δφtrap. Furthermore, as will be shown in Sect. 2.2.2,
the number density n0 becomes equal to the number density of the confined charges
in the low temperature limit where the Debye length (2.4) is negligibly small com-
pared to all plasma dimensions. Accordingly, the plasma coupling parameter Γ as
defined by Eq. (2.5) also applies to a confined single-species plasmas. In general,
confined plasmas with a plasma coupling parameter Γ�1 are referred to as weakly
correlated plasmas, whereas confined plasmas with a plasma coupling parameter
Γ � 1 are referred to as strongly correlated plasmas. Comparisons of strongly

aPenning trap: effective trap potential in the rest frame of the rotating plasma. Rf (Paul) trap:
time-averaged trap potential (→ Sect. 2.1).
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correlated single-species plasmas, confined in Penning and rf (Paul) traps, with the
predictions of the OCP model are found in Ref. [68] (Penning trap) and Ref. [69]
(linear rf trap).

Finally, it should be noted that the ion crystals presented in chapter 7, con-
sisting of laser-cooled 9Be+ ions as well as sympathetically cooled 4He+ ions, are
examples of confined plasmas with a single sign of charge. This is a further subset
of the nonneutral plasma.

2.2.2 The Charged Fluid Model

A weakly correlated (Γ � 1) single-species plasma consisting of N ions with
charge Q and mass m, confined in a given trap geometry and in thermal equi-
librium at temperature T , may be described as a macroscopic charged fluid with
number density nf (r) [61]. In their review article, Dubin and O’Neil [60] (see also
Ref. [70]) derive a set of equations which determines the thermal equilibrium state
of such a charged fluid by the requirement of force balance, i.e. no net force on any
fluid region. For a few simple trap geometries, numerical solutions are presented in
Ref. [71] which all have in common a number density nf (r) which is nearly constant
within the fluid and then drops to zero at the outer fluid boundary on the scale
of the Debye length λD [Eq. (2.4)] a. This characteristic behavior was confirmed
by measurements of the density profiles of pure electron [72] as well as buffer-gas-
cooled Mg+ ion plasmas [73], confined in Penning-like traps. A simplification of
the equations derived in Refs. [60,70] is shown to be possible in the limit where the
Debye length λD becomes negligibly small compared to all plasma dimensions. In
this limit, the requirement of force balance is already fulfilled if at any point within
the fluid the repulsive forces due to space charge are compensated by the external
confining forces. For a crystalline single-species plasma, like the 9Be+ ion crystals
in chapter 6, the Debye length λD is even smaller than the interparticle spacing
(→ Sect. 6.2). Thus, the condition of a negligibly small Debye length compared to
all plasma dimensions is fulfilled. However, crystalline plasmas are strongly cor-
related plasmas (Γ � 1) for which the charged fluid model becomes inadequate.
In the framework of a N -particle description (canonical ensemble) of the thermal
equilibrium state of a confined, strongly correlated single-species plasma, it can
be shown that correlations merely establish order within the plasma rather than
causing any appreciable change of the outer plasma shape or the average number
density [60]. Therefore, the predictions of the charged fluid model remain valid
even for a crystalline plasma, as long as the above characteristics are concerned. In

aSince in the cited references, the focus is on Penning traps where radial confinement is pro-
vided by an uniform magnetic field along the trap axis, a further characteristic of the presented
solutions is the rigid rotation of the whole fluid around the trap axis. However, by replacing the
corresponding effective trap potential in the rotating frame by the time-averaged potential of the
rf (Paul) trap, the theoretical treatment can be easily adapted to the latter type of traps.
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the following, the charged fluid model shall be used to determine the outer shape
and average number density of a crystalline single-species plasma, confined in the
time-averaged trap potential (2.3).

If the confining forces can be expressed in terms of a trap potential b, the
requirement that the repulsive forces due to space charge have to be compensated
by the external confining forces can be stated in the form φtrap(r)+φf (r)= const
∀ r∈Vf . Here, φf and Vf designate the space charge potential and the volume of the
charged fluid, respectively. Since φf is related to the number density nf by Poisson’s
equation Δφf (r) = −(Q/ε0)nf (r), application of the Laplace operator Δ to both
sides of the equation φtrap(r)+φf (r) = const directly yields the number density
nf (r) = (ε0/Q)Δφtrap(r) within the charged fluid. Accordingly, a trap potential
with a harmonic dependence on the spatial coordinates x, y, and z yields a number
density which is constant within the charged fluid. In particular, if φtrap is given
by the time-averaged trap potential (2.3) of the linear rf trap, the number density
within the charged fluid is given by

n0 =
ε0 U 2

RF

m Ω2 r4
0

, (2.6)

where Eq. (2.2b) was used. It should be noted that n0 neither depends on the static
voltages UDC and UEC (→ Sect. 2.1) nor on the charge Q of the ions constituting the
plasma.

In order to determine the outer shape of the charged fluid, confined in the time-
averaged trap potential (2.3), it suffices to note that the electrostatic potential of
a tri-axial ellipsoid of constant charge density ρ0 has a harmonic dependence on
the spatial coordinates x, y, and z within the ellipsoid [74]. In particular, with the
additional boundary condition of vanishing at infinity, the potential φf within the
ellipsoid is given by

φf (r) =
ρ0

4 ε0

[
Ax(R2

x − x2) + Ay(R2
y − y2) + Az(L2 − z2)

]
, (2.7)

where Rx, Ry, and L are the principal axes of the ellipsoid in x, y, and z-direction,
respectively. Eq. (2.7) matches onto an exterior solution which vanishes at infinity.
The dimensionless coefficients Ax, Ay, and Az can be expressed as functions of the
principal axes ratios Rx/L and Ry/L as will be shown in appendix A. Thus, the
requirement φtrap(r)+φf (r)=const ∀ r∈Vf can be fulfilled for any given trap poten-
tial with a harmonic dependence on the spatial coordinates x, y, and z, by arrange-
ment of the charged fluid into a tri-axial ellipsoid of appropriate shape and charge

bThroughout this work, the term trap potential designates an electric potential in the sense
that the force acting on a particle with charge Q is given by F = −Q∇φtrap(r). Of course, trap
potentials like the time-averaged trap potential (2.3) are not electrostatic potentials in a true sense
since they do not obey Laplace’s equation Δφ(r)= 0.
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Figure 2.2: Solution of Eqs. (2.8a) and (2.8b) for the special case ωx = ωy in which the
outer shape of the charged fluid is a spheroid with radius R and half-length L. The aspect
ratio R/L is plotted as a function of the trap frequency ratio ωz/ωr, where ωr

def= ωx =ωy.
For comparison, a grey line shows the aspect ratio R/L = ωz/ωr as expected in case of
noninteracting particles. Dashed lines mark the transition of the outer shape of the charged
fluid from a prolate (R<L) to an oblate (R>L) spheroid.

density. In particular, if φtrap is given by the time-averaged trap potential (2.3),
the requirement is fulfilled by ρ0 =Qn0 and Ai =2ε0mω2

i /n0Q
2 (i = x, y, z), where

n0 is given by Eq. (2.6) and ωx, ωy, and ωz are the trap frequencies (2.3b–d). The
principal axes ratios Rx/L and Ry/L can thus be calculated for a given set of trap
frequencies (2.3b–d) by simultaneously solving the two equations

(
ωx

ωz

)2

=
Ax(Rx/L, Ry/L)
Az(Rx/L, Ry/L)

(2.8a)

(
ωy

ωz

)2

=
Ay(Rx/L, Ry/L)
Az(Rx/L, Ry/L)

. (2.8b)

Fig. 2.2 shows a solution of Eqs. (2.8a) and (2.8b) for the special case of degen-
erate transverse trap frequencies ωx =ωy (→ Sect. 2.1) in which the trap potential
possesses cylindrical symmetry around the trap axis. The resulting spatial distribu-
tion of the charged fluid is a spheroid (ellipse of revolution) of constant charge den-
sity ρ0 =Qn0 with radius R and half-length L. Accordingly, Eqs. (2.8a) and (2.8b)
reduce to a single equation which relates the aspect ratio R/L = Rx/L= Ry/L to
the corresponding trap frequency ratio ωr/ωz, where ωr

def= ωx =ωy. With increasing
value of ωz/ωr, the outer shape of the charged fluid changes from a prolate spheroid
(R<L) to an oblate spheroid (R>L), where for the special case ωz/ωr =1 the outer
shape is a sphere with radius R=L. For comparison, Fig. 2.2 also shows the aspect
ratio R/L = ωz/ωr as expected in case of noninteracting particles (→ Sect. 6.1).
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Thus, the outer shape of the charged fluid is modified due to the collective inter-
action by space charge in so far as the prolate-oblate deformation becomes more
pronounced.

Hornekær et al. [42,75] have found good agreement between the predictions
of the charged fluid model shown in Fig. 2.2 and the measured aspect ratios R/L
of a large variety of spheroidal shaped 40Ca+ ion crystals. In chapter 6, the mea-
sured aspect ratios R45/L

def= [(R2
x+R2

y)/2 ]1/2/L of different-sized ellipsoidal shaped
9Be+ ion crystals will be compared with a solution of Eqs. (2.8a) and (2.8b) for the
most general case of non-degenerate transverse trap frequencies ωx �=ωy.

2.3 Laser-Cooled Fluorescence Mass Spectrometry
(LCF-MS)

In this section, a simplified model of laser-cooled fluorescence mass spectrome-
try (LCF-MS) will be reviewed which was formulated by Baba and Waki in Ref. [54].
The model is intended to describe LCF-MS, performed on ions in a cloud-like state
and confined in a linear rf trap. Furthermore, the cooling laser frequency is assumed
to be only slightly red-detuned with respect to the cooling transition frequency.
Accordingly, a temporary heating of the laser-cooled ions will cause a dip in the
fluorescence signal as will be further discussed in Sect. 5.1. This corresponds to
the experimental conditions of the measurements presented in Refs. [50,76,77] as
well as those in chapter 5 of this work. The simplified model is based on the time-
averaged trap potential approximation (→ Sect. 2.1) and accounts for laser cooling,
sympathetic cooling/heating, rf heating, and space charge. In particular, a sim-
ple analytical expression is used for the space charge potential of the laser-cooled
ions which will first be derived in Sect. 2.3.1, before turning to the model itself in
Sect. 2.3.2.

2.3.1 Effective Trap Potential

In the simplified model of LCF-MS, the sympathetically cooled ions are as-
sumed to move in the superposition of the time-averaged trap potential (→ Sect. 2.1)
and the space charge potential of the laser-cooled ions. Since the model is intended
to describe LCF-MS performed on ions in a cloud-like state, a more or less Gaussian
spatial distribution is expected for the laser-cooled ions (→ Sect. 6.1). However, in
order to reduce the mathematical complexity of the model, the spatial distribution
of laser-cooled ions is approximated by a constant density spheroid which was first
formulated by Dehmelt [58]. Thus, no spatial dependence has to be considered, e.g.,
for the ion-ion collision rates within the cloud of laser-cooled ions. In this section,
Dehmelt’s approximation will be briefly reviewed. Furthermore, a simple analytical
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expression will be derived for the effective trap potential, i.e. the superposition of
the time-averaged trap potential and the space charge potential of the laser-cooled
ions.

The cloud of laser-cooled ions which shall be approximated by a constant den-
sity spheroid, is assumed to consist of NLC ions with charge QLC and mass mLC, con-
fined in the time-averaged trap potential φtrap(r)=mLC(ω2

r(LC)r
2+ω2

z(LC)z
2)/2QLC.

In the high-temperature limit where the Debye length (2.4) is large compared to the
plasma dimensions, interactions between the ions can be neglected (→ Sect. 6.1). In
this limit, the ions are assumed to occupy the entire volume determined by r∈V ⇔
φtrap(r)≤3kB TLC/QLC, where 3kB TLC is the total thermal energy per ion. Accord-
ingly, the spatial distribution of laser-cooled ions in the high-temperature limit is ap-
proximated by a constant density spheroid with radius R=(6kB TLC/mLC)1/2ω−1

r(LC),
half-length L=(6kB TLC/mLC)1/2ω−1

z(LC), and number density n=NLC [(4/3)πR2L]−1.
The corresponding aspect ratio R/L is equal to the inverse trap frequency ratio
ωz(LC)/ωr(LC) as expected for the case of noninteracting ions (→ Sect. 6.1). On the
other hand, in the low-temperature limit where the Debye length (2.4) becomes
negligibly small compared to all plasma dimensions, the number density n is ex-
pected to reach its maximum value n0 =2ε0(mLC/Q2

LC)ω2
0(LC) (→ Sect. 2.2.2). In this

limit, the spatial distribution of laser-cooled ions is approximated by a spheroid of
constant number density n0, radius R0, and half-length L0, determined by the two
requirements NLC = (4/3)πR2

0L0 n0 and R0/L0 = ωz(LC)/ωr(LC). According to the
latter, the effect of space charge on the outer plasma shape is neglected since this
would imply a non-trivial dependence of the aspect ratio R0/L0 on the trap fre-
quency ratio ωz(LC)/ωr(LC) (→ Fig. 2.2). Finally, in order to adapt to the two limiting
cases considered so far, the following expressions are chosen for the radius R and
half-length L, each as function of the temperature TLC :

R(TLC) =

√
R2

0 +
6 kB TLC

mLC ω2
r(LC)

(2.9a)

L(TLC) =

√
L2

0 +
6 kB TLC

mLC ω2
z(LC)

(2.9b)

In Eqs. (2.9), R3
0

def= (3NLC/4πn0)ωz(LC)/ωr(LC) and L3
0

def= (3NLC/4πn0)ω2
r(LC)/ω

2
z(LC).

The number density n=NLC [(4/3)πR2L]−1 may thus be written as

n(TLC) = n0

[
QLC φ0

QLC φ0 + 3 kB TLC

]3/2

, (2.10)

where φ0
def= (mLC/2QLC)ω2

r(LC)R
2
0 = (mLC/2QLC)ω2

z(LC)L
2
0 is the so-called fluid

level [58]. Thus, according to Eqs. (2.9) and Eq. (2.10), the cloud of laser-cooled
ions at temperature TLC is approximated by constant density spheroid with radius
R(TLC), half-length L(TLC), and number density n(TLC).
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Figure 2.3: Left: Effective trap frequency ωeff [Eq. (2.12)] of a sympathetically cooled
ion with mass mSC = 15 u, moving within the cloud of NLC =15 (a), 150 (b), and 1500 (c)
laser-cooled 9Be+ ions (mLC = 9 u). Typical trap frequencies of ωr(LC)/2π = 271 kHz and
ωz(LC)/2π=69.7 kHz were assumed (→ Sect. 3.2). Right: Excitation frequency scan, show-
ing the presence of sympathetically cooled ions with a mass in the range of 14 u≤mSC≤16 u.
According to the simplified model of LCF-MS (→ Sect. 2.3.2), the fluorescence signal starts
to decrease at ωexc ≈ ωeff(TLC), where TLC is the initial temperature of the 9Be+ ions. This
is followed by a step-like increase at ωexc = ωr(SC), i.e. the nominal trap frequency of the
sympathetically cooled ions. Assuming NLC = 1500 and TLC= 30K, the theoretical value
(ωr(SC)−ωeff)/2π ≈ 20 kHz agrees well with the measured fluorescence signal, as indicated
by the blue and red dotted lines. The assumptions are consistent with the experimental
conditions described in Sect. 5.3.1.

With the above approximation, a simple analytical expression can be derived
for the effective trap potential, i.e. the superposition of the time-averaged trap
potential and the space charge potential of the laser-cooled ions, as seen by a
sympathetically cooled ion. Assuming trap frequencies ωr(LC) �ωz(LC), the spatial
distribution of laser-cooled ions is highly prolate (R�L). The corresponding space
charge potential at z=0 is given by

φspc(r) =
n QLC

4 ε0

·

⎧⎪⎪⎨
⎪⎪⎩

R2
(
1 + 2 ln

2L

R

)
− r2 if r < R

2 R2 ln
2L

r
if R < r � L ,

(2.11)

where radius R, half-length L, and number density n are given by Eqs. (2.9) and
Eq. (2.10), respectively. Eq. (2.11) may be derived as the limiting case R � L
of the electrostatic potential of a prolate spheroid (R > L) with constant charge
density ρ=nQLC as given in Ref. [70]. Thus, for a sympathetically cooled ion with
charge QSC and mass mSC, the effective trap potential at z = 0 is given by the
superposition of the time-averaged trap potential φtrap(r) = (mSC/2QSC)ω2

r(SC)r
2
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and the space charge potential φspc(r) [Eq. (2.11)]. Within the cloud of laser-cooled
ions (r < R), the effective trap potential is harmonic and thus may be written as
φeff(r)= (mSC/2QSC)ω2

effr2 with effective transverse trap frequency

ωeff =

√
ω2

r(SC) −
n(TLC) QLC QSC

2 ε0 mSC

. (2.12)

Here, ωr(SC), QSC, and mSC denote the transverse trap frequency, charge, and mass
of the sympathetically cooled ions, respectively, while n(TLC) and QLC denote the
number density (2.10) and charge of the laser-cooled ions, respectively. It should
be noted however, that the subscripts LC and SC are merely used to distinguish
between two different ion species, since no assumptions have been made with regards
to sympathetic or laser-cooling.

In order to give a numerical example, Fig. 2.3 (left) shows three plots of the
effective transverse trap frequency (2.12) as a function of temperature TLC. To this
end, a sympathetically cooled ion with mass mSC =15u is assumed to move within
the cloud of NLC = 15, 150, and 1500 laser-cooled 9Be+ ions. With decreasing
temperature TLC, the trap potential is more and more shielded out, resulting in
a decrease of ωeff. The onset of shielding occurs the earlier the larger the ion
cloud is. In LCF-MS, the shift of the effective transverse trap frequency of the
sympathetically cooled ions due to space charge of the laser-cooled ions has major
effect on the fluorescence signal shape. This is indicated in Fig. 2.3 (right).

2.3.2 Simplified Model of LCF-MS

In the LCF-MS mass spectra, each dip in the fluorescence signal indicates the
resonant kinetic excitation of a particular sympathetically cooled ion species with a
given mass-to-charge ratio m/Q. If both the sympathetically and the laser-cooled
ions are in a cloud-like state, the frequencies where resonant kinetic excitations are
observed usually show good agreement with the theoretical single particle frequen-
cies ωr ∼Q/m. Thus, mass-to-charge ratios can be easily assigned to most dips in
the fluorescence signal. However, the observed dip shapes in general strongly devi-
ate from a simple symmetric shape and considerably vary (among others) with: (i)
the strength of the applied kinetic excitation, (ii) the scan direction and scan rate
of the excitation frequency scan, and (iii) the temperature and composition of the
whole trap content. A better theoretical understanding of the underlying physical
processes therefore would be helpful, e.g., in order to optimize LCF-MS with respect
to mass accuracy. To this end, one could start from a molecular dynamics (MD)
simulation like that presented in Ref. [48], which includes the full time-dependence
of the rf trapping fields to accurately account for rf heating. An additional term de-
scribing external kinetic excitation and being added to the equation of motion then
would extent the simulation to the case of LCF-MS. However, in order to reproduce
a complete dip in a LCF-MS mass spectrum, a scan of the excitation frequency over
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a range of at least 10 kHz would have to be simulated. With a realistic scan rate
of 1 kHz/s and a typical rf trap frequency of Ω/2π = 10MHz (→ Sect. 3.2), this
corresponds to a duration of more than 108 rf periods. Such a simulation would
require unreasonably long computing time, especially for the case of a realistic to-
tal number of at least 10 ions. For this reason, a simplified model of LCF-MS was
derived by Baba and Waki in Ref. [54], based on the time-averaged trap potential
approximation (→ Sect. 2.1) and including the effects of laser cooling, rf heating,
sympathetic cooling/heating, and space charge. In the following, a brief review is
given of the model in a rather qualitative fashion.

The simplified model of LCF-MS describes the external kinetic excitation of a
number of NSC sympathetically cooled (SC) ions, confined in a linear rf trap together
with a much larger number NLC � NSC of laser-cooled (LC) ions. In particular,
the SC ions are assumed to move in the superposition of the time-averaged trap
potential φtrap = mSC(ω2

r(SC)r
2 +ω2

z(SC)z
2)/2QSC and the space charge potential of

the LC ions, where ωr(SC)�ωz(SC). Furthermore, the LC ions are assumed to be in
a cloud-like state, thus with a spatial distribution which is more or less Gaussian
(→ Sect. 6.1). However, in order to reduce the mathematical complexity of the
model, the spatial distribution of laser cooled ions is approximated by a constant
density spheroid with radius R(TLC) [Eq.(2.9a)], half-length L(TLC) [Eq.(2.9b)], and
number density n(TLC) [Eq.(2.10)] as described in the previous section. Thus, no
spatial dependence of, e.g., the ion-ion collision rates has to be considered within
the cloud of LC ions. The temperature TLC and mean kinetic energy WLC of the LC
ions are related by WLC =(5/2)kB TLC

a, where the change in time of WLC is governed
by the rate equation

NLCẆLC = NLC

ΔWLC

Δt

∣∣∣∣
lc

+ NLC

ΔWLC

Δt

∣∣∣∣
rfh

− NSC

ΔWSC

Δt

∣∣∣∣
sc

. (2.13)

Here, the rates ΔWi/Δt |j denote the change of mean kinetic energy per unit time
and ion, either laser-cooled (i=LC) or sympathetically cooled (i=SC), due to laser
cooling (j = lc), rf heating (j = rfh), and sympathetic cooling (j =sc). The rates
ΔWi/Δt |j are functions of both WLC and WSC, explicit expressions of which are
found in Ref. [54]. Here, only qualitative descriptions will be given.

The laser cooling rate ΔWLC/Δt |
lc

relies on a semi-classical description which
treats the internal states of the LC ions with a quantum mechanical two-level model
and the ion motion as classical motion. If expressed as a function of WLC, the par-
ticular shape of ΔWLC/Δt |

lc
is determined by a set of parameters regarding the

cooling transition and the cooling laser. In particular, ωL <ωA ⇒ ΔWLC/Δt |
lc

<0,

aThe total thermal energy of an ion in the time-averaged trap potential is 3kB T , where the
mean kinetic and potential energy each contribute (3/2)kB T . However, in a linear rf trap, the
mean potential energy of the transverse motion may as well be regarded as the mean kinetic
energy of the micromotion [58]. Thus, a mean kinetic energies of Wi = (5/2)kB Ti is assumed in
Ref. [54], where i∈{LC, SC}. This difference becomes of particular importance when calculating
the sympathetic cooling rate in Ref. [29].
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i.e. cooling of the LC ions is achieved by red-detuning the frequency ωL of the
cooling laser with respect to the frequency ωA of the cooling transition. A derivation
of ΔWLC/Δt |

lc
is found in Refs. [78–80].

The rf heating rate ΔWLC/Δt |
rfh

which for the main part is adopted from
Ref. [81], accounts for the transfer of energy from the rf field of the linear trap to the
mean kinetic energy of the LC ions via ion-ion collisions. However, while in Ref. [81]
only collisions between the LC ions are considered, ΔWLC/Δt |

rfh
includes collisions

between the LC and SC ions as well, due to a slight modification in Ref. [54]. In
particular, ΔWLC/Δt |

rfh
∼ γ′(WLC,WSC), where γ′ is the ion-ion collision rate which

gives the average number of collisions per unit time, a LC ion suffers from ions of
either species b.

The sympathetic cooling rate ΔWSC/Δt |sc , derived by Baba and Waki in
Ref. [29], accounts for the transfer of kinetic energy from the SC ions to the LC ions
via ion-ion collisions in the presence of the rf field of the linear trap. Accordingly,
ΔWSC/Δt |sc is equal to zero if the SC ions are located outside the cloud of laser
cooled ions. Within the cloud, ΔWSC/Δt |sc ∼ γ(WLC,WSC)·(WLC − WSC), where
γ(WLC,WSC) is the ion-ion collision rate which gives the average number of collisions
per unit time, a SC ion suffers from the LC ions. In particular, WLC < WSC ∧
mSC > (8/15)mLC ⇒ ΔWSC/Δt |sc < 0, i.e. cooling of the SC ions not only requires
the temperature of the LC ions to be lower than that of the SC ions but also the
condition mSC > (8/15)mLC to be fulfilled. Thus, according to the sympathetic
cooling rate ΔWSC/Δt |sc , ions with a mass lower than (8/15)mLC ≈ 0.53mLC can
not be sympathetically cooled at all. In that case, the transfer of energy from the
micromotion of the LC ions to the secular motion of the SC ions is predicted to
become dominant.

In addition to the rate equation (2.13), a simplified equation of motion is
formulated for the SC ions. Since a much smaller number of SC ions than LC ions
is assumed, Coulomb interactions between the SC ions can be neglected. Also, only
a small spread of SC ions along the trap axis is expected compared to the axial
dimensions of the cloud of LC ions. Thus, a single equation of motion

mSC r̈ = −QSC

d

dr

[
φtrap(r) + φspc(r)

]
+

1
ṙ

ΔWSC

Δt

∣∣∣∣
sc

+
QSCUexc

x0

cos(ωexc t) (2.14)

applies to the whole number of SC ions moving in the plane z = 0, where r is
the transverse displacement from the trap axis. The three terms on the right-
hand side of Eq. (2.14) can be understood as follows. The first term accounts
for the motion of SC ions in the superposition of the time-averaged trap poten-
tial φtrap(r)= (mSC/2QSC)ω2

r r2 and the space charge potential φspc(r) [Eq. (2.11)]

bAs argued in Ref. [29], rf heating can not be adequately modeled by ion-ion collisions but
rather relies on many-ion (n > 2) collisions (see also Refs. [78,82]). Nevertheless, despite the lack
of an adequate model, the rf heating rate ΔWLC/Δt |

rfh
can be justified by comparison with MD

simulations as was argued in Ref. [54].
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Interaction Resulting Effect Corresponding Expression

LC-LC Coulomb Coulomb repulsion n(TLC) → note 1
rf heating ΔWLC/Δt |

rfh

LC-SC Coulomb effects on LC ions:
Coulomb repulsion neglected (NSC � NLC)
sympathetic heating −ΔWSC/Δt |sc
rf heating ΔWLC/Δt |

rfh

effects on SC ions:
Coulomb repulsion φspc(r)
sympathetic cooling ΔWSC/Δt |sc
rf heating ΔWSC/Δt |sc → note 2

SC-SC Coulomb Coulomb repulsion neglected (NSC � NLC)
rf heating neglected (NSC � NLC)

Table 2.1: Overview of the various effects resulting from Coulomb interactions between
the laser-cooled ions (LC-LC), the laser-cooled and sympathetically cooled ions (LC-SC),
and the sympathetically cooled ions (SC-SC), and their incorporation into the simplified
model of LCF-MS. Notes: (1) In the number density n(TLC) [Eq. (2.10)], LC-LC Coulomb
repulsion is reflected by the fact that n(TLC) is bound by an upper limit for TLC → 0.
In the simplified model of LCF-MS, n(TLC) enters into expressions φspc(r), ΔWLC/Δt |

rfh
,

and ΔWSC/Δt |sc , the latter two via the collision rates γ′(WLC, WSC) and γ(WLC, WSC) , re-
spectively. (2) By allowing for the transfer of energy from the rf field of the linear trap to
the secular motion of the SC ions, the sympathetic cooling rate ΔWSC/Δt |sc accounts for
rf heating as well. However, no adequate description of rf heating is given by ΔWSC/Δt |sc
as can be seen from the fact that mLC =mSC ∧ WLC =WSC ⇒ ΔWSC/Δt |sc =0 [29].

of the LC ions. The second term accounts for the effect of sympathetic cool-
ing/heating, where ΔWSC/Δt |sc is the the sympathetic cooling rate from Eq. (2.13).
In particular, this is a damping term if ΔWSC/Δt |sc < 0, i.e. if sympathetic cool-
ing of the SC ions takes place. Finally, the third term accounts for the external
kinetic excitation, where Uexc cos(ωexct) is the applied excitation voltage and x0 is
a constant determined by the excitation electrode geometry. In Eqs. (2.13) and
(2.14), Coulomb interactions between the individual ions are treated in various lev-
els of approximation as summarized in Tab. 2.1. In contrast to this, no level of
approximation is used in a molecular dynamics (MD) simulation.

With the two coupled equations (2.13) and (2.14), a LCF-MS mass spectrum
can be modeled by calculating the change in fluorescence of the LC ions during a
scan of the excitation frequency ωexc. In particular, numerical solution of Eqs. (2.13)
and (2.14) yields the mean kinetic energy WLC(t) of the LC ions and the transverse
displacement r(t) of the SC ions, each as a function of time. From this, the cor-
responding temperatures TLC = 2WLC/5kB and TSC = mSC〈ṙ2(t)〉/kB are calculated
together with the fluorescence NLC · Γ̄ph(WLC). Here, Γ̄ph denotes the mean photon
scattering rate of the LC ions which will be derived in appendix B. In order to gain
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more insight into the mechanisms that lead to the characteristic asymmetric shape
of the fluorescence dips, usually observed in LCF-MS, the effective trap frequency
ωeff of the SC ions is calculated as well. Here, ωeff is defined as the frequency of
free oscillation of the SC ions in the effective trap potential φtrap(r) + φspc(r). As
was shown in Sect. 2.3.1, a simple analytical expression can be derived for ωeff in
case where the motion of SC ions is restricted entirely to regions within the cloud
of LC ions. However, in general the motion of SC ions extends well beyond the
cloud of LC ions which leads to an anharmonic oscillation. Thus, in the general
case, ωeff has to be calculated numerically. Nevertheless, since ωeff is defined as
the frequency of free oscillation of the SC ions in the time averaged trap potential
φtrap(r)= (mSC/2QSC)ω2

r(SC)r
2 modified by space charge of the LC ions, a general

rule can be stated: the higher the temperature TLC of the LC ions, the more ωeff

increases. This is due to the thermal expansion of the cloud of LC ions by which
space charge becomes less pronounced. In the limit TLC → ∞, the effective trap
frequency ωeff will reach the nominal trap frequency ωr(SC).

Figs. 2.4 and 2.5, taken from Ref. [54], each shows a numerical solution of the
coupled equations (2.13) and (2.14). In both figures, a scan of the excitation fre-
quency ωexc is assumed across the nominal trap frequency ωr(SC) of the SC ions.
However, in Fig. 2.4, a scan of ωexc from below to above ωr(SC) is assumed, while
in Fig. 2.5, a scan of ωexc from above to below ωr(SC) is assumed. Each numerical
solution is represented by plots versus time of (i) the effective trap frequency ωeff

of the SC ions, (ii) the temperatures TLC and TSC of the LC and SC ions, and (iii)
the fluorescence of the LC ions. In solving Eqs. (2.13) and (2.14), NLC = 40 LC
ions with mass mLC = 24u and charge QLC = 1e were assumed to sympathetically
cool NSC = 10 SC ions with mass mSC = 26u and charge QSC = 1e. Furthermore,
the parameters characterizing the time-averaged trap potential, laser cooling, and
the external kinetic excitation were chosen to match the experiments described in
Refs. [50,77]. In these experiments, laser-cooled 24Mg+ ions were used to sympa-
thetically cool 26Mg+ ions as well as other species of atomic and molecular ions.
Despite the specific assumptions made, the mechanisms revealed by the numeri-
cal solutions are quite general and thus will be described below. Since restricted
to a rather qualitative description, all numbers are omitted from the plot axes in
Figs. 2.4 and 2.5.

I. Scan of ωexc from below to above ωr(SC)

In Fig. 2.4, the scan of the excitation frequency ωexc starts well below the
effective trap frequency ωeff which due to space charge of the LC ions is shifted
below the nominal trap frequency ωr(SC). In consequence, no kinetic excitation of
the SC ions takes place and the temperature TSC adapts to the temperature TLC

of the LC ions, the latter being determined by the balance between laser cooling
and rf heating [ Eq. (2.13) with ΔWSC/Δt |sc → 0 ]. Next, when ωexc approaches
the effective trap frequency ωeff, kinetic excitation of the SC ions sets in and both
temperatures TSC and TLC start to rise, the latter caused by sympathetic heating
of the LC ions. Thus, the cloud of LC ions expands and space charge becomes
less pronounced. Since this in turn implies an increase in effective trap frequency
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Fig. 2.4: Numerical solution of Eq. (2.13)
and Eq. (2.14), showing an upward exci-
tation frequency scan. The graphical rep-
resentation has been slightly changed with
respect to Ref. [54].

Fig. 2.5: Numerical solution of Eq. (2.13)
and Eq. (2.14), showing a downward exci-
tation frequency scan. The graphical rep-
resentation has been slightly changed with
respect to Ref. [54].

ωeff, a negative feedback is established which in effect locks ωeff to the excitation
frequency ωexc (a further increase of ωeff above the excitation frequency ωexc would
decouple the SC ions from the external excitation). As ωexc approaches the nominal
trap frequency ωr(SC), the difference in temperature between TLC and TSC exceeds
a certain limit above which the sympathetic cooling rate ΔWSC/Δt |sc starts to
decrease and quickly tends to zero. As a result, the SC ions are decoupled from
the LC ions and the negative feedback is broken. The LC ions are quickly cooled
down, while the temperature TSC of the SC ions strongly increases. Thus, when ωexc

finally reaches the nominal trap frequency ωr(SC) (dotted line in Fig. 2.4), the SC
ions oscillate with a large amplitude and are mainly located outside the cloud of LC
ions which has contracted due to the drop in temperature TLC. In addition, damping
of the motion of SC ions inside the cloud of LC ions is almost negligible since the
sympathetic cooling rate ΔWSC/Δt |sc in Eq. (2.14) has strongly decreased due to
the large difference in temperature between TLC and TSC. Thus, when ωexc finally
reaches the nominal trap frequency ωr(SC), almost undamped kinetic excitation of
the SC ions takes place. This may result in their loss from the trap, depending
on the strength of the applied kinetic excitation as well as the depth of the trap
potential. In Fig. 2.4, the SC ions are not lost from the trap but rather are heated
up to a temperature sufficiently high to permanently decouple them from the LC
ions. Finally, after the excitation frequency ωexc is scanned across the nominal
trap frequency ωr(SC), the temperature TLC of the LC ions is determined again by
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the balance between laser-cooling and rf heating [ Eq. (2.13) with ΔWSC/Δt |sc→0 ].
However, since collisions between the LC and the SC ions do not contribute to the rf
heating rate ΔWLC/Δt |

rfh
anymore, the temperature TLC even drops below its value

at the start of the excitation frequency scan. In Fig. 2.4, the change in temperature
TLC during the excitation frequency scan is reflected by a corresponding change in
fluorescence of the LC ions.

II. Scan of ωexc from above to below ωr

In Fig. 2.5, the same parameters were chosen as in Fig. 2.4, except from a
reversed scan direction and a 20-fold increase in excitation amplitude Uexc. The
scan of the excitation frequency ωexc starts well above the effective trap frequency
ωeff, leading to the same initial conditions as in Fig. 2.4. When ωexc is scanned
across the nominal trap frequency ωr(SC) (dotted line in Fig. 2.5), kinetic excitation
of the SC ions already takes place to a certain extent. This is reflected by the
gradual increase in effective trap frequency ωeff, caused by the sympathetic heating
of the LC ions due to which space charge becomes less pronounced. After ωexc has
been scanned across the nominal trap frequency ωr(SC), both ωexc and the effective
trap frequency ωeff approach each other up to the point where a positive feedback
is triggered: the smaller the difference between ωexc and ωeff, the more effective
the coupling of the kinetic excitation to the SC ions becomes. This in turn further
reduces the difference between ωexc and ωeff, due to the increased kinetic excitation
of the SC ions and the resulting sympathetic heating of the LC ions, leading to an
increase in ωeff as well. Thus, strong kinetic excitation of the SC ions sets in, which
is reflected by a step-like increase in temperature TSC. Furthermore, sympathetic
heating of the LC ions results in a step-like increase in temperature TLC as well, and
a corresponding increase in effective trap frequency ωeff. The particular excitation
frequency ωexc at which the positive feedback sets in, in general depends on the
strength of the applied kinetic excitation: with increasing excitation amplitude
Uexc, the onset of positive feedback is more and more shifted towards the nominal
resonance ωexc = ωr(SC) (dotted line in Fig. 2.5). In the limit of a high excitation
amplitude Uexc, almost undamped kinetic excitation of the SC ions is expected to
take place as already described under case I. However, in the numerical simulations
presented in Ref. [54], no loss of SC ions from the trap was observed in the downward
excitation frequency scans, up to an increase of Uexc by a factor of 30 with respect to
Fig. 2.4. The positive feedback is stopped once the effective trap frequency ωeff has
reached the excitation frequency ωexc (a further increase of ωeff above ωexc would
decouple the SC ions from the external kinetic excitation). Finally, the positive
feedback turns into a negative feedback as already described under case I. At the
end of the excitation frequency scan, the temperatures TLC and TSC of the LC
and SC ions, as well as the effective trap frequency ωeff, again reach their initial
values. The change in temperature TLC is reflected by a corresponding change in
fluorescence of the LC ions.

The numerical solutions shown in Figs. 2.4 and 2.5 both reproduce the char-
acteristic asymmetric shape of the fluorescence dips, usually observed in LCF-MS.
In particular, the gradual decrease/increase in fluorescence on the low-frequency
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side of the frequency scans is explained by a negative feedback which more or
less locks the effective trap frequency ωeff to the applied excitation frequency ωexc.
Furthermore, two different explanations are provided for the step-like increase in
fluorescence on the high-frequency side of the frequency scans, depending on the
scan direction: (i) decoupling of the SC ions from the LC ions at the nominal res-
onance ωexc =ωr(SC) in Fig. 2.4, and (ii) onset of strong kinetic excitation of the SC
ions at ωexc < ωr(SC) in Fig. 2.5. Thus, a choice of scan direction is suggested as
follows. If a possible loss of SC ions shall be avoided, a scan of ωexc from above to
below ωr(SC) should be preferred. On the other hand, if mass accuracy matters, a
scan of ωexc from below to above ωr(SC) should be preferred.





Chapter 3

UHV Setup

The experimental setup, used to perform the experiments described in chapters
5–7, consists of two main parts: (i) the cooling laser system which will be described
in chapter 4, and (ii) the UHV setup together with the photomultiplier tube (PMT)
and CCD camera which will be described in the present chapter. Both (i) and (ii)
are based on respective previous versions, designed and built at the University of
Konstanz as described in detail in Refs. [1,2]. Thus, only major modifications with
respect to Refs. [1, 2] shall be considered here, besides from a short overview of
the complete UHV setup which will be given in Sect. 3.1. In particular, major
modifications and/or addition of new components turned out to be necessary in
case of the linear rf trap (→ Sect. 3.2), the trap supply electronics (→ Sect. 3.3),
and both the PMT and the CCD camera optical setup (→ Sect. 3.4). Accordingly,
the term new shall be used here in order to distinguish these components from
their respective previous versions, described in Refs. [1,2], which shall be referred
to as old. Finally, an alternative trap setup was designed and built for future
experiments, including a curved linear rf trap and a miniature electron gun. This
will be described in appendix C.

3.1 Overview of the Complete Setup

The ultra-high vacuum (UHV) which is required to minimize collisions between
the trapped ions and the residual background gas, was provided by the vacuum
chamber and pumps described in Refs. [1,2]. After a typical bakeout of 5 days at a
temperature of 180 – 220◦C, a final pressure of P<1·10−10 mbar was reached inside
the vacuum chamber. This was measured with an Bayard-Alpert type pressure
gauge (Varian, type UHV-24p). For a more detailed vacuum analysis, a residual
gas analyzer (RGA) was used (Vacuum Generators, type Smart IQ+100D). Typical
RGA mass spectra showed peaks at m/Q=14, 16, 20, 28, 32, and 40 u/e with relative
peak heights of 16, 5, 7, 100, 11, and 18%, respectively, which were assigned to
N+ /N++

2 , O+ /O++
2 , Ar++, N+

2 , O+
2 and Ar+, respectively (see, e.g., Ref. [83]).



28 UHV Setup

UHV chamber

lens

lens

viewport

viewport

CCD camera

el
ec

tro
n

gu
n

Bee-

beryllium oven

phosphor plate

313 nm

cooling
laser

photomultiplier
slit aperture

linear

rf trap

viewport viewport

lens

objective

Figure 3.1: Schematic overview of the complete ultra-high vacuum (UHV) setup, including
the linear rf trap, Be oven, electron gun, and the fluorescence detection optics.

Fig. 3.1 shows a schematic overview of the complete UHV setup, including
the linear rf trap, Be oven, electron gun, and the fluorescence detection optics.
Laser light at 313 nm wavelength delivered from the cooling laser system was
directed along the trap axis and passed through two fused silica UV viewports
(Caburn-MDC, type DUV-200), each attached to a DN100CF flange. The beam
waist was located in the trap center with a typical size of w0 = 500 – 800μm. In
the experiments, care was taken to prevent 313 nm stray light scattered from the
viewports, from further penetrating into the vacuum chamber and reaching the trap
region. To this end, two blackened baffles were placed behind the viewports, each
made of stainless steel sheet which was bent into appropriate shape and coated with
a colloidal graphite (Acheson Industries, type Aquadad 18 %). Loading of the lin-
ear rf trap with 9Be+ ions was achieved by evaporating Be atoms from a small oven
(→ Sect. 3.2) and by electron impact ionization in the trap center using a commer-
cial electron gun (Kimball, type EFG-8). Since this electron gun is of a flood gun
type with a typical beam diameter of φ=1cm and a current of I =20μA, charging
of the trap electrodes was likely to occur. As a consequence, development of a new
trap supply electronics (→ Sect. 3.3) proved necessary, providing low impedance
connections between the trap electrodes and the corresponding dc voltage supplies.
Finally, a phosphor plate was used to optimize the transmission of the electron
beam through the linear rf trap center. As will be further explained in chapter 4,
a weak static magnetic field applied along the trap axis was required as a quanti-
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zation axis for the 9Be+ ions, in order to realize a closed cooling transition between
the 2S1/2(F = 2,mF = 2) ground and the 2P3/2(F = 3,mF = 3) excited state. The
magnetic field was generated by two coils in nearly Helmholtz configuration, each
consisting of N =150 turns of insulated copper wire wrapped around the DN100CF
flanges and the attached UV viewports. The coil diameter and the mutual coil dis-
tance were φ=15 cm and d=29 cm, respectively, fixed by the outer dimensions of
the vacuum chamber. With a typical current of I =2A, a magnetic field of approx-
imately 5Gauss was generated in the trap center as measured with a Gaussmeter.
This agrees well with the theoretical value of B0 =2μ0NIφ2/(φ2+d2)3/2. It should
be noted that the given coil diameter and mutual coil distance do not conform to
the ideal case φ=2d with respect to homogeneity of the magnetic field. However,
since the 9Be+ ions were confined to a small region in the trap center with typical
dimensions of < 2mm (→ Sect. 6.3), homogeneity of the magnetic field was not a
critical issue. As indicated in Fig. 3.1, detection of the 313 nm fluorescence light
emitted from the 9Be+ ions was possible by using a photomultiplier tube (PMT)
and/or a CCD camera, the first ensuring high sensitivity while the latter providing
spatial resolution. In particular, the CCD camera was used to image the 9Be+ ion
crystals shown in chapters 6 and 7, as well as 9Be+ plasmas in the cloud-like state.
For both the PMT as well as the CCD camera, an UV lens/objective was mounted
transverse to the trap axis, close to the trap electrodes (→ Sect. 3.4). By this, a
maximum amount of fluorescence light could be collected from the 9Be+ ions. In
addition, blackened baffles were used to block the residual 313 nm stray light from
entering the PMT and the CCD camera. Finally, an all-metal leak valve (Vacuum
Generators, type ZVLM263R) was connected to the vacuum chamber in order to
allow a precise inlet of neutral gases such as H2 , HD, D2 and He.

3.2 Linear RF Trap

For the experiments described in chapters 5–7, a new linear rf trap was built
by adopting the basic design from Refs. [1, 2], i.e. the segmenting and fixing of
the electrode rods. Furthermore, an external excitation electrode was added to
the linear rf trap in order to perform laser-cooled fluorescence mass spectrometry
(LCF-MS) as will be described in chapter 5. Finally, a new Be oven was built.
In the following, a description is given of the new linear rf trap setup, using the
terminology which was introduced in Sect. 2.1.

The linear rf trap which is shown in Fig. 3.2 consists of four parallel elec-
trode rods made of stainless steel (type 1.4404 / 316L), each with a diameter of
2r′=9.9mm and a minimum distance to the trap axis of r0 =4.32mm. This corre-
sponds to a ratio of r′/r0 =1.146, close to the optimum value of 1.147 (→ Sect. 2.1).
Each electrode rod of total length 70mm was divided into three electrically iso-
lated segments, where the center electrode length was L=16mm. By this choice,
a harmonic dependence of the trap potential on the axial coordinate z was ensured
for the region −2.5 < z/mm < +2.5 (see below). This is large compared to the
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Figure 3.2: Linear rf trap with external exci-
tation electrode (1) and Be oven shielding (2).
A single UV lens (3) and an UV objective (4)
are mounted transverse to the trap axis. In
the extension of the trap axis, a rectangular
side plate (5) (→ Refs. [1,2]) and a part of a
blackened baffle (6) can be seen.

Figure 3.3: Top: SIMION 6 sim-
ulation of the static potential along
the trap axis. Bottom: Experimen-
tal determination of the axial trap fre-
quency by performing LCF-MS on a
small number of trapped 9Be+ ions in
a cloud-like state.

typical axial dimensions of a 9Be+ ion crystal a (→ Sect. 6.3). If used together with
the new trap supply electronics, which will described in the next section, the rf
frequency was fixed at Ω/2π =14.2MHz. Typically, a rf amplitude of URF =380V
and an endcap voltages of UEC = 3V were used in the experiments. In order to
perform laser-cooled fluorescence mass spectrometry (LCF-MS), an external exci-
tation electrode was mounted slightly above the upper electrode rods as can be seen
in Fig. 3.2. Furthermore, a small Be oven was mounted below the linear rf trap,
consisting of a beryllium wire of 50μm diameter wrapped around a tungsten wire of
100μm diameter. The latter was stretched between the two ends of a forked mount
(two appropriately bent silver wires fixed in a MacorTM socket). By heating the
tungsten wire with a typical current of 1A, a sufficiently high flux of Be atoms was
produced to allow for a complete trap loading within a typical time of 1 minute. In

aIn the old linear rf trap described in Refs. [1,2], the center electrode length was L = 40 mm,
giving rise to a box-shaped rather than a harmonic potential in axial direction. With this trap, no
crystallization of the 9Be+ plasma could be achieved.
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order to prevent contamination of the trap electrodes with beryllium, a shielding
was placed below the lower electrode rods, consisting of a stainless steel sheet with
a small slit aperture along the trap axis.

Fig. 3.3 (top) shows a SIMION 6 simulation of the electrostatic potential
φtrap(0, 0, z) (black line) along the trap axis, assuming a voltage UEC > 0 applied
to the endcap electrodes while keeping the center electrodes at ground. Accord-
ingly, φtrap(0, 0, z) is well approximated by a harmonic potential in the region
−2.5<z/mm<2.5. This can be seen from the fit of expression φ(z)=UEC (κ z2+δ)
(red line) at z =0, yielding κ=3.37·10−3/mm2 and δ=0.029. Since the parameter
κ is identical to the geometric constant introduced in Sect. 2.1, axial trap frequen-
cies of any given ion species may be calculated according to ωz = [2κQUEC/m]1/2

[Eq. (2.3d)]. In particular, an axial trap frequency of ωz/2π=74.1 kHz is calculated
for the 9Be+ ions, axially confined by an endcap voltage of UEC =3V. Alternatively,
an experimental determination of the axial trap frequency is possible, employing
LCF-MS as shown in Fig. 3.3 (bottom). In particular, the transverse trap frequency
ωr of a small number of trapped 9Be+ ions in a cloud-like state was measured by
LCF-MS at different values of the endcap voltage UEC =3, 4, ..., 12V (→ Sect. 5.2).
The linear rf trap was operated at a rf frequency of Ω/2π = 14.2MHz and a rf
amplitude of URF =380V. A fit of expression ωr = [ω2

0 − ω2
z (UEC)/2]1/2 [Eqs.(2.3b)

and (2.3c) with UDC =0] and assuming ω2
z (UEC)∝UEC directly yields the transverse

trap frequency ω0/2π =257 kHz in the limit UEC →0, and the axial trap frequency
ωz/2π = 40.2[UEC/V]1/2 of the 9Be+ ions. The latter is equivalent to a geometric
constant of κ=2.98·10−3/mm2, in reasonable agreement with the theoretical value
obtained by the SIMION 6 simulations.

Trap potential imperfections with respect to the ideal case, e.g., a transverse
shift of the potential minimum relative to the trap axis, may result from contact
potentials [84] due to an accidental coating of the trap electrodes with beryllium.
However, even if preventing this, residual contaminations of the trap electrodes
may cause significant trap potential imperfections as well. This was investigated
in detail in Ref. [85] for a cylindrical Penning-type trap with electrodes made of
stainless steel. Accordingly, even with careful cleaning of the electrode surfaces,
potential variations of 〈ΔV 〉rms ≈ 250mV with a characteristic length of 1 cm were
measured at a distance of 1mm from the electrode surfaces. In the same work, a
strong reduction of the potential variations down to 〈ΔV 〉rms ≈ 15mV was shown
to be possible by coating the trap electrodes with a colloidal graphite. Thus, in
case where a trap potential is required close to the ideal case, coating of the linear
rf trap with a colloidal graphite like Aquadag 18 % (Acheson Industries) may be an
option too.

3.3 Trap Supply Electronics

In Ref. [1], a description is given of the design and setup of a trap supply elec-
tronics, capable of driving both the old as well as the new linear rf trap with a
maximum rf amplitudes of URF = 600V at a fixed frequency of Ω/2π = 6.25MHz.
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Figure 3.4: Circuit diagram of the new trap supply electronics. Inputs are given by the
rf voltage and the dc offset voltages A–H. In specifying the outputs, numbers 1–4 are used
to label the electrode rods of the linear trap, where the pairs of numbers (1, 3) and (2, 4)
each corresponds to a pair of opposing electrode rods.

However, when this trap supply electronics was used in the UHV setup described
in Sect. 3.1, charging of the trap electrodes was observed. This was caused by a
combination of both the flood gun characteristics of the electron gun (→ Sect. 3.1)
and the high-impedance connections (1.5MΩ each) of the trap electrodes to the dc
voltage supplies. The latter was the price to be paid for a rather simple design of
the trap supply electronics. Thus, development of a new trap supply electronics
was required with the main goal of providing low-impedance connections between
the trap electrodes and the dc voltage supplies. In addition, an increase in both
rf frequency Ω and amplitude URF was aimed at as well, in order to allow simul-
taneous trapping of a large mass range. In particular, simultaneous trapping of
both 9Be+ and H+

2 should be made possible, with (i) the time-averaged potential
description still valid, i.e. q(Be+) < q(H+

2 ) < 0.3, and (ii) a trap potential depth of
at least a few eV, i.e. Ψ(Be+) > Ψ(H+

2 ) > 3 eV. Here, the trap potential depth is
defined by Ψ def= Qφtrap(r=r0) (→ Sect. 2.1).

Fig. 3.4 shows the circuit diagram of the new trap supply electronics. The
rf input is directly fed into a parallel connection of the two transformers T1 and
T2, each consisting of a single primary and eleven secondary windings on a ferrite
toroid core (μr =125, material type 61, see Ref. [86]). A LC resonator is formed by
the series connection of the secondary sides of T1 and T2 together with the total
capacitance of the trap electrodes. Silk wound hf litz wire is used for the secondary
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Figure 3.5: Trap supply electronics with the front panel removed, mounted on top of the
vacuum chamber. The transformers T1 and T2, and inductors L2, L4, ..., L16 are located
on the upper and lower circuit board, respectively.

windings of T1 and T2 in order to reduce both ohmic losses as well as stray capac-
itance between adjacent windings, thus ensuring a high quality-factor Q as well as
avoiding a further increase in total capacitance C. In addition, a 3μH air coil L1
is connected in parallel to the secondary sides of T1 and T2. By this, a decrease in
total inductance L is achieved, resulting in a rf frequency of Ω/2π=14.2MHz (LC
resonance) if the trap supply electronics is used together with the linear rf trap
described in the previous section. Finally, by grounding the central connection be-
tween the secondary sides of T1 and T2, a symmetric distribution of the generated
rf voltage URF sin(Ω t) on the two rf phases is guaranteed. Continuous monitor-
ing of the two rf phases is possible by connecting an oscilloscope to the two test
points TP RF (1&3) and TPRF (2&4): the two parallel connections R1||C1 and
R2||C2, each consisting of a 33MΩ resistor and a variable 1.1 – 11 pF capacitor, are
forming voltage dividers together with the respective oscilloscope input impedances
RCH 1 ||CCH 1 and RCH 2 ||CCH 2. With the particular oscilloscope in use, and adjusting
C1 and C2 such that C1 != (RCH 1/R1)CCH 1 and C2 != (RCH 2/R2)CCH 2, the voltage
divider ratio was 1/38.

In the circuit diagram shown in Fig. 3.4, each rf phase is split into four branches,
corresponding to a total number of 2·4=8 dc offsets which can be added to the rf
voltage URF sin(Ω t). Mutual blocking between the dc offsets is ensured by the ca-
pacitors C3–C10, each realized by a 22 nF mica capacitor with low dielectric losses.
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Furthermore, by the series connections of two second order LC low-pass filters
built from inductors L2–L17 and capacitors C11–C26, the rf voltages URF sin(Ω t)
is blocked from the dc offset inputs as well. In order to keep the ohmic losses
and stray capacitance low, inductors L2, L4, ..., L16 are realized by 65 turns of hf
litz wire on a ferrite toroid core (μr = 125, material type 61, see Ref. [86]). The
resulting inductances are approximately 600μH. Capacitors C11, C13, ..., C25 are
100 nF capacitors (WIMA, type MKP). Due to the circuit design, low-impedance
connections of typically 10.3Ω (dc) are provided between the dc offset inputs A–H
and the trap electrodes. In Fig. 3.4, numbers 1–4 are used to label the four elec-
trode rods of the linear rf trap, where the pairs of numbers (1,3) and (2,4) each
corresponds to a pair of opposing electrode rods. Thus, the four dc offsets A, B, G,
and H can be applied to the four center electrodes individually, while the remaining
four offsets F, C, D, and E are left for the eight endcap electrodes, matching all
experimental needs in this work.

In the experiments described in chapters 5–7, a self-built rf sine wave generator
followed by a 15W power amplifier (Amplifier Research) was connected to the rf in-
put of the new trap supply electronics. Due to the low losses (high quality-factor Q)
occurring in the LC resonator, a maximum rf amplitudes of URF >1000V could be
achieved at Ω/2π =14.2MHz a. This has to be compared with a maximum rf am-
plitude of 600V at 6.25MHz which could be achieved with the old trap supply
electronics, when connected to the same rf power amplifier. The increase in rf
amplitude is remarkable in so far as the increase in rf frequency required a reduc-
tion of the total number of windings on the secondary sides of T1 and T2 from
170 [1] to 2 · 11 = 22. Finally, in order to minimize electronic noise, all dc volt-
age sources (inputs A–H) were realized using rechargeable batteries. Fig. 3.5 shows
the complete trap supply electronics in a shielded housing, mounted directly on an
electric feedthrough on top of the vacuum chamber, thus minimizing capacitances
associated with cable length.

3.4 Photomultiplier Tube and CCD Camera

As already indicated in the schematic overview Fig. 3.1, detection of the 313 nm
fluorescence light emitted from the laser-cooled 9Be+ ions was possible by using a
photomultiplier tube (PMT) and/or a CCD camera, the first ensuring high sensi-
tivity while the latter providing spatial resolution. From a first (failed) attempt at
fluorescence detection with the old experimental setup described in Refs. [1,2], the
importance of two measures was recognized: (i) maximum care in reducing the level
of 313 nm stray light within the vacuum chamber, and (ii) collection of a maximum
amount of fluorescence light from the 9Be+ ions by placing an UV lens/objective

aAs a further characteristic, the input impedance of the new trap supply electronics was mea-
sured at Ω/2π = 14.2 MHz, yielding |Z|= 100 – 250 Ω (arg{Z} ≈+15◦) which is not far from the
50Ω output impedance of the 15W rf power amplifier. Thus, improved impedance matching could
be a reason too for the achieved gain in rf amplitude URF.
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Figure 3.6: Light-proof aluminum housing for
the photomultiplier tube (PMT), connected to a
vacuum chamber viewport via a removable optics
mount. A black rubber mat is wrapped around
the optics mount.

Figure 3.7: Equivalent circuit of
the photomultiplier tube (PMT)
and the self-built preamplifier.
The PMT is treated as an ideal
current source (see text).

close to the linear rf trap (→ Fig. 3.2). Measure (i) also includes the spatial filtering
of the 313 nm cooling laser light as will be described in Sect. 4.1. In this section,
a brief description is given of both the photomultiplier tube (PMT) and the CCD
camera optical setup.

In case of detection with the photomultiplier tube (PMT), a single UV lens
was used to collect the 313 nm fluorescence light from the 9Be+ ions. In particular,
a lens with diameter φ=25.4mm and a focal length f =35mm was mounted at a
distance d= f from the trap center (→ Fig. 3.2). The lens was fitted into a black-
ened baffle, made of a stainless steel sheet which was bent into appropriate shape
and coated with a colloidal graphite (Acheson Industries, type Aquadag 18 %). By
this, residual 313 nm stray light scattered from the trap electrodes was prevented
from reaching the PMT. After being collected by the UV lens and transmitted
through an UV view port (Caburn-MDC, type DUV-200), the fluorescence light
was focused through an adjustable slit and sent through a 313 nm interference filter
(Melles Griot). Finally, the fluorescence light was detected by the photomultiplier
tube (Hamamatsu, type R1527P). By properly adjusting the size of the adjustable
slit, a further reduction of the 313 nm stray light could be achieved. The PMT
was enclosed by a light-proof aluminum housing as shown in Fig. 3.6, which also
contained a magnetic shielding (Hamamatsu, type E989), a PMT socket with an
integrated voltage divider (Hamamatsu, type E717), and a self-built preamplifier.
A rather old but still working photon counting unit (Hamamatsu, type C1230)
was used to perform single photon counting. In particular, each detected photon
typically gave rise to a 4 – 5 ns [87] current pulse at the PMT output. On the
other hand, the photon counting unit was expecting voltage pulses with an opti-
mum width of 30 ns. Thus, a self-built preamplifier was designed to match both
the PMT output and the photon counting unit input. Fig. 3.7 shows the equivalent
circuit of the PMT and the self-built preamplifier, where the latter was built from
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an operational amplifier (Analog Devices, type AD9631), a resistor R=10kΩ, and
a capacitor C = 6.8 pF. Accordingly, each current pulse i(t) with a total charge
Qp =

∫
dt i(t) was converted into a voltage pulse with an approximate width and

height of RC = 70ns and −Qp/C = 160mV, respectively a. Here, a typical charge
of Qp = −1.1 pC [87] is assumed. Due to careful reduction of 313 nm stray light by
use of the blackened baffles, adjustable slit aperture, and by spatial filtering of the
cooling laser light (→ Sect. 4.1), a strong decrease of the background photon count
rate could be achieved. In particular, a typical background photon count rate of
8KCPS (kilo-counts per second) was measured at a laser power of P313 = 1mW b.
Clipping of the photon count rate was observed at approximately 1400KCPS, pre-
sumably caused by a baseline shift at the output of the self-built preamplifier, due
to the rapid succession of voltage pulses. Finally, the overall detection efficiency ε of
the PMT setup can be estimated from the solid angle S≈π(0.5 · 25.4/35)2 covered
by the UV lens, the transmission T ≈10% of the 313 nm interference filter, and the
quantum efficiency QE ≈ 10% [87] of the PMT: ε ≈ (S/4π)·T ·QE = 3.3·10−4.

For imaging of the 9Be+ ion crystals with the CCD camera, an UV objective
(Special Optics, type 54-17-29, f =30.9mm, modified for use in UHV) was placed
close to the linear rf trap (→ Fig. 3.2). A protective window (fused silica, UV-AR
coated) was put in front of the UV objective in order to prevent it from acciden-
tal coating with beryllium from the Be oven. As in case of the single UV lens,
collecting fluorescence light for the PMT, a blackened baffle was used to block
313 nm stray light from reaching the CCD camera. After passing through an
UV viewport (Caburn-MDC, type DUV-200) and an UV broadband filter (Schott,
type DUG 11 X), the fluorescence light was focused onto the CCD chip of the cam-
era (PCO, type Sensicam) by a second UV objective (Special Optics, type 54-17-29 ,
f =30.9mm). Slight adjustment of the resulting lateral magnification was possible
by moving the CCD camera onto the optical table by a few centimeter. Usually,
the lateral magnification was 3.0 – 3.5, determined by placing an object of known
size in the trap center and illuminating it with 313 nm laser light. Alternatively,
the lateral magnification could be determined by use of molecular dynamics (MD)
simulations, reproducing the structure of the 9Be+ ion crystals in the CCD images.

aSince the current pulse width is small compared to the time constant RC, the current pulse
can be approximated by i(t) = Qpδ(t), where δ(t) is the Dirac delta function (unit s−1). Thus,
the generated voltage pulse is given by v(t) = −(Qp/C) u(t) e−t/RC , where u(t) is the unit step-
function.

bThis has to be compared with a background count rate of far more than 1000 KCPS in case
where no measures were taken.



Chapter 4

Cooling Laser System

In this chapter, the cooling laser system will be described which was used for
laser cooling of the 9Be+ ions. Starting with an overview of the complete laser sys-
tem in Sect. 4.1, doubly resonant sum-frequency generation (DR-SFG) of 313 nm
light will be described in Sect. 4.2. In particular, a brief review will be given in
Sect. 4.2.1 of the theoretical results from Refs. [1,2]. This is followed by a descrip-
tion of the experimental DR-SFG setup, including the optical enhancement cavity
and the nonlinear crystal (Sect. 4.2.2), as well as the two fundamental lasers and
the DR-SFG stabilization scheme (Sect. 4.2.3). Since the DR-SFG setup is based
on a previous version, described in detail in Refs. [1,2], the focus will be on major
modifications with respect to Refs. [1,2]. In particular, two new fundamental lasers
and a further optimized nonlinear crystal were added. Sect. 4.2 will be completed
by an experimental characterization of the DR-SFG setup with respect to output
power, tunability and spectral purity (Sect. 4.2.4). An absolute frequency stabi-
lization of the 313 nm cooling laser light will be described in Sect. 4.3, based on
an I2 frequency standard for the 532 nm fundamental laser which will be described
in Sect. 4.3.1. In addition, an optical frequency shifter at 532 nm wavelength will
be described in Sect. 4.3.2, which was used for frequency fine-adjustment of the
absolutely frequency-stabilized 313 nm laser light.

In order to formulate the requirements on the cooling laser system, some data
concerning laser cooling of 9Be+ ions at 313 nm wavelength shall be summarized
here. Doppler laser cooling of 9Be+ ions in a rf (Paul) trap is preferably done by
using σ+ polarization of the cooling laser light which is directed along a quantization
axis, defined by a weak magnetic field (→ Sect. 3.1). Accordingly, if excited at a
wavelength of λ = 313.1327 nm, the 9Be+ ions are expected to exclusively cycle
between the 2S1/2(F =2,mF =2) ground and the 2P3/2(F =3,mF =3) excited state
with a natural linewidth of γ/2π = 19.4MHz (FWHM) and a saturation intensity
of Isat = 0.83mW/mm2 [88]. However, due to imperfect σ+ polarization, decay
of the excited 9Be+ ions into the F = 1 ground state will also take place, thus
requiring additional ”repumping” laser light. In particular, laser light red-detuned
by −1.25GHz and with an intensity of a few percent as compared to that of the
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”main” cooling laser light is needed. Furthermore, if producing the 9Be+ ions by
electron impact ionization of thermally evaporated Be atoms, an initial temperature
of the 9Be+ ions of more than 1000K should be expected. This corresponds to a
Doppler width of approximately 7GHz (FWHM) for the 2S1/2(F = 2,mF = 2) ↔
2P3/2(F = 3,mF = 3) cooling transition. Thus, continuous tuning of the 313 nm
cooling laser light over a complete red wing of the Doppler broadened line is required
for effective cooling of the 9Be+ ions.

4.1 Overview of the Complete Setup

Fig. 4.1 shows a schematic of the complete cooling laser system. Laser light
at 313 nm wavelength is generated by doubly resonant sum-frequency generation
(DR-SFG) between two fundamental lasers: a resonantly frequency-doubled mono-
lithic Nd:YAG laser (InnoLight, type Diabolo 1000 DW), emitting up to 1W at
532 nm wavelength, and a Ti:sapphire laser (Coherent, type MBR-110), emitting
up to 1.5W at 760 nm wavelength. The 532 nm light delivered by the frequency-
doubled Nd:YAG laser first passes through a pair of cylindrical lenses and a 30dB
Faraday isolator (Linos Photonics), in order to correct for astigmatism and to pro-
tect the laser from retroreflected light, respectively. Next, a power of typically
40mW is split off from the 532 nm laser light and sent to an optical frequency
shifter (→ Sect. 4.3.2) which then is followed by an I2 frequency standard. The lat-
ter is realized by Doppler-free modulation transfer spectroscopy (MTS) of molecular
iodine (→ Sect. 4.3.1). In Fig. 4.1, a dashed line is pointing from the I2 frequency
standard back to the Nd:YAG laser. This indicates an electronic feedback loop
which stabilizes the frequency of the Nd:YAG laser with respect to the I2 frequency
standard. Thus, absolutely frequency stabilized 532 nm laser light, tunable by up
to 200MHz, is finally sent to the DR-SFG setup. In contrast to this, no further
frequency stabilization is needed for the 760 nm laser light, due to the employed
DR-SFG stabilization scheme (see below). After being emitted from the Ti:sapphire
laser and sent through a two-stage 60dB Faraday isolator (Linos Photonics), a typ-
ical power of 1mW is split off from the 760 nm laser light and coupled into a
wavemeter (Burleigh, type WA-1500). By this, precise adjustment of the frequency
of the Ti:sapphire laser is possible. Due to the optical components (in particular
the Faraday isolators) placed between the two fundamental lasers and the setup for
DR-SFG, only about 74% and 66% of the initial laser powers at 532 and 760 nm
wavelength, respectively, are finally available for DR-SFG. The DR-SFG setup is
built on a separate optical breadboard, including a bow-tie shaped ring cavity and
a nonlinear crystal (→ Sect. 4.2.2), as well as a set of lenses, mirrors, and wave-
plates for polarization adjustment and mode matching of the two fundamental
waves (→ Sect. 4.2.4). Furthermore, two electronic feedback loops are employed for
DR-SFG, where the first one is locking the optical cavity to the 532 nm laser light
by adjusting the cavity length, while the second one is locking the 760 nm laser light
to the cavity (→ Sect. 4.2.3). Due to this stabilization scheme, the frequency of the
generated light at 313 nm wavelength is essentially controlled by the frequency of
the 532 nm laser light which in turn is stabilized on the I2 frequency standard. After
leaving the DR-SFG setup, the 313 nm light is first corrected for astigmatism by a
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Figure 4.1: Schematic of the complete laser system used for laser cooling of the 9Be+ ions
at 313 nm wavelength. Solid and dashed lines indicate schematic paths of the laser beams
and the electronic feedback loops, respectively.

pair of cylindrical lenses. Next, generation of 1.25GHz sidebands is performed with
an electro-optical modulator (EOM), custom fabricated by Leysop Ltd, a detailed
description of which is found in Ref. [1]. Spatial filtering by focusing the 313 nm
light through a φ=15μm pinhole ensures a minimum level of residual stray light in
the vacuum chamber. By adjusting the position of a plano-convex lens (f =40mm),
placed behind the pinhole, a typical beam waist of w0 =500 – 800μm is obtained in
the trap center (→ Sect. 3.1). Finally, a Glan-Taylor prism (ELAN Ltd.) together
with a quarter-wave (λ/4) plate is used to provide the σ+ circular polarization. The
Glan-Taylor prism is characterized by a high degree of polarization purity. Further-
more, since both prism parts are connected via an air gap rather than a cement
layer, optical damage is avoided which occurred in the polarizing beam splitter
(PBS) previously used. The complete cooling laser system is protected from dust
by an acrylic glass enclosure, ventilated with clean filtered air.

4.2 Doubly Resonant SFG of 313nm Light

As can be seen from Fig. 4.1, doubly resonant sum-frequency generation
(DR-SFG) of 313 nm laser light is realized by choosing an all-solid state approach.
A major advantage with this approach is that no significant amount of maintenance
is required compared to, e.g., the use of a dye laser. Furthermore, by replacing the
Ti:sapphire laser with a diode laser, an alternative setup of comparatively low costs
is possible as was demonstrated in Refs. [1,2]. In contrast to this, the traditional
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approach to the generation of 313 nm laser light would be a single-frequency dye
laser, resonantly frequency-doubled to the UV [89]. Laser cooling of 9Be+ ions with
the latter approach is described in Refs. [90,91].

From the brief review of Doppler laser cooling of 9Be+ ions in a rf (Paul) trap,
given at the beginning of this chapter, the requirements

R1: output power ≥ 10mW

R2: spectral linewidth ≤ 1MHz

R3: tunability ≥ 10GHz

can be deduced for the 313 nm laser light, ensuring convenient experimental work.
In specifying R1, a beam waist of w0 =500 – 800μm was assumed and losses were
taken into account, occurring in the optical components between the DR-SFG setup
and the linear rf trap (→ Sect. 4.1). In addition to R1–R3, long-term frequency
stability is required as well. This will be discussed in Sect. 4.3.

4.2.1 Theory of DR-SFG

In Refs. [1, 2], the theory of DR-SFG with Gaussian beams is developed in
detail, with the main goal of optimizing DR-SFG with respect to output power.
Alternatively, a theory of DR-SFG is found in Ref. [92] as well. In this section, a
brief review will be given of the theoretical results from Refs. [1,2], as far as relevant
to the interpretation of the experimental data which will be presented in Sect. 4.2.4.

Sum-frequency generation (SFG) relies on the parametric interaction in a non-
linear medium of two fundamental waves with frequencies ω1 and ω2, respectively.
Accordingly, both frequencies ω1 and ω2 as well as the sum-frequency ω3 =ω1+ω2

are far off any resonance of the nonlinear medium which therefore acts purely re-
active. As a realistic approximation, Gaussian TEM00 modes are considered in the
two fundamental waves, assuming identical Rayleigh ranges zR1 = zR 2 and identi-
cal locations of foci in the center of the nonlinear crystal. Furthermore, identical
polarization of the two fundamental waves along a crystal axis (type I interac-
tion), negligible depletion due to frequency conversion, and good phase matching
are assumed as well (→ Sect. 4.2.2). In this case, a Gaussian TEM00 mode at sum-
frequency ω3 =ω1+ω2 is expected to be generated with power

P3 = ESFG

NL P circ
1 P circ

2 ,where ESFG

NL

def= 4 · μ0d
2

πc2

ω2 ω2 ω3

n2
3

· h · L . (4.1)

In Eq. (4.1), P circ
1 and P circ

2 are the powers of the two incoming fundamental waves
at frequencies ω1 and ω2, respectively, and ESFG

NL is the effective nonlinearity of sum-
frequency generation. Adding the superscript ”circ” to P1 and P2 already indicates
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a placement of the nonlinear crystal inside an optical enhancement cavity. This
will be further described below. In calculating the effective nonlinearity ESFG

NL , the
parameters characterizing the nonlinear crystal are: the crystal length L, the index
of refraction n3 at frequency ω3, and the second-order effective nonlinear optical
susceptibility d [1,2]. Phase matching as well as the overlap between the Gaussian
TEM00 modes in the two fundamental waves are included in the Boyd-Kleinman
factor h, defined analogous to the one known from the theory of second harmonic
generation (SHG) [93]. In Eq. (4.1), c = 2.998 ·108 m/s and μ0 = 1.256 ·10−6 N/A2

are the vacuum speed of light and the vacuum permeability, respectively.

In doubly resonant sum-frequency generation (DR-SFG), resonant enhance-
ment of the two fundamental waves is employed to increase the power P3 [Eq. (4.1)]
of the generated wave. To this end, the nonlinear crystal is placed inside an optical
enhancement cavity, where the cavity resonance condition has to be fulfilled simul-
taneously for both fundamental waves (→ Sect. 4.2.3). The circulating powers P circ

1

and P circ
2 of the two fundamental waves at frequencies ω1 and ω2, respectively, can

be calculated from the two coupled equations

√
T1 P in

1

P circ
1

= 1 −
√

(1 − T1)(1 − S1)
(
1 − ESFG

NL · ω2

ω3
· P circ

2

)
(4.2a)

√
T2 P in

2

P circ
2

= 1 −
√

(1 − T2)(1 − S2)
(
1 − ESFG

NL · ω2

ω3
· P circ

1

)
, (4.2b)

where P in
1 and P in

2 are the input powers of the two fundamental waves in the re-
spective Gaussian TEM00 cavity modes. Thus, in order to determine P in

1 and P in
2

correctly, input powers measured in front of the optical enhancement cavity have to
be corrected by the corresponding factors quantifying mode matching. This will be
described in Sect. 4.2.4. In Eqs. (4.2a) and (4.2b), the parameters characterizing the
optical enhancement cavity are: the transmissions T1 and T2 of the incoupling mir-
ror, and the sums S1 and S2 of all passive losses (except from those occurring at the
incoupling mirror) at frequencies ω1 and ω2, respectively. Coupling of Eqs. (4.2a)
and (4.2b) is due to the last terms below the square roots on the right-hand sides.
These terms account for the losses due to conversion of the fundamental waves into
the generated wave at sum-frequency ω3 =ω1+ω2.

According to Eqs. (4.2a) and (4.2b), a maximum output power P3 ∝ P circ
1 P circ

2

[Eq. (4.1)] is obtained by minimizing the passive losses S1 and S2, and by choosing
optimum incoupling transmissions T1 and T2 for given values of P in

1 , P in
2 , S1, S2,

and ESFG
NL . A plot of the output power P3 as a function of the two incoupling

transmissions T1 and T2 is possible by repeated numerical solution of Eqs. (4.2a) and
(4.2b). This was done in Refs. [1,2] in order to determine the optimum incoupling
transmissions T opt

1 and T opt
2 . Alternatively, T opt

1 and T opt
2 can be stated explicitly
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in the case of small passive losses S1,2�1 and small conversion losses ESFG
NL P circ

1,2 �1
when the square roots on the right-hand sides of Eqs. (4.2a) and (4.2b) can be
approximated. In this case,

T opt
1 /S1 =

1
2

(
1 − ε1 + ε2 +

√
(1 + ε1 + ε2)

2 − 4ε1ε2

)
(4.3a)

T opt
2 /S2 =

1
2

(
1 + ε1 − ε2 +

√
(1 + ε1 + ε2)

2 − 4ε1ε2

)
, (4.3b)

where the normalized input powers are defined as ε1
def= (ω2/ω3)ESFG

NL P in
1 /S1S2 and

ε2
def= (ω1/ω3)ESFG

NL P in
2 /S1S2.

4.2.2 Nonlinear Crystal and Optical Cavity

The high output power (→ Sect. 4.2.4) which was achieved with the DR-SFG
setup, results from the careful design of the optical enhancement cavity as well as
the choice of the nonlinear crystal. This is described in detail in Refs. [1,2]. However,
while the optical cavity is still unchanged, a new nonlinear crystal was used in the
experiments described in chapters 5–7 of this work, leading to a significant increase
in output power. This will be described in Sect. 4.2.4. In the present section, a brief
review and update will be given on the optical cavity and the nonlinear crystal.
Corresponding to the three wavelengths involved, the indices i=1, 2, and 3 of the
previous section will be replaced by the more specific indices i=532, 760, and 313,
respectively.

The optical enhancement cavity, doubly resonant for both fundamental waves,
is realized by four mirrors M1–M4, directing light along a bow-tie shaped path
[1,2]. In particular, mirror M1 is used as an incoupling mirror for the two fun-
damental waves with transmissions of T532 = 1.85% and T760 = 2.67% at 532 and
760 nm wavelength, respectively. Mirror M4 is used as an outcoupling mirror for
the generated wave at 313 nm wavelength. Accordingly, mirrors M2–M4 are pro-
vided with a highly reflective (HR) coating for 532 nm and 760 nm wavelength, and
an antireflective (AR) coating for 313 nm wavelength. Furthermore, mirrors M1
and M2 are planar, while mirrors M3 and M4 are concave (f =50mm) in order to
focus the two fundamental waves into the nonlinear crystal which is placed between
them. Calculation of the Gaussian TEM00 cavity modes at 532 and 760 nm wave-
length yields beam waists of w0532 ≈41μm and w0760 ≈49μm, respectively, located
in the crystal center [1,2]. Slightly different values are obtained for the tangential
and sagittal planes due to a small astigmatism of a few percent. As will be further
discussed below, these beam waists are not the optimum with respect to output
power of the generated 313 nm wave. Rather they are the result of a stability anal-
ysis, described in Refs. [1,2]. The cavity total round-trip length is U =483mm and
can be fine-adjusted by a piezoelectric actuator driving mirror M2. The cavity free
spectral range is FSR = c/U = 620MHz, where c = 2.998 ·108 m/s is the vacuum
speed of light.
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Figure 4.2: LBO crystal, cut for criti-
cal phase matching. Polarizations of the
532 and 760 nm fundamental waves and the
313 nm generated wave are indicated.

Figure 4.3: Measured periodic variation
of the resonated power P circ

532 with crystal
length L∝TLBO, caused by residual reflec-
tions at the crystal end faces.

Criteria such as high nonlinearity, low absorption losses, and the possibility to
achieve phase matching have led to the choice of lithium triborate LiB3O5 (LBO)
for the nonlinear crystal. In particular, phase matching Δk=0 is achieved by taking
advantage of the birefringence property of LBO, where Δk def= k313−k532−k760 with
wavenumbers ki =2πni/λi and i∈ {532, 760, 313}. Even though LBO is a biaxial
crystal with two optical axes, the situation is rather simple for an optical wave
propagating in the principal plane (X,Y), defined by the crystal X and Y axis, as
indicated in Fig. 4.2: if polarized perpendicular to (X,Y), the wave will experience
a constant index of refraction no. On the other hand, if polarized parallel to (X,Y),
the wave will experience a variable index of refraction ne(φ). Here, φ is defined as
the angle between the direction of propagation of the optical wave and the crystal
X axis a. Thus, phase matching can be achieved by adjusting the angle φ, i.e. by
cutting the crystal appropriately (critical phase matching). In particular, φ=54.10◦

for the three wavelengths 532, 760, and 313 nm, where the two fundamental waves
are polarized perpendicular to (X,Y), while the generated 313 nm wave is polar-
ized parallel to (X,Y) (ooe type I interaction). The corresponding second-order
nonlinear susceptibility is d ≈ 0.5 ·10−12 m/V [1,2] and the index of refraction at
313 nm wavelength is ne(54.10◦, 313 nm)=1.6177. Thus, according to Eq. (4.1), the
resulting effective nonlinearity of sum-frequency generation is

ESFG

NL =
0.092
m W

· h · L , (4.4)

where h and L are the Boyed-Kleinman factor and the crystal length, respectively.
In particular, a length of L=15mm was chosen for the LBO crystal, where a further
increase would be of no use due to the walk off between the two fundamental waves
and the generated 313 nm wave [1,2]. A theoretical maximum of h=1.07 [93] could

aBy using symbols no and ne(φ), the analogy to the case of an uniaxial crystal is emphasized
which usually is described by an ordinary (o) and an extraordinary (e) index of refraction.
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be reached for the Boyed-Kleinman factor in case of a small phase mismatch Δk �=0
and with the optimum Rayleigh ranges zR532 = zR 760 = L/5.7. However, the latter
would imply beam waists of w0532≈17μm and w0760 ≈20μm in the crystal center at
532 and 760 nm wavelength, respectively. This follows directly from the definition
of the Rayleigh range zR i

def= πw2
0 ini/λi, where i∈ {532, 760}. Thus, while a small

phase mismatch Δk �=0 is easily achieved by slightly tilting the LBO crystal with
respect to the optical cavity, fulfillment of the second condition zR532 =zR760 =L/5.7
would imply a deviation from the optimum with respect to stability [1,2].

A first LBO crystal which was used in the previous version of the DR-SFG
setup [1,2], was ordered from Photox and triple AR-coated by Dünnschicht-Technik
Tafelmeier. The residual reflectivities of the crystal end faces were measured as
R532≈0.8% and R760≈0.1% at 532 and 760 nm wavelength, respectively. A strong
periodic variation of the output power at 313 nm wavelength was observed when
scanning the optical enhancement cavity (→ Sect. 4.2.3). This could be explained
by multiple reflections of the 532 nm laser light between the parallel end faces of
the LBO crystal which, like in an etalon, resulted in a periodic dependence of the
crystal transmission on optical wavelength. Fig. 4.3 shows the measured power P circ

532

circulating inside the optical cavity which is locked to the 532 nm laser light, while
changing the temperature of the LBO crystal. With the resulting change in crystal
length, any etalon-like effect is expected to show up as a change in circulating
power P circ

532 , due to the change in crystal transmission. Indeed, a strong periodic
variation of P circ

532 is observed in Fig. 4.3 b. A new LBO crystal was ordered from
Photox, however with the end faces sloped by ±30 arc minutes with respect to each
other. In addition, a further optimization of the AR-coating could be achieved
by Dünnschicht-Technik Tafelmeier. In particular, the residual reflectivities of the
crystal end faces at 532 nm wavelength could be decreased to R532 < 0.2% while
leaving R760 unchanged. After replacement of the old LBO crystal by the new one,
no periodic variation in output power at 313 nm wavelength was observed anymore
when scanning the optical cavity.

4.2.3 Fundamental Lasers and Stabilization Scheme

In DR-SFG, active stabilization of either the fundamental laser frequencies or
the optical cavity length is required in order to fulfill the cavity resonance condition
simultaneously for both fundamental waves. In the DR-SFG setup which was used
in this work, the optical cavity was stabilized with respect to the 532 nm funda-
mental laser, while the 760 nm fundamental laser was stabilized with respect to the
cavity. Accordingly, the 532 nm fundamental laser was chosen as the master laser,
the spectral properties of which are (to a large extent) transferred to the generated

bIn LBO, the thermal expansion is strongly anisotropic. Nevertheless, from the thermal expan-
sion coefficients which are in the order of 10−5 to 10−4/ K, a number of 0.5 to 5 periodic oscillations
is expected for the circulating power P circ

532 . This is in a rather good agreement with Fig. 4.3.
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313 nm wave. In the following, a brief description will be given of the two funda-
mental lasers and the stabilization scheme employed. A more detailed description
is found in Ref. [4].

For the two fundamental lasers, a resonantly frequency-doubled monolithic
Nd:YAG laser [94,95] (InnoLight, type Diabolo 1000 DW) was used together with
a Ti:sapphire laser (Coherent, type MBR-110), emitting at 532 and 760 nm wave-
length, respectively. The frequency-doubled Nd:YAG laser was capable of deliver-
ing up to 1W at 532 nm wavelength with a narrow linewidth of less than 100 kHz
(measured within 1 s) and a frequency drift of less than 100MHz/h. Continuous
frequency tuning was possible by either changing the temperature of the Nd:YAG
laser crystal or by changing the crystal geometry with a piezoelectric transducer.
The corresponding tuning ranges were approximately 12GHz and 300MHz, respec-
tively. Characterized by excellent spectral properties as well, the Ti:sapphire laser,
which was pumped by a frequency-doubled Nd:YAG laser (Coherent, type Verdi-
V10), was capable of delivering up to 1.5W at 760 nm wavelength with a narrow
linewidth of approximately 100 kHz. With the particular optics set in use, either
coarse tuning over a range of approximately 80 nm or continuous tuning (mode-
hop-free) over a range of approximately 30GHz was possible. Accordingly, both
the frequency-doubled Nd:YAG laser as well as the Ti:sapphire laser were equally
well suited as master lasers. However, in the DR-SFG setup used in this work, the
original choice of the 532 nm fundamental laser as the master laser was maintained
from the previous version of the DR-SFG setup described in Refs. [1,2].

Stabilization of the optical enhancement cavity with respect to the frequency-
doubled Nd:YAG laser as well as stabilization of the Ti:sapphire laser with respect
to the cavity was realized by employing standard Pound-Drever-Hall technique [96]
in reflection. In particular, use could be made of a residual 12MHz phase modu-
lation in the 532 nm light, emitted by the frequency-doubled Nd:YAG laser. This
phase modulation stemmed from a 12MHz phase modulation in the 1064 nm laser
light, which was imparted by use of an electro-optical modulator (EOM) in order to
allow for stabilization of an external cavity for resonant frequency doubling. Laser
light at 532 nm wavelength, reflected from the incoupling mirror M1 (→ Sect. 4.2.2),
was detected by a photodetector, the rf output of which was mixed in a double-
balanced mixer (DBM) with the 12MHz local oscillator. The error signal thus
obtained was fed back via a proportional-integral-derivative (PID) electronic feed-
back loop of 15 kHz bandwidth to the piezoelectric actuator driving mirror M2
(→ Sect. 4.2.2). By this, the optical cavity length was stabilized to the 532 nm laser
light. Likewise, laser light at 760 nm wavelength emitted by the Ti:Sapphire laser
was imparted a 400 kHz phase modulation by use of a laser cavity mirror which was
mounted on a piezoelectric transducer. The 760 nm laser light which was reflected
from the incoupling mirror M1, was separated from the 532 nm laser light by use of
an optical grating and sent to a second photodetector. The rf output of the pho-
todetector was mixed in a double balanced mixer (DBM) with the 400 kHz local
oscillator. The error signal thus obtained was fed back to the frequency control
of the Ti:sapphire laser via a PID electronic feedback loop of 100 kHz bandwidth.
Both locks were stable, allowing uninterrupted operation for many hours [1,4].
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With the stabilization scheme thus described, a change in optical frequency
Δω532 of the frequency-doubled Nd:YAG laser (the master laser) is expected to
cause a corresponding change in optical frequency Δω760 = (ω760/ω532)Δω532 of the
Ti:sapphire laser. Accordingly, a change in frequency Δω532 is also expected to
cause a change in optical frequency

Δω313 = (1 +
ω760

ω532

)Δω532 (4.5)

of the generated 313 nm light. Strictly speaking, Eq. (4.5) applies to the ideal case
where errors in the electronic feedback loops and the influence of the nonlinear crys-
tal can be neglected. In this case, long-term frequency drifts as well as short-term
frequency fluctuations of the generated 313 nm light are reduced to the level of
those of the 532 nm light.

4.2.4 Output Power, Tunability, and Spectral Purity

The high output power which was achieved with the DR-SFG setup, results
from the proper choice of the nonlinear crystal as well as the careful design of the
optical enhancement cavity. In particular, strong enhancement of the two funda-
mental waves was achieved by minimizing the passive cavity losses and by choosing
appropriate incoupling transmissions. The latter usually is referred to as impedance
matching. Furthermore, each fundamental wave was matched to the respective
Gaussian TEM00 cavity mode by use of a two-lens telescope and a pair of mirrors.
This usually is referred to as mode matching. In the following, the DR-SFG setup
will be characterized with respect to impedance and mode matching, as well as
output power, tunability, and spectral purity.

In order to quantify mode matching, the ratio of power in a TEM00 cavity
mode to the sum of powers in all TEMmn cavity modes was measured by scan-
ning the optical enhancement cavity and detecting the light leaking through mirror
M4 (→ Sect. 4.2.2). By this, good estimates were obtained for the mode-matching
factors P in

532/P
Σ

532 and P in
760/P

Σ
760, i.e. the ratios of the mode-matched input powers

P in
532 and P in

760 (→ Sect. 4.2.1) to the measured total input powers PΣ
532 and PΣ

760 at
532 and 760 nm wavelength, respectively. Next, the cavity was locked in turn to
each fundamental wave while the other fundamental wave was off. By this, the res-
onated powers P circ

532 and P circ
760 could be determined from the light leaking through

mirror M4, where the residual transmissions of mirror M4 were measured before.
From the data thus obtained, the enhancement factors P circ

532 /P in
532 and P circ

760 /P in
760

were calculated, quantifying resonant enhancement of the two fundamental waves
in case of no losses due to frequency conversion. Finally, from the enhancement
factors P circ

532 /P in
532 and P circ

760 /P in
760, and the incoupling transmissions T532 and T760 of

mirror M1 (→ Sect. 4.2.2), the sums of all passive losses S532 and S760 were cal-
culated from Eqs. (4.2a) and (4.2b). Since no losses due to frequency conversion
were considered at that point, Eqs. (4.2a) and (4.2b) reduce to the two equations
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passive losses

SFG

optimized SFG

old LBO new LBO empty cavity

P circ
532 /P in

532 41.5 76.9 130

P circ
760 /P in

760 77.5 75.8 95.5

S532 2.4 % 1.3 % 0.53 %
S760 1.0 % 1.1 % 0.66 %

P313 52 mW 101 mW —

h 0.051 0.054 —

T opt
532 2.6 1.5 —

T opt
760 1.1 1.2 —

P opt
313 65 mW 118 mW —

Table 4.1: Enhancement factors P circ
i /P in

i , passive losses Si, output power Pi, Boyd-
Kleinman factor h, optimum incoupling transmissions T opt

i , and maximum output power
P opt

i , where i ∈ {313, 532, 760}. For comparison, enhancement factors and passive losses
are also shown for the empty cavity. Mode matching was performed in each case,
where mode-matched input powers and mode-matching factors were as follows. Old
LBO: (P in

532 , P in
532/PΣ

532 , P in
760 , P in

760/PΣ
760) = (377 mW , 90.3% , 693 mW , 95.8%). New LBO:

(400 mW , 92.2% , 692 mW , 96.6%). Empty cavity: (389 mW , 96.6% , 265 mW , 94.6%).

[TiP
in
i /P circ

i ]1/2 =1−[(1−Ti)(1−Si)]1/2, with i∈{532, 760}, which could be solved in-
dependently. In Tab. 4.1, a summary is given of the enhancement factors P circ

532 /P in
532

and P circ
760 /P in

760, and the passive losses S532 and S760 for both the DR-SFG setup
including the old as well as the new LBO crystal (→ Sect. 4.2.2). Accordingly, a
significant decrease in passive losses S532 at 532 nm wavelength from 2.4% to 1.3%
and a corresponding increase in enhancement factor P circ

532 /P in
532 from 41.5 to 76.9 was

achieved with the new LBO crystal, featuring sloped end faces and an improved
AR coating. For comparison, the enhancement factors and the passive losses are
also shown in case of an empty cavity, i.e. with the LBO crystal removed.

With the old LBO crystal, an average power of P313 = 52mW was generated
at 313 nm wavelength. The mode-matched input powers were P in

532 = 377mW and
P in

760 = 693mW at 532 and 760 nm wavelength, respectively. From this, a Boyd-
Kleinman factor of h=0.051 was calculated by numerical solution of the two cou-
pled equations (4.2a) and (4.2b) together with Eq. (4.1), assuming passive losses as
given in the first column of Tab. 4.1. Thus, only half the value was obtained for the
Boyd-Kleinman factor h as compared to Ref. [4] a. With the new LBO crystal, an
output power of P313 =101mW was generated from mode-matched input powers of

aAs noted in Sect. 4.2.2, noticeable changes of the enhancement factor P circ
532 /P in

532 at 532 nm
wavelength were observed with the old LBO crystal, caused by an etalon-like effect of the crystal
endfaces. Thus, in Ref. [4], the passive losses of S532 =4.8% which were calculated from a measured
enhancement factor of P circ

532 /P in
532 = 15 are probably too high, leading to an overestimate of the

Boyd-Kleinman factor h.
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P in
532 = 400mW and P in

760 = 692mW. This corresponds to a Boyd-Kleinman factor
of h = 0.054 for the passive losses given in the second column of Tab. 4.1. Thus,
almost identical values are obtained for the Boyd-Kleinman factor h with the two
LBO crystals, indicating a good reliability of the measurements yielding the data
of Tab. 4.1. Finally, it should be noted that requirement R1 on the power of the
generated light at 313 nm wavelength is easily fulfilled with both LBO crystals.

Perfect impedance matching would be achieved if choosing the incoupling
transmissions equal to the respective total cavity losses, including passive losses
as well as losses due to frequency conversion in the nonlinear crystal. Since the
incoupling transmissions are T532 = 1.85% and T760 = 2.67%, and the total cavity
losses are dominated by the passive losses S532 and S760, non-perfect impedance
matching already can be inferred from the first four lines in Tab. 4.1. In particular,
strong overcoupling of the optical enhancement cavity at 760 nm wavelength can
be inferred for both LBO crystals. In order to estimate the possible gain in power
P313, perfect impedance matching is considered in Tab. 4.1 as well, assuming mode-
matched input powers P in

532 and P in
760 as given above. To this end, the optimum

incoupling transmissions T opt
532 and T opt

760 were calculated according to Eqs. (4.3a)
and (4.3b) for both LBO crystals, assuming passive losses S532 and S760, and Boyd-
Kleinman factors h as given in Tab. 4.1. From this, the maximum output power
P opt

313 , expected in case of perfect impedance matching, was calculated by numerical
solution of the two coupled equations (4.2a) and (4.2b) together with Eq. (4.1).
Accordingly, replacement of mirror M1 by a new one with optimum incoupling
transmissions T opt

532 and T opt
760 would only yield a moderate increase in output power

P313. This is true in particular in case of the new LBO crystal.

With the stabilization scheme described in Sect. 4.2.3, a change in optical fre-
quency Δω532 of the 532 nm master laser is expected to cause a change in optical
frequency Δω760 = 0.6997 · Δω532 of the 760 nm fundamental laser, assuming that
errors in the electronic feedback loops and the influence of the crystal are negligi-
ble. This was confirmed experimentally by measuring the response of the locked
Ti:sapphire laser to tuning of the frequency-doubled Nd:YAG laser, showing perfect
agreement with the above relation [1,4]. Furthermore, continuous tuning without
mode hops of the generated light at 313 nm wavelength was shown to be possi-
ble over a frequency range of more than 15GHz. Thus, requirement R3 on the
tunability of the 313 nm light is fulfilled by more than 150%.

Finally, long-term frequency stability and short-term frequency fluctuations of
the generated 313 nm laser light shall be considered briefly, where a more detailed
discussion is found in Ref. [4]. Frequency drifts of the 313 nm light due to errors in
the electronic feedback loops are estimated to be well below 1MHz/h. Thus, long-
term frequency stability of the 313 nm light is essentially determined by the long-
term frequency stability of the 532 nm laser light, the latter being guaranteed by the
absolute frequency stabilization which will be described in Sect. 4.3.1. Short-term
frequency fluctuations δω313(t) of the 313 nm light, which are indicative of the spec-
tral linewidth, were considered in Ref. [4]. In particular, it was shown that δω313(t)
can be expressed in terms of the short-term frequency fluctuations δω532(t) of the
532 nm laser light and the deviations δωcav

532 (t) and δωcav
760(t) of the cavity resonance
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frequencies from the respective fundamental laser frequencies. Accordingly, in the
ideal case of perfect electronic feedback loops, the short-term frequency fluctuations
at 313 nm wavelength would be reduced to the level of those of the 532 nm laser
light. By taking time records of the error signals of both frequency locks over 1 s
time within a bandwidth of 10Hz – 100 kHz, rms values of 〈δωcav

532(t)/2π〉 = 24kHz
and 〈δωcav

760(t)/2π〉 = 55kHz were obtained. With the rms frequency fluctuations
〈δω532(t)/2π〉≈50 kHz of the frequency-doubled Nd:YAG master laser in the same
bandwidth as above, an upper limit of 〈δω313(t)/2π〉 ≈ 160 kHz was calculated for
the rms value of the short-term frequency fluctuations of the 313 nm light. Thus,
requirement R2 on the spectral linewidth of the generated 313 nm light can be
expected to be fulfilled as well.

4.3 Absolute Frequency Stabilization

Due to the stabilization scheme described in Sect. 4.2.3, long-term frequency
stability of the generated light at 313 nm wavelength essentially depends on the
frequency stability of the 532 nm master laser. The long-term frequency stability of
the free-running, frequency-doubled monolithic Nd:YAG laser is specified by a fre-
quency drift of less than 100MHz/h. According to Eq. (4.5), this directly translates
into a corresponding frequency drift of 170MHz/h at 313 nm wavelength. Although
this is quite remarkable for a free-running system, a frequency drift small with re-
spect to the natural linewidth γ/2π=19.4MHz (FWHM) of the 2S1/2 ↔ 2P3/2 cool-
ing transition would be preferable in order to allow convenient experimental work
for 1 – 2 h. Thus, long-term frequency stability of the generated light at 313 nm
wavelength shall be specified by the requirement

R4: frequency drift ≤ 1MHz/h .

This could be fulfilled easily by locking the frequency-doubled Nd:YAG laser to the
I2 frequency standard which will be described in Sect. 4.3.1.

In order to allow a frequency fine-adjustment of the absolute frequency sta-
bilized 313 nm light, a standard acousto-optic modulator (AOM) in a double-pass
configuration was used as a frequency shifter at 532 nm wavelength. This will be
described in Sect. 4.3.2. The resulting tuning ranges are Δω532/2π=200MHz and
Δω313/2π=340MHz [Eq. (4.5)] at 532 and 313 nm wavelength, respectively. Using
both the I2 frequency standard and the frequency shifter, the experimental steps
used to produce a 9Be+ ion crystal (→ chapters 6 & 7) were as follows.

Step 1: In order to effectively cool the 9Be+ ions with an initial temperature
of more than 1000K, several scans of the 313 nm cooling laser light over a range
of 3 – 5GHz were required. To this end, the frequency-doubled Nd:YAG laser was
unlocked from the I2 frequency standard and scanned repeatedly by changing the
temperature of the Nd:YAG laser crystal (→ Sect. 4.2.3).
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Step 2: Once the 9Be+ plasma crystallized, the absorption line of the
9Be+ cooling transition narrowed down to a width not much more than the nat-
ural linewidth γ/2π=19.4MHz (→ Sect. 6.2). At this point, the frequency-doubled
Nd:YAG laser was stopped from scanning and locked to the I2 frequency standard.
Next, the frequency of the 313 nm cooling laser light was adjusted step-wise such
that the center frequency of the 9Be+ absorption line was within the frequency
shifter tuning range Δω532/2π=340MHz. This was achieved by repeatedly unlock-
ing and relocking the optical enhancement cavity to the 532 nm laser light as well
as the 760 nm laser to the enhancement cavity.

Step 3: Finally, the frequency of the 313 nm cooling laser light was fine-
adjusted with the frequency shifter by maximizing the fluorescence of the 9Be+ ions.

If any unlocking between the fundamental lasers and the enhancement cavity
or the I2 frequency standard shall be avoided, a further increase of the frequency
shifter tuning range would be required to at least a few GHz. This could be realized
by, e.g., a second frequency doubled Nd:YAG laser, phase locked to the first one
which in turn is locked to the I2 frequency standard. Phase locking of the two lasers
could be achieved by use of an electronic feedback loop as described in Ref. [97].
However, this would involve considerable costs of a second laser without reducing
the experimental complexity significantly.

4.3.1 Doppler-Free Modulation Transfer Spectroscopy

The I2 frequency standard for stabilization of the 532 nm laser light, was real-
ized by Doppler-free modulation transfer spectroscopy (MTS) of molecular iodine
[98]. By this, a frequency drift of less than 1MHz/h could be achieved easily for
the generated 313 nm light, as was required in the previous section. Since the ex-
perimental setup is almost identical to the one described in Ref. [99], only a brief
description will be given here.

Doppler-free spectroscopy was achieved by overlapping two counterpropagating
beams within the iodine cell which is shown in Fig. 4.4. In particular, a pump beam
was used to ”burn” a population hole into the velocity distribution of I2 molecules
in ground state, which then was probed by the probe beam (see, e.g., Ref. [100]).
Thus, an increase in transmission of the probe beam occurred if the same velocity
class of I2 molecules was addressed by both beams, i.e the velocity class with zero
velocity in the direction of beam propagation. Furthermore, a frequency (phase)
modulation technique was employed to improve the signal-to-noise ratio of the
spectroscopic signal as well as to obtain a first derivation of the absorption line
profile, used as error signal for electronic feedback. In particular, a 455 kHz phase
modulation was imparted to the pump beam by use of an electro-optic modulator
(EOM). The phase modulation was transferred to the probe beam and converted
into an amplitude modulation in case of resonance of the 532 nm laser light with
an I2 (hyperfine) transition. A rf photodetector including a narrow bandwidth
455 kHz ceramic filter was used to detect the amplitude modulation in the probe
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Figure 4.4: Iodine cell, traversed by
a pump and a counterpropagating probe
beam. A Peltier cooler is integrated into
the cell mount, allowing to cool down the
cell finger to −5◦C. However, in most
cases the iodine cell was operated at room
temperature (see text).

Figure 4.5: Spectroscopic signal obtained
by Doppler-free modulation transfer spec-
troscopy (MTS), showing the hyperfine
structure of the 1110 [R(56)32-0] iodine
line (taken from Ref. [99]). Usually, the
laser light at 532 nm wavelength was locked
to the a10 hyperfine line.

beam. The detector output was mixed in a double balanced mixer (DBM) with the
455 kHz local oscillator. The signal thus obtained is shown in Fig. 4.5, illustrated
by the 1110 [R(56)32-0] I2 absorption line. Because of the transfer of 455 kHz
modulation from the pump to the probe beam, this technique is usually referred to
as modulation transfer spectroscopy (MTS). Finally, the MTS signal was fed back
to the frequency-doubled Nd:YAG laser via a two-channel proportional-integral-
derivative (PID) electronic feedback loop: a slow channel with a 1Hz bandwidth
was acting on the temperature of the Nd:YAG laser crystal, while a fast channel
with a 1.4 kHz bandwidth was acting on the crystal geometry with a piezoelectric
transducer (→ Sect. 4.2.3). By this, a stable as well as fast and tight lock was
provided for the 532 nm laser light to the chosen I2 hyperfine line. In Ref. [99], high
long-term frequency stability of 532 nm laser light was demonstrated to be possible
using an almost identical setup, where a frequency drift of less than 5 kHz/h a could
be achieved.

According to requirement R4, frequency drifts of up to 1MHz/h are still tol-
erable at 313 nm wavelength. Thus, a frequency drift of up to 600 kHz/h [Eq. (4.5)]
is still tolerable at 532 nm wavelength, which is more than two orders of magni-
tude larger than that demonstrated in Ref. [99]. In consequence, the experimental
MTS setup was slightly changed with respect to that described in Ref. [99], in
favor of reducing both the number and costs of the required optical components.

aActually, a frequency drift of less than 5Hz/h is stated in Ref. [99]. However, this is obviously
a mistake as can be seen from the estimate of light shifts as well as the axis labels in Fig. 3.21
(both in Ref. [99]).
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In particular, an additional optical isolator was omitted from the pump beam and
a low-cost acousto-optic modulator (AOM) was used in the probe beam. Thus,
a residual interference of the two beams on the photodetector and an additional
frequency drift of the probe beam were accepted, respectively. Furthermore, the
experimental parameters were chosen somewhat different from their optimum val-
ues derived in Ref. [99], thus sacrificing frequency stability in favor of an increased
signal-to-noise ratio of the MTS signal. In particular, the power of the pump beam
typically was increased to 16mW and the iodine cell was operated at room tem-
perature, thus accepting an increase in power as well as pressure broadening of
the I2 hyperfine lines, respectively. Likewise, the 455 kHz rf drive voltage applied
to the EOM was increased to 400V (peak-to-peak), causing an increase in phase
modulation index above its optimum value of βopt ≈ 1 [99]. Last but not least,
a significantly more compact design of the experimental setup could be realized
compared to that described in Ref. [99].

4.3.2 Frequency Shifter

In the schematic drawing of Fig. 4.1, a frequency shifter is placed between the
frequency-doubled Nd:YAG laser and the I2 frequency standard. The frequency
shifter was realized by use of a standard acousto-optic modulator (AOM) in a double
pass configuration, capable of shifting the 532 nm laser light by 300 – 500MHz, i.e.
with a tuning range of 200MHz. A brief description of the experimental setup is
given below.

The frequency shifter is shown in Fig. 4.6. A polarizing beamsplitter (PBS)
was used to split off a typical power of P in =40mW of horizontally polarized light
at 532 nm wavelength from a total power of PΣ ≈ 600mW, available from the
frequency-doubled Nd:YAG laser. The horizontally polarized light which served
as the input for the frequency shifter, straightly passed through the PBS before
being 90◦-deflected by two plane mirrors as can be seen in Fig. 4.6. The vertically
polarized light of remaining power PΣ – P in was reflected by the PBS to the left
side of Fig. 4.6 and sent towards the DR-SFG setup (→ Sect. 4.2). A plano-convex
lens (f =7.5 cm), placed between the two plane mirrors, focused the light through
a quarter-wave plate (λ/4) and into the AOM (NEOS Technologies, model 15200).
The beam waist was w0≈ 60μm and was located in the center of the AOM crystal.
Light diffracted into the first order was retroreflected and focused back into the
AOM by a concave mirror (R= −10 cm). Two iris diaphragm were used to block
the zeroth as well as higher diffraction orders. Finally, after having doubly passed
the AOM, the 532 nm laser light was counterpropagating along the path of the
incoming beam and frequency-shifted by twice the frequency frf of the AOM rf
drive voltage. Furthermore, by having doubly passed the λ/4 plate as well, the
polarization of the outgoing 532 nm laser light was rotated by 90◦ with respect to
that of the incoming beam. Thus, the outgoing light of power Pout was vertically
polarized and reflected by the PBS to the right side of Fig. 4.6, i.e. towards the
I2 frequency standard (→ Sect. 4.3.1).
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ZOS-300

ZFL-1000G

ZHL-1-2W

AOM

(Aux.)
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Figure 4.6: Frequency shifter, including
focusing lens (1), quarter-wave plate (2),
acousto-optic modulator (3), and retrore-
flecting mirror (4). Laser beams at 532 nm
wavelength are indicated by green lines.
The two beams leaving at the upper left
and right corners are directed towards the
DR-SFG setup and the absolute frequency
stabilization, respectively.

Figure 4.7: Top: Efficiency Pout/P in of
the frequency shifter, measured as a func-
tion of the rf drive frequency frf. The op-
tical tuning range at 532 nm wavelength is
twice the tuning range of frf. Bottom:
rf drive electronics, including a voltage
controlled oscillator (ZOS-300), a variable
gain amplifier (ZFL-1000G), and a power
amplifier (ZHL-1-2W).

Fig. 4.7 (top) shows the frequency shifter efficiency Pout/P in, measured as a
function of the rf drive frequency frf, where a maximum diffraction efficiency into
the first order was ensured by adjusting the rf drive power to an optimum value
of Prf =28.2dBm. Accordingly, more than 40% efficiency was possible over almost
the full tuning range Δfrf=100MHz which corresponds to an optical tuning range
of 2·Δfrf =200MHz at 532 nm wavelength. A maximum efficiency of 67% was
achieved around frf=200MHz which is the nominal center frequency of the AOM.
Fig. 4.7 (bottom) shows a schematic of the rf drive electronics (all parts from Mini-
Circuits), including a voltage-controlled oscillator (model ZOS 300), a variable
gain amplifier (model ZFL-1000G), and a rf power amplifier (model ZHL-1-2W).
Tuning of the rf drive frequency frf from 150 to 250MHz was achieved by changing
the voltage Vtune from 1.6 to 10.9V. Likewise, adjustment of the rf drive power Prf

from −10 to +30dBm was achieved by changing the voltage Vcontrol from 5.0 to
1.2V.

A further increase of the optical tuning range could be achieved by either
using a high-frequency AOM [101] or by increasing the number of passes of the
532 nm laser light through the AOM. In particular, a sixtuple pass configuration
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using a standard AOM was reported in Ref. [102], with a maximum efficiency of
Pout/P in = 24%. However, while the first approach is based on expensive high-
frequency components, the second approach requires a time-consuming adjustment
in order to achieve a reasonable efficiency Pout/P in.



Chapter 5

Laser-Cooled Fluorescence
Mass Spectrometry (LCF-MS)

In chapter 6, dark regions in the CCD images of 9Be+ ion crystals will be
attributed to sympathetically cooled ions from the background gas which do not
fluoresce in the 313 nm cooling laser light. In particular, it will be argued that dark
regions in the crystal center consist of ions with a mass-to-charge ratio smaller
than that of 9Be+, i.e. m/z<9 u, while dark regions at the outer crystal boundaries
consist of ions with a mass-to-charge ratio larger than that of 9Be+, i.e. m/z >9 u.
Here, z= |Q|/e, where e=1.602 ·10−19C is the electron charge. More detailed infor-
mation on the mass-to-charge ratios may be obtained by an experimental technique
for which the term laser-cooled fluorescence mass spectrometry (LCF-MS) was in-
troduced in Ref. [50]. This technique is non-destructive and easy to implement as
compared to time-of-flight [52] as well as other mass-spectrometric techniques [53].

LCF-MS, as described in Ref. [50], relies on the excitation of secular ion motion
at the transverse trap frequency

ωr(m/z) =

√
e2z2 U 2

RF

2m2Ω2r4
0

− κe zUEC

m
(5.1)

of the linear rf trap (→ Sect.2.1). To this end, a dipolar electric excitation field
E(t)=Eexc sin(ωexct) is directed transverse to the trap axis and superimposed to the
trapping fields. The excitation frequency ωexc is scanned across the transverse trap
frequency (5.1) of the sympathetically cooled ions, while monitoring the fluorescence
of the laser-cooled ions. A temporary sympathetic heating of the laser-cooled ions
is then reflected by a corresponding change in fluorescence signal, thus yielding a
mass spectrum. In this work, the dipolar electric excitation field was generated by
applying a voltage U(t)=Uexc sin(ωexct) to an external electrode which was mounted
slightly above the upper electrode rods of the linear rf trap (→ Sect. 3.2). Finally,
it should be noted that Eq. (5.1) is the degenerate case of Eqs. (2.3b) and (2.3c) at
zero static voltage UDC =0.
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Historically, excitation of secular ion motion was first employed in measure-
ments of charge transfer reactions [51] to selectively remove ions from a hyperbolic
rf (Paul) trap. On the other hand, fluorescence detection of the resonant excitation
of trapped ion motion was first employed in measurements of the electron-to-proton
mass ratio me/mp and the electron gJ factor [103]. In these measurements, resonant
excitation of the cyclotron and axial motion of laser-cooled 9Be+ ions in a Penning
trap was detected by monitoring the fluorescence of the 9Be+ ions, yielding me/mp

and gJ with sub-ppm-accuracies. Finally, LCF-MS which is a combination of both
excitation of secular ion motion and fluorescence detection was introduced as a mass
spectrometric technique [50,76,77,104] and used to identify several sympathetically
cooled ion species. In addition, LCF-MS was also used to characterize a combined
linear rf and magnetostatic trap [105]. Besides from excitation of the secular ion
motion with a dipolar electric excitation field, LCF-MS in a linear rf trap could
be performed as well by: (i) parametric excitation of the secular ion motion, i.e.
excitation at twice the transverse trap frequency (5.1) with a quadrupolar rather
than a dipolar electric field. (ii) excitation of the axial ion motion at the axial
trap frequency ωz [Eq. (2.3d)]. The practical use of both has been demonstrated in
combination with ion counting, i.e. detection of the resonantly ejected ions with
an electron multiplier. In particular, (i) was shown to yield a high mass resolution
[106] while (ii) was introduced as a novel mass spectrometric technique, using an
optimized axial trap potential [107].

The current chapter is organized as follows. In Sect. 5.1, a short description
will be given of how the cooling laser detuning affects the fluorescence signal shape
in the LCF-MS mass spectra. Next, direct secular excitation of the laser-cooled
9Be+ ions will be described in Sect. 5.2 as an intermediate step towards LCF-MS
of the sympathetically cooled ions. Since the underlying physical mechanism is
simpler as compared to the latter, this will serve as a first test of the understanding
of the obtained fluorescence signal shapes. In particular, upward and downward
excitation frequency scans will be compared in Sect. 5.2.1 and Sect. 5.2.2, re-
spectively. Furthermore, direct secular excitation of the laser-cooled 9Be+ ions will
be used to establish a precise mass scale for the LCF-MS mass spectra. This will
be described in Sect. 5.3. This section also includes a summary of all sympatheti-
cally cooled ion species detected in this work using LCF-MS. Finally, a selection of
LCF-MS mass spectra will be presented in Sect. 5.3.1 (N+), Sect. 5.3.2 (4He+),
and Sect. 5.3.3 (HD+ and D+).

5.1 Cooling Laser Detuning

In LCF-MS, secular excitation of the sympathetically cooled ions in general
results in the sympathetic heating of the laser-cooled ions. Exceptions to this are
described in Sect. 5.3.2 and Sect. 5.3.3, where secular excitation leads to a decou-
pling of the two ion species. However, sympathetic heating of the laser-cooled ions
still may be reflected by a decrease as well as an increase in fluorescence signal,
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Figure 5.1: Two excitation frequency scans across the transverse trap frequency of the
9Be+ ions. Left: At a cooling laser detuning of approximately −30 MHz. Right: At a
cooling laser detuning which was further increased by −620 MHz.

depending on the particular cooling laser detuning. This will be demonstrated in
the following, using direct secular excitation of the laser-cooled ions rather than
secular excitation of the sympathetically cooled ions.

Fig. 5.1 (left) shows an excitation frequency scan across the transverse trap
frequency of the 9Be+ ions. The complete scan ranging from ωexc/2π =100 kHz to
1MHz was performed within 50 s and with an excitation amplitude of Uexc = 1V.
The linear rf trap was operated at URF = 380V and UEC = 3V, corresponding to
a theoretical trap frequency of ωr(Be)/2π = 271 kHz [Eq. (5.1)]. Preparation of the
9Be+ ions included the following steps. First, the trap was loaded with 9Be+ ions at
a background pressure of P <1 · 10−10 mbar. Next, the 9Be+ ions were cooled down
to a temperature of few 10K (→ Sect. 6.2) by several 3 – 5GHz scans of the cooling
laser frequency. Finally, a reduction of the total number of trapped ions by lowering
the rf amplitude URF for a few seconds led to the crystallization of the trapped ion
cloud. The cooling laser was locked to an I2 hyperfine transition (→ Sect. 4.3.1)
and fine-adjusted approximately −30MHz below the cooling transition frequency
by maximizing the fluorescence of the 9Be+ ions. Accordingly, any broadening of
the 9Be+ absorption line by heating the 9Be+ ions is expected to cause a decrease in
fluorescence signal. Indeed, in Fig. 5.1 (left), a dip appears around the theoretical
trap frequency ωr(Be)/2π =271 kHz [Eq. (5.1)]. It should be noted that there is no
significant frequency shift with respect to the theoretical value, even though the
9Be+ ions were in a crystalline state. This is due to the fact that the 9Be+ plasma
was almost pure, leading to a coherent oscillation of the whole 9Be+ ion crystal in
the time-averaged trap potential (2.3).

Fig. 5.1 (right) shows a further excitation frequency scan performed right after
the one shown in Fig. 5.1 (left). The same experimental settings were used, except
from a somewhat lower excitation amplitude of Uexc = 0.5V and a cooling laser
detuning which was further increased by −620MHz. To this end, the Ti:sapphire
laser was unlocked from the SFG cavity (→ Sect. 4.2.2), red-detuned by one SFG
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cavity free spectral range (FSR = 620MHz), and locked to the SFG cavity again.
As a result, melting of the 9Be+ ion crystal and transition into a cloud-like state was
observed with the CCD camera. This is reflected by the decrease in fluorescence sig-
nal in Fig. 5.1 (right) by approximately a factor of 20 with respect to Fig. 5.1 (left).
Furthermore, a peak appears in place of the dip. The latter can be understood
from the fact that for the given cooling laser detuning, the fluorescence already
corresponds to the outer wing of the 9Be+ absorption line (→ Sect. 6.2). Thus, any
broadening of the 9Be+ absorption line by heating the 9Be+ ions is expected to cause
an increase in fluorescence signal.

In the remainder of this chapter, solely excitation frequency scans will be shown
which were performed at a cooling laser detuning similar to that in Fig. 5.1 (left).
Thus, any heating of the 9Be+ ions is expected to cause a corresponding decrease
in fluorescence signal.

5.2 Secular Excitation of Laser-Cooled Ions

In this section, direct secular excitation of the laser-cooled 9Be+ ions will be de-
scribed, the 9Be+ ions forming a large ion cloud together with additionally trapped
ions from the background gas. The transverse trap frequency of the 9Be+ ions is
given by Eq. 5.1 which may be rewritten as

ωr(Be) [kHz] =
√

20.7 U 2
RF − 32 ·103 UEC , (5.2)

where the trap voltages URF and UEC are expressed in units of Volt. Fixed trap
parameters were assumed as r0 = 4.32mm, κ = 3.0 · 10−3/mm2 (→ Sect. 3.2), and
Ω/2π=14.2MHz (→ Sect. 3.3). The main sources of error in Eq. (5.2) are the uncer-
tainties in rf amplitude URF (up to ±10%) and geometric constant κ (up to ±15%),
where the latter is entering Eq. (5.2) through the constant factor 32. Accordingly,
the uncertainty in κ is only of minor importance since the second term below the
square root in Eq. (5.2) only contributes a small correction of <3.2% to the trans-
verse trap frequency ωr(Be). This at least is true for typical trap voltages URF >350V
and UEC < 5V. Finally, it should be noted that Eq. (5.2) is a single particle fre-
quency. Thus, resonant secular excitation of the 9Be+ ions is expected to occur
at Eq. (5.2) if performed on either a pure 9Be+ ion plasma or on a multi-species
ion plasma which is in a cloud-like state. In the first case, the 9Be+ ion plasma
coherently oscillates as a whole while in the second case, Coulomb interactions are
sufficiently small.

5.2.1 Experimental Results: I. 9Be+ – Upward Scans

Fig. 5.2 shows an excitation frequency scan across the transverse trap frequency
of the 9Be+ ions. The complete scan ranging from ωexc/2π = 100 kHz to 500 kHz
was performed within 50 s and with an excitation amplitude of Uexc = 1V. The
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Figure 5.2: Upward excitation frequency
scan across the transverse trap frequency of
the 9Be+ ions.

Figure 5.3: Supposed change in time of
ωeff, drawn in a qualitative fashion in the
style of Ref. [54].

linear rf trap was operated at URF =380V and UEC =3V, corresponding to a theo-
retical trap frequency of ωr(Be)/2π=271 kHz [Eq. (5.2)]. The stability parameter is
q=0.055 [Eq. (2.1)], implying that the time-averaged trap potential description is
valid (→ Sect. 2.1). Preparation of the trapped ion cloud included the same steps
as described in the previous section. However, no further reduction of the number
of trapped ions was performed, e.g., by lowering the rf amplitude URF for a few
seconds. Thus, a large number of 9Be+ ions as well as additionally trapped impu-
rity ions were expected to be contained in the trap, with a temperature of a few
10K (→ Sect. 6.2). In the RGA mass spectra (→ Sect. 3.1), peaks were observed at
m/z=4, 14, 16, 20, 28, 32 and 40 u, corresponding to He+, N+, O+, Ar++, N+

2 , O+
2 ,

and Ar+, respectively (see, e.g., [83]).

In Fig. 5.2, the fluorescence signal shape exhibits the characteristic features
explained by the simplified model of LCF-MS (→ Sect. 2.3.2): a gradual decrease
on the low-frequency side and a step-like increase on the high frequency side in
the upward excitation frequency scan. However, the model describes LCF-MS of
sympathetically cooled ions rather than direct secular excitation of the laser-cooled
ions. Nevertheless, a qualitative explanation of the fluorescence signal shape is
possible in terms of the effective trap frequency ωeff which was introduced as a
major concept of the simplified model of LCF-MS in Sect. 2.3.1.

Fig. 5.3 shows the supposed change in time of the effective trap frequency
ωeff, i.e. the transverse trap frequency of the 9Be+ ions in the superposition of
the time-averaged trap potential and the space charge potential of the impurity
ions. At the start of the excitation frequency scan, ωeff is shifted well below
the nominal trap frequency ωr(Be) [Eq. (5.2)]. As a rough estimate, a shift of
(ωr(Be)−ωeff)/2π ≈ 20 kHz is calculated from Eq. (2.12) for a total number of 1000
impurity ions with an average mass of m/z=20u and a temperature of 10K. Next,
as the excitation frequency ωexc approaches the effective trap frequency ωeff, kinetic
excitation of the 9Be+ ions sets in. A negative feedback is established similar to that
described under case I in Sect. 2.3.2: kinetic excitation of the 9Be+ ions causes a



60 Laser-Cooled Fluorescence Mass Spectrometry (LCF-MS)

sympathetic heating of the impurity ions, and the whole ion cloud expands. This
in turn leads to an increase in effective trap frequency ωeff since space charge be-
comes less pronounced. As a result, ωeff becomes locked to the excitation frequency
ωexc (a further increase of ωeff above the excitation frequency ωexc would weaken
the coupling of the external excitation to the 9Be+ ions). Finally, as the excita-
tion frequency ωexc is scanned across the nominal trap frequency ωr(Be) [Eq. (5.2)]
(dotted line in Fig. 5.3), the 9Be+ ions are decoupled from the external excitation
since ωeff can not increase any more. As a result, the 9Be+ ions are quickly cooled
down. According to this explanation, the negative feedback and the decoupling of
9Be+ ions from the external excitation are reflected by the gradual decrease and
the step-like increase in fluorescence in Fig. 5.2, respectively. The latter occurs at
ωexc/2π =281 kHz, corresponding to a deviation of +4% with respect to the theo-
retical value ωr(Be)/2π =271 kHz [Eq. (5.2)]. Taking into account the uncertainties
in URF and κ (→ Sect. 5.2), the agreement is rather good. In Fig. 5.2, the fluores-
cence signal finally reaches its initial level, indicating that no significant amount of
9Be+ ions was lost from the trap.

5.2.2 Experimental Results: II. 9Be+ – Downward Scans

Fig. 5.4 (top) shows a downward excitation frequency scan across the transverse
trap frequency of the 9Be+ ions. The complete scan ranging from ωexc/2π=290 kHz
down to 250 kHz was performed within 20 s and with an excitation amplitude of
Uexc =0.5V. The linear rf trap was operated at URF = 380V and UEC = 3V,
corresponding to a theoretical trap frequency of ωr(Be)/2π = 271 kHz [Eq. (5.2)].
Preparation of the trapped ion cloud included the following steps. First, the
trap was loaded with 9Be+ ions at a slightly elevated background pressure of
P = 1.2 · 10−10 mbar since the experiment was performed shortly after a vacuum
chamber bakeout. In the RGA mass spectra (→ Sect. 3.1), peaks were observed
at m/z = 2, 14, 16, 17, 18, 20, 28, 32 and 40 u, corresponding to H+

2 , N+, O+, HO+,
H2O+, Ar++, N+

2 , O+
2 and Ar+, respectively [83]. After completing the loading pro-

cess, the cooling laser was locked to an I2 hyperfine transition (→ Sect. 4.3.1) and
fine-adjusted a few 10MHz below the cooling transition frequency by maximizing
the fluorescence of the 9Be+ ions. No further cooling of the 9Be+ ions nor any re-
duction of the total number of trapped ions was performed. Thus, a large ion cloud
with an increased fraction of additionally trapped impurity ions and a temperature
of T �10K (→ Sect. 6.2) was expected to be confined in the trap.

In Fig. 5.4 (top), the fluorescence signal shows a broad symmetric dip, centered
around ωexc/2π = 274 kHz. This corresponds to a deviation of only +1% with re-
spect to the theoretical trap frequency ωr(Be)/2π=271 kHz [Eq. (5.2)]. Since the dip
shape does not exhibit any special features, no further explanation is needed. How-
ever, in order to serve as a starting point for the following discussion, Fig. 5.5 (top)
shows the supposed change in time of the effective trap frequency ωeff. As in the
previous section, ωeff is defined as the transverse trap frequency of the 9Be+ ions in
the superposition of the time-averaged trap potential and the space charge potential
of the impurity ions. Accordingly, due to the comparatively high temperature of the
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Figure 5.4: Downward excitation frequency
scans across the transverse trap frequency of
the 9Be+ ions. Top: Large ion cloud with
an increased fraction of impurity ions. Bot-
tom: After removal of the high-mass impu-
rity ions. Note: Offsets of ±30 KCPS have
been added to (a) and (c), respectively.

Figure 5.5: Supposed change in time
of ωeff, drawn in a qualitative fashion
in the style of Ref. [54]. Top: Change
in time of ωeff corresponding to Fig. 5.4
(top). Bottom: Changes in time of ωeff

corresponding to the fluorescence signals
(a), (b), and (c) in Fig. 5.4 (bottom).

trapped ion cloud, space charge is less pronounced and ωeff is only slightly shifted
with respect to the nominal trap frequency ωr(Be) [Eq. (5.2)]. Thus, no asymmetric
feature appears in the dip shape since this relies on space charge and a noticeable
change in time of the effective trap frequency ωeff.

Right after completing the excitation frequency scan, a static voltage UDC =4V
(→ Sect. 2.1) was applied to the trap electrodes in a quadrupolar configuration. By
this, all impurity ions with a mass-to-charge ratio m/z ≥ 12 u were removed from
the trap, leaving behind only H+

2 , H+
3 (from the reaction H+

2 + H2 → H+
3 + H), Be+

, and BeH+ ions. After switching off the static voltage UDC, the fluorescence signal
immediately rose from approximately 1200 to 1450KCPS due to the reduced rf
heating by the impurity ions. Fig. 5.4 (bottom) shows three consecutive excitation
frequency scans, performed right after removal of the high-mass impurity ions. The
same experimental settings were used as in Fig. 5.4 (top), except from an excitation
amplitude which was increased to Uexc =1V (a), 3V (b) and 4V (c). While in (a),
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the fluorescence signal does not show any response at all, in (b) and (c), a dip
appears with the same asymmetric features as in the upward excitation frequency
of the previous section. Furthermore, by increasing the excitation amplitude from
Uexc = 3V (b) to 4V (c), the step-like decrease in fluorescence noticeably shifts
towards the high-frequency side of the excitation frequency scan.

Fig. 5.5 (bottom) shows the supposed change in time of the effective trap
frequency ωeff for the fluorescence signals (a), (b), and (c) in Fig. 5.4 (bottom).
In each case, ωeff is assumed to have shifted noticeably with respect to Fig. 5.4
(top), due to the decrease in temperature of the trapped ion cloud. As the exci-
tation frequency ωexc is scanned across the nominal trap frequency ωr(Be) [Eq. 5.2]
(dotted vertical line in Fig. 5.5), kinetic excitation of the 9Be+ ions already takes
place to certain extents in the theoretical curves (b) and (c). This is indicated by
a corresponding increase in effective trap frequency ωeff which is due to the sympa-
thetic heating of the impurity ions. Thus, a positive feedback is triggered similar
to that described under case II in Sect. 2.3.2: the more the excitation frequency
ωexc approaches the effective trap frequency ωeff, the more effective the coupling of
the external excitation to the 9Be+ ions becomes. This in turn further reduces the
difference between the two frequencies due to the increased sympathetic heating
of the impurity ions and the resulting increase in ωeff. Thus, an almost step-like
increase in temperature of the 9Be+ ions occurs which is reflected by the step-like
decrease in fluorescence signals (b) and (c) in Fig. 5.4 (bottom). Furthermore, the
onset of positive feedback is expected to shift towards the nominal trap frequency
ωr(Be) [Eq. (5.2)] (dotted vertical lines in Fig. 5.5) with increasing excitation ampli-
tude. This agrees well with the fluorescence signals (b) and (c) in Fig. 5.4 (bottom),
obtained at Uexc = 3V and 4V, respectively. Moreover, the step-like decrease in
fluorescence (c) occurs at almost the same excitation frequency as the center of
the broad symmetric dip in Fig. 5.4 (top). Accordingly, while at Uexc =1V (a), no
positive feedback is triggered at all, at Uexc =4V (c), the onset of positive feedback
almost has shifted completely towards the nominal trap frequency ωr(Be) [Eq. (5.2)].

Finally, it should be noted that the asymmetric fluorescence signal shape may
also be attributed to the residual anharmonicity of the trap potential due to the
non-hyperbolic electrode cross sections (as was argued in Ref. [108]). However,
for the linear rf trap used in this work (→ Sect. 3.2), a change in transverse trap
frequency of less than 1 kHz is expected if increasing the amplitude of the 9Be+ ion
transverse motion from 0.1mm to 3mm. This was shown by Fourier transforms of
9Be+ ion trajectories, simulated with SIMION 6 software.

5.3 LCF-MS of Sympathetically Cooled Ions

In this section, detection of sympathetically cooled ions by LCF-MS will be
described. The transverse trap frequency of a sympathetically cooled ion with mass
mSC is given by Eq. (5.1) which may be rewritten as
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m/z RGA Detection Assigned Ion Species Further Discussions

2 yes D+, H+
2

3 yes HD+, H+
3

Sect. 5.3.3 & Ref. [9]

4 yes He+ Sect. 5.3.2 & Ref. [8]

6 no C++ see caption, note 1

7 no N++ —

9 no Be+ Sect. 5.2.1 & 5.2.2

10 no BeH+

11 no BeD+
Ref. [109]

12 no C+ see caption, note 1

14 yes N+, N++
2

15 no NH+ see caption, note 2

16 yes O+, O++
2

17 yes HO+

18 yes H2O+, NH+
4 see caption, note 3

19 no H3O+

Table 5.1: Summary of all mass-to-charge ratios m/z (in units of u) detected in this work,
using laser-cooled fluorescence mass spectrometry (LCF-MS), together with the assigned
ion species. Additional information is given on whether a particular m/z was also detected
with the residual gas analyzer (RGA). Notes: (1) From dissociation of CO and CO2.
(2) No unambiguous assignment was possible to either m/z = 14, 15, or 16 u, where
m/z=15 is the mass of the NH+ [44] ion. This will be further discussed in Sect. 5.3.1.
(3) While in the RGA mass spectra, two peaks appeared at m/z=17 and 18, a broad dip
appeared in the LCF-MS mass spectra, covering the whole range m/z=17 –19. According
to Ref. [77], trapped H2O

+ is expected to react with neutral H2 and H2O from the back-
ground gas to H3O

+ within 1 s. The trapped H3O
+ may further react with NH3 (ammonia),

also contained in the background gas, to NH+
4 on a much longer time scale. Thus, the broad

dip in the LCF-MS mass spectra will be assigned to a combination of HO+, H2O
+, NH+

4 ,
and H3O

+ ions.

ωr(SC) =
mBe

mSC

√
ω2

r(Be) − 1
2

( mSC

mBe

− 1
)

ω2
z(Be) . (5.3)

Here, singly charged (z = 1) ions were assumed, where the extension to the gen-
eral case z > 1 does not imply any special difficulties. Thus, rather than being
expressed in terms of r0, κ, URF, UEC, and Ω (→ Sect. 2.1), Eq. (5.3) is expressed
in terms of the mass ratio mSC/mBe and the trap frequencies ωr(Be) and ωz(Be) of
the 9Be+ ions. The latter two frequencies both can be measured by direct secular
excitation of the laser-cooled 9Be+ ions as was shown in Sect. 3.2, thus circumvent-
ing the uncertainties in URF and κ (→ Sect. 5.2). However, the axial trap frequency
still may be calculated according to ωz(Be)[kHz]=2.5 · 102

√
UEC[V] [Eq. (2.3d) with
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κ=3.0 · 10−3/mm2 ] since the second term below the square root in Eq. (5.3) only
contributes a small correction of < 3.3% to the transverse trap frequency ωr(SC).
This at least is true for typical trap voltages URF > 350V and UEC < 5V, and for
the mass range 2 u<mSC <18 u. Finally, it should be noted that Eq. (5.3) is a single
particle frequency. Thus, resonant secular excitation of the sympathetically cooled
ions is expected to occur at ωr(SC) [Eq. (5.3)] if the ions are in a cloud-like state
where Coulomb interactions are sufficiently small.

By means of Eq. (5.3), a mass scale can be assigned to the fluorescence sig-
nal monitored over a given excitation frequency range. However, identification
of a particular mass mSC may be complicated by the fact that the fluorescence
signal shape can differ considerably from the characteristic asymmetric dip ex-
plained in Sect. 2.3.2. This depends on the particular experimental settings and
the sympathetically cooled ion species. Examples will be given in Sect. 5.3.1 (N+),
Sect. 5.3.2 (4He+), and Sect. 5.3.3 (HD+ and D+). Finally, a summary is shown in
Tab. 5.1 of all mass-to-charge ratios detected in this work, using LCF-MS, together
with the assigned ion species. Additional information is given on whether a partic-
ular mass-to-charge ratio was also detected with the residual gas analyzer (RGA)
(→ Sect. 3.1).

5.3.1 Experimental Results: I. 14N+

Fig. 5.6 shows a LCF-MS mass spectrum of either N+ , NH+ , or O+ sympa-
thetically cooled ions (see discussion below), obtained from an upward excitation
frequency scan. The complete scan ranging from ωexc/2π=100 kHz to 500 kHz was
performed within 50 s and with an excitation amplitude of Uexc = 1V. The linear
rf trap was operated at URF = 380V and UEC = 3V, corresponding to a stability
parameter of q≤0.25 [Eq. (2.1)] for m/z≥2 u. This implies that the time-averaged
potential description is valid for the whole mass range m/z ≥ 2 u (→ Sect. 2.1).
Preparation of the trapped ion cloud included the following steps. First, the trap
was loaded with 9Be+ ions at a background pressure of P <1·10−10 mbar. Next, the
9Be+ ions were cooled down to a temperature of a few 10K (→ Sect. 6.2) by several
3 – 5GHz scans of the cooling laser frequency. The cooling laser was locked to an
I2 hyperfine transition (→ Sect. 4.3.1) and fine-adjusted a few 10MHz below the
cooling transition frequency by maximizing the fluorescence of the 9Be+ ions. Since
the total number of trapped ions was not further reduced, the ions remained in a
cloud-like state. Finally, neutral H2 gas a was introduced into the vacuum chamber
through a leak valve up to a pressure of P = 1.9 · 10−9 mbar. Before obtaining
the LCF-MS mass spectrum shown in Fig. 5.6, the transverse trap frequency of the
9Be+ ions was determined as ωr(Be)/2π = 279 kHz (→ Sect. 5.2). From this, a mass
scale was established by use of Eq. (5.3) which is shown on the upper horizontal
axis in Fig. 5.6.

aThe main goal of the experiment was to investigate the formation of BeH+ molecular ions by
the chemical reaction Be+ + H2 → BeH+ + H [109].
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Figure 5.6: LCF-MS mass spectrum, show-
ing the presence of either N+, NH+, or
O+ sympathetically cooled ions (see text).

Figure 5.7: Supposed change in time of
ωeff, TLC, and TSC, drawn in a qualitative
fashion in the style of Ref. [54].

In Fig. 5.6, a dip appears in the fluorescence signal with the characteristic
asymmetric features explained by the simplified model of LCF-MS (→ Sect. 2.3.2).
In particular, a gradual decrease on the low frequency side is followed by a step-
like increase on the high frequency side in the upward excitation frequency scan.
According to the model, the step-like increase is expected to occur at the transverse
trap frequency (5.3). In Fig. 5.6, the step-like increase occurs at ωexc/2π=164 kHz,
corresponding to mass m/z≈15 u on the upper mass scale. However, in LCF-MS,
significant frequency shifts may occur even in the cloud-like state [110]. Accordingly,
the dip in Fig. 5.6 may be assigned to m/z = 14u or 16 u as well. In particular,
14N+ and 16O+ ions are likely to be trapped since neutral N2 and O2 molecules are
always present in the background gas. In Ref. [44], an experiment is described
where 24Mg+ ions were loaded into a Penning trap while at the same time air
was introduced into the vacuum chamber up to a pressure of a few 10−8 mbar.
A LCF-MS mass spectrum was obtained from the fluorescence of the laser-cooled
24Mg+ ions by exciting the plasma breathing modes [111]. Besides from masses
m/z=12u and 24u, corresponding to 24Mg++ and 24Mg+ , respectively, no masses
other than m/z = 29u and 15u were found. These masses were assigned to the
N2H+ molecular ion and its fragment NH+, respectively, since it was argued that
the proton affinity energy of trapped N+

2 makes the reaction N+
2 + H2 → N2H+ + H

very likely [112]. Thus, the fluorescence dip in Fig. 5.6 may be assigned to either
14N+, 14NH+, or 16O+ sympathetically cooled ions, where the first is the most likely.
Finally, it should be noted that the fluorescence signal base line (≈ 400KCPS)
is rather low if taking into account the low temperature of the 9Be+ ions. This
indicates that a large fraction of the 9Be+ ions has already been lost by the chemical
reaction Be++H2 → BeH++H [109].

Fig. 5.7 shows a qualitative explanation of the fluorescence signal shape in
terms of the effective trap frequency ωeff and the temperatures TBe and TN of the
9Be+ and 14N+ ions, respectively. In particular, ωeff is the transverse trap frequency
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of the 14N+ ions in the superposition of the time-averaged trap potential and the
space charge potential of the Be+ and BeH+ ions (→ Sect. 2.3.1). At the start of
the excitation frequency scan, ωeff is shifted well below the nominal trap frequency
ωr(N) [Eq. 5.3]. As a rough estimate, a shift of (ωr(N)−ωeff)/2π ≈ 30 kHz is calculated
from Eq. (2.12) for a total number of 3000 ions with an average mass of m/z=9.5
(9Be+ and BeH+ ) and a temperature of 30K. As the excitation frequency ωexc

approaches the effective trap frequency ωeff, a negative feedback is established as
described under case I in Sect. 2.3.2. As a result, the effective trap frequency ωeff is
locked to the excitation frequency ωexc and both temperatures TBe and TN start to
rise. As the excitation frequency ωexc approaches the nominal trap frequency ωr(N)

[Eq. (5.3)] (dotted vertical line in Fig. 5.7), the 14N+ ions are decoupled from the
kinetic excitation since ωeff can not increase anymore. Thus, in contrast to the nu-
merical solution shown in Fig. 2.4 of Sect. 2.3.2, the 14N+ ions are sympathetically
cooled once more by the laser-cooled 9Be+ ions, rather than being decoupled from
the 9Be+ ions. This can be inferred from the fluorescence signal in Fig. 5.6 which
at the end of the excitation frequency scan again reaches its initial level.

5.3.2 Experimental Results: II. 4He+

Fig. 5.8 shows a LCF-MS mass spectrum of sympathetically cooled 4He+ ions,
obtained from an upward excitation frequency scan. The complete scan ranging
from ωexc/2π = 400 kHz to 1.2MHz was performed within 100 s and with an exci-
tation amplitude of Uexc =1V. The linear rf trap was operated at URF =380V and
UEC =3V. Preparation of the trapped ion cloud included the following steps. First,
the trap was loaded with 9Be+ ions while neutral He gas was introduced through a
leak valve into the vacuum chamber up to a pressure of P =7 · 10−10 mbar. Right
after completing the loading process, the cooling laser was locked to an I2 hyperfine
transition (→ Sect. 4.3.1) and fine-adjusted a few 10MHz below the cooling transi-
tion frequency by maximizing the fluorescence of the 9Be+ ions. No further cooling
of the trapped ion cloud nor any reduction of the total number of trapped ions was
performed. Thus, a large ion cloud with a temperature of T � 10K (→ Sect. 6.2)
was expected to be confined in the trap. This agrees well with the measured fluo-
rescence signal in Fig. 5.8 which is rather low, indicating an increased temperature
of the 9Be+ ions and a large fraction of additionally trapped impurity ions. Be-
fore obtaining the LCF-MS mass spectrum, the transverse trap frequency of the
9Be+ ions was determined as ωr(Be)/2π = 280 kHz (→ Sect. 5.2). From this, a mass
scale was established by use of Eq. (5.3) which is shown on the upper horizontal
axis in Fig. 5.8.

In Fig. 5.8, an almost step-like increases in fluorescence signal occurs at
ωexc/2π = 628 kHz, corresponding to mass m/z = 4u on the upper mass scale,
i.e. the mass of the 4He+ ion. Furthermore, a small gradual drop precedes the
step-like increase which then is followed by a second gradual drop. Thus, the flu-
orescence signal shape considerably differs from the characteristic asymmetric dip
shown in the previous section.
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Figure 5.8: LCF-MS mass spectrum, show-
ing the presence of sympathetically cooled
4He+ ions.

Figure 5.9: Supposed change in time of
ωeff, TLC, and TSC, drawn in a qualitative
fashion in the style of Ref. [54].

Fig. 5.9 shows a qualitative explanation of the fluorescence signal shape in
terms of the effective trap frequency ωeff and the temperatures TBe and THe of the
9Be+ and 4He+ ions, respectively. In particular, ωeff is the transverse trap frequency
of the 4He+ ions in the superposition of the time-averaged trap potential and the
space charge potential of the 9Be+ ions (→ Sect. 2.3.1). Accordingly, at the start of
the excitation frequency scan, ωeff is only slightly shifted with respect to the nominal
trap frequency ωr(He) [Eq. (5.3)] due to the increased temperature of the trapped ion
cloud. As a result, negative feedback which more or less locks ωeff to the excitation
frequency ωexc, as explained under case I in Sect. 2.3.2, only occurs over a small
frequency range. The corresponding increase in temperatures TBe and THe therefore
is also small. This explains the first small gradual drop in fluorescence in Fig. 5.8.
However, as the excitation frequency ωexc reaches the nominal trap frequency ωr(He)

[Eq. (5.3)] (dotted vertical line in Fig. 5.9), the difference in temperature between
THe and TBe has become sufficiently large in order to decouple the 4He+ from the
9Be+ ions. As a result, the 9Be+ ions are quickly cooled down, giving rise to a strong
step-like increase in fluorescence in Fig. 5.8. On the other hand, the 4He+ ions are
exposed to strong, almost undamped kinetic excitation as described under case I in
Sect. 2.3.2. In Fig. 5.8, a second gradual drop in fluorescence occurs right after the
step-like increase. Obviously, the 4He+ ions are once more sympathetically cooled
by the laser-cooled 9Be+ ions, resulting in a gradual increase in temperature TBe of
the 9Be+ ions. The new equilibrium is reached at a lower temperature as compared
to the start of the excitation frequency scan. This can be seen from the increase
in fluorescence signal in Fig. 5.8 by almost 75% after the excitation frequency ωexc

has been scanned across the resonance. A certain fraction of 4He+ ions must have
been lost from the trap, which significantly reduces rf heating. In Fig. 5.9, this is
indicated by the labels NHe and N ′

He on the lower horizontal axis, denoting the
total numbers of 4He+ ions at the start and end of the excitation frequency scan.
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Figure 5.10: LCF-MS mass spectrum of sympathetically cooled 4He+ ions, similar to
Fig. 5.8, however with the scan direction reversed.

In order to test this explanation, a further LCF-MS mass spectrum was ob-
tained in an experiment similar to that described above, however with the scan
direction reversed. This is shown in Fig. 5.10. The complete scan ranging from
ωexc/2π=1.2MHz down to 400 kHz was performed within 100 s and with an exci-
tation amplitude of Uexc =0.5V. Again, a step-like increase in fluorescence at mass
m/z=4u is followed by a gradual drop, however this time reversed with respect to
the frequency axis. The gradual drop being attributed to the sympathetic cooling
of the 4He+ ions, after their strong excitation at the nominal trap frequency ωr(SC)

[Eq. (5.2)], occurs on the same time scale (≈ 10 s) as in Fig. 5.8. However, in con-
trast to Fig. 5.8, the fluorescence finally drops to its initial level, indicating that no
significant amount of 4He+ ions was lost from the trap.

In summary, both LCF-MS mass spectra shown in Figs. 5.8 and 5.10 mainly
reflect a temporary decoupling of the sympathetically cooled 4He+ ions from the
laser-cooled 9Be+ ions. However, while in the upward excitation frequency scan
(Fig. 5.8), a significant loss of 4He+ ions was observed, no such loss was observed
in the downward excitation frequency scan (Fig. 5.10). This proves consistent with
the predictions of the simplified model of LCF-MS (→ Sect. 2.3.2).

5.3.3 Experimental Results: III. HD+ & D+

Fig. 5.11 shows a LCF-MS mass spectrum of sympathetically cooled HD+

ions, obtained from an upward excitation frequency scan. The complete scan rang-
ing from ωexc/2π=600 kHz to 1.2MHz was performed within 100 s and with an
excitation amplitude of Uexc =10V. The linear rf trap was operated at URF =380V
and UEC =3V. Preparation of the trapped ion cloud included the following steps.
First, the trap was loaded with HD+ ions by introducing neutral HD gas through
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Figure 5.11: LCF-MS mass spectrum,
showing the presence of sympathetically
cooled HD+ ions.

Figure 5.12: Supposed change in time
of ωeff, TLC, and TSC, drawn in a qualita-
tive fashion in the style of Ref. [54].

a leak valve into the vacuum chamber up to a pressure of P = 1 · 10−9 mbar, and
switching on the electron gun (→ Sect. 3.1). Then, the leak valve was closed and
the Be oven switched on, thus loading the trap with 9Be+ ions as well. This two-
step loading process was employed in order to reduce the losses of 9Be+ ions by the
chemical reactions Be+ + HD → BeH+ + D and Be+ + HD → BeD+ + H with the
neutral HD gas [109]. Finally, the cooling laser was locked to an I2 hyperfine tran-
sition (→ Sect. 4.3.1) and fine-adjusted a few 10MHz below the cooling transition
frequency by maximizing the fluorescence of the 9Be+ ions. No further cooling of
the trapped ion cloud nor any reduction of the total number of trapped ions was
performed. Thus, a large ion cloud with a temperature of T � 10K (→ Sect. 6.2)
was expected to be confined in the trap. This agrees well with the measured fluores-
cence signal in Fig. 5.11 which is rather low, indicating an increased temperature
of the 9Be+ ions and a large fraction of additionally trapped impurity ions. Be-
fore obtaining the LCF-MS mass spectrum, the transverse trap frequency of the
9Be+ ions was determined as ωr(Be)/2π = 280 kHz (→ Sect. 5.2). From this, a mass
scale was established by use of Eq. (5.3) which is shown on the upper horizontal
axis in Fig. 5.11.

In Fig. 5.11, the fluorescence signal shows the same qualitative features as the
numerical solution in Fig. 2.4 of Sect. 2.3.2. In particular, a gradual decrease in
fluorescence signal is followed by a step-like increase in the upward excitation fre-
quency scan. According to Fig. 2.4, the step-like increase is expected to occur at
the nominal trap frequency (5.3) of the sympathetically cooled ions. This agrees
well with Fig. 5.11 where the step-like increase occurs at ωexc/2π = 828 kHz, cor-
responding to mass m/z = 3u of the HD+ ion. Furthermore, in both Fig. 2.4 and
Fig. 5.11, the fluorescence finally settles at a higher level as compared to the start
of the excitation frequency scan. Finally, it should be noted that the excitation
amplitude Uexc =10V had to be strongly increased as compared to the scans of the
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Figure 5.13: LCF-MS mass spectrum, showing the presence of sympathetically cooled
D+ ions, obtained from a downward excitation frequency scan. The fluorescence signal
shape mainly reflects a temporary decoupling of the D+ ions from the laser-cooled 9Be+ ions.

previous sections in order to see any response in fluorescence at all. This may be
explained by the small number of HD+ ions which are well shielded a by the 9Be+,
BeH+, and BeD+ ions.

Fig. 5.12 shows a qualitative explanation of the fluorescence signal shape in
terms of the effective trap frequency ωeff and the temperatures TBe and THD of the
9Be+ and HD+ ions, respectively. In particular, ωeff is the transverse trap frequency
of the HD+ ions in the superposition of the time-averaged trap potential and the
space charge potential of the Be+, BeH+, and BeD+ ions (→ Sect. 2.3.1). Due to
the large ion number, ωeff is expected to be shifted well below the nominal trap
frequency ωr(HD) [Eq. (5.3)], despite the increased temperature of the trapped ion
cloud. As a rough estimate, a shift of (ωr(HD)−ωeff)/2π ≈ 20 kHz is calculated from
Eq. (2.12) for a total number of 10000 ions with an average mass of m/z=10 (Be+,
BeH+, and BeD+) and a temperature of 100K. As the excitation frequency ωexc

approaches the effective trap frequency ωeff, the latter becomes locked to the first by
the negative feedback mechanism described under case I in Sect. 2.3.2. This results
in a gradual increase in both temperatures TBe and THD of the 9Be+ and HD+ ions,
respectively. Next, as the excitation frequency ωexc approaches the nominal trap
frequency ωr(HD) [Eq. (5.3)] (dotted vertical line in Fig. 5.12), the difference in tem-
perature between TBe and THD has become sufficiently large in order to decouple
the HD+ from the 9Be+ ions. As a result, the 9Be+ ions are quickly cooled down
while the HD+ ions are exposed to strong, almost undamped kinetic excitation as
described under case I in Sect. 2.3.2. In Fig. 5.12, complete loss of the HD+ ions from
the trap is assumed as indicated by the abrupt ending of the theoretical curves for

aRadial confinement by the time-averaged trap potential (2.3) increases with decreasing mass-
to-charge ratio m/z. Thus, the HD+ plus ions are pushed towards the trap axis much stronger
than the 9Be+, BeH+, and BeD+ ions.
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ωeff and THD. Finally, reduced rf heating due to the loss of the HD+ ions decreases
the temperature TBe of the 9Be+ ions as compared to the start of the excitation
frequency scan. This can be inferred from the fluorescence signal in Fig. 5.11 which
at the the end of the excitation frequency scan noticeably increases above its initial
level.

In order to complete the investigations, a downward excitation frequency scan
was performed on a trapped ion cloud, prepared similar to that in Fig. 5.11. This
is shown in Fig. 5.13. The complete scan ranging from ωexc/2π=1.5MHz down to
700 kHz was performed within 100 s and with an excitation amplitude of Uexc =1V.
The trap was operated at URF =380V and UEC =3V. The mass scale on the upper
horizontal axis was established by use of Eq. (5.3) after the transverse trap fre-
quency of the 9Be+ ions had been determined as ωr(Be)/2π=273 kHz (→ Sect. 5.2).
A small but distinct peak appears in the fluorescence signal at ωexc/2π=1259 kHz,
corresponding to mass m/z = 2 on the upper mass scale. This is attributed to the
D+ atomic ion, produced by electron-impact dissociation of the trapped HD+ ions.
The fluorescence signal shape indicates a temporary decoupling of the sympathet-
ically cooled D+ ions from the laser-cooled 9Be+ ions, similar to that in Fig. 5.10.
However, the asymmetric feature seems to be ”washed out” due to the small relative
peak height.





Chapter 6

9Be+ Ion Crystals

The 9Be+ ion crystals which will be presented in this chapter are examples
of ion Coulomb crystals, prepared by laser-cooling of a single-species of trapped
atomic ions (→ Sect. 1.2). Typical ion densities are 107 – 109/cm3, depending on
the strength of the particular confining potential. Typical temperatures are in the
milli-Kelvin range. Coulomb crystals of laser-cooled atomic ions for the first time
were observed in hyperbolic rf (Paul) traps [32,33], followed by quadrupole rf storage
rings [34,35] and Penning traps [36,37]. The first observation of a Coulomb crystal
in a linear rf (Paul) trap was reported in Ref. [113]. Among various applications of
single-species ion Coulomb crystals, frequency standards [38] shall be noted here,
as well as possible implementations of quantum gates and memories for quantum
computing [39]. Furthermore, implementation of a quantum computer by a string
of trapped ions has been suggested in Refs. [40,41].

The present chapter is organized as follows. In Sect. 6.1, a general description
will be given of the thermal equilibrium states of a single-species plasma of finite
size. This will also include a description of the continuous transition to the crys-
talline state which contrasts with the abrupt phase transition, predicted for the
infinite OCP (→ Sect. 2.2.1). In Sect. 6.2, the temperature T , plasma coupling
parameter Γ (2.5), and the Debye length λD (2.4) of laser-cooled 9Be+ ions in the
cloud-like and the crystalline state will be estimated by fits of Voigt profiles to the
measured fluorescence signal. Finally, in Sect. 6.3, the outer shape of different-
sized 9Be+ ion crystals in a fully anisotropic confining potential will be compared
with the predictions of the charged fluid model (→ Sect. 2.2.2).

6.1 Transition to the Crystallized State

The 9Be+ ion crystals presented in this chapter are, besides from a few ex-
ceptions, of comparable size corresponding to a total number of 9Be+ ions in the
range between 500 � N � 2000. Thus, the 9Be+ ion crystals are large enough in
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Figure 6.1: Thermal equilibrium ion densities n(r; Γ), plotted as a function of the spherical
radius r for three different values of the plasma coupling parameter Γ [Eq. (2.5)]. Based on
a Monte Carlo simulation, the densities n(r; Γ) were obtained from averages over the Gibb’s
distribution (canonical ensemble) of a single-species plasma of N = 400 ions, confined in
a spherically symmetric 3-D harmonic potential. The ion densities are normalized with
respect to the constant density n0 [Eq. (2.6)], expected in the limit Γ→∞. A dotted line
indicates the theoretical shape of the ion density in this limit: the confining potential is
filled with a charged fluid of constant density n0 up to a spherical radius of r/aWS =N 1/3,
where r is measured in units of the Wigner Seitz radius aWS = (3/4πn0)1/3. Note: the
graphical representation has been slightly changed with respect to Ref. [114] from which
this plot was taken.

order to meaningfully assign a continuous, average ion density n(r) as well as a
gross outer shape to them, which then can be compared with the charged fluid
model (→ Sect. 2.2.2). On the other hand, the crystals are sufficiently small so
that the lattice structure within the crystal still strongly depends on the size and
outer crystal shape, i.e. the total number of ions N and the applied trap poten-
tial φtrap(r). In Ref. [60], plasmas with a total number of ions 102 � N � 104 and
the above characteristics are referred to as mesoscopic plasmas, in distinction from
large plasmas whose interiors exhibit a bcc lattice structure as predicted by the OCP
model (→ Sect. 2.2.1), and Coulomb clusters with N � 10. This terminology will
be adopted in the remainder of this chapter. Thus, the first two of the ”purified”
9Be+ ion crystals which will be shown in Sect. 6.3 are, besides from a few addition-
ally trapped impurity ions, examples of mesoscopic single-species plasmas. Further-
more, since the confinement provided by the linear rf trap is adequately described
in terms of a time-averaged 3-D harmonic potential (→ Sect. 2.1), the 9Be+ crystals
may also be regarded as laboratory realizations of finite OCPs (→ Sect. 2.2.1).

In contrast to the infinite OCP, the nature of the thermal equilibrium state of
a mesoscopic single-species plasma is not solely determined by the plasma coupling
parameter Γ [Eq. (2.5)], but also depends on the plasma size and shape. With the
smallest of the spatial dimensions of the plasma denoted by Rp, and the Debye
length λD defined by Eq. (2.4), three limiting cases can be distinguished concerning
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the spatial distribution of ions in the thermal equilibrium state. In the following,
these limiting cases are described in the order of a decreasing temperature T , where
a 3-D harmonic trap potential φtrap(r) with trap frequencies ωx, ωy, and ωz is
assumed. The descriptions may be compared with Fig. 6.1, taken from Ref. [114],
which shows the calculated ion densities n(r; Γ) of a cloud of N =400 ions, confined
in a spherically symmetric 3-D harmonic potential. The ion densities are plotted
as a function of the spherical radius r for different values of Γ.

I. Γ�1 and λD �Rp (Cloud of noninteracting ions)

In the high-temperature limit, the Debye length λD is large compared to
the smallest plasma dimension Rp. Accordingly, no Debye shielding of the
trap potential φtrap(r) takes place (→ Sect. 2.2.1), i.e. the modification of
φtrap(r) by the space charge of the trapped ions is negligibly small. In conse-
quence, the average ion density is given by the thermal equilibrium distribution
n(r)∝ exp[−Qφtrap(r)/kB T ] of an ensemble of noninteracting particles with
charge Q in the presence of an externally applied electrostatic trap potential
φtrap(r) a [115]. Since φtrap(r) is assumed to be 3-D harmonic, n(r) has a
Gaussian dependence on the spatial coordinates x, y, and z, with spatial ex-
tensions in the x, y, and z-direction which are inversely proportional to the
respective trap frequencies ωx, ωy, and ωz. This was confirmed experimentally
by measurements of the density profiles of hot (T ≈104 K) ion clouds, confined
in hyperbolic rf (Paul) traps [116,117]. According to the criterion that a plasma
has to be large in all its dimensions compared to the Debye length λD, in order
to be designated as a plasma (→ Sect. 2.2.1), the Gaussian density distribution
n(r) does not represent a plasma but rather a cloud of noninteracting ions.

II. Γ�1 and λD �Rp (Constant density plasma)

If the Debye length λD decreases below the smallest dimension Rp of the still
weakly correlated plasma, Debye shielding of the trap potential φtrap(r) takes
place. In other words, φtrap(r) is substantially modified by the space charge
of the trapped ions. Since the plasma is weakly correlated, correlations be-
tween individual ions can be neglected and the interaction between the ions
is adequately described as a collective interaction by the space charge poten-
tial. Thus, the charged fluid model applies (→ Sect. 2.2.2), according to which
the ion density n(r) is nearly constant up to the outer plasma boundary and
there drops to zero on the scale of the Debye length λD. In the limit λD �Rp,
the ion density n(r) therefore is constant all over the plasma and equal to
the density of the neutralizing background charge n0 =(ε0/Q)Δφtrap(r), pro-
vided by the 3-D harmonic potential φtrap(r), besides from a surface sheath
of negligible thickness λD. In contrast to case I where n(r) has a Gaussian
dependence on the spatial coordinates x, y, and z, the outer plasma boundary

aφtrap(r) designates an electrostatic potential in the sense that the force acting on a particle
with charge Q is given by F = −Q∇φtrap(r). Of course, φtrap(r) is not an electrostatic potentials
in a true sense since it does not obey Laplace’s equation Δφ(r)= 0.
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is well defined, with spatial extensions in the x, y, and z-direction which ex-
hibit a non-trivial dependence on the respective trap frequencies ωx, ωy, and
ωz (→ Sect. 2.2.2).

III. Γ�1 and λD �Rp (Coulomb crystal)

When the plasma enters the strong correlation regime, correlations between the
individual ions can not be neglected anymore. Thus, the charged fluid descrip-
tion has to be replaced in favor of an appropriate N -particle description, which
turns out to be given by the canonical ensemble [60]. Accordingly, the average
ion density n(r) and the outer plasma shape are still correctly predicted by
the charged fluid model in the limit λD �Rp . However, the correlations estab-
lish order within the region of constant density n(r) = n0. As was shown by
molecular dynamics (MD) simulations [118] as well as experimental observa-
tions [42], the transition to the crystalline state in a mesoscopic single-species
plasma is a continuous transition which proceeds as follows. First, at Γ�1, a
shell structure develops where ions still randomly move within the shells, then
a lattice structure on the shells forms. Finally, in the limit Γ→∞, the plasma
completely crystallizes, i.e. every ion settles into a fixed position. In this limit,
the Debye length λD decreases to a value even below the interparticle spacing
and therefore looses its meaning as an effective measure of the distance within
which Debye shielding takes place.

The occurrence of a weakly correlated plasma with a constant density, as de-
scribed under case II, implies a Debye length λD which is much smaller than the
smallest plasma dimension Rp. This in turn requires a total number of ions which is
sufficiently large. In case of the 9Be+ ion crystals presented in Sect. 6.3, which con-
tain not more than N �2000 9Be+ ions, the plasma already has entered the strong
correlation regime when λD finally decreases to a value much smaller than Rp.
Accordingly, in the weak correlation regime which precedes the crystalline state,
Debye shielding of the trap potential only takes place to a certain extent. The
density distribution of the 9Be+ ions in the weak correlation regime therefore can
be expected to already depart from a Gaussian distribution but still be far from a
constant density distribution.

According to the description of the formation process of a crystal structure
in a strongly correlated plasma, as given under case III, a fundamental differ-
ence exists between a finite, mesoscopic single-species plasma and the infinite OCP
(→ Sect. 2.2.1). In the infinite OCP, the nature of the thermal equilibrium state
is solely determined by the plasma coupling parameter Γ [Eq. (2.5)]. In particular,
a phase transition to a crystalline state with a bcc lattice structure takes place at
Γ≈170. In contrast to this, in a mesoscopic single-species plasma, no abrupt phase
transition to a crystalline state takes place, but instead, with increasing Γ � 1, a
continuous transition to a crystalline state occurs. The transition covers a wide
variety of intermediate states with different degree of crystallization whose struc-
tures (as well as that of the final, completely crystallized state reached in the limit
Γ→∞) strongly depends on the plasma size and shape. This was already noted at
the beginning of this section where the term mesoscopic was introduced.



6.2 Temperature Determination from the Fluorescence Signal 77

In Ref. [118], results are shown from MD simulations of spherical clouds of
N =100 and 256 ions, confined in a Penning trap. Accordingly, for Γ = 2– 100,
the ion density as a function of the spherical radius is observed to exhibit oscilla-
tions, indicating the partition of the ion cloud into concentric shells. At Γ≈ 140
(N =100) the shells are completely separated. With further increasing the value
of Γ, correlations between the ions on a given shell show up and further increase,
thus indicating the formation of a (2-D hexagonal) lattice structure on the shells.
However, no abrupt transition to long-range order on the shells, i.e. to a completely
crystalline state is observed, but instead, diffusion of ions within the shells is shown
to still occur at Γ=300 – 400. This description of the continuous formation process
of a crystal structure in a mesoscopic single-species plasma agrees well with the
observations made in this work, concerning the order in which the crystal structure
develops. A detailed investigation of the formation process of a crystal structure
in mesoscopic 24Mg+ ion plasmas confined in a linear rf (Paul) trap is found in
Ref. [42].

MD simulations are also ideally suited for a systematic study of the lattice
structure of completely crystallized single-species as well as multi-species plasmas,
obtained in the limit Γ→∞ [31,48,118–122]. In Ref. [31], results are shown from
MD simulations of infinitely long ion crystals, confined in a cylindrically symmetric
2-D harmonic potential, intended as a first approximation to ion storage rings.
Depending on a dimensionless linear number density λ, defined as the number of
ions per unit length and used as a parameter in the MD simulations, the ions
arranged as: 1-D strings, zigzag-structures, helices, and finally, for sufficiently large
values of λ, multishell structures. In each case, the completely crystalline state, i.e.
all ions settled at a fixed position, was typically reached at Γ = 2000 – 20 000. A
comparison of the crystal structures, as predicted for a certain range of λ, with the
observed crystal structures of highly prolate, spheroidal shaped 24Mg+ ion crystals
in a linear rf trap is found in Ref. [69]. An excellent agreement is reported.

Finally, it should be noted that for real single-species plasmas, like the 9Be+ ion
crystals which will be presented in Sect. 6.3, the degree of crystallization and the
spatial arrangement of ions also depends on the amount of additionally trapped
impurity ions as well as other imperfections, e.g., static electric stray potentials.

6.2 Temperature Determination from the Fluorescence
Signal of the 9Be+ Ions

For the measurements described in this section, the trap parameters were
Ω/2π = 14.2MHz, URF = 380V, and UEC = 3V, which according to Eqs. (2.3b–d)
result in a transverse trap frequency of ωr/2π=271 kHz (ωr

def= ωx =ωy) and an axial
trap frequency of ωz/2π=69.7 kHz. The trap was loaded with 9Be+ ions by evapo-
rating Be atoms from a small oven and ionizing them in the trap center by electron
impact (→ Sect. 3.2). Without any cooling, the temperature of a trapped ion cloud
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Figure 6.2: Fluorescence signal of a total number of N ≈ 3000 9Be+ ions, measured in
units of 103 Counts/s (KCPS) and plotted as a function of the cooling laser detuning.
At Δdip/2π ≈ −0.4 GHz, a sudden drop of the fluorescence signal occurs, indicating a
corresponding temperature drop of the 9Be+ ions. The laser frequency was scanned over a
total range of 5 GHz within a time of 50 s.

in a rf (Paul) trap is mainly determined by rf heating and after a few minutes ad-
justs at a typical value in the range between 103 and 104 K [116,123]. Accordingly,
in order to effectively cool the 9Be+ ions, the 313 nm cooling laser had to be scanned
over a large frequency range with a starting frequency red-detuned by several GHz
from the center frequency of the 2S1/2 ↔ 2P3/2 cooling transition. Care was taken to
achieve a maximum degree of σ+ polarization which together with a weak magnetic
field parallel to the trap axis (→ Sect. 3.1) ensured the 9Be+ ions to exclusively cycle
between the 2S1/2(F =2,mF =2) ground and the 2P3/2(F =3,mF =3) excited state
(natural linewidth γ/2π = 19.4MHz and saturation intensity Isat = 0.83mW/mm2

[88]). The fluorescence of the 9Be+ ions was measured with a photomultiplier tube
(PMT), mounted transverse to the trap axis (→ Sect. 3.4).

Fig. 6.2 shows the fluorescence signal of a total number of N ≈3000 9Be+ ions
as a function of the cooling laser detuning Δ def= ωL−ωA, where ωL denotes the laser
frequency and ωA = 2πc/λA the frequency of the 2S1/2 ↔ 2P3/2 cooling transition.
The laser frequency was scanned with a rate of 0.1GHz/s, starting from an initial
red-detuning of Δ/2π= −5GHz. The laser beam was collimated to a beam radius
of w ≈ 0.7mm with a power of P = 8mW, corresponding to an average intensity
of P/πw2 = 6.3 Isat and a maximum intensity of 2P/πw2 = 12.5 Isat in the center
of the Gaussian beam profile. In order to prevent 313 nm stray light from reaching
the PMT, careful spatial filtering was performed, using blackened stainless steel
baffles (→ Sect. 3.1). However, still some stray light reached the PMT, showing up
in Fig. 6.2 as a background signal of approximately 250KCPS.

As the cooling laser detuning reduces to Δ/2π ≈ −2.5GHz, the fluorescence
signal in Fig. 6.2 starts to continuously rise above the background level, until at
Δdip/2π≈ −0.4GHz, a sudden drop of the fluorescence signal occurs. This usually



6.2 Temperature Determination from the Fluorescence Signal 79

is referred to as the fluorescence dip. The fluorescence dip is followed by a steep
rise of the fluorescence signal up to a maximum value of approximately 1430KCPS
at zero cooling laser detuning Δ = 0. Finally, for positive cooling laser detuning
Δ>0, the fluorescence signal almost instantly drops back to the background level.
This characteristic behavior may be explained in terms of a competition between
laser cooling and rf heating which causes the temperature of the laser-cooled ions
to permanently change during the laser frequency scan [54,124]. Accordingly, for
Δ < Δdip < 0 the temperature of the laser-cooled ions is determined by a balance
between laser cooling and rf heating, whereas for Δdip <Δ<0, laser cooling over-
comes rf heating, resulting in a sudden temperature drop at Δ = Δdip. Since this
temperature drop is connected with a reduction of Doppler broadening, the fluo-
rescence signal line profile at Δ=Δdip abruptly changes from a Doppler broadened
to a very narrow one, with a width in the order of the natural linewidth. Finally,
for positive detuning Δ>0, laser cooling turns into heating which (together with rf
heating) results in a rapid rise of the temperature of the laser-cooled ions, causing
an almost instant drop of the fluorescence signal.

In support of this explanation, the main features of the measured fluorescence
signal shown in Fig. 6.2, i.e. the fluorescence dip and the narrowing of the fluores-
cence signal line profile, can be reproduced by means of the rate equation (2.13)
(→ Sect. 2.3.2). To this end, NSC in Eq. (2.13) has to be set to zero in order to
adapt to the case of no sympathetically cooled ions. In this case, Eq. (2.13) sim-
ply equates the change in time of the mean kinetic energy WLC of the laser-cooled
ions with the sum of the laser-cooling rate [ΔWLC/Δt]LC and the rf-heating rate
[ΔWLC/Δt]rfh. From the numerical solution WLC(t), obtained for a given set of
parameters concerning the linear rf trap, cooling laser, and laser-cooled ions, the
mean photon scattering rate Γ̄ph[Δ;WLC(Δ), I ] (see below) can be calculated and
plotted as a function of the cooling laser detuning Δ=Rscan · t. This was done in
Ref. [54] for two different values of the rf amplitude URF, i.e. two different rf heating
rates: while in a first plot, a fluorescence dip connected with a narrowing of the
fluorescence signal line profile occurred, no such dip occurred in a second plot in
which URF was slightly increased.

In order to estimate the temperature T of the laser-cooled 9Be+ ions from the
measured fluorescence signal, the following expression is used for the mean photon
scattering rate Γ̄ph (per laser-cooled ion) which will be derived in appendix B:

Γ̄ph(Δ;T, I) =
(I/Isat)γ3

8

√
m

2πkB T

+∞∫
−∞

dv
exp[−mv2/2kB T ]

(Δ − kAv)2 + (1 + I/Isat)γ2/4
(6.1)

Thus, when viewed as a function of the cooling laser detuning Δ, the mean photon
scattering rate Γ̄ph is a Voigt profile, accounting for Doppler as well as power and
natural broadening. Additional parameters in Γ̄ph(Δ;T, I) are the temperature T
and the laser intensity I. For the laser-cooled 9Be+ ions, Isat = 0.83mW/mm2,
γ/2π = 19.4MHz, m = 9u, and kA = 2π/λA = 2π/313 nm. The fluorescence signal,
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Figure 6.3: Series of three Voigt profiles εN · Γ̄ph(Δ; I =8.1 Isat, T =Ti), with T1 =105 K
(a), T2 =64 K (b), and T3 =28 K (c), fitted to the measured fluorescence signal from Fig. 6.2.
The Voigt profiles are fitted to consecutive groups of data points • , obtained right before
the occurrence of the fluorescence dip. Data points ◦ , obtained after the occurrence of the
fluorescence dip, are also included in the plot. All data points are mirrored at the vertical
axis through Δ=0 and corrected for the background signal of 255 KCPS.

as measured by the PMT, may thus be written as εN · Γ̄ph(Δ;T, I). Here, N is
the total number of laser-cooled ions and ε is the overall efficiency of the detection
system, including the UHV objective, interference filter, and PMT (→ Sect. 3.4).

Fig. 6.3 shows a series of three Voigt profiles εN · Γ̄ph(Δ; I = 8.1 Isat, T = Ti),
with T1 = 105K (a), T2 = 64K (b), and T3 = 28K (c), fitted to the measured fluo-
rescence signal from Fig. 6.2. The Voigt profiles are fitted to consecutive groups
of data points, obtained right before the occurrence of the fluorescence dip at
Δdip≈ −0.4GHz. The Voigt profiles are dominated by Doppler broadening, in
which case not both quantities εN and I can be determined independently from
the Voigt profile fits, in addition to the temperature T . Nevertheless, with I set
equal to 8.1 Isat as will be discussed below, a value of εN =0.10 is obtained from the
three fits in Fig. 6.3. For a typical number of N ≈1000 9Be+ ions, this corresponds
to an overall detection efficiency of ε ≈ 10−4 in rather good agreement with the
estimate in Sect. 3.4.

With the ion density n0 = 3.08 · 104 mm−3 [Eq. (2.6)] and the Wigner-Seitz
radius aWS

def= (3/4πn0)1/3 = 19.8μm, the Debye length λD [Eq. (2.4)] and plasma
coupling parameter Γ [Eq. (2.5)] can be calculated as well a. For the temperatures
T1 = 105K, T2 = 64K, and T3 = 28K, obtained from the three fits in Fig. 6.3,
Debye lengths and plasma coupling parameters are calculated as λD,1 = 127μm,
λD,2 = 99μm, λD,3 = 65μm, and Γ1 = 0.008, Γ2 = 0.013, Γ3 = 0.031. Accordingly,
as the laser frequency ωL is scanned towards the cooling transition frequency ωA,

aIn calculating the Debye length λD [Eq. (2.4)], the zero-temperature ion density n0 is used as
an estimate for the finite-temperature ion density n.
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Figure 6.4: Left: Voigt profile εN · Γ̄ph(Δ; I = 8.1 Isat, T = 31 mK) (d), fitted to those
data points • of the measured fluorescence signal from Fig. 6.2 which were obtained after
the occurrence of the fluorescence dip. The nine innermost data points ◦ are omitted from
the fit since they only indicate the clipping of the photon-counting unit (→ Sect. 3.4). For
comparison, the Voigt profile (c) from Fig. 6.3 is also included. All data points are mirrored
at the vertical axis through Δ = 0 and corrected for the background signal of 255 KCPS.
Right: CCD image of the partially crystallized 9Be+ ion plasma, obtained at nearly zero
cooling laser detuning in the maximum of curve (d). In axial direction, the plasma extends
well beyond the region which is imaged by the CCD camera.

the temperature T of the laser-cooled 9Be+ ions decreases and thus the plasma
coupling parameter Γ increases. However, the plasma still remains only weakly
correlated (Γ� 1). Moreover, the Debye length λD stays within a range which is
still of the same order of magnitude as the smallest plasma dimension b. From the
description of the thermal equilibrium states of a mesoscopic single-species plasma,
given in Sect. 6.1, a cloud-like spatial distribution of the 9Be+ ions is expected,
which already deviates from a Gaussian distribution but still is far from a constant
density distribution. Indeed, in the CCD images that were taken while obtaining
the fluorescence signal shown in Fig. 6.3, a cloud-like spatial distribution of the
9Be+ ions could be observed. However, the comparatively small fluorescence signal
of about 100 – 500KCPS, distributed over a large number of CCD pixels, resulted
in a poor signal-to-noise ratio. This made impossible any accurate characterization
of the spatial distribution of the 9Be+ ions.

Fig. 6.4 (left) shows the Voigt profile εN · Γ̄ph(Δ; I =8.1 Isat, T =31mK), fitted
to those data points of the measured fluorescence signal from Fig. 6.2 which were
obtained after the occurrence of the fluorescence dip at Δdip ≈ −0.4GHz. The
corresponding linewidth is only a few times the natural linewidth γ/2π=19.4MHz
and therefore allows to independently determine the parameters εN , I, and T from

bAs an estimate of the smallest plasma dimension, the transverse extension δr =(2kB T/mω2
r )1/2

of the Gaussian distribution n(r)∝ exp[−Qφtrap(r)/kB T ] may be taken (→ Sect. 6.1). In partic-
ular, δr =134 μm for T =28K, m=9u, and ωr/2π=271 kHz.
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Figure 6.5: Ion crystal, containing N ≈ 1200 9Be+ ions and an unknown number of non-
fluorescent high-mass impurity ions from the background gas. The cylindrical crystal shape
results from the high-mass impurity ions which fill up the trap potential from a given
cylindrical shell on. The length scale was determined from the lateral magnification = 3.1
of the CCD camera setup (→ Sect. 3.4).

the Voigt profile fit. In particular, a value ofI =8.1 Isat is determined which is well
within the expected range between 6.3 Isat and 12.5 Isat (the typical transverse di-
mensions of a 9Be+ ion crystal are much smaller than the beam radius w ≈ 0.7mm).
However, the corresponding value of the overall detection efficiency multiplied with
the total number of ions is εN = 0.028, thus decreased to approximately 30% of
the value which was obtained from the three Voigt profile fits in Fig. 6.3. This
points out the limit of the assumption made, that the whole fluorescence signal in
Fig. 6.2 can be adequately described by a series of Voigt profiles εN ·Γ̄ph(Δ; I, Ti),
where i=1, 2, 3, . . . and εN as well as I are held constant. Nevertheless, except for
the discontinuous change of εN at the fluorescence dip, the Voigt profiles shown
in Fig. 6.3 and Fig. 6.4 (left) fit well to the measured fluorescence signal. This in-
dicates that they can be still expected to give reasonable estimates of the 9Be+ ion
temperatures at different cooling laser detunings.

For the temperature of T = 31mK, obtained from the Voigt profile fit (d) in
Fig. 6.4 (left), a Debye length of λD = 2μm and a plasma coupling parameter of
Γ=28 is calculated. Thus, according to the description of the thermal equilibrium
state of a strongly correlated single-species plasma, given in Sect. 6.1, a partially
crystallized plasma is expected with a clearly developed shell structure in the outer
plasma regions. This agrees well with the CCD image of the large 9Be+ ion plasma
shown in Fig. 6.4 (right), which was obtained at nearly zero cooling laser detuning
in the maximum of curve (d). The cylindrical outer shape of the crystal, instead
of a spheroidal shape, results from non-fluorescent high-mass impurity ions from
the background gas. Since the radial confinement provided by the time-averaged
trap potential (2.3) becomes weaker with increasing mass-to-charge ratio m/Q, the
high-mass impurity ions surround the 9Be+ ions, filling up the trap potential from
a given cylindrical shell on. A further 9Be+ ion crystal with a completely developed
shell structure is shown in Fig. 6.5. Due to the reduced ion number as compared
to the partially crystallized 9Be+ ion plasma in Fig. 6.4 (right), a plasma coupling
parameter Γ > 28 can be expected. Again, the observed cylindrical crystal shape
indicates a large amount of additionally trapped, high-mass impurity ions from the
background gas.
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6.3 Ellipsoidal Shaped 9Be+ Ion Crystals

In this section, different-sized 9Be+ ion crystals will be studied for the most
general case of a fully anisotropic confining potential, i.e. the time-averaged trap
potential (2.3) with non-degenerate trap frequencies ωx > ωy > ωz. According to
Sect. 2.2.2, an adequate description of the gross outer shape and average number
density within the 9Be+ ion crystals is expected to be given by the charged fluid
model. In particular, a tri-axial ellipsoid with a constant number density is pre-
dicted for the case of a fully anisotropic 3-D harmonic confining potential. In this
section, the charged fluid model will be tested by a comparison with the outer shape
of the 9Be+ ion crystals. In addition, in case of additionally trapped low-mass im-
purity ions, a complete spatial separation of the sympathetically cooled impurity
ions from the laser-cooled 9Be+ ions will be demonstrated by ”squeezing” of the
ion crystals. Up to the present time, comparisons of the gross outer shape of a
single species ion crystal with the charged fluid model have been carried out in
Penning traps [125] and linear rf (Paul) traps [42,75] for the special case of a 3-D
harmonic confining potential with cylindrical symmetry. For the linear rf trap, this
corresponds to the case of the time-averaged trap potential (2.3) with degenerate
transverse trap frequencies ωx = ωy. The corresponding prediction of the charged
fluid model is a spheroid with constant number density (→ Fig. 2.2 in Sect. 2.2.2).
Good agreement is reported in all references cited. For the most general case of
a fully anisotropic confining potential, a test of the charged fluid model so far has
been carried out only in Penning traps [126].

The work described in this section is also described in Ref. [7]. However, in
contrast to Ref. [7], the present section is based on a more well-founded theoretical
description of the crystalline state of a mesoscopic single species plasma, as was
given in Sect. 6.1. Furthermore, an improved evaluation and representation of the
measured aspect ratio data is included as well.

In the experiments, the linear rf trap (→ Sect. 3.2) was operated at a rf fre-
quency of Ω/2π=14.2MHz and an amplitude of URF =380V. This corresponds to
a stability parameter of q = 0.055 [Eq. (2.1)] which implies that the time-averaged
potential description is valid. For axial confinement, a static voltage of UEC =4.5V
was applied to the endcap electrodes. Thus, in case of no additional static volt-
age UDC (→ Sect. 2.1) applied to the trap electrodes, degenerate transverse trap
frequencies ωx/2π = ωy/2π = 269 kHz [Eqs. (2.3b) and (2.3c)] and an axial trap
frequency of ωz/2π = 85.6 kHz [Eq. (2.3d)] are calculated. For the latter, a geomet-
ric constant of κ · 3.0·10−3/mm2 was assumed (→ Sect. 3.2). The main sources of
error in calculating the trap frequencies are the uncertainties in rf amplitude URF

and geometric constant κ as will be discussed below. Preparation of the 9Be+ ion
crystals included the following steps. First, the linear rf trap was loaded with
9Be+ ions at a background pressure of P < 1 · 10−10 mbar by electron impact ion-
ization of Be atoms in the trap center. The Be atoms were evaporated from a
small Be oven (→ Sect. 3.2). After several 3 – 5GHz scans of the 313 nm cooling
laser (→ chapter 4) and a reduction of the total number of trapped ions by lower-
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ing the rf amplitude URF for a few seconds, the 9Be+ plasma crystallized. Finally,
the cooling laser frequency was locked to an I2 hyperfine line (→ Sect. 4.3.1) and
fine-adjusted a few 10MHz below the cooling transition frequency by maximizing
the fluorescence of the 9Be+ ions. Images of the 9Be+ ion crystals were obtained
with a CCD camera which was mounted transverse to the trap axis (→ Sect. 3.4).
A two second exposure time was chosen.

Fig. 6.6 (a) shows a 9Be+ ion crystal, containing N ≈ 2000 9Be+ ions as well
as a small number of additionally trapped, low-mass impurity ions. The latter are
located on the trap axis a and do not fluoresce in the 313 nm cooling laser light.
For the 9Be+ ions, a temperature T in the order of 30mK is expected from Fig. 6.4
of the previous section, showing the fit of a Voigt profile to the fluorescence sig-
nal of a partially crystallized 9Be+ plasma of somewhat larger size. From this, a
plasma coupling parameter of Γ ≈ 30 [Eq. (2.5)] is calculated for the given trap
settings. In the terminology of Sect. 6.1, the 9Be+ ion crystal in Fig. 6.6 (a) is a
strongly correlated mesoscopic single species plasma, if neglecting the small num-
ber of additionally trapped, low-mass impurity ions. In good agreement with the
theoretical predictions given under case III in Sect. 6.1, and the calculated ion num-
ber densities shown in Fig. 6.1, only partial crystallization of the 9Be+ ion plasma
is observed. In particular, development of a shell structure progressing from the
outer to the inner plasma regions is clearly visible, where diffusion of the 9Be+ ions
still takes place even within the completely developed 2 – 3 outermost shells. Ac-
cording to Sect. 2.2.2, an adequate description of the gross outer shape and average
ion number density within the 9Be+ ion crystal is expected to be given by the
charged fluid model. In particular, a spheroid (ellipse of revolution) with aspect
ratio Rx/L = Ry/L = 0.175 [Eqs. (2.8a) and (2.8b)] and constant number density
of n0 =3.1 · 104/mm3 [Eq. (2.6)] is predicted for the given trap settings, as will be
further discussed below. The total number of N ≈ 2000 9Be+ ions was estimated
from molecular dynamics (MD) simulations in which the observed crystal structure
(especially the number of shells) was reproduced [127]. The MD simulation proved
consistent with the length scale shown in Fig. 6.6 (a) which was determined from
the measured lateral magnification = 3.14 of the CCD camera setup (→ Sect. 3.4).
Alternatively, the total number of 9Be+ ions may be determined by multiplying the
theoretical number density n0 with the measured spheroid volume V =(4π/3)R2

45L,
yielding N ≈2200 9Be+ ions. This is in reasonable agreement with the MD simula-
tion value. Finally, it should be noted that radiation pressure acting solely on the
laser-cooled 9Be+ ions, causes the asymmetric distribution of the non-fluorescent
low-mass impurity ions along the trap axis, i.e. the dark central region on the left
side of the 9Be+ ion crystal.

After obtaining the CCD image shown in Fig. 6.6 (a), a static voltage
0 < UDC < 4.2V (→ Sect. 2.1) was applied to the trap electrodes, thus adding a
static quadrupole component to the time-averaged trap potential (2.3). A corre-

aRadial confinement by the time-averaged trap potential (2.3) increases with a decreasing mass-
to-charge ratio m/Q. Thus, impurity ions with m/Q<9u/e will be pushed to the trap axis while
impurity ions with m/Q>9u/e will gather in the outer crystal regions. The first shall be referred
to as low-mass impurity ions while the latter shall be referred to as high-mass impurity ions.
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Figure 6.6: Sequence of CCD images, showing the ellipsoidal deformation of a 9Be+ ion
crystal, containing approximately N = 2000 9Be+ ions. At UDC = 0 (a), the time-averaged
trap potential possesses cylindrical symmetry around the trap axis, and the predicted
crystal shape is a prolate spheroid with radius Rx = Ry and half length L. By apply-
ing UDC =1.8 (b), 2.8 (c), 3.6 (d), and 4.2 V (e), the cylindrical symmetry is broken and
the predicted crystal shape is an ellipsoid with principal axes Rx < Ry < L. With in-
creasing value of UDC, the 9Be+ ion crystal expands in transverse y-direction (Ry) while
contracts in transverse x-direction (Rx) and axial z-direction (L). Dashed red lines in-
dicate fits of ellipses with principal axes R45 and L to the outermost crystal shell, where
R45

def= [(R2
x +R2

y)/2]1/2. In particular, (R45/ μm, L/ μm) = (139, 780) (a), (148, 770) (b),
(175, 740) (c), (216, 699) (d), and (271, 657) (e). The length scale was determined from the
measured lateral magnification = 3.14 of the CCD camera setup (→ Sect. 3.4).
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Figure 6.7: Definition of the principal axis length R45 in the CCD images. The prin-
cipal axes Rx, Ry, and L of the ellipsoidal shaped plasma as well as the time-averaged
trap potential (2.3) are defined with respect to the trap coordinate system (dashed lines),
introduced in Sect. 2.1.

sponding increase in transverse trap frequency ωx/2π [Eq. (2.3b)] from 269 kHz to
a maximum value of 359 kHz and a corresponding decrease in transverse trap fre-
quency ωy/2π [Eq. (2.3c)] from 269 kHz to a minimum value of 125 kHz is calculated.
This gives rise to a fully anisotropic time-averaged trap potential (2.3) with non-
degenerate trap frequencies ωx >ωy >ωz. Although the theoretical stability limit
(ωy = 0) should not be reached until application of a static voltage UDC = 4.96V,
partial loss of the 9Be+ ions already was observed at UDC > 4.2V. For this reason,
UDC was limited to a maximum value of 4.2V.

Fig. 6.6 (b–e) shows the change in outer shape of the 9Be+ ion crystal, re-
sulting from the application of the static voltages UDC = 1.8 (b), 2.8 (c), 3.6 (d),
and 4.2V (e), respectively. With increasing value of UDC, the 9Be+ ion crystal ex-
pands in transverse y-direction while contracts in transverse x-direction and axial
z-direction. The corresponding charged fluid prediction is a tri-axial ellipsoid with
principal axes ratios Rx/L [Eq. (2.8a)] and Ry/L [Eq. (2.8b)], and a constant num-
ber density n0 =3.1 · 104/mm3 [Eq. (2.6)]. This will be further discussed below. In
Fig. 6.6 (b–e), the size of the inner 9Be+ plasma region in which no shell structure
seems to develop, appears to increases with increasing value of the static voltage
UDC. This was confirmed by MD simulations [127], showing a change in local order
of the 9Be+ ions and a reduction of the number of shells as the static voltage UDC

increases. In particular, although the value of the plasma coupling parameter Γ was
kept constant in the MD simulations, an increase in random move of the 9Be+ ions
in the inner plasma regions was observed with increasing static voltage UDC. More-
over, in Fig. 6.6 (e), at a maximum static voltage of UDC = 4.2V, the 9Be+ ion
crystal does not exhibit a closed outer boundary anymore. This may be explained
by the presence of non-fluorescent high-mass impurity ions, located at larger dis-
tances from the trap axis as compared to the 9Be+ ions, and partially replacing
the 9Be+ ions in the outermost shell (see also Fig. 6.5). According to the stability
condition ωy(m/Q)>0 [Eq. (2.3c)], no stable trapping is possible at UDC =4.2V for
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Figure 6.8: Comparison of the measured aspect ratio data with the charged fluid model.
Aspect ratios R45/L obtained from elliptical fits to the CCD images are plotted versus the
frequency ratio ωz/ωy of the axial and the smallest transverse trap frequency: large 9Be+ ion
crystal from Fig. 6.6 (•), medium-sized 9Be+ ion crystal from Fig. 6.9 (left) (◦), and small
9Be+ ion crystal from Fig. 6.9 (right) (+). An average over three sequences of CCD images,
only the first one of which is shown in Fig. 6.6, was performed in case of the large 9Be+ ion
crystal. Moreover, additional data points were added in case of the medium-sized 9Be+ ion
crystal. The theoretical curves Rx/L (- - -), Ry/L (- - -), and R45 =[(R2

x+R2
y)/2]1/2 (-----)

were obtained by numerical solution of Eqs. (2.8a) and (2.8b), assuming UDC = 399 V and
ωz/2π=93.3 kHz (see text). A dashed red line shows the aspect ratio R45/L, expected in
case of negligible interaction between the 9Be+ ions.

ions with a mass-to-charge ratio m/Q≥11 u/e. Thus, the high-mass impurity ions
are presumably BeH+ (m/Q=10u/e) molecular ions, formed by chemical reactions
between the 9Be+ ions and neutral H2 molecules from the background gas [10]. As
in case of the low-mass impurity ions, radiation pressure which solely acts on the
laser-cooled 9Be+ ions causes an asymmetric distribution of the high-mass impurity
ions along the trap axis. Finally, it should be noted that the ellipsoidal deformation
in Fig. 6.6 (b–e) is a reversible process if the static voltage UDC is kept within the
range 0<UDC <4.2V: after turning the static voltage UDC off, the 9Be+ ion crystal
returned to its initial spheroidal shape shown in Fig. 6.6 (a).

In order to allow for a comparison of the 9Be+ ion crystal gross outer shape with
the charged fluid predictions, the orientation of the CCD camera with respect to
the linear rf trap has to be considered. This is illustrated in Fig. 6.7. Accordingly, a
two-dimensional projection of the 9Be+ ion crystal is seen by the CCD camera which
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is rotated by 45◦ with respect to the x and y-axis of the trap coordinate system
(→ Sect. 2.1). Thus, a 9Be+ ion crystal having the gross outer shape of an ellipsoid
with principal axes Rx, Ry, and L along the x, y, and z-axis, respectively, will be
imaged as a two-dimensional ellipse with principal axes R45

def= [(R2
x+R2

y)/2]1/2 and
L. In Fig. 6.6, ellipses (red dashed lines) with principal axes R45 and L have been
fitted to the outermost shell of the 9Be+ ion crystal in the CCD images. Accordingly,
in case of the spheroidal shaped crystal (UDC =0) shown in Fig. 6.6 (a) as well as in
case of a modest ellipsoidal deformation (UDC =1.8 and 2.8V) shown in Fig. 6.6 (b)
and (c), almost perfect fits are possible. In contrast to this, a clear deviation of the
outer boundary in the CCD image from an ellipse can be seen in case of a maximum
ellipsoidal deformation (UDC =4.2V), shown in Fig. 6.6 (e). In this case, the fit has
been chosen to match the fragments of the outermost shell which still exist at the
left and right ends of the 9Be+ ion crystal. From the elliptical fits, the aspect ratios
R45/L were calculated. In particular, half a typical shell spacing of 1.48 aWS =29μm
(→ Sect. 2.2) was added to the principal axes lengths from Fig. 6.6 before calculating
R45/L, in order to emulate the continuous spatial distribution of the charged fluid.
Additionally, a further increase in accuracy of the measured aspect ratio data was
achieved by taking an average over three sequences of CCD images, only the first
one of which is shown in Fig. 6.6. Fig. 6.8 shows the aspect ratios R45/L (blue
full circles) together with the corresponding charged fluid predictions. The latter
is given by a numerical solution of the two coupled equations (2.8a) and (2.8b),
yielding Rx/L and Ry/L (blue dashed lines), and thus R45/L=[(R2

x+R2
y)/2]

1/2/L
(blue solid line). Since the rf amplitude URF and the axial trap frequency ωz can not
be determined with an accuracy better than ±10%, the theoretical curve was fitted
to the measured data by choosing URF and ωz as two independent fit parameters.
By this, values of URF =399V and ωz/2π=93.3 kHz b were obtained, thus differing
by +5% and +9% from the nominal values URF = 380V and ωz/2π = 85.6 kHz,
respectively, the latter being used in Ref. [7]. With these slight changes, excellent
agreement is obtained between the measured aspect ratios R45/L and the charged
fluid predictions, which is true even in case of the strong ellipsoidal deformation at
UDC = 4.2V, shown in Fig. 6.6 (e). In Fig. 6.8, the aspect ratio R45/L (red dashed
line) which is expected in case of negligible interaction between the 9Be+ ions, is
indicated as well. In this case, Rx/L = ωz/ωx and Ry/L = ωz/ωy (→ Sect. 6.1).
Accordingly, due to the collective interaction by space charge, as described by
the charged fluid model, the ellipsoidal deformation becomes more pronounced as
compared to the case of negligible interaction.

In order to complete the investigation of 9Be+ ion crystals in a fully anisotropic
time-averaged trap potential (2.3), two more crystals were prepared with a reduced
number of 9Be+ ions as compared to that in Fig. 6.6. In particular, a 9Be+ ion crys-
tal, containing N ≈500 9Be+ ions and a few low-mass impurity ions located on the
trap axis, is shown in Fig. 6.9 (a–d). The static voltage UDC was increased from 0 (a)

bFrom the above value of the axial trap frequency ωz and the endcap voltage UEC = 4.5V, a
geometric constant of κ=3.57·10−3/mm2 is calculated. Thus, an alternative way is established to
estimate κ for the linear rf trap, besides from the SIMION simulation (κ = 3.37·10−3/mm2) and
the LCF-MS measurement (κ=2.98·10−3/mm2), both described in Sect. 3.2.
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Figure 6.9: Left: Sequence of CCD images showing the ellipsoidal deformation of a
9Be+ ion crystal, containing approximately N =500 9Be+ ions and a few low-mass impurity
ions: UDC = 0 (a), 1.4 (b), 2.8 (c), and 4.0 V (d). Right: Ellipsoidal deformation of a
9Be+ ion crystal, containing approximately N = 20 9Be+ ions and an increased fraction of
low-mass impurity ions: UDC =0 (e), 2.8 (f), 3.6 (g), and 4.2 V (h). At sufficiently high static
voltages UDC, a complete separation is possible of the 9Be+ ions from the non-fluorescent
low-mass impurity ions located on the trap axis and sympathetically cooled by the 9Be+ ions
(g&h). The asymmetric distribution of 9Be+ ions above and below the trap axis at UDC >0
is attributed to stray electric fields.

to 1.4 (b), 2.8 (c), and 4.0V (d). In contrast to the large 9Be+ ion crystal shown in
Fig. 6.6, complete crystallization of the 9Be+ ion plasma seems to occur, which is
true at least for UDC =0 (a) and 1.4V (b). This proofs consistent with the MD sim-
ulations of a strongly correlated single species plasma in Ref. [121], showing that the
”washing out” of inner shells (as observed in Fig. 6.6) is expected to increase with
the total number of ions. Yet another 9Be+ ion crystal of even smaller size is shown
in Fig. 6.9 (e–h), containing N ≈20 9Be+ ions and an increased fraction of low-mass
impurity ions, presumably H+

2 and H+
3 (from the reaction H+

2 + H2 → H+
3 + H).

The static voltage UDC was increased from 0 (e) to 2.8 (f), 3.6 (g), and 4.2V (h). In
the terminology of Sect. 6.1, this 9Be+ ion crystal is a Coulomb cluster rather than
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a mesoscopic plasma. At UDC =0 (e), giving rise to a time-averaged trap potential
(2.3) with cylindrical symmetry around the trap axis, diffusion of 9Be+ ions within
a single shell occurs. Two 9Be+ ions are at fixed positions at the left and right end
of the crystal. By applying UDC > 0 (f–h), the cylindrical symmetry is broken and
the 9Be+ ion crystal expands in transverse y-direction while contracts in transverse
x-direction and axial z-direction. This causes a rearrangement of the 9Be+ ions
into a two-dimensional structure, where almost all 9Be+ ions are located at a fixed
position. By comparison of the 9Be+ ion spot size in the CCD images with MD
simulations [127], an upper limit of T = 10mK is deduced for the temperature of
the 9Be+ ions. The most apparent property arising when applying the static volt-
age UDC > 0, is the completely dark central region, containing the sympathetically
cooled low-mass impurity ions. In particular, no fluorescent 9Be+ ions are located
in the front or back of the dark region at UDC =3.6 (g) and 4.2V (h). Finally, the
pronounced asymmetric distribution of 9Be+ ions above and below the dark central
region should be noted, occurring at UDC > 0 in both 9Be+ ion crystals shown in
Fig. 6.9 (b–d) and Fig. 6.9 (f–h). Since this neither conforms with the symmetry of
the time-averaged trap potential (2.3) nor can be explained by radiation pressure,
residual stray fields are the most probable reason (→ Sect. 3.2). While it was not
possible to compensate for possible stray fields by application of additional static
voltages to the trap electrodes, it was always possible to reverse the asymmetric
distribution of 9Be+ ions by means of these voltages.

While a continuous charged fluid description still seems reasonable for the
mesoscopic plasma shown in Fig. 6.9 (left), it seems inappropriate for the Coulomb
cluster shown in Fig. 6.9 (right). Nevertheless, ellipses were fitted to the CCD im-
ages in Fig. 6.9 (left) as well as to those in Fig. 6.9 (right), even though the 9Be+ ion
crystal in Fig. 6.9 (f–h) does not exhibit a closed boundary. The corresponding
aspect ratio data is indicated by open circles (mesoscopic plasma) and crosses
(Coulomb cluster) in Fig. 6.8, where half a typical shell spacing of 1.48 aWS =29μm
was again added to the principal axes lengths. Additional aspect ratio data is in-
cluded for the mesoscopic plasma, obtained at static voltages UDC = 0.8, 2.2, 2.6,
and 3.4V. As expected, a rather good agreement with the charged fluid descrip-
tion is obtained for the mesoscopic plasma, while a strong deviation with increasing
static voltage UDC is obtained for the Coulomb cluster.

Further studies of ion Coulomb crystals in a fully anisotropic 3-D harmonic
confining potential could include the oscillation modes of multi-species ion crys-
tals, which possibly would allow to identify the non-fluorescent species. From a
theoretical point of view, detailed studies of strongly squeezed ellipsoidal plasmas
are of fundamental interest. In particular, ion rings which represent a novel low-
dimensional structure already have been observed in first MD simulations [127].



Chapter 7

Sympathetic Crystallization of
4He+ Ions

In this chapter, sympathetic crystallization of 4He+ ions and their identifica-
tion by laser-cooled fluorescence mass spectrometry (LCF-MS) will be described.
Both LCF-MS and sympathetic crystallization were already described in chapters
5 and 6, respectively. In particular, LCF-MS mass spectra showing the presence of
sympathetically cooled 4He+ ions (→ Figs. 5.8 and 5.10) and a small-sized 9Be+ ion
crystal containing sympathetically crystallized low-mass impurity ions (→ Fig. 6.9)
have already been presented. Nevertheless, because of the significant interest in
ultracold 4He+ for high-precision laser spectroscopy, this chapter was added. Main
part of the text is adopted from Ref. [8].

7.1 The Two-Body Coulomb System

The two-body Coulomb system is one of the most fundamental in physics, and
has been central in the development of quantum mechanics, relativistic quantum
mechanics, and QED. In nuclear physics, the study of these systems can provide an
alternative method for precise determination of nuclear sizes [128,129]. Hydrogen-
like systems studied include the hydrogen atom and its isotopes, muonic hydrogen,
the helium ions, muonium, and positronium. More recently, heavy (high-Z) hy-
drogenlike ions have become available [130] and are being used, e.g., for exploring
strong-field QED [131] and for measuring the electron mass [18]. Among the low-Z
atomic systems, hydrogen has been the most extensively studied, in particular, by
laser spectroscopy. This has resulted, among others, in the most precise measure-
ment of a fundamental constant, the Rydberg constant [132]. While the helium
ions 3He+ and 4He+ are important systems because they are complementary to the
hydrogen atom, they have been much less studied. Precision measurements of
transition frequencies in He+ ions could provide (i) an independent (metrologically
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significant) determination of the Rydberg constant, (ii) an independent determina-
tion of the nuclear charge radii and the isotope shift, assuming QED (Lamb shift)
calculations are correct, or (iii) a test of QED, using independent radius data (from
scattering measurements) as input.

Precise values of the He nuclear radii can test theoretical nuclear methods and
force models which accurately describe these special nuclei (3He is the only stable
three particle nucleus, 4He is the lightest close shell nucleus). The possibility of
QED tests with He+ ions is attractive because the QED corrections scale with high
powers of Z (some of the theoretically unknown contributions scale as Z6), and
thus their relative contribution to transition frequencies is larger than in hydrogen.
Also, the available independent He nuclear radius measurements agree, in contrast
to the situation in hydrogen.

On the experimental side, the hyperfine structure of 3He+ has been measured
in both the electronic 1S ground state and the 2S excited state [133,134] (for the
theory, see Ref. [135]). The Lamb shift of the 2S state in 4He+ has been determined
from the spontaneous emission anisotropy with 170 kHz uncertainty and compared
to theoretical calculations [136,137]. The 3He/4He squared nuclear radius difference
has been determined at the 0.4% level from the isotope shift in neutral helium using
laser spectroscopy [138].

A significant extension of these studies would be accessible via high-resolution
laser spectroscopy of helium ions, which has not been performed so far. Mea-
surements of the 1S-2S and 2S-3S two-photon transition frequencies (at 61 and
328 nm, with linewidths of 167Hz and 16MHz, respectively) have been proposed
[139,140]. For example, a 1S-2S measurement with reasonable experimental uncer-
tainty < 30 kHz would test the nuclear and the recently improved theoretical QED
contributions at their current accuracy level [141]. A measurement of the isotope
shift with a similar accuracy would improve the value of the squared nuclear charge
radius difference by one order of magnitude.

One important aspect in these future precision experiments will be the avail-
ability of trapped ultracold helium ions in order to minimize the influence of Doppler
broadening or shifts, and to allow a precise study of systematic effects. The success
of this approach has been shown by the experience with trapped ions for atomic
clocks [142]. Unfortunately, direct laser cooling of helium ions appears impractical
at present, since the generation of the required continuous wave deep-UV 30nm
radiation is a challenging problem in itself. On the other hand, sympathetic cool-
ing of helium ions by directly laser-cooled atomic ions offers itself as a promising
experimental technique. However, at this point, the transfer of energy from the
micromotion of the laser-cooled (LC) ions to the secular motion of the sympatheti-
cally cooled (SC) ions has to be considered since it is expected to become dominant
in the limit of a small mass ratio mSC/mLC [29]. Thus, a laser-cooled ion with a
sufficiently small mass is needed. The 9Be+ ion which is the lightest atomic ion
suitable for practical laser cooling, appears to be the most appropriate coolant ion
for sympathetic cooling of 4He+ and 3He+ . In the next section, sympathetic cooling
of 4He+ ions down to the milli-Kelvin range will be described.
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Figure 7.1: CCD image of a prolate two-species 9Be+-4He+ ion crystal (exposure time: 2 s).
NSC ≈ 150 4He+ ions, contained in the inner dark core, are sympathetically crystallized by
NLC ≈ 6200 laser-cooled 9Be+ ions (see text). In horizontal direction, i.e. along the trap
axis, the crystal extends well beyond the CCD image. A dashed red line indicates the fit
of an ellipse to the outer crystal boundary, yielding an aspect ratio of R/L=0.15.

7.2 Two-Species 9Be+-4He+ Ion Crystals

In the experiments, the linear rf trap (→ Sect. 3.2) was operated at a rf fre-
quency of Ω/2π =14.2MHz and an rf amplitude of URF =380V . A static voltage
UEC = 3V was applied to the endcap electrodes for axial confinement along the
trap axis. The corresponding Mathieu stability parameters are q(9Be+)=0.055 and
q(4He+) = 0.12 [Eq. (2.1)], indicating that stable trapping of the two ion species
is possible and that the time-averaged potential description is valid (→ Sect. 2.1).
Accordingly, the transverse trap frequencies are ωr(9Be+)/2π=271 kHz and
ωr(4He+)/2π=615 kHz [Eqs. (2.3b) and (2.3c) with UDC = 0]. The axial trap fre-
quencies are ωz(9Be+)/2π=69.9 kHz and ωz(4He+)/2π=104.9 kHz [Eq. (2.3d)].
Here, a geometric constant of κ ≈ 3.0 · 10−3/mm2 was assumed (→ Sect. 3.2).
The corresponding charged fluid prediction in case of a pure 9Be+ ion plasma is a
constant density spheroid with aspect ratio R/L = 0.14 (→ Fig. 2.2 in Sect. 2.2.2).
Finally, it should be noted that operation of the linear rf trap at small values of q
is favorable since rf-heating is less pronounced.

Preparation of the two-species 9Be+-4He+ ion crystals included the following
steps. First, the linear rf trap trap was loaded with 4He+ ions by leaking in neutral
He gas into the vacuum chamber up to a pressure of 10−8 mbar and ionizing it in
situ with a 750 eV electron beam (→ Sect. 3.1). The loading rate was controlled by
the partial pressure of the neutral He gas and the electron beam intensity. Sub-
sequently, 9Be+ ions were loaded into the trap by ionizing Be atoms which were
evaporated from a small oven (→ Sect. 3.2), using the same electron beam. During
9Be+ loading, the 313 nm cooling laser was repeatedly scanned towards the cooling
transition frequency, each time starting with a red-detuning of −5GHz. Once the
9Be+-4He+ plasma crystallized, the cooling laser was stopped from scanning and
locked to an I2 hyperfine line (→ Sect. 4.3.1). Finally, the cooling laser frequency
was fine-adjusted a few 10MHz below the cooling transition frequency by maximiz-
ing the fluorescence of the 9Be+ ions.
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Figure 7.2: Left: CCD image of a two-species 9Be+-4He+ ion crystal, similar to those
shown in Fig. 7.1. Right: Corresponding LCF-MS mass spectrum, showing the presence
of sympathetically crystallized 4He+ ions. The center frequencies of the secular resonances
are indicated in red.

Fig. 7.1 shows a prolate two-species ion crystal, containing 9Be+ and 4He+ ions.
The crystal displays a shell structure and encloses an inner dark core, originating
from the incorporated sympathetically cooled 4He+ ions having a lower mass-to-
charge ratio than the 9Be+ ions. Their location on axis is due to the stronger radial
confinement by the time-averaged trap potential experienced by them as compared
to the 9Be+ ions. The shape of this large ion crystal, containing only a small relative
amount of He+ ions, agrees well with the charged fluid predictions. In particular,
the measured aspect ratio of R/L=0.15 is close to the theoretical value of 0.14.

The number of crystallized ions is estimated by performing molecular dynamics
(MD) simulations and varying the total numbers of both ion species, until the
observed CCD image is reproduced. While for a single-species 9Be+ ion crystal, one
may obtain the ion number from the calculated ion density of n0 = 3.1 · 104/mm3

[Eq. (2.6)] together with the measured crystal dimensions R and L, here the MD
approach is better suited. It is applicable to multi-species structures, produces
detailed structural information, and reduces uncertainties related to the calibration
of the lateral magnification in the CCD camera setup (→ Sect. 3.4). For example,
MD simulations of the crystal in Fig. 7.1 show that it contains NLC ≈ 6200 9Be+ ions
and NSC ≈ 150 4He+ ions. Furthermore, the radial intershell distance is obtained
as 29μm. This agrees well with the theoretical value of 1.48 aWS = 29.2μm [31],
predicted in case of a infinitely long crystal. Here, aWS =[3/4πn0]1/3 is the Wigner-
Seitz radius (→ Sect. 2.2). According to the MD simulations, the 4He+ ions are
arranged in a zigzag configuration along the trap axis for two-thirds of the crystal,
with a pitch spacing of approximately 40μm. In the remaining third (left end), the
4He+ ions form a linear string, as evidenced by the smaller radial extension of the
inner dark core. The asymmetric distribution is caused by light pressure forces,
acting solely on the laser-cooled 9Be+ ions. Embedded strings were also observed
in a mixed crystal of 40Ca+ and 24Mg+ ions, where both ions were laser cooled [75].

In order to identify the sympathetically crystallized ions, laser-cooled fluores-
cence mass spectrometry (LCF-MS) was employed (→ chapter 5). Fig. 7.2 (left)
and Fig. 7.3 (left) each shows a CCD image of a large two-species 9Be+-4He+

ion crystal, before (Fig. 7.2) and after (Fig. 7.3) performing LCF-MS, i.e. re-
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Figure 7.3: Left: Ion crystal from Fig. 7.2 (left) after removal of the 4He+ ions by repeated
secular excitation. Right: Corresponding LCF-MS mass spectrum. The center frequency
of the secular resonance is indicated in red. The time between obtaining Figs. 7.3 and 7.2
was 5 min.

peatedly scanning the excitation frequency ωexc across the 9Be+ and 4He+ secular
resonances. Initially, the LCF-MS mass spectrum shows the presence of both
9Be+ (283 kHz) and 4He+ (685 kHz). The former value is close to the calculated
value of ωr(9Be+)/2π=271 kHz. Regarding the 4He+ secular resonance, both an
increase in fluorescence before resonance and a substantial upward shift of the res-
onance dip from the calculated value of ωr(4He+)/2π=615 kHz is observed. While
the first was already discussed in Sect. 5.3.2, the reason for the latter is not clear.
In particular, Coulomb interactions between the crystallized 4He+ and 9Be+ ions
are expected to cause a downward shift of the 4He+ secular resonance [13], i.e. in
contradiction to Fig. 7.2 (right). Finally, it should be noted that the permanent
increase in fluorescence signal after scanning across the 4He+ secular resonance in
Fig. 7.2 (right) is due to the partial removal of the 4He+ ions from the crystal.

After repeatedly scanning the excitation frequency ωexc, the 4He+ ions were
nearly completely removed from the trap, leaving behind an almost pure 9Be+ ion
crystal as shown in Fig. 7.3 (left). This is evidenced by the absence of the
4He+ secular resonance in the corresponding LCF-MS mass spectrum shown in
Fig. 7.3 (right). The small number of impurity ions remaining in the left end of the
crystal did not lead to a fluorescence dip in the LCF-MS mass spectrum. Note that
the visible crystal size has decreased substantially because of 9Be+ ion loss. Never-
theless, the average fluorescence level in Fig. 7.3 (right) is essentially the same as
in Fig. 7.2 (right). This may be explained by a lower temperature of the 9Be+ ions
and/or reduced micromotion. The apparent horizontal shift of the crystal in Fig. 7.3
(left) compared to Fig. 7.2 (left) is due to a readjustment of the CCD camera.

A central question concerning sympathetically cooled ions is their translational
temperature; several observations can shed light on the answer. A direct measure-
ment on 24Mg+ embedded in a laser-cooled 40Ca+ crystal yielded an upper limit
of 45mK, deduced from the 24Mg+ laser excitation linewidth [45]. In a two-ion
crystal, sympathetic cooling to the Doppler-limit (<1mK) has been demonstrated
[26]. MD simulations for small ion numbers have shown that sympathetically cooled
ions caged by laser-cooled ions are essentially in thermal equilibrium with the lat-
ter at the Doppler temperature [48]. Thus, an estimate of the temperature of the
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4He+ may be obtained from the temperature of the laser-cooled 9Be+ ions. A direct
upper limit for the translational temperature of the 9Be+ ions was deduced from
the spectral line shape of the 9Be+ fluorescence signal as the cooling laser was tuned
towards the atomic transition frequency. To this end, a Voigt profile was fitted to
the measured fluorescence signal (→ Sect. 6.2). For small crystals (<1000 ions), an
upper limit of 42mK was obtained at optimum laser cooling. Alternatively, an indi-
rect upper temperature limit is obtained by comparing the spot size of the 9Be+ ions
in the CCD images with MD simulations; here a tighter limit of T (9Be+)<20mK
is found for the 9Be+ temperature. Therefore, assuming thermal equilibrium, a
4He+ temperature of T (4He+)<20mK can be deduced.

The translationally cold and immobilized 4He+ ions in the two-species ion crys-
tals shown in Figs. 7.1 and 7.2 (left) are the first production of an ultracold sample
of 4He+ ions reported so far. They are a promising system for high precision spec-
troscopy and might lead to more precise atomic and nuclear constants. In particu-
lar, the weak 1S-2S transition in 4He+ (and 3He+ ) could be detected with a high
signal to noise ratio using a single adjacent 9Be+ ion as a ”quantum sensor”, rather
than by direct detection of its fluorescence [143]. Significant progress in this direc-
tion has been achieved [26,144]. Moreover, sympathetically cooled helium ions open
up perspectives for studies of cold collisions and cold chemistry, e.g., generation of
3HeH+ whose hyperfine structure is of interest in fundamental physics.
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Summary and Outlook

In this work, the setup of an experiment aimed at high-precision laser spec-
troscopy of ultracold molecular hydrogen ions, started at the University of Konstanz
in 1999 [1–3], was continued and first results were obtained. In particular, a new
linear rf trap and a new trap supply electronics were built, the latter being capa-
ble of driving the linear rf trap with a maximum amplitude of URF > 1000V at a
frequency of Ω/2π=14.2MHz. This made possible the simultaneous trapping of a
large mass range (2 u ≤ m/z ≤ 15 u) with a trap potential depth of several eV
over the whole mass range. Furthermore, a fluorescence detection system was
added to the experimental setup, including a photomultiplier tube (PMT) and
a CCD camera. For laser cooling of the 9Be+ ions, doubly resonant sum-frequency
generation (DR-SFG) of 313 nm laser light was performed between a resonantly
frequency-doubled monolithic Nd:Yag laser and a Ti:sapphire laser, emitting at
532 and 760 nm wavelength, respectively. An output power of Puv > 100mW was
achieved at 313 nm wavelength, with a high spectral purity (rms short-term fre-
quency fluctuations < 160 kHz) and a wide continuous tuning range of more than
15GHz. The DR-SFG setup was added by an absolute frequency stabilization and
an optical frequency shifter for the 532 nm master laser, thus obtaining absolutely
frequency stabilized 313 nm laser light (frequency drift <1MHz/h) tunable by up
to 340MHz. With this experimental setup, sympathetic cooling of N+, BeD+,
BeH+, 4He+, HD+, and D+ ions by laser-cooled 9Be+ ions was demonstrated, using
laser-cooled fluorescence mass spectrometry (LCF-MS) to detect the sympatheti-
cally cooled species. Accordingly, sympathetic cooling at a minimum mass ratio
of m(H+

2 )/m(Be+)=0.22 was shown to be possible with both the sympathetically
and laser-cooled ions in a cloud-like state. This points out the incorrectness of the
theoretical lower limit mSC/mLC =0.53 which was predicted in Ref. [29]. Here, the
subscripts SC and LC denote the sympathetically and the laser-cooled species, re-
spectively. In a further experiment, almost pure 9Be+ ion plasmas were laser-cooled
down to temperatures in the milli-Kelvin range where 9Be+ ion crystals formed. The
outer shapes of different-sized 9Be+ ion crystals in a fully anisotropic trap poten-
tial were compared with the charged fluid predictions, showing good agreement at
sufficiently large numbers of 9Be+ ions. By fitting Voigt profiles to the measured
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fluorescence signal, a typical temperature of T (Be+)≈30mK was estimated for the
9Be+ ions. Finally, an ultracold sample of 4He+ ions [ T (He+) ≈ 40mK ] was pro-
duced for the first time by sympathetic crystallization of the 4He+ ions. This may
open up perspectives for the high-precision laser spectroscopy of 4He+ (and 3He+ ).

The writing of this thesis was finished more than three years after complet-
ing experimental work. Since then, great progress has been made by the group
of Prof. S. Schiller at the University of Düsseldorf, culminating in the first laser
spectroscopic measurement of ro-vibrational transitions in ultracold HD+. Thus,
rather than giving an outlook from the perspective of the end of experimental work
which is described in this thesis, a brief summary of the new experimental results
shall be given here.

Subsequent to the sympathetic crystallization of 4He+ ions, described in chap-
ter 7, sympathetic crystallization of H+

2 , HD+, D+
2 , and H+

3 was demonstrated as
well. This is described in Ref. [9]. In particular, a two-step loading process was em-
ployed, consisting of (i) the preparation of a 9Be+ ion crystal in the usual way (see
chapter 6) and (ii) the addition of molecular hydrogen ions by leaking in the neutral
gases H2, HD, and D2 into the vacuum chamber. The neutral gases were ionized
in the trap center by electron impact, where the H+

3 ions were formed by chemical
reactions between the H+

2 ions and the neutral H2 gas. Accordingly, sympathetic
cooling at a minimum mass ratio of m(H+

2 )/m(Be+) = 0.22 was demonstrated for
the crystalline state. Studies of various chemical reactions are presented in Ref. [10],
including the reactions Be+ ∗ + HD → BeH+ + D and Be+ ∗ + HD → BeD+ + H,
where Be+ ∗ denotes the Be+ ions in the excited state (see introduction of chap-
ter 4), as well as H+

3 + O2 → HO+
2 + H2. For the latter reaction, sympathetic

crystallization of H+
2 ions, as described in Ref. [9], was followed by the chemical

reaction H+
2 + H2 → H+

3 + H and a subsequent exposure of the H+
3 ions to neutral

O2 gas, leaked into the vacuum chamber. In each case, the reaction rates R and
coefficients k were measured and compared to the Langevin theory of ion-neutral
reactions. An alternative method for the production of ultracold diatomic and
triatomic molecular hydrogen ions was demonstrated in Ref. [11]. For example,
production of ultracold H+

3 was shown to be possible by sympathetic crystallization
of 40Ar+ ions and a leak in of neutral H2 gas into the vacuum chamber, resulting
in the two-step chemical reactions Ar+ + H2 → Ar + H+

2 ⇒ H+
2 + H2 → H+

3 + H
and Ar+ + H2 → ArH+ + H ⇒ ArH+ + H2 → H+

3 + Ar. Compared to the more
direct production of ultracold H+

3 , as described in Ref. [9], this method proved
more efficient and showed a reduced formation of unwanted ions such as BeH+.
While laser-cooled fluorescence mass spectrometry (LCF-MS) usually is performed
with both the sympathetically and the laser-cooled ions in a cloud-like state, a
detailed study of LCF-MS in the crystalline state is presented in Ref. [13]. In par-
ticular, by performing LCF-MS on multi-species ion crystals such as 9Be+-4He+

and 9Be+-H+
3 -H+

2 , large frequency shifts with respect to the calculated single par-
ticle frequencies and peak coalescence were observed. In addition, rather complex
LCF-MS spectra were obtained in case of a slightly asymmetric trap potential. At
this point, the important contribution of molecular dynamics (MD) simulations to
Refs. [9–11,13] shall be pointed out. In particular, by reproducing the observed
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crystal structures, reliable information could be obtained regarding the masses and
total numbers of crystallized ions, as well as an estimate of the translational temper-
atures. In addition to this, MD simulations were used to reproduce even complex
LCF-MS mass spectra. To this end, a Fourier analysis of the simulated time evolu-
tion of a multi-species ion crystal was performed, the MD simulation being started
with a small transverse displacement of the ions from their respective equilibrium
positions [47]. Finally, laser spectroscopy of ro-vibrational transitions in ultracold
HD+ was demonstrated for the first time and is described in Ref. [12]. In particular,
ro-vibrational excitation of a small sample of sympathetically crystallized HD+ ions
was achieved by use of a widely tunable, single-frequency infrared diode laser. The
excitation was detected by selective photodissociation using 266 nm laser light. Al-
together 12 transitions (ν = 0, L) → (ν ′ = 4, L′) with orbital momenta 0 ≤ L ≤ 6
were observed in the 1391 – 1471 nm wavelength range, partly resolving the hyper-
fine structure. Typical linewidths of 40MHz were attributed to the first order
Doppler broadening associated with the micromotion of the HD+ ions.



Appendix A

Electrostatic Potential within a
Constant Density Ellipsoid

In order to determine the electrostatic potential φf within a tri-axial ellip-
soid of constant charge density ρ0, Poisson’s equation Δφf = −ρ0/ε0 has to be
solved together with additional boundary conditions. In Ref. [74], a solution to this
problem of Electrostatics is given analogously to those in Ref. [145]. In the latter
reference, the problem of the gravitational potential within a tri-axial ellipsoid of
constant mass density is considered. Accordingly (as already noted in Sect. 2.2.2),
the electrostatic potential φf within the ellipsoid may be written as

φf =
ρ0

4ε0

[
Ax(R2

x − x2) + Ay(R2
y − y2) + Az(L2 − z2)

]
, (A.1)

where Rx, Ry, and L are the principal axes of the ellipsoid in x, y, and z-direction,
respectively. The dimensionless coefficients Ax, Ay, and Az solely depend on the
relative lengths of the principal axes Rx, Ry, and L. Eq. (A.1) matches onto an
exterior solution which obeys Laplace’s equation and vanishes at infinity.

If Rx < Ry < L, which is the case relevant to the outer shape of the 9Be+ ion
crystals presented in chapter 6, the coefficients Ax, Ay, and Az are favorably ex-
pressed in terms of the the principal axes ratios R̄x

def= Rx/L and R̄y
def= Ry/L :

Ax(R̄x, R̄y) = 2 R̄xR̄y
(R̄y/R̄x) sin(θ) − E(θ, k2)

(1 − k2) sin3(θ)
(A.2a)

Ay(R̄x, R̄y) = 2 R̄xR̄y
E(θ, k2) − (1 − k2)F (θ, k2) − (R̄x/R̄y)k2 sin(θ)

k2(1 − k2) sin3(θ)
(A.2b)

Az(R̄x, R̄y) = 2 R̄xR̄y
F (θ, k2) − E(θ, k2)

k2 sin3(θ)
, (A.2c)

where θ and k are given by

θ(R̄x)
def= arccos(R̄x) (A.3)

and

k(R̄x, R̄y)
def=

√
(1 − R̄2

y) / (1 − R̄2
x) . (A.4)
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In Eqs. (A.2), the symbols F and E denote the elliptic integrals

F (φ,m) def=

φ∫
0

dx√
1 − m sin2(x)

(A.5a)

E(φ,m) def=

φ∫
0

√
1 − m sin2(x) dx , (A.5b)

where the definitions have been slightly changed with respect to Ref. [74] in order
to adapt them to the built-in functions EllipticF[φ,m] and EllipticE[φ,m] of
the Mathematica 5.0 software.

If Rx < L < Ry, i.e. in case where the principal axis length Ry increases
above the principal axis length L, the coefficients Ax, Ay, and Az are obtained
from Eqs. (A.2), (A.3) and (A.4) as follows. First, the indices y and z have to
be mutually exchanged in the A coefficients on the left side of Eqs. (A.2). Then,
the principal axes ratios R̄x and R̄y have to be replaced by Rx/Ry and L/Ry,
respectively, in Eqs. (A.2), (A.3) and (A.4).



Appendix B

Mean Photon Scattering Rate

In this appendix, the mean photon scattering rate Γ̄ph [Eq. (6.1)] will be derived
which was used in Sect. 6.2. To this end, definitions and notations shall be chosen
equal to those in Ref. [146].

As a starting point, the population rate equations of a two-level atomic system
shall be considered, which is excited by the radiation field of a laser:

Ṅ1 = A21N2 + σ(Δ)Φ · (N2 − N1) (B.1a)

Ṅ2 = −A21N2 − σ(Δ)Φ · (N2 − N1) (B.1b)

Here, N1 and N2 are the numbers of atoms in the ground and excited state, respec-
tively. A21 is the spontaneous emission rate, σ(Δ) is the absorption cross section,
and Φ is the photon flux (unit: cm−2 s−1) of the radiation field. The absorption
cross section at a given laser detuning Δ def= ωL− ω21 is given by

σ(Δ) =
ω21 |μ|2

ε0� c
· β

Δ2 + β 2
, (B.2)

where μ = eεr21 is the complex dipole moment which is determined from the
(complex) polarization vector ε of the radiation field and the matrix element r21.
More specific, r21 =〈2 |r̂ |1〉 is the matrix element of the position operator r̂ between
the excited and the ground state of the two-level atomic system [146]. Homogeneous
line-broadening is described by the second term on the right side of Eq. (B.2). In
particular, β = 1/τ +A21/2, where 1/τ is the elastic collision rate and A21 is the
spontaneous emission rate. Eqs. (B.1a) and (B.1b) have the steady-state solution

N2(∞) =
σ(Δ)Φ N

A21 + 2σ(Δ)Φ
, (B.3)

obtained in the limit t → ∞, where N = N1 +N2 is the total number of atoms.
Finally, it should be noted that Eq. (B.3) suggests a definition of the saturation
flux (at resonance Δ=0) according to Φsat

def= A21/2σ(Δ=0).
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In a gas of atoms with mass m which is in thermal equilibrium at temperature T ,
equation (B.3) only applies to a given subset of atoms all having the same velocity
in the direction of propagation of the radiation field. In particular, for the subset
of atoms having velocities in the range between v and v+dv,

dN2(∞) =
σv(Δ)Φ N df(v)
A21 + 2σv(Δ)Φ

, where df(v) =
√

m exp[−mv2/2kB T ] dv√
2πkB T

(B.4)

is the (one-dimensional) Maxwell-Boltzmann distribution. In order to account for
the Doppler effect, σ(Δ) has been replaced by the velocity-dependent absorption
cross section σv(Δ) def= σ(Δ−(v/c)ω21) [Eq. (B.2)]. Integration of Eq. (B.4) yields

N2(∞) =
A21N

8
· Φ
Φsat

√
m

2πkB T

+∞∫
−∞

dv
exp[−mv2/2kB T ]

[Δ − (v/c)ω21]2 + (1 + Φ/Φsat)A2
21/4

, (B.5)

where Eq. (B.2) was used together with Φsat = A21/2σ(Δ = 0) and β = A21/2, the
latter implying negligible collision-broadening (τ →∞). Finally, the mean pho-
ton scattering rate Γ̄ph as given by Eq. (6.1) is obtained from Eq. (B.5) by setting
Γ̄ph =A21N2(∞)/N and exchanging expressions as follows: A21 ↔ γ, ω21/c ↔ kA,
and Φ/Φsat ↔ I/Isat.



Appendix C

Alternative RF Trap Setup and
Miniature Electron Gun

Figure C.1: Alternative rf trap setup, consisting of a horizontally oriented linear rf trap,
two 90◦-bent quadrupoles, and two small vertical quadrupoles. Ions produced in one of
the two small vertical quadrupoles can be transferred to the linear rf trap through the
inbetween 90◦-bent quadrupole.

In addition to the linear rf trap described in Sect. 3.2, an alternative rf trap
setup was built with the main goal to separate the loading from the trapping region.
In particular, atomic as well as molecular ions shall be produced in the loading
region by crossing a stream of neutral gas from a small capillary which is brought
close to the loading region with an electron beam. By this, exposure of the laser-
cooled 9Be+ ions to the leaked-in neutral gases should be strongly reduced. In a
subsequent step, the ions shall be transferred from the loading to the trapping
region. Thus, continuous adding of atomic and molecular ions to the laser-cooled
9Be+ ions should be possible with a reduction of unwanted reactions between the
neutral gases and the 9Be+ ions, e.g., the formation of BeH+ and BeD+ [109]. For
the existing vacuum chamber, a spatial separation of the loading from the trapping
region also requires a sufficiently small electron gun. In particular, a placement of
the electron gun must be possible outside the four DN40CF flanges in the vacuum
chamber operating plane (see Sect. 2.3 in Ref. [4]).
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E-Gun Operating Parameters

Cathode Current 2.75A
Cathode Voltage −750V

Wehnelt Cylinder −760V

Einzel Lens 4220V
0V

4220V

Final Segment 0V

Figure C.2: Left: Miniature Electron gun, consisting of six stacked cylindrical elements
made from non-magnetic stainless steel. The overall length is 48 mm (without deflection
electrodes). Right: Electron gun operating parameters used to generate a 750 eV electron
beam with a diameter of less than 1 mm.

Fig. C.1 shows the alternative rf trap setup, consisting of a horizontally oriented
linear rf trap, two 90◦-bent quadrupoles, and two small vertical quadrupoles. The
90◦-bent quadrupoles are side-wise attached to the linear rf trap while the small
vertical quadrupoles are put at the ends of the 90◦-bent quadrupoles. Along the
whole (∪-shaped) trap axis, the minimum distance between the trap axis and the
electrode surfaces is r0 =4.32mm. Thus, the transverse dimensions are unchanged
with respect to the linear rf trap described in Sect. 3.2. The loading region is
provided by one of the two small vertical quadrupoles. Thus, a small capillary and
an electron gun shall be brought close to that quadrupole, with the neutral gas
stream and the electron beam crossing in the quadrupole center. Transfer of ions
to the trapping region, i.e the horizontally oriented linear rf trap, is through the
inbetween 90◦-bent quadrupole. The second 90◦-bent quadrupole may be used to
guide ions from the linear rf trap into a channeltron for ion counting. The complete
rf trap setup as shown in Fig. C.1, fits well into the existing vacuum chamber and
can be driven with the trap supply electronics described in Sect. 3.3.

In order to allow for a placement of the electron gun next to one of the two
small vertical quadrupoles, a miniature electron gun was built which is shown in
Fig. C.2 (left). The basic design was adopted from Ref. [147]. The electron gun
consists of six stacked cylindrical elements made from non-magnetic stainless steel
(type 1.3952) and held in compression by four threaded rods. To ensure electrical
isolation together with a minimum of mechanical tolerance, 2mm ruby balls are
placed between the cylindrical elements and are located in spherical depressions on
each side of the elements. The cathode is a 0.15mm diameter thoriated tungsten
wire, spot-welded to two stainless steel rods used to supply the cathode current. The
six cylindrical elements constituting the electron gun are described as follows (from
left to right in Fig. C.2): a first element which is held at ground potential merely
acts as a cathode mount. This is followed by a Wehnelt cylinder and a three-element
Einzel lens, used to focus the electron beam. Finally, the electrons are decelerated
and collimated in the last segment with a 5mm exit aperture. All axial dimensions
are optimized with respect to the 10mm central bore diameter [147]. The resulting



106 Summary and Outlook

electron gun overall length is 48mm. Additionally, in order to allow for a posi-
tion fine-adjustment of the electron beam, four deflection electrodes are grouped
around the exit aperture, each cut from a 1mm copper sheet. With the operating
parameters given in Fig. C.2 (right), a 750 eV electron beam with a diameter of less
than 1mm was generated. The diameter was estimated from the electron beam
spot size on a phosphor screen, located in a distance of 5 cm from the electron gun.
Thus, in addition to its miniature size, the electron gun delivers an electron beam
which is strongly focused as compared to those of the flood gun type described in
Sect. 3.1. This is favorable since it prevents charging of the trap electrodes. The
electron beam current is expected to be in the range between 100μA and 1mA
[147]. Finally, the beam deflection was measured as 3.7◦/100V, where the voltage
was applied symmetrically to a pair of opposing deflection electrodes.
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