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Abstract

Clustering is one of the important and primarily used techniques for the automatic
knowledge extraction from large amounts of data. Its task is identifying groups, so-
called clusters, of similar objects within a data set. Clustering methods are used in
many areas, including database marketing, web analysis, information retrieval, bioin-
formatics, and many others. However, if clustering methods are applied on real data
sets, a problem that often comes up is that missing values occur in the data sets. Sin-
ce traditional clustering methods were developed to analyze complete data, there is
a need for data clustering methods handling incomplete data. Approaches proposed
in the literature for adapting the clustering algorithms to incomplete data work well
on data sets with equally scattered clusters. In this thesis we present a new approach
for adapting the fuzzy c-means clustering algorithm to incomplete data that takes the
scatters of clusters into account. In the experiments on artificial and real data sets
with differently scattered clusters we show that our approach outperforms the other
clustering methods for incomplete data.

Since the quality of the partitioning of data produced by the clustering algorithms
strongly depends on the assumed number of clusters, in the second part of the thesis we
address the problem of finding the optimal number of clusters in incomplete data using
cluster validity functions. We describe different cluster validity functions and adapt
them to incomplete data according to the “available-case” approach. We analyze the
original and the adapted cluster validity functions using the partitioning results of
several artificial and real data sets produced by different fuzzy clustering algorithms
for incomplete data. Since both the clustering algorithms and the cluster validity
functions are adapted to incomplete data, our aim is finding the factors that are crucial
for determining the optimal number of clusters on incomplete data: the adaption of
the clustering algorithms, the adaption of the cluster validity functions, or the loss of
information in the data itself.

Discovering clusters of varying shapes, sizes and densities in a data set is more useful
for some applications than just partitioning the complete data set. As a result, density-
based clustering methods become more important. Recently presented approaches
either require the input parameters involving the information about the structure of
the data set, or are restricted to two-dimensional data. In the last part of the thesis,
we present a novel density-based clustering algorithm, which uses the fuzzy proximity
relations between the data objects for discovering differently dense clusters without
any a-priori knowledge of a data set. In experiments, we show that our approach is
able to correctly detect the clusters closely located to each other and clusters with wide
density variations.





Zusammenfassung

Clustering ist eine der wichtigen und primär benutzten Techniken für die automati-
sche Wissensextraktion auf großen Datenmengen. Seine Aufgabe ist es Gruppen, so
genannte Cluster, von ähnlichen Objekten auf Datenmengen zu identifizieren. Die Me-
thoden der Clusteranalyse finden in vielen Bereichen ihre Anwendung, einschließlich
Database Marketing, Web-Analyse, Information Retrieval, Bioinformatik, und vielen
anderen. Wenn Clusteringmethoden jedoch auf realen Daten angewendet werden, ent-
steht oft das Problem, dass fehlende Werte in Datenmengen vorkommen. Da die klas-
sischen Clusteringmethoden entwickelt wurden, um auf vollständigen Daten Analysen
durchzuführen, werden Clusteringmethoden benötigt, die mit unvollständigen Daten
umgehen können. Die in der Literatur vorgeschlagenen Verfahren zum Anpassen der
Clusteringmethoden auf unvollständige Daten funktionieren gut auf Datenmengen mit
gleichgroßen Clustern. In dieser Dissertation stellen wir ein neues Verfahren zum An-
passen des Fuzzy C-Means Algorithmus an unvollständige Daten vor, das die Streuung
der Cluster berücksichtigt. In Experimenten auf künstlichen und realen Datensätzen
mit unterschiedlich großen Clustern zeigen wir, dass die Leistung unseres Verfahrens
andere Clusteringmethoden für unvollständige Daten übertrifft.

Da die Qualität der Partitionierung von Daten, die von den Clusteringalgorithmen
erzeugt wird, stark von der angenommenen Clusteranzahl abhängt, befassen wir uns
im zweiten Teil der Doktorarbeit mit dem Problem der Bestimmung der optimalen
Clusteranzahl auf unvollständigen Daten mittels Indizes zur Clustervalidierung. Wir
beschreiben unterschiedliche Gütekriterien zur Clustervalidierung und passen sie ent-
sprechend der

”
available-case“-Methode auf unvollständige Daten an. Wir analysieren

die originalen und die angepassten Indizes zur Clustervalidierung unter der Benutzung
der Partitionierungsergebnisse von mehreren künstlichen und realen Datensätzen, die
von unterschiedlichen Fuzzy Clusteringalgorithmen für unvollständige Daten erzeugt
wurden. Da sowohl die Clusteringalgorithmen als auch die Bewertungsfunktionen auf
unvollständige Daten angepasst wurden, ist es unser Ziel die Faktoren zu bestimmen,
die für die Bestimmung der optimalen Clusteranzahl auf unvollständigen Daten aus-
schlaggebend sind: das Anpassen von Clusteringalgorithmen, das Anpassen von Funk-
tionen zur Clustervalidierung oder der Informationsverlust in Daten.

Für einige Anwendungen ist die Bestimmung von Clustern unterschiedlicher Form,
Größe und Dichte in Datenmengen nützlicher als die bloße Partitionierung des kom-
pleten Datensatzes. Infolgedessen gewinnen die dichtebasierten Clusteringmethoden
zunehmend an Bedeutung. Die jüngst vorgestellten Verfahren erfordern entweder Ein-
gabeparameter, die Information über die Datensatzstruktur erfordern, oder sind auf
zweidimensionale Daten beschränkt. Im letzten Teil der Doktorarbeit stellen wir einen
neuen dichtebasierten Clusteringalgorithmus vor, der sich Fuzzy Proximity Relationen
zwischen den Datenobjekten zu Nutze macht, um Cluster unterschiedlicher Dichte oh-



ne jedes a-priori Wissen über den Datensatz aufzufinden. Wir zeigen in Experimenten,
dass unser Verfahren fähig ist, die dicht beieinanderliegenden Cluster und Cluster stark
variierender Dichte korrekt zu bestimmen.



Contents

Contents i

1 Introduction 1

1.1 The KDD Process and Data Mining . . . . . . . . . . . . . . . . . . . . 1

1.2 Cluster Analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4

1.3 Fuzzy Logic . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5

1.4 Contributions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7

1.5 Outline of this Work . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8

2 Background 11

2.1 Fuzzy Clustering . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11

2.1.1 Fuzzy C-Means Algorithm (FCM) . . . . . . . . . . . . . . . . . 12

2.1.2 Gustafson-Kessel Algorithm (GK) . . . . . . . . . . . . . . . . . 15

2.1.3 Fuzzy Maximum Likelihood Estimation Algorithm

(FMLE) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16

2.2 Analysis of Incomplete Data . . . . . . . . . . . . . . . . . . . . . . . . 17

2.2.1 Missing-data Patterns . . . . . . . . . . . . . . . . . . . . . . . 18

2.2.2 Missing-data Mechanisms . . . . . . . . . . . . . . . . . . . . . 19

2.2.3 Methods for Handling Missing Values in Data . . . . . . . . . . 20

2.3 Fuzzy Clustering Methods for Incomplete Data . . . . . . . . . . . . . 21

2.3.1 Whole Data Strategy FCM (WDSFCM) . . . . . . . . . . . . . 21

2.3.2 Partial Distance Strategy FCM (PDSFCM) . . . . . . . . . . . 22

2.3.3 Optimal Completion Strategy FCM (OCSFCM) . . . . . . . . . 23

2.3.4 Nearest Prototype Strategy FCM (NPSFCM) . . . . . . . . . . 24

2.3.5 Distance Estimation Strategy FCM (DESFCM) . . . . . . . . . 24

2.3.6 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26

3 Fuzzy Clustering of Incomplete Data Based on Cluster Dispersion 27

3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27

3.2 Fuzzy Clustering of Incomplete Data Based on Cluster

Dispersion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28

3.2.1 A New Membership Degree using Cluster Dispersion . . . . . . 30



ii CONTENTS

3.2.2 FCM for Incomplete Data based on Cluster Dispersion . . . . . 31

3.3 Data Experiments . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32

3.3.1 Test Data . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32

3.3.2 Missing Data Generator . . . . . . . . . . . . . . . . . . . . . . 33

3.3.3 Experimental Setup . . . . . . . . . . . . . . . . . . . . . . . . . 35

3.3.4 Experimental Results . . . . . . . . . . . . . . . . . . . . . . . . 35

3.3.4.1 Test Results for Data with Missing Values MCAR . . . 35

3.3.4.2 Test Results for Data with Missing Values MAR . . . 36

3.3.4.3 Test Results for Data with Missing Values NMAR . . . 37

3.3.5 Prototype Error and Runtime . . . . . . . . . . . . . . . . . . . 38

3.4 Conclusions and Future Work . . . . . . . . . . . . . . . . . . . . . . . 39

4 Cluster Validity for Fuzzy Clustering of Incomplete Data 43

4.1 Introduction and Related Work . . . . . . . . . . . . . . . . . . . . . . 43

4.2 Cluster Validity Indexes for Incomplete Data . . . . . . . . . . . . . . . 47

4.2.1 Cluster Validity using Membership Degrees . . . . . . . . . . . . 47

4.2.1.1 Partition Coefficient . . . . . . . . . . . . . . . . . . . 47

4.2.1.2 Partition Entropy . . . . . . . . . . . . . . . . . . . . . 48

4.2.1.3 Kim-Kim-Lee-Lee Index . . . . . . . . . . . . . . . . . 49

4.2.1.4 Overlap and Separation Index . . . . . . . . . . . . . . 51

4.2.2 Cluster Validity based on Compactness . . . . . . . . . . . . . . 53

4.2.2.1 Fuzzy Hypervolume . . . . . . . . . . . . . . . . . . . 53

4.2.2.2 Partition Density . . . . . . . . . . . . . . . . . . . . . 54

4.2.3 Cluster Validity based on Compactness and Separation . . . . . 55

4.2.3.1 Fukuyama-Sugeno Index . . . . . . . . . . . . . . . . . 56

4.2.3.2 Xie-Beni Index . . . . . . . . . . . . . . . . . . . . . . 57

4.2.3.3 Kwon Index . . . . . . . . . . . . . . . . . . . . . . . . 58

4.2.3.4 Tang-Sun-Sun Index . . . . . . . . . . . . . . . . . . . 60
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Introduction

1.1 The KDD Process and Data Mining

The development of possibilities for collecting and storing large volumes of data has

lead to a data overload across a wide range of areas. The huge amounts of data

are collected for many reasons. Some data are collected and stored to be used for

control or archival purposes. For example, the sales data gathered at the scanner cash

registers at the supermarkets are primary stored for understanding and evaluation of

sales. Another reason for the digital storage of data is to make them available anytime

and any place. An example here could be the data from the health care sector. In

case of emergency hospitalization the immediate access to the information about the

patient’s medical history and the drug intolerances can be lifesaving. A large amount

of data is gathered for analysis purposes concerning particular questions. Independent

from the reasons for the data collection these volumes of data can be used for the

extraction of new useful knowledge that is involved in the data. For example, the

sales data from the supermarkets can be used for revealing products that are bought

together, or for determining products that are sold well at supermarkets in particular

areas. The patients’ medical data can be used for recognizing the risk groups or for

finding the successful treatment for particular diseases. Before we obtain the interesting

knowledge, our data passes through a long process. This process is also called the

process of Knowledge Discovery in Databases (KDD). Fayyad, Piatetsky-Shapiro, and

Smyth defined KDD in [FPS96b] as follows:

Knowledge Discovery in Databases is the non-trivial process of iden-

tifying valid, novel, potentially useful, and ultimately understandable pat-

terns in data.

1
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Figure 1.1: The main steps of the KDD process (adapted from [FPS96b]).

The aim of the knowledge extraction from the low-level data is finding patterns that

can be either a model fitting to a set of the data or structures describing subsets of

the data set. These patterns should be valid for new data, unknown and unexpected

to the user or the application, potentially useful for the initial question. Moreover, the

patterns should be understandable (at least after a post-processing step) to be suitable

for deriving knowledge from them. As we already stated, before we gain the desired

knowledge, the raw data pass through the KDD process. The KDD process is an inter-

active and iterative process, meaning that many decisions have to be made by the user

and moving back to the previous steps of the process may be required to achieve the

best results. In the following, we briefly describe the basic steps of the KDD process,

the whole process is outlined in Figure 1.1.

Basic steps of the KKD process:

1. Understanding the application domain and identifying the goal of the

KDD process from the viewpoint of the application. This step also involves

acquiring the relevant prior application knowledge.

2. Selecting and creating a target data set: finding out which data are requi-

red, selecting data, obtaining the additional relevant data.

3. Preprocessing and cleaning: integration of data from different data sources,

resolving inconsistencies, removing noise and outliers, handling missing and un-

certain values.

4. Data transformation: selecting useful features. Using dimensionality reducti-

on or feature transformation methods in order to identify relevant variables or to
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obtain an invariant representation of the data.

5. Data Mining: choosing and applying the appropriate data mining algorithms

in order to extract patterns from data.

6. Evaluation/Interpretation of the found patterns: validation of mined pat-

terns, if necessary repeating the process from any of the previous steps. This

step also includes the visualization of found patterns and documentation of dis-

covered knowledge.

The fifth step, Data Mining, is often used as a synonym for the entire KDD process.

The reason is that the data mining methods are applied for extracting patterns from

data. Although the quality of the found patterns depends on the previous steps, data

mining is considered as the core of the KDD process. Data mining involves methods

at the intersection of different research areas including statistics, databases, pattern

recognition, machine learning, artificial intelligence, and high performance computing

[FPS96c, FPS96b]. Data mining techniques are applied in several research fields that

became the new distinct fields in data mining, for example, Text and Web Mining

[SW08], Multimedia Data Mining [Thu01], Spatial Data Mining [KAH96, SC03], Tem-

poral Data Mining [AO01, LOW02], and others. In our brief overview we focus on the

main tasks of data mining.

• Cluster Analysis: Clustering is an important data mining task for identifying

groups or clusters of similar data objects within a data set [EC02, Bez81, HK00].

• Classification and Prediction: The task of Classification and Prediction is

learning a function that predicts the class of new data items based on a training

set of data objects with known class membership [DHS00, HK00].

• Association Rule Mining: Association Rule Mining is a method for finding

interesting relations between the data items in large data sets and identifying

rules using different criteria for interestingness [AIS93, HGN00].

• Summarization: The goal of Summarization is creating a compact description

of a data set so that the short version retains the principal characteristic of the

original data [Mie05, FPS96a].

The data mining tasks are not used as stand-alone techniques in the KDD process.

Depending on the application they are commonly combined in the data mining step

so that some methods use the results produced by the other data mining techniques.

To discover classes within a data set, the clustering methods are often performed on

the data before classifying new data items. But there are also clustering approaches

that cluster classified data to identify subclasses within the large classes [BTK00].
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Some classification methods draw on the concepts of association rule mining [HLZS99,

ZLSE08]. The clustering methods are often used for summarizing large data sets

[BH67, MV13]. Beyond those there are many other interlacings between the data

mining methods. In this thesis we focus on different methods for data clustering.

1.2 Cluster Analysis

Clustering is an important and one of the primary used techniques for the automatic

knowledge extraction from large amounts of data. Its task is exploring the distribution

of objects in a data set. Generally, clustering is defined as a technique for partitioning

a data set into groups (clusters) so that

• the data items in the same cluster are as similar as possible, and

• the data items assigned to different clusters are as dissimilar as possible.

Data clustering is used in many fields, for instance, in database marketing for custo-

mer segmentation, in image processing for object extraction, or in bioinformatics for

microarray data analysis. The clustering techniques can be used in the same area for

different tasks. In text mining, for example, the clustering methods are often used for

the text summarization, but the same methods are also used for generation of author

profiles. In information retrieval, clustering is used for document grouping but also

for query expansion and visualization of search results. Depending on the application

task the discovered clusters in the data can have different characteristics. Therefore,

different clustering methods were proposed in the literature over the years. We gi-

ve a short overview of the most important techniques summarized according to the

clustering strategy:

• partition-based clustering methods partition the data set into a predefined

number of clusters which are usually represented by their cluster prototypes.

Some popular algorithms are k-Means [Mac67, Llo82], Fuzzy-C-Means [Bez81],

PAM [KR90], CLARANS [NH94], and the EM algorithm [DLR77].

• density-based clustering methods regard clusters as dense regions of data

points in the feature space separated by regions of lower density. Two established

density-based clustering algorithms are DBSCAN [EHPJX96] and DENCLUE

[HK98].

• hierarchical clustering methods create a hierarchical representation of the

data set in a dendrogram either by merging clusters (agglomerative clustering

[DE84]) or by dividing them (divisive clustering [KR90, GHJ91]).
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• subspace clustering methods identify clusters of data items that are simi-

lar in some subspaces of the feature space. Depending on the search sequence

of the subspaces the subspace clustering algorithms are divided in top-down

(PROCLUST [AWY+99], ORCLUS [AY00], and COSA [FM04]) and bottom-up

(CLIQUE [AGGR98], CLTree [LXY00], and SUBCLUE [KKK04]) approaches.

Furthermore, there are also clustering methods that combine characteristics of the

aforementioned approaches. BIRCH [ZRL96] and CURE [GRS98], for instance, employ

a combination of partition-based and hierarchical clustering, and OPTICS [ABKS99]

is a density-based hierarchical clustering algorithm.

1.3 Fuzzy Logic

In the previous section we gave a definition of clustering as a technique for “partitio-

ning a data set into groups” or “identifying clusters as groups of similar data items”.

Based on this notion the clusters appear as closed sets of data objects with clear boun-

daries. In real world applications the boundaries of clusters are usually difficult to

define because it is nearly impossible to find reasonable criteria that include some data

objects into a cluster but exclude others. This problem can be explained considering

the example of customer segmentation that usually uses demographic information of

customers like age, household income, gender, education, children, debts, property,

savings, etc. A clustering algorithm partitions the data set into clusters that can be

described based on the feature values of objects within the clusters. Let us consider

the feature age. Presumably the clustering algorithm will discover a group of “young

people” using, for example, a numerical threshold 20 ≤ age ≤ 30 (compare Figure

1.2). Independently from the choice of the threshold values, the question arises: Why

are the 31-year-olds excluded from the group of “young people” although the difference

between 31 and 30 is smaller than the difference between 30 and 20? Unlike babies who

tend to “grow overnight” [VP08], people usually do not significantly change or develop

in such a short period of time at that age. The problem is the artificial thresholds that

we set to distinguish groups or clusters although the transitions between the states are

vague.

This problem was addressed by Lotfi Zadeh who is the founder of Fuzzy Logic. In

his seminal work “Fuzzy Sets” from 1965, he proposed to soften the concept of the

membership to a set [Zad65]. Instead of using the Boolean values true and false, the

basic idea of fuzzy logic is to introduce the membership degrees that range between 0

and 1 to express the membership of a data object to a set. The closer the membership

value to 1 is, the higher the grade of membership to the fuzzy set is. Formally a fuzzy

set is defined as follows [Zad65]:
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10 20 30 40
0

1

age

fA(x)

Figure 1.2: Boolean membership function
for the set ”young people”.

10 20 30 40
0

1

age

fA(x)

Figure 1.3: Fuzzy membership function
for the set ”young people”.

Definition 1. Let X be a set of objects denoted generically by x. A fuzzy set A in

X is characterized by a membership function fA(x) : X → [0, 1] which associates

with each object in X a real number in the interval [0, 1] with the value of fA(x) at x

representing the “grade of membership” of x in A.

Going back to the example of the description for the group of “young people”, in-

stead of using a bivalent set we can model soft transition between the groups using a

fuzzy set to characterize this subset. Figure 1.3 shows an example for a fuzzy mem-

bership function for the subset “young people”. As the boolean membership function

depicted in Figure 1.2 this modelling makes possible to express that a 40-year-old does

not belong to the group of “young people” (fA(40) = 0) but a 25-year-old is defini-

tely a part of it (fA(25) = 1). Unlike the boolean membership function the fuzzy

membership function is able to express that a 31-year-old still belongs to the sub-

set of “young people” but with a smaller degree than a 30-year-old or a 25-year-old

(fA(25) > fA(30) > fA(31)).

Previously we focused only on the group of “young people” but a (customer) data

set may contain several groups along the feature age. The additional groups could be

“middle-aged people” and “elderly people”. Since these subsets can not be precisely

defined either, they can also be defined as fuzzy sets. Modelling all groups as fuzzy

sets makes possible not only to describe the typical representatives for each group,

but also enables us to represent data items that belong to several groups with different

membership degrees. This preliminary example shows the basic idea of Fuzzy Clustering

[Rus69, Bez81, BEF84, HKK96] which is one of the important applications of fuzzy

logic in the data mining area.

In the previous example we used fuzzy sets to characterize vague subsets of a data

set. The fuzzy sets can also be used to describe imprecisely defined relations between

objects [Zad65, Zad75]. This kind of relations is denoted as fuzzy relations which play

an important role in the fuzzy logic theory. Formally a fuzzy relation is defined as

follows [Zad65]:
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Definition 2. Let X be a set of objects denoted generically by x. An n-ary fuzzy

relation in X is defined as a fuzzy set A in the Cartesian product space X×X×...×X.

The membership function for the n-ary fuzzy relation is of the form fA(x1, ..., xn), where

xi ∈ X for i = 1, ..., n.

A simple example of a fuzzy relation is the fuzzy equality (“nearly equal”) that

can be characterized by a fuzzy set A with the following representative values of the

membership function: fA(1, 100) = 0, fA(1, 1) = 1, fA(10, 15) = 0.85, etc. Another

example of a fuzzy relation describes the relational concept “is close to”. Representative

values of the corresponding membership function might be: fA(Paris,Beijing) = 0,

fA(Paris,Berlin) = 0.5, fA(Madrid,Lisbon) = 0.8, fA(Berlin,Berlin) = 1, etc.

In this introductory chapter we only outlined the basic concepts of fuzzy logic that

have been employed in this thesis. Since the introduction of fuzzy sets in 1965, the

fuzzy logic has experienced a huge development. The concepts of fuzzy logic have

found applications in many areas including control theory, image processing, artificial

intelligence, data analysis, data mining, web engineering, information retrieval, signal

processing, natural language processing and many others [HKK96, MWZ94, DP99,

KNB99, Jan07, BKKP06, LM91, Zim12, Nov92, YZ12, CBC12].

1.4 Contributions

Fuzzy Clustering is one of the important application areas of fuzzy logic in the data

mining field. This thesis addresses the problems and contributes to the fields of fuzzy

clustering and fuzzy cluster validity on incomplete data. Moreover, we propose a new

density-based clustering algorithm that uses fuzzy proximity relations. Below we briefly

summarize the main contributions of this thesis.

• The fuzzy clustering methods for incomplete data proposed in the literature per-

form poorly on incomplete data sets with differently scattered clusters [Him08,

HC10a]. For this reason, we propose an enhanced fuzzy clustering approach for

incomplete data which uses a new membership degree for missing value estimati-

on taking the cluster dispersion into account [HC10b]. Since the evaluation of the

clustering algorithms adapted to incomplete data requires both the incomplete

test data and the corresponding complete data, we developed a missing data ge-

nerator that makes a specified percentage of values in a data set absent according

to different missing data mechanisms.

• Another contribution of this work addresses the problem of finding the optimal

number of clusters on incomplete data using the cluster validity functions. We

adapted different cluster validity functions to incomplete data and evaluated them
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in extensive studies on incomplete test data sets with different data distributions

[HHC11, HCC12]. We reveal the factors that are crucial for the cluster validity

for fuzzy clustering of incomplete data and indicate the factors of cluster validity

functions that make them resistant against incomplete data.

• A further contribution of this thesis is the presentation of a new density-based

algorithm DENCFURE (Density-Based Clustering using Fuzzy Proximity Rela-

tions) [HC11] for discovering differently dense clusters in a data set in presence

of noise. Using the fuzzy proximity relations between data objects this algorithm

is able to detect clusters closely located to each other and clusters with wide

density variations without any a-priori knowledge of the data set.

1.5 Outline of this Work

The thesis is organized as follows. Chapter 2 provides the basic background knowledge

required to follow the approaches presented in this thesis. First we introduce the basic

concepts of fuzzy clustering and present some important partitioning fuzzy clustering

algorithms. Then we give an introduction to the analysis of incomplete data describing

some important missing-data patterns and the different types of missing-data mecha-

nisms. In the same chapter we give an overview over the methods for adapting fuzzy

clustering algorithms to incomplete data proposed in the literature.

In chapter 3, we introduce our enhanced fuzzy clustering approach for incomplete

data. Our method uses a new membership degree for estimation of missing values

taking the cluster dispersion into account. In experiments on incomplete data sets with

differently shaped and sized clusters we demonstrate the capabilities of our approach

and compare it with the existing fuzzy clustering algorithms for incomplete data.

Chapter 4 approaches the problem of finding the optimal number of clusters on

incomplete data. We give an overview over the different cluster validity functions pro-

posed in the literature and adapt them to incomplete data according to the “available-

case” approach. In chapter 5 we present the evaluation results of the adapted cluster

validity indexes in an extensive study on incomplete test data sets with different data

distributions. Furthermore, we reveal the factors of cluster validity functions that make

them resistant against incomplete data.

We introduce a new density-based algorithm DENCFURE (Density-Based Clu-

stering using Fuzzy Proximity Relations) in chapter 6. Using the fuzzy proximity

relations between data objects this algorithm discovers differently dense clusters in a

data set in presence of noise. In experiments on several test data sets we show that

our algorithm is able to detect clusters closely located to each other and clusters with

wide density variations without any a-priori knowledge of the data set.
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Finally, chapter 7 concludes this thesis with a short summary and a discussion of

future research.





Background

Clustering is usually used as the primary technique for the automatic knowledge ex-

traction from large amounts of data. Uncertain, erroneous and missing values in data

is a challenging problem for the traditional clustering methods because they were deve-

loped to analyze complete data sets. In this thesis we address the problem of adapting

the fuzzy clustering algorithms and the validity functions to incomplete data. This

chapter provides the relevant background knowledge required to follow the approa-

ches presented in the thesis. First we give an introduction to the basic concepts of

fuzzy clustering and present some important partitioning fuzzy clustering algorithms.

Then we provide insight into the incomplete data analysis describing some important

missing-data patterns and the different missing-data mechanisms. Finally, we give an

overview over the methods for adapting fuzzy clustering algorithms to incomplete data

proposed in the literature.

2.1 Fuzzy Clustering

Clustering is an important data mining technique for the automatic exploration of the

distribution of data objects in a data set. Its aim is to partition a given data set into

groups, so called clusters, so that the data items within a cluster are as similar as

possible and the data items from different clusters are as dissimilar as possible. As

we already mentioned in the introductory chapter, over the years, different clustering

methods were proposed in the literature. The oldest and the most widely used clu-

stering techniques are the partition-based clustering methods. They partition a data

set into a predefined number of clusters which are usually represented by their cluster

prototypes. The traditional clustering techniques assign each data item to exactly one

11
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cluster which makes their results less informative. They draw no distinction between

the memberships of a typical representative of a cluster and the boundary data items.

The information about the clustering structure, like if there are overlapping clusters

in the data set, gets lost. Instead, the overlapping clusters are artificially divided by

“crisply” assigning the data points located in the overlap of clusters.

To overcome these drawbacks, in fuzzy clustering, the clusters are modelled by fuzzy

sets assigning each data item of the data set to each cluster with a membership degree

that ranges between 0 and 1. A membership degree of 1 indicates a certain assignment

of the data item to the cluster. A membership degree of 0 indicates that the data

item does not belong to the cluster. The membership degrees of data items located in

the overlap of clusters should be approximately equal to the overlapping clusters. In

this way, the fuzzy clustering methods are able to model the soft transitions between

clusters which conforms to human perception more than crisp partitioning of a data

set into clusters. Moreover, the information about the clustering structure and the

overlaps between clusters can be derived from the partitioning results produced by the

fuzzy clustering methods. Therefore, the fuzzy clustering results are of great use for

both: as the output of the data mining process and as the interim result for the further

processing.

In the following, we explain the working principle of fuzzy clustering methods on

the example of the fuzzy c-means algorithm. Besides, we present two relevant fuzzy

clustering methods: the Gustafson-Kessel algorithm and the fuzzy maximum likelihood

estimation algorithm.

2.1.1 Fuzzy C-Means Algorithm (FCM)

The objective of cluster analysis involves two requirements for an adequate partitioning

of a data set: the data items in the same cluster have to be similar and the data items

from different clusters have to be dissimilar. However, both criteria can not be always

satisfied at the same time. For example, in the case of overlapping clusters the data

points located in the overlap of clusters have approximately the same membership

degrees to the overlapping clusters. Therefore, the most clustering approaches aim to

fulfil only the requirement of the homogeneity of data items within clusters. In the

partition-based clustering approaches, each cluster is described by its representative,

so called cluster prototype. The idea to fulfil the homogeneity criterion within clusters

is to partition the data set into clusters so that the data items within clusters are

as similar as possible to the cluster prototypes. Since the similarity or rather the

dissimilarity between the data items is usually expressed by the distances between

them, the basic idea of partition-based clustering methods is to partition a data set into

clusters so that the overall distances between the data items and the cluster prototypes
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are minimal. Both fuzzy and hard partition-based clustering approaches describe the

clustering problem using an objective function that they optimize in an iterative process

satisfying constraints on its variables.

The best known and the most widely used fuzzy clustering algorithm is the fuzzy

c-means clustering algorithm (FCM) [Bez81]. Fuzzy c-means is a partitioning clu-

stering algorithm that can be considered as a fuzzy generalization of the hard k-

means algorithm [Mac67]. FCM partitions a given data set X = {x1, ..., xn} in a

d-dimensional metric data space into c clusters that are represented by their cluster

prototypes V = {v1, ..., vc}. Unlike the k-means algorithm, which assigns each data

object to exactly one cluster, fuzzy c-means algorithm assigns data items to clusters

with membership degrees [Bez81, BEF84, HKK96]. The membership degree uik ∈ [0, 1]

expresses the relative degree to which the data point xk with 1 ≤ k ≤ n belongs to the

cluster Ci, 1 ≤ i ≤ c. Fuzzy c-means algorithm is a probabilistic clustering algorithm,

which means that the sum of the membership degrees for each data item equals 1 (see

Condition (2.1)), and there are no empty clusters in the partitioning (see Condition

(2.2)).

c∑
i=1

uik = 1 ∀k ∈ {1, ..., n}, (2.1)

n∑
k=1

uik > 0 ∀i ∈ {1, ..., c}. (2.2)

Condition (2.1) also ensures that all data items have equal weights and, therefore, they

are equally included into the partitioning of the data set. Both constraints together

prevent assigning all data items to one single cluster in the partitioning.

The objective function of the fuzzy c-means algorithm is defined as follows:

Jm(X,U, V ) =
c∑

i=1

n∑
k=1

um
ik · d2(vi, xk) . (2.3)

The similarity between the data items and the cluster prototypes is expressed by the

Squared Euclidean function. The parameter m, m > 1, is the fuzzification parameter,

also called fuzzifier. The fuzzification parameter determines the vagueness of the re-

sulting partitioning. In the case the value of m is chosen close to unity, the assignment

of data items into clusters becomes clearer or “harder” in the partitioning. The larger

the value of m is, the softer the boundaries between the clusters are. Usually m = 2 is

chosen.

The objective function of the fuzzy c-means algorithm has to be minimized to obtain

a good partitioning of the data set. Since the objective function cannot be optimized

directly, it is minimized using an alternating optimization (AO) scheme [Bez81]. The
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objective function is alternately optimized over the membership degrees and the cluster

prototypes in an iterative process. Although the algorithm may get stuck in a local

optimum of the objective function, the alternating optimization is used in the partitio-

ning clustering algorithms due to its practicability. The objective function achieves a

local minimum when its partial derivatives in respect to its parameters, the member-

ship degrees and the cluster prototypes, equal to zero satisfying Constraints (2.1) and

(2.2). In the fuzzy c-means algorithm, the membership degrees are updated according

to Formula (2.4).

uik =

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

(d2(vi, xk))
1

1−m

c∑
j=1

(d2(vj, xk))
1

1−m

if Ixk
= ∅,

λ, λ ∈ [0, 1] with
∑

vi∈Ixk uik = 1 if Ixk
�= ∅, vi ∈ Ixk

,

0 if Ixk
�= ∅, vi /∈ Ixk

,

(2.4)

where Ixk
= {vi | d2(vi, xk) = 0}. The partial derivatives of the objective function in

respect to the cluster prototypes result in the following update formula for the cluster

prototypes:

vi =

∑n
k=1(uik)

mxk∑n
k=1(uik)m

, 1 ≤ i ≤ c . (2.5)

The computation of the cluster prototype as a weighted mean of all data items de-

pending on their membership degrees to the cluster conforms the intuition of a cluster

representative and provides the name of the fuzzy c-means algorithm. Here, we skip

the details of the derivations of the formulae for calculation of the membership degrees

and the cluster prototypes. Instead, we refer to the relevant literature [Bez81, HKK96].

The general form of the fuzzy c-means algorithm is represented in Algorithm 1.

The algorithm begins with the initialization of the cluster prototypes v′i which can

be either the first c data items of the data set or c randomly chosen data items or

c randomly chosen points in the data space. Alternatively, the membership degrees

can be initialized. In the first iteration step the membership degrees of each data

item to each cluster are calculated according to Formula (2.4). In the second iteration

step the new cluster prototypes are calculated based on all data items depending on

their membership degrees to the cluster (see Formula (2.5)). The iterative process

continues as long as the cluster prototypes change up to a value ε. Basically, the

algorithm can also be stopped when the number of iterations exceeds some predefined

number of maximal iterations. Although the fuzzy c-means algorithm is known as a

stable and robust clustering algorithm that does not often get stuck in a local optimum

[KDL07, KKW15], it is sensible to evaluate the algorithm for different initializations

to achieve the optimal partitioning results.



2.1 Fuzzy Clustering 15

Algorithm 1 FCM(X, c,m, ε)

Require: X is a d-dimensional data set with n data items, 2 ≤ c ≤ n is a number of
clusters, m > 1 is a fuzzification parameter, ε > 0 is a termination accuracy

1: Initialize the set of data centers v′ = {v′1, ..., v′c}
2: v = {}
3: repeat
4: v = v′

5: Calculate the membership degrees uik of each data item xk to each cluster Ci

according to Formula (2.4) // Step 1

6: Calculate the set of new cluster prototypes v′ = {v′1, ..., v′c} according to For-
mula (2.5) // Step 2

7: until ‖v − v′‖ < ε
8: return v′

As we already mentioned above, in the probabilistic fuzzy clustering algorithms all

data items are equally included into the partitioning of the data set (see Condition

(2.1)). The partitioning results of such algorithms can be misleading in the case there

are outliers (data items that are distant from other data items) in the data set because

the membership degrees of outliers can be similar to the membership degrees of data

items located in the overlaps of clusters. One of the solutions for the problems caused by

the normalization of the membership degrees is detecting and eliminating the outliers

before clustering. Another solution is omitting Condition (2.1) and handling the mem-

bership degrees as possibility degrees of data items to be assigned to clusters. Fuzzy

clustering algorithms that use possibilistic membership degrees are referred to as possi-

bilistic fuzzy clustering algorithms [KK93, KK96, TBDK04, ZL04, PPKB05, HCJJ11].

Since we focus on the probabilistic fuzzy clustering algorithms in this thesis, we do not

expand on the possibilistic fuzzy clustering.

2.1.2 Gustafson-Kessel Algorithm (GK)

Using the Euclidean distance function as a similarity criterion the basic fuzzy c-means

algorithm partitions a data set assuming that all clusters are spherical. In [GK78]

Gustafson and Kessel proposed to use a cluster specific similarity measure that takes

the shapes of clusters into account. In the Gustafson-Kessel algorithm (GK) each

cluster Ci is described by the cluster center vi that specifies the spatial location of

the cluster in the data space, and the fuzzy covariance matrix Covi that captures the

extent of the cluster in the different dimensions. The cluster centers vi are calculated

according to Formula (2.5), the fuzzy covariance matrices Covi are calculated according
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to Formula (2.6).

Covi =

n∑
k=1

(uik)
m(xk − vi)(xk − vi)

T

n∑
k=1

(uik)m
for 1 ≤ i ≤ c. (2.6)

The fuzzy covariance matrices are directly integrated in the calculation of the di-

stances between the data items and the cluster prototypes. The Gustafson-Kessel

clustering algorithm uses a cluster specific Mahalonobis distance function [Mah36].

Hence, the distance between the data item xk and the cluster center vi is calculated as

follows:

d2(xk, vi) =
d
√

det(Covi)(xk − vi)
TCov−1

i (xk − vi), (2.7)

where 1 ≤ k ≤ n, 1 ≤ i ≤ c, and d is the number of dimensions of the data set

X. Using the distance function from Formula (2.7) the GK algorithm uses a sepa-

rate similarity measure for each cluster depending on its shape. Hence, the resulting

partitioning of a data set with nonspherical clusters better corresponds to the intui-

tion than the partitioning produced by the basic FCM algorithm. However, to avoid

the minimization of the objective function Jm by decreasing the covariance matrices,

the condition det(Covi) = 1 has to be satisfied. Consequently, the Gustafson-Kessel

algorithm enables the cluster shapes to be variable but the cluster sizes are fixed.

The computational costs of the Gustafson-Kessel algorithm are higher than of the

basic FCM algorithm because the covariance matrices of all clusters have to be inverted

in each iteration step. In order to decrease the computational costs, the Gustafson-

Kessel algorithm is usually initialized with the cluster prototypes produced by the basic

fuzzy c-means algorithm after few iterations.

2.1.3 Fuzzy Maximum Likelihood Estimation Algorithm

(FMLE)

The Fuzzy Maximum Likelihood Estimation algorithm (FMLE) proposed by Gath and

Geva in [GG89] creates a partitioning of a data set taking the cluster shapes, the

cluster densities, and the cluster sizes (here, the number of data items in each cluster)

into account. The algorithm partitions a data set assuming that the data set was

created as realizations of d-dimensional normally distributed random variables. Thus,

in the FMLE algorithm each cluster Ci is represented by its cluster center vi, the cluster

specific covariance matrix Covi, and the a priori probability pi for selecting this cluster.

The cluster prototypes are calculated according to Formulae (2.5), (2.6), and (2.8) for
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the a priori probability pi.

pi =

∑n
k=1(uik)

m∑n
k=1

∑c
j=1(ujk)m

, 1 ≤ i ≤ c . (2.8)

Similar to the Gustafson-Kessel algorithm the algorithm proposed by Gath and Ge-

va uses a cluster specific similarity measure based on maximum likelihood estimation.

The distance between the data item xk and the cluster center vi is inversely proportio-

nal to the a posteriori probability (likelihood) that the data item xk was generated by

the normal distribution Ni with the expected value vi and the covariance matrix Covi

[Höp99]. The a posteriori probability is given in Formula (2.9).

pi√
det(Covi)(2π)d

exp

(
−1

2
(xk − vi)

TCov−1
i (xk − vi)

)
. (2.9)

Thus, in the fuzzy maximum likelihood estimation algorithm, the membership degrees

are updated using the distances d(xk, vi)
2 that are calculated as follows:

d(xk, vi)
2 =

1

pi

√
det(Covi)e

1
2
(xk−vi)

TCov−1
i (xk−vi), (2.10)

where 1 ≤ k ≤ n and 1 ≤ i ≤ c. Using the cluster specific distance measure given

in Formula (2.10), the FMLE algorithm takes the variability in shapes, densities, and

sizes of clusters into account. On the other hand, using this distance function the

FMLE algorithm produces a “harder” assignment of data items into clusters [Höp99].

Therefore, it tends to get stuck in a local optimum more than the basic fuzzy c-means

or the Gustafson-Kessel algorithms. For that reason, the FMLE algorithm is usually

initialized with the cluster prototypes produced by the basic FCM or the Gustafson-

Kessel algorithms after few iterations.

2.2 Analysis of Incomplete Data

The quality of the data is one of the most important factors that might affect the

results of the overall KDD process. Problems during the data collection and data

preprocessing often lead to uncertain, erroneous or missing values in the data sets.

Since the completion or correction of data is often expensive or even impossible through

the repetition of the data collection or the data preprocessing steps, there is a need

of data analysis methods that can deal with such imperfect data. In this thesis, we

focus on the fuzzy clustering methods for dealing with incomplete data. According to

[LR02], we define a value as missing if there should be a meaningful value but it is

unknown. Since the values in data can be missing for different reason, it is useful to
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Figure 2.1: Missing-data patterns: (a) multivariate, (b) monotone, (c) general, and
(d) file-matching [LR02].

consider the modelling of missing data for dealing with them. In this section we give

an overview of some important missing-data patterns and then we briefly describe the

different types of missing-data mechanisms. Afterwards, we describe the commonly

used approaches for handling missing values in the data analysis.

2.2.1 Missing-data Patterns

There are different reasons for values to be missing in data. The missing values can be

caused by technical problems like device failures during experiments. In questionnaires,

some questions can be unanswered due to understanding problems or lack of time or

motivation. Missing values can also occur in the data as a result of the data cleaning

process or failures during the data transfer or data coding. Although the reasons for

missingness of values are diverse, there are only few missing-data patterns that result

due to the missing values in the data sets. The missing-data patterns describe which

values are observed and which values are missing [LR02]. The missing values can

be differently arranged in the data matrix. Some clustering algorithms adapted to

incomplete data apply quite similarly to any of missing-data patterns, whereas other

algorithms are restricted to a special pattern. In general, there are four common

missing-data patterns: multivariate, monotone, general, and file-matching missing-

data patterns. Figure 2.1 (a) shows the multivariate missing-data pattern in which the

missing values occur in a group of attributes that are either completely observed or

missing. The multivariate missing-data pattern occurs, for example, in surveys where

one group of respondents gets a complete questionnaire and another groups gets a short

version of it. If missing values only occur in one attribute, the missing-data pattern

is denoted as univariate. The monotone missing values usually occur as a result of

longitudinal studies and have a stair-like arrangement of the values in the data matrix

(compare Figure 2.1 (b)). When data are joined together from several data sources, it

often happens, that the data sets from different sources have both common attributes

and the source-specific attributes. Consequently, the combined data set has completely
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observed attributes and the attributes that are never observed together. Figure 2.1

(d) shows the missing-data pattern for the file-matching problem. Often the missing

values are arbitrary arranged in the data matrix as shown in Figure 2.1 (c). This

pattern results in the data matrix due to ignoring or overlooking of questions in the

questionnaires, or cleaning of erroneous values, or loss of data during the transfer. If

the missing-data pattern in the data matrix does not fit either to the multivariate or to

the monotone, or to the file-matching missing-data patterns, the missing-data pattern

is denoted as general.

2.2.2 Missing-data Mechanisms

While the missing-data patterns describe which values are missing in the data matrix,

the missing-data mechanisms give information about the reasons for occurrence of

missing values in data. The missing-data mechanisms refer the relationship between

the missingness and the attribute values in the data matrix. While the missing-data

patterns indicate which data values can be used for the data analysis, the missing-data

mechanisms provide an indication how the available values should be treated during

the data analysis to achieve the best results.

Formally, Rubin and Little defined the missing-data mechanism as a probability

that a value is available or missing in the data set [LR02]. Let X = (xij) 1≤i≤n
1≤j≤d

be the

data matrix. We divide X in the set Xobs of observed or available values and the set

Xmis of missing values (X = Xobs ∪ Xmis). Define the missing-data indicator matrix

M = (mij) 1≤i≤n
1≤j≤d

that indicates if the data value xij ∈ X is missing (xij ∈ Xmis) or

observed (xij ∈ Xobs). Then the missing-data mechanism is defined as the conditional

probability of M given X, p(M | X,φ), where φ denotes unknown parameters. Gene-

rally, there are three different kinds of missing-data mechanisms: MCAR, MAR and

NMAR [LR02]. The missing values are called missing completely at random (MCAR),

if the missingness does not depend on the data values in the data set independently

whether they are missing or observed. That is

p(M | X,φ) = p(M | φ) for all xij ∈ X and φ. (2.11)

The missing values are denoted as missing at random (MAR), if the missingness

depends only on the observed values in the data matrix, and not on the components

that are missing:

p(M | X,φ) = p(M | Xobs, φ) for all xij ∈ Xmis and φ. (2.12)

The missing values are MAR when, for example, in a questionnaires especially young

people remain the income question unanswered. Since the missingness of values in the
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variable income does not depend on the amount of income itself but on the values of

the variable age, the condition MAR is fulfilled.

If the probability for a data value to be missing in the data set depends on the

missing value itself, then the missing-data mechanism is called not missing at random

(NMAR). That is the case when, for example, people with an over average income

refuse to reveal their income in the questionnaires. Since the missingness of values in

the variable income depends on the amount of income itself, the condition NMAR is

fulfilled.

Usually, in practice, the mechanisms that lead to missing data are not known in

advance. Nevertheless, the missing-data mechanisms can be ascertained or at least

excluded via suitable statistical test procedures such as one-sample test for missing-

data mechanism NMAR, two-sample test for missing-data mechanism MAR or the

Little’s MCAR test to verify the missing-data mechanism MCAR [Lit88]. Unlike the

tests for the missing data mechanisms MAR and NMAR the test for the missing data

mechanism NMAR requires the knowledge about the value distribution in the complete

data set, though. For more details see also [LR02, FPP98].

2.2.3 Methods for Handling Missing Values in Data

The best method for handling incomplete data during the data analysis is avoiding

the missing values in data through a better study design or the repetition of the data

collection or the data preprocessing steps. However, usually the investigation and

the repetition of working steps where the missing values occurred are too expensive

or impossible. Therefore, there is a need of methods for handling incomplete data.

Generally, there are three common approaches for dealing with missing values in data

[LR02, Wag04]:

• Elimination: As long as the amount of missing values in the data set is rela-

tively small, the common approach is ignoring the data items or the attributes

containing missing values and performing the data analysis on the available da-

ta. In the literature, this approach is denoted as the “complete-case analysis” or

the “complete-variable analysis” [LR02, Ban95]. This method is uncritical if the

missing data are missing completely at random. If the missing data are NMAR,

ignoring the attributes or the data items where the missing values occur may

cause the distortion of data and the clustering results.

• Imputation: A common technique for dealing with incomplete data is replacing

the missing values with estimated values that are usually derived from the availa-

ble data. This approach is denoted as the “missing value imputation” in the lite-

rature. The imputation techniques range from simple ones like replacing the mis-
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sing values with the minimum, maximum or means, to more sophisticated approa-

ches like the regression based approaches, the expectation maximization (EM)

and the maximum likelihood (ML) approaches [LR02, Sch97, Rub04, MFK+14].

The major advantage of the imputation approach is that once the missing values

have been filled in, the standard data analysis methods can be used. However,

the drawback of the imputation is that the quality of results of the data analysis

is significantly affected by the used imputation methods because the imputed

values are treated as the observed values.

• Adaption of data analysis methods to incomplete data: An elegant ap-

proach for dealing with incomplete data is adapting the data analysis methods

so that they can handle data sets with missing values. This includes methods

that estimate missing values during the data analysis but distinguish between the

observed and imputed values. The major advantage of the adaption approach is

that all observed data can be used for the data analysis avoiding the drawbacks

of the missing value imputation.

In this thesis we address the problem of adapting the fuzzy clustering methods and

the indexes for fuzzy clustering validation so that they can handle incomplete data.

2.3 Fuzzy Clustering Methods for Incomplete Data

The fuzzy clustering algorithms presented in this chapter cannot be directly applied

to incomplete data because they require all feature values of each data item to be

present for calculation of the cluster prototypes and the distance measures. In the

literature, several approaches for adapting fuzzy clustering algorithms to incomplete

data have been proposed. In this section we describe five main strategies for adapting

the basic FCM algorithm to incomplete data. These approaches are not specified to any

missing-data patterns and they usually assume the missing-data mechanism MCAR.

Besides them, there are some proposals in the literature for adapting the GK and

the FMLE algorithms to incomplete data using the same strategies [TK98, TDK02,

Tim02]. There are also approaches for the adaption of the fuzzy clustering algorithms

to incomplete data with specific missing-data mechanisms like missing values with class

specific probabilities [TDK03, TDK04].

2.3.1 Whole Data Strategy FCM (WDSFCM)

A simple way for clustering incomplete data is first omitting the incomplete data items

and applying the FCM algorithm on the complete data items [HB01]. Afterwards,

each incomplete data item can be assigned to the cluster to which center it has the
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minimal partial distance (compare Formula (2.13)). This approach is denoted by the

whole data strategy (WDS) and the modified version of the FCM algorithm is referred

to as WDSFCM. Of course, this method can be counted as a “complete-case analysis”

because incomplete data items are not involved in the calculation of the cluster pro-

totypes. On the other hand, the incomplete data items are not totally excluded from

the data analysis. Their hard or fuzzy cluster memberships are estimated in the end

of the clustering process and can be used in the post-processing steps.

The whole data strategy can be applied for clustering of incomplete data as long

as the percentage of incomplete data items is relatively low. In [HB01], the authors

propose the limit of not less than 75% of complete data items in the data set. Since

the cluster prototypes are calculated only on the basis of the complete data items, this

strategy is recommendable only if the complete data items are representative for the

entire data set.

2.3.2 Partial Distance Strategy FCM (PDSFCM)

One of the strategies for the data analysis on incomplete data proposed by Dixon is

estimating the distances between two data items using the partial distance function

[Dix79]. The partial distance function calculates the sum of the squared Euclidean

distances between all available feature values of the data items and scales it by the

reciprocal of the proportion of values used during the calculation. If two data items

are completely available, the partial distance function calculates the squared Euclidean

distance between them. In [HB01, TDK02] the authors adapted the fuzzy c-means

algorithm according to the partial distance strategy (PDS). The resulting algorithm is

denoted by PDSFCM. In the first iteration step of the FCM algorithm the membership

degrees are updated based on the partial distances between the incomplete data items

and the cluster centers. The partial distances are calculated according to the following

Formula:

Dpart(xk, vi) =
d∑d

j=1 ikj

d∑
j=1

(xkj − vij)
2ikj, (2.13)

where

ikj =

⎧⎨
⎩1, if xkj is available

0 else
for 1 ≤ j ≤ d, 1 ≤ k ≤ n.

In the second iteration step of the FCM algorithm the cluster prototypes are updated

only on the basis of the available feature values of data items. Thus, the calculation of

the cluster prototypes in Formula (2.5) is replaced with
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vij =

∑n
k=1(uik)

mikjxkj∑n
k=1(uik)mikj

for 1 ≤ i ≤ c, 1 ≤ j ≤ d. (2.14)

Since the scaling factor d
∑d

j=1 ikj
in Dpart(xk, vi) has no effect on the calculation of

the cluster prototypes and the membership degrees are based on the relation of the

distances between the data items and the cluster prototypes, the scaling factor is

completely irrelevant and can be omitted in Formula (2.13).

In contrast to the whole data strategy the advantage of applying the partial distance

strategy to the FCM algorithm is that the resulting algorithm can be used on data sets

with a large number of missing values and even if missing values occur in all data items

and all features.

2.3.3 Optimal Completion Strategy FCM (OCSFCM)

The idea of the optimal completion strategy (OCS) is to iteratively compute the missing

values as the additional variables over which the objective function is minimized [HB01,

TDK02]. The fuzzy c-means algorithm is modified by adding an additional iteration

step where the missing values are updated. We obtain Formula (2.15) for estimation of

missing values by setting the partial derivatives of the objective function with respect

to the missing values to zero.

xkj =

∑c
i=1(uik)

mvij∑c
i=1(uik)m

, 1 ≤ k ≤ n and 1 ≤ j ≤ d . (2.15)

In this way, the missing values are imputed by the weighted means of all cluster centers

in each iteration step.

The algorithm begins with the initialization of cluster prototypes. Additionally, the

missing values are initialized by random values. The calculation of the membership

degrees and the cluster prototypes in the first two iteration steps works in the same

way as in the basic FCM. The available and the imputed values in the data set are

not distinguished. In the third iteration step, missing values are imputed according to

Formula (2.15). The cluster prototypes to which the incomplete data item has higher

membership degree have more influence during the estimation of missing values of the

data item. The FCM algorithm changed in this way is referred to as OCSFCM.

The advantage of this approach is that missing values are imputed during the clu-

stering process. However, the drawback of the OCSFCM is that the cluster prototypes

are computed using the estimated and the available feature values. At the same time

the missing values are imputed on the basis of these biased cluster prototypes. In this

way, the calculation of the cluster prototypes and the imputation of the missing values

influence each other. In [Tim02] the author proposed to diminish the influence of the
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imputed values to the calculation of cluster prototypes by reducing the membership

degrees of incomplete data items depending on the number of missing values. The

resulting algorithm loses the property of a probabilistic fuzzy clustering algorithm,

though.

2.3.4 Nearest Prototype Strategy FCM (NPSFCM)

The nearest prototype strategy (NPS) is a simple modification of OCSFCM. The idea

is to completely substitute the missing values of an incomplete data item by the corre-

sponding feature values of the cluster prototype to which the data item has the smallest

partial distance [HB01, TDK02]. The resulting algorithm is denoted by NPSFCM. The

algorithm results from the OCSFCM by changing the third iteration step. The missing

values of an incomplete data item are calculated as follows:

xkj = vij with Dpart(xk, vi) = min{Dpart(xk, v1), Dpart(xk, v2), ..., Dpart(xk, vc)} (2.16)

for 1 ≤ k ≤ n and 1 ≤ j ≤ d.

The drawbacks of the OCSFCM even intensify in the NPSFCM. The imputation of

missing values is influenced by their own imputation in the previous iteration. Substi-

tuting missing values by the feature values of cluster prototypes the incomplete data

items illegitimately get higher membership degrees to the clusters. In this way, they

have a greater impact on the computation of the cluster prototypes that for their part

provide the basis for the missing value imputation.

2.3.5 Distance Estimation Strategy FCM (DESFCM)

The approach proposed in [SL01] benefits from the fact that not the data items them-

selves but the distances between them and the cluster prototypes are important for the

calculation of the membership degrees. Therefore, the authors proposed not to esti-

mate the missing values but the distances between the incomplete data items and the

cluster prototypes. The algorithm is designed for the missing values missing at random

(MAR). We refer to this method here as the distance estimation strategy (DES). The

DES version of the FCM algorithm is denoted by DESFCM.

The data set X is divided into the set of incomplete data items Z and the set of

completely available data items Y , X = Z ∪ Y . Additionally, Z is divided into the set

of observed data values Zobs and the set of missing data values Zmis, Z = Zobs ∪ Zmis.

The DESFCM uses the version of the FCM algorithm that initializes the membership

degrees at the beginning. In the first iteration step the cluster prototypes are computed

based only on the completely available data items:
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vi =

∑|Y |
k=1(uik)

myk∑|Y |
k=1(uik)m

, 1 ≤ i ≤ c , yk ∈ Y. (2.17)

In the second iteration step the membership degrees for all yk ∈ Y are calculated

according to Formula (2.4). For all incomplete data items zk ∈ Z the membership

degrees to the clusters are computed according to the same formula but replacing the

distance function d2(zk, vi) by the distance function that is defined as follows:

d2(zk, vi) = (zk1 − vi1)
2 + (zk2 − vi2)

2 + ...+ (zkd − vid)
2 for 1 ≤ k ≤ |Z| and 1 ≤ i ≤ c

(2.18)

with

(zkj − vij)
2 =

∑|Y |
k=1 uik(ykj − vij)

2∑|Y |
k=1 uik

for all zkj ∈ Zmis .

In the new distance function the distances between the missing values of the incomplete

data items and the corresponding feature values of the cluster prototypes (zkj − vij)
2

are imputed by the weighted mean distances between the feature values of completely

available data items and the corresponding feature values of the cluster prototypes.

To take the distance of an incomplete data item to the cluster prototype into account,

the authors assume that the weighted distance (zkj − vij)
2/σ2

j is linearly dependent on

the weighted distance between zkl, ∀l �= j, and vij. Thus, they estimate the weighted

distance (zkj − vij)
2/σ2

j as follows:

(zkj − vij)
2/σ2

ij = w1(zk1 − vi1)
2/σ2

i1 + ...+ wj−1(zk(j−1) − vi(j−1))
2/σ2

i(j−1)

+ wj

∑|Y |
k=1 uik(ykj − vij)

2∑|Y |
k=1 uik

/σ2
ij + wj+1(zk(j+1) − vi(j+1))

2/σ2
i(j+1)

+ ...+ wd(zkd − vid)
2/σ2

id

(2.19)

where

σ2
ij =

∑|Y |
k=1 uik(ykj − vij)

2∑|Y |
k=1 uik

for 1 ≤ i ≤ c, 1 ≤ j ≤ d (2.20)

is the scatter of the cluster Ci in the jth dimension and wj, 1 ≤ j ≤ d, is the weighting

parameter that indicates the importance of the jth feature. If there is no knowledge

about the importance of the features, all features are considered to be equally import-

ant, i.e. wj = 1/d ∀j ∈ {1, ..., d} is chosen.

Unlike the other estimation strategies presented above, the DESFCM takes the

scatter of the clusters during the estimation of the distances into account because

the estimation formula of the distances between the missing values of the incomplete
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data items and the corresponding feature values of the cluster prototypes (zkj − vij)
2

equals to the Formula (2.20) for the calculation of the scatter of clusters. Besides

the limitations of the DESFCM mentioned above, this approach can be applied as

long as the set of completely available data items is representative for the entire data

set because the calculation of the cluster prototypes and the estimation of distances

between the incomplete data items and the cluster prototypes are performed on the

basis of the completely available data items.

2.3.6 Summary

In this section we described different strategies for adapting the fuzzy c-means cluste-

ring algorithm to incomplete data. We discussed the advantages and the limitations of

the presented approaches. In the next chapter we present a new approach for adapting

the basic FCM algorithm to incomplete data. This method can be regarded as the ex-

tension of the OCSFCM and the NPSFCM that takes the scatter of clusters during the

estimation of missing values into account but avoids some drawbacks of the DESFCM.



Fuzzy Clustering of Incomplete

Data Based on Cluster Dispersion

Clustering algorithms are used to identify groups of similar data objects within large

data sets. Since traditional clustering methods were developed to analyze complete

data sets, they cannot be applied to many practical problems because missing values

often occur in the data sets. Approaches proposed for adapting clustering algorithms

to incomplete data work well on uniformly distributed data sets. However, in real world

applications clusters are generally differently scattered. In this chapter 1 we present a

new approach for adapting the FCM algorithm to incomplete data. It can be regarded

as an extension of the optimal completion strategy that uses the information about the

dispersion of clusters. In the experiments on artificial and real data sets we show that

our approach outperforms the other clustering methods for incomplete data.

3.1 Introduction

Clustering is an important technique for automatic knowledge extraction from large

amounts of data. Its task is to identify groups or clusters of similar objects within a

data set [HK00]. Data clustering is used in many areas, including database marketing,

web analysis, information retrieval, bioinformatics, and others. However, if clustering

methods are applied on real data sets, a problem that often comes up is that missing

values occur in the data sets. Missing values could be caused for example by problems

or failures during the data collection, data transfer, data cleaning or as a result of the

data fusion from various data sources. Depending on the cause of missingness, missing

1This chapter is a revised and updated version of [HC10b].

27
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values can be missing completely at random or depending on the values of variables in

the data set.

Traditional clustering methods were developed to analyze complete data. In cases

where the completion of data sets by repeated data collection is undesirable or im-

possible, e.g. for financial or time reasons, there is a need for data analysis methods

handling incomplete data. In the previous chapter we presented different existing fuzzy

clustering algorithms adapted to incomplete data. However, the results of the experi-

ments conducted in [Him08, HC10a] have shown that these methods work well as long

as the clusters are similarly scattered. But in real world applications clusters generally

have different dispersions. In this chapter we present a new approach for adapting the

FCM algorithm to incomplete data. Our method can be regarded as an extension of the

optimal completion strategy that takes the dispersion of clusters during the estimation

of missing values into account [HC10b]. In experiments on artificial and real data sets,

we demonstrate the capabilities of our approach and show the benefit over the basic

form of the OCSFCM on incomplete data sets with differently scattered clusters. We

give a particular attention to the analysis of the performance of the methods depending

on the different missing-data mechanisms and the percentage of missing values in the

data set.

The remainder of the chapter is organized as follows. In the next section we describe

our idea for missing data imputation using the information about the cluster scatters

and present the modified FCM algorithm. The evaluation results of our method and

the comparison with the OCSFCM are presented in Section 3.3. In Section 3.4 we close

this chapter with a short summary and the discussion of future research.

3.2 Fuzzy Clustering of Incomplete Data Based on

Cluster Dispersion

In the previous chapter we described the optimal completion and the nearest prototype

strategies to adapt the fuzzy c-means clustering algorithm to incomplete data. The

OCSFCM and the NPSFCM impute the missing values of an incomplete data item eit-

her by the weighted mean of all cluster centers or by the corresponding feature values

of the nearest cluster prototype. As we can see in Formulae (2.15) and (2.16) the mis-

sing values are estimated only depending on the distances between the incomplete data

items and the cluster centers. In the OCSFCM the influence of the cluster centers is

expressed by the membership degrees but they are based on the distances between the

data items and the cluster prototypes. Hence, the OCSFCM and the NPSFCM com-

pletely disregard the information about the scatters of clusters during the imputation

of missing values. However, real world data sets usually contain differently scattered
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Figure 3.1: Two differently scattered clusters.

clusters where the data items located on the boundaries of large clusters have larger

distances to the cluster centers than the marginal data items of smaller clusters.

Figure 3.1 illustrates the problem outlined above. It shows a data set where some of

the data items contain missing values in one dimension. The data items are distributed

in two differently scattered clusters. Relying on the distances between the data items

and the cluster centers the incomplete data item with grey arrows will be correctly

assigned to the large cluster. Since the distances between the incomplete data item

with light grey arrows and the both cluster centers are equal, the missing value in this

data item will be imputed by the weighted mean of both cluster centers and it will be

correctly assigned to the large cluster. Although the incomplete data item with dark

grey arrows visually belongs to the large cluster, it will be incorrectly assigned by the

OCSFCM and the NPSFCM to the small cluster because the distance between this

data item and the center of the small cluster is smaller than the distance between the

data item and the center of the large cluster.

If missing values of incomplete data items are estimated only on the basis of the

distances between the data items and the cluster centers, it is highly possible that the

marginal data items of a large cluster are falsely assigned to the nearest small cluster.

As we already mentioned in the previous chapter, the estimation of missing values

and the calculation of the cluster centers influence each other. Therefore, ignoring

the cluster dispersions during the imputation of missing values leads to the distorted

computation of the cluster centers and consequently to inaccurate clustering results.

The results of the experiments conducted in [Him08], [HC10a] reflect this fact. The
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OCSFCM and the NPSFCM produced more accurate results on uniformly distributed

data sets than on the data sets with differently scattered clusters. In order to improve

the estimation of missing values in OCSFCM and NPSFCM, in [HC10b] we proposed

a new membership degree u∗
ik for the imputation of missing values. Our membership

degree determines the influence of the cluster centers taking the cluster dispersions into

account.

3.2.1 A New Membership Degree using Cluster Dispersion

We divide the data set X into Xcom, the set of completely available data items, and

Xinc, the set of data items with missing values. Furthermore, we divide the feature set

F into Fcom, the set of completely available features, and Finc, the set of features where

missing values occur. For each cluster Ci, 1 ≤ i ≤ c, we calculate the squared dispersion

s2i as a squared averaged distance of data items to their cluster centers according to

Formula (3.1).

s2i =
1

| Ci ∩Xcom | −1

∑
xk∈Ci∩Xcom

∑
f∈Fcom

(xk.f − vi.f)
2 , (3.1)

where xk ∈ Ci ⇔ uik = max{u1k, ..., uck} and | Ci ∩ Xcom |≥ 2. Instead of using the

fuzzy membership degrees for the calculation of the cluster dispersion we use the crisp

membership degrees computing the cluster dispersion similar to the sample variance.

In this way we try to avoid reducing the influence of distances between the cluster

center and the data items located between clusters.

In Formula (3.1) we calculated the cluster dispersion only on the basis of completely

available data items assuming that they are representative for the entire data set. Since

the values in completely available features are available for incomplete data items as

well, we can also include the data items with missing values during the calculation of

cluster dispersion. If missing values occur in a large number of data items but only

in few attributes, this alternative enables to include more available values during the

calculation of cluster dispersion than in Formula (3.1) described. Furthermore, in this

way we avoid the restriction that each cluster must consist at least of two completely

available data items. Then the cluster dispersion is computed as follows:

s∗
2

i =
1

| Ci | −1

∑
xk∈Ci

∑
f∈Fcom

(xk.f − vi.f)
2 for 1 ≤ i ≤ c , (3.2)

where xk ∈ Ci ⇔ uik = max{u1k, ..., uck} and | Ci |≥ 2.

So far we calculated the cluster dispersion on the basis of completely available

features. In this way we tried to avoid the distortion of the cluster dispersion caused

by missing values not missing at random (NMAR). On the other hand this restriction
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makes our approach inapplicable to incomplete data sets where missing values occur in

many attributes. Assuming that missing values in the data set are not NMAR, we can

compute the cluster dispersion using all available data values according to the partial

distance strategy. In this case the cluster dispersion is calculated as follows:

s∗∗
2

i =
1

| Ci | −1

∑
xk∈Ci

Dpart(xk, vi) for 1 ≤ i ≤ c , (3.3)

where xk ∈ Ci ⇔ uik = max{u1k, ..., uck} and | Ci |≥ 2. The partial distances

Dpart(xk, vi) are computed according to Formula (2.13).

In our approach we integrate the cluster dispersion in the membership degree for-

mula for the estimation of missing values as follows:

u∗
ik =

s2i d
2(vi, xk)

1/(1−m)∑c
j=1 s

2
jd

2(vj, xk)1/(1−m)
, 1 ≤ k ≤ n and 1 ≤ i ≤ c . (3.4)

The larger the dispersion of the cluster and the smaller the distance between the data

item and the cluster center, the higher the new membership degree is. If all clusters are

uniformly distributed, then the membership degree u∗
ik depends only on the distances

between the data item and cluster centers.

The new membership degree works with all formulae for the calculation of cluster

dispersion outlined above. Depending on the arrangement of missing values in the data

set, the cluster dispersion in Formula (3.4) can be calculated in an appropriate way

according to the Formulae (3.1) - (3.3). Since the membership degree u∗
ik is normalized

by the dispersions of all clusters, the sum of the new membership degrees for each data

item equals 1. Thus, Conditions (2.1) and (2.2) are fulfilled and the resulting algorithm

maintains the property of a probabilistic clustering algorithm.

3.2.2 FCM for Incomplete Data based on Cluster Dispersion

We integrate the new membership degree for the estimation of missing values in the

OCSFCM algorithm. We refer the resulting algorithm to as Fuzzy C-Means Algorithm

for Incomplete Data based on Cluster Dispersion (FCMCD). The working principle of

FCMCD is depicted in Algorithm 2. The cluster prototypes and the missing values

are initialized at the beginning of the algorithm. The membership degrees and the

cluster prototypes are updated in the first two iteration steps in the same way as in

the OCSFCM. In the third iteration step the missing values are estimated depending

on the cluster prototypes and the dispersion of clusters according to Formula (3.5).

xkj = (
c∑

i=1

(u∗
ik)

mv′ij)/(
c∑

i=1

(u∗
ik)

m), 1 ≤ k ≤ n and 1 ≤ j ≤ d . (3.5)
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Algorithm 2 FCMCD(X, c,m, ε)

Require: X is a d-dimensional incomplete data set with n data items, 2 ≤ c ≤ n is
a number of clusters, m > 1 is a fuzzification parameter, ε > 0 is a termination
accuracy

1: Initialize the set of data centers v′ = {v′1, ..., v′c}
2: Initialize all missing values xkj in X with random values
3: v = {}
4: repeat
5: v = v′

6: Calculate the membership degrees uik of each data item xk to each cluster Ci

according to Formula (2.4) // Step 1

7: Calculate the set of new cluster prototypes v′ = {v′1, ..., v′c} according to For-
mula (2.5) // Step 2

8: Impute the missing values xkj according to Formula (3.5) // Step 3

9: until ‖v − v′‖ < ε
10: return v′

The new membership degrees for the estimation of missing values are updated in

each iteration. As in the OCSFCM and the NPSFCM the imputation of missing values

and the calculation of cluster prototypes influence each other because the estimation

of missing values is based on the assignment of data items to clusters and the cluster

centers that are computed using the estimated and the available feature values.

The NPSFCM can also be modified using the new membership degree in a straight-

forward way. The missing values of incomplete data items are substituted by the

corresponding feature values of the cluster prototypes to which the data item has the

highest membership degree u∗
ik. The comparison of the numerators of the membership

degrees u∗
ik is here sufficient.

3.3 Data Experiments

3.3.1 Test Data

We have performed several experiments on artificial and real data sets to demonstrate

the capabilities of our approach. The artificial data set was generated by a composition

of three 3-dimensional Gaussian distributions. It consists of 300 data points which are

unequally distributed on three differently sized and scattered clusters with 52, 101

and 147 data items. The real world data set contains the demographic information

about 203 countries. For our experiments we only used the attributes average age,

death rate and child mortality. We tested the FCM algorithm for different numbers

of clusters and evaluated partitioning results using the cluster validity indexes NPC

[Rou78, Dav96] and the Xie-Beni index [XB91]. We achieved the best results for two
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Figure 3.2: Three-dimensional representation of (a) artificial and (b) real data sets.

clusters with 46 and 157 data items. For our experiments we normalized the feature

values in both data sets to the range [0, 10]. Since dependent features do not provide

additional information for the clustering, we ensured that values of different features

are uncorrelated in both data sets. The data sets are depicted in Figure 3.2.

To generate the incomplete data sets, both data sets were modified by successive-

ly removing values in two of three features with different probabilities according to a

multivariate missing-data pattern [LR02]. The percentage of missing values was calcu-

lated in relation to all feature values in the data sets. Since missing values can cause

a random or a conditional reduction of a data set, we deleted the values from the

test data sets according to the common missing-data mechanisms MCAR, MAR and

NMAR using a missing data generator outlined below. In this way we wanted to test

whether the performance of the clustering algorithms depends on different missing-data

mechanisms.

3.3.2 Missing Data Generator

We implemented a missing data generator to create incomplete data sets from complete

data. All incomplete data sets used in experiments described in this thesis were ge-

nerated using this missing data generator. Our missing data generator removes values

from complete data sets with given probability according to the chosen missing-data

mechanism. The working principle of our generator is very similar to the missing data

generator DataZapper described in [WKN10] that was published after our generator

was already implemented and used for our first experiments.

The missing data generator supports common data formats that are supported by
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the Weka machine learning platform [HFH+09] which is a standard toolkit in the ma-

chine learning environment. After loading the complete data set all relevant metadata

like attributes, number of data items, number of missing values are extracted. Since for

some experiments the correlation between the feature values is important, the Pearson

correlation coefficient between the values of different features is computed. After spe-

cifying the percentage of missing values, the user has a choice to select the attributes

where missing values should occur. Since the percentage of missing values relates to

all feature values in the data sets, the generator internally computes the percentage

of missing values per attribute evenly distributing the missing values to all selected

attributes.

The user has a choice from three supported missing-data mechanisms: MCAR,

MAR and NMAR. The default missing-data mechanism is MCAR. In the case MAR or

NMAR mechanisms are chosen, the user is requested to specify the attribute on which

values the missingness of values in the same or other attributes should be dependent. If

the missing-data mechanism MCAR is chosen, the values are removed from the entire

value range of the attributes. In the case the values should be removed according to

the missing-data mechanisms MAR or NMAR, the generator internally sorts the data

items by the attribute on which values the missingness of values in the same or the

other attributes should be dependent. Then it removes values from the upper or low

value range of the specified attributes. Theoretically, if the average feature values are

missing or the missingness of values in an attribute depends on the average values in

the other attribute, the missing values are NMAR or MAR. Unfortunately, in this case

the missing-data mechanisms MAR and NMAR cannot be verified using the statistical

test procedures without any knowledge about the complete data set. Since our aim is

to generate incomplete data sets where the missing-data mechanisms can be verified,

the missing data generator removes values from the upper or low value range of the

attributes. The range in which the feature values are removed is computed from the

percentage of missing values per attribute plus the so called gap of 10% to avoid an

artificial generation of incomplete data sets. After all feature values are removed,

the missing data generator verifies the predefined missing-data mechanism via suitable

statistical test procedures. In the case, the missing-data mechanism cannot be verified,

the missing data generator repeats the whole procedure successively reducing the gap

by 1% in each iteration until it manages to create an incomplete data set according to

the given requirements. If the missing data generator does not manage to create the

incomplete data set after zeroing the gap, it stops with a message that an incomplete

data set cannot be generated from the given complete data set satisfying the specified

requirements. Usually it is true for the MAR or NMAR missing-data mechanisms.

In this case the user can specify another attribute on which values the missingness of

values should depend, and start another attempt to generate an incomplete data set.
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If the missing data generator could not create an incomplete data set with missing

values MCAR, it is highly possible that the missing-data mechanism MCAR could not

be verified for the data set with randomly removed feature values. In this case it is

advisable to start another attempt to generate an incomplete data set without any

changes.

3.3.3 Experimental Setup

In our experiments we proceeded as follows: first we clustered the complete data sets

with the basic FCM algorithm to find out the actual distribution of data items into

clusters. We used these clusterings as a baseline for the comparison. Then we clustered

the incomplete data sets with the basic versions of the OCSFCM, the NPSFCM, and

the FCMCD using Formulae (3.1) and (3.2) for the cluster dispersion. To create the

test conditions as real as possible, we initialized the cluster prototypes with random

values at the beginning of the algorithms. For the stopping criterion ‖v − v′‖ < ε we

used the Frobenius norm distance defined in Formula (3.6).

‖V − V ′‖F =

√√√√ c∑
i=1

d∑
j=1

|vij − v′ij|2, (3.6)

where V and V ′ are the sets of old and updated cluster centers. In all our experiments

we set the value ε to 0.0001.

3.3.4 Experimental Results

In this subsection we present the results of our experiments organized according to the

missing-data mechanisms. Since the experimental results for the modified versions of

the OCSFCM and the NPSFCM were very similar, below we present the results on the

example of the modified versions of the OCSFCM. We refer the modified OCSFCM

algorithm using Formula (3.1) to as FCMCD. The modified OCSFCM algorithm using

Formula (3.2) is referred to as FCMCD∗.

3.3.4.1 Test Results for Data with Missing Values MCAR

Figure 3.3 presents the performance results for OCSFCM, FCMCD and FCMCD∗ on

the artificial and the real data sets with missing values MCAR. To evaluate the perfor-

mance of algorithms, we compared the averaged accuracy (the percentage of correctly

classified data items) obtained over 30 trials in relation to the percentage of missing

values in the data sets. For 0% missing values, all approaches reduce to the basic FCM

algorithm and, therefore, produced the same partitionings of the data sets as the FCM
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(a) (b)

Figure 3.3: Averaged results of 30 trials for the accuracy on (a) artificial and (b) real
data sets with missing values MCAR (bars indicate +/- on standard deviation).

algorithm. For 5% or more missing values in the data sets, the performance results of

FCMCD and FCMCD∗ were quite similar. The FCMCD∗ algorithm performed only

slightly better than the FCMCD algorithm for a large percentage of missing values in

the data sets. Since the missing values were MCAR, the complete data items repre-

sented the entire data set well so that the cluster dispersion could be well estimated

on the basis of the complete data items. Both algorithms produced a lower number of

misclassification errors than the basic version of the OCSFCM. The averaged accuracy

of these two algorithms exceeded 90% when the amount of missing values was not lar-

ger than 50%. Moreover, FCMCD and FCMCD∗ were considerably more stable than

OCSFCM. With a few exceptions these algorithms produced the same partitionings

of data items independent of the initial partitioning. In contrast, OCSFCM produced

from trial to trial different partitionings of data items into clusters. Consequently,

different numbers of misclassification errors were obtained by OCSFCM in each trial.

We captured the performance variations of OCSFCM with standard deviation (bars

in figures). Furthermore, the standard deviation for OCSFCM significantly increased

with the increasing number of missing values in the data sets.

3.3.4.2 Test Results for Data with Missing Values MAR

The performance results for OCSFCM, FCMCD and FCMCD∗ on both data sets with

missing values MAR are shown in Figure 3.4. All algorithms performed in a quite

similar way as long as the percentage of missing values was relatively low. We observed

the significant differences in the performance of the algorithms when the amount of

missing values in the data sets exceeded 15%. In comparison to the results on the data

sets with missing values MCAR, the algorithms performed somewhat worse on the data
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(a) (b)

Figure 3.4: Averaged results of 30 trials for the accuracy on (a) artificial and (b) real
data sets with missing values MAR (bars indicate +/- on standard deviation).

with missing values MAR, especially on the real data set. This is due to the fact that

missing values MAR occurred in the data items depending on the values of available

features and thus, they occurred in the data items with particular properties. In this

way, the completely available data items did not represent the entire data set anymore.

Therefore, the computation of the cluster scatters was distorted by the complete data

items and the missing values MAR could not be estimated as well as the missing values

MCAR. Additionally, the computation of the cluster prototypes was affected by the

inaccurate imputation of missing values. All that led to more misclassifications with

the increasing number of missing values in the data sets. Since in FCMCD∗ the cluster

dispersions was computed on the basis of feature values of all data items, this algorithm

performed slightly better than the FCMCD using Formula (3.1) for the calculation of

the cluster dispersions.

3.3.4.3 Test Results for Data with Missing Values NMAR

Figure 3.5 shows the experimental results for OCSFCM, FCMCD and FCMCD∗ on

the data sets with missing values NMAR. As in the case of missing values MAR, the

performance results of the algorithms are worse than on the data sets with missing

values MCAR. Since missing values NMAR occur in the data items with particular

properties, some clusters may be affected by the absence of feature values more than

the others. In this way, these clusters may not be identified as such by the clustering

algorithms. Consequently, the clustering results produced by the algorithms on the

data sets with missing values NMAR may be different from the actual partitioning.

In our experiments, the OCSFCM split clusters with a low number of incomplete

data items in several clusters and distributed data items of clusters with a high number
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(a) (b)

Figure 3.5: Averaged results of 30 trials for the accuracy on (a) artificial and (b) real
data sets with missing values NMAR (bars indicate +/- on standard deviation).

of incomplete data items to other clusters. In contrast, FCMCD and FCMCD∗ strived

to maintain the clustering structure by imputing the missing values with regard to the

cluster scatters. As Figure 3.5 shows, FCMCD and FCMCD∗ achieved better perfor-

mance results than the basic version of the OCSFCM on the data sets with missing

values NMAR. The performance of FCMCD and FCMCD∗ declined and converged to

the performance of OCSFCM only for a large number of missing values in the data

sets.

3.3.5 Prototype Error and Runtime

In our experiments we also compared the runtime (here: the mean number of iterations

to termination) of the algorithms. Table 3.1 gives the average number of iterations

required to terminate for the clustering algorithms OCSFCM, FCMCD, and FCMCD∗

obtained over 30 trials on the real data set with missing values MCAR. Like the basic

FCM all algorithms required about 8-12 iterations to termination on the complete data

sets. With the increasing number of missing values in the data set, the mean number

of iterations strongly increased. From 35% of missing values in the data set, OCSFCM

required almost the double number of iterations to termination than the other two

algorithms. There were no significant differences in the runtime between FCMCD and

FCMCD∗.

For some applications, the information about the location of clusters is as much

important as the information about the partitioning of the data items into clusters.

Therefore, we analyzed the algorithms regarding the determination of the cluster pro-

totypes in presence of missing values in the data sets. Table 3.2 gives the average

Frobenius norm distance between the terminal cluster prototypes obtained by the ba-
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Table 3.1: The average number of iterations to termination.

% mean number of iterations

missing OCSFCM FCMCD FCMCD∗

5 22.2 17.7 17.8

15 27.8 21.4 19.8

25 35.4 22.7 22.7

35 46.6 26.3 26.5

45 85.5 48.0 49.8

55 143.5 89.6 102.4

sic FCM algorithm on the complete real data set and the corresponding terminal cluster

prototypes computed by the three algorithms on the real data set with missing values

MCAR. When the percentage of missing values was not greater than 40% in the data

set, the terminal cluster prototypes obtained by FCMCD and FCMCD∗ were consi-

derably more accurate than the terminal prototypes obtained by OCSFCM. For 45%

and more of missing values in the data set, OCSFCM produced more accurate ter-

minal cluster prototypes than its extended versions. It bears mentioning that in this

range the accuracy obtained for FCMCD and FCMCD∗ was still about 10% higher

than for OCSFCM (compare Figure 3.3 (b)). This is due to the fact that OCSFCM

imputes the missing values by values, which are very close to the corresponding fea-

ture values of the nearest cluster prototype. In this way the cluster prototypes are

better maintained, but the clustering structure may get lost. In order to maintain

the clustering structure, FCMCD takes the cluster dispersions into account during the

calculation of the membership degrees and, consequently, the cluster prototypes. In

this way FCMCD produced a lower number of misclassification errors than OCSFCM,

but the terminal cluster prototypes obtained by FCMCD were less accurate in the case

of high percentage of missing values in data set.

3.4 Conclusions and Future Work

The already existing fuzzy c-means algorithms for incomplete data that impute missing

values leave the cluster dispersions out of consideration during the estimation of missing

values. For this reason, they fail to work on the incomplete data sets with differently

scattered clusters. Our approach uses a new membership degree for the missing values

imputation based on the cluster dispersion. In experiments on the artificial and the

real data sets with differently scattered clusters, we have shown that our approach
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Table 3.2: The average prototype error.

% mean prototype error

missing OCSFCM FCMCD FCMCD∗

5 0.1756 0.1065 0.1043

15 0.4237 0.1504 0.1504

25 0.5467 0.1585 0.1585

35 0.7468 0.3265 0.3283

45 0.8791 1.0844 1.1387

55 1.1558 2.2040 2.1811

outperforms the basic versions of the OCSFCM and the NPSFCM. It produced less

misclassification errors, it is more stable, it required less iterations to termination,

and it produced more accurate terminal cluster prototypes in the cases, where the

percentage of missing values in the data set was not greater than 40%.

Although the data experiments have shown the promising results for our method, we

believe that we can improve them by reducing the influence of the imputed values during

the computation of cluster prototypes. In [Tim02] the authors proposed to reduce the

weight of incomplete data items while the computation of cluster centers achieving a

slightly improvement in the performance of their method. Our idea is to exclude the

missing values from the computation of cluster prototypes calculating them only on

the basis of available feature values as in the PDSFCM. In this way, the imputation

of missing values will be influenced by the cluster prototypes but the computation of

cluster prototypes will not be influenced by the imputed values. Furthermore, our

experiments showed that all clustering methods performed worse on the data sets with

missing values MAR and NMAR than on the data with missing values MCAR. In

order to improve the performance of our approach on the incomplete data sets with a

conditional absence of values, we also plan to combine our approach with an approach

presented in [TDK04] that uses class specific probabilities for missing values.

Another idea to improve the accuracy of clustering results on incomplete data is im-

puting the missing values with a sophisticated imputation technique in a preprocessing

step and clustering the completed data sets with clustering algorithms for uncertain

data. In [Him09] we imputed missing values with the EM algorithm and clustered the

completed data with the basic FCM algorithm. The performance of our approach on

data sets with equally scattered clusters was similar to the performance of PDSFCM,

OCSFCM and NPSFCM. The computational costs were, of course, much higher than

for the other approaches. Anyway, we expect a better estimation of missing values
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MAR and NMAR using the regression based imputation approaches because they con-

sider the relationships between the feature values. On the other hand, the clustering

approaches for uncertain data treat the available and uncertain (in our case imputed)

values in different ways. Combining these both features we expect the more accurate

clustering results for this approach on data with conditional absence of values than for

the clustering algorithms adapted to incomplete data.

Furthermore, in all our experiments we assumed the real number of clusters to

be known because we computed it on complete data sets using the cluster validity

indexes NPC [Rou78, Dav96] and the Xie-Beni index [XB91]. However, in the real

world applications the number of clusters is generally unknown in advance. Therefore,

in the next chapter of this thesis we analyze in an extensive study to what extend the

partitioning results produced by the clustering methods for incomplete data reflect the

distribution structure of the data items and whether the optimal number of clusters

can be determined using the cluster validity indexes.





Cluster Validity for Fuzzy

Clustering of Incomplete Data

The quality of the resulting partitioning of the data produced by clustering algorithms

strongly depends on the assumed number of clusters. In this chapter, we address the

problem of finding the optimal number of clusters on incomplete data using cluster

validity functions. We describe different cluster validity functions and adapt them to

incomplete data according to the available case approach.

4.1 Introduction and Related Work

Generally, cluster analysis is defined as an unsupervised learning technique for detecting

subgroups or clusters of similar objects. Since clustering is an unsupervised process,

no a priori knowledge about the resulting distribution of data objects into clusters

can be assumed. In order to achieve an optimal partitioning of a data set, cluster

analysis is usually performed as a multi-level process that involves determining the

optimal number of clusters, partitioning data objects into clusters and validation of

found clusters. In the literature, a great number of well-performing algorithms have

been proposed that assign data objects into a pre-defined number of hard or fuzzy

partitions. However, the resulting partitioning of data produced by these methods

satisfactorily reflects the real distribution of data objects in a data set if the number

of clusters used by the clustering algorithm corresponds to the real number of clusters

in the data set.

Determining the optimal number of clusters turned out to be a difficult problem and

much effort has been done in different directions. Below we briefly describe different

43
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approaches for finding the optimal number of clusters.

• One of the best known and most commonly used methods for determining the op-

timal number of clusters in a data set is carrying out the clustering algorithm for

different numbers of clusters and to assess the partitioning results using a cluster

validity function after each trial. The data partitioning which is rated with the

best value for the Cluster Validity Index (CVI) is regarded as the optimal parti-

tioning of the data set. Since the first fuzzy clustering algorithm was developed,

a variety of post-clustering measures has been proposed. Different cluster validi-

ty functions consider different aspects of an optimal partitioning like the clarity

of the assignment, separation between clusters, compactness within clusters, etc.

and therefore they yield different results for different data distributions. Most

cluster validation indexes provide the optimal number of clusters on data with

a simple distribution structure, but they fail if some clusters partly overlap or if

clusters are hierarchically ordered building distant groups of clusters. To over-

come those problems and to determine the optimal number of clusters in data

with a complicated distribution structure, more and more complicated cluster

validation measures have been proposed.

• Another method is estimating the optimal number of clusters from the distance

matrix between data items in a pre-processing step. The idea of this approach

is to reorder the rows and columns of the dissimilarity matrix between data

items and to represent it in a grey-scale image, where the clusters are high-

lighted as dark blocks along the diagonal. The main challenge of this method

is the way of processing the dissimilarity matrix so that the final image clear-

ly highlights the cluster tendency. The idea of representing the data structure

in an image is not new, the first attempts have been made in the seventies of

the last century [Lin73]. Determining the optimal number of clusters from the

reordered dissimilarity images (RDI) found its renaissance during the last deca-

de after Bezdek and Hathaway proposed their algorithm Visual Assessment of

(Cluster) Tendency (VAT) [BH02]. Since then different and more sophisticated

improvements of the VAT method have been proposed for different types of data

[HBH05, HBH06, BHH07, SHB08, WGB+10].

• Stability based cluster validity methods represent another approach for deter-

mining the optimal number of clusters in a data set. They are based on the

assumption that the most stable partitioning of a data set under perturbation of

data contains the optimal number of clusters [Bre89, BK06]. In general, there

are two strategies for the evaluation of clustering stability: supervised and unsu-

pervised. In the supervised scheme the data set is divided into equally sized and
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non-overlapping training and test sets several times. Each training set is used

for training a classifier that predicts the assignment of data items into clusters in

the corresponding test set. The average stability measure is calculated by com-

paring the predicted and the real partitionings of the test sets [LRBB04, DF02].

In the unsupervised scheme the data set is repeatedly divided into several data

subsamples with or without overlaps. Each subsample is clustered independently

and the partitioning results are cross-compared in order to obtain the average sta-

bility measure [BHEG01, LJ03, Bor07, FGP+10]. Similar to the first method the

partitioning results of a data set are compared with each other for different num-

bers of clusters. Instead of using CVIs that assess each partitioning separately,

stability based methods calculate a stability parameter comparing partitionings

of different subsamples for each number of clusters.

In our overview we only focused on methods that have been proposed recently or

are still widely used and discussed in the literature. Besides them there are several

other approaches for estimating the optimal number of clusters in the data set. Worth

to mention are methods that perform the clustering algorithms with a large number

of clusters and separately assess each cluster in the partitioning after each run. Then,

either similar and adjoining clusters are merged as in Compatible Cluster Merging

(CCM) [KF92] and Similar Cluster Merging (SCM) [Stu98] strategies or small clusters

are removed as in Competitive Agglomeration Clustering (CAC) strategy [FK97]. After

that the clustering algorithm is performed with a smaller number of clusters. Unlike

the approach using CVIs in these methods the cluster prototypes are adopted from

the partitioning results of the previous run. On the one hand this strategy yields

benefits by reducing the run time of clustering algorithms before the convergence in

each run. On the other hand, since partitioning results of clustering algorithms might

differ depending on the initialization in different trials, an inappropriate partitioning

of the data set might distort the results of all following runs and the entire cluster

validity process.

All aforementioned approaches for determining the optimal number of clusters were

developed for complete data. In this chapter we address the question to what extent the

optimal number of clusters can be found on incomplete data. Except the approach that

determines the optimal number of clusters from the reordered dissimilarity images in a

pre-processing step, all other methods presented in this section use partitioning results

produced by the clustering algorithms. In our study, we use clustering algorithms

described in the last chapter for partitioning incomplete data. We exclude approaches

that determine the optimal number of clusters from the reordered dissimilarity images

(RDI) from our consideration for two reasons. First, since those approaches are based

on the distance matrix between data items, there is no straight way of adapting them
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to incomplete data. In [BH02] authors proposed to estimate the distances between

incomplete data items by partial distances [Dix79]. We consider this suggestion as

limited because the calculation of the partial distance is based on the feature values

that are available in both data items. Since data sets might contain incomplete data

items that do not have values in the same dimensions, the partial distance function

cannot be applied. Second, the experiments conducted in [Höf11] have shown that

VAT like methods are not able to determine the optimal number of clusters if some

clusters are hierarchically ordered building distant groups of clusters even if clusters

within those groups are clearly separated from each other.

We also exclude stability based cluster validity methods from the consideration. On

one side, the computational costs of those methods are very high because for each num-

ber of clusters the data set has to be repeatedly divided into several subsamples each

of which has to be clustered. Although partitioning of subsamples is less computing

intensive than partitioning of the entire data set, the number of subsamples to be parti-

tioned suspends the benefit of computational costs. Moreover, to ensure the reliability

of resulting partitionings of data subsamples the clustering algorithm has to be perfor-

med several times for different initializations of cluster prototypes. Additionally, the

partitionings of subsamples have to be compared with each other for calculation of sta-

bility measure. On the other side, empirically stability based cluster validity methods

often tend to underestimate the optimal number of clusters [Efi12, Bor07, FGP+10]

because clustering algorithms produce more stable partitionings of data for a small

number of clusters. For the same reason stability based methods detect only rough

data structures ignoring single clusters located close to each other.

We focus our consideration on the analysis and the adaption of different cluster

validity indexes. In our opinion this approach conforms to the natural perception of

clustering because the number of clusters results from the best partitioning of the data

set in a learning process. Cluster validity functions assess the structure quality of the

data partitionings and choose the one that conforms the definition of the clustering as

best. Concerning partitioning of incomplete data, some cluster validity functions use

only the information provided by the clustering methods adapted to incomplete data.

Therefore, such CVIs can be used on incomplete data without any changes. We adapt

the cluster validity indexes to incomplete data that use some additional information

like the data set for their calculation. Since both the clustering algorithms and the

cluster validity indexes are adapted to incomplete data, later in experiments we analyze

on several data sets to what extend the partitioning results produced by the clustering

methods for incomplete data reflect the distribution structure of the data items and

whether the optimal number of clusters can be determined using the original and the

adapted cluster validity indexes.
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4.2 Cluster Validity Indexes for Incomplete Data

Since cluster validity indexes are computed using partitioning results obtained by clu-

stering algorithms, the determined optimal number of clusters depends on both clu-

stering methods and cluster validity indexes. While the cluster validity problem on

complete data has been extensively examined and different cluster validity indexes

were tested and compared with each other in the literature (see [WZ07] for exam-

ple), there are only few works that have analyzed this problem on incomplete data

[HHC11, HCC12]. In this section we present an overview of different cluster validity

indexes. We differentiate them into different categories according to the type of infor-

mation they use and the aspects of an optimal partitioning they consider. Some of the

cluster validity indexes combine the properties of more than one category. We adapt

the cluster validity indexes to incomplete data pursuing the available case approach.

The advantage of adapting the CVIs in this way is that they automatically reduce to

the original versions of the corresponding CVIs without additional computational costs

in the case of the complete data sets. So they can be used on any data set regardless

of whether it is complete or incomplete. Although some clustering algorithms adapted

to incomplete data estimate missing values in the data set, involving only available

feature values while calculation of cluster validity indexes turned out to provide better

validity results than involving estimated values [HHC11].

4.2.1 Cluster Validity using Membership Degrees

In this section we give an overview of cluster validity functions that use only member-

ship degrees of data items to clusters for the calculation. While the Partition Coef-

ficient and the Partition Entropy aggregate the membership degrees of data items to

clusters, the KKLL and the Overlap and Separation Indexes consider the geometrical

properties of a partitioning like overlap and separation between clusters. The cluster

validity indexes of this category have the advantage that they can be used on incom-

plete data without any changes because they only use information that is provided by

all clustering methods adapted to incomplete data.

4.2.1.1 Partition Coefficient

The Partition Coefficient (PC) [Bez74] rates a partitioning of a data set as optimal

if data items are clearly assigned into clusters. This means that membership degrees

should be close to 1 or close to 0. The index is defined as

VPC(U, c) =
1

n

c∑
i=1

n∑
k=1

u2
ik. (4.1)
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The partition coefficient also evaluates the compactness within clusters implicitly be-

cause the membership degrees express the relative distance of data points to cluster

centers. The compacter the clusters are, the clearer is the assignment of data points

to clusters. In the optimal partitioning where all data points are clearly assigned to

clusters, the partition coefficient achieves a value of 1. In the worst case when all data

points are ambiguously assigned to clusters, i.e. the membership degrees to different

clusters are equal, the partition coefficient achieves a value of 1
c
. Thus, the range of the

partition coefficient is [1
c
, 1], where a high value indicates a good partitioning. Since

the lower bound of the partition coefficient depends on the parameter c, a clustering

with a large number of clusters can be assessed as poorer than a clustering with a small

number of clusters.

Normalized Partition Coefficient Since the partition coefficient is not normalized

to the number of clusters, the lower bound for a small c is higher than for a large c.

In this way PC has a bias towards a smaller number of clusters. To overcome this

drawback, the Normalized Partition Coefficient (NPC) was proposed in [Bac78, Rou78,

Dav96] that is defined as follows:

VNPC(U, c) = 1− c

c− 1
(1− VPC(U, c)) = 1− c

c− 1

(
1− 1

n

n∑
k=1

c∑
i=1

u2
ik

)
. (4.2)

Unlike the partition coefficient the range of its normalized version is [0, 1]. The norma-

lized partition coefficient maintains the property of PC that in the case of an optimal

partitioning its value achieves 1:

1− c

c− 1
(1− VPC(U, c)) = 1− c

c− 1
(1− 1) = 1− 0 = 1.

The minimal value of NPC is 0. We get it when membership degrees of all data points

to all clusters are 1
c
. While PC achieves a value of 1

c
in this case, NPC has a value of

0 that does not depend on the parameter c anymore:

1− c

c− 1
(1− VPC(U, c)) = 1− c

c− 1

(
1− 1

c

)
= 1− c− 1

c− 1
= 0.

4.2.1.2 Partition Entropy

The Partition Entropy (PE) is based on the idea of Shannon’s entropy [Sha48]. In infor-

mation theory, entropy is a measure of uncertainty, unpredictability or “randomness”.

Based on the equivalent notation of entropy as a measure of the average informati-

on content of a unit of data, Shannon defined the entropy H of a discrete random

variable X with m possible values {X1, ..., Xm} whose probabilities of occurrence are
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p(X1), ..., p(Xm) as the expected value of the information content of X:

H(X) = E(I(X)) =
m∑
i=1

p(Xi)I(Xi) =
m∑
i=1

p(Xi) log
1

p(Xi)
= −

m∑
i=1

p(Xi) log p(Xi)

(4.3)

with lim
p→0+

p log p = 0.

The meaning of entropy can be explained by taking the example of a single coin

toss experiment. In the case of a fair coin the probability of heads and tails are equal:

p(head) = p(tail) = 1
2
. So the result of each coin toss is completely unpredictable and

the entropy is as high as possible and is equal 1.

Using the concept of entropy, the partition entropy (PE) measures the amount of un-

certainty of a clustering [Bez75, Bez81]. It interprets the probabilities p(X1), ..., p(Xm)

as the membership degrees of data points to clusters and rates a partitioning of a data

set as optimal if the clusters are clearly separated:

VPE(U, c) = − 1

n

n∑
k=1

c∑
i=1

uik log uik. (4.4)

As in the example above, the partition entropy achieves its highest value of log c when

all data points are ambiguously assigned into clusters, i.e. the membership degrees of

all data points to all clusters are 1
c
. In the case of an optimal partitioning, i.e. all data

points are clearly assigned into clusters and the amount of uncertainty is minimal, the

partition entropy obtains a value of 0. So the value range of the partition entropy is

[0, log c], where a small value indicates a good partitioning.

Normalized Partition Entropy Like in the case of the partition coefficient the

upper bound of the partition entropy depends on the parameter c which means that

clusterings with a large number of clusters can be automatically underestimated. To

overcome this drawback several normalizations were proposed in the literature [Dun77,

Bez75, BWE80]:

VNPE(U) =
VPE(U)

log c
. (4.5)

VMPE(U) =
nVPE(U)

n− c
, (4.6)

While Bezdek’s VNPE(U) is obviously normalized to the interval [0, 1] for all c, Dunn’s

VMPE(U) is very similar to the basic version of the partition entropy for c 
 n.

4.2.1.3 Kim-Kim-Lee-Lee Index

While the partition entropy (PE) measures the amount of uncertainty of a partitioning

as the average entropy of data items, the idea of the Kim-Kim-Lee-Lee index (KKLL) is



50 Cluster Validity for Fuzzy Clustering of Incomplete Data

to calculate the average overlap between pairs of clusters as a relative degree of sharing

of data points in the overlap [KKLL04]. In this way the KKLL index considers the

geometrical structure of clusterings using only the membership matrix and rates the

partitioning with the smallest degree of overlap between clusters as an optimal one.

Kim et al. define the relative degree of sharing between two fuzzy clusters Ci and

Cj at the data item xk as follows:

Srel(xk : Ci, Cj) =
uik ∧ ujk

1
c

c∑
l=1

ulk

. (4.7)

For the calculation of the relative degree of sharing between two fuzzy clusters the

authors use a fuzzy AND operator that is defined as uik ∧ujk = min{uik, ujk} [Zad65].

The higher the membership degrees of a data item to both clusters are, the higher is the

relative degree of sharing between two clusters at that data point which means a large

overlap between clusters. In Formula (4.7) the relative degree of sharing uik ∧ ujk is

normalized by the average membership degree of the data point xk over all c clusters.

Since
c∑

l=1

ulk = 1 holds for all data points in probabilistic FCM, this term can be

neglected.

According to [KKLL04] the relative degree of sharing between two fuzzy clusters

Ci and Cj is defined as weighted sum of the relative degrees of sharing at each data

item xk between two clusters of the pair.

Srel(Ci, Cj) =
n∑

k=1

c · [uik ∧ ujk]h(xk) with h(xk) = −
c∑

i=1

uiklogauik. (4.8)

To reinforce the impact of vague data items in the calculation of the relative degree

of sharing between pairs of clusters, Kim et al. use the entropy of data items as a

weighting parameter. In this way the relative degree of sharing between two clusters

is the higher the more vague data items are shared by both clusters. Then the Kim-

Kim-Lee-Lee index is defined as the average relative degree of sharing of all possible

pairs of clusters:

VKKLL(U) =
2

c(c− 1)

c−1∑
i=1

c∑
j=i+1

n∑
k=1

[c · [uik ∧ ujk]h(xk)]. (4.9)

As mentioned above the KKLL cluster validity index as a separation index differs from

partition entropy (PE) because it measures not only the ambiguity of a partitioning but

also the overlap between clusters which is a geometrical property. On the other hand,

it differs from many other CVIs because it provides information about the separation

of clusters without being biased by the distances between cluster centers.
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4.2.1.4 Overlap and Separation Index

The cluster validity index proposed by Le Capitaine and Frélicot in [CF11] combines

overlap and separation criteria of a partitioning and only uses the membership degree

matrix for the calculation. The idea of the Overlap and Separation Index (OSI) is to

measure the ratio of overlap and separation at each data item and to rate the clustering

of a data set regarding the average ambiguity between fuzzy clusters in the partitioning.

According to [CF11] the overlap-separation measure at data point xk ∈ X is defined

as follows:

OS⊥(uk(xk), c) =
O⊥(uk(xk), c)

S⊥(uk(xk), c)
. (4.10)

The calculation of overlap and separation measures at the data point xk is based on

the membership degrees of this data point to all clusters in the partitioning. The

overlap measure for the data item xk evaluates the degree of overlap between different

numbers of clusters at the data point xk. Unlike other cluster validity indexes, e.g.

KKLL index, OSI calculates and compares the degrees of overlap not only between

each pair but also between each triplet up to c-tuple of clusters. Then the overlap

degree of the combination of clusters with the “highest” overlap value determines the

overall degree of overlap O⊥(uk(xk), c) for the data point xk.

O⊥(uk(xk), c) =
1

⊥
l=2,c

(
l

⊥
i=1,c

(uik)

)
. (4.11)

Le Capitaine and Frélicot use the l-order fuzzy OR operator (fOR-l for short) defi-

ned in [MBF08] for the calculation of the overlap measure O⊥(uk(xk), c). The l-order

fuzzy OR operator concatenates triangular norms (short: t-norms) and conorms (short:

t-conorms) which combine membership degrees in order to measure the k-order am-

biguity, i.e. the ambiguity between k fuzzy sets. Mascarilla et al. generalized the

l-order fuzzy OR operator to all triangular norms and conorms. Some basic t-norms

and t-conorms are summarized in Table 4.1. According to [MBF08] the l-order fuzzy

OR operator is defined as follows:

l

⊥
i=1,c

uik = �
A∈Pl−1

(
⊥

j∈C\A
ujk

)
, (4.12)

where P is the power set of C = {1, 2, ..., c} and Pl = {A ∈ P | |A| = l}. |A| is the

cardinality of the subset A.

The effect of the l-order fuzzy OR operator can be explained by taking the example

of the standard t-norm. In this case the l-order fuzzy OR operator
l

⊥(uk) calculates

the l-th largest element of uk with uk = {u1k, ..., uck} (see the proof in [MBF08]). If

we take a closer look at the overlap measure defined in Formula (4.11), we see that
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the l-order fuzzy OR operator is used to determine the maximum overlap value among

all l-order overlap values for l = 2, ..., c each of which corresponds to the maximum

overlap value among all possible combinations of l clusters at the data point xk. In the

end, the overlap measure for the data point xk using the standard t-norm is defined by

the second largest element of uk with uk = {u1k, ..., uck}.

Table 4.1: Examples of T-norm (�) and T-conorm (⊥) couples.

Name a�b a⊥b

Standard (S) min(a, b) max(a, b)

Algebraic (A) ab a+ b− ab

�Lukasiewicz (L) max(a+ b− 1, 0) min(a+ b, 1)

Hamacher (Hγ)
ab

γ+(1−γ)(a+b−ab)
a+b−ab−(1−γ)ab

1−(1−γ)ab

Dombi (Dγ)
1

1+(( 1−a
a )

γ
+( 1−b

b )
γ
)
1/γ 1− 1

1+(( a
1−a)

γ
+( b

1−b)
γ
)
1/γ

In contrast to the overlap measure the separation measure calculates the degree of

separation between clusters at the data item xk. In case of the standard triangular

norm it measures how well the data item xk is assigned to the cluster to which it has

the largest membership degree. According to [CF11] the separation measure at the

data point xk is defined as follows:

S⊥(uk(xk), c) =
1

⊥

⎛
⎜⎜⎝ 1

⊥
i=1,c

uik, . . . ,
1

⊥
i=1,c

uik︸ ︷︷ ︸
c−1 times

⎞
⎟⎟⎠ . (4.13)

Formula (4.13) can be simplified using the property
1

⊥
i=1,c

uik = ⊥
j∈C

ujk [MBF08]. While

the separation measure can be simplified to max{u1k, . . . , uck} for the standard t-norm,

the calculation of the separation measure for other triangular norms is more complica-

ted and must be normalized in accordance with the overlap measure. Since the overlap

measure in Formula (4.11) calculates the fuzzy disjunction of |l| = c−1 overlap degrees

of combinations of clusters, the authors use the fuzzy disjunction of c− 1 single
1

⊥(uk)

measures in the separation measure. In this way the overlap-separation measure OS⊥
for the data item xk is normalized to the interval [0, 1].

The Overlap and Separation Index (OSI) of a partitioning of a data set is defined

as the average overlap-separation value of data points in the data set:
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VOSI⊥(U) =
1

n

n∑
k=1

OS⊥(uk(xk), c). (4.14)

Le Capitaine and Frélicot have shown in [CF11] that the overlap and separation index

(OSI) is normalized to the interval [0, 1]. Since in the optimal partitioning of a data

set the clusters should be well separated and the overlap between clusters should be

minimal, the overlap and separation index (OSI) should be minimized to find the

optimal number of clusters.

The overlap and separation index (OSI) determines the optimal number of clusters

regarding the geometrical properties of a partitioning using only the membership ma-

trix. Therefore, this index can be applied to incomplete data without any changes.

On the other hand, the high computational costs of this index limits its applicability

on large data sets. Like the other cluster validity indexes, OSI has to be computed

for several partitionings for a different number of clusters but the computational costs

exponentially increase with the increasing number of clusters. While the computation

of OSI using the standard t-norm can be drastically reduced, there is no shortcut for

the computation of OSI using other t-norms.

4.2.2 Cluster Validity based on Compactness

Cluster validity indexes of this category focus only on the consideration of the similarity

between data items within clusters. Since data objects are represented by metric

objects in the feature space and the similarity between the data items is represented

by the distances between them, the idea of CVIs of this category is to measure the

geometrical compactness of clusters as point clouds in space. As we will see later,

cluster validity functions define compactness of clusters in different ways. While the

Fuzzy Hypervolume calculates the volume of clusters, the Partition Density includes

the number of points within clusters. Since both cluster validity indexes involve the

data set in their calculation, we also give the adapted versions of them to incomplete

data.

4.2.2.1 Fuzzy Hypervolume

The idea of the cluster validity index proposed by Gath and Geva in [GG89] is that

clusters of data points should be of minimal volume in an optimal fuzzy partitioning.

In this way the Fuzzy Hypervolume (FHV) defines the compactness of a partitioning

of a data set as the sum of the volumes of its clusters.

VFHV (U,X, V ) =
c∑

i=1

√
det(Covi). (4.15)
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The FHV uses the determinant of the covariance matrix of a cluster as a measure for

its volume:

Covi =

n∑
k=1

(uik)
m(xk − vi)(xk − vi)

T

n∑
k=1

(uik)m
for 1 ≤ i ≤ c. (4.16)

The advantage of using the covariance matrix is that it describes the size and the shape

of clusters between pairs of dimensions. That enables fuzzy hypervolume to recognize

clusters of different sizes independent of their expansion, their location in the feature

space, and their closeness to each other. On the other hand, FHV suffers from the

monotonically decreasing tendency for c → n because the minimal volume of clusters

is achieved when each data point is in its own cluster.

Fuzzy Hypervolume for Incomplete Data As mentioned above, fuzzy hyper-

volume involves the data set in its calculation. To be precise, the calculation of the

covariance matrix demands the calculation of distances between values of data points

and cluster prototypes in each dimension. Little and Rubin proposed in [LR02] to cal-

culate the covariance matrix of a Gaussian distribution of incomplete data using only

available feature values of incomplete data items and normalizing it by the number

of used values. Using this idea in [HHC11] we already adapted the calculation of the

covariance matrix for fuzzy clusters of incomplete data in the same way as it was used

by Timm et al. in [TDK04]. In this way we adapt the FHV to incomplete data using

Formulae (4.15) and (4.17) [HCC12].

Covi(pl)(U,X, V ) =

n∑
k=1

(uik)
mikpikl(xkp − vip)(xkl − vil)

n∑
k=1

(uik)mikpikl

for 1 ≤ i ≤ c and 1 ≤ p, l ≤ d,

(4.17)

where

ikj =

⎧⎨
⎩1 if xkj ∈ Xavl

0 else.

4.2.2.2 Partition Density

The fuzzy hypervolume values the quality of a clustering only on the basis of the volume

of clusters regardless of their densities. In this way large clusters are automatically

rated as “bad” ones. To overcome this drawback, the Partition Density (PD) [GG89]

uses the idea of mass density that is defined as mass divided by volume. It seems

natural to use the number of data points belonging to a cluster as a measure for its

“mass”. Since in a fuzzy partitioning all data items are assigned to all clusters with
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membership degrees, partition density relates the sum of membership degrees of data

points closely located to cluster prototypes to the volume of clusters:

VPD(U,X, V ) =
Z

FHV
=

Z
c∑

i=1

√
det(Covi)

, (4.18)

where

Z =
c∑

i=1

n∑
k=1

uik ∀ xk ∈ {xk | (xk − vi)
TCov−1

i (xk − vi) < 1}. (4.19)

In this way, partition density maintains all properties of the fuzzy hypervolume and

relativizes the volume of clusters eliminating the preference of small clusters. But on

the other side the monotonically decreasing tendency is increased in partition density

when the number of clusters approaches n. Since the membership degrees of data points

to clusters get higher in this case, apart from the minimization of cluster volumes

more data points will be included in the calculation of parameter Z. Therefore, it

is important to determine an appropriate range [cmin, cmax] where the PD should be

maximized.

Partition Density for Incomplete Data As in the case of the fuzzy hypervolume

the data set is also involved in the calculation of the partition density. While the

covariance matrix can be calculated according to Formula (4.17), Condition (4.19) must

be adapted to incomplete data. As we already described in [HHC11], we approximate

the distance of incomplete data points to the cluster prototypes by using only available

feature values of data items and normalizing the result by the number of used values.

In this way the condition of Formula (4.19) is substituted as follows:

Z =
c∑

i=1

n∑
k=1

uik ∀ xk ∈

⎧⎪⎪⎪⎨
⎪⎪⎪⎩xk

∣∣∣∣∣∣∣∣∣
d

(
ik1(xk1−vi1)

.

.
ikd(xkd−vid)

)T

Cov−1
i

(
ik1(xk1−vi1)

.

.
ikd(xkd−vid)

)
d∑

j=1

ikj

< 1

⎫⎪⎪⎪⎬
⎪⎪⎪⎭ , (4.20)

where ikj is defined as in Formula (4.17).

4.2.3 Cluster Validity based on Compactness and Separation

The idea of cluster validity indexes from this category is based on the the general idea

of clustering that data items within the clusters should be similar and data items from

different clusters should to be as dissimilar as possible. Since the similarity between

data items is expressed by the distances between them, cluster validity indexes of this

category consider the compactness within the clusters to meet the first requirement.
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They calculate the separation between the clusters to measure the dissimilarity bet-

ween data items from different clusters. Below we give an overview of several cluster

validity indexes that differ from each other in the way how they interpret and combi-

ne the compactness and the separation criteria of a partitioning. Since almost all of

them involve the data set in their calculation, these cluster validity indexes have to be

adapted to incomplete data.

4.2.3.1 Fukuyama-Sugeno Index

One of the oldest cluster validity indexes that combine compactness and separation

between clusters is the Fukuyama-Sugeno index (FS) [FS89]. The Fukuyama-Sugeno

index uses the objective function Jm as a compactness measure and the sum of the

fuzzy weighted distances between the cluster prototypes and the grand mean of the

data set as a separation measure. According to [FS89] it is defined as follows:

VFS(U,X, V ) =
n∑

k=1

c∑
i=1

um
ik‖xk − vi‖2 −

n∑
k=1

c∑
i=1

um
ik‖vi − v‖2 with v =

c∑
i=1

vi

c
. (4.21)

While the compactness measure in the Fukuyama-Sugeno index measures the distances

between data items and cluster prototypes directly, the separation measure measures

the distances between cluster centers and the grand mean of the data set. On the one

hand, this strategy reduces the complexity, on the other hand, the separation degree

between clusters depends on the location of the grand mean.

Since in the optimal partitioning the compactness within clusters should be small

and the separation between clusters should be large, a small value of VFS corresponds

to a good partitioning.

Fukuyama-Sugeno Index for Incomplete Data While calculation of the separa-

tion measure in the Fukuyama-Sugeno index involves only cluster prototypes, calcula-

tion of the compactness measure is based on the squared Euclidean distances between

data items and cluster centers. In [HCC12] we already adapted the Fukuyama-Sugeno

index to incomplete data substituting the Euclidean distance function by the partial

distance function. In the case of incomplete data, the Fukuyama-Sugeno index can be

calculated according to Formula (4.22).

VFS(U,X, V ) =
n∑

k=1

c∑
i=1

um
ik

d
d∑

j=1

(xkj − vij)
2ikj

d∑
j=1

ikj

−
n∑

k=1

c∑
i=1

um
ik‖vi − v‖2 with v =

c∑
i=1

vi

c
,

(4.22)
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where

ikj =

⎧⎨
⎩1 if xkj ∈ Xavl

0 else.

4.2.3.2 Xie-Beni Index

In the cluster validity function of Xie and Beni [XB91], the distances between the data

points and the cluster prototypes are related to the distances between the clusters:

VXB(U,X, V ) =

c∑
i=1

n∑
k=1

u2
ik‖xk − vi‖2

n min
1≤i,j≤c, i 	=j

‖vi − vj‖2
, (4.23)

where ||.|| is the Euclidean norm. Like the Fukuyama-Sugeno index, the Xie-Beni index

uses the objective function as a compactness measure, whereas the Xie-Beni index was

initially defined for J2. The separation between clusters is determined by the distance

between the two nearest cluster prototypes. On the one hand, the Xie-Beni index favors

partitionings where all clusters are well separated from each other. On the other hand,

it tends to recognize only rough clustering structures neglecting groups of clusters. A

small value for VXB indicates an optimal c-partitioning of a data set.

The monotony properties of the Xie-Beni index were extensively examined and

discussed in the literature [Kwo98, PB95, TSS05]. Even Xie and Beni admitted in

[XB91] that their cluster validity index monotonically decreases for c → n. Since

lim
c→n

{‖xk − vi‖2} = 0 (4.24)

holds, VXB(U,X, V ) also converges to 0 for c → n:

lim
c→n

{VXB(U,X, V )} = lim
c→n

⎧⎪⎪⎨
⎪⎪⎩

c∑
i=1

n∑
k=1

u2
ik‖xk − vi‖2

n min
1≤i,j≤c, i 	=j

‖vi − vj‖2

⎫⎪⎪⎬
⎪⎪⎭ = 0. (4.25)

Therefore, the authors proposed to plot their index for different c as a function and to

choose c as cmax where the function starts to decrease monotonically.

Additionally, to make their cluster validity index compatible for Jm, Xie and Beni

suggested to generalize VXB(U,X, V ) for any m > 1. In [PB95] Pal and Bezdek exami-

ned the monotony properties of the Xie-Beni index for m → ∞. They found out that

the Xie-Beni index gets unstable and unpredictable for large values of m. Since

lim
m→∞

⎧⎨
⎩
[
uik =

c∑
j=1

(
DikA

DjkA

) 2
(m−1)

]−1
⎫⎬
⎭ =

1

c
(4.26)
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and

lim
m→∞

⎧⎪⎪⎨
⎪⎪⎩
⎡
⎢⎢⎣vi =

n∑
k=1

(uik)
mxk

n∑
k=1

(uik)m

⎤
⎥⎥⎦
⎫⎪⎪⎬
⎪⎪⎭ =

n∑
k=1

(
1
c

)m
xk

n∑
k=1

(
1
c

)m =

(
1
c

)m n∑
k=1

xk

n
(
1
c

)m =

n∑
k=1

xk

n
= x, (4.27)

the separation measure in the Xie-Beni index converges to 0 and consequently the

Xie-Beni index converges to infinity for m → ∞:

lim
m→∞

{Sep(VXB)} = lim
m→∞

{
min
i 	=j

‖vi − vj‖2
}

=

(
min
i 	=j

‖x− x‖2
)

= 0. (4.28)

lim
m→∞

{VXB(U,X, V )} = lim
m→∞

⎧⎪⎪⎨
⎪⎪⎩

c∑
i=1

n∑
k=1

u2
ik‖xk − vi‖2

n min
1≤i,j≤c, i 	=j

‖vi − vj‖2

⎫⎪⎪⎬
⎪⎪⎭

(4.28)
=

lim
m→∞

{
c∑

i=1

n∑
k=1

u2
ik‖xk − vi‖2

}
0

(4.26)
(4.27)
=

1
c

n∑
k=1

‖xk − x‖2

0
= ∞.

Xie-Beni Index for Incomplete Data Like in the Fukuyama-Sugeno index the

compactness measure of the Xie-Beni index is also based on the squared Euclidean

distances between data items and cluster centers. To adapt the Xie-Beni index to

incomplete data, we replace the Euclidean distances by the partial distances between

the incomplete data items and the cluster prototypes [HHC11]. In this way the Xie-

Beni index is calculated on data with missing values for J2 as follows:

VXB(U,X, V ) =

c∑
i=1

n∑
k=1

u2
ik

d
d∑

l=l
(xkl−vil)

2ikl

d∑

l=1

ikl

n min
1≤i,j≤c, i 	=j

‖vi − vj‖2
with ikl =

⎧⎨
⎩1 if xkl ∈ Xavl

0 else.
(4.29)

Since the calculation of the separation measure in the Xie-Beni index only involves the

cluster prototypes, no further changes are needed.

4.2.3.3 Kwon Index

Since the value of the objective function monotonically decreases with increasing num-

ber of clusters, the Xie-Beni index inherits this undesirable property. To avoid the

monotonically decreasing tendency of VXB(U,X, V ) for a large number of clusters, ba-

sed on the idea in [Dun77] Xie and Beni recommended to introduce an ad hoc punishing

function in their index [XB91]. In [Kwo98] Kwon extended the Xie-Beni index by ad-

ding such a punishing function to the numerator of Formula (4.23). The punishing
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function in the Kwon index is another separation measure that calculates the average

distance of cluster prototypes to the mean of the data set. According to [Kwo98] the

Kwon index is defined as follows:

VKwon(U,X, V ) =

c∑
i=1

n∑
k=1

u2
ik‖xk − vi‖2 + 1

c

c∑
i=1

‖vi − x‖2

min
1≤i,j≤c, i 	=j

‖vi − vj‖2
with x =

n∑
k=1

xk

n
. (4.30)

The ad hoc punishing function in the numerator of VKwon(U,X, V ) prevents it from

converging to 0 for c → n:

lim
c→n

{VKwon(U,X, V )} = lim
c→n

⎧⎪⎪⎨
⎪⎪⎩

c∑
i=1

n∑
k=1

u2
ik‖xk − vi‖2 + 1

c

c∑
i=1

‖vi − x‖2

min
1≤i,j≤c, i 	=j

‖vi − vj‖2

⎫⎪⎪⎬
⎪⎪⎭

=

n∑
k=1

‖xk − x‖2

nmin
i 	=j

‖xi − xj‖2
.

The limit of VKwon(U,X, V ) is a function of X, so it is constant and depends only on

the data set alone. However, due to Property (4.28) the Kwon index as well as the

Xie-Beni index converges to infinity for m → ∞ which makes this cluster validity index

unstable for large values of m [TSS05].

Kwon Index for Incomplete Data Unlike the Fukuyama-Sugeno and the Xie-

Beni indexes the Kwon index uses the data set not only for the calculation of the

compactness measure but also for the calculation of the punishing function. While

we adapt the calculation of the compactness measure to incomplete data as in the

cluster validity indexes mentioned before, we calculate the mean of the data set in the

punishing function only on the basis of the available feature values. In this way the

Kwon index is calculated for incomplete data as follows:

VKwon(U,X, V ) =

c∑
i=1

n∑
k=1

u2
ik

d
d∑

l=1

(xkl−vil)
2ikl

d∑

l=1
ikl

+ 1
c

c∑
i=1

‖vi − x‖2

min
1≤i,j≤c, i 	=j

‖vi − vj‖2
(4.31)

with

xl =

n∑
k=1

iklxkl

n∑
k=1

ikl

and ikl =

⎧⎨
⎩1 if xkl ∈ Xavl

0 else
for 1 ≤ l ≤ d. (4.32)
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4.2.3.4 Tang-Sun-Sun Index

In [TSS05] Tang et al. proposed an improved version of the Xie-Beni index in terms of

stability for the increasing fuzzification parameter m. Similar to the Kwon index they

also use an ad hoc punishing function in the numerator of the Xie-Beni index to avoid

the decreasing tendency of the index for c → n. To solve the problem of instability

for increasing m, the Tang-Sun-Sun index (TSS) uses an additional punishing function

in the denominator that prevents it from converging to 0 for m → ∞. According to

[TSS05] the Tang-Sun-Sun index is defined as follows:

VTSS(U,X, V ) =

c∑
i=1

n∑
k=1

u2
ik‖xk − vi‖2 + 1

c(c−1)

c∑
i=1

c∑
j=1
j �=i

‖vi − vj‖2

min
1≤i,j≤c, i 	=j

‖vi − vj‖2 + 1/c
. (4.33)

While the Kwon index uses a separation measure similar to the Fukuyama-Sugeno in-

dex as a punishing function, the Tang-Sun-Sun index uses a punishing function that

calculates the average distance between the cluster prototypes. As mentioned above

this approach provides more precise information about the separation between the clu-

sters in the partitioning than the separation measure used in the Fukuyama-Sugeno or

in the Xie-Beni index. Regarding the convergence behavior of the Tang-Sun-Sun index

the ad hoc punishing function in the numerator effectively eliminates the decreasing

tendency of this cluster validity index for c → n:

lim
c→n

{VTSS(U,X, V )} = lim
c→n

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

c∑
i=1

n∑
k=1

u2
ik‖xk − vi‖2 + 1

c(c−1)

c∑
i=1

c∑
j=1
j �=i

‖vi − vj‖2

min
1≤i,j≤c, i 	=j

‖vi − vj‖2 + 1/c

⎫⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎭

(4.24)
=

0 + 1
n(n−1)

n∑
i=1

n∑
j=1
j �=i

‖xi − xj‖2

min
i 	=j

‖xi − xj‖2 + 1/n
=

n
n∑

i=1

n∑
j=1
j �=i

‖xi − xj‖2

n2(n− 1)min
i 	=j

‖xi − xj‖2 + 1
.

An additional punishing function in the denominator of the Tang-Sun-Sun index rein-

forces the numerical stability of the index for m → ∞:

lim
m→∞

{VTSS(U,X, V )} = lim
m→∞

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

c∑
i=1

n∑
k=1

u2
ik‖xk − vi‖2 + 1

c(c−1)

c∑
i=1

c∑
j=1
j �=i

‖vi − vj‖2

min
1≤i,j≤c, i 	=j

‖vi − vj‖2 + 1/c

⎫⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎭

(4.26)
(4.27)
=

(4.28)

1
c

∑n
k=1 ‖xk − x‖2 + 0

0 + 1/c
=

n∑
k=1

‖xk − x‖2.
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The limits of VTSS(U,X, V ) for c → n and for m → ∞ are both functions of X

only, so they depend on the characteristics of the data set alone. In this way, two ad

hoc punishing functions in the Tang-Sun-Sun index ensure the numerical stability of

the validation index for large values of m and prevent the monotonically decreasing

tendency of it when c approaches n. As in the Xie-Beni and the Kwon indexes the

optimal number of clusters for a data set X can be found by minimizing the Tang-Sun-

Sun index over the range [cmin, cmax].

Tang-Sun-Sun Index for Incomplete Data Like the Fukuyama-Sugeno and the

Xie-Beni index the cluster validity index of Tang et al. uses the data set for the

calculation of the objective function in the compactness measure only. Therefore, we

adapted the Tang-Sun-Sun index to data with missing values analogously to other

indexes that use the objective function. Thus, the Tang-Sun-Sun index for incomplete

data is calculated according to Formula (4.34).

VTSS(U,X, V ) =

c∑
i=1

n∑
k=1

u2
ik

d
∑d

l=l(xkl−vil)
2ikl

∑d
l=1 ikl

+ 1
c(c−1)

c∑
i=1

c∑
j=1
j �=i

‖vi − vj‖2

min
1≤i,j≤c, i 	=j

‖vi − vj‖2 + 1/c
, (4.34)

where ikl is defined as in Formula (4.29).

4.2.3.5 Beringer-Hüllermeier Index

The Xie-Beni index and its improved versions use the objective function as a compact-

ness measure and the minimum distance between two cluster centers as a separation

criterion. While the objective function considers the intra-cluster similarity of all clu-

sters, the inter-cluster variance (separation between clusters) is reduced to the distance

between the two nearest clusters. In order to involve the distances between all clusters

in a partitioning, Beringer and Hüllermeier proposed a new separation measure that is

calculated as a sum of weighted pairwise distances between clusters [BH07]. In their se-

paration measure they also consider the variability of clusters that is defined as average

squared distance between data points and the cluster center:

Vi =

∑n
k=1 uik‖xk − vi‖2∑n

k=1 uik

for i = 1, ..., c. (4.35)

The distance between two clusters is defined as a distance between their centroids

divided by the cluster variabilities.

D(Ci, Cj) =
‖vi − vj‖2
Vi × Vj

for i, j ∈ {1, ..., c}. (4.36)
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Calculating the separation between clusters only on the basis of distances between their

prototypes ignores the overlaps between clusters. The centroids of two clusters might

be distant but if clusters have large dispersion range, they might partly overlap. In

this case the separation between clusters is small. Including the variability of clusters,

the possible overlaps between clusters are better considered in the calculation of the

distances between clusters.

According to [BH07] the Beringer-Hüllermeier index (BH) for a partitioning of a

data set X is defined as follows:

VBH(U,X, V ) =
1

n

c∑
i=1

n∑
k=1

um
ik‖xk − vi‖2 ×

c−1∑
i=1

c∑
j=i+1

1

D(Ci, Cj)
. (4.37)

In the Beringer-Hüllermeier index (BH) the separation between clusters is used to ex-

press the similarity between clusters in the partitioning by summing up the reciprocals

of distances between each pair of clusters. In other words, the index measures the

compactness within clusters as intra-cluster similarity and the overlap between clu-

sters as inter-cluster similarity. Since in an optimal partitioning clusters should be

compact and well separated, a low value of the Beringer-Hüllermeier index indicates

a good partitioning. Using the objective function Jm as a compactness measure the

Beringer-Hüllermeier index inherits the undesirable monotonically decreasing tendency

when the number of clusters approaches number of data items in the data set.

Beringer-Hüllermeier Index for Incomplete Data Unlike the aforementioned

cluster validity indexes that combine the compactness and the separation between clu-

sters, the Beringer-Hüllermeier index uses the average distance between the data points

and the cluster prototypes in both the compactness and the separation measures. We

adapt the Beringer-Hüllermeier index to incomplete data by substituting the Euclidean

distances between the incomplete data items and the cluster prototypes by the partial

distances:

VBH(U,X, V ) =
1

n

c∑
i=1

n∑
k=1

um
ik

d
d∑
l=l

(xkl − vil)
2ikl

d∑
l=1

ikl

×
c−1∑
i=1

c∑
j=i+1

1

D(Ci, Cj)
. (4.38)

The distance D(Ci, Cj) between two clusters is calculated according to Formula (4.36),

where we adapt the variability of clusters to incomplete data as follows:

Vi =

n∑
k=1

uik
d
∑d

l=l(xkl−vil)
2ikl

∑d
l=1 ikl

n∑
k=1

uik

for 1 ≤ i ≤ c, (4.39)
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where ikl is defined as in Formula (4.29). An advantage of adapting the Beringer-

Hüllermeier index in this way is that the calculation of the compactness and the sepa-

ration measures remains consistent, i.e. the values for the average distances between

the data points and the cluster prototypes are the same in both compactness and

separation measures.

4.2.3.6 Zahid-Limouri-Essaid Index

In [ZLE99] Zahid et al. proposed another cluster validity index that combines the

compactness and the separation criteria of a partitioning. The ratio of the separation

and the compactness is computed twice: involving the structure of the data set and

using only the membership matrix produced by the partitioning algorithm. The idea

of the Zahid-Limouri-Essaid index (ZLE) is to quantify the degree of correspondence

between the geometrical and the pure fuzzy partitioning structure of a clustering.

Similar to the Xie-Beni index [XB91] the first function SC1(X,U, V ) measures the

compactness within the clusters as the sum of distances between the data items and

the cluster prototypes. The separation in SC1(X,U, V ) is calculated similar to the

separation measure in the Fukuyama-Sugeno index [FS89] as the scatter of cluster

prototypes:

SC1(X,U, V ) =

c∑
i=1

‖vi − x‖2A/c
c∑

i=1

(
n∑

k=1

u2
ik‖xk − vi‖2/

n∑
k=1

uik)
with x =

n∑
k=1

xk

n
. (4.40)

SC1(X,U, V ) rates the partitioning of a data set as optimal if clusters are widely

scattered in the data space and the data points are close to the cluster centers.

The second function SC2(U) extracts the information about the separation and the

compactness of clustering only using the membership matrix.

SC2(U) =

c−1∑
i=1

c∑
j=i+1

(
n∑

k=1

min(uik, ujk)
2)/

n∑
k=1

min(uik, ujk)

n∑
k=1

(max1≤i≤cuik)2/
n∑

k=1

max1≤i≤cuik

. (4.41)

SC2(U) rates the compactness of a partitioning regarding how clearly the data items

are assigned to clusters. The compactness measure in SC2(U) is calculated as the sum

of the compactness measures of all data items. Similar to the separation measure in

the Overlap and Separation Index (OSI) described in Section 4.2.1.4 in the case of the

standard t-norm, the compactness measure at a data item xk ∈ X is determined by

the largest membership degree among clusters. To compute the separation between

clusters, SC2(U) computes the overlap between each pair of clusters using the fuzzy
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intersection that is defined as the minimum of the membership degrees [Zad65].

The smaller the overlap between the clusters is and the clearer the data points are

assigned to clusters in the partitioning, the smaller is the value for SC2(U). The Zahid-

Limouri-Essaid index combines both functions while function SC1(X,U, V ) should be

maximized and function SC2 should be minimized.

VZLE(U, V,X) = SC1(U, V,X)− SC2(U). (4.42)

The optimal number of clusters is obtained by maximizing VZLE(U, V,X) over the range

cmin, ..., cmax. Since the ZLE index uses the objective function J2 in the denominator of

SC1(X,U, V ), it gets unpredictable for c → n. In this case the Zahid-Limouri-Essaid

index is not able to provide useful results.

Zahid-Limouri-Essaid Index for Incomplete Data As mentioned above the

Zahid-Limouri-Essaid index calculates the ratio of the compactness and the separation

measures for a partitioning twice: involving the data set and only using the member-

ship matrix. Therefore the function SC1(U, V,X) needs to be adapted to data with

missing values for the validation of a partitioning produced on incomplete data. We

adapt the function SC1(U, V,X) in the Zahid-Limouri-Essaid index in the same way

as other cluster validity indexes using all available feature values:

SC1(X,U, V ) =

c∑
i=1

‖vi − x‖2A/c

c∑
i=1

⎛
⎝ n∑

k=1

u2
ik

d
d∑

l=l
(xkl−vil)2ikl

d∑

l=1

ikl

/
n∑

k=1

uik

⎞
⎠

with xl =

n∑
k=1

iklxkl

n∑
k=1

ikl

(4.43)

for 1 ≤ l ≤ d where ikl is defined as in Formula (4.29). In this way the Zahid-

Limouri-Essaid index can be calculated for a partitioning of incomplete data according

to Formula (4.42) and using Formulae (4.43) and (4.41) for calculation of functions

SC1(U, V,X) and SC2(U), respectively.

4.2.3.7 Bouguessa-Wang-Sun Index

The cluster validity index proposed by Bouguessa et al. in [BWS06] also combines

the compactness and the separation criteria of a partitioning. Unlike other CVIs of

this category the Bouguessa-Wang-Sun index (BWS) analyzes partitionings of the data

set particularly with regard to the overlaps between clusters and the variations in the

cluster density, orientation and shape. Therefore, it combines relevant properties of

the partitioning regarding the aforementioned requirements for the calculation of the

compactness and the separation measures.
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As in the fuzzy hypervolume (FHV) the covariance matrix of clusters provides the

basis for the calculation of the compactness within the clusters. The advantage of using

the covariance matrix is that it considers the shape and the orientation of clusters.

Unlike the fuzzy hypervolume the Bouguessa index calculates the compactness of a

partitioning as a sum of the traces of the covariance matrices of clusters:

CompBWS(U, V,X) =
c∑

i=1

tr(Covi), (4.44)

where Covi is calculated according to Formula (4.16). Bouguessa et al. adopted the

separation measure from [GSBN00] where, similar to the separation measure in the

Fukuyama-Sugeno index [FS89], it is defined as the trace of the fuzzy between-cluster

scatter matrix:

SepBWS(U, V,X) = tr

(
c∑

i=1

n∑
k=1

um
ik(vi − x)(vi − x)T

)
with x =

n∑
k=1

xk

n
. (4.45)

The wider the cluster centers are scattered in the data space and the farther they are

from the mean of the data set, the larger is the separation between the clusters.

According to [BWS06] the Bouguessa-Wang-Sun index VBWS(U, V,X) is defined as

ratio of the separation and the compactness measures:

VBWS(U, V,X) =
SepBWS(U, V,X)

CompBWS(U, V,X)
. (4.46)

A large value for the separation measure and a small value for the compactness measure

results in a large value for VBWS(U, V,X) and indicates compact well-separated clusters

which is a characteristic of an optimal partitioning. Therefore, the optimal number of

clusters is obtained by maximizing VBWS(U, V,X) over the range cmin, ..., cmax.

Although the authors argue in [BWS06] that the normalization of the covariance

matrix (see Formula (4.16)) prevents the compactness measure CompBWS(U, V,X) of

their cluster validity index from the monotonic decreasing for c → n, this assertion is

not true. Since the Property (4.24) holds, Covi also converges to 0 for c → n:

lim
c→n

{Covi} = lim
c→n

⎧⎪⎪⎨
⎪⎪⎩

n∑
k=1

(uik)
m(xk − vi)(xk − vi)

T

n∑
k=1

(uik)m

⎫⎪⎪⎬
⎪⎪⎭

(4.24)
= 0. (4.47)

As a result, the Bouguesse-Wang-Sun index gets unpredictable when the number of

clusters c approaches n:
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lim
c→n

{VBWS(U, V,X)} = lim
c→n
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⎫⎪⎪⎪⎪⎪⎪⎬
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(4.47)
=

tr

(
n∑

i=1

n∑
k=1

um
ik(xi − x)(xi − x)T

)
0

= ∞.

Bouguessa-Wang-Sun Index for Incomplete Data Similar to the Fukuyama-

Sugeno and the Zahid-Limouri-Essaid indexes the cluster validity index of Bouguessa

et al. calculates within-cluster scatter as the compactness measure and between-cluster

scatter as the separation measure. Both measures involve the data set in their calcu-

lation, so they have to be adapted to data items with missing values in the case of va-

lidating partitionings of incomplete data using the Bouguessa-Wang-Sun index. While

the calculation of the covariance matrix in the compactness measure can be adapted

to incomplete data in the same way as in the fuzzy hypervolume (FHV) using Formula

(4.17), the mean of an incomplete data set can be calculated as in the Kwon index

according to Formula (4.32). Making these changes in the calculation of the compact-

ness and the separation measures in the Bouguessa-Wang-Sun index, it can be used

for validation of partitioning of incomplete data sets.

4.2.3.8 Partition Coefficient and Exponential Separation Index

In [WY05] Wu and Yang proposed the Partition Coefficient and Exponential Separa-

tion Index (PCAES) that especially pays attention to outliers and noisy data points

while validating the partitioning results. This cluster validity index that combines the

compactness and the separation criteria of a partitioning, verifies whether all clusters

are well identified. Since outliers and noisy items identified as single clusters cause

worse results for PCAES, this cluster validity index favors partitionings in which clu-

sters are compact and well-separated, on the one hand, but, on the other hand, they

should be large enough to be identified as real clusters.

PCAES validates each single cluster regarding their compactness and separation.

According to [WY05] the compactness of a cluster is calculated using the partition

coefficient normalized by the partition coefficient of the most compact cluster in the

partitioning:
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PCi(U) =

n∑
k=1

u2
ik

max
1≤i≤c

(
n∑

k=1

u2
ik

) for 1 ≤ i ≤ c. (4.48)

Wu and Yang consider a cluster as the most compact one if its partitioning coefficient

is maximal among the clusters in the partitioning.1 The exponential separation mea-

sure in PCAES measures the distance between cluster Ci and its nearest neighbouring

cluster, where the nearest neighbour is the cluster whose centroid has the minimal

distance to the centroid of cluster Ci. The exponential separation measure is defined

for i = {1, . . . , c} as follows:

ESi(V ) = exp

⎛
⎝−min

i 	=j
{‖vi − vj‖2}
βT

⎞
⎠ with βT =

c∑
l=1

‖vl − v‖2

c
, (4.49)

where v is the grand mean of the data set. The nearest neighbour distance is normalized

by the between-cluster scatter βT which depends on the partitioning of the data set.

The farther the cluster prototypes are located from the grand mean of the data set, the

larger is the value of the between-cluster scatter βT . Wu and Yang use the exponential

function to strengthen the differences between small and large distances. According

to the authors this approach has proven beneficial for clustering. Unlike other cluster

validity indexes that use the between-cluster scatter in their separation measure, the

between-cluster scatter in PCAES does not use the membership matrix. Therefore, it

does not use any proximity and overlap information between the clusters themselves

which makes the separation measure of PCAES prone to give preference to rough

clustering structures neglecting the groups of clusters.

The PCAES index for cluster Ci is defined as the difference between the compactness

and the separation measures for this cluster:

PCAESi(V, U) = PCi(U)− ESi(V ) for 1 ≤ i ≤ c. (4.50)

The more compact the cluster is and the larger the distance to its neighbouring cluster

is, the larger the value of the PCAES index for this cluster is. The PCAES index for

partitioning of a data set is defined as the sum over the PCAES values of all clusters

in the partitioning:

VPCAES(V, U) =
c∑

i=1

PCAESi(V, U). (4.51)

1The most compact cluster is determined by the minimal partitioning coefficient in the formula in
[WY05] but this is obviously a mistake.
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Since a large value of VPCAES(V, U) indicates well-identified clusters which are compact

and well separated, the optimal number of clusters is obtained by maximizing PCAES

over the range cmin, ..., cmax. In [WY05] the authors suggested to choose cmin = 2 and

cmax =
√
n.

Partition Coefficient and Exponential Separation Index for Incomplete Data

The PCAES index only uses the membership degrees and the cluster prototypes for

its calculation. Since all clustering algorithms adapted to incomplete data provide this

information, the PCAES index can be used on incomplete data without any changes.

4.2.3.9 Partition Negentropy Criterion

The idea of the Partition Negentropy Criterion (PNC) is to find a partitioning of a

data set with well separated clusters that conform the Gaussian distributions as much

as possible [LFSMC09]. The partition negentropy criterion measures the quality of

a partitioning of the data set using two parameters: the partition entropy and the

average negentropy of clusters:

H(C | X) + J(X | C) (4.52)

As mentioned above the partition entropy measures the amount of uncertainty of a

clustering or in other words, the averaged degree of the overlap between the clusters in

the partitioning. The second term measures the distance to the normality of clusters in

the partitioning by means of their negentropy. According to [Com94] the negentropy of

a cluster is defined as the distance between the entropy of the cluster and the entropy

of the corresponding Gaussian distribution with the same covariance matrix:

J(X | C) = Ĥ(X | C)−H(X | C), (4.53)

where H(X | C) is the differential partition entropy and Ĥ(X | C) is the differential

entropy of a normal distribution with the same covariance matrix.

H(X | C) +H(C) = H(C | X) +H(X). (4.54)

Using Property (4.54) of the conditional entropy partition negentropy criterion can be

rewritten as follows:

H(C | X) + J(X | C) = H(C | X) + Ĥ(X | C) +H(C)−H(X)−H(C | X)

= Ĥ(X | C) +H(C)−H(X).
(4.55)
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Since the entropy of a given data set X is constant, it can be ignored. According

to the definition of the conditional entropy the term Ĥ(X | C) can be expressed for

C = {C1, ..., Cc} as:

Ĥ(X | C) =
c∑

i=1

p(Ci)Ĥ(X | C = Ci), (4.56)

where p(Ci) is the a-priori probability of cluster Ci, and Ĥ(X | C = Ci) is the diffe-

rential entropy of a normal distribution with the same covariance matrix as of cluster

Ci. According to [AG89] the entropy of the multivariate normal distribution can be

estimated as follows:

Ĥ(X | Ci) =
1

2
log[(2πe)d det(CovCi

)] =
d

2
log(2πe)+

1

2
log (det(CovCi

)) for 1 ≤ i ≤ c,

(4.57)

where CovCi
is the covariance matrix of cluster Ci and d is the dimension of the data

set. Since the first term is constant for a data set X, it can be ignored. Substituting

Formula (4.57) into Equation (4.55) the partition negentropy criterion (PNC) can be

rewritten as:

VPNC(X,U, V ) =
1

2

c∑
i=1

pi log (det(Covi))−
c∑

i=1

pi log pi, (4.58)

where we write the a-priori probability of cluster Ci as pi for short. According to

[GG89] the a-priori probability of a fuzzy cluster Ci can be calculated as:

pi =

n∑
k=1

um
ik

c∑
j=1

n∑
k=1

um
jk

. (4.59)

Since the amount of uncertainty of an optimal partitioning should be as low as possible

and the normality of clusters should be as high as possible, a low value of the partition

negentropy criterion (PNC) indicates a good partitioning.

Partition Negentropy Criterion for Incomplete Data Although the partition

negentropy criterion (PNC) calculates the entropy of the partitioning itself which only

involves the membership matrix, it also needs the data set for the calculation of the

covariance matrix of the corresponding Gaussian distribution. As mentioned above

the clustering algorithms adapted to incomplete data provide the cluster prototypes

and the membership matrix as output. Therefore, the partition negentropy criterion

can be calculated on incomplete data using Formula (4.58), whereas the covariance
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matrix of the Gaussian distribution should be estimated in the same way as in the

fuzzy hypervolume (FHV) using Formula (4.17).

4.3 Summary

In this chapter we analyzed the different cluster validity indexes from the literature

towards using them on incomplete data. Since some of the indexes only use the in-

formation provided by the clustering algorithms, they can be used for validating the

clusterings of incomplete data without any changes. The other CVIs additionally use

the data items for their calculation. We adapted them to incomplete data according to

the available case approach. Since in the most cases the problem was to calculate the

distances between the incomplete data sets and the cluster prototypes, we replaced the

Euclidean distances by the partial distances [Dix79]. Few cluster validity indexes use

the mean of the data set for their calculation, so we calculated it on the basis of the

available feature values. Furthermore, we discussed the shortages of the original cluster

validity indexes regarding the determining the optimal number of clusters. In this way

we try to avoid drawing false conclusions about the adaption of CVIs to incomplete

data in the case the CVIs fail in the experiments.



Experiments and Evaluation

In this chapter we present the evaluation results of the original and the adapted cluster

validity functions on incomplete data. We analyzed them using the partitioning results

of several artificial and real data sets produced by the different fuzzy clustering algo-

rithms for incomplete data. Although there are many publications dedicated to the

evaluation and the comparison of cluster validity indexes on complete data (see [WZ07]

for example), we first tested the described cluster validity functions on complete data

to be able to compare whether they perform on the same data sets with missing values

as well as on the complete data. Since both the clustering algorithms and the CVIs we-

re adapted to incomplete data, in this chapter, we also address the problem of finding

the factors that are crucial for the cluster validity for fuzzy clustering of incomplete

data: the adaption of the clustering algorithms, the adaption of the cluster validity

functions, or the loss of information in the data itself.

5.1 Test Data

We tested the described cluster validity functions adapted to incomplete data on several

artificial and real data sets with different numbers of clusters. Apart from knowing the

real number of clusters, the advantage of using artificial data sets is that they can

be specifically generated to analyze the interesting properties of CVIs. The first data

set series is depicted in Figure 5.1. Each of the data sets consist of 2000 data points

generated by the compositions of five 3-dimensional Gaussian distributions. The five

clusters have different magnitudes and contain different numbers of items. All data

sets in this series have the same mean value. In order to increase the overlap between

clusters, the standard deviation was gradually increased while generating the data

71
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(a) (b) (c)

Figure 5.1: Test data: (a) 3D-5-sep, (b) 3D-5-ov, (c) 3D-5-strov.

(a) (b) (c)

Figure 5.2: Test data: (a) 3D-5-h-sep, (b) 3D-5-h-ov, (c) 3D-5-h-strov.

sets. While all clusters in the data set 3D-5-sep are clearly separated from each other,

there is some overlap between clusters in the data set 3D-5-strov. Using this relatively

simple data set series, we aim to find out to which degree of overlap the cluster validity

functions can determine the correct number of clusters.

Figure 5.2 shows the data sets 3D-5-h-sep, 3D-5-h-ov and 3D-5-h-strov which were

generated from the first data set series. These data sets are formed by moving the

clusters so that two groups of two and three differently sized clusters build a hierarchical

structure in the resulting data sets. We generated this data set series in order to test

whether and which cluster validity functions are able to determine the real number of

clusters in hierarchically structured data. The gradually increasing overlap between

clusters in the data sets should make it even more difficult for CVIs to recognize the

five clusters.

In our experiments, we also wanted to find out whether the number of clusters

or features in the data set play an important role for determining the real number

of clusters. For this purpose, we generated the data set 3D-15 which contains 7500



5.1 Test Data 73

(a) (b)

Figure 5.3: Test data: (a) 3D-15, (b) 10D-10.

points distributed in 15 equally shaped and sized clusters. Like the other data sets, we

generated the data set 3D-15 by the compositions of fifteen 3-dimensional Gaussian

distributions. However, unlike the previously described the data sets, 3D-15 contains

compact and well-separated clusters. Therefore, it should be easy for the cluster validity

indexes to determine the real number of clusters. The data set 3D-15 is depicted in

Figure 5.3 (a). To test whether the number of features in the data set is an important

factor for determining the real number of clusters, we tested CVIs on the data set

10D-10 which was presented by Havens et al. in [HBP12]. The data set 10D-10 is

a 10-dimensional data set which consists of 1000 points distributed in ten clusters.

Figure 5.3 (b) shows the first three dimensions of this data set where all clusters are

clearly recognizable.

In order to analyze how the cluster validity functions react to the overlaps between

clusters without interfering factors, we generated a simple 2-dimensional data set series

depicted in Figure 5.4. The basis data set 2D-3-sep consists of 900 data items which

are distributed to three equally sized and shaped clusters. We generated this data

set by combining three 2-dimensional Gaussian distributions. Unlike other data sets,

we changed this data set only by moving the clusters to each other without changing

the standard deviations. In the first data set series, we gradually moved the middle

cluster in the direction of the right cluster producing two groups of one and two partly

overlapping clusters (cf. Figures 5.4 (b) - (d)). In the second test data series, we wanted

to produce a gradual overlap between clusters without building hierarchical structure

of clusters. For this purpose, we moved all three clusters to each other producing more

and more overlap between clusters (cf. Figures 5.4 (e) - (g)).

One of the most commonly used artificial data sets associated with cluster validity

is the beinsaid data set presented in [BHB+96]. The authors generated this data set
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Figure 5.4: Test data: (a) 2D-3-sep, (b) 2D-3-2-tog, (c) 2D-3-2-ov, (d) 2D-3-2-strov,
(e) 2D-3-3-tog, (f) 2D-3-3-ov, (g) 2D-3-3-strov.

Figure 5.5: bensaid data set.

to show the limitations of cluster validity indexes. The beinsaid data set is depicted

in Figure 5.5. This data set consists of 49 data items that are distributed in three

differently sized clusters with 3, 6, and 40 data items, respectively. The clusters are

well separated from each other but they and their number are difficult to determine

by clustering algorithms and cluster validity functions. The reason is that the data

points within clusters are uniformly distributed and not distributed according to the

Gaussian distribution. Since clustering algorithms expect clusters with accumulation

of data points around the mean value, in this data set, they fail to assign the data

items into clusters in the correct way.

In our experiments, we also used eight real data sets from the UCI Machine Learning

Repository [AN07]. On the one side, the advantage of using these data sets is that the
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number of classes are known. These data sets are widely used in other works for testing

and comparing different cluster validity approaches. On the downside, the number

of labeled classes does not have to correspond to the number of clusters determined

by any clustering algorithm because the class structure of these data sets could be

different from the cluster structure. While the relationships between the features in

the data set can decide about the class affiliation, the cluster shapes based on the

distance relations between the data items are important in the clustering task. Since

the number of feature dimensions of these data sets is large, the number of clusters can

not be visually assessed.

The data set ecoli describes the localization site of proteins. This data set consists

of 336 instances each with 7 attributes. The data items are distributed in 8 differently

sized classes.

The data set glass describes different properties of glass that are used for classi-

fication of the type of glass in criminological investigation. The data set consists of

214 data items. The 9 features describe the refractive index and the concentration of

different chemical components. The data items are distributed in 6 differently sized

classes that represent, for example, window glass, tableware or headlamp glass.

The ionosphere data set consists of 351 34-dimensional examples of a radar system

that records free electrons in the ionosphere. The data items are divided in two classes

that correspond to “good” and “bad” radar returns from the ionosphere depending on

whether or not some type of structure of free electrons was detected in the ionosphere.

Maybe the most popular and widely used data set in the cluster validity literature

is the iris data set. It contains 150 data items. The four features describe the sepal

length, the sepal width, the petal length and the petal width of iris plants. The data

items are distributed in three equally sized classes, where each class corresponds to

a type of iris plant. One class is clearly separated from the two other which partly

overlap. In [BKK+99] Bezdek et al. pointed to the fact that there are at least two

errors in the original iris data set presented by Fischer in [Fis36]. Since most papers

do not give any notice of which data set was used, here, we test the cluster validity

functions on both iris data sets: the original and the corrected one. We refer to the

corrected data set as iris-bezdek.

The data set sonar consists of 208 data items each with 60 features representing

sonar signals bounced off a metal cylinder or off a roughly cylindrical rock. Therefore,

the data items are divided into two approximately equally sized classes.

TheWisconsin breast cancer data set (abbreviated as wdbc) consists of 569 instances

with 30 attributes computed from a digitized image of FNA of a breast mass. The

data items are divided in two differently sized classes that correspond to malignant

and benign tumors. The “benign” class contains 357 data items, the “malignant” class

consists of 212 data items.
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The data set wine consists of 178 data items, each with 13 features representing the

results of a chemical analysis of three wine types grown in the same region but derived

from three different cultivars. Corresponding to three wine types, the data items are

distributed in three classes with 59, 71 and 48 instances. According to [TDK04], only

the attributes 7, 10 and 13 are important for dividing 3 clusters. For that reason, we

also used the reduced wine-3D data set.

5.2 Experimental Setup

We tested the original and the adapted cluster validity functions on synthetic and real

data sets. We scaled all feature data in the real data sets to [−1; 1]. In order to make a

direct comparison between the performance of cluster validity indexes on complete and

incomplete data, we first tested described cluster validity functions on complete data.

In the next step, we tested the original and the adapted CVIs on the same data sets

but after removing some values. We generated incomplete data sets by removing values

in all dimensions with the probabilities of 10%, 25% and 40%, according to the most

common missing completely at random (MCAR) failure mechanism. The percentage

of missing values was calculated in relation to all values in the data set.

For each data set, complete and incomplete, we ran the fuzzy clustering algorithms

100 times for each integer c, cmin ≤ c ≤ cmax. We ran the FCM algorithm for complete

data and we clustered incomplete data sets using the algorithms PDSFCM, OCSFCM

and NPSFCM. To create the testing conditions as real as possible, we initialized the

cluster prototypes with random values at the beginning of each trial. The iterations

of all fuzzy clustering algorithms were terminated when ‖Vnew − Vold‖F < 10−4. As

in other experiments, we used the Frobenius norm distance given in Formula (3.6) in

chapter 3 for the stopping criterion. We then calculated cluster validity indexes for all

partitioning results. For each of the 100 trials of the clustering algorithms, we stored

the preferred number of clusters at the respective optimum of CVIs. Finally, for each

data set we figured out the optimal number of clusters by the majority voting rule

for each cluster validity function. For both data sets 3D-15 and 10D-10 with a large

number of clusters, we decided for cmin = 2 and cmax = 17. Since the computational

costs were very high for some CVIs, first of all for the OSI proposed by Le Capitaine

and Frélicot, we limited cmin = 2 and cmax = 10 for all other data sets.

5.3 Experimental Results

We evaluate the experimental results regarding two aspects: the cluster validity index

categories and the kind of data. First, we compare different cluster validity strategies
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with each other before comparing the single CVIs. We evaluate the cluster validity

functions regarding their performance on data sets with different data distributions like

the number of attributes, the degree of overlap between clusters, hierarchical structures

etc. For the sake of completeness, we tested CVIs on real data sets but we pay particular

attention to the experimental results on artificial data because, unlike real data sets,

we possess reliable knowledge about their real distribution. However, the tests on the

real data sets are also useful to compare the performance of cluster validity functions

on complete and incomplete data sets.

5.3.1 Experimental Results on Complete Data Sets

Tables 5.1 and 5.2 show the preferred number of clusters for all CVIs on complete arti-

ficial data sets. The subscript numbers in the tables indicate the number of iterations

in which the preferred number of clusters was obtained. All cluster validity functions,

with a few exceptions, recognized the correct number of clusters in the data set with

a large number of clusters 3D-15 and in the multi-dimensional data set 10D-10. As

expected, the high separability degree between compact clusters in the data sets plays a

greater role for determining the real number of clusters than the number of dimensions

or clusters in the data sets. In contrast, no cluster validity index managed to deter-

mine the correct number of clusters in the data set bensaid, although the clusters are

clearly separated from each other in this data set. This is due to the fact that the data

items in this data set are uniformly distributed within the clusters but the CVIs expect

compact clusters with accumulations of data points around the mean value. This is a

general problem of partitioning clustering algorithms, like the FCM. Generally, they

are not able to deal with such data sets in a proper way. A potential approach for

recognizing such inappropriate data sets could be computing the average distance for

each data item to its k-nearest neighbours. If the kNN distances of data items do not

differ much from each other, the data set should not be partitioned with a partitioning

clustering algorithm. This approach provides a valuable information about the data

set, although it is computationally expensive.

Since there are considerable differences between different kinds of CVIs in the per-

formance results, below we describe the experimental results grouped by category of

cluster validity functions.

5.3.1.1 Cluster Validity Indexes using Membership Degrees

The data set series with five differently sized and shaped clusters turned out to be

a problem for the most CVIs. While the correct number of clusters in the data set

3D-5-sep was correctly recognized by the most (normalized) cluster validity indexes

using membership degrees, all of them failed on the data sets with overlapping clusters
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3D-5-ov and 3D-5-strov. The reason is that membership degrees alone can provide

information about the overlap and separation between clusters. This data set series

contains differently scattered clusters. In the data sets with overlapping clusters, some

data points have a larger distance to their cluster center than to the center of the nearest

cluster. In this way, the higher the overlap degree between clusters is in the data set

the more of such ambiguous data items exist. Although we can clearly recognize five

clusters by a visual assessment, the cluster validity functions based on membership

degrees assess the partitioning in five clusters as vague underestimating the correct

number of clusters.

The data set series with hierarchical structure of clusters turned out to be an

even more challenging problem for the cluster validity functions based on membership

degrees. While the most CVIs could correctly determine the correct number of clusters

in the data set 3D-5-sep, only the Overlap and Separation Index VOSIHγ
that uses the

Hamacher T-norm could recognize the correct number of clusters in the data set 3D-5-

h-sep. The reason for the poor performance of cluster validity functions of this type is

that the distance between two groups of clusters and thus the separation in this data

set series is larger than the distances between five clusters. Therefore, the partitioning

in two clusters is clearer than the partitioning in five clusters.

The correct number of clusters in the two-dimensional data set 2D-3-sep with three

equally sized and shaped clusters was determined by almost all cluster validity functions

that only use membership degrees. Most CVIs that recognized the correct number of

clusters in the simple data set 2D-3-sep also determined the correct number of clusters

in the data sets where three clusters partly overlap. The indexes VNPE and VKKLL

even recognized the correct number of clusters in the data set 2D-3-3-strov with a high

degree of overlap between clusters. The same CVIs also managed to determine the

correct number of clusters in the data set 2D-3-2-tog despite the hierarchical structure

of clusters. Despite the same degree of overlap between two clusters in the data sets 2D-

3-2-ov and 2D-3-3-ov (2D-3-2-strov and 2D-3-3-strov), none of CVIs could recognize

the correct number of clusters. Since all clusters in the data set 2D-3-2-tog are clearly

separated from each other (compare Figure 5.4 (b)), the partitioning is clear enough

to recognize three clusters. However, with increasing overlap between two clusters, the

partitioning in three clusters gets more ambiguous than a partitioning in two clusters.

That results in the poor performance of CVIs based on membership degrees.

In summary, the cluster validity indexes based on membership degrees were able

to determine the correct number of clusters in the data sets with equally sized and

scattered compact and well separated clusters. They also recognized the correct number

of clusters in the data sets with hierarchical structure of clusters as long as the overlap

degree was low. The CVIs of this category had difficulties determining the correct

number of clusters in the data sets with differently sized or scattered clusters and in
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the data sets with a high degree of overlap between clusters.

5.3.1.2 Cluster Validity Indexes based on Compactness

Unsurprisingly, the two cluster validity indexes based on compactness managed to

determine the correct number of clusters in all data set series. Using the covariance

matrix that takes the sizes and the shapes of clusters into account, both the FHV and

the PD indexes assessed the partitioning with the correct number of clusters as the

most compact one in the data sets with differently sized and scattered clusters. Even

the fact, that some data sets contained clusters closely located to each other building

distant groups of clusters, did not have much effect on the performance of the FHV

and the PD indexes. Since these CVIs only consider the compactness of single clusters,

the spatial arrangement of clusters plays a minor role for this cluster validity functions.

Summing up, the cluster validity functions VFHV and VPD determined the correct

number of clusters in all data sets as long as the data items within clusters were

distributed according to the Gaussian distribution.

5.3.1.3 Cluster Validity Indexes based on Compactness and Separation

The evaluation results on the synthetic data sets showed the differences between the

CVIs based on compactness and separation. The experimental results on the data set

series with five differently sized and shaped clusters already indicated the weaknesses

of some cluster validity functions. While the Xie-Beni index and its derivates VKwon,

VTSS did not recognize the real number of clusters in any of these data sets, the

Fukuyama-Sugeno index and the CVIs that use the same separation function managed

to determine the correct number of clusters, even for a high degree of overlap between

clusters. In our opinion, the reason for the poor performance of the Xie-Beni like

indexes is the separation criterion. It is defined as the distance between the two closest

cluster centers. The problem is that the clusters were widely distributed in the data

space. So the distance between clusters in a partitioning with two clusters was much

larger than the distance between two nearest clusters in the partitioning with five

clusters. On the other hand, the difference between the compactness criteria is not

that large because the clusters partly overlap in the data set. While the Fukuyama-

Sugeno index uses the same compactness criterion as the Xie-Beni index, its separation

criterion measures the distances between cluster centers and the grand mean of the data

set. In our opinion, this method describes the distribution of clusters in this data set

series better than the separation criterion in the Xie-Beni index. The cluster validity

indexes VZLE and VBWS use similar compactness and separation measures as VFS and

they also determined the correct number of clusters. While the Beringer-Hüllermeier

index uses the same compactness measure as the Xie-Beni and the Fukuyama-Sugeno
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indexes, it uses its own separation measure that combines the distances between the

cluster centers with the variability of clusters. Even so, this separation measure does

not seem to be appropriate for data sets with differently scattered clusters and the

BH index did not recognize the correct number of clusters in this data set series.

The evaluation results of the PCAES index on this data set series demonstrated the

problems about the compactness and the separation measures of this CVI. On the one

hand, the compactness criterion of the PCAES index is based on the PC index and

inherits its problems described above. On the other hand, the separation criterion of

the PCAES index is dominated by the distances to the nearest neighboring clusters.

Clearly, the distance between two clusters in a partitioning with two clusters is larger

than the distance between neighboring clusters in a partitioning with five clusters.

Therefore, it is no surprise that the PCAES index did not determine the correct number

of clusters in any data set of this series. Since the PNC index aims to find a partitioning

of data that conforms Gaussian distribution and this data set series was created by a

composition of Gaussian distributions, unsurprisingly, the PNC index determined the

correct number of clusters.

The evaluation results on the data set series with five clusters that build two groups

of clusters with two and three clusters, respectively, did not differ much from the results

on the previous data set series. Only the number of runs in that the CVIs recognized

the correct number of clusters decreased. Generally, the tendency to the partitioning

with two clusters could have been also observed.

Although the two-dimensional data sets with three equally sized and scattered

clusters seem to be an easy job for the cluster validity indexes at first sight, the ex-

perimental results on these data set series showed the weak points of CVIs based on

compactness and separation. The Fukuyama-Sugeno index, that performed well on the

other data sets, was not able to determine the correct number of clusters neither in the

data sets with hierarchical structure of clusters nor in the simplest data set 2D-3-sep.

In our opinion, this is due to the fact that the separation function of VFS depends on

the spatial position of the grand mean of the data set. Unlike other data sets, in the

data set 2D-3-sep the grand mean is located in the middle cluster. As a result, the

distance between the grand mean and the cluster center of the middle cluster minimizes

the separation value of the Fukuyama-Sugeno index. Although the compactness value

worsened for the partitionings with more than three clusters, the separation value got

better. That resulted in the slightly overestimation of the number of clusters by VFS

in these data sets. In the data set 2D-3-3-tog where three clusters are moved together,

the separation term did not outweigh the compactness value for a larger number of

clusters because all cluster centers were moved closer to the grand mean. The more

the clusters were moved together, the more the Fukuyama-Sugeno index tended to the

correct number of clusters. While in the data set 2D-3-3-tog the correct number of clu-
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sters was determined in 54 of 100 runs, in the data set 2D-3-3-strov the correct number

of clusters was determined in all 100 runs. As we mentioned before, the cluster validity

index proposed by Zahid et al. uses similar compactness and separation functions in

its SC1 as Fukuyama-Sugeno index. So, VZLE noticeably overestimated the number of

clusters for all data sets in this series. In contrast, the Xie-Beni index and its improved

versions VKwon and VTSS recognized the correct number of clusters in the simplest data

set 2D-3-sep and even in the data sets where three clusters are moved together. Due

to a high degree of overlap in the data set 2D-3-3-strov, these indexes underestimated

the correct number of clusters. As in the other data sets with hierarchical structure

of clusters these CVIs did not determine the correct number of clusters in any of data

sets where two clusters are moved together.

While the Beringer-Hüllermeier index did not recognize the correct number of clu-

sters in the data sets with differently sized and scattered clusters, it determined the

correct number of clusters in almost all data sets in this series. It underestimated

the number of clusters only in the data sets with a high degree of overlap between

clusters. As we mentioned before, the CVI proposed by Bouguesse et al. uses si-

milar compactness and separation criteria as the Fukuyama-Sugeno index. Unlike the

Fukuyama-Sugeno index, VBWS defines the separation measure as the trace of the fuzzy

between-cluster scatter matrix. In other words, it calculates the volume of the between-

cluster scatter matrix that is defined by the distances between the cluster centers and

the mean of the data set. In contrast to the Fukuyama-Sugeno index, this approach

paid off and VBWS determined the correct number of clusters in all data sets of this

series. The hierarchical structure of clusters in the data sets influenced the separation

measure of the PCAES index counterbalancing. On the one hand, the between-cluster

scatter slightly increased because two clusters moved together and the distance to the

nearest neighbour of the single cluster increased. On the other hand, the distances to

the nearest neighbour of two close clusters decreased. So, the compactness measure

played here a crucial role. As a result, the PCAES index determined the correct num-

ber of clusters in all data sets in this series except for 2D-3-2-strov, where the degree

of overlap between two clusters is high, which has a negative impact on the compact-

ness measure of the PCAES. The simultaneously moving together of three clusters

did not effect the separation criterion of the PCAES index much. On the one hand,

the between-cluster scatter decreased but, on the other hand, the nearest neighbour

distances decreased too. Therefore, the PCAES index determined the correct number

of clusters in all data sets. Although there was a high degree of overlap between clu-

sters in some data sets of this series, the PNC index determined the optimal number

of clusters in all data sets. This is due to the fact that the partitioning of the data

sets in three clusters conformed to the (compositions of three 2-dimensional) Gaussian

distributions slightly better than the partitionings in two or especially more than three
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clusters.

In summary, the best cluster validity results were achieved by VBWS and VPNC .

Generally, these CVIs were able to determine the correct number of clusters in all

types of data sets. We can differentiate the remaining cluster validity indexes in three

categories. The cluster validity indexes of the first category determined the correct

number of clusters in the data sets with differently sized and scattered clusters but

their performance depended on the spatial positioning of the grand mean of the data

set. The CVIs VFS and VZLE belongs to this category. The cluster validity indexes VBH

and VPCAES form the second category of CVIs that determined the correct number of

clusters on the data sets with equally sized and scattered clusters but failed on the data

sets with differently sized and scattered clusters. The Xie-Beni index and its extensions

VKwon and VTSS belong to the third category. These indexes were able to determine

the correct number of clusters in the data sets with equally sized and scattered clusters

with a flat structure, i.e. the clusters did not build groups of clusters.

5.3.1.4 Experimental Results on Real Data Sets

Tables 5.3 and 5.4 show the performance results for the cluster validity indexes on the

complete real data sets. As we mentioned above, the evaluation of the experimental

results on the real data sets is difficult because these data sets are object of the clas-

sification task and we do not possess knowledge about the real distribution of data in

the data sets especially whether it fits to the clustering structure or not. The reason

is that these data sets are high dimensional, so the distribution of data could not be

found out by a visual assessment.

As shown in the tables, no cluster validity index could determine the real number

of clusters in the data sets ecoli and glass. The most CVIs underestimated the correct

number of classes. In contrast, almost all cluster validity indexes managed to determine

the correct number of clusters in the data sets ionosphere, sonar, and wdbc. It is

important to mention that the first two data sets contain the largest number of classes

among the real data sets and the last three data sets contain only two classes. On the

one hand, a possible reason for recognizing the correct number of classes in the data

sets with two classes may be that the data are clearly distributed in classes. On the

other hand, in our experiments we chose cmin = 2 as the lower bound of the test range

for possible numbers of clusters. Therefore, the correct determination of the number of

classes might have been due to the underestimation of the number of classes by chance.

The correct number of clusters in the data sets iris and iris-bezdek was only reco-

gnized by three cluster validity indexes: VZLE, VBWS and VPCAES. Most of the other

CVIs recognized two clusters in these data sets in our experiments. Indeed, in the li-

terature from recent years, one can find the suggestion to assume two or three clusters
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in the iris data set. Since this data set is four-dimensional, no one knows for sure how

many clusters there are in the data set. On the other side, two- or three-dimensional

representations of these data set show three clusters where one cluster is clearly sepa-

rated from the other two clusters which partly overlap. Since in our study we treat

overlapped clusters as autonomous clusters, we assumed three clusters in this data set.

The experimental results for the two wine data sets are in general more similar

to the results on artificial data sets. A possible reason for that is that the wine data

set has a more or less simple structure that is similar to the artificial data sets. The

clusters, at least in wine-3D, only slightly overlap. The Partition Coefficient and the

Partition Entropy underestimated the real number of clusters but their normalized

versions managed to determine the correct number of clusters. As in the case of the

artificial data sets with partly overlapping clusters, VKKLL underestimated the correct

number of clusters in the wine data sets. Since the clusters in the wine data set

slightly overlap, it is of little surprise that the Overlap and Separation Index using the

standard t-norm recognized the correct number of clusters in the two wine data sets.

This cluster validity index was able to determine the correct number of clusters in the

artificial data sets with overlapping clusters.

Both cluster validity indexes based on compactness overestimated the real number

of clusters in the 3-dimensional wine data set. That might have been caused by many

single data points that are further located from the clusters. The Fuzzy Hypervolume

managed to determine the correct number of clusters in the original wine data set while

the Partition Density underestimated the real number of clusters.

Almost all CVIs based on compactness and separation determined the real number

of classes in the wine data sets. Only Fukuyama-Sugeno index recognized the correct

number of clusters neither in the complete nor in the 3-dimensional wine data set.

As in the artificial 2-dimensional data sets with three clusters, the grand mean of

the wine data set was located in one of the clusters. As we already mentioned, that

minimized the separation measure of VFS. The two cluster validity indexes VBH and

VZLE determined the correct number of clusters in the 3-dimensional wine data set

but failed on the complete data set. Since we can not visualize the complete data

set, we can not explain this fact. We can only say that the 3-dimensional wine data

set contains three clusters that neither partly overlap nor differ much in size, nor

build groups of clusters like in the iris data set. Like the Fuzzy Hypervolume, the

Partition Negentropy Criterion calculated the covariance matrices for clusters, it also

overestimated the correct number of clusters in the 3-dimensional wine data set but

was able to determine the real number of classes in the complete data set.
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5.3.2 Evaluation of the Adapted CVIs to Incomplete Data

In this section, we want to examine to what extent the adaption of the original cluster

validity indexes and the missingness of values in the data sets has a negative impact on

the performance of the cluster validity indexes adapted to incomplete data. For this

purpose we applied the adapted cluster validity indexes from different categories on

the incomplete data using the clustering results, i.e. the membership degrees and the

cluster prototypes, obtained by the FCM on the corresponding complete data [HCC12].

In this way we wanted to eliminate the influence of the partitioning results produced

by the clustering algorithms adapted to incomplete data. We settled on NPC, the

Fuzzy Hypervolume, and the Fukuyama-Sugeno index. Since the CVIs based on the

membership degrees only use information provided by the clustering algorithms for

their calculation, they are irrelevant in this experiment. Nevertheless, we show the

experimental results for NPC for completeness. We decided for the FHV and the FS

indexes because they use the membership degrees as well as the cluster prototypes

in combination with the data items for their calculation. Furthermore, we performed

our experiments on two 3-dimensional data sets with five differently sized and shaped

clusters because they turned out to be the most challenging data sets for most cluster

validity functions.

Table 5.5 shows the performance results for the original NPC index and the adapted

FHV and Fukuyama-Sugeno indexes. In the table we listed the values achieved by the

CVIs for different numbers of clusters. Although the experimental settings were rather

challenging, both the FHV and the FS indexes could perfectly recognize the correct

number of clusters in the data sets. Even for a large percentage of missing values in

the data sets, for all numbers of clusters the values for the adapted cluster validity

indexes hardly differed from the values obtained on the complete data sets. In this

experiment, we showed in exemplary fashion that the adapted versions of the cluster

validity indexes maintain the properties of the original CVIs and the loss of values

in the data sets did not have much effect on the performance of the cluster validity

indexes. In further experiments we examine to what extent the CVIs are affected by

the distorted clustering results produced by different clustering algorithms adapted for

incomplete data.

5.3.3 Experimental Results on Incomplete Data Sets

Certainly, the performance of the cluster validity functions depends on the clustering

results produced by the clustering algorithms adapted to incomplete data. Furthermo-

re, the increasing percentage of missing values in the data has a negative impact on

the performance quality of clustering algorithms and CVIs as well. Therefore, we will

involve these aspects in our discussion of the experimental results. Tables summarizing
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the complete results of our experiments can be found in Appendix A. For reasons of

clarity, here, we only present the relevant parts of the tables.

In our experiments, no cluster validity index recognized the correct number of

clusters in the incomplete data set bensaid as in the case of complete bensaid data set.

Despite the high degree of separability between compact clusters, no cluster validity

index could reliably recognize the correct number of clusters in the multi-dimensional

data set 10D-10 even for a small percentage of missing values. The missing values

were homogeneously distributed in all dimensions of this data set, so the “important”

dimensions were hit by the missing values as much as all other dimensions. Therefore,

the only reason for the poor performance of the cluster validity functions and apparently

the clustering algorithms as well we see is the bias in the distance calculation caused

by the absence of values in many dimensions. For the same rate of missing values in

a multi-dimensional and in a low-dimensional data sets, the data items in the multi-

dimensional data set are more affected by the absence of values than the data items in

the low-dimensional data set. Thus, we do not mean that the cluster validity functions

and the clustering algorithms will fail on the incomplete multi-dimensional data sets

in any case, we just state that the absence of values in many dimensions has a negative

effect for the estimation of distances between the data points.

Since performance results on incomplete data sets significantly differ depending on

the kinds of CVIs, below, we describe the experimental results grouped by the category

of cluster validity functions.

5.3.3.1 Cluster Validity Indexes using Membership Degrees

The CVIs of this category only rely on the membership degrees, therefore, their per-

formance strongly depends on the partitioning results produced by the clustering algo-

rithms. Comparing the cluster validity results of the clusterings produced by PDSFCM,

OCSFCM, and NPSFCM, we observed that while for a small percentage of missing va-

lues in the data sets there was not much difference in the performance of the cluster

validity functions, the CVIs performed considerably better on the clustering results

produced by the OCSFCM and the NPSFCM when the proportion of missing values

increased in the data sets. The reason for this is that the PDSFCM estimates distan-

ces while calculating the membership degrees. The distance estimation is based on the

available case analysis which is not really aimed at considering the clustering struc-

ture. The NPSFCM and OCSFCM substitute missing values either completely by the

corresponding feature values of the nearest cluster center or depending on all cluster

centers. Therefore, they tend to strengthen the clustering structure which reflects in

the less ambiguous membership degrees. That has a positive effect on the performance

of the cluster validity indexes based on the membership degrees (compare Tables 5.6
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Table 5.6: Performance results of some CVIs based on membership degrees using
partitionings produced by PDSFCM and NPSFCM on selected synthetic data sets
with 10% of missing values.

data set c
PDSFCM NPSFCM

VNPE VKKLL VOSIS VOSIDγ
VNPE VKKLL VOSIS VOSIDγ

3D-15 15 1564 1564 1453 1545 1563 1563 1563 1563

3D-5-sep 5 583 583 468 583 582 582 582 582

2D-3-sep 3 3100 3100 3100 3100 3100 3100 3100 3100

2D-3-2-tog 3 3100 2100 3100 3100 3100 3100 3100 3100

2D-3-2-ov 3 2100 2100 2100 2100 2100 2100 2100 2100

2D-3-2-strov 3 2100 2100 2100 2100 2100 2100 2100 2100

2D-3-3-tog 3 3100 3100 3100 3100 3100 3100 3100 3100

2D-3-3-ov 3 3100 3100 3100 3100 3100 3100 3100 3100

2D-3-3-strov 3 3100 2100 2100 2100 3100 3100 2100 2100

Table 5.7: Performance results of some CVIs based on membership degrees using
partitionings produced by PDSFCM and NPSFCM on selected synthetic data sets
with 40% of missing values.

data set c
PDSFCM NPSFCM

VNPE VKKLL VOSIS VOSIDγ
VNPE VKKLL VOSIS VOSIDγ

3D-15 15 1748 1757 360 1751 1522 1524 1322 1326

3D-5-sep 5 644 645 472 1040 575 573 565 575

2D-3-sep 3 3100 395 3100 3100 3100 3100 3100 3100

2D-3-2-tog 3 3100 256 3100 3100 3100 3100 3100 3100

2D-3-2-ov 3 264 2100 2100 2100 2100 2100 2100 2100

2D-3-2-strov 3 285 2100 2100 2100 2100 2100 2100 2100

2D-3-3-tog 3 1059 390 3100 396 3100 3100 3100 3100

2D-3-3-ov 3 1061 378 394 1082 3100 3100 3100 3100

2D-3-3-strov 3 1077 2100 2100 1099 1067 3100 2100 1072
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and 5.7).

Comparing the performance results of the CVIs for the different kinds of data sets,

apart from the data set 10D-10, there was not much difference between the results on

the complete data sets and the data sets with 10% of missing values (compare Table 5.1

and Table 5.6). There were larger differences in the performance to report for a larger

number of missing values in the data sets. While the CVIs failed using the partitionings

produced by the PDSFCM to recognize the correct number of clusters on the data set

3D-15 with equally sized and well separated clusters, the normalized CVIs managed to

recognize the correct number of clusters on the same data set clustered by the OCSFCM

and the NPSFCM (compare Table 5.7). As in the case of the complete data sets,

the CVIs failed to recognize the correct number of clusters on the data sets with five

differently sized and scattered clusters. Only the same CVIs that recognized the correct

number of clusters in the complete data set 3D-5-sep with well separated clusters

reliably managed to determine the correct number of clusters using the partitionings

produced by the NPSFCM of the same data set even with a large percentage of missing

values. Surprisingly, the absence of values in the 2-dimensional data sets with three

equally sized and shaped clusters marginally affected the performance of the cluster

validity functions regardless the percentage of missing values in the data sets. Here,

too, the CVIs performed better on the clusterings produced by the OCSFCM and the

NPSFCM. Even the unnormalized CVIs, PC and PE, recognized the correct number

of clusters in the data sets 2D-3-sep and 2D-3-3-tog with a simple clustering structure.

In summary, it can be stated that there were hardly any differences between the

single CVIs on incomplete data. They performed analogously to the experiments on

the complete data, whereas the increasing number of missing values in the data sets

had a negative effects on the recognition of the correct number of clusters in the data

sets with a more complicated structure like large number of clusters or differently sized

and scattered clusters. However, there were significant differences in the performance

of the CVIs on the clusterings produced by different clustering algorithms adapted to

incomplete data. It has been emerged that all cluster validity indexes based on the

membership degrees performed better using the partitionings of the data sets produced

by the OCSFCM and the NPSFCM due to their tendency to strengthen the clustering

structure. The performance differences reinforced with increasing number of missing

values in the data sets.

5.3.3.2 Cluster Validity Indexes based on Compactness

Comparable to the CVIs using the membership degrees, both cluster validity functions

based on compactness performed on the data sets with a low number of missing values

as well as on complete data sets. With a few exceptions, FHV and PD managed to
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determine the correct number of clusters in all kinds of data sets, of course apart

from the multi-dimensional data set 10D-10. The performance of the CVIs based on

compactness heavily declined with increasing number of missing values in the data sets.

Neither FHV nor PD managed to reliably determine the correct number of clusters in

any data set with 40% of missing values (compare Table 5.8). As we already stated

in [HHC11, HCC12], FHV and hence PD tend to overestimate the number of clusters

with increasing number of missing values in the data sets. That can be explained by

the fact that the clustering algorithms compute the cluster prototypes close to the

available data items that are taken into account for the calculation of both cluster

validity indexes. Thus, with increasing number of clusters, the distances between the

data items and the cluster prototypes get smaller and the value for FHV as well. In

this way, both cluster validity indexes based on compactness that already suffer from

the monotonically decreasing tendency for c → n overestimated the correct number of

clusters.

Similar to the CVIs based on the membership degrees, there were some differences in

the performance of FHV and PD to account for 25% of missing values in the data sets.

While both CVIs quite reliably determined the correct number of clusters in the data

set 3D-5-sep with five differently sized and shaped clusters and in all two dimensional

data sets with three equally sized and shaped clusters, apart from the data sets 2D-

3-3-strov using the clustering results produced by the OCSFCM, they failed here and

there using the clustering results produced by the PDSFCM and NPSFCM (compare

Table 5.8). A somewhat better performance on the clustering results of the OCSFCM,

comparing to the NPSFCM, can be explained by the fact that the OCSFCM estimates

missing values depending on all cluster prototypes while the NPSFCM replaces missing

values by the corresponding values of the nearest cluster center. Considering the fact

that in this algorithms the computation of cluster centers and the computation of

missing values influence each other, in this way both clustering strategies strengthen

the clustering structure but the NPSFCM does it even more. Although, comparing

to the PDSFCM, it is a beneficial for determining the correct number of clusters, this

property even intensifies the tendency to overestimate the correct number of clusters

because both CVIs based on compactness tend to favor a large number of clusters due

to their small volume.

As for the other data sets with 25% of missing values, both CVIs performed com-

parably using the clustering results produced by three clustering algorithms adapted

to incomplete data. Both cluster validity functions partially determined the correct

number of clusters in the data set 3D-15 with a large number of clusters as a local

optimum competing with cmax. Although the two CVIs based on compactness are

designed to recognize the correct number of clusters in the data sets with differently

sized and shaped clusters independently of their arrangement in the data space, neither
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FHV nor PD managed to determine the correct number of clusters in the incomplete

3-dimensional data set with five hierarchically structured clusters for 25% of missing

values. That might seem surprising at first glance because the data set 3D-5-h-sep was

created from the data set 3D-5-sep by building groups of clusters. Even if we indepen-

dently removed the values from both data sets, the results should have been somewhat

comparable. In fact, this is another example that shows how much influence the cluste-

ring results have on the cluster validity indexes. If we look back at the cluster validity

results on the complete data sets, we see that FHV and PD recognized the correct

number of clusters in 79 of 100 runs in the data set 3D-5-sep but they only determined

the correct number of clusters in 50 of 100 runs in the data set 3D-5-h-sep (compare

Table 5.1). This tendency was noticeable by all cluster validity indexes. The reason is

that the clustering algorithm produced two different kinds of the partitionings of the

data set 3D-5-h-sep for c = 5. One of them was conforming to the original structure of

the data set and was also rated as the best partitioning by FHV and PD. In the other

partitioning, the cluster partially differed from the original clustering structure. Thus,

the moderate performance of the CVIs might have been due to a moderate performan-

ce of the clustering algorithms on such kind of data. Since missing values in the data

set pose a challenge for the clustering algorithms, the poor performance of the CVIs

based on compactness can be partly justified by the poor partitioning results of the

clustering algorithms. On the other hand, as we will see later, some of the other CVIs

managed to correctly determine the number of clusters in the same data set using the

same partitioning results. Therefore, the reason for the poor performance of FHV and

PD partly lies in the functionality of these approaches themselves, particularly in their

monotonically decreasing tendency for c → n.

Summarizing, it can be said that the two analyzed cluster validity indexes based

on compactness performed on the data sets with a small percentage of missing values

as well as on the complete data. For 25% of missing values in the data sets, they

failed on the data sets with a complicated clustering structure and determined the

correct number of clusters in the simple data sets whereas the most reliable results were

achieved using the clustering results produced by the OCSFCM. Both CVIs completely

failed on all data sets with a large percentage of missing values. They overestimated the

correct number of clusters due to their monotonically decreasing tendency for c → n

which was intensified by inaccurate partitioning results produced by the clustering

algorithms. This property disqualifies FHV and PD and actually all cluster validity

indexes based on compactness for validating clustering results obtained on data with

a large percentage of missing values unless the partitioning results of the data sets can

be well determined by the clustering algorithms adapted to incomplete data.
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5.3.3.3 Cluster Validity Indexes based on Compactness and Separation

Unlike the cluster validity functions of the other categories, there are considerable

differences in the performance between the CVIs based on compactness and separation

on incomplete data. Some of them hardly lost performance with increasing number of

missing values in the data sets, other CVIs totally failed on the data sets with a large

percentage of missing values. This is due to the fact that the CVIs of this category use

different measures for compactness and separation.

Like in the case of the CVIs of the other categories there were hardly any differences

in the performance of the CVIs based on compactness and separation on the data sets

with a small percentage of missing values and the complete data. With the increasing

number of missing values in the data sets, three groups of the CVIs emerged regarding

their performance. One of the groups build cluster validity indexes that use the distan-

ces between the cluster prototypes in their separation criteria. We count the Xie-Beni

index, its derivates VKwon and VTSS, the PCAES, and the Beringer-Hüllermeier inde-

xes. The PCAES index additionally uses the distances between the grand mean and

the cluster prototypes in its separation criterion but it uses that only for normalization.

As a result, these indexes were able to recognize the correct number of clusters only in

the relatively simple data sets with equally sized and scattered clusters. On the other

hand, as Tables 5.9 and 5.10 show, they hardly lost performance with the increasing

number of missing values in the data sets. They managed to determine the correct

number of clusters in the 2-dimensional data sets with three clusters even for 40% of

missing values as well as in the complete data sets. Like the other CVIs, these cluster

validity indexes also had problems to recognize the correct number of clusters in the

data set 3D-15 with a large number of clusters, though. Overall, the performance of

VXB, VKwon, and VTSS was inferior to the cluster validity indexes using the membership

degrees. So, it is questionable whether the calculation effort pays off toward the per-

formance. Only the PCAES and the Beringer-Hüllermeier indexes outperformed the

CVIs based on the membership degrees, although the PCAES index was more sensitive

to the partitioning results of the data sets than the other CVIs of this group. In our

experiments it totally failed using the clustering results of the data sets even with 25%

of missing values produced by the OCSFCM. The Xie-Beni index and its derivates also

performed poorer using the partitionings produced by the OCSFCM of the data sets

with a large number of missing values (compare Table 5.10). This is due to the fact

that OCSFCM tend to displace the cluster centers due to its estimation strategy. That

distorts the separation measure of the CVIs. In contrast, the Beringer-Hüllermeier in-

dex turned out to be resistant against the different partitioning results produced by the

different clustering algorithms adapted to incomplete data. It performed equally using

the clusterings produced by the different clustering algorithms adapted to incomplete
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Table 5.9: Performance results of some CVIs based on compactness and separation
using partitionings produced by PDSFCM and OCSFCM on selected synthetic data
sets with 10% of missing values.

data set c
PDSFCM OCSFCM

VXB VKwon VBH VPCAES VXB VKwon VBH VPCAES

3D-15 15 1564 1564 1564 1564 1553 1553 1553 1435(1533)

3D-5-sep 5 2100 2100 2100 2100 2100 2100 2100 276

2D-3-sep 3 3100 3100 3100 3100 3100 3100 3100 386

2D-3-2-tog 3 2100 2100 3100 3100 2100 2100 3100 372

2D-3-2-ov 3 2100 2100 3100 3100 3100 3100 3100 387

2D-3-2-strov 3 2100 2100 2100 2100 2100 2100 2100 296

2D-3-3-tog 3 3100 3100 3100 3100 3100 3100 3100 386

2D-3-3-ov 3 3100 3100 3100 3100 3100 3100 3100 387

2D-3-3-strov 3 2100 2100 2100 3100 2100 2100 2100 381

Table 5.10: Performance results of some CVIs based on compactness and separation
using partitionings produced by PDSFCM and OCSFCM on selected synthetic data
sets with 40% of missing values.

data set c
PDSFCM OCSFCM

VXB VKwon VBH VPCAES VXB VKwon VBH VPCAES

3D-15 15 1446 1446 1447 1433 1022 1022 446 916

3D-5-sep 5 574 574 574 457 2100 2100 295 246

2D-3-sep 3 3100 3100 3100 3100 3100 3100 3100 269

2D-3-2-tog 3 2100 2100 3100 3100 2100 2100 3100 289

2D-3-2-ov 3 2100 2100 3100 353 2100 2100 395 299

2D-3-2-strov 3 2100 2100 2100 2100 2100 2100 287 2100

2D-3-3-tog 3 3100 3100 3100 3100 3100 3100 3100 270

2D-3-3-ov 3 3100 3100 3100 3100 261 281 399 270

2D-3-3-strov 3 2100 2100 1046 3100 2100 2100 269 264
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data.

The Partition Negentropy Criterion belongs to the second group of cluster validity

functions that, like the cluster validity indexes based on compactness, uses the cova-

riance matrices of clusters for its calculation. As Table 5.11 shows, PNC extremely

lost performance with the increasing number of missing values in the data sets. As

we already stated above, the clustering algorithms adapted to incomplete data tend to

strengthen the clustering structure with the increasing number of clusters. In this way,

the volumes of clusters get smaller and the covariance matrices as well. As a result,

PNC overestimated the correct number of clusters in the data sets with a large number

of missing values. As in the case of the cluster validity indexes based on compactness,

PNC achieved the best results using the clusterings produced by the OCSFCM. The

worst results were obtained using the clusterings produced by the NPSFCM. The PNC

index determined cmax as the optimal number of clusters in all data sets even with 25%

of missing values (compare Table 5.11).

The last group build the cluster validity indexes that use the distances between the

cluster prototypes and the grand mean of the data set in their separation criteria. The

indexes FS, ZLE, and BWS belong to this group. On the one hand, this turned out

to be a more appropriate separation criterion than the distances between the cluster

prototypes. On the other hand, its efficiency depends on the spatial position of the

grand mean of the data set. Unlike the other CVIs based on compactness and separa-

tion, these three CVIs generally performed better on the 3-dimensional data sets with

differently sized and scattered clusters than on the 2-dimensional data sets with three

equally sized and shaped clusters. As in the case of complete data, this was due to the

weaknesses of the separation criterion. The cluster centers in the 3-dimensional data

sets with five clusters were evenly spread in the data space while the cluster centers in

the data sets with three clusters were aligned in a line. The separation criterion was

adversely affected by this alignment of the cluster centers. Combined with the strengt-

hening of the clustering structure by the clustering algorithms, the CVIs overestimated

the correct number of clusters in the data sets with a large number of missing values

(compare Table 5.12). Comparing the performance of these three CVIs depending on

the clusterings produced by the different clustering algorithms, there was no odds-on

favorite. As Table 5.12 shows, the cluster validity indexes reliably determined the cor-

rect number of clusters in the data sets with five differently sized and scattered clusters

using the partitioning results produced by the NPSFCM. However, they failed on the

data sets with three clusters. The CVIs performed better on the data sets with three

clusters using the partitioning results produced by the OCSFCM or the PDSFCM,

however they performed considerably worse on the data sets with five clusters.

In summary, as the other cluster validity functions the CVIs based on compactness

and separation performed on the data sets with a small percentage of missing values
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as well as on the complete data sets. However, no CVI of this category could recognize

the correct number of clusters in all data sets with a large number of missing values.

However, the Beringer-Hüllermeier index turned out to be the most resistant CVI

against the increasing number of missing values in the data sets. It also performed in

the same way using the partitioning results of the data sets produced by the different

clustering algorithms adapted to incomplete data. The weak point of the Beringer-

Hüllermeier index is that it recognized the correct number of clusters only in data

sets with a simple clustering structure. Using the partitioning results produced by the

NPSFCM, the best results on the data sets with a complicated clustering structure

were achieved by the BWS index. Even for a large number of missing values, this CVI

determined the correct number of clusters in nearly all 3-dimensional data sets with five

differently shaped and sized clusters. The weaknesses of this CVI are that it failed on

the simple data sets and its performance depends on the partitioning results produced

by the clustering algorithms. The first one is due to the limitations of the separation

criterion of the BWS index. The second one indicates the sensitivity of the index

to the small deviations in the partitioning results because the clusterings of the data

sets produced by the different clustering algorithms generally did not differ that much.

The performance of the remaining CVIs based on compactness and separation was

much more affected by the missing values in the data sets. Partially, they performed

even worse than the CVIs based on the membership degrees. In conclusion, the idea

to combine the compactness and separation in a cluster validity index is promising

regarding the incomplete data. There is only an index missing that would combine the

resistance of the Beringer-Hüllermeier index against a large number of missing values

in the data sets and the ability of the BWS index to determine the correct number of

clusters in the data sets with a complicated clustering structure.

5.3.3.4 Experimental Results on Real Data Sets

Similar to the experimental results on the incomplete artificial data sets, the cluster

validity functions using the membership degrees hardly lost performance with the in-

creasing number of missing values in the data sets. There were only two indexes, NPE

and OSIDγ , that systematically failed to recognize the correct number of clusters in

the 3-dimensional version of the wine data set with a large number of missing values

(compare Table 5.15). Comparing the performance results of the CVIs depending on

the clusterings produced by the different clustering algorithms adapted to incomplete

data, the KKLL, the OSIS, and the OSIHγ indexes even managed to recognize the cor-

rect number of clusters in some data sets clustered by the OCSFCM and the NPSFCM

that they could not recognize in the complete data sets. That happened sometimes

in our other experiments too because the missingness of some values in the data set
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Table 5.13: Performance results of some CVIs based on membership degrees using
partitionings produced by PDSFCM and NPSFCM on selected real data sets with 10%
of missing values.

data set c
PDSFCM NPSFCM

VNPE VKKLL VOSIS VOSIDγ
VNPE VKKLL VOSIS VOSIDγ

ionosphere 2 2100 2100 2100 10100 2100 2100 2100 10100

sonar 2 295 2100 297 10100 299 2100 299 10100

wdbc 2 2100 2100 2100 10100 2100 2100 2100 10100

wine-3D 3 3100 2100 3100 1086 3100 2100 3100 1083

wine 3 3100 2100 3100 10100 3100 2100 3100 10100

Table 5.14: Performance results of some CVIs based on membership degrees using
partitionings produced by PDSFCM and NPSFCM on selected real data sets with 25%
of missing values.

data set c
PDSFCM NPSFCM

VNPE VKKLL VOSIS VOSIDγ
VNPE VKKLL VOSIS VOSIDγ

ionosphere 2 2100 2100 2100 10100 2100 2100 2100 10100

sonar 2 298 2100 299 10100 2100 2100 2100 10100

wdbc 2 2100 2100 2100 10100 2100 2100 2100 2100

wine-3D 3 3100 3100 3100 354 3100 3100 3100 383

wine 3 3100 2100 3100 10100 3100 2100 3100 10100

Table 5.15: Performance results of some CVIs based on membership degrees using
partitionings produced by PDSFCM and NPSFCM on selected real data sets with 40%
of missing values.

data set c
PDSFCM NPSFCM

VNPE VKKLL VOSIS VOSIDγ
VNPE VKKLL VOSIS VOSIDγ

ionosphere 2 2100 2100 2100 10100 299 299 299 1080

sonar 2 298 2100 298 10100 265 2100 271 10100

wdbc 2 2100 2100 2100 10100 2100 2100 2100 2100

wine-3D 3 1050 2100 2100 1074 1049 256 380 1070

wine 3 3100 2100 3100 10100 3100 2100 3100 398
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made the clustering structure clearer. Although the performance differences between

the different clustering algorithms were not especially large, as Tables 5.13 - 5.15 show,

the results of this experiment confirms the fact that the cluster validity indexes using

the membership degrees tend to perform better using the clustering results produced

by the OCSFCM and the NPSFCM.

The performance results of the cluster validity functions based on compactness

on the incomplete real data sets seem somewhat peculiar at first view. Comparing

to complete data, these CVIs failed on few data sets with 10% and 25% of missing

values but they overperformed on the data sets with 40% of missing values (compare

Table 5.16). They even determined the correct number of clusters in the glass data set

using the clustering results produced by the NPSFCM. That contradicts the tendency

that we observed on the incomplete artificial data sets. On the one hand, this can be

due to the fact that FHV and PD determined the correct number of clusters in fewer

complete data sets than the other CVIs. On the other hand, the reason could be a

simple clustering structure of the real data sets for those the number of clusters was

correctly determined. The most real data sets, where the correct number of classes was

determined, contained only two classes. Those classes were either compact and well

separated like in the data sets ionosphere or they were not distinguishable, i.e. there

was only a single cluster like in the data set sonar. In such data sets the missingness

of values does not change the clustering structure much. For those reasons it is not

really surprising that the cluster validity indexes based on compactness hardly lost

performance with the increasing number of missing values in the data sets.

The performance results of the cluster validity indexes based on compactness and

separation on the incomplete real data sets were similar to the results obtained on the

incomplete artificial data sets. As Tables 5.17 and 5.18 show, the performance of the

CVIs declined with the increasing number of missing values in the data sets. Similar to

the experiments on the artificial incomplete data sets, the cluster validity indexes VXB,

VKwon, VBH , and VPCAES hardly lost the performance with the increasing number of

missing values in the data sets. Only the index VTSS overestimated the correct number

of clusters in few data sets with a large number of missing values especially using

the clustering results produced by the OCSFCM and the NPSFCM. Similar to the

CVIs based on compactness, VPNC has not lost much performance with the increasing

number of missing values in the real data sets. The indexes VZLE and VBWS sustained

the largest performance losses using the clusterings produced by the NPSFCM. As in

the experiments described above, they overestimated the correct number of clusters.

As the other CVIs using the partitioning results produced by the PDSFCM and the

OCSFCM, they hardly lost performance. We cannot comment on the performance

of the Fukuyama-Sugeno index because it did not determine the correct number of

clusters in any real data sets.
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Table 5.17: Performance results of some CVIs based on compactness and separation
using partitionings produced by PDSFCM and NPSFCM on selected real data sets
with 10% of missing values.

data set c
PDSFCM NPSFCM

VXB VBH VBWS VPNC VXB VBH VBWS VPNC

ionosphere 2 2100 2100 2100 2100 2100 2100 2100 299

iris 3 2100 2100 3100 1083 2100 2100 399 1085

iris-bezdek 3 2100 2100 3100 1080 2100 2100 3100 1082

sonar 2 298 299 295 2100 299 2100 299 2100

wdbc 2 2100 2100 2100 2100 2100 2100 2100 2100

wine-3D 3 3100 3100 3100 1058 3100 3100 5100 1060

wine 3 3100 2100 3100 3100 3100 2100 3100 3100

Table 5.18: Performance results of some CVIs based on compactness and separation
using partitionings produced by PDSFCM and NPSFCM on selected real data sets
with 40% of missing values.

data set c
PDSFCM NPSFCM

VXB VBH VBWS VPNC VXB VBH VBWS VPNC

ionosphere 2 2100 2100 2100 2100 2100 2100 299 256

iris 3 2100 2100 393 931 2100 2100 443 932

iris-bezdek 3 2100 2100 3100 1055 2100 2100 3100 1039

sonar 2 299 2100 298 2100 279 287 294 2100

wdbc 2 2100 2100 2100 2100 2100 2100 2100 292

wine-3D 3 394 1047 1047 1065 374 388 1027 1045

wine 3 3100 2100 3100 983 3100 2100 3100 559
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In summary, the cluster validity indexes hardly lost performance on the incomplete

real data sets comparing to the complete data. This is due to the fact that the real data

sets for those the number of clusters was correctly determined on the complete data

have a simple clustering structure. In such cases the missingness of values usually does

not change the clustering structure much. Otherwise, the performance of the cluster

validity indexes on the incomplete real data sets corresponded to the results obtained

on the incomplete artificial data sets.

5.4 Conclusions and Future Work

The quality of the partitioning results of data produced by the clustering algorithms

strongly depends on the assumed number of clusters. In this chapter, we analyzed

the original and the adapted cluster validity functions on different artificial and real

incomplete data sets. We found out that the performance of the cluster validity indexes

adapted to incomplete data mainly depends on the clustering results produced by the

clustering algorithms. In experiments on the incomplete data, using the clustering

results obtained on complete data the adapted cluster validity indexes performed as well

as on complete data, even for a large number of missing values in the data sets. Also, for

a small number of missing values in the data sets, all cluster validity indexes performed

as well as on the complete data. With the increasing number of missing values in the

data sets, there were large differences in the performance of the CVIs to report. While

the two CVIs based on compactness, FHV and PD, and PNC totally failed on the

data sets with a large percentage of missing values, the CVIs using the membership

degrees and the CVIs based on compactness and separation that use the distances

between the cluster prototypes in their separation criteria, hardly lost performance

with the increasing number of missing values in the data sets. However, while FHV,

PD, and PNC were able to recognize the correct number of clusters in the data sets

with a complicated clustering structure, the last CVIs recognized the correct number

of clusters only in the data sets with equally sized and shaped clusters.

As mentioned above, the performance of the CVIs depends on the quality of the clu-

stering results produced by the clustering algorithms. Even though, some CVIs turned

out to be less sensitive to the variations in the clustering results than the other cluster

validity functions. The Beringer-Hüllermeier index performed equally well using the

partitionings produced by the different clustering algorithms adapted to incomplete

data. The cluster validity indexes using the membership degrees performed considera-

bly better using the clustering results produced by the OCSFCM and the NPSFCM

due to their tendency to strengthen the clustering structure. The two CVIs based on

compactness and the PNC index obtained the best results using the clusterings produ-
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ced by the OCSFCM because it does not tend to compact the clusters as the NPSFCM

does. In contrast, the CVIs based on compactness and separation that use the distan-

ces between the cluster prototypes in their separation criterion performed poorer using

the clusterings produced by the OCSFCM. The reason is that the OCSFCM tend to

displace the cluster centers because the computation of missing values and the com-

putation of cluster centers influence each other. Regarding the remaining three CVIs

based on compactness and separation, the FS, the ZLE, and the BWS indexes, there

were no odds-on favorite among the clustering strategies. While the CVIs performed

better on the data sets with a complicated clustering structure using the clustering

results produced by the NPSFCM, they favored the OCSFCM and the PDSFCM on

the data sets with equally sized and shaped clusters.

The performance of the cluster validity functions also depended on the clustering

structure of the incomplete data sets. Even if the most CVIs were able to reliably

determine the correct number of clusters in the complete multi-dimensional data set,

all CVIs failed on the same incomplete data set even for a small percentage of missing

values. We also observed that with the increasing number of missing values in the data

sets, the recognition rate of the correct number of clusters faster decreased on the data

sets with differently sized and scattered clusters or where some clusters were closely

located to each other building groups of clusters. As expected, the performance of

the cluster validity functions did not improve using the partitioning results produced

by the clustering algorithm FCMCD from chapter 3 on incomplete data sets with

differently sized and scattered clusters. This is due to the fact that the clustering

algorithm imputed missing values fitting to the partitionings with a particular number

of clusters. Therefore, in the future, we focus on the development of a cluster validity

index that is able to recognize the correct number of clusters in incomplete data sets

with differently sized and scattered clusters.

Considering the overall performance of the cluster validity functions the idea of

combining the compactness and separation in CVIs is very promising regarding their

application on incomplete data. Therefore, in the future we plan to develop a cluster

validity index that uses the same basic idea as the BWS index to be able to determine

the correct number of clusters in data sets with a complicated clustering structure.

To make our CVI resistant against the large number of missing values, we aim to

substitute the computation of the cluster volumes using the covariance matrix through

the variability of clusters as in the Beringer-Hüllermeier index. Another idea is to

develop a multi-step approach similar to a decision tree for the recognition of the

optimal number of clusters. This approach should use the features of the existing cluster

validity functions to gain the information about a data set in single steps like whether

there are groups of clusters or overlapping clusters in the data set. Approaching in this

way, we hope to get more precise information about the structure of the data set using
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step-by-step several relatively simple functions instead of bundling them together.

In our work, we focused on the analysis of the data sets with missing values MCAR.

Generally, it is the simplest failure mechanism to deal with. Depending on the reason

for the missingness of values in the data, there are data sets where the values are

missing according to the MAR or the NMAR mechanisms. In [Him09, HC10a, HC10b]

we analyzed the clustering algorithms adapted to incomplete data on the data sets with

missing values MCAR, MAR and NMAR. In [HHC11] we made the first attempts to

analyze some cluster validity functions on few relatively simple data sets with missing

values MCAR, MAR and NMAR. All our experiments showed that the clustering

results as well as the cluster validity results on the data with missing values MAR and

NMAR were noticeably worse than on the data with missing values MCAR. Therefore,

in the future, we plan to address the problem of developing a new clustering algorithm

and CVIs adapted to data with missing values MAR and NMAR. The fuzzy clustering

algorithm that uses a class specific probability presented in [TDK03] provides a good

idea for our future research in this direction.



Density-Based Clustering using

Fuzzy Proximity Relations

Discovering clusters of varying shapes, sizes and densities in a data set is still a chal-

lenging problem for density-based algorithms. Recently presented approaches either

require the input parameters involving the information about the structure of the data

set, or are restricted to two-dimensional data. In this chapter1, we present a density-

based clustering algorithm, which uses the fuzzy proximity relations between data

objects for discovering differently dense clusters without any a-priori knowledge of a

data set. In experiments, we show that our approach also correctly detects clusters

closely located to each other and clusters with wide density variations.

6.1 Introduction

Clustering is one of the primary used data analysis methods, whose task is exploring

the distribution of objects in a data set. In general, clustering is defined as a technique

for completely partitioning a data set into groups (clusters) of similar data objects.

But for some applications, for instance, in image processing, web log analysis and

bioinformatics, detection of arbitrarily shaped dense groups of data objects is more

useful than just partitioning the complete data set. As a result, the density-based

clustering methods become more important.

The basic idea of density-based clustering is that clusters are regarded as dense

regions of data points in the feature space separated by regions of lower density. Two

established density-based clustering algorithms are DBSCAN [EHPJX96] and DEN-

1This chapter is a revised and updated version of [HC11].
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CLUE [HK98], which use a global density-threshold for discovering clusters in a data

set. While DBSCAN identifies clusters as sets of density-connected data points, whe-

re the minimal number of points MinPts in the ε-environment defines this concept,

DENCLUE uses standard deviation σ in the influence function of data points and

the minimum density level ξ for distinguishing between clusters and noise. These me-

thods detect clusters of different sizes and shapes, but they are not able to identify

differently dense clusters. Using global density parameters, the denser clusters are

treated as parts of less dense clusters and not as separate clusters, whereas the sparser

clusters are handled as noise. This problem was promptly perceived so that several

approaches have been proposed for discovering differently dense clusters in a data set

[ABKS99, LS09, FSS+09, ECL00, BG06]. While some of them extend DBSCAN adju-

sting density parameters for each cluster, other approaches analyze Delaunay Graph of

a data set. The algorithms based on DBSCAN have the same weaknesses as DBSCAN:

the clustering results strongly depend on the threshold parameters, which are tricky

to determine. The most methods based on Delaunay Triangulation do not require any

input parameters, but they are restricted to two-dimensional data sets. In this chap-

ter, we present a new density-based algorithm DENCFURE (Density-Based Clustering

using Fuzzy Proximity Relations) [HC11] for discovering differently dense clusters in

a data set in presence of noise. In our approach, we use the fuzzy proximity relations

between data objects to detect clusters as groups of approximately equidistant data

points in the feature space. In experiments, we show that DENCFURE is able to detect

differently dense clusters without any a-priori knowledge of a data set even if clusters

are closely located to each other or if there are wide density variations within clusters.

The remainder of this chapter is organized as follows. We give a brief overview on

recent density-based clustering approaches in Section 6.2. In Section 6.3, we present

our notion of density-based clustering using fuzzy proximity relations and introduce the

algorithm DENCFURE for discovering differently dense clusters in Section 6.4. The

evaluation results of our method are presented in Section 6.5. Section 6.6 concludes

this chapter with a short summary and discussion of future research.

6.2 Related Work

In the last decade, several density-based algorithms have been proposed for discove-

ring differently dense clusters in a data set. In general, the most effort was done in

two directions: extending DBSCAN algorithm and developing graph-based clustering

algorithms analyzing minimal spanning trees or Delaunay Graphs. In this section we

discuss these approaches.

In [ABKS99], a hierarchical density-based clustering algorithm OPTICS is presen-
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ted. Based on DBSCAN this method creates an augmented ordering of density-based

clustering structure of a data set using several density parameters. OPTICS is a hierar-

chical clustering approach, so it is able to identify differently dense clusters only if the

clusters are clearly separated and are not contained in each other. Beside OPTICS, we

mention here two more algorithms SSDBSCAN and Enhanced DBSCAN, which adjust

density parameters for each cluster. The Semi-Supervised DBSCAN (SSDBSCAN)

finds the neighborhood radius ε for each cluster determining the length of the largest

edge of all density-connection paths between each pair of pre-labeled data points of

different clusters [LS09]. The Enhanced DBSCAN determines the neighborhood ra-

dius for each cluster as the smallest distance to the Maxpts-nearest neighbor of all

data points within the cluster [FSS+09]. Another approach LDBSCAN uses the con-

cept of local outlier factor (LOF) [BKNS00]. This algorithm discovers clusters as sets

of local-density-connected data points with similar local reachability densities (LRD)

w.r.t. input parameters LOFUB, pct and MinPts [DXG+07]. The weakness of all

these approaches is that the clustering results strongly depend on the input parame-

ters, which involve the information about the structure of the data set and are tricky

to determine.

A graph-based clustering algorithm proposed in [Stu03] creates clustering by recur-

sively breaking edges in the minimal spanning tree of a data set based on runt test

[HM92]. Apart from heuristically determining the clusters’ number, this method has

the same weaknesses as OPTICS. Other graph-based clustering algorithms identify

clusters as connected components in a Reduced Delaunay Graph [OBS92] of a data

set. While the method proposed in [PP05] uses a threshold inputted by user for re-

moving edges in Delaunay Graph, the algorithm AUTOCLUST performs clustering

automatically without any a-priori knowledge of the data set [ECL00]. Another ap-

proach CRYSTAL is proposed in [BG06]. Instead of reducing the Delaunay Graph,

CRYSTAL grows clusters starting from the point in the densest region using proximity

information in the Delaunay Triangulation. These three clustering approaches based

on Delaunay Triangulation are able to identify sparse and dense clusters closely located

to each other as well as clusters with density variations. Since a stable implementation

of Delaunay Triangulation in a three-dimensional space is still a challenging problem,

these algorithms are restricted to two-dimensional data sets.

6.3 Density-Based Notion of Clusters using Fuzzy

Proximity Relations

The basic idea of density-based clustering is that clusters are regarded as dense regions

in the feature space separated by regions of lower density. The most approaches to
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density-based clustering use the definition proposed by Ester et al. in [EHPJX96], who

defined density-based clusters as sets of density-connected data objects w.r.t. density

parameters: a radius ε ∈ R and a minimum number of data points MinPts ∈ N

in ε-neighborhood (compare Figure 6.1(a)). If these density parameters are fixed as

global density-threshold such as in DBSCAN [EHPJX96], then the algorithm separates

a data set in equally dense clusters and noise (data items that do not belong to any

cluster). To detect clusters of different densities in a data set, one or both of these

density parameters are adjusted for each cluster [LS09, FSS+09, DXG+07] (compare

Figure 6.1 (b)). But the key idea remains the same: for each core data point within a

cluster the neighborhood of a given radius has to contain at least a minimum number

of data points.

(a) (b)

Figure 6.1: (a) p and q are density-connected to each other by o (adapted from
[EHPJX96]), (b) two differently based clusters with different ε-radii.

We depart from this definition of density and use the concept of fuzzy proximity

relations for the definition of density-connectivity. We proceed on the assumption

that human perception of clusters depends rather on the relation of distances between

neighboring data points than on the number of data points in a given neighborhood.

The basic idea of our approach is that the distances between all neighboring data points

within a cluster are approximately equal.

Below we formalize our notion of density-based clustering. We assume that X =

{x1, ..., xn} is a given data set of n metric objects in d-dimensional feature space, and

dist is a metric distance function on the data objects in X. For each data object xi ∈ X

we considerNNk(xi), the set of its k-nearest neighbors w.r.t. the distance function dist.

Within the set of the k-nearest neighbors of xi we detect those data objects xj ∈ X,

which are approximately equidistant to xi, and refer to them as directly reachable fuzzy

neighbors of xi. We determine the equidistances between data objects using a fuzzy

membership function u that is also used in the basic fuzzy c-means algorithm (FCM)

[Bez81]. For our purpose we adapted the definition of u with u(xi, xj) ∈ [0, 1] for all
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xi, xj ∈ X with 1 ≤ i, j ≤ n as follows

u(xi, xj) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

1 if i = j,

(dist2A(xi, xj))
1

1−m

k∑
l=1

(dist2A(xi, xl))
1

1−m

if Ixi
= ∅,

1

| Ixi
| if Ixi

�= ∅, xj ∈ Ixi

0 if Ixi
�= ∅, xj /∈ Ixi

(6.1)

where Ixi
= {xj | distA(xi, xj) = 0, i �= j} and m > 1 is the fuzzification para-

meter. As each application requires an appropriate distance function, we do not re-

strict our approach to a specific distance function, so it works with any vector A-

norm distance function distA(xi, xj) = ‖xi − xj‖A =
√

(xi − xj)TA(xi − xj). No-

te, that matrix A has to be symmetric positive definite. When A = Id×d, then

distA(xi, xj) = dist2(xi, xj) = ‖xi − xj‖2 is the Euclidean distance. As required in

[Bez81] our adapted fuzzy membership function u satisfies
∑k

j=1 u(xi, xj) = 1 for all

i ∈ {1, ..., n}, i �= j.

Definition 1. (directly reachable fuzzy neighbor) A data point xj is a directly reachable

fuzzy neighbor of a data point xi if

1. xj ∈ NNk(xi) and

2. u(xi, xj) ≥ 1
k
.

For each data point within a cluster its directly reachable fuzzy neighbors are its

adjacent data points, i.e. data points in its nearest neighborhood. Obviously, the data

points inside a cluster have more directly reachable fuzzy neighbors than data points on

the border of a cluster or noise points. For this reason we limit the number of k nearest

neighbors for each data point to a maximum possible number of directly reachable fuzzy

neighbors for data points inside a perfectly homogeneously dense cluster. This means

that for each data point xi inside a cluster all its directly reachable fuzzy neighbors xj

are equidistant to xi. Thus, we obtain u(xi, xj) =
1
k
for all xj ∈ NNk(xi). All directly

reachable fuzzy neighbors of a data point xi on the border of a cluster or of a noise

point are data points from the set NNk(xi), which are approximately equidistant to

xi. We do not require an exact equidistance between data points because the distances

between neighboring data points within clusters are extremely rarely equal in real data

sets. The value for the fuzzification parameter m influences the density variance within

a cluster. The clusters are perfectly homogeneously dense for values of m near 1 and

less uniformly dense for large values of m.

The number k of nearest neighbors of a data point obviously depends on the dimen-

sionality of the data set. For example, a one-dimensional data point can have at most
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two different equidistant data points, a two-dimensional data point can have at most

six such neighboring data points. In this way we limit the value for k as the maximal

number of points at the surface of a hypersphere in d-dimensional space, so that the

distances between neighboring points at the surface (i.e. the lengths of the chords) are

equal to the radius of the sphere. The value for k is equivalent to the kissing number τd

in the sphere packing theory [CSB87]. For d-dimensional Euclidean space the kissing

numbers are τ1 = 2, τ2 = 6, τ3 = 12, τ4 = 24 etc. Note, although the data point xi

is a directly reachable fuzzy neighbor of itself by definition, we regard it rather as a

special case and do not count it among its k neighbors. In the case the data point xi is

counted as its directly reachable fuzzy neighbor, the number k has to be adjusted and

the second condition in Definition 1 would be: u(xi, xj) ≥ 1
k−1

.

Obviously, the directly reachable fuzzy neighborhood property is not symmetric for

each pair of data points. Each data point in a data set has at least one directly reachable

fuzzy neighbor, even noise points. But, as mentioned above, the direct neighboring data

points within a cluster have to be approximately equidistant. Therefore, the directly

reachable fuzzy neighborhood property is required to be symmetric for pairs of data

points within a cluster.

Definition 2. (direct fuzzy density-neighbor) A data point xj is a direct fuzzy density-

neighbor of a data point xi if

1. xj is a directly reachable fuzzy neighbor of xi, and

2. xi is a directly reachable fuzzy neighbor of xj.

Evidently, the direct fuzzy density-neighborhood property is symmetric and does

not depend on the distances between data points themselves. This means, if two points

are the direct fuzzy density-neighbors of each other, then the distances to their directly

reachable fuzzy neighbors are approximately equal. And exactly this property has to

be satisfied by the data points within a cluster.

Definition 3. (fuzzy density-connected) A data point xj is fuzzy density-connected to

a data point xi if there is a chain of data points xi1 , ..., xik (1 ≤ ik ≤ n), xi1 = xi,

xik = xj so that xim+1 is a direct fuzzy density-neighbor of xim.

Fuzzy density-connectivity is a fuzzy proximity relation because it is reflexive and

symmetric [Ped12]. Additionally, it is an equivalence relation because it is also tran-

sitive. Therefore, we are able to formalize the density-based notion of a cluster and

noise. Analogous to [EHPJX96], we define a cluster as a maximal set of fuzzy density-

connected data points and noise as the set of data points in X, which do not belong

to any cluster.
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Definition 4. (density-based cluster) Let X be a data set of n data points. A density-

based cluster C, |C| > 1, is a non-empty subset of X, satisfying:

1. ∀xi, xj ∈ C: xi is fuzzy density-connected to xj. (Connectivity)

2. ∀xi, xj ∈ X: if xi ∈ C and xj is fuzzy density-connected to xi, then xj ∈ C.

(Maximality)

Definition 5. (noise) Let C1, ..., Cl be all clusters of the data set X. The noise N

is the subset of data points in X not belonging to any cluster Ci, 1 ≤ i ≤ l, i.e.

N = {x ∈ X | ∀i : x /∈ Ci}.

According to our notion of density-based clustering, a cluster contains at least two

data points. This requirement has to be fulfilled because due to the reflexivity each

data item is fuzzy density-connected to itself by definition. Consequently, each data

item even noise points that do not have further direct fuzzy density-neighbors apart

from themselves would build a cluster. Since this property is undesirable, we require

the condition |C| > 1 to be fulfilled. Furthermore, our definition of density-based

cluster implies that equal data points build their own clusters because all data points

equal to a data point xi (apart from the data point itself) have the same membership

degrees to the data point xi. In the case when the geometrical structure of the data set

is of particular interest, it is advisable to remove all duplicates from the data set before

clustering. A further property of our notion of density-based clustering is that all data

points of a data set X can be completely assigned into clusters. This means that the

noise N can be an empty set, (N = ∅). But on the other hand, the set noise is a proper

subset of any data set X, (N � X). That is because our definition of density-based

clustering implicates that any data set X contains at least one cluster, which contains

at least two nearest data points in X. In particular, this property means that a data

set containing approximately equidistant data points will be regarded as single cluster

and not as noise.

6.4 Density-Based Clustering Algorithm using Fuz-

zy Proximity Relations

In this section, we describe the algorithm DENCFURE (DENsity-Based Clustering

using FUzzy ProximityRElations). DENCFURE is designed to detect varyingly dense

clusters and the noise in a given data set according to Definitions 4 and 5. Unlike other

density-based clustering algorithms, one of the important properties of DENCFURE

is that it does not need any input parameters, which involve information about the

structure of the data set. On the contrary, our algorithm not only detects density-based
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clusters, but also outputs the information about the average density of the discovered

clusters, which can be useful for some applications. Furthermore, DENCFURE is de-

signed to separate sparse and dense clusters, which are closely located to each other.

This situation is depicted in Figure 6.2(a), where there is no clear separation between

two differently dense clusters. Three border points of a sparse cluster are closer loca-

ted to the dense cluster than to theirs. This is a challenging problem for density-based

algorithms and almost all of them fail to work because the distances between some

border points of both clusters are smaller than the average distances between neigh-

boring points in the sparse cluster. In such cases, density-based algorithms based on

DBSCAN are not able to separate such clusters correctly. They either assign border

data points of the sparse cluster to the dense cluster or merge both clusters into one.

(a)

x
y

z

(b)

Figure 6.2: Two differently dense clusters closely located to each other.

6.4.1 The Algorithm

The basic idea of the DENCFURE algorithm is to construct a mixed graph with n

vertices. The vertices xi, 1 ≤ i ≤ n represent the data points of a data set X, and

there is a directed edge from vertex xi to vertex xj if data point xj is a directly

reachable fuzzy neighbor of xi, and there is an undirected edge between vertices xi and

xj if xj and xi are the direct fuzzy density-neighbors of each other. Then the connected

components of the undirected part of the graph represent clusters, and the vertices,

which do not belong to any connected component, represent the noise. We use the

directed part of the graph to differentiate between noise points and border points of

clusters, which are not clearly separated from each other as depicted in Figure 6.2.

The basic version of the DENCFURE algorithm is represented in Algorithm 3.

Note, that we focus here predominantly on the presentation of our idea omitting details

of efficient data structures and techniques. We refer to Section 6.4.2 for the discussion
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Algorithm 3 DENCFURE(X,m,A)

Require: X is a d-dimensional data set with n data points, m > 1 is a fuzzification
parameter, A is a matrix for the vector distance function

1: for all xi ∈ X calculate DRFN(xi) and avg distA(xi);
// Detect dense and sparse clusters closely located to each other and separate them

2: for all xi ∈ X do
3: for all xj ∈ DFDN(xi)\xi do
4: if (xi.avg distA < xj.avg distA && xi.avg distA < distA(xi, xj)) then
5: if (SepClust(xi, xj, DFDN, avg distA)) then
6: Recalculate xi.avg distA;
7: end if
8: end if
9: end for
10: end for

// Detect clusters as sets of fuzzy density-connected points
11: for all xi ∈ X set xi.ClusterID = UNCLASSIFIED;
12: ClusterID := nextID(UNCLASSIFIED);
13: for i = 1 to n do
14: if (xi.ClusterID = UNCLASSIFIED) then
15: if (ExpandCluster(xi, DFDN,ClusterID)) then
16: ClusterID := nextID(ClusterID);
17: end if
18: end if
19: end for

// Validate noise
20: for all xi with xi.ClusterID = UNCLASSIFIED do
21: if (isNoise(xi, DRFN, avg distA) = false) then
22: xi.ClusterID := NOISE;
23: end if
24: end for

of efficiency improving techniques and data structures. The input parameters required

by DENCFURE are a data set X, a fuzzification parameter m and a matrix A for

the vector distance function. Note, that the parameters m and A depend rather on a

given application than on the distribution of data points in a data set X. If the goal is

finding clusters with equidistant data points, then the fuzzification parameterm should

be chosen close to 1. If there are no restrictions regarding the density variations within

clusters, the fuzzification parameter should be chosen sufficiently large.

At the beginning of the algorithm, for all xi ∈ X we calculate the directly reachable

fuzzy neighborsDRFN(xi). Obviously, we can calculate the set of direct fuzzy density-

neighbors DFDN from the set DRFN . So the inclusion DFDN ⊆ DRFN holds.

Additionally, according to Formula (6.2) we calculate avg distA(xi) for all xi ∈ X

with DFDN(xi)\xi �= ∅ as the average distance from xi to all its direct fuzzy density-
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Algorithm 4 boolean SepClust(xi, xj, DFDN, avg distA)

1: Calculate xi.avg distA diff and xj.avg distA diff according to Formula (6.3);
2: if (|xj.avg distA − xi.avg distA| > (avg distA diff xi && avg distA diff xj))

then
3: Remove xj from DRFN(xi);
4: Remove xi from DRFN(xj);
5: end if
6: return true;

neighbors apart from the data point itself.

avg distA(xi) =

∑
xk∈DFDN(xi)\xi

distA(xi, xk)

|DFDN(xi)\xi| . (6.2)

We obtain DFDN(xi)\xi = ∅ for potential noise points that do not have any direct

fuzzy density-neighbors apart from themselves and do not calculate avg distA for those.

In the next step of the algorithm, we use the average distances avg distA of data

points to detect and break bridges between dense and sparse clusters closely located

to each other as depicted in Figure 6.2(a). Here, bridges are termed as direct fuzzy

density-neighborhood relations between two border points of different clusters. In

Figure 6.2(b), there is a bridge between point z and its direct fuzzy density-neighbor

from the dense cluster (the direct fuzzy density-neighborhood relations are illustrated

with black arrows). The first indication of such a bridge between two data points

xi and xj, i �= j, is given if the average distance avg distA(xi) of xi is less than

the average distance avg distA(xj) of its direct fuzzy density-neighbor xj, and the

distance distA(xi, xj) between xi and xj is greater than avg distA(xi). The second

condition is tested using the function SepClust depicted in Algorithm 4. In this

function we go further into the question whether xi and xj both belong to an unequally

dense cluster or xi and xj are border data points of two different varyingly dense

clusters. We assume that there is a bridge between data points xi and xj, i �= j,

if the difference |avg distA(xj) − avg distA(xi)| between average distances of xi and

xj is greater than the average differences avg distA diff(xi) and avg distA diff(xj)

between avg distA(xi) (resp. avg distA(xj)) and the average distances avg distA(xk)

of all direct fuzzy density-neighbors xk of xi, xk ∈ DFDN(xi)\xi with xk �= xj (resp.

avg distA(xl) of all xl ∈ DFDN(xj)\xj with xl �= xi). We calculate avg distA diff(xi)

as follows:

avg distA diff(xi) =

∑
xk∈DFDN(xi)\(xj∪xi)

|avg distA(xi)− avg distA(xk)|

|DFDN(xi)\(xj ∪ xi)| . (6.3)

If DFDN(xi)\(xj∪xi) = ∅, we define avg distA diff(xi) to be 0. This is primary true
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for border points of a cluster or for noise points. If xi is a border point of a cluster, then

the distance between xi and xj should not be much larger than the average distance

of xj and its direct fuzzy density neighbours. Otherwise xi is the noise point not

far from a cluster. The calculation of avg distA diff(xj) is analogous to calculation

of avg distA diff(xi). If both conditions for the presence of a bridge are complied,

then we break the bridge removing xj from the set DRFN(xi) and xi from the set

DRFN(xj), respectively.

Algorithm 5 boolean ExpandCluster(xi, DFDN,ClId)

1: seeds := ∅;
2: for all xj ∈ DFDN(xi) do
3: seeds.add(xj);
4: end for
5: if (seeds �= ∅) then
6: xi.ClusterID := ClId;
7: while (seeds �= ∅) do
8: currentDP := seeds.firstElement();
9: currentDP.ClusterID := xi.ClusterID;
10: seeds.remove(currentDP);
11: for all xj ∈ DFDN(currentDP) do
12: if (xj.ClusterID = UNCLASSIFIED && seeds.contains(xj) = false)

then
13: seeds.add(xj);
14: end if
15: end for
16: end while
17: end if
18: return true;

After breaking all bridges between closely located clusters, the algorithm assigns

data points into clusters using function ExpandCluster, which is depicted in Algorithm

5. The algorithm starts with an arbitrary unclassified data point xi and recursively

detects all data points, which are fuzzy density-connected to xi. This part of DEN-

CFURE is based on a simple algorithm for computing connected components in an

undirected graph. First it adds all direct fuzzy density neighbors of xi to a seed set.

The algorithm works the seed set off point by point by labeling them with the cluster

ID of xi. Then it removes the assigned points from the seed set and adds all their

unclassified direct fuzzy density neighbors to the seed set. Since some data points

within a cluster can share the same direct fuzzy density neighbors, first we check if

they are already in the seed set. The algorithm proceeds until the seed set is empty.

In this case the complete cluster is found and the function ExpandCluster returns to

the main algorithm.

After all clusters are detected, there may be still some unclassified data points.
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Algorithm 6 boolean isNoise(xi, DRFN, avg distA)

1: for all xj with xi ∈ DRFN(xj), i �= j, DFDN(xj)\xj �= ∅ and (distA(xi, xj) ≤
xj.avg distA) do

2: Find xj with max
j

(
distA(xi, xj)

xj.avg distA

)
;

3: DRFN(xj).add(xi);
4: DRFN(xi).add(xj);
5: xi.avg distA := distA(xi, xj);
6: xi.ClusterID := xj.ClusterID;
7: Recalculate xj.avg distA;
8: end for

These data points can be noise points or the endpoints of broken bridges, which do

not have any direct fuzzy density-neighborhood relation to their real cluster. But these

points can also be border points of a sparse cluster closely located to a dense one so that

from the beginning there was no direct fuzzy density-neighborhood relation to neither

dense nor sparse cluster. In Figure 6.2(b) we have this situation for points x and y,

which do not have any direct fuzzy density-neighbors (grey arrows represent the directly

reachable fuzzy neighborhood relations). Since they have more directly reachable fuzzy

neighbors in the dense cluster, they do not recognize their neighboring points from

the sparse cluster as their directly reachable fuzzy neighbors. In the last step of our

algorithm, we detect such undetected border points of clusters using function isNoise

depicted in Algorithm 6. We assign these data points to clusters testing a criterion

of average distance homogeneity. This basically means that if xi can be assigned to

more than one cluster, it will be assigned to the cluster where the distance between

xi and xj least differs from the average distance of xj. All other unclassified data

points, which could not be assigned to any cluster, are assigned to noise. Concluding,

the average density of each discovered cluster can be calculated as the average over

average distances of all points containing in the cluster.

6.4.2 Complexity and Efficiency Optimization

The main part of the DENCFURE algorithm for detecting clusters is based on the

depth-first search (DFS) algorithm. Since we store the direct fuzzy density neighbors

of all data points in a data structure, the algorithm visits each data point only one time.

So the time complexity is linear for this part of the algorithm. The noise validation

takes O(nk) time because the algorithm checks all data points for which an unclassified

data point is the direct reachable fuzzy neighbor. However, the runtime of the algorithm

is dominated by the construction and adjustment of the graph. The separation of dense

and sparse clusters closely located to each other takes O(nk2) time in the worst case. If

all clusters are clearly separated, then this part of the algorithm takes only O(nk) time.
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The runtime intensive part is finding the directly reachable fuzzy neighbors for all data

points. Without using speed-up indexing structures the distances between all pairs

of data points have to be calculated. That results in the runtime complexity O(n2).

Assuming n � k2, this part determines the runtime complexity of the entire algorithm.

Since the number of directly reachable fuzzy neighbors for each data point is bounded

by the parameter k, it does not make sense to calculate the distances between all pairs of

data points. In the case that the data set is organized in a spatial tree structure like R-

tree [Gut84], only distances to data objects within bounding rectangles or neighboring

rectangles have to be calculated. Depending on the organization of the data in the

spatial tree, the run time of this part of the algorithm can be reduced to O(n log n).

6.5 Experimental Results

In this section we evaluate the performance of DENCFURE in terms of accuracy. First,

in Figure 6.3 we show the influence of the fuzzification parameter m on the clustering

results. Figure 6.3 (a) shows the original data set containing a circular uniformly dense

cluster in the middle surrounded by an unequally dense donut-shaped cluster of lower

density. Figure 6.3 (b) shows clustering results produced by DENCFURE for m =

1.1. As expected, the algorithm separated clusters of perfectly homogeneous density

dividing the donut-shaped cluster in many small clusters. In contrast, for m ≥ 2.5

DENCFURE assigned data points into clusters allowing some degree of tolerance in

density variation within clusters (compare Figure 6.3 (c)). In this case, the algorithm

assigned data points in six clusters merging small clusters into a donut-shaped one.

DENCFURE separated four small clusters on the edge of the donut-shaped cluster.

This is due to the fact that the distance between the sets of points of small marginal

clusters and the big donut-shaped cluster is greater than the average distances between

neighboring data points in both clusters. Therefore, the algorithm did not merge these

five clusters into one.

(a) (b) (c)

Figure 6.3: Influence of the fuzzification parameter m on the clustering results.
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(a) (b)

Figure 6.4: Original sample data sets.

Figure 6.5 shows the clustering results produced by DENCFURE with m = 5 on

two selected sample data sets (the original data sets are shown in Figure 6.4). The

first data set contains five differently dense stripe-like clusters with no clear separation

between them. The challenge in this data set is that some points between sparse and

dense clusters have equal distances to the nearest neighbors of both clusters as the

nearest neighbor distances within clusters. The algorithm assigned data points into

clusters in the same way as a human would do it by visual assessment (compare Figure

6.5(a)). The contentious points were assigned to the dense clusters. The second data

set is depicted in Figure 6.4 (b). There are three clusters of different shapes, sizes and

densities with additional noise. In addition to no clear separation between clusters,

there are great density variations within a big cluster. This is a challenging problem

for density-based algorithms based on DBSCAN, because it is tricky to determine the

correct ε for each cluster in the sorted k-dist graph in order to separate clusters correctly

on the one hand and to discover complete clusters on the other hand. Using the fuzzy

proximity relations between data points, DENCFURE correctly discovered all clusters

and detected the noise points (represented with crosses) as showed in Figure 6.5(b).

Furthermore, the results of our experiments showed that the value for the fuzzi-

fication parameter m, which is an input parameter, does not have to be determined

for every data set such as MinPts and ε. In both data sets, which contain differently

structured clusters, DENCFURE correctly detected all clusters with the same value for

m. Moreover, we obtained the same clustering results for all m ≥ 5. This means that

a greater value for the fuzzification parameter allows the greater degree of tolerance in

density variations within clusters, but the clusters are not merged into one for m → ∞.

Figure 6.6 shows the clustering results produced by DENCFURE with m = 30 on

the bensaid data set [BHB+96]. This experiment shows the limitations of our algorithm.

While the algorithm detected two small clusters, it divided the large sparse cluster into
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(a) (b)

Figure 6.5: Clustering results produced by DENCFURE with m = 5 on two sample
data sets.

several small clusters and two outliers. This is due to the fact that the distances

between small groups of data points are larger than the distances between data points

within groups. Although the aim of the DENCFURE algorithm is detecting clusters

of approximately equidistant data points, we perceive this issue as a limitation of our

algorithm because the density variations within the large cluster are tolerable from

human viewpoint. At this point it would have been desirable if the large cluster was

detected as a whole one.

Figure 6.6: Clustering results produced by DENCFURE with m = 30 on bensaid
data set.
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6.6 Conclusions and Future Work

Discovering clusters of varying shapes and densities in a data set is still a challenging

problem for density-based algorithms. In this chapter, we presented a density-based

clustering algorithm DENCFURE using fuzzy proximity relations for detecting dif-

ferently dense clusters in presence of noise in a data set. The experimental results

showed that DENCFURE is able to detect differently dense clusters without any a-

priori knowledge of the data set even if clusters are closely located to each other or if

there are wide density variations within clusters. The algorithm is designed to separa-

te differently dense clusters independent of their sizes, i.e. DENCFURE also creates

clusters of two data points if the distance between them is significantly less than the

distances to other points. It makes sense for applications detecting fine structures in

a data set. But for other applications clusters matter if they are of certain size even if

the distances between some groups of data points are larger than the distances between

data points within groups. Therefore, in the future we plan to extend DENCFURE to

create a hierarchical ordering for large clusters containing small dense clusters and to

ignore small clusters if they are not contained in any other cluster. Furthermore, we

plan to analyze and to extend our algorithm working with other distance functions e.g.

p-norm distance and other fuzzy membership functions. The challenge we see here is

that the number of nearest neighbors of a data point depends on the distance functi-

on. Moreover, we aim to parallelize our algorithm and to apply known optimization

techniques to make DENCFURE applicable to very large data sets.

Another important objective is adapting the DENCFURE algorithm to incomple-

te data. This is a challenging problem for all algorithms based on distances between

data items. In chapter 3 we mentioned the algorithm VAT for estimating the number

of clusters for partitioning cluster algorithms. The authors proposed estimating the

distances between incomplete data points by partial distances [BH02]. As we already

mentioned, this strategy does not work when data items do not have values in the same

dimensions. To avoid this problem, in our future work we plan to adapt the DENC-

FURE algorithm to incomplete data introducing a pre-clustering step. The idea is to

cluster incomplete data with a partitioning fuzzy clustering algorithm like PDSFCM or

OCSFCM and substituting missing values by the corresponding values of their cluster

prototypes. The substitution can be a total one or the missing values can be estima-

ted depending on all cluster prototypes taking the membership degrees into account.

We expect that estimating missing values in this way will not bias the results of the

DENCFURE algorithm much because it does not work with the distances between da-

ta points directly to determine the direct fuzzy density-neighborship relations. Much

more it uses the relations between distances of neighboring data points for discovering

clusters.
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This chapter presents the conclusion of the thesis. We summarize the contributions of

this thesis and describe the solutions of addressed problems in Section 7.1. Finally, we

discuss some future research directions in Section 7.2.

7.1 Summary

Data analysis methods have gained increasing importance with the development of

possibilities for collecting and storing large amounts of data. The volumes of data can

contain new useful knowledge that first has to be extracted within the KDD process.

Clustering represents an important and one of the primary used techniques for the

automatic knowledge extraction from large amounts of data. Its task is to partition

a data set into groups of similar data objects. Traditional clustering methods were

developed to analyze complete data sets. However, faults during the data collection,

data transfer or data cleaning often lead to missing values in data. Since the elimination

of incomplete data items or features, or the imputation of missing values may affect

the quality of the clustering results, clustering methods that can deal with incomplete

data are of great use.

The fuzzy clustering methods for incomplete data proposed in the literature perform

well as long as the clusters are similarly scattered. Therefore, in this thesis we proposed

an enhanced fuzzy clustering approach for incomplete data. Our method uses a new

membership degree for the missing value estimation that takes the cluster dispersions

into account. In the original clustering algorithm for incomplete data, the nearest

cluster centers had more influence on the imputation of missing values. In our approach,

not only the distances between the incomplete data items but also the cluster scatters
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are considered during the imputation of missing values. In this way the clusters with

large dispersions are fully taken into account during the imputation of missing values.

As a result, our approach aims to maintain the clustering structure while the basic

method often distorts the original clustering structure splitting the clusters with a low

number of incomplete data items in several clusters and distributing the data items of

clusters with a high number of incomplete data items to other clusters. Moreover, the

experimental results on the artificial and the real data sets with differently scattered

clusters have shown that our approach produced less misclassification errors, it was

more stable, it required less iterations to termination, and it produced more accurate

terminal cluster prototypes as long as the percentage of missing values in the data set

was not greater than 40%.

In the second part of the thesis we addressed the problem of finding the optimal

number of clusters on the incomplete data using the cluster validity functions. We

described and adapted different cluster validity functions to incomplete data according

to the available case approach. We evaluated them using the partitioning results of

several incomplete artificial and real data sets produced by different fuzzy clustering

algorithms for incomplete data. We found out that the determination of the correct

number of clusters using the cluster validity indexes adapted to incomplete data mainly

depends on the clustering results produced by the clustering algorithms. Even though,

there were large differences in the performance of the CVIs on incomplete data. While

the CVIs based on compactness totally failed on the data sets with a large percentage

of missing values, the CVIs using the membership degrees and the CVIs based on

compactness and separation that use the distances between the cluster prototypes in

their separation criteria, hardly lost performance with the increasing number of missing

values in the data sets. However, the latter CVIs recognized the correct number of

clusters only in the data sets with equally sized and shaped clusters, while the CVIs

based on compactness were able to recognize the correct number of clusters in the

data sets with a complicated clustering structure. Furthermore, we found out that

the clustering structure of the incomplete data sets is a crucial factor for finding the

optimal number of clusters. While the most CVIs reliably determined the correct

number of clusters in the complete multi-dimensional data set, all of them failed on

the same incomplete data set even with a small percentage of missing values. We also

observed that the recognition rate of the correct number of clusters faster decreased

on the data sets with a complicated clustering structure with the increasing number of

missing values in the data sets.

Since finding clusters of varying shapes, sizes and densities in a data set is more

useful for some applications than just partitioning a data set, in the last part of the

thesis, we presented a new density-based algorithm DENCFURE for discovering dif-

ferently dense clusters in a data set in presence of noise. Our algorithm uses the fuzzy
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proximity relations between the data items to detect clusters as groups of approxima-

tely equidistant data points in the feature space. The relative equidistance between

the data items is expressed using a fuzzy membership function which determines the

nearest neighbours of a given data item. In the main, the clusters are defined then

as groups of data items that are nearest neighbours of each other. In this way, our

clustering algorithm is able to detect differently dense clusters of varying shapes and

sizes without any input parameters that involve the information about the structure of

the data set. The fuzzy membership function alone specifies the degree of the allowed

density variations within the clusters. In experiments on different data sets, we show

that our approach is able to correctly detect the clusters closely located to each other

and clusters with wide density variations.

7.2 Future Work

In this thesis we proposed an enhanced fuzzy clustering approach for incomplete data

that takes the cluster scatters into account during the estimation of missing values.

Although the data experiments have shown promising results for our method, the

imputation of missing values and the computation of cluster prototypes influence each

other. As a result, our clustering algorithm produces less accurate cluster prototypes

for a large percentage of missing values in the data set. Therefore, in the future

we plan to avoid the influence of the imputed values on the computation of cluster

prototypes. Our idea is to completely exclude the missing values from the computation

of cluster prototypes calculating them only on the basis of the available feature values.

Furthermore, we plan to adapt our method on incomplete data sets with a conditional

missingness of values.

Another direction of future research is the development of a multi-step approach

similar to a decision tree for determining the optimal number of clusters on incomplete

data sets. Our idea is to use parts of the existing cluster validity functions that examine

the structure of the data set from different perspectives in single steps. Before deter-

mining the optimal number of clusters we aim to ascertain whether there are groups

of clusters or overlapping clusters in the data set. In this way, we hope to get more

precise information about the structure of the data set using several relatively simple

functions step-by-step instead of bundling them together.

In the last part of the thesis, we presented a new density-based algorithm DEN-

CFURE for discovering differently dense clusters in a data set in presence of noise.

The experimental results on the bensaid data set showed the limitations of our algo-

rithm. Although the data set contains three clusters according to the visual assessment,

DENCFURE divided the large cluster into several small ones. The reason is the fuzzy
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membership function that determines the allowed density variations within the clusters.

In this algorithm we used the fuzzy membership function from the FCM algorithm.

Therefore, in the future we plan to analyze and to extend our algorithm working with

other fuzzy membership functions and other distance functions. Another important

direction of future research is adapting the DENCURE algorithm to incomplete data.

This is a challenging problem for all algorithms based on the distances between the da-

ta items. The distance estimation using the partial distance function will fail when the

incomplete data items do not have values in the same dimensions. Therefore, we plan

to adapt the DENCFURE algorithm to incomplete data introducing a pre-clustering

step. Our idea is to cluster the incomplete data set with a partitioning fuzzy cluste-

ring algorithm adapted to incomplete data and substituting the missing values by the

corresponding values of their cluster centers.
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Appendix

In chapter 5, the performance results of cluster validity indexes adapted to incomplete

data were not fully presented in the evaluation discussion. The following tables list the

complete evaluation results.
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