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Zusammenfassung

Das Thema dieser Arbeit ist die Liftbarkeit elliptischer Flächen. Ein Schema X
über einer einem Körper k ⊃ Fp heißt liftbar nach Characteristik 0 wenn ein lokaler
Ring (R, m) existiert mit R/m ≃ k und Z ⊂ R, sowie ein flaches Schema X über R
mit X ⊗R k ≃ X. Eine Fläche heißt elliptisch, wenn sie eine elliptische Faserung
besitzt, d.h. einen Morphismus auf eine Kurve, dessen generische Faser eine glatte
Kurve vom Geschlecht 1 ist. Elliptische Flächen existieren im Überfluss, denn viele
Fläche von Kodaira-Dimension kleiner gleich 0 sind elliptisch, und jede Fläche von
Kodaira-Dimension 1 besitzt eine elliptische oder quasi-elliptische Faserung.

Zur Untersuchung der Liftbarkeit elliptischer Faserungen ziehen wir die Mod-
ultheorie elliptischer Kurven heran. Im ersten Kapitel der vorliegenden Arbeit
studieren wir Deformationen und Liftungen glatter elliptischer Faserungen. Es
stellt sich heraus, dass die Deformationstheorie dieser Objekte so gut kontrollier-
bar ist, dass wir in der Lage sind, nicht liftende Beispiele elliptische Faserungen
über Körpern der Characterisik 2 und 3 zu konstruieren. Es handelt sich um die
ersten bekannten Beispiele. Auch konstruieren wir eine Klasse elliptischer Faserun-
gen deren Liftbarkeit äquivalent zu einer offenen Vermutung von Oort ist. Das
unterstreicht die Komplexität des Liftungsproblems für elliptische Faserungen. Als
weitere Anwedung klassifizieren wir die Deformationen bielliptischer Flächen und
zeigen deren Liftbarkeit.

Im zweiten Kapitel beschäftigen wir uns mit semistabilen elliptischen Faserun-
gen. Mittels der Modultheorie für verallgemeinerte elliptische Kurven, entwickelt
von Deligne und Rapoport und erweitert durch Conrad, können wir zeigen, dass
jede semistabile elliptische Faserung mit Schnitt und separabler modularer Invari-
ante nach Characteristik 0 lifted.

Das dritte Kapitel handelt von elliptischen Faserungen die bestimmte Zahmheits-
eigenschaften erfüllen. Nach Ausschluss von Charakterisik 2 und 3 zeigen wir, dass
jede Jacobische elliptische Faserung mit zahmer modularer Invariante lifted. Für
nicht jacobische Faserungen gilt ein vergleichbares Resultat, falls ein Multischnitt
vom Grade prim zu p existiert.

Als Fazit erhalten wir, dass obgleich nicht liftende elliptische Faserungen exis-
tieren, dieses Verhalten nicht das typische ist. Ist p im Verhältniss zu gewissen
arithmetischen Invarianten der fraglichen Faserung hinreichend groß, so gilt Lift-
barkeit.
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Summary

The topic of this work is the liftability of elliptic surfaces. A scheme X over
a field k ⊃ Fp is called liftable to characteristic zero, if there is a local ring (R, m)
with R/m ≃ k and Z ⊂ R, as well as a flat scheme X over R, such that X ⊗Rk ≃ X.
A surface is called elliptic if it has an elliptic fibration, i.e. a morphism to a curve,
such that the generic fibre is a smooth genus-1 curve. Elliptic surfaces exist in
abundance because they are common in Kodaira dimension less than one and every
surface in Kodaira dimension one has a unique elliptic or quasi-elliptic fibration,
given by the canonical bundle.

To investigate the liftability of elliptic fibrations, we make extensive use of
the moduli theory of elliptic curves. In the first Chapter of this work, we study
deformations and liftings of smooth elliptic fibrations. It turns out that we can
control their deformations fairly well, which allowes us to give examples of non-
liftable elliptic fibrations of Kodaira dimension one over fields of characteristic two
and three. Those are the first examples currently known. We also construct a class
of elliptic surfaces whose liftability is equivalent to an open conjecture of Oort.
This illustrates the complexity of the lifting problem for elliptic surfaces. To give
a further application, we classify deformations of bielliptic surfaces and show that
they are liftable.

In the second Chapter we are concerned with semistable elliptic fibrations.
Using the moduli theory of generalized elliptic curves developed by Deligne and
Rapoport and extended by Conrad, we can show that every semistable elliptic
fibration, possesing a section and having a separable modular invariant, is liftable
to characterstic zero.

The third chapter deals with elliptic fibrations satisfying certain tameness prop-
erties. Excluding characteristic two and three, we prove that a Jacobian elliptic fi-
bration with tame modular invariant is liftable in the category of algebraic spaces.
For non-Jacobian fibrations we have a similar result, given the existence of a mul-
tisection of degree prime to p.

As a conclusion, we can say that, although non-liftable elliptic fibrations do
exist, this is not the typical behaviour. Given that p is sufficiently large in compar-
ison to certain arithmetic invariants of the surface in question, liftability is seen to
hold true.
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Introduction

Drei Orangen, zwei Zitronen:-
Bald nicht mehr verborgene Gleichung,
Formeln, die die Luft bewohnen,
Algebra der reifen Früchte! 1

The question of liftability arises naturally in the modern formulation of alge-
braic geometry due to Grothendieck, because algebraic geometry can be done not
just over fields, but over more general bases such as arbitrary rings. Now let R be
a local ring with residue field k. Given a scheme X over k, we can ask for a lifting
of X over R, this is a flat R-scheme X , with X ⊗R k ≃ X.

In other words, a lifting of X is a family over R which contains the given X
as a special fibre. If the ring R is a k-algebra, this question is trivial, because we
can always take a product family. However, the question becomes non-trivial, if
R is a ring of mixed characteristic, saying k is of positive characteristic and the
fraction field of R is of characteristic zero. In that case we speak of a lifting of X
to characteristic zero.

We are going to study liftability for surfaces having a fibration onto a curve
such that the generic fibre is a smooth curve of genus one. This question was
posed by Katsura and Ueno in [KU85]. Our results are twofold: We construct
non-liftable elliptic surfaces of Kodaira dimension one over fields of characteristic
two and three, showing that liftability does not hold in general. For general p we
construct a special class of elliptic fibrations, whose liftability would imply an open
conjecture of F. Oort. This illustrates the complexity of the problem.

On the other hand, we establish a series of affirmative lifting results for certain
classes of elliptic surfaces.

This work is organized in three Chapters. The overall principle of its organi-
zation is derived from its mathematical objects of study: Beginning with the most
special class of elliptic fibrations, namely the smooth ones, we work towards higher
degrees of generality in the following Chapters.

In the first Chapter we study smooth elliptic fibrations. Smooth elliptic fibra-
tions over proper bases can be interpreted as elliptic fibre bundles, i.e. étale locally
over the base they become constant fibrations. We classify deformations of Jacobian
elliptic fibre bundles (those possesing sections), and prove that an arbitrary elliptic
fibre bundle has a formal lifting if and only if its Jacobian does so (Theorem 1.6.5).
In the Kodaira dimension one case, we get:

Theorem (1.7.1). If X/C is an elliptic fibre bundle of Kodaira dimension one,
then its unique elliptic fibration extends in a unique way to every deformation.

1This is the first stanza of the poem “Drei Orangen, zwei Zironen” by Karl Krolow. A

word by word english translation reads: “Three oranges, two lemons:- / Equation, soon no longer
concealed, / Formulas, inhabiting the air, / Algebra of ripe fruit!”
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This result has two important applications: To see that a Jacobian elliptic fibre
bundle of Kodaira dimension one is not liftable, it is enough to show that it is not
liftable as a Jacobian elliptic fibre bundle. This allowes to prove:

Theorem (1.7.5). There exist elliptic fibre bundles in characteristic two and three,
that do not lift to characteristic zero.

Another result connects the liftability of certain elliptic fibrations to the Oort
conjecture predicting that given a curve C of higher genus, and a cyclic subgroup
G of Aut(C), then the pair (C,G) can be lifted. Our result is:

Theorem (1.7.6). Choose an elliptic curve E and let G act on E by translation.
Then the quotient X = (E×C)/G is liftable if and only if the pair (C,G) is liftable.

As a further application of the theory, we treat the case of bielliptic surfaces.
This is of interest since for small p one encounters phenomena which do not appear
when considering the same class of surfaces in characteristic zero. For example,
there are bielliptic surfaces with obstructed deformations. This was already ob-
served by W. Lang in [Lan95]. There is also the possibility of deforming a Jacobian
bielliptic surface into a non-Jacobian one, which can never happen in characteristic
zero. We obtain a classification of deformations of bielliptic surfaces:

Theorem (1.8.10). If X is a bielliptic surface, then both elliptic fibration extend
under deformations. In other words: Every deformation of a bielliptic surface is
bielliptic.

In particular, we show that every bielliptic surface has a projective lifting to
characterisitc zero (Corollary 1.8.9).

In the second Chapter we are concerned with semistable elliptic fibrations.
Jacobian semistable elliptic fibrations can be equipped with group structures. In
that case we speak of generalized elliptic curves. These objects are the subject of a
powerful moduli theory developed in [DR73]. Directly from this theory, we get:

Theorem (Proposition 2.4.1 and Corollary 2.4.2). Let E/C be a generalized elliptic
curve. Suppose that for some integer n ≥ 3 and prime to p, we have E[n] is a
constant group scheme isomorphic to (Z/nZ)2, and that the modular invariant of
E is separable. Then E lifts to characteristic zero.

The result is proven just by lifting the separable map from C into the moduli
space MΓ(n). The separability assumption on the modular invariant is indeed
necessary for the existence of liftings in the category of generalized elliptic curves,
as we prove in Theorem 2.4.4.

We are now looking for a way to obtain lifting results which are independent of
the presence of a level structure. The level structure was needed to make the asso-
ciated moduli space representable. However, we can do with weaker assumptions:
For example, suppose we are mapping into a moduli stack which is a neutral gerbe
under an étale structure group over its coarse moduli space.

This is the case for the moduli stack of generalized elliptic curves with geo-
metrically irreducible fibres M1 if we restrict to the non-special locus of the coarse
moduli space P1, which is given by removing the points j = 0 and j = 1728 (see
Proposition 2.2.3). The structure group here is just Z/2Z. The usefulness of gerbes
with étale structure groups in this context stems form the fact that sections of
gerbes lift uniquely. We are hence reduced to lift the morphism into the coarse
moduli space.
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The reason why we have to exclude j = 0 and j = 1728 is that at these points
the rank of the inertia of M1 jumps up. The difficult part is to handle those
special points in order to obtain a global lifting. This is achieved by a combination
of deformation theory arguments, formal patching methods, and descent arguments.
For an outline of the strategy see the beginning of Section 6. The main theorem
we obtain in this fashion is:

Theorem (2.6.7). Let E/C be a generalized elliptic curve, over a proper smooth
curve C/k. Assume that the modular invariant of E is separable and that the total
space E/k is smooth. Then there exists a projective lifting E/C of E/C over the
ring of Witt vectors.

We can also give a version which holds for semistable fibration in general,
without assuming the existence of a section. This is Theorem 2.7.4.

In the third Chapter we generalize the results of Chapter 2 to some classes
of non-semistable fibrations. First, we treat the Jacobian case. Given a Jacobian
elliptic fibration E/C we can find a separable covering C ′ → C, such that the
minimal regular model of the base change E ×C C ′ is semistable. Our strategy is
to lift this model and afterwards to obtain a lifting of E itself by descent.

In order to do so, we rely on the theory of deformations of tame coverings.
This forces us to assume throughout the Chapter, that p ≥ 5 holds, otherwise the
modular invariant of a semistable fibration will never be a tame covering.

The descent procedure, which is the central part of the proof, involves taking
quotients by finite group actions. This has the consequence, that we do not con-
struct a lifting of E itself, but rather of a birational model of E, which has only
rational double point singularities.

At this point the theory of simultaneous resolution comes in. In the algebraic
category, it was developed by M. Artin in [Art74]. It allowes us to resolve the
singularities of the lifting constructed above. The theorem we obtain in this way
reads:

Theorem (3.4.3). Let E → C be a Jacobian elliptic fibration with tame modular

invariant. Then there exists a Jacobian lifting Ẽ/C in the category of algebraic
spaces over some finite flat extension of the ring of Witt vectors.

Now, let X/C be an elliptic fibration, which is not assumed to posses a sec-
tion. The generic fibre XK , over the fraction field K of C, is a smooth genus-1
curve. We can associate a Jacobian elliptic fibration by forming the minimal reg-
ular model E/C of the Jacobian EK of XK . We have that XK is an EK-torsor
which corresponds to a cohomology class [XK ] ∈ H1(Gal(Ks/K), EK).

To construct a lifting, we need a tameness assumption on the modular invariant
of the Jacobian as before, and additionally we need that X/C has a multisection
of degree m prime to p. The latter will allow us to describe X by some cocycle
taking values in EK [m]. From this a lifting argument can be derived because such
a cocycle is easily seen to lift.

With techniques similar to the Jacobian case we prove now:

Theorem (3.4.4). Let X/C be an elliptic fibration which is minimal and has regular
total space. Let EK the Jacobian of the generic fibre, and let E/C be the minimal
regular model of EK thereof. Assume the modular invariant j0 : C → P1

k is tame,
and that X/C posseses a multisection of degree prime to p. Then there exists a
lifting X/C of X/C in the category of algebraic spaces over a finite flat extension
of the ring of Witt vectors.



xiv

Background and motivation

There are several motivations to study liftability. Since algebraic geometry
can be done over fields of arbitrary characterstics, the question arises, to what
extend geometry over fields of positive characteristic differs from geometry over the
complex numbers. One way to approach this question is via liftability.

If one is rather interested in a specific scheme X over a field k ⊃ Fp, it often
makes sense to construct a lifting to characteristic zero, where additional techniques
from complex geometry become available. Important invariants, for example Betti
numbers, are constant in flat families which are proper and therefore can be read
off a specific lifting.

If it turns out that a given X is not only liftable, but also is liftable over the ring
of Witt vectors W∞(k) (see below), it can be said that X behaves in some respect
like a characterstic zero scheme. For example, we have the following theorem by
Deligne and Illusie:

Theorem ([DI87]). Let X/k be a smooth and proper scheme of dimension < p.
Assume that X is liftable over W∞(k). Then the spectral sequence of Hodge to de
Rham

Eij
1 = Hj(X, Ωi

X/k) ⇒ H∗
DR(X)

degenerates at E1. Furthermore, the Kodaira vanishing theorem holds for X.

Following this motivation, we continue with an overview on what is known
concerning liftability. Let k ⊃ Fp be a perfect field. The first step is to choose
a lifting of k itself. There is a canonical choice, namely the ring of Witt vectors
W∞(k) of k. Abstractly, we can say that W∞(k) is, up to isomorphism, the unique
complete discrete valuation ring whose maximal ideal is generated by p and whose
residue field W∞(k)/(p) is k. For example, we have W∞(Fp) = Zp, the p-adic
numbers. For an explicit construction of W∞(k) see [Ser79, II 6]. By completness,
we can write W∞(k) as an inverse limit over its truncations Wn(k) = W∞(k)/(pn).

Now, let X be a smooth and projective k-scheme. The one-dimensional case
can be solved entirely with deformation theoretic methods. Namely, assuming X
is a curve, we find

H2(X, ΘX) = 0,

thus infinitesimal deformations of X are unobstructed. Given a deformation Xn

over Wn(k) we can lift it to Xn+1 over Wn+1(k). Continuing in this fashion, we
get an adic W∞(k)-formal scheme (see 1.2 in Chapter 1). To obtain a lifting in the
category of “ordinary” schemes, one applies Grothendieck’s Algebraization Theo-
rem (Theorem 1.1.3). To this end, we have to lift an ample line bundle, but again,
the obstruction to lifting a line bundle sits inside

H2(X, OX) = 0.

The case of curves, which was developed in [SGA 1], should be kept in mind as
a model case for the deformation theoretic approach toward the lifting problem.
The interesting point here is, that the use of explicit equations for X is completely
avoided.

For a projective X the “naive” approach of lifting the defining equations comes
to mind. In fact, this does work if X is globally a complete intersection [Liu03,
Proposition 3.1]. In general however, this is not practical, because the scheme
obtained by lifting the equations is not necessarily flat.

Note that the objects we are primary interested in, namely surfaces of Kodaira
dimension one, are never complete intersections.

Let us sum up what is know in the case of surfaces. We follow the classifica-
tion according to Kodaira. Bomberi and Mumford have established in a series of
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articles, that the Kodaira classification holds, cum granum salis, independently of
the characteristic.

Every surface of Kodaira dimension −∞ is liftable: For P2, this is clear. For a
ruled surface X, this follows by interpreting it as a projective bundle over a base
curve, and then applying deformation arguments. Algebraization is always possible,
because we have H2(X, OX) = 0, meaning we can lift an ample line bundle.

For X of Kodaira dimension zero, the treatment is split according to the classes
of special surfaces.

• Let X be a K3-surface. There is a result by Rudakov and Safarevich
[RŠ76], showing that it has no global vector fields. By duality, this im-
plies H2(X, ΘX) = 0. This settles the existence of formal liftings. The
existence of projective liftings was shown by Deligne in [Del81]. The
method is to study the (obstructed) deformation functor of X along with
an ample line bundle.

• The liftability of abelian surfaces is a special case of more general results
for abelian varieties. Those result are due to Mumford and Oort (see
[Oor79]).

• In the class of Enriques surfaces, liftability is non-trivial over fields of
characteristic 2. This was treated by Liedtke in [Lie10].

• The case of bielliptic surfaces is integrated in this work (see Chapter 1
section 8). It is also true that every quasi-bielliptic surface lifts, but we
do not treat that case here.

For surfaces of general type, there are liftability results as well as examples
of non-liftable surfaces. It is instructive to recall how the counterexamples are
realized. A surface X of general type over C satisfies the Bogomolov-Miyaoka-Yau
inequality, which implies:

K2
X/χ(OX) ≤ 9

Given a surface over a field k ⊃ Fq which violates this inequality, one immediately
concludes that it is non-liftable because it involves only numerical invariants which
are preserved under deformations. Examples of surfaces, violating Bogomolov-
Miyaoka-Yau, have been constructed by Szpiro, Hirzebruch and others (see [Lie09,
Section 7] for an overview).

The remaining case in this overview are surfaces of Kodaira dimension one.
This is the topic of this work. Recall that every surface of this class has a unique
elliptic or quasi-elliptic fibration. A fibration is called quasi-elliptic if the generic
fibre is a cuspidal curve of arithmetic genus one.

In comparison to the theory of surfaces of general type, numerical invariants do
not play a central role in Kodaira dimension one. Namely, one always has K2

X = 0
and if X is elliptic and not quasi-elliptic, then χ(OX) ≥ 0 holds. The last fact was
used by Raynaud: In [Ray78] he constructed quasi-elliptic surfaces with χ(OX) < 0,
which are therefore non-liftable.

In this work we will only consider the case of elliptic surfaces. This class encom-
passes the class of Kodaira dimension one surfaces and interacts with the special
classes of surfaces of Kodaira dimension less than one. Because of the vastness of
this class, it seems unlikely that every elliptic surface is liftable. However, giving
a counterexamples is not easy because one cannot rely on numerical invariants as
in the general type case. The existence of non-liftable elliptic surfaces for small p
ranks among the central results of this work.

As regards affirmative liftings results, there are some partial results of Seiler
on Weierstrass fibrations for p ≥ 5 ([Sei88]). In this work, we give a series of
lifting results, both for Jacobian and non-Jacobian fibrations. In order to do so we
make assumptions like the separability or tameness of the modular invariant (in
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the Jacobian case) or the existence of a multisection of order prime to p (in the
non-Jacobian case). Those assumptions are satisfied by a reasonably broad class.
Therefore it can be said that liftability is a rather common behaviour for elliptic
surfaces. It is not clear to the author if there are liftability results for surfaces of
general type, allowing a comparable statement.

Notations and conventions

Let k be an algebraically closed field. By an elliptic fibration we mean a mor-
phism of k schemes: f : X → C where C is a proper, smooth and connected curve
over k, and f is proper, flat with 1-dimensional fibers, inducing OC ≃ f∗OX and
with the property that the generic fiber Xη is a smooth genus-1 curve.

By a minimal regular model of an elliptic fibration X → C, we mean an elliptic

fibration X̃/C such that (a) we have an isomorphism of generic fibers Xη ≃ X̃η

and (b) the total space X̃ is regular and there are no (-1)-curves in the fibers of

X̃ → C. Minimal regular models of elliptic fibrations exist and are unique. Note

that X̃ only depends on Xη. Therefore we sometimes speak of the minimal regular
model of a genus-1 curve over η.

An elliptic fibration is called Jacobian, if it possesses a section lying in the open
subset of X where X → C is smooth.



CHAPTER 1

Smooth elliptic fibrations and elliptic fibre bundles

The topic of this chapter is the study of the deformation theory of elliptic
fibrations of the simplest kind: so called elliptic fibre bundles.

1. Preliminaries: Deformation theory and thickened schemes

We will start with recalling some basic facts and definitions from deforma-
tion theory, following Schlessinger’s fundamental paper [Sch68]. Let k be an alge-
braically closed field of characterisitc p > 0, and let W denote the ring of infinite
Witt vectors over k.

Let AlgW denote the category of artinian local W -algebras with residue field
k. Typical objects of AlgW are the rings of Witt vectors of finite length Wn(k) =
W∞(k)/(pn+1). However, since k is a W -algebra, also k[t]/(t2) is in AlgW . So we
see that choosing to work over W allows us to treat liftings (i.e. deformations in
the arithmetic direction) and k-equivariant deformations uniformly.

Let X be a scheme over k. By a deformation of X over Λ ∈ AlgW we mean a
couple (X , ǫ) where X is a flat scheme over Λ and ǫ is an isomorphism

ǫ : X ⊗R k
∼−→ X.

A morphism of deformations (X1, ǫ1) and (X2, ǫ2) is a Λ-morphism ϕ : X1 → X2

such that (ϕ ⊗Λ k) ◦ ǫ1 = ǫ2. In particular, the reduction of ϕ is an isomorphism,
and hence by flatness, ϕ is an isomorphism.

Thickened schemes (which we denote with curly letters) like X/Λ will play an
important role in this work. Due to the lack of a reference we include the following
lemma, which illustrates the importance of flatness:

1.1.1. Lemma. Let f : X → Spec(Λ) be a flat scheme over some Λ in AlgW .
Denote its reduction by X. Assume that H0(X, OX) = k. Then we have

H0(X ,OX) = Λ.

Moreover, the statement remains true if we exchange Λ by R and assume X/R to
be proper.

Proof. We define a functor T on Λ-modules as follows

M 7→ H0(X , f∗(M)).

By flatness, T is left exact. We claim that the natural map M → T (M) is an
isomorphism for every finite length module M over Λ. A module of length one is
isomorphic to k. For k the claim is true since k ≃ H0(X, OX) ≃ H0(X ,OX ⊗ k).

We are going to prove the statement by induction: Let M be a Λ-module of
finite length. We have a exact sequence

0 → M1 → M → k → 0. (1.1.1.1)

1
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Here, M1 is a Λ-module of length l(M)− 1. We apply the functor T to (1.1.1.1):

0 // M1

��

// M //

��

k

∼

��

0 // T (M1) // T (M) // T (K)

The map M1 → T (M1) is an isomorphism by induction hypothesis. Thus, by the
five-lemma, we see that the middle map is an isomorphism. Finally, we obtain the
statement by considering Λ → T (Λ).

The statement for X/R follows from the first part by the way of the Theorem
of Formal Functions. �

1.1. Lifting of étale coverings. A key problem that will appear in Sections
7 and 8 is of the following form: Given a deformation X of some scheme X, what
properties and additional structures carry over to X ? One example for such prop-
erties are étale coverings.

1.1.2. Theorem (Theorem 5.5 and Theorem 8.3 [SGA 1]). Let S be a scheme
with a closed subscheme S0 having the same topological space as S itself. Then the
functor

X 7→ X ×S S0

form the category of étale S-schemes to the category of étale S0-schemes is an
equivalence of categories.

This theorem can be seen as a geometric form of Hensel’s Lemma from commu-
tative algebra. We note two special cases: The categories of étale Galois covering
of X and X0 are equivalent, and so are the categories of finite étale group schemes.
Recall that an étale covering S′ → S is called Galois with group G if G acts on S′

as an S-scheme and we have an isomorphism

G× S′ ≃ S′ ×S S′ given by (σ, x) 7→ (σ(x), x).

1.2. Grothendieck’s Algebraization Theorem. Let X be a k-scheme, and
let R be a complete local ring with R/m = k. The problem of constructing a
lifting of X over R can be subdivided into two subproblems: The first one is the
construction of a lifting X = lim−→Xn in the category of formal schemes. The second
one is to algebraize the formal lifting. By this, we mean the construction of an R-
scheme X with the property that the completion lim−→n

(X ⊗R/mn+1) is isomorphic

to X .
To accomplish the first step, we can use techniques from deformation theory.

In particular, in the case where X is smooth, there is a cohomological condition,
namely H2(X, ΘX) = 0, which is sufficient for the existence of a formal lifting.

As for second step, this is a different kind of problem. It is not clear what a
direct approach would look like. Indeed, the problem of deciding whether a given
formal deformation can be algebrized is a subtle one. It corresponds to conver-
gence problems which come up in the deformation theory of complex manifolds.
Fortunately, there is the following theorem of Grothendieck:

1.1.3. Theorem ([EGA III.1] Theorem 5.4.5). Let X be a proper, adic Spf(R)-
formal scheme. Let L be an invertible sheaf on X with the property that the re-
striction L ⊗R k is ample on X. Then X is algebraizable.

This theorem essentially translates the algebraization problem into a deforma-
tion theory problem: We have to find a formal lifting, together with a lifting of a
line bundle L over X, which is ample.
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We recall the notion of an adic Spf(R)-formal scheme (see [EGA I, 10.12]). This
is the type of formal scheme which arises by “piling up” infinitesimal deformation
over the truncations of R. More generally, a morphism of locally noetherian formal
schemes f : X → Y is called adic, if it exists an ideal of definition J of Y such that
I = f∗(J )OX is an ideal of definition of X . We also say X is an adic Y-formal
scheme.

Setting Xn = (X ,OX /In+1) and Yn = (Y,OY/J n+1) we obtain, for m ≤ n, a
cartesian diagram:

Xm
//

fm

��

�

Xn

fn

��

Ym
// Yn

An inductive system of such cartesian diagrams is called adic Yn-inductive system.
The category of those inductive systems is equivalent to the category of adic Y-
formal schemes.

2. Elliptic fibre bundles: Definition and examples

1.2.1. Definition. Let S be a scheme over some ring R. An R-morphism X → S
is called elliptic fibre bundles if étale locally on S, it is isomorphic to a trivial family
of elliptic curves. More precisely: For every closed point x ∈ S there exists an étale
neighborhood U → S and an elliptic curve E over R such that

U ×S X ≃ U ×Spec(R) E.

We observe that an elliptic fibre bundle X → S is a proper and smooth mor-
phism. Later on, we will see that every smooth elliptic fibration over a proper base
is in fact an elliptic fibre bundle. The notion of elliptic fibre bundles should not be
confused with so called iso-trivial elliptic fibration, because an iso-trivial fibration
is not necessarily smooth.

1.2.2. Example Let k be field, and let C be an elliptic curve over k, such that C has
a non-trivial 2-torsion point c ∈ C. Given another elliptic curve E over k we can
make the following construction:

On the product E ×k C we have a diagonal action of G = Z/2Z namely:

(x, y) 7→ (−x, y + c).

This action is free because it is free on the second factor. Thus the quotient X =
(E × C)/G will be a smooth surface. The second projection is equivariant for the
G-action, thus it descends to f : X → C/G. We sum up everything in a diagram:

E × C //

��

C

��

X
f

// C/G

(1.2.2.1)

We observe that (1.2.2.1) is in fact cartesian, because X×C/GC is a Z/2Z-torsor
over X just like E × C, and the natural map E × C → X ×C/G C is equivariant.

From (1.2.2.1) if follows at once that X → C/G is an elliptic fibre bundle: We
have one global covering, namely C → C/G such that the pullback of X splits into
a product.

What makes it interesting to study deformations of such straight forward ob-
jects? If the construction given above is carried out over a field of characteristic
two, then the surface X is denote as Igusa-surface. Many specific characteristic p
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phenomena can be demonstrated with this example. Igusa himself was the first to
observe this in his classic paper [Igu55]. He calculated the invariants

h1(X, OX) = 2 and b2(X) = 2.

This is impossible for a complex algebraic surface. The modern interpretation
of this phenomenon is that X has a non-reduced Picard scheme. Namely b2(X)/2
can be interpreted as the dimension of the Albanese variety of X, which equals
the dimension of the reduction of the Picard scheme, whereas h1(X, OX) can be
interpreted as the tangent space at the identity of the Picard scheme.

We will see later on, how the deformation theory of the Igusa surface differs
from its well behaved relatives over fields of odd characteristics.

Another motivation is the existence of non-liftable elliptic fibre bundles over
fields of characteristic two and three. In fact, once we understand the deformation
theory of elliptic fibre bundles well enough, it will be easy to show that the examples
given in Section 5 are in fact non-liftable surfaces.

At the end of Section 4 we will give a classification of elliptic fibre bundles over
smooth and proper curves.

3. Elliptic curves and their moduli

The main tool of this section will be the theory of moduli of elliptic curves as it
is explained in “Arithmetic moduli of elliptic curves” by Katz and Mazur [KM85].
We recall the definition of an elliptic curve over a base scheme S: An elliptic curve
E/S is a proper smooth curve with geometrically connected fibers of genus one,
with a given section ǫ : S → E. There exists a unique commutative group scheme
structure with zero section ǫ on J/S (see [KM85, Theorem 2.1.2]).

We define the moduli stack of elliptic curves M1 to be the following category
fibered over the category of all schemes: Objects of M1 are elliptic curves E/S
over arbitrary base schemes S. Morphism in M1 are given by cartesian diagram

E′

��

//

�

E

��

S′ // S

(1.3.0.2)

such that the induced morphism E′ → E×S S′ is an isomorphism of elliptic curves
over S′. This fibered category is in fact a Deligne-Mumford stack.

The stack M1 cannot be a scheme, because any elliptic curve has a non-trivial
automorphism: namely the involution. By fixing additional data on elliptic curves,
we can get rid of those automorphisms. In this chapter, we will make use of the
following fundamental construction:

Let MΓ(n) be the stack over the category of schemes, whose objects are pairs

(E/S, γ) where γ is an isomorphism E[n]
∼−→ (Z/nZ)2. We also speak of (E/S, γ)

as an elliptic curve with a full level-n structure. Morphism are defined as in M1,
with the restriction that they have to be compatible with the level structures.

Note that there are no elliptic curves with full level-n structures over a scheme
S if n is not invertible in OS .

To determine the automorphism group of a pair (E, γ) we use the following
theorem, which is of independent use for us:

1.3.1. Theorem ([KM85] Corollary 2.7.3). Let ω : E → E be an automorphisms
of an elliptic curve E over a connected base S. Let d ≥ 4 be an integer and let
G ⊂ E be a subgroup scheme which is locally free over S of order d. If ω induces
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the identity morphism of G and d > 4 then ω = Id. If d = 4 then G = E[2] and
ω = − Id.

Recall that the order of E[n] is n2. Thus we get that the objects of MΓ(n) have
no non-trivial automorphisms, given n ≥ 3. Once we have seen that there are no
automorphisms, it makes sense to inquire about representability. In fact there is
the following theorem:

1.3.2. Theorem ([KM85] Corollary 4.7.2). Given n ≥ 3, the moduli stack of elliptic
curves with full level-n structures MΓ(n) is representable by a smooth affine curve
over Z[1/N ].

Let A be some ring. To use geometric arguments in combination with moduli
theory, it will be useful for us to work in the category M1/A instead of M1.
The objects in M1/A are elliptic curves over A-schemes, and the morphisms are
cartesian squares where the bottom arrows are A-linear. The category MΓ(n)/A is
defined analogously. Let X be the scheme representing MΓ(n). Then MΓ(n)/A is
represented by X ⊗A (see [KM85, 4.13]).

Abusing notation, we shall write MΓ(n) for X.

4. Deformations of Jacobian elliptic fibre bundles

A Jacobian elliptic fibre bundle is a pair (J/S, ǫ) where J → S is an elliptic fibre
bundle and ǫ is a section of J → S. We can consider (J/S, ǫ) as an elliptic curve
over S. In particular, there exists a unique commutative group scheme structure on
J/S. However, it should be noted, that not every elliptic curve is an elliptic fibre
bundle: For E/S to be fibre bundle, it is a necessary condition that the modular
invariant of E/S is constant.

Let k be an algebraically closed field of characteristic p > 0, and denote by W
the ring of Witt vectors of k. We are going to work over Λ ∈ AlgW , i.e. a local
artinian W -algebra with residue field k.

1.4.1. Proposition. Let S be a proper flat Λ scheme such that S ⊗Λ k is integral.
Let J /S be an elliptic curve over a base scheme. For some integer n ≥ 3 which is
prime to p, assume that the n-torsion subgroup scheme of J is split i.e; there is an
isomorphism

(Z/nZ)2 ≃ J [n].

Then there exists an elliptic curve E over Λ such that J is isomorphic to E ×Λ S.

Proof. We can choose a level-n-structure on J /S. By Theorem 1.3.2 we
obtain a morphism c : S → MΓ(n) such that J ≃ c∗(Euniv) where Euniv is the

universal family of the moduli problem; i.e. Euniv is an elliptic curve with a level-n
structure, but the level structure will no longer be relevant for us.

Again by Theorem 1.3.2 we know that MΓ(n) is affine. Thus c factors over the

affine hull of S, namely Spec(H0(S,OS)). This is just Spec(Λ) by Lemma 1.1.1.
Therefore J is just the pullback of an elliptic curve E over Λ. �

In particular, we see that J /S is an elliptic fibre bundle under the assumptions
of Proposition 1.4.1. This can be generalized, because for an arbitray elliptic curve
J /S, and an interger n prime to p, we always have that J [n] is a finite and étale
group scheme over S, so there exists an étale Galois covering S ′ → S, such that
J [n]×S S ′ ≃ (Z/nZ)2.

1.4.2. Proposition. Let S be a proper flat Λ-scheme, such that the special fibre
S ⊗Λ k is regular. Let J /S be an elliptic fibre bundle, and let S ′ → S be a finite
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étale Galois covering with group G such that J [n]×S S ′ ≃ (Z/nZ)2 for some n ≥ 3.
Then

J ≃ (E ×Λ S ′)/G,

where E is an elliptic over Λ, and the action is the diagonal action given by the
Galois action on S ′ and by a homomorphism G → Aut(E) on the left factor.

Proof. The scheme S ′ is connected, and because S ⊗Λ k is regular, so is
S ′ ⊗Λ k. In particular, S ′ ⊗Λ k is integral. Hence the elliptic curve

J ×S S ′ → S ′

satisfies the assumptions of Proposition 1.4.1. Thus there exists an elliptic curve E
over Λ and an isomorphism J ×S S ′ ≃ E ×Λ S ′. In other words, we know that J
and E ×Λ S ′ are twists of each other, becoming isomorphic under the base change
S ′ → S.

Twists of the fibration E ×Λ S are classified up to isomorphism by the Galois
cohomology set H1(G, A(S ′)), where A is the group scheme Aut(E ×Λ S) and we
consider its S ′-valued points as Galois modul under G.

We claim that the Galois action on A is trivial: We have a closed immersion
A ⊂ Aut(E [n] ×Λ S) by rigidity (Theorem 1.3.1). However, since Λ is a strict
henselian ring, we find that E [n]×Λ S is the constant group scheme (Z/nZ)2 on S
which in turn implies that Aut(E [n]×ΛS) is the constant group scheme GL(2, Z/nZ)
on S.

Finite étale group schemes over S correspond to finite abstract groups with
a continuous π1(S)-action. We saw that A can be embedded into a group scheme
with trivial π1(S)-action, hence the action on A has to be trivial as well. The action
of G on A is an induced action of a finite quotient π1(S) ։ G, and therefore trivial
as well. Thus

H1(G, Aut(E ×Λ S)(S ′)) ≃ Hom(G, Aut(E ×Λ S)(S ′)).

For a homomorphism ρ in the above group, the corresponding twist looks like
(E ×Λ S ′)/G, where the action of σ ∈ G is given by

(x, y) 7→ (ρ(σ)(x), σy). �

Now, let S ≃ S ⊗R k denote the reduction of S. Given an elliptic curve E/S
we can use the above results to give a necessary and sufficient criterion for the
existence of Jacobian liftings:

1.4.3. Corollary. Let J be an elliptic curve over S, given by (E×k S′)/G for some
étale Galois covering S′ → S with group G (Proposition 1.4.2). Denote the action
of G on E by ρ0. Then there exists a lifting J → S if and only if there exists a
lifting E of E over Λ together with an extension of the action ρ0.

Proof. To show sufficiency is easy. The covering S′ → S lifts uniquely to
S ′ → S which is again Galois with group G. If a lifting E of E with the prescribed
properties exists, simply put J = (E ×Λ S ′)/G. This quotient will exist in the
category of schemes because G is finite.

In order to show necessity, assume that we have a lifting J → S. Like before, we
also have the unique lifting S ′ → S of the Galois covering. Observe that J [N ]×SS ′

is split, since J [N ] is a finite and étale group scheme and the reduction is split by
assumption. Using Proposition 1.4.2, we find that J ≃ (E ×Λ S ′)/G, where the
action of G on E is denoted by ρ. We claim that ρ lifts the action ρ0:

Consider the induced action of ρ on E [N ] for some integer N . The categories
of étale group schemes over k and R are equivalent, hence ρ is determined by its
action on the reduction E[N ].
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For N ≥ 3 we know that the group homomorphisms, given by restricting the
automorphism group of an elliptic scheme to its N -torsion is injective [KM85, Corol-
lary 2.7.2]. However the isomorphism type of J [N ] allows to read of the action of
G on J [N ], for it is given by a class in

H1(G, Aut(J [N ])(S′)) ≃ Hom(G, Aut(E[N ])(S′))

and the element of the latter group which corresponds to J [N ] is just ρ0. Hence
the restriction of ρ to the reduction has to be ρ0. �

The result of this section can be aplied to give a rough classification of elliptic
fibre bundles over smooth and proper curves over k. Non-Jacobian elliptic fibre
bundles are closely related to the Jacobian ones: Let X/C be an elliptic fibre
bundle. We have that the relative Picard functor PicX/C is representable, and that
its identity component is a Jacobian elliptic fibre bundle over J/C. This bundle is
called the Jacobian of X. Certain properties of X can be derived from those of J .
The following proposition makes exemplary use of this:

1.4.4. Proposition. The linebundle L ≃ R1f∗OX associated to an elliptic fibre
bundle f : X → C is a torsion line bundle.

Proof. Let g : J → C be the Jacobian of X, and dentote by ǫ : C → J the
zero section. Since J = Pic0(X/C) we have that

L ≃ Lie(J/C) ≃ ǫ∗ΘJ/C

(see [LLR04, Proposition 1.3]). Thus it suffices to show that ΘJ/C is a torsion line
bundle. By Proposition 1.4.2, we know that J has an étale Galois covering of group
G fitting into the diagram

E × C ′
q

//

��

J

��

C ′ // C

We write J ′ for E × C ′ Since q is étale, it follows q∗ΘJ/C ≃ ΘJ′/C′ ≃ OJ′ .
Now, we aplly the norm map N : Pic(J ′) → Pic(J) (see [EGA II, 6.5]), associated
to the morphism q:

OJ ≃ N(q∗ΘJ′/C′) ≃ Θ⊗d
J/C

where d is the degree of q. This proves the claim. �

Let X/C be an elliptic fibre bundle. It is a consequence of the above, and of
the canonical bundle formula

ωX ≃ f∗(L −1 ⊗ ωC)

that the Kodaira dimension of an elliptic fibre bundle is uniquely determind by its
base curve. This allows the following classification, with respect to the base curve:

C ≃ P1
k : X is of the form P1

k × E for an elliptic curve E over k.
g(C) = 1 : X is either an abelian surfaces or a bielliptic surface.
g(C) ≥ 2 : X is an elliptic surface of Kodaira dimension 1.

In this work, we will study deformations of bielliptic surfaces and of elliptic
fibre bundles of Kodaira dimension 1. One of the results is that these classes are
stable under deformations. The case with C ≃ P1

k is trivial, and deformations of
abelian surfaces are well understood.
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5. Non-liftable elliptic fibre bundles

We postpone the development of the general theory at this point to give some
specific examples of Jacobian elliptic bundles that do not have a lifting to charac-
teristic zero.

Characteristic three. For the first example, let k be an algebraically closed field
of characteristic three, and let E be an elliptic curve over k with j-invariant 0. By
[Sil09, Appendix A, Proposition 1.2] the automorphism group G of E is a semidirect
product Z/3Z ⋊ Z/4Z where Z/4Z acts on Z/3Z in the unique non trivial way.

As we shall see later on, there exists a smooth and proper curve C over k such
that there is a surjection π1(C) ։ G. Denote by C ′ → C the associated finite and
étale Galois cover. Now we set

J = (E ×k C ′)/G,

where the action of G on E is the action of the automorphism group.

1.5.1. Lemma. Let the characterstic of k be three, and let Λ be in AlgW . If for
an elliptic curve E over Λ the order of the automorphism group of E is greater than
six, it follows 3 · Λ = 0.

Proof. Assume by contradiction, that the order of Aut0(E) is greater than
six. Since two is a unit, there is a Weierstraß equation for E of the following form:

y2 = x3 + a2x
2 + a4x + a6

Admissible transformations look like x 7→ u2x + r and y 7→ u3y + u2sx + t. The
specific form of the equation implies t = 0 and s = 0. Standart arguments show
that either u4 = 1 or u6 = 1. Thus, an automorphism group of order greater than
six would have to contain an element of the form x 7→ x + r.

We get an equation a2 = a2 + 3r, which implies 3r = 0. But r has to be a
unit, for otherwise the reduction map would not be injective on the automorphism
group. Thus 3 = 0 follows. �

Now we get as a direct consequence of Corollary 1.4.3:

1.5.2. Proposition. The elliptic bundle J can be lifted (as Jacobian fibration) only
over rings in which 3 = 0 holds.

Characteristic two. Now assume k is a field of characteristic two. Given an
elliptic curve E over k with j-invariant 0, the group of automorphisms will be a
semidirect product G = Q ⋊ Z/3Z, where Q is the quaternion group. Similarly to
Lemma 1.5.1, one shows that neither G nor Q can lift to rings with 2 6= 0. Now
assume the existence of two curves CG and CQ together with étale Galois covers
C ′

G → CG of group G and C ′
Q → CQ of group Q respectively.

This gives rise to two Jacobian elliptic fibre bundles: JG ≃ (C ′
G × E)/G and

JQ ≃ (C ′
Q × E)/Q. Again by Corollary 1.4.3 it follows:

1.5.3. Proposition. The elliptic bundles JG and JQ can be lifted (as Jacobian
fibrations) only over rings in which 2 = 0 holds.

To finish this discussion, we have to establish the existence of curves with
specific étale Galois coverings.

To this end, we use a powerful theory which is developed in [PS00]. First we
fix some group theoretic invariants. Let G be a finite group with the property that
the maximal p-Sylow subgroup P is normal. We set H = G/P . Then one can write
G as a semidirect product P ⋊ H.

We denote by P the maximal elementary abelian quotient of P , and consider
it as a Fp-vector space, which is possible since it is a p-torsion group. Let Z(H)
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be the set of irreducible characters with values in k, and let Vχ be an irreducible
k-representation of H with character χ. On P , we have an H action coming from
the structure of the semidirect product. This induces an H-representation on P.
Since H is of order prime to p, this representation is semisimple, and we write

P ⊗Fp
k ≃ ⊕V mχ

χ .

The mχ are thus numerical invariants of the group G.

Theorem (Theorem 7.4 [PS00]). Let G be a group having a normal p-Sylow sub-
group P . Suppose H = G/P is abelian. Then there exists a curve of genus g ≥ 2
having an étale Galois covering with group G if the minimal number of generators
of H is less or equal than 2g, and mχ ≤ g − 1 holds for every χ ∈ Z(H).

In the characteristic three example we had G = Z/3Z ⋊ Z/4Z. The minimal
number of generators of H = Z/4Z is one, the representation of H on P is obviously
irreducible and given by the sign involution. Thus the assumption of the theorem
are satisfied for some curve of genus 2.

In the characteristic two examples we also have that the maximal p-Sylow
group is normal. Thus for g sufficiently large, we will find curves with the required
coverings.

Later on, we will prove that J , JG and JQ are non-liftable even if we drop any
additional assumptions on the liftings. This is done in two steps: First, we prove
that a lifting in the category of elliptic fibre bundles exists if and only if a Jacobian
lifting exists (this is the content of Section 6). The final step is to see that every
lifting of an elliptic fibre bundle of Kodaira dimension one is an elliptic fibre bundle.
This will be done in Section 7.

6. Deformations of elliptic torsors

We start with some general theory on deformations of torsors under smooth
commutative group schemes. This mainly rephrases [SGA III.2, Remarque 9.1.9].

We use the same notations as in the previous sections, i.e. k is an algebraically
closed field, W its ring of Witt vectors, and AlgW is the category of artinian local
W -algebras with residue field k. We fix a small extension of algebras in AlgW

0 → I → Λ → Λ0 → 0.

Let S be a flat Λ-scheme and set S0 = S ⊗Λ Λ0. We have a closed immersion
i : S0 → S. Let G be a smooth commutative S-group scheme and set G0 = G ×S S0.

For a group functor F on the category of S0 schemes, we defined the pushfor-
ward functor i∗F on S-scheme by sending a S-scheme T to F(T ×S S0). There
is a natural specialization map s : G → i∗G0 of group functors. To investigate its
kernel, we introduce a coherent sheaf on S0:

L = Lie(G0/S0)⊗OS0
I.

We have a sequence of group functors on S namely

0 → i∗L → G s−→ i∗G0 → 0, (1.6.0.1)

whose exactness follows from the smoothness of G0, as can be seen affine locally.
Taking étale cohomology of (1.6.0.1), we obtain the fundamental long exact se-
quence

0 → i∗G0(S)/s(G(S))→ H1(S, i∗L ) → H1(S,G)
s−→

→ H1(S, i∗G0) → H2(S, i∗L ). (1.6.0.2)

The sheaves L and i∗L are coherent modules. We find

Hi(S, i∗L ) ≃ Hi(S0,L ) ≃ Hi
zar(S,Lie(G0/S0))⊗ I.
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Moreover, we claim that the group H1(S, i∗G0) is isomorphic to H1(S0,G0): By the
Leray spectral sequence we get an exact sequence of étale cohomology groups

0 → H1(S, i∗G0) → H1(S0,G0) → H0(S0, R
1i∗G0),

with vanishing last term: It is enough to show that (R1i∗G0)x = 0 for every closed
point x of S; i.e. of S0. By [Mil80, Theorem 1.15] it follows that (R1i∗G0)x ≃
H1(Spec(O∧

S0,x),G0) and the last group vanishes since Spec(O∧
S0,x) has only the

trivial étale covering. Here, we make use of the assumption that k is algebraically
closed.

In our situation, this means the following: Let J/C be a Jacobian elliptic
fibre bundle over a curve C over k. Let J0/C0 be a Jacobian lifting of J/C over
Λ0 ∈ AlgW . As above, we fix a small extension

0 → I → Λ → Λ0 → 0.

1.6.1. Proposition. Let J → C be a Jacobian lifting of J0/C0 to Λ. Then every
J0-torsor X0 over C0 lifts to a J -torsor over C. Furthermore, let m be an integer
prime to p. Then the restriction map

H1(C,J )[m]
∼−→ H1(C0,J0)[m]

is bijective. This means that liftings of torsors are unique up to p-torsion.

Proof. From the sequence (1.6.0.2) we know that the obstruction to lifting
the cohomology class associated to X0 lies inside H2(C0,Lie(J0/C0))⊗ I. Note that
since Lie(J0/C0) is a coherent OC0

-modul, we can compute its cohomology with
respect to the Zariski topology. Since C0 is one-dimensional, this group is zero.

Once we have lifted the cohomology class, we have to answer the question,
whether it is associated to a representable J -torsor. By Lemma 1.6.3 below, this
will be the case if it is torsion. We claim that H1(C,J ) is torsion: Since H1(C, J)
is torsion, it is enough to show that H1(C0,Lie(J0/C0)) ⊗ I is torsion, then the
assertion will follow by induction. But the former group is a Λ-module, and Λ itself
is annihilated by some power of p.

The second statement follows now directly by taking m-torsion in (1.6.0.2). �

1.6.2. Remark In the case where the base is zero dimensional, one recovers the well
known fact that the Tate-Šafarevič group of an elliptic curve over a complete local
ring with algebraically closed residue field is zero, since the first cohomology of the
Lie algebra vanishes.

The following lemma by Raynaud concludes the proof of Proposition 1.6.1 and
will be useful for us in other situations as well:

1.6.3. Lemma ([Ray70] Lemme XIII). Let A be an projective abelian scheme over
some base scheme S. Let [X] ∈ H1(S, A) be a m-torsion cohomology class and let
X be its representing algebraic space. Then we have a canonical finite morphism
X → A. In particular, X is a projective scheme over S.

For a proof of a generalized version, see Lemma 2.7.2 below. We want to
rephrase Proposition 1.6.1 in the language of deformation functors. For that pur-
pose, we define two deformation functors associated to an elliptic bundle X → C
over k.

1.6.4. Definition. By a deformation of X over some Λ ∈ AlgW , we mean a pair
(X , ǫ), where X is a flat scheme over Spec(Λ) and ǫ is an isomorphisms ǫ : X ⊗Λ k ≃
X. Let DefX : AlgW → (Sets) denote the functor, which sends Λ ∈ AlgW to the
set of isomorphism classes of deformations of X/C.
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By a deformation of a fibration X/C, we understand a deformation (X , ǫ)
of X together with a map X → C, such that the isomorphism ǫ is in fact an
isomorphism of C schemes. The functor of deformation of X as fibration is denoted
by F ibX/C : AlgW → (Sets).

Two deformations of X/C and X ′/C are called isomorphic if there exists an
isomorphisms of deformations, which is also an isomorphisms of C-schemes.

Let (J/C, e0) be a Jacobian elliptic fibre bundle. We define the functor J acJ/C

by sending Λ ∈ AlgW to a pairs (J /C, e), where J /C is a deformation of J/C and
e is a lift of e0. For an element (J , e) of J acJ/C notice that a different choice of e
leads to an isomorphic element of J acJ/C . Thus we view J acJ/C as a subfunctor
of F ibJ/C ; i.e. the subfunctor of those deformations admitting a section.

We get a natural map F ibX/C → J acJ/C as follows: For a deformation X/C
(not necessarily having a section) we consider the zero component of its Picard
scheme. Since k is of characterstic p, we can always lift an appropriate p-th power
of a relativly ample line bundle of X → C. Therefore the representabilty of PicX/C

follows from:

Theorem (Theorem 4.8 [Kle05]). Let Z be a projective and flat S-scheme, having
integral geometric fibres. Then PicZ/S is representable by a separated S-scheme.

Since X/C is an elliptic fibre bundle, the Picard scheme will be smooth, and
the zero component Pic0

X/C is a smooth elliptic scheme over C. Now, we have that

X/C is in a natural way a torsor under Pic0
X/C coming from the isomorphism

Pic1
X/C ≃ X/C.

We define the natural map F ibX/C → J acJ/C by sending the fibration X/C to

Pic0
X/C . In this language, Proposition 1.6.1 now becomes the first part of our main

theorem:

1.6.5. Theorem. The map of functors F ibX/C → J acJ/C is formally smooth and
moreover

dim(F ibX/C(k[ǫ])) = dim(J acX/C(k[ǫ])) + h1(C,Lie(J/C)).

Proof. Recall that F ibX/C → J acJ/C is formally smooth if for a surjection
Λ ։ Λ0 in AlgW the induced map

F ibX/C(Λ) → F ibJ/C(Λ0)×J acJ/C(Λ0) J acJ/C(Λ)

is surjective. By induction it suffices to verify this for small extensions. However,
this follows directly from Proposition 1.6.1 applied to every element J of J acJ/C(Λ)
with reduction J0 over Λ0 and a J0 torsor X0.

To prove the statement about the tangent space dimensions, first note that
F ibX/C fullfills the Schlesinger criteria and carries therefore a vector space structure
on its tangent space. We are going to determine the kernel of the following linear
map

F ibX/C(k[ǫ])→ J acJ/C(k[ǫ]),

which consists of torsors under J ⊗ k[ǫ]. To determine this group, we use again
(1.6.0.2). The first term vanishes, since every section C → J lifts to the trivial
deformation. Hence the kernel is given by H1(C,Lie(J))⊗ I. �

6.1. Algebraization. So far we only studied the infinitesimal deformation
theory of elliptic fibre bundles. Let X/C be an elliptic fibre bundle. We saw
that X/C has unobstructed deformations, if and only if the Jacobian J/C of X/C
does so. In particular, it is possible to construct a formal lifting, by “piling up”
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infinitesimal deformations. With regard to lifting questions, we are not done yet,
because we require a lifting to be a scheme, and not just a formal one.

If we just study Jacobian deformations, this question is trivial, because a formal
deformation J /C with zero-section e : C → J has a natural polarization, namely
the line bundle L given by the subscheme e(J ). Because the fibers of J are
irreducible, L is C-ample. Adding a fibre class to L , we obtain an ample line
bundle. Thus by Theorem 1.1.3 we conclude that X can be algebraized.

1.6.6. Proposition. Let X/C be an elliptic fibre bundle, with Jacobian J/C. Let
J /C be a lifting of J/C. Assume that the cohomology class [X] ∈ H1(C, J) asso-
ciated to X is m-torsion, with m prime to p. Then there exists a projective lifting
X/C of X/C over R.

Proof. Set Jn = J ⊗RR/mn+1 and Cn = C⊗RR/mn+1. In Proposition 1.6.1,
we saw that there is an isomorphism

H1(Cn,Jn)[m]
∼−→ H1(C0,J0)[m].

Thus we find a lifting Xn of X over R/mn+1 such that [Xn] ∈ H1(Cn,Jn)[m] for
every n.

Since [X] is m-torsion, we can apply Lemma 1.6.3 to get a canonical finite map
φn : Xn → Jn. These maps fit together to a map of formal schemes

φ : lim−→
n

Xn → lim−→
n

Jn.

Let L be a linebundle on lim−→n
Jn with the property that the restriction to the

reduction is ample. Then φ∗L will be ample on X0 because φ0 is finite. Hence we
can apply Grothendieck’s algebraization theorem Theorem 1.1.3 and conclude that
X has a projective algebraization. �

7. Elliptic fibre bundles of Kodaira dimension one

We saw that an elliptic fibre bundle E/C has Kodaira dimension 1, if and only
if g(C) ≥ 2. It is a general fact form the theory of elliptic surfaces, that on a
surface of Kodaira dimension 1, there exists exactly one elliptic fibration, given by
a suitable power of the canonical bundle. We generalize this fact to deformations,
by showing that the unique fibration lifts to an arbitrary deformation of the total
space and that this lifting is unique. In other words:

1.7.1. Theorem. For an elliptic bundle f : X → C of Kodaira dimension one, the
forgetful map of deformation functors F ibX/C → DefX is an isomorphism.

We first show injectivity:

1.7.2. Proposition. Let f : X → C be a deformation over Λ ∈ AlgW of an elliptic
fibre bundle f : X → C. Then f is defined by a suitable power of the canoical sheaf
ωX/Λ. In particular, f is unique.

Proof. By smoothness of f , we get an exact sequence

0 → f∗Ω1
C/Λ → Ω1

X/Λ → Ω1
X/C → 0.

The outer terms are invertible sheaves. It follows ωX/Λ = f∗Ω1
C/Λ ⊗ Ω1

X/C .

We claim that Ω1
X/C is a torsion element in Pic(X ). Let f0 : X → C denote the

reduction of f . We saw (Proposition 1.4.4) that L = R1f0∗OX is a torsion element
of Pic(C). The same is true for Ω1

X/C because (f∗
0 L )∧ ≃ Ω1

X/C . We conclude

that Ω1
X/C is of finite order by induction on the length of Λ: The tangent space of
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the functor of deformation of invertible sheaves is H1(X, OX), which is a p-torsion
group, since k is of characteristic p. So let n denote the order of Ω1

X/C . This implies

ω⊗mn
X/Λ ≃ f∗(Ω1

C/Λ)⊗mn.

Since Ω1
C/Λ is ample on C, we find that ωX/Λ is semiample on X . Furthermore,

Proj(Sym(ω⊗n
X/Λ)) is isomorphic to Proj(Sym(Ω1

C/Λ)⊗n) ≃ C. This follows because

H0(X , f∗(Ω1
C/Λ)⊗mn) ≃ H0(C, (Ω1

C/Λ)⊗mn) by the projection formula.

Denote the map X → C given by the canonical sheaf by fcan. On the reduction
we find f ⊗Λ k = f0 = fcan ⊗Λ k. However, liftings of f0 are unique. It is enough
to prove this for first order deformations. The tangent space of the functor of
deformations of f0 : X → C is H0(X, f∗

0 ΘC). However, this vector space is trivial
since the dual f∗

0 Ω1
C of f∗ΘC has non-zero global sections, because g(C) ≥ 2. �

To prove the surjectivity of F ibX/C → DefX we need an estimate for h1(X, ΘX):

1.7.3. Lemma. Denote by g ≥ 2 the genus of C, and set L = R1f∗OX . We get

h1(X, ΘX) ≤ g − 1 + h0(C,L ) + h0(C,L 2) + 3g − 3. (1.7.3.1)

If X is Jacobian, we get equality in (1.7.3.1).

Proof. Since f is smooth, we have an exact sequence

0 → ΘX/C → ΘX → f∗ΘC → 0. (1.7.3.2)

This gives rise to an exact sequence of cohomology groups

H1(X, ΘX/C) → H1(X, ΘX) → H1(X, f∗ΘC).

Thus h1(X, ΘX) ≤ h1(X, f∗ΘC)+h1(X, ΘX/C). We claim that ΘX/C is isomorphic
to f∗L : This follows from the canonical bundle formula

ωX ≃ f∗(L −1 ⊗ ωC)

and from the expression

(ΘX/C)−1 ≃ ωX/C ≃ ωX ⊗ (f∗ωC)−1.

To compute h1(X, ΘX/C) we use the Leray spectral sequence and the projection
formula (f∗ΘX/C ≃ f∗f

∗L ≃ L ) to obtain

0 → H1(C,L ) → H1(X, ΘX/C) → H0(C,R1f∗f
∗
L︸ ︷︷ ︸

≃L ⊗2

) → 0.

By Riemann-Roch we get h1(C,L ) = g − 1 + h0(C,L ). Thus

h1(X, ΘX/C) = g − 1 + h0(C,L ) + h0(C,L ⊗2).

For h1(X, f∗ΘC) we obtain with the same approach and using ΘC ≃ f∗f
∗ΘC

the following sequence

0 → H1(C,ΘC) → H1(X, f∗ΘC) → H0(C,L ⊗ΘC) → 0.

Since g > 1, the last term vanishes and we get h1(X, f∗ΘC) = 3g − 3.
In the Jacobian case let s : C → X denote the section. The natural map

f∗Ω1
C → Ω1

X has a global splitting given locally by d(g) 7→ d(s∗g) ⊗ 1. Dualizing
yields a splitting of (1.7.3.2). �

Now, we are set up to show the surjectivity of the inclusion F ibX/C → DefX .

1.7.4. Proposition. Let Λ be an object of AlgW . Every deformation X ∈ DefX(Λ)
of the total space of X admits a lifting of the fibration on X; in other words X ∈
F ibX/C(Λ).
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Proof. Denote by J the Jacobian of X. By Proposition 1.4.2, we know that
there is an étale Galois covering C ′ → C with group G such that J ′ = J ×C C ′ =
E ×k C ′, for some elliptic curve E over k. Since forming Pic0 commutes with base
change, the Jacobian associated to the fibration X ′ = X ×C C ′/C ′ will be J ′. We
denote by X ′ → X the unique lifting of X ′ → X.

We claim that X ′ admits an elliptic fibration. To see this, we show that the
deformation functors F ibX′/C′ and DefJ′ are isomorphic.

The functor of Jacobian deformations of J ′ is unobstructed (see Corollary 1.4.3),
so we conclude by Proposition 1.6.1, that F ibX′/C′ is unobstructed as well. It re-
mains to show that

h1(X ′,ΘX′) = dim(F ibX′/C′(k[ǫ])).

Let g denote the genus of C. We have h1(X ′,ΘX′) ≤ 4g − 2 by Lemma 1.7.3.
As for F ibX′/C′(k[ǫ]), we have (3g − 3) + 1 dimensions coming from the functor of
Jacobian deformations of J ′: Namely 3g − 3 from the deformations of the C ′, and
one dimension coming from E. The first cohomology of the Lie algebra OC′ of J ′

gives g additional dimensions.
Now, we come back to our deformation X of X. By Proposition 1.7.2 the

fibration g : X ′ → C′ is defined in terms of the canonical bundle of X ′. The action
of G an X ′ induces an action on the canoical model C′ of X ′. For σ ∈ G we get a
diagram:

X ′

��

σ
// X ′

��

C′ σ
// C′

This implies that g : X ′ → C′ descents to a fibration f : X → C on X . �

We are going to present some applications of the Theorem 1.7.1. Recall that
in Section 4, we constructed a Jacobian elliptic fibre bundle J over some curve of
genus two over a field of characteristic 3, which was shown to be non-liftable as
Jacobain elliptic fibre bundle. We also gave two examples denoted by JG and JQ,
showing the same behaviour in characteristic two.

1.7.5. Theorem. The elliptic fibre bundles J (in characteristic three) and JG, JQ

(in characteristic two) do not admit a formal lifting to characteristic zero.

Proof. We already saw that J , JG and JQ cannot be lifted as Jacobian elliptic
fibre bundles (Proposition 1.5.2 and Proposition 1.5.3). From Proposition 1.6.1, it
follows that the same is true for liftings which are not Jacobian but admit an elliptic
fibration. Finally, observe that the base curves on both cases are of genus g ≥ 2,
which implies via canonical bundle formula, that the Kodaira dimensions of J , JG

and JQ are 1. Now by Theorem 1.7.1, we get that every deformation is elliptic. �

One can make an interesting remark here. Recall the following conjecture:

Conjecture (F. Oort, 1985). Let k be a field of characteristic p, and let C be a
smooth, proper and connected curve of genus at least 2. Let G be a cyclic subgroup
of Aut(C). Then there exists a lifting to characterisitc zero of the pair (C,G).

The conjecture is known to hold if the order of G is not divided by p3 ([GM98]).
Given a curve C and a cyclic subgroup G ⊂ Aut(C), we construct an elliptic surface
X → B = C/G, which has a formal lifting to characteristic zero if and only if the
pair (C,G) is liftable.

Let E be an ordinary elliptic curve over k. An action of G on E is given by
choosing a point of order ord(G). We set X = (E ×C)/G, where we divide out by
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the diagonal action. Note that the action of G on the product is free. The surface
X will have an elliptic fibration coming from the projection E ×C → C. However,
this fibration will in general not define an elliptic fibre bundle, because the fixed
points of the G action on C will give rise to multiple fibers.

1.7.6. Theorem. The surface X is formally liftable to characteristic zero if and
only if there exists a lifting C of C together with a lifting of G.

Proof. The “if”-part is clear. Assume there exists a lifting X of X over some
local artinian ring Λ with residue field k. Since the covering X ′ = E × C → X
given by the quotient map is étale, we find a lifting X ′ → X which is again Galois
with group G.

Now, X ′ is an elliptic fibre bundle of Kodaira dimension one, hence by Proposi-
tion 1.7.4 we know that X ′ comes with its canonical fibration X → C lifting X → C.
Since C is the canonical model of X , we get an induced G action on C, coming from
the G-action on X . Since the automorphism scheme of a curve of higher genus is
unramified, we conclude that the G action on C is faithful. �

8. Bielliptic surfaces

Let X be minimal smooth surface over k, of Kodaira dimension zero and with
invariants b1 = b2 = 2. Directly from the invariants, we get that the Albanese of
X is an elliptic curve. The associated map f : X → Alb(X) is either a smooth
elliptic fibration (see [BM77, Proposition 5]) or a quasi-elliptic fibration. In the
elliptic case, we call X a bielliptic surface. In view of our classification of elliptic
fibre bundles we can say that a bielliptic surface is an elliptic fibre bundle over an
elliptic curve, which is not an abelian surface.

Based on the methods we have developed so far, we will explain how to re-
trieve the classification of bielliptic surfaces over arbitrary ground fields, as given
in [BM77]. Let X/C be a bielliptic surface, and let J = Pic0

X/C denote its Jaco-

bian. We know there is an étale Galois covering C ′ → C such hat J ×C C ′ splits
into a product of elliptic curves. Since Pic0 commutes with base change, this just
means that the Jacobian J ′ of X ′ = X ×C C ′ is a product E×C ′ of elliptic curves,
and hence an abelian surface. The same is true for X ′: by [CD89, Corollary 5.3.5]
the Betti numbers of J ′ and X ′ coincide, hence the X ′ is abelian by the Enriques
classification.

By Lemma 1.6.3 we obtain a finite C ′-morphism ϕ : X ′ → J ′. We can choose
the zero section of X ′ such that ϕ becomes an isogeny of abelian surfaces. Denote
its kernel by K. There exists an integer n such that K ⊂ X ′[n]. So we get a

factorization of X ′ [n]−−→ X ′ into

X → J ′ → X.

Now consider the composition E ×C = J ′ → X ′. We denote the image of C in X ′

by C ′′. This one-dimensional abelian subvariety of X ′ gives a multisection section
of X ′ → C ′, thus X ′ ×C′ C ′′ ≃ E × C ′′.

To sum up the discussion, we have established a diagram:

E × C ′′

��

// X ′ //

��

X

��

C ′′ // C ′ // C

in which both squares are cartesian, and the arrows in the bottom line are mor-
phisms of elliptic curves. Let G denote the kernel of C ′′ → C. We get a G-action
ρ on E × C ′′ such that X = (E × C ′′)/G. We want to separate the action ρ of
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G on both factors. To that purpose, denote the action of G on C ′′ by ρC′′ . The
composition ρ◦(Id×(ρC′′)−1) is C ′′-linear, thus induces an action of G on E, which
we denote by ρE . We can assume that ρE is faithful, otherwise we divide out by its
kernel. Since (Id×ρC′′) is translation, this cannot be the case for (ρE× Id) because
in that case the quotient were an abelian surface.

To obtain an explicit classification, it remains to understand the image of ρE .
It has a non-trivial subgroup Γ fixing the zero section, which is of the form Z/dZ,
where d ∈ {2, 3, 4, 6} as follows from the classification of automorphisms of elliptic
curves, and from the fact that G, and hence Γ, is abelian. There is a complemen-
tary subgroup A, which acts trivially on Pic0

E . This is the translation part. In
consequence we get that ρE(G) is the direct product A · Γ.

This group being abelian puts a severe restriction on A: It has to be fixed by
the generator ω of Γ. With this information one assembles the following well-known
list of bielliptic surfaces:

(a) We have the Jacobian surface Xa = (E × C)/(Z/2Z), where the Z/2Z-
action is given by

(x, y) 7→ (−x, x + a)

for point of a of order 2. Note that if p = 2, this forces C to be ordinary.
There is one non-trivial element in the Tate-Safarevich group of Xa:

Namely, Xa1 = (E × C ′)/(Z/2Z)2 with action

(x, y) 7→ (−x, x + a) and (x, y) 7→ (x + b, x + c)

where a is like before, c is another point of order 2 of C, and b is a point
of order 2 in E. Note that the existence of two non-trivial 2-torsion point
excludes p = 2.

However, there is a characteristic two version of this: We have Xa2 =
(E × C)/(µ2 · Z/2Z) where µ2 acts by translation on both factors and
Z/2Z acts as in case a.

(b) Let E be an elliptic curve with j(E) = 0. Then we have an automor-
phism ω of E of order 3. We construct the Jacobian surface Xb =
(E × C)/(Z/3Z) by using the action:

(x, y) 7→ (ω(x), y + a),

where a is a 3-torsion point of C. Again, C is required to be ordinary. If
p 6= 3, the fixed point set of ω consists of exactly one non-trivial 3-torsion
point b ∈ E. This allowes us to construct Xb1 = (E×C)/(Z/3Z)2 where
the action is

(x, y) 7→ (ω(x), y + a) and (x, y) 7→ (x + b, y + c)

where a is like before, c is another point of order 3 of C, and b is a point
of order 3 in E.

There is no characteristic three version of this construction: Since
j(E) = 0 forces E to be supersingular, we have no 3-torsion points. The
automorphism ω fixes the subscheme α3 (consider the (trivial) action on
Lie(E)). However, there is no α3 action on C, since C must be ordinary.

(c) Let E be an elliptic curve with j(E) = 1728. Then there exists an
automorphism ω of E of order 4. We construct the Jacobian surface
Xc = (E × C)/(Z/4Z) by using the action:

(x, y) 7→ (ω(x), y + a),

where a is a 4-torsion point of C, and C is has to be ordinary if p = 2. The
fixed point set of ω consists of exactly one non-trivial 2-torsion point b ∈
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E, given p 6= 2. This allowes us to construct Xb1 = (E×C)/(Z/4Z·Z/3Z)
where the action is

(x, y) 7→ (ω(x), y + a) and (x, y) 7→ (x + b, y + c)

where a is like before, c is a point of order 2 of C, and b is a point of
order 2 in E.

The same arguments as in the former case show, that there is no
characteristic three version of this construction.

(d) Let again j(E) = 0. We have an automorphism −ω of E of order 6. The
associated surfaces Xd = (E × C)/(Z/6Z) is obtained from the action

(x, y) 7→ (ω(x), y + a),

where a is a torsion point of order 6 of C. We claim that −ω no non-
trivial fixed points: To give a fix point x of −ω satisfies ω(x) = −x.
However, x cannot be a 2-torsion point, thus the above relation implies
that the orbit of x under ω has only to elements, contradiction.

We have reobtained the classification in [BM77]. The next step is to study
deformations of bielliptic surfaces. To do this, we need to calculate some basic
invariance.

1.8.1. Proposition. Let f : X → C be a Jacobian bielliptic surface. Write

X = (E × C ′)/(Z/dZ)

as in the classification. If d is not a power of p and d 6= 2 we have

h0(ΘX) = 1, h1(ΘX) = 1, h2(ΘX) = 0, h1(C,Lie(X/C)) = 0.

If d = 2 and p 6= 2 we get

h0(ΘX) = 1, h1(ΘX) = 2, h2(ΘX) = 1, h1(C,Lie(X/C)) = 0.

Whereas if d is a power of p it holds

h0(ΘX) = 2, h1(ΘX) = 4, h2(ΘX) = 2, h1(C,Lie(X/C)) = 1.

Let Y/C be a non-Jacobian bielliptic surface with Jacobian X/C. Then we have

hi(Y,ΘY ) = hi(X, ΘX).

Proof. Since f is smooth, we have an exact sequence

0 → ΘX/C → ΘX → f∗ΘC → 0. (1.8.1.1)

Because the action of Z/dZ on E × C ′ is diagonal action, we see that (1.8.1.1) is
split, by comparing the sequence with its pullback via the quotient map. Therefore
ΘX decomposes as

ΘX ≃ ΘX/C ⊕ f∗ΘC . (1.8.1.2)

Since C is an elliptic curve, we find f∗ΘC ≃ OX . As for ΘX/C , it will be a
torsion line bundle of order ℓ equal to the order of the induced action of Z/dZ on

ΘE . To see this, note that Z/dZ acts trivially on Θ⊗ℓ
E because the induced action

is by roots of unity. Thus a section of Θ⊗ℓ
E will descend to a section of Θ⊗ℓ

X/C . We

claim that ord(ΘX/C) = ℓ where d = ℓpn with ℓ prime to p. This is seen as follows:
The action on ΘE is determined by the action on the k-vector space Lie(E).

If d is a power of p, this action has to be trivial, since Hom(Z/pnZ, Gm) = 0. To
determine the action in general, note that we have a subgroupscheme H ⊂ E of
height one, such that Lie(H) = Lie(H). In fact, the total space of H is given by
Spec(OE/m

p
0,E) and H is isomorphic either to µp or to αp. Because of height one,

the map given by the Lie functor Aut(H) → Aut(Lie(H)) is injective. In fact, it
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will be an isomorphism if we restrict to maps of p-Lie algebras (see [Mum70, Section
14]).

The group scheme H is of rank p, so if p > 4 we get ord(ω) = ord(ω|H) by
rigidity [KM85, Corollary 2.7.3]. If p = 3 and d = 2, we know that ω will act on
Lie(E) as involution. If d = 4 the same argument applies to ω2.

If p = 2 and d = 3 we have H = α2 since j(E) = 0. Assume ω induces
the identity on H. Then the associated trace map trω = Id +ω + ω2 would give
multiplication by 3, which is an isomorphisms on H. However, we know that trω is
the zero map on E (see Lemma 1.8.5 below).

Now, it is easy to calculate the invariants. Denote by ǫ : C → X the zero section
of X. We have L = Lie(X) = ǫ∗ΘX/C , and since f∗ Lie(X) ≃ ΘX/C it follows that

ord(Lie(X)) = ord(ΘX/C).

The statement about the cohomology of Lie(X) follows, since it is a line bundle of
degree zero and therefore

h1(C,Lie(X)) = h0(C,Lie(X)).

However, the last term is not zero if and only if Lie(X) is trivial. We also get that

h0(X, ΘX) = h0(X, ΘX/C) + h0(X, f∗ΘC) = h0(X, Lie(X)) + 1.

To compute h1(X, ΘX) we treat both summands in (1.8.1.2) separately. We
have ΘX/C ≃ f∗R1f∗OX ≃ f∗ Lie(X). By the projection formula and the Leray
spectral sequence we get

0 → H1(C,L ) → H1(X, ΘX/C) → H0(C,R1f∗f
∗
L︸ ︷︷ ︸

≃L ⊗2

) → 0.

Thus we have:

h1(X, ΘX/C) =





0 if ℓ > 2

1 if ℓ = 2

2 if ℓ = 1

For h1(X, f∗ΘC) we obtain similarly:

0 → H1(C,ΘC) → H1(X, f∗ΘC) → H0(C,L ⊗ΘC) → 0

Because ΘC ≃ OC we find h1(X, f∗ΘC) = 2 if L is trivial and h1(X, f∗ΘC) = 1
otherwise.

This proves the statement about h1(X, ΘX). To compute h2(X, ΘX) we just
observe that χ(ΘX) = 0, because χ(ΘE×C′) = 0.

The statement about a non-Jacobian bielliptic surface g : Y → C with Jacobian
X/C follows from the expression

R1g∗OY ≃ Lie(X/C) ≃ ǫ∗ΘJ/C

and g∗(L ) = ΘY/C . This was already used in the proof of Proposition 1.4.4. �

8.1. Deformations of abelian varities. To classify deformation of bielliptic
surfaces, we are going to study deformation of their abelian cover, the advantage
being that there exists a well developed theory for deformation of abelian varieties.

Most noteably, we will use the Serre-Tate Theorem, which allowes to understand
deformations of abelian varieties in more explicit terms through deformations of p-
divisible groups. To state that result, we repeat some basic definitions and facts:
Let p be a prime number, and let S be a scheme. A sheaf of groups for the fppf -
topology is called a p-divisible group, if G is p-divisible and p-primary, i.e.

G = lim−→G[pn]



19

and the groups G[pn] are finite flat group scheme over S (see [Gro74] where p-
divisible groups go by the name “Barsotti-Tate groups”). The main examples which
we are in fact interested in are p-divisible groups associated with abelian schemes.
For an abelian S-scheme A, we set

A[p∞] = lim−→A[pn].

The deformation theory of abelian schemes is controlled by their p-divisible
groups. To be precise, let R be a ring in which pN = 0. For a nilpotent ideal I ⊂ R
we define the category T of triples:

(A,G, ǫ)

where A is an abelian scheme over R/I, G is a p-divisible group over R and ǫ an
isomorphisms G ⊗R R/I ≃ A[p∞]. Now we have the theorem of Serre and Tate:

1.8.2. Theorem (Theorem 1.2.1 [Kat81]). There is an equivalence between T and
the category of abelian schemes over R given by

A 7→ (A⊗R R/I,A[p∞], natural ǫ).

We will use the following statement to understand the lifting behavior of mor-
phisms of the latter:

1.8.3. Lemma (Lemma 1.1.3 [Kat81]). Let G and H be p-divisible groups over R.
Assume Iν+1 = 0. Let G and H denote their restrictions to Spec(R/I). Then the
following holds:

(i) The groups HomR(G,H) and HomR/I(G, H) have no p-torsion.
(ii) The reduction map HomR(G,H) → HomR/I(G, H) is injective.
(iii) For any homomorphism f : G → H there exists a unique homomorphism

φν lifting [pν ] ◦ f .
(iv) In order for f to lift to a homomorphism f : G → H, it is necessary and

sufficient for the homomorphism φν to annihilate G[pν ].

We want to apply Theorem 1.8.2 to the case of an ordinary elliptic curve E
over an algebraically closed field k. We have

E[p∞] = µpn ⊕Qp/Zp.

For an arbitrary deformation E over Λ, where Λ ∈ AlgW , the splitting of E[p∞]
does not lift, but we get an extension

0 → µp∞ → E[p∞] → Qp/Zp → 0. (1.8.3.1)

From Theorem 1.8.2 it follows that the deformation E is uniquley determined by
the class of the extension (1.8.3.1) in Ext1(Qp/Zp, µp∞). This group is isomorphic
to the multiplicative group 1 + m ⊂ Λ×. The element q ∈ 1 + m associated to a
deformation E is called the Serre-Tate parameter of E . Using this parameter, we can
express the universal family as Euniv → Spf(W [[q−1]]), such that for an W [[q−1]]-
algebra Λ, the pullback E ⊗W [[q−1] Λ has the extension structure determined by the
image of q in Λ (See [KM85, 8.9]).

8.2. The versal families. Let X = (E×F )/G over k be a Jacobian bielliptic
surface, with fibration X → C. First, we study the deformation functor J acX/C .

By Proposition 1.4.2 we know the structure of Jacobian deformations of X.
They will be of the form (E × F)/Γ. Here, E is a deformation of E extending the
automorphism ω, and we are going to denote the deformation functor of such pairs
by (E,ω). Likewise, F is a deformation of F with a torsion point lifting the point of
F which appears in the definition of the action of Γ, and we denote the deformation
functor of such a pair by (F, c).
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The functor J acX/C is isomorphic to the product of the deformation functors

(E,ω)× (F, c).

To write down a versal family for J acX/C , we treat the problem separately for both
factors.

Deforming elliptic curves with automorphisms. Let (Euniv, ω) → Spec(R) be
the universal deformation of E along with its automorphism ω. This functor is
indeed pro-representable: if a lifting of ω exists for a given deformation of E, then
it is unique.

If ord(ω) = 2, then ω is the involution which obviously extends to any defor-
mation of E. Hence in that case R is just the deformation ring of E, which is
isomorphic to W [[t]].

If ord(ω) > 2 then the j-invariant of E is either 0 or 1728. If the order is prime
to p, there are no obstruction against lifting (E,ω), thus R = W .

We treat the remaining cases. First, assume p = 2 and d = ord(ω) = 4.
We know from [JLR09, Lemma 1.1] that there is no elliptic curve over W with
j-invariant 1728 and good reduction. This means we have to pass to a ramified
extension of W . We will work over R = W [i] where i is a primitive forth root of
unity. The following curve E2 is taken from [JLR09, §2.A]

y2 + (−i + 1)xy − iy = x3 − ix2.

It has j = 1728 and Discriminant ∆ = 11− 2i, and is therefore of good reduction.
For p = 3 and d = 3, again by [JLR09], there will be no elliptic curve over W

with j-invariant 0 and good reduction. So let R = W [π], where π2 = 3. Consider
the elliptic curve E3 given by the Weierstraß equation

y2 = x3 + πx2 + x,

whose j-invariant is 0 and whose discriminant is ∆ = −16. In particular, it has
good reduction.

In both cases (p = 2 or 3), the curve Ep has an automorphism of order four or
three respectively, since on the generic fibre, automorphisms are given by the action
of certain roots of unity, and we have chosen the base rings in such a way that they
contain the necessary roots. An automorphism of the generic fibre extends to the
entire family, and its order will not change after passing to the reduction, as can
be seen by considering an étale torsion subscheme of sufficiently high order.

We claim that the elliptic curves over the rings constructed above are the
universal families for the deformation problem (E,ω). This follows from the fact
that the respective base rings are the smallest possible extensions of W over which
the deformation problem can be solved, and from the fact that an elliptic curve
over a local complete ring with algebriacally closed residue field is determined by
its modular invariant (see Proposition 2.2.1 below.)

Deforming elliptic curves with torsion points. Now we treat the second factor.
If p does not divide d, then a d-torsion point lifts uniquely to any deformation of
F . Therefore (F, c) is pro-represented by W [[t]]. Note that the parameter t can be
identified with the modular invariant j(F ) if j(F )(j(F )− 1728) is non-zero.

Assume now, that p does divide d. By the above, we can assume d = pn. Since
F is ordinary, we can write

Funiv → Spf(W [[q − 1]]) (1.8.3.2)

where q is the Serre-Tate parameter. Let Λ be in AlgW . For a deformation F =
Funiv ⊗W [[q−1]] Λ, we have that

0 → µpn → F [pn] → Z/pnZ → 0
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is split, if and only if the image of q in Λ has a pn-th root. This follows from the
explicit description of the group scheme Funiv[p∞] as given in [KM85, 8.7]. We
conclude that W [[q − 1]][ pn√q] is a versal hull of the functor (F, c).

1.8.4. Proposition. The functor J acX/C has versal hull R, where R is given in
the table below:

p = 2 p = 3 p > 3
d = 2 W [[tE ]]⊗W [[q − 1]][ 2

√
q] W [[tE ]]⊗W [[tF ]] W [[tE ]]⊗W [[tF ]]

d = 3 W [[tE ]]⊗W W [π]⊗W [[q − 1]][ 3
√

q] W ⊗W [[tF ]]
d = 4 W [i]⊗W [[q − 1]][ 4

√
q] W ⊗W [[tF ]] W ⊗W [[tF ]]

d = 6 W ⊗W [[q − 1]][ 2
√

q] W [π]⊗W [[q − 1]][ 3
√

q] W ⊗W [[tF ]]

It is easy to read off and interpret the dimension of the tangent space of the
deformation functor. For example, in the case where p = 3 and d = 3 we have
dim(Hom(W [π] ⊗ W [ 3

√
jE ], k[ǫ])) = 3. The parameter jF gives one dimension,

and the rest is due to relations, coming from obstructions. As explained before,
h1(X, ΘX) = 4 holds in this case, so there still is one dimension missing.

To account for this missing dimension, we have to study all deformations of X,
not just the Jacobian ones. This is settled by Theorem 1.6.5. Observe that in all
the cases it holds

h1(X, ΘX)− dim(J acX/C(k[ǫ])) = h1(C,Lie(X)).

Therefore dim(F ib(k[ǫ])) = h1(X, ΘX), and its makes sense to ask if the ab-
solute deformation functor of X is isomorphic to F ibX/C . In the next section, we
will see that this is indeed the case.

8.3. Classification of deformations. The most important step to classify
deformations of bielliptic surfaces is to show that for a bielliptic surface X/C over
k the functors F ibX/C and DefX are isomorphic.

Denote by J → C the Jacobian of X → C. If d is not a power of p, the claim
follows already, since in that case J acJ/C is unobstructed and has the right tangent
dimension. Hence we get a chain of isomorphisms

J acX/C ≃ F ibX/C ≃ DefX .

In the case where d is a power of p, we have to use a more refined strategy.
The key idea is again to use the étale covering of X. It will turn out that this is
more difficult than in the Kodaira dimension one case because the étale cover of X
is an elliptic abelian surface A and not every deformation of the covering admits a
fibration. In particular, A has more deformations than X.

In the course of the proof, we will use the following lemma:

1.8.5. Lemma. Let E be an elliptic scheme over a base scheme S. Let Ω be an
automorphism of E of order d. Then the trace map

trΩ = Id+Ω + · · ·+ Ωd−1

gives the zero map on E.
Proof. We can prove the statement fibrewise. So assume that S is the spec-

trum of a field. Now, for any S-scheme T and a T -valued point x ∈ ET (T ) we find
that

trΩ(x) = trΩ(Ω(x)).

In other words: The orbits of Ω are contained in the fibres of trΩ. This means in
particular, that trΩ factors over the quotient scheme E/(Z/dZ), where the action
is given by Ω. However, since Ω fixes the zero-section, this quotient is isomorphic
to P1

S . The conclusion follows, because there is no non-constant map P1
S → E . �
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1.8.6. Proposition. Let f : X → C be a Jacobian bielliptic surface over k. Then
f extends to any deformation X of X over Λ ∈ AlgR.

Proof. We have an étale Galois cover A = E × F of X. The Galois group
is isomorphic to Γ = Z/dZ. The action on E is by an automorphism ω, fixing the
zero section. For a deformation X of X, we get a diagram

A

��

// A

��

X // X
where the right hand column is the unique lifting of the left. By [MFK94, Theorem
6.14] we can give A a structure of an abelian scheme, extending the group structure
on A. Now the strategy is as follows: First, we show that A has an automorphism
Ω lifting Id×ω. Then we study the action of Ω on the p-divisible group A[p∞],
and use the trace map defined by Ω to lift the projection E[p∞]×F [p∞] → F [p∞].
This lifting will descend to the desired lifting of the fibration f on X.

Denote the image of 1 ∈ Γ in Aut(A) by σ. Note that σ does not necessarily
fix the zero section. We study its action on A: Set c = σ(0) ∈ A(Spec(Λ)) and
denote by t−c the morphism given by translation the −c. We set

Ω = σ ◦ t−c and Ω′ = t−c ◦ σ.

Both maps fix the zero section of A and are therefore group automorphisms of A.
Furthermore, they lift the automorphism Id×ω of E × F , which implies Ω = Ω′

since the lift of an automorphism is unique.
This means that Ω and tc commute, and since σ and Ω are of order d, we get

that c is a torsion point of order d, which lifts the action of Γ by translation on F .
To proceed with the proof, we pass to the category of p-divisible groups, as

explained in Theorem 1.8.2. Our aim is to lift the second projection pr2 : E[p∞]×
F [p∞] → F [p∞]. We know there exists some integer N such that there exists a
unique lift φN of [N ] ◦ pr2 (Lemma 1.8.3). We compare φN with the trace trΩ
defined by Ω. The restriction trΩ of trΩ to A[p∞] gives the map

[d] ◦ pr2 : A[p∞] → F [p∞] = Im(trΩ)

because trΩ is multiplication by d on the factor F [p∞] and the zero map on the
factor E[p∞] (see Lemma 1.8.5). Now, we get that [d] ◦ φN is a lift of [N ] ◦ trΩ.
Again, because an endomorphisms has at most one lifting, it follows

[d] ◦ φN = [N ] ◦ trΩ .

Factoring out by A[N ], we see that trΩ is a lift of [d] ◦ [pr2]. It remains to show
that A[d] lies in the kernel of trΩ.

To see this, we consider the exact sequence of finite flat group schemes

0 → A[d]0 → A[d] → A[d]et → 0.

We first show trΩ(A[d]0) = 0. Again, we have an exact sequence

0 → A[d]mult → A[d]0 → A[d]bi → 0.

The outer groups denote the multiplicative part and the biinfinitesimal part re-
spectively. The category of multiplicative groups schemes is dual to the category
of étale group schemes via Cartier duality - thus endomorphisms lift uniquely, and
we get trΩ(A[d]mult) = 0. Now, we consider the sequence of p-divisible groups

0 → A[p∞]mult → A[p∞]0 → A[p∞]bi → 0.
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Since Ω maps A[p∞]mult into itself, we get an induced action of Ω on A[p∞]bi, and
in particular, trΩ descends to A[p∞]bi. If this group is non-trivial, it is a lift of
E[p∞] on which trΩ is zero. Again by uniqueness of lifts, we get trΩ(A[d]bi) = 0.

We saw that trΩ(A[d]0) = 0 and it remains to show trΩ(A[k]et) = 0. However,
this is clear, since we deal with étale group schemes. We conclude that pr2 extends
to X . �

So far, we have treated only Jacobian bielliptic surfaces. But the non-Jacobian
cases are mostly trivial. Consulting the list of bielliptic surfaces in section 8, we
see that the Tate-Safarevich group are trivial if the associated Jacobians have ob-
structed deformations, except in one case in charactertic two.

This is the surface X = Xa2 = (E × F )/(µ2 · Z/2Z). The non-split abelian
surface A = (E × F )/µ2 is an étale Z/2Z-cover of X.

Now let X be a deformation of X. Once more we have a diagram:

A

��

// A

��

X // X
We claim that A admits a lifting of the elliptic fibration f : A → F/µ2: We

have an exact sequence

0 → A[p∞]tor → A[p∞] → A[p∞]et → 0. (1.8.6.1)

The morphism A[p∞]et → F [p∞]et induced by f lifts uniquely to

ϕ : A[p∞]et → F [p∞]et

since we are dealing with étale group schemes. Denote by B the p-divisible group
obtained by pushout of (1.8.6.1) along ϕ. We still have A[p∞]tor ⊂ B and inside
A[p∞]tor we have the kernel of the unique lift of Ator → F [p∞]tor. Dividing out B
by that kernel we obtain a lifting of f .

As in the proof of Theorem 1.8.6, we see that f descends to X . Therefore X is
elliptic. To sum up, we have the following theorem:

1.8.7. Theorem. Every deformation X of a bielliptic surface X induces a lifting
of the elliptic fibration X → C = Alb(X).

Next, we show that a versal deformation of a bielliptic surface is algebraizable.

1.8.8. Proposition. Let X be a bielliptic surface over k. Denote by X vers →
Spf(R) a formal versal family of DefX . Then there exists a projective scheme X
over R, such that X vers is the completion of X with respect to the special fibre.

Proof. For an arbitrary deformation X of X, denote by A → X the unique
lifting of the abelian covering A → X. In the proof of Proposition 1.8.6 we saw
that the abelian scheme A has an automorphism Ω lifting the automorphism ω× Id
of E × F .

The automorphism of X , obtained from Ω by descent, will again be denoted by
Ω. Now Ω is a C-automorphism of X ; i.e. its action is confined to the fibres of the
fibration.

We claim that the fixed locus of Ω is flat over C: Every closed point x ∈ C has
an étale neighborhood U → C, such that the the pullback

XU = X ×C U
can be given the structure of an abelian scheme, in such a way that the base change
of Ω to XU becomes a group automorphism. We consider the endomorphism Ω− Id
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of XU . It is a surjective map of abelian schemes, and therefore flat by [MFK94,
Lemma 6.12]. In particular, its kernel, i.e the fix locus of Ω, is flat over U .

Thus we found a relative Cartier divisor Z of X → C. Its degree can be
computed on the reduction. It equals the order of the subgroup scheme of E fixed
by ω. In particular, it is positive, which means that Z is a relatively ample divisor
for X → C.

Now denote by X vers → Spf(R) a versal family of F ibX/C . It is a formal
scheme over the hull of the deformation functor F ibX/C , therefore admitting an
elliptic fibration F : X vers → C lifting X → C. Denote by m the maximal ideal of
R , and set Xn = X vers ⊗R R/m

n+1.
The construction of Z gives rise to a compatible system of relatively ample

line bundles OXn(Zn). Tensoring with the line bundle coming from the divisor of
a fibre of X vers → C, we obtain a system of ample line bundles Hn. Thus by
Grothendieck’s Algebraization Theorem (Theorem 1.1.3), we conclude that X vers

is the completion of some projective scheme X vers over Spec(R). �

1.8.9. Corollary. Every bielliptic surface over k lifts projectively to characterisitc
zero.

Proof. The existence of liftings of Jacobian bielliptic surfaces follows from
the explicit description of their deformation rings (Proposition 1.8.4). By Propo-
sition 1.6.1 this implies the existence of formal liftings for any bielliptic surface.
Those formal liftings are in turn algebraizable by Proposition 1.8.8. �

Proposition 1.8.8 helps us to answer another natural question: X is called
bielliptic because it has two transversal elliptic fibrations: The smooth one, denoted
by f , coming from the projection E×F → F and a second one, denoted by g, with
base curve P1

k coming from E×F → E. We saw that the first fibration is preserved
under deformation, but what about the second one?

1.8.10. Proposition. Let X be a bielliptic surface, then every deformation X of
X extends both elliptic fibration.

Proof. We are going to show that the versal deformation X vers → Spf(R)
admits an extension of g, so that the claim follows by versality.

Denote by K the fraction field of R. We can use surface theory to analyze the
generic fibre XK of the algebraization X of X vers. Denote by L = OX (Z) the line
bundle associated to the divisor Z, constructed in the proof of Proposition 1.8.8.
The canonical bundle of XK has self-intersection number 0. It follows that the
line bundle L

⊗m
K , gives rise to an elliptic fibration g′ : XK → P1

K , if we choose m
sufficiently big [Băd01, Theorem 7.11].

Since X is proper and normal, we can extend g′ to a rational map g′ : X → P1
R

which is defined on a non-empty open subset intersecting the special fibre. Now,
there are sections s1, s2 : Spec(R) → P1

R whose associated closed subschemes are
disjoint and who do lie inside the image of g′. Taking the closures of the inverse
images of those sections under g′, we get two divisors G1 and G2 in X who have
disjoint specializations on a non empty open subset of the special fibre (namely the
locus where g′ is defined).

We claim that their reductions G1 and G2 are irreducible (and hence disjoint):
The group of divisors of X modulo numerical equivalence is generated by two classes
F and G, where F is a fibre class of f and G is one of g. The intersection numbers
are

F · F = 0, F ·G > 0, G ·G = 0.
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In particular, there are no effective divisors on X with negative self-intersection.
It follows that the specialization of a curve of canonical type is again of canonical
type. However, every curve of canonical type on X is irreducible, hence the claim
follows.

Considering the global sections of L ⊗m associated to the effective divisors G1

and G2, we find that L ⊗m is globally generated. It follows that the map given by
L ⊗m is in fact a morphism, lifting g. �

We illustrate the theorem by looking at a special case: Let k be of characteristic
three, and let X denote the Jacobian bielliptic surface of index d = 3 over k. What
does the fibre Xη of the versal family of X over the generic point of the base look
like? The smooth fibration with elliptic base curve does not have a section. The
three sections which appear when we basechange with the algebraic closure of η do
not descend to Xη. Instead, we have a multi-section of degree three.

There is an explicit construction of a bielliptic surface with d = 3 over Q, which
shows the same behaviour. It was given in [BS03] as a counterexamples to the Hasse
principle which cannot be explained by the Manin obstruction.





CHAPTER 2

Liftings of semistable elliptic fibrations

1. Semistable genus-1 curves and generalized elliptic curves

Among elliptic fibrations, the semistable ones play a central role, because any
elliptic fibration has a semistable model after a suitable base change. If we consider
Jacobian semistable elliptic fibrations possesing a group structure, we have a pow-
erfull moduli theory at our disposal. It was developed by Deligne and Rapoport
[DR73]. This theory is the main ingredients of this Section.

We start with recalling basic facts and definitions from [DR73] (see also the
first Section of [Con07]). The concept of a semistable elliptic fibration is a special
case of:

2.1.1. Definition. Let p : C → S be proper, flat morphism of finite presentation
and of relative dimension one. Then C/S is called a semistable genus-1 curve if
every geometric fibre of C is either a smooth connected curve of genus 1 or a Néron
n-gon.

In [DR73] semistable curves are called stable (see [DR73, II Definition 1.4]).
We recall the definition of a Néron n-gon: The standart Néron n-gon is the curve
over Spec(Z) which is obtained by taking a disjoint union of P1

Z
’s, indexed by Z/nZ,

and gluing the zero section of the i’th copy to the infinity section of i + 1’th copy.
A (Néron) 1-gon over an arbitrary scheme S is the pullback of the standart n-gon
along S → Spec(Z). For example, the 1-gon is just the rational nodal curve. Notice,
that the arithmetic genus of a semistable genus-1 curve is in fact 1.

We recall the definition of the graph of irreducible components Γ(C) of a reduced
curve C over an algebraically closed field (see [DR73, I 3.5]). The set of vertices
consists of the set ′Γ0 of irreducible components of C and the set ′′Γ0 of singularities
of C. For a point p ∈ C(k) we call the preimages of p under the normalization map

C̃ → C the branches of C at p. The set of edges of C is defined to be the set of
couples (p, b) where p ∈ C(k) is a singular point, and b is a branch at p. Note that

we have a bijection between components of C and components of C̃. Using this,
we say that an edge (p, b) joints p ∈ ′′Γ0 with a component in ′Γ0 if b lies on the

corresponding component of C̃.
If C is a Néron n-gon with n > 1, then Γ(C) is a cycle consisting of 2n edges

and 2n vertices.
By [DR73, II Proposition 1.6.] we know that a semistable genus-1 curve f : C →

S satisfies OS = f∗OC universally. Therefore, we see that a semistable genus-1 curve
which is generically smooth and lives over a base which is a proper, smooth and
connected curve over some field k, is indeed an elliptic fibration.

Semistable genus-1 curves are special, because they can carry group structures:

2.1.2. Definition. A generalized elliptic curve is a triple (E/S, +, ǫ) where E/S is a
semistable genus-1 curve, +: Esm×S E → E is an S-morphism and ǫ : S → Esm(S)
is a section such that:

27
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• “+” restricts to a commutative groups scheme structure on the smooth
locus Esm.

• “+” is an action of Esm on E such that on singular geometric fibers the
translation action by each rational point in the smooth locus induces a
rotation on the graph of irreducible components.

If the base S is regular and one-dimensional, and the total space of C is regular,
we can always equip Esm/S with a group structure. This follows from the theory
of Néron models. However, it is important to point out that this is no longer true
if we allow higher dimensional or non-reduced bases.

2.1.3. Example There exists a Jacobian elliptic fibration over E/P1
k, with regular

total space, which has exactly five singular fibers: Four of those are nodal curves,
and one is an 8-gon. This is one of the rational elliptic surfaces which can be found
in the big list [Mir90]. Its modular invariant j0 is separable and of degree 12.

We use the methods developed later in this work to construct a specific de-
formation of E. Let R be a complete discrete valuation ring, with fraction field
K. Denote by W the Weierstraß-model of E. By Corollary 2.6.2 below, it exists a
lifting W/P1

R of W over R. Furthermore, we can choose the lifting such that the
modular invariant of WK = W ⊗R K has only single poles. It follows that WK is
an elliptic surface with 12 singular fibers, each of them a rational nodal curve.

After an extension of R′ ⊃ R, it is possible to find a minimal simultaneous
resolution E → W (see Proposition 3.4.5). The surface E ⊗R k is isomorphic to E.
Hence we have lifted the elliptic surface E. However, we cannot lift the group law
on E/P1

k: For assume that E/P1
R were a generalized elliptic curve. Then we know

that the subgroup scheme E [8] is flat [DR73, II 1.18]. Zariski’s Main Theorem
implies that for a quasi-finite and flat map, the fiber rank cannot grow under
specialization. This leads to a contradiction if we consider one of the nodal fibers,
specializing into the 8-gon. Note that if F is a 1-gon, ord(F [8]) = 8, and if F is a
8-gon, ord(F [8]) = 82.

One consequence of this discussion is that a reasonable theory of Néron models
over bases of higher dimension cannot exist. Another consequence is that a de-
formation of a generalized elliptic curve will be a semistable curve (see [DR73, I
Proposition 1.5]) but in general we lose the group structure, even in the case where
we have a lifting of the zero section.

If we restrict ourselves to semistable curves with geometrically integral fibers,
the situation is much better. We will call a generalized elliptic curve E/S a Weier-
straß curve, if E has geometrically irreducible fibers. Every semistable genus-1
curve J/S with geometrically irreducible fibers and a section lying in the smooth
part is in fact a Weierstraß curve. Namely, there exists a unique group law on J/S,
depending only on the choice of the section (see [DR73, II Proposition 2.7])

Given a Weierstraß curve E over S, we denote by ǫ : S → Esm the zero section.
We define an invertible sheaf on S by

ω = ǫ∗Ω1
E/S .

The name Weierstraß curve stems from the fact that a Weierstraß curve E/S
can be embedded into a two dimensional projective bundle over P → S. Inside P
we have that E is given as the vanishing locus of a cubic equation, the so called
Weierstraß equation.

Following [Tat75, §1] we can define two sections

c4 ∈ H0(S, ω⊗4) and ∆ ∈ H0(S, ω⊗12)

depending on the coefficients of a Weierstraß equation for E. The ratio j = c3
4/∆

defines a section of ω, and depends only on the isomorphism type of E. Because we
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assume E to have no fibres of additive type, c4 and ∆ will not vanish simultaneously.
Thus we get a well defined section of P1

S over S, given by the basis 1, j of H0(S, ω).
The induced map S → P1

Z
× S → P1

Z
is called the modular invariant of E, and

denoted by j(E).
Given an arbitrary semistable genus-1 curve E/S with a section lying in Esm

we can reduce to the Weierstraß case, using the following:

2.1.4. Theorem ([DR73] IV Proposition 1.3). Let E/S be a semi-stable genus-1
curve over a scheme S. Let H ⊂ Esm be an effective divisor, lying in Esm; i.e. a
Cartier divisor. Assume that H → S is flat.

Then there exists an unique semistable genus-1 curve Ec over S, and a S-
morphism c : E → Ec, such that fibrewise over geometric points the base, c is given
by contraction fibre of E which do not intersect H.

For the application we have in mind, just choose H to be the closed subscheme
given by the section. The Weierstraß curve Ec obtained by contraction in that way
is sometimes called the Weierstraß model of E/C. Using Ec, we can define the
modular invariant for an arbitrary generalized elliptic curve.

2. Modular invariants and isomorphism types over complete bases

It is well know that an elliptic curve over an algebraically closed field is uniquely
determind by its modular invariant. We want to understand to what kind of base
schemes this fact generalizes.

2.2.1. Proposition. Let R be a complete local noetherian ring with algebraically
closed residue field k. Let E1 and E2 denote two elliptic curves over R with identical
modular invariant j. Then E1 and E2 are isomorphic.

Proof. The reductions of E1 and E2 are isomorphic, because k is algebraically
closed. So we find an elliptic curve E over k with isomorphisms

ǫ1 : E ≃ E ⊗R k and ǫ2 : E ≃ E2 ⊗R k.

The couples (E1, ǫ1) and (E2, ǫ2) are now consider as deformations of E over R.
We write A = W (k)[[T ]] for the universal deformation ring of E. Let j0 denote

the modular invariant of E. Denote by O∧
P
1
Z
,j0

the completion of the local ring of the

coarse moduli space P1
Z

at the point j = j0. Since there exists a universal family
over A we get a map Spec(A) → Spec(O∧

P
1
Z
,j0

).

Following [KM85, Proposition 8.2.3] we can describe this map as quotient map

Spec(A) → Spec(A)/ Aut(E) ≃ Spec(O∧
P
1
Z
,j0

).

Here, the action of Aut(E) on Spec(A) is defined pointwise: A homomorphism
Spec(Λ) → Spec(A) is just a deformation (E , ǫ) of E over Spec(Λ). On this data
we act with Aut(E) by moving the isomorphism ǫ on the reduction. Coming back
to R, the two deformations give us morphisms

Spec(R)
//
//

&&M
MMMMMMMMM

Spec(A)

j

��

Spec(O∧
P
1
R,j0

)

By what we saw above, we get that the two morphism are permutated by the
Aut(E) action. This action, however, does not change the isomorphism type of the
pullback. �
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Again from the “Formulaire” [Tat75] we take the following description of the
isomorphisms functor of two Weierstraß curves:

2.2.2. Proposition ([Tat75] 5.3). Let E and E′ be two Weierstraß curves over a
scheme S.

(i) Isom(E,E′) is representable, finite and unramified over S.
(ii) If jE = jE′ , then Isom(E,E′) → S is surjective.
(iii) If jE = jE′ and the values 0 or 1728 are never assumed, then Isom(E,E′)

is étale of rank 2 over S.

Note that the last statement in the proposition says that Isom(E,E′) is a Z/2Z-
torsor in that case. In the non-special case, Proposition 2.2.1 follows directly from
this.

Let M1 be the moduli stack of Weierstraß curves. Following [DR73, VI], the
individual modular invariants defined above give a morphisms M1 → P1

Z
, which

factors over the coarse moduli space M1 of M1. This factorization is in fact an
isomorphism. Hence we get a section j of OP

1
Z
(1), such that for every curve E we

have that j(E) is the pullback of j.
Let U be an open subset of M1 ≃ P1

Z
. We denote by M1|U the full subcategory

of M1 consisting of those curves E/S, whose modular invariants factor through U .
This means we have a diagram:

S //

��

M1

��

U // P1
Z

Evidently, the coarse moduli space ofM1|U is just U . We define a stackM1/U over
the category of U -schemes as follows: For a scheme S with U -structure f : S → U ,
let (M1/U)(S) be the category of Weierstraß curves E/S satisfying j(E) = f . In
symbols, M1/U is just the fibre product of stacks M1 ×P

1
Z

U . We seek to describe

this stack in the case where U does not contain special values.

2.2.3. Proposition. Let j ∈ OP
1
Z

(1) denote the modular invariant given by the

universal family. Let U ⊂ P1
R be an open subset where j(j − 1728) is invertible.

Then M1/U → U is a neutral Z/2Z-gerbe for the étale topology.

Proof. To show that M1/U → U is a gerbe, we have to check the following
two axioms:

(i) Non-emptiness. There exists an étale covering {Uα → U} of U such that
for every Uα holds (M1/U)(Uα) 6= ∅ .

(ii) Transitivity. For an U -scheme S and two objects E1 and E2 of (M1/U)(V )
there is an étale neighborhood S′ of every point x ∈ S such that the pull-
backs E′

1 and E′
2 to S′ become isomorphic.

A gerbe is neutral if it satisfies not only (i) but rather has a global section. A global
section of M1/U → U can be given by the wellknown family

y2 + xy = x3 − 36

j − 1728
x− 1

j − 1728

with modular invariant j.
Transitivity follows form the properties of the isomorphism functor: For two

Weierstraß curves E1 and E2 ∈ (M1/U)(S) we know that IsomS(E1, E2) is a
Z/2Z-torsor. Thus, there exists a étale covering S′ → S such that IsomS(E1, E2)
is split. �
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Applying the description of neutral gerbes as classifying stacks [LMB00, Lemme
3.21], to M1/U → U , we see that once we have fixed a map j : S → U , giving a
Weierstraß curve over S with modular invariant j is equivalent to giving a Z/2Z-
torsor over S. This presentation depends of course on the choice of the global
section.

While Proposition 2.2.1 classifies smooth elliptic curves over complete rings
with algebraically closed residue field by the means of their modular invariants, we
will also need an analog of this, for non-smooth generalized elliptic curves. This is
provided by the theory of Tate curves.

The construction of Tate curves, following Raynaud, is given in [DR73, VII 1].
We review it briefly: Given a scheme S and a section t ∈ H0(S, OS), one can define

a scheme G
t

m over S. Restricting G
t

m to S[1/t] it becomes isomorphic to Gm. The
restriction to the closed subscheme given by (t) is an infinite chain of P1’s glued

together at infinity and zero. The smooth locus G t
m ⊂ G

t

m can be equipped with
the structure of a commutative algebraic group, extending the group scheme Gm

over S[1/t]. Its components over t = 0 can be indexed with Z, and are denoted by
Tk. Here, T0 is to be the zero component.

The group scheme structure itself extends to an action:

G
t
m × G

t

m → G
t

m.

Now assume t to be nilpotent, and let q be a section of G t
m, which does not

specialize into the identity component of G t
m. Then we get a Z-action on G

t

m by

multiplying with gi, i ∈ Z, and the quotient G
t

m/qZ exists in the category of schemes
[DR73, VII Proposition 1.6].

This quotient is a generalized elliptic curve. Working over a ring A which

is complete with respect to some ideal (t), we can construct a curve G
t

m/qZ as
inductive limit of the analogous construction over the truncations A/(qn). More
precisely we have:

2.2.4. Proposition (VII Corollaire 2.6). Let A be a complete local noetherian ring.
Let t be an element in the maximal ideal. Then

G
t

m/(tk)Z

is a generalized elliptic curve over A, with the property that the non-smooth locus
is defined by t, and that the special fiber is a k-gon.

Furthermore, given a generalized elliptic curve E over A with the same prop-
erties, there exists u ∈ A× such that

E ≃ G
t

m/(utk)Z.

3. Moduli of generalized elliptic curves with level structures

We fix a positive integer n. We want to define level structures just as in the
smooth case. In order to do so, we have to understand the n-torsion subscheme
E[n] of a generalized elliptic curve E/C. It is defined as the kernel of

[n] : Esm → Esm.

By the fibrewise criterion for flatness [EGA IV.3, 11.3.11] we get that E[n] is flat.
If furthermore n is invertible in OS , the morphism [n] is fibrewise unramified, hence
étale. In general E[n] will not be finite, because the rank can drop under special-
ization at singular fibers. However, if the rank of E[n] at the singular fibers is
sufficiently large, we get following:
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2.3.1. Proposition ([DR73] II Corollaire 1.20). Let E/S denote a generalized el-
liptic curve. Assume that every geometric fibre of E is either smooth or an m-gon,
with n|m. Then, E[n] is a finite flat groups scheme of order n2.

Let E/S be a generalized elliptic curve. A Cartier divisor D ⊂ E is called
S-ample if OE(D) is relatively ample for the map E → S. This implies that D
intersects every irreducible component of every geometric fibre of E/S.

2.3.2. Definition. Let E/S be a generalized elliptic curve. A Γ(n)-structure on
E/S is an isomorphism of S-group schemes

α : E[n]
∼−→ (Z/nZ)2,

such that the image of α is S-ample.
A Γ1(n)-structure on E/S is a fixed torsion point of exact order n, or equiv-

alently on embedding of S-group schemes

β : Z/nZ →֒ E[n]

such that the image of β is S-ample.
A Γ0(n)-structure on E/S is a S-subgroupscheme

A ⊂ E[n]

which is locally for the étale topology isomorphic to Z/nZ, such that the closed
subscheme associated to A is S-ample.

Now we can define the associated stacks:

2.3.3. Definition. For Γ ∈ {Γ(n),Γ1(n),Γ0(n)} we define MΓ to be the stack of
pairs (E/S, γ) where E/S is a generalized elliptic curve over a Z[1/n]-scheme S,
and γ is a Γ-structure.

Note that MΓ is indeed a fpqc-stack over Z, because the required ampleness
of the level structures gives us an ample line bundle, compatible with descent data.

We will sum up some facts about the representability of the moduli stacks
defined above. If we restrict ourself to Z[1/n]-schemes, that is consider the stacks
MΓ⊗Z[1/n] for the various level structures, we know form [DR73] that all of them
are Deligne-Mumford stacks.

A Deligne-Mumford stack is an algebraic space, if and only if its inertia group
is trivial, i.e. if the parametrized objects have only trivial automorphisms. This is
indeed the case for MΓ(n) if n ≥ 3, and for MΓ1(n) if n ≥ 4. Whereas, for MΓ0(n),
this is never true for the very reason that the involution maps a subgroup into itself.

In [DR73] it is shown that the stacks MΓ(n) ⊗ Z[1/n],MΓ1(n) ⊗ Z[1/n] and
MΓ0(n) ⊗ Z[1/n] are proper, smooth and 1-dimensional over Spec(Z[1/n]) (see
[DR73, III Theorem 3.4]). This can used to show that for MΓ(n) and MΓ1(n)

the notions of “being representable as an algebraic space” and “being representable
as a scheme” coincide.

Thus, for adequately chosen n, the functorsMΓ(n)⊗Z[1/n] andMΓ1(n)⊗Z[1/n]
are representable by smooth and proper curves over Spec(Z[1/n]). In that case, we
will write MΓ(n) and MΓ1(n) for the fine moduli schemes.

4. Level structures and liftability

Let R be a complete noetherian ring with maximal ideal m and algebraically
closed residue field R/m ≃ k. For the rest of this Chapter, we will be concerned with
lifting a generalized elliptic curve E/C/k to a generalized elliptic curve E/C/R. The
moduli theory for curves with level-n structures gives the following trivial lifting
result:
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2.4.1. Proposition. Let (E/C, γ0) be a pair consisting of a generalized elliptic
curve over a proper smooth base curve C/k. and a Γ-structure γ on E, where
Γ ∈ {Γ(n ≥ 3),Γ1(n ≥ 4)}. Denote by c0 : C →MΓ ⊗ k the classifying morphism.

Then a liftings (E/C, γ) over R of the pair (E/C, γ0) corresponds to a lifting
c : C →MΓ ⊗R of c0.

2.4.2. Corollary. Let (E/C, γ0) be a pair like in Proposition 2.4.1. Assume, that
the modular invariant j0 : C → P1

k is a separable morphism. Then there exists a
lifting (E/C, γ).

Proof. Let c0 : C →MΓ⊗k denote the morphism given by the pair (E/C, γ0).
We have a triangle:

C
c0
//

j0
##F

FF
FF

FF
FF

F MΓ ⊗ k

��

P1
k

Since j0 is separable, it follows that c0 is separable as well. We can always lift
a separable covering, for example by the means of formal patching (see Proposi-
tion 2.5.8 below). So, let c : C → MΓ ⊗ R be a lifting of c0. The pullback of the
universal family along c is the desired lifting of E. �

We can also use Proposition 2.4.1 in the opposite way: Namely to produce
examples of non-liftable generalized elliptic curves. The idea is as follows: Choose
Γ ∈ {Γ(n),Γ1(n),Γ0(n)} for some n with the property that the genus of the com-
ponents of the coarse moduli space MΓ is at least 2. Formulas for the genus of MΓ

can be found for example in [Hus04, 11. §3]. The condition g(MΓ) ≥ 2 will be
satisfied for sufficiently large n.

Let (E/C, γ) be a generalized elliptic curve with Γ-structure γ, such that the
morphism into the coarse moduli space c : C → MΓ ⊗ k is purely inseparable.
Denote the component of MΓ ⊗ k into which C is mapped by Y .

The curves C and Y have equal genus. Thus it is a consequence of Hurwitz’s
formula, that c is not liftable: A lifting of c would be a special case of a deformation
of a purely inseparable map into a separable one. However, the genus of curves and
the degree of morphisms are invariant under deformation, and Hurwitz’s formula
shows that there is now separable map between curves of equal genus, given that
genus is greater or equal to 2. So we have as a trivial consequence of Proposi-
tion 2.4.1:

2.4.3. Lemma. For (E/C, γ0) as above, there does not exists a lifting to a pair
(E/C, γ) if the fraction field of R contains Q.

The Γ-structures we are dealing with are defined in terms of the étale subgroup
scheme E[n]. It is therefore natural to expect that an infinitesimal deformation of
a generalized elliptic curve induces a lifting of a given Γ-structure. Exemplarily we
prove for Γ = Γ0(n) the following statement:

2.4.4. Theorem. Let n be choosen such that g(MΓ0(n) ⊗ k) ≥ 2. Let (E/C, γ)
be a generalized elliptic curve with a Γ0(n)-structure A ⊂ E, such that classifying
morphism C → MΓ0(n) is purley inseparable. Then there does not exist a lifting
of E within the category of generalized elliptic curves, if the fraction field of R
contains Q.
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Proof. Assume a lifting E/C exists. We have to lift the subscheme A ⊂ E[n]
given by the level strucutre. To that purpose we have to work in the category of

formal schemes. So denote by Ê → Ĉ the completion of E/C over Spf(R).

There exists a unique lifting A/Ĉ of A. The group scheme Ê [n] is étale, so we
have bijection of morphisms

HombC(A, Ê [n])→ HomC(A,E[n])

thus we can lift the map A →֒ E[n]. By uniqueness, the lifting will be compatible
with the group structure of E[n]. Since its kernel is finite, it has to vanish by
Nakayama.

However, A itself is finite, thus we can algebraize the inclusion A →֒ Ê and
obtain A ⊂ E . By construction, this inclusion factors over E [n]. Now, we are just
in the situation of Lemma 2.4.3, and obtain a contradiction. �

It is tempting to try to weaken the assumption in Theorem 2.4.4 on the hy-
pothetical lifting E/C from “generalized elliptic” to “semistable genus 1”, because
being semistable is an open condition, whereas “generalized elliptic” is not (see
Example 2.1.3). However, the presence of a group structure is essential for the
argument. This problem could be avoided, if the fibration E/C could be chosen to
be Weierstraß, because in this situation we always have a natural group structure.

This is not possible, because one cannot put a Γ0(n)-structure on a Weierstraß
fibration E/C: Given such a datum, we could turn into a Γ1(n)-structure after an
étale base change C ′ → C. However, the universal family over MΓ1(n) is never
Weierstraß, given n > 1, because there are n-gons which can by given a Γ1(n)-
structure: Just take a n-torsion section, generating the component group. Those
n-gons arise as pullbacks form the universal family. Also note, that MΓ1(n) is
connected, since the determinant of the associated modular group is trivial.

5. Liftings of generalized elliptic curves with separable modular

invariants

We saw in Corollary 2.4.2 that lifting a generalized elliptic curve E/C is easy, if
the modular invariant is separable and if one has a sufficiently strong level structure
on E. In this Section, we will demonstrate that one can weaken the assumption on
the level structure by using descent theory.

For technical reasons, we have to work in the formal catgory. This is why we
need the following definition:

2.5.1. Definition. Let S = lim−→Sn be a formal scheme. An adic generalized elliptic
curve over S is an adic S-formal scheme, such that every truncation En → Sn is a
generalized elliptic curve.

Note that giving an adic generalized elliptic curve f : E → S is equivalent to
giving a inductive Sn-adic system of generalized elliptic curves:

· · · // En−1

fn−1

��

// En

fn

��

// En+1
//

fn+1

��

· · ·

· · · // Sn−1
//

�

Sn
// En+1

//

�

· · ·

Typically, we will encounter adic generalized elliptic curves in the following
situation: The base scheme S itself will be an adic Spf(R)-formal scheme. Given
an adic generalized elliptic curve E/S, its total space E is an adic Spf(R)-formal
scheme.
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Then the cartesian diagrams in the above system are morphism of objects of the
moduli stack M⊗R of elliptic curves over R-schemes. Whence we get an inductive
system of morphisms cn : Sn →M⊗R/m

n+1, or equivalently a morphism

c : S → M̂ = lim−→M⊗R/m
n+1.

This observation carries over to the case where we consider an inductive Sn-
adic system of generalized elliptic curves with some Γ-structure and exchange M
by MΓ.

Before we begin with the construction of specific liftings, we first prove a
uniqueness result. This is based on a generalization of Proposition 2.2.2 to the
non-Weierstraß case, which was given by Conrad:

2.5.2. Theorem ([Con07] 3.1.2). Let E/S and E′/S be generalized elliptic curves
over some base scheme S. The functor IsomS(E,E′) classifying isomorphisms of
generalized elliptic curves over S-schemes is represented by a quasi-finite and sep-
arated S-scheme of finite presentation. In particular, it is quasi-affine over S.

2.5.3. Proposition. Let E and E′ be two generalized elliptic curves over some
irreducible one-dimensional basescheme S. Assume that the modular invariants
of E and E are identical and non-constant, and denote their common modular
invariant by j : S → P1

Z
. Assume further, that over a geometric point x ∈ C, where

E and E′ are singular, the number of components if Ex and E′
x coincide.

Then there exists a unique closed subscheme T ⊂ IsomS(E,E′) of rank 2, which
is étale over S.

Proof. Following Theorem 2.5.2 we have that the functor IsomS(E,E′) is
represented by a quasi-finite and separated S-scheme X of finite presentation. Over
the open subset U ⊂ S where j(j − 1728) and 1/j are invertible we know from
Proposition 2.2.2 that X ×S U → U is étale of rank 2.

In order to construct T , we first show that if it exists, then it is unique and its
formation commutes with flat base change.

Let i : T →֒ X and i′ : T ′ →֒ X be two closed subschemes of X with the above
properties. From the separateness of X → S, we get that T and T ′ share the same
topological space.

To prove equality of T and T ′ we can work locally on S and X: Let Spec(A) →
S be the localization in some closed point. Let Spec(B) be an affine subset of
X ×S Spec(A). Denote by I, I ′ ⊂ B the ideals given by the pullbacks of T and T ′.
Consider the exact sequence

0 → J → B/(I ∩ I ′) → B/I → 0 (2.5.3.1)

Let m ⊂ A denote the maximal ideal. We are going to show that J = 0. Tensoring
with A/m, we get an exact sequence:

TorA
1 (B/I,A/m) → J ⊗A/m → B/(I ∩ I ′)⊗A/m → B/I ⊗A/m → 0.

By assumption on T , we know that B/I is A-flat and hence the leftmost term
vanishes. Combining this with Nakayama, we see that it is enough to show that we
have equality of T and T ′ in every fibre over every closed point of S.

Given a fibre Xs, we have that Tx and T ′
x are reduced subschemes sharing the

same topological space, hence they are equal.
Now, it makes sense to speak of T as the finite and étale subscheme of X of

rank 2. We are going to show that its formation commutes with flat base change
over S. Let S′ → S be a flat morphism. Then U ′ = U ×S S′ is a non-empty open
subset of S′, over which X ′ = X×S S′ is étale and of rank 2. With these properties,
one can prove uniqueness of T as before.
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The existence of T is still not established at this point. However, the uniqueness
allowes us to construct T locally in the fpqc-toplogy. In particular, we can assume
S to be affine.

Let Z be the complement of U . Denote by Z the completion of S along Z. We
consider the fpqc-morphism Z∐

U → S. Over U , the existence of T is trivial. Let
x be a point in Z and set Sx = Spec(O∧

S,x).

At first, we treat the case where j(j − 1728) is contained in the maximal ideal
of O∧

S,x. The fibers Ex = E ×S Sx and E′
x = E′ ×S Sx are smooth. It follows from

Proposition 2.2.1 that there is an isomorphism ϕ : Ex → E′
x. The two sections ±ϕ

give rise to an étale finite subscheme of IsomSx
(Ex, E′

x) of rank 2.
Now assume that 1/j lies in the maximal ideal of O∧

S,x, so that E′
x and Ex

are non-smooth. We denote by (t) ⊂ O∧
S,x the ideal which identifies their common

non-smooth locus (which is determind by the modular invariant). Let n be the
common number of irreducible components of Ex and E′

x over the residue field of
the special point of O∧

S,x. We can assume that the residue field is algebraically

closed. By Proposition 2.2.4 there do exist elements u1, u2 ∈ A×, such that

Ex ≃ G
t
m/(utk)Z and E ′x ≃ G

t
m/(u′tk)Z.

However, the elements u and u′ are determined by the modular invariant and there-
fore equal. Having proven that Ex and E′

x are isomorphic we argue as in the smooth
case. �

2.5.4. Corollary. Let S be a one-dimensional noetherian formal adic formal Spf(R)-
scheme. Set S = S ⊗R k. Let E1 and E2 be two generalized elliptic curves over
S. Assume we have an isomorphism ϕ0 : E1 → E2. Assume furthermore, that
the modular invariants of E1 and E2 are identical and non-constant, and denote
their common modular invariant by j : S → P̂1

R. Then there exists a unique lifting
ϕ : E → E ′ of ϕ0.

Proof. The objects E , E ′ and S live in the category of adic formal schemes
over Spf(R). Let En = E⊗R R/m

n+1, E ′n = E ′⊗R R/m
n+1 and Sn = S⊗R R/m

n+1.
It is equivalent to work with the inductive systems (En → Sn) and (E ′n → Sn). In
particular, it suffices to construct a unique lifting of ϕ0 to some ϕn : En → E ′n for
every n.

By Proposition 2.5.3 it exists a unique étale subscheme T of rank 2 inside
IsomSn(En, E ′n). By uniqueness, we know that ϕ0 gives a section S → T ⊗R k. Now
by étaleness of T , the claim follows. �

Liftings of covers and formal patching. When we deal with generalized
elliptic curves, we will encounter morphisms with wild ramification. The modular
invariant C → P1

k of E/C can be wildly ramified in general. Even worse, if p|6 it
is always wildly ramified: One can see this either using a direct calculation with
the formula for j, or by representing the completion of the local ring of the coarse
moduli space at j = 0 as a quotient of the universal deformation ring, as in Chapter
1 Proposition 2.2.1.

We give the latter argument: Let E0/k be an elliptic curve with modular
invariant j0 = 0, and denote by A its universal deformation ring. Then O∧

P
1
k,j=0

is

the ring of invariants AG where G = Aut0(E0)/Z/2Z. The action is trivial on the
special fibre, so we get an inertia group of order 6 of p = 3, and one of order 12 if
p = 2.

If we want to construct liftings of generalized elliptic curves, by using liftings
of their modular invariants, this discussion shows, that we have to use techniques
which allow to construct and controll liftings of wildly ramified coverings. This can
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be accomplished by the so called theory of formal patching. The starting point is
the following descent result:

2.5.5. Theorem (Ferrand-Raynaud (see [Har03] Theorem 3.1.6). Let V be an
affine scheme, let Z be a closed subset of V , and let U = V − Z be the com-
plement. Let Z be the completion of V at Z. Also let Z◦ = Z×V U . Then the base
change functor

Coh(V ) → Coh(Z)×Coh(Z◦) Coh(U) (2.5.5.1)

is an equivalence of categories.

The objects of the fibre product of categories on the right hand side of (2.5.5.1)
are by definition triples (F ,G , α) where F and G are in Coh(Z) or Coh(V ◦) re-
spectively and

α : F |Z◦
∼−→ G |Z◦

is an isomorphism over the intersection. This makes clear why Theorem 2.5.5 is
called a patching result: We are gluing F and G along the intersection Z◦ by using
the isomorphism α of their pullbacks as gluing isomorphism.

There is an adapted version of Theorem 2.5.5 for one-dimensional schemes,
avoiding the affiness assumption on V :

2.5.6. Theorem ([Pri00] 3.2). Let V be a noetherian one-dimensional scheme. Let
Z ⊂ V be a finite set of closed points, U = V − Z the complement. For a closed
point x ∈ V we set Vx = Spec(O∧

V,x). Set Z◦ = Z ×V U .
Then the base change functor

Coh(X) → Coh(Z)×Coh(Z◦) Coh(U)

is an equivalence of categories.

A typical situation, in which 2.5.6 can be applied is when V is a curve over
the spectrum of a local artinian R-algebra. For our purpose, it is practical to use
a version which works entirely in the formal category. In order to do that, we fix
some notations:

Let V be a smooth 1-dimensional adic Spf(R)-formal scheme, with reduction
V = V ⊗R k. For a closed point x ∈ V = V ⊗R k we define the formal germ of V at
x to be

Vx := Spf(O∧
V,x).

The ring O∧
V,x is isomorphic to R[[T ]], for it is a lifting of the regular ring k[[t]]

over R. Let U ⊂ V denote the complement of x and let U ⊂ V be the formal open
subscheme with reduction U . We want to determine V◦

x = Vx ×V U ⊂ Vx.
The ring of functions OV◦

x
of this formal open subscheme is given by

lim←−
n

Frac(OVx
⊗R/m

n+1)

This is an inverse limit of local artinian algebras, given as the total quotient rings of
the truncations of OV◦

x
. One can think of V◦

x as a formal punctured neighborhood
of x.

If R is a discrete valuation ring, OV◦
x

is isomorphic to the discrete valuation

ring R[[t]]{t−1}. This is the subring of the Laurent series ring R((t)), formed by
series

∑
i∈Z

ait
i, satisfying the convergence condition limi→−∞ |ai| = 0. Here, | | is

the absolute value associated to the valuation on R.

2.5.7. Theorem (R. Pries). Let V be a smooth formal curve over Spf(R), let C
be the special fibre, let W = {x1, . . . xn} be a set of closed points in C. Denote by
U ⊂ C the complement of W , and let U be a formal open subscheme of C whose
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special fiber is U . Let Cx1
, . . . Cxm

be the formal germs of C in xi, and denote by
◦Cx1

, . . . , ◦Cxm
their formal punctured neighborhoods. The the base change functor

Coh(C) → Coh(
∐
Cxi)×Coh(

‘
◦Cxi

) Coh(U)

is an equivalence of categories.

This is a slight variation of [Pri00, Theorem 3.4] where it is stated for proper
curves. However, the properness is only used to apply Grothendieck’s formal ex-
istence theorem to pass from coherent schemes over a formal scheme to coherent
schemes over the algebraization. At this point, we do not require this step.

To proof Theorem 2.5.7 we reduce every occurring formal scheme modulo m
n,

to find ourselves in the situation of Theorem 2.5.6. Taking the limit over n, we
obtain the statement.

So far, we have only stated theorems dealing with the category of coherent
schemes. However, this includes the case of coverings and even more, for an equiv-
alence between categories of coherent sheaves induces an equivalence on the cat-
egories of finite algebras (i.e. coverings), finite groups schemes, torsors, Galois
coverings and so on.

To demonstrate the usefullness of Theorem 2.5.7 we state an existence result
for liftings of separable coverings of curves.

2.5.8. Proposition ([Säı04] Proposition 1.6). Let C be a proper and smooth formal
curve over Spf(R) with reduction C and let W = {x1, . . . , xn} be a set of closed
points in C. Let f0 : C ′ → C be a finite separable (Galois) cover (of group G) whose
branch locus is contained in W . Denote by Cx1

, . . . , Cxn
the formal germs of C at

the points in W . We write Cxi
= Cxi

⊗R k for the reductions.
Assume that for each 1 ≤ i ≤ n there exists a (Galois) cover

Fi : C′i → Cxi
lifting C ′ ×C Cxi

→ Cxi
.

Then there exists a (Galois) cover (of group G), unique up to isomorphism,
which lifts fk and which is isomorphic to the covers Fi when restricted to ◦Cxi .

The proof of Proposition 2.5.8 uses Theorem 2.5.7 to glue the local lifting fk

with the one lifting FU which exists generically over U by étalness of the restriction
of f0. The crucial point is that the restrictions of Fi to the punctured neighborhood
C◦xi

is also étale, and therefore isomorphic to the restriction of FU .
Consequences of Proposition 2.5.8 are that liftings of separable maps always

exists (because there are no local obstructions) and that the problem of lifting a
Galois covering to a Galois covering is reduced to a purely local one.

To finish this discussion, we mention Grothendieck’s formal GAGA theorem
(see for example [Ill05, Theorem 4.2]):

2.5.9. Theorem. Let X be a proper noetherian scheme, separated and of finite

type over Spec(R). Let X̂/ Spf(R) be the formal scheme, obtained by completing X

along its special fibre over R. Then the completion functor Coh(X ) → Coh(X̂ ) is
an equivalence of categories.

6. The constructions

Before we start out with the actual constructions, a few comments on the
method we use seem to be in order. Like with most interesting mathematical
problems, there is no canonical method for the construction of liftings of generalized
elliptic curves. Our method has two technical advantages:

(i) The use of Weierstraß equations is avoided.
(ii) The proofs apply uniformly for every residue characteristic.
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Point (i) and point (ii) are tightly connected: Using Weierstraß equations, one
might achieve some results given p ≥ 5, for small p however, the situation becomes
unmanageable.

Instead of Weierstraß equations, the key data in our approach is the modular
invariant. In Corollary 2.5.4 we saw, that a lifting of a given generalized elliptic
curve is up to isomorphism determind by its modular invariant. This uniqueness
makes it possible to patch together local liftings, which is a ubiquitous technique
in deformation theory.

However, the situation for generalized elliptic curves is very different from, say,
vector bundles. The problem of lifting a generalized elliptic curve, in such a way
that the lifting realizes a prescribed modular invariant, does not become easier if
we work affine locally.

Rather, one has to distinguish two cases: There is the nice case, where the
modular invariant is non-special and the singular fibres are irreducible. Here, we
obtain the desired lifting simply by using that the modular stack of such objects is
a neutral Z/2Z-gerbe (Proposition 2.2.3). There is also the hard case, where special
values appear or non-irreducible fibers. Both phenomenons have in common, that
they lead to “jumps” in the automorphism groups. In that cases, we construct
“micro” local liftings with prescribed modular invariants. By “micro” local we
mean that our construction takes place over completions of the base at closed
points (i.e. fpqc-locally).

The smooth but special case is handled by deformation theory, and for the
non-smooth case we entirely rely on the magic of Tate curves.

Once we have constructed the local liftings, we have to glue. It might be
possible to apply fpqc-descent directly, but this would force us to work with formal
schemes which are not adic over the base scheme.

Instead, we circumvent this problem by using the formal patching result ex-
plained before in the following way: The situation becomes nicer once we can
choose a level structure on the local liftings. This is possible after a finite and flat
basechange of the whole situation. Now we get maps into some moduli space, which
can be glued using formal patching for finite morphism.

The upshot is that gluing is possible after basechange. The rest is descent the-
ory. We use Corollary 2.5.4 to lift the descent data which is given on the reduction.

Our main application of formal patching techniques is this:

2.6.1. Theorem. Let E → C be a Weierstraß curve with separable modular in-
variant j0 : C → P1

k. Then there exists a lifting E → C over R.

Proof. Let U ⊂ P̂1
R be the formal open subset where j(j− 1728) is invertible.

(This includes also j = ∞). Set U = U ⊗R k.
Let V = C ×P

1
k

U be the preimage of U in C. Let jV : V → U be a formal

lifting of j0|V . By definition of V , we have that E|V is a Weierstraß curve with
non-special modular invariant. In this situation, we obtain a lifting EV/V with
modular invariant jV by Proposition 2.2.3.

Our task is now to complete E|V to a lifting E/C of E/C. Denote by s ∈ P1
k a

special point, i.e. a point where j = 0 or j = 1728. (In case there is more than one
special point, one has to repeat the argument below twice.)

Let S = Spf(O∧
c
P
1
R,s

) be the formal spectrum of the complete local of ring of P̂1
R

at s. Let {y1, . . . , yn} be the points in C mapping to s. We are going to lift every
single morphism

Ci = Spec(O∧
C,yi

)
j(Ei)−−−→ S ⊗R k
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given by the modular invariant of the restriction Ei of E to Ci. This is achieved by
lifting the Ei itself. The ring R[[T ]] is a lifting of O∧

C,yi
≃ k[[t]] and it is complete

for the m-adic topology. We claim that over Spf(R[[T ]]) = lim−→Spec(R[[T ]]/m
n),

it exists a formal lifting Fi → Spf(R[[T ]]) of Ei: Since Ei → Ci is smooth, this
follows because the obstruction to lifting a nilpotent thickening of order n− 1 over
R[[T ]]/(mn) to one over R[[T ]]/(mn+1) lies inside

H2(Ei,ΘEi/ Spec(k[[t]]))⊗k (mn)/(mn+1) = 0.

Denote by Ci = Spf(R[[T ]])
j(Fi)−−−→ P̂1

R the modular invariant of Fi. Hence we
have a lifting of the covering

∐
Ci

‘
j(Ei)−−−−−→ S ⊗R k given by

∐
Ci

‘
j(Fi)−−−−−→ S.

Invoking formal patching (Theorem 2.5.7), there exists a covering j : C → P̂1
R

of formal schemes such that the restriction C ×c
P
1
R

U → U is isomorphic to V → U
and C ×c

P
1
R

S → S is isomorphic to
∐ Ci → S. We will make explicit use of this

isomorphism

C ×c
P
1
R

S

""F
FF

FF
FF

FF

α
//
∐ Ci

‘
j(Fi)

~~}}
}}

}}
}}

S
by pulling back

∐Fi to
∐

α∗Fi which gives an elliptic curve over C ×bP1
R
S with

modular invariant coinciding with the restriction of jV . We set Ei = α∗Fi.
The restrictions EV and Ei to the punctured formal neighborhood C◦i have thus

coinciding modular invariants. We claim that they are in fact isomorphic: The
modular invariants of the restrictions are non-special, thus

IsomC◦
i
(EV ×C C◦i , Ei ×C C◦i )

is a Z/2Z-torsor (Proposition 2.2.2). This étale torsor has a splitting over the
reduction C◦i ⊗Rk, and this splitting lifts, so we have an isomorphism ϕ : EV×CC◦i →
Ei ×C C◦i .

We want to construct an elliptic curve over C by gluing EV and the Ei. Let
W ⊂ C be an open subset such that the restriction EV∩W = EV |V∩W is smooth.
Let n ≥ 3 be an integer prime to p. First of all, we can use ϕ to glue the n-torsion
schemes of EV∩W and Ei to a group scheme G over C such that G|V ≃ EV [n] and
G|Ci

≃ Ei[n]. This is formal patching in the category of group schemes.
We find a finite étale covering W ′ → W such that the pullback G ×W W ′ is

split. Let V ′ → V and C′i → Ci be the étale covering induced by V ′
1 → C. Let EV′

and E ′i denote the pullbacks of EV and Ei respectively. Like before, EV′ and E ′i are
isomorphic on the intersection W ′×V′ C′i. By assumption on G, and because taking
n-torsion commutes with base change, the n-torsion subschemes of those curves are
split. We can form pairs (EV′ , γV′) and (E ′i , γi) with compatible Γ(n)-structures.

Denote by cV′ : V ′ → M̂Γ(n) and ci : C′i → M̂Γ(n) the corresponding morphisms.

Evoking formal patching, we obtain c : V ′ → M̂Γ(n). Let E ′W′ be the corresponding
elliptic curve over W ′. This curve is a gluing of EV′ and E ′i . We have a diagram:

W ′

��

// M̂Γ(n)

��

C // P̂1
R
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In this situation, we can apply Proposition 2.6.4 to show that E ′W′ descends to an
elliptic curve EW over W.

The curves EW and EV are isomorphic over V ∩V and can therefore be glued to
a generalized elliptic curve E/C. This is the formal lifting we wanted to construct.
An algebrization of E/C exists, because the zero section gives rise to an ample
invertible sheaf, thus we can aplly Grothendieck Algebraization 1.1.3. �

The proof of Theorem 2.6.1 allowes to state the following corollary:

2.6.2. Corollary. Let E → C be a Weierstraß curve with separable modular in-

variant j0 : C → P1
k. Let U ⊂ P̂1

R be the open formal subset where j(j − 1728) is
invertible. Given a lifting jV : V → U of the restriction j0 over U ⊗R k, there is a
lifting E/C of E → C, such that the modular invariant C → P1

R of E/C extends the
j0.

We want to generalize Theorem 2.6.1 from Weierstraß curves to arbitrary gen-
eralized elliptic curves.

2.6.3. Proposition. Let E/C be a generalized elliptic curve, with separable mod-
ular invariant j0 : C → P1

k. Then there exists a formal lifting E/C over Spf(R).

Proof. As usual, let U ⊂ P̂1
R be the ordinary locus, and U ⊂ P1

k its reduction.
Let V = C ×P

1
k

U denote the inverse image. We are going to construct a special

lifting jV : V → U of j0 restricted to V . We have

C ×P
1
k

Spec(k[[1/j]]) ≃
∐

Ci

and the covering Ci = Spec(k[[ti]]) → Spec(k[[1/j]]) is given by 1/j 7→ tei
i where

ei is the ramification index of j0 at ti = 0. We lift this to a ring homomorphism
R[[1/j]]→ R[[Ti]] by sending 1/j 7→ T ki

i . Here, Ti is a lift of ti. We denote by Ci =
Spf(R[[Ti]]) → Spf(R[[1/j]] the associated covering. Now, there exists a covering
jV : V → U such that V ×U Spf(R[[1/j]]) is isomorphic to

∐ Ci → Spf(R[[1/j]]).
By Corollary 2.6.2 we find a lifting Ec of the Weierstraß model of E, with

modular invariant jV over V. Let W be the open subset where Ec → C is smooth.
We denote the restriction of Ec to W by EW . Our objective now is to complete EW
to a lifting of E.

At first, we construct a suitable generalized elliptic curve over each of the Ci. Let
n denote the number of components of the special fibre of Ei = E ×C Spec(k[[ti]]).
By [DR73, VII Corollaire 2.6] we can represent Ei as Tate curve. More precisely,
there exists an element u0 ∈ k[[ti]]

× such that

G
ti
m/(u0t

n
i )Z.

For u ∈ R[[T ]]× mapping to u0 under the specialization map, the curve

G
Ti
m /(uTn

i )Z

is a lifting of Ei. We are looking for a specific lifting, whose modular invariant is
the morphism Ci → Spf(R[[1/j]]). This morphism is given by the image f of 1/j
in OCi

. We claim that there exists a u ∈ R[[Ti]]
× specializing to u0 such that

j(G T i

m /(uTn
i )Z)−1 = f. (2.6.3.1)

We have an expansion of the right hand side ([DR73, VII 2.7]):

j(G T i

m /(uTn
i )Z)−1 = ±uTn

i +

∞∑

k=0

dk(uTn
i )k

Both sides of equation (2.6.3.1) lie in (Tn
i ), thus it is sufficient to solve the equation

g̃(u) = f̃ obtained by cancelling T k
i . This equation has a solution modulo m, namely
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u0 and the derivation of g̃(u) is a unit modulo m. Using completeness of R[[Ti]]
with respect to the ideal m ⊂ R, we find a u solving (2.6.3.1) by Hensel’s lemma.
Denote the generalized elliptic curve given by that u by Ei.

As before, denote by C◦i the formal tubular neighborhood of the closed point of
Ci. The restriction of Ei to C◦i is a smooth elliptic curve with non-special j-invariant.
Again, it follows that

Ei ×Ci
C◦i ≃ EW ×C C◦i ,

because by construction, the modular invariants of the restrictions coincide.
Now, we choose an open neighborhood Vi ⊂ C of xi such that Ei is the only

non-singular fiber of E|Vi , the section j0(j0 − 1728) is invertible over Vi and E|Vi

is ordinary. Let Vi ⊂ C be the lifting of Vi. Note that Ci → C factors over Vi.
As in the proof of Theorem 2.6.1, we claim that there exists a finite flat base

change V ′
i → Vi such that we can put compatible Γ1(n)-structures on the pullbacks

EW′/W ′ of E|Vi∩W and E ′i/C′i of Ei.
This is possible, because we have chosen Vi such that the n-torsion subschemes

of EW′ and E ′i are finite and flat. Denote by A the finite and flat group scheme over
Vi, obtained by gluing the particular n-torsion subgroup schemes.

If n is prime to p, one can choose V ′
i → Vi splitting A, and then it is clear how

to choose a Γ1(n)-structure.
So write n = mpd with m prime to p. By the Chinese Remainder Theorem,

choosing a n-torsion section amounts to the same as choosing a m-torsion section
and a pn-torsion section. The m-torsion part can be split after étale pullback. To
choose a pn-torsion section, we make use of the fact that the restriction of A has a
natural extension structure

0 → µpn → A|V0

r−→ G → 0 (2.6.3.2)

because Vi is an inductive limit of schemes with the property that p is a nilpotent
element in the structure sheaf. The inverse image T = r−1(1) of the generator
1 ∈ G is a µpn-torsor. Because A|V0

is killed by pn, a point r−1(Vi) gives a splitting
of (2.6.3.2). The group scheme G is étale, and locally isomorphic to Z/pnZ. Taking
V ′

i as a composition of T → S with a suitable étale covering, we get what we want.
Having now formed pairs (EW ′/W ′, γW′) and (E ′i/C′i, γi) such that the Γ1(n)-

structures γW′ and γi are compatible with the isomorphisms of EW ′ and E ′i on
the intersection C′i ×V′

i
W ′ we obtain a morphism into the coarse moduli space

c : V ′
i → MΓ1(n) ⊗ R. The stack MΓ1(n) ⊗ R is representable of n > 2. For n ≤ 2,

the morphism of stacks MΓ(n) → MΓ(n) is a Z/2Z-gerbe over the open subset of
MΓ(n) where j(j− 1728) is invertible. In any case, we find a unique lifting E ′V′

i
over

Vi. This curve is a gluing of EW′
i

and E ′i . We have a diagram:

W ′

��

//MΓ(n) ⊗R

��

C // P1
R

In this situation, we can apply Proposition 2.6.4 to show that E ′W′
i

descends to an

elliptic curve EWi over Wi. �

2.6.4. Proposition. Let S be a smooth and adic Spf(R)-formal scheme. Set S =
S ⊗R k. Let E/S be a generalized elliptic curve. Let S ′ → S be a finite, flat and
adic covering. Let E ′/S ′ be an adic generalized elliptic curve such that we have
an isomorphism E ′ ⊗R k ≃ E′ = E ×S S′, where S′ = S ′ ⊗R k, and the modular
invariant of E ′ factors over S.

Then E ′ descents to a formal lifting E of E over S.
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Proof. Set Sn = S⊗R R/m
n+1, S ′

n = S ′⊗R R/m
n+1 and E ′n = E ′⊗R R/m

n+1.
Those objects and the morphisms between them from adic inductive systems.
Assume we can solve the descent problem for any n, i.e. we have an En with
En ×Sn

S ′
n ≃ E ′n. In the adic inductive system (E ′n/S ′

n), the maps E ′m → E ′n, for
m ≤ n, are given by basechange of E ′n with Spec(R/m

m) → Spec(R/m
n), and there-

fore it is clear that they descent to En. Thus we get an inductive system (En/Sn)
which is adic. We are therefore reduced to the case of ordinary schemes, and can
assume that S ′,S and E ′ live over an artinian local ring. The descent argument
now works as follows:

By construction, E′ has descent data: With the notations

S′′ = S′ ×S S′
p1

⇉
p2

S′

this means that we have a descent datum

ϕ0 : p∗1E
′ ∼−→ p∗2E

′.

Our strategy is to lift ϕ0 to ϕ : p∗1E ′ → p∗2E ′ and to show consecutively that
ϕ satisfies the cocycle condition. The first step is to observe that the modular
invariants of p∗1E ′ and p∗2E ′ are identical. Those morphism however are given by
the upper and lower row in the diagram

S ′ ×S S ′
p1

⇉
p2

S ′ → S → P1
R

which is clearly commutative by assumption on the modular invariant of E ′. Now
Corollary 2.5.4 allowes us to lift ϕ0 to ϕ as desired.

Applying the fact that isomorphisms lift uniquely (the uniqueness part form
Corollary 2.5.4), this time to the isomorphism schemes of the S ′′′-schemes

p∗12p
∗
1E ′ = p∗13p

∗
1E ′, p∗12p∗2E ′ = p∗23p

∗
1E ′ and p∗23p

∗
2E ′ = p∗13p

∗
2E ′,

we check that ϕ satisfies the cocycle condition, because ϕ0 does so. �

Algebraization. Our strongest result so far (Proposition 2.6.3) shows the ex-
istence of formal lifting of generalized elliptic curves with separable modular invari-
ants.

In this section, we are going to study under what circumstances it is possbile
to algebraize a formal generalized elliptic curve. For Weierstraß fibrations, alge-
braization is trivial, because the zero section gives a relatively ample divisor. Thus
we have to deal with the lifting behaviour of fibral components. Our treatment is
based on the powerful statement:

2.6.5. Proposition ( II Proposition 1.15 [DR73]). Let p : E → S be a generalized
elliptic curve. Then there exists a locally finite family of subschemes (Sn)n≥1 of S
which are closed and disjoint, such that

(i) ∪nSn is the image of the non smooth locus of E in S.
(ii) Locally in the fppf -topology over Sn, we have that E is isomorphic to

the pullback of the standart n-gon over Spec(Z).

2.6.6. Proposition. Let E/C be an adic generalized elliptic curve, over a smooth
and proper formal curve C/ Spf(R). Assume that the total space E is smooth over
Spf(R), and that E/C is generically smooth. Then E/C is algebraizable.

Proof. Denote by E/C the reduction of E/C. Let H ⊂ E be the Cartier
divisor given as zero section plus a non-singular fibre. Let F ⊂ E denote the
Cartier divisor of all fibre components not intersection the zero section (i.e. from
every n-gon we remove the zero component).
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We can also view F as the exceptional divisor which comes up when considering
E as minimal desingularization of its Weierstraß model. This description allowes to
see that H −F is ample on E. This follows also from the fact that the components
of F have selfintersection -2.

The latter description globalizes to E : for letW/C denote the formal generalized
elliptic curve obtained by contracting every fibral component not intersected by the
zero section. The non-smooth locus of W is a closed subscheme, and its inverse
image under the contraction map E → W gives a closed subscheme F of E which
lifts F . We have to show that the ideal IF defining F lifts O(−F ) = IF and is
locally a principal ideal, i.e. an invertible sheaf. In order to see this, we proof first
that F is R-flat.

Let S ⊂ C be the closed subscheme which is obtained as the image of the
non-smooth locus of E . We have that S is flat over R, because it is the inverse

image of the cuspidal locus 1/j = 0 in P̂1
R under the modular invariant C → P̂1

R.
However, the modular invariant itself is flat by fibrewise flatness, since its reduction
is a non-constant morphism of curves (if S is not empty), and hence flat.

Locally in the fppf -toplogy, E ×C Sn is isomorphic to the pullback of the
standard Néron n-gon over Spec(Z) ([DR73, 1.15]). The closed subscheme obtained
from the standard Néron n-gon by removing the zero component is clearly flat over
Spec(Z), hence the assertion follows.

Having shown that F is flat over R, it follows that the sequence

0 → IF → OX → OF → 0

remains exact after restricting to the special fibre (i.e. tensoring over R with k).
This can be seen locally on E : Let U = Spec(A) some affine open subset. We get

0 = TorR
1 (OF∩U , k) → IF ⊗ k → OU ⊗ k → OF∩U ⊗ k → 0.

The relation IF ⊗R k = IF implies that IF is a principle ideal and hence an
invertible sheaf, because a lifting of a local generator is a generator by Nakayama.
Now, lifting H to H ⊂ E is trivial, thus we can lift O(H) ⊗ IF , and are done by
Grothendieck’s Algebraization Theorem. �

The combination of Proposition 2.6.3 and Proposition 2.6.6 gives the main
theorem of this section.

2.6.7. Theorem. Let E/C be a generalized elliptic curve, over a proper smooth
curve C/k. Assume that the modular invariant of E is separable and that the total
space E/k is smooth.

Then there exists a projective lifting E/C of E/C. �

7. Liftings of principal homegenous spaces

Let E/C be a Jacobian elliptic fibration, with regular total space. We can
consider the so called Tate-Safarevich-group H1

et(C,Esm). Let i : Spec(K) = η →
C be the generic point of C. The Leray spectral sequence with repect to i and Esm

gives

0 → H1(C,Esm) → H1(η, Esm
η ) → H0(S, R1i∗E

sm
η ) → H2(C,Esm).

The group H1(η, Esm
η ) can be described in terms of Galois theory as

H1(KS/K, Esm(Ks)),

where KS is a separable closure of K. In particular, it is a torsion group, for it is
a direct limit of torsion groups.

By Lemma 1.6.3, every class in [Xη] ∈ H1(η, Esm
η ) is representable by a smooth

genus-1 Xη curve over η. Using the minimal model theory for relative curves, we
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see Xη → η can be extended to a unqiue proper curve X → C with regular total
space and without (−1)-curves in the fibers.

An element [X] ∈ H1(C,Esm) corresponds under this construction to a locally
trivial torsor. Geometrically, this means that its minimal regular model X is locally
for the étale topolgy of C isomorphic to E. This can be characterized by two other
equivalent conidtions:

(i) For every closed point s ∈ C, the fibre Xs has at least one reduced
component.

(ii) Étale locally over C, the morphism X → C has sections.

The equivalence follows immediately from Hensel’s lemma.
In this section, we are going to treat the following problem: Given a lifting E/C

of a Jacobian elliptic fibration E/C, can we lift the surfaces that are associated to
the elements of H1(C,Esm)?

Let E/C be an adic Jacobian elliptic fibration over Spf(R). We write A for
the adic Spf(R)-formal group scheme Esm As a first step, we want to understand
the lifting behaviour of A = A ⊗R k-torsors. Those are torsors corresponding to
elements in H1

et(C,A).
We let An = A ⊗R (R/m

n+1) and Cn = C ⊗R (R/m
n+1). Denote by i : Cn →

Cn+1 the natural inclusion, and by s : An+1(Cn+1) → i∗An(Cn+1) the specialization
map on sections. Furthermore, set L = Lie(A/C). We have the following exact
sequence:

0 → i∗An(Cn+1)/s(An+1(Cn+1))→ H1(Cn+1, i∗L ) →
→ H1

et(Cn+1,An+1)
s−→ H1

et(Cn+1, i∗An) → H2(Cn+1, i∗L ) (2.7.0.1)

which was derived in Chapter 1 Section 6. Since L is a coherent sheaf, we have
H2(Cn+1, i∗L ) = 0 for dimension reasons. It follows that we can lift cohomology
classes. A class in H1

et(Cn+1,An+1) is represented by an algebraic space T . However,
its reduction is representable by a scheme, so we conclude by [Knu71, Corollary 3.5],
that T itself is in fact a scheme.

2.7.1. Proposition. Let E/C be an adic Jacobian elliptic fibration over Spf(R),
such that the reduction E/C is regular and minimal. Let X/C be the minimal
regular model of a class [X] ∈ H1(C,Esm). Then X has a formal lifting.

Proof. As before, we use the following notations:

A = Esm,An = A⊗R R/m
n+1 and Cn = C ⊗R R/m

n+1.

By what we said above, we know that we can always lift a An-torsor Tn to a An+1-
torsor. Hence we find a formal scheme T which is adic over C, and represents a
lifting of the class [X].

It remains to compatify T in such a way that we obtain a lifting of X. In
order to do so, we use of that X and E are locally in the étale topology over C
isomorphic.

Let s ∈ C be a closed point, such that Xs is non-smooth. We can choose an
étale neighborhood U of x, having the property that TU = T ×C U has a section.
Such an U exists, because we can find an étale and affine neighborhood U ⊂ C of
x, such that T ×C U is split. Now, given a lifting U of U , we can also can lift the
section of T ×C U , because T is smooth.

So we find that TU is isomorphic to an open subscheme of EU = E ×C U : namely
to the smooth part of its identity component.

Denote by T ◦ the open subscheme of T obtained by restricting T to the lifting
of the open subscheme C−{x}. As an algebraic space, T is given by the equivalence
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relation V ×T V on

V = TU ∐ T ◦.

We are going to substitute TU by EU . These schemes only differ at non-smooth
fibres of the latter. Hence we can define an equivalence relation on

V ′ = EU ∐ T ◦

by setting R = V ′
diag ∐{non-diagonal components of V}. Dividing out V ′ by R′ we

obtain the compatification X of T we were looking for in the category of formal
algebraic spaces. However, since the reduction of X is the scheme X, it follows that
it is a formal scheme itself ([Knu71, Corollary 3.5]). �

Having established a formal lifting result, we want to understand under what
circumstances we can construct projective liftings. We restrict ourselves to fibra-
tions X/C with semistable Jacobian E/C.

The treatment is based on the following lemma, which is a slight generalization
of [Ray70, Lemme XIII]:

2.7.2. Lemma. Let A be a commutative group scheme over some base scheme S,
such that the morphism

[m]A : A → A

is a surjection of sheaves in the fppf -topology. Let [T ] ∈ H1
fppf (S, A)[m] be a

m-torsion cohomology class and let T be its representing algebraic space.. Then
we have a canonical morphism ϕ : T → A, which is locally in the fppf -toplogy
isomorphic to [m]A.

Proof. Recall that for a homomorphism of commutative groups scheme A →
B, we get a map on cohomology H1

fppf (S, A) → H1
fppf (S, B), On torsors, this map

is given by

T 7→ (T ×B)/A

where the quotient is taken by the diagonal action of A which on T is the given
action and on B comes form the homomorphism A → B.

We apply this to the multiplication map mA. The class [T ] ∈ H1
fppf (S, A) is

by assumption mapped to the trivial class, which means that the torsor (T ×A)/A
is trivial. We have a canonical A-equivariant map ϕ : T → T ′ given by IdT ×ǫA →
T ×A composed with the quotient map.

Now assume T were a trivial torsor. We can choose a section such that ϕ
becomes a group homomorphism. Under the identification A ≃ T we get a homo-
morphism A → (A × A)/A. Using the assumed m-divisiblity of A, one sees that
this homomorphism is surjective, and it is immideate that its kernel is A[m]. This
proves the claim. �

Note that Lemma 2.7.2 applies in particular to the group scheme given by the
smooth locus of generalized elliptic fibrations. If m is prime to p, we can moreover
work in the étale toplogy instead of the fppf -topology. We make us of this to
prove:

2.7.3. Proposition. Let E/C be a generalized elliptic curve, over a smooth and
proper curve C/k. Let X/C be an elliptic surface which is locally in the étale toplogy
over C isomorphic to E. Assume that the cohomology class [X] ∈ H1

et(C,Esm)
given by X is m-torsion, for some integer m prime to p.

Let E/C be a generalized elliptic curve, with projective total space, lifting E/C.
Then there exists a projective lifting X/C of X/C.
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Proof. With the usual notations, we set T = Pic1
X/C and A = Pic0

X/C . There

exists a formal lifting T of T , such that for every n, we have that T ⊗R R/m
n+1

gives an m-torsion class in H1
et(Cn, E⊗R R/m

n+1). This follows by taking m-torsion
in (2.7.0.1).

From Lemma 2.7.2 we get a quasi-finite map ϕ : T → A of formal schemes. Let
X be the compactification of T , constructed as in Proposition 2.7.1. Our aim is to
extend ϕ to a finite map X → E .

Locally in the étale toplogy over C, this extension does in fact exist, because we
can assume T to be split and choose a section, such that ϕ is just multiplication by
m. However, multiplication by m gives a morphism of generalized elliptic curves.

It remains to show that the extension of ϕ descents to a morphism X → E .
This follows, because we can pick an étale covering, splitting T , with the property
that every connected component contains only one basepoint of a singular fibre.
On the intersection of those local charts, the morphism is already defined.

Note that the extension of ϕ being a quasi-finite morphism between separated
and proper schemes, is in fact finite. Whence, X , having a finite morphism onto
a projective formal scheme, is projective. Using Grothendieck’s Algebraization
Theorem (1.1.3) the claim follows. �

The main theorem follows directly form Theorem 2.6.7 and Proposition 2.7.3:

2.7.4. Theorem. Let X/C be a semistable elliptic fibration with regular total
space. Let E/C be the Jacobain of X/C. Assume that the cohomology class
[X] ∈ H1

et(C,Esm) given by X is m-torsion, for some integer m prime to p, and
that the modular invariant of E/C is separable. Then X/C has a projective lifting
over R.





CHAPTER 3

Liftability under tameness assumptions

The purpose of this chapter is to generalize the lifting results from Chapter 2
towards more general elliptic fibrations. So far we have only considered generalized
elliptic curves E/C, in other words, we restricted ourselves to the case where the
singular fibers of E are n-gons. This semistability assumption can be dropped
under certain tameness assumptions on E.

In this chapter, R will be a regular complete local ring, with algebraically closed
residue field k.

1. Tame coverings

We repeat the definition of tame coverings of schemes, and state an important
theorem by Grothendieck and Murre about liftings of tame coverings. Let A be a
discrete valuation ring, with fraction field K. For a finite Galois extension K ⊂ L,
we denote by S ⊂ K the normalization of A in K. Then the extension K ⊂ L is
called tame if the inertia group of every prime ideal of S has order prime to p, where
p is the characterisitc of the residue field of A. In general, an extension L ⊃ K ⊃ A
is called tame if it is finite and separable and its Galois closure is tame.

3.1.1. Definition. Let f : X ′ → X be a finite morphisms of integral and normal
schemes. Let D be a reduced closed subscheme of codimension 1 in X. Denote by
U the complement of D. The morphism f is called tamely ramified with respect
to D if f is étale over U and for every generic point η of D we have the following
condition: Let ξ ∈ X ′ be a point of codimension 1, mapping to η. This induces
a map OX,η → OX′,ξ which in turn gives an extension of the fraction fields. This
extension has to be tame.

The concept of a tame morphism of curves is thus a straightforward gener-
alization of the corresponding notion for global fields. Let f : C ′ → C be a finite
separable morphism of smooth and proper curves. Let D ⊂ C denote the branching
locus. Then f is tame with respect to D if and only if the field extension corre-
sponding to f is tame. When dealing with coverings of curves, we will often omit
the specification of the branching locus, and just speak of a tame covering.

To state a lifting result for tame coverings, we define the category of RevD(S)
whose objects are tame covering of S with respect to a divisor D, and whose
morphisms are triangles

X1

  A
AA

AA
AA

A
// X2

~~}}
}}

}}
}}

S

where X1, X2 → S are tame coverings with respect to D. Note that the composition
X1 → X2 → S is again tame ([GM71, Lemme 2.2.5]).

In the following, we restrict ourselves to the case where S is a smooth and
proper curve over a complete regular local ring R. The subscheme given by the
divisor D is assumed to be smooth over R.
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3.1.2. Theorem ([GM71] Theorem 4.3.2). Let C be a smooth and proper curve over
R. Fix a divisor D as above, consisting of regular connected component D1, . . . ,Dn.
Denote by D ⊂ C = C ⊗R k the reduction of D. Then we have an equivalence of
categories

RevD(C) → RevD(C ⊗R k).

In [GM71] Theorem 3.1.2 is stated in the formal category over a more general
base. Working over proper bases, we can apply formal GAGA (Theorem 2.5.9) to
obtain the same result in the algebraic category.

2. Tame Jacobian fibrations

Let E → C be a Jacobian elliptic fibration over a smooth and proper k-curve.
The general theory of semistable reduction provides the existence of a separable
covering C ′ → C, such that the base change E ×C C ′ is birational to a semistable
fibration.

In the case of Jacobian elliptic fibrations, we can understand the covering
C ′ → C explicitly in terms of torsion subschemes of E. Denote by K the frac-
tion field of C. The general principle is, that the existence of enough rational
torsion points E(K)[n] enforces good or semistable reduction. This goes under the
name of reduction criteria. We can derive the results we need just from knowing
the possible component groups of Néron models:

3.2.1. Proposition. Let E/C be an Jacobian elliptic fibration with regular total
space. Let x ∈ C be a closed point, and let R be the local henselian ring of C at x.
Set Ex = E ×C Spec(R).

Then Ex has good reduction, if and only if Ex[n] ≃ (Z/nZ)2 for every n prime
to p. Furthermore, Ex has semistable reduction, if Ex[n] contains the group Z/nZ
for some n > 4 and prime to p.

Proof. If Ex is a smooth elliptic curve Ex[n] ≃ (Z/nZ)2 follows, because we
are over a strictly henselian ring. To show the opposite direction, we make use of
the fact that the group scheme given by the smooth locus of the special fibre Ex of
Ex is one of the following groups (see [Sil94, Corollary 9.2 (d)]):

(i) a smooth elliptic curve (good reduction),
(ii) an extension 1→ Gm → Es

x → Z/mZ → 0 (semistable reduction),
(iii) an extension 0 → Ga → Es

x → A → 0 where A is an abelian group of
order less or equal to 4. (additive reduction).

The latter two cases are easily excluded because the n-torsion subscheme of the
identity components are to small (Recall Gm[n] ≃ µn and Ga[n] = 0) and the
component groups are finite.

To proof the second statement, one excludes the additive case for the very same
reason. �

3.2.2. Corollary. Let E/C be a Jacobian elliptic fibration. Choose some integer
n > 4 and prime to p. Let K be the fraction field of C, and denote by L = K(E[n])
the splitting field of E[n]. Then the minimal regular model E′/C ′ of E ⊗K L is
semistable.

Proof. We have E′[n] ≃ (Z/nZ)2. The global existence of n-torsion sections
implies the existence of n-torsion sections over the henselian local rings, so Propo-
sition 3.2.1 applies. By the assumptions on n, semistability follows. �

In view of Corollary 3.2.2, we are offered a natural strategy to construct a
lifting of a Jacobian elliptic fibration E/C: First, we choose a covering C ′ → C,
such that the minimal regular model E′ of the basechange E ×C C ′ is semistable.
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Assume we can find a lifting C′ → C of the covering C ′ → C, along with a lifting
E ′/C′ of E′/C ′. Then we can try to obtain a lifting E/C of E/C by descent along
C′ → C.

For an arbitrary Jacoiban elliptic fibration E/C, we can defined its modular
invariant as follows: Over the fraction field K of C it holds that E ×C Spec(K) is
a smooth elliptic curve. Hence we get a morphism Spec(K) → Spec(k[t]), given by
its modular invariant. The unique extension C → P1

k is definied to be the modular
invariant of E/C.

It is now easy to give a necessary condition on the lifting E ′ in order to make
the descent possible: If E ′/C′ is obtain by base change from E/C, then the modular
invariant of E ′ has to factor over the modular invariant of E . 1

In case the lifting E ′ is parametrized by some moduli space MΓ, the above
observation is just that we have to require the following diagram to be commutative:

C′

��

//MΓ

��

C // P1
R

(3.2.2.1)

To what extend is the commutativity of (3.2.2.1) also sufficient? To answer this
question, we shall first clarify our use of the term “descend”. This is because we
are not going to lift the pullback E ×C C ′, but rather a desingularization thereof.
Therefore we cannot hope to treat the problem purely in terms of descend theory.

Instead, we require the covering C′ → C to be Galois. This makes it possible to
reinterpret descend data as an action of the Galois group in the following way: For
a finite and étale Galois morphism S′ → S of group G (i.e. a G-torsor) we know
[BLR90, 6.2. Example B] that descent data on a S′-scheme X ′ is equivalent to a
Galois action of G on X ′. By a Galois action we mean a group action of G, such
that for ever σ ∈ G the following diagram commutes:

X ′ σ
//

��

X ′

��

S′ σ
// S′

The object we obtain by descend is just the quotient X ′/G which is an S-scheme.
Our strategy is now, to lift a suitable desingularized model of the pullback

E ×C C ′ along with its Galois action, and to form the quotient afterwards. First,
we establish the existence of the Galois action on certain models having split n-
torsion subschemes.

3.2.3. Lemma. Let E → C be a Jacobian elliptic fibration. Let n > 4 be some
integer prime to p. Let K be the fraction field of C, and let L = K(E[n]) be the
splitting field of the n-torsion subscheme. Let C ′ → C be the Galois covering of
group G, obtain as normal proper model of L ⊃ K.

Then there exists a generalized elliptic curve E′/C ′ with E′
L ≃ E ⊗K L, and

we can choose a Γ(n)-structure on E′. Furthermore, the Galois action of G on E′
L

extends to an action on E′.
The quotient of E′ by this action, considered as elliptic fibration over C, is

birational to E and has only rational double point singularities.

1To be more precise, one should say that this factorization is given over the open subset of
C where the modular invariant of E is defined.
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Proof. Let Ẽ be the minimal regular model of E ×C C ′. Since ẼL[n] is split,

the singular fibers of Ẽ are m-gons with n|m.

Thus Ẽ[n] is a finite and étale group scheme, lying in the smooth locus of Ẽ.
The desired model E′ is obtained by contracting every component of every fibre

which is not intersected by Ẽ[n].
Now, we interpret the action of G on E′

L as rational action on E′. For σ in G
we get a diagram:

E′
fσ

//___

""E
EE

EE
EE

E σ∗E′

��

//

�

E′

��

C ′ σ
// C ′

The rational map fσ : E′ 99K σ∗E′ is given by the factorization of the C-linear
rational map E′ 99K E′ given by σ over the pullback σ∗E′.

The pair E′ and σ∗(E′) satisfies the assumptions of Lemma 3.2.4 below, which
allowes us to extend the birational map fσ : E′ 99K σ∗E′ to an isomorphism. The
compositions

E′ fσ−→ σ∗E′ → E′

define a Galois action of Γ on E′, for it is enough that the axioms required by a
group action hold generically, due to separability.

To finish the proof, we have to quotient out by the action of G. The quotient
E′/G will have some quotient singularities. We claim, that those are rational
singularities. This is done in Lemma 3.2.5 below. �

3.2.4. Lemma. Let E/S and E′/S be two generalized elliptic curves over an in-
tegral base scheme S, such that E[n] ≃ E′[n] ≃ (Z/nZ)2 holds for some integer
n ≥ 3 and prime to p. Let η by the generic point of S. Then every isomorphism
ϕη : E → E ′ extends to an isomorphism E → E ′.

Proof. We can choose Γ(n)-structures γ and γ′ on E and E′ such that their
restrictions are compatible with the morphism ϕη. In other words, ϕη is now an

isomorphism of pairs (Eη, γη)
∼−→ (E′

η, γ′
η). The pairs (E , γ) and (E ′, γ′) hence define

morphisms into MΓ(n) which become identical when restricted to η. Since MΓ(n)

is a separable scheme, we conclude that E and E ′ are isomorphic, namely by an
extension of φη. �

Until now, we did not need the assumption on the tameness of C ′ → C. How-
ever, this is a necessary condition to control the quotient singularities:

3.2.5. Lemma. Let C ′ → C be a tame Galois covering of group G, let E′ → C ′

be a fibration, such that E′ has only rational double point singularities. Assume we
have a Galois action of G on E′. Then the quotient E′/G has only rational double
point singularities.

Proof. Let ξ be a singular point of E′/G. Let y ∈ C be the image of x. Set
Cy = Spec(O∧

C,y). We consider the pullback C ′ ×C Cy. It is a disjoint union of

components C ′
xi

where {x1, . . . , xn} ⊂ C ′ are the the points mapping to y. The
morphisms C ′

xi
→ Cx are finite and their Galois groups are the stabilizer groups

Gxi . Note that the groups Gxi depending on xi are conjugate, and that the Cxi

are isomorphic. If we pull back the quotient map E′ → E′/G via Cy → C, we get

E′ ×C′ (
∐

C ′
xi

) →
∐

(E′ ×C′ C ′
xi

)/Gxi
→ E′/G×C Cy.

The second map is given by identifying the isomorphic copies (E′×C′ C ′
xi

)/Gxi . In
particular, we see that (E′/G)×C Cy is isomorphic to (E′ ×C′ C ′

x1
)/Gx1

.
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Now the claim follows because the tameness assumption implies that the order
of Gx′

1
is prime to p. It is a well know statement from singularity theory, that

the quotient of a rational singularity is again rational if the group acting has order
prime to p. For example, the proof in [DPT80, exp◦ 10 §2] works in our context,
because it only requires that the quotient map is equipped with a trace morphism.

Having seen that E′/G has only rational singularities we can use the special
structure of rational curves, lying in the fibers of elliptic fibrations, to conclude
that those rational singularities are in fact rational double points. This argument
is given in [Sei87, Lemma 1.2]. �

So far, we have seen that in order to obtain a lifting of E/C from the some
model of a base change E′/C ′ it is necessary to lift the diagram:

C ′

��

//MΓ ⊗ k

��

C // P1
k

(3.2.5.1)

In general this problem can be very difficult because the lifting behaviour of wildly
ramified maps is hard to control. The situation is better if the maps in (3.2.5.1)
are tame. The next lemma provides an important example of a tame covering:

3.2.6. Lemma. Assume p ≥ 5 and n ≥ 3, prime to p. Then the map

MΓ(n) ⊗R → P1
R

is tame with respect to the divisor D which is the sum of the divisors given by the
equations j = 0, 1728,∞.

Proof. First, we check that MΓ(n)⊗k → P1
k is tame. We have a group action

of GL(2, Z/nZ) of MΓ(n) ⊗ R given on points: For g ∈ GL(2, Z/nZ) this action is
defined by

(E, γ) 7→ (E, g ◦ γ).

Clearly, dividing out by this action is just forgetting the Γ(n)-structure. This is
how MΓ(n) ⊗ k → P1

k is defined outside the cusp. However since we work with

normal curves, we can interpret MΓ(n) ⊗ k → P1
k globally as a quotient map.

The subgroup {±1} ⊂ GL(2, Z/nZ) acts trivially on MΓ(n) because we have
an isomorphism

(E, γ) → (E,−γ)

given by the involution. It is immediate that this is the entire kernel of the
GL(2, Z/nZ) action. Thus we have

G = Gal((MΓ(n) ⊗ k)/P1
k) = GL(2, Z/nZ)/{±1}.

Using the modular description of the action, it is easy to find the inertia group Ix

of some point x ∈ P1
k: It is Aut(Ex)/{±1} where Ex is the unique elliptic curve

whose modular invariant is of value x.
In particular, we get Ix = {1} if x is ordinary, Ix = Z/3Z if x = 1728, Ix = Z/4Z

if x = 0. Note that p ≥ 5 is assumed. If x = ∞ we find Ix = µn ≃ Z/nZ. We see
that in each case, the order of Ix is prime to p, which implies tameness.

To see that MΓ(n) ⊗R → P1
R is tame, observe that this map is étale outside of

D, because the reduction is étale. Now, the statement follows from Theorem 3.1.2
applied with the divisor D. �

The tameness of MΓ(N)⊗R → P1
R is fundamental for the rest of this Chapter.

Hence we will have to assume p ≥ 5. We are now ready to give the first main
application:
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3.2.7. Proposition. Let E → C be a Jacobian elliptic fibration and let p ≥ 5.
Assume that the modular invariant of E/C is tame. Let n ≥ 3 be some integer
prime to p, such that the splitting field of E[n] gives rise to a tame Galois covering
C ′ → C of group G.

Then there exists a Jacobian elliptic fibration Ẽ/C over R, such that the reduc-

tion Ẽ/C is a birational model of E/C, having only rational double point singular-
ities.

Proof. Let E′ denote the model of E ×C C ′ as constructed in Lemma 3.2.3,
with a chosen Γ(n)-structure α0. We have the usual diagram:

C ′

��

//MΓ(n) ⊗ k

��

C
j0

// P1
k

We are going to construct a lifting:

C′ //

��

MΓ(n) ⊗R

��

C // P1
R

(3.2.7.1)

To do this, let D ⊂ P1
R be the divisor defined by the equations

j = 0, j = 1728 and j =∞.

We saw that MΓ(n) ⊗ R → P1
R is tame with respect to D. (Note p ≥ 5). Denote

by D ⊂ P1
k the reduction of D. Let B ⊂ P1

k denote the reduced branching locus
of C ′ → C → P1

k. We choose a lifting B ⊂ P1
R such that the following condition

is satisfied: If there is an open subset U ⊂ P1
k such that B ∩ U = D ∩ U , and if

U ⊂ P̂1
R is the lifting of U , then B ∩ U = D ∩ U . This condition roughly says that

components of B and D coinciding on the reduction should coincide after lifting as
well.

Applying Theorem 3.1.2 with base P1
R and B∪D we find a lifting C′ → P1

R which
factors over a Galois covering C′ → C of group G. Furthermore, the equivalence of
categories gives us a morphism of coverings C′ →MΓ(n) ⊗R over P1

R.
Denote by E ′/C′ the generalized elliptic curve given by C′ →MΓ(n) ⊗R. The

next step is to lift the G action on E′ to E ′. For every σ ∈ G we choose a pullback
σ∗E ′ and write σ∗E′ for the reduction. The action of G on E′ can be described by
a set of isomorphism index by the elements of G

fσ : E′ → σ∗E′.

The action itself is obtained by composing fσ with the projection σ∗E′ → E′.
We are going to lift the fσ: First of all, the generalized elliptic curves E ′ and

σ∗E ′ have the same modular invariants. From (3.2.7.1) we get that the modular
invariants factor over C, thus j(E ′) is invariant under the action of Galois. Now by
Corollary 2.5.4, it follows that there exist liftings Fσ of the fσ.

It remains to show that the collection of σ-linear automorphisms

E ′ Fσ−−→ σ∗E ′ → E ′

index by the elements of G gives in fact an homomorphism of groups G → AutC(E ′).
By separability, it is enough to check the required axioms generically. Let V ⊂ C
be an open subset such that the induced covering V ′ = C′ ×C V → U is étale and
therefore a G-torsor.
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Let V ′′ = V ′×V V ′ and denote by pi : V ′′ → V the projections on the i-th factor
(i = 1, 2). We have an identification V ′′ ≃ V ′ ×G on points given by:

(σ, x) 7→ (σ(x), x)

The composition V ′×G → V ′′ pi−→ V ′ gives the first projection V ′×G → V ′ if i = 1
and the group action V ′ × G → V ′ if i = 2. Under this identification, we see that
the family of Fσ’s gives an V ′′-isomorphism i.e an covering datum:

p∗1E ′
ϕ−→ p∗2E ′.

We have to check that this is in fact a descend datum. So we define

V ′′′ = V ′ ×V V ′ ×V V ′

and denote by pij : V ′′′ → V ′′ the projection onto the factor with indices i and j for
i, j and i, j = 1, 2, 3. The cocycle condition can now be stated as:

p∗13ϕ = p∗23ϕ ◦ p∗12ϕ.

The above is an equation of V ′′′-isomorphisms between the semistable elliptic curves
p∗i,jp

∗
kE′|V′ . On the reduction, this equation is satisfied because the fσ correspond

to descent data. Now the assertion follows by the uniqueness statement in Corol-
lary 2.5.4.

The quotient of E ′ modulo the action of G is the desired model Ẽ. �

3.2.8. Remark Let E/C be a Jacobian elliptic fibration. Given p ≥ 5, it is always
possible to find a prime number ℓ such that L = K(E[ℓ]) is tame over the fraction
field K of C: Namely, we have a faithfull action of G = Gal(L/E) on E[ℓ](L) ≃
(Z/ℓZ)2, hence an embedding G → GL(2, Z/ℓZ). The latter group is of order
ℓ(ℓ−1)2(ℓ+1). It is sufficient to choose ℓ such that p does not divide ℓ(ℓ−1)2(ℓ+1).
However, we have

gcd
ℓ prime

{ℓ(ℓ− 1)2(ℓ + 1)} = 48.

Compare the proof of [Sil94, Theorem 10.2].

As a consequence we get a lemma which will be useful in the next Section:

3.2.9. Lemma. Let E/C be a Jacobian elliptic fibration and let p ≥ 5. Denote by
K the fraction field of C. Then for every integer m prime to p, we have that the
field extension K(E[m]) ⊃ K is tame.

Proof. By the Remark we find a prime ℓ > 4 different form p, such that
K(E[ℓ]) ⊃ K is tame. Denote the associated covering of proper and smppth curves
by B → C. We claim that the extension K(E[mℓ]) ⊃ K(E[ℓ]) is also tame: From

Corollary 3.2.2 we get that a regular minimal model Ẽ of E⊗KK(E[ℓ]) is semistable.

Let {x1, . . . , xn} be the point of C, over which the fibers Ẽx are singular. It
exists a Kummer covering B′ → B (see [GM71, 1.2.1]) of group Z/mZ which is

totaly ramified over the xi. Denote by ẼB′ the regular minimal model of Ẽ ×B B′.

The m-torsion subscheme of ẼB′ is now finite and étale so we find an étale covering
B′′ → B such that EB′ ×B′ B′′ is split. By construction, B′′ → C is tame because
it is the compostion of two tame coverings.

Clearly, K(E[m]) in contained in the field of fractions of B′′, hence tame as
well. �
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3. Non-Jacobian fibrations of period prime to p

Given an arbitrary elliptic fibration X/C, let K be the fraction field of C. Then
the generic fibre XK is a smooth genus-1 curve over Spec(K). The elliptic curve
EK = Pic0

XK
is called the Jacobian of XK . The curve XK has a natural EK-torsor

structure by identifying XK with Pic1
XK

. The isomorphism type of XK (and hence
of X) is uniquely determind by this torsor structure.

The set of isomorphism classes of EK-torsors is described by the cohomology
groups

H1
et(Spec(K), EK) = H1(Ks/K, E(Ks))

where the right hand side is a Galois cohomology group with respect to a fixed
separable closure Ks of K. The study of this group is called Ogg-Safarevich-theory
(see [Šaf61] or [LT58] for details).

Let us assume that the class of X is m-torsion in H1(Ks/K, E(Ks)) for some
m prime to p. By considering the Kummer sequence

0 → E(K)/mE(K) → H1(Ks, E(Ks)[m])→ H1(Ks, E(Ks))[m] → 0

it follows that the class of X in H1(Ks, E(Ks))[m] can be represented by a cocycle
z taking values in E(Ks)[m]. Following the conventions in [Ser97] we write the
Galois action of G on the group E(Ks) as:

x 7→ σx for σ ∈ G and x ∈ E(Ks).

A cocycle z is a map G → E(Ks) written σ 7→ zσ ∈ E(Ks) and fulfilling the cocycle
condition:

zστ = zσ + σzτ .

Let σ be an element of G. The cocycle z defines a σ-linear action ρz on E′ by

ρz(σ)x = zσ + σx.

This formula gives in fact a group action on E(Ks) as follows form the cocycle
condition for z.

Let C ′ → C be a normal and proper model of the field extension K(EK [m]) ⊃
K, where K(E[m]) denotes the splitting field of the m-torsion points of EK . If
m ≥ 4, it follows form Lemma 3.2.3 that it exists a model E′/C ′ of EK ⊗K ′ which
is a generalized elliptic curve with E′[m] ≃ (Z/mZ)2. If m < 4, we can pick a
multiple m′ ≥ 4 and prime to p, and use K(E[m′]) instead.

In Lemma 3.2.3 we saw that the Galois action of G which on E′(Ks) given by
z 7→ σz extends to an action ̺ : G → AutC′(E′). A section s of E′ over C ′ gives
rise to a translation ts : E′ → E′. Hence we can define ρz : E′ → E′ by setting

ρz(σ) = tzσ
◦ ̺(σ).

The quotient E′/Γ of E′ by this action is birationally equivalent to X. Our
strategy is now to lift E′ along with this action, and form the quotient afterwards.
To get started, we need the following:

3.3.1. Proposition. Let X/C be an elliptic fibration, and let p ≥ 5. Let EK be
the Jacobian of the generic fibre of X/C. Assume its modular invariant to be tame.
Assume further, that the class [X] ∈ H1(Ks/K, E(Ks)) is m-torsion, with m prime
to p.

Then there exists a birational model X̃/C of X, having only rational singular-

ities, that lifts to a fibration X̃/C over R.

Proof. From Lemma 3.2.9 we get a tame Galois covering C ′ → C of group
G, such that E ×C C ′ has a model E′ which is a generalized elliptic curve with
E′[m] ≃ (Z/nZ)2.
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Exactly as in the proof of Proposition 3.2.7, we find a lifting C′ → C, which
is again Galois with group G, and a lifting E ′/C′ such that the G-action ̺ on E′

extends to E ′.
The subgroup scheme E ′[m] is étale over C. The singular geometric fibers of E′

are d-gons, where d is a multiple of m. By Proposition 2.6.5 it follows that the same
is true for E ′. Hence we conclude by Proposition 2.3.1, that E ′[m] is also finite.

It follows that E ′[m] ≃ (Z/mZ)2 because the splitting given on the reduction
lifts. In particular, there exist a unique extension of the map z : G → E′[m], which
we also denote by Z. The lifting is indeed a cocycle because the element

Zστ − (Zσ + σZτ )

specializes to zero, and therefore is already equal to zero due to the unramifiedness
of E ′[m]. Hence we set

ρZ(σ)x = tZσ ◦ ̺(σ)

which is the lifting of ρz we wanted to construct. Forming the quotient we obtain

the desired model X̃/C. �

3.3.2. Remark In Proposition 3.3.1 we made an assumption on the order of the
class [X] in H1(Ks/K, EK). This number is called the period of XK . There is an
other invariant, which is closely related to the period and has a more geometric
interpretation, namely the index. It is defined to be the greatest common divisor
of the degrees of irreducible effective divisor on XK . Geometrically speaking, those
divisor correspond to multisections of a minimal regular model X/C of XK .

The period always divides the index, and both numbers have the same prime
factors (see [LT58, Proposition 5]). The assumption in Proposition 3.3.1 can thus
equivalently be state by using the index instead of the period.

4. Simultaneous desingularization

Having constructed liftings of singular models, the question of simultaneous
desingularization comes up. For families of surfaces, this theory was developed by
M. Artin in [Art74]. It is formulated in the category of algebraic spaces. We give
the basic definitions:

Let f : X → S be a morphism of algebraic spaces which is flat and of finite
type such that the fibres of f are normal algebraic spaces of pure dimension 2. We
define a resolution of f to be a proper S-morphism of algebraic spaces f ′ : X ′ → X
such that the fibres of f ′ are minimal resolutions of the fibres of f .

Since we have to allow base changes in order to find resolutions, it is useful to
work with the functor ResX/S on the category of S-schemes defined by

ResX/S(S′) = set of resolution of f ×S S′ of f.

Artin showed that ResX/S is representable by a (not necessarily separated) al-
gebraic space over S. Denote the object representing ResX/S by T . Over geometric
points of the base, we know that there always exists a unique resolution. Thus
R → S is bijective on geometric points. Let s ∈ S be a closed point of S. We con-
sider the map Th

s → Sh
s between the henselization of S at s and the henselization

of Ts at the unique point lying over s. For us, the case of rational double points is
of great importance:

3.4.1. Theorem (Theorem 2 [Art74]). Let f : X → S a family of surfaces, having
only rational double point singularities. Then the local map Th

s → Sh
s is finite and

surjective.

In the case where S is the spectrum of a complete discrete valuation domain,
we get the following by exchanging Th

s with its normalization:
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3.4.2. Lemma. Let f : X → S be as in Theorem 3.4.1. Assume that S is the
spectrum of a complete discrete valuation domain. Then there exists a finite flat
covering S′ → S and an algebraic space X ′ → S′ such that the special fibre of X ′

is a resolution of the special fibre of X .

We can apply Lemma 3.4.2 to deformations of Weierstraß models: Let W → C
be a minimal Weierstraß fibration, meaning that it has only rational double point
singularities. Let W → C be a lifting over some local complete discrete valuation
ring R. In this situation, we can apply Lemma 3.4.2 because from the fact that W
has only rational double point singularities, it follows that the generic fibre of W
over R has only rational double point singularities as well (see [Lie08, Proposition
6.1]). So there exists a finite extension R′ ⊃ R such that the base change of W/C
has a simultaneous resolution W̃ → W in the category of algebraic spaces.

Another application is to desingularize the models of elliptic fibrations we have
lifted in Section 2 and 3. Because minimal regular models are unique, a desingu-
larized lifting will be a lifting of a minimal regular model. Indeed, from Proposi-
tion 3.2.7 and Remark 3.2.8 we get:

3.4.3. Theorem. Let p ≥ 5. Let E → C be a Jacobian elliptic fibration which is
minimal and has regular total space. Assume that its modular invariant is tame.

Then there exists a Jacobian lifting Ẽ/C in the category of algebraic spaces.

Similarly, from Proposition 3.3.1 and Remark 3.3.2 we get:

3.4.4. Theorem. Let p ≥ 5. Let X/C be an elliptic fibration which is minimal and
has regular total space. Let EK the Jacobian of the generic fibre, and let E/C be the
minimal regular model of EK thereof. Assume the modular invariant j0 : C → P1

k

is tame and that X/C possesses a multisection of degree prime to p.
Then there exists a lifting X/C of X/C in the category of algebraic spaces after

a finite flat extension R′ ⊃ R.

It is not easy to determine in which cases the simultaneous desingularization
does fail to be a scheme. Note however, that liftability in the category of algebraic
spaces is stronger than liftability in the formal category: Given an algebraic spaces,
fibred over a local ring R, such that the special fiber is a scheme, its completion
with respect to the special fibre is a formal scheme [Knu71, 5. Theorem 2.5].

We can use this to conclude that in esay situations, desingularization in the
category of schemes is possbile:

3.4.5. Proposition. Let X be an algebriac space which is proper over some com-
plete notherian local ring R. Assume that the special fibre X = X ⊗R R/m is a
projective scheme and that H2(X, OX) = 0. Then X is a projective R-scheme.

Proof. We are going to show that an R-ample line bundle exists on X . To

that purpose, denote by X̂ the adic formal Spf(R)-scheme obtained by completion
along the special fibre.

Fix an ample line bundle L0 on X. By assumption (H2(X, OX) = 0), lifting

of line bundles is unobstructed, hence there exists a linebundle L̂ on X̂ .

By Grothendieck’s Algebraization Theorem, there exists an embedding î : X̂ →
P̂n

R for some n. Grothendieck’s existence theorem is valid in the category of algebraic

spaces ([Knu71, 5. Theorem 6.3]). Applying this to the graph of ĩ we get an
embedding i : X → Pn

R. �

The cohomological assumption in Proposition 3.4.5 is satisified for example by
a rational elliptic surface. We mention one more consequence of Grothendieck’s
Algebrization Theorem:
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3.4.6. Proposition. Let E/C be a Jacobian elliptic fibration, with irreducible geo-
metric fibers. If E/C has a formal lifting (in particular if it has a lifting in the
catgory of algebraic spaces) along with its zero section, then it also has a projective
lifting.
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[Băd01] Lucian Bădescu. Algebraic surfaces. Universitext. Springer-Verlag,
New York, 2001. Translated from the 1981 Romanian original by
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