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The effect of relativistic electron-mass variation on the propagation of clectron plasma waves is considered,
Includmg thermal dispersive effects; a variational principle is uséd to find the p0551ble final states of the
linearly unstable modes. It is shown that dispersion will limit the nonlinear steepening predicted by the cold-

ﬂuxd approach.

Intense laser radiation in plasmas, as needed °
for,.e.g., laser-fusion experiments, require 2
nonlinear description. It has been shown1 that in
such situations, ‘when the-oscillatory veloc1ty of
electxjons approaches the speed of light, the re-
sulfing variations in the electron-mass produce a
contribution to the nonlinear refractive index
which can be more important than that due to pon-

. @eromotive force effects. The propagation of an
incoming electromagnetic wave, penetrating into
the region of plasma, where its frequency is close
to the local plasma frequency, can then be descnbed
by nonlinear opties.?”

1t is well known® that an electromagnetic wave
obliquely incident on a density gradient will under-

" go mode conversion into an electron plasma wave
at the critical density. Since the convection of the
plasma wave is weak, the amplitude of the electro- .
static mode can be even larger than that of the in-
coming electromagnetrc wave. Recently,“ the role
of relativistic electron-mass variation in the gen-
eration of plasma waves by linear mode conver-
gion has been mvestlgated For the uutlal stages
of the mode conversion, the electromagnetic source
has been incorporated into the relativistic equa~-

tions for the excited plasma wave, In a more de-
tailed publication,® the latter effect has been in-
vestigated thoroughly, showing that wave breakmg
accompanied by strong plasma heating saturates

-the amplitude of the mode-converted plasma wave
at a much lower level than previously predicted. .

For the mode-converted electron plasma wave,

a linear mstablhty has been found.5 The nonlinear
stage of the instability and the effect of ion motion
on the instability have been investigated by com-
puter simulation. In addition, the nonlinear evolu-

tion of the electron plasma waves has been dis-

cussed! analytically within the cold-fluid approach,

Numerical solutions of the basic equations demon-

strate shock formation and subsequent wave break- -

ing. .
In this paper, we study the nonlinear evolution
of the large-amplitude mode-converted plasma

wave by using a variational principle known from
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nonlinear optics. This approach allows us to pre-

“dict the nonlinear evolution of the large-amplitude

plasma wave as has been demonstrated before hy
numerical calculations. Furthermore we show
that inclusion of thermal dispersive effects will

. limit the nonlmear steepening’ found so far W1thm

the cold-fluid approach.

The dynamical behavwr of a nonlinear electro-
static oscillation E =%, cos®, where & = wf~ keF,
can be determined £rom a variatmnal principle
which is widely used” in nonlinear optics., This
prmciple uses the averaged Lagrangian I which
in our case for a system of (relativistic). electrons
in the electrostatlc field E is

9 s dE /dt)z )1 /2
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#nep ~ ymy divdye, (1)
Here, # is the electron number density, m is the
electron rest mass,  is the fluid displacement,
related with the electron velocity ¥ through V= df/
di; and ¢ is the scalar potential, The last term
in Eq. (1) represents the potential energy density
associated withthe pressure force,® where y ig the

’ adlabatlclty index and m, is the zeroth~order scalar

pressure. We note’ that with application to the
weak relativistic limit fhe thermal dispersive ef- -
fects will balance weak amplitude nonlinearities
and thus in the following the treatment of thermal
effects as higher order contributions is justified,

~ The variational pr1nc1p1e can be wrrtten in the

form™’

G offz,(e ,@,,4) a)dFa=0; @)

where a is the amplitude parameter and & is the
phase determining the slowly varying wave vector
K=-d; and frequency w=3,.

From Eq. (2) together with Eq, (1) the basic rel-
a.twistmally invariant equations can be. recovered
by taking the appropriate variations with respect
to £, ¢, ete. The pressure term 7 =y, divi

follows from the time-integrated pressure balance.
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In the followmg we anhclpate a one-dimensional

model which can be easﬂy generahzed to h:gher
dimensions, - :

Usmg the electrostatm approx1matlon
eoaﬂp /058t = —env , )]

" and Poisson’s equation

82<p/8x2 eln-m)/e,, - | B @

we obtain, up to the third order in the amplitude
E,, the cons1stent expansions

9 =2 sing~ Jz-costh—lsms} R

k 2k 3k
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,

Cun

T:l—-_a&k Sl + 20y c0B2% - 3q36k sin3s, (6)
0 . o . .

£=(0a+20°ka,a+30°%0%) cosd + (0a, + 16%a?) sin2d

- (%'Ga(e'“‘as +56%kaa, - ba,) cos3®, NN

.

where 0=€,/en,.

- Inserting the expansions (5)-(7) into Eq, (1) and
collectmg the zeroth harmomc contributions we
obtain

a/f,»a)zszw*] - fonblat+ )

-~ 7y1er’62a”(1 + 86ka2 +262k”a2) -y, P6% - *'yvrob’(e—x> o ' ' . (8)

'

As expected, L is independent of the coefficient a,
if we colléct terms up to the fourth order in the
amplitude parameter.

The'coefficient @, can be eliminated by takmg a
variation with respect to a,. We get the result

% -0k, - I
and thus the La.grangw.n appropriate for the'varia-

tion prescribed by Bq. (2) is
' _-;eoazu,_ggaakzaﬂ

. ;E;;eoaz[i A0 4 (P ) A) ]

_—‘yﬂ,,kzd‘a:"--“ynod"(gg)z £10)

The Euler equations correspondmg to the varia-
' tion with respect to a and § are

9
» EL 8xL% L =0, (11)
and
9 8 '
a—t'L a'”L =0, . (12)

We note that Eq. (11) yields the ‘nonlinear disper-
gion equation

&y '
-5 %Jf[%oakz 1(oﬁ/c2)af]a==q,

(13)
if higher-order dispersive effects are negl'ectefi
‘and where the. zeroth~-order dispersion relation’
o = wi(L+y A% = of has'been used in evaluating
the higher-order contributions, R

l

In the foliowing we use the ansatz -
¥ =wpt-.éaé(t,i‘>,

for the nonlmear phase; The smallness param- -
eter € has been introduced in Eq, (14) in orde to

(14)

- demonstrate the different sealing for the time and
" space variations. In the following, we' shall not_

explicitly indicate this ordering anymore,
Introducing Eqs. (10) and (14) into Egs. (11) and
(12) we obtain the coupled set of equatlons

Cym, 82 y 8s  ym, ( )
- — el — -
mwyiy 2 [2 at MW \8X/ -

"—[%(aﬁ/cz)aa_xgazkz]az}=o, (15)
" and ’ o
mup, 96° 8q9 8s 8az s ,_
E) K ax Wt =0. (16)

" - The last two equations can be combined after mtro-

ducing the complex envelope
y=ae®s, (1n
to yield )

a'p.l"lo_. 3 (?/ %)
+ o, [(/

i3t - 181w, [y[2y=0.

*(18)
Equatlon (18) is the cubic nonlinear Schrﬁdmger

" .. equation. Thegeneral solution of Eq. (18) has

been found by applying the inverse scattering meth-
od, For details we.refer to the original paper by
Zakharov and Shabat.?
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Here, we want to stress the attention to seme.
aspects of Eq. (18) which might explain the behav-
dor of large amplitude electron plasma waves re-
ported previously.- First, by linearizing Eq. (18)
one gets an instability if the potential is attractive
(2 <9u?/26¢%), The corresponding growth rate
 yedei/e),” (19)

. Where vz =eE,/mw, agfees with that found pre-
viously by a different method,

Secondly, for the case }2>&(w?/c?), .no modula-

tional instability exists. Instead of this, wave
breaking can take place if- thermal dispersive ef-
fects are neglected. To demonstrate the possible
nonlinéar steepening in the latter case, we show
- that Eq. (18) can be transformed info a Korteweg-
de Vries equation by introdueing p and ¢ through

p e [ o),

where p =y1,/2mwmn,. For the expansion in terms
of a small parameter 4 about the constant state

P=py+ 1Py + WPy,

(20)

@1)
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0 =0, + 10, + 20, (22)

the stretching®
&' = ¥ = o+ (~3pgp )2}, (22)
tapsldy (23)

where ¢ =8(*/c?)6? - 18672 <0, transforms the non-
linear Schridinger equation into a Korteweg-

de Vries equation: ‘The nonlinear steepening and
wave breaking then follows™ from the latter de-

. seription if thermal dispersive terms are neglec-

ted. The inclusion of dissipative effects would in-

troduce some asymmetry into the above equations

producing shock-like solutions,’ K
Finally, we want to mention that the process dis-

" cussed here oceurs at a rather fast time seale and

may dominate over the ponderomotive force ef-
fects on the mode-converted electron plasma
waves for large laser intensities.
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