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7",%(%## &4 !-1 '%$3-,5# 1&' .% 0-8'4 "' #%9%,&( +,&1$"1&( &++("1&$"-'#: &/-'2
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!&# $!% &."("$) $- ,%2"#$%, #+%1"<1 0&1$-,#6  !%#% 1&' .% 0-,3&,4%4 ="0 '%1%##&,)>

$- -$!%, #%'#-,# 3"$!"' $!% '%$3-,5 8'$"( ,%&1!"'2 & #-?1&((%4 &'1!-,+-"'$6 @8%

$- $!"# #+%1"&( 0-,/: $!%#% '%$3-,5# &,% &++("%4 0-, %A&/+(% $- +,%4"1$ 0-,%#$ <,%#:

%&,$!B8&5%# -, 1("/&$"1 1!&'2%#6

 !% C%'#-, D%$3-,5 E-1&("*&$"-' F,-.(%/ =CDEF> "# & DF?!&,4 +,-.(%/ &'4

"# #-(9%4 .) $!% &++,-A"/&$% #-(8$"-' -0 & '-'?("'%&, (%&#$ #B8&,%# +,-.(%/ "'

+,&1$"1%6

E%&'"'2 -' $!% 3-,5 -0 G% %$ &(6 HIJ & #%/"4%<'"$% +,-2,&/ =C@F> 0-,/8(&$"-'

"# +,-+-#%4K

min{C • X | A(X) = b, X ∈ Sn
+},

3!%,% $!% 9&,"&.(% "# X ∈ Sn
: $!% #+&1% -0 ,%&( #)//%$,"1 /&$,"1%# -0 4"/%'#"-'

n6  !% 9%1$-, b ∈ Rm
: $!% ("'%&, /&++"'2 A : Sn → Rm

&'4 $!% /&$,"A C ∈ Sn

&,% 2"9%'6  !% 1-'% Sn
+ "# $!% #%$ -0 &(( ,%&( #)//%$,"1 +-#"$"9% #%/"4%<'"$%

/&$,"1%# -0 4"/%'#"-' n: "6%6 Sn
+ := {M ∈ Sn | S � 0}6  !% '-$&$"-' C • X

4%'-$%# $!% "''%, +,-481$ -0 $!% #)//%$,"1 /&$,"1%# C &'4 X &'4 "# 2"9%' .)

C • X = tr(C X) =
n∑

i=1

n∑

j=1

Cij Xij.
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7'" 8-9: ;$)<*$&1$! 2!)$&%296)=

>&+6).-%$ '" 8-9 ;$)<*$&1$ ?!"$! %#96 #! %$6& 4#$.$! '!*$!"2!3$!= >#$ ($1+!!@

)$%)$! %#!" "#$ 1.#/+)#%96$! A$-(+96)2!3$!= >+($# 6+) B$"$& 5$!%-& "#$ CD3.#96@

1$#) ($%)#//)$ A$"#!32!3$! <2 &$3#%)&#$&$! 2!" "#$%$ ($# A$"+&E +! *$#)$&$ 5$!@

%-&$! 7(#% <2/ F&&$#96$! $#!$% %-3= '!1$&G2!1)$%: *$#)$&<23$($!= 5- *$&"$!

%-.96$ ;$)<*$&1$ <=A= <2& H-&6$&%+32!3 4-! I+."(&J!"$!K F&"($($! -"$& <2&

+..3$/$#!$! L$3#%)&#$&2!3 1.#/+)#%96$& H$&J!"$&2!3$! $#!3$%$)<)=

>+% 5;0, 75$!%-& ;$)*-&1 0-9+.#<+)#-! ,&-(.$/: #%) ;,@4-..%)J!"#3 2!" *#&"

#! "$& ,&+M#% N($& "#$ '!!J6$&2!3 +! "#$ 0D%2!3 "$% <23$6D&#3$! !#96)@.#!$+&$!

.$+%) %O2+&$% ,&-(.$/% 3$.D%)=

'!.$6!$!" +! "#$ '&($#) 4-! P$ QRS *#&" $#!$ C-"$..#$&2!3 +.% 5$/#"$?!#)$%

,&-3&+// 75>,: "$& T-&/

min{C • X | A(X) = b, X ∈ Sn
+},

($%96&#$($!= 8#$&($# #%) "#$ H+&#+(.$ X ∈ Sn
K "$/ L+2/ "$& &$$..$! %U/@

/$)&#%96$! C+)&#<$! "$& >#/$!%#-! n= >$& H$1)-& b ∈ Rm
K "#$ .#!$+&$ '((#."2!3

A : Sn → Rm
2!" "#$ C+)&#M C ∈ Sn

%#!" 3$3$($!$ ,+&+/$)$&= >$& V$3$.

Sn
+ #%) "$& L+2/ +..$& &$$..$! %U//$)&#%96$! G-%#)#4 %$/#"$?!#)$! C+)&#<$! "$&

>#/$!%#-! nK "=6= Sn
+ := {M ∈ Sn | S � 0}= >#$ ;-)+)#-! C •X ($<#$6) %#96 +2E

"+% #!!$&$ ,&-"21) 4-! "$! %U//$)&#%96$! C+)&#<$! C 2!" X 2!" #%) 3$3$($!

"2&96

C • X = tr(C X) =
n∑

i=1

n∑

j=1

Cij Xij.
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7 *+, /,!5$# 8,"9$#: ;$'4<(=4"($! 2#$><,0 ?

1! '()23+4 5+$&(%*,%)- ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! 6

1!1 7-)8- 9**()#&:+$ ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ;

1!1! <5' (+3#=#,%)- 2> ?+ +, #3! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! @

1!1!1 AB&3%.+#- 5%$,#-&+ C#,(%= D)(4B3#,%)- ! ! ! ! ! ! ! ! ! ! !  E

1!1!0 <FG (+3#=#,%)- ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! !   

1!0 FB( 9**()#&: ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! !  1

6 @ A4!: ) /B2 @CC#$4'+ )D
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*)/ +(1*5

6(,)!&0).,0.)* #/$ &*-(,!/$.,0!) 0*,2/!+!7% 2#& 8*,!-* *9*)% $#% +(1*' #/$

02.& # 0(/% $*9(,* (& #8+* 0! (/0*),!--./(,#0* !9*) 2./$)*$& !1 :(+!-*0*)& "(02

!02*) )*,*(9*)& *9*/ "(02!.0 02* /**$ !1 ,!/&0#/0 *+*,0)(,(0% /!) ,#8+*&5

6!8(+* 32!/*& #)* ;.&0 02* *%*4,#0,2(/7 *<#-3+* 1!) 02* *<0)#!)$(/#)% $*9*+4

!3-*/0 (/ ,!--./(,#0(!/ 0*,2/!+!7(*& $.)(/7 02* 3#&0 $*,#$*&5 =2* >*+$ !1

)*&*#),2 !1 "()*+*&& ,!--./(,#0(!/ (& 2.7*5

=2* 3.)3!&* !1 02(& 02*&(& (& 0! #/#+%?* 02* 3)!8+*- !1 +!,#+(?(/7 &*/&!)& (/&($* #

@"()*+*&& #$ 2!,A /*0"!): 1)!- # -#02*-#0(,#+ 3!(/0 !1 9(*"5

B$ 2!, "()*+*&& /*0"!):& #)* .&*$ *575 1!) */9()!/-*/0#+ !8&*)9#0(!/5 =2*% ,!/4

&(&0 !1 &*9*)#+ 9*)% &-#++ $*9(,*& "2(,2 2#9* 02* #8(+(0% 0! ,!--./(,#0* #-!/7

*#,2 !02*) #/$ )*7(&0*) &3*,(>, 1#,0!)& @*575 0*-3*)#0.)*' 2.-($(0%' 7#& ,!/4

,*/0)#0(!/ !1 #0-!&32*)*' &*(&-(, #,0(9(0%' *0,5A5  !)-#++%' 02*&* &*/&!)& #)*

)#/$!-+% $(&0)(8.0*$ !9*) # ,*)0#(/ #)*# @*575 8% #/ #()3+#/*' !) 02*% -!9* "(02

&*# ,.))*/0&A5 =2* 7!#+ (& 02*)*1!)* 0! >/$ 02* @*<#,0A 3!&(0(!/ !1 *#,2 &*/&!)

"(02(/ 02* /*0"!):' .&(/7 02* $(&0#/,* (/1!)-#0(!/ @&#% 1!) *<#-3+* &*/&!) x(i)

(& 2, 5 m #"#% 1)!- &*/&!) x(j)' *0,5A

C1 ,!.)&*' "(02 02* .&* !1 DEF 0*,2/!+!7%' 02* +!,#+(?#0(!/ 3)!8+*- "!.+$ $(&4

#33*#)5 F0(++' .&(/7 DEF "!.+$ (-3+% 02#0 02* 0*,2/!+!7% !1 *#,2 &*/&!) (& -!)*

&!32(&0(,#0*$ #/$ 02* */*)7% ,!/&.-30(!/ (& 2(72*)' "2(,2 "!.+$ (/,)*#&* 02*

*/0()* ,!&0& !1 02* /*0"!):5

=2*)*1!)*' 02* *-3+!%-*/0 !1 #/,2!) 3!(/0& (& 9*)% ,!--!/ (/ 3)#,0(,*5 =2(&

-*#/&' 02#0 !/+% # 1*" &*/&!)& !1 02* /*0"!): #)* *G.(33*$ "(02 DEF @!) &(-3+%

+!,#0*$ # 3)(!)(A5

6#02*-#0(,#++%' 02* F*/&!)  *0"!): H!,#+(?#0(!/ E)!8+*- )*&.+0& (/ # &.&0#(/4

#8(+(0% 3)!8+*-' /#-*+% >/$ 9*,0!)& @&*/&!)&A x(i) 0! 1.+>+ 02* 7(9*/ $(&0#/,*

(/1!)-#0(!/5

I0 ,#/ 8* -!$*+*$ #& #/ ./,!/&0)#(/*$ /!/4,!/9*< !30(-(?#0(!/ 3)!8+*- @+*#&0

&G.#)*& 1!)-.+#0(!/ 1!) *))!) -(/(-(?#0(!/' ,35 @J5KAA5
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!" #$"$%&'( )"*+",-%&."$/( "+"0*+"1$2 +3-.4.5&-.+" 3%+6'$4, &%$ 1$%7 /.8*)'-

-+ ,+'1$ &, -9$7 4&7 9&1$ ,$1$%&' *%.-.*&' 3+."-, &"/ &"7 ,+'1."# &'#+%.-94 4&7

#$- ,-)*: ." & "$.#96+)%9++/ +; ,)*9 & ,-&-.+"&%7 3+."-< =."/."# & ,+'1$% -9&-

*+"1$%#$, -+ -9$ #'+6&' 4.".4)4 >.; $2.,-$"-? 9&, "+- 7$- 6$$" ,)**$,,;)'< @+

+1$%*+4$ -9., #&3( -9$ ),$ +; 9$)%.,-.*, /$1$'+3$/ ;+% ,3$*.&' 3%+6'$4 *'&,,$, .,

1$%7 *+44+"<

=+% -9$ ,+')-.+" +; -9$ A$",+% B$-C+%: D+*&'.5&-.+" E%+6'$4 C$ 3%+3+,$ & %&":

F ,$4./$G".-$ %$'&2&-.+" +; -9$ "+"0*+"1$2 3%+6'$4 ;+%4)'&-.+"<

H$ 3%+1$ -9&- ;+% )".I)$'7 '+*&'.5&6'$ "$-C+%:, -9., %$'&2&-.+"( C9.*9 *&" 6$

,+'1$/ $8*.$"-'7 67 ."-$%.+% 3+."- &'#+%.-94,( 3%+1./$, -9$ $2&*- ,+')-.+" +; -9$

'+*&'.5&-.+" 3%+6'$4<

!" 3%&*-.*$( -9$ #.1$" /.,-&"*$ .";+%4&-.+" ., ;)'' +; 4$&,)%$4$"- $%%+%, >/)$ -+

-$*9".*&' /$-&.',( $<#< -+3+#%&39.*&' ,.-)&-.+"( $-*<?< @9$ '+*&'.5&-.+" 3%+6'$4

*&" -9$%$;+%$ 6$ ,+'1$/ +"'7 &33%+2.4&-$'7<

H$ +6-&." & #++/ .".-.&' &33%+2.4&-.+" -+ -9$ ABDE ,+')-.+" 67 ,+'1."# -9$ %&": F

AJE %$'&2&-.+"( &"/ 3%$,$"- /.K$%$"- 9$)%.,-.*, -+ ,+'1$ -9$ #$"$%&' )"*+",-%&."$/

"+"0*+"1$2 3%+6'$4 ,-&%-."# ;%+4 -9., .".-.&' 3+."-<

L, +"'7 /$,*$"- 4$-9+/, &%$ 3%+3+,$/( #'+6&' *+"1$%#$"*$ ., $&,.'7 ,9+C"< =+%

-9$ 3%+3+,$/  !"#$%!"& '&()&*% &33%+&*9 &',+ '+*&' I)&/%&-.* *+"1$%#$"*$ ., +60

-&."$/<

M+43'$-."# -9$ C+%:( ")4$%.*&' $2&43'$, &%$ 3%$,$"-$/ &"/ -9$ ,+')-.+" +; -9$

/.K$%$"- &33%+&*9$, &%$ *+43&%$/<

+ %,$*- ."/01 '"1 23/"4$* 5$""& 0/" %,& $% $33 %46&( )/*(%"!)%4#& (!7&"#4(4/* /0 %,4(

%,&(4(1 8(7&)4$339 + %,$*- ,4( ://;<433 %/ 6$-& 4% 7/((4=3& %/ >*; $* &?!434="4!6
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 ! "#$%&#'(%)# *+,-+.$! .+# !)/&%#&0 )1%! 21.3)#+ 3+,4%&#! . !1,+) !/$$.+5 ,6

7.!%2 3+,3#+)%#!8 91# 6,::,;%(- -#(#+.: (,).)%,( %! /!#&

· Sn
&#(,)#! )1# !3.2# ,6 +#.: !5$$#)+%2 $.)+%2#! ,6 &%$#(!%,( n0

%8#8 Sn := {M ∈ Rn×n | M = MT}8

· Sn
+ &#(,)#! )1# 2,(# ,6 3,!%)%4# !#$%&#'(%)# $.)+%2#!0

%8#8 Sn
+ := {M ∈ Sn | xT Mx ≥ 0 ∀x ∈ Rn} = {M ∈ Sn | M � 0}8

· A • B &#(,)#! )1# %((#+ )+.2# 3+,&/2) 7#);##( );, !5$$#)+%2 $.)+%2#! A
.(& B ,6 !.$# &%$#(!%,(0

%8#8 A • B = tr (AT B) = tr (A B) =
n∑

i=1

n∑
j=1

Aij Bij8

 ! "#$%& '()*+(,%+$ #-. /),#,%)-

"#$%&#'(%)# 3+,7:#$! 2.( 7# !##( .! . !3#2%.: 2.!# ,6 2,(%2 3+,7:#$!0 (.$#:5

$%(%$%<.)%,( ,4#+ )1# !#:6=&/.: 2,(# ,6 !#$%&#'(%)# $.)+%2#!8

91# 3+%$.: 3+,7:#$ 6,+$/:.)%,( %! -%4#( 75

min C • X

!8)8 A(i) • X = bi 6,+ i = 1, ...,m

X ∈ Sn
+

>*"?*@

6,+ !,$# +#.: n=&%$#(!%,(.: !5$$#)+%2 $.)+%2#! A(i)
.(& C .(& . -%4#( 4#2),+

b = (b1, ..., bm)T ∈ Rm
8

A



 !"#$% #& '"()*"&)+)," -$#.$/(0  

!"# $%&&#'(%)*+), *-./ 0%&1-/.2+%) +'

max bT y

'323 C −

m∑

i=1

yiA
(i) � 0.

456578

9' $.) :# '##) 0&%1 2"# /.22#&; 2"#&# +' . '2&%), .)./%,< :#2=##) /+)#.& .)*

'#1+*#>)+2# (&%,&.1'3 ?) 0.$2; 1%'2 %0 2"# 2"#%&#2+$./ :#".@+%-& %0 /+)#.& (&%:A

/#1' $.) :# 2&.)'0#&&#* 2% '#1+*#>)+2# (&%,&.1'3 B%& #C.1(/#; +2 +' #.'+/< '"%=)

2".2 =#.D *-./+2< "%/*'; +3#3

C • X ≥ bT y

0%& .)< 0#.'+:/# X ∈ Sn
.)* y ∈ Rm

3

B-&2"#&1%&#; +0 476578 .)* 456578 '.2+'0< 6/.2#&E' $%)*+2+%); +3#3 2"#&# #C+'2' .

'2&+$2/< 0#.'+:/# 1.2&+C X ≻ 0; A(i) • X = bi 0%& i = 1, ..,m; &#'(3 C ≻
m∑

i=1

yiA
(i)
;

2"#) . 1.2&+C X .)* . @#$2%& y .&# %(2+1./ 0%& 476578 .)* 456578 +0 .)* %)/< +0

2"#&# #C+'2' . 1.2&+C S ∈ Sn
.)* 2"# 0%//%=+), %(2+1./+2< $%)*+2+%)' .&# '.2+'>#*

m∑

i=1

yi A(i) + S = C, 4FGH8

A(X) = b X � 0, S � 0, 4FGI8

XS = 0, 4FGJ8

="#&# A : Sn → Rm
+' . /+)#.& 1.((+), *#>)#* .'

A(X) :=




A(1) • X
3

3

3

A(m) • X


 ,

'## #3,3 KHHL3

!"# /.'2 %(2+1./+2< $%)*+2+%) 4FGJ8 +' '2&%),#& 2".) 2"# M).2-&./M %)# X •S = 0
.)* /#.*' 2% . *+N#&#)2 0%&1-/.2+%) %0 2"# $%1(/#1#)2.&< '/.$D)#'' 2"#%&#1 0%&

657 4'## KHL; G%&%//.&< I3HH8O

 !"#"$%&%"' ()(

 !" X #! $ %!$&'#(! )$"*'+ %,* 476578 -'". !'/!01$(2!& λ1, ..., λn $03

S = C −
m∑

i=1

Yi A(i)
#! %!$&'#(! %,* ".! 32$( 4*,#(!) 456578 -'". !'/!01$(2!&

ω1, ..., ωn5



 !"#$% #& '"()*"&)+)," -$#.$/(0  

 !"# X $#% S $&" '&()$* $#% %+$* ,'-()$* .,*+-(,#./ &".'"0-(1"*2/ (3 $#% ,#*2 (3

-!"2 0,))+-" $#% -!"&" (. $ '"&)+-$-(,# π ,3 "(4"#1$*+". ,3 S .+0! -!$-

λiωπi
= 0 3,& i = 1, ..., n.

!"#$ %&'( )"#)#('%'#* +#,,#-( %&.% .% ,/.(% #*/ #+ λi #" ωπi
01#""/()#*2'*3 %# %&/

(.$/ /'3/*4/1%#" ui
5 $6(% 7/ 8/"# +#" /.1& i = 1, ..., n9 :&/"/+#"/ '% &#,2( %&.%

rank(X) + rank(S) ≤ n. 0;9;5

<% %&'( )#'*% %&/ .*.,#3= %# ,'*/." )"#3".$( /*2(> '* %&/ (/*(/ %&.% '% '( *#% 1,/."

&#- %# )"/2'1% ".*?0X5 #" ".*?0S5 '* 3/*/".,9 @* ,'*/." )"#3".$( #*/ 1.* (.=

%&.% '* .7(/*1/ #+ *#*A2/3/*/".1=> /B.1%,= m 1#$)#*/*%( #+ %&/ #)%'$., (#,6%'#*

."/ 8/"#9 !#" CDE( '% 1.* 7/ (%.%/2 %&.%

rank(X) < n

.( %&/ #)%'$6$ #+ %&/ )"'$., 0ECDE5 '( .%%.'*/2 #* %&/ 7#6*2."= #+ %&/ (/$'2/+A

'*'%/ 1#*/9 E.%.?' FG;H (%62'/( +.1'., (%"61%6"/ #+ +/.('7,/ (/%( #+ CDE( .*2 (&#-(

%&/ (%"#*3/" "/(6,%

rank(X)(rank(X) + 1)

2
≤ m + r

-&/"/ r '( %&/ 2'$/*('#* #+ %&/ $'*'$., +.1/ #+ %&/ +/.('7,/ (/% #+ 0ECDE5 1#*A

%.'*'*3 X9

@* %&/ (/$'*., -#"? #+ I/(%/"#4 .*2 I/$'"#4(?' F;JH> '% -.( (&#-* %&.% %&/ CDE

)"#7,/$ 0ECDE5 1.* 7/ (#,4/2 '* )#,=*#$'., %'$/ 7= 6('*3 %&/ (/,+1#*1#"2.*%

7.""'/" +6*1%'#*

φ(X) = − ln(det(X−1)).

:&/"/ ."/ (/4/"., '*%/"'#"A)#'*% $/%&#2( +#" (#,4'*3 CDE( '* )".1%'1/> . ,'(%'*3

1.* 7/ +#6*2 '* FJH9

!#" %&/ *6$/"'1., '$),/$/*%.%'#* #+ #6" %/(% )"#7,/$( -/ 6(/2 C/26$' FGKH>

-&'1& '( . L.%,.7 :##,7#B %&.% '$),/$/*%( %&/ (/,+A26., /$7/22'*3 %/1&*'M6/

.( )"#)#(/2 '* F;NH9





 !"#$%& '

(!% )%*+,& -%$.,&/ 0,1"234"$3,*

5&,62%7

 !"# $!%&'() *"+(# % ,-)./0%'"-1 -, '!( 2(1#-) 3('4-)5 6-$%0"7%'"-1 8)-90(. %1:

-/'0"1(# %1 -+()+"(4 -, '!( .-#' 51-41 %&&)-%$!(#;

 !" #$%&'() *(+,$-./-%0

<-1#":() % =4")(0(##> %: !-$ 1('4-)5 '!%' $-1#"#'# -, n #(1#-)# %1: m %1$!-)#;

 !( 1('4-)5 $%1 9( #((1 %# % *)%&! 4"'! n + m 1-:(#;  !( &-#"'"-1# -, '!( n
1-:(# '!%' $-))(#&-1: '- '!( #(1#-)# %)( 1-' 51-41;  !( &-#"'"-1# -, '!( 1-:(#

'!%' $-))(#&-1: '- '!( m %1$!-)&-"1'# %)( 51-41 =(;*; +"% ?82>;  !( =/151-41>

#(1#-)# 4"00 9( 1-'%'(: 4"'! '!( +%)"%90(# x(1), ..., x(n) ∈ Rd
="1 '!"# '!(#"# 4( 4"00

)(#')"$' -/) -9#()+%'"-1# '- '!( $%#( d = 2>@ %1: '!( %1$!-)# 4"'! '!( +%)"%90(#
a(n+1), ..., a(n+m) ∈ Rd

;

A1 )(%0 4-)0: &)-90(.# "' "# /1/#/%0 '!%' %00 #(1#-)#B%1$!-)# %)( %90( '- "1'()C

$-../1"$%'(;  !()(,-)(@ % #-C$%00(: )%:"- )%1*( "# :(D1(:;  !"# "# % .%*1"'/:(

'!%' &)-+":(# "1,-).%'"-1 -, '!( ,/)'!(#' :"#'%1$( 4!()( '4- #(1#-)#B%1$!-)# %)(

#'"00 %90( '- $-../1"$%'( 4"'! (%$! -'!(); A1 -'!() 4-):#@ ", '!( *"+(1 )%:"-)%1*(

=4!"$! 1-).%00E "# '!( #%.( ,-) %00 1-:(# "1 '!( *)%&!> "# r ∈ R+
@ #(1#-) x(i)

$%1 $-../1"$%'( 4"'! #(1#-) x(j) ", %1: -10E ", ‖x(i) − x(j)‖2 ≤ r; F"'! '!"#
%##/.&'"-1 % ='E&"$%00E "1$-.&0('(> #/9*)%&! "# -9'%"1(:;

 !( )%:"- )%1*( :(D1(# #/9#('# Nx & {1, ..., n}× {1, ..., n} %1: Na & {1, ..., n}×
{1, ...,m} "1 '!( ,-00-4"1* 4%EG

H



 !" #"$%&' (")*&'+ ,&-./01.)0&$ 2'&3/"4  

(i, j) ∈ Nx ⇐⇒ ‖x(i) − x(j)‖2 ≤ r ∀ i, j = 1, ..., n !"#

(l, k) ∈ Na ⇐⇒ ‖x(l) − a(n+k)‖2 ≤ r ∀ l = 1, ..., n, k = 1, ...,m.

$%&' &'%() *"+, -./&!%" #%(&!"-. %"0*/1!&%*" %( 2%3.") "!1.+, &'. 3!+4.( dij !"#

dlk ∈ R 0*/ (i, j) ∈ Nx !"# (l, k) ∈ Na 5'%-' /.6/.(."& ‖x(i) − x(j)‖2 !"#

‖x(l) − a(n+k)‖) /.(6.-&%3.+,7 8" -'!6&./ 9 &'. 6/*:+.1 5%++ :. #%(-4((.# 5'."

&'. 2%3." #%(&!"-. 1.!(4/.1."&( !/. "*& .;!-&7

<'. !%1 %( &* ="# &'. >.3."&4!++,? .;!-& 6*(%&%*" *0 &'. n 4"@"*5" (."(*/( 4(%"2

&'. #%(&!"-. %"0*/1!&%*" 2%3."7 A 1!&'.1!&%-!+ 0*/14+!&%*" *0 &'. B."(*/ C.&D

5*/@ E*-!+%F!&%*" G/*:+.1 >%" &'. 0*++*5%"2 !::/.3%!&.# !( >BCEG?? %( 2%3." !(

0*++*5(H

I%3." m !"-'*/ +*-!&%*"( a(n+k) ∈ Rd
0*/ k = 1, 2, ...,m !"# (*1. #%(&!"-.

1.!(4/.1."&( dij) dlk 0*/ (i, j) ∈ Nx ⊂ {1, ..., n}2, !"# (l, k) ∈ Na ⊂ {1, ..., n} ×
{1, ...,m}) ="# x(i) ∈ Rd

) i = 1, 2, ..., n) &'. +*-!&%*"( *0 n (."(*/() (4-' &'!&

‖x(i) − x(j)‖
2
2 = d2

ij, ∀(i, j) ∈ Nx !"#

‖x(l) − a(n+k)‖
2
2 = d2

lk, ∀(l, k) ∈ Na.
>J7K?

<'%( 6/*:+.1 -!" :. (.." !( !" *6&%1%F!&%*" */ 1*/. 6/.-%(.+, !( ! (!&%(=!:%+%&,

6/*:+.1 %" &'. 0*++*5%"2 (."(.H

min 0

s.t. x(1), ..., x(n) ∈ Rd

‖x(i) − x(j)‖
2

2
= d2

ij for (i, j) ∈ Nx

‖x(l) − a(n+k)‖
2

2
= d2

lk for (l, k) ∈ Na.

>J7J?

<'%( 6/*:+.1 %( ! "*"D-*"3.; *6&%1%F!&%*" 6/*:+.1 !"# 1*/.*3./) %& %( CGD'!/#

>0*/ #.&!%+( (.. !66."#%; A?7

 ! "#$%# &''($)*+,-

<'./. '!3. :.." (.3./!+ !66/*!-'.( &* (*+3. >J7J?7 <'. 1*(& -*11*" &.-'"%L4.

%" 6/!-&%-. %( &'. (* -!++.#  !"#$"%#&'%#$() 5'%-' !/%(.( 0/*1 &'. +.!(& (L4!/.(

(*+4&%*" *0 &'. 2%3." "*"+%".!/ .L4!&%*"( *0 >J7K?H

min
x∈Rdn

∑

(i,j)∈Nx

‖‖x(i) − x(j)‖
2
2 − d2

ij‖
2
2 +

∑

(l,k)∈Na

‖‖x(l) − a(n+k)‖
2
2 − d2

lk‖
2
2. >J7M?



 !" #"$%&' (")*&'+ ,&-./01.)0&$ 2'&3/"4  

!" #$ %&'()* "+(" "+' &(""') #$ (, -,%.,$")(#,'/ ,.,0%.,1'2 .3"#4#5("#., 3).6&'47

!" "+')'8.)' %(, +(1' $'1')(& 4#,#4( (,/ -$-(&&9 #"$ $.&-"#., #$ %.43-"'/ 69

+'-)#$"#%$7

 ! !" #$% &'()*)+,-. /0 1' '+ )(!

: 4.)' '&';(," #,"')3)'"("#., .8 "+' <=>? @($ 3).3.$'/ 69 A#$@($ B C' DEF*

@+#%+ +($ 6'', /)#1', 4-%+ (""',"#., /-)#,; "+' &($" %.-3&' .8 9'()$7 !, "+'#)

@.)G* ( )(,G H <I? 4./'& @($ 3).3.$'/ #, "+' 8.&&.@#,; @(97 >'"

X = [x(1), ..., x(n)] ∈ R2×n

6' "+' 4(")#2 %.,"(#,#,; "+' /'$#)'/ $',$.)$ &#$"'/ ($ %.&-4, 1'%".)$7 >'" eij ∈ Rn

6' "+' 1'%".) @#"+ 1 (" "+' i0"+* −1 (" "+' j0"+ 3.$#"#., (,/ 5'). '&$'@+')' (,/

el ∈ Rn
"+' 1'%".) .8 (&& 5').$ '2%'3" (, −1 (" "+' l0"+ 3.$#"#.,7 J+' %.,/#"#.,$

KH7LM %(, "+', 6' $"("'/ ($

‖x(i) − x(j)‖
2
2 = eT

ijX
T Xeij 8.) (i, j) ∈ Nx (,/

‖x(l) − a(n+k)‖
2
2 = (a(n+k); el)

T [Id; X]T [Id; X](a(n+k); el) 8.) (l, k) ∈ Na.

KH7NM

J+-$* 3).6&'4 KH7LM '1.&1'$ #,". O,/#,; ( $944'")#% 4(")#2 Y ∈ Rn×n
(,/ (

4(")#2 X ∈ R2×n
$-%+ "+("

eT
ijY eij = d2

ij 8.) (i, j) ∈ Nx

(a(n+k); el)
T

(
Id X
XT Y

)
(a(n+k); el) = d2

lk 8.) (l, k) ∈ Na

Y = XT X.

KH7EM

P'&(2#,; "+' &($" %.,/#"#., ". Y � XT X* @+#%+ #$ 'Q-#1(&'," ". )'Q-#)'

Z =

(
Id X
XT Y

)
� 0

K69 <+-)R$ %.43&'4',"M* ")(,$8.)4$ "+' <=>? #,". ( $"(,/()/ <I? 3).6&'4*

,(4'&9



 !" #"$%&' (")*&'+ ,&-./01.)0&$ 2'&3/"4  !

min 0

"#$# Z1:d,1:d = Id

(0; eij)(0; eij)
T • Z = d2

ij ∀ (i, j) ∈ Nx

(a(n+k); el)(a(n+k); el)
T • Z = d2

lk ∀ (l, k) ∈ Na

Z � 0,

%&#'(

)*+,+ Z1:d,1:d -+./$+" $*+ 01/23 /4 $*+ 56$,78 Z 2/."7"$7.9 /4 $*+ :,"$ d ,/)" 6.-

2/1;5."#

</ = >+ "*/)+- 7. ?&@A $*6$ 4/, ;.7B;+1C 1/2617D601+ .+$)/,3" $*+ "/1;$7/. /4 %&#'(

7" +B;7E61+.$ $/ $*+ "/1;$7/. /4 $*+ /,797.61 F,/01+5#

 ! ! "#$%&'()* +&,-)*$( .)-/&0 12/3#%)-&2*

G. ?'A H/13/)72D +$ 61# 9+.+,617D+ $*+ <IJ ,+1686$7/. /4 >+ +$ 61# %&!!K( 0C

2/..+2$7.9 7$ $/ $*+ $*+/,C /4 L;217-+6. I7"$6.2+ M6$,72+"#

N n×n "C55+$,72 56$,78 D = (dij) )7$* ./..+96$7E+ +1+5+.$" 6.- D+,/ -769/.61

7" 2611+-  !"#$%&'()*" +('!%, %/, -7""75716,7$C 56$,78(#

G. 6--7$7/.O 74 $*+,+ +87"$ F/7.$" x(1), ..., x(n) 7. Rd
";2* $*6$

d2
ij = ‖x(i) − x(j)‖

2
2 i, j = 1, ..., n,

$*+. I 7" 2611+- 6. -.*/%$"() 0%&'()*" 1('!%, %LIM(# P/$+O $*6$ 7. 6. LIM

$*+ +.$7,+ -7"$6.2+ 7.4/,56$7/. 0+$)++. 611 "+."/," x(i) 7" 97E+.#

Q/, 6 97E+. 56$,78 B ∈ Sn
$*+ 17.+6, /F+,6$/," De 6.- K 6,+ $*+. 7.$,/-;2+- 0C

De := diag(B) eT + e diag(B)T , K(B) := De(B) − 2B,

)*+,+ e 7" $*+ E+2$/, /4 /.+" 6.- diag(B) 7" $*+ E+2$/, 2/.$67.7.9 $*+ -769/.61

+1+5+.$" /4 $*+ 56$,78 B# R*+ 6-S/7.$ /F+,6$/," 6,+

D∗
e(D) = 2Diag(De), K∗(D) = 2(Diag(De) − D),

)*+,+ Diag(De) 7" $*+ -769/.61 56$,78 )*/"+ %-769/.61( +.$,7+" 6,+ $*+ 2/5F/T

.+.$" /4 $*+ E+2$/, De#
G$ 26. 0+ "*/). $*6$ K 56F" $*+ 2/.+ /4 F/"7$7E+ "+57-+:.7$+ 56$,72+" /.$/ $*+

2/.+ /4 L;217-+6. -7"$6.2+ 56$,72+"# R*7" 462$ +"$6017"*+" 6 ,+16$7/. 0+$)++. $*+

L;217-+6. -7"$6.2+ 56$,78 4/,5;16$7/. 6.- $*+ <IJ 4/,5;16$7/. /4 $*+ F,/01+5#

R*+ 6.2*/," 6,+ $,+6$+- 6" E6,7601+"O "+$$7.9



 !" #"$%&' (")*&'+ ,&-./01.)0&$ 2'&3/"4   

Ȳ := PP T =

[
XXT XAT

AXT AAT

]

!"#$ A = [a(n+1), ..., a(n+m)]
T ∈ Rm×d

% P T = [XT AT ]T &
'( )*+ ,-./012 134"5601(# #. #$1 789: "; ./#6"(1< !"#$

min f(Y ) :=
1

2
‖W ◦ (K(Y ) − E)‖2

F

;&#& gu(Y ) ≤ 0

gl(Y ) ≥ 0

Y − PP T = 0

=SNLEDM>

!$1-1 E ∈ R(n+m)×(n+m)
<1(.#1; #$1 26#-"? .@ #$1 A"51( <";#6(B1; eij = dij @.-

(i, j) ∈ Nx 6(< elk = dlk @.- (l, k) ∈ Na% #$1 26#-"? W ∈ R(n+m)×(n+m)
"; 6 !1"A$#

26#-"? =!"#$ $"A$1- !1"A$# 1(#-"1; !$1( 6(B$.- ,."(#; .- 1?6B# C(.!( <6#6 6-1

B.(;"<1-1<> 6(< #$1 @4(B#".(; gu 6(< gl @40D0 4,,1- 6(< 0.!1- /.4(<; @.- #$1

;1(;.-;E6(B$.-; !$"B$ 6-1 (.# B.((1B#1<&

F$1 06;# B.(;#-6"(# "; #$1( -106?1< #. Y � PP T
!$"B$ "; 134"5601(# #. #$1 ;"2,01-

B.(<"#".( Y � 0&

F$1 ,-./012 =SNLEDM> B6( /1 -1<4B1< #. 6 ;26001- <"21(;".(60 .(1 /G 4;"(A

#$1 @6B# #$6# #$1 /0.BC .@ Y !$"B$ B.--1;,.(<; #. #$1 6(B$.-,."(#; "(@.-26#".(

"; 6 ,-".-" C(.!( 6(< #$1-1@.-1 ;#6(<; @.- 6 B0"341 "( #$1 4(<1-0G"(A A-6,$& '(G

.#$1- ;1# .@ (.<1; !$"B$ 6-1 $"A$0G B.((1B#1< #. #$1 (1#!.-C .- !$1-1 "# "; C(.!(%

#$6# #$1-1 1?";#; 1?6B# <";#6(B1 "(@.-26#".( B6( /1 4;1< #. -1<4B1 #$1 ,-./012

151( 2.-1 =@.- <1#6"0; ;11 HIJ>&

K4-#$1- "( HIJ% 6 ,-"260L<460 "(#1-".-E1?#1-".-L,."(# 60A.-"#$2 /6;1< .( #$1 M64;;L

81!#.( ;16-B$ <"-1B#".( "; ,-.,.;1< @.- ;.05"(A =SNLEDM>& :6-#"B406-0G% #$";

;16-B$ <"-1B#".( =<1;B-"/1< "( H NJ> <.1; (.# -1;#-"B# #$1 "#1-6#1; #. #$1 "(#1-".-

.@ #$1 @16;"/01 ;1#% 6(< #$4; 4;4600G 0.!1- -6(C .,#"260 ;.04#".(; 6-1 ./#6"(1<&

F$1;1 ;.04#".(; 6-1 6 /1##1- 6,,-.?"26#".( #. #$1 1?6B# ;.04#".( #$6( ;.04#".(;

!"#$ $"A$1- -6(C& O( HIJ <"P1-1(# 6,,-.6B$1; @.- ;.05"(A #$1 789: 6-1 B.2,6-1<

(421-"B600G 6(< #$1 7*: -106?6#".( .@ #$1 )*+ ,-./012 ,1-@.-2; 51-G !100 !"#$

#$1 ,-.,.;1< "(#1-".-E1?#1-".-L,."(# 60A.-"#$2&

 ! !" #$% &'()*)+,-.

O( HQRJ 6(< HRJ 6 71B.(< S-<1- T.(1 =7ST> -106?6#".( .@ #$1 789: "; ,-.,.;1<&

F$1 789: "; 134"5601(# #. #$1 ,-./012U



 !" #"$%&' (")*&'+ ,&-./01.)0&$ 2'&3/"4  !

min
∑

(i,j)∈Nx

| yij − d2
ij | +

∑

(l,k)∈Na

| ylk − d2
lk |

"#$# yij = ‖x(i) − x(j)‖
2
2 ∀ (i, j) ∈ Nx

ylk = ‖x(l) − a(n+k)‖
2
2 ∀ (l, k) ∈ Na.

%&'" ()* +, -,.)/,0 '*$1 ) 234 5-1+.,6 '* $&, 71..18'*9 8):;

min
∑

(i,j)∈Nx

| yij − d2
ij | +

∑

(l,k)∈Na

| ylk − d2
lk |

"#$# yij ≥ ‖x(i) − x(j)‖
2
2 ∀ (i, j) ∈ Nx

ylk ≥ ‖x(l) − a(n+k)‖
2
2 ∀ (l, k) ∈ Na.

<SNLSOC=

>$ '" "&18* '* ?!@A $&)$ $&, 234 -,.)/)$'1* (1*$)'*" $&, 2BC -,.)/)$'1* <5-1D

51",0 '* ?EA= )*0 '" $&,-,71-, 8,)F,-# >$ &)" $&, 9-,)$ )0G)*$)9, $&)$ $&, 5-1+.,6

0'6,*"'1* '" 6H(& "6)..,- $&)* $&, 2BC -,.)/)$'1* )*0 ) "1.H$'1* G') '*$,-'1-

51'*$ 6,$&10" '" 7)"$,-# I "611$&'*9 )*0 (11-0'*)$, 9-)0',*$ 0,"(,*$ 6,$&10 '"

5-151",0 '* ?!@A 8&'(& &)" $&, 7,)$H-, $1 ,)"'.: 0'"$-'+H$, 1G,- 6)*: 5-1(,""1-"

'* 5)-)..,.#

%&, 6)'* 0'")0G)*$)9, 17 $&, 234 -,.)/)$'1* 17 $&, 2JKC '"L $&)$ '$ '" 1*.:

51""'+., $1 M*0 9110 )55-1/'6)$'1*" 17 $&, .1().'N)$'1* 17 $&, ",*"1-" '*"'0, $&,

(1*G,/ &H.. 17 $&, )*(&1-"# %&'" 6,)*"L $&)$ 1*.: 5-1+.,6" 8'$& )*(&1-51'*$"

)$ $&, +1H*0)-: 17 $&, *,$81-F 6)F, ",*", 71- $&'" 5-1+.,6 71-6H.)$'1*# O*D

71-$H*)$,.:L $&'" 7)($ -,"$-'($" $&, 71-6H.)$'1* $1 ) G,-: "5,('M( -)*9, 17 2JKC"#

J,G,-$&,.,""L $&, 234 -,.)/)$'1* ()* +, ",,* )" ) 5-,D.1()$'1* 6,$&10 8&,*

&)*0.'*9 .)-9, "()., 5-1+.,6"#

 !" #$% &''%()*+

P1- *,$81-F" 8'$& ,/)($ 0'"$)*(, 0)$) dij )*0 dlk 71- (i, j) ∈ Nx )*0 (l, k) ∈ Na

$&, F*18* )55-1)(&," 7-16 .'$,-)$H-, 1Q,- ")$'"7)($1-: -,"H.$"# PH-$&,-61-,L *,$D

81-F" $&)$ )-, H*'RH,.: .1().'N)+., ()* +, "1.G,0 ,/)($.: G') $&, 2BC -,.)/)$'1*

)" 5-151",0 '* ?EA#

2JKC" 8'$& 0'"$H-+,0 0'"$)*(, 0)$) )-, "$'.. 0'S(H.$ $1 "1.G,# T, $&,-,71-, ",,

$&, *,(,""'$: $1 0,G,.15 1$&,- )55-1)(&," $&)$ 5,-71-6 8,.. )$ 0'"$H-+,0 5-1+D

.,6" +H$ "$'.. 5-1G'0, ,/)($ "1.H$'1*" 71- H*'RH,.: .1().'N)+., 5-1+.,6"#



 !" #"$%&' (")*&'+ ,&-./01.)0&$ 2'&3/"4  !

"# $%&$&'# ( )*+ %#,(-(./&0 &1 .2# )34+ 56 7&8#,,/09 /. :/.2 ( %(0;  7(.%/-<

=2/' 1&%7>,(./&0 2(' .2# (8?(0.(9# .2(. .2# %#'>,./09 7(.%/- &1 .2# %#,(-#8 $%&5@

,#7 $%&?/8#' ( 9&&8 /0/./(, '.(%./09 $&/0. 1&% .2# 9#0#%(, ,#('. 'A>(%#' 1&%7>,(./&0

&1 .2# &%/9/0(, $%&5,#7 BC<CD< =2/' 7#(0'E .2# '&,?/09 $%&F#8>%# '$,/.' /0.& .:&

$(%.'<

G/%'.,6E .2# )*+ $%&5,#7 /' '&,?#8 (08 (0 /0/./(, ($$%&-/7(./&0 ?#F.&% x̃ .& .2#

$%&5,#7 '&,>./&0 /' &5.(/0#8<

)#F&08,6E ( '&,>./&0 %#H0#7#0. /' 7(8# >'/09 8#'F#0. 2#>%/'./F' 1&% .2# >0F&0@

'.%(/0#8 0&0@F&0?#- ,#('. 'A>(%#' $%&5,#7 1&%7>,(./&0 BC<!D< =2#'# 2#>%/'./F'

(%# $%#'#0.#8 /0 F2($.#% I (08 F(0 5# ($$,/#8 .& (06 >0F&0'.%(/0#8 &$./7/J(./&0

$%&5,#7<

"# '2&: .2(. &>% $%&$&'#8 %#,(-(./&0 $%&?/8#' #-(F. '&,>./&0 .& .2# &%/9/0(,

$%&5,#7 /1 .2# >08#%,6/09 0#.:&%; /' >0/A>#,6 ,&F(,/J(5,#<

G%&7 ( 0>7#%/F(, $&/0. &1 ?/#:E :# &5.(/0 9&&8 (FF>%(F6 &1 .2# ($$%&-/7(.#

'&,>./&0 1&% 8/'.>%5#8 $%&5,#7'< K>% %#'>,.' (%# $%#'#0.#8 /0 F2($.#% L (08 (%#

F&7$(%#8 .& .2&'# &1 M# #. (,<





 !"#$%& '

( )"*+ , -./ (##&0"1!

 ! "#$% &#'(")* ' *'!+ , -./ '((*0'&# $% (*)%)!")12 3#$&# 4$5)% '! '((*06$7'")

%089"$0! "0 "#) -:;/< =0*)05)*2 $"% "#)0*)"$&'8 >)#'5$09* $% '!'8?@)1<

 !" #$%&'()*'+$% $, - .-%/ " 0$123

 ! 0*1)* "0 #'5) ' >)"")* 05)*5$)32 "#) (*0>8)7 A0*798'"$0! 0A BC<CD $% *)()'")1

A0* "#) &'%) d = 2E

min 0

s.t. x(1), ..., x(n) ∈ R2

‖x(i) − x(j)‖
2

2
= d2

ij for (i, j) ∈ Nx

‖x(l) − a(n+k)‖
2

2
= d2

lk for (l, k) ∈ Na.

BF<,D

G#$% (*0>8)7 &'! >) *)A0*798'")1 $! "#) A08803$!4 3'?<

;)" x = (xT
(1), ..., x

T
(n))

T ∈ R2n
>) "#) 5)&"0* &0!"'$!$!4 '88 "#) %)!%0*% 8$%")1 0!)

>)803 "#) 0"#)*< H? %)""$!4

Y :=

[
1 xT

x xxT

]
∈ R(2n+1)2

$" #081% "#'"

‖x(i) − x(j)‖
2

2
= Y • Bij A0* '88 (i, j) ∈ Nx '!1

‖x(l) − a(n+k)‖
2

2
= Y • Ba

lk A0* '88 (l, k) ∈ Na,
BF<CD

3#)*) Bij 1)!0")% "#) 7'"*$6 &0!"'$!$!4 I2 '" "#) (2i : 2i + 1)I"# '!1 "#)

(2j : 2j + 1)I"# >80&+ '!1 &0!"'$!$!4 −I2 '" "#) (2i : 2i + 1, 2j : 2j + 1)I"# '!1

,J



 !"#$ % &'(  ))*+",-  !

"#$ (2j : 2j + 1, 2i : 2i + 1)%"# &'()*+ $',$-#$.$ /$.(,0 12$2

Bij :=




0 . . . . . . . . . 0

2

2

2 I2 −I2
2

2

2

2

2

2

2

2

2

2

2

2 −I2 I2
2

2

2

0 . . . . . . . . . 0




345 Ba
kl 5$4("$, "#$ 63".17 )(4"314148 ‖a(n+k)‖

2
2 3" "#$ (1, 1)%"# 9(,1"1(4+ −a(n+k)

3" "#$ (2l : 2l + 1)%9(,1"1(4 (: "#$ ;.," )('<64 345 .(- =(. ".34,9(,$5+ .$,9$)%

"1>$'?@+ 345 I2 3" "#$ (2l : 2l + 1)%"# &'()*+ $',$-#$.$ /$.(,+ 12$2

Ba
lk :=




‖a(n+k)‖
2
2 0 . . . 0 −aT

(n+k) 0 . . . 0

0
2

2

2 0 0

0
−a(n+k) I2

0
2

2

2 0 0

0




.

A.(&'$6 =B2 @ .$,<'", 14C

min 0

s.t. Y • Bij = d2
ij :(. 3'' (i, j) ∈ Nx

Y • Ba
lk = d2

lk :(. 3'' (l, k) ∈ Na

Y (1, 1) = 1

Y ∈ S2n+1
+

.34*(Y ) = 1,

=B2B@

-#$.$ S2n+1
+ 5$4("$, "#$ ,93)$ (: ,?66$".1) 9(,1"1>$ 5$;41"$ 63".1)$, (: 516$4%

,1(4 (2n + 1)2
D? 5.(99148 "#$ .34*  )(4,".314" 3 .$'373"1(4 (: "#$ (.18143' 9.(&'$6 =B2 @ 1,

(&"314$52 E#1, '$35, "( "#$ ,"3453.5 FGA :(.6<'3"1(4C



 !"#$ % &'(  ))*+",-  !

min 0

s.t. Y • Bij = d2
ij "#$ %&& (i, j) ∈ Nx

Y • Ba
lk = d2

lk "#$ %&& (l, k) ∈ Na

Y (1, 1) = 1

Y ∈ S2n+1
+ .

'()*+

,-. "/%012&/ 3%4$15 Y "#$ '()*+ 6%0 46/ 06%7/

Y =

(
1 yT

y Z

)
'()8+

9146 Z � yyT
)

,0 46/$/ 10 -# #2:/;41</ "=-;41#-> 14 ;%- 2/ "#$3=&%4/? %0 % 3%5131@/A7$#2&/3)

B. 1-4$#?=;1-C 46/(2n + 1)A?13/-01#-%& 0&%;D 3%4$15E<%$1%2&/ S 46/ ?=%& FGH

6%0 46/ 06%7/I

min v +
∑

(i,j)∈Nx

d2
ij yij +

∑

(l,k)∈Na

d2
lk ylk

s.t. S =

(
v 0

0 0

)
+

∑

(i,j)∈Nx

yijBij +
∑

(l,k)∈Na

ylkB
a
lk

S ∈ S+
(2n+1), v ∈ R, yij ∈ R, ylk ∈ R,

'()J+

"#$ C1</- (i, j) ∈ Nx %-? (l, k) ∈ Na)

K$#3 46/ 46/#$/41;%& 7#1-4 #" <1/9 46/ ?=%& 7$#2&/3 6%0 %&9%.0 % "/%012&/ 0#&=41#-

'0;) v = yij = ylk = 0 "#$ %&& (i, j) ∈ Nx %-? (l, k) ∈ Na+) L" 46/ 7$13%& 7$#2&/3

'()*+ 6%0 % "/%012&/ 0#&=41#-> 46/ #7413%& <%&=/ #" 14 '%-? #" 46/ ?=%&+ 3=04 2/

@/$#) M6/ "#&&#91-C $/&%41#- 6#&?0

 !""# $%&

 !" Ŷ #! $ %&'(")&* &+ '()*+ Ŝ $ %&'(")&* &+ '()J+, -" .&'/%

0, Ŷ Ŝ = 01

2, 3$*4(Ŷ )+3$*4(Ŝ) ≤ 2n + 11

5, 3$*4(Ŷ ) ≥ 11

6, 3$*4(Ŝ) ≤ 2n,



 !"#$ % &'(  ))*+",-  !

"#$$%&

'(( )*( +,-./)0 )*($#(1 %$# '2" 3#$4.(15 6 78

9*/5 1(-:5 )*-) /% -: $3)/1-. 5$.,)/$: 1-)#/; %#$1 )*( +,-. *-5 #-:< 2n= )*(:
(>(#0 5$.,)/$: $% )*( 3#/1-. ?@8AB *-5 #-:< 1 -:+ 4$)* 3#$4.(15 -#( (C,/>-.(:)8

9*(#(%$#(= )*( 'DE" F-: 4( 5$.>(+ /: 3$.0:$1/-. )/1(8

 !" #$%&'($) $* '+, -,%./,0 1-$2%,3 45! ,/.6' 5$7

%&'($) $* '+, #89:

G) %$..$H5 %#$1 )*($#(1 ?  B 4(.$H )*-) /% (;-F) ?-:+ (:$,I*B +/5)-:F( /:%$#1-J

)/$: /5 I/>(:= )*( +,-. 3#$4.(1 *-5 - 5$.,)/$: $% #-:< 2n8 9*(#(%$#(= ,5/:I -

5)-:+-#+ /:)(#/$# 3$/:) -.I$#/)*1 ?/: $,# F-5( H( H$#<(+ H/)* '(+,1/ 6K@7B /) /5

(-50 )$ L:+ - #-:< 1 5$.,)/$: $% ?@8AB8

M$# - 4())(# ,:+(#5)-:+/:I H*(: N(:$,I*N +/5)-:F( /:%$#1-)/$: /5 I/>(:= H( H/..

)-<( $>(# )*( )(#1/:,5 ,:/C,(.0 .$F-./O-4.( -5 5)-)(+ %$# )*( L#5) )/1( /: 6KP78 Q(

)#-:5%(# )*( :$)-)/$: -:+ )*( /13$#)-:) 5)-)(1(:)5 -:+ -+-3) )*( F$:F(3) )$ $,#

#-:<  %$#1,.-)/$:8

!"#$%&%'$ ()*

 !"#$%& ?K8 B '( )*$$%+ ,-'.,%$/ $")*$'0*#$% '1 23%!% '( *- ,-'.,% $")*$'0*2'"- x̂ =
(x̂(1), ..., x̂(n))

T ∈ R2n
*-+ 23%!% *!% -" x(i) ∈ Rh

1"! i = 1, ..., n4 53%!% h > 24
(,)3 23*2

‖x(i) − x(j)‖
2
2 = d2

ij 1"! (i, j) ∈ Nx

‖x(l) − (a(n+k), 0)T‖2
2 = d2

lk 1"! (l, k) ∈ Na

x(j) 6=

(
x̂(j)

0

)
1"! ("&% j ∈ {1, ..., n}.

9*/5 /13./(5 )*-) H*(: - :()H$#< /5 ,:/C,(.0 .$F-./O-4.(= )*( 3#$4.(1 F-: :$)

*->( - :$:J)#/>/-. .$F-./O-)/$: /: 5$1( */I*(# +/1(:5/$: ?/8(8 - .$F-./O-)/$: +/%J

%(#(:) %#$1 )*( $:( $4)-/:(+ 40 5())/:I x(i) = (x̂(i), 0)T ∈ Rh
%$# i = 1, ..., nB=

H*(#( -:F*$# 3$/:)5 -#( -,I1(:)(+ )$ (a(n+k), 0) ∈ Rh
%$# k = 1, ...,m8

9*( %$..$H/:I 3#$3$5/)/$: /5 /:)(#(5)/:I /: /)5 $H: #/I*)8

+,'-'.%&%'$ ()(

61 %7%!/ (%-("! 8"'-2 '( )"--%)2%+4 +'!%)2$/ "! '-+'!%)2$/ 2" *- *-)3"! 8"'-2 '-

?@8 B4 23%- *-/ ("$,2'"- "1 ?@8AB '( #",-+%+4 '9%9 Zpq '- :9; '( #",-+%+ 1"! *$$

p, q = 1, ..., 2n9



 !"#$ % &'(  ))*+",-  !

 ! "#$% &'%() "#( !("*+,- $% &'..(/ &+!!(&"(/0

"#$$%&

'#$( )$*+,+-. /.01+,.1.** %$22$3*4 ,56, ,5. /.,.#(+161, $% .-.#7 (+1$# $% Z (8*,

9. )$*+,+-.4 +:.:

ZppZqq − Z2
pq > 0 ;<:=>

%$# .-.#7 p, q = 1, ..., 2n: ?, +* ,5.#.%$#. *8@A+.1, ,$ *5$34 ,56, .-.#7 /+6B$162

.2.(.1, $% Z +* 9$81/./: ?, +* A2.6#4 ,56, ,5. /+6B$162 .2.(.1,* 6#. 9$81/./

9.2$3 97 04 9.A68*. $% )$*+,+-. /.01+,.1.**:

C**8(. 1$3 ,56, 6 *.1*$# x(l) +* A$11.A,./ ,$ 61 61A5$# a(n+k)4 %$# 617 l ∈
{1, ..., n} 61/ k ∈ {1, ...,m}D +, 5$2/*

‖x(l) − a(n+k)‖
2
2 = ‖x(l)‖

2
2 − 2xT

(l)a(n+k) + ‖a(n+k)‖
2
2

≤ Z2l−1,2l−1 + Z2l,2l − 2xT
(l)a(n+k) + ‖a(n+k)‖

2
2

= d2
lk.

E5+* +()2+.* ,56, ‖x(l)‖ +1 ;<:F> +* 9$81/./: G*+1B H68A57IJA536#K4 3. B.,

Z2l−1,2l−1 + Z2l,2l ≤ d2
lk + 2‖x(l)‖‖an+k‖ − ‖a(n+k)‖

2
2.

CB6+14 9.A68*. ,5. /+6B$162 .2.(.1,* $% Z 6#. )$*+,+-.4 .6A5 $% ,5. %$#(.# *8(I

(61/* +* 9$81/./:

'8#,5.#($#.4 +% 6 *.1*$# x(i) +* +1 ,8#1 A$11.A,./ ,$ 6 *.1*$# x(l) ;35+A5 +* 6 *.1*$#

A$11.A,./ /+#.A,27 ,$ 61 61A5$# )$+1,>4 8*+1B ;<:=> 3. 56-.

(
√

Z2i−1,2i−1 + Z2i,2i −
√

Z2l−1,2l−1 + Z2l,2l)
2

≤ Z2i−1,2i−1 + Z2i,2i − 2(Z2i−1,2l−1 + Z2i,2l) + Z2l−1,2l−1 + Z2l,2l

= d2
i,l

61/ ,5.#.%$#. Z2i−1,2i−1 61/ Z2i,2i 6#. 9$81/./:

 !"#$"% &'(

1#( 2+..+*$!3 %"'"(4(!"% ',( (56$7'.(!"8

90 :,+;.(4 ;L: > $% 6!$56(.< .+&'.$=';.(0

>0 1#( 4'?@,'!- %+.6"$+! 4'",$? Ŷ +2 ;<:M> #'% ,'!- 90

A0 1#( %+.6"$+! 4'",$? Ŷ +2 ;<:M> %'"$%B(% Ẑ = yyT
C&D0 ;<:F>E0



 !"#$ % &'(  ))*+",-  !

 !"#$% &'(

" #$%&'( )*+'(, &'-.$'/0 12(+3%2/ %1 ' 12(+3%2/ 34'3 4'1 345 4%64513 $'/0 '&2/6

'(( 12(+3%2/1 72$ 345 #$%&'( #$28(5& )9:;, )*+'( )9:<,,:

=$227>

?45 5@+%A'(5/B5 853C55/  : '/* 9: %1 13$'%64372$C'$*: D5 #$227 345 5@+%A'(5/B5

853C55/ E: '/*  :

F2$ 345 *%$5B3%2/ 7$2&  : 32 E: C5 C%(( 2/(G 4'A5 32 #$2A5H 34'3 %7 345 &'-.$'/0

12(+3%2/ 4'1 $'/0 E 345/ %3 %1 +/%@+5:

I+##215 345$572$5H 34'3 345$5 '$5 3C2 *%J5$5/3 75'1%8(5 $'/0 E 12(+3%2/1

Ỹ =

(
1 x̃T

x̃ x̃x̃T

)
'/* Ŷ =

(
1 x̂T

x̂ x̂x̂T

)

27 )9:;, C%34 x̃ 6= x̂: F$2& B2/A5-%3G %3 '$%151 34'3 345 &'3$%- Y = αỸ + βŶ 72$

α + β = 1 '/* α, β > 0 %1 ' 75'1%8(5 12(+3%2/ '/* %31 $'/0 &+13 85 E )1%/B5 345

&'-.$'/0 %1 '11+&5* 32 85 E,: ?45 &'3$%- Y %1 6%A5/ 8G

Y =

(
1 αx̃T + βx̂T

αx̃ + βx̂ αx̃x̃T + βx̂x̂T

)
.

"1 Y 4'1 $'/0 E

αx̃x̃T + βx̂x̂T = (αx̃T + βx̂T )(αx̃ + βx̂)

&+13 42(*: ?4%1 %&#(%51 34'3 ‖x̃ − x̂‖ = 0H C4%B4 %1 ' B2/3$'*%B3%2/:

F2$ 345 *%$5B3%2/ 7$2& E: 32  : C5 1+##215 34'3 345$5 %1 ' 75'1%8(5 12(+3%2/ Y 27

)9:;, C%34 $'/0 r > 1: K3 72((2C1 34'3 Z � xxT
'/* Z 6= xxT

: ?4+1H 345$5 5-%131

' &'3$%- X
′

∈ Rr×2n
H 1+B4 34'3

Z − xxT = X
′T

X
′

.

L53 x
′

j 85 345 j.34 B2(+&/ A5B32$ 27 X
′

27 *%&5/1%2/ r: M2/1%*5$ 345 #2%/3

p(i) =




x2i−1

x2i

x
′

2i−1

x
′

2i


 ∈ R2+2r

72$ i = 1, ..., n.

K3 42(*1H 34'3>

‖p(i)‖
2
2 = Z2i−1,2i−1 + Z2i,2i '/* pT

(i)p(j) = Z2i−1,2j−1 + Z2i,2j

72$ '(( i, j = 1, ..., n '/* 345$5 5-%131 '3 (5'13 2/5 p(i) 1+B4 34'3 ‖p(i)‖ 6= ‖x(i)‖:
N5/B5H C5 4'A5 34'3



 !"#$ % &'(  ))*+",-  !

‖p(i) − p(j)‖
2
2 = Z2i−1,2i−1 + Z2i,2i − 2(Z2i−1,2j−1 + Z2i,2j) + Z2j−1,2j−1 + Z2j,2j

= d2
ij

"#$

‖p(l) − (a(n+k); 0)T‖2
2 = ‖a(n+k)‖

2
2 − 2aT

(n+k)x(l) + Z2l−1,2l−1 + Z2l,2l

= d2
lk

%&' "(( (l, k) ∈ Na "#$ (i, j) ∈ Nx)

*# &+,-' .&'$/0 p = (p(1), ..., p(n))
T
1/ " 2#&# +'131"(4 (&5"(16"+1&# &% 7'&8(-9 2:)!4

1# R2+r
0 .,15, 1/ " 5&#+'"$15+1&#)

;<991#= <70 +,- ;>? 9-+,&$ 1# "$$1+1&# +& " /+"#$"'$ 1#+-'1&' 7&1#+ "(=&@

'1+,9 =<"'"#+--/ +& A#$ +,- /&(<+1&# +& +,- ;BC? 1% +,- 1#7<+ ='"7, 2#-+.&'D4

1/ <#1E<-(F (&5"(16"8(-)

G,1/ 1/ " ='-"+ "5,1-3-9-#+ %&' 7'&8(-9/ .1+, -H"5+ $1/+"#5- $"+") I#%&'+<#"+-(F0

1# '-"( "77(15"+1&#/ +,- $1/+"#5- 1#%&'9"+1&# 1/ &%+-# (1#D-$ +& -''&' 9-"/<'-9-#+/0

.,15, "'1/- -)=) %'&9 +&7&='"7,15"( &55<''-#5- &' =-#-'"( 1#+-'%-'-#5-) J- .1((

+,-'-%&'- 5&#5-#+'"+- &<' -K&'+/ &# #&# <#1E<-(F (&5"(16"8(- 7'&8(-9/ "#$ &# +,-

$1/+<'8-$ ;BC? 2.,15, .1(( 8- $-/5'18-$ 1# +,- #-H+ /-5+1&#4)





 !"#$%& '

(&&)& *%"+,&%-%.$+ "./ 0)1+2

3"$"

 ! "#$% &'"%( )"'*%#+, -. -, /,/$% .' 0#. !'-,1 ($.$ (/# .' #""'", -! (-,.$!2#

+#$,/"#+#!.,3 45-, 25$).#" (#,2"-*#, .5# 6789 &-.5 !'-,1 ($.$3

 !" #$%&'() *(+,$-./-%0 1-/2 3%-+4 *5/5

 ! )"$2.-2# -. -, :#"1 2'++'! .' (#$% &-.5 +#$,/"#+#!. #""'", (/# .' .')'0"$)5;

-2$% <'" '.5#"= >$2.'",3

?# .5#"#>'"# -!."'(/2# .' '/" +'(#% .5# :$"-$*%#, d̃ij $!( d̃lk >'" (i, j) ∈ Nx $!(

(l, k) ∈ Na3 45# +#$,/"#+#!. #""'", δij $!( δlk $"# $,,/+#( .' *# ,+$%% "#$%

!/+*#",@

d̃ij := dij + δij &-.5 δij ∈ R $!(

d̃lk := dlk + δlk &-.5 δlk ∈ R.

45# (-,./"*#( 6789 2$! *# "#%$A#( .'@

min 0

s.t. Bij • Y = d̃ij >'" (i, j) ∈ Nx

Blk • Y = d̃lk >'" (l, k) ∈ Na

Y (1, 1) = 1

Y � 0.

<B3C=

D!1 >#$,-*%# ,'%/.-'! '> <B3C= &-%% 5$:# .5# ,5$)#

Ỹ =

(
1 ỹT

ỹ Z̃

)
<B3E=

EF



 !!"! #$%&'!$($)*& %)+ ,"-&. /%*%  !

"#$% Z̃ � ỹỹT
&

'( )*+,) -($+$#(- ,#./01$#)2 ") "#11 /+11 x ∈ R2n
$%) *)/$(3 /(-$+#-#-4 $%) )5+/$

6(2#$#(-2 (7 $%) (3#4#-+1 -)$"(389 #&)& x 701:12 ; &<=& >#$% x̄ ∈ R2n
") "#11 ,)-($)

+ 2(10$#(- (7 $%) ,#2$03?), @ABC& A($)9 $%+$ x̄ ,()2 -($ %+*) $( )5#2$& D#-+11E9

x̃ ∈ R2n
"#11 ?) + *)/$(3 (?$+#-), 73(F $%) 2(10$#(- F+$3#5 Ỹ (7 ;!&<=&

@066(2)9 $%+$ 73(F + 2(10$#(- F+$3#5 Ỹ + *)/$(3 x̃ #2 7(3F), ;)&4& ?E 2)$$#-4

x̃ = ỹ=& >) +220F)9 $%+$ x̃ #2 + G4((,G +663(5#F+$#(- $( x̄& >) /+--($ 2$+$)

$%+$ x̃ #2 + 4((, +663(5#F+$#(- $( x9 +2 $%) 3)1+$#(- ?)$"))- x̄ +-, x #2 -($ /1)+3

-(3 )+2E $( 0-,)32$+-, ;+ 1(/+1 )33(3 ?(0-, 7(3 ‖x − x̄‖ #2 4#*)- #- $%) -)5$

2)/$#(-=&

>) $%)- $03- $( $%) 1)+2$ 2H0+3)2 63(?1)F 7(3F01+$#(- (7 ; &<=I

min
x∈R2n

∑

(i,j)∈Nx

(‖x(i) − x(j)‖
2
2 − d̃2

ij)
2 +

∑

(l,k)∈Na

(‖x(l) − a(n+k)‖
2
2 − d̃2

lk)
2 . ;!&J=

'%#2 63(?1)F #2 +- 0-/(-2$3+#-),9 -(-K/(-*)5 63(?1)F "%#/% $%)3)7(3) F+E %+*)

F+-E ,#L)3)-$ 1(/+1 F#-#F#M)32&

A( +14(3#$%F #2 8-("- "%#/% 40+3+-$))2 /(-*)34)-/) $( + 41(?+1 2(10$#(- (7

63(?1)F2 (7 $%#2 $E6)& NE $%) 2)/(-, (3,)3 (6$#F+1#$E /(-,#$#(-2 #$ #2 /1)+39 $%+$

$%)3) )5#2$2 + -)#4%?(03%((, (7 x̄ "%)3) $%) 63(?1)F #2 /(-*)5& >#$%#- $%#2

-)#4%?(03%((, $%) O)22#+- (7 $%) 70-/$#(- $( ?) F#-#F#M), #2 6(2#$#*) ,):-#$)&

P7 /(032)9 $%#2 3)4#(- (7 6(2#$#*) ,):-#$)-)22 #2 #F6(22#?1) $( :-, #- 63+/$#/)&

@$+3$#-4 +$ +- +3?#$3+3E 6(#-$9 +-E +14(3#$%F /(01, G2$0/8 #-G + 1(/+1 F#-#F#M)3

"%#/% F+E ?) *)3E 7+3 +"+E 73(F $%) 41(?+19 +-, /(01, %+*) + F0/% ?#44)3

70-/$#(- *+10)&

>) ,)*)1(6), 2)*)3+1 %)03#2$#/ +663(+/%)2 "%#/% +3) 63)2)-$), #- ,)$+#1 #- $%)

-)5$ /%+6$)3& '%#2 F)$%(,2 /+- ?) +661#), $( +-E 8#-, (7 0-/(-2$3+#-),9 -(-K

/(-*)5 63(?1)F2& >) "#11 /+11 $%) 63(/),03) (7 2(1*#-4 $%) 1)+2$ 2H0+3)2 63(?1)F

(7 ;!&J=  !"#$%#& '()*#%+"(&

 !" # $%&'( )**%* +%,-.

'3E#-4 $( (?$+#- +- )33(3 ?(0-, ?)$"))- $%) )5+/$ 2(10$#(- x (7 $%) @ABC +-,

+ 2(10$#(- x̄ (7 $%) ,#2$03?), @ABC9 + 1(/+1 )33(3 ?(0-, 7(3 + 2#-41) 2)-2(3 #2

,)*)1(6),&



 !!"! #$%&'!$($)*& %)+ ,"-&. /%*%  !

"# $%&'% ()%* & '#+,-#+ .'/01#23 4#% x∗ = (0, 0)T
0# %*# #5&-% $#6$/' ./$)%)/6

(*)-* $*&11 0# 7/,6+3 8*#'# &'# %*'## &6-*/'$ a(1), a(2), a(3) ∈ R2
9):#6 ()%*

;#5&-%< +)$%&6-#$ di = ‖a(i)‖2= '#$.#-%):#1>3 8*# &)2 )$ %/ 9):# &6 ,..#' 0/,6+

7/' %*# #''/' %*&% /--,'$ )6 1/-&1)?)69 %*# ./$)%)/6 /7 x∗
)7 %*# +)$%&6-#$ &'#

+)$%,'0#+ %/ d̃1, d̃2, d̃33 8*# 7/11/()69 &$$,2.%)/6$ &'# 6##+#+@

A3 B$$,2# %*&% %*# 9):#6 :&1,#$ d = (d1, d2, d3)
T
&'# -/6$)$%#6%= %*&% 2#&6$=

%*&% %*# 2&..)69 ς : d 7→ x )$ (#11 +#C6#+3

 3 "# +)$%,'0 %*# +)$%&6-#$ &% 2/$% ε ∈ R= %*&% 2#&6$ ‖d̃ − d‖ ≤ ε3

D3 B$$,2# %*&% ε 6= ‖a(i)‖ 7/' i = 1, 2, 33

8*# .'/01#2 -&6 0# #5.'#$$#+ 0> %*# $/1,%)/6 /7

max
x∈R2

{‖x‖2 | ‖d̃ − d‖ ≤ ε}. ;E3E<

F$)69 %*# )6C6)%> 6/'2= -/6+)%)/6 ‖d̃ − d‖∞ ≤ ε >)#1+$

| d̃ − ‖a(i)‖2 |≤ ε

7/' &11 i = 1, 2, 3 &6+ %*#'#7/'#

−ε ≤ d̃ − ‖a(i)‖2 ≤ ε

%*&% -/''#$./6+$ %/

−ε ≤ ‖a(i) − x‖2 − ‖a(i)‖2 ≤ ε.

G6 /'+#' %/ /0%&)6 +)H#'#6%)&01# $/1,%)/6$= %*# )6#I,&1)%)#$ &'# $I,&'#+ &6+ %*#

7#&$)01# $#% /7 .'/01#2 ;E3E< '#$,1%$ )6

M := {x ∈ R2 | ‖x(i)−x‖2
2 ≤ (‖x(i)‖2+ε)2, ‖x(i)−x‖2

2 ≥ (‖x(i)‖2−ε)2
7/' i = 1, 2, 3}.

J'/01#2 ;E3E< %,'6$ )6%/ C6+)69 %*# $/1,%)/6 /7 %*# 7/11/()69 .'/01#2@

max{‖x‖ | x ∈ M}. ;E3!<

J'/01#2 ;E3!< )$ &6 /.%)2)?&%)/6 .'/01#2 ()%* -/6:#5 &6+ -/6-&:# '#$%')-%)/6$3

G% )$ #&$)1> $*/(6 %*&% )%$ $/1,%)/6 x̄ -&6 /61> 0# &6 #5%'#2# ./)6% /7 M 3

J'//7@

"# $*/( %*&% &1(&>$ 2/'# %*&6 /6# '#$%')-%)/6 /7 .'/01#2 ;E3!< )$ &-%):#3 K/'

%*)$ .,'./$# (# $*/( & -/6%'&+)-%)/6 )7 (# &$$,2# %*&% #5&-%1> /6# '#$%')-%)/6 )$

&-%):#3

A3 K/' %*# -&$# %*&% %*# /61> &-%):# '#$%')-%)/6 )$ -/6-&:#= %*# -/6%'&+)-%)/6

)$ #:)+#6%= &$ %*# L#$$)&6 /7 %*# -/''#$./6+)69 4&9'&69# 7,6-%)/6 )$ 6#9&%):#

$#2)+#C6)%# &1/69 %*)$ '#$%')-%)/63
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 " #$% &'( )*+( &'*& &'( $,-. *)&/0( %(+&%/)&/$, /+ )$,0(12 *++34( 5/&'$3& -$++ $6

7(,(%*-/&. &'*&

‖a(1) − x‖2
2 = (‖a(1)‖2 + ε)2.

8(73-*%/&. '$-9+2 +$ &'( ::;<)$,9/&/$,+ 43+& =( 63->--(9" ?(&

f(x) = x2
1 + x2

2 *,9

g1(x) = ‖a(1) − x‖2
2 − (‖a(1)‖

2 + ε)2 = 0

=( &'( 63,)&/$, *,9 *)&/0( %(+&%/)&/$," @& 6$--$5+ &'*&

∇f(x) = 2x *,9

∇g1(x) = −2(a(1) − x). AB"!C

;'( ::;<)$,9/&/$,+ /4D-.

2x = 2u(a(1) − x)

u 6=−1
⇒ x =

u

1 + u
a(1)

 ! "#$%&

⇒
1

(1 + u)2
‖a(1)‖

2
2 = (‖a(1)‖2 + ε)2

@& 43+& &'(%(6$%( '$-9 &'*&

1

(1 + u)2
> 0

⇔ u(u + 2) < 0

5'/)' /+ * )$,&%*9/)&/$, &$ &'( ::;<)$,9/&/$, 6$% &'( ?*7%*,7( 43-&/D-/(%+2 /"("

u > 0"

E 5*. &$ +$-0( D%$=-(4 AB"FC /+ &$ )$4D*%( &'( ,$%4 $6 *-- (1&%(4( D$/,&+ $6

&'( 6(*+/=-( +(& M " ;'(+( *%( *& 4$+& +/1" G( )*-)3-*&(9 &'(4 *,*-.&/)*--. =.

)$4D*%/,7 &'( /,&(%+()&/$,+ $6 &'( %(+D()&/0( )/%)346(%(,)(+" E& &'/+ D$/,& 5(

/,&%$93)( &'( D$++/=/-/&. &'*& &'( 9/+&3%=(9 D%$=-(4 4*. '*0( 9/H(%(,& 4(*<

+3%(4(,& (%%$%+ /, (*)' 9/+&*,)( 4(*+3%(" ;'/+ 4(*,+ &'*& ‖d̃i − di‖2 ≤ εi 6$%

i = 1, 2, 3" E+ &'( 6$%43-*+ *%( I3/&( -$,72 $,( %(+&%/)&/$, A6$% (1*4D-( &'( $,(

)$%%(+D$,9/,7 &$ a(3)C $6 M /+ $4/&&(9" ;'/+ )*3+(+ $,-. *, (,-*%7(4(,& $6 J" #$%

* +/,7-( 3,K,$5, +(,+$% x∗
&'( -$)*- (%%$% =$3,9 &$ (0(%. D*/% $6 *,)'$%+ 5/&'/,

&'( %*9/$ %*,7( )*, &'(, =( )*-)3-*&(9" L6 &'$+( 0*-3(+2 &'( +4*--(+& 5/-- =( &*K(,"

#$% * =(&&(% 3,9(%+&*,9/,72 )$,+/9(% &'( 6$--$5/,7 (1*4D-(" ?(&

a(1) = (1,
1

2
)T , a(2) = (−1, 1)T , d2

1 =
5

4
, d2

2 = 2.
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"#$ ε1 = 0.1 %&' ε2 = 0.15 ()* +*%,-./* ,*( M #+ 01213 -, 4/#((*' -& 567$* 128

0'%,)*' %$*%32 9&: 4#-&( x -& M +7/5/, ()* '-,(7$.*' $*,($-;(-#&

‖a(i) − x‖2
2 = d̃i, +#$ i = 1, 2.

<)* 0*=($*>*3 4#-&( #+ M ()%( -, >#,( +%$ %?%: +$#> ()* #$-6-&%/ ($7* ,*&,#$

4#,-(-#& 0x∗ = (0, 0)T
3 -, ()* 4#-&( I32

!1.5 !1 !0.5 0 0.5 1 1.5
!1.5

!1

!0.5

0

0.5

1

1.5

a
2

a
1

I
2

I
1

I
3

I
4

"-67$* 128@ A#;%/ *$$#$ .#7&' +#$ ()* 4#-&( (0, 0)  !" #$! %&'%()*# %*(+!", a1 %*&

a2-

.+) /"!()&0") 1, )2/3%1*)& *)2#-

40//!,) #+%# #+) /!1*# x∗
1, (!**)(#)& #! ,)5)"%3 %*(+!",- 6!" )5)"7 /%1" ! %*8

(+!", p = (p1, p2)
T

%*& q = (q1, q2)
T

#! $+1(+ #+) ,)*,!" x∗
1, (!**)(#)&9  !33!$

#+) *)2# ,#)/,-
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"# $%& &'()* +,-*(.)&- d1 = ‖p‖2 (.+ d2 = ‖q‖2 (.+ /0-,*,1& 1(23&- ε1 (.+ ε2

(4& 5,1&.# $%& 602207,.5 ),4)386&4&.)&- (4& 06 ,.*&4&-*9

:(; GL19 (p1 − x)2 + (p2 − y)2 = (d1 + ε1)
2

:<; GL29 (q1 − x)2 + (q2 − y)2 = (d2 + ε2)
2

:); GL39 (p1 − x)2 + (p2 − y)2 = (d1 − ε1)
2

:+; GL49 (q1 − x)2 + (q2 − y)2 = (d2 − ε2)
2

 # $%&-& ),4)386&4&.)&- (4& ,.*&4-&)*&+ (.+ *%& 602207,.5 /0,.*- 06 ,.*&4-&)*,0.

(4& 0<*(,.&+9

:(; (i(1,2), i(2,1)) 4&-32* 6408 GL2 ∩ GL1=

:<; (i(2,3), i(3,2)) 4&-32* 6408 GL2 ∩ GL3#

:); (i(3,4), i(4,3)) 4&-32* 6408 GL4 ∩ GL3#

:+; (i(1,4), i(4,1)) 4&-32* 6408 GL4 ∩ GL1#

># ?- *%& 1(23&- εi 4&/4&-&.* -8(22 +,-*34<(*,0. ,. 8&(-34&8&.*- 7& @.+ *%&

&'*4&8& /0,.*- 06 M <A

:(; I1 = min{‖i(1,2)‖
2
2, ‖i(2,1)‖

2
2}#

:<; I2 = min{‖i(2,3)‖
2
2, ‖i(3,2)‖

2
2}#

:); I3 = min{‖i(3,4)‖
2
2, ‖i(4,3)‖

2
2}#

:+; I4 = min{‖i(1,4)‖
2
2, ‖i(4,1)‖

2
2}#

B# $%&.= *%& -023*,0. 06 :B#C; ,- 0<*(,.&+ <A )08/(4,.5 *%& &+5&- 9

xpq = max{
√

I1,
√

I2,
√

I3,
√

I4}. :B#D;

?6*&4 %(1,.5 603.+ (. &4404 <03.+ )0.)&4.,.5 &()% /(,4 06 (.)%04- p (.+ q= (22
&4404 <03.+- (4& )08/(4&+ (.+ *%& -8(22&-* 1(23& 5,1&- *%& 20)(2 &4404 <03.+ 604

*%& -023*,0. x 06 :B#C;9

x = min{xpq | p, q ∈ R2 : ‖p‖ < r, ‖q‖ < r}}, :B#!;

7%&4& r +&.0*&- *%& 5,1&. 4(+,0 4(.5&#

$%& -,.52& 604832(- 06 *%& -*&/ ># (4& 5,1&. .&'*9

I1 = C(A1 + 2s(p, q)‖p‖‖q‖ sin(p, q)
√

B1),

I2 = C(A2 + 2s(p, q)‖p‖‖q‖ sin(p, q)
√

B2),
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"#$%$ s(p, q) = sign(sin(p, q)) &$'()$* )#$ *+,'-. (/ )#$ *+'-* (/ )#$ 0',1$ 2$3

)"$$' )#$ 4$5)(%* p 0'& q 0'&

C :=
1

‖p‖2 + ‖q‖2 − 2‖p‖‖q‖ cos(p, q)
,

A1 := ε2‖p‖(ε2 + 2‖q‖)(‖p‖ − ‖q‖ cos(p, q)) + ε1‖q‖(ε1 + 2‖p‖)(‖q‖ − ‖p‖ cos(p, q))

+ 2‖p‖2‖q‖2 sin2(p, q),

B1 := ε2‖p‖(ε2 + 2‖q‖)(‖p‖ − ‖q‖ cos(p, q)) + ε1‖q‖(ε1 + 2‖p‖)(‖q‖ − ‖p‖ cos(p, q))

− (ε1‖p‖ − ε2‖q‖)
2 + ‖p‖2‖q‖2 sin2(p, q) − (ε2

1 − ε2
2)(

1

4
(ε2

1 − ε2
2) + ε1‖p‖ − ε2‖q‖),

A2 := ε2‖p‖(ε2 + 2‖q‖)(‖p‖ − ‖q‖ cos(p, q)) + ε1‖q‖(ε1 − 2‖p‖)(‖q‖ − ‖p‖ cos(p, q))

+ 2‖p‖2‖q‖2 sin2(p, q),

B2 := ε2‖p‖(ε2 + 2‖q‖)(‖p‖ − ‖q‖ cos(p, q)) + ε1‖q‖(ε1 − 2‖p‖)(‖q‖ − ‖p‖ cos(p, q))

− (ε1‖p‖ + ε2‖q‖)
2 + ‖p‖2‖q‖2 sin2(p, q) − (ε2

1 − ε2
2)(

1

4
(ε2

1 − ε2
2) + ε1‖p‖ + ε2‖q‖),

6+.+10% $78%$**+('* 0%$ ,+4$' /(% I3 0'& I49

:(% )#$ 02(4$ $70.81$; )#$ 401-$* (/ I1, ..., I4 0%$ ,+4$' 0* /(11("*<

I1 = 0.04

I2 = 0.0261

I3 = 0.0604

I4 = 0.0251.

=#+* %$*-1)* +' 0 1(501 $%%(% 2(-'& 401-$ (/  !"#$%9

>'/(%)-'0)$1?; )#+* 1(501 $%%(% 2(-'& +* 0 4$%? 8$**+.+*)+5 -88$% 2(-'&9 @' 8%053

)+5$; )#$ $7)%$.$ 8(+')* (/ )#$ /$0*+21$ *$) M *$$. )( 2$ '$4$% 0))0+'$&9 A(%$(4$%;

)#+* 1(501 $%%(% 2(-'& +* 4$%? %$*)%+5)+4$9 @) #0'&1$* )#$ 0&B05$') 4$5)(%* 0* C7$&

0'5#(%*; '$,1$5)+', )#$ 4$%? 8%$*-.021? 50*$ )#0) )#$*$ 4$5)(%* .0? 2$ *$'*(%*

"#(*$ 8(*+)+('* 0%$ 0* "$11 &+*)-%2$&9

D'()#$% 088%(05# )( &$)$5) +' )#$ (2)0+'$& 088%(7+.0)+(' )( )#$ 6EFG (/ )#(*$

*$'*(%* )#0) .0? 2$ /0% 0"0? /%(. )#$ (%+,+'01 )%-$ *$'*(%* +* )( 0'01?H$ #(" 2+,

)#$ )%05$ (/ )#$ (2)0+'$& .0)%+7 Ỹ (/ IJ9 K +*9 =#+* "0* C%*) 8(+')$& (-) +' LMN9

=#$ 20*+5 +&$0 2$#+'& )#+* +* )#0) +/ )#$ .0)%+7 Ỹ +* 0 %0'O P .0)%+7

Z̃ = ỹỹT
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"#$%& '()* '+*,--* ./ 0"1 #0"12 (3&1&

Z̃ � ỹỹT

"#$%&* 4"5& 5/1673$508 (#/&050701& 122#2 3/3$8&5& 9#2 )#&505#/ 1&05:305#/* ;#2

1<3:)$1

tr(Z̃ − ỹỹT ) =
n∑

j=1

(Z̃2j−1,2j−1 + Z̃2j,2j − ‖ỹ(j)‖
2) '+*=-

0"1 0#03$ 023(1 #9 0"1 %5>121/(1 :3025< :13&721& 0"1 1?(51/(8 3/% 673$508 #9

%5&03/(1 %303 d̃ij 3/% d̃kl* ./ )3205(7$32@ 0"1 5/%5A5%73$ 023(1 Z̃2j−1,2j−1 + Z̃2j,2j −
‖ỹ(j)‖

2
"1$)& 0# 1&05:301 0"1 )#&505#/ 1&05:305#/ ỹ(j) 9#2 &1/&#2 j* ;#2 &:3$$12

A3$71& #9 0"1 023(1@ 3 "5B"12 3((723(8 #9 0"1 1&05:305#/ (3/ C1 #&C12A1%*

 !" #$%&$%' ( )*(+*$%' ,-$%* .-+ */0 1-2%&$%'

304/%$520

.0 5& 5/0121&05/B "#D 0# ("##&1 3 B##% &03205/B )#5/0 9#2 0"1 2#7/%5/B 01("/5671

7&5/B 0"1 5/9#2:305#/ B5A1/ 92#: 0"1 :3025< Ỹ 21&7$05/B 92#: '+*E-* F/05$ /#D@

0"1 $501230721 "3& /#0 )35% :7(" 3001/05#/ 0# 0"5& 671&05#/ '#/$8 G#$(#D5(H 10 3$*

5/ IJK (#:)321% /7:125(3$$8 %5>121/0 ("#5(1& #9 &03205/B )#5/0& %125A1% 92#: 0"1

21$3<305#/ #9 'SNLEDM--* 4"1 :#&0 (#::#/ ("#5(1 5/ )23(05(1 5& 0# &10 0"1 L2&0

(#$7:/ '&03205/B 92#: 0"1 &1(#/% 1$1:1/0- 92#: Ỹ @ 5*1* x̃ = ỹ* M70 #9 (#72&1@

0"121 5& :7(" :#21 5/9#2:305#/ 5/ 0"1 :3025< D"5(" 5& /1B$1(01% D50" 0"5& ("#5(1*

4"1 671&05#/ 0"30 325&1& 5&@ "#D 0# 5/012)210 0"1 B5A1/ &#$705#/ :3025< Ỹ * ./ 0"1

1<3(0 (3&1 3/% D"1/ 0"1 /10D#2N 5& 7/5671$8 $#(3$5H3C$1@ Z = yyT
"#$%&* O121@ 50

5& ($132 0"30 3 &#$705#/ 'A1(0#2- 0# 0"1 PQRS 5& 9#2 1<3:)$1 150"12 B5A1/ C8 0"1

L2&0 2#D '&03205/B 92#: 0"1 ,/% 1/028- #9 Y #2 C8 0"1 &67321 2##0 1/0251& #9 0"1

%53B#/3$ #9 T* ./ 0"1 /#0 7/5671$8 $#(3$5H3C$1 (3&1 #2 5/ 0"1 5/1<3(0 (3&1@ 50 5& /#0

($132 D"5(" 1/0251& #9 0"1 :3025< Ỹ 21)21&1/0 0"1 &132("1% A1(0#2 x* Q#2:3$$8 50

"#$%&

√
diag(Z̃) 6= ỹ* .0 5& /#0 ($132 D"5(" ("#5(1 9#2 0"1 &#$705#/ A1(0#2 5& C10012*

G1 %125A1% 3/ 3))2#<5:305#/ A1(0#2 0# x 92#: 0"1 B5A1/ :3025< Ỹ C8 7&5/B 50&

15B1/A3$71 %1(#:)#&505#/ 5/ 0"1 9#$$#D5/B D38U

V"##&1 0"1 &03205/B )#5/0 x̃ 3& 0"1 &#$705#/ #9 0"1 :5/5:5H305#/ )2#C$1:U

min ‖ssT − Ỹ‖F

s.t. s ∈ R2.
'+*E!-



 !!"! #$%&'!$($)*& %)+ ,"-&. /%*%  !

"#$%$&'%$ Ỹ () *%'+$,-$. '/-' -#$ )$- '& %0/1 ! 20-%(,$)3 4) Ỹ () )522$-%(, 60/.

%$078 -#$ '9+$,-(:$ &;/,-('/ ,0/ 9$ %$.;,$. -'

f(s) = ‖s‖4
2 − 2sT Ỹ s + -%0,$(Ỹ )

0/. -#$ <%0.($/- -'

g(s) = 4(‖s‖2
2s − Ỹ s).

"#$ )-0-('/0%5 *'(/-) 0%$ );9)$=;$/-75 <(:$/ 95 -#$ $=;07(-5

Ỹ s = ‖s‖2
2s. 6>3!!8

"#() 2$0/)? -#$ :$,-'% s () 0/ $(<$/:$,-'% '& Ỹ -' -#$ ,'%%$)*'/.(/< $(<$/:07;$

‖s‖2
23

4) -#$ @$))(0/ () <(:$/ 95

H(s) = 4(2ssT + ‖s‖2
2I − Ỹ )

(- () $0)(75 )#'A/ -#0- -#$ )'7;-('/ :$,-'% s () ,'/)-%;,-$. 95

s
 !"

= vmaxλmax 6>3!B8

A#$%$ λmax .$/'-$) -#$ 70%<$)- $(<$/:07;$ '& Ỹ 0/. vmax -#$ ,'%%$)*'/.(/< /'%C

207(D$. $(<$/:$,-'%3

4) A$ *%'*')$ -' (2*%':$ -#$ '9-0(/$. 0**%'E(20-('/ &%'2 -#$ %$70E$. *%'97$2

95 0 %';/.(/< -$,#/(=;$? A$ ,'2*0%$. /;2$%(,0775 -#$ ,#'(,$ '& 6>3!B8 A(-# -#$

)-0/.0%. ,#'(,$ '& -#$ ,'%%$)*'/.(/< $/-%($) (/ -#$ 20-%(E Y (/ 6>3!8 0/. %$)*$,C

-(:$75 (/ -#$ 20-%(E Z (/ -#$ .()-;%9$. 6B3F83 "#$ ,#'(,$ '& 6>3!B8 *%':(.$. -#$

2')- 0,,;%0-$ )'7;-('/)3

@'A$:$%? G/.(/< 0/ $E0,- )'7;-('/ 20-%(E Y 6A#')$ G%)- ,'7;2/ ,'/-0(/) -#$

$E0,- )'7;-('/ :$,-'% E8 () $=;(:07$/- -' G/.(/< -#$ 2(/(207 %0/1 20-%(E (/ -#$

(/-$%)$,-('/ '& -#$ )$2(.$G/(-$ ,'/$ 0/. 0/ 0H/$ )*0,$3 "#() *%'97$2 () )-(77 -'

9$ 0.%$))$.3 I$,$/-75? J!FK JBFK *%'*')$. %0/.'2(D0-('/ 2$-#'.) &'% LMN %0/1

%$.;,-('/3 "#$)$ 2$-#'.) ,0/ <$/$%0-$ 0 7'A %0/1 *')(-(:$ )$2(.$G/(-$ 20-%(E

(/ 0/ 0**%'E(20-$ 0H/$ )*0,$3





 !"#$%& '

(%)*%+$ ,%-&.)$.*) /0&

1+*0+)$&".+%2 3.+.4.5"$.0+

 ! "#$% &#'(")* +) (*)%)!" "#*)) ,$-)*)!" #).*$%"$&% /0* %012$!3 3)!)*'1 .!&0!4

%"*'$!), !0!4&0!2)5 6$!$6$7'"$0! (*081)6%9 :#)%) *)%.1"% +)*) (*)%)!"), $!

;<=>9

:#)  !"#$%&$' (#%' $!) '$&"$!) 6)"#0, $% ' ?*%"40*,)* 6)"#0, +#$&# "*$)% "0 6$!4

$6$7) ' /.!&"$0! f '!, &0!")6(0*'*$1@ 6'5$6$7) "#) !0*6 0/ "#) 3*',$)!" 0/ f 9

:#) "*#+%)*#$ '$&"$!) $% ' %)&0!,40*,)* 6)"#0, +#$&# &'! 8) %))! '% ' 6$5".*)

0/ A)+"0!B% '!, :*.%" C)3$0! D)"#0,%9  "% 3)!)*'1 $,)' $% "0 )6(#'%$7) "#)

'"")!"$0! 0! "0 "#) %('&) 0/ "#) !)3'"$2) )$3)!2'1.)% 0/ "#) E)%%$'! '" ' 3$2)!

$")*'")F '!, !0" 0!1@ 0! "#) %6'11)%" G'% $" +0.1, 8) $! :*.%" C)3$0! D)"#0,%H9

:#$% '((*0'&# (*0,.&), "#) 8)%" !.6)*$&'1 *)%.1"% /0* "#) IAJK '% %#0+! $!

&#'(")* L9 :#)*)/0*)F +) +$11 ,)%&*$8) "#$% '((*0'&# 60*) '&&.*'")1@ $! "#) !)5"

&#'(")*9

M$!'11@F "#) '$"#$%& !( "*#+%)*#$ "*$)% "0 .%) "#$*,40*,)* $!/0*6'"$0!9  " '!"$&4

$('")% (0$!"% +$"# 60*) !)3'"$2) &.*2'".*) $! "#) E)%%$'!F $! 0*,)* "0 (*02$,)

60*) ,)%&)!" '" "#) !)5" $")*'"$0! %")(9

 !" #$%$&'( )**+,-./0%*

J)" f : IRn → IR 8) "#*)) "$6)% &0!"$!.0.%1@ ,$-)*)!"$'81)9 :#) (*081)6 .!,)*

&0!%$,)*'"$0! $% "0 ?!, N '60!3 %)2)*'1 10&'1 6$!$6$7)*% 0/ f N ' 10&'1 6$!$6$7)*

x∗
+$"# ' %6'11 2'1.) f(x∗)9 O) &06('*) %)2)*'1 #).*$%"$&% "#'" ,0 !0" 3.'*'!"))

"0 ?!, ' 3108'1 6$!$6$7)* 8." "#'" '$6 "0 ?!, ' 10&'1 6$!$6$7)* +$"# P*'"#)*

%6'11 2'1.) 0/ f Q9

:#) 30'1 $% "0 ?!, P300,Q 10&'1 6$!$6$7)*% +$"#$! ' &)*"'$! ,06'$! 0/ '""*'&"$0!

3$2)! 8@ "#) $!$"$'1 (0$!"9 O) )6(#'%$7) "#'" "#$% &'! 0!1@ 8) ' #).*$%"$&%9 A)24

RR



 !"#!$% &!'()"%)#" *+( ,$#+$"%(-)$!. /)$)0)1-%)+$  !

"#$%"&"''( )*+"#,-.& "/.+0&"' ,)1,-.$" $%.$ $%" )"2 .00#3.-%"' 0#303'"1 %"#"

34$") &".1 $3 5"$$"# &3-.& '3&*$,3)' $%.) $%" '$""0"'$ 1"'-")$ 0.$%6

73# '+33$% '$#,-$&8 -3)9"/ 4*)-$,3)' f .)1 *)1"# '$.)1.#1 -3)1,$,3)' :#";.#1,);

$%" 1"'-")$< .&& 1"'-")$ 0.$%' "9")$*.&&8 &".1 $3 $%" '.+" 30$,+.& '3&*$,3)( .)1

="2$3)>' +"$%31 ;")"#.&&8 0"#43#+' 9"#8 2"&&6 ?*# .,+ ,' )3$ $3 -3+0"$" 2,$%

="2$3)>' +"$%31 5*$ $3 0#39,1" . -%".0 @#'$ 3#1"# +"$%31 $%.$ ,' A"B-,")$C  !"

!#!$ 4#3+ . &3-.& '3&*$,3) 2%") $%" D"'',.) 34 f ,' )3$ 03',$,9" 1"@),$"6 E&3'"

$3 . '3&*$,3)( @#'$ 3#1"# +"$%31' F '*-% .' $%" 3)"' 0#303'"1 %"#" F .#" 033#

.)1 ;")"#.&&8 )""1 $3 5" #"0&.-"1 2,$% 3$%"# .00#3.-%"'6

G%" 43&&32,); 0#,)-,0&"' 43# +,),+,H,); f '$.#$,); .$ . ;,9") 03,)$ x0 ∈ IRn

+3$,9.$" $%" )"2 .00#3.-%"'I

J6 K) 3#1"# $3 #"+.,) 2,$%,) . 13+.,) 34 .$$#.-$,3) ;,9") 58 x0
( 3)&8 1"'-")$

'$"0' .#" -3)',1"#"16

L6 M' $%" ;&35.& 5"%.9,3*# F 4.# 4#3+ . &3-.& +,),+,H"# F ,' 34 ,)$"#"'$( 3)&8

'%3#$ '$"0' 1"#,9"1 4#3+ @#'$ 3#1"# .00#3/,+.$,3)' .#" -3)',1"#"16

 6 G%" @#'$ 3#1"# 0#"1,-$,3)' *'"1 ,) $%,' 0.0"# .#" 5.'"1 3) $%" 43&&32,);

).,9" +3$,9.$,3) 43# %&%'(&%)*+ +,),+,H.$,3)I

:.< M,+ $32.#1' 03,)$' 2%"#" $%" ;#.1,")$ ;"$' &.#;"# :.)1 f ;"$' '+.&&"#<

5"-.*'" &.#;" ;#.1,")$' ;,9" . %,)$ $%.$ . &.#;" 1"'-")$ +.8 5" 03'',5&"

4#3+ $%"#"6

:5< M,+ $32.#1' 03,)$' 2%"#" $%" )";.$,9" -*#9.$*#" ,' .+0&,@"1 :.)1 f
;"$' '+.&&"#< 5"-.*'" )";.$,9" -*#9.$*#" +,;%$ #"'*&$ ,) &3); 1"'-")$

'$"0' 4#3+ $%"#"6

M;.,)( 2" "+0%.',H" $%.$ 53$% +3$,9.$,3)' +.N" &,$$&" '")'" 43# -3)9"/

+,),+,H.$,3)6

G%" 43&&32,); )3$.$,3) ,' *'"1I

• O" 2,&& -.&& g = ∇f(x) $%" ;#.1,")$ .)1 H = ∇2f(x) $%" D"'',.) 34 f .$

$%" 03,)$ x6

• G%" 3#$%3;3).& ",;")9.&*" 1"-3+03',$,3) 34 H ,' ;,9") 58 H = UDUT
(

,6"6 U ,' . *),$.#8 +.$#,/ 2%3'" -3&*+)' ui
.#" ",;")9"-$3#' $3 $%" ",;")P

9.&*"' Dii = λi(H) = λi6 O,$%3*$ &3'' 34 ;")"#.&,$8 2" .''*+" $%.$ $%"

",;")9.&*"' .#" '3#$"1 ,) 1"-#".',); 3#1"# .)1 $%" @#'$ t .#" 03',$,9" :,6"6

λ1 ≥ ... ≥ λt ≥ 0 > λt+1 ≥ ... ≥ λn( t = 0 .)1 t = n ,'( 34 -3*#'"( 03'',5&"<6
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 !" #$%&'()*$+ +&(,*'$- ,')%'$-

"#$%& '& #(%)'(% xk
* (+% ,)-.)%// -0 ' /+-)( /(%, '1-&. (+% /(%%,%/( 2%/3%&( 2#)%34

(#-& #/ ,)-,-)(#-&'1 (- (+% &-)5 -0 ∇f(xk)6 7- 8% '81% (- +'$% ' 1').% 2%/3%&( #&

(+% &%9( /(%,* #( 5': (+%)%0-)% 8% -0 '2$'&('.% &-( -&1: (- 5#&#5#;% f 8<( '1/-

(- 5'9#5#;% ‖∇f‖ '( (+% /'5% (#5%6 7+#/ #2%' 1%'2/ (- ' 2%/3%&( /(%, 0-) (+%

0<&3(#-&

ϕ(x, α) := f(x) − α‖∇f(x)‖2
=!6>?

@+%)% α > 0 #/ ' ,')'5%(%) (+'( 8'1'&3%/ (+% )%2<3(#-& -0 f $%)/</ (+% #&3)%'/%

-0 ‖∇f‖6
7+% /(%%,%/( 2%/3%&( 2#)%3(#-& 0-) ϕ #/ .#$%& 8:

∆x = −∇f(xk) + 2α∇2f(xk)∇f(xk). =!6A?

B% ,-#&( -<( (+'( 5'()#9 $%3(-) ,)-2<3(/ /<3+ '/ ∇2f(xk)v 3'& (:,#3'11: 8%

3-5,<(%2 =0-) %9'5,1% 8: '<(-5'(#3 2#C%)%&(#'(#-&? 3+%',1: @#(+-<( 0-)5#&.

∇2f(xk)6

7+% ,)-,-/%2 /%')3+ /(%, #/ .#$%& 8: (+% ,')(#'1 2%)#$'(#$% ∆x = −∇xϕ(x, α) #&

=!6A? @+%)% (+% 3+-#3% -0 α = α(x) 2%,%&2/ -& x6
D%(

d1 := −
∇f(xk)

‖∇f(xk)‖
'&2 =!6 ?

d2 :=
∇(‖∇f(xk)‖2)

‖∇(‖∇f(xk)‖2)‖
=

∇2f(xk)∇f(xk)

‖∇2f(xk)∇f(xk)‖
=!6E?

8% (+% &-)5'1#;%2 /(%%,%/( 2%/3%&( 2#)%3(#-&/ 0-) f '&2 0-) −‖∇f‖2
26

F&: ∆x @#(+ ∆xT d1 < 0 '&2 ∆xT d2 < 0 #/ ' 2%/3%&( 2#)%3(#-& 0-) 8-(+* f '&2

−‖∇f‖2
26

7+% &-)5'1#;%2 2%/3%&( 2#)%3(#-& ∆̃x := ∆x/‖∆x‖ #/ 3+-/%& '/ ' &-&&%.'(#$%

3-58#&'(#-& -0 (+% $%3(-)/ d1
'&2 d2

* #6%6

∆̃x = βd1 + γd2
=!6!?

@+%)% β ≥ 0 '&2 γ ≥ 0 2%,%&2 -& α6

F &-)5'1#;%2 5%'/<)% -0 2%/3%&( 0-) f #/ .#$%& 8: ∆̃x
T
d1

'&2 )'&.%/ 0)-5 > =0-)

β = 1, γ = 0? (- (d1)T d2
=0-) β = 0, γ = 1?* ' &%.'(#$% $'1<% -0 ∆̃x

T
d1

#&2#3'(#&.



 !"#!$% &!'()"%)#" *+( ,$#+$"%(-)$!. /)$)0)1-%)+$  !

"#$%&'(

)* +&, " -%"&.&/012 $3*.$% *0 α4 *54 %61.7"2%&'28 *0 β "&, γ #19:%$' '* '3%

$*&,.'.*&

1 = ‖∆̃x‖2 = β2 + 2βγ(d1)T d2 + γ2
;<(!=

>% 5%61.5% '3"'

∆̃x
T
d1 = ρ + (1 − ρ)(d1)T d2

;<(?=

0*5 #*-% ρ ∈ (0, 1](
)3% 7"21% ρ .&,.$"'%# '3% "-*1&' *0 ,%#$%&' *0 f $*-@"5%, '* '3% #'%%@%#' ,%#$%&'(

 !""# $%&

 !"!#$%#& '# ()! *)'%*! '+ ρ, ()! -!./*) $%/!*(%'# ∆̃x %-

• ()! -(!!"!-( $!-*!#( $%/!*(%'# +'/ f %+ ρ = 1,

• ()! -(!!"!-( $!-*!#( $%/!*(%'# +'/ ‖∇f‖ %+ ρ = 00 1# ()! 2'/-( *.-!, ∆̃x
*'34$ 5! '""'-%(! (' −∇f 0

1+ ρ > 0.5 ()!# ∆̃x %- . $!-*!#( $%/!*(%'# +'/ ()! 6%#%6%7.(%'# '+ f 0

A5**0B

C'5"./3'0*5>"5, 05*- ;<(?=(

D5*- '3% %61"'.*&# ;<(!= "&, ;<(?= >% $"& #%' '3% 7"21%# *0 β "&, γ .& ,%@%&,%&$%

*0 ρ(
E%'

c := (d1)T d2 = −
∇f(xk)T D2f(xk)∇f(xk)

‖∇f(xk)‖‖D2f(xk)∇f(xk)‖

9% '3% $*#.&% *0 '3% "&/2% ∢(d1, d2)( )3% &1-9%5# β, γ '3%& #*27% '3% #8#'%- *0

%61"'.*&#

β2 + 2βγc + γ2 = 1 ;<(F=

β + γc = r := ρ + (1 − ρ)c. ;<(G=

)3% #*21'.*& .# /.7%& 98

γ =

√
1 − r2

1 − c2
=

√
(1 − ρ)(1 + ρ + c − ρc)

1 + c
"&,

β = ρ + c(1 − ρ − γ).

;<(HI=
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"#$ %&' ()%'$'*%()+ ,-*' %&-% %&' (),$'-*' #. ‖∇f‖ (* +(/') &(+& 0$(#$(%1 -)2

%&' 2'*,')% 0$#0'$%1 (* 3-$'41 +5-$-)%''26 (7'7 .#$ ρ = 0.5 %&' '80$'**(#) .#$ γ
*(904(:'* %#

γ =

√
3 + c

4 + 4c
.

;&' ,&#(,' #. β, γ ,-) 3' %$-)*4-%'2 3-,< %# %&' ,&#(,' #. α= >54%(041()+ %&'

'?5-%(#)

βd1 + γd2 =
∆x

‖∆x‖
=

−∇f(xk) + 2αD2f(xk)∇f(xk)

‖ − ∇f(xk) + 2αD2f(xk)∇f(xk)‖

.$#9 4'.% @(%& (βd1 + γd2)T
6 5*()+ %&' 2':)(%(#)* #. d1, d2

.$#9 AB7 C -)2 AB7DC6

-)2 *?5-$()+ %&' $'*54% @' #3%-()

1 =
(‖∇f(xk)‖(β + γc) + 2α‖D2f(xk)∇f(xk)‖(γ + βc))2

‖ − ∇f(xk) + 2αD2f(xk)∇f(xk)‖2
.

E#4/()+ %&(* ?5-2$-%(, '?5-%(#) .#$ α 1('42*

α = α(xk) =
γ

2β

‖∇f(xk)‖

‖D2f(xk)∇f(xk)‖
. AB7FFC

 !"#$% &'(

G 2'*,')% 9'%&#2 .#$ ϕ 3-*'2 #) %&(* ,&#(,' #. α .#$ - +(/') 0-$-9'%'$ ρ ∈ (0, 1]
(* ,-44'2 H(),$'-*()+ +$-2(')% 2'*,')% 9'%&#2 @(%& 0-$-9'%'$ ρI A3$('J1 Higd(ρ)IC7

"#$ .5$%&'$ )#%-%(#) @' @(44 2')#%' %&' +(/') *'-$,& 2($',%(#) .#$ %&' (%'$-%' xk

31 ∆xk
igd(ρ)(= βd1 + γd2) -* (% 2'0')2* #)41 #) ρ A-)2 xk

C7

)*+,$-./" &'0 AK),$'-*()+ L$-2(')% M'*,')%C

K)(%(-4(N-%(#) = O'% x0 ∈ Rn
-)2 ρ ∈ (0.5, 1] 3' +(/')7

"#$ <PQ6F6R6777 $'0'-% 5)%(4 - *%#00()+ ,$(%'$(#) (* $'-,&'2

(i) d1 = − ∇f(xk)
‖∇f(xk)‖

-)2 d2 = ∇2f(xk)∇f(xk)
‖∇2f(xk)∇f(xk)‖

7

(ii) c = d1T
d2, γ =

√
(1−ρ)(1+ρ+c−ρc)

1+c
, β = ρ + c(1 − ρ − γ)7

(iii) ∆xk
igd(ρ) = βd1 + γd2

(iv) xk+1 = xk + λk∆xk
igd(ρ) @&'$' λk ≈ -$+9()

λ>0
f(xk + λ∆xk

igd(ρ))7

 !"#$% &'1

;&' :)2()+ #. λk () *%'0 (iv) #. -4+#$(%&9 B7 $'*54%* () - +4#3-4 9()(9(N-%(#) #.
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" #$%&'()*&+)", -).+)*/0"&)(% '&)&'&1"/&+) 20+3,('4 56&* 20+3,('7 ",*+ 8)+9)

"*  !"#$#%&'( &* %&*.-**(% &) %(/"&, :+0 /6( ;-0<"/-0( =(*.()/ "220+".6 &) /6( ,"*/

*(./&+)4 >+0 /6( )-'(0&.", .+'2"0&*+) +: ",, '(/6+%* 20(*()/(% &) /6&* .6"2/(0

9( -*(% +),? .+)*/")/ *6+0/ */(2* λ4

 !"!# $%&'( )*+,-./

56( 3(6"<&+-0 +: /6( %(*.()/ 2"/6 igd(ρ) 9&/6 ρ = 1 @*/((2(*/ %(*.()/A ")%

ρ = 0.6 &* &,,-*/0"/(% 9&/6 " *&'2,( (B"'2,(C >+0 x ∈ IR2
,(/

f(x) := 10x1 + x2 + x2
1(4 +

x2
2

4
).

56( :-)./&+) f &* -)3+-)%(% 3(,+9 @&/ /()%* /+ −∞ ",+)D /6( ,&)( x1 = 0, x2 < 0A
")% 6"* " ,+.", '&)&'&1(0 "/ x1 = −1, x2 = −24 >&D-0(* E4# ")% E4F 3(,+9 &)$

%&."/( /6( */"0/&)D 2+&)/* :+0 96&.6 /6( */((2(*/ %(*.()/ '(/6+% @igd(1)A ")%

igd(0.6) .+)<(0D( /+ /6( ,+.", '&)&'&1(04 >+0 ",, +/6(0 */"0/&)D 2+&)/* /6( '(/6$

+%* .+)<(0D( /+ /6( &)G'-' +: f @&4(4 /+ −∞A4
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!6 !4 !2 0 2 4

!6

!4

!2

0

2

4"#$%&' ()*+ ,&'- #./#0-1#.$ 21-&1#.$ 34#.12 15-1 0416'&$'.0' 14 15' 740-7 8#.#9

8#:'& ;4&igd(1))<5' /-&= 25-/'/ - &' -2 8-&= 15' 2'1 4; 21-&1#.$ 34#.12 ;&48 >5#05 igd(ρ)0416'&$'2

14 15' ?344&@ 740-7 8#.#8#:'&(−1, −2)

T8#22#.$ 15' 34#.12(0, x

2)T

;4& x

2

→ −∞

>#15 74>'& 4A B'01#6' 6-7%') "4&ρ= 0.615#2 -&'- #2 8%05 28-77'& 15-. ;4&ρ= 1

C21''3'21 /'20'11D) "#$%&' ()* -724 #.07%/'2 15' 7'6'7 2'12 4;f) ,2 'E3'01'/F 15'

04114%& 7#.'2 -&' 3'&3 './#0%7-& 14 15' A4%./-&G 4; 15' /- &= 25-/'/ -&'-) H'

/4 241 #.07%/' 15' 7'6' 7 2'12 4;ϕ(x, α(x))) I. ;-01F C;4&ρ <0D 15'igd(ρ)921'32

?−∇x

ϕ (x, α(x)) @ -&' 241 .'0'22-&#7G 3'&3'./#0%7-& 14 15' 7'6'7 2'12 4;ϕ2#.0'α#2 241 04221-11 #. $'.'&-7)
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!6 !4 !2 0 2 4

!6

!4

!2

0

2

4

"#$%&' ()*+ ,&'- #./#0-1#.$ 21-&1#.$ 34#.12 15-1 04.6'&$' 14 15' 740-7 8#.#8#9'&

:4& igd(0.6))

 !"!" #$%&'( )*+,-.$

"4& #77%21&-1#4. ;' -724 /#237-< 15' 3741 4: - 21''3'21 /'20'.1 3-15 -./ 15'

igd(0.6)=3-15 :4& - 04.6'> ?%-/&-1#0 :%.01#4. f @ f(x) = 1
2
x2

1 + x2
2)



 !"#!$% &!'()"%)#" *+( ,$#+$"%(-)$!. /)$)0)1-%)+$  !

!3.5 !3 !2.5 !2 !1.5 !1 !0.5 0 0.5
!0.5

0

0.5

1

1.5

2

2.5

3

3.5

x
0

igd(0.6) ! path 

steep. descent ! path 

y

x
*

"#$%&' ()*+ ,'-. -/01'-+ 2/31 45 igd(0.6). 67/89+ 2/31 45 03''2'03 -'08':3

;: 31#0 '</=27'. 31' :4&= 45 31' $&/-#':3 #0 #:8&'/0'- /3 >&03 ?1#7' f #0 &'-%8'-)

"4& / 5%:83#4: f 31/3 #0 64%:-'- 6'74?. 31' -'8&'/0' 45 6431. −‖∇f‖2
/:- f

=%03 0342 /3 04=' 24#:3 y) @1': &'/81#:$ 31' 24#:3 y. 31' -#&'83#4: 45 #:8&'/0#:$

$&/-#':3 24#:30 42240#3' 34 31' -'08':3 -#&'83#4: /:- #0 31%0 #$:4&'-)

 !" #$%&'($%) *)+,)-(

;: 31' 54774?#:$ 3?4 0'83#4: 31' -'08':3 2/31 #0 =4-#>'- 6/0'- 4: 31' %0' 45

0'84:- /:- 31#&- 4&-'& -'&#A/3#A'0)

 !"#"$%&%"' ()(

 !"#$ %$ !&#'%&# x( )#& g̃ := UT g *+!"#$ ,- &.# +'%/!#$& g 01 f %& x %$/ &.#
#!+#$"%)2# /#304506!&!0$ 01 &.# 7#66!%$ H = UDUT

8 9

:0' 64%)) ε > 0 !& .0)/6 &.%&

f(x + εui) ≈ f(x) + εgT ui = f(x) + εg̃T UT ui = f(x) + εg̃i,
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 !"

‖∇f(x + εui)‖2 ≈ ‖∇f(x)‖2 + 2εgT Hui = ‖∇f(x)‖2 + 2εg̃iDii.

"#$$%&

'()*$+) ,$-- $% ./0/#1,()2 3/ 1--+4/ )*1) )*/ 5$46$0/0)- g̃i $% g̃ -1)(-%2

g̃i ≤ 0.

78,-/ 4+,)(6,2 )*/ 5$##/-6$09(0. 5$,+40 ui
$% U :2 −1;< =/>)? 166,2 @12,$#A-

@*/$#/4<

 !"#$% &'(

B#$4 6#$6$-()($0 C<C %$,,$3-? )*1) 3*/0 Dii < 0 7109 g̃i 6= 0; 1 -/,/5)($0 $% ωi > 0
/D/5)- )*1) :$)*? f (- ,$51,,2 #/9+5/9 1,$0. x+ωiu

i
? 109 ‖∇f‖2

(- (05#/1-/9< E0

)*/ $)*/# *109? %$# Dii > 0? 10 (05#/1-/ $% ‖∇f‖2
1,$0. ωiu

i
(- $0,2 6$--(:,/ 1)

)*/ />6/0-/ $% (05#/1-(0. f 1) )*/ -14/ )(4/<

@*/ 5$05/6) :/,$3 1F$(9- -+5* -/1#5* 9(#/5)($0- ui
1- %1# 1- 6$--(:,/<

G02 -/1#5* 9(#/5)($0 ∆x ∈ IRn
510 :/ 3#())/0 1- ∆x =

∑n

i=1 ωiu
i
3()* ωi ∈ IR<

'/ -/)

D̃ii := max{ε, Dii} 7C<H!;

%$# 1 -41,, F1,+/ ε > 0 -$ )*1) )*/ $:)1(0/9 6$-()(F/ 9/I0()/ 41)#(>

H̃ = UD̃UT
7C<HJ;

9/I0/- 1 9/-5/0) 9(#/5)($0

∆xcd = −H̃−1g 7C<H ;

%$# f <

@*/ -/1#5* -)/6 ∆xcd 9/6/09- $0 )*/ 5*$(5/ $% ε > 0 1- ,$0. 1- H (- 0$) 6$-()(F/

9/I0()/< K% H (- 6$-()(F/ 9/I0()/ ∆xcd (- )*/ =/3)$0 -)/6 109 5$0F/#./- ,$51,,2

L+19#1)(51,,2<

)!""# &'*

#$% H &$ !'% (')*%*+$ "$,!*%$- .) ε → 0 *% /'00'1) %2 % ∆xcd/‖∆xcd‖ 3'!+$45$)

%' %2$ )( 3$

Q := span{ui | Dii < 0}.
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"#$$%&

'( )*+ ui
,#+ ,- $#)*$.$-,/ 0,(1( $% +1.+-2+3)$#(4 5+ 6-7 2,/8+( τi ∈ R (83* )*,)

g =
n∑

i=1

τiu
i = Uτ,

51)* τ = (τ1, .., τn)T
9

:) )*+- *$/7(

/1;

ε→0

∆xcd

‖∆xcd‖
= /1;

ε→0

−UD̃−1UT g

‖∆xcd‖
= /1;

ε→0

−UD̃−1τ

‖∆xcd‖
.

<1)*$8) /$(( $% .+-+#,/1)=4 /+) )*+ 6#() t +1.+-2,/8+( $% D 0+ >$(1)12+9 :) %$//$5(

)*,)

∆xcd =
t∑

k=1

τk

λk

uk +
n∑

l=t+1

τl

ε
ul

=
1

ε
{ε

t∑

k=1

τk

λk

uk +
n∑

l=t+1

τlu
l} ,-7

‖∆xcd‖ =

√√√√
n∑

i=1

[
t∑

k=1

τk

λk

uk(i) +
n∑

l=t+1

τl

ε
ul(i)]2

=
1

ε

√√√√
n∑

i=1

{ε2[
t∑

k=1

τk

λk

uk(i)]2 + 2ε[(
t∑

k=1

τk

λk

uk(i))(
n∑

l=t+1

τlul(i))] + [
n∑

l=t+1

τlul(i)]2}.

?(1-. )*+ /,))+# ,-7 ),@1-. )*+ /1;+( #+(8/)( 1-

/1;

ε→0

∆xcd

‖∆xcd‖
=

∑n

l=t+1 τlu
l

√
[
∑n

l=t+1 τlul]2
,

5*13* 3$##+(>$-7( )$ , 2+3)$# 1- )*+ (>,3+ Q9

A$# (;,// ε > 0 )*+ 7+(3+-) ()+> ∆xcd /1+( 1- ($;+ (+-(+ -+,# )*+ (>,3+ Q $%

-+.,)12+ 38#2,)8#+9 B*+#+%$#+4 1) 1( 3,//+7 C8#2,)8#+ D+(3+-) ()+>9

:- -8;+#13,/ +E,;>/+( (;,// >$(1)12+ 2,/8+( $% ε >#$783+7 (/1.*)/= 0+))+# /$3,/

;1-1;1F+#( )*,- )*+ /1;1)1-. 71#+3)1$- ∆xcd/‖∆xcd‖ $0),1-+7 %$# ε → 09

 !"#$%&'( )*+ GC8#2,)8#+ D+(3+-)H

:-1)1,/1F,)1$- & I+) x0 ∈ Rn
,-7 ε > 0 0+ .12+-9

A$# @JK4L4M4999 #+>+,) 8-)1/ , ()$>>1-. 3#1)+#1$- 1( #+,3*+7
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(i) g = ∇f(xk)! H = ∇2f(xk) = UDUT
"

(ii) D̃ii = max{ε, Dii}! H̃ = UD̃UT
"

(iii) ∆xk
cd = −H̃−1g"

(iv) xk+1 = xk + λk∆xk
cd #$%&% λk ≈ '&()*+

λ>0
f(xk + λ∆xk

cd)"

 !" #$%&$'()*+ ,-&.'/-&$ #$(%$*/

,$% '--&.'/$ *+ 0%/1*.+0 2"3 '+4 2"5 #'0 ).1*6'1%4 78 '*)*+( 1.#'&40 -.*+10

9&.) #$*/$ ' :'&(% 4%0/%+1 /'+ 7% '+1*/*-'1%4 0*+/% 1$% +.&) .9 1$% (&'4*%+1 *0

*+/&%'0*+(" ,$*0 '--&.'/$ /'+ 7% (%+%&':*;%4 '*)*+( '1 '&%'0 #*1$ <).&% +%('1*6%

/=&6'1=&%>" ?1 -.*+10 #*1$ +%('1*6% /=&6'1=&% '+.1$%& 7*( 4%0/%+1 1. 1$% +%@1

)*+*)*;%& /'+ 7% '+1*/*-'1%4" A.1$ '+1*/*-'1*.+0 '&% -=&%:8 $%=&*01*/'::8! 7=1

+%6%&1$%:%00 +=)%&*/': %@-%&*)%+10 *+4*/'1% ' (..4 -%&9.&)'+/%"

B%1

ϕ̃(x, κ) := f(x) − κχ(∇2f(x))

#$%&%

χ(H) :=
n∑

i=1

min{0, λi(H)}2

'+4 λi(H) 4%+.1%0 1$% iC1$ %*(%+6':=% .9 1$% 08))%1&*/ )'1&*@ H" D%+/%! χ *0

1$% 0=) .9 0E='&%0 .9 1$% +%('1*6% %*(%+6':=%0 .9 H"

B%1 σ : IRn → IR 7% 1$% 08))%1&*/ F*+ 1$% 0%+0% .9 -%&)=1'1*.+G 9=+/1*.+

σ(x) :=
∑

i:xi<0

x2
i .

H%+.1*+( λ : Sn → Rn
1$% 9=+/1*.+ #$*/$ '00*(+0 1. %6%&8 08))%1&*/ )'1&*@

H 1$% 6%/1.& .9 *10 %*(%+6':=%0! *"%" λ(H) = (λ1(H), ..., λn(H))T
! #% /'+ 0%1 1$%

08))%1&*/ 0-%/1&': 9=+/1*.+ /.&&%0-.+4*+( 1. χ 1.

σ(λ(H)) = χ(H) =
∑

i:λi(H)<0

λi(H)2.

A8 ,$%.&%) I"I" *+ JI K 1$% 9=+/1*.+ χ(H) *0 4*L%&%+1*'7:%! '+4 *10 4%&*6'1*6% *0

(*6%+ 78

∂d

∂H
χ(H) =

∂d

∂H
(σ ◦ λ)(H) = U(Diag(σ′(λ(H))))UT = U(Diag(2λ−(H)))UT ,

#$%&% λ−(H) = (0, ...0, λt+1(H), ..., λn(H))T
F4%+.1*+( 1$% 6%/1.& /.+1'*+*+( .+:8

1$% +%('1*6% %*(%+6':=%0 .9 H! %:0%#$%&% 0G" M% ':0. #&*1% 0$.&1:8

H− = U(Diag(λ−(H)))UT .
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"# $%#&'()'#$'* +,' i-+, $%./%#'#+ %0 +,' 1'2345+34' %0 ϕ̃(x, κ) 3& 634'# 78

(Df(x))i − 2κ(∇2f(x))− • ∆Hi.

9,'2' ∆Hi := ∂
∂xi

∇2f(x):

;'+ d̂3
7' +,' 4'$+%2 93+, $%./%#'#+&

d̂3
i = (∇2f(x))− • ∆Hi

5#1 d3 = d̂3/‖d̂3‖: <& 3# ='$+3%# !:> 9' $%#&+2)$+ 5 &'52$, 132'$+3%# ∆x ,543#6

/%&3+34' &$5?52 /2%1)$+& 93+, d1
5#1 d3

: "# $%#+25&+ +% ='$+3%# !:> 9' 1% #%+

$,%%&' 5 #%##'65+34' $%.73#5+3%# %0 d1
5#1 d3

7)+ 2'&+23$+ +,' &'52$, 132'$+3%#

+% +,' &/5$' Q:

@,'2'0%2'* 9' %7+53# 5 &'52$, 132'$+3%# ∆xcdc = s 5& 5 &%?)+3%# %0

min
(s,t)∈Rn+1

{−t | sT d3 ≥ t, sT d1 ≥ t, sT s ≤ 1, s ∈ Q} A!:B!C

.5D3.3E3#6 +,' $%&3#' %0 +,' 5#6?'& ∢(∆x, d1) 5#1 ∢(∆x, d3) %4'2 Q:

F%+' +,5+ +,3& /2%7?'. 3& 5 $%#4'D /2%7?'.* 5#1 =?5+'2G& $%#13+3%# 3& &5+3&H'1 0%2

(s, t) = 0 ∈ Rn+1
: @,)&* 5#8 /%3#+ &5+3&083#6 +,' II@-$%#13+3%#& 3& 5 ?%$5? A5#1

6?%75?C &%?)+3%#: "# %)2 #).'23$5? +'&+&* 9' &3./?8 )&'1 ='1).3 AJ>KLC 0%2 &%?43#6

+,3& &)7/2%7?'.: M8 'D/?%3+3#6 +,' &+2)$+)2' %0 +,' &)7/2%7?'.* +,'2' $'2+53#?8

'D3&+ .%2' 'N$3'#+ &%?)+3%#&:

 !"#$%&'( )*+ AO'$2'5&3#6 P)245+)2' O'&$'#+C

"#3+35?3E5+3%# Q ;'+ x0 ∈ Rn
5#1 c > 0 7' 634'#:

R%2 STU*B*>*::: 2'/'5+ )#+3? 5 &+%//3#6 $23+'23%# 3& 2'5$,'1

(i) d1 = −∇f(xk)* d̂3
i = (∇2f(xk))− • ( ∂

∂xi

∇2f(xk))* d3 = d̂3

‖d3‖
:

(ii) ='+ (s, t) 78 &%?43#6 A!:B!C:

(iii) "0 t < c* &'+ ∆xk
dcd = ∆xk

cd 02%. 5?6%23+,. !:V:

W?&' &'+ ∆xk
dcd = s:

(iv) xk+1 = xk + λk∆xk
dcd 9,'2' λk ≈ 526.3#

λ>0
f(xk + λ∆xk

dcd):

 !"!# $%&'()* ()+,

R36)2' !: 2'0'2& +% +,' &5.' 'D5./?' 5& R36)2'& !:B 5#1 !:>: @,' 152S &,51'1

52'5 3# R36)2' !: 3& +,' &'+ %0 &+52+3#6 /%3#+& 02%. 9,3$, +,' P)245+)2' O'&$'#+

.'+,%1 $%#4'26'& +% +,' ?%$5? .3#3.3E'2 (−1,−2)T
9,3?' .3&&3#6 +,' /%3#+& 93+,
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"#$%& #'(%)*+,% ,-".% -"#/0 *1% /%0-*+,% x22-3+45 6#78-&+/0 *1+4 8"#* $+*1 9+0.&%

:5; 4%%74 *# +/<+)-*% *1-* *1% 6.&,-*.&% =%4)%/* -88&#-)1 +4 +/>%&+#& *# igd(0.6)5
?#$%,%&@ 7#&% <+A)."* *%4* 8&#'"%74 +/<+)-*% #*1%&$+4%5

B% 8#+/* #.* *1-* *1% <)<27%*1#< <#%4 /#* 7-C% 4%/4% >#& *$#2<+7%/4+#/-"

%3-78"%4@ -/< +* +4 *1%&%>#&% /#* 8"#**%< 1%&%5

!6 !4 !2 0 2 4

!6

!4

!2

0

2

4

9+0.&% :5 D E&%- +/<+)-*+/0 4*-&*+/0 8#+/*4 *1-* )#/,%&0%/)% *# *1% "#)-" 7+/+2

7+F%& >#& )<5

 !"#$% &'()

B% +78"%7%/*%< *1% *1&%% 7%*1#<4 >#& *1% &#./<+/0 *%)1/+G.% >#& *1% HIJK@

)1##4+/0 *1% 4*-&*+/0 8#+/* -4 4*-*%< +/ 4%)*+#/  5L5 =%*-+"4 #> *1% /.7%&+)-"
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"#$%&'$ ("# $)*+, -, ')# ,#.' /)(0'#"1 2$ 3#,'-*,#4 5#6*"#7 ')# $#("/) 4-"#/'-*,

∆xcd &#(4$ -, 8#,#"(& '* ')# 3*$' (//%"('# "#$%&'$1 9# +-&& ')#"#6*"# #.0&(-, $*3#

3*"# 4#'(-&$ "#8("4-,8 ')# (00&-/('-*, '* ')# :;<= -, ')# ,#.' $#/'-*,1





 !"#$%& '

 (&)"$(&% *%+,%-$ ./& $!% 0123

 !"# $!%&'() *(#$)"+(# ", -.)( *('%"/# !.0 '!( 12)3%'2)( 4(#$(,' -('!.* &).5

&.#(* ", $!%&'() 6 0%# (-&/.7(* 8.) #./3",9 '!( :;<=>  !( #'(&# .8 %/9.)"'!-

6>? %)( *"#$2##(* -.)( (@'(,#"3(/7 %,* #.-( *('%"/# '. '!( "-&/(-(,'%'"., %)(

9"3(,>

A' "# "-&.)'%,' '. )(&(%'B '!%' '!( 12)3%'2)( 4(#$(,' "# % #($.,* .)*() -('!.*B

0!()( %' (%$! "'()%'( %, ("9(,3%/2( *($.-&.#"'"., .8 '!( C(##"%, "# ",(3"'%+/(>

D/'!.29!B '!( 9)(%' %*3%,'%9( 8.) '!( :;<= "#B '!%' 2#",9 '!( 8%$' '!%' '!(

C(##"%, "# #&%)#(B -2$! $.-&2'%'"., '"-( $%, +( #%3(*>

 !" #$%&'()(*+ ,%-./()0 '1 )23 43//(-*

 !( ,2-()"$%/ )(#2/'# #!.0(* '!%' '!( 12)3%'2)( 4(#$(,' ", #($'"., 6>E 0%# '!(

-.#' (F($'"3( -('!.* 0!(, /..G",9 8.) &)($"#"., ", '!( #./2'".,> A, '!"# #($'".,

0( 0"// 8.$2# ., '!( 8%$'B '!%' '!( #&%)#"'7 .8 '!( C(##"%, ", HI>EJ $%, +( 2#(*

'. #%3( $.-&2'%'"., '"-(> K( 0"// '!()(8.)( *(#$)"+( ", *('%"/ '!( 82,$'".,B '!(

9)%*"(,' %,* '!( C(##"%,>

A8 0( )(,%-( #.-( 3%)"%+/(#B '!( 82,$'"., '. -","-"L( 0.2/* +( '!( 8.//.0",9M

f(x) =

p∑

i=1

‖A(i) • xxT − b(i)‖2
2

=

p∑

i=1

‖xT A(i)x − b(i)‖2
2,

HN>OJ

0!()( p *(,.'(# '!( ,2-+() .8 9"3(, *"#'%,$( ",8.)-%'".,B -(%,/7 | Nx | + | Na |B
A(i)

'!( $.))(#&.,*",9 -%')"@ 8.) '!( /",(%) $.,#')%",' %,* b(i)
'!( $.))(#&.,*",9

H#P2%)(*J *"#'2)+(* *"#'%,$( ",8.)-%'".,> ;.'( '!%' '!( -%')"$(# A(i)
%)( 2n5

*"-(,#".,%/B +($%2#( '!(7 %)( *()"3(* 8).- '!( -%')"$(# Bij %,* Ba
lk ,(9/($'",9

IQ
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"#$ %&'" &() *+, -(./0+ 1-23 14356 *+, 1437663

8#$ +/09$& (: '/00*+,' p ,$2$+,' (+ "#$ &*,;( &*+<$= *+, "#$&$:(&$ (+ "#$

<;>$+ ,;'"*+-$ ;+:(&0*";(+= ;" *.)*?' #(.,'

p ≤ n2 + nm,

)#$&$ n ;' "#$ +/09$& (: 1/+@+()+6 '$+'(&' *+, m "#$ +/09$& (: *+-#(&'3

8#$ <&*,;$+" *+, "#$ A$'';*+ *&$ "#$+B

g(x) = 4

p∑

i=1

(xT A(i)x − b(i))(A(i)x) *+,

H(x) = 4

p∑

i=1

{2A(i)x(A(i)x)T + (xT A(i)x − b(i))A(i)}.

1C3D6

8( $E2.(;" '2*&';"? (: "#$ 0*"&;-$' A(i)
= )$ ;+"&(,/-$ D >$-"(&'

a1 = (1, 0,−1, 0)T

a2 = (0, 1, 0,−1)T
1C376

F#$+ * 0*"&;E A(i)
-(&&$'2(+,' "( * -(+,;";(+ ‖x(p)−x(q)‖

2
2 :(& '(0$ (p, q) ∈ Nx=

"#$ "$&0 xT A(i)x -*+ 9$ &$)&;""$+ *'

xT A(i)x = (aT
1 xpq)

2 + (aT
2 xpq)

2
1C346

)#$&$ xpq = (x2p−1, x2p, x2q−1, x2q)
T
3

 !" #$%& '&()*+

G" '"$2 (iv) ;+ *.<(&;"#0  3H )$ ,;, +(" ,$"$&0;+$ "#$ '"$2 ';I$ λk $E*-".?= *'

"#$ 1J,;0$+';(+*. :/+-";(+ f(xk +λ∆xk
cd) ;' +(" -(+>$E 1:(& ';02.;-;"? )$ );.. '$"

dk = ∆xk
cd "#&(/<#(/" "#;' '$-";(+63 K+'"$*, )$ *22&(E;0*"$, "#$ >*./$

λk ≈ *&<0;+

λ>0
f(xk + λdk),

-.*;0;+< "#*" "#$ F(.:$ -(+,;";(+' #(.,B
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f(xk + λkd
k) ≤ f(xk) + c1λkd

kT
∇f(xk) "#!$

dkT
∇f(xk + λkd

k) ≥ c2d
kT
∇f(xk) "#%$

&'( )*+, -./0+1 0 < c1 < c2 < 12

3'4,565'4 #! 51 74'84 .1 9(:5;' (0/+ .4, +410(+1 6<.6 λk ,+=(+.1+1 & >10?@

=5+46/A>2 3'4,565'4 "#%$ 51 6<+ 1'@=.//+, =0(-.60(+ ='4,565'4B 8<5=< &'(=+1 6<.6

6<+ 1/'C+ '& 6<+ &04=65'4 φ(λ) = f(xk + λdk) .6 λk 51 =% 65:+1 D(+.6+( 6<.4 .6

λ = 02
E4 C(.=65=+B '4+ =.4 =<''1+ 6<+ -./0+ λk 856< . F.=76(.=754D C('=+,0(+ 6' D0.(@

.46++ 6<+ #'/&+ ='4,565'412 G<51 :+.41B . 16.(6 -./0+ λ̄ 51 1+6 .4, . F51+=65'4

:+6<', 51 +*+=06+, 0465/ 6<+ ,+15(+, ='4,565'41 .(+ &0/)//+,2

H154D 6<+ #'/&+ ='4,565'41 54 6<+ /54+ 1+.(=<B 6<+ 30(-.60(+ I+1=+46 J+6<',

='4-+(D+1 6' . 16.65'4.(A C'546 '& f 2 K'( ,+6.5/1 1++ +2D2 C('C'1565'4 L2%2M 54 N!!O2

P+6654D =/'1+ 6' . /'=./ :545:0:B 30(-.60(+ I+1=+46 51 +*.=6/A Q+86'4R1 J+6<',

.4, ='4-+(D+1 6<+(+&'(+ S0.,(.65=.//A2





 !"#$%& '

()*%&+,"- ./"*#-%0

 ! "!#$%&'& '(& )*)%+,-, !. '(& /012 3-'( '(& $4!$!,&5 6)*7 8 9$$4!)"( 3&

$4&,&*' ,!#& *:#&4-")% &;)#$%&,<

=!4 !:4 '&,' $4!>%&#, 3& 4)*5!#%+ ?&*&4)'&5 ,&*,!4, )*5 )*"(!4, -* [−0.5, 0.5]2<
@& '(&* "!#$:'&5 '(& 5-,')*"& -*.!4#)'-!* )""!45-*? '! ) ?-A&* 4)5-! 4)*?& )*5

)55&5 ) #&),:4&#&*' &44!4 -* '(& .!%%!3-*? 3)+B

d̃ij = dij(1 + randn(1) ∗ nf) ∀ (i, j) ∈ Nx

d̃lk = dlk(1 + randn(1) ∗ nf) ∀ (l, k) ∈ Na

3(&4& nf 5&*!'&, '(& *!-,& .)"'!4 C-* #!,' $4!>%&#, nf = 0.1D 3(-"( 4&$4&,&*',
:$ '! 8EF #&),:4&#&*' &44!4G )*5 4)*5* -, ) H)'%)> .:*"'-!*D 3(!,& !:'$:'

-, ) $,&:5!I4)*5!# A)%:& 54)3* .4!# ) *!4#)% 5-,'4->:'-!* 3-'( #&)* E )*5

,')*5)45 5&A-)'-!*<

@& '(&* '4&)'&5 '(& ,&*,!4, ), :*7*!3*D ,!%A&5 '(& 4&,:%'-*? /J2 $4!>%&# ?-A&*

>+ CK<8G 3-'( /&5:#- )*5 5&4-A&5 .4!# '(& 4&,:%'-*? #)'4-; ) ?!!5 -*-'-)% )$I

$4!;-#)'-!* '! '(& 2n 5-#&*,-!*)% A&"'!4 !. :*7*!3* ,&*,!4, x(1), ..., x(n)<

 (& .!%%!3-*? *!')'-!* 3-%% >& :,&5 '(4!:?( '(-, "()$'&4B

• x̃ 5&*!'&, '(& A&"'!4 !>')-*&5 .4!# Ỹ -* CK<LG >+ CK<8LG<

• x̂ -, &;)"'%+ '(& A&"'!4 ỹ -* CK<LG<

• xSDP2 5&*!'&, '(& A&"'!4 !>')-*&5 .4!# X -* '(& #)'4-; Z .4!# CL<MG :,&5

-* NOP<

• n 5&*!'&, '(& *:#>&4 !. :*7*!3* ,&*,!4,<

• m 5&*!'&, '(& *:#>&4 !. )*"(!4,<

OQ
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• rr "#$%&#' &(# )*"+% )*$,#-

• nf "#$%&#' &(# $%+'# .*/&%)-

 !" #$%&'() *+ ,-) .-*() '/*0)12/)

0% ,+1# *$ %1#)1+#2 %. &(# 3)%/#"4)# %. '%51+$, &(# 6789 2# 2+55 "+'/4'' * )*$:

"%; 3)%<5#; +$ #*/( '+$,5# '&#3- =%$'+"#) &(# .%55%2+$, $#&2%)> /%$'+'&+$, %.  ?

'#$'%)'@ A *$/(%)' *$" * )*"+% )*$,# %. ?-! -
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Network of 50 sensors, 3 anchors, radiorange=0.45, noise=0.1

 

 
sensors x

i
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5. 13 (67 38 -%,9#$%-%01 %$$3$9 2%$% ,::%:' ;<% 93/#1!30 38 1<% =>? 38 @A'(B
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!"#$% &' # (#&)*+ Ỹ ∈ R101×101
,

-"& x̃ ." #/ #00)'+*(#&*'/ &' &1" "+#2& %'!3&*'/ #% $"%2)*."$ */ 45,678, 9*:3)"

;,7 %1'<% &1" #00)'+*(#&"$ %"/%')% x̃(i) '= x̃ (#)>"$ <*&1 # :)""/ 2*)2!",

?1"@ #)" 2'//"2&"$ <*&1 # .!3" !*/" &' &1" )"%0"2&*A" &)3" %"/%') x(i) <1*21 *%

(#)>"$ <*&1 # .!3" %&#),
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Network of 50 sensors, 3 anchors, radiorange=0.45, noise=0.1

 

 
sensors x

i

anchors a
k

rank1!location

9*:3)" ;,7B C'!3&*'/ '= &1" )#/> 6 )"!#+#&*'/,
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"#$ %$&'() x̃ *+ '#$, '-.$, -+ '#$ +'-)'*,/ 0(*,' 1() '#$ 2,&(,+')-*,$3 4$-+' +52-)$+

0)(64$7 89:;<: =+*,/ '#$ 0)(&$32)$ >2)%-'2)$ ?$+&$,' 4$-3+ '( - +(42'*(, %$&'()

x̂@ A#(+$ 8B 3*7$,+*(,-4< &(70(,$,'+ -)$ 04(''$3 *, C/2)$ D:; -,3 7-).$3 -/-*,

6E - /)$$, &*)&4$: "( +$$ '#$ *70)(%$7$,' (1 '#$ -00)(F*7-'*(, $%$)E %$&'() x̂(i)

*+ &(,,$&'$3 6E - 642$ 4*,$ '( '#$ )$+0$&'*%$ ')2$ +(42'*(, x(i):

!0.5 !0.4 !0.3 !0.2 !0.1 0 0.1 0.2 0.3 0.4 0.5
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Network of 50 sensors, 3 anchors, radiorange=0.45, noise=0.1

 

 
sensors x

i

anchors a
k

cd!location

G*/2)$ D:;H I(42'*(, )$C,$7$,' 2+*,/ &2)%-'2)$ 3$+&$,':

J$ )$0$-' '#-' *' 7-.$+ ,( +$,+$ '( $F0$&' '( C,3 '#$ ')2$ +(42'*(,@ -+ '#$ 0)(6K

4$7 *+ 3*+'2)6$3: L, 1-&'@ -+ - 7$-+2)$ (1 -&&2)-&E (1 (2) ,27$)*&-4 '$+'+ A$

'((. - M,()7-4*N$3 C,-4 -&&2)-&EO: "#*+ *+ &(702'$3 -+ 1(44(A+H G*)+'@ '#$ 3-'-

(1 '#$ $F-&' 0)(64$7 *+ 2+$3 -+ - +'-)'*,/ 0(*,' 1() '#$ +'$$0$+' 3$+&$,' 7$'#(3

1() 7*,*7*N*,/ '#$ +27 (1 +52-)$+ (1 '#$ 80$)'2)6$3< )$+*32-4+ 89:;<: "#$ )$+24'
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"#$%&' () *+",#-(%%" .$/" 011&2 3,,$/ 413)& 51/ +6$ 0%14(% 7#)#7#8$/ 15 *9:;2:

<6$ )1/7(%#8$& =)(% (--3/(-" +6$) %#'+' 61> 5(/ +6$ =)(% (--3/(-" &$.#(+$' 5/17

+6#' 3,,$/ 413)&? )$0(+#.$ .(%3$' #)&#-(+#)0 +6(+ ( '1%3+#1) >(' 513)& >6#-6 #'

4$++$/ +6() +6$ 3,,$/ 413)&:

0 5 10 15 20 25 30 35 40 45 50
0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

0.4

0.45

sensors x
1
,...,x

50

 

 
real error

individual trace

@#03/$ !:9A B)&#.#&3(% +/(-$ -17,(/$& +1 /$(% $//1/:

@1/ +6#' $C(7,%$? +6$ )1/7(%#8$& =)(% (--3/(-" >(' 0.3156 × 10−5
: <1 -17,%$+$

+6$ ()(%"'#' >$ '61> +6$ #)&#.#&3(% +/(-$ +$'+? (' 7$)+#1)$& #) '$-+#1) 9:D: @#03/$

!:9 '61>' (+ +6$ 61/#81)+(% (C$ +6$ )374$/ 15 +6$ '$)'1/': <6$ 4%3$ '+(/' /$,/$'$)+

+6$ #)&#.#&3(% +/(-$ 15 *9:E2: <6$ /$& &#(71)&' /$,/$'$)+ +6$ +/3$ $//1/ 15 +6$

/$',$-+#.$ '$)'1/ (,,/1C#7(+#1) *+6$ =/'+ -1%37)F/1> 15 +6$ 7(+/#C Ỹ 14+(#)$&

4" +6$ /$%(C(+#1)2 +1 +6$ +/3$ '$)'1/:
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 !" #$%&'()*+ ,-. /)0.(.*, 1.23.*, 4.5()2,)32

"# $%&' '()$&*# $%( +,,-*+)%(' .(')-&/(. &# $%( 0+'$ )%+,$(- *# -+#.*1 .&'$2-/(.

3456 $('$ ,-*/0(1' +-( )*1,+-(.7

4*-1+0089 $%( ,-*/0(1 %+' 1+#8 0*)+0 1&#&1&:(-'7 ;( ,-('(#$ *2- )*1,2$+<

$&*#+0 -('20$' )*1,+-&#= $%( '$((,('$ .(')(#$ 1($%*. >∆xigd(1)?9 @&$% $%( *$%(-

+,,-*+)%('A ∆xigd(ρ) >ρ = 0.6?9 ∆xcd +#. ∆xdcd7 ;( 2'(. + 0&#('(+-)% @&$% '%*-$

'$(,' +#. )*1,+-(. $%( B2+0&$8 *C $%( '*02$&*# $* $%( -*2#.&#= $()%#&B2( ,-(<

'(#$(. &# DE F >+//-(G&+$(. %(-( +' 3H6I?7 J%( $+/0( 0&'$' $%( K#*-1+0&:(. L#+0

+))2-+)8M */$+&#(. C*- (+)% *C $%( LG( +,,-*+)%('7

N00 +,,-*+)%(' @(-( '$*,,(. @%(# + 0*)+0 1&#&1&:(- @+' -(+)%(.7 J%( L#+0 (--*-

$%(-(C*-( .*(' #*$ .(,(#. *# $%( 0*)+0 /(%+G&*2- *C $%( 1($%*. /2$ *# &$' =0*/+0

,(-C*-1+#)(7

O*- $%( '(+-)% .&-()$&*# ∆xdcd @( 2'(. $%( C+)$ $%+$ $%( P(''&+# &' ',+-'(7 J%(

)*1,2$+$&*# *C $%( $%&-. .(-&G+$&G( @+' G(-8 )%(+, &# $%&' )+'(7 J%( ∆xdcd<'$(,

@+' )%+#=(. $* ∆xcd @%(# $%( *,$&1+0 G+02( t &# > 7E ? @+' 0('' $%+# Q7E7

J+/0( R7E '%*@' $%( -('20$' C*- IQ -+#.*1 ,-*/0(1' &# .&S(-(#$ .&1(#'&*#' '$+-$<

&#= C-*1 $%( ,*&#$ xSDP27 J* +00*@ + /($$(- -(,-('(#$+$&*#9 +00 '%*@(. G+02('

@(-( L-'$ 120$&,0&(. @&$% 102
7
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n, m" rr" nf #$%& ∆xcd ∆xdcd ∆xigd(1) ∆xigd(0.6)

 '"  " '()" '(* *(&'+,  !"#$#  !"#$# '(!)!! '(-+'!

&'" )" '() " '(* '(*')* %$!&'(% ) '(' , '(',,) '(' !)

)'" )" '(&" '(* '('!.+  ! "** '(),,+ '('!)* '(',,,

)'" )" '(& " '(* '(*'.. '(',)! '('!)' '(*'-!  ! ')"

)'" )" '()" '(* '('*+' '(-&.* '(' - '(''!.  !  +"

)'" )" '()" '(* '(.'&! '(+,*)  !  *& '( '-' '(+,*)

+ " +" '() " '(* %$!)*(% ) %$!)*(% ) %$!)*(% ) %$!)*(% ) %$!)*(% )

+ "  " '()" '(* '(' !, '(' !,  ! )'& '('-,* '(' !,

+ "  " '(+" '(* %$!$&(% " %$!$&(% " %$!$&(% " %$!$&(% " %$!$&(% "

 '" )" '(&" '(* '('..)  ! &"* '(*+*& '('-)- '('),'

 '"  " '(& " '(* *(*'*'  !,)++ '(' *' '(.)!' '(+!,-

 '"  " '()" '(* %)!$#(% ) %)!$#(% ) %)!$#(% ) %)!$#(% ) %)!$#(% )

 '"  " '()" '(* '(,)!- % !  $+ '(*-*' '()+++ *(',')

.'" ." '(&" '(* '(''- % !  #* '('*+- '(','' '('**-

.'" ." '()" '(* %$! +(% " %$! +(% " '(+' * %$! +(% " %$! +(% "

,'"  " '(& " '(* '(')-+  !  )* '('', '(&*,* '('))'

,'" ," '(& " '(*  ! +,&  ! +,& '().+,  ! +,&  ! +,&

*&'" *'" '()" '(* %,!$ (% ) %,!$ (% ) %,!$ (% ) %,!$ (% ) %,!$ (% )

*&'" *'" '(*" '(&  !  ,) '('*&' '('..- '('*)) '('', 

/0123 -(*4 5678029:3; <=02 0>>?70>@ 8?2A9B293; C9AD 102
( #A07A9=E B69=A4 xSDP2

/0123 -(* 9F 73B73F3=A0A9G3 H67 86FA 6H AD3 B761238F C3 A3FA3; C9AD 6AD37 >6819I

=0A96=F 6H =69F3 H0>A67" 70;96 70=E3 0=; ;983=F96=( JF 6?7 0BB760>D3F 073 K?FA

D3?79FA9>022@ 9A 9F >2307" AD0A C3 >0==6A 3LB3>A AD0A >; C922 02C0@F @932; 13AA37 M9=

AD3 F3=F3 6H 0 F802237 73F9;??8N F62?A96=F( 53G37AD323FF C3 >0= F33 0 A73=; A6

8673 0>>?70A3 73F?2AF(

53LA" C3 FD6C AD3 73F?2AF H67 AD3 F083 B761238F FA07A9=E H768 AD3 B69=A x̃(
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n" k" rr" nf #$%& ∆xcd ∆xdcd ∆xigd(1) ∆xigd(0.6)

'!" '" !()" !(*' !(+,-) !(+,*-  !"#$ *(-))&)'  !"#$ 

&!" )" !()'" !(* !(*!)* %&!$'(% ' !(!'.' %&!$'(% ' %&!$'(% '

)!" )" !(&" !(* !(!+ ,  ! ")* !(* *. !(!.- !(!.*'

)!" )" !(&'" !(* !(*!   ! +," !(!+!-  ! +,"  ! +,"

)!" )" !()" !(*  ! &, !(!.,. !(!)++ !(!.,. !(!.,.

)!" )" !()" !(*'  !,)&$  !,)&$  !,)&$  !,)&$  !,)&$

,'" ," !()'" !(* %&!'*(% ' %&!'*(% ' %&!'*(% ' %&!'*(% ' %&!'*(% '

,'" '" !()" !(* !(!'+. !(!'+.  ! '+$ !(!'+. !(!'+.

,'" '" !(," !(*' %&!&$(% " %&!&$(% " %&!&$(% " %&!&$(% " %&!&$(% "

'!" )" !(&" !(* !(!  )  ! $"# !(!'!&  ! $"#  ! $"#

'!" '" !(&'" !(*' *(*!!+  !&'"'  !&'"'  !&'"'  !&'"'

'!" '" !()" !(* %+!",(% + %+!",(% + %+!",(% + %+!",(% + %+!",(% +

'!" '" !()" !(*' !(.)+-- %  -  &) !(*-!+ !(*-!+ !(*-!+

 !"  " !(&" !(*' !(!!-' % !  #* !(!&&! !(!!!) % !  #*

 !"  " !()" !(* %&! )(% " %&! )(% " !(,!'* %&! )(% " %&! )(% "

.!" '" !(&'" !(* !(!)-,  !  '* !(!!-' !(!&+.  !  '*

.!" ." !(&'" !(*  ! ),$  ! ),$ !() )-  ! ),$  ! ),$

*&!" *!" !()" !(* %,!& (% ' %,!& (% ' %,!& (% ' %,!& (% ' %,!& (% '

*&!" *!" !(*" !(& !(!!,'  !  #& !(!,!. !(!!&  !  #&

/0123 -(&4 5678029:3; <=02 0>>?70>@ 8?2A9B293; C9AD 102
( #A07A9=E B69=A F67 AD3

D3?79GA9>G4 x̃

/D3 20AA37 A0123G -(* 0=; -(& 073 73B73G3=A0A9H3 F67 86GA 6F AD3 B761238G C3

A3GA3;( IA >0= 13 G33= 0 A73=; A6C07;G 8673 0>>?70A3 G62?A96=G 1@ A0J9=E AD3

GA07A9=E B69=A x̃ ;379H3; F768 K,(*&L(

I= 80=@ >0G3G" C3 <=; =6A 6=2@ 0 G62?A96= C9AD 0 G29EDA2@ 13AA37 73G9;??8 1?A

02G6 C9AD H37@ ;9M373=A 26>02 89=989:37G( N3 GD6C AD3 E70BD9>02 9=A37B73A0A96=

6F AD3 <7GA 3O08B23 9= AD3 A0123 016H3( P9E?73G -(' 0=; -( GD6C AD3 B6G9A96= 6F

AD3 A7?3 G3=G67G C9AD 0 GA07" AD3 0=>D67G C9AD 0 GQ?073(

#3=G67G C9AD9= 70;96 70=E3 6F 30>D 6AD37 073 >6==3>A3; 1@ 0 ;0GD3; 29=3( /D3

A7?3 G62?A96=G 073 807J3; 1@ 0 GA07" AD3 >68B?A3; G62?A96=G 1@ 0 >97>23 AD0A 9G

>6==3>A3; A6 AD3 >6773GB6=;9=E GA07 1@ 0 12?3 29=3(
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Network of 50 sensors, 5 anchors, radiorange=0.3, noise=0.15

 

 
sensors x

i

anchors a
k

SDP2!location

"#$%&' ()*+ ,-./ 011&2034) 511&26) 7#8' 29 3281%707#2: + ; <'3)
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Network of 50 sensors, 5 anchors, radiorange=0.3, noise=0.15

 

 
sensors x

i

anchors a
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cd!location

"#$%&' () + =%&>07%&' -'<3':7 ∆xcd) 511&26) 7#8' 29 3281%707#2:+ ? <'3)



 !"#$%&'( )*'"+(#,  !

 !" #$%&'(% )*+ ,&+-.(&+$ /$%0$1(

"#$ %#&'()*)+),, -) -.(( ,/&&0$.1) *2) $),/(*, #3 *2) 4/$50*/$) 6),%)+* &)*2#78

92) +):* *0;() ,2#-, .+ )5)$< $#- *2) 05)$0=) $),/(* 3#$ >?? *),* '$#;()&, 3#$

%)$*0.+ %#&;.+0*.#+ #3 +/&;)$ #3 /+@+#-+ ,)+,#$,A +/&;)$ #3 0+%2#$,A $07.#

$0+=) 0+7 +#.,) 30%*#$8 B+ 05)$0=) +#$&0(.1)7 C+0( 0%%/$0%< ., =.5)+ 0, -)(( 0,
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3) :;<=>

 !" &(+1313/) 2+/*4"0 36 7)/?) (6@

A3B") 2/6313B" 3)1"9"+6 t1, t2, .., tp (), P = {1, ..., p}5 1!" C-"613/) 36 3. 1!"+" "D3616
( 2(+1313/) I ⊂ P ?31! ∑

i∈I

ti =
∑

j∈P\I

tj.

 !36 2+/*4"0 36 $&E'/024"1" F6"" ./+ "D(024" :G;= H>

I/+ ,30")63/) d = 1 1!" 2(+1313/) 2+/*4"0 '() *" +",-'", 1/ ( #$%& ?31! 1!"

./44/?3)9 (66-0213/)6>

%"1 "D('148 /)" ()'!/+ 2/3)1 x(0) = 0 *" 93B")5 .-+1!"+ 4"1 1!"+" *" J'8'43'J
,361()'" 3)./+0(13/) 93B")5 3>">

di =| x(i−1) − x(i) | ./+ i = 1, ..., n (),

dn+1 =| x(n) − x(0) |=| x(n) | .
FK>GH
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i ∈ I1 ⇐⇒ x(i−1) − x(i) > 0 !"#

i ∈ I2 ⇐⇒ x(i−1) − x(i) < 0
$%&'(

!"# )*+,-!../ n + 1 ∈ I1 ⇐⇒ x(n) > 0 01 2-,+ 2+1)!&

34 ,!" 5+ )607" 46!48  ! "# $%##"&'( !% )*+ , #%'-!"%* x(1), ..., x(n) %. !/( 0123

4"5(* &6 $%&9( ". ,*+ %*'6 ". !/(7( (8"#!# , $,7!"!"%* $7%&'(9 %. d1, ..., dn+1&

:100;8

<+4 x(1), ..., x(n) 5+ ! )0.=4-0" 40 46+ >?<: *105.+@ $%&9( 7-46 xn > 0A 46+" -4

60.#)

∑

i:x(i−1)>x(i)

| x(i−1) − x(i) | −
∑

i:x(i−1)<x(i)

| x(i−1) − x(i) | + | x(n) − x(0) |

=
∑

i:x(i−1)>x(i)

x(i−1) − x(i) +
∑

i:x(i−1)<x(i)

x(i) − x(i−1) + x(n)

= 0.
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∑
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xn−1 = xn + dn

$+.)+ )+4 xn−1 = xn − dn( !"# )0 0"&
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xi i9"# $!",1 &% "#$ 4$8"&, x6

x(i) :$8"&, !+2$ ;)! 2&-" 8+-$- x(i) ∈ Rd
< d = 2=6
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j=1

Aij Bij6
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4C- =-71.-W914- ,+8:+*7719: +-3*^*4189 =83/4189 \8+ *. C80 M1+-3-== =-9=8+
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319-*+ ,+8:+*7719: *3:8+14C7' 2-(3%"-('7/ !* 0#%,-('!./ 8%/%-,73K #PFHJI
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K25L 92;+90M+302*'  !"#$%!"&'!0 1-)2-!%%&.2< !?A< N2' # 7 O PQR= O@ 7OS$<
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"#@% B' (2< E' E. +*, -' T4+*J' B )*0H., 34.25./ 2* (&U 5+*L 5.,);302*'
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"# % U' F1.*J' (.;2*,725,.5 ;2*. I52J5+//0*J 5.9+6+302* 2: 1.*125 *.3K25L 927
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-/!$1+5 ="0& 0%%"# )M"&"- N!#9

O0"38"5 ,$&8" 1C# ,$- P)##"8+4#*"-"&9 B- 0-+ -/!;& 60","# 2"%"0&-$% "0&

2*"0/!"- Q0"* E4 ."#1)*2"&9

@$&E 3"-)&,"#- 60** 0/! 4&-"#"& K#"4&,"& R$,0&" 4&, ?; ,$&8"&9 =0"

A41"&+!$*+" 0& ,"# :"&-$ 3*"03"& 4&."#2"--*0/!9 KC# ,0" -+>&,02"&

A41%"#8-$%8"0+"& 0& ?"E42 $41 S0&$5 .)# $**"% ,"& P)&+$8+ E4 K$%0*0" H0"8 30&

0/! B4/! "602 ,$&83$#9
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